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✸✳✾ ❉②♥❛♠✐O✉❡ ❞❡ ♣♦♣✉❧❛,✐♦♥ ❡, ❞❡ ❝♦❤2-❡♥❝❡ ❞✬✉♥ ❡①❝✐,♦♥ ✉♥✐O✉❡ G ❚ ❂ ✹ ❑
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✹✳✾ ❈❛(,❡ ✷❉✲❋❲▼ ❞✬✉♥❡ ❇◗ F ✢✉❝,✉❛,✐♦♥ ❞❡ ❝❤❛(❣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✹✳✶✵ ❈♦✉♣❧❛❣❡ ❝♦❤)(❡♥, ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧✬❛✐(❡ ❞✬✐♠♣✉❧*✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✶ ❙❝❤)♠❛ ❞✬✉♥ ()*❡❛✉ 2✉❛♥,✐2✉❡ ♦♣,✐2✉❡ ❝♦♠♣♦*) ❞❡ ❞❡✉①  ✉❜✐$%✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✷ ➱✈♦❧✉,✐♦♥ ,❡♠♣♦(❡❧❧❡ ❞❡* ♣♦❧❛(✐*❛,✐♦♥ ❋❲▼ ❡, ❙❲▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✸ ■❞❡♥,✐✜❝❛,✐♦♥ ❡, ❝❛(❛❝,)(✐*❛,✐♦♥ ❞✬✉♥ ,(✐♦♥ ✉♥✐2✉❡ ♣♦✉( ❧✬❡①♣)(✐❡♥❝❡ ❞❡ ❝♦♥,(P❧❡

❝♦❤)(❡♥,✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✺✳✹ ❋❡♥Q,(❛❣❡ ,❡♠♣♦(❡❧ ❞✉ *✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❞)❧❛✐ τ23✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
✺✳✺ ❋❛R♦♥♥❛❣❡ *♣❡❝,(❛❧ ❞✉ *✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❞)❧❛✐ τ23✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✻ ❋❛R♦♥♥❛❣❡ *♣❡❝,(❛❧ ❞✉ *✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❞)❧❛✐ τ23✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✺✳✼ ❋❛R♦♥♥❛❣❡ *♣❡❝,(❛❧ ❞✉ *✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧✬❛✐(❡ ❞✬✐♠♣✉❧*✐♦♥ Θ3✳ ✳ ✳ ✶✵✼

✺✳✽ ❋❛R♦♥♥❛❣❡ *♣❡❝,(❛❧ ❞❡ ❧❛ ♣♦❧❛(✐*❛,✐♦♥ ,♦,❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✺✳✾ ■♥,❡(❢)(❡♥❝❡* ❞❡* ♣♦❧❛(✐*❛,✐♦♥* ❋❲▼ ❞❡ ,(♦✐* ,(❛♥*✐,✐♦♥* ❡①❝✐,♦♥✐2✉❡*✳ ✳ ✳ ✳ ✶✵✾

✺✳✶✵ ❈♦✉♣❧❛❣❡ (❛❞✐❛,✐❢ ❡♥,(❡ ❞❡✉① ❇◗* *)♣❛()❡* *♣❛,✐❛❧❡♠❡♥, ❞❛♥* ✉♥ ❣✉✐❞❡

❞✬♦♥❞❡ ♣❤♦,♦♥✐2✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✺✳✶✶ ❘)♣♦♥*❡ ❋❲▼ ❞✬✉♥❡ ❇◗ ■♥❆* ❝♦♥✜♥)❡ ❞❛♥* ✉♥❡ ,(♦♠♣❡,,❡ ♣❤♦,♦♥✐2✉❡✳ ✳ ✳ ✶✶✺



■♥"#♦❞✉❝"✐♦♥

✓ ■❢ #✉❛♥'✉♠ ♠❡❝❤❛♥✐❝- ❤❛-♥✬' ♣0♦❢♦✉♥❞❧② -❤♦❝❦❡❞ ②♦✉✱

②♦✉ ❤❛✈❡♥✬' ✉♥❞❡0-'♦♦❞ ✐' ②❡'✳ ✔

◆✐❡❧$ ❇♦❤(

✓ ■ '❤✐♥❦ ■ ❝❛♥ -❛❢❡❧② -❛② '❤❛' ♥♦❜♦❞② ✉♥❞❡0-'❛♥❞- #✉❛♥'✉♠ ♠❡❝❤❛♥✐❝-✳ ✔

❘✐❝❤❛(❞ ❋❡②♥♠❛♥

❇!❡❢ ❤✐&'♦!✐)✉❡

▲✬"✈♦❧✉'✐♦♥ ❞❡, '❡❝❤♥♦❧♦❣✐❡, ❡,' ❛✉ ❝1✉2 ❞❡ ❧❛ ,♦❝✐"'" ❛❝'✉❡❧❧❡✳ ▲❛ 2❡❝❤❡2❝❤❡ ❢♦♥❞❛♠❡♥✲

'❛❧❡ ❛ ♠♦♥'2" ❞❡ ♣❛2' ❧❡ ♣❛,," 8✉✬❡❧❧❡ ❝♦♥'2✐❜✉❡ ❛❝'✐✈❡♠❡♥' ❛✉ ❝❤❛♥❣❡♠❡♥' '❡❝❤♥♦❧♦❣✐8✉❡✳

❊♥ ✶✾✵✺✱ ❆❧❜❡2' ❊✐♥,'❡✐♥ ♣✉❜❧✐❡ 8✉❛'2❡ ❛2'✐❝❧❡, 8✉✐ ❝♦♥'2✐❜✉❡2♦♥' ❞❡ ♠❛♥✐A2❡ ,✐❣♥✐✜❝❛'✐✈❡

C "'❛❜❧✐2 ❧❡, ❢♦♥❞❡♠❡♥', ❞❡ ❧❛ ♣❤②,✐8✉❡ ♠♦❞❡2♥❡✳ ▲❡ ♣2❡♠✐❡2 ❛2'✐❝❧❡ ❞❡ ❝❡''❡ ❛♥♥"❡ ♠✐&❛❝✉✲

❧❡✉+❡ ♣2♦♣♦,❡ ✉♥❡ ❡①♣❧✐❝❛'✐♦♥ ❞❡ ❧✬❡✛❡' ♣❤♦'♦"❧❡❝'2✐8✉❡ ❜❛,"❡ ,✉2 ❧✬✉'✐❧✐,❛'✐♦♥ ❞✉ 8✉❛♥'✉♠

❞✬"♥❡2❣✐❡ ✐♥'2♦❞✉✐' ♣❛2 ▼❛① H❧❛♥❝❦ ❡♥ ✶✾✵✵ ♣♦✉2 ❡①♣❧✐8✉❡2 ❧❡ ✏2❛②♦♥♥❡♠❡♥' ❞✉ ❝♦2♣, ♥♦✐2✑✱

❞"✜♥✐' ♣❛2 ❧✬"♥❡2❣✐❡ ǫ = hν ♦L h ❡,' ❧❛ ❝♦♥,'❛♥'❡ ❞❡ H❧❛♥❝❦ ❡' ν ❡,' ❧❛ ❢2"8✉❡♥❝❡ ❞❡ ❧❛

❧✉♠✐A2❡✳ ❈✬❡,' ❧❛ ♥❛✐,,❛♥❝❡ ❞✉ ♣❤♦/♦♥✳ ❊✐♥,'❡✐♥ ✈✐❡♥' ❞❡ 0✉❛♥/✐✜❡& ❧❛ ❧✉♠✐A2❡ ❥✉,8✉✬❛❧♦2,

❝♦♥,✐❞"2"❡ ❝♦♠♠❡ ♦♥❞✉❧❛'♦✐2❡ ♣❛2 ❧❡, "8✉❛'✐♦♥, ❞❡ ▼❛①✇❡❧❧✳ ❇✐❡♥ 8✉❡ '♦'❛❧❡♠❡♥' ✈✐,✐♦♥✲

♥❛✐2❡ ♣♦✉2 ❧✬"♣♦8✉❡✱ ❝❡''❡ ❞"❝♦✉✈❡2'❡ ♠❛❥❡✉2❡ ♠❡''2❛ ♣❧✉,✐❡✉2, ❛♥♥"❡, ❛✈❛♥' ❞✬Q'2❡ ❛❞♠✐,❡

♣❛2 ❧❛ ❝♦♠♠✉♥❛✉'" ,❝✐❡♥'✐✜8✉❡✳ ❊♥ ✶✾✶✸✱ ◆✐❡❧, ❇♦❤2 ❛♣♣♦2'❡2❛ ✉♥❡ ,❡❝♦♥❞❡ ♣✐❡22❡ C ❧✬"❞✐✲

✜❝❡ ❡♥ ♣2♦♣♦,❛♥' ✉♥ ♠♦❞A❧❡ 8✉❛♥'✐✜" ❞❡ ❧✬❛'♦♠❡ ❞❡ ❘✉'❤❡2❢♦2❞✱ ❡♥ ,❡ ❜❛,❛♥' "❣❛❧❡♠❡♥' ,✉2

❧❡ 8✉❛♥'✉♠ ❞✬"♥❡2❣✐❡ ❞❡ H❧❛♥❝❦✳ ❯♥ ❛♥ ♣❧✉, '❛2❞✱ ❧✬❡①♣"2✐❡♥❝❡ ❞❡ ❋2❛♥❝❦ ❡' ❍❡2'③ ✈✐❡♥❞2❛

❝♦♥✜2♠❡2 ❧❡, ♣2"❞✐❝'✐♦♥, ❞❡ ❇♦❤2✳ ▲❛ &"✈♦❧✉/✐♦♥ 0✉❛♥/✐0✉❡ ❡,' ❡♥ ♠❛2❝❤❡ ❡' ♣❧✉, 2✐❡♥ ♥❡

❧✬❛22Q'❡2❛✳

❉❡♣✉✐, ♣❧✉, ❞✬✉♥ ,✐A❝❧❡✱ ❞❡, ❡①♣"2✐❡♥❝❡, ,❝✐❡♥'✐✜8✉❡, ♠❡♥"❡, C '2❛✈❡2, ❧❡ ♠♦♥❞❡ ♥✬♦♥'

❢❛✐' 8✉❡ ❝♦♥✜2♠❡2 ❧❡, ❧♦✐, ❞❡ ❧❛ ♠"❝❛♥✐8✉❡ 8✉❛♥'✐8✉❡✱ C '❡❧ ♣♦✐♥' 8✉✬❛✉❝✉♥❡ ❡①♣"2✐❡♥❝❡✱

C ❧✬❤❡✉2❡ ❛❝'✉❡❧❧❡✱ ♥✬❛ ♣✉ ❝♦♥'2❡❞✐2❡ ✉♥❡ ,❡✉❧❡ ❞❡ ❝❡, ♣2"❞✐❝'✐♦♥,✳ ❋♦2❝❡ ❡,' ❞❡ ❝♦♥,'❛'❡2

8✉❡ ❝❡''❡ '❤"♦2✐❡✱ ❡①❝❡♥'2✐8✉❡ ❡' ✈✐,✐♦♥♥❛✐2❡✱ ❞"❝2✐' ♣❛2❢❛✐'❡♠❡♥' ❧❡ ♠♦♥❞❡ ❞❡ ✏❧✬✐♥✜♥✐♠❡♥'

♣❡'✐'✑ ❛✉8✉❡❧ ❧✬Q'2❡ ❤✉♠❛✐♥ ♥✬❡,' ❡♥ ❛✉❝✉♥ ♣♦✐♥' ❢❛♠✐❧✐❡2✳ ❆✉❥♦✉2❞✬❤✉✐✱ ❧✬✐♠♣❛❝' '❡❝❤♥♦✲

❧♦❣✐8✉❡ ❞❡ ❧❛ 2"✈♦❧✉'✐♦♥ 8✉❛♥'✐8✉❡ ❡,' ❝♦♥,✐❞"2❛❜❧❡✳ ❈✐'♦♥, ♣❛2 ❡①❡♠♣❧❡ ❧❛ ❞"❝♦✉✈❡2'❡ ❞❡

❧✬"♠✐,,✐♦♥ ,'✐♠✉❧"❡ ♣❛2 ❊✐♥,'❡✐♥ ❡♥ ✶✾✶✼ 8✉✐ ❞♦♥♥❡2❛ ♥❛✐,,❛♥❝❡ ❛✉ ♣2❡♠✐❡2 ✏▼✳❆✳❙✳❊✳❘✑

✭▼✐❝2♦✇❛✈❡ ❆♠♣❧✐✜❝❛'✐♦♥ ❜② ❙'✐♠✉❧❛'❡❞ ❊♠✐,,✐♦♥✮ ❡♥ ✶✾✺✸✱ ♣✉✐, ❛✉ ❢❛♠❡✉① ✏▲✳❆✳❙✳❊✳❘✑

✭▲✐❣❤' ❆♠♣❧✐✜❝❛'✐♦♥ ❜② ❙'✐♠✉❧❛'❡❞ ❊♠✐,,✐♦♥✮ ❡♥ ✶✾✻✵✳ ❆✉❥♦✉2❞✬❤✉✐✱ ❧❡, ❧❛,❡2, ❢♦♥' ♣❛2'✐❡

✐♥'"❣2❛♥'❡ ❞❡ ♥♦'2❡ ✈✐❡✳ ▲✬"✈♦❧✉'✐♦♥ '❡❝❤♥♦❧♦❣✐8✉❡ ❞❛♥, ❝❡ ❞♦♠❛✐♥❡ ❝♦♥'✐♥✉❡ ❞❡ 2❡♣♦✉,,❡2

❧❡, ❧✐♠✐'❡, ❞❡ ❧❛ ♣❤②,✐8✉❡✱ ❡♥ ♣2♦♣♦,❛♥' ❞❡, ❧❛,❡2, ❞❡ ♣❧✉, ❡♥ ♣❧✉, 2❛♣✐❞❡,✱ ❛''❡✐❣♥❛♥' C

❧✬❤❡✉2❡ ❛❝'✉❡❧❧❡ ❞❡, ❧❛2❣❡✉2, ❞✬✐♠♣✉❧,✐♦♥, ♣2♦❝❤❡ ❞✉ ❝②❝❧❡ ♦♣'✐8✉❡✱ ❞❡ ❧✬♦2❞2❡ ❞❡ ✶✺✵ ❛''♦,❡✲

❝♦♥❞❡, ✭✶ ❛''♦,❡❝♦♥❞❡= 10−15
,❡❝♦♥❞❡,✮ ♣♦✉2 ❧❡, ❧❛,❡2, ❳❯❱ ✭❡①'2Q♠❡ ✉❧'2❛✈✐♦❧❡'✮✳ ❉✬❛✉'2❡

♣❛2'✱ ❧❛ '❡❝❤♥♦❧♦❣✐❡ ❞❡, ,❡♠✐❝♦♥❞✉❝'❡✉2, ✈❡2, ❧✬✐♥✜♥✐♠❡♥' ♣❡'✐' ♥✬❛ ❝❡,," ❞❡ ♣2♦❣2❡,,❡2✳ ▲❡

'2❛♥,✐,'♦2 ❡♥ ❡,' ❧❡ ♣❛2❢❛✐' ❡①❡♠♣❧❡✳ ■♥✈❡♥'" ❡♥ ✶✾✹✼ ♣❛2 ❞❡, ❝❤❡2❝❤❡✉2, ❞❡, ❧❛❜♦2❛'♦✐2❡,

✶
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❇❡❧❧✱ ✐❧ ❡&' (❛♣✐❞❡♠❡♥' ❞❡✈❡♥✉ ❧❡ ❝♦♠♣♦&❛♥' ❞❡ ❜❛&❡ ❞❡ ❧✬4❧❡❝'(♦♥✐5✉❡ ♠♦❞❡(♥❡✱ &✐ ❜✐❡♥

5✉✬❡♥ ✶✾✼✶✱ ❧❛ &♦❝✐4'4 ■♥'❡❧ ✐♥'4❣(❡(❛ ✷✸✵✵ '(❛♥&✐&'♦(& ❞❛♥& ❝❡ 5✉✐ &❡(❛ ❝♦♥&✐❞4(4 ❝♦♠♠❡ ❧❡

♣(❡♠✐❡( ♠✐❝(♦♣(♦❝❡&&❡✉( ❞❡ ❧✬❤✐&'♦✐(❡✳ ❉@& ❧♦(&✱ ❜♦♦&'4 ♣❛( ❧❡ ♠❛(❝❤4 ❣(❛♥❞✐&&❛♥' ❞❡ ❧✬✐♥❢♦(✲

♠❛'✐5✉❡✱ ❧❡ ♥♦♠❜(❡ ❞❡ '(❛♥&✐&'♦(& ♣❛( ♠✐❝(♦♣(♦❝❡&&❡✉( ✈❛ ❧✐''4(❛❧❡♠❡♥' ❡①♣❧♦&❡(✱ ❥✉&5✉✬E

&✉✐✈(❡ ✉♥❡ ❝(♦✐&&❛♥❝❡ ❡①♣♦♥❡♥'✐❡❧❧❡✱ ❝♦♥♥✉❡ &♦✉& ❧❡ ♥♦♠ ❞❡ ❧♦✐ ❞❡ ▼♦♦&❡✳ ■♥✐'✐❛❧❡♠❡♥' ❞❡

❧❛ '❛✐❧❧❡ ❞✬✉♥❡ ❣(♦&&❡ ❛♠♣♦✉❧❡✱ ❧❛ '❛✐❧❧❡ ❞✉ '(❛♥&✐&'♦( ❛❝'✉❡❧ ♥❡ ❢❛✐' ♣❧✉& 5✉❡ 5✉❡❧5✉❡& ♥❛♥♦✲

♠@'(❡& ✭✶ ♥❛♥♦♠@'(❡ = 10−9
♠@'(❡✮✱ ❛✜♥ ❞❡ ♣❡(♠❡''(❡ ❛✉① ✐♥❞✉&'(✐❡❧& ❞✬✐♥'4❣(❡( ♣❧✉&✐❡✉(&

♠✐❧❧✐❛(❞& ❞❡ '(❛♥&✐&'♦(& ♣❛( ♠✐❝(♦♣(♦❝❡&&❡✉(& ❡' ❞❡ ❝♦♥❝❡✈♦✐( ❞❡& ♦(❞✐♥❛'❡✉(& '♦✉❥♦✉(& ♣❧✉&

♣✉✐&&❛♥'&✳ ▼❛✐& ❝❡''❡ ❝♦✉(&❡ E ❧✬✐♥✜♥✐♠❡♥' ♣❡'✐' ❛''❡✐♥' ♣(♦❣(❡&&✐✈❡♠❡♥' &❡& ❧✐♠✐'❡&✱ ❡' &❡

❤❡✉('❡ ❞4&♦(♠❛✐& E ✉♥ ♣(♦❜❧@♠❡ ❞❡ ✏'❛✐❧❧❡✑ ✿ ❝❡❧❧❡ ❞❡ ❧✬❛'♦♠❡ ✦ ❊♥ ✷✵✶✷✱ ❧❡ ♣(❡♠✐❡( '(❛♥&✐&'♦(

❛'♦♠✐5✉❡ ✈♦✐' ❧❡ ❥♦✉( ❬✶❪✱ ❞♦♥' ❧✬✐♥❞✉&'(✐❛❧✐&❛'✐♦♥ ❡&' ♣(4✈✉❡ E ❧✬❤♦(✐③♦♥ ✷✵✷✵ ♣❛( ❧❛ ❝4❧@❜(❡

❧♦✐ ❞❡ ▼♦♦(❡✳ ❆ ❝❡''❡ 4❝❤❡❧❧❡✱ ❧❡& ❡✛❡'& 5✉❛♥'✐5✉❡& ♣❡('✉(❜❡(♦♥' ❧❡ ❜♦♥ ❢♦♥❝'✐♦♥♥❡♠❡♥' ❞❡&

❝♦♠♣♦&❛♥'& 4❧❡❝'(♦♥✐5✉❡&✳ ❖♥ ❛&&✐&'❡ ❞♦♥❝ E ✉♥ ❝❤❛♥❣❡♠❡♥' ❞❡ ♣❛(❛❞✐❣♠❡✱ ❡♥❣(❛✐♥4 ♣❛(

❞❡& ❡♥❥❡✉① 4❝♦♥♦♠✐5✉❡& ♣❧❛♥4'❛✐(❡& 5✉✐ ♣♦✉&&❡♥' ❧✬✐♥❞✉&'(✐❡ E ♦✉✈(✐( ❧❛ ♣♦('❡ ❞✉ ♠♦♥❞❡

5✉❛♥'✐5✉❡✱ ❝✬❡&' ❧❛ ♥❛✐&&❛♥❝❡ ❞❡ ❧✬✐♥❢♦&♠❛,✐-✉❡ -✉❛♥,✐-✉❡✳

▲✬"♠❡%❣❡♥❝❡ ❞❡ ❧✬✐♥❢♦%♠❛/✐0✉❡ 0✉❛♥/✐0✉❡

❊♥ ✐♥❢♦(♠❛'✐5✉❡ classique✱ ✉♥ bit ❞✬✐♥❢♦(♠❛'✐♦♥ (❡♣(4&❡♥'❡ ❧❛ ♠4♠♦✐(❡ 4❧4♠❡♥'❛✐(❡ ❞✬✉♥

♦(❞✐♥❛'❡✉( ❝❧❛&&✐5✉❡✳ ❯♥ '❡❧ ❜✐' &'♦❝❦❡ &♦♥ ✐♥❢♦(♠❛'✐♦♥ ❞❛♥& ❞❡✉① 4'❛'&✱ ✵ ♦✉ ✶✳ ▲✬✐♥❢♦(♠❛✲

'✐5✉❡ ❛❝'✉❡❧❧❡ ❡&' ❜❛&4❡ &✉( ❧❛ ♠❛♥✐♣✉❧❛'✐♦♥ ❞❡ ❝✲&❡❣✐2,&❡2 ❢♦(♠4& ❞✬✉♥ '(@& ❣(❛♥❞ ♥♦♠❜(❡ ❞❡

❜✐'& (0, 1, 1, 0, 1, 0, ..)✱ ❡' ❝♦♥♥❡❝'4& ♣❛( ❞❡& ♦♣4(❛'✐♦♥& ❧♦❣✐5✉❡& &✐♠♣❧❡& ❡' &45✉❡♥'✐❡❧❧❡&✳ ▲❡

♥♦♠❜(❡ ❞✬♦♣4(❛'✐♦♥& ❞4♣❡♥❞ ❞♦♥❝ ❞✉ ♥♦♠❜(❡ ❞❡ ❜✐'& ❞✐&♣♦♥✐❜❧❡&✱ ❛✉'(❡♠❡♥' ❞✐' ❞✉ ♥♦♠❜(❡

❞❡ '(❛♥&✐&'♦(&✳ ❆ ❧✬❤❡✉(❡ ❛❝'✉❡❧❧❡✱ ❧❛ ✈✐'❡&&❡ ❞✬✉♥ ♦(❞✐♥❛'❡✉( ❡&' ❧✐♠✐'4❡ '❡❝❤♥♦❧♦❣✐5✉❡♠❡♥'

♣❛( ❧❛ '❛✐❧❧❡ ❞❡& '(❛♥&✐&'♦(&✱ ♣♦✉( ✐♥'4❣(❡( ❧❡ ♠❛①✐♠✉♠ ❞❡ ❜✐'& &✉( ✉♥ ♣(♦❝❡&&❡✉( ❝❧❛&&✐5✉❡✳

❊♥ ✐♥❢♦(♠❛'✐5✉❡ quantique✱ ❧✬✐♥❢♦(♠❛'✐♦♥ ❡&' &'♦❝❦4❡ ❞❛♥& ✉♥ ❜✐' 5✉❛♥'✐5✉❡ ❞✬✐♥❢♦(✲

♠❛'✐♦♥✱ ❛♣♣❡❧4 qubit ✶✳ ❈♦♥'(❛✐(❡♠❡♥' E ❧❛ ♠4❝❛♥✐5✉❡ ❝❧❛&&✐5✉❡✱ ❧❡& (@❣❧❡& ❞❡ ❧❛ ♠4❝❛♥✐5✉❡

5✉❛♥'✐5✉❡ ❛✉'♦(✐&❡♥' ✉♥ &②&'@♠❡ 5✉❛♥'✐5✉❡ E &❡ (❡'(♦✉✈❡( ❞❛♥& ✉♥❡ 2✉♣❡&♣♦2✐,✐♦♥ ❝♦❤4(❡♥'❡

❞✬4'❛'& 5✉❛♥'✐5✉❡&✳ ❆✉'(❡♠❡♥' ❞✐'✱ ✉♥ 5✉❜✐' ❛ ✉♥❡ ♣(♦❜❛❜✐❧✐'4 ♥♦♥ ♥✉❧❧❡ ❞✬Z'(❡ ❛✉ ♠Z♠❡

♠♦♠❡♥' ❞❛♥& ❧✬4'❛' ✵ ❡' ❞❛♥& ❧✬4'❛' ✶✳ ▲❛ ❢♦♥❝'✐♦♥ ❞✬♦♥❞❡ |ψ〉 = α|0〉+β|1〉 ❞4❝(✐' ❧✬4'❛' ❞✉
5✉❜✐' E ✉♥ ✐♥&'❛♥' ❞♦♥♥4✱ ♦[ α ❡' β (❡♣(4&❡♥'❡♥' ❧❡& ❛♠♣❧✐'✉❞❡& ❞❡ ♣(♦❜❛❜✐❧✐'4 ❞❡ '(♦✉✈❡( ❧❡

5✉❜✐' ❞❛♥& ❧❡& 4'❛'& |0〉 ❡' |1〉✳ ▲❡ ♥♦♠❜(❡ ❞❡ ♣♦&&✐❜✐❧✐'4& ❡&' ❡♥❝♦(❡ ♣❧✉& ❣(❛♥❞ ❧♦(&5✉❡ ❧✬♦♥

❝♦♥&✐❞@(❡ ❧❡& -✲&❡❣✐2,&❡2 ❢♦(♠4& ❞❡ n 5✉❜✐'&✳ ▲❡& ♦♣4(❛'✐♦♥& 5✉❛♥'✐5✉❡& &♦♥' ❛❧♦(& ❜❛&4❡&

&✉( ❞❡& ❝♦♠❜✐♥❛✐&♦♥& ❧✐♥4❛✐(❡& ❞❡ '②♣❡ |Ψ〉 =
∑

αi|0, 1, 1, 0, 1, 0, ..〉✱ ♦[ ❧❛ &♦♠♠❡ &✬4'❡♥❞

&✉( '♦✉& ❧❡& ♥♦♠❜(❡& ❜✐♥❛✐(❡& ✭011010...✮ ✈❛(✐❛♥' ❡♥'(❡ ✵ ❡' 2n✳ ❆✐♥&✐✱ ❛✉ ❧✐❡✉ ❞❡ (4❛❧✐&❡(

❞❡& ♦♣4(❛'✐♦♥& &✉❝❝❡&&✐✈❡& ❞❡ ♠❛♥✐@(❡ ❝❧❛&&✐5✉❡✱ ❧❡& ♦♣4(❛'✐♦♥& 5✉❛♥'✐5✉❡& ❧♦❣✐5✉❡& &♦♥'

(4❛❧✐&4❡& &✉( ❞❡& 4'❛'& 5✉❛♥'✐5✉❡& ❞✉ '②♣❡ |Ψ〉✱ 5✉✐ ❝♦♥'✐❡♥♥❡♥' '♦✉'❡& ❧❡& ✈❛❧❡✉(& ♣♦&&✐❜❧❡&
❞❡& ❝✲(❡❣✐&'(❡& E ❧❛ ❢♦✐&✳ ❈❡❧❛ (❡♣(4&❡♥'❡ ✉♥ ❣(❛♥❞ ✐♥'4(Z' ❞❛♥& ❧❡& ♣(♦❜❧@♠❡& ❞❡ ✏❝❤♦✐①✑✱ ♦[

✐❧ ❢❛✉' ❡✛❡❝'✉❡( ✉♥ ❣(❛♥❞ ♥♦♠❜(❡ ❞✬❡&&❛✐& ❛✉ ❤❛&❛(❞ ♣♦✉( '(♦✉✈❡( ❧❛ &♦❧✉'✐♦♥✱ ❝♦♠♠❡ ♣❛(

❡①❡♠♣❧❡ ❧♦(& ❞❡ ❧❛ ❢❛❝'♦(✐&❛'✐♦♥ ❞✬✉♥ '(@& ❣(❛♥❞ ♥♦♠❜(❡✳

❈❡♣❡♥❞❛♥'✱ ❧❛ (4❛❧✐&❛'✐♦♥ ♣(❛'✐5✉❡ ❞✬✉♥ ❣(❛♥❞ ♥♦♠❜(❡ ❞❡ 5✉❜✐'& &❡ ❤❡✉('❡ E ✉♥ ♣(♦❜❧@♠❡

♠❛❥❡✉( ✿ ❧❛ ❞4❝♦❤4&❡♥❝❡✳ ❈❡❧❧❡✲❝✐ ❡♥'(❛\♥❡ ❧❡ ❜(♦✉✐❧❧❛❣❡ ❞❡& 5✲(❡❣✐&'(❡& ✈❡(& ❞❡& &✉♣❡(♣♦&✐'✐♦♥&

&'❛'✐&'✐5✉❡& ❞❡ ❝✲(❡❣✐&'(❡&✳ ❖(✱ ♣❧✉& ❧❡ ♥♦♠❜(❡ ❞❡ 5✉❜✐'& ❛✉❣♠❡♥'❡✱ ♣❧✉& ❧❛ ❞4❝♦❤4(❡♥❝❡ ❡&'

✐♠♣♦('❛♥'❡✳ ❆ ❧✬❤❡✉(❡ ❛❝'✉❡❧❧❡✱ ❛✉❝✉♥ &②&'@♠❡ ♣❤②&✐5✉❡ ♥✬❛ ❡♥❝♦(❡ (4&♦❧✉ ❝❡ ♣(♦❜❧@♠❡✳ ]♦✉(

♣❧✉& ❞✬✐♥❢♦(♠❛'✐♦♥& &✉( ❧❡ &✉❥❡'✱ ❧❡ ❧❡❝'❡✉( ♣♦✉((❛ &❡ (4❢4(❡( ❛✉① ♦✉✈(❛❣❡& &✉✐✈❛♥' ❬✷✱ ✸❪✳

✶✳ ❈♦♥%&❛❝%✐♦♥ ❛♥❣❧♦♣❤♦♥❡ ❞❡  ✉❛♥$✉♠ ❜✐$✱ ❧❡  ✉❜✐$ ❡1% ❧✬3%❛% 4✉❛♥%✐4✉❡ 4✉✐ &❡♣&31❡♥%❡ ❧❛ ♣❧✉1 ♣❡%✐%❡

✉♥✐%3 ❞❡ 1%♦❝❦❛❣❡ ❞✬✐♥❢♦&♠❛%✐♦♥ 4✉❛♥%✐4✉❡✱ ❝✬❡1% ❧✬❛♥❛❧♦❣✉❡ 4✉❛♥%✐4✉❡ ❞✉ ❜✐%✳
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▲✬✐♠♣♦&'❛♥❝❡ ❞❡ ❧❛ ❞.❝♦❤.&❡♥❝❡

▲❡ #❡♠♣& ❞❡ ❞(❝♦❤(,❡♥❝❡ ❝❛,❛❝#(,✐&❡ ❧❡& ❞②♥❛♠✐2✉❡& ❞✬✉♥ &②&#5♠❡ 2✉❛♥#✐2✉❡✱ #❡❧ 2✉✬✉♥

2✉❜✐#✱ ❡♥ ❝♦♥#❛❝# ❛✈❡❝ &♦♥ ❡♥✈✐,♦♥♥❡♠❡♥#✳ ❉✬✉♥ ♣♦✐♥# ❞❡ ✈✉❡ &✐♠♣❧✐✜(✱ ❝❡ #❡♠♣& ❝♦,,❡&♣♦♥❞
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❡①❝✐$♦♥'✱ ❧❡#(✉❡❧# ♣❡✉✈❡♥' #❡ ❞:#✐♥':❣4❡4 4❛❞✐❛'✐✈❡♠❡♥' ❡♥ :♠❡''❛♥' ❞❡# ♣❤♦'♦♥# ❞✬:♥❡4❣✐❡#
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❈♦♥%✐❞()❛♥+ ❧✬✐♥+❡)❛❝+✐♦♥ 0✉❛%✐✲)(%♦♥❛♥+❡ ❞✬✉♥ ❝❤❛♠♣ (❧❡❝+)✐0✉❡ E(t) = Eeiωt + c.c. ❞❡
❢)(0✉❡♥❝❡ ω = ω0 +∆ ❛✈❡❝ ✉♥ ✷LS ✭✜❣✉)❡ ✶✳✺✮✳ |g〉 ❡+ |e〉 )❡♣)(%❡♥+❡♥+ ❧✬(+❛+ ❢♦♥❞❛♠❡♥+❛❧

❡+ (+❛+ ❡①❝✐+( ❞✉ ✷LS✳ ■❧% ❝♦))❡%♣♦♥❞❡♥+ ❛✉① (+❛+% ♣)♦♣)❡% ❞❡ ❧✬❍❛♠✐❧+♦♥✐❡♥ ♥♦♥✲♣❡)+✉)❜(

H0✱ ❡+ ♦♥+ ♣♦✉) ✈❛❧❡✉)% ♣)♦♣)❡% ~ωg ❡+ ~ωe )❡%♣❡❝+✐✈❡♠❡♥+✳ ▲❛ ❢♦♥❝+✐♦♥ ❞✬♦♥❞❡ ❞✉ ✷LS
♣❡✉+ %❡ ❞(❝♦♠♣♦%❡) %✉) ❧❛ ❜❛%❡ ❞❡ %❡% (+❛+% ♣)♦♣)❡% +❡❧❧❡ 0✉❡ ✿

|ψ(t)〉 = Cg(t)|g〉+ Ce(t)|e〉 ✭✶✳✶✮

♦F |Cg|2 ❡+ |Ce|2 )❡♣)(%❡♥+❡♥+ ❧❡% ❛♠♣❧✐+✉❞❡% ❞❡ ♣)♦❜❛❜✐❧✐+( ❞❡ +)♦✉✈❡) ❧✬❛+♦♠❡ ❞❛♥% ❧❡%

(+❛+% |g〉 ❡+ |e〉 )❡%♣❡❝+✐✈❡♠❡♥+✳ ▲✬(0✉❛+✐♦♥ ❞❡ ❙❝❤)H❞✐♥❣❡) ❞(❝)✐+ ❧✬(✈♦❧✉+✐♦♥ +❡♠♣♦)❡❧❧❡ ❞❡

❝❡ %②%+J♠❡ +❡❧❧❡ 0✉❡ ✿

|ψ̇(t)〉 = − i

~
H|ψ(t)〉 ✭✶✳✷✮

❛✈❡❝ ✿

H = H0 +HI ✭✶✳✸✮

♦F H0 ❡+ HI )❡♣)(%❡♥+❡♥+ )❡%♣❡❝+✐✈❡♠❡♥+ ❧✬❍❛♠✐❧+♦♥✐❡♥ ♥♦♥✲♣❡)+✉)❜( ❡+ ❧✬❍❛♠✐❧+♦♥✐❡♥

❞✬✐♥+❡)❛❝+✐♦♥ ❞❛♥% ❧✬❛♣♣)♦①✐♠❛+✐♦♥ ❞✐♣♦❧❛✐)❡✱ +❡❧% 0✉❡ ✿

H0 = ~ω0|e〉〈e| ✭✶✳✹❛✮

HI = (µge|g〉〈e|+ µeg|e〉〈g|)E(t) ✭✶✳✹❜✮

♦F µge = µ∗eg = 〈g|µ|e〉 ❡%+ ❧✬(❧(♠❡♥+ ❞❡ ♠❛+)✐❝❡ ❞❡ ❧✬♦♣()❛+❡✉) ❞✐♣♦❧❛✐)❡✳ M♦✉) ❞(❝)✐)❡

❧✬(✈♦❧✉+✐♦♥ ❞✉ ✷LS✱ ♥♦✉% ✉+✐❧✐%♦♥% ❧❡ ❢♦)♠❛❧✐%♠❡ ❞❡ ❧❛♠❛"#✐❝❡ ❞❡♥)✐"* ✭♦✉ ♦♣()❛+❡✉) ❞❡♥%✐+(✮

ρ✱ ❞(✜♥✐+ ❞❡ ❧❛ ♠❛♥✐J)❡ %✉✐✈❛♥+❡ ✿

ρ = |ψ〉〈ψ| =
(

|Cg|2 CgC
∗
e

CeC
∗
g |Ce|2

)

=

(

ρgg ρge
ρeg ρee

)

✭✶✳✺✮

▲❛ ♠❛+)✐❝❡ ❞❡♥%✐+( ❡%+ ❤❡)♠✐+✐❡♥♥❡✱ %❡% (❧(♠❡♥+% ❞✐❛❣♦♥❛✉① ρgg ❡+ ρee %♦♥+ ❞♦♥❝ )(❡❧%✱
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▲❛ ♣♦♣✉❧❛+✐♦♥ +♦+❛❧❡ ❞✉ ✷LS %❡ ❝♦♥%❡)✈❡ ❡+ ✈❛✉+ +♦✉❥♦✉)% ✶✱ ✐✳❡✳ Tr(ρ) = ρgg + ρee = 1✳
▲❡% (❧(♠❡♥+% ♥♦♥✲❞✐❛❣♦♥❛✉① ❞❡ ❧❛ ♠❛+)✐❝❡ ❞❡♥%✐+( ❝♦))❡%♣♦♥❞❡♥+ ❛✉① ❝♦❤*#❡♥❝❡) ❡♥+)❡ ❧❡%

❞❡✉① ♥✐✈❡❛✉①✱ +❡❧% 0✉❡ ρeg = ρ∗ge✳ ▲❡% ❝♦❤()❡♥❝❡% %♦♥+ ❞✐)❡❝+❡♠❡♥+ )❡❧✐(❡% O ❧❛ ♣♦❧❛)✐%❛+✐♦♥

❞✉ ✷LS ❞(✜♥✐❡ +❡❧❧❡ 0✉❡ ✿

P(t) = 〈µ(t)〉 = ❚)(µρ) = µ(ρeg + ρge) ✭✶✳✻✮

❊♥ ✉+✐❧✐%❛♥+ ❝❡ ❢♦)♠❛❧✐%♠❡✱ ❧✬(0✉❛+✐♦♥ ❞❡ ❙❝❤)H❞✐♥❣❡) %❡ ❣(♥()❛❧✐%❡ %♦✉% ❧❛ ❢♦)♠❡ ❞❡

❧✬*1✉❛"✐♦♥ ♠❛2"#❡))❡ ❞❡ ▲✐♦✉✈✐❧❧❡✲❱♦♥ ◆❡✉♠❛♥♥ ✿

ρ̇ = − i

~
[H, ρ]− ρrelax ✭✶✳✼✮

♦F ❧✬♦♥ ❛ ✐♥+)♦❞✉✐+ ❞❡ ♠❛♥✐J)❡ ♣❤(♥♦♠(♥♦❧♦❣✐0✉❡ ❧❡ +❡)♠❡ ❞❡ )❡❧❛①❛+✐♦♥ ρrelax =
−Γnmρnm ♣♦✉) ❞(❝)✐)❡ ❧✬✐♥+❡)❛❝+✐♦♥ ❞✉ ✷LS ❛✈❡❝ %♦♥ ❡♥✈✐)♦♥♥❡♠❡♥+✱ ♦F Γ = 4ω0µ

3~c3
❡%+
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▲❛ )(%♦❧✉+✐♦♥ ❞❡ ❧✬(0✉❛+✐♦♥ ✶✳✼✱ ❞❛♥% ❧✬❛♣♣)♦①✐♠❛+✐♦♥ ❞❡ ❧✬♦♥❞❡ +♦✉)♥❛♥+❡✱ ❝♦♥❞✉✐+ ❛❧♦)%

❛✉① *1✉❛"✐♦♥) ❞❡ ❇❧♦❝❤ ♦♣"✐1✉❡) ✭❊❇❖✮ ❝♦✉♣❧(❡% ❬✷✷❪ ✿

˙̃ρeg = iΩR(ρee − ρgg) +

(

i∆− Γ

2

)

ρ̃eg ✭✶✳✽❛✮

ρ̇ee = −ρ̇gg = i(ρ̃egΩ
∗
R − ΩRρ̃ge)− Γρee ✭✶✳✽❜✮
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♦" ρ̃eg = ρege
iωt

✱ ΩR = −µE/~ $❡♣$'(❡♥*❡ ❧❛ ❢!"#✉❡♥❝❡ ❞❡ ❘❛❜✐✱ ∆ = ω − ω0 ❡(* ❧❡

❞'(❛❝❝♦$❞ ❡♥*$❡ ❧❡ ❧❛(❡$ ❡* ❧❡ ✷LS✳ ❖♥ $❡♠❛$3✉❡ *♦✉* ❞❡ (✉✐*❡ 3✉❡ ρ̇ee + ρ̇gg = 0✱ ❝❡ 3✉✐

♠♦♥*$❡ 3✉❡ ❧❛ ♣♦♣✉❧❛*✐♦♥ *♦*❛❧❡ ρee + ρgg ❡(* *♦✉❥♦✉$( ❝♦♥(❡$✈'❡✳

▲❡( ❊❇❖ ❞'❝$✐✈❡♥* ❞❡ ♠❛♥✐;$❡ ❣'♥'$❛❧❡ ❧✬'✈♦❧✉*✐♦♥ ❞✬✉♥ ✷LS ❡♥ ✐♥*❡$❛❝*✐♦♥ ❛✈❡❝ ✉♥

❝❤❛♠♣ '❧❡❝*$✐3✉❡✳ ❖♥ ❞✐(*✐♥❣✉❡ ❞❡✉① ❞②♥❛♠✐3✉❡( ✿ ❧❛ ♣$❡♠✐;$❡ $❡♣$'(❡♥*❡ ❧✬❛❝*✐♦♥ ❞✉ ❝❤❛♠♣

'❧❡❝*$✐3✉❡ (✉$ ❧❡ ✷LS✳ ❊❧❧❡ (❡ *$❛❞✉✐* ♣❛$ ❧✬♦(❝✐❧❧❛*✐♦♥ ❞❡( ♣♦♣✉❧❛*✐♦♥( ❡* ❞❡( ❝♦❤'$❡♥❝❡( B

❧❛ ❢$'3✉❡♥❝❡ ❞❡ ❘❛❜✐ ΩR✳ ❙❛♥( ❛♠♦$*✐((❡♠❡♥*✱ ❡* ❛✈❡❝ ✉♥ ❝❤❛♠♣ ❝♦♥(*❛♥* ❛✉ ❝♦✉$( ❞✉

*❡♠♣(✱ ❧❡( ♦.❝✐❧❧❛0✐♦♥. ❞❡ ❘❛❜✐ ❡♥*$❡ ❧❡( ❞❡✉① ♥✐✈❡❛✉① ❞✉ ✷LS ♣❡$❞✉$❡♥* ✐♥❞'✜♥✐♠❡♥*✳

▲❛ ❞❡✉①✐;♠❡ ❞②♥❛♠✐3✉❡ $❡♣$'(❡♥*❡ ❧❛ $❡❧❛①❛*✐♦♥ ❞✉ ✷LS✳ ❈❡**❡ ❞②♥❛♠✐3✉❡ (✬❡①♣$✐♠❡ ❡♥

❢♦♥❝*✐♦♥ ❞❡( ✈❛❧❡✉$( ✐♥✐*✐❛❧❡( ❞❡( ♣♦♣✉❧❛*✐♦♥( ❡* ❞❡( ❝♦❤'$❡♥❝❡(✱ ❡* (✬❛♠♦$*✐* ❛✉ ❝♦✉$( ❞✉

*❡♠♣( (♦✉( ❢♦$♠❡ ❞✬'♠✐((✐♦♥ (♣♦♥*❛♥'❡✳ ❉❛♥( ❧❡ ❝❛( ❞❡( (❡♠✐❝♦♥❞✉❝*❡✉$(✱ ❧❡( ❊❇❖ ♣❡✉✈❡♥*

(❡ ❣'♥'$❛❧✐(❡$ (♦✉( ❧❛ ❢♦$♠❡ ❞✬"#✉❛0✐♦♥. ❞❡ ❇❧♦❝❤ ❞❡. .❡♠✐❝♦♥❞✉❝0❡✉!.❬✶✷❪✱ ❞❛♥( ❧❡(3✉❡❧❧❡(

❧✬✐♥*❡$❛❝*✐♦♥ ❈♦✉❧♦♠❜✐❡♥♥❡ ❡♥*$❡ ❧❡( '❧❡❝*$♦♥( ❡* ❧❡( *$♦✉( ❡(* ♣$✐(❡ ❡♥ ❝♦♠♣*❡✳ ❖♥ (❡ ❧✐♠✐*❡$❛

✐❝✐ ❛✉① ❊❇❖ 3✉✐ ♣❡$♠❡**❡♥* ❞✬❡①♣❧✐3✉❡$ *♦✉( ❧❡( ♣❤'♥♦♠;♥❡( ♣❤②(✐3✉❡( '*✉❞✐'( ❞❛♥( ❝❡

♠❛♥✉(❝$✐*✳

✶✳✷✳✷ ❈♦❤&'❡♥❝❡+ ❡, ♣♦♣✉❧❛,✐♦♥+

❈♦♥(✐❞'$♦♥( ♠❛✐♥*❡♥❛♥* ❧❡( ❊❇❖ (❛♥( ❡①❝✐*❛*✐♦♥ ❧❛(❡$ ✭ΩR = 0✮✳ ▲✬'✈♦❧✉*✐♦♥ ❧✐❜$❡ ❞❡(

♣♦♣✉❧❛*✐♦♥( ❞'❝$✐* ♣❛$ ❧✬'3✉❛*✐♦♥ ✶✳✽❜ ❝♦♥❞✉✐* B ✿

(ρ̇ee − ρ̇gg) + [(ρee − ρgg) + 1] Γ = 0 ✭✶✳✾✮

▲❛ $'(♦❧✉*✐♦♥ ❞❡ ❧✬'3✉❛*✐♦♥ ✶✳✾ ❝♦♥❞✉✐* B ❧✬'✈♦❧✉*✐♦♥ *❡♠♣♦$❡❧❧❡ ❞❡( ♣♦♣✉❧❛*✐♦♥( ✿

ρee(t)− ρgg(t) = [(ρee(0)− ρgg(0)) + 1] e
− t

T1 − 1 ✭✶✳✶✵✮

❖♥ $❡*$♦✉✈❡ ❛✐♥(✐ 3✉❡ ❧✬✐♥✈❡$(✐♦♥ ❞❡ ♣♦♣✉❧❛*✐♦♥ $❡❧❛①❡ ♣❛$ '♠✐((✐♦♥ (♣♦♥*❛♥'❡ ❧❛ ♣♦✲

♣✉❧❛*✐♦♥ ❞❡ ❧✬'*❛* ❡①❝✐*' ✈❡$( ❧✬'*❛* ❢♦♥❞❛♠❡♥*❛❧ ❞✉$❛♥* ❧❡ *❡♠♣( T1 = 1/Γ ❝♦$$❡(♣♦♥❞❛♥*

❛✉ *❡♠♣( ❞❡ $❡❧❛①❛*✐♦♥ ❞❡( ♣♦♣✉❧❛*✐♦♥( ♦✉ 0❡♠♣. ❞❡ ✈✐❡ ❞❡ ❧✬❡①❝✐*♦♥✳ ❉❡ ❧❛ ♠R♠❡ ♠❛♥✐;$❡✱

❧❛ $'(♦❧✉*✐♦♥ ❞❡ ❧✬'3✉❛*✐♦♥ ✶✳✽❛ 3✉✐ ❞'❝$✐* ❧✬'✈♦❧✉*✐♦♥ ❧✐❜$❡ ❞❡( ❝♦❤'$❡♥❝❡( 3✉❛♥❞ ΩR = 0
❝♦♥❞✉✐* B ✿

ρ̃eg(t) = ρ̃eg(0)e
−( 1

T2
+iω0)t

✭✶✳✶✶✮

♦" T2 = 2/Γ ❝♦$$❡(♣♦♥❞ ❛✉ *❡♠♣( ❞❡ $❡❧❛①❛*✐♦♥ ❞✉ ❞✐♣S❧❡ ♦✉ 0❡♠♣. ❞❡ ❝♦❤"!❡♥❝❡ ❞❡

❧✬❡①❝✐*♦♥✳ ❈❡ $'(✉❧*❛* (✬✐♥*❡$♣$;*❡ ❞❡ ♠❛♥✐;$❡ ♣❤②(✐3✉❡ ❡♥ ❡①♣$✐♠❛♥* ❧✬'✈♦❧✉*✐♦♥ *❡♠♣♦$❡❧❧❡

❞✉ ♠♦♠❡♥* ❞✐♣♦❧❛✐$❡ ✿

〈µ(t)〉 = µ(ρeg(0)e
−iω0t + c.c.)e

− t
T2

✭✶✳✶✷✮

❈❡ $'(✉❧*❛* ♠♦♥*$❡ 3✉❡ ❧❡ ♠♦♠❡♥* ❞✐♣♦❧❛✐$❡ ♦(❝✐❧❧❡ B ❧❛ ❢$'3✉❡♥❝❡ ♦♣*✐3✉❡ ω0 ❡* $❡❧❛①❡ (❛

♣❤❛(❡ ❞✉$❛♥* ❧❡ *❡♠♣( ❞❡ ❝♦❤'$❡♥❝❡ T2✳ ❖♥ $❡♠❛$3✉❡ 3✉❡ ❧❛ $❡❧❛①❛*✐♦♥ ❞❡( ♣♦♣✉❧❛*✐♦♥( ❡(*

❞❡✉① ❢♦✐( ♣❧✉( $❛♣✐❞❡ 3✉❡ ❝❡❧❧❡ ❞✉ ❞✐♣S❧❡✳ ❉❛♥( ❧❡ ❝❛( ✐❞'❛❧✱ ✐✳❡✳ (❛♥( ♣❡$*✉$❜❛*✐♦♥ ❡①*'$✐❡✉$❡✱

❧❛ $❡❧❛①❛*✐♦♥ ❞❡( ♣♦♣✉❧❛*✐♦♥( ❡* ❞❡( ❝♦❤'$❡♥❝❡( ❡(* ✉♥✐3✉❡♠❡♥* ❧✐'❡ B ❧✬'♠✐((✐♦♥ (♣♦♥*❛♥'❡

❞✉ ✷LS ✭❝❢ ✜❣✉$❡ ✶✳✻✮✳ ❖♥ ❞✐* ❛❧♦$( 3✉❡ ❧❡ ✷LS ❡(* ❧✐♠✐*' $❛❞✐❛*✐✈❡♠❡♥*✱ *❡❧ 3✉❡ ✿

T2 = 2T1 ✭✶✳✶✸✮

❉❛♥( ✉♥ ❡♥✈✐$♦♥♥❡♠❡♥* (♦❧✐❞❡✱ ❧❡( ♣❡$*✉$❜❛*✐♦♥( (♦♥* ♥♦♠❜$❡✉(❡(✳ ❈✐*♦♥( ♣❛$ ❡①❡♠♣❧❡

❧✬✐♥*❡$❛❝*✐♦♥ ❛✈❡❝ ❧❡( ♣❤♦♥♦♥( ❞✉ $'(❡❛✉ ♦✉ ❧❡( ❝♦❧❧✐(✐♦♥( '❧❛(*✐3✉❡( ❡* ✐♥'❧❛(*✐3✉❡( ❛✈❡❝

❞✬❛✉*$❡( '❧❡❝*$♦♥(✳ ▲❡ ❞'♣❤❛(❛❣❡ ❞✉ ❞✐♣S❧❡ ❡(* ❛❧♦$( ❜❡❛✉❝♦✉♣ ♣❧✉( $❛♣✐❞❡ 3✉❡ ❧❛ $❡❧❛①❛*✐♦♥



T2 << 2T1

1

T2
=

1

2T1
+

1

T ∗
2

T ∗
2

1

1
T

h
=g

g

e

2

2

2
2

T

h
=g

LS γ1 = ~/T1
γ2 = ~/T2

LS

n = ρee 1 − n = ρgg p = ρeg p∗ = ρge

ρ =

(

1− n p∗

p n

)

ω = ω0

ṅ+ γ1n+ i(ΩRp
∗ − pΩ∗

R) = 0

ṗ+ γp+ iΩR(1− 2n) = 0

γ1 = ~/T1 γ = γ2 − iω0 γ2 =
~/T2

n p

n = n(0) + n(1) + n(2) + n(3) + ...

p = p(0) + p(1) + p(2) + p(3) + ...
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❛✈❡❝ n(0) = 0 ❡& p(0) = 0✳ ❊♥ ✉&✐❧✐-❛♥& ❧❡- ❝♦♥❞✐&✐♦♥- ✐♥✐&✐❛❧❡- n(0) = 0 ❡& p(0) =
0✱ ♦♥ ♣❡✉& ♠♦♥&3❡3 4✉❡ ❧❡- ♦3❞3❡- ✐♠♣❛✐3- ❞❡ n ❡& ♣❛✐3- ❞❡ p -♦♥& ♥✉❧-✳ ❊♥ ✉&✐❧✐-❛♥& ❝❡

3❛✐-♦♥♥❡♠❡♥&✱ ♥♦✉- ♣♦✉✈♦♥- 5❝3✐3❡ ❧❡- ❊❇❖ ❝♦✉♣❧5❡- ❥✉-4✉✬❛✉ &3♦✐-✐:♠❡ ♦3❞3❡ ✿

ṗ(1) + γp(1) + iΩR = 0 ✭✶✳✶✽❛✮

ṅ(2) + γ1n
(2) + i(ΩRp

∗(1) − p(1)Ω∗
R) = 0 ✭✶✳✶✽❜✮

ṗ(3) + γp(3) − 2iΩRn
(2) = 0 ✭✶✳✶✽❝✮

▲❡- ♦3❞3❡- i+1 ❞❡ n(p) -♦♥& ✐♥✢✉❡♥❝5- ♣❛3 ❧❡- ♦3❞3❡- i ❞❡ p(n)✳ ❊♥ ♦♣&✐4✉❡ ♥♦♥✲❧✐♥5❛✐3❡✱

✐❧ ❡-& ✉-✉❡❧ ❞❡ ❞5✈❡❧♦♣♣❡3 ❧❛ ♣♦❧❛3✐-❛&✐♦♥ -♦✉- ❧❛ ❢♦3♠❡ ✿

P = ǫ0χ
(1)E + ǫ0χ

(2)E2 + ǫ0χ
(3)E3 + ... ✭✶✳✶✾✮

♦E χ(i)
3❡♣35-❡♥&❡ ❧❛ -✉-❝❡♣&✐❜✐❧✐&5 F ❧✬♦3❞3❡ i ❞❡- ♣❡3&✉3❜❛&✐♦♥-✳ ❉❛♥- ❧❛ -✉✐&❡ ❞✉ ♠❛✲

♥✉-❝3✐&✱ ♥♦✉- ❛❜♦3❞❡3♦♥- ❧❛ ♥♦&✐♦♥ ❞❡ ♠!❧❛♥❣❡ ' (✉❛*+❡ ♦♥❞❡. ✭❋❲▼✮ ♣♦✉3 ❢❛✐3❡ 35❢53❡♥❝❡

F ❧❛ ♣♦❧❛3✐-❛&✐♦♥ ❞❡ &3♦✐-✐:♠❡ ♦3❞3❡ P(3)
✱ ❡& ❞♦♥❝ F ❞❡- ♣3♦❝❡--✉- ♥♦♥✲❧✐♥5❛✐3❡- χ(3)

✳ ❉❡

❧❛ ♠K♠❡ ♠❛♥✐:3❡✱ ♥♦✉- ❛❜♦3❞❡3♦♥- ❧❛ ♥♦&✐♦♥ ❞❡ ♠!❧❛♥❣❡ ' .✐① ♦♥❞❡. ✭❙❲▼✮ ♣♦✉3 ❢❛✐3❡

35❢53❡♥❝❡ F ❧❛ ♣♦❧❛3✐-❛&✐♦♥ ❞❡ ❝✐♥4✉✐:♠❡ ♦3❞3❡ P(5)
✱ ❡& ❞♦♥❝ F ❞❡- ♣3♦❝❡--✉- ♥♦♥✲❧✐♥5❛✐3❡-

χ(5)
✳

✶✳✷✳✹ ❙♦❧✉(✐♦♥ ❛♥❛❧②(✐-✉❡ ♣♦✉0 ❞❡✉① ✐♠♣✉❧4✐♦♥4 ✿ ❋❲▼ ❞9❣9♥909

▲❛ ♠❛♥✐:3❡ ❧❛ ♣❧✉- -✐♠♣❧❡ ❞❡ ❣5♥53❡3 ❧❡ -✐❣♥❛❧ ❋❲▼ ❞✬✉♥ ✷LS &❡❧ 4✉✬✉♥ ❡①❝✐&♦♥ ❞❛♥-

✉♥❡ ❇◗✱ ❡-& ❞✬✉&✐❧✐-❡3 ✉♥❡ -❡✉❧❡ ✐♠♣✉❧-✐♦♥ ♦♣&✐4✉❡ ❞❡ ❢354✉❡♥❝❡ ω ❡& ❞❡ ✈❡❝&❡✉3 ❞✬♦♥❞❡ k✳
❉❛♥- ❝❡ ❝❛-✱ ❧❛ ♣♦❧❛3✐-❛&✐♦♥ ❞❡ &3♦✐-✐:♠❡ ♦3❞3❡ ❝♦33❡-♣♦♥❞❛♥&❡ -✬5❝3✐& ✿

P(3) = ǫ0χ
(3)E∗E2 = ǫ0χ

(3)E3ei(ωt−i~k.~r) + c.c. ✭✶✳✷✵✮

❈❡♣❡♥❞❛♥&✱ ❝❡&&❡ ♣♦❧❛3✐-❛&✐♦♥ ❡-& 5♠✐-❡ -✉3 ❧❛ ♠K♠❡ ❢354✉❡♥❝❡ ❡& -✉✐✈❛♥& ❧❡ ♠K♠❡

✈❡❝&❡✉3 ❞✬♦♥❞❡ 4✉❡ ❧❛ ♣♦❧❛3✐-❛&✐♦♥ ❞❡ ♣3❡♠✐❡3 ♦3❞3❡✳ ■❧ ❡-& ❞♦♥❝ ✐♠♣♦--✐❜❧❡ ❞❡ ♠❡-✉3❡3

✉♥✐4✉❡♠❡♥& p(3) ❛✈❡❝ ✉♥❡ -❡✉❧❡ ✐♠♣✉❧-✐♦♥✳ ▲❡ ♠♦②❡♥ ❧❡ ♣❧✉- -✐♠♣❧❡ ♣♦✉3 ❣5♥53❡3 ❡& ❞5&❡❝&❡3

❧❛ ♣♦❧❛3✐-❛&✐♦♥ ❞❡ &3♦✐-✐:♠❡ ♦3❞3❡ ❡-& ❞❡ ♠❡-✉3❡3 ❧❡ -✐❣♥❛❧ ❋❲▼ ❞5❣5♥535 ✭❉✲❋❲▼✮ ❝355

♣❛3 ❞❡✉① ✐♠♣✉❧-✐♦♥- ♦♣&✐4✉❡- ❞❡ ❢354✉❡♥❝❡ ωi ❡& ❞❡ ✈❡❝&❡✉3 ❞✬♦♥❞❡ ki✳ ▲❛ ♣♦❧❛3✐-❛&✐♦♥ ❞❡

&3♦✐-✐:♠❡ ♦3❞3❡ ❝♦33❡-♣♦♥❞❛♥&❡ -✬5❝3✐& ✿

P(3) = ǫ0χ
(3)E∗

1E
2
2 = ǫ0χ

(3)E1E2
2e

i(2ω2−ω1)t−i(2~k2−~k1).~r + c.c. ✭✶✳✷✶✮

■❧ ❡-& ❛✐♥-✐ ♣♦--✐❜❧❡ ❞❡ ❞5&❡❝&❡3 ❝❡&&❡ ♣♦❧❛3✐-❛&✐♦♥ -✉3 ❧❛ ❢354✉❡♥❝❡ 2ω2 − ω1 ♦✉ -✉✐✈❛♥&

❧❡ ✈❡❝&❡✉3 ❞✬♦♥❞❡ 2~k2−~k1✳ ❉❛♥- ❧❡ ❝❛- ❞✬✉♥❡ -♦✉3❝❡ ♣♦♥❝&✉❡❧❧❡✱ ❧✬5♠✐--✐♦♥ ❡-& ✐-♦&3♦♣❡ ❡& ❧❛

-5❧❡❝&✐♦♥ ❡♥

~k ♥✬❡-& ♣❛- ♣♦--✐❜❧❡✳ ❉5&❡❝&❡3 ❧❡ -✐❣♥❛❧ ❋❲▼ ❞✬✉♥❡ ❇◗ ✉♥✐4✉❡ ♥✬❡-& ♣♦--✐❜❧❡

4✉✬❡♥ -5❧❡❝&✐♦♥♥❛♥& ❧❛ ❢354✉❡♥❝❡ ❞✬♦-❝✐❧❧❛&✐♦♥ ❞❡ ❧❛ ♣♦❧❛3✐-❛&✐♦♥✳ ❯♥❡ ❞5&❡❝&✐♦♥ ❤5&53♦❞②♥❡

♦♣&✐4✉❡ ♣❡3♠❡& ❞❡ 35❛❧✐-❡3 ✉♥❡ &❡❧❧❡ -5❧❡❝&✐♦♥✳ ▲❡- ✐♠♣✉❧-✐♦♥- ♦♣&✐4✉❡- -♦♥& ♠♦❞✉❧5❡- -✉3 ❞❡-

3❛❞✐♦✲❢354✉❡♥❝❡- Ωi << ω0✱ ❛✜♥ ❞❡ ❞5&❡❝&❡3 ❧❛ ♣♦❧❛3✐-❛&✐♦♥ p(3) -✉3 ❧❛ ❢354✉❡♥❝❡ ❤5&53♦❞②♥❡

♦♣&✐4✉❡ ω0 + 2Ω2 − Ω1✳ X❧✉- ❞❡ ❞5&❛✐❧- ❝♦♥❝❡3♥❛♥& ❝❡&&❡ ❞5&❡❝&✐♦♥ -❡3♦♥& ❞♦♥♥5❡- ❞❛♥- ❧❡

❝❤❛♣✐&3❡ ✷✳

▲❡- ❊❇❖ ♣❡✉✈❡♥& K&3❡ 35-♦❧✉❡- ♣♦✉3 ♥✬✐♠♣♦3&❡ 4✉❡❧ ♣3♦✜❧ &❡♠♣♦3❡❧ ❞✬✐♠♣✉❧-✐♦♥✳ ▲❛

❧❛3❣❡✉3 &❡♠♣♦3❡❧❧❡ ❞❡- ✐♠♣✉❧-✐♦♥- 5&❛♥& &3:- ♣❡&✐&❡ ❞❡✈❛♥& ❧❡ &❡♠♣- ❞❡ 3❡❧❛①❛&✐♦♥ ❞❡ ❧✬❡①✲

❝✐&♦♥✱ ♥♦✉- ❛♣♣3♦①✐♠♦♥- ❧❡- ✐♠♣✉❧-✐♦♥- ♦♣&✐4✉❡- F ❞❡- ❢♦♥❝&✐♦♥- ❉✐3❛❝✱ ✐✳❡✳ Ei(t) = Eiδ(t)✳
◆♦✉- ❝♦♥-✐❞53♦♥- 5❣❛❧❡♠❡♥& 4✉❡ ❧✬5❝❤❛♥&✐❧❧♦♥ ❡-& ♠✐♥❝❡ ❡& 4✉❡ ❧❡- ❡✛❡&- ❞❡ ♣3♦♣❛❣❛&✐♦♥

-♦♥& ♥5❣❧✐❣❡❛❜❧❡-✳ ▲❛ ♣3❡♠✐:3❡ ✐♠♣✉❧-✐♦♥✱ ♠♦❞✉❧5❡ F ❧❛ ❢354✉❡♥❝❡ Ω1✱ ❛❝4✉✐❡3& ✉♥❡ ♣❤❛-❡



✶✹ ✶✳✷✳ ❈❆❉❘❊ ❚❍➱❖❘■◗❯❊

"❡❧❛&✐✈❡ φ1✱ ❡& ❡①❝✐&❡ ❧❛ ❇◗ ❛✉ &❡♠♣1 t = 0✳ ▲❛ ❞❡✉①✐5♠❡ ✐♠♣✉❧1✐♦♥✱ ♠♦❞✉❧8❡ 9 ❧❛ ❢"8;✉❡♥❝❡

Ω2✱ ❛❝;✉✐❡"& ✉♥❡ ♣❤❛1❡ "❡❧❛&✐✈❡ φ2✱ ❡& ❡①❝✐&❡ ❧❛ ❇◗ ❛✉ &❡♠♣1 t = τ ✳ ▲❡ ❝❤❛♠♣ "❡11❡♥&✐ ♣❛"

❧❛ ❇◗ ❡1& ❞♦♥❝ ❧❡ 1✉✐✈❛♥& ✿

E(t) =
[

E1δ(t)eiφ1 + E2δ(t− τ)eiφ2

]

eiω0t + c.c. ✭✶✳✷✷✮

▲❛ "81♦❧✉&✐♦♥ ❞❡ ❧✬8;✉❛&✐♦♥ ✶✳✶✽❛ ❞♦♥♥❡ ❧❛ ♣♦❧❛"✐1❛&✐♦♥ ❞❡ ♣"❡♠✐❡" ♦"❞"❡ 1✉✐✈❛♥&❡ ✿

p(1) =
−iµ
~

[

E1e−γt+iφ1H(t) + E2e−γ(t−τ)+i(φ2+ω0τ)H(t− τ)
]

✭✶✳✷✸✮

♦D H "❡♣"81❡♥&❡ ❧✬8❝❤❡❧♦♥ ❞❡ ❍❡❛✈✐1✐❞❡✳ ▲❛ ♣♦❧❛"✐1❛&✐♦♥ ❞✬♦"❞"❡ ✉♥ ❡1& ❞♦♥❝ ✉♥❡ 1♦♠♠❡

❞❡ ❞❡✉① &❡"♠❡1 ♦1❝✐❧❧❛♥& 9 ❧❛ ❢"8;✉❡♥❝❡ ω0✱ ❞❡ ♣❤❛1❡ φ1 ❡& φ2✱ ❡& 1✬❛♠♦"&✐11❛♥& ❡①♣♦♥❡♥&✐❡❧✲

❧❡♠❡♥& ❛✈❡❝ ❧❡ &❡♠♣1 ❞❡ ❞8❝❧✐♥ ❞❡1 ❝♦❤8"❡♥❝❡1 T2✳ ▲❛ ✜❣✉"❡ ✶✳✼ ✭❛✮ ✐❧❧✉1&"❡ 1❝❤8♠❛&✐;✉❡♠❡♥&

❝❡& ❛♠♦"&✐11❡♠❡♥& ❡♥ ❢♦♥❝&✐♦♥ ❞✉ &❡♠♣1 ✭1❛♥1 ❧❛ ♣❛"&✐❡ ♦1❝✐❧❧❛♥&❡✮✳ ❉❡ ❧❛ ♠K♠❡ ♠❛♥✐5"❡✱

❧❛ ♣♦♣✉❧❛&✐♦♥ ❞✉ 1❡❝♦♥❞ ♦"❞"❡ ❡1& ♦❜&❡♥✉❡ ❡♥ "81♦❧✈❛♥& ❧✬8;✉❛&✐♦♥ ✶✳✶✽❜ ❡& ❡♥ 18❧❡❝&✐♦♥♥❛♥&

❧❛ ❝♦♠❜✐♥❛✐1♦♥ ❞❡ ♣❤❛1❡ φ2 − φ1 ✿

n
(2)
21∗ =

(µ

~

)2
E1E2

[

e−γ1(t−τ)−γ∗τ+i(φ2−φ1+ω0τ)H(τ)H(t− τ)

+ e−γ1t+γτ+i(φ2−φ1+ω0τ)H(−τ)H(t)

]

✭✶✳✷✹✮

▲❛ ♣♦♣✉❧❛&✐♦♥ n
(2)
21∗ ❡1& ❝♦♠♣♦18❡ ❞❡ ❞❡✉① &❡"♠❡1✳ ▲❡ ♣"❡♠✐❡" &❡"♠❡ ❡1& ♥♦♥ ♥✉❧ ✉♥✐✲

;✉❡♠❡♥& ❧♦"1;✉❡ τ > 0✱ ✐✳❡✳ ♣♦✉" ❧❡1 ❞8❧❛✐1 ♣♦1✐&✐❢1✱ &❛♥❞✐1 ;✉❡ ❧❡ ❞❡✉①✐5♠❡ &❡"♠❡ ❡1& ♥♦♥

♥✉❧ ✉♥✐;✉❡♠❡♥& ♣♦✉" ❧❡1 ❞8❧❛✐1 ♥8❣❛&✐❢1 ✭τ < 0✮✳ ❈❡&&❡ 8;✉❛&✐♦♥ ♠♦♥&"❡ ;✉❡ ;✉❡❧;✉❡ 1♦✐&

❧✬♦"❞"❡ ❞✬❛""✐✈8❡ ❞❡1 ✐♠♣✉❧1✐♦♥1✱ ❧❛ ♣♦♣✉❧❛&✐♦♥ n
(2)
21∗ ❞8❝"♦N& ❡①♣♦♥❡♥&✐❡❧❧❡♠❡♥& ❛✈❡❝ ❧❡ &❡♠♣1

❞❡ ❞8❝❧✐♥ ❞❡1 ♣♦♣✉❧❛&✐♦♥1 T1✳ ❙✉✐✈❛♥& ❧❡ ♣"✐♥❝✐♣❡ ❞❡ ❝❛✉1❛❧✐&8✱ ♥♦✉1 ♥❡ ❝♦♥1✐❞8"♦♥1 ;✉❡ ❧❡1

❞8❧❛✐1 ♣♦1✐&✐❢1 ♣❛" ❧❛ 1✉✐&❡ ✿

n
(2)
21∗ =

(µ

~

)2
E1E2e−γ1(t−τ)−γ2τ+i(φ2−φ1)H(t− τ) ✭✶✳✷✺✮

▲❛ ✜❣✉"❡ ✶✳✼ ✭❜✮ ✐❧❧✉1&"❡ 1❝❤8♠❛&✐;✉❡♠❡♥& ❧✬8✈♦❧✉&✐♦♥ ❞❡ n
(2)
21∗ ❡♥ ❢♦♥❝&✐♦♥ ❞✉ &❡♠♣1

♣♦✉" τ > 0✳ ❖♥ &"♦✉✈❡ ✜♥❛❧❡♠❡♥& ❧✬❡①♣"❡11✐♦♥ ❞❡ ❧❛ ♣♦❧❛"✐1❛&✐♦♥ ❞✬♦"❞"❡ &"♦✐1 ❡♥ "81♦❧✈❛♥&

❧✬8;✉❛&✐♦♥ ✶✳✶✽❝ ❡& ❡♥ 18❧❡❝&✐♦♥♥❛♥& ❧❛ ❝♦♠❜✐♥❛✐1♦♥ ❞❡ ♣❤❛1❡ 2φ2 − φ1 ✿

p
(3)
221∗ = 2i

(µ

~

)3
E1E2

2e
−γ2t+i(ω0t+2φ2−φ1)H(t− τ) ✭✶✳✷✻✮

▲❛ ♣♦❧❛"✐1❛&✐♦♥ p
(3)
221∗ ❡1& ♠❛①✐♠❛❧❡ 9 t = τ ✭❧❡ &❡♠♣1 ❞✬❛""✐✈8❡ ❞❡ ❧❛ ❞❡✉①✐5♠❡ ✐♠♣✉❧1✐♦♥✮

❡& 1✬❛♠♦"&✐& ❡①♣♦♥❡♥&✐❡❧❧❡♠❡♥& ❛✈❡❝ T2✳ ❊♥ ✈❛"✐❛♥& ❧❡ ❞8❧❛✐ τ ❡♥&"❡ ❧❡1 ❞❡✉① ✐♠♣✉❧1✐♦♥1✱ ✐❧ ❡1&

❛✐♥1✐ ♣♦11✐❜❧❡ ❞❡ ♠❡1✉"❡" ❞✐"❡❝&❡♠❡♥& ❧❡ ❞8❝❧✐♥ ❞❡1 ❝♦❤8"❡♥❝❡1 ❞❡ ❧✬❡①❝✐&♦♥✳ ▲❛ ✜❣✉"❡ ✶✳✼ ✭❝✮

✐❧❧✉1&"❡ 1❝❤8♠❛&✐;✉❡♠❡♥& ❝❡ ❞8❝❧✐♥ ❡♥ ❢♦♥❝&✐♦♥ ❞✉ &❡♠♣1 ✭1❛♥1 ❧❛ ♣❛"&✐❡ ♦1❝✐❧❧❛♥&❡✮✳ ❆✜♥

❞❡ ❞8&❡"♠✐♥❡" ❧❡ 1✐❣♥❛❧ ❉✲❋❲▼ ;✉❡ ❧✬♦♥ ♠❡1✉"❡✱ ♥♦✉1 ❞❡✈♦♥1 ❝♦♥1✐❞8"❡" ❧❛ ♣♦❧❛"✐1❛&✐♦♥

✐♥❞✉✐&❡ ✿

Pd
FWM(t) = ❚"(µρ) = µp

(3)
221∗ ✭✶✳✷✼✮

▲❡ 1✐❣♥❛❧ ❉✲❋❲▼ ♠❡1✉"8 1♣❡❝&"❛❧❡♠❡♥& ❝♦""❡1♣♦♥❞ ❛✉ ♠♦❞✉❧❡ ❞❡ ❧❛ &"❛♥1❢♦"♠8❡ ❞❡

❋♦✉"✐❡" ❞❡ ❧✬8;✉❛&✐♦♥ ✶✳✷✼ ✿

Sd
FWM(ω) =

1√
2π

∣

∣

∣

∣

∫ ∞

0
Pd
FWM(t)e−iωtdt

∣

∣

∣

∣

=
2µ4E1E2

2e
−γ2τ

√
2π~3

√

γ22 +∆2
✭✶✳✷✽✮
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▲❡ $✐❣♥❛❧ ❉✲❋❲▼ ♠❡$✉12 ❝♦11❡$♣♦♥❞ ❞♦♥❝ 7 ✉♥❡ ❢♦♥❝9✐♦♥ ❧♦1❡♥9③✐❡♥♥❡ ❞❡ ❧❛1❣❡✉1 7

♠✐✲❤❛✉9❡✉1 2γ2✳ ❊♥ ❛✉❣♠❡♥9❛♥9 ❧❡ ❞2❧❛✐ τ ❡♥91❡ ❧❡$ ❞❡✉① ✐♠♣✉❧$✐♦♥$✱ ❧✬❛♠♣❧✐9✉❞❡ ❞✉ ♣✐❝

❞✐♠✐♥✉❡ ❡①♣♦♥❡♥9✐❡❧❧❡♠❡♥9 ❛✈❡❝ ❧❡ 9❡♠♣$ ❞❡ ❝♦❤21❡♥❝❡ T2✳
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❋✐❣✉$❡ ✶✳✼ ✕ ❘❡♣12$❡♥9❛9✐♦♥ $❝❤2♠❛9✐E✉❡ ❞❡$ $♦❧✉9✐♦♥$ ❞❡$ ❊❇❖ ♣♦✉1 ❞❡✉① ✐♠♣✉❧$✐♦♥$ δi
$2♣❛12❡$ ❞✬✉♥ ❞2❧❛✐ τ ♣♦✉1 ✭❛✮ ❧❛ ♣♦❧❛1✐$❛9✐♦♥ ❞❡ ♣1❡♠✐❡1 ♦1❞1❡✱ ✭❜✮ ❧❛ ♣♦♣✉❧❛9✐♦♥ ❞❡ $❡❝♦♥❞

♦1❞1❡✱ ❡9 ✭❝✮ ❧❛ ♣♦❧❛1✐$❛9✐♦♥ ❞❡ 91♦✐$✐K♠❡ ♦1❞1❡ ✭$❛♥$ ❧❡$ ♣❛19✐❡$ ♦$❝✐❧❧❛♥9❡$ ❞❡$ ♣♦❧❛1✐$❛9✐♦♥$✮✳

✶✳✷✳✺ ❙♦❧✉(✐♦♥ ❛♥❛❧②(✐-✉❡ ♣♦✉0 (0♦✐1 ✐♠♣✉❧1✐♦♥1 ✿ ❋❲▼ ♥♦♥✲❞9❣9♥909

■❧ ❡$9 2❣❛❧❡♠❡♥9 ♣♦$$✐❜❧❡ ❞❡ ❣2♥21❡1 ❡9 ❞29❡❝9❡1 ❧❡ $✐❣♥❛❧ ❋❲▼ ♥♦♥✲❞2❣2♥212 ✭◆❉✲❋❲▼✮

❞✬✉♥❡ ❇◗ ❡♥ ✉9✐❧✐$❛♥9 91♦✐$ ✐♠♣✉❧$✐♦♥$ ♦♣9✐E✉❡$ ♣♦✉1 ❝12❡1 ❧❛ ♣♦❧❛1✐$❛9✐♦♥ ♥♦♥✲❧✐♥2❛✐1❡ ✿

P (3) = ǫ0χ
(3)E∗

1E2E3 = ǫ0χ
(3)E1E2E3ei(ω3+ω2−ω1)t + c.c. ✭✶✳✷✾✮

❈❤❛E✉❡ ✐♠♣✉❧$✐♦♥✱ ❞✬❛♠♣❧✐9✉❞❡ Ei✱ ♠♦❞✉❧2❡ 7 ❧❛ ❢12E✉❡♥❝❡ Ωi✱ ❛❝E✉✐❡19 ✉♥❡ ♣❤❛$❡ 1❡✲

❧❛9✐✈❡ φi ❡9 ❡①❝✐9❡ ❧❛ ❇◗ ❛✉ 9❡♠♣$ t = 0✱ t = τ1 ❡9 t = τ2✱ ❛✈❡❝ τ2 > τ1✳ ▲❡ ❝❤❛♠♣ 1❡$$❡♥9✐

♣❛1 ❧❛ ❇◗ ❡$9 ❞♦♥❝ ❧❡ $✉✐✈❛♥9 ✿

E(t) =
[

E1δ(t)eiφ1 + E2δ(t− τ1)e
iφ2 + E3δ(t− τ2)e

iφ3

]

eiω0t + c.c. ✭✶✳✸✵✮

❉❡ ❧❛ ♠U♠❡ ♠❛♥✐K1❡ E✉❡ ♣♦✉1 ❧❡ ❝❛$ 7 ❞❡✉① ✐♠♣✉❧$✐♦♥$✱ ♦♥ ♣❡✉9 ❝❛❧❝✉❧❡1 ❧❛ ♠❛91✐❝❡

❞❡♥$✐92 ♣♦✉1 ❝❤❛E✉❡ ♦1❞1❡ ❞❡ ♣❡19✉1❜❛9✐♦♥ ❡♥ 1❡$♣❡❝9❛♥9 ❧❡ ♣1✐♥❝✐♣❡ ❞❡ ❝❛✉$❛❧✐92 ❡9 ❡♥
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"#❧❡❝'✐♦♥♥❛♥' ❧❛ ❝♦♠❜✐♥❛✐"♦♥ ❞❡ ♣❤❛"❡ φ3 + φ2 − φ1✱ ♦♥ '2♦✉✈❡ ❛❧♦2" ✿

p(1) =
−iµ
~

[

E1e−γt+iφ1H(t) + E2e−γ(t−τ1)+i(φ2+iω0τ1)H(t− τ1)

+E3e−γ(t−τ2)+i(φ3+iω0τ2)H(t− τ2)

]

✭✶✳✸✶❛✮

n
(2)
21∗ =

(µ

~

)2
E1E2e−γ1(t−τ1)−γ2τ1+i(φ2−φ1)H(t− τ1) ✭✶✳✸✶❜✮

p
(3)
321∗ = 2i

(µ

~

)3
E1E2E3e−γ2(t−τ2+τ1)−γ1(τ2−τ1)+i(ω0t+φ3+φ2−φ1)H(t− τ2) ✭✶✳✸✶❝✮

❈♦♠♠❡ ♣♦✉2 ❧✬❡①❝✐'❛'✐♦♥ = ❞❡✉① ✐♠♣✉❧"✐♦♥"✱ ♦♥ ♦❜"❡2✈❡ >✉❡ ❧❛ ♣♦❧❛2✐"❛'✐♦♥ ❞❡ '2♦✐"✐?♠❡

♦2❞2❡ p
(3)
321∗ "✬❛♠♦2'✐' ❡①♣♦♥❡♥'✐❡❧❧❡♠❡♥' ❛✈❡❝ T2✳ ❊♥ ✜①❛♥' ❧❡ ❞#❧❛✐ τ2−τ1 ❡♥'2❡ E2 ❡' E3 ❡' ❡♥

✈❛2✐❛♥' τ1✱ ✐❧ ❡"' ♣♦""✐❜❧❡ ❞❡ ♠❡"✉2❡2 ❧❡ ❞#❝❧✐♥ ❞❡" ❝♦❤#2❡♥❝❡" ❡♥ ✐♥'#❣2❛♥' '❡♠♣♦2❡❧❧❡♠❡♥'

❧❡ "✐❣♥❛❧ ◆❉✲❋❲▼✳ ▲❡ ♠❛①✐♠✉♠ ❞❡ ❝♦❤#2❡♥❝❡ ❝♦22❡"♣♦♥❞ = τ2− τ1 = 0 ✭❞#❧❛✐ ♥✉❧ ❡♥'2❡ E2
❡' E3✮✳ J❛2 ❛✐❧❧❡✉2"✱ ♦♥ 2❡♠❛2>✉❡ ✉♥ '❡2♠❡ ❞✬❛♠♦2'✐""❡♠❡♥' ❛❞❞✐'✐♦♥♥❡❧ ♣❛2 2❛♣♣♦2' ❛✉ ❝❛"

= ❞❡✉① ✐♠♣✉❧"✐♦♥" ❡♥ γ1(τ2 − τ1)✳ ❈❡ '❡2♠❡ '2❛❞✉✐' ❧✬❛♠♦2'✐""❡♠❡♥' ❞❡" ♣♦♣✉❧❛'✐♦♥" ❡♥'2❡

E2 ❡' E3✳ ❆✐♥"✐✱ ❡♥ ✜①❛♥' ❧❡ ❞#❧❛✐ τ1 ❡' ❡♥ ✈❛2✐❛♥' ❧❡ ❞#❧❛✐ τ2✱ ✐❧ ❡"' ♣♦""✐❜❧❡ ❞❡ ♠❡"✉2❡2 ❧❡

❞#❝❧✐♥ ❞❡" ♣♦♣✉❧❛'✐♦♥" ❡♥ ✐♥'#❣2❛♥' '❡♠♣♦2❡❧❧❡♠❡♥' ❧❡ "✐❣♥❛❧ ◆❉✲❋❲▼✳ ▲❡ ♠❛①✐♠✉♠ ❞❡

♣♦♣✉❧❛'✐♦♥ ❝♦22❡"♣♦♥❞ = τ1 = 0 ✭❞#❧❛✐ ♥✉❧ ❡♥'2❡ E1 ❡' E2✮✳ ❉❛♥" ❧❛ "✉✐'❡ ❞✉ ♠❛♥✉"❝2✐'✱ ♥♦✉"

♥♦'❡2♦♥" τ12 ♣♦✉2 ❢❛✐2❡ 2#❢#2❡♥❝❡ ❛✉ ❞#❧❛✐ ❡♥'2❡ E1 ❡' E2 ❡' τ23 ♣♦✉2 ❢❛✐2❡ 2#❢#2❡♥❝❡ ❛✉ ❞#❧❛✐

❡♥'2❡ E2 ❡' E3✳ ▲❛ ✜❣✉2❡ ✶✳✽ ✐❧❧✉"'2❡ "❝❤#♠❛'✐>✉❡♠❡♥' ❧✬#✈♦❧✉'✐♦♥ ❞❡ p(1)✱ n
(2)
21∗ ❡' p

(3)
321∗ ❡♥

❢♦♥❝'✐♦♥ ❞✉ '❡♠♣" t ❛♣2?" ❝❤❛>✉❡ ✐♠♣✉❧"✐♦♥ ✭"❛♥" ❧❡" ♣❛2'✐❡" ♦"❝✐❧❧❛♥'❡" ❞❡" ♣♦❧❛2✐"❛'✐♦♥"✮✳

❈♦♠♠❡ ♣2#❝#❞❡♠♠❡♥'✱ ❧❡ "✐❣♥❛❧ ◆❉✲❋❲▼ ♠❡"✉2# "♣❡❝'2❛❧❡♠❡♥' ❝♦22❡"♣♦♥❞ ❛✉ ♠♦❞✉❧❡

❞❡ ❧❛ '2❛♥"❢♦2♠#❡ ❞❡ ❋♦✉2✐❡2 ❞❡ ❧❛ ♣♦❧❛2✐"❛'✐♦♥✱ ♦♥ '2♦✉✈❡ ✜♥❛❧❡♠❡♥' ✿

Snd
FWM(ω) =

2µ4E1E2E3e−γ2τ12−γ1τ23

√
2π~3

√

γ22 +∆2
✭✶✳✸✷✮

▲❡ "✐❣♥❛❧ ◆❉✲❋❲▼ ♠❡"✉2# ❝♦22❡"♣♦♥❞ ❞♦♥❝ = ✉♥❡ ❢♦♥❝'✐♦♥ ❧♦2❡♥'③✐❡♥♥❡ ❞❡ ❧❛2❣❡✉2 =

♠✐✲❤❛✉'❡✉2 2γ2✳ ❊♥ ❛✉❣♠❡♥'❛♥' ❧❡ ❞#❧❛✐ τ12 ❡♥'2❡ ❧❡" ❞❡✉① ♣2❡♠✐?2❡" ✐♠♣✉❧"✐♦♥"✱ ❧✬❛♠♣❧✐✲

'✉❞❡ ❞✉ ♣✐❝ ❞✐♠✐♥✉❡ ❡①♣♦♥❡♥'✐❡❧❧❡♠❡♥' ❛✈❡❝ ❧❡ '❡♠♣" ❞❡ ❝♦❤#2❡♥❝❡ T2 ❞❡ ❧✬❡①❝✐'♦♥✳ ❚❛♥❞✐"

>✉✬❡♥ ❛✉❣♠❡♥'❛♥' ❧❡ ❞#❧❛✐ τ23 ❡♥'2❡ ❧❡" ❞❡✉① ❞❡2♥✐?2❡" ✐♠♣✉❧"✐♦♥"✱ ❧✬❛♠♣❧✐'✉❞❡ ❞✉ ♣✐❝ ❞✐✲
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❋✐❣✉$❡ ✶✳✽ ✕ ❘❡♣2#"❡♥'❛'✐♦♥ "❝❤#♠❛'✐>✉❡ ❞❡" "♦❧✉'✐♦♥" ❞❡" ❊❇❖ ♣♦✉2 '2♦✐" ✐♠♣✉❧"✐♦♥" δi
"#♣❛2#❡" ❞❡" ❞#❧❛✐" τ12 ❡' τ23 ♣♦✉2 ❧❛ ♣♦❧❛2✐"❛'✐♦♥ ❞❡ ♣2❡♠✐❡2 ♦2❞2❡ ✭❜❧❡✉ ❝❧❛✐2✮✱ ❧❛ ♣♦♣✉❧❛'✐♦♥

❞❡ "❡❝♦♥❞ ♦2❞2❡ ✭2♦✉❣❡✮✱ ❡' ❧❛ ♣♦❧❛2✐"❛'✐♦♥ ❞❡ '2♦✐"✐?♠❡ ♦2❞2❡ ✭❜❧❡✉ ❢♦♥❝#✮✳

❊♥ 2#"✉♠#✱ ❧❡ "✐❣♥❛❧ ◆❉✲❋❲▼ ❝2## ♣❛2 '2♦✐" ✐♠♣✉❧"✐♦♥" ♣❡2♠❡' ❞❡ ♠❡"✉2❡2 = ❧❛ ❢♦✐" ❧❡

❞#❝❧✐♥ ❞❡" ❝♦❤#2❡♥❝❡" ❡' ❞❡" ♣♦♣✉❧❛'✐♦♥"✱ ❝♦♥'2❛✐2❡♠❡♥' ❛✉ "✐❣♥❛❧ ❉✲❋❲▼ ❝2## ♣❛2 ❞❡✉①
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♣,❛-✐*✉❡' ❡''❡♥-✐❡❧❧❡♠❡♥-✱ ❧❡' ♠❡'✉,❡' ❞❡ ❞/❝♦❤/,❡♥❝❡ ♣,/'❡♥-/❡' ❞❛♥' ❝❡ ♠❛♥✉'❝,✐- ♦♥ /-/

,/❛❧✐'/❡' ❧❡ ♣❧✉' '♦✉✈❡♥- ❡♥ ♠❡'✉,❛♥- ❧❡ '✐❣♥❛❧ ❉✲❋❲▼✳

✶✳✸ ❱❡❝&❡✉( ❞❡ ❇❧♦❝❤

■❧ ❡'- '♦✉✈❡♥- -,>' ✉-✐❧❡ ❞❡ ,❡♣,/'❡♥-❡, ❞❡ ♠❛♥✐>,❡ ✈❡❝-♦,✐❡❧❧❡ ❧✬/✈♦❧✉-✐♦♥ ❞❡' ❊❇❖✳ ❖♥

❞/✜♥✐- ❧❡ ✈❡❝#❡✉% ❞❡ ❇❧♦❝❤

~B ❞♦♥- ❧❡' -,♦✐' ❝♦♦,❞♦♥♥/❡' '♦♥- ❞♦♥♥/❡' ♣❛, ✿

u = ρ̃ge + ρ̃eg = 2ℜ[ρ̃eg] ✭✶✳✸✸❛✮

v = i(ρ̃ge − ρ̃eg) = 2ℑ[ρ̃eg] ✭✶✳✸✸❜✮

w = ρee − ρgg ✭✶✳✸✸❝✮

▲❛ ❝♦♦,❞♦♥♥/❡ w ❞✉ ✈❡❝-❡✉, ❞❡ ❇❧♦❝❤ ❝♦,,❡'♣♦♥❞ J ❧✬✐♥✈❡,'✐♦♥ ❞❡ ♣♦♣✉❧❛-✐♦♥✱ -❛♥❞✐'

*✉❡ ❧❡' ❝♦♦,❞♦♥♥/❡' u ❡- v ❝♦,,❡'♣♦♥❞❡♥- ❛✉① ♣❛,-✐❡' ,/❡❧❧❡ ❡- ✐♠❛❣✐♥❛✐,❡ ❞❡ ❧❛ ♣♦❧❛,✐'❛-✐♦♥✳

❖♥ ♣❡✉- ❛❧♦,' ,//❝,✐,❡ ❧❡' /*✉❛-✐♦♥' ✶✳✽ ❡♥ ❢♦♥❝-✐♦♥ ❞❡' ❝♦♦,❞♦♥♥/❡' ❞✉ ✈❡❝-❡✉, ❞❡ ❇❧♦❝❤ ✿

u̇ = −∆v − u

T2
✭✶✳✸✹❛✮

v̇ = ΩRw +∆u− v

T2
✭✶✳✸✹❜✮

ẇ = −ΩRv −
w + 1

T1
✭✶✳✸✹❝✮

▲❛ ❢♦♥❝-✐♦♥ ❞✬♦♥❞❡ |ψ〉 ❞✬✉♥ /-❛- ♣✉, ♣❡✉- '❡ ❞/❝♦♠♣♦'❡, '✉, ❧❛ ❜❛'❡ ❞❡ '❡' /-❛-' ♣,♦♣,❡'

❞❡ ❧❛ ♠❛♥✐>,❡ '✉✐✈❛♥-❡ ❬✷❪ ✿

|ψ〉 = cos
θ

2
|g〉+ eiφ sin

θ

2
|e〉 ✭✶✳✸✺✮

♦S θ ❡- φ ❝♦,,❡'♣♦♥❞❡♥- ❛✉① ❝♦♦,❞♦♥♥/❡' ♣♦❧❛✐,❡' ❞✉ ✈❡❝-❡✉, ❞❡ ❇❧♦❝❤✳ ❖♥ ♣❡✉- ❛❧♦,'

♠♦♥-,❡, *✉❡ ❧✬/✈♦❧✉-✐♦♥ ❞❡' ♣♦♣✉❧❛-✐♦♥' ❡- ❞❡' ❝♦❤/,❡♥❝❡' ❞/♣❡♥❞ ✉♥✐*✉❡♠❡♥- ❞❡ θ ❡- φ
-❡❧❧❡' *✉❡ ✿

u+ iv = sin θe−iφ
✭✶✳✸✻❛✮

w = − cos θ ✭✶✳✸✻❜✮

▲❡ ✈❡❝-❡✉, ❞❡ ❇❧♦❝❤ '❡ ❞/♣❧❛❝❡ ❞♦♥❝ '✉, ✉♥❡ '♣❤>,❡ ❞❡ ,❛②♦♥ ✶✴✷ ❛♣♣❡❧/❡ +♣❤-%❡ ❞❡

❇❧♦❝❤✳ ▲❛ ✜❣✉,❡ ✶✳✾ ✐❧❧✉'-,❡ '❝❤/♠❛-✐*✉❡♠❡♥- ❧❡ ✈❡❝-❡✉, ❡- ❧❛ '♣❤>,❡ ❞❡ ❇❧♦❝❤ ❞✬✉♥ /-❛-

♣✉,✳ ▲❡' ♣X❧❡' +z ❡- −z ❞❡ ❧❛ '♣❤>,❡ ,❡♣,/'❡♥-❡♥- ❧❡' ♣♦♣✉❧❛-✐♦♥' ❞❡ ❧✬/-❛- ❢♦♥❞❛♠❡♥-❛❧ |g〉
❡- ❡①❝✐-/ |e〉✱ ❡- ❧❡ ♣❧❛♥ /*✉❛-♦,✐❛❧ xOy ,❡♣,/'❡♥-❡ ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡ ✭u+ iv✮ ❞❡' ❝♦❤/,❡♥❝❡'✳
▲❛ '♣❤>,❡ ❞❡ ❇❧♦❝❤ ♣❡,♠❡- ❞✬❡①♣❧✐*✉❡, ❡- ❞❡ ✈✐'✉❛❧✐'❡, ❧✬/✈♦❧✉-✐♦♥ ❞❡ ❧✬/-❛- *✉❛♥-✐*✉❡

❞✬✉♥ ✷LS ❞❡ ♠❛♥✐>,❡ '✐♠♣❧❡✱ ❝♦♠♠❡ ♣❛, ❡①❡♠♣❧❡ ❧❡' ♦'❝✐❧❧❛-✐♦♥' ❞❡ ❘❛❜✐ ❞✬✉♥ ❡①❝✐-♦♥ ✭❝❢

❝❤❛♣✐-,❡ ✸✮✳ 3❛, ❧❛ '✉✐-❡✱ ❜♦♥ ♥♦♠❜,❡ ❞✬♦♣/,❛-✐♦♥' *✉❛♥-✐*✉❡' ❛❜♦,❞/❡' ❞❛♥' ❝❡ ♠❛♥✉'❝,✐-

'❡,♦♥- ❞/❝,✐-❡' ❛✈❡❝ ❧❛ '♣❤>,❡ ❞❡ ❇❧♦❝❤✳

✶✳✸✳✶ #$%❝❡((✐♦♥ ❞✉ ✈❡❝/❡✉$ ❞❡ ❇❧♦❝❤

❈♦♥'✐❞/,♦♥' ♠❛✐♥-❡♥❛♥- ✉♥ ❝❤❛♠♣ /❧❡❝-,✐*✉❡ E cos(ωt−φ) ❡♥ ✐♥-❡,❛❝-✐♦♥ ❛✈❡❝ ✉♥ ✷LS
✐♥✐-✐❛❧❡♠❡♥- ❞❛♥' '♦♥ /-❛- ❢♦♥❞❛♠❡♥-❛❧✳ ▲❡ ✈❡❝-❡✉, ❞❡ ❇❧♦❝❤ ❞/❝,✐✈❛♥- ❧✬/✈♦❧✉-✐♦♥ ❞✉ ✷LS
♣❡✉- ❛❧♦,' '✬/❝,✐,❡ ✿

~̇B = ~ΩB ∧ ~B − ~γrelax. ~B ✭✶✳✸✼✮



x

q

f

B
r

gz =

ez =-

y

~ΩB = (ΩR cosφ,ΩR sinφ,−∆)
~γrelax = (1/T2, 1/T2, 1/T1)

∆ = 0
xOy

LS

T1 = T2 = ∞
ΩR >> ∆

u̇ = 0

v̇ = ΩRw

ẇ = −ΩRv

LS ~B =
(0, 0,−1)

u(t) = 0

v(t) = − sin(ΩRt)

w(t) = − cos(ΩRt)

yOz



| sin(ΩRt)|

LS
Θ = ΩRt

π/2 y

π −z
Θ1 = π/2

Θ2 = π Θ1 = Θ2 = Θ3 = π/2

LS
ΩR = 0

u̇ = −∆v − u

T2

v̇ = ∆u− v

T2

ẇ = −w + 1

T1

~B = (0, 1, 0)

u(t) = [cos(∆t)u(0)− sin(∆t)v(0)] e
− t

T2

v(t) = [sin(∆t)u(0) + cos(∆t)v(0)] e
− t

T2

w(t) = [w(0) + 1] e
− t

T1 − 1

T1
T2 ∆

t << T2

x

z

y

x

z

y

(a) (b) 

T1 = T2 = ∞
t << T2
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❡①♣,(✐♠❡♥'❛❧ ❞❡ ♠,❧❛♥❣❡ - 9✉❛'(❡ ♦♥❞❡) ❤,',(♦❞②♥❡ 9✉❡ ❥✬❛✐ ❞,✈❡❧♦♣♣, ❞✉(❛♥' ❧❛ ♣(❡♠✐:(❡

❛♥♥,❡ ❞❡ ♠❛ '❤:)❡✳ ❊♥✜♥ ❥❡ ♣(,)❡♥'❡(❛✐ ❧❡) ,❝❤❛♥'✐❧❧♦♥) ✉'✐❧✐),) ♣♦✉( (,❛❧✐)❡( ❧❡) (,)✉❧'❛')

♣(,)❡♥',) ❞❛♥) ❧❡) ❝❤❛♣✐'(❡) ✸✱ ✹ ❡' ✺✳

✷✶



✷✷ ✷✳✶✳ ❈❖◆❚❊❳❚❊ ❊❚ ▼❖❚■❱❆❚■❖◆❙

✷✳✶ ❈♦♥&❡①&❡ ❡& ♠♦&✐✈❛&✐♦♥-

❉❛♥# ❧❡ ❝❤❛♣✐*+❡ ✶✱ ♥♦✉# ❛✈♦♥# ✈✉ 1✉❡ ❧❛ ❞②♥❛♠✐1✉❡ ❞✬✉♥ #②#*6♠❡ 7 ❞❡✉① ♥✐✈❡❛✉① ✭✷LS✮✱
❞<❝+✐* ♣❛+ ❧❡# <1✉❛*✐♦♥# ❞❡ ❇❧♦❝❤ ♦♣*✐1✉❡#✱ ❡#* +<❣✐ ♣❛+ ❞❡✉① *❡♠♣# ❞❡ +❡❧❛①❛*✐♦♥ ❝❛+❛❝*<✲

+✐#*✐1✉❡# ✿ ❧❡ *❡♠♣# ❞❡ ♣♦♣✉❧❛*✐♦♥ T1 ❡* ❧❡ *❡♠♣# ❞❡ ❝♦❤<+❡♥❝❡ T2✳ ◆♦✉# ❛✈♦♥# <❣❛❧❡♠❡♥*
✈✉ 1✉✬✐❧ ❡#* ♣♦##✐❜❧❡ ❞✬❡①*+❛✐+❡ ❝❡# *❡♠♣# ❞❡ +❡❧❛①❛*✐♦♥ ❡♥ ♠❡#✉+❛♥* ❧❛ ♣♦❧❛+✐#❛*✐♦♥ ♥♦♥✲

❧✐♥<❛✐+❡ ❞❡ *+♦✐#✐6♠❡ ♦+❞+❡✳ D♦✉+ ♠❡#✉+❡+ ❝❡**❡ ♣♦❧❛+✐#❛*✐♦♥ ♥♦♥✲❧✐♥<❛✐+❡✱ ♥♦✉# ✉*✐❧✐#♦♥# ✉♥❡

*❡❝❤♥✐1✉❡ ❞❡ #♣❡❝*+♦#❝♦♣✐❡ ❝♦❤<+❡♥*❡ ♥♦♥✲❧✐♥<❛✐+❡ 1✉✐ ❝♦♥#✐#*❡ 7 ❡①❝✐*❡+ ❧✬<❝❤❛♥*✐❧❧♦♥ ❛✈❡❝

✉♥❡ #<+✐❡ ❞✬✐♠♣✉❧#✐♦♥# ♦♣*✐1✉❡#✱ ✉❧*+❛✲❝♦✉+*❡#✱ +<#♦♥❛♥*❡# ❛✈❡❝ ❧❛ *+❛♥#✐*✐♦♥✱ ❡* 7 ♠❡#✉+❡+

❧❡ #✐❣♥❛❧ ❞❡ ♠!❧❛♥❣❡ ' (✉❛*+❡ ♦♥❞❡. ✭❋❲▼✮✳ ❖♥ ❞✐#*✐♥❣✉❡ ❛❧♦+# ❞❡✉① *②♣❡# ❞✬❡①♣<+✐❡♥❝❡# ✿

❧❛ ♠❡#✉+❡ ❞❡ ❧❛ ♣♦❧❛+✐#❛*✐♦♥ ♠❛❝+♦.❝♦♣✐(✉❡ ❞✬✉♥ ❡♥#❡♠❜❧❡ ❞✬❡①❝✐*♦♥#✱ ❡* ❧❛ ♠❡#✉+❡ ❞❡ ❧❛

♣♦❧❛+✐#❛*✐♦♥ ♠✐❝+♦.❝♦♣✐(✉❡ ❞✬✉♥ #❡✉❧ ❡①❝✐*♦♥✳

✷✳✶✳✶ ❋❲▼ ❞✬✉♥ ❡♥+❡♠❜❧❡ ❞❡ ❜♦01❡+ 2✉❛♥1✐2✉❡+

❉❛♥# ✉♥❡ ❡①♣<+✐❡♥❝❡ *②♣✐1✉❡ ❞❡ ❋❲▼ 7 ❞❡✉① ❢❛✐#❝❡❛✉①✱ ❧✬<❝❤❛♥*✐❧❧♦♥ ❡#* ❡①❝✐*< ♣❛+

✉♥❡ ✐♠♣✉❧#✐♦♥ ♣♦♠♣❡ E1 ❞❡ ❢+<1✉❡♥❝❡ ω1 ❡* ❞❡ ✈❡❝*❡✉+ ❞✬♦♥❞❡
~k1 ❡* ✉♥❡ ✐♠♣✉❧#✐♦♥ #♦♥❞❡

E2 +❡*❛+❞<❡ ❞✬✉♥ ❞<❧❛✐ τ ✱ ❞❡ ❢+<1✉❡♥❝❡ ω2 ❡* ❞❡ ✈❡❝*❡✉+ ❞✬♦♥❞❡
~k2✳ ▲♦+#1✉❡ ❧❛ ♣♦♠♣❡

❡①❝✐*❡ ❧✬<❝❤❛♥*✐❧❧♦♥✱ ❡❧❧❡ ❝+<❡ ✉♥❡ ♣♦❧❛+✐#❛*✐♦♥ ♠❛❝+♦#❝♦♣✐1✉❡ ❞❡ ♣+❡♠✐❡+ ♦+❞+❡ P(1) =

χ(1)E1ei(ω1t−~k1.~r)
❣<♥<+<❡ ♣❛+ ❧✬♦#❝✐❧❧❛*✐♦♥ ❝♦❧❧❡❝*✐✈❡ ❞❡ ♠✐❧❧✐❛+❞# ❞❡ ❞✐♣K❧❡# 7 ❧❛ ❢+<1✉❡♥❝❡

ω1✳ ❆✉ *❡♠♣# t = τ ❛♣+6# ❧❛ ♣♦♠♣❡✱ ❧✬✐♠♣✉❧#✐♦♥ #♦♥❞❡ ❡①❝✐*❡ ❧✬<❝❤❛♥*✐❧❧♦♥ ❡* ❝+<❡ <❣❛✲
❧❡♠❡♥* ✉♥❡ ♣♦❧❛+✐#❛*✐♦♥ ❞❡ ♣+❡♠✐❡+ ♦+❞+❡ ♦#❝✐❧❧❛♥* 7 ❧❛ ❢+<1✉❡♥❝❡ ω2✳ ▲✬✐♥*❡+❢<+❡♥❝❡ ❡♥*+❡

❧❡# ♣♦❧❛+✐#❛*✐♦♥# ❞❡ ❧❛ ♣♦♠♣❡ ❡* ❞❡ ❧❛ #♦♥❞❡ ❞♦♥♥❡ ❧✐❡✉ 7 ❧❛ ♣♦♣✉❧❛*✐♦♥ ❞❡ #❡❝♦♥❞ ♦+❞+❡

N (2) = χ(2)E1E2ei(ω2−ω1)t+i(~k2−~k1).~r
1✉✐ ♦#❝✐❧❧❡ 7 ❧❛ ❢+<1✉❡♥❝❡ ω2 − ω1✳ ❊❧❧❡ +<#✉❧*❡ ❞❡ ❧✬❡①✲

❝✐*❛*✐♦♥ ❞✬✉♥ ❣+❛♥❞ ♥♦♠❜+❡ ❞✬❡①❝✐*♦♥#✱ 1✉✐ ❡♥❣❡♥❞+❡ ❧✬❛♣♣❛+✐*✐♦♥ ❞✬✉♥ +<#❡❛✉ ❞❡ ❞❡♥#✐*<

❞❛♥# ❧✬<❝❤❛♥*✐❧❧♦♥ #❡ ♣+♦♣❛❣❡❛♥* #✉✐✈❛♥* ❧❡ ✈❡❝*❡✉+ ❞✬♦♥❞❡

~k2−~k1 ✭✈♦✐+ ✜❣✉+❡ ✷✳✶✮✳ ▲❛ #♦♥❞❡
❡#* ❛✉*♦✲❞✐✛+❛❝*<❡ ♣❛+ ❝❡ +<#❡❛✉✱ 7 ❧❛ ❢♦✐# ❞❛♥# ❧❡ *❡♠♣# ❡* ❞❛♥# ❧✬❡#♣❛❝❡✱ ❡* ❣<♥6+❡ ❧❛ ♣♦✲

❧❛+✐#❛*✐♦♥ ❞❡ *+♦✐#✐6♠❡ ♦+❞+❡ P(3) = χ(3)E1E2
2e

i(2ω2−ω1)t+i(2~k2−~k1).~r
♦#❝✐❧❧❛♥* 7 ❧❛ ❢+<1✉❡♥❝❡

2ω2 − ω1 ❡* #❡ ♣+♦♣❛❣❡❛♥* #✉✐✈❛♥* ❧❡ ✈❡❝*❡✉+ ❞✬♦♥❞❡ 2~k2 − ~k1✳ ▲❛ ♠❡#✉+❡ *❡♠♣♦+❡❧❧❡ ❞✉
❞<❝❧✐♥ ❞❡ ❝❡**❡ ♣♦❧❛+✐#❛*✐♦♥ ♥♦♥✲❧✐♥<❛✐+❡ ❡♥ ❢♦♥❝*✐♦♥ ❞✉ ❞<❧❛✐ τ ❡♥*+❡ ❧❛ ♣♦♠♣❡ ❡* ❧❛ #♦♥❞❡✱
❞♦♥♥❡ ✉♥ ❛❝❝6# ❞✐+❡❝* 7 ❧❛ ❞②♥❛♠✐1✉❡ ❞❡# ❝♦❤<+❡♥❝❡# ❞❡ ❧✬❡♥#❡♠❜❧❡ ❞❡# ❡①❝✐*♦♥#✳ ❈❡ *②♣❡

❞✬❡①♣<+✐❡♥❝❡ ❛ ♣❡+♠✐# ❞✬<*✉❞✐❡+ ❛✈❡❝ #✉❝❝6# ❧❡ ❞<♣❤❛#❛❣❡ ✐♥*+✐♥#61✉❡ ❞❡ ❧❛ ❞<❝♦❤<+❡♥❝❡

❞✬❡①❝✐*♦♥# #✉+ ❞❡# ❡♥#❡♠❜❧❡# ❞❡ ❇◗# ❬✷✸✱ ✷✹✱ ✶✾❪ ❡♥ ♠❡#✉+❛♥* ❧✬<✈♦❧✉*✐♦♥ *❡♠♣♦+❡❧❧❡ ❞❡

❧✬<❝❤♦ ❞❡ ♣❤♦*♦♥ ❣<♥<+< ♣❛+ ❧❛ +❡♠✐#❡ ❡♥ ♣❤❛#❡ ❞❡# ❞✐♣K❧❡# ❛✜♥ ❞❡ #✬❛✛+❛♥❝❤✐+ ❞❡# ✐♥❤♦♠♦✲

❣<♥<✐*<# ❞✬<♥❡+❣✐❡ ❡♥*+❡ ❧❡# ❇◗#✳ ▲❛ ✜❣✉+❡ ✷✳✷ ✐❧❧✉#*+❡ ❧❡ ♣+✐♥❝✐♣❡ ❞❡ ❧✬❡①♣<+✐❡♥❝❡ ❞✬<❝❤♦ ❞❡

♣❤♦*♦♥✳ ▲❛ ♣♦♠♣❡ ❡①❝✐*❡ ✉♥ *+6# ❣+❛♥❞ ♥♦♠❜+❡ ❞❡ ❇◗# 1✉✐ ♦#❝✐❧❧❡♥* 7 ❧❡✉+# ❢+<1✉❡♥❝❡# ❞❡

+<#♦♥❛♥❝❡ ♣+♦♣+❡# ωi✳ ❆✉ ❞<❧❛✐ τ ❛♣+6# ❧✬✐♠♣✉❧#✐♦♥✱ ❝❤❛1✉❡ ♦#❝✐❧❧❛*❡✉+ i ❛❝❝✉♠✉❧❡ ✉♥❡ ♣❤❛#❡
ωiτ ✳ ◗✉❡❧1✉❡# ❞✐③❛✐♥❡# ❞❡ ❢❡♠*♦#❡❝♦♥❞❡# #✉✣#❡♥* ♣♦✉+ ❜+♦✉✐❧❧❡+ ❧❛ ♣❤❛#❡ ❞❡ ❧✬❡♥#❡♠❜❧❡ ❞❡#
♦#❝✐❧❧❛*❡✉+#✱ ❞<*+✉✐#❛♥* ❛✐♥#✐ ❧❛ ❝♦❤<+❡♥❝❡ ❡①❝✐*♦♥✐1✉❡ ❞❡ ❧✬❡♥#❡♠❜❧❡✳ ▲♦+#1✉❡ ❧✬✐♠♣✉❧#✐♦♥

#♦♥❞❡ ❛++✐✈❡ ❛✉ *❡♠♣# τ1 = τ ✱ ❡❧❧❡ ❣<♥6+❡ ❧❛ ♣♦❧❛+✐#❛*✐♦♥ ♥♦♥✲❧✐♥<❛✐+❡ ❞❡ *+♦✐#✐6♠❡ ♦+❞+❡
♣♦✉+ ❝❤❛1✉❡ ❡①❝✐*♦♥ ♦#❝✐❧❧❛♥* 7 ❧❛ ❢+<1✉❡♥❝❡ ωi✳ ❆✉ *❡♠♣# τ2 ❛♣+6# ❧✬✐♠♣✉❧#✐♦♥ #♦♥❞❡✱ ❧❛
♣❤❛#❡ ❞❡ ❝❤❛1✉❡ ♦#❝✐❧❧❛*❡✉+ ❡#* ωi(τ2 − τ1)✳ ❆✐♥#✐✱ ❧♦+#1✉❡ τ2 = τ1 = τ ✱ ❧❛ ♣❤❛#❡ ❣❧♦❜❛❧❡ ❞❡
❧✬❡♥#❡♠❜❧❡ ❞❡# ♦#❝✐❧❧❛*❡✉+# ❡#* ♥✉❧❧❡✳ ❈❡**❡ ❝♦♥❥✉❣❛✐#♦♥ ❞❡ ♣❤❛#❡ ❞❡ ❧✬❡♥#❡♠❜❧❡ ❞❡# ❞✐♣K❧❡#

❡①❝✐*♦♥✐1✉❡# ❡♥*+❛Z♥❡ ✉♥❡ ✐♥*❡+❢<+❡♥❝❡ ❝♦♥#*+✉❝*✐✈❡ 1✉✐ #❡ *+❛❞✉✐* ♣❛+ ❧✬❛♣♣❛+✐*✐♦♥ ❞✬✉♥ ❢♦+*

#✐❣♥❛❧ ❞✬<❝❤♦ ❞❡ ♣❤♦*♦♥ 7 t = 2τ ✱ ❞♦♥* ❧✬❛♠♣❧✐*✉❞❡ ❡#* ♣+♦♣♦+*✐♦♥♥❡❧❧❡ 7 ❧❛ ♣♦❧❛+✐#❛*✐♦♥
❡①❝✐*♦♥✐1✉❡ +<#✐❞✉❡❧❧❡✳ ❊♥ ✈❛+✐❛♥* ❧❡ ❞<❧❛✐ τ ❡♥*+❡ ❧❛ ♣♦♠♣❡ ❡* ❧❛ #♦♥❞❡✱ ✐❧ ❡#* ❛❧♦+# ♣♦##✐❜❧❡
❞❡ #✉✐✈+❡ ❧❡ ❞<❝❧✐♥ *❡♠♣♦+❡❧ ❞❡ ❧✬❛♠♣❧✐*✉❞❡ ❞❡ ❧✬<❝❤♦✱ ❡* ❞♦♥❝ ❞❡ ♠❡#✉+❡+ ❧❛ ❞②♥❛♠✐1✉❡ ❞❡

❧❛ ♣♦❧❛+✐#❛*✐♦♥ ❡①❝✐*♦♥✐1✉❡✳
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λ/nGaAs = 910 nm/3.5 = 260 nm

Ω1 Ω2

φ2 − φ1
≈ 106

P(3) = χ(3)E1E2
2e

iω0tei(2Ω2−Ω1)t

ω0 + ΩD ΩD = 2Ω2 − Ω1

ΩD

ω0

ω0+ΩD 

ω0 

ωRef = ω0 

ωS = ω0+ΩD 

 

12t

ω1 = ω0+Ω1 

ω2 = ω0+Ω2 

t

Beam mixing 

ΩD = 2Ω2-Ω1 

Temporal grating 

ωRef = ω0 ω0

ω0 + Ω1 ω0 + Ω2 Ω1 Ω2

ES ωS = ω0 + ΩD

ΩD = 2Ω2 − Ω1
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▲❡$ ✐♥❢♦)♠❛,✐♦♥$ ♦❜,❡♥✉❡$ ♣❡✉✈❡♥, 1,)❡ ✉,✐❧✐$3❡$ ♣♦✉) ❝♦♥$,)✉✐)❡ ❧❛ ❝❛),❡ ❜✐❞✐♠❡♥$✐♦♥✲

♥❡❧❧❡ ✭ω1 ✈$ ω✮ ❞✉ $✐❣♥❛❧ ❋❲▼✱ ❢♦✉)♥✐$$❛♥, ❞❡$ ❞3,❛✐❧$ $✉) ❧❡$ ❝♦✉♣❧❛❣❡$ ❡♥,)❡ ♣❧✉$✐❡✉)$ 3,❛,$

❡①❝✐,♦♥✐?✉❡$ ❡, ♣❡)♠❡,,❛♥, ❞❡ ❞✐$,✐♥❣✉❡) ❧❡$ ❝♦✉♣❧❛❣❡$ ❝♦❤3)❡♥,$ ❡, ✐♥❝♦❤3)❡♥,$ ❬✸✷✱ ✶✸✱ ✸✸❪✳

❈❡♣❡♥❞❛♥,✱ ❝❡$ ♠❡$✉)❡$ $❡ $♦♥, ❧✐♠✐,3❡$ ❥✉$?✉✬I ♣)3$❡♥, I ❧✬3,✉❞❡ ❞✬❡①❝✐,♦♥$ ❞❡ ❣)❛♥❞❡$

❢♦)❝❡$ ❞✬♦$❝✐❧❧❛,❡✉)$ ❬✸✹✱ ✸✺✱ ✸✻❪ ♦✉ ❡♥ ❝♦✉♣❧❛❣❡ ❢♦), ❞❛♥$ ✉♥❡ ♠✐❝)♦❝❛✈✐,3 ❬✸✼✱ ✸✽❪✳ ▲❡ ❞✐$✲

♣♦$✐,✐❢ ❡①♣3)✐♠❡♥,❛❧ ❞3✈❡❧♦♣♣3 ❞✉)❛♥, ❧❛ ♣)❡♠✐N)❡ ❛♥♥3❡ ❞❡ ♠❛ ,❤N$❡ ✭✈♦✐) ✜❣✉)❡ ✷✳✹✮ ✈❛

❛✉✲❞❡❧I ❞❡ ❝❡$ ❧✐♠✐,❛,✐♦♥$✱ ❡, ♣❡)♠❡, ❞❡ ♠❡$✉)❡) ❧❛ )3♣♦♥$❡ ❝♦❤3)❡♥,❡ ✭❝❢ ❝❤❛♣✐,)❡ ✸✮ ❡,

❧❡$ ❝♦✉♣❧❛❣❡$ ❝♦❤3)❡♥,$ ✭❝❢ ❝❤❛♣✐,)❡ ✹✮ ❞✬❡①❝✐,♦♥$ ❞❡ ❢❛✐❜❧❡ ❢♦)❝❡ ❞✬♦$❝✐❧❧❛,❡✉)✱ ❢♦),❡♠❡♥,

❝♦♥✜♥3$ ❞❛♥$ ❞❡$ ❇◗$ ■♥❆$✴●❛❆$✳ V❛) ❛✐❧❧❡✉)$✱ ❧✬❛❥♦✉, ❞✬✉♥ ,)♦✐$✐N♠❡ ❢❛✐$❝❡❛✉ E3 ❞♦♥♥❡

❞3$♦)♠❛✐$ ❛❝❝N$ I ❧❛ ❞②♥❛♠✐?✉❡ ❞❡$ ♣♦♣✉❧❛,✐♦♥$ ❞✬❡①❝✐,♦♥$ ✐♥❞✐✈✐❞✉❡❧$ ✭❝❢ ❝❤❛♣✐,)❡ ✸✮ ❡♥

♠❡$✉)❛♥, ❧❡ $✐❣♥❛❧ ❋❲▼ ♥♦♥✲❞3❣3♥3)3 ❝♦))❡$♣♦♥❞❛♥, I ❧❛ ♣♦❧❛)✐$❛,✐♦♥ ❞❡ ,)♦✐$✐N♠❡ ♦)❞)❡

P(3) = χ(3)E1E2E3ei(ω3+ω2−ω1)t
✳ ❈❡ ❞✐$♣♦$✐,✐❢ I ,)♦✐$ ❢❛✐$❝❡❛✉① ❛ 3❣❛❧❡♠❡♥, ♣❡)♠✐$ ❞❡ ❞3✲

♠♦♥,)❡) ✉♥ ♥♦✉✈❡❛✉ ,②♣❡ ❞❡ ♣)♦,♦❝♦❧❡ ✐♥♥♦✈❛♥, ♣♦✉) ❝♦♥,)X❧❡) ❧❛ ❝♦❤3)❡♥❝❡ ❞✬✉♥ ❡①❝✐,♦♥

I ,)❛✈❡)$ ✉♥❡ ❡①♣3)✐❡♥❝❡ ❞❡ ♠!❧❛♥❣❡ ' (✐① ♦♥❞❡( ✭❝❢ ❝❤❛♣✐,)❡ ✺✮✳

❏✬✐♥$✐$,❡ $✉) ❧❡ ❢❛✐, ?✉❡ ❧❛ ❝♦♠♣❧❡①✐,3 ❞❡ ❝❡ ❞✐$♣♦$✐,✐❢ ❡①♣3)✐♠❡♥,❛❧ )3$✐❞❡ ❞❛♥$ ❧❛ )3❛❧✐$❛✲

,✐♦♥ ❞❡ ❧❛ ❞3,❡❝,✐♦♥ ❤3,3)♦❞②♥❡ ♦♣,✐?✉❡ ?✉✐ ♥3❝❡$$✐,❡ ❧❡ ❞3✈❡❧♦♣♣❡♠❡♥, ❡, ❧✬❛✉,♦♠❛,✐$❛,✐♦♥

❞✬✉♥ ♠3❧❛♥❣❡✉) ♠✉❧,✐✲❢)3?✉❡♥❝❡$ $②♥❝❤)♦♥✐$3 ❛✈❡❝ ?✉❛,)❡ ♠♦❞✉❧❛,❡✉)$ ❛❝♦✉$,♦✲♦♣,✐?✉❡$

✭❆❖▼✮ )❛❞✐♦✲❢)3?✉❡♥❝❡✱ ❞❡✉① ❧✐❣♥❡$ I )❡,❛)❞ ❡, ✉♥❡ ❝❛♠3)❛ ❈❈❉✳ ❆✉ ❝♦✉)$ ❞❡ ❝❡ ❝❤❛✲

♣✐,)❡✱ ♥♦✉$ ❛❧❧♦♥$ ✈♦✐) ❧❡$ ❞✐✛3)❡♥,❡$ 3,❛♣❡$ ❞❡ ❧❛ )3❛❧✐$❛,✐♦♥ ❞❡ ❝❡ ❞✐$♣♦$✐,✐❢ ❡①♣3)✐♠❡♥,❛❧✱

❛✐♥$✐ ?✉❡ ❧❡$ 3❝❤❛♥,✐❧❧♦♥$ ✉,✐❧✐$3$ ♣♦✉) ❡①,)❛✐)❡ ❡✣❝❛❝❡♠❡♥, ❧❛ )3♣♦♥$❡ ❝♦❤3)❡♥,❡ ❞✬✉♥❡ ❇◗

✉♥✐?✉❡✳

✷✳✷ ❉✐$♣♦$✐'✐❢ ❡①♣+,✐♠❡♥'❛❧ ✿ ▼+❧❛♥❣❡ 4 5✉❛',❡ ♦♥❞❡$ ❤+'+,♦✲

❞②♥❡

▲❛ ✜❣✉)❡ ✷✳✹ ✐❧❧✉$,)❡ $❝❤3♠❛,✐?✉❡♠❡♥, ❧✬❡♥$❡♠❜❧❡ ❞✐$♣♦$✐,✐❢ ❡①♣3)✐♠❡♥,❛❧✳ ■❧ $❡ ❞3❝♦♠✲

♣♦$❡ ❡♥ ,)♦✐$ ♣❛),✐❡$ ?✉❡ ❥❡ ✈❛✐$ ❞3,❛✐❧❧❡) ❞❡ ❧❛ ♠❛♥✐N)❡ $✉✐✈❛♥,❡ ✿

✕ ▲❛ ♣)3♣❛)❛,✐♦♥ ❞❡$ ✐♠♣✉❧$✐♦♥$ ❞❛♥$ ❧❛ ♣❛),✐❡ ✷✳✷✳✶✳

✕ ▲✬❡①❝✐,❛,✐♦♥ ❞❡ ❧✬3❝❤❛♥,✐❧❧♦♥ ❞❛♥$ ❧❛ ♣❛),✐❡ ✷✳✷✳✷✳

✕ ▲❛ ❞3,❡❝,✐♦♥ ❞✉ $✐❣♥❛❧ ❞❛♥$ ❧❛ ♣❛),✐❡ ✷✳✷✳✸✳

✷✳✷✳✶ ❈♦%%❡❝(✐♦♥ ❞✉ ❝❤✐#♣

❉❛♥$ ❝❡,,❡ ❡①♣3)✐❡♥❝❡✱ ♥♦✉$ ✉,✐❧✐$♦♥$ ✉♥❡ $♦✉)❝❡ ❧❛$❡) ❚✐,❛♥❡:❙❛♣❤✐) I ❜❧♦❝❛❣❡ ❞❡ ♠♦❞❡

✶

?✉✐ ❞3❧✐✈)❡ ❞❡$ ✐♠♣✉❧$✐♦♥$ ♦♣,✐?✉❡$ ✉❧,)❛✲❝♦✉),❡$ ,❡♠♣♦)❡❧❧❡♠❡♥, ∆t = 150 fs ✭❋❲❍▼✮✳

▲❡$ ✐♠♣✉❧$✐♦♥$ $♦♥, ❧✐♠✐,3❡$ ♣❛) ,)❛♥$❢♦)♠3❡ ❞❡ ❋♦✉)✐❡)✱ ✐✳❡✳ ∆t∆ω = 1 ♦c ∆ω )❡♣)3$❡♥,❡

❧❛ ❧❛)❣❡✉) $♣❡❝,)❛❧❡ ❞❡$ ✐♠♣✉❧$✐♦♥$✳ ❙❡❧♦♥ ❝❡,,❡ )❡❧❛,✐♦♥✱ ♣❧✉$ ❧✬✐♠♣✉❧$✐♦♥ ❡$, ❝♦✉,)❡ ,❡♠♣♦✲

)❡❧❧❡♠❡♥,✱ ♣❧✉$ $♦♥ $♣❡❝,)❡ ❡$, ❧❛)❣❡✳ ❉❛♥$ ✉♥ ♠✐❧✐❡✉ ❞✐$♣❡)$✐❢✱ ❧❛ ✈✐,❡$$❡ ❞❡ ❣)♦✉♣❡ ❞✬✉♥❡

✐♠♣✉❧$✐♦♥ vg = dω/dk ❡$, ❞✐✛3)❡♥,❡ ❞❡ ❧❛ ✈✐,❡$$❡ ❞❡ ♣❤❛$❡ vφ = ω/k ❞❡ $❡$ ❝♦♠♣♦$❛♥,❡$

$♣❡❝,)❛❧❡$✳ ❆✉,)❡♠❡♥, ❞✐,✱ ❧❡ ♣❛?✉❡, ❞✬♦♥❞❡ ♥❡ $❡ ♣)♦♣❛❣❡ ♣❛$ I ❧❛ ♠1♠❡ ✈✐,❡$$❡ ?✉❡ ❧❡$

♦♥❞❡$ ?✉✐ ❧❡ ❝♦♠♣♦$❡♥,✳ ❖♥ ♣❛)❧❡ ❞❡ ❞✐$♣❡)$✐♦♥ ♥♦-♠❛❧❡ ❧♦)$?✉❡ ❧✬✐♥❞✐❝❡ ❞❡ )3❢)❛❝,✐♦♥ ❞✉

♠✐❧✐❡✉ ❝)♦d, ❛✈❡❝ ❧❛ ❢)3?✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡✱ ❧❡ )♦✉❣❡ ✈❛ ♣❧✉$ ✈✐,❡ ?✉❡ ❧❡ ❜❧❡✉✳ ❆ ❧✬✐♥✈❡)$❡✱ ♦♥

♣❛)❧❡ ❞❡ ❞✐$♣❡)$✐♦♥ ❛♥♦-♠❛❧❡ ❧♦)$?✉❡ ❝❡ ❞❡)♥✐❡) ❞3❝)♦d, ❛✈❡❝ ❧❛ ❢)3?✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡✱ ❧❡ ❜❧❡✉

✈❛ ♣❧✉$ ✈✐,❡ ?✉❡ ❧❡ )♦✉❣❡✳ ❈❡,,❡ ❞3)✐✈❡ ❞❡ ❢)3?✉❡♥❝❡✱ ❛♣♣❡❧3❡ ❝❤✐-♣

✷

✱ ❡♥❣❡♥❞)❡ ✉♥ 3,❛❧❡✲

♠❡♥, ,❡♠♣♦)❡❧❧❡ ❞❡ ❧✬✐♠♣✉❧$✐♦♥✳ V❧✉$ ❧❡ ♥♦♠❜)❡ ❞❡ ❝♦♠♣♦$❛♥,❡$ $♣❡❝,)❛❧❡$ ❡$, ✐♠♣♦),❛♥,✱

♣❧✉$ ❧❛ ❞✐$♣❡)$✐♦♥ ❡, ❞♦♥❝ ❧✬3,❛❧❡♠❡♥, ,❡♠♣♦)❡❧ ❞❡ ❧✬✐♠♣✉❧$✐♦♥ ❡$, ✐♠♣♦),❛♥,✳ ◆♦✉$ ❛❧❧♦♥$

✶✳ ❙♣❡❝&'❛✲*❤②-✐❝- ❚-✉♥❛♠✐ ❋❡♠&♦✳ ▲❛-❡' ❞❡ ♣♦♠♣❛❣❡ ❈♦❤❡'❡♥& ❱❡'❞✐ ✶✵ ; ✺✸✷ ♥♠✳

✷✳ ▼♦& ❞✬♦'✐❣✐♥❡ ❛♥❣❧❛✐-❡ -✐❣♥✐✜❛♥& ❣❛③♦✉✐❧❧✐- ♣♦✉' ❡①♣'✐♠❡' ❧❡- ✈❛'✐❛&✐♦♥- &❡♠♣♦'❡❧❧❡- ❞❡- ❢'GH✉❡♥❝❡-✳
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❜✐%%❡❝.7✐❝❡ ❞❡% ❞❡✉① ❢❛✐%❝❡❛✉① ✐♥❝✐❞❡♥.% ❡%. ♣7♦♣♦7.✐♦♥♥❡❧❧❡ ❛✉ ♣7♦❞✉✐. ❞❡% ✐♥.❡♥%✐.9% ❞❡%

❞❡✉① ❢❛✐%❝❡❛✉① ✿

ISHG(t, τ) ∝ I(t)I(t+ τ) ∝ |E(t)|2 |E(t+ τ)|2 ✭✷✳✶✶✮

❯♥ ♣❤♦.♦♠✉❧.✐♣❧✐❝❛.❡✉7 ♠❡%✉7❡ ❡♥%✉✐.❡ ❧❡ %✐❣♥❛❧ ♣7♦♣♦7.✐♦♥♥❡❧ K ❧✬✐♥.❡♥%✐.9 ❞✬❛✉.♦❝♦7✲

79❧❛.✐♦♥ ❞♦♥♥9 ♣❛7 ❧✬9;✉❛.✐♦♥ ✷✳✶✶ ✿

Sac(t, τ) ∝
∫ +∞

−∞

|E(t)|2 |E(t+ τ)|2 dt ✭✷✳✶✷✮

▲✬✐♥❢♦7♠❛.✐♦♥ %✉7 ❧❛ ♣❤❛%❡ ❡%. ❞♦♥❝ ♣❡7❞✉❡ ❛✉ ❝♦✉7% ❞❡ ❝❡..❡ ♠❡%✉7❡✱ ♠❛✐% ❡♥ ❝♦♥♥❛✐%✲

%❛♥. ❧❛ ❢♦7♠❡ ❞❡ ❧✬✐♠♣✉❧%✐♦♥ ✐❧ ❡%. ♣♦%%✐❜❧❡ ❞❡ ❞9❞✉✐7❡ %❛ ❧❛7❣❡✉7 K ♠✐✲❤❛✉.❡✉7 K ♣❛7.✐7 ❞❡ ❧❛

❧❛7❣❡✉7 ❞❡ ❧✬❛✉.♦❝♦779❧❛.✐♦♥✳ ▲❛ ✜❣✉7❡ ✷✳✶✵ ♣79%❡♥.❡ ❧❡% ♠❡%✉7❡% ❞✬❛✉.♦❝♦779❧❛.✐♦♥ ❡♥ ✐♥.❡♥✲

%✐.9 ❞✬✉♥❡ ✐♠♣✉❧%✐♦♥ ♦♣.✐;✉❡ .7❛✈❡7%❛♥. ✉♥ ❆❖▼✳ ❙❛♥% ❝♦77❡❝.✐♦♥✱ ❧❛ ❧❛7❣❡✉7 K ♠✐✲❤❛✉.❡✉7

✭❋❲❍▼✮ ✈❛✉. ∆t = 566 fs✱ %♦✐. ❡♥✈✐7♦♥ ;✉❛.7❡ ❢♦✐% ♣❧✉% ;✉❡ ❧❛ ❧❛7❣❡✉7 .❡♠♣♦7❡❧❧❡ ❡♥ %♦7✲

.✐❡ ❞❡ ❧❛%❡7 ✭❧✐♠✐.9❡ ♣❛7 .7❛♥%❢♦7♠9❡ ❞❡ ❋♦✉7✐❡7✮✳ ❊♥ ✐♥.7♦❞✉✐%❛♥. ✉♥❡ ❞✐%♣❡7%✐♦♥ ♥9❣❛.✐✈❡

❛✈❡❝ ❧❡ ❢❛>♦♥♥❡✉7 ♣♦✉7 ♣79✲❝♦♠♣❡♥%❡7 ❧❛ ❞✐%♣❡7%✐♦♥ ❞❡ ❧✬❆❖▼✱ ♥♦✉% 7❡.7♦✉✈♦♥% ✉♥❡ ❧❛7❣❡✉7

❞✬✐♠♣✉❧%✐♦♥ ❝❛7❛❝.97✐%.✐;✉❡ ❞✬✉♥ ❧❛%❡7 ❚✐:❙❛♣❤✐7 ✭∆t = 143 fs✮ ❛♣7L% ❧❡ ♣❛%%❛❣❡ ❞✬✉♥ ❆❖▼✳

▲❡% ✐♠♣✉❧%✐♦♥% 79%✉❧.❛♥.❡% %♦♥. ❝♦77✐❣9❡% ❞✉ ❝❤✐#♣ ❡. K ♥♦✉✈❡❛✉ ❧✐♠✐.9❡% ♣❛7 .7❛♥%❢♦7♠9❡

❞❡ ❋♦✉7✐❡7✳
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❋✐❣✉$❡ ✷✳✾ ✕ ❙❝❤)♠❛ ❞❡ ❧✬❛✉1♦❝♦33)❧❛1❡✉3 ❞✬✐♥1❡♥6✐1) ❆8❊ 8✉❧6❡❈❤❡❝❦ ✺✵ ✭❆♥❣❡✇❛♥❞1❡

8❤②6✐❦ ✫ ❊❧❡❝13♦♥✐❦✮✳

✷✳✷✳✷ ❊①❝✐&❛&✐♦♥ ❞❡ ❧✬.❝❤❛♥&✐❧❧♦♥

✷✳✷✳✷✳✶ ❈♦✉♣❧❛❣❡ ❛✈❡❝ ❧✬.❝❤❛♥1✐❧❧♦♥

❆♣3E6 ❧❡ ❢❛G♦♥♥❡✉3 ❞✬✐♠♣✉❧6✐♦♥✱ ❧❡ ❢❛✐6❝❡❛✉ ❧❛6❡3 ❡61 ❞✐✛3❛❝1) ♣❛3 ✉♥ ❞✐❛♣❤3❛❣♠❡ ❞❡

❞✐❛♠E13❡ ✺✵ µ♠ ♣✉✐6 ✜❧13) 6♣❛1✐❛❧❡♠❡♥1 ❛✜♥ ❞✬♦❜1❡♥✐3 ✉♥ ♠♦❞❡ 6♣❛1✐❛❧ ♣❛3❢❛✐1❡♠❡♥1 ❣❛✉6✲

6✐❡♥✳ ▲❡ ❢❛✐6❝❡❛✉ ❡61 ❡♥6✉✐1❡ ❞✐✈✐6) ❡♥ 13♦✐6 ♣❛3 ❞❡✉① ❝✉❜❡6 6)♣❛3❛1❡✉36 ✸✵✴✼✵ ❡1 ✺✵✴✺✵ ❛✜♥

❞❡ ❞✐✈✐6❡3 ❧❛ ♣✉✐66❛♥❝❡ ✐♥❝✐❞❡♥1❡ )R✉✐1❛❜❧❡♠❡♥1 ❡♥13❡ ❧❡6 13♦✐6 ❢❛✐6❝❡❛✉① E1✱ E2 ❡1 E3✳ ▲❡6
❢3)R✉❡♥❝❡6 ❞❡ ❝❡6 13♦✐6 ❢❛✐6❝❡❛✉① 6♦♥1 ❡♥6✉✐1❡ ♠♦❞✉❧)❡6 ♣❛3 ❞❡6 ❆❖▼6 ❛✉① 3❛❞✐♦✲❢3)R✉❡♥❝❡6

Ω1✱ Ω2 ❡1 Ω3✱ ❞♦♥1 ♥♦✉6 ❞)1❛✐❧❧❡3♦♥6 ❧❡ ♣3✐♥❝✐♣❡ ❞❛♥6 ❧❛ ♣❛31✐❡ ✷✳✷✳✸✳✷✳ ❆ ❝❡ ♣♦✐♥1 ♣3)❝✐6✱

♥♦✉6 ❛✈♦♥6 13♦✐6 ❢❛✐6❝❡❛✉① Ei ♠♦❞✉❧)6 6✉3 ❧❡6 ❢3)R✉❡♥❝❡6 ω0+Ωi ❡1 ✉♥ ❢❛✐6❝❡❛✉ ❞❡ 3)❢)3❡♥❝❡

ERef ❞❡ ❢3)R✉❡♥❝❡ ω0 6❛♥6 ♠♦❞✉❧❛1✐♦♥ 3❛❞✐♦✲❢3)R✉❡♥❝❡✳ ❉❡✉① ❧✐❣♥❡6 V 3❡1❛3❞ ♠♦1♦3✐6)❡6

✹

6♦♥1 ♣✐❧♦1)❡6 ♣❛3 ❈❈❉♣❧♦1

✺

♣♦✉3 ❝♦♥13W❧❡3 ❧❡ ❞)❧❛✐ ❞❡6 ❢❛✐6❝❡❛✉① E1 ❡1 E2 ♣❛3 3❛♣♣♦31 V E3
❡1 ERef ❛✈❡❝ ✉♥❡ ♣3)❝✐6✐♦♥ ❞✬❡♥✈✐3♦♥ ✶✵ ❢6✳ ❯♥❡ 13❛♥6❧❛1✐♦♥ ♠✐❝3♦♠)13✐R✉❡ ♣❡3♠❡1 ❞✬❛❥✉61❡3

❧❡ ❞)❧❛✐ ❡♥13❡ ERef ❡1 E3✳ ▲❡6 ❢❛✐6❝❡❛✉① Ei 6♦♥1 ❡♥6✉✐1❡ 3❡❝♦♠❜✐♥)6 ❞❛♥6 ❧❡ ♠Z♠❡ ♠♦❞❡

6♣❛1✐❛❧ ♣❛3 ✉♥ ❝✉❜❡ 6)♣❛3❛1❡✉3✳ ▲❛ 3)❢)3❡♥❝❡ ERef 6❡ ♣3♦♣❛❣❡ ❞❛♥6 ✉♥ ❛✉13❡ ♠♦❞❡✳ ❯♥ 1)✲

❧❡6❝♦♣❡ ♣❡3♠❡1 ❞✬❛❥✉61❡3 ❧❛ 1❛✐❧❧❡ ❞✉ ❢❛✐6❝❡❛✉ ♣❛3 3❛♣♣♦31 V ❧❛ 1❛✐❧❧❡ ❞❡ ❧❛ ♣✉♣✐❧❧❡ ❞✬❡♥13)❡ ❞❡

❧✬♦❜❥❡❝1✐❢ ❞❡ ♠✐❝3♦6❝♦♣❡✳ ➱1❛♥1 ❞♦♥♥) R✉❡ ♥♦✉6 ♠❡6✉3♦♥6 ❧❛ 3)✢❡❝1✐✈✐1) ❞✉ ❧❛6❡3 6✉3 ❧✬)❝❤❛♥✲

1✐❧❧♦♥✱ ❧✬❡①❝✐1❛1✐♦♥ ❡1 ❧❛ ❞)1❡❝1✐♦♥ 6❡ ♣3♦♣❛❣❡♥1 ❞❛♥6 ❧❡ ♠Z♠❡ ♠♦❞❡ ✭✈♦✐3 ✜❣✉3❡ ✷✳✶✷ ✭❛✮✮✳

✹✳ ▼✐❝♦& ❱❚✲✽✵ ❡- .▲❙✽✺✱ ❝♦♥-45❧❡✉4 ❈♦4✈✉& ❡❝♦✳

✺✳ ▲♦❣✐❝✐❡❧ ▲❛❜❲✐♥❞♦✇&✴❈❱■ ❝♦♥B✉ ♣❛4 ❲✳ ▲❛♥❣❜❡✐♥ ❡- ❇✳ .❛--♦♥✳
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❋✐❣✉$❡ ✷✳✶✵ ✕ ▼❡"✉$❡ ❞✬❛✉(♦❝♦$$+❧❛(✐♦♥ ❡♥ ✐♥(❡♥"✐(+✳ ▲❡( ✐♠♣✉❧(✐♦♥( 01❛✈❡1(❛♥0 ✉♥

❆❖▼ ✭✈❡10✮ ♣19(❡♥0❡♥0 ✉♥❡ ❧❛1❣❡✉1 0❡♠♣♦1❡❧❧❡ ∆t = 566 fs ✭❋❲❍▼✮✳ ❊♥ ❝♦11✐❣❡❛♥0 ❧❡

❝❤✐#♣ ❛✈❡❝ ❧❡ ❢❛A♦♥♥❡✉1 ✭❜❧❡✉✮✱ ❧❛ ❧❛1❣❡✉1 ❞❡( ✐♠♣✉❧(✐♦♥( 1❡❞❡✈✐❡♥0 ✐❞❡♥0✐E✉❡ F ❝❡❧❧❡ ❞✉

❧❛(❡1 ♠❡(✉19❡ (✉1 ❧❛ ✜❣✉1❡ ✷✳✺ ✭❜✮✳ ▲❡( 01❛✐0( ♣♦✐♥0✐❧❧9( ♥♦✐1( 1❡♣19(❡♥0❡♥0 ❧❡( ❛❥✉(0❡♠❡♥0(

❣❛✉((✐❡♥( ♣❡1♠❡00❛♥0 ❞✬❡①01❛✐1❡ ❧❡( ❧❛1❣❡✉1( 0❡♠♣♦1❡❧❧❡( ❞❡( ✐♠♣✉❧(✐♦♥( ✭❋❲❍▼✮✳

L♦✉1 ❝♦✉♣❧❡1 ❧✬❡①❝✐0❛0✐♦♥ F ❧✬❡♥019❡ ❞❡ ❧✬♦❜❥❡❝0✐❢ ❡0 01❛♥(♠❡001❡ ❧❡ ♠❛①✐♠✉♠ ❞❡ (✐❣♥❛❧✱ ♥♦✉(

✉0✐❧✐(♦♥( ✉♥❡ ❧❛♠❡ (9♣❛1❛01✐❝❡ 1❡❝♦✉✈❡10❡ ❞✬✉♥❡ ❝♦✉❝❤❡ ❛♥0✐✲1❡✢❡0 (✉1 ✉♥ ❞❡ (❡( ❝♦09(✳ ▲❛

♣❛10✐❝✉❧❛1✐09 ❞❡ ❝❡00❡ ❧❛♠❡ ❡(0 ❞❡ 19✢9❝❤✐1 4% ❞❡ ❧✬✐♥0❡♥(✐09 ❧✉♠✐♥❡✉(❡ F ✹✺✝✳ L❛1 ❝♦♥(9✲

E✉❡♥0✱ 96% ❞❡ ❧❛ ♣✉✐((❛♥❝❡ ❞✬❡①❝✐0❛0✐♦♥ ❡(0 ♣❡1❞✉❡✱ ♠❛✐( ❝❡❧❛ ♥✬❡(0 ♣❛( ♣1♦❜❧9♠❛0✐E✉❡ ❝❛1 ❧❛

♣✉✐((❛♥❝❡ 1❡(0❛♥0❡ ❡(0 ❧❛1❣❡♠❡♥0 (✉✣(❛♥0❡ ♣♦✉1 ❡①❝✐0❡1 ❧✬9❝❤❛♥0✐❧❧♦♥

✻

✳ ●1T❝❡ F ❝❡00❡ ❧❛♠❡

(9♣❛1❛01✐❝❡✱ ❧❛ E✉❛(✐✲0♦0❛❧✐09 ❞✉ (✐❣♥❛❧ ❝♦❧❧❡❝09 ♣❛1 ❧✬♦❜❥❡❝0✐❢ ❡(0 ❞♦♥❝ 01❛♥(♠✐(✳

L♦✉1 ❡①❝✐0❡1 ❡0 ❝♦❧❧❡❝0❡1 ❧❛ ❧✉♠✐U1❡ 9♠✐(❡ ♣❛1 ❧✬9❝❤❛♥0✐❧❧♦♥✱ ♥♦✉( ✉0✐❧✐(♦♥( ✉♥ ♦❜❥❡❝0✐❢ ❞❡

♠✐❝1♦(❝♦♣❡ ♦♣0✐♠✐(9 ♣♦✉1 01❛♥(♠❡001❡ ❧❡ ♠❛①✐♠✉♠ ❞❡ ❧✉♠✐U1❡ ❞❛♥( ❧❡ ◆■❘

✼

✳ ▲❡ ♣♦✉✈♦✐1

❞❡ 19(♦❧✉0✐♦♥ ❞❡ ❧✬♦❜❥❡❝0✐❢✱ ❝✬❡(0✲F✲❞✐1❡ ❧❛ ❞✐(0❛♥❝❡ ♠✐♥✐♠❛❧❡ E✉✐ ❞♦✐0 (9♣❛1❡1 ❞❡✉① ♣♦✐♥0(

❝♦♥0✐❣✉( ♣♦✉1 E✉✬✐❧( (♦✐❡♥0 ❝♦11❡❝0❡♠❡♥0 ❞✐(❝❡1♥9( ♣❛1 ❧❡ (②(0U♠❡ ❞❡ ♠❡(✉1❡✱ ❡(0 ❞♦♥♥9 ♣❛1

❧✬9E✉❛0✐♦♥ (✉✐✈❛♥0❡ ✿

dmin =
λ

2 NA
✭✷✳✶✸✮

♦[ λ ❡(0 ❧❛ ❧♦♥❣✉❡✉1 ❞✬♦♥❞❡ ❞✉ ❧❛(❡1 ❡0 ◆❆ ❡(0 ❧✬♦✉✈❡10✉1❡ ♥✉♠91✐E✉❡ ❞❡ ❧✬♦❜❥❡❝0✐❢ 0❡❧❧❡

E✉❡ ✿

NA = n sinα ✭✷✳✶✹✮

♦[ n 1❡♣19(❡♥0❡ ❧✬✐♥❞✐❝❡ ❞❡ 19❢1❛❝0✐♦♥ ❞✉ ♠✐❧✐❡✉ ❡♥01❡ ❧✬♦❜❥❡❝0✐❢ ❡0 ❧✬9❝❤❛♥0✐❧❧♦♥✱ ❡0 α ❡(0

❧❡ ❞❡♠✐✲❛♥❣❧❡ ❞✉ ❝\♥❡ ❞❡ ❧✉♠✐U1❡ ✭✈♦✐1 ✜❣✉1❡ ✷✳✶✶✮✳ ▲✬♦✉✈❡10✉1❡ ♥✉♠91✐E✉❡ ♣❡1♠❡0 ❞♦♥❝ ❞❡

E✉❛♥0✐✜❡1 ❧❛ ❝❛♣❛❝✐09 ❞✬✉♥ ♦❜❥❡❝0✐❢ ❞❡ ♠✐❝1♦(❝♦♣❡ F ❝♦❧❧❡❝0❡1 ❧❛ ❧✉♠✐U1❡ ❡0 F 19(♦✉❞1❡ ❧❛ 0❛✐❧❧❡

❞✬✉♥ ♦❜❥❡0✳ L❧✉( ❝❡❧❧❡✲❝✐ ❡(0 ❣1❛♥❞❡✱ ♣❧✉( ❧❛ E✉❛♥0✐09 ❞❡ ❧✉♠✐U1❡ ❝♦❧❧❡❝09❡ ❡(0 ✐♠♣♦10❛♥0❡ ❡0

♣❧✉( ❧✬✐♠❛❣❡ ❞❡ ❧✬♦❜❥❡0 ❡(0 19(♦❧✉❡✳ ▲✬♦✉✈❡10✉1❡ ♥✉♠91✐E✉❡ ❞❡ ♥♦01❡ ♦❜❥❡❝0✐❢ ✭NA = 0.65✮✱
♣❡1♠❡0 ❞❡ 19(♦✉❞1❡ ✉♥ ♦❜❥❡0 ❞✬❡♥✈✐1♦♥ ✼✵✵ ♥♠ ♣♦✉1 ✉♥❡ ❧♦♥❣✉❡✉1 ❞✬♦♥❞❡ λ = 900 nm✳

✻✳ ❯♥❡ ♣✉✐((❛♥❝❡ +♦+❛❧❡ ❞❡ 1 µW ❡(+ (✉✣(❛♥+❡ ♣♦✉0 ❣2♥20❡0 ❧❡ (✐❣♥❛❧ ❋❲▼✳

✼✳ ❖❧②♠♣✉( ▲❈<▲◆✺✵❳■❘✴✵✳✻✺✳
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✷✳✷✳ ❉■❙%❖❙■❚■❋ ❊❳%➱❘■▼❊◆❚❆▲ ✿ ▼➱▲❆◆●❊ ➚ ◗❯❆❚❘❊ ❖◆❉❊❙

❍➱❚➱❘❖❉❨◆❊

▲✬❡♥❝❡✐♥(❡ ❞✉ ❝+②♦.(❛( ❡.( ♣+1❛❧❛❜❧❡♠❡♥( ❞1♣+❡..✉+✐.1❡ ❛✈❡❝ ✉♥❡ ♣♦♠♣❡ (✉+❜♦✲♠♦❧1❝✉❧❛✐+❡

♣♦✉+ ♦❜(❡♥✐+ ✉♥ ✈✐❞❡ +1.✐❞✉❡❧ ❞❡ 10−6 mbar✳ ▲❡ ♣♦+(❡✲1❝❤❛♥(✐❧❧♦♥ ❡.( ✜①1 .✉+ ❞❡. ♣❧❛(✐♥❡.

❞❡ (+❛♥.❧❛(✐♦♥ ✭①✱②✮

✶✵

✱ ♣❡+♠❡((❛♥( ❞❡ ❞1♣❧❛❝❡+ ❧✬1❝❤❛♥(✐❧❧♦♥ .✉+ ✉♥❡ ❞✐.(❛♥❝❡ ❞❡ ✶✵ ♠♠

❛✈❡❝ ✉♥❡ ♣+1❝✐.✐♦♥ ❞❡ ✺✵ ♥♠✳ ❈❡. ♣❧❛(✐♥❡. .❡+✈❡♥( ♣+✐♥❝✐♣❛❧❡♠❡♥( B +❡♣1+❡+ ❞❡. ③♦♥❡. .✉+

❧✬1❝❤❛♥(✐❧❧♦♥✳

✷✳✷✳✸ ❉$%❡❝%✐♦♥ ❞✉ -✐❣♥❛❧

✷✳✷✳✸✳✶ ❈♦❧❧❡❝)✐♦♥ ❞✉ .✐❣♥❛❧

❏✉.(❡ ❛♣+E. ❧✬♦❜❥❡❝(✐❢ ❞❡ ♠✐❝+♦.❝♦♣❡✱ ✉♥❡ ❧❡♥(✐❧❧❡ ❞❡ ❞✐.(❛♥❝❡ ❢♦❝❛❧❡ f = 300 mm✱ ♣❡+♠❡(

❞✬✐♠❛❣❡+ ❧❡. (❛❝❤❡. ❢♦❝❛❧❡. ❞❡. ❢❛✐.❝❡❛✉① ERef ❡( ES ❝♦♥(❡♥❛♥( ❧❛ +1✢❡①✐♦♥ ❞❡. ❢❛✐.❝❡❛✉① Ei
❡( ❧❡ .✐❣♥❛❧ ❞❡. ❇◗.✳ ❉❛♥. ❧❡ ♣❧❛♥ ❢♦❝❛❧ ❞❡ ❝❡((❡ ❧❡♥(✐❧❧❡✱ ❞❡✉① ❞✐❛♣❤+❛❣♠❡. ♣❡+♠❡((❡♥( ❞❡

✜❧(+❡+ ❧❡. ❛♥♥❡❛✉① ❞✬❆✐+② ♣♦✉+ ♦❜(❡♥✐+ ✉♥ ♠♦❞❡ .♣❛(✐❛❧ ♣❛+❢❛✐(❡♠❡♥( ❣❛✉..✐❡♥ ✭❝❢ ❝❛♣(✉+❡

❞✬✐♠❛❣❡ .✉+ ❧❛ ✜❣✉+❡ ✷✳✹✮✳ ❈❡ ♣❧❛♥ ✐♠❛❣❡ ♣❡+♠❡( 1❣❛❧❡♠❡♥( ❞❡ ✈1+✐✜❡+ ❧❛ .✉♣❡+♣♦.✐(✐♦♥ ❞✉

❧❛.❡+ ❞❡ µO▲ .✉+ ❧❡. ❢❛✐.❝❡❛✉① Ei B ❧❛ .✉+❢❛❝❡ ❞❡ ❧✬1❝❤❛♥(✐❧❧♦♥✳ ❯♥❡ ❝❛♠1+❛ ❞❡ ❝♦♥(+Q❧❡ ♣❡+♠❡(

❞❡ ✈✐.✉❛❧✐.❡+ ❝❡ ♣❧❛♥ ❢♦❝❛❧✳ ▲❡. ❢❛✐.❝❡❛✉① .♦♥( ❡♥.✉✐(❡ ❢♦❝❛❧✐.1. ❞❛♥. ❧✬❆❖▼ ❞✬❤1(1+♦❞②♥❛❣❡

❡( ✐♠❛❣1. .✉+ ❧❡. ❢❡♥(❡. ✈❡+(✐❝❛❧❡. ❞✉ .♣❡❝(+♦♠E(+❡

✶✶

✳ ▲❡. ❢❛✐.❝❡❛✉① .♦♥( ❡♥.✉✐(❡ ❞✐.♣❡+.1.

❤♦+✐③♦♥(❛❧❡♠❡♥( ♣❛+ ❧❡ +1.❡❛✉ ❞✉ .♣❡❝(+♦♠E(+❡ ❡( ❝♦❧❧❡❝(1. ♣❛+ ✉♥❡ ❝❛♠1+❛ ❈❈❉

✶✷

✳ ▲♦+.

❞✬✉♥❡ ❡①♣1+✐❡♥❝❡ +1.♦♥❛♥(❡✱ ❧❡ ✢✉① ❞❡ ♣❤♦(♦♥. ❡♥✈♦②1 .✉+ ❧❛ ❈❈❉ ❡.( +❡❧❛(✐✈❡♠❡♥( 1❧❡✈1

✭T✉❡❧T✉❡. ❝❡♥(❛✐♥❡. ❞❡ ♥❛♥♦✇❛((.✮✱ ❝❡ T✉✐ ♥1❝❡..✐(❡ ❞❡. (❡♠♣. ❞✬✐♥(1❣+❛(✐♦♥ (+E. ❝♦✉+(.✳ ▲❛

❈❈❉ ✉(✐❧✐.1❡ ❞✐.♣♦.❡ ❞❡ ❞❡✉① ♠♦❞❡. ❞✬❛♠♣❧✐✜❝❛(✐♦♥✱ ❛✈❡❝ (+♦✐. ❣❛✐♥. ❞✬❛♠♣❧✐✜❝❛(✐♦♥ ♣♦✉+

❝❤❛T✉❡ ♠♦❞❡✱ ❡( ❞❡✉① ✈✐(❡..❡. ❞❡ ❧❡❝(✉+❡ ✭✶✵✵ ❦❍③ ♦✉ ✷ ▼❍③✮✳ ▲❡ ♠♦❞❡ ❤❛✉#❡ %❡♥%✐❜✐❧✐#*

❞❡ ❧❛ ❈❈❉ ♣❡+♠❡( ❞✬❛♠♣❧✐✜❡+ ✉♥ ✢✉① ❞❡ ♣❤♦(♦♥ (+E. ❢❛✐❜❧❡ ✭✷✺✵ ❦❡✲✮✱ (♦✉( ❡♥ ❣❛+❞❛♥(

✉♥ ♥✐✈❡❛✉ ❞❡ ❜+✉✐( (+E. ❜❛. ✭✸✳✺ ❡✲ +♠.✮✳ ❖♥ ❧✬✉(✐❧✐.❡ ❣1♥1+❛❧❡♠❡♥( ♣♦✉+ ❧❡. ❡①♣1+✐❡♥❝❡.

♥♦♥✲+1.♦♥❛♥(❡. ♣♦✉+ ❛♠♣❧✐✜❡+ ❧❡. .✐❣♥❛✉① ❢❛✐❜❧❡.✱ ❝♦♠♠❡ ❧♦+. ❞✬✉♥❡ ♠❡.✉+❡ ❞❡ µO▲ ❞✬✉♥❡

❇◗✳ ▲❡ ♠♦❞❡ ❤❛✉#❡ ❝❛♣❛❝✐#* ♣❡+♠❡( ❞✬❛♠♣❧✐✜❡+ ✉♥ ✢✉① ❞❡ ♣❤♦(♦♥ (+E. ❢♦+( ✭✶ ▼❡✲✮ ❛✈❡❝

✉♥ (❡♠♣. ❞✬✐♥(1❣+❛(✐♦♥ ❝♦✉+( ✭✶ ♠.✮✳ ❖♥ ✉(✐❧✐.❡ ❝❡ ♠♦❞❡ ♣♦✉+ ❧❡. ❡①♣1+✐❡♥❝❡. +1.♦♥❛♥(❡.

♣♦✉+ ♥❡ ♣❛. .❛(✉+❡+ ❧❛ ❈❈❉✱ ❝♦♠♠❡ ❧♦+. ❞✬✉♥❡ ♠❡.✉+❡ ❞✉ .✐❣♥❛❧ ❋❲▼ ❞✬✉♥❡ ❇◗✳ ❆✜♥ ❞❡

+1❞✉✐+❡ ❧❡ ❜+✉✐( (❤❡+♠✐T✉❡ ❧♦+.T✉❡ ❧❡ ✢✉① ❞❡ ♣❤♦(♦♥ ❡.( ❢❛✐❜❧❡✱ ❧❡. ♣✐①❡❧. ❞❡ ❧❛ ❈❈❉ .♦♥(

+1(+♦✲1❝❧❛✐+1. ❡( +❡❢+♦✐❞✐. B −80✝C✳ ❊♥✜♥✱ ✉♥❡ ❝♦✉❝❤❡ ❛♥(✐✲+❡✢❡( .✉+ ❧❛ .✉+❢❛❝❡ ❞❡. ♣✐①❡❧.

♣❡+♠❡( ❞❡ +1❞✉✐+❡ ❧❡. ✐♥(❡+❢1+❡♥❝❡. ❋❛❜+②✲O❡+♦(✱ ♣♦✉+ ❛((❡✐♥❞+❡ ✉♥❡ ❡✣❝❛❝✐(1 T✉❛♥(✐T✉❡ ❞❡

❞1(❡❝(✐♦♥ ❞✬❡♥✈✐+♦♥ ✾✵ ✪ ❞❛♥. ❧❡ ❱■❙✲◆■❘✳

✷✳✷✳✸✳✷ ❍2)23♦❞②♥❛❣❡ ♦♣)✐6✉❡

▲❡. ❆❖▼. .♦♥( ❛✉ ❝d✉+ ❞❡ ❧❛ ❞1(❡❝(✐♦♥ ❤1(1+♦❞②♥❡ ♦♣(✐T✉❡✳ ■❧. .♦♥( ❝♦♥.(✐(✉1. ❞✬✉♥

❝+✐.(❛❧ ❞❡ TeO2 ✜①1 B ✉♥ (+❛♥.❞✉❝(❡✉+ ♣✐❡③♦✲1❧❡❝(+✐T✉❡ ♣+♦❞✉✐.❛♥( ✉♥❡ ♦♥❞❡ ❛❝♦✉.(✐T✉❡

♣+♦♣❛❣❛(+✐❝❡✳ ▲✬♦♥❞❡ ❛❝♦✉.(✐T✉❡ ❣1♥1+1❡ ♣❛+ ❧❡ (+❛♥.❞✉❝(❡✉+ ♣+♦❞✉✐( ❞❡. ③♦♥❡. ❞❡ ❝♦♠♣+❡.✲

.✐♦♥ ❡( ❞✬❡①♣❛♥.✐♦♥ ❞❛♥. ❧❡ ❝+✐.(❛❧✱ ❡♥(+❛e♥❛♥( ❧✬❛♣♣❛+✐(✐♦♥ ❞✬✉♥❡ .(+✉❝(✉+❡ ♣1+✐♦❞✐T✉❡ ❞❛♥.

❧✬✐♥❞✐❝❡ ❞❡ +1❢+❛❝(✐♦♥ ❞✉ ❝+✐.(❛❧ .✉+ ❧❛T✉❡❧❧❡ ❧❛ ❧✉♠✐E+❡ ♣❡✉( .❡ ❞✐✛+❛❝(❡+ ✭❝❢ ✜❣✉+❡ ✷✳✶✸✮✳

▲✬❛♥❣❧❡ ❞❡ ❞✐✛+❛❝(✐♦♥ ❞✉ ❢❛✐.❝❡❛✉ ✐♥❝✐❞❡♥( ❡.( ❞♦♥♥1❡ ♣❛+ ❧❛ +❡❧❛(✐♦♥ ❞❡ ❇+❛❣❣ ✿

2Λ sin θi = nλ ✭✷✳✶✺✮

♦h Λ ❡.( ❧❛ ❧♦♥❣✉❡✉+ ❞✬♦♥❞❡ ❞✉ .♦♥ ❞❛♥. ❧❡ ❝+✐.(❛❧✱ θi ❡.( ❧✬❛♥❣❧❡ ❞✉ ❢❛✐.❝❡❛✉ ✐♥❝✐❞❡♥(✱ n
❧✬♦+❞+❡ ❞❡ ❞✐✛+❛❝(✐♦♥ ❡( λ ❧❛ ❧♦♥❣✉❡✉+ ❞✬♦♥❞❡ ❞✉ ❢❛✐.❝❡❛✉ ✐♥❝✐❞❡♥(✳

✶✵✳ ❳❨ ▼✐❝♦) ▼❚❙✲✼✵✱ ❝♦♥012❧❡✉1 ❈♦1✈✉) ❡❝♦ ♣✐❧♦09 ♣❛1 ❈❈❉♣❧♦0✳

✶✶✳ ❘♦♣❡1 ❙❝✐❡♥0✐✜❝ ❆❈❚❖◆ ❙A✲✷✼✺✽✐✳

✶✷✳ ❘♦♣❡1 ❙❝✐❡♥0✐✜❝ A■❳■❙:✹✵✵ ❝♦❛0✐♥❣ ❡❳❝❡❧♦♥✱ ♣✐❧♦09❡ ♣❛1 ❈❈❉♣❧♦0✳
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ω0/2π = 330 THz
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ω
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0f iff +0

ω0 φ0 Ωi

φi i Ω1,2,3/2π = (80, 79, 80.77) MHz

E1 E2 E3 ω1 = ω0+Ω1 ω2 = ω0+Ω2 ω3 = ω0+Ω3

Ω1,2,3/2π = (80, 79, 80.77) MHz



ω0+ΩD 

ω0 

ΩD ωRef = ω0 

ωS = ω0+ΩD 

ωi = ω0+Ωi 

ω0+Ωi 

ω0+Ωi -ΩD 

ω0+ΩD 

ω0 

+θ
 

-θ
 

≈ 106

E1 E2 Ω2 − Ω1 E3

P(3) = χ(3)E1E2E3ei(ω3+ω2−ω1)t = χ(3)E1E2E3ei(ω0+ΩD)t

ω0 + ΩD ΩD = Ω3 + Ω2 − Ω1

E2

P(3) = χ(3)E1E2
2e

i(2ω2−ω1)t = χ(3)E1E2
2e

i(ω0+ΩD)t

ω0 + ΩD

ΩD = 2Ω2 − Ω1

ω0 + ΩD

ω0 + Ωi

ω0

ΩD

+θ
+ΩD

−θ
−ΩD

+1 −1
ω0 + ΩD

ω0+Ωi

ω0 ω0+Ωi−ΩD



❈❍❆#■❚❘❊ ✷✳ ▼➱▲❆◆●❊ ➚ ◗❯❆❚❘❊ ❖◆❉❊❙ ❍➱❚➱❘❖❉❨◆❊ ❉✬❯◆❊ ❇❖❰❚❊

◗❯❆◆❚■◗❯❊ ❯◆■◗❯❊ ✸✼

❢#$%✉❡♥❝❡ ❞❡ %✉❡❧%✉❡, ▼❍③ ❡♥0#❡ ❧❡ ,✐❣♥❛❧ ❡0 ❧✬❡①❝✐0❛0✐♦♥✱ ♣❡#♠❡0 ❞❡ #❡❥❡0❡# ❧❡ ❢♦♥❞ #$,♦♥❛♥0

❞❡ ❧✬❡①❝✐0❛0✐♦♥ ❡♥ ♠❡,✉#❛♥0 ❧❡, ✐♥0❡#❢$#❡♥❝❡, ,♣❡❝0#❛❧❡, ❡♥0#❡ ❧❛ #$❢$#❡♥❝❡ ❡0 ❧❡ ,✐❣♥❛❧ ✭✈♦✐#

,❡❝0✐♦♥ ✷✳✷✳✸✳✸✮✳

@♦✉# ❝#$❡# ❧❛ ❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡✱ ♣♦✐♥0 ❝❧❡❢ ❞❡ ❧❛ ❞$0❡❝0✐♦♥ ❤$0$#♦❞②♥❡✱ ♥♦✉, ❛✈♦♥,

❝♦♥C✉ ✉♥ ♠!❧❛♥❣❡✉( ❛♥❛❧♦❣✐%✉❡ ♠✉❧0✐✲❢#$%✉❡♥❝❡,

✶✸

%✉✐ ♣❡#♠❡0 ❞❡ ❣$♥$#❡# ❧❛ ❢#$%✉❡♥❝❡

❞✬❤$0$#♦❞②♥❛❣❡ ΩD E ♣❛#0✐# ❞❡, #❛❞✐♦✲❢#$%✉❡♥❝❡, Ω1✱ Ω2 ❡0 Ω3 0❡❧❧❡ %✉❡ ΩD = aΩ1 +
bΩ2 + cΩ3 ♦F {a, b, c} ∈ {±3,±2,±1, 0} ,♦✉, ❧❛ ❝♦♥❞✐0✐♦♥ %✉❡ a+ b+ c = 1✳ ▲❡ ♠$❧❛♥❣❡✉#

❞❡ ❢#$%✉❡♥❝❡ ♣❡#♠❡0 ❞♦♥❝ ❞❡ ❣$♥$#❡# ✸✻ ❝♦♠❜✐♥❛✐,♦♥, ❞❡ ❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡✱ ❝❡ %✉✐

❝♦♥,0✐0✉❡ ✉♥❡ $✈♦❧✉0✐♦♥ ✐♠♣♦#0❛♥0❡ ❞❛♥, ❝❡ 0②♣❡ ❞✬❡①♣$#✐❡♥❝❡ ♣✉✐,%✉❡ ❧❛ ❞$0❡❝0✐♦♥ ♥❡ ,❡

❧✐♠✐0❡ ♣❧✉, E ❧❛ ❢#$%✉❡♥❝❡ ❋❲▼ ❞$❣$♥$#$❡ 2Ω2−Ω1✳ @❛# ❡①❡♠♣❧❡✱ ✐❧ ❡,0 ❞$,♦#♠❛✐, ♣♦,,✐❜❧❡

❞❡ ❞$0❡❝0❡# ❧❛ ❢#$%✉❡♥❝❡ ❋❲▼ ♥♦♥✲❞$❣$♥$#$❡ Ω3 +Ω2 −Ω1 ✭✈♦✐# ❝❤❛♣✐0#❡ ✸✮✱ ❧❛ ❢#$%✉❡♥❝❡

❙❲▼ ❞$❣$♥$#$❡ 2Ω3 + 2Ω2 − Ω1 ✭✈♦✐# ❝❤❛♣✐0#❡ ✺✮✱ ✈♦✐#❡ ♠N♠❡ ❧❛ ❢#$%✉❡♥❝❡ ❞❡ ♠!❧❛♥❣❡ )

❤✉✐, ♦♥❞❡/ ❞$❣$♥$#$❡ 3Ω3 + 3Ω2 − 2Ω1✳ ▲❛ ❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡ ❣$♥$#$❡ ♣❛# ❧❡ ♠!❧❛♥❣❡✉(

❡,0 ❡♥,✉✐0❡ ♣✉#✐✜$❡ ♣❛# ✉♥ ❛♠♣❧✐✜❝❛0❡✉# ▲♦❝❦✲■♥

✶✹

✱ ❛✜♥ ❞✬♦❜0❡♥✐# ✉♥ ♥✐✈❡❛✉ ❞✬❛00$♥✉❛0✐♦♥

❞✉ ❜#✉✐0 ❞❡ −80 dBm ❛✉0♦✉# ❞❡ ❧❛ ❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡✳

▲❛ ✜❣✉#❡ ✷✳✶✻ ♣#$,❡♥0❡ ❞❡, ♠❡,✉#❡, #$❛❧✐,$❡, ❛✈❡❝ ✉♥ ❛♥❛❧②,❡✉# ❞❡ ,♣❡❝0#❡✱ ❞❡ ❧❛ ❢#$✲

%✉❡♥❝❡ ❤$0$#♦❞②♥❡ ΩD = 2Ω2−Ω1 ❛♣#Q, ❧❡ ♠$❧❛♥❣❡✉# ❞❡ ❢#$%✉❡♥❝❡ ✭❝♦✉#❜❡ ❜❧❡✉❡✮ ❡0 ❛♣#Q,

❧❡ ▲♦❝❦✲■♥ ✭❝♦✉#❜❡ #♦✉❣❡✮✳ ▲❡, ♣✐❝, ❧❛0$#❛✉① ❣$♥$#$, ♣❛# ❧❡ ♠$❧❛♥❣❡✉# ❞❡ ❢#$%✉❡♥❝❡, ,♦♥0

✜❧0#$, ♣❛# ❧❡ ▲♦❝❦✲■♥ ❡0 ❧❡ ♥✐✈❡❛✉ ❞❡ ❜#✉✐0 ❡,0 ❛00$♥✉$ ❞❡ −20 dBm ♣♦✉# ❛00❡✐♥❞#❡ ✉♥❡

❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡ ❛✈❡❝ ✉♥ ♥✐✈❡❛✉ ❞❡ ❜#✉✐0 ❞❡ −80 dBm✳ ❊♥✜♥✱ ❧❡ ,✐❣♥❛❧ ❞❡ ❞$♠♦❞✉❧❛✲

0✐♦♥ ❡,0 ❡♥✈♦②$ ,✉# ✉♥ ❛♠♣❧✐✜❝❛0❡✉# #❛❞✐♦✲❢#$%✉❡♥❝❡ ✭✸✵ ❞❇♠✮ ♣❡#♠❡00❛♥0 ❞✬❛00❡✐♥❞#❡ ❧❛

♣✉✐,,❛♥❝❡ ♥$❝❡,,❛✐#❡ ✭✷ ❲✮ ♣♦✉# ❛❧✐♠❡♥0❡# ❧❡ 0#❛♥,❞✉❝0❡✉# ♣✐❡③♦✲$❧❡❝0#✐%✉❡ ❞❡ ❧✬❆❖▼ ❞❡

❞$♠♦❞✉❧❛0✐♦♥✳
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❋✐❣✉$❡ ✷✳✶✻ ✕ ❙♣❡❝0#❡, ❞❡ ❧❛ ❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡ ΩD = 2Ω2 − Ω1 E ❧❛ ,♦#0✐❡ ❞✉ ♠$✲

❧❛♥❣❡✉# ❞❡ ❢#$%✉❡♥❝❡ ✭❜❧❡✉✮ ❡0 E ❧❛ ,♦#0✐❡ ❞❡ ❧✬❛♠♣❧✐✜❝❛0❡✉# ▲♦❝❦✲■♥ ✭#♦✉❣❡✮✳ ▲❡, ❞❡✉① ♣✐❝,

❞❡ ✲✺✵ ❞❇♠ ❝♦##❡,♣♦♥❞❛♥0 E ❞❡, ❢#$%✉❡♥❝❡, ❤❛#♠♦♥✐%✉❡, ❣$♥$#$❡, ♣❛# ❧❡ ♠$❧❛♥❣❡✉# ❞❡

❢#$%✉❡♥❝❡ ,♦♥0 ,✉♣♣#✐♠$❡, ♣❛# ❧❡ ▲♦❝❦✲■♥✱ ♣♦✉# ❛00❡✐♥❞#❡ ✉♥ ♥✐✈❡❛✉ ❞✬❛00$♥✉❛0✐♦♥ ❞✉ ❜#✉✐0

❞❡ ✲✽✵ ❞❇♠ ❛✉0♦✉# ❞❡ ❧❛ ❢#$%✉❡♥❝❡ ❤$0$#♦❞②♥❡✳

✶✸✳ ❘$❛❧✐($ ) ❧✬✐♥(,✐,✉, ◆$❡❧ ♣❛1 ❈✳ ❍♦❛1❛✉✱ ●✳ ◆♦❣✉❡(✱ ❏✳ ❑❛(♣1③❛❦ ❡, ◗✳ ▼❡1♠✐❧❧♦❞✳ ■♠♣❧$♠❡♥,$ ❞❛♥(

❈❈❉♣❧♦, ♣❛1 ◗✳ ▼❡1♠✐❧❧♦❞✳

✶✹✳ ❙,❛♥❢♦1❞ ❘❡❛(❡❛1❝❤ ❙❘✽✹✹✳



✸✽

✷✳✷✳ ❉■❙%❖❙■❚■❋ ❊❳%➱❘■▼❊◆❚❆▲ ✿ ▼➱▲❆◆●❊ ➚ ◗❯❆❚❘❊ ❖◆❉❊❙

❍➱❚➱❘❖❉❨◆❊

✷✳✷✳✸✳✸ ■♥%❡'❢)'♦♠)%'✐❡ -♣❡❝%'❛❧❡

❉❛♥% ❝❡((❡ ♣❛*(✐❡✱ ♥♦✉% ❛❧❧♦♥% ❞1(❛✐❧❧❡* ❧❛ (❡❝❤♥✐3✉❡ ❞✬✐♥(❡*❢1*♦♠1(*✐❡ %♣❡❝(*❛❧❡ ♣❛*

(*❛♥%❢♦*♠1❡ ❞❡ ❋♦✉*✐❡*✱ ♣❡*♠❡((❛♥( ❞✬❡①(*❛✐*❡ 9 ❧❛ ❢♦✐% ❧✬❛♠♣❧✐(✉❞❡ ❡( ❧❛ ♣❤❛%❡ *❡❧❛(✐✈❡ ❞❡

❧❛ ♣♦❧❛*✐%❛(✐♦♥ ♥♦♥✲❧✐♥1❛✐*❡ ❬✷✽✱ ✷✾❪ ❡♥ ♠❡%✉*❛♥( ❞✐*❡❝(❡♠❡♥( ❧❡ ❝❤❛♠♣ 1❧❡❝(*✐3✉❡ ES ❞✉

%✐❣♥❛❧ ❋❲▼✳ ▲❛ ❝♦♠❜✐♥❛✐%♦♥ ❞❡ ❝❡((❡ (❡❝❤♥✐3✉❡ ❛✈❡❝ ❧❛ ❞1(❡❝(✐♦♥ ❤1(1*♦❞②♥❡ ♦♣(✐3✉❡ ❡%(

❛♣♣❡❧1❡ ✐♥"❡$❢&$♦♠&"$✐❡ )♣❡❝"$❛❧❡ ❤&"&$♦❞②♥❡ ✭❍❙■✮ ❬✸✵✱ ✸✶❪✳ ❈❡((❡ (❡❝❤♥✐3✉❡ ❡%( ❜❛%1❡ %✉*

❧❛ ♠❡%✉*❡ ❞❡ ❧✬❛♠♣❧✐(✉❞❡ ❞❡% ✐♥(❡*❢1*❡♥❝❡% %♣❡❝(*❛❧❡% ❡♥(*❡ ❧❡ %✐❣♥❛❧ ES(ω) ❡( ✉♥❡ *1❢1*❡♥❝❡
ERef (ω, τ) ♦%❝✐❧❧❛♥( 9 ❧❛ ❢*13✉❡♥❝❡ ♦♣(✐3✉❡ ω = ω0 ❡( ✜①1❡ 9 ✉♥ ❞1❧❛✐ τ ❞✉ %✐❣♥❛❧✳ ▲❡ %✐❣♥❛❧

❞✬✐♥(❡*❢1*❡♥❝❡ S(ω, τ) ♠❡%✉*1 ♣❛* ❧❛ ❈❈❉ ❡%( ❞♦♥❝ ♣*♦♣♦*(✐♦♥♥❡❧ 9 ❧❛ %♦♠♠❡ 3✉❛❞*❛(✐3✉❡

❞❡% ❞❡✉① ❝❤❛♠♣% 1❧❡❝(*✐3✉❡% ✿

S(ω, τ) = |ERef (ω, τ) + ES(ω)|2

= |ERef (ω, τ)|2 + |ES(ω)|2 + 2ℜE∗
Ref (ω, τ)ES(ω)

✭✷✳✶✽✮

▲❡% ❞❡✉① ♣*❡♠✐❡*% (❡*♠❡%✱ 3✉✐ ❝♦**❡%♣♦♥❞❡♥( *❡%♣❡❝(✐✈❡♠❡♥( 9 ❧✬✐♥(❡♥%✐(1 ❞❡ ❧❛ *1❢1✲

*❡♥❝❡ ❡( ❞✉ %✐❣♥❛❧✱ ♥❡ ❝♦♥(✐❡♥♥❡♥( ♣❛% ❞✬✐♥❢♦*♠❛(✐♦♥ %✉* ❧✬❛♠♣❧✐(✉❞❡ ❡( ❧❛ ♣❤❛%❡ ❞✉ %✐❣♥❛❧

❡( ❝♦♥%(✐(✉❡♥( ✉♥ ❢♦♥❞ *1%♦♥❛♥(✳ ■❧ ❡%( ♣♦%%✐❜❧❡ ❞❡ ❧❡% %♦✉%(*❛✐*❡ ♣♦✉* ♥❡ ❣❛*❞❡* 3✉❡ ❧❡%

(❡*♠❡% ❞✬✐♥(❡*❢1*❡♥❝❡% 2ℜE∗
Ref (ω, τ)ES(ω) ✭✈♦✐* ♣❛*(✐❡ ✷✳✷✳✸✳✹✮✳ ❊♥ %✉♣♣*✐♠❛♥( ❝❡% (❡*♠❡%

❧✐♥1❛✐*❡%✱ ❡( ❡♥ ♣♦%❛♥( ERef (ω, τ) = ERef (ω)e
−iωτ

✱ ♦♥ (*♦✉✈❡ ✿

S(ω, τ) = 2ℜf(ω)eiωτ ✭✷✳✶✾✮

♦S f(ω) = E∗
Ref (ω)ES(ω)✳ ❈♦♠♠❡ ❧❡ %✐❣♥❛❧ ♠❡%✉*1 S(ω, τ) ❡%( *1❡❧✱ ✐✳❡✳ ❧❛ %♦♠♠❡ ❞❡

f(ω) exp(iωτ) ❡( %♦♥ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉1✱ ❧❛ (*❛♥%❢♦*♠1❡ ❞❡ ❋♦✉*✐❡* ✐♥✈❡*%❡ ❞❡ S(ω, τ) ❡%(
❧❛ %♦♠♠❡ ❞❡ ❞❡✉① (❡*♠❡% ✐♥✈❡*%1% ❞❛♥% ❧❡ (❡♠♣% ❧✬✉♥ ♣❛*( *❛♣♣♦*( 9 ❧✬❛✉(*❡ ✿

F−1S(ω, τ) = f(t− τ) + f(−t− τ) ✭✷✳✷✵✮

♦S f(t) ❡%( ❧❡ ♣*♦❞✉✐( ❞❡ ❝♦**1❧❛(✐♦♥ ❡♥(*❡ ❧❛ *1❢1*❡♥❝❡ ❡( ❧❡ ❝❤❛♠♣ 1❧❡❝(*✐3✉❡ ♠❡%✉*1✳

➱(❛♥( ❞♦♥♥1 3✉✬❛✉❝✉♥ %✐❣♥❛❧ ♥✬❡%( 1♠✐% ❛✈❛♥( ❧✬❡①❝✐(❛(✐♦♥ ❞❡ ❧✬1❝❤❛♥(✐❧❧♦♥✱ ✐✳❡✳ ♣♦✉* ❞❡%

(❡♠♣% ✐♥❢1*✐❡✉*% 9 τ ✱ ❧❡ (❡*♠❡ f(−t − τ) ❡%( ❞♦♥❝ ♥✉❧ %❡❧♦♥ ❧❡ ♣*✐♥❝✐♣❡ ❞❡ ❝❛✉%❛❧✐(1✳ ◆♦✉%

❛♣♣❧✐3✉♦♥% ❞♦♥❝ ✉♥❡ ❢♦♥❝(✐♦♥ ❞❡ ❍❡❛✈✐%✐❞❡ H(t) ❞❛♥% ❧❡ ❞♦♠❛✐♥❡ (❡♠♣♦*❡❧ ♣♦✉* ♥❡ ❣❛*❞❡*

3✉❡ ❧❡ (❡*♠❡ ♣♦%✐(✐❢ f(t − τ)✳ ❋✐♥❛❧❡♠❡♥(✱ ❧✬❛♠♣❧✐(✉❞❡ ❡( ❧❛ ♣❤❛%❡ ❞✉ ❝❤❛♠♣ 1❧❡❝(*✐3✉❡

❝♦♠♣❧❡①❡ ❞✉ %✐❣♥❛❧ %♦♥( ♦❜(❡♥✉❡% ♣❛* ❧❛ (*❛♥%❢♦*♠1❡ ❞❡ ❋♦✉*✐❡* ❞❡ ❧✬13✉❛(✐♦♥ ✷✳✷✵ ♣♦✉* ❧❡%

(❡♠♣% ♣♦%✐(✐❢% ✿

ES(ω) =
F [H(t)F−1S(ω, τ)]e−iωτ

E∗
Ref (ω, τ)

✭✷✳✷✶✮

✷✳✷✳✸✳✹ ❉)%❡❝%✐♦♥ ❜❛❧❛♥❝)❡

W♦✉* ❡①(*❛✐*❡ ❧❡% (❡*♠❡% ❞✬✐♥(❡*❢1*❡♥❝❡% ❡( ❛((❡✐♥❞*❡ ❧❡ )❤♦" ♥♦✐)❡

✶✺

❞❡ ❧❛ ❈❈❉✱ ✉♥❡

❛%(✉❝❡ ❝♦♥%✐%(❡ 9 ✉(✐❧✐%❡* ✉♥❡ ❞1(❡❝(✐♦♥ ❜❛❧❛♥❝1❡✳ ❈❡((❡ (❡❝❤♥✐3✉❡ ❞❡ ❞1(❡❝(✐♦♥ ❝♦♥%✐%(❡ 9

✐♥✈❡*%❡* ♣1*✐♦❞✐3✉❡♠❡♥( ❞❡ ✶✽✵✝ ❧❛ ♣❤❛%❡ ❞✉ %✐❣♥❛❧ 1❧❡❝(*✐3✉❡ ❡♥✈♦②1❡ 9 ❧✬❆❖▼ ❞❡ ❞1♠♦✲

❞✉❧❛(✐♦♥ 9 ❝❤❛3✉❡ ✐♥(1❣*❛(✐♦♥ ✭✈♦✐* ❧❛ ✜❣✉*❡ ✷✳✶✼ ✭❜✮✮✳ ▲❛ ♣❤❛%❡ ❞❡% ✐♥(❡*❢1*❡♥❝❡% ❡♥(*❡ ❧❡

%✐❣♥❛❧ ❡( ❧❛ *1❢1*❡♥❝❡ ❡%( ❞♦♥❝ ✐♥✈❡*%1❡ ❞❡ π 9 ❝❤❛3✉❡ ✐♥(1❣*❛(✐♦♥✳ ❆✐♥%✐✱ ❡♥ %♦✉%(*❛②❛♥( ❞❡✉①

✐♥(1❣*❛(✐♦♥% ❝♦♥%1❝✉(✐✈❡%✱ ❧❡% (❡*♠❡% ❞✬✐♥(❡*❢1*❡♥❝❡% %✬❛❞❞✐(✐♦♥♥❡♥( ❡( ❧❡% (❡*♠❡% ❧✐♥1❛✐*❡%

%❡ %♦✉%(*❛✐❡♥( ✿

S(ω, τ) = S+(ω, τ)− S−(ω, τ)

= 4ℜE∗
Ref (ω, τ)ES(ω)
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ΩD = Ω1 ❛✈❡❝ τ = 2 ps✱ ♣♦✉) ✉♥ '❡♠♣- ❞✬✐♥'+❣)❛'✐♦♥ ❞❡ ✷✵ ♠- ❡♥ ♠♦❞❡ ❤❛✉#❡ ❝❛♣❛❝✐#( ❣❛✐♥
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-♣❡❝')❛❧❡- ❞❡- ❞❡✉① )+❣✐♦♥- ❞❡ ❧❛ ❈❈❉✳ ▲❡ ❝♦♥')❛-'❡ ❞❡- ❢)❛♥❣❡- ❞✬✐♥'❡)❢+)❡♥❝❡- ❡-' ♣)♦❝❤❡

❞❡ 90 %✳

❞✬✐♥'❡)❢+)❡♥❝❡-

{

I0, Iπ
}

✳ ❯♥❡ )♦✉'✐♥❡ ❛♣♣❡❧+❡ ♣❛✐) ❞✐✛ ❬✸✵❪✱ ♣❡)♠❡' ❡♥-✉✐'❡ ❞❡ -♦✉-')❛✐)❡

❝❤❛2✉❡ ♣❛✐)❡ ❞❡ ❧❛ ♠❛♥✐E)❡ -✉✐✈❛♥'❡ ✿

∆IA,n(ω) =

√

CB,n

CA,n

[

I0A,n(ω)− IπA,n(ω)
]

✭✷✳✷✺✮

∆IB,n(ω) =

√

CA,n

CB,n

[

I0B,n(ω)− IπB,n(ω)
]

✭✷✳✷✻✮

♦O n ❡-' ❧✬✐♥❞✐❝❡ ❞✉ ♥♦♠❜)❡ ❞✬❛❝2✉✐-✐'✐♦♥ ✭♦✉ ♥♦♠❜)❡ ❞❡ ♣❛✐)❡-✮ ❡' CA,n ❡' CB,n -♦♥'
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CA,n =

∫

[

I0A,n(ω) + IπA,n(ω)
]

dω − 2

∫

DA(ω)dω ✭✷✳✷✼✮

CB,n =

∫

[

I0B,n(ω) + IπB,n(ω)
]

dω − 2

∫

DB(ω)dω ✭✷✳✷✽✮

♦2 DA,B(ω) ❡'$ ❧❡ ❜4✉✐$ $❤❡4♠✐(✉❡ ❞❡' 49❣✐♦♥' ❆ ❡$ ❇ ❞❡ ❧❛ ❈❈❉✳ ❊♥✜♥✱ ❧❛ ❞❡4♥✐B4❡

9$❛♣❡ ❞❡ ❧❛ 4♦✉$✐♥❡ ❝♦♥'✐'$❡ E '♦✉'$4❛✐4❡ ❧❡' ❞❡✉① 49❣✐♦♥' ❞❡ ❧❛ ❈❈❉✱ ♦♥ ♦❜$✐❡♥$ ❛❧♦4' ✿

∆In(ω) = ∆IA,n(ω)−∆IB,n(ω) ✭✷✳✷✾✮

▲❡ 49'✉❧$❛$ ❞❡ ❝❡$$❡ ♦♣94❛$✐♦♥ ❡'$ ✐❧❧✉'$49 '✉4 ❧❡' ✜❣✉4❡' ✷✳✶✾ ✭❜✱❝✮✳ ▲❡ '✐❣♥❛❧ ❝♦♥$✐❡♥$

❞9'♦4♠❛✐' ✉♥✐(✉❡♠❡♥$ ❧❡ $❡4♠❡ ❞✬✐♥$❡4❢94❡♥❝❡ ❞❡ ❧✬9(✉❛$✐♦♥ ✷✳✷✷✱ '❛♥' ❜4✉✐$ $❤❡4♠✐(✉❡ ❡$

'❛♥' ❢♦♥❞ 49'♦♥❛♥$✳ ❈♦♠♠❡ ❛$$❡♥❞✉✱ ❡♥ ❝♦♠♣❛4❛♥$ ❧❡' ✜❣✉4❡' ✷✳✶✽ ✭❝✮ ❡$ ✷✳✶✾ ✭❝✮✱ ❧✬✐♥$❡♥'✐$9

❞❡' ❢4❛♥❣❡' ❞✬✐♥$❡4❢94❡♥❝❡' ❡'$ (✉❛$4❡ ❢♦✐' ♣❧✉' ❣4❛♥❞❡ ❛♣4B' ❧❛ ❞9$❡❝$✐♦♥ ❜❛❧❛♥❝9❡ ✭❞❡✉①
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'✉4 ❧❛ ✜❣✉4❡ ✷✳✶✽ ❛✉ ❝♦✉4' ❞✬✉♥❡ ❛❝(✉✐'✐$✐♦♥ ❝♦44❡'♣♦♥❞❛♥$ E ❞❡✉① ✐♥$9❣4❛$✐♦♥' '✉❝❝❡''✐✈❡'

❛✈❡❝ ✉♥ ❞9❝❛❧❛❣❡ ❞❡ ♣❤❛'❡ ❞❡ π✳ ▲❡' ❞❡✉① 49❣✐♦♥' ❞❡ ❧❛ ❈❈❉ ❝♦♠♣♦4$❡♥$ ❞♦♥❝ ✉♥❡ ♣❛✐4❡

❞❡ ❢4❛♥❣❡' ❞✬✐♥$❡4❢94❡♥❝❡'

{

I0A,B, I
π
A,B

}

✳ ✭❜✮ ❋4❛♥❣❡' ❞✬✐♥$❡4❢94❡♥❝❡' ∆I(ω) ❛♣4B' ❧❛ 4♦✉$✐♥❡

♣❛✐# ❞✐✛✳ ✭❝✮ ■♥$❡♥'✐$9 ❞❡' ❢4❛♥❣❡' ❞✬✐♥$❡4❢94❡♥❝❡' ∆I(ω)✳
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❈❡ $✐❣♥❛❧ ❡$* ❡♥$✉✐*❡ ❝♦..✐❣/ ♣❛. ❧❛ ./❢/.❡♥❝❡ ♣✉✐$ ❝♦♥✈❡.*✐❡ ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ *❡♠♣♦.❡❧

♣❛. ✉♥❡ *.❛♥$❢♦.♠/❡ ❞❡ ❋♦✉.✐❡. .❛♣✐❞❡ ✭❋❋❚✮ ✿

Sn(t) = F

(

∆I
′

n(ω)
√

In,Ref (ω)

)

✭✷✳✸✵✮

♦= ∆I
′

n(ω) ./$✉❧*❡ ❞✬✉♥❡ ✐♥*❡.♣♦❧❛*✐♦♥ ❧✐♥/❛✐.❡ ❡* ❞✬✉♥ $✉.✲/❝❤❛♥*✐❧❧♦♥♥❛❣❡ ❞❡ ∆In(ω)
♣♦✉. ❣/♥/.❡. ✷✵✹✽ ♣♦✐♥*$ ♥/❝❡$$❛✐.❡$ ♣♦✉. ❝❛❧❝✉❧❡. ❧❛ ❋❋❚✱ C ♣❛.*✐. ❞❡$ ✶✸✹✵ ♣♦✐♥*$ ❞♦♥♥/$

♣❛. ❧❡ ♥♦♠❜.❡ ❞❡ ♣✐①❡❧$ ❤♦.✐③♦♥*❛✉① ❞❡ ❧❛ ❈❈❉✳ ❈♦♠♠❡ ♥♦✉$ ❧✬❛✈♦♥$ ✈✉ ♣./❝/❞❡♠♠❡♥* ✭❝❢

/I✉❛*✐♦♥ ✷✳✷✵✮✱ ❧❡ $✐❣♥❛❧ Sn(t) ./$✉❧*❛♥* ❞❡ ❝❡**❡ ♦♣/.❛*✐♦♥ ❝♦♥*✐❡♥* C ❧❛ ❢♦✐$ ✉♥ *❡.♠❡ ♣♦✉.

❧❡$ *❡♠♣$ ♣♦$✐*✐❢$ ❡* ♥/❣❛*✐❢$✳ J♦✉. ✜❧*.❡. ❧❡ $✐❣♥❛❧ ❛✉① *❡♠♣$ ♥/❣❛*✐❢$✱ ♥♦✉$ ✉*✐❧✐$♦♥$ ✉♥❡

❢♦♥❝*✐♦♥ ❡..❡✉. ❛✜♥ ❞❡ ❝♦✉♣❡. ❞❡ ♠❛♥✐L.❡ ❞♦✉❝❡ ❧❡ $✐❣♥❛❧ *❡♠♣♦.❡❧✳ ❈❡❧❛ ♣❡.♠❡* ❞✬/✈✐*❡.

❧✬❛♣♣❛.✐*✐♦♥ ❞❡ ♣✐❝$ $❛*❡❧❧✐*❡$ ❞❛♥$ ❧❡ $✐❣♥❛❧ ❢./I✉❡♥*✐❡❧ ❝❛✉$/ ♣❛. C ✉♥❡ ❝♦✉♣✉.❡ ❜.✉*❛❧❡

❞✉ $✐❣♥❛❧ *❡♠♣♦.❡❧✳ ❋✐♥❛❧❡♠❡♥*✱ ♥♦✉$ ❝❛❧❝✉❧♦♥$ ❧❛ *.❛♥$❢♦.♠/❡ ❞❡ ❋♦✉.✐❡. ✐♥✈❡.$❡ Sn(ω)✱
❝♦♠♣.❡♥❛♥* C ❧❛ ❢♦✐$ ❧✬❛♠♣❧✐*✉❞❡ ❡* ❧❛ ♣❤❛$❡ ❞✉ ❝❤❛♠♣ /❧❡❝*.✐I✉❡ ❞✉ $✐❣♥❛❧ ♠❡$✉./ ♣♦✉. ❧❡$

n ❛❝I✉✐$✐*✐♦♥$✳ ▲❛ ❞❡.♥✐L.❡ /*❛♣❡ ❝♦♥$✐$*❡ C $♦♠♠❡. *♦✉*❡$ ❧❡$ ❛❝I✉✐$✐*✐♦♥$ ♣♦✉. ♦❜*❡♥✐. ❧❡

$♣❡❝*.❡ ❞✬✐♥*❡.❢/.❡♥❝❡ ✜♥❛❧✳
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❋✐❣✉$❡ ✷✳✷✵ ✕ ❊①❡♠♣❧❡ ❞❡ $✐❣♥❛❧ ❞✬✐♥*❡.❢/.❡♥❝❡ ❞✬✉♥❡ *.❛♥$✐*✐♦♥ ❡①❝✐*♦♥✐I✉❡ C T = 4 K
$✉. ❧❛ ❢./I✉❡♥❝❡ ❤/*/.♦❞②♥❡ ΩD = 2Ω2 − Ω1✱ ♣♦✉. ✶✵✵✵ ❛❝I✉✐$✐*✐♦♥$ $✉❝❝❡$$✐✈❡$ ❞❡ ✺ ♠$

.❡❣.♦✉♣/❡$ ❞❛♥$ ✺✵ ♣❛✐.❡$✱ ./$❡❛✉ ✶✽✵✵ *.❛✐*$✴♠♠✳ ▲❡ *❡♠♣$ ❞✬✐♥*/❣.❛*✐♦♥ *♦*❛❧ ❡$* ❞❡ ✷✵

$❡❝♦♥❞❡$✳ ▲❛ ♣❤❛$❡ ❞✉ $✐❣♥❛❧ ❞✬✐♥*❡.❢/.❡♥❝❡ ❡$* $*❛❜❧❡ ❞✉.❛♥* ❧✬❛❝I✉✐$✐*✐♦♥ ❡* ♥❡ ♥/❝❡$$✐*❡

♣❛$ ❞❡ ❝♦..❡❝*✐♦♥ ❞❡ ♣❤❛$❡✳

❆✈❛♥* ❞❡ ./❛❧✐$❡. ❧❛ $♦♠♠❛*✐♦♥ ❞❡ *♦✉*❡$ ❧❡$ ❛❝I✉✐$✐*✐♦♥$✱ ✐❧ ❡$* ✐♠♣♦.*❛♥* ❞❡ ✈/.✐✜❡. ❧❛

$*❛❜✐❧✐*/ ❞❡ ❧❛ ♣❤❛$❡ ❞❡$ ✐♥*❡.❢/.❡♥❝❡$ ❡♥*.❡ ❝❤❛I✉❡ ❛❝I✉✐$✐*✐♦♥✳ ❊♥ ❡✛❡*✱ ✉♥ ❝♦✉.❛♥* ❞✬❛✐.

❞❛♥$ ❧❡ ❝❤❡♠✐♥ ♦♣*✐I✉❡ ❞✬✉♥ ❢❛✐$❝❡❛✉ ♦✉ ✉♥❡ ✈✐❜.❛*✐♦♥ ♠/❝❛♥✐I✉❡ ❞✬✉♥ /❧/♠❡♥* ♦♣*✐I✉❡

♣❡✉* ❡♥*.❛U♥❡. ❞❡$ ✈❛.✐❛*✐♦♥$ ❞❡ ♣❤❛$❡ ❡♥*.❡ ❧❡$ ❢❛✐$❝❡❛✉①✱ ♣♦✉✈❛♥* ❜.♦✉✐❧❧❡. *♦*❛❧❡♠❡♥* ❧❡$

✐♥*❡.❢/.❡♥❝❡$ $♣❡❝*.❛❧❡$ ❡♥*.❡ ❧❡ $✐❣♥❛❧ ❡* ❧❛ ./❢/.❡♥❝❡✳ J♦✉. ♠✐♥✐♠✐$❡. ❧❡$ ✢✉❝*✉❛*✐♦♥$ ❞❡

♣❤❛$❡ ❛✉ ❝♦✉.$ ❞❡ ❧✬❛❝I✉✐$✐*✐♦♥✱ ♥♦✉$ ❛✈♦♥$ $*❛❜✐❧✐$/ ♣❛$$✐✈❡♠❡♥* ❧❡ ❞✐$♣♦$✐*✐❢ ❡①♣/.✐♠❡♥*❛❧✳

◆♦✉$ ✉*✐❧✐$♦♥$ ✉♥❡ *❛❜❧❡ ♦♣*✐I✉❡ ♣♥❡✉♠❛*✐I✉❡ ♣♦✉. ❛**/♥✉❡. ❧❡$ ✈✐❜.❛*✐♦♥$ ♠/❝❛♥✐I✉❡$ ❡①✲

*/.✐❡✉.❡$✱ ❧❡ ❞✐$♣♦$✐*✐❢ ❡①♣/.✐♠❡♥*❛❧ ❡$* .❡❝♦✉✈❡.* ✐♥*/❣.❛❧❡♠❡♥* ♣❛. ✉♥ ❝❛♣♦* ❤❡.♠/*✐I✉❡

♣♦✉. /✈✐*❡. ❧❡$ ❝♦✉.❛♥*$ ❞✬❛✐. ❡♥*.❡ ❧❡$ ❢❛✐$❝❡❛✉① ❡* ❧❛ *❡♠♣/.❛*✉.❡ ❞❡ ❧❛ $❛❧❧❡ ❞✬❡①♣/✲

.✐❡♥❝❡ ❡$* ./❣✉❧/❡ ♣❛. ✉♥❡ ❝❧✐♠❛*✐$❛*✐♦♥✳ ❖♥ ♣❡✉* ❥✉❣❡. ❞❡ ❧❛ I✉❛❧✐*/ ❞❡ ❝❡**❡ $*❛❜✐❧✐$❛*✐♦♥

♣❛$$✐✈❡ ❡♥ .❡❣❛.❞❛♥* ❧❡ $✐❣♥❛❧ ❞✬✐♥*❡.❢/.❡♥❝❡ ❞✬✉♥❡ *.❛♥$✐*✐♦♥ ❡①❝✐*♦♥✐I✉❡ ♣./$❡♥*/❡ $✉. ❧❛
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✜❣✉%❡ ✷✳✷✵✱ ♦❜-❡♥✉❡ ♣♦✉% ✶✵✵✵ ❛❝3✉✐5✐-✐♦♥5 5✉❝❝❡55✐✈❡5 ❞❡ ✺ ♠5 %❡❣%♦✉♣:❡5 ❞❛♥5 ✺✵ ♣❛✐%❡5✳

❙✐ -♦✉-❡❢♦✐5 ❝❡❧❛ ♥❡ 5✉✣- ♣❛5✱ ✉♥❡ %♦✉-✐♥❡ ❞❡ ❝♦%%❡❝-✐♦♥ ❞❡ ♣❤❛5❡ ♥♦✉5 ♣❡%♠❡- ❞❡ ❝♦%%✐❣❡%

❛%-✐✜❝✐❡❧❧❡♠❡♥- ❧❡5 ✢✉❝-✉❛-✐♦♥5 ❞❡ ♣❤❛5❡✳ ▲❡5 ❞:-❛✐❧5 ❞❡ ❝❡--❡ %♦✉-✐♥❡ 5♦♥- ❞♦♥♥:5 ♣❛❣❡5

✻✸✲✻✹ ❞❡ ❧❛ %:❢:%❡♥❝❡ ❬✸✵❪✳

▲❛ ✜❣✉%❡ ✷✳✷✶ ✭❛✮ ✐❧❧✉5-%❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ 5♣❡❝-%❡ ❞✬✐♥-❡%❢:%❡♥❝❡5 ❛♣%J5 ❧❛ 5♦♠♠❛-✐♦♥
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5♣❡❝-%❛❧❡5 ❞✉ 5✐❣♥❛❧ ❋❲▼ ✭♥♦✐%✮ ♣♦✉% τ12 = 3 ps V ❧❛ ❢%:3✉❡♥❝❡ ❤:-:%♦❞②♥❡ ΩD = 2Ω2−Ω1✳

▲❡ 5♣❡❝-%❡ ❞❡ %:✢❡❝-✐✈✐-: ❞❡ ❧❛ %:❢:%❡♥❝❡ ❡5- %❡♣%:5❡♥-: ❡♥ ❜❧❡✉✳ ✭❜✮ ❆♠♣❧✐-✉❞❡ ✭%♦✉❣❡✮

❡- ♣❤❛5❡ ✭✈❡%-✮ ❞✉ 5✐❣♥❛❧ ❋❲▼ ❡①-%❛✐- ♣❛% ❋❋❚ ❞✉ 5✐❣♥❛❧ ❞✬✐♥-❡%❢:%❡♥❝❡✳ ❈❤❛3✉❡ ♣✐❝

%❡♣%:5❡♥-❡ ✉♥❡ -%❛♥5✐-✐♦♥ ❡①❝✐-♦♥✐3✉❡✳

✷✳✷✳✸✳✺ ❘/♣♦♥'❡ )❡♠♣♦*❡❧❧❡ ❞✉ '♣❡❝)*♦♠C)*❡

▲❛ ❣❛♠♠❡ 5♣❡❝-%❛❧❡ ❞✬✉♥ 5♣❡❝-%♦♠J-%❡ ❡5- ❞:✜♥✐❡ ♣❛% ❧❛ ❞✐5♣❡%5✐♦♥ 5♣❡❝-%❛❧❡ ❞❡ 5♦♥

%:5❡❛✉ ❡- ♣❛% 5❛ ❞✐5-❛♥❝❡ ❢♦❝❛❧❡✳ ◆♦-%❡ 5♣❡❝-%♦♠J-%❡ ❞✐5♣♦5❡ ❞✬✉♥❡ ❞✐5-❛♥❝❡ ❢♦❝❛❧❡ ❞❡ ✼✺ ❝♠

❡- ❞❡ -%♦✐5 %:5❡❛✉① ❞❡ ❞✐✛%❛❝-✐♦♥ ✿ ✻✵✵✱ ✶✷✵✵ ❡- ✶✽✵✵ -%❛✐-5✴♠♠✱ ❛✈❡❝ ❞❡5 ❞✐5♣❡%5✐♦♥5 5♣❡❝✲

-%❛❧❡5 V ✾✵✵ ♥♠ ❞❡ ✷✳✵✺✻✱ ✵✳✽✺✽ ❡- ✵✳✸✺✼ ♥♠✴♠♠ %❡5♣❡❝-✐✈❡♠❡♥-✳ ▲❡5 %:5♦❧✉-✐♦♥5 5♣❡❝-%❛❧❡5

♣❛% ♣✐①❡❧ ♣♦✉% ❝❡5 -%♦✐5 %:5❡❛✉① 5♦♥- %❡5♣❡❝-✐✈❡♠❡♥- ✵✳✵✹✶✱ ✵✳✵✶✼ ❡- ✵✳✵✵✼ ♥♠✳ ❈♦♥♥❛✐55❛♥-

❧❡ ♥♦♠❜%❡ ❞❡ ♣✐①❡❧5 ❞❡ ❧❛ ❝❛♠:%❛✱ V 5❛✈♦✐% ✶✸✹✵ ♣✐①❡❧5 ❞❛♥5 ❧❡ ♣❧❛♥ ❞❡ ❞✐✛%❛❝-✐♦♥ ❞❡5 %:✲
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Spectrometer response

Pseudo-Voigt profile :

y(t) = y
0
+A

1
exp(-t/t

1
)+A

2
exp(-4ln(2)(t/w)

2
)

Fit parameters Value Standard Error

y0 1000 0

A1 4065.56746 361.2199

A2 13534.12557 450.54893

t1 14.46894 3.89026

w 118.26099 1.67718

❋✐❣✉$❡ ✷✳✷✷ ✕ ❘!♣♦♥%❡ '❡♠♣♦)❡❧❧❡ ❞✉ %♣❡❝')♦♠.')❡ ♣♦✉) ❧❡ )!%❡❛✉

✶✽✵✵ ')❛✐'%✴♠♠ 5 ✾✵✷ ♥♠✳ ➱✈♦❧✉)✐♦♥ ❞❡ ❧✬❛♠♣❧✐)✉❞❡ ❞❡2 ❢4❛♥❣❡2 ❞✬✐♥)❡4❢64❡♥❝❡2 ❡♥)4❡

E1 ❡) ERef 8 ❧❛ ❢469✉❡♥❝❡ ❤6)64♦❞②♥❡ ΩD = Ω1 ❡♥ ❢♦♥❝)✐♦♥ ❞✉ ❞6❧❛✐ E1 − ERef ✳ ▲❛ 46♣♦♥2❡

)❡♠♣♦4❡❧❧❡ ❞✉ 2♣❡❝)4♦♠=)4❡ 2✉✐) ✉♥ ♣4♦✜❧ ❞❡ ?2❡✉❞♦✲❱♦✐❣) ✭)4❛✐) 4♦✉❣❡✮✳

2❡❛✉①✱ ♦♥ )4♦✉✈❡ ❛✐♥2✐ ❧❛ ❣❛♠♠❡ 2♣❡❝)4❛❧❡ ♣♦✉4 ❝❤❛9✉❡ 462❡❛✉✱ 2♦✐) ✺✹✳✾✹✱ ✷✷✳✼✽ ❡) ✾✳✸✽ ♥♠

4❡2♣❡❝)✐✈❡♠❡♥)✳ ❚❡♠♣♦4❡❧❧❡♠❡♥)✱ ❧❛ 462♦❧✉)✐♦♥ 2♣❡❝)4❛❧❡ ❞✬✉♥ 2♣❡❝)4♦♠=)4❡ 2❡ )4❛❞✉✐) ♣❛4

✉♥❡ 46♣♦♥2❡ )❡♠♣♦4❡❧❧❡ ❝❛4❛❝)64✐2)✐9✉❡ ♣♦✉4 ❝❤❛9✉❡ 462❡❛✉ ❞❡ ❞✐✛4❛❝)✐♦♥✳ ❯♥ ♠♦②❡♥ ♣♦✉4

❝❛4❛❝)64✐2❡4 ❝❡))❡ 46♣♦♥2❡ ❡2) ❞❡ ♠❡2✉4❡4 ❧✬❛♠♣❧✐)✉❞❡ ❞❡2 ❢4❛♥❣❡2 ❞✬✐♥)❡4❢64❡♥❝❡2 ❡♥)4❡ E1 ❡)

ERef 2✉4 ❧❛ ❢469✉❡♥❝❡ ❤6)64♦❞②♥❡ Ω1 ❡♥ ❢♦♥❝)✐♦♥ ❞✉ ❞6❧❛✐ E1 −ERef ✳ ▲❛ ✜❣✉4❡ ✷✳✷✷ ♠♦♥)4❡

❧❡ 462✉❧)❛) ❞❡ ❝❡))❡ ♠❡2✉4❡ ♣♦✉4 ❧❡ 462❡❛✉ ✶✽✵✵ )4❛✐)2✴♠♠ 8 ✾✵✷ ♥♠✳ ▲❛ 46♣♦♥2❡ )❡♠♣♦4❡❧❧❡

❞❡ ♥♦)4❡ 2♣❡❝)4♦♠=)4❡ 2✉✐) ✉♥ ♣4♦✜❧ ❞❡ ?2❡✉❞♦✲❱♦✐❣)

✶✻

2✉✐✈❛♥) ✿

y(t) = y0 +A1e
− t

t1 +A2e
−4 ln(2)( t

w )
2

✭✷✳✸✶✮

♦R y0 ❡2) ✉♥ ♦✛"❡$ ❡) A1✱ A2✱ t1 ❡) w 2♦♥) 4❡2♣❡❝)✐✈❡♠❡♥) ❞❡2 ❝♦❡✣❝✐❡♥)2 ❞❡ ♣♦♥❞64❛)✐♦♥

❡) ❞❡2 ❝♦♥2)❛♥)❡2 ❞❡ )❡♠♣2 ❞❡2 ❢♦♥❝)✐♦♥2 ❧♦4❡♥)③✐❡♥♥❡ ❡) ❣❛✉22✐❡♥♥❡✳

■♥)4✐♥2=9✉❡ ❛✉ 2♣❡❝)4♦♠=)4❡✱ ✐❧ ♥✬❡2) ♣❛2 ♣♦22✐❜❧❡ ❞❡ 2❡ ❞6❜❛44❛22❡4 ❞❡ ❝❡) 6❧❛4❣✐22❡✲

♠❡♥) ❛4)✐✜❝✐❡❧ ❞✉4❛♥) ❧❛ ♠❡2✉4❡ ❞❛♥2 ❧❛ ❝♦♥✜❣✉4❛)✐♦♥ ❛❝)✉❡❧❧❡✳ ?♦✉4 ❝♦44✐❣❡4 ❧❡ 2✐❣♥❛❧ ❞❡

❝❡) 6❧❛4❣✐22❡♠❡♥)✱ ♥♦✉2 ❞6❝♦♥✈♦❧✉♦♥2 ❧❛ 46♣♦♥2❡ )❡♠♣♦4❡❧❧❡ ❞✉ 2♣❡❝)4♦♠=)4❡ ❞♦♥♥6❡ ♣❛4

❧✬69✉❛)✐♦♥ ✷✳✸✶ 8 ❧❛ 46♣♦♥2❡ )❡♠♣♦4❡❧❧❡ ❞✉ 2✐❣♥❛❧ ❞♦♥♥6❡ ♣❛4 ❧✬69✉❛)✐♦♥ ✷✳✷✵ 2✉4 ✉♥❡ ❢❡♥W)4❡

)❡♠♣♦4❡❧❧❡ ❞❡ ✷✵✵ ♣2✳ ❈❡))❡ ❝♦44❡❝)✐♦♥ ❡2) ♣❛4)✐❝✉❧✐=4❡♠❡♥) ✐♠♣♦4)❛♥)❡ ❧♦42 ❞❡ ❧❛ ♠❡2✉4❡

❞❡ ♣4♦❝❡22✉2 ✐♥❝♦❤64❡♥)✱ 9✉❛♥❞ ❧❛ ❧❛4❣❡✉4 ❞❡ ❧❛ ❞✐2)4✐❜✉)✐♦♥ ❣❛✉22✐❡♥♥❡ ❡2) ❝♦♠♣❛4❛❜❧❡ 8

❧❛ ❢❡♥W)4❡ )❡♠♣♦4❡❧❧❡ ❞✉ 2♣❡❝)4♦♠=)4❡✱ ❝♦♠♠❡ ♣❛4 ❡①❡♠♣❧❡ ❧♦42 ❞❡ ❧❛ ♠❡2✉4❡ ❞✬✉♥ 6❝❤♦ ❞❡

♣❤♦)♦♥ ❡♥❣❡♥❞46 ♣❛4 ❧❡2 ✢✉❝)✉❛)✐♦♥2 2♣❡❝)4❛❧❡2 ✐♥❤♦♠♦❣=♥❡2 ❞✬✉♥❡ 4❛✐❡ ❡①❝✐)♦♥✐9✉❡ ✭✈♦✐4

❧❛ ♣❛4)✐❡ ✸✳✷✳✷✮✳
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❢♦♥❞❛♠❡♥)❛❧ + ✉♥ ♣❤♦)♦♥ |g, 1〉 )❡❧❧❡ /✉❡ ✿

Γ =
1

τ
=

2π

~
|〈e, 0|HI |g, 1〉|2 ρ(ω) ✭✷✳✸✸✮

♦6 τ ❡7) ❧❡ )❡♠♣7 ❞❡ ✈✐❡ ❞❡ ❧✬;♠❡))❡✉<✳ ❉❛♥7 ❧✬❛♣♣<♦①✐♠❛)✐♦♥ ❞✐♣♦❧❛✐<❡✱ ❧✬❍❛♠✐❧)♦♥✐❡♥

❞✬✐♥)❡<❛❝)✐♦♥ ❡♥)<❡ ❧❡ ❝❤❛♠♣ E ❡) ❧❡ ♠♦♠❡♥) ❞✐♣♦❧❛✐<❡ µ ❞✉ ✷LS 7✬;❝<✐) HI = ~µ. ~E✳ ▲❛

❞❡♥7✐); ❞✬;)❛)7 ρ(ω) ❞;❝<✐) ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ ❧✬;♠❡))❡✉< ❛✈❡❝ ❧❡ ❝♦♥)✐♥✉✉♠ ❞❡ ♠♦❞❡ ❞❡ ❧❛

❝❛✈✐); ✿

ρ(ω) =
2Q

π~ω0

[

1 + 4Q2
(

ω−ω0

ω0

)2
]

✭✷✳✸✹✮

♦6 ω0 ❡7) ❧❛ ❢<;/✉❡♥❝❡ ❞❡ <;7♦♥❛♥❝❡ ❞❡ ❧❛ ❝❛✈✐); ❡) Q ❡7) ❧❡ ❢❛❝)❡✉< ❞❡ /✉❛❧✐); ❞❡ ❧❛

❝❛✈✐); )❡❧ /✉❡ ✿

Q =
ω0

∆ω
✭✷✳✸✺✮

♦6 ∆ω ❡7) ❧❛ ❧❛<❣❡✉< 7♣❡❝)<❛❧❡ ❞✉ ♠♦❞❡ ❞❡ ❧❛ ❝❛✈✐);✳ ▲❡ ❢❛❝)❡✉< ❞❡ /✉❛❧✐); )<❛❞✉✐) ❧❛

❝❛♣❛❝✐); + 7)♦❝❦❡< ❧✬;♥❡<❣✐❡ ❞❛♥7 ❧❛ ❝❛✈✐);✱ ❝✬❡7)✲+✲❞✐<❡ ❧❡ ♥♦♠❜<❡ ❞✬♦7❝✐❧❧❛)✐♦♥7 /✉❡ ♣❡✉)

❢❛✐<❡ ✉♥ ♣❤♦)♦♥ ❛✈❛♥) ❞❡ /✉✐))❡< ❧❛ ❝❛✈✐);✳ H❧✉7 ❧❡ ♠♦❞❡ ❞❡ ❝❛✈✐); ❡7) ✜♥ 7♣❡❝)<❛❧❡♠❡♥)✱

♣❧✉7 ❧❡ )❡♠♣7 ❞❡ ✈✐❡ ❞✉ ♣❤♦)♦♥ ❞❛♥7 ❧❛ ❝❛✈✐); ❡7) ❣<❛♥❞ τc = 1/∆ω✳ ❉❛♥7 ❧❡ <;❣✐♠❡ ❞❡

❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡✱ ❧❡ )❡♠♣7 ❞❡ ✈✐❡ ❞✉ ♣❤♦)♦♥ ❞❛♥7 ❧❛ ❝❛✈✐); ❡7) ❜✐❡♥ ♣❧✉7 ♣❡)✐) /✉❡ ❧❡ )❡♠♣7

❞❡ ✈✐❡ <❛❞✐❛)✐❢ ❞❡ ❧✬;♠❡))❡✉<✳

▲❡ <❛♣♣♦<) ❡♥)<❡ ❧❡7 )❛✉① ❞✬;♠✐77✐♦♥ 7♣♦♥)❛♥;❡ ❞✬✉♥ ;♠❡))❡✉< ❝♦✉♣❧; + ✉♥ ♠♦❞❡ ❞❡

❝❛✈✐); Γ ❡) ❞❛♥7 ❧❡ ✈✐❞❡ Γ0 ❞;✜♥✐) ❧❡ ❢❛❝)❡✉< ❞❡ H✉<❝❡❧❧ ✿

Fp =
Γ

Γ0
=

3

4π2
Qλ3

V
✭✷✳✸✻✮

♦6 V <❡♣<;7❡♥)❡ ❧❡ ✈♦❧✉♠❡ ♠♦❞❛❧ /✉✬♦❝❝✉♣❡ ❧❡ ❝❤❛♠♣ ❞❛♥7 ❧❛ ❝❛✈✐);✳ ▲♦<7/✉❡ ❧❡ ❢❛❝)❡✉<

❞❡ /✉❛❧✐); ❞❡ ❧❛ ❝❛✈✐); ❡7) ❣<❛♥❞✱ ❡) /✉❡ ❧❡ ♠♦❞❡ ❡7) ❢♦<)❡♠❡♥) ❝♦♥✜♥;✱ ❧❡ )❛✉① ❞✬;♠✐77✐♦♥

7♣♦♥)❛♥;❡ ❞❡ ❧✬;♠❡))❡✉< ❡7) ❡①❛❧); ❞✉ ❢❛❝)❡✉< ❞❡ H✉<❝❡❧❧✳

▲✬❡✣❝❛❝✐); ❞❡ ❝♦❧❧❡❝)✐♦♥ ❞❡ ❧✬;♠✐77✐♦♥ 7♣♦♥)❛♥;❡ ❞✬✉♥ ;♠❡))❡✉< ❡♥ ❝❛✈✐); ❡7) ❞♦♥♥;❡

♣❛< ❧❡ ❢❛❝)❡✉< ❞❡ ♠;<✐)❡ β 7✉✐✈❛♥) ✿

β =
Fp

Fp + γp
✭✷✳✸✼✮

♦6 γp <❡♣<;7❡♥)❡ ❧❡7 ♣❡<)❡7 ❞❡ ❧❛ ❝❛✈✐);✳ ▲♦<7/✉❡ Fp ❡7) )<L7 ❣<❛♥❞ ❞❡✈❛♥) γp✱ ❧❛ /✉❛7✐✲

)♦)❛❧✐); ❞❡7 ♣❤♦)♦♥7 ❞❡ ❧✬;♠✐77✐♦♥ 7♣♦♥)❛♥;❡ 7♦♥) ;♠✐7 ❞❛♥7 ❧❡ ♠♦❞❡ ❞❡ ❧❛ ❝❛✈✐);✳

◆♦)♦♥7 /✉❡ ❧❛ ✈❛❧✐❞✐); ❞❡ ❝❡ ♠♦❞L❧❡ <❡♣♦7❡ 7✉< )<♦✐7 ❤②♣♦)❤L7❡7 ✿ ❧✬;♠❡))❡✉< ❞♦✐) O)<❡

❧♦❝❛❧✐7; + ✉♥ ✈❡♥)<❡ ❞✉ ♠♦❞❡ ❝♦♥✜♥;✱ ❧✬♦<✐❡♥)❛)✐♦♥ ❞✉ ❞✐♣P❧❡ ❞♦✐) O)<❡ ♣❛<❛❧❧L❧❡ ❛✉ ❝❤❛♠♣

;❧❡❝)<✐/✉❡ ❡) ❧❛ ❢<;/✉❡♥❝❡ ❞❡ <;7♦♥❛♥❝❡ ❞❡ ❧❛ ❝❛✈✐); ❞♦✐) O)<❡ ✐❞❡♥)✐/✉❡ + ❝❡❧❧❡ ❞❡ ❧✬;♠❡))❡✉<✳

✷✳✸✳✷ ❉❡%❝'✐♣*✐♦♥ ❞❡% .❝❤❛♥*✐❧❧♦♥%

▲❡7 ▼❈7 ♦♣)✐/✉❡7 ✉)✐❧✐7;❡7 ♣♦✉< ❧❡7 ❡①♣;<✐❡♥❝❡7 ♣<;7❡♥);❡7 ❞❛♥7 ❧❡7 ❝❤❛♣✐)<❡7 ✸✱ ✹ ❡) ✺

♦♥) ;); <;❛❧✐7;❡7 ♣❛< ❈✳ ❙❝❤♥❡✐❞❡<✱ ▼✳ ❑❛♠♣ ❡) ❙✳ ❍U✢✐♥❣ ❛✉ ❝❡♥)<❡ ❞❡ <❡❝❤❡<❝❤❡ ♣♦✉< ❧❡7

7②7)L♠❡7 ❞❡ ♠❛);<✐❛✉① ❝♦♠♣❧❡①❡7 ❲✐❧❤❡❧♠ ❈♦♥<❛❞ ❘U♥)❣❡♥ ❞❡ ❧✬❯♥✐✈❡<7✐); ❞❡ ❲Z<③❜✉<❣

❡♥ ❆❧❧❡♠❛❣♥❡ ❬✹✵❪✳ ❘;❛❧✐7;❡7 ♣❛< ▼❇❊✱ ❝❡7 ▼❈7 ❝♦♥)✐❡♥♥❡♥) ❞❡7 ❇◗7 ■♥❆7✴●❛❆7 ❢♦<)❡♠❡♥)

❝♦♥✜♥;❡7 ❞❡ )②♣❡ ❙❑✳ ▲❛ ✜❣✉<❡ ✷✳✷✹ ✭❜✮ ♣<;7❡♥)❡ ✉♥❡ ✐♠❛❣❡ ▼❊❇ ❞❡7 ❇◗7 ■♥❆7 ❛✈❛♥) ❧❛



a) 
b) 

2.2 × 109 −2

δ
1.8 × 1010 −2

e = λ/4n n
nAlAs = 3 nGaAs = 3.5

Q = 180
τc = Q/ω0 ω0 ≈ 1.35 eV/~

τc ≈ 150 fs

√
Q ≈ 13

Q3/2 ≈ 2400

∆ω = ω/Q ≈ 10 nm

8 %
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❋✐❣✉$❡ ✷✳✷✺ ✕ ❙✐♠✉❧❛&✐♦♥) ♥✉♠*+✐,✉❡) ❞❡ ❧✬✐♥❞✐❝❡ ♦♣&✐,✉❡✱ ❞✉ ❝❤❛♠♣ ✐♥&+❛✲

❝❛✈✐&* ❡& ❞❡ ❧❛ +*✢❡❝&✐✈✐&* ❞❡ ❧❛ ▼❈✳ ✭❛✮ ❱❛*✐❛,✐♦♥ ❞❡ ❧✬✐♥❞✐❝❡ ♦♣,✐5✉❡ ❞❡ ❧❛ ▼❈ ❡♥

❢♦♥❝,✐♦♥ ❞❡ ❧✬❛①❡ ❞❡ ❝*♦✐;;❛♥❝❡✳ ✭❜✮ ❆♠♣❧✐✜❝❛,✐♦♥ ❞✉ ❝❤❛♠♣ ✐♥,*❛✲❝❛✈✐,C ❡♥ ❢♦♥❝,✐♦♥ ❞❡

❧✬❛①❡ ❞❡ ❝*♦✐;;❛♥❝❡✳ ▲❡ ♠❛①✐♠✉♠ ❡;, ❛,,❡✐♥, ❛✉ ♥✐✈❡❛✉ ❞✉ ♣❧❛♥ ❞❡ ❇◗;✳ ✭❝✮ ➱✈♦❧✉,✐♦♥ ❞❡

❧❛ *C✢❡❝,✐✈✐,C ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉* ❞✬♦♥❞❡✱ ❡, ③♦♦♠ ;✉* ❧❡ ♠♦❞❡ ❞❡ ❝❛✈✐,C ✭❋✳ ❋*❛;✱

■♥;,✐,✉, ◆C❡❧✮✳

❋✐❣✉$❡ ✷✳✷✻ ✕ ❈❛+❛❝&*+✐)❛&✐♦♥ ❞❡ ❧✬*❝❤❛♥&✐❧❧♦♥ ❡♥ µ:▲ < ❚ ❂ ✺ ❑✳ ❛✮ ❊①❡♠♣❧❡

❞✬✐♠❛❣❡*✐❡ ❤②♣❡*;♣❡❝,*❛❧❡ 10 × 10 µ♠2
❞❡ ❧❛ ▼❈✳ ▲✬C❝❤❛♥,✐❧❧♦♥ ❡;, ❡①❝✐,C ❛✈❡❝ ✉♥ ❧❛;❡*

❝♦♥,✐♥✉ ❞❡ ✵✳✸ µ❲ ❝❡♥,*C U ✶✳✼✸✹ ❡❱ U ❧❛ ;✉*❢❛❝❡ ❞❡ ❧✬C❝❤❛♥,✐❧❧♦♥✳ ▲❡; ③♦♥❡; ❜❧❡✉❡; ❝♦**❡;✲

♣♦♥❞❡♥, U ❧✬C♠✐;;✐♦♥ ❞❡ ❇◗;✳ ❜✮ ◆♦✐* ✿ ❡①❡♠♣❧❡ ❞✬✉♥ ;♣❡❝,*❡ ❞❡ µY▲ ♠♦♥,*❛♥, ❞❡; *❛✐❡;

❞✬C♠✐;;✐♦♥ ❡①❝✐,♦♥✐5✉❡;✳ ●*✐; ✿ ;♣❡❝,*❡ µY▲ ♠♦②❡♥♥C ;✉* ✹✵✵ µ♠2
✳ ❇❧❡✉ ✿ ;♣❡❝,*❡ ❞❡ *C✢❡❝✲

,✐✈✐,C ❞❡ ❧❛ ▼❈ ♠❡;✉*C ❛✈❡❝ ✉♥❡ ❧❛♠♣❡ ❜❧❛♥❝❤❡ ♠♦♥,*❛♥, ❧❡ ♠♦❞❡ ❞❡ ❝❛✈✐,C✳ ◆♦,♦♥; 5✉❡

❧❡ ;♣❡❝,*❡ ❞❡ *C✢❡❝,✐✈✐,C *C❡❧ ✭♣♦✉* k = 0✮ ❡;, ♠♦✐♥; ❧❛*❣❡ 5✉❡ ❝❡❧✉✐ 5✉❡ ❧✬♦♥ ♠❡;✉*❡ ❝❛* ♦♥

❝♦❧❧❡❝,❡ ,♦✉; ❧❡; ❛♥❣❧❡;✳
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◗❯❆◆❚■◗❯❊ ❯◆■◗❯❊ ✹✾

"♣❡❝&'❡ ❞❡ µ)▲ ✭❡♥ ♥♦✐'✮ '❡♥❞ ❝♦♠♣&❡ ❞❡ ❧✬❡✣❝❛❝✐&5 ❞❡ ❝♦❧❧❡❝&✐♦♥ ❞✉ "✐❣♥❛❧ ♣♦✉' ❧❡" ❇◗"

❝❡♥&'5❡" ❛✈❡❝ ❧❡ ♠♦❞❡ ❞❡ ❝❛✈✐&5✳ ❆✜♥ ❞❡ '❡♣5'❡' ❡& "5❧❡❝&✐♦♥♥❡' ❧❡" ❇◗" ❧❡" ♣❧✉" ❧✉♠✐♥❡✉"❡"✱

♥♦✉" ❛✈♦♥" '5❛❧✐"5 ❞❡" ✐♠❛❣❡" ❤②♣❡'"♣❡❝&'❛❧❡" ❡♥ µ)▲ ❞❡ ❧❛ ▼❈✳ ▲❛ ✜❣✉'❡ ✷✳✷✻ ✭❛✮ ♠♦♥&'❡

✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❛'&❡ &'✐❞✐♠❡♥"✐♦♥♥❡❧❧❡ ✭①✱ ②✱ λ✮ ♦❜&❡♥✉❡ G T = 5 K✳ ❆ ✶✸✺✹ ♠❡❱✱ ❞❡✉①

❇◗" ❞✐"&❛♥&❡" ❞✬❡♥✈✐'♦♥ ✶✵ µ♠ ❛&&❡✐❣♥❡♥& ✉♥ ♥✐✈❡❛✉ ❞❡ "✐❣♥❛❧ "✐❣♥✐✜❝❛&✐❢ ❞❡ 105 ❝♦✉♣"✴"✳

▲❡ ❢❛❝&❡✉' ❞❡ O✉❛❧✐&5 '❡❧❛&✐✈❡♠❡♥& ❢❛✐❜❧❡ ❞❡ ❝❡ &②♣❡ ❞❡ ▼❈ ♥❡ ♣❡✉& ❡①♣❧✐O✉❡' G ❧✉✐ "❡✉❧ ✉♥

&❡❧ ♥✐✈❡❛✉ ❞❡ "✐❣♥❛❧✳

❊♥ ❡✛❡&✱ ✉♥❡ ✐♠❛❣❡'✐❡ &♦♣♦❣'❛♣❤✐O✉❡ ❞❡ ❧❛ "✉'❢❛❝❡ ❞❡ ❧❛ ▼❈ ✭❝❢ ✜❣✉'❡ ✷✳✷✼✮ '5❛❧✐"5❡

❛✈❡❝ ✉♥ ♠✐❝'♦"❝♦♣❡ G ❢♦'❝❡ ❛&♦♠✐O✉❡ ✭❆❋▼✮ ♠♦♥&'❡ ✉♥❡ ♠♦"❛TO✉❡ ❞❡ ❞5❢❛✉&" ♦✈♦T❞❛✉①

❛♣♣❛'✉" &'U" ♣'♦❜❛❜❧❡♠❡♥& ❞✉'❛♥& ❧❛ ❝'♦✐""❛♥❝❡ ❞❡" ❉❇❘" "✉♣5'✐❡✉'"✳ ▲❛ &❛✐❧❧❡ &②♣✐O✉❡ ❞❡

❝❡" ❞5❢❛✉&" ❡"& ❡♥ ♠♦②❡♥♥❡ ❞❡ ✸ µ♠ ❞❡ ❧♦♥❣ ♣♦✉' ✶ µ♠ ❞❡ ❧❛'❣❡✱ ❡& ♣♦✉' ✉♥❡ ❤❛✉&❡✉'

❝♦♠♣'✐"❡ ❡♥&'❡ ✶✵ ❡& ✷✵ ♥♠✳ ❈❡&&❡ ❞✐✛5'❡♥❝❡ ❞❡ ❤❛✉&❡✉' ❧♦❝❛❧✐"5❡ "♣❛&✐❛❧❡♠❡♥&✱ 5❣❛❧❡♠❡♥&

❛♣♣❡❧5❡ ♠❡"❛✱ ❛❣✐& ❝♦♠♠❡ ✉♥ ♣♦&❡♥&✐❡❧ ❞❡ ❝♦♥✜♥❡♠❡♥& ❜✐❞✐♠❡♥"✐♦♥♥❡❧ "✉' ❧❡ ♠♦❞❡ ❞❡ ♣❤♦✲

&♦♥ ❞❡ ❧❛ ❝❛✈✐&5 ❬✹✶❪✱ ❡& ♣❡'♠❡& ❛✐♥"✐ ❞✬❛✉❣♠❡♥&❡' ❧✬❡✣❝❛❝✐&5 ❞❡ ❝♦❧❧❡❝&✐♦♥ ❞❡" ♣❤♦&♦♥"✳ ❯♥❡

❡①♣5'✐❡♥❝❡ ❞✬❛✉&♦❝♦''5❧❛&✐♦♥ g2(0) ❡✛❡❝&✉5❡ "✉' ✉♥ 5❝❤❛♥&✐❧❧♦♥ "✐♠✐❧❛✐'❡ G ❝❡❧✉✐ ♣'5"❡♥&5

✐❝✐✱ ❛ ♠❡"✉'5 ✉♥❡ ❛✉❣♠❡♥&❛&✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐&5 ❞❡ ❝♦❧❧❡❝&✐♦♥ ❞❡ ❧✬5♠✐""✐♦♥ "♣♦♥&❛♥5❡ ❞✬✉♥

❢❛❝&❡✉' β = 42 % ± 5 % ❬✹✵❪ ❡♥ ♣'5"❡♥❝❡ ❞✬✉♥ ❞5❢❛✉&✳ ❈❡&&❡ ♠❡"✉'❡ ❛ 5&5 ✈❛❧✐❞5❡ ♣❛'

❞❡" "✐♠✉❧❛&✐♦♥" ♥✉♠5'✐O✉❡" ♣'5"❡♥&5❡" "✉' ❧❛ ✜❣✉'❡ ✷✳✷✽ ✭❞✮✳ ❉✬❛♣'U" ❝❡" "✐♠✉❧❛&✐♦♥"✱ ❧❛

♣'5"❡♥❝❡ ❞✬✉♥ ❞5❢❛✉& ❛✉❣♠❡♥&❡ ❧✬❡✣❝❛❝✐&5 ❞❡ ❝♦❧❧❡❝&✐♦♥ "✉✐✈❛♥& ❞❡✉① ♠♦❞❡" ❞❡ '5"♦♥❛♥❝❡✱

♣♦✉' ❛&&❡✐♥❞'❡ β = 48 %✱ ❝♦♥&'❡ β = 30% "❛♥" ❞5❢❛✉&✳ ❊♥ ❛❝❝♦'❞ ❛✈❡❝ ❧❡" ✐♠❛❣❡" ❆❋▼

O✉❡ ♥♦✉" ❛✈♦♥" '5❛❧✐"5❡"✱ ❝❡" "✐♠✉❧❛&✐♦♥" ♠♦♥&'❡♥& 5❣❛❧❡♠❡♥& O✉❡ ❧❛ ❤❛✉&❡✉' ♦♣&✐♠❛❧❡ ❞❡"

❞5❢❛✉&" ❡"& ♣'♦❝❤❡ ❞❡ ✷✵ ♥♠✳

✷✳✹ ❈♦♥❝❧✉)✐♦♥

◆♦✉" ❛✈♦♥" ♣'5"❡♥&5 ❞❛♥" ❝❡ ❝❤❛♣✐&'❡ ✉♥❡ ♠5&❤♦❞❡ ❞❡ "♣❡❝&'♦"❝♦♣✐❡ ❝♦❤5'❡♥&❡ ♥♦♥✲

❧✐♥5❛✐'❡ ❞❡ ♠5❧❛♥❣❡ G O✉❛&'❡ ♦♥❞❡"✱ ♣❡'♠❡&&❛♥& ❞❡ ♠❡"✉'❡' ❧❛ '5♣♦♥"❡ ❝♦❤5'❡♥&❡ ♥♦♥✲❧✐♥5❛✐'❡

❞✬5♠❡&&❡✉'" "♦❧✐❞❡" ✐♥❞✐✈✐❞✉❡❧" &❡❧" O✉❡ ❞❡" ❇◗" "❡♠✐❝♦♥❞✉❝&'✐❝❡" ❢♦'&❡♠❡♥& ❝♦♥✜♥5❡"✳ ❚'♦✐"

♣♦✐♥&" ❝'✉❝✐❛✉① ❞✉ ❞✐"♣♦"✐&✐❢ ❡①♣5'✐♠❡♥&❛❧ ♦♥& 5&5 ❛❜♦'❞5" ✿ ❧✬❤5&5'♦❞②♥❛❣❡ ♦♣&✐O✉❡✱ ❧✬✐♥✲

&❡'❢5'♦♠5&'✐❡ "♣❡❝&'❛❧❡ ❡& ❧❡ ❝♦♥✜♥❡♠❡♥& ❞❡" 5♠❡&&❡✉'" ❞❛♥" ✉♥❡ ♠✐❝'♦❝❛✈✐&5 ♣❧❛♥❛✐'❡ ❡♥

❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡✳ ▲❛ ❝♦♠❜✐♥❛✐"♦♥ ❞❡ ❝❡" &'♦✐" &❡❝❤♥✐O✉❡" ❝♦♥"&✐&✉❡ ✉♥ ❞5✜ &❡❝❤♥♦❧♦❣✐O✉❡✱ ❡&

'❡♣'5"❡♥&❡ ✉♥ ♣'♦❣'U" ❝♦♥"✐❞5'❛❜❧❡ ❞❛♥" ❧✬5&✉❞❡ ❞❡ ♣❤5♥♦♠U♥❡" ♥♦♥✲❧✐♥5❛✐'❡" ❞❛♥" ❞❡" ♥❛✲

♥♦"&'✉❝&✉'❡" "❡♠✐❝♦♥❞✉❝&'✐❝❡"✳ ▲❡ ❞✐"♣♦"✐&✐❢ ❡①♣5'✐♠❡♥&❛❧ O✉❡ ♥♦✉" ❛✈♦♥" ❞5✈❡❧♦♣♣5 ♣❡'♠❡&

❞❡ ♠❡"✉'❡' ❧❡" ❞②♥❛♠✐O✉❡" ❞❡ ♣♦♣✉❧❛&✐♦♥ ❡& ❞❡ ❝♦❤5'❡♥❝❡ ❞✬❡①❝✐&♦♥" ✐♥❞✐✈✐❞✉❡❧"✱ ❢❛✐❜❧❡♠❡♥&

♦✉ ❢♦'&❡♠❡♥& ❝♦♥✜♥5❡" ❞❛♥" ❞❡" ❇◗"✱ ❞✉ ✈✐"✐❜❧❡ ❛✉ ♣'♦❝❤❡ ✐♥❢'❛'♦✉❣❡✳ ▲❡ &❡♠♣" ❞❡ ✈✐❡ T1
❡& ❞❡ ❝♦❤5'❡♥❝❡ T2 ❞✬✉♥ ❡①❝✐&♦♥ ❡"& ❞5"♦'♠❛✐" ❛❝❝❡""✐❜❧❡ ❡♥ O✉❡❧O✉❡" ♠✐♥✉&❡"✳ )❛' ❛✐❧❧❡✉'"✱

❧❡ ♥✐✈❡❛✉ ❞❡ "✐❣♥❛❧ ❛&&❡✐♥& '❡♥❞ ❞5"♦'♠❛✐" ♣♦""✐❜❧❡ ❧✬5&✉❞❡ ❞❡" ♠5❝❛♥✐"♠❡" ❞❡ ❞5♣❤❛"❛❣❡

❡& ❞❡ ❝♦✉♣❧❛❣❡ ❝♦❤5'❡♥& G ❧✬5❝❤❡❧❧❡ ❞❡ ❧❛ ❇◗ ✉♥✐O✉❡✳ ◆♦✉" ❞5&❛✐❧❧❡'♦♥" ❝❡" '5"✉❧&❛&" ❞❛♥"

❧❡" ❝❤❛♣✐&'❡ ✸ ❡& ✹✳ ◆♦✉" ✈❡''♦♥" 5❣❛❧❡♠❡♥& ❞❛♥" ❧❡ ❝❤❛♣✐&'❡ ✺✱ O✉❡ ❧❛ ❝♦♥✜❣✉'❛&✐♦♥ G &'♦✐"

❢❛✐"❝❡❛✉① ❞♦♥♥❡ ❛❝❝U" G ❧❛ ♣♦❧❛'✐"❛&✐♦♥ ♥♦♥✲❧✐♥5❛✐'❡ ❞❡ ❝✐♥O✉✐U♠❡ ♦'❞'❡✱ ❡& ❛✉ ❝♦♥&'`❧❡

❝♦❤5'❡♥& ❞❡ ❧❛ '5♣♦♥"❡ ♥♦♥✲❧✐♥5❛✐'❡ ❞❡ &'♦✐"✐U♠❡ ♦'❞'❡ ❞✬❡①❝✐&♦♥" ✐♥❞✐✈✐❞✉❡❧"✳



✺✵ ✷✳✹✳ ❈❖◆❈▲❯❙■❖◆

❋✐❣✉$❡ ✷✳✷✼ ✕ ■♠❛❣❡+ ,♦♣♦❣/❛♣❤✐2✉❡+ ❞❡ ❧❛ +✉/❢❛❝❡ ❞❡ ❧✬9❝❤❛♥,✐❧❧♦♥ /9❛❧✐+9❡+ ❛✈❡❝ ✉♥

♠✐❝/♦+❝♦♣❡ < ❢♦/❝❡ ❛,♦♠✐2✉❡ ✭❆❋▼✮✱ ✷✵ µ♠ × ✷✵ µ♠ ✭❣❛✉❝❤❡✮ ❡, ✺ µ♠ × ✺ µ♠ ✭❞/♦✐,❡✮

/9✈9❧❛♥, ❧❡+ ❞9❢❛✉,+ ♣/9+❡♥,+ < ❧❛ +✉/❢❛❝❡ ❞❡ ❧❛ ▼❈ ❛✈❡❝ ✉♥❡ ❞❡♥+✐,9 +♣❛,✐❛❧❡ ❞❡ ✵✳✶ µ♠−2

✭❙✐♠♦♥ ▲❡✲❉❡♥♠❛,✱ ■♥+,✐,✉, ◆9❡❧✮✳

❋✐❣✉$❡ ✷✳✷✽ ✕ ❙✐♠✉❧❛&✐♦♥) ♥✉♠*+✐,✉❡) ❞❡) ❞*❢❛✉&) ♣❤♦&♦♥✐,✉❡)✳ ✭❛✮ K/♦✜❧ ❞✬❛♠✲

♣❧✐,✉❞❡ ❞✉ ❝❤❛♠♣ 9❧❡❝,/✐2✉❡ ❞❛♥+ ❧❛ ▼❈✳ ✭❜✮ ❘❡♣/9+❡♥,❛,✐♦♥ +❝❤9♠❛,✐2✉❡ ❞❡ ❧❛ ▼❈ ❡♥

♣/9+❡♥❝❡ ❞✬✉♥ ❞9❢❛✉, ❞❛♥+ ❧❡+ ♠✐/♦✐/+ ❞❡ ❇/❛❣❣✳ ✭❝✮ K/♦✜❧ ❞✬❛♠♣❧✐,✉❞❡ ❞✉ ❝❤❛♠♣ 9❧❡❝,/✐2✉❡

❡♥ ♣/9+❡♥❝❡ ❞✬✉♥ ❞9❢❛✉,✳ ✭❞✮ ❙✐♠✉❧❛,✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐,9 ❞✬❡①,/❛❝,✐♦♥ ❞❡ ❧❛ ▼❈ ❡♥ ❢♦♥❝,✐♦♥

❞❡ ❧❛ ❤❛✉,❡✉/ ❞✉ ❞9❢❛✉, ✭❙✳ ▼❛✐❡/ ❡! ❛❧✳ ❬✹✵❪✮✳



❈❤❛♣✐%&❡ ✸

▼!❝❛♥✐&♠❡& ❞❡ ❞!❝♦❤!,❡♥❝❡

❞✬❡①❝✐/♦♥& ✐♥❞✐✈✐❞✉❡❧&

❙♦♠♠❛✐%❡

✸✳✶ ❈♦♥&'(❧❡ ❝♦❤-'❡♥& ♦♣&✐0✉❡ ❞✬✉♥ ❡①❝✐&♦♥ ✉♥✐0✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✸✳✶✳✶ ❖$❝✐❧❧❛)✐♦♥$ ❞❡ ❘❛❜✐ ❞❡ ❧❛ ♣♦❧❛1✐$❛)✐♦♥ ❞✬✉♥ ❡①❝✐)♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✸✳✶✳✷ ❆❜$♦1♣)✐♦♥ ❡) $❛)✉1❛)✐♦♥ ❞❡$ ♣♦♣✉❧❛)✐♦♥$ ❞✬✉♥ ❡①❝✐)♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✷ ❉②♥❛♠✐0✉❡; ❞❡; ♣♦♣✉❧❛&✐♦♥; ❡& ❞❡; ❝♦❤-'❡♥❝❡; ❞✬❡①❝✐&♦♥; ✐♥✲

❞✐✈✐❞✉❡❧; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✷✳✶ ▲✐♠✐)❡ 1❛❞✐❛)✐✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✷✳✷ ❉✐✛✉$✐♦♥ $♣❡❝)1❛❧❡ ✿ @❧❛1❣✐$$❡♠❡♥) ✐♥❤♦♠♦❣C♥❡ ❞❡ ❧❛ 1❛✐❡ ✳ ✳ ✳ ✳ ✳ ✺✾

✸✳✸ ▼-❝❛♥✐;♠❡; ❞❡ ❞-❝♦❤-'❡♥❝❡ ❞✬✉♥ ❡①❝✐&♦♥ ✉♥✐0✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸✳✸✳✶ ❉@♣❤❛$❛❣❡ ♣✉1 ❞✬✉♥ ❡①❝✐)♦♥ ✉♥✐E✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸✳✸✳✷ ❉@♣❤❛$❛❣❡ ✐♥❞✉✐) ♣❛1 ❧❡$ ♣❤♦♥♦♥$ ❛❝♦✉$)✐E✉❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✸✳✷✳✶ F❤♦♥♦♥$ ♦♣)✐E✉❡$ ❡) ❛❝♦✉$)✐E✉❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸✳✸✳✷✳✷ ▼♦❞C❧❡ ❞❡ ❇♦$♦♥ ✐♥❞@♣❡♥❞❛♥) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✸✳✷✳✸ ❆✐❧❡$ ❞❡ ♣❤♦♥♦♥$ ❡) ♣♦❧❛1♦♥ ❛❝♦✉$)✐E✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✸✳✷✳✹ ❈♦✉♣❧❛❣❡ E✉❛❞1❛)✐E✉❡ ❛✉① ♣❤♦♥♦♥$ ❛❝♦✉$)✐E✉❡$ ✳ ✳ ✳ ✳ ✻✽

✸✳✸✳✷✳✺ ➱❧❛1❣✐$$❡♠❡♥) ✐♥❤♦♠♦❣C♥❡ ❞❡ ❧❛ ❩F▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✸✳✷✳✻ ❉@♣❤❛$❛❣❡ ✐♥❞✉✐) ♣❛1 ❧❡$ ♣❤♦♥♦♥$ ♣❡♥❞❛♥) ❧✬❡①❝✐)❛)✐♦♥ ✳ ✼✸

✸✳✸✳✸ ❉②♥❛♠✐E✉❡ $♣❡❝)1❛❧❡ ❞❡$ ♣❤♦♥♦♥$ ❛❝♦✉$)✐E✉❡$ ✿ ❝❛✈✐)@ ♣❤♦♥♦♥✐E✉❡ ❄ ✼✺

✸✳✹ ❈♦♥❝❧✉;✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ ♥♦✉# ♥♦✉# ✐♥).*❡##♦♥# / ❧✬❡✛❡) ❞❡ ❧✬❡♥✈✐*♦♥♥❡♠❡♥) #♦❧✐❞❡ #✉* ❧❛ *.♣♦♥#❡

❝♦❤.*❡♥)❡ ❞✬❡①❝✐)♦♥# ✐♥❞✐✈✐❞✉❡❧#✳ ❉❛♥# ✉♥ ♣*❡♠✐❡* )❡♠♣#✱ ❥❡ ♣*.#❡♥)❡*❛✐ ❞❡✉① ❡①♣.*✐❡♥❝❡#

♣❡*♠❡))❛♥) ❞❡ ❝♦♥)*9❧❡* ❧✬.)❛) :✉❛♥)✐:✉❡ ❞✬✉♥ #②#)<♠❡ / ❞❡✉① ♥✐✈❡❛✉① ✭✷LS✮✱ ❝♦**❡#♣♦♥✲
❞❛♥) / ✉♥ ❡①❝✐)♦♥ ❝♦♥✜♥. ❞❛♥# ✉♥❡ ❇◗✱ ❛✜♥ ❞❡ ❞.)❡*♠✐♥❡* ❧❡ *.❣✐♠❡ ❧✐♥.❛✐*❡ ❞❡ ❧✬❡①❝✐)❛)✐♦♥✳

◆♦✉# ♥♦✉# ✐♥).*❡##❡*♦♥# ❡♥#✉✐)❡ ❛✉① ❞②♥❛♠✐:✉❡# ❞❡ ❝♦❤.*❡♥❝❡ ❡) ❞❡ ♣♦♣✉❧❛)✐♦♥ ❞❡ ❞✐✛.✲

*❡♥)❡# )*❛♥#✐)✐♦♥# ❡①❝✐)♦♥✐:✉❡#✱ ❛✜♥ ❞❡ ❞.)❡*♠✐♥❡* ❧❡✉*# )❡♠♣# ❞❡ ♣♦♣✉❧❛)✐♦♥ T1 ❡) ❞❡
❝♦❤.*❡♥❝❡ T2✱ ❡♥ ♣*.#❡♥❝❡ ❞✬.❧❛*❣✐##❡♠❡♥) ✐♥❤♦♠♦❣<♥❡✳ ❊♥✜♥✱ ♥♦✉# ♠❡))*♦♥# ❡♥ .✈✐❞❡♥❝❡
❧❡ *9❧❡ ❞❡# ♣❤♦♥♦♥# ❛❝♦✉#)✐:✉❡# ❞❛♥# ❧❛ ❞.❝♦❤.*❡♥❝❡ ❞❡ ❝❡# )*❛♥#✐)✐♦♥# / )*❛✈❡*# )*♦✐# ♣*♦✲

❝❡##✉# ❞❡ ❞.♣❤❛#❛❣❡✱ ❛✐♥#✐ :✉❡ ❧❡✉* ❞②♥❛♠✐:✉❡ #♣❡❝)*❛❧❡ ❞✉*❛♥) ❧❛ ❢♦*♠❛)✐♦♥ ❞✉ ♣♦❧❛*♦♥

❛❝♦✉#)✐:✉❡✳

✺✶



✺✷ ✸✳✶✳ ❈❖◆❚❘(▲❊ ❈❖❍➱❘❊◆❚ ❖-❚■◗❯❊ ❉✬❯◆ ❊❳❈■❚❖◆ ❯◆■◗❯❊

✸✳✶ ❈♦♥&'(❧❡ ❝♦❤-'❡♥& ♦♣&✐0✉❡ ❞✬✉♥ ❡①❝✐&♦♥ ✉♥✐0✉❡

✸✳✶✳✶ ❖$❝✐❧❧❛)✐♦♥$ ❞❡ ❘❛❜✐ ❞❡ ❧❛ ♣♦❧❛1✐$❛)✐♦♥ ❞✬✉♥ ❡①❝✐)♦♥

❊♥ ♣%&'❡♥❝❡ ❞✬✉♥ ❝❤❛♠♣ &❧❡❝1%✐3✉❡ %&'♦♥❛♥1✱ ✉♥ ✷LS ❛❜'♦%❜❡ ❡1 &♠❡1 ❝②❝❧✐3✉❡♠❡♥1

♣❛% &♠✐''✐♦♥ '1✐♠✉❧&❡ ❞❡' ♣❤♦1♦♥' ❞✬&♥❡%❣✐❡ 3✉❛♥1✐✜&❡ ~ω0✱ ❝♦%%❡'♣♦♥❞❛♥1 : ❧❛ ❞✐✛&%❡♥❝❡

❞✬&♥❡%❣✐❡ ❡♥1%❡ ❧❡' ❞❡✉① ♥✐✈❡❛✉①✳ ❆✉ ❝♦✉%' ❞❡ ❝❡ ♣%♦❝❡''✉'✱ ❧❡' ♣♦♣✉❧❛1✐♦♥' ❡1 ❧❡' ❝♦❤&✲

%❡♥❝❡' ♦'❝✐❧❧❡♥1 ❡♥ 3✉❛❞%❛1✉%❡✱ ❞♦♥♥❛♥1 ❧✐❡✉ : ❞❡' ♦!❝✐❧❧❛&✐♦♥! ❞❡ ❘❛❜✐✳ ❈❡' ♦'❝✐❧❧❛1✐♦♥'

❝❛%❛❝1&%✐'❡♥1 ❧❛ ❢♦%❝❡ ❞✉ ❝♦✉♣❧❛❣❡ ❡♥1%❡ ❧❡ ❝❤❛♠♣ &❧❡❝1%✐3✉❡ ❡1 ❧❡ ✷LS✳ ▲❛ ❢%&3✉❡♥❝❡ ❞❡'

♦'❝✐❧❧❛1✐♦♥'✱ ❛♣♣❡❧&❡ ❢-./✉❡♥❝❡ ♦✉ ♣✉❧!❛&✐♦♥ ❞❡ ❘❛❜✐✱ ❡'1 ❞&✜♥✐❡ 1❡❧❧❡ 3✉❡ ✿

ΩR(t) =
~µ · ~E(t)

~
✭✸✳✶✮

♦I µ ❡'1 ❧❡ ❞✐♣J❧❡ &❧❡❝1%✐3✉❡ ❞❡ ❧❛ 1%❛♥'✐1✐♦♥ ❡1 E(t) ❡'1 ❧❡ ❝❤❛♠♣ &❧❡❝1%✐3✉❡ ❛♣♣❧✐3✉&✳

■❧ ❡'1 ♣♦''✐❜❧❡ ❞❡ ❝♦♥1%J❧❡% ❞❡ ♠❛♥✐L%❡ ❝♦❤&%❡♥1❡ ❧✬&1❛1 ❞✬✉♥ ✷LS ❡♥ ❝♦♥1%J❧❛♥1 ❧✬❛♠♣❧✐1✉❞❡

❞✉ ❝❤❛♠♣ &❧❡❝1%✐3✉❡✳ ▲❛ ♣%❡♠✐L%❡ ♦❜'❡%✈❛1✐♦♥ ❡①♣&%✐♠❡♥1❛❧❡ ❞✬♦'❝✐❧❧❛1✐♦♥' ❞❡ ❘❛❜✐ ❞✬✉♥

✷LS ❛ &1& %&❛❧✐'&❡ ❡♥ ✶✾✸✽ ♣❛% %&'♦♥❛♥❝❡ ♠❛❣♥&1✐3✉❡ ♥✉❝❧&❛✐%❡ ❬✹✷❪✱ ❡♥ ❝♦♥1%J❧❛♥1 ❧✬&1❛1 ❞✉

'♣✐♥ ♥✉❝❧&❛✐%❡ ❞❡ ♠♦❧&❝✉❧❡' ▲✐❈❧ ❛✈❡❝ ✉♥ ❝❤❛♠♣ ♠❛❣♥&1✐3✉❡✳ ▲❛ ♣%❡♠✐L%❡ ♠❡'✉%❡ ♦♣1✐3✉❡

❞✬♦'❝✐❧❧❛1✐♦♥' ❞❡ ❘❛❜✐ ❛ &1& %&❛❧✐'&❡ ❡♥ ✶✾✼✸ ❡♥ ♠❡'✉%❛♥1 ❧✬✐♥✈❡%'✐♦♥ ❞❡ ♣♦♣✉❧❛1✐♦♥ ❞✬✉♥

❛1♦♠❡ ❞❡ ❘✉❜✐❞✐✉♠ ❬✹✸❪✳ ❉❛♥' ❧❡' '❡♠✐❝♦♥❞✉❝1❡✉%'✱ ❧❛ ♣%❡♠✐L%❡ ♦❜'❡%✈❛1✐♦♥ ❞✬♦'❝✐❧❧❛1✐♦♥'

❞❡ ❘❛❜✐ ❞✬✉♥ ❡①❝✐1♦♥ ❢♦%1❡♠❡♥1 ❝♦♥✜♥& ❞❛♥' ✉♥❡ ❇◗ ❛ &1& %&❛❧✐'&❡ ❡♥ ✷✵✵✶ ❡♥ ♠❡'✉%❛♥1

❧❛ 1%❛♥'♠✐''✐♦♥ ❞✐✛&%❡♥1✐❡❧❧❡ ❞✉ '✐❣♥❛❧ ♣♦♠♣❡✲'♦♥❞❡ ❞❡ ❇◗' ✐♥❞✐✈✐❞✉❡❧❧❡' ❬✹✹❪✳ ❉❛♥' ❝❡11❡

❡①♣&%✐❡♥❝❡✱ ❧❡' ♦'❝✐❧❧❛1✐♦♥' ❞❡ ❘❛❜✐ ❞❡ ❧✬❡①❝✐1♦♥ '♦♥1 %&❛❧✐'&❡' ❛✈❡❝ ✉♥ 1%❛✐♥ ❞✬✐♠♣✉❧'✐♦♥'

♦♣1✐3✉❡' %&'♦♥❛♥1❡'✱ ✉❧1%❛✲❝♦✉%1❡'✳ ▲✬❛♥❣❧❡ ❞❡ -♦&❛&✐♦♥ ❞❡ ❘❛❜✐ ❡'1 ❛❧♦%' ❞&1❡%♠✐♥&❡ ♣❛%

❧✬❛✐%❡ ❞❡ ❧✬✐♠♣✉❧'✐♦♥ ✿

Θ(t) =

∫ t

−∞

ΩR(t
′)dt′ ✭✸✳✷✮

▲❛ %♦1❛1✐♦♥ ❞✉ ✈❡❝1❡✉% ❞❡ ❇❧♦❝❤ ♣❡✉1 ❞♦♥❝ X1%❡ '✐♠♣❧❡♠❡♥1 ❝♦♥1%J❧&❡ ❛✈❡❝ ❧✬❛♠♣❧✐1✉❞❡

❞✉ ❝❤❛♠♣ &❧❡❝1%✐3✉❡ ❞❡ ❧✬✐♠♣✉❧'✐♦♥ ♦♣1✐3✉❡✳ ◆♦1♦♥' 3✉❡ ❧❛ ❢%&3✉❡♥❝❡ ❞❡ ❘❛❜✐ ❞&♣❡♥❞

&❣❛❧❡♠❡♥1 ❞✉ ❞✐♣J❧❡ ❞❡ ❧✬❡①❝✐1♦♥✳ ▲❛ ❢♦%❝❡ ❞✬♦'❝✐❧❧❛1❡✉%✱ %&'✉❧1❛♥1 ❞✉ ❝♦✉♣❧❛❣❡ ❞✐♣♦❧❛✐%❡

❞✉ ❝❤❛♠♣ &❧❡❝1%✐3✉❡ ❛✈❡❝ ❧❛ ❢♦♥❝1✐♦♥ ❞✬♦♥❞❡ ❞❡ ❧✬❡①❝✐1♦♥✱ ❛✉❣♠❡♥1❡ ❛✈❡❝ ❧❛ 1❛✐❧❧❡ ❞❡ ❧❛ ❇◗✳

▲❛ ✜❣✉%❡ ✸✳✷ ♠♦♥1%❡ ❧❡ '✐❣♥❛❧ ❋❲▼ ❞❡ ❞❡✉① ❡①❝✐1♦♥' ♥❡✉1%❡'✳ ▲✬❛✉❣♠❡♥1❛1✐♦♥ ❞❡

❧❛ ♣✉✐''❛♥❝❡ ❞❡ ❧❛ ♣♦♠♣❡ ♣❡%♠❡1 ❞❡ ❝♦♥1%J❧❡% ❧❛ %♦1❛1✐♦♥ ❞❡ ❧❡✉% ✈❡❝1❡✉% ❞❡ ❇❧♦❝❤✳ ▲❛

✜❣✉%❡ ✸✳✸ ♠♦♥1%❡ ❧❡' ♦'❝✐❧❧❛1✐♦♥' ❞❡ ❘❛❜✐ ♠❡'✉%&❡' ♣♦✉% ❧✬❡①❝✐1♦♥ : ✶✳✸✺✽ ❡❱ ❡♥ ❢♦♥❝1✐♦♥

❞❡ ❧❛ ♣✉✐''❛♥❝❡

√
P1 ❡1 ❞❡ ❧✬❛✐%❡ ❞✬✐♠♣✉❧'✐♦♥ Θ1 ❞❡ ❧❛ ♣♦♠♣❡✳ ❈❤❛3✉❡ ♣♦✐♥1 %❡♣%&'❡♥1❡

✉♥❡ ✐♥1&❣%❛1✐♦♥ '♣❡❝1%❛❧❡ ❞❡ ❧✬❛♠♣❧✐1✉❞❡ ❞✉ '✐❣♥❛❧ ❋❲▼ ❞❡ ❧❛ 1%❛♥'✐1✐♦♥✳ ▲❛ '&3✉❡♥❝❡

❞✬✐♠♣✉❧'✐♦♥ ❝♦%%❡'♣♦♥❞❛♥1❡ ❡'1 ✐❧❧✉'1%&❡ '✉% ❧❛ ✜❣✉%❡ ✸✳✶ ✭❛✮✳ ▲✬❛✐%❡ ❞✬✐♠♣✉❧'✐♦♥ ❞❡ ❧❛ '♦♥❞❡

❡'1 ✜①&❡ : Θ2 = π✳ ❈♦♠♠❡ ♥♦✉' ❧✬❛✈♦♥' ✈✉ ❞❛♥' ❧❡ ❝❤❛♣✐1%❡ ✶✱ ❧✬❛♠♣❧✐1✉❞❡ ❞✉ '✐❣♥❛❧ ❋❲▼

❝♦%%❡'♣♦♥❞ : ❧❛ ♣%♦❥❡❝1✐♦♥ ❞✉ ✈❡❝1❡✉% ❞❡ ❇❧♦❝❤ ❞❛♥' ❧❡ ♣❧❛♥ &3✉❛1♦%✐❛❧ (u, v) ❞❡ ❧❛ '♣❤L%❡ ❞❡

❇❧♦❝❤✱ ❡1 '✉✐1 ✉♥❡ &✈♦❧✉1✐♦♥ '✐♥✉'♦_❞❛❧❡ ❡♥ ❢♦♥❝1✐♦♥ ❞❡ ❧✬❛✐%❡ ❞❡ ❧❛ ♣♦♠♣❡✳ ❙❛♥' ❡①❝✐1❛1✐♦♥

✭Θ1 = 0✮✱ ❧❡ ✷LS ❡'1 ❞❛♥' ❧✬&1❛1 ❢♦♥❞❛♠❡♥1❛❧ ✭❇◗ ✈✐❞❡✮✱ ❛✉❝✉♥❡ ♣♦❧❛%✐'❛1✐♦♥ ♥✬❡'1 ❝%&&❡✳

▲♦%'3✉❡ Θ1 = π/2 ✭✈♦✐% ✜❣✉%❡ ✸✳✶ ✭❜✮✮✱ ❧❛ ♥♦%♠❡ ❞✉ ✈❡❝1❡✉% ❞❡ ❇❧♦❝❤ ♣%♦❥❡1&❡ ❞❛♥' ❧❡

♣❧❛♥ (u, v) ❡'1 ♠❛①✐♠❛❧❡✱ ❧❡ ✷LS ❡'1 ✉♥❡ '✉♣❡%♣♦'✐1✐♦♥ ❝♦❤&%❡♥1❡ ❞❡ ❧✬&1❛1 ❢♦♥❞❛♠❡♥1❛❧ ❡1

❞❡ ❧✬&1❛1 ❡①❝✐1& ✭❡①❝✐1♦♥ ❞❛♥' ❧❛ ❇◗✮✳ ❊♥ ❞✬❛✉1%❡ 1❡%♠❡✱ ❧❛ ❝♦♥✈❡%'✐♦♥ ❞❡ ❧❛ ♣♦❧❛%✐'❛1✐♦♥

❞❡ ♣%❡♠✐❡% ♦%❞%❡ p(1) ✈❡%' ❧❛ ♣♦❧❛%✐'❛1✐♦♥ ❞❡ 1%♦✐'✐L♠❡ ♦%❞%❡ p(3) 3✉❡ ♥♦✉' ♠❡'✉%♦♥' :

1%❛✈❡%' ❧❡ '✐❣♥❛❧ ❋❲▼ ❡'1 ♠❛①✐♠❛❧❡✳ ❆ ❧✬✐♥✈❡%'❡✱ ✉♥❡ ❛✐%❡ ❞✬✐♠♣✉❧'✐♦♥ ♣♦♠♣❡ Θ1 = π
%❡✈✐❡♥1 : ♣❡✉♣❧❡% 1♦1❛❧❡♠❡♥1 ❧✬&1❛1 ❡①❝✐1& '❛♥' ❝%&❡% ❞❡ ♣♦❧❛%✐'❛1✐♦♥ ❞❡ ♣%❡♠✐❡% ♦%❞%❡ ✭✈♦✐%

✜❣✉%❡ ✸✳✶ ✭❝✮✮✳ ▲❛ ♣%♦❥❡❝1✐♦♥ ❞✉ ✈❡❝1❡✉% ❞❡ ❇❧♦❝❤ ❞❛♥' ❧❡ ♣❧❛♥ ❞❡' ❝♦❤&%❡♥❝❡' ❡'1 ❞♦♥❝

♥✉❧❧❡✳ ❆✉❝✉♥❡ ♣♦❧❛%✐'❛1✐♦♥ ❞❡ 1%♦✐'✐L♠❡ ♦%❞%❡ ♥✬❡'1 ❝%&&❡✱ ❧❡ '✐❣♥❛❧ ❋❲▼ ❡'1 ♥✉❧✳ a♦✉%
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❋✐❣✉$❡ ✸✳✸ ✕ ❖!❝✐❧❧❛&✐♦♥! ❞❡ ❘❛❜✐ ❞❡ ●❳ ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ♣✉✐!!❛♥❝❡ ❞❡ ❧❛

♣♦♠♣❡✳ ❆♠♣❧✐4✉❞❡ ❞✉ 6✐❣♥❛❧ ❋❲▼ ✐♥48❣B8 6♣❡❝4B❛❧❡♠❡♥4 ❡♥ ❢♦♥❝4✐♦♥ ❞❡ ❧❛ ♣✉✐66❛♥❝❡

❞✬❡①❝✐4❛4✐♦♥

√
P1 ❡4 ❞❡ ❧✬❛✐B❡ ❞❡ ❧✬✐♠♣✉❧6✐♦♥ Θ1 ♣♦✉B Θ2 = π ❡4 τ12 = 0.2 ps✳ ❖♥ ♦❜6❡B✈❡

❞❡6 ♦6❝✐❧❧❛4✐♦♥6 ❞❡ ❘❛❜✐ ∝ | sinΘ1| ✭4B❛✐46 ♣♦✐♥4✐❧❧86 ♥♦✐B6✮✱ B❡♣B86❡♥48❡6 6❝❤8♠❛4✐O✉❡♠❡♥4

♣❛B ❧❛ B♦4❛4✐♦♥ ❞✉ ✈❡❝4❡✉B ❞❡ ❇❧♦❝❤ ❞❛♥6 ❧❡ ♣❧❛♥ (u,w)✳ ▲❡ B8❣✐♠❡ ❧✐♥8❛✐B❡ ❞✬❡①❝✐4❛4✐♦♥ χ(3)

❡64 ♦❜4❡♥✉ ♣♦✉B

√
P1 < 0.25 µW1/2

✳
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❧❡ #$❣✐♠❡ χ(3)
❡() ♦❜(❡#✈$ ♣♦✉# ✉♥❡ ♣✉✐((❛♥❝❡ ❞✬❡①❝✐)❛)✐♦♥

√
P1 < 0.25 µW1/2

✳ ❉❛♥( ❧❛

♣#❛)✐7✉❡✱ ❧✬✐♥)❡♥(✐)$ ❞❡ ❧❛ ♣♦♠♣❡ ❡) ❞❡ ❧❛ (♦♥❞❡ (♦♥) ❝♦♥)#9❧$❡( ❡♥ ✈❛#✐❛♥) ❧❛ ♣✉✐((❛♥❝❡ ❞✉

(✐❣♥❛❧ $❧❡❝)#✐7✉❡ ❡♥✈♦②$ ❛✉① ❆❖▼( #❛❞✐♦✲❢#$7✉❡♥❝❡(✳

❉❡ ❧❛ ♠@♠❡ ♠❛♥✐A#❡ 7✉❡ ♣♦✉# ❧❛ ♣♦♠♣❡✱ ♥♦✉( ❛✈♦♥( ❡✛❡❝)✉$ ❞❡( ♦(❝✐❧❧❛)✐♦♥( ❞❡ ❘❛❜✐

❡♥ ✈❛#✐❛♥) ❧❛ ♣✉✐((❛♥❝❡ ❞❡ ❧❛ (♦♥❞❡ ✭✜❣✉#❡ ✸✳✹✮✳ ▲❛ ♣✉✐((❛♥❝❡ ❞❡ ❧❛ ♣♦♠♣❡ ❡() ✜①$❡ J

Θ1 = π/2✳ ❈♦♠♠❡ ❛))❡♥❞✉✱ ❧✬❛♠♣❧✐)✉❞❡ ❞✉ (✐❣♥❛❧ ❋❲▼ ✐♥)$❣#$ ❞$❝#✐) ✉♥❡ ♦(❝✐❧❧❛)✐♦♥ ❞❡

❘❛❜✐ ∝ sin2(Θ2/2) ❬✸✹❪✳ ▲❡ (✐❣♥❛❧ ❋❲▼ ❡() ♠❛①✐♠❛❧ ♣♦✉# Θ2 = π✱ ✐✳❡✳ 7✉❛♥❞ ❧❛ (♦♥❞❡

✐♥✈❡#(❡ )♦)❛❧❡♠❡♥) ❧❛ ♣❤❛(❡ ❞❡ ❧❛ ♣♦❧❛#✐(❛)✐♦♥ ❞❡ ♣#❡♠✐❡# ♦#❞#❡ ❝#$$❡ ♣❛# ❧❛ ♣♦♠♣❡ (❛♥(

❝❤❛♥❣❡# ❧❛ ♥♦#♠❡ ❞✉ ✈❡❝)❡✉# ❞❡ ❇❧♦❝❤ ❞❛♥( ❧❡ ♣❧❛♥ $7✉❛)♦#✐❛❧ ✭✈♦✐# ✜❣✉#❡ ✸✳✶ ✭❜✮✮✳
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❋✐❣✉$❡ ✸✳✹ ✕ ❖!❝✐❧❧❛&✐♦♥! ❞❡ ❘❛❜✐ ❞✬✉♥ ❡①❝✐&♦♥ ❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ♣✉✐!!❛♥❝❡ ❞❡

❧❛ !♦♥❞❡✳ ❆♠♣❧✐)✉❞❡ ❞✉ (✐❣♥❛❧ ❋❲▼ ✐♥)$❣#$❡ (♣❡❝)#❛❧❡♠❡♥) ❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❛ ♣✉✐((❛♥❝❡

❞✬❡①❝✐)❛)✐♦♥

√
P2 ❡) ❞❡ ❧✬❛✐#❡ ❞❡ ❧✬✐♠♣✉❧(✐♦♥ Θ2 ♣♦✉# Θ1 = π/2 ❡) τ12 = 0.2 ps✳ ❈♦♠♠❡

❛))❡♥❞✉✱ ❧❡ (✐❣♥❛❧ ❋❲▼ ♠♦♥)#❡ ✉♥❡ ❞$♣❡♥❞❛♥❝❡ ❡♥ sin2(Θ2/2) ❡) ❛))❡✐♥) ✉♥ ♠❛①✐♠✉♠

♣♦✉# Θ2 = π✳

❈❡( #$(✉❧)❛)( ♠♦♥)#❡ ❧❛ ♣♦((✐❜✐❧✐)$ ❞✬✉)✐❧✐(❡# ❧❡( ❇◗( (❡♠✐❝♦♥❞✉❝)#✐❝❡( ♣♦✉# ❝♦♥)#9❧❡# ♦♣✲

)✐7✉❡♠❡♥) ❧✬$)❛) 7✉❛♥)✐7✉❡ ❞✬✉♥ ❡①❝✐)♦♥ ❡♥ ✉)✐❧✐(❛♥) ❞❡( ✐♠♣✉❧(✐♦♥( #$(♦♥❛♥)❡(✳ ▲❛ #♦)❛)✐♦♥

❞❡ ❧✬❡①❝✐)♦♥ ❡() ❛❧♦#( (✐♠♣❧❡♠❡♥) #$❛❧✐($❡ ❡♥ ❝♦♥)#9❧❛♥) ❧❛ ♣✉✐((❛♥❝❡ ❞❡( ❧❛(❡#( ❞✬❡①❝✐)❛)✐♦♥(✳

❈❡ )②♣❡ ❞❡ ♣#♦)♦❝♦❧❡ ❞$♠♦♥)#❡ )♦✉) ❧✬✐♥)$#@) ❞✬✉)✐❧✐(❡# ❞❡( ❇◗( ❝♦♠♠❡  ✉❜✐$% (♦❧✐❞❡( ♣♦✉#

#$❛❧✐(❡# ❞❡( ♦♣$#❛)✐♦♥( ❧♦❣✐7✉❡(✱ ❝❡ 7✉✐ #❡♣#$(❡♥)❡ ✉♥ ♣#$#❡7✉✐( ❡♥ ✐♥❢♦#♠❛)✐7✉❡ 7✉❛♥)✐7✉❡✳
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✸✳✶✳✷ ❆❜&♦(♣*✐♦♥ ❡* &❛*✉(❛*✐♦♥ ❞❡& ♣♦♣✉❧❛*✐♦♥& ❞✬✉♥ ❡①❝✐*♦♥

❉❛♥% ❧❛ ♣❛()✐❡ ✸✳✶✳✶✱ ♥♦✉% ❛✈♦♥% ✈✉ 3✉❡ ❧❡ %✐❣♥❛❧ ❋❲▼ ♣❡(♠❡) ❞❡ ♠❡%✉(❡( ❡) ❝♦♥)(;❧❡( ❧❛

♣♦❧❛(✐%❛)✐♦♥ ❞✬✉♥ ❡①❝✐)♦♥ ❛✈❡❝ ❧✬❛✐(❡ ❞❡% ✐♠♣✉❧%✐♦♥% ♣♦♠♣❡ ❡) %♦♥❞❡✳ ◗✉❛♥❞ ❧✬❛♠♣❧✐)✉❞❡ ❞✉

%✐❣♥❛❧ ❋❲▼ ❡%) %✉✣%❛♠♠❡♥) ✐♥)❡♥%❡ ✭104 ❝♦✉♣%✴%✮✱ ✐❧ ❡%) ♣♦%%✐❜❧❡ ❞✬♦❜%❡(✈❡( ❞✐(❡❝)❡♠❡♥)
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(D❛❧✐%❡( ❝❡))❡ ❡①♣D(✐❡♥❝❡ ✿ ❧❛ ♠✐❝(♦❝❛✈✐)D ♣❧❛♥❛✐(❡ 3✉✐ ♥♦✉% ❛ ♣❡(♠✐% ❞❡ (D❞✉✐(❡ ❧❛ ♣✉✐%%❛♥❝❡
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❡%) %✉✣%❛♠♠❡♥) ❢♦() ❡) ❧❛ ♣✉✐%%❛♥❝❡ ❞✬❡①❝✐)❛)✐♦♥ %✉✣%❛♠♠❡♥) ❢❛✐❜❧❡ ♣♦✉( ♥❡ ♣❛% %❛)✉(❡(

❧❛ ❈❈❉✳
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❋✐❣✉$❡ ✸✳✺ ✕ ▼❡%✉(❡ ❞✉ %✐❣♥❛❧ ❋❲▼ ✭❜❧❡✉✮ ❡) ♣♦♠♣❡✲%♦♥❞❡ ✭♥♦✐(✮ ♠♦♥)(❛♥) ❧✬❛❜%♦(♣)✐♦♥

❧✐♥D❛✐(❡ ❞✬✉♥ ❡①❝✐)♦♥ ❞❛♥% ❧❛ (D✢❡❝)✐✈✐)D ❞❡ ❧❛ %♦♥❞❡✳ ▲✬❡♥❝❛❞(D ♣(D%❡♥)❡ ❧✬❛❜%♦(♣)✐♦♥ ❡♥

❢♦♥❝)✐♦♥ ❞❡ ❧✬❛✐(❡ ❞✬✐♠♣✉❧%✐♦♥ ❞❡ ❧❛ ♣♦♠♣❡ ❥✉%3✉✬K ❧❛ %❛)✉(❛)✐♦♥ Θ1 = π✳

❙✉( ❧❛ ✜❣✉(❡ ✸✳✺✱ ♥♦✉% ❝♦♠♣❛(♦♥% ❧❡ %✐❣♥❛❧ ❋❲▼ ✭❜❧❡✉✮ ❡) ❧❛ (D✢❡❝)✐✈✐)D ❞❡ ❧❛ %♦♥❞❡

✭♥♦✐(✮✱ ♣(♦✈❡♥❛♥) ❞❡ ❧❛ ♠W♠❡ ♣♦%✐)✐♦♥ %♣❛)✐❛❧❡ ❡) %♣❡❝)(❛❧❡ ❞❡ ❧✬D❝❤❛♥)✐❧❧♦♥✳ ▲❡ %✐❣♥❛❧ ❋❲▼✱

❞D)❡❝)D K ❧❛ ❢(D3✉❡♥❝❡ ❤D)D(♦❞②♥❡ 2Ω2−Ω1✱ (D✈H❧❡ ❧❛ ♣(D%❡♥❝❡ ❞✬✉♥❡ )(❛♥%✐)✐♦♥ ❞♦♠✐♥❛♥)❡ K

✶✸✻✼✳✼ ♠❡❱✳ ❆ ❝❡))❡ ♠W♠❡ D♥❡(❣✐❡✱ ♥♦✉% ♦❜%❡(✈♦♥% ✉♥ ❝(❡✉① ❞✬❡♥✈✐(♦♥ 3 % ❞❛♥% ❧❛ (D✢❡❝)✐✲

✈✐)D ❞❡ ❧❛ %♦♥❞❡✱ ❞D)❡❝)D K ❧❛ ❢(D3✉❡♥❝❡ ❤D)D(♦❞②♥❡ Ω2✳ ❖♥ ❛))(✐❜✉❡ ❝❡ ❝(❡✉① K ❧✬❛❜%♦(♣)✐♦♥

❞❡ ♣(❡♠✐❡( ♦(❞(❡ ❞❡ ❧❛ ♣♦♠♣❡ ♣❛( ❧❛ )(❛♥%✐)✐♦♥ ❡①❝✐)♦♥✐3✉❡ ❞♦♠✐♥❛♥)❡✳ \♦✉( ❝♦♥✜(♠❡( 3✉❡

❝❡ ♣✐❝ ❞✬❛❜%♦(♣)✐♦♥ ❝♦((❡%♣♦♥❞ ❡✛❡❝)✐✈❡♠❡♥) K ✉♥ ❡①❝✐)♦♥✱ ♥♦✉% ❛✈♦♥% ♠❡%✉(D %❛ %❛)✉(❛)✐♦♥

❡♥ ❢♦♥❝)✐♦♥ ❞❡ ❧❛ ♣✉✐%%❛♥❝❡ ❞✬❡①❝✐)❛)✐♦♥✳ ▲❡ (D%✉❧)❛) ❞❡ ❝❡))❡ ❡①♣D(✐❡♥❝❡ ❡%) ✐❧❧✉%)(D ❞❛♥%

❧✬❡♥❝❛❞(D ❞❡ ❧❛ ✜❣✉(❡ ✸✳✺✳ ◗✉❛♥❞ Θ1 = 0✱ %❡✉❧❡ ❧❛ %♦♥❞❡ ❡%) ❛❜%♦(❜D❡ ♣❛( ❧✬❡①❝✐)♦♥✱ ❧✬❛♠♣❧✐✲



❈❍❆#■❚❘❊ ✸✳ ▼➱❈❆◆■❙▼❊❙ ❉❊ ❉➱❈❖❍➱❘❊◆❈❊ ❉✬❊❳❈■❚❖◆❙ ■◆❉■❱■❉❯❊▲❙ ✺✼

"✉❞❡ ❞✉ ❝'❡✉① ❞❛♥+ ❧❛ '-✢❡❝"✐✈✐"- ❞❡ ❧❛ +♦♥❞❡ ❡+" ♠❛①✐♠✉♠ ✭❝♦✉'❜❡ ♥♦✐'❡✮✳ ❊♥ ❛✉❣♠❡♥"❛♥"

❣'❛❞✉❡❧❧❡♠❡♥" ❧❛ ♣✉✐++❛♥❝❡ ❞❡ ❧❛ ♣♦♠♣❡✱ ❧✬❛♠♣❧✐"✉❞❡ ❞✉ ❝'❡✉① ❞✐♠✐♥✉❡ ♣'♦❣'❡++✐✈❡♠❡♥"

❥✉+=✉✬> ③-'♦ ♣♦✉' Θ1 = π ✭♦'❛♥❣❡✮✳ ❆✉"'❡♠❡♥" ❞✐"✱ ❧✬❡①❝✐"♦♥ ❛❜+♦'❜❡ ♣'♦❣'❡++✐✈❡♠❡♥" ❧❛

♣♦♠♣❡ ❥✉+=✉✬> +❛ +❛"✉'❛"✐♦♥ ❝♦''❡+♣♦♥❞❛♥" > ❧❛ ♣♦♣✉❧❛"✐♦♥ ♠❛①✐♠❛❧❡ ❞❡ ❧✬❡①❝✐"♦♥✳ ❈♦♠♠❡

♣♦✉' ❧❛ ♣♦❧❛'✐+❛"✐♦♥✱ ❧✬✐♥✈❡'+✐♦♥ ❞❡ ♣♦♣✉❧❛"✐♦♥ ❞✬✉♥ ❡①❝✐"♦♥ ❞-❝'✐" ❞❡+ ♦+❝✐❧❧❛"✐♦♥+ ❞❡ ❘❛❜✐✱

❞♦♥" ❧❡ +✐❣♥❛❧ ♠❡+✉'- ✭✐❝✐ ❧❛ '-✢❡❝"✐✈✐"- ❞❡ ❧❛ +♦♥❞❡✮ ❡+" ♣'♦♣♦'"✐♦♥♥❡❧ > cos2(Θ/2)✳

▲❛ ♠❡+✉'❡ ❞❡ ❧✬❛❜+♦'♣"✐♦♥ ❧✐♥-❛✐'❡ ❞✬✉♥ ❡①❝✐"♦♥ ✉♥✐=✉❡ ❛""❡+"❡ ❞❡ ❧❛ =✉❛❧✐"- ❞❡ ❧✬-❝❤❛♥✲

"✐❧❧♦♥ ❡" ❞❡ ❧✬❡✣❝❛❝✐"- ❞❡ ♥♦"'❡ ❞-"❡❝"✐♦♥✳ ❊♥ ✉"✐❧✐+❛♥" ❧❡+ ❛✈❛♥"❛❣❡+ ❞❡ ❧❛ ♠✐❝'♦❝❛✈✐"- ❡" ❞❡

❧❛ ❞-"❡❝"✐♦♥ ❤-"-'♦❞②♥❡✱ ♥♦✉+ ❞-♠♦♥"'♦♥+ =✉✬✐❧ ❡+" ♣♦++✐❜❧❡ ❞❡ ♠❡+✉'❡' ❡" ❞❡ ❝♦♥"'H❧❡' ❛✈❡❝

✉♥ +❡✉❧ ❞✐+♣♦+✐"✐❢ ❡①♣-'✐♠❡♥"❛❧✱ > ❧❛ ❢♦✐+ ❧❡+ ❝♦❤-'❡♥❝❡+ ❡" ❧❡+ ♣♦♣✉❧❛"✐♦♥+ ❞✬✉♥ ✷LS✱ "❡❧
=✉✬✉♥ ❡①❝✐"♦♥ ❢♦'"❡♠❡♥" ❝♦♥✜♥- ❞❛♥+ ✉♥❡ ❇◗ ■♥❆+✴●❛❆+✳ ❈❡ '-+✉❧"❛" ♠♦♥"'❡ -❣❛❧❡♠❡♥" ❧❛

=✉❛❧✐"- ❞❡ +♦✉+"'❛❝"✐♦♥ ❞✉ ❜'✉✐" ❞❡ ♥♦"'❡ ❞✐+♣♦+✐"✐❢ ❡①♣-'✐♠❡♥"❛❧✳ ◆♦✉+ ❛❧❧♦♥+ ♠❛✐♥"❡♥❛♥"

-"✉❞✐❡' ❧❡+ ❞②♥❛♠✐=✉❡+ "❡♠♣♦'❡❧❧❡+ ❞❡+ ❝♦❤-'❡♥❝❡+ ❡" ❞❡+ ♣♦♣✉❧❛"✐♦♥+ ❞✬❡①❝✐"♦♥+ ✐♥❞✐✈✐❞✉❡❧+

❞❛♥+ ❧❡ '-❣✐♠❡ ❞✬❡①❝✐"❛"✐♦♥ ❧✐♥-❛✐'❡✳

✸✳✷ ❉②♥❛♠✐)✉❡, ❞❡, ♣♦♣✉❧❛1✐♦♥, ❡1 ❞❡, ❝♦❤45❡♥❝❡, ❞✬❡①❝✐1♦♥,

✐♥❞✐✈✐❞✉❡❧,

✸✳✷✳✶ ▲✐♠✐'❡ )❛❞✐❛'✐✈❡

❉❛♥+ ❧❡ ❝❤❛♣✐"'❡ ✶✱ ♥♦✉+ ❛✈♦♥+ ✈✉ =✉✬✉♥ ✷LS✱ ❡♥ ❧✬❛❜+❡♥❝❡ ❞✬❡①❝✐"❛"✐♦♥ ❡" ❞❡ ♣❡'"✉'❜❛✲

"✐♦♥ ❡①"-'✐❡✉'❡✱ ❡+" ❞-❝'✐" ♣❛' ❞❡✉① "❡♠♣+ ❝❛'❛❝"-'✐+"✐=✉❡+ T1 ❡" T2✳ ▲❡ ♣'❡♠✐❡' "❡♠♣+ T1
❝♦''❡+♣♦♥❞ ❛✉ "❡♠♣+ ❞❡ '❡❝♦♠❜✐♥❛✐+♦♥ '❛❞✐❛"✐✈❡ ❞❡ ❧✬❡①❝✐"♦♥ ♣❛' -♠✐++✐♦♥ +♣♦♥"❛♥-❡ ❞✬✉♥

♣❤♦"♦♥ ❞✬-♥❡'❣✐❡ ~ω0✱ ❝✬❡+"✲>✲❞✐'❡ ❛✉  ❡♠♣$ ❞❡ ✈✐❡ ❞❡ ❧✬❡①❝✐"♦♥✳ ❈❡ "❡♠♣+ ❝❛'❛❝"-'✐+❡ ❧❡

❞-❝❧✐♥ "❡♠♣♦'❡❧ ❞❡ ❧❛ ♣♦♣✉❧❛"✐♦♥ ❡①❝✐"♦♥✐=✉❡ N(t)✱ ❞♦♥" ❧❛ ❞-❝'♦✐++❛♥❝❡ ❡+" ❡①♣♦♥❡♥"✐❡❧❧❡ ✿

N(t) = N0e
−t/T1

✭✸✳✸✮

♦V N0 = 1 ❡+" ❧❛ ♣♦♣✉❧❛"✐♦♥ ✐♥✐"✐❛❧❡ ❞❡ ❧✬❡①❝✐"♦♥✳ ▲❡ ❞❡✉①✐W♠❡ "❡♠♣+ ❝❛'❛❝"-'✐+"✐=✉❡ T2
❝♦''❡+♣♦♥❞ ❛✉ "❡♠♣+ ❞❡ ❞-♣❤❛+❛❣❡ ❞✉ ❞✐♣H❧❡ ❡①❝✐"♦♥✐=✉❡✱ ❝✬❡+"✲>✲❞✐'❡ ❛✉  ❡♠♣$ ❞❡ ❞(❝♦❤(✲

-❡♥❝❡ ❞❡ ❧✬❡①❝✐"♦♥✳ ❈❡ "❡♠♣+ ❝❛'❛❝"-'✐+❡ ❧❡ ❞-❝❧✐♥ "❡♠♣♦'❡❧ ❞❡ ❧❛ ♣♦❧❛'✐+❛"✐♦♥ ❡①❝✐"♦♥✐=✉❡

P (t)✱ ❞♦♥" ❧❛ ❞-❝'♦✐++❛♥❝❡ ❡+" -❣❛❧❡♠❡♥" ❡①♣♦♥❡♥"✐❡❧❧❡ ✿

P (t) = P0e
−t/T2

✭✸✳✹✮

♦V P0 ❡+" ❧❛ ♣♦❧❛'✐+❛"✐♦♥ ✐♥✐"✐❛❧❡ ❞❡ ❧✬❡①❝✐"♦♥✳ ❙❛♥+ ✐♥"❡'❛❝"✐♦♥ ❛✈❡❝ ❧✬❡♥✈✐'♦♥♥❡♠❡♥"✱ ❧❛

❝♦❤-'❡♥❝❡ ❞❡ ❧✬❡①❝✐"♦♥ ❡+" ✉♥✐=✉❡♠❡♥" ❞-"'✉✐"❡ ♣❛' ❧❛ '❡❝♦♠❜✐♥❛✐+♦♥ '❛❞✐❛"✐✈❡ ❞❡ ❧✬❡①❝✐"♦♥✳

❆✉"'❡♠❡♥" ❞✐"✱ ❧❛ ♥♦'♠❡ ❞✉ ✈❡❝"❡✉' ❞❡ ❇❧♦❝❤ ♣'♦❥❡"-❡ ❞❛♥+ ❧❡ ♣❧❛♥ (u, v) ❞❡+ ❝♦❤-'❡♥❝❡+✱
❞✐♠✐♥✉❡ ❛✉ ❢✉' ❡" > ♠❡+✉'❡ ❞❡ ❧❛ '♦"❛"✐♦♥ ❞✉ ✈❡❝"❡✉' ❞❛♥+ ❧❡ ♣❧❛♥ (u,w) ❞❡+ ♣♦♣✉❧❛"✐♦♥+

✭❝❢ ❝❤❛♣✐"'❡ ✶✮✳ ▲❛ ❞-❝♦❤-'❡♥❝❡ ❡+" ❛❧♦'+ ❧✐♠✐"-❡ ♣❛' ❧❡ "❡♠♣+ ❞❡ ✈✐❡ '❛❞✐❛"✐❢ ❞❡ ❧✬❡①❝✐"♦♥✱

♦♥ ♣❛'❧❡ ❞❡ ❞(♣❤❛$❛❣❡ -❛❞✐❛ ✐❢✳ ❖♥ ❛❜♦✉"✐" ❛✐♥+✐ > ❧✬-=✉❛"✐♦♥ ❞❡ ❧✐♠✐ ❡ -❛❞✐❛ ✐✈❡ ❧✐❛♥" T1 ❡"

T2 "❡❧❧❡ =✉❡ ✿

T2 = 2T1 ✭✸✳✺✮

▲❛ ✜❣✉'❡ ✸✳✻ ♣'-+❡♥"❡ ✉♥ ❡①❡♠♣❧❡ ❞✬❡①❝✐"♦♥ ❧✐♠✐"- '❛❞✐❛"✐✈❡♠❡♥" > ❜❛++❡ "❡♠♣-'❛"✉'❡
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✭✈♦✐' ❧❡ +❝❤-♠❛✮✳ ▲❛ ♣'❡♠✐W'❡ ✐♠♣✉❧+✐♦♥ E1 ❣-♥W'❡ ❧❛ ♣♦❧❛'✐+❛"✐♦♥ ❞❡ ♣'❡♠✐❡' ♦'❞'❡ p(1)✱ =✉✐
❡+" ❝♦♥✈❡'"✐❡ ❛♣'W+ ❧❡ ❞-❧❛✐ τ12 ❡♥ ♣♦♣✉❧❛"✐♦♥ ❞❡ +❡❝♦♥❞ ♦'❞'❡ n(2) ♣❛' ❧❛ ❞❡✉①✐W♠❡ ✐♠♣✉❧+✐♦♥
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T = 4 K

τ23
T1 = 390 ps τ12

T2 = 362 ps
σ = 3 µeV

γ2 = 2~/T2 = 1.7 µeV

Fp

20± 5 %
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σ = 3 µeV ❝♦((❡1♣♦♥❞❛♥% J ✉♥ %❡♠♣1 ❞❡ ❞✐✛✉1✐♦♥ 1♣❡❝%(❛❧❡ Tin = ~/σ = 220 ps✳ ▲❡1 ❞0%❛✐❧1
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❞❡ ❧✬❡♥✈✐(♦♥♥❡♠❡♥% ❞❡ ❧❛ ❇◗✱ ❝♦♠♠❡ ♣❛( ❡①❡♠♣❧❡ ❧❡ ♣✐0❣❡❛❣❡ ❞✬✉♥ 0❧❡❝%(♦♥ ♣❛( ✉♥❡ ✐♠✲

♣✉(❡%0 ♦✉ ✉♥ ❞0❢❛✉% ❞❛♥1 ❧❛ ❝♦✉❝❤❡ ❞❡ ●❛❆1 ♦✉ ❞❛♥1 ❧❛ ❝♦✉❝❤❡ ❞❡ ♠♦✉✐❧❧❛❣❡ ■♥❆1 ✭❝❢

✜❣✉(❡ ✸✳✼✮✳ ❈❡1 ✢✉❝%✉❛%✐♦♥1 ❞✬❡♥✈✐(♦♥♥❡♠❡♥% ❡♥❣❡♥❞(❡♥% ✉♥❡ ✢✉❝%✉❛%✐♦♥ 1%♦❝❤❛1%✐8✉❡ ❞❡1

♥✐✈❡❛✉① ❞✬0♥❡(❣✐❡ ❞❡ ❧✬❡①❝✐%♦♥ ♣❛( ❡✛❡% ❙%❛(❦ ❝♦♥✜♥0 8✉❛♥%✐8✉❡♠❡♥% ❬✹✼❪✳

❈❡ ♣(♦❝❡11✉1 ❛❧0❛%♦✐(❡ ❡♥❣❡♥❞(❡ ✉♥ 0❧❛(❣✐11❡♠❡♥% ❣❛✉11✐❡♥ ❞❡ ❧❛ (❛✐❡✳ ❉❛♥1 ❧❡ ❞♦♠❛✐♥❡

%❡♠♣♦(❡❧✱ ❝❡% 0❧❛(❣✐11❡♠❡♥% 1❡ %(❛❞✉✐% ♣❛( ✉♥ 0❝❤♦ ❞❡ ♣❤♦%♦♥ ❞♦♥% ❧✬❛♠♣❧✐%✉❞❡ ❡1% ♠❛①✐✲

♠❛❧❡ ♣♦✉( t = τ12✳ *❛( ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧✬0❝❤♦ ❞❡ ♣❤♦%♦♥ ❞✬✉♥ ❡♥1❡♠❜❧❡ ❞❡ ❇◗1✱ ❧❛ ❧❛(❣❡✉( ❞❡
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◗✉❛♥❞ τ12 = 0✱ ❧✬#❝❤♦ ❡() ❝❡♥)+# , t = 0✱ ❝♦++❡(♣♦♥❞❛♥) , ❧✬❛++✐✈#❡ ❞❡ E3✱ ❡) (♦♥

❛♠♣❧✐)✉❞❡ ❡() ♠❛①✐♠❛❧❡✳ ▲❛ ♠♦✐)✐# ❞❡ ❧✬#❝❤♦ ❡() ❝♦❧❧❡❝)#❡ ❞❛♥( ❧❛ ❢❡♥8)+❡ )❡♠♣♦+❡❧❧❡ ❞✉

(♣❡❝)+♦♠9)+❡✳ ❆ τ12 = 100 ps✱ ❧✬#❝❤♦ ❡() ❝❡♥)+# ❞❛♥( ❧❛ ❢❡♥8)+❡ )❡♠♣♦+❡❧❧❡ ❞✉ (♣❡❝)+♦✲

♠9)+❡ ✭, t = 100 ps✮ ❡) (♦♥ ❛♠♣❧✐)✉❞❡ ❛ ❞✐♠✐♥✉# ❡①♣♦♥❡♥)✐❡❧❧❡♠❡♥) ❞❡ ∝ e−t/T2
✳ ◗✉❛♥❞

T2 >> ∆ts✱ ❝❡ ?✉✐ ❡() ❧❡ ❝❛( ♣♦✉+ ❧❛ ♠❛❥♦+✐)# ❞❡( ❇◗( #)✉❞✐#❡(✱ ❧✬❛♠♣❧✐)✉❞❡ ❞❡ ❧✬#❝❤♦

❡() ♣+❛)✐?✉❡♠❡♥) ❝♦♥()❛♥)❡ ❞❛♥( ❧❛ ❢❡♥8)+❡ ❞✉ (♣❡❝)+♦♠9)+❡✳ ▲✬✐♥)❡♥(✐)# ✐♥)#❣+#❡ ❞✉ (✐❣♥❛❧

❋❲▼ ❡() ❞♦♥❝ ♠❛①✐♠❛❧❡ ♣♦✉+ τ12 = ∆ts/2✳ ❈❡) ❡✛❡) ❡() ❞✬❛✉)❛♥) ♣❧✉( ✈✐(✐❜❧❡ ?✉❛♥❞ ❧❛

❧❛+❣❡✉+ ❞❡ ❧✬#❝❤♦ ❡() ❝♦♠♣❛+❛❜❧❡ ♦✉ ✐♥❢#+✐❡✉+❡ , ∆ts✳ ▲❛ ✜❣✉+❡ ✸✳✾ ✭❜✮ ♠♦♥)+❡ ✉♥ #❝❤♦ ❞❡

♣❤♦)♦♥ ♣♦✉+ ❧❡?✉❡❧ ❧❛ ❧❛+❣❡✉+ ✐♥❤♦♠♦❣9♥❡ σ = 6.4 µeV ❝♦++❡(♣♦♥❞ , ✉♥❡ ❧❛+❣❡✉+ )❡♠♣♦✲

+❡❧❧❡ Tin = 103 ps✳ L♦✉+ τ12 = 100 ps✱ ❧❛ )♦)❛❧✐)# ❞❡ ❧✬#❝❤♦ ❡() ✐♥)#❣+#❡✱ ❧❡ (✐❣♥❛❧ ❋❲▼

❛))❡✐♥) (♦♥ ♠❛①✐♠✉♠ ❞✬❛♠♣❧✐)✉❞❡✳ ◆♦✉( ❛✈♦♥( ✉)✐❧✐(# ❧❡ ♠♦❞9❧❡ ❞✬❊+❧❛♥❞ ❬✹✺❪✱ ♣♦✉+ +#❛❧✐(❡+

❧✬❛❥✉()❡♠❡♥) ❞❡( ♣♦✐♥)( ❡①♣#+✐♠❡♥)❛✉① ✭)+❛✐) ♣❧❡✐♥✮✱ ❡) ❡①)+❛✐+❡ ❧❡( ❝♦♥)+✐❜✉)✐♦♥( ❤♦♠♦❣9♥❡

γ2 = 1.7 µeV ❡) ✐♥❤♦♠♦❣9♥❡ σ = 6.4 µeV✳ ◗✉❛♥❞ τ12 >> ∆ts✱ (❡✉❧❡♠❡♥) ✉♥❡ ♣❡)✐)❡ ♣❛+)✐❡

❞❡ ❧✬#❝❤♦ ❡() ✐♥)#❣+#❡✱ ❧❡ (✐❣♥❛❧ ❋❲▼ ♠❡(✉+# ♣+♦✈✐❡♥) ♠❛❥♦+✐)❛✐+❡♠❡♥) ❞❡ ❧❛ ❝♦♥)+✐❜✉)✐♦♥

❤♦♠♦❣9♥❡ ❡) ❞#❝+♦✐) ❡①♣♦♥❡♥)✐❡❧❧❡♠❡♥)✳ ❈❡♣❡♥❞❛♥)✱ ❧❛ ?✉❛♥)✐)# ❞❡ (✐❣♥❛❧ ❋❲▼ ✐♥)#❣+#❡

❞❛♥( ❧❛ ❢❡♥8)+❡ )❡♠♣♦+❡❧❧❡ ❞✉ (♣❡❝)+♦♠9)+❡ ❡() )+9( ❢❛✐❜❧❡ ❡) ❧✐♠✐)❡ ❧❛ ♠❡(✉+❡ ❞❡ ❧❛ ❝♦❤#✲

+❡♥❝❡ ❛✉① ❞#❧❛✐( ❧♦♥❣( ✭(✉+)♦✉) ?✉❛♥❞ Tin ≤ ∆ts✮✳ ❉❛♥( ❧❡ ❝❛( ♦T Tin ≥ T2✱ ✐❧ ♥✬❡() ♣❧✉(

♣♦((✐❜❧❡ ❞❡ ❞✐()✐♥❣✉❡+ )❡♠♣♦+❡❧❧❡♠❡♥) ❧❡( ❞❡✉① ❝♦♥)+✐❜✉)✐♦♥(✱ ❧❡ (✐❣♥❛❧ ♠❡(✉+# ♥❡ ♣+#(❡♥)❡

♣❧✉( ❞✬#❝❤♦ ❞❡ ♣❤♦)♦♥ ♠❛+?✉#✳
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❋✐❣✉$❡ ✸✳✾ ✕ ❉②♥❛♠✐&✉❡ ❞❡ ♣♦♣✉❧❛-✐♦♥ ❡- ❞❡ ❝♦❤01❡♥❝❡ ❞✬✉♥ ❡①❝✐-♦♥ ✉♥✐&✉❡ 4

T = 4 K ❡♥ ♣105❡♥❝❡ ❞❡ ❞✐✛✉5✐♦♥ 5♣❡❝-1❛❧❡✳ ✭❛✮ ❆♠♣❧✐)✉❞❡ ❞✉ (✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝)✐♦♥

❞✉ ❞#❧❛✐ τ23✳ ❈♦✉+❜❡ +♦✉❣❡ ✿ ❞#❝+♦✐((❛♥❝❡ ❡①♣♦♥❡♥)✐❡❧❧❡ ♦❜)❡♥✉❡ ♣♦✉+ ✉♥ )❡♠♣( ❞❡ ❞#❝❧✐♥

T1 = 391 ± 7 ps✳ ✭❜✮ ❆♠♣❧✐)✉❞❡ ❞✉ (✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝)✐♦♥ ❞✉ ❞#❧❛✐ τ12✳ ❈♦✉+❜❡ ❝②❛♥ ✿

❛❥✉()❡♠❡♥) ❜❛(# (✉+ ❧❛ ❝♦♥✈♦❧✉)✐♦♥ ❞✬✉♥❡ ❞✐()+✐❜✉)✐♦♥ ❣❛✉((✐❡♥♥❡ ❞❡ ❧❛+❣❡✉+ σ = 6.4 µeV
❡) ❞✬✉♥❡ ❞#❝+♦✐((❛♥❝❡ ❡①♣♦♥❡♥)✐❡❧❧❡ ❛✈❡❝ ✉♥ )❛✉① ❞❡ ❞#❝❧✐♥ ✜①# , γ2 = 1.7 µeV✱ ♣❡+♠❡))❛♥)

❞❡ ❞#❝+✐+❡ ❧✬#❧❛+❣✐((❡♠❡♥) ❤♦♠♦❣9♥❡ ❞❡ ❧❛ +❛✐❡ ❡①❝✐)♦♥✐?✉❡ ❡♥ ♣+#(❡♥❝❡ ❞✬#❧❛+❣✐((❡♠❡♥)

✐♥❤♦♠♦❣9♥❡ ❬✹✺❪✳

◆♦)♦♥( ?✉✬✐❧ (❡+❛✐) ♣♦((✐❜❧❡ ❞✬❛✉❣♠❡♥)❡+ ❧❡ (✐❣♥❛❧ ❋❲▼ ♣♦✉+ ❧❡( ❞#❧❛✐( ❧♦♥❣( ❡♥ (✉✐✈❛♥)

)❡♠♣♦+❡❧❧❡♠❡♥) ❧✬#❝❤♦ ❛✈❡❝ ❧❛ +#❢#+❡♥❝❡✳ ❉❡ ❝❡))❡ ♠❛♥✐9+❡✱ ❧❡ ❝♦♥)+❛()❡ ❞❡( ✐♥)❡+❢#+❡♥❝❡(

(♣❡❝)+❛❧❡( ❡♥)+❡ ❧❡ (✐❣♥❛❧ ❞✬#❝❤♦ ❡) ❧❛ +#❢#+❡♥❝❡ ❡() ❝♦♥()❛♥) ❡♥ ❢♦♥❝)✐♦♥ ❞❡ τ12✳ ❈❡❧❛ +❡✈✐❡♥)

, ❞✐+❡ ?✉❡ ❧✬#❝❤♦ ♥❡ (❡ ❞#♣❧❛❝❡ ♣❧✉( ❞❛♥( ❧❛ ❢❡♥8)+❡ )❡♠♣♦+❡❧❧❡ ❞✉ (♣❡❝)+♦♠9)+❡✳ L♦✉+ ❝❤❛?✉❡

❞#❧❛✐✱ ❧❡ (✐❣♥❛❧ ✐♥)#❣+# ❝♦++❡(♣♦♥❞ , ❧❛ ♠♦✐)✐# ❞❡ ❧✬❛✐+❡ ❞❡ ❧❛ ❣❛✉((✐❡♥♥❡ ✭✈♦✐+ ❧❛ ✜❣✉+❡ ✸✳✶✵✮✳
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▲❡ $✐❣♥❛❧ ❋❲▼ ♠❡$✉/0 ❡$1 ❛❧♦/$ ✉♥✐3✉❡♠❡♥1 ♣/♦♣♦/1✐♦♥♥❡❧ 5 ❧❛ ✈❛/✐❛1✐♦♥ ❞❡ ❧✬❛♠♣❧✐1✉❞❡

❞❡ ❧✬0❝❤♦ ❞♦♥1 ❧❡ ❞0❝❧✐♥ ❡①♣♦♥❡♥1✐❡❧ ❝♦//❡$♣♦♥❞ ✉♥✐3✉❡♠❡♥1 5 ❧❛ ❞0❝♦❤0/❡♥❝❡ ❞❡ ❧✬❡①❝✐1♦♥✳

❈❡❧❛ ♥0❝❡$$✐1❡ ❧✬❛❥♦✉1 ❞✬✉♥❡ ❧✐❣♥❡ 5 /❡1❛/❞ $②♥❝❤/♦♥✐$0❡ ❛✈❡❝ ❧❡ ❞0❧❛✐ τ12 $✉/ ❧❡ ❝❤❡♠✐♥ ❞❡

❧❛ /0❢0/❡♥❝❡✳
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ps10012 =t

ps30012 =t
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❋✐❣✉$❡ ✸✳✶✵ ✕ ❘❡♣/0$❡♥1❛1✐♦♥ $❝❤0♠❛1✐3✉❡ ❞❡ ❧✬0❝❤♦ ❞❡ ♣❤♦1♦♥ ❡♥ ❢♦♥❝1✐♦♥ ❞✉ 1❡♠♣$ ♣♦✉/

1/♦✐$ ❞0❧❛✐$ τ12✳ ❊♥ ❞0♣❧❛G❛♥1 ❧❛ /0❢0/❡♥❝❡ ❞❡ t+ τ12✱ ❧❛ ❢❡♥I1/❡ 1❡♠♣♦/❡❧❧❡ ❞✉ $♣❡❝1/♦♠J1/❡

$✉✐1 ❧❡ ❞0♣❧❛❝❡♠❡♥1 ❞❡ ❧✬0❝❤♦✳ ▲❡ ❞0❝❧✐♥ ❞✉ $✐❣♥❛❧ ❋❲▼ ♥✬❡$1 ♣❧✉$ ❧✐♠✐10 ♣❛/ ❧❛ /0$♦❧✉1✐♦♥

1❡♠♣♦/❡❧❧❡ ❞✉ $♣❡❝1/♦♠J1/❡✳ K♦✉/ ❝❤❛3✉❡ ❞0❧❛✐✱ ❧❡ $✐❣♥❛❧ ♠❡$✉/0 ❝♦//❡$♣♦♥❞ 5 ❧❛ ❞❡♠✐✲

✐♥10❣/❛❧❡ ❞❡ ❧✬0❝❤♦✳ ▲❡ ❞0❝❧✐♥ ❞✉ $✐❣♥❛❧ ❞0♣❡♥❞ ❞♦♥❝ ✉♥✐3✉❡♠❡♥1 ❞✉ ❞0❝❧✐♥ ❞❡ ❧✬❛♠♣❧✐1✉❞❡

❞❡ ❧✬0❝❤♦✱ ❝✬❡$1✲5✲❞✐/❡ 5 ❧✬0❧❛/❣✐$$❡♠❡♥1 ❤♦♠♦❣J♥❡ ❞❡ ❧❛ /❛✐❡✳

✸✳✸ ▼#❝❛♥✐(♠❡( ❞❡ ❞#❝♦❤#.❡♥❝❡ ❞✬✉♥ ❡①❝✐2♦♥ ✉♥✐3✉❡

❉❛♥$ ❧❡$ $♦❧✐❞❡$✱ ❧❡$ $♦✉/❝❡$ ❞❡ ❞0♣❤❛$❛❣❡ $♦♥1 ♦♠♥✐♣/0$❡♥1❡$✳ ▲❛ ❝♦❤0/❡♥❝❡ ♦♣1✐3✉❡

❞✬✉♥ ❡①❝✐1♦♥ ❡$1 ❣0♥0/❛❧❡♠❡♥1 ❧✐♠✐10❡ ♣❛/ ❞✬❛✉1/❡$ ♣/♦❝❡$$✉$ 3✉❡ ❧❛ /❡❝♦♠❜✐♥❛✐$♦♥ /❛❞✐❛✲

1✐✈❡✳ ❉❛♥$ ❝❡11❡ ♣❛/1✐❡ ♥♦✉$ ❛❧❧♦♥$ ♥♦✉$ ✐♥10/❡$$❡/ ❛✉① ♠0❝❛♥✐$♠❡$ ❞❡ ❞0♣❤❛$❛❣❡✱ ❡1 ♣❧✉$

♣❛/1✐❝✉❧✐J/❡♠❡♥1 ❛✉ /O❧❡ ❞❡$ ♣❤♦♥♦♥$ ❞❛♥$ ❧❛ ❞0❝♦❤0/❡♥❝❡ ❞✬❡①❝✐1♦♥$ ✉♥✐3✉❡$✳

✸✳✸✳✶ ❉$♣❤❛(❛❣❡ ♣✉, ❞✬✉♥ ❡①❝✐3♦♥ ✉♥✐5✉❡

➚ ❜❛$$❡ 1❡♠♣0/❛1✉/❡✱ ❧✬✐♥1❡/❛❝1✐♦♥ ❞✬✉♥ ❡①❝✐1♦♥ ❢♦/1❡♠❡♥1 ❝♦♥✜♥0 ❛✈❡❝ $♦♥ ❡♥✈✐/♦♥♥❡✲

♠❡♥1 $♦❧✐❞❡ ❡$1 ❢❛✐❜❧❡✱ ❧❛ ❞0❝♦❤0/❡♥❝❡ ❞❡ ❧✬❡①❝✐1♦♥ /0$✉❧1❡ ♣/✐♥❝✐♣❛❧❡♠❡♥1 ❞❡ ❧❛ /❡❧❛①❛1✐♦♥

❞❡ $❛ ♣♦♣✉❧❛1✐♦♥ ♣❛/ 0♠✐$$✐♦♥ $♣♦♥1❛♥0❡✳ ▲❡ ❞0♣❤❛$❛❣❡ ❞❡ ❧✬❡①❝✐1♦♥ ❡$1 ♠❛❥♦/✐1❛✐/❡♠❡♥1

/❛❞✐❛1✐❢✱ ❧❡ 1❡♠♣$ ❞❡ ❞0❝❧✐♥ ❞❡ $❛ ♣♦❧❛/✐$❛1✐♦♥ ❡$1 ❛❧♦/$ ♣❧✉$ ❧♦♥❣ 3✉❡ ❝❡❧✉✐ ❞❡ $❛ ♣♦♣✉❧❛✲

1✐♦♥✱ ♣♦✉✈❛♥1 ❛❧❧❡/ ❥✉$3✉✬5 T2 = 2T1 ❧♦/$3✉❡ ❧✬❡①❝✐1♦♥ ❡$1 ❧✐♠✐10 /❛❞✐❛1✐✈❡♠❡♥1✳ ❈❡♣❡♥❞❛♥1✱

❧❡$ ♣/♦❝❡$$✉$ ❞❡ ❞0♣❤❛$❛❣❡ $♦♥1 ♥♦♠❜/❡✉① ❞❛♥$ ❧❡$ $♦❧✐❞❡$✱ ❡1 ❜✐❡♥ $♦✉✈❡♥1 T2 < T1✳ ▲❡$
♣/✐♥❝✐♣❛❧❡$ $♦✉/❝❡$ ❞❡ ❞0❝♦❤0/❡♥❝❡ $♦♥1 ❧❡$ $✉✐✈❛♥1❡$ ✿

✶✳ ▲❛ ❞✐✛✉$✐♦♥ ❛✈❡❝ ❧❡$ ♣❤♦♥♦♥$ ❞✉ /0$❡❛✉✱ 5 1/❛✈❡/$ ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ ❋/T❤❧✐❝❤ ❛✈❡❝ ❧❡$

♣❤♦♥♦♥$ ♦♣1✐3✉❡$✱ 5 1/❛✈❡/$ ❧❡ ♣♦1❡♥1✐❡❧ ❞❡ ❞0❢♦/♠❛1✐♦♥ ❡1 ❧❡ ❝♦✉♣❧❛❣❡ ♣✐0③♦0❧❡❝1/✐3✉❡

❛✈❡❝ ❧❡$ ♣❤♦♥♦♥$ ❛❝♦✉$1✐3✉❡$✳
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✷✳ ▲❛ ❞✐✛✉*✐♦♥ -❧❛*/✐0✉❡ ♦✉ ✐♥-❧❛*/✐0✉❡ ❛✈❡❝ ❞✬❛✉/5❡* /5❛♥*✐/✐♦♥* ❡①❝✐/♦♥✐0✉❡*✱ ✐✳❡✳ ❡①❝✐/♦♥✲

❡①❝✐/♦♥ ♦✉ ❡①❝✐/♦♥✲-❧❡❝/5♦♥✳

9♦✉5 ♣5❡♥❞5❡ ❡♥ ❝♦♠♣/❡ ❝❡* ♣5♦❝❡**✉* ❞❡ ❞-♣❤❛*❛❣❡✱ ♥♦✉* ✐♥/5♦❞✉✐*♦♥* ❧❡ /❡♠♣* ❝❛5❛❝✲

/-5✐*/✐0✉❡ ❞❡ ❞!♣❤❛%❛❣❡ ♣✉) T ∗
2 ❞❛♥* ❧✬-0✉❛/✐♦♥ ❞❡ ❧✐♠✐/❡ 5❛❞✐❛/✐✈❡ ✸✳✺✱ /❡❧❧❡ 0✉❡ ✿

1

T2
=

1

2T1
+

1

T ∗
2

✭✸✳✼✮

◗✉❛♥❞ ❧❡ /❡♠♣* ❞❡ ❞-♣❤❛*❛❣❡ ♣✉5 ❡*/ ❣5❛♥❞ ❞❡✈❛♥/ ❧❡ /❡♠♣* ❞❡ ✈✐❡ ❞❡ ❧✬❡①❝✐/♦♥ T ∗
2 >>

2T1✱ ❧❛ ❝♦♥/5✐❜✉/✐♦♥ ❞❡ ❧✬❡♥✈✐5♦♥♥❡♠❡♥/ ❞❛♥* ❧❛ ❞-❝♦❤-5❡♥❝❡ ❞❡ ❧✬❡①❝✐/♦♥ ❡*/ ❢❛✐❜❧❡ ♣❛5

5❛♣♣♦5/ ❛✉ ❞-♣❤❛*❛❣❡ 5❛❞✐❛/✐❢✳ ❆ ❧✬✐♥✈❡5*❡✱ 0✉❛♥❞ T ∗
2 ≤ 2T1✱ ❧✬✐♥/❡5❛❝/✐♦♥ ❞❡ ❧✬❡①❝✐/♦♥

❛✈❡❝ ❧✬❡♥✈✐5♦♥♥❡♠❡♥/ ❡*/ ✐♠♣♦5/❛♥/❡ ❡/ ❞-/5✉✐/ 5❛♣✐❞❡♠❡♥/ *❛ ❝♦❤-5❡♥❝❡✳ ❉❛♥* ❧❛ *✉✐/❡

❞❡ ❝❡ ❝❤❛♣✐/5❡✱ ♥♦✉* ❛❧❧♦♥* ♥♦✉* ✐♥/-5❡**❡5 ♣❧✉* ♣❛5/✐❝✉❧✐H5❡♠❡♥/ I ❧✬✐♠♣❛❝/ ❞❡* ♣❤♦♥♦♥*

❛❝♦✉*/✐0✉❡* ❞❛♥* ❧❛ ❞-❝♦❤-5❡♥❝❡ ❞✬✉♥ ❡①❝✐/♦♥ ✉♥✐0✉❡ ❢♦5/❡♠❡♥/ ❝♦♥✜♥-✳

✸✳✸✳✷ ❉$♣❤❛(❛❣❡ ✐♥❞✉✐/ ♣❛0 ❧❡( ♣❤♦♥♦♥( ❛❝♦✉(/✐4✉❡(

✸✳✸✳✷✳✶ $❤♦♥♦♥( ♦♣*✐,✉❡( ❡* ❛❝♦✉(*✐,✉❡(

▲❛ ❝5-❛/✐♦♥ ❞✬✉♥ ❡①❝✐/♦♥ ❞❛♥* ✉♥❡ ❇◗ ♣❡5/✉5❜❡ *♦♥ ❡♥✈✐5♦♥♥❡♠❡♥/ ❝5✐*/❛❧❧✐♥✳ ❆ ❧✬-❝❤❡❧❧❡

♠✐❝5♦*❝♦♣✐0✉❡✱ ❧✬-❧❡❝/5♦♥ ❡/ ❧❡ /5♦✉ ✈♦♥/ ✐♥*/❛♥/❛♥-♠❡♥/ ❝5-❡5 ✉♥❡ ❛//5❛❝/✐♦♥✴5-♣✉❧*✐♦♥

❈♦✉❧♦♠❜✐❡♥♥❡ *✉5 ❧❡* ❛/♦♠❡* ❛✈♦✐*✐♥❛♥/*✱ ❝5-❛♥/ ✉♥❡ ♣♦❧❛5✐*❛/✐♦♥ ♠❛❝5♦*❝♦♣✐0✉❡✳ ❉✉5❛♥/

✉♥❡ ❝♦✉5/❡ ♣-5✐♦❞❡ ✭/②♣✐0✉❡♠❡♥/ ❧❛ ♣✐❝♦*❡❝♦♥❞❡✮✱ ❧❡* ❛/♦♠❡* ❞❡ ❧❛ ♠❛✐❧❧❡ ❝5✐*/❛❧❧✐♥❡ ✈♦♥/

*❡ ❞-♣❧❛❝❡5 ❛✉/♦✉5 ❞❡ ❧❡✉5 ♣♦*✐/✐♦♥ ❞✬-0✉✐❧✐❜5❡ ❡♥ ❧✐❜-5❛♥/ ❞❡* 0✉❛♥/❛ ❞✬-♥❡5❣✐❡ ❞❡ ✈✐❜5❛✲

/✐♦♥ ❛♣♣❡❧-* ♣❤♦♥♦♥% ♦♣,✐.✉❡%✳ ▲✬✐♥/❡5❛❝/✐♦♥ ❡①❝✐/♦♥✲♣❤♦♥♦♥ ♦♣/✐0✉❡ ❝5-❡ ✉♥ -/❛/ ❤❛❜✐❧❧-

❧✉♠✐H5❡✲♠❛/✐H5❡ ❛♣♣❡❧- ❧❡ ♣♦❧❛)♦♥ ♦♣,✐.✉❡ ✭✈♦✐5 ❧❛ ✜❣✉5❡ ✸✳✶✶ ✭❛✮✮✳ ▲❛ ❝♦♥*/❛♥/❡ ❞❡ ❋5Q❤❧✐❝❤

❝❛5❛❝/-5✐*❡ ❧❛ ❢♦5❝❡ ❞❡ ❝❡ ❝♦✉♣❧❛❣❡ ✿

αF =
e2

4π~ǫ0

√

m∗
p

2~ωLO

(

1

ǫr(∞)
− 1

ǫr(0)

)

✭✸✳✽✮

♦Sm∗
p ❡*/ ❧❛ ♠❛**❡ ❞✉ ♣♦❧❛5♦♥ ❡/ ǫr(∞) ❡/ ǫr(0) *♦♥/ ❧❡* ❝♦♥*/❛♥/❡* ❞✐-❧❡❝/5✐0✉❡* I ❤❛✉/❡

❡/ ❜❛**❡ ❢5-0✉❡♥❝❡✳ ❆ ❜❛**❡ /❡♠♣-5❛/✉5❡✱ ❝❡//❡ ❝♦♥*/❛♥/❡ ✈❛✉/ αF = 0.068 ❞❛♥* ●❛❆*✳ ▲❡*

♣❤♦♥♦♥* ♦♣/✐0✉❡* ❧♦♥❣✐/✉❞✐♥❛✉① ✭▲❖✮ ❞❡ ❣5❛♥❞❡* ❧♦♥❣✉❡✉5* ❞✬♦♥❞❡ ✭❢❛✐❜❧❡ k✮ *♦♥/ I ❧✬♦5✐✲

❣✐♥❡ ❞❡ ♣5♦❝❡**✉* ✐♥-❧❛*/✐0✉❡* ❝♦✉♣❧❛♥/ ❞❡* -/❛/* -❧❡❝/5♦♥✐0✉❡* ❞✐*/❛♥/* ❞❡ ~ωLO ≃ 36 ♠❡❱

✭❝❢ ✜❣✉5❡ ✸✳✶✷✮✳ ▲❛ ❧❛5❣❡✉5 *♣❡❝/5❛❧❡ ❞❡* ✐♠♣✉❧*✐♦♥* ♦♣/✐0✉❡* ✭∆E ≈ 10 meV✮ ♥❡ ♣❡5♠❡/

♣❛* ❞❡ ❝♦✉♣❧❡5 ✉♥❡ /5❛♥*✐/✐♦♥ ❡①❝✐/♦♥✐0✉❡ ❛✈❡❝ ❝❡* ♠♦❞❡* ❞❡ ✈✐❜5❛/✐♦♥✳ ◆♦✉* ♣♦✉✈♦♥* ❞♦♥❝

❝♦♥*✐❞-5❡5 0✉❡ ❧❡* ♣❤♦♥♦♥* ♦♣/✐0✉❡* ❥♦✉❡♥/ ✉♥ 5Y❧❡ ♥-❣❧✐❣❡❛❜❧❡ ❞❛♥* ❧❡* ♣5♦❝❡**✉* ❞❡ ❞-❝♦✲

❤-5❡♥❝❡ ❞✐*❝✉/-* ✐❝✐✳

❆ ❧✬-❝❤❡❧❧❡ ♠-*♦*❝♦♣✐0✉❡✱ ❧❛ ❝5-❛/✐♦♥ ❞✬✉♥ ❡①❝✐/♦♥ ❡♥/5❛Z♥❡ ❧♦❝❛❧❡♠❡♥/ ✉♥❡ ❡①♣❛♥*✐♦♥ ❞✉

❝5✐*/❛❧ ✈✐❛ ✉♥❡ ♦♥❞❡ ❞❡ ❞-❢♦5♠❛/✐♦♥ ❛❝♦✉*/✐0✉❡✳ ❆✉ ♠[♠❡ /✐/5❡ 0✉❡ ❧❡* ♣❤♦♥♦♥* ♦♣/✐0✉❡*✱

❝❡//❡ ✐♥/❡5❛❝/✐♦♥ ❡①❝✐/♦♥✲♣❤♦♥♦♥ ❛❝♦✉*/✐0✉❡ ❝5-❡ ✉♥ -/❛/ ❤❛❜✐❧❧- ❞❡ ❧❛ ♠❛/✐H5❡ ❛♣♣❡❧- ❧❡

♣♦❧❛)♦♥ ❛❝♦✉%,✐.✉❡ ✭✈♦✐5 ❧❛ ✜❣✉5❡ ✸✳✶✶ ✭❜✮✮✳ ▲❡* ♣❤♦♥♦♥* ❛❝♦✉*/✐0✉❡* ❧♦♥❣✐/✉❞✐♥❛✉① ✭▲❆✮

❞❡ ❣5❛♥❞❡* ❧♦♥❣✉❡✉5* ❞✬♦♥❞❡* ❝♦55❡*♣♦♥❞❡♥/ I ❞❡* ♦♥❞❡* ❞❡ ❝♦♠♣5❡**✐♦♥ ❡/ ❞❡ ❞✐❧❛/❛/✐♦♥

❞❛♥* ❧❡ ❝5✐*/❛❧✳ ■❧* ❝♦♥❞✉✐*❡♥/ I ❞❡* ♣5♦❝❡**✉* 0✉❛*✐✲-❧❛*/✐0✉❡* ♠❡//❛♥/ ❡♥ ❥❡✉ ❞❡* -♥❡5❣✐❡*

❜❡❛✉❝♦✉♣ ♣❧✉* ♣❡/✐/❡* 0✉❡ ❧❡* ♣❤♦♥♦♥* ♦♣/✐0✉❡*✱ ❞❡ ❧✬♦5❞5❡ ❞✉ ♠❡❱✳ ▲✬✐♥/❡5❛❝/✐♦♥ ❡♥/5❡ ❧❡*

♣♦5/❡✉5* ❞❡ ❝❤❛5❣❡* ❡/ ❧❡* ♣❤♦♥♦♥* ▲❆ ❡♥/5❛Z♥❡ ✉♥❡ ♠♦❞✐✜❝❛/✐♦♥ ❞❡ ❧✬-♥❡5❣✐❡ ❞❡* ❜❛♥❞❡* ❞❡

❝♦♥❞✉❝/✐♦♥ ❡/ ❞❡ ✈❛❧❡♥❝❡✱ 0✉❡ ❧✬♦♥ ♣❡✉/ ❡①♣5✐♠❡5 ✈✐❛ ❧❡ ♣♦/❡♥/✐❡❧ ❞❡ ❞-❢♦5♠❛/✐♦♥ Di ♣♦✉5
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a) b) 

i

δEi = Di
δV

V

δV V
Dc = −7.2 eV Dv = −1.2 eV

P s
ij = eijkεjk

eijk εjk

d ≃ 10

cs ≃ 5 nm · ps−1

tp ≃ 1 ps

H = He +Hph +He−ph
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❋✐❣✉$❡ ✸✳✶✷ ✕ ❈♦✉*❜❡- ❞❡ ❞✐-♣❡*-✐♦♥ ✭3*❛✐3- -♦❧✐❞❡-✮ ❞❡- ♣❤♦♥♦♥- ♦♣3✐8✉❡- ❡3 ❛❝♦✉-3✐8✉❡-

❞❛♥- ●❛❆-✱ ♥♦*♠❛❧✐->❡- ♣❛* ✉♥ ❢❛❝3❡✉* ❞❡ ❢♦*♠❡ ❡✛❡❝3✐❢✱ ❞>❝*✐✈❛♥3 ❧❡ ❝♦✉♣❧❛❣❡ ❛✉① ♣❤♦♥♦♥-

✭3*❛✐3- ♣♦✐♥3✐❧❧>-✮ ♣♦✉* ❞✐✛>*❡♥3❡- 3❛✐❧❧❡- ❞❡ ❇◗- ✭✸✱ ✻ ❡3 ✾ ♥♠✮✳ ▲❛ ❣❛♠♠❡ ❞✬>♥❡*❣✐❡ ❞❡-

♣❤♦♥♦♥- ▲❆ 8✉✐ -❡ ❝♦✉♣❧❡♥3 ❡✣❝❛❝❡♠❡♥3 ❛✉❣♠❡♥3❡ ❡♥ ❞✐♠✐♥✉❛♥3 ❧❛ 3❛✐❧❧❡ ❞❡ ❧❛ ❇◗✳ ▲❡-

❇◗- >3✉❞✐>❡- ❞❛♥- ❝❡ ❝❤❛♣✐3*❡✱ ❞❡ 3❛✐❧❧❡ 3②♣✐8✉❡ d ≃ 10 ♥♠✱ ❝♦**❡-♣♦♥❞❡♥3 K ❧❛ ③♦♥❡ ❞❡

❞✐-♣❡*-✐♦♥ ❧✐♥>❛✐*❡ ❞❡- ♣❤♦♥♦♥- ▲❆ ❞✬>♥❡*❣✐❡ Eph ≃ 1 − 2 ♠❡❱✳ ❋✐❣✉*❡ ❡①3*❛✐3❡ ❞❡ ❧❛

*>❢>*❡♥❝❡ ❬✹✾❪✳

♦R He ❡-3 ❧✬❍❛♠✐❧3♦♥✐❡♥ >❧❡❝3*♦♥✐8✉❡✱ Hph ❡-3 ❧✬❍❛♠✐❧3♦♥✐❡♥ ♣❤♦♥♦♥✐8✉❡ ❡3 He−ph *❡✲

♣*>-❡♥3❡ ❧✬✐♥3❡*❛❝3✐♦♥ >❧❡❝3*♦♥✲♣❤♦♥♦♥✱ 3❡❧❧❡- 8✉❡ ✿

He = ~ω0|j〉〈j| ✭✸✳✶✷✮

Hph =
∑

q

~ωqa
†
qaq ✭✸✳✶✸✮

He−ph =
∑

i,j

∑

q

M ij
q (aq + a†−q)|i〉〈j| ✭✸✳✶✹✮

♦R a†q ❡3 aq -♦♥3 *❡-♣❡❝3✐✈❡♠❡♥3 ❧❡- ♦♣>*❛3❡✉*- ❞❡ ❝*>❛3✐♦♥ ❡3 ❞✬❛♥♥✐❤✐❧❛3✐♦♥ ❞✬✉♥ ♣❤♦♥♦♥✱

❡3 M ij
q ❡-3 ❧❛ ♠❛3*✐❝❡ ❞✬✐♥3❡*❛❝3✐♦♥ >❧❡❝3*♦♥✲♣❤♦♥♦♥ 3❡❧❧❡ 8✉❡ ✿

M ij
q = Dc

√

~q

2ρmcsV
〈i|ei~q.~r|j〉 ✭✸✳✶✺✮

♦R Dc *❡♣*>-❡♥3❡ ❧❡ ♣♦3❡♥3✐❡❧ ❞❡ ❞>❢♦*♠❛3✐♦♥ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ❝♦♥❞✉❝3✐♦♥✱ ρm ❡-3 ❧❛ ♠❛--❡

✈♦❧✉♠✐8✉❡✱ cs ❡-3 ❧❛ ✈✐3❡--❡ ❞✉ -♦♥ ❞❛♥- ❧❡ ❝*✐-3❛❧ ❡3 V ❡-3 ✉♥ ✈♦❧✉♠❡ ❞❡ 8✉❛♥3✐✜❝❛3✐♦♥✳

▲❛ ♣❛*3✐❡ ❞✐❛❣♦♥❛❧❡ ✭i = j✮ ❞❡ ❝❡33❡ ♠❛3*✐❝❡ ❞✬✐♥3❡*❛❝3✐♦♥ ❝♦♥❞✉✐3 K ✉♥ ❝♦✉♣❧❛❣❡ ❧✐♥>❛✐*❡

❛✈❡❝ ❧❡- ♣❤♦♥♦♥- ❛❝♦✉-3✐8✉❡-✳ ❉❛♥- ❧❡ ❝❛- ❞✬✉♥❡ ♣❛✐*❡ >❧❡❝3*♦♥✲3*♦✉ ✭❝❤❛❝✉♥ ❞❛♥- ❧✬>3❛3

❢♦♥❞❛♠❡♥3❛❧✮✱ ❧❡- ♣♦3❡♥3✐❡❧- ❞❡ ❞>❢♦*♠❛3✐♦♥ ❞❡- >❧❡❝3*♦♥- Dc ❡3 ❞❡- 3*♦✉- Dv >3❛♥3 ❞❡

♠X♠❡ -✐❣♥❡✱ ❧❡- ❞❡✉① ❝♦♥3*✐❜✉3✐♦♥- -✬❛❞❞✐3✐♦♥♥❡♥3 ✿

Mq =

√

~q

2ρmcsV
(Dc〈Se|ei~q.~r|Se〉+Dv〈Sh|ei~q.~r|Sh〉) ✭✸✳✶✻✮

♦R Se ❡3 Sh ❝♦**❡-♣♦♥❞❡♥3 *❡-♣❡❝3✐✈❡♠❡♥3 ❛✉① ❝♦✉❝❤❡- S ❞❡- >❧❡❝3*♦♥- ❡3 ❞❡- 3*♦✉-✳ ❈❡

❝♦✉♣❧❛❣❡ ❧✐♥>❛✐*❡ ♣❡*♠❡3 ❞✬❡①♣❧✐8✉❡* ❧❡- ❛✐❧❡- ❞❡ ♣❤♦♥♦♥- ❛✉3♦✉* ❞❡ ❧❛ ❩Z▲✱ ❛✐♥-✐ 8✉❡ ❧❡



Ei(t) = Eiδ(t− τi)

E 

gE

eE

qQ kQ
Q

1 

E 

Q

E 

Q
3 

1) Exitation  

τ12 = 0 

2) Relaxation  

during τ12 

3) Thermal equilibrium 

τ12 ≈ tp 

2 

∆E + Eph τ12 = 0

τ12
τ12 ≈ tp

Qq

Qq = −Mq

ωq

√

2~

ρmωq

ω2
q

|g〉 ⊗ |ϕ0〉
Qq 6= 0
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♣❤♦♥♦♥& |e〉 ⊗ |ϕ(t)〉✳ ▲❛ ♣♦&✐+✐♦♥ ❞✬./✉✐❧✐❜3❡ Qk ❞❡ ❝❡+ .+❛+ ❡&+ ❧.❣73❡♠❡♥+ ❞✐✛.3❡♥+❡ ❞❡

Qq✳ ❙✐ ❧✬❡①❝✐+♦♥ ❡&+ ❝♦✉♣❧. < ✉♥ ♠♦❞❡ ❞❡ ♣❤♦♥♦♥✱ ❧❡ &②&+7♠❡ ❝♦33❡&♣♦♥❞ < ✉♥ ♦&❝✐❧❧❛+❡✉3

❤❛3♠♦♥✐/✉❡✱ ✐❧ ♥✬② ❛ ♣❛& ❞✬❛♠♦3+✐&&❡♠❡♥+ ❛✉ ❝♦✉3& ❞✉ +❡♠♣&✳ ❉❛♥& ❧❛ 3.❛❧✐+.✱ ❧✬❡①❝✐+♦♥ &❡

❝♦✉♣❧❡ < ✉♥❡ ✐♥✜♥✐+. ❞❡ ♠♦❞❡ ❞❡ ♣❤♦♥♦♥&✳ ▲❛ ❢♦♥❝+✐♦♥ ❞✬♦♥❞❡ ❞❡ ❧✬.+❛+ ❡①❝✐+. ❡&+ ❛✐♥&✐ 3❡✲

❧❛①.❡ +37& ❡✣❝❛❝❡♠❡♥+ ✈❡3& &♦♥ .+❛+ ❞✬./✉✐❧✐❜3❡ +❤❡3♠✐/✉❡✳ ➚ τ12 = 0 ✭.+❛♣❡ ✶✮✱ ❧✬✐♠♣✉❧&✐♦♥

♣♦♠♣❡ ❝3.❡ ✉♥ .+❛+ ❝♦❤.3❡♥+ |ψ(t)〉 ❡♥+3❡ ❧❡& ❞❡✉① ♥✐✈❡❛✉① +❡❧ /✉❡ ✿

|ψ(t)〉 = α|ϕ0〉 ⊗ |g〉+ eiω0tβ|ϕ(t)〉 ⊗ |e〉 ✭✸✳✶✽✮

▲❛ ♣♦❧❛3✐&❛+✐♦♥ ❞❡ ❧✬❡①❝✐+♦♥ ❝♦✉♣❧. ❛✉① ♣❤♦♥♦♥& ❝♦33❡&♣♦♥❞ ❛✉ 3❡❝♦✉✈3❡♠❡♥+ ❞❡& ❞❡✉①

❢♦♥❝+✐♦♥& ❞✬♦♥❞❡& ♣❤♦♥♦♥✐/✉❡& ✿

P = 〈ψ(t)|µ|ψ(t)〉 ∝ µ〈ϕ0|ϕ(t)〉 ✭✸✳✶✾✮

◗✉❛♥❞ τ12 = 0✱ ❧❡& ♣❤♦♥♦♥& ♥✬♦♥+ ♣❛& ❡♥❝♦3❡ 3❡❧❛①. ❧❛ ❝♦❤.3❡♥❝❡ ❞❡ ❧✬.+❛+ ❡①❝✐+.✱ ❧❡

♣3♦❞✉✐+ ❞❡ 3❡❝♦✉✈3❡♠❡♥+ ❞❡& ❢♦♥❝+✐♦♥& ❞✬♦♥❞❡& ♣❤♦♥♦♥✐/✉❡& 〈ϕ0|ϕ(t)〉 ❡&+ ❞♦♥❝ ♠❛①✐♠❛❧✱

❝♦♠♠❡ ❧❡ ♠♦♥+3❡ ❧❛ ✜❣✉3❡ ✸✳✶✹ ✭❝✮✳ ❊♥ ❛✉❣♠❡♥+❛♥+ τ12✱ ❧❡ &②&+7♠❡ 3❡❧❛①❡ ♣3♦❣3❡&&✐✈❡♠❡♥+

✈❡3& &♦♥ ./✉✐❧✐❜3❡ +❤❡3♠✐/✉❡ ❡♥ .♠❡++❛♥+ ❞❡& ♣❤♦♥♦♥& ❛❝♦✉&+✐/✉❡& ❞✬.♥❡3❣✐❡ Eph ✭.+❛♣❡

✷✮✳ ❈❡ ♣3♦❝❡&&✉& ❞❡ 3❡❧❛①❛+✐♦♥ &❡ +3❛❞✉✐+ ♣❛3 ✉♥ ❞.❝❧✐♥ ♥♦♥✲❡①♣♦♥❡♥+✐❡❧ ❞✉ &✐❣♥❛❧ ❋❲▼

❛✐♥&✐ /✉❡ ♣❛3 ❧✬❛♣♣❛3✐+✐♦♥ ❞✬✉♥❡ ❜❛♥❞❡ ❧❛+.3❛❧❡ ✭♦✉ ❛✐❧❡✮ ❞❡ ♣❤♦♥♦♥& ❛✉+♦✉3 ❞❡ ❧❛ ❩V▲✳ ▲❛

✜❣✉3❡ ✸✳✶✹ ✭❜✮ ♠♦♥+3❡ ❧✬❛♣♣❛3✐+✐♦♥ ❞❡ ❝❡++❡ ❜❛♥❞❡ ❧❛+.3❛❧❡ < ♣❧✉& ❤❛✉+❡ .♥❡3❣✐❡ ❡♥ ❢♦♥❝+✐♦♥

❞✉ ❞.❧❛✐ τ12✳ ❆✉ ❞.❧❛✐ τ12 = 0.5 ♣&✱ ♦♥ ♠❡&✉3❡ ✉♥❡ ❧❛3❣❡✉3 &♣❡❝+3❛❧❡ ❞✬❡♥✈✐3♦♥ ✷ ♠❡❱

✭❝❢ ✜❣✉3❡ ✸✳✶✹ ✭❛✮✮✳ ❙✉3 ❝❡++❡ ❣❛♠♠❡ ❞✬.♥❡3❣✐❡✱ ❝❡ &♦♥+ ❧❡& ❇◗& ❞❡ +❛✐❧❧❡ d ≃ 10 ♥♠ /✉✐

&❡ ❝♦✉♣❧❡♥+ ❧❡ ♣❧✉& ❡✣❝❛❝❡♠❡♥+ ❛✉① ♣❤♦♥♦♥& ▲❆ ✭✈♦✐3 ✜❣✉3❡ ✸✳✶✷✮✱ ❝❡ /✉✐ ❝♦33❡&♣♦♥❞ <

❧❛ +❛✐❧❧❡ +②♣✐/✉❡ ❞❡ ❇◗& .+✉❞✐.❡& ✭❝❢ ❝❤❛♣✐+3❡ ✷✮✳ ❆✉ ❢✉3 ❡+ < ♠❡&✉3❡ ❞❡ ❧❛ 3❡❧❛①❛+✐♦♥ ❞❡

❧✬.+❛+ ❡①❝✐+. ✈❡3& ❧✬./✉✐❧✐❜3❡ +❤❡3♠✐/✉❡✱ ❧✬.♥❡3❣✐❡ ❞❡& ♣❤♦+♦♥& ❞❡ 3❡❝♦♠❜✐♥❛✐&♦♥ ❞✐♠✐♥✉❡✱ ♦♥

♦❜&❡3✈❡ ❧✬❛♣♣❛3✐+✐♦♥ ♣3♦❣3❡&&✐✈❡ ❞✬✉♥❡ ❜❛♥❞❡ ❧❛+.3❛❧❡ < ♣❧✉& ❜❛&&❡ .♥❡3❣✐❡✱ ❝♦33❡&♣♦♥❞❛♥+ <

❧❛ 3❡❧❛①❛+✐♦♥ ❞❡ ❧✬.+❛+ ❢♦♥❞❛♠❡♥+❛❧ ♣❛3 ❧❡& ♣❤♦♥♦♥& ❛❝♦✉&+✐/✉❡& ✭.+❛♣❡ ✸✮✳ ▲❛ ❞✐&♣❛3✐+✐♦♥

❞❡& ❛✐❧❡& ❞❡ ♣❤♦♥♦♥& ❡+ ❞✉ ❞.❝❧✐♥ ✐♥✐+✐❛❧ ♥♦♥✲❡①♣♦♥❡♥+✐❡❧ ❝♦33❡&♣♦♥❞ ❛✉ +❡♠♣& ❞❡ ✈✐❡ ❞✉

♣♦❧❛3♦♥ ❛❝♦✉&+✐/✉❡ tp ≃ 1 ps ❡&+✐♠. ♣3.❝.❞❡♠♠❡♥+ ✭♣❛❣❡ ✻✹✮✳ ▲❡ ♥♦♠❜3❡ ❞❡ ♣❤♦♥♦♥&

❛❝♦✉&+✐/✉❡& ♣❛3 ♠♦❞❡ ❡&+ ❞.❝3✐+ ♣❛3 ❧❛ ❞✐&+3✐❜✉+✐♦♥ ❞❡ ❇♦&❡✲❊✐♥&+❡✐♥ ✿

Nq =
1

e
~ωq

kBT − 1
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❊♥ ❛✉❣♠❡♥+❛♥+ ❧❛ +❡♠♣.3❛+✉3❡✱ ❧❡ ♣3♦❝❡&&✉& ❞❡ 3❡❧❛①❛+✐♦♥ ✈✐❛ ❧❡& ♠♦❞❡& ❞❡ ♣❤♦♥♦♥&

❛❝♦✉&+✐/✉❡& ❞❡✈✐❡♥+ ♣❧✉& ❡✣❝❛❝❡✳ ❖♥ ♦❜&❡3✈❡ ❛❧♦3& ✉♥❡ ❛✉❣♠❡♥+❛+✐♦♥ ❞❡ ❧✬❛♠♣❧✐+✉❞❡ ❞✉

❞.❝❧✐♥ ✐♥✐+✐❛❧ ❞❡ ❧❛ ❩V▲✱ ❝♦♠♠❡ ❧❡ ♠♦♥+3❡ ❧❛ ✜❣✉3❡ ✸✳✶✹ ✭❝✮✳ V♦✉3 /✉❛♥+✐✜❡3 ❝❡ ❞.♣❤❛&❛❣❡✱

♥♦✉& ✐♥+3♦❞✉✐&♦♥& ❧❡ ♣♦✐❞& Z ❞.✜♥✐ ❝♦♠♠❡ .+❛♥+ ❧✬❛✐3❡ ❞❡ ❧❛ ❩V▲ ❞❛♥& ❧❡ &♣❡❝+3❡ ❞✬❛❜&♦3♣✲

+✐♦♥ ❧✐♥.❛✐3❡✳ V♦✉3 ❡①+3❛✐3❡ ❧❡ ♣♦✐❞& ❞❡ ❧❛ ❩V▲ ❞✉ &✐❣♥❛❧ ❋❲▼✱ ♥♦✉& ✉+✐❧✐&♦♥& ❧✬./✉❛+✐♦♥ ✽

❞❡ ❧❛ 3.❢.3❡♥❝❡ ❬✺✹❪ /✉✐ ❡①♣3✐♠❡ ❧❛ ♣♦❧❛3✐&❛+✐♦♥ ❋❲▼ ❡♥ ❢♦♥❝+✐♦♥ ❞❡ ❧❛ ♣♦❧❛3✐&❛+✐♦♥ ❧✐♥.❛✐3❡

PL(t) +❡❧❧❡ /✉❡ ✿

PFWM(t, τ) =
|PL(t)|2[P ∗

L(τ)]
2

P ∗
L(t+ τ)

✭✸✳✷✶✮

▲✬❛♠♣❧✐+✉❞❡ ❞✉ &✐❣♥❛❧ ❋❲▼ ❡&+ ❞♦♥❝ ♣3♦♣♦3+✐♦♥♥❡❧❧❡ < ∝ Z3
✳ ❖♥ ❡♥ ❞%❞✉✐( ❧❡ ♣♦✐❞,

❞❡ ❧❛ ❩/▲ ♣♦✉1 ❧❡, ❞❡✉① (❡♠♣%1❛(✉1❡, ✿ Z4K = 0.87 ❡( Z30K = 0.7✳ ❊♥ ❞✬❛✉(1❡, (❡1♠❡,✱

13 % ❞❡ ❧❛ ❝♦❤%1❡♥❝❡ ♦♣(✐:✉❡ ❞❡ ❧✬❡①❝✐(♦♥ ,♦♥( 1❡❧❛①%❡, ♣❛1 ❧❡, ♣❤♦♥♦♥, ❛❝♦✉,(✐:✉❡, ;

T = 4 K✱ ♣♦✉1 ❛((❡✐♥❞1❡ ; 30 % ; T = 30 K✳ ❈❡, ✈❛❧❡✉1, ,♦♥( ❝♦♠♣❛1❛❜❧❡, ❛✉① ♠❡,✉1❡,

,✉1 ❡♥,❡♠❜❧❡, ❬✷✹✱ ✺✸❪✳
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◗✉❛♥❞ τ12 > tp✱ ❧❡ ♣❛+✉❡, ❞✬♦♥❞❡ ❞❡ ♣❤♦♥♦♥0 ❛❝♦✉0,✐+✉❡0 ❛ +✉✐,,3 ❧❛ ❇◗✱ ❧❡0 ❛✐❧❡0 ❞❡

♣❤♦♥♦♥0 ❞✐0♣❛5❛✐00❡♥, ❡, ❧❛ ♣♦❧❛5✐0❛,✐♦♥ ❞3❝5♦6, ❡①♣♦♥❡♥,✐❡❧❧❡♠❡♥, ❛✈❡❝ ❧✬3♠✐00✐♦♥ 5❛❞✐❛,✐✈❡

❞❡ ❧✬❡①❝✐,♦♥✳ ❈❡ ♠♦❞<❧❡ ❡0, ✈❛❧❛❜❧❡ > ❜❛00❡ ,❡♠♣35❛,✉5❡ ✭T = 4 K✮✱ ❞❛♥0 ❧❛ ♣❛5,✐❡ 0✉✐✈❛♥,❡

♥♦✉0 ❛❧❧♦♥0 ✈♦✐5 ❧✬❡✛❡, ❞❡ ❧❛ ,❡♠♣35❛,✉5❡ 0✉5 ❧❛ ❞3❝♦❤35❡♥❝❡ ❞❡ ❧✬❡①❝✐,♦♥ ♣5♦✈❡♥❛♥, ❞✉

❝♦✉♣❧❛❣❡ +✉❛❞5❛,✐+✉❡ ❛✉① ♣❤♦♥♦♥0 ❛❝♦✉0,✐+✉❡0✳
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❋✐❣✉$❡ ✸✳✶✹ ✕ ❉!♣❤❛%❛❣❡ ❞✬✉♥ ❡①❝✐/♦♥ ✉♥✐1✉❡ ✐♥❞✉✐/ ♣❛2 ❧❡% ♣❤♦♥♦♥% ❛❝♦✉%✲

/✐1✉❡% ✿ ❛✐❧❡% ❞❡ ♣❤♦♥♦♥% ❡/ ❞!❝❧✐♥ ✐♥✐/✐❛❧ ♥♦♥✲❡①♣♦♥❡♥/✐❡❧ ❞❡ ❧❛ ♣♦❧❛2✐%❛/✐♦♥✳ ✭❛✮

❆♠♣❧✐,✉❞❡ ❞✉ 0✐❣♥❛❧ ❋❲▼ > τ12 = 0.5 ps ✭❜❧❡✉✮ ♠♦♥,5❛♥, ❧❛ ♣530❡♥❝❡ ❞✬❛✐❧❡0 ❞❡ ♣❤♦♥♦♥0

❛❝♦✉0,✐+✉❡0 ❛✉,♦✉5 ❞❡ ❧❛ ❩L▲ > ❜❛00❡ ,❡♠♣35❛,✉5❡ ✭T = 4 K✮✳ ❆♣5<0 ✉♥ ❞3❧❛✐ τ12 = 4 ps
✭❣5✐0✮✱ ❧❡0 ❛✐❧❡0 ❞❡ ♣❤♦♥♦♥0 ♦♥, ❞✐0♣❛5✉✱ ♦♥ 5❡,5♦✉✈❡ ✉♥❡ ❢♦5♠❡ ❞❡ 5❛✐❡ ❧♦5❡♥,③✐❡♥♥❡ ❝♦♠♠❡

❧❡ ♠♦♥,5❡ ❧✬❛❥✉0,❡♠❡♥, ❧♦5❡♥,③✐❡♥ ✭❝♦✉5❜❡ 5♦✉❣❡✮✳ ▲❛ ♣✉✐00❛♥❝❡ ❞❡ ❧❛ ♣♦♠♣❡ ❡0, ❝❤♦✐0✐❡

♣♦✉5 ❝♦55❡0♣♦♥❞5❡ ❛✉ 53❣✐♠❡ ❧✐♥3❛✐5❡ ❞✬❡①❝✐,❛,✐♦♥ ✿ P1 = 50 nW ⇔ Θ1 = π/5✳ ✭❜✮ ❙♣❡❝,5❡
❞✉ 0✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❞3❧❛✐ τ12✳ ❖♥ ♣❡✉, ♦❜0❡5✈❡5 ❧✬❛♣♣❛5✐,✐♦♥ > τ12 = 0✱ ♣✉✐0 ❧❛
❞✐0♣❛5✐,✐♦♥ ♣5♦❣5❡00✐✈❡ ❞❡0 ❛✐❧❡0 ❞❡ ♣❤♦♥♦♥0 ❛❝♦✉0,✐+✉❡0 ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❞3❧❛✐✳ ▲✬❛♠♣❧✐,✉❞❡

❞✉ 0✐❣♥❛❧ ❡0, ❞♦♥♥3❡ ♣❛5 ❧✬3❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉5 ✭3❝❤❡❧❧❡ ❧♦❣❛5✐,❤♠✐+✉❡✮✳ ✭❝✮ ❆♠♣❧✐,✉❞❡ ❋❲▼

❞❡ ❧❛ ❩L▲ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❞3❧❛✐ τ12 ♣♦✉5 ❞❡✉① ,❡♠♣35❛,✉5❡0✱ T = 4 K ✭✈❡5,✮ ❡, T = 30 K
✭♦5❛♥❣❡✮✳ ❖♥ ♦❜0❡5✈❡ ❧❡ ❞3❝❧✐♥ ✐♥✐,✐❛❧ ♥♦♥✲❡①♣♦♥❡♥,✐❡❧ ❞✉ 0✐❣♥❛❧ ❋❲▼✱ +✉✐ ❛✉❣♠❡♥,❡ ❛✈❡❝

❧❛ ,❡♠♣35❛,✉5❡✳ ▲❡ ,❡♠♣0 ❞❡ ❝❡ ❞3❝❧✐♥ ❝♦55❡0♣♦♥❞ > ❧❛ ❞✉53❡ ❞❡ ✈✐❡ ❞✉ ♣♦❧❛5♦♥ ❛❝♦✉0,✐+✉❡

tp ≈ 1 ps✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜5✉✐, ❡0, 5❡♣530❡♥,3 ♣❛5 ❧❡0 ❝❡5❝❧❡0 ❣5✐0✳

✸✳✸✳✷✳✹ ❈♦✉♣❧❛❣❡ 1✉❛❞2❛/✐1✉❡ ❛✉① ♣❤♦♥♦♥% ❛❝♦✉%/✐1✉❡%

❉❛♥0 ❧❛ ♣❛5,✐❡ ♣53❝3❞❡♥,❡✱ ♥♦✉0 ❛✈♦♥0 ♠❡0✉53 ❧❡ ❞3❝❧✐♥ ✐♥✐,✐❛❧ ♥♦♥✲❡①♣♦♥❡♥,✐❡❧ ❞✉ 0✐❣♥❛❧

❋❲▼ ❞✬✉♥ ❡①❝✐,♦♥ ✉♥✐+✉❡ ❞✉5❛♥, ❧❡0 ♣5❡♠✐<5❡0 ♣✐❝♦0❡❝♦♥❞❡0 ❛♣5<0 ❧✬❡①❝✐,❛,✐♦♥✳ ❈❡ 5❛♣✐❞❡

❞3❝❧✐♥ 0❡ ,5❛❞✉✐, 0♣❡❝,5❛❧❡♠❡♥, ♣❛5 ❞❡0 ❜❛♥❞❡0 ❧❛,35❛❧❡0 ❞❡ ♣❤♦♥♦♥0 ❛❝♦✉0,✐+✉❡0 ❛✉,♦✉5 ❞❡ ❧❛

❩L▲✳ ▲❡ ♠♦❞<❧❡ ❞❡ ❇♦0♦♥ ✐♥❞3♣❡♥❞❛♥, ♣❡5♠❡, ❞✬❡①♣❧✐+✉❡5 ❝❡ ❝♦✉♣❧❛❣❡ > ,5❛✈❡50 ❧❡0 ,❡5♠❡0
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❋✐❣✉$❡ ✸✳✶✻ ✕ ➱❧❛#❣✐&&❡♠❡♥* ❞❡ ❧❛ ❩-▲ ✈✐❛ ❧❡ ❝♦✉♣❧❛❣❡ 4✉❛❞#❛*✐4✉❡ ❛✉① ♣❤♦♥♦♥&

❛❝♦✉&*✐4✉❡&✳ ✭❛✮ ❆♠♣❧✐/✉❞❡ ❋❲▼ ♥♦8♠❛❧✐9:❡ ❡♥ ❢♦♥❝/✐♦♥ ❞❡ τ12 ❞✬✉♥ ❡①❝✐/♦♥ ❡♥ ❢♦♥❝/✐♦♥

❞❡ ❧❛ /❡♠♣:8❛/✉8❡✳ ▲❡9 /8❛✐/9 ♣♦✐♥/✐❧❧:9 8❡♣8:9❡♥/❡♥/ ❧❡9 ❛❥✉9/❡♠❡♥/9 ❡①♣♦♥❡♥/✐❡❧9 e−τ12/T2

✉/✐❧✐9:9 ♣♦✉8 ❡①/8❛✐8❡ ❧❡9 /❡♠♣9 ❞❡ ❞:❝♦❤:8❡♥❝❡ T2 ❞❡9 /8♦✐9 /❡♠♣:8❛/✉8❡9 ✺ ✭❜❧❡✉✮✱ ✶✺ ✭✈❡8/✮

❡/ ✸✵ ❑ ✭8♦✉❣❡✮✳ ✭❜✮ ❙♣❡❝/8❡9 ❋❲▼ ♠♦♥/8❛♥/ ❧✬:❧❛8❣✐99❡♠❡♥/ ❞❡ ❧❛ ❩J▲ ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧❛

/❡♠♣:8❛/✉8❡✳ ▲❡9 /8❛✐/9 8♦✉❣❡9 8❡♣8:9❡♥/❡♥/ ❧❡9 ❛❥✉9/❡♠❡♥/9 ❧♦8❡♥/③✐❡♥ ✉/✐❧✐9:9 ♣♦✉8 ❡①/8❛✐8❡

❧❛ ❧❛8❣❡✉8 ❞❡ 8❛✐❡ ❤♦♠♦❣L♥❡ γ✳ ✭❝✮ ➱✈♦❧✉/✐♦♥ ❞❡9 /❡♠♣9 ❞❡ ❝♦❤:8❡♥❝❡ T2 ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧❛
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/❤❡8♠✐U✉❡ ❡9/ ✐♥❢:8✐❡✉8❡ N ❧✬:♥❡8❣✐❡ ❞✬✉♥ ♣❤♦♥♦♥ ❛❝♦✉9/✐U✉❡ ✭kBT < 1 meV✮✳ ▲❡ ♣8♦❝❡99✉9

❞✬❛❜9♦8♣/✐♦♥ ❞✬✉♥ ♣❤♦♥♦♥ ❡9/ ♣8❛/✐U✉❡♠❡♥/ ♥:❣❧✐❣❡❛❜❧❡✳ ▲❡9 ❧❛8❣❡✉89 ❤♦♠♦❣L♥❡9 ♠❡9✉8:❡9
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❞❡ ❧✬❡①❝✐/♦♥✳ ❆ ♣❛8/✐8 ❞❡ ✶✺ ❑✱ ❧✬:♥❡8❣✐❡ /❤❡8♠✐U✉❡ ❞❡✈✐❡♥/ ❝♦♠♣❛8❛❜❧❡ N ❝❡❧❧❡ ❞✬✉♥ ♣❤♦♥♦♥

❛❝♦✉9/✐U✉❡ ❡/ ♣❡8♠❡/ ❞✬✐♥✐/✐❡8 ❧❡ ♣8♦❝❡99✉9 ❛❜9♦8♣/✐♦♥ ❞✬✉♥ ♣❤♦♥♦♥✳ ❈❡❧❛ 9❡ /8❛❞✉✐/ ♣❛8

❧✬:❧❛8❣✐99❡♠❡♥/ ❤♦♠♦❣L♥❡ ❞❡ ❧❛ ❩J▲ ❡♥ N(N + 1)✱ ♦W N ❡9/ ❧❡ ♥♦♠❜8❡ ❞❡ ♣❤♦♥♦♥9 ❞:✜♥✐

♣❛8 ❧✬:U✉❛/✐♦♥ ✸✳✷✵✱ ❛✉/8❡♠❡♥/ ❞✐/ ❛✉ ♣8♦❝❡99✉9 ❞✬❛❜9♦8♣/✐♦♥ ✭N✮ ❡/ ❞✬:♠✐99✐♦♥ ✭N+1✮ ❞✬✉♥
♣❤♦♥♦♥✳ ▲❛ ❝♦✉8❜❡ ♥♦✐8❡ 8❡♣8:9❡♥/❡ ❧✬❛❥✉9/❡♠❡♥/ ✉/✐❧✐9: ♣♦✉8 ✐♥/❡8♣8:/❡8 ❧✬:❧❛8❣✐99❡♠❡♥/ ❞❡
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♦W γ0 = 4.5 µeV ❡/ A = 17 meV 9♦♥/ ❞❡9 ❝♦♥9/❛♥/❡9 ❞✬❛❥✉9/❡♠❡♥/✱ ❡/ Eph = 1.5 meV
❝♦88❡9♣♦♥❞ N ❧✬:♥❡8❣✐❡ ♠♦②❡♥♥❡ ❞✬✉♥ ♣❤♦♥♦♥ ❛❝♦✉9/✐U✉❡✳ ❈❡/ ❛❥✉9/❡♠❡♥/ ♥♦✉9 ♣❡8♠❡/ ❞✬❡①✲

/8❛✐8❡ ❧❛ /❡♠♣:8❛/✉8❡ Tq = 17.4 K ❝♦88❡9♣♦♥❞❛♥/ N ❧✬:♥❡8❣✐❡ ❞✬❛❝/✐✈❛/✐♦♥ ❞✉ ♣8♦❝❡99✉9 U✉❛✲

❞8❛/✐U✉❡ ✭kBTq = 1.5 meV✮✳ ❈❡//❡ :♥❡8❣✐❡ ❞✬❛❝/✐✈❛/✐♦♥ ❝♦88❡9♣♦♥❞ N ❧✬:♥❡8❣✐❡ ♥:❝❡99❛✐8❡
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❋✐❣✉$❡ ✸✳✶✼ ✕ ➱✈♦❧✉%✐♦♥ ❞❡ ❧❛ ❧❛+❣❡✉+ ❤♦♠♦❣/♥❡ γ2 ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ %❡♠♣3+❛✲
%✉+❡✳ <♦✉% ❧❡( ❞❡✉① ❇◗( 5-✉❞✐5❡(✱ γ2 ❡(- ♣%♦♣♦%-✐♦♥♥❡❧❧❡ 8 N(N + 1) %❡♣%5(❡♥-5❡ ♣❛% ❧❛

❝♦✉%❜❡ ♥♦✐%❡✱ ♦B N ❡(- ❧❡ ♥♦♠❜%❡ ❞❡ ♣❤♦♥♦♥( ❞5✜♥✐- ♣❛% ❧✬5/✉❛-✐♦♥ ✸✳✷✵✳

■❧ ❡(- ✐♠♣♦%-❛♥- ❞❡ ♥♦-❡% /✉❡ ❧❡( ❇◗( 5-✉❞✐5❡( ✐❝✐ ♥❡ ♣%5(❡♥-❡♥- ♣❛( ❞✬5❧❛%❣✐((❡♠❡♥-

✐♥❤♦♠♦❣:♥❡ ♠❡(✉%❛❜❧❡✳ ◆♦✉( ❛❧❧♦♥( ✈♦✐% ❞❛♥( ❧❛ ♣❛%-✐❡ (✉✐✈❛♥-❡✱ /✉❡ ❧✬❡✛❡- ❞❡ ❧❛ ❞✐✛✉(✐♦♥

(♣❡❝-%❛❧❡ ♥✬❡(- ♣❛( ♥5❣❧✐❣❡❛❜❧❡ ❧♦%( ❞❡ ❝❡ -②♣❡ ❞❡ ♠❡(✉%❡✳

✸✳✸✳✷✳✺ ➱❧❛+❣✐99❡♠❡♥% ✐♥❤♦♠♦❣/♥❡ ❞❡ ❧❛ ❩;▲

■♥-5%❡((♦♥( ♥♦✉( ♠❛✐♥-❡♥❛♥- 8 ❧✬❡✛❡- ❞❡ ❧❛ -❡♠♣5%❛-✉%❡ (✉% ❧✬5❧❛%❣✐((❡♠❡♥- ✐♥❤♦♠♦❣:♥❡

❞❡ ❧❛ ❩<▲✳ ▲❡( ✜❣✉%❡( ✸✳✶✽ ✭❛✲❝✮ ♠♦♥-%❡♥- ❧❡ ❞5❝❧✐♥ ❞✉ (✐❣♥❛❧ ❋❲▼ ❞✬✉♥ ❡①❝✐-♦♥ ❡♥ ♣%5✲

(❡♥❝❡ ❞❡ ❞✐✛✉(✐♦♥ (♣❡❝-%❛❧❡ ♣♦✉% -%♦✐( -❡♠♣5%❛-✉%❡(✳ ➚ T = 6 K✱ ❧❡ ❞5❝❧✐♥ ❞❡( ❝♦❤5%❡♥❝❡(

❡(- ♣%✐♥❝✐♣❛❧❡♠❡♥- %❛❞✐❛-✐❢ ✭γ2 = 1.2 µeV✮✱ ❡- ♣%5(❡♥-❡ ✉♥ 5❝❤♦ ❞❡ ♣❤♦-♦♥ ❧❛%❣❡ -❡♠♣♦%❡❧✲

❧❡♠❡♥-✱ ❞❡ ❧❛%❣❡✉% (♣❡❝-%❛❧❡ σ = 3 µeV✳ ▲❛ ✈✐-❡((❡ ❞❡( ✢✉❝-✉❛-✐♦♥( (♣❡❝-%❛❧❡( ❞5♣❡♥❞ ❞✉

-❡♠♣( ❞❡ ❝❛♣-✉%❡ ❡- ❞❡ ❢✉✐-❡ ❞❡( ❝❤❛%❣❡( ❞❛♥( ❧❡( ♣✐:❣❡( ❡♥✈✐%♦♥♥❛♥-( ❞❡ ❧❛ ❇◗✳ ❆ ❜❛((❡

-❡♠♣5%❛-✉%❡✱ ❝❡( ❞❡✉① ♣%♦❝❡((✉( (♦♥- ❛❝-✐✈5( -❤❡%♠✐/✉❡♠❡♥- ♣❛% ❧❡( ♣❤♦♥♦♥( ❛❝♦✉(-✐/✉❡(✳

▲❡ ♣%♦❝❡((✉( ❞❡ ❝❛♣-✉%❡ ❡(- ❛❝-✐✈5 ♣❛% ❧✬5♠✐((✐♦♥ ❞✬✉♥ ♣❤♦♥♦♥ ❛❝♦✉(-✐/✉❡ ❛✈❡❝ ✉♥❡ ❡✣❝❛❝✐-5

♣%♦♣♦%-✐♦♥♥❡❧❧❡ 8 N +1✳ ▲❡ ♣%♦❝❡((✉( ❞❡ ❢✉✐-❡ ❡(-✱ /✉❛♥❞ 8 ❧✉✐✱ ❛❝-✐✈5 ♣❛% ❧✬❛❜(♦%♣-✐♦♥ ❞✬✉♥

♣❤♦♥♦♥ ❛❝♦✉(-✐/✉❡ ❛✈❡❝ ✉♥❡ ❡✣❝❛❝✐-5 ♣%♦♣♦%-✐♦♥♥❡❧❧❡ 8 N ✳ ➚ ❜❛((❡ -❡♠♣5%❛-✉%❡✱ ❧❡ ♥♦♠❜%❡

❞❡ ♣❤♦♥♦♥( ❛❝♦✉(-✐/✉❡( ❡(- ❢❛✐❜❧❡✱ ❧❡ ♣%♦❝❡((✉( ❞❡ ❝❛♣-✉%❡ ❡(- ❜❡❛✉❝♦✉♣ ♣❧✉( ❡✣❝❛❝❡ /✉❡

❝❡❧✉✐ ❞❡ ❢✉✐-❡ ❬✺✻❪✳ ▲❛ ♠❛❥♦%✐-5 ❞❡( ♣✐:❣❡( ❡♥✈✐%♦♥♥❛♥-( (♦♥- ❞♦♥❝ %❡♠♣❧✐( ❞✬5❧❡❝-%♦♥(✱ ❡-

❧❡( ✢✉❝-✉❛-✐♦♥( 5❧❡❝-%♦(-❛-✐/✉❡( ❞❡ ❧✬❡♥✈✐%♦♥♥❡♠❡♥- (♦♥- ❛❧♦%( ❢❛✐❜❧❡(✱ ✈♦✐%❡ ♥5❣❧✐❣❡❛❜❧❡(✳

❉❛♥( ♥♦( ♠❡(✉%❡(✱ ❝❡❧❛ (❡ -%❛❞✉✐- ♣❛% ✉♥ 5❝❤♦ ❞❡ ♣❤♦-♦♥ ❧❛%❣❡ -❡♠♣♦%❡❧❧❡♠❡♥- ❝♦♠♠❡ ❧❡

♠♦♥-%❡ ❧❛ ✜❣✉%❡ ✸✳✶✽ ✭❛✮✳ ➚ ♠❡(✉%❡ /✉❡ ❧❛ -❡♠♣5%❛-✉%❡ ❛✉❣♠❡♥-❡✱ ❧❡ ♥♦♠❜%❡ ❞❡ ♣❤♦♥♦♥(
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❋✐❣✉$❡ ✸✳✶✽ ✕ ➱✈♦❧✉%✐♦♥ ❞❡ ❧❛ ❧❛+❣❡✉+ ✐♥❤♦♠♦❣/♥❡ σ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ %❡♠♣3+❛✲
%✉+❡✳ ✭❛✮✲✭❝✮ ❆♠♣❧✐1✉❞❡ ❞✉ 5✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝1✐♦♥ ❞✉ ❞=❧❛✐ τ12 ♣♦✉> ✻✱ ✶✵ ❡1 ✶✹ ❑✳ ◆♦✉5

✉1✐❧✐5♦♥5 ❧❡ ♠♦❞E❧❡ ❞✬❊>❧❛♥❞ ❬✹✺❪ >❡♣>=5❡♥1= ♣❛> ❧❡5 ❝♦✉>❜❡5 ♥♦✐>❡5 ♣♦✉> ❡①1>❛✐>❡ ❧❛ ❧❛>❣❡✉>

❤♦♠♦❣E♥❡ γ2 ❡1 ✐♥❤♦♠♦❣E♥❡ σ ❞❡ ❧❛ ❩O▲ ✭❞=1❛✐❧5 ❞❛♥5 ❧❛ ♣❛>1✐❡ ✸✳✷✳✷✮✳ ✭❞✮ ➱✈♦❧✉1✐♦♥ ❞❡ ❧❛

❧❛>❣❡✉> ❤♦♠♦❣E♥❡ ✭>♦✉❣❡✮ ❡1 ✐♥❤♦♠♦❣E♥❡ ✭❜❧❡✉✮ ❡♥ ❢♦♥❝1✐♦♥ ❞❡ ❧❛ 1❡♠♣=>❛1✉>❡✳ ▲✬=❧❛>❣✐5✲

5❡♠❡♥1 ✐♥❤♦♠♦❣E♥❡ ❞❡ ❧❛ ❩O▲ ❡51 ♣>♦♣♦>1✐♦♥♥❡❧ ❛✉ ♥♦♠❜>❡ ❞❡ ♣❤♦♥♦♥5 N >❡♣>=5❡♥1= ♣❛>

❧❛ ❝♦✉>❜❡ ♥♦✐>❡✳

❛❝♦✉51✐S✉❡5 ❛✉❣♠❡♥1❡ ❡1 ❢❛✈♦>✐5❡ ❧❡ ❞=♣✐=❣❡❛❣❡ ❞❡5 ❝❤❛>❣❡5 ✈✐❛ ❧✬❛❜5♦>♣1✐♦♥ ❞❡ ♣❤♦♥♦♥5

❛❝♦✉51✐S✉❡5✳ ▲❛ ❞✐✛✉5✐♦♥ 5♣❡❝1>❛❧❡ ❛✉❣♠❡♥1❡ ❡1 5❡ 1>❛❞✉✐1 ♣❛> ✉♥❡ ❞✐♠✐♥✉1✐♦♥ ♣>♦❣>❡55✐✈❡

❞❡ ❧❛ ❧❛>❣❡✉> 1❡♠♣♦>❡❧❧❡ ❞❡ ❧✬=❝❤♦ ✭❝❢ ✜❣✉>❡5 ✸✳✶✽ ✭❜✱❝✮✮✳ ❖♥ ♦❜5❡>✈❡ ✉♥❡ ❛✉❣♠❡♥1❛1✐♦♥ ❞❡

❧❛ ❧❛>❣❡✉> ✐♥❤♦♠♦❣E♥❡ σ ♣>♦♣♦>1✐♦♥♥❡❧❧❡ W N ✱ ❝♦♠♠❡ ❧❡ ♠♦♥1>❡ ❧❛ ✜❣✉>❡ ✸✳✶✽ ✭❞✮✱ 1❡❧❧❡

S✉❡ ✿

σ(T) = σ0 +A

[

1

e
∆E
kBT − 1

]

✭✸✳✷✸✮

♦Y σ0 = 3 µeV ❡1 A = 170 µeV 5♦♥1 ❞❡5 ❝♦♥51❛♥1❡5 ❞✬❛❥✉51❡♠❡♥1✱ ❡1 ∆E = 7 meV
❝♦>>❡5♣♦♥❞ W ❧✬=♥❡>❣✐❡ ♠♦②❡♥♥❡ ❞❡ ❞=♣✐=❣❡❛❣❡✳ ❈❡11❡ =♥❡>❣✐❡ ❡51 5✉♣=>✐❡✉>❡ W ❧✬=♥❡>❣✐❡ ❝❛✲

>❛❝1=>✐51✐S✉❡ ❞❡5 ♣❤♦♥♦♥5 ❛❝♦✉51✐S✉❡5 ♣>=❝=❞❡♠♠❡♥1 ♠❡5✉>=❡ ♣♦✉> ❝❡ 1②♣❡ ❞❡ ❇◗✳ ❉❡ ♣❧✉5✱

5✉> ❧❛ ❣❛♠♠❡ ❞❡ 1❡♠♣=>❛1✉>❡5 ♠❡5✉>=❡5✱ ♥♦✉5 ♥✬♦❜5❡>✈♦♥5 ♣❛5 ❞✬=❧❛>❣✐55❡♠❡♥1 ❤♦♠♦❣E♥❡

❞❡ ❧❛ >❛✐❡✳ ▲❛ 1❛✐❧❧❡ ❞❡ ❝❡11❡ ❇◗ ❡51 ♣>♦❜❛❜❧❡♠❡♥1 ♣❧✉5 ♣❡1✐1❡ S✉❡ ❧❛ 1❛✐❧❧❡ 1②♣✐S✉❡ ❞❡5 ❇◗5

❞❡ ❧✬=❝❤❛♥1✐❧❧♦♥✳ ▲✬=♥❡>❣✐❡ 1❤❡>♠✐S✉❡ ❞✬❛❝1✐✈❛1✐♦♥ ♥=❝❡55❛✐>❡ ♣♦✉> ❝♦✉♣❧❡> ❡✣❝❛❝❡♠❡♥1 ❝❡11❡

❇◗ ❛✉① ♠♦❞❡5 ❞❡ ♣❤♦♥♦♥5 ▲❆ 5❡>❛✐1 ❛❧♦>5 ♣❧✉5 =❧❡✈=❡ ✭❝❢ ✜❣✉>❡ ✸✳✶✷✮✳ ❈❡♣❡♥❞❛♥1✱ W ♣❛>1✐>

❞❡ ✷✵ ❑✱ ❧✬❡>>❡✉> 5✉> ❧❛ ♠❡5✉>❡ ❞❡ γ2 ❛✉❣♠❡♥1❡ ❝❛> ❧❡ 5✐❣♥❛❧ ❞✬=❝❤♦ ❧✐♠✐1❡ ❧❛ ♠❡5✉>❡ ❞✉

❞=❝❧✐♥ ❡①♣♦♥❡♥1✐❡❧ ❞❡ ❧❛ ♣♦❧❛>✐5❛1✐♦♥ ❛✉① ❞=❧❛✐5 ❧♦♥❣5✳ ■❧ ♥✬❡51 ❞♦♥❝ ♣❧✉5 ♣♦55✐❜❧❡ ❞✬❡①1>❛✐>❡

✜❞E❧❡♠❡♥1 γ2✱ ❡1 ♣❛> ❝♦♥5=S✉❡♥1 ❞❡ ✈=>✐✜❡> ❝❡11❡ ❤②♣♦1❤E5❡✳ ◆♦1♦♥5 S✉❡ ❞✬❛✉1>❡5 ♣>♦❝❡55✉5

❞❡ ❞=♣✐=❣❡❛❣❡✱ ❝♦♠♠❡ ❧❛ ❞✐✛✉5✐♦♥ =❧❡❝1>♦♥✲=❧❡❝1>♦♥ ♣❛> ❡①❡♠♣❧❡✱ ♣❡✉✈❡♥1 =❣❛❧❡♠❡♥1 b1>❡

>❡5♣♦♥5❛❜❧❡ ❞❡ ❧✬=❧❛>❣✐55❡♠❡♥1 ✐♥❤♦♠♦❣E♥❡ ❞❡ ❧❛ ❩O▲✳

❈❡ >=5✉❧1❛1 ♠♦♥1>❡ S✉❡ ❧❛ ❞✐✛✉5✐♦♥ 5♣❡❝1>❛❧❡ ❧✐♠✐1❡ ♥♦5 ♠❡5✉>❡5 ❞❡ ❧❛>❣❡✉> ❤♦♠♦❣E♥❡✱ ❡1

5✬❛✈E>❡ ❞✬❛✉1❛♥1 ♣❧✉5 ❧✐♠✐1❛♥1 W ♠❡5✉>❡ S✉❡ ❧❛ 1❡♠♣=>❛1✉>❡ ❛✉❣♠❡♥1❡✳ ▲✬❛❥♦✉1 ❞✬✉♥❡ ❧✐❣♥❡

W >❡1❛>❞ 5✉> ❧❡ ❝❤❡♠✐♥ ❞❡ ❧❛ >=❢=>❡♥❝❡ ♣❡>♠❡11>❛✐1 ❞❡ 5❝❛♥♥❡> ❧❡ 5✐❣♥❛❧ ❞✬=❝❤♦ ♣♦✉> ✉♥ ❞=❧❛✐

τ12 ✜①❡✱ ❡1 ♣❡>♠❡11>❛✐1 ❞✬♦❜5❡>✈❡> ❞✐>❡❝1❡♠❡♥1 ❧✬=❧❛>❣✐55❡♠❡♥1 ✐♥❤♦♠♦❣E♥❡ ❡♥ ❢♦♥❝1✐♦♥ ❞❡

❧❛ 1❡♠♣=>❛1✉>❡ ✭❝❢ ♣❛>1✐❡ ✸✳✷✳✷✮✳



❈❍❆#■❚❘❊ ✸✳ ▼➱❈❆◆■❙▼❊❙ ❉❊ ❉➱❈❖❍➱❘❊◆❈❊ ❉✬❊❳❈■❚❖◆❙ ■◆❉■❱■❉❯❊▲❙ ✼✸

✸✳✸✳✷✳✻ ❉%♣❤❛)❛❣❡ ✐♥❞✉✐0 ♣❛1 ❧❡) ♣❤♦♥♦♥) ♣❡♥❞❛♥0 ❧✬❡①❝✐0❛0✐♦♥

❏✉$%✉✬' ♣)*$❡♥-✱ ♥♦✉$ ❛✈♦♥$ ❝♦♥$✐❞*)* ❞❡$ ✐♠♣✉❧$✐♦♥$ ♦♣-✐%✉❡$ ✐♥✜♥✐♠❡♥- ❝♦✉)-❡$ -❡♠✲

♣♦)❡❧❧❡♠❡♥-✱ ✐✳❡✳ Ei(t) = Eiδ(t − τi)✳ ❉❛♥$ ❝❡--❡ ♣❛)-✐❡ ♥♦✉$ ❛❧❧♦♥$ ♥♦✉$ ✐♥-*)❡$$❡) ❛✉ ❞*✲

♣❤❛$❛❣❡ ❞❡ ❧✬❡①❝✐-♦♥ ♣❡♥❞❛♥- ❧❛ ❞✉)*❡ ❞❡ ❧✬✐♠♣✉❧$✐♦♥ ✭∆t ≈ 150 fs ✮✳ ❉❛♥$ ❧❛ ♣❛)-✐❡ ✸✳✶✳✶✱

♥♦✉$ ❛✈♦♥$ ✈✉ %✉❡ ❧✬✐♥-❡)❛❝-✐♦♥ ❧✉♠✐A)❡✲♠❛-✐A)❡ ❞✬✉♥ ❡①❝✐-♦♥ ❛✈❡❝ ✉♥❡ ✐♠♣✉❧$✐♦♥ ♦♣-✐%✉❡

)*$♦♥❛♥-❡ $❡ -)❛❞✉✐- ♣❛) ❞❡$ ♦$❝✐❧❧❛-✐♦♥$ ❞❡ ❘❛❜✐ ❞✉ $✐❣♥❛❧ ❋❲▼ %✉✐ $✬❛♠♦)-✐$$❡♥- ' ♠❡$✉)❡

%✉❡ ❧❛ ♣✉✐$$❛♥❝❡ ❞✉ ❧❛$❡) ❛✉❣♠❡♥-❡✳ ❖❜$❡)✈* ❞❡♣✉✐$ ✉♥❡ ❞✐③❛✐♥❡ ❞✬❛♥♥*❡$ ❬✹✹✱ ✺✼❪✱ ❧✬♦)✐❣✐♥❡

❞❡ ❝❡- ❛♠♦)-✐$$❡♠❡♥-✱ ❝♦♥♥✉ $♦✉$ ❧❡ ♥♦♠ ❞❡ ❞*♣❤❛$❛❣❡ ✐♥❞✉✐- ♣❛) ❧✬❡①❝✐-❛-✐♦♥ ✭❊■❉✮✱ ❛

❢❛✐- ❧✬♦❜❥❡- ❞❡ ♥♦♠❜)❡✉① ❞*❜❛-$✳ ❚)♦✐$ ♠*❝❛♥✐$♠❡$ ♣♦$$✐❜❧❡$ ♦♥- *♠❡)❣* ✿ ❧✬❡①❝✐-❛-✐♦♥ ♥♦♥✲

)*$♦♥❛♥-❡ ❞❡ ❧❛ ❝♦✉❝❤❡ ❞❡ ♠♦✉✐❧❧❛❣❡ ❬✺✽❪✱ ❧✬❡①❝✐-❛-✐♦♥ ❞❡ -)❛♥$✐-✐♦♥$ ♠✉❧-✐✲❡①❝✐-♦♥✐%✉❡$ ❬✸✹❪

❡- ❧❡ ❝♦✉♣❧❛❣❡ ❛✉① ♣❤♦♥♦♥$ ❛❝♦✉$-✐%✉❡$ ❬✺✾❪✳
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❋✐❣✉$❡ ✸✳✶✾ ✕ ❆♠♦10✐))❡♠❡♥0 ❞❡) ♦)❝✐❧❧❛0✐♦♥) ❞❡ ❘❛❜✐ ❞✬✉♥ ❡①❝✐0♦♥ ✉♥✐;✉❡✳ ✭❛✮✲

✭❜✮ ❆♠♣❧✐-✉❞❡ ❞✉ $✐❣♥❛❧ ❋❲▼ ♠❡$✉)*❡ ❡♥ ❢♦♥❝-✐♦♥ ❞❡ ❧❛ ♣✉✐$$❛♥❝❡ ❞✬❡①❝✐-❛-✐♦♥

√
P1✱ ♣♦✉)

Θ2 = π ❡- τ12 = 0.5 ps✳ ❙❛♥$ ✜❧-)❛❣❡ $♣❡❝-)❛❧❡ ✭❝②❛♥✮✱ ❧❛ ❧❛)❣❡✉) -❡♠♣♦)❡❧❧❡ ❞❡ ❧✬✐♠♣✉❧$✐♦♥

✈❛✉- ∆t = 240 fs✳ ❆✈❡❝ ✜❧-)❛❣❡ $♣❡❝-)❛❧❡ ✭❜❧❡✉ ❢♦♥❝*✮ ∆t = 520 fs✳ ▲❡$ ♦$❝✐❧❧❛-✐♦♥$ ❞❡ ❘❛❜✐

$✬❛♠♦)-✐$$❡♥- ❡①♣♦♥❡♥-✐❡❧❧❡♠❡♥- ❛✈❡❝ Γ2 ∝ K2P1 ✭-)❛✐-$ ♣♦✐♥-✐❧❧*$ ♥♦✐)$✮✳ ❆✉ ❞❡❧' ❞❡ ❧❛

❢)*%✉❡♥❝❡ ❞❡ ❝♦✉♣✉)❡ ❞❡$ ♣❤♦♥♦♥$ ❛❝♦✉$-✐%✉❡$✱ ♦❜-❡♥✉❡ ♣♦✉) Θ1 > 3π/2✱ ❧❡$ ❝♦❤*)❡♥❝❡$

❞❡ ❧✬❡①❝✐-♦♥ ❛--❡✐❣♥❡♥- ✉♥ ♣❧❛-❡❛✉✳ ✭❝✮ ❙♣❡❝-)❡$ ❞❡ ❧❛ -)❛♥$✐-✐♦♥ ❡①❝✐-♦♥✐%✉❡ ✭●❳✮ ❡- ❞❡

❧❛ )*✢❡❝-✐✈✐-* ❞❡ ❧❛ ♣♦♠♣❡✳ ❇❧❡✉ ❢♦♥❝* ✭❝②❛♥✮ ✿ ✜❧-)* ✭♥♦♥ ✜❧-)*✮✳ ✭❞✮ ❉*❝❧✐♥ ✐♥✐-✐❛❧ ♥♦♥✲

❡①♣♦♥❡♥-✐❡❧ ❞✉ $✐❣♥❛❧ ❋❲▼ ❞❡ ❧❛ ❩_▲ ❝❛)❛❝-*)✐$-✐%✉❡ ❞✉ ❞*♣❤❛$❛❣❡ ✐♥❞✉✐- ♣❛) ❧❡$ ♣❤♦♥♦♥$
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~ΩR ≤ Eph

Γ2 = K2Ω
2
R ∝ K2P Γ2

K2

K2 =
(Dc −Dv)

2

4πρmc5s~
2
kBT ≡ AT

ρm = 5.37 g · cm−3 cs = 5.11 nm · ps−1

Dc = −7.2 Dv − 1.2

Acalc = 9.8 ± 0.9 fs · K−1 Θ1 < 3π/2
∝ | sinΘ1|e−K2P1

Kmes
2 = 50±5 fs T = 5 K Ames = 10±1 fs ·K−1
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❛✈❡❝ ❧❛ ✈❛❧❡✉( ❝❛❧❝✉❧)❡ ❡* ❛✈❡❝ ❞❡ ♣()❝)❞❡♥*❡. ♠❡.✉(❡. ❞❡ ♣❤♦*♦✲❝♦✉(❛♥* ()❛❧✐.)❡. .✉( ❞❡.

❇◗. ■♥●❛❆.✴●❛❆. ❬✺✾❪✳

❈❡♣❡♥❞❛♥*✱ ❝❡ ♠♦❞@❧❡ ♥❡ ♣❡(♠❡* ♣❛. ❞✬❡①♣❧✐C✉❡( ❧✬❛♠♦(*✐..❡♠❡♥* ❞❡. ♦.❝✐❧❧❛*✐♦♥. ❛✉✲

❞❡❧D ❞❡ ❧✬)♥❡(❣✐❡ ❞❡ ❝♦✉♣✉(❡ ❞❡. ♣❤♦♥♦♥. ❛❝♦✉.*✐C✉❡.✱ ✐✳❡✳ C✉❛♥❞ ~ΩR > Eph✳ ➚ ♣❛(*✐( ❞❡

Θ1 > 3π/2 ✭~ΩR = 3.1 ♠❡❱✮✱ ❧❛ ❞✐✛)(❡♥❝❡ ❞✬)♥❡(❣✐❡ ❡♥*(❡ ❧❡. ❞❡✉① ❜(❛♥❝❤❡. ❞❡ ♣♦❧❛(✐✲

*♦♥. ❞❡✈✐❡♥* ♣❧✉. ❣(❛♥❞❡ C✉❡ ❧✬)♥❡(❣✐❡ ♠♦②❡♥♥❡ ❞❡. ♣❤♦♥♦♥. ❛❝♦✉.*✐C✉❡. ❝♦✉♣❧). D ❧❛ ❇◗✳

❈❡**❡ ❤②♣♦*❤@.❡ ❡.* ✈(❛✐❡ ❛✉ ♠❛①✐♠✉♠ ❞✬✐♥*❡♥.✐*) ❞❡ ❧✬✐♠♣✉❧.✐♦♥✱ ❧♦(.C✉❡ ❧✬)❝❛(* ❞✬)♥❡(❣✐❡

❡♥*(❡ ❧❡. ❞❡✉① ❜(❛♥❝❤❡. ❞❡ ♣♦❧❛(✐*♦♥. ❡.* ♠❛①✐♠❛❧✳ ➱*❛♥* ❞♦♥♥) C✉❡ ❧❡. ✐♠♣✉❧.✐♦♥. .♦♥*

❣❛✉..✐❡♥♥❡. ✭❝❢ ❝❤❛♣✐*(❡ ✷✮✱ ❧✬)♥❡(❣✐❡ (❡..❡♥*✐❡ ♣❛( ❧❛ ❇◗ ✈❛(✐❡ *❡♠♣♦(❡❧❧❡♠❡♥* ❛✉ ♣❛..❛❣❡

❞❡ ❧✬✐♠♣✉❧.✐♦♥✱ ❡* ❧❡ ❞)❝♦✉♣❧❛❣❡ ❛✉① ♣❤♦♥♦♥. ♥✬❡.* ♣❛. *♦*❛❧✳ ❆✉*(❡♠❡♥* ❞✐*✱ ❧❛ ❞✐✛)(❡♥❝❡

❞✬)♥❡(❣✐❡ ❡♥*(❡ ❧❡. ❞❡✉① ❜(❛♥❝❤❡. ❞❡ ♣♦❧❛(✐*♦♥. ❛✉❣♠❡♥*❡ ♣✉✐. ❞✐♠✐♥✉❡ ❛❞✐❛❜❛*✐C✉❡♠❡♥*

♣❡♥❞❛♥* ❧❛ ❞✉()❡ ❞❡ ❧✬✐♠♣✉❧.✐♦♥ ✭❝❢ ✜❣✉(❡ ✸✳✷✶✮✳ ❯♥❡ *(❛♥.✐*✐♦♥ ❛..✐.*)❡ ♣❛( ❧✬)♠✐..✐♦♥ ❞✬✉♥

♣❤♦♥♦♥ ❡♥*(❡ ❧❡. ❞❡✉① ❜(❛♥❝❤❡. ❞❡ ♣♦❧❛(✐*♦♥. ❡.* ♣♦..✐❜❧❡ ♣♦✉( ❝❡(*❛✐♥❡. )♥❡(❣✐❡. ❡* ♣❛.

❞✬❛✉*(❡.✳ ▲❛ ❝♦♠♣)*✐*✐♦♥ ❡♥*(❡ ❝❡. ❞❡✉① ♣(♦❝❡..✉. .❡ *(❛❞✉✐* ♣❛( ✉♥ ♣❧❛*❡❛✉ ❞❛♥. ❧❡ .✐❣♥❛❧

❋❲▼ ❝♦♠♠❡ ❧❡ ♠♦♥*(❡ ❧❛ ✜❣✉(❡ ✸✳✶✾ ✭❜✮✳ ▲❡ ❞✐.♣♦.✐*✐❢ ❡①♣)(✐♠❡♥*❛❧ ❡♠♣X❝❤❡ ❧❡. ♠❡.✉(❡.

❛✉✲❞❡❧D ❞❡ 5 µ❲ ♣♦✉( ❧❛ ♣♦♠♣❡✳
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❋✐❣✉$❡ ✸✳✷✶ ✕ ❘❡♣().❡♥*❛*✐♦♥ .❝❤)♠❛*✐C✉❡ ❞❡ ❧✬)✈♦❧✉*✐♦♥ ❛❞✐❛❜❛*✐C✉❡ ❞❡ ❧✬)♥❡(❣✐❡ ❞❡.

❜(❛♥❝❤❡. ❞❡ ♣♦❧❛(✐*♦♥. ❛✉ ♣❛..❛❣❡ ❞❡ ❧✬✐♠♣✉❧.✐♦♥✳ ▲✬)♠✐..✐♦♥ ❞✬✉♥ ♣❤♦♥♦♥ ❛❝♦✉.*✐C✉❡ ♥✬❡.*

♣♦..✐❜❧❡ C✉❡ ♣♦✉( ❧❡. )♥❡(❣✐❡. ✐♥❢)(✐❡✉(❡. D ❧✬)♥❡(❣✐❡ ❞❡ ❝♦✉♣✉(❡ ❞❡. ♣❤♦♥♦♥. ❛❝♦✉.*✐C✉❡.✳

✸✳✸✳✸ ❉②♥❛♠✐(✉❡ +♣❡❝./❛❧❡ ❞❡+ ♣❤♦♥♦♥+ ❛❝♦✉+.✐(✉❡+ ✿ ❝❛✈✐.6 ♣❤♦♥♦♥✐(✉❡ ❄

[❡♥❞❛♥* ❧❛ ❞✉()❡ ❞❡ ✈✐❡ ❞✉ ♣♦❧❛(♦♥ ❛❝♦✉.*✐C✉❡✱ ❧❡. ❜❛♥❞❡. ❧❛*)(❛❧❡. ❛✉*♦✉( ❞❡ ❧❛ ❩[▲

().✉❧*❡♥* ❞❡ ❧✬)♠✐..✐♦♥ ❞❡ ♣❤♦♥♦♥. ❛❝♦✉.*✐C✉❡. ❞♦♥* ❧✬)♥❡(❣✐❡ ✈❛(✐❡ .❡❧♦♥ ❧❛ *❛✐❧❧❡ ❞❡ ❧❛ ❇◗

✭❝❢ ✜❣✉(❡ ✸✳✶✷✮✳ ❆♣(@. ❧❛ ❢♦(♠❛*✐♦♥ ❞✉ ♣♦❧❛(♦♥✱ ❧✬♦♥❞❡ ❛❝♦✉.*✐C✉❡ ❞❡ ❞)❢♦(♠❛*✐♦♥ C✉✐**❡ ❧❛

❇◗✳ ❙♣❡❝*(❛❧❡♠❡♥* ♦♥ ♦❜.❡(✈❡ ❛❧♦(. ❧❛ ❞✐.♣❛(✐*✐♦♥ ❞❡. ❛✐❧❡. ❞❡ ♣❤♦♥♦♥.✱ ❡* *❡♠♣♦(❡❧❧❡♠❡♥*

❧❡ ❞)❝❧✐♥ ❡①♣♦♥❡♥*✐❡❧ ❞❡ ❧❛ ❩[▲ ❝❛(❛❝*)(✐.*✐C✉❡ ❞✉ ❞)♣❤❛.❛❣❡ (❛❞✐❛*✐❢ ❞❡ ❧✬❡①❝✐*♦♥✳ ❈❡♣❡♥✲

❞❛♥*✱ ♣❧✉.✐❡✉(. ♣(♦♣♦.✐*✐♦♥. *❤)♦(✐C✉❡. ❬✻✵✱ ✻✶✱ ✻✷❪ ♦♥* ♠♦♥*() C✉❡ ❧❡ ♣❛C✉❡* ❞✬♦♥❞❡ ❞❡

♣❤♦♥♦♥. ❛❝♦✉.*✐C✉❡. ♣❡✉* ()❛✛❡❝*❡( ❧❛ ♣♦❧❛(✐.❛*✐♦♥ ❞❡ ❧❛ ❇◗ ❡♥ .❡ ()✢)❝❤✐..❛♥* .✉( ✉♥❡ ✐♥✲

*❡(❢❛❝❡ .✉✣.❛♠♠❡♥* ♣(♦❝❤❡ ✭d < 10 ♥♠✮ ♦✉ ❛✛❡❝*❡( ❧❛ ♣♦❧❛(✐.❛*✐♦♥ ❞✬✉♥❡ ❛✉*(❡ ❇◗ ♣(♦❝❤❡



✼✻ ✸✳✸✳ ▼➱❈❆◆■❙▼❊❙ ❉❊ ❉➱❈❖❍➱❘❊◆❈❊ ❉✬❯◆ ❊❳❈■❚❖◆ ❯◆■◗❯❊

"♣❛%✐❛❧❡♠❡♥% ✭d < 20 ♥♠✮ ✈✐❛ ❧❛ %.❛♥"✐%✐♦♥ ❜✐❡①❝✐%♦♥✐3✉❡✳ ❯♥ ❝❤❛♥❣❡♠❡♥% ❞❡ ❧❛ ♣♦❧❛.✐"❛%✐♦♥

❞❡ ❧✬❡①❝✐%♦♥ ♥❡✉%.❡ ✭●❳✮ ♦✉ ❞✉ ❜✐❡①❝✐%♦♥ ♥❡✉%.❡ ✭❳❇✮ ❡"% ❞✐.❡❝%❡♠❡♥% ✈✐"✐❜❧❡ ❞❛♥" ❧❡ "✐❣♥❛❧

❋❲▼ ❞✬✉♥❡ ❇◗ B ❝♦♥❞✐%✐♦♥ 3✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡ "✐❣♥❛❧ "♦✐% "✉✣"❛♠♠❡♥% ❣.❛♥❞ ❬✻✸❪✳ G♦✉.

H✈✐%❡. %♦✉%❡ ❝♦♥❢✉"✐♦♥ ❡♥%.❡ ❝❡" ❞❡✉① ♣.♦❝❡""✉"✱ ♥♦✉" ❛✈♦♥" ❡①❝✐%H ❧✬H❝❤❛♥%✐❧❧♦♥ ❛✈❡❝ ✉♥❡

♣♦❧❛.✐"❛%✐♦♥ ❝✐.❝✉❧❛✐.❡✱ ❛✜♥ ❞❡ ♥❡ ♣❛" ❡①❝✐%❡. ❧❛ %.❛♥"✐%✐♦♥ ❳❇ ✭✈♦✐. ❧❡ ❝❤❛♣✐%.❡ ✹ ♣♦✉. ♣❧✉"

❞❡ ❞H%❛✐❧"✮✳ ▲❡ ❞❡✉①✐N♠❡ ♣.♦❝❡""✉" ❡"% ❞♦♥❝ ♥H❣❧✐❣❡❛❜❧❡ ✐❝✐✳

▲❛ ✜❣✉.❡ ✸✳✷✷ ✭❛✮ ♣.H"❡♥%❡ ❧❡ "✐❣♥❛❧ ❋❲▼ ❞❡ ❞❡✉① %.❛♥"✐%✐♦♥" ❡①❝✐%♦♥✐3✉❡" ♥❡✉%.❡" ●❳1

❡% ●❳2 ❡♥ ❢♦♥❝%✐♦♥ ❞✉ ❞H❧❛✐ τ12✳ G❡♥❞❛♥% ❧❛ ♣.❡♠✐N.❡ ♣✐❝♦"❡❝♦♥❞❡ ❛♣.N" ❧✬❡①❝✐%❛%✐♦♥✱ ♦♥

♦❜"❡.✈❡ ❧❡ ❞H❝❧✐♥ ✐♥✐%✐❛❧ ♥♦♥✲❡①♣♦♥❡♥%✐❡❧ ❞✉ "✐❣♥❛❧ ❋❲▼ ✭❝❢ ✜❣✉.❡ ✸✳✷✷ ✭❝✮✮ ❡% ❧❡" ❜❛♥❞❡"

❧❛%H.❛❧❡" ✭❝❢ ✜❣✉.❡ ✸✳✷✷ ✭❜✮✮ ❝❛.❛❝%H.✐"%✐3✉❡" ❞❡ ❧❛ ❢♦.♠❛%✐♦♥ ❞✬✉♥ ♣♦❧❛.♦♥ ❛❝♦✉"%✐3✉❡✳ ➱%♦♥✲

♥❛♠♠❡♥%✱ ❧❡" ❛✐❧❡" ❞❡ ♣❤♦♥♦♥" ♥❡ ❞✐"♣❛.❛✐""❡♥% ♣❛" ❛♣.N" ❧❛ ❢♦.♠❛%✐♦♥ ❞✉ ♣♦❧❛.♦♥✱ ♠❛✐"

♦"❝✐❧❧❡♥% "♣❡❝%.❛❧❡♠❡♥% ❞✉.❛♥% ♣❧✉"✐❡✉." ♣✐❝♦"❡❝♦♥❞❡"✳ ❘❡❣❛.❞♦♥" ❞❡ ♣❧✉" ♣.N" ❝❡" ♦"❝✐❧❧❛✲

%✐♦♥"✳ ▲❛ ✜❣✉.❡ ✸✳✷✷ ✭❞✮✮ ♠♦♥%.❡ ❧✬H✈♦❧✉%✐♦♥ ❧❡" ❜❛♥❞❡" ❧❛%H.❛❧❡" ❡♥ ❢♦♥❝%✐♦♥ ❞❡ τ12✱ ✐♥%H❣.H❡"
"✉. ✉♥❡ ❣❛♠♠❡ "♣❡❝%.❛❧❡ ❞❡ ✵✳✹ ♠❡❱ ❛✉%♦✉. ❞❡" ❞❡✉① %.❛♥"✐%✐♦♥"✳

G.❡♠✐N.❡♠❡♥%✱ ♦♥ .❡♠❛.3✉❡ 3✉❡ ❝❡" ♦"❝✐❧❧❛%✐♦♥" "♦♥% ♣H.✐♦❞✐3✉❡"✱ ❡% 3✉❡ ❧❡" ❜❛♥❞❡" B

❤❛✉%❡ H♥❡.❣✐❡ ♦"❝✐❧❧❡♥% ❡♥ ♦♣♣♦"✐%✐♦♥ ❞❡ ♣❤❛"❡ ❛✈❡❝ ❝❡❧❧❡" B ❜❛""❡ H♥❡.❣✐❡✳ ❈❡%%❡ ♣.❡♠✐N.❡

♦❜"❡.✈❛%✐♦♥ %.❛❞✉✐% ✉♥ H❝❤❛♥❣❡ ❞✬H♥❡.❣✐❡ ✈✐❛ ❧✬♦♥❞❡ ❞❡ ❞H❢♦.♠❛%✐♦♥✳ ◗✉❛♥❞ ❧❛ ❇◗ ❧✐❜N.❡ ❞❡"

♣❤♦♥♦♥"✱ ♦♥ ♦❜"❡.✈❡ ✉♥❡ ❜❛♥❞❡ B ♣❧✉" ❤❛✉%❡ H♥❡.❣✐❡✱ ❡% 3✉❛♥❞ ❧❛ ❇◗ ❛❜"♦.❜❡ ❞❡" ♣❤♦♥♦♥"✱

✉♥❡ ❜❛♥❞❡ ❛♣♣❛.❛V% B ♣❧✉" ❜❛""❡ H♥❡.❣✐❡✳ ❆✉%.❡♠❡♥% ❞✐%✱ ❧❛ ❇◗ ❧✐❜N.❡ ❞❡ ❧✬H♥❡.❣✐❡ 3✉❛♥❞

❡❧❧❡ ❡"% ❝♦♠♣.✐♠H❡ ✈✐❛ ❧✬♦♥❞❡ ❞❡ ❞H❢♦.♠❛%✐♦♥ ❡% ❡♥ ❛❜"♦.❜❡ 3✉❛♥❞ ❡❧❧❡ ❡"% H%✐.H❡✳

❉❡✉①✐N♠❡♠❡♥%✱ ♦♥ .❡♠❛.3✉❡ 3✉❡ ❧❛ ♣H.✐♦❞❡ ❞❡" ♦"❝✐❧❧❛%✐♦♥" ♣♦✉. ●❳2 ✭≈ ✷ ♣"✮ ❡"%

❞❡✉① ❢♦✐" ♣❧✉" .❛♣✐❞❡ 3✉❡ ❝❡❧❧❡ ♣♦✉. ●❳1 ✭≈ ✹ ♣"✮✳ ❈❡%%❡ ♣H.✐♦❞❡ ❡"% ❞✐.❡❝%❡♠❡♥% .❡❧✐H❡

B ❧❛ ❞✐"%❛♥❝❡ d 3✉❡ ♣❛.❝♦✉.% ❧✬♦♥❞❡ ❞❡ ❞H❢♦.♠❛%✐♦♥ ❛❝♦✉"%✐3✉❡ ❞❛♥" ❧❡ ♠❛%H.✐❛✉✳ ❉❛♥"

❧❡ ❝❛" ❞✬✉♥❡ .H✢❡①✐♦♥ ❞❡ ❧✬♦♥❞❡ "✉. ✉♥❡ ✐♥%❡.❢❛❝❡✱ ❝❡%%❡ ❞✐"%❛♥❝❡ ❝♦..❡"♣♦♥❞ B ❞❡✉① ❢♦✐"

❧❛ ❞✐"%❛♥❝❡ d ❡♥%.❡ ❧❛ ❇◗ ❡% ❧✬✐♥%❡.❢❛❝❡ ✭❛❧❧❡.✴.❡%♦✉. ❞❡ ❧✬♦♥❞❡ ❛❝♦✉"%✐3✉❡✮✳ ❉❛♥" ■♥❆"✱

❧❛ ✈✐%❡""❡ ❞❡ ❧✬♦♥❞❡ ❛❝♦✉"%✐3✉❡ ✭cs ≈ 5 nm · ps−1
✮ ✐♠♣❧✐3✉❡ ❞❡" ❞✐"%❛♥❝❡" ❞❡ ♣.♦♣❛❣❛%✐♦♥

❞✬❡♥✈✐.♦♥ ✷✵ ♥♠ ♣♦✉. ●❳1 ❡% ✶✵ ♥♠ ♣♦✉. ●❳2✳ ❈❡" ❞✐"%❛♥❝❡" ❝♦..❡"♣♦♥❞❡♥% ❛✉① ❞✐❛♠N%.❡"

♠♦②❡♥" ❞❡" ❇◗" H%✉❞✐H❡"✳ ❆✉%.❡♠❡♥% ❞✐%✱ ✉♥❡ ♣❛.%✐❡ ❞❡ ❧✬♦♥❞❡ ❛❝♦✉"%✐3✉❡ ❣H♥H.H❡ ❧♦." ❞❡

❧✬❡①❝✐%❛%✐♦♥ ❡"% .H✢H❝❤✐❡ B ❧✬✐♥%❡.❢❛❝❡ ■♥❆"✴●❛❆" ❡% .H❛✛❡❝%❡ ❧❛ ♣♦❧❛.✐"❛%✐♦♥ ❞❡ ❧❛ ❇◗✳

❚.♦✐"✐N♠❡♠❡♥%✱ ♦♥ .❡♠❛.3✉❡ 3✉❡ ❧✬❛♠♣❧✐%✉❞❡ ❞✉ "✐❣♥❛❧ ❋❲▼ ❞❡ ●❳1 ❡"% ♣❧✉" H❧❡✈H❡

3✉❡ ♣♦✉. ●❳2✳ ❖.✱ ❧❛ ❢♦.❝❡ ❞✬♦"❝✐❧❧❛%❡✉. ❞✬✉♥❡ ❇◗ ❛✉❣♠❡♥%❡ ❛✈❡❝ "❛ %❛✐❧❧❡✳ ❙♦✉" ❧❛ ❝♦♥❞✐%✐♦♥

3✉❡ ❧❡" ❞❡✉① ❇◗" .❡b♦✐✈❡♥% ❧❛ ♠c♠❡ ♣✉✐""❛♥❝❡ ❞✬❡①❝✐%❛%✐♦♥✱ ❝❡ %.♦✐"✐N♠❡ ✐♥❞✐❝❡ ❝♦♥✜.♠❡

❧✬♦❜"❡.✈❛%✐♦♥ ♣.H❝H❞❡♥%❡ ✭●❳1 ♣❧✉" ❣.❛♥❞ 3✉❡ ●❳2✮ ❡% ❝♦♥❢♦.%❡ ❧✬❤②♣♦%❤N"❡ ❞✬✉♥❡ .H✢❡①✐♦♥

❞❡ ❧✬♦♥❞❡ ❛❝♦✉"%✐3✉❡ B ❧✬✐♥%❡.❢❛❝❡ ■♥❆"✴●❛❆"✳

❉❡" %.❛✈❛✉① %❤H♦.✐3✉❡" "♦♥% ❛❝%✉❡❧❧❡♠❡♥% ❡♥ ❝♦✉." ♣♦✉. ✈❛❧✐❞❡. ❝❡%%❡ ❤②♣♦%❤N"❡✳ ❈❡"

#$"✉❧'❛'" ♣#$❧✐♠✐♥❛✐#❡" ♣♦✉##❛✐❡♥' ❝♦♥"'✐'✉❡# ❧❛ ♣#❡♠✐/#❡ ♣#❡✉✈❡ ❡①♣$#✐♠❡♥'❛❧❡ ❞❡ ❧❛ ♠♦❞✐✜✲

❝❛'✐♦♥ ❞❡ ❧❛ ♣♦❧❛#✐"❛'✐♦♥ ❞✬✉♥❡ ❇◗ ✉♥✐8✉❡ ❛✉ ♣❛""❛❣❡ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❞$❢♦#♠❛'✐♦♥ ❛❝♦✉"'✐8✉❡✳
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Noise floor

❋✐❣✉$❡ ✸✳✷✷ ✕ ❖!❝✐❧❧❛&✐♦♥! ❞❡! ❛✐❧❡! ❞❡ ♣❤♦♥♦♥! ❛❝♦✉!&✐.✉❡!✳ ✭❛✮ ❆♠♣❧✐-✉❞❡ ❞✉

1✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝-✐♦♥ ❞✉ ❞:❧❛✐ τ12 ♣♦✉; ✉♥❡ ❡①❝✐-❛-✐♦♥ ❝✐;❝✉❧❛✐;❡✳ ▲❛ ♣✉✐11❛♥❝❡ ❞❡ ❧❛

♣♦♠♣❡ ❝♦;;❡1♣♦♥❞ ❛✉ ;:❣✐♠❡ ❧✐♥:❛✐;❡ ❞✬❡①❝✐-❛-✐♦♥ P1 = 100 nW✳ ❈❤❛A✉❡ ❞:❧❛✐ ;❡♣;:1❡♥-❡

✉♥ 1♣❡❝-;❡✱ ❧❡ -❡♠♣1 ❞✬✐♥-:❣;❛-✐♦♥ ♣❛; 1♣❡❝-;❡ ❡1- ❞✬❡♥✈✐;♦♥ ✸ ♠✐♥ ❡- ❧❡ ❞:❧❛✐ ❡♥-;❡ ❝❤❛A✉❡

1♣❡❝-;❡ ❡1- ❞❡ ✺✵ ❢1✳ ❖♥ ♦❜1❡;✈❡ ❞❡1 ♦1❝✐❧❧❛-✐♦♥1 1♣❡❝-;❛❧❡1 ❞❡1 ❛✐❧❡1 ❞❡ ♣❤♦♥♦♥1 ❛✉-♦✉;

❞❡ ❞❡✉① -;❛♥1✐-✐♦♥1 ❡①❝✐-♦♥✐A✉❡1✱ A✉✐ ♣❡;❞✉;❡♥- ❛♣;H1 ❧❛ ❢♦;♠❛-✐♦♥ ❞✉ ♣♦❧❛;♦♥ ❛❝♦✉1-✐A✉❡✳

✭❜✮ ❙♣❡❝-;❡1 ❋❲▼ ♣♦✉; τ12 = 3.1 ps ✭✈❡;-✮ ❡- τ12 = 4.6 ps ✭❣;✐1✮✱ ♠♦♥-;❛♥- ❧❛ ♣;:1❡♥❝❡

❞❡ ❜❛♥❞❡1 ❧❛-:;❛❧❡1 J ❜❛11❡ ❡- J ❤❛✉-❡ :♥❡;❣✐❡ ;:1✉❧-❛♥- ❞❡ ❧✬:♠✐11✐♦♥ ❡- ❞❡ ❧✬❛❜1♦;♣-✐♦♥

❞❡ ♣❤♦♥♦♥1 ❛❝♦✉1-✐A✉❡1✳ ▲❡1 -;❛♥1✐-✐♦♥1 ●❳1 ❡- ●❳2 1♦♥- ❛❥✉1-:❡1 ♣❛; ❞❡1 ♣✐❝1 ❧♦;❡♥-③✐❡♥

✭-;❛✐-1 ♣♦✐♥-✐❧❧:1 ♥♦✐;1✮✳ ❖♥ -;♦✉✈❡ ❞❡1 ❧❛;❣❡✉;1 J ♠✐✲❤❛✉-❡✉; ❞✬❡♥✈✐;♦♥ 30 µeV ✭❧✐♠✐-❡ ❞❡

;:1♦❧✉-✐♦♥✮✳ ▲❡ 1♣❡❝-;❡ ❞❡ ;:✢❡❝-✐✈✐-: ❞❡ ❧❛ ♣♦♠♣❡ ❡1- ;❡♣;:1❡♥-: ♣❛; ❧❡1 -;❛✐-1 ♣♦✐♥-✐❧❧:1

❜❧❡✉1✳ ✭❝✮ ❆♠♣❧✐-✉❞❡ ❞✉ 1✐❣♥❛❧ ❋❲▼ ❞❡ ●❳1 ✭❜❧❡✉✮ ❡- ●❳2 ✭♦;❛♥❣❡✮ ❡♥ ❢♦♥❝-✐♦♥ ❞✉

❞:❧❛✐ τ12✳ ❖♥ ♦❜1❡;✈❡ ❧❡ ❞:❝❧✐♥ ✐♥✐-✐❛❧ ♥♦♥✲❡①♣♦♥❡♥-✐❡❧ ❞✉ 1✐❣♥❛❧ ❋❲▼ ❞✉;❛♥- ❧❛ ♣;❡♠✐H;❡

♣✐❝♦1❡❝♦♥❞❡ ❝❛;❛❝-:;✐1-✐A✉❡ ❞❡ ❧❛ ❢♦;♠❛-✐♦♥ ❞✉ ♣♦❧❛;♦♥ ❛❝♦✉1-✐A✉❡✳ ◆♦-♦♥1 A✉❡ ❝❡ ❞:❝❧✐♥

❡1- ♣❧✉1 ♣;♦♥♦♥❝: ♣♦✉; ●❳2✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜;✉✐- ❡1- ;❡♣;:1❡♥-: ♣❛; ❧❡1 ❝❡;❝❧❡1 ❣;✐1✳ ✭❞✮

❆♠♣❧✐-✉❞❡ ❞✉ 1✐❣♥❛❧ ❋❲▼ ❞❡1 ❜❛♥❞❡1 ❧❛-:;❛❧❡1 ❞❡ ♣❤♦♥♦♥1 ❛✉-♦✉; ❞❡ ●❳1 ✭❜❧❡✉✮ ❡- ●❳2

✭♦;❛♥❣❡✮✳ ▲❡1 -;❛✐-1 1♦❧✐❞❡1 ✭♣♦✐♥-✐❧❧:1✮ ;❡♣;:1❡♥-❡♥- ❧❡1 ❜❛♥❞❡1 ❧❛-:;❛❧❡1 J ❤❛✉-❡ ✭❜❛11❡✮

:♥❡;❣✐❡ ✐♥-:❣;:❡1 1✉; ∆E = 0.4 meV ❛✉-♦✉; ❞❡1 -;❛♥1✐-✐♦♥1 ✭❝❢ ✢H❝❤❡1 1✉; ❧❛ ✜❣✉;❡ ❛✮✮✳ S♦✉;

❧❡1 ❞❡✉① -;❛♥1✐-✐♦♥1✱ ♦♥ ♦❜1❡;✈❡ ❞❡1 ♦1❝✐❧❧❛-✐♦♥1 ♣:;✐♦❞✐A✉❡1 ❡- ❡♥ ♦♣♣♦1✐-✐♦♥ ❞❡ ♣❤❛1❡✱ ❛✈❡❝

✉♥❡ ♣:;✐♦❞❡ ❞✬♦1❝✐❧❧❛-✐♦♥ ❞❡✉① ❢♦✐1 ♣❧✉1 ;❛♣✐❞❡ ♣♦✉; ●❳2✳ ❯♥ ✜❧-;❡ ❋❋❚ ❛ :-: ❛♣♣❧✐A✉:

♣♦✉; ❧✐11❡; ❧❡1 ✈❛;✐❛-✐♦♥1 ;❛♣✐❞❡1✳
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♠❡%✉,❛♥+ ❧❡ ❞1❝❧✐♥ ❡①♣♦♥❡♥+✐❡❧ ❞✉ %✐❣♥❛❧ ❋❲▼✱ ❡+ ❝❡✉① ♠H♠❡ ❡♥ ♣,1%❡♥❝❡ ❞❡ ❞✐✛✉%✐♦♥

%♣❡❝+,❛❧❡✳ ❉❡% ♠❡%✉,❡% ❡♥ +❡♠♣1,❛+✉,❡ ♥♦✉% ♦♥+ ❡♥%✉✐+❡ ♣❡,♠✐% ❞❡ ♠❡++,❡ ❡♥ 1✈✐❞❡♥❝❡ ❧❡%

♠1❝❛♥✐%♠❡% ❞❡ ❞1♣❤❛%❛❣❡ ♣✉, ,❡%♣♦♥%❛❜❧❡% ❞❡ ❧✬❛♠♦,+✐%%❡♠❡♥+ ❞❡% ♦%❝✐❧❧❛+✐♦♥% ❞❡ ❘❛❜✐

❛%%✐%+1❡% ♣❛, ♣❤♦♥♦♥%✱ ❞✉ ❞1❝❧✐♥ ✐♥✐+✐❛❧ ♥♦♥✲❡①♣♦♥❡♥+✐❡❧ ❞✉ %✐❣♥❛❧ ❋❲▼ ♣❡♥❞❛♥+ ❧❛ ❢♦,✲

♠❛+✐♦♥ ❞✉ ♣♦❧❛,♦♥ ❡+ ❞❡ ❧✬1❧❛,❣✐%%❡♠❡♥+ ❤♦♠♦❣M♥❡ ❞❡ ❧❛ ❩O▲ ✈✐❛ ❧❡ ❝♦✉♣❧❛❣❡ :✉❛❞,❛+✐:✉❡

❛✉① ♣❤♦♥♦♥%✱ ❞❛♥% ❧❛ ❧✐♠✐+❡ ♦Q ❧✬1❧❛,❣✐%%❡♠❡♥+ ✐♥❤♦♠♦❣M♥❡ ❡%+ ❢❛✐❜❧❡✳ ▲✬❛❥♦✉+ ❞✬✉♥❡ ❧✐❣♥❡

2 ,❡+❛,❞ %✉, ❧❡ ❝❤❡♠✐♥ ❞❡ ❧❛ ,1❢1,❡♥❝❡ ♣❡,♠❡++,❛✐+ ❞❡ ❧❡✈❡, ❝❡++❡ ❧✐♠✐+❛+✐♦♥✳ ❊♥✜♥✱ ❞❡% ♠❡✲

%✉,❡% ❞❡ ❞②♥❛♠✐:✉❡ %♣❡❝+,❛❧❡ ❞✉ %✐❣♥❛❧ ❋❲▼ ♦♥+ ♠✐% ❡♥ 1✈✐❞❡♥❝❡ ❧✬♦%❝✐❧❧❛+✐♦♥ %♣❡❝+,❛❧❡

❞❡% ❛✐❧❡% ❞❡ ♣❤♦♥♦♥% ❛♣,M% ❧❛ ❢♦,♠❛+✐♦♥ ❞✉ ♣♦❧❛,♦♥✱ ♣,1❞✐+ +❤1♦,✐:✉❡♠❡♥+ ♣❛, ❧✬1♠✐%%✐♦♥

❡+ ❧✬❛❜%♦,♣+✐♦♥ ❞❡ ♣❤♦♥♦♥% ❛❝♦✉%+✐:✉❡% ♣❛, ❧❛ ❇◗✳ ▲❡% ♣1,✐♦❞❡% ❞✬♦%❝✐❧❧❛+✐♦♥% ♠❡%✉,1❡% %✉,

❞❡✉① ❇◗% ❝♦,,❡%♣♦♥❞❡♥+ ❛✉① +❛✐❧❧❡% +②♣✐:✉❡% ❞❡% ❇◗% ■♥❆%✴●❛❆% 1+✉❞✐1❡%✱ ❛✐♥%✐ :✉✬❛✉①

♣,1❞✐❝+✐♦♥% +❤1♦,✐:✉❡%✳ ❉❡% %✐♠✉❧❛+✐♦♥% +❤1♦,✐:✉❡% %♦♥+ ❛❝+✉❡❧❧❡♠❡♥+ ❡♥ ❝♦✉,% ♣♦✉, ✈❛❧✐❞❡,

❝❡% ♦❜%❡,✈❛+✐♦♥%✳
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❞❡, ❇◗, ❞❡ ♠❛♥✐D)❡ ❝♦❤*)❡♥4❡ ❡4 ✉❧4)❛✲)❛♣✐❞❡✱ ✐❧ ❡,4 ❡,,❡♥4✐❡❧ ❞❡ ❝♦♥♥❛F4)❡ ❞❡ 4❡♠♣, ❞❡ ✈✐❡

T1 ❡4 ❧❡ 4❡♠♣, ❞❡ ❝♦❤*)❡♥❝❡ T2 ❞❡ ❧✬❡①❝✐4♦♥ ❡4 ❞✉ ❜✐❡①❝✐4♦♥ ❬✻✽✱ ✻✾✱ ✼✵❪✳ B❛) ❛✐❧❧❡✉),✱ ❝❡

4②♣❡ ❞❡ ,②,4D♠❡ ♣)*,❡♥4❡ ✉♥ ✐♥4*)J4 ❣)❛♥❞✐,,❛♥4 ❡♥ ❝)②♣4♦❣)❛♣❤✐❡ 5✉❛♥4✐5✉❡ ♣♦✉) )*❛❧✐,❡)

❞❡, ♣❛✐)❡, ❞❡ ♣❤♦4♦♥, ✐♥4)✐5✉*, ❡♥ ♣♦❧❛)✐,❛4✐♦♥ ❬✼✶✱ ✼✷✱ ✼✸✱ ✼✹❪✳ ▲❛ ,*♣❛)❛4✐♦♥ ❞❡ ,4)✉❝4✉)❡

✜♥❡ δ ❞❡, ♥✐✈❡❛✉① ❞✬*♥❡)❣✐❡ ❞❡ ❧✬❡①❝✐4♦♥ ❡4 ❧✬*♥❡)❣✐❡ ❞❡ ❧✐❛✐,♦♥ ❞✉ ❜✐❡①❝✐4♦♥ ∆b ❥♦✉❡♥4 ✉♥

)C❧❡ ✐♠♣♦)4❛♥4 ♣♦✉) )*❛❧✐,❡) ❝❡, ♣❛✐)❡, ❞❡ ♣❤♦4♦♥,✳ ❉❛♥, ❝❡ ❝❛,✱ ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛)✐,❛4✐♦♥ ❞❡

❧✬❡①❝✐4❛4✐♦♥ ♣❛) )❛♣♣♦)4 ❛✉① ❛①❡, ❞❡ ❧❛ ❇◗ ♣❡)♠❡4 ❞✬❛❞)❡,,❡) ,*❧❡❝4✐✈❡♠❡♥4 ❧❡, ❞✐✛*)❡♥4❡,

4)❛♥,✐4✐♦♥, ❬✼✺❪✳ ❉❛♥, ❧❛ ♣❛)4✐❡ ✹✳✷✱ ♥♦✉, ❛❧❧♦♥, ✈♦✐) 5✉✬✐❧ ❡,4 ♣♦,,✐❜❧❡ ❞✬❛❝❝*❞❡) T 4♦✉4❡, ❝❡,

5✉❛♥4✐4*,✱ ✐✳❡✳ T1✱ T2✱ δ ❡4 ∆b✱ ♣♦✉) ✉♥❡ ❇◗ ✉♥✐5✉❡ ❛✈❡❝ ❧❡ ❞✐,♣♦,✐4✐❢ ❞❡ ❋❲▼ ❤*4*)♦❞②♥❡

T 4)♦✐, ❢❛✐,❝❡❛✉① )*,♦❧✉, ❡♥ ♣♦❧❛)✐,❛4✐♦♥ ✭❝❢ ❝❤❛♣✐4)❡ ✷✮✳ B♦✉) ♠♦❞*❧✐,❡) ❧❡, ♠❡,✉)❡,✱ ♥♦✉,

✉4✐❧✐,♦♥, ❧❡ ❢♦)♠❛❧✐,♠❡ ❞❡ ♠❛4)✐❝❡ ❞❡♥,✐4* ✭❝❢ ❝❤❛♣✐4)❡ ✶✮ ❛♣♣❧✐5✉* T ✉♥ ✹LS ❡♥ ✐♥4❡)❛❝✲

4✐♦♥ ❛✈❡❝ 4)♦✐, ✐♠♣✉❧,✐♦♥, ♦♣4✐5✉❡,✳ ▲❡, ,✐♠✉❧❛4✐♦♥, ♣)*,❡♥4*❡, ❞❛♥, ❝❡ ❝❤❛♣✐4)❡ ♦♥4 *4*

)*❛❧✐,*❡, ♣❛) ❉✳ ❲✐❣❣❡)✱ ❉✳ ❘❡✐4❡) ❡4 ❚✳ ❑✉❤♥ ✭❯♥✐✈❡),✐4* ❞❡ ▼]♥,4❡)✮ ❡♥ ,❡ ❜❛,❛♥4 ,✉)

❧❡, )*❢*)❡♥❝❡, ❬✺✵✱ ✼✻❪✳ ◆♦✉, ♣)*,❡♥4❡)♦♥, ❡♥,✉✐4❡ ❞❛♥, ❧❛ ♣❛)4✐❡ ✹✳✸✱ ❞❡, ♠❡,✉)❡, ❞❡ ,♣❡❝✲

4)♦,❝♦♣✐❡ ✷❉✲❋❲▼ )*✈*❧❛♥4 ❧❡ ❝♦✉♣❧❛❣❡ ❡①❝✐4♦♥✲❜✐❡①❝✐4♦♥ T 4)❛✈❡), ❧✬❛♣♣❛)✐4✐♦♥ ❞✬✉♥ ♣✐❝

❤♦), ❞✐❛❣♦♥❛❧ ❝♦✉♣❧❛♥4 ❧❛ )*,♦♥❛♥❝❡ ❞❡ ♣)❡♠✐❡)✲♦)❞)❡ T ❝❡❧❧❡ ❞❡ 4)♦✐,✐D♠❡ ♦)❞)❡ ❬✶✸✱ ✼✼✱ ✼✽❪✳

❊♥✜♥✱ ♥♦✉, ✈❡))♦♥, 5✉❡ ❧❛ ,♣❡❝4)♦,❝♦♣✐❡ ✷❉✲❋❲▼ ❡,4 ✉♥ ♦✉4✐❧ ♣✉✐,,❛♥4 ♣♦✉) ✐❞❡♥4✐✜❡)

)❛♣✐❞❡♠❡♥4 ❧❡, *4❛4, ❝❤❛)❣*, ❞✬✉♥❡ ❇◗ T ✢✉❝4✉❛4✐♦♥ ❞❡ ❝❤❛)❣❡✳

✹✳✷ ❘.♣♦♥0❡ ❝♦❤.&❡♥%❡ ❞✬✉♥ 0②0%5♠❡ ❡①❝✐%♦♥✲❜✐❡①❝✐%♦♥

✹✳✷✳✶ ▼❛&'✐❝❡ ❞❡♥-✐&. ❞✬✉♥ -②-&2♠❡ ❡①❝✐&♦♥✲❜✐❡①❝✐&♦♥

❉❛♥, ✉♥ ♣)❡♠✐❡) 4❡♠♣,✱ ♥♦✉, ♥♦✉, ❧✐♠✐4♦♥, T ❧✬*4✉❞❡ ❞❡ ❧✬❡①❝✐4♦♥ ♥❡✉4)❡ ❞❡ ❧❛ ❝♦✉❝❤❡

S✳ ❙❡❧♦♥ ❧❛ ♣♦❧❛)✐,❛4✐♦♥ ❞❡, ✐♠♣✉❧,✐♦♥, ❡①❝✐4❛4)✐❝❡,✱ ❞❡, *4❛4, ❡①❝✐4♦♥✐5✉❡, ❞❡ ❞✐✛*)❡♥4❡,

♣♦❧❛)✐,❛4✐♦♥, ,♦♥4 ❡①❝✐4*,✳ B♦✉) ✉♥❡ ♣♦❧❛)✐,❛4✐♦♥ ❝✐)❝✉❧❛✐)❡✱ 5✉❡ ❧✬♦♥ ♥♦4❡)❛ 	 ❡4 �✱ ❧❡

,②,4D♠❡ ❡,4 ❝❛)❛❝4*)✐,* ♣❛) ❧✬*4❛4 ❢♦♥❞❛♠❡♥4❛❧ |G〉✱ ❞❡✉① *4❛4, ❡①❝✐4♦♥✐5✉❡, |σ+〉 ❡4 |σ−〉✱ ❡4
✉♥ *4❛4 ❜✐❡①❝✐4♦♥✐5✉❡ |B〉✱ ❝♦♠♠❡ ❧❡ ♠♦♥4)❡ ❧❛ ✜❣✉)❡ ✹✳✶ ✭❛✮✳ ▲✬❍❛♠✐❧4♦♥✐❡♥ ❞❡ ❝❡ ,②,4D♠❡

,✬*❝)✐4 ❞❡ ❧❛ ♠❛♥✐D)❡ ,✉✐✈❛♥4❡ ✿

H =
∑

ν

~ων |ν〉〈ν| −
∑

ν,ν′

~Mν,ν′ |ν〉〈ν ′|+Hexc ✭✹✳✶✮

♦d ❧❡, *4❛4, |ν〉 ∈ |G〉, |σ+〉, |σ−〉, |B〉 ❞❛♥, ❧❛ ❜❛,❡ ❝✐)❝✉❧❛✐)❡✱ ❛✈❡❝ ♣♦✉) *♥❡)❣✐❡ ~ων

4❡❧❧❡, 5✉❡ ~ωG = 0✱ ~ωσ− = ~ωσ+ = ~ωσ ❡4 ~ωB = 2~ωσ −∆b✳

Hexc )❡♣)*,❡♥4❡ ❧✬❍❛♠✐❧4♦♥✐❡♥ ❞✬✐♥4❡)❛❝4✐♦♥ ❞*❝)✐✈❛♥4 ❧✬*❝❤❛♥❣❡ ❈♦✉❧♦♠❜✐❡♥ ❡♥4)❡ ❧❡,

❞❡✉① ♥✐✈❡❛✉① ❡①❝✐4♦♥✐5✉❡, 4❡❧ 5✉❡ ✿

Hexc =
δ

2

(∣

∣σ−
〉 〈

σ+
∣

∣+
∣

∣σ+
〉 〈

σ−
∣

∣

)

✭✹✳✷✮

▲❛ ♠❛4)✐❝❡ ❞✬✐♥4❡)❛❝4✐♦♥ Mν,ν′ ❞*❝)✐4 ❧❡, 4)❛♥,✐4✐♦♥, ♣❡)♠✐,❡, 4❡❧❧❡ 5✉❡ ✿

M =









0 Ω∗
σ+ Ω∗

σ− 0
Ωσ+ 0 0 Ω∗

σ−

Ωσ− 0 0 Ω∗
σ+

0 Ωσ− Ωσ+ 0









✭✹✳✸✮



Ωσ±

Ωσ± =
∑

i

µ

~
Ei · e∗σ±

µ e
∗
σ±

P = µ
(

|G〉
〈

σ+
∣

∣+
∣

∣σ−
〉

〈B|
)

eσ+ + µ
(

|G〉
〈

σ−
∣

∣+
∣

∣σ+
〉

〈B|
)

eσ−

δ

|X〉 = 1√
2
(|σ+〉+ |σ−〉)

|Y 〉 = 1√
2
(|σ+〉 − |σ−〉)

∑

ν ~ων |ν〉 〈ν|+Hexc
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❧❛ ❧❡✈&❡ ❞❡ ❞&❣&♥&*❡+❝❡♥❝❡ ❞❡+ ♥✐✈❡❛✉① ❡①❝✐0♦♥✐2✉❡+ X ❡0 Y ❞✬&♥❡*❣✐❡+ *❡+♣❡❝0✐✈❡+ ~ωX =
~ωσ − δ/2 ❡0 ~ωY = ~ωσ + δ/2✳ ▲❛ ♠❛0*✐❝❡ ❞✬✐♥0❡*❛❝0✐♦♥ +✬&❝*✐0 ❛❧♦*+ ✿

M =









0 Ω∗
X Ω∗

Y 0
ΩX 0 0 Ω∗

X

ΩY 0 0 Ω∗
Y

0 ΩX ΩY 0









✭✹✳✼✮

❛✈❡❝ ✿

ΩX =
1√
2
(Ωσ+ +Ωσ−) ✭✹✳✽❛✮

ΩY =
i√
2
(Ωσ+ − Ωσ−) ✭✹✳✽❜✮

❖♥ ❞&✜♥✐0 ❧❡+ ❛①❡+ ❞❡ ♣♦❧❛*✐+❛0✐♦♥ x ❡0 y ❞❡ ❧❛ ❇◗✱ ❛✐♥+✐ 2✉❡ ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛*✐+❛0✐♦♥

αi ❞❡ ❧✬❡①❝✐0❛0✐♦♥✱ 0❡❧+ 2✉❡ ♣♦✉* αi = 0◦ ✉♥✐2✉❡♠❡♥0 |X〉 ❡+0 ❡①❝✐0& ❡0 ♣♦✉* αi = 90◦

✉♥✐2✉❡♠❡♥0 |Y 〉 ❡+0 ❡①❝✐0&✱ ❝♦♠♠❡ ❧❡ ♠♦♥0*❡ ❧❛ ✜❣✉*❡ ✹✳✶ ✭❝✮✳ ❉❛♥+ ❝❡+ ❝❛+ ♣❛*0✐❝✉❧✐❡*+✱

❧❡ ✹LS +❡ *&❞✉✐0 E ✉♥ +②+0G♠❡ E 0*♦✐+ ♥✐✈❡❛✉① ✭✸LS✮✱ GXB ❡0 GY B *❡+♣❡❝0✐✈❡♠❡♥0✳

I♦✉* ✉♥ ❛♥❣❧❡ ✐♥0❡*♠&❞✐❛✐*❡ αi✱ ✉♥❡ ❝♦♠❜✐♥❛✐+♦♥ ❧✐♥&❛✐*❡ ❞❡+ ❞❡✉① ❡①❝✐0♦♥+ X ❡0 Y ❡+0

❝*&&❡✳ I♦✉* +✐♠♣❧✐✜❡* ❧❡+ ♥♦0❛0✐♦♥+✱ ♥♦✉+ *❡♣*&+❡♥0❡*♦♥+ ❧❡+ ❛♥❣❧❡+ ❞❡ ♣♦❧❛*✐+❛0✐♦♥ αi =
(0◦, 45◦, 90◦, 135◦) ♣❛* (−, �, |, �)✳

I♦✉* ❞&❝*✐*❡ ❧✬&✈♦❧✉0✐♦♥ ❞✉ ✹LS ❛✉ ❝♦✉*+ ❞✉ 0❡♠♣+✱ ♥♦✉+ ✉0✐❧✐+♦♥+ ❧❡ ❢♦*♠❛❧✐+♠❡ ❞❡ ❧❛

♠❛0*✐❝❡ ❞❡♥+✐0& ρ ✐♥0*♦❞✉✐0 ❛✉ ❝❤❛♣✐0*❡ ✶ ♣♦✉* ❞❡+ ✐♠♣✉❧+✐♦♥+ ✐♥✜♥✐♠❡♥0 ❝♦✉*0❡+ ❞❡✈❛♥0 ❧❡+

♣*♦❝❡++✉+ ❞❡ *❡❧❛①❛0✐♦♥✳ ▲❛ *&+♦❧✉0✐♦♥ ❛♥❛❧②0✐2✉❡ ❞❡+ &2✉❛0✐♦♥+ ❞❡ ❇❧♦❝❤ ♦♣0✐2✉❡+ ✭❊❇❖✮

❡+0 ❜❛+&❡ +✉* ❧❡+ *&❢&*❡♥❝❡+ ❬✺✵✱ ✼✻❪✳ I♦✉* ✉♥❡ +&2✉❡♥❝❡ ❞✬✐♠♣✉❧+✐♦♥+ ♣♦❧❛*✐+&❡+ ❝✐*❝✉❧❛✐*❡✲

♠❡♥0✱ ❧❡+ ❢*&2✉❡♥❝❡+ ❞❡ ❘❛❜✐ +✬&❝*✐✈❡♥0 ✿

Ωσ± =
∑

i

Θσ±

i

2
eiφ

σ±

i δ(t− ti) ✭✹✳✾✮

♦U ti +♦♥0 ❧❡+ 0❡♠♣+ ❞✬❛**✐✈&❡ ❞❡+ ✐♠♣✉❧+✐♦♥+✱ ❞✬❛✐*❡+ Θσ±

i ❡0 ❞❡ ♣❤❛+❡+ φσ
±

i ✳ I♦✉* ✉♥❡

+&2✉❡♥❝❡ ❞✬✐♠♣✉❧+✐♦♥+ ♣♦❧❛*✐+&❡+ ❧✐♥&❛✐*❡♠❡♥0 +❡❧♦♥ α ♣❛* *❛♣♣♦*0 E X✱ ❧❡+ ❢*&2✉❡♥❝❡+ ❞❡

❘❛❜✐ +✬&❝*✐✈❡♥0 ✿

ΩX =
∑

i

√
2Θie

iφi cosα ✭✹✳✶✵❛✮

ΩY = −
∑

i

√
2Θie

iφi sinα ✭✹✳✶✵❜✮

❉❛♥+ ❧❡ ❝❛+ ❞✬✐♠♣✉❧+✐♦♥+ ♦♣0✐2✉❡+ ✐♥✜♥✐♠❡♥0 ❜*G✈❡+ ✭❢♦♥❝0✐♦♥ ❉✐*❛❝✮✱ ❧✬&✈♦❧✉0✐♦♥ 0❡♠✲

♣♦*❡❧❧❡ ❞✉ ✹LS ♣❡✉0 V0*❡ ❝❛❧❝✉❧&❡ ♣❛* ✉♥❡ ♠✉❧0✐♣❧✐❝❛0✐♦♥ ♠❛0*✐❝✐❡❧❧❡ ❬✼✻❪✳ ❊♥0*❡ ❝❤❛2✉❡

✐♠♣✉❧+✐♦♥✱ ❧❡+ ❞②♥❛♠✐2✉❡+ ❞❡+ ♣♦♣✉❧❛0✐♦♥+ ❡0 ❞❡+ ❝♦❤&*❡♥❝❡+ +♦♥0 ❞♦♥♥&❡+ ♣❛* ❧✬&✈♦❧✉0✐♦♥

❞❡ ❧❛ ♠❛0*✐❝❡ ❞❡♥+✐0& +✉✐✈❛♥0❡ ✿

ρνν′(t) = ρνν′(t0)e
iΛνν′ (t−t0)

✭✹✳✶✶✮

❛✈❡❝ ✿

Λνν′ = ων − ων′ + iγνν′ ✭✹✳✶✷❛✮

γ =









0 γ2 γ2 γB
γ2 0 γXY γ2
γ2 γXY 0 γ2
γB γ2 γ2 0









✭✹✳✶✷❜✮



❈❍❆#■❚❘❊ ✹✳ ❉❨◆❆▼■◗❯❊❙ ❊❚ ❈❖❯#▲❆●❊❙ ❈❖❍➱❘❊◆❚❙ ❉❊ ❈❖▼#▲❊❳❊❙

❊❳❈■❚❖◆■◗❯❊❙ ✽✸

♦# γ2 = 1/T2 ❝♦%%❡'♣♦♥❞ ❛✉ -❛✉① ❞❡ ❞/♣❤❛'❛❣❡ ❞❡' ❝♦❤/%❡♥❝❡' ❡①❝✐-♦♥✐3✉❡' ρGX ✱ ρGY ✱

ρXB ❡- ρY B✳ γB = 1/TB ❝♦%%❡'♣♦♥❞ ❛✉ -❛✉① ❞❡ ❞/♣❤❛'❛❣❡ ❞❡ ❧❛ ❝♦❤/%❡♥❝❡ ❜✐❡①❝✐-♦♥✐3✉❡

ρGB✱ ❡- γXY ❝♦%%❡'♣♦♥❞ ❛✉ -❛✉① ❞❡ ❞/♣❤❛'❛❣❡ ❡♥-%❡ ❧❡' ❞❡✉① ❡①❝✐-♦♥' ρXY ✳ ▲❡' ❞/❝❧✐♥'

%❛❞✐❛-✐❢' ❞❡ ❧✬❡①❝✐-♦♥ ❡- ❞✉ ❜✐❡①❝✐-♦♥ '♦♥- ♠♦❞/❧✐'/' ♣❛% ✉♥ '❡✉❧ -❛✉① γ1✱ ❝♦♥❞✉✐'❛♥- ❛✉①

❊❇❖ ♣♦✉% ❧❡' /❧/♠❡♥-' ❞✐❛❣♦♥❛✉① ❞❡ ❧❛ ♠❛-%✐❝❡ ❞❡♥'✐-/ '✉✐✈❛♥- ✿

ρBB(t) = ρBB(0)e
−2γ1t

✭✹✳✶✸❛✮

ρXX(t) = [ρXX(0) + ρBB(0)(1− e−γ1t)]e−γ1t
✭✹✳✶✸❜✮

ρY Y (t) = [ρY Y (0) + ρBB(0)(1− e−γ1t)]e−γ1t
✭✹✳✶✸❝✮

ρGG(t) = 1− [ρXX(0) + ρY Y (0) + ρBB(0)(2− e−γ1t)]e−γ1t
✭✹✳✶✸❞✮

❉❛♥' ❝❡ ❝❛'✱ ❧❡ -❡♠♣' t = 0 ❝♦%%❡'♣♦♥❞ ❛✉ -❡♠♣' ❛♣%F' ❝❤❛3✉❡ ✐♠♣✉❧'✐♦♥✳ ❖♥ %❡♠❛%3✉❡

3✉❡ ❧❡ ❞/❝❧✐♥ ❞✉ ❜✐❡①❝✐-♦♥ ❡'- ❞❡✉① ❢♦✐' ♣❧✉' %❛♣✐❞❡ 3✉❡ ❝❡❧✉✐ ❞❡ ❧✬❡①❝✐-♦♥✳

❆ ♣❛%-✐% ❞❡ ❝❡' /3✉❛-✐♦♥'✱ ✐❧ ❡'- ♣♦''✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡% ❧❡' ❞②♥❛♠✐3✉❡' ❞❡ -♦✉' ❧❡' /❧/♠❡♥-'

❞❡ ❧❛ ♠❛-%✐❝❡ ❞❡♥'✐-/✱ ❛✉-%❡♠❡♥- ❞✐- ❧✬/✈♦❧✉-✐♦♥ -❡♠♣♦%❡❧❧❡ ❞❡ -♦✉-❡' ❧❡' ♣♦♣✉❧❛-✐♦♥' ❡- ❝♦✲

❤/%❡♥❝❡' ❞✉ ✹LS✳ ▲❡ '✐❣♥❛❧ ❋❲▼ ❡'- ❡①-%❛✐- -❤/♦%✐3✉❡♠❡♥- ❡♥ '/❧❡❝-✐♦♥♥❛♥- ❧❛ ♣❤❛'❡ ❞❡ ❧❛

♣♦❧❛%✐'❛-✐♦♥ 3✉✐ ❞/♣❡♥❞ ❞❡ ❧✬♦%❞%❡ ❞✬❛%%✐✈/❡ ❡- ❞❡' ❝♦♠❜✐♥❛✐'♦♥' ❞❡ ♣❤❛'❡ φi ❞❡' ✐♠♣✉❧'✐♦♥'✳

▲❡ '✐❣♥❛❧ ❉✲❋❲▼ ❞❡' ❝♦❤/%❡♥❝❡' ❡'- ❞♦♥♥/ ♣❛% ❧❛ ❝♦♠❜✐♥❛✐'♦♥ ❞❡ ♣❤❛'❡ 2φ2 − φ1✱ -❛♥❞✐'
3✉❡ ❧❡ '✐❣♥❛❧ ◆❉✲❋❲▼ ❞❡' ♣♦♣✉❧❛-✐♦♥' ❡'- ❞♦♥♥/ ♣❛% φ3 + φ2 − φ1✳ ❈❡' ❝♦♠❜✐♥❛✐'♦♥' ❞❡

♣❤❛'❡ ❝♦%%❡'♣♦♥❞❡♥- ❛✉① ❢%/3✉❡♥❝❡' ❞❡ ❞/-❡❝-✐♦♥ ❤/-/%♦❞②♥❡ 2Ω2 − Ω1 ❡- Ω3 + Ω2 − Ω1

%❡'♣❡❝-✐✈❡♠❡♥-✳ ❖♥ ♥♦-❡ PFWM ❧❛ ♣♦❧❛%✐'❛-✐♦♥ ❞✉ '✐❣♥❛❧ ❋❲▼ '/❧❡❝-✐♦♥♥/❡✳ O♦✉% ❞❡' %❛✐✲

'♦♥' ❞❡ '✐♠♣❧✐❝✐-/✱ ❞❛♥' ❧❡ ❝❛' ❞❡' ♣♦♣✉❧❛-✐♦♥'✱ ♥♦✉' ✜①♦♥' τ12 = 0 ♣' ♣♦✉% %❡♣%♦❞✉✐%❡ ❧❡

❞/❧❛✐ ❛✉ -❡♠♣' ❝♦✉%- ❡♥-%❡ ❧❡' ✐♠♣✉❧'✐♦♥'✳ ❆ ♣❛%-✐% ❞❡ ❧❛ ♣♦❧❛%✐'❛-✐♦♥✱ ❧❡ '✐❣♥❛❧ ❋❲▼✱ 3✉❡

❧✬♦♥ ♥♦-❡ Sνν′ ✱ ❡'- ♦❜-❡♥✉ ♣❛% -%❛♥'❢♦%♠/❡ ❞❡ ❋♦✉%✐❡% Q ❧❛ ❢%/3✉❡♥❝❡ '/❧❡❝-✐♦♥♥/❡ ✿

Sνν′(ω) =

∣

∣

∣

∣

∫ ∞

0
PFWM e−iωt dt

∣

∣

∣

∣

ω=ων−ων′

✭✹✳✶✹✮

❙✐ ❧❛ ♣♦❧❛%✐'❛-✐♦♥ ❞❡ ❧❛ ❞/-❡❝-✐♦♥ ♥✬❡'- ♣❛' ❛❧✐❣♥/❡ ❛✈❡❝ ✉♥ ❞❡' ❛①❡' ❞❡ ❧❛ ❇◗✱ ❧❡' ♣♦❧❛%✐'❛✲

-✐♦♥' ❞❡' ❞❡✉① ❡①❝✐-♦♥' '♦♥- ♣%♦❥❡-/❡' '✉✐✈❛♥- ❧✬❛♥❣❧❡ ❞✉ ❢❛✐'❝❡❛✉ %/❢/%❡♥❝❡ ❞✬❤/-/%♦❞②♥❛❣❡

αr -❡❧❧❡' 3✉❡ ✿

SGXY = cos2(αr)SGX + sin2(αr)SGY ✭✹✳✶✺✮

◆♦-♦♥' 3✉❡ ♣♦✉% αr = 45◦✱ ❧❛ ❞②♥❛♠✐3✉❡ ❞❡ SGXY ❡'- ♣%♦♣♦%-✐♦♥♥❡❧❧❡ Q SGX ❡-

SGY ✳ O♦✉% ❝♦♠♣❛%❡% ❧❡' ♠❡'✉%❡' ❡- ❧❡' '✐♠✉❧❛-✐♦♥' -❤/♦%✐3✉❡'✱ ♥♦✉' ❛❥✉'-♦♥' ❧❡' ❢♦%♠✉❧❡'

❛♥❛❧②-✐3✉❡' '✉% ❧❡' ❞♦♥♥/❡' ❡①♣/%✐♠❡♥-❛❧❡' ❡♥ ✈❛%✐❛♥- ❧❡' ♣❛%❛♠F-%❡' '✉✐✈❛♥-' ✿ ❧✬/♥❡%❣✐❡

❞❡ '-%✉❝-✉%❡ ✜♥❡ δ✱ ❧✬/♥❡%❣✐❡ ❞❡ ❧✐❛✐'♦♥ ❞✉ ❜✐❡①❝✐-♦♥ ∆b✱ ❡- ❧❡' -❡♠♣' ❞❡ ❞/❝❧✐♥ ❡- ❞❡

❞/♣❤❛'❛❣❡ ❞❡' ❞✐✛/%❡♥-❡' -%❛♥'✐-✐♦♥'✳ ▲❡' ✈❛❧❡✉%' ❞❡' ♣❛%❛♠F-%❡' ❞✬❛❥✉'-❡♠❡♥- ❞♦♥♥/❡'

❞❛♥' ❝❡ ❝❤❛♣✐-%❡ ❝♦%%❡'♣♦♥❞❡♥- ❛✉① ✈❛❧❡✉%' ✉-✐❧✐'/❡' ♣♦✉% ❧❡' ❝♦✉%❜❡' -❤/♦%✐3✉❡'✳

✹✳✷✳✷ ❈❧❛&&✐✜❝❛*✐♦♥ ❞❡& ❜❛**❡♠❡♥*& 1✉❛♥*✐1✉❡&

▲❛ ✜❣✉%❡ ✹✳✷ ✭❛✮ ♣%/'❡♥-❡ ❧❡ '♣❡❝-%❡ ❋❲▼ ❞✬✉♥❡ ❇◗ ✐♥❞✐✈✐❞✉❡❧❧❡ ♦❜-❡♥✉ ♣♦✉% ✉♥❡

♣♦❧❛%✐'❛-✐♦♥ ❝♦❧✐♥/❛✐%❡ (−,−)✳ ❖♥ ♦❜'❡%✈❡ ❧❡' ♣✐❝' ❞❡ ❧✬❡①❝✐-♦♥ GX ❡- ❞✉ ❜✐❡①❝✐-♦♥ XB
'/♣❛%/' ❞❡ ∆b ≈ 3 ♠❡❱✳ ▲✬❡♥❝❛❞%/ ♠♦♥-%❡ ❧❡ '♣❡❝-%❡ ❋❲▼ ♦❜-❡♥✉ ♣♦✉% ✉♥❡ ♣♦❧❛%✐'❛-✐♦♥

❝♦✲❝✐%❝✉❧❛✐%❡ (	,	)✱ ♦# ♥♦✉' ♠❡'✉%♦♥' ❧✬/♥❡%❣✐❡ ❞❡ '-%✉❝-✉%❡ ✜♥❡ ❡♥-%❡ ❧❡' ❞❡✉① ❡①❝✐-♦♥'

δ ≈ 38 µ❡❱✳ ▲❡' ✜❣✉%❡' ✹✳✷ ✭❝✱❞✮ ♣%/'❡♥-❡♥- ❧❡' ✐♠❛❣❡' ❤②♣❡%'♣❡❝-%❛❧❡' ❛✉① /♥❡%❣✐❡' ❞❡

❧✬❡①❝✐-♦♥ ❡- ❞✉ ❜✐❡①❝✐-♦♥ ❞❡ ❧❛ ❇◗ ❝♦%%❡'♣♦♥❞❛♥-❡✳

▲❡' ♠❡'✉%❡' %/❛❧✐'/❡' ❞❛♥' ❝❡ ❝❤❛♣✐-%❡ ♥/❝❡''✐-❡♥- ❞❡ ❝♦♥♥❛Y-%❡ ❡①❛❝-❡♠❡♥- ❧✬❛✐%❡ ❞❡' ✐♠✲

♣✉❧'✐♦♥' Θi =
∫

dtµ|Ei(t)|/~ ∼
√
Pi✳ ❆✜♥ ❞❡ ♥❡ ♣❛' ❡①❝✐-❡% ❧❡ ❜✐❡①❝✐-♦♥✱ ♥♦✉' ♠❡'✉%♦♥' ❧❡'



✽✹ ✹✳✷✳ ❘➱%❖◆❙❊ ❈❖❍➱❘❊◆❚❊ ❉✬❯◆ ❙❨❙❚➮▼❊ ❊❳❈■❚❖◆✲❇■❊❳❈■❚❖◆

♦#❝✐❧❧❛(✐♦♥# ❞❡ ❘❛❜✐ ❞❡ ❧✬❡①❝✐(♦♥ ❛✈❡❝ ✉♥❡ ♣♦❧❛3✐#❛(✐♦♥ ❝♦✲❝✐3❝✉❧❛✐3❡ (	,	)✳ ▲❛ ✜❣✉3❡ ✹✳✷ ✭❜✮

♠♦♥(3❡ ✉♥❡ ♦#❝✐❧❧❛(✐♦♥ ❞❡ ❘❛❜✐ ♦❜(❡♥✉❡ ❡♥ ✈❛3✐❛♥( ❧❛ ♣✉✐##❛♥❝❡ ❞❡ ❧❛ ♣♦♠♣❡ P1✱ ♣♦✉3 ✉♥❡

♣✉✐##❛♥❝❡ ❞❡ ❧❛ #♦♥❞❡ ✜①>❡ ? P2 = 1 µ❲✳ ▲❡ ♠❛①✐♠✉♠✱ A✉✐ ❝♦33❡#♣♦♥❞ ? Θ1 = π/2✱ ❡#(
♦❜(❡♥✉ ♣♦✉3 P1 = 0.25 µ❲✳

0

1

❋✐❣✉$❡ ✹✳✷ ✕ ■❞❡♥$✐✜❝❛$✐♦♥ ❞✬✉♥ ,②,$.♠❡ ❡①❝✐$♦♥✲❜✐❡①❝✐$♦♥✳ ✭❛✮ ❙♣❡❝(3❡ ❋❲▼ ❞✬✉♥

❡①❝✐(♦♥ GX ❡( ❞❡ #♦♥ ❜✐❡①❝✐(♦♥ XB ❞✬✉♥❡ ❇◗ ✐♥❞✐✈✐❞✉❡❧❧❡ ♣♦✉3 ✉♥❡ ♣♦❧❛3✐#❛(✐♦♥ ❝♦❧✐♥>❛✐3❡

(−,−) ❞>(❡❝(>❡ ? ❧❛ ❢3>A✉❡♥❝❡ ❤>(>3♦❞②♥❡ 2Ω2−Ω1✳ ❊♥❝❛❞3> ✿ ❩♦♦♠ #✉3 ❧❡ ♣✐❝ ❞❡ ❧✬❡①❝✐(♦♥

♣♦✉3 ✉♥❡ ♣♦❧❛3✐#❛(✐♦♥ (	,	)✳ ▲✬>♥❡3❣✐❡ ❞❡ #(3✉❝(✉3❡ ✜♥❡ ❡♥(3❡ ❧❡# ❞❡✉① ❡①❝✐(♦♥#X ❡( Y ✈❛✉(

δ ≈ 38 µ❡❱✳ ✭❜✮ ❖#❝✐❧❧❛(✐♦♥ ❞❡ ❘❛❜✐ ❞✉ #✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❧❛ ♣✉✐##❛♥❝❡ ❞❡ ❧❛ ♣♦♠♣❡√
P1✳ ▲❡ ♣3❡♠✐❡3 ♠❛①✐♠✉♠ ❝♦33❡#♣♦♥❞❛♥( ? Θ1 = π/2 ❡#( ♦❜(❡♥✉ ♣♦✉3 P1 = 0.25 µ❲✳ ▲❛

❝♦✉3❜❡ 3♦✉❣❡ 3❡♣3>#❡♥(❡ | sinΘ1|✳ ✭❝✱❞✮ ■♠❛❣❡# ❤②♣❡3✲#♣❡❝(3❛❧❡# ❞✉ #✐❣♥❛❧ ❋❲▼ ❞❡ ❧✬❡①❝✐(♦♥

❡( ❞✉ ❜✐❡①❝✐(♦♥✳

▲❡# >♥❡3❣✐❡# ❞❡ ❧✐❛✐#♦♥∆b ❡( ❞❡ #(3✉❝(✉3❡ ✜♥❡ δ ❞♦♥♥❡♥( ❧✐❡✉ ? ❞❡# ❜❛((❡♠❡♥(# A✉❛♥(✐A✉❡#

(❡♠♣♦3❡❧# ❡♥(3❡ ❧❡# ♥✐✈❡❛✉① GXY ❡( XY B✳ ■❧ ❡#( ♣♦##✐❜❧❡ ❞✬❡①❝✐(❡3 #>♣❛3>♠❡♥( ❝❤❛❝✉♥❡

❞❡ ❝❡# (3❛♥#✐(✐♦♥# ❡♥ ❛❥✉#(❛♥( ❧❡# ♣♦❧❛3✐#❛(✐♦♥# ❞❡ ❧❛ ♣♦♠♣❡ ❡( ❞❡ ❧❛ #♦♥❞❡✳ ❊♥ ✈❛3✐❛♥(

❧❡ ❞>❧❛✐ τ12 ❡♥(3❡ ❧❡# ❞❡✉① ✐♠♣✉❧#✐♦♥#✱ ✐❧ ❡#( ❛❧♦3# ♣♦##✐❜❧❡ ❞❡ ♠❡#✉3❡3 ❝❡# ❜❛((❡♠❡♥(#

A✉❛♥(✐A✉❡# ✈✐❛ ❧❡ #✐❣♥❛❧ ❋❲▼ ❞❡ ❧❛ ❇◗✳ ❉❛♥# ❧❡ ❞♦♠❛✐♥❡ (❡♠♣♦3❡❧✱ ❧❡# ♣>3✐♦❞❡# ❞❡ ❝❡#

❜❛((❡♠❡♥(# #♦♥( ❞✐3❡❝(❡♠❡♥( 3❡❧✐>❡# ❛✉① ❞✐✛>3❡♥❝❡# ❞✬>♥❡3❣✐❡ ❡♥(3❡ ❧❡# ♥✐✈❡❛✉①✱ (❡❧❧❡# A✉❡



❈❍❆#■❚❘❊ ✹✳ ❉❨◆❆▼■◗❯❊❙ ❊❚ ❈❖❯#▲❆●❊❙ ❈❖❍➱❘❊◆❚❙ ❉❊ ❈❖▼#▲❊❳❊❙

❊❳❈■❚❖◆■◗❯❊❙ ✽✺

a) b)

c) d)

❋✐❣✉$❡ ✹✳✸ ✕ ❇❛""❡♠❡♥"& '✉❛♥"✐'✉❡& ❞✬✉♥ &②&"-♠❡ ❡①❝✐"♦♥✲❜✐❡①❝✐"♦♥✳ ✭❛✱❜✮ ❙✐❣♥❛❧

❋❲▼ ❡♥ ❢♦♥❝7✐♦♥ ❞✉ ❞:❧❛✐ τ12 ♣♦✉< ✉♥❡ ♣♦❧❛<✐=❛7✐♦♥ ❝♦✲❝✐<❝✉❧❛✐<❡✳ ✭❝✱❞✮ ❙✐❣♥❛❧ ❋❲▼ ❡♥

❢♦♥❝7✐♦♥ ❞✉ ❞:❧❛✐ τ12 ♣♦✉< ✉♥❡ ♣♦❧❛<✐=❛7✐♦♥ ❝♦✲❧✐♥:❛✐<❡ ❛✈❡❝ α = 0◦✳ ❘♦♥❞= ✈❡<7= ❡7 ❝❛<<:=

❜❧❡✉= ✿ ❞♦♥♥:❡= ❡①♣:<✐♠❡♥7❛❧❡=✳ ❈❡<❝❧❡= ❣<✐= ✿ ✐♥❞✐❝❛7✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ ❜<✉✐7✳ ❚<❛✐7= <♦✉❣❡= ✿

❝❛❧❝✉❧= 7❤:♦<✐G✉❡=✳

T∆b
= 2π~/∆b ❡7 Tδ = 2π~/δ✳ ▲❡ ❜❛77❡♠❡♥7 G✉❛♥7✐G✉❡ ✐♥❞✉✐7 ♣❛< ❧✬:♥❡<❣✐❡ ❞❡ =7<✉❝7✉<❡ ✜♥❡

δ ❡=7 ♦❜=❡<✈: ♣♦✉< ✉♥❡ ♣♦❧❛<✐=❛7✐♦♥ ❝♦✲❝✐<❝✉❧❛✐<❡✱ G✉❛♥❞ ❧❡ ❜✐❡①❝✐7♦♥ ♥✬❡=7 ♣❛= ❡①❝✐7:✱ ❝♦♠♠❡

❧❡ ♠♦♥7<❡ ❧❛ ✜❣✉<❡ ✹✳✸ ✭❛✮✳ ▲✬✐♠♣✉❧=✐♦♥ ♣♦♠♣❡ ❡①❝✐7❡ ❧❛ 7<❛♥=✐7✐♦♥ Gσ✱ ❧❛G✉❡❧❧❡ ❝♦<<❡=♣♦♥❞

K ✉♥❡ ❝♦♠❜✐♥❛✐=♦♥ ❧✐♥:❛✐<❡ ❞❡= ❞❡✉① ❡①❝✐7♦♥= GX ❡7 GY ✳ ❊♥ :✈♦❧✉❛♥7 ❞❛♥= ❧❡ 7❡♠♣=✱

❧❡= ❝♦❤:<❡♥❝❡= ❞❡ Gσ ♦=❝✐❧❧❡♥7 ❛✈❡❝ ❧✬:♥❡<❣✐❡ ❞❡ =7<✉❝7✉<❡ ✜♥❡✳ ▲❡ =✐❣♥❛❧ ❋❲▼ ♠❡=✉<: ❡♥

❢♦♥❝7✐♦♥ ❞✉ ❞:❧❛✐ τ12 ♣<:=❡♥7❡ ❛❧♦<= ❞❡ ❢♦<7= ❜❛77❡♠❡♥7= G✉❛♥7✐G✉❡= ❡7 ✉♥ ❞:❝❧✐♥ ❡①♣♦♥❡♥7✐❡❧

❝♦<<❡=♣♦♥❞❛♥7 K ❧❛ ❞:❝♦❤:<❡♥❝❡ ❞❡ ❧✬❡①❝✐7♦♥ ❬✶✾✱ ✸✺✱ ✸✻✱ ✼✺❪✳ ❈❡= ♠❡=✉<❡= =♦♥7 ♣❛<❢❛✐7❡♠❡♥7

<❡♣<♦❞✉✐7❡= ❛♥❛❧②7✐G✉❡♠❡♥7 ✭❝♦✉<❜❡ <♦✉❣❡✮ ♣❛< ❧✬:G✉❛7✐♦♥ ✹✳✶✹ ♣♦✉< ✉♥❡ ♣♦❧❛<✐=❛7✐♦♥ ❝♦✲

❝✐<❝✉❧❛✐<❡ ✿

SGσ ∝ exp

(

−τ12
T2

)

√

cos

(

δ

~
τ12

)

+ 1 ✭✹✳✶✻✮

❉❡ ❝❡77❡ :G✉❛7✐♦♥✱ ♥♦✉= ❞:❞✉✐=♦♥= ❧❛ ♣:<✐♦❞❡ ❞❡ ❜❛77❡♠❡♥7 Tδ = 115 ♣= G✉✐ ❝♦<<❡=♣♦♥❞

K ✉♥❡ :♥❡<❣✐❡ ❞❡ =7<✉❝7✉<❡ ✜♥❡ δ = 36 µ❡❱✱ ❡♥ ♣❛<❢❛✐7 ❛❝❝♦<❞ ❛✈❡❝ ❧✬:♥❡<❣✐❡ ♠❡=✉<:❡

=♣❡❝7<❛❧❡♠❡♥7 =✉< ❧❛ ✜❣✉<❡ ✹✳✷ ✭❛✮✱ ❛✐♥=✐ G✉❡ ❧❡ 7❡♠♣= ❞❡ ❞:❝♦❤:<❡♥❝❡ ❞❡ ❧✬❡①❝✐7♦♥ T2 =
200 ♣=✳ W♦✉< ✉♥❡ ♣♦❧❛<✐=❛7✐♦♥ ❝♦✲❝✐<❝✉❧❛✐<❡ (	,	)✱ ❧❡ =✐❣♥❛❧ ❋❲▼ ❞❡ ❧❛ 7<❛♥=✐7✐♦♥ σB ❡=7



✽✻ ✹✳✷✳ ❘➱%❖◆❙❊ ❈❖❍➱❘❊◆❚❊ ❉✬❯◆ ❙❨❙❚➮▼❊ ❊❳❈■❚❖◆✲❇■❊❳❈■❚❖◆

"✉♣♣%✐♠( ✭❝❢ ✜❣✉%❡ ✹✳✶ ✭❛✮✮✳ ❊♥ ❡✛❡7✱ ❡♥ ③♦♦♠❛♥7 "✉% ❧❛ ❞②♥❛♠✐>✉❡ ❞❡" ❝♦❤(%❡♥❝❡" ♣♦✉%

❧❡" ❞(❧❛✐" ♣%♦❝❤❡" ❞❡ τ12 = 0 ✭❝❢ ✜❣✉%❡ ✹✳✸ ✭❜✮✮✱ ♥♦✉" ❝♦♥✜%♠♦♥" >✉❡ ❧❡ "✐❣♥❛❧ ❋❲▼ ❞❡

❧❛ 7%❛♥"✐7✐♦♥ σB ♥✬❡①❝G❞❡ ♣❛" ❧❡ ♥✐✈❡❛✉ ❞❡ ❜%✉✐7✳ ◆♦7♦♥" >✉❡ ❧✬❛✉❣♠❡♥7❛7✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡

❜%✉✐7 ♣♦✉% τ12 > 0 ♣%♦✈✐❡♥7 ❞❡" ❛✐❧❡" ❞❡ ♣❤♦♥♦♥" ❛❝♦✉"7✐>✉❡" ✭❝❢ ❝❤❛♣✐7%❡ ✸✮✳ J♦✉% ❧❡" ❞(❧❛✐"

♥(❣❛7✐❢"✱ ❧❡ "✐❣♥❛❧ ❋❲▼ ❡"7 ♥✉❧ (7❛♥7 ❞♦♥♥( >✉❡ ❧❡ ♣%♦❝❡""✉" ❞❡ ❝♦❤(%❡♥❝❡ K ❞❡✉① ♣❤♦7♦♥"

♥✬❡"7 ♣❛" ♣♦""✐❜❧❡ ♣♦✉% ✉♥❡ ♣♦❧❛%✐"❛7✐♦♥ ❝✐%❝✉❧❛✐%❡ ❬✼✺❪✳

J♦✉% ❞(7❡%♠✐♥❡% ❧✬(♥❡%❣✐❡ ❞❡ ❧✐❛✐"♦♥ ❞✉ ❜✐❡①❝✐7♦♥ ∆b ❞❛♥" ❧❡ ❞♦♠❛✐♥❡ 7❡♠♣♦%❡❧✱ ♥♦✉"

❡①❝✐7♦♥" ❧❛ ❇◗ ❛✈❡❝ ✉♥❡ ♣♦❧❛%✐"❛7✐♦♥ ❝♦❧✐♥(❛✐%❡ ❛❧✐❣♥(❡ ❛✈❡❝ "❡" ❛①❡"✱ ❞❡ "♦%7❡ >✉❡ ❧❡ "②"7G♠❡

"❡ %(❞✉✐"❡ K ✉♥ ✸LS ●❳❇ ✭❝❢ ✜❣✉%❡ ✹✳✶ ✭❜✮✮✳ ❉❛♥" ❝❡ ❝❛"✱ ✐❧ ♥✬② ❛ ♣❛" ❞❡ ❜❛77❡♠❡♥7 >✉❛♥7✐>✉❡

✐♥❞✉✐7 ♣❛% ❧✬(♥❡%❣✐❡ ❞❡ "7%✉❝7✉%❡ ✜♥❡✱ (7❛♥7 ❞♦♥♥( >✉❡ "❡✉❧❡" ❧❡" 7%❛♥"✐7✐♦♥" GX ❡7 XB "♦♥7

❡①❝✐7(❡"✳ ❈❡❧❛ ♥♦✉" ♣❡%♠❡7 ❛✐♥"✐ ❞❡ ♠❡"✉%❡% ✉♥✐>✉❡♠❡♥7 ❧❡ ❜❛77❡♠❡♥7 >✉❛♥7✐>✉❡ ✐♥❞✉✐7 ♣❛%

❧✬(♥❡%❣✐❡ ❞❡ ❧✐❛✐"♦♥✳ ▲❛ ❞②♥❛♠✐>✉❡ ❞✉ "✐❣♥❛❧ ❋❲▼ ❡"7 ♣%("❡♥7( "✉% ❧❛ ✜❣✉%❡ ✹✳✸ ✭❝✮✱ ♦W

❧❡ "✐❣♥❛❧ ❋❲▼ ❞❡" 7%❛♥"✐7✐♦♥" GX ❡7 ❞❡ XB ❡"7 %❡♣%("❡♥7( ❡♥ ❢♦♥❝7✐♦♥ ❞✉ ❞(❧❛✐ τ12✳
❖♥ ♦❜"❡%✈❡ ❞❡ ❢♦%7❡" ♦"❝✐❧❧❛7✐♦♥" "✉% ❧❡ "✐❣♥❛❧ ❞❡ XB ❛✈❡❝ ✉♥❡ ♣(%✐♦❞❡ ❞❡ T∆b

= 1.27 ♣"✱

❝♦%%❡"♣♦♥❞❛♥7 K ✉♥❡ (♥❡%❣✐❡ ❞❡ ❧✐❛✐"♦♥ ❞❡ ∆b = 3.25 ♠❡❱✳ ❈❡77❡ ✈❛❧❡✉% ❡"7 ❡♥ ♣❛%❢❛✐7 ❛❝❝♦%❞

❛✈❡❝ ❧❛ ✈❛❧❡✉% ♠❡"✉%(❡ "♣❡❝7%❛❧❡♠❡♥7 "✉% ❧❛ ✜❣✉%❡ ✹✳✷ ✭❛✮✳ ❈❡" ♦"❝✐❧❧❛7✐♦♥" "♦♥7 (❣❛❧❡♠❡♥7

♦❜"❡%✈(❡" ❞❛♥" ❧❡ "✐❣♥❛❧ ❞❡ GX✱ ♠❛✐" ❛✈❡❝ ✉♥❡ ❛♠♣❧✐7✉❞❡ ♣❧✉" ❢❛✐❜❧❡✳ ❈❡77❡ ❞②♥❛♠✐>✉❡ ❡"7

❞(❝%✐7❡ ❛♥❛❧②7✐>✉❡♠❡♥7 ♣❛% ❧✬(>✉❛7✐♦♥ ✹✳✶✹ ♣♦✉% ✉♥ ❛♥❣❧❡ ❞❡ ♣♦❧❛%✐"❛7✐♦♥ α = 0◦ ❡7 ✉♥❡

❛✐%❡ ❞✬✐♠♣✉❧"✐♦♥ Θ1 = 0.6 π ✭Θ2 = 2Θ1✮✳ ❖♥ ♦❜7✐❡♥7 ❛❧♦%" ✿

SGX ∝ exp

(

−τ12
T2

)

√

4.36 + cos

(

∆b

~
τ12

)

✭✹✳✶✼❛✮

SXB ∝ exp

(

−τ12
T2

)

√

1.15 + cos

(

∆b

~
τ12

)

✭✹✳✶✼❜✮

◆♦7♦♥" >✉❡ ❧❡ "✐❣♥❡ ❞❡✈❛♥7 ❧❡ ❝♦"✐♥✉" ❡"7 ♥(❣❛7✐❢ ♣♦✉% Θ1 < π/2 ❡7 ♣♦"✐7✐❢ ♣♦✉%

Θ1 > π/2✳ J♦✉% ♥❡ ♣❛" "✉%❝❤❛%❣❡%✱ ❧❡" ✜❣✉%❡" ✹✳✸ ✭❝✮ ❡7 ✭❞✮✱ ♥♦✉" ♠♦♥7%♦♥" ✉♥✐>✉❡♠❡♥7

❧✬(>✉❛7✐♦♥ ✹✳✶✼❜ ✭❝♦✉%❜❡ %♦✉❣❡✮✳

J♦✉% ❧❡" ❞(❧❛✐" ♥(❣❛7✐❢"✱ ✐✳❡✳ E2 ❛%%✐✈❡ ❛✈❛♥7 E1✱ ❧❛ ❝♦❤(%❡♥❝❡ K ❞❡✉① ♣❤♦7♦♥" ρGB ❡♥7%❡

❧✬(7❛7 ❢♦♥❞❛♠❡♥7❛❧ ❡7 ❧❡ ❜✐❡①❝✐7♦♥ ❡"7 ♣❡%♠✐"❡✳ ❈❡77❡ ❝♦❤(%❡♥❝❡ ❡"7 7%❛♥"❢(%(❡ ❡♥ "✐❣♥❛❧

❋❲▼ ♣❛% E1✱ ❡7 ❞(❝❧✐♥❡ ❡①♣♦♥❡♥7✐❡❧❧❡♠❡♥7 ♣♦✉% GX ❡7 XB K ❧❛ ❢♦✐" "❡❧♦♥ ❧❛ %❡❧❛7✐♦♥

"✉✐✈❛♥7❡ ✿

Sτ<0
GX,XB ∝ e−γBτ12

✭✹✳✶✽✮

❈❡77❡ (>✉❛7✐♦♥ ♣❡%♠❡7 ❞❡ ❞(❝%✐%❡ ❧❡ "✐❣♥❛❧ ❋❲▼ ✐❧❧✉"7%( "✉% ❧❡" ✜❣✉%❡" ✹✳✸ ✭❝✮ ❡7 ✭❞✮✱

♣♦✉% ❧❡">✉❡❧❧❡" ♥♦✉" ♦❜"❡%✈♦♥" ✉♥ %❛♣✐❞❡ ❞(❝❧✐♥ ❞❡" ❝♦❤(%❡♥❝❡" ❞❡ GX ❡7 XB ♣♦✉% ❧❡"

❞(❧❛✐" ♥(❣❛7✐❢"✳

❘("♦✉❞%❡ ❧❡" ♦"❝✐❧❧❛7✐♦♥" ❧✐(❡" K ❧✬(♥❡%❣✐❡ ❞❡ ❧✐❛✐"♦♥ ❞✉ ❜✐❡①❝✐7♦♥ %❡>✉✐❡%7 ✉♥❡ ❣%❛♥❞❡

%("♦❧✉7✐♦♥ 7❡♠♣♦%❡❧❧❡ ✭∆bτ12 < 0.25 ♣"✮ ❡7 ♣❛% ❝♦♥"(>✉❡♥7 ❞❡" 7❡♠♣" ❞✬❛❝>✉✐"✐7✐♦♥ ✐♠✲

♣♦%7❛♥7" ♣♦✉% ❧❡" ❞(❧❛✐" ❧♦♥❣"✳ ❉❛♥" ❧❛ "✉✐7❡ ❞❡ ❝❡ ❝❤❛♣✐7%❡✱ ❧❡ ♣❛" ❡♥7%❡ ❞❡✉① ❞(❧❛✐" ❡"7

✈♦❧♦♥7❛✐%❡♠❡♥7 ❝❤♦✐"✐ ♣♦✉% ♥❡ ♣❛" %("♦✉❞%❡ ❝❡" ❜❛77❡♠❡♥7" %❛♣✐❞❡"✳ ❉❛♥" ❧❡" ♣%♦❝❤❛✐♥❡"

♣❛%7✐❡"✱ ❧❡" %("✉❧7❛7" ♣%("❡♥7(" ♦♥7 (7( ♦❜7❡♥✉" ❛✈❡❝ ❞✐✛(%❡♥7❡" ❇◗"✱ ❧❡">✉❡❧❧❡" ♣%("❡♥7❡♥7

❧❡" ♠^♠❡" ❜❛77❡♠❡♥7" >✉❛♥7✐>✉❡" ♠❛✐" K ❞❡" (❝❤❡❧❧❡" ❞❡ 7❡♠♣" ❞✐✛(%❡♥7❡" "❡❧♦♥ ❧❡" (♥❡%❣✐❡"

∆b ❡7 δ ✐♠♣❧✐>✉(❡"✳

✹✳✷✳✸ ❉②♥❛♠✐*✉❡- ❞❡- ❝♦❤23❡♥❝❡- ❡♥ ❢♦♥❝5✐♦♥ ❞❡ ❧❛ ♣♦❧❛3✐-❛5✐♦♥

▲♦%">✉❡ ❧❛ ♣♦❧❛%✐"❛7✐♦♥ ❞❡ ❧✬❡①❝✐7❛7✐♦♥ ❞(✈✐❡ ❞❡ ❧❛ ♣♦❧❛%✐"❛7✐♦♥ ♣✉%❡♠❡♥7 ❝♦✲❝✐%❝✉❧❛✐%❡

	 ♦✉ �✱ ♦✉ ♣✉%❡♠❡♥7 ❝♦❧✐♥(❛✐%❡ | ♦✉ −✱ ♣♦✉% ❧❡">✉❡❧❧❡" ❧❡ "②"7G♠❡ ❡①❝✐7♦♥✲❜✐❡①❝✐7♦♥ ❡"7

%(❞✉✐7 K ✉♥ ✷LS ♦✉ ✉♥ ✸LS %❡"♣❡❝7✐✈❡♠❡♥7✱ ❧❡" >✉❛7%❡ 7%❛♥"✐7✐♦♥" "♦♥7 ❡①❝✐7(❡" ❞♦♥♥❛♥7
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❧✐❡✉ & ❞❡( ❞②♥❛♠✐-✉❡( ♣❧✉( ❝♦♠♣❧❡①❡(✱ ♠3❧❛♥❣❡❛♥5 ❧❡( ❜❛55❡♠❡♥5( -✉❛♥5✐-✉❡( ✐♥❞✉✐5( ♣❛7

❧❛ (57✉❝5✉7❡ ✜♥❡ ❡5 ❧❡ ❞3♣❤❛(❛❣❡ ❞❡( ❞✐✛37❡♥5❡( 57❛♥(✐5✐♦♥(✳ ■❧ ❡(5 ♣♦((✐❜❧❡ ❞❡ ♠❡(✉7❡7 ❝❡(

❞②♥❛♠✐-✉❡( ❡♥ ❛❥✉(5❛♥5 ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛7✐(❛5✐♦♥ α ❞❡( ❧❛(❡7( ❞✬❡①❝✐5❛5✐♦♥(✳ ▲❛ ✜❣✉7❡ ✹✳✹

♣73(❡♥5❡ ❞❡( ♠❡(✉7❡( ❡①♣37✐♠❡♥5❛❧❡( ❡5 ❞❡( (✐♠✉❧❛5✐♦♥( 5❤3♦7✐-✉❡( ❞✉ (✐❣♥❛❧ ❋❲▼ ❞✬✉♥❡

❇◗ ❡♥ ❢♦♥❝5✐♦♥ ❞✉ ❞3❧❛✐ τ12 ❡5 ❞❡ ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛7✐(❛5✐♦♥ (α1, α2) ❞❡ ❧❛ ♣♦♠♣❡ ❡5 ❞❡ ❧❛

(♦♥❞❡ ♣♦✉7 ✉♥❡ ❡①❝✐5❛5✐♦♥ ❝♦❧✐♥3❛✐7❡✱ ❡5 ❞❡( ❛✐7❡( ❞✬✐♠♣✉❧(✐♦♥( Θ1 = Θ2/2 = 0.2 π✳ ▲❡(
♠❡(✉7❡( ✭✜❣✉7❡ ✹✳✹ ✭❛✱❜✮✮ (♦♥5 ❡♥ ❛❝❝♦7❞ ❛✈❡❝ ❧❡( (✐♠✉❧❛5✐♦♥( 5❤3♦7✐-✉❡( ✭✜❣✉7❡ ✹✳✹ ✭❝✱❞✮✮✳
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❋✐❣✉$❡ ✹✳✹ ✕ ❉②♥❛♠✐&✉❡ ❞❡* ❝♦❤./❡♥❝❡* ♣♦✉/ ✉♥❡ ❡①❝✐2❛2✐♦♥ ❝♦❧✐♥.❛✐/❡✳ ✭❛✱❜✮

▼❡(✉7❡( ❡5 ✭❝✱❞✮ (✐♠✉❧❛5✐♦♥( ❞✉ (✐❣♥❛❧ ❋❲▼ ❞❡( 57❛♥(✐5✐♦♥( ✭❛✱❝✮ GXY ❡5 ✭❜✱❞✮ XY B ❡♥

❢♦♥❝5✐♦♥ ❞✉ ❞3❧❛✐ τ12 ❡5 ❞❡ ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛7✐(❛5✐♦♥ α ♣♦✉7 ✉♥❡ ❡①❝✐5❛5✐♦♥ ❝♦❧✐♥3❛✐7❡✳

❈♦♠♠❡ ❡①♣❧✐-✉3 ❞❛♥( ❧❛ ♣❛75✐❡ ♣73❝3❞❡♥5❡✱ ♣♦✉7 α = 0◦ ❧❡ ❜❛55❡♠❡♥5 -✉❛♥5✐-✉❡ ✐♥❞✉✐5

♣❛7 ❧❛ (57✉❝5✉7❡ ✜♥❡ ❞❡ ❧✬❡①❝✐5♦♥ ♥✬❡(5 ♣❛( ♦❜(❡7✈3 ♥✐ ♣♦✉7 GXY ♥✐ ♣♦✉7 XY B✱ ✈✉ -✉❡

❧✬❡①❝✐5❛5✐♦♥ ❡(5 ♣♦❧❛7✐(3❡ (❡❧♦♥ ❧✬❛①❡ x ❞❡ ❧❛ ❇◗✳ ❆ ❧❛ ♣❧❛❝❡✱ ♥♦✉( ♦❜(❡7✈♦♥( ✉♥✐-✉❡♠❡♥5 ❧❡

❞3❝❧✐♥ ❞❡( ❝♦❤37❡♥❝❡( ❞❡ ❧✬❡①❝✐5♦♥ ❛✈❡❝ ✉♥ 5❡♠♣( ❞❡ ❞3♣❤❛(❛❣❡ T2 = 200 ♣(✳ ❊♥ 7❡✈❛♥❝❤❡✱

♣♦✉7 α = 45◦ ❧❡ ❜❛55❡♠❡♥5 ✐♥❞✉✐5 ♣❛7 ❧❛ (57✉❝5✉7❡ ✜♥❡ ❡(5 ♠❛①✐♠❛❧ ♣♦✉7 GXY ✳ N♦✉7 ❝❡5

❛♥❣❧❡✱ ❧❡( ❞❡✉① ❡①❝✐5♦♥( X ❡5 Y (♦♥5 ❡①❝✐53( ❞❡ ♠❛♥✐O7❡ 3❣❛❧❡✱ ❡♥❣❡♥❞7❛♥5 ✉♥ ❜❛55❡♠❡♥5

❞❡ ❧❛ (57✉❝5✉7❡ ✜♥❡ ❛✈❡❝ ✉♥❡ ♣37✐♦❞❡ ❞❡ Tδ = 180 ♣(✳ N♦✉7 ❧❡( ❛♥❣❧❡( ✐♥5❡7♠3❞✐❛✐7❡( ❡♥57❡
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α = 0◦ ❡" 45◦✱ ♦♥ ♦❜'❡(✈❡ ✉♥❡ "(❛♥'✐"✐♦♥ ❞♦✉❝❡ ❛✈❡❝ ✉♥ ❜❛""❡♠❡♥" ❞❡ '"(✉❝"✉(❡ ✜♥❡ ♠♦✐♥'

♣(♦♥♦♥❝2✳ ❉❡ "❡❧❧❡' ♠❡'✉(❡' (2'♦❧✉❡' ❡♥ ❛♥❣❧❡ ♣❡✉✈❡♥" 7"(❡ ✉"✐❧✐'2❡' ♣♦✉( ❞2"❡(♠✐♥❡( ❧❡'

❛♥❣❧❡' ❛❜'♦❧✉' ✭x, y✮ ❞❡ ❧❛ ❇◗ ❛✈❡❝ ✉♥❡ ❜♦♥♥❡ ♣(2❝✐'✐♦♥✳ ❈♦♥"(❛✐(❡♠❡♥" = ❧❛ ♣♦❧❛(✐'❛"✐♦♥

❝✐(❝✉❧❛✐(❡✱ ❧❛ "(❛♥'✐"✐♦♥ XB ❡'" ❡①❝✐"2❡ ❛✈❡❝ ✉♥❡ ♣♦❧❛(✐'❛"✐♦♥ ❧✐♥2❛✐(❡✳ ❈❡♣❡♥❞❛♥"✱ ♣♦✉( ✉♥❡

'✐ ♣❡"✐"❡ ❛✐(❡ ❞✬✐♠♣✉❧'✐♦♥✱ ❧❡ '✐❣♥❛❧ ❞❡ XY B ❡'" ❢❛✐❜❧❡ ❝❛( ❧❡ ❜✐❡①❝✐"♦♥ ♥✬❡'" ♣(❛"✐A✉❡♠❡♥"

♣❛' ❡①❝✐"2✳ B♦✉( ❞❡' ❛✐(❡' ❞✬✐♠♣✉❧'✐♦♥' ♣❧✉' 2❧❡✈2❡'✱ ❧❡ ❜❛""❡♠❡♥" ✐♥❞✉✐" ♣❛( ❧❛ '"(✉❝"✉(❡

✜♥❡ ❞❡✈(❛✐" 7"(❡ ♦❜'❡(✈❛❜❧❡ ❞❛♥' ❧❡ '✐❣♥❛❧ ❞❡ XY B✳

❋✐❣✉$❡ ✹✳✺ ✕ ❉②♥❛♠✐&✉❡) ❞❡) ❝♦❤./❡♥❝❡) ♣♦✉/ ✉♥❡ ❡①❝✐2❛2✐♦♥ ❧✐♥.❛✐/❡ ❝/♦✐).❡✳

❙✐❣♥❛❧ ❋❲▼ ❞❡' ❝♦❤2(❡♥❝❡' GXY ❡" XY B ♣♦✉( ✉♥❡ ♣♦❧❛(✐'❛"✐♦♥ ❧✐♥2❛✐(❡ ❝(♦✐'2❡ ❡♥"(❡ ❧❛

♣♦♠♣❡ ❡" ❧❛ '♦♥❞❡✱ ✐✳❡✳ α2 = α1 + 90◦✳ ✭❛✮ α1 = 0◦✱ ✭❜✮ α1 = 22.5◦ ❡" ✭❝✮ α1 = 45◦✳ ❘♦♥❞'
✈❡("' ❡" ❝❛((2' ❜❧❡✉' ✿ ❞♦♥♥2❡' ❡①♣2(✐♠❡♥"❛❧❡'✳ ❈❡(❝❧❡' ❣(✐' ✿ ✐♥❞✐❝❛"✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ ❜(✉✐"✳

❚(❛✐"' (♦✉❣❡' ✿ ❝❛❧❝✉❧' "❤2♦(✐A✉❡'✳



❈❍❆#■❚❘❊ ✹✳ ❉❨◆❆▼■◗❯❊❙ ❊❚ ❈❖❯#▲❆●❊❙ ❈❖❍➱❘❊◆❚❙ ❉❊ ❈❖▼#▲❊❳❊❙

❊❳❈■❚❖◆■◗❯❊❙ ✽✾

◆♦✉% ❛✈♦♥% )❣❛❧❡♠❡♥. ❛♥❛❧②%) ❧❛ ❞)♣❡♥❞❛♥❝❡ ❞❡ ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛4✐%❛.✐♦♥ ♣♦✉4 ✉♥❡ ❡①❝✐✲

.❛.✐♦♥ ❧✐♥)❛✐4❡ ❝4♦✐%)❡✱ ♦9 ❧✬❛♥❣❧❡ ❞❡ ♣♦❧❛4✐%❛.✐♦♥ ❞❡ E2 ❡%. ♣❡4♣❡♥❞✐❝✉❧❛✐4❡ : ❝❡❧✉✐ ❞❡ E1✱
✐✳❡✳ α2 = α1 + 90◦✳ ■❝✐✱ ❧❡% ❛✐4❡% ❞✬✐♠♣✉❧%✐♦♥% %♦♥. ♣❧✉% ✐♠♣♦4.❛♥.❡% Θ1 = Θ2/2 = 0.37 π✳
▲❡% ♠❡%✉4❡% ♣♦✉4 ❞✐✛)4❡♥.% ❛♥❣❧❡% α1 %♦♥. ♣4)%❡♥.)❡% %✉4 ❧❛ ✜❣✉4❡ ✹✳✺✳ B♦✉4 α1 = 0◦✱ ♣4✐♥✲
❝✐♣❛❧❡♠❡♥. ❧❛ .4❛♥%✐.✐♦♥ XB ❡%. ❡①❝✐.)❡✱ ❛❧♦4% C✉❡ GX ♥✬❡%. C✉❛%✐♠❡♥. ♣❛% ❡①❝✐.)✱ ❝♦♠♠❡

❧❡ ♠♦♥.4❡ ❧❛ ✜❣✉4❡ ✹✳✺ ✭❛✮✳ B♦✉4 α1 = 45◦✱ ✐❧❧✉%.4) %✉4 ❧❛ ✜❣✉4❡ ✹✳✺ ✭❝✮✱ ❞❡% ♦%❝✐❧❧❛.✐♦♥% ♣4♦✲

♥♦♥❝)❡% %♦♥. ♦❜%❡4✈)❡% : ❧❛ ❢♦✐% ♣♦✉4 GXY ❡. ♣♦✉4 XY B✳ ❆✉.♦✉4 ❞❡ τ12 = 0✱ ♦♥ ♦❜%❡4✈❡

C✉❡ ❧❡ %✐❣♥❛❧ ❞❡ XY B ❡%. ♠❛①✐♠✉♠✱ ❛❧♦4% C✉❡ ❧❡ %✐❣♥❛❧ ❞❡ GXY ❡%. ♥✉❧ ✭♥✐✈❡❛✉ ❞❡ ❜4✉✐.✮✳

B♦✉4 ❧❡% ❞)❧❛✐% ♥)❣❛.✐❢%✱ E2 ❛44✐✈❡ ❛✈❛♥. E1 ❡. ❣)♥I4❡ ❧❛ ❝♦❤)4❡♥❝❡ : ❞❡✉① ♣❤♦.♦♥% ρGB ❡♥.4❡

❧✬).❛. ❢♦♥❞❛♠❡♥.❛❧ ❡. ❧❡ ❜✐❡①❝✐.♦♥✳ ▲❡ ❞)❝❧✐♥ ♦❜%❡4✈)✱ ❝♦44❡%♣♦♥❞❛♥. ❛✉ .❛✉① ❞❡ ❞)♣❤❛%❛❣❡

γB ❡♥.4❡ ❧❡ ❜✐❡①❝✐.♦♥ ❡. ❧✬).❛. ❢♦♥❞❛♠❡♥.❛❧✱ ❡%. ♣❛4❢❛✐.❡♠❡♥. 4❡♣4♦❞✉✐. ♣❛4 ❧✬)C✉❛.✐♦♥ ✹✳✶✽

❡. ❝♦44❡%♣♦♥❞ : ✉♥ .❡♠♣% ❞❡ ❞)❝♦❤)4❡♥❝❡ TB = 1/γB = 91 ♣%✳ B♦✉4 ✉♥ ❛♥❣❧❡ ✐♥.❡4♠)❞✐❛✐4❡

α1 = 22.5◦✱ ❧❡% ♦%❝✐❧❧❛.✐♦♥% ❞✉ %✐❣♥❛❧ ❋❲▼ ❞❡ GXY ❡. ❞❡ XY B %♦♥. ♠♦✐♥% ♣4♦♥♦♥❝)❡%✱ ❧❡%

♣4❡♠✐❡4% ♠✐♥✐♠✉♠% ♥✬❛..❡✐❣♥❡♥. ♣❧✉% ❧❡ ♥✐✈❡❛✉ ❞❡ ❜4✉✐.✱ ❝♦♠♠❡ ❧❡ ♠♦♥.4❡ ❧❛ ✜❣✉4❡ ✹✳✺ ✭❜✮✳

✹✳✷✳✹ ❉②♥❛♠✐)✉❡, ❞❡, ♣♦♣✉❧❛1✐♦♥, ❡♥ ❢♦♥❝1✐♦♥ ❞❡ ❧❛ ♣♦❧❛4✐,❛1✐♦♥

❈♦♥❝❡♥.4♦♥% ♥♦✉% ♠❛✐♥.❡♥❛♥. %✉4 ❧❛ ❞②♥❛♠✐C✉❡ ❞❡% ♣♦♣✉❧❛.✐♦♥%✳ ▲♦4%C✉✬✉♥ ✷LS ❡%.

❡①❝✐.) ♣❛4 .4♦✐% ✐♠♣✉❧%✐♦♥% %✉❝❝❡%%✐✈❡%✱ ❧❛ ♣4❡♠✐I4❡ ❝4)❡ ✉♥❡ ❝♦❤)4❡♥❝❡ ♠❛①✐♠❛❧❡ : Θ1 =
π/2✱ ❧❛ ❞❡✉①✐I♠❡ ❝4)❡ ✉♥❡ ♣♦♣✉❧❛.✐♦♥ ♠❛①✐♠❛❧❡ : Θ2 = π/2 ❡. ❧❛ .4♦✐%✐I♠❡ ✐♥❞✉✐. ❧❡ %✐❣♥❛❧

❋❲▼ ♠❛①✐♠❛❧ : Θ3 = π/2✳ ▲✬✐♥❢♦4♠❛.✐♦♥ %✉4 ❧❡ ❞)❝❧✐♥ 4❛❞✐❛.✐❢ ❞✉ ✷LS ❡%. ♠❡%✉4❛❜❧❡

❡♥ ✈❛4✐❛♥. ❧❡ ❞)❧❛✐ τ23 ❡♥.4❡ ❧❛ ❞❡✉①✐I♠❡ ❡. ❧❛ .4♦✐%✐I♠❡ ✐♠♣✉❧%✐♦♥ ✭❝❢ ❝❤❛♣✐.4❡ ✶✮✳ ❙✉4

❧❛ ✜❣✉4❡ ✹✳✻ ✭❛✮✱ ♥♦✉% ♠♦♥.4♦♥% ❧❡ %✐❣♥❛❧ ❞❡% ♣♦♣✉❧❛.✐♦♥% ❞❡% .4❛♥%✐.✐♦♥% GXY ❡. XY B
♣♦✉4 ✉♥❡ ❡①❝✐.❛.✐♦♥ ❝♦❧✐♥)❛✐4❡ (−,−,−) ❡♥ ❢♦♥❝.✐♦♥ ❞❡ τ23 ✭τ12 = 0.5 ♣%✮✳ ▲❡% ❢♦4♠✉❧❡%

❛♥❛❧②.✐C✉❡% ♠♦♥.4❡♥. C✉❡ ❧❡ %✐❣♥❛❧ ❋❲▼ ♠❡%✉4) ❞)❝4♦S. ❡①♣♦♥❡♥.✐❡❧❧❡♠❡♥. ❛✈❡❝ γ1 ❡. 2γ1✱
%❛♥% ♦%❝✐❧❧❛.✐♦♥% ✐♥❞✉✐.❡% ♣❛4 ❧❛ %.4✉❝.✉4❡ ✜♥❡ ❞❡ ❧✬❡①❝✐.♦♥✳ B♦✉4 Θ1 = Θ2 = Θ3 = 0.85 π✱
♦♥ .4♦✉✈❡ ✿

SGXY ∼ e−γ1τ23 − 0.29e−2γ1τ23
✭✹✳✶✾❛✮

SXY B ∼ e−γ1τ23 + 0.76e−2γ1τ23
✭✹✳✶✾❜✮

❉✉ ❞)❝❧✐♥ ❡①♣♦♥❡♥.✐❡❧ ❞✉ %✐❣♥❛❧ ❋❲▼✱ ♥♦✉% ❡♥ ❞)❞✉✐%♦♥% ❧❡ .❡♠♣% ❞❡ ✈✐❡ ❞❡ ❧✬❡①❝✐.♦♥

T1 = 1/γ1 = 333 ♣%✳ ❈♦♠♠❡ ♣♦✉4 ❧❡% ❝♦❤)4❡♥❝❡%✱ ❧❛ %.4✉❝.✉4❡ ✜♥❡ ❞❡ ❧✬❡①❝✐.♦♥ ✐♥❞✉✐. ✉♥

❜❛..❡♠❡♥. C✉❛♥.✐C✉❡ ❞❡% ♣♦♣✉❧❛.✐♦♥% C✉❛♥❞ ❧❛ ♣♦❧❛4✐%❛.✐♦♥ ❞❡ ❧✬❡①❝✐.❛.✐♦♥ ♥✬❡%. ♣❛% ❛❧✐❣♥)❡

❛✈❡❝ ❧❡% ❛①❡% ❞❡ ❧❛ ❇◗✱ ❝♦♠♠❡ ♦♥ ♣❡✉. ❧❡ ❝♦♥%.❛.❡4 %✉4 ❧❡% ✜❣✉4❡% ✹✳✻ ✭❜✲❞✮✳

❈♦♠♠❡♥X♦♥% ♣❛% ❧✬❡①❝✐.❛.✐♦♥ ❝♦✲❝✐4❝✉❧❛✐4❡ (	,	,	) ✐❧❧✉%.4)❡ %✉4 ❧❛ ✜❣✉4❡ ✹✳✻ ✭❜✮✳ ▲❡%

❞❡✉① ♣4❡♠✐I4❡% ✐♠♣✉❧%✐♦♥% ❝4)❡♥. ✉♥❡ ♣♦♣✉❧❛.✐♦♥ ❞❡ ❧✬❡①❝✐.♦♥ σ+✳ ❆ ♣❛4.✐4 ❞❡ ❝❡. ).❛.✱ ❧❛

.4♦✐%✐I♠❡ ✐♠♣✉❧%✐♦♥ ♣♦❧❛4✐%)❡ 	 ♥❡ ♣❡✉. ♣❛% ❡①❝✐.❡4 ❧❡ ❜✐❡①❝✐.♦♥ ✭✈♦✐4 ✜❣✉4❡ ✹✳✶ ✭❛✮✮✳ B❛4

❝♦♥%)C✉❡♥.✱ : τ23 = 0✱ ❧❡ %✐❣♥❛❧ SXY B ❡%. ♥✉❧✳ ❘❛♣♣❡❧♦♥%✲♥♦✉% C✉❡ σ+ ❡%. ✉♥❡ ❝♦♠❜✐♥❛✐%♦♥

❧✐♥)❛✐4❡ ❞❡% ❡①❝✐.♦♥% X ❡. Y ✳ ❆♣4I% ❧❡% ❞❡✉① ♣4❡♠✐I4❡% ✐♠♣✉❧%✐♦♥%✱ ❧❡% ♣♦♣✉❧❛.✐♦♥% ❡. ❧❛

♣♦❧❛4✐%❛.✐♦♥ ρXY ❡♥.4❡ ❧❡% ❞❡✉① ❡①❝✐.♦♥% ❝♦♥.4✐❜✉❡♥. ❛✉ %✐❣♥❛❧ ❋❲▼✳ ❈❡..❡ ❞❡4♥✐I4❡ ♦%❝✐❧❧❡

❛✈❡❝ ❧✬)♥❡4❣✐❡ ❞❡ %.4✉❝.✉4❡ ✜♥❡ δ✱ ❝❡ C✉✐ ❡%. : ❧✬♦4✐❣✐♥❡ ❞❡% ❜❛..❡♠❡♥.% ♦❜%❡4✈)% ❞❛♥% ❧❡ %✐❣♥❛❧

❋❲▼ ❞❡ GXY ✳ B♦✉4 ❝❡..❡ ❇◗✱ ❧❛ ♣)4✐♦❞❡ ❞❡% ♦%❝✐❧❧❛.✐♦♥% Tδ = 196 ♣% ❝♦44❡%♣♦♥❞ : ✉♥❡

)♥❡4❣✐❡ ❞❡ %.4✉❝.✉4❡ ✜♥❡ δ = 21 µ❡❱✳ ❈❡..❡ ✈❛❧❡✉4✱ ❞✐✛)4❡♥.❡ ❞❡ ❧❛ ❇◗ ).✉❞✐)❡ ❞❛♥% ❧❛

♣❛4.✐❡ ✹✳✷✳✷✱ ♠♦♥.4❡ C✉❡ ❧✬)♥❡4❣✐❡ ❞❡ %.4✉❝.✉4❡ ✜♥❡ ❞)♣❡♥❞ %❡♥%✐❜❧❡♠❡♥. ❞❡ ❧❛ ❇◗✳ ❆♣4I%

Tδ✱ ❧❛ ♣♦♣✉❧❛.✐♦♥ ❞❡ ❧✬❡①❝✐.♦♥ σ− ❡%. ).❛❜❧✐❡✱ ❡. ♣❡4♠❡. ❛✐♥%✐ ❞✬❡①❝✐.❡4 ❧❡ ❜✐❡①❝✐.♦♥ ✈✐❛ ❧❛

.4❛♥%✐.✐♦♥ σ−B ❛✈❡❝ ❧❛ .4♦✐%✐I♠❡ ✐♠♣✉❧%✐♦♥ ♣♦❧❛4✐%)❡ 	✳ B❛4 ❝♦♥%)C✉❡♥.✱ ❧❡ ♠❛①✐♠✉♠ ❞❡

%✐❣♥❛❧ ♣♦✉4 σB ❝♦[♥❝✐❞❡ ❛✈❡❝ ❧❡ ♠✐♥✐♠✉♠ ❞❡ %✐❣♥❛❧ ♣♦✉4 Gσ✳ ▲❡% )C✉❛.✐♦♥% ❞)❝4✐✈❛♥. ❝❡%
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❞②♥❛♠✐(✉❡+ +♦♥- ❧❡+ +✉✐✈❛♥-❡+ ✿

SGσ = SGXY ∼
√

6 cos
(

δτ23
~

)

e−(γ+γXY )τ23 + 9e−2γτ23 + e−2γXY τ23
✭✹✳✷✵❛✮

SσB = SXY B ∼
√

2 cos
(

δτ23
~

)

e−(γ+γXY )τ23 − e−2γτ23 − e−2γXY τ23
✭✹✳✷✵❜✮

❈♦♠♠❡ ❧❡+ ❞②♥❛♠✐(✉❡+ ❞❡+ ❝♦❤:;❡♥❝❡+✱ ❧❡+ ❛✐;❡+ ❞❡+ ✐♠♣✉❧+✐♦♥+ ❞:-❡;♠✐♥❡♥- ✉♥✐(✉❡✲

♠❡♥- ❧❡+ ♣;:✲❢❛❝-❡✉;+✱ ♠❛✐+ ♥✬✐♥✢✉❡♥❝❡♥- ♣❛; ❧❡+ ❞②♥❛♠✐(✉❡+ -❡♠♣♦;❡❧❧❡+✳ ❖♥ ♦❜+❡;✈❡ ✉♥

-❡;♠❡ ♦+❝✐❧❧❛-♦✐;❡ ❛✈❡❝ ❧✬:♥❡;❣✐❡ ❞❡ +-;✉❝-✉;❡ ✜♥❡ δ✱ ❧❡(✉❡❧ ❡+- ❛♠♦;-✐ ♣❛; ❧❡ -❛✉① ❞❡ ❞:♣❤❛✲

+❛❣❡ γXY ❞❡+ ❝♦❤:;❡♥❝❡+ ρXY ❡♥-;❡ ❧❡+ ❞❡✉① ❡①❝✐-♦♥+✳

❋✐❣✉$❡ ✹✳✻ ✕ ❉②♥❛♠✐&✉❡) ❞❡) ♣♦♣✉❧❛.✐♦♥) ❞✬✉♥ )②).0♠❡ ❡①❝✐.♦♥✲❜✐❡①❝✐.♦♥✳ ❙✐❣♥❛❧

❋❲▼ ♥♦♥✲❞:❣:♥:;: ♠♦♥-;❛♥- ❧❡+ ❞②♥❛♠✐(✉❡+ ❞❡+ ♣♦♣✉❧❛-✐♦♥+ ♣♦✉; ❞✐✛:;❡♥-❡+ ♣♦❧❛;✐+❛-✐♦♥+

❞✬❡①❝✐-❛-✐♦♥✳ ✭❛✮ (−,−,−)✱ ✭❜✮ (	,	,	)✱ ✭❝✮ (�,�,�) ❡- ✭❞✮ (�,�,�)✳ ❘♦♥❞+ ✈❡;-+ ❡-

❝❛;;:+ ❜❧❡✉+ ✿ ❞♦♥♥:❡+ ❡①♣:;✐♠❡♥-❛❧❡+✳ ❈❡;❝❧❡+ ❣;✐+ ✿ ✐♥❞✐❝❛-✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ ❜;✉✐-✳ ❚;❛✐-+

;♦✉❣❡+ ✿ ❝❛❧❝✉❧+ -❤:♦;✐(✉❡+✳



❈❍❆#■❚❘❊ ✹✳ ❉❨◆❆▼■◗❯❊❙ ❊❚ ❈❖❯#▲❆●❊❙ ❈❖❍➱❘❊◆❚❙ ❉❊ ❈❖▼#▲❊❳❊❙

❊❳❈■❚❖◆■◗❯❊❙ ✾✶

❉❡ ❧❛ ♠'♠❡ ♠❛♥✐*+❡✱ ✉♥❡ ❡①❝✐0❛0✐♦♥ ❧✐♥2❛✐+❡ (�,�,�) ❡①❝✐0❡ 3 ❧❛ ❢♦✐5 ❧❡5 ❞❡✉① ❡①❝✐0♦♥5

X ❡0 Y ✳ ▲❡5 ♣♦♣✉❧❛0✐♦♥5 ❞❡5 ❞❡✉① ❡①❝✐0♦♥5 ♦5❝✐❧❧❡♥0 ❛✈❡❝ ❧✬2♥❡+❣✐❡ ❞❡ 50+✉❝0✉+❡ ✜♥❡ ❝♦♠♠❡

❧❡ ♠♦♥0+❡ 5✉+ ❧❛ ✜❣✉+❡ ✹✳✻ ✭❝✮✳ ❈❡5 ♠❡5✉+❡5 ♦♥0 202 +2❛❧✐52❡5 5✉+ ✉♥❡ ❛✉0+❡ ❇◗✱ ♣♦✉+

❧❛E✉❡❧❧❡ ♥♦✉5 ♠❡5✉+♦♥5 Tδ = 140 ♣5 2E✉✐✈❛❧❡♥0 3 ✉♥❡ 2♥❡+❣✐❡ ❞❡ 50+✉❝0✉+❡ ✜♥❡ δ = 30 µ❡❱✳

❈♦♥0+❛✐+❡♠❡♥0 3 ❧✬❡①❝✐0❛0✐♦♥ ❝✐+❝✉❧❛✐+❡✱ ❧❡ ❜✐❡①❝✐0♦♥ ❡50 ❞✐+❡❝0❡♠❡♥0 ❛❝❝❡55✐❜❧❡ ❛✈❡❝ ✉♥❡

♣♦❧❛+✐5❛0✐♦♥ ❧✐♥2❛✐+❡✳ H❛+ ❝♦♥52E✉❡♥0✱ ❝♦♠♠❡ ♣♦✉+ GXY ✱ ❧❡ 5✐❣♥❛❧ XY B ❡50 ♠❛①✐♠✉♠ 3

τ23 = 0 ♣✉✐5 ♦5❝✐❧❧❡ ❛✈❡❝ ❧❛ ♠'♠❡ ♣2+✐♦❞❡ E✉❡ GXY ✳

❊♥✜♥✱ ♥♦✉5 ❛✈♦♥5 ❡①❛♠✐♥2 ❧❡5 ❞②♥❛♠✐E✉❡5 ❞❡ ♣♦♣✉❧❛0✐♦♥5 ♣♦✉+ ✉♥❡ ❡①❝✐0❛0✐♦♥ ❧✐♥2❛✐+❡

❝+♦✐52❡ (�,�,�) ✐❧❧✉50+2❡5 5✉+ ❧❛ ✜❣✉+❡ ✹✳✻ ✭❞✮✳ ❉❛♥5 ❝❡00❡ ❝♦♥✜❣✉+❛0✐♦♥✱ ❧❡5 ♣♦♣✉❧❛0✐♦♥5

GXY ♦5❝✐❧❧❡♥0 ❡♥ ♦♣♣♦5✐0✐♦♥ ❞❡ ♣❤❛5❡ ♣❛+ +❛♣♣♦+0 3 ❧✬❡①❝✐0❛0✐♦♥ ❝♦❧✐♥2❛✐+❡✳ ❉❡ ♣❧✉5✱ 0♦✉0❡5

❧❡5 ♣♦❧❛+✐5❛0✐♦♥5 ❞✉ ✹LS ❝♦♥0+✐❜✉❡♥0 ❛✉ 5✐❣♥❛❧ ✱ ✐✳❡✳ ρGXY ✱ ρXY ❡0 ρXY B✱ ❡0 ❡♥❣❡♥❞+❡♥0 ❞❡5

❞②♥❛♠✐E✉❡5 ♣❧✉5 ❝♦♠♣❧❡①❡5 5✉+ ❧❡ 5✐❣♥❛❧ ❞❡ XY B ✐♠♣❧✐E✉❛♥0 ❞❡5 ❜❛00❡♠❡♥05 E✉❛♥0✐E✉❡5

❡♥0+❡ ❧❡5 ❞✐✛2+❡♥05 ♥✐✈❡❛✉①✳

✹✳✸ ❙♣❡❝'(♦*❝♦♣✐❡ ✷❉✲❋❲▼ ❞✬✉♥❡ ❇◗ 8 ✢✉❝'✉❛'✐♦♥ ❞❡ ❝❤❛(❣❡

✹✳✸✳✶ ■♥&❡(♣(*&❛&✐♦♥ ❞❡/ *&❛&/ ❝❤❛(❣*/

▲✬20❛0 ❞❡ ❝❤❛+❣❡ ❞✬✉♥❡ ❇◗ ♣❡✉0 ✢✉❝0✉❡+ 5✉+ ❞❡5 2❝❤❡❧❧❡5 ❞❡ 0❡♠♣5 ❜❡❛✉❝♦✉♣ ♣❧✉5

+❛♣✐❞❡ E✉❡ ❧❡ 0❡♠♣5 ❞✬✐♥02❣+❛0✐♦♥ 0②♣✐E✉❡ ❞❡ ✶✵ ♠5 ❬✼✾❪✳ H❛+ ❝♦♥52E✉❡♥0✱ ❡♥ ♣❧✉5 ❞❡5

+❛✐❡5 ❞❡ ❧✬❡①❝✐0♦♥ ❡0 ❞✉ ❜✐❡①❝✐0♦♥ ♥❡✉0+❡✱ ✉♥❡ ✈❛+✐202 ❞❡ ♣✐❝5 ❝♦++❡5♣♦♥❞❛♥0 3 ❞✐✛2+❡♥05

20❛05 ❝❤❛+❣25 ❛♣♣❛+❛✐55❡♥0 ❞❛♥5 ❧❡5 5♣❡❝0+❡5 ❋❲▼✳ ▲✬❡①❡♠♣❧❡ ❞✬✉♥ 0❡❧ 5♣❡❝0+❡ ❋❲▼ ♣♦✉+

✉♥❡ ❡①❝✐0❛0✐♦♥ ❝♦❧✐♥2❛✐+❡ (−,−) ❡50 ✐❧❧✉50+2 5✉+ ❧❛ ✜❣✉+❡ ✹✳✼ ✭❛✮✳ ▲❡ 5♣❡❝0+❡ ♣+25❡♥0❡ ✉♥❡

♠✉❧0✐0✉❞❡ ❞❡ ♣✐❝5 +2♣❛+0✐5 5✉+ ♣❧✉5✐❡✉+5 ♠❡❱✳ ▲❡ ❞♦♣❛❣❡ ♥2❣❛0✐❢ ❞❡ ♥♦5 2❝❤❛♥0✐❧❧♦♥ ❢❛✈♦+✐5❡ ❧❛

♣+25❡♥❝❡ ❞✬20❛05 ❝❤❛+❣25 ♥2❣❛0✐✈❡♠❡♥0✳ ❚+*5 5♦✉✈❡♥0✱ ❧❡5 ❇◗5 ❝♦♥0✐❡♥♥❡♥0 ✉♥ 2❧❡❝0+♦♥ ❛✈❛♥0

❧✬❡①❝✐0❛0✐♦♥✱ ❞♦♥♥❛♥0 ✉♥ 20❛0 ❢♦♥❞❛♠❡♥0❛❧ G−
✳ ◗✉❛♥❞ ✉♥❡ 0❡❧❧❡ ❇◗ ❡50 ❡①❝✐02❡ ❛✈❡❝ ✉♥❡

✐♠♣✉❧5✐♦♥ ♦♣0✐E✉❡ +25♦♥❛♥0❡✱ ❧✬❡①❝✐0♦♥ ❝❤❛+❣2 ✭♦✉ 0+✐♦♥✮ ♥2❣❛0✐✈❡♠❡♥0 X−
❡50 ❣2♥2+2 ✈✐❛

❧❛ 0+❛♥5✐0✐♦♥ GX−
✱ ❝♦♠♠❡ +❡♣+25❡♥02 5✉+ ❧❛ ✜❣✉+❡ ✹✳✽ ✭❛✮✳ ❊♥ +❛✐5♦♥ ❞✉ ❞♦♣❛❣❡✱ ❧✬✐♥0❡♥5✐02

❞❡ GX−
✱ ♣❧✉5 2❧❡✈2❡ E✉❡ ❝❡❧❧❡ ❞❡ GX✱ ♥♦✉5 ♣❡+♠❡0 ❞❡ ❧✬✐❞❡♥0✐✜❡+ ❝♦♠♠❡ ❧❡ ♣✐❝ ❧❡ ♣❧✉5

✐♥0❡♥5❡ 3 ✶✸✻✹✳✽ ♠❡❱ 5✉+ ❧❛ ✜❣✉+❡ ✹✳✼ ✭❛✮✳

H♦✉+ ✐❞❡♥0✐✜❡+ ❧❡5 0+❛♥5✐0✐♦♥5 GX ❡0 XB ❞❡ ❧✬❡①❝✐0♦♥ ♥❡✉0+❡✱ ♥♦✉5 +❡❣❛+❞♦♥5 ❧❛ ❞2✲

♣❡♥❞❛♥❝❡ ❡♥ ❞2❧❛✐✳ ▲✬2✈♦❧✉0✐♦♥ 0❡♠♣♦+❡❧❧❡ ❡♥ ❢♦♥❝0✐♦♥ ❞❡ τ12 ❞❡ 0♦✉0❡5 ❧❡5 0+❛♥5✐0✐♦♥5 ❡50

✐❧❧✉50+2❡ 5✉+ ❧❛ ✜❣✉+❡ ✹✳✼ ✭❜✮✱ 0❛♥❞✐5 E✉❡ ❧❡5 ❞②♥❛♠✐E✉❡5 ❞❡ GX✱ XB ❡0 GX−
5♦♥0 +❡♣+2✲

5❡♥02❡5 ♣❧✉5 ❡♥ ❞20❛✐❧5 5✉+ ❧❛ ✜❣✉+❡ ✹✳✼ ✭❝✮✳ ◆♦✉5 ❛✈♦♥5 ✈✉ ❞❛♥5 ❧❛ ♣❛+0✐❡ ✹✳✷✳✷✱ E✉❡ ❧❡5

0+❛♥5✐0✐♦♥5 ♥❡✉0+❡5 GX ❡0 XB ♣+♦❞✉✐5❡♥0 ❞✉ 5✐❣♥❛❧ ❋❲▼ ♣♦✉+ τ12 < 0 ✈✐❛ ❧❡ ♣+♦❝❡55✉5

❞❡ ❝♦❤2+❡♥❝❡ 3 ❞❡✉① ♣❤♦0♦♥5✳ ❉❡ ♣❧✉5✱ ♥♦✉5 ❛✈♦♥5 ✈2+✐✜2 E✉❡ ❝❡5 0+❛♥5✐0✐♦♥5 ♦❜2✐55❡♥0 ❛✉①

+*❣❧❡5 ❞❡ 52❧❡❝0✐♦♥ ❞❡ ♣♦❧❛+✐5❛0✐♦♥ E✉❡ ❧✬♦♥ ❛ ❞20❛✐❧❧2❡5 ♣+2❝2❞❡♠♠❡♥0 ❞❛♥5 ❧❛ ♣❛+0✐❡ ✹✳✷✳✸✳

❆✈❡❝ ❝❡5 ✐♥❢♦+♠❛0✐♦♥5✱ ♥♦✉5 ✐❞❡♥0✐✜♦♥5 ❢❛❝✐❧❡♠❡♥0 GX 3 ✶✸✻✼✳✺ ♠❡❱ ❡0 XB 3 ✶✸✻✹✳✺ ♠❡❱✳

❊♥ +❡✈❛♥❝❤❡✱ ❧❡ 0+✐♦♥ ♥2❣❛0✐❢ X−
♥❡ ❝+2❡ ♣❛5 ❞❡ 5✐❣♥❛❧ ❋❲▼ ♣♦✉+ τ12 < 0 ❝❛+ ❧❡ ❜✐❡①❝✐0♦♥

❝❤❛+❣2 ♥2❣❛0✐✈❡♠❡♥0 ❡50 0+♦♣ ❧♦✐♥ ❡♥ 2♥❡+❣✐❡ ♣♦✉+ '0+❡ ❡①❝✐02 5♣❡❝0+❛❧❡♠❡♥0 ❬✺✺❪✳ ❈❡❝✐ ❡50

❝♦♥✜+♠2 ❡♥ +❡❣❛+❞❛♥0 ❧❛ 0+❛♥5✐0✐♦♥ GX−
5✉+ ❧❡5 ✜❣✉+❡5 ✹✳✼ ✭❜✱❝✮✱ ♦] ❡♥ ❡✛❡0 GX−

❡50

♥✉❧❧❡ ♣♦✉+ τ12 < 0✳ H♦✉+ ❧❡5 ❞2❧❛✐5 ♣♦5✐0✐❢5✱ ♥♦✉5 ♣♦✉✈♦♥5 ✐❞❡♥0✐✜❡+ ❧❡5 0+❛♥5✐0✐♦♥5 ❛✈❡❝ ❧❡5

❜❛00❡♠❡♥05 E✉❛♥0✐E✉❡5✳ ❈♦♠♠❡ ♣+2❝2❞❡♠♠❡♥0 ✭❝❢ ✜❣✉+❡ ✹✳✸ ✭❝✮✮✱ ♦♥ ♦❜5❡+✈❡ ❧❡ ❜❛00❡♠❡♥0

E✉❛♥0✐E✉❡ ✐♥❞✉✐0 ♣❛+ ❧✬2♥❡+❣✐❡ ❞❡ ❧✐❛✐5♦♥ ❞✉ ❜✐❡①❝✐0♦♥ ❞❛♥5 ❧❡ 5✐❣♥❛❧ ❞❡ ❧❛ 0+❛♥5✐0✐♦♥XB ❛✈❡❝

✉♥❡ ♣2+✐♦❞❡ T∆b
= 1.25 ♣5✱ 5✉+ ♣❧✉5✐❡✉+5 ❝❡♥0❛✐♥❡5 ❞❡ ♣✐❝♦5❡❝♦♥❞❡✳ ➚ ❧✬✐♥✈❡+5❡✱ ❧❛ 0+❛♥5✐0✐♦♥

GX−
♥❡ ♠♦♥0+❡ ❛✉❝✉♥ ❜❛00❡♠❡♥0 E✉❛♥0✐E✉❡✱ ♠❛✐5 ✉♥✐E✉❡♠❡♥0 ✉♥ ❞2❝❧✐♥ ❡①♣♦♥❡♥0✐❡❧✳ ❈❡❝✐

❡50 ❛00❡♥❞✉✱ ♣✉✐5E✉❡ G−
❡0 X−

❢♦+♠❡ ✉♥❡ ✷LS✱ ❝♦♠♠❡ +❡♣+25❡♥02 5✉+ ❧❛ ✜❣✉+❡ ✹✳✽ ✭❛✮✱ ♦]

✉♥✐E✉❡♠❡♥0 ❧❡ ❞2♣❤❛5❛❣❡ ❛❧0*+❡ ❧❡ 5✐❣♥❛❧ ❋❲▼✳ H♦✉+ ❝❡ 0+✐♦♥✱ ♥♦✉5 ♠❡5✉+♦♥5 ✉♥ 0❡♠♣5 ❞❡

❞2❝♦❤2+❡♥❝❡ T2 = 270 ♣5✳
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❋✐❣✉$❡ ✹✳✼ ✕ ❙✐❣♥❛❧ ❋❲▼ ❞✬✉♥❡ ❇◗ / ✢✉❝2✉❛2✐♦♥ ❞❡ ❝❤❛5❣❡✳ ✭❛✮ ❙♣❡❝-.❡ ❋❲▼

❞3❣3♥3.3 ❞✬✉♥❡ ❇◗ ♣♦✉. ✉♥❡ ❡①❝✐-❛-✐♦♥ ❝♦❧✐♥3❛✐.❡ (−,−) ♠♦♥-.❛♥- ✉♥❡ ♠✉❧-✐-✉❞❡ ❞❡ ♣✐❝?

❡- ❧❡✉.? ✭❜✮ ❞②♥❛♠✐B✉❡? -❡♠♣♦.❡❧❧❡? ❡♥ ❢♦♥❝-✐♦♥ ❞✉ ❞3❧❛✐ τ12✳ ✭❝✮ ❉②♥❛♠✐B✉❡? -❡♠♣♦.❡❧❧❡?

❞❡? -.❛♥?✐-✐♦♥? GX✱ XB ❡- GX−
✳
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❋✐❣✉$❡ ✹✳✽ ✕ ❘❡♣)*+❡♥-❛-✐♦♥ +❝❤*♠❛-✐4✉❡ ✭❛✮ ❞✬✉♥ -)✐♦♥ ♥*❣❛-✐❢ X−
❡- ✭❜✮ ❞✬✉♥ ❜✐❡①❝✐-♦♥

♥*❣❛-✐❢ B−
❡- ❞❡ ❧✬*-❛- ❡①❝✐-* ❞✉ -)✐♦♥ ♥*❣❛-✐❢ ❡①❝✐-* X−∗

S,T✳

✹✳✸✳✷ ❈♦✉♣❧❛❣❡, ❝♦❤/0❡♥2, ✈✐❛ ✷❉✲❋❲▼

?❧✉+ ❞✬✐♥❢♦)♠❛-✐♦♥+ +✉) ❧❡+ ❝♦♠♣❧❡①❡+ ❡①❝✐-♦♥✐4✉❡+ ❞❡ ❧❛ ❇◗ ♣❡✉✈❡♥- C-)❡ ❡①-)❛✐-❡+ ❞❡+

❝❛)-❡+ +♣❡❝-)❛❧❡+ ❜✐❞✐♠❡♥+✐♦♥♥❡❧❧❡+ ✷❉✲❋❲▼✳ ❈❡+ ❝❛)-❡+ +♦♥- ♦❜-❡♥✉❡+ ♣❛) -)❛♥+❢♦)♠*❡

❞❡ ❋♦✉)✐❡) ✷❉ ♣❛) )❛♣♣♦)- ❛✉ -❡♠♣+ t ✭❛①❡ ❤♦)✐③♦♥-❛❧✮ ❡- ❛✉ ❞*❧❛✐ τ12 ✭❛①❡ ✈❡)-✐❝❛❧✮✳

▲❛ -)❛♥+❢♦)♠*❡ ❞❡ ❋♦✉)✐❡) ♣❛) )❛♣♣♦)- M t ❡+- ❞✐)❡❝-❡♠❡♥- )*❛❧✐+*❡ ♣❛) ❧❡ +♣❡❝-)♦♠N-)❡✱

-❛♥❞✐+ 4✉❡ ❧❛ -)❛♥+❢♦)♠*❡ ❞❡ ❋♦✉)✐❡) ♣❛) )❛♣♣♦)- M τ12 )❡4✉✐❡)- ✉♥ ❛❥✉+-❡♠❡♥- ❞❡ ❧❛ ♣❤❛+❡

❡♥-)❡ ❝❤❛4✉❡ ❞*❧❛✐ ♣♦✉) ❝❤❛4✉❡ -)❛♥+✐-✐♦♥ ❡♥ ❢♦♥❝-✐♦♥ ❞✬✉♥❡ -)❛♥+✐-✐♦♥ ❞❡ )*❢*)❡♥❝❡ ♥♦♥

❝♦✉♣❧*❡ ❬✶✸❪✳ ?♦✉) +❡ ❢❛✐)❡✱ ♥♦✉+ ❝❤♦✐+✐++♦♥+ ❧❛ -)❛♥+✐-✐♦♥ GX−
❝♦♠♠❡ )*❢*)❡♥❝❡✳ ▲❡+ ❝❛)-❡+

✷❉✲❋❲▼ ❝♦))N❧❡♥- ❧❡+ )*+♦♥❛♥❝❡+ ❛❝-✐✈❡+ ❛✉ ♣)❡♠✐❡) ♦)❞)❡ ❞✬❛❜+♦)♣-✐♦♥ ω1 ✭❛①❡ ✈❡)-✐❝❛❧✮✱

❛✈❡❝ ❧❡+ )*+♦♥❛♥❝❡+ ❋❲▼ ω ✭❛①❡ ❤♦)✐③♦♥-❛❧✮✳ ▲❡ +♣❡❝-)❡ ❋❲▼ ♣❡✉- C-)❡ )❡-)♦✉✈* M ♣❛)-✐)

❞❡ ❧❛ ❝❛)-❡ ✷❉ ❡♥ ✐♥-*❣)❛♥- +❡❧♦♥ ❧✬❛①❡ ✈❡)-✐❝❛❧✳ ❯♥ +♣❡❝-)❡ ✷❉✲❋❲▼ ♣❡)♠❡- ❞❡ ❞*-❡❝-❡) ❧❡+

❝♦✉♣❧❛❣❡+ ❝♦❤*)❡♥-+ ❡♥-)❡ ❞✐✛*)❡♥-❡+ -)❛♥+✐-✐♦♥+✱ ❧❡+4✉❡❧+ ❛♣♣❛)❛✐++❡♥- ❝♦♠♠❡ ❞❡+ ♣✐❝+ ❤♦)+

❞✐❛❣♦♥❛✉①✱ ✐✳❡ ω1 6= ω✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ +♣❡❝-)❡ ✷❉ )*❛❧✐+* ❛✈❡❝ ❧❛ ❇◗ ❞❡ ❧❛ ✜❣✉)❡ ✹✳✼✱ ♠❛✐+

❛✈❡❝ ✉♥❡ ♣✉✐++❛♥❝❡ ❞✬❡①❝✐-❛-✐♦♥ ♣❧✉+ *❧❡✈*❡✱ ❡+- ✐❧❧✉+-)* +✉) ❧❛ ✜❣✉)❡ ✹✳✾✳ ❈♦♥❝❡♥-)♦♥+✲♥♦✉+

❞❛♥+ ✉♥ ♣)❡♠✐❡) -❡♠♣+ +✉) ❧❡+ ❝♦♠♣❧❡①❡+ ❞✬❡①❝✐-♦♥+ ♥❡✉-)❡+✳ ▲❡+ ❞❡✉① ♣✐❝+ +✉) ❧❛ ❞✐❛❣♦♥❛❧❡

M ✶✸✻✼✳✺ ♠❡❱ ❡- ✶✸✻✹✳✺ ♠❡❱ ❝♦))❡+♣♦♥❞❡♥- )❡+♣❡❝-✐✈❡♠❡♥- ❛✉① -)❛♥+✐-✐♦♥+ GX ❡- XB
4✉❡ ❧✬♦♥ ❛ ✐❞❡♥-✐✜*❡+ +✉) ❧❛ ✜❣✉)❡ ✹✳✼✳ ❆ ♣❛)-✐) ❞❡+ ❞②♥❛♠✐4✉❡+ -❡♠♣♦)❡❧❧❡+ ♣)*+❡♥-*❡+

+✉) ❧❛ ✜❣✉)❡ ✹✳✼ ✭❝✮✱ ♥♦✉+ ❛✈♦♥+ ✈✉ 4✉❡ ❧❡ +✐❣♥❛❧ ❋❲▼ ❞❡ ❧❛ -)❛♥+✐-✐♦♥ XB ❡+- ❛✛❡❝-*

♣❛) ❧❡ ❜❛--❡♠❡♥- 4✉❛♥-✐4✉❡ ✐♥❞✉✐- ♣❛) ❧✬*♥❡)❣✐❡ ❞❡ ❧✐❛✐+♦♥ ❞✉ ❜✐❡①❝✐-♦♥✳ ❙✉) ❧❛ ❝❛)-❡ ✷❉✲

❋❲▼✱ ❝❡ ❜❛--❡♠❡♥- +❡ -)❛❞✉✐- ♣❛) ✉♥ ♣✐❝ ❤♦)+ ❞✐❛❣♦♥❛❧ M ❧✬*♥❡)❣✐❡ ❞❡ ❧✬❡①❝✐-♦♥ ❡- ❞✉

❜✐❡①❝✐-♦♥✱ ✐✳❡✳ ω = 1364.5 ♠❡❱ ❡- ω1 = 1367.5 ♠❡❱✳ ❈❡ ♣✐❝ ❤♦)+ ❞✐❛❣♦♥❛❧ ❝♦))❡+♣♦♥❞ ❛✉

❝♦✉♣❧❛❣❡ ❝♦❤*)❡♥- ❡♥-)❡ ❧✬❡①❝✐-♦♥ ♥❡✉-)❡ X ❡- ❧❡ ❜✐❡①❝✐-♦♥ ♥❡✉-)❡ B✳ ❉❡✉① ❛✉-)❡+ ♣✐❝+ +♦♥-

*❣❛❧❡♠❡♥- ❝♦♥♥❡❝-*+ ❛✈❡❝ ❧❡ ❝♦♠♣❧❡①❡ ❡①❝✐-♦♥✐4✉❡ ♥❡✉-)❡✳ ❈❡+ ❞❡)♥✐❡)+ +♦♥- )❡❧✐*+ ♣❛) ❧❡+

-)❛✐-+ ♣♦✐♥-✐❧❧*+ ♦)❛♥❣❡+✳ ■❧+ ♣❡✉✈❡♥- ❝♦))❡+♣♦♥❞)❡ M ❞❡+ ❝♦♠♣❧❡①❡+ ❡①❝✐-♦♥✐4✉❡+ ❢♦)♠*+ ♣❛)

✉♥ *❧❡❝-)♦♥ ♦✉ ✉♥ -)♦✉ +✉) ❧❛ ❝♦✉❝❤❡ P ✱ ♦✉ M ❞✬❛✉-)❡+ ❇◗+ ❝♦✉♣❧*❡+✳

?♦✉) ❧❡+ ❡①❝✐-♦♥+ ❝❤❛)❣*+✱ ♥♦✉+ ♦❜+❡)✈♦♥+ *❣❛❧❡♠❡♥- ❞❡+ ♣✐❝+ +✉) ❧❛ ❞✐❛❣♦♥❛❧❡✳ ▲❡ ♣✐❝

❧❡ ♣❧✉+ ✐♥-❡♥+❡ M ✶✸✻✹✳✽ ♠❡❱✱ 4✉✐ ❝♦))❡+♣♦♥❞ M ❧❛ -)❛♥+✐-✐♦♥ GX−
✱ ♥✬❡+- ♣❛+ ❝♦♥♥❡❝-* M

❞✬❛✉-)❡+ -)❛♥+✐-✐♦♥+ ✈✐❛ ❞❡+ ♣✐❝+ ❤♦)+ ❞✐❛❣♦♥❛✉①✳ ❈❡❝✐ ❝♦♥✜)♠❡ ❧✬❤②♣♦-❤N+❡ 4✉❡ G−
❡- X−

❢♦)♠❡♥- ✉♥ ✷LS✱ +❛♥+ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❧❡ ❜✐❡①❝✐-♦♥ ♥*❣❛-✐❢ B−
✳ ❙♦✉✈❡♥♦♥+ ♥♦✉+ 4✉❡ B−

❡+-
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❢♦$♠&❡ ♣❛$ *$♦✐, &❧❡❝*$♦♥,✱ ❞❡✉① ,✉$ ❧❛ ❝♦✉❝❤❡ S ❡* ✉♥ ,✉$ ❧❛ ❝♦✉❝❤❡ P ✱ ❡* ❞❡ ❞❡✉① *$♦✉, ,✉$

❧❛ ❝♦✉❝❤❡ S✱ ❝♦♠♠❡ $❡♣$&,❡♥*& ,✉$ ❧❛ ✜❣✉$❡ ✹✳✽ ✭❜✮✳ ❊♥ ♣$✐♥❝✐♣❡✱ ✐❧ ❡,* ♣♦,,✐❜❧❡ ❞✬❡①❝✐*❡$

❝❡**❡ *$❛♥,✐*✐♦♥ > ♣❛$*✐$ ❞✉ *$✐♦♥ X−
❡♥ ❡①❝✐*❛♥* ✉♥ ❡①❝✐*♦♥ ,✉$ ❧❛ ❝♦✉❝❤❡ P ✱ ♠❛✐, ❧✬&♥❡$❣✐❡

❞❡ ❧❛ ❝♦✉❝❤❡ P ❡,* *$♦♣ &❧♦✐❣♥&❡ ♣♦✉$ ?*$❡ ❡①❝✐*&❡ ♣❛$ ❧❡, ✐♠♣✉❧,✐♦♥, ❧❛,❡$✳
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❋✐❣✉$❡ ✹✳✾ ✕ ❈❛"#❡ ✷❉✲❋❲▼ ❞✬✉♥❡ ❇◗ 1 ✢✉❝#✉❛#✐♦♥ ❞❡ ❝❤❛"❣❡✳ ▲❡, ❞✐✛&$❡♥*,

❝♦✉♣❧❛❣❡, ❡♥*$❡ ❧❡, *$❛♥,✐*✐♦♥, ❡①❝✐*♦♥✐C✉❡, ,♦♥* $❡♣$&,❡♥*&, ♣❛$ ❞❡, *$❛✐*, ♣♦✐♥*✐❧❧&, ❜❧❛♥❝,✱

♦$❛♥❣❡, ❡* ✈❡$*,✳ ▲❛ ❞✐❛❣♦♥❛❧❡ ✭ω1 = ω✮ ❡,* $❡♣$&,❡♥*&❡ ♣❛$ ❞❡, *$❛✐*, ♣♦✐♥*✐❧❧&, ❥❛✉♥❡,✳

❊♥ $❡✈❛♥❝❤❡✱ ❧❡ ❜✐❡①❝✐*♦♥ ♥&❣❛*✐❢ B−
♣❡✉* ,❡ ❞&,✐♥*&❣$❡$ ♣❛$ $❡❝♦♠❜✐♥❛✐,♦♥ ❞❡ ❧✬❡①❝✐*♦♥

,✉$ ❧❛ ❝♦✉❝❤❡ S > *$❛✈❡$, ❧❡ *$✐♦♥ ❡①❝✐*& X−∗
S,T ❢♦$♠& ❞✬✉♥ &❧❡❝*$♦♥ ❡* ❞✬✉♥ *$♦✉ ,✉$ ❧❛ ❝♦✉❝❤❡

S ❡* ❞✬✉♥ &❧❡❝*$♦♥ ,✉$ ❧❛ ❝♦✉❝❤❡ P ✳ ❊♥ $❛✐,♦♥ ❞❡ ❧✬✐♥*❡$❛❝*✐♦♥ ❞✬&❝❤❛♥❣❡ ❡♥*$❡ ❧❡, &❧❡❝*$♦♥,✱

❧✬&♥❡$❣✐❡ ❞✉ *$✐♦♥ ❡①❝✐*& ,❡ ❞✐✈✐,❡ ❡♥ ❞❡✉① ♥✐✈❡❛✉① ❞✬&♥❡$❣✐❡✱ ❧✬&*❛* ,✐♥❣✉❧❡* X−∗
S ❡* ❧✬&*❛*

*$✐♣❧❡* X−∗
T ✱ ❧❡,C✉❡❧, ,♦♥* ,&♣❛$&, ♣❛$ C✉❡❧C✉❡, ♠❡❱ ❬✽✵✱ ✽✶❪✳ ➚ ♣❛$*✐$ ❞✉ *$✐♦♥ ❡①❝✐*&✱ ❧❛

$❡❝♦♠❜✐♥❛✐,♦♥ ❞❡ ❧✬❡①❝✐*♦♥ ,✉$ ❧❛ ❝♦✉❝❤❡ S ♣❡✉* ❛✈♦✐$ ❧✐❡✉✱ ♣♦✉$ ❛❜♦✉*✐$ > ❧✬&*❛* ❢♦♥❞❛♠❡♥*❛❧

❝❤❛$❣& ♥&❣❛*✐✈❡♠❡♥* G−∗
❝♦♠♣♦,& ❞✬✉♥ &❧❡❝*$♦♥ ,✉$ ❧❛ ❝♦✉❝❤❡ P ✳ ❯♥ *❡❧ ✸LS ♣❡✉* ❞♦♥♥❡$

❧✐❡✉ > ❞❡, ♣✐❝, ❤♦$, ❞✐❛❣♦♥❛✉① $❡✢&*❛♥* ❧❡, ❝♦✉♣❧❛❣❡, ❡♥*$❡ ❝❡, &*❛*,✳ ❙✉$ ❧❛ ❝❛$*❡ ✷❉ ❞❡ ❧❛

✜❣✉$❡ ✹✳✾✱ ♥♦✉, ♦❜,❡$✈♦♥, ❞❡✉① ♣✐❝, ,✉$ ❧❛ ❞✐❛❣♦♥❛❧❡ > ✶✸✻✼ ♠❡❱ ❡* ✶✸✻✻✳✺ ♠❡❱✱ ❝♦♥♥❡❝*&,

♣❛$ ❧❡, *$❛✐*, ♣♦✐♥*✐❧❧&, ✈❡$*, > ❞❡✉① ♣✐❝, ❤♦$, ❞✐❛❣♦♥❛✉①✳ ■❧ ❡,* *$V, ♣$♦❜❛❜❧❡ C✉❡ ❝❡, ♣✐❝,



❈❍❆#■❚❘❊ ✹✳ ❉❨◆❆▼■◗❯❊❙ ❊❚ ❈❖❯#▲❆●❊❙ ❈❖❍➱❘❊◆❚❙ ❉❊ ❈❖▼#▲❊❳❊❙

❊❳❈■❚❖◆■◗❯❊❙ ✾✺

❝♦$$❡&♣♦♥❞❡♥* + ❞❡& ❝♦♠♣❧❡①❡& ❡①❝✐*♦♥✐0✉❡& ❝❤❛$❣5&✱ ♣✉✐&0✉✬✐❧& ♥❡ &♦♥* ♣❛& ❝♦✉♣❧5& + ❞❡&

*$❛♥&✐*✐♦♥& ♥❡✉*$❡&✱ ❡* ✐❧& ♣♦✉$$❛✐❡♥* ❝♦$$❡&♣♦♥❞$❡ ❛✉① *$❛♥&✐*✐♦♥& &✐♥❣✉❧❡* ❡* *$✐♣❧❡* GX−∗
S,T✳

❚♦✉*❡❢♦✐&✱ ♠;♠❡ &✐ ❧❡& 5*❛*& ❝❤❛$❣5& ♣♦&✐*✐✈❡♠❡♥* &♦♥* *$=& ♣❡✉ ♣$♦❜❛❜❧❡& ❡♥ ♣$5&❡♥❝❡ ❞✉

❞♦♣❛❣❡ ♥5❣❛*✐❢✱ ♥♦✉& ♥❡ ♣♦✉✈♦♥& ❡①❝❧✉$❡ ❝❡**❡ ❤②♣♦*❤=&❡✱ ❧❛0✉❡❧❧❡ &❡$❛✐* ❡♥ ❛❝❝♦$❞ ❛✈❡❝ ❞❡

$5❝❡♥*❡& 5*✉❞❡& $5❛❧✐&5❡& ✈✐❛ ❧✬❡①❝✐*❛*✐♦♥ ❞❡ ♣❤♦*♦❧✉♠✐♥❡&❝❡♥❝❡ ✭A▲❊✮ ❬✺✺❪✳ A❛$ ❝♦♥&50✉❡♥*

♥♦✉& ♥♦✉& ❛❜&*❡♥♦♥& ❞✬✉♥❡ ❛**$✐❜✉*✐♦♥ ❞5✜♥✐*✐✈❡✳

✹✳✸✳✸ ❉$♣❡♥❞❛♥❝❡ ❞✉ ❝♦✉♣❧❛❣❡ ❡♥ ❢♦♥❝0✐♦♥ ❞❡ ❧❛ ♣✉✐22❛♥❝❡ ❞✬❡①❝✐0❛0✐♦♥
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❋✐❣✉$❡ ✹✳✶✵ ✕ ❈♦✉♣❧❛❣❡ ❝♦❤*+❡♥- ❡♥ ❢♦♥❝-✐♦♥ ❞❡ ❧✬❛✐+❡ ❞✬✐♠♣✉❧3✐♦♥✳ ❈❛$*❡& ✷❉✲

❋❲▼ ❞✬✉♥ &②&*=♠❡ ❡①❝✐*♦♥✲❜✐❡①❝✐*♦♥ ♣♦✉$ ✉♥❡ ❛✐$❡ ❞✬✐♠♣✉❧&✐♦♥ ♣♦♠♣❡ ✭❛✱❝✮ Θ1 = 0.1 π ❡*

✭❜✱❞✮ Θ1 = 0.45 π✳ ❍❛✉* ✿ ❞♦♥♥5❡& ❡①♣5$✐♠❡♥*❛❧❡&✳ ❇❛& ✿ &✐♠✉❧❛*✐♦♥& *❤5♦$✐0✉❡&✳ ▲✬❡♥❝❛❞$5

❞❛♥& ❧❛ ✜❣✉$❡ ✭❝✮ ♠♦♥*$❡ ❧❡ $❛*✐♦ ❞❡& ✐♥*❡♥&✐*5& ζ = IXB/IXB ❡♥*$❡ ❧❡ ♣✐❝ ❞✐❛❣♦♥❛❧ XB ❡*

❤♦$& ❞✐❛❣♦♥❛❧ XB ❀ ❝♦✉$❜❡ ❜❧❡✉❡ ✿ *❤5♦$✐❡ ❀ ♣♦✐♥*& ♦$❛♥❣❡& ✿ ❡①♣5$✐❡♥❝❡✳

A♦✉$ ❝♦♠♣❧5*❡$ ❝❡**❡ 5*✉❞❡✱ ♥♦✉& ❛✈♦♥& ❛♥❛❧②&5 ❧❛ ❞5♣❡♥❞❛♥❝❡ ❞✉ ❝♦✉♣❧❛❣❡ ❝♦❤5$❡♥*

❡①❝✐*♦♥✲❜✐❡①❝✐*♦♥ ❛✈❡❝ ❧✬❛✐$❡ ❞❡& ✐♠♣✉❧&✐♦♥&✳ ▲❡& ❝♦♥*$✐❜✉*✐♦♥& ❋❲▼ ❞✬♦$❞$❡ &✉♣5$✐❡✉$✱ ❡*

❞♦♥❝ ❧❡& ❜❛**❡♠❡♥*&✱ &♦♥* &✉♣♣$✐♠5& + ❜❛&&❡ ♣✉✐&&❛♥❝❡ ❞✬❡①❝✐*❛*✐♦♥✳ A❛$ ❝♦♥&50✉❡♥*✱ ❧✬✐♥✲

*❡♥&✐*5 ❞❡& ♣✐❝& ❞5♣❡♥❞ ❢♦$*❡♠❡♥* ❞❡ ❧❛ ♣✉✐&&❛♥❝❡ ❞✬❡①❝✐*❛*✐♦♥✳ ❈❡* ❡✛❡* ❡&* ✐❧❧✉&*$5 &✉$ ❧❛

✜❣✉$❡ ✹✳✶✵✱ 0✉✐ ♣$5&❡♥*❡ ❧❡& &♣❡❝*$❡& ✷❉✲❋❲▼ ❞✬✉♥ &②&*=♠❡ GXB ♣♦✉$ ❞❡✉① ❛✐$❡& ❞✬✐♠✲

♣✉❧&✐♦♥ ♣♦♠♣❡ ❞❡ Θ1 = 0.1 π ❡* Θ1 = 0.45 π ✭Θ2 = 2Θ1✮✳ ▲❡& ♠❡&✉$❡& ❡①♣5$✐♠❡♥*❛❧❡&



✾✻ ✹✳✹✳ ❈❖◆❈▲❯❙■❖◆

♣#$%❡♥($❡% %✉# ❧❡% ✜❣✉#❡% ✹✳✶✵ ✭❛✱❜✮ %♦♥( ♣❛#❢❛✐(❡♠❡♥( #❡♣#♦❞✉✐(❡% ♣❛# ❞❡% ❝❛❧❝✉❧% (❤$♦#✐=✉❡%

✐❧❧✉%(#$% %✉# ❧❡% ✜❣✉#❡% ✹✳✶✵ ✭❝✱❞✮✳ ➚ ❢❛✐❜❧❡ ♣✉✐%%❛♥❝❡ ✭Θ1 = 0.1 π✮✱ ♦♥ ♦❜%❡#✈❡ ❝❧❛✐#❡♠❡♥( ❧❡

♣✐❝ ❞✐❛❣♦♥❛❧ GX✳ @❛# ❛✐❧❧❡✉#%✱ ❧❡ ♣✐❝ ❤♦#% ❞✐❛❣♦♥❛❧ XB ❛♣♣❛#❛A( ❝❧❛✐#❡♠❡♥(✱ (❛♥❞✐% =✉❡ ❧❡

♣✐❝ ❞✐❛❣♦♥❛❧ XB ♥✬❡%( ♣❛% ✈✐%✐❜❧❡✳ ❊♥ ❡✛❡(✱ ❧❛ ❝♦❤$#❡♥❝❡ ρXB ♥✬❡%( ♣❛% ❡①❝✐($❡ =✉❛♥❞ Θ1 ❡%(

♣❡(✐(✳ ◆$❛♥♠♦✐♥% ❧✬❛✐#❡ ❞❡ ❧✬✐♠♣✉❧%✐♦♥ %♦♥❞❡✱ ❞❡✉① ❢♦✐% ♣❧✉% ❣#❛♥❞❡ =✉❡ ❝❡❧❧❡ ❞❡ ❧❛ ♣♦♠♣❡✱

❡①❝✐(❡ G ❧❛ ❢♦✐% ρGX ❡( ρXB✱ ❡( ♣❛# ❝♦♥%$=✉❡♥( ❧❡ ♣✐❝ ❤♦#% ❞✐❛❣♦♥❛❧ XB✱ =✉✐ ❝♦##❡%♣♦♥❞ ❛✉①

✐♥(❡#❢$#❡♥❝❡% ❡♥(#❡ ❧❡% ❞❡✉① (#❛♥%✐(✐♦♥%✱ ❡%( ✈✐%✐❜❧❡✳ @#♦❝❤❡ ❞❡ π/2 ✭Θ1 = 0.45 π✮✱ ❧✬✐♥(❡♥%✐($
❞✉ ♣✐❝ ❤♦#% ❞✐❛❣♦♥❛❧ XB ❞❡✈✐❡♥( ♣❧✉% ❢❛✐❜❧❡✱ (❛♥❞✐% =✉❡ ❧❡ ♣✐❝ ❞✐❛❣♦♥❛❧ XB %✬✐♥(❡♥%✐✜❡✳

▲✬❡♥❝❛❞#$ ❞❛♥% ❧❛ ✜❣✉#❡ ✹✳✶✵ ✭❝✮ ♠♦♥(#❡ ❧❡ #❛(✐♦ ❞❡% ✐♥(❡♥%✐($% ζ = IXB/IXB ❡♥(#❡ ❧❡ ♣✐❝

❞✐❛❣♦♥❛❧ XB ❡( ❤♦#% ❞✐❛❣♦♥❛❧ XB✱ ❧❡=✉❡❧ ❛✉❣♠❡♥(❡ ❛✈❡❝ Θ1✳

❚♦✉% ❝❡% #$%✉❧(❛(% ♠♦♥(#❡♥( ❧❛ #✐❝❤❡%%❡ ❞❡% ✐♥❢♦#♠❛(✐♦♥% ❝♦♥(❡♥✉❡% ❞❛♥% ❧❡% %♣❡❝(#❡% ✷❉✲

❋❲▼ ❝❛❝❤$❡% ❞❛♥% ❧❡% %♣❡❝(#❡% ✶❉✳ ❈❡% %♣❡❝(#❡% ✷❉ ♣❡#♠❡((❡♥( ❞✬✐❞❡♥(✐✜❡# #❛♣✐❞❡♠❡♥(

✭♠♦✐♥% ❞❡ ✸✵ ♠✐♥✉(❡%✮ ❞❡% ❝♦♠♣❧❡①❡% ❡①❝✐(♦♥✐=✉❡% ❞❡ ♠❛♥✐R#❡ (#R% ❡✣❝❛❝❡✳

✹✳✹ ❈♦♥❝❧✉(✐♦♥

❉❛♥% ❝❡ ❝❤❛♣✐(#❡✱ ♥♦✉% ❛✈♦♥% ♣#$%❡♥($ ✉♥❡ $(✉❞❡✱ ❝♦♠❜✐♥❛♥( ❡①♣$#✐❡♥❝❡ ❡( (❤$♦#✐❡✱ ♣♦✉#

❡①♣❧✐=✉❡# ❧❡% ♠$❝❛♥✐%♠❡% ❞❡ ❝♦✉♣❧❛❣❡ ❝♦❤$#❡♥( ❡♥(#❡ ❡①❝✐(♦♥%✳ ▲❡% ♠❡%✉#❡% ❡①♣$#✐♠❡♥(❛❧❡%

%♦♥( ♣❛#❢❛✐(❡♠❡♥( #❡♣#♦❞✉✐(❡% ♣❛# ❧❡% $=✉❛(✐♦♥% ❞❡ ❇❧♦❝❤ ♦♣(✐=✉❡% ❛♣♣❧✐=✉$❡% G ✉♥ %②%✲

(R♠❡ ❡①❝✐(♦♥✲❜✐❡①❝✐(♦♥✱ ✐♥❝❧✉❛♥( ❧✬$♥❡#❣✐❡ ❞❡ %(#✉❝(✉#❡ ✜♥❡ ❞❡ ❧✬❡①❝✐(♦♥ δ ❡( ❧✬$♥❡#❣✐❡ ❞❡

❧✐❛✐%♦♥ ❞✉ ❜✐❡①❝✐(♦♥ ∆b✳ ❈❡% ❞❡✉① $♥❡#❣✐❡% ❞♦♥♥❡♥( ❧✐❡✉ G ❞❡% ❜❛((❡♠❡♥(% (❡♠♣♦#❡❧% ❞✉

%✐❣♥❛❧ ❋❲▼✱ ♣❡#♠❡((❛♥( ❞❡ ♠❡%✉#❡# (#R% ♣#$❝✐%$♠❡♥( ❧✬$❝❛#( ❡♥(#❡ ❧❡% ❞✐✛$#❡♥(% ♥✐✈❡❛✉①
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♥♦✉% ❞)♠♦♥&'♦♥% ❞❛♥% ❝❡ ❝❤❛♣✐&'❡ ❧❛ ♣♦%%✐❜✐❧✐&) ❞✬❡①&'❛✐'❡ ❡& ❞❡ ♠❛♥✐♣✉❧❡' ❧❛ ')♣♦♥%❡ ❝♦✲

❤)'❡♥&❡ ❞✬✉♥ ❡①❝✐&♦♥ ✉♥✐4✉❡ ❡♥ &'❛♥%❢)'❛♥& ❧❡ %✐❣♥❛❧ ❋❲▼ ✈❡'% ❝❡❧✉✐ ❞❡ ❙❲▼✳ ❈❡ ♥♦✉✈❡❛✉

♣'♦&♦❝♦❧❡ ❞❡ ❝♦♥&'2❧❡ ♦♣&✐4✉❡ ✉❧&'❛✲'❛♣✐❞❡ ❞❡ ❧❛ ')♣♦♥%❡ ♥♦♥✲❧✐♥)❛✐'❡ ❞✬✉♥ )♠❡&&❡✉' ✉♥✐4✉❡

♣❡✉& %✬❛♣♣❧✐4✉❡' ? ✉♥❡ ❣'❛♥❞❡ ✈❛'✐)&) ❞❡ %②%&,♠❡% 4✉❛♥&✐4✉❡% ❝♦✉♣❧)% ? ❧❛ ❧✉♠✐,'❡✳ ▲❡% ✐♥&❡'✲

❢)'❡♥❝❡% ♣'♦❞✉✐&❡% ❡♥&'❡ ❧❡% ❞❡✉① ♣♦❧❛'✐%❛&✐♦♥% ♥♦♥✲❧✐♥)❛✐'❡% %❡ &'❛❞✉✐%❡♥& ♣❛' ❧❡ ❢❛W♦♥♥❛❣❡

❞❡ ❧❛ ')♣♦♥%❡ %♣❡❝&'♦✲&❡♠♣♦'❡❧❧❡ ❞✉ %✐❣♥❛❧ ❋❲▼ ❞❡ ❧✬)♠❡&&❡✉'✳ ❈❡ &②♣❡ ❞✬✐♥&❡'❢)'❡♥❝❡%✱ ❣)✲

♥)')❡% ♣❛' ❧❛ ❝♦❡①✐%&❡♥❝❡ ❞❡% ♣♦❧❛'✐%❛&✐♦♥% ♥♦♥✲❧✐♥)❛✐'❡% ❞❡ &'♦✐%✐,♠❡ ❡& ❝✐♥4✉✐,♠❡ ♦'❞'❡✱ ❛

)&) ♦❜%❡'✈) ❡♥ ♣❤②%✐4✉❡ ❛&♦♠✐4✉❡ ❬✾✺✱ ✾✻✱ ✾✼✱ ✾✽✱ ✾✾❪✱ ❛✐♥%✐ 4✉✬❡♥ ♣❤②%✐4✉❡ ❞✉ %♦❧✐❞❡ ♣♦✉' ❡①✲

♣❧♦'❡' ❧❡% ❝♦'')❧❛&✐♦♥% 4✉❛♥&✐4✉❡% ? ♣❧✉%✐❡✉'% ♣❛'&✐❝✉❧❡% ❞❛♥% ❞❡% ♣✉✐&% 4✉❛♥&✐4✉❡% ❬✶✵✵✱ ✶✵✶❪

❡&✱ ♣❧✉% ')❝❡♠♠❡♥&✱ ♣♦✉' ♠❡%✉'❡' ❧❡% ❞②♥❛♠✐4✉❡% ♥♦♥✲▼❛'❦♦✈✐❡♥♥❡ ❞❛♥% ❞❡% ❡♥%❡♠❜❧❡% ❞❡

❇◗% ❬✶✵✷✱ ✶✵✸❪✳

qubit #1 qubit #2 

Optical quantum network 

wh wh wh

0

1

0

1

❋✐❣✉$❡ ✺✳✶ ✕ ❙❝❤)♠❛ ❞✬✉♥ ')%❡❛✉ 4✉❛♥&✐4✉❡ ♦♣&✐4✉❡ ❝♦♠♣♦%) ❞❡ ❞❡✉①  ✉❜✐$%✳

✺✳✷ -&♦%♦❝♦❧❡ ❞❡ ❝♦♥✈❡&1✐♦♥ ❋❲▼✴❙❲▼

✺✳✷✳✶ ▼♦❞'❧❡ ❛♥❛❧②-✐/✉❡

❉❛♥% ❝❡&&❡ ♣❛'&✐❡✱ ♥♦✉% ❝❛❧❝✉❧♦♥% ❧❡% ')♣♦♥%❡% ♥♦♥✲❧✐♥)❛✐'❡% ❋❲▼ ❡& ❙❲▼ ❞✬✉♥ ✷LS
❢♦'♠) ♣❛' ✉♥ )&❛& ❢♦♥❞❛♠❡♥&❛❧ |0〉 ❡& ✉♥ )&❛& ❡①❝✐&) |1〉✳ ▲❡ ♠♦❞,❧❡ ✉&✐❧✐%) &'❛✐&❡ ❞❡ ♠❛♥✐,'❡

❣❧♦❜❛❧❡ ❧✬✐♥&❡'❛❝&✐♦♥ ❞✬✉♥ ✷LS ❛✈❡❝ ✉♥ ❝❤❛♠♣ ♦♣&✐4✉❡✱ ❡♥ &❡♥❛♥& ❝♦♠♣&❡ ❞❡ &♦✉% ❧❡% ♦'❞'❡%

❞✬❡①❝✐&❛&✐♦♥ ❞✉ ❝❤❛♠♣ ❡& ♣❛% %❡✉❧❡♠❡♥& ❞❡% ♦'❞'❡% &'♦✐% ❡& ❝✐♥4 ❝♦♠♠❡ ❝✬❡%& ❧❡ ❝❛% ♣♦✉' ❞❡%

')❣✐♠❡% ❞❡ ❢❛✐❜❧❡ ✐♥&❡♥%✐&) ✭❋✳ ❋'❛%✱ ■♥%&✐&✉& ◆)❡❧✱ ❈◆❘❙✮✳ ▲✬❍❛♠✐❧&♦♥✐❡♥ %❡♠✐✲❝❧❛%%✐4✉❡

❞)❝'✐✈❛♥& ❧✬✐♥&❡'❛❝&✐♦♥ ❞✬✉♥ ✷LS ❛✈❡❝ &'♦✐% ❝❤❛♠♣% ❡①❝✐&❛&❡✉'% ❡%& ❞♦♥♥) ♣❛' H = H0+HI ✱

&❡❧% 4✉❡ ✿

H0 = ~ω0|1〉〈1|, ✭✺✳✶❛✮

HI =
3
∑

i=1

µEi(t)ei(ω0(t−τi)+φi)|0〉〈1|+ ❝✳❝✳, ✭✺✳✶❜✮

♦b ω0 ❝♦''❡%♣♦♥❞ ? ❧❛ ❢')4✉❡♥❝❡ ♦♣&✐4✉❡ ❞✉ ✷LS✱ µ ❡%& ❧❡ ❞✐♣2❧❡ )❧❡❝&'✐4✉❡ ❞❡ ❧❛ ❇◗✱

Ei(t) ❞)&❡'♠✐♥❡ ❧✬❛♠♣❧✐&✉❞❡ ❞✉ ❝❤❛♠♣ )❧❡❝&'✐4✉❡ ❡✛❡❝&✐❢ ♣♦✉' ❧✬✐♠♣✉❧%✐♦♥ i ? ❧❛ ♣♦%✐&✐♦♥
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❖◆❉❊❙ ❉✬❯◆❊ ❇❖❰❚❊ ◗❯❆◆❚■◗❯❊ ❯◆■◗❯❊ ✾✾

❞❡ ❧❛ ❇◗✱ τi (❡♣(*+❡♥-❡ ❧❡ -❡♠♣+ ❞✬❛((✐✈*❡ ❞❡ ❧✬✐♠♣✉❧+✐♦♥ i 4 ❧❛ ♣♦+✐-✐♦♥ ❞❡ ❧❛ ❇◗ ❡- φi
❝♦((❡+♣♦♥❞ 4 ❧❛ ♣❤❛+❡ ❛❞❞✐-✐♦♥♥❡❧❧❡ ✐♥❞✉✐-❡ ♣❛( ❧❡+ ❆❖▼ ❞✬❤*-*(♦❞②♥❛❣❡ ♦♣-✐<✉❡✳ ❊♥ ♣❧✉+

❞❡ ❧✬*✈♦❧✉-✐♦♥ ❣♦✉✈❡(♥*❡ ♣❛( ❧✬❍❛♠✐❧-♦♥✐❡♥ H✱ ♥♦✉+ ✉-✐❧✐+♦♥+ ❧❡ ❢♦(♠❛❧✐+♠❡ ❞❡ ❧❛ ♠❛-(✐❝❡

❞❡♥+✐-* ♣♦✉( ❞*❝(✐(❡ ❧❡+ ❡✛❡-+ ❞✐++✐♣❛-✐❢+ ❞❡ ❧✬❡♥✈✐(♦♥♥❡♠❡♥- +♦❧✐❞❡ +✉( ❧❛ (*♣♦♥+❡ ❝♦❤*(❡♥-❡

❞✉ ✷LS✳ ▲❛ ❞✉(*❡ ❞❡+ ✐♠♣✉❧+✐♦♥+ *-❛♥- +✉✣+❛♠♠❡♥- ❝♦✉(-❡ ♣❛( (❛♣♣♦(- ❛✉① ♣(♦❝❡++✉+ ❞❡

(❡❧❛①❛-✐♦♥✱ ♥♦✉+ ❛++✉♠♦♥+ ❧✬❤②♣♦-❤F+❡ ❞✬✉♥❡ ❡①❝✐-❛-✐♦♥ ✐♥+-❛♥-❛♥*❡✱ ✐✳❡✳ Ei(t) = Eiδ(t−τi)✱
♥♦✉+ ♣❡(♠❡--❛♥- ❞❡ ♥*❣❧✐❣❡( ❧✬✐♥-❡(❛❝-✐♦♥ ❞✉ ✷LS ❛✈❡❝ ❧✬❡♥✈✐(♦♥♥❡♠❡♥- ❞✉(❛♥- ❧✬❡①❝✐-❛-✐♦♥✳

❙♦✉+ ❝❡--❡ ❤②♣♦-❤F+❡✱ ❧✬*✈♦❧✉-✐♦♥ ❞❡ ❧❛ ♠❛-(✐❝❡ ❞❡♥+✐-* ❛♣(F+ ✉♥❡ +*(✐❡ ❞✬✐♠♣✉❧+✐♦♥+ ❡+-

♦❜-❡♥✉❡ ❛♥❛❧②-✐<✉❡♠❡♥- ❬✶✵✹✱ ✶✵✺❪ +❡❧♦♥ ❧❛ -(❛♥+❢♦(♠❛-✐♦♥ ✉♥✐-❛✐(❡ U(Θ) ✿

ρ(τ+i ) = U(Θi)ρ(τ
−
i )U(Θi)

†, ✭✺✳✷❛✮

U(Θi) = cos
Θi

2
[|0〉〈0|+ |1〉〈1|]− i sin

Θi

2

[

|0〉〈1|ei(φi−ω0τi) + c.c.
]

, ✭✺✳✷❜✮

♦R τ
−(+)
i ❞*+✐❣♥❡ ❧❡ -❡♠♣+ ❥✉+-❡ ❛✈❛♥- ✭❛♣(F+✮ ❧✬✐♠♣✉❧+✐♦♥ i✱ ❡- Θi =

∫

dtµ|Ei(t)|/~ ∼√
Pi ❡+- ❧✬❛✐(❡ ❞❡+ ✐♠♣✉❧+✐♦♥+✳ ❉✉(❛♥- ❧❡ ❞*❧❛✐ τi ❡♥-(❡ ❧❡+ ✐♠♣✉❧+✐♦♥+✱ ❧❡ ✷LS (❡❧❛①❡ ♣♦✲

♣✉❧❛-✐♦♥ ❡- ♣♦❧❛(✐+❛-✐♦♥✳ ❉❛♥+ ❧❛ ❧✐♠✐-❡ ▼❛(❦♦✈✐❡♥♥❡✱ ❧✬*✈♦❧✉-✐♦♥ ❞❡ ❧❛ ♠❛-(✐❝❡ ❞❡♥+✐-* ❡+-

❞♦♥♥*❡ ♣❛( ❧✬*<✉❛-✐♦♥ ♠❛W-(❡++❡ ❞❡ ▲✐♥❞❜❧❛❞ ✿

ρ̇ = − i

~
[H0, ρ] + L(ρ) ✭✺✳✸✮

♦R L ❡+- ❧❡ +✉♣❡(✲♦♣*(❛-❡✉( ❞❡ ❞✐++✐♣❛-✐♦♥✳ ■❧ ♣(❡♥❞ ❡♥ ❝♦♠♣-❡ ❧❛ ❞✐++✐♣❛-✐♦♥ ❞✬*♥❡(❣✐❡

❞✉❡ 4 ❧✬*♠✐++✐♦♥ +♣♦♥-❛♥*❡ ❡- ❛✉① ♣(♦❝❡++✉+ ❞❡ ❞*♣❤❛+❛❣❡ ♣✉(✳ ❖♥ ♥♦-❡ γ1 ❡- γ
∗
2 ❧❡+ -❛✉① ❞❡

❝❡+ ❞❡✉① ♣(♦❝❡++✉+ ❞❡ (❡❧❛①❛-✐♦♥✳ ▲❛ ❞✐✛✉+✐♦♥ +♣❡❝-(❛❧❡ *-❛♥- ❢❛✐❜❧❡ ♣♦✉( ❧❡+ ❇◗+ ♠❡+✉(*❡+

✭❝❢ ✜❣✉(❡ ✺✳✸ ✭❝✮✮✱ ♥♦✉+ ♥*❣❧✐❣❡♦♥+ ❧❡ ❞*♣❤❛+❛❣❡ ✐♥❤♦♠♦❣F♥❡✳ [❛( ❝♦♥+*<✉❡♥- L +✬*❝(✐- +♦✉+

❧❛ ❢♦(♠❡ +✉✐✈❛♥-❡ ✿

L(ρ) = γ1[CρC
† − 1

2

{

C†C, ρ
}

+
] +

1

2
γ∗2

[

DρD − 1

2

{

D2, ρ
}

+

]

✭✺✳✹✮

♦R C = |1〉〈0| ❡- D = |1〉〈1| − |0〉〈0|✳ ▲❛ (*+♦❧✉-✐♦♥ ❞❡ ❧✬*<✉❛-✐♦♥ ✺✳✸ ❞♦♥♥❡ ❛❝❝F+ 4

❧✬❡♥+❡♠❜❧❡ ❞❡+ ❞②♥❛♠✐<✉❡+ ❞❡+ ♣♦♣✉❧❛-✐♦♥+ ❡- ❞❡+ ❝♦❤*(❡♥❝❡+ ❞✉ ✷LS ♣♦✉( ❝❤❛<✉❡ ♦(❞(❡

❞✬❡①❝✐-❛-✐♦♥✳ ▲❡+ ♣♦❧❛(✐+❛-✐♦♥+ ♥♦♥✲❧✐♥*❛✐(❡+ +♦♥- ✐❞❡♥-✐✜*❡+ ♣❛( ❧❡✉(+ ❢❛❝-❡✉(+ ❞❡ ♣❤❛+❡

eiφn
✱ ♦R ❧❛ ♣❤❛+❡ φn ❡+- ❧❡ (*+✉❧-❛- ❞❡ ❧❛ ❝♦♠❜✐♥❛✐+♦♥ ❧✐♥*❛✐(❡ ❞❡+ ♣❤❛+❡+ ❞❡+ ✐♠♣✉❧+✐♦♥+

❡①❝✐-❛-(✐❝❡+ +✉❝❝❡++✐✈❡+ -❡❧❧❡ <✉❡ φn =
∑

i aiφi ❛✈❡❝ ai ∈ Z3
✳ [♦✉( ❝❡--❡ ❡①♣*(✐❡♥❝❡✱ ♥♦✉+

+*❧❡❝-✐♦♥♥♦♥+ ❧❡+ ♣♦❧❛(✐+❛-✐♦♥+ ♥♦♥✲❧✐♥*❛✐(❡+ +✉✐✈❛♥-❡+ ✿

Pd
FWM(t) ∝ sinΘ1 sin

2 Θ2

2

(

H(t)− sin2
Θ3

2
H(t− τ23)

)

e−tγ2ei(ω0(t−τ12)+φd
FWM

)
✭✺✳✺❛✮

Pnd
FWM(t) ∝ sinΘ1 sinΘ2 sinΘ3H(t− τ23)e

−(t−τ23+τ12)γ2−τ23γ1ei(ω0(t−τ23+τ12)+φnd
FWM

)

✭✺✳✺❜✮

Pd
SWM(t) ∝ sinΘ1 sin

2 Θ2

2
sin2

Θ3

2
H(t− τ23)e

−tγ2ei(ω0(t−2τ23+τ12)+φd
SWM

)
✭✺✳✺❝✮

❛✈❡❝ ✿

φdFWM = 2φ2 − φ1 ✭✺✳✻✮

φndFWM = φ3 + φ2 − φ1 ✭✺✳✼✮

φdSWM = 2φ3 − 2φ2 + φ1 ✭✺✳✽✮



H(t) γ2 = γ1/2 + γ∗2
(τ1, τ2, τ3) = (−τ12, 0, τ23) τij = τj−τi τ12 > 0 τ23 > 0

(Θ1,Θ2,Θ3) =
(π/2, π, 0)

Pd
FWM(ω) ∝ sinΘ1 sin

2 Θ2

2

e−τ12γ2
(

1− sin2 Θ3

2 e
τ23(i∆ω−γ2)

)

√
2π(γ2 − i∆ω)

Pnd
FWM(ω) ∝ sinΘ1 sinΘ2 sinΘ3

e−τ12γ2−τ23γ1
√
2π(γ2 − i∆ω)

Pd
SWM(ω) ∝ sinΘ1 sin

2 Θ2

2
sin2

Θ3

2

e−(τ12+τ23)γ2
√
2π(γ2 − i∆ω)

∆ω = ω0 − ω φn

t = 0 real time  

SWM polar. 

2Ω
3 

- 2Ω
2 

+ Ω
1
 

FWM polar.  

2Ω
2 

- Ω
1
 

),( 12/

1

Wp

e
),( 2

2

Wp

e
),( 3

3

Wp

e

12t 23t

1st polar. 

Ω
1
 

ε
3

2φ3-2φ2+φ1

ε
3

ε
1

ε
2

2φ2-φ1

E1 E2 t = −τ12
t = 0 (Θ1,Θ2) = (π/2, π) τ23

E3 t = τ23
Θ3 = π
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7✉❡$(✐♦♥ ❞❛♥$ ❝❡ ❝❤❛♣✐(%❡✳ ❊❧❧❡$ ✐❧❧✉$(%❡♥( ❡①♣❧✐❝✐(❡♠❡♥( ❧❡$ ❞②♥❛♠✐7✉❡$ (❡♠♣♦%❡❧❧❡$ ❞✉ ✷LS
✐♥❞✉✐(❡$ ♣❛% ❧❛ (%♦✐$✐=♠❡ ✐♠♣✉❧$✐♦♥✱ 7✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡%❛ ❧✬✐♠♣✉❧$✐♦♥ ❞❡ ❝♦♥(%5❧❡✱ 7✉✐ ♣❡%♠❡(

❞❡ ❝♦♥✈❡%(✐% ❧❡ $✐❣♥❛❧ ❋❲▼ ✈❡%$ ❧❡ $✐❣♥❛❧ ❙❲▼✳ ❈❡((❡ ❝♦♥✈❡%$✐♦♥ ❡$( ✉♥✐7✉❡♠❡♥( ❣♦✉✈❡%♥/❡

♣❛% ❧✬❛✐%❡ ❞❡ ❧✬✐♠♣✉❧$✐♦♥Θ3 ❡( ❧❡ ❞/❧❛✐ τ23✳ ❘/❝✐♣%♦7✉❡♠❡♥(✱ ❝❡$ ❞❡✉① ♣❛%❛♠=(%❡$ ♣❡%♠❡((❡♥(

❞❡ ❢❛G♦♥♥❡% ❧❛ %/♣♦♥$❡ $♣❡❝(%❛❧❡ ❞✉ $✐❣♥❛❧ ❋❲▼✱ ❝♦♠♠❡ ❧❡ ♠♦♥(%❡ ❧❡$ /7✉❛(✐♦♥$ ✺✳✾✳

▲❛ ✜❣✉%❡ ✺✳✷ ✐❧❧✉$(%❡ ❧✬/✈♦❧✉(✐♦♥ (❡♠♣♦%❡❧❧❡ ❞❡$ ♣♦❧❛%✐$❛(✐♦♥$ ♥♦♥✲❧✐♥/❛✐%❡$ ❋❲▼ ❡(
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❝❤❛♣✐()❡ ✹✮✳ ❈❡ ()✐♦♥ ❡1( 1❡♥1✐❜❧❡ 4 ❧❛ ❞✐✛✉1✐♦♥ 1♣❡❝()❛❧❡ ✭9❝❤♦ ❞❡ ♣❤♦(♦♥ )91✐❞✉❡❧✮✳ ❊♥

✜①❛♥( T2 = 2T1✱ ♥♦✉1 ()♦✉✈♦♥1 ✉♥❡ ❧❛)❣❡✉) ✐♥❤♦♠♦❣A♥❡ σ = 3± 1 µeV ✭❝❢ ❝❤❛♣✐()❡ ✸✮✳

❋✐❣✉$❡ ✺✳✸ ✕ ■❞❡♥$✐✜❝❛$✐♦♥ ❡$ ❝❛*❛❝$+*✐,❛$✐♦♥ ❞✬✉♥ $*✐♦♥ ✉♥✐/✉❡ ♣♦✉* ❧✬❡①♣+✲

*✐❡♥❝❡ ❞❡ ❝♦♥$*4❧❡ ❝♦❤+*❡♥$✳ ✭❛✮ ■♥(❡)❢9)❡♥❝❡1 1♣❡❝()❛❧❡1 ❞✬✉♥ ()✐♦♥ ✉♥✐H✉❡ ♠❡1✉)9❡1

❛✉① ❢)9H✉❡♥❝❡1 ❤9(9)♦❞②♥❡1 2Ω2 − Ω1 ✭❤❛✉(✮ ❡( 2Ω3 − 2Ω2 + Ω1 ✭❜❛1✮✳ ◆♦(♦♥1 H✉❡ ❧❡1

❞❡✉① ✐♥(❡)❢9)♦❣)❛♠♠❡1 1♦♥( ♦❜(❡♥✉1 ♣♦✉) ❧❡ ♠K♠❡ (❡♠♣1 ❞✬✐♥(9❣)❛(✐♦♥ ✭✷✵ 1❡❝♦♥❞❡1✮✳ ▲❡

1♣❡❝()❡ ❞✬❡①❝✐(❛(✐♦♥ ❡1( )❡♣)91❡♥(9 ♣❛) ❧❡1 ()❛✐(1 ♣♦✐♥(✐❧❧91 ❜❧❡✉1✳ ✭❜✮ ■♠❛❣❡ ❤②♣❡)1♣❡❝✲

()❛❧❡ ✭ω = 1350 ± 0.3 meV✮ ❞✉ 1✐❣♥❛❧ ❋❲▼ ❞❡ ❇◗1 ✐♥❞✐✈✐❞✉❡❧❧❡1✳ ✭❝✮ ❉②♥❛♠✐H✉❡1 ❞❡1

♣♦♣✉❧❛(✐♦♥1 ✭❝❛))91 )♦✉❣❡1✮ ❡( ❞❡1 ❝♦❤9)❡♥❝❡1 ✭)♦♥❞1 ✈❡)(1✮ ❞✬✉♥ ()✐♦♥ ✉♥✐H✉❡ ❧✐♠✐(9 )❛✲

❞✐❛(✐✈❡♠❡♥( ✭T2 = 2T1✮✱ ♣♦✉) ❧❡H✉❡❧ ♦♥ ♠❡1✉)❡ ✉♥ ❞9❝❧✐♥ )❛❞✐❛(✐❢ T1 = 390 ± 10 ps✱ ❡(
✉♥❡ ❧❛)❣❡✉) ✐♥❤♦♠♦❣A♥❡ σ = 3 ± 1 µeV✳ ✭❞✮ ❖1❝✐❧❧❛(✐♦♥1 ❞❡ ❘❛❜✐ ❞✉ 1✐❣♥❛❧ ❋❲▼ ❡♥

❢♦♥❝(✐♦♥ ❞❡ Θ1 ✭Θ2 = 2π/3✮✳ ▲❡1 ❛✐)❡1 ❞✬✐♠♣✉❧1✐♦♥1 (Θ1,Θ2) = (π/2, π) ❝♦))❡1♣♦♥❞❡♥(

❛✉① ♣✉✐11❛♥❝❡1 (P1,P2) = (275, 900) nW✳ ❚)❛✐(1 ♣♦✐♥(✐❧❧91 ♦)❛♥❣❡1 ✿ ❝♦✉)❜❡ ❞❡ ♣)9❞✐❝✲

(✐♦♥ sin2Θ1 exp(−Γ2t)✱ ♦X Γ2 )❡♣)91❡♥(❡ ❧❡ (❛✉① ❞❡ ❞9♣❤❛1❛❣❡ ♣✉) ♣❡♥❞❛♥( ❧✬❡①❝✐(❛(✐♦♥ ✭❝❢

❝❤❛♣✐()❡ ✸✮✳
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#$%❝%❞❡♠♠❡♥+✱ ♥♦✉/ ❛✈♦♥/ ✈✉ 2✉❡ ❧✬❛✐$❡ ❞❡ ❧✬✐♠♣✉❧/✐♦♥ ❞❡ ❝♦♥+$7❧❡ Θ3 ❡/+ ✉♥ ♣❛$❛✲

♠9+$❡ ✐♠♣♦$+❛♥+ ❧♦$/ ❞❡ ❧❛ ❝♦♥✈❡$/✐♦♥ ❋❲▼ ✈❡$/ ❙❲▼✳ ▲✬❡①♣%$✐❡♥❝❡ ❞❡ ❝♦♥+$7❧❡ ❝♦❤%✲

$❡♥+ ❞%❝$✐+❡ ❞❛♥/ ❝❡ ❝❤❛♣✐+$❡ $❡2✉✐❡$+ ❞♦♥❝ ✉♥ ❛❥✉/+❡♠❡♥+ ♣$%❝✐/ ❞❡/ ❛✐$❡/ ❞✬✐♠♣✉❧/✐♦♥/

Θi =
∫

dtµ|Ei(t)|/~ ∼
√
Pi✳ #♦✉$ ❝❛❧✐❜$❡$ ♣$%❝✐/%♠❡♥+ ❧❡/ ❛✐$❡/ ❞❡ ❝❤❛2✉❡ ✐♠♣✉❧/✐♦♥✱ ♥♦✉/

♠❡/✉$♦♥/ ❧❡/ ♦/❝✐❧❧❛+✐♦♥/ ❞❡ ❘❛❜✐ ❞✉ /✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝+✐♦♥ ❞❡ Θ1 ❝♦♠♠❡ ❧❡ ♠♦♥+$❡ ❧❛

✜❣✉$❡ ✺✳✸ ✭❞✮✳ ▲❡ ♣$❡♠✐❡$ ♠❛①✐♠✉♠ ✭Θ1 = π/2✮ ♥♦✉/ ♣❡$♠❡+ ❞❡ ❞%✜♥✐$ ❧❡/ ♣✉✐//❛♥❝❡/

❞❡/ +$♦✐/ ❢❛✐/❝❡❛✉① (P1,P2,P3) = (275, 900, 900) nW ❝♦$$❡/♣♦♥❞❛♥+ ❛✉① ❛✐$❡/ ❞✬✐♠♣✉❧/✐♦♥/

(Θ1,Θ2,Θ3) = (π/2, π, π) ♥%❝❡//❛✐$❡/ ♣♦✉$ ♠❛①✐♠✐/❡$ ❧❛ ❝♦♥✈❡$/✐♦♥ ❋❲▼✴❙❲▼✳

✺✳✹ ❈♦♥✈❡()✐♦♥ ❋❲▼✴❙❲▼

✺✳✹✳✶ ❋❡♥'()❛❣❡ (❡♠♣♦)❡❧ ❞✉ 2✐❣♥❛❧ ❋❲▼
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❋✐❣✉$❡ ✺✳✹ ✕ ❋❡♥#$%❛❣❡ $❡♠♣♦%❡❧ ❞✉ .✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝$✐♦♥ ❞✉ ❞4❧❛✐ τ23✳ ✭❛✮
❙❝❤%♠❛ ❞❡ ❧✬❡①♣%$✐❡♥❝❡ $❡♣$%/❡♥+❛♥+ ❧❛ /%2✉❡♥❝❡ ❞✬✐♠♣✉❧/✐♦♥/ ❡+ ❧✬%✈♦❧✉+✐♦♥ +❡♠♣♦$❡❧❧❡ ❞❡/

♣♦❧❛$✐/❛+✐♦♥/ ♥♦♥✲❧✐♥%❛✐$❡/ ❛♣$9/ ❝❤❛2✉❡ ✐♠♣✉❧/✐♦♥✳ ✭❜✮ ❉%♠♦♥/+$❛+✐♦♥ ❞❡ ❧❛ /✉♣♣$❡//✐♦♥

✭❝$%❛+✐♦♥✮ ❞❡ ❧❛ ♣♦❧❛$✐/❛+✐♦♥ ❋❲▼ ✭❙❲▼✮✱ ❝♦✉$❜❡ ❜❧❡✉❡ ✭✈❡$+❡✮✱ O ❧✬❛$$✐✈%❡ ❞❡ E3 ♣♦✉$

t = τ23 = 22 ps ❡+ Θ3 = 0.8 π✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜$✉✐+ ❡/+ $❡♣$%/❡♥+% ♣❛$ ❧❡/ +$❛✐+/ ♣♦✐♥+✐❧❧%/ ❣$✐/✳

✭❝✮ ❙✐❣♥❛❧ ❋❲▼ ❡+ ✭❞✮ ❙❲▼ ❡♥ ❢♦♥❝+✐♦♥ ❞✉ +❡♠♣/ t ❡+ ❞✉ ❞%❧❛✐ τ23 ♣♦✉$ Θ3 = 0.8 π✳ ❉❛♥/

❝❡++❡ $❡♣$%/❡♥+❛+✐♦♥✱ ❧❡ /✐❣♥❛❧ ❋❲▼ ✭❙❲▼✮ ❛♣♣❛$❛P+ ❛✉✲❞❡//✉/ ✭❡♥✲❞❡//♦✉/✮ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡

t = τ23 ❞%✜♥✐❡ ♣❛$ ❧✬❛$$✐✈%❡ ❞❡ E3✳ ▲✬❛♠♣❧✐+✉❞❡ ❞✉ /✐❣♥❛❧ ❡/+ ❞♦♥♥%❡ ♣❛$ ❧✬%❝❤❡❧❧❡ ❧✐♥%❛✐$❡

❞❡ ❝♦✉❧❡✉$✳ ▲❛ $%/♦❧✉+✐♦♥ ❞✉ /♣❡❝+$♦♠9+$❡ ❧✐♠✐+❡ ❧❛ ♠❡/✉$❡ ❛✉① +❡♠♣/ ❧♦♥❣/ ✭t > 100 ps✮✳

▲❡ ♠♦❞9❧❡ ❛♥❛❧②+✐2✉❡ ❞%❝$✐+ ♣$%❝%❞❡♠♠❡♥+✱ ♣$%❞✐+ 2✉❡ ❧❡/ ♣♦❧❛$✐/❛+✐♦♥/ ♥♦♥✲❧✐♥%❛✐$❡/

❉✲❋❲▼ ❡+ ❉✲❙❲▼ ❞✬✉♥ ✷LS ♣❡✉✈❡♥+ S+$❡ ❝♦♥+$7❧%❡/ ✉♥✐2✉❡♠❡♥+ ♣❛$ ❧✬❛✐$❡ ❞❡ ❧✬✐♠♣✉❧/✐♦♥

Θ3 ❡+ ❧❡ ❞%❧❛✐ τ23 ✭❝❢ %2✉❛+✐♦♥/ ✺✳✺✮✳ ▲❛ ✜❣✉$❡ ✺✳✹ ✭❜✮ ♠♦♥+$❡ ❧❛ ♣$❡✉✈❡ ❡①♣%$✐♠❡♥+❛❧❡ ❞❡
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❝❡ %&❛♥)❢❡&% ❞❡ ♣♦❧❛&✐)❛%✐♦♥) ♥♦♥✲❧✐♥1❛✐&❡)✳ ❊♥ ✜①❛♥% ❧❡ ❞1❧❛✐ τ23 = 22 ps ❡% ❡♥ ♠❡)✉&❛♥% ❧❡

)✐❣♥❛❧ ❋❲▼ )✉& ❧❛ ❢&1<✉❡♥❝❡ 2Ω2 − Ω ❡% ❧❡ )✐❣♥❛❧ ❙❲▼ )✉& ❧❛ ❢&1<✉❡♥❝❡ 2Ω3 − 2Ω2 + Ω
❛✉ ❝♦✉&) ❞✉ %❡♠♣)✱ ♦♥ ♦❜)❡&✈❡ A t = τ23✱ ✉♥❡ ❝❤✉%❡ ❞✉ )✐❣♥❛❧ ❋❲▼ ❛✉ ♠♦♠❡♥% ♦C ❧❡

)✐❣♥❛❧ ❙❲▼✱ ❛❜)❡♥% ♣♦✉& t < τ23✱ ❛✉❣♠❡♥%❡ ❞❡ ♠❛♥✐D&❡ <✉❛)✐✲✐♥)%❛♥%❛♥1❡ ♣♦✉& ❛%%❡✐♥❞&❡

✉♥❡ ❛♠♣❧✐%✉❞❡ ❝♦♥)%❛♥%❡✱ %❛♥❞✐) <✉❡ ❧❡ )✐❣♥❛❧ ❋❲▼ ❛%%❡✐♥% ♣&❛%✐<✉❡♠❡♥% ❧❡ ♥✐✈❡❛✉ ❞✉

❜&✉✐%✳ ▲❛ )✉♣♣&❡))✐♦♥ ❞❡ ❧❛ ♣♦❧❛&✐)❛%✐♦♥ ❋❲▼ ♥✬❡)% ♣❛) %♦%❛❧❡ ❝❛& Θ3 = 0.8 π ♣♦✉& ❝❡%

❡①❡♠♣❧❡✳ ❊♥ &❡❣❛&❞❛♥% ❧❡) 1<✉❛%✐♦♥) ✺✳✺❛ ❡% ✺✳✺❝✱ ♦♥ &❡♠❛&<✉❡ <✉❡ ❧✬❡✣❝❛❝✐%1 ❞❡ ❝♦♥✈❡&)✐♦♥

❋❲▼✴❙❲▼ ❛%%❡✐♥% ❧✬✉♥✐%1 ♣♦✉& Θ3 = π✳ ▲❡) ✜❣✉&❡) ✺✳✹ ✭❝✱❞✮ ♣&1)❡♥%❡♥% ❧✬1✈♦❧✉%✐♦♥ ❞❡)

♣♦❧❛&✐)❛%✐♦♥) ❋❲▼ ❡% ❙❲▼ ❛✉ ❝♦✉&) ❞✉ %❡♠♣) ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❞1❧❛✐ τ23✳ ▲✬❛&&✐✈1❡ ❞❡

❧✬✐♠♣✉❧)✐♦♥ ❞❡ ❝♦♥%&L❧❡ E3 ❣1♥D&❡ ❧❡ %&❛♥)❢❡&% ❡♥%&❡ ❧❡) ❞❡✉① ♣♦❧❛&✐)❛%✐♦♥) ❞1✜♥✐ ♣❛& ❧❛

❞✐❛❣♦♥❛❧❡ t = τ23✳ M♦✉& t < τ23✱ ❝♦&&❡)♣♦♥❞❛♥% A ❧❛ ♣❛&%✐❡ )✉♣1&✐❡✉&❡ ♣❛& &❛♣♣♦&% A ❧❛

❞✐❛❣♦♥❛❧❡✱ )❡✉❧❡♠❡♥% ❧❡ )✐❣♥❛❧ 1♠✐) )✉& ❧❛ ❢&1<✉❡♥❝❡ ❤1%1&♦❞②♥❡ 2Ω2 − Ω1 ❡)% ❞1%❡❝%1✳

❆ ❧✬✐♥✈❡&)❡✱ ♣♦✉& ❧❛ ♣❛&%✐❡ ✐♥❢1&✐❡✉&❡ ❝♦&&❡)♣♦♥❞❛♥% A t > τ23✱ )❡✉❧ ❧❡ )✐❣♥❛❧ 1♠✐) )✉& ❧❛

❢&1<✉❡♥❝❡ ❤1%1&♦❞②♥❡ 2Ω3 − 2Ω2 +Ω1 ❡)% ❞1%❡❝%1✳ ❈❡) ♠❡)✉&❡) )♦♥% ❡♥ ♣❛&❢❛✐% ❛❝❝♦&❞ ❛✈❡❝

❧❡) ♣&1❞✐❝%✐♦♥) %❤1♦&✐<✉❡)✳

✺✳✹✳✷ ❋❛&♦♥♥❛❣❡ +♣❡❝./❛❧ ❞✉ +✐❣♥❛❧ ❋❲▼

❊♥ ❥♦✉❛♥% )✉& ❧❛ ❝♦♥%&✐❜✉%✐♦♥ ❞❡ ❝❤❛<✉❡ ♣♦❧❛&✐)❛%✐♦♥ ♥♦♥✲❧✐♥1❛✐&❡✱ ❝❡% ✐♥%❡&&✉♣%❡✉& %❡♠✲

♣♦&❡❧ ❣♦✉✈❡&♥1 ♣❛& τ23 ❡% Θ3 ♣❡&♠❡% ❞❡ ♠❛♥✐♣✉❧❡& ❧✬1♠✐))✐♦♥ ❝♦❤1&❡♥%❡ ❞✉ %&✐♦♥ ❛✈❡❝ ✉♥

%❡♠♣) ❞❡ ❝♦♠♠✉%❛%✐♦♥ ❞❡ ❧✬♦&❞&❡ ❞❡ ❧❛ ♣✐❝♦)❡❝♦♥❞❡✳ ▲❛ ✜❣✉&❡ ✺✳✺ ♠♦♥%&❡ ❧✬1✈♦❧✉%✐♦♥ ❞❡ ❧❛

❢♦&♠❡ ❞❡ &❛✐❡ )♣❡❝%&❛❧❡ ❞✬✉♥ %&✐♦♥✱ ♠❡)✉&1❡ )♣❡❝%&❛❧❡♠❡♥% ♣❛& ❧❡ )♣❡❝%&♦♠D%&❡ ✭✐❝✐ Θ3 = π✮✳
▲♦&)<✉❡ τ23 >> T2✱ ❧✬✐♥%1❣&❛❧✐%1 ❞❡ ❧❛ ♣♦❧❛&✐)❛%✐♦♥ ❋❲▼ ❣1♥1&1❡ ❞✉&❛♥% ❧❡ %❡♠♣) ❞❡ ✈✐❡

❞✉ %&✐♦♥ ❡)% ✐♥%1❣&1❡✳ ▲♦&)<✉❡ ❧✬✐♠♣✉❧)✐♦♥ ❞❡ ❝♦♥%&L❧❡ ❛&&✐✈❡✱ ❧❛ ❝♦♥✈❡&)✐♦♥ ❋❲▼✴❙❲▼

♥✬❡)% ♣❧✉) ♣♦))✐❜❧❡ ✭♣❧✉) ❞❡ ♣♦❧❛&✐)❛%✐♦♥ ❋❲▼✮✳ ▲❡ )✐❣♥❛❧ ❋❲▼ ♠❡)✉&1 ❡)% ❞♦♥❝ ✉♥✐<✉❡✲

♠❡♥% &❡❧✐1 A ❧❛ &❡❧❛①❛%✐♦♥ ❞✉ %&✐♦♥ ❡% ❝♦&&❡)♣♦♥❞ A ✉♥ ♣✐❝ ❧♦&❡♥%③✐❡♥ ❞❡ ❧❛&❣❡✉& ❤♦♠♦❣D♥❡

✭❋❲❍▼✮ γ2 = 38 µeV ✭❧✐♠✐%❡ ❞❡ &1)♦❧✉%✐♦♥ ❞✉ )♣❡❝%&♦♠D%&❡✮✳ ❊♥ &1❞✉✐)❛♥% τ23 ❥✉)<✉✬A

<✉❡❧<✉❡) ❞✐③❛✐♥❡) ♣✐❝♦)❡❝♦♥❞❡)✱ ❧❛ ♣♦❧❛&✐)❛%✐♦♥ ❋❲▼ ❡)% ❜!✉#❛❧❡♠❡♥# )%♦♣♣1❡ ♣♦✉& T%&❡

❝♦♥✈❡&%✐❡ ✈❡&) ❧❛ ♣♦❧❛&✐)❛%✐♦♥ ❙❲▼ ✭♥♦♥ ♠♦♥%&1 )✉& ❝❡%%❡ ✜❣✉&❡✮✳ ❈❡%%❡ ❛&&T% ❜&✉%❛❧✱ <✉❡

❧✬♦♥ ♣❡✉% ❛))✐♠✐❧❡& A ✉♥ ❢❡♥T%&❛❣❡ %❡♠♣♦&❡❧ ❞✉ )✐❣♥❛❧ ❋❲▼✱ ❝❡ %&❛❞✉✐% )♣❡❝%&❛❧❡♠❡♥% ♣❛&

❧✬❛♣♣❛&✐%✐♦♥ ❞❡ ❧♦❜❡) ❧❛%1&❛✉① ❛✉%♦✉& ❞❡ ❧❛ ❢&1<✉❡♥❝❡ ❝❡♥%&❛❧❡✳ ▲❡ )✐❣♥❛❧ ❋❲▼ ✐♥%1❣&1 )✉&

❧❛ ❢&1<✉❡♥❝❡ 2Ω2 − Ω1 ❝♦&&❡)♣♦♥❞ A ✉♥❡ ❢&❛❝%✐♦♥ ❞✉ )✐❣♥❛❧ %♦%❛❧ 1♠✐) ♣❛& ❧❡ %&✐♦♥✳ ■❧ ❡♥

&1)✉❧%❡ ✉♥ 1❧❛&❣✐))❡♠❡♥% ❝♦♥)1<✉❡♥% ❛❧❧❛♥% ❥✉)<✉✬A γ2 = 275 µ❡❱ ♣♦✉& τ23 = 15 ps✱ )♦✐%
%&♦✐) ♦&❞&❡) ❞❡ ❣&❛♥❞❡✉&) ♣❧✉) ❧❛&❣❡ <✉❡ ❧❛ ❧❛&❣❡✉& ❤♦♠♦❣D♥❡ ♠❡)✉&1❡ )✉& ❧❛ ✜❣✉&❡ ✺✳✸ ✭❝✮✳

▲✬❛♠♣❧✐%✉❞❡ ❞✉ )✐❣♥❛❧ ❋❲▼ <✉❡ ❧✬♦♥ ♠❡)✉&❡ )♣❡❝%&❛❧❡♠❡♥% ❡)% ❞♦♥♥1❡ ♣❛& ❧❡ ♠♦❞✉❧❡

❞❡ ❧✬❡①♣&❡))✐♦♥ ✺✳✾❛ ✿

Sd
FWM(ω) ∝ sinΘ1 sin

2 Θ2

2
e−τ12γ2×

(

1 + sin4 Θ3

2 e
−2τ23γ2 − 2 sin2 Θ3

2 e
−τ23γ2 cos(∆ωτ23)

2π(γ22 +∆ω2)

)1/2

✭✺✳✶✵✮

❊♥ &❡♠♣❧❛Z❛♥% (Θ1,Θ2,Θ3) = (π2 , π, π)✱ ❧✬1<✉❛%✐♦♥ ✺✳✶✵ )❡ )✐♠♣❧✐✜❡ )♦✉) ❧❛ ❢♦&♠❡ ✿

Sd
FWM(ω) ∝

(

cosh(γ2τ23)− cos (∆ωτ23)

π(γ22 +∆ω2)

)1/2

✭✺✳✶✶✮

❈❡%%❡ 1<✉❛%✐♦♥ &❡♣&♦❞✉✐% <✉❛♥%✐%❛%✐✈❡♠❡♥% ❧❡) ♠❡)✉&❡)✱ ❝♦♠♠❡ ❧❡ ♠♦♥%&❡ ❧❡) ❝♦✉&❜❡)

&♦✉❣❡) )✉& ❧❡) ✜❣✉&❡) ✺✳✺ ✭❡✲❣✮✳ ▲✬1❧❛&❣✐))❡♠❡♥% )♣❡❝%&❛❧ ❞✉ ♣✐❝ ❝❡♥%&❛❧ ❡)% ❞♦♥♥1 ♣❛&
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2π~/τ23✱ ❝❛&❛❝'(&✐*'✐+✉❡ ❞✬✉♥❡ ❢♦♥❝'✐♦♥ *✐♥✉* ❝❛&❞✐♥❛❧✳ ❈❡' (❧❛&❣✐**❡♠❡♥' ❛&'✐✜❝✐❡❧ ♣❡✉'

❛''❡✐♥❞&❡ ✶✵ ♠❡❱✱ ❧❛ ❧✐♠✐'❡ ('❛♥' ❧❛ ❧❛&❣❡✉& *♣❡❝'&❛❧❡ ❞❡* ✐♠♣✉❧*✐♦♥*✳ ▲❛ ✜❣✉&❡ ✺✳✻ ♠♦♥'&❡

❧✬(✈♦❧✉'✐♦♥ ❞❡ ❝❡' (❧❛&❣✐**❡♠❡♥' ♣♦✉& τ23 >> T2 ❥✉*+✉✬? τ23 = 5 ps✳ ❆ ♣❛&'✐& ❞❡ τ23 = 10 ps✱
❧✬❛♠♣❧✐'✉❞❡ ❞✉ *✐❣♥❛❧ ❋❲▼ ❡*' '&♦♣ ❢❛✐❜❧❡ ♣♦✉& &(*♦✉❞&❡ *♣❡❝'&❛❧❡♠❡♥' ❧✬(❧❛&❣✐**❡♠❡♥' ❞❡

❧❛ &❛✐❡✳
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❋✐❣✉$❡ ✺✳✺ ✕ ❋❛"♦♥♥❛❣❡ '♣❡❝*+❛❧ ❞✉ '✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝*✐♦♥ ❞✉ ❞3❧❛✐ τ23✳ ✭❛✮
❙✐❣♥❛❧ ❋❲▼ ♠❡*✉&( *♣❡❝'&❛❧❡♠❡♥' ♠♦♥'&❛♥' ❧✬(✈♦❧✉'✐♦♥ ❞❡ ❧❛ ❢♦&♠❡ ❞❡ &❛✐❡ ❋❲▼ ❡♥ ❢♦♥❝✲

'✐♦♥ ❞❡ τ23 ✭Θ3 = 0.8π✮✳ ▲✬❛♠♣❧✐'✉❞❡ ❞✉ *✐❣♥❛❧ ❋❲▼ ❡*' &❡♣&(*❡♥'(❡ ♣❛& ❧❛ ❜❛&&❡ ❞❡ ❝♦✉❧❡✉&

✭(❝❤❡❧❧❡ ❧♦❣✮✳ ✭❜✲❞✮ ❚&❛♥*✐'♦✐&❡* ❋❲▼ ❣(♥(&(* ♣♦✉& τ23 >> T2✱ ✷✺ ♣* ❡' ✶✺ ♣* ✭τ12 = 0.2 ps✱
Θ3 = π✮✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜&✉✐' ❡*' &❡♣&(*❡♥'( ♣❛& ❧❡* '&❛✐'* ♣♦✐♥'✐❧❧(* ❥❛✉♥❡*✳ ✭❡✲❣✮ ❙♣❡❝'&❡*

❋❲▼ ♦❜'❡♥✉* ♣❛& '&❛♥*❢♦&♠(❡ ❞❡ ❋♦✉&✐❡& ❞❡ ✭❜✲❞✮✱ ♠♦♥'&❛♥' ❧✬(❧❛&❣✐**❡♠❡♥' *♣❡❝'&❛❧❡ ❞❡

❧❛ &❛✐❡ ❝❡♥'&❛❧❡ ❡' ❧✬❛♣♣❛&✐'✐♦♥ ❞❡ ❧♦❜❡* ❧❛'(&❛✉① ✭*✐♥✉* ❝❛&❞✐♥❛❧✮ ❞✉* ❛✉ ❢❡♥N'&❛❣❡ '❡♠♣♦&❡❧

❞✉ *✐❣♥❛❧ ❋❲▼✳ ❈♦✉&❜❡* &♦✉❣❡* ✿ ♣&(❞✐❝'✐♦♥* ❛♥❛❧②'✐+✉❡* ❝♦&&❡*♣♦♥❞❛♥' ? ❧✬(+✉❛'✐♦♥ ✺✳✶✵✳

Q♦✉& ❞❡* ✈❛❧❡✉&* ✐♥'❡&♠(❞✐❛✐&❡* ❞❡ Θ3✱ ❧❛ ♣♦❧❛&✐*❛'✐♦♥ ❋❲▼ ❡*' ♣❛&'✐❡❧❧❡♠❡♥' ❝♦✉♣(❡

❡' ❝♦♥✈❡&'✐❡ ✈❡&* ❧❛ ♣♦❧❛&✐*❛'✐♦♥ ❙❲▼✳ Q❛& ❝♦♥*(+✉❡♥'✱ ❧❡* ❞❡✉① ♣♦❧❛&✐*❛'✐♦♥* ❝♦❡①✐*'❡♥'✳

▲❛ ✜❣✉&❡ ✺✳✼ ♣&(*❡♥'❡ ❧❡* ♠❡*✉&❡* '❡♠♣♦&❡❧❧❡* ✭❛✮ ❡' *♣❡❝'&❛❧❡* ✭❜✮ ❞❡ ❧❛ ♣♦❧❛&✐*❛'✐♦♥ ❋❲▼

♣♦✉& Θ3 = 0.4 π → π ✭τ23 = 20 ps✮✳ ❊♥ &❛✐*♦♥ ❞❡ ❧✬❛✉❣♠❡♥'❛'✐♦♥ ❞❡ ❧❛ *✉♣♣&❡**✐♦♥ ❞❡ ❧❛
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❋✐❣✉$❡ ✺✳✻ ✕ ❋❛"♦♥♥❛❣❡ '♣❡❝*+❛❧ ❞✉ '✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝*✐♦♥ ❞✉ ❞3❧❛✐ τ23✳
➱✈♦❧✉+✐♦♥ +❡♠♣♦1❡❧❧❡ ✭3 ❣❛✉❝❤❡✮ ❡+ 9♣❡❝+1❛❧❡ ✭3 ❞1♦✐+❡✮ ❞❡ ❧❛ ♣♦❧❛1✐9❛+✐♦♥ ❋❲▼ ❞✬✉♥ +1✐♦♥

♣♦✉1 τ12 = 0.2 ps ❡+ Θ3 = π✳ ❆ ♣❛1+✐1 ❞❡ τ23 = 10 ps✱ ❧❡ 9✐❣♥❛❧ ❋❲▼ ✐♥+A❣1A ❡9+ +1♦♣ ❢❛✐❜❧❡

♣♦✉1 ♠❡9✉1❡1 9♣❡❝+1❛❧❡♠❡♥+ ❧✬A❧❛1❣✐99❡♠❡♥+ ❞❡ ❧❛ 1❛✐❡✳
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❖◆❉❊❙ ❉✬❯◆❊ ❇❖❰❚❊ ◗❯❆◆❚■◗❯❊ ❯◆■◗❯❊ ✶✵✼

♣♦❧❛'✐)❛*✐♦♥ ❋❲▼ ♣♦✉' t > 20 ps✱ ❧✬❛♠♣❧✐*✉❞❡ ❞✉ ♣✐❝ )♣❡❝*'❛❧❡♠❡♥* ✜♥ ♣'♦✈❡♥❛♥* ❞❡ ❧❛

'❡❧❛①❛*✐♦♥ ❞✉ *'✐♦♥ ❡)* ❣'❛❞✉❡❧❧❡♠❡♥* ':❞✉✐*❡ ❥✉)<✉✬= >*'❡ ❝♦♠♣❧?*❡♠❡♥* )✉♣♣'✐♠:❡ ♣♦✉'

Θ3 = π✳ ➚ ❧✬✐♥✈❡')❡✱ ❧❡ ❧♦❜❡ ❝❡♥*'❛❧ ❡* ❧❡) ❧♦❜❡) )❡❝♦♥❞❛✐'❡)✱ ':)✉❧*❛♥* ❞✉ ❢❡♥>*'❛❣❡ *❡♠♣♦'❡❧

❞✉ )✐❣♥❛❧ ❋❲▼✱ )❡ ❞:✈❡❧♦♣♣❡♥* ❞❡ ♣❧✉) ❡♥ ♣❧✉) = ♠❡)✉'❡ <✉❡ ❧❡ ❢❡♥>*'❛❣❡ ❛✉❣♠❡♥*❡✳

▲✬:<✉❛*✐♦♥ ✺✳✶✵ '❡♣'♦❞✉✐* ♣❛'❢❛✐*❡♠❡♥* ❧❡) ❞♦♥♥:❡) ❡①♣:'✐♠❡♥*❛❧❡)✱ ❝♦♠♠❡ ❧❡ ♠♦♥*'❡ ❧❛

✜❣✉'❡ ✺✳✼ ✭❜✱❞✮✳
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❋✐❣✉$❡ ✺✳✼ ✕ ❋❛"♦♥♥❛❣❡ '♣❡❝*+❛❧ ❞✉ '✐❣♥❛❧ ❋❲▼ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧✬❛✐+❡ ❞✬✐♠♣✉❧✲

'✐♦♥ Θ3✳ ✭❛✮ ❋❡♥>*'❛❣❡ *❡♠♣♦'❡❧ ❞✉ )✐❣♥❛❧ ❋❲▼ ♣♦✉' Θ3 = 0.4 π, 0.7 π ❡* π ❡♥ ❜❧❡✉✱ ✈❡'*

❡* ♦'❛♥❣❡ '❡)♣❡❝*✐✈❡♠❡♥* ✭τ12; τ23 = 0.2; 20 ps✮✳ ▲❛ )✉♣♣'❡))✐♦♥ ❞✉ )✐❣♥❛❧ ❋❲▼ ❛✉❣♠❡♥*❡

❛✈❡❝ Θ3 ❡* ❛**❡✐♥* ❧❡ ♠❛①✐♠✉♠ ♣♦✉' Θ3 = π✳ ✭❜✮ ❋❛I♦♥♥❛❣❡ )♣❡❝*'❛❧ ❞✉ )✐❣♥❛❧ ❋❲▼

♦❜*❡♥✉ ♣❛' *'❛♥)❢♦'♠:❡ ❞❡ ❋♦✉'✐❡' ❞❡ ✭❛✮✳ ❈♦✉'❜❡) ❜❧❡✉❡✱ ✈❡'*❡ ❡* ♦'❛♥❣❡ ✿ ♣':❞✐❝*✐♦♥) ❛♥❛✲

❧②*✐<✉❡) ❝♦''❡)♣♦♥❞❛♥* = ❧✬:<✉❛*✐♦♥ ✺✳✶✵✳ ✭❝✮ ▼❡)✉'❡ ❡* ✭❞✮ )✐♠✉❧❛*✐♦♥ *❤:♦'✐<✉❡ ❞✉ )✐❣♥❛❧

❋❲▼ ❡♥ ❢♦♥❝*✐♦♥ ❞❡ Θ3 ✭❞:❧❛✐) τ12 ❡* τ23 ✐❞❡♥*✐<✉❡) = ✭❛✱❜✮✮✳ ❖♥ ♦❜)❡'✈❡ ❧❛ )✉♣♣'❡))✐♦♥

♣'♦❣'❡))✐✈❡ ❞❡ ❧❛ '❛✐❡ ❞✉ *'✐♦♥✳ ▲✬❛♠♣❧✐*✉❞❡ ❞✉ )✐❣♥❛❧ ❋❲▼ ❡)* ❞♦♥♥:❡ ♣❛' ❧❛ ❜❛''❡ ❞❡

❝♦✉❧❡✉' ✭:❝❤❡❧❧❡ ❧♦❣✮✳

❚♦✉) ❝❡) ':)✉❧*❛*) ♠♦♥*'❡♥* <✉✬✐❧ ❡)* ♣♦))✐❜❧❡ ❞❡ ✜❧*'❡' *❡♠♣♦'❡❧❧❡♠❡♥* ❡* )♣❡❝*'❛❧❡♠❡♥*

❧❡ )✐❣♥❛❧ ❋❲▼ ❞✬✉♥ *'✐♦♥ ✉♥✐<✉❡✳ ▲❡ ♣'♦*♦❝♦❧❡ ♣'♦♣♦): ♣❡'♠❡* ❞❡ ❝':❡' ✏= ❧❛ ❞❡♠❛♥❞❡✑

❞❡) ❢♦'♠❡) ❞❡ '❛✐❡) ❛'*✐✜❝✐❡❧❧❡) ❡♥ ❝♦♥*'S❧❛♥* )✐♠♣❧❡♠❡♥* ❞❡✉① ♣❛'❛♠?*'❡) ✿ Θ3 ❡* τ23✳ ▲❛
❝❛♣❛❝✐*: = ♠❛♥✐♣✉❧❡' = ✈♦❧♦♥*: ❧❛ ❧❛'❣❡✉' )♣❡❝*'❛❧❡ ❞✬✉♥❡ '❛✐❡ ❡①❝✐*♦♥✐<✉❡ ❢♦✉'♥✐* ✉♥ ♥♦✉✲

✈❡❛✉ ❞❡❣': ❞❡ ❧✐❜❡'*: ✈❡') ❧❡ ❝♦♥*'S❧❡ ♦♣*✐<✉❡ ❞❡ *❡❧) qubits✳ ◗✉✐ ♣❧✉) ❡)*✱ ♥♦✉) ♠❡**♦♥)

❧✬❛❝❝❡♥* )✉' ❧❡ ❢❛✐* <✉❡ ❧❛ ♠♦❞✐✜❝❛*✐♦♥ ❞❡ ♣❤❛)❡ ✐♥❞✉✐*❡ ♣❛' ❧❛ ❝♦♥✈❡')✐♦♥ ❋❲▼✴❙❲▼ ♠♦✲



✶✵✽ ✺✳✹✳ ❈❖◆❱❊❘❙■❖◆ ❋❲▼✴❙❲▼

❞✐✜❡ ❧✬♦*❝✐❧❧❛-✐♦♥ ❝♦❤01❡♥-❡ ❞✉ ❞✐♣4❧❡✳ ■❧ ❛♣♣❛1❛7- ❛✐♥*✐ 8✉❡ ❧❛ ♣♦❧❛1✐*❛-✐♦♥ -♦-❛❧❡ ❞✉ -1✐♦♥

❡*- ❛❧-010❡ ♣❛1 1❛♣♣♦1- ❛✉ ❝❛* *❛♥* E3✱ ❝♦♠♠❡ ❧❡ ♠♦♥-1❡ ❧❛ ✜❣✉1❡ ✺✳✽✳ ❈❡❧❛ ❝❡ ♠❛♥✐❢❡*-❡

-1?* ❝❧❛✐1❡♠❡♥- ❧♦1*8✉❡ E3 ❡*- ♠♦❞✉❧0❡ @ ❧❛ ❢108✉❡♥❝❡ 2Ω2 −Ω1✳ ▲❡* ♣♦❧❛1✐*❛-✐♦♥* ❋❲▼ ❡-

❙❲▼ *♦♥- ❛❧♦1* ♠♦❞✉❧0❡* *✉1 ❧❛ ♠F♠❡ ❢108✉❡♥❝❡ ❤0-01♦❞②♥❡ ❝♦11❡*♣♦♥❞❛♥- @ ❧❛ ❢108✉❡♥❝❡

❞0❣0♥010❡ 2Ω2−Ω1✳ ▲❡ *✐❣♥❛❧ ♠❡*✉10 *✉1 ❝❡--❡ ❢108✉❡♥❝❡ ❝♦11❡*♣♦♥❞ @ ❧❛ ♣♦❧❛1✐*❛-✐♦♥ -♦-❛❧❡

✭❋❲▼ ✰ ❙❲▼✮✳ ▲♦1*8✉❡ τ23 = 0✱ ❧❡* ❞❡✉① ♣♦❧❛1✐*❛-✐♦♥* ♥♦♥✲❧✐♥0❛✐1❡* ♦*❝✐❧❧❡♥- ❡♥ ♣❤❛*❡✳

❊♥ ❛❥✉*-❛♥- ❧❡ ❞0❧❛✐ τ23✱ ✐❧ ❡*- ♣♦**✐❜❧❡ ❞✬✐♥-1♦❞✉✐1❡ ✉♥❡ ✈❛1✐❛-✐♦♥ ❞❡ ♣❤❛*❡ ❡♥-1❡ ❧❡* ❞❡✉①

♣♦❧❛1✐*❛-✐♦♥* ❡- ❞❡ ♠♦❞✐✜❡1 ❞✐1❡❝-❡♠❡♥- ❧✬♦*❝✐❧❧❛-✐♦♥ ❞✉ ❞✐♣4❧❡✳

1349.98 1350.00 1350.02
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 Totale polar.

 FWM polar. 

 SWM polar.

0

❋✐❣✉$❡ ✺✳✽ ✕ ❋❛"♦♥♥❛❣❡ '♣❡❝*+❛❧ ❞❡ ❧❛ ♣♦❧❛+✐'❛*✐♦♥ *♦*❛❧❡✳ ❙✐♠✉❧❛-✐♦♥ ❞❡ ❧❛ ♣♦✲

❧❛1✐*❛-✐♦♥ -♦-❛❧❡ ❞✉ ❞✐♣4❧❡ ✭-1❛✐- ♥♦✐1✮ ♣♦✉1 (Θ1,Θ2,Θ3) = (π/2, π, π) ❡- τ23 = 390 ps
✭T2 = 780 ♣*✮✳ R♦✉1 ✉♥ -❡❧ ❞0❧❛✐✱ ❧❡* ❛✐1❡* ❞❡* ♣♦❧❛1✐*❛-✐♦♥* ❋❲▼ ✭♣♦✐♥-✐❧❧0* ❜❧❡✉*✮ ❡-

❙❲▼ ✭♣♦✐♥-✐❧❧0* ✈❡1-*✮ *♦♥- ♣1❛-✐8✉❡♠❡♥- 08✉✐✈❛❧❡♥-❡*✱ ❛✜♥ ❞❡ ♠❛①✐♠✐*❡1 ❧❡* ✐♥-❡1❢01❡♥❝❡*

*♣❡❝-1❛❧❡* ❡♥-1❡ ❝❡* ❞❡✉① ♣♦❧❛1✐*❛-✐♦♥*✳



❈❍❆#■❚❘❊ ✺✳ ❋❊◆✃❚❘❆●❊ ❚❊▼#❖❘❊▲ ❉❯ ❙■●◆❆▲ ❉❊ ▼➱▲❆◆●❊ ➚ ◗❯❆❚❘❊

❖◆❉❊❙ ❉✬❯◆❊ ❇❖❰❚❊ ◗❯❆◆❚■◗❯❊ ❯◆■◗❯❊ ✶✵✾

✺✳✺ ❈♦♥❝❧✉(✐♦♥ ❡+ ♣❡-(♣❡❝+✐✈❡(

❉❛♥& ❝❡ ❝❤❛♣✐,-❡✱ ♥♦✉& ♣-♦♣♦&♦♥& ✉♥ ♥♦✉✈❡❛✉ ♣-♦,♦❝♦❧❡ ❞❡ ❝♦♥,-4❧❡ ❝♦❤5-❡♥, ❞❡ ❧❛ -5✲

♣♦♥&❡ ♥♦♥✲❧✐♥5❛✐-❡ ❞✬✉♥ ✷LS -❡♥❞✉ ♣♦&&✐❜❧❡ ❣-;❝❡ < ❧✬❛❥♦✉, ❞✬✉♥ ,-♦✐&✐>♠❡ ❧❛&❡- ❞❡ ❝♦♥,-4❧❡✳

◆♦✉& ❛✈♦♥& ♠♦♥,-5 B✉❡ ❧❛ ❝♦♥✈❡-&✐♦♥ ❋❲▼✴❙❲▼ ♣❡-♠❡, ❞❡ ❝♦♥,-4❧❡- ,❡♠♣♦-❡❧❧❡♠❡♥, ❡,

&♣❡❝,-❛❧❡♠❡♥, ❧❡ &✐❣♥❛❧ ❋❲▼ ❞✬✉♥ ✷LS ✉♥✐B✉❡♠❡♥, ❡♥ ✈❛-✐❛♥, ❧❛ ♣✉✐&&❛♥❝❡ ❡, ❧❡ ,❡♠♣&

❞✬❛--✐✈5❡ ❞❡ ❧❛ ,-♦✐&✐>♠❡ ✐♠♣✉❧&✐♦♥✳ H❧✉& ❣5♥5-❛❧❡♠❡♥,✱ ❧✬❡①,❡♥&✐♦♥ ❞❡ ❝❡ ♣-♦,♦❝♦❧❡ ✈❡-&

❧❡ ❝♦♥,-4❧❡ ❝♦❤5-❡♥, ♠✉❧,✐✲♦♥❞❡&✱ ❝♦♥❝❡♣,✉❡❧❧❡♠❡♥, &✐♠♣❧❡✱ ❞♦♥♥❡ ❛❝❝>& ❛✉① ♣♦❧❛-✐&❛,✐♦♥&

❞✬♦-❞-❡& &✉♣5-✐❡✉-&✳ ▲❛ ❝♦♥✈❡-&✐♦♥ 5,❛♥, ,♦,❛❧❡ ♣♦✉- ❞❡& ✐♠♣✉❧&✐♦♥& π✱ ✐❧ &❡♠❜❧❡-❛✐, B✉✬❛✉✲

❝✉♥❡ ❧✐♠✐,❛,✐♦♥ ♣❤②&✐B✉❡ ♥✬❡♥,-❛✈❡ ❧❛ -5❛❧✐&❛,✐♦♥ ❞✬✉♥ ❞✐&♣♦&✐,✐❢ ❡①♣5-✐♠❡♥,❛❧ ♣❧✉& ❝♦♠♣❧❡①❡

❞❡ ♠!❧❛♥❣❡ ' ❤✉✐+ ♦♥❞❡. ♦✉ ♣❧✉&✳ ▲❛ ,❡❝❤♥✐B✉❡ ♣-5&❡♥,5❡ ❞❛♥& ❝❡ ❝❤❛♣✐,-❡ ❛♣♣❛-❛M, ❞♦♥❝

❝♦♠♠❡ ✉♥ ♦✉,✐❧ ♣♦❧②✈❛❧❡♥, ♣♦✉- ♠❛♥✐♣✉❧❡- ❧❡& ♥♦♥✲❧✐♥5❛-✐,5& ♦♣,✐B✉❡& ❞❡ &②&,>♠❡& B✉❛♥✲

,✐B✉❡& ✐♥❞✐✈✐❞✉❡❧&✱ ❡, ♦✉✈-❡ ❧❛ ✈♦✐❡ &✉- ❧✬5,✉❞❡ ❞❡& ❝♦--5❧❛,✐♦♥& B✉❛♥,✐B✉❡& ❞✬♦-❞-❡ &✉♣5-✐❡✉-

✐♠♣❧✐B✉❛♥, ♣❧✉& B✉❡ ❞❡✉① ❡①❝✐,♦♥& ♣❛- ❇◗ ❬✶✵✶❪✱ ♦✉ ❡♥❝♦-❡ &✉- ❧✬5,✉❞❡ ❞❡& ♣-♦❝❡&&✉& ❞❡
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❝❡''❡ ♣"♦❜❧#♠❛'✐8✉❡✱ ❥✬❛✐ #'✉❞✐# ❧❡$ ❞②♥❛♠✐8✉❡$ ❝♦❤#"❡♥'❡$ ❞❡ ❝♦♠♣❧❡①❡$ ❡①❝✐'♦♥✐8✉❡$ ❞❡

❇◗$ ✐♥❞✐✈✐❞✉❡❧❧❡$✳ ❏✬❛✐ ♠♦♥'"# 8✉❡ ❧✬#♥❡"❣✐❡ ❞❡ ❧✐❛✐$♦♥ ❞✉ ❜✐❡①❝✐'♦♥ ❡' ❧❛ $'"✉❝'✉"❡ ✜♥❡ ❞❡

❧✬❡①❝✐'♦♥ $♦♥' "❡$♣♦♥$❛❜❧❡$ ❞❡$ ❜❛''❡♠❡♥'$ 8✉❛♥'✐8✉❡$ 8✉❡ ❧✬♦♥ ♦❜$❡"✈❡ ❞❛♥$ ❧❡ $✐❣♥❛❧ ❋❲▼

❞❡ ❧✬❡①❝✐'♦♥ ❡' ❞✉ ❜✐❡①❝✐'♦♥ ♥❡✉'"❡✳ ❯♥❡ ❛♥❛❧②$❡ ❜✐❞✐♠❡♥$✐♦♥♥❡❧❧❡ ❛ ♣❡"♠✐$ ❞❡ ❝♦♥✜"♠❡"

❧✬♦"✐❣✐♥❡ ❞❡ ❝❡ ❝♦✉♣❧❛❣❡ ❡' ❞✬✐❞❡♥'✐✜❡" ❞✬❛✉'"❡$ ❝♦✉♣❧❛❣❡$ ❝♦❤#"❡♥'$ ❡♥'"❡ ❧❡$ ❞✐✛#"❡♥'$ #'❛'$

❝❤❛"❣#$ ❞✬✉♥❡ ❇◗ A ✢✉❝'✉❛'✐♦♥ ❞❡ ❝❤❛"❣❡✳ ❈♦♥'"L❧❡" #❧❡❝'"✐8✉❡♠❡♥' ❧✬#'❛' ❞❡ ❝❤❛"❣❡ ❞❡$

❇◗$ ♣❡"♠❡''"❛✐' ❞❡ ❝♦♥'"L❧❡" ❞✐"❡❝'❡♠❡♥' ❧❡$ ❝♦♥♥❡①✐♦♥$ ❡♥'"❡ ❝❡$ ❞✐✛#"❡♥'$ #'❛'$✱ ❡' $❡"❛✐'

✉♥ ♣"❡♠✐❡" ♣❛$ ✈❡"$ ❧❛ "#❛❧✐$❛'✐♦♥ ❞✬✉♥ ♣"♦❝❡$$❡✉" 8✉❛♥'✐8✉❡ A ❜❛$❡ ❞❡ ❇◗$✳

▼❛✐$ ✐♠❛❣✐♥♦♥$ ♠❛✐♥'❡♥❛♥'✱ ✉♥ ❞✐$♣♦$✐'✐❢ ♣❡"♠❡''❛♥' ❞❡ ❝♦♥'"L❧❡" ♦♣'✐8✉❡♠❡♥' A ❧❛

❢♦✐$ ❧❛ ❞#❝♦❤#"❡♥❝❡ ❡' ❧❡$ ❝♦✉♣❧❛❣❡$ ❝♦❤#"❡♥'$ ❞❡ ♣❧✉$✐❡✉"$ '"❛♥$✐'✐♦♥$ ❡①❝✐'♦♥✐8✉❡$✳ ❊$'✲❝❡

"#❛❧✐$❛❜❧❡ ♦✉ '♦'❛❧❡♠❡♥' ✐♥❝♦♥❝❡✈❛❜❧❡ ❄ ◆♦✉$ ❛✈♦♥$ ♣"#$❡♥'# ❞❛♥$ ❧❡ ❝❤❛♣✐'"❡ ✺✱ ✉♥ ♣"♦'♦❝♦❧❡

✐♥♥♦✈❛♥' ♣❡"♠❡''❛♥' ❞❡ ❝♦♥'"L❧❡" ❧❛ ♣♦❧❛"✐$❛'✐♦♥ ❞✬✉♥ ❡①❝✐'♦♥ ❛✈❡❝ ✉♥ ❧❛$❡" ❞❡ ❝♦♥'"L❧❡✱

❡♥ ❝♦♥✈❡"'✐$$❛♥' ✭♦✉ ♥♦♥✮ ❧❛ ♣♦❧❛"✐$❛'✐♦♥ ❋❲▼ ✈❡"$ ❧❛ ♣♦❧❛"✐$❛'✐♦♥ ❙❲▼✱ ❡♥ ❛❥✉$'❛♥'

✉♥✐8✉❡♠❡♥' ❧❛ ♣✉✐$$❛♥❝❡ ❡' ❧❡ '❡♠♣$ ❞✬❛""✐✈#❡ ❞❡ ❧✬✐♠♣✉❧$✐♦♥ ❞❡ ❝♦♥'"L❧❡ 8✉✐ ❛❣✐' ❝♦♠♠❡

✉♥ ✐♥'❡""✉♣'❡✉" ✏♦♥✴♦✛✑ $✉" ❧❡ $✐❣♥❛❧ ❋❲▼ ❞❡ ❧✬#♠❡''❡✉"✳ ❈❡ ♣"♦'♦❝♦❧❡✱ ♣♦✉" ❧✬✐♥$'❛♥'

"❡❧❛'✐✈❡♠❡♥' $✐♠♣❧❡ ✭✸ ❢❛✐$❝❡❛✉①✮✱ ❡$' A ♠♦♥ $❡♥$ ✉♥❡ ❛✈❛♥❝#❡ $❝✐❡♥'✐✜8✉❡ ✈❡"$ ❧❡ ❝♦♥%&'❧❡

♦♣%✐*✉❡ ❞❡ ❧❛ &.♣♦♥/❡ ❝♦❤.&❡♥%❡ ❞✬✉♥ .♠❡%%❡✉& ✉♥✐*✉❡✳ ❊♥ ❛♣♣❧✐'✉❛♥) ❝❡ ♣,♦)♦❝♦❧❡ .✉,

✉♥❡ ♣❛✐,❡ ❞❡ ❇◗. .2♣❛,2❡.✱ ✐❧ .❡,❛✐) ❛❧♦,. ♣♦..✐❜❧❡ ❞❡ ❝♦♥),5❧❡, ❧❡ ❝♦✉♣❧❛❣❡ &❛❞✐❛%✐❢ ❧♦♥❣✉❡

❞✐/%❛♥❝❡ ❡♥),❡ ❝❡. ❞❡✉① ❇◗.✳



 ❡"#♣❡❝&✐✈❡#

▲❡# &"♦♠♣❡&&❡# ♣❤♦&♦♥✐.✉❡#

▲❡ ❣✉✐❞❛❣❡ ❞❡ ❧❛ ❧✉♠✐)*❡

❉❛♥# ❝❡ ♠❛♥✉#❝(✐*✱ ♥♦✉# ❛✈♦♥# ♠♦♥*(. /✉❡ ❧✬✉*✐❧✐#❛*✐♦♥ ❞✬✉♥❡ ♠✐❝(♦❝❛✈✐*. ❞❡ ❢❛✐❜❧❡ Q
❛✉❣♠❡♥*❡ ❝♦♥#✐❞.(❛❜❧❡♠❡♥* ❧❡ ❝♦✉♣❧❛❣❡ ♥♦♥✲❧✐♥.❛✐(❡ ❞✬✉♥❡ ❇◗ ❛✈❡❝ ❧❛ ❧✉♠✐:(❡ ❡* ♣❡(♠❡*

❞✬❡①*(❛✐(❡ ❡✣❝❛❝❡♠❡♥* ❧❡ #✐❣♥❛❧ ❋❲▼✴❙❲▼✱ ❞♦♥♥❛♥* ❛✐♥#✐ ❛❝❝:# B ❞❡ ♥♦♠❜(❡✉#❡# ❞②♥❛✲

♠✐/✉❡# ❝♦❤.(❡♥*❡# #❛♥# ♣♦✉( ❛✉*❛♥* ❝❤❛♥❣❡( ❧❡# ♣(♦♣(✐.*.# ♦♣*✐/✉❡# ❞❡ ❧❛ ❇◗✳ ❆✉ ❝♦✉(# ❞❡

♠❛ *❤:#❡✱ ❥❡ ♠❡ #✉✐# .❣❛❧❡♠❡♥* ✐♥*.(❡##. B ❞✬❛✉*(❡# *②♣❡# ❞❡ ♥❛♥♦#*(✉❝*✉(❡# #❡♠✐❝♦♥❞✉❝✲

*(✐❝❡# ❞♦♥* ❥❡ ♥✬❛✐ ♣❛# ♣(.#❡♥*. ❧❡# (.#✉❧*❛*#✳

H❛(♠✐ ❡❧❧❡#✱ ❧❡# ❛♥*❡♥♥❡# ❞✐.❧❡❝*(✐/✉❡# ❡♥ ●❛❆# ✭❝❢ ✜❣✉(❡ ✺✳✶✶ ✭❛✮✮ ♦♥* ❞♦♥♥. ❞❡# (.#✉❧✲

*❛*# *(:# ♣(♦♠❡**❡✉(#✳ ▲❛ #*(✉❝*✉(❡ ❡♥ ❢♦(♠❡ ❞❡  !♦♠♣❡  ❡ ♣❡(♠❡* ❞✬❛✉❣♠❡♥*❡( ❧❡ ❝❤❛♠♣

(❡##❡♥*✐ ♣❛( ❧❡# ❇◗# ❡♥ ❝♦♥✜♥❛♥* ❧❡ ❝❤❛♠♣ ❞✬❡①❝✐*❛*✐♦♥ ❥✉#/✉✬❛✉ ♣✐❡❞ ❞✉ ❝P♥❡ ♦Q #♦♥*

❧♦❝❛❧✐#.❡# ❧❡# ❇◗# ✭❞✐❛♠:*(❡ ✵✳✸ µ♠✮✳ ❈❡**❡ ❣.♦♠.*(✐❡ ✐♥♥♦✈❛♥*❡ ♥✬❡♠♣❧♦✐❡ ♣❛# ❞❡ ❝❛✈✐*.
❡* ❣❛(❛♥*✐* ✉♥ ❢❛❝*❡✉( β .❧❡✈.✱ ❞❡ ♠❛♥✐:(❡ B ❝♦✉♣❧❡( ❡✣❝❛❝❡♠❡♥* ❧❡# ❇◗# ❛✉ ♠♦❞❡ ❣✉✐❞.
#✉( ✉♥❡ ❧❛(❣❡ ❣❛♠♠❡ #♣❡❝*(❛❧❡ ❛❧❧❛♥* ❞❡ ✺✵ B ✶✵✵ ♥♠ ❬✶✵✼❪✳ H❛( ❛✐❧❧❡✉(#✱ ❧❡ ❞.❝♦♥✜♥❡♠❡♥*

❛❞✐❛❜❛*✐/✉❡ ❞❡ ❧❛ ❧✉♠✐:(❡ .♠✐#❡ ♣❛( ❧❡# ❇◗# ♣❡(♠❡* ❞❡ (.❞✉✐(❡ ❞(❛#*✐/✉❡♠❡♥* ❧❡# ❡✛❡*# ❞❡

❞✐✛(❛❝*✐♦♥ B ❧✬✐♥*❡(❢❛❝❡ ●❛❆#✴❛✐(✳ ▲❡ ❝P♥❡ ❞❡ ❧✉♠✐:(❡ .♠✐# ♣❛( ❧❛ *(♦♠♣❡**❡ ♣❤♦*♦♥✐/✉❡ ❡#*

❞❡ ❢❛✐* *(:# ♣(♦❝❤❡ ❞❡ ❧✬♦✉✈❡(*✉(❡ ♥✉♠.(✐/✉❡ ❞✬✉♥ ♦❜❥❡❝*✐❢ ❞❡ ♠✐❝(♦#❝♦♣❡ ✭◆❆≈ 0.75✮✱ ❝❡
/✉✐ ♣❡(♠❡* ❞❡ ❝♦❧❧❡❝*❡( ❧❛ /✉❛#✐✲*♦*❛❧✐*. ❞❡# ♣❤♦*♦♥# .♠✐# ♣❛( ❧❡# ❇◗# ❬✶✵✽❪✳

▲❛ (.❞✉❝*✐♦♥ ❞❡ ❧❛ ♣✉✐##❛♥❝❡ ✐♥❝✐❞❡♥*❡ ❡* ❧✬❛✉❣♠❡♥*❛*✐♦♥ ❞❡ ❧✬❡①*(❛❝*✐♦♥ ❞❡# ♣❤♦*♦♥#

#♦♥* ❞❡✉① ❝(✐*:(❡# ❞.*❡(♠✐♥❛♥*# ❧♦(# ❞✬✉♥❡ ❡①♣.(✐❡♥❝❡ ❋❲▼✳ ❊♥ ❝♦♠❜✐♥❛♥* #❡# ❞❡✉① ❛✈❛♥✲

*❛❣❡#✱ ❧❡# *(♦♠♣❡**❡# ♣❤♦*♦♥✐/✉❡# ♣❡(♠❡**❡♥* ❞❡ ❣❛❣♥❡( ❡♥✈✐(♦♥ *(♦✐# ♦(❞(❡# ❞❡ ❣(❛♥❞❡✉(#

♣❛( (❛♣♣♦(* B ✉♥❡ ❇◗ ❞❛♥# ✉♥ ♠❛##✐❢ ❡♥ *❡(♠❡ ❞❡ ❙◆❘✱ ❞♦♥♥❛♥* ❛✐♥#✐ ❛❝❝:# B ❧❛ (.♣♦♥#❡

❝♦❤.(❡♥*❡ ❞❡ ❇◗# ✐♥❞✐✈✐❞✉❡❧❧❡#✳

▲❛ ✜❣✉(❡ ✺✳✶✶ ✭❜✮ ♠♦♥*(❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ #♣❡❝*(❡ ❞❡ ♣❤♦*♦❧✉♠✐♥❡#❝❡♥❝❡ ✭❤❛✉*✮ ❞❡ ❇◗#

■♥❆# ❝♦♥✜♥.❡# ❞❛♥# ✉♥❡ *(♦♠♣❡**❡ ♣❤♦*♦♥✐/✉❡✳ ▲❡ ♥♦♠❜(❡ ❞❡ ❝♦✉♣# ♣❛( #❡❝♦♥❞❡ ❛**❡#*❡

❞❡ ❧✬❡✣❝❛❝✐*. ❞❡ ❝♦❧❧❡❝*✐♦♥ ❞❡ ❝❡# #*(✉❝*✉(❡#✳ ▲❡ #♣❡❝*(❡ ❋❲▼ ❝♦((❡#♣♦♥❞❛♥* ✭❜❛#✮✱ ♦❜*❡♥✉

♣♦✉( ✉♥❡ ♣✉✐##❛♥❝❡ ❞❡ ♣♦♠♣❡ P1 = 0.1 µ❲ ✭Θ1 = π/5✮✱ ❛**❡#*❡ /✉❛♥* B ❧✉✐ ❞❡ ❧✬❡✣❝❛❝✐*.
❞❡ ❝♦✉♣❧❛❣❡ ❞❡# ❇◗# ❛✉ ♠♦❞❡ ❣✉✐❞.✳ ▲❡# ❛✐(❡# ❞✬✐♠♣✉❧#✐♦♥# ❞❡ ❧❛ ♣♦♠♣❡ ❡* ❞❡ ❧❛ #♦♥❞❡

♦♥* .*. ❞.*❡(♠✐♥.❡# ❡♥ ♠❡#✉(❛♥* ❧❡# ♦#❝✐❧❧❛*✐♦♥# ❞❡ ❘❛❜✐ ✐❧❧✉#*(.❡# #✉( ❧❛ ✜❣✉(❡ ✺✳✶✶ ✭❝✮✳ ❈❡

♥✐✈❡❛✉ ❞❡ #✐❣♥❛❧✱ ❝♦♠♣❛(❛❜❧❡ B ❝❡❧✉✐ ❛**❡✐♥* ❛✈❡❝ ❧❡# ♠✐❝(♦❝❛✈✐*.#✱ ♥♦✉# ❛ ♣❡(♠✐# ❞✬❡①*(❛✐(❡

❧❡# ❞②♥❛♠✐/✉❡# ❞❡ ❝♦❤.(❡♥❝❡# ❡* ❞❡ ♣♦♣✉❧❛*✐♦♥# ❞✬✉♥ #②#*:♠❡ ❡①❝✐*♦♥✲❜✐❡①❝✐*♦♥ ✭●❳✲❳❇✮
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Harvesting, coupling and control of single exciton coherences

enabled by photonic trumpets
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We retrieve coherent nonlinear responses from individual excitons strongly confined in InAs quan-
tum dots (QDs). By embedding them in one-dimensional dielectric antennas, called photonic trum-
pets, we improve the detection sensitivity of such responses by up to four orders of magnitude
with respect to QDs in bulk media. We perform a three-beam four-wave mixing (FWM) micro-
spectroscopy, to investigate coherence and population evolution within an exciton-biexciton system.
We also retrieve its six-wave mixing (SWM) and use it to coherently control the FWM transient,
by implementing FWM/SWM switching. By employing two-dimensional FWM spectroscopy, we
reveal and ascertain coherent coupling between different QDs embedded in a photonic trumpet.
Our results strikingly show how a basic - albeit probably designed - photonic waveguide enables a
broadband efficient harvesting, manipulation and coupling of intrinsically weak coherent responses
from individual emitters. Our results pave the way towards a long-range coherent control in solid
state quantum networks.

Fascinating frontiers of solid-state quantum op-
tics 1 and nano-photonics 2 are being explored using
individual excitons in semiconductor quantum dots
(QDs) 3,4. These few-level mesoscopic systems can
serve as sources of non-classical states of light 5. The
robust coupling with the latter enables coherent con-
trol of an exciton on a sub-ps timescale 6–8 and inter-
exciton coupling 9,10 in nanostructures, which is a pre-
requisite for implementing non-local quantum gates.
Via coupling QD excitons with solid-state spins 11, one
can combine fast optical control with a long-lived co-
herence. Testing the performance of excitons for op-
tical interfacing of solid state quantum bits and em-
ploying them in photonic networks requires retrieving,
assessing and manipulating their coherent responses.

In this context, coherent non-linear spectroscopy
enables all-optical coherent manipulation and read-
out of single emitters8, in particular by investigating
four-wave mixing (FWM). As depicted in Fig. 2, such
polarization is driven by three, resonant, short laser
pulses with electric field amplitudes E1, E2 and E3. In
the lowest order, FWM is proportional to µ4E⋆

1E2E3,
with µ being the optical dipole moment of the emitter.
Due to the steep dependence on µ, first investigations
of FWM on single emitters have been limited to gi-
ant oscillator strength excitons, formed for example
by interface fluctuations of a thin quantum well 9,12.
A successful strategy to improve the FWM signal-to-
background ratio relies on photonic structures that
locally enhance the driving fields experienced by the
QD, while simultaneously improving the collection ef-
ficiency. In particular, semiconductor microcavities
have shown appealing prospects 8,10,13, albeit at the
cost of an operation bandwidth limited to the cavity
resonance.
We show here that nanowire antennas, initially

introduced to realize bright sources of quantum
light 14,15, dramatically enhance the non-linear re-
sponse of individual QDs over a broad spectral range.
This enhancement enables a comprehensive investiga-
tion of the coherence properties of excitonic complexes
strongly confined in self-assembled InAs QDs. While

such emitters constitute one of the leading systems for
solid-state quantum optics 2,5, their moderate oscilla-
tor strength has hindered investigations of coherence
at the single QD level. Furthermore, we show that
FWM can reveal an off-resonant coupling via under-
lying Coulomb interaction between two distinct QDs
embedded in the antenna. Finally, we also recover six-
wave mixing (SWM) of an exciton-biexciton system,
and use it to coherently control the FWM transient.

The antenna, shown in Fig. 1 a, is made of GaAs and
has the shape of a suspended inverted cone — or pho-
tonic trumpet 15 (PT) — anchored to square pillars,
to improve its mechanical stability. In the following
experiments, the driving pulses E1, 2, 3, are focused on
the circular top facet while the reference beam Er, em-
ployed in the interferometric detection, is focused on
the auxiliary pillar. Thanks to a proper anti-reflection
coating and to the nearly Gaussian profile of the fun-
damental guided mode (HE11)

16, Gaussian driving
beams with adapted waists are transmitted to the ta-
pered section with negligible losses. On the waveguide
axis, the electrical field amplitude scales as

√

ng/Seff,
with ng the group index and Seff the effective mode
surface 17. Field enhancement reaches a maximum at
the QDs position, when the waveguide diameter is re-
duced down to 0.3µm, because of the optimal lateral
confinement of the mode, assisted by a slow-light ef-
fect 17. Compared to a QD embedded in bulk GaAs,
a factor of ∼ 100 is gained on the global amplitude
E1E2E3, driving the FWM. Simultaneously, the collec-
tion efficiency of the generated FWM increases from
around 1.2% up to 45%. As a consequence, the FWM
is retrieved with signal-to-background ratio improved
by a factor of ∼ 4×103. Moreover, these non-resonant
photonic structures naturally provide a large opera-
tion bandwidth (> 100 nm) 18.

To retrieve wave-mixing signals of individual
strongly-confined InAs QDs, we have implemented an
extended version 8 of the heterodyne spectral inter-
ferometry 12. Employing acousto-optic modulation,
the driving pulses E1, 2, 3 are frequency up-shifted by
radio-frequencies Ω1,2,3 introducing controlled phase-



2

drifts in their respective trains. After having acquired
delays τ12 and τ23, E1, 2, 3 are recombined into a com-
mon spatial mode and are focused on the sample with
the microscope objective. The searched response is
discriminated in the reflectance by the phase-sensitive
optical heterodyning, attaining a selectivity in field
(intensity) of 106 (1012). The experiment is described
in Ref. [8].
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FIG. 1. Four-wave mixing response of an exciton-

biexciton system confined in an InAs QD em-

bedded in a photonic trumpet. a) SEM image of a
cone shaped GaAs-based, suspended PT, efficiently cou-
pling the external, resonant laser pulses (depicted with
the red cones) with the QDs located at the bottom tip
of the trumpet, as shown by the red triangle in the in-
set. b)Top: Photoluminescence (PL) spectrum excited
non-resonantly at 1.4 eV with 0.3 ps pulses at 76MHz rep-
etition rate. The used intensity of 0.2µW at the top
facet of the PT, corresponds to an average flux at the
QD position of 0.5 photons per exciton lifetime. Bot-
tom: FWM amplitude (violet) and phase (orange) mea-
sured on the same PT: a pair of peaks at the low energy
side is attributed to GX and XB, as depicted. τ12 = 10ps,
(θ1, θ2) = (π/5, 2π/5). The excitation spectrum is given
with a gray line. c) FWM as a function of E1 pulse area
θ1 ∝

√
P1 for θ2 = 0.82π showing Rabi oscillation at GX

(green circles) and XB (blue squares), τ12 = 5ps. The
prediction is given by a green and blue line, respectively.

After performing spectral interferometry on the in-
terference between Er and the reflectance of the PT
heterodyned at the 2Ω2 − Ω1 frequency, the degen-
erate FWM is retrieved in amplitude and phase, as
shown in Fig. 1 b. The spectrally sharp peaks, corre-
spond to the FWM from individual excitons (measure-
ments performed at T= 5.2 ± 0.5K). Having verified
the FWM polarization selection rules, as performed
in section C in the Supplementary Material (SM), the
resonances at 1328.74meV and 1329.8meV are un-
equivocally recognized as ground state - exciton (GX)
and exciton - biexciton (XB) transitions, as sketched
in the inset of Fig. 1 b. Note the negative biexciton
renormalization energy of ∆ ≃ −1meV, indicating a
small spatial extent of wavefunctions of the both com-
plexes and thus their small µ.
To illustrate an enhanced coupling of E1, 2, 3 with the

QD, we present in Fig. 1 c FWM amplitudes of the GX
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FIG. 2. Coherence and population dynamics in

the exciton-biexciton system. Top: The pulse se-
quence used in the experiment and related observables.
Coherence (population) dynamics is investigated via de-
generate (non-degenerate) FWM, as depicted in the left
(right) sketch. a)Coherence dynamics of GX and XB mea-
sured in FWM yielding T2 and σ. Applied pulse areas
(θ1, θ2) = (π/5, 2π/5). d) Population dynamics of X and
B states measured via FWM, yielding T1, τ12 = 1ps. Co-
linear excitation/detection used in all panels.

and XB as a function of E1 pulse area θ1 (being propor-
tional to the square-root of pulse E1 intensity P1). The
FWM of both transitions reaches its maximum, corre-
sponding to the θ1 = π/2 area, for impressively low E1
intensity of around 0.3µW, two orders of magnitude
less than in strongly-confined GaAs QDs 19. Further
increase of θ1 results in Rabi flopping modeled using
analytical prediction 19 only by adjusting XB to GX
dipole moment ratio µXB/µGX = 0.9 and displayed by
solid lines in Fig. 1 c.

As depicted in Fig. 2 a, by measuring time-
integrated degenerate FWM as a function of delay
τ12 between E1 and E2 one infers the QD coherence
dynamics. In particular, one retrieves the dephasing
time T2 and corresponding homogeneous broadening
γ = 2~

T2

FWHM. To investigate the coherence evolu-
tion in the exciton-biexciton system, we present the
FWM of GX and XB as a function of τ12 from -70 to
200 ps. For τ12 > 0 we observe an initial rise, followed
by an exponential decay. The FWM rise is due to the
formation of a photon echo triggered by a spectral
wandering, which acts as a source of inhomogeneous
broadening σ 19. Further research is required to ascer-
tain its origin and assess the influence of surface prop-
erties on σ. Resulting photon echos created by single
transitions in PTs are observed in time-resolved FWM
and discussed in Fig. S1 and S2 in SM. The strength
of the FWM technique to ascertain the optical co-
herence stems from the capability of disentangling γ
and σ, even at the single transition level. To simu-
late the coherence evolution of such inhomogeneously
broadened transitions, we implement the model pre-
sented in Ref. [19] retrieving σ = (10 ± 4)µeV and
T2 = (0.66 ± 0.05) ns, in agreement with measure-
ments performed on ensembles 20.

To measure population evolution via FWM, three
beams are required, as depicted in Fig. 2 b. E1 and



3

E2 first create X and B population oscillating at
Ω2 − Ω1. E3 arriving as the last one, creates a polar-
ization proportional to this density, the FWM, which
is detected at the Ω3 + Ω2 − Ω1 frequency. Thus
varying delay τ23 between E2 and E3, the measured
FWM reflects population evolution, and yields the
lifetime T1. From the resulting exponential decays
of the FWM amplitude on the GX and XB transi-
tions we retrieve the exciton and biexciton lifetimes
of T1(GX, XB) = (1.16 ± 0.04, 0.65 ± 0.05) ns, with
their ratio approaching theoretical limit 21 of 2. Fi-
nally, from the measured T2 and T1, we retrieve the
pure dephasing time for GX and XB of T⋆

2(GX, XB) =
(0.92± 0.06, 1.34± 0.07) ns. We conclude that the in-
vestigated transitions are not radiatively limited. As
an origin of the pure dephasing ( 1

T⋆

2

= 1
T2

− 1
2T1

), we

propose the charge noise 22,23 at the proximity of the
QD.
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FIG. 3. Observation of coherent coupling between

a pair of QDs in the PT. a)Delay dependence of
the FWM amplitude for GX, XB (QD1) and ET (QD2),
−1.5 < τ12 < 7.2 ps, delay-step δτ12 = 0.1 ps. Modula-
tions with a period of 4.3 ps and 0.58 ps indicate mutual
coherent couplings. b)Amplitude of the two-dimensional
FWM: coherent coupling is evidenced by a pair of off-
diagonal peaks, forming square features depicted with the
dashed lines. Note the presence of the diagonal peak for
XB induced by a non-perturbative FWM driving with
(θ1, θ2) = (π/2, π). Logarithmic scale over two orders
of magnitude, given by the color bar. Top: FWM am-
plitude and phase of the off-diagonal peaks at (1329.8,
1336.16)meV and the diagonal ET peak.

The transfer of coherence between a pair of emit-
ters is an essential ingredient to achieve optically con-
trolled two-qubit operations in a solid. Below, we re-
veal coherent coupling 9,10,24,25 between a pair of QDs
embedded in the investigated PT. The QD1 hosts
GX and XB transitions, while the ET (recognized
as a charged exciton transition) occurs in the QD2.
In Fig. 3 a we present coherence dynamics measured
when simultaneously driving QD1 and QD2. The dy-
namics of XB is dominated by the exciton-biexciton
beating with a period |2π~/∆| ≃ 4.5 ps driven by
fifth-order contributions to the FWM 26,27, predom-
inant upon (θ1, θ2) ≃ (π/2, π) employed here. This
beating is reduced using (θ1, θ2) = (π/5, 2π/5), as
shown in Fig. 2 a. Additionally, we observe the modu-
lation with a period 0.58 ps, particularly pronounced

on the ET transition and corresponding to the spec-
tral separation between both QDs, hence indicating
their mutual coupling.

Its definite display is provided by the two-
dimensional FWM spectrum 9,10 shown in Fig. 3 b. By
Fourier-transforming the FWM along the delay τ12 we
obtain a map linking the first-order absorption fre-
quency ω1, with the FWM one, ω. The off-diagonal
signals in such a diagram are signatures of coherent
coupling, i. e. conversion of the absorbed ω1 into dif-
ferent ω, as depicted by squares. The mutual cou-
pling within the triplet (GX,XB,ET) is thus detected.
The internal coupling in QD1, i. e. between GX and
XB, is expected 9,19. Conversely, the transfer of co-
herence toward ET in QD2 is more intriguing. Ow-
ing to a large frequency detuning between ET and
GX, the radiative coupling 28 is excluded. Coherent
coupling between excitons in closely lying QDs stems
from their Coulomb interaction 9,24,25, inducing the
biexciton shift or/and the dipole-dipole Förster cou-
pling. To distinguish between both mechanisms, in
Fig. 3 b (top) we inspect the amplitude and phase of
the off-diagonal terms in the 2D FWM 9: the former
generates a double-peak and 2π spectral shift across
the off-diagonal signal, while the latter produces a sin-
gle off-diagonal peak with the 1π phase shift. This last
scenario is indeed revealed by the experimental data,
indicating Förster coupling between QD1 and QD2.
The spectral shift between the uncoupled and coupled
states is not detected owing to the large spectral de-
tuning of both QDs with respect to the dipole coupling
strength estimated to a few hundred of µeV. More
involved multi-dimensional spectroscopy 25 could pro-
vide additional insights into the microscopic mecha-
nism of the observed coupling.

The three-beam configuration of the setup enables
to control the FWM transient 8. The protocol is based
on converting a desired amount of the FWM field into
the six-wave mixing (SWM) one, by adjusting the
delay and pulse area of the control pulse. The ap-
plied pulse sequence is depicted in Fig. 4 a. E1 and E2
drive FWM at the 2Ω2 − Ω1, which is evolving dur-
ing τ23. E3 converts it into the SWM, propagating at
the 2Ω3 − 2Ω2 +Ω1 frequency. The amount of FWM
converted to SWM is governed by θ3. Specifically, for
θ3 = π the entirety of FWM is transferred to SWM.
Such control via FWM/SWM switching represents the
step change with respect to past FWM experiments,
as it enables to accurately design the FWM response
in temporal and frequency domains, by tuning τ23 and
θ3. The SWM spectrum of the investigated exciton-
biexciton system driven at (θ1, θ2, θ3) = (π/2, π, π) is
shown in Fig. 4 b (top). In the middle panel we present
the corresponding FWM: for θ3 = 0 and τ12 = 3ps
(dark blue) we recover the response as in Fig. 1 b. In-
stead, for θ3 = π (red) the FWM of the GX transi-
tion is quenched, whereas the one of XB is enhanced.
Such a FWM/SWM switching at the GX transition
is retrieved in the time domain in Fig. 4 c. At the
arrival of E3 for τ23 = 30ps the FWM is virtually
suppressed, while the onset of the SWM is observed.
This temporal gating of the FWM is clearly observed
in Fig. 4 d generated by plotting FWM transients (hor-
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FIG. 4. Six-wave mixing and coherent control of

the exciton-biexciton system of an InAs QD in PT.

a)A sketch of the pulse sequence and their areas employed
to drive the SWM and to manipulate FWM transient
via FWM/SWM conversion scheme. b)Top: SWM spec-
trum of GX and XB: (τ12, τ23) = (15, 30) ps, (θ1, θ2, θ3) =
(π/2, π, π). Middle: Coherent control of the GX and XB
by FWM/SWM switching: θ3 = 0 and θ3 = π correspond
to blue and red spectra, respectively. Bottom: Manipu-
lation of the FWM spectral response of the GX and XB:
θ3 = π, τ23 = 30ps. c)Conversion of the FWM to SWM
observed on the GX in time domain: θ3 = π, τ23 = 30ps.
d) FWM as in c) for varying τ23. e) as in b) (bottom) for
varying τ23. Logarithmic scale over two orders of magni-
tude, given by the color bar.

izontal axis) for increasing τ23 (vertical axis) from -3
to 78 ps: FWM is present uniquely prior to the arrival
of E3. An abrupt cut of the signal in time domain in-
duces a particular FWM spectral line-shape 8 of GX
and XB, with a gradual broadening of the zero phonon
lines and build up of side-bands, exemplified in Fig.4 b

(bottom) for τ23 = 30ps. This effect is visualized in
the map shown in Fig. 4 e, displaying FWM spectra
when varying τ23.

We performed coherent nonlinear spectroscopy of
single, strongly-confined excitons in InAs QDs em-
bedded in PTs. Such waveguides offer a perfect in-
terfacing of QD excitons with external excitation, en-
abling to harvest their multi-wave mixing responses
with the sensitivity improved by up to four-orders of
magnitude with respect to a QD in a bulk. Wave mix-
ing spectroscopy was employed not only to assess the
coherence of individual transitions, but also to ascer-
tain inter-exciton couplings with 2D FWM and to ma-
nipulate coherent response via FWM/SWM switch-
ing. Note that the presented control scheme neces-
sitates addressing individual transitions in contrast
to past SWM experiments 27,29,30. Prospective SWM
studies on individual QDs could elucidate their non-
Markovian dephasing 30. Photonic nanostructures de-
signed to enhance the light-matter interaction, like
semiconductor micro-cavities or photonic crystals, op-
erate in a narrow spectral window, defined by the
width of a resonating mode. PTs overcome this limi-
tation thanks to their wave guiding functionality over
a broad spectral range exceeding 100 nm, whilst offer-
ing the field enhancement at the QD position. This
unique feature opens new possibilities for coherent
spectroscopy of single emitters, like performing multi-
color multi-wave mixing. With such a prospective
Raman-type spectroscopy on single QDs 31, one could
for example explore dynamics of optical polarons 32,33

(coupled exciton - optical phonon modes) and study
propagation of acoustic phonons between off-resonant,
spatially distant excitons. The broadband charac-
ter of PTs also enables to perform wave-mixing spec-
troscopy on excited states of a QD, to determine its
level structure and to retrieve related dephasings and
coherent couplings. A versatility of PTs, could also
be exploited to demonstrate radiative coupling 28 in a
pair of separate excitons, by taking advantage of their
accurate frequency tunability via strain 34.
We acknowledge the support by the ERC Starting

Grant PICSEN, contract no. 306387. Sample fabrica-
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Harvesting, coupling and control of single exciton coherences

enabled by photonic trumpets
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A. Sample fabrication.

The suspended PTs shown in Fig. 1 b, specifi-
cally developed for this work, offer improved me-
chanical stability and robustness with respect to
stand-alone ones 15. They were fabricated from a
planar GaAs sample containing a single layer of
InAs QDs grown by molecular beam epitaxy. Af-
ter deposition of a hard mask by e-beam lithog-
raphy, metal deposition and lift-off, the structures
are defined by deep plasma etching with a con-
trolled under etching angle of 4◦. The PTs investi-
gated in the main manuscript (Sample A) feature
a length of 20µm and a top diameter of 2.8µm.
Around the QDs, the waveguide section features
a 0.3µm diameter. Auxiliary pillars (used to re-
flect the reference field, Er) and PTs are respec-
tively shifted by 15µm, and are organized in pat-
tern of five-by-five PTs, with a gradually vary-
ing PT top-diameters from 2µm to 4µm. Fig. 1 b
shows a photo-luminescence spectrum, acquired
under pulsed, non-resonant excitation. QD sat-
uration is achieved for a pump intensity as low
as 0.4µW. The transitions then feature a bright
emission, with spectrally-integrated count rate of
400 kHz.

B. Coherence and FWM dynamics of InAs

QDs in PTs: comprehensive analysis of

dephasing mechanisms. Supplementary

examples.

PTs enable to retrieve FWM from single InAs
QDs within a broad spectral range from 915 nm
to 960 nm. To exemplify this broad-band oper-
ation, in Fig. S1 we present results obtained on
the sample (Sample B) containing QDs emitting
at 960 nm, with respect to the Sample A emit-
ting around 930 nm. In the Sample B, PTs have
a length of 30µm, a top diameter of 4.5µm and a
taper angle of ∼ 8◦, and thus are bigger than in
the Sample A.

In Fig. S1 a we show a photoluminescence spec-
trum, non-resonantly excited at 1.4 eV with inten-
sity of 30 nW, an order of magnitude below the QD
saturation. A spectral interference at the FWM

���� ���� � �� ���

� �� ���
��� ��� ��	

�

��


��


�

�

�
��
��
��
��
��
��
��
��
��

��������������

�

�

�

 !�"

�#$�$������%���&�'�

�

�

�

�

�$������$$�

��

����

�����

�

�������&������

�

�
�(
&
�
��
�)
�
�

��������	
�	���*�	���+�	��'

,
$
-
��

�

�

�
�����

�.�
�

��
��

���

�

�

�

,
/
��
�$
)
�
��
.�
�

�
�

�

�

Supplementary Figure S1. PL and FWM spec-

troscopy of InAs QDs emitting at 960 nm em-

bedded in a photonic trumpet. Sample B.

heterodyne frequency 2Ω2 − Ω1, obtained on the
same PT is shown in Fig. S1 b. Three, spectrally
sharp features, correspond to the FWM from three
individual transitions in InAs QDs. As already ob-
served in Fig. 1 b, the PL and FWM spectra are not
the same. Transitions marked as “1” and “2” are
observed in both experiments. Conversely, “3”, de-
tected in FWM, does not have its counterpart in
the PL. FWM amplitude of the transition “1” as a
function of E1 pulse area θ1 is shown in the inset.
FWM reaches its maximum, corresponding to the
θ1 = π/2 area, for E1 intensity of only 0.2µW, in-
dicating an excellent coupling between the E1, 2, 3
driving fields and the exciton transition. Further
increase of θ1 results in the Rabi flopping and de-
crease of the FWM amplitude.

In order to infer dephasing mechanisms, we have
first examined the time-resolved FWM for fixed
τ12 = 60ps, displayed in Fig. S1 c. The response
clearly reveals a Gaussian photon echo (the red
trance corresponds to a Gaussian fit), with the
temporal FWHM spread of tinh = 56ps for the
FWM amplitude. Such an echo in the FWM tran-
sient is a fingerprint of the spectral inhomogeneous
broadening σ. Applying the model presented in
Ref. [19], it is evaluated as σ = ~

√
8ln2/tinh =



2

27µeV. On a single exciton level, σ is attributed to
the spectral wandering, occurring within the inte-
gration time 19. By varying the latter from 1ms to
1 s we observe virtually the same echo behavior.
We thus conclude that the spectral fluctuations
of this transition occur at the sub-ms timescale.
Spectral positions of the transition “1” fluctuate
with a characteristic spread of σ over the measure-
ment. Despite their temporal separation, they all
interfere with the reference field Er and give rise to
the involved spectral shape of the resulting time-
averaged interferogram. After applying Fourier-
transform in the spectral interferometry algorithm,
this yields a Gaussian response in time centered at
t= τ12, i. e. photon echo. We note that excitons in
all investigated PTs (statistics of γ and σ is shown
in the inset of Fig. S2 b) displayed a measurable
echo in their coherence dynamics, yielding σ up to
50µeV.

To assess the coherence dynamics, we have mea-
sured τ12 delay dependence of the FWM ampli-
tude, displayed in Fig. S1 c. Suppression of the
FWM for negative delays indicates lack of two-
particle, biexcitonic state. We thus attribute the
investigated transition “1” to a charged exciton.
In the FWM delay dynamics, we observe initial
rise, which is due to the echo formation, followed
by an exponential decay. To simulate coherence
evolution (depicted with the orange dashed line,
also see Fig. 2 a and Fig. S2 b) of such inhomoge-
neously broadened transition, we implement the
model presented in Ref. [19]. Bearing in mind pre-
viously determined σ, we retrieve the dephasing
time T2 = (610± 20) ps as the only fitting parame-
ter, corresponding to the homogeneous broadening
of γ = (2.16 ± 0.07)µeV.

In Fig. S2 a we present FWM spectra in
(E1, E2, Er) = (−, −, −) (black solid) and (−
, |, −) (red dashed) configuration on a PT having
a top-diameter of 2.9µm. Using the FWM po-
larization selection rules (see Fig. 1 d), a pair of
transitions (GX′, X′B′) is identified as an exciton-
biexciton system, with a renormalization energy
of ∆′ = −0.24meV. The retrieved coherence dy-
namics is shown in Fig. S2 b, yielding in this case,
(γGX′ , σGX′) = (7, 33)µeV and (γX′B′ , σX′B′) =
(7, 58)µeV. Clearly, larger σ deteriorates the co-
herence of both transitions, resulting in larger γ
with respect to the example investigated in the
main manuscript (Fig. 2). Note, a larger inhomo-
geneous broadening of X′B′ with respect to the
GX′, indicating anti-correlation in spectral wan-
dering of the exciton and the biexciton level. In
the coherence dynamics we also identify exciton-
biexciton beating with a period of |2π~/∆′| =
17ps. The noise floor is given by open circles.

The time-resolved FWM amplitude of the GX′

as a function of τ12 is shown in Fig. S2 c. Due to a
large σ (and thus sufficiently narrow width of the
echo in time) such a map explicitly shows forma-
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Supplementary Figure S2. Coherence and FWM

dynamics measured on an exciton-biexciton

system showing an increased inhomogeneous

broadening σ with respect to Fig. 2 and Fig. S1.

tion of the photon echo 19. Namely, we see the shift
of the FWM maximum in real time t according to
τ12, forming a Gaussian centered along the diag-
onal line τ12 =t, as reproduced by the simulation
shown in Fig. S2 d.

C. Identification of the exciton-biexciton

system via FWM selection rules

The resonances discussed in the main
manuscript at 1328.74meV and 1329.8meV
are recognized as ground state - exciton (GX)
and exciton - biexciton (XB) transitions. We
apply the FWM polarization and delay selection
rules presented in Ref. [19]. In Fig. S3, we show
FWM amplitude of GX and XB, as a function of
τ12, around zero delay for co- and cross-linearly
polarized E1 and E2, for (θ1, θ2) = (π/5, 2π/5).
For negative delays, the FWM is the same for both
polarization configurations: E2 arrives first and
induces a two-photon coherence (TPC) between
G and B. E1 converts TPC into the FWM released
with equal amplitudes on GX and XB. Conversely,
for positive delays the FWM can be generated
in two manners. For co-linearly polarized E1 and
E2 the FWM is created via density grating, with
the amplitude twice larger at GX than at XB
(in the χ3, perturbative regime). Instead, for
cross-polarized excitation, the signal is created
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Supplementary Figure S3. Identification of GX

and XB as a ground state-exciton and exciton-

biexciton transiton in a single InAs QD. Delay
dependence of the FWM for -3.2 ps< τ12 < 2.8 ps, for
co-linearly polarized E1, E2 and the reference (−, −, −)
(top) and for cross-polarized E2; (−, |, −) (bottom).
Detection along (−) direction.

via Raman coherence between GX and GY, such
that the signal is released uniquely at XB. Finally,
we note that we also measured the fine-structure
beating with a period of 50 ps, yielding the
splitting between GX and GY of δ = 83µeV (not
shown).
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αF ❈♦♥#$❛♥$❡ ❞❡ ❋)*❤❧✐❝❤

αi ❆♥❣❧❡ ❞❡ ♣♦❧❛)✐#❛$✐♦♥ ❞❡ ❧✬❡①❝✐$❛$✐♦♥

β ❊✣❝❛❝✐$6 ❞❡ ❝♦❧❧❡❝$✐♦♥ ❞❡ ❧✬6♠✐##✐♦♥ #♣♦♥$❛♥6❡

χ ❙✉#❝❡♣$✐❜✐❧✐$6 6❧❡❝$)✐;✉❡

∆t ▲❛)❣❡✉) $❡♠♣♦)❡❧❧❡ ❞❡# ✐♠♣✉❧#✐♦♥#

∆ts ❋❡♥=$)❡ $❡♠♣♦)❡❧❧❡ ❞✉ #♣❡❝$)♦♠>$)❡

∆ ❉6#❛❝❝♦)❞ ❞❡ ❢)6;✉❡♥❝❡

δ ➱♥❡)❣✐❡ ❞❡ #$)✉❝$✉)❡ ✜♥❡ ❞❡ ❧✬❡①❝✐$♦♥

δ(t) ❉✐#$)✐❜✉$✐♦♥ ❞❡ ❉✐)❛❝

∆ω ▲❛)❣❡✉) #♣❡❝$)❛❧❡ ❞❡# ✐♠♣✉❧#✐♦♥#

∆b ➱♥❡)❣✐❡ ❞❡ ❧✐❛✐#♦♥ ❞✉ ❜✐❡①❝✐$♦♥

ǫ0 C❡)♠✐$$✐✈✐$6 ❞✐6❧❡❝$)✐;✉❡ ❞✉ ✈✐❞❡ ✭8.85× 10−12F ·m−1
✮

ǫr C❡)♠✐$$✐✈✐$6 ❞✐6❧❡❝$)✐;✉❡

Γ ❚❛✉① ❞✬6♠✐##✐♦♥ #♣♦♥$❛♥6❡

γ1 ❚❛✉① ❞❡ )❡❧❛①❛$✐♦♥ ❞❡# ♣♦♣✉❧❛$✐♦♥#

Γ2 ❚❛✉① ❞❡ ❞6♣❤❛#❛❣❡ ♣✉) ♣❡♥❞❛♥$ ❧✬❡①❝✐$❛$✐♦♥

γ2 ❚❛✉① ❞❡ )❡❧❛①❛$✐♦♥ ❞❡# ❝♦❤6)❡♥❝❡#

γ∗2 ❚❛✉① ❞❡ ❞6♣❤❛#❛❣❡ ♣✉)

γp C❡)$❡# ❞❡ ❧❛ ❝❛✈✐$6

~ h/2π = 1.054571× 10−34 J · s = 658 µeV · ps
Λ ▲♦♥❣✉❡✉) ❞✬♦♥❞❡ ❞✉ #♦♥ ❞❛♥# ✉♥ ❆❖▼

λ ▲♦♥❣✉❡✉) ❞✬♦♥❞❡ ✭c/ν✮

λDB ▲♦♥❣✉❡✉) ❞✬♦♥❞❡ ❞❡ ❉❡ ❇)♦❣❧✐❡

µ ▼♦♠❡♥$ ❞✐♣♦❧❛✐)❡ 6❧❡❝$)✐;✉❡

µC▲ ▼✐❝)♦✲♣❤♦$♦❧✉♠✐♥❡#❝❡♥❝❡

µ∗ ▼❛##❡ )6❞✉✐$❡ ❞❡ ❧✬❡①❝✐$♦♥

ν ❋)6;✉❡♥❝❡ ✭1/T ✮
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ω ❋$%&✉❡♥❝❡ ✭2πν✮

ω0 ❋$%&✉❡♥❝❡ ♦♣/✐&✉❡ ❞✉ ❧❛4❡$ ♦✉ ❞❡ ❧❛ /$❛♥4✐/✐♦♥ ✭≈ 330 ❚❍③✮

Ωi ❘❛❞✐♦✲❢$%&✉❡♥❝❡4 ❞❡ ♠♦❞✉❧❛/✐♦♥ ✭≈ 80 ▼❍③✮

ΩR ❋$%&✉❡♥❝❡ ❞❡ ❘❛❜✐

	,� >♦❧❛$✐4❛/✐♦♥ ❝✐$❝✉❧❛✐$❡ ❣❛✉❝❤❡✱ ❞$♦✐/❡

−,�, |,� >♦❧❛$✐4❛/✐♦♥ ❧✐♥%❛✐$❡ ✵

◦
✱ ✹✺

◦
✱ ✾✵

◦
✱ ✶✸✺

◦

ψ ❋♦♥❝/✐♦♥ ❞✬♦♥❞❡

ρ ❖♣%$❛/❡✉$ ❞❡ ♠❛/$✐❝❡ ❞❡♥4✐/%

ρ(ω) ❉❡♥4✐/% ❞✬%/❛/

ρm ▼❛44❡ ✈♦❧✉♠✐&✉❡ ✭m/V ✮

σ ➱❝❛$/ /②♣❡

σ+, σ− ❊①❝✐/♦♥4 ♥❡✉/$❡4 ♣♦❧❛$✐4%4 ❝✐$❝✉❧❛✐$❡♠❡♥/ ❣❛✉❝❤❡✱ ❞$♦✐/❡

τ ❉%❧❛✐ ❡♥/$❡ ❧❡4 ✐♠♣✉❧4✐♦♥4

τc ❚❡♠♣4 ❞❡ ✈✐❡ ❞✉ ♣❤♦/♦♥ ❞❛♥4 ❧❛ ❝❛✈✐/%

τ12 ❉%❧❛✐ ❡♥/$❡ E1 ❡/ E2
τ23 ❉%❧❛✐ ❡♥/$❡ E2 ❡/ E3
θB ❆♥❣❧❡ ❞❡ ❇$❛❣❣

Θi ❆♥❣❧❡ ❞❡ $♦/❛/✐♦♥ ❞❡ ❘❛❜✐ ♦✉ ❛✐$❡ ❞✬✐♠♣✉❧4✐♦♥

ρ̃ ❖♣%$❛/❡✉$ ❞❡ ♠❛/$✐❝❡ ❞❡♥4✐/% ❞❛♥4 ❧❡ $%❢%$❡♥/✐❡❧ /♦✉$♥❛♥/

εjk ❚❡♥4❡✉$ ❞❡ ❝♦♥/$❛✐♥/❡ ♣✐%③♦%❧❡❝/$✐&✉❡

~B ❱❡❝/❡✉$ ❞❡ ❇❧♦❝❤

~k ❱❡❝/❡✉$ ❞✬♦♥❞❡

a0 ❘❛②♦♥ ❞❡ ❇♦❤$ ❞❡ ❧✬❡①❝✐/♦♥

a†q, aq ❖♣%$❛/❡✉$4 ❞❡ ❝$%❛/✐♦♥ ❡/ ❞✬❛♥♥✐❤✐❧❛/✐♦♥ ❞✬✉♥ ♣❤♦♥♦♥ ❞❡ ✈❡❝/❡✉$ ❞✬♦♥❞❡ ~q

B ❇✐❡①❝✐/♦♥ ♥❡✉/$❡

c ❱✐/❡44❡ ❞❡ ❧❛ ❧✉♠✐P$❡ ❞❛♥4 ❧❡ ✈✐❞❡ ✭✷✾✾ ✼✾✷ ✹✺✽ m · s−1 = 299 µm · ps−1
✮

c.c. ❈♦♠♣❧❡①❡ ❝♦♥❥✉❣✉%

cs ❱✐/❡44❡ ❞✉ 4♦♥

Dc,v >♦/❡♥/✐❡❧ ❞❡ ❞%❢♦$♠❛/✐♦♥ ❞❡4 ❜❛♥❞❡4 ❞❡ ❝♦♥❞✉❝/✐♦♥✱ ❞❡ ✈❛❧❡♥❝❡

e ❈❤❛$❣❡ ❞❡ ❧✬%❧❡❝/$♦♥ ✭1.602176× 10−19 C✮

Eph ➱♥❡$❣✐❡ ❞❡4 ♣❤♦♥♦♥4 ❛❝♦✉4/✐&✉❡4

f ❉✐4/❛♥❝❡ ❢♦❝❛❧❡

Fp ❋❛❝/❡✉$ ❞❡ >✉$❝❡❧❧

h ❈♦♥4/❛♥/❡ ❞❡ >❧❛♥❝❦ ✭6.626069× 10−34 J · s = 4134 µeV · ps✮
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H(t) ➱❝❤❡❧♦♥ ❞❡ ❍❡❛✈✐.✐❞❡

K2 ❚❡♠♣. ❝❛2❛❝342✐.3✐5✉❡ ❞❡ ❧✬❊■❉

kB ❈♦♥.3❛♥3❡ ❞❡ ❇♦❧③3♠❛♥♥ ✭1.380648× 10−23 J ·K−1 = 86 µeV ·K−1
✮

m∗
▼❛..❡ ❡✛❡❝3✐✈❡

m0 ▼❛..❡ ❞❡ ❧✬4❧❡❝32♦♥ ✭9.109381× 10−31 kg✮

m∗
p ▼❛..❡ 24❞✉✐3❡ ❞✉ ♣♦❧❛2♦♥

M ij
q ▼❛32✐❝❡ ❞✬✐♥3❡2❛❝3✐♦♥ 4❧❡❝32♦♥✲♣❤♦♥♦♥

n ■♥❞✐❝❡ ❞❡ 24❢2❛❝3✐♦♥

Nq ❉✐.32✐❜✉3✐♦♥ ❞❡ ❇♦.❡ ❞❡. ♣❤♦♥♦♥.

P s
ij E♦❧❛2✐.❛3✐♦♥ ♣✐4③♦4❧❡❝32✐5✉❡

Q ❋❛❝3❡✉2 ❞❡ 5✉❛❧✐34

S(ω) ❙✐❣♥❛❧ ❋❲▼ ♠❡.✉24 .♣❡❝32❛❧❡♠❡♥3

T1 ❚❡♠♣. ❞❡ ✈✐❡ ❞❡. ♣♦♣✉❧❛3✐♦♥.

T2 ❚❡♠♣. ❞❡ ❝♦❤42❡♥❝❡

T ∗
2 ❚❡♠♣. ❞❡ ❞4♣❤❛.❛❣❡ ♣✉2

TB ❚❡♠♣. ❞❡ ✈✐❡ ❞✉ ❜✐❡①❝✐3♦♥

tp ❚❡♠♣. ❞❡ ✈✐❡ ❞✉ ♣♦❧❛2♦♥

T∆b
E42✐♦❞❡ ❞❡ ❜❛33❡♠❡♥3 ❞❡ ❧✬4♥❡2❣✐❡ ❞❡ ❧✐❛✐.♦♥

Tδ E42✐♦❞❡ ❞❡ ❜❛33❡♠❡♥3 ❞❡ ❧✬4♥❡2❣✐❡ ❞❡ .32✉❝3✉2❡ ✜♥❡

Tin ❚❡♠♣. ❝❛2❛❝342✐.3✐5✉❡ ❞❡ ❞✐✛✉.✐♦♥ .♣❡❝32❛❧❡

vg ❱✐3❡..❡ ❞❡ ❣2♦✉♣❡ ✭dω/dk✮

vφ ❱✐3❡..❡ ❞❡ ♣❤❛.❡ ✭ω/k✮

X,Y ❊①❝✐3♦♥. ♥❡✉32❡. ♣♦❧❛2✐.4. ❧✐♥4❛✐2❡♠❡♥3 ❤♦2✐③♦♥3❛❧✱ ✈❡23✐❝❛❧

X+, X−
❊①❝✐3♦♥ ❝❤❛2❣4 ✭32✐♦♥✮ ♣♦.✐3✐✈❡♠❡♥3✱ ♥4❣❛3✐✈❡♠❡♥3

X∗
S,T ❚2✐♦♥ ♥4❣❛3✐❢ ❡①❝✐34

Z E♦✐❞. ❞❡ ❧❛ ❩E▲

z ➱♣❛✐..❡✉2 ❞✉ ♠✐❧✐❡✉

E ❆♠♣❧✐3✉❞❡ ❞✉ ❝❤❛♠♣ 4❧❡❝32✐5✉❡

F ❚2❛♥.❢♦2♠4❡ ❞❡ ❋♦✉2✐❡2

F−1
❚2❛♥.❢♦2♠4❡ ❞❡ ❋♦✉2✐❡2 ✐♥✈❡2.❡

H ❍❛♠✐❧3♦♥✐❡♥ 3♦3❛❧

H0 ❍❛♠✐❧3♦♥✐❡♥ ♥♦♥✲♣❡23✉2❜4

He ❍❛♠✐❧3♦♥✐❡♥ 4❧❡❝32♦♥✐5✉❡

HI ❍❛♠✐❧3♦♥✐❡♥ ❞✬✐♥3❡2❛❝3✐♦♥
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He−ph ❍❛♠✐❧(♦♥✐❡♥ ❞✬✐♥(❡.❛❝(✐♦♥ 0❧❡❝(.♦♥✲♣❤♦♥♦♥

Hph ❍❛♠✐❧(♦♥✐❡♥ ♣❤♦♥♦♥✐4✉❡

LS ▲❡✈❡❧ $②$&❡♠

L ❖♣0.❛(❡✉. ❞❡ ❞✐77✐♣❛(✐♦♥ ❞❡ ▲✐♥❞❜❧❛❞

P :♦❧❛.✐7❛(✐♦♥

✷❉✲❋❲▼ ❚✇♦✲❞✐♠❡♥$✐♦♥❛❧ ❢♦✉2✲✇❛✈❡ ♠✐①✐♥❣

❆❋▼ ❆&♦♠✐❝ ❢♦2❝❡ ♠✐❝2♦$❝♦♣❡

❆❖▼ ❆❝♦✉$&♦✲♦♣&✐❝ ♠♦❞✉❧❛&♦2

❆7 ❆.7❡♥✐❝

❇◗ ❇♦B(❡ 4✉❛♥(✐4✉❡

❈❈❉ ❈❤❛2❣❡✲❝♦✉♣❧❡❞ ❞❡✈✐❝❡

❉✲❋❲▼ ❉❡❣❡♥❡2❛&❡ ❢♦✉2✲✇❛✈❡ ♠✐①✐♥❣

❉✲❙❲▼ ❉❡❣❡♥❡2❛&❡ $✐①✲✇❛✈❡ ♠✐①✐♥❣

❉❇❘ ❉✐$&2✐❜✉&❡❞ ❇2❛❣❣ 2❡✢❡❝&♦2

❉❱● ❉✐7♣❡.7✐♦♥ ❞❡ ✈✐(❡77❡ ❞❡ ❣.♦✉♣❡

❊❇❖ ➱4✉❛(✐♦♥7 ❞❡ ❇❧♦❝❤ ♦♣(✐4✉❡7

❊■❉ ❊①❝✐&❛&✐♦♥✲✐♥❞✉❝❡❞ ❞❡♣❤❛$✐♥❣

❡❱ ➱❧❡❝(.♦♥ ✈♦❧( ✭1.602176× 10−19 J✮

❋❋❚ ❋❛$& ❋♦✉2✐❡2 &2❛♥$❢♦2♠

❢7✱ ♣7✱ ♥7 ❋❡♠(♦7❡❝♦♥❞❡ ✭10−15
7✮✱ ♣✐❝♦7❡❝♦♥❞❡ ✭10−12

7✮✱ ♥❛♥♦7❡❝♦♥❞❡ ✭10−9
7✮

❋❲❍▼ ❋✉❧❧ ✇✐❞&❤ ❛& ❤❛❧❢ ♠❛①✐♠✉♠

❋❲▼ ❋♦✉2✲✇❛✈❡ ♠✐①✐♥❣
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