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Résumé

Les méthodes de gradient en optimisation de forme reposent sur le calcul de la dérivée de forme. Dans beaucoup d'applications, la fonctionnelle coût dépend de la solution d'une EDP. Il s'en suit qu'elle ne peut être résolue exactement et que seule une approximation de celle-ci peut être calculée, par exemple par la méthode des éléments finis. Il en est de même pour la dérivée de forme. Ainsi, les méthodes de gradient en optimisation de forme -basées sur des approximations du gradient -ne garantissent pas a priori que la direction calculée à chaque itération soit effectivement une direction de descente pour la fonctionnelle coût. Cette thèse est consacrée à la construction d'une procédure de certification de la direction de descente dans des algorithmes de gradient en optimisation de forme grâce à des estimations a posteriori de l'erreur introduite par l'approximation de la dérivée de forme par la méthode des éléments finis.

On présente une procédure pour estimer l'erreur dans une Quantité d'Intérêt et on obtient une borne supérieure certifiée et explicitement calculable. L'Algorithme de Descente Certifiée (CDA) pour l'optimisation de forme identifie une véritable direction de descente à chaque itération et permet d'établir un critère d'arrêt fiable basé sur la norme de la dérivée de forme.

Deux applications principales sont abordées dans la thèse. Premièrement, on considère le problème scalaire d'identification de forme en tomographie par impédance électrique et on étudie différentes estimations d'erreur. Une première approche est basée sur le principe de l'énergie complémentaire et nécessite la résolution de problèmes globaux additionnels. Afin de réduire le coût de calcul de la procédure de certification, une estimation qui dépend seulement de quantités locales est dérivée par la reconstruction des flux équilibrés. Après avoir validé les estimations de l'erreur pour un cas bidimensionnel, des résultats numériques sont présentés pour tester les méthodes discutées. Une deuxième application est centrée sur le problème vectoriel de la conception optimale des structures élastiques. Dans ce contexte, on calcule l'expression volumique de la dérivée de forme de la compliance à partir de la formulation primale en déplacements et de la formulation duale mixte pour l'équation de l'élasticité linéaire. Quelques résultats numériques préliminaires pour la minimisation de la compliance sous une contrainte de volume en 2D sont obtenus à l'aide de l'Algorithme de Variation de la Frontière et une estimation a posteriori de l'erreur de la dérivée de forme basée sur le principe de l'énergie complémentaire est calculée.

Introduction

The role of shape optimization in the aerospace and aeronautic industry . 

I Optimization of shape-dependent functionals and a posteriori error estimators

Introduction (en français)

L'optimisation de forme regroupe une classe des problèmes d'optimisation dont la fonctionnelle coût dépend de la forme du domaine et de la solution d'une équation aux dérivées partielles (EDP) qui y est formulée. Ainsi, on peut formuler ce problème en tant que problème d'optimisation d'une fonctionnelle qui dépend de la forme du domaine avec une contrainte représentée par une équation différentielle. De ce fait, le domaine peut être considéré comme la variable à optimiser dans le problème. Cette classe de problèmes a été abordée dans la littérature en utilisant à la fois des méthodes basées sur le gradient et des algorithmes d'optimisation sans dérivée (cf. [17]). Dans ce travail, on considère une stratégie qui fait partie du premier groupe et on calcule la dérivée de forme des fonctionnelles coût analysées.

Dans la plupart des applications, la différentielle de la fonctionnelle coût par rapport à la forme dépend de la solution d'une EDP qui ne peut qu'être résolue approximativement au moyen d'une stratégie de discrétisation telle que la méthode des éléments finis. L'approximation de l'équation qui décrit le phénomène analysé introduit une incertitude qui peut empêcher la dérivée de forme d'être strictement négative le long de la direction de descente identifiée. La direction calculée au moyen de la dérivée de forme discrétisée peut ne pas mener à une amélioration de la fonctionnelle à minimiser. De plus, à cause de l'approximation numérique, les critères d'arrêt basés sur la norme de la dérivée de forme ne peuvent pas être atteints si la tolérance fixée a priori est trop petite par rapport à la discrétisation choisie. Dans ce cas de figure, les estimations d'erreur a posteriori donnent des informations utiles pour améliorer les algorithmes d'optimisation de forme basés sur le gradient.

Un des aspects cruciaux dans les problèmes d'optimisation de forme est la définition d'un critère d'arrêt pour la procédure d'optimisation. A ce sujet, dans [START_REF] Sigmund | Topology optimization approaches[END_REF] Sigmund et Maute déclarent :

Beaucoup d'articles commentent les exemples par des déclarations du type : "la conception optimale est visuellement similaire aux résultats publiés dans la littérature". Comme l'illustre l'exemple suivant, ceci n'est pas une conclusion satisfaisante. De plus, on devrait toujours éviter d'employer le terme "optimal" dans le contexte de l'optimisation des structures -à moins qu'on démontre que le problème est convexe. La figure 1 exhibe un exemple de conception d'un mécanisme tel que décrit dans [START_REF] Sigmund | On the design of compliant mechanisms using topology optimization[END_REF][START_REF] Sigmund | Morphology-based black and white filters for topology optimization[END_REF]. Les deux conceptions dans les figures 1a et 1b sont visuellement similaires, cependant, elles représentent la solution respectivement à l'itération 100 et 1562. Les fonctions coût correspondantes (déplacements en sortie) sont -1, 46 et -1, 54, respectivement, c'est-à-dire la conception finale est 5, 5% meilleure que la conception obtenue après 100 itérations. La figure 1c montre la différence de densité entre les deux conceptions. Du point de vue des sciences de l'ingénieur, le 5, 5% peut être sans intérêt pour une application spécifique. Cependant, du point de vue de l'optimisation, un Introduction algorithme devrait toujours être capable de converger vers la meilleure conception. La différence entre les résultats est probablement due à l'utilisateur qui arrête la procédure prématurément à cause des contraintes de temps -pas aux failles de convergence de l'algorithme. D'où, la nécessité de mener des comparaisons quantitatives et non seulement qualitatives des résultats de la littérature lors de l'analyse d'un algorithme. Cette thèse est consacrée à l'étude de quelques aspects critiques dans la solution numérique des problèmes d'optimisation de forme, en particulier certains détails qui n'ont pas été pris en compte par la communauté scientifique jusqu'à présent. L'investigation des critères d'arrêt en optimisation de forme est motivée par la remarque que tous les algorithmes existants sont fortement dépendants des choix de l'utilisateur qui dans la plupart des cas choisit quand arrêter la procédure d'optimisation. Comme remarqué par Sigmund et Maute, beaucoup de résultats dans la littérature sont obtenus au moyen de stratégies d'optimisation arrêtées quand un résultat qualitativement raisonnable est obtenu. L'objectif principal de ce travail est de fournir un cadre rigoureux pour automatiser les algorithmes d'optimisation de forme basés sur le gradient. Plus précisément, on est intéressé par le calcul d'une véritable direction de descente pour la fonctionnelle coût à chaque itération de l'algorithme et par la définition d'un critère d'arrêt fiable pour la stratégie globale d'optimisation.

Le rôle de l'optimisation de forme dans l'industrie aéronautique et spatiale [START_REF] Lewiński | Extended exact solutions for least-weight truss layouts -Part I: Cantilever with a horizontal axis of symmetry[END_REF].

Contrôle non-destructif

Comme plusieurs autres secteurs, l'industrie aéronautique et spatiale utilise intensivement les techniques de contrôle non-destructif. Bien que la façon la plus simple et efficace pour évaluer la fiabilité d'une structure soit de la tester jusqu'à destruction, ceci n'est pas un choix réaliste quand on considère des composants de petite taille ou très chers. Outre l'étape de vérification pendant le processus de production, le contrôle non-destructif a aussi un rôle extrêmement important dans les procédures de maintenance des structures existantes. En effet, l'examen visuel n'est pas suffisant pour certifier sans risque la fiabilité d'un composant donné : d'une part, des défauts à la micro-ou nano-échelle sur la surface de la structure pourrait l'affaiblir sans être relevés par un observateur externe ; d'autre part, les examens visuels ne peuvent fournir aucune information sur des possibles dommages internes. Pour traiter ces difficultés, deux familles d'approches ont été développées au cours des années dans le domaine du contrôle non-destructif, qualifiées respectivement de surfaciques et sous-surfaciques.

Les méthodes surfaciques de contrôle non-destructif se concentrent sur l'analyse de la partie extérieure de la structure tandis que les techniques sous-surfaciques offrent la possibilité d'examiner des régions autrement inaccessibles sans démonter le composant analysé. La dernière approche est basée sur l'utilisation de mesures sur la surface extérieure de la structure pour récupérer des informations autour des phénomènes qui ont lieu à l'intérieur de l'objet. Un exemple de méthode de contrôle non-destructif est l'imagerie par ultrason pour la détection de petites fissures et pour l'évaluation de l'amincissement du matériau, par exemple à cause de la corrosion de la peau d'un aéronef [START_REF] Drury | Ultrasonic Flaw Detection for Technicians[END_REF]. D'autres méthodes exploitent les rayons X pour identifier des défauts dans un composant et pour détecter la présence anormale de fluides à l'intérieur d'une structure [START_REF] Hanke | X-ray based methods for non-destructive testing and material characterization[END_REF]. Dans cette thèse, on considère un cas particulier de technique sous-surfacique -notamment, la tomographie par impédance électrique -qui utilise un potentiel électrique pour identifier des inhomogénéités dans le coefficient de conductivité à l'intérieur du matériau. Cette technique a été récemment appliquée effi-Introduction cacement au problème de la détection de fissures transversales dans un matériau composite stratifié [START_REF] Selvakumaran | On the detectability of transverse cracks in laminated composites using electrical potential change measurements[END_REF].

Conception optimale de structures

La conception de la forme optimale d'une structure est un problème qui apparaît fréquemment dans l'industrie aéronautique et spatiale. L'intérêt pour ce sujet est notamment motivé par des enjeux économiques : une structure plus légère a besoin d'une moindre quantité de carburant pour sa propulsion réduisant conséquemment son coût d'exploitation. Ainsi, la conception de structures compliantes et légères a été un sujet majeur de recherche dans l'industrie pendant plusieures années et représente encore une piste d'investigation très active. Introduction régime turbulent, tandis que la déformation de la structure est régie par les équations de l'élasticité non-linéaire. L'ensemble des équations qu'on obtient est le point de départ pour la définition des contraintes dans la procédure d'optimisation. Le problème d'optimisation vise à minimiser la traînée ou, plus généralement, le coût de propulsion du véhicule. En général, lorsqu'on considère des problèmes multi-physiques complexes, on est intéressé par l'optimisation de plusieures fonctionnelles qui peuvent être issues de disciplines différentes. Ce domaine de recherche est connu sous le nom d'optimisation multiobjectifs (MOO) et a été largement étudié dans la littérature. Plusieures méthodes ont été développées pour gérer à la fois la phase coopérative et celle non-coopérative du processus d'optimisation. On fait référence à [START_REF] Désidéri | Cooperation and competition in multidisciplinary optimization: application to the aero-structural aircraft wing shape optimization[END_REF][START_REF] Habbal | Multidisciplinary topology optimization solved as a Nash game[END_REF] et aux références qu'ils contiennent pour une vue d'ensemble du sujet et pour la présentation de quelques techniques récentes pour la résolution de ce problème. En raison de la nature différente des phénomènes physiques à l'étude, le problème d'optimisation associé peut être aussi classé comme un problème d'optimisation multidisciplinaire (MDO) [START_REF] Martins | Multidisciplinary design optimization: A survey of architectures[END_REF]. De plus, en raison des conditions variables auxquelles la structure est soumise pendant le décollage, la croisière et l'atterrissage, plusieurs études sont réalisées pour identifier la forme qui améliore le plus la fonctionnelle coût en même temps pour toutes les conditions évoquées ci-dessus. La solution de ce problème d'optimisation multidisciplinaire multipoint [START_REF] Kenway | Multipoint high-fidelity aerostructural optimization of a transport aircraft configuration[END_REF] a une application directe dans la gestion de différentes conceptions d'aile pendant les phases de décollage, de croisière et d'atterrissage au moyen de changements de la position des ailerons, lamelles et spoilers (Fig. 4 et 5). Dans cette thèse, on se limite à l'analyse du premier exemple présenté dans cette section et on considère un problème purement mécanique dans lequel on vise à minimiser la compliance d'un composant sous une contrainte de volume. 
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Plan de la thèse

Cette thèse est composée de sept chapitres -groupés en trois parties -et deux annexes.

À partir des remarques présentées au début de cette introduction, dans la première partie de la thèse (cf. partie I -chapitres 1 et 2), on développe une stratégie de résolution numérique des problèmes d'optimisation de forme en utilisant une procédure de certification. L'idée fondamentale de cette procédure consiste à calculer une borne supérieure de l'erreur introduite par l'approximation de la dérivée de forme pour vérifier à chaque itération que la direction calculée utilisant la dérivée de forme discrétisée est une véritable direction de descente pour la fonctionnelle coût. On néglige la contribution de l'approximation de la géométrie et on se focalise sur l'erreur due à la discrétisation des équations qui décrivent le phénomène analysé. On introduit une nouvelle stratégie d'optimisation de forme -nommée Algorithme de Descente Certifiée (CDA) -qui génère une suite minimisante de formes au moyen d'une procédure qui certifie à chaque itération que la direction calculée utilisant la dérivée de forme est une véritable direction de descente pour la fonctionnelle coût et s'arrête automatiquement lorsqu'un critère d'arrêt fiable est vérifié. La nouveauté de cette approche repose sur la procédure de certification de la direction de descente, pour laquelle des estimations d'erreur a posteriori explicitement calculables sont requises. En effet, à ma connaissance tous les travaux dans la littérature qui utilisent des éléments finis adaptatifs pour l'optimisation de forme se focalisent sur l'information qualitative fournie par les estimations d'erreur pour effectuer de l'adaptation de maillage et ils n'exploitent pas l'information quantitative contenue dans les estimations pour améliorer et automatiser la stratégie globale d'optimisation.

Ensuite, on analyse une application qui peut être reformulée en tant que problème d'optimisation d'une fonctionnelle qui dépend de la forme sous une contrainte représentée par une EDP et on présente les détails de la procédure de certification mentionnée ci-dessus. En particulier, dans la deuxième partie (cf. partie II -chapitres 3, 4 et 5), on considère une application à la tomographie par impédance électrique, pour laquelle l'identification d'inclusions peut s'envisager comme un problème d'optimisation de forme. Pour construire l'estimation d'erreur a posteriori explicitement calculable requise par la procédure de certification, on propose deux approches. La première est basée sur le principe de l'énergie complémentaire et nécessite la résolution d'un problème dual de calcul des flux. Afin de réduire le coût de calcul de la procédure de certification, on introduit une deuxième stratégie qui n'utilise que des quantités locales pour reconstruire des flux équilibrés à la fois pour une discrétisation par éléments finis conformes et par Galerkin discontinu selon une procédure décrite par Ern et Vohralík (cf. [START_REF] Ern | Polynomial-degree-robust a posteriori estimates in a unified setting for conforming, nonconforming, discontinuous galerkin, and mixed discretizations[END_REF]) pour la dérivation des estimations a posteriori. On met l'accent sur cette dernière approche pour l'étude du problème de la tomographie par impédance électrique à cause d'un intérêt croissant dans la communauté scientifique pour une classe particulière de discrétisation Galerkin discontinuconnues sous le nom de Galerkin discontinu symétrique avec pénalité intérieure pondérée -pour des problèmes où le tenseur de diffusion est inhomogène comme celui qui apparaît dans la tomographie par impédance électrique.

Finalement, dans la troisième et dernière partie (cf. partie III -chapitres 6 et 7), on considère une autre application et on introduit un problème direct en optimisation de forme, c'est-à-dire la minimisation de la compliance sous une contrainte de volume en mécanique des structures. En ce qui concerne cette application, on dérive l'expression volumique de la dérivée de forme à partir à la fois de la formulation primale en déplacements et de la formulation duale mixte pour l'élasticité Introduction linéaire. Une comparaison qualitative des deux expressions de la dérivée de forme et de leur application à l'Algorithme de Variation de la Frontière est présentée à l'aide de simulations numériques. Enfin, on calcule une estimation a posteriori de l'erreur de discrétisation pour la dérivée de forme de la compliance au moyen du principe de l'énergie complémentaire pour la formulation primale en déplacements. Cette estimation représente le point de départ pour l'application de l'Algorithme de Descente Certifiée préalablement présenté à la conception optimale de structures élastiques qui fera l'objet du prochain article [5].

À la fin de la thèse (cf. annexe A et B), on présente deux travaux complètement indépendants du sujet principal de cette recherche. Ces travaux sont focalisés sur l'analyse de systèmes complexes qui décrivent des applications réelles par l'intermédiaire de modèles mathématiques. Les deux annexes traitent de problèmes extrêmement différents mais partagent la motivation de la modélisation de contraintes pratiques en ingénierie.

Dans la suite, on décrit brièvement le contenu de la thèse chapitre par chapitre.

Chapitre 1 -Dans ce chapitre introductif, on présente le cadre pour un problème d'optimisation de forme. Après avoir résumé les approches plus communes proposées dans la littérature pour traiter cette classe de problèmes d'un point de vue numérique, on se focalise sur des méthodes basées sur le gradient et on rappelle la notion de dérivée de forme. Finalement, on présente les stratégies obtenues à partir du couplage des algorithmes d'optimisation de forme basés sur le gradient avec les estimations a posteriori de l'erreur de discrétisation.

Chapitre 2 -On introduit l'approximation du problème d'optimisation de forme préalablement discuté par la méthode des éléments finis. Pour faire face au manque d'un critère d'arrêt et aux possibles problèmes de convergence des méthodes de gradient, on prend en compte l'erreur numérique introduite par la discrétisation de la dérivée de forme. On présente un résumé des différentes techniques proposées dans la littérature pour estimer l'erreur d'une Quantité d'Intérêt due à l'approximation d'une équation aux dérivées partielles par la méthode des éléments finis. Grâce à l'information fournie par cette estimation, on introduit une procédure de certification qui vérifie que la direction calculée utilisant la dérivée de forme discrétisée est une véritable direction de descente pour la fonctionnelle coût. Finalement, on définit une nouvelle stratégie d'optimisation de forme, nommée Algorithme de Descente Certifiée (CDA). Le contenu de ce chapitre est partiellement basé sur les travaux [2,3,4].

Chapitre 3 -On considère un premier exemple de problème d'optimisation d'une fonctionnelle qui dépend de la forme sous une contrainte représentée par une EDP. Plus précisément, on étudie un problème issu de la tomographie par impédance électrique pour laquelle l'identification d'inclusions peut s'envisager comme un problème d'optimisation de forme. On analyse un solide qui présente une inhomogénéité interne du coefficient de conductivité. Le but du problème est l'identification de la forme et de la position de cette inclusion au moyen de mesures effectuées sur le bord extérieur. On suppose que les données sont continues sur la frontière et on considère le modèle classique caractérisé par des électrodes ponctuelles. Grâce à la fonctionnelle de Kohn-Vogelius, le problème d'identification de l'inclusion à partir des données au bord peut s'assimiler à un problème d'optimisation de forme. Finalement, on rappelle les expressions volumiques et surfaciques de la dérivée de forme de la fonctionnelle susdite. Le contenu de ce chapitre est basé sur les travaux [2,3,4].
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Chapitre 4 -On applique l'Algorithme de Descente Certifiée à la minimisation de la fonctionnelle de Kohn-Vogelius. On introduit une approximation du problème de tomographie par impédance électrique au moyen d'une discrétisation par éléments finis conformes. Une stratégie pour construire une estimation a posteriori explicitement calculable et sans constantes inconnues de l'erreur de la dérivée de forme est discutée. À partir du principe de l'énergie complémentaire, on définit des problèmes variationnels additionnels pour évaluer précisément l'erreur dans le calcul des flux numériques, à partir desquels on obtient une estimation de l'erreur pour notre Quantité d'Intérêt. On valide l'estimation à l'aide d'un cas test pour lequel la solution analytique est connue et on applique la stratégie d'optimisation de forme résultante à un problème bidimensionnel issu de la tomographie par impédance électrique. Une discussion des résultats numériques est présentée. Le contenu de ce chapitre est basé sur les travaux [3,4].

Chapitre 5 -On propose une variante de l'Algorithme de Descente Certifiée qui utilise uniquement des quantités locales pour estimer l'erreur d'approximation de la dérivée de forme. En particulier, on construit une estimation dans une Quantité d'Intérêt basée sur la reconstruction des flux équilibrés. Un cadre générique valide pour une discrétisation par éléments finis conformes et Galerkin discontinu est présenté. L'estimation a posteriori obtenue est explicitement calculable et donne lieu à une borne supérieure certifiée de l'erreur de notre Quantité d'Intérêt. Les avantages principaux de cette approche sont le coût de calcul extrêmement faible de la procédure et la possibilité de paralléliser facilement l'algorithme. Après avoir validé les estimations d'erreurs, cette variante de l'Algorithme de Descente Certifiée est testée sur le problème d'identification de forme issu de la tomographie par impédance électrique préalablement discuté. Le contenu de ce chapitre est basé sur l'article [2].

Chapitre 6 -On considère un deuxième exemple de problème d'optimisation d'une fonctionnelle qui dépend de la forme sous une contrainte représentée par une EDP. On introduit un problème direct issu de la conception optimale d'une structure élastique décrit par les équations de l'élasticité linéaire. En particulier, on considère la minimisation de la compliance sous une contrainte de volume et on étudie deux formulations différentes. Premièrement, on analyse la formulation primale en déplacements pour l'élasticité linéaire et on calcule l'expression volumique de la dérivée de forme de la compliance. Ensuite, on considère une formulation duale mixte de l'équation de l'élasticité et on calcule l'expression correspondante de la dérivée de forme pour le problème étudié. Les deux expressions de la dérivée de forme sont examinées en utilisant l'Algorithme de Variation de la Frontière et une comparaison qualitative pour évaluer leur validité est effectuée à l'aide des simulations numériques. Le contenu de ce chapitre est basé sur l'article [6]. Introduction sans constante inconnue de l'erreur dans la dérivée de forme. Le contenu de ce chapitre est basé sur l'article [5].

Un résumé des résultats obtenus et une présentation des possibles perspectives de développements futurs clôturent cette thèse. Les parties II et III de cette thèse sont basées sur des notions introduites dans la partie I. À l'exception de cette contrainte, les deux dernières parties peuvent être lues de façon indépendante mais on recommande au lecteur de suivre l'ordre proposé par l'auteur.

Annexe A -Ce travail est consacré à l'application des techniques d'optimisation au problème d'identification des points optimaux pour agripper un objet au moyen d'une pince embarquée sur un drone. À partir des images acquises par une caméra embarquée, on utilise les informations géométriques sur le bord de l'objet à saisir pour identifier les points de contact optimaux entre la pince et la cible. Dans cette annexe, on joint l'acte de conférence [7].

Annexe B -Ce travail concerne la modélisation mathématique et la simulation numérique d'un bioréacteur, c'est-à-dire un site pour la gestion des déchets où on exploite des matériaux biodégradables pour produire du méthane. Après avoir analysé les phénomènes chimiques ayant lieu à l'intérieur du bioréacteur et la dynamique des fluides impliqués, on propose un modèle qui inclut une équation de la chaleur couplée avec une équation de réaction non-linéaire pour décrire le phénomène de méthanogenèse étudié et des équations d'advection et d'advection-diffusion qui représentent les écoulements multiphasiques dans le milieu poreux composé par les déchets. Quelques simulations numériques préliminaires obtenues par l'approximation du modèle décrit ci-dessus par la méthode des éléments finis sont présentées. Dans cette annexe, on joint l'article [1].

Articles publiés et preprint

Le contenu principal de cette thèse a été développé en collaboration avec Olivier Pantz (Professeur de Mathématiques Appliquées à l'Université Nice-Sophia Antipolis) et Karim Trabelsi (Enseignant-Chercheur en Mathématiques Appliquées à l'Institut Polytechnique des Sciences Avancées). Les résultats ont été publiés dans l'acte de conférence avec comité de lecture [3] et dans les articles suivants publiés ou preprints [2,4,5,6]. L'annexe A est un travail en collaboration avec Juan-Antonio Escareno (Enseignant-Chercheur en Systèmes Robotiques Aériens à l'Institut Polytechnique des Sciences Avancées) et ses collaborateurs et a été publié dans l'acte de conférence avec comité de lecture [7].

L'annexe B est un travail en collaboration avec Guillaume Dollé (Doctorant à l'Université de Strasbourg), Omar Duran (Doctorant à l'Universidade Estadual de Campinas), Nelson Feyeux (Doctorant à l'Université Joseph Fourier), Emmanuel Frénod (Professeur de Mathématiques Appliquées à l'Université de Bretagne-Sud) et Christophe Prud'homme (Professeur de Mathématiques Appliquées à l'Université de Strasbourg). L'article associé à ce travail a été accepté pour publication [1].

Introduction

The term shape optimization refers to a class of optimization problems in which the objective functional depends on the shape of the domain in which a Partial Differential Equation (PDE) is formulated and on the solution of the PDE itself. Thus, we may view these problems as PDEconstrained optimization problems of a shape-dependent functional, the domain being the optimization variable and the PDE being the constraint. This class of problems has been tackled in the literature using both gradient-based and gradient-free methods (cf. [17]) and in this work we consider a strategy issue of the former group by computing the so-called shape gradient.

In most applications, the differential form of the objective functional with respect to the shape depends on the solution of a PDE which usually can only be solved approximately by means of a discretization strategy like the Finite Element Method. The approximation of the governing equation for the phenomenon under analysis introduces an error which may prevent the shape gradient from being strictly negative along the computed descent direction, that is, the discretized direction may not lead to any improvement of the objective functional we are trying to optimize. Moreover, due to the aforementioned approximation, stopping criteria based on the norm of the shape gradient may never be fulfilled if the a priori given tolerance is too small with respect to the chosen discretization.

One of the crucial aspects in shape optimization problems is the definition of a criterion to stop the optimization procedure. On this subject, we report here a statement by Sigmund and Maute [START_REF] Sigmund | Topology optimization approaches[END_REF]:

Many papers conclude examples by statements like: "the optimal design is visually similar to results published in the literature". As the following example will show this is not a satisfactory conclusion. Also, one should always avoid using the term "optimal" in the field of structural optimization -unless one can prove that the problem is convex. Figure 6 shows an example of mechanism design as described in [START_REF] Sigmund | On the design of compliant mechanisms using topology optimization[END_REF][START_REF] Sigmund | Morphology-based black and white filters for topology optimization[END_REF]. The two designs in Fig. 6a and 6b are visually similar, however, they represent snapshots at the 100s and the 1562nd iteration. The corresponding objective functions (output displacements) are -1.46 and -1.54, respectively, i.e. the final design is 5.5% better than the design obtained after 100 iterations. Figure 6c shows the difference in densities between the two designs. Seen from an engineering perspective the 5.5% may be unimportant for a specific application. However, seen from an optimization perspective, an algorithm should always be able to converge to the better design. It must be the user who stops the procedure prematurely due to time constraints -not convergence flaws of the algorithm. Hence, when testing an algorithm, quantitative and not only qualitative comparisons to results from the literature should be performed.

This thesis is devoted to the study of some critical issues in the numerical solution of shape optimization problems, that have been so far overlooked by the scientific community. Our interest is driven by the remark that all existing algorithms to perform shape optimization are highly-dependent on the end user who is, in most cases, the one to choose when to stop the optimization procedure.

As remarked by Sigmund and Maute, many results in the literature are obtained via optimization strategies stopped when a qualitatively reasonable result is achieved. The main goal of this work is to provide a rigorous framework to automatize gradient-based shape optimization procedures. In particular, we are interested in the computation of a genuine descent direction for the objective functional at each iteration of the algorithm and in the definition of a reliable stopping criterion for the overall optimization strategy. Within this framework, a posteriori estimators of the error introduced by the Finite Element approximation of the problem provide useful information to improve gradient-based algorithms for shape optimization.

The role of shape optimization in the aerospace and aeronautic industry

Though the original examples studied within the shape optimization community dealt with structural optimization, several other industrial applications may be formulated within the same framework. In particular, the interest in the aerospace and the aeronautic industry spans classical optimal design problems governed by the elasticity equations, drag reduction in a compressible/incompressible context as well as non-destructive testing and damage identification. The two former applications are strictly-speaking shape optimization problems whereas the latter ones are shape identification problems, that is both forward and inverse problems may be modeled as optimization problems featuring shape-dependent functionals. In the following, we present some examples of the aforementioned engineering applications arising in the aerospace and aeronautic industry.

Non-destructive testing

As many other sectors, the aerospace and aeronautic industry makes extensive use of non-destructive testing techniques. Though the simplest and most effective way to assess the reliability of a structure is to test it to destruction, this is not a feasible option when dealing with low-volume or very expensive components. Besides the preliminary tests during the production process, non-destructive techniques are extremely important in the maintenance of the existing structures. As a matter of fact, visual [START_REF] Lewiński | Extended exact solutions for least-weight truss layouts -Part I: Cantilever with a horizontal axis of symmetry[END_REF].

inspection is not sufficient to safely confirm the reliability of a given component: on the one hand, micro-or nano-defects on the surface of the structure may weaken it without being remarked by an external observer; on the other hand, visual inspections are not able to provide any insight on possible internal damages. To handle these issues, two families of approaches have been developed over the years within the field of non-destructive testing, that is surface and sub-surface techniques.

As their names suggest, surface non-destructive testing methods focus on the analysis of the external part of the structure, whereas sub-surface techniques allow to inspect regions otherwise unreachable without disassembling the component under analysis. The latter approach relies on the use of specific measurements on the external surface of the structure to retrieve information on phenomena taking place inside it. An example of non-destructive testing technique is the ultrasound measurement for the detection of small cracks and for the estimation of material thinning, e.g. due to the corrosion of the material skin of an aircraft [START_REF] Drury | Ultrasonic Flaw Detection for Technicians[END_REF]. Other methods exploit X-Ray techniques to identify defects buried within a component and to detect the anomalous presence of fluid inside a structure [START_REF] Hanke | X-ray based methods for non-destructive testing and material characterization[END_REF]. In this thesis, we consider a specific case of sub-surface technique -namely Electrical Impedance Tomography (EIT) -which relies on the use of the electrical potential to identify conductivity inhomogeneities inside the material. This technique has been recently proved to be extremely efficient in the very interesting problem of detecting transverse cracks in laminated composites [START_REF] Selvakumaran | On the detectability of transverse cracks in laminated composites using electrical potential change measurements[END_REF].

Optimal design

The design of the optimal shape of a structure is a problem arising frequently in the aerospace and aeronautic industry. By intuition, the interest in this subject is motivated by an economic purpose: the lighter the structure, the smaller the quantity of fuel required for its propulsion and consequently the cost of moving it. Hence, the ability of constructing compliant elastic structures concurrently minimizing their weight has been a key topic of research in the industry for years.

A first application of shape optimization in aeronautics arises within the field of structural me- C chanics and focuses on the design of a shape that minimizes the compliance of an elastic component subject to a given external load under a volume constraint. From a practical point of view, this problem may be applied to the optimization of the internal parts of an aircraft, e.g. its longitudinal supporting structure. As a matter of fact, several experts in the field agree in stating that the weight of designs currently manufactured by world-leading industries is not optimal and unofficial estimates report an overweight by approximately 6000 ∼ 11000 kg for different aircraft models. Moreover, the existing approach to reduce the weight of the structure -when applied -relies on the insertion of circular holes within a bulk material (Fig. 7) whereas it is well-known in the literature [START_REF] Michell | LVIII. The limits of economy of material in frame-structures[END_REF] that the optimal configurations are truss-like structures as the one in figure 8.

Another application focuses on the optimal design of a wing. This is an extremely complex multiphysics problem involving the dynamics of air, the behavior of the elastic structure and their interplay -whence, the notion of Fluid-Structure Interaction problem. The movement of air is described by unsteady compressible Navier-Stokes equations in a turbulent regime, whereas the deformation of the structure is governed by the non-linear elasticity equations. The resulting problem is the starting point for the definition of the constraints of an optimization procedure in which we aim to minimize the drag or, more generally, the cost of the propulsion. In general, when considering complex multiphysics problems, several cost functionals -possibly arising from different disciplines -may be of interest in the optimization process. This research field is known as Multi-Objective Optimization (MOO) and has been extensively studied in the literature via the development of methods to handle both the cooperative and the competitive phases of the optimization procedure. We refer to [START_REF] Désidéri | Cooperation and competition in multidisciplinary optimization: application to the aero-structural aircraft wing shape optimization[END_REF][START_REF] Habbal | Multidisciplinary topology optimization solved as a Nash game[END_REF] and references therein for an overview of the subject and for the discussion of some state-of-the-art approaches to this problem. Owing to the different nature of the physical phenomena under analysis, the corresponding optimization problem is also said to belong to the field of Multi-Disciplinary Optimization (MDO) [START_REF] Martins | Multidisciplinary design optimization: A survey of architectures[END_REF]. Moreover, due to the variable conditions to which the structure is subject during take-off, cruise and landing, several studies have been performed to identify the shape that most improves the objective functional in all the aforementioned configurations at the same time. The solution of this so-called Multi-Point Multi-Disciplinary Optimization problem [START_REF] Kenway | Multipoint high-fidelity aerostructural optimization of a transport aircraft configuration[END_REF] has a straightforward application in the Introduction management of different wing configurations during take-off, cruise and landing phases by means of appropriate changes in the position of flaps, slats and spoilers (Fig. 9 and10). In this thesis, we restrict to the former example discussed in this section and we consider a purely mechanical problem in which we aim to minimize the compliance of a component under a volume constraint. 

C

Outline of the thesis

This thesis is composed of seven chapters -grouped into three parts -and two appendices.

Owing to the remarks presented at the beginning of this introduction, in the first part of this thesis (cf. part I -chapters 1 and 2) we develop a strategy to numerically solve shape optimization problems based on a certification procedure. Basic idea relies on the derivation of an upper bound of the error due to the approximation of the shape gradient to verify at each iteration whether the direction computed using the discretized shape gradient is a genuine descent direction for the objective functional or not. We neglect the contribution of the approximation of the geometry and we focus on the error arising from the discretization of the governing equations. We propose a novel shape optimization strategy -named Certified Descent Algorithm (CDA) -that generates a minimizing sequence of shapes by certifying at each iteration the descent direction to be genuine and automatically stops when a reliable stopping criterion is fulfilled. The novelty of this approach resides in the certification procedure for the descent direction, for which fully computable a posteriori error estimators are required. As a matter of fact, to the best of our knowledge all the works in the literature on Adaptive Finite Element for shape optimization focus on the qualitative information provided by the error estimators to drive mesh adaptation and do not exploit the quantitative information to improve and automatize the overall optimization strategy.
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We subsequently analyze an application that can be recast as a PDE-constrained optimization problem featuring a shape-dependent functional and we provide the details associated with the aforementioned certification procedure. In particular, in the second part (cf. part II -chapters 3, 4 and 5), we consider an application to Electrical Impedance Tomography: as a matter of fact, the identification of the inclusion in a given material starting from boundary measurements may be formulated as a shape optimization problem. To construct the required fully computable a posteriori error estimator, we follow two approaches. First, we develop an estimator based on the complementary energy principle to retrieve a good approximation of the numerical fluxes by solving a dual problem. In order to reduce the computational cost of the certification procedure, we introduce a strategy which relies solely on local quantities to construct the equilibrated fluxes for both conforming Finite Element and Discontinuous Galerkin discretizations, as proposed by Ern and Vohralík in [START_REF] Ern | Polynomial-degree-robust a posteriori estimates in a unified setting for conforming, nonconforming, discontinuous galerkin, and mixed discretizations[END_REF]. We especially highlight the interest of this latter approach for the study of the problem of Electrical Impedance Tomography owing to the growing interest in the scientific community towards a special class of Discontinuous Galerkin methods -known as Symmetric Weighted Interior Penalty Discontinuous Galerkin -for problems featuring an inhomogeneous diffusion tensor as the one appearing in the EIT.

Eventually in the third and last part (cf. part III -chapters 6 and 7), we consider another application by introducing a forward problem in shape optimization, that is the minimization of the compliance under a volume constraint in structural mechanics. Concerning this application, we derive the volumetric expression of the shape gradient using both the pure displacement and the dual mixed variational formulations of the linear elasticity problem. A qualitative comparison of the results obtained by the application of the Boundary Variation Algorithm to the minimization of the compliance using the two expressions of the shape gradient is presented via some numerical tests. Eventually, we derive an a posteriori estimator of the discretization error for the shape gradient via the complementary energy principle for the pure displacement formulation. This estimate is the starting point for the application of the previously described Certified Descent Algorithm to the optimal design of elastic structures which will be the subject of the future work [5].

At the end of this thesis (cf. appendix A and B), two works completely independent from the main subject are reported. The two appendices tackle different engineering problems but they share the motivating aspect of accounting for practical constraints in complex systems that describe real-world applications via mathematical models.

In the following, we briefly sketch the content of the thesis chapter by chapter.

Chapter 1 -In this introductory chapter, we present the abstract framework of a shape optimization problem. After reviewing the most common approaches described in the literature to tackle this class of problems from a numerical point of view, we focus on gradient-based methods and we recall the notion of shape gradient. Eventually, an overview of the strategies obtained by coupling shape optimization algorithms and a posteriori estimators of the discretization error is presented.

Chapter 2 -We introduce the approximation of the previously discussed shape optimization problem via the Finite Element Method. In order to remedy the lack of a stopping criterion and the convergence issues of gradient methods, we account for the numerical error introduced by the discretization of the shape gradient. We review several techniques proposed in the literature to estimate the error due to the Finite Element approximation of a Quantity of Interest depending on the solution Introduction of a Partial Differential Equation. Owing to this information, we construct an a posteriori estimator for the error in the shape gradient and we propose a certification procedure to verify whether the direction computed using the discretized shape gradient is a genuine descent direction for the objective functional or not. Eventually, the framework for a novel guaranteed shape optimization strategy -named Certified Descent Algorithm (CDA) -is presented. The content of this chapter is partially based on the works [2,3,4].

Chapter 3 -We consider a first example of PDE-constrained optimization problem of a shapedependent functional. We study an inverse identification problem arising from Electrical Impedance Tomography and we formulate it as a shape optimization problem. Given a material featuring an internal conductivity inhomogeneity, the aim of the problem is to identify the shape and the location of the inclusion by means of boundary measurements. We assume that the boundary data are continuous and we consider the classical Point Electrode Model. After introducing the Kohn-Vogelius functional, we recast the problem within a shape optimization framework and we recall the volumetric and the boundary expressions of the shape gradient. The content of this chapter is based on the works [2,3,4].

Chapter 4 -We apply the Certified Descent Algorithm to the optimization of the Kohn-Vogelius functional. We consider an approximation of the previously introduced problem of Electrical Impedance Tomography by means of a conforming Finite Element discretization. A strategy to construct a fully computable, constant-free a posteriori estimator of the error in the shape gradient is discussed. Starting from the complementary energy principle, we define additional variational problems to compute an accurate approximation of the error in the numerical fluxes and we derive an estimator for our Quantity of Interest. We validate the error estimator on a test case for which the analytical solution may be derived. Eventually, the overall shape optimization strategy is applied the EIT problem in 2D and a discussion of the numerical results is performed. The content of this chapter is based on the works [3,4].

Chapter 5 -We propose a variant of the Certified Descent Algorithm which relies solely on local quantities to estimate the error in the shape gradient. In particular, we construct a goal-oriented estimator based on an equilibrated fluxes approach. A unified framework valid for both conforming Finite Element and Discontinuous Galerkin discretizations is introduced. The resulting a posteriori estimator is fully computable and provides a reliable bound for the error in our Quantity of Interest which is computationally inexpensive and easy to parallelize. After validating the novel error estimators, this variant of the Certified Descent Algorithm is tested on the previously discussed inverse identification problem of Electrical Impedance Tomography. The content of this chapter is based on the work [2].

Introduction

we consider the dual mixed formulation of the elasticity equation and we derive the corresponding expression of the shape gradient for the problem under analysis. The two expressions of the shape gradient are tested using the classical Boundary Variation Algorithm and a qualitative comparison to assess their validity is performed through some numerical simulations. The content of this chapter is based on the work [6].

Chapter 7 -Starting from the framework introduced in the previous chapter for the pure displacement formulation of the linear elasticity problem, we construct an a posteriori estimator of the error in the shape gradient. We follow the strategy used in chapter 4 for the problem of Electrical Impedance Tomography and we apply the complementary energy principle to derive a fully computable bound for the error in our Quantity of Interest. We introduce an additional variational problem to compute an accurate approximation of the error in the strain tensor, that is the symmetric part of the gradient of the displacement field. Exploiting the solution of the dual problem, a constant-free a posteriori estimator of the error in the shape gradient is derived. The content of this chapter is based on the work [5].

A summary of the results and an overview of possible future developments end this thesis. Both part II and III of this thesis require the notions introduced in part I to be understood. Besides this constraint, the two parts may be read independently but we recommend the reader to follow the order proposed by the author.

Appendix A -This work focuses on the application of optimization techniques to the identification of the optimal grasping points of an aerogripper. Starting from the images acquired by a camera on-board of a Micro Air Vehicle, we exploit the geometrical information of the boundary of the object to be grasped to identify the optimal contact points between the aerogripper and the target. In this appendix we attach the work [7].

Appendix B -This work is devoted to the mathematical modeling and the numerical simulation of a bioreactor landfill, that is a waste management facility in which biodegradable waste is used to generate methane. After analyzing the chemical phenomena taking place inside the bioreactor and the dynamics of the involved fluids, we propose a model that features a heat equation coupled with a non-linear reaction equation that describes the methanogenic chemical phenomena under analysis. Moreover, several advection and advection-diffusion equations model multiphase flows inside a porous environment representing the biodegradable waste. Some preliminary numerical simulations obtained by the approximation of the aforementioned model via the Finite Element Method are presented. In this appendix we attach the work [1].

Part I

Optimization of shape-dependent functionals and a posteriori error estimators

Chapter 1

Shape optimization and shape identification problems

We introduce the abstract framework of a shape optimization problem, that is an optimization problem in which the objective functional depends on the shape of the domain in which a Partial Differential Equation (PDE) is formulated and on the solution of the PDE itself. We review the most common approaches described in the literature to tackle this class of problems and we focus on gradient-based methods which rely on the computation of the socalled shape gradient, that is the differential form of the objective functional with respect to the shape. Eventually, a review of the results on a posteriori estimators of the discretization error for this class of problems is presented.

Abstract framework

We consider an open domain Ω ⊂ R d (d ≥ 2) with Lipschitz boundary ∂Ω. Let V Ω be a separable Hilbert space depending on Ω, we define u Ω ∈ V Ω to be the solution of a state equation which is a linear PDE in the domain Ω:

a Ω (u Ω , δu) = F Ω (δu) ∀δu ∈ V Ω (1.1)
where a Ω (•, •) :

V Ω × V Ω → R is a continuous bilinear form satisfying the inf-sup condition inf w∈V Ω sup v∈V Ω a Ω (v, w) v w = inf v∈V Ω sup w∈V Ω a Ω (v, w) v w > 0
and F Ω (•) is a continuous linear form on V Ω , both of them depending on Ω. Under these assumptions, problem (1.1) has a unique solution u Ω . We introduce a cost functional J(Ω) which depends on the domain Ω. We consider the following shape optimization problem inf

Ω∈U ad J(Ω) (1.2)
where U ad is the set of admissible domains in R d . Several examples of this class of problems arise from applications. A very classical case of shape optimization problem is the minimal surface problem Shape optimization and shape identification problems [START_REF] Colding | II. Minimal surfaces[END_REF] in which we aim to minimize the (d -1)-dimensional Hausdorff measure H d-1 with respect to all variations with compact support:

J(Ω) := H d-1 (Ω) , U ad := {Ω ⊂ R d : K ⊂ ∂Ω}.
Another well-known example [START_REF] Canham | The minimum energy of bending as a possible explanation of the biconcave shape of the human red blood cell[END_REF][START_REF] Helfrich | Elastic properties of lipid bilayers: theory and possible experiments[END_REF] of shape optimization problem is represented by the minimization of the Willmore functional

J(Ω) := S |H| 2 dS , U ad := {Ω ⊂ R d : H d-1 (Ω) = A}
where H is the mean curvature and A ∈ R + is given. In a more general context, the criterion J depends both on the shape of the domain Ω and on the solution u Ω of the state equation and the objective functional and the set of the admissible shapes read as follows:

J(Ω) := j(Ω, u Ω ), (1.3) 
U ad := {Ω ⊂ R d s.t. u Ω ∈ V Ω and a Ω (u Ω , δu) = F Ω (δu) , ∀δu ∈ V Ω }. (1.4)
Within this framework, problem (1.2) may be viewed as a PDE-constrained optimization problem, in which we aim to minimize the functional j(Ω, u) under the constraint u = u Ω , that is the minimizer u is solution of the state equation (1.1).

Several industrial problems may be formulated as shape optimization problems in which the objective functional and the set of admissible shapes respectively have the forms (1.3) and (1.4). A nonexhaustive list of applications spans the optimal design of elastic structures [17], the drag minimization in aerodynamics [START_REF] Mohammadi | Applied shape optimization for fluids[END_REF] and the identification of physical inhomogeneities in Electrical Impedance Tomography [START_REF] Eppler | Shape optimization for 3D electrical impedance tomography[END_REF]. A vast literature has been developed in this field during the last forty years and for a complete introduction to the subject we refer the reader to [START_REF] Banichuk | Introduction to optimization of structures[END_REF][START_REF] Bendsøe | Optimization of Structural Topology, Shape, and Material[END_REF][START_REF] Kirsch | Optimum structural design: concepts, methods, and applications[END_REF][START_REF] Murat | Sur le contrôle par un domaine géométrique[END_REF][START_REF] Pironneau | Optimal Shape Design for Elliptic Systems[END_REF][START_REF] Rozvany | Structural design via optimality criteria, volume 8 of Mechanics of Elastic and Inelastic Solids[END_REF][START_REF] Save | Structural optimization[END_REF][START_REF] Soko | Introduction to shape optimization: shape sensitivity analysis[END_REF] and references therein.

A note on the ill-posedness of shape optimization problems

It is well-known in the literature that there may not exist an optimal solution in shape optimization problems if additional constraints on the nature of the shape are not imposed [START_REF] Bucur | Variational methods in shape optimization problems[END_REF][START_REF] Chenais | On the existence of a solution in a domain identification problem[END_REF][START_REF] Henrot | Variation et optimisation de formes: Une analyse géométrique[END_REF]. For example, in a wide number of shape optimization problems porous structures are known to be more efficient than bulky ones [17] but this class of domains does not belong to the set of admissible shapes U ad . From a practical point of view, this theoretical issue is responsible for many limitations experienced by the strategies proposed in the literature to numerically solve shape optimization problems. Among them, we highlight the high sensitivity of the algorithms to the initialization of the guessed shape -and the consequent risk of getting trapped into local minima -and their mesh dependency. This latter aspect is especially critical since the finer the computational mesh under analysis is, the closer to a porous shape whose micro-structure is of infinitesimal size the optimization procedure is allowed to go.

A first strategy to circumvent the issue of non-existence of optimal solutions relies on relaxing the original problem (1.2) by enlarging the set of admissible shapes to include homogenized -that is, porous -structures. This approach finds a mathematically-sound justification in the homogenization theory and for more details we refer the interested reader to [16,[START_REF] Murat | Calcul des Variations et homogénéisation[END_REF]. An alternative idea is based on the introduction of additional constraints in the set of admissible shapes in order to impose restrictions on the topology of the shape and avoid highly oscillatory phenomena near the boundaries. Here, we briefly recall some possibilities investigated in the literature and we refer to the corresponding works for additional details. In [START_REF] Ambrosio | An optimal design problem with perimeter penalization[END_REF], Ambrosio and Buttazzo proved the existence of optimal shapes by adding a constraint on the perimeter of the shape. In [START_REF] Chenais | On the existence of a solution in a domain identification problem[END_REF], Chenais proved that the shape optimization problem (1.2) is well-posed owing the admissible shapes are uniformly Lipschitz. The well-posedness of the shape optimization problem may be alternatively retrieved by adding a constraint on the topology of the shapes, e.g. by setting an upper bound on the number of connected components in the domain. We refer to [START_REF] Chambolle | A density result in two-dimensional linearized elasticity, and applications[END_REF][START_REF] Šverák | On optimal shape design[END_REF] for additional details on the subject.

For the rest of this thesis, we will neglect the problem of the existence of an optimal shape for the shape optimization problem (1.2). On the contrary, assuming the existence of a local minimizer, (1.2) reduces to min

Ω∈U ad J(Ω). (1.5) 
In this thesis, we investigate some numerical strategies to efficiently solve (1.5) by tackling the crucial aspect of defining a reliable stopping criterion for the overall optimization procedure.

Geometrical description of the shape

A key aspect in shape optimization problems is the efficient description of the geometry of the domain under analysis. In particular, we recall that the aforementioned shape acts both as the domain on which the state equation (1.1) is posed and as the variable in the optimization problem (1.5). There exist two main kinds of framework that one can use to describe the geometry of the shape: an explicit one and an implicit one.

Explicit treatment of the geometry

The most intuitive way to describe the shape of the domain is by means of an explicit treatment of the geometry, e.g. through a polynomial approximation of the boundaries [START_REF] Bhavikatti | Optimum shape design of shoulder fillets in tension bars and t-heads[END_REF], using Bézier curves or Non-Uniform Rational B-Splines (NURBS) [START_REF] Braibant | Shape optimal design using b-splines[END_REF][START_REF] Schramm | The coupling of geometric descriptions and finite elements using NURBS -A study in shape optimization[END_REF] or via a FreeForm Deformation (FFD) map [START_REF] Ballarin | Shape optimization by free-form deformation: existence results and numerical solution for Stokes flows[END_REF]. In all these cases, a set of Degrees of Freedom explicitly provides all the information for the construction of the initial domain and the deformation of the shape during the evolution of the algorithm. When considering a polygonal representation of the domain, its Degrees of Freedom are the physical coordinates of the nodes in the triangulation, whereas for the case of Bézier curves, NURBS and FFD maps their control points act as Degrees of Freedom for the description of the geometry. We remark that the aforementioned dependency is said to be explicit, since a change in the set of the Degrees of Freedom is automatically responsible for a modification of the corresponding shape.

Implicit treatment of the geometry

In their seminal work [START_REF] Osher | Fronts propagating with curvature-dependent speed: algorithms based on Hamilton-Jacobi formulations[END_REF], Osher and Sethian introduced a novel paradigm for the description of the motion of a domain. Basic idea relies on using an implicit representation of the domain Ω ⊂ R d Shape optimization and shape identification problems as the subdomain identified by the negative values of an auxiliary function φ : R d → R -also known as the level-set function -defined as follows:

     φ(x) < 0 , x ∈ Ω φ(x) = 0 , x ∈ ∂Ω φ(x) > 0 , x ∈ Ω c := R d \ Ω.
(1.6)

Owing to (1.6), the boundary of the design domain is identified by the zero-level contour of the function φ(x) and not by an explicit set of parameters as in the previously described framework. Moreover, we may express local geometric quantities of the shape in terms of the level-set function [START_REF] Younes | Shapes and diffeomorphisms[END_REF]. Let Ω be of class C 2 , for any point x on the boundary ∂Ω such that ∇φ(x) = 0 we may write the outward normal vector n(x) to ∂Ω and its mean curvature κ(x) as follows

n(x) := ∇φ(x) |∇φ(x)| , κ(x) := div ∇φ(x) |∇φ(x)| . (1.7)

Classification of shape optimization problems

The goal of shape optimization is to find the shape of a domain that optimizes a given criterion which may depend on the solution of a Boundary Variation Problem as discussed in section 1.1. When dealing with shape optimization problems, three main aspects have to be accounted for: the number of connected regions inside the domain, their shape and their size. Owing to this observation, the following three classes of optimization problems may be identified.

Parametric optimization

Also known as size optimization, parametric optimization aims to improve a given objective functional by modifying a set of parameters describing the domain under analysis [START_REF] Christensen | An introduction to structural optimization[END_REF]. In particular, the number of connected regions and their shape is set a priori and only minor variations of the existing configuration are allowed [17], e.g. via the modification of the size of the different regions. Despite the limited improvements it offers, this optimization strategy is widely used in industrial applications owing to its simplicity and to the possibility of exploiting physical quantities as the size and the thickness of the structural elements as design variables in the problem.

Geometric optimization

By performing geometric optimization, one is interested in changing the shape of the domain under analysis to improve the objective functional [17]. Within this framework, the optimization variable of the problem is the boundary of the domain which may be represented either using an explicit or an implicit description as discussed in section 1.2. No a priori restrictions on the shape or the size of the domain is posed but the number of connected regions is not allowed to change. In many published works, geometric optimization is also referred to as shape optimization, whereas the latter term is more accurate to describe the ensemble of the problems discussed in this section.

Topology optimization

A key aspect in the engineering community is the identification of the optimal topology (or layout) of the domain under analysis in order to improve a given criterion. This problem is known as topology optimization or layout optimization and aims to identify the best configuration of the domain without imposing any constraint on the number of connected regions inside it [17].

Remark 1.1. Though one may think that topology and geometric optimization problems are extremely different, they actually represent complementary aspects of a unique problem. On the one hand, topology optimization focuses on the identification of the optimal number of connected regions inside the domain. On the other hand, geometric optimization is concerned with the optimization of the shape of the existing regions, whose number is a priori set. With an abuse of notation, in the rest of this thesis the term shape optimization will be used to indicate both the geometric optimization paradigm and the ensemble of parametric, geometric and topology optimization. In case of ambiguity, a remark will be provided, e.g. when a given technique requires an additional restriction as the knowledge of the number of connected regions inside the domain.

A review of the numerical techniques to handle shape optimization problems

The interest in the development of techniques to solve shape optimization problems originally arose in the field of engineering and computational mechanics to answer the question of where to place material within a given domain in order to obtain the best structure for a specific target objective. In this section, we provide an overview of the most important methods developed over the years to handle shape optimization problems. For a more detailed comparison of these techniques, we refer to the review paper [START_REF] Sigmund | Topology optimization approaches[END_REF] by Sigmund and Maute and to the works [START_REF] Rozvany | A critical review of established methods of structural topology optimization[END_REF] and [START_REF] Gain | A critical comparative assessment of differential equation-driven methods for structural topology optimization[END_REF][START_REF] Van Dijk | Level-set methods for structural topology optimization: a review[END_REF] which focus on more specific aspects, respectively methods that have achieved the stage of application in industrial environments and level-set approaches to structural topology optimization.

The main idea of shape optimization goes back to the seminal work of Hadamard [START_REF] Hadamard | Mémoire sur le problème d'analyse relatif à l'équilibre des plaques élastiques encastrées[END_REF] and has been later developed by many authors over several decades [START_REF] Banichuk | Introduction to optimization of structures[END_REF][START_REF] Chenais | On the existence of a solution in a domain identification problem[END_REF][START_REF] Murat | Sur le contrôle par un domaine géométrique[END_REF][START_REF] Pironneau | Optimal Shape Design for Elliptic Systems[END_REF][START_REF] Simon | Differentiation with respect to the domain in boundary value problems[END_REF][START_REF] Soko | Introduction to shape optimization: shape sensitivity analysis[END_REF]. Starting from the original idea of deforming the computational domain according to a given velocity field to improve the value of the objective functional (cf. subsection 1.4.1), we discuss the subsequent developments using the homogenization theory (cf. subsection 1.4.2), the SIMP method (cf. subsection 1.4.3) until the most recent results obtained via the level-set approach (cf. subsection 1.4.4) and the phase-field model (cf. subsection 1.4.5). Eventually, in subsection 1.4.6, we provide a short commentary on the evolutionary strategies that part of the engineering community has been extensively investigating for problems of shape optimization, highlighting the reasons why in our opinion they do not represent a suitable approach for this kind of problems.

A moving mesh approach

Given an initial guess for the shape, a first idea to handle shape optimization problems consists in deforming the boundary of the shape along its normal direction. In a more general framework, the deformation may be driven by any smooth velocity field which motivates the name of this method, known in the literature as the velocity approach [START_REF] Delfour | Shapes and geometries: analysis, differential calculus, and optimization[END_REF]. From a practical point of view, the most Shape optimization and shape identification problems intuitive implementation of the velocity approach is the moving mesh method which exploits the geometrical information of the computational mesh to deform the shape by moving the nodes of the triangulation [START_REF] Brockman | Geometric sensitivity analysis with isoparametric finite elements[END_REF].

The main advantages of this approach are the convenient framework based on the calculus of variations that can be used to handle its theoretical analysis and its straightforward numerical implementation. Nevertheless, the method suffers from two main drawbacks. On the one hand, it requires a smooth parameterization of the boundary. On the other one, no topological changes are allowed, that is the number of connected regions inside the domain is a priori set. As pointed out in [16], the latter aspect represents a serious issue when dealing with applications in structural design since it is well-known that for a given weight, porous structures are extremely more efficient than bulky ones. In order to remedy the issues due to the smoothness properties required for the boundary and the constraint on topological changes, an approach to shape optimization based on the homogenization theory was developed (cf. e.g. [16]). In next subsections, we will discuss the theoretical improvements due to the use of homogenization as a tool to solve shape optimization problems and we will describe the numerical strategies arising from this approach.

The homogenization method

The application of homogenization theory to the problem of optimal design of structures was developed by several authors starting from the late 1970's. In particular, we refer the interested reader to the works of Murat and Tartar [START_REF] Murat | Calcul des Variations et homogénéisation[END_REF][START_REF] Murat | Optimality conditions and homogenization[END_REF], Cherkaev, Lurie and co-workers [START_REF] Lurie | Topics in the Mathematical Modelling of Composite Materials, chapter Effective Characteristics of Composite Materials and the Optimal Design of Structural Elements[END_REF][START_REF] Lurie | Regularization of optimal design problems for bars and plates, part 1[END_REF][START_REF] Lurie | Regularization of optimal design problems for bars and plates, part 2[END_REF] and Kohn and Strang [START_REF] Kohn | Optimal design and relaxation of variational problems[END_REF][START_REF] Kohn | Optimal design and relaxation of variational problems[END_REF][START_REF] Kohn | Optimal design and relaxation of variational problems[END_REF]. During the same years, only few works [START_REF] Gibiansky | Design of composite plates of extremal rigidity[END_REF][START_REF] Glowinski | Numerical simulation for some applied problems originating from continuum mechanics[END_REF][START_REF] Goodman | Numerical study of a relaxed variational problem from optimal design[END_REF] have dealt with the construction of numerical methods based on the homogenization theory and the authors mainly focused on academic problems with limited impact on real-life applications. It is with the seminal paper [START_REF] Bendsøe | Generating optimal topologies in structural design using a homogenization method[END_REF] by Bendsøe and Kikuchi that homogenization methods were used for the first time to tackle real-life problems in the field of structural shape optimization. After this pioneering contribution, several works have proved the efficiency of this method in shape optimization [22,27,[START_REF] Díaz | Shape optimization of structures for multiple loading conditions using a homogenization method[END_REF][START_REF] Guedes | Preprocessing and postprocessing for materials based on the homogenization method with adaptive finite element methods[END_REF]. For a complete and rigorous introduction to the subject, we refer the reader to [16].

Starting from the notion of relaxed or homogenized formulation, two main strategies may be pursed to solve shape optimization problems (cf. [16]). On the one hand, the so-called optimality criteria method relies on iteratively using the optimality conditions for the relaxed formulation to update the design parameters. On the other hand, by deriving the objective functional with respect to the design variable, gradient-based strategies may be developed. In both cases, a key aspect of the application of the homogenization method to shape optimization is represented by the choice of a distribution of intermediate densities going from 0 to 1 as design variable. Hence, the geometrical description of the structure as a shape with sharp boundaries -one may visualize it as a black-and-white image in which the white regions are void whereas the black ones feature a given material -is replaced by a graded structure representation, that is a grayscale image. Within this framework, the regions in which the density is small are filled with a soft material mimicking void, whereas a hard material is used where the density tends to 1.

From a practical point of view, the optimal shapes obtained via the homogenization method have the major drawback of not being manufacturable using the machining and molding procedures classically employed in industrial applications. The recent developments in 3D printing technologies may overcome this issue but since the original work [START_REF] Bendsøe | Generating optimal topologies in structural design using a homogenization method[END_REF] of Bendsøe and Kikuchi in 1988, the scientific Shape optimization and shape identification problems community has been investigating several techniques to retrieve classical shapes starting from their homogenized optima. A widely used approach relies on the penalization of the intermediate densities to produce 0 -1 structures [16] and led to the development of SIMP method [START_REF] Bendsøe | Optimization of Structural Topology, Shape, and Material[END_REF]. Recently, an alternative post-processing technique for the optimal homogenized shapes by means of a projection strategy has been proposed in [START_REF] Pantz | A post-treatment of the homogenization method for shape optimization[END_REF].

SIMP method: Simplified Isotropic Material with Penalization

Inspired by the homogenization method, in [START_REF] Bendsøe | Optimal shape design as a material distribution problem[END_REF] Bendsøe proposed the strategy known as Simplified Isotropic Material with Penalization (SIMP) or power-law approach. The name is due to the relationship posed between the density design variable ρ and the mechanical properties of the material, i.e. the Young's modulus E:

E(ρ) = ρ q E 0 . (1.8)
In (1.8), E 0 stands for the Young's modulus of the solid material and q is the penalization parameter.

The SIMP was driven by the will of reducing the complexity of the homogenization method while improving at the same time the convergence of the algorithm towards 0 -1 shapes. Several other density approaches have been proposed in the literature over the years. Among them, we cite RAMP (Rational Approximation of Material Properties) [START_REF] Stolpe | An alternative interpolation scheme for minimum compliance topology optimization[END_REF] but we restrict our description to SIMP since all these strategies are based on the idea of providing a continuous interpolation between solid and void through a penalization of the intermediate densities.

Though extremely efficient and easy to implement, SIMP had no rigorous justification when it first appeared in the literature, especially concerning the choice of the penalization parameter q. Prompted by the promising results obtained with the power-law approach, several authors investigated it in the following years. For q = 1, the minimization of the compliance using SIMP corresponds to the well-known Variable Thickness Sheet problem [START_REF] Christensen | An introduction to structural optimization[END_REF] and has been studied in [START_REF] Bendsøe | Topology optimization[END_REF][START_REF] Petersson | A finite element analysis of optimal variable thickness sheets[END_REF]. For q > 1, a penalization of the intermediate densities is introduced: within this framework, small values of q are responsible for grayscale areas whereas big q's cause the algorithm to quickly converge towards a local minimum. A physical justification of SIMP was provided in [START_REF] Bendsøe | Material interpolation schemes in topology optimization[END_REF], where the authors showed that choosing q = 3 the method converges to almost 0 -1 shapes and the physical realizability of the elements featuring intermediate densities is ensured. Eventually, in [START_REF] Amstutz | Connections between topological sensitivity analysis and material interpolation schemes in topology optimization[END_REF] the author proved that q = 3 is the exponent that makes density gradients equal to topological derivatives for the case of linear elasticity.

It is well-known in the literature that without smoothing or filtering, SIMP typically converges to local minima with poor performance. Moreover, a major issue of the computed solutions is their mesh dependency, as remarked by the extensive documentation on the checkerboard problem, that is the phenomenon of solutions featuring patches of alternating black and white elements [START_REF] Petersson | Slope constrained topology optimization[END_REF]. To circumvent the issue of rapid oscillations of the density distribution, several techniques have been studied over the years. In the rest of this subsection, we briefly recall some ideas to improve SIMP and we refer to [START_REF] Sigmund | Topology optimization approaches[END_REF] for a detailed review of these techniques. A first improvement of SIMP may be obtained by introducing additional constraints on the length of the perimeter or explicit penalizations which depend on the gradient of the density in order to regularize the solution. A possible alternative is represented by sensitivity filters which modify the value of the sensitivity in a mesh element using a weighted average of the values in the neighboring elements within a mesh-independent radius [START_REF] Sigmund | On the design of compliant mechanisms using topology optimization[END_REF]. In [START_REF] Bourdin | Filters in topology optimization[END_REF], Bourdin proposed a density filter which defines the density inside a given mesh element Shape optimization and shape identification problems as a weighted average of the design variable in the neighboring elements contained within a meshindependent radius. More recently, novel techniques have been proposed to overcome the issue of regions featuring grayscale transitions. Starting from the aforementioned filters, in [START_REF] Guest | Achieving minimum length scale in topology optimization using nodal design variables and projection functions[END_REF] the authors proposed to project the resulting shape in a binary space by means of a smoothed Heaviside function.

Due to its simplicity and the good quality of the resulting shapes, SIMP has encountered a huge success within the engineering community and is currently the basic strategy implemented in most commercial softwares dedicated to topology optimization. Nevertheless, the dependency of the method on multiple parameters and the need of several post-processing techniques to retrieve a 0 -1 shape starting from the optimum obtained through SIMP limit the robustness of the overall approach. As a matter of fact, a precise tuning of the involved parameters is required to obtain an efficient optimization algorithm. Moreover, the problem-dependent nature of the aforementioned quantities to be estimated makes the resulting strategy extremely heuristic.

A level-set approach

Starting from the implicit representation of the domain discussed in section 1.2, Allaire et al. [25,26] and Wang et al. [START_REF] Wang | A level set method for structural topology optimization[END_REF] have developed a level-set approach to handle shape optimization problems. The key aspect of this method relies on the definition of the equation describing the evolution of the boundary of the shape. We consider a vector field θ ∈ W 1,∞ (R d ; R d ) and we introduce a transformation

X θ : R d → R d . The open subset Ω θ ⊂ R d is such that Ω θ = X θ (Ω),
where Ω is the initial reference domain. The displacement of a point from its initial configuration x ∈ Ω is governed by the following differential equation:

   dx θ dt (t) = θ(x θ (t))
x θ (0) = x (1.9) which admits a unique solution t → x θ (t, x) in C 1 (R; R d ). Owing to (1.9), the initial point x ∈ Ω is transported by the field θ to the point x θ = X θ (x) which belongs to the deformed domain Ω θ . We remark that the time variable in (1.9) is an artificial pseudo-time introduced to describe the evolution of the shape of the domain.

Let us now consider a point x θ ∈ ∂Ω θ . The boundary of the evolving domain Ω θ may be represented by the following zero-level contour of a level-set function:

φ(t, x θ ) = 0 , ∀t ∈ R. (1.10)
Since this is true ∀t ∈ R and for each initial point x ∈ R d , owing to the chain-rule (1.10) yields to the following advection equation for the level-set function:

∂φ ∂t (t, x) + θ(t, x) • ∇φ(t, x) = 0 , ∀(t, x) ∈ R × R d . (1.11)
We remark that the velocity field θ(t, x) is often oriented along the normal direction to the moving boundary, that is θ(t, x) = Θ(t, x)n(t, x). As a matter of fact, within the framework of shape optimization the velocity field driving the evolution of the domain accounts for the sensitivity of the objective functional with respect to perturbations of the interface along the normal direction. Owing to the Shape optimization and shape identification problems expression (1.7) of the unit normal vector in terms of the level-set function, (1.11) may be rewritten as the Hamilton-Jacobi equation:

∂φ ∂t (t, x) + Θ(t, x)|∇φ(t, x)| = 0 , ∀(t, x) ∈ R × R d . (1.12)
When tackling the problem of discretizing equation (1.12), several issues may appear. Though these issues are mainly related to the level-set technique rather than to the shape optimization problem under analysis, we briefly recall them in order to provide the reader a global presentation of the method and the corrections proposed in the literature over the years. A first improvement introduced a reinitialization step for the level-set function in order to prevent the gradient ∇φ from becoming to steep or too flat along the interface [START_REF] Wang | A level set method for structural topology optimization[END_REF]. Moreover, the numerical approximation of the Hamilton-Jacobi equation has to be carefully handled in order to prevent rapidly oscillating level-set fields at the interface between solid and void [START_REF] Burger | A survey on level set methods for inverse problems and optimal design[END_REF]. This issue is mainly due to the purely convective nature of the problem under analysis. It is well-known in the literature that highly accurate and stabilized numerical schemes as the Essentially Non-Oscillatory (ENO) and Weighted Essentially Non-Oscillatory (WENO) are required to solve this class of PDE's [START_REF] Harten | Uniformly high order accurate essentially non-oscillatory schemes[END_REF][START_REF] Osher | High-order essentially nonoscillatory schemes for hamilton-jacobi equations[END_REF]. Moreover, the time evolution is performed by means of explicit or semi-implicit time-marching schemes for which additional stability issues may appear [START_REF] Kimmel | Computing geodesic paths on manifolds[END_REF][START_REF] Sethian | A fast marching level set method for monotonically advancing fronts[END_REF].

In general, the level-set approach by Allaire et al. [25] describes the evolution of the interfaces existing in the initial design, thus solving equation (1.12) does not allow the nucleation of new holes. In order to circumvent this issue, several strategies have been proposed. In [26,[START_REF] Wang | PDE-driven level sets, shape sensitivity and curvature flow for structural topology optimization[END_REF], the authors proposed to augment the Hamilton-Jacobi equation via a diffusive term to smooth and regularize the solution and a reactive term to nucleate holes. Starting from the aforementioned approach, alternative models neglecting the convective term have been investigated, driving the evolution of the level-set function solely by means of the reaction term [START_REF] Yamada | A topology optimization method based on the level set method incorporating a fictitious interface energy[END_REF]. An alternative way to introduce holes into the level-set function takes advantage of the notion of topological gradient [START_REF] Soko | On the topological derivative in shape optimization[END_REF]. The use of topological derivatives in shape optimization was first proposed by Eschenauer et al. [START_REF] Eschenauer | Bubble method for topology and shape optimization of structures[END_REF] with the so-called bubble method: basic idea relies on the evaluation of the effect of an infinitesimal bubble at a given point to consequently drive the insertion of a hole in the domain under analysis. This idea has been later developed by other authors within the framework of level-set formulations [21,[START_REF] Burger | Incorporating topological derivatives into level set methods[END_REF][START_REF] Challis | Level set topology optimization of fluids in stokes flow[END_REF]: in these works, the shape of the domain is modified according to the shape gradient obtained via the Hadamard's method (cf. section 1.5) and from time to time the underlying layout is updated via a topological sensitivity analysis. In a similar fashion, in [START_REF] Pantz | Simultaneous shape, topology, and homogenized properties optimization[END_REF] Pantz and Trabelsi added a preprocessing stage to the aforementioned strategy in order to retrieve a clever initialization for the shape optimization problem via the homogenization method.

Since their first appearance in 2002, level-set techniques for shape optimization problems have gained in popularity within both the mathematical and the engineering community. This is mainly due to the observation that these methods operate on the boundaries of the shape throughout the optimization process and they efficiently provide extremely interesting results. Nevertheless, as all methods based on the information carried by gradients (i.e. shape sensitivities, shape gradient or topological gradients), their results are strongly dependent on the initial guess for the shape and may be trapped into local minima. Shape optimization and shape identification problems

A phase-field model

An alternative to the implicit penalization scheme in SIMP is the use of explicit penalization terms. This is the founding idea of the phase-field models which aim to minimize a functional with respect to the density variable. Starting from the criterion J(Ω) of the optimization problem (e.g. the compliance in structural mechanics), the aforementioned functional is obtained by adding a term to penalize the intermediate densities:

J(Ω) := J(Ω) + Ω ε|∇ρ(x)| 2 + 1 ε W (ρ(x)) dx. (1.13)
In (1.13), the density ρ acts as design variable whereas W (•) is an energy term that accounts for the phenomena taking place near the interface, that is the region in which the transition between solid and void is located. A key aspect of this approach is the explicit dependency of the penalty term on the parameter ε > 0 that weights the thickness of the aforementioned interface. The second term on the right-hand side of (1.13) was originally introduced by Cahn and Hilliard [START_REF] Cahn | Free Energy of a Nonuniform System I -Interfacial Free Energy[END_REF] to model the interfacial energy of a mixture of fluids and has been extensively studied in the literature in the last fifty years. In the last decade, several methods to directly minimize (1.13) by adding a volume constraint and without introducing any auxiliary field have been proposed [START_REF] Bourdin | Design-dependent loads in topology optimization[END_REF][START_REF] Burger | Phasefield relaxation of topology optimization with local stress constraints[END_REF][START_REF] Wang | Phase field: a variational method for structural topology optimization[END_REF]. More recently, an alternative approach based on the splitting of the fourth-order Cahn-Hilliard equation arising from the minimization of (1.13) into two second-order equations have been investigated [START_REF] Wallin | Optimal topologies derived from a phase-field method[END_REF].

Though the phase-field models appear to be interesting tools for the treatment of shape optimization problems, the results available so far in the literature have not achieved the same degree of maturity as the density or the level-set methods and further investigations may be necessary, especially concerning their efficiency and optimization.

Gradient-free strategies

Since the design variables involved in the original formulations of shape optimization problems are discrete, several approaches based on discrete optimization techniques have been proposed in the literature. We refer the reader to the review paper [START_REF] Munk | Topology and shape optimization methods using evolutionary algorithms: a review[END_REF].

As Sigmund argued in [START_REF] Sigmund | On the usefulness of non-gradient approaches in topology optimization[END_REF], the use of non-gradient techniques is not a viable approach for shape optimization problems. As a matter of fact, to the best of our knowledge all the published results using Genetic Algorithms are restricted to small-size problems for which the computational cost is already enormous. Though some counterexamples may be encountered in the literature, the corresponding methods usually are extremely sensitive to variations of the parameters and may result in oscillating solutions. Moreover, it is unclear how to construct update strategies and stopping criteria that guarantee convergence to physically admissible designs in an efficient and robust way. Eventually, a major drawback of the aforementioned strategies is the high number of evaluations of the objective functional -which usually depends on the numerical solution of a PDE -that explodes quite rapidly making Genetic Algorithms substantially unfeasible in practical shape optimization applications.

Owing to the previous remarks, we support the cited statement of Sigmund on the limited usefulness of gradient-free approaches in shape optimization and for the rest of this thesis we will solely focus on gradient-based methods. Shape optimization and shape identification problems 1.5 Differentiation with respect to the shape All the gradient-based methods presented in the previous section rely on the ability of computing the sensitivity of the objective functional J(Ω) with respect to perturbations of the shape. In a first approach -mainly applied in the framework of density methods like SIMP -, the sensitivity of the objective functional with respect to variations of the shape may be interpreted as a parameter sensitivity, being the parameter under analysis the presence of material or void in a given computational cell. Another possibility is to perform the sensitivity analysis via the so-called shape gradient, that is by computing the variation of the objective functional with respect to perturbations of the boundary of the shape. This method is also known as Hadamard's method or velocity approach [START_REF] Soko | Introduction to shape optimization: shape sensitivity analysis[END_REF]. Alternatively, one may perform a topological sensitivity analysis by evaluating the sensitivity of the objective functional with respect to the nucleation of infinitesimally small holes inside the design configuration under analysis [START_REF] Soko | On the topological derivative in shape optimization[END_REF]. In this thesis, we focus on the approach based on the shape gradient whereas we think that using the information arising from the topological gradient definitely represents an interesting research line and promising results were recently obtained within this framework (cf. e.g. [20]).

Hadamard's boundary variation method

In this subsection, we recall the notion of shape gradient of J(Ω) in the direction θ. Let X ⊂ W 1,∞ (Ω; R d ) be a Banach space and θ ∈ X be an admissible smooth deformation of Ω. The cost functional J(Ω) is said to be X-differentiable at Ω ∈ U ad if there exists a continuous linear form dJ(Ω) on X such that ∀θ ∈ X J((Id +θ)Ω) = J(Ω) + dJ(Ω), θ + o(θ).

Several approaches are feasible to compute the shape gradient. Here we briefly recall the fast derivation method by Céa [START_REF] Céa | Conception optimale ou identification de formes, calcul rapide de la dérivée directionnelle de la fonction coût[END_REF] and the material derivative approach [START_REF] Soko | Introduction to shape optimization: shape sensitivity analysis[END_REF].

Fast derivation method by Céa

Let us introduce the Lagrangian functional, defined for every admissible open set Ω and every u, p ∈ V Ω by L(Ω, u, p) = j(Ω, u) + a Ω (u, p) -F Ω (p).

(1.14)

Let p Ω ∈ V Ω be the solution of the so-called adjoint problem, that is

a Ω (δp, p Ω ) + ∂j ∂u (Ω, u Ω ), δp = 0 ∀δp ∈ V Ω . (1.15)
By applying the fast derivation method by Céa, we get the following expression of the shape gradient:

dJ(Ω), θ = ∂L ∂Ω (Ω, u Ω , p Ω ), θ . (1.16)

Shape optimization and shape identification problems

A material derivative approach

An alternative procedure to compute the shape gradient relies on the definition of a diffeomorphism ϕ : R d → R d such that for every admissible set Ω Ω ϕ := ϕ(Ω).

Moreover, all functions u, p ∈ V Ω defined on the reference domain Ω may be mapped to the deformed domain Ω ϕ by

u ϕ := u • ϕ -1 and p ϕ := p • ϕ -1 .
We admit that u → u ϕ is a one-to-one map between V Ω and V Ωϕ . The Lagrangian (1.14) is said to admit a material derivative if there exists a linear form ∂L ∂ϕ such that

L(Ω ϕ , u ϕ , p ϕ ) = L(Ω, u, p) + ∂L ∂ϕ (Ω, u, p), θ + o(θ)
where ϕ = Id +θ. Provided that u ϕ is differentiable with respect to ϕ at ϕ = Id in V Ωϕ , from the fast derivation method of Céa we obtain the following expression for the shape gradient:

dJ(Ω), θ = ∂L ∂ϕ (Ω, u Ω , p Ω ), θ . (1.17) 
A variant of the latter method consists in computing the shape gradient via the Lagrangian formulation without explicitly constructing the material derivative of the state and adjoint solutions. We refer to [START_REF] Laurain | Distributed shape derivative via averaged adjoint method and applications[END_REF] for additional information about this approach.

Volumetric and surface expressions of the shape gradient

The most common approach in the literature to compute the shape gradient is based on an Eulerian point of view and leads to a surface expression of the shape gradient. The main advantage of this method relies on the fact that the boundary representation intuitively provides an explicit expression for the descent direction. Let us assume that the shape gradient has the following form dJ(Ω), θ = ∂Ω hθ • n ds then θ = -hn on ∂Ω is a descent direction. Moreover, by the Hadamard-Zolésio structure theorem it is well-known that the shape gradient is carried on the boundary of the shape [START_REF] Delfour | Shapes and geometries: analysis, differential calculus, and optimization[END_REF] and using this approach the descent direction has to be defined solely on ∂Ω. Nevertheless, if the boundary datum of the state problem is not sufficiently smooth, the surface expression of the shape gradient may not exist or the descent direction θ may suffer from poor regularity. Starting from the surface representation of the shape gradient, it is possible to derive a volumetric expression as well. Though the two expressions are equivalent in a continuous framework, they usually are not when considering their numerical counterparts, e.g. their Finite Element approximations: as a matter of fact, in [START_REF] Hiptmair | Comparison of approximate shape gradients[END_REF] Hiptmair et al. prove that the volumetric formulation generally provides better accuracy when using the Finite Element Method. Moreover, we may be able to derive the volumetric expression of the shape gradient even when its boundary representation fails to exist.

Shape optimization and shape identification problems

In this work, we consider the volumetric expression of the shape gradient in order to take advantage of the better accuracy it provides from a numerical point of view and to construct an estimator of the error in a Quantity of Interest using the procedure described by Oden and Prudhomme in [START_REF] Oden | Goal-oriented error estimation and adaptivity for the Finite Element Method[END_REF]. We remark that in order to derive a descent direction θ on Ω from the volumetric expression of the shape gradient, an additional variational problem has to be solved, as described in next chapter.

A posteriori error estimators for shape optimization

For a long time, the numerical approaches discussed in section 1.4 were developed exclusively for fixed cartesian computational grids. The main drawback of this choice was the irregularity of the optimized shapes featuring jagged edges that may contradict the underlying physics of the problem. To circumvent this issue, in recent years several works have been dealing with generalized Finite Element techniques, e.g. the eXtended Finite Element Method (XFEM) [START_REF] Kreissl | Levelset based fluid topology optimization using the extended finite element method[END_REF][START_REF] Van Miegroet | Stress concentration minimization of 2d filets using X-FEM and level set description[END_REF] and the Adaptive Finite Element Method (AFEM) by means of local remeshing strategies [START_REF] Yamasaki | A level set-based topology optimization method targeting metallic waveguide design problems[END_REF] and mesh evolution techniques [19,20]. In this thesis, we are interested in the latter strategy, that is in using the Adaptive Finite Element Method for shape optimization problems. Within this framework, a key question is how to define a procedure to modify the mesh. It is a widely accepted approach in the Finite Element community to drive mesh adaptation strategies according to the information arising from a posteriori error estimators.

Several works in the literature have highlighted the great potential of coupling a posteriori error estimators to shape optimization algorithms. In the pioneering work [START_REF] Banichuk | Mesh refinement for shape optimization[END_REF], the authors identified two different sources for the numerical error: on the one hand, the error arising from the discretization of the differential problem and on the other hand, the error due to the approximation of the geometry. Starting from this observation, Banichuk et al. presented a first attempt to exploit the information on the discretization of the differential problem provided by a recovery-based estimator and the error arising from the approximation of the geometry to develop an adaptive shape optimization strategy. This work has been later extended by Morin et al. in [START_REF] Morin | Adaptive finite element method for shape optimization[END_REF], where the adaptive discretization of the governing equations by means of the Adaptive Finite Element Method is linked to an adaptive strategy for the approximation of the geometry. The authors derive estimators of the numerical error that are later used to drive an Adaptive Sequential Quadratic Programming algorithm to appropriately refine and coarsen the computational mesh. Several other authors have used adaptive techniques for the approximation of PDE's in order to improve the accuracy of the solution and obtain better final configurations in problems of design of optimal structures. We refer to [15,[START_REF] Kikuchi | Adaptive Finite Element Methods for shape optimization of linearly elastic structures[END_REF][START_REF] Roche | Adaptive Newton-like method for shape optimization[END_REF][START_REF] Schleupen | Adaptive FE-procedures in shape optimization[END_REF] for some examples. We remark that in all the aforementioned works, a posteriori estimators only provide qualitative information about the numerical error due to the discretization of the problems and are essentially used to drive mesh adaptation procedures. Though these approaches are certainly interesting, they do not allow the optimization procedure to be automatized and remain highly dependent on the choices of the end user concerning the conditions to stop the algorithm. To the best of our knowledge, the problem of automatizing shape optimization strategies is still open and no rigorous solution has been proposed in the literature. In particular, no guaranteed fully computable estimate has been investigated in the context of shape optimization and the error in the shape gradient itself is not accounted for, thus preventing reliable stopping criteria to be derived. In the next chapter, we tackle the issue of estimating the error due to the numerical approximation of the shape gradient and we employ this information to introduce a certification procedure that allows us to automatize the shape optimization strategy and derive a reliable stopping criterion.

Chapter 2

Certification procedure for a genuine descent direction We account for the numerical error introduced by the Finite Element approximation of the shape gradient and we introduce a certification procedure to verify whether the direction computed using the discretized shape gradient is a genuine descent direction for the objective functional or not. Several techniques for estimating the error in the shape gradient are discussed and a novel guaranteed shape optimization strategy -named Certified Descent Algorithm (CDA) -is presented.

Optimize-then-Discretize and Discretize-then-Optimize

Two main approaches have been proposed in the literature to handle PDE-constrained optimization problems -thus shape optimization problems of the form (1.5) as well -via gradient-based methods. On the one hand, the Optimize-then-Discretize strategy [START_REF] Betts | Practical methods for optimal control using nonlinear programming[END_REF] relies on the analytical computation of the gradient of the cost functional which is then discretized to run the optimization loop. On the other hand, the Discretize-then-Optimize procedure [START_REF] Betts | Discretize then optimize[END_REF] works the other way around, by first computing a discretized version of the objective functional and subsequently constructing its gradient to perform the optimization strategy. The Discretize-then-Optimize strategy has two main drawbacks: on the one hand, the discretized functional may not be differentiable, thus limiting the possibility of using a gradient method; on the other hand, this approach may suffer from severe mesh dependency. In the rest of this thesis, we consider an Optimize-then-Discretize approach for problem (1.5) by studying a variant of the Boundary Variation Algorithm (BVA). In subsection 2.1.1, we recall the basic idea of the Boundary Variation Algorithm described by Allaire and Pantz in [28]: this method relies on the computation of the so-called shape gradient which arises from the differentiation of the functional with respect to the shape (cf. section 1.5). Then, in subsection 2.1.2 we highlight the issues arising when moving from the continuous framework to the discrete one and eventually we propose a certification procedure to remedy them (cf. subsection 2.1.3).

The Boundary Variation Algorithm

From now on, we consider X to be a Hilbert space. Starting from the formulation (1.17), we seek a descent direction for the functional J(Ω). For this purpose, we solve an additional variational problem and we seek θ ∈ X such that (θ, δθ) X + dJ(Ω), δθ = 0 ∀δθ ∈ X.

(2.1)

Remark 2.1. The choice of the scalar product in (2.1) is a key point for the development of an efficient shape optimization method. In [START_REF] Azegami | Irregularity of shape optimization problems and an improvement technique[END_REF], the authors proposed the so-called traction method to get rid of some irregularity issues in shape optimization problems. This approach is based on the regularization of the descent direction by means of a scalar product inspired by the linear elasticity equation. In recent years, a comparison of the L 2 , H 1 and H -1 scalar products defined on a surface was presented (cf. [START_REF] Dogǎn | Discrete gradient flows for shape optimization and applications[END_REF]) but, as the authors state, the best choice is strongly dependent on the application of interest.

In this subsection, we present a gradient method for shape optimization problems. After computing the solution of the state equation (1.1), we solve the adjoint problem (1.15) to derive the expression (1.17) of the shape gradient. Then, a descent direction is identified through (2.1) and is used to deform the domain via a perturbation of the identity map Id +θ. The resulting shape optimization strategy is known in the literature as Boundary Variation Algorithm [28] and is sketched in script 2.1.

Algorithm 2.1 -The Boundary Variation Algorithm

Given the domain Ω 0 , set tol > 0, j = 0 and iterate : 1. Compute the solution u Ω j of the state equation ; 2. Compute the solution p Ω j of the adjoint equation ; 3. Compute a descent direction θ j ∈ X solving (θ j , δθ) X + dJ(Ω j ), δθ = 0 ∀δθ ∈ X ; 4. Identify an admissible step µ j ; 5. Update the domain Ω j+1 = (Id +µ j θ j )Ω j ; 6. While | dJ(Ω j ), θ j | > tol, j = j + 1 and repeat .

We recall the following definition: Definition 2.2. A direction θ is said to be a genuine descent direction for the functional J(Ω) if dJ(Ω), θ < 0.

(2.

2)

It is straightforward to observe that a direction θ fulfilling (2.2) is such that J(Ω) decreases along θ, that is J((Id +θ)Ω) < J(Ω). We remark that algorithm 2.1 relies on the computation of a genuine descent direction for the functional J(Ω) at each iteration. In next subsections, we discuss the modifications that occur when moving from the continuous to the discrete formulation of the problems and consequently the condition that the discretization of θ has to fulfill in order to be a genuine descent direction for the functional J(Ω).

The discretized Boundary Variation Algorithm

We introduce the discretization of the state and adjoint problems described in the previous chapter. Let V h,ℓ Ω be an appropriate Finite Element or Discontinuous Galerkin approximation space featuring basis functions of degree ℓ. We define the bilinear form a h Ω (•, •) and the linear form F h Ω (•) associated with the following discrete state problem: we seek

u h Ω ∈ V h,ℓ Ω such that a h Ω (u h Ω , δu h ) = F h Ω (δu h ) ∀δu h ∈ V h,ℓ Ω . (2.3)
Following the same procedure, we introduce the discrete adjoint problem which consists in seeking

p h Ω ∈ V h,ℓ Ω such that a h Ω (δp h , p h Ω ) + ∂j ∂u (Ω, u h Ω ), δp h = 0 ∀δp h ∈ V h,ℓ Ω .
(2.4)

A discussion on the degree of the approximating functions in the space V h,ℓ Ω will be detailed in chapter 4 and 5 for the problem of Electrical Impedance Tomography and in chapter 6 for the shape optimization problem in linear elasticity. The discretized direction θ h ∈ X is obtained by solving the problem

(θ h , δθ) X + d h J(Ω), δθ = 0 ∀δθ ∈ X (2.5) 
where d h J(Ω), δθ reads as follows:

d h J(Ω), δθ := ∂L ∂ϕ (Ω, u h Ω , p h Ω ), δθ . (2.6) 
The discretized version of the Boundary Variation Algorithm is derived by substituting the continuous functions u Ω , p Ω with their approximations u h Ω , p h Ω and θ with θ h :

Algorithm 2.2 -The discretized Boundary Variation Algorithm

Given the domain Ω 0 , set tol > 0, j = 0 and iterate : 1. Compute the solution u h Ω j of the state equation ; 2. Compute the solution p h Ω j of the adjoint equation ; 3. Compute a descent direction θ h j ∈ X solving (θ h j , δθ) X + d h J(Ω j ), δθ = 0 ∀δθ ∈ X ; 4. Identify an admissible step µ j ; 5. Update the domain Ω j+1 = (Id +µ j θ h j )Ω j ; 6. While | d h J(Ω j ), θ h j | > tol, j = j + 1 and repeat .

We remark that due to the numerical error introduced by the discretization, even though d h J(Ω), θ h < 0, θ h is not necessarily a genuine descent direction for the functional J(Ω). Moreover, it is important to notice that the stopping criterion (Algorithm 2.2 -step 6) will usually not be fulfilled if the required tolerance tol is too sharp with respect to the chosen discretization.

Certification procedure for a genuine descent direction

In order to bypass these issues, in the following subsection we present a strategy to account for the error introduced by the approximation of the shape gradient. This results in a certification procedure that allows to verify whether a given direction is a genuine descent direction for the functional J(Ω) or not.

Certification procedure for a genuine descent direction

We introduce the notion of certified descent direction, that is a direction which is verified to be a genuine descent direction for the functional J(Ω). As previously stated, a genuine descent direction θ is such that dJ(Ω), θ < 0. When moving from the continuous to the discrete framework, an approximation of the shape gradient is introduced (cf. definition (2.6)) and consequently a numerical error appears. We define the error in the shape gradient E h as follows:

E h := dJ(Ω) -d h J(Ω), θ h .
(2.7)

From (2.7), it follows that dJ(Ω), θ h = d h J(Ω), θ h + E h . (2.8)
In general, θ h is constructed as the solution of (2.5), where (2.6) is the discretized shape gradient. It follows that θ h is such that d h J(Ω), θ h < 0. In order for θ h to be a descent direction for the objective functional J(Ω), condition (2.2) has to be fulfilled and the quantity E h in (2.8) has to be accounted for. Within this framework, we obtain the following condition on θ h :

d h J(Ω), θ h + E h < 0. (2.9) 
Nevertheless, this condition does not imply that θ h is a genuine descent direction for J(Ω) since the quantity E h in (2.9) may be either positive or negative. In order to derive a relationship that stands independently of the sign of E h and since no a priori information on the aforementioned sign is available, we modify (2.9) by introducing the absolute value of E h :

d h J(Ω), θ h + E h ≤ d h J(Ω), θ h + |E h | < 0.
(2.10)

We may now introduce the following definition:

Definition 2.3. Let E be the upper bound of the error |E h | in the shape gradient. A direction θ h is said to be a certified descent direction for the functional J(Ω) if

d h J(Ω), θ h + E < 0. (2.11)
The expression certified is due to the fact that a direction constructed within this framework is verified to be a genuine descent direction for the functional J(Ω). As a matter of fact, it is straightforward to observe that if θ h fulfills (2.11), then it verifies (2.2) as well, that is, it is guaranteed that the functional J(Ω) decreases along θ h . Remark 2.4. It is important to observe that a direction fulfilling (2.11) is a genuine descent direction for J(Ω), whether it is the solution of equation (2.1) or not. This is extremely important since the computation of the descent direction is done through the discretization of the aforementioned variational problem, that is θ h is only an approximation of the direction θ solution of (2.1).

In the following section, we present a strategy to construct a fully computable guaranteed upper bound of the error in the approximation of the shape gradient in order to practically implement the certification procedure described above.

Numerical error in the shape gradient

In this section, we provide the details of the technique used to derive an upper bound E of the error |E h | in the shape gradient. The strategy to estimate the error in a Quantity of Interest (QoI)namely, the shape gradient -is derived from the work [START_REF] Oden | Goal-oriented error estimation and adaptivity for the Finite Element Method[END_REF] by Oden and Prudhomme. Basic idea relies on the definition of an adjoint problem whose right-hand side is the quantity whose error estimate is sought. An alternative approach which has found success especially in the computational mechanics community is the Constitutive Relation Error (CRE) method. We refer to [START_REF] Ladevèze | The Constitutive Relation Error Method: A General Verification Tool[END_REF] for a review of the basics and the most recent developments of this technique.

Bound for the error due to the approximation of a linear functional

Here we briefly recall the aforementioned strategy by Oden and Prudhomme for the derivation of an a posteriori error estimate for a bounded linear functional Q : V Ω → R, also known as Quantity of Interest. We consider a quantity Q which we aim to evaluate for the function u Ω , solution of the state problem (1.1). We introduce the solution u h Ω of the corresponding discrete problem (2.3) and we seek an estimate of the error in the target functional Q:

E Q := Q(u Ω ) -Q(u h Ω ) = Q(u Ω -u h Ω ) (2.12)
where the equality follows from the linearity of Q. We introduce an adjoint problem featuring the quantity Q as right-hand side, that is we seek an influence function r Ω ∈ V Ω such that a Ω (δr, r Ω ) = Q(δr) ∀δr ∈ V Ω .

(2.13)

Existence and uniqueness of the solution r Ω of the adjoint problem follow from the Lax-Milgram theorem. From a practical point of view, the solution of the aforementioned adjoint problem is only approximated and we consider the same method used for the state problem. Let V h,m Ω be the space of Finite Element (respectively Discontinuous Galerkin) functions of degree m ≥ ℓ and a h Ω (•, •) be the discrete bilinear form associated with problem (2.13). We seek

r h Ω ∈ V h,m Ω such that a h Ω (δr h , r h Ω ) = Q(δr h ) ∀δr h ∈ V h,m Ω . (2.14) 
From (2.13) and (1.1) it is straightforward to observe that

F Ω (r Ω ) = a Ω (u Ω , r Ω ) = Q(u Ω ). (2.15)
Thus, the following relationship between the error in the approximation of the target functional and the solutions of the state and adjoint problems is derived:

E Q = Q(u Ω ) -Q(u h Ω ) = F Ω (r Ω ) -a h Ω (u h Ω , r h Ω ) = F Ω (r Ω ) -a h Ω (u h Ω , r Ω ) (2.16)
where the first equality follows from the approximation (2.14) of the adjoint problem (2.13) whereas the justification of the last one exploits different properties when dealing with conforming Finite Element or Discontinuous Galerkin approximations.

Certification procedure for a genuine descent direction

Conforming Finite Element approximation

Let V h,κ Ω be the space of Lagrangian Finite Element functions of degree κ, κ = ℓ, m. The last equality in (2.16) follows from the fact that a h Ω (•, •) = a Ω (•, •) and a Ω (δr h , r Ω ) = Q(δr h ) stands ∀δr h ∈ V h,m Ω owing to (2.13) and V h,m Ω being a subspace of V Ω . Let us introduce the residue associated with the approximation of the state problem (1.1):

R u Ω (δu) := F Ω (δu) -a Ω (u h Ω , δu).
(2.17)

We recall that the error e h := u Ω -u h Ω is solution of the so-called residual equation that reads

a Ω (e h , δu) = R u Ω (δu) ∀δu ∈ V Ω . (2.18)
Hence, from (2.16) we retrieve the expression of the residue of the state equation applied to the function r Ω :

Q(e h ) = R u Ω (r Ω ) =
a Ω (e h , r Ω ). Within this framework, r Ω is known as influence function since it carries the information on the effect of the quantity u Ω -u h Ω on the error E Q on the functional Q. Owing to the Galerkin orthogonality, the evaluation of Q(e h ) reads as

Q(e h ) = a Ω (e h , r Ω ) = a Ω (e h , r Ω -r h Ω ) = a Ω (e h , ǫ h ) (2.19)
where ǫ h := r Ω -r h Ω is the error due to the discretization of the adjoint problem.

Discontinuous Galerkin approximation

Let V h,κ Ω be the space of discontinuous functions of degree κ, κ = ℓ, m for the Discontinuous Galerkin (DG) approximation of the state and adjoint problems. When dealing with DG formulations, the expression of the discrete bilinear form features the terms associated with the jumps of the discontinuous functions across the edges (respectively the faces in 3D) of the triangulation. Thus, it is straightforward to observe that the discrete bilinear form cannot be identified with its continuous version. Within this framework, the last equality in (2.16) stands if the numerical method used to discretize the adjoint problem is consistent, that is if

a h Ω (δr h , r Ω ) = Q(δr h ) ∀δr h ∈ V h,m Ω .
This property is known as adjoint consistency and is equivalent to the usual Galerkin orthogonality property in Finite Element (cf. [START_REF] Pietro | Mathematical aspects of discontinuous Galerkin methods[END_REF]). We refer to [START_REF] Hartmann | Adjoint consistency analysis of discontinuous Galerkin discretizations[END_REF] for more details on the role of adjoint consistency in the construction of discretizations of optimal order in terms of target functionals. The explicit formulation of the error estimator in the Quantity of Interest Q is problem-dependent and may be derived starting from (2.16) and substituting the expressions of the linear form of the state problem and the discrete bilinear form. Hence, we refer to section 5.3 for the details on the consistency of the Discontinuous Galerkin strategy chosen for the test case of Electrical Impedance Tomography and for the explicit derivation of the error in the shape gradient. For a general introduction to the mathematical aspects of Discontinuous Galerkin methods we refer the interested reader to [START_REF] Pietro | Mathematical aspects of discontinuous Galerkin methods[END_REF].

Variational formulation of the error in the shape gradient

Several works in the literature [START_REF] Grätsch | Goal-oriented error estimation in the analysis of fluid flows with structural interactions[END_REF][START_REF] Rüter | Goal-oriented explicit residual-type error estimates in XFEM[END_REF] have dealt with an extension of the aforementioned framework to compute a bound of the approximation error in a target functional to the case of nonlinear Quantities of Interest. To account for the error (2.7), we follow the approach proposed by these authors and we perform a linearization of the functional whose error estimate is sought. Thus we rewrite the numerical error (2.7) in the shape gradient by introducing the linearized error E h :

E h = ∂L ∂ϕ (Ω, u Ω , p Ω ) - ∂L ∂ϕ (Ω, u h Ω , p h Ω ), θ h ≃ ∂ 2 L ∂ϕ∂u (Ω, u h Ω , p h Ω )[θ h , u Ω -u h Ω ] + ∂ 2 L ∂ϕ∂p (Ω, u h Ω , p h Ω )[θ h , p Ω -p h Ω ] =: E h .
(2.20)

In order to compute an upper bound of the error (2.20), we introduce two adjoint problems, each of which is associated with one term on the right-hand side of (2.20). Thus, we seek r Ω , s

Ω ∈ V Ω such that a Ω (δr, r Ω ) = ∂ 2 L ∂ϕ∂u (Ω, u h Ω , p h Ω )[θ h , δr] ∀δr ∈ V Ω , a Ω (δs, s Ω ) = ∂ 2 L ∂ϕ∂p (Ω, u h Ω , p h Ω )[θ h , δs] ∀δs ∈ V Ω . (2.21) 
We remark that in order for the aforementioned adjoint problems to be well-posed, their right-hand sides have to be linear and continuous forms on V Ω and this motivates the linearization introduced in (2.20). In the following sections, we present different strategies to exploit the information in (2.21) to construct an a posteriori error estimator for the quantity E h in (2.20).

Estimate of the error in the shape gradient based on energynorm error estimates

Let us denote by r h Ω , s h Ω the approximations of the solutions r Ω , s Ω of equations (2.21) arising from a conforming Finite Element discretization. By plugging (2.21) into (2.20) and owing to the Galerkin orthogonality, the formulation (2.19) of the quantity E h is obtained:

E h = a Ω (u Ω -u h Ω , r Ω -r h Ω ) + a Ω (p Ω -p h Ω , s Ω -s h Ω ).
Moreover, we derive the following upper bound E for the numerical error in the shape gradient:

|E h | ≃ | E h | ≤ |a Ω (u Ω -u h Ω , r Ω -r h Ω )| + |a Ω (p Ω -p h Ω , s Ω -s h Ω )| ≤ |||u Ω -u h Ω ||| Ω |||r Ω -r h Ω ||| Ω + |||p Ω -p h Ω ||| Ω |||s Ω -s h Ω ||| Ω =: E (2.22)
where |||•||| Ω is the energy-norm induced by the bilinear form a Ω (•, •). The first inequality follows from triangle inequality whereas the upper bound E is derived exploiting Cauchy-Schwarz inequality.

Remark 2.5. In (2.22) we derived an upper bound of the numerical error in the linearized shape gradient and not in the shape gradient itself. In this thesis, we follow the framework in [START_REF] Grätsch | Goal-oriented error estimation in the analysis of fluid flows with structural interactions[END_REF] by assuming the linearization error to be negligible and E to be an upper bound of the numerical error E h itself and not of its linearized version E h . In subsection 4.3.1, a validation of the error estimator is presented for the case of Electrical Impedance Tomography: in particular, we verify that the linearization error is indeed negligible with respect to the error due to the Finite Element discretization and thus the previous assumption stands.

In order to fully compute the error estimator (2.22), we have to estimate the energy-norm of the error for:

-the state equation; -the adjoint equation used to compute the shape gradient; -the two adjoint equations associated with the Quantity of Interest. Several strategies are possible to tackle these problems. In the following subsections, we present a brief overview of the existing techniques to compute a posteriori estimates in the energy-norm of the error due to the Finite Element approximation of a Boundary Value Problem. Several works in the literature have been dealing with this subject since the seminal paper of Babuška and Rheinboldt [START_REF] Babuška | A-posteriori error estimates for the finite element method[END_REF]. For a detailed introduction to the subject, we refer to [13,[START_REF] Nochetto | Theory of adaptive finite element methods: An introduction[END_REF][START_REF] Verfürth | A Posteriori Error Estimation Techniques for Finite Element Methods[END_REF]. We remark that these estimates are problem-dependent, thus in this chapter we only present the abstract framework for their derivation highlighting advantages and disadvantages of each strategy. A detailed description will be provided in chapter 4 for the case of Electrical Impedance Tomography and in chapter 7 for the problem of shape optimization in linear elasticity.

Remark 2.6. In order to verify the certification condition in (2.11), a key aspect is represented by the ability of computing the a posteriori error estimates as precisely as possible. Thus, from now on we focus on deriving fully computable constant-free estimates of the error in the energy-norm.

Complementary energy principle

In this subsection, we describe a method inspired by the complementary energy principle which allows to derive fully computable, constant-free estimators of the error in the energy-norm by solving an additional variational problem to retrieve an accurate approximation of the numerical flux. In order to present the main idea for the construction of the aforementioned error estimator, we introduce the following Boundary Value Problem as test case:

-∆u Ω = f in Ω u Ω = 0 on ∂Ω (2.23) We seek u Ω ∈ V Ω := H 1 0 (Ω) such that a Ω (u Ω , δu) := Ω ∇u Ω • ∇δu dx = Ω f δu dx =: F Ω (δu) ∀δu ∈ V Ω . (2.24) Let u h Ω ∈ V h Ω be the Finite Element approximation of problem (2.24
) and e h the corresponding numerical error. Owing to the Mikhlin's identity for quadratic functionals (cf. [START_REF] Mikhlin | Variational methods in mathematical physics[END_REF]), the residual equation (2.18) may be rewritten as the following minimum potential energy principle:

E Ω (e h ) = inf w∈V Ω E Ω (w) , E Ω (w) := 1 2 Ω |∇w| 2 dx + Ω ∇u h Ω • ∇w dx -F Ω (w). (2.25)
We remark that a Ω (•, •) and F Ω (•) being bounded on V Ω , there exists a unique solution to the minimum potential energy problem. A duality argument (cf. [START_REF] Haslinger | Convergence of a finite element method based on the dual variational formulation[END_REF]) leads to the definition of the following dual complementary energy principle:

C Ω (σ Ω ) = sup σ∈H(div) ∇•σ+f =0 in Ω C Ω (σ) , C Ω (σ) := - 1 2 Ω |σ -∇u h Ω | 2 dx (2.26)
where

H(div) := {τ ∈ L 2 (Ω; R d ) : ∇•τ ∈ L 2 (Ω)}.
The unique solution of the complementary problem is σ Ω = ∇u Ω and the following estimate may be derived (cf. [START_REF] Repin | A posteriori error estimation for variational problems with uniformly convex functionals[END_REF]):

|||e h ||| Ω ≤ -2C Ω (σ Ω ) ∀σ Ω ∈ H(div) s.t. ∇ • σ Ω + f = 0 in Ω. ( 2 

.27)

A computable upper bound of the error in the energy-norm may be derived via a suitable choice of the dual variable σ Ω under the constraint ∇•σ Ω +f = 0 in Ω. We remark that the aforementioned condition has to be fulfilled exactly. One possibility to obtain a suitable σ Ω was suggested by Aubin and Burchard [START_REF] Aubin | Some aspects of the method of the hypercircle applied to elliptic variational problems[END_REF] and Fraeijs de Veubeke [START_REF] Fraeijs De Veubeke | Displacement and equilibrium models in the finite element method[END_REF] through the introduction of a Finite Element approximation of the dual complementary problem. An alternative procedure based on the Aubin-Nitsche trick has been proposed by Babuška and Rheinboldt in [START_REF] Babuška | A posteriori error analysis of finite element solutions for one-dimensional problems[END_REF] and relies on the relaxation of the constraint by means of the solution of a perturbed problem.

The discussed method requires the solution of an additional global problem. Though this approach is known to provide extremely precise upper bounds of the error in the energy-norm, the computational effort required by the solution of a global problem is comparable with the one needed to compute the Finite Element approximation of problem (2.24). Nevertheless, within the framework of the certification procedure described in subsection 2.1.3, it appears more important retrieving a sharp fully computable estimate than reducing the computational cost of the overall algorithm. Hence, the complementary energy principle represents a good starting point for the derivation of a reliable estimator of the error in the shape gradient using the energy-norm estimates of the errors for the state and adjoint equations.

Explicit residual estimates

A first approach to the construction of a posteriori error estimates based on local quantities relies on the direct computation of the numerical residues on mesh elements and at the interface between elements. This class of estimators was first derived by Babuška and Rheinboldt [START_REF] Babuška | A-posteriori error estimates for the finite element method[END_REF][START_REF] Babuška | Analysis of optimal finite-element meshes in R 1[END_REF] and later developed by Babuška and co-workers in [START_REF] Babuška | A feedback finite element method with a posteriori error estimation: Part i. the finite element method and some basic properties of the a posteriori error estimator[END_REF][START_REF] Kelly | A posteriori error analysis and adaptive processes in the finite element method: Part I-error analysis[END_REF]. Let us consider the model problem (2.23) and its corresponding variational formulation (2.24). The starting point is the representation (2.18) for the error e h . We split the terms in (2.18) into their local contributions on all the elements T of the triangulation T h approximating the domain Ω:

a Ω (e h , δe) = T ∈T h T f δe dx - T ∇u h Ω • ∇δe dx ∀δe ∈ V Ω . (2.28)
Integrating by parts the last term in (2.28) and introducing the set of all the edges E h of the triangulation T h , we obtain that

a Ω (e h , δe) = T ∈T h T ρ T δe dx + e∈E h e ρ e δe ds ∀δe ∈ V Ω (2.29)
where ρ T and ρ e respectively represent the interior element residual and the boundary residual terms:

ρ T := f + ∆u h Ω , ρ e := ∇u h Ω | T • n T + ∇u h Ω | T ′ • n T ′ , ∂Ω e = T ∩ T ′ 0 , e ⊂ ∂Ω . (2.30) 
In (2.30), n T stands for the outward normal vector to the boundary ∂T of the element T . For the edges not belonging to the external boundary of the domain, the boundary residual ρ e accounts for the interelement jump of the gradient across the edge e separating elements T and T ′ . Let us introduce the interpolant π h δu to δu in the subspace V h Ω ⊂ V Ω . From (2.29) and owing to the Galerkin orthogonality, it follows that

a Ω (e h , δe) = T ∈T h T ρ T (δe -π h δe) dx + e∈E h e ρ e (δe -π h δe) ds ∀δe ∈ V Ω . (2.31)
Applying the Cauchy-Schwarz inequality to (2.31) and exploiting the interpolation estimates for the Clément operator (cf. [START_REF] Clément | Approximation by finite element functions using local regularization[END_REF]), we obtain

a Ω (e h , δe) ≤ T ∈T h ρ T L 2 (T ) δe -π h δe L 2 (T ) + e∈E h ρ e L 2 (e) δe -π h δe L 2 (e) ≤ C|δe| H 1 (Ω)   T ∈T h h 2 T ρ T 2 L 2 (T ) + e∈E h h T ρ e 2 L 2 (e)   1 2 (2.32) 
where C is a constant independent of the δe and h T . Noting that |δe| H 1 (Ω) ≤ |||δe||| Ω and replacing δe by e h , we obtain the following explicit residual estimate of the error in the energy-norm:

|||e h ||| 2 Ω ≤ C   T ∈T h h 2 T ρ T 2 L 2 (T ) + e∈E h h T ρ e 2 L 2 (e)   (2.33)
which can be equivalently rewritten in terms of the local contributions η e T 's

|||e h ||| 2 Ω ≤ C T ∈T h h 2 T ρ T 2 L 2 (T ) + 1 2 h T ρ e 2 L 2 (∂T ) =: C T ∈T h (η e T ) 2 .
(2.34)

The quantities on the right-hand side of (2.34) can be explicitly evaluated starting from the data of the problem and the computed Finite Element approximation. Nevertheless, the constant C is in general unknown. As a matter of fact, in order to fully compute the constant C, several contributions should be accounted for. In particular, the constants arising from the interpolation estimates, from the Poincaré inequality, from the trace inequality and from the inequality to control the H 1 -seminorm by means of the energy-norm. Some investigations have been conducted in the literature to evaluate these constants but this approach requires a high computational effort and does not lead to the construction of estimators useful for practical applications. As a matter of fact, the values computed for these constants (cf. e.g. [START_REF] Bebendorf | A note on the Poincaré inequality for convex domains[END_REF][START_REF] Carstensen | Constants in Clément-interpolation error and residual based a posteriori estimates in finite element methods[END_REF][START_REF] Johnson | Adaptive finite element methods in computational mechanics[END_REF]) are usually related to worst-case scenarios and generate rather pessimistic error bounds. Moreover, the use of the Cauchy-Schwarz inequality to move from (2.31) to (2.32) is responsible for the degradation of the final estimate since the cancellation of errors over the domain is lost and this may result in a severe inaccuracy of the computed bound. Hence, though estimate (2.34) may provide interesting information to drive a mesh adaptation procedure, its qualitative nature makes it of no practical use when dealing with the certification procedure described in subsection 2.1.3.

Implicit residual estimates

In order to circumvent the aforementioned issues of explicit error estimates, several authors investigated the so-called implicit estimators. This class of a posteriori error estimates deals with the solution of an additional local Boundary Value Problem (BVP) approximating the residual equation (2.18). These problems are local in the sense that they are defined either over a single element (element residual method) or on a small subdomain (subdomain residual method) and exploit the residuals introduced in the previous subsection as data. No unknown constants arise from this approach but the number of additional BVP's may not be negligible. Nevertheless, the local nature of these problems allows for a straightforward parallelization of the procedure to approximate them.

Element residual method

From (2.18), it is straightforward to observe that on each element T of the triangulation the error e h satisfies a T (e h , δe

) = F T (δe) -a T (u h Ω , δe) + ∂T ∇u Ω • n T δe ds ∀δe ∈ V T (2.35) 
where

V T := {u ∈ H 1 (T ) : u = 0 on ∂T ∩ ∂Ω} and a T (•, •) (respectively F T (•)
) is the restriction of the bilinear (respectively linear) form to the local element T . We remark that if the boundary ∂T of the element T matches an interelement boundary, the flux ∇u Ω • n T is unknown and it has to be replaced by a numerical approximation. A common choice in the literature (cf. [START_REF] Bank | Some a posteriori error estimators for elliptic partial differential equations[END_REF]) is represented by the following average of the discontinuous Finite Element flux to retrieve an approximation of the true flux:

∇u Ω • n T ≈ {{∇u h Ω • n T }} := 1 2 ∇u h Ω | T + ∇u h Ω | T ′ • n T on e ⊂ ∂T (2.36)
where T ′ is the element of the triangulation sharing the edge e with the element T .

The formulation of the element-wise error residual problem leads to the definition of one variational problem on each element of the mesh. The approximation of these problems is performed in appropriate discrete spaces, constructed starting from the Finite Element space used for the solution of equation (2.24). Several strategies [START_REF] Bank | Some a posteriori error estimators for elliptic partial differential equations[END_REF][START_REF] Verfürth | A posteriori error estimators for the Stokes equations[END_REF] have been proposed in the literature for the definition of the aforementioned spaces and they mainly rely on the idea of increasing the order of the original Finite Element space V h Ω by introducing bubble functions. Let W h T be the restriction to the mesh element T of the discrete space obtained from the addition of bubble functions to

V h Ω . We seek ς T ∈ W h T such that a T (ς T , δe) = F T (δe) -a T (u h Ω , δe) + ∂T {{∇u h Ω • n T }} δe ds ∀δe ∈ W h T .
(2.37)

A key issue of problem (2.37) is the existence of a solution which is guaranteed only if the data satisfy appropriate compatibility conditions. In order to ensure the well-posedness of problem (2.37), a careful choice of the boundary data has to be performed and we refer to [13] for a more detailed discussion on this topic.

From the solution ς T of problem (2.37), the following implicit estimator may be derived for the element residual method [START_REF] Babuška | The Finite Element Method and Its Reliability[END_REF][START_REF] Babuška | Guaranteed computable bounds for the exact error in the finite element solution part I: One-dimensional model problem[END_REF]:

|||e h ||| 2 Ω ≤ T ∈T h (η i T ) 2 , η i T := |||ς T ||| T . (2.38)

Subdomain residual method

An alternative method to derive implicit a posteriori error estimators relies on decomposing equation (2.18) into local contributions on small element patches. Following [START_REF] Babuška | A feedback finite element method with a posteriori error estimation: Part i. the finite element method and some basic properties of the a posteriori error estimator[END_REF][START_REF] Babuška | A-posteriori error estimates for the finite element method[END_REF], we define local residual problems featuring homogeneous essential boundary conditions over each subdomain of Ω. In recent years, several authors [START_REF] Carstensen | Fully reliable localized error control in the fem[END_REF][START_REF] Machiels | A flux-free nodal Neumann subproblem approach to output bounds for partial differential equations[END_REF][START_REF] Morin | Local problems on stars: A posteriori error estimators, convergence, and performance[END_REF] have investigated variants of the subdomain residual method by proposing alternative choices of boundary conditions. Here, we briefly sketch the variant proposed by Prudhomme et al. in [START_REF] Prudhomme | Analysis of a subdomain-based error estimator for finite element approximations of elliptic problems[END_REF], since it will be at the base of the equilibrated fluxes method of subsection 2.4.3. We consider a number of subdomains equal to the number N v of vertices x v 's of the mesh. Each patch -denoted by ω v -features all the elements T ∈ T h sharing the node x v . For each vertex x v , v = 1, . . . , N v we introduce a linear shape function ψ v such that ψ v (x w ) = δ vw , δ being the classical Kronecker delta. Moreover, the family of functions ψ v 's fulfills the condition known as partition of the unity, that is

Nv v=1 ψ v = 1.
Let us rewrite (2.18) owing to the splitting introduced above:

a Ω (e h , δe) = Nv v=1 a Ω (e h , ψ v δe) = Nv v=1 F Ω (ψ v δe) -a Ω (u h Ω , ψ v δe) ∀δe ∈ V Ω . (2.39)
By introducing the local bilinear form a v :

H 1 0 (ω v ) × H 1 0 (ω v ) → R and the local linear form F v : H 1 0 (ω v ) → R
as the restrictions to ω v of the global forms a Ω (•, •) and F Ω (•) , we obtain the following variational problem on each subpatch: we seek

ς v ∈ H 1 0 (ω v ) such that a v (ς v , δe) = F v (δe) -a v (u h Ω , δe) ∀δe ∈ H 1 0 (ω v ). (2.40)
Plugging (2.40) into (2.39) and considering δe = e h , we obtain

|||e h ||| Ω = a Ω (e h , e h ) ≤ Nv v=1 a v (ς v , ς v ). (2.41)
We remark that in general the exact solutions ς v 's are unknown. Thus, to fully compute (2.41) we introduce an high-order Finite Element space W h v on each subpatch ω v and we seek ς h v ∈ W h v such that it approximates problem (2.40) for v = 1, . . . , N v . The following error estimate may be derived (cf. [START_REF] Prudhomme | Analysis of a subdomain-based error estimator for finite element approximations of elliptic problems[END_REF]):

|||e h ||| Ω ≤ Nv v=1 a v (ς h v , ς h v ) + 2 inf w∈W h Ω |||u Ω -w||| Ω , ∀w ∈ W h Ω (2.42)
where W h Ω is the high-order Finite Element space defined on the global domain Ω. The choice of highorder spaces for the approximation of the local problems on the subpatches is needed for the derivation of a sharp estimate (2.42). We highlight that the second term on the right-hand side of (2.42) decreases as the polynomial degree of the functions in W h Ω increases (cf. [START_REF] Prudhomme | Analysis of a subdomain-based error estimator for finite element approximations of elliptic problems[END_REF]). Within this framework, in many practical applications the second term in (2.42) may be neglected and the following implicit estimator may be derived for the subdomain residual method:

|||e h ||| 2 Ω ≤ Nv v=1 (η i v ) 2 , η i v := |||ς h v ||| ωv . (2.43)
The estimators (2.38) and (2.43) localize the source of the numerical error inside the domain, thus they provide useful information to drive a mesh adaptation procedure. Moreover, they are fully computable and do not feature unknown constants or quantities, making them useful also on a quantitative level. Hence, both the estimators may be used to perform the certification procedure described in subsection 2.1.3. Nevertheless, these two strategies present some drawbacks that limit their interest when dealing with practical applications. On the one hand, the element residual method requires a careful choice of the boundary data in order for the local problems to be well-posed. This may limit its applicability to simple BVP's, restricting its interest to academic problems. On the other hand, the subdomain residual method localizes the bilinear form and allows a straightforward way to impose the boundary conditions for the local problems by implicitly accounting for the effect of the interelement jump of the flux. However, the computational cost associated with the solutions of the local problems may rapidly become unfeasible to manage, especially when dealing with 3D applications.

Equilibrated residual estimates

The methods discussed in the previous subsection remain unsatisfactory from a practical point of view. As a matter of fact, the local problems defined by the element residual method may not have a solution, whereas the computational cost associated with the subdomain residual method may quickly explode making this strategy unfeasible. In order to remedy these issues, a procedure to improve the element residual method by constructing boundary data for the local problems in equilibrium with the interior residual has been proposed by Ladevèze and Leguillon [START_REF] Ladevèze | Error estimate procedure in the finite element method and applications[END_REF]. Starting from this paper, several other authors have been working on this subject and we refer the interested reader to [12,[START_REF] Bank | Some a posteriori error estimators for elliptic partial differential equations[END_REF].

The starting point for the development of the equilibrated residual method is the error residual equation (2.18) and its formulation (2.25) as an optimization problem. Contrary to the solution of the global problem discussed in subsection 2.3.1, here we consider a strategy to reduce equation (2.18) to a sequence of independent problems posed locally over each mesh element. Owing to the local nature of these problems and to their small size, their approximation is computationally inexpensive and easy to parallelize. As per the element residual method, a key role in this approach is played by the approximation of the unknown true flux on the interelement boundaries. Let {g T : T ∈ T h } be a set of boundary fluxes that approximate the flux of the true solution on all the elements T of the triangulation:

g T ≈ ∇u Ω | T • n T on ∂T.
(2.44)

Owing to the continuity of the interelement fluxes, we get

g T + g T ′ = 0 on ∂T ∩ ∂T ′ . (2.45)
As in (2.35), we decompose the residual error into contributions over individual elements and we exploit the definition (2.44) of the interelement fluxes:

a T (e h , δe) = F T (δe) -a T (u h Ω , δe) + ∂T g T δe ds ∀δe ∈ V T . (2.46)
The local residue may be represented in terms of the solution ς f ∈ V T of the following local problem

a T (ς f , δe) = F T (δe) -a T (u h Ω , δe) + ∂T g T δe ds ∀δe ∈ V T (2.47)
where V T is the space previously introduced for the element residual method. We remark that the local Neumann Boundary Value Problem (2.47) has a unique solution if and only if the following compatibility condition -also known as equilibration condition -is fulfilled:

F T (1) -a T (u h Ω , 1) + ∂T g T ds = 0. (2.48) 
Remark 2.7. The condition (2.48) expresses the fact that the boundary flux g T is in equilibrium with the interior load given by the restriction of the element residual to T . Though condition (2.48) may not be strictly necessary for the well-posedness of the local problems when dealing with equations different from the Laplace problem under analysis, it still has a non-negligible effect on the quality of the computed upper bounds and must be satisfied exactly as the mesh size tends to zero (cf. [13]).

Following the same procedure described for the element residual method, we may derive the implicit estimator for the equilibrated residual method starting from the solution ς f of problem (2.47):

|||e h ||| 2 Ω ≤ T ∈T h (η f T ) 2 , η f T := |||ς f ||| T . (2.49) 
The equilibrated residual method allows for an inexpensive evaluation of the local contributions of the global error in the energy-norm owing to the appropriate construction of the local flux g T for each element T . In order for the flux g T to be suitable for the accurate estimate of the error, conditions (2.45) and (2.48) have to be fulfilled. These conditions are known as zeroth-order equilibration conditions since the reconstructed fluxes are compatible with respect to constant test functions in (2.48). An extension to pth-order equilibration conditions is possible and we refer the interested reader to [13]. A key aspect of the discussed strategy is the practical construction of the equilibrated fluxes. In [13], the authors provide an extensive description of the technical details for this procedure and discuss several examples on different computational meshes. The main disadvantage of this approach is related to the necessity of concurrently handling information arising from both the geometry of the triangulation and the discretization of the Boundary Value Problem. Hence, its integration into existing Finite Element codes may be extremely difficult. In next section, we discuss an alternative strategy to circumvent these issues, namely the so-called equilibrated fluxes method (cf. subsection 2.4.3).

Improving the estimate of the error in the shape gradient

The main drawback of estimate (2.22) lies in the use of the triangle and the Cauchy-Schwarz inequalities for the derivation of the upper bound of the error in the shape gradient. In order to bypass the loss of accuracy due to the aforementioned inequalities, we derive a goal-oriented estimator starting from the variational formulation of the error (cf. [START_REF] Giles | Adjoint methods for PDEs: a posteriori error analysis and postprocessing by duality[END_REF]). Following the framework discussed in section 2.3, we perform the linearization of the quantity whose error estimate is sought as in (2.20) and we consider the adjoint problems (2.21). For the corresponding conforming Finite Element (respectively Discontinuous Galerkin) discretizations of problems (2.21), we seek

r h Ω , s h Ω ∈ V h,m Ω such that a h Ω (δr h , r h Ω ) = ∂ 2 L ∂ϕ∂u (Ω, u h Ω , p h Ω )[θ h , δr h ] ∀δr h ∈ V h,m Ω , a h Ω (δs h , s h Ω ) = ∂ 2 L ∂ϕ∂p (Ω, u h Ω , p h Ω )[θ h , δs h ] ∀δs h ∈ V h,m Ω .
(2.50)

Let us define two quantities associated respectively with the contribution of the state error u Ω -u h Ω and the adjoint error p Ω -p h Ω to the error in the shape gradient E h . By exploiting (2.16), we get:

E h u = ∂ 2 L ∂ϕ∂u (Ω, u h Ω , p h Ω )[θ h , u Ω -u h Ω ] = F Ω (r Ω ) -a h Ω (u h Ω , r Ω ), (2.51) 
E h p = ∂ 2 L ∂ϕ∂p (Ω, u h Ω , p h Ω )[θ h , p Ω -p h Ω ] = - ∂j ∂u (Ω, u Ω ), s Ω -a h Ω (p h Ω , s Ω ). (2.52) It is straightforward to observe that E h = E h u + E h p .
In order to derive a practical strategy to perform the certification procedure in subsection 2.1.3 by verifying condition (2.11), an upper bound E of the error |E h | is required.

Remark 2.8. It is well-known in the literature (cf. e.g. [14]) that in order to retrieve a sharp upper bound for the error in a Quantity of Interest, high-order approximations should be employed for the solution of the adjoint problem. Hence, from now on we consider m > ℓ.

As previously done for the a posteriori error estimates in the energy-norm, in the following subsections we review some techniques discussed in the literature to construct the estimates of the error in a given functional of interest. As per the case of the error in the energy-norm, we are interested in constructing estimators in a Quantity of Interest which are fully computable and possibly constant-free. Having this in mind, in the rest of this chapter we focus on the abstract framework for the derivation of the goal-oriented error estimators by highlighting their upsides and downsides. The details of the construction of the estimator for the error in the shape gradient -that is the procedure to estimate the error in E h u and E h p -will be presented for the case of Electrical Impedance Tomography in chapter 5.

Dual Weighted Residual method

Following the previously discussed approach for the construction of explicit estimates of the error in the energy-norm, Rannacher and co-workers [START_REF] Bangerth | Adaptive finite element methods for differential equations[END_REF] proposed an analogous estimator for the error in a Quantity of Interest. Starting from (2.19) and exploiting the information on the interior element residual and the boundary residual (2.30), we obtain

Q(e h ) = a Ω (e h , ǫ h ) = T ∈T h T ρ T (r Ω -r h Ω ) dx + 1 2 ∂T ρ e (r Ω -r h Ω ) ds . (2.53)
This method is known as Dual Weighted Residual since it constructs an estimate of the error in a Quantity of Interest featuring the residual terms (2.30) of the state problem weighted by the the error of the adjoint problem. Hence, it is confirmed the role of the influence function r Ω which carries the information of the effect of the error due to the approximation of the state problem on the error in the target functional. We remark that (2.53) is not fully computable since the exact solution of the adjoint problem is unknown. A possible workaround for this issue relies on the solution of the adjoint problem by means of a higher-order approximation: within this framework, the unknown solution r Ω is replaced by its high-order numerical counterpart whereas r h Ω is substituted by the projection of the higher-order approximation onto the space of low-order Finite Element functions used to compute the solution of the state problem. Let

I ℓ m : V h,m Ω → V h,ℓ
Ω be the projection operator from the space of high-order functions the low-order one. The resulting estimator for the Quantity of Interest reads as follows:

Q(e h ) ≈ T ∈T h T ρ T (r h Ω -I ℓ m r h Ω ) dx + 1 2 ∂T ρ e (r h Ω -I ℓ m r h Ω ) ds . (2.54) 
An alternative approach relies on the approximation of the adjoint problem by means of the same numerical scheme used for the state problem. A post-processing technique is then applied to the numerical solution r h Ω to retrieve a higher-order interpolated function. Let

I m ℓ : V h,ℓ Ω → V h,m
Ω be the operator that starting from a low-order function constructs its high-order interpolation. The resulting estimator of the error in the Quantity of Interest has the form

Q(e h ) ≈ T ∈T h T ρ T (I m ℓ r h Ω -r h Ω ) dx + 1 2 ∂T ρ e (I m ℓ r h Ω -r h Ω ) ds . (2.55)
Both strategies provide fully computable goal-oriented error estimates and have been successfully tested on various problems over the years, showing effectivity indices close to 1.0 (cf. [START_REF] Becker | An optimal control approach to a posteriori error estimation in finite element methods[END_REF]). A major drawback of the Dual Weighted Residual (DWR) approach is represented by the fact that both (2.54) and (2.55) are asymptotically exact but may underestimate the error on coarse meshes since the solution of the adjoint problem is unknown. Several works in the literature have dealt with the analysis of this method, especially on the possible choices to derive a computable version of (2.53). In [START_REF] Nochetto | A safeguarded dual weighted residual method[END_REF], the authors propose a safeguarded version of the DWR introducing an additional term to estimate the error due to the approximation of the adjoint problem. In a similar fashion, in [14] a detailed discussion on the different choices for the discretization of the adjoint problem is presented and extensive numerical tests on the optimal degree of the approximating functions are reported.

Energy-norm estimate via the parallelogram identity

A technique to provide sharper bounds of the error in a Quantity of Interest has been proposed by Prudhomme and Oden in a series of works starting from late 1990's. In [START_REF] Oden | Goal-oriented error estimation and adaptivity for the Finite Element Method[END_REF][START_REF] Prudhomme | On goal-oriented error estimation for elliptic problems: application to the control of pointwise errors[END_REF], the authors Certification procedure for a genuine descent direction propose to employ the parallelogram identity instead of the Cauchy-Schwarz inequality for problems featuring a symmetric bilinear form. Owing to this idea, we may rewrite (2.19) as

Q(e h ) = a Ω (e h , ǫ h ) = 1 4 αe h + 1 α ǫ h 2 Ω - 1 4 αe h - 1 α ǫ h 2 Ω (2.56)
where the scaling factor α ∈ R is such that α :=

|||ǫ h ||| Ω |||e h ||| -1 Ω . Let η + U , η - U ∈ R (respectively η + L , η - L ∈ R)
be the following upper (respectively lower) bounds of the quantities on the right-hand side of (2.56):

η + L ≤ αe h + 1 α ǫ h Ω ≤ η + U , η - L ≤ αe h - 1 α ǫ h Ω ≤ η - U . (2.57)
By plugging (2.57) into (2.56), we obtain the following bounds for the error in the Quantity of Interest:

1 4 (η + L ) 2 - 1 4 (η - U ) 2 ≤ Q(e h ) ≤ 1 4 (η + U ) 2 - 1 4 (η - L ) 2 . (2.58)
It is straightforward to observe that an upper bound of the error in the Quantity of Interest may be also obtained by neglecting the term η - L in (2.58): though the sharpness of the resulting estimator is degraded, this bound is less expensive to evaluate, proving to be useful in practical applications [START_REF] Ohnimus | Local error estimates of FEM for displacements and stresses in linear elasticity by solving local Neumann problems[END_REF][START_REF] Paraschivoiu | A posteriori finite element bounds for linear-functional outputs of elliptic partial differential equations[END_REF].

From a practical point of view, the upper and lower bounds in (2.58) are computed via the implicit a posteriori error estimates presented in subsections 2.3.3 and 2.3.4. Nevertheless, as the aforementioned techniques to derive fully computable estimates of the error in the energy-norm are either computationally unfeasible or extremely difficult to implement in existing Finite Element codes, the advantages of this approach remain limited.

Equilibrated fluxes and flux-free approaches

As stated in section 2.3, a key aspect of a good estimator is the low computational cost associated with its derivation whence the great interest in estimators constructed using solely local quantities. In the last decade several authors have been working on efficient techniques to derive fully computable a posteriori estimators of the error in a Quantity of Interest. Within this framework, two main strategies have emerged. On the one hand, the equilibrated fluxes approach inspired by the equilibrated residual method. On the other hand, the flux-free approach originated by the subdomain residual method.

The equilibrated fluxes approach aims to reconstruct a suitable approximation of the unknown exact fluxes in the space H(div) in order for the discretized solution to fulfill the problem under analysis exactly. This method consists of two steps: first, a precise and efficient element-wise reconstruction of the numerical flux is performed in order to mimic the behavior of the unknown exact flux for both the state and adjoint problems; then, starting from the framework introduced at the beginning of section 2.4 the error in the target functional is locally evaluated. For the case of conforming Finite Element, local H(div)-reconstructions leading to fully computable upper bounds have been studied by several authors [START_REF] Braess | Equilibrated residual error estimator for edge elements[END_REF][START_REF] Destuynder | Explicit error bounds in a conforming finite element method[END_REF][START_REF] Luce | A local a posteriori error estimator based on equilibrated fluxes[END_REF][START_REF] Nicaise | An a posteriori error estimator for the lam equation based on equilibrated fluxes[END_REF][START_REF] Vohralík | Guaranteed and fully robust a posteriori error estimates for conforming discretizations of diffusion problems with discontinuous coefficients[END_REF]. Moreover, we refer to [11,[START_REF] Cochez-Dhondt | Equilibrated error estimators for discontinuous Galerkin methods[END_REF][START_REF] Ern | Guaranteed and robust discontinuous Galerkin a posteriori error estimates for convection-diffusion-reaction problems[END_REF][START_REF] Kim | A posteriori error analysis for locally conservative mixed methods[END_REF] for the main results obtained in recent years on equilibrated fluxes for Discontinuous Galerkin formulations.

The goal-oriented estimator associated with the flux-free method is derived from the upper bound obtained by neglecting the second term on the right-hand side of (2.56). In order to efficiently approximate this quantity, the error residual equations for both the state and the adjoint problems have to be solved. Basic idea of the flux-free method is to circumvent the construction of the equilibrated fluxes required for the element-wise solution of these equations by posing the local problems on patches of elements, the interelement fluxes being consequently naturally equilibrated. This technique has been studied in several works [START_REF] Parés | The computation of bounds for linear-functional outputs of weak solutions to the two-dimensional elasticity equations[END_REF][START_REF] Parés | Subdomain-based flux-free a posteriori error estimators[END_REF] in the literature and in [START_REF] Parés | Exact bounds for linear outputs of the convection-diffusionreaction equation using flux-free error estimates[END_REF][START_REF] Sauer-Budge | Computing bounds for linear functionals of exact weak solutions to Poisson's equation[END_REF] the authors propose a variant to retrieve a more precise approximation of the numerical fluxes using a dual formulation in which the complementary energy is minimized.

One of the main advantages of the equilibrated fluxes method is the unified framework it provides for multiple Finite Element approximations. In chapter 5, we will detail this approach for conforming Finite Element and Discontinuous Galerkin discretizations applied to the problem of Electrical Impedance Tomography and we will highlight advantages and disadvantages of both choices. The fluxfree approach -especially in its most recent variants -is a very promising technique for the derivation of accurate estimates of the error in a Quantity of Interest but further investigation are needed within the framework of the certification procedure described in subsection 2.1.3. We remark that despite being extremely different, the methods discussed in this subsection also present several points in common. Hence, we refer the interested reader to the paper [START_REF] Choi | Adaptive computations of a posteriori finite element output bounds: a comparison of the hybrid-flux approach and the flux-free approach[END_REF] by Choi and Paraschivoiu for a detailed comparison of the equilibrated fluxes -also known as hybrid-flux -and the flux-free approaches.

The Certified Descent Algorithm

We are now ready to introduce the novel Certified Descent Algorithm (CDA), arising from the coupling of the Boundary Variation Algorithm for shape optimization (cf. subsection 2.1.2) and the goal-oriented estimator for the error in the shape gradient (cf. section 2.3 and 2.4). In script 2.3, we present a variant of algorithm 2.2 that takes advantage of the previously introduced a posteriori estimator of the error in the shape gradient in order to bypass the issues in the identification of a genuine descent direction due to the discretization error.

First, the procedure constructs an initial computational domain. At each iteration, the algorithm solves the state and adjoint problems [steps 1 and 2] and computes a descent direction θ h solving equation (2.5) [step 3]. Then, the adjoint problems (2.21) are solved and an upper bound of the numerical error in the shape gradient along the direction θ h is computed [step 4]. If condition (2.11) is not fulfilled, the mesh is adapted in order to improve the error estimate. This procedure is iterated until the direction θ h is a certified descent direction for J(Ω) [step 5]. Once a certified descent direction has been identified, we compute a step [step 6] such that the following Armijo condition is fulfilled: let us consider the iteration j, given 0 < α < 1 we use a backtracking strategy to identify the step

µ j ∈ R + such that J Id +µ j θ h j Ω j ≤ J (Ω j ) + αµ j d h J (Ω j ) , θ h j .
An alternative bisection-based line search technique has been proposed by Morin et al. in [START_REF] Morin | Adaptive finite element method for shape optimization[END_REF].

Then the shape of the domain is updated according to the computed perturbation of the identity Id +µ j θ h j [step 7]. Eventually, a novel stopping criterion is proposed [step 8] in order to use the information embedded in the error bound E to derive a reliable condition to end the evolution of the algorithm.

Algorithm 2.3 -The Certified Descent Algorithm

Given the domain Ω 0 , set tol > 0, j = 0 and iterate : 1. Compute the solution u h Ω j of the state equation ; 2. Compute the solution p h Ω j of the adjoint equation ; 3. Compute a descent direction θ h j ∈ X solving (θ h j , δθ) X + d h J(Ω j ), δθ = 0 ∀δθ ∈ X ;

4. Compute an upper bound E of the numerical error E h ; 5. If d h J(Ω j ), θ h j + E ≥ 0, refine the mesh and go to 1; 6. Identify an admissible step µ j ; 7. Update the shape

Ω j+1 = (Id +µ j θ h j )Ω j ; 8. While | d h J(Ω j ), θ h j | + E > tol, j = j + 1 and repeat .
The advantage of the Certified Descent Algorithm is twofold. On the one hand, the computation of the upper bound of the numerical error in the shape gradient provides useful information to identify a certified descent direction at each iteration of the optimization algorithm and to construct a guaranteed shape optimization strategy. Hence, the resulting objective functional improves at each iteration of the optimization loop. On the other hand, the fully computable and constant-free error estimator provides quantitative information to derive a reliable stopping criterion for the overall optimization procedure.

The novelty of algorithm 2.3 is the certification procedure that plays a crucial role in steps 4, 5 and 8. A key aspect of the procedure is the mesh adaptation routine that has to be run if condition (2.11) is not fulfilled by the current configuration. From a practical point of view, in order to guarantee that condition (2.11) is fulfilled in a reasonable number of iterations of the adaptation routine, we construct a refinement strategy to explicitly reduce the error E at each iteration. In particular, we perform a goal-oriented mesh adaptation procedure as suggested in [START_REF] Oden | Goal-oriented error estimation and adaptivity for the Finite Element Method[END_REF]: at each iteration, we construct the upper bound E and an indicator based on the estimator of the error in the shape gradient. This approach exploits the previously constructed estimator to localize the regions of the domain that are mainly responsible for the error in the Quantity of Interest and performs a targeted refinement in order to concurrently reduce the error in the shape gradient and limit the number of newly inserted Degrees of Freedom. The efficiency of this strategy has been extensively studied in the literature (cf. [START_REF] Formaggia | Anisotropic mesh adaption in computational fluid dynamics: application to the advection-diffusion-reaction and the Stokes problems[END_REF][START_REF] Prudhomme | Practical methods for a posteriori error estimation in engineering applications[END_REF]) and the numerical results in chapters 4 and 5 confirm the ability of this method to reduce the target error.

CDA based on the complementary energy principle

A first version of the Certified Descent Algorithm is obtained from the estimate of the error in the shape gradient via the complementary energy principle (cf. subsection 2.3.1) applied to the energynorm error estimates of the solutions of the state and adjoint problems. Owing to (2.22), step 4 of algorithm 2.3 reads as follows:

Certification procedure for a genuine descent direction ( a ) Compute the solutions r h Ω j and s h Ω j of the adjoint problems to estimate the error in the shape gradient ; ( b ) Compute the dual flux approximations for u h Ω j , p h Ω j , r h Ω j and s h

Ω j ; ( c ) Compute E = |||u Ω j -u h Ω j ||| Ω |||r Ω j -r h Ω j ||| Ω + |||p Ω j -p h Ω j ||| Ω |||s Ω j -s h Ω j ||| Ω ;
In script 2.4, step 4c is performed via the evaluation of the dual complementary energy as in (2.27) for the model problem of the Laplace equation (cf. subsection 2.3.1). Owing to the subsequent refinements of the mesh (cf. algorithm 2.3 -step 5), the approximated solution u h Ω tends to the exact solution u Ω and analogously do the solutions p h Ω , r h Ω and s h Ω of the adjoint problems. Thus the term E tends to zero as the mesh size tends to zero, assuring that the mesh adaptation procedure performed by the Certified Descent Algorithm eventually leads to the fulfillment of condition (2.11).

In chapter 4, we will present the application of this version of the Certified Descent Algorithm to the identification problem of Electrical Impedance Tomography. In chapter 7, we will provide the details for the construction of the a posteriori estimator of the error in the shape gradient of the compliance. The solution of the corresponding shape optimization problem in linear elasticity via the Certified Descent Algorithm will be the subject of the future work [5].

CDA based on an equilibrated fluxes approach

We construct an a posteriori error estimator in the shape gradient which relies solely on local quantities. In particular, we investigate a variant of the CDA based on the equilibrated fluxes approach (cf. subsection 2.4.3). Following the procedure described in section 2.4, we sketch the construction of the goal-oriented equilibrated fluxes estimator of the error in the shape gradient: Algorithm 2.5 -Estimating the error in the shape gradient via an equilibrated fluxes approach 4. Compute an upper bound E of the numerical error E h : ( a ) Compute the solutions r h Ω j and s h Ω j of the adjoint problems to estimate the error in the shape gradient ; ( b ) Compute the equilibrated fluxes for u h Ω j , p h Ω j , r h Ω j and s h

Ω j ; ( c ) Compute E = E h u + E h p ;
The a posteriori estimator of the error in the shape gradient is obtained using the information carried by the H(div)-reconstruction of the numerical fluxes as stated in subsection 2.4.3. Owing to the wellknown asymptotic exactness of the goal-oriented error estimators constructed using the equilibrated fluxes approach (cf. [14,[START_REF] Mozolevski | Goal-oriented error estimation based on equilibrated-flux reconstruction for finite element approximations of elliptic problems[END_REF]), the term E tends to zero as the mesh size tends to zero. This property plays a crucial role since it guarantees that the mesh adaptation routine performed to certify the descent direction (cf. algorithm 2.3 -step 5) eventually leads to the fulfillment of condition (2.11).

In chapter 5, we will detail the construction of the equilibrated fluxes and the corresponding goaloriented estimator for the error in the shape gradient for the test problem of Electrical Impedance Tomography.

The mesh adaptation procedure

A key aspect of algorithm 2.3 is the mesh adaptation procedure on step 5. Starting from the upper bound of the error E, computed as discussed in subsections 2.5.1 and 2.5.2, we construct an error indicator ι T that accounts for the local contribution of the element T of the triangulation T h to the global error in the domain Ω. In this thesis, all the numerical simulations are performed using FreeFem++ [START_REF] Hecht | New development in FreeFem++[END_REF] which relies on BAMG [START_REF] Hecht | BAMG: Bidimensional Anisotropic Mesh Generator[END_REF] for mesh generation and mesh adaptation procedures. In particular, in order to perform step 5 of algorithm 2.3 we consider a greedy approach that subdivides all the elements T 's of the triangulation such that the corresponding indicator ι T is greater than a user-defined positive constant C. Thus, the algorithm relies on the construction of a metric guaranteeing that the error in each element is lower than a fixed threshold C. From a practical point of view, the computational mesh is modified by means of the adaptmesh command in FreeFem++ which allows both the refinement and the coarsening of the elements owing to the information carried by the aforementioned defined metric. A qualitative and quantitative discussion on the meshes resulting from this adaptation procedure is provided in chapters 4, 5 and 6 where some numerical simulations are presented.

Remark 2.9. The discussed adaptation procedure may tend to overrefine the computational mesh, consequently increasing the number of mesh elements and the number of Degrees of Freedom of the problem. Several strategies have been proposed in the literature to limit the growth of the cardinality of the mesh in the Adaptive Finite Element Method. A common idea relies on performing local modifications by refining solely the elements T 's in which the contribution ι T to the global error is more significant. This results in the well-known Dörfler marking strategy [START_REF] Dörfler | A convergent adaptive algorithm for Poisson's equation[END_REF], in which we seek the set M h ⊂ T h of minimal size such that

T ∈M h ι 2 T ≥ ζ T ∈T h ι 2 T , ζ ∈ (0, 1).
Quasi-optimal and optimal convergence rates for the Adaptive Finite Element Method using Dörfler marking have been proved by several authors, including Morin et al. [START_REF] Morin | Data oscillation and convergence of adaptive FEM[END_REF], Binev et al. [START_REF] Binev | Adaptive finite element methods with convergence rates[END_REF], Stevenson [START_REF] Stevenson | Optimality of a standard adaptive finite element method[END_REF][START_REF] Stevenson | The completion of locally refined simplicial partitions created by bisection[END_REF] and Cascon et al. [START_REF] Cascon | Quasi-optimal convergence rate for an adaptive finite element method[END_REF].

Henceforth, we consider only the metric-based adaptation procedure discussed at the beginning of this subsection, whereas the Dörfler marking strategy will be investigated in future works.

Chapter 3

Minimization of the Kohn-Vogelius functional

We describe the inverse problem of Electrical Impedance Tomography in the classical Point Electrode Model. We introduce its formulation as a shape optimization problem and we present the boundary and the volumetric expressions of the shape gradient for the Kohn-Vogelius functional.

The problem of Electrical Impedance Tomography

In this part, we present the application of the Certified Descent Algorithm to a non-destructive testing problem, namely the inverse identification problem of Electrical Impedance Tomography (EIT). The choice of EIT as test case has to be interpreted as a proof of concept to preliminarily assess the validity of the discussed method on a non-trivial scalar problem before studying the vectorial case.

It is well-known in the literature that the problem of Electrical Impedance Tomography is severely ill-posed. Moreover, classical shape optimization methods proved to be highly unsatisfactory by remaining trapped into local minima and consequently providing fairly poor reconstructions of the inclusions. The Certified Descent Algorithm does not aim to solve the known issues of gradient-based strategies when dealing with ill-posed problems. Nevertheless, the interest in the EIT problem is twofold. On the one hand, the EIT is a non-trivial scalar problem that may guide towards the establishment of some properties of this new shape optimization method. On the other hand, the CDA proves to be a viable example to confirm the aforementioned limitations of gradient-based methods applied to inverse problems, especially through the observation of the rapidly increasing number of Degrees of Freedom required for the certification procedure which highlights the severe ill-posedness of the EIT problem. The reader interested in an overview of the methods investigated in the literature for the EIT problem is invited to refer to [10,[START_REF] Belhachmi | Shape sensitivity analysis for an interface problem via minimax differentiability[END_REF][START_REF] Eppler | A regularized Newton method in electrical impedance tomography using shape Hessian information[END_REF][START_REF] Laurain | Distributed shape derivative via averaged adjoint method and applications[END_REF] for shape optimization approaches, to [START_REF] Carpio | Hybrid topological derivative and gradient-based methods for electrical impedance tomography[END_REF][START_REF] Hintermüller | Electrical impedance tomography: from topology to shape[END_REF][START_REF] Hintermüller | Second-order topological expansion for electrical impedance tomography[END_REF] for strategies based on topological derivatives and to [START_REF] Chung | Electrical impedance tomography using level set representation and total variational regularization[END_REF][START_REF] Holder | Electrical Impedance Tomography: Methods, History and Applications[END_REF][START_REF] Jin | An analysis of electrical impedance tomography with applications to Tikhonov regularization[END_REF] for regularization techniques.

We are now ready to introduce the formulation of the Electrical Impedance Tomography problem. Let us consider an open domain D ⊂ R d . We suppose that there exists an open subdomain Ω ⊂⊂ D such that some given physical properties of the problem under analysis are discontinuous along the interface ∂Ω between the inclusion Ω and the complementary set D \ Ω. The location and the shape of the inclusion are to be determined, thus Ω acts as unknown parameter in the state equations and in the inversion procedure. Our aim is to identify the inclusion Ω by performing non-invasive measurements on the boundary ∂D of the domain D. This problem is well-known in the literature and is often referred to as Calderón's problem. Several review papers on Electrical Impedance Tomography have been published in the literature over the years. We refer to [START_REF] Borcea | Electrical impedance tomography[END_REF][START_REF] Calderón | On an inverse boundary value problem[END_REF][START_REF] Cheney | Electrical impedance tomography[END_REF] for more details on the physical problem, its mathematical formulation and its numerical approximation. Let χ Ω be the characteristic function of the open set Ω, we define the conductivity k Ω as a piecewise constant function such that k

Ω := k I χ Ω + k E (1 -χ Ω ), k I , k E > 0.
We introduce two Boundary Value Problems on the domain D, respectively with Neumann and Dirichlet boundary conditions on ∂D:

         -k Ω ∆u Ω,N + u Ω,N = 0 in D \ ∂Ω u Ω,N = 0 on ∂Ω k Ω ∇u Ω,N • n = 0 on ∂Ω k E ∇u Ω,N • n = g on ∂D (3.1)          -k Ω ∆u Ω,D + u Ω,D = 0 in D \ ∂Ω u Ω,D = 0 on ∂Ω k Ω ∇u Ω,D • n = 0 on ∂Ω u Ω,D = U D on ∂D (3.2)
where the boundary data g ∈ L 2 (∂D) and U D ∈ H 1 2 (∂D) arise from the performed physical measurements. As previously stated, we are interested in identifying the shape and the location of the inclusion, fitting given boundary measurements g and U D of the flux and the potential. Remark 3.1. It is well-known in the literature that the most accurate mathematical model for EIT is the so-called Complete Electrode Model (CEM). The CEM accounts for both the shunting effect experienced by the electrodes and the contact impedance between the object under analysis and the electrodes themselves. In [START_REF] Cheng | Electrode models for electric current computed tomography[END_REF][START_REF] Somersalo | Existence and Uniqueness for Electrode Models for Electric Current Computed Tomography[END_REF], the authors prove that the CEM is able to predict real-life measurements up to machine precision. Nevertheless, in many applications the size of the electrodes is negligible with respect to the size of the object under analysis and to the uncertainty due to the their unknown exact position on ∂D. Within this framework, the Point Electrode Model describes small electrodes as delta distributions introducing a continuum model of the Electrical Impedance Tomography problem (cf. [START_REF] Borcea | Electrical impedance tomography[END_REF]). The connection between the two aforementioned models have been studied in [START_REF] Hanke | Justification of point electrode models in electrical impedance tomography[END_REF][START_REF] Hyvönen | Approximating idealized boundary data of electric impedance tomography by electrode measurements[END_REF] and references therein. In particular, in these works the authors prove that the Point Electrode Model may be derived as the asymptotic limit of the Complete Electrode Model when the size of the electrodes tends to zero. Owing to the fact of considering the EIT problem as a proof of concept to preliminarily assess the validity of the Certified Descent Algorithm, we restrict our study to the classical Point Electrode Model though it is known to be less accurate than the Complete Electrode Model.

A shape optimization approach

Let us consider the Kohn-Vogelius functional first introduced in [START_REF] Wexler | Impedance-computed tomography algorithm and system[END_REF] and later investigated by Kohn and Vogelius in [START_REF] Kohn | Relaxation of a variational method for impedance computed tomography[END_REF]: 

J(Ω) = 1 2 D k Ω |∇(u Ω,N -u Ω,D )| 2 + |u Ω,N -u Ω,D | 2 dx. ( 3 

Shape gradient of the Kohn-Vogelius functional

As stated in section 1.5, in order to differentiate the Kohn-Vogelius functional with respect to the shape, we introduce an adjoint problem for each state variable. First, we need to determine the adjoint solutions p Ω,N and p Ω,D associated with the states u Ω,N and u Ω,D . Owing to the fact that the Kohn-Vogelius problem is self-adjoint, we get that p Ω,N = u Ω,N -u Ω,D and p Ω,D = 0.

In order to rigorously compute the expression of the shape gradient of the functional (3.3), we refer to the procedure described in [START_REF] Pantz | Sensibilité de l'équation de la chaleur aux sauts de conductivité[END_REF]. In the aforementioned article, the author provides the details and the technical difficulties associated with the differentiation of the functional under analysis and describes its application to the identification of discontinuities of the conductivity parameter. In the rest of this subsection, we recall the results from [START_REF] Pantz | Sensibilité de l'équation de la chaleur aux sauts de conductivité[END_REF]. In particular, let θ ∈ W 1,∞ (D; R d ) be an admissible deformation of the domain such that θ = 0 on ∂D. The most common approach in the literature to compute the shape gradient leads to the surface expression

dJ(Ω), θ = 1 2 ∂Ω k Ω ∂u Ω,N ∂τ 2 - ∂u Ω,D ∂τ 2 -k -1 Ω k Ω ∂u Ω,N ∂n 2 -k Ω ∂u Ω,D ∂n 2 (θ • n)ds (3.4)
where n is the outward normal to ∂Ω, τ is the tangential direction to ∂Ω and k

Ω = k E -k I and k -1 Ω = k -1 E -k -1
I are the jumps across ∂Ω. Let us now introduce the following operator:

G(Ω, u), θ = 1 2 D k Ω M (θ)∇u • ∇u -∇ • θ u 2 dx (3.5)
where

M (θ) = ∇θ + ∇θ T -(∇ • θ) Id.
The volumetric expression of the shape gradient of (3.3) has the following form:

dJ(Ω), θ = G(Ω, u Ω,N ) -G(Ω, u Ω,D ), θ . (3.6) 
Remark 3.2. As highlighted in subsection 1.5.2, in this work we foster the volumetric formulation of the shape gradient over its surface representation, the former expression providing a better accuracy from a numerical point of view. We refer to [START_REF] Hiptmair | Comparison of approximate shape gradients[END_REF] for a detailed comparison of the volumetric and surface expression of the shape gradient for elliptic problems. In particular, in this work the authors prove that within the framework of Finite Element discretizations a better accuracy and a higher convergence rate for the shape gradient are achieved when using the volumetric formulation.

Chapter 4

Certified Descent Algorithm based on the complementary energy principle

We introduce an approximation of the problem of Electrical Impedance Tomography by means of a conforming Finite Element discretization. A strategy to construct a fully computable, constant-free a posteriori estimator of the error in the shape gradient is discussed.

Starting from the complementary energy principle, we define additional variational problems to compute an accurate approximation of the error in the numerical fluxes and we derive an estimator for our Quantity of Interest. After validating the error estimator, some numerical results of the application of the CDA to a 2D example of EIT are presented.

Conforming Finite Element approximation

In this section, we introduce a discretization of the EIT problem based on conforming Finite Element functions. Let {T h } h>0 be a family of triangulations of the domain D with no hanging nodes. Having in mind that d = 2, each element T ∈ T h is a triangle and for each couple T, T ′ ∈ T h such that T = T ′ , the intersection of the two elements is either an empty set or a vertex or an edge. An edge e is said to be an interior edge of the triangulation T h if there exist two elements T -(e), T + (e) ∈ T h such that e = T -(e) ∩ T + (e), whereas is a boundary edge if there exists T (e) ∈ T h such that e = T (e) ∩ ∂D. In the former case, the unit normal vector to e is denoted by n e and goes from T -(e) towards T + (e). In the latter one, n is the classical outward normal to ∂D. The set of the internal edges is noted as E I h , the boundary edges are collected into E B h and we set E h := E I h ∪ E B h . The state and adjoint problems are solved using the following Lagrangian Finite Element space

V h,κ Ω := {u h ∈ C 0 (D) : u h | T ∈ P κ (T ) ∀T ∈ T h }
where P κ (T ) is the set of polynomials of degree less than or equal to κ on an element T .

The state problems

Let a Ω (•, •) be the bilinear form associated with both the problems and F Ω,i (•), i = N, D the linear forms respectively for the Neumann and the Dirichlet problem:

a Ω (u, δu) = D k Ω ∇u • ∇δu + uδu dx, (4.1) 
F Ω,N (δu) = 

a Ω (u Ω,i , δu i ) = F Ω,i (δu i ) , i = N, D. (4.3) 
For the Dirichlet problem, the non-homogeneous boundary datum is taken care of by means of a classical substitution technique. We remark that within the framework of conforming Finite Element discretizations, the continuous and discrete bilinear (respectively linear) forms have the same expressions. Hence, the corresponding discrete formulations of the state problems (4.3) may be derived by replacing the analytical solutions u Ω,N and u Ω,D with their approximations u h Ω,N and u h Ω,D which belong to the space V h,ℓ Ω of Lagrangian Finite Element functions of degree ℓ. In a similar fashion, θ h is the solution of equation (2.5) computed using a Lagrangian Finite Element space and substituting the expression of the discretized shape gradient (2.6) to its analytical counterpart (1.17). The degree chosen for the Finite Element basis functions will be discussed in section 4.3.

The adjoint problems

Let r Ω,N and r Ω,D be the solutions of the adjoint problems (2.21) introduced to evaluate the contributions of the Neumann and Dirichlet state problems to the error in the Quantity of Interest: we seek r Ω,N ∈ H 1 (D) and r Ω,D ∈ H 1 0 (D) such that respectively ∀δr N ∈ H 1 (D) and

∀δr D ∈ H 1 0 (D) a Ω (δr i , r Ω,i ) = H Ω,i (δr i ) , i = N, D (4.4) 
where the linear forms H Ω,i (δr) , i = N, D read as

H Ω,i (δr) := ∂G ∂u (Ω, u h Ω,i )[θ h , δr] = D k Ω M (θ h )∇u h Ω,i • ∇δr -∇ • θ h u h Ω,i δr dx. (4.5) 
As per the state problems, the discretized solutions r h Ω,N and r h Ω,D are obtained solving the adjoint equations (4.4) within an appropriate space of Lagrangian Finite Element functions, that is the space V h,m Ω of degree m.

Estimate of the error in the shape gradient via the complementary energy principle

We consider the framework introduced in section 2.3. Since the Kohn-Vogelius problem is selfadjoint, (2.22) reduces to

E = |||u Ω,N -u h Ω,N ||| Ω |||r Ω,N -r h Ω,N ||| Ω + |||u Ω,D -u h Ω,D ||| Ω |||r Ω,D -r h Ω,D ||| Ω . (4.6) 
In order to obtain a computable upper bound for the error in the shape gradient, we seek an estimate of the energy-norm of the error for the state and adjoint solutions in (4.6). Let e Ω,i = u Ω,i -u h Ω,i and ǫ Ω,i = r Ω,i -r h Ω,i for i = N, D. In the following subsections, we derive the estimates of the energy-norm of the e Ω,i 's and the ǫ Ω,i 's using a strategy inspired by the so-called complementary energy principle (cf. [START_REF] Repin | A posteriori error estimation for variational problems with uniformly convex functionals[END_REF]). In practice, we introduce a dual flux variable for every problem and each bound is computed by solving an additional adjoint problem thus leading to a better approximation of the numerical fluxes ∇e Ω,i 's and ∇ǫ Ω,i 's. For additional information on this approach, we refer to [START_REF] Vejchodský | Complementary error bounds for elliptic systems and applications[END_REF].

Energy-norm error estimates for the state equations

For the sake of readability, let us rename H 1 (D) as V N and H 1 0 (D) as V D . We recall the previously mentioned residual equations such that ∀δu

N ∈ V N and ∀δu D ∈ V D a Ω (e Ω,i , δu i ) = F Ω,i (δu i ) -a Ω (u h Ω,i , δu i ) , i = N, D. (4.7) 
We recall that solving equation (4.7) is equivalent to the following minimization problem, that is we

seek w ∈ V i such that E Ω,i (e Ω,i ) = min w∈V i E Ω,i (w) , i = N, D (4.8) 
where the global energy functional associated with the Neumann and Dirichlet problems reads

E Ω,i (w) = 1 2 D k Ω |∇w| 2 + |w| 2 dx + D k Ω ∇u h Ω,i • ∇w + u h Ω,i w dx -F Ω,i (w). (4.9) 
We consider the space

H(div) = {τ ∈ L 2 (D; R d ) : ∇ • τ ∈ L 2 (D)}.
By introducing an additional variable z = ∇w and a dual variable σ ∈ H(div), we may construct the Lagrangian functional L Ω,i :

V i × L 2 (D) × H(div) → R which has the following form L Ω,i (w, z, σ) = 1 2 D k Ω |z| 2 + |w| 2 dx + D k Ω ∇u h Ω,i • z + u h Ω,i w dx -F Ω,i (w) + D σ • (∇w -z)dx. (4.10) 
Thus the minimization problem (4.8) may be rewritten as a min-max problem and owing to the Lagrange duality, we get min

w∈V i E Ω,i (w) = min w∈V i z=∇w max σ∈H(div) L Ω,i (w, z, σ) = max σ∈H(div) min w∈V i z=∇w L Ω,i (w, z, σ). (4.11)
From the system of first-order optimality conditions for L Ω,i (w, z, σ) we derive the following relationships among the variables:

z = k -1 Ω σ -∇u h Ω,i in D, w = ∇ • σ -u h Ω,i in D (4.12)
and for the Neumann case, we get the additional boundary condition:

σ • n = g on ∂D. (4.13)
Hence, by plugging (4.12) into (4.11), we get the following maximization problems for i = N, D

max σ∈H(div) (σ•n=g on ∂D , i=N ) C Ω (σ) , C Ω (σ) := - 1 2 D k -1 Ω |σ -k Ω ∇u h Ω,i | 2 + |∇ • σ -u h Ω,i | 2 dx. (4.14)
In (4.14), the objective functional C Ω (σ) -known as the dual complementary energy associated with the problems -is maximized over the set of all vectorfields in σ ∈ H(div) for the Dirichlet case and for the vectorfields σ ∈ H(div) such that σ • n = g on ∂D for the Neumann one.

In order to compute the dual flux variables, we derive the first-order optimality conditions for the dual complementary energy functional in (4.14). Thus, we seek

σ Ω,N , σ Ω,D ∈ H(div) such that σ Ω,N • n = g on ∂D which satisfy ∀δσ N , δσ D ∈ H(div) such that δσ N • n = 0 on ∂D D k -1 Ω σ Ω,i • δσ i + (∇ • σ Ω,i )(∇ • δσ i ) dx = 0 , i = N. ∂D U D (δσ i • n)ds , i = D. (4.15)
Let σ h Ω,N and σ h Ω,D be the dual fluxes discretized using Raviart-Thomas Finite Element functions. By combining the definition of energy-norm induced by the bilinear form (4.1) with the information in (4.12) and (4.15), we get the following upper bound for the energy-norm of the error in the state equations:

|||u Ω,i -u h Ω,i ||| 2 Ω ≤ D k -1 Ω |σ h Ω,i -k Ω ∇u h Ω,i | 2 + |∇ • σ h Ω,i -u h Ω,i | 2 dx. (4.16)

Energy-norm error estimates for the adjoint equations

As in the previous subsection, we present the formulation of the dual complementary energy associated with the discretization error of the adjoint problems (4.4). In a similar fashion, we introduce the dual variable ξ ∈ H(div) and we retrieve the following relationships

   z = k -1 Ω ξ + M (θ h )∇u h Ω,i -∇r h Ω,i in D, w = ∇ • ξ -∇ • θ h u h Ω,i -r h Ω,i in D (4.17)
coupled with a boundary condition for the Neumann problem:

ξ • n = 0 on ∂D. (4.18)
The maximization problem for the dual complementary energy associated with the adjoint problems for i = N, D reads as

max ξ∈H(div) (ξ•n=0 on ∂D , i=N ) C Ω (ξ), (4.19) C Ω (ξ) := - 1 2 D k -1 Ω |ξ + k Ω M (θ h )∇u h Ω,i -k Ω ∇r h Ω,i | 2 + |∇ • ξ -(∇ • θ h )u h Ω,i -r h Ω,i | 2 dx. (4.20) 68 
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In order to compute the dual flux variables, we seek ξ

Ω,N , ξ Ω,D ∈ H(div) such that ξ Ω,N • n = 0 on ∂D satisfying ∀δξ N , δξ D ∈ H(div) such that δξ N • n = 0 on ∂D D k -1 Ω ξ Ω,i • δξ i + (∇ • ξ Ω,i )(∇ • δξ i ) dx = D (∇ • θ h )u h Ω,i ∇ • δξ i -M (θ h )∇u h Ω,i • δξ i dx (4.21)
and via their Raviart-Thomas Finite Element approximations ξ h Ω,i 's, we derive the upper bound of the adjoint errors in the energy-norm 

|||r Ω,i -r h Ω,i ||| 2 Ω ≤ D k -1 Ω |ξ h Ω,i + k Ω M (θ h )∇u h Ω,i -k Ω ∇r h Ω,i | 2 + |∇ • ξ h Ω,i -(∇ • θ h )u h i -r h Ω,i | 2 dx. ( 4 

Numerical results

We present some numerical results of the application of the Certified Descent Algorithm (CDA) to the problem of Electrical Impedance Tomography. We remark that the simulations presented in this paper are based on a mesh moving approach for the deformation of the domain (Algorithm 2.3 -step 7). Thus, the procedure does not allow for topological changes and the correct number of inclusions within the material has to be set at the beginning of the algorithm. In order to account for the nucleation of new inclusions or the merging of existing ones, a mixed approach based on topological and shape gradients may be followed as suggested in [START_REF] Hintermüller | Electrical impedance tomography: from topology to shape[END_REF]. For the rest of this section, we will consider several examples where the shape and the location of the inclusions evolve under the assumption that the number of subregions inside D is a priori set and known. Before running the shape optimization algorithm, we identify a set of consistent boundary conditions (g, U D ) for the state problems (4.3). First, we set a Neumann boundary condition g on ∂D for the flux; in order to impose the Dirichlet condition on the potential, we iteratively solve the Neumann state problem and subsequently refine the mesh until a very fine error estimate in the energy-norm is achieved. The trace of the resulting solution u Ω,N on ∂D is eventually picked as boundary datum U D for the Dirichlet state problem. All the numerical results are obtained using FreeFem++ [START_REF] Hecht | New development in FreeFem++[END_REF].

Numerical assessment of the goal-oriented estimator

We consider the configuration in figure 4.1, where

D := {(x, y) | x 2 +y 2 ≤ ρ 2 E } and Ω := {(x, y) | x 2 + y 2 ≤ ρ 2 I }.
The values for the physical parameters are ρ E = 5, ρ I = 4, k E = 1 and k I = 10. The boundary datum for the Neumann problem (3.1) reads as g = cos(M ϑ) , M = 5. Using a polar coordinate system (ρ, ϑ), we can compute the following analytical solution: Constant where J M (•) and Y M (•) respectively represent the first-and second-kind Bessel functions of order M . The constants C 0 , . . . , C 2 are detailed in table 4.1.

u Ω,N =        C 0 J M -iρk -1 2 I cos(M ϑ) , ρ ∈ [0, ρ I ] C 1 J M -iρk -1 2 E + C 2 Y M -iρk -1 2 E cos(M ϑ) , ρ ∈ (ρ I , ρ E ]
Re[C i ] Im[C i ] C 0 -6.3 • 10 -9 +40.395 C 1 +1.3015 +0.3255 C 2 +1.5 • 10 -11 -1.3015
For the approximation of the state equations (4.3), we consider both P 1 and P 2 Lagrangian Finite Element functions. In figures 4.2a and 4.2b, we present a comparison between the analytical error due to the discretization and the corresponding estimates arising from the complementary energy principle (cf. subsection 4.2.1) under uniform mesh refinements. We remark that using P 1 Finite Elements, the estimated convergence rate is nearly 1, whereas using P 2 basis functions for the Finite Element space leads to a convergence rate slightly lower than 2. In order to construct the estimator for the error in the shape gradient, first we approximate equation (2.5) using P 1 × P 1 Lagrangian Finite Element functions. For the discretization of the adjoint equations (4.4), we use the same Finite Element space as for the state problems, whereas the dual fluxes in equations (4.15) and (4.21) are approximated using Raviart-Thomas Finite Element functions. In particular, we choose the space of RT 0 (respectively RT 1 ) functions when the state and adjoint equations are solved using P 1 (respectively P 2 ) Finite Elements.

In figure 4.3, we present the convergence history of the discretization error in the shape gradient, the error in the Quantity of Interest arising from its linearization and the corresponding complementary energy estimates provided in (4.6) using both P 1 (Fig. 4.3a) and P 2 (Fig. 4.3b) Finite Element functions. In both figure 4.3a and figure 4.3b, we remark that the error in the linearized Quantity of Interest is very similar to the one in the shape gradient. This confirms that the linearization error introduced in (2.20) is negligible with respect to the discretization error due to the Finite Element approximation and the estimator constructed from the linearized Quantity of Interest provides reliable information on the error in the shape gradient itself. Figure 4.3a shows the evolution of the error in the Quantity of Interest with respect to the number of Degrees of Freedom of the problem under uniform mesh refinements. The evolution of the error estimator is analogous to the one of the analytical error in the shape gradient, thus we verify that an upper bound for the error in the Quantity of Interest is derived. Nevertheless, when dealing with P 2 Lagrangian Finite Element functions (Fig. 4.3b), the resulting error estimator for the Quantity of Interest underestimates the error in the shape gradient. This phenomenon may be caused by the error due to the approximation of the geometry that has not been accounted for in this thesis. As a matter of fact, in [START_REF] Morin | Adaptive finite element method for shape optimization[END_REF] Morin et al. observe that increasing the accuracy of the PDE approximation is useless if the expected geometrical error is higher than the one due to the discretization of the state problem. For this reason, in the following simulations, we stick to low-order Finite Element approximations (P 1 -RT 0 ) since using higher-order elements would prevent from getting a certified upper bound of the error in the shape gradient which is crucial for the application of the Certified Descent Algorithm.

1-mesh and 2-mesh reconstruction strategies

We may now apply the CDA to identify the unknown inclusion Ω inside the circular domain D using one boundary measurement. The initial inclusion is a circle of radius ρ ini = 2 and the corresponding computational mesh counting 472 triangles is displayed in figure 4.4a.

It is well-known in the literature (cf. [28]) that using the same computational domain for both solving the state problem and computing a descent direction may lead to poor optimized shapes. In figures 4.4b and 4.4c we present the computational domains obtained using respectively a 1-mesh strategy to compute both the solutions u h Ω,i 's and the descent direction θ h and a 2-mesh approach in which the state equations are solved on a fine mesh whereas θ h is computed on a coarser triangulation. A comparison of the reconstructed interfaces after 24 and 25 iterations is reported in figure 4.4d and as expected we observe that the 1-mesh algorithm provides a poor approximation of the inclusion whereas the 2-mesh strategy is able to precisely retrieve the boundary along which the conductivity k Ω is discontinuous. In figure 4.5a, we report the evolution of the objective functional with respect to the number of iterations using the two discussed approaches. It is straightforward to observe that the CDA identifies a genuine descent direction at each iteration, generating a minimizing sequence of shapes such that the objective functional J(Ω) is monotonically decreasing. Moreover, the error estimate in the shape gradient is also used to construct a guaranteed stopping criterion for the overall optimization strategy which automatically ends when | d h J(Ω), θ h | + E < tol for an a priori set tolerance. Even though both versions of the algorithm generate shapes for which the functional is monotonically decreasing, only the 2-mesh strategy is able to precisely identify the target inclusion. For this reason, in the rest of this thesis we will focus solely on the 2-mesh approach. Besides the theoretical improvement of the Boundary Variation Algorithm discussed so far, an advantage of the CDA lies in the possibility of using relatively coarse meshes to identify certified descent directions. In figure 4.5b we observe that the number of Degrees of Freedom remains small until the reconstructed interface approaches the real inclusion, that is coarse meshes prove to be reliable during the initial iterations of the algorithm. Thus, another important feature of the Certified Descent Algorithm is the ability of certifying the reliability of coarse meshes for the identification of genuine descent directions for a shape functional, reducing the overall computational effort of the algorithm coupled with the a posteriori estimators during the initial phase of computation.

A more involved test case

In the previous subsection, we applied the Certified Descent Algorithm to a simple test case and we were able to retrieve a precise description of the interface ∂Ω. This was mainly due to the fact that the inclusion Ω was located near the external boundary ∂D where the measurements are performed. In this subsection, we consider a more involved test case: on the one hand, we break the symmetry of the problem by considering the initial and target configurations in figure 4.6a; on the other hand, we highlight the difficulties of precisely identifying the boundary of an inclusion when its position is far away from ∂D. As observed in the previous subsection, the evolution of the objective functional is monotonically decreasing (Fig. 4.6b -red curve), meaning a genuine descent direction is identified at each iteration of the optimization procedure. The final value of the approximated objective functional is O(10 -4 ), in agreement with the zero value in the analytical optimal configuration of the inclusion. Moreover, the evolution of the number of Degrees of Freedom (Fig. 4.6c -red curve) shows that coarse meshes prove to be reliable during initial iterations. The size of the problem remains small for several successive iterations but after few tens of iterations the CDA performs multiple mesh refinements in order to identify a genuine descent direction. This results in a high number of Degrees of Freedom which rapidly increases when approaching the configuration for which the criterion | d h J(Ω), θ h | + E fulfills a given tolerance tol = 5 • 10 -8 .

In figure 4.6a, we observe that the part of the interface closest to ∂D is well identified using the Certified Descent Algorithm with one boundary measurement. Nevertheless when moving away from the external boundary, the precision of the reconstructed interface decreases and the algorithm is not able to precisely retrieve the whole shape of the inclusion. The uncertainty of the reconstruction in the central region of D is mainly due to the ill-posedness of the inverse problem. As a matter of fact, state problems (3.1) and (3.2) are elliptic equations thus the effect of the boundary conditions becomes less and less important moving away from ∂D. 

The case of multiple boundary measurements

A strategy to improve the quality of the reconstruction via the CDA relies on the use of several boundary measurements to retrieve a better approximation of the inclusion in a smaller number of iterations. The procedure to construct the set of boundary conditions to be used by the CDA is detailed in next subsection. Here, we present the outcome of the Certified Descent Algorithm using ten measurements for the test case featuring the circular domain D := {(x, y) | x 2 + y 2 ≤ 25} with the inclusion represented by the solid black line in figure 4.6a. We observe that using several boundary measurements the algorithm has access to more information to better identify the interface of the inclusion. First of all, the blue curve in figure 4.6a confirms the ability of the CDA to exactly identify the inclusion near the boundary ∂D and it highlights some minor improvements in the reconstruction of the interface with respect to the test case in red featuring one measurement (cf. the upper and lower parts of the ellipse). Nevertheless, the result is still degraded when moving towards the center of the domain. A possible workaround to this issue and to the low resolution of the reconstruction in the center of the computational domain was proposed by Ammari et al. in [START_REF] Ammari | Acousto-electromagnetic tomography[END_REF], where a hybrid imaging method arising from the coupling of electromagnetic tomography with acoustic waves is described. The observed phenomenon is due to the well-known ill-posedness of the problem. Though considering several measurements improve the overall outcome of the algorithm, the final result is far from being satisfactory. Nevertheless, these limitations are related to the nature of the problem and we cannot expect gradient-based strategies to successfully overcome this issue. These remarks are confirmed by figure 4.6c. As a matter of fact, the number of Degrees of Freedom rapidly increases in both test cases, reaching 10 5 and making the certification procedure unfeasible. Besides the improvement in the reconstructed interface, the use of several measurements is responsible for reducing the number of iterations required by the CDA to identify the inclusion (Fig. 4.6b). Moreover we remark that the tolerance that the quantity | d h J(Ω), θ h | + E has to fulfill in this case drops to tol = 10 -6 , that is finer results are obtained in a smaller number of iterations and using lower precision in the case of multiple boundary measurements.

Sensitivity of the CDA to different initializations

It is well-known in the literature that gradient-based strategies are local, that is they are solely able to identify local minima. Thus, a key aspect for the success of these optimization procedures is represented by the initialization of the unknown design variable. For shape optimization problems, this reduces to the choice of the initial shape. In figure 4.7, we present three different initializations for the inclusion Ω and the corresponding final interfaces reconstructed by the Certified Descent Algorithm. The three test cases confirm the ability of the method to correctly retrieve the portion of the inclusion close to ∂D whereas the regions in the center of the domain suffer from a degraded reconstruction. Concerning the objective functional, the final values obtained using the proposed initializations are comparable (Fig. 4.8a), as the rapidly exploding number of Degrees of Freedom (Fig. 4.8b) which testifies again the ill-posedness of the inverse problem. Remark 4.1. In the literature concerning inverse problems, a key issue when discussing a new method is represented by its robustness to noise and data perturbations. It is straightforward to observe that the construction of the sets of boundary data (g, U D ) described at the beginning of this section is responsible for an additional contribution to the error. As previously observed, in order to retrieve reliable information to optimize the objective functional, the Certified Descent Algorithm requires an extremely high precision after few tens of iterations. In real-world applications, this results to be completely unfeasible since the additional information arising from the high precision would be lost due to the noisy nature of the boundary data. Hence, for the purpose of this work we neglect the contribution of the uncertainty due to the measurements. An interesting extension of the current CDA may focus on the role of the error on the boundary measurements: in particular, an additional criterion may be integrated into the method in order to stop the algorithm if the error on the solutions of the state problems is smaller than the error on the data, that is if the effect of data fluctuations becomes predominant in the certification procedure.

The case of multiple boundary measurements

In [START_REF] Sylvester | A global uniqueness theorem for an inverse boundary value problem[END_REF], the authors proved that from an analytical point of view, one measurement is sufficient to uniquely reconstruct the inclusion within the Calderón's problem. Other analytical results on this topic are presented in [9]. Nevertheless, from a numerical point of view, it is known that multiple measurements are required to have a correct approximation of the Electrical Impedance Tomography identification problem. In this subsection, we present several tests of the previously described algorithm using multiple boundary measurements. In particular, we consider D = 10 measurements such that ∀j = 0, . . . , D -1

g j (x, y) = (x + a j y) b j a c j j , a j = 1 + 0.1j , b j = j + 1 2 , c j = j -2 j 2
and we use them to test the following cases:

(i) one inclusion in a square domain (Fig. 4.9a-4.9c);

(ii) two inclusions in a circular domain (Fig. 4.9d-4.9f);

(iii) two inclusions in a square domain (Fig. 4.9g-4.9i).

First, we present a simulation in which the body is the square D := [-4, 4] 2 featuring a single polygonal inclusion (Fig. 4.9c). Then, we propose two cases with multiple inclusions (Fig. 4.9f and 4.9i): in both simulations, we assume that the number of inclusions is known a priori and equal to two and that the conductivity k Ω has only two values, one inside the inclusions and one for the background. As expected, the use of multiple measurements provides sufficient information to reconstruct the target interfaces near the boundary ∂D (Fig. 4.9c, 4.9f and 4.9i). On the contrary, the identification of the inner interfaces appears more difficult and with a less precise outcome. This phenomenon is due to the severe ill-posedness of the problem and the diffusive nature of the state equations is responsible for the loss of information in the center of D, even when using several measurements. In particular, we remark that the final interface in figure 4.9c still presents two kinks from the initial configuration: this is mainly due to the aforementioned phenomenon and may be bypassed by choosing a regularizing scalar product. However, this approach would lead to a global smoothing of the reconstructed interface, including a loss of information about the potential sharp physical corners of the polygonal inclusion.

As previously remarked, figure 4.10a confirms the monotonically decreasing behavior of the objective functional with respect to the iterations of the algorithm. Moreover, the quantitative information associated with the estimator of the error in the shape gradient allows to derive a reliable stopping criterion for the optimization procedure which results to be fully automatic. Eventually, coarse meshes are proved to be reliable for the computation during the initial iterations when the guessed position and shape of the inclusion are very unlikely to be precise. Within this context, even few Degrees of Freedom provide enough information to identify a genuine descent direction for the objective functional which we later certify using the discussed procedure based on the goal-oriented estimator for the error in the shape gradient. Thus, the same meshes may be used for several iterations increasing the number of Degrees of Freedom only when the descent direction is no more validated (Fig. 4.10b). Both the inability of the method to reconstruct the interface far from the external boundary and the rapidly increasing number of Degrees of Freedom required to certify the descent direction clearly testifies the limitations of gradient-based approaches when dealing with the problem of Electrical Impedance Tomography. The ill-posedness of the problem is confirmed by the fact that after few tens of iterations, we are unable to identify a genuine descent direction at a small computational cost since the number of Degrees of Freedom required by the certification procedure rapidly reaches 10 5 . Nevertheless, the main novelty of the Certified Descent Algorithm -that is its certification procedure -provides an heuristic criterion to stop the optimization routine when the number of Degrees of Freedom tends to explode, being the improvement of the solution negligible with respect to the huge precision the computation would require.

Chapter 5

Certified Descent Algorithm based on an equilibrated fluxes approach

We present a goal-oriented estimator of the error in the shape gradient which is fully computable and depends solely on local quantities. By means of the equilibrated fluxes approach, we construct a unified strategy valid for both conforming Finite Element and Discontinuous Galerkin discretizations. The estimated bounds for the error in the Quantity of Interest are validated and the new variant of the CDA is tested on the inverse problem of Electrical Impedance Tomography.

Estimate of the error in the shape gradient via the equilibrated fluxes

Starting from the framework described in section 2.4, we construct a goal-oriented estimator for the error in the shape gradient by evaluating the quantities E h u and E h p in (2.51)- (2.52). First of all, we observe that owing to the Kohn-Vogelius problem being self-adjoint, this reduces to estimating the quantity E h u for the Neumann and the Dirichlet cases. By recalling the expression (3.6) of the shape gradient of the Kohn-Vogelius functional, we may rewrite the error in the shape gradient as follows:

E h = dJ(Ω) -d h J(Ω), θ h = G(Ω, u Ω,N ) -G(Ω, u h Ω,N ), θ h -G(Ω, u Ω,D ) -G(Ω, u h Ω,D ), θ h ≃ H Ω,N (u Ω,N -u h Ω,N ) -H Ω,D (u Ω,D -u h Ω,D ) =: E h u, N -E h u, D .
(5.1)

Before constructing the components of the estimator for the error in the shape gradient in (5.1), we recall the notion of equilibrated fluxes. In order to do so, we introduce the space of vector-valued functions

H(div) = {τ ∈ L 2 (D; R d ) : ∇ • τ ∈ L 2 (D)} and the discrete space W h,κ

Ω

of the functions that restricted to a single element of the triangulation are Raviart-Thomas Finite Element functions of degree κ:

W h,κ Ω := {τ h ∈ H(div) : τ h | T ∈ [P κ (T )] d + xP κ (T ) ∀T ∈ T h }. Remark 5.1. A function τ h ∈ W h,κ Ω is such that ∇ • τ h ∈ P κ (T ) ∀T ∈ T h , τ h
• n e ∈ P κ (e) ∀e ⊂ ∂T , ∀T ∈ T h and its normal trace is continuous across all edges e ⊂ ∂T (cf. [START_REF] Boffi | Mixed finite element methods and applications[END_REF]).

Equilibrated fluxes for a conforming Finite Element approximation

Let us consider the discretization using a conforming Finite Element space introduced in section 4.1. The procedure to construct the equilibrated fluxes is performed via the solution of local subproblems defined on patches of elements using mixed Finite Element formulations. A key aspect of this approach -which will be precisely detailed in the following subsections -is the choice of the degree of the approximating functions for both the solution of the problems and the equilibrated fluxes.

In particular, it is well-known in the literature that in order to retrieve a good approximation of the error in a Quantity of Interest, a more precise approximation for the adjoint problems is required. Thus, we consider the space V h,κ Ω of the Lagrangian Finite Element functions of degree κ, that is the set of polynomials of degree less than or equal to κ on an element T , being κ = ℓ and κ = m, m > ℓ respectively the order of approximation for the state and adjoint equations. For both the state problems and the computation of the descent direction, we consider a low-order approximation respectively using P 1 and P 1 × P 1 Lagrangian Finite Element functions. According to the requirement of higher-order methods to solve the adjoint problems, we consider a P 2 Lagrangian Finite Element space for the discretization of (4.4).

Equilibrated fluxes for the state equations

The discretized solutions u h Ω,i 's of the state problems are usually such that -k

Ω ∇u h Ω,i / ∈ H(div) or ∇•(-k Ω ∇u h Ω,i )+u h Ω,i = 0.
On the contrary, the weak solutions u Ω,i 's -and their fluxes σ Ω,i := -k Ω ∇u Ω,i -fulfill σ Ω,i ∈ H(div) and ∇ • σ Ω,i + u Ω,i = 0. In order to retrieve the aforementioned properties, we construct some discrete quantities known as equilibrated fluxes (cf. [START_REF] Braess | Equilibrated residual error estimator for edge elements[END_REF]):

Definition 5.2. Let u h Ω,i ∈ V h,ℓ
Ω be the solution of a state problem (4.3) computed using Lagrangian Finite Element functions of degree ℓ. Let κ = max{0, ℓ -1}, we define π κ Z : L 2 (D) → Z h,κ Ω the L 2 -orthogonal projection operator onto the space Z h,κ Ω of the piecewise discontinuous Finite Element functions of degree κ. A function σ h Ω,i ∈ W h,κ Ω is said to be an equilibrated flux for the problem

(4.3) if ∇ • σ h Ω,i + π κ Z u h Ω,i = 0. (5.2)
Under the previously introduced assumptions on the degree of the discretization spaces, we get that ℓ = 1 and κ = 0, that is the equilibrated flux is sought in the lowest-order Raviart-Thomas space RT 0 and the projection operator returns P 0 piecewise constant functions.

To practically reconstruct the equilibrated fluxes σ h Ω,i 's, we follow the approach proposed by Ern and Vohralík in [START_REF] Ern | Polynomial-degree-robust a posteriori estimates in a unified setting for conforming, nonconforming, discontinuous galerkin, and mixed discretizations[END_REF] which is based on the work [START_REF] Braess | Equilibrated residual error estimator for edge elements[END_REF] by Braess and Schöberl. In particular, we consider a procedure that starting from the Finite Element functions u h Ω,i , i = N, D constructs the equilibrated fluxes locally on subpatches of elements. Thus, for each vertex x v , v = 1, . . . , N v of the elements in the computational mesh we introduce a linear shape function ψ v such that ψ v (x w ) = δ vw , δ being the classical Kronecker delta. The support of ψ v is the subpatch centered in x v and is denoted by ω v . We remark that the family of functions ψ v 's fulfills the condition known as partition of the unity, that is

Nv v=1 ψ v = 1.
In order to retrieve a precise approximation of the fluxes, we consider a dual mixed Finite Element formulation of the aforementioned local problems. First, let us denote by W h,κ ωv (respectively Z h,κ ωv ) the restriction to ω v of the space W h,κ Ω (respectively Z h,κ Ω ) defined at the beginning of the chapter. Moreover, we introduce the following Finite Element spaces:

W h,κ v,0 := {τ h ∈ W h,κ ωv : τ h • n e = 0 on e ∈ ∂ω v }, (5.3) 
W h,κ v,1 := {τ h ∈ W h,κ ωv : τ h • n e = 0 on e ∈ ∂ω v \ E B h }. (5.4) 
For each vertex x v , v = 1, . . . , N v and for i = N, D, we prescribe (

σ h i,v , t h i,v ) ∈ W h,κ i,v × Z h,κ ωv such that ∀(δσ h i , δt h i ) ∈ W h,κ v × Z h,κ ωv ωv ∇ • σ h i,v δt h i dx + ωv t h i,v δt h i dx = - ωv k Ω ∇u h Ω,i • ∇ψ v + u h Ω,i ψ v δt h i dx, ωv σ h i,v • δσ h i dx - ωv k Ω t h i,v ∇ • δσ h i dx = - ωv k Ω ψ v ∇u h Ω,i • δσ h i dx.
(5.5)

The spaces in which the trial and the test functions are sought are detailed below. It is important to highlight the different nature of problem (5.5) when the patch ω v is centered on a vertex belonging to the interior of D or to its boundary ∂D. As Braess and Schöberl remark in [START_REF] Braess | Equilibrated residual error estimator for edge elements[END_REF], some caution has to be used when dealing with the corresponding boundary conditions: in particular, a flux-free condition is imposed on the whole boundary ∂ω v of the patch for interior vertices, whereas it is limited to the edges in ∂ω v \ E B h for points which belong to the external boundary of the global domain. To construct the equilibrated fluxes for the Neumann state problem on ω v centered in a vertex x v ∈ ∂D, equation (5.5) is solved using the spaces

W h,κ N,v := {τ h ∈ W h,κ ωv : τ h • n e = 0 on e ∈ ∂ω v \ E B h and τ h • n e = π κ W •n (ψ v g) on e ∈ ∂ω v ∩ E B h }, (5.6) 
W h,κ v = W h,κ v,0 . (5.7) 
When considering the Dirichlet state problem on ω v centered in x v ∈ ∂D, the trial and test spaces read as follows:

W h,κ D,v = W h,κ v = W h,κ v,1 . (5.8) 
Eventually, for the vertices x v ∈ int(D), we solve (5.5) using the spaces

W h,κ N,v = W h,κ D,v = W h,κ v = W h,κ v,0 .
(5.9)

In (5.6), π κ W •n stands for the L 2 -orthogonal projection operator from L 2 (∂D) to the space W h,κ Ω • n of polynomial functions of degree κ on the external boundary. For additional detail on the procedure to construct the equilibrated fluxes and on the properties of the resulting a posteriori error estimators, we refer to [START_REF] Ern | Polynomial-degree-robust a posteriori estimates in a unified setting for conforming, nonconforming, discontinuous galerkin, and mixed discretizations[END_REF].

We now extend all the σ h i,v 's by zero in D \ ω v . By combining the above information arising from all the subpatches, we may retrieve the global equilibrated fluxes for the state problems:

σ h Ω,i = Nv v=1 σ h i,v , i = N, D.
(5.10)

Lemma 5.3. For the case of the Neumann state problem, there holds

σ h Ω,N • n = π κ W •n (g) on ∂D.
(5.11)

Proof. Let χ e v be equal to 1 if a given edge e ∈ E B h belongs to the subpatch ω v centered in x v and 0 otherwise. Hence,

σ h Ω,N | e = Nv v=1 χ e v σ h N,v .
Let δu h ∈ (W h,κ Ω •n)| e be a polynomial function of degree κ on the edge e ∈ E B h . Owing to the condition on the normal trace σ h N,v • n e in (5.6), we get

σ h Ω,N • n e , δu h e = Nv v=1 χ e v σ h N,v • n e , δu h e = Nv v=1 χ e v ψ v g, δu h e = g, δu h e ,
where the last equality follows from the partition of the unity property fulfilled by the functions ψ v 's.

The result is inferred by observing that the previous chain of equality holds

∀δu h ∈ (W h,κ Ω • n)| e , ∀e ∈ E B h .

Equilibrated fluxes for the adjoint equations

Following the same approach discussed above for the state problems, we define the equilibrated fluxes for the adjoint problems:

Definition 5.4. Let r h Ω,i ∈ V h,m
Ω be the solution of an adjoint problem (4.4) computed using Lagrangian Finite Element functions of degree m. Let κ = max{0, m -1} and π κ Z : L 2 (D) → Z h,κ Ω the L 2 -orthogonal projection operator onto the space Z h,κ Ω defined in the previous section. A function

ξ h Ω,i ∈ W h,κ
Ω is said to be an equilibrated flux for the problem (4.4) if

∇ • ξ h Ω,i + π κ Z r h Ω,i = -π κ Z ∇ • (k Ω M (θ h )∇u h Ω,i ) + ∇ • θ h u h Ω,i .
(5.12)

Having in mind that the adjoint equations are solved using P 2 Lagrangian Finite Element functionsthat is m = 2 -it follows that the equilibrated fluxes ξ h Ω,i 's are constructed via RT 1 Raviart-Thomas functions of degree 1 and the operator π k Z projects functions from L 2 (D) to the discrete space of piecewise discontinuous Finite Elements of degree 1.

The computation of the equilibrated fluxes for the adjoint problems is again performed via the solution of a mixed Finite Element problem. We consider the same discrete spaces introduced in definitions (5.7) to (5.9), whereas the space W h,κ N,v associated with the Neumann adjoint problem featuring a patch centered on a boundary node is W h,κ v,0 . Thus, for each subpatch ω v , v = 1, . . . , N v and for i = N, D, we seek (

ξ h i,v , q h i,v ) ∈ W h,κ i,v × Z h,κ ωv such that ∀(δξ h i , δq h i ) ∈ W h,κ v × Z h,κ ωv ωv ∇ • ξ h i,v δq i dx + ωv q h i,v δq i dx = ωv k Ω M (θ h )∇u h Ω,i • ∇ψ v -∇ • θ h u h Ω,i ψ v δq i dx - ωv k Ω ∇r h Ω,i • ∇ψ v + r h Ω,i ψ v δq i dx, ωv ξ h i,v • δξ i dx - ωv k Ω q h i,v ∇ • δξ i dx = ωv k Ω ψ v M (θ h )∇u h Ω,i • δξ i dx - ωv k Ω ψ v ∇r h Ω,i • δξ i dx.
(5.13) The corresponding equilibrated fluxes ξ h Ω,i 's are obtained by extending the functions ξ h i,v 's by zero in D \ ω v and by combining the previously computed local information:

ξ h Ω,i = Nv v=1 ξ h i,v , i = N, D.
Remark 5.5. A key aspect of the discussed procedure is represented by the local nature of the problems to be solved for the construction of the equilibrated fluxes. The advantage of this approach is twofold. On the one hand, solving the local problems (5.5)-(5.13) is computationally inexpensive owing to the small size of the subpatches. On the other hand, every problem set on a subpatch is independent from the remaining ones thus it is straightforward to implement a version of the procedure that can efficiently exploit modern parallel architectures.

Goal-oriented equilibrated fluxes error estimator

As previously stated, the construction of the error estimator for the shape gradient for the case of the Electrical Impedance Tomography reduces to the evaluation of (2.51) for the Neumann and Dirichlet problems. For this purpose, we introduce respectively the quantities E h u, N and E h u, D and two parameters ζ i 's such that ζ N := 1 and ζ D := 0. By exploiting the formulation of the bilinear and linear forms (4.1)-(4.2) and adding the expression of the equilibrated fluxes (5.2), E h u, i reads as:

E h u, i := F Ω,i (r Ω,i ) -a Ω (u h Ω,i , r Ω,i ) = ζ i ∂D gr Ω,i ds - D k Ω ∇u h Ω,i • ∇r Ω,i + u h Ω,i r Ω,i dx + D ∇ • σ h Ω,i + π κ Z u h Ω,i r Ω,i dx.
(5.14)

Integrating by parts the last integral and owing to lemma 5.3 and to r Ω,D = 0 on ∂D, we obtain

E h u, i = ζ i ∂D g -π κ W •n g r Ω,i ds + D π κ Z u h Ω,i -u h Ω,i r Ω,i dx - D σ h Ω,i + k Ω ∇u h Ω,i • ∇r Ω,i dx.
(5.15)

By adding and subtracting the corresponding terms featuring the Finite Element counterparts r h Ω,i 's of the adjoint solutions and owing to definition 5.4 of the equilibrated fluxes ξ h Ω,i 's, we are finally able to derive the expression of the errors E h u, i 's:

E h u, i = ζ i ∂D g -π κ W •n g r h Ω,i ds + ζ i ∂D g -π κ W •n g (r Ω,i -r h Ω,i )ds + D π κ Z u h Ω,i -u h Ω,i r h Ω,i dx + D π κ Z u h Ω,i -u h Ω,i (r Ω,i -r h Ω,i )dx + D σ h Ω,i + k Ω ∇u h Ω,i • k -1 Ω ξ h Ω,i dx - D σ h Ω,i + k Ω ∇u h Ω,i • ∇r Ω,i + k -1 Ω ξ h Ω,i dx.
(5.16)

We remark that in (5.16) both the exact and the discretized solutions of the adjoint problems appear.

From a practical point of view, in order to fully compute the quantity (5.16) we substitute the exact solutions with their Finite Element counterparts r h Ω,i ∈ V h,m Ω obtained by the high-order approximation of (4.4). The corresponding approximated solutions are then replaced by the projection of the highorder approximations onto the space V h,ℓ Ω of the low-order Finite Element functions used for the discretization of the state problems. Let

I ℓ m : V h,m Ω → V h,ℓ
Ω be the projection operator from the space of high-order approximations to the low-order one. The fully computable version of the estimator of the quantity E h u, i is obtained by substituting r Ω,i -r h Ω,i with r h Ω,i -I ℓ m r h Ω,i and ∇r Ω,i with ∇r h Ω,i in (5.16). By plugging the expressions of E h u, N and E h u, D arising from (5.16) into (5.1), we obtain a computable expression of the error in the shape gradient and the bound E follows by considering its absolute value.

Remark 5.6. The goal-oriented error estimators constructed using the equilibrated fluxes approach are known to be asymptotically exact (cf. [14]). Owing to the aforementioned asymptotic exactness, the term E tends to zero as the mesh size tends to zero. This property plays a crucial role since it guarantees that the mesh adaptation routine performed to certify the descent direction (cf. algorithm 2.3 -step 5) eventually leads to the fulfillment of condition (2.11).

Discontinuous Galerkin approximation

In this section, we present an alternative strategy for the approximation of the EIT problem based on the Symmetric Weighted Interior Penalty Discontinuous Galerkin (SWIP-DG) formulation. Let us consider the notations introduced in section 4.1 for the triangulation T h . The Discontinuous Galerkin (DG) problems are solved within the space

V h,κ Ω := {u h ∈ L 2 (D) : u h | T ∈ P κ (T ) ∀T ∈ T h }
of the discontinuous functions whose restrictions to a single element are polynomials of degree less than or equal to κ. When dealing with DG formulations, discontinuous functions -as the ones of the aforementioned space V h,κ Ω -which are double-valued on E I h and single-valued on E B h have to be properly handled. We define the jump of u h across the edge e shared by the elements T ± (e) as

u h e := u h | T -(e) -u h | T + (e) .
(5.17 As stated in the introduction, in recent years there has been a growing interest towards the so-called Symmetric Weighted Interior Penalty DG methods, especially when dealing with problems featuring inhomogeneous coefficients for the diffusion term (cf. [START_REF] Burman | A domain decomposition method based on weighted interior penalties for advection-diffusion-reaction problems[END_REF][START_REF] Ern | A discontinuous Galerkin method with weighted averages for advection-diffusion equations with locally small and anisotropic diffusivity[END_REF]). In particular, these methods rely on the definition of weights based on the information carried by the diffusion tensor. For the case of the Electrical Impedance Tomography under analysis, this results in the following weights based on the different values of the electrical conductivity:

α T -(e),e := k Ω | T + (e) k Ω | T + (e) + k Ω | T -(e) , α T + (e),e := k Ω | T -(e) k Ω | T + (e) + k Ω | T -(e)
.

It is well-known in the literature [START_REF] Pietro | Mathematical aspects of discontinuous Galerkin methods[END_REF] that the bilinear form associated with Discontinuous Galerkin methods may suffer from lack of coercivity thus preventing the discrete problem from having a unique solution. A widely-spread workaround (cf. [START_REF] Shahbazi | An explicit expression for the penalty parameter of the interior penalty method[END_REF]) is represented by the interior penalty approach that introduces a sufficiently large penalization in order to retrieve the coercivity of the discrete bilinear form. Owing to the idea of exploiting the information carried by the diffusion tensor to construct the weights for the jump term, we define the stabilization parameter in a similar way [START_REF] Cochez-Dhondt | Equilibrated error estimators for discontinuous Galerkin methods[END_REF]:

γ e := β e k Ω | T + (e) k Ω | T -(e) k Ω | T + (e) + k Ω | T -(e)
where β e > 0 is a user-dependent parameter.

As per the conforming Finite Element approximation described in the previous section, first we introduce the discrete state and adjoint problems and then we construct the equilibrated fluxes via a procedure relying solely on local quantities. As previously stated, a key aspect of this approach is represented by the choice of the degree of the approximating functions for both the solution of the problems and the equilibrated fluxes. The details of this choice will be discussed in the following subsections. For the sake of readability, from now on we will omit the subscript e associated with jumps, weights and averages if there is no risk of ambiguity.

Weak imposition of the essential boundary conditions

We present a formal derivation of the variational formulation of an elliptic problem featuring weakly-imposed Dirichlet boundary conditions. The idea of this approach dates back to the classical paper by Nitsche [START_REF] Nitsche | Über ein Variationsprinzip zur Lösung von Dirichlet-Problemen bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF] and has been extensively studied in recent years by several authors (cf. e.g. [START_REF] Codina | Weak imposition of essential boundary conditions in the finite element approximation of elliptic problems with non-matching meshes[END_REF] and references therein). We recall that the solution of a Boundary Value Problem may be interpreted as an optimization problem. Let us introduce the Lagrangian functional associated with the state problem (3.2) featuring Dirichlet boundary conditions:

Λ(w, λ) = 1 2 D k Ω |∇w| 2 + |w| 2 dx - ∂D λ(w -U D )ds. (5.19)
The solution of the aforementioned PDE is equivalent to the following min-max problem:

min w∈H 1 (D) max λ∈H -1 2 (D)
Λ(w, λ).

The first-order optimality conditions for (5.19) read as

       D k Ω ∇w • ∇δw + wδw dx - ∂D λδw ds = 0, ∂D (w -U D )δλ ds = 0.
From the second condition, we retrieve the Dirichlet boundary condition on ∂D. Integrating by parts the first condition and owing to the strong form of the problem, we obtain

∂D (k Ω ∇w • n -λ)δw ds = 0.
By plugging λ = k Ω ∇w • n on ∂D into (5.19) we may now derive the following dual variational problem by seeking w ∈ H 1 (D) such that ∀δw ∈ H 1 (D)

D k Ω ∇w • ∇δw + wδw dx - ∂D k Ω ∇w • nδw + wk Ω ∇δw • n ds = - ∂D U D k Ω ∇δw • n ds.
(5.20) We remark that the bilinear form on the left-hand side of (5.20) is not coercive thus we cannot establish the well-posedness of this problem. To bypass this issue, we consider the following augmented Lagrangian functional and we construct the corresponding dual variational formulation for the problem under analysis: Υ(w, λ, γ) = Λ(w, λ) + 1 2 ∂D γ(w -U D ) 2 ds.

(5.21)

Following the same procedure used to derive (5.20), we seek w ∈ H 1 (D) such that ∀δw ∈ H 1 (D)

D k Ω ∇w • ∇δw + wδw dx- ∂D k Ω ∇w • nδw + wk Ω ∇δw • n ds + ∂D γwδw ds = ∂D U D γδw -k Ω ∇δw • n ds. (5.22) 
It is straightforward to observe that the bilinear form on the left-hand side of (5.22) is coercive owing a sufficiently large value of γ is chosen.

The state problems

In order to appropriately handle the terms involving the effect of the boundary data in the estimator for the error in the shape gradient, the boundary conditions have to imposed using the same strategy in both the weak and the discrete formulation. Owing to the fact that the essential boundary conditions are classically verified in a weak sense in Discontinuous Galerkin methods, we consider an alternative formulation of (4.1)-( 4 

a Ω,i (u Ω,i , δu) = D k Ω ∇u Ω,i • ∇δu + u Ω,i δu dx -(1 -ζ i ) ∂D k Ω ∇u Ω,i • nδu + u Ω,i k Ω ∇δu • n ds + (1 -ζ i ) ∂D γu Ω,i δu ds, (5.23) F Ω,N (δu) = ∂D gδu ds , F Ω,D (δu) = ∂D U D (γδu -k Ω ∇δu • n)ds.
(5.24)

The variational formulation of the state equations (3.1) and (3.2) reads as follows:

for i = N, D we seek u Ω,i ∈ H 1 (D) such that a Ω,i (u Ω,i , δu i ) = F Ω,i (δu i ) ∀δu i ∈ H 1 (D).
(5.25)

The corresponding discrete bilinear and linear forms arising from the Interior Penalty Discontinuous Galerkin method have the following expressions:

a h Ω,i (u h Ω,i , δu h ) = T ∈T h T k Ω ∇u h Ω,i • ∇δu h + u h Ω,i δu h dx - e∈E I h e n e • {{k Ω ∇u h Ω,i }} α δu h + u h Ω,i n e • {{k Ω ∇δu h }} α ds -(1 -ζ i ) e∈E B h e n e • {{k Ω ∇u h Ω,i }} α δu h + u h Ω,i n e • {{k Ω ∇δu h }} α ds + e∈E I h e γ e |e| u h Ω,i δu h ds + (1 -ζ i ) e∈E B h e γ e |e| u h Ω,i δu h ds, (5.26) 
F h Ω,N (δu h ) = ∂D gδu h ds , F h Ω,D (δu h ) = e∈E B h e U D γ e |e| δu h -k Ω ∇δu h • n e ds.
(5.27)

Thus, according to the SWIP-DG problem we seek

u h Ω,N , u h Ω,D ∈ V h,ℓ Ω such that a h Ω,i (u h Ω,i , δu h i ) = F h Ω,i (δu h i ) ∀δu h i ∈ V h,ℓ Ω .
(5.28)

Concerning the degree of the Discontinuous Galerkin approximating functions, we maintain the same choice previously presented for the conforming Finite Element discretization, that is a low-order approximation based on piecewise linear polynomials (ℓ = 1). In a similar fashion, the computation of the descent direction θ h is performed by means of the conforming discretization using the space of P 1 × P 1 Lagrangian Finite Element functions discussed at the beginning of the chapter.

The adjoint problems

The Symmetric Weighted Interior Penalty Discontinuous Galerkin formulation of the adjoint problems may be derived following the same procedure used for the state problems. In particular, the bilinear forms in (5.26) also stand for the Neumann and Dirichlet adjoint problems. The corresponding linear forms for i = N, D read as

H h Ω,i (δr h ) = T ∈T h T k Ω M (θ h )∇u h Ω,i • ∇δr h -∇ • θ h u h Ω,i δr h dx - e∈E I h e n e • {{k Ω M (θ h )∇u h Ω,i }} α δr h + k Ω M (θ h )∇u h Ω,i n e • {{δr h }} α ds -(1 -ζ i ) ∂D k Ω M (θ h )∇u h Ω,i • n δr h ds.
(5.29)

The discretized solutions of the adjoint problems are the functions r h

Ω,i ∈ V h,m Ω such that ∀δr h i ∈ V h,m Ω a h Ω,i (δr h i , r h Ω,i ) = H h Ω,i (δr h i ) , i = N, D. (5.30) 
It is straightforward to verify that the SWIP-DG formulation of the adjoint problems is consistent, that is (5.30) stands substituting the analytical solutions r Ω,i 's to their discretized counterparts r h Ω,i 's (cf. [START_REF] Pietro | Mathematical aspects of discontinuous Galerkin methods[END_REF]). As previously stated, this property plays a crucial role in the construction of discretizations of optimal order in terms of target functionals and we refer to [START_REF] Hartmann | Adjoint consistency analysis of discontinuous Galerkin discretizations[END_REF] for a detailed presentation of this subject. In order to obtain a higher-order approximation of the adjoint problems, we consider m = 2, as per the case of the conforming Finite Element approximation in section 5.2.

Equilibrated fluxes for a Discontinuous Galerkin approximation

In this section we construct the equilibrated fluxes associated with the Discontinuous Galerkin approximations (5.28) and (5.30) and we derive the corresponding goal-oriented estimator for the error in the shape gradient. Following the procedure introduced for the case of a conforming Finite Element discretization, this problem reduces to estimating the quantity (5.1).

Equilibrated fluxes for the state equations

We introduced the notion of equilibrated fluxes for the state problems in definition 5.2. In particular, for each problem we aim to construct an H(div)-conforming flux σ h Ω,i ∈ W h,κ Ω such that (5.2) stands. We recall that the state problems are approximated using Discontinuous Galerkin functions of degree ℓ = 1, thus the fluxes are reconstructed using RT 0 Finite Element functions (κ = 0). Owing to the nature of the Degrees of Freedom of the lowest-order Raviart-Thomas Finite Element functions, the construction of the equilibrated fluxes is straightforward via the prescription of the normal fluxes 90 Certified Descent Algorithm based on an equilibrated fluxes approach on all the edges:

e σ h Ω,i • n e δt h ds = e γ e |e| u h Ω,i -n e • {{k Ω ∇u h Ω,i }} α δt h ds , ∀δt h ∈ P κ (e) ∀e ∈ E I h (5.31) e σ h Ω,i • n e δt h ds =(1 -ζ i ) e γ e |e| (u h Ω,i -U D ) -k Ω ∇u h Ω,i • n e δt h ds -ζ i e g δt h ds , ∀δt h ∈ P κ (e) ∀e ∈ E B h .
(5.32)

Equilibrated fluxes for the adjoint equations

In an analogous way, we may construct the equilibrated fluxes for the adjoint problems. We remark that owing to the higher-order approximation of (5.30) with respect to (5.28) -i.e. m = 2 -, the equilibrated fluxes ξ h Ω,i 's in definition 5.4 are sought in the space W h,κ

Ω , κ = 1. The RT 1 reconstructed fluxes are such that e ξ h Ω,i • n e δq h 1 ds = e γ e |e| r h Ω,i -n e • {{k Ω ∇r h Ω,i }} α δq h 1 ds , ∀δq h 1 ∈ P κ (e) ∀e ∈ E I h (5.33) e ξ h Ω,i • n e δq h 1 ds =(1 -ζ i ) e γ e |e| r h Ω,i -k Ω ∇r h Ω,i • n e δq h 1 ds -ζ i e k Ω M (θ h )∇u h Ω,i • n e δq h 1 ds , ∀δq h 1 ∈ P κ (e) ∀e ∈ E B h (5.34) T ξ h Ω,i • δq h 2 dx = - T k Ω ∇r h Ω,i • δq h 2 dx + e⊂∂T \E B h α T (e),e e k Ω r h Ω,i δq h 2 • n e ds + (1 -ζ i ) e⊂∂T ∩E B h e k Ω r h Ω,i δq h 2 • n e ds , ∀δq h 2 ∈ [P κ-1 (T )] d ∀T ∈ T h .
(5.35)

Remark 5.7. The flux reconstruction procedure presented for both the state and adjoint equations relies solely on the computation of local quantities and is computationally inexpensive. A great advantage of the Discontinuous Galerkin framework is represented by the cheap algorithms to construct the equilibrated fluxes on an element-wise level as discussed by several authors, e.g. in [START_REF] Braess | An equilibrated a posteriori error estimator for the interior penalty discontinuous Galerkin method[END_REF][START_REF] Carstensen | Effective postprocessing for equilibration a posteriori error estimators[END_REF][START_REF] Ern | An accurate H(div) flux reconstruction for discontinuous Galerkin approximations of elliptic problems[END_REF][START_REF] Kim | A posteriori error analysis for locally conservative mixed methods[END_REF].

As previously remarked for the construction of the equilibrated fluxes in the case of conforming Finite Element discretizations, the local nature of the procedure allows the parallelization of the algorithm and the exploitation of modern parallel architectures.

Goal-oriented equilibrated fluxes error estimator

We may now evaluate the term (2.51) for the Neumann and Dirichlet problems by exploiting the information carried by (5.26) and (5.24). We recall that the Symmetric Weighted Interior Penalty Discontinuous Galerkin method under analysis is adjoint consistent (cf. [START_REF] Pietro | Mathematical aspects of discontinuous Galerkin methods[END_REF]). Owing to the continuity of r Ω,i and k Ω ∇r Ω,i • n e on all the edges e's and adding the expression of the equilibrated fluxes (5.2), Certified Descent Algorithm based on an equilibrated fluxes approach we obtain:

E h u, i :=F Ω,i (r Ω,i ) -a h Ω,i (u h Ω,i , r Ω,i ) = = ζ i ∂D gr Ω,i ds + (1 -ζ i ) ∂D U D (γr Ω,i -k Ω ∇r Ω,i • n)ds - T ∈T h T k Ω ∇u h Ω,i • ∇r Ω,i + u h Ω,i r Ω,i dx + e∈E I h e u h Ω,i k Ω ∇r Ω,i • n e ds + (1 -ζ i ) e∈E B h e u h Ω,i k Ω ∇r Ω,i • n e ds + T ∈T h T ∇ • σ h Ω,i + π κ Z u h Ω,i r Ω,i dx.
(5.36)

We integrate by parts the last integral and we plug in the expressions (5.31)-(5.32) of the equilibrated fluxes for the state problems. It follows from the homogeneous Dirichlet condition fulfilled by the adjoint solution r Ω,D on ∂D that

E h u, i =ζ i ∂D g -π κ W •n g r Ω,i ds + (1 -ζ i ) ∂D (u h Ω,i -U D )k Ω ∇r Ω,i • n ds + e∈E I h e u h Ω,i k Ω ∇r Ω,i • n e + σ h Ω,i • n e r Ω,i ds + T ∈T h T π κ Z u h Ω,i -u h Ω,i r Ω,i dx - T ∈T h T σ h Ω,i + k Ω ∇u h Ω,i • ∇r Ω,i dx.
(5.37)

We remark that owing to the continuity of the normal traces of the fluxes, σ h Ω,i • n e = 0 for all the internal edges. By adding and subtracting the terms r h Ω,i 's featuring the Discontinuous Galerkin approximations of the adjoint solutions and taking into account their equilibrated fluxes ξ h Ω,i 's, the expressions of the errors E h u, i 's read as:

E h u, i = ζ i ∂D g -π κ W •n g r h Ω,i ds + ζ i ∂D g -π κ W •n g (r Ω,i -r h Ω,i )ds -(1 -ζ i ) ∂D (u h Ω,i -U D )ξ h Ω,i • n ds + (1 -ζ i ) ∂D (u h Ω,i -U D ) k Ω ∇r Ω,i + ξ h Ω,i • n ds - e∈E I h e u h Ω,i ξ h Ω,i • n e ds + e∈E I h e u h Ω,i k Ω ∇r Ω,i + ξ h Ω,i • n e ds + T ∈T h T π κ Z u h Ω,i -u h Ω,i r h Ω,i dx + T ∈T h T π κ Z u h Ω,i -u h Ω,i (r Ω,i -r h Ω,i )dx + T ∈T h T σ h Ω,i + k Ω ∇u h Ω,i • k -1 Ω ξ h Ω,i dx - T ∈T h T σ h Ω,i + k Ω ∇u h Ω,i • ∇r Ω,i + k -1 Ω ξ h Ω,i dx.
(5.38) As already remarked in the estimator derived for the conforming Finite Element discretization, both the unknown exact solutions of the adjoint problems and their numerical counterparts appear in (5.38). Let I ℓ m : V h,m Ω → V h,ℓ Ω be the projection operator from the space of high-order Discontinuous Galerkin approximations to the low-order one. The fully computable version of the estimator of the quantity E h u, i is obtained by substituting r Ω,i -r h Ω,i with r h Ω,i -I ℓ m r h Ω,i and ∇r Ω,i with ∇r h Ω,i . Eventually, the upper bound E of the error in the shape gradient is obtained by plugging the expressions of E h u, N and E h u, D arising from (5.38) into (5.1) and by considering its absolute value.

Remark 5.8. In [START_REF] Mozolevski | Goal-oriented error estimation based on equilibrated-flux reconstruction for finite element approximations of elliptic problems[END_REF], the authors prove that the contribution of the terms in (5.38) featuring the exact solution of the adjoint problems is negligible and the goal-oriented error estimator constructed using the previously described equilibrated fluxes approach is asymptotically exact. This property guarantees that the bound E of the error in the shape gradient tends to zero by reducing the mesh size. Hence, the mesh adaptation procedure performed by the Certified Descent Algorithm eventually leads to the fulfillment of condition (2.11).

Numerical results

In this section we present some numerical results of the application of the variant of the Certified Descent Algorithm that exploits the equilibrated fluxes approach to estimate the error in the shape gradient. We consider the problem of Electrical Impedance Tomography as a proof of concept to establish some properties of this variant of the Certified Descent Algorithm on a non-trivial scalar test case. As previously stated in chapter 4, the Certified Descent Algorithm does not aim to remedy the known issues of gradient-based shape optimization methods when dealing with inverse ill-posed problems as the Electrical Impedance Tomography. The current work presents an improvement of the original Certified Descent Algorithm introduced in [4], in particular by using solely local quantities to compute the error in the shape gradient and to perform the certification procedure. The numerical results in this section focus on the quantitative bound E obtained using the equilibrated fluxes approach for both conforming Finite Element and Discontinuous Galerkin discretizations.

The framework of the numerical simulations is the same introduced in chapter 4. In particular, the results are obtained using FreeFem++ [START_REF] Hecht | New development in FreeFem++[END_REF] and are based on a mesh moving approach for the deformation of the domain. A 2-mesh strategy is adopted as proposed in [28]: a fine mesh is used to solve the state problems whereas the computation of the descent direction is performed on a coarser triangulation. Within this framework, the correct number of inclusions is set at the beginning of the algorithm and remains the same throughout its evolution. Techniques based on both topological and shape gradients to account for topological changes inside the domain have been investigated in [START_REF] Hintermüller | Electrical impedance tomography: from topology to shape[END_REF].

Numerical assessment of the goal-oriented estimator

First, we consider the test case in subsection 4.3.1, for which the analytical solution of the state problems is known and we evaluate the goal-oriented error estimators derived in subsections 5.2. 

u Ω,N =        C 0 J M -iρk -1 2 I cos(M ϑ) , ρ ∈ [0, ρ I ] C 1 J M -iρk -1 2 E + C 2 Y M -iρk -1 2 E cos(M ϑ) , ρ ∈ (ρ I , ρ E ]
where J M (•) and Y M (•) respectively represent the first-and second-kind Bessel functions of order M . The constants C 0 , . . . , C 2 are detailed in table 4.1.

We recall that for both the conforming Finite Element and the Discontinuous Galerkin discretizations we have ℓ = 1 and m = 2, that is the state problems are solved using functions of degree 1, whereas the adjoint solutions are approximated using functions of degree 2. The corresponding equilibrated fluxes are sought respectively in the space of RT 0 and RT 1 Finite Element functions. Figure 5.1a presents the convergence history of the discretization error in the shape gradient and the goal-oriented estimator E for the case of conforming Finite Element. The corresponding quantities for the case of Discontinuous Galerkin are depicted in figure 5.1b. Eventually, in figure 5.1c we present the effectivity indices for the discussed discretizations. The effectivity index is the ratio between the estimator E and the exact error E h . If the effectivity index is bigger (respectively smaller) than one, we are overestimating (respectively underestimating) the error. The evolution of the effectivity indices in figure 5.1c confirms that the constructed estimators are guaranteed -that is they provide an upper bound of the error -and are asymptotically exact since the effectivity index tends to 1 as the mesh size tends to 0. 

Reconstruction of a single inclusion

We consider the problem of reconstructing an inclusion Ω in the domain D by means of a couple of measurements (g, U D ) of the flux and the potential on the external boundary ∂D. In all the following simulations, we consider a stopping criterion that combines the condition in step 8 of algorithm 2.3 and a bound on the number of admissible mesh elements -i.e. the size of the state and the adjoint problems. This choice is due to the ill-posed nature of the Electrical Impedance Tomography problem that we chose as test case for the Certified Descent Algorithm. As we will highlight throughout this section the ill-posedness of the problem represents an issue that prevents gradient-based strategies from efficiently solving the EIT problem since a huge precision is demanded after few iterations of the optimization procedure.

First, we consider the configuration described in figure 5.2a. The initial guess for the inclusion is represented by the circle of radius ρ ini = 2. The Certified Descent Algorithm is able to correctly identify the interface along which the conductivity parameter k Ω is discontinuous (Fig. 5.2a). Moreover, figure 5.2b shows that the objective functional J(Ω) is monotonically decreasing, meaning a genuine descent direction is computed at each iteration of the algorithm. In tables 5.1a-5.1b we present the specifics of the meshes used to certify the descent direction at several iterations of the CDA. In particular, we observe that coarse meshes are reliable during the initial iterations of the algorithm to identify a genuine descent direction, whereas the number of Degrees of Freedom increases when approaching a minimum of the functional J(Ω). This is also well-explained by figure 5.2c in which the evolution of the number of Degrees of Freedom is depicted. Eventually, we remark that figure 5.2c also highlights the ill-posed nature of the problem since a huge amount of Degrees of Freedom is rapidly required by the CDA to certify the descent direction, testifying the difficulties of gradient-based methods to handle inverse problems as the Electrical Impedance Tomography. By comparing the approximations arising from conforming Finite Element and Discontinuous Galerkin formulations, we remark that the latter provides sharper bounds of the error in the shape gradient thus allowing the algorithm to automatically stop for a given tolerance tol = 10 -6 (cf. table 5.1b). On the contrary, the certification in the case of conforming Finite Element is still able to identify a genuine descent direction at each iteration but rapidly requires a huge number of mesh elements making the computational cost explode.

The aforementioned issues are confirmed and highlighted by the test case in figure 5.2d. It is straightforward to observe that the Certified Descent Algorithm is able to identify a genuine descent direction at each iteration (Fig. 5.2e) and to reconstruct the interface in the region near the external boundary whereas the inner part is not correctly recovered. As previously stated, this phenomenon is due to the well-known ill-posedness of the problem and we cannot expect gradient-based strategies to successfully overcome this issue. These remarks are confirmed again by the rapidly exploding number of Degrees of Freedom required by the algorithm to certify the descent direction (Fig. 5.2f). A possible workaround is represented by the emerging field of hybrid imaging in which classical tomography techniques are coupled with acoustic or elastic waves (cf. [START_REF] Ammari | Acousto-electromagnetic tomography[END_REF]).

Though both the variant of the CDA based on the conforming Finite Element formulation and the one exploiting Discontinuous Galerkin functions is able to certify the descent direction at the beginning of the algorithm, the situation changes after few tens of iterations. In particular, the SWIP-DG formulation allows the computation of inexpensive and precise bounds of the error in the shape gradient, whereas using conforming Finite Element the computational cost rapidly becomes enormous making the certification procedure unfeasible (cf. table 5.2). 

The case of two inclusions featuring multiple boundary measurements

In this subsection, we present a more involved test case in which the domain D features two nonconnected inclusions. As previously stated, we assume that the number of inclusions is set a priori and we restrict to the case of a two-valued conductivity parameter, that is we distinguish a value k E for the background and a value k I valid inside both the inclusions.

It is well-known in the literature that multiple boundary measurements are required to retrieve a correct approximation of the inclusion in Electrical Impedance Tomography. In this section, we consider D = 10 measurements such that ∀j = 0, . . . , D -1

g j (x, y) = (x + a j y) b j a c j j , a j = 1 + 0.1j , b j = j + 1 2 , c j = j -2 j 2 .
As previously remarked, the Certified Descent Algorithm is able to identify the portions of the interfaces that lie near the external boundary ∂D whereas the inner parts suffer from a poor reconstruction (Fig. 5.3a). Moreover, also in this case after few tens of iterations, the certification procedure re- quires a huge number of Degrees of Freedom to identify a genuine descent direction for the objective functional J(Ω) (Fig. 5.3c). The inability of the method to reconstruct the interface far from the external boundary and the rapidly increasing number of Degrees of Freedom required to certify the descent direction clearly testify the limitations of gradient-based approaches when dealing with Electrical Impedance Tomography. Nevertheless, this new variant of the Certified Descent Algorithm proves to be able to certify the descent direction in order to construct a minimizing sequence of shapes for which the objective functional is monotonically decreasing (Fig. 5.3b). Moreover, the quantitative information carried by the error bound E allows to derive a reliable stopping criterion that automatizes the overall optimization procedure.

Iter. j #T h d h J(Ω j ), θ h E 1 8863 -1.
Remark 5.9. The tables presented in this section show that the strategy based on a conforming Finite Element discretization rapidly requires a huge number of mesh elements to perform the certification of the descent direction. However, it is important to recall that the Discontinuous Galerkin formulations feature a higher number of Degrees of Freedom per mesh element, making the overall dimensions of the optimization problems comparable. Nevertheless, from a practical point of view the computation of the error bound E in the framework of conforming Finite Element relies on the solution of a number of local subproblems on patches of element equal to the number of vertices of the triangulation T h . On the contrary, the Discontinuous Galerkin discretization is locally conservative and yields to a straightforward technique to construct the equilibrated fluxes based on an inexpensive and local post- processing of the solutions of the state and adjoint problems. Thus, both approaches result valid and present an improvement of the original Certified Descent Algorithm introduced in [4] which required the solution of additional global problems to perform the certification procedure. Nevertheless, the computational cost of the version based on the Discontinuous Galerkin formulation appears more competitive, especially in view of future developments focusing on vectorial and three-dimensional problems.

Iter. j #T

h d h J(Ω j ), θ h E 1 2221 -1.
In this part, we presented the application of the Certified Descent Algorithm to a scalar shape optimization problem. In particular, we showed the advantages of coupling gradient-based shape optimization techniques with a goal-oriented estimator of the error in the shape gradient. We used the problem of Electrical Impedance Tomography as a proof of concept to preliminarily establish some properties of the novel introduced method. First, a guaranteed bound for the error in the shape gradient has been derived by means of a certified a posteriori estimator. Then, coupling this information with the 2-mesh shape optimization strategy discussed in [28] allowed to formulate the novel Certified Descent Algorithm. Owing to the error estimator, a certified descent direction is identified at each iteration thus leading to a monotonically decreasing evolution of the objective functional. Moreover, we derived a reliable stopping criterion for the overall optimization strategy by exploiting the quantitative information carried by the goal-oriented estimator. Thus, the resulting CDA is a fully automatic procedure for certified shape optimization.

Two strategies to compute the error due to the numerical approximation of the shape gradient have been investigated. Starting from the complementary energy principle, we introduced an additional variational problem for each state and adjoint problem in order to retrieve an accurate approximation of the numerical fluxes and consequently a more precise estimate of the error in the energy-norm. The major drawback of the described procedure is the necessity of solving the dual flux problems to derive a fully computable upper bound of the error in the shape gradient. As a matter of fact, though the CDA is able to make coarse meshes reliable to identify a genuine descent direction for the objective functional during the initial iterations, the overall computational cost tends to remain high and this version of the Certified Descent Algorithm may result in higher computing times than the Boundary Variation Algorithm applied on fine meshes.

In order to circumvent the issue of solving additional global variational problems to construct the estimator via the complementary energy principle, a strategy based solely on the computation of local quantities has been investigated. In particular, we proposed an improved version of the CDA by deriving a goal-oriented estimator of the error in the shape gradient via the construction of equilibrated fluxes. This approach has been developed in a unified framework, valid for both conforming Finite Element and Discontinuous Galerkin discretizations. On the one hand, using a conforming Finite Element discretization, the number of Degrees of Freedom required by the approximation of the state and adjoint problems is small. Nevertheless, the construction of the equilibrated fluxes requires the solution of local subproblems defined on patches of elements, one for each vertex in the triangulation. On the other hand, though the Discontinuous Galerkin formulation of the problems features a higher number of Degrees of Freedom per mesh element, the computation of the error estimator based on the equilibrated fluxes approach is straightforward via a post-processing procedure which involves solely local quantities. Both strategies proved to be valid but the bounds provided by the Discontinuous Galerkin approach appear more precise and computationally less expensive.

A validation of both approaches to the CDA has been presented by showing several test cases for the well-known inverse identification problem of Electrical Impedance Tomography. The discussed results highlight the importance of accounting for the error due to the discretization of the shape gradient in order to automatize the shape optimization procedure. The application of the Certified Descent Algorithm to the problem of Electrical Impedance Tomography provided preliminary information on the strategy and the promising numerical results led to begin the investigation of the vectorial problem of optimal design of elastic structures.

Several developments may be carried on within the field of Electrical Impedance Tomography. First of all, an improvement of the reconstruction should be sought. This may be achieved by coupling the electrical information with an acoustic (cf. [START_REF] Ammari | Acousto-electromagnetic tomography[END_REF]) or an elastic wave (cf. [START_REF] Ammari | Mathematical Methods in Elasticity Imaging[END_REF]) and by deriving the corresponding shape optimization problem. Other improvements may follow from the construction of an alternative objective functional to better exploit the information associated with multiple boundary measurements. Concerning the certification procedure via the construction of a posteriori error estimators, some interesting developments may focus on the comparison of the equilibrated fluxes framework with the flux-free approach described in [START_REF] Parés | The computation of bounds for linear-functional outputs of weak solutions to the two-dimensional elasticity equations[END_REF][START_REF] Parés | Exact bounds for linear outputs of the convection-diffusionreaction equation using flux-free error estimates[END_REF]. Moreover, accounting for anisotropic mesh adaptation as suggested in [START_REF] Formaggia | Anisotropic mesh adaption in computational fluid dynamics: application to the advection-diffusion-reaction and the Stokes problems[END_REF][START_REF] Formaggia | Anisotropic error estimates for elliptic problems[END_REF] may lead to discretizations with a lower number of Degrees of Freedom and a better approximation of the physical problem under analysis.

Chapter 6

Minimization of the compliance under a volume constraint

We consider the problem of the optimal design of a compliant structure under a volume constraint, within the framework of linear elasticity. We introduce the pure displacement formulation of the linear elasticity problem and we compute the volumetric expression of the shape gradient of the compliance by means of the velocity method. In a similar fashion, we consider a dual mixed formulation of the elasticity problem and we derive the corresponding expression of the shape gradient of the compliance. A preliminary qualitative comparison of the two expressions of the shape gradient is performed through some numerical simulations using the Boundary Variation Algorithm.

The linear elasticity problem

In this part, we consider the vectorial problem of shape optimization in the framework of linear elasticity. In particular, we are interested in the optimal design of compliant structures, that is the construction of the shape that minimizes the compliance under a volume constraint. In order to tackle this problem, in this section we introduce the governing equations that describe the mechanical behavior of a domain Ω within the infinitesimal strain theory, that is under the assumption of small deformations and small displacements. For a complete introduction to this subject, we refer the interested reader to [112,[START_REF] Gould | Introduction to Linear Elasticity[END_REF][START_REF] Marsden | Mathematical foundations of elasticity[END_REF].

Let Ω ⊂ R d , d = 2, 3 be an open and connected domain representing the body under analysis. We provide a framework to describe the motion of Ω and to compute the corresponding deformation and stress field under the effect of given volume force f and surface force g. The full set of equations consists of two conservation laws -i.e. the conservation of mass and the balance of momentum -and additional material laws that describe the relationship among the variables at play and depend on the type of solid under analysis. In this thesis we restrict to the case of elastostatics. Under this assumption, the conservation of mass reads as

∇ • (ρu Ω ) = 0 , in Ω (6.1)
where ρ is the mass density and u Ω is the displacement due to the external forces. Moreover, by setting the value of ρ equal to the initial value of the density, the material is said to be incompressible and (6.1) reduces to

∇ • u Ω = 0 , in Ω. (6.2)
From the balance of momentum, we derive the following relationship between the stress tensor σ Ω and the volume forces f , also known as Cauchy's equation of motion or equilibrium equation:

-∇ • σ Ω = f , in Ω. (6.3)
Moreover, the balance of angular momentum implies the symmetry of the stress tensor, that is

σ Ω = σ T Ω , in Ω. (6.4)
Whereas the balance of momentum (6.3)-( 6.4) provides a relationship between the stress tensor and the volume force, the material laws relate the stress tensor to the strain tensor. We define the Green-St.Venant strain tensor as a measure of the local discrepancy of a given displacement u Ω from a rigid-body displacement:

E(u Ω ) := 1 2 ∇u Ω + ∇u T Ω + ∇u T Ω ∇u Ω . (6.5)
We remark that tensor (6.5) is non-linear with respect to the displacement u Ω and a detailed analysis of its properties may be found in [START_REF] Marsden | Mathematical foundations of elasticity[END_REF]. For the purpose of this thesis, we restrict ourselves to the case of linear elasticity which is based on two fundamental approximations. First, under the assumption of small deformations the Green-St.Venant strain tensor may be approximated by the linearized strain tensor e(u Ω ), that is

E(u Ω ) ≈ e(u Ω ) := 1 2 ∇u Ω + ∇u T Ω . (6.6)
Moreover, we consider a so-called linear elastic material and we prescribe a material law -known as Hooke's law -that establishes a linear dependency between the stress and the strain tensors:

σ Ω = Ae(u Ω ) , in Ω (6.7)
where A = A(x) is a fourth-order tensor known as elasticity tensor. A material is said to be homogeneous if the elasticity tensor does not depend on x. Moreover, if A is independent of the direction of the main strains -that is, from the eigenvectors of the strain tensor e(u Ω ) -the material is isotropic. It is known (cf. e.g. [START_REF] Marsden | Mathematical foundations of elasticity[END_REF]) that the mechanical properties of a linear elastic homogeneous and isotropic material are determined by a pair of constant values -namely (E, ν) -, E being the Young's modulus and ν the Poisson's ratio or the the first and second Lamé constants (λ, µ). Thus, within the range E > 0 and ν ∈ 0, 1 2 of physically admissible values of the constants, the relationship between stress tensor and strain tensor reads as follows

σ Ω = Ae(u Ω ) = E 1 + ν e(u Ω ) + ν 1 -2ν
tr(e(u Ω )) Id (6.8) where tr(•) := • : Id is the trace operator and : is the Frobenius product. Let us introduce the first and second Lamé constants:

λ := Eν (1 + ν)(1 -2ν) , µ := E 2(1 + ν)
. (6.9)

Owing to (6.9), (6.8) may be rewritten as follows

σ Ω = Ae(u Ω ) = 2µe(u Ω ) + λ tr(e(u Ω )) Id . (6.10)
We remark that the elasticity tensor exists and is invertible as long as ν < 1 2 or equivalently λ < ∞. Within this framework, we may introduce the so-called compliance tensor A -1 whose application to the stress tensor provides the strain tensor:

e(u Ω ) = A -1 σ Ω = 1 2µ dev(σ Ω ) + 1 d(dλ + 2µ) tr(σ Ω ) Id = 1 2µ σ Ω - λ 2µ(dλ + 2µ)
tr(σ Ω ) Id (6.11) where dev(•) := • -1 d tr(•) Id is the deviatoric part of the tensor under analysis. Remark 6.1. Owing to tr(e(u Ω )) = ∇ • u Ω , it is straightforward to observe that when λ → ∞ -or equivalently, ν = 1 2 -the divergence of the displacement field in (6.10) has to vanish, that is the material under analysis is incompressible (cf. condition (6.2)). Within this framework, the material is said to be nearly incompressible, the elasticity tensor does not exist and the compliance tensor is singular.

By combining the above information we may derive the governing equations for the problem of linear elasticity set in an open connected domain Ω. Let ∂Ω = Γ N ∪Γ∪Γ D be such that the three parts of the boundary are disjoint and Γ D has positive (d-1)-dimensional Hausdorff measure. We denote by S d the space of d × d symmetric matrices and we consider the fourth-order tensor A : Ω → S d modeling the Hooke's law (6.10) for a linear elastic material. We describe an elastic structure subject to a volume force f , a load g on the surface Γ N , a free-boundary condition on Γ (Neumann boundary conditions on the surface traction) and clamped on Γ D (Dirichlet boundary condition on the displacement):

               -∇ • σ Ω = f in Ω σ Ω = Ae(u Ω ) in Ω σ Ω n = g on Γ N
σ Ω n = 0 on Γ u Ω = 0 on Γ D (6.12)

Remark 6.2. The requirement of a non-trivial boundary subset Γ D may be explained by intuition owing to the fact that the solution of the linear elasticity problem -i.e. the displacement and the stress fields -can be uniquely determined only if the domain is fixed along at least a part of its boundary, that is no rigid motion is allowed. On the contrary, if the whole boundary features Neumann conditions, the solution can be determined up to rigid-body motions that do not affect the computation of stress and strain tensors.

The pure displacement variational formulation

A classical formulation of the linear elasticity problem is the so-called pure displacement formulation in which we express the stress tensor σ Ω in terms of u Ω using (6.10) and we seek the displacement field within the Sobolev space

H 1 (Ω; R d ). Let f ∈ H 1 (R d ; R d ) and g ∈ H 2 (R d ; R d ). We define the following space V Ω V Ω := H 1 0,Γ D (Ω; R d ) = {v ∈ H 1 (Ω; R d ) : v = 0 on Γ D } (6.13)
Minimization of the compliance under a volume constraint and we seek a function u Ω ∈ V Ω such that

a Ω (u Ω , δu) = F Ω (δu) ∀δu ∈ V Ω (6.14)
where the bilinear form a Ω (•, •) :

V Ω × V Ω → R and the linear form F Ω (•) : V Ω → R read as follows a Ω (u Ω , δu) := Ω Ae(u Ω ) : e(δu) dx , F Ω (δu) := Ω f • δu dx + Γ N g • δu ds. (6.15)
Existence and uniqueness of the solution of problem (6.14) follow from the classical Lax-Milgram theorem. Within this framework, the crucial point is represented by the proof of the coercivity of the bilinear form on the left-hand side of (6.14), which relies on the use of Korn's inequality (cf. [START_REF] Horgan | Korn's inequalities and their applications in continuum mechanics[END_REF]).

Remark 6.3. The elasticity tensor A acts as a coefficient in the pure displacement formulation (6.14) of the linear elasticity problem. As previously stated, A deteriorates approaching condition (6.2) and does not exist in the incompressible limit (cf. remark 6.1). Hence, stability issues may arise in the nearly incompressible case, whereas in the incompressible limit the stress tensor cannot be expressed in terms of the displacement field and the pure displacement variational formulation cannot be posed.

Excluding the nearly incompressible case and the incompressible limit, the primal variational formulation (6.14) provides a good description of the mechanical phenomena involved in the linear elasticity problem. The corresponding numerical approximation has been extensively studied in the literature. A straightforward approach relies on the use of Lagrangian Finite Element functions to approximate the displacement field: within this framework, optimal convergence rate of the discretized solution to the continuous one is obtained and we refer to [START_REF] Braess | Finite Elements: Theory, Fast Solvers, and Applications in Solid Mechanics[END_REF][START_REF] Brenner | The mathematical theory of finite element methods[END_REF] for a detailed discussion on the subject.

Mixed variational formulations via the Hellinger-Reissner principle

Besides the aforementioned stability issues, a major drawback of the pure displacement variational formulation is the indirect evaluation of the stress tensor which is not computed as part of the solution of the linear elasticity problem but may only be derived from (6.10) via a post-processing of the displacement field u Ω .

A possible workaround for both these issues is represented by mixed variational formulations in which the target solution is the pair (σ Ω , u Ω ) representing respectively the stress and displacement fields. This family of approaches was first proposed by Reissner in his seminal work [START_REF] Reissner | On a variational theorem in elasticity[END_REF]. Since the aforementioned paper in 1950, mixed variational formulations of the linear elasticity problem have known a great success in the scientific community and it is now common practice to summarize these methods as Hellinger-Reissner methods. In this subsection we briefly recall the primal and dual mixed variational formulations of the linear elasticity problem as long as some basic results on the existence and uniqueness of the solution for these models. We refer to [START_REF] Arnold | Mixed finite element methods for elliptic problems[END_REF] for additional information on this subject whereas a detailed introduction to mixed Finite Element methods may be found in [START_REF] Boffi | Mixed finite element methods and applications[END_REF].

To state the primal mixed formulation, we consider the space V Ω := H 1 0,Γ D (Ω; R d ) introduced in (6.13) and we define the spaces Σ Ω = Σ Ω,0 := L 2 (Ω; S d ). We seek (σ

Ω , u Ω ) ∈ Σ Ω × V Ω such that a Ω (σ Ω , δσ)+b Ω (δσ, u Ω ) = 0 ∀δσ ∈ Σ Ω,0 b Ω (σ Ω , δu) = F Ω (δu) ∀δu ∈ V Ω (6.16)
where the bilinear forms a Ω (•,

•) : Σ Ω × Σ Ω → R and b Ω (•, •) : Σ Ω × V Ω → R and the linear form F Ω (•) : V Ω → R read as a Ω (σ Ω , δσ) := Ω A -1 σ Ω : δσ dx , b Ω (σ Ω , δu) := - Ω
σ Ω : e(δu) dx, (6.17)

F Ω (δu) := - Ω f • δu dx - Γ N g • δu ds. (6.18)
Existence and uniqueness of the solution of (6.16) may be proved following the framework introduced by Brezzi in [START_REF] Brezzi | On the existence, uniqueness and approximation of saddle-point problems arising from lagrangian multipliers[END_REF].

Remark 6.4. This formulation is equivalent to the pure displacement formulation presented in subsection 6.1.1. In particular, as for the pure displacement formulation, the primal mixed formulation is known to suffer from instability issues when dealing with highly anisotropic domains, e.g. plates and shells and in the nearly incompressible case. From a numerical point of view, in these situations the discussed approach experiences respectively shear locking and volume locking phenomena. In both cases, the condition number of the resulting linear system deteriorates and the quality of the final discretized solution is extremely poor.

Let us now introduce the functional spaces for the dual mixed variational formulation. We recall the definition of the space H(div, Ω;

S d ) := {τ ∈ L 2 (Ω; S d ) : ∇ • τ ∈ L 2 (Ω; R d )} of
the symmetric square-integrable tensors whose row-wise divergence is square-integrable. Thus, we define the spaces

V Ω := L 2 (Ω; R d ), Σ Ω := {τ ∈ H(div, Ω; S d ) : τ n = g on Γ N
and τ n = 0 on Γ} and Σ Ω,0 := {τ ∈ H(div, Ω; S d ) : τ n = 0 on Γ N ∪ Γ} and we seek (σ Ω , u Ω ) ∈ Σ Ω × V Ω such that (6.16) stands with the following bilinear and linear forms:

a Ω (σ Ω , δσ) := Ω A -1 σ Ω : δσ dx , b Ω (σ Ω , δu) := Ω (∇ • σ Ω ) • δu dx, (6.19) 
F Ω (δu) := -

Ω f • δu dx. (6.20)
Existence and uniqueness of the solution of the dual mixed variational formulation of the linear elasticity problem follow from Brezzi's theory on mixed methods and we refer to [START_REF] Boffi | Mixed finite element methods and applications[END_REF][START_REF] Brezzi | On the existence, uniqueness and approximation of saddle-point problems arising from lagrangian multipliers[END_REF] for a detailed presentation of the subject. It is important to highlight that in [START_REF] Arnold | A family of higher order mixed finite element methods for plane elasticity[END_REF] the authors proved that stability estimates for the dual mixed variational formulation do not deteriorate, be it in the case of nearly incompressible materials or in the incompressible limit, making this approach feasible for the whole range of values of the Lamé constants.

Remark 6.5. A major drawback of the previously introduced dual mixed variational formulation lies in the difficulty of constructing a pair of Finite Element spaces that fulfill the requirements of Brezzi's theory in order to guarantee the stability of the method. Several authors have been dealing with this issue in the last forty years. In [START_REF] Arnold | Mixed finite elements for elasticity[END_REF], Arnold and Winther proposed the first stable pair of Finite Element spaces for the discretization of the linear elasticity problem in two space dimensions. The corresponding three-dimensional case was later discussed in [8,36]. Owing to the large number of Degrees of Freedom and to the high order of the involved polynomials, the construction of the basis functions described in the aforementioned works and their implementation in existing Finite Element libraries is extremely complex. To the best of our knowledge, no library currently offers fully supported Arnold-Winther elements and their diffusion in the computational mechanics community is still limited. We refer to section 7.3 for some additional remarks on this family of Finite Element functions.

A dual mixed variational formulation with weakly enforced symmetry of the stress tensor

As stated in the previous subsection, the stress tensor is sought in a subspace of H(div, Ω; S d ). In [START_REF] Boffi | Mixed finite element methods and applications[END_REF], the authors highlight that the choice of this space is strictly connected with the will of strongly imposing conservation laws. In particular, σ Ω belonging to the space of square-integrable tensors whose row-wise divergence is square-integrable strongly enforces the conservation of momentum. Moreover, the symmetry of the stress tensor is a simplified way of expressing the conservation of angular momentum for the system under analysis. It is well-known that imposing exactly a conservation law is not trivial. Hence, strongly enforcing a second conservation law by requiring the stress tensor to be symmetric is likely to be difficult. In order to circumvent this issue and before the work [START_REF] Arnold | Mixed finite elements for elasticity[END_REF] by Arnold and Winther appeared, several alternative formulations have been proposed in the literature to weakly enforce the symmetry of the stress tensor via a Lagrange multiplier. Starting from the pioneering work of Brezzi [START_REF] Brezzi | On the existence, uniqueness and approximation of saddle-point problems arising from lagrangian multipliers[END_REF] and Fraejis de Veubeke [START_REF] Fraeijs De Veubeke | Stress function approach[END_REF], several authors have proposed mixed formulations in which the symmetry of the stress tensor is either weakly enforced or dropped (cf. e.g. [START_REF] Amara | Equilibrium finite elements for the linear elastic problem[END_REF][START_REF] Arnold | A new mixed formulation for elasticity[END_REF][START_REF] Stein | Mechanical conditions for stability and optimal convergence of mixed finite elements for linear plane elasticity[END_REF]). One of the simplest solutions was developed by Arnold, Brezzi and Douglas Jr. in [START_REF] Arnold | PEERS: a new mixed finite element for plane elasticity[END_REF] via the so-called PEERS element: within this framework, the stress tensor is discretized by means of an augmented cartesian product of the Raviart-Thomas Finite Element space, the displacement field using piecewise constant functions and the Lagrange multiplier via a P 1 Finite Element function. Stemming from the idea of the PEERS element, several other approaches have been proposed in the literature, e.g. [START_REF] Brezzi | Recent results on mixed finite element methods for second order elliptic problems[END_REF][START_REF] Farhloul | Dual hybrid methods for the elasticity and the Stokes problems: a unified approach[END_REF][START_REF] Morley | A family of mixed finite elements for linear elasticity[END_REF][START_REF] Stenberg | On the construction of optimal mixed finite element methods for the linear elasticity problem[END_REF][START_REF] Stenberg | A family of mixed finite elements for the elasticity problem[END_REF][START_REF] Stenberg | Two low-order mixed methods for the elasticity problem[END_REF]. For a complete discussion on this topic, we refer to [START_REF] Boffi | Reduced symmetry elements in linear elasticity[END_REF].

In this subsection, we rely on a more recent mixed Finite Element method to approximate the problem of linear elasticity with weakly imposed symmetry of the stress tensor. In particular, we refer to [START_REF] Arnold | Differential complexes and stability of finite element methods. II. The elasticity complex[END_REF] for the construction of the stable pair of Finite Element spaces in two space dimensions, whereas the corresponding three-dimensional case is treated in [START_REF] Arnold | Mixed finite element methods for linear elasticity with weakly imposed symmetry[END_REF]. The choice of this new approach by Arnold and co-workers, instead of the widely used PEERS, is mainly due to the simpler discretization arising from the novel method and to the possibility of extending it to the three-dimensional case in a straightforward way. Let M d be the space of d×d matrices and K d be the space of d×d skew-symmetric matrices. We define the spaces

V Ω := L 2 (Ω; R d ), Q Ω := L 2 (Ω; K d ), Σ Ω := {τ ∈ H(div, Ω; M d ) : τ n = g on Γ N
and τ n = 0 on Γ} and Σ Ω,0 := {τ ∈ H(div, Ω; M d ) : τ n = 0 on Γ N ∪ Γ}. Moreover, we introduce the space W Ω := V Ω × Q Ω . The extended system obtained from (6.16) by relaxing the symmetry condition on the stress tensor through the introduction of a Lagrange multiplier reads as follows: we seek

(σ Ω , (u Ω , η Ω )) ∈ Σ Ω × W Ω such that a Ω (σ Ω , δσ)+b Ω (δσ, (u Ω , η Ω )) = 0 ∀δσ ∈ Σ Ω,0 b Ω (σ Ω , (δu, δη)) = F Ω (δu) ∀(δu, δη) ∈ W Ω (6.21)
where the bilinear and linear forms have the following expressions:

a Ω (σ Ω , δσ) := Ω A -1 σ Ω : δσ dx , b Ω (σ Ω , (δu, δη)) := Ω (∇ • σ Ω ) • δu dx + 1 2µ Ω σ Ω : δη dx, (6.22) 
F Ω (δu) := -

Ω f • δu dx. (6.23)
Existence and uniqueness of the solution for this variant of the dual mixed variational formulation of the linear elasticity problem with weakly imposed symmetry of the stress tensor follow again from Brezzi's theory (cf. [START_REF] Arnold | PEERS: a new mixed finite element for plane elasticity[END_REF]). Remark 6.6. We highlight that if (σ Ω , (u Ω , η Ω )) is solution of (6.21), then σ Ω is symmetric and

(σ Ω , u Ω ) ∈ H(div, Ω; S d ) × L 2 (Ω; R d
) is solution of the original dual mixed formulation of the linear elasticity problem with strongly enforced symmetry of the stress tensor discussed in the previous subsection. Though the infinite-dimensional formulation of the problem featuring weak symmetry is equivalent to the one in which the symmetry of the stress tensor is imposed in a strong way, the former allows for novel discretization techniques in which the approximation σ h Ω of the stress tensor σ Ω is not guaranteed to be symmetric, that is σ h Ω solely fulfills the following condition

Ω σ h Ω : δη h dx = 0 ∀δη h ∈ Q h Ω
where Q h Ω is an appropriate discrete space approximating L 2 (Ω; K d ). As stated at the beginning of this subsection, several choices are possible for the discrete spaces Σ h Ω , V h Ω and Q h Ω respectively approximating H(div, Ω; S d ), L 2 (Ω; R d ) and L 2 (Ω; K d ). In the rest of this thesis, we consider the approach discussed in [START_REF] Arnold | Differential complexes and stability of finite element methods. II. The elasticity complex[END_REF], in which the stress tensor is approximated by the cartesian product of two pairs of Brezzi-Douglas-Marini Finite Element spaces while the displacement field and the Lagrange multiplier are both discretized using piecewise constant functions.

Minimization of the compliance under a volume constraint

Let us consider a vector field θ ∈ W 1,∞ (R d ; R d ). We introduce a transformation X θ : R d → R d and we define the open subset Ω θ ⊂ R d as Ω θ = X θ (Ω). Moreover, we set that Γ N θ = X θ (Γ N ), Γ θ = X θ (Γ) and Γ D θ = X θ (Γ D ). The displacement of an initial point x ∈ Ω is governed by the following differential equation:

   dx θ dt (t) = θ(x θ (t)) x θ (0) = x (6.24)
which admits a unique solution t → x θ (t, x) in C 1 (R; R d ). Owing to (6.24), the initial point x ∈ Ω is transported by the field θ to the point x θ = X θ (x) which belongs to the deformed domain Ω θ . Moreover, we denote by D θ the Jacobian matrix of the transformation X θ and by I θ = det D θ its determinant.

Within the framework of shape optimization, a common choice for the transformation X θ is a perturbation of the identity map, that is

X θ = Id +θ + o(θ) , θ ∈ W 1,∞ (R d ; R d ). (6.25)
Hence, Ω θ = X θ (Ω) = {x + θ(x) : x ∈ Ω} and under the assumption of a small perturbation θ, X θ is a diffeomorphism and belongs to the following space (cf. [17]):

X := X θ : (X θ -Id) ∈ W 1,∞ (R d ; R d ) and (X -1 θ -Id) ∈ W 1,∞ (R d ; R d ) .
By exploiting the notation above, we introduce the set of shapes that may be obtained as result of a deformation of the reference domain Ω:

U def := {Ω θ : ∃X θ ∈ X , Ω θ = X θ (Ω)}. (6.26)
As stated at the beginning of this chapter, we are interested in the optimal design of compliant structures in the framework of linear elasticity. In this section, we introduce the formulation of the aforementioned shape optimization problem as a PDE-constrained optimization problem of a shapedependent functional. Let us define the compliance on a deformed domain Ω θ as

J(Ω θ ) = Ω θ A -1 σ Ω θ : σ Ω θ dx θ . (6.27)
Following the framework introduced in section 1.1, the resulting shape optimization problem reads as (1.5) where the objective functional is the compliance (6.27) and we seek a domain Ω θ ∈ U ad which is the set of shapes in (6.26) such that σ Ω θ is the stress tensor fulfilling the linear elasticity problem (6.12) on Ω θ .

Remark 6.7. In the pure displacement formulation (cf. subsection 6.1.1), the stress tensor can be expressed in terms of the displacement field through the relationship σ Ω θ = Ae(u Ω θ ). Hence, (6.27) may be rewritten as

J(Ω θ ) = Ω θ Ae(u Ω θ ) : e(u Ω θ ) dx θ = Ω θ f • u Ω θ dx θ + Γ N θ g • u Ω θ ds θ , (6.28) 
that is we can equivalently reinterpret the compliance as the work of the external forces applied to the domain Ω θ .

In real-life problems, the optimal design of compliant structures is usually subject to additional constraints, either imposed by the end-user (e.g. volume/perimeter [17] or stress [START_REF] Duysinx | Topology and generalized shape optimization: Why stress constraints are so important?[END_REF] constraints) or by the manufacturing process (e.g. maximum/minimum thickness [24] or molding direction [23] constraints). Several sophisticated strategies (e.g. quadratic penalty and augmented Lagrangian methods) may be considered to handle the constraints involved in optimization problems and we refer to [START_REF] Nocedal | Numerical optimization[END_REF] for a thorough introduction to this subject. Within the field of shape optimization, an algorithm based on a Lagrangian functional featuring an efficient update strategy for the Lagrange multiplier has been proposed in [28]. Several other approaches have known a great success in the literature, e.g. the Method of Moving Asymptotes [START_REF] Svanberg | The method of moving asymptotesa new method for structural optimization[END_REF] and the Method of Feasible Directions [START_REF] Vanderplaats | Structural optimization by methods of feasible directions[END_REF]. In this thesis, we restrict ourselves to the classical volume constraint and we enforce it through a penalty method using a fixed Lagrange multiplier γ. Thus the resulting unconstrained shape optimization problem reads as follows:

min

Ω θ ∈U ad L(Ω θ ) , L(Ω θ ) := J(Ω θ ) + γV (Ω θ ) (6.29)
where J(Ω θ ) is the compliance (6.27), V (Ω θ ) := |Ω θ | is the volume of the domain and U ad is the previously defined set of admissible shapes.

In order to construct a gradient-based strategy to solve (6.29) as discussed in section 2.1, the analytical expression of the shape gradient of L(Ω θ ) is required. In particular, owing to the better numerical accuracy that volumetric formulations of the shape gradient have shown with respect to the surface ones for elliptic problems (cf. [START_REF] Hiptmair | Comparison of approximate shape gradients[END_REF]) and to our interest in a posteriori error estimators, in the following sections we compute the volumetric expression of the shape gradient of L(Ω θ ). We remark that the volume V (Ω θ ) only depends on the geometry of the domain and its shape gradient has the following expression (cf. e.g [START_REF] Delfour | Shapes and geometries: analysis, differential calculus, and optimization[END_REF]):

dV (Ω), θ = Ω ∇ • θ dx. (6.30)
Hence, in sections 6.3 and 6.4 we will only derive the volumetric expression of the shape gradient of the compliance (6.27), respectively for the pure displacement formulation (cf. subsection 6.1.1) and for the mixed formulations (cf. subsections 6.1.2 and 6.1.3) of the linear elasticity problem.

Volumetric shape gradient of the compliance via the pure displacement formulation

In this section we derive the shape gradient of the compliance using the pure displacement formulation of the linear elasticity problem. Owing to the principle of minimum potential energy for the problem (6.14)-(6.15) on the domain Ω θ and to (6.28), we may write the compliance as follows:

J 1 (Ω θ ) := -min u Ω θ ∈V Ω θ Ω θ Ae(u Ω θ ) : e(u Ω θ ) dx θ -2 Ω θ f • u Ω θ dx θ -2 Γ N θ g • u Ω θ ds θ , (6.31) 
where

V Ω θ := H 1 0,Γ D θ (Ω θ ; R d ) = {v ∈ H 1 (Ω θ ; R d ) : v = 0 on Γ D θ }. Let j 1 (θ) := J 1 (Ω θ ).
We are interested in computing the shape gradient of the functional J 1 (Ω), that is

dJ 1 (Ω), θ := lim θց0 J 1 (Ω θ ) -J 1 (Ω) θ = lim θց0 j 1 (θ) -j 1 (0) θ =: j ′ 1 (0). (6.32)
We refer to [START_REF] Delfour | Shapes and geometries: analysis, differential calculus, and optimization[END_REF] for a result on the differentiability of a minimum with respect to a parameter. Moreover, we remark that the space V Ω θ in (6.31) depends on the parameter θ. We use the function space parameterization technique described in [START_REF] Delfour | Shapes and geometries: analysis, differential calculus, and optimization[END_REF] to transport the quantities defined on the deformed domain Ω θ back to the reference domain Ω. Thus, we are able to rewrite (6.31) using solely functions of the space V Ω which no longer depends on θ and we apply elementary differential calculus techniques to compute the derivative of the objective functional with respect to the parameter θ.

Let us introduce the following transformation to parameterize the functions in

H 1 0,Γ D θ (Ω θ ; R d ) in
terms of the elements of H 1 0,Γ D (Ω; R d ):

P θ : H 1 0,Γ D (Ω; R d ) → H 1 0,Γ D θ (Ω θ ; R d ) , v Ω θ = P θ (v Ω ) = v Ω • X -1 θ . (6.33) Lemma 6.8. Let u Ω ∈ H 1 0,Γ D (Ω; R d ).
We consider u Ω θ = P θ (u Ω ) according to the transformation (6.33). It follows that

1 2 ∇ x θ u Ω θ + ∇ x θ u T Ω θ =: e x θ (u Ω θ ) = 1 2 ∇ x u Ω D -1 θ + D -T θ ∇ x u T Ω (6.34)
where ∇ x θ (respectively ∇ x ) represents the gradient with respect to the coordinate of the deformed (respectively reference) domain.

Proof. Owing to (6.33),

u Ω θ = u Ω • X -1 θ . Thus, ∂ (u Ω θ ) i ∂ (x θ ) j = ∂ (u Ω ) i ∂ (x) m ∂ X -1 θ m ∂ (x θ ) j = ∂ (u Ω ) i ∂ (x) m D -1 θ mj .
Hence, the result follows directly:

(e x θ (u Ω θ )) ij = 1 2 ∂ (u Ω θ ) i ∂ (x θ ) j + ∂ (u Ω θ ) j ∂ (x θ ) i = 1 2 
∂ (u Ω ) i ∂ (x) m D -1 θ mj + ∂ (u Ω ) j ∂ (x) m D -1 θ mi , that is e x θ (u Ω θ ) = 1 2 ∇ x u Ω D -1 θ + D -T θ ∇ x u T Ω .
For the sake of readability and except in the case of ambiguity, henceforth we will omit the subscript specifying the spatial coordinate with respect to which the gradient is computed, that is with an abuse of notation we consider ∇u Ω = ∇ x u Ω and ∇u Ω θ = ∇ x θ u Ω θ . Before moving to the derivation of the shape gradient of (6.31), we recall the definition of the cofactor matrix which will later appear in the mapping of the surface ∂Ω θ to ∂Ω. Definition 6.9. The cofactor matrix Cof C of a matrix C ∈ M d is the d × d matrix formed by all its cofactors:

(Cof C) ij := (-1) i+j det C ij
where C ij is the (d -1) × (d -1) submatrix obtained by deleting the i-th row and the j-th column of the matrix C. Using the Levi-Civita symbol ε ijk and the Einstein summation convention, the cofactor matrix for the three-dimensional case reads as follows:

(Cof C) ij := 1 2 ε imn ε jpq c pm c qn (6.35)
where c pm is the (p, m)-th element of the matrix C. Now, we use the transformation (6.33) and the property (6.34) to map the first term in (6.31) to the reference domain Ω:

Ω θ Ae(u Ω θ ) : e(u Ω θ ) dx θ = Ω Ae (u Ω θ • X θ ) : e (u Ω θ • X θ ) I θ dx = Ω A 1 2 ∇u Ω D -1 θ + D -T θ ∇u T Ω : 1 2 ∇u Ω D -1 θ + D -T θ ∇u T Ω I θ dx.
(6.36)

The remaining terms in (6.31) may be transported to the reference domain as follows:

-2

Ω θ f • u Ω θ dx θ = -2 Ω f • X θ • (u Ω θ • X θ ) I θ dx = -2 Ω f • X θ • u Ω I θ dx, (6.37) 
-2

Γ N θ g • u Ω θ ds θ = -2 Γ N g • X θ • (u Ω θ • X θ ) Cof D θ ds = -2 Γ N g • X θ • u Ω Cof D θ ds. (6.38)
By combining (6.36), (6.37) and (6.38), we obtain the following function j 1 (θ) which solely depends on the reference domain Ω:

j 1 (θ) = -min u Ω ∈V Ω Ω A 1 2 ∇u Ω D -1 θ + D -T θ ∇u T Ω : 1 2 ∇u Ω D -1 θ + D -T θ ∇u T Ω I θ dx -2 Ω f • X θ • u Ω I θ dx -2 Γ N g • X θ • u Ω Cof D θ ds. (6.39)
Owing to (6.25), the Jacobian of the transformations X θ , X T θ and X -1 θ read as We may now differentiate (6.39) with respect to θ in θ = 0 by exploiting (6.41), (6.42), (6.43) and (6.44). The shape gradient of the compliance using the pure displacement formulation for the linear elasticity problem reads as

D θ = Id +∇θ + o(∇θ), (6.40) 
D T θ = Id +∇θ T + o(∇θ), (6.41) 
D -1 θ = Id -∇θ + o(∇θ). ( 6 
dJ 1 (Ω), θ = Ω Ae(u Ω ) : ∇u Ω ∇θ + ∇θ T ∇u T Ω dx - Ω Ae(u Ω ) : e(u Ω )(∇ • θ) dx + 2 Ω (∇f θ • u Ω + f • u Ω (∇ • θ)) dx + 2 Γ N (∇gθ • u Ω + g • u Ω (∇ • θ -∇θn • n)) ds.
(6.45)

Volumetric shape gradient of the compliance via the dual mixed formulation

The use of mixed formulations in shape optimization was first proposed by Sigmund and Clausen in [START_REF] Sigmund | Topology optimization using a mixed formulation: An alternative way to solve pressure load problems[END_REF] and later investigated in a series of works by Bruggi and co-workers [START_REF] Bruggi | Topology optimization with mixed finite elements on regular grids[END_REF][START_REF] Bruggi | An alternative truly-mixed formulation to solve pressure load problems in topology optimization[END_REF][START_REF] Bruggi | Topology optimization of incompressible media using mixed finite elements[END_REF][START_REF] Bruggi | A mixed FEM approach to stressconstrained topology optimization[END_REF]. In all the aforementioned contributions the authors use SIMP method to perform shape optimization of linear elastic structures and to the best of our knowledge the results of this section are the first attempt to derive the shape gradient of the compliance starting from a mixed formulation of the linear elasticity equation.

Let us consider the notation introduced in the previous section for the transformation X θ . Following the same procedure as above, we may rewrite the compliance coupled with the constraint that the stress tensor is solution of the linear elasticity equation in the Hellinger-Reissner dual mixed variational formulation (6.16)-(6. 19)- (6.20) on Ω θ by introducing the following objective functional:

J 2 (Ω θ ) := inf σ Ω θ ∈Σ Ω θ sup u Ω θ ∈V Ω θ Ω θ A -1 σ Ω θ : σ Ω θ dx θ + Ω θ (∇ • σ Ω θ + f ) • u Ω θ dx θ (6.46)
where

V Ω θ := L 2 (Ω θ ; R d ) and Σ Ω θ := {τ ∈ H(div, Ω θ ; S d ) : τ n θ = g on Γ N
θ and τ n = 0 on Γ θ }. In a similar fashion, starting from the dual mixed variational formulation with weakly enforced symmetry of the stress tensor (6.21)-(6.22)-(6.23), we obtain:

J 3 (Ω θ ) := inf σ Ω θ ∈Σ Ω θ sup (u Ω θ ,η Ω θ )∈W Ω θ Ω θ A -1 σ Ω θ : σ Ω θ dx θ + Ω θ (∇ • σ Ω θ + f ) • u Ω θ dx θ + 1 2µ Ω θ σ Ω θ : η Ω θ dx θ (6.47)
where

W Ω θ := V Ω θ × Q Ω θ := L 2 (Ω θ ; R d ) × L 2 (Ω θ ; K d ) and Σ Ω θ := {τ ∈ H(div, Ω θ ; M d ) : τ n θ = g on Γ N θ and τ n = 0 on Γ θ }. Let j i (θ) := J i (Ω θ ) i = 2, 3.
We are interested in computing the shape gradient of the functionals J i (Ω), that is

dJ i (Ω), θ := lim θց0 J i (Ω θ ) -J i (Ω) θ = lim θց0 j i (θ) -j i (0) θ =: j ′ i (0). (6.48)
We refer to [START_REF] Correa | Directional derivative of a minimax function[END_REF] for a general result on the differentiability of a min-max function, whereas in [START_REF] Delfour | Shapes and geometries: analysis, differential calculus, and optimization[END_REF][START_REF] Gao | Optimal shape design for Stokes flow via minimax differentiability[END_REF] some examples of shape differentiability of min-max functions are provided.

As in section 6.3, we apply the function space parameterization technique to transport the quantities defined on Ω θ back to Ω. A key aspect in this procedure is the construction of a transformation that preserves the normal traces of the tensors in (6.46) and (6.47). For this purpose, we rely on a special isomorphism known as contravariant Piola transform and we define the following mappings:

Q θ : H(div, Ω; M d ) → H(div, Ω θ ; M d ) , τ Ω θ = Q θ (τ Ω ) = 1 I θ D θ τ Ω • X -1 θ D T θ (6.49) R θ : L 2 (Ω; R d ) → L 2 (Ω θ ; R d ) , v Ω θ = R θ (v Ω ) = D -T θ v Ω • X -1 θ . (6.50)
We refer to [112,[START_REF] Marsden | Mathematical foundations of elasticity[END_REF] for a discussion on the Piola transform and its role in the mathematical theory of elasticity, to [START_REF] Raviart | A mixed finite element method for 2nd order elliptic problems[END_REF][START_REF] Thomas | Méthode des éléments finis hybrides duaux pour les problémes elliptiques du second ordre[END_REF] for its application to mixed Finite Element methods for elliptic problems and to [START_REF] Rognes | Efficient assembly of H(div) and H(curl) conforming finite elements[END_REF] for some technical details on its use to efficiently evaluate variational forms in H(div) and H(curl), that is the Sobolev space of square-integrable vectorfields whose rotation curl is squareintegrable.

Before moving to the derivation of the shape gradient via the function space parameterization technique, we prove the following property: Lemma 6.10. Let σ Ω ∈ H(div, Ω; M d ). We consider σ Ω θ = Q θ (σ Ω ) according to the transformation (6.49). It follows that

∇ x θ • σ Ω θ = 1 I θ D θ ∇ x • σ Ω (6.51)
where ∇ x θ • (respectively ∇ x •) represents the divergence with respect to the coordinate of the deformed (respectively reference) domain.

Proof. First, we recall that for a given invertible matrix C ∈ M d , we get that

C -1 = 1 det C (Cof C) T . (6.52)
Owing to this property, we may rewrite (6.49) as

σ Ω θ = D θ σ Ω • X -1 θ Cof D -1 θ . (6.53)
We are interested in computing the divergence of (6.53) with respect to the coordinate x θ of the deformed domain. Within this framework, we observe that being D θ the Jacobian of the transformation (6.24) such that Ω θ ∋ x θ = X θ (x) , x ∈ Ω, it is independent on the variable x θ . Let us now prove the following Piola identity:

∇ x θ • Cof D -1 θ = 0. (6.54)
Owing to (6.35), the cofactor matrix of the inverse of the Jacobian D θ has the form

Cof D -1 θ ij = θ mq Cof D -1 θ qj e i = (D θ ) im ∂ (σ Ω ) mn ∂ (x) n ∂ X -1 θ n ∂ (x θ ) j Cof D -1 θ qj e i = (D θ ) im ∂ (σ Ω ) mn ∂ (x) n D -1 θ nj Cof D -1 θ qj e i = 1 det D θ (D θ ) im ∂ (σ Ω ) mn ∂ (x) n δ nq e i
where the last equality follows from (6.52). Hence, it is straightforward to retrieve the result (6.51):

∇ x θ • σ Ω θ = 1 I θ (D θ ) im ∂ (σ Ω ) mq ∂ (x) q e i = 1 I θ D θ ∇ x • σ Ω
From now on, if there is no ambiguity we will assume that the differential operators act on the space to which the functions belong and we will omit the subscript associated with the spatial coordinate used to compute the derivatives (e.g.

∇ • σ Ω θ = ∇ x θ • σ Ω θ and ∇ • σ Ω = ∇ x • σ Ω ).
As stated at the beginning of this section, in order to compute the shape gradients (6.48), we have to express the functionals J 2 (Ω θ ) and J 3 (Ω θ ) in terms of the reference domain Ω and of functions defined solely on it. Thus, in the following subsections we use the transformations (6.49) and (6.50) to map (6.46) and (6.47) back to the reference domain and differentiate them with respect to θ.

The case of strongly enforced symmetry of the stress tensor

We consider the Hellinger-Reissner mixed variational formulation of the linear elasticity problem and the corresponding objective functional (6.46). We remark that the symmetry of the stress tensor σ Ω θ is strongly enforced using the space Σ Ω θ := {τ ∈ H(div, Ω θ ; S d ) : τ n θ = g on Γ N θ and τ n = 0 on Γ θ }. It is straightforward to observe that the transformation (6.49) holds true for the space of

d × d symmetric matrices S d , that is Q θ : H(div, Ω; S d ) → H(div, Ω θ ; S d ). As a matter of fact, being τ Ω ∈ H(div, Ω; S d ), it follows that (τ Ω θ ) T = 1 I θ D θ τ Ω • X -1 θ D T θ T = 1 I θ D θ τ Ω • X -1 θ D T θ = τ Ω θ .
We use the definition of the compliance tensor in (6.11) and we map the first term in (6.46) to the reference domain Ω by means of the transformation (6.49):

1 2µ Ω θ σ Ω θ : σ Ω θ dx θ = 1 2µ Ω (σ Ω θ • X θ ) : (σ Ω θ • X θ ) I θ dx = 1 2µ Ω 1 I 2 θ D θ σ Ω D T θ : D θ σ Ω D T θ I θ dx = 1 2µ Ω 1 I θ D T θ D θ σ Ω D T θ D θ : σ Ω dx, (6.55) 
where the last equality follows from the definition of the Frobenius product and the cyclic property of the trace. In a similar fashion, we obtain

- λ 2µ(dλ + 2µ) Ω θ tr(σ Ω θ ) tr(σ Ω θ ) dx θ = - λ 2µ(dλ + 2µ) Ω tr (σ Ω θ • X θ ) tr (σ Ω θ • X θ ) I θ dx = - λ 2µ(dλ + 2µ) Ω 1 I 2 θ tr D θ σ Ω D T θ tr D θ σ Ω D T θ I θ dx = - λ 2µ(dλ + 2µ) Ω 1 I θ tr D T θ D θ σ Ω tr D T θ D θ σ Ω dx. (6.56)

Minimization of the compliance under a volume constraint

We consider now the second term in (6.46). Owing to (6.51) and (6.50) it follows

Ω θ (∇ • σ Ω θ ) • u Ω θ dx θ = Ω (∇ • (σ Ω θ • X θ )) • (u Ω θ • X θ ) I θ dx = Ω 1 I θ (D θ ∇ • σ Ω ) • D -T θ u Ω I θ dx = Ω (∇ • σ Ω ) • u Ω dx, (6.57 
)

Ω θ f • u Ω θ dx θ = Ω f • X θ • (u Ω θ • X θ ) I θ dx = Ω f • X θ • D -T θ u Ω I θ dx. (6.58)
By combining the above information, we obtain the following min-max function which no longer depends on the space Ω θ :

j 2 (θ) = inf σ Ω ∈Σ Ω sup u Ω ∈V Ω 1 2µ Ω 1 I θ D T θ D θ σ Ω D T θ D θ : σ Ω dx - λ 2µ(dλ + 2µ) Ω 1 I θ tr D T θ D θ σ Ω tr D T θ D θ σ Ω dx + Ω (∇ • σ Ω ) • u Ω dx + Ω f • X θ • D -T θ u Ω I θ dx.
(6.59)

We may now exploit (6.40), (6.41) and (6.43) to differentiate (6.59) with respect to θ and evaluate the resulting quantity in θ = 0. Thus, the shape gradient of the compliance using the Hellinger-Reissner dual mixed variational formulation for the linear elasticity problem reads as

dJ 2 (Ω), θ = 1 2µ Ω 2N (θ)σ Ω : σ Ω dx - λ 2µ(dλ + 2µ) Ω 2 tr (N (θ)σ Ω ) tr (σ Ω ) dx + Ω ∇f θ • u Ω + f • u Ω (∇ • θ) -f • (∇θ T u Ω ) dx (6.60)
where N (θ) := ∇θ + ∇θ T -1 2 (∇ • θ) Id.

The case of weakly enforced symmetry of the stress tensor

The dual mixed formulation of the linear elasticity problem discussed in subsection 6.1.3 is characterized by the weak imposition of the symmetry of the stress tensor through a Lagrange multiplier η Ω θ . Thus, besides the spaces V Ω θ and Σ Ω θ , the functional (6.47) associated with the minimization of the compliance using the aforementioned framework introduces the additional space Q Ω θ := L 2 (Ω θ ; K d ) of the d×d skew-symmetric square-integrable tensors. In order to map the space L 2 (Ω; K d ) to L 2 (Ω θ ; K d ), we use the previously introduced transformation (6.49): it is straightforward to observe that given

η Ω ∈ L 2 (Ω; K d ), the transported η Ω θ = Q θ (η Ω ) is skew-symmetric: (η Ω θ ) T = 1 I θ D θ η Ω • X -1 θ D T θ T = 1 I θ D θ η Ω • X -1 θ T D T θ = - 1 I θ D θ η Ω • X -1 θ D T θ = -η Ω θ .
The first two integrals in (6.47) may be treated as in the previous subsection and the manipulations that lead to (6.55), (6.56), (6.57) and (6.58) stand. Let us now map the remaining term in (6.47) back to the reference domain Ω:

1 2µ Ω θ σ Ω θ : η Ω θ dx θ = 1 2µ Ω (σ Ω θ • X θ ) : (η Ω θ • X θ ) I θ dx = 1 2µ Ω 1 I 2 θ D θ σ Ω D T θ : D θ η Ω D T θ I θ dx = 1 2µ Ω 1 I θ D T θ D θ σ Ω D T θ D θ : η Ω dx. (6.61) 
We combine (6.55), (6.56), (6.57), (6.58) and (6.61) to obtain the min-max function associated with J 3 (Ω θ ) and defined on a space that does not depend on θ:

j 3 (θ) = inf σ Ω ∈Σ Ω sup (u Ω ,η Ω )∈W Ω 1 2µ Ω 1 I θ D T θ D θ σ Ω D T θ D θ : σ Ω dx - λ 2µ(dλ + 2µ) Ω 1 I θ tr D T θ D θ σ Ω tr D T θ D θ σ Ω dx + 1 2µ Ω 1 I θ D T θ D θ σ Ω D T θ D θ : η Ω dx + Ω (∇ • σ Ω ) • u Ω dx + Ω f • X θ • D -T θ u Ω I θ dx. (6.62) 
Let us consider the matrix N (θ) introduced in the previous subsection. By differentiating (6.62) with respect to θ in θ = 0, we obtain the following expression of the shape gradient of the compliance using the dual mixed variational formulation for the linear elasticity with weakly imposed symmetry of the stress tensor:

dJ 3 (Ω), θ = 1 2µ Ω (N (θ)σ Ω : σ Ω + σ Ω N (θ) : σ Ω ) dx - λ 2µ(dλ + 2µ) Ω 2 tr (N (θ)σ Ω ) tr (σ Ω ) dx + 1 2µ Ω (N (θ)σ Ω : η Ω + σ Ω N (θ) : η Ω ) dx + Ω ∇f θ • u Ω + f • u Ω (∇ • θ) -f • (∇θ T u Ω ) dx. (6.63) 
We remark that the two expressions of the shape gradient obtained using the dual mixed variational formulations in subsections 6.4.1 and 6.4.2 are equivalent: Lemma 6.11. Let us consider a symmetric stress tensor σ Ω ∈ H(div, Ω; S d ). Then (6.60) and (6.63) are equal.

Proof. It is straightforward to observe that the second and the fourth integrals in (6.63) correspond to the last two terms in (6.60). Moreover, owing to the symmetry of N (θ) and σ Ω , we get:

Ω (N (θ)σ Ω : σ Ω + σ Ω N (θ) : σ Ω ) dx = Ω tr N (θ)σ Ω σ T Ω + tr N (θ) T σ T Ω σ Ω dx = Ω 2 tr N (θ)σ Ω σ T Ω dx = Ω 2N (θ)σ Ω : σ Ω dx. Γ N Γ Γ Γ g 9 8 3 2 Figure 6
.1 -Scheme of a 2D cantilever beam clamped on Γ D , with a load g applied on the boundary Γ N and free boundaries Γ.

Experimental analysis of the convergence of the error in the shape gradient

In order to establish an experimental convergence rate for the discretization error associated with the approximation of the pure displacement and the dual mixed formulations of the linear elasticity problem, we consider the cantilever beam described in figure 6.1. In particular, we consider the domain featuring six holes depicted in figure 6.3b. Owing to the fact that the analytical solution of the linear elasticity problem on the aforementioned domain Ω is not known, we solve the linear elasticity problem on an extremely fine mesh and we consider the resulting solution as the exact solution of the problem under analysis. The discretization of the pure displacement formulation of the state problem is performed using P 1 × P 1 Finite Element functions to approximate the displacement field. For the dual mixed formulation, we consider the scheme described in subsection 6.1.3 and we approximate the stress tensor using BDM 1 ×BDM 1 Finite Elements, the displacement field via P 0 ×P 0 and the Lagrange multiplier by means of a P 0 function. In figure 6.2, we present the convergence history of the discretization error in the shape gradient with respect to the number of Degrees of Freedom for the two discussed Finite Element approximations. In particular, we observe that the strategy based on the dual mixed formulation introduces a lower numerical error than the pure displacement one. Moreover, the blue curve seems slightly steeper than the red one thus the volumetric shape gradient obtained from the dual mixed formulation of the problem may provide better convergence rate than the corresponding expression based on the pure displacement formulation. Nevertheless, this conjecture remains to be proved and a rigorous analysis of the convergence rate by means of a priori estimates of the error in the shape gradient is necessary. 

Boundary Variation Algorithm using the pure displacement and the dual mixed formulations

In this subsection, we apply the Boundary Variation Algorithm described in subsection 2.1.1 to minimize the compliance of the cantilever in figure 6.1 under a volume constraint. In particular, the volume of the structure under analysis is set to its initial value V 0 and we aim to construct an optimal shape that minimizes the compliance while preserving as much as possible the value V 0 of the volume. As discussed in section 6.2, the volume constraint is handled through a Lagrange multiplier γ. From a theoretical point of view, the value of the Lagrange multiplier should be updated at each iteration in order for the optimal shape to fulfill the volume constraint when the algorithm converges. Nevertheless, enforcing the volume constraint at each iteration would highly increase the complexity of the algorithm and consequently its computational cost. Thus we consider a constant Lagrange multiplier at each iteration of the strategy and starting from the previously computed value γ, we increase it if the current volume V is greater than the target V 0 and we decrease it otherwise.

As mentioned in the introduction and extensively discussed in part II of the thesis, a key aspect of shape optimization procedures is the choice of the criterion to stop the evolution of the optimization strategy. In order to compare the expressions (6.45) and (6.63) of the shape gradient of the compliance, we consider an a priori fixed number of iterations for the Boundary Variation Algorithm under analysis. Moreover, the number of connected regions inside the domain is set at the beginning of the procedure and the deformation of the shape is performed via a moving mesh approach. In the rest of this subsection, we present two test cases for the optimal design of the cantilever in figure 6.1, that is a bulky structure (Fig. 6.3a) and a porous one (Fig. 6.3b) featuring 6 internal holes. All the numerical simulations are obtained using FreeFem++ [START_REF] Hecht | New development in FreeFem++[END_REF]. We consider the initial configuration in figure 6.3a. The volume of the structure under analysis is V 0 = 45 and we set the initial value of the Lagrange multiplier to γ 0 = 0.1. In figure 6.4, we present the shapes obtained using the Boundary Variation Algorithm based on the expressions (6.45) and (6.63) of the shape gradient of the compliance. In particular, we remark that the variant of the BVA which exploits the shape gradient computed via the dual mixed variational formulation of the linear elasticity problem is able to construct configurations in which the total elastic energy is lower than in the corresponding cases obtained starting from the pure displacement formulation of the problem. This remark is confirmed by the comparison plots in figure 6.5 where the BVA based on the dual mixed formulation is depicted by blue curves whereas the red ones represent the results obtained starting from the pure displacement formulation. As a matter of fact, the former approach appears more robust than the latter one: the BVA based on the dual mixed formulation improves both the compliance and the functional L(Ω) during several iterations, whereas at the beginning of the evolution, the variant exploiting the pure displacement formulation reduces the compliance by enlarging the volume of the structure, thus deteriorating the corresponding value of L(Ω) (Fig. 6.5b).

In a second phase, the BVA based on the pure displacement formulation is able to better control the variation of the volume and the final shapes obtained by the two algorithms have comparable sizes (Fig. 6.5c). Nevertheless, the overall improvement of the compliance is far more limited when using the pure displacement formulation with respect to the one observed starting from the dual mixed formulation (Fig. 6.5a).

Iter. j L(Ω j ) Table 6.1 -Test case in figure 6.5 using the BVA based on the (a) pure displacement formulation and (b) the dual mixed formulation of the linear elasticity problem. Evolution of the penalized objective functional L(Ω) with respect to the iteration number. In yellow: the cases in which the discretized direction θ h fails to be a genuine descent direction for L(Ω) despite being d h L(Ω), θ h < 0.
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Cantilever beam with six holes

The initial shape for the cantilever beam with six holes is depicted in figure 6.3b and features a reference volume V 0 = 40.59 and an initial Lagrange multiplier equal to γ 0 = 0.13. As for the case of the bulky cantilever, we present snapshots of the shapes obtained at different iterations of the Boundary Variation Algorithm using both the pure displacement and the dual mixed formulation of the linear elasticity problem (Fig. 6.6). Moreover, a qualitative analysis of the evolution of the compliance and of the variation of the volume is discussed starting from figure 6.7. As previously remarked, the Boundary Variation Algorithm based on the dual mixed formulation of the linear elasticity problem leads to configurations with lower elastic energy. Figures 6.7a and 6.7b confirm that the variant of the BVA using the dual mixed formulation generates a sequence of shapes that improve the objective functional for several subsequent iterations. On the contrary, the pure displacement formulation leads to a less robust strategy in which at the beginning of the optimization process, the compliance is reduced by increasing the volume of the structure. Concerning the BVA based on the dual mixed formulation, the comparison of figure 6.6e with figure 6.6f, highlights that only minor modifications of the shape are performed by the algorithm from iteration 20 to iteration 30. As a matter of fact, the evolution of the volume (Fig. 6.7c) shows that after having identified a configuration with low compliance the algorithm tends to correct the shape in order to fulfill the volume constraint which has been violated during the initial iterations. As highlighted by the test case of the bulky cantilever, the Boundary Variation Algorithm based on the dual mixed formulation is able to construct structures with lower compliance than the configurations generated using the pure displacement formulation (Fig. 6.7a). Nevertheless, both the final configuration in figure 6.6c and the one in figure 6.6f, present some issues. On the one hand, the pure displacement solution presents kinks responsible for low compliance near the regions Γ D where the structure is clamped. On the other hand, the shape obtained by the dual mixed formulation features thin components which may be critical to handle during the manufacturing process. Both these issues may be potentially influenced by the choice of explicitly representing the geometry through the computational mesh and the consequent moving mesh approach to deform the domain. We refer to subsection 6.5.3 for a more detailed comment on this topic.

Iter. j L(Ω j ) 6.7 using the BVA based on the (a) pure displacement formulation and (b) the dual mixed formulation of the linear elasticity problem. Evolution of the penalized objective functional L(Ω) with respect to the iteration number. In yellow: the cases in which the discretized direction θ h fails to be a genuine descent direction for L(Ω) despite being

d h L(Ω j ), θ h j L(Ω j+1 ) 1 
d h L(Ω), θ h < 0.
Concerning the computational cost of the overall optimization procedures, it is important to remark that the dual mixed formulation features more variables (stress tensor σ Ω , displacement field u Ω and Lagrange multiplier η Ω ) than the pure displacement one which -as the name states -solely relies on the displacement field u Ω . From a practical point of view, this results in a higher number of Degrees of Freedom in the discrete problem and consequently a higher computational cost. Moreover, by comparing the first and the second lines of figures 6.4 and 6.6, we remark that the computations of the BVA based on the dual mixed formulation were performed on finer meshes than the ones used for the pure displacement one. This turned out to be necessary in order to retrieve an accurate solution of the dual mixed Finite Element problem of linear elasticity, whereas the pure displacement formulation may be easily approximated using Lagrangian Finite Element functions as long as one avoids the nearly incompressible and the incompressible case. Eventually, the linear system obtained by the discretization discussed in subsection 6.1.3 may be extremely ill-posed and the construction of appropriate preconditioners (cf. e.g. [START_REF] Klawonn | A preconditioner for the equations of linear elasticity discretized by the peers element[END_REF]) may be necessary. Hence, though the preliminary numerical results suggest that the BVA based on the dual mixed formulation is the best choice when dealing with the minimization of the compliance in linear elasticity, the higher computational cost and the additional numerical difficulties of the overall strategy have to be taken into account to provide a global evaluation of the method. Within this framework, additional investigations have to be performed both from a theoretical point of view (e.g. a priori estimate of the error in the shape gradient) and from a computational one, by optimizing and improving the resolution strategy outlined above.

Both figure 6.5 and 6.7 highlight the issue that has motivated the development of the Certified Descent Algorithm in part I of this thesis. It is straightforward to observe that the direction computed using the discretized shape gradient is not always a genuine descent direction for the functional under analysis. This remark is confirmed by tables 6.1 and 6.2 in which we observe that despite being d h L(Ω), θ h < 0, the functional L(Ω) may increase when the shape is perturbed accordingly to the field θ h . Thus, the preliminary simulations of a vectorial shape optimization problem confirm the interest in the development of a certification procedure for the descent direction by accounting for the numerical error introduced by the discretization of the shape gradient. In next chapter, we present the theoretical derivation of the aforementioned a posteriori estimator for the error in a Quantity of Interest and we refer to the future work [5] for a more detailed discussion on this topic.

A note on the moving mesh approach

Let us consider the minimization of the compliance under a volume constraint for the cantilever beam initialized in figure 6.8a. We apply the Boundary Variation Algorithm based on the pure displacement formulation and in figure 6.8 we present the snapshots of the configurations computed after 10, 20 and 30 iterations as well as the final shape after 38 iterations. This example summarizes the issues related to the deterioration of the computational mesh mentioned in the previous subsection. In particular, it is straightforward to observe that in the regions near which the structure is clamped the deformation field θ h is responsible for some spurious oscillations of the existing boundary. Moreover, by intuition, we would expect that the vertical truss which is getting thinner at each iteration is eventually eliminated from the structure. Owing to the considered moving mesh approach, this scenario is impossible and at iteration 38, the optimization algorithm fails to produce a new shape since the thickness of the vertical truss goes below the precision of the mesh generator.

In order to bypass these issues, we refer to the strategy for the implicit description of the geometry mentioned in section 1.2. Currently, we are investigating the approach proposed by Allaire et al. in [20] (cf. algorithm 6.1). At each iteration of the optimization strategy, after solving the state problem and computing the descent direction as in the classical Boundary Variation Algorithm [step 1, 2 and 3], we construct a signed distance function to the boundary of the domain [step 4]. Then, we define a level-set function as the solution of an Hamilton-Jacobi equation in which the descent direction Chapter 7

Complementary energy-based estimate of the error in the shape gradient of the compliance

We consider the pure displacement variational formulation of the linear elasticity problem and we discretize it by means of Lagrangian Finite Element functions. Owing to the complementary energy principle, we define a variational problem to compute an accurate approximation of the linearized strain tensor and we derive a fully-computable, constant-free a posteriori estimator of the error in the shape gradient.

Discretization of the pure displacement formulation of the linear elasticity problem

Let us consider the notation introduced in section 4.1 for the description of the computational mesh T h approximating the domain Ω. In this section, we describe a discretization strategy for the linear elasticity problem based on conforming Finite Element functions. In particular, we follow the procedure discussed in chapter 4 for the case of Electrical Impedance Tomography. We discretize the pure displacement formulation (cf. subsection 6.1.1) of the linear elasticity state equation and we construct the adjoint problem to estimate the error in a Quantity of Interest using the expression of the shape gradient of the compliance computed in section 6.3.

First, we introduce the following Lagrangian Finite Element space to approximate the vectorial functions belonging to H 1 0,Γ D (Ω) (cf. (6.13)):

V h,κ Ω := {u h ∈ C 0 (Ω; R d ) : u h | T ∈ [P κ (T )] d ∀T ∈ T h }
where [P κ (T )] d is the set of d-dimensional vectors such that each component is a polynomial of degree less than or equal to κ on an element T .

The state problem

As in section 6.5, we consider a structure represented by a domain Ω subject to a zero body forces configuration (f ≡ 0), clamped on Γ D , with a load g applied on Γ N and a free boundary Γ. Let us recall the expression of the bilinear and linear forms associated with the pure displacement formulation of the linear elasticity problem (6.14):

a Ω (u Ω , δu) := Ω Ae(u Ω ) : e(δu) dx = 2µ Ω e(u Ω ) : e(δu) dx + λ Ω tr(e(u Ω )) tr(e(δu)) dx, (7.1) 
F Ω (δu) :=

Γ N g • δu ds. (7.2) 
Within the framework of conforming Finite Element discretizations, the continuous and discrete bilinear (respectively linear) forms have the same expressions. Hence, the discretization of equation (6.14) may be derived by replacing the analytical solution u Ω with its approximation u h Ω belonging to the space V h,ℓ Ω of vectorial Lagrangian Finite Element functions of degree ℓ. In order to solve the problem of minimizing the compliance under a volume constraint using a gradientbased method, we consider the expression dJ 1 (Ω), θ of the shape gradient in (6.45). Thus, the approximation of (2.1) for the problem under analysis reads as (2.5) where θ h is computed using a vectorial Lagrangian Finite Element space and the expression of the shape gradient dJ 1 (Ω), θ is replaced by its discretized counterpart. From a practical point of view, the discretized shape gradient d h J 1 (Ω), θ h is obtained by substituting the analytical solution u Ω with its Finite Element approximation u h Ω in (6.45).

The adjoint problem

In order to minimize the compliance under a volume constraint, we consider the Lagrangian functional (6.29). Gradient-based methods to solve this problem rely on the computation of the shape gradient of L(Ω), that is

dL(Ω), θ = dJ 1 (Ω) + γdV (Ω), θ
where γ is a Lagrange multiplier to handle the volume constraint. An overview of the strategies to choose and update γ has been presented in section 6.2 and here we consider the previously discussed approach based on a fixed Lagrange multiplier. We recall that the volume V (Ω) depends solely on the geometry of the domain, whence the discretization of the state problem does not affect the accuracy of the quantity dV (Ω), θ . Thus, only the numerical error in the term dJ 1 (Ω), θ has to be estimated and we introduce the influence function r Ω to evaluate the contribution of the error u Ω -u h Ω due to the discretization of the state problem to the error in the approximation of the shape gradient. In particular, r Ω is the solution of the following adjoint problem, in which we seek r Ω ∈ V Ω such that

a Ω (δr, r Ω ) = H Ω (δr) ∀δr ∈ V Ω (7.3)
where the linear form H Ω (δr) is the linearization of the shape gradient dJ 1 (Ω), θ h and acts as our Quantity of Interest. Owing to the notation (1.16)-(2.21) introduced in the previous chapters, the shape gradient and its linearization have the following form:

dJ 1 (Ω), θ = ∂L ∂ϕ (Ω, u Ω , p Ω ), θ h , H Ω (δr) := ∂ 2 L ∂ϕ∂u (Ω, u h Ω , p h Ω )[θ h , δr].
Complementary energy-based estimate of the error in the shape gradient of the compliance

In particular, from the expression (6.45) of the shape gradient of the compliance, H Ω (•) reads as

H Ω (δr) := Ω Ae(u h Ω ) : ∇δr∇θ h + ∇θ h T ∇δr T dx + Ω A ∇u h Ω ∇θ h + ∇θ h T ∇u h Ω T : e(δr) dx -2 Ω Ae(u h Ω ) : e(δr)(∇ • θ h ) dx + 2 Γ N ∇gθ h • δr + g • δr ∇ • θ h -∇θ h n • n ds.
(7.4) As per the state problems, the discretized solution r h Ω is obtained solving problem (7.3) within the space V h,m Ω of vectorial Lagrangian Finite Element functions of degree m.

Estimate of the error in the shape gradient via the complementary energy principle

Following the framework introduced in section 2.3, we construct an a posteriori estimator for the error in the shape gradient of the compliance inspired by the complementary energy principle. As previously discussed for the case of Electrical Impedance Tomography, also the problem of minimizing the compliance is self-adjoint. Hence, owing to (2.20) we may write

E h = dJ 1 (Ω) -d h J 1 (Ω), θ h ≃ H Ω (u Ω -u h Ω ) =: E h . (7.5) 
In this chapter, we neglect the linearization error in (7.5) and we construct an estimator for the error E h via the complementary energy principle. In order to do so, we introduce a pair of dual variables to better approximate the linearized strain tensors e(u Ω ) and e(r Ω ). Thus, we rewrite both the state and the adjoint equations as the minimization of some appropriate energy functionals that will be detailed in the following subsections. We remark that this strategy relies on the possibility of writing the state and adjoint problems through energy functionals solely depending on a primal variable δu (respectively δr) and on a dual one approximating e(δu) (respectively e(δr)). Nevertheless, the linear functional H Ω (•) also features a term depending on the gradient of the primal variable which cannot be directly handled using the complementary energy principle. Let us decompose ∇δr into its symmetric part e(δr) and its skewsymmetric one η(δr) := 1 2 ∇δr -∇δr T . It follows that

∇δr∇θ h + ∇θ h T ∇δr T = η(δr)∇θ h -∇θ h T η(δr) + e(δr)∇θ h + ∇θ h T e(δr) . (7.6)
Hence, we may rewrite the first term in (7.4) as follows:

Ω Ae(u h Ω ) : ∇δr∇θ h + ∇θ h T ∇δr T dx = Ω Ae(u h Ω ) : η(δr)∇θ h -∇θ h T η(δr) dx + Ω Ae(u h Ω ) : e(δr)∇θ h + ∇θ h T e(δr) dx (7.7) 
Complementary energy-based estimate of the error in the shape gradient of the compliance and the linear functional H Ω (δr) may be decomposed into a term depending solely on η(δr) and another one on e(δr):

H Ω (δr) = H Ω,K (δr) + H Ω,S (δr), (7.8) 
H Ω,K (δr

) := Ω Ae(u h Ω ) : η(δr)∇θ h -∇θ h T η(δr) dx, (7.9) 
H Ω,S (δr) := Ω Ae(u h Ω ) : e(δr)∇θ h + ∇θ h T e(δr) dx

+ Ω A ∇u h Ω ∇θ h + ∇θ h T ∇u h Ω T : e(δr) dx -2 Ω Ae(u h Ω ) : e(δr)(∇ • θ h ) dx + 2 Γ N ∇gθ h • δr + g • δr ∇ • θ h -∇θ h n • n ds. (7.10) 
By some simple manipulations, the first term in (7.10) may be rewritten as follows:

Ω Ae(u h Ω ) : e(δr)∇θ h + ∇θ h T e(δr) dx = Ω Ae(u h Ω ) ∇θ h T + ∇θ h Ae(u h Ω ) : e(δr) dx.
For the sake of readability, we introduce the following matrices:

M 1 (θ h , u h Ω ) := Ae(u h Ω ) ∇θ h T + ∇θ h Ae(u h Ω ), (7.11) 
M 2 (θ h , u h Ω ) := ∇u h Ω ∇θ h + ∇θ h T ∇u h Ω T (7.12) 
and we rewrite (7.10) as

H Ω,S (δr) = Ω M 1 (θ h , u h Ω ) : e(δr) dx + Ω M 2 (θ h , u h Ω ) : Ae(δr) dx -2 Ω Ae(u h Ω ) : e(δr)(∇ • θ h ) dx + 2 Γ N ∇gθ h • δr + g • δr ∇ • θ h -∇θ h n • n ds.
(7.13) Owing to (7.3) and (7.8), we decompose the influence function as r Ω = r Ω,K + r Ω,S , where the contribution r Ω,K (respectively r Ω,S ) is associated with H Ω,K (δr) (respectively H Ω,S (δr)) and we seek

r Ω,K , r Ω,S ∈ V Ω such that a Ω (δr, r Ω,K ) = H Ω,K (δr) ∀δr ∈ V Ω , (7.14) 
a Ω (δr, r Ω,S ) = H Ω,S (δr) ∀δr ∈ V Ω .

Hence we may now rewrite the error (7.5) in the Quantity of Interest as follows:

|E h | ≃ | E h | ≤ |H Ω,K (u Ω -u h Ω )| + |H Ω,S (u Ω -u h Ω )| = |a Ω (u Ω -u h Ω , r Ω,K )| + |a Ω (u Ω -u h Ω , r Ω,S )| = |a Ω (u Ω -u h Ω , r Ω,K -r h Ω,K )| + |a Ω (u Ω -u h Ω , r Ω,S -r h Ω,S )| ≤ |||u Ω -u h Ω ||| Ω |||r Ω,K -r h Ω,K ||| Ω + |||r Ω,S -r h Ω,S ||| Ω . (7.16) 
Complementary energy-based estimate of the error in the shape gradient of the compliance In (7.16), the first and last inequalities respectively follow from the triangle and the Cauchy-Schwartz inequality whereas the third line stems from Galerkin orthogonality.

In order to obtain a computable upper bound for the error in the shape gradient, we seek an estimate of the energy-norm of the error for the state solution u Ω -u h Ω and for the two components r Ω,K -r h Ω,K and r Ω,S -r h Ω,S of the adjoint solution appearing in (7.16). It is straightforward to observe that the state error and the latter contribution of the adjoint error solely depend on the variables δu (respectively δr) and e(δu) (respectively e(δr)) making the complementary energy strategy a feasible approach to estimate them. On the contrary, an analogous approach cannot be applied to derive an upper bound of the quantity |||r Ω,K -r h Ω,K ||| Ω owing to the presence of the skew-symmetric term η(δr) in (7.9). Moreover, we remark that (7.16) is not fully computable since the exact solution of (7.14) is unknown. A possible workaround for this issue relies on solving problem (7.14) using higher-order Finite Element functions as discussed in chapter 5 for the goal-oriented estimator based on equilibrated fluxes. Let V h,n Ω be the space of vectorial Lagrangian Finite Element functions of degree n > m and

I m n : V h,n Ω → V h,m
Ω be the projection operator from the space of high-order functions the low-order one. Within this framework, we may replace the solution r Ω,K with its high-order numerical counterpart belonging to V h,n Ω whereas r h Ω,K is substituted by the projection of the higher-order approximation onto the space of low-order Finite Element functions used to compute the solution of problem (7.15):

|||r Ω,K -r h Ω,K ||| Ω ≃ |||r h Ω,K -I m n r h Ω,K ||| Ω . (7.17) 
In the following subsections, we provide the details of the application of the complementary energy principle to the derivation of the a posteriori estimator of the error in the energy-norm for both the state solution u Ω and the contribution r Ω,S to the adjoint solution r Ω . Moreover, we exploit the higher-order approximation of problem (7.14) to construct the fully computable estimator (7.16) of the error in the shape gradient for the compliance.

Energy-norm error estimates for the state equation

In order to estimate the error e Ω := u Ω -u h Ω due to the approximation of the state problem, we seek the solution of the residual equation (2.18). Following the procedure discussed in subsection 2.3.1, we introduce the potential energy functional E Ω (w):

E Ω (w) := 1 2 Ω Ae(w) : e(w) dx + Ω Ae(u h Ω ) : e(w) dx -F Ω (w). (7.18) 
The solution of the residual equation for the state problem is equivalent to the minimization of (7.18):

E Ω (e Ω ) = min w∈V Ω E Ω (w). (7.19) 
By introducing an additional variable ρ = e(w) and a dual variable ψ ∈ H(div, Ω; S d ), we construct the Lagrangian functional L Ω :

V Ω × L 2 (Ω; S d ) × H(div, Ω; S d ) → R which reads as L Ω (w, ρ, ψ) = 1 2 Ω Aρ : ρ dx + Ω Ae(u h Ω ) : ρ dx - Ω (ψ : ρ + (∇ • ψ) • w) dx - Γ N g • w ds + ∂Ω\Γ D (ψn) • w ds. (7.20) 133 
Complementary energy-based estimate of the error in the shape gradient of the compliance

From the system of first-order optimality conditions of (7.20), we get

           ρ = A -1 ψ -e(u h Ω ) in Ω ∇ • ψ = 0 in Ω ψn = g on Γ N ψn = 0 on Γ (7.21)
Let us define the space Ψ Ω := {τ ∈ H(div, Ω; S d ) : ∇ • τ = 0 in Ω}. We consider the dual complementary energy functional C Ω (ψ) for the linear elasticity state problem and we maximize it over the set of all the tensorfields ψ ∈ Ψ Ω fulfilling the boundary conditions in (7.21):

max ψ∈Ψ Ω ψn=g on Γ N ψn=0 on Γ C Ω (ψ) , C Ω (ψ) := - 1 2 Ω Aρ : ρ dx (7.22)
where ρ has the form stated in (7.21).

In order to compute the aforementioned dual variable, we define a new variational problem in which we seek

ψ Ω ∈ Ψ Ω s.t. ψ Ω n = g on Γ N and ψ Ω n = 0 on Γ which verifies Ω A -1 ψ Ω : δψ dx = Ω e(u h Ω ) : δψ dx ∀δψ ∈ Ψ Ω s.t. δψn = 0 on Γ N ∪ Γ. (7.23) 
Let ψ h Ω be the approximation of the dual variable ψ Ω via an appropriate Finite Element space. By combining the definition of the energy-norm induced by the bilinear form |||•||| 2 Ω = a Ω (•, •) with the information in (7.21) and (7.23), we get the following estimator for the error in the discretization of the linear elasticity state problem:

|||u Ω -u h Ω ||| 2 Ω ≤ Ω A A -1 ψ h Ω -e(u h Ω ) : A -1 ψ h Ω -e(u h Ω ) dx. (7.24) 

Energy-norm error estimates for the adjoint equation

Let ǫ Ω := r Ω,S -r h Ω,S . As in the previous subsection, we define the optimization problem associated with the residual equation obtained from problem (7.15):

E Ω (ǫ Ω ) = min w∈V Ω E Ω (w) , E Ω (w) := 1 2 Ω Ae(w) : e(w) dx+ Ω Ae(r h Ω,S ) : e(w) dx-H Ω,S (w). (7.25) 
Let us introduce a variable ρ = e(w) and a dual variable ξ ∈ H(div, Ω; S d ). We construct the following Lagrangian functional L Ω :

V Ω × L 2 (Ω; S d ) × H(div, Ω; S d ) → R: L Ω (w, ρ, ξ) = 1 2 Ω Aρ : ρ dx + Ω Ae(r h Ω,S ) : ρ dx - Ω M 1 (θ h , u h Ω ) : ρ dx - Ω M 2 (θ h , u h Ω ) : Aρ dx + 2 Ω Ae(u h Ω ) : ρ(∇ • θ h ) dx - Ω (ξ : ρ + (∇ • ξ) • w) dx -2 Γ N ∇gθ h • w + g • w ∇ • θ h -∇θ h n • n ds + ∂Ω\Γ D (ξn) • w ds. (7.26) 
Complementary energy-based estimate of the error in the shape gradient of the compliance for several decades. A family of Finite Element spaces suitable to handle this problem is the Arnold-Winther one introduced in [36,[START_REF] Arnold | Mixed finite elements for elasticity[END_REF] to solve the Hellinger-Reissner dual mixed formulation of the linear elasticity problem. Despite this class of Finite Element functions is the most straightforward way to handle the aforementioned problem and some recent works [START_REF] Carstensen | Computational competition of symmetric mixed FEM in linear elasticity[END_REF][START_REF] Carstensen | The Arnold-Winther mixed FEM in linear elasticity. part I: Implementation and numerical verification[END_REF] have shown their efficiency for mixed formulations of the linear elasticity problem, the Arnold-Winther Finite Element spaces are currently far from being a widely spread standard in the community. To the best of our knowledge, among the most common Finite Element libraries, only the FEniCS Project (cf. [START_REF] Alnaes | The FEniCS Project Version 1.5[END_REF], http://www. fenics.org) provides partial support for the Arnold-Winther functions. Alternatively, following the idea discussed in subsection 6.1.3 for the mixed formulation with weakly enforced symmetry of the stress tensor, the relaxation of the symmetry of the target tensor via the introduction of a Lagrange multiplier may be exploited. The main advantage of this approach is the possibility of using more common Finite Element functions to discretize problems (7.23) and (7.29). Despite this approach seems to simplify the approximation of the aforementioned problems allowing the use of well-known Finite Element functions -inspired e.g. by the Brezzi-Douglas-Marini and the PEERS elements (cf. subsection 6.1.3 for a detailed list of options) -, the weak enforcement of the symmetry of the tensor introduces some critical issues when dealing with the complementary energy formulation discussed above. First, a rigorous analysis of the well-posedness of the newly set discrete problem is necessary. Secondly, the tensors ψ Ω , ξ Ω are sought in the space H(div, Ω; M d ) such that the divergence of their symmetric parts vanishes in Ω. Eventually, appropriate traction conditions on the symmetric parts of ψ Ω and ξ Ω have to be applied on ∂Ω. Though the boundary conditions may probably be handled with some technical complications via a weak imposition, e.g. as discussed in [START_REF] Boulaajine | Dual mixed finite element methods for the elasticity problem with Lagrange multipliers[END_REF][START_REF] Gatica | Analysis of a new augmented mixed finite element method for linear elasticity allowing RT 0 -P 1 -P 0 approximations[END_REF][START_REF] Gatica | A new dual-mixed finite element method for the plane linear elasticity problem with pure traction boundary conditions[END_REF], we are not aware of any method to enforce the condition requiring the symmetric part of a given tensor to be divergence-free.

Owing to the previous remarks, we consider the family of Arnold-Winther Finite Element spaces the best approach to approximate the dual problems arising from the complementary energy formulation in section 7.2 and to derive the a posteriori error estimators (7.24) and (7.30). Hence, for the numerical results obtained by the application of the Certified Descent Algorithm based on the complementary energy principle to the minimization of the compliance of an elastic structure under a volume constraint we refer to the future work [5].

In this part, we studied a vectorial shape optimization problem arising from the field of structural mechanics. In particular, we analyzed the well-known problem of designing compliant structures under a volume constraint and we proposed two novel volumetric expressions of the shape gradient of the compliance starting from the pure displacement and the dual mixed formulations of the governing linear elasticity equation. The interest of using volumetric formulations of the shape gradient was first suggested in [START_REF] Berggren | A unified discrete-continuous sensitivity analysis method for shape optimization[END_REF] and later rigorously investigated in [START_REF] Hiptmair | Comparison of approximate shape gradients[END_REF] for the case of elliptic problems. To the best of our knowledge, the results in chapter 6 are the first attempt to derive volumetric expressions of the shape gradient for a shape-dependent functional within the framework of linear elasticity. A preliminary comparison of the aforementioned expressions by means of numerical simulations showed extremely promising results, especially using the dual mixed variational formulation of the linear elasticity equation. As a matter of fact, the global optimization strategy based on this approach seems more robust than the one obtained from the pure displacement formulation. Moreover, it provides final configurations which appear visually better than the ones arising from the pure displacement formulation. Nevertheless, a rigorous and detailed analysis both from an analytical and a numerical point of view is necessary to validate the aforementioned statement.

Eventually, in chapter 7 we presented the derivation of the a posteriori estimator of the error due to the discretization of the shape gradient of the compliance. Starting from the pure displacement formulation of the linear elasticity equation, we developed a strategy based on the complementary energy principle. First, we introduced an additional variational problem to accurately evaluate the error in the computation of the strain tensor. Then, we derived a certified and fully computable upper bound of the error in our Quantity of Interest. This estimate represents the starting point for the application of the previously discussed Certified Descent Algorithm to the optimal design of elastic structures which will be treated in the future work [5].

Several aspects related to the discretization of shape optimization problems within the field of linear elasticity still remain to be treated. First, the implementation of the Certified Descent Algorithm using the a posteriori error estimate presented in chapter 7. Secondly, a reduction of the computational cost of the certification step is necessary to make more complex problems treatable using the CDA. Within this framework, an extremely interesting line of investigation focuses on the construction of goal-oriented error estimators which rely solely on local quantities like the equilibrated fluxes approach discussed in part II for the scalar problem. The aforementioned framework for the construction of the equilibrated fluxes may be extended to the pure displacement formulation of the linear elasticity equation using the Arnold-Winther Finite Element functions introduced in [START_REF] Arnold | Mixed finite elements for elasticity[END_REF] (respectively

Conclusion

In this thesis, we studied the coupling of gradient-based shape optimization methods with a posteriori estimators of the error due to the Finite Element approximation of the shape gradient. The main contribution of this work is the development of the Certified Descent Algorithm (CDA) for shape optimization (cf. chapter 2). This method exploits the information of the upper bound of the error in the shape gradient to implement a certification procedure that is able to identify a genuine descent direction for the objective functional at each iteration. Moreover, owing to the quantitative information encapsulated in the estimator in the Quantity of Interest, a novel stopping criterion based on the norm of the shape gradient is defined.

We analyzed two applications which may be formulated as optimization problems of functionals which depend on the shape: a scalar inverse identification problem issue of the field of Electrical Impedance Tomography (cf. part II) and a vectorial forward problem of optimal design of elastic structures (cf. part III).

In part II, we used the identification problem issue of the Electrical Impedance Tomography (EIT) as a proof of concept to establish some properties of the algorithm: the CDA generates a minimizing sequence of shapes, that is, the objective functional is monotonically decreasing along the iteration of the procedure; moreover, the overall strategy automatically ends when the stopping criterion based on the norm of the shape gradient is fulfilled. Concerning the solution of the EIT problem, we discussed two strategies to compute the goal-oriented estimator: on the one hand, we constructed an a posteriori estimator of the error in the shape gradient inspired the complementary energy principle (cf. chapter 4); on the other hand, we investigated a technique based on the local reconstruction of equilibrated fluxes (cf. chapter 5) in order to reduce the overall computational cost of the certification step. In part III, we tackled the problem of designing a compliant structure governed by the linear elasticity equation. First, we analyzed the pure displacement and the dual mixed formulations of the linear elasticity problem and we derived the corresponding volumetric expressions of the shape gradient of the compliance (cf. chapter 6). A preliminary qualitative comparison of the aforementioned expressions was performed by means of numerical simulations. Eventually, in chapter 7 we constructed an a posteriori estimator of the error in the shape gradient via the complementary energy principle. This estimate represents the starting point for the application of the CDA to the optimal design of a compliant elastic structures under a volume constraint which will be the subject of the future work [5].

Besides the developments already suggested in the concluding remarks of part II and III, some topics may be of interest for both the inverse identification problem of Electrical Impedance Tomography and the optimal design of elastic structures. First, an accurate investigation of the contribution of the approximation of the geometry to the error in the shape gradient may clarify some issues observed in the numerical simulations when moving to higher-order Finite Element schemes. In particular, more precise descriptions of the shape via NURBS (cf. [START_REF] Schramm | The coupling of geometric descriptions and finite elements using NURBS -A study in shape optimization[END_REF]) or FreeForm Deformation maps (cf. [START_REF] Ballarin | Shape optimization by free-form deformation: existence results and numerical solution for Stokes flows[END_REF]) may be explored as well as hybrid approaches as the NURBS-Enhanced Finite Element Method (cf. [START_REF] Sevilla | NURBS-enhanced finite element method (NEFEM)[END_REF]). Other interesting lines of investigation are represented by the reference domain approach proposed by Kiniger and Vexler in [START_REF] Kiniger | A priori error estimates for finite element discretizations of a shape optimization problem[END_REF] and later investigated also by Fumagalli et al. in [START_REF] Fumagalli | Shape optimization for Stokes flows: a finite element convergence analysis[END_REF] and Hiptmair et al. in [START_REF] Hiptmair | Shape optimization by pursuing diffeomorphisms[END_REF] and by the coupling of shape optimization with Reduced Order Models (cf. e.g. [START_REF] Lassila | Parametric free-form shape design with PDE models and reduced basis method[END_REF]) for which an additional verification step would be required in order to certify the reliability of the reduced model with respect to the high-fidelity one. An implicit representation of the geometry may also be considered and interesting results are expected by the application of the certification procedure to the level-set formulation of PDE-constrained optimization problems of shape-dependent functionals (cf. [25]). Moreover, the certification step may be extended to second order methods [10,18,[START_REF] Laumen | Newton's method for a class of optimal shape design problems[END_REF][START_REF] Roche | Adaptive Newton-like method for shape optimization[END_REF] and to problems in the field of topology optimization, e.g to drive the insertion of a new inclusion (respectively hole) in a shape identification (respectively shape optimization) problem through the analysis of the error due to the discretization of the topological gradient. Within this latter framework, it is interesting to recall the remarks by Bonnet and Guzina in [START_REF] Bonnet | Sounding of finite solid bodies by way of topological derivative[END_REF] and Sigmund and Maute in [START_REF] Sigmund | Topology optimization approaches[END_REF] on the numerical use of topological gradients: as a matter of fact, despite the topological derivatives are computed for infinitesimal holes, in practical applications holes of finite size are introduced. Hence, the criteria currently used in the literature to drive the insertion of new holes are solely of heuristic nature and may be improved by a validation step that accounts for the numerical error due to the Finite Element discretization of the problem. Eventually, the analysis of more realistic problems in linear elasticity may generate interesting synergies with the rapidly-expanding community of engineers and industries involved in the field of additive manufacturing which may greatly benefit from the automatization of shape optimization algorithms.

Conclusion (en français)

Dans cette thèse, on a étudié le couplage entre les méthodes d'optimisation basées sur le gradient et les estimations a posteriori de l'erreur due à l'approximation de la dérivée de forme par la méthode des éléments finis. La contribution principale de ce travail est l'Algorithme de Descente Certifiée (CDA) pour l'optimisation de forme (cf. chapitre 2). Cette méthode exploite l'information de la borne supérieure de l'erreur dans la dérivée de forme pour mettre en oeuvre une procédure de certification qui identifie une véritable direction de descente pour la fonctionnelle coût à chaque itération. De plus, grâce à l'information quantitative encapsulée dans l'estimation d'erreur sur notre Quantité d'Intérêt, un nouveau critère d'arrêt -basé sur la norme de la dérivée de forme -est défini.

On a considéré deux applications qui peuvent être formulées comme des problèmes d'optimisation d'une fonctionnelle qui dépend de la forme : un problème inverse scalaire d'identification, issu de la tomographie par impédance électrique (cf. partie II) et un problème direct vectoriel de conception optimale de structures élastiques (cf. partie III).

Dans la deuxième partie, on a utilisé le problème de la tomographie par impédance électrique pour valider le CDA et identifier quelques propriétés de la méthode étudiée : le CDA produit une suite minimisante de formes, c'est-à-dire la fonctionnelle coût décroît monotoniquement pendant l'évolution de l'algorithme ; de plus, la stratégie termine automatiquement quand le critère d'arrêt basé sur la norme de la dérivée de forme est atteint. On a considéré deux stratégies pour calculer l'erreur due à l'approximation numérique de la dérivée de forme. Premièrement, à partir du principe de l'énergie complémentaire (cf. chapitre 4) on a introduit un problème variationnel additionnel pour chaque variable d'état et adjointe et on a récupéré une approximation précise des flux numériques pour construire une bonne estimation de l'erreur en norme de l'énergie. L'inconvénient principal de cette approche découle de la nécessité de résoudre des problèmes duaux globaux pour dériver une borne supérieure explicitement calculable de l'erreur dans la dérivée de forme. En effet, bien que le CDA puisse utiliser des maillages grossiers pour identifier une véritable direction de descente pour la fonctionnelle coût pendant les itérations initiales, le coût global de la procédure de certification tend à être non négligeable. En particulier, cette version de l'Algorithme de Descente Certifiée induit un important coût de calcul additionnel par rapport à l'Algorithme de Variation de la Frontière appliqué sur des maillages fins. Afin d'éviter de résoudre des problèmes variationnels globaux pour construire l'estimation d'erreur, on a étudié une stratégie qui utilise uniquement des quantités locales. En particulier, dans le chapitre 5 on a proposé une version du CDA qui exploite une estimation dans notre Quantité d'Intérêt au moyen de la reconstruction des flux équilibrés. Cette approche a été développée dans un cadre générique, valide pour des discrétisations par éléments finis conformes et par Galerkin discontinu. D'une part, le nombre de degrés de liberté pour une discrétisation avec éléments finis conformes étant petit, la Conclusion procédure pour reconstruire les flux équilibrés demande la résolution d'un sous-problème local défini sur un patch d'éléments pour chaque sommet du maillage. D'autre part, bien que l'approximation Galerkin discontinu des problèmes utilise un nombre de degrés de liberté par élément de maillage plus élevé, le calcul de l'estimation d'erreur basée sur les flux équilibrés est extrêmement simple grâce à une procédure de post-traitement de la solution qui utilise seulement des quantités locales. Les deux stratégies étant valides, on a observé que les bornes obtenues par la méthode de Galerkin discontinu sont plus précises et plus efficaces du point de vue du temps de calcul. Une validation des deux approches au CDA pour le problème de la tomographie par impédance électrique a été présentée à l'aide des simulations numériques sur plusieurs cas test. Les résultats ont mis en évidence l'importance de prendre en compte l'erreur due à la discrétisation de la dérivée de forme afin d'automatiser l'algorithme d'optimisation de forme.

Plusieurs développements sont possibles dans le domaine de la tomographie par impédance électrique. Premièrement, on devrait essayer d'améliorer la reconstruction de la forme finale. Cet objectif pourrait être atteint en couplant l'information électrique avec une onde acoustique [START_REF] Ammari | Acousto-electromagnetic tomography[END_REF] ou une onde élastique [START_REF] Ammari | Mathematical Methods in Elasticity Imaging[END_REF] et en résolvant le problème d'optimisation de forme correspondant. D'autres améliorations peuvent être obtenues par la construction d'une fonctionnelle coût alternative qui exploite l'information associée à plusieurs mesures prises sur le bord. En ce qui concerne la procédure de certification de la direction de descente à l'aide des estimations a posteriori, une piste intéressante est représentée par la comparaison de l'approche basée sur les flux équilibrés avec une stratégie sans flux [START_REF] Parés | The computation of bounds for linear-functional outputs of weak solutions to the two-dimensional elasticity equations[END_REF][START_REF] Parés | Exact bounds for linear outputs of the convection-diffusionreaction equation using flux-free error estimates[END_REF]. De plus, prendre en compte l'anisotropie du maillage [START_REF] Formaggia | Anisotropic mesh adaption in computational fluid dynamics: application to the advection-diffusion-reaction and the Stokes problems[END_REF][START_REF] Formaggia | Anisotropic error estimates for elliptic problems[END_REF] pourrait réduire le nombre global de degrés de liberté en générant un maillage plus adapté au problème physique étudié.

Dans la troisième et dernière partie, on a étudié un problème vectoriel d'optimisation de forme en mécanique. Plus précisément, on a analysé le problème de la conception optimale d'une structure compliante sous une contrainte de volume. On a proposé deux nouvelles expressions volumiques pour la dérivée de forme de la compliance à partir des formulations variationnelles primale et duale mixte de l'équation de l'élasticité linéaire. L'intérêt pour les formulations volumiques de la dérivée de forme a été suggéré pour la première fois dans [START_REF] Berggren | A unified discrete-continuous sensitivity analysis method for shape optimization[END_REF] et ensuite a été rigoureusement étudié dans [START_REF] Hiptmair | Comparison of approximate shape gradients[END_REF] pour le cas des problèmes elliptiques. À ma connaissance, les résultats dans le chapitre 6 représentent le premier essai de calcul des expressions volumiques de la dérivée de forme d'une fonctionnelle qui dépend de la forme dans le cadre de l'élasticité linéaire. Une comparaison préliminaire des expressions susdites au moyen des simulations numériques a montré des résultats extrêmement prometteurs, en particulier en utilisant la formulation duale mixte du problème de l'élasticité linéaire. Cette approche semble assurer une plus grande robustesse de la stratégie globale d'optimisation et des meilleures conceptions finales mais une analyse plus détaillée et rigoureuse est nécessaire. Enfin, dans le chapitre 7, on a présenté le calcul d'une estimation a posteriori de l'erreur de discrétisation pour la dérivée de forme de la compliance au moyen du principe de l'énergie complémentaire. À partir de la formulation primale en déplacements du problème de l'élasticité linéaire, on a introduit un problème variationnel additionnel pour évaluer précisément l'erreur dans le calcul du tenseur des déformations. Ensuite, on a construit une borne supérieure certifiée et explicitement calculable de l'erreur effectuée sur le calcul de notre Quantité d'Intérêt. Cette estimation représente le point de départ pour l'application de l'Algorithme de Descente Certifiée, préalablement présenté, à la conception optimale de structures élastiques qui fera l'objet du prochain article [5].

Plusieurs aspects qui concernent la discrétisation des problèmes d'optimisation de forme dans le domaine de l'élasticité linéaire restent à traiter. Premièrement, la mise en oeuvre de l'Algorithme Conclusion de Descente Certifiée en utilisant l'estimation d'erreur présentée dans le chapitre 7. Ensuite, une réduction du coût de calcul est nécessaire pour rendre faisable l'application du CDA à des problèmes plus complexes. Une piste de recherche extrêmement intéressante est la construction d'estimations d'erreur qui exploitent uniquement des quantités locales comme les flux équilibrés utilisés pour le problème scalaire dans la partie II. La construction des flux équilibrés mentionnée ci-dessus peut être appliquée aussi à la formulation primale en déplacement de l'équation de l'élasticité linéaire en utilisant les fonctions éléments finis d'Arnold-Winther introduites dans [START_REF] Arnold | Mixed finite elements for elasticity[END_REF] (respectivement [36]) pour le cas bidimensionnel (respectivement tridimensionnel). Une approche alternative basée sur les estimations sans flux [START_REF] Parés | The computation of bounds for linear-functional outputs of weak solutions to the two-dimensional elasticity equations[END_REF][START_REF] Parés | Subdomain-based flux-free a posteriori error estimators[END_REF] pourrait également être envisagée. En ce qui concerne la dérivation analytique de la dérivée de forme volumique de la compliance, une preuve rigoureuse de l'équivalence des expressions obtenues utilisant les formulations primale et duale mixte du problème de l'élasticité linéaire est nécessaire. De plus, on pourrait calculer des estimations a priori de l'erreur pour la dérivée de forme comme Hiptmair et al. dans [START_REF] Hiptmair | Comparison of approximate shape gradients[END_REF] pour le cas elliptique. Cette analyse semble particulièrement intéressante puisqu'elle fournirait des informations supplémentaires sur la convergence de la dérivée de forme calculée utilisant différentes techniques de discrétisation. Ainsi, des informations additionnelles seraient acquises permettant de choisir une formulation plutôt qu'une autre afin d'obtenir une meilleure précision dans l'approximation de la dérivée de forme. À partir du travail dans le chapitre 6, des formulations mixtes alternatives pour le problème de l'élasticité linéaire pourraient être analysées, par exemple la formulation TD-NNS récemment proposée par Pechstein et Schöberl [START_REF] Pechstein | Tangential-displacement and normal-normal-stress continuous mixed finite elements for elasticity[END_REF]. Finalement, des estimations a posteriori de l'erreur de la dérivée de forme calculée utilisant les expressions obtenues à partir des formulations mixtes du problème de l'élasticité linéaire pourraient être développées.

Sans compter les développements suggérés ci-dessus, d'autres améliorations dans l'analyse des deux problèmes traités dans les parties II et III sont possibles. Premièrement, une analyse détaillée de l'influence de l'approximation de la géométrie sur l'erreur de la dérivée de forme permettrait de clarifier quelques questions induites par les simulations numériques quand on considère des schémas éléments finis d'ordre élevé. En particulier, des techniques pour décrire plus précisément la forme au moyen de courbes NURBS [START_REF] Schramm | The coupling of geometric descriptions and finite elements using NURBS -A study in shape optimization[END_REF] ou des déformations de forme libre FFD [START_REF] Ballarin | Shape optimization by free-form deformation: existence results and numerical solution for Stokes flows[END_REF] mériteraient d'être explorées aussi bien que des approches hybrides comme la méthode NEFEM des éléments finis améliorée par les courbes NURBS [START_REF] Sevilla | NURBS-enhanced finite element method (NEFEM)[END_REF]. Des autres pistes des recherche intéressantes sont représentées par l'approche basée sur un domain de référence proposée par Kiniger et Vexler [START_REF] Kiniger | A priori error estimates for finite element discretizations of a shape optimization problem[END_REF] et étudiée ensuite aussi par Fumagalli et al. [START_REF] Fumagalli | Shape optimization for Stokes flows: a finite element convergence analysis[END_REF] et Hiptmair et al. [START_REF] Hiptmair | Shape optimization by pursuing diffeomorphisms[END_REF] et le couplage des méthodes d'optimisation de forme avec des modèles d'ordre réduit (cf. [START_REF] Lassila | Parametric free-form shape design with PDE models and reduced basis method[END_REF]) pour lesquels une étape additionnelle de vérification serait nécessaire afin de certifier la fiabilité du modèle réduit par rapport au modèle complet. Des résultats intéressants sont attendus aussi d'une représentation implicite de la géométrie et de l'application de la procédure de certification à une formulation par lignes de niveau (cf. [25]) des problèmes d'optimisation de forme. De plus, il serait légitime d'appliquer l'étape de certification à des méthodes du second ordre [10,18,[START_REF] Laumen | Newton's method for a class of optimal shape design problems[END_REF][START_REF] Roche | Adaptive Newton-like method for shape optimization[END_REF] et à des problèmes d'optimisation topologique : des estimations a posteriori de l'erreur due à la discrétisation de la dérivée topologique dirigeraient l'insertion d'une nouvelle inclusion (respectivement trou) dans un problème d'identification (respectivement d'optimisation) de forme. A ce titre, il est intéressant de rappeler les remarques de Bonnet et Guzina [START_REF] Bonnet | Sounding of finite solid bodies by way of topological derivative[END_REF] et Sigmund et Maute [START_REF] Sigmund | Topology optimization approaches[END_REF] sur l'utilisation des dérivées topologiques approximées dans des algorithmes numériques : en fait, bien que les dérivées topologiques soient calculées pour des trous infinitésimaux, dans la pratique des trous de taille finie sont introduits. Par conséquent, les critères actuellement utilisés dans la littérature pour diriger l'insertion de nouveaux trous sont exclusivement heuristiques et pourraient être améliorés par une étape de validation qui prend en compte l'erreur numérique due à la discrétisation du problème par la méthode des éléments finis. Finalement, l'analyse de problèmes réalistes plus complexes en élasticité linéaire pourrait mettre en oeuvre des synergies intéressantes avec la communauté des ingénieurs et des industries actifs dans le domaine de la fabrication additive qui peut obtenir des bénéfices considérables du processus d'automatisation des algorithmes d'optimisation de forme.

Optimal Grasping Points Identification for a Rotational Four-fingered Aerogripper J. Vazquez 1 , M. Giacomini 2,3 , J. Escareno 3 , E. Rubio 1 and H. Sossa 1

Abstract-In the present paper, we deal with the grasping aspect regarding reactive object retrieving during fast aerial pick-and-place maneuevers. The paper addresses the problem of the optimal grabbing of an object by means of a 5 degrees of freedom (DoF) gripper. Also, is introduced the optimization framework for the identification of the optimal contact points between the end-effector and the object. In particular, we define an objective functional to evaluate the optimality of the contact points and we propose a preliminary strategy to identify the optimal contact points. Simulations and experimental are presented to support the actual proposal.

I. INTRODUCTION

In the last years the Unmanned Aerial Vehicles (UAVs) were used for a wide variety of applications, either civilian and military. The research and development of MAVs have different facets according to the application scope and its main feature is the constant evolution of such domain. However, the enhancement of classical UAVs-based applications requires aerial robots endowed with novel capabilities. Among these novel applications it is possible to cite aerial interactivity (aerial manipulation/grasping), swarmbased operations (multi-uav cargo carrying, natural disaster assessment, convoy escort/surveillance,...), natural science (zoological research, environmental observation,...).

Moving towards the operational limits of current UAV configurations unveils new challenges involving different scientific disciplines. For instance, maintaining the balance between mechanical enhancements and flight stability (translational and rotational motion). In this paper we are interested on aerial interactivity, specifically on aerial grasping which is an active research trend due to its application potential. Various contributions can be found on the literature. [1] presents the planar model, attitude control analysis and outdoors experimental validation of a middle-size helicopter equipped with a compliant gripper capable of robust grasping and transporting objects of different shapes and dimensions. In [2], a classical quadrotor featuring a home-customized erubio/hsossa@cic.ipn.mx email: juan-antonio.escareno@ipsa.fr 1DOF gripper performs an aerial grasping based IR camera evaluate. In [3] , the experiments are extended to outdoor, using a GPS system and a Kalman filter to improve the precision in the position system. But both contributions are limited to the use of a 1-DOF gripper, which reduces the precision of manipulation. [4] presents a quadrotor equipped with a four-fingered gripper which enables to perform aerial grasping and perching. The gripper is directly attached to the vehicle, this fact restricts the grasping workspace, i.e. the vehicle's center of mass (CoM) must be aligned to the object to be grasped (target). From the mechanical point of view, the gripper is signficately complex featuring 16 DOF, 4 joints per finger. In [5], the authors present a classical quadrotor equipped with a monocular camera. The proposed control strategy enables performing aggressive grasping maneuvers via an Image Based Visual Servoing (IBVS). It is claimed that unlike most IBVS approaches, the dynamics is obtained directly in the image to deal with a second order system. An alternative UAV configuration equipped with a hook intended to deliver/retriving cargo using a vision-based strategy is presented in [6].

In this paper is proposed a grasping strategy adapted for aerial pick-and-place operations using a quadrotor equipped with a 3DOF delta parallel robot. The advantages of parallel against serial robots such as more rigid structure, high orientation accuracy, enhanced stability and repetitivity, functioning, control on the limits of velocities. These manipulation features render the delta robot as the ideal platform for aerial pick-and-place tasks. The actual proposal is based on a novel 5 DoF four-fingered rotational gripper (see Fig. 1), which, in terms of mechanics, is simple and robust. The rotational capability of the proposed end-effector decouples the motion of the rotorcraft. The current paper focuses on the strategy to improve the grasping effectiveness. The latter represents the cornerstone to achieve the final goal of the ongoing project, i.e. performing high-reactive aerial pickand-place operations. In this paper we focus our efforts to increase Aerogripper's grasping effectiveness by introducing a grasping criteria to detect optimal contact points. Simulations results are presented to illustrate the objective of the proposed approach. Lastly, embedded image processing was used to validate and evaluate experimentally the optimal grasping-points detector.

The paper is organized as follows. Section II the grasping problem is discussed. In section III the proposed grasp- ing strategy is described mathematically. Illustration and validation of the approach is provided in sections IV and V respectively. Finally, section VI presents the concluding remarks as well as the future work of the project.

II. THE GRASPING PROBLEM

A. Contacts Points

During grasping or manipulation operations, reliable contacts between the fingers and the object depend on different aspects, such as: friction, vector force direction and magnitude. In the current paper it is assumed the following.

• A1. Non-sliding contacts are considered, i.e.

F t ≤ µ F n (1) 
where µ stands for the dry friction coefficient • A2. The static and dynamic friction coefficients are equal. The finger force F ∈ R 2 , two-dimensional for this case, applied on the surface is features two components the normal and tangential forces (see Fig. 2). The actual grasping strategy aims to reduce as much as possible the tangential component, i.e. the applied force F is orthogonal to the contact surface.

B. Aerogripper Description

Guaranteeing the grasping of nonregular-form objects often requires dexterous anthropomorphic-like grippers which implies having mechanically complex end-effectors. The Aerogripper concept is meant to enhance aerial grasping with a simpler and robust design. The gripper features 5 degrees of freedom (DoF) (Aerogripper) having four linear actuators (fingers) orthogonally arranged. Rotational motion of the gripper is also possible. Each finger is actuated separately to adapt to object geometry ((see Fig. 3)). In addition, beyond the grasping capability, the gripper design allows different configurations to manipulate the object with the grasping plane.

III. OPTIMAL GRASPING POINTS DETECTION

As previously stated, a reliable contact point between the gripper and the object is considered as optimal if the grabbing force is orthogonal to the object's surface. The strategy is based in finding the optimal grasping points of the objects while respecting the orthogonal position of the fingers.

Let ϕ = ϕ(τ ) be the boundary of the object parametrized via the curvilinear abscissa τ and t(τ ) = ϕ ′ (τ ) the tangential direction to the boundary itself. The optimality condition for a contact point τ k on ϕ(τ ) reads as the following orthogonality condition

t(τ k ) • p k = 0 (2) 
where p k is the direction of the force associated with the k-th grabbing point of the Aerogripper. Since the scalar product is zero between two orthogonal vectors, the bigger is the dot product t(τ k ) • p k , the less optimal the corresponding contact point τ k is.

In order to establish the optimality for the current grasping configuration, we have to evaluate the concurrent optimality for all the m contact points. For this purpose, let us introduce an objective functional which provides the discrepancy of each point τ k from the optimal configuration: 

J(τ 1 , . . . , τ m ) = m k=1 |t(τ k ) • p k |. (3) 

A. Identification of the contact points

In order to fully-compute the objective functional (Eq. 3) for a given grabbing configuration, first we have to identify all the contact points τ k 's, for k = 1, . . . , m. The contact points τ k 's stand at the intersection of the boundary ϕ(τ ) and the vectors representing the directions of the grasping forces p k 's (see Fig. 4).

Remark 3.1: The number of the contact points is fixed a priori and depends on the configuration design of the grasping mechanism.

First, we consider a simplified model of the rotational gripper with four grasping points (see Fig. 5 and Fig. 3). We introduce a parametrization using an angle θ such that the four grasping points are located in the the following configuration

θ k = θ * + (k -1) π 2 , k = 1, . . . , 4 
where θ * represents the angle of the first grasping point. In figure 5 we present a configuration in which θ * = 0, that is the first grabbing point is located along the horizontal diameter of the circle. Remark 3.2: The angle θ * is not known a priori and will act as the optimization variable in the algorithm to identify the optimal grabbing configuration in section III-C. (4)

B. Computation of the tangential directions

Let us assume that the boundary ϕ(τ ) ∈ C 1 (R). Under this assumption, we are allowed to compute the first-order derivative in all the points of the boundary, thus retrieving the information on the tangential vectors needed to evaluate the functional (Eq. 3). Since the analytical expression of the boundary is not known, from a practical point of view we compute the numerical approximation of the first-order derivative using a Finite Difference scheme (Fig. 6). Let δτ be a small step size along the curvilinear abscissa τ . The first-order derivative of ϕ(τ ) in a given point τ i may be approximated using the following centered Finite Difference formula:

t(τ i ) := ϕ ′ (τ i ) ≃ ϕ(τ i + δτ ) -ϕ(τ i -δτ ) 2δτ . ( 5 
)
Having introduced all the components required for the evaluation of the optimality of a grabbing configuration, we may now sketch a preliminary procedure to identify the optimal contact points for the Aerogripper. 

C. A simple procedure for the optimization of the contact points

In this section we introduce a simple procedure for the identification of the optimal contact points between an object and the Aerogripper fingers. The actual grasping strategy relies on the comparison of the objective functional (Eq. 3) computed for different grasping configurations, each of which is represented by means of a different value of the angle θ * ∈ [0, 2π). By exploiting the symmetrical structure of the circular mechanical gripper, the optimization problem might be reduced to the analysis of the values within the interval [0, π 2 ) for the angle θ * since the other configurations will be associated with the remaining three grasping points via rigid rotations. a) Step 1. Identification of the boundary: Let us now assume that the analytical parameterization of the boundary of the object is not known. We consider a cartesian grid of points -representing the pixels of an image -and the only available information is the list of grid points belonging to the boundary of the object.

Before running the optimization procedure, we need to reconstruct the boundary using a numerical interpolation tool, i.e. a B-Spline interpolation algorithm. b) Step 2. Optimization loop: Let us consider θ * = 0 as the initial configuration of the grabbing mechanism. The greedy optimization procedure relies on the idea of introducing a uniform sampling of the interval [0, π 2 ) and evaluating the objective functional (Eq. 3) for all these entries. Among the computed values, the minimal one is picked and the associated θ * is chosen as the angle for the optimal grabbing configuration. For every value θ * in [0, π 2 ): 1) Identify the four contact points by solving equation (Eq. 4) for k = 1, . . . , 4, i.e. by means of a Newton method. 2) Approximate the tangential direction in the four points computed in the previous step using the Finite Difference scheme (5). 3) Evaluate the objective functional (3) associated with the current contact points. 4) Store the optimal values. During the first iteration, store the value of the objective functional computed in the current step. In the following iterations, check whether the newly computed value is smaller than the previous one. If so, flag the new angle as the optimal one and store the value of the objective functional, otherwise keep the previous data. 5) Update the angle. Hence, the optimal grabbing configuration is represented by the setting for which the contact points are

θ 1 = θ * , θ 2 = θ * + π 2 θ 3 = θ * + π , θ 4 = θ * + 3 2 π
where the angle θ * arises from the procedure in step 2.

IV. SIMULATION STUDY

In this section is presented the numerical study in Matlab in order to provide a in-depth idea about the proposed grasping discussed in the previous section. For the sake of illustration, let us present two examples:

A. Square geometry

It is straightforward to guess the optimal contact points for this geometric shape. Thus, applying our algorithm we obtain four points where the finger axis and the surface are orthogonal, i.e. the dot product is zero (see Fig. 7). The points are located at 45, 135, 225 and 315 degrees as is depicted by (Fig. 8). Thus, these points represent the commanded grasping point. It is important to say that the dot product is almost zero since the orthogonal grippers configuration and the shape are perfecly orthogonal which is not the case for non-regular geometries. 

B. Non-regular geometry

In this case the shape is not regular and the the optimal contact points are obtained through the proposed algorithm. It is worth to recall that the dot-product values selected are the minimal allowed for the orthogonal gripper configuration.

V. EXPERIMENTAL RESULTS

A. UDOO Microprocesor

The microprocessor used to evaluate the proposed grasping strategy is UDO0 which is an embedded computer developed by Aidilab and SECO USA inc. This board features the equivalent of 4 raspberry pi board plus one arduino, the processor for realizing this purpose is the ARM Cortex-A9 CPU Dual/Quad core 1 GHz. An interesting feature is that UDOO also has an embedded Arduino DUE (working 80 Mhz). The microprocessor features an embedded camera 

B. Vision-based Optimal Grasping Points Detection

The current proposal lies within an undergoing project to realise fast aerial pick-and-place operations using an aerial hexarotor configuration having a parallel Delta robot. In general, it is expected that the vehicle recognize the object to be grasped and defines the corresponding trajectory. The current proposal deals with a preliminary section of the vision-based identification process. The actual proposal seeks to maximize the possibilities of a successful grasping during an aerial pick-and-place task.

The vision processing is performed by the microprocessor UDOO within an embedded Linux environment capable of executing C++ routines, OpenCV libraries in this case.

Since the grasping strategy requires the contour vector (x c , y c ) of the image, the actual study uses the Canny edges From the latter allows to determine the magnitude and angle of the total edge gradient.

3) Thresholding

This process uses window of two thresholds values to get rid of edge's pixels caused by image parasitic effects (noise and color variation).

4) Edge thinning

The less representative pixels along the gradient direction are eliminated. Figures 111213show the performance of the approach implementation. They demonstrate that four points are successfully obtained for three regular geometries, i.e. simulation results match with thos obtained from the experiments.

VI. CONCLUDING REMARKS AND FUTURE WORKS

In this paper we have presented preliminary results towards high-reactive grasping pick-and-place maneuvers. It was presented a novel concept of end-effector for aerial robots. Moreover, it is proposed an adapted-to-gripper grasping strategy based on the optimal identification of contact Fig. 12: Identification of the four optimal points for a squared shape Fig. 13: Identification of the four optimal points for an elliptical shape points. In order to support our proposal, the simulation stage has validated the point-detection strategy. In this regard, the experimental stage has demonstrated the effectiveness of the proposed approach to find the optimal grasping profile for real objects. The future work consist in evaluate the grasping strategy mounted on the complete aerial grasping system (rotorcraft + parallel robot + aerogripper) which is under development.

Introduction

Waste management and energy generation are two key issues in nowadays societies. A major research field arising in recent years focuses on combining the two aforementioned topics by developing new techniques to handle waste and to use it to produce energy. A very active field of investigation focuses on bioreactor landfills which are facilities for the treatment of biodegradable waste. The waste is accumulated in a humid environment and its degradation is catalyzed by bacteria. The main process taking place in a bioreactor landfill is the methane generation starting from the consumption of organic carbon due to waste decomposition. Several by-products appear during this reaction, including carbon dioxide and leachate, that is a liquid suspension containing particles of the waste material through which water flows. Several works in the literature have focused on the study of bioreactor landfills but to the best of our knowledge none of them tackles the global multiphysics problem. On the one hand, [20,21,25] present mathematical approaches to the problem but the authors deal with a single aspect of the phenomenon under analysis focusing either on microbiota activity and leachates recirculation or on gas dynamic. On the other hand, this topic has been of great interest in the engineering community [3,16,17] and several studies using both numerical and experimental approaches are available in the literature. We refer the interested reader to the review paper [1] on this subject.

In this work, we tackle the problem of providing a mathematical model for the full multiphysics problem of methane generation inside a bioreactor landfill. Main goal is the development of a reliable model to simulate the long-time behavior of these facilities in order to be able to perform forecasts and process optimization [19]. This paper represents a preliminary study of the problem starting from the physics of the phenomena under analysis and provides a first set of equations to describe the methane generation inside a bioreactor landfill. In a more general framework, we aim to develop a model sufficiently accurate to be applied to an industrial context limiting at the same time the required computational cost. Thus, a key aspect of this work focused on the identification of the most important features of the functioning of a bioreactor landfill in order to derive the simplest model possible to provide an accurate description of the aforementioned methanogenic phenomenon. The proposed model has been implemented using Feel++ and the resulting tool to numerically simulate the dynamic of a bioreactor landfill has been named SiViBiR++ which stands for Simulation of a Virtual BioReactor using Feel++.

The rest of the paper is organized as follows. After a brief description of the physical and chemical phenomena taking place inside these waste management facilities (Section 2), in section 3 we present the fully coupled mathematical model of a bioreactor landfill. Section 4 provides details on the numerical strategy used to discretize the discussed model. Eventually, in section 5 preliminary numerical tests are presented and section 6 summarizes the results and highlights some future perspectives. In appendix A, we provide a table with the known and unknown parameters featuring our model.

What is a bioreactor landfill?

As previously stated, a bioreactor landfill is a facility for the treatment of biodegradable waste which is used to generate methane, electricity and hot water. Immediately after being deposed inside a bioreactor, organic waste begins to experience degradation through chemical reactions. During the first phase, degradation takes place via aerobic metabolic pathways, that is a series of concatenated biochemical reactions which occur within a cell in presence of oxygen and may be accelerated by the action of some enzymes. Thus bacteria begin to grow and metabolize the biodegradable material and complex organic structures are converted to simpler soluble molecules by hydrolysis.

The aerobic degradation is usually short because of the high demand of oxygen which may not be fulfilled in bioreactor landfills. Moreover, as more material is added to the landfill, the layers of waste tend to be compacted and the upper strata begin to block the flow of oxygen towards the lower parts of the bioreactor. Within this context, the dominant reactions inside the facility become anaerobic. Once the oxygen is exhausted, the bacteria begin to break the previously generated molecules down to organic acids which are readily soluble in water and the chemical reactions involved in the metabolism provide energy for the growth of population of microbiota.

After the first year of life of the facility, the anaerobic conditions and the soluble organic acids create an environment where the methanogenic bacteria can proliferate [28]. These bacteria become the major actors inside the landfill by using the end products from the first stage of degradation to drive the methane fermentation and convert them into methane and carbon dioxide. Eventually, the chemical reactions responsible for the generation of these gases gradually decrease until the material inside the landfill is inert (approximately after 40 years). In this work, we consider the second phase of the degradation process, that is the methane fermentation during the anaerobic stage starting after the first year of life of the bioreactor. 

Structure of a bioreactor landfill

A bioreactor landfill counts several unit structures -named alveoli -as shown in the 3D rendering of a facility in Drouès, France (Fig. 1A). We focus on a single alveolus and we model it as a homogeneous porous medium in which the bulk material represents the solid waste whereas the void parts among the organic material are filled by a mixture of gases -mainly methane, carbon dioxide, oxygen, nitrogen and water vapor -and leachates, that is a liquid suspension based on water. For the rest of this paper, we will refer to our domain of interest by using indifferently the term alveolus and bioreactor, though the latter one is not rigorous from a modeling point of view.

Each alveolus is filled with several layers of biodegradable waste and the structure is equipped with a network of horizontal water injectors and production pipes respectively to allow the recirculation of leachates and to extract the gases generated by the chemical reactions. Moreover, each alveolus is isolated from the surrounding ground in order to prevent pollutant leaks and is covered by means of an active geomembrane. Figure 1B provides a schematic of an alveolus in which the horizontal pipes are organized in order to subdivide the structure in a cartesian-like way. Technical details on the construction and management of a bioreactor landfill are available in [8,14].

Physical and chemical phenomena

Let us define the porosity φ as the fraction of void space inside the bulk material:

φ = Pore Volume Total Volume . ( 2 

.1)

For biodegradable waste, we consider φ = 0.3 as by experimental measurements in [26], whereas it is known in the literature that for generic waste the value drops to 0.1. Within this porous environment, the following phenomena take place:

• chemical reaction for the methane fermentation;

• heat transfer driven by the chemical reaction;

• transport phenomena of the gases;

• transport and diffusion phenomena of the leachates;

Here, we briefly provide some details about the chemical reaction for the methane generation, whereas we refer to section 3 for the description of the remaining phenomena and the derivation of the full mathematical model for the coupled system. As previously mentioned, at the beginning of the anaerobic stage the bacteria break the previously generated molecules down to organic acids, like the propionic acid CH 3 CH 2 COOH. This acid acts as a reacting term in the following reaction:

CH 3 CH 2 COOH + H 2 O -→ 3 H 2 O + CO 2 + 2CH 4 .
(2.

2)

The microbiota activity drives the generation of methane (CH 4 ) and is responsible for the production of other by-products, mainly water (H 2 O) and carbon dioxide (CO 2 ). As per equation (2.2), for each consumed mole of propionic acid -equivalently referred to as organic carbon with an abuse of notation -, two moles of methane are generated and three moles of water and one of carbon dioxide are produced as well.

Remark 2.1. We remark that in order for reaction (2.2) to take place, water has to be added to the propionic acid. This means that the bacteria can properly catalyze the reaction only if certain conditions on the temperature and the humidity of the waste are fulfilled. This paper presents a first attempt to provide a mathematical model of a bioreactor landfill, thus both the temperature and the quantity of water inside the facility will act as unknowns in the model (cf. section 3). In a more general framework, the proposed model will be used to perform long-time forecasts of the methane generation process and the temperature and water quantity will have the key role of control variables of the system.

Mathematical model of a bioreactor landfill

In this section, we describe the equations modeling the phenomena taking place inside an alveolus. As stated in the introduction, the final goal of the SiViBiR++ project is to control and optimize the functioning of a real bioreactor landfill, hence a simple model to account for the phenomena under analysis is sought. Within this framework, in this article we propose a first mathematical model to describe the coupled physical and chemical phenomena involved in the methanogenic fermentation. In the following sections, we will provide a detailed description of the chemical reaction catalyzed by the methanogenic bacteria, the evolution of the temperature inside the alveolus and the transport phenomena driven by the dynamic of a mixture of gases and by the liquid water. An extremely important aspect of the proposed model is the interaction among the variables at play and consequently the coupling among the corresponding equations. In order to reduce the complexity of the model and to keep the corresponding implementation in Feel++ as simple as possible, some physical phenomena have been neglected. In the following subsections, we will detail the simplifying assumptions that allow to neglect some specific phenomena without degrading the reliability of the resulting model, by highlighting their limited impact on the global behavior of the overall system.

Let Ω ⊂ R 3 be an alveolus inside the landfill under analysis. We split the boundary ∂Ω of the computational domain into three non-void and non-overlapping regions Γ t , Γ b and Γ l , representing respectively the membrane covering the top surface of the bioreactor, the base of the alveolus and the ground surrounding the lateral surface of the structure.

Consumption of the organic carbon

As previously stated, the functioning of a bioreactor landfill relies on the consumption of biodegradable waste by means of bacteria. From the chemical reaction in (2.2), we may derive a relationship between the concentration of bacteria b and the concentration of the consumable organic material which we denote by C org . The activity of the bacteria takes place if some environmental conditions are fulfilled, namely the waste humidity and the bioreactor temperature. Let w max and T opt be respectively the maximal quantity of water and the optimal temperature that allow the microbiota to catalyze the chemical reaction (2.2). We introduce the following functions to model the metabolism of the microbiota:

Ψ 1 (w) = w max 0, 1 - w w max , Ψ 2 (T ) = max 0, 1 - |T -T opt | A T (3.1)
where A T is the amplitude of the variation of the temperature tolerated by the bacteria. On the one hand, Ψ 1 models the fact that the bacterial activity is proportional to the quantity of liquid water -namely leachatesinside the bioreactor and it is prevented when the alveolus is flooded. On the other hand, according to Ψ 2 the microbiota metabolism is maximum when the current temperature equals T opt and it stops when it exceeds the interval of admissible temperatures [T opt -A T ; T opt + A T ].

Since the activity of the bacteria mainly consists in consuming the organic waste to perform reaction (2.2), it is straightforward to deduce a proportionality relationship between b and C org . By combining the information in (3.1) with this relationship, we may derive the following law to describe the evolution of the concentration of bacteria inside the bioreactor:

∂ t b ∝ b C org Ψ 1 (w) Ψ 2 (T ) (3.2)
and consequently, we get a proportionality relationship for the consumption of the biodegradable material C org : (

∂ t C org ∝ -∂ t b. (3.3) 
1 -φ)∂ t C org (x, t) = -a b b(x, t) C org (x, t) Ψ 1 (w(x, t)) Ψ 2 (T (x, t)) , in Ω × (0, S fin ] C org (•, 0) = C org 0 , in Ω (3.5) 
We remark that the organic material filling the bioreactor is only present in the bulk part of the porous medium and this is modeled by the factor 1 -φ which features the information about the porosity of the environment. Moreover, we highlight that in equation (3.5) a non-linear reaction term appears and in section 4 we will discuss a strategy to deal with this non-linearity when moving to the Finite Element discretization.

For the sake of readability, from now on we will omit the dependency on the space and time variables in the notation for both the organic carbon and the concentration of bacteria.

Evolution of the temperature

The equation describing the evolution of the temperature T inside the bioreactor is the classical heat equation with a source term proportional to the consumption of bacteria. We consider the external temperature to be fixed by imposing Dirichlet boundary conditions on ∂Ω. Remark 3.1. Since we are interested in the long-time evolution of the system (S fin = 40 years), the unit time interval is sufficiently large to allow daily variations of the temperature to be neglected. Moreover, we assume that the external temperature remains constant during the whole life of the bioreactor. From a physical point of view, this assumption is not realistic but we conjecture that only small fluctuations would arise by the relaxation of this hypothesis. A future improvement of the model may focus on the integration of dynamic boundary conditions in order to model seasonal changes of the external temperature.

The resulting equation for the temperature reads as follows:

         ∂ t T (x, t) -k T ∆T (x, t) = -c T ∂ t C org (x, t) , in Ω × (0, S fin ] T (x, •) = T m , on Γ t × (0, S fin ] T (x, •) = T g , on Γ b ∪ Γ l × (0, S fin ] T (•, 0) = T 0 , in Ω (3.6)
where k T is the thermal conductivity of the biodegradable waste and c T is a scaling factor that accounts for the heat transfer due to the chemical reaction catalyzed by the bacteria. The values T m , T g and T 0 respectively represent the external temperature on the membrane Γ t , the external temperature of the ground Γ b ∪ Γ l and the initial temperature inside the bioreactor.

For the sake of readability, from now on we will omit the dependency on the space and time variables in the notation of the temperature.

Velocity field of the gas

In order to model the velocity field of the gas inside the bioreactor, we have to introduce some assumptions on the physics of the problem. First of all, we assume the gas to be incompressible. This hypothesis stands if a very slow evolution of the mixture of gases takes place and this is the case for a bioreactor landfill in which the methane fermentation gradually decreases along the 40 years lifetime of the facility. Additionally, the decompression generated by the extraction of the gases through the pipes is negligible due to the weak gradient of pressure applied to the production system. Furthermore, we assume low Reynolds and low Mach numbers for the problem under analysis: this reduces to having a laminar slow flow which, as previously stated, is indeed the dynamic taking place inside an alveolus. Eventually, we neglect the effect due to the gravity on the dynamic of the mixture of gases: owing to the small height of the alveolus (approximately 90 m), the variation of the pressure in the vertical direction due to the gravity is limited and in our model we simplify the evolution of the gas by neglecting the hydrostatic component of the pressure.

Under the previous assumptions, the behavior of the gas mixture inside a bioreactor landfill may be described by a mass balance equation coupled with a Darcy's law

∇ • u = 0 , in Ω u = -∇p , in Ω (3.7) 
where p := D φµgas P , D is the permeability of the porous medium, φ its porosity and µ gas the gas viscosity whereas P is the pressure inside the bioreactor. In (3.7), the incompressibility assumption has been expressed by stating that the gas flow is isochoric, that is the velocity is divergence-free. This equation is widely used in the literature to model porous media (cf. e.g. [10,18]) and provides a coherent description of the phenomenon under analysis in the bioreactor landfill. As a matter of fact, it is reasonable to assume that the density of the gas mixture is nearly constant inside the domain, owing to the weak gradient of pressure applied to extract the gas via the production system and to the slow rate of methane generation via the fermentation process, that lasts approximately 40 years.

To fully describe the velocity field, the effect of the production system that extracts the gases from the bioreactor has to be accounted for. We model the production system as a set of N g cylinders Θ i g 's thus the effect of the gas extraction on each pipe results in a condition on the outgoing flow. Let J out > 0 be the mass flow rate exiting from the alveolus through each production pipe. The system of equations (3.7) is coupled with the following conditions on the outgoing normal flow on each drain used to extract the gas:

(∂Θ i g ) n (C dx + M + O + N + h) u • n dσ = J out ∀i = 1, . . . , N g . (3.8) 
In (3.8), n is the outward normal vector to the surface, (∂Θ i g ) n is the part of the boundary of the cylinder Θ i g which belongs to the lateral surface of the alveolus itself and the term (C dx + M + O + N + h) represents the total concentration of the gas mixture starring carbon dioxide, methane, oxygen, nitrogen and water vapor. Since the cross sectional area of the pipes belonging to the production system is negligible with respect to the size of the overall alveolus, we model these drains as 1D lines embedded in the 3D domain. Owing to this, in the following subsection we present a procedure to integrate the information (3.8) into a source term named F out in order to simplify the problem that describes the dynamic of the velocity field inside a bioreactor landfill.

Remark 3.2. According to conditions (3.8), the velocity u depends on the concentrations of the gases inside the bioreactor, thus is a function of both space and time. Nevertheless, the velocity field at each time step is independent from the previous ones and is only influenced by the distribution of gases inside the alveolus. For this reason, we neglect the dependency on the time variable and we consider u being only a function of space.

The source term F out

As previously stated, each pipe Θ i g is modeled as a cylinder of radius R and length L. Hence, the cross sectional area (∂Θ i g ) n and the lateral surface (∂Θ i g ) l respectively measure πR 2 and 2πRL. We assume the gas inside the cylinder to instantaneously exit the alveolus through its boundary (∂Θ i g ) n , that is the outgoing flow (3.8) is equal to the flow entering the drain through its lateral surface. Thus we may neglect the gas dynamic inside the pipe and (3.8) may be rewritten as

(∂Θ i g ) n (C dx + M + O + N + h) u • n dσ = (∂Θ i g ) l (C dx + M + O + N + h) u • n dσ = J out ∀i = 1, . . . , N g . (3.9)
Moreover, under the hypothesis that the quantity of gas flowing from the bioreactor to the inside of the cylinder Θ i g is uniform over its lateral surface, that is the same gas mixture surrounds the drain in all the points along its dominant size, we get

(∂Θ i g ) l (C dx + M + O + N + h) dσ u • n = J out on (∂Θ i g ) l ∀i = 1, . . . , N g . (3.10) 
We remark that gas densities may be considered uniform along the perimeter of the cylinder only if the latter is small enough, that is the aforementioned assumption is likely to be true if the radius of the pipe is small in comparison with the size of the alveolus. Within this framework, (3.10) reduces to

u • n = J out 2πR L i (C dx + M + O + N + h) dl on (∂Θ i g ) l ∀i = 1, . . . , N g (3.11)
where L i is the centerline associated with the cylinder Θ i g . By coupling (3.7) with (3.11), we get the following PDE to model the velocity field:

       -∆p = 0 , in Ω ∇p • n = - J out 2πR L i (C dx + M + O + N + h) dl , on (∂Θ i g ) l ∀i = 1, . . . , N g (3.12)
Let us consider the variational formulation of problem (3.12): we seek p ∈ H 1 (Ω) such that .13) proportional to the consumption of the quantity C org through some constants c M and c C specific to the chemical reaction and the component:

Ω ∇p • ∇δp dx = Ng i=1 - J out 2πR L i (C dx + M + O + N + h) dl (∂Θ i g ) l δp dσ ∀δp ∈ C 1 0 (Ω). ( 3 
F j (x, t) = -c j ∂ t C org , j = M, C
In a similar fashion as before, the resulting equations read as

φ∂ t M + u • ∇M = -c M ∂ t C org φ∂ t C dx + u • ∇C dx = -c C ∂ t C org (3.18)
and they are coupled with appropriate initial conditions M (•, 0) = M 0 and C dx (•, 0) = C dx 0 .

Dynamic of water vapor and liquid water

Inside a bioreactor landfill, water exists both in vapor and liquid phase. Let h be the concentration of water vapor and w the one of liquid water. The variation of temperature responsible for phase transitions inside the alveolus is limited, whence we do not consider a two-phase flow for the water but we describe separately the dynamics of the gas and liquid phases of the fluid. On the one hand, the water vapor inside the bioreactor landfill evolves as the gases presented in section 3.4: it is produced by the chemical reaction (2.2), it is transported by the velocity field u and is extracted via the pipes of the production system; as previously stated, no effect of the gravity is accounted for. This results in a pure advection equation for h. On the other hand, the dynamic of the liquid water may be schematized as follows: it flows in through the injector system at different levels of the alveolus, is transported by a vertical field u w due to the effect of gravity and is spread within the porous medium. The resulting governing equation for w is an advection-diffusion equation. Eventually, the phases h and w are coupled by a source term that accounts for phase transitions.

Owing to the different nature of the phenomena under analysis and to the limited rate of heat transfer inside a bioreactor landfill, in the rest of this section we will describe separately the equations associated with the dynamics of the water vapor and the liquid water, highlighting their coupling due to the phase transition phenomena.

Phase transitions

Two main phenomena are responsible for the production of water vapor inside a bioreactor landfill. On the one hand, vapor is a product of the chemical reaction (2.2) catalyzed by the microbiota during the methanogenic fermentation process. On the other hand, heat transfer causes part of the water vapor to condensate and part of the liquid water to evaporate. Let us define the vapor pressure of water P vp inside the alveolus as the pressure at which water vapor is in thermodynamic equilibrium with its condensed state. Above this critical pressure, water vapor condenses, that is it turns to the liquid phase. This pressure is proportional to the temperature T and may be approximated by the following Rankine law:

P vp (T ) = P 0 exp s 0 - s 1 T (3.19)
where P 0 is a reference pressure, s 0 and s 1 are two constants known by experimental results and T is the temperature measured in Kelvin. If we restrict to a range of moderate temperatures, we can approximate the exponential in (3.19) by means of a linear law. Let H 0 and H 1 be two known constants, we get

P vp (T ) ≃ H 0 + H 1 T. ( 3 

.20)

Let P h be the partial pressure of the water vapor inside the gas mixture. We can compute P h multiplying the total pressure p by a scaling factor representing the ratio of water vapor inside the gas mixture:

P h = h C dx + M + O + N + h p. (3.21) 
The phase transition process features two different phenomena. On the one hand, when the pressure P h is higher than the vapor pressure of water P vp the vapor condensates. By exploiting (3.21) and (3.20), the condition P h > P vp (T ) may be rewritten as

h -H(T ) > 0 , H(T ) := (C dx + M + O + N + h) H 0 + H 1 T p .
We assume the phase transition to be instantaneous, thus the condensation of water vapor may be expressed through the following function

F cond := c h→w max(h -H(T ), 0) (3.22
) where c h→w is a scaling factor. As per (3.22), the production of vapor from liquid water is 0 as soon as the concentration of vapor is larger than the threshold H(T ), that is the air is saturated. In a similar fashion, we may model the evaporation of liquid water. When P h is below the vapor pressure of water P vp -that is h-H(T ) < 0 -part of the liquid water generates vapor. The evaporation rate is proportional to the difference P vp (T ) -P h and to the quantity of liquid water w available inside the alveolus. Hence, the evaporation of liquid water is modeled by the following expression

F evap := c w→h max(H(T ) -h, 0)w. ( 3.23) 
Remark 3.3. Since the quantity of water vapor inside a bioreactor landfill is negligible, we assume that the evaporation process does not significantly affect the dynamic of the overall system. Hence, in the rest of this paper, we will neglect this phenomenon by modeling only the condensation (3.22).

The case of water vapor

The dynamic of the water vapor may be modeled using (3.16) as for the other gases. In this case, the source term has to account for both the production of water vapor due to the chemical reaction (2.2) and its decrease as a consequence of the condensation phenomenon:

F h (x, t) := -c h ∂ t C org -F cond
where c h is a scaling factor describing the relationship between the consumption of organic carbon and the generation of water vapor. The resulting advection equation reads as

φ∂ t h + u • ∇h = -c h ∂ t C org -F cond (3.24)
and it is coupled with the initial condition h(•, 0) = h 0 .

The case of liquid water

The liquid water inside the bioreactor is modeled by an advection-diffusion equation in which the drift term is due to the gravity, that is the transport phenomenon is mainly directed in the vertical direction and is associated with the liquid flowing downward inside the alveolus.

         φ∂ t w(x, t) + u w • ∇w(x, t) -k w ∆w(x, t) = F cond (x, t) , in Ω × (0, S fin ] k w ∇w(x, t) • n = 0 and u w • n = 0 , on Γ t ∪ Γ l × (0, S fin ] k w ∇w(x, t) • n = 0 , on Γ b × (0, S fin ] w(•, 0) = w 0 , in Ω (3.25)
where u w := (0, 0, -u w ) T is the vertical velocity of the water and k w is its diffusion coefficient. The righthand side of the first equation accounts for the water production by condensation as described in section 3.5.1. On the one hand, the free-slip boundary conditions on the lateral and top surfaces allow water to slide but prevent its exit, that is the top and lateral membranes are waterproof. On the other hand, the homogeneous Neumann boundary condition on the bottom of the domain describes the ability of the water to flow through this membrane. These conditions are consistent with the impermeability of the geomembranes and with the recirculation of leachates which are extracted when they accumulate in the bottom part of the alveolus and are reinjected in the upper layers of the waste management facility. Remark 3.5. Equation (3.25) may be furtherly interpreted as a special advection equation modeling the transport phenomenon within a porous medium. As a matter of fact, the diffusion term -k w ∆w accounts for the inhomogeneity of the environment in which the water flows and describes the fact that the liquid spreads in different directions while flowing downwards due to the encounter of blocking solid material along its path. The distribution of the liquid into different directions is random and is mainly related to the nature of the surrounding environment thus we consider an isotropic diffusion tensor k w . The aforementioned equation is widely used (cf. e.g. [27]) to model flows in porous media and is strongly connected with the description of the porous environment via the Darcy's law introduced in section 3.3. Within the framework of our problem, the diffusion term is extremely important since it models the spread of water and leachates inside the bioreactor landfill and the consequent humidification of the whole alveolus and not solely of the areas neighboring the injection pipes.

Eventually, problem (3.25) is closed by a set of conditions that describe the injection of liquid water and leachates through N w pipes Θ i w 's. As previously done for the production system, we model each injector as a cylinder of radius R and length L and we denote by (∂Θ i w ) n and (∂Θ i w ) l respectively the part of the boundary of the cylinder which belongs to the boundary of the bioreactor and its lateral surface. The aforementioned inlet condition reads as

(∂Θ i w ) n
k w ∇w • n dσ = -J in ∀i = 1, . . . , N w where J in > 0 is the mass flow rate entering the alveolus through each injector. As for the production system in section 3.3.1, we may now integrate this condition into a source term for equation (3.25). Under the assumption that the flow is instantaneously distributed along the whole cylinder in a uniform way, we get with F w := F cond + F in and the initial condition w(•, 0) = w 0 . By analyzing the right-hand side of equation (3.27), we remark that neglecting the effect of evaporation in the phase transition allows to decouple the dynamics of liquid water and water vapor. Moreover, as previously stated for equation (3.15), F in may be chosen either according to definition (3.26) or by means of an appropriate mollification.

(∂Θ i w ) n

Numerical approximation of the coupled system

This section is devoted to the description of the numerical strategies used to discretize the fully coupled model of the bioreactor landfill introduced in section 3. We highlight that one of the main difficulties of the presented model is the coupling of all the equations and the multiphysics nature of the problem under analysis.

Here we propose a first attempt to discretize the full model by introducing an explicit coupling of the equations, that is by considering the source term in each equation as function of the variables at the previous iteration.

Geometrical model of an alveolus

As previously stated, a bioreactor landfill is composed by several alveoli. Each alveolus may be modeled as an independent structure obtained starting from a cubic reference domain (Fig. 2A) to which pure shear transformations are applied (Fig. 2B-2C). For example, the pure lateral shear in figure 2B allows to model the left-hand side alveolus in figure 1B whereas the right-hand side one may be geometrically approximated by means of the pyramid in figure 2C.

In order to model the network of the water injectors and the one of the drains extracting the gas, the geometrical domains in figure 2 are equipped with a cartesian distribution of horizontal lines, the 1D model being justified by the assumption in section 3.

Finite Element approximations of the organic carbon and heat equations

Both equations (3.5) and (3.6) are discretized using Lagrangian Finite Element functions. In particular, the time derivative is approximated by means of an implicit Euler scheme, whereas the basis functions for the spatial discretization are the classical P k Finite Element functions of degree k. Let t = t n . We consider the following quantities at time t n as known variables: C org n := C org (x, t n ), T n := T (x, t n ) and w n := w(x, t n ). The consumption of organic carbon is described by equation 3), we evaluate the time derivative ∂ t C org at t = t n , that is we consider the current value and not the previous one as stated at the beginning of this section. This is feasible because the solution of problem (4.1) precedes the one of the heat equation thus the value C org n+1 is known when solving (4.2)-(4.3). Remark 4.2. In (4.3) we assume that the same time discretization is used for both the organic carbon and the temperature. If this is not the case, the second term in the linear form l T (•) would feature a scaling factor ∆tT ∆tC , the numerator being the time scale associated with the temperature and the denominator the one for the organic carbon. For the rest of this paper, we will assume that all the unknowns are approximated using the same time discretization.

By substituting C org n and T n with their Finite Element counterparts C org h,n and T h,n in (4.1), (4.2) and (4.3) we obtain the corresponding discretized equations for the organic carbon and the temperature.

Stabilized dual-mixed formulation of the velocity field

A good approximation of the velocity field is a key point for a satisfactory simulation of all the transport phenomena. In order for problem (3.15) to be well-posed, the following compatibility condition has to be fulfilled Hence the resulting problem (4.5) is well-posed even if (4.4) does not stand.

It is well-known in the literature [12] that classical discretizations of problem (4.5) by means of Lagrangian Finite Element functions lead to poor approximations of the velocity field. A widely accepted workaround relies on the derivation of mixed formulations in which a simultaneous approximation of pressure and velocity fields is performed by using different Finite Element spaces [24]. To overcome the constraint due to the LBB compatibility condition that the Finite Element spaces have to fulfill [5], several stabilization approaches have been proposed in the literature over the years and in this work we consider a strategy inspired by the Galerkin Least-Squares method and known as CGLS [11].

Galerkin Least-Squares stabilization

The GLS formulation relies on adding one or more quantities to the bilinear form of the problem under analysis in order for the resulting bilinear form to be strongly consistent and stable. Let L be the abstract operator for the Boundary Value Problem Lϕ = g. We introduce the solution ϕ h of the corresponding problem discretized via the Finite Element Method. The GLS stabilization term reads as L GLS (ϕ h , g; ψ h ) = d Ω (Lϕ h -g)Lψ h dx.

GLS formulation of Darcy's law

Following the aforementioned framework, we have where L SS ad is the skew-symmetric part of the advection -respectively advection-diffusion -operator and d is a stabilization parameter constant in space and time. Let T h be the computational mesh that approximates the domain Ω and ℓ K the diameter of each element K ∈ T h . We choose: Concerning time discretization, it is well-known in the literature that implicit schemes tend to increase the overall computational cost associated with the solution of a PDE. Nevertheless, precise approximations of advection and advection-diffusion equations via explicit schemes usually require high-order methods and are subject to stability conditions that may be responsible of making computation unfeasible. On the contrary, good stability and convergence properties of implicit strategies make them an extremely viable option when dealing with complex -possibly coupled -phenomena and with equations featuring noisy parameters. In particular, owing to the coupling of several PDE's, the solution of the advection and advection-diffusion equations presented in our model turned out to be extremely sensitive to the choice of the involved parameters. Being the tuning of the unknown coefficients of the equations one of the main goal of the SiViBiR++ project, a numerical scheme unconditionally stable and robust to the choice of the discretization parameters is sought. Within this framework, we consider an implicit Euler scheme for the time discretization and we stick to low-order Lagrangian Finite Element functions for the space discretization. The numerical scheme arising from the solution of equation (4.15) by means of the aforementioned approximation is known to be stable and to converge quasi-optimally [6].

d := 1 2 u 2 max K∈T h ℓ K . ( 4 
In the following subsections, we provide some details on the bilinear and linear forms involved in the discretization of the advection and advection-diffusion equations as well as on the formulation of the associated stabilization terms.

The case of gases

Let us consider a generic gas G whose Finite Element counterpart is named G h . Within the previously introduced framework, we get

L G G := u • ∇G, g G := F G , B G (G, δG) = Ω (u • ∇G)δG dx.
Hence, the SUPG stabilization term reads as

L SUPG G (G h , g G ; δG h ) = d Ω (φ∂ t G h + u • ∇G h -F G )(u • ∇δG h ) dx.
By introducing an implicit Euler scheme to approximate the time derivative in (4.15), we obtain the fully discretized advection problem for the gas G: at t = t n we seek G h,n+1 ∈ V h such that a G (G As the authors highlight in [4], from a practical point of view the implementation of (4.16)-(4.17) may not be straightforward due to the non-symmetric mass matrix resulting from the discretization of the first term in (4.16).

By considering F O = F N = 0, we get the linear forms associated with the dynamic of oxygen and nitrogen: In a similar way, when F j = -c j ∂ t C org j = M, C, we obtain the linear forms for methane and carbon dioxide: Hence the stabilization term reads as 

l M (δM h ) = Ω φM h,
L SUPG w (w h , g w ; δw h ) = d w Ω (φ∂ t w h + u w • ∇w h -k w ∆w h -F cond -F in )(u w • ∇δw h )

Numerical results

In this section we present some preliminary numerical simulations to test the proposed model. The SiViBiR++ project implements the discussed numerical methods for the approximation of the phenomena inside a bioreactor landfill. It is based on a C++ library named Feel++ which provides a framework to solve PDE's using the Finite Element Method [23].

Feel++

Feel++ stands for Finite Element Embedded Language in C++ and is a C++ library for the solution of Partial Differential Equations using generalized Galerkin methods. It provides a framework for the implementation of advanced numerical methods to solve complex systems of PDE's. The main advantage of Feel++ for the applied mathematicians and engineers community relies on its design based on the Domain Specific Embedded Language (DSEL) approach [22]. This strategy allows to decouple the difficulties encountered by the scientific community when dealing with libraries for scientific computing. As a matter of fact, DSEL provides a high-level language to handle mathematical methods without loosing abstraction. At the same time, due to the continuing evolution of the state-of-the-art techniques in computer science (e.g. new standards in programming languages, parallel architectures, etc.) the choice of the proper tools in scientific computing may prove very difficult. This is even more critical for scientists who are not specialists in computer science and have to reach a compromise between user-friendly interfaces and high performances.

Feel++ proposes a solution to hide these difficulties behind a user-friendly language featuring a syntax that mimics the mathematical formulation by using a a much more common low-level language, namely C++. Moreover, Feel++ integrates the latest C++ standard -currently C++14 -and provides seamless parallel tools to handle mathematical operations such as projection, integration or interpolation through C++ keywords. Feel++ is regularly tested on High Performance Computing facilities such as the PRACE research infrastructures (e.g. Tier-0 supercomputer CURIE, Supermuc, etc.) via multidisciplinary projects mainly gathered in the Feel++ consortium.

The embedded language provided by the Feel++ framework represents a powerful engineering tool to rapidly develop and deploy production of ready-to-use softwares as well as prototypes. This results in the possibility to treat physical and engineering applications featuring complex coupled systems from early-stage exploratory analysis till the most advanced investigations on cutting-edge optimization topics. Within this framework, the use of Feel++ for the simulation of the dynamic inside a bioreactor landfill seemed promising considering the complexity of the problem under analysis featuring multiphysics phenomena at different space and time scales.

A key aspect in the use of Feel++ for industrial applications like the one presented in this paper is the possibility to operate on parallel infrastructures without directly managing the MPI communications. Here, we briefly recall the main steps for the parallel simulation of the dynamic inside a bioreactor landfill highlighting the tools involved in Feel++ and in the external libraries linked to it:

• we start by constructing a computational mesh using Gmsh [13];

• a mesh partition is generated using Chaco or Metis and additional information about ghost cells with communication between neighbors is provided [13]; • Feel++ generates the required parallel data structures and create a table with global and local views for the Degrees of Freedom; • Feel++ assembles the system of PDE's starting from the variational formulations and the chosen Finite Element spaces; • the algebraic problem is solved using the efficient solvers and preconditioners provided by PETSc [2]. A detailed description of the high performance framework within Feel++ is available in [7].

Geometric data

We consider a reverse truncated pyramid domain as in figure 2C. The base of the domain measures 90 m×90 m and its height is 90 m. All the lateral walls feature a slope of π/6. The alveolus counts 20 extraction drains organized on 2 levels and 20 injection pipes, distributed on 2 levels as well. All the pipes are 25 m long and are modeled as 1D lines since their diameters are of order 10 -1 m. A simplified scheme of the alveolus under analysis is provided in figure 3A and the corresponding computational domain is obtained by constructing a triangulation of mesh size 5 m (Fig. 3C).

Heuristic evaluation of the unknown constants in the model

The model presented in this paper features a large set of unknown variables (i.e. diffusion coefficients, scaling factors, ...) whose role is crucial to obtain realistic simulations. In this section, we propose a first set of values for these parameters that have been heuristically deduced by means of some qualitative and numerical considerations. A major improvement of the model is expected by a more rigorous tuning of these parameters which will be investigated in future works.

Porous medium

The physical and chemical properties of the bioreactor considered as a porous environment have been derived by experimental results in the literature. In particular, we consider a porosity Φ = 0.3 and a permeability D = 10 -11 m 2 .

Bacteria and organic carbon

We consider both the concentration of bacteria b and of organic carbon C org as non-dimensional quantities in order to estimate their evolution. Thus we set b 0 = 1 and C org 0 = 1 and we derive the values a b = 10 -5 m 6 kg -2 d -1 and c b = 1 respectively for the rate of consumption of the organic carbon and for the rate of reproduction of bacteria. Within this framework and under the optimal conditions of reaction prescribed by (3.1), C org decreases to 2 of its initial value during the lifetime of the bioreactor whereas bacteria concentration b remains bounded (b < 2b 0 ).

Temperature

As per experimental data, the optimal temperature for the methanogenic fermentation to take place is T opt = 35 As in the previous case, we consider an initial concentration of organic carbon equal to 1 and we observe it decreasing in figure 8A due to the bacterial activity. We verify that the quantity of organic carbon inside the bioreactor landfill decays towards zero during the lifetime of the facility. At the same time, the temperature increases as a result of the methanogenic process catalyzed by the microbiota (Fig. 8B). Nevertheless, when the temperature goes beyond the tolerated variation A T , the second condition in (3.1) is no more fulfilled and the chemical reaction is prevented. We may observe this behavior in figures 8A-8B between t = 3 years and t = 20 years. Once the temperature is inside the admissible range [T opt -A T ; T opt + A T ] again (starting approximately from t = 20 years), the reaction (2.2) is allowed, the organic carbon is consumed and influences the temperature which slightly increases again before eventually decreasing towards the end-of-life of the bioreactor. Eventually, in figure 9 we report some snapshots of the solutions of the coupled system (3.5)-(3.6).

Conclusion

In this work, we proposed a first attempt to mathematically model the physical and chemical phenomena taking place inside a bioreactor landfill. A set of 7 coupled equations has been derived and a Finite Element discretization has been introduced using Feel++. A key aspect of the discussed model is the tuning of the coefficients appearing in the equations. On the one hand, part of these unknowns represents physical quantities whose values may be derived from experimental studies. On the other hand, some parameters are scalar factors that have to be estimated by means of heuristic approaches. A rigorous tuning of these quantities represents a major line of investigation to finalize the implementation of the model in the SiViBiR++ module and its validation with real data. The present work represents a starting point for the development of mathematically-sound investigations on bioreactor landfills. From a modeling point of view, some assumptions may be relaxed, for example by adding a term to account for the death rate of bacteria or the cooling effect due to water injection inside the bioreactor. The final goal of SiViBiR++ project is the simulation of long-time behavior of the bioreactor in order to perform forecasts on the methane production and optimize the control strategy. The associated inverse problems and PDE-constrained optimization problems are likely to be numerically intractable due to their complexity and their dimension thus the study of reduced order models may be necessary to decrease the overall computational cost.

A. Summary of the unknown parameters

In the following table, we summarize the values of some unknown parameters which were deduced during the present work. We highlight that all these quantities have been estimated via heuristic approaches and a rigorous verification/validation procedure remains necessary before their application to real-world problems. Résumé : Cette thèse est consacrée à la construction d'une procédure de certification de la direction de descente dans des algorithmes de gradient en optimisation de forme grâce à des estimations a posteriori de l'erreur introduite par l'approximation de la dérivée de forme par la méthode des éléments finis. En construisant une borne supérieure certifiée et explicitement calculable de cette erreur, l'Algorithme de Descente Certifiée pour l'optimisation de forme identifie une véritable direction de descente à chaque itération et permet d'établir un critère d'arrêt fiable basé sur la norme de la dérivée de forme. Deux applications sont abordées dans la thèse. Premièrement, on considère le problème scalaire d'identification de forme en tomographie d'impédance électrique et on étudie différentes estimations d'erreur. Une première approche est basée sur le principe de l'énergie complémentaire et nécessite la résolution de problèmes globaux additionnels. Afin de réduire le coût de calcul de la procédure de certification, une estimation qui dépend seulement de quantités locales est dérivée par la reconstruction des flux équilibrés. Après avoir validé les estimations de l'erreur pour un cas 2D, des résultats numériques sont présentés. Une deuxième application est centrée sur le problème vectoriel de la conception optimale des structures élastiques. Dans ce contexte, on calcule l'expression volumique de la dérivée de forme de la compliance à partir de la formulation primale en déplacements et de celle duale mixte de l'équation de l'élasticité linéaire. Quelques résultats préliminaires pour la minimisation de la compliance sous une contrainte de volume en 2D sont obtenus à l'aide de l'Algorithme de Variation de Frontière et une estimation de l'erreur de la dérivée de forme est calculée.

Title : Quantitative a posteriori error estimators in Finite Element-based shape optimization Keywords : Shape optimization, a posteriori error estimators, Certified Descent Algorithm, volumetric shape gradient, Electrical Impedance Tomography, compliance minimization Abstract : This Ph.D. thesis is devoted to the construction of a certification procedure for the descent direction in gradient-based shape optimization methods using a posteriori estimators of the error due to the Finite Element approximation of the shape gradient. By deriving a fully computable certified upper bound of this error, the Certified Descent Algorithm for shape optimization is able to identify a genuine descent direction at each iteration and features a reliable stopping criterion based on the norm of the shape gradient. Two applications are tackled in the thesis. First, we consider the scalar inverse problem of Electrical Impedance Tomography and we investigate several a posteriori estimators. A first procedure is inspired by the complementary energy principle and requires the solu-tion of additional global problems. To reduce the computational cost of the certification step, an estimator which depends solely on local quantities is derived via an equilibrated fluxes approach. The estimators are validated for a 2D case and some numerical tests are presented. A second application focuses on the vectorial problem of optimal design of elastic structures. Within this framework, we derive the volumetric expression of the shape gradient of the compliance using the pure displacement and the dual mixed formulations of the linear elasticity equation. Some preliminary numerical tests are performed to minimize the compliance under a volume constraint in 2D using the Boundary Variation Algorithm and an a posteriori error estimator for the shape gradient is derived.
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  (a) Itération #100 : uout = -1.46. (b) Itération #1562 : uout = -1.54.(c) Différence de densité.

Figure 1 -

 1 Figure 1 -Conception d'un mécanisme inverseur compliant à l'itération 100 et 1562. La fonctionnelle coût dans la conception finale (b) est 5, 5% meilleure qu'à l'itération 100 (a). (c) Différence de densité entre les deux conceptions. Images extraites de [253].

Figure 2 -CFigure 3 -

 23 Figure 2 -Section transversale d'un fuselage d'Airbus A300. On remarque les trous circulaires dans la poutre. Image disponible sous licence Creative Commons 2.5 CC BY: C

Figure 4 -

 4 Figure 4 -Schéma de l'aile d'un aéronef. (1) Winglet ou ailerette. (2) Aileron basse vitesse. (3) Aileron haute vitesse. (4) Rail de glissement des volets. (5) Bec de bord d'attaque de type Krüger. (6) Bec de bord d'attaque de type slats. (7) Volet intérieur de type Fowler. (8) Volet extérieur de type Fowler. (9) Spoilers. (10) Spoilers (destructeurs de portance et aérofrein). Image disponible sous licence Creative Commons 3.0 CC BY:

Figure 5 -

 5 Figure 5 -Conception d'une aile pour différentes phases de vol. (a) Décollage -Surface de l'aile augmentée. (b) Croisière -Meilleure efficacité. (c) Atterrissage -Portance maximale et traînée élevée. (d) Freinage -Traînée maximale et portance réduite. Image disponible sous licence Creative Commons 3.0 CC BY:

  Introduction (a) Iteration #100: uout = -1.46. (b) Iteration #1562: uout = -1.54.(c) Density difference.

Figure 6 -

 6 Figure 6 -Snapshots of compliant inverter design at iteration 100 and 1562. The objective function of the final design (b) is 5.5% better than at 100 iterations (a). (c) Density difference between the two designs. Images extracted from [253].
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 78 Figure 7 -Cross-section of an Airbus A300 fuselage. We remark the circular holes in the cantilever. Image released under Creative Commons license 2.5 CC BY: C

Figure 9 -

 9 Figure 9 -Schematics of an aircraft wing. (1) Wingtip. (2) Low Speed Aileron. (3) High Speed Aileron. (4) Flap track fairing. (5) Krüger flaps. (6) Slats. (7) Three slotted inner flaps. (8) Three slotted outer flaps. (9) Spoilers. (10) Spoilers Air-brakes. Image released under Creative Commons license 3.0 CC BY:

  (a) Take-off. (b) Cruise. (c) Landing. (d) Braking.

Figure 10 -

 10 Figure 10 -Wing configurations for different flight phases. (a) Take-off -Increased wing area. (b) Cruise -Best efficiency. (c) Landing -Maximum lift and high drag. (d) Braking -Maximum drag and reduced lift. Image released under Creative Commons license 3.0 CC BY:
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 24 Estimating the error in the shape gradient via the complementary energy principle 4. Compute an upper bound E of the numerical error |E h |:

. 3 )

 3 In (3.3), u Ω,N and u Ω,D respectively stand for the solutions of the state problems (3.1) and (3.2). The inverse identification problem of Electrical Impedance Tomography may be written as the PDEconstrained optimization problem (1.5) in which we seek the open subset Ω that minimizes (3.3) under the constraint of u Ω,N and u Ω,D respectively being the solutions of equations (3.1) and (3.2).

  ∂D gδu ds and F Ω,D (δu) = 0. (4.2) We consider u Ω,N , u Ω,D ∈ H 1 (D) such that u Ω,D = U D on ∂D, solutions of the following Neumann and Dirichlet variational problems ∀δu N ∈ H 1 (D) and ∀δu D ∈ H 1 0 (D):

Figure 4 . 1 -

 41 Figure 4.1 -Test case for the Electrical Impedance Tomography. Circular inclusion Ω inside the circular body D.

  (a) Neumann problem. (b) Dirichlet problem.

Figure 4 . 2 -

 42 Figure 4.2 -Comparison of the convergence rates with respect to the mesh size h for the (a) Neumann and (b) Dirichlet state equations. Analytical errors using P 1 (black dash) and P 2 (blue cross) Lagrangian Finite Element functions; error estimates based on the complementary energy principle using P 1 (red star) and P 2 (green square) Lagrangian Finite Element functions.

(a) P 1

 1 Finite Element. (b) P 2 Finite Element.

Figure 4 . 3 -

 43 Figure 4.3 -Comparison of the convergence rates with respect to the number of Degrees of Freedom for the error in the Quantity of Interest using (a) P 1 and (b) P 2 Lagrangian Finite Element functions. Analytical error in the shape gradient (black dash); error in the linearized Quantity of Interest (blue cross); error estimator for the Quantity of Interest using the complementary energy principle (red star).

  Figures 4.4e

  and 4.4f confirm what was already observed by zooming on the local behavior of the interfaces and highlighting the oscillatory nature of the 1-mesh reconstruction.

Figure 4 . 4 -

 44 Figure 4.4 -Comparison of 1-mesh and 2-mesh reconstruction strategies. (a) Initial mesh. (b) Final mesh using 1-mesh strategy. (c) Final mesh using 2-mesh strategy. (d) Initial configuration (dotted green), target inclusion (solid black) and reconstructed interfaces using 1-mesh (dot-dashed red) and 2-mesh (dashed blue) strategies. (e) Zoom of the reconstructed interface using 1-mesh strategy. (f) Zoom of the reconstructed interface using 2-mesh strategy.

( a )

 a Objective functional. (b) Number of Degrees of Freedom.

Figure 4 . 5 -

 45 Figure 4.5 -Comparison of 1-mesh (red star) and 2-mesh (blue circle) reconstruction strategies. (a) Evolution of the objective functional. (b) Number of Degrees of Freedom.

  (a) Reconstructed interface. (b) Objective functional. (c) Degrees of Freedom.

Figure 4 . 6 -

 46 Figure 4.6 -Certified Descent Algorithm using one measurement (red stars) and ten measurements (blue circles). (a) Initial configuration (dotted green), target inclusion (solid black) and reconstructed interface (dotdashed red and dashed blue). (b) Evolution of the objective functional. (c) Number of Degrees of Freedom.

  (a) Initialization (I). (b) Initialization (II). (c) Initialization (III).

Figure 4 . 7 -

 47 Figure 4.7 -Certified Descent Algorithm using multiple measurements for different initial configurations. Initial configuration (dotted green), target inclusion (solid black) and reconstructed interface (dashed blue).

( a )

 a Objective functional. (b) Number of Degrees of Freedom.

Figure 4 . 8 -

 48 Figure 4.8 -Certified Descent Algorithm using multiple measurements for initial guess (I) blue circles; (II) red stars; (III) green diamonds. (a) Evolution of the objective functional. (b) Number of Degrees of Freedom.

(a) 194

 194 elements. (b) 132040 elements. (c) Reconstructed interface. (d) 939 elements. (e) 428251 elements. (f ) Reconstructed interface. (g) 1616 elements. (h) 475744 elements. (i) Reconstructed interface.

Figure 4 . 9 -

 49 Figure 4.9 -Certified Descent Algorithm using multiple measurements: test cases (i)-(iii). Left: Initial mesh. Center: Final mesh. Right: Initial configuration (dotted green), target inclusion (solid black) and reconstructed interface (dashed blue).

Figure 4 . 10 -

 410 Figure 4.10 -Certified Descent Algorithm using multiple measurements: test case (i) blue circles; (ii) red stars; (iii) green diamonds. (a) Evolution of the objective functional. (b) Number of Degrees of Freedom.

)

  In a similar fashion, the weighted average of u h on e ∈ E I h reads as follows{{u h }} α := α T -(e),e u h | T -(e) + α T + (e),e u h | T + (e) .(5.18)where the weights are non-negative quantities such that α T -(e),e + α T + (e),e = 1. On boundary edges, we set u h e = u h | e , α T -(e),e = 1 and {{u h }} α = u h . Classical Discontinuous Galerkin methods use arithmetic averages in(5.18), that is for all edges the weights are constant and equal α T -(e),e = α T + (e),e = 1 2 .

  .2) to weakly impose the Dirichlet boundary condition on ∂D as discussed in Certified Descent Algorithm based on an equilibrated fluxes approach subsection 5.3.1. Let ζ N := 1 and ζ D := 0. The bilinear forms a Ω,i (•, •) and the linear ones F Ω,i (•) associated with (3.1) and (3.2) respectively read as:

3 and 5 . 4 . 3 .

 543 We introduce the polar coordinate system (ρ, ϑ) and we setD := {x = (x, y) | x 2 + y 2 ≤ ρ 2 E } and Ω := {x = (x, y) | x 2 + y 2 ≤ ρ 2 I } with ρ E =5 and ρ I = 4. The value of the conductivity parameter is k I = 10 inside Ω and k E = 1 in D \ Ω. We consider the Neumann boundary condition g = cos(M ϑ) , M = 5 and the Dirichlet datum U D is the trace of the following function which is the Certified Descent Algorithm based on an equilibrated fluxes approach analytical solution of problem (3.1):

( a )

 a Conforming Finite Element. (b) Discontinuous Galerkin.(c) Effectivity index.

Figure 5 . 1 -

 51 Figure 5.1 -Convergence rates and effectivity indices of the estimators of the error in the shape gradient with respect to the number of Degrees of Freedom. Analytical error in the shape gradient (solid black); goal-oriented estimator of the error based on the equilibrated fluxes (dashed gray squares) for the discretizations based on (a) conforming Finite Element and (b) Discontinuous Galerkin. (c) Effectivity indices for the conforming Finite Element (dark gray squares) and Discontinuous Galerkin (light gray circles).

( a )

 a Reconstructed interface. (b) Objective functional. (c) Degrees of Freedom. (d) Reconstructed interface. (e) Objective functional. (f ) Degrees of Freedom.

Figure 5 . 2 -

 52 Figure 5.2 -Certified Descent Algorithm for the identification of one inclusion. Left: Initial configuration (dotted black), target inclusion (solid black) and reconstructed interface. Center: Evolution of the objective functional. Right: Number of Degrees of Freedom. Inversion performed using conforming Finite Element (dark gray squares) and Discontinuous Galerkin (light gray circles).

( a )

 a Reconstructed interface. (b) Objective functional.(c) Degrees of Freedom.

Figure 5 . 3 -

 53 Figure 5.3 -Certified Descent Algorithm for the identification of two inclusions. (a) Initial configuration (dotted black), target inclusion (solid black) and reconstructed interface. (b) Evolution of the objective functional. (c) Number of Degrees of Freedom. Inversion performed using conforming Finite Element (dark gray squares) and Discontinuous Galerkin (light gray circles).

. 42 )

 42 Moreover, we recall that det(Id +C) = 1 + tr(C) + o(C), (6.43) Cof(Id +C) = Id + tr(C) Id -C + o(C). (6.44)

Figure 6 . 2 -

 62 Figure 6.2 -Experimental convergence rate of the error in the shape gradient computed using the pure displacement formulation (red diamond) and the dual mixed formulation (blue circle) with respect to the number of Degrees of Freedom.

( a )

 a Bulky structure. (b) Structure with six holes.

Figure 6 . 3 -

 63 Figure 6.3 -Initial shape and computational mesh for (a) a bulky cantilever and (b) a structure featuring six holes. Density distribution of the elastic energy within the range (a) (0, 1.5 • 10 -3 ) and (b) (0, 3 • 10 -3 ), the lower values being in blue and the higher ones in red.

Figure 6 . 4 -

 64 Figure 6.4 -Comparison of the BVA after 10, 20 and 30 iterations. At the top: BVA based on the expression of the shape gradient computed using the pure displacement formulation of the linear elasticity problem. At the bottom: BVA using the shape gradient arising from the dual mixed variational formulation. Density distribution of the elastic energy within the range (0, 1.5 • 10 -3 ), the lower values being in blue and the higher ones in red.

  (a) Compliance J(Ω). (b) Penalized functional L(Ω). (c) Volume V (Ω).

Figure 6 . 5 -

 65 Figure 6.5 -Evolution of the (a) compliance J(Ω), (b) penalized functional L(Ω) = J(Ω) + γV (Ω) and (c) volume V (Ω) using the BVA. Results obtained using the pure displacement formulation (red diamond) and the dual mixed one (blue circle). The reference volume V 0 is represented by a black dashed line in (c).

  (a) 10 iterations. (b) 20 iterations. (c) 30 iterations. (d) 10 iterations. (e) 20 iterations. (f ) 30 iterations.

Figure 6 . 6 -

 66 Figure 6.6 -Comparison of the BVA after 10, 20 and 30 iterations. At the top: BVA based on the expression of the shape gradient computed using the pure displacement formulation of the linear elasticity problem. At the bottom: BVA using the shape gradient arising from the dual mixed variational formulation. Density distribution of the elastic energy within the range (0, 3 • 10 -3 ), the lower values being in blue and the higher ones in red.

( a )

 a Compliance J(Ω). (b) Penalized functional L(Ω).(c) Volume V (Ω).

Figure 6 . 7 -

 67 Figure 6.7 -Evolution of the (a) compliance J(Ω), (b) penalized functional L(Ω) = J(Ω) + γV (Ω) and (c) volume V (Ω) using the BVA. Results obtained using the pure displacement formulation (red diamond) and the dual mixed one (blue circle). The reference volume V 0 is represented by a black dashed line in (c).

  (a) Initial shape. (b) 10 iterations. (c) 20 iterations. (d) 30 iterations. (e) 38 iterations.

Figure 6 . 8 -

 68 Figure 6.8 -Evolution of the shape of a cantilever with seven holes using the BVA based on the pure displacement formulation. Deterioration of the mesh along the iterations.
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 12 Fig. 1: Aerial grasping system (AGS): [left] AGS with cargo [right] Aerogripper scheme

Fig. 3 :

 3 Fig. 3: Aerogripper operation: (a) Object within the Aerogripper's workspace (b) Object grasping after contact points identification and gripper rotation

Fig. 4 :

 4 Fig. 4: Orthogonality property in a given contact point τ k .

Fig. 5 :

 5 Fig. 5: Aerogripper scheme: scheme of the circular four contact points. The grabbing points are located in the configurations θ k , k = 1, . . . , 4 and the associated grabbing forces are p k , k = 1, . . . , 4. By exploiting this parametrization, the directions of the grasping forces p k 's associated with proposed configuration θ k 's are given by p k = [-cos θ k , -sin θ k ] T , k = 1, . . . , 4.

Fig. 6 :

 6 Fig. 6: Approximation of the tangential direction t(τ ) by means of the centered Finite Difference scheme (5).

Fig. 7 :Fig. 8 :

 78 Fig. 7: Gripper angular displacement based on minimal dot-product contact points

Fig. 9 :Fig. 10 :

 910 Fig. 9: Gripper angular displacement based on minimal dot-product contact points

Fig. 11 :

 11 Fig. 11: Identification of the four optimal points for a circular shape
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  (A) 3D render of a bioreactor landfill.(B) Scheme of the structure of an alveolus.

Figure 1 .

 1 Figure 1. Structure of a bioreactor landfill and its composing alveoli. Image courtesy of Entreprise Charier http://www.charier.fr.

Let a b-

  and c b be two proportionality constants associated respectively with (3.2) and(3.3). By integrating(3.3) in time and introducing the proportionality constant c b , we get that the concentration of bacteria reads asb(x, t) = b 0 + c b (C org 0 C org (x, t))(3.4)where b 0 := b(•, 0) and C org 0 := C org (•, 0) are the initial concentrations respectively of bacteria and organic material inside the alveolus. Thus, by plugging (3.4) into (3.2) we get the following equation for the consumption of organic carbon between the instant t = 0 and the final time S fin :

Remark 3 . 4 .

 34 It is well-known in the literature that the evolution of an incompressible fluid inside a given domain is described by the Navier-Stokes equation. In(3.25), we consider a simplified version of the aforementioned equation by linearizing the inertial term. As previously stated, the dynamic of the fluids inside the bioreactor landfill is extremely slow and we may assume a low Reynolds number regime for the water as well. Under this assumption, the transfer of kinetic energy in the turbulent cascade due to the non-linear term of the Navier-Stokes equation may be neglected. Moreover, by means of a linearization of the inertial term (w • ∇)w, the transport effect is preserved and the resulting parabolic advection-diffusion problem (3.25) may be interpreted as an unsteady version of the classical Oseen equation[9].

k

  w ∇w • n dσ = -(∂Θ i w ) l k w ∇w • n dσ = -J in ∀i = 1, . . . , N w .Consequently the condition on each injector reads ask w ∇w • n = J in 2πRL on (∂Θ i w ) l ∀i = 1, . . . , N wand we obtain the following source term F inF in := Nw i=1 J in L δ L i (3.26)where δ L i is a Dirac mass concentrated along the centerline L i of the pipe Θ i w . Hence, the resulting dynamic of the liquid water inside an alveolus is modeled by the following PDE: t w + u w • ∇w -k w ∆w = F w , in Ω × (0, S fin ] k w ∇w • n = 0 and u w • n = 0 , on Γ t ∪ Γ l × (0, S fin ] k w ∇w • n = 0 , on Γ b × (0, S fin ] (3.27)

  (A) Cubic reference domain. (B) Lateral shear on a face. (C) Pyramidal domain.

Figure 2 .

 2 Figure 2. Reference domain for an alveolus and admissible transformations.

( 1 ( 1 -. 3 ) 4 . 1 .

 11341 (3.5) coupled with equation(3.4) for the dynamic of the bacteria. At each time step, we seekC org n+1 ∈ H 1 (Ω) such that Ω -φ) C org n+1 -C org n ∆t δC dx = -Ω a b C org n+1 [b 0 + c b (C org 0 -C org n )] Ψ 1 (w n ) Ψ 2 (T n ) δC dx ∀δC ∈ H 1 (Ω)We remark that in the previous equation the non-linear reaction term has been handled in a semi-implicit way by substituting (C org n+1 ) 2 by C org n+1 C org n in the right-hand side. Hence, the bilinear and linear forms associated with the variational formulation at t = t n respectively read asa C org (C org n+1 , δC) = Ω A C C org n+1 δC dx , l C org (δC) = Ω φ) C org n δC dx (4.1)whereA C = (1 -φ) + ∆t a b [b 0 + c b (C org 0 -C org n )] Ψ 1 (w n ) Ψ 2 (T n ) and a C org (C org n+1 , δC) = l C org (δC) ∀δC ∈ H 1 (Ω).In a similar fashion, we derive the variational formulation of the heat equation and at t = t n we seekT n+1 ∈ H 1 (Ω) such that T n+1 | Γt = T m , T n+1 | Γ b ∪Γ l = T g and a T (T n+1 , δT ) = l T (δT ) ∀δT ∈ H 1 0 (Ω), where a T (T n+1 , δT ) = Ω T n+1 δT dx + ∆t Ω k T ∇T n+1 • ∇δT dx ,(4.2)l T (δT ) = Ω T n δT dx -Ω c T (C org n+1 -C org n ) δT dx. (4Remark In (4.2) and (4.

ΩF 4 )

 4 does not stand for the problem under analysis thus we consider a slightly modified version of problem (3.15) by introducing a small perturbation parameter λ = O(ℓ K ), ℓ K being the diameter of the element K of the triangulation T h : + λp = F out , in Ω u = -∇p , in Ω u • n = 0 , on ∂Ω (4.5)

4. 3 . 1 .FF

 31 Dual-mixed formulationLet H(div) = {v ∈ [L 2 (Ω)] 3 s.t. ∇ • v ∈ L 2 (Ω)} and H 0 (div) = {v ∈ H(div) s.t. v • n = 0 on ∂Ω}. The dual-mixed formulation of problem (4.5) is obtained by seeking (u, p) ∈ H 0 (div) × L 2 (Ω) such that out δp dx Ω u • δu dx -Ω p∇ • δu dx = 0 , ∀(δu, δp) ∈ H 0 (div) × L 2 (Ω).Hence, the bilinear and linear forms associated with the variational formulation of the problem respectively read asa vel ({u, p}, {δu, δp}) = Ω u • δu dx -Ω p∇ • δu dx -Ω ∇ • uδp dx -Ω λpδp dx(4.6)l vel ({δu, δp}) = -Ω out δp dx (4.7)

L 1 ( 1 ( 1 Ω

 111 {u, p}) = g 1 with L 1 ({u, p}) := u + ∇p, g 1 := 0.Thus the GLS term associated with Darcy's law reads asL GLS {u h , p h }, g 1 ; {δu h , δp h }) = d (u h + ∇p h ) • (δu h + ∇δp h ) dx. (4.8)GLS formulation of the mass balance equationThe equation describing the mass equilibrium may be rewritten asL 2 ({u, p}) = g 2 with L 2 ({u, p}) := ∇ • u + λp, g 2 := F out .

l

  O (δO h ) = Ω φO h,n (δO h + d u • ∇δO h ) dx , l N (δN h ) = Ω φN h,n (δN h + d u • ∇δN h ) dx.

(4. 20 ) 4 . 4 . 2 .

 20442 The case of liquid waterThe dynamic of the liquid water being described by an advection-diffusion equation, the SUPG framework may be written in the following form:L w w := u w • ∇w -k w ∆w, g w := F cond + F in , B w (w, δw) = Ω (u w • ∇w)δw + k w ∇w • ∇δw dx.

( A )

 A Geometry of the alveolus. (B) Surface mesh.(C) Volume mesh.

Figure 3 .

 3 Figure3. Geometry of the alveolus and computational mesh generated using Gmsh. Each layer of 1D lines alternatively represents a set of water injectors or a group of extraction drains for the gas.

( 1 -- 1 )

 11 • C = 308 K with an admissible variation of temperature of ±A T = 20 • C = 20 K to guarantee the survival of bacteria. The factor c T represents the heat produced per unit of consumed organic carbon and per unit of time and is estimated to c T = 10 2 K m 2 d -1 . The thermal conductivity of the waste inside the alveolus is fixed at k T = 9 × 10 -2 m 2 d -1 . In order to impose realistic boundary conditions for the heat equation, we consider different values for the temperature of the lateral surface of the alveolus T g = 5 • C = 278 K and the one of the top geomembrane T m = 20 • C = 293 K. a fixed amount of water w = wmax 2 inside the alveolus and a constant temperature T= T opt . Thus, from (3φ)∂ t C org (x, t) = -a b w max 4 [b 0 + c b (C org 0 C org (x, t))] C org (x, t) , in Ω × (0, S fin ] C org (•, 0) = C org 0It is straightforward to observe that equation (5.1) only features one unknown variable -namely the organic carbon -since the concentration of bacteria b(x, t) is an affine function of the concentration of organic carbon itself (cf. equation (3.4)).As stated in section 4.2, the key aspect in the solution of equation (5.1) is the handling of the non-linear reaction term. In order to numerically treat this term as described, at each time step we need the value C org n at the previous iteration to compute the semi-implicit quantity C org n+1 C org n . To provide a suitable value of C org n during the first iteration, we solve a linearization of equation (5.1) and we use the corresponding solution to evaluate C org n+1 C org n . The initial concentration of organic carbon inside the bioreactor is set to 1 and in figure4we observe several snapshots of the quantity of organic carbon inside the alveolus at time t = 1 year, t = 10 years, t = 20 years and t = 40 years. At the end of the life of the facility, the amount of organic carbon inside the alveolus is C org = 2.0 × 10 -3 . In figure5, we plot the evolution of the overall quantity of organic carbon with respect to (A) Lifetime: 1 year. (B) Lifetime: 10 years. (C) Lifetime: 20 years. (D) Lifetime: 40 years.

Figure 4 .

 4 Figure 4. Evolution of the organic carbon inside the alveolus at t = 1 year, t = 10 years, t = 20 years and t = 40 years.

  (A) Lifetime: 1 year. (B) Lifetime: 10 years. (C) Lifetime: 20 years. (D) Lifetime: 40 years.

Figure 6 .

 6 Figure 6. Evolution of the temperature inside the alveolus at t = 1 year, t = 10 years, t = 20 years and t = 40 years.

( A )

 A Evolution of the organic carbon. (B) Evolution of the temperature.

Figure 7 .

 7 Figure 7. Evolution of the quantity of organic carbon and temperature inside the alveolus between t = 0 and t = 40 years.

(A)

  Evolution of the organic carbon. (B) Evolution of the temperature.

Figure 8 .

 8 Figure 8. Evolution of the quantity of organic carbon and the temperature inside the alveolus between t = 0 and t = 40 years.

(

  A) Lifetime: 1 year. (B) Lifetime: 10 years. (C) Lifetime: 20 years. (D) Lifetime: 40 years.

Figure 9 .

 9 Figure 9. Coupled evolution of the organic carbon (left) and the temperature (right) inside the alveolus at t = 1 year, t = 10 years, t = 20 years and t = 40 years.

  Rate of production of heat by the chemical reaction 10 2 K k T Thermal conductivity 9 × 10 -2 m 2 d -1

Titre:

  Estimations d'erreur a posteriori quantitatives pour l'approximation des problèmes d'optimisation de forme par la méthode des éléments finis Mots clefs : Optimisation de forme, estimations d'erreur a posteriori, Algorithme de Descente Certifiée, dérivée de forme volumique, Tomographie d'Impédance Electrique, minimisation de la compliance

  .22) Eventually, by plugging (4.16) and (4.22) into (4.6), we are able to explicitly compute the upper bound E of the error in the shape gradient.

Table 4 .

 4 

1 -Constants for the analytical solution.

Table 5 . 1 -

 51 Test case in figure5.2a using (a) conforming Finite Element and (b) Discontinuous Galerkin. Approximated shape gradient and goal-oriented estimator for different meshes.

	Iter. j	#T h	d h J(Ω j ), θ h	E	Iter. j	#T h	d h J(Ω j ), θ h	E
	1	3366	-2.29 • 10 -4 1.79 • 10 -4	1	6189	-2.21 • 10 -4 1.34 • 10 -4
	10	8312	-7.63 • 10 -5 5.49 • 10 -5	10	4868	-7.80 • 10 -5 4.64 • 10 -5
	20	7893	-1.29 • 10 -4 1.03 • 10 -4	20	4842	-1.62 • 10 -4 1.30 • 10 -4
	30	227847	-6.16 • 10 -6 6.15 • 10 -6	30	52595	-4.71 • 10 -6 4.60 • 10 -6
	31	980555	-3.62 • 10 -6 3.60 • 10 -6	33	320137	-2.54 • 10	
		(a) Conforming Finite Element.					

-7 

2.25 • 10 -7 (b) Discontinuous Galerkin.

Table 5 .

 5 

2 -Test case in figure 5.2d using (a) conforming Finite Element and (b) Discontinuous Galerkin. Approximated shape gradient and goal-oriented estimator for different meshes.

Table 5 .

 5 

3 -Test case in figure

5

.3a using (a) conforming Finite Element and (b) Discontinuous Galerkin. Approximated shape gradient and goal-oriented estimator for different meshes.

Table 6 . 2 -

 62 Test case in figure
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  .14) Let V h := {ψ h ∈ C(Ω) s.t. ψ h | K ∈ P k (K) ∀K ∈ T h }be the space of Lagrangian Finite Element of degree k, that is the piecewise polynomial functions of degree k on each element K of the mesh T h . The stabilized SUPG formulation of the advection -respectively advection-diffusion -problem (4.13) reads as follows: for all t ∈ (0, S fin ] we seek ϕ h (t) ∈ V h such that Ω φ∂ t ϕ h ψ h dx + B ad (ϕ h , ψ h ) + L SUPG (ϕ h , g ad ; ψ h ) =

Ω g ad ψ h dx ∀ψ h ∈ V h . (4.15)

  h,n+1 , δG h ) = l G (δG h ) ∀δG h ∈ V h , where a G (G h,n+1 , δG h ) = Ω φG h,n+1 (δG h + d u • ∇δG h ) dx + ∆t Ω u • ∇G h,n+1 (δG h + d u • ∇δG h ) dx ,(4.16)

l G (δG h ) = Ω φG h,n (δG h + d u • ∇δG h ) dx + ∆t Ω F G (δG h + d u • ∇δG h ) dx.

(4.17)

Remark 4.3.

  n (δM h + d u • ∇δM h ) dx -C (C org h,n+1 -C org h,n )(δC h + d u • ∇δC h ) dx.Eventually, the dynamic of the water vapor is obtained when consideringF h = -c h ∂ t C org -F

	(4.19)

Ω c M (C org h,n+1 -C org h,n )(δM h + d u • ∇δM h ) dx , l C dx (δC h ) = Ω φC dx h,n (δC h + d u • ∇δC h ) dx -Ω c cond : l h (δh h ) = Ω φh h,n (δh h +d u•∇δh h ) dx-Ω c h (C org h,n+1 -C org h,n )(δh h +d u•∇δh h ) dx-∆t Ω F cond (δh h +d u•∇δh h ) dx.

  dx where d w is obtained by substituting u w in(4.14). We obtain the fully discretized problem in which at eacht = t n we seek w h,n+1 ∈ V h such that a w (w h,n+1 , δw h ) = l w (δw h ) ∀δw h ∈ V h a w (w h,n+1 , δw h ) = Ω φw h,n+1 (δw h + d w u w • ∇δw h ) dx + ∆t Ω u w • ∇w h,n+1 (δw h + d w u w • ∇δw h ) dx ∇w h,n+1 • ∇δw h dx -∆t Ω k w ∆w h,n+1 (d w u w • ∇δw h ) dx ,

	+ ∆t
	(4.21)
	l

Ω k w w (δw h ) = Ω φw h,n (δw h + d w u w • ∇δw h ) dx + ∆t Ω (F cond + F in )(δw h + d w u w • ∇δw h ) dx.

(4.22)
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Table 1 .

 1 Summary of the parameters involved in the 7-equations model.

	T g	Temperature of the soil	278	K
	T m	Temperature of the geomembrane	293	K
	T 0	Initial temperature	293	K
	w max	Maximal admissible quantity of water	100	kg m -3
	u w	Velocity of the water	2.1	m d -1
	k w	Diffusion coefficient of the water	8.6 × 10 -2	m 2 d -1
	w 0	Initial quantity of water	50	kg m -3
	H 0	Constant for the vapor pressure	-9.56 × 10 4	Pa
	H 1	Constant for the vapor pressure	337.89	Pa K -1
	c h→w	Condensation rate	10 -1	d -1
	µ gas c M	Dynamical viscosity of the gas Rate of production of methane	1.3 1.8 × 10 7	Pa d -1 kg m -3

Historiquement, les premiers exemples d'optimisation de forme se sont focalisés sur le domaine de l'optimisation de structures. Néanmoins, plusieures applications industrielles peuvent être formulées dans le même cadre. En particulier, l'intérêt de l'industrie aéronautique et spatiale pour ce domaine couvre les problèmes classiques de conception optimale de structures décrite par l'équation de l'élasticité, la réduction de la traînée dans un contexte compressible/incompressible jusqu'au contrôle nondestructif et l'identification d'endommagement. A proprement parler, les deux premières applications sont des problèmes d'optimisation de forme tandis que les deux dernières sont des problèmes d'identification de forme. En général, des problèmes directs et des problèmes inverses peuvent à la fois être formulés comme des problèmes d'optimisation de fonctionnelles qui dépendent de la forme. Dans la suite de cette section, on présente des exemples des applications mentionnées ci-dessus en ingénierie, qu'on retrouve, en particulier, dans le domaine de l'industrie aéronautique et spatiale.

CUne première application d'optimisation de forme en aéronautique est représentée par la conception de la forme optimale minimisant la compliance d'une structure élastique soumise à une force extérieure et sous une contrainte de volume. D'un point de vue pratique, ce problème peut être appliqué à l'optimisation de certaines pièces à l'intérieur d'un aéronef, par exemple la structure longitudinale portante d'un avion. En fait, plusieurs experts sont d'accord sur le fait que le poids des conceptions actuellement construites par des industries leader du secteur n'est pas optimal et des estimations officieuses rapportent un surpoids approximativement de 6000 ∼ 11000 kg pour différents modèles d'avions. De plus, l'approche actuellement utilisée pour réduire le poids de la structure -quand appliquée -est basée sur l'insertion de trous circulaires dans un matériau en vrac (Fig.2) alors qu'il est bien connu dans la littérature[START_REF] Michell | LVIII. The limits of economy of material in frame-structures[END_REF] que les conceptions optimales pour ce type de problème sont des structures en treillis (Fig.3). D'autres applications portent sur la conception optimale d'une aile. C'est un problème multiphysique extrêmement complexe impliquant la dynamique de l'air, le comportement de la structure élastique et de leur interaction -d'où, la notion de problème d'interaction fluide-structure. Le mouvement de l'air est décrit par les équations de Navier-Stokes compressibles instationnaires en cas de

sections 6.1.1 and 6.3) and to the one arising from the dual mixed formulation with weakly imposed symmetry of the stress tensor (cf. sections 6.1.3 and 6.4.2).We consider the optimal design of the classical cantilever beam described in figure6.1. In particular, we assume a zero body forces configuration, a structure clamped on Γ D , with a load g = (0, -1) applied on Γ N and a free boundary Γ.Γ D Γ D
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Part II

Shape identification: an inverse problem in Electrical Impedance Tomography

Part III Shape optimization: a forward problem in the design of elastic structures

Minimization of the compliance under a volume constraint

In order to prove the equality dJ 2 (Ω), θ = dJ 3 (Ω), θ , we have to show that the following quantity is equal to zero:

The result follows directly from the symmetry of the matrix N (θ), the symmetry of σ Ω and the skew-symmetry of η Ω .

6.5 Qualitative assessment of the discretized shape gradients via numerical simulations

In this section, we provide some numerical simulations to present a preliminary comparison of the expressions of the shape gradient of the compliance derived in this chapter using different formulations of the linear elasticity problem. As mentioned in subsection 6.1.2, a major drawback of the Hellinger-Reissner variational formulation for the linear elasticity equation is the complexity of the stable Arnold-Winther pair of Finite Element spaces associated with this discretization (cf. [START_REF] Arnold | Mixed finite elements for elasticity[END_REF]). Hence, for the scope of this section, we restrict ourselves to the expression of the shape gradient obtained by the pure displacement formulation (cf.

Minimization of the compliance under a volume constraint

Algorithm 6.1 -The discretized BVA with deformation of the domain driven by a level-set function Given the domain Ω 0 and the box D ⊃ Ω 0 , set tol > 0, j = 0 and iterate : 1. Compute the solution u h Ω j of the state equation ; 2. Compute the solution p h Ω j of the adjoint equation ; 3. Compute a descent direction θ h j ∈ X solving (θ h j , δθ) X + d h J(Ω j ), δθ = 0 ∀δθ ∈ X ;

4. Generate the signed distance function to ∂Ω j in D; 5. Extend the deformation field θ h j to the box D; 6. Solve the Hamilton -Jacobi equation to propagate the level -set function φ j in D along the transport field θ h j using the signed distance function as initial condition ; 7. Retrieve the zero -level curve of φ j+1 and build the mesh Ω j+1 ; 8. While | d h J(Ω j ), θ h j | > tol, j = j + 1 and repeat .

Complementary energy-based estimate of the error in the shape gradient of the compliance

The first-order optimality conditions of (7.26) read as:

and by plugging (7.27) into (7.26) we may derive the corresponding dual optimization problem:

The complementary energy C Ω (ξ) is defined using the expression of ρ in (7.27) and is maximized among all tensorfields ξ ∈ Ψ Ω that satisfy the boundary conditions in (7.27).

The dual variable ξ Ω is determined as the solution of an additional variational problem. In particular, we seek ξ Ω ∈ Ψ Ω s.t. ξ Ω n = q on Γ N and ξ Ω n = 0 on Γ which verifies ∀δξ ∈ Ψ Ω such that δξn = 0 on Γ N ∪ Γ :

Let ξ h Ω be a Finite Element approximation of the dual variable ξ Ω . The resulting upper bound of the error of the adjoint problem (7.15) in the energy-norm has the following form:

(7.30) Eventually, by combining the upper bounds (7.24) and (7.30) computed using the complementary energy principle with the estimate (7.17) obtained from the higher-order discretization of problem (7.14) and plugging them into (7.16), we are able to evaluate the error in the shape gradient and retrieve a fully computable upper bound E of the quantity (7.5).

A note on the Finite Element approximation of the complementary energy problem

The solutions of the dual complementary energy problems (7.23) and (7.29) are sought in a subspace of the space of d×d square-integrable symmetric tensors with vanishing divergence in Ω and appropriate traction conditions on ∂Ω. From a practical point of view, the construction of a discrete Finite Element space fulfilling these conditions is not trivial and has been an open problem in the scientific community Appendix A

Identification of optimal grasping points for an Unmanned Aerial Vehicle

This appendix is devoted to the presentation of the preliminary results obtained in a joint work with J.-A. Escareno and co-workers on the use of optimization techniques for the identification of the optimal grasping points in Unmanned Aerial Systems. This research belongs to the line of investigation focusing on the development of Micro Unmanned Aerial Vehicles at the Institut Polytechnique des Sciences Avancées.

This project tackles the practical engineering problem of conceiving an optimization algorithm that a Micro Air Vehicle (MAV) can execute in real-time to identify the optimal points to grasp an object starting from the images acquired by an on-board camera. Working on this subject has been extremely important to understand the constraints arising in real-world engineering applications and to develop an efficient algorithm starting from a mathematical model. This approach to a real-life problem may be usefully applied to the shape optimization problems described in the core of this thesis in order to develop novel variants of the Certified Descent Algorithm able to handle practical engineering constraints and thus viable for industrial applications.

Appendix B

Modeling and simulation of a bioreactor landfill

In this appendix, we attach the work developed within the framework of a collaboration with G. Dollé, O. Duran, N. Feyeux, E. Frénod and C. Prud'homme on the mathematical modeling and the numerical simulation of a bioreactor landfill. This research started during the 2015 edition of the CEMRACS (Centre d'Eté de Mathématique de Recherche Avancée en Calcul Scientifique) at CIRM (Centre International de Rencontres Math ḿatiques) of Luminy, near Marseille.

CEMRACS 2015 was devoted to the subject of Coupling Multi-Physics Models involving Fluids and this work is issue of the project Simulation of a Virtual BioReactor using Feel++ (SiViBiR++). The goal of the project is the development of a multiphysics model of the physical and chemical phenomena taking place inside a bioreactor landfill and leading to the production of methane. The main challenge is represented by the complexity of the industrial system which is characterized by lack of data and no a priori known optimal configuration. As the work presented in appendix A, the interest of this project resides in the development of a practical approach to a real-life industrial problem and in the correct handling of the constraints it introduces. This approach may turn out to be extremely useful when dealing with shape optimization problems in an industrial context.

MATHEMATICAL MODELING AND NUMERICAL SIMULATION OF A BIOREACTOR LANDFILL USING FEEL++ *

We may introduce the term F out as the limit when R tends to zero of the right-hand side of (3.13):

where δ L i is a Dirac mass concentrated along the centerline L i of the pipe Θ i g . Hence, the system of equations describing the evolution of the velocity inside the alveolus may be written as

where the right-hand side of the mass balance equation may be either (3.14) or a mollification of it.

Transport phenomena for the gas components

Inside a bioreactor landfill the pressure field is comparable to the external atmospheric pressure. This lowpressure does not provide the physical conditions for gases to liquefy. Hence, the gases are not present in liquid phase and solely the dynamic of the gas phases has to be accounted for. Within this framework, in section 3.5 we consider the case of water for which phase transitions driven by heat transfer phenomena are possible, whereas in the current section we focus on the remaining gases (i.e. oxygen, nitrogen, methane and carbon dioxide) which solely exist in gas phase.

Let u be the velocity of the gas mixture inside the alveolus. We consider a generic gas whose concentration inside the bioreactor is named G. The evolution of G fulfills the classical pure advection equation:

where φ is again the porosity of the waste. The source term F G (x, t) depends on the gas and will be detailed in the following subsections.

The case of oxygen and nitrogen

We recall that the oxygen concentration is named O, whereas the nitrogen one is N . Neither of these components appears in reaction (2.2) thus the associated source terms are F O (x, t) = F N (x, t) = 0. The resulting equations (3.17) are closed by the initial conditions O(•, 0) = O 0 and N (•, 0) = N 0 .

Both the oxygen and the nitrogen are extracted by the production system thus their overall concentration may be negligible with respect to the quantity of carbon dioxide and methane inside the alveolus. Hence, for the rest of this paper we will neglect equations (3.17) by considering O(x, t) ≃ O 0 ≃ 0 and N (x, t) ≃ N 0 ≃ 0.

The case of methane and carbon dioxide

As previously stated, (2.2) describes the methanogenic fermentation that starting from the propionic acid drives the production of methane, having carbon dioxide as by-product. Equation (3.16) stands for both the methane M and the carbon dioxide C dx . For these components, the source terms have to account for the production of gas starting from the transformation of biodegradable waste. Thus, the source terms are Consequently, the Least-Squares stabilization term has the following form

GLS formulation of the curl of Darcy's law

Let us consider the rotational component of Darcy's law. Since p is a scalar field, ∇ × (∇p) = 0 and we get

Thus, the GLS term associated with the curl of Darcy's law reads as

The stabilized CGLS dual-mixed formulation

The stabilized CGLS formulation arises by combining the previous terms. In particular, we consider the bilinear form (4.6), we subtract the Least-Squares stabilization (4.8) for Darcy's law and we add the corresponding GLS terms (4.9) and (4.10) for the mass balance equation and the curl of Darcy's law itself. In a similar fashion, we assemble the linear form for the stabilized problem, starting from (4.7). The resulting CGLS formulation of problem (4.5) has the following form:

To accurately approximate problem (4.11)-(4.12), we consider the product space RT 0 × P 0 , that is we use lowest-order Raviart-Thomas Finite Element for the velocity and piecewise constant functions for the pressure.

Streamline Upwind Petrov Galerkin for the dynamics of gases and liquid water

The numerical approximation of pure advection and advection-diffusion transient problems has to be carefully handled in order to retrieve accurate solutions. It is well-known in the literature [4] that classical Finite Element Method suffers from poor accuracy when dealing with steady-state advection and advection-diffusion problems and requires the introduction of numerical stabilization to construct a strongly consistent scheme. When moving to transient advection and advection-diffusion problems, time-space elements are the most natural setting to develop stabilized methods [15].

Let L ad be the abstract operator to model an advection -respectively advection-diffusion -phenomenon. The resulting transient Boundary Value Problem may be written as

We consider the variational formulation of (4.13) by introducing the corresponding abstract bilinear form B ad (ϕ, ψ) which will be detailed in next subsections. Let ϕ h be the solution of the discretized PDE via the Finite Element Method. The SUPG stabilization term for the transient problem reads as

Water

The production of methane takes place only when less than 10% of water is present inside the bioreactor. Since the alveolus is completely flooded when w = 1000 kg m -3 , we get that w max = 100 kg m -3 . The vertical velocity drift due to gravity is estimated from Darcy's law to the value u w = 2.1 m d -1 and the diffusion coefficient is set to k w = 8.6 × 10 -2 m 2 d -1 .

Phase transition

In order to model the phase transitions, we have to consider the critical values of the pressure associated with evaporation and condensation. The Rankine law for the vapor pressure of water is approximated using the following values: P 0 = 133.322 Pa, s 0 = 20.386 and s 1 = 5132K and its linearization arises when considering H 0 = -9.56 × 10 4 Pa and H 1 = 337.89 Pa K -1 for the range of temperatures [288 K; 328 K]. Moreover, we set the value c h→w that represents the speed for the condensation of vapor to liquid water:

Gases

We consider a gas mixture made of methane, carbon dioxide and water vapor. Its dynamical viscosity is set to µ gas = 1.3 Pa d -1 . Other parameters involved represent the rate of production of a specific gas (methane, carbon dioxide and water vapor) per unit of consumed organic carbon and per unit of time: c M = 1.8 × 10 7 kg m -3 ; c C = 2.6 × 10 7 kg m -3 ; c h = 2.5 × 10 6 kg m -3 .

Remark 5.1. A key aspect in the modeling of a bioreactor landfill is the possibility to adapt the incoming flow of water and leachates J in and the outgoing flow of biogas J out . These values are user-defined parameters which are kept constant to 258 m 3 d -1 for the simulations in this paper but should act as control variables in the framework of the forecast and optimization procedures described in the introduction.

A preliminary test case

In this section we present some preliminary numerical results obtained by using the SiViBiR++ module developed in Feel++ to solve the equations presented in section 3 using the numerical schemes discussed in section 4. In particular, we remark that in all the following simulations we neglect the effects due to the gas and fluid dynamics inside the bioreactor landfill. Though this choice limits the ability of the discussed results to correctly describe the complete physical behavior of the system, this simplification is a necessary starting point for the validation of the mathematical model in section 3. As a matter of fact, the equations describing the gas and fluid dynamics feature several unknown parameters whose tuning -independent and coupled with one another -has to be accurately performed before linking them to the problems modeling the consumption of organic carbon and the evolution of the temperature. Thus, here we restrict our numerical simulations to two main phenomena occurring inside the bioreactor landfill: first, we describe the consumption of organic carbon under some fixed optimal conditions of humidity and temperature; then we introduce the evolution in time of the temperature and we discuss the behavior of the coupled system given by equations (3.5)- (3.6).

The test cases are studied in the computational domain introduced in section 5.2: in particular, we consider the triangulation of mesh size 5 m in figure 3C and we set the unit measure for the time evolution to ∆t = 365 d. The final time for the simulation is S fin = 40 years. The parameters inside the equations are set according to the values in section 5.3 but a thorough investigation of these quantities has to be performed to verify their accuracy. The computations have been executed using up to 32 processors and below we present some simulations for the aforementioned preliminary test cases.

Evolution of the organic carbon under optimal hydration and temperature conditions

First of all, we consider the case of a single uncoupled equation, that is the evolution of the organic carbon in a scenario in which the concentration of water and the temperature are fixed. Starting from equation (3.5), we assume fixed optimal conditions for the humidity and the temperature inside the bioreactor landfill. We set time. In particular, as expected we observe that C org decreases in time as the methanogenic fermentation takes place.

Figure 5. Evolution of the organic carbon between t = 0 and t = 40 years under optimal hydration and temperature conditions.

Evolution of the temperature as a function of organic carbon

We introduce a novel variable depending both on space and time to model the temperature inside the bioreactor. Figure 6 presents the snapshots of the value of the temperature in a section of the alveolus under analysis at time t = 1 year, t = 10 years, t = 20 years and t = 40 years. These result from the solution of equation (3.6) for a given trend of the organic carbon. Let us consider the evolution of the organic carbon obtained from the previous test case. The corresponding profile is given by C org (x, t) = e -αt , α = 10 -3 .

We observe that the consumption of organic carbon by means of the chemical reaction (2.2) is responsible for the generation of heat in the middle of the domain. As expected by the physics of the problem, the heat tends to diffuse towards the external boundaries where the temperature is lower. After a first phase which lasts approximately 10 years in which the methanogenic process produces heat and the temperature rises, the consumption of organic carbon slows down and the temperature as well starts to decrease until the end-of-life of the facility (Fig. 7A-7B).

Evolution of the coupled system of organic carbon and temperature under optimal hydration condition Starting from the previously discussed cases, we now proceed to the coupling of the organic carbon with the temperature. We keep the optimal hydration condition as in the previous simulations -that is w = wmax 2 -and we consider the solution of the coupled equations (3.5)- (3.6).

From the numerical point of view, this scenario introduces several difficulties, mainly due to the fact that the two equations are now dependent on one another. As mentioned in section 4, the coupling is handled explicitly, that is, first we solve the problem featuring the organic carbon with fixed temperature then we approximate the heat equation using the information arising from the previously computed C org .