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Résumé

Cette these est divisée en deux parties.

La premiere partie concerne l'analyse mathématique et la controlabilité exacte a zéro
d’une catégorie de systemes structurés décrivant la dynamique d’une population d’insectes.
L’objectif de ce travail est de développer un modele mathématique pour I’étude et la
compréhension de la dynamique de populations d’insectes ravageurs, I’Eudémis de la
vigne (Lobesia botrana), dans son écosysteme. Le modele proposé est un systeme
d’équations aux dérivées partielles de type hyperbolique qui décrit les variations au
cours du temps de la population en fonction des stades de développement, du sexe des
individus et des conditions environnementales. La ressource alimentaire, la température,
I’humidité et la prédation sont les principaux facteurs environnementaux du modele ex-
pliquant les fluctuations du nombre d’individus au cours du temps. Les différences de

dévelopment qui existent dans une cohorte d’Eudémis sont aussi modélisées.

Dans le chapitre 2 de cette premiere partie on considere que la population d’ adultes
diffuse dans le vignoble, la fonction de croissance des individus a chaque stade dépend

des variations climatiques et de la variété des raisins.

8u5(6t£a,a:) n 8[116(E(t);;2u6(t,a,x)] — e (B(), a)uc(t a,7) — F(E(), a)uc(t, a, 7).
llpes)  AEOACLD] (Pt 2), (1), a)u'(t a, ) — B'(B(E), a)u'(t, a, @),
8ufg£a’m) + a[vf(E(t)gguf(t’a 2l — = —p/ (B(t),a)u’ (t,a,2) + ds A ul (L, a, 2),

i (taw) + [Um(E(t)gium(mx)] = —um(E(t),a)u™(t,a,x) + dAu™(t, a, ),

(1)
ot (t,a,z) € (0,T) x (0, L*) x Q pour k égale a e, [, f et m. On indice les stades de
développement par e pour le stade oeuf, [ pour le stade larve, f pour les femelles et m

pour les males. La densité d’individus de ces populations est notée u* ot k est égale a

il



e, I, f et m. Le calcul de la population totale du stade k£ est donné par
Lk
P*(t,z) :/ uF(t,a,x)da, 2€Q, t>0 k=e, I, f, m.
0

Les conditions limites sont données par

ve(E(t),0)us(t, 0, z) fo ﬁf Pl (t,z), P™(t,x), E(t),s)u’ (t, s, 1)ds,
v(E(t),0)ul(t,0, ) fo ﬁe E(t), s)ut(t, s, x)ds,

vl (E(t),0)u’ (t,0,z) fo Uﬁl (E(t), s)ul(t, s, z)ds,
v™(E(t),0)u™(t,0,x) fo (1 —0)BE(t),s)ul(t,s, z)ds,

(2)

ou o est le sexe ratio, x € Q, et t € (0,7). Les conditions initiales et les conditions

limites du flux sont donnes par

uk(0,a,7) = uk(a,x), in (0,LF) xQ, k=el, fm,

% =0, on (0,T) x (0, L) x 99, (3)
Bn =0, on (0,7) x (0, L™) x 0.

Le vecteur E correspond aux variables climatiques et environnementales et s’écrit sous
la forme (T, H, R) ou T désigne la température, H I'’humidité et R la ressource ali-
mentaire. Les fonctions p°, !, u/ et ™ sont les taux de mortalité respectivement des
stades oeuf, larve, femelle et male. Les fonctions ¥ denotent les taux de transition
d’age spécifique. Le taux de croissance ne dépend pas de la quantité d’aliments mais

de la qualité de celle ci.

On introduit alors les fonctions v* qui sont les vitesses de croissance des stades d’indice
e, I, f, m. Elles ne dépendent pas de la population totale car le nombre d’individus
localisé sur un méme endroit n’interfere pas avec le processus de croissance de la pop-
ulation [104].

La question de 'existence d’une solution globale est liée au travail de Martin-Pierre pour
le systeme de réaction-diffusion. Cependant le processus démographique ajoute des dif-
ficultés difficultés supplémentaires. ( Voir le travail de Iannelli et Busenberg(1988) sur
les cas de parametres démographiques identiques). Ainsi nous nous sommes intéressés
a 'analyse mathématique de ce modele et son comportement asymptotique. Plus
spécialement, dans notre contexte le cadre mathématique tractable pour le probleme
est 1 espace de Banach L'. En effet, I'espace L' est un choix naturel dans lequel

I'interprétation physique de la fonction de densité demande qu’elle soit intégrable, et
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le traitement mathématique de cette question demande que la fonction de densité ap-
partienne a un espace vectoriel complet. La norme de densité est une mesure naturelle
de la taille de la population. Nous avons obtenu la solution par la méthode des car-
actéristiques pour ce modele de Lobesia botrana. Selon ’expression de la solution du

systeme, u¢, u!,

u/ et u™ sont liés par leurs conditions aux limites. Remarquons que
u® décrit le nombre de nouveau-nées des femelles papillon u/. L’existence des solutions
du probleme est faite grace a un théoreme de point fixe. En utilisant la méthode de
point fixe, on obtient l'existence et 1'unicité des solutions du modele. On démontre
ensuite I'existence d’un attracteur global pour le systeme dynamique. Enfin, on utilise
la théorie des opérateurs compacts et le théoreme de point fixe de Krasnoselskii pour

prouver l'existence des états stationnaires.

Dans le chapitre 3, on traite le probleme de controlabilité exacte du modele Lobesia
botrana, lorsque la fonction de croissance est égale a 1. On suppose que les quatre

sous-catégories de ce systeme sont dans une phase statique.

Qulba) 4 Swba)  — (1f(a) + B(a))us(t, a) + x(a)w(t, a),
8u8(: ,a) + 8u@(a ,G) — —(ul(a) + ﬁl(a))ul(t, a), (4)
oullta) L dwllta) i (a)ul (£, a),
ou™(t,a ou™ (t,a m m
ait ) + B((zt ) =—Uu (a)u (t, CL),

ot (t,a) € [0,T] x [0, 4], A = max{L¢, L, L7, L™}, L* est I'age maximal du stade de
développement k pour k = e, [, f,m. La fonction u*(t,a) représente I’age spécifique de
la densité des oeufs, des larves, des papillons femelles et des papillons males respective-
ment. Pour chaque k, si A > L* on note u* =0, 3% =0, u* = 0. Le terme y(a)w(t,a)
est un processus de controle pour les oeufs: x(a) est la fonction caractéristique sur
[0,a*](0 < a* < L® < A), ce qui signifie que notre intervention peut étre limitée a des
groupes d’ages petits. Les conditions limites sont données par

w(t,0) = [X B (s)ul (¢, s)ds,

ul(t,0) = fOLe Be(s)uc(t, s)ds,

ul(t,0) = fOLl o3 (s)ul(t, s)ds

"(1,0) = 20— o), 5)ds

ou o est le sexe ratio, t > 0. Les conditions initiales des équations du systéme (4) sont

u*(0,a) = ug(a), (6)

k =e,l, f,m. Les parametres des démographie ¥ représentent les taux de mortalité &

()

I'age a, k = e, l, f,m. Les fonctions 3* sont les taux de fécondité a I'dge a, k = e, [, f, m.



Nous avons étudié la controlabilité exacte d’insectes ravageurs en agissant sur les oeufs
dans un intervalle d’age petit. Il faut noter que les méthodes développées dans [19] pour
obtenir 'inégalité d’observabilité ne sont pas directement applicables a notre systeme.
Nous avons donc utilisé un argument de point fixe [3, 4] pour obtenir la contrdlabilité
exacte. Pour ce faire nous avons d’abord obtenu des estimations a priori des variables
du probleme adjoint. Ensuite nous avons montrer que la population d’oeufs peut étre

controlée a zéro, grace a un argument de point fixe.

Lorsque les papillons adultes se dispersent spatialement, on introduit un controle sur la
population d’oeufs, de larves et de femelles dans une petite région du vignoble. Nous
notons la distribution d’oeufs, de larves, de femelles et de males respectivement par
uk(t,a,x) 4 Page a > 0 au temps t > 0, et & emplacement z € Q avec k = e, 1, f, m.
Le modele LBM s’écrit

Duf(t,a,z) = —(p(a,z)+ B%(a))u(t,a, )+ m(a)w(t,a, ),

Dul(t,a,z) = —(p(a,z)+ B (a))u'(t,a,z) + m(a)w'(t, a,z), )
Dul(t,a,z) = —pf(a,z)u! (t,a,2) + Au!(t, a, ) + x(a, 2)w! (t, a, x),
Du™(t,a,x) = —p™(a,z)u™(t, a,x) + Au™(t, a,x),

ol (t,a,x) € (0,T) x (0, 4) x Q, et Q C R3.
Les conditions limites sont indiquées comme suit
u(t,0,z) = B (s)u’ (t, s, x)ds,
U’l(ta O7I) - fo ﬁe(s)ue 7y S, & )
(t 0,z) —fo ol (s)ul(t, s,z )ds
" (t,0, ) —fo (1 —0)p(s)ul(t, s, z)ds

ou o dénote le sexe ratio et ¢ > 0. Les conditions initiales sont donnes par
u*(0,a, ) = ub(a, ), k=el, f,m. 9)

et les conditions au bord par

ouk(t, a,x)

o —0, 2€090 k= fm. (10)

On note A = max{L¢, L!, LY, L"™}. L* est I'dge maximal du stade de développement
k, k = e, l, f,m. On note u*(t,a,z) = 0, 3%(a) = 0, u*(a,z) = 0 alors que a € [LF, A]
pour chaque k. Les termes w®(t,a,z) et w!(t,a,r) sont des processus de controle

respectivement pour les oeufs et les larves, et m(a) est la fonction caractéristique sur
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(0,a*) avec 0 < a* < min{L¢, L!, L/} < A, ce qui signifie que notre intervention est
limitée & des groupes d’age tres jeunes. Le terme w/ (¢, a, r) est le processus de controle
pour les papillons femelles, et x(a, z) est la fonction caractéristique sur (0, a*) X w, avec

w C ) étant un sous-ensemble ouvert non vide.

Les parametres de la démographie p* avec k = e, [, f, m correspondent aux taux de mor-
talités qui dépendent de I’age et de I’espace. Les fonctions 3, k = e, [, f,m désignent
les fonctions de transition & I’age a, k = e, [, f, m. La dérivé directionnelle de u* existe

pour tout (t,a,z) € (0,7) x (0, A) x Q et est donnée par

k(t +h h,x) —uF(t
Duk(t,a,x):}llir%u( that ;Lx) u(t, a,7)

)

k=e,l, f,m. Il est évident que pour u* suffisamment réguliere on a

our  out
Du = o + e
A notre connaissance, les méthodes utilisées dans la litterature pour étudier la controlabilité
a zéro des problemes paraboliques sont basées sur 'inégalité de Carleman et I'inégalité
d’observabilité du systeme adjoint. En raison des termes non locaux dans (8), nous ne
pouvons pas utiliser cette technique pour le systeme (7)-(10). Ce qui va nous amener
a faire appel a des arguments de point fixe. D’abord nous transformons le terme non
local u¢(t,0,x) en un terme local b°(¢, x). Ensuite en combinant une estimation de Car-
leman avec des estimations a priori du systeme adjoint, on montre alors la controlabilité

exacte a zéro pour les femelles par un argument de point fixe [3, 4].

La seconde partie est consacrée a ’étude de la stabilité de la conductivité d’un systeme

de réaction diffusion modélisant 1’activité électrique du coeur.

On considere le systeme linéarisé avec des conditions au bord

Cm Oy U= — ﬁdiv(Me(a:)Vve) = —a(t,z)v° + fxw, n Qr,

eout — div(M(z)Vul) = div(M;(x) Vo), in Qr,
v(0,x) = vp(z), ui(0,2) = ucp(x), in Q,
v®* =0, u =0, on X,

ou a(t,x) est une fonction bornée dans Qr, et sa dérivée par rapport a ¢ existe et
est bornée sur Q7. La variable u; = w;(t,x) ( u. = u.(t,x) ) représente le potentiel
électrique intracellulaire (extracellulaire) a la position spatiale x € €. La différence v =
u; — ue représente le potentiel transmembranaire. Les conditions semi-initiales vg(x),

e p() sont suffisament réguliere pour § € (0,7). Les tenseurs de conductivité inconnus
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M et M, sont supposés étre suffisamment lisses. On analyse la stabilité des coefficients
de diffusion d’un systeme parabolique qui modélise I'activité électrique du coeur. On
établit une estimation de Carleman pour le systeme de réaction-diffusion. En combinant
cette estimation avec des estimations d’énergie avec poids on obtient le résultat de
stabilité. Le résultat de stabilité peut étre résumé comme deux activités électriques
cardiaques différentes. Il dépend du tenseur de la conductivité extracellulaire M, dans
la premiere équation, et de la somme du tenseur de la conductivité intracellulaire et
extracellulaire. On note M la somme. Précisément, dans un petit domaine w au
cours de la période (0,7 ou dans toute espace € au temps 6, le potentiel électrique
extracellulaire et le potentiel transmembranaire varient assez peu. Alors, le tenseur de
conductivité extracellulaire M, est proche de Me et M est proche de M sauf dans un

petit sous-domaine wy € w.

Mots-clés: Dynamique des populations structurées, controlabilité a zéro, méthode des
caractéristiques, estimations de Carleman, théoreme point de fixe, stabilité, systeme

de réaction-diffusion.
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Abstract

This thesis is divided into two parts. Omne is mainly devoted to make a qualitative
analysis and exact null control for a class of structured population dynamical systems,
and the other concerns stability of conductivities in an inverse problem of a reaction-

diffusion system arising in electrocardiology.

In the first part, we study the dynamics of the European grape moth, which has
caused serious damages on the vineyards in Europe, North Africa, and even some
Asian countries. To model this grapevine insect, physiologically structured multistage
population systems are proposed. These systems have nonlocal boundary conditions
arising as nonlocal transition processes in ecosystem. We consider the questions of
spatial spread of the population under physiological age and stage structures, and show
global dynamical properties for the model. Furthermore, we investigate the control
problem for this Lobesia botrana model when the growth function is equal to 1. For
the case that four subclasses of this system are all in static station, we conclude that
the population of eggs can be controlled to zero at a certain moment by acting on eggs.
While the adult moths can disperse, we describe a control by a removal of egg and
larva population, and also on female moths in a small region of the vineyard. Then the
null controllability for female moths in a nonempty open sub-domain at a given time

is obtained.

In the second part, a reaction-diffusion system approximating a parabolic-elliptic sys-
tem was proposed to model electrical activity in the heart. We are interested in the
stability analysis of an inverse problem for this model. Then we use the method of Car-
leman estimates and certain weight energy estimates for the identification of diffusion

coefficients for the parabolic system to draw the conclusion.

Keywords: Structured population dynamics, null control, characteristics method,

Carleman estimates, fixed point theorem, stability, reaction-diffusion system.
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Chapter 1

Introduction

1.1 Background knowledge

In 1798, T.R. Malthus proposed a model of population dynamics as follows:
dr
dt

where x represents the total population size, r is the malthusian parameter of the given

T, (1.1)

population. The solution of (1.1) is given by z(t) = x¢e"™. The exponential function
makes apparent the famous exponential growth rate of a malthusian population. But
this malthusian model makes no allowance for the effects of crowding or the limitations
of resources. In 1838, P. F. Verhulst proposed a more realistic model of population
growth, which would allow the malthusian parameter to depend on the size of the total

population itself as follows:

dx T

E:mc(l—?), (12)

where (> 0) is the intrinsic growth rate and K (> 0) is the carrying capacity of the
population. It is known as the logistic equation. In model (1.2), when x is small the
population grows as in the Malthusian model (1.1); when z is large the members of the
species compete with each other for the limited resources. Solving (1.2) by separating
the variables, we obtain (z(0) = z)

oK
xo — (xg — K)e "t

From the formula (1.3), it is evident that the solutions of the equation (1.2) has the

() = (1.3)

property lim; ., () = K. Thus the positive equilibrium x = K of the logistic equation
(1.2) is globally stable.



Chapter 1. Introduction

The theory of continuous population dynamics has been receiving more attention by
mathematical demographers and population biologists. One of the most important
theories in this development has been for models which allow for the effects of age
structure. For many populations, consideration of the age distribution within the

population leads to a more realistic and useful mathematical model.

First, F. R. Sharpe, A. Lotka and A. G. Mckendrick developed the models incorpo-
rating age effects with the birth and mortality processes as linear functions of the
population densities. Many mathematicians extensively developed the theory of lin-
ear age-dependent population dynamics. The classical model is formulated as follows:
Let u(t,a) be the density with respect to age of a population at time ¢. The density

function satisfies the aging process of the population
Du(t7 CL) = —/L(G)U(t7 CL), (14)

where 1 is a nonnegative function of age-specific mortality modulus, and the differential
operator is defined by
u(t+ h,a+h) —u(t,a)

Du(t,a) = hli%h : . (1.5)

The birth process of the population satisfies the so-called birth law

u(t,0) = /000 Bla)u(t,a)da, t>0, (1.6)

where (3(a) is a nonnegative function of age known as the age-specific fertility modulus.

Last, the initial age distribution of the population is
u(0,a) = ¢la). a >0, (1.7)

where ¢ is a known nonnegative function of age a. The problem (1.4), (1.6) and
(1.7) constitute the classical linear age-dependent population dynamics, which is easily
solved by the method of characteristics. The main idea is to convert the problem to
a Volterra integral equation with the birth rate u(t,0). This model admits a unique

solution which is given by
o(a)exp{— [, n(s)ds}, a>t,

u(t —a,0)exp{— [ n(s)ds},  a<t.

Moreover, the above solution is continue with respect to the age variable a, if this

u(t,a) = (1.8)

system satisfies the following compatibility condition

u@ﬁ%=Amﬂwmea:¢w) (1.9)
4



1.1. Background knowledge

One can refer to W. Feller [49], N. Keyfitz [72] and M. Gurtin [52] to learn about more
detailed description. The analysis of linear models of this type is classical ( see [63]
for an introduction), while nonlinear models have a more recent history and are now
undergoing a rapid development. Even though these nonlinear models have inherent
mathematical difficulties, there are some broad general classes whose special structure

allows a fairly detailed analysis.

The same objection can be raised to the Lotka-Von Forester model as was raised pre-
viously to the Malthusian law: the birth and death moduli are independent of the
population density. Therefore in 1974, M. Gurtin, R. C. MacCamy and F. Hoppen-
steadt introduced the first models of nonlinear continuous age-dependent population
dynamics. In their study, the effects of crowding were incorporated into the model by
allowing the birth and mortality processes to be nonlinear functions of the population
densities. Consequently, the equations of these models contained nonlinear terms in-
volving the unknown solutions. Analogously with the model (1.2), these nonlinearity
terms provided a mechanism by which the population may stabilize to a nontrivial

equilibrium state as time evolved.

In the Gurtin-MacCamy model of age-dependent population dynamics, the fertility
function and mortality function are allowed to be density dependent. The nonlinear
population dynamics problem is given as follows: Let P(t) be the total population at
time t defined by

P(t) = /000 u(t,a)da, (1.10)

and u(t, a) is defined as before. The balance law of the Gurtin-MacCamy model is
DU(t,CL) = —,u(a,P(t))u(t,a), (111>

where p is nonnegative, age- and density-dependent mortality modulus. The differential
operator is defined by (1.5). The birth process of the population satisfies the so-called
birth law

u(t,O):/Oooﬁ(a,P(t))u(t,a)da, £ 0, (1.12)

where [ is nonnegative function of age and density known as the fertility modulus.

Last, the initial age distribution of the population is
u(0,a) = ¢(a), a >0, (1.13)

where ¢ is a known initial age distribution. The model (1.11), (1.12) and (1.13) were
introduced first by M. Gurtin and R. MacCamy in [54]. The common method for
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Chapter 1. Introduction

treating this problem is linearization procedure. Then it is studied analogously to that
classical linear case. Similar to the verhulstian age-independent model of population
dynamics, the Gurtin-MacCamy model provides a physically more realistic description
of the behavior of biological population. Thence, this model and similar models have
been investigated by many researchers. One may be interested in them refer to the
literatures [30, 39].

It has been advantageous to allow the birth and mortality processes to be nonlinear
functions of the age-dependent population. One more interesting generalization has also
been investigated by M. E. Gurtin, taking spacial diffusion into account. Considering
the diffusion of a biological species in a domain €2, the evolution of u is governed by
the balance law (see M. Langlais [76] and M. E. Gurtin [52])

up + u, = —divg + s, (1.14)

where ¢ = ¢(t,a,z) is the flux of population, div is the divergence operator in RY
(div = 0y, + -+ -+ 0yy) and s = s(t,a,x) is the supply of individuals. A reasonable
assumption for the population-flux vector seems to be that ¢ be a proportional to the

gradient of the total population density:
q(t,a,x) = kEVP, (1.15)

where V is the gradient vector with respect to space variables and £ is a positive
constant. Further, assume that the supply s is due to deaths, and it is proportional to
u:

s(t,a,x) = —p(a)u(t,a, ), (1.16)

where 1 is the death rate, P is defined as in (1.10). Going back to the balance law, u

obeys the partial differential equation
Uy + uy — kAu + pu =0, (1.17)
where A is the Laplace operator in RY. The birth process is given by the equation
u(t,0) = /OO B(a, P(t))u(t,a)da, t>0. (1.18)
0
Furthermore, the initial condition is
u(0,a) = ¢(a), a>0, (1.19)
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1.1. Background knowledge

and the boundary condition is
Vu(t,a,z) -n=u(t,a,x), x € I, (1.20)

while @ represents the prescribed population supply at the boundary.

However, It has to be emphasized that many population problems involve interactions
between population subclasses, so vector system models should also be included, as well
as scaler models. The model which allow the interaction to be interpreted as either

two species in competition or two species as predator and prey has the form

Ouilta) | Duslta) — (. (Py(t)) + pia(Po(t))Jus(t, a),
ui(t,0) = fo~ Bi(1 — e )ui(t, a)da,
ui(0,a) = i(a),

where 7 equals to 1, 2, respectively.

In the above model, each component of the density function u = (uy,u2)? corresponds
to one of two species present in the same environment. Each species has a linear birth
process independent of the other species. The form of birth process means that the
members of each species reproduce as long as they survive. Each species has a nonlinear
mortality process dependent on both species, where the mortality modulus has both an
intra-species and inter-species contribution. The form of mortality process corresponds
to a harsh environment, since it does not depend on the age variable. It should be noted
that age-dependent models of predator-prey interaction have been widely investigated
by many researchers about existence, the stability of nontrivial equilibrium solutions.
One can see the work of J. M. Cushing, M. Saleem, F. Hoppensteadt, M. E. Gurtin,
D. S. Levine and G. F. Webb for more details [38, 39, 53, 63, 109].

Since epidemic models were introduced by Kermack and Mckendrick in 1927, more
and more attention has been devoted to the study of their properties [69, 70, 71, 84].
The importance of such a step arises from the fact that for many diseases the rate of
infection varies significantly with age. In fact, for exanthematic disease it can be seen
the transmission mainly involves early ages, while for sexually transmitted disease the
principal mechanism of infection involves mature individuals (see [40, 66]). Moreover,
some diseases transmitted from parents to newborns and also immunity is vertically
transmitted and lasts up to some age. Because of the epidemics, the population is
divided into three classes, such as susceptible class, infective class, and removed class,

which are described by their respective age density functions S(t,a), I(t,a), R(t,a).

7



Chapter 1. Introduction

Denoting by v(a), d(a) and A(a) the age specific removal rate, cure rate and infection
rate respectively, the following equations describes the transmission dynamics of the
disease:

(20 4 250 — —pu(a)s(t,a) = A(t,)s(t,a) + S(a)it, a),

Plba) 4 90L0) — i(a)i(t, a) + A(t, a)s(t,a) — (y(a) + 6(a))i(t, a),

ol 1 2) _ (e, 0) + 2 i),

0) fo ( )s(t,a) + (1= q)i(t, a) + (1 — w)r(t, a))da,
0) =q ;" Bla)i(t,a)da,

0) f B(a)r(t,a)da,

ya) = so(a), i(0,a) =io(a), r(0,a)=ro(a),

where ¢ € [0, 1], w € [0, 1], are the transmission parameters of infectiveness and immu-

S

(t,
(t,
(t,
(0

~.

<

S
\

nity, respectively. These parameters indicate the fraction of newborns who are born in
the class of their parents. Especially, ¢ = w = 0 means newborns are susceptible. In
[31], S. Busenberg, K. Cooke, and M. Iannelli investigated an age-structured epidemic
model when the fertility, mortality and removal rates depend on age, and obtained
endemic threshold criteria and the stability of steady state solutions. A. Ducrot and P.
Magal has studied an infection-age structured epidemic model with external supplies,
showed the existence and nonexistence of the traveling wave solutions and gave the
minimal wave speed [41]. Later, they extended the result to multi-species age infection

structured epidemic model [42].

In 1954, Slobodkin [102] experimentally studied a number of laboratory populations
of Daphnia obtuse. He found that age or size alone was not sufficient to characterize
the physiological behavior of an animal. Slobodkin concludes that “age and size taken
together can be considered to define a class of physiologically identical animals until
proven to the contrary.” Then Sinko and Streifer (1967) proposed an age and size
structured model as follows:

on(t,a,m) N on(t,a,m) N Jlg(t,a,m)n(t,a,m)]

ot da om

where ¢(t,a,m) is the average rate of growth for an animal of age a and mass m at

= —D(t,a,m)n(t,a,m), (1.21)

time ¢,
T )_dm_dm
g ,CL,TTL - dt - dav

and the function D(t,a,m) is the death rate for animals of age a and mass m at time

t. The integral

/ / D(t,a,m)n(t,a, m)dadm

8



1.1. Background knowledge

is the rate at which animals between ages (ag,a;) and masses (mg, m1) die. It should
be noted that the functions g and D generally depend on other factors such as food
supply, total biomass and total numbers in the population. To set the mathematical
problem well, one must specify boundary conditions for equation (1.21), i.e. the age-
mass distribution of the original animals at time zero, a(a, m) , and density of newborn,
B(t,m), i.e.

ala,m) =n(0,a,m),

ﬁ(tv m) = n(tv 0, m)

In many situations, G(t,m) is given by

B(t,m) = /000 /000 f(t,a,m',m)n(t,a,m)dadm’, (1.22)

where f(t,a, m’,m)dm’ is the rate at which animals of mass m’ and age a give birth to
neonates with masses between m and m + dm. The fact that (1.22) is dependent on
density function makes the mathematical problem complicated. It is shown that Von
Foerster’s equation, the logistic equation and other prior models are special cases of
the new model [100].

Since Sinko and Streifer proposed model (1.21), more and more attention has devoted
on this kind of a class of size structured model. For example, Farkas obtained stability
result for a class of nonlinear models by characteristic method [44]. Later, Farkas et al.
studied the linear stability and regularity for a size structure model with density limit,
using semigroup theory and the characteristic equation [45]. Farkas et al. investigate
a generalized size-structured Daphnia model with inflow, and obtained the stability of

steady solution [46].

Since the end of the eighteenth century the European Grapevine moth Lobesia botrana
has been the most serious grape pest in FEurope, North Africa and in many Asian
countries, and has caused important economic damages. The life cycle of the EGVM
could be divided into four development stages that are egg, larva, pupa and moth. The
first three stages correspond to the insect growth and the last adult stage is devoted
to reproduction. As during the spring and summer, the period of pupa is very short.
Then we can assume that it can be included in larval stage. In order to predict the
periods of appearance of the insect in the vineyard, and the mathematical models with

age structure maybe very helpful for this objective.

Inspired by (1.21), D. Picart et al. modeled the EGVM population dynamics by a stage-
structured population model based on PDEs [12]. To properly describe the reproductive
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Chapter 1. Introduction

cycle of the EGVM, they consider a multistage, physiologically structured, population
model. Denote u¢, u!, v/, u™ the age density distribution at time ¢ of egg, larva, female
and male populations respectively. The total population for the k-stage is then defined
by
Lk
PR(t) = /0 u*(t,a)da, t>0,
where L* is the maximum age for the k-stage, and k takes the value e for egg, [ for

larva, f for female and for m male. The following model describes the dynamics of

these populations

iyt 4 Bl — e (B(t), a)ul(t, a) — B(E(t), a)u(t, ),
l

ot Ja
oul(t,a) O (E(t),a)ul(t,a)] _ _

) | O (B ml (P(), B(t), a)ul (1. ) = BB, apl (), o
ouf (t,a o’ (E(t),a)uf (t,a .
o) | O/ EQ ] o (B(E), a)u! (t, a),
Hu™m a oo™ a)u™(t,a m m
() | OB (), a)um (),

where (t,a) € [0,T] x [0, L*], k = e,l, f,m.

The vector E = (T, H, R) corresponds to the climatic and environmental factors where
T is the temperature factor, H the humidity factor and R the grape variety factor.
The vector E is time-dependent. Stress that R is not the quantity of food eaten by the
larva but depending on the species of the vine. The functions m”*, k = e,l, f,m, are
the k-stage age-specific per capita mortality functions. To model the inter-individual
competition between larvae for food, we assume that m' depends on the total larva
population. The functions 3%, k = e, [, correspond to the k-stage age-specific transition
functions. Specially, 3¢ is the hatching function which models the physiological change
between egg and larval stages. The emerging adult function 3' is the transition between
the larval and moth stages. The transition function between the moth and egg stages is
modeled by the function 37, i.e. the age-specific per capita birth function. Observations
on EGVM indicate that the population does not grow exponentially but reaches a
threshold value determined by the carrying capacity of the food. One bunch can
hardly bear more than 15 larvae depending upon the bunch size [105]. The growth of
the population size is not restricted by the food quantity but by the total number of
moths per unit of volume. Therefore, the birth function is dependent on the density of

individuals.

The study of laboratory data shows a difference in growth between individuals as-
sembled in cohorts [16, 85, 86]. This phenomenon is classical and has been observed
for many other species. Mathematicians often model growth variability by introduc-

ing growth function that depends on the physiological age [32]. In LBM, functions
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1.2. Statement of the problem and main results

V¥ k = e,l, f,m represent the k-stage age-specific per capita growth functions. These
functions are age-dependent and, coupled with the transition functions, allow us to
model great variability of growth within a cohort. The set of demographic functions
(mk, vk 3¢, 3, 67), k = e,l, f,m vary with the climatic and environmental factors E.
The boundary conditions related to (1.23) are defined by

v (B(1), 0)uc(t,0) = [} 5/ (PI(t), P™(t), B(t), s)u (t, 5)ds,

vI(E(t),0)ul(t,0) fo ﬁe E(t), s)ut(t, s)ds, (1.24)
ol (B(t),0)u! (t 0) fo Tﬁl (E(t), s)ul(t, s)ds, '
v (E(t), 0)u™( fo (1 —7)BYE(t), s)u'(t, s)ds,
where 7 describes sex ratio, t € (0,7); the initial conditions are given by
u*(0,a) = uli(a),a € (0,LF), k=e,l, f,m. (1.25)

Although from a mathematical view, the equations related to adult stages of (1.23)
look like Sinko and Streifers model, the first two equations are not same to their model
because of the additional terms modeling the proportion of individuals who change
physiological state. Furthermore, the additional terms of the first two equations are
also the boundary conditions of the larval and adult stages respectively. Therefore, the
fact that all equations in the above system are dependent from each other makes the
mathematical analysis more complicated. Note that LBM just exists in the literatures
[11, 12, 92, 93]. Also, because of its original and special form, LBM enables us to
study new mathematical and biological questions. D. Picart et al. has considered the
existence and uniqueness of (1.23) in L?, and showed some simulations of experimental
field data. Later, they did parameter identification for this system. Finally, they

investigated the optimal control problem.

1.2 Statement of the problem and main results

Therefore, considering the economic loss caused by the pest, it is meaningful to study
the mathematical analysis for this Lobesia botrana model (LBM), and the ways how
we can control the size of its population. In this thesis, we shall investigate the ques-
tions such as, global dynamics and the exact null controllability of this age and stage

structured system with nonlocal boundary conditions arising as transition process.

& Global dynamics of the European grapevine moth model with diffusion

11



Chapter 1. Introduction

We consider a multistage, physiologically structured, population model describing one
of the most important grapevine insect pests [12,13]. Lobesia botrana, the European
grapevine moth (EGVM), is a grape pest causing important economic damages. This
kind of moth reduces the amount of berries especially when berries are young in spring,
as well as their quality by favoring indirect damages [104]. To predict the population
peaks of this insect in vineyards, several ordinary differential equations or discrete
equations have been developed to describe the period and the length of the spring
and summer population dynamics for egg, larval and adult stages. The temperature
is the only environmental factor implicated to predict the population size in time as a
growth factor. As a consequence, other relevant aspects of the dynamics, for example
the mortality or inter-cohort growth variations, are missing and the predictions are not
satisfying [20, 26].

It is known that partial differential equations are also used to describe the dynamics of a
single population [89]. These equations enable us to model physiological characteristics
such as age or size to differentiate individuals within a cohort. For example, Sinko and
Streifer’s model is well used to study age-size structured populations [32, 100]. To
explore the importance of growth variations within a cohort and properly describe
the reproductive cycle of the EGVM, D. Picart et al. proposed a stage-structured
population model under nonlinear boundary conditions based on PDEs [11, 12, 92].
Here we consider a more realistic phenomenon that adult moth can diffuse spatially.

Then we study a system of four equations each related to the Sinko-Streifer model as

follows:
8uegt,a,x) + B[ve(E(t)gziue(t,a,x)] _ e( (t) ) e(t a x) —ﬁe(E(t),a)ue(t,a,x),
oulltes) y ONEQA D] — ) (Pt 2), B(t), o) (t,a,2) — BYE(1), a)ul(t,a, ),
WS,;“’”C) + md(E(ﬂgiuf(t’a D) —,uf(E(t),a)uf(t a,z) + dAgul (t,a, ),
Bumggt,a,x) 4 6[um(E(t)glium(tax)] Mm(E(t),CL>U (t,a,x) + dmAxU (t,a,a:),

(1.26)
where (t,a,z) € (0,T) x (0,L*) x Q and k = e, 1, f, m represents four stages of devel-
opment respectively. We denote the age density distribution of individuals in 2 and at
time ¢ of egg, larva, female month and male month populations by u¢, !, u/,u™. The

total population for the k stage is then defined by

Lk
Pk(t,x):/ uF(t,a,x)da, 2€Q, t>0 k=ce, [, f, m.
0
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1.2. Statement of the problem and main results

The nonlinear boundary conditions are defined by

v (E(L), 0)us(t,0 x) = [F 8Pt ), Pt @), B(t), s)u! (¢, s, 2)ds,
v(E(t),0)ul(t,0, ) fo ﬁe (E(t), s)u(t, s, x)ds,

v/ (E(t),0)u’ (t,0,) fo aﬁl (E(t), s)ul(t, s, z)ds,

v (E(t),0)u™(t,0,x) fo (1 —0)B(E(t),s)ul(t, s, x)ds,

(1.27)

where o denotes the sex ratio, z is in Q2 and t € (0,7"). The system is complete with

the initial conditions and no flux boundary conditions as follows

uk(0,a,7) = uk(a,x), in (0,LF)xQ, k=el f,m

& =0, on (0,T) x (0, L") x 09, (1.28)
% =0, on (0,T) x (0, L™) x H9.

The vector E corresponds to the climatic and environmental factors, and it is time
dependent. The functions i* are the k-stage age-specific per capita mortality functions.
The functions 3* denote the k-stage age-specific transition functions. The growth of
the population size is not dependent on the food quantity but on the total number of
moths per unit of volume. Therefore, the birth function is dependent on the individual
density. The functions v* represent the k-stage age-specific per capita growth functions
which depend on the physiological age, and allow us to model great variability of growth
within a cohort [104].

Note that the question of existence of global solutions is connected to the works of
Martin-Pierre for reaction diffusion systems, but the demographical processes add new
difficulties (see the work of Tannelli and Busenberg (1988) for the case of equal demo-
graphical parameters [31]). Thus we become interested in the mathematical analysis of
the model (1.26)-(1.28), and inspired to investigate the properties of solutions. Espe-
cially, in our context the mathematical tractable setting for the problem is the Banach
space L'. Actually, L' space is the natural choice in which the physical interpreta-
tion of the density function requires that it should be integrable, and the mathematical
treatment of the problem requires that the density functions belong to a complete norm
linear space. The norm of the density is a natural measure of the size of the population.
We obtain the solution by the characteristics method for this Lobesia botrana model.
According to the expression of the solution of the system, u¢, u!, v/ and u™ are linked
with their boundary conditions. Note that u® is described by the number of newborns
laid by the female moths u/ at each egg class. The solutions v/, u™ are related to the

larva density u'. As the boundary conditions are not null, it is obvious to see that u®
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v/ and u™ exist uniquely if and only if u! exists uniquely. Then a contraction fixed
point principle is used to obtain the existence and uniqueness of solution. The result
can be extended to be global by the maximum interval of the existence of the solution.
We also prove the existence of a global attractor for the trajectories of the dynamical
system defined by the solutions of the model. Finally, we use the method based on the
theory of compact operators and the Krasnoselskii’s fixed point theorem to prove the

existence of steady states. This will be based on the manuscript [61].

& Exact null controllability of a stage and age-structured population dy-

namics system

Population control is the process of forcing a population or some of its subclasses to
assume a specified-in-advance behavior. The intervention policy which is used to pro-
duce the expectable result constitutes the controller. Harvesting of natural or farmed
populations, such as plants and fish, controlling of pests and parasites, such as aphids
and lice, and containing disease distribution through vaccination and other control
measures are just a few of many useful and economically significant applications of the

mathematical optimization theory to population control [19].

The problem of control and optimal harvesting of populations has been widely inves-
tigated in the literatures with different scope. Early work on the topic considers the
problem of deterministic harvesting, ignoring the age structure (see [35] and references
cited therein). Discussions for the problem harvesting a discrete age structured pop-
ulation has been investigated by several authors [78, 79]. Discussion of an optimal
harvesting strategy for a continuous age structured model was treated by Rorres and
Fair in 1980 [96]. The optimal harvesting problem of the population process represented
by McKendrick equations has been considered by Murphy and Smith [88]. Then Gurtin
and Murphy [55, 57| investigated the optimal control problem for the nonlinear popu-
lation dynamics introduced in [54]. They reduced the system of nonlinear PDEs to a
system of ODEs. The harvesting strategy is restricted to being age-independent. One
can refer to the literatures [14, 19, 82, 83] and so on for more results about optimal

control problems.

We recall that the internal null controllability of the linear heat equation, when the
control acts on a subset of the domain, was established by G. Lebeau and L. Robbiano
[77] and was later extended to some semilinear equations by A.V. Fursikov and O.Yu.
Imanuvilov [51] in the sublinear case, and by V. Barbu [17] and E. Fernandez-Cara

[47] in the superlinear case. The internal null controllability of the age-dependent
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1.2. Statement of the problem and main results

population dynamics in the particular case when the control acts in a spatial subdomain
w but for all ages a (this is the particular case corresponding to a* = A) was investigated
by B. Ainseba and S. Anita [3]. Let p(¢,a,x) be the distribution of individuals of age
a >0, at time ¢t > 0, and location x € €2, a bounded domain of RY, N € 1,2, 3, with a
suitably smooth boundary 0f).

p ap(g;z,x) | Opltaz) _ —u(a,t,z, P(t,x))p(a,t,x) + kAp(t, a, x)

B
+ Xw(z)u(t,a, ), (t,a,z) € Qu+,
p(t,a,x) =0, (t,a,z) € X+, (1.29)
p(t,0,7) = fo(ﬁ B(t,a,z, P(t,z))p(t,a,x)da, (t,z) € (0,T) x Q,
| 50,0,2) = (e, ), (@0) € (0,6 x 9,

and
at

P(t,z) = / p(t,a, z)da, (1.30)

0
where u is a control function, x,, is the characteristic function of w, a nonempty, open
subset of €, and pg is the initial distribution of individuals. Here Q.+ = (0,a™) x
(0,7) x Q, and X+ = (0,a™) x (0,T) x Q. B.E. Ainseba et. [7] are concerned with the
general nonlinear case of (1.29) in the sense of Gurtin and MacCamy [54], and obtained

the exact null controllabilty result.

It is known that FEuropean grapevine moth (EGVM) has caused very serious economical
problem not only in Europe, but also in Asian countries and Africa. This kind of moth
reduces not only the amount of berries especially when berries are young in spring, as
well as their quality by favouring indirect damages as related to different pathogens
developing on berries like the grey mold and in several warm vineyards to the black
rots on berries [104]. These problems are suspected to increase, and could become
more prevalent due to the climatic changes in the future. Therefore, it is meaningful to
study the exact null controllability of this Lobesia botrana model (LBM). It is worth
mentioning that we study the case without adult moths diffusing firstly. The problem

is stated as follows:

Bu‘;(tt,a) + au;(;t,a) — —(,ue(a) + ﬂe(a))ue(t,a) + X(a)w(t,a),
Ul a Ul a
Pl 4 2l — (i (a) + B()) (¢, a), )
wite) 4 200D = (a)u (¢, a) |
a ) 9
ou™(t,a ou™(t,a m
aff ) 4 afzt = —p™(a)u™(t, a),

where (t,a) € [0,T] x [0, A], A = max{L¢, L', L/, L"™}. Here L* means life expectancy

of an individual for k = e, [, f,m, and u*(t, a) represents the age-specific density of the
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egg, larva, female moth and male moth respectively. For every k, if A > L¥, we denote
F=0,8=0,u* =0. The term x(a)w(t,a) is a control process for egg: x(a) is the
characteristic function of [0,a*](0 < a* < L¢ < A), which means that our intervention

can be restricted to the younger age groups.

The boundary conditions are defined by

u(t,0) = 0 B (s)u? (t, s)ds,
ul(t,0) = fo Be(s)u(t, s)ds
uf(t 0) = fo o (sl (t 75)

= fo (1—0)3(s)u (t s)ds,

where o denotes the sex ratio, ¢ > 0. The system is complete with the initial conditions

(1.32)

as follows
u*(0,a) = uf(a), (1.33)

for k = e,l, f,m. The demography parameters u* are the k-stage per capita mortality
functions with respect to age, and the functions 5% denote the k-stage age-specific

transition functions, k = e, [, f,m

It is feasible to reduce the number of larva population through taking intervention for
the eggs when they are in very young age interval, then to cut back the total number
of the moth populations. Here we investigate the controllability for the pest by acting
on eggs in a small age interval. Note that the method developed in [19] to the system
case to get the key observability inequality cannot be used for our life circle system.
In spite of that, considering the fact that the system is a stage and age-dependent life
cycle dynamics, we are inspired to apply the fixed point theorem in [3, 4] to study the
exact null controllability in finite time of the Lobesia botrana model (LBM) with four
development stages, by reducing the egg population. The main method is based on the
derivation of estimations for the adjoint variables related to an optimal control problem.
Finally, a fixed point theorem is used to conclude that in (1.31)-(1.33) u®(T,a) = 0
except the small enough age groups at a certain moment in the future, using an age-

and time-dependent control of egg individuals. This will be based on the article [59].
& Null controllability of the Lobesia botrana model with diffusion

We consider the situation that adult individuals move spatially here. Once grape moths
fly around, they will bring about more serious impact for the vineyard. In fact, when
these pests appear in a smaller range of the vineyard, the plague of insects will soon

spread throughout the whole vineyard, even the surrounding vineyards. It will cause
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1.2. Statement of the problem and main results

very serious economic loss. Then one can ask a question of whether or not we can
control this population by acting on adults in a small spatial domain. Therefore, our
main purpose is to study the null controllability of a stage and age-structured system

modeling Lobesia botrana growth where adult individuals diffuse.

Let us denote the distribution of egg, larva, female and male individuals, respectively
by u*(t,a, ) of age a > 0, at time ¢t > 0, and location x € Q with k = e, [, f,m. Then
the dynamics of the LBM is given by

Duf(t,a,z) = —(u(a,x)+ B(a))ut(t,a,z) +m(a)w(t,a, x),
Dul(t,a,z) = —(p'(a,z) + B'(a))ul(t,a,x) + m(a)w'(t,a,x), (1.34)
Dul(ta,5) = —pf(a,2)ul (t,a,2) + A (t,0,2) + x(@, 00! (b ayz),
Du™(t,a,x) = —p™(a,z)u™(t,a,z) + Au™(t,a, ),
where (t,a,z) € (0,T) x (0,A) x Q, and Q C R3.
The boundary conditions are stated as follows
u¢(t,0,2) = Lt B (s)ul(t, s, z)ds,
w(t,0,2) = [ B(s)uc(t, 5, 2)ds, (1.35)

ul (t,0,2) = fOLl o (s)ul(t, s, xz)ds,
wn(,0,2) = [3 (L= 0)5 (s)ul(t, s, 2)ds,
where o denotes the sex ratio, ¢ > 0. The system is complete with the initial and

boundary conditions as follows

u*(0,a,2) = ul(a,z), k=el, f,m, (1.36)
ouk(t, a,x)
n
Here A = max{L¢ L', L/, L™}, and L* means life expectancy of an individual with

—0, 2€990 k= fm. (1.37)

k = e, f,m. For every k, we denote u*(t,a,z) = 0,8%(a) = 0,u*(a,r) = 0 as
a € [L* A]l. The terms w®(t,a,z) and w'(t,a,x) are control processes respectively
for eggs and larvas, and m(a) is the characteristic function of (0,a*) with 0 < a* <
min{L¢, L', L/} < A, which means that our intervention is restricted to the younger
age groups. The term w’ (¢, a, ) is the control process for female moths, and x(a, x) is

the characteristic function of (0,a*) X w, with w CC ) being a nonempty open subset.

In addition, the functions p* are the k-stage per capita mortality functions with respect
to age and space. The functions 3* denote the k-stage age-specific transition functions.
For each (t,a,z) the directional derivatives of u* exist, and we can see

Ft+h h,x) — uk(t
Duk(t,a,x):}lblr%u( + 7a+ ;lx) U(,a7l’>

Y
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Chapter 1. Introduction

with k = e, [, f,m. It is obvious that for u* smooth enough

p o ouF o ouk

Dut = 2 o
=00 T o

(1.38)

The optimal and exact control problems are widely investigated for age-structured pop-
ulation dynamics by many researchers. Among these literatures, most of the studies
are focused on optimal control problems ( see [3, 82, 93] and references therein). B.
Ainseba et al. established the exact controllability for age dependent linear and non-
linear single-species population model with diffusion (refer to [3, 4, 7, 9]). Viorel Barbu
et al. also considered the exact controllability of the linear Lotka-McKendrick model
without spatial structure by establishing an observability inequality for the backward

adjoint system [19].

However, there are no results dealing with the control problem for a stage and age-
dependent life cycle dynamics with diffusion. To control the dynamics of our insect
population, it is easier to act on static individuals, eggs and larvas, and manipulate
in a certain area for female moths to cut back on the number of butterflies, and then
the Lobesia botrana population. This controllability problem can be investigated as

an exact null controllability in finite time of the diffusive Lobesia botrana model.

As far as we know, for the null controllability of the parabolic systems on a subset
of the domain, the method is based on the Carleman inequality and an observability
inequality for the backward adjoint systems. Due to the non-locality in (1.35), we
cannot use this technique for (1.34)-(1.37). Therefore, we have the idea here to apply
the fixed point theorem. First we transform the nonlocal term u°(¢,0, x) to be a local
one b°(t,x). Next we select a family of controls to obtain the null controllability, by
combining some estimations and the Carleman inequality for the local backward system
related to an optimal control problem. Then choosing a control corresponding to a fixed

point of a multi-valued function, we obtain that the solution u/ of (1.34)satisfies

uw/ (T,a,2) =0, ae. a€ (5 A), ze€Q, (1.39)

where 0 < 6 < ag is a small parameter, by getting the existence of the controls w®, w'

and w’. This will be based on the article [60].
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Chapter 2

Global dynamics of the European
grapevine moth model with

diffusion

2.1 Introduction

Lobesia botrana, the European grapevine moth (EGVM), is a grape pest causing im-
portant economic damages. This kind of moth reduces the amount of berries especially
when berries are young in spring, but also their quality by favoring indirect damages
[104]. To predict the population peaks of this insect in vineyards, several ordinary
differential equations or discrete equations have been developed to describe the period
and the length of the spring and summer population dynamics for egg, larval and adult
stages. The temperature is the only environmental factor implicated to predict the
population size in time as a growth factor. As a consequence, other relevant aspects of
the dynamics, for example the mortality or inter-cohort growth variations, are missing
and the predictions are not satisfying [20, 26]. Partial differential equations are also
used to describe the dynamics of a single population [89]. These equations enable us
to model physiological characteristics such as age or size to differentiate individuals
within a cohort. For example, Sinko and Streifers model is the well-known model used
in the study of age-size structured populations [32]. To study the importance of growth
variations within a cohort and properly describe the reproductive cycle of the EGVM,
D. Picart et al. propose a stage-structured population model under nonlinear boundary
conditions [11, 12, 92].
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

We denote the age density distribution of individuals in €2 and at time ¢ of egg, larva,
male month and female month populations by u¢, u!, u/,u™. The total population for

the k stage is then defined by
Lk
P*(t, z) :/ ub(t,a,z)da, x€Q,t>0.
0

It leads us to write the following system describing the dynamics of the population

Buj(atéa,x) + 8[1;;(E(t)gz3i6(t,a,w)] _ e( (t) ) e(t a l’) —ﬁe(E(t),a)ue(t,a,x),
ou' (t,a,x o' (E(t),a)u(t,a,x
g+ AEOgetesl = (Pl x), B(), o) (¢, a,2) — BY(E(t), a)u'(t,a,x),
prles) o QB e - —uf( (), @) (ta.) + dy A (ta,2),
gutllan) | BB el — _m(B(1), a)u™(, a,x) + dpAgu™(t, a, ),
(2.1)
where (t,a,z) € (0,T) x (0,LF) x Q and k = e,l, f,m.
The nonlinear boundary conditions are defined by
ve(E(t),0)u(t,0, ) fo ﬂf (P(t,z), P™(t,x), E(t),s)u’ (t, s, x)ds,
v (E(t),0)ul(t,0, ) fo ﬁe (E(t),s)u(t, s, z)ds, (2.2)

v/ (E(t),0)u’(t,0,) fo Jﬁl E(t), s)ul(t, s, z)ds,
vV (E(t),0)u™(t, 0, ) fo (1 —0)B(E(t),s)ul(t, s, z)ds,

where o denotes the sex ratio, x is in 2 and ¢ > 0. The system is complete with the

initial conditions and no flux boundary conditions as follows

{ k(O a,r) = uk(a,z), in (0,L*) x Q, (2.3)
8n

" —, on (0,T) x (0, LF) x 0Q
for k =e,l, f,m

In addition, the vector E corresponds to the climatic and environmental factors, and it
is time dependent. The functions u* are the k-stage age-specific per capita mortality
functions. Because of the inter-individual competition among the larvas for food, we
suppose that u' depends on the total larva population. The functions $* denote the
k-stage age-specific transition functions. In particular, 3¢ models the physiological
change between the eggs and larvas stage, which is called the hatching function. The
function 3! is the flying function describing the transition between the larvas and the
moths stage. The function 3/ means models the transition between the moths and the
eggs stage whose name is the birth function. The growth of the population size is not

dependent on the food quantity but on the total number of moths per unit of volume.

20



2.1. Introduction

Therefore, the birth function is dependent on the individual density. The functions
v¥ represent the k-stage age-specific per capita growth functions which depend on the

physiological age [104].
We first introduce some notations and assumptions for system (2.1)-(2.3).

Suppose that for each (¢,a,z) the directional derivatives of u* exist,

k k ) ok
Du*(t, a, ) :;lfn%u (t+h,X (t+h,£,a),x) Wk (t, a, )

bl

where X*(t + h;t,a) with k = e,1, f,m is the solution of the differential equation

{ XE(t) = VR(E(t), Xk (1)), (2.4)

Xk(to) =ag > 0.

The definition of a solution of the above system only requires that u*(z,t,a) is dif-
ferentiable along the curves defined by a = X*(t;ty, ao), which goes through (to, ag).
Specially, 2¥(t) := X*(¢;0,0) is the characteristic through the origin. This curve is
the trajectory in the (t,a)-plane of the newborn individuals at ¢ = 0 and it seperates
the trajectories of the individuals that were present at the initial time ¢t = 0 from the

trajectories of those individuals born after the initial time.

Furthermore, diffusion operators A/ and A™ generate uniformly bounded semigroups

et and 4™ respectively, and satisfy

AR = q, A,

Let L' = LY((0,L*) x ©;R™) be the Banach space of equivalence classes of Lebergue

integrable functions, from (0, L¥) x Q in R™ with the norm:

Lk
||90\|L1((0,Lk)x9)=// \o(a, z)|dadz,
aJo

where Q is a bounded open domain with a regular boundary 9€2. L* is the maximum

chronological age to each individual.

Let T'> 0. For all r € R, we can define the space L" by
L ={pe L'l sup e[l }.
0<t<T
It is obvious that £" C L.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Definition 2.1 For all T > 0 and all (a,t,z) € (0, L*) x (0,T) x Q, (u®,u',uf,u™) is
called a solution of (2.1) if it belongs to (C([0,T], L*((0, L*) x Q; R™)))* and it satisfies
system (2.1), where k = e, l, f,m.

In the present work, we impose the following demographic assumptions on system

(2.1)-(2.3):

(A1) The function v*(E(t),a) is bounded, strictly positive and continuously differen-

tiable with respect to a, and it satisfies
0 <v® < v"(E(t),a) <", (t,a) € (0,T) x (0,L*),

respectively for k = e, [, f,m. In addition, there exists a positive constant Cx
such that ok
v
—(E(t),a)l|co < Cyur.
|5 (B(t), )]l < Con

(A2) The hatching function 3¢ and the flying function ! are bounded and nonnegative

functions.

(A3) The birth function 3/(P/(t,z), P™(t,x), E(t),a) is bounded, nonnegative and

Lipschtiz continuous with constant ﬁ{( with respect to the variables P/ and P™.

(A4) The mortality functions u¢(E(t),a), p/ (E(t), a) and p™(E(t), a) are nonnegative,

locally bounded and satisfy the following conditions:

lim [ p(E@), X"(s;a,t))ds =00, a> Z*(t),

a—LFk [
t
lim pF(E(t), X*(s;a,t))ds = 0o, a < Z*(t)

a—LF [ k

with £ = e, f,m and t is strictly positive.

(A5) The mortality function of larva stage p!(P!(t,z), E(t),a) is nonnegative, locally
bounded and Lipschitz continuous with constant m with respect to the first
variable and satisfies the following conditions:

t
tim [ (P(8), E(0), X'(5;0,0))ds = o0, a > Z'(t)
t
lim pl(PY(t), B(t), X'(s;a,t))ds = 0o, a < Z'(t),
a—L" J 1

where t is strictly positive.
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2.2. Preliminaries

In a series of papers [2, 10, 48, 67], researchers deal with the analysis of an age-
dependent population dynamics model with spatial diffusion. One can also refer to
the literature [32]. The authors study the existence and uniqueness of solutions for
the scalar size structured population model with a nonlinear growth rate depending
on the individual’s size and on the total population, and also prove the existence of a
(compact) global attractor for the trajectories of the dynamical system defined by the
solutions of the model. We are inspired to investigate the mathematical properties of
the solution of the EGVM model. To study global existence we consider our problem

in L' setting which is a natural choice for population dynamics problems.

This chapter is organized as follows: We present some theorems and definitions which
are used in Section 2. Local existence and uniqueness of the mild solution of (2.1)-
(2.3)are given in Section 3. In Section 4, we give the global result of the mild solution.
Section 5 is devoted to study the asymptotic behavior of the solution of the model
using asymptotic theory of dissipative systems (see [58]). In Section 6, we give the
existence of the steady states of this system, mainly based on the Krasnoselskii’s fixed

point theorem.

2.2 Preliminaries

We will state some theorems and definitions which are recommended in the previous

sections.

Theorem 2.2 (Jack K. Hale [58]) If T(t) : X — X is an asymptotically smooth C°-
semigroup which is point dissipative and has orbits of bounded sets bounded, then T(t)

has a global attractor.

Theorem 2.3 (Frechet-Kolmogorov) Let  C RN be an open set, and let F be a
bounded subset of LP(Q) with 1 < p < oco. If the following conditions are satisfied:

(1) For any e > 0,w CC Q, there exist p > 0, p < dist(w, ) such that
170f = flleew) <e

where T, f denotes the translation of f by h, that is, T,f(x) = f(x+h), for |h| < p and
he RN feF.

(2) For any € > 0,w CC Q such that || f||Lr\w) < € for f € F.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Then F is relatively compact in LP(£2).

Theorem 2.4 (M.A.Krasnoselskii [75]) Let the positive operator A(A(0) = 0) has a
strong Frechet derivative A'(0) and a strong asymptotic derivative A’'(0o) with respect
to a cone. Let the spectrum of the operator A'(co) lie in the circle |\| < o, where o < 1.
Let the operator A'(0) have in K a characteristic vector hg, then A'(0)hg = Aoho, where
Ao > 1 does not have in K characteristic vectors to which a characteristic value equal to
1 corresponds. Then it suffices for the existence for the operator A of at one non-zero

fixed point in the cone K that one of the following conditions be satisfied:
(1) The operator A is completely continuous.

(2) The operator A is weakly continuous, the space E is weakly complete, the unit

sphere in E is weakly compact, the cone K allows plastering.

Definition 2.5 (Tkuko Sawashima [99]) The cone K is total if the set {1 — |l € K}
18 dense in K. An operator T is a non-supporting operator in K with respect to K if
T is positive and for each nonzero x € K and for each nonzero f € K* there exists a

natural number ng = n(x, f) such that f(T"x) > 0 whenever n > ny.

Theorem 2.6 (Ikuko Sawashima [99]) Let the cone K be total. T is a non-supporting
operator with respect to K, and r(T) is a pole of the resolvent of T. The following

conditions hold and are equivalent to each other:

(1) Every proper vector corresponding to the proper value r(T) lying in K is a non-
supporting point of K and every proper vector corresponding to r(T) lying in K* is

strictly positive.

(2) The proper space corresponding to the proper value r(T') is one-dimensional subspace
of E passing through a non-support point K and there exists a strictly positive proper

functional corresponding to r(T).

(3)R(\,T) has a pole of order 1 at A =r(T).

2.3 Local existence and uniqueness of the solution

Integrating along the characteristic curve, we obtain for k£ = e,
(X058, a), z)e Jo PN mtds g > ZK(p),

ub(t,a,r) = ) (2.5)
uk (Tk, 07 l’)e_ f‘rk hk(s,Xk(s;a,t))ds7 a < Zk<t),
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2.3. Local existence and uniqueness of the solution

and for k= f,m

k M uf(XE (058, a), z)e So M X e g > ZK(p),
u®(t,a,z) = o o (2.6)
e(th )A Uk(Tk,O,,I)eikah (s,X (s,a,t))ds’ a < Zk(t),

where 7% is implicitly given by X*(¢;7%,0) = a or X*(7*;t,a) = 0, that is, 7% is the
initial time of the cohort through (a,t), and

he(t,a) = (u° + B° + Ov°) (E(1), a),
Ri(t,a) = pt(Pi(t,z), E(t),a) + (8" + 0,0 (E(t), a), 2.7)
hi(t,a) = (u! + 0.,07)(E(t),a),
h™(t,a) = (u™ + 0,0™)(E(t), a).
Remark 2.7 Observing the above expression of the solution of the system, u®,u', u’
and u™ are linked with their boundary conditions. Note that u® is described by the

number of newborns laid by the female moths u! at each eqq class. The solutions u/,

m l

u™ are related to the larva density u'. As the boundary conditions are not null, it is

obvious to see that u®, v/ and u™ exist uniquely if and only if u' exists uniquely.

In the following part, we will consider the local existence and uniqueness of the solution
of (2.1). Firstly, let a subspace in L'

M :={¢: |||l = sup e ||¢|lpr <7, ¢(-,0,-) =ub(-,-) € L', u is a positive constant}.
0<t<T

It can be easily seen that M is a closed set. Define |[u|[1 = ||u€||z2 + ||ut|| 2 + ||u!]| 2 +

|u™]|| 1. Suppose that ||ug||zr < r and wug is nonnegative.

For all ¢ € M and t € (0,T), we define u' = A(¢) as follows

ul (X1(0: £, @), ) Js 1 PH62 B, X (s50.0) (8420 (B)X (s0.0)ds o > 71(p).

ul(t,a,x): (Pl E(s),X!(s:a,t L1800 ) (E(s), X (s5a,t))d
U/l<7_l, 07x)6_ f.,-l /"( ¢(37$)’ (3)7 (57a7 ))+(6 +0aqv )( (3)7 (S,CL, )) 57 a < Zl(-[/-)7
(2.8)
and
Ll
V(E@,0u (1.0.2) = [ BB, 9)0(t,5.2)ds. (2.9)
0

Before we study the local existence property of the solution, we give the following result
firstly.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Lemma 2.8 Let T > 0 and t € [0,T], then the solution u = (u®,u',u/,u™) satisfies

lullze = ez + llufllze + luf [z + l™ 20 < poalluoll e,

where py = max{1,C,,,C¢} and ps = max{max{ ozm,af}||5l||oo, 1181005 1137 []00s 1}

Proof. From now on, we denote p := min{u® + 3¢ + 9,v¢, u* + ' + 90!, p/ + 9,07,
u™ + J,v™}. Then we obtain

lu®

Lt
L ¢
< /]uS(Xe(O;a,t),x)exp{—/(,ue—i-ﬁe—|—8av€)(E(s),Xe(s;a,t))ds}]dxda
ety Ja 0
Ze(t) t
+/ /|ue(7'e,(),x)exp{—/ (u€ =+ B + 0,0°)(E(s), X¢(s;a,t))ds}|drda
0 Q T
Ze(t) Lf
< g+ [ [ [P, P ), B )
0 aJo
¢
— [+ 55 + 00°) (E(s), X<(s3 a, 1))d
g S 5 0 (E ), X (i)
ve(E(r°),0)
¢
< 6_’“f||U8||L1JrllﬁfHoo/ [ [|p2dr (7 =1°),
0

']l o

| lug(X'(0; a, 1), z)exp{— t(ul(Pl(S,x),E(SM))
Lok J

IN

Z()
—i—(ﬂl+8avl)(E(s),Xl(s;a,t))d8}|dxda+/O /Q|U,l(7'l,0,l’>
exp{— /l (W (P'(s,x), B(s),a)) + (8" + 0a0")(E(s), X'(s; a,t))ds}|dzda

Z4(t) Le
< b+ [ ][I E e S
0 QJo

‘exp{— f:l (U (PY(s, 1), E(s),a)) + (8" + 0,0 (E(s), X'(s;a,t))ds}
v'(E(T"),0)

t
< 6‘”H%|lm+!lﬁelloo/ [l prdr (=7,
0

|dxda
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2.3. Local existence and uniqueness of the solution

||Uf||L1
< / /]uo (X7(0;a,t), z)e exp{ / p! 4+ 0,0 (E(s), X7 (s;a,t))ds}|dzda
Z(t)
Z1(#)
+ [ / jul (77,0,2)e= eapf — / (4! + B,0)(B(s), X (s 0, 1))ds}|dda
0 Q T
Z1(t) L
< Cpe |l + / / / 0B (B, s Yl(+, ' 2)|ds’
t Tf Af f
rem g [+ 0BG, X s
< (er‘”t||u§||L1+||5l||ooaaf/ ' |pdr (=77, 0y = max |el-HADET)),
0
™ HL1
t
< / /|u0 (X™(0;a,t),z)e™ " exp{—/(,um+8avm)(E(s),Xm(s;a,t))ds}|dxda
Zm ()
/ /]u 70,0, 2)e A eap{ — / "4 0,0 (E(s), X™(s;a,t))ds}|dxda
Z™(t) Ll
< Cuelglo+ [ [ [ 0= asmen, e sl
clTAT 9, xm dsY|dzd
o [ 2 (), X0, ) oo
< O |l + 18oe(1 = o)t / e

(T = 7™, oy, = max | THFAMETT)),
Adding the above four inequalities, we deduce that
el + Nl + e [lze + ™|
< max{1, Con, C}(lfugllor + [lupllor + [l llo + llug'l|o2)
+max{max(am, )| 6 [loo, 16locs 1137 [loo, 1}
t
/ (lullzr + Nl llz + luflor + [lu™(|z2)dr
0
Applying Gronwall’s inequality, it is easy to obtain
lullcr < purlluol|pret

with p = max{l, Cm, Cf}u H2 = maX{maX( Cm, af)”ﬁlHoov ||ﬁe||ooa ||6f||ooa 1} U

To get the local existence and uniqueness of solution, we need to prove the following

lemma.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Lemma 2.9 Assume that the above hypothesis (A1)-(A5) hold. Then there exists a
value T > 0 such that the operator defined by A : ¢ — u' has only one fized point,
where ¢ belongs to M.

Proof. Since M is a closed set of L', we have only to show that the operator A is

contractive and maps M into M.

(1) We show A is contractive. Let ¢, u¢, ul, u!, ul satisfy (2.3), (2.5), (2.6), (2.8), (2.9)

79 Wiy Wi Mg

respectively, and ¢; € M.

Ll
o~ bl = [ [ 1o~ wbldoda
o Ja
Z4(t) Lt
/ / lu} — ub|drda +/ / ul — ub|dzda.
Jo Q o Jzw Ja
I I

IA

ZY(t) t
[ [0l leapt= [ Pats) B, X 50.0)

+(B'+ 0,0 (E(s), X'(s;a,t))ds} — exp{— /l t(Py,(s,2), E(s), X'(s; a,t))
+(B" + 0,0 (E(s), X'(s;a,t))ds}|dzda + /Z v / [ul (74,0, 2) — ub (74,0, 2)]

exp{— /l MZ(P¢2(S,I), E(s), X' (s;a,t)) 4+ (8" 4+ 0v')(E(s), X'(s; a,t))ds}dzda
= [3 —|— [4.

Consider the integral I3, we have

Z(t) L[t L
I; < / /]ué(Tl,O,x)\e_“(t_T)/ le/ |1 — doldd'dsdzda

o [ Rt e

/mIK/ et e M|y — ¢o|da’dsdxda

o [ U e = = i,
(B 0) -
LS R T
- 1
ol e L (e = 2) 63— Gl
p— 2[1/2 .
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For I, we can obtain

e M=) dada

L /mf/ﬁﬂwwvwmmwaaw—@WmJWs

= JE(),0)
/meﬂmMﬁ—ﬂﬂUKW?W”W
: JE()0)

IA

da

IA

t
18 = e g
0

15 loo - Jluf — usllze (e — ™)

21

IA

Then we consider the integral I,

I, < /zl(t) ]ué(Xl(O; a,t),x)Hexp{—/D [M(Pm(s,x),E(s),Xl(s;a,t)) + (ﬁl

+0,0')(E(s), X'(s;a,1))]ds} — €IP{—/O (1! (Ps, (s, 2), E(s), X'(s; a,1))
+(B8" + 0,01 (E(s), X'(s;a,t))]ds}|dxda

L t L
< / /|uf)(Xl(0;a,t),x)]e“t/ le/ et e M|y — polda’dsdxda

Zi(t) Jo 0 0

l —

< [ bl (=l =i,

ZL(t) 2
_ lugllo - mi - LA = e7)][¢1 — Go] o

0
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

According to (2.5), it follows that

Ze(t) ¢
g — il = / / |ui<fe,o,x>—u;<re,o,x>|-exp{— / (u

—I—ﬂe—l—a v)(E(s), X(s;a,t))ds}dxda
/ // B (P! (7, 2), PP (7%, 2), B(r%), s)ul (+°, 5, )

<
t
IR ), PR ), B, s)ud (s, dseap( [ (u
1
C+0,0)(E(s), X5 a,t))ds'} ——————dxd
+/6 + v )( (5)7 (870’7 )) S}U6<E<Te)70) zaa
[ e [ i elad —ufl 1
< _ O oty — usy| + |u
0 o v¢(E(7¢),0) Jo ! 2 2
Bi(|Pf — Pf| + me — Py"|)dsdzda
20 gpli—r*
< - ynf f f
< [ o eled — s+ e
6{([/(”“1 - U2||L1 + |luy" — uy'|| 1 )da
= U8 s+ BRL N ) (@ — &) ] — 1
< i
L Ll = et =

24
where L is max{L/, L"™}. Analogously we can obtain

t

Z1(t)
ol =l = [ [l 0.0) — (0 lern{a 0 =) = [
i
+687 + 0,01 (E(s), Xf(s a,t))ds}dzda

/Zf t)//Ll 0B (E(r), 8)| |61 (77, 8,2) — da(77, 5, 3)|ds

<
5ol s / A0
/ /. /
exp{—/Tf(u + 67 4+ 0,07)(E(s), X (S’a’t»ds}vf(E(rf),O)dxda
7O Jod
< _MNZF Moo —p(t—7f) _ d
<G mEpny e e
t
= C'f/ o8 |loce ™2 || p1 — o[ pudr!
0
et — e=Ht
< ol 1S 6~ ol
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2.3. Local existence and uniqueness of the solution

A similar analysis can be made for
Zm(t)
=l = [ [ e 0.0 - (0 lesp{Am(E - )
0 Q

_ /(u + 3™+ 0™ (E(s), X™(s: a, £))ds}dwda

/W //Ul—aﬂ (B, 8)l|61(r™ 5,2) — bolr™ 5,)

A™M(t—1™)

exp{— / (™ 4+ 8™ 4 0,0™)(E(s), X" (s; a, t))ds}vme—mdxda

o)
0 pmHlt=T™ — )
Co [ e o = o

- Cm/ 11— 0’)5l||ooe_“(t_27m)ll¢1 — @af Ludr™
0

IA
&

IN

put _ —pt
< 1= e S o = Gl

Combining the above inequalities, we have

[uflloo - [18Nloo - L - mi (et + e — 2) [y — Galle 15000

luy —upllp <

2142 24
l cmb L] — et .
Hui _USHLM(eut N e*/lt) + ||u0||00 My ( € )H¢1 ¢2HL
W
< lufllee - 1150 - L - mig (e + e = 2)|¢1 — ¢ol|rn
< e
[ublloc - M - LML — e ™)[|¢1 — dollLe | [1B°]Ioo (e — ™)
+ +
It 21
(15 loe + Bl Ll llo) (e ) a g e
{ . Cro ot
!
B L|ug|o) (e — =) (e —e)
m 1_ o~ 4 - H
+ o Con(1 = )| oo 5} — s
< Kl[¢1 — ¢a|ln
S Kqul _¢2||L17

where K is defined as follows
[ [l oo | 5% l oo L (e = 1) n [[uplloemi L' (1 = e7#T)
9,2
o H
08 oo + B LI o) OB o 18 o (e = €T
8u3

K =

with C' = max{Cy,C,,}. Note that K < 1 provided T is small enough, which implies

that A is contractive.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

(2) It remains to show A : M — M. Using (2.5), (2.6), (2.8), (2.9), we obtain

et — e=hT

[ po < Jlulflr < flugllor + ||ﬁe||oo||ue||LuT, (2.10)
et — e=1T

[ufl[re < [[ufl[zr < |lugllrs + ||ﬁf||oo||uf||LuTy (2.11)
et — e=HT

[uf (| < lulflor < ludll + Crroll 3]s (2.12)

24
Substituting (2.11) and (2.12) into (2.10), we have the following inequality by the

assumption of the initial value

l l l e G#T — ei‘uT e e f
[ < o < Jlugller + 1160 2 gl + 116%Mloo |87 oo
pT _ —pTN\2 pl _ —pTN\3
il + ol el e 5 <
for small enough values T'. That completes the proof of Lemma 2.9. 0

Corollary 2.10 Under the above assumptions in Lemma 2.9, there exists a unique
local solution of system (2.1)— (2.3).

2.4 Global existence

In this section ,we consider the global result of the solution. First we need to prove the

continuous property of the solution with respect to t.

Lemma 2.11 Let vk € L', T > 0 and u* € LT be a solution of (2.1),(2.2), (2.3) in
the interval [0, T). Let 0* € LT with T > 0 satisfies for k =e,l
ul%(Xk (T:t,a),z)e" I hk(s+T,Xk(s+T;a,t))ds’ a> Zk(t),

a*(t,a,z) = o . (2.13)
,ak(,rk7 0, l‘)€_ Sk PR (4T, X (s—l—T;a,t))ds’ a < Zk(t),

and for k = f,m,

. u%(Xk(T; t.a), flf)etAke_ I hk(S—ﬁ-T,Xk(s—l-T;a,t))ds’ a> Zk(t),
w*(t,a,x) = . (2.14)
ﬁ,k(Tk, O, x.)e(t—Tk)Akef ka hk(erT,Xk(erT;a,t))ds’ a < Zk(t),
where 7% is implicitly given by X*(t;7%,0) = a or X*(t%;t,a) = 0 and h*(t,a) is
given in (2.7). Define 4*(t,a,z) as a continuous extension of the solution u*(t,a,x)
in [T, T +T) such that u*(t,a,z) = @*(t — T,a,z). Then uF(t,a,z) is a solution of
(2.1)(2.3) on [0, T + T), in which u*(t,a,z) € C([0,T +T], L*((0, L*) x Q; R™)).
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2.4. Global existence

Proof. We have shown that u” is a solution of system (2.1)—(2.3) on [0, 7]. It remains
to prove that it is a solution for all ¢t € [T, T + T ]. Now we separate the proof into

three steps according to a.

(1) a€0,Zt—-T)),k=ce,l, f,m:

u(t,a,z) = u(t—"T,a,x)
=T
= (1 =T,0,x)exp{— (U4 B°+ 0,0°)(E(s +T),X(s+ T;a,t))ds}
Te=T

t
= u(7°0, x)exp{—/ (u€ + B¢+ 0,0°)(E(s), X¢(s;a,t))ds}.
A similar analysis can be made for u!, v/, u™ respectively. We omit the details.
(2)a € [ZF(t = T),ZMt)), k = e,1, f.m:

u(t,a,x) = u°(t—1T,a,x)

= uH(XT;a,t), z)exp{— /0 ) (e + 5+ 0,0°)(E(s+T),X(s+T;a,t))ds}
= u®(7%0,x)exp{— / (u® + B 4 0,0°)(E(s), X (s;a,t))ds}
-exp{— /0 : (U + 5+ 0,0°)(E(s+T),X(s+T;a,t))ds}

= u®(7%0,x)exp{— /e (u® 4 B¢+ 9, 0°)(E(s), X¢(s;a,t))ds}.

One should note that since v¢(E(t), a) is nonnegative, X¢(s;a,t) is nondecreasing with
respect to t. We can see that the result holds for u!,u/, u™ respectively by using the

same method.

(3)a € [ZF(t), Lk, k = e,l, f,m :

ué(t,a,z) = w(t—"T,a,x)

— W(X(T 0 t), 2)exp{— /0 T 5+ 0w (B(s + T), X¥(s + T, 1))ds}
= X0, e (= [ 5 0, X s 1))

enpl— /O T 5 1 0w (B(s + T), X¥(s + T, 1))ds}
— s (X(0:a,8), 2)ewpl— /0 4 B+ o) (E(s), X¥(5: 0. £))ds).
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Similarly, for k = [, f, m the equality also holds respectively. Therefore, u*(¢,a, ) is a
solution of (2.1)- (2.3) on [0, T+T7], where u*(t,a, z) € C([0, T+T7], L'((0, L*) x Q; R™)).
L]

Suppose ug = (ug,ué,ug,u{)”) € L' through the chapter. Next, we introduce the

maximum interval of existence of the solution.

Definition 2.12 Let ug = (u§, ub, u},uf") € L'. The mazimal interval of existence
of the solution, denoted by [0, Thax| s the interval with the property that there exists
u = (u®,ul,ul,u™) € LT as the solution of (2.1)~(2.3) for 0 < T < Tax-

Lemma 2.13 Let u = (u,u!,u’,u™) be the solution of (2.1)— (2.3) in the interval
I f

[0, Thnax) and ug = (ug, uh, ud, uldt) € LY. If Tax < 00, then limy_q, . |Ju(-,t, )| = oo.
Proof. Assume that there exists r > 0 such that ||u(-,¢,)||zr < 7 for all £ € [0, Tinax)-
It suggests that there is a sequence {t,}°° satisfying

lim t, = Thax < 00

n—oo

and

sup (-, £, Yl < 7
neN

such that u = (u®, u!,u’, u™) is a solution of (2.1)- (2.3) in [0,¢,]. By the Lemma 2.11,

we know that for a number 7 € (0,00), (<, a,al,4™) is a solution for initial value
(ag .4l | 11{7 Lupt) ast € [t,,t, + 7). According to the uniqueness of the solution we get

a solution u = (u, u!, uf, u™) for the initial value (ug, ul, uf, u) on the larger interval

[0, Thnax + 7). It leads to a contraction with the maximal interval [0, Ti,ax). Therefore,

limy 7 (-t )| = oo. O

Obviously, we can state the global existence of the solution as follows.

Theorem 2.14 Let ug = (u§, ub, ul), u) € L', and the assumptions (A1)-(A5) hold.
Then u = (u®,ul,ul,u™) is a solution of (2.1)~(2.3) for all t € (0,00).

Proof. Suppose that there exists a maximal existence interval [0, Tyay) of the solution

u = (u®,u!,u/,u™). By the above Lemma, we know lim,_p___||u(-,t,-)||z1 = co. But
Lemma 2.8 states ||u(-,t,-)||z1 < pilluol/z1€#?t. It means that limy 7, |lu(-,t,)||pr <
limy 7, .. pi1||ugl| 1€t < oo. Tt is a contradiction. Then the conclusion that Ty, = 00

holds. O
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2.5. Asymptotic behavior

2.5 Asymptotic behavior

The purpose of this section is to study the existence of a global attractor for the
trajectories of the dynamical system defined by the solution of (2.1)—(2.3). In other
words, we seek for a maximal compact set which attracts every bounded set with

bounded initial conditions.

Note that S(t)ug = (S¢(t)ug, SL(t)ub, ST (t)ul, S™(t)ul). We need to define a family
of maps {S*(t) : X — X|S*(t)uf = uk(t,a,z),t € [0,00)} with a closed subset X of
a Banach space L((0, L*) x Q) for k = e,l, f,m. To apply the theory of existence of

global attractor, we first recall some definitions from [58].

Definition 2.15 The semigroup S(t) is asymptotically smooth if, for any nonempty,
closed, bounded set B C X for which S(t)B C B, there is a compact set J C B such
that J attracts B.

Definition 2.16 The semigroup S(t) is said to be point dissipative(bounded dissipa-
tive) (compact dissipative) if there is a bounded set B C X that attracts each point of
X (each bounded set of X )(each compact set of X ).

Definition 2.17 A compact invariant set A is said to be a maximal compact invariant
set if every compact invariant set of the semigroup belongs to A. An invariant set A

18 said to be a global attractor if A is a maximal compact invariant set which attracts
each bounded set B C X.

The semigroup property of that S*(t)uy = S*(t — 7)S*(7)ug follows from the existence
and uniqueness of the solution expression (2.5) and (2.6). Under the assumptions (Al)-
(Ab), we can define a Cy-semigroup for the solutions of (2.1). According to Theorem
3.4.6 in [58], we separate the proof of the existence of a global attractor into two parts:

S(t) is asymptotically smooth and S(t) is point dissipative.

(i) S(t) is asymptotically smooth.

Note that the semigroup S*(¢) has a decomposition as follows
SE(t) = U*(t) + WH(t),
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

where U*(t) and W*(t) can be defined by

uk(t,a, ), ae a<Zk@1),

U*(t)(¢*) = (2.15)
0, a.e. a>Zk¢),
and
L . 0, a.e. a< ZFt),
WE(t)(¢") = (2.16)
uk(t,a,x), a.e. a> Zk¢),

for all initial ¢* € L*((0, L*) x Q) with k = e, [, f,m. Z*(t) is the characteristic curve
through the origin. We will use the notation ng (t) to indicate the dependence with

respect to the initial distribution ¢*.
Referring to Lemma 3.2.6 in [58], we need to prove the next lemma.

Lemma 2.18 Recall the assumptions which 3% and v* satisfies. If U(t) is given by
(2.15), , then Uk(t) is compact with k = e,l, f,m.

Before we prove the lemma, we first introduce the following property of compact set in
L' space (see [43]).

Proposition 2.19 A closed, bounded set B* of L'((0, L*) x Q) is compact if and only

if the following conditions are satisfied for L*¥ < oo:

Lk
lim // 0¥ (a + h,z +71) — ¢*(a,z)|dadx =0

h—0,[lr[lgn—0 Jo Jo

uniformly for any ¢* € B* with ¢*(a,x) =0 if a & (0, L*) or x & Q.

Proof of Lemma 2.18. It is obvious that U*B* is bounded because of the bounded-
ness of B¥ and the expression of solution (2.5) and (2.6). UFBF is closed and bounded
in L' for any t. The proposition implies that U¥B¥ is compact if and only if
k
lim //L \U*¢"(a + hF, 2 +r¥) — U*¢"(a, x)|dadx = 0
hE=0,[Ir*len—0 Jq Jo
uniformly for any ¢* € B*.

Due to the sign of h¥, we rewrite the above equality as

(1) for 0 < h* < ZJ(1),
// |Uk a—l-hk,x—i-rk)—ngzﬁk(a,xﬂdadx
// |quz5k (a,z)|dadx, (2.17)
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2.5. Asymptotic behavior

and

(2) for —Zj(t) < h* <0,

// \UF¢* (a4 h*, x + r*) — U*¢*(a, m)|dadx+//hk

\U*¢"(a, x |dad:v+// |U’f¢’f a+h* x4+ %) |dadr. (2.18)
k(t

From Lemma 2.8, we can easily see that the second term in (2.17), the second and
the third terms in (2.18) tends to 0 uniformly for any ¢* € B* as h* — 0. Hence, we
just need to verify that |[U¥¢*(a + h*, x 4+ r*) — U¥¢*(a, x)| is uniformly bounded that
depends on h. For sake of simplicity we will verify this for k = e here. We remove the

superscript e such that h = h® < 0 and r = r° for convenience.

(U(t)9°)(a+ h,z+ 1) — (U(t)¢°)(a, )|
|(U(t)o")(a+ h,x + 1) — (U(t)¢°)(a, z + 1)
+(U(t) o) (a, v + 1) — (U*(t)¢)(a, )|
|f0Lf BHPI(Fe, x + 1), P72 + 1), s)ul (7¢, s, 0 + 1)ds
ve(E(7¢),0)
o Jre (B +8av°) (B(s), X * (sia-+h,t))ds

fOLf BIPI (e, x + 1), P(7¢, 2 + 1), 8)ul (¢, 8,0 + 1)ds

ve(E(7¢),0)

e 5000 (). X ()| | e (057000 () X si0.) s

IN

IN

e
fgLf BHPI (e, z + 1), P™(7¢, 2 + 1), 8)ul (¢, 5,2 + 1)ds
ve(E(7¢),0)

Jy B (P! (x4 2), Pr(re, @), sl (7°, 5, ) ds
B ve(E(7¢),0)
e~ Je B+ +0av°) (B(s), X< (s;0,1))ds S| := My + Mo,

where 7¢ and 7¢ are implicitly given by Z¢(0;a,t) = 7¢ and Z¢(0;a + h,t) =T
First we have
Lf
My, < e f:e(“ewewave)(E(s)’Xe(S;a’t))ds{/ ! (7€, 5,2+ 1) — ! (7%, 5, 2))
0
ds +
0

ve(E(7°),0) ve(E(7°),0)
1B (P (1%, 2 +7), P (1%, x +1),s) — B/ (P! (1%, 2), P"(7%, ), 5)|ds}.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Since 3/ is bounded and differentiable, Vu/ is bounded and v/ uniformly bounded for
initial conditions in B/ c L*((0, L*) x Q), we obtain My — 0 uniformly as ||7||g= — 0.
Next we continue to study the uniform boundedness of M;. Note that hereafter u is a

constant defined as before.

’fOLf BH(PI (¢, x + 1), P (1, 2 + 1), 8)ul (1°, 8,2 + r)ds’
ve(E(7¢),0)
[Le (ue+B°+8av°) (E(s), X (s;a,t))ds _ e—Jie (.U»e-i-ﬁe-i-aave)(E(S)VXE(S%ayt))dS|

M, <

'|6_

P a4 ), PG ). s s
ve(E(7°),0)

P4+ 000° ) (B0) X (si0))ds _ = FLe(u++000°) (B(3) X (st )

+|

e~
foLf BHPITe x4+ 1), P™(T¢ x + 1), s)ul (T¢, s,z + r)ds
ve(E(7°),0)
foLf BI(PI(re, x + 1), P™( 2 + 1), s)ul (1, 5,2 4 r)ds
ve(E(7¢),0)
e Sl e (ue+B+8av°) (E(s),X(s;a+h,t))ds — My + M, + M.

+|

For Msj,

e~ JLe(ue+B+0qv°)(E(s),X°(s5a,t))ds _ e JLe (;ﬁ—&-ﬁe—i-é)ave)(E(s),XE(s;a,t))ds’

e H(t=T°)

IN

/T (Me + ﬂe + aa?}e)(E(s), X€<S; a, t))ds\

e

e (11 Nloo + 115l + [10av°lo0) 7€ = 7¢1.

IN

For M4,

o Fre (484000 ) (B() X“(si))ds _ = Fle (ue+3°+000) (B(), X (sia-+ht) |

t
< o [ 0 ) X 1)
—(p® 4 B° + 0,0°)(E(s), X°(s;a,t))ds|

t
Ce—W—TE)Lm/ | X(s;a+ h,t) — X(s;a,t)|ds

IN

< Ce P hfetloarle

where C' is a constant, Ly is a Lipschitzian constant of 3¢+ u°.

Then

BI(PI (7, 2+ 1), P(1¢, 2 + 1), 8)ul (1%, 5,7 + T)dS)/’
Te€[0,] Ue(E(Te)u O)

~e_“(t_Fe)|?e —7° = M*e_“(t_?e)ﬁe — 7.
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2.5. Asymptotic behavior

Since
Xe(7, ta)| _ [Bletlowl

?6_7_€| S

Ve ’

Ue

it follows that

[(U()¢%)(a+ h,x+ 1) = (U(t)¢%)(a, x + 7)|

Lf f ~ f o .
15 el o o= i+ 118 e + NBu o) = 71

Qe
f3f f
+L 187 [ oo [u ”OOe—u(t—?e)Lm‘h|6t||8avHoo +M*6_u(t—?8)’?e_76|
Qe
LB ool oo /) c c
< { o iMoo +115%Moc + Nl0av®(loc) }

t 8(111]00— )+pre
IES )+ o M}ttt

L 81 sl |
= el o
v v

By the boundedness of initial conditions B¥, fixed ¢ and the length of the integration
interval, we get I(h,r) — 0 uniformly as |h|, ||r||g» — 0. According to Proposition
2.19, we conclude that U¥(t) is compact with k = e, [, f,m. It concludes the proof of
Lemma 2.18. 0

Lemma 2.20 If W(t) is the operator defined as before, then there exists a continuous
function pk(t,r%) satisfying pk(t,7*) — 0 when t — oo such that |[WF(t)(¢%)| <
pk (k) if |98 < % with k = e, 1, f, m.

Proof. We just verify the statement for £ = e. We have

LE
(We@)e®|| e = // |u®(t, a, z)|dadz
QJ0
L 't e e e e
[ Ot @) e X 0 g
QJZ5(t)
< Yl < re o= (1),

and similar analysis can be made for k£ = [, f,m. Then the statement holds. OJ

Let h = (h¢,h!, R/, ™) and r = (r¢, 7!, 7/, r™). Combining the above two lemmas,

clearly the following conclusion holds (see [58]).

Theorem 2.21 Suppose the conditions imposed on 3%, v*, u* in Sect.1 hold. The
semigroup generated by the solutions of (2.1) is asymptotically smooth in L' with k =

e, l, f,m.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

(ii) S(t) is point dissipative.

By the definition of point dissipative, we need to show that

dist(S(t), B) = dist((S°(t)¢°, B°), (S(t)'¢', B'), (S* (t)¢!, B), (S™(t)¢™, B™)) = 0,

where ¢ = (¢°, &', ¢/, ¢™). It means that there is an integer ng = no(¢*, B¥) and a
bounded set B* in L!((0,LF) x Q) with the property that S¥¢F € B for n > ny,
¥ € B*, k = e,l, f,m. Under the assumptions in Sect.1, it follows that S(¢) is point
dissipative even bounded dissipative immediately from the expression of solutions (2.1)

and the proof of Lemma 2.9.

In summary, we obtain the main result in this section referring to [58].

Theorem 2.22 Under the assumptions (A1)-(A5), the Cy-semigroup S(t) generated
by the solutions of (2.1) has a global attractor.

2.6 Steady states

Inspired by the existence of global attractor, we think about the existence of the steady
solution of problem (2.1), (2.2), (2.3) in this section. The system that describes the
steady state population is given by:

( rleprenl = —pf(a)ut(a,x) — 5 (a)u(a, @), in (0,L°) x ,
dlta)i(as)] — _1(Pl(z), a)ul(a, z) — B (a)ul(a,x), in (0,L!) x O
dltapd@a)l — _ 1 (q)uf (a, x) + dpAguf (a, ), in (0,L) x Q,
W:—M() ™(a,x) + dpAgu™(a, ), in (0,L™) x Q,

v (0)u e< > I ﬁf(Pf( ). Pr(a), sy (s, 0)ds, in Q. (2.19)
v (0)ul( fo ﬁe (s,z)ds, in Q,
vf(O)uf(O,x) = fo Uﬁl( ) l(s,z)ds, in €,
v (0)um (0, 2) = X (1 — )8! (s)ul (s, x)ds, in Q,
L 68—1? =0, on (0, LF) x 09,

where k =e,l, f,m.

Then it is easy to check that
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2.6. Steady states

Lf e
BI (P! (2),P™ (2),s)uf (s,2)ds _ [ =W H00() g
ue(a, 37) == v€(a ] (s) )
(a) l
l fO ,Be Yu(s,z)ds f()a Md
ul(a, x) = LT Wl (s)
. v (ll) P 9 (220>
a (s)+Aq
) oB(s)ul(s,x)ds —pl ()+Ay g0
uf(a,x) = i o T
. M(s)+A
fo (1=0)B' (s)u! (s,x)ds [ %d

Moreover, since u* with k& = e,l, f,m in (2.20) represents the density, any solution
should be nonnegative. In the abstract setting, they belong to the positive cone
L ((0, LF)x Q) respectively. We remark that the steady system has (u*¢, u*, u*/, u*™) =
(0,0,0,0) as the extinction. Thus the aim here is to study the existence of nontrivial

solutions of (2.20) given some conditions.

In order to deal with the existence of a survival state we define a nonlinear operator J
in the Banach cone L ((0, L') x ©). Denote J : L1 ((0,L") x Q) — LL((0,L") x Q) by

(
e e f m(,,1l a *(M (P (39) 3)+/3 (3>)d

J(ul)(a ) = I pes)H (va(a))H (u))(s,x)ds f (%) ’

L 51 (PS (2), P (2),5)u? (s,2)ds ol S g

v (s)

He(u!,u™) == u(a,x) =

L L (221)
it o zuf()4Ay .
Hf (ul) = uf(a’ x) — fo Uﬁi}(}szu)l(s,x)dse 0 ’Uf(s) d
m(yl) = J&" (1=0)BH(s)ul (s,x)ds [ & 4T (A2 g
L H (u)—u (al') 0 ) olo -

where H* : L1 ((0, L*) x Q) — L1 ((0, L*) x Q), k = e, f, m. Therefore, we transfer the
problem of looking for positive equilibrium solutions of (2.20) to a problem of studying

positive fixed points of J.

To prove the nonlinear operator J has at least one positive fixed point, we would
apply the theory of compact operators and the Krasnoselskii’s fixed point theorem
[75]. Before the main result is stated, it is necessary to verify the following conclusion
first:

Lemma 2.23 Suppose that (A1)-(A5) hold, then J is completely continuous.

Proof. If J is continuous, and transforms every bounded set into a compact set, then

J is completely continuous.

(i) J is continuous.
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Let uf,ub € LL((0,L") x ). Assume (A1)-(A5) hold. From (2.21), we have

HJ(UD -

TG

J(u3) |y

Ju (s, x)ds fa Md

vl(s)

v'(a)

Sy 3o (s)us(s, x)ds o —tlEheossten )
(&

v'(a)

< le®

Jy B

v (s) ”Ll

o~ rf@aat) o [ ge(s) (ug (s, ) — ug(s, x))ds

l(s

vl(a) Iz

u2 S x)ds j —(u! (Pliwz:))-Fﬁ (S))d fO —(! (Pg(x) 5)+5! (S))d

+ll

[
UUA
/Oe;r

IN

IN

[uf = uglles

v'(a)

ol Bl Jy” lui(s,2) —us(s a)lds o / / Huguoouﬁeuoov

M il

Ql

— G (PY), ) — (BN

e
D0 g+

VAN

IN

IN

vi(s)

e mheal|ul — ub||1da,

l
[[045 |00 [13°loo L /L
l

v 0

||f0 6 (Plfaplma )ul(s x)ds f %Wd
v¢(a)

fo ﬁ (PQfaPéma )uz(s m)ds j %fe(”)ds
Eo

L[ LR PP syl (s.w) = B (P Py sy (s, )l ds
N o0

1

— (u® () +6°(s))
o =g Ay adx

f
_ d —
9 [ [ gLt | D toaga +

Le pLf f d
"U/QHOO// ﬁK fo 1 S, T — 2(87‘%‘)| S+

I (s, @) — ug(s, @)|ds

Ue

L€ —
eve
18 o ldd — 1 / “ o+l [ 5L e

v 0 =

)dse%“dadx

6

(Hul - quLl + ||U1 — Uy ||L1)
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2.6. Steady states

and
| A o st gy st [ 08() bt )
Hul - UZ‘ Lt = Uf<a) 'Uf(CL>
a uf(S)+A1 ds
e’® e Tldadx
Lf l w —nt(s
< / fo oB'(s)|ul (s, v) — ul(s, x)|ds s AL Jade
aJo vl (a)
Lf —Fa
< ! 1,1 € da.
< ol lled — bl [ e
Similarly,

m
luf = ug' e < (1= 0)18 loclluy — e /0 da.
Combining the above inequalities, we can obtain that
1 (uy) = J(up) [ < Mlluy — w1,
where M is a constant dependent on p, v¢, v', v/, 0™, v¢, o, v/, o™, L¢, L', LY, L™, 0, ||u$]| oo,
1165005 13 10w 1167 |0, M, Bh. Tt leads to the continuity of the operator .J.
(ii) J is compact.

Here we refer to the corollary of Frechet-Kolmogorov theorem to prove the compactness
of J. Let D = R x Q, w CC D and F be a bounded subset of L! (D). For each
ul € F,(a,z) € wand (hy, hy) € R x R,

| (u')(a + hi, 2 + ho) — J(u') (@, )| 11w
< NI+ b+ o) — T 0+ Bl
+| T (W) (a,z + he) — J(u')(a,z)|| L1y = Ji + o

(
(

(1) For J;, we have

Ji= ||J(u l)(a+h1,x+h2)—J(u)(a x—l—h2)||L1(w
_ f le fo C Be(s)us(s,x+ho)ds fa+hl —l(Pl@).0)46's) 5}12 S))+B (=) gs
- vt (a+hi)

e e(s,o+ha)d a _(11' (P (T) 9)+r8 (9))ds
_.[0 B (S)qﬁ(i‘;x 2) SefO v (S) |da/dl‘

o G (Pl 481 () g

< fQ |f0 Be(s)uc(s, x + ho)dse™ oT(s)
fa+h1 —(u (P’(alcz s))+ﬁ () 4
€ oT(atho) — stglldadz (8'(s) =0 for s € (—00,0) U (L', 00))
L' rLe a —(H (P (95) 5)+5 (9))ds
< Jols Jo |ﬁe u(s,x + hg)e™® vl(s) |ds
fa+h1 — (P! (2)e 48 4
| i (afh:) - Ul%a)|dadx (B'(s) =0 for s € (—o0,0) U (L', 00)).
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

’a+h1 7(;1, (P (z), s)+ﬁ (s)) ds

vl (s . . Le
As © Tt is continuous with respect to a, and [," |3°(s)u(s, z + hy)
Jo @@l gg ) )
e’ vi(s) |ds is bounded, the term on the right hand tends to zero uniformly

when h; — 0. It means that for any € > 0, there exists § > 0 such that when |hy| < ¢
for all hy € R, J; = || J(u)(a + hi,x + ho) — J(ul)(a, z + ho)| 11(w) < €.

(2) For J,, we have

Jo = ||J(u)(a m+h2) J(u)(a, )| 1 (w)
_ // lfo B(s s)a:—l— hs)ds i ~( (Pl(’“'v“fi)) 64N 4
“(s)u(s,x)ds jo ! Pla.o+l)
fO ﬁ l( ) ) j (o) d$|dadaz
vl(a
0a fl((j) ds  npe o —pl(Plathy).s) 5
= // — | B(s)u(s,z + ho)dse™ '
0
L o e,
B¢(s)u(s,x)dse (®) ||dadx
o f(f;) soorLe o pl (Plethy)s) 4o
= // oi(a) I[/ |3(s)ul(s, 2 + ha)e® ~ VO
0
Jo el <x+h2> ) g Le a —pl(Plathy).s) 5o
(s, 2)e” st [ 1. opdse!? O
0
fa — Pl (z),s)
—B%(s)u’(s,x)e® T “|ds]dada
oS, . (> Le o =l (Pl@+hg).s) 4
N / / (a) I[/ [5°(s)e’® e |[u®(s, 2 + ha) — u®(s, x)|ds
0
o —pt (Pl (z+ho), ) s a 7,ul(Pl(z),5)dS
+/\ﬁm (s, )] B o R o
0
Denote

0 —ul (Pl@thy).s) oo
A:/\wu o e (s, ) — (s, )| ds,
0

a —p (P (z+ho),s) ds fa, —p (Pl(y) S)d

Le
taz/’uﬂQ (s, )| o o) g,
0

On one hand, we deduce that

|u(a, x + hy) — u®(a, )|
IS —(WE4B () 4o
e 0

ve(s)

— Lfffx 9 M (x gsufsx 9
S [ 1Pk ), Pt ha) s (s

— BH(PI(x), P™(x), s)ul (s, x)]ds| — 0, as hy — 0,
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2.6. Steady states

since u/ is continuous with respect to . It ensures that J3 — 0 uniformly as hy — 0.
On the other hand the fact that ' is Lipschitz continuous with respect to P! implies
Jy — 0 uniformly as hy — 0. Hence for any € > 0, there exists 6 > 0 such that when
|ho| < éforall hy € R, Jo = ||J(u)(a, z+he) — J(u!)(a, )| 11wy < e. We conclude that
for any € > 0, there exists § > 0 such that when |h;| < ¢ for all h; € R with ¢ = 1,2,

| J(u')(a+ hi, 2 + he) — J(u') (@, 2)| 110y < 2e.

Next, let w be a subset of D such that w = {(a,z)|a € (0, L!),z € Q}. Observing that
for any ¢ > 0,

1@z o) < e,

since 3' = 0 implies v/ = 0 which entails u® = 0, J(u') = 0 when a € (—00,0)U(L!, ).
According to Frechet-Kolmogorov theorem we deduce that J is compact in L'(D). In

conclusion, J is completely continuous. O

Theorem 2.24 The operator J has at least one non-zero fixed point in the positive cone
LL((0, L) x Q) under the assumptions in (A1)-(A5) for v*, 3% u¥ when the following

condition holds:

a = (PLo)+8 e . .
R = if 160% ﬁ() g 2,
oct04t) v(a) o ()"
1 s PI pPm —ul @Ay L
M o oI (€) 1d£dn/ Uﬁl(C)dC > 1 (2.22>
0 vl (n) ;

with a small enough number € > 0.

Proof. As pointed in Krasnoselskii’s fixed point theorem, we need to consider the

strong asymptotic derivative of J at oco. Let

T uf(n)JrAl dn

0 of(m) L
/ 5 (r) (<; /O o8 (€0 (€, x)dedr,
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

then p!(P', s) — 0o as u' — oo and u! € L ((0, L") x Q) ensures that

<‘]/(ul)|ul:oov
a = (PLs)+8'()) 4

Ll L€ 0 l(s) s — Me e n
— / / lim/ CHONES g () w(a, x)dsdrda
Q

ul—oo

~(u (Pl )+8(9) 4

Ll Le fO v(s) s —(u® e
- / / / lim | DS 5 5 1Yo, ) dsdlrd

uuoo vl(a) ve(s)

Wl (PLo)+a') g

Ll Le fO v (S) s —(u® €)(n
/ // lim | & (836 O )d"(q)(ul))/]w(a, z)dsdzda

ul—>oo vl(a) ve(s
o~ (PLa)+pl(e) g,

L e o i u ; .
= / // 111’11 US (/ _'u( ) )/ﬁ ( ) SWCM
A v'(a) vl ve(s)

awds

o) B(s) s —weasm,
®(u)]w(a, zdsdxda%—/ // u%l—llnoo @) (o) elo — ey

T W (n)+A1

f o T (n
/0 " Bt (7)% /0 o[ (&)dédr)w(a, x)dsdxda
= 0.

Next, we consider the Frechet derivative Jy := J'(u')|—o:
aJ (u!
(o) = (T

o = (PLo)+8M()) 4

- // S / (s au )(a,x)dsdxdaﬂuzzo

a (. S)+B (5) g

AV Gt Lo N VA Le

0 vl(s) (S CC)
= / / ﬁe() 50l lu—ow(a, z)dsdzda.

0

Recall that He(u/,u™) := u®(a,r), H (u') := v/ (a,z), and H™(u!) := u™(a, x).

Je — w489 gg Lf

ous e v (s)
e — f(pf p™ s\d
auf(av'r) ve(a) { o 5 ( ) 78) S
L
[Tt s Yl s, a)ds
0
i / " 5Pt P sy
= 7~ ) ,S)as
v°(a) 0

efoa — 4B () 4o L

ve(s)

— —/ 37(0,0,5)ds  (u' = 0).

ve(a)
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2.6. Steady states

Similarly,
o —WHENs) gy
ou® elo T v . -
PA R —— / (8 (P, P, 8))! (s, 2)L™ds = 0 (u' = 0).
0
Because
ou’ 1 o =l (447 4

Ll
_ l 7
— = o dse’® Wl
out  vf(a) /0 )
we deduce that
L a =l 0,9)+8 () @ s —(uC+8%) ()
(Jo, w / / BES / e Frls)wla,z) j ergoa,

Q 'U

f —uf (©+4,
/ '8 00” e e %y / o8 (¢)d¢ duda.
0

Note that Jy has no characteristic vector corresponding to the characteristic value

equalling to 1. It is easy to check the proof by contradiction. Here we omit the details.

rt a —(ut0,9)+8 (s € s n+8¢
(Jo, w / / B — / RERC ) g
Q U
ﬁf 0 0 7] n —uf (©)+A; de .
/ 0 W® dn/ o' (¢)d¢dzda > 0
0

for any w(a,x) € L}F((O,Ll) x Q)\{0}. Moreover for any integer n and w(a,z) €
LL((0, LY x 2)\{0}, we have

(J§ttw)(a, x) = Jo(J§w)(a,z) > 0

if (Jyw)(a,z) > 0 holds. It concludes that (f, Jjw) > 0, for n > 1 and every pair
f e (L0, LY x 2)*\{0}, w(a,z) € LL((0, L") x 2)\{0}, that is, T is non-supporting
in LL((0,L") x Q). Since Jy is non-supporting and also compact, it has a unique
positive eigenvector corresponding to its spectral radius r(Jy). Therefore, we apply
Krasnoselskii’s fixed point theorem to conclude that J; has at more than one non-zero
fixed point in the positive cone L ((0, L) x Q) if #(Jy) > 1. By the definition of spectral
radius 7(Jp) = lim,, oo /][ T3], We just need to verify
15l = sup || Jg"(w)][ 2

(JLE(O,LZ),HMHLl:l

= sup I
ag(,L) w1 =1 V(@)

s
o —(u+6° S0 2 OP L gf 0 0 77 n —ul ©+4;

o § e gy / o B(C)dc]|
0

(&

1y ulegston, / (s J“l (e.s)

0
> 1.
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Chapter 2. Global dynamics of the European grapevine moth model with diffusion

Clearly (2.22) implies that ||.J§'|| > 1 because of J; > R > 1. That completes the proof
of Theorem 2.24. 0J

If we impose some additional assumptions, then we can prove the uniqueness of the
survival steady state. Here we do not investigate the uniqueness of the positive steady
state under such restrictive conditions. One can refer to Cha, et al.[33] and S.Fekih, et
al.[48] for the uniqueness of positive solution. More important basic observation is that
positive solutions of (2.19) bifurcate from the trivial solution zero. In the following, we

further discuss the survival steady state of moths from the view of bifurcation.

Now we first give the definition of bifurcation. Let (E, P) be a Banach space ordered by
acone P, and f: R, x P — P be a map such that f(-,0) = 0. Then Ay € R, is called
a bifurcation point for the equation u = f(A,u) (with respect to the trivial solution)
if for every neighborhood U of ()\g,0) in R, x P, there exists a point (A, u) € U with
u= f(A\u)and u > 0. In addition, we will denote the Frechet derivative with respect
to the second variable by Ds f.

We introduce a bifurcation parameter A\, which determines the transmission rate 3

without changing its structure, by

B'(a) = ABy(a).

Furthermore, we denote

J(u!) == J*(ul)

as (3} is instead of 3.

Corollary 2.25 Assume that 3} is given such that R* = r(9(J*(0))) = 1. The survival

steady states of moths are bifurcated from the extinction steady state at R* = 1.

Proof. We rewrite the fixed point problem of the first equality in (2.21) as
ul = \J*(uh).
Now we define a map f(\,u') : Ry x LL((0,L") x Q) — L1 ((0, L) x Q) as follows:
fOuub) = AT (uh) — o, (2.23)

It is easy to check that the derivative of J, i.e. J'(u') is continuous. Moreover, we note

that f(\,u!) is C* with respect to (A, u'). Observe the structure of solution set
F7H0) = {(\d) € Ry x LL((0, 1) x Q)| (A, ) = 0}.
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2.6. Steady states

Inspired by the Implicit function theorem, we investigate the following linear map
L(A) := Daf (A u)|uimg = AO(J*(0)) — I,

where [ is the identity operator.

To obtain that bifurcation occurs at (), 0), we just need to study the value of A\ which
can ensure that L(A) does not have a bounded inverse. Since 9(J*(0)) is compact
and non-supporting, from the assumption R* = r(9(J*(0))) = 1, we can deduce that
r(0(J*(0))) is the unique positive eigenvalue of 9(J*(0)), which is the consequence
of Theorem [1] in Sawashima [99]. Therefore, we can expect that A = 1 is the only
possible bifurcation parameter which can lead to the the bifurcation occurring at trivial

solution.

Let x(A) be the simple real principle eigenvalue of L(\) corresponding to the eigenvec-
tor ¢(A). Since p(A) is the Perron-Frobenius eigenvector of non-supporting operator
d(J*(0)) corresponding to the eigenvalue which equals to 1, it follows immediately that
the eigenspace corresponding to ¢(\) is one-dimensional and spanned by ¢(1). It is
obvious that L(\)[x=1 is a Fredholm operator. Hence we can apply the argument of
Lyapunov-Schmidt reduction to conclude that there exists a bifurcation point (1,0)
such that (\,u!) is a positive solution of (2.23) in every neighbor of (1,0) (see [34]). It
completes the proof of Corollary 2.25. O
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Chapter 3

Exact null controllability of a stage
and age-structured population

dynamics system

3.1 Introduction

As we know European grapevine moth reduces not only the amount of berries especially
when berries are young in spring, but also their quality by favoring indirect damages
as related to different pathogens developing on berries like the grey mold and in several
warm vineyards to the black rots on berries [104]. These problems are suspected to
increase, and could become more prevalent due to the climatic changes in the future.
Thus many biological interventions have been developed to control this pest. Currently,
the control procedures for this pest rely mainly on chemical insecticides and slightly on
mating disruption (no more than 2% of the french vine areas in 2007). But pesticides
like growth regulators are used to reduce the population size, so that serious pollution
damages environment. Researchers are developing some tools to control these insect
populations and also to reduce the application of chemical plant health products. One
problem accompanied by these control techniques is that their efficiency depends upon
the timing of the treatment and its synchrony with few specific steps of the pest life
cycle, e.g. adult flight, oviposition periods. Then their goal is to predict the periods
of appearance of the insect in the vineyard, and the mathematical models with age

structure maybe very helpful for this objective. Our concerned system is stated as
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dynamics system

follows
D 2R — (%) + B(a))uc(t, @) + x(@)w(t, a),
l 1
8u6(:,a) + 8u8(£7a) — _(Nl(a) + ﬁl(a))ul(t, a), (3 1)
Bu;(tt,a) + Bu;(t,a) _ —Mf(a)uf(t, CL), .
ou™(t,a ou™ (t,a m m
)y 22D = (a)u(t, a),

where (t,a) € (0,T) x (0, A), A =max{L¢, L', L7, L™}. Here L* means life expectancy
of an individual for k = e,l, f,m, and u*(t,a) represents the age-specific density of
the egg, larva, female moth and male moth respectively. For every k, if A > L*, we
denote u* = 0, 3% = 0, u* = 0. The term x(a)w(t, a) is a control process for egg stage:
x(a) is the characteristic function of (0,a*) (0 < a* < L® < A), which means that our

intervention can be restricted to the younger age groups.

The boundary conditions are defined by
we(t,0) = [ 8 () (t, 5)ds,
ul(t,0) = fOLe Be(s)uc(t, s)ds,
ul (8,0) = [X oBl(s)ul(t, s)ds,
un(t,0) = [X(1— )3 (s)ul(t, s)ds,

where o denotes the sex ratio, ¢ > 0. The system is complete with the initial conditions

(3.2)

as follows
u*(0,a) = ug(a), (3.3)

for k =e,l, f,m.
In addition, we state the following conception for this system.

The functions p* are the k-stage age-specific per capita mortality functions. The func-
tions 3% denote the k-stage age-specific transition functions. In particular, 3¢ models
the physiological change between the egg and larva stage, which is called the hatching
function. The function f! is the flying function describing the transition between the
larva and the moth stage. The function 4 models the transition between the moth and
the egg stage whose name is the birth function. Note that for each (¢, a) the directional

derivatives of u* exist, and we can see

Duk(t 2) = lim ub(t+h,a+ h) —uF(t,a)

h—0 h ’

with k = e, [, f,m. It is obvious that for «* smooth enough

p o Out out

=t T o
52
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3.1. Introduction

Therefore, considering the economical loss caused by the pest insect, it is meaningful
to study the control problem of this Lobesia botrana model (LBM). It is well known
that optimal and exact control problems are widely investigated for age-structured
population dynamics by many researchers. Among these literatures, most of the works
are focused on optimal control problems, both almost perfect theory on single species
[5, 15] and some results for interacting multi-species. One can see [82, 83, 93] and
references therein. It is worth mentioning that B. Ainseba et al. have investigated
the local exact controllability for age dependent linear and nonlinear single-species
population model with diffusion, where the birth process is nonlocal. The main proof
is based on the Carleman’s inequality for the adjoint equation [4, 7, 15]. Viorel Barbu
et al. also considered the exact controllability of the linear Lotka-McKendrick model
without spatial structure by establishing an observability inequality for the backward

adjoint system [19].

However, to our knowledge, there are no results dealing with the exact control problem
for a stage and age-dependent system. We cannot extend the method developed in [19]
to the system case to get the key observability inequality. In spite of that, considering
the fact that the system is a stage and age-dependent life cycle dynamics, we are
inspired to apply a fixed point theorem in [3, 4] to study the exact null controllability
in finite time of the Lobesia botrana model (LBM) with four development stages, by
reducing the egg population. Roughly speaking, the main result, Theorem 3.1 below,
amounts to saying that for T' > A — a* with A > a* > 0, the population u® can be

controlled to zero in a finite time 7.

Theorem 3.1 We denote |[ugloo = [|t§]loe + |uhllso + [[td]|se + | ||oe, and
ol oo ((a*,a—1y) > 0. Let T > A — a* be arbitrary but fived, and o small enough with
0 < o0 < ag. Then there exists w € L*((0,T) x (0,A)), such that the solution u® of
(3.1)-(3.3) satisfies

u(Tya) =0, ae. ac€(pA). (3.5)

If T'< A—a*, then there is no control w such that u® satisfies (3.1)-(3.3).

This chapter is organized as follows: The assumptions are stated in Section 2. Then

we give some derivations and the main proof of exact null controllability in Section 3.
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3.2 Preliminaries

Let L? = L*((0, A)) be the Banach space of equivalence classes of Lebesgue integrable

functions, from (0, A) in R with the norm

A
1
1@l 22 (0.4 = (/ [p(a)|da)?,
0

where A = max{L¢, L', L/, L"™}.
Let 7' > 0. For all t € [0,T"], we define the space LT =: C([0,T"], L*((0, A))) as the
Banach space of continuous functions from [0, 7], with values in L*((0, A)), which is
equipped with the norm
lellgr = sup_[lo(t, )| z2.
0<t<T"

Definition 3.2 For all T’ > 0 and all (t,a) € (0,T") x (0, L*), (u¢,u!, u/,u™) is called
a solution of (3.1)-(3.3) if and only if it belongs to (L™')* and it satisfies system (3.1)-
(3.3), where k =e,l, f,m.

Integrating along the characteristic lines (see [32]), we obtain the solution of (3.1)-(3.3)
for k=1,f,mand T' >0

k I,k (a)
ugla — t) =—2—=, a>t,
ub(t,a) = ol )H“’“(a_t) (3.6)
uk(t — a, 0)x(a), a <t,
and
(e Iye(a t  Tlye(a
ué(a — t)Hue(oS—)t) + /5 Hue(a_(tis)x(s +a—tw(s,s+a—t)ds,
. a>t,
u(t,a) = D e (3.7)
u(t — a,0)e(a) + [i_, it X (s +a—tw(s, s +a —t)ds,
la < t,
where

{ Huk (a> =€ foa(#k(7)+ﬁk(7))d7’ k: == 6; l; (38)

M(a) = e~ do n@dr p— o,

Our motivation is to reduce the population of egg, using an age- and time-dependent
control of eggs. Especially we are able to find a control w corresponding to a removal
(eradication) of egg on (0,ap) such that u(a,T) = 0 for a fixed T and a € (p, A).

Throughout this chapter we impose the following assumptions:
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3.3. Proof of the Main Result

(H1) The hatching function 3¢, the flying function ' and the birth function 3/ are
bounded, non-negative functions. There exist ag,a; € (0, L) such that ¢ =

0, a.e.a€ (0,a0) U (ay, L°).

(H2) The mortality functions p¢(a), u'(a), u/(a) and p™(a) are non-negative, locally

bounded and satisfy the following conditions:

Lk
/ pF(a)ds = oo
0
with &k =e, f,[,m.

(H3) The initial distribution ug = (u§, v}, ul, u") is non-negative, a.e. for a € (0, A).

These assumptions are biologically meaningful [11, 12, 15, 109], so that the existence
and uniqueness of a solution of the system (3.1) is guaranteed. Here we omit the proof.
One can refer to [11] and [48].

3.3 Proof of the Main Result

We shall divide the proof of Theorem 3.1 into two steps. The first step is to obtain the
existence of the control w € L*((0,T) x (0, A)) and null controllability of the system
(3.1)-(3.3), for T > A — a*. The other is to get the nonexistence of the control w when
T<A-—a.

3.3.1 Null controllability
First, we choose a number T € (0, min{ag,a*, A —a*, T — A+ a*, A — a,}). Define

K =L®((0,A—a*+Tp)).

Let b € K arbitrary but fixed and for any ¢ > 0, we consider the following optimal

control problem:
.. . 1 2 1 2
Minimize{= lw(t,a)|*dtda + = [ |u®(t,a)|"dl}, (3.9)
2 Ge g FO

where

G = (O,To) X (O,a*) U (O,A —a” +Tg> X (O,To),
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G'=(0,A—a* 4+ Tp) x (0, LY,
GT =(0,A—a*+Tpy) x (0,L7),
G™ = (0,A—a* +Ty) x (0,L™),

and
FO = (To, A— CL* + To) X {To} U {Tg} X (T[), a*).

See Figure 3.1.

t

T

A-a +T,

A-a’
T, Ly

0 T,ap a-T, a a A a
Figure 3.1: An example of domains G and I’y for T > A — a*

In addition, w € L*(G¢) and u® is the solution subject to the following system

au;(tt,a) + 8u2(;,a) = —(u(a) + B°(a))uc(t, a) + x(a)w(t,a), (t,a) € Ge,
Qi) | 2D (i (a) + fH(a))u(t, a), (t.a) € G,
8ufa(tt7a) + 8’&;6:,(1) — —qu(a)uf(t’ a)7 <t7 a) c Gf’
ou™ (t,a ou(t,a m m m
agt ) 4 ag L= (a)u™(t a), (t,a) € G ,( |
3.10

for (t,a) € G* and with the following boundary condition
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3.3. Proof of the Main Result

wi(t,0) = [X B (s)ul (¢, 5)ds,
u'(t,0)  =0(t),

wl (1,0) =0 [ B(s)ul(t, s)ds, (3.11)
wn(t,0) = (1—a) [ B(s)u(t, s)ds,
| u"(0,a) = ug(a),

for t € (0, A —a* + Tp).

Denote the value of the cost function by J.(w). Since J.(w) : L*(G¢) — RT is convex,
continuous and

lim  J.(w) = oo,
HWHLQ(Ge)HOO

it means that there is at least one minimum point for J.(w). As a result, an optimal
¢) exists in (3.9).

pair (we, uf

We define Lagrange function as follows
L(S) = Jc+ 11+ Iy + I3+ 14,

where

I = [ q°(t a)[ 250 + 8“;%” + (p(a) + B4(a))uc(t, a) — x(a)w(t, a)]dtda,
L= [ (t,a)[2e® 4 2000 (40 (a) + B'(a))ul (¢, a)]dtda,

I = [ qf (t,a)[200) 4 270a) | ()ud (£, )] dtda,

L= [ g™t a)[ 2550 4 o () (@) (t, a))dida.

(3.12)
Here ¢¢, ¢, ¢/, ¢™ are the adjoint variables with respect to u¢, u!, v/, u™, representing
the fluctuations of the population of Lobesia botrana model (LBM). The vector S* =
(w, q) is an optimum of L if and only if the gradient of the Lagrange function is zero
at the optimum, where ¢ = (¢%,¢', ¢/, ¢™). The derivative of the Lagrange function
with respect to the variables ¢ at the optimum S* gives the evolution problem (3.10).
From integrations by parts for I; with ¢ = 1,2, 3,4 and differentiating the Lagrangian
at point S* with respect to the densities u®, u', u’, u™ (see [92]), we can get the dual
(backward) system of (3.10) and (3.11) as follows:

O0(ta) | 0 be)  — (12(a) + 5%(a))g (2, @),

Lt,a ! ,a

0dlta) | d(ta)  _ (1(q) + B'(a))g!(t, a) — o (a)g (t,0), -
f .

aqf (t,a aqf (t,a e
qéf ) 00t (a)g! (t,a) — B! (a)gt(t,0),
e+ 2 = Wt @) (¢ a),
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with (¢,a) € G*, k = e,l, f,m, corresponding to the boundary conditions

(

¢'(t,a) =0, t=A—a"+Ty, or a=1L,
q'(t,a) =0, t=A—a"+Ty, or a= 1L,
q™(t,a) =0, t=A—a" +Ty, or a=1L", (3.14)
q“(t,a) =0, (t,a) € '\ Ty,
| ¢“(t,a) = —“e(z’“), (t,a) € Ty,

with T' = {A —a* + To} x (0,Ty) U (0,Tp) x {a*} UTy. Using Ekeland variational
principle one can obtain the above optimality system as in the work of Barbu and
lannelli for the scalar population dynamics case [18]. The existence and uniqueness
of the dual system are easy to check by the method of characteristics. Here we omit
the details, and denote by u*, ¢ the solution of (3.10) with (3.11), (3.13) with (3.14)
respectively, for k = e, [, f,m. One can easily see that ¢ is identically zero. At the

same time, it is known that ¢¢ satisfies
we(t,a) = x(a)gE(t,a), ae. (t,a) € (0,A—a"+Tp) x (0, A). (3.15)

Multiplying the first equation of (3.13) by uf, and then integrating on G*:

/?@P?%“W+%%?”—gﬂ@+ﬁ%mguﬂmmmzo (3.16)

Using integrations by parts, then using (3.10), (3.11) and (3.14), we obtain

a* A—a*+Ty 1
/ /‘ ot a) [2dtda + © [ |us(t, @)
o Jo € Jro

*

A—a*+Ty a
. / £ (1, 0)uc(t, 0)di — / ¢£(0, a)us(0, a)da. (3.17)
0 0

Similarly multiplying the remaining equations of (3.13) by u!, uf, and then integrating

on G*, k = [, f respectively, we have

A—a*+Tpy
/ of (¢,0)d (¢, 0)dt

0

A—a*+Ty Ll
/ ¢ (1,0} (1, 0)dt + / ¢(0, @) (0, a)da, (3.18)
0 0

A—a*+Ty Lf
/ o (¢, 0)uf (¢, 0)dt + / ¢ (0, a)u! (0, a)da
0 0

(t,0
A— a*+Ty
/ ¢E(t, 0)ul (2, 0)dt. (3.19)

0

o8



3.3. Proof of the Main Result

Combining the above three equations (3.17), (3.18) and (3.19), we obtain

a* A—a*+Ty 1 Lf
[ woPades 2 [ wtardas [ 0.0u00.0d
0 0 € Jr, 0

A—a*+Ty Ll a
= —/ qi(t,O)ui_(t,O)dt—/ qé((),a)ui((],a)da—/ ¢(0, a)ul(0,a)da
0 0 0
A—a*+Ty a*
- - [ oo - [ 0.0u0.a
0 0

which means

a* Afa*+T0 1
- / / ot ) 2dtda — © [ |us(t, o) 2l
0 0 € Jry

*

Lf A—a*+Ty a
= / qg(O,a)ug(O,a)da—l—/ qg(t,O)ug(t,O)dH—/ ¢£(0,a)ul(0, a)da.
0 0 0

Let S and S/ be arbitrary characteristic lines of the first and third equation respec-

tively in (3.13),
Se={(y+t,0+1);te (0,Tp), (v,0) € {0} x (0,a" —Tp) U (0,A—a") x {0}},

ST ={(t,m+t);t € (0,A—a*+Tp), ™€ (0,a* —Tp)}.

Define
We(t) = we(y+t,0+1t), te(0,Tp),
ug(t) = uily+t,0+1t), te(0,Tp),
() = ¢y+1,0+1),  te(0,T),
pe(t) = po0+1), t € (0,Tp),
g(t) = B0 +1), t € (0,T),
X(t) = x(0+1), t € (0,To),
al(ty = w(t,m+1t), te(0,A—a"+T),
i) = ¢t,n+t), te(0,A—a +Ty),
plt) = plm+1), te (0,A—a" +Typ),
3ty = plr+t), te(0,A—a"+Tp).
Note that (ag,@.) satisfies
dus(t) s ~ _ e
WO — e+ F iz + a0, 1e0.n), (320
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ac(0) = Jor B (@ . ayda, =0 (3.21)

Ug(e), Y= O;

g¢ satisfies

D= () + B)E(), e (0,Ty), 5
Ge(Ty) = ==,
and
B.() = XOED,  ae te(0,T). (3.23)
Similarly, @/ and g/ satisfy the following equations respectively
dul (t
L0 _ wwale).  te0.m), (3.24)
L' ol
of'(a)u'(y,a)da, 0=0,
u(])c(e)a Y= 0,
.
M = WO (1) — B (0 (,0), € (0,Tv), 5.26)

Multiplying the first equation in (3.22) by @¢(t), and the first equation in (3.26) by
@f (t) respectively, integrating on (0, A — a* + Tp), then applying (3.20), (3.21), (3.24)
and (3.25), we have

| R+ TP < < 0)3(0) = :0.0)05(6)

By Young’s inequality, we obtain

To 1 ) 1 ) 1
~ 2 e 2 « 25/ 2, —\~f 2 7€ 2 T, 2
/0 j:(8) Pt + =[G (L) < 51 ) + 55[al (0) + 51g2(0, 6)* + =l (), (3:27)

with 0 being any positive number.

Using the constant variation formula to (3.22), we have

~ N A—a* 4Ty ~ _
(A —a" +Tp) —eld QL)

A—a*—i—Tg . _
= —/ elo A 3I (A — 0¥ + Ty — t)g (7, 0)dt,
0

which means

A—a*+TO ~f

A-a*+To | iy ~
elo I g (0) = — / el IHOBFIA — " + Ty — t)gE (7, 0)dt.
0

£
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Then we obtain
GL(0)] < ClgE(v,0) . (3.28)

Note that here and after we denote several constants independent of all variables by

the same C'. Next multiplying the equation in (3.22) by ¢, we obtain

VEE _ e+ F@@P 20, ae teOT), (329

which leads to the result
T() TO
ZOP <0 [CjEmpPir=c [ o (330
0 0

Substituting (3.28) and (3.30) into (3.27),

oC

(=) [ R+ LT < 515 OF + o))

where C' is a constant satisfying % < 1, independent on e.

Then we get
o 1 1
/ [i=(t)*dt < o< (Jal(0) + |ug(0)]*) < o=(|aL(0)* + C).
; 25 25
Recalling that (3.21) holds, it is obvious that
=112 o 2 1 AP
Jielagomy = [ 16(0OFt < el oy +C) < M

as v = 0. If 7 = 0, then we substitute u/ given by the formula (3.6) in (3.21), and get

- 1 [
||ws||%2((o,:ro)) < 2—5(/0 [l (v, a)B(a)|*da + C)

1813 e 0.0y , [ ¢
< O [y, 0)da )
20 0 181 0,.4y)
6[ 2oo Y
< ||||Lw{/ [ut(y = a,0)Is(a) *da
20 0
A
a(a) ¢
N }
. I (a ) 18N Z o (0,0
HﬁlH%w 0,A * )
< S I (A - @) + bl .y A + o)
>0 ((0,A4))
S Ml.
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According to the property of relatively weak compactness in L?, there exists a subse-

quence (also denoted by w,) such that
We — W weakly in  L*((0,T3)) as € — 0.
In what follows we multiply the equation in (3.24) by @/ > 0, thus
VS _ W@ nr <0 ae te©.1)

which implies
al(To)]* < lal(t) < [al(0)*.
Thus we get
To
|1t < cpat o),
0

From (3.25), obviously we have
T ;
o = [ 1ELOFt < Clud o,
as v = 0. For m = 0, applying (3.6) in (3.25), we get
A
il < Co [ ldona)s@lda
A
I !
< I o | ibna)da

0

i
< CI Bt / [ (y — a, 0) Ly (a)Pda

A
Hul(a) 2
+/ ub(a — )= 2dq
i |uo( )Hul(a—’y)’ )
ClIB I (0,4 *
< %{Hblﬂi(/l = ) + [l 7o 0,09 A}
S M27

where C4, Cs, Cy are constants independent of u¢, u!, v/, u™.

We also have
daf N2 _f112
H_dt 1220, = [’ (t)az ()7t < M|z {7201
0

where M is a constant. Hence there exists a subsequence (also denoted by @/ (¢)) such
that
al(t) — al(t) weakly in W((0,Tp)) as ¢ — 0.
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In addition, we apply (3.6) and get the following result, which is similar to the estima-

tion for [|@f]1720.z))

(a) K Huc(a')
14l Z20my) < O{/ [ug(a ue(a—7)+/o Ie(a—v+s)

X(s+a—y)w.(s,s+a—~)ds| da+/ [u(y — a,0)Iye(a)

K Hue( ) 2
+/ e (a — v + S)X(S +a—7)we(s, s +a—7)ds|"da}

O{// (1418 (s)ul (v — a, s)Pdsda+ (14+C) Allug]|7 < (0.4,

IN

+(1+ = / / Ix(5+a—y)w.(s,s +a—7)|*dsda
+(1+ = / / X(s+a—y)w.(s,s +a—~)|*dsda}
C{Ol|’5f“Loo((o,A))M2 + HuguLoo((o,A)) + C2HUSH%°°((O,A))

“H%)/o / X(s +a = )w.(s, s + @ — 7)|*dsda}

C{Clﬂﬁfuioo((o,A))M? + ”Wﬂﬁm((o,A)) + O2H“8H%oo((o,,4))

1 A a*—a+y
+(1+Z)/ / lw.(s,s +a—~)|*dsda}
o Jo

C{CIHﬁf“%oo((o,A))M2 + HU(J;H%OO((O,A)) + C2||USH%°°((O,A))

IN

IN

IA

+C3HUNJEH%Q((O,TO))}
< C{OIB 7= (0.0 M2 + Calluf |7 oe 0.4y) + C3Mi},

where C, C5, Cs are constants independent of v, u!, uf, v™, and ( is a positive number.

We can also show

duf
dt

< [ PIGE + B + 1+ 0o Pt

M) + B % + (1 + 6) M,

< (1+6>

in which ¢ is a positive number.

Therefore, there exists a subsequence (also denoted by u¢(t)) such that
ul(t) — u(t) weakly in W((0,Tp)) as ¢ — 0,

and (@¢,) satisfies (3.20), with @°(Ty) = 0, and @/ is a solution of (3.24). One can
see [25].
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We extend w to w on each characteristic line by 0. Then it is known that w € L?((0,T") x
(0, A)). Let u® be the solution of (3.10) and (3.11), which is located on (0, A — a* +
To) x (0,A4). Weset S ={(t,a);To <t < A—a*+Ty,To <a<t+a*" —Ty}. Since
u® = 0 on I'y and w=0 outside G¢, it can be concluded that
u®=0, ae. (t,a) €S,
u(A—a"+Tp,a) =0, ae. ac (Tp,A).
Due to (3.6), we have

||ue||%°°(Q) < C(|lu(0, ')H%OO((O,A)) + ||U€('aO)H%w((o,mawm)) + Hw”%Q(Q))
A
< O(/ ||5fufH%OC((O,A—a*—i-To))dS + ||u8||%°°((0,A)) + ”wH%Q(Q))
0
< O(”“é”%w((o,A)) + ||U8||%oo((o,,4)) + [l (-, 0)||%°°((O,A—a*+TO))
+Hw||%2(Q))
< C(llugli? + [lad | + (|17
> Ug I L= ((0,4)) Up || Lo ((0,A)) L ((0,A—a*+Tp))

gl oo 0.y + 102200y, (3.31)

where @ = (0, A — a* + Ty) x (0, A), C represents different constants independent of

variables.

In the following part, we prove the exact null controllability result by a fixed point

technique. For any ¢! € K, we denote by

(b = {/OLE B(a)us(t,a)da} C L*((0, A —a* + Typ))

such that u® satisfies (3.31) and

u® =0, ae. (tya) €S (3.32)
with u¢(A — a* 4+ To,a) =0, a.e. a€ (Ty, L°).
We consider the following two cases:
(1) t > Tp:
It is known that §¢ =0, a.e. a € (0,a0) U (ay, L¢), which implies that

B°a) =0 for a€(0,Tp).

Further from the condition (3.32), we have

t+a*—T)H
/ Ba)u(t,a)da = 0.

To
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Then

Le al

B(a)u’(t,a)da = / B%(a)us(t, a)da.

0 t+a*—Tp

For 0 < t+a* — Ty < a, we have

e (a)

u(t,a) = ug(a — t)m.

Obviously, fOLe B¢(a)u’(t, a)da does not depend on b'.
(2) 0 <t < Ty:

Once again we use the fact that ¢ =0, a.e. a € (0,a9) U (a1, L¢). Thus we obtain

Le

p(a)u(t, a)da
OTO

- B(a)u(t,a)da + /

0 To

Le-Ty Le

B(a)u(t, a)da + / B¢(a)us(t,a)da

Le—Ty

Le—Ty
- [ rautada

To

which does not depend on ¥, with ut(t,a) = u§(a —t) H;ﬁ (a)

T (aD) holding, for
0<t<Ty<a< A—T, Moreover,

LTy

1] B@ut a)dal < CIF o l[usllzeo.a- (3.33)
0

In summary, it is obvious that ®(b') is a contraction and admits a fixed point.

Next we choose a fixed point for the multivalued function ® as follows. It is known

that
Le

B (a)ut(t,a)da
OTo

_ B(a)u’(t, a)da + /

0 To

Le—-Ty Le

B(a)u’(t, a)da + / B¢(a)u’(t, a)da

EfTO

Le—Tp
= / B¢(a)u(t,a)da,

To

a.e. t € (A—a*, A—a*+1T,). Furthermore, the condition (3.32) implies

Le-Ty
/ B(a)u(t,a)da = 0.
T

0

Therefore, for any w we can choose

07 tE(A—a*jA—a*_i_TO),
fOLe 6e(a)ue(t’a)da7 t e (0714 _ CL*),
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as a fixed point of the multivalued function ®. We obtain that there exists w €
L*((0, A —a*+Ty) x (0,A)) with w =0 in (A —a*, A—a*+Tp) x (a*, A) such that u®
subject to (3.1) satisfies

u(A—a"+Tp,a) =0, ae ac (T A).

Then we denote p = Ty small enough, which is right because of the definition of 7.

Letting T'= A — a* + Ty, it completes the first argument of Theorem 3.1.

3.3.2 Nonexistence of the controllability

Now we consider the second condition if 7' < A — a*, which implies a* < A. Assume
that |uol|roo((a*,a—)) > 0, then there exists w € L?((0,T) x (0, A)) such that the
solution u(t,a) of (3.1) satisfies(3.5).

Since yw = 0 when a € (a*, A), it is concluded that u®(¢,a) independent of w € U,
where

U= {(t,a);0<t<a—a",a" <a< A}

See Figure 3.2.

0, a’ A a

Figure 3.2: An example of domain U when T' < A — a*
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Moreover, u¥(t,a) with k = e, [, f, m also satisfies the following system

( Ouc(t,a) Out(t,a) e e e
8ul(?§,a) _—{’__ ul ?aa __ (('ul ((C;)_:_ﬂﬁl(((;;)?(t(t’ ;L>’
¢ 8u§?(tt,a) + 8ué])cat a) _ Hlf ’ f IR
ot da ,LL (G)U (t7 Cl),
Bu”;gt,a) + ou agt ,a) _ —,um(a)um(t, CL),

where (t,a) € U.

Since ||ug|| Lo ((a*,4—1)) > 0, applying the backward uniqueness result, obviously, it leads

to the conclusion that
[w(T, )| e ((0,4)) > 0,

which is a contradiction to (3.5). That completes the proof of Theorem 3.1.
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Chapter 4

Null controllability of the Lobesia

botrana model with diffusion

4.1 Introduction

As said in the previous chapters, the European grapevine moth (EGVM) has been the
most serious grape pest in Europe, whose life cycle could be divided into four devel-
opment stages that are egg, larva, pupa and moth. The first three stages correspond
to the insect growth and the last adult stage is devoted to the reproduction. This life
cycle is repeated two to five times per year according to environmental variations. As a
function of temperature and food availability, it lasts about two months during spring
and less in summer. In spring or summer the pupa stage lasts one week, and we assume
that the pupa stage is included in the larva stage to form a unique stage, the larva
stage. This class of moths reduces the quantity of berries especially when the vine are
young in spring, as well as their quality by favoring indirect damages. Moreover, adult
moths can fly around the vineyard, which is described by the diffusion term. It means
that this damage would spread all over the vineyard finally. This diffusion brings about
more serious economy loss. In this chapter, we are interested in the dynamics of the
Lobesia botrana model (LBM) with diffusion terms described by Laplace operators as

follows:
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Duc(t,a,z) = —(p(a,z)+ B%(a))u(t,a, )+ m(a)w(t,a, ),

Dul(t,a,z) = —(pl(a,x) + B(a))ul(t,a,z) + m(a)w'(t,a, ), (4.1)
Dul(t,a,x) = —pf(a,2)u!(t,a,2) + Aul(t,a,2) + x(a, 2)w! (t,a, z),
Du™(t,a,x) = —p™(a,z)u™(t,a,z)+ Au™(t,a,x),

where (¢,a,z) € (0,7) x (0, A) x ©, and Q C R3. We denote the density of egg, larva,
female and male individuals, respectively by u*(¢,a,x) with k = e,[, f,m, where ¢ is
the time variable, a is the age variable, and x is the spatial variable. The boundary

conditions are stated by

u(t,0,x) = 0 B (s)u’ (t, s, x)ds,
ul(t,0,) —fo Bé(s)uc(t, s, z)ds
(t 0,z) = fo aﬁl(s)u( 7s,x)ds,
m(t,0,z) = fo (1 —0)p(s)ul(t, s, r)ds,

(4.2)

where o denotes the sex ratio, t > 0. We state the initial condition and the boundary
condition for 2 as follows:
u*(0,a,2) = ub(a, z), k=el,f,m, (4.3)

ou”(t,a,x)
on

In the above system, A = max{L¢ L', L7, L™}, and L means life expectancy of an

—0, €09, k=fm (4.4)

individual with & = e,l, f,m standing for development stages: egg, larva, female
moth, male moth respectively. For every k, it is easy to see u*(t,a,x) = 0, 3(a) =
0, %(a,z) = 0 when a € [L*, A]. The terms w®(t,a,z) and w'(t,a,z) are control pro-
cesses respectively for eggs and larvas, and m(a) is the characteristic function of (0, a*)
with 0 < a* < min{L¢, L', L'} < A, which means that our intervention is restricted to
the younger age groups. The term w’ (¢, a,z) is the control process for female moths,
and x/(a, x) is the characteristic function of (0, a*) x w, with w being a nonempty open
subset of (2.

In addition, the functions p* are the k-stage per capita mortality functions with respect
to age and space. The functions 5% denote the k-stage age-specific transition functions.
In particular, §¢ models the physiological change between the egg and larva stage,
which is called the hatching function. The flying function 3 describes the transition

between the larva and the moth stage. The birth function 5 models the transition
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between the moth and the egg stage. For each (¢, a, z) the directional derivatives of u*

exist, and we can see

k ok
Dut (¢, a, ) :}lin(l)u (t—l—h,a—{—h}las) u (75,&,:r)7

with k = e, [, f,m. It is obvious that for u* smooth enough

ouk  ouF
put =28 2
Y ot + da

(4.5)
In order to control the dynamics of the insect population, it is easier to act on static
individuals, eggs and larvas, and manipulate in a certain area for female moths to cut
back on the number of butterflies, and then the Lobesia botrana population. Pesticides
can be easily used on eggs and larvas, and avoid serious environment pollution. From
economic and environmental views, it is feasible to reduce female moth population by

manipulating on egg and larva population, and also on female moths in a small region.

We are interested in the null problem of an age and stage structured system modeling
an insect growth where only adult individuals move spatially in finite time. The control
corresponds to a removal of individuals by using pesticides. The main purpose in this
chapter is to obtain the exact null controllability problem by getting the existence of

the controls w®, w' and w’ such that the solution u/ satisfies
uw' (T,a,2) =0, ae ac(5A), €, (4.6)

where 0 < 0 < ag is a small parameter.

The usual method applied to the null controllability of the parabolic systems on a subset
of the domain is based on the Carleman inequality and an observability inequality for
the backward adjoint systems. But this technique cannot be extended for the LBM
problem, because of the non-locality in (4.2). To overcome the difficulty, the idea here is
to apply the fixed point theorem. First we transform the nonlocal term u®(t, 0, x) to be a
local one b°(t, z). Next we select a family of controls to obtain the null controllability,
by combining some estimations and the Carleman inequality for the local backward
system related to an optimal control problem. Then choosing a control corresponding
to a fixed point of a multi-valued function, we obtain the null controllability of (4.1).
The main result is stated in Theorem 4.1 below, saying that for T > A — a* with

A > a* > 0, the population u/ can be steered to zero in a finite time 7.
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Theorem 4.1 Let [[uolloe = [[uflloc + l[ublloc + l[uglloc + 0§ lloc- If T > A —a”
is arbitrary but fizred, and 0 < § < ag small enough, then there exist controls w* €
L2((0,T) x (0, A) x Q) with k = e,l, f such that the solution v/ of (4.1) satisfies

uw/(T,a,2) =0, ae. (a,z)€ (5 A) xQ. (4.7)

If T < A—a* and ||ug|| o ((a*,a—1)x0) > 0, then there are no controls wh with k =e,l, f
such that v/ satisfies (4.1).

To illustrate this question, we organize the chapter as follows. The hypothesis is stated
in Section 2. Then we study the backward adjoint system associated to (4.1)—(4.4),

and prove the exact null controllability stated as (4.6) in Section 3.

4.2 Preliminaries

We first introduce the following notations.

Let L? = L*((0,A) x ©;R) be the Banach space of equivalence classes of Lebesgue

integrable functions, from (0, A) x €2 to R with the norm

A
||90||%2((0,A)><Q):/Q/ lo(a, z)*dadz,
0

where A = max{L¢, L', L/, L™}.

Let 7" > 0. For all t € [0,T"], we can define the space £ by £ = C([0,T"]; L?) as the
Banach space of continuous functions from [0, 7'], with values in L?, which is equipped
with the norm

leller = sup Jle(, )|z
0<t<T"

Furthermore, the operator A defined below generates uniformly bounded semigroup

e and satisfies

A=A,
le* |2 < Cllutllze, k= fom,
with the Neumann boundary condition
ouk (¢
wzo, red, k=fm. (4.8)
n
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Definition 4.2 For all T' > 0 and all (t,a,z) € (0,T") x (0, L*) x Q, (u®,u!, v/, u™)
is called a solution of (4.1) if it belongs to (LT )* and it satisfies system (4.1), where
k=el, f,m.

Integrating along the characteristic lines (see [32]), we have the solution of (4.1) for

k=e,l

k(a,® 1T, & (a,2)
I k(a tac +f0 IT k(a t+s,x)

u (a—tx)

N m(sta—-tw F(s,s+a—tx)ds, a>t,
Uu (t7a’7’x)_ I ( )
uk(t —a, 0, 2)1x(a, ) +ft T a2

ok (@a—t+s,7)

m(s+a—t)w(s,s+a—t,x)ds, a<t,
\

.
A, f M s(az) (t—s)A 1L, (a:x)
€ u(a t,x Hfa t,z) +f0 I, s (a—t+s,7)

x(s+a—t,x)w(s,s+a—tx)ds, a>t,

e ul (t — a,0,2) s (a,2) + [ e(t_s)A%

ul (t,a,z) = (4.10)

x(s+a—t,x)w(s,s+a—tx)ds, a<t,
\

and

ehum(a — t,x) el g >

um(t,a, ZL') _ IL,m (a—tx)’ = (411>
ety (t — a,0,2)ym(a,x), a<t,
with

Myei(a,z) = e JoWrratsimdr g — ¢
) ) P (412>

My (a,z) = e Jon oy k= fm.

In the present work, we impose the following reasonable assumptions on the demo-

graphic parameters:

(A1) The hatching function 3¢, the flying function 3' and the birth function 3/ are
bounded, nonnegative functions. There exist ag,a; € (0,L*) such that g/ =
0, a.e. a€ (0,a0)U (ay,L").

(A2) The mortality functions u¢(a,z), p'(a, ), p/(a,r) and p™(a,z) are nonnega-
tive, locally bounded with respect to the first variable, and satisfy the following

conditions:
Lk
/ pF(a, z)da = oo
0
with &k = e, [, f,m.
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Chapter 4. Null controllability of the Lobesia botrana model with diffusion

(A3) ug = (u§, ub, ul, u) is nonnegative, a.e. (a,z) € ((0,A) x Q).

Under the above assumptions, the existence and uniqueness of a solution of system

(4.1) are guaranteed. One can refer to [11], [48] for the complete proof.

4.3 Exact null controllability

We shall prove Theorem 4.1. To illustrate the proof step by step, we divide this section

to five parts as follows.

4.3.1 Weight functions and Carleman inequality
First, we introduce weight functions and the general Carleman inequality for the linear
parabolic equations given in [51].

Let @ CC w be a nonempty bounded subset of ), and ¢ € C?(€) satisfy
P(zx) >0, for any x € €,

P(x) =0, for any x € 09,
Vy(z)| >0,  for any v €Q\ .

Set
(@) _ o2l o)

HTo—1)

where ) is an appropriate positive constant and Ty € (0, +00).

at,r) =

Lemma 4.3 (Carleman inequality) Denote Dy, = (0,Ty) x Q. There exist positive
constants C1, s; such that

1
—/ t(Ty — t)e** (Jwy]? + |Aw|?)dzxdt
D,

S

+s5 / (t(Ty — t)) e | Vw|*dvdt + s* / (t(Ty — 1)) *e***|w|*dwdt
DTO

Dr,

IA

Ch [/ e**(Jw; + Aw|?)dzdt + 83/ (t(Ty — 1)) *e***|w|*dxdt], (4.13)
Dr, (0

,To) Xw

for all w € C*(Dy,), ?9_1717} = 0 with (t,x) € (0,Tp) x 02 and s > s;.
Refer to [51] for the detailed proof.
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4.3. Exact null controllability

4.3.2 An auxiliary optimal control problem
Now we choose a number Ty € (0, min{ag,a*,; A —a*, T — A+ a*, A —a,}). Define
K = L®((0,A—a" +Tp) x Q).

Let b € K be arbitrary but fixed. For any € > 0, we consider the following optimal

control problem:

1
Minimize {5/ /(\we(t, a,)|? + |w'(t,a,2)|* + o(t, a, v)|w! (t, a, v)|*)dzdtda
aJa

42 / / ! (£, 0, 2)Pdzdl}, (4.14)
€ Jry Jo
in which
G =(0,Tp) x (0,a")U (0, A —a* + Tp) x (0,Tp),
Lo = (Th, A—a* +Ty) x {To} U{Tp} x (Tp,a”),
and

e~ 20t 3(Ty — 43 if a>t,(ta) € G,
o(t,a,r) =
672sa(a,x)a3(T0 o a)37 Zf a < t, (t, CL) € d.

One can see the figure as follows:

t

T

A—a*+T0

A-a
T, Ly

0 Tyay, a-T, a a A a

It shows an example of domains G and I'g for T > A — a™.
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Chapter 4. Null controllability of the Lobesia botrana model with diffusion

Moreover, w* € L?(G) with k = e,[, f and u/ is the solution of the system as follows

3ueg£a,z) + 8ue((9t[;a,m) — _(l’[’e(a7 l’) + ﬁe(a))ue(t, a,x) + m(a)we(t, a, ZE),
o) owlles) (i (a,x) + B (@) (t, a,7) + m(a)ul(t,a, @),
aufgtt,a,x) + 6ufgf’x) = —pl(a,2)u’ (t,a,2) + Au'(t,a,x) + x(a, v)w'(t, a, ),
8umg;,a,x) + 8uma(1;a,fb) — _Mm(a’ :E)um(t, a, JJ) + Aum(t, a,x),

(4.15)
with (t,a,z) € G x €, which corresponds to the following initial and boundary condi-

tions

6(t 0,z) = b°(t, x), x €,
(t,0,) foﬁe u(t, s, x)ds, x € €,
uf t,0,) fo o3 (s)ul(t, s, z)ds, x €,
t 0 :U fO 1 - 0 ﬁl< ) l(t787w>ds> T € Qa (416)
(O,a,x) = ug(a, ), z € Q,
%@) =0, € 09,
ourhon) _ g, v on,
\ "

with t € (0, A —a*+Typ), a € (0,a*),k =e,l, f,m.

Here we study the system (4.15) first in a smaller domain G, with a local boundary
condition u®(t,0,2) = b°(t, ), and then extend the result to the system (4.1) in the
domain (0,7) x (0, A) with nonlocal boundary condition (4.2) by a fixed point theorem

in the fourth subsection.

Denote the value of the cost function by J.(w) with w = (w® w',w’). Since J.
L*(G x Q) x L*(G x Q) x L*(G x Q) — R is convex, continuous and

JE(w):Oov k::e,l,f,

[kl L2 (@) =00
there is at least one minimum point for J.(w). As a result, an optimal pair (w.,u/)

exists for (4.14).

We denote the Lagrange function by
EZ J5+Il+[2+13+[4,
in which
= [ o a 1% + %12 + (p¢ + B°)u® — mw|dzdtda,
=/ qu + 9l 4 (! + B! — muwt|dwdtda,
= Jo Jod a"f + 2 plud — Auf — xw!)dzdtda,
Iy = fG qu 7 + 85(1 +,u u™ — Au™ )da:dtda

(4.17)
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4.3. Exact null controllability

Here ¢%,q', ¢/, ¢™ are the adjoint variables with respect to u¢,u!,u’,u™. By the con-
dition of Karush-Kuhn-Tucker, the vector S* = (w, ¢) is an optimum of £ if and only
if

VL(S*) =

Note that ¢ = (¢%,¢', ¢/, ¢™), w = (w®, w', w'). After the calculation of the derivative of
the Lagrange function with respect to dual variable ¢ at the optimum 5%, then we get
the evolution problem (4.15). Solving this equation by the method of characteristics, an
explicit solution is obtained. The adjoint problem is obtained by passing the derivative
of the Lagrangian at S* with respect to variables u*, where k equals to e, l, f, m. From
integrations by parts for I;,j = 1,2,3,4 and standard arguments of the Lagrange
function, we deduce the dual (backward) system of (4.15) and (4.16) as follows:

( ¢(t,a,x ¢(t,a,x e e e e
Oa'lber) | Oalbas)  _ (ye(q,x) + 5(a))g (t, a,x) — B°(a)d!(t, 0, ),
l a,r l a,r
odltas) | 0dltas)  _ (1l x) + B'(a))q (t, a, ) — 0B (a)g (1,0, )
- (1 - O-)ﬁl(a’)qm(ta 07 IL‘), (418)
qu(gta Z') + Bq (taa 33) — Mf(a7 x)qf(t’ a’ l\) _ Aqf(t’ a’ x)’
\ oq™ étta:c) + oq™ g;ax) _ um(a,:v)qm(t,a,:lz) . Aqm(t,a,x),

with (¢,a,x) € G x €, as well as the boundary conditions

¢"(t,a,r) =0, (t,a,x) e T\ Ty xQ, k=el, f,m,
¢ (t,a,z) =0, (t,a,z) € Ty x £, k=e,l m,
_wean (4.19)
¢ (ta,x) = , (tya,x) € Ty x Q,
folas) toa,x) €Tox0Q, k=f,m

with I' = {A—a*+To} x (0, T5)U(0,Ty) x a*UTy. The existence and uniqueness of the
dual system are easy to check by the method of characteristics. We denote by u*, ¢*
the solutions of (4.15) with (4.16), (4.18) with (4.19) respectively, for k = e, [, f,m.
One can easily see that ¢ is identically zero. Thus the second equation of (4.18) turns
out to be

ot 20 (4! (a, 2) + 8'(a)q'(t, a, 2) — 0B (a)g’ (¢, 0, z).

Simultaneously, it is known that ¢* satisfies

wf(t,a,x) = m(a)qf(taa,x) = qf(t,a,x), (42())
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Chapter 4. Null controllability of the Lobesia botrana model with diffusion

e (t,a,r) € G x Ok =e,l, and ¢/ satisfies

w!(t,a,0) = Y(@)g! (t,a,2)™ ' (t, a0, ), (4.21)

e (t,a,x) € G x Q and x(x) is the characteristic function of w.

4.3.3 Exact null controllability

Multiply the first equation of (4.18) by u¢, and then integrate on G x

/ / 8q€ G _ (1® + B9)qE + °4L(t,0, z))dzdtda = 0. (4.22)

Using integrations by parts, then substituting (4.15) and (4.16), we can obtain

A—a*+Tpy
//|w§(t,a,x)|2dxdtda = —/ /q:(t,O,m)ug(th,x)d;pdt
GJQ 0 0
_/ /qs<07a7$)u§(0,a,x)dxda
0 Q
A—a*+To
+ / / qL(t,0, 2)ul(t,0, z)dwdt.
0 Q

l

Similarly multiplying the remaining equations of (4.18) by u', u/ respectively and then

integrating on GG, we have

Aa+T0
//|w (t,a,v)|*dvdtda = — / /qatO r)ul(t,0, z)dxdt
A(L+TO
//qEOax Oaxdxda—i—/ /thOx (t,0,z)dxdt,

1
//@(a,t,x)|w£(t,a,:z:)\Qd:cdtda—|——/ /|u£(t,a,:z:)\2d:cdl
GJw € Ty J/Q

Afa*+To
—/ /qg(t,O,x)ug(t,O,x)dxdt
0 Q

- / / ¢/ (0,a,z)u! (0, a, z)dzda. (4.23)
o Ja

Let S be an arbitrary characteristic line of the system (4.18),

S={(v+t,0+1);te€(0,Tp),(v,0) € {0} x (0,a" —Ty) U (0, A —a") x {0}}.
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4.3. Exact null controllability

Denote

Wbt z) =wf(y+t,0+tx),  (tx) e (0,Ty) xQ, k=el,f,

ikt z) = uf(y +t,0 +t,2), (t,x) € (0,Tp) x Q, k=e,l,f,
Pt r) =qf (v + 1,0 +t,2), (t,x) € (0,T0) x Q, k=e,l,f,
m(t) =m0 +1t), t € (0,Tp),

BR(t) = B0 + 1), te(0,Ty), k=e,lf,
it x) = pF(0 + t, z), (t,x) € (0,To) x Q, k=e,l,f,
X(t,z) =x(0+t, ), (t,z) € (0,Tp) X w.

Note that (ag,wS) satisfies

(al)e = —(a°(t, ) + Be(t))as(t, x) + m(t)wi(t, x), t € (0,Tp), =€, (4.24)

(0, z) = (4.25)

g< satisfies

{<q~:>t:<ﬂe<t,x>+ée<t>>q~:<t,x>—Be(ﬂqzmo,x% e 0T T o)

G (Ty, x) =0, x €,

and
we(t, x) = ¢E(t, x), ae. t€(0,Ty), x€ Q. (4.27)

Similarly, 4. and ¢’ satisfy the following equations respectively

(@b, = —(A'(t, o) + B'(0)a (¢, ) + m()al(t, ), te(0,Ty), z€Q,  (4.28)

i (0. 2) = fOA Bé(a)uc(t, a, r)da, 0=0, z€Q, (4.20)
ub (0, ), v=0, €,
{ (@) = (7 (t,2) + F(W)E(t2) — 0B (el (v.0.2).  t€O.Th), v€Q g
G (Ty,z) = 0, x € €,
and
WL (t,x) = G (t, x), a.e. te(0,Tp), = €. (4.31)

Further, @/ and g/ satisfy the following equations respectively
(al)e = —pf (t, 2)al (¢, 2) + Awl (¢, 2) + x(t, 2)0l, t€(0,Ty), z€Q, (4.32)
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Ya)ul(t,a, x)da, =0 zcQ,
al(0,z) = Jo Ba ) (4.33)
u0(97x)7 v =0, x € €
(qg)t:ﬂf@ x)(je(t l‘)—A(jg(t,fE), te (OvTO)a era (4 34)
g (Ty,z) = —ﬂE(TO 2) x € (), '
and
f ~ _f 62sa(t,:r)
w!(t,x) = x(z)q! (t,x)m, ae. te€(0,Ty), x € Q. (4.35)

Multiplying the first equation in (4.26), (4.30) and (4.34) by a¢(t,z), @ (¢, x), al(t, z)
respectively, integrating in (0, 7p) x €2, then using (4.24), (4.25), (4.28), (4.29), (4.32)
and (4.33) we have

To TO

/ /qgta: txda:dt+/ /qst:c L (t, x)dxdt +
To

/ /qgtx (t,x)dxdt + — /]u (Ty, x)|*dx

< /Qqs(O) (0, x)da:—/QuO(Q x)qs(O 0 :U)dx—/ng(Q,x)qg(O,Hm)dx.

By Young’s inequality, we have

I <|w:<t,x>|2+ at(t, o) dodt + [ [(Ty, )P da
Q

To t3 ~
/ / eQS&(m | I (t, x)|Pdadt
—/ |Lj§(0,m)|2dx+ /| 0,z | dr + = /|q6 (0,6 x)| dx

qO@xde+ 6’x dx—l—— u@x 2dz, (4.36
5 O

with § being any posmve number.

Using the constant variation formula for (4.26), we have
~ t e Ze ~
G (1) = R TONSGe(0, ) — [T — (3,0, ). (437
0
Thus
To e TO t/i~e Ae ~
(T a) = SR (0, g) — [T (T, — (0, ).
0

The second equation in (4.26) gives

61‘0 (s,2)+3%(s))ds

. ~e
0.x) = (0,2
qg(’Y ) f[)TO €f0 e (s,x)+54(s) dsﬁe(TO — t)dtq ( )

= C1(To, )G (0, ).
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4.3. Exact null controllability

Substituting the above equality into (4.37), and denoting eJo (A (s:2)+B())ds 1y T, (t,x),

we obtain
¢
GEt,z) = Il(t,2)@(0,z) — C’l(To,:B)df(O,$)/ (7, 2)3°(t — 7)dr
0

= qNS(O,x){er(t,x) — Cl(TO,x)/O er(T, x)@e(t —T1)dr}.

In view of the positivity of 1€, it can be concluded that

To
/|q€O:c|dx<M1T0/ /| (t, )| dxdt,

where M, (Ty) satisfies M;(Tp) < 2.
By the same way, we get

6/0 (s,2)+3(s))ds

f _
¢ (v,0,x) = q8 0,z
o foTO e Jo (@t (s,z)+B(s))ds ﬁl( ) ( )

= 02(T07 ZL’)QS(O, ZL’)

Thus it follows that
gi(ta .’E) = ﬁl<t7 $)(ji(0, l’) - 02(T0> ‘7:)@15(07 .CE) /t ﬁl<7_7 x)Bl<t o T)dT
0
t
= @i(O,x){ﬁl(t, x) — CQ(TO,:E)/ ﬁl(T, x)ﬁl(t —7)dr}
0

with denoting efo (@'(s®)+8's)ds by [T,(¢, ). It turns out that

To
/|‘1ls(07x)|2d$ < Mz(To)/ /|U~Ji(t,x)|2dxdt,
Q 0o Ja
To
[1at0.6.00Par < 2ty [ [ a0 P,
L 0o Ja

Here My (Tp) satisfies Ma(Tp) < 3.

which means

(4.38)

(4.39)

(4.40)

Note that throughout this section we agree to denote several constants independent of

all variables by the same C. Multiplying the equation in (4.34) by ¢/, and integrating

in 2, we obtain

1 [d()’ I
= = [ @l (t,2)(§))dx + |Vq |“dx > 0, a.e. te(0,Tp).
2 ), dt o

Integrating the last inequality we get

To 2504(11&)
/| Ox|dx<0/ /ﬁ|qg(t:p)|dxdt
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Chapter 4. Null controllability of the Lobesia botrana model with diffusion

Using the Carleman inequality (4.13), we obtain
To 2sa(x,t)
/\ (0, z)]2dw < C/ /ﬁ]qg(t x)|*dxdt, (4.41)

2
for €6 < 2 and s > max(sy, Cl|pl|é (g 4rjxq)- One can see [4] for more details. Substi-
tuting (4.38), (4.39), (4.40) and (4.41) into (4.36), we have

To 1

| [ + e aPyda+ 2 [ (il apds+
Q

o 83(Ty — )3

// O o it () P

/|u (0.2) de+_/| (6,2)2ds + 5/Q|a£<e,x>|2dx}

BY; |~e( )HL?(Q + M.

VAN

IN

It is obvious that

To
18 s omee) = / / (¢, @) Pdeds

< Cllag(0, M2z + M
— M, (4.42)

Analogously, we obtain

HwiH%Q((O,To)XQ) < M.

According to the property of relatively weak compactness in LP, there exists a subse-

quence (also denoted by @w*, k = e, 1) such that

F -k k=el, weakly in  L*((0,Ty) x ) as ¢ — 0.
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4.3. Exact null controllability

In addition, we apply (4.9) to get

IN

IN

IN

1202 0.70) )

To To
L] bt o+ [ e+ o) Py
To ul ((9+t x) T (0 +t, ) 9
/{/ |up (6, I, (4, 2) +/OH m(s + 0)w (s, s+ 0, z)ds|*dt

u(s+0,7)

+ [ fub(y,0,2) I, (¢ RLICE) ( al )ds|*dt}d
/ ug (7,0, ) (t, x)—i—/AY mms Yw.(s,s —y,x)ds x

1 4¢ ‘ ¢
cq |5 (v, s, 2)*dsdxdt 4+ 2 ||uoHLoo ((0,4)x )

+f /T// m(s + O)wi(s, s + 0, x)[*dsdwdt
2( /TO// Im(s — y)wl(s,s — v, x)|*dsdxdt}

C{ClHﬁeHLW(O,A)(“beHK + ||uo||Loo((o,A)xQ) + M) + Huf)H%OO(O,A) + M}
M27

where (] is a constant independent of variables, ( is a positive number. We can also

obtain
di. T ) + PRGOSl o)
|| ||L2 (0.T)xQ) = / / + )dxdt
20 2
Mol + B2,
M;. 4.4
< 55 +2 (4.43)

Therefore, there exists a subsequence (also denoted by @' (¢, x)) such that

al(t, x) — u'(t, z), weakly in W2((0,Ty) x Q) as & — 0.

In a similar way, we also show that there is a subsequence (also denoted by uS(t, ))

ul(t,x) — us(t, z), weakly in W2((0,Ty) x Q) as & — 0.

By the Carleman inequality (4.13), for any ¢ we have

IN

IN

I e%a[wu@m|Acz€f|2>+t(TrVq P+ e gy P

t)
To
/ / 250 |q 12dxdt

(4.44)
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Chapter 4. Null controllability of the Lobesia botrana model with diffusion

Consequently, for (t,z) € (0,Ty) x Q

3

2sa S ~f112
le t3(Ty — t)3qe ”WQ’Q((O,To)XQ) < M.
Since
Lo L>((0,Ty) x Q), N=12 z€QcRV,
Wy ((0,Tp) x Q) C (4.45)

LY((0,Tp) x Q), N=3, z€QCRY,

we obtain

53

2sa ~f112
10 (1 1001y = lIXe mqghw((o;ro)xm < M.

According to the property of relatively weak compactness in LP, there exists a subse-

quence (also denoted by @w/) such that
wf — !, weakly in  L'((0,Ty) x Q) as & — 0.
Next, we have

1@ 1132 (0.1 <)

To
= /{/ |ul tt+9:v)|2dt+/ \ul (t 4, t, ) |dt Y da

To t 11 j 9—}—t I
< (t—s)A 0 0 ds
< /{/ |/ 9+s:1:6 X(s+0,2)wl (s, s+ 0, )
11 f(0+t JZ) To
f uz ’ tA|2 f tA
+uj (0, v) ——r—— dt+/ 2,0, 2)I1 ¢(t,
UO( $) Hug(e,l“) € | 0 |U ('7 ZL’) ug( ZL’)G
ty 11 s(t, @
+/ ;(—_Py))e(t_smx(s — vy, )wl(s,s — v, x)ds|*dt}da
To
< C{/ // —|w!(s, s+ 0, r)ds|*dsdzdt + —||u£||Loo(0a* _Ty)x9)
To t+’7 C To To
+i/ // |wg(s,s—%x)|2dsdxdt+—/ // lul (7,0, z)|*dsdzdt}
aJo
To
< C’{/ // —C|w s,s + 0, x)ds|*dsdxdt + —Hu0||Loo(0a* To)x)
To
+i/ // |w! (s, s —v,)2dsdzdt
C Ty To
/ // \/ oB'(a)ul(y,a,x)da|*dsdxdt}
< C{C I8 e (0,0 M2 + ||UoHLoo(o,A) + M},
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4.3. Exact null controllability

where C > 0 is a constant independent of variables.

By Theorem 9.2.2 in [110], we also have

H(ﬂg)tH%?((o,To)xQ) + HAﬂgH%Z((O,TO)XQ) + |’Vﬂg”%2((o,T0)xQ)
< ClE || L2om)xe) + 10L 2 (0.1 x -

Then there exists a subsequence (also denoted by @/(t)) such that

al(t,x) — @l (t, ), weakly in Wy?((0,Ty) x Q) as € — 0.

Then (¢, w°) and (@', ') satisfy (4.24) and (4.28), and (@/,@7) is a solution of (4.32)
with @/ (Tp, ) = 0. One can see [25].

k

We extend w¥ to w* on each characteristic line by 0, k¥ = e, [, f. Then it is known that

w* € L2((0,T) x (0,4) x Q), k = e,l, f. Let u* be the solution of (4.15) and (4.16)
on (0,4 —a*+Tp) x (0,A) x Q with k = e,l, f. Since u/ =0 on Iy x Q and w* = 0
outside G x ) with k = e, [, f, it can be concluded that

uw =0, ae (ta,x)€S={(ta,z); Ty <a<t+a"—Tp, Ty <t<A—a*+Ty,x € Q},

u'(A—a* +Ty,a) =0, ae. (a,7)€ (Tp, A) x Q.

4.3.4 Existence of a fixed point for a multi-valued function

Next, we will prove the exact null controllability using a multi-valued fixed point the-

orem. For any b° € K, we denote by
A
B(H) = {/ B () (t, a, 2)da} C L2((0,A — a* +Tp) x Q)
0
such that u/ satisfies

u' =0, ae (tia,x)€S={(ta,z);Ty<t<A—a"+Ty, Ty < a < t+a*~Ty,z € Q},
(4.46)
with u/ (A — a* + Ty, a,2) =0 a.e. for (a,x) € (Tp, A) x .

We consider the following two cases:
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Chapter 4. Null controllability of the Lobesia botrana model with diffusion

In view of 8/ = 0,a.e. a € (0,a0) U (a1, L'), and Ty € (0, min{ag, a*, A — a*, T — A +

a*, A —ay}), one has

/ B (a)u! (t,a,x)da
t+a*—Tpy

= 6f(a)uf(t, a,z)da + / B (a)u! (t,a,r)da

0 To

—I—/ B (a)u! (t,a,x)da

t+a*—1Tp

a1 t+a*—Tpy
= / B (a)u! (t, a, x)da + / B (a)u! (t, a, x)da.
t

+a*—Ty To
In addition, using condition (4.46), we have

/ B (a)u! (t,a,x)da = /a1 B (a)u! (t, a, x)da.

t+a*—To

We have

t
N I, (a,x)
Tt = (t=s)A Ll +a—1t s +a—t x)d
u (t,a,x) /0 e M (a—1 s,x)X<S a—t,x)w (s,s+a—t,x)ds

) Huf (CL, l’) etA
Huf (a —t, J])

) Huf (CL, 'T) etA7
Huf(a —t, ZL‘)

+ul(a—t,x

= ul(a—t,z

when Ty < t < a and w/ = 0 outside G. Thus fOA B (a)u’(t, a, z)da is independent of
be.

(2)0<t < Ty

Using 3/ =0, a.e. a € (0,a0) U (a1, L') again, we get

f
/ B (a)u! (t,a,x)da -

— " 3 (10, )da + | # @ tom)da
0 To
A

+ ﬁf(a)uf(t, a,r)da
A-T,
A-T,

= / B (a)u! (t, a, z)da.

Ty

Similarly, fOA B7(a)u’ (t,a, x)da does not depend on b¢. Moreover,

AT,
| B (a)u (t, a,x)da| < C||B || oo 0,4 1w || 220 ((0,4) %) (4.47)
To
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4.3. Exact null controllability

a.e. (t,z) in (0, A —a* + Tp) x Q. Finally we show that ® is a contraction, then there

exists a fixed point.

It remains to choose a fixed point for the multi-valued function ®. Since u/(A — a* +
To,a,z) =0, a.e. for (a,z) € (To, A) x Q, it follows that

/ B (a)u? (t,a,x)da
A-Ty
= ﬁf(a)uf(t, a,r)da + / B (a)u? (t,a, r)da

0 To
A

+ B (a)u! (t,a,z)da
A-T,

= 0,
a.e. (t,z) € (A—a*, A—a*+Tp) x Q, thanks to 8/ =0, a.e. a € (0,a0) U (as, L) and
condition (4.46).

Therefore, for any w®, w', w! we can take

(6. 2) 0, (t,x) € (A—a*,;A—a*+Tp) x Q,
7:1: =
f B (a)u’ (t,a,z)da, (t,x) € (0,A—a*) x Q,

as a fixed point of the multi-valued function ®. It turns out that there exists w* €
L2((0, A — a* +Tp) x (0, A) x Q) with wk =0 on (A —a*, A —a* +Tp) x (a*, A) x Q,
k =e,l, f, such that u/ subject to (4.1) satisfies

u'(A—a* +Tya,2) =0, ae. (a,2)€c (Tp A)x Q.

Then we denote 0 = Tj small enough, which is right because of the definition of Tj.

Letting T'= A — a* + Ty, it completes the first argument of Theorem 4.1.

4.3.5 Nonexistence of controls

Now we consider the second condition if T' < A — a*, which implies a* < A. Assume
that [|uo|| Lo ((a*,a—1)x0) > 0, then there exist w* € L*((0,T) x (0, A) x Q), k = e,l, f,
such that the solution u/ (¢, a,z) of (4.1) satisfies (4.7).

Since mw® = 0, mw' = 0 and yw/ = 0 for (t,a,x) € (0,T) x (a*, A) x €, it is concluded
that u/(t, a, ) is independent of w* € U x Q with k = e, [, f, where

U= {(t,a);0<t<a—a"a" <a<A}.

87



Chapter 4. Null controllability of the Lobesia botrana model with diffusion

One can see the following figure, which shows an example of the domain U when
T < A-—a".

O a’ A a

Furthermore, u(t,a,r) = (uf(t,a,z),u'(t,a,x),u! (t,a,z),u™(t,a,x)) satisfies the fol-

lowing system

r Ouegga,x) + aueg;la,x) — _(Me(% x) + /Be(a/))ue(t7 a, :1:),
oul(t,a,x oul(t,a,x
het)  Owlar) — (! (a,x) + F'(a))ul(t, a, 7).

< 8ufg£a,l') + 3ufét(;a,il3) — —Mf(a’ :L')uf(t7 a’ l‘) + Auf(t) a’ I’),
ou (gi,a,:c) + du [gza,x) — _me(a7 $)um(t’ a, x) + Aum(t, a, m)’

| v*(0,0,2) = uf(a,z)  for k=el, f,m,

in which (¢,a,2) € U x Q, with the boundary condition for the domain

8ufétr,]a,x) — O, xr € aQ’
8um(§:;a,w) =0, T € Of).

Because of ||ugl|zoc(a=,a—m) > 0, using the backward uniqueness argument, it leads to
the conclusion ||u/ (T, -)||z=(0,4)x0) > 0, which is a contradiction to (4.7). That
completes the proof of Theorem 4.1.
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Stability of conductivities in an
inverse problem in the
reaction-diffusion system in
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Chapter 5

Introduction

Let Q € RY(N > 1) be a bounded connected open set whose boundary 952 is regular
enough. Let 7" > 0 and w be a small nonempty subset of 2. We will denote (0,77) x €2
by Qr and (0,T) x 02 by Xr.

To state the model of the cardiac electric activity in © (€ € R? being the natural domain
of the heart), we set u; = u;(t,z) and u. = wu.(t,x) to represent the spacial cellular
and location x € (Q of the intracellular and extracellular electric potentials respectively.
Their difference v = u; —u, is the transmembrane potential. The anisotropic properties
of the two media are modeled by intracellular and extracellular conductivity tensors
M;(xz) and M.(z). The surface capacitance of the membrane is represented by the
constant ¢,, > 0. The transmembrane ionic current is represented by a nonlinear

function h(v).

The equations governing the cardiac electric activity are given by the coupled reaction-

diffusion system:

{ CmOpv — div(M;(z)Vu;) + h(v) = fxo, in Qr, (5.1)

cmOv + div(M(x)Vue) + h(v) = gxw, n Qr,

where f and g are stimulation currents applied to 2. We complete this model with

Dirichlet boundary conditions for the intra- and extracellular electric potentials
u; =0, ue =0, on X, (5.2)
and with initial data for the transmembrane potential
v(0,2) = vo(z), x € Q. (5.3)
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Chapter 5. Introduction

It is important to point out that realistic models describing electrical activities include
a system of ODE’s for computing the ionic current as a function of the transmembrane
potential and a series of additional “gating variables”, which aim to model the ionic

transfer across the cell membrane.

If M; = uM, for some constant p € R, we approximate the above model by the family

of parabolic systems

emO® — L div(Me(x)Vo©) = —h(v°) + f*Xu, in Qr,

eowus — div(M(x)Vug) = div(M;(z)Vve), in Qrp, (5.4)
0¥(0,2) = 00(2), ¥E(0,7) = ueo(e), in 9,

v* =0, u =0, on X,

where M = M; + M., ¢ is a fixed small constant. Note that when ¢ — 0, we obtain

the classical monodomain model.

In this work, we consider the following linearized system with semi-initial conditions

emO® — L div(M(2)Vo©) = —alt, x)v° + f*xw, in Qr,

eowus — div(M(x)Vue) = div(M;(z) Vo), in Qr, (5.5)
v (0, x) = vp(z), ui(f,z)=ucp(x), in €, ‘
v* =0, u;c=0, on X,

where a(t, z) is a bounded function in @7, and its derivative with respect to ¢ exists,
also bounded in Q). For some 6 € (0,7"), the semi-initial conditions vg(x), ueo(z) are
sufficiently regular. The unknown conductivity tensors M and M, are assumed to be

sufficiently smooth and shall be kept independent of time t¢.

It should be mentioned that some works have been devoted to the theoretical and
numerical study of the bidomain model (5.1), which is introduced to describe the
cardiac electric activity. The existence of weak solutions of (5.1) is proved in [36] by
the theory of evolution variational inequalities in Hilbert space. Then Bendahmane
and Karlsen [22] proved the existence and uniqueness for a nonlinear version of the
bidomain equations (5.1) by a uniformly parabolic regularization of the system and
the Faedo-Galerkin method. Moreover, Bendahmane and Chaves-Silva [21] studied
exact null controllability to (5.1) for each € > 0 by establishing estimate for its dual
system. To learn more about the cardiac problems, one can refer to the work of
Bendahmane et al. [23, 24]. However, it is noted that there is no result of the stability

study of conductivities for the bidomain model. Here we are concerned the stability
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result of (5.5), which is of two measurements and associated results of the boundary

measurements, would be interesting and novel.

To be the best of our knowledge, the inverse question of determining causes for desired
or observed result is an interesting problem in many areas. It would stimulate mathe-
matical research, such as on uniqueness questions and on developing stable and efficient
numerical methods for solving inverse problem. There have been plenty of literatures
which give fundamental study of inverse problems in various directions. The main con-
tributions to this area are due to A.L. Bukhgeimand and M.V. Klibanov [27, 28, 29],
who generalized the method of global Carleman estimates in the context of inverse
problems. A brief review of inverse problems for partial differential equations about
three fundamental issues, uniqueness, stability, and numerical methods by Carleman
estimates [73]. Yamamoto et al. have done a lot of work on the inverse problem with

respect to the stability result. One can see [64, 65, 74, 94, 106].

In 2004, Isakov describes some general and recent results on Carleman estimates of
possible interest for mathematicians working on control theory or inverse problems for
partial differential equations [68]. The paper by Cristofol et al. [37] obtains the stability
results for reaction-diffusion system of two equations with constant coefficients using
a Carleman estimate. Then Sakthivel et al. [98] established the stability results for
Lotka-Volterra competition-diffusion system of three equations with variable diffusion

coefficients. Inspired by that, we shall discuss the stability of inverse problem for (5.5).
Let (9%, aZ) be the other solutions of the system (5.5) with new conductivity tensors
(M., M) given and new semi-initial data (75, g p). Then setting A; = v° — 0%, Ay =
u; —us, g1 = M, — Me and go = M — M, we obtain

cnO Ay — g div(Me(z) VA (¢, 2)) = —a(t, 2) A (t,2) + F(g1, VT°), in Q,
e0y Ay — div(M (z)V Ag) = div(M, ( YVAL) + G(g2, Vi), in Q,
Ai(0,x) = A1 9(x), AQ( x) = Agg(z), in Q,
Ai(t,x) =0, As(t,z) = on %,
(5.6)
where
F = div(g1(x) V)
and

G = div(g2(x)VT).
Throughout the paper, we make some assumptions:
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Chapter 5. Introduction

Assumption 5.1 Suppose M.(z), M;(x) and M(x) are C*, bounded, symmetric,
semi-definite, and elliptic matriz (there exists > 0 such that Eg”jMiyjfiﬁj > Bl
for all £ € R3). All their derivatives up to third order are respectively bounded by the

positive constants vi, Y2, Vs3-

Assumption 5.2 Assume the bounded measurements 0;A; and 0;As in (0,T) X w are
given. Also A;(0,z), VA;(0,x), AA;(0,x) and V(AA;(0,z)) for some fixed 6 € (0,T),

where i = 1,2 in  are given.

Now the question of interest is whether we can determine the conductivity tensors M,

and M by the two measurements.

In details, let (v°, u$) and (0, @) be the solutions of the system (5.5) with two different
conductivities. There exists a constant C' with C(Q,w, T, y1,7v2,7y3) > 0, such that the

following estimate holds:

/(|Me VL] 4 |M = NI + [V(M, — VL)? + [V(M — 31)|?)dz
Q
2
< 0(/ (|8tA1|2+|6tA2|2)dtdm+/ AT+ (VAP + |AAY? + |V (AAY) ) dx)
Qu Q 7j=1
+Cf(|Me — M.J>+ |M — M)? +|V(M, — M.)|* +|V(M — M)|*)dz. (5.7)

The stability result can be stated as two different cardiac electric activities, while the
extracellular conductivity tensor M, changes in the first equation, also the sum of in-
tracellular conductivity tensor and extracellular conductivity tensor M changes. To be
more precise, when the extracellular electric potential and the transmembrane poten-
tial vary small enough in two situations, even on a small domain w during the period
of time (0,7, and in the whole space €2 at time 6, correspondingly, the extracellular
conductivity tensor M, is close to M,, and also M is close to M, except on a small

subdomain wy belong to w. This will be based on the manuscript [62].
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Chapter 6

A Carleman type estimate

In this section, we prove the Carleman estimate based on the standard technique for
general parabolic equations. In order to frame a Carleman type estimate, we shall first
introduce a particular type of weight functions and in fact, the choice of the function

1 is the key for the derivation of Carleman estimate.

6.1 Weight functions

First, we introduce weight functions for the parabolic equations given in [51].

Let @ CC w be a nonempty bounded set of Q, and 1 € C%*(Q) satisfies
W(x) >0,  for any x €,

P(z) =0, for any x € 09,
|Vy(z)] >0,  for any x € Q\aQ.

Then we introduce another two weight functions:

(@)
z) _ 22 Ylle@
alt,z) = e 623:) = (6.2)

where A > 1, ¢ € (0,7) and ((t) = t(T'—t). Note that the weight function « is positive,

and blows up to oo ast = 0 or t = 7. As a result, e72** and ¢e~2*“ are smooth. Even
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Chapter 6. A Carleman type estimate

they vanish when ¢t = 0 or ¢t = T'. It can be seen that ¢(¢,z) > C' > 0 for all (¢,z) € Q,
and e “*¢™ < (' < oo for all e > 0 and m € R.

Before proving the main estimate, we give the following estimates for the two weight
functions « and ¢. Note that throughout the paper we will denote C' as a genetic

positive constant. After some computations, we can obtain such estimates as follows:

0] = B 0? < OT ¢,
| = |2t6_2T| (eP¥lle@ — My < OT¢?, (6.3)

2« 2 _
|| = w(ewwum) — M) < CT¢.

Furthermore, we also have

Vo = AV,
Va = —\pV, (6.4)
ot < (L)%

Refer to [51] for the details.

6.2 Main proof of a Carleman type estimate

Let us set @, = (0,7) x w. For each positive integer m, we denote the Sobolev space
of functions in LP(§2) whose weak derivatives of order less than or equal to m are also
in LP(€2) with the norm denoted || - ||r(q), by W™P(Q) with p > 1 or p = co. When
p = 2, we denote W™P by H™(Q). Moreover, let L*(0,T; H*(€2)) be the space of all
equivalent classes of square integrable functions from (0,7") to H'(€2). For the space

L2(0,T; L>(R)), we define it in the same way.

Let A; be the solution of the first equation of (5.6) with help of using Assumption 5.1.
We apply the Carleman estimate (see Theorem 6.1 in [21].) derived for the parabolic
equations to the first equation in (5.6). For A > \g > 1, s < so(T + T? + T*), there
exists a constant C' depending on €2, w, ) and (3 so that

I(A) < C(/ e | F | dtdx + 83)\4/ P3e 2 A dtdx), (6.5)
Q Quy

where w CC w; CC w, and
I(4A) = /(s)\gb)leQSa(\atAﬂ + |AA1]2)dtdx+/ sA2pe Y|V A, |Pdtdx
Q Q
+s3\ / e~ 23| Ay Pdtde. (6.6)
Q
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6.2. Main proof of a Carleman type estimate

Similarly, we obtain for A > \g > 1, s > so(T + T% + T*), there exists a constant C
depending on €2, w, v and [ satisfying

I(Ay) < C(/ e28“(|G\2]V(MiVA1)\2)dtd:U—1—53)\4/ PPe ¥ A |*dtdx)
Q Quy

< O / e~ G dtdr + s*\* / e 2| Ay Pdtdx + / e 2 M;AA, | dtdx)
Q Q Q

w1

—i—C/era\VMiVAl]thdx, (6.7)
Q
with
I(Ay) = /(s)\qb)_le_Qsa(\@tAﬂ—|—|AA2|2)dtdx+/ sA2pe Y|V Ay |2dtdx
Q Q
+s3)\4/ e~ 23| Ay P dtda. (6.8)
Q

Now coupling the above inequalities (6.5) and (6.7), we have

I(A) +Z(Ay) < C(/ e‘25a(|F|2\+|G|2)dtdx+s3>\4/ PPe | Ay Pdtdx
Q

w1

+5° 2\ / e Ay dtda + C / e 2 M;AA, Pdtdz
Quy Q

+C / e 2|\ V MV A, |*dtdx
Q

for sufficiently large s > so(T +T% + T 4) and A > \g. From the definition of Z;, also
M; and V M; being bounded, we obtain

T(A) + T(4s) < O / (| F? + |G2)dtdz + 5*X° / G250 A, [2dtdz
Q Quy

e / e 20| A, Pdtdr). (6.9)
Quy
Then it can be summarized as our desired Carleman estimate as follows.

Theorem 6.1 Let ¢(x), ¢(t,x) and a(t, z) be defined as in the above subsection, a(t, x)
1s a bounded function. Moreover, Assumption 5.1 holds. Then there exist Ao and sg
such that for all A > g > 1 and sufficiently large enough s > sq, the following inequality

1S true.

T(A) +T(4) < O / e~ (|F12 + |G)dtds + s>\ / $3e~22) A, |Pdtd
Q w

+s3\ / PPe” 2| Ay P dtdx),
Qu

where C > 0 is a constant depending on QT w,s.
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Chapter 7
Stability of the conductivities

In this section, we study the stability of the conductivity tensors M, and M. Then
an inequality is established which estimates g1, g», Vg1, Vgo with an upper bound
given by some Sobolev norms of the derivative of A; and Ay over (), certain spatial
derivative of A;(6,-), j = 1,2, where § € (0,7") makes %
and the Sobolev norm of ¢1, g2, Vg1, Vgo in a small space w.

attain its minimum value

First, we make such transformations By = 0;A;, By = 0, A, that the system (5.6) can

be written as follows:

( ¢,0,B) — g div(M(z)VBi(t,z)) = —0a(t, ) A (t, 2) — a(t, z) By
+ F,<g17 V66)7 in QT;
£0yBy — div(M (x)V By) = div(M;(x)V By) + G'(ge, Vul), in Qr,
enBa(0,2) = HY(x), Ba(0,2) = H(x), in 9,
\ By(t,z) =0, Bs(t,x) =0, on Xr,
(7.1)
where
F' = div(g:(2)V(9,7%)), G = div(ge(2)V(94))
and

cmB1(0, 1) = ﬁdw(Me(x)VAl(H, 7)) — a(f,2)A1(0,2) + F|i—g = H?, n Qr,
eBy(0, 2) = div(M(x)V Ay(0, ) + div(M;(x)V A1 (0, 2)) + Glimg = HY, in Qr,
Ai(t,x) = A1(0,2) + fot By (s, x)ds, in Q.
(7.2)

Indeed, to prove the main result here we need to impose some regularity properties as

follows.
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Chapter 7. Stability of the conductivities

Assumption 7.1 Suppose v and u, are C° real valued functions. Then all their
derivatives up to order three are bounded and also they satisfy |V - Vug| > § > 0,
(Vip - Vug 4| >0 >0, on Q\ @, where © CC w CC .

Assumption 7.2 Suppose |A°|, |V(AD9)|, |V(0:0°)| and |A(00°)| are bounded by a

positive constant. For u, we also have the assumption of the same form.

Before start proving our main conclusion, we need to give some lemmas first which will

be useful in the following part. We define the following operators Py and Qy:

Poh =VUy-Vh, Qo(e**h) = eV yh.

Lemma 7.3 Consider the first order partial differential operator Poh = YUy - Vh,
where Uy satisfies Assumption 7.1. Then there exists a constant C > 0, such that for

sufficiently large enough \ and s, the following result holds:
1
s\ / ¢l |h|?dx < C( / Ee_25a0|P0h|2dx+32)\2 / ¢le=2" |h|?da),
Q Q @

with 6 € (0,T) and h € HY(Q). Here, we define s(0,z) = <%, where ¢ represents o and
¢ respectively.

Proof. Let B; = efso‘gh, we have
QoB1 = ¢ ** Py(e**' By) = ByBy + sB1 Py, (7.3)

h € Hg(f2). Then we take the square of both sides in (7.3), multiply # and integrate
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by parts with respect to space variable for both sides of (7.3) as follows:
1
/—O(QoBl)le' = / H(POBI) d[L’—f-/ 232 0<P0a9)2d1'
Q¢ Q¢ o
1
+/ 2S¢ Bl<PoBl)(PoOé )dl‘
1
— / —(PyBy) dx+/ 232—9)\2(¢9)2(VU9 V) dx
Q¢ ¢
. i 0 . (N 0
2/\s¢9B1(VU VB) (VU - ¢*Vy?)dx
Q
1
= / —(PyBy)’dx + / 2B\ (VU - V)2 da
Q (b Q
— / 2AsB1(VU? - VB, (VU? - V) dx
Q
= / —(PyBy)’dx + / s*BiIN¢" (VU - Vi) dx
Q (b Q
— / \sPy?VUV (B})dx
= / —(PyBy)*dx + / 2B\ (VU? - V)2 da
Q ¢ Q
- / sV (P’ VU Bida
Q
> / SN2 B2\ VU - Vol Pdr + / sAV (Pyy?VU?)| By |*dx
Q Q
> 52A262(/ |Bl|2¢9dx—/|Bl|2¢9da;)+/sAV(P0¢OVU9)|Bl|2da:,
Q @ Q
where we use Assumption 7.1 in the last step. Thus we obtain
1
32)\252(/ |Bl|2¢9dx—/|Bl|2¢9dx) g/E|Q031|2d:p+/3A|V(P0¢9VU9)||Bl|2dx.
Q @ Q Q
From Assumption 7.2 and (6.4), we have
82/\252/6_25a9¢0|h|2d1‘ S /82/\2526_28a9¢6|h|2d1’+01T2/S>\6_28a0¢9|h|2dl’
Q @ Q
+/ ~20”| p h\Q—dx (7.4)
Q

Taking A > 1 and s > chT , we conclude the proof. OJ

With the help of the Lemma 7.3, we are proving the following proposition.

Proposition 7.4 Let (A, As) be the solution of (5.6), and (B1, By) be the solution of
(7.1). Suppose all the conditions of Theorem 6.1 and Assumption 7.1 hold. Then there
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Chapter 7. Stability of the conductivities

exists a constant C' = C(y1,72,0) > 0 such that for sufficiently large enough s and X

the following estimate is true.

2N / e (|12 + gl + [Var 2 + [Vgal)de
Q
9
0
< O B+ Csx / 2 |0y + o + Vo + [VauP)de,  (7.5)
j=1 w

for any g1, g2 € HF(Q), where the functions E;, are given as follows:

1 1
E, = / _96_28a0|Bf|2dl’, Ey = / _96_28a6|329|2dx7
Q¢ Q¢

1 1
Egz/—96_25“9|VBf|2dx, E4:/—96_28°‘6|VBg|2dx,
Q¢ Q¢

1
By = [ e (AL + (VAT + | AA)da,
Q

1
Egz/Ee_%ae(]VAg\?—l—]AA§]2)da:,
Q

2
1 —2sal
B = /Z TIAL + D (VAR + [AAR + [V(AA))
j=1

+‘V(91A®§)‘2 + ’V<92Aﬁ;9)‘)d1}
1 —2sa? ~e|2 1 —2sa? ~ 2
Eg= [ e |1 ATy |*dz, Eg= [ —e |go ATE 4| d.
Q¢ Q¢ ’
Proof. Due to the value of the solutions satisfying the first equation in (7.1) at t = 6,
and F = div(g1(z)V0°), from (7.2) we obtain

Pygi = V5 - Vg = cnB? +a(,2)A? — i 1dz’v(M€VA§) — I ATS.
ol

Note that we replace h by ¢; when choosing Uy as v;. Therefore, inspired of Lemma

7.3, we get

1
52)\2/q§9625°‘0|g1]2da: < C(/ Ee250‘9]P0g1|2d1:+32)\2/¢962sa9|g1|2d:c)
Q Q @

| P 012 912 [N 2 02

< 0 [ et B+ AL + (CEDVMLPI A
FIMPIAAYR) + g1 AT ) da + C2N / Pe > g, Pda
< COn)(Br + Fs + Fy) + Cs2\2 / e’ g 2z, (7.6)

w
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Similarly, from the value of the solutions satisfying the second equation in (7.1) at
t =0, and G = div(go(x)VUE), we obtain

Pogs = Vg g - Vo = By — div(MV A div(M;V AT) — g2 AT .
It leads to
s2)\2 /Q ¢9672sa9 |g2|2d1:
C([ e |l -+ 83 [ ot o)
C [ 5o (B + IV MPIVASE + |MPIA A

IN

IA

VM|V AYP + [Mi*| AALP + 92805 ) d

+C's2\2 / (b@e*%ae |go |2dx

IA

C(v2,73)(Ey + Es + Eg + Ey) + Cs*\? / ¢fe 250 |g2|2da.

On the other hand, from the expression of Fyg;, we can see that easily,

RVgr = Vg -V(Vg) = V(Vig-Vgi) — Vg Adg

= VB! +Vd’A? + 'V A — ﬁA(MeVA‘f) — V(AT — Vg AT

Similarly, we also have

PyVgy = Vﬁz,o -V(Vga) = V(Vﬁz,o -Vg2) — V92A’L~Li,9
= eVB) — A(MVA)) — AMVA]) — V(g2 AT g) — Vgo AT .

Using the similar method to preceding estimates and Lemma 7.3, it follows that
82)\2 / ¢96—25a0 |V91 |2dl’ + 82/\2 / ¢66—250¢9 |Vg2|2d:t
Q Q
< C(vi,72:73) (B3 + By + Eq) + Cs*)\? / qﬁee*QS“e(]Vgl\Q +|Vg|*)dz. (7.8)

Combing the above three estimates (7.6), (7.7) and (7.8), the proof is complete. O

In order to prove the main conclusion, we need to get further estimations for Ej,
j =1,2,3,4. The Carleman estimate in the previous section plays an important role

in obtaining these estimations.
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Chapter 7. Stability of the conductivities

Lemma 7.5 Assume all the conditions in Theorem 6.1 are satisfied. Then there exists
a constant C depending only on C, such that for any X > Xy and s > 51(2,7T), the
following inequality holds:

El +E2 S Og(.glngaBbBQ)v (79)
where (g1, go, B1, Bo) is defined as follows

S(gl,gz,Bl,Bg):/6_250‘(\F’]2+|G’|2)dtdx+s3)\4/ P2 (| B1)? + | By|?)dtd.
Q Qu

(7.10)
Proof. Note that a(0,z) = +00. As a result of (6.3) and (6.4), we have
1 s
[ e Bt + B s
Q
79 —1,—2saf 2 2
= [ g ([ o7 e (Bt 2)I" + [ Ba(t, o)) dz)dt
0 Q
= | ¢67(=28)0e " (|BI? + |Be)dtda — | ¢720,0e72 (| Bi? + | Bof*)dtd
Qo Qo
+2 [ ¢ e (2B18, By + 2B, By)dtdx
Qo

IN

C(sT 4 sAT® + T7) / G20 (|By(t, 2)[2 + | Balt, z)[2)dtda
Q

HoN T [ 6 (OB + Baf i
Q
< C(Z(B) +I(By)),
where Qg = (0,0) x Q, Z(Bj)|;j=12 is defined in (6.6) and (6.8), for any s > C(T5 +

Ts + T%) and A > 1. Then using the estimate given in 6.1 to the system (7.1), we

obtain

I(B) +I(By) < é(/ e2”(\F’|2!+|G’|2)dtd:c+s3>\4/ ¢Pe Y By |Pdtdx
Q Qu

+8° X\ [ @Pe 2| By|Pdtdx + /
Qu Q
+4,(0, 2))|*dtdz)

é(/ e2”(\F’|2!+|G’|2)dtd:c+s3>\4/ e By |*dtda
Q

t
e *%|0,a(t, x) (/ By (s,x)ds
0

IN

w

+53\Y [ ¢3e 2| By|Adtdx + O\ T / | By [dtdz).
Qu Q
(7.11)
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Due to this term C1T [, | Bi[*dtdz can be absorbed by Z(B1), we have
I(B1) + I(B,) < Ci€(g1, g2, B, Ba),
for any s > sy and A > Ag. Thus for s > s; = maa{sy, C(T2 + T + T*)}, The proof

is complete. 0

Lemma 7.6 Let Assumption 7.1 be satisfied. Then there exists \; = max{o, C'(71,V2,73) }
and sy = max{sy, C(vy1,72, V) (T +T* +T"} for all A > X\, s > sy, the following in-
equality holds:

By + E; < Cs\*E(g1, g2, B, By),

which is defined in (7.10).
Proof. We define
W(Bl) = e*QSagb*lV(MeVBl).

Multiplying the first equation in (7.1) by it, integrate over Qy to get

/ CmOyB1m(By) = / 7(By)( a div(M,V By) — 8yaA; — aBy + F'(g1, V°))dtdx.
Qo Qo p+1
(7.12)

We divide the equality into left side and right side integral to estimate separately.
Firstly, we integrate the left side integral by parts, and get

— / CmatBlﬂ'(Bl)dtdl'

0

= —/ cmﬁtBle_2so‘¢_1V(M5VBl)dtdx
Qo

1

— / cm6t31V(e_25°‘gb—1)MeVBldtdx+5 / cmOi(|VB1|?)e ¢~ M, dtdx
Qo Qo

= "+ (7.13)

Note that |V (¢~ te™29)| < sAe™ 2 for s > C'T?. Thus we have
T < SACOMe|[Zoiysh [ oe 2| VB [Pdtde + (sA) ™ | ¢~ e ??|0,By|*dtdx)

Qo Qo
< S\I(By) (7.14)

for any s > C'(v)T?. Integrating by parts with respect to time in J5, we have

1
To = 5/ emOi(|V By |*)e *%¢ ™ M dtdx
Qo

1
- / Cm|VB1|?0,(e ¢~ ) M, dtdx
2 Qe
1
+3 / (cm|VB1[Pe %™ M,) |,—g du. (7.15)
Q
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Here,

0i(e™ 07| = [ gy + e T (—25)
= e (¢ gy — 250)|

ezt T 4 207

< CsNge >,

IN

for A > 1 and s > CT?. Therefore,

1
Bz / (Cme 3¢ " M|V By |?) |i=p dz — C's\? / Cmbe 2 M,|V B, |*dtdz.
Q

Qo

Now coming to the right side integrals of (7.12), we have

/ 7(B1)( i -div(M,VBy) — 0,0/ — aBy + F)dtda
I
6

= /W(Bl)F/dtd:U—l—/ W(Bl) H div(MEVBl)dtdx
Qo Qo p+1

- / (Bl /0 " By(s. 2)ds + Ay (0.2))dtdz — / (B )aB,dtdz

6

4
j=1

(7.16)

(7.17)

Then we estimate the above integrals one by one. Applying the Cauchy inequality, we

get the following estimates for KC;— o.

Ky = /6_25a¢_1V(MeVBl)F,dtd:L‘
Qo

= / e G 2 F (e 2 VM.V By + e **¢ ™2 M AB, )dtdx
Qe

IA

CT e **|F'|*dtdx + / e % M, |*| AB, |*dtdx
Qe Qe

+ / CT*pe 2|V M, 2|V By 2dtda
)

< sAH(Z(B)) + / e 2| F' 2 dtdx),
Qo

106

(7.18)



and

- i -div(M.V By)dtdz

_ / 6*250‘¢*1L1V(M6V31)|2dtdm
Qo ptl

Ky = / e B 'V (M, V B)
Qe

_ / e gL [TM By + MAB dd
< / -2%- L QIVMPIVB + 2| M AB:P)dtda
Qo
< C / 6_25“¢‘1|Me|2|ABl|2dtdx+C’T4 / 20 8|V M, |2V By [2dtdir
Qo Qo
< sNI(B), (7.19)

where A > 1 and s > C(y,)T*. Next, we estimate the integral K3, and obtain

t
Ky = —/ e_QSagb_lV(MeVBl)@ta(t,x)(/ By (s,x)ds + A1(0, z))dtdx
Qo 0
t
< C / e ¢ M,AB) + VM,V B, *dtdz + CT® / e g’ / | By (s, )|*dsdtdx
Qo Qo 0
< O [ e *%¢ ! M|AB, *dtdz + CT* / e 0|V M, ||V By |*dtdx
Qo Qo
t
—|—C’T8/ 6_2sagb3/ | By (s, )|*dsdtdx
Qo 0
< sNI(By). (7.20)
Similarly, we have
Ky = —/ e ¢ ta(t, 1) ByV(M,V By + M,AB)dtdr < s\*I(B;). (7.21)
Qo

Using the assumptions on the conductivity M, and substituting the inequalities (7.18)-
(7.21) into (7.12), we get,

4
~Ji - < Z < s\A(Z(By) + / e~ | F'|dtdx),
j=1 Qo

which means

4
—5 <Y K+ T < N T(By) + /Q e F' 2dtde) + sAI(By).
=1 0
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Substituting (7.16) to the above inequality, we have

4
| / (cme 20 MIVBIP) lizp de| < |+ DK,
Q j=1

< SAZ(By) + / e~ 2| F'Adtdx) + sAI(B,),
Qe

which leads to

| / e 29 (%) VB! 2de| < sAX(Z(By) + / e~ M| F'| dtdz). (7.22)
Q

0

Next we multiply the second equation of (7.1) by £(Bsy) = e 2**¢"'V(MVB,), and

integrate over 0y to get

/ =20 =1V (MY By)e8, Bodtda
Qo

= | &B)V(MVBy)dtdr + | &€(B)V(MVB)dtdz + | &(By)G'dtdx
Qo Qo Qo

= / e 3%V (MV By) dtdx + / e 3 IV (MV By)V(M;V By )dtdx
Qe Qe

+/ 6725a¢*1V(MVBg)G’dtdx.
Qo
We estimate

/ e ¢ V(MY By)V(M;V By )dtdx
Qo

_ / e 2041 (V MV By + MAB,)V(M;V By)dtdx

0

IN

1 1
5/ €_2SO‘¢_1]VMVBQ + MABQIthd:E + 5 / 6_250‘¢_1‘VMZ-V31 + MiABﬂthdac
Qo Qo

crt / e 3%~ VM 2|V By|*dtdx + C / e 2% | M?|ABsy |*dtdx
Qo Q

[4

IN

+CT* / e~ 3%~V M;|*|V By |*dtdr + C / e M, 2| AB, |*dtdw
Qe Q

0

SANL(By) + sA*Z(By). (7.23)

IN

Continuing the similar computation as the preceding estimates and using Assumption
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5.1, we obtain

—2sa? —
| / 2" () |V BY|dal

< 3A2(I(Bl)+I(Bg)+/ e (|F')? + |G'|*)dtdz)
Qo

< CSAQ(/ 6‘250‘(|F’|2+|G’|2)dtdx+s3)\4/ e (|Bi|? + | Bo|)dtdir),
Qo w

(7.24)

for any s > C(y1, 72, v3)(T + T? + T*) and A\ > C(71,72,73). Thus combining the
estimates (7.22) and (7.24), we obtain the conclusion. O

Now we shall give the main result of the stability estimate of the conductivities in (5.5)

based on the preceding lemmas and proposition.

Theorem 7.7 Let (A1, As) be the solution of (5.6). Suppose all the assumptions of
Theorem 6.1 hold and g1, g, € HZ(Q). In addition, suppose Assumption 7.1 and 7.2
are also satisfied. Then there exists a constant C with C(Q,w,T,~v1,72,7v3) > 0, such
that for sufficiently large A > Ao > 1 and s > s4, the following estimate holds:

J ol + 19aP + 1901 + |V gaP)d
Q
2
< C(/ (|0, AL* + latA2|2)dtdx+/ | A% +Z(|VA§P + [AAYP + [V(AAD) ) dx)
Qu Q o

c / (g1 + gal? + Va2 + |V ) (7.25)

Proof. Substituting the results in Lemma 7.5 and Lemma 7.6 into the inequality in
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Proposition 7.4, one obtains

— SCMG
$22 / 002 (| + gal® + [V + [Vigal?)da
Q

9
S CS)\28(91, ga, Bl, BQ) —+ CZ EJ(Q)
j=5
< csv/ e (|F')? + |G')P)dtdx + 054)\6/ ¢*e (| By |* + | By|*)dtdx
Q Qu
1 1
+C/ —e 2 (VAL + |AA§|2+|A§|2)dx+C/ —e 2 (|V A + | AAY?)d
Q@ Q@
1 o ~E ~c
+C [ e (n AT + 1928 )+ C [ (0 + loo + [VouF + Vo)
Q w
2
1
+C/ Ee—%a"(mﬂ? + ) ([AAJR + VAP + [V(AAD]) + V(91 A5)
Q =1
+V(g2Adg p)[*)dz
<

Cs)2 / (|2 4+ |G dida + Cs*A® / 52 (|By|? + | B )dtda

Q Qu

1 2

0
+c/ ﬁe—%a (AT + > (1AAYP + |VAIP + [V(AAY)))dx
Q o=

+C [ (o +1af + Vi + Vel
for large enough s > s3 = max{CT? sy} and A > \;. Now for convenience, we set
Ry(t,z) = Vi°(t,z) and Ry(t,z) = Vui(t, ). Then from the regularity of the solutions

(0°(t, x), us(t, x)), we deduce that there exist I; € L*(0,T), j = 1,2,3, 4,

0:R;(t, )| < LRI,  j=1,2

10,V Ry (t,z)| < l3(t)|VRY,

[0:V Ra(t, )] < I5(t) |V Ry,

for any (t,z) € @, and the functions I; € L*(0,7), implying f0T|lj|2dt < N < o0,
j=1,2,3,4. Then we show

F'=0,(V(1 V%)) = Vg10: Ry + g10;V Ry,

G, = &(V(ggVﬁi)) = VggﬁtRQ + 92815VR2.
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Then in spite of e~252(t2) < =250 for g1 (¢, 2) € Q, we obtain
2 [ e (g ol + 1Vl + (Tl
Q

< 034)\6/ ¢3e_25a(\B1|2—|—]Bg\Q)dtdx—i—C’[(\gl\z—i—|gz|2—l—|Vgl|2—|-]Vgg|2)dx,

w

2
1 —2s«
+O/QW 2 9(|A§|2+Z;(|AA§|2+IVA§|2+IV(AA?)D)dCC,
]:

for sufficiently large s > s4 = max{CT?N, s3}. From the properties of a and ¢, there
exist ep and e; such that

: L sa
mfmeg(ﬁe 2 6) > ep > 0,

—23&9)

supzea( < e < 00.

;&;6

Furthermore, e=““¢™ < C' < oo for all € > 0 and m € R in ),,. Thus we obtain
— SOCG
N [ S (g 4 g + (Fouf + Vaaf)ds
Q

< 054)\6/ (|B1|* + | Bo|?)dtdz + C[(]gl|2 +1g2* + Va1 |* + |V go|?)dz,

Qu

2
c / (A2 + S(AAR + [V A2 + [V (AAY)))da,
Q

i=1

Then we fix the parameters s, A as s = s4, A = A\;. One complete the proof. 0
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Chapter 8
Conclusions

In the first part of this work, we have investigated a multistage, structured population

model describing one of the most important grapevine insect pests.

Firstly, we consider a multistage, physiologically age structured dynamics system, with
adult moths diffusing around the vineyard. Growth function of the population at
each stage is modeled considering the climatic variations and the grape variety, which
depends on the physiological age, and allows us to model great variability of growth
within a cohort. Based on the contraction fixed point principle, we obtain the existence
and uniqueness of solutions for the model equations. Then we also prove the existence
of a global attractor for the trajectories of the dynamical system defined by the solutions
of the model. Finally, the theory of compact operators and the Krasnoselskii’s fixed

point theorem are used to prove the existence of steady states.

Next, we continue to think about the control problem of this Lobesia botrana model.
First of all, we investigate the exact null controllability of an age-dependent life cycle
dynamics with nonlocal transition processes arising as boundary conditions. We assume
that the four stages of this system: egg, larva, female moth and male moth are all in
static station. We obtain the null controllability for the pest by acting on eggs in a small
age interval. To get this result, we use the method, which is based on the derivation of
estimations for the adjoint variables related to an optimal control problem. Then we
apply a fixed point theorem to draw the conclusion that the population of egg except
the small enough age groups to zero at a certain moment in the future, using an age-

and time-dependent control of eggs.

Inspired by the above result, then we consider the control problem for the Lobesia bo-

trana population dynamics system, while the adult moths can be diffusive. Therefore,
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we describe a control by a removal of egg and larva population, and also on female
moths in a small region. We combine some estimations and the Carleman inequality
for the local backward system related to an optimal control problem. Then choosing
a control corresponding to a fixed point of a multi-valued function. Finally, we obtain
the null controllability for female moths in a nonempty open sub-domain at a given

time T" except a small enough age interval.

In the second part, we are concerned with the stability result for the conductivities,
as diffusion coefficients of a parabolic system modeling electrical activity in the heart.
To study the problem, we first establish a Carleman estimate for the reaction-diffusion
system. Then the proof is based on the combination of a Carleman estimate and
certain weight energy estimates for parabolic system. The stability result can be stated
as two different cardiac electric activities, while the extracellular conductivity tensor
M, changes in the first equation, also the sum of intracellular conductivity tensor and
extracellular conductivity tensor M changes. To be more precise, when the extracellular
electric potential and the transmembrane potential vary small enough in two situations,
even on a small domain w during the period of time (0,7), and in the whole space )
at time 6, correspondingly, the extracellular conductivity tensor M, is close to M., and

also M is close to M, except in a small subdomain wo belong to w.
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Chapter 9
Future works

In our dissertation, we have studied on a nonlocal structured system, which is developed
by the most serious European grapevine moth, and made analysis and control on this
dynamics system. It is very interested to investigate qualitative properties, such as
existence and uniqueness of solutions, asymptotic behavior, traveling waves solutions,
bifurcation theory, and so on for the non-local structured systems for the following

cases:
-Stage insect growth with velocity depending on the the physiological age;
-Stage cell growth with application to cancer;

-Disease age epidemiological problems.

To understand the spatial spread of the insect population with age structure, it is very
important to study the traveling wave solutions of the resulted nonlocal structured
reaction-diffusion system. In fact, the theory of traveling wave solutions of reaction-
diffusion equations has been successfully applied to biological invasion (Volpert and
Petrovskii 2009, Shigesada and Kawasaki 1997). We connect the condition for species
survival to that for propagation of traveling wave solutions. Therefore, it will be an
meaningful subject to study the existence and nonexistence of nonlocal traveling wave

solutions and its threshold conditions.

In the future work, we will also prove the existence and nonexistence of traveling waves,
for the non-local structured systems modeling the age-dependent life cycle-dynamics
in the three previously cited cases. In addition, takeing account into the damages
from the epidemic disease spreading, cancer cell growth, and insect multiplying, it will

be practical to discuss the control problems of above mentioned topics to reduce the
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economic loss. Thence, we will be dedicated to the work about the controllability of

the models developed by the above mentioned topics.

We also note that the parameters (such as delay, non-locality, etc) play very important
roles in the behavior of the population dynamics system. As a result, we will analyze
the effects of the parameters for the existence and stability of positive steady-state
of the system on bounded domain for the systems derived from the three previously
cited cases. We hope, through these mathematical studies, it will be helpful to find

information and ways to control the size and the spatial spread of the pest population.
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