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« Chaque chose au monde porte en elle sa réponse,
ce qui prend du temps ce sont les questions. »
José Saramago in Le Dieu manchot.
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Résumé / Abstract

Le but de cette thése est d’étudier la gravité quantique bidimensionnelle. Nous nous
intéressons plus particuliérement aux approches dans le continu. Ces derniéres reposent
principalement sur 'action de Liouville qui décrit le couplage entre théorie conforme et
gravité. Si cette action, bien connue, est trés bien comprise, la mesure de 'intégrale fonc-
tionnelle sur ’espace des métriques pose plus de problémes. Toutefois, sous ’hypothése
simplificatrice d'une mesure de champ libre, la dépendance en l'aire de la fonction de
partition de la gravité quantique en présence de matiére conforme a pu étre établie,
permettant ainsi d’accéder & un exposant critique : la “susceptibilité de la corde”. Mal-
gré 'hypothése assez forte sur la mesure d’intégration, cette formule (dite KPZ), a été
confirmée par des calculs issus de méthodes discrétes, et ce dans plusieurs cas partic-
uliers. Grace a une nouvelle méthode de régularisation spectrale en espace courbe, cette
mesure d’intégration a récemment pu étre proprement définie. En considérant les sur-
faces de Kéhler de genre quelconque (qui coincident avec I'ensemble des surfaces a deux
dimensions), un calcul perturbatif de la fonction de partition & aire fixée a ainsi pu étre
mené & une boucle, en utilisant & la fois les actions de Liouville et de Mabuchi. L’action
de Mabuchi intervient en correction au premier ordre si I'on couple de la matiére non
conforme & la gravité. La susceptibilité de la corde ainsi calculée correspond, dans le
pur cas conforme, au développement de la formule KPZ & une boucle. Ce résultat n’est
que peu surprenant, puisque les effets induits par le caractére non-trivial de la mesure
d’intégration sur les géométries n’apparaissent qu’a partir de deux boucles.

Afin de déterminer les conséquences de cette mesure d’intégration, un calcul pertur-
batif de la fonction de partition a aire fixée jusqu’a trois boucles a été conduit dans cette
thése. Nous avons premiérement considéré ’action de Liouville et des surfaces de genre
quelconque, puis ces résultats ont été généralisés dans la cas du tore & une action cou-
plant les actions de Liouville et de Mabuchi. Nous avons accédé a 'expression compléte
de la fonction de partition & aire fixée & deux boucles, puis nous avons calculé les diver-
gences dominantes quadratiques et logarithmiques a trois boucles. La régularisation de
la mesure d’intégration génére une “action de mesure”, ajoutant ainsi des vertex a ceux
issus du développement de ’action de Liouville (et de Mabuchi). Si, & deux boucles, les
diagrammes & considérer ne sont qu’au nombre de quatre (dont dix sous-diagrammes), a
trois boucles, il faut calculer 29 types de diagrammes totalisant plus de 200 contributions
de sous-diagrammes. Des divergences étant présentes, il faut renormaliser les actions (en
y ajoutant des contre-termes). Afin de les fixer, nous avons calculé la fonction a deux
points compléte & une boucle et requis que celle-ci soit a la fois finie et indépendante de
notre choix de régularisation. Ceci nous & permis de fixer la plupart des contre-termes et
d’obtenir une fonction de partition a aire fixée finie et indépendante de la régularisation
a deux boucles. La susceptibilité de corde ainsi obtenue est compatible avec le résultat
KPZ, mais plus générale car dépendante d’'une constante libre. Nous avons donc pour-
suivi le calcul & trois boucles afin d’obtenir la contribution compléte des contre-termes a
la fonction de partition & aire fixée ainsi qu’aux fonctions & n-points au méme ordre dans
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le développement perturbatif. Au bout du compte, il apparait que parmi les 15 contre-
termes possibles, 4 restent indéterminés et contribuent a la susceptibilité de la corde. On
peut attirer I'attention sur le fait que les contre-termes sont soit locaux (comme voulu)
soit similaires & la mesure, cette derniére contenant en effet des termes non-locaux en 1/A.
En revanche, il est possible de garantir la localité de 1’action globale (somme des actions
de Liouville, Mabuchi, de la mesure et des contre-termes) grace aux contre-termes. Ceci
nous suggére d’interpréter les contre-termes comme une renormalisation de la mesure
d’intégration.
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This thesis is devoted to the study of two-dimensional quantum gravity. After giving
a general introduction displaying different approaches of quantum gravity, we highlight
the continuous ones, mainly based on the so-called Liouville action which universally
describes the coupling of any conformal field theory to gravity. While the Liouville
action is relatively well understood, the appropriate functional integral measure is com-
plicated, however. Nevertheless, a formula for the area dependence of the quantum
gravity partition function in the presence of conformal matter has been obtained, under
the simplifying assumption of a free-field measure. It has then been possible to derive
relevant critical exponents for these theories, one of them called the “string susceptibil-
ity”. Notwithstanding its non-rigorous derivation, this formula, often referred to as the
KPZ formula, has since been verified in many instances and has scored many successes.
However, the recent development of efficient multi-loop regularization methods on curved
space-times opened the way for a precise and well-defined perturbative computation of
the fixed-area partition function in the K&hler formalism. The string susceptibility was
therefore previously computed in this framework up to one loop for surfaces of arbitrary
genus using a somewhat more general quantum gravity action including the Liouville and
Mabuchi actions; the latter corresponds to possible couplings to non-conformal matter.
For conformal matter only, the one-loop KPZ result was reproduced. This was to be
expected since the non-trivial nature of the quantum gravity integration measure only
shows up at two and higher loops.

In this thesis, a first-principles computation of the fixed-area partition function up
to three loops, considering the Liouville action, is performed. Among other things this
allowed us to appreciate the role of the non-trivial quantum gravity integration mea-
sure. Our computation allows us to get the full expression of the partition function at
two loops and to access both the leading quadratic and logarithmic divergences at three
loops, as well as precisely discuss the diverging structure of the string susceptibility. This
was done for Riemann surfaces of any genus. The regularization of the complicated in-
tegration measure leads to a “measure action” adding vertices to the ones coming from
Liouville. While the two-loop computation only requires to take into account 4 types
of diagrams subdivided in 10 subdiagrams, the three-loop calculation is equivalent to
consider 29 types of diagrams consisting of more than 200 subdiagrams. As expected,
the presence of divergences requires renormalization to obtain a finite result in the end.
Therefore a counterterm action has been added and the full one-loop two-point Green’s
function computed. This allows to fix the relevant counterterms, resulting in a finite
and regularization independent fixed-area partition function at two loops. The resulting
string susceptibility is more general than the KPZ result, although compatible. It indeed
depends on one of the unfixed counterterms. Therefore, the three-loop computation has
been performed for the purpose of accessing to the complete contribution of the countert-
erms to both the partition function and the n-point functions of the same order in the
perturbative expansion. Finally, it seems that among the initial 15 counterterms possible
to insert, 4 stay undetermined and contribute to the string susceptibility. One can stress
that the allowed counterterms are either local (as fitted) or measure-like. The measure
action coming from the regularization gives indeed rise to non-local terms. The local-
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ity of the global Liouville, measure and counterterm action is however assured through
the counterterms. This hints at an understanding of the measure-like counterterms as a
renormalization of the measure, which has been overlooked before. In the last chapter
these results are generalised to the coupling to non-conformal matter by considering the
Mabuchi action in addition to the Liouville action, in the case of the torus.



Introduction

« La fantaisie et la liberté d’imagination ne s’acquiérent pas comme ¢a,
qu’il y faut du temps, de 'obstination, de la sévérité, de la rigueur,
des mathématiques, de la raison. »

Philippe Sollers.

Quantum gravity remains one of the most thrilling scientific challenges of the 21th cen-
tury. General relativity has deeply changed our conception of time and space a century
ago and has been successfully experimentally verified using different techniques, includ-
ing the recent discovery of gravitational waves [1], and from them the first observation
of merging black holes. However, physics occurring near the center of black holes or
in the early universe involves regions where the curvature becomes large and having at
our disposal a theory of quantum gravity undoubtedly is unavoidable [2, 3]. Quantum
gravity appears to be the missing piece in the jigsaw puzzle of our understanding of basic
interactions.

Due to the complexity of the topic (see e.g. [4-10]), two-dimensional theories can be
considered as insightful starting points to unravel the quantum aspect of gravity. First,
one may think to look at pure quantum gravity. Yet, at 2D, pure quantum gravity does
not contain any propagating degrees of freedom. For this reason, and of course keeping in
mind that our universe does contain matter fields, a theory of quantum gravity coupled
to matter is highly desirable. Since Polyakov’s seminal paper [11], conformal matter
coupled to quantum gravity on two-dimensional manifolds has been studied intensely
[12, 13], both in the discretized approach [14-21] and in the continuum approach, known
as Liouville quantum gravity [22-27]. While the matrix models give a non-perturbative
definition, the Liouville theories offer a more transparent physical interpretation. In the
continuum approach, most of the computations have been done within the conformal
gauge. When the conformally coupled matter is integrated out, one ends up with the
Liouville action St,[go, g] as an effective gravity action.

One of the simplest, yet interesting objects to study in this quantum gravity is the
partition function at fixed area Z[A]. One way to define this partition function Z[A] on
a Riemann surface of genus h, with metric g of area A, is to choose the conformal gauge
with a background metric gg and a conformal factor o such that g = e??gy. Then,

Zgrav = /Dge_uzAZmat[g] = /dAZ[A] )

and Z[A] can be formally written as

Z[A] = /DaegerL[gO’g]“gAé (A—/d2x 90 62") . 263—6 ,

where c is the matter central charge’ and the —26 accounts for the gauge fixing (ghosts).
The delta-function restricts the integration to metrics of area A. The measure Do for

!For reference on 2D Conformal Field Theory, see e.g. [28].
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the conformal factor can be derived from the standard metric on the space of metrics and
is a complicated non-flat measure. Many of the difficulties in dealing with this quantum
gravity theory originate from this measure being non-trivial. One of the main difficulties
when computing the partition function lies in the complicated non-flat measure Do for
the conformal factor.

Khnizik, Polyakov and Zamolodchikov studied two-dimensional gravity for genus zero
in the light-cone gauge instead [22]. Using the relation with an SL(2) current algebra
they derived a remarkable formula relating the scaling dimensions A of conformal primary
operators coupled to gravity and their undressed conformal dimensions A(©):

(VB —c—vi—c)?
24

A—AO =

A(l—A),

known as algebraic KPZ relation. The scaling of the partition function is obtained from
the dressing of the identity operator (Ai(g) = 0) and leads to a scaling

Z[A] ~ e HeA g3

where Ystr = Ajq is the “string susceptibility”. The previous equation then yields sty =

2—2\/T_7 % This formula gives the correct scaling for certain random lattice models

corresponding to specific values of ¢ (see [29] and references therein).

On the other hand, working in the conformal gauge, and using several simplifying
assumptions, specifically on the measure Do, as well as consistency conditions, ref. [23]
and |24]| have extended these remarkable formulae to surfaces of arbitrary genus. In
particular they found the following formula for the string susceptibility

V25 —¢
V2 —c—+1—-¢’

referred to as the KPZ formula. More recently, ref. [30-36] have given more rigorous,
though more abstract alternative derivations of these formulae for ¢ < 1 (and h = 0).
An alternative, more physical derivation can be found in [37]. For recent probabilistic
constructions of the free field Liouville measure on peculiar geometries, see [38-40].

Probably the most puzzling property of these formulae is that they only seem to work
for ¢ < 1, since for ¢ > 1 (actually 1 < ¢ < 25) they turn complex. This is the so-called
¢ = 1 barrier (see e.g. [41, 42] and references therein), where tachyons appear in the
Liouville theory [43]. It has been argued that, for ¢ > 1, the two-dimensional geometry
is dominated by configurations that no longer are smooth and that the surface develops
spikes and a fractal character (see e.g. [24, 44-48|), sometimes considered as a branched
polymer phase in which the surfaces collapse to tree-like objects (see e.g. [49-52] and
references therein).

However, the recent development of efficient multi-loop regularization methods on
curved space-times opened the way for a precise definition of the measure Do as it
follows from the usual metric on the space of metrics, and thus for a first-principles
quantum field theory computation of Z[A], on a Riemann surface of arbitrary genus h.

Ystr =2+ 2(h — 1)
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This regularization [53] is a generalization of the (-function regularization that works at
one loop, to a regularization scheme that works for multi-loop computations on curved
manifolds. Its basic objects are the heat kernel and generalized heat kernels defined on
the manifold for which exist well-known formulae for the asymptotic “small ¢" behaviour.

More precisely, to compute the partition function at fixed area one can conveniently
reparametrize the metric in the Kéhler formalism, in terms of a fixed background metric,
the area A and the Laplacian (in the background metric) of the Kéahler potential, so
that the area appears explicitly as a “coordinate" on the space of metrics. Since all
the metrics are Kéhler’s in two dimension, this parametrization is complete. Then, the
measure on the space of metrics is given in terms of dA, the standard flat measure on
the space of Kéhler potentials, and various non-trivial determinants. Expanding these
determinants and the interactions in the Liouville action in powers of %2 generates the
loop-expansion. Then, one can regularize the determinants and the propagators with the
spectral cutoff regularization [53]. The first-principles computation has been initiated
within this framework in [54] with the computation of the string susceptibility up to one
loop, considering a somewhat more general quantum gravity action including the usual
Liouville action for the coupling to conformal matter and the Mabuchi action for non-
conformal matter. Indeed, it has been shown [55] that the Mabuchi action is involved
in the first-order mass correction to the Liouville action. For conformal matter only,
the one-loop computation was in agreement with the one-loop semi-classical expansion
of the KPZ formula. However, it is only beyond one loop, starting at two loops, that
the regularized measure plays a role. Thus, it is from this order in the perturbation
theory that one can expect to see a difference with the KPZ formula, derived under
the simplifying assumption of a free field measure [23, 24]. In order to highlight the
consequence of regularizing the integration measure in a proper way, the aim of this
thesis is to continue the first-principles computation of the fixed-area partition function
to higher order.

In Chapter 1, we present different approaches to two-dimensional quantum grav-
ity. We discuss some suitable effective gravitational actions, such as the Liouville and
Mabuchi actions. Then, we present the one loop computation [54]. We also introduce
in this chapter the K&hler formalism and the general smooth spectral cutoff regular-
ization developed in [53]. This regularization scheme amounts to first replacing each
propagator G(x,y) = ¥, $-tu (@) (y) by K(tiz,y) = 3, S5 n (@) (y) where
the 1, and A, are the eigenfunctions and eigenvalues of the relevant differential op-
crator, then substituting ¢; = % and integrating [;° doip(c;). Thus, A is the UV
cutoff and ¢(«) is a fairly general regulator function. This yields a regularized propa-
gator Greg(z,y) = >, M@Dn(a:)w;(y) with an almost arbitrary f that is a Laplace
transform of the almost ar%itrary . For large A, the t; are small and to evaluate the
diverging, as well as the finite parts of any loop diagram, it is enough to know the small ¢
asymptotic of the K. of course, IA((t, x,y) is related to the heat kernel K (¥, z,y) on the
manifold, which has a well-known small ¢ asymptotic expansion. We end this chapter
by discussing the background independence of our formalism. Indeed, in any theory of
quantum gravity, physical results should not depend on the arbitrarily introduced back-
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ground metric. However, the regularization scheme is based on inserting a cutoff e **»

in the sums of the eigenvalues, and both the eigenfunctions and the eigenvalues depend
on the choice of the background metric. Thus, the regularization is expected to induce
an explicit background dependence in our computations.

Chapter 2 is devoted to the study of the Liouville theory on a Riemann surface of
arbitrary genus, up to three loops in the perturbation theory. It is based on [56] and
[57]. First, we perform the full two-loop computations of the pure Liouville gravity in the
general case of a surface of arbitrary genus. The loop expansion is an expansion around
the classical solution of the Liouville equation of motion, thus around a background
metric of constant curvature. We explicitly write the non-trivial measure in the Kédhler
formalism and we expand the measure and the Liouville action up to the order K% which
corresponds to the two-loop contributions to In Z[A]. Of course, the measure vertex
itself is already a “one-loop" effect. The expansion of the Liouville action in terms of
the Kéhler potential yields the propagator and various n-point vertices. For the two-
loop computation we find a cubic and two quartic vertices, with derivatives acting in
various ways. Thus, we have to consider 3 types of “two-loop” diagrams and one “one-
loop” measure diagram. They get contributions from 10 subdiagrams. We explicitly
write their regularized expressions and discuss that they can depend on the dimensionful
quantities A and A only through the dimensionless combination AA2. Incidentally, this
argument also explains why it is possible to obtain an explicit form for vg,. Indeed,
Ystr 18 the coefficient of In AA? and, hence, it is related to short-distance singularities
which, in turn, are determined by local quantities like heat kernel coefficients. The
regularized fixed-area partition function depends on the cutoff A and the area A through
divergent terms of the form AAZ?, In AAZ, (ln AA2)2 and AA%2In AA?. While the first
term only contributes to the divergent cosmological constant (which can be adjusted by
a corresponding local counterterm), and the coefficient of the second term determines
Ystr, the third and fourth terms are unwanted, non-local divergences. Quite non-trivially,
all contributions to the third term added up to zero!

However, the AA?In AA? divergences remain. Then, one must introduce local coun-
terterms in addition to the cosmological constant. Such local counterterms also con-
tribute to the two-loop partition function, via one-loop diagrams. In particular, they can
cancel the AA?In AA? divergences, while they could not have cancelled the (ln AA2)2
divergences. The precise coefficients of the counterterms are determined up to regulator-
independent finite constants by requiring the two-point function of the K&hler fields, or
equivalently of (e2?¢27), to be both finite and regulator-independent. Then, the par-
tition function automatically becomes also both finite and regulator-independent. Yet,
two finite “renormalization” constants — on which the two-loop contribution to 7, de-
pends — remain undetermined. By a locality argument, one of these renormalization
constants can be fixed, precisely to the value consistent with the KPZ formula for ~g;.
However, the other renormalization constant has no particular reason to be fixed to the
KPZ value. Remarkably, all values of this parameter are consistent with a background
independent partition function at fixed area. This means that we actually have (at least)
a one-parameter family of quantum gravity theories that we can consistently define in
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this Kéhler approach (at least up to the two-loop order of perturbation theory).

The presence of this free parameter is intriguing and a natural question is whether
the structure of the counterterm action introduced at two-loops is enough to also cancel
the divergences at three (and higher) loops or whether new counterterms, with additional
undetermined finite renormalization constants are required. Thus, in the last section of
Chapter 2, we present the three-loop study of the Liouville quantum gravity on surfaces
of any genus [57]. We expand the measure and the Liouville action up to the “three-
loop” order % and add the previous counterterm action. This leads to new vertices:
sextic, quintic, quartic and cubic (from the measure). Thus, in order to compute both
the leading quadratic and logarithmic three-loop divergences of In Z[A], we have now to
consider 29 types of diagrams consisting of more than 200 subdiagrams. Although the
summed leading logarithmic divergence (ln AA2)3 cancels quite remarkably, the leading

divergence AA? (ln AA2)2 has a non-vanishing coefficient. Therefore, genuine three-loop
counterterms are required. We compute their full contribution to the three-loop part of
the partition function and then to equivalent order % to the n-point function. Indeed,
even if, in principle, one would need to compute the full one-loop three (and four)-point
functions and the two-loop two-point function, and then to require them to be finite
and regulator independent in order to really determine the coefficients of the three-loop
counterterms, we can still discuss the degrees of freedom of the counterterms by compar-
ing the independent combinations in which they appear. Then, while the full three-loop
computation is beyond the scope of this thesis, the full counterterm parts already encodes
some interesting information. For consistency, we also include the “two-loop” countert-
erms that could not be completely fixed by the previous study. It seems that among
the initial 15 counterterms possible to insert, 5 stay undetermined and contribute to
the string susceptibility, 4 more than at the two-loop order. We end this chapter by
highlightening the relation between the regularized measure and the counterterms.

In Chapter 3, we present similar results for the mixed Liouville and Mabuchi theory in
the more specific case of the torus. This chapter is based on [58]. We compute once again
the full two-loop partition function. Counterterms are also required, as it should have
been expected since the leading singularity comes from the Liouville action. However,
quite remarkably, the leading logarithmic divergence (ln AAQ)2
between the diagrams, thus allowing a renormalization through only local counterterms!
Then, we check that the three-loop leading divergence (ln AAQ)3 also cancel and we
compute the contribution of the new counterterms to both the partition function and
the n-point function. Then, we briefly discuss the finite part of the two-loop two-point
function, so that we can reduce the number of the remaining free parameters in our
theory.

once more cancels out
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CHAPTER 1
The continuum approach to
quantum gravity

« Ma cohabitation passionnée avec les mathématiques m’a laissé un amour fou
pour les bonnes définitions, sans lesquelles il n’y a que des a-peu-prés. »
Stendhal in Vie de Henry Brulard.

1.1 Two-dimensional quantum gravity

In this chapter, we first briefly recall the derivation of the KPZ result for the string
susceptibility:

Z[A] ~ e HAARTI (1.1.1)
V25 —c¢
V2h—c—+V1—-¢’

and the discrete results confirming this formula. Then, we focus on the specificities of
our approach. We first discuss the effective gravity action one may consider, based on
[59] and [55], and the Ké&hler formalism. Then, to complete the presentation of our
framework, we present the smooth spectral regularization techniques developed in [53].
This regularization is the one used throughout this thesis to obtain the results presented
in Chapter 2 and 3. In order to illustrate this formalism, we then recall the one-loop
computation of the fixed-area partition function of two-dimensional quantum gravity
done in [54]. Finally, we discuss the background independence of our regularization, and
give some key formula to check the background (in)dependence of our results.

Ystr = 2+2(h— 1)

(1.1.2)

1.1.1 The DDK argument for the scaling of the fixed-area partition
function

Since we will compare our results with the KPZ relation (1.1.2), we find it useful to briefly
present the DDK argument [23, 24| that gives this scaling of the partition function in
terms of the area. This argument is amazingly simple and yields a result that has been
cross-checked by other methods, at least for some specific models at certain values of the
central charge (see section 1.1.2). On the other hand, as already pointed out, it relies on
various simplifying assumptions that cannot be the full truth.

1
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Consider two metrics g and gy of area A = [ d?z,/g and Ay related in the conformal
gauge by the conformal factor o:

g=e*g . (1.1.3)

In this conformal gauge, the Liouville action takes the simple form
Stlg0, 9] = Si[go, 0] = /de\/gT) (UAOG + R()O') , (1.1.4)

and the area A can be written as A = [ d%z,/gge?. Instead of using the correct non-
trivial measure Do in the fixed-area partition function, DDK use a flat free-field measure
Dgo. At the same time they argue that, in the quantum theory, the coefficient x? in
front of the Liouville action should be renormalized to %2 and that the definition of the
area can no longer simply be [ d?z./go €?°: the coefficient in the exponential must also
be renormalized so that it becomes [ dQ:U\/% ¢22? which should be a conformal primary
of weight (1,1) with respect to the Liouville action. Thus

=2
Zppk[A] = / Doo—e*ﬂSL[gmgFH?Aa(A— / Az 90620“7> : (1.1.5)

To determine the coefficient «, one can switch to standard normalizations by setting
0 = ko. Then,

R2 1 1 R
- =— [ d? ~6MNyG+ = RyG 1.1.
87TSL[90,9] 47r/ /9o (2 oglQpo + 5 Ry3) , (1.1.6)

which represents a standard free-field action with a background charge

IF

. The left and
20 ~
g ei; g

right conformal weights of : €297 :=: : are well-known. Requiring them to equal

unity yields
1 (202 LF
2\ kK 2

K2 8
a:z (1_ 1_? , (1.1.8)

=1, (1.1.7)

|

with solution

where the sign has been chosen to match with the semi-classical limit #2 — co. The
central charge of this “free” Liouville theory with background charge is
cp, =1+ 382 . (1.1.9)

Background independence requires the total central charge of the matter (¢), ghosts
(—26) and the Liouville theory to vanish:

., 25— 1
=202 o (1.1.10)

— 26 =0 =
c + ¢, 3 3
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To obtain the area dependence of Zppk|[A], one simply changes the integration vari-
able in (1.1.5) from o to ¢/ = o — b with some constant b. The flat measure Dyo is
invariant by translation, while the Liouville action changes as

Stlg0,0] = St[go, 0’| +87b (1 —h) , (1.1.11)

and the delta scales as
5(A - / dzx\/gT)eQO“’> - 6—20”5(@—2@%4 - / deJ%eQa”/) . (1.1.12)

Putting things together, and letting e’ = £

~2
AN\ 150
Ag) eHe(A=A0) 7oA (1.1.13)

Zppk[A] = <

from which we read

~2 /2 —
’Ystr:2_i(1_h):2+2(h_1) s

201 V25 —c—V1—-c¢

(1.1.14)

1.1.2 Results from the discrete approaches

General references for the discrete models — lattice models known as dynamical tri-
angulations as well as matrix models — can be found for instance in [12]. Dynamical
triangulations are a discretization of quantum geometries. Indeed, it was proposed in
e.g. [14, 46, 60—63| that the integral over the internal geometry of a two-dimensional
surface can be discretized as a sum over randomly triangulated surfaces. This way, the
lattice spacing plays the role of a UV regulator, allowing the theory to be finite.

Another approach consists in expressing the two-dimensional quantum gravity par-
tition function coupled to certain matter systems as the free energy of an associated
hermitian matrix model. From it, many quantities can be computed exactly, as this
matrix realization can be usually solved using large N techniques. It is interesting to
note that matrix models originate from QCD, when in the 70s, t’"Hooft [64] realized that
planar graphs with a large number of colors could be considered as Feynman diagrams for
matrix models. He also noticed that the size of the matrices can be used as an expansion
parameter.

Both these discrete models reveal themselves to be in agreement with the Liouville
theory. Indeed, considering the KPZ formula on the sphere:

,YKPZ:2_2 V25 —c
str V2B5—c—+v1-=c’

specific values of it have been exactly derived from dynamical triangulations (see e.g.
[22, 29] and references therein) and matrix models (see e.g. [12, 65| and references
therein). To exemplify, let us stress the value ¢ = 0 corresponding to pure gravity and

(1.1.15)
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yielding vstr = —%. The case describing a coupling with the Ising model, i.e. ¢ = %
has also been derived [66] and provides a string susceptibility sy = —%. The cases
c=—2,0, give [29, 62] 75t = —1, 0, respectively. All these values are in agreement

with (1.1.15).

A continuum limit that includes the sum over topologies of two-dimensional surfaces
was then defined [15, 16, 18] for certain matter systems coupled to 2D quantum gravity.
Before closing this section, let us add that other approaches to quantum gravity have
been developed more recently, like for instance Tensor Field Theory [67-69] or Group
Field Theory [70-72|. Details of these approaches are beyond the scope of this thesis.

1.2 The gravitational action

Ever since the seminal paper by Polyakov [11] it has been known that the coupling of
conformal matter to gravity in two dimensions gives rise to the Liouville action [26, 73-77|
as the effective gravitational action. More precisely,

Z(C) c
—ln%M = ———5L[90,9] , (1.2.1)

Zyalgol AT
where Zlgf;t is the partition function of conformal matter of central charge ¢ and g and
go two metrics of area A and Ay related in the conformal gauge by the conformal factor
o: g = e??go. Being defined as the logarithm of a ratio of partition functions computed
with two different metrics, it is clear that the Liouville action satisfies a co-cycle identity

Slg1, g2] + Slg2, 93] = Slg1, 93] , (1.2.2)

which is a fundamental consistency condition any gravitational action must satisfy [55].
For more general “matter” (plus ghost) partition functions, one defines a general gravi-

tational action as
Zmat [9]

Zmat [90]
Any gravitational action defined this way automatically satisfies the co-cycle identity
(1.2.2). The simplest example of such a gravitational action is the “cosmological constant
action”

—1In = Sgrav[90, 9] - (1.2.3)

Sulgor ] = 2 / 022(,/G — V/Go) = H2(A — Ao) . (1.2.4)

This action must actually be added to the Liouville action in (1.2.1) as a counterterm to
renormalize the divergences.

Other gravitational actions than the Liouville or cosmological constant actions can
be constructed and have been studied mainly in the mathematical literature, like the
Mabuchi and Aubin-Yau actions (see e.g. [78-83|). These latter functionals crucially
involve not only the conformal factor ¢ but also directly the Kéahler potential ¢ and
do admit generalizations to higher-dimensional Kéhler manifolds. In the mathematical
literature they appear in relation with the characterization of constant scalar curvature
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metrics (see e.g. [78, 81, 84-89|). Their roles as two-dimensional gravitational actions in
the sense of (1.2.3) have been discussed in some detail in [55, 90]. In particular, ref. [55]
has studied the metric dependence of the partition function of non-conformal matter like
a massive scalar field and shown that a gravitational action defined by (1.2.3) contains
these Mabuchi and Aubin-Yau actions as first-order corrections (first order in m2A where
m is the mass and A the area of the Riemann surface of metric g) to the Liouville action.
The purpose of this (quite technical) section is first to derive a few results valid exactly
at finite m. Then, doing a small mass expansion allows us to retrieve some of the results
of [55] and in particular the involvement of the Mabuchi and Aubin-Yau actions in the
first order in m2A. This section is quite extensively based on [59].

Ideally one would like to study some general matter action where non-conformal
terms ~ a;O' have been added to some conformal theory and obtain exact results in
these couplings a;. We are much less ambitious and simply study a single massive scalar
field with action

1 1
%Mmﬂzz/fm@p%M@X+mWﬂ:2/¥%@X@ﬁwﬂX.ﬂz@

Here A, is the Laplace operator for the metric g, defined with a minus sign, so that its
eigenvalues are non-negative:

Ay = —\}gaa@“%ab) . (1.26)

Maybe not too surprisingly, some of our massive formula look somewhat similar to
those that can be found in [55] for the massless case. However, let us insist that our
results are exact in m and valid for any finite mass. Nevertheless, we will write them in
a way that immediately allows for a small mass expansion, thus recovering the Liouville
action in the zero mass limit and the Mabuchi and Aubin-Yau actions as the first-order
corrections.

1.2.1 Massive versus massless matter

One should keep in mind that adding the mass term is not just a perturbation by some
operator that has a non-zero conformal weight. This is due to the zero mode of the scalar
field that is absent from the action for zero mass but obviously plays an important role
for non-zero mass. In particular, this means that the relevant quantities of the massive
theory are not simply given by those of the massless theory plus order m? corrections.
This is most clearly exemplified by the Green’s function G(z,y) of the operator A, +m?.
We let

(Ay +m*)Pn() = Mathu(z) , n=0,1,2,... . (1.2.7)
In general, if B is any quantity defined for m # 0, we will denote by B(® the corre-
sponding quantity for m = 0. Clearly, the eigenfunctions v, do not depend on m (i.e.

Up = w,(LU)), while A\, = /\7(10) +m?2. The eigenfunctions which may be chosen to be real,
are orthonormalized as

/ 02 /g(2) () or () = G - (128)
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As it is clear from (1.2.6), A, always has a zero mode and, hence,

1
Xo=m? = . 1.2.9
0o=m Yo VA ( )
The Green’s function for m # 0 is given by
G(z,y) = Z W , (Ay+m?) G(x,y) = —=d(x —y) . (1.2.10)
n>0 n v

(0)

For m = 0 these definitions must be modified. Since A\
must be excluded from the sum and then

= 0, obviously, the zero mode

C:‘(O)(x,y) — M . A 5(0)(%” — Lg(w —y) — 1 ] (1.2.11)
n§>;) A ! NG A

The subtraction of % on the r.h.s. ensures that, when integrated fde\/ﬁ. .., one cor-
rectly gets zero. We will counsistently put a tilde over the various quantities we will
encounter if the zero mode is excluded from the sum.! In particular, using (1.2.9), we
can write for the massive Green’s function

+G(z,y) , (Ay+m?)Glx,y) = L(5(31: —y) — 1 : (1.2.12)

1
G(%y) T m2A 3 A

The smallest eigenvalue contributing in Gis A\ = /\go) +m? with )\go) > 0 being of order
% 53] Thus if m*A < 1 one can expand i = Zﬁo(—)rﬁ, resulting in

1
Glz,y) = — (z,y +Z 2rGO9, (,y) (1.2.13)
r=1

where

Z ¢n ¢n ’ ~( Z 7!}11 x) n ' (1‘2.14)

0)
n>0 n>0 )\n "

Clearly, the massive Green’s function does not equal the massless one plus order-m?

corrections since there is a crucial ﬁ term in (1.2.13).
Writing X =) - antn, the matter partition function is defined as

Hmaclg /D XemomloH = /H dan (=3 Rz e _ (det(A, +m2) 2,
(1.2.15)

!Except for determinants missing the zero mode, where we will write det’, following the usual notation.
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In the massless case, since )\80) = 0, the integration over ag would be divergent and

instead one replaces it by a factor v/A (see e.g. [55]). Thus

O /
0 (1 _ (0) x o= S le: X] day 15 \Ogz _ (det’ Agy=1/2
Zmat[g] /Dg Xe \/Z 7;!;‘[1 me 2 >0 ( Vi ) ]

(1.2.16)
Of course, the determinants det and det’ are ill-defined and need to be regularized. We
will use the very convenient zeta function scheme to regularize-renormalize them (see
e.g. [53, 91, 92]). The spectral (-functions are defined as

C=D A", ) =D A0, (1.2.17)

n>0 n>0

and similarly for ((0(s). By Weil’s law (see e.g. [53]), the asymptotic behaviour of the
eigenvalues for large n is A\, ~ % and, hence the spectral (-functions are defined by
converging sums for Res > 1, and by analytic continuations for all other values. In
particular, they are well-defined meromorphic functions for all s with a single pole at
s = 1 with residue ﬁ (see e.g. [53]). A straightforward formal manipulation shows that
¢'(0) = %((sﬂszo provides a formal definition of — 3", <o In Ay, i.e. of —Indet(Ay+m?):

Zrmatlg) = exp (%c’(0)> . Z0 1] = AV? exp (%(80))'(0)) : (1.2.18)

There is a slight subtlety one should take into account, see e.g. [53]. While the field
X is dimensionless, the 1, scale as A~'/2 ~  where y is some arbitrary mass scale (even
if m = 0), and the a,, as p~'. Tt follows that one should write D,X = [], “%n  This

27
results in Zmat = ([, %)_1/2, so that ¢’(0) should be changed into
¢'(0) — ¢'(0) + ¢(0) In 2 (1.2.19)

in the previous expressions of Zat and Zr(gt [53]. This writing may seem inhomogeneous
since u encountered in the logarithm is a mass scale. However, this seemingly inhomo-
geneity is just a trick since this combination stands for — ) -, In ;\L—g In section 1.2.5,
we will get back with quantities of seemingly traceable homogeneity.

The regularization-renormalization of determinants in terms of the (-functions may
appear as rather ad hoc, but it can be rigorously justified by introducing the spectral
regularization [53]. The regularized logarithm of the determinant then equals ¢’'(0) +
¢(0)In y? plus a diverging piece ~ AAQ(lnﬁ—j + const), where A is some cutoff. This
diverging piece just contributes to the cosmological constant action (1.2.4), and this is
why the latter must be present as a counterterm, to cancel this divergence.

Thus,

SgraV[QO,g] = % (C;(O) - C;o (O) + [Cg(o) - Cgo (O)] In N2) y (1220)
S@an.g] == 315 — 5 (G0 - GO+ [§00) - G0 )

where the first line refers to the massive case and the second line to the massless one.
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1.2.2 The Kahler formalism

Consider a compact Riemann surface with fixed complex structure moduli. As already
mentioned, up to diffeomorphisms, any two-dimensional metric g on the surface may
be written in conformal gauge as g = €2?gy where g is a reference metric that can be
chosen to be the constant curvature metric associated with some area Ag. Moreover, in
two dimensions all the metrics are Kéhler’s, so that rather than writing the metric g in
terms of this gg and the conformal factor o, one can also parametrize it in terms of go,
the area A = [ d?z,/g and the Kihler potential ¢ as follows:

A 1
g=e¥g . €2 — T <1 _ 2A0A0¢> , (1.2.21)

where A denotes the positive Laplacian (1.2.6) for the reference metric go. Of course,
A = e 29Ay. This Kihler parametrization (1.2.21) has certain advantages and is cer-
tainly most convenient if one wants to consider metrics of fixed area, as it will be done
throughout this thesis. Given o, the above relation actually defines A and ¢ uniquely,
up to unphysical constant shifts of ¢. Moreover, positivity of the metric implies the
non-perturbative constraint %AOAOQS < 1. While being crucial in a non-perturbative
definition of the integral over the K#hler potentials [54, 90|, this constraint is irrelevant
in perturbation theory and thus will be ignored in this thesis. The second relation in
(1.2.21) is equivalent to the relation

A _
w = —uwo +1A00¢ (1.2.22)
Ao
between the volume (K#hler) forms w and wy of the metrics g and gg. Often in the follow-

ing we will use a rescaled (constant curvature) metric g, of area A, with corresponding
Laplace operator A, and Ricci scalar R, given by

A Ag Ag 8m(1l —h)
= — , Ay=—"7Ay , Ri=—"Ry=—""-—=-". 1.2.23
9 Aogo 4 -0 e A ( )

In particular, since AgAg = AA,, eq. (1.2.21) can also be written as

A 1 1
2

T=—|1-=-AA, =g. | 1 —-AA, . 1.2.24
=1 < 5 cb) & g=g ( 5 ¢>> ( )

Consequently, one has

/d%\/g_ /d%\/g:_ A /d%\/gtR* =8r(1—h) . (1.2.25)

As compared to the DDK approach (cf section 1.1.1), where in the quantum theory the
area is computed as [ d?z,/goe**® (cf (1.1.5)), in the Kéhler formalism the area A is
a “coordinate” on the space of metrics and (1.2.25) always holds exactly even in the
quantum theory where ¢ (or AA.¢) is the quantum field.
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1.2.3 Mabuchi and Aubin-Yau actions

Let us briefly recall the basic properties of the known gravitational actions. While the
Liouville action (1.1.4) is simply written in terms of gg and the conformal factor o, the
Mabuchi and Aubin-Yau actions are naturally formulated using also the K&hler potential
¢. The Mabuchi action on a Riemann surface of genus h can be written as [55]

8m(l—h 4
Swmlgo, 9] = /dQ:r\ﬁgo [27r(h — 1)pAoo + (% - Ro>¢ + Aaeﬂ . (1.2.26)
0
while the Aubin-Yau action takes the form
P 1 o
Sav[go, 9] = d*zy/go | 70000 — 4l (1.2.27)

As already mentioned, they both satisfy the co-cycle identity (1.2.2) and were shown [55]
to appear as accompanying the term of first order in an expansion in m?A of Sgrav. Note
that Sy = 8m(1 — h)Say + [ d?z/Go (§0€* — Ro¢). Eq. (1.2.21) relates the variations
0o and d¢ as

5A A e 1

It is then straightforward to show that the variations of the Liouville, Mabuchi and
Aubin-Yau actions are given by

/A A
SSilgn,g) = dr(1-0)°p -4 [@oyGaRes,
5Sumlgo, 9] = z% —/d%@ (R— 87T(A_)> 5
SSavlongl = [ davioo. (1.2.29)

Thus the Liouville and Mabuchi actions obviously admit the constant scalar curvature
metrics as saddle-points at fixed area. Although not obvious from the previous equation,
the variation of the Aubin-Yau action when restricted to the space of Bergmann metrics
is similarly related to metrics of constant scalar curvature [81].

1.2.4 Heat kernel and zeta functions

Before going forward and computing dSgrav as defined in (1.2.20), one must introduce
useful quantities such as the heat kernel and the local zeta functions (see e.g. |53, 93-95]
and the review [96]).

The heat kernel and the integrated heat kernel for the operator A, +m? are defined
in terms of the eigenvalues and eigenfunctions (1.2.7) as

K(t,z,y) = Ze/\tw )n(y) , K(t)= /d%fKth Ze nt

n>0 n>0
(1.2.30)
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The corresponding K , KO and KO are defined similarly. The heat kernel K is the
solution of

d 1
Ag+m? ) K = K ~—b(x — ~0. (1231
<dt +Ag+m ) (t,z,y) =0 , (t,z,y) \/55(90 y)ast—0 (1.2.31)

Note that it immediately follows from either (1.2.30) or (1.2.31) that the massless and
massive heat kernels are simply related by

Ktaz,y)=e ™ KO zy) . (1.2.32)

Since the eigenvalues A, of A, +m? are positive, it is clear from (1.2.30) that K (t,z,y)
is given by a converging sum and remains finite even as * — y as long as ¢ > 0. For
t — 0 however, one recovers various divergences, and in particular

/00 dt K(t,z,y) = G(z,y) (1.2.33)
0

exhibits the short distance singularity of the Green’s function which is well-known to be
logarithmic in two dimensions.

The behaviour of K for small ¢ is related to the asymptotics of the eigenvalues A, for
large n, which in turn is related to the short-distance properties of the Riemann surface.
It is thus not surprising that the small ¢ asymptotic is given in terms of local expressions
of the curvature and its derivatives. Indeed, one has the well-known small ¢ expansion :

e~ (2 /4t)—m?t

47t

al (2, y) + ' (w,y) t + ol (x,y) > + O(t3)} (1.2.34)

K(t,z,y) =
where (? = ég(x,y) is the geodesic distance squared between = and y. For small ¢, the
exponential forces £2 to be small (of order v/¢) and one can use normal coordinates around
y. This allows one to obtain quite easily explicit expressions for the a,(x,y) in terms of
the curvature tensor and its derivatives. They can be found e.g. in [53]. Here, we will
only need them at coinciding points y = z, where

1 R
K(t.y, :—[1 (7_ 2)75 } 1.2.
()= [1+ (G —m?)t+ (1.235)
Let us note that in the massless case and if the zero mode is excluded one has instead
~ R 4n
KO - [1 (7 _ 7) ¢ } . 1.2.36
) =1+ (G- )+ (1.2.36)

The spectral regularization scheme developed in [53| and used is this thesis also involves

the heat kernel so that we will come back to these quantities later in section 1.3.3 and

then give the specific values of the a;(x,y) for the study carried on in Chapter 2 and 3.
Local versions of the (-functions are defined as (see e.g. [53])

((symy) =) MW , (1.2.37)

n>0 n
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and similarly for ((s,x,y), etc. Note that {(1,z,y) = G(x,y), while for s =r =2,3,...
these local (-functions coincide with the G, (x,y) defined above in (1.2.14). They are
related to the heat kernel by

((s,z,y) = F(IS)/OOO dtts  K(t,z,y) . (1.2.38)

For s =0,—1,—2,..., I'(s) has poles and the value of ((s,z,y) is entirely determined by
the singularities of the integral over ¢ that arise from the small ¢ asymptotic of K. As
shown above, the latter is given by local quantities on the Riemann surface. Explicitly
(see e.g. [53])

C(—k,z,z) = (—1)’%!6‘1*’133’95) . k=0,12,... (1.2.39)
s
so that in particular,
R(z) m? ~ R(z) m? 1
0 =—" - — d 0 = - == 1.2.40
(0,,0) = 50 =T and {(0,m0) = S -2 (1.2.40)
On the other hand, the values for s = 1,2,3,... or the derivatives at s = 0 cannot be

determined just from the small ¢t asymptotic. To access them requires the knowledge of
the full spectrum of A, + m?.

Clearly, ¢(1,z,y) = G(x,y) is singular as x — y, while for s # 1, {(s, z,y) provides
a regularization of the propagator. More precisely, it follows from (1.2.38) that ((s, z, x)
is a meromorphic function with a pole at s = 1 and that the residue of this pole is

a0(:2) _ L Thus [53]

s—1 dr(s — 1)

is well-defined. (Here u is an arbitrary scale.) This is an important quantity, called the
“Green’s function at coinciding points”. One can give an alternative definition of G¢ by
subtracting the short distance singularity from G(x,y) and taking x — y. More precisely

2 () 12
G(z,y) + % (ln Eg(,4y),u + 27)] (1.2.42)

G¢(z) = lim [,u2(51)4(5,a:,x) - 1] (1.2.41)

Ge¢(y) = lim

T—Y

where Eg(:z:, y) is the geodesic distance between x and y in the metric g. One can show
[53] that both definitions of G are equivalent and define the same quantity. The same

relations hold between C:’((x), G(z,y) and ((s,z,z). Note that G¢(x) contains global in-
formation about the Riemann surface and cannot be expressed in terms of local quantities
only.

1.2.5 Variation of the gravitational action
From (1.2.20), one directly reads the variation of the gravitational action:

dSgrav[g0, 9] = —% (6¢'(0) + 6¢(0) In p?)

559, g0, 9] = — o4 - 1 (8@ (0) + 60 0) n ) . (1.2.43)
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Our goal is to compute 6¢’'(0) = 6¢;(0) and 6¢(0) = 6¢4(0) and express them as “exact
differentials” so that one can integrate them and obtain the finite differences (g, (0)—¢,, (0)
and (g, (0) — (g, (0), thus accessing Sgrav[g1, g2].

To do so, we need to study how the eigenvalues A, and eigenfunctions 1, change
under an infinitesimal change of the metric. Since g = €2?gg, the Laplace operator Ay
and hence also A4 + m? only depend on the conformal factor ¢ and on go: Ay = e 27\
and thus under a variation do of o one has

00y = =208, = (Prl0Ag[1hn) = =2A (k60 |thn) = —2(An — m®) (Yk|d0[¢hn) |
(1.2.44)
where, (Vg|do|thy) = fdzx\/gwkém/)n. One can then apply standard quantum mechan-
ical perturbation theory. The only subtlety comes from the normalisation condition
(1.2.8) which also gets modified when varying o [53, 55]. One finds

SAn = =20\, — 2><wnwéorwn>, (1.2.45)
5% <1/}n|5o-wjn ¢n 22 A, ¢k|50|¢n> . (1'2'46)

Let us insists that this is first-order perturbation theory in do, but it is exact in m?2.

From (1.2.45) one immediately gets,

1 An
Corog(8) =) ERwr Cols) +2s) =" Wl <¢nyaa|¢n> . (1.2.47)
n>0 n n

n>0

Note that A9 = m? and, hence, there is no zero mode contribution to the second term.
Thus,

5¢(s) = 6C(s) = 2$/d2a:\f do(x )[ (s,m,2) —m?C(s + 1z,z)] . (1.2.48)
For m # 0, the term in brackets could have been equally well written as ((s,z,x) —

m2((s+1,z,z), but the writing in terms of the Z‘is valid for all non-zero and zero values
of m. It follows that

5¢'(0) = /dzaz\féa( )¢ (O x,T)
— 2m? /de\/géa(x) ll_r;(l) [g(s +1,z,2)+sC(s+ Lz,2)],
5¢(0) = — 2m? /d2x\/§ do(x) il_r)l(l] [s C(s + 1,z,)] . (1.2.49)

As recalled above, C(s x,z) has a pole at s = 1 with residue 4 . Hence,

1

T (1.2.50)

5(571"1') - greg(sal"x) +



1.2. THE GRAVITATIONAL ACTION 13

which implies

lim [Z(S +1,z,2) 4+ s (s + Lz, z) = &eg(l, z,x) . (1.2.51)

s—0

From (1.2.41) one sees that Zreg(l,x,m) = éc(x) — £ Inp® Using also (1.2.40) and
(1.2.28), as well as 64 = [ d?z,/g €*?250, we find

5¢'(0) = é /dzm\/g&f(x)R(x) - % - 2m2/ d*z\/g 60 (x) (é((az) + ﬁ - ﬁ In 4i?)
m2
6¢(0) = — %/d2x\/§ do(zx) . (1.2.52)

The result for 6¢(0) can also be directly obtained from (1.2.40), using the fact that
/dQ:U\/gR(J:) = 87(1 — h) (1.2.53)

is a topological invariant. Since G = é( + ﬁ, we arrive at two equivalent expressions
for 6¢"(0) + 6¢(0) In p? -

3¢'(0) + 6¢(0) Inp® = 6¢'(0) + 6¢(0) In i

= % d*z\/g 60 (x) R(x) — % — 2m2/d2x\/§50(az) (éc(x) + %)
— é d*z\/g 60 (x) R(x) — 2m2/d2m\/§(50(9€) (Ge(x) + i) .
(1.2.54)

As it stands, this result is exact in m and holds whether m?A is small or not. Let us
insists that the G and CNJC appearing on the right-hand side are the massive ones. The
first writing is the appropriate one to study the small m? asymptotic, as CNJC has a smooth
limit for m — 0.

The massless case

It is now straightforward to recover the Liouville action as the gravitational action in the
massless case. Inserting (1.2.54) in (1.2.43) and using (1.2.28) and (1.2.53), one gets:

_2171-/(123;\/'650(3:) R(H?) = —ﬁ&gﬂgo,o’] . (1.2_55)

Note that the term in JA/A in (1.2.54) precisely cancels with the one in (1.2.43). Of
course, eq. (1.2.55) is just the contribution of one conformal scalar field with ¢ = 1.
However, writing the metric ¢ = €27 gy amounts to fixing the diffeomorphism invariance.
The corresponding Faddeev-Popov determinant that arises gives also a contribution to
Sgrav in terms of the Liouville action but with a coefficient +% (see e.g. |11, 97, 98]),
so that one gets the overall contribution:

55 g0, 9] =

grav

26 —c
5(0) _ S _ 1.2.56
grav {90; g] ghost + conf matter 247 L [907 U] ( )
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The massive case
Combining (1.2.43) and (1.2.54), and using (1.2.55), one gets:

1

E) : (1.2.57)

dSgrav(90. 9] = —ﬁ&%[go,g] + m2/d2$\/§50(1’) (Ge(@) +
The task ahead is then to rewrite the second term on the r.h.s as the variation of some
local functional.

Let us compute 0G¢(x). In order to do so, we first establish a formula for 6G(x,y)
under a variation dg = 2d0 g of the metric and thus under a corresponding variation
dA, = —200/4 of the Laplace operator. One can then either use the definition (1.2.10)
as an infinite sum and the perturbation theory formula (1.2.45) and(1.2.46), or directly
the defining differential equation (1.2.10). In any case one finds

0G(z,y) = —2m2/d22\/§G(x,z) do(z) G(z,y) . (1.2.58)

To obtain the variation of G, according to (1.2.42) one needs to subtract the variation
of the short-distance singularity. Now, the geodesic distance £4(z,y) transforms as (see
e.g. appendix Al of [53])

5€§(x, y) = fﬁ(aj, y)[6o(z) + 6o (y) + O((z — y)*)] . (1.2.59)
It follows that
}ji_r)ryljéln [u%ﬁ(m, y)| =260(x) . (1.2.60)

Plugging (1.2.58) and (1.2.60) into (1.2.42) one gets
do(x)

0G¢(x) = —2m2/d22\/§ (G(x,z))2 do(z) + o (1.2.61)
Upon integrating this over x one encounters
L P SR
_ o Yn(2)¢n(z)
= 7%:0 v
=((2,2,2) . (1.2.62)

(Note that ((2, 2, 2) = Ga(z, 2) is finite.) It follows that

5/d2x\/§G<(az) = 2/d2x\/§G<(az) do(z) — 2m2/d2z\/§§(2,z,z) do(z)
+ 217T/d2x\/§50(x) . (1.2.63)
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One can then rewrite (1.2.57) as

2
5Sgrav[g(]7 ]_5 _MSL[907Q]+/d .%\[Gc( ):| 4/d2x\/§C(2,x,x)5U(a¢) :
N (1.2.64)
Note that we can replace G¢ by G¢ in the second term. Indeed, their difference is

f d?z/g —+ g —s75 = 3, Whose variation vanishes.

Next, we use (1.2.38) to rewrite the last term as m* [ dtt [ d*z\/g K(t,z,z)00(z),
and establish a formula for the variation of the integrated heat kernel K (t). Since A\g = m?
its variation vanishes and we have

SK(t) = 0K (t) = — Zte_’\"téx\n =2 Zte_)‘"t()\n —m?) /d%\/ﬁd}i(m) do(x)

n>0 n>0
=—2t ((?t m?) /d2:1;\/§l?(t, x,z)00(x)
=2t M % / Pz /gKO (¢, z,2) b0 () , (1.2.65)

where we used (1.2.45) and (1.2.32). It then follows that
1 [dt, 2 ~
—/ dt (em b—m?t—1) (c?t m?) /dQ:c\/ﬁff(t,x,x) do(x)
0
m/ dtt/dzwatxx)éa m/dzwf§2xa:)5a()
=m /de\/f]((Q,x,x) oo(x) — A/de\/f](Sa(x) , (1.2.66)

where we integrated by parts and used (1.2.38). The boundary terms do not contribute?
since K vanishes at ¢t = 0o as e”™* and A; —m? > 0. Upon inserting this into (1.2.64)
we finally get

1 1. A m? [, ~
5Sgrav[90,9]—5[—247TSL[9079]+2111AO+2/d w\/gGC(JU)

2 t

+ 1/000 @(em% —m2t — 1)[}@)] . (1.2.67)

Note that in the last term the t-integral is convergent both at ¢ = 0 and at ¢ = co. This

?Had we started with 6K rather than 6K and written this equation for K and ((2,z,x), the
\/96c would have appeared as the boundary term.
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is immediately integrated as

1 1. A m ~ ~
Sgrav[g()ag] :_WSL[QW ]+§IHA70+7 dzx(\/gGg(l’;g) —\/gT)Gg(x;go))
dt =~ ~
3 / (e =Pt = 1) (K(t:9) = K(t:90)) - (1.2.68)
0

Thus we have expressed the variation of the gravitational action as the variation
of a sum of (local) functionals that are all perfectly well-defined without any need of
analytical continuation (contrary to the initial ¢’(0)).

It will be useful to rewrite (1.2.61) to obtain the variation of ég in terms of quantities
that all have well-defined limits as m — 0. Recall that G = ﬁ +G and Ge = ﬁ +§<.
Thus (1.2.61) can be rewritten as

~ 4 2 ~ 2 2 ~ 2 do(x)
0G¢(z) = —A/d 2y/9G(x,2)00(z) —2m /d 29 (G(z,2))" 6o (2) + o
(1.2.69)
Using (1.2.28), we can replace do in the second term by —AAGJ¢/4. Indeed, the §A/2A

piece doesn’t contribute since G has no zero mode. Using the differential equation (1.2.12)
satisfied by G, the second term may then be rewritten as

j A2/g G(z, 2) do(z) = /dQZ\/g&b(z) A.G(x, 2)
— d0(a) ~ 6l g) — m? [ P2GCle,2)06() . (1270

with dSay given in (1.2.29). Thus

5é¢(az) = 5025::) (x)—éSAy[go,g]—mQ/ d*z,/g [é(a}, 2)0p(z) + 2 (é(x, z))2 60(2)] .

(1.2.71)
In exactly the same way we also get

5Gi () =5 (56(x) + 66(»)) ~ 5Sxvloo. ] (12.72)
—m / d%\f{ ( (z,2) + Gly, ))5¢(z)+2é(x,z)5a(z)é(z,y)] .

While these are exact relations valid for all m, they are written in a way that makes the
small mass expansions obvious.

Small mass expansion

Eq. (1.2.67) is non-perturbative in m. However, it is also written in a way that imme-
diately allows for a perturbative expansion in m, since GC and K have smooth limits as
m — 0. The m? — 0 limit of (1.2.67) also exhibits an extra 5 ln 4, term which only gets
removed for m? = 0 due to the difference in the definitions (cf (1.2.20)).
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Let us determine the order m2A-correction Sggw to Sé?;v. Since I?(t) — Mt (0) (t)
and )\7(10) ~ % it follows that

| et = mr - )R ) = 0(n2a) (1.273)
0

Next, it follows from (1.2.12) and (1.2.13), upon subtracting the short-distance singularity
and letting * — y, that

GC( —I—Z r+1 (x,z) , (1.2.74)

so that [ d%z,/g Ge(x de:L‘\fG )(2)+O(m2A). Thus, one reads the terms of order
m2A in the grav1tat10na1 action from (1.2.68):

m? m2A m?
Sihlos 9] = - (AValg) - AWalgo] ) = 75 (Walg) = Wolgo] ) + (A= Ao)Z-Walgo]
(1.2.75)
where, following [55], we have introduced
1 ~
_ A/d%\/gGgo)(m;g) . (1.2.76)

The variation of ég was given in (1.2.71) and that of ééo) immediately follow as
do(zx)

6GE (@) = 222+ 80(x) — 3Savloo, o (1L.2.77)
so that @
GEO)(JJ;Q) = Géﬂ)(ag;go) + % + ¢(x) — Savlgo, 9] - (1.2.78)

This relation has been derived before in [55]. Using (1.2.21), it is then straightforward
to obtain (as in [55])

1 4 =~
Valgl ~ Velol = - [ doyin | Goe” - 26000 — 416 8GO wig0)] . (1.2:79)

For genus h = 0 and choosing gg to be the round metric on the sphere, ééo) (z;90) is
a constant, and one directly gets the Mabuchi action for h = 0. More generally, for
arbitrary genus, it has been shown in [55] that

Valg] — Yalgo] = ésM[go,g] + h<SAY[9079] - /d2$¢97¢) , (1.2.80)

where g, is the canonical metric on the Riemann surface. Finally, (1.2.75) becomes

m?A
2

m2
Sfihlonsg) = "5 [ Sulon. gl + h(Salon.g) — [ avge6)| + (A= A0 Velan

(1.2.81)



1.3. REGULARIZATION OF THE PARTITION FUNCTION 18

While the last term contributes to the cosmological constant action, the other terms
are to be considered as the genuine order m?A correction to the gravitational action,
and it involves the Mabuchi and Aubin-Yau actions. This motivates the choice made in
this thesis to also consider the Mabuchi action in addition to the Liouville action in the
quantum gravity partition function.

One can straightforwardly obtain the expansion in powers of m? of the terms in

2. or (1.2. . Denoting the term of order (m vV Sgrav, We have
1.2.67) or (1.2.68). Denoting th f order (m2A)" by Siy, we h

Seravlg0, 9] = > S 90, 9] , (1.2.82)
r=0
with
_\r+1 _ »
Sgdonssl = i | [ @e5GO0wwig) ~ [PaymO )] o r22.
(1.2.83)

While these Sggv [90, g] are appropriate local gravitational actions, it would be desir-
able to express them in terms of more geometric quantities like the conformal factor or
the Kéhler potential, as was the case for Sé?&v (g0, g] and Ségv [g0, g] with the Liouville,
Mabuchi and Aubin-Yau actions. As previously stated, in the following of this thesis,
both the Liouville action (for conformal matter) and the Mabuchi action are considered,
the later being involved in the first-order mass correction to the gravitational action.
A writing of these Sg(;;v [90, 9] in terms of the conformal factor or the K&hler potential
could open a way for a continuation of the present study. To our knowledge however,
there does not seem to exist any appropriate functional in the mathematical literature.
Nevertheless, since the &(ﬁo) are entirely determined in terms of the properties of the
Riemann surface, they are purely geometric quantities.

1.3 Regularization and computation of the partition func-

tion at fixed area

The quantum gravity partition function may be written in terms of the so-called partition
function at fixed area Z[A]

Ziwws = [ Do Zuuilg) = [ a4 214). (13.1)
with
Z|[A] Z/Dg e Zmang] 0 (/ d*z\/g — A> = /Dg e~ Seravlaodl 5 </ d*z\/g - A) :
Xh 3p
(1.3.2)

and Xj is a compact Riemann surface of genus h. Some suitable gravitational actions
have been discussed in the previous section. In Chapter 2, we will only consider the
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Liouville action while in Chapter 3 and in the remaining part of this chapter both the
Liouville and the Mabuchi actions will be considered. As previously stated (see section
1.2.5), fixing the conformal gauge amounts to replacing Dg by Do Zghost[g] and results
in a term +2>51,[g] in the gravitational action. Thus, following [54] we write

Z[A] = /Da ¢~ o= Sulon.al— L Sulao.al-124 5 </ d?zy/g — A) : (1.3.3)
Xn

where ¢ is a loop counting parameter (to be set to 1 in the end) and x? = % plays the
role of the coupling constant of the Liouville theory of central charge ¢ and includes the
ghost contribution.

Note that, as discussed in [54], a further subtlety arises in the case of the sphere, h = 0,
because the gauge-fixing (1.2.21) then is incomplete. An additional gauge fixing of the
residual SL(2,C)/SU(2) group of diffeomorphisms acting non-trivially on the conformal
factor 0 and Kahler potential ¢ must be performed. The result is to project out the
spin-one modes of ¢ in its decomposition in terms of the spherical harmonics Y;™, which
produces an overall factor of A%2 in the partition function coming from the Faddeev-
Popov determinant. It is implicitly assumed in the rest of this thesis that A > 0, in order
not to explicitly deal with this complication.

1.3.1 The measure on the space of metrics

We consider the quantum gravity integration measure Dg. This measure can be derived
from a choice of metric on the space of metrics. It is generally assumed that this metric
should be ultralocal and, hence, of the form ||6g||* = [ d%\/g 09ap0Ged (g“cgbd+ag“bg'3d)
for some constant a > —1/2 (see e.g. [11, 54, 99]). The authors of [54] argue that
ultralocality may not be the most important condition for a theory of quantum gravity,
and that background independence is a more fundamental requirement. (Then, other
metrics satisfying the constraint of background independence could be used in the path
integral, such as the Donaldson-Semmes-Mabuchi metric [79, 85, 100].) Nevertheless, we
use the above with g = €27¢gg to get

16g]|? = 8 (1 4 2a) |[60|* , ||d0]* = /de 90 €% (60) . (1.3.4)

The integration measure Do over o is determined from this metric [23]. It is not the
measure of a free field, because of the non-trivial factor €??. Instead of o, we will use
equivalently the variables (A4, ¢), using the relation (1.2.21). Following [54], we have

5A)?
o1 = L2 4 1sol (135)

where ||do||% is the metric on the space of metrics for fixed area A

1
1604 = 6 d%z\/g (AASP)*. (1.3.6)
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Using eq. (1.2.21) and (1.2.23), this term can be rewritten as

1 s 2
léo]1% = 1 de\/gT)eQ"<e 2 AA05¢)

1 1 -1
_ /d% " (1 - fAA*q§> (AA,56)°
16 2
(1.3.7)
in terms of the rescaled (constant curvature) metric g, of area A. Formally, (1.3.5) and

(1.3.7) thus induce the non-trivial measure |54]

dA dA [, e
Do= =Do="2 [Det/(1 - 144,6) | " Det'(4A,) Do | (1.3.8)

where D, ¢ is the standard free field integration measure in the background metric g,
deduced from the metric ||6¢]|2 = [d*z,/g=6¢?. As previously stated, the notation
Det’ means that we are not taking into account the zero mode when computing the
determinant. Indeed, from (1.2.21), the zero mode of ¢ is unphysical and must not be
included in the integration measure over the Ké&hler potentials. The measure D,¢ can be
expressed in the traditional way by expanding ¢ in eigenmodes of the Laplace operator
A,. Following the notation of section 1.2.1, we have

Qb = Z and)n s A*¢n = )\gbo)d)n s /d2x\/g>*1/]n¢m = 6nm , (139)

n>0

and thus

dan,
Do =] “\/% . (1.3.10)

n>0

One could instead define an expansion of ¢ with respect to eigenfunctions normalized
with the metric gg of area Ag. Then, the integration measure Dy¢ in the background
1 A
metric gg is related to Dy¢ by D, = e2 2nln 55 Do¢ [55]. All these relations are formal

and must be regularized.

Our starting point for the computation of the quantum gravity partition function at
fixed area then is (cf (1.3.3))

2 2
Z[4] = \/12 /D¢ exp <—8';ESL[90,9} - %SM[ng] - M3A> (1.3.11)

[Pt exp (~Smesmneloos ]~ oSiloo. g1~ Sl
\/Z * p measure |90, 9 S1e Ll90,9 - M40, 9 .

The measure action in thus defined as
S L1 [Det/ LAA,¢) " Det/(AA
measure[QO;g] = _5 In |: et (1 -3 *¢) ] — In Det ( *) (1.3.12)

This expression is a formal writing and needs to be regularized.
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1.3.2 One-loop expansion of the partition function at fixed area

The semi-classical partition function at fixed area is dominated by the minimum of the
gravitational action at fixed area. As previously stated in section 1.2.3 (see (1.2.29)),
the classical saddle-points at fixed area of both the Liouville (1.1.4) and the Mabuchi
(1.2.26) actions are the constant curvature metrics of arbitrary area A. In terms of the
background metric gg of constant curvature and of area Ap, the saddle-point value of o
is oq = % In AAO‘ Expanding around this saddle-point up to quadratic order then leads to

Stlgoss] = 4n(1 =)0 + 1 [@go(an)? (A, + TE=D]o 1 o)
A 1 8m(h —1
Smlgo, 9] =21n ot /dzw\/gicéAA* [A* + W(A)M +0(¢*). (1.3.13)

with respect to the Kéhler potential ¢. The terms O(¢?) are relevant beyond the one-
loop approximation and will be considered in Chapter 2 and 3. Let us insist that, in this
expression, the zero mode is excluded. Indeed, as stressed in the previous subsection,
the zero mode of ¢ is unphysical for all h.

As highlighted in [54], the full dependence of the these actions in the area A comes
from the tree-level term in (1.3.13). Indeed, using (1.2.23), all the apparent A-dependence
in the second term can be absorbed, and this remains true to all orders in the expansion.
The authors of [54] conclude that the non-trivial area dependence of the quantum gravity
partition function is actually due to the requirement of a proper regularization procedure
for the measure in the functional integral.

The loop counting parameter ¢ introduced in (1.3.3) allows us to write a loop-
expansion of the form

In Z[A] = W[A] = > WH[4] (1.3.14)
L>0

where W(F)[A] is the sum of connected vacuum diagrams of order e“~1. The tree-level
contribution W(® can be directly read from the tree-level terms in (1.3.13)

1/h—1 A
O[4] = = (——k2—28%)In — . 1.3.1
WwO4] 5( > 2/3)1nA0 (1.3.15)
This yields a tree-level string susceptibility
h—1 kK2 52
= —— —2— 1) . 1.3.1
e = o 22 o) (1.3.16)

Note that when considering only the Liouville action, the loop counting parameter can
be taken to be directly x2 so that

2
which is precisely the KPZ value. Indeed, if one does a loop-expansion of the KPZ result
(1.1.2) for the string susceptibility up to one loop, one gets
h—1 , N 19 —7h
K
2 6

AL = K% 4+ O(1) (1.3.17)

+0(k7%). (1.3.18)

Vstr =
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Hence, eq. (1.3.16) is a generalization in agreement with (1.3.18).

The one-loop computation was made in 454], starting from (1.3.11). The complicated
determinant factor [Det’(1 — %AA*qb)*l]l/ in the measure action (1.3.12) is irrelevant
at one loop. Its contributions will be carefully studied in the following chapters of this
thesis.

From eq. (1.3.13) and (1.3.12) one has [54],
1
WA = —5InA+InDet/(4A,)

1 , 8w(h — 1)\ / K2 9

— 5 InDet [AA* (A* n T) (?Q—WAA* + )} . (1.3.19)
This expression is formal and must be regularized. In section 1.2 the determinants were
regularized using the standard (-function scheme. However, as discussed in [54], this
method is not adapted when dealing with a product of determinants. This is the so-
called multiplicative anomaly |[101-106]: the (-renormalized determinant of a product of
operators does not always equal the product of the (-renormalized determinants of the
operators. As reminded in [54], the multiplicative anomaly is usually irrelevant since the
determinants are defined modulo the addition of arbitrary local counterterms [107-111].
However, in the present computation, this anomaly has to be taken into account when
performing the change of variables (1.2.21) from the conformal factor o to the area A
and Kihler potential ¢ if one uses the (-function regularization scheme. Otherwise one
gets a wrong area dependence of the partition function. This is explained and derived in
[54].

1.3.3 Spectral cutoff regularization

The general spectral cutoff approach is a powerful regularization scheme developed in
[53]. This is the regularization scheme used throughout this thesis. At one loop it gener-
alizes the zeta function regularization scheme without stumbling into the multiplicative
anomaly problem [54]. It also allows a physical discussion of the divergences. At higher
loops it amounts to regulating the propagators in a specific way. In particular, it will
allow us in the following to regularize the two- and three-loop Feynman diagrams in our
semi-classical expansion of the partition function.

A basic feature of the spectral cutoff is to replace any sum over the eigenvalues A2
of the relevant differential operator Dy, by a regularized sum as

0

ZH:F()\E) = [;F(AS)LA - /Oo dap(a)Y e a2 W F(AD) . (1.3.20)

n

The regulator function ¢ is relatively arbitrary, except for a normalization condition
which ensures that for A — oo one recovers the unregulated sum, and regularity proper-
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ties as @ — 0 or @ — oo [53]:

dap(a) =1

i” c\g

o(a) O(a™) forany n>0, (1.3.21)

o0
/ daa"p(a) < oo forany n>0.
0

A is the cutoff scale (which is eventually sent to infinity). An important physical require-
ment is that, in the end, all ¢-dependence should be only in terms that can be changed
by the addition of (local) counterterms, while any physical part should be regulator
independent®. This has been checked on several examples in [53].

Then, in particular, the regularized propagator? is

Glz,y) — {é(m,y)] on /OO da ¢(a) ZeiA%/\E @/Jn(x)?gn(y) . (1.3.22)

0 n>0

The right-hand-side is related to the “hatted heat kernel” on the manifold. Recalling the
expression of the heat kernel (1.2.30), this quantity is defined in [53] as

IN((t, x,y) = Z et Un(2)Yn(y) ,
n>0

o~

K(t,z,y) :/Oodt’f((t/,:p,y) =Y e Yn(@)¥nly) (1.3.23)

D
¢ n>0 )‘n

The integration is convergent at +oc since® A2 > 0 for all n > 0.

Of course, IN((t, x,y) and f((t, x,y) are symmetric under exchange of x and y and one
has the following relations

~ ~

d=
—aK(t,x,y) =D, K(t,z,y) = DyK(t,xz,y) = K(t,z,y) , (1.3.24)

as well as

~

K0, z,y) = Gz,y),
= _ -y 1
K(0,z,y) = @A A (1.3.25)

3For the partition function (1.3.2) or (1.3.11), this means that all the residual ¢-dependence can
be absorbed in the cosmological constant p2, possibly up to an area-independent global normalization
constant.

1As previously stated, the zero mode of ¢ is unphysical and has to be excluded. Thus we will only
consider quantities with the zero mode excluded. This is indicated by a tilde such as in G(z,y).

®Indeed, in this thesis, the operator Dy will be either AA, (A, — R.) (“—2AA* + 52) or of the form
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A, — R. +m?. In any case, if the zero mode of the Laplacian is excluded then A2 > 0 for n > 0.
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As it is clear from the definitions (1.3.23), for t > 0, K(t,z,y) and K(t,z,y) are given
by converging sums and are finite, even as x — y. For ¢ — 0, one recovers various

divergences. In particular, for an operator Dy = A, — R, +m?, I?(t, x,y) then yields the

logarithmic short distance singularity of G(z,y). Also, since K (t,z,y) and K(t,z,y) do
not include the zero-mode, their integrals over = or over y vanish (as is also the case for

G(z,y), of course):
/d%r@f((t,x,y) = /d2x@k(t,x,y) =0. (1.3.26)

Also, from the definition (1.3.23) of K(t,z,y) and K(t,z,y) and the orthonormality of
the eigenfunctions v, it is straightforward to get®

/demg(tlvuvx) I?(tanﬂj) = k(tl +t2,u,v) 5

[ #av@ Rt e Rtawo) = Ko+ tauo),

/d%\/gjﬁf?(tl,u,x)k(tg,x,v) = —K(t; +to,u,v) . (1.3.27)
1

These formula will be useful in the following chapters. The regularized Green’s function
(1.3.22) is now seen to be given by

~ oo = o
[G(x,y)L’A = /0 da () K(p,x,y) : (1.3.28)
If a given Feynman diagram (integral) I,, contains n propagators, we can now define its
regularized version as

reg ATT 7 4o (e _a _
I _[In]w (Hl/o dalcp(ozl)> La(ty = T30 ota = 55) » (1.3.29)

where I,,(t1,...,t,) is the Feynman diagram (integral) with all propagators é(mi,yi)

replaced by K(t;,x;,yi). It is obvious from (1.3.29) that the only part of I,,(¢;) that
contributes is the part that is completely symmetric in all ¢;. To simplify the notation,
we will not write the fooo dajp(aq) ... fooo dayp(ay,) in our later computations in Chapter
2 and 3.

In our two- and three-loop computations in Chapter 2 and 3, the strategy is then to

compute the relevant I, (t1,...,t,) and extract the small ¢; asymptotic. Since we always
let o
ti = Aié (1.3.30)

the small ¢; and large A asymtotics are, of course, equivalent. To do this, we will once
more use the well-known small ¢ asymptotic of the heat kernel K (¢,x,y), resp K(t,z,y)

5The last two lines may also be deduced from the first relation using (1.3.24).
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(cf section 1.2.4). Unfortunately, this does not allow us to get the small ¢ asymptotic of

o~

K (t,z,y) since by (1.3.23) the latter involves K (t',z,y) for all ¢ > t which are not all
small. However, using (1.3.23) and (1.3.25) we can write

o~

t

K(t,z,y) = G(z,y) — / At K(t',z,y) . (1.3.31)
0

In the second term ¢ < t is small for small ¢ and we get a useful formula if we can also

say something about the un-regularized Green’s function é(m,y). This is the case if x

is close to y, where a short distance asymptotic involving éC () (defined in (1.2.37) and

(1.2.38) in section 1.2.4) is available.

In view of our later two- and three-loop computations in Chapter 2 and 3 we will now
give some more specific formulae in the small t asymptotic for the operators D, = A,— R,
and DM = A, + 327775—2 = A, + T. Indeed, Chapter 2 is dedicated to the study of the
Liouville theory coupled to the regularized quantum gravity measure and thus S will be
taken to be zero. In Chapter 3, the Mabuchi action will be added but the study will be
restricted to the case of the torus, so that in both cases we will be able to work with the

field” X
6= 3ANG . (1.3.32)

Since the zero-mode of ¢ was excluded anyway, the relation between ¢ and 5 is one-to-
one. Then,

Glay)l, = (@(A=R) ),

Gyl = @A +T) ) . (1.3.33)

Small ¢ and short-distance expansions

We consider the general operator D = A, + £R, +m?. For the Liouville theory, £ = —1,

m = 0 and \g = —R,, while for the Liouville and Mabuchi theory on the torus R, = 0,

m? =T = 327”%; and A\g = T. Recalling the small ¢ expansion of the heat kernel

K(t,x,y), we have the following small ¢ expansion of I?(t, x,y):
~ 1

— Aot
_p2
K(ta,y) = e/ ao(w,y) + arfa, )t +anlay) £+ | =

where (2 = Ei(m,y) is once again the geodesic distance squared between z and y. As
previously stated in section 1.2.4, for small ¢, the exponential forces ¢2 to be small and
we can use normal coordinates around y. Then

= (z—y)?*=2? (1.3.35)

(1.3.34)

"Using ¢ instead of gg as the basic integration variable generates a Jacobian determinant that can-
cels a similar determinant at one loop coming from the Liouville action [54]. This cancellation could
be incomplete if the multiplicative anomaly is present. The correct cancellation thus depends on the
regularization scheme. As was discussed in detail in [54], when using the spectral regularization no mul-
tiplicative anomaly occurs and there is no subtlety associated with the change of integration variables
from ¢ to ¢.
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in normal coordinates. From eq. (1.2.34), one reads

aO(x7y) = aO (.’I},y),

ai(z,y) = o (e,y) - m?al (z,y) , (1.3.36)
4
m

axw,y) = af (2,) ~m’ay (@,y) + Taf (@) |

where, following the notation of section 1.2, the ago) (x,y) are associated with the “mass-

less” operator D) = A, 4 £R,, and (see e.g. the appendix of [53])

a(()o)(x,y) = l—i—ilkzz—i—éfo(zz)Q—i—...,
o (z,y) = 1 _6651%* + Pg (210 - i) R22+..., (1.3.37)
a(z,y) = §§(1—30§+90§2)+... .
and . . P2
\/gt:mz —T522+48*0(z2)2+... . (1.3.38)

The specific values of the a;(x,y) for the Liouville theory and for the Liouville and
Mabuchi theory on the torus can be immediately deduced from these formulae.

In particular, the heat kernel at coinciding points K (t,z,x) is independent of the
point x since R, is constant at fixed area. Then, for any function f that does not include

the zero-mode, this implies that | de\/gj f((t, x,z)f(z) = 0. In particular,
/dzx\/gjf?(t, z,2) p(z) =0 . (1.3.39)

To get the small ¢ expansion of K (¢, ,y) we use (1.3.31). This yields [53]

~ é 1 . 62 t , e—)\ot
K(t,z,y) = Gz, y) — — , E(—) , 1.3.4
(t,2,y) = Cla,y) Mzwuwkﬂu+ﬁa . (1.3.40)
k>0
where the exponential integral functions E, are defined as
o
E,(w) :/ duu"e ", (1.3.41)
1

with asymptotic behaviours for small a: Ei(a) = —y — Ina + a + O(a?) and Fs(a) =
1+ (Ina+vy—1)a+ O0(a?) (see e.g. [112, 113]).

We will be mostly interested in the case when x is close to y where one can use the
small distance expansion of the Green’s function® G(z,y) (see e.g. [53, 56]). Thus, in

8~T0 obtain this expansion, the idea is to first fix the leading singularity so that for = close to v,
A{G(z,y) ~ 6(z — y) (in normal coordinates around y, \/g«(y) = 1). Then, one has to adjust the
subleading terms so that (A? — R.)G(z,y) = —4 for & # y, and finally, one fixes the “integration
constants” in terms of ég(y).
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normal coordinate and for small t, one gets the following expression for the “hatted heat

kernel” (1.3.40):

o~

™

2

—a1(2) [Z4 (477 ég(y)

R(t,zy) = 41{@0(2) <47r Gely) - 27— By Cﬁ))

2.2 2

uz Z

—In¥— -2 2 tEy | —
n 4 ’Y+>+ 2<4t>]

1 2 2,2 .3

As long as t > 0, this has a smooth limit as * — y given by

~

K(t,y,y) = Gc(y) (1.3.43)

[mﬁt +y+t (al(y,y) — 4;7{)} +0(t?) .

C4r
Note that the only term in I%(t, y,y) that depends on the position y is C:’C(y). Thus,
[ EaviRrnf@ = [@om G,
/d%@[?(t,x,x)f(x) = 0, (1.3.44)
for any function f that does not include the zero-mode.

For later use, let us quote some explicit formulae for the pure Liouville theory on a
Rieman surface of genus h > 1, studied in Chapter 2:

= 1 P ~ uz? 7 9
K(t,z,y) = 471_[<14R*> <47rGC(y)ln427> —ER*z
R. 5 22 7 22 1 22
- —z2 /4t 1 2 Rt
e z e
K(t - 14+ =Rt (= 47)+...] - , 1.3.45
o) = S [LrgRee (G7)+ -5 (1.3.45)
as well as
d ~ e /4 % R (N R
- =—|(1—— 14+ 222 ) ——-R. 2+ ... et (1.34
aXbey) =7 [( 4t>( * 24Z> 6T T }+ 2 (1:346)
and
~ 1 7 4dr 41 47 9 9
K(t,z,x) = ppn {1+(6R* A)t—l—(GOR* A)RJ]—FO(t),
Ktz7) = Ge(a)— - |mp2t+v+ (2R - 2T)e| 4 02) (1.3.47)
zx) = Gelr) = |lnp v s~ : 3.
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1.3.4 One-loop result for the partition function at fixed area

Let us recall the derivation of W([A] (1.3.19) made in [54] in this framework. The
determinant (1.3.19) is of the general form

InDet (Fi(A)--- Fy(A)), (1.3.48)

where the operators F;(A) can be expressed in terms of the Laplacian. In the prescription
(1.3.20), the regularized version of (1.3.48) is the sum of the regularized versions of the
individual logarithm of determinants:

/OOO dap(a) Y e X2 InDet(Fi () - Fy(Ar))

r
p

:/Oodoch(a)ZZe_/&)‘r In DetF;(A,). (1.3.49)

0 =1 r

and one has no multiplicative anomaly in this case. This simple result is true because it
is the same cutoff function @(a)e_ﬁ’\’” that is used to regularize all the determinants.
Here, A, denotes the eigenvalues of the Laplacian.

Now, the only sums required to compute in order to access W) [A] are

—tAr
So = Ze s

r>0
R a 3.
81<A> ge (O + ) - (1.3.50)
so that
[lnDet’ (Z(A + %))}%A = /000 da ¢(a) {So Inz+ & (%)} (1.3.51)

Following the techniques used in [53], these sums are evaluated in [54] such that

si(5) = —% <‘f + a) (v+Int) = ¢'(0,5) + O(1), (1.3.52)
and 4 bt
So= 17— 2+ 0(), (13.53)
where 1
((s,a/A) = A - (1.3.54)
B0l = 2 5

To access the area dependence of these expressions when the determinants are evaluated
on the saddle point metric g, of area A, one uses (1.2.23) and the definition (1.3.54) to
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get the scaling relations |53, 54|
a ANs a
C*(Syz) = <I0> 40(37 /To)7
0,y = (P2 ey A g @
0.5 =-(= +4ﬂ)1nA0+<0(0, i) (1.3.55)

so that eq. (1.3.51) can be rewritten as,

[ln Det'(z(A + %))}%A = /000 dap(a)

h A
(e ) (im0 0wt e

(0%

1(Aaa (127/\2_)
4 «@ “ . 7

Using (1.3.56), one immediately obtains the expression of the regularized one-loop
quantum gravity partition function (1.3.19)

00 AA2 /€2
(1) — il VRN 2 _
4 ]%A /0 dap(a) [87ra (fy InA® —In 327704)

42
2 6 +n2

1 —4 2
_( L TR B )lnj—l—C[Ag,/@z,ﬂQ,a]] . (1.3.57)
0

where C'is an A-independent irrelevant coefficient. The first term in (1.3.57), which is
divergent and cutoff dependent, is proportional to A and can thus be absorbed into the
cosmological constant. The one-loop string susceptibility is read from the coefficient of
the In A term [54]:

one-loop __ 19 —7h i 4672 .

str - 6 I€2
As required, it is finite and cutoff independent. This expression? generalizes the KPZ
result (1.3.18). This was to be expected since the non-trivial nature of the quantum
gravity integration measure only shows up at two and higher loops.

(1.3.58)

1.4 Background independence

Background independence is the statement that physical quantities should not depend
on the choice of the background metric go or g, = AAOQO‘ Necessary conditions for this
background independence are various co-cycle identities. As an example, consider three
different metrics, g1, go and g3 related by conformal factors as

— 620'21

92 g1, g3=€"2gy, g3=eg . (1.4.1)

9 Although the reasoning presented here has been restricted to surfaces of genus h > 1, it is shown in
[54] that this expression is also valid in the case of the sphere.
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One may consider g3 as the quantum metric and g2 as the background metric. If one
then expresses go in terms of g; and uses g as the new background metric, all references
to go must disappear. This is only possible if the conformal factors are related by the
obvious co-cycle identity

032 + 021 = 031 . (1.4.2)

In the Kéhler formalism, this identity leads to a corresponding identity for the K&hler
potentials. Indeed,

A 1
— 2Uba e 7b — —
gp = ¢ Ja = A, (1 2AaAa¢ba> Ya (1~4-3)
implies the relation
1 1 1
<1 — 2A2A2¢32> (1 — 2A1A1(;521> = <1 — 2A1A1(Z)31> . (1.4.4)

Recalling that Ay = e~29% A, then leads to the co-cycle identity for the Kihler potentials

P32 + P21 = P31 (1.4.5)

up to an irrelevant constant. From (1.4.4), one has the following identity in terms of
®ba = %AaAaﬁbba:

(1= ¢32)(1 — 21) = (1 — 631) - (1.4.6)

As emphasized in section 1.2, the gravitational action satisfies the similar co-cycle
identity (1.2.2). Let us consider for the present discussion the following gravitational

action:

’QQ

8T
The counterterm action S¢ will be shown to be required in Chapter 2 section 2.1.2.

The gravitational action (1.4.7) must satisfy the co-cycle identity (1.2.2). As previ-
ously stated in section 1.2, this is true for the Liouville action. Anticipating the rewriting
of integration measure D(;AS exp(—Smeasure) i terms of gg in the next chapter (see section
2.1.1), we have

Sgrav[QOa g] = SL[QO; g] + Smeasure [9079] + Set [907 g] . (1-4-7)

Do =[] dbn - (1.4.8)
n>0
with
¢ = an%, Ay, = A0, | /d2x\/§wn¢m = Opm » (1.4.9)
n>0
and . .
Smeasure[glv &5} = —5 In Det’(l — (35\)71 = §TI‘/ ln(l — (ES\) . (1410)

Eq. (1.4.6) immediately implies that Speasure also satisfies the required co-cycle identity,
at least naively. Of course, to show that this naive statement is really true, we need to
understand how Tt ~ [ d?z,/g >, 1,1, behaves.
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To follow the background independence in our computations, we will now study the
variations of different quantities under an infinitesimal change of the background metric.
To be precise, we begin by expressing our quantum metric g3 in terms of the background
metric g, = g1. Then we let

g=¥g , =g, (1.4.11)

with infinitesimal w and use g2 as the new background metric. In section 1.2, the in-
finitesimal change was in g3 = €2°?g;. Here, the quantum metric g3 is fixed and hence
only the background metric g; and the conformal factor o3; = o vary. We will simply
write

Bg=2wgs, Opo=—w, (1.4.12)

where g is the background metric varying from its original value g, and dg gives the in-
finitesimal change of any quantity under this change of background metric. In particular,
the following quantities yield

BVI=2wr09« , BR=-2wR,+2Aw , BA=-2wA,, (1.4.13)

with R and A respectively the background curvature and Laplacian in the background

metric. To simplify, we may assume that go and g; correspond to the same area so that
by (1.2.24) and (1.4.4)

ép In (1 - ;AAqS) =65 In (1 - qﬁ) = 2w = dgo=2w(l—9¢). (1.4.14)

Thus g fdzx\/gjqz/\ﬁ = [d?z,/g+ 2w. Since ¢ has no zero-mode, the left-hand side van-
ishes and we see that w has no zero-mode either:

/d%\/gjw =0. (1.4.15)

As a consistency check, it is easy to verify that the area and the genus of the Riemann
surface are invariant under g:

5BA:5B/d2x\/§:2 d2x\/g>*w:0 ,
o [87(1 — h)] = 5B/d2.w§R = 2/d2x@A*w =0. (1.4.16)
Note that the co-cycle identity for the Liouville action becomes
o SL = SL[g2, 032] — SLlg1, 031] = —SL[91,w] = — /d%@]ﬂw +0OW?) . (1.4.17)

By (1.4.15) and since R, is constant at fixed area, we see that, to first order in w, the
Liouville action is background independent:

S5 S, =0. (1.4.18)
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Even though the Liouville action is background invariant, the sum of Feynman di-
agrams it generates at two loops (and at higher order) will not be automatically be
background independent. There are two reasons for this. First, the integration measure
may or may not be invariant as we will see next. Second, the diagrams have to be regu-
larized. Now, the spectral cutoff regularization is based on inserting e~ *#* into all sums
over the eigenvalues A, of the operator D. Since the eigenvalues (and eigenfunctions)
change under a variation of the background metric, all the regularized quantities have

thus an induced additional background dependence. Since dge Mt = —te o \,, this
is an order ¢ ~ p effect but, as usual, when multiplied by some other dlvergence ~ A\?
it could well lead to some finite additional background dependence.

Let us first discuss the integration measure (Hn>0 ’i/d;—;) exp(—Smeasure). Once reg-

ularized, the measure action (1.4.10) stands as

~ 1 ~ ~
Seasure[g1, @] = 3 /d2a:\/g>*K(t,a:,x) In(1 — ¢(z)) , (1.4.19)
since, from the previous discussion (cf section 1.3.3):

K(t,z,1) = [Z( ,9)(3:))2} . (1.4.20)

n>0 res

Note that the w,(f) are the eigenfunctions of D1 = Ay — Ry = A, — Ry = D, normalized
with g1 = g«. The variation of eq. (1.4.10) is

-~

55 Steasurelg1: 8] = / g | (wE + %51?) In(l—3) — Ku
_ /de go (0K + %5}?) In(1 — ) (1.4.21)

since w has no zero mode and K (t,z, ) is a constant (see (1.3.44)). To determine the
variation 6 K , we need first to know how the eigenvalues )\% = )\%0) — R, and the eigenfunc-
tions 1, behave under an infinitesimal change of the background metric. The relevant
formulae are once more given by standard quantum mechanical first-order perturbation
theory for D = Dy — D1 = —2wD, — 2(A,w), see e.g. [53]. There is one slight subtlety
though, since the v, + 01, are normalized with respect to go while the 1, are normalized
with respect to g;. This implies that (1,|0¢y,) is not vanishing but equals — (¢, |w|)y,).
One finds

AL = (n]0D]n) = —2(thn| (AL w + (Auw)) 1) (1.4.22)
and
Spn () = — )+ > AL””; [AL + ) (U Wl ) + 200 ] (Asw) 1)
" (1.4.23)

Note that the eigenfunctions ,, are real and, hence, the square bracket in the last line
is symmetric under exchange of n and m. These formulae would in principle allow us to
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compute SK. However, we only need the asymptotic for large cutoff. From eq. (1.3.47)
and (1.4.13), we find SpK (t,2,2) ~ 70— (Aww — wR,) + O(t) and thus (1.4.21) becomes

7

5B Smeasure[gla ;g] /d2l’ G« (ﬂ By — Ay — % + O(t)) ln(l — g/f)\) . (1424)

This action does not appear to be background independent, as it is also the case for the
counterterm action introduced in the section 2.1.3.
We also need to study how D,¢ =[] £dbn ¢ ransforms. We define the expansion

n>0 /27
coefficients b( ) and b ) of gb as

o= bt =% bR 9B =g ) =g S, (1.4.25)

n>0 m>0

where the w%Ai) are the eigenfunctions of the Laplacian A;, rather than of A; — R;. For
the constant curvature metric g; these are, of course, the same eigenfunctions, but for
g2 this is no longer true. The formula for d15 is given by (1.2.46) with the m = 0 and

6o replaced by w. In any case, we will only need (1,,|6¢5) = — (¢, |w|y). Note that

(A1) _ (Az) _ 1
Yo = =i
into each other separately. Thus, for m # 0, bﬁﬁ) = b%) + b, with

is unchanged, and the zero-mode and the non-zero modes transform

=D Munbl) My = (§¥mlthn) | (1.4.26)

n>0

and

[T = doVe =%, 658 =-Tr'log(1+ M) = -Te'M + O(w?) . (1.4.27)

n>0 n>0

Since (Y, |095) = —(¥hn|w|tn), we get upon regularization

S = [ Stwlelinl] = [ v @@y @

n>0 n>0

= /d%@[?(t,xw)w(x) =0, (1.4.28)

and hence [[,~, ’idﬁb" is invariant to first order in w.

Les us now remark that even if the regularized measure action (1.4.24) does not
seem to be background invariant, this does not mean that the overall computation does
not satisfy the background independence requirement. Indeed, as previously stated,
the spectral cutoff regularization induces a priori a background dependence in all the
diagrams, because of the insertion of the e terms in the propagators. Thus, the
background independence of the actions themselves would not have been enough to ensure
the background independence of the result of our computation. Of course, it would
be extremely cumbersome to follow the background dependence through the individual
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regularized Feynman diagrams that will appear at two (and higher) loops (see Chapter
2 and 3). Hence, we will give here some relevant formula that would allow, in principle
to do this. However, we will content ourselves by studying directly the background
(in)dependence of the final result for the two-loop partition function.

Since we are interested in the dependence in the area of the partition function and
anticipating the scaling

GHz)=Gl(2) + —In— | (1.4.29)

we need to compute the variation of the Green’s function at coinciding point 5Bé<(ac)
and thus the variation G (z,y) of the Green’s function. From the equations (1.4.22)
and (1.4.23) giving the transformations of the eigenvalues AL and eigenfunctions v,,. One
straightforwardly finds

3pG(z,y) = —(w(z) + w(y))G(z,y) + B+ C, (1.4.30)
with
wn(x)wn(y) <wn|()\nw + A*w)|¢n>
B = 2 1.4.31
2. ()7 —
¢ = 33 Pl OnlDUnW) & (A 4 A+ 280) )
n#0 m#n m n n

Upon separating the terms m = 0 from the sum C, we can symmetrize ﬁi —

1 1(1 1 1 .
)\%I_Agg(/\ﬁ - m) = BIaL and rewrite

n

c = Cl+CQ E% Z ¢n(x)wm(y)+¢m(x)wn(y) <T/Jm‘(()\%+/\%n)w+2A*w)‘wn>

= A
n,m%#0
s %(x)%(iyg i fg(x)wn(y) rlL Wol (AL + X)w + 2A.w) [¢h) . (1.4.32)
0 n n

n#0
The “missing terms” m = n in the first sum C are exactly given by the sum B, so that,

recalling 37, ¥n(2)tn(2) = mé(g; — z) — %, one has

Ci+B = (w@)+wy)i(zy) - ;/d% 7 (G(x.2) + Gy, 2))w(2)

+2/d2z‘/g* Gz, 2) Aw(2)G(z,y) . (1.4.33)

To evaluate the sum Cy we have to remember that AL — A} = AL + R, are the eigenvalues
L L

of A, and that ¢y = ﬁ so that (¢o|(AF + A\)w + 2A.w) |¢y,) = 3)‘:;%\0 wnp, where wy, is

the expansion coefficient in w = Znaﬁo wp¥y. Then, one finds

Cy = —% /d2z T (é(x,z) + é(y,z) + QéA(x,z) + 2C~¥A(y, z))w(z) , (1.4.34)
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where Ga(z,z) = D n£0 % denotes the Green’s function of the Laplacian A,.
n 0

Combining (1.4.30), (1.4.33) and (1.4.34) we finally get

5}36(56,3/) = 2/d2z\/g*(z) [é(w,z)A*w(z)é(z,y)

—%(G(w, 2)+ Gy, 2) + Galz, 2) + Galy, z))w(z)} . (1.4.35)

Note that this has no short-distance singularity as * — y and we can safely take the
coincidence limit to get (53@4(30).

The change of the geodesic length ¢(z,y) under the Weyl rescaling of the metric was
given in (1.2.59). Then, (as always, to first order in w):

o In(f% (z, y)u?) = w(z) + w(y) . (1.4.36)

Thus, recalling the definition (1.2.42) of ég(a:), we have

~ ) ~ 1
3G (x) = lim o [G(:r, v+ 1n(£?4(x,y)u2)]

™

- z/d%\/gj [(é(a;, ) Aw(z) — %(é(:g, )+ Galz, z))w(z)} + ‘“’2(9”) L(1.4.37)

This complicated-looking variation simplifies when integrated over the Riemann surface,
since G, Ga and w have no zero-mode:

5p [ d2an/g@) Ge(w) = 2 / a7z () Ce ()
+ 2/dszM/dzz@(é(x,z))zA*w(z) , (1.4.38)
and similarly
g [ A®x/g(x) R(x)Ge(x) = 2 / A y/ge Asw ()G ()
+ 2R*/d%\/m/d%\/m(é(x,z))QA*w(z) .(1.4.39)
We will also encounter expressions involving an integral of R G2. We have
o [ /oo R@) Ge@)? = 2 [ oy Ala) Cela)
+2/d2x\/MR* ég(m){”g) +2/d2z\/m [(é(m,z))zA*w(z)

_%(é(x, 2) + Galz, z))w(z)} } . (1.4.40)

We should remember that we will be interested in the area dependence and that area-
independent terms only lead to irrelevant normalization factors and will drop out in
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the end upon computing Z[A]/Z[Ao]. Anticipating the discussion of the scaling of the
Green’s function in the next Chapter, G(z, z) does not depend of the area. Then, from
eq. (1.2.23) and (1.4.29), and the three preceding formulae, we find that

on /11/d2m\/g(7)é4<$) - 211411121/d2xmw($)+A—independent
T 0

= 0+ A-independent , (1.4.41)
~ 1 A
op [ d*x\/g(x) R(2)G¢(z) = Py In T d%z+/g.(x) Aww(z) + A-independent
7T 0
= 0+ A-independent , (1.4.42)
and
_ 1 A _
o [ Pav/g@) Ba) Ce) = i [ Pay/a(o) Aw)G )
0

+& In AA /d2m d%2v/g4(2) g+ (2) (é’(x, z))2A*w(z) + A-independent. (1.4.43)
@ 0

We conclude that the appearance of the terms [ CN;'Q and [ Rég is compatible with
background independence, while the appearance of [ RG% is not'9.

'"Note that from (1.4.37), we expect the structure [ Ré% not to be background independent either.



CHAPTER 2

A multi-loop first principles analysis

« Le courage consiste a donner raison aux choses quand nous ne pouvons les changer. »
Marguerite Yourcenar in Alexis ou le Traité du Vain Combat.

This chapter present a first-principles quantum field theory computation of Z[A] on
a Riemann surface of arbitrary genus, using the spectral cutoff regularization scheme
introduced in the previous chapter in section 1.3.3. We consider the Liouville action and
the measure action which arises of the regularization of the quantum gravity measure
(see section 1.3.1). This work has been initiated with the one-loop computation pre-
sented in section 1.3.2 (see [54]). Now, in section 2.1, we will present the full two-loop
computation of Z[A] in a loop-expansion where % is the loop-counting parameter (see
[56]). This will give us the two-loop contribution to the string susceptibility sty Then,
in section 2.2, the three-loop contribution of the partition function is partially computed.
Indeed, we compute the non-vanishing quadratic leading divergence. Thus, counterterms
are required and we compute the full contribution of the counterterms to the partition
function, so that we can discuss the renormalization of the partition function (see [57]).

2.1 Two-loop landscape

In ref. [54] the partition function Z[A] was computed, with the spectral cutoff regular-
ization scheme, up to and including the one-loop contributions, using a more general
quantum gravity action that is a sum of the Liouville as well as Mabuchi actions, as
presented in section 1.3.2 in the previous chapter. This gave a definite result for 7,
which for the pure Liouville gravity reduced to 45t °% = 3(h — 1)x% + 19-Th i) agree-
ment with the loop-expansion of the KPZ result for the string susceptibility (1.3.18).
Although satisfying, the agreement was, maybe, not too much a surprise. Indeed, the
truly non-trivial nature of the determinants coming from the measure over the space of
metrics only shows up beyond one loop, starting at two loops. It is thus quite intriguing
to try and compute the two-loop contributions to the fixed-area partition function. This
is what we will do in the present section, based on [56].

In the subsection 2.1.1, we expand the Liouville action and the measure up to order
% which corresponds to the two-loop contributions to In Z[A]. The regularized loop-
integrals are then evaluated in subsection 2.1.2. It is remarkable that the individual
(In AA?)2-divergences are always accompanied by certain structures that are not back-
ground independent. The fact that the (In AA%)?-divergences cancel is equivalent to the
cancellation of these background non-invariant structures! However, the leading diver-

gence AA?In AA? is non-vanishing and we are led to introduce counterterms. This is

37



2.1. TWO-LOOP LANDSCAPE 38

done in the subsection 2.1.3. Note that the appearance of a non-local divergence should
not be a surprise. In a local quantum field theory, one-loop divergences always are local,
but starting at two loops the divergences are not necessarily local, in particular also due
to the so-called overlapping divergences. However, we know from the standard BPHZ
proofs [114-116] that they can always be cancelled by one-loop diagrams including lo-
cal counterterm vertices (as well as tree diagrams including further local counterterm
vertices). These counterterm vertices occurring in the one-loop diagrams are themselves
determined from the cancellation of the divergences of the corresponding one-loop n-
point functions. The same does happen here. This will be worked out in subsection
2.1.4.

The subsection 2.1.4 is devoted to computing the one-loop two-point function of the
Kahler field and determining the necessary counterterms to make it finite and regulator
independent. This computation is done on an arbitrary Riemann surface and is done
consistently in the same spectral cutoff regularization as the computation of the partition
function. Note that this two-point function is closely related to the two-point function
of the conformal factor < ¢20(*)e20(W) - Most of the lengthy computational details
are relegated into the appendix. However, the absence of divergences does not fix the
counterterms uniquely. To fix the finite parts of the counterterms requires to impose finite
renormalization conditions. While in a massive Minkowski space quantum field theory it
is usually convenient to impose conditions on the mass shell, already in a massless theory
it is often more convenient to impose the conditions at an arbitrary scale p. In the present
theory on a curved Riemann surface, there seems just to be no natural finite condition
one should impose, rather than any other. Thus there appears to be a whole family of
counterterms, depending on two finite parameters. Remarkably, for all choices of these
finite parameters, the unwanted AA?In AA? terms cancel in the two-loop contribution
to In Z[A], and the coefficient of In AA?, which is the two-loop contribution to the string
susceptibility, becomes independent of the regulator functions ¢(a). This result is given
(and discussed) in subsection 2.1.5.

For later comparison, we quote the loop-expansion of the KPZ result up to two loops:

1 19 —-7h 1

“(h—1)&*+ G +2(1—h)?+(’)(n_4). (2.1.1)

Vstr = 9

2.1.1 Two-loop expansion of the Liouville and measure actions

In the previous chapter, we have expanded the Liouville action up to the relevant order
in ¢ for the one-loop computation. To go further and perform the two-loop computation,
let us consider again the Liouville action written in the background metric g, of constant
curvature R, and area A.

Silo] = /d%; Vi (cAso+ Rio) . (2.1.2)
Recalling (1.2.24) in terms of ¢ (1.3.32), we have
1 ~ 1. A
U—O'C]:§ID<1—¢> 5 Ocl = §IHA70 . (213)
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Since the first term in S, is not affected by constant shifts of ¢ and the second term is
linear, one obviously has

Silo] = Si[oa] + Sulo — oa] = 4w(1 — h)In 210 +SL[3In(1 - gg)] . (2.1.4)

Expanding the logarithm in terms of 5 one gets

1~ ~ 1-~2 2~
SL[U - Jcl] = /d2$ 9« [Z(ﬁ(A* —Ry)o + 1¢ (A* - gR*)¢
1 ~2, ~2 1~3 -~ 1_ ~4 ~5
+—¢ Avp +=0 Axdp— =R +0(¢ )| . (2.1.5)

16 6 8
When looking at the definition of the quantum gravity partition function (1.3.11) with
B = 0, the quantity -5 can be seen to be a loop-counting parameter. Thus, in the
following of this chapter we absorb ¢ so that the loop-expansion of Z [A] is now done in

powers of -. To emphasize it, we rescale ¢ as
K

¢ = mqb ; (2.1.6)
so that
2 2 A 1~ ~
silol =5 -mh g+ [ g aa. - RS
LN
167~  ~ A7 ~ B
n 377;¢3A*¢ - ;ZR*& +O] . (2.1.7)

The first term in the first line provides the classical contribution to the partition function.
The second term of the first line yields the one-loop determinant studied in [54]. It also
provides a standard propagator for the present two-loop computation. The terms of the
second and third line provide the cubic and quartic vertices relevant for the two-loop
vacuum diagrams. Clearly, the O(x~3) terms correspond to quintic and higher vertices
that can only contribute to three (and higher)-loop vacuum diagrams.

The non-trivial measure does not contribute at one-loop. However, it gives a two-loop
(as well as higher loop) contribution. In terms of ¢ = %AA*gb, eq. (1.3.7) becomes

1 ~ ~
I6olff = § [ oy 1 -3)7 65", (2.1.8)
so that the measure action (1.3.12) changes in'
1 ~ 1 ~ Vi~ Ar~
Smeastre = -3 InDet/(1 — ¢) ! = §Tr’ In(1 —¢) = Tr' (-H — H—72Tq52 + 0(5—3)> .

(2.1.9)

! As previously stated (see [54], the change of variable in the field $ = %AA*QS does not induce a
multiplicative anomaly when using the spectral cutoff regularization scheme.
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More explicitly, in terms of the orthonormal set of eigenfunctions v, of the Laplace
operator, cf (1.3.9), the trace of any operator O is given by

W0 = Y- (rlOln) = [ oy 3 tunla)wl0l) = [ Pavi Y vi@) O)

r>0 r>0 r>0
(2.1.10)

(the eigenfunctions v, are chosen to be real) and, hence,

Smeasure = /dzx@2¢g<$) <—\/;E(Z({IJ) — %(52($> + O(KZ—S)> . (2111)

r>0

Of course, Y.,.,¥2(z) = de—z) — ¢ is a formal writing which translates in K (¢, z, x)

Vo)

once regularized (see section 1.3.3). Since K(t,z,z) = 4m + 3Ry — .. does not

depend? on z and since 5 has no zero-mode, the first term in the actlon drops out (cf
eq. (1.3.39)). Thus, at two loops, Smeasure pProvides a quadratic vertex with a diverging
coefficient. This is very similar to a counterterm, as we will see later-on.

One might wonder what is the advantage of rewriting the simple-looking Liouville
action (2.1.2) in terms of gb or ¢ which has resulted in a complicated action (2.1.5)
or (2.1.7) with cubic and quartic (and higher) interactions that all involve derivatives.
Would it not be simpler to use 3 In(1 — qb) = 0 — 0 as the basic field instead? One
important point concerns the zero-mode. The absence of zero-mode is easy to implement
for qb, while for o —oq = 2gz5 ¢2 ¢3 . it results in a very complicated constraint.
Taking this constraint properly mto account is highly non-trivial and probably equivalent
in difficulty to working with the complicated actions (2.1.5) or (2.1.7).

Vertices

The Feynman rules are straightforwardly read from the expansions (2.1.7) and (2.1.11).
Note that we normalize our vertices without including any symmetry factors (i.e. a term
a%” in the total action gives a vertex with n legs and a factor —a, not —an!) so that
when evaluating the diagrams one has to count all possible contractions. There is a cubic

vertex
V4
\l/ _ HW(A* . %R*) ’ (2112)

where (A, — %R*) is meant to act on the propagator connected to the bold line of the
vertex. There are also two quartic vertices,

>< — _%(A* —2R,), (2.1.13)

with (A — 2R,) acting on the two propagators connected to the bold part of the vertex
(of course, upon integrating by parts, it does not matter whether one chooses the two

2Recall that the considered metrics are of constant curvature at fixed area.
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lines to the left or the two lines to the right), and

X - —%A*. (2.1.14)

The measure yields an unique quadratic vertex:

.< - g DGR (2.1.15)

n>0

Propagator
These vertices are connected by propagators that are
G(a,y) = (al(De — Ry - (2.1.16)

We recall that the tilde on G and the prime on the r.h.s. indicate that the zero-mode is
not to be included. This propagator can be written explicitly in terms of the eigenvalues
AL and eigenfunctions v, of

D=A.—R. , Dy,=\q,. (2.1.17)
Since R, = 8”(1147@ is constant, D and A, have the same (real) eigenfunctions 1), while
the eigenvalues simply are related by AL = )\%0) — R,. Since gg has no zero-mode, the

propagator is given by the sum over all non-zero modes as
G(z,y) =) ”T . (2.1.18)

n>0 n
Furthermore, for genus h > 1 one has A\l = —R, > 0, and then one can explicitly
Yo _ 1

subtract the zero-mode contribution vl ) :

forh>1: G(z,y)=G(z,y)— 871'(h1—1) , G(z,y) = Z W (2.1.19)
n>0 n

Note also that for all A~ > 1, we have /\% > 0 for n > 0 since the eigenvalues /\7(10)
of the Laplacian are positive (for n > 0) and —R, > 0. It is only for h = 0 where
A= /\}jm =271 + 1) — 87 that we get )\%70 < 0 and /\]f’m = 0. As already mentioned,
for h = 0, these three spin-1 modes are excluded by the SL(2, C)/SL(2,R) gauge fixing.
In the sequel we will always implicitly assume h > 1.

2.1.2 Two-loop contributions to the partition function

The purpose of the present computation is to pursue the one-loop expansion made in
[54] (see section 1.3). We recall:

In Z[A] = W[A] = > WH[4] . (2.1.20)
L>0
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For the present pure Liouville quantum gravity,

2
O141 = 5 — 1y A
WA] 5 (h—1)In n (2.1.21)
as can be read off directly from (2.1.7), and [54]
1-7h A
w4 = oy p2 A+ e (2.1.22)

Ao

where the divergent piece ,ui divA ~ A% A is cancelled by the renormalization of the cosmo-

logical constant 2, and ¢; is an A-independent finite constant that could be eliminated

by computing W [A]—W ([ A] instead. The coefficients of In A% yield the contributions

to Ystr — 3 and thus from (2.1.21) and (2.1.22)

h—1 4, 19-7h
2 T TG

in agreement with (2.1.1). As already mentioned, one of the present goals is to determine

the order % term in this expansion which comes from the two-loop contribution. The
two-loop contribution to W[A] is

Vstr = + O(H_Q) 9 (2123)

1
@r4] = E i ~
WHA] [connected vacuum diagrams 52] . (2.1.24)

This includes the genuine two-loop diagrams made with the vertices of S, as well as a
one-loop diagram made with the vertex from Speasure and, as we will see, also one-loop
diagrams made with further counterterm vertices.

The vacuum diagrams of order 1/x?

The two quartic vertices both give a “figure-eight” diagram (OO) with the four lines of a
single vertex connected by two propagators. The cubic vertex gives two types of diagrams:
the “setting sun” diagram & with two cubic vertices connected by three propagators, and
the “glasses” diagram (O-() with the two vertices joined by a single propagator and the
remaining two lines of each vertex connected by a propagator. Finally the measure vertex
gives the “measure” (one-loop) diagram €O with the two lines of the vertex connected
by a single propagator.

The figure-eight diagram: This diagram actually gets three contributions : one from the
quartic vertex (2.1.14) and two from the different ways to contract the lines of the quartic
vertex (2.1.13). Taking into account the different numbers of contractions in each case
(3,2 and 1) yields

8T
OO =% [ v

+ %[(Af 2R (G, 2))’]

ié(m, x)(AY — 2R,) é(m, z)

A+ 2G(z,2)[ATG(x, 2)]

z=

] . (2.1.25)
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The setting sun diagram: This diagram gets two contributions, one with the two bold
lines of the two cubic vertices connected by the same propagator (two possible con-
tractions) and one with the two bold lines not connected by the same propagator (four
contractions). Overall, there is also a factor % from expanding e~ to second order.
Thus

() =33 [ av/o @) /o) Gl | Gl (2 = SRIAY - TR Glavo)

The glasses diagram: This diagram gets four contributions, since for each of the cubic
vertices the bold lines can either be contracted with a line from the same vertex (giving
a factor of 2) or with a line of the other vertex (factor 1). Again, overall, there is also a
factor % Thus

OO = Z/d%\/g*(x)de\/g*(y)

2 2504
(AY = SR Gly,y) +2(AY - SR Gy, 7).,

(A‘f—%R*) Gz, x)+2(Af—§R*) Gz, Z>|z:x]

x G(z,y) (2.1.27)

The measure diagram: The vertex (2.1.15) simply gives

)= ‘:;/d%\/gj S 42 (@) Gla, @) - (2.1.28)

n>0

In addition to these diagrams there are also one-loop diagrams involving counter-
term vertices that contribute at the same order in % They are discussed in the next
subsection (section 2.1.3). So far, to summarize:

W(2)[A} = W(2)[A]|loops+w(2)[AHct
W(z)[AHlOOpS = 9+00+00+ O (2.1.29)
w® [AHCt = counterterm contributions at order — .
K

Of course, these expressions for the Feynman diagrams are formal writings and have
to be regularized. To do so, we use the smooth spectral cutoff regularization described in
the section 1.3.3 of Chapter 1. In particular, the Green’s function G(z,y) are replaced by

the K(t,z,y) and the diverging sum > ~0¥2(z) by the heat kernel at coinciding points

K(t,z,x), so that one immediately gets the following expressions for the regularized
integrals I°3:

3We recall that I(t1,...,tn) has to be integrated over fooo darp(ar)... fooo danp(an). These integra-
tions are implicitly understood.
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/d2x T [ (t1, 2, 2) (AT — 2R, K (t2, x, )

+ % [(Af — 2R*)(I:((t1,a?, Z)I%(tQ,xy Z))]

Z=X

:] . (2.1.30)

~

+ 21%@1,.’1),1‘) [AfI?(th xz, Z)]

Pa\/g(@) A2y /ga) K (11, 7, )
~ .2 , 2 ~
X K(tQ,I',y)(A* — gR*)(A* — gR*)K(t:;,CC,y)

+2[(A7 — SRR (12,,9)] (A — SRR (13, y>] . (2.1.31)

Ino= 27T/dgﬂ«“\/g* ) %y \/g:(v)

2 = 2 =

(A = SRR (t,,0) + (AT = ZR)K (11, z>|zzx] K(t2,.y)
2 = ) =
471'
I, = 5 d? x@K(tl,x x)K(tQ,x x) . (2.1.33)

One should keep in mind that one can always symmetrize in the ¢; = a;/A? because
these expressions are multiplied by the symmetric [[, [ da;p(a;). Thus, we consider two
expressions as identical if they only differ by a permutation of the ¢;.

Scalings

Let us briefly discuss some general features about the expected dependence on the area
A of the Feynman diagram (integrals) (¢, ..., t,).
Recall that the eigenfunctions v, of D = A, — R, are normalized as

/ %2/ G o () oy () = G, - (2.1.34)
It follows from (1.2.23) that 1, and AL = ), scale as

AO AO
An = A= 22 )\ Ao
A 0
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where the quantities with a label Ay are defined as the eigenfunctions and eigenvalues of
Ao — Ry with respect to the metric gg of area Ag. This immediately implies the scaling
relations

~ Ay ~ = = A
Ka(t.ry) =3 Ka (P towy) o Kaltay)=Ka( tey) . (21.36)

~

The last relation implies in particular that é($, y) = IN((O, x,y) does not depend on A:
Galz,y) = Ga,(z,y) - (2.1.37)

It then straightforwardly follows from (2.1.36) together with (1.2.23) that all the integrals
I,.(t;) as given in (2.1.30)-(2.1.33) satisty
A
L[t A = IT[ZOti,AO] : (2.1.38)
Of course, this is true only because these integrals are finite convergent integrals (for
t; > 0). In particular, since t; = a;/A2, we see that the I, cannot depend on A and
A? separately but only on the combination AA?. On the other hand, the small ¢ short-

distance expansion for K given in (1.3.45) also depends on an arbitrary scale p introduced
when defining CNJC in (1.2.42), so one might wonder whether an additional area-dependence
of the form p?A could occur. However, this is not the case. Indeed, in (1.2.42) the scale p
appears in the combination In[¢? (z,y)u?] where £4(z,y) is the geodesic distance between
z and y computed with the metric of area A. Thus In[¢%(z,y)u?] = In Ap® + ... where
+ ... refers to terms that do not depend on A or u. It follows that 47Té< —In Ap? does
not depend on p. Since also, as anticipated in the previous chapter ans as we will explain
shortly,

~ ~ 1. A
GA=Gd 4 —1n= 2.1.39
it follows that
~a g Gl y)p? ~A
AnGE —In A= = dnGEO —InAgp® + .. (2.1.40)

depends neither on A nor on u. Since C:’C and p only ever appear in this combination in

K it is clear that there is no real 1 dependence in the end. Thus

YAl = f,[AN2 2 (2.1.41)

IT’ A9
[AZ aj

For example, a term (ln A2A)2 will appear as

A2 A 2 A2 A2 A
AN = (In = +In— +Inp24 ) = (In2=) +2In= 2= 4. (21.42
(In AA?) (nu2+nA0+n,u 0 no + n nAO—i— ( )

where + ... refers to terms independent of the area A. This structure will be indeed
explicitly observed below. Similarly, a term AA?In ;2 A must be accompanied by a term

AA?In ﬁ—z Again, this will be explicitly the case.
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The relation (2.1.39) that gives the area dependence of é? will play a most important
role below, since it is through this relation that the In AAO terms appear in the logarithm

of the partition function. Let us prove it. To begin with, ég(m) is defined in terms of
the spectral ¢-function (without zero-mode) in (1.2.41) as

- - 1
— 1 2(s—1) -
G¢(x) lgri p ((s,z,x) e (2.1.43)
which is equivalent to saying
12D (s, 0) = ———— + Ge(a) + O(s 1) . (2.1.44)
T 4(s — 1)
From the definition of E(s,x, y) (1.2.37) and eq. (2.1.35) it follows that
~ AN
Cals,x,x) = <Ao> Cap(s,x,x) . (2.1.45)

Inserting this into (2.1.43) or (2.1.44) for GCA and rewriting the r.h.s. in terms of é?“

yields the desired relation (2.1.39). It remains to show that ég defined by (2.1.43) (and
(1.2.41)) is exactly the same quantity as the one defined by (1.2.42) and that appears

in the expansion (1.3.42) of K. This is done as follows. By the Mellin transformation
between ((s, z,y) and the heat kernel, the singularity of the former is related to the small
t asymptotic of the latter and one sees that

Gl .9) = s,.) ~ s | U o e (2.1.46)
RS, X, Y) =G(C(S,T,Y F(S) 0 At2 ap\r,Yy)e -1

is smooth for s — 1 and for y — x. Taking first the limit y — « (for s > 1) and

then s — 1 yields éc(:n) On the other hand, taking first s — 1 yields G(z,y) —
Lag(z, y)El(%) and then letting y — x yields the relation (1.2.42).

Note for later use that K (¢,z,z) in (1.3.47) can now be rewritten as

~ ~ 1 7 4
K(%,m,w):G?o(x)—l—E lnAAz—lnAouz—lna—’y—<6R*—2)a—l—..} .

Evaluating the regularized two-loop integrals

We will now explicitly compute the regularized two-loop integrals. Before going on, we
would like to stress that we are free to drop all terms that vanish as A — oco. Also, the
area-independent finite terms are without interest since they drop out when computing
Z[A]/Z[Ao]. We do, however, keep the area-independent diverging terms in order to
check that, in the end, they only show up in the combinations allowed by the above
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scaling argument, see (2.1.41). In the following, we will adopt the notation [ dz for

fdQl‘\/g*(:L').

The figure-eight and the measure diagrams:

First, Bff((t,x, x) = ZGfK(t,x, z)‘Z:x so that

~ ~ ~

=2 (Af?((tl,w, z)) ‘z:xK to, z,x)

Z=X

AY (I?(tl, x, Z)I?(tg, x, z))

~

1 .. .=
~3 g7 O K (t1,x,x) 07 K (t2, z, )
=2 [IN((tl,:zj,m) + R*I?(tl,:v,m)]l?(tg,m,aj)

~

1 .. = ~
~3 97 O K (t1,x,x) 07 K (t2, z, ) . (2.1.48)

Also,

~ o~

/ dz g% O K (t1, %, %) O K (t2,,7) = / dz K (t1, 2, 2) ALK (to, 2, z) (2.1.49)

upon integrating by parts. Hence,

~ ~

8 ~ 3 =
I = F:;/dx [ — 3K(t1,z,2)K(tg,x,z) — §R* K(tl,w,m)K(tg,x,fL‘)] . (2.1.50)

From the asymptotic expansions (1.3.47) of I?(t, z,x) and I?(t, x,x), it is then straight-
forward to get

~ = 2 ~ ’
/dq;K(tl,x,x)K(tg,m,x) = ! (A + ZR* — 47T)/da: [477Gg(1’) +In Mj;a —’Y]

(4n)? \oa 6 A 2
+ c(oy) + O(In AA? /A?) (2.1.51)
and
/d Kty 2, 2)K (ts, 2, 7) ! /d 1nGio(w) + 102 (2.1.52)
x ,XT, T ,T,T) = z [4nGe(x n — 1.
1 2 (47T)2 ¢ H2041 v
2
ArG 1 - In AA%/A?) .
< [arGe(o) + 1 5| + O an/a?)

Here and in the following, the symbol ¢(a;) denotes a generic finite and A-independent
constant (but that may depend of the «;). We always write ¢(«a;), but this same symbol
stands for different constants. Using (2.1.39) to explicitly display the area dependence,
one can rewrite

~ A2
/dx [MGC(x) +In e 7} = A[InAA* + Gy , (2.1.53)
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with
Gy = T /dzx \FGAO( ) —~ —InAgu?® . (2.1.54)
0
Thus,
1 AA2 2 7 9
Do (Go —Inag) + ¢(a;) + O(In AA“/A*) » (2.1.55)
(051
and
Ty = —d =3 Ap2man2 ¢ T +3Inay | AR, + 121 | In AA?
QO™ 9np2 o1 2 ! *

2
— —AAQ (Go—Inag) — = R dx |:47TGC( )+ lnA—2 7]
+ c(ay) + O(lnAAQ/A2)} . (2.1.56)

I involves the structure [ Rég which is not background independent, as was remarked
in section 1.4. However, this structure will be seen to cancel against similar contributions
from the other diagrams.

The setting sun diagram:

Rewriting (2.1.31) gives

47 =
Ig= /#/dxdyK(tl,:r,y)

t=ts3

/\ d e ~
X[ K(ts, z, y)d*K(t,x,y) + 2 K (to, z,y)K(t3,x,y)

2 ~ ~

= R2
+ 2 R K (ta, 2, y) K (t3, 2,y) + gK(tz,x,y)K(t?n:c,y) . (2.1.57)

First consider the last term in R2 K(ty,z, y)K(tQ,x,y)IN((tg,x,y). Replacing each of
the K(t,, x,y) by the unregulated Green’s function G(z,y) one gets a converging finite
integral, since the short-distance singularity ~ (In#(z,y))? is integrable. Now, G(x,v)
does not depend on the area and, thus

R? /dwdyf?(tl,w,y)f?(tz,x,y)f((tz,x,y) = R /d:vdy (G(z,y))*+O((In AA?)?/A?) .
(2.1.58)
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Since [dady = [ d?z+/g«(x) d2y\/g«(y) scales as A? and R? ~ -5 this term is obviously
an A-independent constant, up to Vamshlng terms. B

All the other terms in (2.1.57) involve at least one K(¢;,z,y) or dtK(t z,y). We
write

~ eB*t

K(t,z,y) = K(t,z,y) — — (2.1.59)
d ~ d R
K - K _ IY Rut 21,

and use the fact that for small ¢ the heat kernel K (¢,z,y) and its derivated %K(t, x,y)
both exponentially vanish unless ¢(z,y)? is of order ¢ or less. Thus we can use normal
coordinates z = x — y and use the expressions (1.3.38), (1.3.45) and (1.3.46), so that
we can do the various integrations over z explicitly. For convenience, we have listed the
relevant integrals in the appendix A. Now, eq. (2.1.57) may once more be rewritten
(upon symmetrising the ¢;) as

4
Is = H2{/d$dyK(t1,x Y)

= d
X [_K(t2a$7y) 7K(t,l‘,y) +2K(t2,$,y)K(t3,$,y)

t=t3

dt

-~

+2R.K (t2a$ y)K(t3,$,y)]

€R*t3
- /dx dy |4

+ (i) + O((In AA2)2/A2)} . (2.1.61)

(tlax y)K(t2>fU y) +R* (tl,LE y)K(t27$7y)]

The last two terms are easy to compute. Similarly as previously, one may indeed safely
replace

R*eR*t3/dxdyf((thm,y)K(tg,x Y) v /da:dy (G(x,y))? + O((In AA?)?/A?)

A
(2.1.62)
ending up with an A-independent term. It is also straightforward to get

eR*tg

= 1
/dx dy K (t1,z,y)K (te, z,y) = yym [ln AA% —In(a; + as) + GO] +0(In AA?/A?) .
(2.1.63)

We consider next R, [dzdy I~((t1,x,y)f((tg,x,y)K(tg,x, y). For this integral, one only
needs to keep the leading term in the small ¢; expansion of K (t3,z,y) (1.3.45) and one

can drop all terms O(¢;) or O(29) in the expansion of the K (t;,x,y) (1.3.45), or of N
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(1.3.38). The relevant integrals that multiply terms involving either C:’C and/or In p?t3
are all listed in the appendix A. Other integrals like fdQZe_'gQEl(ZQ%)El(zQ tg) only
contribute finite constants that only depend on ratios of the «;. One gets

R*/dﬂj’dyf(:(tl,l',y)f(/(t%l',y)K(tg,l‘,y) =

) 2

A AR,
2 dx {471'(;4 )+ In— 2 —y| —2 ()2

c(a;) + O ((In AA?)?/A?)) . (2.1.64)

In(a; + ag)In AA?

We now consider the term in EK (t,z,y) ‘ t—ty” This term involves one more factor of

! than K (t3,,y) in the previous computation (iee (1.3.46)), so that one has to keep
the terms O(t;) or O(z'27) in the expansions of K (t;, x, y). The computation is then
quite lengthy but straightforward. Note that a term [ dz 9; G<8 Gg appears. Integrating
once more by parts and using (2.1.39), this equals [ dz GCA Gg = [dz GAOA GAO

Since [dz = [ d?z,/g, scales as A and A, = Ao this is once more an A- mdependent
constant. Upon using the symmetry under exchange of the «ay, the result then is

= d
/ dedy K (t1, 2, 9)K (taye, ) K (t,2,9)

dt =t

R, ~ A2 1P 2 AA? )
P /dx [47rG<(:c) +1n o ’y} ot In AA

2 1 a0
- (4n)? [(6 oo Mt az)) AR, — 47 | In AA?
+ AN C(au) + (o) + O ((In AA2)2/A?) (2.1.65)

The constant C'(«;) is a rather complicated fonction of the a; we choose not to explicitly
display since it will be absorbed in the cosmological constant in the end. It comes indeed
with the combination AA? (as allowed by the scaling argument (2.1.41)). Note that

one might have expected a leading singularity ~ AA? (ln AAQ)Q, due to the leading t%
3

singularity of K(t,x, y) multiplying the In AA? singularities from each of the two
=t3

K(ti, x,y). However, this leadlng term is multiplied by [ d2Ze~2"(1—22) which vanishes.
Thus the leading singularity is ~ AA?In AA? as expected from naive power counting for
the present two-loop diagrams.

To compute the last remaining integral, we use (1.3.38) and (1.3.45) to get

6722/4T

9«(x) K (t2, 2, y) K(t3, 2, y) = (4m)2(t +t3)T

7
L4 cRu(ta+t3) +...| , (21.66)

tots

where T = o

Thus, one has once again to keep the terms O(t1) or O(2%z7) in the
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short-distance expansion of K (t1,x,y). Doing the integrals over z results in

/ dedy K(ty, 2, y)K (b2, 2, y) K (t3,2,y) =

1 AA?
(4m)2 ag + ag
AR* <7 903

— 7272 )V InAA? 4+ ooy nAA2/A2 1
T a2 s <a2+a3>2>1 AN + (i) + O(ln AN*/A%) - (2.1.67)

[mAA?+aan @2 T O3 ]
Q1o + ajas + agas

so that one ends up with the following contribution from the setting sun diagram:

1 |3 ~ A2 2 24A2
{Ri/dedex%+mﬂ2—7}—% In AA?

©7 k2] 2 o1 + as
4 20410[2 2
- = 31 AR, — 127 | In AA
—+AAQC@%)+c@@—%O(GnAA%2ﬂ@)}. (2.1.68)

The glasses diagram:

Expanding (2.1.32), one has

2 = =
Ino = #/dxdy {K(t1,$7$)K(t3’y>y)

+ 2R, K (to, z,y) + Rff((tz, x, ?J)]

dt

t=to

X [—dﬁ(t,w,y)

~

2 (f?@z,x,y) T RK(ta, . y>) <K<t1, 2. 2) K (b, 1) + f?ul,w,xﬂ?(ts,y,y))

+4fc<t1,x,x>%<tg,x,y>k<t3,y,y>}. (2.1.69)

However, I?(t,x,x) does not depend of x and the only dependence in z in I?(t,x,a;)

is éc(x) (cf (1.3.47)). Then, using (1.3.44), and since %I?(t,:v,y)’t X K (tg,x,y) and
=t2

~

K (ta,x,y) have no zero-mode, the last two lines vanish and one gets

~

+ 2R, K (3, x,y) + R2K (ta, z,7)
t=to

d ~
_ZK(t
iy (t,z,y)

2m ~ ~
Inp = = /dx dy G¢(x)Ge(y)

(2.1.70)
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Using the by now familiar argument of replacing the ]’%(tg, x,y) by é(a:, y), one sees that
the last term is just an A-independent constant. Indeed,

o~

R [ dodyGela)R(t2.)Gcly) = R [ dady Gelw)Gla1)Ccly) + O1/4%)

= Rf/dxdy é?o(x)é(x,y)é?o(y) + O(1/A?)
(2.1.71)

where we once again used [ dz G(z,y) = [dyG(x,y) = 0, together with (2.1.39). Since
é?o and G do not depend on A, this term is just another A-independent constant, up
to vanishing terms.

Writing once more K (tg,z,y) = K (t2, z,y) — ERIZQ, we compute

/dw dy é((l’)k(fg,.%,?J)é((y) = /dx [ég(w)(l + R.tg) — tQé((%)A*é((%)}

eR*tz

- </dyé<(y)>2+(’)(t§). (2.1.72)

Note that we also keep the subleading terms ~ 2 since the remaining term in (2.1.70) is
simply obtained by taking —% of (2.1.72). These subleading terms in (2.1.72) yield the
finite terms of

/ dxdyég(x)(if{(tg,x,y)éc(y) - / da [R*ég(x)—ég(x)A*éc(x)}

- RX (/ dy é<<y>)2 +O(1/A%) . (21.73)

As previously seen, [dzG:A,G, is an A-independent term, so that

oo = {R [~ ([aaw) v om}

2
2

= E{c—i—(’)(l/Az)} , (2.1.74)

where we used again (2.1.39) to show that the explicitly written finite terms do not
depend on A.

It is satisfying that this diagram does not give any non-trivial contribution. Indeed,
we expect that the propagator connecting the two loops should carry zero “momentum”
and, since no zero-mode is present, we expect to obtain zero. The absence of a zero-

mode, of course, was the reason that the IN((ti,x,x) could be replaced by C:’g(:p), and
similarly for y. However, on a non-trivial manifold ég(x) is not constant, and the overall
contribution does not need to vanish. We also note that each individual integral is finite
and area-independent, in agreement with our general argument that A can only appear
in the combination AA2: only divergent integrals can give an area dependence.
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Summing the two-loop and measure diagrams

Summing the contributions of the four diagrams, we find the two-loop contribution for
the logarithm of the partition function:

WA o = Ioo+ Iy + o+ Too
1 2AAN? AN? 1
= — o + AR, §ln a2 -2 a1a2 — —9 — 27| In AA?
2rk2 | lag + s 20 2 (a1 + ag)? (1 +a2)? 12

+ AA? C’(ai)+c(ai)+(9((lnAA2)2/A2)} , (2.1.75)

where C(a;) and c(q;) are finite area-independent but regulator-dependent “constants”.
~ 2
Quite remarkably, the R, [dx (47rG<(:1:) +1n2—§ - 'y) terms and thus the (In AA?)?

divergences appear in exactly the right combination in I~y and Ig to cancel in w®.

The cancellation of these (In AA?)2-terms is equivalent to the cancellation of the
J R(C:’C)2 terms. As we have observed in section 1.4 in the previous chapter, the presence
of these terms in the logarithm of the partition function would have ruined its background
independence. Thus, it is this cancellation which ensures the background 1ndependence
of the fixed-area partition function! Indeed, the remaining structures R G and 2 il GC
were shown to be background independent, up to irrelevant area-independent terms.
Finally, A2 i é( is background independent modulo adjusting the divergent cosmological
constant.

To simplify the notation, we define

3 109 109 19
F(oy) = 8m(1—h) (=1 -2 - — ) -2r,
(a ) 7T( ) (2 n (011 + a2)2 (041 + a2)2 12) T
2 5)
H(oy) = -—. (2.1.76)

a1 + o 201

A

If we normalize with respect to Ag, i.e we compute In %, we get

1

‘loops = A 12

(A — Ag)A2
2K

w® — W@ (4] (AAzH(aZ-) + F(ai)) 2

Ao

] }loops

+ Cla;) + O ((InAA%)?/A?) . (2.1.77)
The last line corresponds to a cosmological constant term, and we may always add a
corresponding counterterm to the quantum gravity action to cancel this term. The first
line displays an In Aio—term, as expected, although with a rather complicated, regulator
dependent coefficient, as well as a diverging term ~ AA%In A%. The latter term is cer-
tainly not expected to occur. It is non-local, and it cannot be cancelled by any local
two-loop counterterm. At this point it is useful to mention that the KPZ result is, see
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(2.1.1),

2 A
w4 - w® [Aoﬂ ‘sz = S0 =W - (A= A (2.1.78)

Clearly, as in any quantum field theory, the contributions at order k=2 do not only
come from two-loop diagrams, but also from tree and one-loop diagrams involving coun-
terterms. Of course, there is no “vacuum tree-diagram” and the only “tree” contribution
is the cosmological constant counterterm we already mentioned. However, the various
n-point functions at one loop (that are ~ xk~™) are also divergent quantities and, to make
them finite, one has to introduce various “one-loop” counterterm m-point vertices that
will be of order k™. In particular, there will be a quadratic counterterm vertex needed
to make the renormalized propagator finite, and the one-loop diagram made with this
counterterm vertex will contribute at order =2 to the partition function. Thus, our next
task is to determine this counterterm. This will involve the one-loop computation of the
two-point function.

2.1.3 Counterterm contribution to the partition function

Any divergence in W[A] that is simply proportional to the area A (and hence also

}100 S

to A?) can be cancelled by a counterterm of the form [ dZw\/ngA2 (cz In &5 + cl), re-

ferred to as cosmological constant. Also, any A-independent constants drop out when

computing In Z[[f]] = W[A] — W[Ap] and are thus irrelevant. However, the divergences

~ A% [dy 47TG< = AA%(In A% + ¢) are non-local divergences. Of course, they cannot be
cancelled by any local two-loop counterterm. However, they can be cancelled by one-loop
diagrams involving local (one-loop) counterterm vertices. The same thing happens on
a four-dimensional curved manifold with non-derivative ¢ and ¢* couplings [53].

present, the only such one-loop contribution to the partition function comes from a dia-
gram having a single propagator connecting the two legs of the counterterm vertex that
itself is ~ % This is very similar to the diagram coming from the measure and can thus
be seen as renormalizing the measure. In partlcular the measure resulted in a vertex
~ [dz K(t,2,2)¢*(x) where K (t,z,x) = A+ LR, - . is a constant. Thus any
counterterm that looks like an (unwanted) mass renormahzatlon can actually be inter-
preted as a renormalization of the measure. We thus allow a counterterm action of the

form

87-(- 9 c(j),v ~ CR ~9 Cm~2
C | —O(Ax — R+ —Ry.0” + — . 2.1.
Set = s d“z\/g [2 o( )b 5 10) 5 10) (2.1.79)

Note that a linear counterterm automatically vanishes since (E has no zero-mode, and
higher counterterm vertices only contribute within two-loop vacuum diagrams that are
~ % (see section 2.2.3). The counterterm coefficients can obviously depend on the cutoff
A and on the regularization functions ¢(«). They also have an expansion in powers
of % Due to the explicit factor of % in front of the counterterm action, we will only

be interested here in the lowest order, k-independent pieces. Note that in terms of the
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original q? they are of order ﬁ0$2, consistent with the fact that these terms originate at
one loop. The dependence on A is again dictated by dimensional considerations: cg and
cr must be dimensionless and will correspond to at most logarithmic divergences, while
¢m has dimension of A2 and corresponds to an at most quadratic (times a log) divergence.
Then, with [ da;p(«;) implicitly understood?, one has:

co(Nar) = (o) AN + P (ai)
cr(A, i) = cg)(ai) In AA? + cg)(ai) ,
em(N, o) = cn?(ai)A2lnAA2—i—cg)(ai)AQ—i—cg)(ai)%. (2.1.80)

Note that counterterms involving explicitly the area A like c((;), cg), c,(yll) and 07(3) are

non-local counterterms that should not occur in any standard QFT. However, we have
already observed the similarity between the counterterms and the measure action. The

latter actually corresponds to some well-defined values of c,(g), cg) and 07(3), so that a

non-vanishing counterterm coefficient cﬁg) is certainly allowed.

Of course, the counterterm action (2.1.79) cannot be expressed in terms of geometric
invariants written using only the metric g and curvature R, contrary to the cosmological
constant ~ [ d2x\/§. This is why it is often considered that such counterterms should
not be allowed. However, as repeatedly emphasized, the whole quantization procedure
is carried out with respect to some fixed background metric g, and already the original
Liouville action cannot be written in terms of g and R alone but requires reference to the
background metric. As discussed before, the real question is whether the whole quanti-
zation procedure is independent of the choice of the background metric. As argued in
the section 1.4 of the previous chapter, discussing the background independence of the
counterterm action (2.1.79) (or of the measure plus counterterm action) is pointless. In-
deed, it misses the crucial contributions from the regularization of the two-loop integrals.
Thus, as already stated, we will instead study the background (in)dependence of the final
contributions to the logarithm of the fixed-area partition function W®*)[A].

The one-loop diagram with the counterterm vertex that follows from (2.1.79) gives a
contribution W2 [AHCt to be added to (2.1.75) that is

WA = ii; da [—c;f((t,x,m) - (%RR* n %’”) K(t, x,x)] (2.1.81)
1 AN2 7 AA2

where we used the small ¢ expansions (1.3.47) of K (t,z,z) and K (¢, z,z), as well as the
relation (2.1.53) and the definition (2.1.54) for Gy.

Before actually computing the counterterm coefficients in the next subsection, let us
discuss what are the “desired” values of the cg,cr and cp,. In particular, the non-local

“This means that if any given ¢(a;) depends on any given number of o;, i = 1,...r, one should really
think of it as c[¢] = fooo dasg ...darp(ar) ... o(ar)c(aa, ..., ar).
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terms ~ AA?(In AA?)? and ~ (In AA?)? are absent from W (?)[A] ‘loops, as given in (2.1.75)
and, hence, should also be absent from (2.1.81). It is easy to see that this implies

ey 0 _

' =cp =0, (desired values) . (2.1.82)

Below, we will indeed find that cg,%) = cg) =0, as well as cg) = 0. Anticipating (2.1.82),
as well as "
1

=0, (2.1.83)

eq. (2.1.81) becomes

w4 = —E{CQAM In AA? + [0533 + cg?R*A} In AA?
ct K
@
+ |2 4+ (Gy — I Agp? — Ina) AAQ} + cer() + O(In AA?/A%) | (2.1.84)
o

where cqt(a;) is some A-independent finite function of the «;. The terms in the second
line are either ~ A and can again be changed by adding an additional cosmological
constant counterterm, or irrelevant area-independent constants. If one adds (2.1.84) to
(2.1.75), one gets

_ _1{ [_;H(ai) + cgﬂ AN In AN
™

ct K2
+ [—;F(ai) +c® 4 cg)R*A} In AA2}
77
+ AN? [ ]+ e(ag) + cet(ei) + O ((In AA2)2/A2) . (2.1.85)

We see that c((;) only enters in the cosmological constant part and, hence, does not play
any role. Cancellation of the AA?In AA? terms requires
2 = iH(ai) : (2.1.86)
mo 2
Finally, the “physical” coefficient of In AA? should not depend on the choice of the regu-
lator functions ¢(;), which requires

3 4 cg)R*A =) 4 8r(1— h)cg) = %F(ai) + const (2.1.87)
s

where const is a true, a;-independent constant. One could be tempted to equate sepa-
rately the terms proportional to R,A ~ (1 — h) and those not involving the curvature,
resulting in “universal”, genus-independent counterterm coefficients. But since we com-
pute on a surface of fixed genus h, this does not really make sense. In any case, it is
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satisfying to remark that, with the possible exception of c,(g), the non-local counterterms

M el and Y are not required!
5 Cm R quired!
Let us come back to the issue of background independence. As one sees from (2.1.81),

the counterterms can only give rise to contributions in W) that involve at most one G¢
(contained in Gg). This is obvious since the counterterm action is quadratic in ¢ and the

~

resulting one-loop diagrams involve at most one K giving rise to one éc. For this same

reason, only In AA? appears in W@ and not (In AA%)? as did appear in the individual

ct

two-loop diagrams. While one could obtain a contribution to WC(? ) involving (In AA?%)?
by allowing a non-local counterterm coefficient cg), there is no way to produce a term
~ R(éC)Q. For the total two-loop contribution to W) the absence of (In AA%)? was
equivalent to the absence of R(ég)2 terms. The latter would have violated background
independence and, as just shown, it could not have been cancelled by counterterms. We
see that the absence of non-local counterterm coefficients is a consequence of background
independence of the fixed-area two-loop partition function W@ |

After all these considerations, it is now time to actually compute the counterterm
coeflicients. Remarkably, we will find that they satisfy all desired relations, in particular
(2.1.86) and (2.1.87), which are quite non-trivial.

2.1.4 One-loop computation of the two-point function and determina-
tion of the counterterm coefficients

To actually determine the counterterms, one must do a one-loop computation of the two-
point Green’s function and impose some convenient renormalization conditions to not
only cancel the diverging parts but to also ensure the result to be regulator independent.
Doing so will constrain the finite contributions.

Note that in ordinary flat space quantum field theory one does not need to compute
the full two-point Green’s function G2 (u,v). Instead one rather computes the ampu-
tated or 1PI (which is the same at one loop) two-point function in momentum space.
The corresponding contribution of the counterterms can then be read directly from the
counterterm action. The analogue of such a momentum space computation is not avail-
able, in general, on a curved manifold,® and one has to do the computation directly in
real space. In this case it seems that the simplest way to correctly take into account all
contributions is to compute G (u,v).

We will compute the regularized® two-point function G (u, v) which we define so that

5The analogue of momentum space is the mode decomposition with respect to the eigenfunctions 1, (z)
of A, replacing the plane waves e”?®. An important property is momentum conservation that follows
from [ dwe'P1TP21P3)  §(p; + ps + p3). On a curved manifold one then needs the Crg = [ dath, iy,
etc. While on the round sphere, where the 1, are the spherical harmonics, the C,s are the well-known
Clebch-Gordan coefficients, on the higher genus surfaces much less is known about the Cs; and things
are much more complicated.

SContrary to what we did at tree-level where we used G and I~(, resp é%A to denote the Green’s
function and its regularized version, here we just write G@ since we will always deal with the regularized
two-point function.
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at tree-level it is just K (t,u,v). At order k2 it receives one-loop Liouville contributions
and tree-level contributions from the measure and the counterterms:

tree tree

+600w o) 4 6@ w0 o).
(2.1.88)

A first renormalization condition one clearly wants to impose on this full 2-point function
is finiteness if u # v:

= 1—loop

g(2) (U,U) = K(t,u,’v) + g(2) (U,U) L

Foru#v Alim G (u,v) is finite. (2.1.89)
—00

As will be shown, this condition indeed fixes all diverging parts of the counterterm
coefficients, i.e. ¢V, ¢ i), as well as ¢{2.
) ¢ 2 CR > tm, m
It turns out to be surprisingly difficult to find a sensible renormalization condition to
fix the finite parts of G2 and thus the finite parts of the counterterm coefficients. The
trouble is that there is no analogue of a renormalization condition at some particular value
of momentum. The only natural choice seems to be zero momentum, corresponding to
the zero-mode of the two-point function. But [ du G?(u,v) = 0 automatically, and this
condition is empty. Instead, one might be tempted to try to impose some condition at
u = v like e.g.
- ?
Foru=v : lim |G®(u,u)— Kt uu)| =0. (2.1.90)

A—o0

However, this doesn’t make sense either. Indeed, the divergence of 9(2)(u, v) as u — v

will turn out to be different from the one of K (t,u,v) : there are additional diverging
and additional finite terms. As a matter of fact, absence of the diverging terms would
require a non-vanishing counterterm coeflicient c(l), which will be excluded by requiring
finiteness of the two-point function at v # v. Independently of this, the difference of the
finite terms also makes it impossible to impose (2.1.90).

Actually, this “problem” was to be expected. The usual renormalization of the two-
point function at some finite value of momentum, or equivalently at non-coinciding points,
does not, of course yield a finite two-point function at coinciding points, nor does it imply
that the loop and counterterm contributions to the two-point function vanish at coin-
ciding points. This is the translation of the fact that to define composite operators like
(¢(u))? one needs an independent renormalization constant. Of course, in any ordinary
flat-space quantum field theory the finite parts of the counterterm coefficients can be
changed by changing the renormalization conditions — this freedom being at the origin
of the renormalization group. Hence, one should probably accept that one cannot (com-
pletely) fix the finite parts of our counterterm coefficients. In particular, this implies that,
at the two-loop level, the finite coefficient of In AAO in WR[A] - W®[A] is a parameter
that can be adjusted!

The computation of the regularized two-point function G (u, v) for u # v is displayed
hereafter. Then, the result for the case of u = v is briefly discussed. To keep this
subsection readable, many computational details are deferred to the appendix B.1.
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Counterterm contributions

The regularized counterterm contribution to G (u,v) is easy to write down, since it
only involves two regularized propagators K (t1,u,z) and K (t2,2,v) connected by the
counterterm vertex as given by (2.1.79):

8 Co (= ~ ~ =

= W/dx[— 2 (Kt u,0)K(ts, 2,0) + K(t,u,0)K (t2,2,0))

ct K2 2

—(em +cr ROK(t1,u,x)K (t2, z,v)| . (2.1.91)

G (u,v)

The counterterm coefficients are now assumed to have the general form (2.1.80), without
any further assumptions. Note that, while ¢4 and cg involve at most an In AA? diver-
gence, the coefficient ¢,, could have a A2In AA? divergence. This means that, in order to

compute the finite contributions, one should keep terms in K (t1, u, z)K (t2, z, v) that are
O(1/A?). (This is one of the reasons why all external propagators must also consistently
be replaced by the regularized ones.) Thanks to (1.3.27), one directly reads:

~

¢A(uw)| = —T ey Kty +ta,u,0) (2.1.92)
K

ct
8 =

3 (cm+CRR)/dxf((tl,u,m)K(tQ,x,v) .

Now, one needs to distinguish two cases. For u # v the function K (t, u,v) is non-singular

for t — 0. More precisely, it equals G(u,v) plus terms that are either exponentially
small or of order 1/A%. Since cp is at most logarithmically divergent, one may replace

Ch K (t) +to,u,v) by Ch G(u,v) up to terms that vanish as A — co. Thus,

G (u,v) = —8—7; Coh G(u,v) — 8—7; (¢m + crR) /dx K(ty, u,2)K (ty, ,v)
ct K K
+ O(n AA%/A?), for u#wv . (2.1.93)

We see that the finite O(A°) parts of ¢, and cg, i.e. cg) and cg) only give finite

. Hence, to determine them, one needs to obtain the finite O(A?)
ct

and in 9(2)

contributions to G(?)

1—loop tree

terms in 9(2) ’

L measure

For u = v however, f((tl + to,u,u) is divergent when ¢; — 0, so that:

8 =
= —— Kt t
Ii2 C¢ ( 1+ 27u7u)

_ii; (¢m + crR) /dazf((tl,u, x)l?(t%a:,u) . (2.1.94)

G (u, u)

ct

Note that the integral is a finite smooth function of u even in the limit ¢; — 0. However,
as mentioned above, one needs to keep the ¢; finite, since the subleading terms, multiplied
with the divergent pieces from c¢,,, can lead to finite contributions.
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Total “one-loop” contribution to G (u,v) for u # v

We will now determine the “one-loop”, i.e. all order 1/x% contributions to G (u,v).
There are three one-loop diagrams contributing to G® (u,v). They are O~ , and

O (including the regularized external propagators). These diagrams contribute at
the same order ~ % as the tree contribution from the measure vertex and the one from
the counterterms. The counterterm contribution has been determined above in (2.1.93).
The computation of the three two-point one-loop diagrams is quite lengthy, mainly due
to the non-symmetric nature of the cubic and quartic vertices. This implies that there
are many different contributions to each diagram. The details of the computation are
deferred to the appendix B.1 where the results for the three one-loop diagrams are given
in (B.1.11), (B.1.15) and (B.1.21) and for the measure contribution in (B.1.22).

First however, we want to highlight the fact that the case v = v and u # v have to
kle considered separately. IndeecAl, the <O~ diagram for example involves terms such as
I?(tl,u,w)f?(tg,x,y)k(tg,x,y)l?(m,y,v). The terms [?(tz,ac,y) and I?(tg,:c,y) force x

2y (1,1
— 7+7
and y to be close, duetoe ¢ (t2 t3>. For u # v, we can assume £2(u,v) > %, S0

that we can safely consider that x is not close to both u and v and, hence, Taylor expand:

~ ~

.2 1 ) L2
Kt u ) = Kt uy) + (2 =) 0K (b, uy) + 5 (2 = y) (@ = 9) 0,00 K (h u,y) +
(2.1.95)

This expansion is only valid as long as £2(u,z) ~ £2(u,y) > ﬁ, so that I?(tl,u,:v) is
a smooth function of z in the vicinity of y. This is no longer the case if y — u. In
particular, if £2(u,z) ~ £%(u,y) ~ ﬁ, all terms in the expansion (2.1.95) are similarly
large. If uw — v, this occurs, as it will it is discussed in more details in the appendix of
[56] and in the appendix C for the three-loop computation.
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We now add the contributions of the three one-loop diagrams (B.1.11), (B.1.15),
(B.1.21) and the measure contribution (B.1.22), as well as the counterterm contribution
(2.1.93). As before, since these expressions have to be multiplied with [ da;p(e;) for
every «a;, we may symmetrize all expressions in «;. We get

(920 + 6%, +6% + 00w +68) (w.0)

UQU
_1)4a Sp 23 20008 o (D) aa2 _9r (2
= {4 G(u,v) {2 In (0n + a3)? 1 (0 1 032 2mey, " In AN —2mey
- ~ ~ 2 ~ ] ~ ~ -
+ 87 G(u,v) [Gg(u) + Ge(v) — A/dm Gc(x)] - Z/d:n (G(u,z) + G(z,v)]|G¢(x)
=~ =~ 2 2
—|—4/dx K(t1,u, ) K (t4, z,v) - 2j: o % — 2D A% In AA? — 272 A2
2 3 2
Sp s 19 2asa3 o ) a2 _on @
+R. <2 In (ot s 12 (an+ a3)? 2meR’ In AA 2mey

_2% (5 +c§§’;>) + 27R, (@c(w) - % /dyéc(y)”

+87R, / da [(é(u,x)fé(:p,u)—}—é(u,x)(é(x,v))ﬂ

I [ any G GGy - T [y @) [ + Gl

+87R, G(u,v) /dx (é(u,x) + G(v, x)) ég(:n)
B 8T R,

/dx (é(u,x)—ké(v,x)) /dyé(ﬂ%y)ég(y)

+87rR3/da:dy [é(u,l‘) (é(l‘,y))gé(y,v) —I-é(u,x)é(x,v)é(x,y)ég(y)} }
+ O(In AA%/A?) . (2.1.96)

Finiteness requires

(1) _ (1) = D) @_1(_ 2 5 91
cy =cm =cp =0, o o \ay a5 25 (2.1.97)

These are exactly the “desired values” (2.1.82), (2.1.83) and (2.1.86). In particular, the
value of cg) is exactly what is needed to cancel the divergent two-loop contributions

in W[A] = InZ[A]! As explained above, the value (2.1.97) for 2 really means that
2 o)
Ple) = [y dazdagglas)plan) g (aies — 235
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Next, since there are no more divergent coefficients, one may now safely replace the

K(tl,u y)K(t4, y,v) by the regulator independent G(u,y)G(y,v). We moreover require
that the Green’s function G(® (u,v) should not depend at all on the regulator functions
o(a), i.e. that (2.1.96) should not depend on the ;. This yields

(2) 1 3 1 Qo203 20&2043 —~
= —|-h——s-1-— 2.1.98
‘o 2 |:2 . (042 + 043)2 (042 + 043)2 t ( )
@ _ 13, osas 19 2aga3 | g 2.1.99
R 27 [2 . (ag +a3)?2 12 (ag+ «az)? o (2.1.99)
B = 2., (2.1.100)

where ¢y, Cg and ¢, are true (o;-independent, A-independent) constants. With these
values of the counterterm coefficients, eq. (2.1.96) reduces to

(020 + 6%, +6C + 0w +68) (w.0)

_ ;{ 8¢ G(u,v)

+ 87 G, v) [N () + Ge(v) — /dx Gele )] - 8% dz [G(u, z) + G(x,0)] G (x)

+87r/d:vGu:z: [ b ¥5 *<—§:+é<(x)—i/dyé<(y))

#m (@) = [ (@)~ § e (@0 + 45 [ardy (@)
+87R, / [( (u,2)) G, v) + G(u, ) (G, v))?]

167k S7R,

I /d:cdy é(u,x)é(m,y)é(y,v) = /dmdy (é(:z:,y))2 [é(u,w) + é(y,v)]

+87R, G(u,v) /dac (é(u,:v) + G(v, x)) (N}'C(:U)
B 8T R,

/dx (é(u,x)+é(v,x)) /dyé(az,y)ég(y)

+87er/da:dy [é(u,l’) (é(x,y))Qé(y,v) —I-é(u,x)é(x,v)é(x,y)ég(y)} }
+ O(ln AA?/A?) | (2.1.101)

which now is finite and completely regulator independent. As a consistency check, we
note that this expression correctly vanishes if integrated over du or over dv.

There seems to be no obvious way to fix the remaining constants ¢4, cg and ¢,, with-
out imposing some definite value for G(?) (u,v) at some fixed u,v. As already discussed,
imposing a condition at u = v does not help since in this case new divergences appear
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that have to be renormalized independently. In any case, our expression (2.1.101) is only
valid for u # v.

Total “one-loop” contribution to G (u,u)

To explicitly see which are the new divergences and finite terms that appear for u = v,
we now quote the result for the total one-loop plus counterterm contributions to the two-
point function at coinciding points © = v. This case involves some interesting technical
difficulties, similar to some one encounters in the three-loop computation and which are
discussed in the appendix C. Since we do not use the expression of G(2) (u,u) any further
we do not spell out the computation and only give the result:

(920 + 6%, +6% 400+ ) (ww)

~ ~

1 ~
= ,{2{87TK(ti,u7u)K(tj,u,u) +dm[er(as) — 2cg] K(t; + tj,u,u) + é2(ay)

~ - 1 - - -
+167 K (t1 + t4, u,u) [Gc(u) 7 /dx G¢(z) + Ry /dx G(u, x)GC(ac)}
272 5A?
a9+ a3 209
Qa3 20[2043 19 ):|

3
R () ) v,
* 2 o (042 + 043)2 (a2 + 043)2 12 TCR

+4/da:l?(t1, u, 2)K (tg, 2, u) {

167

S6m dx (é(u,a:))2 - dx é(u,x)éC(x) + % /dxdy (é(ac,y))2

A
+167R, / dz (G(u,z))? + 87 R, / dz (G(u, 2))?Ge(x)

167 R,
A

8T R,
A

+8ﬂRf/dxdy [é(ww) (G(z,9)? G(y,u) + (G(u,2))* G(z,y) CN?c(y)} }

+ O(ln AA?/A?) . (2.1.102)

/d:z:dy {é(u,x)é(w,y)é(y,u) + é(u,:c)(é(a:,y))ﬂ

[ sy [2G(.2)Glw.)Cc) + (Gl )] Gelw)

Here, ¢1(a;) and éa(«;) are finite coefficients that we did not determine. Using the sums
given in the appendix C we could compute them explicitly. However, this will not give us
any further information about the counterterms. Indeed, as discussed above, one should

not expect finiteness of G (u, u) or that it equals K (¢,u,u) as A — co. The first term

in (2.1.102), i.e. 2IN((ti,u7u)I~((tj,u,u) is divergent as A — oo. The same is true for
the terms in the second line of the right hand side. Cancelling these divergences would
(1)

require a non-vanishing counterterm coefficient ¢ o which was excluded by demanding
finiteness of the two-point function at u # v in the previous computation. Independently
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of the value of c(l), one clearly cannot require that G (u,u) equals K(t, u,u) in the
A — oo limit. Thus, in the three-loop computation, we will only consider the two-point
function at non coinciding point.

2.1.5 Two-loop result for the partition function and discussion

The final result for the logarithm of the partition function is obtained from inserting
the values of the counterterm coefficients we have determined in (2.1.97)-(2.1.100) into
(2.1.85):

WAl = wP[4] +W@4]

loops

1
= _? |:/C\m +1+ 4(1 - h)/C\R:| IDAA2

ct

+ AN [ ]+ e(oy) + O (In AA?)?/A%) . (2.1.103)

We see that not only the terms ~ AA? In AA? have cancelled, moreover the coefficient of
In AA% now is independent of the o, i.e. independent of the regulator functions p(a)!
It only depends on the two finite renormalization constants ¢, and cg. As already
repeatedly emphasized, we can also adjust the cosmological constant counterterm to
cancel any divergence in W that is proportional to the area A. Most importantly, as
discussed in section previously, the absence of (In AA?)? divergences is equivalent to the
absence of the R(éC)Q term that would not have been background independent. Clearly,
all area-dependent terms present in (2.1.103) are background independent.
Subtracting from (2.1.103) the same expression evaluated at area Ay, we finally get

Z[A]
In — W4l - w4
Z[A[)] - [ ] [ 0]
= [En 1+ 40—y A (A ag)a O ((In AA2)? /A
= [en r] In -+ (A= A0)A? [ + O ((n AA%)/A%)
(2.1.104)
Equivalently, this shows that the area dependence of the partition function is
Z[A}) ~ e A g3 (2.1.105)
two—loop+measure—+-ct
with ) R )
(2) ~ Cm +
Tstr = 3 [2 cr(1—h)— 5 (2.1.106)

We see that our careful, first-principles computation of the 2D quantum gravity parti-
tion function has established that, up to two loops, the partition function has indeed the
expected form (2.1.105). However, we have also found a maybe unexpected dependence
on two finite renormalization constants. By which principle should these counterterm
coefficients be fixed? We observe that our result is compatible with the KPZ scaling,
since we get agreement with the (two-loop prediction of the) KPZ formula if we choose

1

G =-1 C = —— . 2.1.107
¢ v Rlgpy 2 ( )
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In the absence of any principle to fix these constants, the area-dependence of the
partition function Z[A] appears to involve an arbitrary power of A. One more princi-
ple we may invoke is locality. Locality of the counterterms implies that all coefficients
cg), 05}1), cg) which multiply a non-local In AA? should vanish. We have indeed found
this. But it would also imply that c(,i) = ¢ which multiplies a non-local % should
equally vanish. On the other hand, such a %—term was already present in the regularized
measure action due to the absence of a zero-mode. Indeed, from (2.1.11) and (1.3.47) we
read that

47 7

1 1 ~
2 2
measure — * x (ﬁ . 2.1.1
S easure 2 d“x g I: ; + 5 R + ((L‘) ( 08)

Thus, a %—counterterm should certainly also be allowed. However, we may require that
the non-local %—counterterm should actually cancel the non-local %—term in Sheasure, SO
that all the terms in the global action are local. This is our “strong locality condition”.
Comparing (2.1.108) with (2.1.79), (2.1.80) we see that this cancellation requires the
following condition

2

1 ~
absence of non-local Z—terms in g—SL + Smeasure + Set = = cB) = Cm = —1.
T

This is precisely the KPZ-value (2.1.107)!

Let us come back on the background independence. As previously emphasized in
section 1.4 in the previous chapter, while the Liouville action is background independent,
neither is the measure action, nor the counterterm action. This was, of course, to be
expected. This must be so, since it is missing the background dependence induced by
the regularization. The fact that the regularization explicitly depends on the background
metric makes it difficult to trace this dependence through the intermediate steps of
the loop computations. Nevertheless, we were able to determine among the structures
that could appear in the final result for the fixed-area partition function which ones are
background independent and which ones are not. We found that precisely those structures
accompanying the divergences (In AA2)? are not background independent. However,
quite remarkably, the (In AA?)? structures and divergences — that could not be cancelled
by counterterms — already cancel among themselves in the two-loop contribution. The
remaining structures are all background independent !

To summarize, within the present two-loop, order k== computation, there does not
seem to be an obvious criterion why to choose the KPZ-value ¢cg = —% rather than
any other value. The DDK reasoning — which yields the KPZ value — was based on
an all-order conformal invariance argument which encodes background invariance. How-
ever, our two-loop computation was also background invariant in the end, despite the
regularization, and the counterterms did not play any role to ensure that. One may won-
der then if a higher loop computation would be able to fix the remaining constant cg.
Indeed, at the three-loop level, i.e. at order ~ k=%, the counterterm ¢gr¢? contributes
via two-loop diagrams and thus enters into more complicated divergences which need
to be cancelled. However, one could expect genuine three-loop counterterms (and thus

2
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even further undetermined parameters) to be required in any case, especially to ensure
the “strong locality condition”. Indeed, the measure action gives a cubic and a quartic
vertex at three loops, including non-local % terms. Thus, if the counterterms are to be
understood as a renormalization of the measure, a cubic and a quartic structure are to
be expected. Regarding the background independence criterion to fix these (new) pa-
rameters, it will most likely be irrelevant. Indeed, the background dependent structures
are related to divergences which will be required to vanish. At three loops for example,
the (In AA?)? divergence which is related to the background dependent term [ R(G¢)?,
could be cancelled by contributions from two-loop diagrams involving a counterterm. In
any case such a divergence will be absorbed in a counterterm and to ensure both the
finiteness of the partition function and its background dependence. The only three-loop
divergence that could not be cancelled by a counterterm will be the (In AA?)? divergence
(also related to a background dependent term), whose cancellation among the diagrams
will be needed. This is checked in the next section of this chapter, dedicated to the
study of the three-loop divergences and of the genuine three-loop counterterms. Also
note that if ¢g indeed remained undetermined to all orders, we would be led to consider
that there could be different choices of consistent quantizations of this two-dimensional
gravity. One could imagine that at least some of these new quantization schemes could
be consistent quantum gravities for all matter central charges, thus maybe allowing to
go beyond the ¢ = 1 barrier.

2.2 Three-loop investigation

The purpose of the present section is to go into the previous study in depth, with the
idea of improving our understanding of the counterterms. In the subsection 2.2.1, the
Liouville and the measure actions are expanded to the order relevant for the computation
of the partition function at three loops. In particular, this leads to new vertices. Then
the three-loop vacuum diagrams are enumerated. In the subsection 2.2.2, the allowed
divergences are investigated in some detail and the leading divergence ~ AA? (ln AAQ)
is fully computed. Since it does not cancel, genuine three-loop counterterms are required.
We end this subsection by stating that the (In AA%)3 divergence cancels, as required for
both finiteness and background independence. Finally, subsection 2.2.3 is dedicated to
the three-loop counterterms that contribute via one- and two-loop diagrams to the three-
loop partition function. We discuss the degrees of freedom of these additional parameters.
This section is based on [57].

2.2.1 Three-loop expansions of the actions

To pursue the investigation to three loops, ?14 terms need to be included. Since the

Liouville action (2.1.2) comes with a factor g—i, it has to be expanded up to the %6 order.
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One gets:

2 2 A 1~ ~
’éiﬂsL o] = (1 - h) lnAO—I—/dx 508~ RS (2.2.1)

VAT ~ 2 o~ 2~ o~ 16T~ ~ AT~
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+/da:

1673/2
3

K

T4 4 T 2503, 00
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(87)% [4+ o ~ 1y 203 5

where [dx stands for [d%zy/g.«(z). The last two lines yield the quintic and sextic
vertices which appear only at three (or higher)-loop computations. They can be grouped
as follows. Two quintic vertices

1673/2 4 1673/2 2
* - ‘@(A*%R*) C == A 2

and three sextic vertices

_ (87)%4 5 %< (81’1 (872
*_ Kt 5 = GR* ’ N K4 2A*’ ; E_ K4 9A*'

(2.2.3)

Similarly to the two-loop case, the bold parts of the vertices encode the A, acting on one
or several propagators. For example, for the two quintic vertices, the (A* — %R*) in the
first vertex acts on the single propagator connected to the bold line, while in the second
one A, may act either on the product of the two propagators connected to the bold part
of the vertex on the right or on the three other ones.

The three-loop expansion of the non-trivial measure action (2.1.9) is

~ - 3/2 _ 2
Smeasure = /d$K(t,CL',$) <_Z:;¢2 - 52m ¢3 - 3i’2— ¢4 + 0(5_5)> ) (224)

3K3

where K (t,z,z) is given in (1.3.47). In addition to the quadratic vertex already relevant
for the two-loop computation, this action now provides a cubic and a quartic vertex,
leading to the following measure vertices up to three loops:

4rr ~ 1673/2 2 ~ (87)% 1 ~
< = SK(tw), Y = =5—CK(taa), >.< = oKt
(2.2.5)

The requirement for counterterms has been highlighted by the previous study at
two loops, so that both the two-point function and the partition function are finite at
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respectively one loop and two loops. Thus, the two-loop counterterm action (2.1.79) is
also to be considered for the three-loop computation, leading to the overall action:

2
K
S = gsL + Smeasure + Sect - (2.2.6)

The vertices relevant up to three loops are summed up in Tab. 2.1.

Order Liouville Measure | CT

~ < 1<
~ T
= =< X

Table 2.1: Vertices relevant for the three-loop computation

e (3= |2 |20
oH X

Note that all these vertices are normalized without including any symmetry factors
so that one has to count all possible contractions when evaluating the diagrams.

Diagrams

One enumerates now all “three-loop” vacuum diagrams. More precisely, such diagrams
are all the diagrams contributing at order é. This involves genuine three-loop diagrams
made from the Liouville vertices only, as well as two-loop and one-loop diagrams involving
also the vertices from the measure or counterterm action. Combining all these vertices
gives twenty-nine types of vacuum diagrams, each of them receiving contributions from
subdiagrams. Fifteen of these diagrams come from pure Liouville contributions, nine
involve the measure and six the two-loop counterterms . The decomposition of the
diagrams is detailed hereafter.

The sextic vertices give one diagram, the “flower diagram”, which may be written as the
sum of five subdiagrams:

=15 + 9 + 6

+ 3 + 12

The weight factors in front of the different subdiagrams take into account the multiplicity
of the diagram, including the symmetry factors and the contractions. Combining the
quintic and cubic vertices yields two types of diagram:



2.2. THREE-LOOP INVESTIGATION 69

D &

composed of respectively eight and ten subdiagrams. Using two quartic vertices gives

two diagrams:

made of respectively five and eleven subdiagrams. Five types of diagrams are built by a
quartic vertex and two cubic vertices:

5006 o

SHN:

These diagrams consist in thirteen subdiagrams each for the diagrams of the upper line,
and of seventeen, ten and eighteen subdiagrams for the bottom line, from left to right.
Finally, the last five pure Liouville diagrams come from using four cubic vertices:
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3 O 000
S0 A&

composed of eleven, thirteen, six, six and eighteen subdiagrams, from left to right and
from top to bottom.

The measure and counterterm vertices contribute to fourteen diagrams. They may be
classified according to the corresponding “two-loop” terminology: the “figure-eight”, the
“setting sun”, the “glasses” and the “measure” diagrams. At the three-loop order, there
are three “figure-eight-like” diagrams,

(X0 0O OO0

three “setting sun-like” diagrams,

SSASASS

five “glasses-like” diagrams

and finally three “measure-like” diagrams.
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From left to right, both the “figure-eight” and “setting sun” diagrams have respectively
one, four and five contributions. Concerning the “glasses” diagrams: the upper diagram
has two contributions, and, from left to right, the diagrams in the second line have
respectively four and three contributions, and the diagrams involving the counterterms six
and four respectively. Finally, the “measure” diagram on the right gets two contributions
whereas both diagrams involving the measure vertex have no other subdiagram.

2.2.2 Divergences of the partition function
Expected divergence structure

All vacuum diagrams are dimensionless and can depend on A and A only through the
dimensionless combination AA%. They contribute to various divergences to the partition
function. Standard power counting shows that any loop-diagram has a superficial degree
of divergence equal to 2. This means that divergences such as AA? (ln AA2)# are allowed.
To have a more precise idea of the leading divergence, consider a diagram with I internal

lines and V vertices. Each internal line, that is to say each regularized propagator K ,
gives a logarithmic divergence, according to (2.1.47). Besides, each vertex, carrying a
Laplacian, transforms such a propagator into the corresponding heat kernel K thanks
to (1.3.24), leading to a quadratic divergence (1.3.47). Each vertex also implies an
integration over the manifold. Due to the term e~”/4 in the heat kernel (1.3.45), every
integration contributes a factor ¢; ~ % at most. (The subtraction of the zero-mode

terms ~ % does not change the final conclusion.) For the last integration, however, all
quantities to be integrated only depend on one point, hence no Gaussian integration can
be performed and one just gets a factor of A. Putting everything together, the leading
singularity of this L-loop vacuum diagram is

V-1
NI-V [ oV 1 2 L—1 412
(In442)"7 (A2) A<[w> — (nAA%)" aA (2.2.7)
since [ —V = L — 1 for every diagram. Therefore, the leading divergence at three loops
is AAZ (ln AA2)2. Note that the vertices not only contain a Laplacian but also terms
~ R, ~ %. Picking the contribution coming from V — V' Laplacians and V' terms ~ R,

leads to the divergence

V-1
NI=VHV' o\ V=V 1 B o\ L—1+V" N 1-V"

(InAA2) VY (42)V Y 4 A(jp> — (AN (4 228

For V' > 1 this is vanishing. This means that the subleading divergence with the largest

power of logarithms is (ln AAZ)L. Consequently, the expected divergences in W) [A] are

WA = diAN? (n AN2)? 4 dy AN In AN® + ds AN + dy (In AA2) + ds (In AA2)

In AA2 )

W (2.2.9)

+d61nAA2+d7+(’)<
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Note that the term ~ In AA2, although divergent, has a physical meaning. Indeed,
once all other divergences cancelled by appropriate counterterms, one has W®) [A] =

WAoo + WA, = dsln AA% + d7 + O (1248 5o that

74 AN
1 S el 2.2.1
Agréo Z[Ap] ‘3—100p+ct <A0> 7 ( 0

showing that 676 is the three-loop plus counterterm, order %4, contribution to 7st;-

Cancellation of the A* divergence

Moreover, contrary to the preceding, somewhat naive power counting argument, one
observes “unexpected” A* divergences appearing in the diagrams indicated in Tab. 2.2.
They appear through the following integrals:

o~ ~

‘]JZ = /dxdyl?(thxvx) K(t]7y)y)K(tm7I7y)K(tn7xuy) )

~ ~

Ty = /dxdyf((ti+tj,x,x)K(tk,y,y)K(tm,w,y)K(tn,x,y) :

~ ~

Ji = / dedy K (t + t,,2) K (b, + 1,9, ) K (b, 2, ) K (b 2,y) . (22.10)

where i, j, k, [, m and n are different. From (1.3.47) one gets the leading divergences

A4 ¥ At . A4

J. T 7 oand W~
;i P (i +ag)ay BE (i + ag) (o + ay)

J, (2212)

Ji~

with J = [dady I?(tm,x,y)f?(tn,x,y). Thus these A* divergences come with three
different structures in the «;. All these unwanted divergences are displayed in Tab. 2.2.
When summing them up, all three structures (2.2.12) cancel and there is no net A4

divergence !

00| §| | €0 |00 || & |G| O[O | wow
Ji 9 -3 -15 1 5 L 0
it -12 12 | 2 |10 2 | -10 | 0
g 4 -8 4 0

Table 2.2: A* contributions from the diagrams
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A simple computation: the flower diagram

The true leading divergence contributing to the partition function at three loops is in
AAN? (ln AA2)2. As already emphasized, the main goal of this three-loop investigation is
to analyse this leading divergence, check that it does not “miraculously” cancel between
the diagrams and determine the structure of the required counterterms.

Out of the twenty-nine vacuum diagrams displayed in section 2.2.1, only the fourteen
diagrams shown in Fig. 2.1 contribute to the leading divergence in AA? (ln AA2)2. Note

o O O
0O GO O

LD O o 0
Fo O & A

Figure 2.1: Relevant diagrams for the leading divergence in AA2 (ln AAQ)2

that all the diagrams with a single propagator between two vertices (i.e. one-particle
reducible) do not contribute, as it was already the case for the two-loop computation.
This is because there is no zero-mode and a single propagator connecting two parts of a
vacuum diagram should carry only the zero-mode.”

Consider again the flower diagram made from the sextic vertices, whose decomposition
in subdiagrams was given in the previous subsection. Since only one vertex is involved,
no integration has to be done to extract the divergences and it is the second simplest
diagram to compute. (The simplest is the figure-eight diagram coming from the quartic

"In flat space, by momentum conservation, such a propagator would carry zero momentum. In our
curved geometry the argument is more complicated and such one-particle reducible diagrams can still be
non-vanishing, but using (1.3.44) one can show that they do not contribute to the present computation.
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measure vertex.) The first subdiagram may be written in our regularization as:

4(8 = = ~
lg,= 5 ( /Zl) /de(h,x,z)K(tQ,x,x) [<A$ - 6R*> K(ts, z, z)] .
= (8;) /dxf{(tbx,x)f((tg,x,x) <I~((t3,w,x) + %I%(@,x,x)) , (2.2.13)

The second subdiagram is slightly more complicated, because of the Laplacian acting on

several propagators:

Io = —g (8;32 /dxf?(tl,x,x) {Af (f? (ts, 7, 2) sz(tg,a:,z))]zzx L (2214)

The Laplacian term gives

[Aw (A (t2, 7, 2) f((tg,g;,z)ﬂz_r — K (ts, 2, 2) [A;ff{(tg,x, z)}

~

zZ=T

+ Af}? (tg,]},fl?) I?(t&xv .’E)

—2¢99%K (ta,x, ) [a;?f((tg, x, z)]

zZ=T
= I?(tg,x x) k(tg,.% z) + R.K (to, , ) K (t3, z, z)
+A’CK (to,x, a:)K(tg,x )

— gij(?fK (to,z,x) 8;”[((753,36,3;) . (2.2.15)
Inserting (2.2.15) into (2.2.14), and integrating the last term by parts leads to:
8 = = - = =
Ig = 9( 7;) /de(tl,x,x) [K (t2,z,x) K(t3,x,2) + R K (t3,x,2) K(t2, x, )
K
K(tg,a: z) ATK (ty, z, x)] : (2.2.16)

Similarly, the third and fifth subdiagrams give

~ ~

I, =- 3<8;)2 /d [Aw (Am,x DK (s, 2, 2) K (t3, 7, 2)

-3 (87;) /dmf((tl,m,x) [ff (ta, z,x) K (3,3, 2) + R.K (t3, 2, %) K (t2, x, x)
K

\/
[
1S3
Il
8

1 = =
R (ts,,2) AfK(tQ,w,xﬂ ,

T
1 (87)2 = = =
I&:—Q(:;) /d:rK(tl,:L‘,x) [A“ ( (t2, x, z)K(z@,,x,z))Lm
_ B R K K R.K K
= x K (t,z,2) | K (t2, ,2) K(t3,2,2) + R.K (t3,2,7) K(t2, 2, )

~

K (t3,2,2) A;vf((tg,x,x)} , (2.2.17)

0| =
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while one reads directly the fourth subdiagram

_1(8m)? AT =
Ic%) = —5 A /dl‘K(tl,LE .I')K(tz,l’ $) K(tg,.%’ l‘) . (2218)

The overall contribution from the flower diagram is thus

I%:l5l&+91000+61@+31&>+12166

2 = = ~ =
=— (8,;1) /d$K<t17$;x)K(t2kux> [30[(@3;%1’) +20 RuK(ts, 2, 2)

(2.2.19)

(Note that the KKAK terms have cancelled.) The leading divergence of the second
term is in (ln AA2)3. These divergences will be discussed at the end of this subsection

where it is shown that all (ln AAZ) divergences cancel between the different diagrams.
The first term on the right—hand side of (2.2.19) contributes to the leading divergence,

giving ——AA2 (In AA2) I da;;%'f).

Leading divergence of the partition function per diagram

The previous computation already gives the contribution of the flower diagram to the
leading divergence of the partition function:

AN?

30
1y = 20 (nan?)? [

a1

} + O(A%In AA?) . (2.2.20)

The only other diagram involving only one vertex is one of the measure “figure-eight”
diagrams. It contributes

AN?

TR

31

Iy = (In AA%)? {20& } +O(A?In AA?) . (2.2.21)

There are six diagrams built from two vertices that contribute to the leading singu-

larity: @ , @ , @) , @ , @ and @ . The integrals to perform are

similar to those previously done in order to compute the two-loop vacuum diagrams. It
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is rather straightforward to obtain:

fooo = j{mAj (IHAA2)2 Clj a1 i aJ * O(A2 lnAA2) ’
IC% - i/ﬁAj (1DAA2)2 Zﬁ oszozz} * O(AQ IHAAQ) ’
I = f:ﬁj (In AA%)? —Oi] +O(A%In AN?)
Ion = ‘;:42 (1nAA2) —jl] + O(A%In AA?) |
Lo = Aﬁj (In AA%)? _—i’ + o f%] +O(A*In AN?) . (2.2.22)

As always, according to our regularization scheme (1.3.28), these expressions are to
be understood as multiplied with the regulator functions [, (o) and integrated over

IL fo dey; . For instance I@ contributes as 447 (ln AAZ) Cq, With cg = 24 fo day £ ( )+

48 fo daldag% being a number once the regularization function ¢(«) is chosen.
Note that the results for the diagrams involving the counterterm vertex, Iy in
(2.2.22) and I, in (2.2.23) below, do not depend on the free (two-loop) renormalization
constants ¢y and ¢g. In the next subsection, dedicated to the computation of the full
contributions of the counterterms to all divergences, we will see indeed that the leading
contribution involving ¢, and Cg is in AA% In AA%.
When considering three vertices or more, computations become more technical. While

for @ and @ it is easy to get:

AN? n2[71
= 280 (ma2y? [m

AN? 35 1 14
1o 2 vy 21

} + O(A%In AA?) |

O(A%1n AN? 2.2.93
o] o any). (2:223)

with é and @ already, one stumbles over the same kind of technical difficulties as

those faced when computing the one-loop two-point Green’s function at coinciding points
(see the appendix of [56] and appendix C of this thesis). One of the integrals encountered

in @ is for instance
/d.%' dy dz I?(t17x7z)[?(t27x7z)k(t3ay7 Z)I?(nyvz)f((t&ﬂ%y) :

Trouble comes from the fact that the three Ks in the integral force the three variables x
y and z to be all close to each other. For instance, integrating over y through the term
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K(t4,y, z) requires to Taylor expand

~ - . 1 L
K(ts,2,y) = K(ts,,2) + (y = 2)i0: K (ts, 2, 2) + 5(y = 2)ily — 2);0.00K (15, ,2) + ...
(2.2.24)

When z, y and z are close, such that I2(z,y) ~ (*(x,2) ~ %, all terms in the expansion
give contributions of the same order. One gets:

~

[ dwdyds K (tr,2,2)R (2, 2)K (b0, 2) R b1, ) R 15,2.)

~

:/dzvdzl?(tl,x,z)K(tg,x,z)K(tg+t4,z,z)

- dK (t
X [K(t5,x,z) — 14 (— (d’tx7z)

+ R*f((tg,,x,z))

t=ts

t2 dZIN((t,a:,z) df?(t,m,z) 97
B Y i L L2} K(ts, x, .
9 ( dt2 R dt +R* (t5 X Z) +
t=ts t=ts
1 ~ ~ ~ ~
— A/dZL‘ddeK(tl,l‘,Z)K(tQ,ZL‘,Z)K(tg,y,Z)K(tg),l',y) . (2.2.25)

As just explained, the terms + ... contribute at the same order and cannot be dropped.
Keeping only the terms that contribute to the leading singularity AA? (ln AA2)2, one has

~

/M®MKMJ@K®JMK%@@M%%@Mm%w

= ~ = Xt dnK(t, z, 2)
= [ dedz K(t K(t K(ts +t A
/ rdz ( 17$,Z) (2,.’1372) (3+ 47272)712:071! d¢n .
(2.2.26)
Furthermore,
= - np 1) p! A2 n+1
/de(tl,x, 2K (ts, 3, 2) d"K(t,,2) = (=1 2” ( ) In AA? + O(A?"F2)
dtn s (4m) a2 + o5

(2.2.27)

so that one can easily resum all the terms. Therefore, the previous integral contributes
to the leading divergence by:

2 e 1\ 2
AA3anAA%2§: (CD)7ai A ) L o)
(47T) n—0 (052 + Oé5)n+ (47‘(’) a9 + as + oy

Of course, this is valid for a;‘fas < 1. However, the initial expression was symmetric

. e au
under exchange of as and ay (upon also exchanging a; and «3). Hence, if aiar > 1
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one simply exchanges the roles of as and ay in the derivation (since now 52— < 1) and
one gets the same result.
Considering carefully each integral, finally one gets® for é and @ :
AN? 21 12 24
I (1nAA2) - - - + O(A%In AA?)
é le%1 o1 + o a1+ ag + ag
AA2 42 46
I~ = In AA? — O(A?In AN?) . 2.2.29
0 7m4( ) [ al + oo a1+a2+a3]+ (A%In AAT) ( )

One encounters similar problems for the diagrams with four vertices @ and A .
Taylor expanding leads to series of divergent contributions. In addition to the series
(2.2.28), one obtains

= (n+m _yntm ooyt B 1
SN (—1) 2 = : (2.2.30)
n=0m=0 \ " (a3 + aa) ap + a2 +az+ oy

More details on the integrals generating such series are given in the appendix C. Thus,
one gets:

AN? 14 1

I = (In AA2)? + 0 + O(A?In AN?)
TRY a1 +ay o] t+og+ a3+ oy
AN? 16 8

In=—+ (In AA?)? { ] + O(A?In AA?) . (2.2.31)
Looking at (2.2.21), (2.2.22) and (2.2.23) one observes that the total leading con-
tribution coming from the measure vanishes. Note that this was not the case for the
two-loop contribution.
Adding the contributions of all the vacuum diagrams, (2.2.20), (2.2.21), (2.2.22),
(2.2.23), (2.2.29) and (2.2.31), one gets the coefficient d; of AA? (In AAQ)2 in the loga-
rithm of the partition function, cf (2.2.9):

a1+ ag + as o1 + g + a3 + Qg

1 26 132 216 96
1 — + — +
4k 041 a1 + 0 a1 + as + as a1 + g + a3 + oy

dy = (2.2.32)

Clearly, the leading divergence in AA? (ln AA2)2 is not vanishing and new counterterms
will be required. They should be determined by ensuring that the one-loop three-point
and four-point functions, as well as the two-loop two-point function be all finite. The
computation of these one-loop n-point functions is beyond the scope of this thesis, but it
is nevertheless already interesting to look at the possible counterterms one could consider
and to calculate their contributions to the various divergences of the partition function.
This will be done in the next subsection.

8Note again that the o; are to be multiplied with ¢(a;) and integrated. This implies that any expres-
sion involving several «; can be symmetrized and that one can also rename the indices. In particular,
the ——X—— in (2.2.28) has been rewritten as L

agtastoy aytastag”
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Cancellation of the (ln AA2)3 divergence

When the counterterm contributions to the three-loop partition function are computed
in the next subsection, it will be shown that local counterterms with local coefficients
(i.e. not involving explicitly In AA?) cannot give contributions to the (In AA2)3 diver-

gence. Now, it is easy to see that such (ln AA2)3 divergences are present in individual
three-loop diagrams. In particular, this was the case for the flower diagram, see (2.2.19)
and the remarks that followed. The only way to ensure finiteness of the partition function
then is that these individual divergences cancel between the three—loo? vacuum diagrams.
Among the twenty-nine diagrams, eight contribute to the (ln AAQ) divergence. Their
contributions are not too difficult to compute. They are displayed in Tab. 2.3. Indeed,
when summed, they vanish! This is similar to what happened for the (ln AA2)2 diver-
gence in the two-loop partition function, and one expects the (ln AAQ)L divergence to
cancel in the L-loop partition function. Let us insist that this is a requirement not only
for the finiteness of the partition function but also for its background independence, as
discussed in the end of the previous section.

C%@OOQ@@@@ATM&]

Sh (I AA?)® | 20 | 18 | 18 | 60 | -42 | -86 | 2643 | 2412 | 0

P

Table 2.3: (ln AAQ)3 contributions from the diagrams

2.2.3 Counterterms

There are several types of counterterms one may add in the three-loop computation.
Cubic or quartic counterterms lead to diagrams similar to the ones generated by the
cubic and quartic measure vertices (cf Tab. 2.1). One may also expand the coefficients
of the quadratic counterterms introduced in the two-loop computation (2.1.97)-(2.1.99),
(2.1.100), and consider their x~* contributions. Of course, only local counterterms will
be introduced. This means, on the one hand, that the counterterms are polynomial in
the Kéhler field ¢ with only finitely many derivatives acting on them, and, on the other
hand, that the coefficients of these counterterms are local expressions. In particular,
a counterterm coefficient involving the area e.g. through In AA? is non-local. However,
following the procedure applied in the previous section for the two-loop case, we do allow
for counterterm coefficients ~ % since they are already present in the measure action due
to the absence of the zero-mode. In the previous section (see 2.1.5), we introduced the
“strong locality condition”, i.e. absence of % terms in the total action. Imposing such
a condition at two loops led us to fix one of the counterterms (namely ¢,,) precisely to
the KPZ value. We also impose the “strong locality condition” at three loops, by fixing
the relevant coefficients of the three-loop counterterms. Therefore, the only A-dependent

#

(“non-local”) remaining terms involve a (In AA?)™ coefficient.
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In this subsection, we will write out the counterterms contributing to the partition
function at the same order as the three-loop diagrams, i.e. at order 1714 and give their
contributions to W[A] = In Z[A]. Since the divergences in AA? can always be absorbed
in the cosmological constant they will be ignored in the following. Similarly, the finite

area-independent contributions of the counterterms will not be spelt out.

Cubic counterterms

The new types of counterterms one may introduce are cubic and quartic ones. The
allowed cubic counterterm action is

/ - _ _ -
Sa=—"3 3 / d*z\/g. [f¢¢2(A* — R.)¢ + frR.¢® + fmqbﬂ (2.2.33)

where

fo=15",
fr=1y (2.2.34)

f :f(l)A2+£.
m m A

By dimensional analysis, the coefficients fi(l) and fl-(z) are dimensionless “numbers”. As
already emphasized in the two-loop analysis (see section 2.1.3) they may depend on
the regularization through the a; and are then to be integrated with the given ¢(«;),
resulting in a number. But they do not depend on the cut-off A2. The action (2.2.33)
contributes via the two two-loop diagrams -@ and ((»() at the same order in x~*
as the three-loop diagrams studied above.

We first show that the “glasses” diagram ( »<( ) gives no relevant contribution. It
may be written as a sum of four subdiagrams. One gets:

1 (8)? = =
Ing = 7 | dedyK(t2,0)K (ts,,y)

X {f¢ (JW) + [f¢R*—|—3(fm+fRR*)][~((t3,x,y)
t=t3

3Ry (fn+ frRy) K(ts, 7, y)} . (2.2.35)
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Integrating and taking into account the absence of zero-modes leads to:

Ino = (4”) { fs / da GeALGe
30+ falt) [ Geo) (Gelo) -  [av Getw)

wm+mmmjmwéwﬁ@mw@@} (2.2.36)

Using the scaling relation (1.2.23) and (2.1.39), one may rewrite this as

47)? ~ -
Ino = (;? {f¢/d2x\/g% GHon G (2.2.37)

. - )
v3 (g o) [ G (G0 - / Ela) G0
£ (St ) o [ i ) G o 220G

The first term is obviously independent of the area, A and thus of no interest here. The

(1)
only A dependence in the second line comes from the A% fm term through &LOAAQ. How-
ever, the parenthesis being A independent, this term can be included in the cosmological
constant and is not significant. The last term is slightly more subtle to handle because of

the remaining Ko(4 “2t3,x,y) term. For the non divergent counterterms f r  and f b , the

short-distance logarithmic singularity in K 0( “t3,x,y) being integrable, one may take
the limit t3 — oo. Doing so leads to an A independent quantity. Finally, doing a finite
expansion in  — y in the integral yields either A-independent or ﬁ—terms or terms that
vanish exponentially as A — oo. Thus, the remaining quadratically divergent countert-
erm A2 fr(,% ) only leads to terms finite or to be included in the cosmological constant. None
of these terms is of any interest here. This “glasses” diagram thus gives no contribution
to the pertinent divergences of the partition function (2.2.9). Note that diagrams with
a single propagator joining two or three loops were already discarded from the diagrams
contributing to the leading divergence in the previous subsection.

The “setting sun” diagram -@ gets two contributions according to which line of
the cubic counterterm vertex is connected to the bold part of the cubic Liouville vertex.
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Thus one obtains

I = (82) /dxdy{f¢ (t1, 2, ) (2.2.38)

1= dK t,x, ~ ~
§K (tQ,IE,y) <_(dty)> + K(tQ,JI,y)K(t37IIT,y)]
t=ts3

=~ ~

[(fo +3fR) R + 3fm) K (t1,2,y) K (to, z,9) K (t3,2,y)

X

NJ\H

+

w‘m

(fRR +fm) (tl,l’ y)K(t27x7y)I?(t37xay)} :
This leads to the following divergences:
8
1) AA2 2 _ % M (1) . 2 2
I'@ = {Gf AA? (In AA ) [a2 —|—0¢3f¢ +12 f5,) (Go—In(aa + ag))]AA In AA
+ 6 72+ (4757 +6 £y 6 a5 fiD) AR.) (1n 4%)?

o)
16(“%) — s fT(,P)AR* B ( 5 £ 112 fT(,P) AR,

as + a3z \as + ag
1nAA2}

(2.2.39)

487 (f(” 2 as f,ﬁ,?)

2(6 £2 + (4 57 +6 £if) =6 ag f1) AR. ) (Go — In(as + ag))

where Gy was defined in (2.1.54). The expression (2.2.39) is the full contribution from
the cubic counterterms to the diverging part of the partition function.

Quartic counterterms

The quartic counterterm action is

8m)? 1 ~ ~ ~ ~ ~
= B0 [ o 18— RS+ (B, — 2R)P +anRe5 + a0
(2.2.40)
with
1
o — q((z)) )
4 = (Z(;) ,
ar=q% (2.2.41)
(2)
(1)p2 4 I
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Again, the coefficients qgj ) may depend on the o but not on the cutoff A. This action

gives a “figure-eight” diagram ( ¥ ):

]7)2 3 ~ ~ ~ ~
Ino = (87) /dgg {—2 <q¢K(t1,x,x)K (ta,x,z)+ (qrR« + qm)K(tl,x,w)K(tg,x,x)>

H4
+ a‘ﬁ (_2[? (t17x7x)f{v(t2>$7x) + R*[A{v (tl,:r,x)l?(tg,m,:r)>} )
(2.2.42)

which contributes as

IC‘O:E m

! { 6 g AN (0 48%)° — [6 ¢ + (=43 +6 ¢}y ) AR (0 442’

- [1 (6 ¢ 48 Zfd})) +12 ¢V (Gy —In al)] AA%In AN
aq

@
In AA? }

(2.2.43)

(gARk — 47T> <6 q((;) +8 ’q\g) —-12 qg))

+2(6¢2 + (—13 +6 g ) AR.) (Go — nan)

with Go given in (2.1.54).

Quadratic two-loop counterterms

The quadratic counterterms (2.1.79) did contribute via one-loop diagrams to the two-loop
partition function, but also via two-loop diagrams to the three-loop partition function as
shown in the above computation. However, as always, the counterterm coefficients get
contributions at different orders in perturbation theory: we can add to ¢4, cg and ¢, an
additional piece H—gcﬁj), %c’R and %c’m, so that cf;t =cy+ 5—120;5 + O(%), etc. Overall,
the ¢’ are accompanied by a factor 5—14 and they contribute via one-loop diagrams to the

three-loop partition function. Thus we also add the following counterterm action

/ / /
@ _ 8 Cp~ ~ C ~y  Cppy T
S =1 /dzw G fqﬁ(A* ~R)é+ QLR + 207 (2.2.44)
where, again,
dy=cil,
cp =y, (2.2.45)
J@)
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The counterterm action (2.2.44) then provides a new one-loop diagram of order k=*: &)

1 - =
Io = —5% /dx [c%K(t,x,x) + (rRs« + ¢)y) K(t,m,x)} (2.2.46)
leading to the following divergences:
1
Io = (—c;g)AA? In AA2 — (cgﬁ? + c’g)AR*) In AA2) . (2.2.47)

Moreover, two parameters of the two-loop counterterms (2.1.80) are still uncon-
strained: ¢4 and ¢g. Although only ¢p appears in the two-loop partition function
(2.1.104), both may contribute to the divergent part of the partition function at three

loops, through the diagrams C- ) O ) OO and @ . Their diverging contributions
are displayed below:

1 2 2 2 7 ~ 2
Iey = /#{_al Gy AN2In AA% — 2 <6AR*—47T) 2, In AA } ,

7
4AR, Cyop — 2 <6AR* + 47r> s

In AAQ} ,

I'OO = 4{12 <+ ) cy AN"In AN + 12AR, <C¢+27r> (lnAA )

1 10 8
I = !¢ [-= T AN?In AN?
O /<;4{< Oz1+041+042> Ce n +

~ ER 2@1@2
4AR, — 3(— 1 1 ) 11—
+ <c¢, + 27r> ( n(ag + az) +Inag (on + a2)2>

K o o1 + Q9

. CRr 7 ~

+ [12AR, <c¢ + 27T> (2 Go—Ina; —In(ag + a2)> 424 <6AR* — 471’) Co

+ 24 R? ER/dx dy K (t1,z,y) K (ta,z,y) lnAAQ} , (2.2.48)
and
[ -38( R )@ AN AN — (182, +76—R>AR (In AA2)?
© TR a1 a2 o)+ o+ as ¢ ¢ ™ i

9 ~ = = N ER
+ | —24R; cR/dxdy K (t1,z,y) K (to, z,y) — 2G0(18 cp+7 ?>AR*

1 4AR, |:</C\¢ + gf;) (1 + m +31In(aq + 042)) +6<E¢ + gi) In(ay 4 as + ag)}

+4¢c, [36% — AR*<13*1 + (a1 —}—Z(I)Z%-i- a3)2>}

In AAQ} . (2.2.49)

None of these contains a AA?(In AA?)? divergence and this is why these finite counterterm
coefficients ¢4 and ¢ did not contribute to the previous computation of the leading three-
loop divergence made in section 2.2.2.
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Total counterterm contribution to the partition function

Since the “glasses” diagram has no divergence other than in AAZ?, the total contribution
one could get from the counterterms to the three-loop partition function is given by
summing (2.2.39), (2.2.43), (2.2.47), (2.2.48) and (2.2.49). Recalling AR, = 8x(1 — h),
cf. (1.2.23), one gets:

w®4)|, = ;4{91 AN? (In AA%)® + Qy AN?In AN? + Q3 (InAA?)% +Q, In AAQ}
(2.2.50)
with
=6 (f&l) - qg?)
_ 16 - 1 (1) PR TS S P CO RPN A G
22 = a1+ as + ag Cot o1 + as (8f¢ +12C¢) ay (6q¢ —|—8q¢> Cm
+20 Gop—12 (f,gll) In(e; + a) — gV lnoq)
Q= o) +af) +af
Ol = —6 ¢@ + (4 i -6 q;})) 87 (1— h)
0 ar) = 6 12+ (41746 (@0 2410 —an g0 ) )31
0 = 12 (e, + B 1-
3 <C¢ + 3 87 ( h)
_ _ (a) (b) (¢)
Qu= 2Q3 Gyg—2 Q3 Inaqg + 93 (051) ln(oq + 052) + Qg 1H(Oél —+ a9 + 043)
7
—|—47r< - 3(1—h)> (6 ¢ +83 +1200 fD —12 £V 42 o Ql)
26 . (1) 120 4y 8aiam 16 o -
87 (1—h - - -
+ 7T( )<3 <C¢ f¢ )+a1+a2fm (a1+a2)2f¢ (a1+a2+a3)2 Co
+ 4870, — (c;,<3> +87(1— h) c;gD) + 327 (1— h) ¢scr (2.2.51)

where G was defined in (2.1.54). Once again, the divergences in AA? (which can always
be absorbed in the cosmological constant) as well as the finite area-independent con-
tributions of the counterterms (which drop when considering W®)[A] — W®)[Ag]) have
been ignored here.

This is the total contribution to the three-loop partition function of the counterterms
that have not been previously fixed by the order % (“two-loop”) computation made
in section 2.1.4. Requiring the one-loop two-point function to be finite and regulator
independent fixed ¢, and parts of ¢4 and cg. Thus, only their so-far undetermined
regularization-independent parts ¢, and ¢g have been included in (2.2.51).



2.2. THREE-LOOP INVESTIGATION 86

One way to determine some of these counterterms is to compute the two-loop two-
point function (order ;) and the one-loop three-point function (order %) and one-
loop four-point function (order %) and to require them to be finite and regularization
independent. Imposing finiteness will completely determine certain combinations of the
counterterm coefficients, while imposing regularization independence of the finite terms
will fix certain other combinations up to constants.

The computations of the two-loop two-point function and of the one-loop three-point
and four-point functions clearly are beyond the scope of this work. However, there are
still interesting remarks that can be made without actually doing these computations.
One can rather easily determine the contributions of the counterterms to these n-point
functions. This will tell us which combinations of the counterterm coefficient would be
fixed by such computations. We will find that the relevant combinations are indeed
the same as those appearing in the ; of the three-loop partition function. Although
“expected”, this is by no means obvious and constitutes a nice consistency check.

It is straightforward to see that the cubic and quartic counterterms contribute to the
diverging parts of the three- and four-point functions as

5}
jof

Thus finiteness of these functions fixes both f,S% and q(l) and hence, ;. Finiteness
of the two-point function at one loop (order K—lg) was already imposed in section 2.2.3
and resulted in the determination of ¢,, to this order. Thus, only the two-loop (order
%) part of the two-point function’ G®)(a,b) will be considered here. We find that the
contribution of the counterterms to its diverging part is

O

cT

=~ -~

48” 48T L AQ/dm K (t1,a0,2) K (2, b,2) K (t5,0,2) | (2.2.52)

div

ot (87T)2 (1) A2 = ~
= —127qm A /dx K (t1,a,2) K (t2,b,2) K (t3,¢,x) K (t4,d, ) .

o~ =~ ~

div

cT 8 In AA2 = =
L ,;{(pl A%In AAN* + pg A? + p3 nA )/de(tl,a,x)K(tQ,b,:U)
—, div

~

b8 [ doyg GR@E (10,00 K (12,0,
+ ps In AA? G (a,b) + 247 fD A? H(a, b)} : (2.2.53)
with

pr=280, p=Q—6 <3f 2qm)(Go+lﬂA0M2+7), p3 =2Q3,

s = 247 (3 FO 2q§,})) . (6 ¢ +8 ) F12a0 fD + 12, 12 f<1>)
(2.2.54)

9The two-point function we consider is for a # b.
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and

o~

H@@:&/@@km%wk@mwﬁwmwkw@m

=~ ~ ~

+;/dxf((t1,a,x) (f2, b, x)( (ts,a, x)+f<(t3,b,x))

—jl/da:dy

1= = = =
2 (tl)m y)K(t27x)y) <K (tg,(l,ﬂ?) + K(t?’?y’ b))

~

+2 —f{(7517@7$)I~((t2a$,3/)f{(t37y7 b)

+&/M®K@ﬂ@m%Imﬁwwﬁw)

/dx < (t1,a,2) + K(ta, . b)>

% [f{(tg,,a,b) Gela) - ;/dyf/%(tg,m,y) Gey)| . (2.2.55)

The contributions per diagrams are given in the appendix B.2. Finiteness of the two-
point function at order % then fixes all combinations p1, ... ps and hence Q9, 23 and the
combination 6 qél) + 8 ?j((bl) +12¢y — 12 fq(sl)

Thus, all the coefficients 1, Qo and 23 of the diverging parts of the counterterm
contributions to the partition function (2.2.50) are exactly determined by the requirement
of the finiteness of the two-loop two-point function and of the one-loop three-point and
four-point functions ! Obviously, we expect this determination to be such that (2.2.50)
precisely cancels the divergences of the genuine three-loop part of this partition function,
as was indeed the case in section 2.1.5 for the two-loop computation.

Let us next discuss €24 which is the counterterm contribution to the order ’%4 part

of Ystr- With the fy(,%), q,(;) and the p; been fixed, also 01, Q9 and Qg are fixed and we
consider Qéa) as a function of Qéb) and Q:(f), i.e. of Qz())b), ¢y and cg (cf (2.2.51)). (Note
that the second line in the expression of €04 can be expressed though ps, 5¢ and ;.)

Thus Q4 depends on the following six undetermined constants: Qg ), b f(l), /(2)

and c}(%).

Furthermore, one may require the “strong locality condition” that the non-local terms
in the measure (2.2.4) and counterterm actions (2.2.44), (2.2.33), (2.2.40) cancel out. This

fixes qg), féf) and c/TSLZ)

as
4
¢@=-1, fO= -3 @ =0, (2.2.56)

since the corresponding % terms in (2.2.45) (2.2.34) and (2.2.41) are
dm [2y/7 5 rell @) | _
- [ ¥ <f )qb 12) 52 4 (qm + 1) *=0. (2.2.57)
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Thus, among the six undetermined constants in €4, only cig) is fixed, five free finite

), C4, CR, f(;l), and c/}(zl), that is to say four more
than the “two-loop” free parameter in 7g,: Cr. In the next chapter, we will discuss how

the finite part of the two-point function can partly fix these remaining coeflicients.

. . b
renormalization constants remain: Qé

Finally, as anticipated in section 2.2.2, none of the counterterms contributes to the
(ln AAZ) s divergence. The only way to generate such divergences would be by introducing
non-local counterterm coefficients that already involve a factor of In AA%2. However,
as repeatedly argued, such counterterms should be forbidden. Then, since there is no
possible counterterm for a (ln AAQ)3 divergence, such a divergence is required to cancel
in the first place between the three-loop vacuum diagrams. As shown above, this is
indeed the case. Let us once more remark that the cancellation of this divergence is also
required for background independence.

2.2.4 Discussion

The purpose of this section was to check if and which new counterterms are required
at three loops. We have therefore computed the leading divergence of the three-loop
partition function at fixed area, cf (2.2.32). It does not vanish and thus genuine three-
loop counterterms are required. As mentioned before, the two-loop computation already
pointed to the insertion of new counterterms at three loops. Indeed, the counterterms
inserted at two loops have a strong similarity with the measure terms at two loops, as was
discussed in the previous section. Yet, at three loops, the measure action gives rise to cu-
bic and quartic vertices unlike the two-loop counterterm vertices (cf Tab. 2.1). Therefore,
one could have expected additional counterterms to be needed. This argument can be
generalized to all orders, as the measure action gets additional structures at every order
in the loop-expansion. If the counterterms are to be understood as a renormalization of
the measure action, the latter itself coming from the regularization of the measure for
the metrics, then new counterterms have to be introduced at every order in the pertur-
bation series. On the other hand, what is really surprising and encouraging is that if one
requires the counterterms to be local, in particular that no counterterm coefficient with
a In AA? divergence is allowed, then all the divergences may be offset but the (ln AA2)3
divergence. However, as we showed, this divergence cancels out between the three-loop
diagrams, meaning that local counterterms are enough to balance all the non-local di-
vergences. Moreover, the required counterterm action has a structure similar to those of
the measure action, supporting the understanding of counterterms as a renormalization
of the measure.

Nevertheless, with no other way to discriminate the counterterms than to forbid
(In AA?)-like non-local terms, many new free parameters appear. At three loops, doing
so gives rise to twelve new parameters. Imposing the divergences to vanish in the one-loop
three- and four-point functions and in the two-loop two-point function fixes two parame-
ters and three combinations of the parameters. We found that with these parameters and
combinations of parameters fixed, the diverging part of the three-loop partition function
is also completely fixed with no additional adjustable parameter remaining. Obviously,
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as it was the case at two loops, we expect this to happen precisely in such a way that
all divergences in the three-loop partition function cancel, except for the (In AA?)-piece
that yields the three-loop contribution to the string susceptibility. Indeed, this is the
only coefficient of the three-loop partition function which contains undetermined finite
renormalization constants. To restrain the number of free parameter in this coefficient,
we argued that there are two different notions of locality of the counterterm coefficients.
While coefficients involving In AA? were excluded, we did allow coefficients proportional
to % since such non-local terms already appeared through the measure action. Introduc-
ing such % counterterms in precisely such a way as to cancel the corresponding % terms
in the measure action was referred to as “strong locality condition”. Imposing this con-
dition fixes one of the six free parameters in the contribution to the string susceptibility,
leaving us with five free renormalization constants on which the three-loop contribution
to Ystr depends. One of these free renormalization constants was already present in the
two-loop string susceptibility, so that at three-loops, four new constants play a role.

Several additional requirements should be considered, such as the condition that
neither the n-point functions nor the partition function should depend on the choice of
regularization. In particular, the regularization function ¢(«;) satisfies [ doyp(a;) =1
and certain regularity conditions at 0 and infinity, but is otherwise arbitrary. Its choice
should not impact any final, physical result. This means that all the dependence in the
a; must disappear in the end. Although important, this argument is not enough to fully
determine the counterterms, in particular it cannot fix any a-independent pieces. It will
be discussed in the next chapter of this thesis.

Background independence does not seem to help fixing the counterterms, since the
background dependent quantities appear with the same coefficients as the divergences
and hence are automatically removed when the divergences are absorbed. Nevertheless,
it could well be that some indirect criteria for background independence fixes some or all
of our free renormalization constants. Still, as no obvious criterion has been identified,
we will proceed keeping track of the free renormalization constants.



CHAPTER 3

Towards non-conformal matter

« Qu’une chose soit difficile doit nous étre une raison de plus pour 'entreprendre. »
Rainer Maria Rilke in Lettres a un jeune poéte.

In this chapter, following [54], we consider a somewhat more general action including the
Mabuchi action:

2 2

K B
Serav[90, 9] = %SL[Q[LQ] + ?SM[go,g} + Smeasure (90 9] (3.0.1)

where ¢ is a loop counting parameter. As previously discussed in section 1.2, the Mabuchi
action

Swmlgo, 9] = /dzac\/g% [27r(h —1)pAog + (8”(1140_}” — RO)¢> + jae%] (3.0.2)

appears (together with the Aubin-Yau action) as the first-order mass correction to the
Liouville action. As previously stated in section 1.2.3 (see eq. (1.2.29)), the classical
saddle-points at fixed area of the Mabuchi action are also the constant curvature metrics
of arbitrary area A'. In terms of the rescaled Kihler potential ¢, = 87\7%@ the one-loop

expansions (1.3.13) of the Liouville and Mabuchi actions are rewritten as

L25[ ]—K—Q(l—h)l A+1/d2 Vs 0 (AA)? (A, — R,) ¢ 4+ O(e)
gme L9091 = 57 A 2 TV G O * ooTE &)
2 ) 2 A 2
%SM[go,g] — %mf + 1677% /d2x@¢5 AA, (A, — R,) ¢ +O0(e),  (3.0.3)
0

in the background metric g« of constant curvature R, and area A. From eq. (3.0.3), one
directly reads the propagator for the field ¢,

é(x,y)‘HM — (x] [AA*(A* ~R,) (AA* + 32WI;>] - ) . (3.0.4)

This propagator highly differs from the “pure Liouville theory”. Indeed, if we only consider
2
the Liouville action, the term 2—2 is vanishing and we can make the change of variable?

b= AN, ¢, . (3.0.5)

'We recall that AR, = 87 (1 — h).
2In the previous chapter, ¢ was absorbed in s or equivalently taken to one.

90
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Thus, we have to consider the much simpler propagator
G(z.y)| = (2|(A = R) M) - (3.06)

The full Liouville and Mabuchi theory is then expected to behave significantly differently
from the pure Liouville theory. However, the writings of the vertices in terms of the
propagator (3.0.4) is quite challenging and the computation of the two-loop contribution
to the string susceptibility for this Liouville and Mabuchi theory on a surface of arbitrary
genus is beyond the scope of this thesis. Thus, in this chapter we only present the much
simpler case of the torus, where the constant scalar curvature R, = w vanishes.
Then, the previous change of variable (3.0.5) stands and the propagator associated to
the field ¢ is simply

~ _ 327 3 —1, 0\
G|, = (la+ S5y,
= (al(A.+T) ) (3.0.7)
where we define 52
327
T = A (3.0.8)

The coefficients of the small ¢ expansion of the heat kernel associated to the operator
DM = A, + T are now (see section 1.3.3)
2
M T

a'(z,y) =1, &' (z,y) =T, a3'(z,y) = 5 (3.0.9)

and /g = 1. The regularized propagator [?(t,x, y) is to be written in terms of these
modified coefficients. In particular, we have

R R P T oam) gp 2

K(tzo) = o [1 <T+A>t+<2—|—A>Tt}+O(t),

= ~ 1 4

K(t,z,xz) = G¢(x)— yym [lant—i—’y - (T + er) t] +0O(t%) . (3.0.10)

In the section 3.1, we present the two-loop computation of the partition function in
this Liouville and Mabuchi theory, while section 3.2 is dedicated to the three-loop study.
Thus, we expand the Mabuchi action around the metric g, of constant vanishing scalar
curvature up to the “three-loop order” € :

B2 282 A 327 52 9 1~
[ =2 p= 4+ == R =
€SM[U} 8 nA0+ 1 K2/d:c\/g7 2(;5 +

16(me)3/2 ~  (87me)? 2 ~ ,
(nef g (me)” 2 ¢6+O(55)}_

~ 4re ~
¢° + 3.2 ¢ (3.0.11)

Vdame
3K

In the following, we adopt the previous notation [ dz for [ d2x+/g. () .
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3.1 Two-loop partition function

From eq. (2.2.1) and (3.0.11), we get the two-loop vertices (up to the first order in ¢) for
the Liouville plus Mabuchi theory: a cubic vertex, two quartic vertices and a measure
vertex. The measure vertex is unchanged (unless for the changes in K (¢, z, z) due to the
new a;’s), whereas the other vertices are modified such that:

Y = \/R( ) X——%‘l *+T),>-<:—%%(A*—2T).

(3.1.1)

3.1.1 Diagrams

We get the same diagrams as in the previous study of the pure Liouville theory: the
“figure-eight” diagram (O0), the “setting sun” diagram O, the “glasses” diagram (O-O
and the “measure” diagram ¢ . In the following, we give the contributions from each
diagram (when all its subdiagrams are summed up) and then their contributions to the
partition function in terms of the divergences AA? In AA? and ((In AAQ)2 and in In AA?
which leads to the two-loop contribution for vg,. We drop the terms proportional to AA?
since they will anyway be reabsorbed in the cosmological constant, and the constant terms

since they vanish when considering In Z[Ef}]

The figure-eight diagram

First, we have the figure-eight diagram:

dme ~
IOO—;/d - 6 K(t1,,2)K (t2,2,2) + 5T K (11,1, ) K (t2,2,2) |
2
= % {3 <AA +AT+47T> In AA? + {(1nAA2)2+2(G0 - lnozl) lnAAQ}}
K2 |27

(3.1.2)

with G defined in the previous chapter in (2.1.54). Remember that this expression has
to be understood with the implicit integration fooo dagp(ag). We insist also on the fact

that the coefficients in each K and K are changed due to the new propagator (3.0.7) and
not only the coefﬁments in front of each integral. Note also that the leading logarithmic
divergence (ln AAQ) , which was vanishing when considering the summed contributions
in the pure Liouville theory appears through this diagram. As already discussed in
the previous chapters, this two-loop divergence has to vanish in order to ensure the
background independence of our results, but also the possibility to renormalize through
only local (or “measure-like”) counterterms.
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The setting sun diagram

Then, we have the setting sun diagram:

~

_ 4e = ~

Ie_/#/dxdy[?(tbx?y)[_ K(tanvy)iK(tv'ray)

= + 2K (tg,x,y) K (t3,7,7)

t=t3

—4T[}(t2,x,y)[?(t3ax7y)i| 5
2
_e J 1 [ AA +£ M_l 61 ) In AA2
K2 | ™ \ap+ o 2 \(oq + a)?

- % AT ( (In AA2)? + 2((;0 ~In(en + Ozg)) In AA2> } , (3.1.3)

whose contribution to the leading logarithmic divergence (ln AAQ)2 is precisely the one
required to cancel the contribution from the figure-eight diagram (OO .

The glasses diagram

Similarly to the pure Liouville theory case, the glasses diagram:

4de = =
I(}O:I%z/dmdyK(tla%x)K(t%yvy) X
1 d~ =~ 27
[_ 5 phtay)|  —2TK (f5,2.y) + 2T°K (t3,.2,9) | (3.14)

t=t3

only contributes through constant or O(1/A?) terms.

The measure diagram

Finally, we have the measure diagram, whose contribution to g, and to the diverging
part of the two-loop partition function (up to terms proportional to the cosmological
constant) is simply:

_Are 5

- = 1 [AA? 2
I = dz K(t1,z,2)K (t2,z,x) = /@2{4# <m—AT—4F> In AA } . (3.1.5)

3.1.2 Total contribution to the two-loop partition function

Summing up the contributions (3.1.2)-(3.1.5) of these diagrams, we get the total contri-
bution to the two-loop (order €) partition function:

mZ[ALM _ E { ! < 2 —5) A2 In AA? (3.1.6)

2-loop T 2 ) o \ag + s 20

2 4
+[—1+85—2<3—51n e el | LTS
K (a1 + Ozz) (041 + 042)
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where we did not include neither the constant terms nor those proportional to AA?. At
this point, we should make a few remarks. First, the leading (non-vanishing) divergence
in eq. (3.1.6),

c < 2 > )AA21HAA2 (3.1.7)

2mk2 \ay + s 204
is the same as in the pure Liouville theory, as it will be the case for the leading three-loop
divergence in section 3.2. This is not surprising since the Mabuchi action (or its loop
expansion), missing one Laplacian in comparison to the Liouville action, only modifies
the subleading terms, through the coefficient T = 327”5—2 We are then once more led
to introduce counterterms in order to make this partition function finite and regulator
independent.

Secondly, the (leading) logarithmic divergence (ln AA2)2 is once again absent in the
partition function, although present in the individual diagrams. This was also the case
for the pure Liouville theory. Contrary to the leading divergence just discussed, the
coefficients of this leading logarithmic divergence (ln AAQ)2 involve AT = 32#%2 and
thus are at present generated from the Mabuchi action. Moreover, in this combined
Liouville plus Mabuchi theory, not only the vertices but also the heat kernel coefficients
are changed. That the coefficients of the (ln AAQ)2 again “miraculously"” cancel in the
end was all but obvious in the beginning.

3.1.3 Counterterm contributions

We choose to only introduce local or non-local “measure-like” counterterms in 1/A. Thus,
we consider the following action for the counterterms:

8me 1 ~ ~ ~ ~
St :%5 /d%,ﬁg* [% (A +T) o+ cr T ¢? + ¢ @2 (3.1.8)
with
(1) (1) C£T2L)
Cp=Cy s Cr=Cp , Cm :cﬁ,}L)AM? . (3.1.9)

In order to simplify the notation, we do not write the subscript L + M over the coun-
terterms. To determine these counterterms, as previously we compute the full one-loop
(order ) two-point function G (u,v) (at non coinciding points) and we require it to be
both finite and regularization independent.

One-loop two-point function

As previously, we have to compute five diagrams:

CT
t —e— + ——
u Vv u \'
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We are only interested in the diverging and regulator-dependent part of G (u,v). Thus,
the result for G (u,v) and the contributions per diagram given hereafter are written
without their finite regulator independent parts. The computations themselves are very
similar to those done in the pure Liouville theory case and those details are given in ap-
pendix B.1. Thus, we only give the results here. As already emphasierd, the expressions

(1.3.34) and (1.3.42) for K(t,z,y) (and thus for %f((t,x,y)) and K(t,z,y) are to be
considered with the coefficients (3.0.9).

20[10[2

G2 (1, v) = ;{ Gi(u,0) [12 In AN? — 4 (1 4 13 1In(az + a3)> ]

(01 + a2)

~

+ /dx K(ty, u,2)K (tg, z,v) (— 20T (In AA* + Go(z) — In(as + a4))

82 8 80
+ 4T (—4+alo‘22> ST (3.110)
o3 + ay (a1 + a9) A

g? (u,v) = 6{ —12G(u,v) (In AA? — Inag)

uQv KQ

~

+ /dm K(ty,u,z)K (ty, ,v) <20T (In AA® + Go(z) — Inay)

A? 48T
12—+ 12T+ — 111

- = 2
G2 (uw) = = [ de K(t1,u, ) K (ts, z,v) (2 A ore 8”) : (3.1.12)

K2 o3 A

K2

gég)(u, v) = 5{ — 87rc§)1) G(u,v)
(1) ch % %
— 81 [ )T+ DA% + T /de(tl,u,x)K(tQ,x,v) ., (3.1.13)

with

Go(x) = 471'@?0 (z) —~v —In Agp? . (3.1.14)

The diagram O has neither diverging nor regulator dependent parts, and is therefore
omitted in the following.
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Summing up eq. (3.1.10)-(3.1.13), we get the diverging and regulator dependent parts
of the full one-loop two-point function:

4e 3 1o 2100 (1)
G (u,v) = {G(u,v) [2111( R ]

K2 o + ao)? (a1 + a2)
+/dxl/~%(t1 ux)[%(tg z,v) | A? 2 —i—Qﬂ'c(l)
B B a1 + as 2001 m
(2)
5! a1 3 2100 (1) 107 + 2w ey
TN-—-mh———st+ - —=5—-2 - ;.
+ < 2 n(a1+a2)2 +2+ (041+0é2)2 Ter A
(3.1.15)
Finiteness and regulator dependence partly fix the counterterms. Moreover, imposing
the “strong locality condition” also fixes c,(fb) = —1 such that we get:
1 {3 a1 2001 g iz
co=—|=-mh—"-"——-1— ——"— Cs
¢ on |2 (a1 + ag)? (a1 + ag)? ¢

1 5 Qo 3 201 -
or [ 112+2+12)4

- % _5 . (a1 +042)2

A? 2 5 1
m = — -] —=. 1.1
¢ 2 <a1 + as 2a1> A (3.1.16)

Note that both ¢, and ¢, take the same value as in the case of the pure Liouville theory.
This was expected, since the Mabuchi action comes with a coupling 52 only present
through the T coefficient carried in the counterterm action by cr.

Two-loop partition function

The counterterms contribute to the partition function through the diagram G :

4 = =
Iy =— /{i; dz |:C¢ K(t,z,z)+ (crT + cm) K(t, z, x)} , (3.1.17)
such that
1 2 5
(2) ) = ML _ &) L 9o (1)) AAZ 10 AA2
W A] VAL nZ[Aly Soop 2 2r \atas  2a 21 ¢y, nA
2
+[—1—c§73>+8%(3—51n i B L 5 —dr )| man?
K (041 + 042) (Oél + 042)
2
— 305 (3.1.18)
K

with the values (3.1.16). In the pure Liouville theory, the two-loop contribution to ~g;
is proportional to (1 — h) (see (2.1.106)):

4
S ——5er(1-h). (3.1.19)
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Then, the Liouville contribution to ~st, is vanishing on the torus and it is not surprising
that our result (3.1.18) is simply proportional to 32, the coupling constant to the Mabuchi
action. It is remarkable that in this (simplified) Liouville and Mabuchi theory on the
torus, the requirement of finiteness and regularization independence of the two-point
function is once more sufficient to ensure the finiteness and regularization independence
of the partition function (at least at two loops). Note that the counterterms we introduced
are either local or non-local in 1/A but satisfying the “strong locality condition” that the
global action — including the counterterms, the Liouville and Mabuchi actions and the
contribution from the measure — does not contain any non-local term.

Once more, at this order in the perturbation theory, we end up with two free finite
and regularization independent constants, ¢, and cr, with only one contributing to the
string susceptibility.

3.2 Three-loop discussion

We present now the extension to the Liouville and Mabuchi theory on the torus of the
results of the three-loop study carried on in the previous chapter for the pure Liouville
theory. As already discussed, the leading divergence remains the same. Thus, we will
only check in the following that the leading logarithmic divergence in (ln AAQ) cancels
between the diagrams. Indeed, this divergence — which comes together with unwanted
background dependent terms — can not be absorbed by the addition of local (or non-local
but measure-like) counterterms alone. Thus, this cancellation is a requirement for the
consistency of our theory.

Then, we present the contributions of the counterterms to both the three-loop parti-
tion function and to the diverging and regulator dependent part of the two-loop two-point
function (order €2). Indeed, the diverging part of the three- and four-point functions are
unchanged and fix uniquely both f,g% ) and qﬁnl) as defined in the previous chapter, thus,
we only discuss the two-point function in the following.

First, let us write the genuine three-loop (i.e. order £2) vertices for our Liouville and
Mabuchi theory. From eq. (2.2.1) and (3.0.11), one reads the vertices that appear in
addition to (3.1.1):

_ (8me)?4 1 . (Bme)?1 _ (8me)?2
K= 5 (A +gT) s = SR
_ 16(me)?/? 1 _ 16(me)®/?2
o= (A T) s T A (8:21)
(8me)? 1 ~ 16(me)3/2 2 ~

X: KZ4 §K(t,x,l'), \T/:TgK(t7$>$)

3.2.1 Cancellation of the (In AA?)* divergence

Similarly to what happened in the pure Liouville case on surfaces of any genus, the
local or measure-like counterterms one can introduce do not contribute to the leading
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logarithmic divergence (ln AA2)3 . Thus, for consistency, we computed its contribution
in each of the 29 types of diagrams at three-loop (see the previous chapter). Indeed,
although the coefficients in the vertices and in the regularized propagator are modified
in the Liouville plus Mabuchi theory on the torus, their structure remains the same and
we can build exactly the same diagram than in the previous study. These diagrams
contribute the same leading divergence but their subleading terms differ. However, once
more, the “miracle” occurs and the (ln AA2)3 divergence cancels between the diagrams,
as one can read in Tab. 3.1.

%@@@é@@A%m

AT (InAA?)® | 28 | 26 | -30 | -90 | 80 | 136+2 | -52-% | 44-2 | 0

mrd

S (1 AA%)° | 20 | 18 18 | 60 | 42| 86 |26+ |2442| o0

K

Table 3.1: (ln AAQ)3 contributions per diagrams. The first line corresponds to the Li-
ouville and Mabuchi theory on the torus whereas the second line corresponds to the
Liouville theory on surfaces of any genus.

Let us stress that this cancellation was once more by no means obvious and that it
is crucial for the consistency of our theory. Similarly to the “pure” Liouville theory, we
expect this to happen for the leading logarithmic divergence at each order in e.

3.2.2 Counterterm contributions

We introduce the same counterterm actions as in the previous chapter. Namely, inserting
the undetermined counterterms from the two-loop computation, we have:

uad’ 8 1 ~ '\ 7 e ~ / 9% ;T
st = g [ o [(Eor 34)Sa 4 S (mr4 5e) T8+ e
3/2 . _ _ _
st = DO [ [ B0+ 15+ 115 + ) (322
2 ~, ~ ~, ~, ~ ~
st = BTL 0 [ (0080 + 15+ 6P (0. +21) 3 + o0 3 + ]

Once again, we include the -5 terms in the expansion of the quadratic counterterms.
These counterterms may be expanded as:

(1 1 b = dp >
= c¢( ), fo = f%; ; . a?1)
/(1 1 - ;
ho= el @ fro=h @) gr = q?l)
¢ _ CI(I)AQ + oy ’ _ (1)A2 + Im’ ’ T > @
m m A fm fm A qm = q%)AQ + % s

where we recall that ¢, and ¢t are regulator independent constants.
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Three-loop vacuum diagrams

The diagrams we have to consider are the following: Q , O , -C)C) , @ , O ,

-@ and % . Indeed, the “glasses-like” diagrams only contribute to the finite part

of the partition function or through terms proportional to AA? that would be included
in the cosmological constant. The contributions per diagrams are given hereafter, up to
these irrelevant terms. First, we have the “measure-like” diagrams:

~

4rre? =
I = - /dx (&rT + ¢) K(t,z, ) (3.2.4)

1434

_ { DAA? In AA? + (c;g” + c$1)AT) In AA2} ,
(87

) ~ = ~
Iry = 2¢ o | e K(t 2, 0)K (6, 2,9)K (t3,2,9) (3.2.5)
- 5{ 23, AN’ InAA? 12 (AT+47T) ¢s In AA }
4 ¢ ®
8 = ~
I = dzcy (e T+ cm) K(t1, 2, y) K (t2, z,y) (3.2.6)

2 1
:€{< 0, 8 >E¢AA21nAA2+lnAA2

1
STAT ¢y 2( AT — 4w | ¢
! 1 a1+ ag T Cocr + <4 ﬂ-) “

+4AT<(55¢ —3er) (ln(oq + ag) — 1D041> +(¢g — 1) (1 + (03(11222)2>>] } )

where we used the values (3.1.16) for the counterterms cg4, ct and ¢, and kept only the
parts involving one (or more) counterterm. Then, the “figure-eight” diagrams:

(87¢)?

Ico = /dxdy{(—5@+36T>Tf<<t1,x,x>K(tm,yﬂ?(tg,m

+

N
CL‘Q

A(j) -[?(tlvxax) [_ K(t27$7y)
t=ts3

K (t,2,y) +f?(tz,x,y)f?(ts,x,y>]

o~

+ 3¢y K(ty,z,2)K (t2, 2, y) K (t3,2,y)— 57 T? K(tl,:z: x)K (t2,z, y)K(tg,:E,y)}

g2 1 1 . ~ ~ 2
= #{12 ( + > ¢y AN’ In AN* + (12 o1 — 20 Tp) AT (In AA?)

a1 a1+

(12 &p — 20 Gy) AT (2 Go —Inar — In(as + a2)) — 2 (AT + 471')E¢

~

- SOWTQET/dxdyl}(thx,y)ff(tz,w,y)

In AAQ} : (3.2.7)
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and

~

87e)? 3 ~
Ino=- (8re) /dgg [<2 qp + 2 %)K(tl»%ff)K(t?’f”’z)

/i4
N 3 = =
+ <Q¢T + 5 (QTT+qm)) (tlax’x)K(tQamv‘r)] ;

1
—(6 q(l) 18 aél)) +12¢W(Gy — In a1)} AA?In AN?

2 )6 AN (1n AA2)?
__? dm (n >+ oy o3 m

+ |60+ AT (435" + 6 41)| (1n AN~ | (AT + 47) (663 + 835 — 1201 1)

_9 (6 ¢@ + AT (4 )+ 6 q(T1)>> (Go —Inay)

In AAQ} . (3.2.8)

with Gy = j—’;fd2x\/go(x) é?o(ﬂf) — v — In Agp? given in (2.1.54). Then, finally we
have the two “setting sun” diagrams. As previously done for the other diagrams, the first
diagram can be written in terms of the regularized propagators and (thus in terms of the
heat kernels) as:

~ ~ ~

2
Io= (877? /dxdydz {45T T2 K (t1,2,9) K (t2,7,9) K (t3, 2, 2) K (14,9, 2)

K

- (5¢ k(tg,l‘, z)+er Tf((tg, T, z))K(t4,y, z) X

_ _ 2 dK
[K (tlal‘ay)K(t%xay) - K(tl,ﬂ?,y) dtg<t2’$’y)]

~

+ TK(ty,z,y)K (t2, 2,y)

o~

. . = dK
CK (tSa:EaZ)K (t4ayaz) - C¢K (t3,$,2) d7t4 (t47y’ Z)]

~

45T]?(t27xay)K(t4ayvz) /C\Qﬁk(t%xay)k(tﬁlvyvz)]

+ K(tl,ZL‘,y)K(tg,CC,Z)

= dK ~ - =
+ C¢K(t1,$,y) — K (t3a$7'z) |:K (tZamvy)K(t4ayaZ) +

dtg K(t25$7y)K(t4ayaz):| } )

(3.2.9)

DN |

where we define C = Cy — %T for the sake of brevity.
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Then, we get
o -8 ( L, ) @ AN In AN+ (302, — 1427) AT (In AA?)’
) K4 o + as a1+ as + as ¢ ¢
4 In AA? 807TT2’€T/dxdyI?(t1,w,y) K (t,2,y) + 2 Gy (30 ¢, — 14 er) AT
SO 20109 . .
— 4AT[(C¢ — CT) (1 + m) — (10 ¢y —4 or) In(ag + a2 + a3)
. . . 8 4a?
—(5¢y—3¢cr)In(og + aa)} +47¢, [367T+AT<§ + (or Ton t ag)z)}] } ;
(3.2.10)
and
8me)? 3 = = ~
=& /d:cdy{ [ 5T 2T 4 1) | B (2 ) K () B (13,2.9)
= 1= d ~ - -
+ f(b K(t17x>y) - 5 K(tz,.fﬂ,y) aK (t,:v,y) +K(t2axay>K(t37$7y) } )
t=ts3

£ (1) g A2 2)2
= — 16/ AA (1nAA)+

Lfélhr 12 ff(nl) (Go — In(ag + 043))] AA%1n AN?
K s

Qg +

+6 [f,2?+ AT(— £V + £ + as f,SP)} (InAA%)? + | — 48 (£ — 205 f11)

4D (1) 2003 (1) (1)

4 12 AT 12 AT

+ (=41, +1203 1)) +a2+a3<a2+a3f¢ + fm>

+12 (f,Sf) +AT(= £V + £ + s fr(,%))) (Go — In(as + a3)) | In AAQ} .
(3.2.11)

Total contribution of the counterterms to the two-loop partition function

Summing the previous contributions (3.2.4)-(3.2.11), one gets:

2

W) = 54{91 AA? (In AA?)% 4 Q5 AN?In AA® + Q3 (In AA%)° + Q4 In AAZ} ,

ct K

with
Q = Qlfiouville . Oy = Q%iOUViHe ) (3.2.13)
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and
Q= o +of) +af
o) =6 ¢ — AT (43 +641)
O () = 6 f12 + AT (6 £ — 108, +6er+6 £V +6 a1 f) |
0 = AT (20¢,—8¢r) ,
Q= 2Q3Go+ 0" +487¢, + 87 AT Gy 0r ,
Qfla) = -2 ( an) Inay + ng)(al) In(ay + a2) + Qgc) In(ay + o + oz;;))

+ (47 + AT) (6 ¢V 8 1200 SO 12 £ 120 Ql)

28 o, 1208 8anas (1) 16 a2 .
— AT| —¢cs —8 + —fn - — c
< 3¢ fo o1 + azf (a1 + a2)2 ¢ (aq + ag + a3)? ¢
- (c;?) + AT c$1)) . (3.2.14)

Of course, only the parts involving the coupling to the Mabuchi action 2, that is to
say AT = 32%%2 are modified with respect to the pure Liouville theory. However, as
for the pure Liouville theory, these counterterms for the Louville plus Mabuchi theory
do not contribute to the leading logarithmic divergence at three loops (ln AAQ)?). Then,
its “magic” cancellation through the diagrams (see Tab. 3.1) was indeed crucial for the
consistency of our theory.

Finiteness of the two-point function

As previously stated, the diverging parts of the three- and four-point function are not
changed with respect to the pure Liouville theory by the inclusion of the Mabuchi action,
when studying the torus. Thus, in order to look at the freedom of the three-loop coun-
terterms in (3.2.14), it is sufficient to give their diverging contributions to the two-point
function only. We have

O

In AA2 =

CcT 2 = =~
- ) @R 00 K (12,00

— e {(plAglnAAQ—f—pgAQ—i-pg

€2 div

~ ~

+ p4 A2/da: G @)K (t,0,2) K (t2,b,7) + p5 In AN® K (t1,a,b)

+ 247 £V A% HM (q, b)} , (3.2.15)
with
pL = plfiouville . pa= p%iouville . p3= 9 QS . pa= piiouville ’

ps = — (6 ¢ +83) F12a0 fD +123, 12 f;”) — pliouville (3.2.16)
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and

~ ~ ~

HM(avb) = - QT/dxdyk(tlaavx)K(tZa:an)K(t37xay)K(t47yvb)

1 = = = =
+ 2/de(t1,a,m)K(t2,b,x) <K (t3,a,x) +K(t3,b,x)>

1 12 N = N
-5 [aray [2K<t1,x,y>K<t2,x,y> (R ta.a.0) 4 K (ta)

~ ~

+ 2 K(tlaaa x)K(tQVIay)K(t&vyvb)]

~

27 [dedy Rt 0. 0)K (12,0, DK (12,2, G0

+/dx <IQ{(t1,a7a:)+I:((t2,x,b)>

~

x [K(tg,a,b) éc(x)—jl/dyf%(tg,x,y) G| . 3217

Finiteness of the two-point function at order £2 then fixes all the combinations py, ... ps.
Namely, po fixes 2o and p3 fixes (23, while €21 is fixed by the finiteness of the three- and
four-point functions. Thus, we do not have any freedom in the counterterm coefficients
of the divergences of the three-loop partition function. As it was the case in the two-loop
study, we expect these combinations to be fixed by the finiteness of the n-point functions
in such a way that they absorb the divergences of the partition function.

If we consider now {24y which contributes to the three-loop contribution to g, p5
fixes the second line in the coefficient Qfla). Moreover, the “strong locality” condition
impose the values

@P=-1, fPD=_-_ D=9, (3.2.18)

/(1)

resulting in five free parameters in Q4 (and thus in g, : Qéb), Cgy Cr, f(;l) and cp .
However, considering the finite part of the two-point function, and in particular the
finite coefficient of [dz K (t1,a,z) K (tg,b,x) and of [dx é?o (2)K (t1,a,z) K (t2,b, x)
can help fix one constant. Indeed, we have

-O-

G (a,z) G (b, z)

cT 8t | 1 ~
= 4{A/daj [pg (47T G?O(:n) —7—1nA0u2) + p7

€2 fin K
+ pg ZZr/dx (ég(m) — ;/dyéc(yvé(a,x)é(b,x) + }
(3.2.19)
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with

pe = 2823 = p3,
pr= 0 —32r V) 4 176m ¢, + 167 AT Sy e |

ps = 6f@ + AT (— D 16 £ 242, - 146T) . (3.2.20)

Imposing this structure to be regulator independent in the full two-loop two-point func-

tion result in fixing p7 to a constant ¢ (pg = p3 being already fixed). This means that Qfla)

is fixed in terms of ¢, fél), ¢y and cp. Injecting this into (3.2.14), we end up with four
undetermined constants at three loops. This happens also in the pure Liouville theory on
surfaces of any genus studied in the previous chapter, where the number of remaining free
counterterms is also reduced to four. However, we still need new conditions to impose in
order to completely fix these parameters, and hence our theory.



Discussion

The path to a quantized theory of gravity has not been marked out yet. Consequently,
several ways are currently explored. One of them relies on the continuous approach of the
Liouville theory, which describes the coupling of any conformal field theory to gravity in
two dimensions. One object we can characterize in this approach is the partition function
at fixed area whose area dependence is described by a critical exponent called the string
susceptibility vsty. The formalism of the functional integral appears to be a natural one
to compute both the fixed area partition function and the string susceptibility. However,
one of the major difficulties lies in the non-flat integration measure over the space of the
metrics. Moreover, in a theory of quantum gravity one has to sum over the topologies.
Nevertheless, under the simplifying assumption of a free-field measure, a formula for g,
has been obtained in the end of the 1980s through the DDK argument. This formula,
referred to as the KPZ formula since it has first been conjectured by Khnizik, Polyakov
and Zamolodchikov on the sphere, has since been found in agreement with several results
from the discrete methods.

The present work follows these footsteps. Taking advantage of recent advances in
efficient multi-loop regularization methods on curved space, it has been possible to pre-
cisely regularize the complicated integration measure and thus to treat it without the
strong hypothesis of a free-field measure. Then, a first-principles computation of the
string susceptibility has been initiated at one loop, in a generalized Liouville theory in-
cluding the Mabuchi action, which appears as a first order correction to the Liouville
theory if the matter is massive and hence non-confomal. The one-loop result for g, is
in agreement with the KPZ formula (in the case of conformal matter only). This thesis
goes further with the full two-loop computation in to cases: first in a “pure” Liouville
theory on a surface of arbitrary genus, and then, in the special case of the torus, in a
Liouville plus Mabuchi theory, thus investigating the coupling to non-conformal matter.
The non-trivial nature of the quantum gravity integration measure is revealed beyond
one loop, starting at two loops. Then, it generates a “measure” action whose has to be
added to the Liouville (and the Mabuchi) actions.

The results obtained from these computations present divergences, and thus one
needs to renormalize them. The consistency of this approach is emphasized by the fact
that the divergences that would require non-local counterterms, cancel among them-
selves. It is remarkable that those vanishing terms come together with background de-
pendent structures which are, of course, undesirable in a theory of quantum gravity and
which vanish together with the divergences. Consequently, the renormalization proce-
dure is possible through only local counterterms, with the highlighted exception of the
so-called "measure-like" counterterms, presenting the same dependence in the area than
the measure action. These counterterms are thus understood as a renormalization of the
complicated non-flat quantum gravity integration measure. They can be fixed by the
requirements of finiteness and regularization independence and by imposing the so-called
“strong locality condition” — which imposes the area dependent terms in the “measure
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action” to cancel with the counterterms. We obtain an expression for the string suscep-
tibility which depends on one free parameter at two loops and which is compatible with
the KPZ formula. Although one of the counterterms involved in 7, is fixed to its KPZ
value by the strong locality condition, there seems to be no reason in our formalism to
fix the remaining counterterm to its KPZ value.

Then, a three-loop computation has been performed. In particular, the leading di-
vergence is non-vanishing and the renormalization procedure is once more required. Very
similarly to the two-loop order, the only divergence which the introduction of local or
measure-like counterterms could not cancel is vanishing. This is crucial for the consis-
tency of our theory. Moreover, finiteness of the n-point function automatically fixes the
counterterm coefficients of the diverging part of the partition function. If one requires in
addition its regularization independence, and if one imposes the strong locality condition,
one ends up with four free independent constants in ~gt,, that is to say three more than
at two loops.

As emphasized previously, the fact that only local counterterms are required to guar-
antee the finiteness of the theory is due to the fact that some divergences vanish. This
is far from obvious and may be due to a hidden symmetry of the theory. This symmetry
is most probably also the reason why the finiteness of the two-point function seems to
automatically imply the finiteness of the partition function. This has been shown at two
loops and is hinted at three loops. Unravelling this hidden symmetry is thus the key to
ensure renormalizability at all orders.



APPENDIX A

Some useful integrals

Here we list various integrals of the form

1 - 3 &0 _
=1 [z @) = [Tt (A1)
where d?7 is the flat measure: any non-trivial expansion of /9 is included in f. Then
I[§"] =nt,
1€" Ing] = e — (n1) ¥ (A2)
with
C[):O, 61:1, 62:3, 03:11,... (A3)

One has also

2

g ="+ %
71.2
IEmey) =" =2y + (A.4)

and

1[By(¢/a)] = In(1 +a).
TEB (/)] =~ +In(1 +a)
_a(2+3a)

(14 a)?

a CL2 a
1B () = )

1Bs(E/a) =1~ In(1+a),

I[EEy(&/a)) =1+ ﬁ — %ln(l +a),
7T2
i€ Bu(e/)] =~ — (1 +0) + Lial=—) (A.5)

I[EEr(E/a)] =

+2In(1 +a),

+6In(l1+a),

where the E,, are the exponential integral functions defined in (1.3.41) :
o
E,(w) :/ duu"e " . (A.6)
1
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Of course, insertion of any odd number of components of z into any of these integrals
gives a vanishing result, while insertions of an even number can be replaced according to
the usual rules

sigg L2 i

zzj—>§z o (A7)

and
S é ()2 (5957 4+ 56" + 516 (A.8)



APPENDIX B

One- and two-loop contributions to
the two-point function

In this appendix are given the details of the computation of the “one-loop” and “two-loop”
contributions (order 1/x2 and 1/k* respectively) to the two-point function G(2).

B.1 “One-loop” contributions to the two-point function

In this section we write computational details of the one-loop contributions to the two-
point function G (u,v) for non-coinciding points u # v.

B.1.1 One-loop contribution from v —O— v

Recall that G(? (u,v) always includes the two external propagators that, by consistency,

are also regularized, i.e. replaced by K. Then, for the diagram <O~ , due to the many
ways the derivatives in the cubic vertex can act, one gets many different contributions.
They yield

o~ o~ ~ ~

8 22 ~ 2
G () = = / da dy [KKKK +2KKKK +2KKKK +2KKKK
K

~ ~

= = d~i\v = = =2 ~ = ~ = PR
+2KK (- K)K + REKKK + R.KKKK + 4R KKKK + RIKKKK|, (B.L1)

~ ~

where KKKK stands for K (t1,u, z)K (ta, z,y)K (ts, 2, y) K (t4,y,v) etc.
We now evaluate this for u # v. More precisely, since we work at finite cutoff, we
do not want £?(u,v) to be as small as % and require £?(u,v) A2 > 1. Then K(t =

a/A? u,v) ~ %G_ZZAQ/(ZLOZ) is exponentially small and can always be dropped. Also
K(t,u,v) = G(u, v) 4+ exponentially small + O(4), cf (1.3.31) or (1.3.40). Furthermore,
in fdy.f((tl,u, y)K (ta,y,v) or in fdy.f((tl,u,y)f((t%y,u) we may replace the K by
G since these integrals have finite limits as A — oo. (The logarithmic short-distance
singularity (In u?(y — u)?)" is integrable for any integer n.)

Denoting by + ... terms that are either O(In AA?/A?) or exponentially small as just

109



B.1. “ONE-LOOP” CONTRIBUTIONS TO THE TWO-POINT FUNCTION 110

explained, we find

/dumkiﬁkzqé@m»%5i/¢ué@w»%5i dz (G(x,v))?

o [dy @)+, (B12)

N Y I 1 ~
/dxdyKKKK = G(U’U)E (—ln,uz(tQ +t3) + 4G (u) — ’y)

1

- dz G(u, 2)G(z,v) — % /dx éc(x)é’(x,v) +..., (B.1.3)

Y- WDV 1 ~
/d:cdyKKKK = G(u,v)z (—ln,u2(t2 +t3) + 4G (v) — 7)

_ ;/dxé(u,x)é(x,v) — ;/dxé(u,x)é’c(x)—i— , (B.1.4)

=~~~ ~ 1 oD Ye%:!

o~

1 1 = =
+ ( _|_7R*_aQa?’R*_87T>/de(tl,u,x)K(t4,x,v)+... ,

E to + 3 6 (a2+a3)2 A
(B.1.5)
/dd?{?{ 1) & G, 0) = |In g2(ts + ta) +y + 1 4 203
x - — —_ - - - -
Y dt iy Hot2 —13) 7 (an + 3)?
1 1 1 Qo203 47
— —R.|—= In p2(ty +t — | - —
+4’/T [tg—i—tg < 6+7+nu(2+3)+(a2+a3)2> A:|

~

x/mﬁmme@%m+/m%QMm@m%@%w

+ % dz dy G(u, z)G(z,y)G(y,v) + ... | (B.1.6)

o~~~

/d:cdy.f(f(f(f( = [ dz (G(u,2))? G(x,v) — i/dxdy (G(x,9)? Gy, v) + ... ,
(B.1.7)

/dxdyI}I}I}K = [ dz G(u,z)(G(z,v))? — i/dxdyé(u,x}(é(w,y)y +...,
(B.1.8)
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o~ ~

PV | ~
/d:cdyKKKK: 4/dm |:—111/1,2(t2+t3)+47TGc($)—’y K(ti,u,z)K(tg, z,v)
0

1 dxdyé(u,x)é(x,y)é(y,v) +..., (B.1.9)

/dxdyf(]?l?l? = [ dedyG(u,z) (G(z,9))? Gly,v) +... . (B.1.10)

Combining everything, we get

@) 1 ~ A2 209003
G o p(u,v) = ﬁg{él G(u,v) [BIHMQ —3ln(ag+a3)—3y—1-— ot a3

+ 87 (G(u,v))? — 8% dz

~ ~ 1

(Gl ) + (Gl o)) = 5 [ dy <é<x,y>>2]

+ 167 G(u, v) (ég(u) + CNJC(U)) - 16% /dz (é(u, :E)CN?C(:E) + é((x)é(a:,v))

~ 2 2

= ~ A
+ 4/dx K(t1,u,z)K(tg, z,v) + R, (3111—2 —3In(as + ag) — 3y
w

|:042 + a3

4 2 ~
+ 5 - &> + 87 R.G¢(y) —

20r
3 (a2+az)?

A
+ 167T/d3: 9. G (u, x) éc(z) LG (x,v)

+8nR. [ dy [(Gu,))* Glyvv) + Glu)(Gl0)?]

~ ~ ~ 1 ~

G(u, 2)G(,y)Gly,v) + 5(Gla.y))* [ Glu,2) + Gy, v)}]

2

+87TR3/dxdyé(u,x) (G(z, )2 Gy, v) + (’)(lnAA2/A2)} . (B.1.11)

B.1.2 One-loop contribution from the tadpole diagram

L

2
_7\/7?3
K

The diagram u v only gives finite contributions. We first evaluate the tadpole

(1)= F=-_2/T dy[f(f(+2f(f(+R*f(f( , (B.1.12)
K

~

where KK = K(t3,x,y)K(t4,y,y) and similarly for the other terms. This simplifies
considerably since I?(ti,y,y) does not depend on y and in [?(tj,y,y) the only non-
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constant term is éc(y) Thus one finds

B(z) = /dyfz((tz,xyy)A*éc(y)

- ~ - 1 -
— Gelo) + R [ dyR(ta)Gely) - [dyGew) . (BL13)
The contribution to the Green’s function then is
e

g@)& (u,0) = /dx (f(Bf( + KBK + KAG(K + R, f{Bf() . (B.1.14)

~

where KBK = K(t,u,2)B(z)K (t2,z,v) and similarly for the other terms. Inserting
the expression for B and evaluating the integrals gives

6%, (uv)="5 {2 Glu.0)[Gelw) + Gev) - [ do o)
+ R,G(u, ) / dr (Glu,2) + G(o,2)) Ge()
L e (Glu) + Glo,) (2 () + R, / dy é(m,y)édy))
+ 3R, / da G(u, 2) Ge () G, v)—2 / de 9.Gi(u, 2) Ge(2) DG, v)

+ R? / dz dy G (u, )G (z,v)G (x,y) G (y)
_ ]jl*/d:cé(u, :L‘)é(:p,v)/dyéc(y)} +... (B.1.15)

B.1.3 One-loop contribution from the quartic vertices

The diagram u O v gets again different contributions:

Z=T

9(2) (u,v) = T de {2 I%(tl,u, x) (AT — 2R*)<I%(t2,z,x)[:((t3,x,v)>

~

+ K (t1,u, 2) K (t3,2,0) (AT — 2R, K (to, z, )

+2 (ATK (t,u, 7)) K (t2, , 7) K (3, ,0)

o~

+ 2K (t1,u, 2)K (t2, 7, 1) A K (t3, z, v)

~

—|—4I2((t1,u, a;)(AfI%(tg,x,z)) K(tg,x,v)} . (B.1.16)

Z=T
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One finds, using the fact that K (t2,z,z) — C:’C(x) does not depend on z,

Z=T

/dxf{(h,u, x) (AL —2R*)( (t2, 2, CC)I}(tg,g’;’U))
- %é(u, v) (—ln,uzm — ’V) + /dx aié(u, x) ég(x) aié(%v)

1 = = 1 7. 4 -
+— [ deK(t,u,2)K(ts,2,0) [ — + =R. — — — 4nR.Ge(z) ) +... (B.1.17)
47 ta 6 A

and

/dz K (1, u,2)K (3, 7, v) (AT — 23*)( (t2,,) )
= G (u,v (

1 ~ =~
—|—G<( )) y /d:cK(tl,u,x)K(tg,m,v)QR* (ln/ftg—i—'y)

—2/dx8Gu1‘)Gc()8G(ajv /daz G(u, z) + G(v, :U))Gg()
(B.1.18)

The three remaining terms in (B.1.16) are straightforward to evaluate:

=~ =~

/dx {(Aff((tl,u,:c))f((tg,1‘,x)l~((t3,$,v) + K(t1,u,2) K (ty, 7, 2) ATK (t3, z, v)]
= G(u v)[ (to,u,u) + I?(tz,’l),’l))] - % /dxl?(tg,x,x) [I?(tl,u,x) + I?(tg,x,v)]
+ 41/dx IN((tl,u,:U)f((tg,x,v) 2R, [— In pi%ts —7—}—4776?4(@] , (B.1.19)
T

and

~

K(tSwTa ’U)

Z=X

/d:c I:((tl,u,ar)(AfIQ{(tg,w, z))

= 1 7 4 ~
dz K(tl,u 2)K (ts, z,v) <t + iR - R, In p’ty — YR, + 47TR*Gc($)>
2

47r 6 A

(B.1.20)

up to vanishing terms. Combining everything gives

gf&)lv(u’ v) = ;{é(u, v) [—247‘(‘ (ég(u) + ég(@) + 12 (ln Pt + ’7)]

= = 1 4 -
+ 12/de(t1,u,x)K(t3,x,v) {_t — gR* + zﬂ + R. (’y +1n p?ty — 47TGc<.I‘)):|
2

+ in dz [C:’(u,x) + (N}(v,x)} éc(x) +... } . (B.1.21)
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B.1.4 Order 1/x* contribution from the measure

Finally the measure vertex (2.1.15) contributes

gr(r?gasure(u,v) = 8—7; d:vf((tl,u,x)f((tg,x,x)f((tg,x,v)
K
1 = > 2 7 8

The total one-loop contributions to G2 (u,v) for u # v is the sum of the contributions
computed here and of the one from the counterterms (2.1.93). It is given and discussed
in section 2.1.4.

B.2 “Two-loop” contributions to the two-point function

Here we give the diverging contributions of the counterterm to the two-loop two-point
function® G®) (a,b) per diagrams?. We only consider the so far not fixed counterterms,
i.e. the genuine three-loop counterterms and the “two-loop” counterterms ¢y and cg.

The diagrams contributing to gc(f’) (a,b) are the following: —m— , Q , Q . L),
—l},ﬂf,—l—l—,—Q—I—,—l—O—,ﬂ—(},@—F,f.Q,ij7*9,

9. ; ﬁ ; i , i and i . Since the one-loop two-point function G (a, b) has

already been renormalized (which led us to fix the two-loop counterterms except for ¢,
and ¢g), the summed contribution of -#= , o=, =, 80O ,-O8, g |
-~ .9 and 9. should only contribute to the finite part of G3(a,b) and thus
we will not give their contributions. The diagrams (;) and i do not have a diverging
part and thus will also not be considered here. Then, we write

61" = 69 +60 +60+6% +6" +d% +60 447, B2

!We consider the two-point function at non coinciding point i.e. a # b.
2The computations are quite lengthy but straightforward and thus left to the motivated reader.
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with the understanding that we will only give the diverging contributions. We have first
for the cubic counterterms

(62 +6% )@y = 3

K

{12 <f ~ay fU )1nAA2é(a,b)+24wf,<,§>A2D(a,b)

+/d:c K(t1,a,2)K (tg, z,b) X [12 FIDAZIn AN

+A2<a1+ £V +12 £ (Go(x) — ln(a1+a2>>>

In AA?
2[6 £ + (4 £57 +6 £ —6arfi))AR) =5 }
(B.2.2)
with
— R, [dody K (0,0.0) K (t2,2,0) K (t2,2,0) K (21,01
2/ K (t1,a,7) K (t2,b, x) ( (t3,a,x) +I~((t3,b,:c)>
1 ~ ~ ~ ~
Z /dl‘dy K thﬂfay)K(t%%?J) <K (tg,a,l‘) +K(t3ay7b)>
+2 K (t1,0,2) K (t,2,y) K (t3,,b) | , (B.2.3)
and
Go(z) = 47ré?0 (z) — v —In Agp? . (B.2.4)
Then, we also have for the cubic counterterms
gi(a,b) = 1 A dz K(t1,a,z)K(t2, z,b) (Go(x) — Gp) (B.2.5)

—|—47rR*/d:z:dyf((tl,a,x)f((tg,:z:,b)f((tg,ac,y)ég(y)}
3) _a® 967 ) o
gi(a,b) gi + e fa A% | dx (tl,a x) + K(tg,:v b) (B.2.6)

= ~ 1 o~ ~
X | K(t3,a,b) Ge(x) — A/dyK(tg,x,y) Ge(y)
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The unique diagram built from the quartic counterterms gives

gg(a,b) - —iﬁf{( ()+8A(1)>1nAA2C~}(a,b)

-l—/dﬂ;f((tl,a, 2)K (ty,2,b) x !12(]( JA%In AA?

2 (1) ~1) ) _
+A (a <6q¢ 87 )+12q< (Go(z) lna1)>

In AA?
+2[6q§g> + (64} _4§<T;>)AR*] nA } . (B.2.7)
For the ¢’ quadratic counterterms, we have
G® (a,b) = 8T )A2/dxl~{(t1,a, 2)K (tg, z,b) . (B.2.8)
kA

The two remaining diagrams only involves ¢, and ¢g. They contribute

6 (a,b) = 8/;{12@ In AA2G(a, b) (B.2.9)
= = 12 A2 5
—i—/d:cK(tl,a,a:)K(tg,x,b) c¢ + 12 c¢+ 2 R.In AA
aq
¢ (a,b) =- iﬁf{m@, In AA2G(a, b) (B.2.10)
= = 16 A2 CR
o i+ 24 (TR )R nAA?| .
—i—/da:K(tl,a,x)K(tg,x,b) a1+a2+a30¢+2 (c¢+3F>R nA }

Summing (B.2.2) and (B.2.5)-(B.2.10) gives (2.2.53) with the p; in (2.2.54).



APPENDIX C
Leading divergence of the three-loop
partition function

When computing the diagrams é , @ ,  ©and A\ , one gets infinite series of terms

contributing to the coefficients of AA? (ln AA2)2 The details of the computation of these
series are descrlbed hereafter. For the sake of brev1ty, notatlonal short-cuts are defined:
dz = d*z\/g.(x )7Kz( T,y) = K(tux y) and Kzg(w y) = K(tz+t17$>y)~

Among the series of diverging contributions appearing in these four diagrams, some
may be straightforwardly computed by Taylor expanding the terms, as was done in
section 2.2.2. These integrals are hereafter noted by J. Namely, they are:

~

<
e
|

= = = d
dadyds & (2, 2) Kol ) Rl ) Koo (= gy Ri(n))

7O

W — [ dedydedw K (2,4)Ka(e, y) Ky, 2) K a(z,0) Ks(z w) K, w) |

7 = / dzdyds Ky(z, 2)Ra(z, 2) Ks(y, 2) Ra(y, ) Ks (2,1) |
59 = / dadydz Ky(a, 2)Ks(w, 2) Koy, 2) Ka(y, 2) (—diKs@ y>) ,
Jg :/dxdydz K1 (z, 2) <—ddt2Kz(rc z)) Kaly, 2)Ka(y, 2)Ks(z,)
Jgé) _/dxdydz Ki(w, 2)Ko(, 2) K3y, 2) (—dilﬁ(y, )) Ks(z,y)
s :/dmdydz R(z, 2) Ko, 2) K, y) R, y) Koy, 2) | (C.1)
Jé” :/dx dydz K1 (2, 2) Koz, 2) Ks(x, ) <—£K4(a: y)) Ks(y,2)
/ N
/

I?g(m,y)l%g(y, 2)1%4(25,10) d5K5(z w)K6(:E w) ,

d

@ = d
J® _/dmdydzdw K1($>y)dt2

= ~ = = ~ d

18 = [[ardydzduw Rite,)Ratan) Koty 2R .0 R0 <—dﬁf<6<:c w>) ,
= ~ = = d ~ ~

19 [ e aydzaw Rite) R Raly. ) Ks(ev0) (=Kol ) Rata)

Note that Jé) was already computed in section 2.2.2. It is useful to define:
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B, (ta,ty,te; ) = /dz IN(G(LZ)I?Z,(:C,Z)@IN(C(LZ) ,
Crom(ta, ty, t 'x)—/dzf% (z z)ﬁf( (z z)ﬂf? (z,2)
n,m\la, b, le) = a\¥L, dt? b\L, dtén c\&, ’
Dy, (ta, ty, te;x) = /dz IN(a(z, z)f(b(:p,z)@f(c(x,z) ,
~ n am ~
Enm(ta,ty, te; = K, K K.(z, . 2
mltasttei) = [ dz Ko #) g Ko@) g e, 2) (c2)

The only divergence investigated here is the one in AA? (111 AA2)2, which cannot ap-

pear unless two Ks are present, since the logarithmic divergence comes from such terms
(2.1.47). The terms without at least two Ks after doing the expansions are thus dis-

carded in the following. Remembering that ¢ = {7, the previous integrals may then be

rewritten as:
O B o~ .
o =) de 3,4(1'737)2ECO,n(tthyt&x) ;
n=0 "
PN o~ .
@ = - X 3,4($>$)Z EBTL—&-l(tlatQat&x) )

tn—l—l
J(B) /dm Kg 4(33 CL‘) Bl(tl,tg,tg,, + Z ﬁcl,n(tlatQatS;x) )

1 A2
J(4) = J( ) /diUBO(tthatEJ;Jj) )

@ @ 47 a3+ oy
() _ = — 14 .
Jé —/diﬁ K3,4($7$)7;)n!Eo,n(tl,tz,t&x) ; (C.3)

1 A?
Jg) - J(él) +/d$477a3+a4D0(t1’t2’t5;x) ;

Jg) /d.’L‘ K34 T,T Z Dn+1(t17t27t57 ) )
n= O

JO_ [ Rk 15 g .
o X 1,2($>$) Z — n,m(t4+t5at37t67x)7

n!m!
n,m>0

J(Q) J“) —I—Q/dxl A’ Doty + ts, ts, te; ) + J12
47 a1 + ag ’ 5

~ n+1 m
(3) I ty ts 3)
JY = [ dz Kya(@,2) > 2 B (ta + t5, 3, to ) + T
® / x 1,2(3} 1‘)n 2 (TL 1) +1( 4 5,03, 6 ) é

2

I =0+ / dz -

Dq(t ta, 13,16
1n og + on o(t1 + ta, t3, te; ) |
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where all the terms in O(AA? In AA?) are discarded. The fact that the o; (and thus t;) are
dummy variables that can be renamed and are symmetrized, has been used to simplify
the writings of Jg and Jg. Finally, the term Ji,’52 in Jg is the term proportional to
A* defined in (2.2.11). All contributions ~ A% have been discussed in section 3.2 and
are summarized in Tab. 2.2. At present we are only interested in the other types of
divergences and thus we will simply drop the term Ji”g in the following. We conjecture:

(71)HA2TL 1 1 2 on .
(47r)2 (n o 1)' |:(04a+04c)n + (ab+ac)ni| In AA + O(A ) it n 2 1 5
Bn(ta) tb? tCa LE) =
e (n AA2)? + O(In AN2) .
(C.4)

aq and ap being dummy variables, this may be rewritten as

2 L0 (A ) 1 AN + O(A®) ifn > 1,

(471')2 ab+a(:
Bn(taatbutc;x) = (C5)
bz (I AA%)” + O(In AA?) ifn=0.
Likewise,
S () mAN O™ 21,
Dn(tavtlntc;m) - (06)
iy (In442)° 4 O(In AA?) ifn=0.
and

Cn,m(taa ty, te; CC) = En,m(tm ty, te; 13) =

_1\ntm
((lezr)2(n+m)! <

A2

n+m+1
) In AA? + O(AZF2mH2y - (C.7)
ap + O

From (1.3.24), one observes that

d d?
Cl,n(taatbatc;x) - ditbc[),n(taatbvtcvx) - _dithn(tavtlHtCax) ) (08)
and
d
EO,n(taytbytc;x) = _7Dn(ta7tbatc;m) . (09)

dty

These relations are verified by the above expressions, before considering the symmetries
between the «;. Putting everything together and remembering once more that the «; are



120

dummy variables, one gets:

AN? 1
JY = 22 (n4A?)?
& (4r) a1 + a2 + o3
m_ e_10_ ;0
Jo = Jy = -] =1
& 8 2 " © ’
@ _ @ _ ;0 AN 22 1
J =T I+ In AA
0 & & (4m)? ( ) a1 + ag
) 1 AA? 22 1
J = 2] ~ (In AA
© © * 471')3 ( ) a1 + ag
@3 _ 0 _ AN 22 1
J = J) = ——= (In AA ,
S & (47T)3(n ) o1+ az + a3+ ay
2
2) (1) 22 1
= In AA
J® J® 3 ( " ) a1 + o
@ _ 0 AN 2 1
J = J5+ In AA , C.10
© © o (4m)? 5 ( ) a1 + ag ( )
up to subleading divergences. One encounters also integrals such as
= = = ~ d ~
Lo = [ arayas Rae aRate oo ate2) (4 Ratre) ) (©a1)

whose explicit computation requires to Taylor expand a product of two K or K. We
denote such integrals by L. Integrating over z around x through the exponential term in
Ky(z, 2), see (1.3.45), leads us to Taylor expand I?l(z,z)%f(g,(y,z) in (z — ) around
x. After integration, one gets terms such as:

/dxdy Ko(z, y) 3(z, )05, - .851%1(95,13)8; 05, (_d(iKE)(x y)) (C.12)

Js
is odd and performing the integral over y kills the contribution: 7 and s have to be

even. Slnce K(t,z,z) depends on  only through GAO( ), see (2.1.47), for r > 2,

with 7+ s even. If s is odd, then the function Ko (z,y)Ks(z, )05, ... 05 ( i Ks(z, y))

of ... 07 K 1(x, ) does not contribute to the leading divergence by neither a factor In AA?
nor A2. The diverging contributlons may thus only come from the integral over y. How-
ever, applying s derivatives on at: d K (x,y) for any even s leads to terms similar to

s 1+3
(—1)2 (%) K5(x y). Integrating over y one gets Biis s (g, t3, t5; ) which only pro-

duces one of the two In AA? of the leading divergence. The only terms contributing to
AN? (ln AAQ) are thus the terms with r = 0 and s even.
Thus, up to subleading divergences, the previous integral gives:

=~ O ¢n
Lé :—/dZL‘ Kl(x,l')Z’,%‘Bn+1(t2,t3,t5;l’) == Jg) . (013)
n=0
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Similarly, one may compute

= = ~ = ~ d ~
1) = [ ardydzdu Kite,)Ra(e,0) Raly )Rz, 0) Rz, (—d%w,w)) |

= = - = o/ d \"TE -
—— [drdydz Kr(o ) Kalop) Raly K asl2:2) 3 ( ) R(e,)

——/dxd Rl ) Koo ) Ras(y) 3 S5 (4 " o)
— Yy 1\, Y 2T, Y 4,5\Y,Y S~ mln! dtﬁ 6\T,Y) ,
_
— 2,

= = ~ = d ~ ~
19 = [ dvdydzdw Ko Rale, ) Raly, ) Ra(z,0) (—dtsmz,w)) Role,w)

Ly LA Eootg/d Bp(ty, to, t3; @)
RS - I T Dpl\l1,12,13,T) ,
41 ay + as o

(1) AN
+
© (4m)®

1
ag+as

I
h

(In AA?)?

(C.14)

up to O(AA%In AA?) terms.
Since at least two Ks are needed to obtain the two In AA? of the leading divergence,

it is easy to compute

LZ - /dxdydzdw I%l(x,w)[z(g(y,w)l?g(z,w)l?4(x,y)l~(5(m,z)I~(6(y,z) : (C15)

Indeed, integrating over w through I~(3(z, w) requires to Taylor expand K, (x, w)f(g(y, w).
The only term in this expansion keeping the structure of the Ks and thus contributing

to the leading divergence is the first one: K (z,2)Ka(y, z). Thus,

A

= Jg + O(AA%In AA?) . (C.16)

LY = / drdydz Ki(z,2)Ka(y, 2) Ka(z, y) Ks(x, 2) Ke(y, 2) + O(AA? In AA?)

Similarly, in

~

L8 = [ ddydzdw Ko, w)Raly w)Ra(z ) R ) R ) Ko(w ). (C17)

if any partial derivative acts on one of the two Ks through the Taylor expansion, the
(ln AAQ)2 are lost. Thus,

@ _ B (VB (2. ) B (. 21 1 4
1) = [ arayaz RaGw.y)Rofe. ) Koy DRr(2.2) 3 2 R, 2)

n=0

~—

~ {nom
:/dx Ki5(x,x) Z n—?"%anm(tﬁ,tQ,u;x): JC% , (C.18)

n,m>0



122

up to subleading terms. It is possible to compute

2 = [ dvdyasdu Rt Rate.2) (- 4Kt ) K w) Rl ) Ro(eu
3

~ ~ ~

LZ = /dxdydz dw I}l(x,y)Kg(.r,Z) <—d(tif~{3(y, Z)) k4($7w)f}5(yyw)k6(27w) )
3
Lg = /dxdydzdw <_d(t1[?1(x7y)> ﬁg(x,Z)ﬁg(y, Z)[?4(x7w)[%5(y7w)l?6(z7w) )
3
(C.19)

with the same reasoning. In these three integrals, integrating over w implies to Taylor

expand a product of two Ks. Since there are only three Ks in these integrals, this means
that, if one wants to extract the leading divergence with two In AA2, one shall only keep

in the Taylor expansion the terms with the derivatives acting on one K. Up to subleading
terms, one has

() _ ), 7Ba) , 7(3b)
Ly = J2) + L+ L7, (C.20)
L(?a) —/dxd dz Ky (2, y) Ko (2 z)i Ry, 2)Ka(z, 2) EOO: g A Ks(y, 2)

= Yy 1T,y 2 4y dtg 3\Y, 4\ 4y — (n+ 1)'dfg 5\Y, )

- . d ~ = SN R
L(Sb):/d dydz K K —K. K . K
A rdydz 1($,y) 2($7z)dt3 3(y7z) 5(y7Z)ZO(n+1)'dtZ 4(

x,z) .

Integrating over z in LZI) leads to

= — tpt! AN?
/dZ K2+4(Z,Z) Z (67017n(t1,t3,t5;z) = J(l) — (lnAA2)2

a1+ a9

(

while integrating over y in L 39 transforms one of the two remaining K s, resulting in a

O(AA%In AA?) term. LZ and Lg are computed in a similar way. Summing up:

(3) _ o1 @) _ 1) o4 (6) _ (1) (1)
=272, L= 8 v2rt) L= g0+ (C.22)

The same idea is used to compute

o~ ~

ﬁu/mwmwkm@&madﬁmwmmM&mmd&mm,

o8 dtg dtﬁ
Nu/mwmmkmw&@@dﬁww&@m&mmd&@m,
A dtg dtG
(C.23)

the requirement is then to leave two of the four Ks without derivatives. Among such
terms, one gets also subleading terms not considered here. In the end, one obtains:

L = QLZ = 47 (C.24)
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Résumé

Le but de cette these est d'étudier la
gravité quantique bidimensionnelle. Nous
nous intéressons plus particulierement aux
approches dans le continu. Ces derniéres
reposent principalement sur ['action de
Liouville qui décrit le couplage entre théorie
conforme et gravité. Si cette action, bien
connue, est tres bien comprise, la mesure de
I'intégrale fonctionnelle sur I'espace des
métriques pose plus de problemes. Toutefois,
sous I'hypothese simplificatrice d'une mesure
de champ libre, la dépendance en l'aire de la
fonction de partition de la gravité quantique
en présence de matiere conforme a pu étre
établie. Malgré I'hypothése assez forte sur la
mesure d'intégration, cette formule (dite
KPZ), a été confirmée par des calculs issus
de méthodes discretes, et ce dans plusieurs
cas particuliers.

Grace a une nouvelle méthode de
régularisation spectrale en espace courbe,
cette mesure d'intégration a récemment pu
étre proprement définie. Dans cette thése,
un calcul perturbatif de la fonction de
partition a aire fixée est mené, jusqu'a trois
boucles, en considérant I'action de Liouville
et des surfaces de Kahler de genre
quelconque (qui coincident avec l'ensemble
des surfaces a deux dimensions). Des
divergences apparaissant dans les calculs, il
est nécessaire de renormaliser les actions.
Cette renormalisation peut étre interprétée
comme une renormalisation de la mesure
d'intégration. Nos résultats a deux boucles
sont finis, indépendants de la régularisation
et compatibles avec le résultat KPZ, mais
dépendent d'un paramétre libre. L'étude a
trois boucles suggére que la théorie reste
renormalisable aux ordres supérieurs mais
dépend de nouveaux parametres a chaque
ordre. Ces résultats ont été généralisé dans
le cas du tore au couplage a de la matiere
non-conforme.

Mots Clés

Gravité quantique bidimensionnelle, théorie
de Liouville, action de Mabuchi, susceptibilité
de la corde, régularisation spectrale,
renormalisation.

Abstract

Nowadays, two-dimensional quantum
gravity can be studied in two different
approaches, one involving discrete theories
(triangulation, matrix model...), the other
continuous ones, mainly based on the so
called Liouville action which universally
describes the coupling of any conformal field
theory to gravity. While the Liouville action is
relatively well understood, the appropriate
functional integral measure is however rather
complicated. Nevertheless, a formula for the
area dependence of the quantum gravity
partition function in the presence of conformal
matter has been obtained, under the
simplifying assumption of a free-field
measure. Notwithstanding its non-rigorous
derivation, this formula, often referred to as
the KPZ formula, has since been verified in
many instances and has scored many
successes.

Recent developments of efficient multi-
loop regularization methods on curved space-
times opened the way for a precise and well-
defined perturbative computation of the fixed-
area partition function in the Kahler
formalism. In this work, a first-principles
computation of the fixed-area partition
function in the Liouville theory is performed,
up to three loops. Among other things, the
role of the non-trivial quantum gravity
integration measure is highlighted.
Renormalization is required and may be
interpreted as a renormalization of the
integration measure. This leads to a finite and
regularization-independent result at two loops,
that is more general than the KPZ result,
although compatible. Finiteness and
regularization-independence seem also
possible at three loops. These results are
generalized to the coupling to non-conformal
matter on the torus.
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