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Abstract

We propose a novel approach inspired from non-local damage continuum mechanics to des-
cribe damage evolution and quasi-brittle failure of disordered solids. Heterogeneities are introduced
at a mesoscopic continuous scale through spatial variations of the material resistance to damage. The
central role played by the load redistribution during damage growth is analyzed by varying the inter-
action function used in the non-local model formulation. The spatio-temporal evolution of the damage
eld is obtained from energy conservation arguments, so that the formulation is thermodynamically
consistent. We analytically determine the onsets of localization and failure that appear controlled by
the redistribution function. Damage spreading is characterized through a complete statistical analysis
of the spatio-temporal organization of the precursors to failure. The power law increase of the rate of
energy dissipated by damage and an extracted correlation length close to failure supports the interpre-
tation of quasi-brittle failure as a critical phenomena. Indeed, we establish a connection between our
damage model and the evolution law of an elastic interface driven in a disordered medium. It allows to
identify the order and control parameters of the critical transition, and capture the scale-free statisti-
cal properties of the precursors within the mean eld limit. Finally, we experimentally investigate the
coaction of localized dissipative events and elastic redistributions in disordered media via compres-
sion experiments of two-dimensional arrays of hollow soft cylinders. Our experimental observations
show a quantitative agreement with the predictions derived following our approach.

Keywords : damage mechanics, quasi-brittle failure, heterogeneous materials, intermittency,
criticality



Réesune

Nous proposons une nouvelle approche irespites moeles d'endommagement non-locaux
pour cecrire la ruine des matiaux quasi-fragiles @ordongs. Les Bterogeréites maériaux sont
introduitesa uneéchelle continue #soscopique via des variations spatiales dé&sistance I'en-
dommagement alors que leaxanisme de redistribution des contraintes éstitla travers une fonc-
tion d'interaction que l'on peut faire varier. &volution spatio-temporelle de 'endommagement est
détermiree a partir du principe de conservationédiergie et caragetiste via uneétude statistique
des pécurseurs la rupture. Cette approche nous permet dalipe la valeur des seuils de locali-
sation et de rupture en fonction de la nature des redistributions. A I'approche de la rupture, nous
mettonségalement erévidence une augmentation en loi de puissance du taéxedjie dissipe
ainsi qu'une longueur de cdfation, supportant l'interf@tation de la rupture quasi-fragile comme
un ptenonene critique. En effet, nougdontrons que notre model d'endommagement s'appagente
la loi d'évolution d'une interfacélastiquetvoluant dans un milieuasordong. Cette analogie nous
permet d'identi er les paramtres d'ordre et de coriite de cette transition critique et d'expliquer
les invariances @&chelle des uctuations dans la limite champ moyen. En n, nous appliquons ces
concepts thoriquesa travers letude exprimentale de la compression d'un empilement bidimen-
sionnel de cylindreglastiques. Notre approche permet éerite de fagon quantitative I&ponse
mécanique non-lieaire du matriau, et en particulier la statistique deggquirseurs ainsi que la loca-
lisation des éformations.

Mots-clés : mecanique de I'endommagement, localisation, rupture quasi-fragile, métriaux hétérogenes,
intermittence, criticalit &
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Réesunte detaille de la these

Ce travail de thse porte sur la rupture quasi-fragile desamaux feterogenes. La pediction
du comportemena rupture de tels matiaux, comme que leébon, le bois ou certaines roches, est
un probeme central pour l'a@ioration et la conception de structures. Cetéxetion passe par une
compEhension ne des Kecanismes deéfjradation mis en jeux au cours de la rupture quasi-fragile.
Ceux-ci ont doné lieua de nombreusexudes tBoriques et exgrimentales qui ont permis de mettre
enévidence que la rupture quasi-fragileaule de la nuélation et de la croissance stable d'un grand
nombre de micro ssures. Celles-eévoluent de facon collective jusquleur localisation selon une
ssure macroscopique donnant liada rupture catastrophique de la structure.

Dans le premier chapitre de ce manuscrit, coresadtétat de I'art, nous proposons une
description des principales caragstiques de la rupture quasi-fragile. Les camsences de I'endom-
magement sur les progtes macroscopiquesédradation des prof@aiesélastiques, adoucissement,
effet de taille nie) sont discuites ainsi que I'organisation spatio-temporelle complexe de I'endomma-
gement repoéte dans diffrentegtudes ex@rimentales. On s'attache en particubida caradtrisation
des uctuations mes@es lors de la croissance intermittente de I'endommagement. Leur statistique
présente des proftes remarquables carécdistes par des lois de puissance, éhlergence d'une
longueur de coélation du champ spatial d'endommagement qui augmeentesure que le matiau
est proche de la rupture. Pouedatire I'endommagement de ces f@aux, de nombreux medes
ontété propogs. Nous écrivons ici succinctement deux classes principaqmrtir desquelles nous
construirons notre approche : les netes d'endommagement continus, rigoureux mais dont la des-
cription, borreea des mairiaux homognes, ne permet pas I'observation de I'organisation spatio-
temporelle caraéristique des gcurseurs, et les metks statistiques, qui permettent de capturer
cette complexé mais dont la simplicé fait obstaclea une description quantitative déVolution de
I'endommagement.

Dans le second chapitre, nougpentons notre metek d'endommagementé&soscopique
de maériaux durcissants isotropes. Nous utilisons une formulation non-loaaddéeraideur microsco-
pique cepend du paragtre d'endommagement non-local. Ce premier&aignt nous permet de tenir
compte des interactions enggenements d'endommagement via une fonction d'interaction, choisie
modulable, qui intervient dans la formulation non-locale. Nous ajoutons un secordliEnyr: la
présence d'Bterogereéites qui permettent de tenir compte de I'in uence de la microstructure de ces
matriaux sur leur comportement. Nous introduisons pour cela des variations spatialessildace
al'endommagemerat uneéchelle nésoscopique. En n, volution de 'endommagement est obtenue
en invoquant le principe de conservation dmkrgie, sovolutionétant écrite comme un transfert
d'énergie neécanique erénergie dissipe par rupture. L'analyse analytique des deux cas limites de
sysemes kterogenes sans interaction et honeomgs avec interactions montre que la combinaison de
ces deux propétés est requise pour une descriptioequate de la rupture quasi-fragile.
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Dans le troiseme chapitre, noustudions I'in uence de la fonction d'interaction sur la loca-
lisation de I'endommagement et la rupture du eyst. Cette fonction modulable est le produit d'un
terme exponentiel, dont la vitesse dectbissance est &e par l'introduction d'une longueur interne,
et d'un terme sinusdal dont le contble est ass@é via un pararetre . Lorsque celui-ci est nul,
tous les points avoisinant @wement endommagvoient leur force motrice augmenter. Au contraire,
lorsque ce paragire est positif, certains points serorichiar@s apes unévenement d'endomma-
gement. LEtude des comportementségits par la @solution nurdriqgue de notre magle montre
I'@mergence de deux comportements distincts : pour de faibles valeurs de cetpardarrupture
catastrophique a lieu au point d'instat@lilu systme homogne. En revanche, au-ded'une valeur
seuil ¢, une cviationa la Eponse homane est obseée, rapidement suivie de la rupture catas-
trophique,a de plus faibles chargements. Nous rationalisons ces observatiaige d'uneétude de
stabilite linéaire. La valeur critique. calcuEe consiste en un point de transition entre dé&gimes :
pour ¢, larupture instable a lieu alors que le champ d'endommagement est boma@ans loca-
lisation pealable. La&ponse macroscopique correspond daelle d'un sysme homogne. Pour

> , larupture instable est @edee d'une transition d'un champ d'endommagement hoemeg
a un champ éterogene. Cette localisation de I'endommagement est cariaeé par une longueur
d'onde nie qui depend du paragire et de la longueur interne. Dans ce second cas de gure, la
prédiction de la rupture est seulement approximative. Lédiptions sont aiorées en consatant
une seconde approche : la minimisation émérgie globale du syame.

Dans le chapitre suivant, no@udions l'organisation spatio-temporelle degquseurs
a la rupture. Comme obsdnexperimentalement, les avalanche&wanements d'endommagement
présentent une forte intermittence. &undiant successivement les cas0 et > ¢, nous montrons
I'in uence de la fonction d'interaction sur la&ponse du systne. Dans le premier cas, nous obtenons
un comportement en loi de puissance de la taille caratique des avalanches, egendamment de
la longueur d'interaction. Celle-ci cotile cependant I'organisation spatiale de I'endommagement.
Une taille typique des zones endomraag au cours d'une avalancbhmerge et augmente en loi de
puissance. La signature de cette structuration des plus grandes avalanches est idenpicatbiale
I' étude des coélations spatiales du champ d'endommagement. Leur amplitude et extension spatiale
croienta mesure que la rupture du sgste approche. Dans le second cas, la taille moyenne des ava-
lanches ainsi que la longueur de @ation sont bor@es. La valeur limite, atteinte lorsque la localisa-
tion de 'endommagemenétbute, est »ee par la longueur d'onde critique ideréia partir de I'ana-
lyse de stabilié. Les divergences obtenues dans le premier cas de gure supporte |'atétiqn de la
rupture quasi-fragile comme un @honene critique. Pour caraatiser cette transition critique, nous
montrons que notre mete d'endommagement peétre exprin@ comme un moele de @piegeage
d'une interfaceelastiqgueévoluant dans un milieuésordon@. La loi devolution de l'interface est
gouverree par un terme d'interactioglastique proportionned la fonction d'interaction introduite
dans notre mogle. Nous montrons partir de cette analogie, que les exposants des lois de puissance
suivies par les uctuations du champ d'endommagement s'appareatantcomportement champ



moyen de l'interface.

Dans le dernier chapitre, nous testons nos approches sur @mgyskgrimental simple :
la compression d'un empilement ord@de cylindres creuglastiques (des pailles alimentaires)
placés dans une boite rigide transparente. Ceesystnous permet d'observer la localisation de la
déeformation mais aussi l'organisation temporelle cagstique de€venements de dissipation. La
transition vers la rupture est caratee par deg€venements de dissipation locaux géingrent une
dégradation progressive de la raideur du eyw. La dissipation provient de la friction entre pailles
qui se @formentélastiquement au sein de I'empilement. A partir de &@anse macroscopique,
nous @@ nissons la dissipation @nergie qui a lieu lors des avalanches. Nous montrons que, dans
ce systme aussi, la redistribution des contrainkdsstiques gréree par levenements dissipatifs
localiss permet d'expliquer le comportement spatio-temporel desupseurs. l8tude des champs
de ceformation permet de&derminer l'initiation de la localisation. Ce comportement est exgligu
I'aide de notre approchétendue au cas de solides 2D elasto-endommageables. Nalisops ainsi
de mangre a@quate les valeurs de la force au pic depanse macroscopique et les chargements
critiques auxquels ont lieu la localisation.






Notations

D e Dimension of the system
N Number of elements ofEheimensional system
L Size of lha@imensional system

P Heterogeneity size

B o Macroscopic force
....................................................... Macroscopic displacement

K e Microscopic stiffness
O oo Local damage parameter

X Non-local variable

.............................................................. Interaction function

F oo e Total damage driving force
Y e Local rate of energy restitution
S Fracture energy threshold
D T Fracture energy threshold of the intact material
............................................................. Hardening parameter

0 Random noise
TS S S Random noise intensity
KO e Stiffness of the intact material
Bl Stiffness stability parameter
....................................................... Stiffness polynomial degree

0 vt e Normalization constant of the interaction function

Interaction length

D e Number of elements in the interaction length
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......................................... Shape parameter of the interaction function
Osb v vvveeiiiiiee et Damage level at the snap-back point of the homogeneous system
vttt Macroscopic displacement at failure
v e e e e e e Macroscopic displacement at localization
ettt e e Critical value ofie ning two regimes
O o Average damage at failure
On o Average damage at localization
dp oo Average damage at the peak of the homogeneous system response
................................................................ Distance to failure
]+t Displacement at the rst damage event
L Fourier mode
L Critical Fourier mode
.................................................................... Wavenumber
G vttt e e Critical wavenumber
oo Homogeneous contribution of the damage eld
d .o Heterogeneous (perturbation) contribution of the damage eld
FO Homogeneous contribution of the total damage driving force
FO . Heterogeneous (redistribution) contribution of the total damage driving force
o 1 T Amplitude of the damage eld perturbation
L 1 TS Mode of the damage eld perturbation
() e et Dirac function
R e Fourier transform of a variéble
G o Effective redistribution function

s Z Avalanche size
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PP Spatial extent of an avalanche
S i Fracture energy dissipated per avalanche
K vt Kinetic energy dissipated per avalanche
S e Dissipated energy per avalanche
P Distribution density of avalanches taking at a givetue
A Normalization constant of the distribution density
TS Power law exponent of the distribiRi¢S;)
S Cutoff of the distribufo(sS;)
R Power law exponeB} afith
) Average value of a variéble
[ e e e e e e Power law exponeh&afwith
P Distribution density of all avalanches
N o e Total number of avalanches
Na e Number of avalanches
.................................................. Power law exponehtofvith
(1OE)] v v ernme et Power law exponent of the distribUuRi¢®;)
O o e Fractal dimension of avalanches
R e Cutoff of the exponential distribution of avalanches spatial extent
.................................................. Power law exponent ofith
i Correlation function
................................................................ Correlation length
.................................................... Power law exponentth
D Rate of a vardble

VEXE = v v v v e e et e e e e e e e e e e e External driving velocity
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Effective interface velocity

VI ettt et e e e e e e e e e
R Radius of a straw
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P Vertical displacement
E o Young's modulus
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INTRODUCTION

Concrete or wood structures, rocks or sandstone are surrounding us everyday. The predic-
tion of the collapse of these materials and structures is a central practical issue and a deep knowledge
on materials degradation is needed to design better structures and respond to attended features. For
that reasons, the understanding of materials failure appears as a long-standing challenge that has at-
tracted many researchers. Initially, the brittle failure of ideal homogeneous solids was studied by
Grif th [40], whose work lead to the so-called linear elastic fracture mechanics theory that describes
and predicts failure. However, material failure is due in many instances to the growth of multiple
cracks, also called damage. Thus, for the above-mentioned materials, and under speci ¢ loading con-
ditions, the failure process appears more complicated: it takes place through a progressive nucleation
and stable growth of microcracks befaratastrophicfailure takes place. The description of such
behavior requires not only to understand the effect of material heterogeneities, but also the complex
interactions that arise as microcracks apprehend each othersfa].

The existing continuum damage models [20, 66] are currently not able to fully capture
the failure of quasi-brittle materials. Firstly, their numerical implementation exhibits strong spurious
mesh dependency with the localization taking place over a scale de ned from the discretized element
size [54,87]. This leads to a non-physical description of failure, associated with zero dissipated en-
ergy. Such an issue prevents a realistic description of damage evolution from its localization to the
catastrophic failure. Moreover, these models are limited to homogeneous media. It has now been
well established that the complex development of precursory events results from the presence of het-
erogeneous distributions of material properties at the scale of the microstructure of the sdligs [1,
Therefore, a description of the experimentally observed intermittency f}and spatial organization
of damage [3371,118] taking place before catastrophic failure is out of reach within that framework.

To overcome such de ciencies, two main solutions have been proposed. The former limita-
tion has been resolved by introducing localization limiters in the constitutive equations. In particular,
the insertion of non-local variables [87] has proved to be an ef cient way to avoid mesh sensitivity.

1



2 Introduction

However, this method relies on an arbitrary choice of the weighted averaging function. This key
assumption controls the driving force redistribution after local damage events and should hence be
physically motivated, which is not the case in the current models. Secondly, to capture the damage
temporal and spatial organization resulting from the inherent material disorder and elastic interactions
in the solids, statistical discrete failure models}7, 48] were developed. Introducing distributions

of failure strength and redistributions, this approach appears as an adequate way to capture the pre-
cursors behavior and failure. However, these models are restricted to qualitative predictions as they
are not thermodynamically consistent and often based on non-realistic redistribution laws.

Throughout this study, we show that both problems can be overcome by taking into ac-
count the central role of heterogeneities, introduced at the continuous scale in a mesoscopic model.
Indeed, disorder induces non-local effects, which allow describing the interactions arising as microc-
racking progresses. It also naturally regularizes the localization mesh dependency and thereby allows
the description of damage from its initiation to its localization, and during its nal stage leading to
catastrophic failure. Combining both approaches we capture and describe properly the characteristic
intermittency observed experimentally during quasi-brittle failure. In particular, the statistical study
of the precursors features the characteristic power law behaviors of the bursts of dissipated energy, but
also the complex spatial organization of damage with increased correlations as failure is approached.

The study of the precursors and observed behaviors have led to a long-standing debate on
the critical nature of quasi-brittle failure. Our approach permits to clarify this controversial interpreta-
tion and answer to the following unresolved questions: what is the nature of such critical phenomena,
i.e. to which class of universality is it related to? What is the critical point? What are the control
and order parameters of this critical phenomenon? Finally, what are the time and length scale that
diverge at the critical point? Using a simpli ed model, we address these issues and provide a better
understanding on this critical transition interpretation.

This manuscript is divided in ve chapters. In the rst one, we give an overview of the main
experimentally determined features of quasi-brittle failure and discuss the strengths and weaknesses
of the actual models available for their description. We describe two main classes of models, namely
continuum damage models and statistical models and highlight how they can be combined to build a
consistent approach, has done in the following chapter.

The second chapter is devoted to the presentation of our model. We show how continuum damage
and statistical models can be used to build a thermodynamically consistent non-local formulation of
mesoscopically heterogeneous media. The determinant role of the coaction of both material disorder
and interactions is emphasized through the analysis of two limit cases consisting in the study of alter-
natively a homogeneous material and disordered media without interactions.

In the third chapter, we perform an analytical prediction of both the localization of damage and failure
of the material. In particular, we demonstrate the key role played by the shape of the redistributions
of the damage driving force after local damage events, which fully controls the material response.



The precursory damage events are statistically studied in the fourth chapter. We show that our model
captures their collective behavior and organization. In particular, our model predicts the power law
behaviors of the damage burst sizes distribution and a diverging correlation length emerging form
the spatial structure of the damage eld. These predictions are qualitatively in good agreement with
both experimental observations and recent studies numerical results. They also raise the question of
the critical nature of the damage evolution towards failure. To go a step further in this interpretation,
we connect our damage model to interface depinning models through the derivation of the damage
evolution equation. In the mean eld limit, this evolution equation permits an analytical prediction

of the temporal behavior of the precursors, but also the determination of both the order and control
parameters of the critical transition.

In the last chapter, we test our approaches on experiments performed on a model heterogeneous
system consisting in a two-dimensional regular array of hollow soft cylinders. The local dissipa-
tion processes and elastic interactions allow observing the macroscopic stiffness degradation but also
quantitatively determine and study the bursts of dissipated energy and strain localization. We show
that this model experiment is well suited to a description as a two-dimensional elasto-damageable
material via a realistic damage model formulation.






CHAPTER 1

CONTEXT AND MOTIVATION

In this rst chapter, we give an overview of the failure behavior of quasi-brittle materials
as observed in experiments and the theoretical models proposed to describe it. We also present the
main questions that motivated this study. The rst section, devoted to experimental observations,
reviews the common features observed during quasi-brittle failure and highlights phenomena that are
still poorly understood. We will focus both on observations of the material response at the local scale
where damage actually takes place and at the macroscopic scale, through the mechanical response
of the damaging solid. Numerous approaches have been proposed to describe quasi-brittle failure.
In the second section, we brie y review the two main classes of models, namely continuum damage
mechanics based models and discrete models of quasi-brittle failure, which very often come with
a statistical description of damage growth. We emphasize their advantages and weaknesses, which
motivated the elaboration of our own approach, based on a combination of ingredients issued from
these two classes.

1.1 Experimental characterization of damage spreading and quasi-brittle
failure

Quasi-brittle failure concerns a large variety of materials such as concrete, rocks, woods,
berglass... It consists in a gradual deterioration of the material, which eventually leads to its abrupt
failure. This degradation of the material properties is attributed to the progressive development of
irreversible defects such as microcracks or voids, also cddethge, while failure corresponds to the
formation of a macroscopic crack that goes from one side of the sample to the other. The precursory
microdefects can be de ned as small aws generally of similar dimensions as the characteristic mi-
crostructural feature of the material [61]. As they interact through the elastic eld, their growth gives
rise to complex collective behaviors that render the prediction of the material response a challenging
task [8, 5538]. A collection of microscopic damage mechanisms such as crack face frictiogil[};4,
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6 Context and motivation

crack kinking [52, 98], pore collapse [37] and others can be involved in the deterioration process.
Yet, a remarkable feature of quasi-brittle failure is that even though multiple scales and dissipative
mechanisms are involved during the failure process, common behaviors emerge. In this section, we
attempt to give an overview of the common features observed experimentally and discuss the associ-
ated challenges to understand them.

1.1.1 At the specimen scale: Average mechanical response of quasi-brittle materi-
als

The irreversible defects formed during the loading result in a noticeable stiffness reduction
of the altered material. The elastic moduli evolve as damage develops, which leads to a progressive
decrease in load bearing capabilities of the structure. This has been observed for example upon the
cycling loading of graphite/epoxy laminate [21], or triaxial testing of granite [58]. The decrease of the
Young's modulus and increase of Poisson's ratio obtained by Heap et al. [46] on Etna basalt is shown
in Fig.1.1aas a function of the number of applied cycles of an increasing-amplitude stress-cycling
experiment. However, direct relationship between the moduli and damage itself is dif cult to obtain.
Indeed, experimental measures of damage remain a complicated task, as direct determination of the
micro-defects is often associated with destructive techniques to study the material microstructure. As
reported in [2057], different authors obtained indirect measures by considering the remaining life
of a cycling loading, the stiffness reduction, density or resistivity variations. Thus, damage is usually
quanti ed indirectly through its effect on the material properties.

Since elastic moduli set the relationship between stress and strain, progressive stiffness
degradation leads to strongly non-linear macroscopic response of quasi-brittle materials. This has
been largely explored experimentally. A characteristic force-displacement behavior obtained by
Fortinet al.[33] for a triaxial test performed on a Bleurswiller sandstone is shown inlFidp. It can
be separated in three phases: The response is rst linear, the loading being too small to nucleate new
microcracks or activate the preexisting defaults. After some critical loading, a non-linear response
is observed, associated with the nucleation and stable growth of micro-defects before the ultimate
strength is reached (peak load). If the system is controlled in strain, this phase is often followed by
a progressive strain softening prior to an abrupt failure. Finally, one might observe a plateau regime
taking place after the formation of a macroscopic crack or fault that corresponds to the sliding of one
part of the sample on the other.

However, noticeable variations in the behavior are worth mentioning. At the macroscopic
scale, failure is associated with the separation of the sample in two pieces by a macrocrack and is
very often preceded by the formation of a localized band where most of the damage activity accumu-
lates. The orientation of this band depends on the type of loading considered. For example, for the
triaxial test of Fortinet al., an angle of abo#t5 was measured, whereas the macrocrack formed in
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@) (b)

Figure 1.1: (a) Evolution of the Young's modulus and Poisson's ratio obtained during an increasing-
amplitude cyclic stressing experiment on a sample of Etna basalt obtained by [46] showing the
gradual deterioration of the stiffness of the damaging material; (b) Differential stress (solid curve)
and cumulative AE (doted line) versus axial strain for the triaxial test performed by [33]. Note that
even if not exhibited here, rupture (taking place at a straii%) is associated with a surge in AE

rate. The letters a-f indicate the loading frames over which the cartographies of damage event of
Fig. 1.3were obtained.

a prismatic spruce wood sample compressed in parallel to the bers was perpendicular to the loading
direction, as shown on Fig..2 (image reproduced from [12]).

Failure and strength predictions are fundamental and long-standing [112] issue in material
science and structural engineering. A general problem when performing laboratory experiments is
the change of size of the tested specimens. For testing in the laboratory rock or concrete structures,
size rescaling is very often unavoidable, but the sample size appears to greatly control its strength.
Hence, a quantitative understanding of the effect of the specimen size on quasi-brittle strength is
an important matter. Many systematic characterizations of this phenomenon were performed, as for
example [10,18,39,95,110], but an extended range of length scales is generally dif cult to achieve
since large scale experiments are arduous to realize.

1.1.2 Atthe scale of damage and microstructure: Temporal and spatial organization
of precursors to failure

If the macroscopic response and elastic moduli allow observing the effect of defects for-
mation on the elastic properties of the material, they do not provide any hint on the local damage
processes. A useful tool is the use of acoustic emission (AE) measurements during experiments. As
early as 1942, Obedt al.[78] realized that during the loading of rocks, noises were emitted, which
they assumed related to cracking events. Indeed, during microcracking, acoustic waves, associated
with dissipation processes, radiate in the material. This non-destructive technique consists in using
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Figure 1.2: Fracture due to deformation localization on a prismatic spruce wood sample compressed
in parallel to the bers. Image reproduced from [12].

piezoelectric sensors to record the acoustic waves emitted. Converted into an electric signal, the mea-
surements are considered directly related to the local released elastic energy that takes place during
microcracking [70, 29]. This technique allows characterizing both the temporal and spatial evolution
of damage events, but also obtaining information on the microscopic mechanisms that take place.
Considering some relation between the energy of the acoustic signal emitted and the energy dissi-
pated into damage, one can study the evolution of the cumulated dissipated energy to characterize
damage evolution, the distribution of the events intensity, their rate, duration and time separation or
waiting time [22,35, 42, 82]. Measurements performed with several receptors also allow to locate
damage events and study damage spatial organization, in particular the phenomenon of localization,
as discussed in the next paragraph. Finally, note that this approach can be made more quantitative
since the different waveforms recorded can be used as indicators to characterize speci ¢ damage
mechanismsg.g.tensile, shear or implosive fracturing [65].

Spatial organization of the precursors during the transition from diffuse to localized damage

Fortinet al. obtained projections of the AE hypocenters at different stages of the response of
the triaxial test. Each cartography of Fig.t@&responds to damage events taking place during given
loading windows, indicated by the letters a-f on Figlb. For low loadings in the non-linear part of
the force-displacement response, and neglecting the peculiar behavior in the load application regions,
damage events are randomly distributed in the core of the material (frame a). As the loading proceeds,
damage starts to concentrate in the upper region (frames b-c). In the post-peak regime, damage events
are localized: Hypocenters form a localization band that develops progressively (frame d). Finally,
the abrupt failure is associated with the growth or sliding of the macroscopic band, as exempli ed on
frames e and f where all damage events take place in the new formed fault. Therefore, it seems that
damage is rst diffuse with a spatial distribution that is mainly dependent on the disorder distribution:
Microcracks nucleate or grow at the weakest points of the sample. As the density of defects increases,
progressive clustering is observed, leading to a complex organization of damage and the presence of a
localized zone where macroscopic failure initiates. This transition has been characterized for example
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by the study of the change in entropy [2E]] and diminution of fractal dimension of the damage
clusters [71,118], but a robust characterization of this localization process through the identi cation
of a growing correlation length in the damage spatial distribution is still lacking.

Figure 1.3: AE hypocenter distributions represented as a projection on theiane and obtained
during a triaxial test at 10MP on Bleurswiller stone by [33], the loading intervals considered are
indicated on Figl.1b. Overlooking the regions where the load is applied, damage spreads uniformly
in the material at small loading (a). As loading is increased, damage starts to organize and one
can foresee the localization band forming (b)-(c). In the post-peak regime, enhanced localization
is obtained (d), followed by material failure through sliding of the new created fault where damage
concentrates exclusively in the band formed during localization (e)-(f).

Temporal organization: Intermittency and scale-free uctuations

As seen before, damage during quasi-brittle failure exhibits a complex spatial organization.
Knowing the spatial distribution of the dissipative events, one can extract some information on how
far the system is from failure by considering the diffuse to localized damage transition. Once damage
starts to localize, one can also predict the location of the macrocrack that leads to failure. In addition
to that, information relevant for failure prediction can be obtained from the temporal evolution of
these precursors. The cumulated signal recorded on the Bleurswiller sandstone is showd diFig.
Very few or no events take place in the initial linear part of the stress-strain curve. If the cumulated
AE signal gradually increases for low loadings, a sharp raise is observed close to failure. In partic-
ular, even through not exhibited here, rupture (taking place at a strai®o) is associated with a
surge in AE rate. The cumulated energy can be represented as a function of the distance to failure
(Pc P)=P¢, whereP; is the failure stress. This quantity ranges form one at the beginning of the
experiment to zero at failure, and we could look at it as a control parameter within a critical phenom-
ena description of quasi-brittle failure [23]. Averaging over different experiments, the behavior
obtained by Guarinet al.[42] when testing a planar sample of chipboard wood to which an effective
tensile load is applied is shown in Fify.4a. The power law behavior indicates a strong ampli cation
of the average dissipated energy close to failure. In particular, the large increase close to failure that
resembles a power law divergence argues for a critical transition interpretation. However, if there is a
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common agreement on the increase of the damage activity as failure is approached, its nature remains
unclear as exponential laws have also been reported [101].

The evolution of the cumulated energy suggests that either the size of the bursts or the event
rate increases as damage progresses. To explore these two possibilities, the corresponding evolution
of the bursts of dissipated energy obtained by Guaginal. is represented as a function of the nor-
malized applied pressure in Fip4b, where the cumulated measured energy is also indicated (dashed
curve). Noticeably, damage events present a strong intermittency: the material exhibits phases were
it deforms elastically, corresponding to silent periods were no AE is recorded, while short bursts of a
broad range of amplitudes are observed in between. This behavior is often described as a crackling
noise [105] and is observed for many physical systems, ranging from earthquakes faults dynam-
ics [38] to the fracture of paper [1L01]. A strong ampli cation is observed close to failure with bursts
of increasing amplitude. An acceleration of the damage process takes place with an increase of the
event rate [26].

(a) (b)

Figure 1.4: Temporal behavior of AE events recorded by Guastrad. [42] during the progressive
damage of a chipboard wood up to failure at the presByrga) Evolution of cumulated acoustic
energy as a function of the distance to failure showing the diverging power law behavior obtained
close to failure; (b) The corresponding rate of energy dissipated and cumulated energy (dashed curve)
showing the intermittent crackling noise and acceleration of an ampli ed damage process as the
sample is driven towards failure.

To characterize the amplitude of the energy bursts, we have to look at the statistics of
avalanches in terms of probability density functions. The functions are usually obtained by con-
sidering all bursts taking place during the experiments. They exhibit power law behaviors, of the
foom P(E) E , arguing that uctuations at all scales take place. However, the universality
of the power law exponent remains to be discussed as values ranging from 1.2 to 2 have been re-
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ported [27,26,35,41,42,74,82, ]. Moreover, since the damage process ampli es as failure is
approached, the acoustic signals might not have stationary statistical properties during the whole pro-
cess of damage. As a result, computing the distributions at different distances to failure appears more
appropriate. However, if some studies considered the lack of time invariance, the behavior obtained
when considering different distances to failure remains under disagreement. Some studies report de-
creasing exponent of the power law behavior values as failure is approached, [@hile the recent

work of Baro et al.[7] reports a constant exponent closeltd, independently of the distance to fail-

ure, as shown on Fid..5for a compression test on Vycor. A change of exponent is also reported as
the loading condition is varied [2,1]. Therefore, it seems that the general power law behavior, up to

a cutoff, the origin of which is also unexplained, is common to all experiments whereas discrepancies
remain on the actual value of exponents and their evolution as the material is driven towards failure.
The lack of statistics may be responsible for the observed variations, as also the multitude of loading
conditions and materials considered in the various studies. Finally, it should be mentioned that the
linear relationship between the AE recorded signal and dissipated energy remains to be clari ed as
non-linear relations might actually relate them together.

Figure 1.5: Time invariant power law distributions of exponé&nt of energy bursts obtained by
Bard et al. [7] using AE during a compression test on Vycor. The lack of time dependency is in
contradiction with the behaviors of the cumulated and rate of dissipated energy, which exhibit a
strong acceleration as failure is approached.

1.1.3 Conclusions

It has been well shown that quasi-brittle failure is preceded by a complex evolution of pre-
cursory damage events. The use of AE allowed clarifying the heterogeneous materials response.
Generally, it can be divided in four identi ed stages: The material rst deforms elastically before
microcracks nucleate and grow, leading to a nonlinear macroscopic response as the material stiff-
ness deteriorates. During this phase, damage events are randomly distributed in space, microcracks
forming in the weakest points of the material or extending the existing micro-defects. Their varying
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amplitudes remain rather low in magnitude and the crackling noise is characterized by large time
separation between events. As the system evolves towards failure, damage progressively organizes,
forming clusters of non-trivial fractal dimension. This results from the increased density of microc-
racks in the system: As damage takes place somewhere in the system, the resulting stress variations
in the neighborhood of the microcrack overlap with other microcracks, leading to complex interac-
tions and cascade processes. This complex collective behavior of microcracks is well revealed by an
increased AE activity, with a strong ampli cation of the damage burst size as the system gets close
to failure. Finally, in the region where damage has localized, a macrocrack is formed. The system
enters in another regime where the mechanics of the material is entirely governs by the behavior of
the newly formed macrocrack or fault, similarly to crack propagation problems in brittle materials.

Moreover, the study of the temporal behavior of the precursors revealed interesting features
such as a possible diverging dissipated energy at failure, and the presence of scale-free uctuations,
both indicated by power law behaviors. However, the lack of statistics does not allow for a clear
assessment of the behaviors and power law exponent values. In particular, the change in behavior as
failure is approached is not well established and calls for further experimental investigations. Finally,
if the importance of the coaction of both the inherent disorder of the material and microcracks inter-
actions is now well established, a better determination on the role of each component is still needed
to understand the observed behavior. The common behaviors reported in quasi-brittle fracture ex-
periments raise the following questions: Can we rationalize the temporal and spatial behavior of the
precursors? How can we use their statistical properties to understand damage spreading and localiza-
tion? What is the in uence of the stress redistributions on damage evolution? More importantly, can
we predict damage localization and failure? These questions led to numerous model descriptions that
we classify in two main classes in the next section.

1.2 Damage models

The theoretical description of quasi-brittle failure is a long standing problem that has moti-
vated a great number of researches, leading to the elaboration of various theoretical approaches. Yet,
two main classes can be identi ed: Continuum damage mechanics and statistical models. The former
consists in a continuous description of damage at a coarse scale through internal variables. Damage
re ects the level of microcracking and affects the local mechanical behavior of the material through
the degradation of the elastic moduli. At all time damage can be tracked and thermodynamical con-
cepts allow for a rigorous description of the failure process. However, damage evolution remains
described phenomenologically, the response is that of a statistically homogeneous material. A major
problem in these approaches is the strong mesh dependency observed numerically, leading to a zero
total dissipated energy at failure. The introduction of localization limiters, in particular through the
use of non-local damage theory, has allowed overcoming this issue. However, non-locality is intro-
duced heuristically, and physically motivated arguments to justify these models are still lacking.
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On the other hand, the framework of statistical models relies on the central role played by
microstructural heterogeneities. The solids are described by an array of discrete bonds with disor-
dered properties interacting through an explicit law of force redistribution or implicitly thraugh,
elasticity laws. If these models allow capturing the main features of quasi-brittle failure in disordered
materials, they still lack thermodynamics consistency and are hence limited to qualitative predictions
of material failure behaviors. In this section, we brie y describe each approach, from which concepts
are borrowed to build our model.

1.2.1 At the continuum scale: Damage mechanics

The concept of damage mechanics was rst introduced in the context of creep rupture by
Kachanov [56] who described the effect of gradual degradation of the material on its elastic proper-
ties through a continuous local damage variable. This concept was later generalized, as for example
in [20, 60,66] in particular through the theory of irreversible thermodynamics. Continuum damage
mechanics (CDM) based models, consist in introducing one or more continuous internal damage vari-
ables in the equations predicting the mechanical elds. This local damage parameter is representative,
at a coarse scale, of the damage density constituted by micro-defects on a representative volume el-
ement (RVE). The constitutive equations of damage evolution are formulated using the theory of
irreversible thermodynamics combined with phenomenological or micromechanics considerations. It
allows the description of the inelastic response of the damaged material as well as damage growth

and localization.

In this section, to illustrate the main concepts of such models, we consider a simpli ed
isotropic damage case. The analysis is restricted to a single internal variable, expressed as a scalar
parameted. Assuming that the observable variable is the elastic straind that linear elasticity
applies at a given damage level, the free energy density writes as

w("d) = % :D(d) " (1.1)

whereD(d) denotes the damage dependent isotropic stiffness tensor. The Clausius-Duhem inequality
gives the state law allowing to de ne the associated stress variable

- gﬂ";m: (1.2)

To describe damage evolution a damage criterion must be de ned. To do so, a limit function,
or loading surface, is introduced:

F(d)= "eq(") (1.3)

where the equivalent strafg is a norm of the strain tenstérand the function is representative of
the damage resistance. This variable takes into account the material history through a function of the
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damage variable

= g(d): (1.4)

In Eq. (1.3), the expression of the norm xes the shape of the elastic domain and should hence be
formulated with care. A simple Euclidean norig(") = P "™ leads to an elliptical domain in

the planes of principal stresses, symmetric with respect to the origin, leading to a non-representative
material behavior as it implies similar responses in tension an compression. Hence, more elaborated
expressions were introduced and motivated from experimental data. For example, different de ni-
tions (namely Rankine, Mazars [76] and modi ed von Mises based [24] de nitions) are compared to
experimental concrete data [63] in terms of strength envelopes id Ei¢gaken form [54]). Yet, ex-
perimental data provide thresholds for the strength of the material whereas damage initiation should
correspond to the end of elastic response of the material. We see that the choice of the norm for the

equivalent strairfeq(") leads to very different elasticity domain shapes, which should be physically
motivated.
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Figure 1.6: Biaxial strength envelopes for different damage models and experimental data for con-

crete [54] showing the importance of the norm de nition for the determination of the equivalent
strain.

Finally, the above equations are combined with the Kuhn-Trucker condition

f 0 0;f =0 (1.5)

that translates in particular the irreversibility of the damage processes. The rst condition imposes

that  "eq("), the second that cannot decrease and the last that damage increases bdgyif .

Hence, damage increases only if the condifighid ) = 0 is satis ed, and so the damage resistance
increases too. If the functidnis negative, in that case damage is stable asHould not evolve:

1. As an application, consider a damage resistance o(1+ d) thatincreases with damagey( > 0). Then
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Due to the key role played by the equivalent strain de nition, we prefer a thermodynamics-
based description where the equivalent strain in Eq. (1.3) is rather expressed as a thermodynamical
damage driving force:

aw,
@

whereDYd) = @=@dIn analogy with the elastic energy release f@tde ned as the crack driving

"= Y ()= )= 2" DY) (16)

force in fracture mechanics [40], it corresponds to a rate of energy restitution. In that case, the damage
resistance function can be seen here as an energetical thresheldthe rate of dissipated energy
for an in nitesimal increase of the damage level.

In summary, in the context of isotropic damage assumption, continuum damage mechan-
ics relies on the de nition of a scalar internal damage variableepresentative of the microcracks
density at the scale of a RVE. Damage affects directly the elastic properties of the material through a
progressive degradation of the isotropic stiffness teidd). The dependency of the stiffness with
damage is either arbitrarily xed or derived from micromechanics concepts [19]. Considering the
strain as the observable variable, one can calculate the elastic emerfgyq. (5.13) and obtain the
resulting stress eld through the differentiation wf Eq. (1.2). Damage evolution is obtained by
xing a damage threshold through a limit functidnof Eq. (1.3), which consists in the difference
between the damage driving force, the equivalent strgjor the energy release ratecalculated us-
ing Eqg. (5.14), and the damage resistand@ecreasing function of the damage level. For monotonic
loading paths, damage evolution is xed by solving, at a given strain level, the eqdigtiah) = 0.

Practically, following the thermodynamical approach, the following procedure can be used:
At a given damage level and having xed the relation®(d) and = g(d), (i) impose a strairi, (ii)
calculate the stiffnesd(d); (iii) calculate the free energw; (iv) from this expression derive the rate
of energy restitutiorY ; (iv) determine the sign of the functidn(";d). If it is negative then damage
is stable and does not evolve, if it is equal to zero then damage is solution of the eduation
(v) calculate the corresponding stress at the considered damage level. An example of the obtained
behavior will be shown in Se@.2.1.

A main issue in such local models is the presence of spurious mesh sensitivity in their nite
element implementation [547]. During strain localization, damage processes and the associated
energy dissipation concentrates over regions of nite size, xed by the element size. Hence a strong
mesh sensitivity arises: As the discretization is re ned, the localization takes place over smaller and
smaller volumes. As the damaged zone vanishes, the total energy dissipated through damage also
tends to zeros, since the energy dissipation per unit volume is nite. Therefore, CDM models are un-

this set of conditions can be reformulatedfas 0;d- 0;df =0 which highlights that damage can solely remain stable
whenf < 0orincrease if =0, in which case also increases, as expected from the hardening laddn
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able to capture properly the transition from localized damage to failure. To address this problem and
allow a continuum description of localization in quasi-brittle failure, approaches based on the intro-
duction of localization limiters have been proposed. Such regularization techniques aim at avoiding
localization over a zero volume. Several methods can be used, for example considering second or
higher order gradients of some variablesy. deformation [81] or damage [83] or, as used in this
study, non-local formulations in which a characteristic length is introduced [87].

Non-local integral formulations consist in replacing a certain variable by its non-local coun-
terpart in the constitutive equations. This non-local variable corresponds to some weighted average
over a spatial neighborhood. We denotefbthe local variable andl its non-local counterpart that
can be expressed as

z
)= y (% )f (Dd™ (1.7)

where (%;7) is a weighting function, which can be normalized such that the non-locality does not
affect a uniform eld. It is a decreasing function of the distance, and an internal length is introduced

in its formulation to control the range, or spatial extent, of the effect of a damage events on the neigh-
boring RVEs. This parameter is generally related to a characteristic microstructure keiggthe

size of heterogeneities, even though there is actually no micromechanical justi cation for such a nite
range non-local behavior. The determination of this length scale through experimental measurements
is dif cult. Some authors argue that it should be increasing as damage evolves so that the increase of
the size of the fracture process zone, regions over which microcracking takes place, can be captured
by the theory [89].

If the choice of the non-local variable remains arbitrary, it is shown to strongly affect the
mechanical behavior of quasi-brittle materials [53], and should thus be chosen with care. Initially,
Pijaudier-Cabot and Bant used an energetical formulation of the CDM local model [87], where the
limit function depends on the rate of energy restitution, and considered a functiorresponding
to the maximum non-local rate of energy restitution ever reached. In other approaches, the damage
variable itself is considered non-local in the expression of the stiffness tensor, using a formulation of
thetypeD=(1 d)Do, whereDy is the stiffness tensor of the intact material [2], non-local equivalent
fracturing strain has also been considered [87].

Integrating non-local variables in the constitutive equations of CDM has proved to be an
ef cient way to avoid non-physical localization. However, if these improved theory capture various
aspects of quasi-brittle failure, it describes solids as homogeneous media. The effects of material
microstructural features are neglected despite the central role that they play in failure problems (see
e.g.[1, 14] for recent reviews). Therefore, a detailed understanding of the complex spatio-temporal
structure of damage elds in quasi-brittle materials is out of reach from these models. In addition,
the effect of material microstructure, however invoked to justify non-locality in the rst step of the
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derivation of the model, is then neglected in a second step by assuming that materials are homoge-
neous. It would seem more natural to consider material heterogeneities in the rst place, and obtain
non-local effects as a consequence of the model, but not as a postulate. To capture the effect of ma-
terial heterogeneities on quasi-brittle failure behaviors, other approaches, that we categorize here as
statistical models, were developed and are presented in the next section.

1.2.2 At the microstructure scale: Statistical models of quasi-brittle fracture

To capture the characteristic intermittency and spatial organization of damage, other ap-
proaches borrowing concepts issued from out-of-equilibrium statistical physics have been proposed.
In these discrete models, the material is described by an array of discrete bonds or elements. Het-
erogeneities are introduced in the system via a statistical distribution of some properties, like failure
threshold, or sometimes initial defects such as vacancies. During mechanical loading, the damage
evolution is inferred from force balance in the network. The introduction of loads or energy redis-
tributions, either explicitly or implicitly, allows to reproduce the complex interplay between disorder
and microcracks interactions as the system is loaded up to failure.

The most widely known model is probably the ber bundle model (FBM). In its simpler
formulation, see [93] for a review, it consists in a 1D bundle of brittle bers having randomly dis-
tributed failure strengths. As the external force is quasistatically increased, the weakest elements fail
and the force carried by the broken bers is redistributed among all intact bers (global load sharing
redistribution rule). The redistribution allows to trigger further breaking of bers and the number
of failures taking place between two equilibrium states allows de ning an avalanche size. This sim-
pli ed approach to quasi-brittle fracture allows to capture the temporal intermittency and power law
distributions of avalanche sizes observed experimentally, as well as study of the evolution of the sys-
tem up to its failure.

Moreover, the simpli ed framework allows for extensive analytical calculations. The criti-
cal force at failure has been determined [92] as also the temporal behavior of the precursors to failure.
Indeed, a power law decrease of exporer2 [59] is established for the distribution of avalanches
sizes when considering all damage events. If one considers a restricted loading frame, for example the
last 10 percent of avalanches prior to failure, two power law behaviors emerge: For small avalanches,
an exponenB=2is determined while for larger ones, the expongn2 dominates [94]. The transi-
tion avalanche size can be considered as a cutoff parameter, which is shown to follow a power law
increase with the distance to failure, clarifying the nature of the transition to failure. These results
are essential as more complicated models usually do not allow for analytical determinations. Hence
these behaviors serve as references for comparisons with that obtained numerically or from other the-
oretical descriptions.

The lack of realism of such description was however pointed out, in particular the lack of
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spatial organization of damage due to the mean eld nature of the redistributions. Many attemps to
enrich these models have emerged (see [62] for a review), for example with the introduction of a
gradual degradation of the bers [49, 97] or more complex redistribution functions with the introduc-
tion of long-range interactions [50]. Finally, other models have emerged due to the rich behaviors
that they predict. They are based on the description of solids as lattices or network of heterogeneous
elastic beams, springs or electrical fuses. The main difference that arises with standard ber bundle
models is that the redistributions after damage events are implicitly taken into account.

Along this line, a widely used approach is the random fuse modell[23], which consists
in a scalar electrical analogy of elasticity. The material is seen as an electric conductor consisting
in a network of fuses. A voltage difference is applied to the network and each bond carries a cur-
rent proportional to its conductance and the applied voltage. As the current density exceeds a certain
threshold in a bond, the fuse burns and becomes an irreversible insulator. This leads to a redistribu-
tion of the current carried by each bond, the distribution of which is obtained by solving Kirchhoff
equations (see [45] for a more detailed description). The analogy with elastic materials, even though
it remains qualitative, is quite straightforward: The force applied to the material corresponds to the
current, the displacement to the voltage, the stiffness to the conductance and the rupture strength is
the threshold current. Hence, this model takes into account both the disorder, and the local stress
(current) enhancements that result after failure events.

This and other discrete approaches lkkg. spring networks [77], in which as in the ber
bundle model the elements have brittle behaviors, have been extensively studied. The most interest-
ing version of such models in the context of this thesis is its adaptation to continuously damaging
bonds [121] and its elastic material counterpart{3]. In both cases, when an element reaches its
threshold, its conductivity, or stiffness, is decreased either by a féttoiD) whereD is the bond
damage parameter or a constant lower than one. Such an approach can be viewed as intermediary
between continuous and discrete models, since damage is de ned at the mesoscopic scale, that of the
damaging elements, and represents a density of microcracks comprised within these elements.

These models predict power law distributed avalanches. The large statistics allowed by
numerical experiments allowed in particular to characterize the temporal evolution of the distribu-
tions. It was identify that they display power law behavior up to an exponential cutoff.{Z]],or
a crossover scale where a power law of larger exponent dominates [85]. The typical avalanche size
extracted in both cases follows a power law increase with the distance to failure. This means that at
failure, uctuations at all scales take place and that at a given distance to failure, one can identify
a typical avalanche size, which increases as failure is approached. The exponents have values close
to 5=2(when taking into account all damage events) ané(on a temporal frame). But signi cant
deviations from the mean eld analytical have been reported. This may arise from the non-trivial
spatial structure of the redistributions. Note also that non-trivial nite-size scaling have been reported
for the avalanche distributions [37]. Moreover, the use of two-dimensional lattices and the complex
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shape of the redistributions allowed to evidence an interesting spatial organization of the damage or
broken elements. In particular, a change in fractal dimension of the formed clustérs{},and a

typical length over which damage is correlated have been evidenced, and the latter was shown to also
follow a power law behavior with the distance to failure [37].

These observations, in qualitative agreement with the experimental results, support the inter-
pretation of quasi-brittle failure as a critical phenomenon [106]. Critical phenomena are characterized
by a sharp variation of some thermodynamic properties at a critical point. It is accompanied by the
power law divergence of a length scale and time scale when the system is driven close to this point.
It exists many different types of critical phenomena, which can be classi ed in universality classes.
Inside a universality class, various physical systems that can look a priori very different share the
same power law behaviors with the very same value of exponents and the same scaling functions.
In a universality class, the details of the material properties and the local mechanisms generally no
longer count. However, systems with different dimensionality or displaying interactions of different
nature might not be in the same universality class. The interest in considering such interpretation is
that if one knows the class of universality of the considered system, all exponents and scaling can
be obtained and hence, the system response predicted. The interpretation of quasi-brittle failure as a
critical phenomena is a long standing debate that we would like to clarify in this study. In that context,
it was suggested in [113] that damage spreading and failure could be seen as a depinning transition of
an elastic interface progressing in random media. However, only qualitative arguments were formu-
lated and no direct calculations were performed to establish this link. We aim here at following this
idea by bridging quantitatively depinning models and damage models.

1.2.3 Our approach: A mesoscopic description of damage spreading in heteroge-
neous media

We chose to bene t from both approaches by using some aspects of non-local continuum
damage model together with other aspects used in statistical approaches. We consider a continuous
non-local damage model formulated in a thermodynamical framework. The damage growth derives
from the comparison of the damage driving force and the damage resistance. The former, the non-
local rate of energy restitution is calculated from the free elastic energy. The latter can be viewed as its
thermodynamic counterpart, the rate of dissipated energy. This last parameter is chosen as an increas-
ing function of damage, representative of the material hardening. The non-locality is introduced via
a non-local damage parameter in the stiffness expression. The expression of the interaction function
is motivated by the recent study oEineryet al. [ ] who calculated the exact expression
of the non-local redistribution function in the context of weakly disordered elasto-damageable solids.
Moreover, to capture the characteristic uctuations during damage spreading, we introduce material
heterogeneities at a mesoscopic scale through a random distribution of damage resistance.
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1.3 Conclusions

Experimental testing of a large variety of materials under diverse loading conditions al-
lowed to extract the main features of quasi-brittle failure. The obtained macroscopic response, com-
bined with acoustic emission measurements, revealed the general failure mechanism. It consists in
the nucleation and stable growth of microdefects that affect the local stress and strain elds. They
progressively deteriorate the material elastic properties, which leads to a non-linear macroscopic re-
sponse. At some critical loading, a consequent density of microcracks is formed, and newly formed
defects start to spatially organize. The localization of damage in some region of the material even-
tually leads to the formation of a macrocrack, at which point catastrophic failure takes place. If the
damage progressive clustering has been well established, a uni ed description of the statistics of fail-
ure precursors is still lacking, in particular in terms of damage spatial structure. The same holds
for the temporal behavior of the precursors. The intermittency and ampli cation of the uctuations
amplitude as failure is approached are well identi ed. However, there is no consensus on the actual
evolution statistics of the bursts and the value of the exponents involved in that scale-free behavior.

We believe that a better understanding of the processes taking place during damage spread-
ing in disordered materials would permit to clarify the observed behaviors and possibly predict the
onset of failure. For that purpose, many models have been developed to describe quasi-brittle fail-
ure. The non-local extension of continuum damage mechanics based models capture well the macro-
scopic behavior of such materials. However, these models neglect the effect of microstructural hetero-
geneities and describe the solids as homogeneous media, which forbid the observation of the charac-
teristic intermittency of the precursors to failure. To tackle this problem, statistical models of fracture
appear very attractive. They allow the introduction of disordered material properties and redistribu-
tions after damage events. However, their lack of realism or thermodynamical consistency restricts
them to qualitative predictions. In this study, we take advantage of both approaches by considering a
non-local continuum damage model in which heterogeneities are introduced at the mesoscopic scale.
We provide an extensive study of the role of the redistributions on both the macroscopic response, via
the analytical determination of the localization and failure thresholds, and the precursors statistical
behavior.

The strong increase of the dissipated energy as failure is approached, as well as the increase
of the damage eld correlation length obtained in some numerical studies, support the interpreta-
tion of quasi-brittle failure as a critical phenomena. The recent postulate that damage growth can be
seen as a depinning transition of an elastic interface evolving in a random medium calls for further
investigation. To clarify this long-standing debate, we perform a comprehensive statistical study of
the precursors behavior obtained from our numerical approach and explicitly show how our damage
evolution can be described through an elastic interface evolution law.

Finally, to characterize the statistical behaviors obtained in many complex experiments and



1.3 Conclusions 21

to test our approach, we also perform a compression experiment of a 2D array of hollow soft cylinders.
We show that the bursts of dissipated energy can be fully characterized from the force-displacement
response of the material. This suggests that many systems in which crackling noise is observed can
be characterized rather simply from the measurement of this force-displacement response.






CHAPTER 2

MODEL FORMULATION AND LIMIT CASES ANALYSIS

As presented in the previous chapter, existing models for the description of the quasi-brittle
failure of heterogeneous materials are not able to describe adequately all the features of such rupture
phenomenon. We use advantages issued from the two main classes of models, non-local continuum
damage and statistical models, to build our approach. We present our mesoscopic model in the rst
section. We detail the introduction of a non-local damage parameter dependency of the stiffness, the
introduction of heterogeneities at the continuum scale and the thermodynamically consistent derived
damage evolution law. The model is presented as a general formulation so that we also focus on the
choice of the different material parameters (fracture energy heterogeneities, stiffness dependency with
damage) used in this study, and discuss the formulation of the interaction function. Finally, numerical
considerations (spatial discretization, extremal dynamics algorithm) are presented.

To understand the role played by each main ingredient, namely the interactions and hetero-
geneities in the system, we study in a second section two simple limit cases. We rst discuss the
behavior of a homogeneous system, which serves as a reference in the following, and highlight how
the different material parameters affect its response, in particular how they control the existence of
a snap-back instability. We then study a heterogeneous non-interacting system, and show how its
response can be obtained as a statistical average. These two particular cases emphasize that these
features taken separately do not allow to capture properly the main features of the quasi-brittle fail-
ure. Indeed, the coaction of both is required to obtain the complex damage organization and system
response described previously.

2.1 Non-local damage model description of a heterogeneous material

Before detailing our model, we provide a brief general description of our approach. We
build our model on classical concepts of continuum damage mechanics. Yet, instead of considering
homogeneous material properties, we introduce spatial variations in the material resistance over a

23
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typical scale ,. To do so we consider media with heterogeneous elds of damage energy. Within this
approach, material heterogeneities are introduced at a mesoscopic scale, intermediary between the
microscale at which microfracturing processes take place and the macroscale at which the material
can be seen as homogeneous. Moreover, the material is characterized by its damage eld which rep-
resents in each material point the density of formed microcracks within an elementary valdme

In principle, addressing numerically damage evolution within such a heterogeneous material would
require to mesh the material at a ne scate |, with respect to the heterogeneity size. However,

we will see that using a coarser discretizatior= , does not affect damage evolution, so that in the
following, material heterogeneity and material representative element will be confounded.

Since our main focus is the effect of material heterogeneities on damage spreading within
the material, we will consider simple loading conditions. In this rst part of the thesis, materials will
be loaded uniformly in tension, by the application of a displacement on the upper side of the specimen.
During loading, damage will increase and affect the strength of an element via its stiffness, which
decreases with damage. A central feature of our model is a non-local interaction function that allows
to describe how stresses are redistributed after each damage event. In this study, a main objective
is to understand how the nature of these interactions affects damage spreading and localization in
heterogeneous solids.

2.1.1 Energy based damage criterion

We consider a system &f° elements, wher® is the dimension of the systemand is
equal to 1 or 2, with periodic boundary conditions. Elements are distributed equidistantly in space and
indexed by the positios of their center in the system of sit& . As discussed the in introduction,
these elements coincide with the typical heterogeneities of the material of, si&e a result, the total
material size is effectiveli P E . The material is clamped between two rigid plates, as schematically
represented in 1D in Fig2.1a where each element is represented by a spring: The bottom plate is
maintained xed whereas a uniform macroscopic displacemexgrpendicular to thex-axis in 1D
and to the(x;y)-plane in 2D, is applied to the upper plate. Due to these clamping conditions, the
microscopic displacement is homogeneous, equal to the macroscopic one, such that the macroscopic
force writes as

A Z
E= (3)dx = K[d(3)]dx (2.1)

where is the stress eld an&[d(x)] = (%)= the local stiffness of an element which depends on

its damage levedl(x). This scalar damage parameter ranges from zero when the element is intact to
one when it is fully broken. For quasi-brittle fracture, it relates to the density of microcracks formed
within the elementary volume represented by this element. On a broader perspective, it quanti es
the degree of damage and the associated loss of stiffness of the elementary element. The variation of
the elastic constant with damage is a central feature of continuum damage models [66]. However, as
done in non-local damage models [9], we introduce here a dependency on the non-local padameter,
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de ned as

A
dx)=( d)(x)= (% x3d(x9dx° (2.2)

where is a weight function that will be speci ed below satisfying to the normalization condition

(%¥)dx = 1 that ensures (i) energy conservation during damage growth (see Appendix A) and
(i) that a homogeneous eld remains unaffected by the introduction of non-locality. This non-local
damage parameter controls the stiffness through

K[d(9)] = k d(x) : (2.3)

The introduction of a non-local variable allows to introduce interactions in the medium,
as originally proposed by [87]. Though, contrary to this work and the several studies inspired from
it [8, 73, 99], the interactions are introduced in our model at the level of the damage eld, and not on
the driving force. In other words, the stiffnessimlepends on the damage level in an extended region
de ned by the range of the weight function This description was chosen to ensure a proper energy
balance during the transfer of mechanical energy into fracture energy, as shown in Appendix A. The
introduction of such a non-local failure behavior and heterogeneities results in a complex temporal
and spatial organization of damage illustrated on the damage spatio-temporal evolution2o1Fig.
that resembles qualitatively the experimental observations and provides a rich macroscopic failure
response.

To describe damage evolution, we start from the total energy of the s{Esfmomprising
the elasto-damageable material and the loading system. Hence, under some imposed, ltreding
total energy is the sum of the elastic eneEfy}, the fracture energg ¢ and the work of the external
forceW:

EtOt - Eel+ Ed W
Z L Z Z 4 z (2.9)

> k d(%) dx+ Ye(x; d)dddx F(yd ~
0 0

whereY.(x%;d) refers to the damage energy of the element locatedand characterized by a dam-
age leveld. Itis de ned so that an increasd of damage in a regiorx of the material results in an
energy dissipatiorE 9 = Y¢(x;d) d x.

We introduce the thermod