N
N

N

HAL

open science

Quelques résultats en analyse théorique et numérique
pour les équations de Navier-Stokes compressibles
David Maltese

» To cite this version:

David Maltese. Quelques résultats en analyse théorique et numérique pour les équations de Navier-
Stokes compressibles. Analyse numérique [math.NA]. Université de Toulon, 2016. Francais. NNT:

2016TOULO005 . tel-01432188

HAL Id: tel-01432188
https://theses.hal.science/tel-01432188

Submitted on 11 Jan 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01432188
https://hal.archives-ouvertes.fr

UNIVERSITE
DE TOULON

ECOLE DOCTORALE Mer et Sciences (ED548)
Institut de mathématiques de Toulon

TH ESE présentée par :
David MALTESE

soutenue le : 07 Décembre 2016
pour obtenir le grade de Docteur en Mathématiques

Spécialité : Mathématiques appliquées

Quelques résultats en analyse théorique et
numérique pour les équations de

Navier-Stokes compressibles

THESE dirigée par :

M. NOVOTNY Antonin Professeur, Université de Toulon
M. GALLOUET Thierry Professeur, Aix-Marseille Université
JURY :

M. BRESCH Didier Directeur de recherche, Université de Savoie

M. EYMARD Robert Professeur, Université Paris-Est Marne-la-Vallée

M. FEIREISL Eduard Professeur, Institut de mathématiques de
'académie des sciences tchéque

M. GALLOUET Thierry Professeur, Aix-Marseille Université

M. GALUSINSKI Cédric Professeur, Université de Toulon

M. NOVOTNY Antonin Professeur, Université de Toulon

M. SULI Endre Professeur, Université d’Oxford






Remerciements

Mes premiers remerciements s’adressent bien enetendu & Antonin Novotny et Thierry
Gallouét.

Je remercie Didier Bresch et Endre Suli pour avoir accepté de rapporter ma thése.

Je tiens également & remercier Robert Eymard, Cedric Galusinski et Eduard Feireisl
d’avoir accepté d’étre membre de mon jury.

Je remercie les membres du laboratoire IMATH pour leur accueil.

Je remercie tout les membres de ma famille.






Table des matieres

Document de synthése 1
Introduction 3

Géneralités sur les équations de Navier-Stokes compressible en regime baro-

trope 7
2.1. Modeéle physique . . . . . .. 7
2.2. Ecoulements barotropes . . . . . . . ... o 9
2.2.1. Existence de solutions faibles aux équations de Navier-Stokes com-
pressibles en regime barotrope . . . . . .. ... 10
2.2.2. Energie relative pour les écoulements barotropes . . . . ... ... 12
Limites singuliéres 19
3.1. Introduction . . . . . . . . .. ... 19
3.2. Résultats . . . . . oL 21
Existence de solutions faibles pour les équations de Navier-Stokes compres-
sibles avec transport d’entropie 27
4.1. Introduction . . . . . . . . ..o 27
4.2. Solutions faibles, résultats d’existence . . . . . . . . ... ... ... ... 29
4.2.1. Solutions faibles au systéme (4.1.7) . . . . . ... ... ... 29
4.2.2. Solutions faibles au systéme (4.1.1) . . . . ... ... ... .. 31
4.2.3. Solutions faibles au systéme (4.1.6) . . . . . . ... ... ... ... 32
Estimations d’erreur pour une méthode volumes finis/éléments finis pour les
équations de Navier-Stokes compressibles 35
5.1. De I'inégalité d’énergie relative aux estimations d’erreur . . . . . . . . .. 35
5.2. Schéma numérique . . . . . . ... Lo 36
5.2.1. Discrétisation spatiale et temporelle . . . . . ... .. ... 36
5.2.2. Schéma numérique . . . . . . . ... 38
5.3. Estimations d’erreur . . . . . . .. . ... 39
5.3.1. Esimations d’erreur pour le systéme de Navier-Stokes compressible
sur des domaines polyédriques . . . . . . . .. ... ... 39
5.3.2. Estimations d’erreur pour le systéme de Navier-Stokes compressible
sur des domaines suffisament réguliers . . . . . .. ... ... ... 40



Table des matieres

Estimations d’erreur pour le schema Marker-and-Cell pour les équations de

Navier-Stokes compressibles 45
6.1. Présentation . . . . . . . . ... 45
6.2. Schéma numérique . . . . . . . ..o 46
6.2.1. Discretisation spatiale . . . . .. ... ... ... L. 46
6.2.2. Discrétisation temporelle . . . . . . ..o oL 47
6.2.3. Schéma numérique . . . . . . . . ... 48

6.3. Estimations d’erreur . . . . . .. ... Lo 48
6.4. Estimations d’erreur uniformes en régime bas Mach . . . . . . . ... ... 49
6.4.1. Présentation du probléme . . . . . ... ... .o 49
6.4.2. Schéma numérique . . . . . . . ... 50
6.4.3. Estimations d’erreur . . . . . . .. ... oo 51
Publications 53

. Compressible Navier-Stokes on thin domains 55

. Existence of weak solutions for compressible Navier-Stokes equations with

entropy transport 79

. Error estimates for a numerical approximation to the compressible barotropic

Navier-Stokes equations 117

. Error estimates for a numerical method for the compressible Navier-Stokes

sysem on sufficiently smooth domains 167
. Implicit MAC scheme for compressible Navier-Stokes equations : Unconditio-
nal error estimates 207
Implicit MAC scheme for compressible Navier-Stokes equations : Low Mach
asymptotic error estimates 256



Premiére partie .

Document de syntheése






1. Introduction

Cette thése est composée de plusieurs articles traitant de ’analyse mathématique et
numérique des équations de Navier-Stokes compressibles en regime barotrope. La plupart
des travaux présentés ici combinent des méthodes d’analyse des équations aux dérivées
partielles et des méthodes d’analyse numériques afin de clarifier la notion de solutions
faibles ainsi que les mécanismes de convergence de méthodes numériques approximant
ces solutions faibles. En effet les équations de Navier-Stokes compressibles sont fortement
non linéaires et leur analyse mathématique repose nécessairement sur la structure des ces
équations.

Le chapitre 2 est consacré a la présentation des équations de Navier-Stokes compres-
sibles en regime barotrope dans le contexte de la thermodynamique des fluides compres-
sibles. Ce chapitre est une vue d’ensemble de resultats théoriques sur les équations de
Navier-Stokes compressibles qui sont souvent cites et utilisés dans les articles théoriques
et numériques présentés dans cette thése : nous rappelons ici particuliérement

1. Les théorémes d’existence global des solutions faibles (voir par exemple [?], [?], |?],
171, 17D)-

2. Les théorémes d’existence local de solutions fortes (voir par exemple [?] et [?]).

3. Critére d’explosion pour les solutions fortes dans la classe de [?] (voir [?])

4. La méthode d’énergie relative provenant de [?] et [?].

Les chapitres 3 et 4 décrivent nos résultats théoriques. Le chapitre 3 résume les résultats
de Particle "Compressible Navier-Stokes equations on thin domains" (voir Annexe A)
traitant de le problématique de réduction de dimension tandis que la section 4 correspond
a l'article "Existence of weak solutions for compressible Navier-Stokes equations with
entropy transport." traitant de I'existence de solutions faibles d’un modéle de fluide
compressible en régime barotrope avec transport d’entropie (voir Annexe B).

Les chapitres 5 et 6 concernent ’analyse numérique des équations de Navier-Stokes
compressibles en régime barotrope. Plus précisement les résultats présentés dans ces cha-
pitres portent sur des estimations d’erreur inconditionnelles entre une solution discréte
d’un schéma numérique approximant les solutions faibles des équations de Navier-Stokes
compressibles en régime barotrope et une solution forte de ces équations. Dans le chapitre
5 nous présentons des estimations d’erreur pour un schéma numérique de type volumes
finis/éléments finis. Ces estimations d’erreur sont données dans le cas d'un domaine
polyédrique et dans la cas d’'un ouvert suffisament régulier garantissant I’existence de so-
lutions fortes. Ces résultats correspondent aux articles "Error estimates for a numerical
approximation to the compressible barotropic Navier-Stokes equations" (voir Annexe C)
et "Error estimates for a numerical method for the compressible Navier-Stokes sysem
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on sufficiently smooth domains" (voir Annexe D). Dans le chapitre 6 nous présentons
des résultats d’estimations d’erreur pour le schéma Marker-and-Cell. Le premier résul-
tat de ce chapitre concerne des estimations d’erreur sur un domaine adapté au schéma
Marker-and-Cell et correspond au a l'article "Implicit MAC scheme for compressible
Navier-Stokes equations : Unconditional error estimates" (voir Annexe E). Le second
résultat, correspondant & ’article "Implicit MAC scheme for compressible Navier-Stokes
equations : Low Mach asymptotic error estimates" (voir Annexe F), concerne le caractére
inconditionnellement et uniformément asymptotiquement stable en régime bas Mach du
schéma Marker-and-Cell.



This thesis is composed of several papers dealing with mathematical and numerical
analysis of compressible Navier-Stokes equations in barotropic regime. Most of these
works combine mathematical analysis of parital differential equations and numerical me-
thods with aim to shred more light on the construction of weak solutions on one side
and on the convergence mechanisms of numerical methods approximating these weak so-
lutions on the other side. Indeed, the compressible Navier-Stokes equations are strongly
nonlinear and their mathematical analysis necessarily relies on the structure of equations.
The papers collected in this thesis are preceded by a synthetic document whose goal is
to present the main results and their mutual and corrections. This synthetic document
is divided into several chapters.

The chapter 2 is devoted to the presentation of the compressible Navier-Stokes equa-
tions within the context of thermodynamics of compressible fluids. It is an overview of
theorical results on compressible Navier-Stokes equations in barotropic regime that are
often quote and used in both theorical and numerical papers presented in the thesis : we
recall here especially theorems on

1. global existence of weak solutions (taken over from papers |?],[?] and monographs
71, 171, 17D

2. local existence of strong solutions (taken over form [?], [?] for example).

3. blow-up criteria for strong solution in the class of |?] (taken over from [?]).

4. relative energy inequality (taken over from [?], [?]).

Chapter 3 summerizes the results of "Compressible Navier-Stokes on thin domains " (see
Annexe A) wihich deals with the 3-D/2-D dimension reduction of equations while the
chapter 4, corresponding to paper "Existence of weak solutions for compressible Navier-
Stokes equations with entropy transport ", deals with the existence of weak solutions for
a model of a compressible fluid in barotropic regime with entropy transport (see Annexe
B).

Chapters 5 and 6 concerns the numerical analysis of the equations. Chapter 5 deals with
a finite element/ finite volume method for the compressible Navier-Stokes equations. In
chapter 5 we present results concerning error estimates for this numerical scheme. These
error estimates are given on a bounded polyhedral domain and on a sufficiently smooth
domain for which we are guaranteed of the existence of strong solutions . These results
correspond to papers "Error estimates for a numerical approximation to the compressible
barotropic Navier-Stokes equations" (see Annexe C) and "Error estimates for a numerical
method for the compressible Navier-Stokes sysem on sufficiently smooth domains" (see
Annexe D). Chapter 6 deals with the with the Marker-and-Cell scheme for compressible
Navier-Stokes equations. In paper "Implicit MAC scheme for compressible Navier-Stokes
equations : Unconditional error estimates " we derive unconditional error estimates for
the MAC scheme in a bounded domain adapted to the MAC scheme. In paper "Implicit
MAC scheme for compressible Navier-Stokes equations : Low Mach asymptotic error
estimates" (see Annexe F) we derive uniform unconditional error estimates for the same
MAC scheme in the low Mach number regime.






2. Géneralités sur les équations de
Navier-Stokes compressible en regime
barotrope

Ce chapitre commence avec une introduction dans laquelle nous rappelons quelques
idées fondamentales sur le mouvement d’ un fluide compressible, visqueux et conducteur
de chaleur (elle sera en particulier utile pour la comprehension du chapitre 4). Apreés cette
breve introduction, nous traitons le systéme de Navier-Stokes compressible en régime
barotrope. Les résultats présentées dans ce chapitre sont basés sur les articles [?], |?]
ainsi que sur les monographes [?], [?], [?], [?]. Ce chapitre apporte des améliorations
mineures et examine & chaque étape comment affaiblir les hypothéses des théorémes, en
particulier en terme de loi constitutive pour la pression.

2.1. Modéle physique

Nous décrivons ici le mouvement d’un fluide compressible, visqueux et conducteur de
chaleur appelé aussi quelque fois gaz visqueux. Dans un but de simplicité, nous suppose-
rons que le fluide occupe un domaine fixe  C R3 et nous nous intéressons a son évolution
au cours d’un intervalle de temps de taille arbitraire (0,7"), T' > 0. Son mouvement sera
décrit au moyen de trois variables d’états : sa densité o = o(t, x), sa vitesse u = u(t, x),
et sa température absolue ¥ = (¢, x), ou t € (0,T) représente le temps et & € R3 repré-
sente la variable spatiale en coordonnées eulériennes. La nature physique de la densité et
de la température impose a la densité d’étre une fonction positive sur (0,7') x 2 et a la
température absolue d’étre une fonction strictement positive sur (0,7") x § . L’évolution
temporelle de ces quantités, en ’absence de forces extérieures spécifiques et de source
externe de chaleur, est décrite par des lois de conservation de la physique exprimées au
travers des équations aux dérivées partielles suivantes :

Oro + div(pu) = 0 dans (0,7) x €, (2.1.1a)
O(ou) + div(ou ® u) + Vp(p,9) = divS(p, ¥, Vu) dans (0,7) x Q, (2.1.1b)

O(0e(o,v))+div(ge(o, 9)u)+div g(o, 9, VI)+p(o,9) divu = S(p, 9, Vu) : Vu dans (0,7) x Q2.

(2.1.1c)
Dans ces équations p = p(p, 1) est la pression, e = e(p, 1)) est 'énergie interne spécifique,
S(0, ¥, Vu) est le tenseur des contraintes visqueuses tandis que g(p, ¥, V1) est le flux de
chaleur. Ce sont des fonctions données caractérisant le gaz.
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En physique, il y a au moins deux autres maniéres d’écrire la conservation de 1’énergie
(2.1.1c) : en terme d’énergie totale spécifique, et en terme d’entropie spécifique.

Formulation de la premiére loi en terme d’énergie cinétique. L’énergie totale spécifique
est la somme de I’énergie cinétique spécifique ecn = %uQ et de I’énergie interne spécifique
e(o,9)

1
Etot = §u2 + e(o, V). (2.1.2)

A cause de (2.1.1a)-(2.1.1b), elle obéit a I’équation

O(oetot(0,1)) + div ((gemt(g, 9) + p(o, 19))u> +divq(o, v, V¥) = div (S(g, 9, Vu) u)
(2.1.3)
Formulation de la premiére loi en terme d’entropie spécifique. La seconde loi de la
thermodynamique postule l'existence de 'entropie spécifique s = s(p, 1) définie par la
relation de Gibbs.
p(o, V)

Q2

Yds(p,9) = de(p,?) do (2.1.4)

qui doit obéir & I’équation de conservation d’entropie

M) ~ g, (2.1.5)

O¢(0s(0,9)) + div(es(o,V)u) + div ( 3

ol la quantité o doit étre positive. Elle est appelée taux de production d’entropie. Dans
la présente situation,

4,9, V) - W). (2.1.6)

1
o= —(S(Q,ﬁ,Vu) :Vu 3

)
Sip, e, S, g sont des fonctions différentiables de leurs arguments respectifs, si la densité o
et la température 9 sont positives et suffisament reguliéres sur (0,7") x €2 et si la vitesse
u est suffisament reguliére sur (0,7) x Q, alors les équations (2.1.1¢), (2.1.3) et (2.1.5)-
(2.1.6) sont équivalentes. Cette équivalence n’est pas nécessairement vraie si les fonctions
précédemment citées ne sont pas suffisament réguliéres.

Ainsi, malgré le fait que la formulation faible de la conservation de 1’énergie basée res-
pectivement sur chacune des équations (2.1.1¢), (2.1.3) et (2.1.5), est justifiable comme
étant physiquement égale, cette formulation peut mener & des solutions faibles possédant
différentes propriétés. Il peut ainsi arriver, selon par exemple le régime d’écoulement
considéré et les lois constitutives caractérisant le gaz, que certaines des possibles défi-
nitions de solutions faibles peuvent étre plus avantageuses dans certaines situations et
peuvent mémes mener a des résultats d’existence global en temps alors que d’autres dé-
finitions ne posséderons pas cette propriété. Nous renvoyons le lecteur intéressé a ces
questions a [?].

Nous supposons que le tenseur des contraintes visqueuses S est décrit par la loi de
Newton

2
S(e,9, Vu) = u(e,9)(Vu + Viu 3 divuls) + n(o, 9) divuls (2.1.7)



2.2. Ecoulements barotropes

ou I3 est le tenseur identité, tandis que g est le flux de chaleur satisfaisant la loi de
Fourier

q=r(o,V)VY. (2.1.8)

Les quantités u,n, and x sont appelées coefficients de transport, plus précisément et
respectivement, viscosité de cisaillement, viscosité volumique et conductivité de chaleur.
D’aprés la seconde loi de la thermodynamique elles sont toutes positives. Comme nous
travaillons avec des fluides visqueux nous supposerons que les coefficients de viscosité
satisfont au moins

(e, 9) >0, n(e,9) = 0. (2.1.9)

Le systéme (2.1.1) (ou (2.1.1¢) peut étre remplacé par (2.1.3) ou (2.1.5)-(2.1.6) avec les
relations constitutives (2.1.7) et (2.1.8) est appelé systéme de Navier-Stokes-Fourier. De
plus lorsque les coefficients de transports sont pris égales & zero nous obtenons le systéme
d’Euler compressible.

2.2. Ecoulements barotropes

Un fluide en écoulement est dit étre en régime barotrope ou que le fluide est qualifié de
barotrope si la pression p dépend seulement de la densité et si I’énergie interne spécifique
est donnée par

¢ p(z)
c(.9) = €ale) + en®). cale) = [ 25 d. (221)
Le systéme (2.1.1) dans cette situation s’écrit

0r0 + div(pu) = 0 dans (0,7) x Q, (2.2.2a)

O(ou) + div(ou ® u) + Vp(p) = divS(Vu) dans (0,7) x Q, (2.2.2b)
Ot (oeen (V) + div(eew (V)u) + div g(e, 9, VI) = S(Vu) : Vu dans (0,7) x Q. (2.2.2¢)

ot nous avons utilisé l'identité (2.2.1) afin de transformer (2.1.1¢) en (2.2.2¢). Nous
remarquons que 'équation (2.2.2¢) et le systéme (2.2.2a)-(2.2.2b) sont découplés dans le
sens que une fois le couple (o, u) determiné a partir des équations (2.2.2a)-(2.2.2b), la
température ¥ peut étre obtenue en résolvant (2.2.2¢) avec certaines conditions au bord ;

Le systéme d’équations aux dérivées partielles (2.2.5a)-(2.2.5b) est appelé systéme de
Navier-Stokes compressible en regime barotrope. Il ne décrit pas de fagon satisfaisante les
situations physiquement réalistes. Cependant, il est consistant du point de vue thermo-
dynamique et il contient déja beaucoup de difficultés mathématiques rencontrées quand
nous traitons le systéme complet de Navier-Stokes-Fourier. Son étude n’est pas seule-
ment sans intérét mais peut aussi étre vue comme un premier "toy problem" avant de
s’attaquer au systéme complet. Les exemples les plus usuels d’écoulement barotrope sont
les écoulement isothermes ot

p(o) = Rio (2.2.3)
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décrivant les écoulements des gaz parfaits de température constante ¥ > 0 et les écoule-

ments isentropiques
R+ ¢,

Cy

p(o) = Re*0”, v = (2.2.4)

décrivant les écoulements des gaz parfaits d’entropie constante s € R. Notons cependant,
que les conditions de température constante ou d’entropie constante violent la conserva-
tion de I’énergie (2.2.2¢) sauf si aucune source de chaleur spécifique externe n’est ajoutée
dans (2.2.2¢). Les valeurs typiques de ~, appelé exposant adiabatique, se situent entre
un maximum de g pour gaz monoatomiques, passant par % pour gaz diatomiques in-
cluant I'air et allant jusqu’a des valeurs proches de 1 pour les gaz polyatomiques & haute

température.

2.2.1. Existence de solutions faibles aux équations de Navier-Stokes
compressibles en regime barotrope

Lorsque les changements de température ne sont pas pris en compte, I’écoulement d’un
fluide compressible en régime barotrope en 'absence de forces extérieures est décrit par
le systéme d’équations aux dérivées partielles suivant

0o + div(pu) = 0 dans (0,7) x Q, (2.2.5a)
O(ou) + div(ou ® u) + Vp(p) = divS(Vu) dans (0,7) x Q, (2.2.5Db)

Nous supposons que la pression satisfait
p=p(0) € C(RL)NC'(RY), p(0) =0, (2.2.6)

et que le tenseur des contraintes visqueuses est donné par
2
S(Vu) = p(Vu + Viu 3 div uls) + ndiv uls (2.2.7)

ou les coefficients de viscosité sont supposés constants (ceci est considéré comme étant
satisfaisant dans plusieurs situations) et vérifient

p>0etn>0. (2.2.8)

Le systéme est complété avec les conditions initiales pour la densité et la quantité de
mouvement
0(0,+) = 0o, ou(0,-) = gouo, (2:2.9)
ol gy et ug sont deux fonctions données respectivement de Q dans Ry et R?, et la
condition au bord
u = 0 dans (0,7) x 0%2. (2.2.10)
De plus, en prenant le produit scalaire de I’équation (2.2.5b) avec u et en intégrant sur

Q (sous I'hypotheése de regularité suffisante de (o, u) et de positivité de ) nous obtenons
I’égalité d’énergie (ou identité de dissipation)

1
at/ §Q|U|2 + H(o) dz +/ S(Vu) : Vudx =0, (2.2.11)
Q Q

10
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ot la fonction de Helmholtz H est définie par

H(o) = @/1@ pg)dt, 0>0, (2.2.12)

ou nous avons utilisé la condition au bord pour la vitesse (2.2.10). Dans la suite, nous
sommes intéressés par les propriétés des solutions au systéme d’équations (2.2.5)-(2.2.10).
Nous commencgons par la définition de solutions faibles au sens de Leray au probléme
(2.2.5)-(2.2.10). Elle consiste en une formulation faible standard des équations (2.2.5).
L’identité de dissipation (2.2.11) sera remplacé par I'inégalité de dissipation ” < ” dans sa
forme intégrale. En effet 'identité (2.2.11) intégrée sur le temps contient la fonctionnelle
7 — fOT fQ S(Z) : Z dx dt, Z = Vu, qui n’est pas continue mais seulement semi-continue
inférieurerement par rapport a la topologie faible sur L2((0,7) x Q)3*3.

Definition 1 (Solutions faibles). Soit Q un ouvert borné R et soient oo : Q — R,
ug : 0 = R3 deux fonctions mesurables de masse finie et d’énergie finie c’est-a-dire

1
0< My= / oode < oo et & = / Egg\u()]Q + H(go)dzx € ( 00, 00). (2.2.13)
Q Q

Nous dirons que le couple (0, u) est une solution faible a énergie finie au probléeme (2.2.5)-
(2.2.10) émanant de la donnée initiale (0o, wp) i :

1. Le couple (o,u) appartient a la classe
0€ L0, T; LY()), 0> 0 p.p dans (0,T) x Q, p(o) € L*((0,T) x Q),
1
w € L*(0,T; Hy (%), eu, Solul®, H(e) € L*(0,T; L1 ().

2. 0 € Cyu([0,T); LY (2)) et Uéquation de continuité (2.1.1a) est satisfaite au sens faible
survant

/ o(r)p(r, ) dz / 00p(0,-)dx = / / (Q@tap + ou - V(p) dedt (2.2.15)
Q Q 0 JQ
pour tout T € [0, T)] et pour toute fonction o € C2°([0,T] x ).

3. ou € Cp([0,T); LY ()3) et I’équation de quantité de mouvement (2.1.1b) est satis-
faite au sens faible

/ ou(r) - P(r,-)de / ooug - ¥ (0,-)dx =

Q Q

/ / (Quaﬂ,b tou®u: Ve +plo)divepdadt  S(Vu): v¢) dedt (2.2.16)
0 Q

pour tout T € [0,T] et pour toute fonction ¥ € C>([0,T] x Q)3.

11



2. Géneralités sur les équations de Navier-Stokes compressible en regime barotrope

4. L’inégalité d’énergie suivante est satisfaite

1 T
/Q2@(7)\ul2(7)+H(g(T))dm+/0 /QS(VU):Vudxdtgeo, (2.2.17)

pour presque tout T € (0,T).

L’existence de solutions faibles au probléme (2.2.5)-(2.2.10) est connue sous I’hypothése
que la pression satisfait en plus de (2.2.6) les hypotheses

Ple)=ae” ' b 0>0, (2.2.18a)
p(0) < az0” +b, 0> 0, (2.2.18b)
ou vy > %, a; > 0, az,b € R. Nous renvoyons le lecteur interessé a [?| pour le cas

des pressions monotones, a [?] pour les cas des pressions non monotones. Des details
supplémentaires concernant ce probléme sont disponibles dans les monographes |?], [?],
[?]. La pression non monotone dans [?] doit étre strictement croissante en dehors d’un
ensemble compact de [0, +00) comme stipulé dans (2.2.18a). La condition (2.2.18) a été
récemment affaiblie par Bresch et Jabin dans |?]| nécessitant seulement

(o) <Co” ', 0> 0, (2.2.19a)

1
¢ C=pl@=C"+C 020, (2.2.19b)

N 9
ouC>0ety>z.

2.2.2. Energie relative pour les écoulements barotropes

Cette partie est basée sur les articles [?], [?] introduisant I’énergie relative pour les
équations de Navier-Stokes compressibles en régime barotrope.
Energie relative et fonction d’energie relative

Introduisons maintenant la notion d’énergie relative. Nous introduisons premiérment
la fonction d’énergie relative

E: [0,00) % (0,00) = R,

(0,7) = E(olr) =H(o) H(r)(o 1) H(r), (2.2.20)

ot H est définie par (2.2.12). Si la pression vérifie la condition de stabilité thermodyna-
mique
p'(0) > 0 pour tout ¢ > 0, (2.2.21)

la fonction de Helmholtz H est strictement convexe sur R* , et donc

E(olr) >0 et E(or)=0 < o=r- (2.2.22)

12



2.2. Ecoulements barotropes

Afin de mesurer la “distance” entre une solution faible (o, u) des équations de Navier-
Stokes compressible et n’importe quel état (r,U) du fluide, nous introduisons la fonc-
tionnelle suivante, appelée énergie relative et définie par

S(g,u‘r,U):/Q(;Qu U|2+E(g|r)> da. (2.2.23)

Il apparait que n’importe quelle solution faible saitsfait une inégalité impliquant ’éner-
gie relative appelée inégalité d’énergie relative et ce indépendamment de toute hypothése
de monotonicité satisfaite par la pression. Cependant, il est important de souligner que
Iénergie relative mesure une “distance” entre une solution faible (g, u) des équations
Navier-Stokes compressibles et n’importe quel état (r,U) du fluide seulement si la pres-
sion vérifie la condition de stabilité thermodynamique (2.2.21).

Ceci est I'objet du théoréme suivant

Théoréme 1 (Inégalité d’énergie relative). Si (p,u) une solution faible du probléme
(2.2.5)-(2.2.10) émanant de la condition initale d’énergie finie (0o, uwg) comme spécifiée
dans (2.2.13) alors

+/T/S(V(u U): V(u U)dzdt

5(go,uo| // (VU) : V(U u)d:cdt+/ /antU-(U ) de dt

//Qu VU - (U w)dedt // )divU da dt

// 8tp ) da dt / Vp(r)-udaf:dt (2.2.24)
0o Jar

pour presque tout T € (0,T), et pour tout couple de fonctions (r,U) tel que

E(o,u|r,U)(T

reC'([0,T]xQ), r>0, UeC'([0,T] xQ)°, Ujor)xon = 0. (2.2.25)

Inegalité d’'énergie relative avec solution forte comme fonctions tests

Si le couple de fonctions (r,U) dans I'inégalité d’énergie relative (2.2.24) vérifient les
équations presque partout dans (0,7") x €2, le membre de droite de cette inégalité devient
alors quadratique en la différence (¢ r,u U). Cette observation est le sujet du lemme
suivant :

Lemme 1. Soit Q un ouvert borné Lipschitzien de R3. Soit (0, u) une solution faible auzx
équations de Navier-Stokes de conditions initiales et de bord (2.2.9)-(2.2.10). Soit (r,U)
apartenant a la classe

0<r<r<7 reL®(0,T)xQ), UecL*0,T; Hy(Q)?), (2.2.26a)

or, 0,U, Vr, VU € L*(0,T; L>(Q)), divU € L*®((0,T) x Q), (2.2.26D)

13



2. Géneralités sur les équations de Navier-Stokes compressible en regime barotrope

une solution forte de ces mémes équations de condition initiale ((0), U(0)) = (ro, Up).
Alors nous avons pour presque tout T € (0,T)

E(o,u

r,U)(T)—i—/OT/QS(V(u U)): V(e U)daedt

< elan.w|r(0). UO) + [ Rie.ulrU)dt

R(o,u

r,U):/(g r(U+U-VU)- (U u)da:—l—/g(u U)-VU-(U w)dzx
Q Q

+/Vp(r)<r o) (u U)dz /(p(g) Pr)e ) pr)divUdez. (2.2.27)
Q Q

r

Stabilité, principe d'unicité fort-faible

En général, pour un probléme donné, les solutions faibles ne sont malheureusement
pas unique (voir par exemple Uarticle [?] traitant des équations de Navier-Stokes incom-
pressibles en dimension 3) et peuvent aussi faire 'objet de propriétés génantes, comme
l'ont montré Hoff et Serre dans [?]|. La plus grande avancée dans le domaine de 1'uni-
cité des solutions faibles reste le principe d’unicité fort-faible stipulant qu’une solution
faible coincide avec la solution forte issue de méme donnée initiale, pourvue que cette
derniére existe. Le principe d’unicité fort-faible a déja été employé pour les écoulements
de Navier-Stokes incompressibles par Prodi [?] en 1959, Serrin [?]| en 1962. Une approche
plus moderne avec des resultats plus pointus pour les équations de Navier-Stokes incom-
pressibles peuvent étre trouvés dans [?]. Ce n’est que 50 ans plus tard que ce principe
a trouvé son application dans le cas des équations de Navier-Stokes compressibles. Les
premiers travaux remontent a Dejardins |?| et Germain |?] qui obtinrent des résultats
partiels et conditionnels. Finalement, le principe d’unicité fort-faible dans sa version in-
conditionnelle a été prouvé dans |?| (voir aussi [?]). Ce n’est que trés récemment dans
[?] que le principe d’unicité fort-faible a été prouvé dans le cas du systéme complet
de Navier-Stokes Fourier en formulation entropique introduite dans |[?]|. Dans tout ces
exemples le principe d’unicité fort-faible a été obtenu a l'aide de I’énergie relative.

Nous présentons trois théorémes de stabilité des solutions fortes dans la classe des
solutions faibles.

Dans le premier théoréme, nous imposons seulement a la pression de satisfaire la condi-
tion de stabilité thermodynamique (2.2.21), tandis que nous supposons a la densité d’étre
une fonction bornée (essentiellement) "loin" de zéro.

Théoréme 2. Soit Q C R3 un ouvert borné Lipschitzien. Supposons que la pression
p appartenant & la classe (2.2.6) est deux fois continuement différentiable sur R et
vérifie la condition de stabilité thermodynamique (2.2.21). Soit (o, u) une solution faible
aux équations de Navier-Stokes (2.2.5)-(2.2.10) émanant de la donnée initiale (00, uo)
comme spécifiée dans (2.2.13) sur Uintervalle de temps [0,T), T > 0 telle que

0<o<o(t,x) <o p.p dans (0,T) x Q. (2.2.28)
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2.2. Ecoulements barotropes

Soit (r,U) une solution forte des mémes équations appartenant a la classe (2.2.26), de
donnée initiale (ro,Up) vérifiant (2.2.13). Alors il existe ¢ > 0, dépendant seulement de

w,T,Q,0,0,1,7, r[nll]lp [%112111? Npllc2y2,2m)s U | oo (0,535 102U, VU, V7 || 200 7,100 ()15,

mais indépendant de la solution faible elle méme, telle que pour presque tout T dans (0,T)

/Q;Q(TN’U, U (7) + (o r)2(7')da:§c</ﬂig0|u0 Uol* + (00 To)2dm>. (2.2.29)

Remarque 1. Bien qu’intéressant, ce théoréeme a un inconvenient majeur. C’est un
résultat conditionel dans la mesure ot nous ne sommes pas capables de construire une
solution faible globale en temps saitsfaisant la condition (2.2.28).

Dans les deux théorémes suivants, nous imposons a la pression de satisfaire des hyp-
théses en plus de la condition de stabilité thermodynamique (2.2.21). En contrepartie
nous pouvons travailler avec des solutions faibles sans hypothéses supplementaires sur
celles-ci.

Théoréme 3. Soit Q0 un ouvert borné Lipschitzien. Supposons que la pression p ap-
partenant & la classe (2.2.6) est deux fois continuement différentiable sur R, vérifie la
condition de stabilité thermodynamique (2.2.21) ainsi que la condition

cp(1+H(0)) > plo), Yo > Ry, (2-2.30)
ou R, et ¢, sont des constantes positives. Soit (0,u) une solution faible aux équations
de Navier-Stokes (2.2.5)-(2.2.10), émanant de la donnée initiale (0o, uo) spécifie dans
(2.2.13). Soit (r,U) une solution forte des mémes équations appartenant a la classe
(2.2.26) de donnée initiale (ro,Upy) comme dans (2.2.13). Alors il existe une constante

positive ¢, dépendant

w, T, 1, 7, I[mr]lp’ [Tf/mg PPl ez 2,01y 1U | oo 0,1y 2025 10:U, VU, V7|l 1201100 (02)15)

mais indépendant de la solution faible elle méme, telle que pour presque tout T in (0,7T)
E(o,ulr,U)(1) < c(&(0o0, uo|ro, Uo). (2.2.31)

En particulier, si (09, uo) = (10, Up), alors
(0,u) = (r,U) dans [0,T] x Q. (2.2.32)

La troisiéme variante du principe d’unicité fort-faible est la suivante et nous renvoyons
le lecteur a |?]| pour une preuve.
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2. Géneralités sur les équations de Navier-Stokes compressible en regime barotrope

Théoréme 4. Les conclusions du théoréme 3 restent vraies si nous remplagons la classe
de la solution forte (2.2.26) par la plus grande classe

0<r<r<7 reL®(0,T)xQ), (2.2.33a)
U c L*(0,T; H(Q)%), (2.2.33b)
Vr,V2U € L?(0,T; LY()), ¢ > max(3, 5767 6), (2.2.33c)

) N 3 s 6
et Uhypothése (2.2.30) par U'hypothese plus forte (2.2.18) avec v > z.

Remarque 2. La fonction donnée de pression joue un role fondamental d’équilibre dans
les équations de Navier-Stokes compressibles. Elle donne la régularité de la solution faible
au travers la fonction H et [’égalité d’énergie (2.2.11). En conséquence une pression moins
restrictive donne lieu & une solution faible dans une large classe. Cette apparente plus
faible hypothése sur la pression est alors compensée par la reqularité plus restrictive de la
solution forte pour le principe d’unicité fort-faible.

L’idée générale de la preuve des théorémes de stabilité est d’utiliser 'inégalité d’énergie
relative avec comme fonction (r, U) une solution forte au systéme dans la forme obtenue
dans le lemme 1. Le but est alors d’obtenir une minoration du membre de gauche de
(2.2.24) par

C/ lu Ul de C'/ E(o,u
0 0

et une majoration du membre de droite par

r,U)(t)dt + E(o,u|r,U)(7) (2.2.34)

E(QO,uo‘r(O),U(O))—M/OT||u U 31000 deo-+ () /OTa(t)E(Q,u P U)(#) dt (2.2.35)

pour tout § > 0, oit ¢ > 0 est indépendant de 6, @ > 0, ¢ = ¢/(§) > 0 et a € L'(0,T).
Nous obtenons alors I'inegalité

E(o,u

r, U)(t)dt. (2.2.36)

RU)(r) < o unfr(0), UO) + ¢ [ alt) (0.
0
II suffit alors de conclure en utilisant le lemme de Gronwall.

Applications

Comme mentionné précédemment, l'existence de solutions faibles au probléme (2.2.5)-
(2.2.10) est connue sous '’hypothése que la pression satisfait en plus de I'hypotheése
(2.2.6) les hypothéses (2.2.18) avec v > 3. D’un autre coté, il existe une vaste litte-
rature concernant l'existence de solutions fortes au systéme (2.2.5)-(2.2.10) (ou méme
pour des systémes plus complexes impliquant aussi la conductivité thermique du fluide)
sur un domaine fixe, de telles solutions existant localement en temps (voir [?], [?], 7]

pour 'espace entier, [?] [?], [?], [?] pour un domaine borné avec les conditions au bord
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2.2. Ecoulements barotropes

de Dirichlet) ou globalement dés que la donnée initiale est suffisament proche d’un état
d’équilibre (voir |?], [?] pour 'espace entier, voir [?], |?], [?] pour un domaine borné avec
les conditions au bord de Dirichlet). Le cas du demi-espace et d’'un domaine extérieure
a été étudié dans |?|. Ces résultats d’existence nous permettent d’obtenir des résultats
d’unicité fort-faible non vides. Nous utilisons ici [?], [?] et [?]. Introduisons

Sﬁmm ={(o,u), 0 € C([0,T]; W*(Q))nC'([0,T]; W7 2()),
w e L20,T; Warh2(Q)3) n wh2(0, T; W22(Q)3) n W22(0,T; L2(Q)?) si ¢ = 2,
u e WH((0,T) x Q) si ¢ =3, min_p >0, u|g7)xa0 = 0}.

[0,T]x$2

Le théoréme suivant peut étre déduit du théoréme A dans Valli [?] et du théoréme 2.5
dans Valli, Zajaczkowski |?] :

Théoréme 5. Soit Q un ouvert borné de classe CITL. Supposons que la pression p €
CU(R%). Soit ¢ = 2,3. Finalement soit

(00, u0) € WP2(Q) x W32(Q)3, 0 <m < g9 < M, ug =0 on 9. (2.2.37)

satisfaisant la condition de compatiblité au bord

910( VP(QQ) + diV(S(VUO)) oo - V’u,g> o0 =0. (2.2.38)

Alors il existe T suffisament petit tel que le probléme (2.2.5)-(2.2.10) admet une unique
solution forte (p,u) € SEIO T]xq €manant de (o, uo).

Corollaire 1. Toute solution faible émanant d’une donnée initiale au sens de Valli-
Zajaczkowski (c’est-a-dire appartenant ¢ (2.2.37)) avec ¢ = 3 coincide avec 'unique so-
lution forte maximale au sens de Valli-Zajaczkowski sur au moins 'intervalle mazimal
existence [0,Thr) de la solution forte mazimale au sens de Valli-Zajaczkowski deés lors
que la pression satisfait p € C3(Rf~_) et les hypothéses du théoréme 3 et € est un ouvert
borné de classe C*.

Corollaire 2. Toute solution faible émanant d’une donnée initiale au sens de Valli-
Zajaczkowski (c’est-a-dire appartenant o (2.2.37)) avec ¢ = 2 coincide avec l'unique
solution forte maximale au sens de Valli-Zajaczkowski sur au moins l'intervalle maxi-
male d’existence [0,Thr) de la solution forte mazimale au sens de Valli-Zajaczkowski dés
lors que la pression satisfait les hypothéses du théroeme 4 ou v satisfait la restriction
d’ezistence vy > % et Q est un ouvert borné de classe C*.

Dans le théoréme suivant, nous énoncons un résultat de solutions fortes pour lequel

nous pouvons utiliser des conditions intiales qui ne satisfont pas la condition de compati-
bilité (2.2.38). Dans la seconde partie du théoréme, nous rappelons un critére d’explosion
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2. Géneralités sur les équations de Navier-Stokes compressible en regime barotrope

de type Beale-Kato-Majda en terme de borne supérieure de la densité de la solution forte
des équations de Navier-Stokes compressibles en régime isentropique. Introduisons

Sthrpen = {(e.0), € CO.TEWM (@) N C* (0.7 L*(),

u € L*(0,T; W (Q)*) N C([0, T]; W2(Q)*) n W20, T; Wy 2 (Q)%),
Voo € L®(0,T, L*(2)%), wjo1)xo0 = 0}

ol go = min(g,6). Notons que S[qo T)x0 C gﬁ) T)xg Pour tout 3 < q < oo. Alors nous

avons (voir |?, Proposition 5| pour l'existence local en temps de la solution forte et [?,
Theorem 1.3| pour le critére d’explosion)

Théoréme 6. Soit Q un ouvert borné de classe C3. Supposons que la pression p €
Cl(R,). Finalement soit

(00, u0) € WH(Q) x W22(Q)3, 0 <m < gg < M, ug =0 sur 99, (2.2.39)

ot 3 < q < co. Alors il existe T' suffisament petit tel que le probleme (2.2.5)-(2.2.10)
admet une unique solution classique (o,u) € SFO T)x0 émanant de (0o, ug). De plus, si
le temps mazimal d’existence de la solution Ty satisfait Thy < oo, si la pression vérifie

(2.2.18) et si les coefficients de viscosité satisfont

23
" (2.2.40)

<
=3

alors on a :

limsup ||| Los (0,5 () = +00.

T—Th
Corollaire 3. Toute solution faible émanant d’une donnée initiale au sens de Cho, Choe,
Kim (c’est-a-dire appartenant o (2.2.39)) avec ¢ > 6 coincide avec ['unique solution forte
maximale au sens de Cho, Choe, Kim mazimal strong solution sur au moins l’intervalle
d’ezistence [0, Tyr) de la solution forte maximale au sens de Cho, Choe, Kim dés lors que
la pression satisfait les hypothéses du théoréme 4 ou 7y satisfait la restriction d’existence
v > % et Q0 est un ouvert borné de classe C°.

Corollaire 4. Toute solution faible émanant d’une donnée initiale au sens de Cho, Choe,
Kim sur un ouvert borné de classe C* est en fait une solution forte tant que la densité reste
borné et dés lors que la pression satisfait les hypothéses du théoréme 4 et p € Cl(Rjr)

ou v satisfait la restriction d’ existence v > % et les coefficients de viscosité satisfont

(2.2.40).

Remarque 3. Nous pouvons aussi montrer que toute solution faible au systéme (2.2.5)-
(2.2.10) émanant d’une donnée initiale appartenant a ’espace de Sobolev W32 reste regu-
liere tant que la gradient de vitesse est borné. La preuve est basé sur le principe d’unicité
fort-faible et sur des estimations paraboliques a priori pour les solutions fortes locales en
temps, voir [?].
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3. Limites singuliéres

3.1. Introduction

Bien que les écoulements de fluide sont en général tri-dimensionnels, dans plusieurs
situations la forme spécifique du domaine physique impose des changements majeurs
dans la densité et la vitesse dans seulement deux directions et méme éventuellement
seulement dans une direction. Un exemple typique est celui d’'un fluide confiné dans
une couche plane et qui peut étre décrit en utilisant seulement deux variables. Plus
précisement, dans [?], nous avons considéré les équations de Navier-Stokes compressibles
dans le domaine mince

Qe =w x (0,¢), (3.1.1)

ol w C R? est un domaine régulier du plan. Plus précisément, nous considérons le systéme
suivant

Oro +div(pu) =0 dans (0,7) x Q, (3.1.2)

O(ou) + div(ou ® u) + Vp(p) = divS(Vu) dans (0,7) x €. (3.1.3)

ot le tenseur des contraintes visqueuses S(Vu) est décrit par la loi de Newton
2
S(Vu) = p(Vu + Viu 3 div uls) + ndiv uls, (3.1.4)

les coefficients de viscosité étant supposés constants et vérifiant

>0, n>0, (3.1.5)
et la pression satisfait
p € C(Ry) NCA(R}), p(0) =0, (3.1.6)
/
3
p'(0) > 0 pour tout o > 0, lim P (QB =Poo >0, 7> —.
0—00 97 2

Ces équations sont complétées avec les conditions initiales
0(0,2) = goe(x), u(0,x)=1ug(x), x€ll, (3.1.7)

tandis que les conditions au bord seront prescrites plus tard en fonction de w.

Le but est d’étudier la limite quand € — 0.

La justification rigoureuse du passage a la limite du mouvement 3D d’un fluide vers
un mouvement plan semble d’une importance pratique évidente. Cependant, pour les
écoulements compressibles, & notre connaissance, il n’y avait pas de résultat concernant
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le passage a la limite 3D-2D et seulement quelques résultats concernant la réduction
3D-1D, voir |?]| ou plus récemment [?]. Il y a plusieurs études d’écoulements de fluides
incompressibles dans des domaines fins, ol le mouvement limite devient plan, voir Iftimie,
Raugel et Sell [?], Raugel et Sell |?] et les références qui y figurent. Ce travail développe
et adapte les idées introduites dans [?] & la problématique de la réduction 3D-2D dans
les écoulements de fluides compressibles.

[’analyse de probléme similaire de réduction en théorie de 1’élasticité s’appuie sur des
variantes de 'inégalité de Korn qui fournit des estimations sur le gradient d’une fonction
vectorielle v en terme de son gradient symétrique, plus précisement,

HVUHLQ(QS)“:* < c(e)[|[Vv + Vtv||L2(Q€)3x3, (3.1.8)

De fagon évidente, la validité de (3.1.8) implique que le noyau de l'opérateur linéaire
v — Vv + Vv soit non réduit & zéro sur I'espace des champs de vecteur satsifaisant la
condition au bord donnée. De plus, méme si I'inégalité (3.1.8) est satisfaite & € > 0 fixé,
la constante c(e) peut exploser pour € — 0 & moins que quelques restrictions nécessaires
soient imposées sur le champ v, et ceci est vraie méme si I’ensemble w n’est pas a symétrie
centrale, cf. Lewicka et Miiller [?]. Il n’est pas diffcile de voir que les problémes similaires
survenant dans le cadre des fluides compressibles nécessiterons un anologue plus fort de
(3.1.8) a savoir

Vol L2008 < ()| Vo + Vo %divv]lgHLz(Qe)sxs. (3.1.9)
évidemment relié & la composante visqueuse de cisaillement dans le tenseur des
contraintes visqueuses, voir Dain [?], Reshetnyak [?]. En vue des difficultés mention-
nées au dessus en rapport avec la validité de (3.1.8) ou (3.1.9), notre approche se repose
sur la stabilité structurelle de la famille des solutions faibles au systéme de Navier-Stokes
compressible barotrope encodée dans I'inégalité d’énergie relative. Cette méthode est en
gros indépendante de la forme spécifique du tenseur des contraintes visqueuses et de
possible estimations dissipatives pour le systéme de Navier-Stokes.

Dans cette étude nous faisons le choix d’effectuer un changement d’échelle dans les
équations et de se ramener & un domaine fixe. Considérant le changement de variables

Q> (a:h,emg) — (cch,xg) V= Ql, ou xjp = (1‘1,.%‘2), (3.1.10)

et en notant respectivement la nouvelle densité et la nouvelle vitesse encore par g et wu,
nous pouvons réécrire le systéme (3.1.2)-(3.1.3) et les conditions initiales (3.1.7) de la
maniére suivante :

Oro + dive(ou) =0 dans (0,7) x £, (3.1.11)
O(ou) + dive(ou ® u) + Vep(o) = diveS(Veu) dans (0,7) x €, (3.1.12)
0(0,z) = 0o () u(0,z)=upc(x), ze (3.1.13)

(ot o,e(x) = 0o,c(xh, €x3), Uoc(T) = Uo (T, €x3), cf. (3.1.7)). Les conditions au bord
seront prescrites plus tard en fonction de w
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3.2. Résultats

Ici et plus tard, nous notons

1
Ve= (th Eaﬂﬁs)v Vi = (6961»8332)7

. . 1 .
divewv = divpvp, + 28353113, vp = (v1,v2), divpvy = Oy v1 + Or, V2.

Le but de ce travail est d’étudier la limite quand € — 0 dans le systéme d’équations
(3.1.11)(3.1.13), dés que la donnée initiale [0g.c, uo,|(x) converge en un certain sens
vers [ro, vo](x) = [ro, Vo,n, 0](xp). Puisque la donnée initlale limite ne dépend pas de la
variable verticale x3, il est naturel d’attendre que la suite [g¢, u¢|(¢, ) de solutions faibles
a (3.1.11)—(3.1.13) converge vers [r, V](t,xp), V = [w, 0], ot le couple [r(t, xy), w(t, xp)]
est solution des équations de Navier-Stokes compressibles 2 D dans le domaine w :

O¢r + divy (rw) = 0 dans (0,7) X w, (3.1.14)
roqw + rw - Vyw + Vip(r) = divy,Sp(Viyw) dans (0,7) X w, (3.1.15)
(0, &) = ro(xp), w(0,xh) = wo := v p(xh), TH € w, (3.1.16)

ol
Su(Viw) = u(Vaw + (Viw)"  diviw) + (4 5)diviwl,

et I, est la matrice identité en dimension 2.

Notre but est de justifier la précédente limite formelle dans le cadre des solutions faibles
du systéme (3.1.11), (3.1.12), (3.1.13).

Nous avons consideré dans [?] plusieurs situations géométriques. Dans la suite nous
présentons le cas des solutions périodiques.

3.2. Reésultats

Nous considérons donc le systéme (3.1.2-3.1.3), (3.1.7) dans le domaine mince €, (voir
(3.1.1)), ott w = [0, 1] o est une cellule périodique de dimension 2 et de période 1 dans

chaque direction. Il est zzomplété avec les conditions au bord de non glissement en haut
et en bas du domaine

u-nlgg, =0, [S(Vu) -n] x njso, =0. (3.2.1)

Aprés un changement d’échelle, cette situation correspond au systéme (3.1.11-3.1.13) sur
Q2 (voir (3.1.10)) completé avec les conditions aux bords

u-nlgn =0, [S(Veu) - n] x njsg =0, (3.2.2)
Puisque w est une cellule périodique, les conditions (3.2.2) signifient que
1
u3’w><{0,1} = 07 (al’ku3 + Eaxguk> ‘wx{OJ} = 0, k= ]., 2, (323)

ot u(-,x3), x3 € (0,1) sont des fonctions 1-périodique en la variable xy,.
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3. Limites singuliéres

Solutions faibles et énergie relative

Definition 2 (Solutions faibles). Notons

Wh2(Q) = {v e W2(Q)3, v-n|gq = 0}.

Soient 0g : Q — Ry, ug : Q — R3 deux fonctions mesurables de masse et d’énergie finies
c’est-a-dire

1
0< My= / oodx < o0 and &y = / 590|u0]2 + H(oo)dx € ( 00,00). (3.2.4)
Q Q

Nous dirons que le couple (o,u) est une solution faible & énergie finie au probléme
(3.1.11)-(3.1.12) émanant de la condition initiale (09, wg) et de condition au bord (3.2.2)

St
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1. Le couple (p,w) appartient a la classe suivante

0€ L0, T; LY(Q)), 0> 0 p.p dans (0,T) x Q, p(o) € L*((0,T) x Q),

1
u € L2(0,T; Wy *(Q)), ou, Solul’, He) € L(0,T; L' ().

2. 0 € Cyu([0,T]; LY(Q)) et Iéquation de continuité (2.1.1a) est satisfaite dans le sens

faible
| ametrrde [ mpto.ae= [ [ (004 ou-Vip)dodr 326

pour tout T € [0,T] et pour toute fonction ¢ € C([0,T] x Q).

. ou € Cyu([0,T]; LY(2)3) et I’équation de quantité de mouvement (2.1.1b) est satis-

faite au sens faible

/QQU(T) cap(T, ) dae /QQe,Oue,o (0, da =

/T/ (gu@ﬂj) +ou®u:Va+plo)diveypdedt S(Veu) : Vap) dx dt
0o Ja
(3.2.7)

pour tout 7 € [0,T] et pour toute fonction ¥ € C([0,T] x Q)* vérifiant 1 -
n0,r)xo0 = 0.

. L’ inegalité d’énergie suivante

1 T
/Q §Q(T)’u|2(7') + H(o(7)) dx +/0 /QS(Veu) :Veudedt < &. (3.2.8)

est satisfaite pour presque tout 7 € (0,T).



3.2. Résultats

Notons que la définition de solution faible pour le systéme (3.1.2), (3.1.3), (3.1.7),
(3.2.1) avant changement d’échelle peut étre obtenue en replacant 2 par Q., V. par V,
dive par div, g par go,c et ug . par @g. De ce fait, le systéme (3.1.11)-(3.1.13), (3.2.2)
aprés changement d’échelle admet une solution faible a énergie finie (voir Chapter 2). De
plus, comme dans le chapitre 2 toute solution faible vérifie I'inégalité d’énergie relative
suivante.

Théoréme 7. Soit (9c,u.) une solution faible a énergie finie au probléme (3.1.11)-
(3.1.12), (3.2.2) émanant de la condition initiale (0o,c, Uo,c) comme spécifiée dans (3.2.4)
et de condition au bord (3.2.2). Alors

+/T/S(Ve(u U)):Ve(u U)dzdt
//SVU (U u)da:dt—i—/ /g@t (U w)dzdt
//Qu VU-(U w)dzdt // 0) div. U dax dt
// € 0yp(r) dao dt // EVp(r) - ude dt

pour presque tout T € (0,T") et pour tout couple de fonctions (r,U) telle que
reCH0,T] xQ), r>0, UeC([0,T] xQ)*, U-nyorxon =0 (3.2.9)

E(o,u|r,U)(T

8(90 €, U0,e

Probléme limite et résultat principal

Le théoréme d’existence suivant concerne l’existence de solution forte au probléme
(3.1.14)-(3.1.16) en domaine périodique. Il peut étre déduit du théoréme 2.5 dans Valli
et Zajackzkowski [?] :

Proposition 1. Soit D une constante positive. Supposons que p € C’%Ri) et que
ro € W2(w), infrg > 0, wy € WH?(w)?. (3.2.10)
w

Alors il existe T = Tpap(D) tel que si

<D, (3.2.11)

Irollwaae + lnwollwop + oo

alors le probleme (3.1.14)-(3.1.16) admet une unique solution forte mazimale dans la
classe

re C(0,T); W2(w)), w e C([0,T); W?%(w)?) N L*(0, T; W32(w)?) (3.2.12)
opr € C([0,T); WH?(w)), dyw € L*(0,T; W2(w)?).
En particulier,

O<r= inf r(t,xp) < sup r(t,xp) =T. 3.2.13
(t,xn)e(0,T)xw ( ) (t,2r)€(0,T) Xw ( ) ( )

23



3. Limites singuliéres

Nous sommes maintenant en mesure de formuler the résultat principal de cette section
(voir [?, Theorem 2.1]).

Théoréme 8 (Maltese, Novotny, 2014, |?|). Supposons que la pression p vérifie les
hypothéses (3.1.6), et que le tenseur des contraintes visqueuses est donné par (3.1.4).
Soit (ro,wo) satisfaisant les hypothéses (3.2.10) et soit Tynax > 0 le temps maximale
d’existence de la solution forte au probléme (3.1.14)-(3.1.16) émanat de [ro,wo| deter-
minée dans la proposition 1. Soit (0c,ue) une suite de solution faibles aux équations de
Navier-Stokes compressibles 3 D (3.1.11)-(3.1.13), (3.2.2) émanant de la donnée initiale
[00,¢, U0 ¢]. Supposons que

8(90,57 UQ e

ro, Vo) 0, (3.2.14)

ot Vo = [wy, 0].
Alors pour tout T' < Thax,

supesse (0,7)E (e e |1, V) — 0, (3.2.15)

ou V(t,x) = [w(t,xy),0] et ou le couple (r,w) satisfait le systéme de Navier-Stokes
compressible 2 D (3.1.14)-(3.1.16) dans la cellule périodique w et sur l'intervalle de
temps [0, Tinax)-

Remarque 4. Afin d’y voir plus clair dans le sens de la limite au dessus, nous remar-
quons que (3.2.15) implique, par exemple

0e — 1 fortement dans L*°(0,T; L7(Q)),
Vo ue = TV fortement dans L>(0,T; L*(€2)3),
ocue — 1V fortement dans L*°(0, T, L%(Q)?’)

Remarque 5. Nous remarquons que la reduction 3D-2D augmente la viscosité volumique
bidimensionel du fluide den an+ %, cf. (3.1.14)-(3.1.16).

Corollaire 5. Supposons que la pression p, le tenseur des contraintes visqueuses S véri-
fient les hypothéses du Théoréme 8. Supposons que [0c0,Ue0], 0c > 0 vérifie

1
/ 0co(x)dxs — ro faiblement dans L7 (w)?, (3.2.16)
0

1 2
/ 0c,0Ue,0dzs = 1o Vp faiblement dans Lrjl(w)?’,
0

ou Vo = [wo, 0] et [ro, wo] appartient a la classe (3.2.10), et

1 1
/Q [§g€,0u§,0 + "H(gg,o)} de — / bmwg + H(rg)] dxy,. (3.2.17)

Finalement, soit [oc,u.] une suite de solutions faibles auzr équations de Navier-Stokes
compressibles 3 D (3.1.11)-(3.1.13), (3.2.2) emmanant de la condition initiale [0g ¢, Uo ).
Alors (3.2.15) est satisfait.
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3.2. Résultats

Le corollaire 5 peut étre reformulé en terme de suite de solutions [g, @] au probléme
original sans changment d’échelle (3.1.2-3.1.7), (3.2.1).

Corollaire 6. Supposons que la pression p, le tenseur des contraintes visqueuses S véri-
fient les hypothéses du Théoréme 8. Supposons que [0, Ue0], O > 0 vérifie

1 €
/ Oco(x)dxs — ro faiblement dans L*(w), (3.2.18)
€Jo

1 €
- / Oc0Ucodxs = roVy faiblement dans LY (w)3,
€ Jo

ou Vp = [wo, 0] et [ro, wo] appartiennent a la classe (3.2.10), et

1 1 - - 1

/ [f O 002 o + H(ggo)}dm — / [fro'w% + H(ro)|dxy,. (3.2.19)

€ Ja. 2 ’ w 2

Finalement, soit (ge,Ue) une suite de solutions faibles aux équations de Navier-Stokes

compressibles 3 D (3.1.2)-(3.1.7), (3.2.1) emmanant de la condition initiale [0o c, Wo,c].
Alors

SUPESSc (0, Ty ) Ee (Oes Ue |1, V) — 0 (3.2.20)
avec . )
ElounV) =1 [ [Golu UP+H@ e ) H)de
ou V(t,x) = [w(t,xp),0] et ou the couple [r,w] satisfait le systéme de Navier-Stokes

compressible 2 D (8.1.14-3.1.16) dans la cellule périodique w et sur l'intervalle de
temps [0, Trax)-

L’idée générale de la preuve du théoréme 8 est relativement similaire a la preuve des
théorémes de stabilité dans le chapitre 2. L’idée est d’utiliser I'inégalité d’énergie relative
avec comme fonction (r, V') construite dans le théoréme 1. Le but est alors d’obtenir une
minoration du membre de gauche de (2.2.24) par

o[ lue Visande @ [ enu
0 0

et une majoration du membre de droite par

r, V)(t) dt + E(oc, ue

rnV)(r)  (3.2.21)

r, V)(t) dt (3.2.22)

h6(7)+6/ e V||§V1,2(Q)3dt+c'(5)/ alt) € (o, ue
0 0

pour tout § > 0, oil ¢ > 0 est indépendant de 6, ¢ >0, d = /() >0, a € LL _(0,Tn) et
he(T) — 0 dans Lis. (0, Tay). (3.2.23)

Nous obtenons alors I'inegalité
E(0e,ue|r, V) (1) < he(T) + c/ a(t) E(0e, ue|r, U)(t) dt. (3.2.24)
0

I1 suffit alors de conclure en utilisant le lemme de Gronwall.
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4. Existence de solutions faibles pour les
équations de Navier-Stokes
compressibles avec transport
d’entropie

4.1. Introduction

L’objet de ce chapitre est d’analyser un modéle d’écoulement d’un fluide compressible
visqueux d’entropie variable. Un tel écoulement peut étre décrit par les équations de
Navier-Stokes compressibles couplées avec une équation supplémentaire décrivant I’évo-
lution de I’entropie du fluide. Dans le cas ou la conductivité est négligée (voir (2.1.8) et
(2.1.5)), les changements d’entropie sont seulement dus au transport et le systéme entier
peut étre écrit comme suivant :

0o + div(pu) = 0 dans (0,7) x Q, (4.1.1a)
O¢(0s) + div(psu) = 0 dans (0,7") x €2, (4.1.1b)
O(ou) + div(ou ® u) + Vp = divS dans (0,7) x €, (4.1.1c)

olt les inconnues sont la densité o: (0,7") x Q — R, 'entropie s: (0,7) x 2 — R’ et la
vitesse du fluide w: (0,7) x Q — R3 et ot Q est un domaine de R? de frontiére réguliére
of.

L’équation de la quantité de mouvement, de continuité et d’entropie sont liées en-
sembles a travers la forme de la pression p dont nous supposons qu’elle satisfait

p(o,s) =0"T(s), ~v>1, (4.1.2)

ot 7(-) est une fonction reguliére donnée strictement monotone de R% dans RY, en
particulier 7(s) > 0 pour s > 0.

Nous supposons que le fluide est Newtonien et que le tenseur de contraintes visqueuses
est de la forme suivante

1 2
SZ&V@ZW&?VU+VMU gﬁwm0+n&%uh
Les coefficients de viscosité p and 7 sont supposés étre constants et vérifient

>0, 1>0. (4.1.3)
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4. Existence de solutions faibles pour les équations de Navier-Stokes compressibles avec transport d’entro

Le systéme est completé par les conditions intiales et par les conditions au bord :

0(0,@) = 00(@), (05)(0,@) = So(@), (ou)(0,2) = qol(a). (4.1.4)
u‘((),T)XaQ =0. (4.1.5)

Le systéme (4.1.1) est un modeéle décrivant le mouvement d’un gaz visqueux compres-
sible d’entropie variable transportée par 'écoulement. La quantité 6 = [7T(s)]'/7 peut

étre aussi interprétée comme une température potentielle auquel cas la pression (4.1.2)
prend la forme (p#)? et a été étudié dans [?] et [?].

Dans [?], le but est de prouver I'existence de solutions faibles globales en temps au
systéme (4.1.1). Notons au moins pour une solution réguliére 1’équation de continuité
(4.1.1a) nous autorise a reformuler (4.1.1b) comme une équation de transport pure pour
s et nous avons alors

Oro + div(pu) = 0 dans (0,7 x Q, (4.1.6a)
Os+u-Vs=0dans (0,7) x Q, (4.1.6b)
O(ou) + div(ou ® u) + Vp = divS dans (0,T") x Q. (4.1.6¢)

Contrairement & I’équation d’entropie dans le systéme (4.1.1) la forme au dessus est
insensible a l'apparence d’états de vide; en effet elle est complétement découplée de
I’équation de continuité. La régularité de la densité dans les sytémes de Navier-Stokes
compressible est en général une affaire délicate. De plus, on peut attendre qua la preuve
d’existence de solutions au systéme (4.1.1) requiert des hypothéses plus restrictives que
celle pour obtenir des solutions a (4.1.6). Cette observation sera reflétée par le biais de la
valeur du parameétre v qui determine la qualité des estimations a priori pour l’argument
de pression Z = Q[T(S)]% d’ aprés les notations au dessus.

Afin de clarifier un peu plus cette question introduisons une troisiéme formulation au
probléme (4.1.1) décrivant 1’évolution de I’argument de pression Z = Q[T(S)]% au lieu de
I’entropie elle-méme. Nous avons :

Oro + div(pu) = 0 dans (0,7) x €, (4.1.7a)
0:Z + div(Zu) = 0 dans (0,T) x Q, (4.1.7b)
O(ou) + div(ou ® u) + VZ7 = divS dans (0,7") x €. (4.1.7¢)

Une fois de plus, la formulation au dessus est équivalente & la précédente dés que la
solution est suffisament réguliére, ce qui, cependant, peut ne pas étre vraie dans le cas
des solutions faibles.

La discussion au dessus nous a alors incité a faire la distinction entre le cas ou 1’évolu-
tion de 'entropie est décrite par 1’équation de continuité (4.1.1d), I’équation de transport
(4.1.6b) ou I’équation de transport renormalisée (4.1.70). En effet, la forme de 1’équa-
tion d’entropie, bien qu’utilisée pour décrire le méme phénoméne, est un marqueur de
diagnostic indiquant la notion plausible de solution faible au systéme entier considéré.
L’ article [?] contient une analyse d’existence ainsi qu'une définition convenable de solu-
tions faibles pour chacun des trois systémes : (4.1.1), (4.1.6) et (4.1.7). Une telle approche
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4.2. Solutions faibles, résultats d’existence

nous autorise a souligner les implications entre les solutions et de mieux comprendre les
restrictions des techniques de renormalisation. Ces questions, absentes dans ’analyse
des systémes standards ne présentant qu’'une seule densité, sont d’une trés grande im-
portance pour des écoulements multicomposents ou multiphasiques plus complexes. Nos
résultats montrent des applications des outils classiques actuels dans ’analyse du sys-
téme de Navier-Stokes compressible a des problémes difficiles comme par exemple des
équations constitutives impliquant des combinaisons nonlineaires de quantités solutions
de problémes hyperboliques : densités, concentrations, etc.

4.2. Solutions faibles, résultats d’existence

Au cours de notre analyse nous distinguons deux situations différentes. Elles sont asso-
ciées a la valeur de I'exposant adiabatique . D’un point de vue de la théorie d’exisence
des solutions faibles globales en temps (voir chapitre 2), il est raisonnable de supposer
que

3

Cette hypothése fournit une borne L' sur le terme convectif et elle est nécessaire pour ap-
pliquer les techniques actuelles. Sous cette condition nous prouvons premiérement 1’exis-
tence de solutions faibles au systéme (4.1.7), voir Théoréme 9 et [?, Theorem 3|. Nous
déduisons de ce résultat l'existence de solutions faibles pour la formulation (4.1.6) tou-
jours sous I hypothése (4.2.1), voir Théoréme 11 et |?, Theorem 2|. Cependant, ce résultat
n’est pas équivalent a l'existence de solutions faibles au systéme (4.1.1), voir Théoréme
10. L’existence pour ce dernier systéme peut étre prouvée seulement sous la restriction

y > g (4.2.2)
En effet, cette derniére restriction sur la valeur de v nous autorise a obtenir une estimation
L? sur la densité et, comme mentionné dans Iintroduction, rend possible 'application
de la théorie de Diperna-Lions des solutions renormalisées de ’équation de transport
(voir [?]) et de multipler 1’équation (4.1.6b) par ¢ dans la classe des solutions faibles,
voir théoréme 10 et [?, Theorem 1]. Nous présentons dans la suite les définitions de ces
solutions faibles ainsi que les résultats d’existence.

4.2.1. Solutions faibles au systéeme (4.1.7)

Le systéme (4.1.7) est un bon point de départ pour nos considérations. En effet, pour
des conditions initiales et au bord raisonnables il est possible de montrer qu’il posséde
une solution faible pour v > %, utilisant une approche plus ou moins standard.

Nous supposons que les conditions initiales pour le systéme (4.1.7) sont

00: =Ry, Zyp:Q—=Ry, ug:Q— R

0(0,x) = oo(x), Z(0,z) = Zp(x), (ou)(0,x) = qo(x) = vouo(x), (4.2.3)
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et qu’elles vérifient

(00, Z0) € LW(Q)2, 00, Zo > 0 p.p dans Q, / 0o dx > 0,
Q » (4.2.4)
0<co0< Zyg<cppppdans Q, 0<c,<c"<oo, qgé€ LW(Q)?’.

Alors nous avons

Definition 3. Supposons que les conditions initiales vérifient (4.2.4). Nous dirons que
le triplet (o, Z,u) est une solution faible au probléme (4.1.7) de donnée intiale et de
conditions au bord (4.1.5), (4.2.3) si

(0, Z,u) € L®(0,T; L7(Q)) x L>(0,T; LY(2)) x L*(0,T; W, (€, R?)), (4.2.5)

et nous avons :

(i) 0 € Cy([0,T]; L7(R)) et Uéquation de continuité (4.1.7a) est satisfaite dans le sens
faible

t
/ o(t,)p(t, ) de / 00p(0,-) d :/ / (Q@tgo—l—.gu-V«p) de dr, (4.2.6)
Q Q 0 Jo
pour tout T € [0,T] et pour toute fonction ¢ € C1([0,T] x ).

(i) Z € Cy(|0,T]; LV(R)) et Uéquation de continuité (4.1.7b) est satisfaite dans le sens
faible

/QZ(T,-)QO(T, ) de /QZW(O,-) dm:/OT/Q(Zatcﬁzu-w) de dt, (4.2.7)

pour tout T € [0,T] et pour toute fonction ¢ € C([0,T] x Q).

(iii) ou € C’w([O,T];L%(Q,R?’)) et l'équation de la quantité de mouvement (4.1.1c)
est satisfaite dans le sens faible

Lewe vy de [ a0 o= [ [ (w0 + ueu: v
+ 27 divap S(vu):vw) de dt, (4.2.8)

pour tout T € [0,T] et pour toute fonction v € CH([0,T] x Q,R3).

(iv) Uinégalité d’énergie
£2(o, Z,u)(7)+/ / (,u\Vu|2+(u+>\)(divu)2) de d7 < £%(00, Zo, ug) (4.2.9)
0 Q

est satisfaite pour presque tout T € (0,T), o

1 A
2 _ - 2
E0, Z,u) = /Q (29]u\ + 5 1) de. (4.2.10)
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4.2. Solutions faibles, résultats d’existence

Nous avons le résultat suivant d’existence pour les solutions faibles définies dans la
définition 3

Théoréme 9 (Maltese, Michalek, Mucha, Novotny, Zatorska, 2016, [?]). Supposons que
W, vérifient (4.1.8), v > %, et que la condition initiale (00, Zo, qo) vérifie (4.2.4).
Alors il existe une solution faible (0, Z,u) au probléme (4.1.7) de condition au bord
(4.1.5), au sens de la Définition 3. De plus, (Z,u) est solution (4.1.7b) au sens renor-
malisé et
0<co<Z<c

presque partout dans (0,T) x €.

4.2.2. Solutions faibles au systéme (4.1.1)

Formellement, en prenant l’entropie s telle que Z = Q(T(S))% dans (4.1.7) nous pou-
vons retrouver notre systéme original (4.1.1). Cependant, pour les solutions faibles, cet
argument formel ne peut pas étre fait rigoureusement & moins de supposer que vy > %
Introduisons premiérement la définition de solutions faibles au systéme original (4.1.1).
Nous supposons que la condition initiale (4.1.4) vérifie :

Q0:Q—>R+, So:Q—)Ri, ’u,():Q—>]R3,

00 € L’Y(Q), / oo dx > 0, (4.2.11)
Q

2
So = 0050, s0 € L(), go = oouo € LTJI(Q)?’-
Nous considérons

Definition 4. Supposons que les conditions initiales vérifient (4.2.11). Nous dirons que
le triplet (o, s,u) est une solution faible au probleme (4.1.1)-(4.1.5) si :

(0,5,u) € L=(0,T; L7(Q)) x L=((0,T) x Q) x L*(0,T; Wy*(Q,R?)), (4.2.12)

et nous avons :
(i) 0 € Cy([0,T]; L7(Q)) et I’équation de continuité (4.1.1a) est satisfaite au sens faible

/QQ(T, Je(r,-) d /nggp(o, ) de = /OT/Q (g@tgﬂ— ou - ch) de dt, (4.2.13)

pour tout T € [0,T] et pour toute fonction ¢ € C([0,T] x Q).
(ii) os € Cy([0,T]; LY(Q2)) et léquation (4.1.1b) est satisfaite au sens faible

/Q(gs)(r, Yo(r, ) d /QS(W(O, N dx = /OT/Q (Qsatgo + osu - Vgo) dz dt,

(4.2.14)
pour tout T € [0,T] et pour toute fonction ¢ € C1([0,T] x Q).
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2y
(iii) ou € Cy([0,T]; L7+ (Q,R3)) et I’équation de la quantité de mouvement (4.1.1c)
est satisfaite au sens faible

Lo [ awo.)de= [* [ (owom+ousuivy
+oT(s)divey  S(Va) : v¢) de dt, (4.2.15)

pour tout T € [0,T] et pour toute fonction v € CH([0,T] x Q,R3).

(iv) Uinégalité d’énergie
e+ [ [ (ulTufs (N divap?) de dr < € e so,u) (4:2.16)
0 Q

est satisfaite pour presque tout 7 € (0,T), ot

1 (L e OT(5)
elosw) = [ (Golul + 1) da.

Le premier résultat principal concernant les solutions faibles au sens de la définition 4
s’énonce ainsi.

Théoréme 10 (Maltese, Michalek, Mucha, Novotny, Zatorska, 2016, [?]). Supposons que
w,m vérifient (4.1.3), v > % et que la donnée initiale (09, So,qo) vérifie (4.2.11). Alors il
existe une solution faible (o,s,u) au probléme (4.1.1)-(4.1.5) au sens de la définition 4.

Remarque 6. La restriction sur vy dans le théoréme 10 est évidemment pas satisfaisante
puisque les valeurs physiquement raisonnables de v sont inférieures ou égales a g (voir

chapitre 2).

4.2.3. Solutions faibles au systéme (4.1.6)

Si nous remplagons (4.1.1b) par (4.1.6b) (utilisant aussi la renormalisation de cette
derniére), le résultat est alors bien meilleur que dans le théoréme 10, en fait optimal
d’un point de vue de la théorie actuelle des équations de Navier-Stokes compressibles
concernant ’existence de solutions faibles. Afin de formuler précisement le résultat, nous
réécrivons premiérement le systéme (4.1.6) d’ une maniére légérement différente. Nous
cherchons un triplet (g, ,u) solution du systéme d’équations

dro + div(ou) = 0, (4.2.17a)
0 +u-VC =0, (4.2.17D)
dy(ou) + div(ou ® u) + V (g)W = divS(Va), (4.2.17¢)
de conditions initiales
0(0,z) = oo(z), ¢(0,%) = Co(z), (ou)(0,2) = qo(x), (4.2.18)
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telle que
0<m<{y< M p.pdans Q. (4.2.19)

Alors les solutions faibles sont définies de la maniére suivante.

Definition 5. Supposons que la condition initiale (0o, Co,qo) vérifie (4.2.19) et (4.2.4)
(pour oo et qu), Nous dirons que le triplet (o,(,u) est une solution faible au probléme
(4.2.17) émanant de la condition initiale (9o, o, qo) st

(0,¢,w) € L(0,T; LY(2)) x L=((0,T) x Q) x L2(0,T; Wy *(Q,R%)), (4.2.20)

et mous avons :
(i) 0 € Cyw([0,T]; LY(Q)) et l’équation de continuité (4.2.17a) est satisfaite au sens faible

/QQ(T, Je(r, ) de /nggp(o, ) dae = /OT/Q (Qﬁtgo—l— ou - V<p> dx dt, (4.2.21)

pour tout 7 € [0,T] et pour toute fonction ¢ € C([0,T] x ).
(i1) ¢ € Cw([0,T]; L>(2)) et I’équation (4.2.17b) est satisfaite au sens faible

/QC(T,-)QO(T, ) de /nggo(o,.) dx:/OT/Q(Catgo—s—Cdiv (ucp)) de dt, (4.2.22)

pour tout 7 € [0,T] et pour toute fonction ¢ € C1([0,T] x Q).

2y
(iii) ou € Cy ([0, T); L3+ (2, R?)) et I’équation de la quantité de mouvement (4.2.17c)
est satisfaite dans le sens faible

Lewe vy de [ w0 o= [ [ (ou-00+ e v
o

+ <Z>7div¢ S(Vu): Vo) dw dt, (42.23)

pour tout T € [0,T] et pour toute fonction ¥ € C1([0,T] x Q,R3).

w) linégalité d’ ‘energie
(iv) l'inég g

Eo.0/Cur) + [ [ (WUl + (r-+ Nidive)?) de dr < o0, 00/Go,u0)
0
(4.2.24)
est satisfaite pour presque tout T € (0,T) ou E? est définie par (4.2.10).

Le dernier résultat concerne 'existence de solutions faibles au sens de la définition 5.

Théoréme 11 (Maltese, Michalek, Mucha, Novotny, Zatorska, 2016, [?]). Supposons
que [, n vérifient (4.1.3), v > %, et que la condition initiale (09, Co,qo) vérifie (4.2.19) et
(4.2.4) (pour oo et qo).

Alors il existe une solution faible (o,(,w) au probléme (4.2.17) de conditions au bord
(4.1.5), au sens de la définition 5. De plus, (0, u) est solution de (4.2.17a) et ({,u) est
solution de (4.2.17b) au sens renormalisé.

33






5. Estimations d’erreur pour une
méthode volumes finis/éléments finis
pour les équations de Navier-Stokes
compressibles

5.1. De l'inégalité d’'énergie relative aux estimations d’erreur

Le but de ce chapitre est d’établir des estimations d’erreur pour un schéma numérique
de type volumes finis/éléments finis. Nous considérons donc le systéme de Navier-Stokes
compressible en regime barotrope suivant

0o + div(pu) = 0 dans (0,7) x Q, (5.1.1a)
O(ou) + div(ou ® u) + Vp(p) = pAu + (p+ A\)Vdivu dans (0,7) x 2,  (5.1.1b)
ol nous supposons que la pression satisfait

/
p € C(RL)NC*(RY), p(0) =0, p'() > 0 pour tout ¢ > 0, Qli_)rgo Z;W(QE = Poo >0 (5.1.2)

ot v > 1. Notons que si 7 existe alors il est unique. De plus, si v < 2 dans (5.1.2), nous
avons besoin d’une condition additionnelle pour les petites densités :

/
i P (0)

= < 0. .
iy et po>0, a <0 (5.1.3)

Remarquons que les hypothéses (5.1.2)-(5.1.3) sont compatibles avec la loi de pression
isentropique p(o) = 07 dés que v > 1. Les coefficients de viscosité sont supposés constants
et vérifient

pw>0et A+ p>0. (5.1.4)

Le systéme est complété avec les conditions initiales pour la densité et la quantité de
mouvement

0(0,-) = 00, ou(0,") = oouo, (5.1.5)

ol oo et ug sont deux fonctions données respectivement de € dans R% et R3, et la
condition au bord

u = 0 dans (0,7") x 0. (5.1.6)

Comme expliqué dans le chapitre 2, sous les hypothéses de stabilité thermodynamique
pour la pression (2.2.21), 'énergie relative (2.2.23) mesure la "distance" entre une solution
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faible (p,u) des équations de Navier-Stokes compressibles et n’importe quel état (r,U)
du fluide.

Dans |?] nous avons développé une méthodologie pour obtenir des estimations d’erreur
inconditionnelles pour les schémas numériques des équations de Navier Stokes compres-
sibles (5.1.1)-(5.1.6). Nous avons alors appliqué cette méthodologie & un schéma nume-
rique proposé par Karper dans |?]| et présenté dans la suite. L’idée générale a été de
reproduire la demarche en continue proposée dans [?] pour aboutir & une version dis-
créte du théoréme 3. Nous avons alors obtenu des estimations d’erreur pour les solutions
discrétes par rapport a une solution classique du systéme (5.1.1)-(5.1.6) possédant une
certaine régularité sur le méme domaine polyédrique. Nous présentons par la suite deux
schémas numériques pour la discrétisation des équations de Navier-Stokes compressibles.

5.2. Schéma numérique

Le schéma numeérique suivant a été proposé par Karper dans [?] ou la preuve de conver-
gence & été effectué dans le cas isentropique pour v > 3.

5.2.1. Discrétisation spatiale et temporelle

On suppose que le probléme est posé sur un domaine €2 polyédrique de R3, c’est-a-dire
que € est réunion finie de polyédres de R?. Rappelons qu’un polyhédre de R est une
intersection de demi-espaces de R3 et que les parties de son bord qui appartiennent a
un seul hyperplan sont appelées ses faces. La raison de cette hypothése est qu’il n’est
possible de mailler exactement que de tels ouverts.

Soit M une décomposition du domaine polyédrique € en symplexes, appelée aussi
triangulation de €. Par £(K), nous désignons l'ensemble des faces (d = 3) o de I’élément
K € M. L’ensemble de toutes les faces est noté £. L’ensemble des faces contenue dans 952
est noté £yt et son complémentaire dans £ est noté ;. La triangulation est supposée
M étre reguliére au sens de la litterature des élements finis (voir [?]), et, en particulier,
M satisfait les proprietes suivantes : Q = Ugepm K ;si K, L € M, alors KNL =0, KNL
est un sommet ou K N L est une face commune de K et L , qui est notée par K|L. Pour
chaque face intéreur du maillage 0 = K|L, ny, représente le vecteur normal & o, orienté
de K vers L (en particulier ngr, = mpx). Nous notons respectivement par |K]| et |o| la
mesure de K et d’une face o, et par hi le diamétre de K. Nous mesurons la regularité
du maillage au travers du paramétre 0, définie par :

O = min{i—K, K e M} (5.2.1)
K

ou &k représente le diamétre de la plus grosse sphére incluse dans K.

La discrétisation spatiale utilise une technique d’élément fini non conforme a savoir
I’élément fini de Crouzeix-Raviart (voir [?] pour 1" article originel et, par exemple, |?, p.
83-85| pour une présentation synthétique)
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5.2. Schéma numérique

L’élément de référence pour 1’élément fini de Crouzeix-Raviart est le simplexe unitaire
de R? et I’espace des fonctions de forme est I'espace P; des polynomes affines. Les degrés
de liberté sont déterminés par I’ensemble des fonctions de forme globale suivantes :

1
(Moss 0 € E(K), i = 1,23}, moi(v) = H/vi Az, v = (v, v9,08)).  (5.2.2)
o g

La transformation de 1’élément de référence en un élément quelconque du maillage est
la transformation affine. Enfin, on demande que la valeur moyenne des vitesses discrétes
(c’est-a-dire pour tout champ de vitesse discret v, mq ;(v)) soit continue sur chaque face
du maillage. En prenant en compte les conditions aux limites de Dirichlet homogénes,
I'espace discret We ((§2) est définie de la facon suivante :

Weo(Q) = [Weo(Q)]? = {v € L*(Q)°, VK € M, v € W(K)? and Vo = K|L € &,

ma,i('v|K) = ma,i(’U|L))vo- € Eextu ma,i(v) = 0}

Puisque seulement la continuité de I'intégrale sur chaque face du maillage est imposée,
les fonctions de Wg o(€2) sont discontinues a travers chaque face; la discrétisation est
donc non conforme dans H'(2)3. Nous définissonns, pour 1 < i < 3 et u; € Wgo(Q),
Oniu; comme étant la fonction de L?(2) qui est égal presque partout & la dérivé de u;
par rapport a la ™€ variable d’espace. Cette notation nous autorise & définir un gradient
discret, noté comme dans le cas continue par V que ce soit dans le cas scalaire ou vectoriel
et une divergence discréte pour les fonctions vectorielles discrétes, notée comme dans le
cas continue par div.

A partir de la définition (5.2.2), chaque degré de liberté de la vitesse peut étre univo-
quement associé a une face. Nous notons alors ’ensemble des degrés de liberté pour la
vitesse par :

{u,, 0 €&}

Pour u € Wg¢ (), nous introduisons

1 1
= — = — dx.
we=3 D, \Kr/K“

cel(K)

et nous notons

u = Z UKXK(:B)

KeM

ou Xk est la fonction caractéristique de K € M. Finalement, nous devons traiter la
condition au bord de Dirichlet. Puisque les inconnues de la vitesse se situent sur le bord
de Q (et non a lintérieur des cellules), ces conditions sont prises en compte dans la
définition des espaces discrets en posant zéro pour les inconnues de la vitesse qui se
situent sur le bord de 2

Vo € Eoxi, Uy = 0. (5.2.3)
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Les degrés de liberté pour la densité (c’est-a-dire les inconnues pour la densité discréte)
sont associés aux cellules du maillage M, et sont notés :

{QK, K e M}

et nous notons
Ly = {q € L*(2), qx = cste}. (5.2.4)

Concernant la discrétisation en temps du probléme (5.1.1)-(5.1.6), nous considérons, dans
un but de simplcité, une partition 0 = t° < t* < .- <t = T de I'intervalle de temps
(0,T) de pas constant 6t = t™ " ' donc t" = nét pour n € {0,--- , N}. Nous notons
respectivement par {uy,o € &ne,n € {0,--- ,N}}, et {0}, K € M,n € {1,--- ,N})
I’ensemble des inconnues discrétes pour la vitesse et la densité.

Finalement, la condition initiale discréte (0%, u%) € Laq x Heg o est telle que 2" > 0.
La masse totale discréte et 1’énergie totale discréte sont respectivement définies par

1
MO,M:/QOdmv 507/\4:/ g0|u0\2dw+/7{(g0)d:c. (5.2.5)
Q Q2 Q

5.2.2. Schéma numérique

Pour approximer I’équation de continuité, la méthode introduite dans [?] utilise une
méthode de Galerkin discontinue avec des fonctions constantes par morceaux et un flux
classique de type upwind. Pour I’équation de quantité de mouvement, la méthode utilisée
est une combinaison d’une méthode de Galerkin discontinue et d’une méthode d’élement
finis approximant la vitesse avec ’élrhent fini de Crouzeix-Raviart. Tandis que 'opérateur
de diffusion est discrétisé de maniére standard, le terme convective et les termes de
derivations temporelles sont discrétisés en utilisant une méthode de Galerkin discontinue
avec les valeurs moyennes sur le maillage primal de la vitesse discréte et un flux de type
Lax-Friedrich.

Etant donné (¢°,u’) € Ly x We, o° > 0, nous cherchons (0", u™)n=1,.. N solution
du systéme algebrique suivant (schéma numérique) :

0" € Ly(Q), 0" >0, u" € Weo(Q), n=0,1,...,N, (5.2.6)

n n 1
Z ’K|%¢K+ Z Z lo|oy " (Ul ne i) o = 0 pour tout p € Lpg(2) etn=1,...,N,
KeM KeM océ(K)

(5.2.7)
K A
2 ‘5t|(9?<“7< o M o+ D0 D Jolor A ul gk v (52.8)
KeM KeMoe&(K)
S py) S oo mex+n S / Vu" : Vo do
KeT oeE(K) KeT K
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+(p+A) Z / divu"dive de = 0, pour tout v € Wg(Q2) etn=1,...,N.
KeT /K
ol les quantités de type upwind oy'"" et 1y
K|L € &y par
oK Sl Ug - N i > 0, UK Sl Ug - Ng ¢ > 0,

ugd = (5.2.9)
or, sinon. ur, sinon.

u . , .
P sont respectivement définies pour o =

up __
Qo’ -

Notons que la positivité de la densité n’est pas imposé dans le schéma mais est une
conséquence du choix d’une discrétisation de type upwind dans ’équation de continuité
(5.2.6). Mentionnons aussi que le schéma numérique présenté ici admet une solution.
En effet ce schéma numérique étant nonlinéaire et implicite en temps, 'existence d’une
soluton n’est pas triviale. Le résultat d’existence provient d’arguments standard de gra-
dient topologique (voir [?] pour la théorie, |?| pour la premiére application & un schéma
numérique nonlinéaire).

5.3. Estimations d’erreur

5.3.1. Esimations d’erreur pour le systéme de Navier-Stokes compressible
sur des domaines polyédriques

La méthodologie employé, inspirée du cas continue dans [?], peut se résumer de la
maniére suivante

1. Inégalité d’énergie relative discréte pour la solution discréte par rapport a un état
discret quelconque (voir [?, Theorem 5.1]).

2. Identité discréte satisfaite par n’importe quelle solution classique des équations de
Navier-Stokes compressible. Elle sera utilisée afin d’obtenir une version discréte du
lemme 1 dans le chapitre 2 (voir [?, Lemma 7.1])

3. Version discréte de 'inégalité (3.2.24) dans le chapitre 2 (voir [?, Lemma 8.1]).
4. Utilisation du lemme de Gronwall discret pour obtenir une version discréte du
théoréme 4.

Introduisons I'espace fonctionnel suivant :

F= {(r, U)eCH0,T] x D%, 0<r= inf r(t,z), VU € C([0,T] x Q)°,
(tvx)EQT

dr e LY0,T; LY (), 0,Vr € L*(0,T; L/ 6)(()?),
(92U, 0,VU) € L*(0,T; L6/5(Q)12)}, (5.3.1)
équipé de la norme suivante
[, )7 = [1(r Ul e o,y xys + HVQUHC([U,T]XQ)?) + HatQTHLl(o,T;Lw'(Q))

+ ”8tvr||L2(o,T;L67/(5v 6)(02)3) + ||67§2U||L2(0,T;L6/5(Q)12)
+ H8tVUHL2(0,T;L6/5(Q)12)- (532)
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Le théoréme suivant est le résultat principal de I'article [?]. Il peut étre vu comme une
version discréte du théoréme 4 dans une classe plus forte pour la solution forte que la
classe (2.2.33).

Théoréme 12 (Gallouét, Herbin, Maltese, Novotny, 2015, [?]). Soit M une décompo-
sition du domaine polyédrique Q@ C R3 en symplexes, de taille haq et de regularité 04
définie par (5.2.1). Soit p satisfaisant (5.1.2) avec v > % et ’hypothése supplementaire
(5.1.3) lorsque v < 2. Considérons une parition 0 = t° < t* < ... < tN =T de lin-
tervalle [0,7T], dont, dans un but de simplicité, nous supposons uniforme ot 0t désigne
le pas de temps. Soit (0", u")1<n<n € Lam(2) x Wg o(Q) une solution discréte au pro-
bleme (5.2.6)-(5.2.8) émanant de (0°,u®) € Ly x He tel que ¢° > 0 et soit (r,U) € F
une solution forte au probléme (5.1.1)-(5.1.6). Alors il existe une constante ¢ > 0 dé-
pendant seulement de T, Q, po, Poos 1, Y, T, MiNg, 7 p, Ming, 9 97 p', del|(r, U) || 7 de maniere
croissante, de Eg v de maniere croissante et de Opq de maniere décroissante telle que

no,n n n 0 ,,0/,.0 0 A
Jmax E(g"u" (1", ). U(I",)) < c(g(g Ju ‘r U + b, —|—\/5t>, (5.3.3)
ol
2 1
A = min(22 3,5). (5.3.4)

Remarque 7. En constraste avec nimporte qu’elle autre estimation d’erreur traitant
des méthodes volumes/éléments finis pour les fluides compressibles (voir Yovanovic [?],
Cances et al [?], Eymard et al. [?], Villa, Villedieu [?], Rohde, Yovanovich [?] et autres),
ce résultat ne requiert aucune estimation sur la solution discréte : les seules estimations
nécessaires pour le résultat sont celles fournies par le schéma numérique.

Remarque 8. Nous renvoyons le lecteur a [?] pour obtenir des estimations d’erreur en
terme d’espace classique de Lebesgque obtenue a partir de l'inegalité (5.3.3).

Remarque 9. Notons que pour v = %, le théoreme 12 donne seulement une borne uni-
forme en la différence de la solution exacte avec la solution numérique, et non la conver-
gence. Ce résultat est a mettre en comparaison avec la théorie d’existence de solutions

faibles.

5.3.2. Estimations d’erreur pour le systéme de Navier-Stokes compressible
sur des domaines suffisament réguliers

Malheureusement la regularité Lipchitzienne pour le domaine ) n’est pas suffisante
pour obtenir I’existence d’une solution forte aux équations de Navier-Stokes compressibles
(voir les théorémes 5 et 6 dans le chapitre 2). Dans [?] notre but est alors de comparer une
solution numérique construite sur un domaine polyédrique convenable avec une solution
forte & densité bornée aux équations de Navier-Stokes sur un ouvert borné suffisament
régulier pour lequel nous sommes assurés de l’existence de celle-ci.
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Dans cette partie nous supposons que le tenseur des contraintes visqueuses est donné
par

2
S(Vu) = p(Vu + Viu 3 div uls), (5.3.5)

ce qui donne
mvauy=MVu+§deU,

Nous supposons de plus que la pression en plus des hypothéses (5.1.2)-(5.1.3) vérifie
peCHRyY). (5.3.6)

Plus précisement, dans [?], nous étendons le résultat du théoréme 12 dans deux direc-
tions :

1. Le domaine physique 2 occupé par le fluide et le domaine numérique Qapprox,
approximant le domaine physique €2 ne coincident pas.

2. Si le domaine physique est suffisament régulier (au moins de classe C3) et si la
donnée initale de classe C? satisfait la condition de compatibilté, nous sommes
alors capable d’obtenir des erreurs inconditionnelles par rapport a n’importe qu’elle
solution exacte de densité bornée.

En contraste avec [?] et tout les articles mentionnés dans la remarque 7, la solution exacte
dans [?] est seulement une solution faible (au sens de la définition 1 dans le chapitre 2)
de densité borné. Cette apparente plus faible hypothése est compensée par la régularité
et les conditions de compatibilité imposées sur la donnée initiale ce qui rend possible
un argument de bootstraping sophistiqué montrant que toute solution faible & densité
bornée émanant d’'une donnée initiale suffisament réguliére est en fait une solution forte
dans la classe étudiée dans |?] c’est-a-dire dans la classe (5.3.1).
Ces résultats ont été accomplis a 'aide des outils suivants.

1. La technique introduite dans |?] est modifiée afin de s’accomoder avec des vitesses
non nulles de la solution exacte au bord du domaine numérique. Rappelons que le
domaine physique 2 occupé par le fluide et le domaine numérique Qapprox, approxi-
mant le domaine physique 2 ne coincident pas. Pour ceci nous utilisons une famille
de domaines polyédriques particuliére pour approximer le domaine physique.

2. Trois résultats fondamentaux de la théorie des équations de Navier-Stokes com-
pressibles, a savoir

— Existence locale en temps de solutions fortes dans la classe (5.3.1) par Cho,
Choe, Kim [?], voir théoréme 6 dans le chapitre 2.
— Principe d’unicité fort-faible , voir corollaire 4 dans le chapitre 2.
— Critére d’explosion pour les solutions fortes dans la classe (5.3.1) par Sun,
Wang, Zhang [?], voir théoréme 5 dans le chapitre 2.
Les trois résultas mentionnés au dessus nous autorise a4 montrer qu’une solution
faible & densité bornée émanant d’une condition initiale suffisament réguliére est
en faite une solution forte définie sur un large intervalle de temps [0,7") (voir co-
rollaire 4 dans le chapitre 2). Notons que '’hypothése (5.3.6) sur la pression est une
conséquence de l'utilisation du théoréme 6.
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3. Argument de bootstraping utilisant des résultats récents sur la régularité maximale
des systémes paraboliques par Danchin [?], Denk, Pruess, Hieber [?] et Krylov
[?]. Ce dernier point nous autorise a utliser une technique de bootstraping de la
solution forte dans la classe de Cho, Choe, Kim [?] dans la classe nécessaire pour les
estimations d’erreur dans [?], dés lors que la condition initiale satisfait une certaine
condition de compatibilité.

Les deux derniers points sont formulés dans la proposition suivante (voir [?, Proposition
2.1]).

Proposition 2. Soit Q@ C R? un ouvert borné de classe C3. Soit (r,U) une solution

faible au probléeme (5.1.1)-(5.1.6) dans (0,T") x 2, émanant de la donnée initiale (o, Up)
satisfaisant

ro € C3(Q), 1o > 0 dans Q, (5.3.7)

U, € C3(Q)?, (5.3.8)

et la condition de compatibilité
Uosloa =0, Vp(ro)|aa = divS(VU)|sn (5.3.9)

et telle que
0<r<7p.pdans (0,T) x Q. (5.3.10)

Alors (r,U) est une solution classique satisfaisant les estimations suivantes :
11/7ll oy 17 e o,y 10V Pl oo risco ) H 107 er leo.mizey < Ds (5.3.11)

U o o,y U oo ez @y + 19V U oo, e (sx3) + 107U 22 0s18(0)%) < D,
(5.3.12)
ou D dépend de 2, T, 7, et de la donnée initiale (ro,Uo) (au travers de ||(ro, Uo)l|cs(q)a

et min_ g ro(x)).
Puisque le domaine physique €2 occupé par le fluide et le domaine numérique Qapprox

approximant le domaine physique ne coincident pas, nous devons étendre proprement la
solution forte construite dans la proposition 2.

Lemme 2. Sous les hypothéses de la proposition 2, les fonctions r et U peuvent étre
prolongés en dehors de € de telles sorte que :

(1) Les fonctions prolongées (toujours notées r et U ) sont telles que U est a support
compact dans [0,T] x R® et r > 1 > 0.

(2)

1U Nl o1 o,y H U Lo 1,022y 10 VU |l e o772 (33 53) 107 U Nl 200,718 (R2))
(5.3.13)

S U o1 o,y U oo 102 @ ey H10eV U o, misis s moxan H102:U N 22 0,7525 ()
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(3)
Il oy x rey + 106Vl co.r Lo (re:R2y) + 107 lc o). 0o (r%)) (5.3.14)
S 17l o1 o,y + 10eV P lleqorize ey + 107 loqoryLs @y +
U |1 o,y ms) U oo o2 @)y 10V Ull o s oo mexay 105U | 22 0528 (0));

(4)
Or 4 div(rU) = 0 dans (0,T) x R3. (5.3.15)

Domaine physique, maillage

Comme mentionné précédemment, puisque le domaine physique €2 occupé par le fluide
et le domaine numérique Q,pprox approximant le domaine physique ne coincident pas,
la technique introduite dans [?]| doit étre modifié afin de s’adapter avec des vitesse non
nulles de la solution exacte sur le bord du domaine numérique. Afin de surmonter cette
difficulté, nous introduisons une famille de domaines polyédriques (Qaq, M) ou M est
une une triangulation de {254 supposée étre réguliére au sens de la litterature des éléments
finis (voir [?]), et qui vérifie la propriété suivante

V € 00 est un sommet = V € 9. (5.3.16)

Les propriétés du maillage nécessaires pour les estimations d’erreur afin de s’adapter
avec des vitesse non nulles de la solution exacte sur le bord du domaine numérique sont
formulées dans le lemme suivant, dont la preuve (évidente) est laissé au lecteur (voir |?,
Theorem 1}).

Lemme 3. ] existe une constante dq dépendant seulement des propriétés géométriques
de 0N telle que
dist[z, 0Q] < doh%,

pour tout & € 0Qrq. De plus,
(20 \ Q) U (2\ Q)| = 1y
Remarque 10. [l est important de souligner que Qxq ¢ Q0 , en général.

Le résultat principal de article [?] est le suivant (voir [?, Theorem 3.1]) :

Théoréme 13 (Feireisl, Hosek, Maltese, Novotny, 2015, [?]). Soit Q C R3 une ouvert
borné de classe C3. Supposons que la pression satisfait (5.1.2) avec v > 3/2, et Uhy-
potheése supplementaire (5.1.3) lorsque v < 2. Soit (Qp, M) une famille de domaine
polyhédrique ot M est une une triangulation de Qnq supposée étre réguliére, de taille
ha et de rgularité O vérifiant Oaq > Oy ou By > 0. Supposons que cette famille vérifie
(5.3.16). Considérons une parition 0 = t° <t < ... <tV =T de lintervalle [0, T)], dont,
dans un but de simplicité, nous supposons uniforme ot 0t désigne le pas de temps. Soit
{0",u" }o<n<n une solution numérique au probléeme (5.2.6-5.2.8) sur le domaine poly-
hédrique Q. Considérons une donnée initiale (ro,Up) appartenant a la classe spécifié
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dans la proposition 2 et donnant liew a une solution faible (r,U) au probléme (5.1.1)-
(5.1.6) sur (0,T) x  satisfaisant

0<r(t,e) <7 p.p dans (0,T) x Q.
Alors (r, V') est réguliére et il existe une constante positive

C= C’(MO,EO, 00,1, |1 1 s | (Osr, Vi, U, 8.0, VU, V2U) | 1o (0 55,

\W%ﬂumxmvme@VﬂhwmumwvWQM»W@TRQVUWmQﬁmﬁmRmO

telle que
1 ~ M n T n
swp [ Lo UGEP B, ) de
1<n<N QN2 g
1
<C (\/5t+ hy +/ —%1a® U2 + E(°ro) dw) ,
QN 2
ou
2 1
A = min( v 3 -).

2

Remarque 11. Notons que l’existence d’une famille (Qnq, M) vérfiant les propriétés du
théoréeme précédent est assurée par [?, Theorem 1] dés lors que 2 est un ouvert borné de
classe C?.
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6. Estimations d’erreur pour le schema
Marker-and-Cell pour les équations de
Navier-Stokes compressibles

6.1. Présentation

Le but de ce chapitre, dont les résultats sont issus de l'article [?] (voir Annexe E),
est d’établir des estimations d’erreur pour le schéma Marker-and-Cell pour le systéme
de Navier-Stokes compressible en regime barotrope. Nous considérons donc le systéme
suivant

0o + div(pu) = 0 dans (0,7) x Q, (6.1.1a)

O(ou) + div(ou ® u) + Vp(p) = pAu + (p+ A\)Vdivu dans (0,7) x 2,  (6.1.1b)

ol nous supposons, comme dans le chapitre 5, que la pression satisfait

P'(0)
oV 1

pE C(R+)QCQ(R1), p(0) =0, p'(0) > 0 pour tout o > 0, lim =P >0 (6.1.2)
0—00
oy >1etsivy<2dans (6.1.2), nous avons besoin d’une condition additionnelle pour
les petites densités :
i P (@)
0—0 QO‘+1

=po>0, aa<O0. (6.1.3)
Les coeflicients de viscosité sont supposés constants et vérifient
pw>0et A+ pu>0. (6.1.4)

Le systéme est complété avec les conditions initiales pour la densité et la quantité de
mouvement

0(0,-) = 00, ou(0,-) = eouo, (6.1.5)

oll oo et ug sont deux fonctions données respectivement de € dans R% et R?, et la
condition au bord

u = 0 dans (0,7") x 0Q. (6.1.6)

Depuis U'introduction du schéma Marker-and-cell (MAC) [?], il est communément ac-
cepté que cette discretisation est convenable & la fois pour les problémes d’écoulement
incompressible ou compressible (see [?, ?] pour les articles phares, [?, 7,7, 7,2, 7,2, 7, 7,
?, ?] pour des développements subséquents et [?] pour un état de I’art). L’utilisation du
schéma dans la cas incompressible est maintenant standard, et la preuve de convergence
du schema MAC en variables primitives a été récemment effectué¢ dans [?].
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6.2. Schéma numérique

6.2.1. Discretisation spatiale

Nous supposons  C R est un domaine dont la fermeture est une union de rec-
tangles fermés (d = 2) ou de parallélépipédes fermés (d = 3) d’intérieurs mutuellement
disjoints, et, sans perdre de généralité, nous supposons que les arétes (ou faces) de ces
rectangles (ou parallélépipédes) sont orthogonales aux vecteurs de la base canonique noté
par (e, ..., e®). Introduisons alors la notion de grille MAC. Nous renvoyons le lecteur
a |?, Definition 2| pour plus de détails concernant ce maillage.

Definition 6 (Grille MAC). Une discretisation de Q2 avec une grille MAC, dénotée par
D, est donnée par D = (M,E), ou :
- M est une grille conforme de 2, constituée d’une union de rectangles fermés
(d = 2) ou de parallélépipedes fermés (d = 3) non nécéssairement uniformes et
d’intérieurs mutuellement disjoints et telle que les arétes (ou faces) de ces rec-
tangles (ou parallélépipédes) sont orthogonales auzx vecteurs de la base canonique.
Une cellule générique de cette grille est notée K. Cette grille est la grille de discre-
tisation de la densité.

- & est l'ensemble des faces de la grille primale M. L’ensemble des faces qui apar-
tiennent a Uinterieur de ) est notée par Eing. L’ensemble des faces qui appartiennent
au bord de Q est notée par Eoxt. En particulier nous avons £ = Eing U ext. L'en-
semble des faces orthogonales au i eme vecteur unitaire e de la base canonique

R% est noté par EV, for i = 1,...,d. Nous avons alors £V = g9 U D where

int ext’
Ei(jg (resp. Ee(;)t) sont les éléments de ED qui appartiennent o Uinterieur (resp. au
bord) du domaine Q.
- Pour chaque o € &, nous écrivons o = K|L if o = 0K NOL est une face commune.
- Une cellule duale D, associée a la face o € € est définie de la maniére suivante :

% st 0= K|L € &y alors Dy = Do U Dy 1, 0t l'ensemble fermé Dy - (resp.
D, 1) est la moitié de K (resp. de L) adjacent a o (voir Fig. 6.1 pour le cas
bidimensionel) ;

* if 0 € Eexy est adjacent a la cellule K, alors Dy = Dy k.

La grille duale {Dﬂ}aes(i) de Q) (appelée quelquefois grille de la i-eme composante de
la vitesse) est une grille conforme et vérifie en particulier pour chaque i € {1,..., d}

Q=U, e Do, int(Dy) Nint(Dyr) =0, 0,0" € ED o #0 (6.2.1)

Notons aussi que l’ensemble des faces {Dg}aegm sont orthogonales aux vecteurs
de la base canonique.

- Nous définissons la taille maillage par

hap = max{hg, K € M} (6.2.2)
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ou hg représente le diamétre de K. Nous mesurons la reqularité du maillage au
travers du paramétre 0 définie par :

O = min{g—K, K e M} (6.2.3)
hk
ot £ représente le diamétre de la plus grosse spheére incluse dans K.
K
D,
o=KI|L
L
of)

FIGURE 6.1. — Notations pour les volumes de controle et les cellules duales

Definition 7 (Espaces discrets). Soit D = (M, E) une grille MAC' au sens de la défini-
tion 6. L’espace de la densité discréte Lag est alors défini comme l’ensemble des fonctions
constantes par morceaux sur chaque cellule K de M, et le i éme espace de la vitesse
discrete Hg) comme ’ensemble des fonctions constantes par morceaux sur chaque cellule
D, ,o € ED. Comme dans le cas continue, les conditions de Dirichlet homogéne (6.1.6)
sont partiellement incorporées dans la définition des espaces discrets pour la vitesse, et,

)

a cet effet, nous introduisons Hgo - H(i),i =1,...,d, définis de la maniére suivante :

1) = {ve BY, u@) =0V € D,y 0 €L i=1,...,d).

)

Nous notons alors Hg g = Hle Hé%

)

6.2.2. Discrétisation temporelle

Concernant la discrétisation en temps du probléme (6.1.1)-(6.1.6), nous considérons,
dans un but de simplcité, une partition 0 = t° < t! < ... < t¥ = T de 'intervalle de
temps (0,T) de pas constant 6t =" " 1; donc t" = nét pour n € {0,--- ,N}.

Finalement, la condition initiale discréte (0%, u®) € Laq x Hg g est telle que ¢° > 0.
La masse totale discréte et I'énergie totale discréte sont respectivement définies par

1
MO,MZ/QOdac, Eo,/vr:/ 290\u0]2dw+/7{(90)dw. (6.2.4)
Q Q Q
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6. Estimations d’erreur pour le schema Marker-and-Cell pour les équations de Navier-Stokes compressible

6.2.3. Schéma numérique

Etant donné (o°,u°) € Ly x Hep, o > 0, nous cherchons (0", u™)p=1,. N solution
du systéme algebrique suivant (schéma numérique) :

0" €Ly, 0" >0, u" €Hgy, n=0,1,...,N, (6.2.5a)
1
5@ " D +divi(emu) =0, (6.2.5b)
1~ (4)

a(gn )u? o 1 u? 1)+divg)(gnunu?) MAg)u?

(M + /\)51 divpyu”™ + 5ip(gn) =0, (6.2.5(3)

et nous renvoyons le lecteur a [?] pour une définiion des opérateurs differentiels introduits
dans le schéma numérique précédent. Notons aussi que la positivité de la densité n’est pas
imposé dans le schéma mais est une conséquence du choix d’une discrétisation de type
upwind dans 1’équation de continuité (5.2.6). Mentionnons aussi que le schéma numé-
rique présenté ici admet une solution. Le résultat d’existence provient aussi d’arguments
standard de gradient topologique.

6.3. Estimations d’erreur

La méthodologie employée pour obtenir des estimations d’erreur inconditionnelles pour
le schéma numérique (6.2.5) est la méme que celle utilisée dans pour le sch’ema numérique
introduit dans le chapitre 5 & savoir

1. Inégalité d’énergie relative discréte pour la solution discréte par rapport a un état
discret quelconque (voir [?, Proposition 2]).
2. Identité discréete satisfaite par n’importe quelle solution classique des équations de

Navier-Stokes compressible. Elle sera utilisée afin d’obtenir une version discréte du
lemme 1 dans le chapitre 2 (voir [?, Lemma 7|)

3. Version discréte de l'inégalité (3.2.24) dans le chapitre 2 (voir |?, Lemma 8]).

4. Utilisation du lemme de Gronwall discret pour obtenir une version discréte du
théoréme 4.

Le résultat suivant est alors le résultat principal de larticle [?] (voir aussi Annexe E).

Théoréme 14 (Gallouét, Herbin, Maltese, Novoyny, 2016, [?]). Soit Q C R® une do-
maine dont la fermeture est une union de parallélépipédes fermés d’intérieurs mutuelle-
ment disjoints, et, sans perdre de généralité, de faces orthogonales aux vecteurs de la base
canonique. Soit D = (M, E) une grille MAC de Q de taille hpq (voir (6.2.2)) et de régula-
rité Opq where Opq définie en (6.2.3). Soit p satisfaisant (6.1.2) avec v > 3 et Uhypothése
supplementaire (6.1.3) lorsque v < 2. Considérons une parition 0 = 9 < t' < ... <
tN =T de Uintervalle [0,T], dont, dans un but de simplicité, nous supposons uniforme
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ou Ot désigne le pas de temps. Soit (0", u")1<n<n € Lpm x He o une solution au pro-
bleme discret (6.2.5) émanant de (0°,u’) € Ly x Heg tel que o° > 0 et soit (r,U) € F
(voir (5.3.1) une solution forte au probléme (6.1.1)-(6.1.6). Alors il existe une constante
¢ > 0 dépendant seulement de T, <2, po, Poo, ft; Y, T, MiNf 7 P, Ming, /9 o5 P, del|(r, U) || 7 de
maniere croissante, de Egap de maniere croissante et de Oxq de maniere décroissante
telle que

Jmax E(¢"u" (1", ), U, ) < c(f;(QO, uO)r(o, ), U0,)) + hid, + \/E) (6.3.1)

ol
2y 31

"2

A = min( ) (6.3.2)
Remarque 12. Nous renvoyons le lecteur & [?] (voir aussi Annexe F) pour obtenir
des estimations d’erreur en terme d’espace classique de Lebesque obtenue a partir de
Uinegalité (5.3.3).

6.4. Estimations d’erreur uniformes en régime bas Mach

6.4.1. Présentation du probléeme

Dans [?], nous avons obtenu des estimations d’erreur inconditionnelles pour le schéma
Marker-and-Cell pour les équations de Navier-Stokes compressibles sans considérer le
nombre de Mach. Let but de l'article [?] est de prendre en compte le nombre de Mach
et d’étudier le caractére asymptotiquement préservant du schéma Marker-and-Cell en ré-
gime bas Mach. Le but est de donner des estimations d’erreur entre une solution discréte
du schéma Marker-and-Cell pour les équations de Navier-Stokes compressibles en régime
bas Mach et 'unique solution forte limite aux équations de Navier-Stokes incompressibles
en termes de puissances positives des paramétres de discrétisation et du nombre de Mach.
La constante dans les estimations d’erreurs doit aussi étre indépendante de la solution
discréte afin d’obtenir comme dans le théoréme 14 une estimation d’erreur incondition-
nelle mais peut dépendre de la solution forte. Les schémas numériques possédant ce type
d’estimations d’erreur sont qualifiés d’uniformément asymptotiquement préservant. Mal-
gré 'importance de cette propriété dans les applications, la littérature mathématique sur
ce sujet est peu abondante, probablement du a la complexité du probléme : le caractére
asymptotiquement préservant des schémas numériques est seulement connu au niveau
de 'approximation numérique, et dans ce cas la constante dans les estimations d’erreur
dépent des parameétres spatiaux et temporels de la discrétisation (voir |?], [?], [?], |?], |?],
[?]) Ce type d’estimations ne donnent aucune information sur la convergence du schéma
numérique, et c’est un sérieux incovénient. En notant ¢ > 0 le nombre de Mach, nous
considérons alors le systéme de Navier-Stokes compressible en regime barotrope et en
régime bas Mach

0ro + div(pu) = 0 dans (0,7) x Q, (6.4.1a)

1
O(ou) + div(ou @ u) + ?Vp(g) = pAu+ (p+ AN)Vdivu dans (0,7) x Q. (6.4.1b)
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Nous supposons toujours que la pression satisfait les hypothéses précédentes utilisées
pour les estimations d’erreur a savoir

/
p € C(Ry)NCA(R}), p(0) =0, p'(0) > 0 pour tout 0 >0, lim pfgf = Poo > 0 (6.4.2)
0—00 @
oy >1etsiy<2dans (6.4.2), nous supposons de plus :
/
. Po)
2)13[1) ot = po >0, a<0. (6.4.3)
Les coefficients de viscosité sont supposés constants et vérifient
pw>0et A+ p>0. (6.4.4)

Le systéme est complété avec les conditions initiales pour la densité et la quantité de
mouvement

0(0,+) = o, ou(0,-) = gouo, (6.4.5)

ol oo et ug sont deux fonctions données respectivement de € dans R* et R?, et la
condition au bord
u = 0 dans (0,7) x 0f2. (6.4.6)

Parallélement, nous considérons la solution forte aux équations de Navier-Stokes incom-
pressibles, limite du probléme (6.4.1)-(6.4.6),

0(0V +VV -VV) 4+ 11 = uAV dans (0,T) x 09. (6.4.7)
divV =0 dans (0,7") x 09, (6.4.8)
telle que
M,
o= 101 >0, My = / 0o de. (6.4.9)
€2 Q

Le systéme est complété avec la condition initiale pour la vitesse
V(0,) =V, (6.4.10)

et de condition au bord
V =0 dans (0,7) x 09. (6.4.11)

6.4.2. Schéma numérique

Concernant la discrétisation en temps du probléme (6.4.1)-(6.4.6), nous considérons,

dans un but de simplcité, une partition 0 = t¥ < t! < ... < ¢tV = T de lintervalle
de temps (0,7) de pas constant 6t = t" t" 1; donc t" = nét pour n € {0,--- ,N}.
Nous notons respectivement par {ul},o € Si(;z,z’ e {1,---,d},n € {0,--- ,N}}, and
{0, K e M,;n € {1,---,N}) 'ensemble des inconnues discrétes de la i-eme composante

de la vitesse et la densité.
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Finalement, la condition initiale discréte (02, ul) € Lag x Hg g est telle que ¢ > 0.
La masse totale discréte et ’énergie totale discréte sont respectivement définies par

1 1
MO,M,e_/QSdm7 507/\4’6_/ 290‘u0’2dx+2/E(98]9)dw. (6.4.12)
Q Q € Q

Etant donné (o9,u?) € Ly x Heg, 00 > 0, nous cherchons (0%, u”)n—1.. N solution
du systéme algebrique suivant (schéma numérique) :

o € L(Q), 0" >0, u' € Weo(Q), n=0,1,...,N, (6.4.132)
1 n n 1 s up/ o n,.n
50 o ) +divy(efud) =0, (6.4.13b)
§<Q? ue,i Qe ue,i )+dlvg (Qe 2 ue,i) MA‘S us,i
1
(4 N)9; divagul + gﬁip(gg) =0, (6.4.13c)

et nous renvoyons le lecteur a |?]| pour une définiion des opérateurs differentiels introduits
dans le schéma numérique.

6.4.3. Estimations d’erreur

La solution forte (IT, V') du probléme limite incompressible (6.4.7)-(6.4.11) est supposée
appartenir a la classe suivante

IT € Y5(Q) = {Il € C([0,T);CY(Q)), &I e L*(0,T;LP(N))},2 <p < oo} (6.4.14a)

Ve Xr(Q) ={V eCY]0,T] x % R?), V2V € C([0,T] x Q;R3),
(82V,0,VV) € L*(0,T; L°(Q; R'?)).  (6.4.14b)

ot les espaces YI(Q) et Xp(Q) sont respectivement equipés des normes suivantes
IMlye @) = Ml om0 @) + 190 210,710 (2)

V1) = 1V lloromixamey + IV2V lcorixazs + 107V, 0V V [ 2o 06 iz

Afin de prendre en compte le nombre de Mach nous introduisons la fonctionnelle d’éner-
gie relative suivante

Ec(o,u

1 1
rU) = / §Q|u U? + E—ZE(QM‘) dz. (6.4.15)
Q

Le résultat suivant concernant le caractére uniformément asymptotiquement préservant
du schéma Marker-and-Cell est le résultat principal de I'article [?].
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6. Estimations d’erreur pour le schema Marker-and-Cell pour les équations de Navier-Stokes compressible

Théoréme 15 (Gallouét, Herbin, Maltese, Novotny, 2016, [?]). Soit Q C R? une domaine
dont la fermeture est une union de parallélépipédes fermés d’intérieurs mutuellement
disjoints, et, sans perdre de généralité, de faces orthogonales aux vecteurs de la base
canonique. Soit D = (M, E) une grille MAC de Q2 de taille haq (voir (6.2.2)) et de
régularité Opq ol Opq est définie en (6.2.3). Soit p satisfaisant (6.4.2) avec v > 3 et
Uhypothese supplementaire (6.4.3) lorsque v < 2. Considérons une parition 0 = t9 <
th < ... <tN =T de lintervalle [0,T], dont, dans un but de simplicité, nous supposons
uniforme ou 0t désigne le pas de temps. Soit (o, ul)1<n<n € L X Hg g une solution
au probleme discret (6.4.13) émanant de (00,u?) € Lyg x He g tel que 0° > 0 et

My _

- < Mo pm,e < 2My, oMy = [Q], Eom,e < Eo, E0 > 0.
Soit (I,V) € YR(Q) x Xp(Q) avec p = max(2,7') (voir (6.4.14)) une solution forte
au probleme (6.4.7)-(6.4.11) émanant d’une donnée initiale Vo € CY(Q)3 telle que
divVy = 0 dans Q. Alors il existe une constante ¢ > 0 dépendant seulement de
T, 82, po, Poo, s Y, T iy 7 P, Ny 2 07 p' ainsi que de [[|lye oy, |V | xp @), 2, Mo, o
et de Opq de maniére décroissante telle que

£ n? n7’th7' < (g 0’ 0
oax E(e" u"|o, V(t", ) < el&ele’,u

5, Vo) + Bl + Vot + e>, (6.4.16)

ou
2y 3

v

Remarque 13. Si la donnée initiale est mal préparée, c’est-a-dire il existe une constante
¢ > 0 indépendante de € telle que

A = min(

1) (6.4.17)

/E(QS\Q) dz < ce?, /QSIuS Vol2dex < ¢,
Q Q

nous obtenons dans le théoréeme 15 seulement une borne indépendante de €. D’un autre
coté, si la donnée initiale est bien préparée, avec un taur de convergence €, & > 0,
c’est-a-dire il existe une constante ¢ > 0 indépendante de € telle que

/ E(QS|§) dz < ce”g, / QS|’U,8 Vgo|2d:c < ceg,
Q Q

alors le théoreme 15 donne une convergence uniforme lorsque les parametres (hag, 0t, €)
tendent vers zéro de la solution numérique vers la solution forte des équations de Navier-
Stokes incompressibles, dés lors que cette solution forte existe, incluant les tauz de conver-
gence. Ces résultats sont en accord avec la théorie des limites faible Mach dans le cas
continue, voir [?].
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Compressible Navier—Stokes Equations on Thin Domains

David Maltese and Antonin Novotny

Communicated by E. Feireisl

Abstract. We consider the barotropic Navier—Stokes system describing the motion of a compressible viscous fluid confined
to a straight layer Q. = w x (0,¢), where w is a particular 2-D domain (a periodic cell, bounded domain or the whole 2-D
space). We show that the weak solutions in the 3D domain converge to a (strong) solutions of the 2-D Navier-Stokes system
on w as € — 0 on the maximal life time of the strong solution.

Keywords. Compressible Navier—Stokes system, dimension reduction, thin domains.

1. Introduction

This paper is devoted to the problem of the limit passage from 3D two 2D in the compressible fluid flows.
We shall consider compressible Navier—Stokes equations in thin domains

Q. =wx (0,e), e >0, (1.1)

where w is a fixed domain in R?, and investigate the situation when ¢ — 0.

These domains are supposed to be filled with a compressible viscous gas, whose evolution through
the time interval [0,7], 7' > 0 is described by the isentropic compressible Navier—Stokes system for the
unknown functions, density o = o(t, z) and velocity u = u(t,z), t € [0,T], z € Q.:

Oto+div(pu) =0 in (0,7) x €., (1.2)
O¢(ou) + div(ou ® u) + Vp(p) = div§S(Vu) in (0,7) x Q.. (1.3)

Equations are completed with the initial conditions
00,2) = Go.(2), u(0,2) = Go.(a), @ e (L4)

and boundary conditions that will be specified later.
In (1.3), S is the viscous stress tensor given by the Newton law

S(Vu) = p (]D)(Vu) - %divuﬂ) + ndivul, D(Vu) = Vu + (Vu)” (1.5)

with the shear viscosity coefficient p > 0, the bulk viscosity coefficient > 0 and I the identity matrix.
Finally, p denotes the pressure, a given function of density g characterizing the gaz. Anticipating the
existence theory of weak solutions in 3-D domains, we shall suppose that
p € C[0,00) N C?(0,00), p(0) =0, p'(0) > 0 for all p > 0,
P'(0)

3
lim =D >0, v> 3 (1.6)

A. Novotny work was supported by the MODTERCOM project within the APEX programme of the region Provence-Alpe-
Céte d’Azur.

® Birkhauser
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Rigorous justification of the limit passage from the 3D-fluid motion to a planar one seems to be of
obvious practical importance. However, for the compressible fluid flows, to the best of our knowledge,
there are no results concerning the 3D-2D limit passage and only a few results concerning the 3D-1D
reduction, see Vodék [22] and recently [2]. There are numerous studies of the incompressible fluid flows
on thin domains, where the limit motion becomes planar, see Iftimie et al. [10], Raugel and Sell [19] and
the references therein. This work develops and adapts the ideas introduced in [2] to the problematics of
3D-2D reduction in the compressible fluid flows.

Analysis of similar dimension reduction problems in the elasticity theory leans on variants of the Korn
inequality that provides estimates on the gradient of a vector function v in terms of its symmetric part,
specifically,

HVVHLNQs;RS“) < 0(5) ||VV + (VV)THLz(gS;szz) . (1-7)

Clearly, the validity of (1.7) requires the kernel of the linear operator v + Vv 4 (Vv)? to be empty on
the space of vector fields satisfying the given boundary data. Even if (1.7) holds for any fixed ¢ > 0, the
constant ¢(g) blows up for ¢ — 0 unless some necessary restrictions are imposed on the field v, and this
is true even if the set w is not rotationally symmetric, cf. Lewicka and Miiller [13].

It is not difficult to see that the problems arising in the context of compressible fluids would need a
stronger analogue of (1.7), namely

2
VYl L2 maxsy < cle) ||VV + (vv)T — gdivvll (1.8)

s
L2(Q.;R3%3)

obviously related to the shear viscosity component of the viscous stress tensor, see Dain [4], Reshetnyak
[20]. In view of the above mentioned difficulties related to the validity of (1.7) or (1.8), our approach relies
on the structural stability of the family of solutions of the barotropic Navier—Stokes system encoded in
the relative entropy inequality introduced in [6,8]. This method is basically independent of the specific
form of the viscous stress and of possible “dissipative” bounds for the Navier—Stokes system.

In this investigation we make a choice to rescale the equations to a fixed domain. Introducing the
change of variables

Q. 3 (zp,ex3) = (xh,x3) € Q:=Qy, where z), = (21, 22), (1.9)

and denoting the new density and velocity again by p, u, we may rewrite system (1.2-1.4) as follows:

o+ dive(ou) =0 in (0,7) x Q, (1.10)
O¢(ou) + dive(ou @ u) + Vep(o) = diveS(Veu)  in(0,7) x Q, (1.11)
9(0775) = QO,S(I) u(O,x) = uO,s(I>7 z e (1~12)

[where 0o - (2) = 00,c(zh, €x3), Wo o (x) = o (Th,exs), cf. (1.4)]. The boundary conditions will be specified
later.
Here and hereafter, we denote

vs = (v}u 2613)7 vh = (8111812> 3

. . 1 .
div.u = divy vy, + gﬁmsvg, v, = (v1,v2), divpvy, = gy v1 + Og,va.

The goal of this work is to investigate the limit process € — 0 in the system of equations (1.10-1.12),
provided the initial data [go -, up,c](x) converge in a certain sense to [ro, vo](z) = [vo,n, 0](2n). Since the
target initial data do not depend on the vertical variable xs, it is natural to expect that the sequence
[0e,uc](t, ) of (weak) solutions to (1.10-1.12) will converge to [r, V](t,z), V = [w,0], where the couple
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[r(t,zn), w(t,zp)] solves the 2-D compressible Navier—Stokes equations on the domain w:

Oyr +divy(rw) = 0in (0,7) X w, (1.13)
royw + 1w - Viw + Vip(r) = divySy(Vipw) in (0,7) X w, (1.14)
r(0,2p) = ro(zs), w(0,2n) = wWo == von(zr), T5 € w, (1.15)

where
_ T . My .
Sp(Viw) = ,u(Vhw + (Vpw)' — lehW> +(n+ g)dlvhwﬂh,

and [}, is the identity matrix.

Our goal is to justify the above (formal) limit in the framework of weak solutions of the primitive
system (1.10), (1.11), (1.12).

We shall consider several geometrical situations: periodic layers in Sect. 2, layers over bounded domains
w with no-slip conditions on dw in Sect. 3, layers over bounded domains with slip conditions in Sect. 4,
and some particular cases of unbounded layers in Sect. 5. Finally, in the last section we discuss the
possible generalizations of the pressure law (1.6) in order accommodate adiabatic coefficients v > 1.

We finish the introduction with some remarks on the notation. As far as the functional spaces are
concerned, we deal with the classical Lebesgue and Sobolev spaces and we use the standard notation that
can be find e.g. in the book of Adams [1]. The notation of Bocher types spaces is again standard, the
same as in the book [17]. Finally, in various estimates, the symbols ¢, ¢’ denote generic positive constants
always independent of the small parameter ; they may take different values in different formulas.

2. Periodic Layers

We consider system (1.2-1.3), (1.4) of thin domains € [see (1.1)], where w = [0,1]?|  is a 2-D periodic
0,1

cell of period 1 in both directions. It is completed with the no slip boundary conditions on the bottom
and top of the layer

u-nlgo. =0, [S(Vu)-n] x n|ypq. =0, (2.1)

After rescaling, this situation corresponds to system (1.10-1.12) on § [see (1.9)] completed with boundary
conditions

u-nlsq =0, [S(V.u) - n] x nfysg =0, (2.2)
Since w is a periodic cell, conditions (2.2) means that
1
Uslogoay =0, (Bys + 20y ue) gy = 0, k=12, (2:3)

where u(-,z3), x3 € (0,1) are 1-periodic functions in xj-variable.

2.1. Preliminaries, Main Results
2.1.1. Weak Solutions to the Primitive System. Denote
Wa2(Q;R3) = {v e Wl’Z(Q;RS)‘V -njpq = 0}.

Definition 2.1. We say that [o, u] is a finite energy weak solution to the compressible Navier—Stokes (1.10—
1.11) with initial conditions (1.12) and boundary conditions (2.2) in the space time cylinder (0,7) x Q if
the following holds:
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e the functions [p, u] belong to the regularity class
0€ L>([0,T); L7(2)), 0> 0 a.a.in (0,7) x , v > %,
(2.4)
ue L0, T;Wh2(Q; R?), ou? € L*([0,T); L*(Q));
o 06€ Cyeax([0,T7; L7(92)) and the continuity equation (1.10) is satisfied in the weak sense,

/W da(r) — /gg,w(o, ) da = /T/g(atgo+u-vggo) dz dt. (2.5)

for all 7 € [0, 7] and any test function ¢ € C°([0,7] x Q);
o ou € Cyear([0,T7]; LZ'V/(W"H)(Q)) and the momentum equation (1.11) holds in the sense that

/QU-sa dx(7>7/95,0u5,099(0a‘) dz
Q Q

T T
- // (ga,ga Tou®u: Vep + plo:)divep do df — / /S(Vgu) V.o dz dt (2.6)
0 Q 0 Q

for all 7 € [0,T] and for any ¢ € C°([0,T] x & R®), @3]wx {01} = 0;
o the energy inequality

h/ [%g\u\z +H(@)] (1) da +Z!S(Vgu) :Veudr dt < ﬂ/ Ego,sluo,s\z +H(oe)| dz  (2.7)

holds for a.a. 7 € (0, 7).

Notice that the definition of weak solutions for the system (1.2-1.3), (1.4), (2.1) before rescaling can
be obtained replacing Q by €., V. by V, div. by div and .o by 0¢,0, -0 by .

The reader may consult the monograph [15] by Lions, Feireisl [5] and [17], for the mathematical theory
of compressible viscous fluids in the framework of weak solutions. In particular, the weak solutions for
the system (1.2-1.4), (2.1) before rescaling are known to exist globally in time for any finite energy initial
data.

Consequently, the system (1.10-1.12), (2.2) after rescaling possesses finite energy weak solutions as
well. The corresponding theorem reads:

Proposition 2.1. Let S satisfy (1.5) and p verify (1.6). Suppose that the initial data satisfy
" et
020, [ oo =050, [ (Goncud + Hieoo) do < . 28)

Q Q

Then the problem (1.10-1.12), (2.2) admits at least one finite energy weak solution on the arbitrary time
interval (0,T).

2.1.2. Relative Entropy Inequality. Motivated by [8] we introduce the relative entropy functional
1
£ (g,u)r, U) :/ [§g|u—U\2 + E(o, r)] dz, (2.9)
Q

where
0

E(o,r) = H(o) — H'(r)(¢ — 1) — H(r), H(e) = 9/ [%ds,
1

(The reader can consult Dafermos (3], Germain [9], Mellet and Vasseur [16] for the utilisation of the
notion of relative entropies in other contexts in the mathematical fluid mechanics).
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Now, the crucial observation is that any finite energy weak solution defined through (2.4-2.7) satisfies
the so called relative entropy inequality. More precisely, we have the following theorem (that follows by
rescaling from see [6, Section 3.2.1]):

Proposition 2.2. Let all assumptions of Proposition 2.1 be satisfied and let [p,u] be a finite energy weak
solution of the system (1.10)—(1.12), (2.2). Then [o,u] satisfies the relative entropy inequality

& (g,u’r, U) (1) + ]/ (S(Vs(u - U)) :Ve(u—U) de dt
00

.

<& (o] 01) (0 +/R(g,u,r, U a, (2.10)

with the remainder term

R (0,u,r,U) := U +uV.U)-(U-u)dz+ [ S(V.U):V.(U—-nu)dz
o,u Q/g( u ) u Q/ u

+ /((r —0)0H'(r) +V.H'(r) - (rU — gu)) dz — /div5U<p(g) - p(r)) dz, (2.11)
Q Q

with any pair of test functions
reCH[0,T] x Q), r>0, Ue CY[0,T] x O R?), U-nlpq =0.

Remark 2.1. Notice that the set of test functions in the relative entropy inequality can be enlarged by
density argument to:

0<r<r<F7<oo, dr e L0,T;L77(Q)), Vr € L2(0,T; L7 (Q; RY))
U< L20,T; Wh2(Q), 8;U € L*(0,T; L5(Q; RY)), (2.12)
VU € L2(0,T; L= (4 B¥®)), divU € L}(0,T; L ().

We remark that this class is not optimal. Nevertheless, we shall see that it is sufficient for our purposes.

2.1.3. Solutions of the Target System. It is well known since eighties that the target system (1.13-1.15)
admits a unique strong solution on a maximal time interval [0, Tjnax) that depends on the size of the
initial data. The following theorem can be deduced as Theorem 2.5 in Valli and Zajaczkowski [21]:

Proposition 2.3. Let D be a positive constant. Suppose that p € C?(0,00) and that

ro € W2(w), infrg >0, wo € W32 (w; R?). (2.13)
Then there exists T = Tyax(D) such that if

Irollw22() + IWollws2(wir2) + 1/ infro < D, (2.14)
then the problem (1.13-1.15) admits a unique strong solution (in the sense a.e. in (0,T) X w) in the class

r e C([0,T); W2%(w)), w € C([0,T); W*2(w; R?)) N L*(0, T; W?(w; R?)) (2.15)
o € C([0,T); Wh2(w)), dyw € L2(0,T; W% (w; R?)).

In particular,

0<r= inf r(t,xn) < sup r(t,xp) =T. 2.16
(t,@p)€(0,T) xw (t:n) (t,xn)€(0,T) xw (&) ( )
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2.1.4. Main Result. We are now in a position to formulate the main result of this section.

Theorem 2.1. Suppose that the pressure p satisfies hypotheses (1.6) and that the stress tensor is given by
(1.5). Let ro, wo satisfy assumptions (2.13) and let Timax > 0 be the life time of the strong solution to
problem (1.13-1.15) corresponding to [ro,wo| determined in Proposition 2.3. Let (o-,u.) be a sequence
of weak solutions to the 3-D compressible Navier Stokes equations (1.10-1.12), (2.2) emanating from the
initial data (0o, o] Suppose that

5(9075,11015 7‘U7VU> o0, (2.17)

where Vo = [wy, 0].
Then

eSSSUD; ¢ (0,7;,00) € (06, Ue |7, V) — 0, (2.18)

where V(t,z) = [w(t,z),0] and where the couple (r,w) satisfies the 2-D compressible Navier—Stokes
system (1.13-1.15) on the periodic cell w on the time interval [0, Tinax)-

Before coming to the proof in the next section, we comment the above theorem and formulate two
additional Corollaries and two Remarks which shed more light on the result.

Remark 2.2. In order to see more clearly the sense of the limit above, we notice that (2.18) implies, for
example
0e — rstrongly in L>°(0,T; L7()),
Voue — /rV strongly in L>(0,T; L*(Q; R®)),
0eu. — 'V strongly in L*°(0,7% L%(Q; R%)).

Remark 2.3. We notice that the 3D-2D reduction increases the two dimensional bulk viscosity of the fluid
from 7 to n + /3, cf. (1.13-1.15).
Corollary 2.1. Suppose that the pressure p, the stress tensor S satisfy assumptions of Theorem 2.1. Assume

that [ge,0,uz0], 0- > 0 verify

1
/gs,g(x)dxg — 1o weakly in L'(w; R?), (2.19)
0

1

/gg,gugvgdaca =1V weakly in L'(w; R?),
0
where Vo = [wq, 0] and [ro, wo] belongs to the regularity class (2.13), and
/ [%QE,Ou?O + H(gg’g)}da: — / [%mwg + H(ro)|dzp,. (2.20)
Q w
Let finally (o<, uc| be a sequence of weak solutions to the 3-D compressible Navier Stokes equations (1.10—
1.12), (2.2) emanating from the initial data g, o,c]. Then (2.18) holds.

Corollary 2.1 follows directly from Theorem 2.1. It is enough to observe that (2.19-2.20) imply (2.17).
Indeed, recalling that [ro, wo] is independent of z3 and realizing that

9, Vo) = / [EQO,Eug‘a + H(Qo.s)} dz — / F"‘OWS + H(’FU)] dw

5(90,57 up,e B 2

Q Q

1 1
- /H/(TO)(Qe —1p) dz +/ [*TOW(Q) + 500-W) — 00,cUo,c - Vo] dz,
)

2 2
Q

we may use (2.20) at the first line and (2.19) at the second line, to show the both lines converge to 0.
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Corollary 2.1 can be reformulated in terms of the sequence of solutions [gc, u.] of the non rescaled
original problem (1.2-1.4), (2.1).

Corollary 2.2. Suppose that the pressure p, the stress tensor S satisfy assumptions of Theorem 2.1. Assume
that [ge.0,0c 0], 0= > 0 verify

é/,@g‘o(z)dmg — 7o weakly inL' (w), (2.21)

0
€

/ 0c.0lc odzz = 1oV weakly inL* (w; R®),
0

1
€

where Vo = [wq, 0] and [ro, wo] belongs to the regularity class (2.13), and

1 1. . 1
g/ [5 s,oug,o + H(QE,Q)]C{I — / |:§T‘QW(2] + H(ro)|dxp. (2.22)
Q. w

Let finally (9-,4:) be a sequence of weak solutions to the 3-D compressible Navier Stokes equations
(1.2-1.4), (2.1) emanating from the initial data (3o, o.c)-

Then
esssup,{e(ovax)6'5(@5,ﬁ5 rV)—=0 (2.23)
with
1 1 2 U
E(e.urU) = = [ [ela—UPR + H(o) = H'(r)(e —r) — H(r)]dz,
Q.
where V(t,x) = [w(t,xp),0] and where the couple [r,w] satisfies the 2-D compressible Navier—-Stokes

system (1.13-1.15) on the periodic cell w on the time interval [0, Tiax)-

2.2. Proof of Theorem 2.1

2.2.1. Korn and Poincaré Type Inequalities. We start by the following Korn type inequality.

Lemma 2.1. Let w be a periodic cell and @ = w x (0,1). Then there exists ¢ > 0 such that for all
vEW (4 RY))

1 .
/S(VEV) 1 Vev dade = M”viVHiZ(Q;RBXH) + (gu + '7])||d1V5VH%2(Q),
Q

where “AH%'Z(Q;RXXK) = Z?,j:l fsz | 4557 dz.
Proof of Lemma 2.1. We write
2
S(Vev) = pT(Vov) + ndivevl, where T(A) = D(A) — gtr(A).

Employing the integration by parts, taking advantage of the periodicity of domain w and of the Navier
boundary conditions on the boundary of the layer, we get by an easy calculation

. . 1
/T(VEV) :Vevde = p / |Vev|?de + 3 /(divev)Zdz ;
O 9 Q
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whence

1 .
8715 Vv do = Vv + (g WlldivevlEe oy
Q

Lemma 2.1 is proved.
The next Poincaré type inequality follows from [7, Appendix, Theorem 10.14] by an easy straightfor-
ward argument.

Lemma 2.2. Let Q be the same as in Lemma 2.1. Let K > 0, M > 0, v > 6/5. There exists ¢ =
(K, M,~) > 0 such that for any
ve W RY), 0> 0, / odx > M, / o'dr < K (2.24)
Q Q
and € € (0,1), there holds

V17 20m0) < ¢ [ IVeVIT2(0smxa) + /L’Vzdl‘ . (2.25)
Q
Putting together both Lemmas 2.1 and 2.2 we obtain:

Lemma 2.3. Let v > 6/5. For the same domain as in Lemma 2.2, and for any K > 0, M > 0, there
exists ¢ = ¢(K, M,~) > 0 such that for any couple in the class (2.25) and for any € € (0,1) we have

VI3 (ipey < € /S(ng) (Vev do + /ngdag . (2.26)
Q Q
This Lemma will be useful later in Sect. 2.2.5 for estimating the remainder.
2.2.2. Relative Entropy Inequality With Special Test Functions. In view of Remark 2.1, we may use the
couple [r, V], where V = [w, 0] and [r, w| is the strong solution of the target problem (1.13-1.15) on the

periodic cell w, as the test in the relative entropy inequality (2.10).
We start by observing that the couple (r, V) satisfies, by virtue of of (1.13-1.14),

Or +div(rV) = 01in (0,7T) x €, (2.27)
royV+rV-VV 4+ Vp(r) =divS(VV) in (0,T) x Q. (2.28)
Multiplying (2.28) scalarly by u. — V and integrating over 2, we get

/ (r@tV +7rV-V.V + Vgp(7>)> (ue — V) de+ /S(VEV) :Ve(ue — V) dz =0, (2.29)
Q Q
where we have used the integration by parts in the last integral.

Next we rewrite the relative entropy inequality (2.10) with test functions r, U = V. In view of (2.29),
we may rewrite the remainder (2.11) as follows

R (0o ue,r, V) i= / 0e(u. — V) V.V (V —u.) de
Q

+/p5((')tV +V.-V.V) (V—-u,)de+ /(7’8tV +7rV-V.V+V.p((r): (u.— V) de
Q Q

+ / r ;Pf Op(r) + vsf('f‘) (rV —peu,) dz + /(p('r) — p(pe))div.V dz
Q s
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P—

(pe =) (O V+V-V.V)-(V—-u,) dz+ /pg(ug -V)-V.V-(V—-u,)dz
Q

— v .
+ [ 00) + T o o [ (900) = plpaie.V de
Q Q
Using additionally (2.27), one gets

R(pesue,m, V) = /(pg —r) (O V+V-V.V)-(V-u,) dw+/p5(u5 -V)-V.V-(V—-u,) de

Q Q

+/ Vs}j(r) (r— pE)uE dx + /(p(’l“) —p(pg))divgv dz
Q Q

+ Q/ V) (.~ ) dr + J P () (pe = r)divaV da.

Resuming the above calculation, we rewrite the relative entropy inequality (2.10) in the form

5(5)5,115 nv) (r) +//S(V5(us 7V)) :V.(u. — V) dedt
0 Q
< &(onuncfro Vo) + [ Rigeouen v (230)
0

where the remainder reads
R(pe,uc,m, V) = /(pg —r)(OV+V-V. V) (V—-u.)de+ /ps(uE -V)- V.V (V-u,)dz

Q

Q
[T )= V) o= 600 =)0 = 1) = plr)V (2.31)
Q Q

2.2.3. Main Ideas: Towards the Gronwall Inequality. The goal now is to use Lemma 2.3 in order to find
an estimate of the left hand side of (2.10) from below in the form

E(0s,us|r, V(1) + c/ [lu. — VH%,W,Z(Q)dt - c’/E(gS,uE r, V)dt (2.32)
0 0
and of the right hand side from above in the form
he(T) +5/ lu. 7VH?,V.,Q(Q)dt+c’(6)/a(t)8(gg,ug r, V)dt (2.33)
0 0

with any d > 0, where ¢ > 0 is independent of §, ¢ = ¢/(§) > 0, a € L*(0,T) and
he = 0in L*>(0,T).

If we succeed to establish these bounds, we deduce from the relative entropy inequality (2.10) estimate

-

E(0erucr, V() < halr) + ¢ / a(t)E(ger u
0

7, V)dt (2.34)

that implies (2.18) by using the Gronwall inequality. In the rest of this section, we shall perform this
programie.
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2.2.4. Essential and Residual Sets. We begin with an algebraic inequality whose straightforward proof is
left to the reader.

Lemma 2.4. Let 0 < a < b < oo. Then there exists ¢ = c¢(a,b) > 0 such that for all o € [0,00) and
r € [a,b] there holds

B(elr) = e(a,)(lo,.. + ¢'lo... + (e~ ’lo..),
where E(p|r) is defined in (2.9) and
Oess = [a/2,2b], Ores = Ry\[a/2,20].

Next we introduce essential and residual sets in . Let 0 < ¢ < g < co. We define for a.e. t € (0,7)
the residual and essential subsets of {2 as follows:

Nu(t) = € Q| 50 < 0.(t,) < 20}, Niwlt) = 2\ New (1) (233)
and denote for a function h defined a.e. in (0,T) x Q,
[M)ess = hIne,, [Plres = hlne .
Here and hereafter we shall use essential and residual sets with
o=1r, 0=T, (2.36)

where r and 7 are defined in Proposition 2.3. In particular, Lemma 2.4 implies,

c / (mres + [@Z]res + [Qs - less) dzr < /E(stus
Q Q

r,U) duz, (2.37)
with some ¢ = ¢(g, ) > 0.
2.2.5. Estimates of the Remainder. We are now in position to estimate the remainder (2.31). We shall

do it in four steps.

Step 1: We shall first estimate the “essential part” of the first term: Since V3 = 0 and 0,,V = 0, we have

//1%5(/)5 WOV +V V) (V=) dedt
0 Q

[p- 7]

r

2
o 84 €00) [ a(02 (0210
0

< / Hach + Vi - Vi Vil Lo (o:r2) ucy — Vh‘
0

gé/\
0

Lz(Q)‘ L2(R?)

Usp — Vh

" V) ar, (2.38)

where

a= 0V +Vp- vh,Vh,H%oo(Q;Rz) cL! 0,7).
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For the “residual” part of the first term, we get

/ / Lies(pe = 1)@V + V- V.V) - (V — ) dadt
Q

0
oo +]
res

-

2
Wl-?(Q;R?)dt +e(9) /a(t) [5 (Qm U
0

2

uep, *Vh‘

dt
LS(Q;R?)

= / ”(‘)ch + Vi VaValls@in) LG/S(Q)‘
0

Sé/T‘
0
36/\
)

provided v > 6/5. Here we have used Holder and Young inequalities, continuous imbedding W'2(Q)
L5(9) and the fact that

10/3
us, —Vy r, V)] dt

-

A+ e(d) / a(t)f(gaaus

0

r, V) dt (2.39)

uah*Vh‘

W1.2(Q;R?

E(QE,uE 7>,V) € L>(0,7),
by virtue of (2.7), (2.15-2.16).
Step 2:
/gs(uE —V)-V.V-(V—-u,)dadt < c/a(t)é'(.z_;s,u5 r, V) dt (2.40)
0 Q 0
with
a = HV;,,V;,,HLoo(Q;szz) S LOO([]7 T)
Step 3: Similarly as in Step 1,
[ [T =0 V) o
0 Q
T 2 T
< 5/ ‘ u., — Vh”wl-z(n;m)dt +¢(0) -/a(t)é’(gg,ug r, V)dt7 (2.41)
0 0
where
o(r) 112
a= H Vip(r) H € L>(0,T).
r Lo (R?)
Step 4:

As far as the last term is concerned, we use: 1) The Taylor formula together with the regularity C? of
the pressure p [see (1.6)], in order to estimate the essential part

2

L2(Q)

ess

- / / [p(pg) —p'(r)(ps — 1) — p(r) C”divEV dedt < ¢ / HdithhHLoo(m” [ge - r]
.0 h >SS b

r

< C/a(t)g(gs’us

0

r, V)dt a = HdiV}LV}L”Loo(Q).

(2.42)
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2) The pointwise bound

[19(p2) = 2/ (r) (92 = 7) = D)l < (Tres + s

[cf. (1.6), (2.15-2.16)], in order to estimate the residual part

- // [p(Ps) —p'(r)(pe — 1) — p(r)}msdith dadt
0 Q

r

< C/ [|divy, Vil Lo () / (hes@? + 1res) dzdt < c/a(t)€<gg,ug T, V)dt‘ (2.43)
0

Q 0
Coming back with these estimates to the relative entropy inequality (2.30), we easily verify the validity

of (2.34) with

Vip(r) H2

a =0V + Vi - ViVl (re) + ViVl (@ rene) + H e

) +[diva Vi L= ()

and

hs = 5(90,57 o e|T, V)

This finishes the proof of Theorem 2.1.

3. Bounded Layers With No-Slip Boundary Conditions

In this section we consider the compressible Navier—Stokes system (1.2-1.4) on . = w x (0,¢), where
w C R?is a bounded domain. It is completed with the slip boundary conditions on the boundary w x {0, ¢}
and no slip boundary conditions on the boundary dw x (0,¢):

oy (0,e) = 0, w-nly,y 0,3 =0, [S(Vu)-n| x nf,yo,4 = 0. (3.1)

After rescaling, this problem is equivalent to the system (1.10-1.12) on the domain = w x (0,1) the
with boundary conditions

Ulawx(0,1) = 0, w-nfyyxqo1y =0, [S(Vu) -n] x nf,y 0,13 = 0. (3.2)

3.1. Weak Solutions and Relative Entropy

Definition 3.1. The couple [, u] is a finite energy weak solution of the problem (1.10-1.12) with boundary
conditions (3.2) if:

e [0, u] belongs to the functional spaces (2.4), where we replace W,}2(Q; R?)) with
Wolﬁ(ﬂ; R?) = {v e Wh3(Q; R?) V]owx(0,1) = 0, V- nlyxq01} = 0}.

e  Weak formulation (2.5) of the continuity Eq. (1.10) remains without changes;
e Weak formulation (2.6) of the momentum Eq. (1.11) holds with test functions

0 € C([0,T] x 0 R?), ¢ljo.17x0wx(0,1) =0, ©3l[0,7xwx 0,1} = 0;
e Energy inequality (2.7) holds.
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Again, from Lions [15], Feireisl, [5,17] and [11], one can deduce ezistence of weak solutions for the
above problem with S, p and [p. o, uc o] verifying assumptions (1.5), (1.6), (2.8), provided the domain w
is Lipschitz. Moreover, due to [6], any weak solution satisfies relative entropy inequality (2.10) with the
remainder (2.11), where the test functions satisfy

r € CH[0,T] xQ), r>0
U e C'([0,T] x % R?), Ulgux(o,1) =0, Usluxgo,1} =0 (3-3)

Finally, as in Remark 2.1, it can be shown by the density argument, that the test function (r, U) can
be taken in the larger regularity class (2.12).

3.2. Target System and the Main Result

The expected target system is system (1.13-1.15) endowed with the no slip boundary conditions:
Theorem 2.5 in Valli and Zajaczkowski [21] states:

Proposition 3.1. Let D be a positive constant. Suppose that p € C?(0,00), dw € C>. Assume that the
initial conditions [ro, wo| belong to the reqularity class (2.13) and satisfy the compatibility condition
1 .
E(V}I,P(TU) = divpSp(Viwo) + rowo - V}LWU) ‘a =0 (35)
W

Then there exists T = Tynax(D) such that if
||7'0||W2)2(w) + HWons,z(W;Rz) + 1/igf7‘0 < D7

then the problem (1.13-1.15), (3.4) admits a unique strong solution (in the sense a.e. in (0,T) X w) in
the class (2.15), (2.16).

We are now in a position to formulate the main result of Sect. 3.

Theorem 3.1. Let 0w € C®. Suppose that the pressure p satisfies hypotheses (1.6) and that the stress
tensor is given by (1.5). Let ro, wq satisfy assumptions (2.13), (3.5) and let Tiax > 0 be the life time of
the strong solution to problem (1.13-1.15), (3.4) corresponding to [ro,wo| determined in Proposition 3.1.
Let [0z, u.] be a sequence of weak solutions to the 3-D compressible Navier Stokes equations (1.10-1.12),
(3.2) emanating from the initial data [0, o] Suppose that initial data satisfy (2.17).

Then

€SSSUP ¢ (0,T,0,) € (0, U [1, V) = 0, (3.6)

where V(t,z) = [w(t,xp),0] and where the couple (r,w) satisfies the 2-D compressible Navier-Stokes
system (1.13-1.15) with the boundary conditions (3.4) on the time interval [0, Tymax)-

Remark 3.1. We notice that all conclusions of Remarks 2.2-2.3 and Corollaries 2.1-2.2 remain valid also
in the case of bounded layers with the no slip boundary conditions.

3.3. Proof of Theorem 3.1
The great lines of the proof follow the proof of Theorem 2.1. However, we are able to obtain only a weaker

uniform lower bound for the integrals involving the quantity S(V.v) : V.v. Consequently, finding the
convenient upper bound will be more involved. In this Section, we focus essentially on these two points
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3.3.1. Some Auxiliary Results. We observe that the following identity holds pointwise on 2:
; 2 M 2. 2
S(Vev) : Vov = gdivev]® + 3 D(V.v) — gleEV]I (3.7)
This implies the following lemma:

Lemma 3.1. Let S, D be defined in (1.5), where u > 0, n > 0. Then we have: For all v € W12(Q; R?)
and € € (0,1), there holds

17HdiV5VH2L2(Q) < /S(VEV) :Vev dz
Q

and

i 1
DY)y < 2 <1 + 37]> /S(Vev) Vv de.
Q

Next, simply by integration by parts, we show the identity
IDA(Ta) ey = 2(IV VI3 o ey + vV ey ) (3.8)
Finally, we recall the standard Poincaré inequality,
IVllz2 iz < el VRVIZa@ roxe (3.9)

Both formulas (3.8), (3.9) hold for all v € W, 2(w; R2) provided w is a Lipschitz domain.
Putting together these results, we may write the following lemma.

Lemma 3.2. Let Q = w x (0,1), where w is a bounded Lipschitz domain and let n > 0. Then there exists
¢ = c(w) >0 such that for all v.€ WH2(; R?), v]pux(0,1) =0 and £ € (0,1),

Va0 + ViV oy < ¢ [ S(V2): Vv d (3.10)
Q

where the tensor S is defined in (1.5).

Remark 3.2. Besides (3.10) we have also trivially

H831)3||2LQ(Q) < ce? /S(ng) : V.v du,
Q

and moreover, if v3|x (0,1} = 0,

”U3Hi2(g) < cez/S(st) 1 Vev da.
Q

These additional estimates will not be exploited throughout the proof.
Remark 3.3. In contrast to Lemma 2.3 dealing with the periodic case, Lemma 3.2 does not provide the
estimate for the whole W!2- norm of neither v nor vj,. The challenge now is to estimate the remainder

in the relative entropy inequality in a different way than in Sect. 2 by using only the above “incomplete”
estimate.
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3.3.2. Application of the Relative Entropy. In view of Remark 3.3 we shall modify the procedure of
Sect. 2.2.3 as follows: We shall estimate the left hand side of the relative entropy inequality (2.10) with
test functions [r, V], V = [w, 0] from below by

-

£ (g,u‘r, V) (1) +¢ /T [luey, — V;Z||22(Q;Rz>dt - c'/S (Qg,ug
0 0

r, V) dt (3.11)

[this follows trivially from (2.32)], and the right hand side from above by

T

he(T) + 5/ [lucy — V])/Hi2(52)dt + c’(é)/a(t)é'(gs,ug r, V)dt (3.12)
0 0

with any § > 0, where ¢ > 0 is independent of 6, ¢/ = ¢/(§) > 0, a € L'(0,T) and
he = 0in L(0,T).

This process leads again to the inequality (2.34), that finishes the proof. The “only” point in the proof
is therefore to find the bound (3.12) of the remainder (2.31). This will be done in the next section.
3.3.3. Estimate of the Remainder. In order to get the estimate (3.12) of the remainder (2.31), we proceed
in three steps. As in Sect. 2.2.5, we shall systematically use that V3 = 0 and 9.,V = 0.

Step 1: The essential part of the first term [ [, Less(pe = 7)(0:V + V- V. V) - (V —u.) dzdt is estimated
in the same way as in formula (2.38).

Concerning the residual part, we shall estimate the integrals over the sets {p < p/2} and {o > 27}
separately. [Numbers o, g are defined in (2.36) and essential/residual sets in (2.35)].

/ /1{9§g/2}(ps (O V+V-V. V) (V-u) dadt
0 Q

)
% / / Lies

0 Q

IN

KV + V. vev‘ (V - ua‘ dadt

1[’65

ucy — Vy

dt
L2(;R?)

< /Hach + Vi - Vi Vil Lo :r2) ]2(Q)‘
/ 2

gé/T\
0

where a is given in (2.38).
Finally,

" V) dt,

2
u., -V
eh h‘ £2(

ﬂ;Rz>dt +¢(9) /a(t)g (gg, u.
0

//1{922@(95 SOV +V V) - (V — ) dadt
oD

)
<2 / / Lresv/2,
Q

0

dadt

AV +V-V.V|Vo |V -
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T
12 211/2
< Hach + Vi - Vi Vil Lo :r2) [Q] HLl(Q)‘ Qe (ush - Vh> ‘
res LY(Q
0

-

< C/a(t)g(gg,ug

0

r V) dat

with the same a as before. In all above three formulas, we have employed (2.37) in the passage to their
last lines.

Step 2: Estimates of the second
//pg(u8 —-V)-V.V-(V—u,) dedt
0 Q

and the fourth

/ / (p(pe) — (") (e — 7) — p(r)diveV dadt
0 Q

terms of the remainder are the same as (2.40) and (2.42-2.43) in Sect. 2.2.5.

Step 3: Estimate of the third term folows the same lines as the estimates effectuated in Step 1, namely

-

2

[ [ Vep(r) [
T pe); - rdt < —Vnh : ) g )
// ., (r—pe) - (. = V) dadt < 6/ ‘ u., — Vj, ‘ Lz(Q;RZ)dt +¢(0) /a(t)é'(gs ug|r V)dt
00 0 0
where
1 2
a(t) = ”;vhp(T)HLw(n:RZ)'

Collecting these estimates in the relative entropy inequality (2.30), we obtain formula (2.34) with

he = 5(00,57 Uo,z|70, VU),

and conclude by the Gronwall lemma.

4. Bounded Layers With Slip Boundary Conditions

We start again with system (1.2-1.4) on the domain Q. = w x (0,£) where w € R? is bounded. The
boundary conditions read

u-nlgo. =0, [S(Vu)-n] x n|pg. = 0. (4.1)

Again, after rescaling, this problem is equivalent to the system (1.10-1.12) on the domain Q2 = w x (0, 1)
with boundary conditions

-0y 0,1300wx (0,1)} = 0, [S(V) - n] X nfy,x0,1300wx(0,1) = 0 (4.2)
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4.1. Weak Solutions, Relative Entropy, Target System and the Main Result
4.2. Weak Solutions and Relative Entropy

Definition 4.1. The couple [, u] is a finite energy weak solution of the problem (1.10-1.12) with boundary
conditions (3.2) if:

e [o,u] belongs to the functional spaces (2.4), where we replace WL2(Q; R%)) with
W2 R?) = {v € WH2(Q; R?) | v - n|pq = 0}.

e Weak formulation (2.5) of the continuity Eq. (1.10) remains without changes;
e  Weak formulation (2.6) of the momentum Eq. (1.11) holds with test functions

eeC([0,T] x %GR, ¢-n

[0,7)xae = 0.
e  Energy inequality (2.7) holds.

Ezistence of weak solutions for the above problem with S, p and [o. o, uc o] verifying assumptions (1.5),
(1.6), (2.8) can be deduced from [15], Feireisl [5,17] and [11], provided the domain w is of class C%,
v € (0,1). Moreover, due to [6], any weak solution satisfies relative entropy inequality (2.10) with the
remainder (2.11), where the test functions satisfy

r € CH[0,T] xQ), >0
U e CH[0,T] x 0 R%), U-nlauxo1) =0, (4.3)

Finally, as in Remark 2.1, it can be shown by the density argument, that the test function [r, U] can
be taken in the larger regularity class (2.12).
The expected target system is system (1.13-1.15) endowed with the no slip boundary conditions:

wonlow =0, (Su(Vaw)n) x nlo = 0. (4.4)

One can again deduce from Valli and Zajaczkowski [21, Theorem 2.5] that under assumptions p €
C?(0,00), dw € C3 with initial conditions [ro, wo] belonging to the regularity class (2.13) and satisfying
the compatibility condition

(Vhp(m) — divpSp(Viwo) 4 rowo - VILW()) : 11’8 =0, (4.5)

1
T0 w
the problem (1.13-1.15), (4.4) admits a unique strong solution in the class (2.15), (2.16) on the maximal
time interval [0, 7 = Tinax) [that depends on the size of initial data as described in formula (2.14)].

We are now in a position to formulate the main result of Sect. 4.

Theorem 4.1. Let 0w € C®. Suppose that the pressure p satisfies hypotheses (1.6) and that the stress
tensor is given by (1.5) with n > 0. Let o, wo satisfy assumptions (2.13), (4.5). Let [0, u.] be a sequence
of weak solutions to the 3-D compressible Navier Stokes equations (1.10-1.12), (4.2) emanating from the
initial data (0o, o] that converge to [ro,wo) in the sense (2.17).

Then [p-,u.] converges to [r,w]| in the sense (2.18), where [p, W] is the unique strong solution of
the 2-D compressible Navier-Stokes system (1.13-1.15) with boundary conditions (4.4) on the mazimal
existence time interval of the strong solution [0,T = Tiax)-

Remark 4.1. Remarks 2.2-2.3 and Corollaries 2.1-2.2 remain valid also in the case of bounded layers with
the slip boundary conditions.
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4.3. Proof of Theorem 4.1

First, recall the classical Korn inequality on a bounded Lipschitz domain w. In particular, if w C R? it
reads: There exists ¢ = ¢(w) such that for all v.€ W2(w; R?), there holds

IVl 2srey < el(IDVAV) 2o, menn) + VI ) (4.6)
Next, we deduce from this inequality, the following result:

Lemma 4.1. Let w € R? be a bounded Lipschitz domain that is not radially symmetric. Then there exists
¢ =c(w) >0 such that for all v.€ W'%(w; R?), w - nl|s, = 0 there holds:

[vllwr 22y < ellDa(VV) L2 (@ir2x2).-
Proof of Lemma 4.1. If the conclusion is not true then there exits a sequence v,, € Wt-2(w; R?) such that
an‘lwm(w,fcz) =1
DR (VVa)ll L2 (wimzr2) < &
Consequently, there is v € W'2(w, R?) such that v,, — v in L?(w, R?) and v,, — v weakly in W2 (w, R?).
Using (4.6) we deduce that v,, is a Cauchy sequence in W'2(w, R?). Therefore, v.€ W'?(w, R?) and

v, = veWh(w, R?).
On the other hand
Vv + (Vv)T = 0;

whence v is a rigid rotation v = b x #, b € R3. This contradicts condition v - n|s, = 0 for the non
circular domains. Lemma 4.1 is proved.

Collecting results of Lemmas 3.1 and 4.1 we obtain an estimate that will be used later for the estimating
of the remainder of in the relative entropy inequality, namely:

Lemma 4.2. Let S satisfy (1.5), where p > 0, n > 0. Let Q = w x (0,1), where w is a bounded Lipschitz
domain that is not a circle. Then there exists ¢ = c(w) > 0 such that for all v.€ WY2(Q; R?), vy, -
Ny |owx(0,1) =0 and € € (0,1),

I8 @iy + 1TV sty < [ S(Vov) s Vev
Q

Since Lemma 4.2 provides exactly the same estimate as Lemma 3.2, the proof of Theorem 4.1 is exactly
the same as the proof of Theorem 3.1.

5. Unbounded Layers

In this Section we consider the compressible Navier-Stokes system (1.2-1.4) on unbounded layers with
slip boundary conditions on the boundary of the layer, more precisely

Q. = R* x (0,¢), u-n|pg, =0, [S(Vu) -n] x nlgg, =0 (5.1)

Since the domain is unbounded, the system has to be completed with conditions at infinity,
u(t,z) =0, o(t,z) =2 >0 as |z| — co. (5.2)
After rescaling, we get system (1.10-1.12) with the same boundary conditions on the boundary of §2:
Q=R2x(0,1), u-nlpg =0, [S(Vu) - n] x n|pq =0, (5.3)

and conditions (5.2) as |z| — oo.

72



A Compressible Navier-Stokes on thin domains

Vol. 16 (2014) Compressible Navier-Stokes Equations on Thin Domains 589
5.1. Weak Solutions to the Primitive System

5.1.1. Weak Solutions. We introduce again the Hilbert space
We?(Q; R?) = {v e WH2(Q; R?), v -nlpq = 0} = WH3(Q, R?) x H(Q).
As we are on an unbounded domain, the definition of weak solutions has to be modified as follows, cf.
e.g. [17).

Definition 5.1. We say that [p,u] is a finite energy weak solution to the compressible Navier—Stokes
(1.10-1.11) with initial conditions (1.12) and boundary conditions (5.2-5.3) in the space time cylinder
(0,7) x Q if the following holds:

e the functions [p, u] belong to the regularity class
0—2€L®([0,T;LY(Q) + L*(Q)), 0> 0 a.a. in (0,T) x Q, v> 2,
; (50
ue L0, T; Wh2(Q; R3), pu € L>(0,T; L*(Q) + L771(Q2));

o 00— 06 Cuear([0,T]; L7(Q) + L?(R)) and the continuity Eq. (1.10) is satisfied in the weak sense,

/W dx(7) —/95,030(0, ) dz = /T/Q(atgo+u~vgtp> dz dt. (
Q Q 0 Q

for all 7 € [0,7] and any test function p € C2°([0,7] x Q);
o ou € Cyear([0,T7]; LZ'V/(7'+1)(Q) +L2(Q)) and the momentum equation (1.11) holds in the sense that

/gu-so dl’(7—>7/05,(lu€,059(0a') dz

Q Q

ot
(3§
=

T T
- // (gatip Tou®u: Vep + plo:)divep do df — / /S(Vau) (V.o dz dt (5.6)
0 Q 0 Q

for all 7 € [0,T] and for any ¢ € C°([0,T] x O R?), ¢3|g2x (0.1} = 0;
e the energy inequality

h/ (et + Be.)] () a4 / Q/ S(Veu) : Vou do dt

1
< [ [3oneluo.? + B o 6.1
Q
holds for a.a. 7 € (0,7).
5.1.2. Existence of Weak Solutions and the Relative Entropy Inequality.

Proposition 5.1. Let S satisfy (1.5) and p verify (1.6). Suppose that the initial data satisfy

1
0020, [ (Gouonlo + Bleco.) do < ox. (58)
Q

Then the problem (1.10-1.12), (5.2-5.3) admits at least one finite energy weak solution on the arbitrary
time interval (0,T).

Moreover [p,u] satisfy the relative entropy inequality (2.10) with the remainder term (2.11) for any
couple (v, U) such that

r>0, r—0€CX(0,T] xQ), Ue C([0,T] x 2, R?), U-nlpg = 0.
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Existence of weak solutions is a particular case of [11, Theorem 6.3] that treats more general heat
conducting case. The relative entropy inequality is proved in [6].

5.2. Target System and the Main Result

The expected target system is system (1.13-1.15) on w = R? with conditions at infinity
r(zn) = 0, w(zp) — 0as |z] = oco.

If the initial data satisfy conditions

/E(rg,ﬁ)dm < 0 (5.9)
R2
Viro € WH2(R?), infro >0, wo € W32(R% R?), (5.10)

then there exists an unique (classical) solutions to this system on a short time interval [0, = Tiyax)
(depending on the initial data) in the class

Vr € C([0,T); W (w)), w € C([0,T); W2(w; R?)) N L*(0, T; W32 (w; R?))

A € C([0,T); Wh2(w)), dyw € L*(0, T; W% (w; R?)), (5.11)
0<r= inf r(t,xp) < su r(t,xp) =T, 5.12
T (ten)e(0,T)xw (tn) (t,zh)e((gT)xw (t,on) )
[ Btras e =01, (5.13)

R2

This fact can be obtained following the proof of [21, Theorem 2.5].
We have the following Theorem

Theorem 5.1. Suppose that p and S satisfy hypotheses (1.6) and (1.5), respectively. Let (r,w) a solution
of the target system (1.13-1.15) on w = RZ?, on the time interval (0,T) belonging to the class (5.11-
5.13) emanating from the initial data [ro, wo| satisfying (5.9-5.10). Let (g, u.) be a weak solution of the
compressible Navier-Stokes equations (1.10-1.12), (5.2-5.3) emanating from the initial data [0oc, U c]
satisfying (5.8). Finally assume that

E(00,e, 10, |70, Vo) — 0,

where Vo = [wy, 0].
Then

esssup, ¢ (0,7 E(0c, Ue |7, V) = 0,

where V = [w,0].
Remark 5.1. In accordance with Remark 2.2 we have

0. — 1 in L0, T; L* + L7 (Q))

o-u. — rVin L®(0,T; L* + L%(Q))
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5.3. Proof of Theorem 5.1

5.3.1. Uniform Estimates. The bounds that can be deduced from the inequality (5.7) are collected in the
following lemma.

Lemma 5.1. There exits ¢ independent of € € (0,1) such that
[[[Wresll 2o 0,520 0)) < € (5.14)
Ifee = BlessllLoe(o.m:2(2)) < ¢
lfoc]res |l Los (0,7:7(0)) < € 5.16)
essSUP;¢ (0,71 / o-u? dz < ¢,

Q
T

//S(Vgug) :Vou, dxdt < c.
0 Q

In spite of the fact that we shall need in the sequel solely estimates (5.14-5.16), we have collected in
the above lemma all uniform estimates available for the sequence of the finite energy weak solutions.
The straightforward proof of the following algebraic lemma is left to the reader.

Lemma 5.2. Let 0 < a < b < co. There exits ¢ = c(a,b) > 0 such that
Vo > 0,(r1,r2) € [a,b]%, Eo,r2) < C(E(& )+ E(T1,T2)>~

We deduce from Lemma 5.1 and Lemma 5.2 the following result that will be used during the estimates
of the remainder.

Lemma 5.3. Let the couple v, V = [w,0] belong to the class (5.11-5.13). Then

I€(oe,ue |7, V)|Leor) < €
uniformly with respect to € € (0,1).
5.3.2. Korn and Poincaré Type Inequalities. We start with a Korn type inequality:

Lemma 5.4. There exists ¢ > 0 such that for all v € WL2(Q; R?)

1 R .
/S(ng) :Vovde = /,L“VEV||2Lz(§z;R3><3) + (g,u + 77) ||d1vaHiz<Q).
Q
Proof of Lemma 5.4. Since the set {v € C2°(Q; R®) | vs|g2x (0,1} } is dense in W2(Q; R%), it is enough to
prove lemma with v € C2°(Q, R?) x C2(Q, R). The proof is the same as the proof of Lemma 2.1.
Next we show a Poincaré type inequality including the sequence g..

Lemma 5.5. There exists ¢ > 0 such that for all € € (0,1) we have,

Vv € W2(Q, RY), HVHZLQ(Q) <c HngHiz(m +/QEVngL- sa.a t € (0,T).
Q

5. Let A€ R and V = (0, 4)% x (0,1). We denote N, (t) = {2 € Q, o-(z,t) < 2} C

res

Proof of Lemma 5
NE,,(t). Due to (5.14), there exists I' > 0 such that

esssup;e (o7 | Nyes (1) < T
We chose A in such a way that
[V > 2r.
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We denote
Vy =V + Ab, be 7% x {0}
and we remark that
0= (ubezzx{o} vb) UN, [N =0, VyNVy =0ifb#£b.
In view of (5.14)
Vo N NE(#)] > T, for a.at € (0,7);

whence

/gg(t,x)dx > gF, for a.a. t € (0,7).

Vi
Moreover

/gg(t,x)dz = / 0l (t,x)dr + / ol(t,x)dx < C + (29)7|V].

Vi VyNNE

Tes

(t) VuNNE, (1)

Now, according to Lemma using 2.2, there exits ¢ = ¢(I',7,|V|) > 0 such that for ¢ € (0,7) and for
all v € Wh2(V,, RY),

B < ¢ (1991w + [ eov?e
Vi
We obtain the statement of Lemma 5.5 by summing the above estimates over b € Z2 x {0}. This completes

the proof.

5.3.3. Estimates of the Remainder. One can show by a density argument that the solution [r, V], V =

[w, 0] of the target system in the class (5.11), (5.13) may be used as a test function in the relative entropy
inequality (2.10). Lemmas 5.4 and Lemma 5.5 provide the same estimates as Lemma 2.3 in the case of
the periodic layer. When estimating the remainder (2.31) we can proceed step by step as in Sect. 2.2.5.

6. Relaxing the Hypotheses on the Pressure

Estimates effectuated in Sect. 3.3.2 indicate that one can considerably relax the hypotheses (1.6) imposed
on the pressure, provided one takes the existence of weak solutions to the primitive system (1.2-1.5) for
granted. In fact, in all cases considered in this paper, it is enough to suppose that the pressure satisfies
the hypotheses (1.6); and

c1 + coo+ c3H(o) > p(o), for o > R, (6.1)

where R, ci, ¢, c3 are some fixed positive constants. Similar observation in the case of 3—D-1-D
dimension reduction has been done in Bella et al. [2].
Indeed, without any growth condition like (1.6)2 [and without (6.1)], we still get the following lemma:

Lemma 6.1. Let
p € C[0,00) NCY0,00), p'(0) > 0.
Then, with the notation of Lemma 2.4, we have for all o € [0,00) and r € [a,b]:

B(elr) = e(a,b)(lo,., + elo,., + (e =1)’lo..).
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Proof of Lemma 6.1. If p € [a/2,2b] we use the strict convexity of H to obtain that
E(o|r) > clo — r|* where ¢ = c(a,b) > 0.
If o € Ry \ [a/2,2b], we observe that
0,E(elr) = H'(0) = H'(r), 0,E(elr) = H"(r)(r - o),

where s — H'(s) is an increasing function on (0,00). Now, relying on the monotonicity of functions
s — E(s|r) and s — FE(p|s) induced by the above formulas, we consider two situations. 1) If p > 2b, we
observe that E(p|2b) > 0, whence H (o) + p(2b) > H'(2b)p. Consequently,

p(28) — p(b) + Blelr) > p(2b) — p(B) + E(lb) = H(o) + p(2b) — H'(B)o > (H'(2b) — H'(1) ).
This inequality and the fact that E(p,r) > E(2b,b) > 0, p(2b) > p(b), H'(2b) > H'(b) yield
B(olr) = ¢(1 + o)

with some ¢ = ¢(b) > 0. 2) If p < a/2 then

B(elr) > Bla/2la) > PO, BP0 g 1)

with some ¢ = ¢(a) > 0. This completes the proof.

The above relaxed hypothesis can be investigated in combination with the situations studied in Sects. 3,
4 and 5. For the sake of brevity, we choose the system (1.2-1.5) with no slip boundary conditions (3.2)
to illustrate the modifications needed in the proofs.

We shall start with a possible definition of a weak solution, modifying slightly Definition 3.1: We shall
require that

o 0>0,0p(0) € L¥(0,T; LX), u € L*(0,T; Wy'2(Q B?)), ou € L=(0,T; L} (2 R%));

o 06€ Cueax([0,T]; L' (Q2)) and weak formulation (2.5) of the continuity Eq. (1.10) is valid;

o ou € Cyear([0,T); LY(Q; R?)) and weak formulation (2.6) of the momentum Eq. (1.11) holds with
test functions

© € C([0,T] X 4 R?), ¢ljo.11x0wx 0,1) = 0, @307 xwx (0,13 = 0;
e  Energy inequality (2.7) holds.

We shall suppose the existence of weak solutions to system (1.2-1.5), (3.2) for granted. It is easy to
verify that any weak solution satisfies the relative entropy inequality (2.10-2.11) with test functions (3.3)
whose regularity can be relaxed. In particular, we can take for the test functions the couple r, U = V|
V = [w,0], where [r,w| is the strong solution of the system (1.13-1.15), (3.4) in the regularity class
(2.15-2.16) guaranteed by the Proposition 3.1. We set in the definition of the residual and essential sets
0 =r, o =max{F, R}. Hence, in view of Lemma 6.1, we have the following bound

[ (B o] o) e
¢ Q

that will replace the bound (2.37) in the estimate of the remainder. The only point, where we need the
additional assumption (6.1) is the estimate of the residual part of the expression in Step 2 of Sect. 3.3.3.

After this preparation, we can repeat the argumentation of Sect. 3.3.2. We can conclude that Theorem
3.1 remains valid, if we replace (1.6)1_2 by a weaker assumption (1.6)1, (6.1). Likewise, one can reformu-
late in the same way Theorem 2.1 dealing with periodic layers, Theorem 4.1 dealing with slip boundary
conditions and Theorem 5.1 dealing with unbounded layers.

r,U) dz, (6.2)
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Abstract

We consider the compressible Navier—Stokes system with variable entropy. The pressure is a nonlinear
function of the density and the entropy/potential temperature which, unlike in the Navier—Stokes—Fourier
system, satisfie only the transport equation. We provide existence results within three alternative weak
formulations of the corresponding classical problem. Our constructions hold for the optimal range of the
adiabatic coefficient from the point of view of the nowadays existence theory.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The purpose of this paper is to analyze the model of fl w of compressible viscous flui
with variable entropy. Such fl w can be described by the compressible Navier—Stokes equa-
tions coupled with an additional equation describing the evolution of the entropy. In case when

* Corresponding author.
E-mail address: pokorny@karlin.mff.cuni.cz (M. Pokorny).
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the conductivity is neglected, the changes of the entropy are solely due to the transport and the
whole system can be written as:

9,0+ div(ou) =01in (0, T) x , (1.1a)
0 (0s) +div(osu) =01in (0, T) x 2, (1.1b)
o (ou) +diviou @u) + Vp=divSin (0, T) x 2, (1.1¢)

where the unknowns are the density o: (0, T) x Q@ — R4 U{0}, the entropy s: (0, T) x @ — R4
and the velocity of flui #: (0,7) x Q — R3, and where 2 is a three dimensional domain with
a smooth boundary 92.

The momentum, the continuity, and the entropy equations are additionally coupled by the
form of the pressure p, so we assume that

p@s)=0"T(s), v=>1, (1.2)
where 7(-) is a given smooth and strictly monotone function from R to Ry, in particular
T(s)>0fors>0.

We assume that the flui is Newtonian and that the viscous part of the stress tensor is of the
following form

1
S=S(Vu) = 2,;(11)(:;) -3 divu]I) + ndivy ul

with D(u) = %(Vu + VuT). Viscosity coefficient u and 5 are assumed to be constant, hence
we can write

divS(Vu) = pAu+ (u+1)Vdivu
with A =n — %IL To keep the ellipticity of the Lamé operator we require that
n>0, 3x+2u>0. (1.3)
The system is supplemented by the initial and the boundary conditions:
0(0,x) = 0o(x), (05)(0,x) = So(x), (eu)(0,x) =qo(x), 1.4
u‘(o’T)xag =0. (1.5)
System (1.1) is a model of motion of compressible viscous gas with variable entropy trans-
ported by the fl w. The quantity § = [7 (s)]'/" can be also interpreted as a potential temperature
in which case the pressure (1.2) takes the form (p0)" and has been studied in [7,9].
We aim at proving the existence of global in time weak solutions to system (1.1). Note that at

least for smooth solution the continuity equation (1.1a) allows us to reformulate (1.1b) as a pure
transport equation for s, so we have

00 +div(ou) =01n (0, T) x 9, (1.6a)
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0s+u-Vs=0in(0,T) x Q, (1.6b)
9 (ou) +divicu @u) + Vp=divSin (0, T) x . (1.6¢)

In contrast to entropy equation in system (1.1) the above form is insensitive to appearance of
vacuum states; in fact it is completely decoupled from the continuity equation. The regularity of
the density in the compressible Navier—Stokes-type systems is in general rather delicate matter.
Therefore, one can expect that proving the existence of solutions to system (1.1) requires more
severe assumptions than to get a relevant solution to (1.6). This observation will be reflecte in
the range of parameter y which determines the quality of a priori estimates for the argument of

1
the pressure — Z = o[7 (s)]” according to the notation from above.
In order to clarify this issue a little more let us introduce a thilrd formulation of system (1.1)

describing the evolution of the pressure argument Z = o[7 (s)]7 instead of the entropy itself.

We have:
00 +div(ou) =01in (0, 7T) x L, (1.7a)
0:Z +div(Zu)=0in (0, T) x Q, (1.7b)
9 (ou) +div(ou @ u) + VZ¥ =divSin (0, T) x . (1.7¢)

Again, the above formulation is equivalent with the previous ones provided the solution is regular
enough, which, however, may not be true in case of weak solutions.

The above discussion motivates distinction between the cases when the evolution of the en-
tropy is described by the continuity, the transport or the renormalized transport equation. Indeed,
the form of the entropy equation, although used to describe the same phenomena, is a diagnostic
marker indicating the notion of plausible solution to the whole system. Our paper contains an
existence analysis for all three systems: (1.1), (1.6) and (1.7) within suitably adjusted definition
of weak solutions. Such an approach allows us to emphasize the implications between the solu-
tions and to better understand the restrictions of renormalization technique. These issues, absent
in the analysis of the standard single density systems, are of great importance for more complex
multi-component or multi-phase fl ws. Our results show possible applications of nowadays clas-
sical tools in the analysis of the Navier—Stokes system to challenging problems, e.g. constitutive
equation involving nonlinear combinations of hyperbolic quantities: densities, concentrations,
etc.

The outline of the paper is the following. We firs consider system (1.7), for which we are able
to show the existence of a weak solution using standard technique available for the compressible
Navier—Stokes system, see [6]. Next, using a special form of renormalization, and division of
equation (1.7b) by o, we show that we may replace (1.7b) by (1.6b) and finall by (1.1b). We
are able to handle (1.6b) as well as (1.7b) for the optimal range of y’s (i.e. y > %), while getting
equation (1.1b) requires the assumption y > g. This is a restriction under which the renormal-
ization theory of DiPerna—Lions [1] can be applied.

In Section 2, we introduce the definitio of the weak solutions to all three systems mentioned
above and present our main existence theorems. Then, in Section 3 we recall some specifi clas-
sical results which are then used in the proof. Further, in Sections 4 and 5 we prove the existence
of weak solutions to system (1.7); we introduce several levels of approximations and prove the
existence of solutions at each step by performing relevant limit passages in Sections 6 and 7.
Finally, in Section 8 we prove the existence of a weak solution to systems (1.1) and (1.6).

81



B Existence of weak solutions for compressible Navier-Stokes equations with entropy
transport

D. Maltese et al. / J. Differential Equations 261 (2016) 4448—4485 4451

2. Weak solutions, existence results

Throughout our analysis we naturally distinguish two different situations. They are associated
to the magnitude of the adiabatic exponent y. From the point of view of theory of global in time
weak solutions, it is reasonable to assume that

3
3 2.1
V>2 (2.1

This assumption provides L' bound of the convective term and is necessary for application of
nowadays techniques. Under this condition we will firs prove the existence of a weak solution to
system (1.7), see Theorem 2. Then we shall deduce from this result existence of weak solutions
for the formulation (1.6) still under assumption (2.1), see Theorem 2. This result is not equivalent
to the existence of weak solutions to system (1.1) though. The latter can be proved solely under
the restriction

. (2.2)

w| o

v =

Indeed, the latter more restricted range of y enables to obtain L2 estimate of the density and,
as mentioned in the introduction, makes it possible to apply the DiPerna—Lions theory of the
renormalized solutions to the transport equation (1.6b) and to multiply it by o within the class of
weak solutions.

2.1. Weak solutions to system (1.1)

Let us firs introduce the definitio of a weak solution to our original system (1.1). We assume
that the initial data (1.4) satisfy:

00:2—> Ry, s0:Q2—> Ry, uon—>R3,

00 € LY(R), f godx >0, (2.3)
Q

2y

So = 0050, So € L (), qo=o0o0uo € L1 (2, R3).
The choice of nontrivial initial condition for s on the set {¢o = 0} will play an important role in
the last section. Indeed, there is a certain difference in the proof of the case so = const, and s¢

non-constant on this set. We consider

Definition 1. Suppose the initial conditions satisfy (2.3). We say that the triplet (o, s, u) is a weak
solution of problem (1.1)—(1.5) if:

(0,5,w) € L0, T; L () x L¥((0,T) x Q) x L2(0, T; Wy * (2, R%)), 2.4)

and for any ¢ € [0, T'] we have:
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(i) 0 € Cy([0,T]; LY (2)) and the continuity equation (1.1a) is satisfie in the weak sense

t
[etrewa = [anp.080= [ [ (etp+ou-vo)arar,
0 Q

Q Q
Vo € C1([0,T] x Q); (2.5)

(ii) os € Cy ([0, T]; LY (£2)) and equation (1.1b) is satisfie in the weak sense

t
f(gs)(t, S ')dx—/S()(/J(O, ~)dx:/f<gs8t<p+gsu-V<p>dxdr,
Q Q 0 Q
Yo € CL([0, T] x Q); (2.6)

2
(iii) ou € Cy ([0, T]; LV_JZl (£2,R?)) and the momentum equation (1.1c) is satisfie in the weak
sense

/(gu)(r,-)~¢(z,~>dx—fqov(o,-)dx ff ou- 0¥ +ou®u: vy
Q Q

Q

+ 07T (s)divy —S(Vu) : V1//> dxdz,Vy € C}.([O, TI1x Q,RY: (2.7)
(iv) the energy inequality

g5+ [ [ (uvul + Gut baivi?)drvde <o) @9)

holds for a.a. r € (0, T'), where

el = [ (zom+ £ ax

Q

The firs main result concerning solutions meant by Definitio 1 reads.

Theorem 1. Let u, A satisfy (1.3), y > % and the initial data (0o, So, q¢) satisfy (2.3). Then there
exists a weak solution (o, s, u) to problem (1.1)—(1.5) in the sense of Definition 1.

2.2. Weak solution to system (1.7)

The restriction on y in Theorem 1 is obviously not satisfactory as all the physically reasonable
values of y are less than or equal to % We are able to relax this constraint for system (1.7).

1
Formally, taking Z = o(7 (s))? in (1.7) one can recover our original system (1.1). However, for
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the weak solution this formal argument cannot be made rigorous unless we assume that y > %.
Nevertheless, system (1.7) is a good starting point for our considerations. Indeed, for reasonable
initial and boundary conditions it can be shown that it possesses a weak solution for y > %, using
more or less standard approach. Proving existence of solutions directly for system (1.1) seems
not to be so simple.

We assume that the initial data for system (1.7) are

00:Q2—>Ry, 50:Q2—>Ry, up: Q— R,
0(0,x) =0o(x), Z(0,x) =Zo(x), (eu)(0,x) =qo(x) = gouo(x), 2.9

and they satisfy

(00, Z0) € LY ()%, 00, Zo>0ae.inQ, f@odx >0,
J (2.10)

2y
0<cwo<Zy<c'gpae.inQ, O<c,<c"<o0, gye€Lv (Q,R%).
Then we have

Definition 2. Suppose that the initial conditions satisfy (2.10). We say that the triplet (o, Z, u) is
a weak solution of problem (1.7) with the initial and boundary conditions (1.5), (2.9) if

(0, Z,u) € L®(0, T; LY (Q)) x L¥(0, T; LY (Q)) x L*(0, T; Wy (2, R?)), (2.11)
and for any ¢ € (0, T'] we have:

(i) 0 € Cy([0,T]; LY (2)) and the continuity equation (1.7a) is satisfie in the weak sense

t
/Q(t, Do(t, -)dx—/@ow(O, ~)dx=//<98t<p+9u-v¢)dxdf,

Q Q 0 Q

Vo e C1([0, T] x Q); (2.12)

(ii) Z € Cy ([0, T]; LY (2)) and equation (1.7b) is satisfie in the weak sense

t
fZ(t, Yot ~)dx—/ZO(p(0, .)dx:f/(za,<p+2u-w)dxdr,
Q Q

0 Q
Yo e CL([0, T] x Q); (2.13)
2
(iii) ou € Cy ([0, T1; LV%I (2, 1R?)) and the momentum equation (1.1c) is satisfie in the weak

sense
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t
e vt [av08= [ [ (ou-ap+ouwu:vy
Q Q 0 Q

+ 77 divyg — S(Va) : w) drdr, V¥ € CL([0, T]1 x Q,R3);  (2.14)

(iv) the energy inequality

t
SZ(Q,Z,u)(t)—I—//(,uqu\z—l—(,u—I—A)(divu)z)dxdr552(90,Zo,u0) (2.15)
0 Q

holds for a.a. ¢t € (0, T'), where

1 zv
2 _ - 2
£ (Q,Z,u)_/(zglul + J/_1>d.x. (2.16)
Q

Before presenting the existence result for the auxiliary problem, let us recall the definitio of
a renormalized solution to equation (1.7b).

Definition 3. We say that equation (1.7b) holds in the sense of renormalized solutions, provided
(Z, u), extended by zero outside of €2, satisfy

»b(Z) +div(b(Z)u) + (b'(2)Z — b(Z)) divu =0in D'((0,T) x R?), (2.17)
where
beC'(R), b'(z)=0, VzeRlargeenough. (2.18)
We have the following existence result for solutions define by Definitio 2.
Theorem 2. Let u, A satisfy (1.3), y > %, and the initial data (00, Zo, q) satisfy (2.10).

Then there exists a weak solution (0, Z, u) to problem (1.7) with boundary conditions (1.5),
in the sense of Definition 2. Moreover, (Z, u) solves (1.7b) in the renormalized sense and

0<co<Z<c
a.e. in (0,T) x Q.
2.3. Weak solution to system (1.6)
If we replace (1.1b) by (1.6b) (using also the renormalization of the latter), the result is also
much better than in Theorem 1, in fact optimal from the point of view of nowadays theory of
compressible Navier—Stokes equations. In order to formulate the result precisely, we firs rewrite

system (1.6) in a slightly different way. We look for a triplet (p, ¢, u) solving the system of
equations
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0;0 + div(ou) =0, (2.19a)
W +u-Ve=0, (2.19b)
14
3 (ow) + diviou @ u) + V (?) — divS(Va), (2.19¢)

with initial conditions

0(0,x) = 0o(x), £(0,x) =o(x), (ou)(0,x) =gp(x), (2.20)

such that {p = g—g and satisfying assumptions (2.10), in particular

o€ ((c*)‘l, (c*)‘l). 2.21)
Then the weak solution is define as follows.
Definition 4. Suppose the initial conditions (g, o, g) satisfy (2.21) and (2.10) (for o9 and g).
We say that the triplet (o, ¢, u) is a weak solution of problem (2.19) emanating from the initial
data (0o, %0, o) if
(0, ¢,w) € L%(0, T; LY (R2)) x L¥((0,T) x Q) x L*(0,T; Wy * (2, R)), (2.22)

and for any ¢ € (0, T'] we have:

(i) 0 € Cy([0,T]; LY (2)) and the continuity equation (2.19a) is satisfie in the weak sense

[ etrptrar = [eopo.r0= [ [ (etry+ou- o) drar.
0 Q

Q Q
Yo e CL([0, T] x Q); (2.23)

(ii) ¢ € Cy ([0, T]; L°°(2)) and equation (2.19b) is satisfie in the weak sense

1
[ ctrowrax = [ g0t = [ [ (cap+caivap) s,
Q Q 0 Q

Yo e C'([0,T] x Q); (2.24)

2y

(iii) ou € Cy ([0, T]; LY+ (L2, R?)) and the momentum equation (2.19c) is satisfie in the weak
sense

[ waar = [ w000 = [ [ (ou-o9+ousu:vy
Q Q 0 Q
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14
+ (?) divey —S(Va) - v:/,) drdr, Ve € C1 ([0, T] x .RY);  (2.25)

(iv) the energy inequality
t
20,0/, w)(1) + / / (kIVaP + (o + 2 @iva?) dx de < E2(00, 00/50 o) (2.26)
0 Q

holds for a.a. 7 € (0, T), where £ is define through (2.16).
The last result concerns the existence of solutions meant by Definitio 4.
Theorem 3. Let wu, A satisfy (1.3), y > % and the initial data (09, o, q) satisfy (2.21) and
(2.10) (for oo and q).
Then there exists a weak solution (o, ¢, u) to problem (2.19) with boundary conditions (1.5),
in the sense of Definition 4. Moreover, (o,u) solves (2.19a) and (¢, u) solves (2.19b) in the

renormalized sense.

Using the result of Theorem 3, we may easily obtain a solution to system (1.6). Indeed, we
may defin

s=T'¢™),
and use the fact that equation (2.19b) holds in the renormalized sense.
Remark 1. Note that in two space dimensions, all results hold for any y > 1. In both two and
three space dimensions, we can also include a non-zero external force on the right-hand side of
the momentum equation, i.e. we have additionally the term ¢ f on the right-hand side of (1.1c¢),
(1.6¢) and (1.7¢). For f € L®((0, T) x §2, R?) we would get the same results as in Theorems 1,
2 and 3.

3. Auxiliary results

Before proving our main theorems, we recall several auxiliary results used in this paper. These
are mostly standard results and we include them only for the sake of clarity of presentation.

Lemma 1. Let i > 0, . + 2 > 0. Then there exists a positive constant ¢ such that
RIVEIR g s, + O+ Il divarll 20 > el Vall2g gy &R))

Lemma 2. Ler 2 be a bounded Lipschitz domain in R3. If g, — g in C([0, T1; L4(Q)), 1 <
q < oo then g, — g strongly in LP(0, T: W17 (Q)) provided L4 () << W17 (Q).

Note that L7(2) << W~'"(Q) holds for  a Lipschitz domain in R for 1 <r < 3 if
q > 1 arbitrary or for % < r < oo provided g > %
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Lemma 3. Let 1 < g < 0. Let the sequence g, € Cy ([0, T], L1(2)) be bounded in L*°(0, T
L9(S2)). Then it is uniformly bounded on [0, T]. More precisely, we have

esssup lgn(DllLa) <C= sup llgn(OllLe) <C, (3.2)
te(0,T) 1€[0,T]

where c is a positive constant independent of n.

Lemma 4. Let | < p, g < 00 and let Q2 be a bounded Lipschitz domain in R3. Let {g,}nen be a
sequence of functions defined on [0, T] with values in L1(2) such that

gn € Cy ([0, T1, LY(2)), gn is uniformly continuous in wLr(Q)
and uniformly bounded in L9 (S). (3.3)

Then, at least for a chosen subsequence
gn —> gin Cy ([0, T, LY(2)). (3.4

If, moreover, L1(Q) << W12 (Q), then

gn—> g in C([0, T]; W2 (Q)). 3.5)

Next, let us consider weak solutions to the continuity equation

0 Z+div(Zu) =0, Z(,-)=Zy(-). (3.6)
As a result of the DiPerna—Lions [1] theory we have
Lemma 5. Assume Z € L((0, T) x Q) and u € L2(0, T; Wy *(Q)), where @ C R is a domain
with Lipschitz boundary. Let (Z,u) be a weak solution to (3.6) and q > 2. Then (Z, u) is also
a renormalized solution to (3.6), i.e. it solves (2.17) in the sense of distributions on (0, T) X R3

provided Z, u are extended by zero outside of 2.

Remark 2. By density argument and standard approximation technique, we may extend the va-
lidity of (2.17) to functions b € C([0, co) N C' (0, o)) such that

Ib'(1)| < Ct™, r<—1, 1e(0,1],

b (1)) < Cr™, —1<x15%—1, 1> 1.
Lemma 6. Let
(s.w € (L0, T) x ) N Cu(0, T1; L4(€))) x L2O, T3 WA (%2, RY)

be a weak solution to (1.6b) with s(0, -) = 5o € L°°(2). Then for every B € C(R), (B(s),u) is a
distributional solution to (1.6b), i.e.
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&B(s)+u-VB(s) =0

in D'((0, T) x Q). Moreover, s and B(s) € C([0,T]; L"(R)) for all r < 0o and B(s)(0,-) =
B(sp).

In some situations when the DiPerna—Lions theory is not applicable, i.e. when ¢ < 2 in
Lemma 5, we can still prove that the solution is in fact a renormalized one using the approach
from [3]. To this purpose one has to consider the oscillation defect measure of the sequence Z;
approximating Z, i.e.

0scy(Zs — Z) = suplimsup [| Tx(Zs) — Tu(Z) | La¢0,T)x %) (3.7
keN §—0+
where
Tk(Z)=kT<£), zeR, k=1, (3.8)

with T € C*°(R) such that
T(z)=zforz<1, T(z)=2forz>3, T concave, non-decreasing. 3.9
We have

Lemma 7. Let Q C R? be a domain with Lipschitz boundary. Assume that (Zs, us) is a sequence
of renormalized solutions to the continuity equation such that

Zs— Z weakly in L' ((0, T) x ),
us—u  weakly in L*0,T; Wy (2, R?))

such that oscy(Zs — Z) < oo for some q > 2. Then (Z,u) is a renormalized solution to the
continuity equation.

We further need the following well-known result [2,13] concerning the solution operator to
the problem

divo = f,

(3.10)
v|pe =0.

Lemma 8. Let Q be a Lipschitz domain in R3. For any 1 < p < 00 there exists a solution oper-
ator B: {f € LP(Q2); fQ fdx =0} — W(}’p(Q, R?) 10 (3.10) such that for v =B f it holds

lvllwir) < CE2 P SfllLe -

Next, we report the following general result concerning the compensated compactness (see
[12] or [16])
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Lemma9. Let U, V,, be two sequences such that

U,—> U weaklyin LP (2, R3),
V.=V  weaklyin L1(Q,R%),

wherel—:%+$<l,and
divU, is precompactin W17 (),
curl V,, s precompact in W17 (Q, R3*3)
for a certain r > 0. Then
v, v,—-U-V weakly in L* (2).
We will further need the following operators
Al = {Aidi=123[1=VAT'[], G.11)

where A~! stands for the inverse of the Laplace operator on R3. To be more specific the Fourier
symbol of 4; is

—i§

FUAN® = 77 (3.12)
Note that for a sufficientl smooth v
3
> Ailvl=v (3.13)
i=1
and, by virtue of the classical Marcinkiewicz multiplier theorem,
||VA[v]||L.y(Q,R3) <C(s, QvllLs), 1 <s <o0. (3.14)
Note that (see [5]) if v, ;v € L?((0, T) x R3), then
A, )]1(x) = A[9,v(t, )] (x) for a.a. (¢, x) € (0, T) x R>. (3.15)
Next, let us also introduce the so-called Riesz operators
Rijl1=8; Ail1=8;9: 7], (3.16)
or, in terms of Fourier symbols, F(R;;)(§) = % We recall some of its evident properties

needed in the sequel. We have
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3
Y Rilgl=g, geLl ®), l<r<oo, (3.17)

i=1

/R,-_,[u]vdx:/un,»_,-[u]dx, uel’ R, vel’ R, l<r<oo, (3.18)
R3 R3

and
| Rijlulll Lr 3y < c(P)lull Lp w3y l<p<oo. (3.19)
4. Approximation

We firs focus on the proof of the auxiliary result, i.e. on Theorem 2. The problem can be
viewed as compressible Navier—Stokes system with two densities, where one is connected with
inertia of the flui and the other one with the pressure. The proof of Theorem 2 is hence very
similar to the construction of solutions to the usual barotropic Navier—Stokes equations.

The purpose of this section is to introduce subsequent levels of approximation and to formu-
late relevant existence theorems for each of them. The proofs of these theorems are presented
afterwards by performing several limit passages when corresponding approximation parameters
vanish. We firs regularize the pressure in order to get higher integrability of Z (and also of o)
in order to obtain the renormalized continuity equations using the DiPerna—Lions technique [1].
Next we regularize the continuity equations (for both ¢ and Z). The construction of a solution is
done at another level of approximation, the Galerkin approximation for the velocity.

4.1. First approximation level

A weak solution of problem (1.7), (1.5) is obtained as a limit when § — 07 of the solutions
to following problem

dr0 + div(ou) =0, (4.1a)
0 Z +div(Zu) =0, (4.1b)
0 (ou) +diviou @ u) +VZ¥ + svzP = divS(Vu) (4.1¢)
with the boundary conditions
u0,7)xo0 =0, 4.2)

and modifie initial data

(0(0,-), Z(0,-)) = (00.5(-), Zo.5(-)) € C®(R2,R?), 0 <ca005<Zos<c00sinS, (4.3a)
Voo,s - 1j0,7)x0e =0, VZos-njorxie=0, (4.3b)
(ew)(0, ) =q¢,5() € C®(Q.RY). (4.3¢)

The specifi assumption on the initial data (4.3b) is not needed here, at this approximation level
we would be satisfie with less regular approximation without this condition. However, more
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regular approximation with the above mentioned compatibility condition is needed at another
approximation level and we prefer to regularize the initial condition just once.

Note that we require g s — g in L%(Q; R3) and 00,5 = 00, Zo,s — Zo, both in LY ().
While the firs part, i.e. the initial condition for the linear momentum, is easy to ensure by
standard mollification the regularization of the initial condition for Z and ¢ is more complex.
However, we may multiply Z by a suitable cut-off function (to set the function to be zero near
the boundary), then add a small constant to this function and finall mollify it; i.e.

Zo,5 = (p5Zo + ) * ws.

It is not difficul to see that for suitably chosen cut-off function ¢s' all properties connected with
Z.s in (4.32)—(4.3b) will be fulfille as well as Zy 5 — Z¢ in LY () for § — 0T Similarly we
proceed for gg. By a suitable regularization of the initial linear momentum we may also ensure
that

190,51 190/
Q0,8

Ligy>0y — L{go>0)

in L'(Q).
4.2. Second approximation level

We prove the existence of a solution to problem (4.1)—(4.3) by letting € — 0 in the following
approximate system. Given €, § > 0, we consider

d;0 + div(ou) = €Ao, (4.4a)
0/ Z +div(Zu) =€cAZ, (4.4b)
9, (ou) +div(ou @ u) + VZ¥ + sVZP +evu - Vo =divS(Vu), (4.4¢)

supplemented with the boundary conditions

V0 m0,1)x00 =0, ViZ-njor)xsq=0, 4.5
u0.rxie=0, (4.6)
and modifie initial data (4.3) (see the comments above).

4.3. Existence results for the approximate systems

Let us present now the existence result for the firs approximation level

T we may take g5 € C2°(2) such that 0 < g5 < 1 in © with ¢s(x) = 1 if (for x € Q) dist{x, 9Q} > % and ¢5(x) =0
if dist{x, 32} < 3.
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Proposition 1. Let B > max(y, 4), § > 0. Then, given initial data (00,5, Zo,s, Uo,s) as in (4.3),
there exists a finite energy weak solution (o, Z, u) to problem (4.1)—(4.3) such that

(0, Z,w) € [L®(0, T; LA ()2 x L*(0, T; Wy *(Q, R%)), 4.7)
0<co=<Z<coaein(0,T) xS, (4.8)

and for any t € (0, T) we have:
(i) 0€ Cy([0,T]; LP (R2)) and the continuity equation (4.1a) is satisfied in the weak sense

t
/a(r, Do, -)dx—fao,mo, ~>dx=//(gat<p+gu-w)dxdr,
0 Q

Q Q
Yo e CL([0, T x Q); (4.9)

(ii) Z € Cy, ([0, TT; Lﬂ(Q)) and equation (4.1b) is satisfied in the weak sense

t
/Z(z,-yp(z,.)dx—/zo,g(p(o, -)dx://(ZB,(p-i—ZuAV(p)dxdt,
Q Q 0 Q

Yo € CL([0, T x Q); (4.10)
28
(iii) ou € Cy ([0, T1; LFT(Q, R3)) and the momentum equation (4.1c) is satisfied in the weak

sense

t
/Qu(l,~)~lﬁ(t,~)dx—/q(w-¢(0,~)dx=//<gu~8;vll+gu®u:Vlﬁ—f—Z”diVl/f
0 Q

Q Q

+87Pdivg —S(Va) : w) drdr, ¥¥ € C1([0, T1 x Q,R3);  (4.11)

(iv) the energy inequality
t
&0 20+ [ [V Vudvdr < gs(eos Zosuwos)  (412)
0 Q

holds for a.a. t € (0, T), where Es(o,u, Z) = fQ (%Qlul2 + %Zﬂ + ﬁZV) dx;
(v) the following estimates hold with constants independent of 6

sup lloll]y gy + sup IZON], ) < C(r.e) Es(00s5: Zo,s: Ho,)s  (4.13)
0.7] 1€[0,7}

te[0,

8 sup ||Q(l)||iﬁ(9)+5 sup ||Z(l)||fﬁ(9)SC(ﬂ,c*)Sa(Qo,s,Zo.ayuo,a), (4.14)
1€[0,T] €0, 7]
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||u||L2(0,T;W1’2(Q,R3)) S C55(Q0,57 Zo,ﬁs u0,5)7 (415)

sup HQull 2 + sup || Zu]| 2 <C(y,c*, &(00,5, Zo,5, U0,5)), (4.16)
1€[0,7] YHHQRY)  1e[0.7] r+H(Q,R3)

lloull oy + | Zu|| 6y < C(y, s E5(00.85 Zo.s, w0,5)), (4.17)
L2(0,T;L7+6 (Q,R3)) L2(0,T; LY+ (Q,R3))

lolull 3+ ZuP =2 < C(y, s E5(00.85 Zo,5> U0,5)), (4.18)
L10,T;L7+3(Q)) LY0,T;L7+3(Q))

lolul?| o HZul| oy < C(y, ¢, E5(00,85 Zo,s, w0,5)), (4.19)
L2(0,T; L% 3 (Q)) L2(0,T;L%+3 T (Q))

T A 1) A A 4

0
+ 5||Z||/Z;r+g((0 ryxay = CWs cx E5(00.5, Z0.5, 10.5)),

+9
LY+0((0,T)x) (4'20)

where 6 = min{%y -1, %}. Moreover, equations (4.1a), (4.1b) hold in the sense of renormal-
ized solutions in D'((0, T) x Q) and D' ((0, T) x ]R3) provided o, Z, u are prolonged by zero
outside Q.

We have for the second approximation level

Proposition 2. Suppose f > max(4, y). Let €, § > 0. Assume the initial data (00.s, Zo,5, Uo,s)
satisfy (4.3). Then there exists a weak solution (o, Z, u) to problem (4.3)—(4.6) such that

(0, Z,w) € [L®(0, T; LA()) N L2(0, T; Wh2(@)1* x L2(0, T; Wy (2, R?), (4.21)
0<co<Z<c'oaein(0,T)xQ, (4.22)

and for any t € (0, T) we have:

(i) 0€ Cy([0,T]; LA()) and the continuity equation (4.4a) is satisfied in the weak sense

/ 0(t. Yp(t, ) dx — / 00.59(0, ) dx
Q

Q

(4.23)
- // <Q8,(p T ou-Vg—eVo- V(p) dvdr, Ve eC'((0,T] x Q):
0 Q
(ii) Z € Cy ([0, T1; LP()) and equation (4.4b) is satisfied in the weak sense
f 26,990,985~ [ 20590 )0
Q
(4.24)

=// Z00+ Zu-Vo —eVZ - V(p)dxdr Vo € CL([0, T] x Q);
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28
(iii) ou € Cy ([0, T]; LF+T (L2, R3)) and the momentum equation (4.4c) is satisfied in the weak
sense

t
fQu(l,')’iﬁ(t,')dx—/qoyg-xh(o,«)dxzf-/<Qu‘8t¢+gu®usz+zydiv1/l
0 Q

Q Q

+8ZPdivyy —S(Vu): Vi +€Vo - Vu - w) drdr, V¥ eCl(0,T]x Q,RY); (4.25)

(iv) the energy inequality

Eso, u, Z)(t)—i—// S(Vu) : Vu+ le 2\ vz

+ﬂ€l3 zP- 2|VZ|2>dxdr<€5(Q05,Zo(s,u06) (4.26)

holds for a.a. t € (0, T), where Es(o, u, Z) is the same as in Proposition 1;
(v) the following estimates hold with constants independent of €

sup 10N 5iq) + S 1201}y, = C(Br ) Enleos Zusottos),  (427)

t€l0,T
”u”LZ(O,T;W (K, RS))_CgS(QOtSvZOSau()S) (428)
sup llou|l 28 + sup [[Zu|l 2 < C(B,cx, E5(00,8. Zo,s- u0,5)), (4.29)
t€[0,T] LFHT(QRY)  1€[0,T] LAFT(Q,R3)

(1Yl 0y x0.m5) + IV Z 12 0.1 x5 ) = CBr o €500 Zo.5,w0,5)), (4:30)

llolul?| o +IZull 5 <C(B.cx Es(00,5: Zo s, U s)), (431)
L2(0,T;L%+3 (Q)) L2(0,T; L%13 (Q))

”Q”Lﬁﬂ((O,T)xQ) + ||Z”L5+1((0,T)><Q) < C(ﬂ7 Cys 55 (Q0,87 ZO,és u0,5))- (432)
5. Existence for the second approximation level

We are not going to present detailed proof of Proposition 2, as it is similar to the corresponding
step in the existence proof for the barotropic Navier—Stokes equations, cf. [13]. In what follows
we only explain main ideas as well as how to obtain the crucial estimate (4.22).

We introduce another approximation level, the Galerkin approximation for the velocity. We
take a suitable basis {<I>J} 2, in WOl 2(9 R3), orthonormal in L2(2, R3), and replace (4.25) by

/a, (ou") - ®; dx :[ (Qu" Qu':V®; + 7" dived; +6ZF dive;
Q

Q

—S(Vu"):VQj—l—éVQ-Vu"~<I>j)dx, Vi=12,....n, (5.1)
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where o and Z solve (4.4a) and (4.4b), respectively, with u replaced by u", and

W't x) =y aj()®;(x).

j=1

The initial condition for the momentum equation reads

0(0,)u"(0, ) = P"(q¢,5)(")

with P" the corresponding orthogonal projection on the space spanned by {® ; };le . We construct
the solutions to the n-th Galerkin approximation by means of a version of the Schauder fi ed
point theorem. The fundamental step in this procedure is derivation of the a priori estimates.
They can be obtained by using the solution " as a test function in (5.1) and combining it with
(4.4Db) as well as with (4.4a). We then deduce

t
&s(o, Z,u”)(t)+/f(S(Vu"):Vu”+eyZ”’2|VZ|2+68,BZﬁ’2|VZ|2)dxdt
0 Q
< &5(00.5: Zo.5. P"(q0,5)/005) <C (5.2)

with C independent of n (also of € and §). Next, testing equations (4.4a) and (4.4b) by o and Z,
respectively, we also have

t

1226y () + 1 Z126, (1) + € / (IVela gups) + 192122 g JdT <€ (53)
0

provided 8 > 4. Note also that

& a
&l

/de: dex:O.
Q Q

To prove inequalities (4.22) we use a simple comparison principle between ¢ and Z. Taking c,,
¢* as in (4.3a) we may write

0;(Z — c,0) + div (u"(Z - c,g)) —eA(Z —c0)=0
and
d(c*o—2Z)+div(u"(c*o — Z)) —eA(c*o — Z) =0.

As both equations have non-negative initial conditions, it is easy to see that also the solutions are
non-negative and due to the uniqueness of solutions we deduce that

0<co<Z<c'o<o0 5.4
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a.e.in (0, T) x Q. Combining (5.4) with (5.2) we also have

lloll Lo, 7: 08y <C (5.5

with C = C(cy, 8, &s). The regularity of solutions to parabolic problems allows us to deduce that
we have independently of n

l0:0llLaco,7;La(2) + 10: ZllLaco.1:L9() + 0l Lago.7:w2a(@)) T 1 21 a0, 7. w2a(e))
<C(e) (5.6)

for all ¢ € (1, 00). These estimates are sufficien to apply the fi ed point argument, but also to
pass to the limit n — oco. To this aim, recall also that ¢ and Z belong to C,, ([0, T]; L#(2))

and ou" to Cy, ([0, T]; Lﬂz_f1 (2, R3)). Hence, using several general results from Section 3 (see
Lemmas 2-4) we may pass to the limit with n — oo to recover system (4.3)—(4.6) as stated in
Proposition 2. To finis the proof of this proposition, we have to show estimate (4.32). To this
aim, we use as test function in (4.25) ¥, solution to (cf. Lemma 8 in Section 3)

1
divg =Z— — [ Zdx
IQIQ

with homogeneous Dirichlet boundary conditions. Due to properties of the Bogovskii operator
we may prove

I Zll s+ 0,1yx) =C

which, together with (5.4), finishe the proof of Proposition 2.
6. Vanishing viscosity limit: proof of Proposition 1
6.1. Limit passage based on the a priori estimates

At this stage, we are ready to pass to the limit for € — 07 to get rid of the diffusion term in
the equations (4.4a), (4.4b) as well as of the e-dependent term in (4.4c). Note that the parameter
§ is kept fi ed throughout this procedure so that we may use the estimates derived above, except
(5.6). Accordingly, the solution of problem (4.3)—(4.6) obtained in Proposition 2 above will be

denoted (Q¢, Ze, Ue).
First of all, by virtue of (4.28) and (4.30), we obtain

€Voe - Vue — 0in L1 ((0, T) x ),

and, analogously,

€VZ, Vo — 0in L2((0, T) x ).
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From estimates (4.27)—(4.32) we further deduce

0c — o weakly-* in L®(0, T; LP(2)) and weakly in LE+1((0, T) x ©), (6.1a)
Ze — Z weakly-* in L%°(0, T; LP(Q2)) and weakly in L*+1((0, T) x Q),  (6.1b)
u. — u weakly in LZ(O, T, Wol’z(Q, R3)), (6.1¢c)

passing to subsequences if necessary.
By virtue of (4.22) and the weak LA*!-convergence derived above we obtain

0<co<Z<c'oaein(0,T) x Q. (6.2)

28
Due to (4.23), (4.24), (4.30) and (4.32), g and Z, are uniformly continuous in Wﬁl‘ﬂﬁ(ﬂ).
Since they belong to C,, ([0, T1; L#(£2)) and they are uniformly bounded in L#(Q) (by virtue of
(4.27)), we use Lemma 4, in order to get at least for a chosen subsequence

0c = 0, Ze— Zin Cyp([0, TT; LA (). (6.3)

Once we realize that the imbedding L*(Q2) — W~12(Q) is compact for s > g, we apply
Lemma 2 to g¢ and Z, and obtain

0c—> 0, Zc—>ZinLPO,T; W L2(Q), 1<p<oo. (6.4)
Consequently, by virtue of the previous formula, (4.29) and (6.1c) we obtain
28
Oclte — Qu, Zcue — Zu weakly-» in L%°(0, T; L (Q, R)). (6.5)

Taking into account (4.25) and (4.27)—(4.32) we conclude that gcu, is uniformly continuous
28 ..
in W=5(Q, R3), where s = % Since it belongs to C,, ([0, T'1; LF1 (2, R?)) and since it is
28
uniformly bounded in L7 (€2, R?) (see (4.29)), Lemma 4 yields

0ctte — ou in Cy (10, T; LT (2, %), 6.6)
The imbedding L% Q) — W L2(Q)is compact, hence we deduce from Lemma 2
Qctte — om strongly in LP (0, T; W~ "2(Q, RY)). (6.7)
It implies, together with (6.1c) that
Oclie Que — ou@u in LI((0, T) x ©; R33) (6.8)

for some g > 1.
We have proven that the limits o, Z and u satisfy for any ¢ € [0, T'] the following system of
equations
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t
[ et a0t ra = [ensp.rac= [ [ (eag+ou-vo)drar,
Q 0 Q

Q
Yo e C'([0,T] x Q); (6.9)
t
fZ(t, Yoz, ) dx — / Z0.50(0, ) dx :/f (Za,go Y Zu. Vga)dxdr,
Q Q 0 Q
Yo € C1([0,T] x Q); (6.10)

t
fgu(t.-)~1//(t,~)dxdt—/q0’5~1//(0,~)dxdt://(Qu~8[1/t+Qu®u:V1//+ﬁdiv1//
Q 0 Q

Q
—S(Vu): Vlﬁ) dxdr, V¢ € C}([O, TIx Q,RY, (6.11)
where, by virtue of (4.32),

B+l
B

zZl + SZf — pweaklyin L # ((0,7T) x ). (6.12)

In particular, equations (4.4a), (4.4b) and (4.4c) (with p instead of Z¥ + 8 Z#) are satisfie in the
sense of distributions and the limit functions satisfy the initial condition

Q(Ov ) = 90,5(')7 Z(Ov ) - ZO,B(')a (Qu)(07 ) = qo,(S(')s (613)

where (00,5, 20,5, 4¢,5) are define in (4.3).
Thus our ultimate goal is to show that

p=2ZV +57° (6.14)
which is equivalent to the strong convergence of Z, in L'((0, T') x ).
6.2. Effective viscous ux

We introduce the quantity Z¥ + §Zf — (A + 2u) dive called usually the effective viscous
flux This quantity enjoys remarkable properties for which we refer to Hoff [8], Lions [10], or
Serre [15]. We have the following crucial result.

Lemma 10. Let 9¢, Z¢, uc be the sequence of approximate solutions, the existence of which is
guaranteed by Proposition 2, and let o, Z, u and p be the limits appearing in (6.1a), (6.1b),
(6.1c) and (6.12) respectively. Then

T T
lim w/qb(ZZ—I—SZf—()»—i—Zu)diqu)Ze dxdz=/¢/¢(ﬁ—(x+2u)divu)z dx dr
0 Q

e—~>0t
0 Q

for any ¢ € C2°((0, T)) and ¢ € C2°(R2), passing to subsequences, if necessary.
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The proof of Lemma 10 is based on the Div—Curl Lemma of compensated compactness, see
Lemma 9. We will not present it here, as it is a relatively standard result in the theory of weak
solutions to the compressible Navier—Stokes equations; see e.g. [13] for more details. The basic
tools for the proof can be found in Section 3. We shall give more details to the proof of a similar
result used in the limit passage § — 0, where, moreover, several arguments are more subtle than
here.

We conclude this section by showing (6.14) and, consequently, strong convergence of the
sequence Z, in L' ((0, T) x Q).

Recall that Z solves (6.10) in the sense of renormalized equations, see Lemma 5. Thus, we
take b(Z) = ZIn Z (see Remark 2) to get

T
//Zdivxudxdrzfzo,a ln(Zo,s)dx—/Z(T)ln(Z(T))dx. (6.15)
0

Q Q Q
On the other hand, Z, solves (4.4b) a.e. on (0, T') x €2, in particular,
0:D(Ze) + divy (b(Ze)ue) + (b/(Ze)Ze - b(Zs)) divaue —€Ab(Z) <0

for any b convex and globally Lipschitz on R™; whence

T
/f (V' (Z)Ze = b(Z0)) divuc dx dr E/b(Zo,,g)dx—/b(ZE(T))dx
0

Q Q Q

from which we easily deduce

T
//Ze divu, dxdz5/20,51n(20,5)dx—/ZE(T)ln(ze(T))dx. (6.16)
0

Q Q Q

Note that

/Z(T) In(Z(T)) dx flim(i)rlf/ Ze(T)In(Z(T)) dx.
Q Q

Take two non-decreasing sequences v/, ¢, of non-negative functions such that
Y, € CX00,T), v, = 1, ¢, € CX(Q), ¢y — 1. (6.17)

Lemma 10 implies that

e—0t e—0t

T T
1imsup/1/fm/¢m(zg +828)7. dxdtglimsup/w,,/%(zg +828)Zc dxdr
0 Q 0 Q
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T
< eir& Y / ¢n (27 +82F — (A +2p) divae) Ze dxdr
0 Q
T T
+ A +2uw) limstip/ /5 / OnZcdivue dxdr < / /5 /qbn(ﬁ — (A +2n)divyu)Z dx de
SR S o @

T T
+(k+2u)limsup/fze|l — Yndnlldivue| dxdt—l—()L—|—2/L)limsup‘/./ZedivuE dx dr.
0 Q 0 Q

e—~>0t e—0F

Using also (6.15) and (6.16), we observe that

T
limsup/wm/¢,n(Z;’ —l—(SZf)ZE dx dt
0 Q

e—0t
T
S//ﬁz dxdr +n(n) + (}»—I—Z,LL)I:/ Z(T)In(Z(T))dx — limsup/ Ze(T)YIn(Z:(T)) dx]
e—0t
0 Q Q

for all m < n, where
n(n) — 0 for n — oo.

Thus we have proved

e—>0t

T T
limsupfwmf¢m(ZZ+SZf)Z€ dxdtf//ﬁz dxdr, Vm>1.
0 Q 0 Q

To conclude the proof of (6.14), we make use of a (slightly modified Minty’s trick. Since the
nonlinearity P(Z) = Z? + 8Z# is monotone, we have for any v € LA+1((0, T) x )

T
/me/(ﬁm(P(Ze) — PW)(Ze —v) dxdt >0
0 Q

and, consequently,

T

T T
//ﬁz dxdt—l—/l/fm/quP(v)v dxdt—/l//m/qu(ﬁv—l—P(v)Z)dxdtzO.
Q 0 Q 0 Q

0

Now, letting m — oo, we get
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T
//(ﬁ— PW)(Z—-v)dxdr >0
0 Q

and the choice v=Z +ng,n — 0, ¢ € C2°((0, T) x ) arbitrary, yields the desired conclusion
=27 +587P.

To finis the proof of Proposition 1 we have to show (4.20). To this aim, we use as test function
in (4.1c) solution to (cf. Lemma 8 in Section 3)

1
divy =2 — —/z9dx
IQIQ

with homogeneous Dirichlet boundary conditions, where 6 > 0 is a constant. Due to proper-
ties of the Bogovskii operator we may show (the proof is similar to the case of compressible
Navier—Stokes equations, see e.g. [13])

y+0 p+0
||Z||LV+0((0,T)><Q) + SHZ”L)‘HO((O,T)XQ) = Cc

with 6 < min{%, %y — 1}. Other estimates can be obtained easily. The proof of Proposition 1 is
finished

7. Passing to the limit in the artificial pressure term. Proof of Theorem 2

Our next goal is to let § — 0. We will relax the assumptions on the growth of the pressure
and on the regularity of the initial data. We are again confronted with a missing estimate for the
sequence of densities which would guarantee the strong convergence. Additional problems will
arise from the fact that the a priori bounds for the density do not allow us to apply the DiPerna—
Lions transport theory, see Lemma 5. To overcome these difficulties we will apply to system
(4.1) Feireisl’s approach. Accordingly, the solution of problem (4.1) obtained in Proposition 1
above will be denoted o5, Zs, us.

7.1. Limit passage based on a priori estimates

Using estimates independent of the parameter §, i.e. (4.13)—(4.20), as well as the procedure at
the beginning of the previous section we show (see also [13])

0s = 0in Cy ([0, T]; LY (R2)), (7.1a)
Zs — Zin Cy ([0, T]; LY (), (7.1b)
us — u weakly in L>(0, T; W, *(2,R?)), (7.1c)
2
ostts — om in Cp ([0, T]; L71 (R, R3)), (7.1d)
ostts ® us — ou ® u weakly in L((0, T) x , R3>*3)  for some g > 1, (7.1e)
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_ vt
QB; — oY weaklyin L ¥ ((0,7) x ), (7.19)
_ +6
Z! - 77 weakly in L'7 ((0.T) x ), (7.1g)
(SZ(/;S — 0 weakly in LY((0,T) x ), forsome g > 1, (7.1h)

passing to subsequences as the case may be.
Consequently, o, Z, u satisfy

30 + div(ou) =0 in D' ((0, T) x R?), (7.2)
8 Z +div(Zu) =0in D' ((0, T) x R3), (7.3)
9 (ou) +diviou @ u) + VZ7 = uAu+ (u+ 1) Vdive in D'((0,T) x 2, ]R3). (7.4)

Thus the only thing to complete the proof of Theorem 2 is to show the strong convergence of Zs
in L1((0, T) x ) which is actually equivalent to identifying Z¥ = Z¥.

7.2. Strong convergence of Zs
Recall that the cut-off functions T and T} were introduced in (3.8)—(3.9).

7.2.1. Effective viscous ux
As in Section 6, we need the following auxiliary result:

Lemma 11. Let 05, Zs, us be the sequence of approximate solutions constructed by means of
Proposition 1. Then

T
51it{)1+/1///¢(23; — (A +2w) divu(g)Tk(Zg) dx dr
0 Q

T
=/¢/¢(ﬁ—(A+2M)divu)Tk(zg) dx dr (7.5)
0 Q

for any € C°((0, T)) and ¢ € C2°(R2), passing to subsequences, if necessary.
Proof. Recall that we have for § > 0 the renormalized form of equation (4.1b)
81 (Tk(Zs)) + div(Ti(Zs)us) + (Z5sT(Zs) — Ti(Zs)) divas =0, (7.6)

however, for the limit we only have

3(Ti(2)) + div(Te(Z)u) + (ZT)(Z) — Te(Z)) divu =0, (7.7)

both in the sense of distributions.
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We use as the test function in the approximated momentum equation (4.1c) the function

05 =VdVAT 1oTi(Zs)] = Y AlloTi(Zs)], k €N,

and for the limit equation (7.4) the test function

¢ =Y oVAT 1T (2)] = v AlloTi(2)], k e N.

Here, ¥ € C2°(0, 00) and ¢ € C2°(K2), for the definitio of A see Section 3. Note that thanks to
properties of ¥ and ¢ we indeed extend our domain from €2 onto the whole space R3. It allows
then to work with A define in terms of Fourier multipliers.

We get

§—0t

T
lim /yf/(¢ngk(zs)+zgv¢-A[lng(g,g)]) dx dr (7.8)
0 Q

T
— lim 1[//([><Mvu5 :’R[IQTk(Zg)]+(A+u)divu5Tk(Zg)) drdr

§—0+
0 Q

§—0+

T
—[v [ (¢sz7 7z
0 Q

T
—/1///¢(MVu:R[IQTk(Z)]+(A+u)divuTk(Z)> drdr
0 Q

T
_/w
0

T
+51i1})1+f¢/ (d’Qaua ~ALdV(Ti(Zs)us) + (ZsT(Zs) — Ti(Zs)) divus]
0 Q

T
— lim /g///(uVu5~V¢~A[19Tk(Zs)]+(A—l—u)divu,;Vd)~A[19Tk(25)]) dx dr
0 Q

—_ 77V A[19Tk(2)]) drdr

(1Va- V- ANQTZ)) + O+ ) divaVe - AllgTi(Z)]) dv dr

:O\

— 05(us ®s) : V (9 AlQTL(Zs))) ) dudr

T
- / ) / (qbgu SAdV(Ti (Z)u) + (ZTU(Z) — Ti(Z)) divu]
0

Q

—ou®u):V (¢A[1QW])) dxdr
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T T
—821&/‘3:1///(17@5“5~A(Tk(Za)) dxdt-i-/aﬂlffd’gu'A[Tk(Z)] dx dr.
0 Q 0 Q
We have

/ ¢Vus : RllaTi(Zs)] dx = / ¢Z (o ubRis 1 aTi(Zs)]) dx

i,j=1

-/ 3 (0, @up Ry [12Tk(Z5)1) dx

Q b=l

3
f > (0, 0uiRi12T0(Z0)1) dx

i,j=1

- / ¢ divaes Te(Zs) dx + / Vo - usTi(Zs)dx
Q
e

Consequently, going back to (7.8) and dropping the compact terms, where we use

"n M el

(2, @us Ry 12T (Z5)]) dx

i

AllaTi(es)] = AllaTi(e)]in C([0, T] x ),
we obtain

T
lim 1///¢(Z§’Tk(Z,;)—(A+2M)divu5Tk(Z,g)) dx dr (1.9)

§—0F
0

Q

v ¢(ﬁ Te(Z) — O+ 2u) div uTk(Z)) dxdr

o—
{O\

§—0F

= lim [y f (osts - ALGV(T(Zs)us)] - 03 (s © us) : Rl1aTi(Zs)]) dx di
Q

—/1/f/(¢>Qu~A[diV(Tk(Z)u)]—Q(u®u):’R[lssz(Z)]> dxdz.
Q
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Our goal is to show that the right-hand side of (7.9) vanishes. We write

f¢[98ua -Allq div(Ti(Zs)us)] — 05 (s @ us) :R[lnTk(Za)]]dx
Q

= f pus - I:Tk(Zs)A[diV(IQqua)] — osus - R[IQTk(Zs)]] dx + Lo.t.,
Q

where l.o.t. denotes lower order terms (with derivatives on ¢) and appear due to the integration
by parts in the firs term on the left-hand side. We consider the bilinear form

3
owl= Y (v Rylw/] - w' Ry 107]),
ij=1
where

v=v(2) = (Tx(2), Ti(Z), Tk (2)), w=w(o,u)=ou.

We may write
3 .
Z (vl'R,‘j[u}j] — wiR,‘j [Uj]>
i,j=1
3
= 2 (0 =Ry DRy w] = (' = Ry [w DRy [0/1) =U -V = W Z,
i,j=1

where

3 3
U'=Y "0 =Ry, W= ' —Rij[w/]), divU =divW =0,
j=1 =1

and
3 3
Visa, | Y aTagwl |, Zi=a, [ DA o0 | i=1,2,3.
j=1 j=1

Therefore we may apply the Div—Curl lemma (Lemma 9) and using

Ti(Zs) — Ti(Z) in Cyeak([0, T1; LY(2)), 1 < g < 00,
ostts — ou in Cyear ([0, T1; L2/ TD(Q; R3)),

we conclude that
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Ti(Zs)(t, ) Allg div(osus)(t, )] — (osus)(t, ) - R1oTk(Zs)(t, )] (7.10)

—
Ti(Z)(2, ) Allqdiv(ou)(t, )] — (ew)(t, ) - R[1Ti(Z)(t, )]
weakly in L°(€; R3) forall € [0, T],

with

2y

s < .
y+1

Note that s > g since y > % and thus the convergence in (7.10) takes place in the space

L0, T; W 12(Q)) forany 1 < g < o0;
going back to (7.9), we have
T
lim / v / ¢(z{ Tu(Zs) — (h+ 2p) div u(;Tk(Zg)> dx dr (7.11)
Q

§—>0t
0

T
=/w/¢(ﬁ Tk(Z)—(A+2/L)divuTk(Z)) dedr. O
0 Q

Remark 3. Observe that an analogue of equality (7.6) holds also when we consider o5 instead of
Tx(Zs), where o5 are uniformly essentially bounded and satisfy

0r0s + div(osus) = fs

where f; are bounded in L2((0, T) x §2) (see [11] and [14]). This generalization will be necessary
in Section 8.

7.2.2. Oscillation defect measure and renormalized solutions
The main results of this part are essentially taken over from [3]:

Lemma 12. There exists a constant c independent of k such that

limsup [ Tx(Zs) — Te(Z) | Ly +1 0,1y x2) = € (7.12)
§—>0*t

with c independent of k > 1.

Proof. One has
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T T
limsup// (zgrk(zs) —WW) drdr =1imsup//(zg — ZV)(Ti(Zs) — Ti(Z)) dxdr
=07 5 2 =00 5 2
T T
+ / /(ﬁ— Z'NTx(Z) — Ti(Z)) dx dt > limsup/ /(zg — Z"Y(Ti(Zs) — Ti(Z)) dx dt
0 Q =07 5 2
T
zlimsgp//m((ztg)—Tk(Z)IVH dxdr, (7.13)
§—0
0 Q

as Z +— Z7 is convex, Ty concave on R, and

@ = YT (@) — Te() = | Tk () — T+ (7.14)
for all z, y > 0. Hence,
T T
limsup/[|Tk(Z5)—Tk(Z)|y+] dxdzg//(zka(Z)—WTk(Z)) dx dt. (7.15)
8=07 0 Q 0 Q
On the other hand,
T
limsup//divu(;(Tk(Zg) — Tk(Z)) dx dr
§—0t
0 Q

§—0t

T
=limsup//(Tk(Z,;) —Ti(2) + Ti(Z) — Ti(2)) divus dx dt
0 Q
<2sup|[divusll 20 1yxq imsup | Tk(Zs) — Ti(D) 20, 1yx)-  (7-16)
§>0 §—>07t

Relations (7.14), (7.15) combined with Lemma 11 yield the desired conclusion. O
Using the result of Lemma 12 one has the following crucial assertion (see Lemma 7):
Lemma 13. The limit functions (Z, u) solve (1.7b) in the sense of renormalized solutions, i.e.,
0:b(Z) + div(b(Z)u) + (' (Z)Z — b(Z))divu =0 (7.17)

holds in D' (0, T) x R3) for any b € CY(R) satisfying (2.18) provided (Z,u) are extended by
zero outside Q2.
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7.2.3. Strong convergence of the density
We are going to complete the proof of Theorem 2. To this end, we introduce a family of
functions (L )k>1:

Note that Ly is convex for any k > 1 and
ZL(Z) — Li(Z) = Ty (2). (7.18)
We can use the fact that (Zs, us) are renormalized solutions of (4.1b) to deduce
O Li(Zs) + div (Li(Zs)us) + Ti(Zs) divus = 0 (7.19)

in D0, T) x R3) with Zs, us extended by zero outside of 2. Similarly, by virtue of (7.3) and
Lemma 13 (as above, we may justify the use of L (-) by density argument)

Li(Z) + div (Li(Z)u) + Ti(Z) divu =0 (7.20)

in D' ((0,T) x R3).
In view of (7.19), we have

Li(Z5) > Li(Z) in Cy([0,TT; L9()) (7.21)

forall 1 < g < co. Hence (7.19) yields

W Li(Z) + div(Le(Z)u) + Te(Z) dive = 0 (7.22)

in D'((0, T) x R3). Therefore, (7.20) and (7.22) imply

T
/ (Lk(Z(T)) - Lk(Z(T))) dx = f/ (Tk(Z) dive — T(2) divu) dedr.
0

Q Q

Due to convexity of L (-) we have

T
05//(Tk(Z)divu—Tk(Z)divu) dxdr
0 Q

T T

fff(Tk(Z)—Tk(Z)) diva dxdt+//<Tk(Z)divu—Tk(Z)divu) dxdr.
0 Q

0 Q

Now, the effective viscous flu equality (7.5) and (7.15) imply
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T T
1imsup//|Tk(Z,;)—Tk(Z)P”H dxdtg//(Tk(Z)divu—Tk(Z)divu) dx dr;
2u+r 50+ 2 J

0 0

whence

T T

limsup‘//|T,r<(Z(;)—Tk(Z)|Vle dxdtf//|Tk(Z)—Tk(Z)||divu| dx dr
2u+2 50+
0 Q 0 Q

y—1 v+l

|Ti(Z) — Ti(D)||

= CIT(Z) = Te(D)|l

2y | 2y
L1((0,T)xQ) LY+1((0,T)xR)"

Recall that
17(Z) — Tk(Z)“Ll((o,T)xg) <|Tx(Z) — Z”Ll((oj)xg) +1T(Z2) — Z||L1((0,T)><Q),

yielding

Jm 1T(Z) = Te(2) 1. 1yx) =0

sup limsup [| Tk (Zs) — T (2) | y+1 0,1y x ) < +00,
k>1 §—0t

we also have

lim limsup |7x(Z5) — Tk ()|l Ly+10.1yx ) = 0-

k=00 5,0+
Therefore, one verifie that
Zs — Z strongly in L1((0, T) x )
for any ¢ < y + 0. The proof of Theorem 2 is finished
8. Proof of equivalent formulations
From Theorem 2 it follows that for any y > % there exists a triple of functions
(0, Z,u) € L®(0, T; LY (R)) x L0, T; LY (R)) x L*(0,T; Wy *(2,R%) (8.1
satisfying equations (1.7) in the sense specifie in Definitio 2. However, in what follows, we
will use the result only for y > %.
Our aim will be to deduce from this the existence of s € L°°((0, T') x 2) such that the pressure
in the momentum equation equals p = o¥ 7T (s) satisfying either equality (2.13) or the distribu-

tional formulation of (1.6b) with corresponding initial data in a similar way as suggested in
Feireisl et al. [7].
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9
8.1. The casey > 3
We firs present the main ideas of the proof which corresponds to the situation

Zo 1
—Ligg=0) = T(50)” L{gp=0) = 1.
ey

Due to the construction we know that functions (o, Z, u) extended by zero outside of 2 fulfil
equations (1.7a), (1.7b) in the sense of distributions on the whole (0, T') x R3. Therefore, we
may test both of these equations by &,(x — -), where &, is a standard mollifie . We obtain the
following equations

oy + diviggu) =ry. (8.2)
0 Zy+div(Zym) =1y, (8.3)

satisfie a.e. in (0, T) x R3, where by ay we denoted a * &,. From the Friedrichs lemma (see

e.g. [13]) we know that r,}, r,zl converge to 0 strongly in L'((0, T) x R?) as n — 07 (the strong
1

convergence of r, requires the stronger assumption on y). Now we multiply the firs equation
1

_ ((inv:)\);)z and the second by o with A > 0, respectively. Note that for » fi ed 9;0, and
n Y

9;Z, belong to L>°(0, T; C® (R3)), so these are sufficientl regular test functions. After some

manipulations, we obtain the following equation

Z A Z A Z A A
Bz(L>+div|:< n )u]—[( nt )g"—l— :|divu
ont+A opt+A (o5 +2A) oy +A

| Lyt A » 1
=" 3T
(o5 +A) on + A

satisfie a.e.in (0, T) x R3. Note that Z,,(t,x) = [ps Z(t, y)&;(x — y)dy < ¢* [p3 0(t, ¥)Ep(x —
y)dy = c*oy, therefore

Zy+ A * A 1
Lot A < oyt <max{l, c*},
Qn"‘)\ Qn+)\ Q17+)L

> —

<

So, for A fi ed, we may use the strong convergence of 0, — 0, Z;, — Z and the dominated
convergence theorem to let n — 0 and to obtain the following equation

Z+2 Z+2 Z+ A
a,(L)eriv[(L)u]—[%Jr—]divu:o
o+A o+ (0+2) o+

which is satisfie in the sense of distributions on (0, T') x R3. Before we pass to the limit with
A — 07 note that we may distinguish two situations

e for o =0 we have Z = 0 and therefore % =1, while gﬁgf + Qﬁ =1,
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e for o > 0 we have % <max{l,c*}, o + 2 > 0, Z + A — Z strongly in L*(0; T;

leoc(R3))’ therefore % — % strongly in L*°((0, T') x R3) and so (@;52@ + Q% — %.

Recall that this construction corresponds to the choice ¢o = 1 in (2.21). In the more general
1
case, for 7 (s9)” = Ap we would have to replace A in the numerator by Agh.

The case of non-constant Agl,y—o = T(so)% 1gy=0 € L*°(2) demands a bit more technical
treatment. Let A be any solution of the transport equation (1.6b) with the initial data Ag. Such
solution can be found using smoothing of u and solving the transport equation by the method
of trajectories. Along with (8.2) we also test the transport equation for A by the same family of
mollifier obtaining

WA, +uVA,=r

with r,3] — 0in L'((0,T) x R?) as n — 0T. In combination with the continuity equation we
obtain

0 (Zy +1Ay) +div((Zy + AApu) =1y + A(r) + A, diva). (8.4)

We multiply the last equality by Qn]ﬂ and mimicking the previous approach we obtain

VA LA Z,+ LA Z LA LA
3, (M)Hhv[(M)u] _ [( ntrAye, | Ady ]divu
op+A ont+A (Qn+)‘) oyt A

N e ey - S S B S
" (on +1)? Top+r Topti

Next, we let n — 07 and get

Z+AA Z+21A Z+2A AA
8;( i >+div|:< + )u}—[( + ZQ_’_ ]divu:O.
o+A o+ 0+ A1) o+
Let us denote 6 = % for o > 0 and & = A for ¢ = 0. Observe that ¢, <6 < ¢* almost everywhere

Z+Ax
o+h

in (0, T) x Q2. Once again, we use the uniform boundedness of and send A — 07 obtaining

9;0 + div(fu) —0divu =0
or, equivalently,
0 +u-ve=0 (8.5
in the sense of distributions on (0, T) x R3. The initial condition Ay is attained in the sense of
weak solutions for the transport equation. In addition, we can renormalize this equation, using

any G € C'(R) and deduce that

%GO +u-VG©O) =0 (8.6)
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is also satisfie in the sense of distributions on (0, T') x R3. Taking for example G(0) = T 1Y),
we obtain equation for s

s +u-Vs=0, 8.7)
and, for G(0) = B(T~1(67)), also its renormalized version
8 B(s)+u-VB(s)=0 (8.8)

satisfie in the sense of distributions on (0, T') x R3 for any B € C!(R).

In order to obtain the weak solution to problem (1.1b) we need to test equation (8.7) by o.
This is, however, not allowed due to low regularity of o. Instead we will use ¢g,, where ¢ €
C2°((0,T) x R3) and 0y satisfie (8.2). Here we essentially use the fact that ¢ € L2((0,T) x ),

hence this step cannot be repeated for y less than %. Then we also multiply (8.2) by ¢s and sum
up the obtained expressions to deduce

T T T
/fgnsat(pdxdt—}-//(g,,su)-dexdt:—/fr,%sgadxdr.
0

0 R3 0 R3 Q

Having this formulation we pass to the limit with 7 — 0, note that the term on the r.h.s. vanishes
and therefore we obtain

T T
f/gs&,(pdxdt-l—f/(gs@~V(odxdt=0. (8.9)

0 R3 0 R3

Note that if we start from (8.8), we can also get

T T
/ng(s)@,(pdxdt+//(QB(s)u)~V(pdxdt:0 (8.10)

0 R3 0 R3

for any B € C' (R).

Thus we have almost our formulation from Definitio 1, except the initial condition. Indeed,
for the moment we only know that equation 9;(os) + div(osu) = 0 is satisfie in the sense of
distributions on (0, T') x R3. Moreover, from the L>((0, T) x R?) bound on s and the above
equation, we deduce using Arzela—Ascoli theorem that os € Cy, ([0, TT; LY (2)).

To recover the initial and the terminal condition, we need to use a test function ¢ from the
space C1([0, T1 x ) instead of C2°((0, T) x Q). To this purpose we defin the following func-
tion

Lo(t,x) for t<t

P (t,x) =1 ¢, %) for ¢
%(p(T—f,x) for T —1<t

<
<t=<T-—r,
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for ¢ € C1([0, T x Q). Note that ¢, is an admissible test function for (8.10), we can write

T T
f/gs3,godxdt+//(@su)~Vgodxdz
T Q 0 Q

T T
1 1
2_7//Qs<p<f,x)dxdt+f f /st(T—r,x)dxdr. (8.11)
T T
0 Q

T—1t Q

We represent function (1, x) as @(t, x) = Y (1) (x) (or approximate by such sums), where ¥ €
CX((0,T)), ¢ € C°(R2), then the rh.s. of (8.11) equals

T T
f%f/ngo(r,x)dxdt+% / fgsw(T—r,x)dxdt
0 Q T—1t Q
T T
:—wit)//gs;“(x)dxdt-l—@ / /Qs;(x)dxdz,
0 Q T—1t Q

and by the weak continuity of ps, letting T — 0, we conclude that

T T
//Qsatq)dxdt—i-//(gsu)oV(pdxdt (8.12)
0 Q 0 Q

= —/(QS)(O, 290, )dx + /(.QS)(T» Je(T, )dx
Q Q

=—/So(-)w(0, -)dX+/(QS)(T, Je(T, )dx
Q

Q

and so the statement of Theorem 1 is proven. Similarly we may get the initial condition for s(z, -).
8.2. The case y > %

The case of general y has to be treated differently, due to the lack of L2((0, T) x ) estimate
on o and Z. The latter is necessary to apply the DiPerna—Lions technique of renormalization of
the transport equation [1]. In the general case, we have to use more subtle technique developed
by Feireisl, see e.g. [4] and used recently in [11] to study stability of solutions to system (1.6).
In this section we will extend the stability result and prove existence of solutions to system (1.6)
by giving a suitable sequence of approximative problems.

As a starting point for the further analysis we take system (4.1) with 8 > max{y, 4} and initial
data Zo s = %, with ¢o s satisfying (2.21). At this stage, we are able to repeat the procedure

do,
described in the previous section in order to recover equation (8.5) for 85 and its renormalized
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version (8.6) in the sense of distributions on (0, T) x 2. Moreover, 05, 05 I are bounded in
L®((0, T) x ) uniformly with respect to §. Thus, our system

9;0s + div(gsus) =0, (8.13a)
0 B(¥s) +us - VB(65) =0, (8.13b)
3 (0sus) + div(osus ® us) + V(0s0s)? + 8V (0505)” = divS(Vus), (8.13¢)

where 05 = %, is satisfie in the sense of distributions on (0, 7') x 2. Observe that o5 belongs

(not necessarily uniformly with respect to §) to L#((0, T) x €2) for each § > 0. At this stage we
can use the stability result given by Theorem 3.1 in [11] and finis the proof of Theorem 3.

For the sake of completeness, we will provide the limit process § — 07 following the argu-
ments from [11]. We take {5 =65 ! and denote ¢ the weak-« limit of ¢s (or its subsequence) in

L°((0, T) x 2). For any § > 0 the pair ({5, us) satisfie the transport equation in the weak sense

(see Definitio 4) along with the initial data ¢o s = %. As we know from Section 7, sequence

Zs = % (or its subsequence) converges strongly in LI((0,T) x Q) to Z for any g <y +6.
Hence for the same ¢ we have

05 = Zsts — Z¢ weakly in LY((0, T) x Q).
Therefore ¢, o and u satisfy in the weak sense

0 + div(ou) =0, (8.14a)

Y
3 (ou) + diviou @ u) + V (?) = divS(Va). (8.14b)

The next step is to show that the pair (¢, u) satisfie the transport equation
% +u-vi=0 (8.14¢)
in the weak sense. We apply the Div—Curl lemma (Lemma 9) with
Us = (55, Gsus), Vs =(@},0,0,0),
where j € (1,2, 3}. We know that div U and curl V5 are bounded in L>((0, T) x £2), hence pre-
compact in W=12((0, T) x §2). Therefore we obtain {sus — Cu weakly in L2((0,T) x Q,R3).

Due to the strong convergence of the pressure terms Z;’ we get by the means of Lemma 11 (and
Remark 3)

s divus — ¢ diva weakly in L2((0, T) x ).

Therefore (8.14c¢) is satisfie in the weak sense and due to the boundedness of ¢ it is also a
renormalized solution. The proof of Theorem 3 is complete.
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We present here a general method based on the investigation of the relative energy of the system that
provides an unconditional error estimate for the approximate solution of the barotropic Navier—Stokes
equations obtained by time and space discretization. We use this methodology to derive an error estimate
for a specifi DG/finit element scheme for which the convergence was proved in Karper (2013, Numer.
Math., 125, 441-510).
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1. Introduction

The aim of this paper is to derive an error estimate for approximate solutions of the compressible
barotropic Navier—Stokes equations obtained by a discretization scheme. These equations are posed on
the time—space domain Qy = (0, 7) x £2, where §2 is a bounded polyhedral domain of R d=2,3 and
T > 0, and read

9,0 + div (ou) =0, (1.1a)
9;(ou) + div(ou @ u) — pAu — (u + 2)Vdivu + V,p(0) =0, (1.1b)

supplemented with the initial conditions
0(0,x) = 0o(x), ou(0,x) = gouo, 1.2)
where oo and u are given functions from £2 to R, and R, respectively, and boundary conditions
u0.)x02 =0. (1.3)

In the above equations, the unknown functions are the scalar density fiel o(,x) > 0 and vector veloc-
ity fiel w= (uy,...,uqs)(t,x), where 1 € (0,T) denotes the time and x € §2 is the space variable. The

(© The authors 2015. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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viscosity coefficient  and A are such that

2
n>0. At Sp>0. (1.4)

The pressure p is given by an equation of state, that is, a function of density which satisfie
peC([0,00)NC'(0,00), p0)=0, p(e)>0. (1.5)

In addition to (1.5), in the error analysis, we shall need to prescribe the asymptotic behaviour of the
pressure at large densities:

y p'(0)
m

[ =P >0 withsomey >1; (1.6)
0—00 QV*

furthermore, if y < 2 in (1.6), we need the additional condition (for small densities),

/
lim inflM =po>0 withsome o <0. (1.7)
0—0 Qa+l

The main underlying idea of this paper is to derive the error estimates for approximate solutions of
problem (1.1-1.3) obtained by time and space discretization by using the discrete version of the relative
energy method introduced on the continuous level in Feireisl e al. (2011, 2012) and Feireisl & Novotny
(2012). In spite of the fact that the relative energy method looks at the frst glance pretty much similar
to the widely used relative entropy method (and both approaches translate the same thermodynamic
stability conditions), they are very different in appearance and formulation and may provide different
results. The notions of relative entropy and relative entropy inequality were firs introduced by Dafermos
(1979) in the context of systems of conservation laws and in particular for the compressible Euler
equations. The relative energy functional was suggested and successfully used for the investigation
of the stability of weak solutions to the equations of viscous compressible and heat-conducting fluid
in Feireisl & Novotny (2012). In contrast with the relative entropy of Dafermos, for the viscous and
heat conducting fluids the relative energy approach is able to provide the structural stability of weak
solutions, while the relative entropy approach fails in this case.

Both functionals coincide (modulo a change of variables) in the case of (viscous) compressible flow
in the barotropic regime. The relative energy functional and the intrinsic version of the relative energy
inequality have been recently employed to obtain several stability results for the weak solutions to these
equations, including the weak—strong uniqueness principle; see Feireisl e al. (2011, 2012). Note that
particular versions of the relative entropy inequality with particular specifi test functions had been
previously derived in the context of low Mach number limits; see, e.g. Masmoudi (2001) and Wang
et al. (2010).

The discrete version of the Dafermos relative entropy was employed in the nonviscous case to derive
an error estimate for the numerical approximation to a hyperbolic system of conservation laws and, in
particular, to the compressible Euler equations (Cances et al., 2013). In this latter paper, the authors
assume an L*>°-bound for the discrete solution, which is uniform with respect to the size of the space and
time discretization (usually called a stability hypothesis), that is not provided by the discrete equations.
The same method with the same severe hypotheses has been used in Yovanovic (2007) to treat the
compressible Navier—Stokes equations. The error analysis in the present paper relies on the theoretical
background introduced in Feireisl e al. (2012) and yields an unconditional result; in particular, we do
not need any assumed bound on the solution to get the error estimate.
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The mathematical analysis of numerical schemes for the discretization of the steady and/or non-
steady compressible Navier—Stokes and/or compressible Stokes equations has been the object of some
recent works. The convergence of the discrete solutions to the weak solutions of the compressible sta-
tionary Stokes was shown for a finit volume—nonconforming P1 finit element (Gallouét ef al., 2009;
Eymard et al., 2010a,b) and for the well-known Marker and Cell (MAC) scheme which was introduced
in Harlow & Welsh (1965) and is widely used in computational flui dynamics (see, e.g. Li & Sun,
2014). The unsteady Stokes problem was also discretized by some other discretization schemes on a
reformulation of the problem, which were proved to be convergent (Karlsen & Karper, 2010, 2011,
2012). The unsteady barotropic Navier—Stokes equations were recently investigated in Karper (2013)
in the case y > 3 (there is a real difficult in the realistic case y < 3 arising from the treatment of the
nonlinear convective term). However, in these works, the rate of convergence is not provided; in fact, to
the best of our knowledge, no error analysis has yet been performed for any of the numerical schemes
that have been designed for the compressible Navier—Stokes equations, in spite of its great importance
for the numerical analysis of the equations and for the mathematical simulations of compressible flui
flows We present here a general technique to obtain an error analysis and apply it to one of the available
numerical schemes. To the best of our knowledge, this is the frst result of this type in the mathematical
literature on the subject.

To achieve the goal, we systematically use the relative energy method on the discrete level. From
this point of view, this paper is as valuable for the introduced methodology as for the result itself.
Here, we apply the method to the scheme of Karper (2013). In spite of the fact that this latter scheme
is not used in practice (see, e.g. Kheriji et al., 2013 for related schemes used in industrial codes), we
begin the error analysis with the scheme of Karper (2013) because of its readily available conver-
gence proof. In fact, we aim to use this approach to investigate the numerical errors of less academic
numerical schemes, such as the finit volume-nonconforming P1 finit element (Gallouét et al., 2008;
Gastaldo et al., 2010, 2011; Kheriji et al., 2013) or the MAC scheme (Babik et al., 2011; Herbin et al.,
2014).

The paper is organized as follows. After recalling the fundamental setting of the problem and the
relative energy inequality in the continuous case in Section 2, we proceed in Section 3 to the discretiza-
tion: we introduce the discrete functional spaces and the definitio of the numerical scheme, and state the
main result of the paper, that is, the error estimate formulated in Theorem 3.2. The remaining sections
are devoted to the proof of Theorem 3.2.

e In Section 4, we recall the existence theorem for the numerical scheme (Proposition 3.1) and derive
estimates provided by the scheme.

e InSection 5, we derive the discrete intrinsic version of the relative energy inequality for the solutions
of the numerical scheme (see Theorem 5.1).

e The relative energy inequality is transformed into a more convenient form in Section 6; see
Lemma 6.1.

e Finally, in Section 7, we investigate the form of the discrete relative energy inequality with the
test function being a strong solution to the original problem. This investigation is formulated in
Lemma 7.1 and finall leads to a Gronwall-type estimate formulated in Lemma 8.1. The latter yields
the error estimates and completes the proof of the main result.

Fundamental properties of the discrete functional spaces needed throughout the paper are reported in
the Appendix. Some of them (especially those referring to the L setting, p 42, that are not currently
available in the mathematical literature) are proved. Section 8 is therefore of independent interest.
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2. The continuous problem

The aim of this section is to recall some fundamental notions and results. We begin with the definitio
of weak solutions to problem (1.1-1.3).

DEFINITION 2.1 (Weak solutions) Let gg:$2 — [0,+00) and ug:2 — R? with finit energy
Ey= fg(%90|u0|2 + H (o)) dx and finit mass 0 < My = f_q 00 dx. We shall say that the pair (o, u) is a
weak solution to the problem (1.1-1.3) emanating from the initial data (oo, uo) if the following condi-
tions are satisfied

(@) 0€L™®(0,T;LY(2)), 0 >0a.e.in (0,T), and u € L*(0,T; Wy (£2));

(b) 0 € Cyeax ([0, T];LI(Q)), and the continuity equation (1.1a) is satisfie in the following weak
sense:

T

/dex
J R 0

(c) ot € Cyear ([0, T]; L' (£2)), and the momentum equation (1.1b) is satisfie in the weak sense,

/Qu-(pdx
2

T
—/ /(,uVu:quadxdt+(M+)L)divudiv<p)dxdt
0 Je

T
= | [@ig+ou-voracar veeprivoecr@o.nx @i @)
JO JR2

T

:/ / (ou - 39 +ou®u: Vo + p(o)div ) dxds
o Jo Je
VT €[0,T], Yo € C([0,T] x 2;R?); (2.2)

(d) the following energy inequality is satisfie

1
/ <§Q\u|2 +H(Q)> dx
J2

T

0
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+ / / (u|Vul> + (u + 1)|divel?) dedr <0 fora.a.t € (0,7), (2.3)
0 Je
0
with H(g) =0 / [LZZ) dz. 2.4)
J1 2

Here and hereafter the symbol [, g dx|f is meant for [, g(t,x) dx — [, go(x) dx.

In the above definition we tacitly assume that all the integrals in the formulas (2.1-2.3) are define
and we recall that Cyeq ([0, T7; L' (£2)) is the space of functions of L®([0, T; L' (£2)) which are contin-
uous for the weak topology.

We note that the function ¢+ H(g) is a solution of the ordinary differential equation
oH'(0) — H(o) = p(o) with the constant of integration fixe such that H(1) =0.

Note that the existence of weak solutions emanating from the finit energy initial data are well
known on bounded Lipschitz domains under assumptions (1.5) and (1.6) provided y > d/(d — 1); see
Lions (1998) for ‘large’ values of y, Feireisl et al. (2001) fory >d/(d — 1).
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Let us now introduce the notion of relative energy. We frst introduce the function

E: [0,00) x (0,00) > R,

, 25)
(0.1 = Elelr) = H(o) = H'((e — 1) — H(»,

where H is define by (2.4). Owing to the monotonicity hypothesis in (1.5), H is strictly convex on
[0, 00), and therefore

E(olr)>20 and E(o|r)=0 & o=r.

In order to measure a ‘distance’ between a weak solution (g,u) of the compressible Navier—Stokes
system and any other state (r, U) of the fluid we introduce the relative energy functional, define by

1
E.ulnU)= / (Emu ~UP +EG| r)) dx. 2.6)
2

It was proved recently in Feireisl ez al. (2012) that, provided assumption (1.5) holds, any weak solution
satisfie the following so-called relative energy inequality:

E(,ulr,U)(r) — E(o,u |, U)(0) + / / IV — U + (u + VIdivu — U)P)dx dr
0 2

< /r/(MVUZV(U*II)+(M+)\)diVUdiV(U7u))dxdf
Jo Je

+/ /QB,U-(U—u)dxdt+/ /Qu-VU-(U—u)dxdt
0 2 0 2

_/T/p(g)didexdt +/T/(r—g)3,H’(r)dxdt —// oVH'(r) -udxdr  (2.7)
0 2 0 2 0 2

for a.a. t € (0,7), and for any pair of test functions
reCl([0,T1x 2), r>0, UeC'([0,T] x Z;R), Ul =0.
The stability of strong solutions in the class of weak solutions is stated in the following proposition.

ProprosITION 2.2 (Estimate on the relative energy) Let £2 be a Lipschitz domain. Assume that the
viscosity coefficient satisfy assumptions (1.4), that the pressure p is a twice continuously differentiable
function on (0, 00) satisfying (1.5) and (1.6), and that (o, u) is a weak solution to problem (1.1-1.3)
emanating from initial data (oo > 0,u), with finit energy Ey and finit mass My= f o 00dx > 0. Let
(r,U) in the class

{r €C'([0,T] x £2), 0 <r=min 5, r(t,x) < r(t,x) <F=max g, 16,2, 29

UeC'([0,T] x 2;R?), Ulorxse=0
be a (strong) solution of problem (1.1) emanating from the initial data (ry, Uy). Then there exists

c=c(T, 2,Mo, Eo, 1, 7, |P'lc (> | (Y7, 8, U, VU, 8,U) || 1 (0:m1%) > 0
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such that, for almost all t € (0, T),
E(o,u|r,U)(t) < c€(0o,uo | 10, Uop). 2.9)

This estimate (implying among other results the weak—strong uniqueness) was proved in Feireisl
et al. (2012) (see also Feireisl ez al., 2011) for pressure laws (1.6) with y > d/(d — 1). It remains valid
under a weaker hypothesis on the pressure, such as (1.6) with y > 1; this can be proved using ideas
introduced in Bella ez al. (2014) and Maltese & Novotny (2014).

3. The numerical scheme
3.1 Partition of the domain

We suppose that £2 is a bounded domain of R?, polygonal if d =2 and polyhedral if d =3. Let 7 be a
decomposition of the domain §2 in tetrahedra, which we call hereafter a triangulation of §2, regardless of
the space dimension. By £(K), we denote the set of the edges (d = 2) or faces (d = 3) o of the element
K €T called hereafter faces, regardless of the dimension. The set of all faces of the mesh is denoted by
&; the set of faces included in the boundary 92 of £2 is denoted by & and the set of internal faces (i.e.
&\ Eext) is denoted by &;ye. The triangulation T is assumed to be regular in the usual sense of the finit
element literature (see, e.g. Ciarlet, 1991), and in particular, 7 satisfie the following properties:

. 2= Uker K;
o if (K,L)eT? then KNL=@or KNLisavertex or KN L is a common face of K and L; in the
latter case it is denoted by K|L.

For each internal face of the mesh o = K|L, n, k stands for the normal vector of o, oriented from K to L
(so thatn, x = —n, ). We denote by |K| and |o | the (d- and (d — 1)-dimensional) Lebesgue measure of
the tetrahedron K and of the face o, respectively, and by hg and h,, the diameter of K and o, respectively.
‘We measure the regularity of the mesh by the parameter 6 define by

Q:inf{i—’( KGT}, (3.1)

>
K

where &k stands for the diameter of the largest ball included in K. Last but not least, we denote by & the
maximal size of the mesh,
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h= hg. 32
paxhs 2
The triangulation 7 is said to be regular if it satisfie

0>6)>0. (3.3)
3.2 Discrete function spaces

Let 7 be a mesh of £2. We denote by L,,(§2) the space of piecewise constant functions on the cells of
the mesh; the space L, (§2) is the approximation space for the pressure and density. For 1 < p < oo, the

122



C Error estimates for a numerical approximation to the compressible barotropic
Navier-Stokes equations

ERROR ESTIMATES FOR A NUMERICAL APPROXIMATION 549
mapping
1/p
g+ Nl = lglp@) = (Z K|q,<|1’>
KeT

is a norm on L, (£2). We also introduce spaces of non-negative and positive functions:
Li(2)=1{qeLi(2), qx >0, VK € T}.

The approximation space for the velocity fiel is the space W;,(£2) = V;,(£2; RY), where V;,(£2) is the
nonconforming piecewise linear finit element space (Crouzeix & Raviart, 1973; Ern & Guermond,
2004) define by

Vi($2) = {v el*(2); VKeT, vik € P1(K); Yo € &, 0 =K|L,

/V‘](d5=/ v|LdS; VO’EEEX(, / VdS=O}, (34)

where P (K) denotes the space of affin functions on K and dS the integration with respect to the
(d — 1)-dimensional Lebesgue measure on the face o. Each element v € V,,(§2) can be written in the
form

V=D Ve, (), xR, 3.5)

o€€in

where the set {¢, }ocg,, C Vi($2) is the classical basis determined by

int

Y(o,0') € Es / 0 S =85 43 Yo' € Euxiy / 90, dS =0 (3.6)

o o

and {v,}oeg,, C R is the set of degrees of freedom relative to v. Note that V;,(§2) approximates the
functions with zero traces in the sense that, for all elements in V;,(£2), v, = 0 provided o € Eey. Since
only the continuity of the integral over each face of the mesh is imposed, the functions in V,(§2) may be
discontinuous through each face; the discretization is thus nonconforming in W' (£2; R?), 1 < p < .
Finally, we note that, for any 1 < p < oo, the expression

1/p

4

M) = (Z ||Vv|Ln(K;R¢,))
KeT

is a norm on V;,(£2) and we denote by V¥ (£2) the space V;,(£2) endowed with this norm.
We finis this section by introducing some notation. For a function v in L' (£2), we set

1
vK:—/vdx forkKe7 and $()= vklxk(), xef (3.7)
lK‘ K KeT

so that ¥ € L, (£2). Here and in what follows, 1x is the characteristic function of K.
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Ifve W7 (£2), we set

1
v(,:ﬁ/vds foro € €. (3.8)
o o
Finally, if v € W, ¥ (2), we set
e =D veps(x), x€R, (3.9)
o €€int

so that v, € V;,(§2). In accordance with the above notation, for v € Wol‘p (£2), the symbol ¥, means
V) =gk Vo b (x), the symbol vy, x = (1/|K]) Ji vi(x) dx and the symbol 97 = [(v;)]%.

3.3 Discrete equations

Let us consider a partition 0 =1y <t <--- <ty =T of the time interval [0, 7], which, for the sake
of simplicity, we suppose uniform. Let k be the constant time step k =1, — t,— forn=1,...,N. The
density fiel o(,,x) and the velocity fiel u(t,,x) will be approximated by the quantities

Q"W =) oflk(), W'=Y ulg,), (3.10)

KeT oef

where the approximate densities (0k)keTn=1
unknowns (with o}, € R* and u? € RY).
For future convenience, we defin here and hereafter,

~ and velocities (u))geg, n=1,.~ are the discrete

N N
060 =) 0" @1y 1@, w(t,x) =D u" ()l 1m0 @.11)

n=1 n=1
and recall that the usual Lebesgue norms of these functions read

N 1/p
—_ n —_ npP
lloll e @) =n2??“’_fN "z, Nl oremry =k (Z [lu |L:/(9;R3)> . (3.12)

n=1
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Starting from this point, unlike in Section 1, here and hereafter, the couple (o, u), respectively
(0",u"), introduced in (3.10-3.12) always denote, exclusively, a discrete numerical solution.

The numerical scheme consists in writing the equations that are solved to determine these discrete
unknowns. In order to ensure the positivity of the approximate densities, we shall use an upwinding
technique for the density in the mass equation. For g € L, (£2) and u € W;(£2), the upwinding of g with
respect to u is defined for o0 =K | L € &y, by

up _ {qK ifua ‘Ro gk > O, (313)

? qL lfuc N na,Kgos
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so that
> aPus k=Y (gelue no k1" = qulus 1o k1),
ae€(K) oe&(K)
o=K|L
where at = max(a,0), a~ = — min(a, 0).

Let us then consider the following numerical scheme (Karper, 2013).
Given (0°,u°) € L (22) x W,(R2) find (") 1<y C Ln(2)Y, @) 1<nn C Wi (2)N such that,
foralln=1,...,N,

n—1

ok — 0@

K K_+ olo™P[u” -n,x]=0 VKeT, 3.14a
k o o o
oeE(K)
|K| n..n n—1_n—1 nup ARUPr N
ZT(QKMK_QK Ug )'VK""Z Z lolog™ P, " [ug - no k] - vk
KeT KeT oe&(K)
=Y PR D lolve mex+p > [ Vu':Vydx
KeT oceE(K) keT VK
+(M+A)Z/divu"divvdx=0 Yy e W,(£2). (3.14b)
keT 'K

Note that the boundary condition u}, =0 if 0 € e is ensured by the definitio of the space V;(£2).
Note also that if o € &y, 0 = K|L, one has, following (3.7) and (3.13),

L r
TSI *
and
1
ﬁZ‘””:u”:*/u"(X)dx ifug -ngx <0.
L0, )

It is well known that any solution (0")i<,<nv C (L (£2))V satisfie " >0 owing to the upwind
choice in (3.14a) (see, e.g. Gallouét et al., 2008; Karper, 2013). Furthermore, summing (3.14a) over
K e T immediately yields the total conservation of mass, which reads

Yn=1,...,N, /g"dx:/godx. (3.15)
2 2

We finall state in this section the existence result, which can be proved by a topological degree
argument (Gallouét et al., 2008; Karper, 2013).

ProposiTiON 3.1 (Existence) Let (0%, u%)e L (£2) x W;,(£2). Under assumptions (1.4) and (1.5), prob-
lem (3.14) admits at least one solution:

(@) 1<nsn € LT, @) 1<ngn € [Wa()]".
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3.4  Main result: error estimate

Let (r,U):[0,T] x £+ (0,00) x R? be C? functions such that U =0 on 9£2. Let (o, u) be a solution
of the discrete problem (3.14). Inspired by (2.6), we introduce the discrete relative energy functional

: 1 An AN A
Sw",u"\r",U"):/ <5Q”Iu - U, +EC \r")) dx
2

1
=Y IK| (Egmu; — Uil + E(g;’{v,"()) : (3.16)
KeT

where

@) =r(ty,x), U'0)=U(ty,x), n=0,...,N, (3.17)

(0",u") is define in (3.10) and E is define by (2.5). Let us finall introduce the notation

1
My=>IKlo} and Ey=»_ IK| <592|u2|2+H(Q?<)>.
KeK KeK

Now, we are ready to state the main result of this paper. For the sake of clarity, we shall state the
theorem and perform the proofs only in the most interesting three-dimensional case. The modification
to be done for the two-dimensional case, which is in fact more simple, are mostly due to the different
Sobolev embeddings, and are left to the interested reader.

THEOREM 3.2 (Error estimate) Let 6 > 0 and 7 be a regular triangulation of a bounded polyhedral
domain £2 c R? introduced in Section 3.1 such that 6 > 6, where 6 is define in (3.1). Let p be a twice
continuously differentiable function satisfying assumptions (1.5), (1.6) with y > 3/2, and the additional
assumption (1.7) in the case y < 2. Let the viscosity coefficient satisfy assumptions (1.4). Suppose that
(0% u®) € Lf (2) x W () and that (0")1<usy C [L} (SD)1Y, @) 1<ncn C [Wi(£2)]Y is a solution of
the discrete problem (3.14). Let (r, U) in the class

reC*[0,T1 x £), 0<r:= min <r(,x)<F:i= max r(tx), (3.18a)
(tx)eQr (tx)€0r
UeC[0,T] x 2;R?), Ulye=0 (3.18b)
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be a (strong) solution of problem (1.1). Then there exists

c=c(T,|82],diam(R), 60, y, Mo, Eo, 1, 7,
1P lcr @iy 1V r, 3,7, 8,V 7, 82, U, VU, VU, 3,U, 32U ,3,VU) | 10,z € (0, +00)

(independent of &, k) such that, forany m=1,...,N,

E@"u" [P UKD D / Vo' = UpPdx <c€@"u’ | X, U + 1 + V), (3.19)
n=1 KeT /K
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where
2 —
Y ify € (3/2,2],
A=q, 14 (3.20)
- ify >2.
2 ify >

Starting from this point, unlike in Section 1, here and hereafter, the symbol £ refers always to the
discrete relative energy functional define in (3.16).

REMARK 3.3 Assumptions (3.18) on the regularity of the strong solution (r, U) in Theorem 3.2 may be
slightly relaxed: it is enough to suppose

r,U) e C1([0,T] x 2;RY), V2U e C([0,T] x 2;R?), 0< inf r(,x),

(tx)€Qr
PFreLl'0,T;LV(2)), 8VreL*0,T;LY/Y=9(2;R%),
(87U, 3,VU) € L*(0, T; L (£2; R'?)).

The constant in the error estimate depends on r and the norms of  and U in these spaces. This improve-
ment is at the price of more technicalities in estimates of several residual terms, namely in estimates
(6.3-6.5), (6.14), (6.21), (7.9), (7.11-7.13) and (8.2). The details are available in the extended version
of the present paper available in Gallouét et al. (2015).

REMARK 3.4 (1) Theorem 3.2 holds also for two-dimensional bounded polygonal domains under
the assumption that y > 1. Assumption (1.7) on the asymptotic behaviour of pressure near 0 is
no more necessary in this case. The value of A in the error estimate (3.19) is

y-2 .
— ifye(,2],
A y e(1,2]
1 ify >2.

(2) Suppose that the discrete initial data (0°,u’) coincide with the projection (?O,fJ:) of the ini-
tial data determining the strong solution. Then formula (3.19) provides, in terms of classical
Lebesgue spaces, the following bounds:

2 A 2 A
le" = "z aricomsam + 18" = Ul gnpaconaan < O +Vk)

for the ‘essential part” of the solution (where the numerical density remains bounded from above
and from below outside zero), and

Q" < /21 + 12" = 29 + 10" Iy corigrsamy + 10" 18" = U Pl @nionsamy < e + /)

for the ‘residual part’ of the solution, where the numerical density can be ‘close’ to zero or
infinit . (In the above formula, for B C §2, |B| denotes the Lebesgue measure of B.)

Moreover, in the particular case of p(0) = o? (that, however, represents a nonphysical situa-
tion) E(o|r) = (0 — r)? and the error estimate (3.19) gives

o™ = 7200y + Q" 1" = U™ Pl @) < c(Vh + V).
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(3) Theorem 3.2 can be viewed as a discrete version of Proposition 2.2. It is to be noted that the
assumptions on the constitutive law for pressure guaranteeing the error estimates for the scheme
(3.14) are somewhat stronger (y > 3/2) than the assumptions needed for the stability in the con-
tinuous case (y > 1). The threshold value y = 3/2 is, however, in accordance with the existence
theory of weak solutions. The assumptions on the regularity of the strong solution to be com-
pared with the discrete solution in the scheme are slightly stronger than those needed to establish
the stability estimates in the continuous case.

(4) Ifd =3, we note that the assumptions on the pressure (as function of the density) in Theorem 3.2
are compatible with the isentropic case p(0) = o for all values y > 3/2.

(5) The scheme Karper (2013) contains in addition artificia stabilizing terms both in the continuity
and momentum equations. These terms are necessary for the convergence proof in Karper (2013)
even for the large values of y . It is to be noted that the error estimate in Theorem 3.2 is formulated
for the numerical scheme without these stabilizing terms. Of course, a similar error estimate is a

Sortiori valid also for the scheme with the stabilizing terms; however, this issue is not discussed
in the present paper.

The rest of the paper is devoted to the proof of Theorem 3.2. For the sake of simplicity, and in
order to simplify notation, we present the proof for the uniformly regular mesh, meaning that there exist
positive numbers ¢; = ¢;(6p) such that

cthg Kh<ohy <cshg, cllK|<lolh<elolhg < cslolhs < calK| (3:21)

for any K € T and any o € £. The necessary (small) modification needed to accommodate the regular
mesh satisfying only (3.3) are straightforward. Even with this simplificatio the proof'is quite involved,
and some details have to be necessarily omitted to keep its length within reasonable bounds. The reader
can eventually fin them in the extended version of this paper available on Gallouét er al. (2015).

4. Mesh-independent estimates

We start with a remark on the notation. From now on, the letter ¢ denotes positive numbers that may
tacitly depend on T, |£2|, diam(s2), y, «, 6y, A and p, and on other parameters; the dependency on
these other parameters (if any) is always explicitly indicated in the arguments of these numbers. These
numbers can take different values even in the same formula. They are always independent of the size of
the discretization k and A.
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4.1 Energy identity

Our analysis starts with an energy inequality, which is crucial both in the convergence analysis and in
the error analysis. We recall this energy estimate which is already given in Karper (2013), along with
its proof for the sake of completeness.

LemMa 4.1 Let (0%, u®) € L (2) x W, (£2) and suppose that (0")1<asn € [LF (S)]Y, (") 1<ash €
[W,(£2)]" is a solution of the discrete problem (3.14) with the pressure p satisfying condition (1.5).
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Then there exist

0, € [min(ok, 07), max(ek,0))], o =K|L€&w, n=1,...,N,

—n—1

ox " e [min(ok !, o), max(of ', 0%)], KeT,n=1,...,N

such that
1
> IKI (59,";|u7;\2 +Hog ) - _IKl ( ok lug +H(QK)>
KeT KeT
+kzz< /|Vu”\ dx+(,u+)»)/|d1vu| dx)
n=1 KeT
| Au| m,| Aol n,| Au i, _
+ [D:?mc” ] + [Dlumg ] + [Dspe‘lfe ‘] + [Dsp;cAeQ‘] - O’ (41)
forallm=1,...,N, where
m |u un l|
mﬁf"‘]—zz [ g S S, (4.22)
n=1 KeT
Wl "y=n— 71 |2
1.m‘?‘”]—zz KIH" (@} . (4.2b)
n=1 KeT
.l duly nup up —up?
Dspace kZ Z |(7‘Q P |ug 'na,K‘, (420)
n=1 o=K|LeEin
. '@ (oK g) o
Dfplf‘f‘]—kz ST lolH @)l 0, k. (4.2d)

n=1 o=K|LeEn

Proof. Mimicking the formal derivation of the total energy conservation in the continuous case, we
take as test function v = u" in the discrete momentum equation (3.14b)" and obtain

Lh+hL+15L+1;=0, 4.3)

where

K N
11:2'7'@214’;(—@;2‘ KD uga, L=Y Y loloyay - ui [u) - nel,

KeT KeT o€&(K)
o=K|L
==Y > lolpplu} nokl. L= /(y,Vu SV + (u+ M) dive dive®) dr.
KeT oe&(K) KeT
o=K|L

Next, we multiply the continuity equation (3.14a)% by %Iu"Kl2 and sum over all K € 7. We obtain

Is+1s=0 4.4)
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. 1 K] o nu
withIs=— 3" > =20k — ok DlukP and == 3" > Lol - m a2

KeT KETGES(K)
o=K|L

Finally, we multiply the continuity equation (3.14a)} by H'(¢o%) and sum over all K € 7. We obtain

I; +1Ig=0, 4.5)
. K n nu
with = 3" o — o D o) and =3 Y Iolon Ll moIH 0.
KeT KETUES]é‘[?

We now sum formulas (4.3—4.5) in several steps.
Step 1: term I, + I;. We verify by a direct calculation that

K] 1 K|, g —ug '
L=> - X 2@K\“K| *EQK N +27Q'f(l%-

KeT KeT

In order to transform the term /7, we employ the Taylor formula,

H' (0} (0 — o) =H(ep) —HF ") + 1H"@F "™ (0l — o2

—n—1n

where o !

€ [min(g,”(_l,g’}( ,max(ox ,0k)]. Consequently,

K] (1 noyn n—1, n— K| n n—
L+hL= Z e <59K|’4K|2 59K Nu 1\2) Z & (Hlex) — Hlgk )

KeT KeT
K| o |y —ui ' K|, —ni IOk — 0% '
+Z 5 +27H @y )f. (4.6)
KeT KeT

Step 2: term I + I. The contribution of the face o = K|L to the sum I, + I, reads, by virtue of (3.13),
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1 1
lol[u) - no k1" ok (|u7<|2 —uy-u; — Elu}zl2 + 5\u2|2>
1 1
+lol[uy -no 1] or <|uZ|2 —ug-up— Eluﬁl2 + Elu?dz) .
Consequently,

Ltl= Y ol 1yl k1) 7
2
o=K|LeEin
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Step 3: term I + Is. We have

=Y Y lollu -n, kI(H (0}) (@)™ — of) + H(ep))

KeT oe&(K)
o=K|L

+Y Y lollul - noxl(okH (0k) — H(ek))-

KeT oe&(K)
o=K|L

Recalling (3.13), we may write the contribution of the face o = K|L to the frst sum in I; it reads
|o|[wy - no k1" (H(0k) — H'(0}) 0k — of) — H(a}))
+ 1o lluy - noL1* (H(0}) — H'(03)(0f — ok) — H(0k)-
Recalling that rH'(r) — H(r) = p(r), we obtain, employing the Taylor formula,
n 1"e=n (ox — n)Z
Btls= > lu - moxlH' (@) 52
6 =K|LEEin

with some 0 € [min(o¥%, 0}), max(Qk,0})]-
Step 4: Conclusion. Collecting the results of Steps 1-3, we arrive at

Z“(gK\u P —ox lui |>+Z |y - Hy ‘»+Z( /|Vu|dx

KeT KeT KeT
K n n 12 K n _  n—12
+(#+)L)/ |divun|2dx +Zug;l(*1 ‘ul( | +Z| |Hr/( ’]l( ln)lgk Ok |
p k 2 k 2
KeT KeT
n n)2 (Q n 2
+ ) jorlgor K )+ > \a|H”(éu)f\ ul - ng x| =0. 4.8)
€€ 0E€Ejn
o=K|L o=K|L

At this stage, we get the statement of Lemma 4.1 by multiplying (4.8)" by k and summing from n=1
to n =m. Lemma 4.1 is proved. O

4.2 Estimates

We have the following corollary of Lemma 4.1.

CorOLLARY 4.2 (1) Under the assumptions of Lemma 4.1, there exists ¢ = c¢(My, Ey) > 0 (indepen-
dent of & and k) such that

|u‘L2(0,’I';V,f(Q;R3)) <c, 4.9)

llellz20.m282:R%) < €, (4.10)
22

llow” lz=o,r;01 2y < c- (4.11)
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(2) Ifin addition the pressure satisfie assumption (1.6), then

lloll=o.rr @) < c. (4.12)

(3) If the pair (r,U) belongs to the class (3.18), there exists c¢=c(My,Ey,r,T,
U, VU ||~ rm) > 0 such that, foralln=1,...,N,

E@"u"7",U") <, (4.13)
where the discrete relative energy £ is define in (3.16).

Proof. Recall that

N .
2 2 4.
|"|L2<0,7‘;V,%<9:R3>>=kZZ/ Vo] d;

n=1 keT /K

the estimate (4.9) follows from (4.1). The estimate (4.10) holds due to embedding (A.29) in Lemma A6
and bound (4.9). The estimate (4.11) is just a short transcription of the bound for the kinetic energy in
(4.1).

We prove estimate (4.12). First, we deduce from (1.5) and the definitio (2.4) of H that0 < —H (0) <
c; with some ¢ > 0, provided 0 < ¢ < 1 and H(p) > 0if ¢ > 1. This fact in combination with the bound
for [, H(g)dx derived in (4.1) yields

/ |H(e)|dx < ¢ < o0 (4.14)
2

Second, relations (1.5-1.7) imply that there are 0 > 1, ¢ = c(e) > 0 and 0 < p < p < 0o such that

cram2< 28 if0 <0 <12

@) ... _
p<S— <pifl/e<e<o,
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Q" poe/2< l% ifo> 2.

Using these bounds and the definitio (2.4) of H, we verify that

o' <c(H@I|+e+1)
with a convenient positive constant ¢. Now, bound (4.12) follows readily from the boundedness of
Joomdx=> "k s IKlog and [, H(@™) dx=3"x 7 |K|H (0} established in (3.15) and (4.1).

Finally, to get (4.13), we have employed (2.5), (3.16), (3.15), (4.14) to estimate f_Q E(0"|#")dx and
(4.11), (A.3), (A.21) to evaluate Y, . [ 0%|U} x — ult|*dx. O
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The follow ing estimates are obtained owing to the numerical diffusion due to the upwinding, as is
classical in the framework of hyperbolic conservation laws; see, e.g. Eymard ez al. (2000).

LemMa 4.3 (Dissipation estimates on the density) Let (0°,u®) € L (£2) x W,(£2). Suppose that
(©)1<nen CILF DT, @) 1<agy C[Wi]Y (£2) is a solution of problem (3.14). Finally, assume that
the pressure satisfie hypotheses (1.5) and (1.6). Then the following conditions are satisfied

(1) Ify > 2, then there exists ¢ = c¢(y, 6o, Ep) > 0 such that

A (of —op)?
kYo Y ol A E s mek] <c. (4.15)

max n n o
n=1 o=K|LeE (0k- o)

(2) If y€[l,2) and the pressure satisfie additionally assumption (1.7), then there exists
¢ =c(My, Ey) > 0 such that

- 0k — ep
> |U|[71(@g>1)|ug'na,l(

n ny12—y
1 o=K|LeEm max (0, 07)]

N
FEY D lol@f — o) eyl - mg x| <c, (4.16)

n=1 o=K|LeEin

where the numbers @, are define in Lemma 4.1.

Proof. We start by proving the simpler statement (2). Taking into account the continuity of the pressure,
we deduce from assumptions (1.6) and (1.7) that there exist numbers py > 0, p > 0 such that

P
H'(5) > 57
Dos* 2po ifs<1;

ifs>1,

then, splitting the sum in the definitio of the term [Dg’;ﬁg] (see (4.2d)) into two sums, where (o, n)
satisfie 0/ > 1 for the frst one and 9} < 1 for the second, we obtain the desired result.
Let us now turn to the proof of statement (1). Multiplying the discrete continuity equation (3.14a)k

by In g% and summing over K € T, we obtain
Qn _ Qn—l
Z Vﬂ% Ino} + Z Z (Inoy)o™u - n, x =0.
KeT KeT 0e&(K),0=K|L

By virtue of the convexity of the function o > o In 0 — ¢ on the positive real line, and due to the Taylor
formula, we have

n—1 n—1

ok gl — o ' Ingi™! — (0 — ") <Inof (o — of
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then, owing to the mass conservation (3.15) and the definitio of g:?, we arrive at

o Ingk — ok ' Ingf™! ,
S OIKFEEE S+ N o lof[ul - ne k]t (Ingf — Ing))

KeT k oin
o=K|L
+ Y lolo}lul - no o]t (Ingf — Ing) <O,
0€Ein
o=K|L

or equivalently,

kY lolul - nex]" 0k (nok — ngf) — (o — e}))

0€Eint
o=K|L
+k D lollu - ne 1] (0} (Ine} — Inok) — (0 — 0k))
o€€in
o=K|L
<= Kok Ingk — o ' Inok ™)
KeT
+k Y lol(ul - ne k"0 — o) + [l - no 1] 0k — o). (4.17)
oe€in
o=K|L

From Fettah & Gallouét (2013, Lemma C.5), we know that if ¢ and v are functions in C'((0, 00); R)
such that sy’ (s) = ¢'(s) for all s € (0, o0), then, for any (a, b) € (0, 00)?, there exists ¢ € [a, b] such that

W () — Y (@)b — (p(d) — p(a@)) = 1(b — a)*y'(¢).

Applying this result with ¥ (s) = Ins, ¢(s) = s, we obtain that the left-hand side of (4.17) is greater than
or equal to
(0% — op)’
k lo| ([ - no k1t + (U} - g, ]Jr)ﬁ-

”EZS: o Tk o7 max(of. 0f)

o=KIL
On the other hand, the frst term on the right-hand side is bounded from above by [|0"||7, (@) Finally,
the second term on the right-hand side is equal to
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1Y [ ddiva< kS oo Idiv w0,

keT 'K KeT

hence bounded from above by klu"lly2(ars)lle" l12(2), Where we have used the Holder inequality and
the definitio of the V?(£2)-norm. Statement (1) of Lemma 4.3 now follows from the estimates of
Corollary 4.2. O

5. Exact relative energy inequality for the discrete problem

The goal of this section is to prove the discrete version of the relative energy inequality.
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THEOREM 5.1 Suppose that £2 C R? is a polyhedral domain and 7 is its regular triangulation introduced
in Section 3.1. Let p satisfy hypotheses (1.5) and the viscosity coefficient wu, A obey (1.4). Let (o°,
u®) € L (£2) x W;,(£2) and suppose that (0™)1<,<nv € [LF ()1, @) 1<acn € [W5(82)]V is a solution
of the discrete problem (3.14). Then there holds, forallm=1,...,N,

1
> 5 IKIQRIuG = Upil” = ol = Up ) + D IKIE@RI) — Eoxlrio)
KeT KeT

+ESY (u/ Vi~ U P+ et [ ldiva - U:‘,>|2dx>
K K

n=1 KeT

<kZZ <M/KvaZ3Vx(UZ*u")der(llJr)»)-/KdiVUZdiV(szu”)dx)

n=1 KeT

m v, — Un—l Un—l 4+ yr
+k Z Z |K|Q’;(7] h,K - h,K . h,K 5 h,K _ uy,l(fl
n=1 KeT

- ki Z Z lolog™ (M - ﬁz’“p> Ul klug - no ]

n=1 KeT o€&(K)
o=KIL

—k> D> lolp@plUs, - nok]

n=1 KeT o€&(K)
o=K|L

m K
FEY N %(r'; — ORH () — H'(571)

n=1 KeT

HEY DT D oty H 0k Dl - no ], (.1)

n=1 KeT oe&(K)
o=K|L

forany 0 < re C'([0,T] x £2), U € C'([0,T] x ), U]y = 0, where we have used notation (3.17) for
P, U" and (3.7-3.8) for UL, U, 7, ul.

We note, comparing the terms in the ‘discrete’ formula (5.1) with the terms in the ‘continuous’
formula (2.7), that Theorem 5.1 represents a discrete counterpart of the ‘continuous’ relative energy
inequality (2.7). The rest of this section is devoted to its proof. To this end, we shall follow the proof of
the ‘continuous’ relative energy inequality (see Feireisl ef al., 2011, 2012) and adapt it to the discrete
case.

Proof. First, noting that the numerical diffusion represented by terms (4.2a—4.2d) in the energy identity
(4.1) is positive, we infer

L+hL+5<0, (5.2)
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with

1
I ::Z LS (QK|u P — o P, 121=Z|]T|(H(QK)—H(Q ),

KETZ k KeT
I ;=Z (u/ \qu”lzdx+(/t+}»)/ Idivu”lzdx).
KeT JK JK

Next, we multiply the discrete continuity equation (3.14a)y by %IUZ‘KI2 and sum over K € T to
obtain

1IK| . n
li=) 5@ — ok UP==>" > 5 Lolomtm? - n, UL =0 (53)
KeT KETJES(K)
o=K|L

In the next step, taking —U" as test function in the discrete momentum equation (3.14b), we obtain

K
1= =3 W o — o ui ) U= s

KeT
with
h=303 loleira - Ul ne k],
KeT 0e&(K)
o=KL
Ji=u Z / Vu" : VU dx+ (n + 1) Z / diva" divUj dx
KeT " KeT
and
==Y lolp@pUL - ne k.
KeT oe&(K)
o=K|L

We then multiply the continuity equation (3.14a)% by H' (%) and sum over all K € T to obtain

—Z or = HH' Y= lololPlul - ng k1H' (7).
KeT KeTaeEIé‘I;‘)

Observing that QkH'(r}) — ok 'H'(rk ") = 0j (H'(r}) — H'(r ) + (0k — ok DH'( ), we
rewrite the last identity in the form

K|

Ioi==>_ - (OkH'(5) — o "H' i) = Js + s
KeT
. K ) 'oone ,
w1th15:—Z%Q;(H ) —H'GEY) and Jo=Y > [ololPul - nex]H ().
KeT KeT oe&(K)

o=K|L

(54)
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Finally, owing to the convexity of the function H, we have

K1

= P LORH 03 = HGR) = G5 H 0 = HEg ')
KeT
_ ‘Kl e /o n—1 |K| n —1 1 n—1 —1
=) —rxH ) —H' (g ) — ) —H@g) — (g —rg YH (g ) —HIg )
k k
KeT KeT
K| , -
<D R H () — H () =04 (5.5)
KeT
g
]
Now, we gather the expressions (5.2—-5.5); this is performed in several steps. 3
Step 1: term I + Iy + Is. We observe that §
:
|Un |2 . Qn |Un ‘2 _ Qn—l‘Un—l‘Z . Un—l 4Ly . . =
%(g,"( —o = kIYnk . K el o hK : hK (Uh,l(l —UL, é
=]
—(fu — ok 'ui™) - Uj o = — (e - U — o 'ui - Ui — o' - Wiy = UG H
%
S
Consequently, %‘a-
:
1 |K| nyn n 2 n—1,.n—1 n—12 g
1]+I4+15=ZET(QK|"]<*U;,,K| — 0k lug *Uh,](| ) =}
KeT =3
n—1 UZ,K - UZRI UZ;(1 + UZ.K n—1 %
=" IKlok . : 5 —uth. (5.6) =
KeT g
S
Z
Step 2: term J) + J,. The contribution of the face o = K|L to J; reads é
g
U+ U, 4
— o Q%% Uhg — UL - no k1 g
Ul + UL =
—lolof == - (U}, ~ Uj )l o] 3
=2

Similarly, the contribution of the face o = K|L to J; is
o lokuy - (U x — Up luy -1 1"+ lolofuy - (U, — U )y - np 1"

Consequently,

ui.+ur,
h+h==3 5" |olw <”f“—u;“p)~ haclul no k. .7
KeT o=K|LeEk
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Step 3: term Iy — J3. This term can be written in the form

L-5=%" (u/wX(u”— DEdct G [ laivae - ;>|2dx>
K K

KeT
-y M/ (vu;; VWU — " + (ot x)/ divU! div(U — u" ) TR
KeT K K

Step 4: term I + I + I7. By virtue of (5.2), (5.4-5.5), we easily fin that

I _ |K‘ n n n—1 | n—1
2+l h= ) (B 1) — B 1), (5.9)
KeT

where the function E is define in (2.5).
Step 5: term Js + Jg + J7. Coming back to (5.4-5.5), we deduce that

K|

Jstdotdr=_ o U5 = o) (H'05) — H' (%)
KeT
D0 lolor Pl ek IH (5. (5.10)
KeTaeS]éf(L)

Step 6. conclusion. According to (5.2-5.5), we have
7
D U< i

i=1 i=1

then, writing this inequality by using expressions (5.6-5.10) calculated in Steps 1-5, we obtain

VIKL o Kl o aety e
D5 Okl — Upk = ok Ml = UG Py + D == (ElekIrg) — Bk I )
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K€T2 k KeT
+3 (u/ V@ — UpP dx + (u+ x)/ \div(" — U9z>|2dx>

KeT K K

<Y (u/ VU V(U — ") dx+ (4 2) / div U} div(U}, — u”)dx)
KeT K K

Uik = Uil (Ui +Uhe
+D_ IKlog ' = S Uk
KeT

Ul +U,
S35 olaper (A ) v

KeT o=K|Le&k
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K
=D > 1elp@pIU, okl + Y %(r’,z — QR H (5 — H'(751)

KeT o=K|LeEk KeT

D00 lololH (Rl - ng k] (5.11)

KeT o=K|Le&k

We obtain formula (5.1) by summing (5.11)" from n = 1 to n = m and multiplying the resulting inequal-
ity by k. O

6. Approximate relative energy inequality for the discrete problem

The exact relative energy inequality as stated in Section 5 is a general inequality for the given numerical
scheme, however, it does not immediately provide a comparison of the approximate solution with the
strong solution of the compressible Navier—Stokes equations. Its right-hand side has to be conveniently
transformed (modulo the possible appearance of residual terms vanishing as the space and time steps
tend to 0) to provide such a comparison tool via a Gronwall-type argument.

The goal of this section is to derive a version of the discrete relative energy inequality, still with
arbitrary (sufficient] regular) test functions (r, U), that will be convenient for the comparison of the
discrete solution with the strong solution.

LEMMA 6.1 (Approximate relative energy inequality) Suppose that 2 C R3 is a bounded polyhedral
domain and 7 is its regular triangulation introduced in Section 3.1. Let the pressure p be a C2(0, 00)
function satisfying hypotheses (1.5), (1.6) with y > 3/2 and satisfying the additional condition (1.7) if
y <2.

Let (¢ u°) € Lj (2) x W,(£2) and suppose that (")1<ucy € [LF ()1, @)1 <ucn € [Wi(2)]Y
is a solution of the discrete problem (3.14) with the viscosity coefficient wu, A obeying (1.4).

Then there exists

¢ = (Mo, Eo 1.7, | oy, | By, 027, Vr, 8,V 7, U, 8,U, VU, 8,VU) | (g, 21) > 0
(where F = max, , 5= r(t,X), r = min(mea r(t,x)), such that forallm=1, ..., N, we have
E@"u" | ", UM) — E(°u’ | r(0),U(0))

Y (u/ Vi - U P+ et [ |div(u”—U;:>|2dx)
K K

n=1 KeT

<k > (M/KVXUZ:VX(UZ7u")dx+(p.Jr)»)/KdivUZdiv(U;i7u”)dx)

n=1 KeT
S Uik — Uit
hD D IKlo L (U -
n=1 KeT

m
A n,up A, A nup
+k E E g loley™ (U, — "™y - (UL - U, Uy, nok
n=1 KeT oe€&(K)
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kaZ/p(gk)dlvU"derkZZ/(r" — ot p(")[a,r] dx

n=1 KeT * n=1 KeT
—kZZ/ Ep (" - V' de + Ry, + G" 6.1)
n=1 KeT *

for any pair (r, U) belonging to the class (3.18), where

m
IG"| <ck Y E@"u" |7, UM, IRy <c(Wk+ 1,

n=1

2y — 6.2
Y23 ity ep.2), 62
and A= 1
— ify >2,
2 1y

and where we have used notation (3.17) for 7, U" and (3.7-3.8) for Uy, U}, &, 1k, U

h>

Proof. The right-hand side of the relative energy inequality (5.1) is a sum Ziﬁ:l T;, where

Tl_kzz< /VU,, V(U,,—u")dx+(u+k)/divUZdiv(UZ—u")dx),
K

n=1 KeT
m Ut — Un—l Un—l + U

T2 =k Z Z |K|Q%7] h,K . hK . h,K 5 hK u,;(f] ,
n=1 KeT

d Ujx +Uj
Tk Y S olapr (I i) Ut el

n=1 KeT o=K|LeE(K)

Ti=—kY_ > > lolpeoll;, nexl.

n=1 KeT o=K|LeE(K)

TS_kZZUq(,ﬂ_ w’

n=1 KeT k

To=kY > Y lolol"H (4 Dlul - ng k.

n=1 KeT o=K|LeE(K)
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The term T will be kept as it is; all the other terms 7; will be transformed to a more convenient
form, as described in the following steps.
Step 1: term T,. We have
T,=T1 +Ray,
with

n—1

U
Tzl—kZng AU =

n=1 KeT
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and

m
Roy=kY > R,

n=1 KeT
where Ry = (IKI/2)o) (U5 — Uikh?/k) = (1K1/2)ek ™ ([U" — U 4x)? /k); owing to the mass

conservation (3.15), the frst-order Taylor formula applied to function 7+ U(z,x) on the interval
(ty—1,1,) and the property (A.20) of the projection onto the space V},(£2), we obtain

My
IRF| < = IKIKIU i o 71020 (6.3)
Let us now decompose the term 75 ; as

To1 =T+ Rao,

S Uik = Uix
with Tpo=k» > K|k WU - )
n=1 KeT (6.4)

m
and szz =k Z R'zz’z,

n=1
where

n n—1
Ull,K - UhK

noo__ n—1 . . n—1 _ yn
Ry, = é IKlok - r Uhk hK
vt — Un—l
_ Z ‘Klg%—] hK . hK (u;;(—l _ ur]l()
KeT

By the same token as above, we may estimate the residual term as follows:

2
‘R;zl < kCM0||3tUHLx(O,T;WLx(Q;Rx))

9102 ‘11 1290300 uo sarsAydewserq 1A e /S10°sjewnolpiogxo-eulewi;/:dpy woiy papeojumoq

12

172 .

+cMy! <Z IKlok ui™" — u;‘<|2> 190:U Il 0,7;w12(23))5
KeT

then, by virtue of estimate (4.2a),
IRy2| < vk c(Mo, Eo, [|(3U, 3, VU) |1 (g,52)- (6.5)
Step 2: term Ts. Employing the definitio (3.13) of upwind quantities, we easily establish that

T3=T3; + Rz,
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with

m
Anu A 1up
Tsi=k» Y > lolok™@y™ —U,,) Uyl -nex,
n=1 KeT 0€&(K)

m
Ryy=kY > R

n=1 oe&y
and
o Wik = Uil +
Ry = |U|Q2f[u2 g k]
UL = Uikl +
+lolof—————I[u; -n,1]" VYo =KILE .

2 o

Employing estimates (A.1) and (A.21),=; and the continuity of the mean value U, = U}, , of U}, over
faces o, we infer

IRETI <2 VU gm0 0 1@k + @Dl | Yo =KL € Epn,

whence
5/6
IRl SR VUl jngumy | 2 D Mook + 0D
KeT o=K|LeE(K)
139 1/2
m
(5 e
n=1 KeT oe&(K)
< he(Mo, Eo, | VU |1~ (0,295 (6.6)

provided y > 6/5, owing to the Holder inequality, the equivalence relation (3.21), the equivalence of
norms (A.34) and energy bounds listed in Corollary 4.2.
Evidently, for each face 0 = K|L € iy, ul} - ny x + 1) - ng ;= 0; then, finall ,
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Toi=kd> Y 3 lolet™@y™ - U, - Uy — Ubuly - mg . 6.7
n=1 KeT oc€&(K)

Let us now decompose the term 73 ; as

m
T31=Tsp+R3p, WithR3p =k ZRS',Z’

n=1

m
AILUD s i
T30=k g E E lolog"™ (U}, — ay™y - (U, - UZ,K)"ZUP ‘MoK
n=1 KeT oc€&(K)

142



C Error estimates for a numerical approximation to the compressible barotropic
Navier-Stokes equations

ERROR ESTIMATES FOR A NUMERICAL APPROXIMATION 569

and

AP apy ~n,
R, =Y > lolot™@,, — ™) - UL - Up )@l — &™) - ng .
KeT oe&(K)

By virtue of the Holder inequality and the frst-order Taylor formula applied to function x — U"(x) in
order to evaluate the difference Uy, — U}, &, we obtain

1/2
X AR, Aup o
IRI,| < cllVU~gpesy | Y D hlolor™lay™ — 07|
KeT 0e&(K)
1/2y0) 1/q
< (> > hlollgyrpe DD holup -yt
KeT oe€&(K) KeT oe&(K)

| |
where 5 + T
we have

é =1, yo =min{y, 2} and y > 3/2. For the sum in the last term of the above product,

SN hollup @kt <c Y lolul — ukl?

KeT oe&(K) KeT oe&(K)
q q
<c¢ Z Z ||u'; - un”Lz/(K;]RS) + Z lu" — u}T(HLq(K;RJ)
KeT 0€&E(K) KeT

(2v0=3)/2v0)q|yyn 19
<ch |u IV,?(.Q;]]@)’

where we have used the definitio (3.13), the Minkowski inequality and the interpolation inequalities
(A.18-A.19). Now, we can go back to the estimate of R} , taking into account the upper bounds (4.9),
(4.12—4.13), in order to obtain

IRs.2] < B c(Mo, Eo, VUl 10, 29) (6.8)
provided y > 3/2, where A is given in (6.2).

Finally, we rewrite term 73 as

m
T3p=Ts3+Rs3, withRsz=k Z R3;,

n=1

Tis=kY Y Y lolot (@, — @) - (UL — U0,y -nox and (6.9)
n=1 KeT oc€&(K)

_ up (7P ~nup ~n,up U .
Ry =Y > lolod™@,, — ™) - UL - Up )@y = U,)) nox:
KeT oe&(K)

then,

IR331 < c(IVU [l 20k Y E(@" 0" | #,U™. (6.10)

n=1
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Step 3: term T4. Using the Stokes formula and the property (A.22) in Lemma A4, we easily see that

T4=7kZZ/.p(Q;l() divU" dx. (6.11)

n=1 KeT 7K

Step 4: term Ts. Using the Taylor formula, we obtain
H'(rg) = H'(rg” ) = H"(ri) (rgg = i) = 3H" F) (0 — 1),

where 7 € [min(r’]{l, r’,’(),max(r’{l, r})]; we infer

Ts=Ts1 +Rsy,
with
Ts, = kzm: Z IK|(rk — ok p’inr',’() it 7:;(_1 , Rsi= ki Z RyY
n=1 KeT K n=1 KeT
and

s

1
nK - "=
Rsy = 2|K|H () r

(0k — 1%)-

Consequently, by the first-orde Taylor formula applied to function ¢+ r(t,x) on the interval (,_1,1,)
and owing to the mass conservation (3.15),

|Rs1| < keMo, r, 7, 1P |1 s 107 Il 2o 01) (6.12)

where r, r are define in (3.18).
Let us now decompose Ts; as follows:

m . ;
. NG
Ts)=Tsy+Rsy, withTso=kY > / o —ap? i LS
n=1 KkeT 'K K
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m
Rso=k> Y R (6.13)

n=1 KeT

and RY; = / (k — o)
K

PR (k= ri!
% k

- [6,r]"> dx.

In accordance with (3.17), here and in the sequel, [9,7]" (x) = 9,7 (t,,, X).
By the same means as the preceding residual term, we may estimate

IRs 2| < ke(Mo, 1, 7, 1|1 @ripys 1 (077, 8V P) |10y 74))- (6.14)
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Step 5: term Ts. Using the same argumentation as in formula (6.7), we may write

Ts=Ts1 +Rs1, Re1= kzm: Z Z RZ:‘(’K, with

n=1 KeT 0€&(K)
- n / —1 1o n—1 n (615)
Tor=kY Y > lolopH (%) — H' (%" )ul -nex  and

n=1 KeT o=K|LeE(K)

ReTE =101(05™ — o) (H' (5 ") — H' (g™ Dy -no g foro =KIL.

o

We estimate this term separately for y <2 and y > 2. If y < 2, motivated by Lemma 4.3, we may write
IRGT 1 < VRIVH ()]l (01w lo |

nup __ n
x <M\/|ug o g g Vh(EE + 0D/t ng k|

max(ox, o) ?~"/?

10 — | /T g g1V -nu,xl> : (6.16)

where we again use the f rst-order Taylor formula applied to function H’ between end points 7!, ol

and where the numbers ¢, are define in Lemma 4.1. Consequently, an application of the Hélder and
Young inequalities yields

1/2
Roal < VEIVH Ok 3 | [ 5 10— S =B g, i1, /
6,11 S L>(Q7;R3) < oo max(QK,QL)<2‘V) o " Mokllpr>1
172
< [ D7D lothox 1wy okl

KeT oe&(K)
172

D2 DD ol — o)l - moklla

KeT o=K|LeE(K)

< | >0 D lolhlul - noxl

KeT oe&(K)

1/2

, = @ —op)*
SR\ VH M)k Y 1D D ol jul g k1521

2-y)
n=1 |KeT o=K|LeE(K) max(ek, 0r)

5/6 1/6
+ (Z |Kg§’§””5) (Z |o|h|u$|"’>

KeT oef
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1/6
30> lolh@r® — o)l ekl + 18217/ (Z a|hu';|">

KeT o=K|LeE(K) oef
< VheMo, Eo,r, 7 1P louis 1V Pl (0p20)) (6.17)

provided y > 12/11, where we use estimate (4.16), estimates (4.10), (4.12) of Corollary 4.2 and equiv-
alence relation (A.34). In the case y > 2, the same fina bound may be obtained by a similar argument,
replacing estimate (4.16) by (4.15).

Let us now decompose the term 7 ; as

Ts, =T + Rs2,

with
m
Too=ky > > lolokH % 0% = ri Dl - no k],
n=1 KeT o=K|LeE(K)
m
Ria=k)_ > > Rig"
n=1 KeK 0 €£(K)
and

RS =lolog(H (k) — H'(rg™") = H' (g Y05 = r” Dluy - no .

Therefore, by virtue of the second-order Taylor formula applied to function H’, the Holder inequality,
(A.29), (A.34), and (4.9), (4.12) in Corollary 4.2, we have, provided y > 6/5,

IRs2l < he(IH leqrm + H eIV lli=orm lolli= om0 cn 1l 2o, rvz sy
< he(Mo, Eo, 1,7, 1P|t @iy 1V Pl e (07 m))s (6.18)

where in the firs line we have used notation (3.11).
Let us now deal with the term Ts,. Noting that [, V" ' dx=3", ¢ I ! — 7 Yng k, we
may write 75> = T3 + Re 3, With

T6,3 = —k Z Z /’(Q?(H//(r%—l)un ) Vrn—l dx,

n=1 KeT

Rez=k» / oRH"(FE @ —uly) - Vi dx

n=1 keT 'K

FEY NN lolokH (0K = @l — uf) ng

n=1 KeT ce&(K)
where, by virtue of the Holder inequality, (A.18), (A.19), and (4.9), (4.12) in Corollary 4.2,
[Ro3| < I c(Mo, Eo, 1, 7, 1P e @rp 1V 7 | 101 5))s (6.19)

where A is define in (6.2).
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Finally, we write T6,3 = T6’4 + R6,4’ with

= n ,(}'Jl) n n
Ta=—k 33 [ B v as,
K K

n=1 KeT

m (6.20)
Roa=k» > [ Qb(H )V — H' (V") - u" dx,
n=1 keT 'K
where
[Ro4| <k c(Mo, Eo, 1, 7, P ot (> 1 V75 34, iV Fll 1o 017)) - (6.21)

We are now in position to conclude the proof of Lemma 6.1: we obtain inequality (6.1) by gathering
the principal terms (6.4), (6.9), (6.11), (6.13), (6.20) and the residual terms estimated in (6.3), (6.5),
(6.6), (6.8), (6.10), (6.12), (6.14), (6.16—6.19), (6.21) on the right-hand side Z?:l T; of the discrete
relative energy inequality (5.1). O

7. A discrete identity satisfied by the strong solution

This section is devoted to the proof of a discrete identity satisfie by any strong solution. This identity
is stated in Lemma 7.1. It will be used in combination with the approximate relative energy inequality
stated in Lemma 6.1 to deduce the convenient form of the relative energy inequality verifie by any
function being a strong solution to the compressible Navier—Stokes system. This last step is performed
in the next section.

LEmMA 7.1 (A discrete identity for strong solutions) Suppose that £2 C R? is a bounded polyhedral
domain and 7 is a regular triangulation introduced in Section 3.1. Let the pressure p be a C2(0, 00)
function satisfying hypotheses (1.5) and (1.6) with y > 3/2. Let (r, U) belong to the class (3.18) and
satisfy equation (1.1) with the viscosity coefficient wu, A obeying (1.4).

Let (0°,u°) € L (2) x W,(£2) and suppose that (") 1<y € [LF (1Y, @")1<nsn € [Wi(S2)]Y
is a solution of the discrete problem (3.14). Then there exists

c=c(Mo, Eo, 1,7, |Plcv @iy, 1(V7, 8, U, VU, VU, 8,U, 81U, 3, VU) || 10, 5%)) > O,

such that, forany m =1, ..., N, the following identity holds:

K>S /K(,NU; V@ —Up) + (u+ 1) divUj div @" — Up)) dx
n=1 KeT
n—1

- n— UZ,K—UhK n n
+kZZ/KrK1 k- i) dx

n=1 KeT

+EY DT D o0y n K JU = U ) - @ = U
n=1 KeT 0€&(K)

m

+EY > /Kp(r;) divU"de+ kYY" [ pefu" - vt det Ry, =0, (7.1

n=1 KeT n=1 keT 'K
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where
IRkl < c(h+k)
and where we have used notation (3.17) for ', U" and (3.7-3.8) for U, U}, ¢, rg, uj.

Before starting the proof, we recall an auxiliary algebraic inequality whose straightforward proof is
left to the reader, and introduce some notation.

LEMMA 7.2 Let p satisfy assumptions (1.5) and (1.6). Let 0 <a <b < oo. Then there exists
¢ =c(a, b) > 0 such that, for all ¢ € [0, 00) and r € [a, b], there holds

E(olr) > (@, b) (1r\fa/2.26(0) + 0" 1r \jay2.261(0) + (@ — 1) 11a2201(0))s
where E(o|r) is define in (2.5).

If we take, in Lemma 7.2, 0 = 0"(x), 0" € L} (2), r=7"(x), a=r, b=7 (where r is a function
belonging to class (3.18) and r,  are its lower and upper bounds, respectively), we obtain

EQ@")[7"(x)) = c(r, P (I \py229@" () 4+ (@) () 1r /227 (€" (%))
+ (0" () — P'(0)) 1221 (0" ())). (72)

Now, for fixe numbers r and 7 and fixe functions " € L;r (£2),n=0,...,N, we introduce the residual
and essential subsets of §2 (relative to ¢") as follows:

N, ={xef |%[<Q”(x)<2?}, Nigg = 2 \ N, (7.3)

and we set
[8less@) =g 1y (), [les(®) =g Iny (), x€ 82, g L!(2).

ess

Integrating inequality (7.2), we deduce

9102 ‘11 1290300 uo sarsAydewserq 1A e /S10°sjewnolpiogxo-eulewi;/:dpy woiy papeojumoq

.Y / (s +[@") T + [0" = V) dx < E@" " |7, U") (74)

keT 7K

for any pair (r, U) belonging to the class (3.18) and any ¢" € L, (£2).
We are now ready to proceed to the proof of Lemma 7.1.

Proof. We start by projecting the momentum equation to the discrete spaces. Since (r, U) satisfie (1.1)
and belongs to the class (3.18), equation (1.1b) can be rewritten in the form

18U + rU - VU + Vp(r) = pAU + (1 + 1)V div U. (7.5)
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We write equation (7.5) at t = t,,, multiply scalar by " — U}, and integrate over £2. We get, after
summation from n =1 to m,

5 m
> Ti=0. with ﬂ:—kZ/(MAU"-&-(,u—i-)L)VdivU")‘(u"—U;)dx,
n=1 2

i=1

E:kz-/;r”[BIU]”-(u"fUZ)dx, ﬁ:kz/grﬂvn.vvn-(uuu;;)dx, (7.6)
n=1

n=1
ﬂ:kZ/Vp(r”)»u"dx, E:—kZ/Vp(r”)-Uﬁdx.
n=1 2 n=1 2

In the steps below, we deal with each of the terms 7.
Step 1: term 7T,. Integrating by parts, we obtain

Ti=Tii+ Ry, with

m
Ta=k> > /(wvg (V@ — U+ (n + A divUl div@" — U}))dx  and
n=1 keT *K

RI.I =L +1,, with
7.7

L=kY > /(,N(U" —UN V@ = U + (n+ 1) div(U" — U div @" — U})) dx,
n=1 keT /X
L==kY > > [(unox-VU"-@" = Up) + O+ p) divU"@" — Uy) - no ) dS,

n=1 KeT 0cE(K)

where in the last line n,; is a unit normal to o and [-], n, is the jump over sigma (with respect to n,)
define in Lemma A9. Employing estimate (A.21), we easily verify that

11| < h (Mo, Eo, VU 10,7;w1(02)))-
Since the integral over any face o of the jump of a function from V},(£2) is zero, we may write

L==kY > [ (un, - (VU" = [VU"),) - [u" = Uplom,

n=1o0e€ "’

+ O+ W divU" — [divU"])[u" — Ullym, - 1) dS;

then, by using the first-orde Taylor formula applied to functions x = VU" (x) to evaluate the differences
vU" — [VU"],, divU" — [divU"],, and the Ho6lder inequality,

- 1
|[2| < thHVzU“L:x,(QT;RU) Z Z v |0’|\/ﬁ <ﬁ ||[u" _ UZ]U,H{, IlLZ(n;R»‘))

n=1 ce&
m 1

< thHV2U||1?°(QT§R27) Z Z <|0‘h + ﬁ”[un - Z]U,n,, ”é(a;R»‘)) .
n=1 oe&
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Therefore,

[R111 < he(My, Eo, U, VU, VU || 10, 559))s (7.8)

where we have employed Lemma A9 and (4.9) in Corollary 4.2.
Step 2: term T,. Let us now decompose the term 7; as

To=To1 +Rai,
ur-uv ! n nK
with Bl_kzz r” (" = U} dx, RZ]_kZZRZI
n=1 KeT n=1 KeT
U" — Un—l
and Ryf = /(r" - HBU - @" — Uy dx + / P! ([B,U]” B ) (" —U})dx.
K K
We have
IR5 T < KLIrllien + 1|00 (19U gy 25y
+ 12U |l 0rm ) VIK (1" 225 + 10U 22));
then,

[Ra1| < ke(Mo, Eo, 7, 13,7, U, 3,U, VU, 32U) |l 1~ 0, 819)) (7.9

owing to the Holder and Young inequalities, to the estimates (A.20), (A.23), (A.28), (A.29) and to the
energy bound (4.9) from Corollary 4.2.
Step 2a: term T,,;. We decompose the term 7 as

9102 ‘11 1290300 uo sarsAydewserq 1A e /S10°sjewnolpiogxo-eulewi;/:dpy woiy papeojumoq

Toi =Tz + Raa,
_Unfl
with Bz—kzz r” 17~(u”7UZ)d)c,
n=1 keT 'K
R2,2=kZZRg;§
n=1 KeT
g Un_Un—l
and Rgf:/(r”’] 77’1’{1)7]( - —U})dx;
K

therefore,

\R'zl,2| = Z R%(

KeT

< hel|Vrlie o) 18U =) 18" — Uplls2;rs)-

Consequently, by virtue of formula (4.10) in Corollary 4.2 and estimates (A.29), (A.24),

[Ra2l < he(Mo, Eo, |(Vr,U,0,U, VU) |l =(0,r))- (7.10)
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Step 2b: term T,,. We decompose the term 75, as
Top="To3 + Ra3,

with 753_k22/r"_ 7M<‘(u"—UZ)dx,

n=1 KeT
K
Rk Y YR
n=1 KeT

U" — Un—l U" — Un—l
and Rgf:/'}’l‘_l( K _{ K ] >'(un_ e
K h

n __ yrn—1 n _ yyn—1
+/'7<_1<[U kU } _{U kU ] >'("”_U’z)dx'
K h hK

Therefore,

> Rt

KeT

Rysl= < hellrllzep 13U, 3 VU || =g,z 1" — Uplls i),

where we have used the frst-order Taylor formula applied to function 7+ U(#,x) on the interval
(ty—1,1,), the Holder inequality, (A.1), (A.21);=1, (A.14) and (A.28). Consequently, by virtue of for-
mula (4.10) in Corollary 4.2 and estimates (A.29), (A.24),

R3] < he(Mo, Eo, |(Vr, U, VU, 3,U, 8, VU)||1~(gr:w2))- (7.11)

Step 2c: term T 3. We rewrite this term in the form

To3="Toa+ Rou, R24—kZZR24,

n=1 KeT
UZKI
with To4 JZ Z/ R RE U ) dx (7.12)
n=1 KeT
v, — Un—l
and Ry} = / ’%flw (@" —ug) — (U = Uy ) dr.
K

Owing to the Holder inequality, to the estimates (A.1), (A.14), (A.21),=1, (A.28) and finall to estimate
(4.9) in Corollary 4.2, we then obtain

[R24l < he(My, Eo, 7, |(3,U, U, VU, 3;VU) || 1~(0,:r#))- (7.13)
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Step 3: term T3. Let us firs decompose T3 as

Ts =7§’1 +Rs.1, with

Ta=kd > / UL - VU" - Wy — Ul ) dx,
K

n=1 KeT

Ry =k Z > Ry and

n=1 KeT

RyY = /K(r" — U -VU" - (" — Up) dx + /K reU" —=Up) - VU" - " = Up) dx
+ /K ey — UZ'K) -VU" - (" — Up) dx
+ /Kr’,’(UZ,K -VU" - (0" — uf — (U}, — Up ) dx.
We fin that
RN < BRI (" | pmsy + UG 2krsy) + K2V 2wz + 1Vl gme)]

x (Irllzeor + V7l 203 (U o (0re3) + 1V U (079

where several times we have used the Holder inequality and the standard f rst-order Taylor formula (to
evaluate r* — rg), along with the estimates (A.20) (to evaluate U" — U}), (A.1), (A.21),= (to evaluate
U}, — U} x) and (A.1) (to evaluate u" — uf).

Consequently, again using (A.21);= (to estimate [|VU}ll2x;r3), the definitio of the | - |y2o)-
norm, the Sobolev inequality (A.29) and the energy bound (4.9) from Corollary 4.2, we conclude that

[R3.1| < heMo, Eo, T, | (Vr,U, VU) [l 1=(0p:r15))- (7.14)
Now we shall deal with the term 75 ;. Integrating by parts, we obtain
[ UL U~ U v= Y (01U maslUL - - UL
K oK)

= Y lolklUp g ne kUL = U ) - (k= Up ),

oe&(K)
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owing to the fact that >, ¢, [, Ul ¢ - 15 kdS = 0.
Next we write

Ta=T2+Rs2, Rs2=k Z Ria,

n=1

To=kd D D 1ol no Iy — U - @ = U, (1.15)

n=1 KeT o€&(K)
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and

=) Y ol = UG e UL = Up ) - (e — U )

KeT oe&(K)

30 ol W = 0,)) me kUL = Ul ) - @y = U )
KeT o€&(K)

+ 30D 1ol me kWU — U ) - (@ — o) = U = U3
KeT oe&(K)

A 1,up

We may use the Taylor formula several times (in order to estimate r — 727, Uy — Uy ., U — U, )
to get the bound

3
RS | < hellrlwios @y (1+ U lwis @) Y hlo|lu ]
KeT

2
+elrlwis@(d + 1Ulwis@e)? > Y hlolluy —ull,
KeT oe&(K)

where by virtue of the Holder inequality, (A.16), (A.30), (A.18) and (A.19),

1/6 1/6
6
> hlollugl <c <Z llu” u;uLs(K;RsJ + (Z ||u"|Le(K;Rs>> < clunlyzom)s

KeT KeT KeT
1/2
2
ST > hlolug —ul|<c <Z|u"—u',;|,;(,<ﬁz>>
KeT oe&(K) KeT
1/2
2
DD D A7 [T < heluly .-
KeT oe&(K)

Consequently, we may use (4.9) to conclude
[R3nl < he(Mo, Eo, 7, | V1, U, VU || 1< o:r15))- (7.16)

Step 4: terms T4 and Ts. We decompose 74 as

Ta=Ta1 + Ray,
m
with Toy=k»_ Z/p’(r;;)u" -V dx,
n=1 KeT " K (7.17)

m

Rar=kY > [ (/0" —p " - Vi dx;

n=1 keT 'K

then,
[Rail < he(Mo, Eo, 1, 7, 1P|t @i 1V Il 2 0iR3)) - (7.18)
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Employing integration by parts, we infer

m

Ts=Tsa+Rs1, withTs1=kY > [ p()divU" dx,

= K
) =1 KeT (7.19)
Ras =k D03 [ 1990 @ = UD + 00" = piri) div U] ax
n=1 KeT 'K
and
[Rs1| < ke 1P leqm, 1V, VU [~ 0pr12)- (7.20)

Gathering the formulae (7.7), (7.12), (7.15), (7.17), (7.19) and estimates for the residual terms (7.8),
(7.9-7.13), (7.14-7.16), (7.18), (7.20) concludes the proof of Lemma 7.1. d

8. End of the proof of the error estimate (Theorem 3.2)

In this section, we put together the relative energy inequality (6.1) and the identity (7.1) derived in the
previous section. The fina inequality resulting from this manipulation is formulated in the following
lemma.

LemMA 8.1 Under the assumptions of Theorem 3.2 there exists a positive number
= c(Mo, Eo, 1,7, 1Pl e | (Vs 80, 3V, 97, U, VU, VAU, .U, 9, VU) [l 10259

(depending tacitly also on T, 6y, y, diam(£2), |§2]), such that forallm =1, ..., N, there holds

momy o m M - n ny|2
E", u"|r", k— V(" —Up)|~dx
@, u™|r", u")+k= HEZI ngT K\ (U Wl

9102 ‘11 1290300 uo sarsAydewserq 1A e /S10°sjewnolpiogxo-eulewi;/:dpy woiy papeojumoq

<[ + Vk + E°,u’|F°, U] + ck ZE(Q",u”I/’,u"),
n=1

where A is define in (6.2).

Proof. Gathering the formulae (6.1) and (7.1), one gets

E@"u" |7, U") = E@"u’ | F(0),U0) + uk Y " = Uplo sy SP1 + P2+ Py +Q, (81)

n=1
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where

m Un _ Un—l
Pi=k > IKIok ! =k H=" =5 (W — wp),

n=1 KeT

m
A, 7 1up ~ A~ n,up
Pr=k3" 3" ST (ol — B — ) - (UL — U ) U - mo,
n=1 KeT o=K|LeE(K)

m

Pi=k > > [ (p(h) — plol) divU" dx

n=1 KeT K
S S S k= Ok .
+E> N Pt -V de+ [ KKy e, dx|
n=1 keT LK Tk Ko Tk

Q=TR}, + R, +G".

Now, we conveniently estimate the terms P, P,, P; in three steps.
Step 1: term P;. Owing to the Holder inequality and to the Taylor formula applied to function
t+— U(t,x) on the interval (¢,_1,1,), we have

Uik — Ui
DIk = == - W — )| < Bl 0wy + 1 VU sy z0)
KeT
1/2 5/6
x (Z Kllog ™" — ’7(]21&/2,2;](@1()) + (Z Kllog ™" — '7(16/51&\&/2,2;]@«))
KeT KeT

1/6
x (Z KU} — u’,;|6> <e(l@U, VU)o, m)E (" w7~ U™
KeT

1/6
+ 70" U ) (Z s — uznzb(,cms)) ,
KeT

where we have used Lemma 7.2 and estimate (4.13) to obtain the last line. Now, by the Minkowski
inequality,

1/6 1/6
(Z U, — u}ugé(,(;w)) < (Z (U — ) — Uy — u")lis(K;Rs>>

KeT KeT

+ U, — ' lsem) < clu” = Uplyzams),
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where we have used estimate (A.14) and the Sobolev inequality (A.29). Finally, employing the Young
inequality and estimate (4.13), we arrive at

[P1l < (8, Mo, Eo, 1, 7, | (U, VU, 3,U, 9, VU) [l 1 (0r,r2%))

x (KE@"u'l°, U + kY E@"u" [ UM) + 8k Y lu" = Ujle o  (82)

n=1 n=1

with any § > 0.
Step 2: term P. We write P, =k Y ,_; P} where Lemma 7.2 and the Holder inequality yield,
similarly to the previous step,

[Py < e, 7, VU || 1 (grr9)
s

« Z Z |g|h(E1/2(QZ,Up’;;,up) +E2/3(QZ,Up’;,2,1lp))|Ulw HU::EP _ ﬁg,up
KeT oe&(K)

e WU, VO i) | | D Y o lh(EQ@E™|7)"?
KeT oe&(K)

2/3 1/6

S DI IRLTEEER) B R DO ST/ Al

KeT oe&(K) KeT oe€(K)

provided y >3/2. Next, we observe that the contribution %f the face o =K|L to the sums
A ity A .

Yoker Yovecy OIRE@EPIH) and Yy 7Y e 10U, — @5"F|° is less than or equal to

2|0 |h(E(ek|7%) + E(o}|77)) and less than or equal to 2|o |A(|U}; x — u|® + Uy —up %), respectively.

Consequently, we get by the same reasoning as in the previous step, under the assumption y > 3/2,

|Pa] < c(8, Mo, Eo, 1, 7, [ (U, VO) i~ riziz )k E@"u' P, U + 8k Y lu" = Ul ) (8:3)

n=1 n=1

Step 3: term Ps. Since the pair (r, U) satisfie continuity equation (1.1a) in the classical sense, we have,
foralln=1,...,N,

[0 +U" - v/ =~/ divU",
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where we recall that [9,r]"(x) = 9,r(t,, x) in accordance with (3.17). Using this identity, we write
Py=Psi+ P2 Pri=ky Py
n=1

with Pl ==Y [ (e~ p ek — )~ ) div U d
KeT K

7L— ol
and Py, =3 [ Kk . %K ()@ — U") - Vi dx.
keT 7K K
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Now, we apply Lemma 7.2 in combination with assumption (1.6) to deduce

1Psal clldivU =)k Y E@"u"|7",U". (84)

n=1

Finally, the same reasoning as in Step 2 leads to the estimate

|P32| < he(Mo, Eo, 1, 7, 1P leq@rmp | (Vr, VO) | 1 2:r%))

m
+ @ nF P le@a IVl @ms)k Y E@" u"|7", U")

n=1

+ok Yy u" - Uil oms): (8.5)

n=1

Gathering the formulae (8.1) and (8.2-8.5) with § sufficientl small (with respect to ), we conclude
the proof of Lemma 8.1. O

Finally, Lemma 8.1 in combination with the bound (4.13) yields

m—1
E@"u" " U™ ol + Vi + k+ £ ull, U]+ ck Y E@",u"lr", UM);

n=1

then Theorem 3.2 is a direct consequence of the standard discrete version of Gronwall’s lemma.
Theorem 3.2 is thus proved.
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Appendix. Fundamental auxiliary lemmas and estimates

In this section, we report several results related to the properties of the Sobolev spaces on tetrahedra
and of the Crouzeix—Raviart (C-R) space. We refer the reader to the book Brezzi & Fortin (1991) for a
general introduction to the subject.

We start with the inequalities that can be obtained by rescaling from the standard inequalities on a
reference tetrahedron of size equivalent to 1.

LEmMMA Al (Poincaré, Sobolev and interpolation inequalities on tetrahedra) Let 1 <p < oco. Let 6y > 0
and 7 be a triangulation of §2 such that 6 > 6, where 6 is define in (3.1). Then we have the
following estimates.

(1) Poincaré-type inequalities on tetrahedra.
Let 1 < p < o0o. There exists ¢ = ¢(fy, p) > 0 such that for all K € T and for all ve W'¥(K)
we have
v =vlru < chllVVIe ks (A1)
Vo e&K), |Iv—vs ”L”(K) < Ch”VVHL"(K)' (A2)
(2) Sobolev-type inequalities on tetrahedra.
Let 1 <p < d. There exists ¢ = c(6p, p) > 0 such that, for all K € 7 and for all ve W'*(K),
we have
lv— VKHL:'*(K) <cellVvlip i, (A3)

Yo cEK), v vl i, <clVVlrg. (A4)

where p* =dp/(d — p).
(3) Interpolation inequalities on the tetrahedra.
Let 1 <p <d and p < g < p*. There exists ¢ = c(6y, p) > 0 such that, forall K € 7 and v €
WP (K), we have
v — vl < ch? Vvl &mays (A.5)
<

v = vo ey < kP IVl epay. (A.6)

where 1/g=8/p+ (1 — B)/p*.
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Combining estimates (A.1-A.6) with the algebraic inequality

L 1/p L 1/q
(Z a,-|”> < (Z |a,-|‘f> (A7)
i=1 i=1

foralla=(ay,...,a;) € RE, 1 < g < p < 0o, we obtain the following corollaries.

CoRrROLLARY A2 (Poincaré- and Sobolev-type inequalities on the Sobolev spaces) Under the assump-
tions of Lemma A1, we have the following estimates.

(1) Poincaré-type inequalities on the domain £2.
Let 1 < p < 0o. There exists ¢ = c(6p, p) > 0 such that, forall v e W7 (£2), we have

1/p
v =¥l = (Z llv — vkn‘;,.(,()) < chl| V2 (gmays (A8)
KeT
1/p
ST vl | <Az, (A9)
KeT oe&(K)

where v and v, are define by (3.7) and (3.8).

(2) Sobolev-type inequalities on the domain £2.
Let 1 <p <d. There exists ¢ = c(6y, p) > 0 such that, forall v e WP (£2), we have
lv— ‘A’”Lv*(g) < C”VV“L”(Q)a (A.10)
1/p*

Do =vell o | SV (A1)

KeT oe&(K)

(3) Interpolation inequalities on the domain §2.
Let 1 <p <d and p < g < p*. There exists ¢ = ¢(0y, p) > 0 such that, for all v € W'?(£2), we
have
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v =Dl < chP IVl (A.12)

1/q

DN v =vellug | <RIV @pe) (A.13)
KeT oe&(K)

where 1/g=8/p+ (1 — B)/p*.

CoROLLARY A3 (Poincaré- and Sobolev-type inequalities on V};) Under the assumptions of Lemma A1,
the following estimates hold.

(1) Poincaré-type inequality in V;(§2).

160



C Error estimates for a numerical approximation to the compressible barotropic
Navier-Stokes equations

ERROR ESTIMATES FOR A NUMERICAL APPROXIMATION 587

Let 1 < p < 0o. There exists ¢ = ¢(6p, p) such that, for all v € V,,,
v =9l < chlvlv ) (A.14)
1/p

DY v =vellg | <chVlve). (A.15)

KeT oe&(K)

(2) Sobolev-type inequality in Vj(£2).
Let 1 < p <d. There exists ¢ = ¢(0y, p) such that, for all v € V},(£2),
v = Bll e ) < eVl (A.16)

1/p

Do =l | <l (A.17)

KeT 0€€(K)

(3) Interpolation-type inequalities in V},(£2).
Let 1 <p <d and p < g < p*. There exists ¢ = ¢(6p, p) > 0 such that, for all v € V,,(£2), we
have

v =Pl < P Ivivea), (A.18)
1/q

ST W=velluwy | <hlya (A.19)
KeT oe&(K)

where 1/g=g/p+ (1 - B)/p".
The next fundamental lemma deals with the properties of the projection v, define by (3.9).

LEMMA A4 (Projection on V) Let 6 > 0 and 7 be a triangulation of £2 such that 6 > 6, where 6 is
define in (3.1).

(1) Approximation estimates on tetrahedra.
Let 1 < p < 0o. There exists ¢ = ¢(6p, p) > 0 such that

YWeW," NWP(R2), YKeT, Iv—vilr < chIVYllrEpe), (A.20)
VO = vi)llrgers < ch ™ VI pggey, s=1,2. (A21)

(2) Preservation of divergence.

vy e W2 (2,RY), ¥q € Li(2), Z/qdivvl,dx:/ gdivvdx. (A22)
keT /K /e

(3) Approximation estimates of Poincaré type on the whole domain.
Let 1 < p < 0o. There exists ¢ = ¢(6p, p) > 0 such that, for all v € Wol’p(.Q),

v =villr @) < chll VYl ora)- (A.23)
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(4) Approximation estimates of Sobolev type on the whole domain.
Let 1 < p < d. There exists ¢ = c(6y, p) > 0 such that, for all v € Wy " (£2),

lv— VhHLv*(_Q) < C”VVHL”(.Q;]R")* (A.24)
Statement (2) of Lemma A4 is proved in Crouzeix & Raviart (1973), where one can also fin the
proof of item (1) for p =2. We present here the proof of statements (1), (3), (4) for arbitrary p for the

reader’s convenience, since a straightforward reference is not available.

Proof. Step 1. We start with some generalities. First, we complete the Crouzeix—Raviart basis (3.6) by
functions ¢, indexed also with o € & saying

1 !
m/ G0 dS =8, (0,0") € E

and observe that

Z ¢o(x)=1 foranyxek. (A.25)
oeE(K)
A scaling argument yields
o=@ < c),  hllVeolli~@mi) < c(bo)- (A.26)

Second, we defin the projection v — v, for any v € W'#(£2) by saying

Vh = Zva¢n-

oc€
We note that if v € W, (£2), then v, coincides with (3.5). Moreover,
vy, = v for any affin function v. (A.27)
Third, due to the density argument, it is enough to show the remaining statements (1), (3), (4) for
ve WOI’P(.Q) NWS®(£), s = 1,2, according to the case.

Step 2. We denote by xx = (1/|K]) . ]K xdx the centre of gravity of the tetrahedron K. We calculate
by using (A.27) and the frst-order Taylor formula,
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v(x) = v (x) = vx) — v(xg) — [v — v(xg)n(x)

1
=(x—xk) - / Vv(xg + t(x — xx)) dr
0

1
-y ‘P“(x)%\ / [(x—xK)~ / Vv(xg + 1(x — xg)) de | dS,
o 0

oe&(K)

where x € K. This formula yields immediately the upper bound stated in (A.20),—; if p=o00. If | <p <
00, we calculate the upper bound of the Z”-norm of each term on the right-hand side separately by using
(A.26), Fubini’s theorem, the Holder inequality and the change of variables y = xx + #(x — xx) together
with the convexity of K.
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The same reasoning can be applied to prove (A.20),—,. Indeed, we observe that
v(x) = vp(x) = v(x) — (x —xg) - Vv(xg) — v(xg) — [v = (x —xg) - Vv(ag) — v(xg)]a(x)

by virtue of (A.27). Now, we apply to the right-hand side of the last expression the second-order Taylor
formula in integral form, and proceed exactly as described before.

Finally, one applies the same straightforward argumentation to get (A.21). This completes the proof
of statement (1).

Step 3. Statement (3) follows easily from (A.20),=; and the algebraic inequality (A.7).

Step 4. We use (A.25) and (A.27) to write

Vo) =)= Y () =)o (¥), xEK;

0eE(K)
then
v =vall = gy < VI kray

where we have used the Sobolev inequality (A.4) on the tetrahedron K € 7 and the L>°-bound (A.26).
We conclude the proof of statement (4) by using the relation (A.7). The proof of Lemma A4 is complete.
O

The following corollary is a direct consequence of (A.21).

CoROLLARY A5 (Continuity of the projection onto Vj;) Under the assumptions of Lemma A4, there
exists ¢ = c¢(6p, p) > 0 such that

WeW,"(2),  Iilvpe) < el VYl @mans (A.28)
where 1 < p < o0.

Although the nonconforming finit element space V), is not a subspace of any Sobolev space, its
elements enjoy Sobolev-type inequalities. This important fact is formulated in the next lemma.

LEMMA A6 (Sobolev inequality on V},) Let £2 be a bounded domain of R¢. Let 7 be a triangulation of
the domain §2 in simplices such that 6 > 6y > 0 where 6 is define in (3.1). Then we have the following
estimates.

(1) Sobolev inequality in V;,(§2) (case 1 < p < d).
There exists ¢ = c(y, p) such that, for all v € V},(£2),

VIl ) < cVlvriay- (A29)

(2) Sobolev inequality in V;(§2), case p > d.
Let 1 < g < 0o. There exists ¢ = c(6p, p, g¢) > 0 such that for all v € V},(£2),

IVilzo(e) < clvive @) (A.30)
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Proof. Step 1. Let 1 <r<a < oo. Let u € V. We call v the element of V, such that v, = |u,|*. Then
there exists C depending only on d, r, o such that

lullg 2y < cllullzre - (A31)

To prove (A.31), we remark that, using a change of variable, it is enough to show the existence of
C for only the unit simplex K. Let u € P;(K) and we call v the element of P (K) such that v, = Jug|*.
Let T(w) = llull ;; (, and S(u) = Hu\li{/i(k). These two functions are continuous, homogeneous of degree
1 and nonzero if u & 0. Since P; (f() is a finite-dimensiona space, we can choose a norm on P; (f() and
take C = (M /m)® where M = max{T (u), lullp, &, = 1} and m = min{T (u), lullp, &, = 1}.

Step 2. Proof for p = 1.
We set u =0 outside £2. For o € &y, 0 =K]|L, we set [[u(x)]] = lug(x) — ur(x)| for x€ o. For o €
Eext NE(K), we set |[u(x)]| = |ug (x)| for x € o. We frst remark that there exists C ; and C; , depending
only on d such that

el zara-n @y < Cri lullavs < CoallVasllpe) + Cra Y [ 1[ulldS,
geg’?
where we refer the reader to Ambrosio et al. (2000) for the definitio of the BV norm and more details.
We now prove that there exists C; 3 depending only on d and 6, such that
7 1[u11dS < Cr3l Vil -
ceE V7

Let K € T and o € £(K). Let x, be the centre of mass of o. We have, with ux = u in K,

1
U (x) — u(xy) =/ Vug - (x — x,) dr.
0

Then if 0 = K|L, we have
lug () — urL ()| < ho (|Vug| + |Vurl).

Integrating this inequality on o gives

2
/ ] dS < lortho ([Vu] + 1Vl < g Vel + 1Vl w)-
o 0
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Similarly, for o € e N E(K) we have

2
/ [[u]ldS < — I VullL ).
o 00
Then there exists C; 3 = C(d, 6) such that

Z [[u]l dS < Ci 31 Vautll (2

ioeE’?

and, then,
[lull =2y < e(d, 00) | Vaullpr ().
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Step 3: Proof for 1 <p <d.

Let 1<p<d and p*=pd/(d—p) and let ueV, We set u=0 outside 2. Let
a=p(d—1)/(d — p), sothat o > 1 and «1* = p*. We call v the element of V), such that v, = |u,|* for
o € &. One has v = [u|* but there exists C»; depending only on d and p (see (A.31)) such that

el ) < Conlvllzr o) < e(d, p, 00 IVaviiLie)-

Moreover, using a scaling argument, we obtain

IVivllg < cd.p.fo) D lugl*™ Vug|IK].
oe&(K)

Then, using the Holder inequality, we have, with g =p/(p — 1) (so that g(a — 1) = p*),

r/q

ViVl < ed, p, 0 IVl ao lull - -

Summing on K € 7, we obtain

lull o) < C2ll Vaullr @)

Step 4. Proof forp > d.
Let 1 < g < oo. There exists r = r(d, g) such that r < d and r* > gq. We have

llull 2y < c(r,d, q,00) I Vattllr(2)-

Moreover,
lullzoy < 12197 ull o) < (d, q,00) 1214/ |Vl )
and
I Viatellzr oy < 12172 Vull 2 o).
Finally,

lullo2) < c(£2,d, p, q,00) | Vaull 2 (2)-

O

A combination of Lemma A6 with estimates (A.14), (A.16) and the Holder inequality yields the
following corollary.

CorOLLARY A7 (Estimates of the norms of mean values) We have the following under the assumptions
of Lemma A6.

(1) Poincaré-type inequality involving mean values on tetrahedra.
There exists ¢ = c(0y, p) such that, for all v € V,,

1/p
19l () = (Z |K||vK|”> <cllvily @) + AVl @) (A.32)
KeT
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(2) Sobolev-type inequality involving mean values on tetrahedra.
Let 1 < p < d; there exists ¢ = ¢(0y, p) such that, for all v e V,

1/p*
Il ) = <Z |K||vk|1’”> eVl g + IVl (A33)

KeT

Note that, last but not least, we recall a result on the equivalence of norms in the space V;,(£2) which
is a consequence of a discrete Poincaré inequality on the broken Sobolev space Vj (Temam, 1984,
proposition 4.13).

LemMA A8 (Discrete and continuous norms in V) Let 1 < p < o0o. Let 6y > 0 and 7 be a triangulation
of §2 such that 6 > 6,, where 0 is define in (3.1). Then the norms

1/p
( Z|n|hvn|P> and VI o) (A34)

0 €Eint
are equivalent on V;,(£2) uniformly with respect to 4 > 0.

The last lemma in this overview deals with the estimates of jumps over faces. The reader can consult
Ern & Guermond (2004, Lemma 3.32) or Gallouét ez al. (2009, Lemma 2.2) for its proof.

LEMMA A9 (Jumps over faces in the Crouzeix—Raviart space) Let 6y > 0 and 7 be a triangulation of £2
such that 6 > 6,, where 6 is define in (3.1). Then there exists ¢ = ¢(6y) > 0 such that, for all v € V,(£2),

1
25 [Vl dS < el (A35)
oe€ “
where [v], », is a jump of v with respect to a normal n, to the face o,
_ : _Jvlk@ = vl ifne =nok,
wreo =KL b= {0 T T s

and
Vx€o €&ty [Vlom, (x) =v(x), withn, an exterior normal to 32.
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Abstract

‘We derive an a priori error estimate for the numerical solution obtained by time and space dis-
cretization by the finite volume/finite element method of the barotropic Navier-Stokes equations. The
numerical solution on a convenient polyhedral domain approximating a sufficiently smooth bounded
domain is compared with an exact solution of the barotropic Navier-Stokes equations with a bounded
density. The result is unconditional in the sense that there are no assumed bounds on the numeri-
cal solution. It is obtained by the combination of discrete relative energy inequality derived in [22]
and several recent results in the theory of compressible Navier-Stokes equations concerning blow up
criterion established in [41] and weak strong uniqueness principle established in [11].

Key words: Navier-Stokes system, finite element numerical method, finite volume numerical method,
error estimates

AMS classification 35Q30, 65N12, 65N30, 76N10, 76N15, 76M10, 7T6M12

1 Introduction

We consider the compressible Navier-Stokes equations in the barotropic regime in a space-time cylinder
Qr = (0,T) x £, where T > 0 is arbitrarily large and Q@ C R® is a bounded domain:

atg+d-ivz(9u) =0, (11)
at(gu) + divz(?“ ® u) + VIP(Q) = div_.,S(V,u), (1-2)

In equations (1.1-1.2) p = o(t,x) > 0 and u = u(t,z) € R* t € [0,T), z € Q are the unknown density
and velocity fields, while § and p are the viscous stress and pressure characterizing the fluid via the
constitutive relations

S(Vzu) = p (qu +Viu— g-divzull) 5o fi>0; (1.3)

*The research of E.F. leading to these results has received funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078. The Institute of
Mathematics of the Academy of Sciences of the Czech Republic is supported by RVO:67985840.

"The research of R.H. leading to these results has received funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078. The Institute of
Mathematics of the Academy of Sciences of the Czech Republic is supported by RVO:67985840.

#The work of D.M. and A.N. has been supported by the MODTERCOM project within the APEX programme of the
Provence-Alpes-Cote d’Azur region
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Plo) _
F

p € C%(0,00) NC[0,00), p(0) =0, p'(0) >0 for all o >0, Jim Poo > 0, (1.4)
where v > 1.

The assumption p’(0) > 0 in (1.4) excludes the constitutive laws for pressure behaving as g7 as
0 — 0%. The error estimates stated in Theorem 3.1 however still hold in the case lim, o+ z:,f =0,
in particular for the isentropic pressure laws p(g) = 7. The proof contains some additional technical
difficulties, see also Remark 3.2.

Equations (1.1-1.2) are completed with the no-slip boundary conditions

ug =0, (1.5)

and initial conditions
0(0,") = go, u(0,-) = ug, g >0in Q. (1.6)

We notice that under assumption (1.3), we may write

div,S(Vzu) = pAu + %Vzdiv,:u. (1.7)

The results on error estimates for numerical schemes for the compressible Navier-Stokes equations are
in the mathematical literature on short supply. We refer the reader to papers of Liu [39], [40], Jovanovié
(28], Gallouet et al. [22].

In [22] the authors have developed a methodology of deriving unconditional error estimates for the
numerical schemes to the compressible Navier-Stokes equations (1.1-1.6) and applied it to the numerical
scheme (3.5 3.7) discretizing the system on polyhedral domains. They have obtained error estimates for
the discrete solution with respect to a classical solution of the system on the same (polyhedral) domain.
In spite of the fact that [22] provides the first and to the best of our knowledge so far the sole error
estimate for discrete solutions of a finite volume /finite element approximation to a model of compressible
fluids that does not need any assumed bounds on the numerical solution itself, it has two weak points:
1) The existence of classical solutions on at least a short time interval to the compressible Navier-Stokes
equations is known for smooth C* domains (see Valli, Zajaczkowski [43] or Cho, Choe, Kim [4]) but may
not be in general true on the polyhedral domains. 2) The numerical solutions are compared with the
classical exact solutions (as is usual in any previous existing mathematical literature). In this paper we
address both points raised above and to a certain extent remove the limitations of the theory presented
in [22].

More precisely, we generalize the result of Gallouet et al. [22, Theorem 3.1] in two directions:

e physical domain ed by the fluid and the numerical domain €, h > 0 approximating the
1) The physical domain (2 filled by the fluid and th ical domain Q4, h > 0 imati h
physical domain do not need to coincide.

(2) If the physical domain is sufficiently smooth (at least of class C%) and the C3— initial data satisfy
natural compatibility conditions, we are able to obtain the unconditional error estimates with
respect to any weak eract solution with bounded density.

As in [22], and in contrast with any other literature dealing with finite volume or mixed finite vol-
ume/finite element methods for compressible fluids ( Feistauer et al. [16], [17], [18], [19], Kroner et al.
[32], [33], [34], [35], Jovanovié [28], Canceés et al [3], Eymard et al. [10], Villa, Villedieu [44], Rohde,
Jovanovié [29], Gastaldo et al. [24], Herbin et al. [25], [23] and others) this result does not require any
assumed bounds on the discrete solution: the sole bounds needed for the result are those provided by
the numerical scheme. Moreover, in contrast with [22] and with all above mentioned papers, the exact
solution is solely weak solution with bounded density. This seemingly weak hypothesis is compensated by
the regularity and compatibility conditions imposed on initial data that make possible a (sophisticated)
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bootstrapping argument showing that weak solutions with bounded density are in fact strong solutions
in the class investigated in [22].
These results are achieved by using the following tools:

(1) The technique introduced in [22] modified in order to accommodate non-zero velocity of the exact
sample solution on the boundary of the numerical domain.

(2) Three fundamental recent results from the theory of compressible Navier-Stokes equations, namely

e Local in time existence of strong solutions in class (2.11-2.12) by Cho, Choe, Kim [4].
e Weak strong uniqueness principle proved in [11] (see also [15]).
e Blow up criterion for strong solutions in the class (2.11-2.12) by Sun, Wang, Zhang [41].

The three above mentioned items allow to show that the weak solution with bounded density
emanating from the sufficiently smooth initial data is in fact a strong solution defined on the large
time interval [0, 7).

(3) Bootstrapping argument using recent results on maximal regularity for parabolic systems by Danchin
[8], Denk, Pruess, Hieber [5] and Krylov [36]. The last item allows to bootstrap the strong solution
in the class Cho, Choe, Kim [4] to the class needed for the error estimates in [22], provided a
certain compatibility condition for the initial data is satisfied.

2 Preliminaries

2.1 Weak and strong solutions to the Navier-Stokes system
We introduce the notion of the weak solution to system (1.1-1.4):

Definition 2.1 (Weak solutions). Let go : @ — [0,+00) and ug : Q — R3 with finite energy Ey =
Ja(300luo|® + H(eo))dz and finite mass 0 < Mo = [, 00dz. We shall say that the pair (o,u) is a weak
solution to the problem (1.1)-(1.6) emanating from the initial data (0o, uo) if:

(a) 0 € Cyeax([0, T); L%(R)), for a certain a > 1, ¢ > 0 a.e. in (0,T), and u € L*(0,T; W(}’Z(Q;Ra)).

(b) the continuity equation (1.1) is satisfied in the following weak sense
/ op | = / / (0o + ou- Vag) dudt, ¥r € [0,7), Vo € C2(0,T) x 7). (2.1)
Q o Ja

(¢) ou € Cyear ([0, T); L*(Q; R3)), for a certain b > 1, and the momentum equation (1.2) is satisfied in
the weak sense,

/gu-(pdz
Q

—/ / (qu : Vepdrdt+(pn+ /\)divudivnp) dz dt, ¥ € [0,T], Vo € C2([0, T] x ; R®).
o Ja
2.2)

T 2
=/ /(gu'a.«,zp-&-g'u@u:V<p+p(g)divnp)d.1:dt
0 Jo Ja

(d) The following energy inequality is satisfied
1 2 T 2 a2
(Gelu?+H(2) d:c‘ + (uIVul+(u+ )| divuf?) dedt <0, for a.a. 7€ (0,T), (23)
a\2 0 Jo Ja

with H(p) =0 /1-9 ]L?dz. (2.4)

¥4
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Here and hereafter the symbol / gdz | is meant for f g(r,z)dz — /go(:v)dz
Q Q Ja

In the above definition, we tacitly assume that all the integrals in the formulas (2.1)-(2.3) are defined
and we recall that Cyeak ([0, T]; L*(Q2)) is the space of functions of L*([0, T]; L#(£2)) which are continuous
as functions of time in the weak topology of the space L%(f2).

We notice that the function g — H(p) is a solution of the ordinary differential equation oH’(0) —
H(p) = p(p) with the constant of integration fixed such that H(1) = 0.

Note that the existence of weak solutions emanating from the finite energy initial data is well-known
on bounded Lipschitz domains provided v > 3/2, see Lions [38] for ‘large’ values of ~, Feireisl and
coauthors [14] for v > 3/2.

Proposition 2.1. Suppose the  C R® is a bounded domain of class C*. Let r, V be a weak solution to
problem (1.1-1.6) in (0,T) x Q, originating from the initial data

o€ C3Q), ro>01inQ, (2.5)
Vo € C}(; R?), (2.6)
satisfying the compatibility conditions
Volaa =0, Vzp(ro)loa = divzS(VzVo)laa, (2.7)
and such that
0<r <7 aa in(0,T) x . (2.8)

Then r, V is a classical solution satisfying the bounds:
11/rlleqorixay + IFlerqoayxay + 19V arlleqomycs@re) + 105 rlcqo sy < D, (2.9)
IVl qo.myxairey + IV ooy + 196 VaV llcqomys@rsxs)) + 182Vl 2o rsesy) < D, (2.10)
where D depends on Q, T, 7, and the initial data T, Vo (via ||(ro,Vo)||Cs(§;R4) and min, g 7o(z)).

Proof:
The proof will be carried over in several steps.

Step 1
According to Cho, Choe, and Kim [4], problem (1.1-1.6) admits a strong solution unique in the class

r€ C([01TM)) Wl's(ﬂ))v BIT € C([O’TM)a L6(”))1 1/7’ € Lm(QT): (2'11)

V € C([0, Tarl; W22(; R®)) N L2(0, Tag; W2S(% R®)), 8,V € L*(0, Tag; Wy *(% R®)). (2.12)

defined on a time interval [0,Tys), where Tys > 0 is finite or infinite and depends on the initial data.
Moreover, for any Ty; < Ty, there is a constant ¢ = ¢(T}y;) such that

[I7ll Loogo, 7y :wr8(0)) + [10er |l Loo(o,13,:L8(0)) + 11/7 (| o2 (2.13)
HIVllzoeo,ry mw22;r3) + I VIlz2015w2s@;r3) + 10V | 20,5, wr2(0))
< C(||T0||w1-6(n) + ||V0||w2‘2(0))-
Step 2

By virtue of the weak-strong uniqueness result stated in [11, Theorem 4.1] (see also [15, Theorem
4.6]), the weak solution r, V coincides on the time interval [0, T)s) with the strong solution, the existence
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of which is claimed in the previous step. According to Sun, Wang, Zhang [41, Theorem 1.3], if T < oo
then

lim sup ||r(t) ”Lm(ﬂ) = 00:
t—Ths —

Since (2.8) holds, we infer that Thy = 7. At this point we conclude that couple (r, V) possesses regularity
(2.11-2.12) and that that the bound (2.13) holds with ¢ dependent solely on T'.

Step 3

Since the initial data enjoy the regularity and compatibility conditions stated in (2.5-2.7), a straight-
forward bootstrap argument gives rise to better bounds, specifically, the solution belongs to the Valli-
Zajaczkowski (see [43, Theorem 2.5]) class

r e C([0,T);W32(Q)), dr e L*0,T; W?2(Q)), (2.14)
V € C([0, T); W) N L*(0, T; W(; R%)), 8,V € L*(0,T; W»*(Q; R?)), (2.15)
where, similarly to the previous step, the norms depend only on the initial data, 7, and 7.

Step 4
We write equation (1.2) in the form

V- %div,S(V,V) =-V.V,V+ %V,p(r), (2.16)

where, by virtue of (2.15) and a simple interpolation argument, V € C1+¥([0,T] x Q; R3*3), and, by
the same token r € C'¥([0,T] x Q) for some v > 0. Consequently, by means of the standard theory
of parabolic equations, see for instance Ladyzhenskaya et al. [37], we may infer that r, V is a classical

solution,
&V, V2V Hélder continuous in [0,7] x Q. (2.17)
and, going back to (1.1),
Gyr Hoélder continuous in [0,7] x Q. (2.18)
Step 5
We write

Vo0 = =V,V Vo — V. V2r — Vrdiv, V — 7V, div, V;
whence, by virtue (2.14), (2.17), (2.18), and the Sobolev embedding W2 — LS,
dr € C([0,T); Wh5(9)). (2.19)
Next, we differentiate (2.16) with respect to ¢t. Denoting Z = 9,V we therefore obtain

oz - ;divxS(VzZ) +V.VoZ =8 (;) divsS(VaV) — 8V - VoV + & (%Vzp(r)) . (220

where, in view of (2.19) and the previously established estimates, the expression on the right-hand side is
bounded in C([0,T7; L%(; R®)). Thus using the LP—maximal regularity (see Denk, Hieber, and Pruess
[5], Krylov [36] or Danchin [8, Theorem 2.2] ), we deduce that

OV = 8,2 € L*(0,T; L (% RY)), 8,V = Z € C([0,T]; W"5(%; R?)). (2.21)

Finally, writing
O r = =0,V - Vor — V. 9,V,r — 9yrdiv,V — rddiv, V,

and using (2.19), (2.21), we obtain the desired conclusion
a2y € C([0,T); LS()).

O
Here and hereafter, we shall use notation a ~ b and a ~ b. the symbol a < b means that there exists
c=c(Q,T,p,~) > 0 such that a < cb; a~bmeansa<bandb =< a.
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2.2 Extension lemma

Lemma 2.1. Under the hypotheses of Proposition 2.1, the functions r and V can be extended outside
Q in such a way that:

(1) The extended functions (still denoted by r and V) are such that V is compactly supported in
[0,T] x R® and r > 1 > 0.

2
[IVlleromixrs;rs) + [ Vileqorsc2ms;rsy) + 10:V2V ooy (r3;r3x3)) + ||6t2,tv||L2(0,T;L5(l(%;))22)
S ||VHcl([a,T|xﬁ;Ra) + ||v‘|c([a,T];cz(ﬁ;R:i)) + 10:V2 VlleoyLsirsxsy + Hatz,:v“Lﬁ(o,T;Lﬁ(n));
(3)
Irlloro.zyxms) + 18 Varllogo s sy + 10 llc oo sy (2.:23)
S Il ooy + 18 Varllooyzo iy + 108erllogo sy +
IVllerqomxaizny + IVllcgorycr@rey) + 19V V lloqomy;is@:rsxs)) + 182V Il 20 1150y
(4)

Ayr +divy(rV) =0 in (0,T) x R%. (2.24)

Proof: We first construct the extension of the vector field V. To this end, we follow the standard
construction in the flat domain, see Adams [1, Chapter 5, Theorem 5.22] and combine it with the
standard procedure of ‘flattening’ of the boundary and the partition of unity technique, we get (2.22)
Once this is done, we solve on the whole space the transport equation (2.24). It is easy to show that the
unique solution r of this equation possesses regularity and estimates stated in (2.23). O

Remark 2.1. Here and hereafter, we denote X1(R®) a subset of L*((0,T) x R®) of couples (r, V), r >0
with finite norm

l(r, V)| xzr3) = lIrllcrgo,myxas) + 18eVar |l eqoryoms:nsy) + 188l cgoryLecrs)) (2.25)

IVl omxrsims) + IV Ileqomiczasan) + 18V Vi corysrsrexsy + |02V | L2020 (r3)

We notice that if r, V are interrelated through (2.7), then the first component of the couple belonging
to Xt (R3) is always strictly positive on [0,T] x R®. We set

0 <r=ming,\cjorxre(t: %), T =maxy cprxrer(t,z) < 00 (2.26)

2.3 Physical domain, mesh approximation

The physical space is represented by a bounded domain Q € R? of class C®. The numerical domains £,
are polyhedral domains, _
Qp = UkerK, (2.27)

where 7 is a set of tetrahedra which have the following property: If K N L # 0, K # L, then KN L is

either a common face, or a common edge, or a common vertex. By £(K), we denote the set of the faces

o of the element K € 7. The set of all faces of the mesh is denoted by &; the set of faces included in

the boundary 9 of €24 is denoted by Eext and the set of internal faces (i.e £ \ Eext) is denoted by Eing.
Further, we ask

Vi, € 08, a vertex = V), € I (2.28)
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Furthermore, we suppose that each K is a tetrahedron such that
£[K] ~ diam[K] ~ h, (2.29)

where £[K] is the radius of the largest ball contained in K.
The properties of this mesh needed in the sequel are formulated in the following lemma, whose proof
is left to the reader, see Johnson and Nedelec [27] for the 2D case, and [26] for the general 3D case.

Lemma 2.2. There exists a positive constant dg depending solely on the geometric properties of 952
such that
dist[z, 8] < doh?,

for any x € Q. Moreover,
|2\ Q) U 2\ )| = 1.

We find important to emphasize that €, ¢ €2, in general.

2.4 Numerical spaces

We denote by Qx(§2) the space of piecewise constant functions:
Qn(m) ={g € L*()| VK €T, qx € R}. (2.30)

For a function v in C(£,), we set

vk = L/ vdz for K € T and va(r) = Z vk lk(z), z € S (2.31)
K| Jk KeT

Here and in what follows, 1x is the characteristic function of K.
We define the Crouzeix-Raviart space with ‘zero traces’:

Vio(Qn) = {v € L*(Q), VK € T, vk € P1(K), (2.32)

Vo € &, o=KL, /ledS:/U|LdS, Vo' € Euaty /vdS:O},

and ‘with general traces’
Va(@4) = {v € L2(Q), VK €T, vy € Py(K), Yo € &, 0 = K|L, fv,K ds= / vpdS).  (2.33)

We denote by I'l,‘l/ the standard Crouzeix-Raviart projection, and H,‘:O the Crouzeix-Raviart projection
with ‘zero trace’, specifically,

1Y : C(%) — Va(@h), /H,‘{[¢] ds, = /¢ a8, Brallp €8,

o : C(h) = Vho(), / 10}, o[¢] dSs = / ¢ dS; for all o € En, (2.34)

/ H,‘,/‘O[qﬁ] dS; = 0 whenever 0 € Eext.

If v € Whi(€), we set
Vg = l—}l / vdS for o € £. (2.35)

(See e.g. [9, Section 4.3] for the definition of traces of functions in W11.)

7
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Each element v € Vj(£2;) can be written in the form
U(I) = Zvaﬁpv(x)w TE Qh, (236)
o€l

where the set {¢s}oee C Vi(€2y) is the classical Crouzeix-Raviart basis determined by
V(o,o') € €2, ﬁ / @0 dS = 8500, (2.37)

Similarly, each element v € V}, ¢(£2,) can be written in the form

U(I) = Z va‘Pa(z)r T € Q. (238)
o€Eim

We first recall in Lemmas 2.3-2.7 the standard properties of the projection H{. The collection of
their proofs in the requested generality can be found in the Appendix of [22] with exception of Lemma
2.8 and its Corollary 2.1. We refer to the monograph of Brezzi, Fortin [2], the Crouzeix’s and Raviart’s
paper [6], Gallouet, Herbin, Latché [21] for the original versions of some of these proofs. We present the
proof of Lemma 2.8 dealing with the comparison of projections H,'{ and H,‘I/_0 that we did not find in the
literature.

Lemma 2.3. The following estimates hold true:

LY )| oo ey + 1IN 0[] 2w (20) N 1@l Loe () (2.39)
forall K € T and ¢ € C(K);
Hd’ = HIY[¢]||LP(K) S ha‘lvs‘ﬁ”LP(}(;nd’)x s=1,2 1<p<cc, (2-40)
and
”V(¢ - Hhv [45])”1,;’(](;34) < Ch371||v1¢||Lp(K;Rd’), §=1,2,1<p< o0, (2.41)

forall K € T and ¢ € C%(K).

Lemma 2.4. Let 1 < p < oo. Then

> lolhlos P = [Iv][E, ), (2.42)
o€l

with any v € Va(Qn).

Lemma 2.5. The following Sobolev-type inequality holds true:

lltsay & 3 [ IVavlaz, (2.43)
Kerv¥
with any v € Vy o(Qy).
Lemma 2.6. There holds:
> / q divn,‘,’[u]dz=/q divv da, (2.44)
JK Q

KeT
for allv € C*(,,RY) and all q € Qu(Qp).
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Lemma 2.7 (Jumps over faces in the Crouzeix-Raviart space). For all v € V},o(2,) there holds

1
X, % /lvlﬁ,n,ds 2y / |Vazv|*de, (2.45)
geg 17 KeT 'K

where [v]on, is a jump of v with respect to a normal ny to the face o,

vk (z) — vlL(2) if ng = ok
Vx€o=K|L€ &, [Vlon,(x)= : L
€ S, lene@)= { W80 L) Y e
(nox is the normal of o, that is outer w.r. to element K) and

Vr € o€ ext, [Von,(z) =v(x), with ny an exterior normal to 9.

We will need to compare the projections IIX and H,‘:o. Clearly they coincide on ‘interior’ elements
meaning K € 7, KNdQy, = 0. We have the following lemma for the tetrahedra with non void intersection
with the boundary.

Lemma 2.8. We have

115 (8] =TI, o[ @] Lo () + Rl V2 (T [8] =TI} o [6]) | oo i 3y =~ sup  [[@llimeo) if K € T, K N9 #0,
o h

(2.46)
for any ¢ € C(K).

Proof: We recall the Crouzeix-Raviart basis (2.37) and the fact that II,‘I" and H}‘:/,o differ only in
basis functions corresponding to o € .. We have

1L (@] — 10, o [@]l| Lo () < <co(K):  sup [ @llpeiry, (247

1
3 ”’H/,,¢ds

7€E (K)Next LK) TEE(K)NEext

and
1
h|| Vo (T [¢] — I o [8]) | Lo (i) < b Z V:%m /¢d5
TEE(K)NEext 7 Loo(K)
Sch sup Bllpx@)|| D Vewo

aCKNaYy, GEE(K)NEext Lo(K)

The proof is completed by || 3, ce(x)ngme Vool L) < c(K)ht. O

In fact, in the derivation of the error estimates we will use the consequence of the above observations
formulated in the following two corollaries.

Corollary 2.1. Let ¢ € C*(R®) such that ¢|lgq = 0. Then we have,

115 (8] — I} o [8)l| Loy = 0 if K € T, K N g, =0, (2.48)

10 (6] — I0Y o [@)l| o= 1) + Bl V2 (I [9] — TIY o [@]) | e a5y = B21| Vo bll oo (R3:R5) s (2.49)
ifKeT,, KNoQy #0, 0K ¢ 09Q.
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Proof: Relation (2.48) follows immediately from (2.46), as there is an empty sum on the right hand
side for ‘interior’ elements (K N d%Qy, = 0).
For any z € 0Q, there exists y € 9Q (and thus ¢(y) = 0) such that

|6(@)] < distlz, ]| Vol o (r,rs) = BV oo (3 ), (2.50)
where we used Lemma 2.2 for the latter inequality. The proof is completed by taking supremum over
K € T, and combining with (2.50). Note that the mesh regularity property (2.29) supplies a uniform

estimate of constants ¢(K') from the previous lemma, which enables to write the latter inequality in
(2.50). O

Corollary 2.2. For any ¢ € C(R®),

II¥ 8] — II¥ o[8) | Logan) ~ h*/P[|6]|Loe (@), 1 < P < 0. (2.51)

Proof: Apply inverse estimates (see e.g. [31, Lemma 2.9]) to (2.46). O
We will frequently use the Poincaré, Sobolev and interpolation inequalities on tetrahedra reported
in the following lemma.

Lemma 2.9.

(1) We have,
llo = v || oiey = BIIVOlLo(ic)s (2.52)

Vo € E(K), |[v —vollLok) < bl V0]l Lok, (2.53)
for any v € WYP(K), where 1 < p < oo.

(2) There holds
llo = vkll o iy ~ V2 llLocac)s (2.54)
Vo € E(K), llv = volle (&) ~ V0]l Loy, (2.55)
for anyv € WYP(K), 1 < p < d, where p* = :Tpp.

(3) We have,
llv = vicllaxey < b V0]l o ey (2.56)

v = vollLagxy < Chﬁ"V””u(K;Rd)» (2.57)
for anyv e WWP(K), 1<p<d, where%:%—*—l—;ﬁ.qugp".

We finish the section of preliminaries by recalling two algebraic inequalities 1) the ‘imbedding’ in-

equality
L 1/p L 1/q
(Staie) ™ < (S laite) ™, (2.58)
i=1 i=1

for all a = (a1,...,aL) € RL, 1< ¢ < p< oo and the discrete Hélder inequality

- L /g & 1/p
S laidinl < (Y lal?) (X laid?) (2:59)
i=1 i=1 i=1

for all @ = (ay,...,ar) € RE, b= (by,...,br) € RL, }1+Il,:1.

10
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3 Main result

Here and hereafter we systematically use the following abbreviated notation:

$=12[], ¢on=T0[¢], dno=TIY[¢), (31)

where projections Hf, 1T} and II}; are defined in (2.31) and (2.34). For a function v € C([0,T7], L'(2))
we set

v"(z) = v(tn, 7), (3.2)

where tg =0 <t; <...<tn_1 <tn <tpsy1 <...txy =T is a partition of the interval [0, T]. Finally, for
a function v € V4(Q4) we denote

Viv(z) = Z Vev(z)lg(z), divpv(z) = Z divyv(z)lk (z). (3.3)
KeT KeT

In order to ensure the positivity of the approximate densities, we shall use an upwinding technique
for the density in the mass equation. For g € Qu(Q%) and u € V}0(%; R?), the upwinding of ¢ with
respect to w is defined, for 0 = K|L € Einy by

qr if us My >0

up _
< qr if us - Ny k<0

; (3.4)

and we denote

Upg(gw)= > ¢Pus-mogx= Y. (qx[ua n k]t + qrfus - na,K]’),
o €E(K)cNEint o€E(K)NEiny
where a* = max(a,0), e~ = min(a, 0).

3.1 Numerical scheme
We consider a couple (0", u") = (g"'(At'h),u"’(A""))

system (numerical scheme):

of (numerical) solutions of the following algebraic

0" € Qu(), 0" >0, u" € Vio(2m:R*), n=0,1,...,N, (3.5)

n _ n—1
Z |Kl%¢[( + Z Z |o|al P (uy - ng k)ox =0 for any ¢ € Qu() andn=1,...,N,

KeT KeT oe€(K)
K| (3.6)
> & (ekidk — e i) vk + Y D lolel P al Pl - nok] - vk (3.7)
KeT KeT o€€(K)
= Z p(ok) Z lo|ve - no i + p Z / Vu™ : Vv dz
KeT ocE(K) KeT 'K

+‘—; Z / divu"dive dz = 0, for any v € Vho(; R*) andn=1,...,N.
Ker 'K

The numerical solutions depend on the size h of the space discretization and on the time step At. For

the sake of clarity and in order to simplify notation we will always systematically write in all formulas
(o", u") instead of (g"'(A""), u"'(m"')).

11
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The numerical method (3.5-3.7) has been suggested in [31, Definition 3.1); it is strongly nonlinear
and implicit. It is therefore not a trivial question whether this (finite dimensional) problem admits a
solution. The problem of the well posedness of this numerical scheme is investigated in Karper [31,
Proposition 3.3]. Karper’s result states that:

For each fixzed h > 0, At > 0, problem (3.5-3.7) admits a solution (o}, u}):

o} € Qu(), uft € Vio(Qn; R?), n=0,1,..., N,

and p} > 0,n=1,...,N, provided ) > 0.
The proof uses topological degree theory in the spirit suggested in [20]. All its details are available in
Section 11 of [31]. Notice that the above result does not guarantee the uniqueness of numerical solutions.

Remark 3.1 Throughout the paper, g,* is defined in (3.4), where u is the numerical solution con-
structed in (3.5-3.7).

3.2 Error estimates
The main result of this paper is announced in the following theorem:
Theorem 3.1. Let @ C R? be a bounded domain of class C® and let the pressure satisfy (1.4) with
v > 3/2. Let {o",u"}o<n<n be a family of numerical solutions resulting from the scheme (3.5-3.7).
Moreover, suppose there are initial data [ro, Vo] belonging to the regularity class specified in Proposition
2.1 and giving rise to a weak solution [r, V] to the initial-boundary value problem (1.1-1.6) in (0,T) x Q
satisfying

0<r(t,z) <7 a.a. in (0,T) x Q.

Then [r, V] is regular and there exists a positive number

Cc= C(Mg, Eo, 1,7 [ lor ), 1Ber, Y, V, 8V, VV, V2V) | Lo 0wy

18771l 22 o sz @) 10eVr [l 20 7, L6 /5v-s(2m3)) |\3t2Vs3tVV||L2(0,T;L6/5(n;nu))v)
such that

L[5 = Ve )P + B - B D = ) - HOG)| a2 (59)

sup
1<n<N

+Aat Y / [Vau™ — VoV (tn,)* dz
1<n<N /N

< (\/& . B‘-’O""O “ Vol 4+ H(¢®) - H'(ro) (& — 7o) — H(m))] dx) :

where
2y-3
.
Note that for v = 3/2 Theorem 3.1 gives only uniform bounds on the difference of exact and numer-
ical solution, not the convergence.

a= f3<y<2 a= % otherwise. (3.9)

Remark 3.2
The constitutive assumptions for the pressure (1.4) in Theorem 3.1 require, in particular, p’(0) > 0. This
condition excludes the isentropic pressure laws

ple)=0" 7> 1 (3.10)
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Nevertheless, Theorem 3.1 holds under the same assumptions also for the isentropic pressure laws
(5.10). Here, we have adopted the more restrictive condition (1.4) (in particular p’(0) > 0) only for
the sake of simplicity and clarity, in order to avoid some unnecessary technical difficulties. It allows
to simplify proofs of some estimates: for example estimates (4.7), (4.10) are in this case immediate
consequences of the energy inequality (4.2), while in the general case of pressure laws vanishing at 0, the
derivation of the same estimates requires more effort, see [22, Corollary 4.1 and Lemma 4.2], where the
proofs of these estimates are performed in the general case.

4 Uniform estimates

If we take ¢ = 1 in formula (3.6) we get immediately the conservation of mass:

vn=1,..N, o"dr= [ odaz. (4.1)
Q. Q

The next Lemma reports the standard energy estimates for the numerical scheme (3.5-3.7). The
reader can consult Section 4.1 in Gallouet et al. [22, Lemma 4.1] for its laborious but straightforward
proof.

Lemma 4.1. Let (o",u"™) be a solution of the discrete problem (3.5-3.7) with the pressure p satisfying
(1.4). Then there exist

?g € [min(g',‘{,gg),max(g}, Q'Il.)]r = KlL €&mt,n=1,...,N,

—n—1n

ox " € [min(g} !, o), max(of 1 0%)], K€ T, n=1,...,N,

such that

3 K| (GeRup? + Hep) — 3 IKI( ekl + H(ek))

KeT KeT
m
+atY 3 ([ IVewrPdz+ [ i ar)
n=1KeT
m,| A m,|A m
+ (DRI + D) + (Dl + (Didad) =0, (42)
forallm=1,...,N, where
A _1 g — uk |
D{';Je"']—ZEIKI Rk K L " ; (4.3a)
n=1 KeT
-12
m;!eAl’l] _2 Z \K|H" (@) ln ng QK | ) (4.3b)
n=1 KeT
& (uf —up)?
DR =3 37 lolep =K fug - noxl, (4.3¢)
n=1o=K|LEEn
A - " (0% — 9")2
(DRl = Aty >°  olH (@) K5 |uf  nokl- (4.3d)

n=1g=K|LE&;y
We have the following corollary of Lemma 4.1.

Corollary 4.1. Under assumptions of Lemma 4.1, we have:

13
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(1) There exists ¢ = ¢(My, Eg) > 0 (independent of n, h and At) such that

N
> / IVou"dz < ¢, (4.4)
n=1 K
N
kY " s, m9 < € 4.5)
n=1
sup, o, nlle"|@"*l Ly, < e (4.6)
(2)
sup,—q_.n 2"l v, < & a7

(3) If the pair (r,U) belongs to the class (2.25) there is ¢ = ¢(My, Eg,r,7, ||U,VUHL,;(QT;R12)) >0
such that for allm=1,...,N,

sup,—g. nE(0", W"[#(tn), U(tn)) < ¢, (4.8)

where

Ele.ulzv) = [ (ohu—vE+E(els)dr, Blole) = H@) ~ H()e=2)~HE).  (@49)

Qp
(4) There exists ¢ = (M, Ep, 1, |p’|C[,_F]) > 0 such that

S Ligz>1} :
At (s~ ) [y ulngk| <c  ify€[1,2), (410
§”=K2|Lj€£m‘| ek = 00 [aon oy L n] W5 moxl e if 7€ [1,2), (410)

m
At Y lollek —ef)? lup nok|<c  ify>2
n=10=K|LEE

Items (1)-(3) of Corollary 4.1 are direct consequences of Lemma 4.1. Item (4) represents the con-
venient expression for the numerical dissipation (4.3d). The interested reader can consult Section 4.2 in
Gallouet et al. [22, Corollary 4.1, Lemma 4.2] for the detailed proofs of these estimates.

5 Discrete relative energy inequality

The starting point of our error analysis is the discrete relative energy inequality for the numerical scheme
(3.5-3.7) formulated in the following lemma.

Lemma 5.1. Let (o",u") be a solution of the discrete problem (3.5-3.7) with the pressure p satisfying
(1.4). Then there holds for alm=1,...,N,

1
> 5 IKI(eRluR - URE - okl — UK?) + Y |KI(E(@RIrR) - E(ekirk))
KeT KeT

+Ati > (M/K|Vz(u" ~ U")|2dz+§/K[djv(u" ~U"Pde) < gT"

n=1KeT

(5.1)
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for any 0 <r™ € Qup(Y,), U™ € Vh'g(nh;Ra), n=1,...,N, where

T = Atzz /v,U  Va(U™ —u)dz + & /dlvU"dw( " —un)de),

n=1 KeT

Un 7Un—— U?‘l— Un
T2=Atnz_“§1K|g?(-l A ( Kz+ K‘“}_l)’

=_Atzz Z o] u,up(UK+UL ﬁnup) 1}1([“:‘710,}(],

n=1KeT oct(K)
o=K|L

Ti=-At) Y Y lolp(ei)lUs - nokl,

n=1 KeT ce&(K)
a—K]L

Ts = At Z Z (TK - 0k) (H'("K) H'(rge ))

n=1 KGT

TS—AtZZ > loler P H (ry ) [uk - np k).

n=1KeT oe&(K)
o=K|L

(5.2)

Proof: Lemma 5.1 is proved in Section 5 in Gallouet et al. [22, Theorem 5.1]. We provide here the
proof for the sake of completeness.
First, noting that the numerical diffusion represented by terms (4.3a-4.3d) in the energy identity
(4.2) is positive, we infer
L+L+13<0, (5.3)

with
_ N LKl 2_ p-1 N Kl it
hi= 3 oa (ekluic? - e ' ui '), R .-QE(H(M)—H(QK ),
- /|v um2dz + P /|dwu"|2 dz).
KeT

Next, we consider the discrete continuity equation (3.6) with ¢ = %Iﬂ"|2 as test function in order to
obtain

1|K
L= Y M - R =~ Y dolor e noxdlURP =0 (54)
KeT KeT 0c€(K)
o=K|L

In the next step, taking —U™ as test function v in the discrete momentum equation (3.7) one gets

K
Is =— Z %(QK"'K_QK tuj 1)' k=Jd2+ 3+ Ja,
KeT
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with

B=Y Y |olgrPur P Uk [ul - nox],

KeT oef(K)
o=K|L
B=pY / Vu: VU dz + & B / divu"divU™ dz
KeT KG‘T
and
=30 Y lolp(ei) Uy - okl
KeT oc€(K)
o=K|L

We then consider the discrete continuity equation (3.6) with a test function ¢ = H’(r"~1) and obtain

Z IKl(Q}( I)Hr n— 1)_ Z z Itrlg up[u na,K]H'(T';(_l)

KeT KeT ge€(K)
o=K|L

Observing that g% H'(r}) — lH’(r 1= g’,‘((H’(rK) H'(ry )) (0% g','('l)H’(r;'("), we rewrite
the last identity in the form

K =
Ioi=— Y Bl B o) - o B ) = s+

KeT
: K _ o1y, (6:5)
with J5 = — Z I?tlg",y((H'(r"K) - H'(r¥ 1)) and Jg = Z Z || g P[ul - mg ) H' (r 1),
KeT KEeT oe(K)
o=K|L

Finally, thanks to the convexity of the function H, we have
=3 B [y - HOR) - (5 B 03 - HeR)]
|Kl n—1 |K| n _ n-1 I(an—=1y n-1
-2 & W (B (k) - H'(Y) - > (HER) - 0k - HH' ) - HOKY)  (5.6)
< Z %r}'((H'(r}'() - H'(r["('l)) = Jr.
KeT

Now, we gather the expressions (5.3)-(5.6); this is performed in several steps.
Step 1: Term I + I4 + Is. We obtain by direct calculation,
1|K

1‘“““5=Z§EI( A ul = Up 12797(-1|u',;-1fug-1|2)
KeT

uUn — Un—] Un—l +Un
_ n1Uk —Ug~ (Ug K n-1
KEE:TIKIQK (e w). (6.7)

Step 2: Term J; + Jo. Employing the definition (3.4) of the upwinding, one gets

Ux+UL .
JitJp =~ Ig szeg(x) lorlep P (E5—L - a3*P) - Uk} - noxl- (5.8)
o=
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Step 3: Term I3 — J3. This term can be written in the form

Li=Jy= / [Va(u" — U™)2dz + & / |div(u" U“)|2dz)
KET ( 9)
=¥ / VU vUn - )+ 4 /KdivU”div(U" —-u"). ’

KeT
Step 4: Term I + Ig + I7. By virtue of (5.3), (5.5-5.6), we easily find that
K
hlstE=Y R (Eey ) - Bl 1Y), (5.10)
KeT

where the function E is defined in (4.9).
Step 5: Term Js 4+ Js + J7. Coming back to (5.5-5.6), we deduce that

ot ir= 3 L (ke — o) (B0 - HOED) + 2 Y lole ™ ful mox (5. (5.11)

KeT oe€&(K)
o=K|L

Step 6: Conclusion
According to (5.3)—(5.6), we have

7 7
Y LY X
=1 i=1
whence, writing this inequality by using expressions (5.7)-(5.11) calculated in steps 1-5, we get
1|K . _ = K o
Y K (ol - URl? - e i - U3 R) + Y K (Bagii) - B )
KeT KeT
+>( ] |Va(u" — U™)|2dz + % / |div(u” — U™)[? dz )
KeT

<X / V,UP : Vo (U™ — u™)dz + & / divU™div(U™ — u® )dz)
KE'T

o Z |K|gﬂ IUK UK 5 (U"K_l +U7Iz( _un—l)

At 2 K (512)

KeT

-Y X telern(TEFTE - ap) . Uz nod

KeT o=K|LeE(K)
=YY @)U ne k] + Z L e — o) (B 30) — H'570)
KeT o=K|LeE(K)

+3 Y lolerH ekl - nol.

KEeT o=K|LeEk

We obtain formula (5.1) by summing (5.12)" from n = 1 to n = m and multiplying the resulting
inequality by At.

6 Approximate discrete relative energy inequality

In this section, we transform the right hand side of the relative energy inequality (5.1) to a form that
is more convenient for the comparison with the strong solution. This transformation is given in the
following lemma.
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Lemma 6.1 (Approximate relative energy inequality). Let (o™, u™) be a solution of the discrete problem
(3.5-3.7), where the pressure satisfies (1.4) with v > 3/2. Then there exists

c= C(M(L EO,Eva |p,|C’[[,F]v |I(6tr9 Vra V’ atvu VV)”L‘”(QT;R“):

||3?""Ll(o,r;m’(n))’ |Iafvr||Lﬂ(O,T;L57/5T‘5(Q;R3))) >0,
such that for allm =1,...,N, we have:
P ) o % ~ 0
[ (emiam = V3P + B )as = [ (13 - Vil + B ds
Qn Qn
(6.1)

m 6
+aty Y (u/ IVz(u” — V3 o) dz + ’i/ ldiv(u" — Vig)Pdz) < Y Si + RyactG™,
n=1KeT 'K 3 Jk i=1

for any couple (r, V) belonging to the class (2.25), where

S n n n u : n 8. n n
Si=at) Y (p/Kv,V,,,O;v,(V,,,o—u Jdo+ & /KdeVh'odw(Vhyo—u )dm),
n=1 KeT -

i V;:O K~ VZ_UIK
Sp=atY Y Kl ' (Vi - uk),
n=1KeT

m
s n,up - ST, up
Ss=atY Y Y loler®(Vige — @) - (Vioo — Viok)Vhow ok
n=1KeT oc&(K) (6.2)

S,;:—Atz:/ p(e")div V" dz,
n=1 2
m An
Ss=At) / (™ - g")L;)[a,r]" dz,
n=1"h -
— [ & .
S¢ = —At /.— Mu™ - Vr'de,
s=-aid [ L vinde

and
V"), |R Al < e(VAE+ h?), (6.3)

IG™ < cAtY E(e",u"
n=1
with the power a defined in (3.9) and with the functional € introduced in (4.9). (Recall that in agreement
with the notation (2.85), (3.1-3.3), Vo = I} o[V (ta)]. VP o x = IIRTIY oV (ta) &, Vig, = w1 Jo Vios
M = H',?[r(t,,)]. where the projections TI?, TIV are defined in (2.31) and (2.34).)

Proof: We take as test functions U" = V} ; and 7 = 7" in the discrete relative energy inequality (5.1).
We keep the left hand side and the first term (term 73) at the right hand side as they stay. The trans-
formation of the remaining terms at the right hand side (terms T, —Tg) is performed in the following steps:

Step 1: Term T,. We have
. - n—1 vaO-K - V;‘LB}K n n
To=T1+ Ro1+ Ropa, with Th; = Airg KZSTIKng — A t ( hOoK — uK)v (6-4)

and

m m
Ryy= Aty S Ryf, Rya=AtY Rpy,

n=1KeT n=1
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where el v
K —@g"'l (Viox — Viox) _ —@g"'l (V™ = V" Ynox)?
21 g K At 2 K At '
and . L
v -V,
-1 " h0,K h,0,K 1
Rjy=-— é |Klg ! —oE K (up? —ug).
We may write by virtue of the first order Taylor formula applied to function t — V(t, ),

n_ yn-1
(a2 = o [ el

=g [ [ [ 0V, (@a:]as] < OV holm iy < 10V]

where we have used the property (2.39) of the projection HXO on the space V4 0(24). Therefore, thanks
to the mass conservation (4.1), we get

- 6¢V(z,:c)dz] h'o]d.r‘

th-1

L= (0,T;L>=(4R?)

nk, _ Mo
|R2,1 S ?|K|At”alV"im(o,T;Lm(ﬂ;na))- (65)
To treat term Rj, we use the discrete Hélder inequality and identity (4.1) in order to get

n 1/2 i s n 1/2
|RZo| < At CMDHatV”iw(o_T;wl.m(nm) +CM0/ ( Z |K| ok 1|“K e "K|2) ||atV||L°°(D,T;L°°(ﬂ;R3));
KeT

whence, by virtue of estimate (4.2) for the upwind dissipation term (4.3a), one obtains

[Ra2| < VAt (Mo, Eo, “atV”Lw(QT;RS))- (6.6)

Step 2: Term T3. Employing the definition (3.4) of upwind quantities, we easily establish that

T3=Ts1+ Ra,
m m

with T, = At 3 37 Jolgi (a:vup 5 v;,‘;[‘,‘fj,) Vioxul ok, Rai=0tY S R3S,
n=1 KeT o€&(K) n=1 g€€int

IVhor— Vioxl
2

[Viox — Viorl®

2 [u? - neL]t, Yo = K|L € Eing.

and Ry = |o|ok [uf o k] + |olo}

Writing
Viok—Vior=Vio-Vik+Vig-Vri+Vi-Vr,
+V;:,o - V;zL + Vz - V:,L + [VK - V;:,O]Lv o =K|L € &,

and employing estimates (2.48) (if K N9Q, = 0), (2.49) (if K N 82y, # 0) to evaluate the L>°-norm of
the first term, (2.52) then (2.41),=; and (2.53) after (2.41)s=; to evaluate the L>-norm of the second
and third terms, and performing the same tasks at the second line, we get

IViox — Viorlrekurze) < hlVV [l oo (kUL meys (6.7)

consequently
R3E| < B el VV [ om0k + €D 3], Vo = K|L € Eim,
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whence

L 5/6
Rs1| < h C"vv”iw(((),’r)xﬂ;ll”)( E Z hlo|(ek + QL)G/S) X
KeT o=K|LeE(K) (6.8)

(a3 (X X oluzt) ] < h oMo, Bo, IVl gpmsy).

n=1 KeT oef(K)

provided v > 6/5, thanks to the discrete Holder inequality, the equivalence relation (2.29), the equiva-
lence of norms (2.42) and energy bounds listed in Corollary 4.1.
Clearly, for each face 0 = K|L € &int, ul} - ngx +ul - ng 1, = 0; whence, finally

m
Toa=AtY Y Y loler (@™ - Vios ) - (Viex — Vies)us - nok. (6.9)
n=1KeT oef(K)
Before the next transformation of term T3 ;, we realize that
Viox = Vioo =[Vio = Vilk + Vi xk = Vi + Vi = Vi, + [V — Violai
whence by virtue of (2.48-2.49), (2.52-2.53) and (2.41),-;, similarly as in (6.7),
Viox = VhoollLexrs) < bl VeV Leozie=@:ry), o C K. (6.10)
Let us now decompose the term T3 ; as
m
T3y =Tsz+ Rap, with Ryp = Aty R},
n=1

m
~ T, up B a
Tsp = At E _S_ E |0|02'UP(Vh,u,a - u;mp) ) (V;:,(],a - V;:,U,K) ap™  ng k., and
n=1KeT oc&(K)

no nup (/4P ~ n n n ~n,u
R, =3 > |ole} p(Vh,O,a — Uy p) . (Vh,O,a = Vh,O,K) (u, — g p) ‘N K.
KeT se£(K)

By virtue of discrete Hélder’s inequality and estimate (6.10), we get

. - nup |2y 1/2
|R3al < el WVl guany (2o Y hlolel®|az™ - Vigh| )
KET oeé(K)
1/(2%) . a\1/a
(X2 wollezer) (Y X hlolup - apel)
KeT oe&(K) KeT ge€(K)
where % + ﬁ + % =1, 99 = min{v, 2} and v > 3/2. For the sum in the last term of the above product,
we have .
Z Z h|o||u",' -4y <e Z Z hlo||uy —ug|?
KeT oe&(K) KeT gef(K)
2p-3 q/2
<o X X (- wlagmy + 2 1"~ uRklagee) <k (X IV Eagpme)”
KeT oct (K) KeT KeT

where we have used the definition (3.4), the discrete Minkowski inequality, interpolation inequalities
(2.56-2.57) and the discrete ‘imbedding’ inequality (2.58). Now we can go back to the estimate of R,
taking into account the upper bounds (4.4), (4.7-4.8), in order to get

[Ra 2| < b e(Mo, Eo, [|VV || oo (@:82)) (6.11)
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provided v > 3/2, where a is given in (6.3).
Finally, we rewrite term T32 as

m
T32 =T33+ Raa, with R33 = At Z Ry,

n=1

To=0t3 Y 3 lolet™(Vamk - ) - (Vio, - Viex)Vies -nok and  (612)
n=1KeT oc&(K)

o nup - n,up
R33 = Z z |'7|Q"“p(vhnp gy ) (Vhﬂa - VhOK)( UpiP— Vh,(].a) ‘MoK
KeT oe€(K)

whence -
|R33| < e(IVV | (rme) At Y E(e", 8" |, V). (6.13)

n=1

Step 3: Term Tj. Integration by parts over each K € 7 gives

= —Atz Z /P(QK)lexthdI

n=1KeT

We may write
[diva(VGn — Vi)l (x) < Ch”VrV”Lw(o,T;Loo(n;Rf'))v (6.14)

where we have used (2.48 2.49). Therefore, employing identity (2.44) we obtain

Ty=Ti1+ Ray, Ta1= —Atz b /p(gk)djv,V dz, (6.15)
n=1 KeT

Ry = *Atz Z /p(QK)dwT(VhO Vi) dz.

n=1 KeT

Due to (1.4) and (4.7), p(o™) is bounded uniformly in L>(L((2)); employing this fact and (6.14) we
immediately get
[Raa| < h e(Eo, Mo, | VV|| L 0,152 (R9)))- (6.16)

Step 4: Term Ts. Using the Taylor formula, we get
H'(r) - H'(r™) = B 0 — 1) — S B (R — ri )2

where 7 € [min(rj !, ), max(rj; 2, 7%)]. We infer

m
X ) r —ry
Ty = Ts1+ Rs, with Ts = AtY ) Y |K|(rk — K)”("K) e i , Rs 17Atz ST R, and
n=1KeT K n=1KeT

1 rno— rn—] 2
R = L) T (g,

Consequently, by the first order Taylor formula applied to function ¢ — r(¢, z) on the interval (t,—1,t,)
and thanks to the mass conservation (4.1)

[Rs1| < At e(Mo, 7,7, |P|cr (e 107 || oo (@) - (6.17)
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Let us now decompose T5; as follows:

Ts1=Ts2+ Rs2, WlthTsz—AtZ Z/(TK K)[atT]"dI Rsz—AtZ ZRsz , and
n-lKe‘T n=1 KeT
TK) Tk _ n
Ry —f(r (—At (@ur]")d
(6.18)

In accordance with (3.2), here and in the sequel, [0;r]"(z) = dyr(tn,z). We write using twice the Taylor
formula in the integral form and the Fubini theorem,

1 i tn
IREK| = L | () (e — 7) /K / Br(z)dzdsdz
n-1v8

TK)/ /ng—rK[|62 z)ldxdzds
th-1

PR n an &
) 10" — 1 / 102 (=)l (rydods.
TK tn-1

<

Therefore, by virtue of Corollary 4.1, we have estimate

|Rs,2| < At ¢(Mo, Eo, 1,7, |P’|C‘([rf]7 ||a¢27'||L1(0'T;L-v’(n))- (6.19)

Step 5: Term Ty. We decompose this term as follows:

Ts = T6,1 + Re,1, Rsl—AtZZ Z RnaK, with

n=1KeT oc€€(K)

m
Toa=AtY Y. Y lolek(H'0i™) - B2 ™) )ul - nox, and
n=1 K€T o=K|LeE(K)

Bo7 = |of (o3P — ok ) (H'(ri ™) = H'(r27") ) ul - moyic, for 0 = KIL € &

‘We will now estimate the term R"'”'K We shall treat separately the cases vy < 2 and v > 2. The ‘simple’

case v > 2 is left to the reader. The more complicated case v < 2 will be treated as follows: We first
write

1i5n
n,o, K ’ nup __n {ez21} - n,
|Rg?X| < Vh||IVH ()l e (rr3loll gz le[—[max{gx,ez,}](z"’)/z + 1(90<1}] VAL LN SRS

[1(7; >1y[max{ex, o] 2 + 1 <1}] Vhy/lup - nokl,

where we have employed the first order Taylor formula applied to function z +— H’(r(t,—1,z). Conse-
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quently, the application of the discrete Holder and Young inequalities yield
|Re1| < Vhe| VH(F)]| oo (22 X

83 (X X lolh[igpen maxten, el + g lut - noal)x
n=1  KeT ocf(K)

( > Y lola(er™ - g"K)2[ La>1y

1/2
] 1ysn Iun ) ]
2— {e,<l}] o ' MoK

KeT o=K|LeE(K) [max{ox, oL }]*~7 )

< Vhe||[VH' (1) || oo (%) X

m

a3 {[lonlt + (2 olhter?e )] (£ % lolhluz-nosl?)?
1

n= KeT KeT oc€(K)

j Py 1/2
2 : 2 : olh(p™P — o 2 {e5>1} 4 Lis u-n,
KETa:KILEE(K)l P = [[mﬂx{ex,m}]z"’ (90<1}]| 7 U'K}

m 5
< VR VH ()= ry | A3 [1013 + (3 lolhez)$0-) ] (3 lothluzi®) "
n=1 KeT L=

it [ > Y lalategtr - 9';()2{ Ligz>1y

—t = 1 [ul - ng
p (e.,<1)] 4 UYK]
n=1 KeT o=K|Le£(K) [max{ex e}] }
< Vh e(Mo, Eo,r, 7, |P'|c (e V7 Loo(@rm®) )5
where, in order to get the last line, we have used the estimate (4.10) of the numerical dissipation to

evaluate the second term, and finally equivalence of norms (2.42),—¢ together with (4.5) and (4.7), under
assumption v > 12/11, to evaluate the first term.

Let us now decompose the term Tg; as

m
Toy=Ts2+ Rez, with Tea =At> > Y |olekH"(ric )" — 3 )l - nokl,
n=1KeT o=K|LeE(K)

Rep=AtY Y > Rgg™, and

n=1KeK ocf(K)

55 = lolek (B' 0% - B (%) = B )™ = 727 ) [l - moi-
Therefore, by virtue of the second order Taylor formula applied to function H’, the Hélder inequality,
(2.42), and (4.5), (4.7) in Corollary 4.1, we have, provided v > 6/5,
|Re2| < hC(IH”IC(Ig,F]) + |H”I|C([1,F])) (V7 oo ko) At D Nl () 0™ [l o, 23
n=1

< h e(Mo, Eo, 7,7 [P |or (7)) 1 V7| Lo @) (6.20)

Let us now deal with the term Tg3. Noting that / Vrldz = Z lo|(r2t = r;'(—l)n,,‘K, we
K
oel(K)
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may write T2 = Tp 3 + Re 3, with

T53——AtZZ/ o H"( "‘l)u -Vrldz,

n=1 KeT

R53—At22/g H'(r Y (u® —uly) - Vet lde

n=1KeT

+ Atz 3 ) lolekH ) — ) (ul — ul) - nok

n=1KeT ce&(K)

Consequently, by virtue of Holder’s inequality, interpolation inequality (2.56) (to estimate ||u™—ul|| (KR
by h(5w _6)/(210)”V1un||L7(K;R‘-')> 40 = min{~,2}) in the first term, and by the Taylor formula applied to
function z — r(t,—1,z), then Holder’s inequality and (2.56-2.57) (to estimate ||u}

- u';(”L»,{)(K;Rs) by
h(670-6)/(2v0) "Vz“n”L?(Kx"))* we get

_ 5 —6
27

provided v > 6/5, where we have used at the end the discrete imbedding and Hélder inequalities (2.58—
2.59) and finally estimates (4.4) and (4.7).
Finally we write Tg 3 = Tp 4 + Rg 4, With

Tﬁ4——AtZZ / "p(rK u" . Vrtdz,

n=1KeT"

|Re,3| < h* (Mo, Eo, 1,7, [P |cr () | V7 | oo (@rim®))» s (6.21)

(6.22)
Rea=At3 Y [ e (B e = Bt

n=1 KeT

where by the same token as in (6.19),

|Re,4| < At (Mo, Eo, 1,7, |P|lcr(jrs)s V7 0erl| oo (@rtys 10eVT | 207 187/ (59-0) (%)) (6.23)
provided v > 6/5.
We are now in position to conclude the proof of Lemma 6.1: we obtain the inequality (6.1) by
gathering the principal terms (6.4), (6.12), (6.15), (6.18), (6.22) and the residual terms estimated in
(6.5), (6.6), (6.8), (6.11), (6.13), (6.17), (6.19), (6.20), (6.21), (6.23) at the right hand side 3>°_, T} of

the discrete relative energy inequality (5.1).
O

7 A discrete identity satisfied by the strong solution

This section is devoted to the proof of a discrete identity satisfied by any strong solution of problem (1.1
1.6) in the class (2.9-2.10) extended eventually to R* according to Lemma 2.1. This identity is stated in
Lemma 7.1 below. It will be used in combination with the approximate relative energy inequality stated
in Lemma 6.1 to deduce the convenient form of the relative energy inequality verified by any function
being a strong solution to the compressible Navier-Stokes system. This last step is performed in the
next section.

Lemma 7.1 (A discrete identity for strong solutions). Let (o",u™) be a solution of the discrete problem
(8.5-3.7) with the pressure satisfying (1.4), where v > 3/2. There exists

e C(Mu, Eo,r, 7, [P lcaps, 1@er, Vr, V, 0V, UV, V2V) | oo 0 rimt)
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18771l 210,22 @y 10697 | 20,73 28v/5—o ameyy 107V atVV”L?(o.T;LE/ﬁ(ﬂ;R”))) >0,

such that for allm =1,..., N, we have:

6
> Si+RyA =0, (7.2)
i=1
where
m
si=at). Y (u / VaVio: Va(VRo-u")dz+ b / divV odiv(Vig — u") dx),
n=1 KeT K K
m n n—1
.y Vhox — Vh,o,K
S =AY Y K 't (Vi - uk),
n=1 KeT
S=atY > Y lelrz(Vioe — a2®) - (Vioo - Viox) Vhoe  nok
n=1 KeT oc&(K)
m
Sy = —AtZ/ p(#") div V" dz,
n=1"
SS = 01
m
Ss=-AtY / PN Vit da,
n=1" Qn
and

[Rizad < ¢(h¥° + At),

for any couple (r, V) belonging to (2.25) and satisfying the continuity equation (1.1) on (0,T) x R® and
momentum equation (1.2) with boundary conditions (1.5) on (0,T) x) in the classical sense. (Recall that
in agreement with notation (2.35), (3.1-3.3), Vo = Y ([V(ta)l, Vo x = [Violk, Vige = [Violes
= Hfl?[r(t,,)], where projections 119, 11V are defined in (2.31) and (2.34)).

Before starting the proof we recall an auxiliary algebraic inequality whose straightforward proof is
left to the reader, and introduce some notations.

Lemma 7.2. Let p satisfies assumptions(1.4). Let 0 < a < b < oo. Then there exists ¢ = c(a,b) > 0
such that for all p € [0,00) and r € [a,b] there holds

E(elr) > c(a,b) (13,,\[';/2,%](9) + 0"1R,\[a/2.28(0) + (0 — T)zl[a/2,2b](9))1
where E(pl|r) is defined in (4.9).

If we consider Lemma 7.2 with p = ¢"(z), r = #*(z), a = r, b = ¥ (where r is a function belonging
to class (2.25) and r, T are its lower and upper bounds, respectively), we obtain

E(o"(x)|" (x)) = e(r,T) (lm\t/z,zﬂ(e"(z))+(9")"(I)Im\[;/z,zf](e"(w))+(9"(z)*7“"($))21k/2,2f](9"(75))) .

(7.2)

Now, for fixed numbers r and ¥ and fixed functions ¢", n = 0,..., N, we introduce the residual and
essential subsets of (2 (relative to ¢") as follows:

Nw = {z € 2| 32 < "(a) < 7}, Nia =0\ N, (73)
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and we set
[9)ess(2) = 9(2)1nz, (2), [ghres() = 9()1np, (2), z € R, g€ LY (R).
Integrating inequality (7.2) we deduce

c(r,r) Y /K (1] + @] +]e- f"]:s) dz < (o™, um|i", V"), (7.4)

KeT

for any pair (r, V') belonging to the class (2.25) and any " € Q, (%), ¢" > 0.
We are now ready to proceed to the proof of Lemma 7.1.

Proof: Since (r, V) satisfies (1.1) on (0,7") x © and belongs to the class (2.25), Equation (1.2) can
be rewritten in the form

roV+rV . .-VV +Vp(r) — pAV — p/3VdivV =0 in (0,T) x Q.
From this fact, we deduce the identity

5
Y Ti=R, (7.5)
i=1

where

m
Ro=-AtY" / (r"[a,v]" FrV VYT 4+ Vp(r") — pAV" — Evdiv V") (VT — uM)dz,
Jana 3 '

n=1

P— —AtZ/ (nav" + EVdivv™) (Vi —u")de, T = AtZ/ BV (Vi — u") dz,
n=1"5h 3 n=1"/
Ty= AtZ/ VLUV (Vi —ut)dz, Ti= AtZ/ Vp(r") - Vi da,
n=1"% n=1"n
T=0, To5= —AtZ/ Vp(r™) - u™ dz.
n=1"%%

In the steps below, we deal with each of the terms Ry and 7;.

Step 0: Term Ry. By the Holder inequality

cie) 1@er, V1, V, YV, V2V) | e @ pirssy At Y _(I|u" | (@) + [V iollzsan)

n=1

[Ro| < |92\ Q6 e(F, |¢/

< BB (Mo, Eo, 7, P |cgp1, [|Ber, VT, V, YV, V2V || e (85) (7.6)
where we have used (4.5) and (2.48-2.49), (2.39).
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Step 1: Term T;. Integrating by parts, we get:
Ti =T+ Ry,

m

with T, = AtS" Y / (WVVEe : (Vg —u™) + 5 div VR o div(VE, - u) da,
n=1keT 'K

and Ry = I + I3, with

n-ay S L (HVV" = Vi) : V(VEy — ) + B div(V™ = Vi) div(VE, - w") dz, (1)
n= €

I= —Ati % / (,ng‘;( YV (Vig —u") + B divv (Vi —u) - n,,‘K) s
n=1KeT ocf(K) "7 8

= —Ati z/ (un, YA [V},‘vo - u"]

4 g div V"[V;o ~ u"]
n=1 ge€’7

. n,) ds,

oNa oNg

where in the last line n, is the unit normal to the face o and [-], 5, is the jump over sigma (with respect
to n,) defined in Lemma 2.7.

To estimate I;, we use the Cauchy-Schwartz inequality, decompose V" — Vie=V'=Vi+ V] —
Vi o and employ estimates (2.41),=2, (2.48-2.49) to evaluate the norms involving V(V™ — V} ), and
decompose Vi o = Vi , = ViI+ V] use (2.48-2.49), (2.40)s=1, (4.4), the Minkowski inequality to estimate
the norms involving V(V}, —u"). We get

|| < he(Mo, Eo, [|VV, V2V || e (0.1; 1 (2:23)) -

Since the integral over any face o € iy of the jump of a function from V}, (£2y) is zero, we may write

Iy= Atil b3 /a (ke (VY™ = (V™) - [un = VR
n=1 o€lint

+§ (a@ivv" - @ivv™),) [u" - gvﬂ]mn, ) dS;

whence by using the first order Taylor formula applied to functions z — VV™(z) to evaluate the
differences VV™ — (VV"),, div V" — [div V"|,, and Holder’s inequality,

m
1
< 2 L n _ y/n
12l Ath el V*V limioram 22 3 VeV (F2[w = Vo], [l200)
=10€Cint
2 & 1 n n 2
S Ath c ”V V”L”(QT;R”) Z Z (lﬂ'lh + E || [u - Vh'n]a‘n, L2(UYR3))'
n=10€Ey ' !
Therefore,
[R11| < he(Mo, Eo, [V, VV, V2V 1@, 259))s (7.8)
where we have employed Lemma 2.7, (4.4) and (2.48-2.49), (2.40).
Step 2: Term 7T3. Let us now decompose the term 73 as
T =T+ Ra,
: e n—1 vr -yl n n - nK
with To1 = Aty | P (Vig-u"ds, Ra =AtY Y Ry,
n=1KeT n=1 KeT
nK __ n_ ,.n-1 n n__ .n n—1 n_vn_vn—l ) n__.n
and Ry = [ (P —r"H[@V]" - (Vig—u")dz+ [ [V = ———) - (Vip—u")dz.
3 Tk i Jr At )
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The remainder 73'2‘1’( can be rewritten as follows

tn
RpK = / [ a,r(t,-)dt][aN]".( ’,}vo—u")d:::+— / n-1 [ / " V(- dzds] (Vio—u")de;
JK tn-1 tn-1 Vs
whence, by the Holder inequality,
|R;,'1K| < At[(”’“"Lw(QT) + ||3t7‘||Lw(QT))(||3tV||Lw(QT;n3)|K|5/ﬁ(HU"HLG(K) +ViollLscx))

+107 V| goss mayy (lu™ [l s i) + IlVﬁ,ollLS(x))]-
Consequently, by the same token as in (6.19) or (6.23),
[R2:1| < AtC(Mu, Eo,7, ([0, V, 0V, VV)|| oo pim16): ||312V||L2(o,T;L6/5(9;RB)))» (7.9)

where we have used the discrete Holder and Young inequalities, the estimates (2.39), (2.48-2.49) and
the energy bound (4.4) from Corollary 4.1.

Step 2a: Term 72,;. We decompose the term 73 as

Ton =Tz +Rap,

w1thT22—AtZZ/ na V2 -V V7 (Vo —u")dz, R2,2=At§:ZR§f.

n=1 KeT n=1KeT

n _ yn-1
and R;,'QK = /K(r"'1 — r;‘("l)—v A:/ (Vo —u")dz;

therefore,

K
[R32l =1 Z R;,z | < hC||V7'||Lw(QT;n3)||atV||Lm(QT;R3)”un = V;:,O”LS(Q;R:’)‘
KeT

Consequently, by virtue of formula (4.5) for u™ and estimates (2.39), (2.48-2.49),

|Ra2| < he(Mo, Eo, ||(Vr,V,0:V,VV)| 1~ (QT;RIS)). (7.10)
Step 2b: Term T33. We decompose the term 735 as
To2 =Tz +Rags,

Vna—Viz
wntthg—AtZZ/ 3 lw (Vio— u")dz, Rza—AtZ Ry
n=1KeT n=1 KeT

margd = [t (Vg - [, (Vie - udn
+f. r?«*‘([v" - [, ) Vi unas

o (e [ ) (VR wdem I

We calculate carefully
1= 5 [ [0V G- 0V G - (VE - wias) as
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[@:V (2l — BV lno] IViig = " lsqamsyd-

& 1 n—l/t
S At K [

Summing over polyhedra K € 7 we get simply by using the discrete Sobolev inequality

LS/5(KRY)

te n n|6 5/6
Sl 2 [ {(Z Vhomwtas)” (Z 110V G0 ol )2
"= KeT
1 sy
< i [ IVEo = Wl OV Gl = OV (o] 5, g0

h5/6 [tn
=57 /: 1 [IVho = 4"l s (0,83 10V (2)l| Lo (), w3 d2s

where we have used estimate (2.51) to obtain the last line.
As far as the term I¥ is concerned, we write

1= 5 rK ‘/ " av() )dz] / AV )@ - Vi

tho1 h,

h tn
& s n—l / v
SAUK o M52

where we have used the Fubini theorem, Hélder’s inequality and (2.52), (2.41)4=1. Further, employing
the Sobolev inequality on the Crouzeix-Raviart space V}, o(€2) (2.43), the Hélder inequality and estimate
(2.41) 4=1, we get

[a,V(z)]

h L6/5(K;ll3)“un - ng‘]”L‘(K:R’)’

V0V ()

3 1< gk = Vil ||

L5/5(Q, :R® dz
KeT (2n;R%)

We reserve the similar treatment to the term I}, Resuming these calculations and summing over n
from 1 to m we get by using Corollary 4.1 and estimates (2.48-2.49), (2.39),

[Raa| < W58 e(Mo, Eo, ||(r, V, VYV ,8tV )| oo (@19 18V V|| 20 1,10/52:89))- (7.11)

Step 2c: Term T 3. We rewrite this term in the form

To3 =Tou+ Rou, Roa= Atz Z R;’f,
n=1 KeT
vy Vior
with Toq = Atz 3 / RO (u — Vi k) da, (7.12)
n=1KeT

1 Viox — Viok
and RYK = [ rit TAOK CTROK (4 — ) - (Vg — Vi) de.
K

vno o _yn-1
First, we estimate the L™ norm of —“*%""%X a5 in (6.5). Next, we decompose

Vio—=Vhok=Vhio—Vi+ViEi—-Vik+[Vi - Viok,
and use (2.52)p=3 to estimate u" — u%, (2.52)p=cc, (2.41)s=1 to estimate Vi — Vi ;- and (2.48-2.49) to
evaluate [[[Vi — Vi olk |l oo (icr3) < IV — Violloeo(xg?). Thanks to the Holder inequality and (4.4)

we finally deduce
[R24| < h (Mo, Eo, T, |(V,0:V,VV)|| Loo(pim15))- (7.13)
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Step 3: Term T3. Let us first decompose 73 as

T3 =T33 +R3,,
m m

with g1 = Aty Y / rkViok VV™ (Viok —uk)de, Rai=At) Y R,
n=1KeT 'K n=1KeT

and R;lK = / (" —rg)Vr.-vvet. (Vﬁ‘o —u")dz + / (V" — V;:l,o) .VV™. (V'r:,o —u")dzx
JK JK
i /K r%(Vio - Viek) YV (Vg — u") dz
+ /K T, Viorx: VV": (Vﬁ,o = Viox — (u" - u'z‘()) dz.

We have
<
" = rkllLe(xy ~ AV || o),

by the Taylor formula,
V" = Vol g im) = RIVV [z im0y,

by virtue of (2.40)s=1 and (2.48-2.49),
Vio = Viokllrexrs) < IVio = Vil sors) + IVE = Vil Leoxr3)
HIVE = Vil (s = BIVV " o i)
by virtue of (2.52), (2.40)s=1 (2.41)s=1 and (2.48-2.49),
lu™ = will poogaem®y ~ hll V™| poo(acim9)-

Consequently by employing several times the Holder inequality (for integrals over K) and the discrete
Hélder inequality (for the sums over K € 7), and using estimate (4.4), we arrive at

[Raa| < hc(Mo, Eo, 7, [|(Vr, V', VV) || @ rm®y)- (7.14)

Now we shall deal wit term 73;. Integrating by parts, we get:

/KT?( Viek VV™ (Vigx —ug)dz= Y |lolrk[Viox noxlVe- (Viex — uk)
. oeE(K)

= D lolrk[Viok nokl(Vs = Vik) - (Vik —uk),
g€E(K)

thanks to the the fact that 37 ¢, [, Vi k Do xdS =0.
Next we write

m
T3y =T32+Raa, Raz=At ZR;’{T

n=1

m
Ta=A4tY Y > ol [Vioe nekl(Ve— Vi) (Vioo — 45™), (7.15)
n=1KeT ce&(K)
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and RE, = > Y |ol(rk — #5"P)[Vipk nokl(Ve = Vi k) - (Viok — uk)

KeT geg(K)
+ prop [ (ym o — Vi) - V2= Vi) (Vi —ul
|o|rg h,0,K h0,0 ) Do K (Vo h,K) ( hK uk)
KeT oe€(K)
An. gt d n n 77 up n ~ T,
+ Y loliEVane  nexl(VE - Vi) - (Viex — Viow) - (uk — @:a)).
KeT oeé(K)

We may write
Vo=Vioxk=Vo -V + V"= Vi+ Vi - Vi +[Vi - Vidk,

and use several times the Taylor formula along with (2.40)s=1, (2.52), (2.41)s=1, (2.48-2.49)(in order to
estimate rj — 75", VI — Vi o o, Vi o — V7'P) to get the bound

n 3 n
(REal < helrllwroeqey (1+ 1V lwreormsy) D hlolluid
KeT

2
telrlwioe@ (14 IV lwimioras) D Y. hlolluk - ull.
KeT oe£(K)

We have by the Holder inequality

> hlollukl < e 30 h]0||unKls)l/6 <e[( 3 I - u"K||26(K;Ra))1/6

KeT oeT KeT
/ /
(X 1 lsems) ] < e( X 1V arcms)) o
KeT KeT
> X Hollug —uzl < e[( 3 It - wansy)
KeT ocE(K) KeT
n n|2 L2 2 1/2
+( Z Z ”u - ua“LZ(K;Rﬂ)) ] < hc( Z “vun"Lz(K;RB)) ’
KeT oeé(K) KeT

where we have used (2.54),—2, (2.52-2.53),—2. Consequently, we may use (4.4) to conclude
|Raz| < hc(Mo, Eo, 7, ||Vr,V,VV||Lm(QT;R15)). (7.16)

Finally, we replace in T2 V3 — Vi, by Viio . — Vi . We get

m
Ty =Tas+Ras, Raz=AtY Ris,

n=1

m
n,up [P n n CUP L
T3 = At E E E o173 [V ho,o Dokl (Vioe = Viok) - (Vipe — 5"), (7.17)
n=1KeT oef(K)

and

Ris= Y. 3. lolf3™Vigk ok (V" - Vads - [Vi - Vidk) - (Vhaos - 42™),
KeT oeé(K)
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committing error

(Rial<he( Mo, Bo, 7, 197, V, YV || 1= grimi®) ) (7.18)
as in the previous step.
Step 4: Terms T3 We write

Ty =T1+ Ry, Typ=— | Vp(r") - V'de,
o

Raa= [ 9™ (V" = Vig) da
Ja,
whence
[Raa| < he(@, 1P epr)s V7|l Lo (0rir®))s (7.19)
by virtue of (2.40).-,, (2.48-2.49).
Next, employing the integration by parts

Tio=Ti2+Rap, Tip= / p(r") divV™daz,
Qp

Ria=- ¥ [sVinads=-F 5 [aM(V"-Vig,) - naxds.

KeT oe&(K),o€00,” 7 KeT oef(K),0ed, "7
Writing
v — Vz,ﬂ,ﬂ =V"- V’I: + VZ = Vx,a =+ [Vﬁ == Vz,o]”»
we deduce by using (2.40)s=1, (2.41)s=1, (2.53)p=cc, (2.48), (2.49),

V" = V3ol

Lo(k®) ~ MVV"| o ey @ € K.

Now, we employ the fact that
> Y [asen
KeT oc&(K) oo, "7

whence
[Raj2| < he(T, |ploym, IVV [l L (@qpire)) (7.20)
Finally,

Tip=Taiz+Ras, Taz= / p(f")divV™dz, Rys= / (p(r") = p(F")) divV"dz;  (7.21)
Q Q

whence

Rl < he(lplog (V7 TV) | oo grgiry): (7.22)

Step 5: Term Tg We decompose T as

m
To = Tox + Ro, with Ty = —At S 3 / P (F)u" - Vr dz,
n-1ker 'K

i (7.23)
Ros=at3 Y [ (G0 - p(™)-u" - 9rtas,
n=1KeT 'K
Consequently, by the Taylor formula, Holder inequality and estimate (4.5),
[Re,1| < he(Mo, Eo, ., 7, [P o1 (7)) | V7| oo @pim3))- (7.24)
Gathering the formulae (7.7), (7.12), (7.17), (7.21), (7.23) and estimates for the residual terms (7.8),
(7.9-7.13), (7.14-7.18), (7.19), (7.20), (7.22), (7.24) concludes the proof of Lemma 7.1. O
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8 A Gronwall inequality

In this Section we put together the relative energy inequality (6.1) and the identity (7.1) derived in the
previous section. The final inequality resulting from this manipulation is formulated in the following
lemma.

Lemma 8.1. Let (¢",u™) be a solution of the discrete problem (3.5-3.7) with the pressure satisfying
(1.4), where v > 3/2. Then there erists a positive number

c= c(MD, Eo,t, 7, Pl caes, 1@er, VP, V, 80V, YV, V2V) | oo 0 pugiy»

[ P et A I e T S AL atvvHL’(O,T;LWs(ﬂ;Ru)))'
such that for allm = 1,..., N, there holds:

m
B umlim Vigh+ats o Y [ 9. - Vig)Pax
n=1 ket K

m
< c[h“ + VAL + £(°, u0|#(0), V,,,o(o))] +eAtY (g un", Vi),
n=1
with any couple (r, V') belonging to (2.25) and satisfying the continuity equation (1.1) on (0,T) x R® and
momentum equation (1.2) with boundary conditions (1.5) on (0,T) x Q in the classical sense, where a
is defined in (3.9) and € is given in (4.9).
Proof. We observe that

An Fro_ o

m _ m
Se—Ss = AtZ/ﬂ P v".Vr"dz+AtZ/n P @ - V). vr'dz.
=1 h n=1 h

7

Gathering the formulae (6.1) and (6.2), one gets

E(&™ U™ [i™, Vo) - £(¢" w|#(0), Vao(0) +udt Y 3 [V = Vi)

4
2
< -

n=1KeT
where
m 744 — Vrl—l
_ n—-1 _ ,n-1y  h0OK h0K n _an
P = Ai;!§|K|(9K T )—At ( h0,K '"-K),

m

X ~n, FBUP an n,u|
Po=atY > 3 lol(en® - i2wP) (Vioh - 42) - (Vioo — Viek) Vreh - mok,
n=1KeT o=K|LeEy

m

Py=—AtY [ﬂ (ple™) =P (™) (e" =) — p(F™) ) divV™,
n=1 h
Pe=aty 3 [ TS - v vids,
n=1KeT 'K i

Q=RZ:A¢+R:‘1A,3+G1"-

Now, we estimate conveniently the terms P;, i = 1,...,4 in four steps.
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n n-1
Step 1: Term P;. We estimate the L> norm of %&5 by L®™ norm of d;V in the same
manner as in (6.5). According to Lemma 7.2, |0 — 7|"1g,\[/2.27(0) < c(p)EP(o|r), with any p > 1; in
particular,
lo = 1%%1 g, \(r/2,2r1 (0) < cE(elr) (8.2)
provided v > 6/5.
We get by using the Holder inequality,

Viox ~ Viok
| 3 iK™ - ri ) =K (Vi g — uk)| < elOeV e oriny X
KeT
n— n— 1/2 n— n— 5/6
(X IKlgi = i Prppnan(en))  + (X 1Kl = 7 1R\ m(ex)) | %
KeT KeT

6y 1/6 s e an—1
(X IKI|Viox —ui] ) " < cll@V)llmgrany) (€72, a1, Ving)
KeT

1 an=1ljan—1 ¢,0=1 1/6
+6/5(" 1@ L VRh) (3 IVRok — uklSaccas))
KeT

where we have used (8.2) and estimate (4.8) to obtain the last line. Now, we write V], — uf =
([Vho —u"lk — (Vi —u") + (Vi —u”) and use the Minkowski inequality together with formulas
(2.54), (2.43) to get

(5 Vs man) . 2( T IV~ Baran)
KeT KeT

1/2

Finally, employing Young’s inequality, and estimate (4.8), we arrive at
IPII < C(él M()v EUv T, ” (Vv VV! 62V) ”,[,w(QT_Rls))
m m
x (Ate(e", a%1°, Vio) + At Y E(&", @™, Vig)) + At Y- 3 IV(Vig = u")Zaguemsy (83)
n=1 n=1KeT

with any § > 0.

Step 2: Term Py. We rewrite Vi, , — Vi = Vi = Vi e+ [Vig—Vile +[Vio - Vilk
and estimate the L norm of this expression by A||VV|| 1 (q,.r9) by virtue of (2.48-2.49), (2.52-2.53),
(2.41)4=1. Now we write Py = At} " | P§ where Lemma 7.2 and the Holder inequality yield, similarly
as in the previous step,

IP2n| < C(Z’ T, ”VV”L""(QT;RE))X
> 3 loln(BVA (e IinR) + B (onRin ) [V s | [V oy — ™

KeT oe€(K)
<elr, IV, IV i) [ 20 lolh(EGez iz "
KeT cef(K)
103D> [a|hE(g§’“p|F:'“P))2/3] x(X 3 lolh|Viy - az 6)1/65
KEeT océ(K) KeT océ(K)

provided 4 > 3/2. Next, we observe that the contribution of the face ¢ = K|L to the sums ) s
4 Snup . : s
Yoce(k) |o|hE (g5 |F5") and 3 et Yoee(K) |a|h|Vh,0£7 mUP 6 js less or equal than 2|o |h(E(ok|F )+
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E(o|77)), and than 2|o|h(|V} g x — ul|® + [Vior— u}|®), respectively. Consequently,we get by the
same reasoning as in the previous step, under assumption v > 3/2,

m m
[Pa| < (8, Mo, Eo, 7, [[(V, VV)|| poe(@pimizy) At Y (@™, "™, Vi) +8A¢ Y Y~ [IV(Vio—u")F2cm)-

n=1 n=1KeT
(8.4)
Step 3: Term Ps. We realize that
p(ek) — ' (rk) ek — k) — p(rk) < e(r, ) E(ek|rk),
by virtue of Lemma 7.2 in combination with assumption (1.4). Consequently,
|P3| < e div V|| oo (@At Zf(g",ﬁ"h‘-", V:.o)- (8.5)

n=1
Step 4:Term Py. We write u" — V" as the sum (u" — Vj 3) + (V}; o — V") accordingly splitting Py

into two terms

S /(am f,n_gn n_ym oy, n = /0 an f,n_gn n X n
At;fgf/}(p(r) - (W'=V3ig) Vr'dz and At’;é/Kp(r) i (Vie=V") V" da.

Reasoning similarly as in Step 2, we get

|Pa| < h? e(8, Mo, Eo, v, 7, 1P le(rap | (V7 VV) | Lo (ire))

m m
+ (6, 17 12 | 197l o gaimy) At S £ 877, Ving) +6AtS" 3 [V(Vig = u™) a0y

n=1 n=1 KeT
(8.6)
Gathering the formulae (8.1) and (8.3)-(8.6) with 4 sufficiently small (with respect to p), we conclude
the proof of Lemma 8.1. O

9 End of the proof of the error estimate (Theorem 3.1)
Finally, Lemma 8.1 in combination with the bound (4.8) yields

m—1
E(@™, @™, Ving) < [ + VAL + At + £(e°, @"1#(0), Vio(0))| +cAt Y €™, 4", Vig):

n=1

whence by the discrete standard version of the Gronwall lemma one gets at the first step
E(e™, @™, Vi) < c[h* + VAL + E(¢", 1#(0), Vao(0))].

Going with this information back to Lemma 8.1, one gets finally

g(gm,am|f"',x7§jo)+m%‘ >3 /K IV ("= V7ig)dx < c[h“+x/&+5(g°,a°|f(0),V,,,D(O))]. (9.1)

n=1KeT

Now, we write
ok(uk — Vio k) = ohk(uk — V)2 + 20, V' (uk — Vigx) + ek (V" = Vi 17,
where

<
IV™ = Vi limiaeasy & IV? = Vil mioasy + IV = Vi sllim iz + IIVE = Vil lo(ucnsy
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S h(||VzV"||Lw(K;R9) + IV Vill oo (rs) + VR = Vol Lo(res) ~ RIVV™{| oo 129)-

In the above calculation we have employed formula (2.40) to estimate the first term, estimates (2.52) =1,
(2.41)5=1 to estimate the second term, and formulas (2.48) and (2.49) for K N9y, = 0 and K N9y, # 0,
respectively, to evaluate the last term. We conclude that

1 m
> 5K (eRIug = Vitgxl? - ekluk = Vi k) 9:2)
KeT
> j r@m - Ve — [ (@ - VO)dz + Ly,
Qney, QN

where
<
[Z1] ~ b Mol|Va V| Lo (0,1 x?)-

Similarly, we find with help of (4.8),
1 E(0k [7") — E(efe; "o (i) < he(Mo, v, T, [Plor VP Loo(@rimd) )

whence

3 IKI(Bekli) - Ekl) > [

E(o™|r™)dz — / E(°r")dz + Lo, 9.3)
KeT (970978 Qngy,

where
|L2| < he(Mo, 1,7, [Plor ), IV 7| Loo(orim?))-

Finally, by virtue of (2.48-2.49) and (2.41)s=2
IV(VEo = Vllzazs) ~ RI(VV™, V2V | oo imizy;

whence

Aty Y / Vo (u® — Vig)dx > At [(Vau™ — V,V™)|2dx + Ls, (9.4)
n=1KeT 'K n=1"N<
where
|Ls| < KB2e(|(VV™, V2V™)]| oo (s12))-

Theorem 3.1 is a direct consequence of estimate (9.1) and identities (9.2-9.4). Theorem 3.1 is thus
proved.

10 Concluding remarks

In the convergence proofs one usually needs to complete the numerical scheme by stabilizing terms, so
that the new numerical scheme reads

gn = gnfl
D KIS g+ Y D loler™(ug ngx)gx +Te(9) =0, (10.1)
KeTy KeTh oe€(K)

for any ¢ € Qn(Q) and n=1,...,N,

K P - -~
> % (erku"x g 1) o+ 3 S Jolel A Pul - nok] vk (10.2)
KeT KeT oc€(K)
- > plek) Y lolvo nox+u Y, / VU Vo do
KeT oe€(K) keT 'K
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+§ > / divu"dive dz + Tn(6) = 0, for any v € Vio(Q;R*) and n=1,...,N,
KeT 'K

where

T.(¢) =k Y [oll"lon.Blonss Tm()= 3 loll"]on.{@"}o[Blon,, € € [0,1),

0EEint 0E€Eim

see Karlsen, Karper [30], Gallouet, Gastaldo, Herbin, Latché [20]. These terms are designed to provide
the supplementary positive term
A=Y olle™2n,

o€€int

to the left hand side of the discrete energy identity (4.2). They contribute to the right hand side of the
discrete relative energy (5.1) by supplementary terms whose absolute value is bounded from above by

h(l“‘)/zc(Mo,Eg, sup |[Ir", U™, VU"|| oo, ;g23), SUP  sup [r"],,nd/h).
n=0,..,N n=0,....N o€€int

Consequently, they give rise to the contributions at the right hand side of the approximate relative energy
inequality (6.1) whose bound is

pa-e)/2 c( Mo, Eo, |Ir, Vr, U, VU”Lm(QT;nm)).

Similar estimates are true, if we replace in the numerical scheme everywhere classical upwind formula

(3.4)
Upg(g,u) = D qPus mox= Y, (qx[ua-'ﬂa,K]++q1,['u-a-'ﬂo,K]_),
ceE(K) oeE(K)
o=K|L

by the modified upwind suggested in [12]:

Upk(q,u) = Z %( ([ua'na,K+h1_E]++[ug~na,x—h1'€]+) +%[’ ([u,,-no,K-i-hl'E]' +[ua-n¢,'K—h1'€]') ;
o€é(K)
o=K|L

(10.3)
where 0 = K|L € &. We will finish by formulating the error estimate for the numerical problem (3.5),
(10.1), (10.2) or for (3.5), (3.6), (3.7) with modified upwind (10.3).

Theorem 10.1. Let , p, [ro, V'], [, V] satisfy assumptions of Theorem 3.1. Let (¢, u™)p,. N be
a family of numerical solutions to the scheme (3.5), (10.1), (10.2) or to the scheme (3.5), (3.6), (3.7)
with modified upwind (10.3), where € € [0,1). Then error estimate (3.8) holds true with the exponent

2y—-3 1— iz
{7 B,J}U%S"KZ a= 2Eif722.

a = min ~ 2

Finally, a natural question arises as top what extent the obtained error estimates are optimal. In
the light of the results obtained in [28], [29], it may seem we loose, in particular in terms of the spatial
discretization parameter h for vy — 3/2. On the other hand, however, it is worth noting we do not make
any extra assumption concerning boundedness of the numerical solutions in contrast with [28].
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Abstract

We derive in this paper error estimates of the marker-and-cell (MAC) scheme for the discretization
of the compressible and isentropic Navier-Stokes equations on two or three dimensional Cartesian grids.
Existence of a solution to the scheme is proved. Error estimates are obtained by using the discrete
version of the relative energy method.

Keywords: Compressible fluids, Navier-Stokes equations, Cartesian grids, Marker and Cell scheme,
Error estimates.
AMS classification 35Q30, 65N12, 76N10, 76N15, 76M12, 76M20

1 Introduction

The aim of this paper is to derive error estimates for approximate solutions of the compressible barotropic
Navier-Stokes equations obtained by the Marker-and-cell scheme. These equations are posed on the time-
space domain Q7 = (0,T) x 2, where Q is a bounded domain of R?, d = 2,3, adapted to the MAC scheme
(see section 3), and T > 0, and read:

0o + div(ou) =0, (1.1a)
O (ou) + div(ou @ u) + Vp(o) = pAu + (p+ AV divu, (1.1b)

supplemented with the initial conditions
0(0,x) = po(z), ou(0,x) = gouo, (1.2)
where gp and wug are given functions from 2 to R and RY respectively, and boundary conditions
uj(o,1)xo0 = 0. (1.3)

In the above equations, the unknown functions are the scalar density field o(¢, ) > 0 and vector velocity
field w = (u1,...,uq)(t,z), where t € (0,T) denotes the time and & € € is the space variable. The
viscosity coefficients p and A, assumed to be constant, are such that

>0, A+ p>0. (1.4)

In the compressible barotropic Navier-Stokes equations, the pressure is a given function of the density.
Here we assume that the pressure satisfies

p € C([0,00)), p € C?(0,00), p(0) =0, p'(g) >0 for all g >0, (1.5a)

*This work was supported by the MODTERCOM project within the APEX programme of the Provence-Alpes-Cote
d’Azur region
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/
lim p7(03 =
0—00 Q’Y*

/
. P(o)
Poo > 0, gl_l)I(IJl_*_ e =po>0 (1.5b)

where v > 1 and o < 0. We notice that assumptions (1.5) are compatible with the isentropic pressure
law p(p) = 0" provided 1 <~ < 2.

The main underlying idea of this paper is to derive the error estimates for approximate solutions of
problem (1.1)—(1.5) obtained by time and space discretization by using the discrete version of the relative
energy method introduced for equations (1.1a), (1.1b) on the continuous level in [16,18,19].

The discrete relative energy method was suggested in [23] in the context of rather academic finite-
volume:finite element scheme proposed in [34]. The method provides unconditional estimate of error
between any numerical solution of the scheme [34] and a classical solution of equations (1.1)—(1.5),
without any additional assumption on the numerical solution. This is highly wanted result, first of its
type in the mathematical literature. The natural question arises whether a similar method can lead to
similar unconditional error estimates for the less academic and more practical numerical schemes.

The main goal of this paper is to get unconditional error estimates for the MAC scheme implicit in
time.

In spite of the fact that we stuck to the [23] methodology, the proofs remain still difficult. Not speaking
on technicalities linked to the approximations, interpolations and projections to the relevant function
spaces related to the MAC discretization, the most involved part is the treatment of transport terms in the
continuity and momentum equations which requires derivation of quite sophisticated formulas involving
primal and dual fluxes. In this part, our approach is reminiscent to the recent work of Therme [29]
devoted to the staggered space approximations to the Euler equations.

Since the very beginning of the introduction of the Marker-and-Cell (MAC) scheme [28], it is claimed
that this discretization is suitable for both incompressible and compressible flow problems (see [26, 27|
for the seminal papers, [2,5,7,30,31,33,39-41,43,44]| for subsequent developments and [45] for a review).
The use of the MAC scheme in the incompressible case is now standard, and the proof of convergence
for the MAC scheme in primitive variables has been recently been completed [22].

The paper is organized as follows. After recalling the fundamental setting of the problem and the
relative energy inequality in the continuous case in Section 2, we proceed in Section 3 to the discretization:
we introduce the discrete meshes and functional spaces and the definition of the numerical scheme, and
state a known existence result, along with the main result of the paper, that is the error estimate, which
is stated in Theorem 3.3. The remaining sections are devoted to the proof of Theorem 3.3:

e In Section 4 we derive estimates provided by the scheme.

o In Section 5, we derive the discrete intrinsic version of the relative energy inequality for the solutions
of the numerical scheme (see Theorem 5.1). We then transform this inequality to a more convenient
form, see Lemma 5.1.

e Finally, in Section 6, we investigate the form of the discrete relative energy inequality with the test
functions being strong solutions to the original problem. This investigation is formulated in Lemma
6.1 and finally leads to a Gronwall type estimate formulated in Lemma 7.1. The latter yields the
error estimates and finishes the proof of the main result.

The theorem 3.3 remains valid for other finite volume schemes with staggered space discretization
as e.g. non conforming Rannacher-Turek finite elements or the lowest degree Crouzeix-Raviart finite
elements on simplical meshes. These results are formulated without proofs, that are similar and simpler
than those for the MAC scheme, in Appendix B.

2 The continuous problem

The aim of this section is to recall some fundamental notions and results for the continuous problem.
We begin by the definition of weak solutions to problem (1.1)- (1.5). Let us introduce the Helmholtz’s
function defined by

?p(t)

H(o) = g/l el dt, 0> 0. (2.1)

208



E Implicit MAC scheme for compressible Navier-Stokes equations : Unconditional error
estimates

Note that H € C(Ry ), H(0) = 0 and that # is a solution on R* of the ordinary differential equation
oH' —H=p (22)

with the constant of integration fixed such that #(1) = 0. Note also that
/
7‘[”(9) _P E)Q) ) (2.3)

Definition 2.1 (Weak solutions). Let gg : Q — (0,400) and ug : @ — R with finite energy £ =
fﬂ(%go\uol2 + H(go)) dx and finite mass 0 < My = fQ oodx. We shall say that the pair (p,w) is a weak
solution to the problem (1.1)=(1.5) emanating from the initial data (0o, uo) if:

1. 0 € L®(0,T;L7(R)), 0 >0 a.e. in (0,T) x Q, u € L2(0,T; H (Q)?) and o|lu|?> € L=(0,T; L1(R)).

2. The continuity equation (1.1a) is satisfied in the following weak sense

T
/ / (gatgo + ou - Vap) dedt = — / 00p(0, ) da, (2.4)
Jo Ja Ja

for any ¢ € C([0,T] x Q) such that p(T,-) = 0.

3. The momentum equation (1.1b) is satisfied in the weak sense,

T
/0 ./(Z <0u -+ pu @ u : Vp + p(o) divz/;) de dt
,/OT/Q(Wu:vwdxdw(uu)divudiw) dxdt:f/ngugwj)(OJ) de, (25)

for any p € C2([0,T] x Q)¢ such that 4 (T,-) = 0.

4. The following energy inequality is satisfied a.e in (0,T)
1 Py T 2 ; 2
(Solul +H(0)) () de + (BIVul? + (u+ N divel?) dede < €. (26)
o \2 o Jo

Note that the existence of weak solutions emanating from the finite energy initial data is well-known
on bounded Lipschitz domains under assumptions (1.4) and (1.5) provided v > d/(d — 1), see Lions [35]
for "large" values of ~, Feireisl and coauthors [17] for v > d/(d — 1). More details about this problem
are avaible in monographs [35], [14], [37].

Remark 1. The density o satisfy the conservation of mass that is
/ o(t)dx = My a.e in (0,T). (2.7)
Q

Let us now introduce the notion of relative energy. We first introduce the function

E: [0,00) % (0,00) = R, (2.8)
(o,7) = E(elr) = H(e) — H'(r)(e — ) — H(r), '
where H is defined by (2.1). Since H is strictly convex on [0, c0), we have

E(plr)>0 and E(olr)=0 & o=

More precisely, E satisfy the following algebraic inequality whose straightforward proof is left to the
reader:
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Lemma 2.1. Let 0 < a < b < co. Then there exists a number ¢ = c(, Poo, @, b, min, g p, mingg 2 o) p) >
0 such that for all p € [0,00) and r € [a,b]
E(o|r) > c(a,b) (@”’1&\[,1/2,21,] (0) + 1 \jay2.26(0) + (0 — 7“)21[(1/2,217](9))

> c(a,b,7) (\Q =" 1r \[a/2,20)(0) + (0 — 7“)21[(1/2,%](9))» (2.9)

In order to measure a “distance” between a weak solution (¢, u) of the compressible Navier-Stokes
system and any other state (r,U) of the fluid , we introduce the relative energy functional, defined by

1

E(g,u)r, U) :/ <§g\u—U|2+E(g|r)) dez. (2.10)
Q

It was proved recently in [16] that, provided assumption (1.5) holds, any weak solution satisfies the

following so-called relative energy inequality

E(o,ulr,U) (1) — E(0,u|r,U)(0)

+/ /(u\V(u—U)|2+(u+/\)|div(u—U)\2> da dt
Jo Ja
T
g/ /(NVU:V(Ufu)+(u+)\)dideiv(U7u)> de dt
o Jo
-‘r/ /g(')tU~(U—u)dzdt+/ /gu‘VU-(U—u)dzdt
Jo Ja Jo Ja
4 =0 4. i T 0y
+/ /71)(7)6{/(1117(1‘57/ /ﬁ)(r)Vr-udmdt
o Ja T o Jar
7/ /p(g)didewth (2.11)
o Ja

for a.a. 7 € (0,T), and for any pair of test functions
re CY[0,T] xQ), r >0, U e CY[0,T] x )3, Ulsq = 0.

Moreover if (r,U) is a sufficiently strong solution to problem (1.1)—(1.5) emanating from initial data
(ro,Up), the right member becomes quadratic in difference (¢ — 7, u — U) and inequality (2.11) reduces

E(ou

RO+ [ (W0 + ook vt~ U)F) da
< elon. w0, UO) + [ Rioulrv)ar @212)
where
R(g,u‘r,U) = /n(g—r)(atU-&-U‘VU) . (U—u)da:ﬁt/gZ o(u-U)-VU - (U —u)dzx
[T gy w-v)da - [ 60~ P 0) e ) - ) dvUde. (213

In order to obtain a stability result of strong solutions in the class of weak solutions, the goal is to find
an estimate of the left hand side of from below by (2.12) by

¢ lu-ul
JO

and the right hand side from above by

i de =@ [ EeulnU)Odt+EulnU)(0) (2.14)

S(Qo,ug‘r(()),U(O)) +5/;Hu—UHa,1,z(Q>x da + ¢(6) /OTa(t)S(g,u‘r, U)(t) dt (2.15)

4
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with any § > 0, where ¢ > 0 is independant of §, @ > 0, ¢ = ¢/(§) > 0 and a € L'(0,T). This process
leads to the estimate

E(o,u|r,U) (1) < E(00,uo|r(0),U(0)) + C/ a(t) (o, u|r,U)(t)dt. (2.16)
0
It remains to conclude by using Gronwall Lemma.
The stability of strong solutions in the class of weak solutions is stated in the following proposition
(see [16] for a proof).

Proposition 2.1 (Estimate on the relative energy). Let Q be a bounded Lipschitz domain. Assume
that the viscosity coefficients satisfy assumptions (1.4), that the pressure p satisfy (1.5) with v > 2, and
that (o, u) is a weak solution to problem (1.1)=(1.5) emanating from initial data (0o > 0,u), with finite
energy £y and finite mass My = fQ oodz > 0. Let (r,U) that belongs to the class

0<r<r<7, relL™((0,T)xQ), (2.17a)
U e L*(0,T; H  (Q)?), (2.17b)
Vi, V2U € L2(0,T; LU(Q), q > max(3, —0—), (2.17¢)

5y —6
be a strong solution of the same equations with initial data (r(0),U(0)) = (ro,Up). Then there exists

e=co(T,Q, My, €0, 7. 7,7, | div U | 110710000 1 (Y7, VEU) | L2077, 10 (2)12)) > 0
such that for almost all t € (0,T),
E(o,u|r,U)(t) < c&(00,uo|ro, Up). (2.18)

The goal of the present paper is to obtain estimate of type (2.18) for (¢, ) being a numerical solution
of Problem (1.1)-(1.5) obtained by the MAC discretization.

3 The numerical scheme

3.1 Space discretization

We assume that the closure of the domain € is a union of closed rectangles (d = 2) or closed orthogonal
parallelepipeds (d = 3) with mutually disjoint interiors, and, without loss of generality, we assume that
the edges (or faces) of these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors,
denoted by (e, ..., e@),

Definition 3.1 (MAC grid). A discretization of @ with MAC grid, denoted by D, is given by D = (M, E),
where:
- The density and pressure (or primal) grid denoted by M, consists of a union of possibly non uniform
(closed) rectangles (d=2) or (closed) parallelpipeds (d = 3), the edges (or faces) of these rectangles
(or parallelepipeds) are orthogonal to the canonical basis vectors; a generic cell of this grid is denoted
by K ( a closed set), and its mass center xx. It is a conforming grid, meaning that

Q = UgemK, where int(K) Nint(L) = @ whenever (K,L) € M?, K # L, (3.1)

and if KNL # 0 then KN L is a common face or edge or vertex of K and L. A generic face
(or edge in the two-dimensional case) of such a cell is denoted by o € E(K) (a closed set), and its
mass center &, where E(K) denotes the set of all faces of K. We denote by n, i the unit normal
vector to o outward K. The set of all faces of the mesh is denoted by E; we have € = Eing U Eext,
where Eny (resp. Eext) are the edges of € that lie in the interior (resp. on the boundary) of the
domain. The set of faces that are orthogonal to the i unit vector e\ of the canonical basis of R?
is denoted by £, fori=1,...,d. We then have ED = Si(!fz U Eéi)t, where E,ﬁfz (resp. 50(2) are the
edges of E9) that lie in the interior (resp. on the boundary) of the domain. Finally, fori=1,...,d
and K € M, we denote EV(K) = E(K)NEWD and ‘S:(:.)c(K) =¢(K) ney

int”
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—
- For each o € &, we write that o = K|L if 0 = 0K NOL and we write that o = K|L if, furthermore,
o€ Eﬂ)(md (xf, — zx) - e > 0 for some i € [1,d] ={1,...,d}. A primal cell K will be denoted
K =[00"] if 0,0 € EDNE(K) for somei=1,...,d are such that (xy —x,) -e® > 0. For a face

o € &, the distance d, is defined by:

{d(wK,wL) if o = K|L € &g,
dy =

) (3.2)
dxg,zs) if 0 € Eext NE(K)

where d(-,-) denotes the Euclidean distance in R?.
- A dual cell Dy associated to a face o € £ is defined as follows:
wif 0 = K|L € &t then Dy = Do U Dy 1, where Dy - a closed set (resp. Dg 1 -a closed
set) is the half-part of K (resp. L) adjacent to o (see Fig. 1 for the two-dimensional case) ;
* if 0 € Eexy 15 adjacent to the cell K, then D, = Dy .

The dual grid {Dg} ey of Q (sometimes called the i-th velocity component grid) verifies for each
fized i € {1,...,d

Q=U,ewDs, int(Dy)Nint(Dyr) =0, 0,0' € ED, 0 # 0. (3.3)

- A dual face separating two neighboring dual cells D, and Dy is denoted by € = o|o’ or € = Dy|Dyr
(a closed set) or € = olo’ when specifying its orientation: more precisely we write that € = a?
if (@ — ) - €9 > 0 for some j € [L,d]. The set of all faces of Dy is denoted £(Dgy);
it is decomposed to the set of external faces Exi(Dy) = {€ € E(Dy)le C 9N} and the set of
internal faces Eni(Dy) = {e € E(D,)|intg_1e C Q}, where inty_; denote the interior in the
topology of R, The set of all dual faces of the dual grid {Ds} ety is decomposed into the

ol
internal and boundary edges: E0) = 8(1) U Sei)t where EI(L {e = glo’|o,0" € ED} and
5& ={e=0D, N80 o € ED 0D, NN # O}. We denote by n.p, the unit normal vector

to € € Dy outward D, .

We denote for further convenience n. and n, a normal unit vector to face ¢ and o, respectively.
We write € 1. o resp. 0,0 iff n.-n, = 0 resp. n, -ny, = 0. Similarly we write € L e
resp. o L e iff n, and e9) resp. n, and e are parallel. We also denote by ab the segment
{a+t(b—a)|t € [0,1]}, where (a,b) € R?? and by . resp. xyne the mass centers of the face €
resp. of the set o Ne (provided it is not empty).

- In order to define bi-dual grid, we introduce the set € (&) ={ee€ 5 |e L e} of dual faces of the
i-th component velocity grid that are orthogonal to €. A bi-dual cell D, associated to a face ¢ € €

is defined as follows:
xIfe=olo’ € g n 51(;1 then D, = € X @,y (see Figure 2). (We notice that, if 0,0’ € €V
with K = [o0’| € M and € = o|o’ then D = K.)
x Ifee g(w ﬂc‘fﬁx)t with € € 5( ) and i # j then D = € X ToXone-
In the list above we did not consider the sitution e € 5(“) n Six)t with € € E(Dy). In this case
e =0 C 09, and we set for completeness D, = ().

It is to be noticed that, for each fixed couple (i,7) € {1,...,d}?
Ueegt De =0, int(De)Nint(De) =0, e # €, €, ¢ € £, (3.4)

To any dual face € € E’ ) , we associate a distance d.

d(@g,xy) if € € &0 Em)t,
de = d(%wm) ifec 8 NEY with e € E(Dy) and i # j, (35)
ds if € € gty ﬂ(‘:ixt with ¢ € £(Dy).

(We notice that the last line in the above definition is irrelevant and pure convention, since in that

case D, =1).)
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- We also define the size of the mesh by
hat = max{hg, K € M} (3.6)
— )
where hye stands for the diameter of K. Moreover if K = [00’] where 0,0’ € £0 NE(K) for some
i=1,...,d we will denote
o _ K] IK]
p) — 1K1 1EL (3.7)
K ol el
We mesure the reqularity of the mesh through the positive real number O defined by

Opm = min{}%i, K e M} (3.8)

where i stands for the diameter of the largest ball included in K. Finally, we denote by hy the
diameter of the face o € £.

- Some geometric notions introduced in this definition are exposed in the figures 1 and 2:

d, d
Ty o’
K o’
o /
(1;, €] = 0|0
Dy
“ oc=K|L o g
T, T
L
o0

Figure 1: Notations for control volumes and dual cells

M N

e=alo

D,

Figure 2: Notations for bi-dual cells

Remark 2. For all o € &y, 0 = K|L, we have hy > Ex > Opmhi and he < hy, and so Ophg < hy, <
ﬁhlo Note also that for all K € M and for all o € E(K), the inequality hy|o| < 20%\1(\ holds and i
M

o = K|L a rough estimate gives |K| < (%)d\[/\ These relations will be used throughout this paper.
Definition 3.2 (Discrete spaces). Let D = (M, &) be a MAC grid in the sense of Definition 3.1. The
discrete density and pressure space L g is defined as the set of piecewise constant functions over each of

the grid cells K of M, and the discrete i —th velocity space Héi) as the set of piecewise constant functions
over each of the grid cells Dy o € £, As in the continuous case, the Dirichlet boundary conditions
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(1.3) are (partly) incorporated in the definition of the velocity spaces, and, to this purpose, we introduce
Hg‘g) c Hé(:l),i =1,...,d, defined as follows:

Hiy = {ve B, v@)=0ve e D, o e €D, i=1,....d}.

We then set Hg g = H;-izl Hgg). Since we are dealing with piecewise constant functions, it is useful to
introduce the characteristic functions Xx, K € M and Xp,,0 € £ of the density (or pressure) and
velocity cells, defined by

lifexeK,
0ifz ¢ K,

1ifx € Dy,

%d@—{ 0OifzdD,.

Xp,(z) = {

We can then write a function v € Heg as v = (v1,...,vq) with v; = Z veXp,, © € [1,d] and a
(i)
=

int

function q € Ly as ¢ = Z A XK.
KeM

3.2 Time discretization

Let us now turn to the time discretization of Problem 1.1. We consider a partition 0 = t¥ < ¢! < ... <
tV = T of the time interval (0,7), and, for the sake of simplicity, a constant time step ot = " — t"~1;
hence t" = ndt for n € {0,--- ,N}. We denote respectively by {u?,o € Ei(rfz,i e {1,---,dhn €
{0,---,N}}, and {¢}, K € M,n € {1,---,N}) the sets of discrete i-th component of velocity and
density unknowns. For o € Si(nlz, i€ {1l,---,d} the value u is an expected approximation of the mean
value over (#"~1,¢") x D, of the i-th component of the velocity of a weak solution, while for K € M the
value Y is an expected approximation of the mean value over (t"=1,t") x K of the density of a weak
solution. To the discrete unknowns, we associate piecewise constant functions on time intervals and on
primal or dual meshes, which are expected approximation of weak solutions, For the velocities, these
constant functions are of the form:

N
wit, @) =Y > ul Xp, () Xnr (1),

n=1 UEE.(I)

int

where X{yn-1n) is the characteristic function of the interval ("1, t"). We denote by Xi e st the set of
such piecewise constant functions on time intervals and dual cells, and we set X¢ 5 = H;Ll Xje st For
the density, the constant function is of the form:

o(t,x) = g% forx € K and t € ("1, t"),

and we denote by Y5 the space of such piecewise constant functions.

ie{l,---,dhne
{1,---,N}}, and for n € {1,--- , N}, we denote by u € ng) the piecewise constant function defined
by ul(z) = u? for * € D,,0 € &l

int?

For a given u € X¢ 4 associated to the set of discrete velocity unknowns {u}, o € Si(ig,

and set u" = (uf,...,u})" € Hgo. We sometimes write (.
instead of ug in order to avoid all confusion. Notice that ', may be non zero for o € Ei(lfz
is zero whenever o € E(Ei)t In the same way, given ¢ € Y5 associated to the discrete density un-
knowns {0}, K € M,n € {1,--- ,N}} we denote by 0" € Ly the piecewise constant function defined
by ¢"(x) = o} forx € K, K € M.

Finally, the discrete initial condition (0%, u®) € L x Hg  is such that 0° > 0 and the discrete initial
total mass and energy are respectively defined by

while it

1 -
Mo,M:/Qodﬂi-, 50,/\4:/ *QO\UO\ZdzJF/H(QO) de. (3.9)
Q Q2 Q
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3.3 The numerical scheme

We consider an implicit-in-time scheme, which reads in its fully discrete form, for 1 < n < N and

1<i<d:
1 n n—1 s Up on, n
&(@ — 0" +divij(e"u") =0, (3.10a)
%(Eﬁ(l)“? _ g/n_\l(l)u?—l) + divg)(gnun“?) _ .U'A‘(gi)u?
— (p+ N0 divyu” 4+ 9;p(0") =0, (3.10b)

where the terms introduced for each discrete equation are defined hereafter.

3.3.1 Mass balance equation

Equation (3.10a) is a finite volume discretization of the mass balance (1.1a) over the primal mesh. The
discrete "upwind" divergence is defined by

divlj\f’[: LMXHg,(]—)LM
1
(0,u) — divii(ou) = Il Fox(0,u) Xk, (3.11)
KeM oeE(K)

where F, i(0,u) stands for the mass flux across o outward K, which, because of the Dirichlet
boundary conditions, vanishes on external faces and is given on the internal faces by:

VU:KlL eg’mty Fa,K(Qyu) = |U| Q(l;p Ug,K (312)
where u, g is an approximation of the normal velocity to the face o outward K, defined by:
Ug K = U el ‘ng i for o e £ n E(K). (3.13)

Thanks to the boundary conditions, u,  vanishes for any external face o. The density at the internal
face 0 = K|L is obtained by an upwind technique:

| 0K if ug,k >0,
0 = (3.14)
oL otherwise.

Note that any solution (o",u™) € Ly x Heg to (3.10a) satisfy o, > 0, VK € M provided o; ! >
0, VK € M and in particular p(¢") makes sense. The positivity of the density ¢" in (3.10a) is not
enforced in the scheme but results from the above upwind choice. Indeed, for a given velocity field, the
discrete mass balance (3.10a) is a linear system for ¢" the matrix of which is an invertible matrix with a
non negative inverse {20, Lemma C.3|.

Note also that, with this definition, we have the usual finite volume property of local conservativity
of the flux through a primal face o = K|L i.e.

Fri(o,u) = —Fo (0 u). (3.15)

Consequently, summing (3.10a) over K € M immediately yields the total conservation of mass, which
reads:

Vn=1,..N, /g”dm:/godz, (3.16)
Q Q

which is nothing than a discrete version of (2.7).
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3.3.2 The momentum equation

We now turn to the discrete momentum balances (3.10b), which are obtained by discretizing the momen-
tum balance equation (1.1b) on the dual cells associated to the faces of the mesh.
The discrete convective operator - The discrete divergence of the convective term pu ® u is

defined by
diveP Ly xHgog— Hgp
(0,u) — diviP(ou ® u) = (divy (ouwy), ..., dive? (ouuy)), (317
where for any 1 < i < d, the i** component of the above operator reads:
divd : Ly x Heg — HY),
(0,u) — div(ﬁ(guui) = Z ‘Dl | Z Feo(o0,u) ue Xp,, (3.18)
oeel) 7 e€é(Dy)
the quantity Fe , = Fe »(0, u) stands for a mass flux through the dual faces of the mesh and u. stands for

an approximation of i component of the velocity over e are defined hereafter (see (3.19), (3.20), (3.25).
Let o € 0 (without loss of generality). The dual flux F, ,(o,u) is defined as follows

- If € € &, then Fes(0,u) =0.
Otherwise:

- First case — The vector e is normal to €, so € is included in a primal cell K, and we denote by o’
the second face of K which, in addition to o, is normal to e®. We thus have ¢ = Dy|D,s. Then
the mass flux through € is given by:

1
FL,J(.Q7 u) = 5 [FU,K(IQ u) Ne,D, " MoK + F{r"K(gy U) Ne D, * nn”,K} . (319)
where n, p, stands for the unit normal vector to € outward D, .

- Second case — The vector e(® is tangent to €, and ¢ is the union of the halves of two primal faces
7 and 7’ such that 7 € £(K) and 7/ € £(L). The mass flux through e is then given by:

1
Feolou) =3 [Fri(0:w) + Fr (0, w)]. (3.20)
T € T
< =l
K U N L
v I
ol D,

Figure 3: Notations for the dual fluxes of the first component of the velocity.

We notice that the sum over € € £(D,) in formula (3.18) can be replaced by the sum over € € i (Dy ).
Note that, with this definition, we have the usual finite volume property of local conservativity of the
flux through a dual face ¢ = Dy| D, i.e.

Feo(o,u) = —Fcp(0,u). (3.21)
In what follows we shall often use the abbreviated notation
Feo(0"u")=F;, Fyr(d",u")=Flg. (3:22)
The density on a dual cell is given by:

fOI’O'G(Sim, U:KlL ‘Dol Op, = ‘Da,Kl QKJF‘DU,L‘ oL,

(3.23)
for o € Eext, 0 € E(K), 0p, = OK-

10
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and we denote
for1<i<d, 3= > opXp,.
oeg®)

These definitions of the dual mass fluxes and the dual densities ensures that a finite volume discretiza-
tion of the mass balance equation over the diamond cells holds:

; 1 1
Vi<i<d, Yoe&) 5 (b, —ab )+ oo S =0 (3.24)
7 (Eg(Du)

This is a necessary condition to be able to derive a discrete kinetic energy balance (see Theorem 4.1).

Since the flux across a dual face lying on the boundary is zero, the values u. are only needed at the
i)

internal dual faces, and we make the centered choice for their discretization, i.e., for € = Dy|D,s € cz,';m,

1 ’ Ui + Ui o
Ue = Uje = “"*2”" = o T, (3.25)

Discrete divergence and gradient - The discrete divergence operator diva, is defined by:

divpg : He — Ly

1
u+— divyu = Z IVl Z lo|ue,x Xk, (3.26)
KeM K] ceE(K)

where uq g is defined in (3.13).

The discrete divergence of u = (u, ..., uq) € He o may also be written as
d
diVM u = Z Z (Giui)KXK, (327)
i=1 KeEM

where the discrete derivative (0;u;)x of u; on K is defined by

lo|

— ,
= 1K] (g — tg) with K = [00'],0,0" € £, (3.28)

(Osui) K

The gradient in the discrete momentum balance equation is defined as follows:

Vg : LM — Hg,o
pr Vep (3.29)
Vep(z) = @ip(), ... 0ap())",
where 9;p € H, g}) is the discrete derivative of p in the i-th direction, defined by:

int?

.
dip(x) = % (pr —pK) Yz € Do, foro=K[Le&W i=1,...d (3.30)
o

Note that in fact, the discrete gradient of a function of L4 should only defined on the internal faces,
and does not need to be defined on the external faces; we set it here in He ¢ (that is zero on the external
faces) for the sake of simplicity.

The gradient in the discrete momentum balance equation is built as the dual operator of the discrete
divergence which means:

Lemma 3.1 (Discrete div — V duality). Let g € Ly and v € He g then we have:

/ q divpvde +/ Veq-vdx =0. (3.31)
Q Q

11
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Discrete Laplace operator - For i = 1...,d, we classically define the discrete Laplace operator on
the i-th velocity grid by:

@@ . (@) (@)
A HSZ,O — Hc;,O
U — —Ag’)ui
@ 1 . Q)
— APy (2) = Dol Z beo(ui),  Vx € D,, foro e & (3.32)
e€€(Dy)
where £(D,) denotes the set of faces of Dy, and
g(ug —u,) ife=odo € 51([27
Ge.o(ui) = (3.33)
I, if e € ED NE(D,)
d; a ext a

where d, is defined by (3.5). Note that we have the usual finite volume property of local conservativity
of the flux through an interface ¢ = o |0

Do (i) = —Geqr(us), Ve =olo’ € ELL. (3.34)
Then the discrete Laplace operator of the full velocity vector is defined by

7Ag : Hgyo — Hg)g (3 35)
ws —Asu = (—ANuy, . —AD uy)t '
Let us now recall the definition of the discrete H& inner product [12]; it is obtained by multiplying
the discrete Laplace operator scalarly by a test function v € Hg ¢ and integrating over the computational
domain. A simple reordering of the sums (which may be seen as a discrete integration by parts) yields,
thanks to the conservativity of the diffusion flux (3.34):

d

Y(u,v) € He?, / —Agu-vde = [u,v])1 60 = Z[ui,vi]lygm,o»
2 i=1
. € € 3.36
with [ui,vi]ljg(l)ﬁo = Z |d—| (ug — tgr) (Vo — Vo) + Z Ll— Uy Vo ( )
i) " et
e=olo’ e€&(Dy)

HY) < HYY — R Heox Heg - R

(U‘ﬂ v) = [ul Ui]l‘é'("),O
Hg¢ o respectively, which induce the following discrete H& norms:

The bilinear forms are inner products on H‘% and

(u,v) = [u,v]1£0

||ui||i£(1)10 = [u, wily gy o = Z ‘;7‘ (g — ugr ) + Z ldi‘ ul for i=1,...,d, (3.37a)
cefln <t
e=olo’ c€&(Dys)
d
[ullf e.0 = [u, ulie0 = Z HuiHi‘gmg (3.37b)
i=1

Since we are working on Cartesian grids, this inner product may be formulated as the L? inner product
of discrete gradients. Indeed, consider the following discrete gradient of each velocity component w;.

Vg(,)ui = (Blui, ey 5duz) with 5]'1,61' = Z (6]'111')DE XDf, (338)
cc€E®
eleld)
12
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U a Yol
D,
Uy — U,
(617111)D5 = g 7
d€
u_”_)
D,
€ €
Uol | Deug ol
D,
€
Uyr — Uy — Uy Uy
(Oau1)p, = UT (O2u1)p, = i (Bow1)p, = T
€ € €

Figure 4: Notations for the definition of the partial space derivatives of the first component of the velocity,
in two space dimensions.

where the elements D, of the bi-dual grid are defined in (3.4) (see also Figure 2) and

Ugt —Ug .. T
—— with e = o|0’,
de

(9jui)p, = (3.39)
—Z—”e(j) “np, with e € D n &(D,),

ext
€

where n, p, stands for the unit normal vector to ¢ outward D,, see Figure 4. This definition is
compatible with the definition of the discrete derivative (d;u;)x given by (3.28), since, if € C K then

D, = K. Note that the second line in (3.39) is zero provide ¢ = j, or provided o € c‘:c(i)l e L el) with
i # j. With this definition, it is easily seen that

/ Veamu- Vemvde = [u,v]y go o, Y, v € ng),w =1,...,d. (3.40)

where [u, v]; g@) o is the discrete H} inner product defined by (3.36). We may then define
Veu= (Vemu, ..., Vewua),

so that
/ Veu: Vevda = [u,v]1¢0.
Q

We will need discrete Sobolev inequalites for the discrete approximations. The following is proved
in [12].

Theorem 3.1 (Discrete Sobolev inequalities). Let Q be an open bounded subset of R, d=2ord=3,
adapted to the MAC-scheme (that is any finite union of rectangles in 2D or rectangular in 3D), and
let D = (M,E) be a MAC grid of Q. Let ¢ < +o0 if d = 2 and q = 6 if d = 3.Then there exists
¢ =¢(q,|9Q,0rm) depending on O in a nonincreasing way such that, for all u € Hep,

lullLa@) < cllullieo-

13
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3.4 Projection operators

In this section we introduce several projection operators. We first define the mean-value interpolator over

LM:
P/Vl H Llloc(Q) — LJM
@ = Pup= Y 9K Xk, (3.41)
KeM
with 1
pr = m/ o(z)dz, VK € M. (3.42)
JK

This operator satisfies for any 1 < p < oo and for any r € LP(2),
I Prrilze) < lIrllze)- (3.43)

We also define over H, é% the following interpolation operator Péi):

P HY(Q) — HE)
¢ s P =Y e X, (3.44)
"Egi(:‘)
with 1
or =7 [ wle)tr(a). vo < e, (3.45)
g

and we denote ) ;

Pe = (P, .. PL) € L(HY ()" He ) (3.46)

the vector valued extension. This operator preserves the divergence in the following sense:
Vo € HY ()4, vq € LM,/ q divy Pevde = / q divodae. (3.47)
Q JO

This operator satisfies for any 1 < p < oo and for any U € I/I/’Ol’]"(Q)d7
| PeUllrpye < cllU |l Lo (a- (3.48)

In the following Lemma we recall some classical mean value inequalities. These inequalities are used
to obtain estimates involving the projector operators P and Pg previously defined.

Lemma 3.2. [Mean value inequalities| Let D be an open bounded convex subset of R4, d>1. Leto C &D
such that |o| > 0. Let 1 < p < oo. There exists ¢ only depending on d and p such that Vv € C*(D),
[[v = vollLr(py < ¢ diam(D)||Vvl|po(pya, (3.49)
[[v = vpllr(p) < ¢ diam(D)[|Vvl|zo(p)e, (3.50)
where vp = ﬁ Jpvdx and vy = ﬁ J,vdy(x) (d~y(x) is the d — 1-Lebesgue measure on o). Moreover
ifve C*(Q) then

lvp —v(xp)| < HvszLoo(Q)dxd diam(D)?, (3.51)
where xp stands for the center of mass of D and
r+y 1 1 —
[0(=57) = 50@) +v@)] < SV Lo @yaxal = y[*, Vo, y € D. (3.52)

Let D = (M, E) a MAC grid of the computational domain 0, let 1 < p < co. Then there exsits ¢ only
depending on p and on d such that for any (r,U) € C1(Q) x C1(Q)4, Ujpo =0,

[Ir = Pamrllee) < chml VOl Lo 0ya, (3.53)
[lU = PeUl|r)e < chmlI VUl o (qyaxa, (3.54)
Ve Pe Ullppqyaxa < el VUl p(qaxa, (3.55)
Moreover if U € C?(Q)4,
[0, PeUi — 0Uil L= (@) < €l V?Uill poo ey (3.56)
14
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Proof. Let us prove (3.50). By virtue of the connexity of D there exists o € D such that
vp = v(xp).

Let (p)nen € DN be a sequence such that , — xo as n — oo. Using the convexity of D we obtain
1
v(x) —v(zn) = / Vo(te + (1 —t)x,) - (& — x,) de, Y € D.
0
If p = +00 we have for any « € D,
jo(@) — vp| = lim [v(@) ~ v(w,)| < diam(D)| Vo] -
which gives (3.50). If 1 < p < oo, using Jensen inequality and Fubini theorem we obtain
d 1
/ [v(x) — v(zy) P de < / / IVo(te + (1 = t)z,) |||z — 2, ||” dt dz
D D Jo
+o0
< diam(D)p/1 T dt/ [Vo()||P dt de < cdiam(D)?(|Voll}, (D)

which also gives (3.50). The proof of (3.49) is similar. Let us prove (3.51). We have
1 1
vp—v(zp) = / Vo(tzo+(1—t)xp) - (xo—xp)de = / (Vou(teo+(1—t)zp)—Vo(zp)) (xo—xp) dt
Jo 0

= /1 /1 t(V2u(ztzo + 2(1 — t)ep + (1 — 2)xp)(To — p)) - (L0 — p) dz dt.
0 Jo

Consequently
lvp —v(xp)| < HV21)||LOC(D),1X,; diam(D)>2. (3.57)

Let us prove (3.52). A Taylor expansion of the function t — v(tx + (1 — t)y) gives

o(e) = oY)+ VoY) 22 (h)e - y) - (@ - v).
iy T Y Tty y—x 1 A\ — )Y (g
oy) = o)+ Vu(BEY) LT SR - y) - (2 - y).

where &, .f;: € [x,y]. The expected result follows from the summation of the two previous identity. The
proof of (3.53) and (3.54) are trivial consequences of (3.49) and (3.50). The proof of (3.55) is consequence
of (3.49). Let us prove (3.56). By virtue of (3.4) one has

18;PeUi = 9;Uill Loe() < max [[3;Peli = 0Uill o= (.
ecE

Moreover by virtue of (3.51) and (3.52) we can write for € = oo’ € Elm, elel) zeD,,
(@) 0
9;(Py’ Ui)p, — U (x) = (U (zor) — Ui(zs)) — IUZ(z) +R
J
= o, — U (o) — 5—Ui(x) + RY

where &, o € [T, @,v] and where the remainder R satisfies
|R| < chp.
Note that the case € € (E:g()t can be treated in the same way. Consequently we have inequality
18, PU; — 8;Uil| Lo (p) < chat, ¥(ij) € {1,2,8}2, Ve € E, € L e,

where the constant ¢ depends on Ilsz”Lm(Q) and we obtain the expected result.
15
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In the following defintion, we introduce two velocity interpolators.

Definition 3.3 (Velocity interpolators). For a given MAC gris D = (M, ), we define, fori,j =1,...,d
the full grid velocity reconstruction operator with respect to (i,7) by

RED HE) - 1Y)

v Rg’j)v = Z (Rg’j)v),,XDU, (3.58)
0655‘{2
where
(R(i’j)v)o = v, ifoe&d (R(i’j)v)g = ! Z vy otherwise (3.59)
t int? € card(/\/g) o )
o'eNs
where, for any o € Eing \ Si([fz, N, ={c" € D D, no" #0}. (3.60)
L
o a2
o=KL
o3 K 04

Figure 5: Set Ny = {01,02,03,04} with o € Si(!{L)(K), Jj # i in two dimensions (i =1, j = 2)

For any i = 1,...d, we also define a projector from Hg) into Ly by

RY - HY = Ly

v R(au = Z (RS@IU)KXK, (3.61)
KeM
where ‘ 1
(Rx)lv);( =3 Z Vg (3.62)
e (K)

We then define

R : He — L4,
v = (v1,vq) = Rqv = (R w1, o, R vg). (3.63)

Lemma 3.3. Then there exists ¢ > 0, depending only on d,p such that for any 1 < p < oo, for any
i,7=1,...,d and for any v € ng],

IREw — vllze) < chamlIVew v Lo (e)- (3.64)

Then there exists ¢ > 0 such that for any i =1,...d, , for any v € Hgg) and for any 1 < p < co one has

I 735\1/)1 v =] zr) < chmllBiv] Lr(q)- (3.65)

16
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o=KI|L

Figure 6: Full grid velocity interpolate.
Proof. Let us prove (3.65). From the definition of Rg\l,)l (see (3.61)) we have

IR =0l = D IR v =l = 3 (IR = Wi, o + IR0 =0l )
KeM K:[Q]
o,0'eE)

1
< 7h5\/1 Z Hai/UHiP(K) < C}LI/J\/{HBiUHIzP(Q)
KeM

which gives the expected result.
Let us now prove (3.64). For the sake of simplicity we assume that d = 2, ¢ = 1 and j = 2. Other
cases are similar. First we write

'Rg’j)v71}:72(;’].)11772%11%»72%1)711

The second term in the right hand side of the previous equality is estimated uisng (3.65). Now using the
decomposition of D, established in figure 7 we can write

IRED 0 =Ry vllh iy = 3 IIRED0 = RG ol

oec&l)
= Y IREDw = RG 0l )+ IRE v = RE 0T,y
oegl)

<l S 1050080+ 1350, ) < R 00l

ocgl)
This finishes the proof of Lemma 3.3.
L
(a1 02
D”//
l T
T o=KL o
Tk
o o,
3| K 4

Figure 7: Decomposition of D,

O

The following algebraic identity is used to transform some terms involving the dual fluxes into terms
involving primal fluxes for which the expression is easier to manipulate.

17
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Lemma 3.4. Let p € Ly andw € Heg. Leti e {1,...,d} Let p = Eaes(” YoXD, € H‘(g% be a discrete
int ’

scalar function. Let the primal fluzes be given by (3.12) and let the dual fluzes Fi 5 be given by (3.19) or
(3.20) (depending on the direction of n. with respect to e® ). Then we have:

d
Z Z Fe,a“e‘ﬂa: Z R(z) KZ Z F, K(R”) i)o""Ri(th)

oeell) ee€(Dy) Kem 7= peegld (i)

int

where

Ruio) =Y Y (po— (RO O K) For(us — (REui)K)
KeM ”egi;),(l()

LYY -0 Y 2 > =

Kem aESl(:n(K) Jj= 1]7517-65 V(K)o 'eNro

(ui,a + Ui, o’

2 - (R&a 71,,;)}() .

In the last sum we have denoted

N = {0" € ED |inty 17 Ninty_1(Dy|Dyr) # 0},

where o € El(nzg( K), Sl(rft)( K), j #1, inty_1 means interior in the topology of R~1.
€
= =
K U ] L
b I
T o Dy
RS D

int

Figure 8: Set N, = {0’} with 7 € 5<])( K), 0 € ED(K), j #1i in two dimensions (i =1, j = 2)

Proof. We split the sum at the left hand side of the identity in Lemma 3.4 to two sums, first one over
faces € parallel to faces o and second one over faces € orthogonal to sigma:

Z Yo Z Fe,aui,s = Z Po Z Fe,aui,e

ues‘:z cc€(Dy) aefl(;z e€&int(Ds)
d
=Y X e[ X Rewer XY X Hu
KeMoeel) (k) c€&im(Do)ce K J=Li# reel) (k) €N o

where we have used definition (3.20) of Fi ; and denoted for fixed o € E(L)( K) and 7 € &Ene(K) \ &, L)( K).

int int
Nyo={c€c&(Dy)|e Lo, h#eNK CT}.
For further calculation we notice that
Nr = UsesiyNro UED(K), Nro={D,|Dor |0’ € N7 o}, (3.66)

where N7 is defined in (3.60).
Realizing that the set {¢ € £(D,)|e € K} contains exactly one face denoted ex (see Figure 8), we
rewrite the above expression using definitions (3.25), (3.66) as follows

Sowe| D Fouie| =y, > %[ekau”KJrZ >y TKM]

UES(') eeg(pg) KeM 0‘68(1)(1() J=1,j#i 7_65(] (K)° 'eN+ o

int
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=
\‘GKCK
o = K|L
h

Figure 9: Set N, = {¢} with 7 € 5(])( K), 0 € EV(K), j #1i in two dimnsions (i = 1, j = 2)

int

=2 > ¢”[fkﬂu1f1\+FKU1a+z Yy fetetue]

KeMoeeld) (k) J=Li# gl (1) 7 ENTo
] Ui + U
=Y Y Rk [Fox uig + YOy oy E Frit i 3t
KeM peel) (k) J=1#1 e£0) (1) 7 €N
i K Ui + U
+ 3 > [~ R [Pt + Fosctir + Yoy oy B i tio i)
KeM geell) (k) =L el () ' N

In the above we have used the conservation (3.15) of primal fluxes (which gives in particular ) . v Zﬂéﬁ(i)(K) CoFykuic =
int

0) to pass from the first to the second expression, and the conservation of (3.21) of dual fluxes (in par-

ticular 7 e Zdegﬁ(m(R%(ga))KFeKﬁgui)EK = 0). Consequently,

SN e | S Fouie| = Y. RO@)KIE+ Y K, (3.67)

KeM ae&(iz EEE(D,,) KeM KeM
where
Uio + Uy
IiK = Z Fy i ujo + Z Z Z Z TKH
’7651(1:2 (K) j=1,5#i TGS‘(j)(K) ”Egl(:) K)© 'eNT,o
and
. K Uig + U
Hoie Y o RO [Fastion + Bt Y S B oK Yo ¥ Vi),
‘765,(,:€<’(> Jj=1,j#i reé! ”(K) o'ENro

Employing (3.66) together with (3.59) (see also Figures 5 and 8) we easily find that
Z Y Fex(RED (), (3.68)
=l oegll) ()

In order to transform J,L»K, we first remark with help of (3.19) the identity

Fot + Fepeo + Z >y ”"f% > Fox; (3.69)

j=1,j#i TEEU>(K) o'eNT o €&y (K)

consequently,

Z (po — (R MW)K For + Foe o+ Z Z Z

oeell(K) J=17#1 7e£0) (k) o' €N
S el T #)-®bon -0
€& (K) aeE(K)
19
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where, we have used (3.62). Next we write

=3 [% — (R (@) ] [ oK (Ui,a - (R,(/\Z(ui))l() + Fero (ui,sx - (R(j)(ui))x)

oeel)(K)

+ Z > > TK<UW+LM *(R,(c((ui))Kﬂ

j= l,j;ﬁzTeg(J) K)U 'eNT,o
r

b Y e RO [Fart Y Y B

oeel(K) J=Li#i gl (1) ' €N

where )
Ujepe — (Rsa(ui))}( =0
(due to (3.62) and (3.25)) and

> [or — RO [P + Forc + > oy oyt

065(1)( K) j= 1,]7&74765(1)(1()0 ENro

int

S R )k = 0

due to (3.69). Consequently,

Riuig)= 3 J= 30 3 (r ~ (R QK)Fox (g — (RY k)
KeM KeM aes(”(h)
Fr g (Ui + g .
2 (e (R Z > > 5 (72 = - (R%(umx) (3.70)
KeM 65'(1) (K) j= 1]#1,765_(12 K)U’ENT.U
Putting together formulas (3.67), (3.68) and (3.70) concludes the proof of Lemma 3.4. O

3.5 Main result: error estimates

Now, we are ready to state the main result of this paper. For the sake of clarity, we shall state the
theorem and perform the proofs only in the most interesting three dimensional case. The modifications
to be done for the two dimensional case, which is in fact more simple, are mostly due to the different
Sobolev embedings and are left to the interested reader.

Let us introduce the following functional space:

F= {(r, U)eCY0,T) x4 0<r= inf r(tz), VU e C([0,T) x Q)%, 2r € L'(0,T; L' (Q)),
(t.2)€Qr
,Vr € L*(0,T; LY/G7=9(Q)3), (82U, 8,VU) € L*(0,T; L6/5(Q)12)}, (3.71)

endowed with the following norm

[l(r, U)|| 7 = (7, U)Hol([o,T]xﬁ)d + HVQUHC([O,T]xﬁ):f + HatZTHLl((),T;L"f’(Q)) + ||3tV7’||L2(0,T;L6V/(5’*6>(0)3)

17U 20160512y + 10V U | 2o s ayrzy- (3.72)

Let (r,U) € F such that U = 0 on 9Q. Let us consider a MAC grid D = (M, &) of size hy and

regularity 6,4 of the computational domain € , a partition 0 = t° < t! < ... < t¥ = T of the time interval

[0, 7], which, for the sake of simplicity, we suppose uniform (where 6t stands for the constant time step)

and (o,u) € Y6 X X¢ 5 a solution of the discrete problem (3.10). Inspired by (2.10), we introduce the
discrete relative energy functional

et
fe" i U8) = [ (e = URP + B i) de (373)
d 1 ) n n|2 7|1
:Z Z *\Do|QDJUa*Ua\ + Z |K|E(ek|rE)
= el sk
20
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where

rm=ri",), U"=U{",.), riyy=Pm@"), Ug =Pe(U"), (3.74)
where P and Pg are respectively defined in (3.41) and (3.46). Finally we denote

O0<r= min r, 7=

Toon)xe (or,r%?fszr’ [Oer]" = O (2", ). (3.75)

Let us now state that the discrete problem (3.10) admits at least one solution. This existence result
follows from standard arguments of the topological degree theory (see |9] for the theory, [11] for the first
application to a nonlinear scheme). We refer to Appendix A for a proof.

Theorem 3.2. Let (¢°,u’) € Ly x Hep such that o° > 0 (that is 0% > 0 for any K € M). There
exists a solution (u, ) € He o X L of Problem (3.10). Moreover any solution is such that 0 > 0 a.e in
Q (meaning that o >0 for anyn =1,...,N and for any K € M).

The following Theorem is the main result of the paper. It can be seen as a discrete version of inequality
(2.13).

Theorem 3.3 (Error estimate). Let Q C R? be a domain which is a union of orthogonal closed par-
allelepipeds with mutually disjoint interiors, and, without loss of generality, such that the faces of these
parallelepipeds are orthogonal to the canonical basis vectors. Let D = (M,E) be a MAC grid of Q (see
Definition 3.1 in Section 3), with step size haq (see (3.6)) and regularity O where Opq is defined in (3.8).
Let us consider a partition 0 = t0 < t! < ... < tN =T of the time interval [0, T, which, for the sake of
simplicity, we suppose uniform, where 6t stands for the constant time step. Let (o,u) € Y5 % Xeg gt
be a solution of the discrete problem (3.10) emanating from (0°,u®) € Ly x Hg such that ¢° > 0 (the
existence of which granted by Theorem 3.2), and (r,U) € F be a (strong) solution of problem (1.1). Then
there exists a constant ¢ > 0 only depending on T, 2, po, Poo, s A, Y, @, 'y MiN 7 P, MiNf /2 27] o, p

C2([r)7])>
on ||(r,U)||7 in a non decreasing way, on Eg am in a nondecreasing way and on Oxq in a non increasing
way such that

max_E(o", u"|r}y, Ug) < c(f(go,uo‘r?\m U) + by + \/&), (3.76)
0<n<N
where gv—3 1
A =min(*L 5 (3.77)
Remark 3.

1. As mentioned previously, Theorem 3.3 holds also in dimension 2 under the assumption that v > 1.
The value of A in the error estimate (3.76) can be chosen such that

{ A<min(2=201) if v € (1,2],

A=11ify>2. (3.78)

2. Suppose that the discrete initial data (o°,u®) coincides with the projection (P 7o, Peuo) of the
initial data determining the strong solution. Then formula (5.76), combined with Lemma 2.1,
provides in terms of classical Lebesque spaces the following bounds:

n n n n A
o™ = T3 quzcgnary + 18" = U 3ayjaconamyy < e(hh + V)

for the "essential part" of the solution (where the numerical density remains bounded from above
and from below outside zero), and

He™ < /2 +He" 2 271 + 0" o o rsam + 1" 16" = U™ Pllusqnzam) < e(hh + V)

for the "residual part" of the solution, where the numerical density can be "close” to zero or infinity.
(In the above formula, for B C Q, |B| denotes the Lebesque measure of B.) In particular, we obtain

lle = 7172 ((r/2<0my) + 1o = Ul (pj2<pcamy) < ‘j(th14 + \/@
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Moreover, in the particular case of p(o) = 0* (that however represents a non physical situation)
E(olr) = (o —)? and the error estimate (3.76) gives

llo— T”%*(O.,T:L%Q)) +llelw = UPllpeomini @) < C(\/EM + \/57)

3. If we assume that the discrete density o is bounded from above uniformly with respect to (h, 0t),
the growth condition at infinity in (1.5) becomes irrelevant. In this case, following step by step proof
of Theorem 3.3 we obtain error estimate (3.76) with A = % for any~y > 1. Compare with [15], where
the similar problem is treated for a Finite volume/Finite element method. This is qualitatively better
result than any other conditional error estimate in the mathematical literature dealing with finite
volume or mized finite volume/finite element methods for compressible fluids (see [4], [11], [32],
[42], [46]), where the authors need to assume other bounds for the numerical solution, in addition
to the upper bound for the density.

4. Theorem 3.3 can be viewed as a discrete version of Proposition 2.1. It is to be noticed that the
assumptions on the constitutive law for pressure guaranteeing the error estimates for the scheme
(3.10) are somewhat stronger (v > 3/2) than the assumptions needed for the stability in the contin-
uous case (y > 1). The threshold value -y = 3/2 is however in accordance with the existence theory
of weak solutions. The assumptions on the regularity of the strong solution to be compared with
the discrete solution in the scheme are slightly stronger than those needed to establish the stability
estimates in the continuous case.

v

. The assumption on the asymptotic behaviour of the pressure for small densities in (1.5) can be
relazed for v > 2, see [23]. In particular Theorem 3.3 also holds for the isentropic pressure law
p(0) = 0" where v > 2.

The rest of the paper is devoted to the proof of Theorem 3.3. We employ the methodology inspired
by that one suggested in [16] in the continuous case. It can be summarized as follows

1. We establish the energy inequality for discrete solutions of the numerical scheme - see Theorem 4.1,
formula (4.1). This correspond to energy inequality (2.6) in the continuous case.

2. Knowing (4.1) we establish the discrete relative energy inequality for the discrete solution of the
numerical scheme with test functions taken in the discrete spaces introduced in Definition 3.2 -
see formula (5.1) in Proposition 5.1. This is a numerical counterpart of relative energy inequality
(2.11) in the continuous case.

3. We take in the discrete relative energy inequality as test functions We derive a consistency error for
the strong solution above, see equality (6.1) in Lemma 6.1. Combining Lemma 5.1 and Lemma 6.1
we obtain inequality (7.1). This inequality is a numerical counterpart of relative energy inequality
(2.12) in the continuous case.

4. We estimate conveniently the right hand side of inequality (7.1) in order to get the Gronwall type
estimate, see Lemma 7.1. The rather Lemma implies the result.

4 Mesh independent estimates

4.1 Energy Inequality

Our analysis starts with an energy equality (which can be seen as a discrete differential version of (2.6)),
which is crucial both in the convergence analysis and in the error analysis.

Theorem 4.1 (Energy estimate). Let (o,u) € Yo X Xese be a solution of (3.10). Then for any
n = 1,..,N, there exists ¢"~ " € Ly such that min(o" !, 0") < " 1" < max("™ 1, ") and o7 €
[min(ol, o}), max(ol, 0})], 0 = K|L € Eing such that
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i ny _ n—1 - n|,,n2 _ n—1,n-12
5 [~ de g [ - o e

) , 1 T
o G+ V)| divs |y + 5 [ 2 = s

_ 1 _
R e et S oM@ ek - ekl =0, (1)
0€Ent,0=K|L

Proof. Multiplying (3.10a) by H'(¢") and using a Taylor expansion we obtain the existence of " 1" €
L such that min(g"’l, 0") < 0" < max(g"7!, o") and

7 n 1
/H(@ ) dw+/ T&HH( n 1’”)(9"7g"’l)zdw+/Qdivﬂ(g”u")7—[’(g”)dw:0. (42)

Using again a Taylor expansion (see for instance [21]) one has

H n 1 7
i e da = [ o) dvaewdn 5 Y ol W @) ok — obPial (13)

JQ €€, 0=K|L

where o0 € [min(¢l;, 0}), max(o}, 0})]. Consequently

H ") n 1) "¢ n—1n n n—1\2
/ do+ [ o @ 0 e

. 1
+/P(Q") divau”de + 5 > o1 H" () (2 — 0F)[uly | = 0. (4.4)
Q
0€Ein,0=K|L

Mutliplying (3.100) by u?, summing over o € Emt and ¢ = 1,2,3 and using (3.31) we infer that

-1 -1
ot — gt lyn " 2 . n H2 )
Ja St ,ES L2(2)

3
+Z Z Z Floudug 7/Qp(g")divMu"dw:0. (4.5)

i=1 Uegi(l:’l €€E(DU

By virtue of the centered choice for ul (see (3.25)) we have

3 3
Y OY maw-Y Y Y

= peel?) ceé (Do) =1 pegl?) b (Do)

(4.6)

(@)

int

23%/(" - 1>|u"|2dm+2 > 2 F. g =0 (4.7)

i=1 Eg(i e€&(Ds)

Multiplying (3.24) by (—) and summing over o € &; 1 and ¢ = 1,2,3 we infer that

Subtracting (4.7) to (4.5) gives

1 .
26t/ o"Mu? = 0" a2 dae 4 puf|w (,LH—)\)HdivMu”HZLzm)—/ﬂp(g")divMu"dm=0. (4.8)

Consequently adding (4.4) to (4.8) and using (4.3) gives (4.1).
O

Remark 4. The above computation shows that this numerical scheme is unconditionaly stable meaning
that the discrete energy inequality holds without any estra assumptions on the discrete solution.
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The following estimates are obtained thanks to the identity (4.1). In particular the numerical diffusion
(4.16) is due to the upwinding and assumptions (1.5), as is classical in the framework of hyperbolic
conservation laws, see e.g. [12].

Corollary 4.1. Let (0,u) € Yaq5e X Xg st be a solution of (3.10). Then we have

1. There exists ¢ > 0 only depending on Eg s in a nondecreasing way (independent of haq and dt)

such that
llwllL20,me o)) < € (4.9)
llwll 20,03y < e (4.10)
HQ\“|2||L°<(0,T;L1(Q)) <e¢ (4.11)
lloll Lo 0,7:L7(0)) < € (4.12)
4.13
2. If (n,U) € L=((0,T) x Q) x L=((0,T) x Q)3, then
no,nl.n n < . )
12}2{]\[&(@ ,ulri, Ug) <, (4.14)

where ¢ depends on T, |U|| g (0,1)xq)3, Eo,Mm in a nondecreasing way.
3. There exists ¢ only depending on Eg pq i a nondecreasing way such that for any m =1,..., N

m 3
SN S Dl g P < (4.15)

n=1i=1 geg‘(li
4. The following dissipation estimate due to the upwinding of the density in (3.10a) and (1.5) holds
N 5
(of — 0})°
oy, Dl oy Lgg=1y lug k|

lomRiTes,,  max(ek, eI
N
oty Y Jollek — 0f) L@may lupk| < e (4.16)

n=1o=K|LEEn;

where ¢ depends on Eg pq in @ nondecreasing way and where the quantity oy is defined in Theorem

41

5 Relative energy inequality for the discrete problem

5.1 Exact relative energy inequality for the discrete problem

The goal of this section is to prove the discrete (differential) version of the relative energy inequality
(2.11).

Proposition 5.1 (Exact discrete relative energy). Any solution (0,u) € Y5 x Xg st of the discrete
problem (3.10) satisfy

rn Un) _E(Qn—l un—l

1 7 n n— n— n n H n n
(e u LU = U g g+ (e Ml divag (= U™ B

I _ ! (pn—1
< /(T”* Qn)H (T ) H (7 )dw+/ divf/l\ﬁ(gnun)ﬂl(rn—l)dw
Q ot Q

+pU" —u™, UM c0+ (u+ )\)/ divp (U™ —u™) divy U™ de
Q
. g n—1 _ rrn 1
—/ p(o") divag U"dm+/ " (- U da
3

w30 Y RLup(w-ur) (G

=1 geell) ce€(Dy)
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for any 0 <r € Ypyse, U € Xe 4.

We notice, comparing the terms in the “discrete” formula (5.1) with the terms in the “continuous”
formula (2.11), that Theorem 5.1 represents a discrete counterpart of the “continuous” relative energy

inequality (2.11). The rest of this section is devoted to its proof. To this end, we shall follow the proof
of the “continuous” relative energy inequality (see [16] and [19]) and adapt it to the discrete case.

Proof. We proceed in several steps.
Investigation of the momentum equation (3.10b) : Multiplying (3.10b) by U™ and integrating
over 2 we obtain

. 3
1
A 5t(gnun gnflunfl‘) U™ dx § 2 § F:au?U;L

=1 oeell) ce€(Dy)

+p[u™, UM ig0+ (n+A) / divy u" divy U™ de — / ptdivpU"dxe =0
Q Q
We observe that
(gnun _ Qn—lun—l) U" = gnun Ut — Qn—lun—l . Un—l + Qn—lun—l . (Un—l _ Un)

Consequently

3
1 1
75/ gnun.Unign—lun—l_Un—l de = E/ gn—lun—l_(Un—liUn) dil:+z Z Z F:”U:LU:'
L JQ Q = Uegi(rfz B D)

+u[u"7U”]11g,o+(u+/\)/divMu"diVM Undmf/pndiv/\/[ U'de. (5.2)
Q Q

Investigation of the dual continuity equation (3.24) : Multiplying (3.24) by %\U;F we obtain
o / (¢" — " Uz + 1 ZS: oS ELupP=o. (5.3)
20t Jo 2 & ok ol’o

Moreover due to (3.21)

3
%Z S S ELuUnUn o, (5.4)

=1 gegll) ec€(Ds)

We observe that
/(gn _ gnfl)lUn‘de _ / gn‘Un|2 _ gnfllUnfl‘Q dz +/ gn—l(Un—l + Un,) . (Un—l _ U”)d:c.
Q Q Q

which gives

1 T n T — n— 1 n— n— n n— n
/gﬁ( U - oYU 1|2)dz=—ﬁ/ﬂg WU AU (U - UM da

SY XY R 69)

=1 seel) ce€(Dy)

Investigation of the primal continuity equation (3.10a) : Multiplying the continuity equation by
H'(r"~1) and integrating over Q we obtain

_l /(QnrHl(Tn)_gn—lf}_[/(,,,n—l)) dx = _l / gn(rH/(T,n)_le(rn—l))dz+/ divﬁ(g"u")?—['(r"il)dz.
ot Ja ot Jo Ja (56)
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Finally, thanks to the the convexity of the function #, we have

%/ﬂ (o) = 1) = (e = o)) | de = %/Qr"(u'(m ~H () da

_ %/Q (HU”) _ (7‘" _ rnfl) Hl(rn—l) _ H(rn—l)) dz
< % A () = H ) des (57)
Conclusion : Summing (4.1), (5.2), (5.4), (5.5), (5.6) and (5.7) we obtain (5.1). O

5.2 Approximate relative energy inequality for the discrete problem

The exact relative energy inequality as stated in Section 5.1 is a general inequality for the given numerical
scheme, however it does not immediately provide a comparison of the approximate solution with the
strong solution of the compressible Navier-Stokes equations. Its right hand side has to be conveniently
transformed (modulo the possible appearance of residual terms vanishing as the space and time steps
tend to 0) to provide such comparison tool via a Gronwall type argument.

The goal of this section is to derive a version of the discrete relative energy inequality, still with
arbitrary (sufficiently regular) test functions (r,U), that will be convenient for the comparison of the
discrete solution with the strong solution.

Let us introduce some notations useful for the rest of the paper. Considering a solution (g, u) of
Problem 3.10, and (r,U) € F we define for 0 = K|L € Einy:

rg if ug >0,
P — (5.8)
ry otherwise,

where 7% and u, x are respectively defined in (3.42) and (3.13). Note that ry™"? will be not prescribe for
0 € Eext (it will be a consequence of the fact uq x that vanishes for o € E(K) N Eex). Similarly to (3.23)

we define
for 0 € Ent, 0 = K|L |Do| 7}, = | Do k| 7% + | Do,z| 77, (5.9)
for o € Eext, 0 € E(K), Ty =Tk '
Fori=1,..,d and ¢ = Dy|Dyr € &) we define
@ yrn 0 gny
Uen _ (Pf Ul )U _; (Pé‘ Uz )0 (510)

where Pg') is defined in (3.44).

Starting from now, we shall use the following convention for the constants in estimates: We shall
denote by ¢ a positive number which can take different values even in the same formula. It always
depend tacitly on the geometric and structural coefficients

T, 9,0, Pocs 1 A, 7, @, (5.11)

and if not stated explicitly otherwise, on the characteristics of the strong solution

: . ’
, , , ), (U 5.12
rminp, min ', lIpllc2 ey, 1 U 7 (5.12)
and on
Eo,m in a non decreasing way, 6, in a non increasing way. (5.13)

It is always independent of the size of the discretisation ot and h.
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Lemma 5.1 (Approximate discrete relative energy). Let (o,u) € Yas X Xe st be a solution of the
discrete problem (3.10) and (r,U) € F such that U‘BQ 0. Then there erxists ¢ only depending on
parameters (5.11-5.13) such that for allm =1,...,N:

E(o™ |, UE) = (00|15, UR)
+ oty (il - "= U Bm)
n=1

<6tZ( Ug —u" Uglieo+ (n+A) /leM Ug —u' )divMUg‘dw>

— B /
+ &Z / ,9"71<%) . (Ug _ un) + 5tz /Q(T;IM _ Qn)%é/l)[aﬂ]" de
n=1" n=1"
m

”tZZ > Z S Joler P (PY U)sel - ny i

n=11i=1 KeM j=1 aes(ﬂ(K)
(R“‘”( ¢ = PO UM RGP Ui = (PE U),)

m

,&Z/ Ru(u")- v dwfétz/p@" dvU™ da + Ry +GR s (5.14)

for any pair (r,U) belonging to the class (3.71) such that Ujpq = 0, where

G5 1] < &Ze@ iR U 483 - (5.15)
n=1
with any 6 > 0,
| Rl | < (VT + hik), (5.16)

and where A is given by (3.77).

Proof. The right hand side of the relative energy inequality (5.1), after a summation over n and a
multiplication by dt, is a sum Z?:l T;, where

T175t2( &, Ug —u” ]150+ (L+A) /leMUgdlvM(Ugf’u. )dw)

Ur —ur 1 lf'n 1 Unr
-1-¢& & & u 1
Ty =6t E / 5 ( ) — )da:

n=1"

m

Ty =5ty Z SOy o (ug - Ug‘)

n=1i= 106£(z) EES(D)
e=Do|D 1

—5252/S:lp(g”)divU"da:7
m 1
Y (L e

Tﬁ—(SfZ/le“p "ut) H (r ) de

n=1

Ty

The term T} and Ty will be kept as they are; all the other terms T; will be transformed to a more
convenient form, as described in the following steps.
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Step 1: Term Tp. We have To = T5 1 + Ry 1 with

s () (0 ) g
(5.17)

Roy = X0ty Jo 30" HUE = U7 da.
Thanks to the mass conservation (3.16), (4.12) and the Taylor formula applied to the function ¢t — U (¢, )

between "~ and t" we easily get
‘RQ,I‘ S C(St (5.18)

where ¢ depends on ‘latUHLOQ([O’T]XE)g and on g rq. Let us now decompose the term T3 1 as

U Unfl
Ty, = Tos + Ry, with T“:atz/ %).(Ugfu") dz (5.19)

and Roo =0ty

n=1

= [ () (o v [ () (et ) ae

By the same token as above, and using estimate (4.15) we may estimate the residual term as follows

Ry, where

|Rao| < eVt (5.20)

where ¢ depends on [|0;U]| e ((0,r)x s and on Eg ag-
Step 2: Term T3. Using Lemma 3.4 we can write

m

T 7&22 S RGPY UMk Z ST Jolekul  RED (wf — P U,

n=1i=1 KeM j= 10655;3(1{)

m 3

+ 4t Z Z(Rg,l,l,i +R510;) =Ts1+ Ra1 (5.21)

n=1i=1

where the reminder 13 ; and Ry, ; are respectively given by

Biui= Y Y (R0 —RGPEWH ) Faxe (us = (P UM, — Rl =P UM )
KeMoeel) (k)

ins

and . | |
fiai= 3 30 (PPN, - RGPYWUIK)

KeMoeel) (i)

« i Z Z FTZK( za+uza’ ('Pg)QUZ”)”f('PS)U[L)

- R} —PY UD)x).
j:l,j#ifegii{t)(K)a/ENf,n

From the definition of RX/)I and Pg) we infer that

n 1K n n
31,10 = Z Z 1o —50i(Pg DU 0 (s — Pg)U Vi Fo i
K@MUEQ@(K)

From (3.49) and the defintion the discrete derivative (3.28), we infer that for any i € {1,2,3} and K € M
[3:(P Ul)k| < e

28

234



E Implicit MAC scheme for compressible Navier-Stokes equations : Unconditional error
estimates

where ¢ depends on [|VU]| s (0,1)x)3xs- Using the geometric relations established in Remark 2 and the
Hélder’s inequality we infer that

Riil<e S0 Vheloleh, uloiu? — P UM)| 2 eur)

oeEld) o=K|L

<c holo|| Dy 77;/6
lo|| Do |

oeel) o=K|L

joitu = P UM ezuacon ol s )

where ¢ depends on HVUHLx( 0 T)Xmsx3 and on 0. Using again the geometric relation established in

Remark 2 we can write for all o € Smt,

c1h < |Dy| < cah3, c3h2 < o| < eqh?

where ¢; and c¢3 depend on €, in a nonincreasing way and ¢z and ¢4 depend on f,4 in a nondecreasing

way, which gives
_ k6 A
Vhe|o||Dg|” 07 < chiy.

where ¢ depends on 0 and where A is given by (3.77). Consequently

Biuad Scide >0 ol = PR ol s

36 (Dy)
JEE‘(M,U K|L
1 1
A i B 9
B <erti( 3 Il - PO Meuny) " (3 el g, )
oeeld) o=K|L oeel) o=K|L ’
where 1 < p,q < +o0 and 1 Jrl =1
If 3 =g and ¢ = 6 and we obtain
A
\Rgal,l,ﬂ < chy|1Bi(uf - P?(Uﬁ))Hmmugnum% o
Now if v > 3 and then +6 > 2 we take p = 2 and ¢ = 2 and we obtain
R < h 5 (4) Un ond
\ 3112| chp| —Pe Nze Q)HQ Hm%(m

where the constant ¢ depends on [[VU || oo ((0,r)x)3 and on 6. Finally from the estimates (3.55), (4.9)
and (4.13) we deduce that

N 3
5ty S IRY | < chiy.

n=1i=1
where ¢ depends on || VU || Lo ((0,7)x0)3: 0,1 and on . Let us now estimate the remainder Rj ;5 ;. Let
K € M and let us consider o € S(i)( ). Without loss of generality we assume that o = K|L € 8(1) Let

» int*
€ € £(D,) such that € # ex and eN K C o’ € £W for j # i that is € € N[.,rﬁ . Since the primal fluxes
vanish on external faces we can assume that € € g'l(;)t saying € = o|o” where ¢” € g(l). Let K € M such
that o' = K|K. We define 0" € £® such that K = [¢""¢"] and 0" € £® such that K = [¢""¢]. Finally
let L be the primal cell such that ¢” = K|L. We summarize the above notations in the figure 10.

In accordance with the defintion of u] and U* we can write

n

F" . .
=S e = U2 (2 = U7 = Rl = PE U7 )|

K
< clo’|oh,, lug (Mlﬁiui‘f{'i'ds’léjuilDd)
< Vol o, luisl (10 = PE Ui,y + 195 = PE UM 2o,
< culle" il gy ) (10i6 = PEUD e, + 103 =P UM 2o, )
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U.//// K o L
o’ De
f, - O.H//lo./// ¢ =d 0.//
a 1
U./// K 0.// L

Figure 10: Decomposition of the dual grid

We deduce from the previous computation that
IRad S 3 Nl sy ) (10i6 = PEUDrecn, )+ 103 = PE U s20m,.)
J#i g'egl)

where the constant ¢ depends on §xq. Finally from the estimates (3.55), (4.9) and (4.13) and thanks
to computation established to estimate R311; we deduce that

N 3
ot Z Z |51 040 < chj‘/l,

n=1i=1

where ¢ depends on [|[VU || ((0,1)x), Eo,m and on 0. Consequently we have

24l) < chiy. (5.22)

s4y

n=1i=1

Evidently, for each face 0 = K|L € Eing, uy ;e +uy ;, = 0 5 whence,

m 3
T3 :51‘,22 Z Z Z o] o Pl et SMo K

n=1i=1 KeM j=1 oeEW(K)
« (R(l D (4 p(l) Ur), )( 73(1 UMk (Péj) UM.)

Consequently

=6ty 3 Y % ol (P U s - ng i

x (REDw? = PO UM RYPY UMk — (PP UMo) + Ryp (5.23)
where Rgo =6t 30 ) 3701 > ke Z]’:l Yt (K)nEn B2, 50
R yikio = 0102l — (PY UMo)e?) - gk (RED (u? — PO UM ) (ROPY UMk — (PE UP),)

Using (3.49) combined with the geometric relations listed in Remark 2 we infer that for any (4,7) €
{1,2,3)2, K e M,0 € ED(K) N Ein,

I RGPE UM = (P U)ol < ch,

where ¢ depends on || VU || oo ((0,1)x)3x3 and on 4. Consequently we can estimate the general term of
R as follows

RS 5 k0l = |loldi P (ult — (P UM o)eD mg e (RED (uf = PY UM)o)(RG(PY UM i — (PE UI)o)
< el Dol I|(wg — (PE U)o I(RED (i} — P e

< el Do (e + o) I(u5 — (P UPIRED (it = PE U )|

<c /D o"lu} — PY UM RE) (uf - PO (U1)] de,
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where 0 = K|L € £V (K) N Eiy. Consequently using (3.64) and Holder’s inequality and then Young’s
inequality, we infer that

Ms

3 3
|R3 21| < cdt ZZ/Q = PY UM RED (uf — PO (UF))] dae
n=1i=1 j=1 Q
m 3 3 12 12 o
<ot SN Ny (£ w | rae UB) i = PEWI g0
n=11i=1 j=1
c m m
<35 +56tZ||u ~Utlieo

where ¢ depends on [|VU || Lo ((0,1)x0)s 0,1 and on g
Step 3: Term T5. Using the Taylor formula since p € C2(Ri) we get

H(ri) = H (i) = 1 (o) (i — i) — H"'(??()(TK - %
where 7 € [min(r 1, 7% ), max (i 1)), Consequently T = Ts1 + R with

n—1

Tr,176t2/ = o) M)Md (5.24)

ot

and
n, K 1 "i=n (7 K Tn 1)2 n n
RSI—OtZZRfuyR;)J :i‘K‘H Tk )T(QK_TK)~
n=1 KeM
By the first order Taylor formula applied to function  + (¢, z) on the interval (£*~!,#"), thanks to the
relation (2.3), to the mass conservation (3.16) and (4.12) we have
|R5‘1| S cot (525)

where ¢ depends on |97 Lo (@) and on Eg -
Let us now decompose T51 as follows: T51 = T52 + R5 2 with

T52=5tz 2/ - "(M [0 dz, (5.26)

n=1 KeM

and
n—1

Rs52 = 5tZ/ (T — ") )(% _ [8”"]") de

n=1

Using twice the Taylor formula, the Fubini Theorem and Hélder’s inequality (see [23]) we can obtain
[Rs,2| < cdt, (5.27)

where ¢ depends on r, 7, HB?THLl(O T30 () and on Eg .

Step 4: Term Ts. Using the local conservativity of the flux through a primal face, we may write

m
Ts = Ts1 + R(j(rl, R()‘,l =t Z Z Z Rgf’K, with

n=1KeMoe&(K)

Toq = 5t§m: Z lo| ok (HI(T" 1 H’(rZ*l))ug’K, and (5.28)

n=1ce&(K)NEint

Ry7™ = ol (03 = o ) (W03 = H ™) )u s 0 € ECK) O e
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Motivated by (4.16), we may write for 0 = K|L € Eint
\RgT™| < ev/halo]
x (M [u? o 1gn s Vg (0 + o) @02 flun |
de(gK Qn)(g T/2 o, K17 0,2 K L o, K
o™ = gicl ylut g </ flut ).

where ¢ depends on 7, || V7| Lo ((0,1)x0)s and where the numbers g} are defined in Theorem 4.1. Here we

have used the first order Taylor formula applied to function H’ between endpoints 7 L pn=1 Conse-
quently, application of the geometric relations established in Remark 2, the Holder and Young inequalities
gives

m nup _ 2
|Re,1| < cv/haadt ) [( > > \U\(ga—ﬁ()ﬁ \”Z,KHESZI)I/Q

< o on) (2=
i Kemoekiresry  max(eko of)

( Z Z lo|ho ()@ | a,k‘)l/z

KeMocé(K)
1/2
(X leheler - i adiga) (XX lolhe i) ]
KeMo=K|LeE(K) KeMoeé(K)
7,up
o

<o/t [(X8 el ok

+ |ug kg1
o Kemookiree)  Max(eko 0 7))
4 -\5/6 1/6
+< Z ‘Kl(grk)(i(? V) /5> (Z‘o‘hUlug,K‘G)
KeM =2
n,up n N2, n 5/6 1/6
3D lolh(ent® = k)l kltgg <1 + 19O ( Y lolholu 1°) ]

KeMo=K|LeE(K) oe€
<cvhum
(5.30)

where ¢ depends on 1,7, || V7| poo ((0,1)x2)3, E0,m provided v > 12/11. Here we have used estimate (4.16),
estimate (4.10), (4.12) of Corollary 4.1.

Let us now decompose the term T 1 as 151 = T52 + Rg 2 with

m
Tia=atY. 3 3 Jolok W0t — il (5.31)
n=1 KEM o€&(K)NEint
where m
R Y Y mE
n=1 KeM oe&(K)NEint
and

Byp™ = Jolgie (05 =W 007 = Wi )0k =)
Therefore, by virtue of the second order Taylor formula applied to function H', Hélder’s inequality,
(3.49), (3.50), (4.9), (4.13) in Corollary 4.1 and the geometric relations established in 2 we have,
|Re2| < chpm (5.32)

where ¢ depends on 1, 7, V7| Lo (0,7)x 035 E0.m and on .

Let us now deal with the term T4 2. First of all, let us remark that / v ldz = E |lo|(rn—t —
K
o (K)
n—l)

T )Nor. Therefore we may write

Ts2 =Ts3 + Re 3,
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with

m
Tos=—0ty /Q H () Ru(u”) - Vit de, (5.33)

where R is defined in (3.63) and where the remainder Rg 3 is given by

m 3
Res=0t3. 3 5 3 Joldke H/ )t — il — (RY u) ) - g e

n=1 KeM j=1 5c£()(K)

Now in accordance with the proof of the remainder Rg 3 in Lemma 6.1 of [23] and by virtue of the Holder’s
inequality, (3.49), (3.50), and (4.9), (4.12) in Corollary 4.1,

|Rs3] < chiy (5.34)
where ¢ depends on 1,7, [[V7|| Lo (qr3), Eo,m and where A is defined in (3.77).

Finally we write Tp3 = T 4 + Re 4, with

T64——()fZ/ n? 7M)R (u") - Vr" de,
=t (5.35)

m

R64*5t2/ 'HN(Tn )VI"n*'H//(l”T' 1) n— 1) RM( n)dx

where by the same token as above the remainder R4 satisfies
‘R6,4‘ S cot. (536)
Here the constant ¢ depends 7, ||V, 0 ™~ NreAY d on &g M.
ere the constant ¢ depends on r, 7, ||Vr, 97| Lo ()7 |0k TH“(U’T;LS%(Q)S and on o
We are now in position to conclude the proof of Lemma 5.1: we obtain the inequality (5.14) by gathering
the principal terms (5.19), (5.23), (5.26), (5.35) and the residual terms estimated in (5.18), (5.20), (5.22),
(5.25), (5.27), (5.30), (5.32), (5.34), (5.36) at the right hand side Z?:l T; of the discrete relative energy
inequality (5.1).
O

6 A consistency error

This section is devoted to the derivation of a discrete identity satisfied by any strong solution. This
identity is stated in Lemma 6.1 below. It will be used in combination with the approximate relative
energy inequality stated in Lemma 5.1 to deduce the convenient form of the relative energy inequality
verified by any function being a strong solution to the compressible Navier-Stokes system. This last step
is performed in the next section.

Lemma 6.1 (Consistency error). Let (0,u) € Yaqs: X Xg s be a solution of the discrete problem (3.10).
Let (r,U) belonging to the class (3.71) such that Uy ryxon = 0 and satisfying (1.1). Then there exists c
only depending on parameters (5.11-5.13) such that for any m =1,..., N, the following identity holds:

m

5tZ( U, u" —Uglieo+ (p+A) /dlvU”dlvM(u 7U")dw>

n=1

U»r Unl
+&2/ g e - U de

n=1

m

3 3
YD S el P Up)eet)  mo i RED (= PE U,

n=1i=1 KEM j=1 5c£()(K)

x (RE Up), = RGP U i)

=

tZ/pTM d1vU”dw+6tZ/ (") Raq(u™) - Vit de+Ky 5 = 0, (6.1)
n=1 Q2
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where the remainder Kty s, satisfies

‘KTA,M < C<hM + (5t>.

Proof. Since (r,U) satisfies (1.1) and belongs to the class (3.71), Equation (1.1b) can be rewritten in the
form

rOU + U - VU + Vp(r) = pAU + (u+ AV diva in (0,T) x Q. (6.2)

We write equation (6.2) at t = ", multiply scalarly by w” — Uf, and integrate over 2. We get, after
summation from n =1 to m, 33_, Q; where

Q=0ty / OU" - (u" — UP) de,
n=1 Q
m
Q2= §tZ/ MUt VU" - (u” — UY) de,

Q3—5t2/ Vp(r™) - (u" — Ug) de

n=1

Q4 = 75152/ pAU" - (u" — UE) da,

Qs =—6t2/ w4 NVdiva® - (u” — UR) da.

n=1

An adaptation of the proof of Lemma 7.1 in 23] gives

Ur Un 1
1+Q;—6f§:/ nlZE 78 (yn dm+5fz/ )divU™ de
n=1 n=1
+6t2/ u") - Vr'dx + R}y 5, (6.3)

where the remainder R’ ot satisfies
R il < (g + t).

and Wher62 the constant ¢ depends on T, |plcz(im), V7| oo ((0,1)x ) 10U || oo (0,7 x) VU || oo (0,7 x )
and on 107U 1, g 718 ) 19V Ul 2 7.8 0 Eomt

By virtue of the Stoke’s formula we transform the term T} as follows, using (3.38), (3.40) and d.|e| =
|Del,

3 3
776tZ/MAU" W UE e =53 5SS ddelty - (P U

n=1i=1 j=1 &)
elel)

7U"

m 3 3
=6tu Y 530S dileloul — (PY UM p,0; (P U p, + Ry

n=11i=1 j=1 ()
cleld

m
=0ty plUf uw" = Ufleo + Riys
n=1

where the remainder R 5, is given by

m 3 3
) 1[0 D
oYY Y e - (P U [ U7 a8, (P U

n=1i=1 j=1 .cg(0)
cleld)
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(3)

Moreover by virtue of (3.51) and (3.52) in Lemma 3.2 we can write for € = o]0’ € &y, € L eV,

0 gy - Uiz - g n
BPE U0, = i [ Gl = Uila) = Uiao) = 5 LU0 @) + B

— 9 n 0 n n
= 6x]U (To0r) ijUi (xc) + R

where &, o € [T, @,v] and where the remainder R satisfies
113
|Re | < Ch/\/l~

Note that the case € € Si’x)t can be treated in the same way. Consequently we have inequality

\‘ ‘/—U”dw —8,(P9 um) e‘gchM, V(i j) € {1,2,3)2, Ve € ED, ¢ L e,

where the constant ¢ depends on | V2U|| L ((0,1)xq)- Therefore

m 3 m

M&\<L;LM&ZZZ 37 D[l — (PE U)) DE\<chM6tZ||u — Ut

n=11i=1 j=1 &)
eleld)

where ¢ depends on HVZUHLOG((U,T)XQ). Consequently by virtue of (3.55) and (4.9) we have

Qi =0ty plUf u" — Uflieo + Ry (6.4)
n=1

where the remainder R'{ ;, satisfies
U
[R¥ 5t < cham

and where ¢ depends on [|[VU || o< ((0,1)x0)> HVQUHLOG((O’T)XQ): Oam and on Eg aq.
The term @5 can be treated exactly in the same way as Q4 in order to obtain

m
Qs :—&‘Z w4+ N) /dlvU"dlvM(u - U¢)dz + RY 5, (6.5)

n=1

where the remainder RY 5, satisfies
‘R%,M < chpm.

where the constant ¢ depends on |[VU || o ((0,7)x ) V&
Let us deal with the term Q2. We have

Lo ((0,7)xQ)s Om and on Eg ag-

Qs —&ZZ/ PUT VU — POUT)) da

n=11i=1

3

B / rie RYPY UD) e, Ur R (it — PO (U) xc da + Ry

n=11i=1 j=1 KeM
where the remainder R}, Vot 1S given by

m

RMth(?tZ/ =P (rM))U™ - VU - (u® — Pe(U™)) da

n=1
m

+0tY [ Pu(™)(U" =RMmPeU") - VU" - (u" — Pe(U")) da
—1/Q

+5tZ/PM(r”)RM PeU VU™ - (0" — Pe(U") — Ru(u" — Pe(U™)) da.
n=179
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By virtue of (3.53), (3.54), (3.65) and (4.9) the remainder RT, 5, satisfies
‘RTA,&‘ < chpm,

where the constant ¢ depends on T, ||[Vr|| e ((0.1)xq): IUl Lo ((0,r)x2)3: VUl Lo ((0,1)x ) and on Eo -
Using the Stoke’s formula we infer that

3

35 S [ kRGP U o, Rt~ PO
n=11i=1 j=1 KeM
Sy Y Y [k RGP U

n=1i=1 j=1 KeM oeEW)(K)
x (PP UP), = RUPE UM K)eD - my i R (u — PO UP)) i
where we have used the identity

[owras— [ owr - RUPL UM do.
JK K

Finally keeping in mind the definition of the quantity 76""" (see (5.8)) we obtain

3

B Y Y [k REPY U (P U, - REPE U e o

n=1li=1 j=1 KEM s¢c¢ O (K)

x Ryt = Pk

m 3 3
=033 % X [l P U U~ RGPE UNK)ED

n=1i=1 j=1 KeM 065(])( K)

x R{ (i = POWUM) k| + Ri
where by virtue of (3.49), (3.50) the remainder RY, 5, satisfies

L <C5t2/ P UM Rm(u" = Pe(U™))] dae

n=1

where ¢ depends on || V7| Lo ((0,7)x0) and on [|U|| < ((0,r)x)3- Consequently by virtue of (3.65) and (4.9)
[RY sel < chom-

Now we write

1=
M«

3D [lolrze(PY U (PE Uy = RIG(PE U )e - mc
n=li=1 j=1 KEM ¢ L(R)

x R (uf = PE (U7 |
m 3 3
= 6tzzz S [l Upee ng
n=11i=1 j=1 KeM 5&]}2(}()
R (n _p@ gmy ((p@ gmy @ (p@ gyn BT
X R (ug e Uloa((Pg" U)o M(Pe Ul k)| + B o
where by virtue of (3.49), (3.64), (3.65) and (4.9) the remainder RY , satisfies
m 3 3 ) )
Ria=0tY 03 5 S [lolz™ (P U7)oe) - nosc (P U) — RU(PE U1)10)
n=li=1 j=1 KEM ;cel) (i)

x (R} = PE UMk = RED (uf = P UP),)
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Consequently
m

3
Rl <cotS 55 S poliPd ur), — RGP U k]

n=1i=1 j=1 KeM UEE(]t)([()
x| RS (uf = PO = RED (= PE U
From (3.49) we infer that for any (i,5) € {1,2,3}2, K e M , 0 € Sfr]lg(K)
(P U = RG(PE U] < che,

which gives

3

J

3
Rl <t S S35 N olhel R\ = P WM) x — RED (ulk — P UM,
n=li=1j=1 KEM ;e (fc)

3

3 .
YN ol — PR U,

i=1 j=1 KEM ;0 (i)

int

< chpot

1

which gives by virtue of (4.9) and (3.55),
[R50l < ch

where ¢ depends on T, ||U|| o ((0,1)x)3, V7l o< ((0,0) x2)s I VU |l oo ((0,1) x2) s Eo,m and on Opq. Conse-
quently

m 3 3

Q=033 35 S (el PP U e np i RED (i — PE UL,

n=li=1 KeEM j=1 5cg()(K)
< (PO UNe = RGPE UNK)) + Rigs (6.6)
where the remainder Rj\n/l,ét satisfies
| R ,5¢] < choa

Summing (6.3) to (6.6) we obtain the expected result that is (6.1).

7 End of the proof of the error estimate Theorem 3.3

In this Section we put together the relative energy inequality (5.14) and the identity (6.1) derived in the
previous section to obtain a discrete version of inequality (2.16). The final inequality resulting from this
manipulation is formulated in the following lemma.

Lemma 7.1. Under assumptions of Theorem 3.3 there exists ¢ depending on parameters (5.11-5.13)
such that for allm =1,..., N, there holds:

m
E(¢™ " 1, UF) +6t5 > u" — UZ I £
n=1
m

< c[hf\‘/l + m+5(90,u0)7’9\47U§)] + cétzg(gn,u" i, UE),
n=1

where A is defined in (5.77).
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Proof. Gathering the formulae (5.14) and (6.1), one gets

m
R UE) = £ w1, UD) + ot Y Ju” ~UElf g P+ P+ Pa+Q (1)

m m
(o™, u™|riy,
n=1

where

n -1
Py = (sz o 1 1”” 1)US ;t(]g . (Ug _un> dz,

n=1

m

P, *6tZZ > Z > (lolter™ =z U)o - mg i

n=1i=1 KeM j=1 5cg0) (K)
x (RED PP (UF) — ul)o) RGP Ui = (P UI,)),

m

733:6t2/ p(riy) — p(o” )dlvU"dx

+6tZ/ (P2 ) Ry - 9o + M0 19,17 e,
M

Q=R s+ e+ K:A/l.ét,v

and where the remainders R, ot agn Ve and K% 5; are explicited in Lemma 5.1 and Lemma 6.1.
Step 1: Term P;. Writing Py = ot >y Py, an application of the Taylor formula and of Lemma
2.1 gives, since v > 6:

PRI < [ 1t =i e~ U da
SC/( B Vi) + (B i )0l — UE| da
Q
n—1 ,n—1\3/5 n—1  n—1 5/6 n n
Sc( E(o" vy )P+ E(0" iy )dw) | w" — Ugllsom3)
Q

g " 5/3
<S[( [ tmtae)™ [ Bt da] +olu - U e
L\ Jg Q
e

(gnfl7 u"’l‘rﬁ;l, Ugr,fl) 4 5”un _

with any ¢ > 0, where ¢ depends on 7,7, ||0.U || Lo ((0,r)x)3- Here we have used Theorem 3.1 to get a
bound on |lu™— UEHiG(Q);j by ||u"— UgHi&(” the Jensen inequality and the Young inequality to perform
the before last inequality. Consequently

il < 5 (£ r%u|u’ U + 38 Y (e w i UD)) +6t8 Y " — UElR ey (7:2)
n=1 n=1

Step 2: Term P,. We write Py = 6ty Py where Lemma 2.1, the Hélder inequality and the
geometric relations listed in Remark 2 yield, since v > %

3 3
PEI<ed D3 3 hwlollent® - Pl RE (uf — Pl

i=1 j=1 KEM 5 (K)NEine

<[(X 2 loho(BE@mrm)”

KeMoe&(K)NEint

(X X lohammi)”]

KeMoe&( K)ﬁéim

(ZZ > X el RE PR wm)) "

i=1 j=1 KEM 4ee0) ()
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where ¢ depends on [|U || Lo (0,703 IVU | Lo (0,1)x )0 and on €pq. Next, we observe that the con-
tribution of the face o = K|[L to the sums > yc g > oee(x) |o|ho E(05"P|re"P) is less or equal than

2|0 |he (E(0% %) + E(0}|r})). Moreover using (3.58) and (3.64) we have

3 3

h R(i,j) no__ 'P(l) Un 6 1/6 < n_pyn 5 < n_yr
Y0 > hklall R = PEUM)C) < el — Ullpsiaye < ellu” — Ugleo-
i=1 j=1 KeM UES.(Q(K)

where the constant ¢ depends on 64 in a non increasing way.
Consequently, we get by the same reasoning as in the previous step, under assumption v > 3/2,

m m
Pa| < %&Zg(g“,u" R UE) +86t Y [[u" = UE|ieo- (7.3)

n=1 n=1

where ¢ depends on 7,7 U || oo ((0,1)x0)3: VU || oo ((0,7)x2) @nd 4 in a non increasing way.
Step 3: Term Ps. Since the pair (r, U) satisfies continuity equation (1.1a) in the classical sense, we
have foralln=1,...,N,
[Oer]"+U" - V" = —r"divU",

where we recall that [0yr]"(z) = dyr(¢", ) in accordance with (3.75). Using this identity we write

P3=P31+ P32+ P33, Ps;=0dt ZP&’,

n=1
with P, = = [ (be") = PR~ 7o)~ (%)) AT de
Q
n o r.’/i/l_gn,/,,n n n n
Pio= | Fo—0 () (Rm(™)-U") Vr'de,
Q "pm
and Pl — / TM O (4 ) (g — ) div U™ dae
2= ),

From the asympototic behaviour (1.5) for large values of the pressure and Lemma 2.1 we easily deduce
that

m
[Psa| < ot E(d" u"|rlky, UE). (7.4)

n=1

where ¢ depends on r, 7, miny, 5 p, minj 2 27 p’ and ||VU || oo ((0,1)xq)- From the total mass conservation
(3.16) and (3.50) we deduce
P33l < cha (7.5)

where ¢ depends on 1,7, ||Vr| L~ 0.1)x2)3s VU || Lo ((0,r)x02)# and on Eg pm-
Last but not least, the same reasoning as in Step 2 leads to the estimate

m m

[Paal < 5 (hae 6t Y (0" |y, UR)) + 666 Y [u” — UE
n=1 n=1

1eo (7.6)

with any & > 0, where ¢ depends on 1,7, [[V7| Lo (0,1)x0)3s VUl L((0/)x)s and on g ar in a non
increasing way. Gathering the formulae (7.1)-(7.6) with ¢ sufficiently small (with respect to ), we
conclude the proof of Lemma 7.1. O

Finally, Lemma 7.1 in combination with the bound (4.14) yields

m—1
E(™ um|r UM < c(hf\‘/l + ot + £, uo‘r%, Ug)) +est Y E(o" u" |y, UP)

n=1

whence Theorem 3.3 is a direct consequence of the standard discrete version of Gronwall’s lemma. The-
orem 3.3 is thus proved.
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A Existence of a discrete solution

This section is devoted to the proof of Theorem 3.2. More precisely we are going to prove the following
Proposition

Proposition A.1. Consider a MAC grid D = (M,E) of Q of size hyg. Let 6t > 0. Letp: R - R
such that p € Cl(Ri). Let (o*,u*) € Ly x Hgyg such that o* > 0 a.e in Q. Then there exists
(o,u) € Lyg x Heg such that o > 0 a.e in Q which satisfies

1
57(0— @) +divig(ou) =0, (A.la)

1 ~ () . (i i
55 @i = ) + v (own) — AP
— (p+ N9 divagu +9ip(o) =0, Vi=1,..d. (A.1b)
Proof. Let us state the abstract theorem which will be used hereafter.
Theorem A.1l. Let N and M be two positive integers and V' be defined as follows:
V= {(z,y) e RN xRY, y >0},

where, for any real number ¢, the notation y > ¢ means that each component of y is greater than c. Let
F be a continuous function from V x [0,1] to RN x RM satisfying:

1. V¢ € 10,1], if v € V is such that F(v,{) =0 then v € W where W is defined as follows:
W= {(z.y) eRY xRM ||z|| < C1, and e < y < Ca},
with Cy , Co and € three positive constants and || - || a norm defined over RN ;
2. the topological degree of F'(-,0) with respect to 0 and W is equal to dy # 0.

Then the topological degree of F(-,1) with respect to 0 and W is also equal to dy # 0; consequently, there
exists at least a solution v € W such that F(v,1) = 0.

We shall now prove the existence of a solution to (3.10). Let us define
V ={(u,0) € Heo X Ly, ox >0VEK € M}.
and consider the mapping

F:V x[0,1] — Hgp x Ly
(u,0,¢) = F(u, 0,¢) = (u,0),

where (1, 9) € He g x Ly is such that

/ﬁ-vdm:/ %'vdx+#[u,v]1,&o+(ﬂ+)\)/diVMUdiVM’Udm
Q Q

Q t
+(¢ /diw(gu@u)-vdwa/ p(o) diva vda, Vv € Hep, (A.2a)
Q Q
/@qda}:/ e—e qdz—&-(/div}’vpl(gu)qdz, Vg € L. (A.2b)
Q o 6t Ja

Any solution of F(u, p,1) = 0 is a solution of Problem A.1. Note also that in (A.2a) the fluxes F¢ 5(0,u)
which determine dive(ou ® u) are constructed from the fluxes Fj, k (g, u) which determine div}(ou) as
in (3.19) and (3.20).

It is easily checked that F'is indeed a one to one mapping, since the values of 4;;i = 1,--- ,d, and
o are readily obtained by setting in this system v; = 1p,, v; = 0,7 # i in (A.2a) and ¢ = 1 in (A.2Db).
Moreover, the mapping F is clearly continuous.

40

246



E Implicit MAC scheme for compressible Navier-Stokes equations : Unconditional error
estimates

Let (u,0) € Hegg x Lag and ¢ € [0,1] such that F(u,,¢) = (0,0) (in particular o > 0). Then for
any (v,q) € Heo x L,

/u‘vdm—k(/ dive(ou @ u) - vdx + plu, vl g
o O o

+(u+/\)/divMudivMUdm7C/p(g) divpyqvde =0 (A.3a)
Q Q

/ Q;tg gdx + ¢ / divl{] (ou)qdz = 0. (A.3b)
Q JQ

Taking ¢ = 1 as a test function in (A.3b), and using the conservativity of the fluxes we obtain

[ etz el = [ o de>0. (A4)
Q Q

This relation provides a bound for ¢ in the L' norm, and therefore in all norms since the problem is of
finite dimension.
Taking u as a test function in (A.3a) and following the proof of Theorem 4.1 gives

lullie0 < Cr (A.5)

where the constant C depends only on the data of the problem. Now a straightforward computation
gives
ox ming ey | K| mingenm 0k
T QU 0t s o=k [Uo K]

Consequently by virtue of (A.5) there exists € > 0 such that

ok =€, YK € M, (A.6)
where the constant € depends only on the data of the problem. Clearly from (A.4) one has also

Jootda

<= =(y, VK . A.
Ok < min et | K] Cy, VK e M (A7)
Moreover ¢ = 0 the system F(u, p,0) = 0 reads:
ou — g*'u* ) .
/ 5 vde + plu,v)ie0 + (n+ /\)/ divpudivyvde =0, Yo € He, (A.8a)
Q Q
oK = 0%, VK € M. (A.8b)

which has clearly one and only one solution. Let W defined by
W = {(u, 0) € Hey X Ly such that ||ul| < C1, € < ox < Ca}

It is quite easy to see that the determinant of the Jacobian matrix does not vanish for the solution of the
system (A.8). Therefore the topological degree dy of F'(-,-,0) with respect to 0 and W is not zero. Since
the topological degree of F'(-,-,0) with respect to 0 and W does not vanish and by virtue of inequalities
(A.5), (A.6), (A.7), Theorem A.1 applies, which concludes the proof.

O

B Error estimates for a class of staggered schemes

In this section we present some alternative numerical schemes for the approximation of problem (1.1)-
(1.5), called staggered schemes. The space discretization in these schemes is staggered using noncon-
forming low-order finite element approximations, namely the Rannacher and Turek element (RT) [36] for
quadrilateral or hexahedric meshes, or the lowest degree Crouzeix-Raviart element (CR) [8| for simplicial
meshes. By the approach presented in this paper, it is possible to establish for these schemes similar
error estimates as those established in Theorem 3.3 for the MAC scheme. The exact result is stated in
Theorem B.1. We invite the reader wishing to read more about the discretizations of compressible flows
via the staggered schemes to consult [21], [13], [20], [25].
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B.1 Space and time discretization

From now, let © C R? be a bounded polyhedral domain. Let M be a decomposition of the domain
in simplices, wich we call hereafter a triangulation of €, regardless of the space dimension. By £(K), we
denote the set of the edges (d=2) or faces (d=3) o of the element K € M; for short, each edge or face
will be caled an edge hereafter. The set of all edges of the mesh is denoted by &£; the set of edges included
in the boundary of 2 is denoted by Eext and the set of internal edges (i.e €\ Eext) is denoted by Eing. The
triangulation M verifies the following assumption: : Q = UgemK; if K, L € T,then KNL =0, KNL is
a vertex or K N L is a common edge of K and L , wich is denoted by K|L. For each internal edge of the
mesh 0 = K|L, nky, stands for the normal vector of o, oriented form K to L (so that nky = —npk).
By |K| and |o| we denote the (d and d — 1 dimensional) measure, respectively, of an element K and of
an edge o, and hg and h, stand for the diameter of K and o, respectively. As in the MAC case, we
measure the size of the mesh through the parameter h defined by

hap = max{hg, K € M}, (B.1)

where hy stands for the diameter of K. We measure the regularity of the mesh through the parameter
O defined by

O = min{]i—K, K e M), (B.2)
K

where i stands for the diameter of the largest ball included in K.

Let us briefly describe the Crouzeix-Raviart element for simplicial meshes (see [8] for the seminal
paper and, for instance, [10, p. 83-85], for a synthetic presentation), and the so-called 'rotated bilinear
element’ introduced by Rannacher and Turek for quadrilateral or hexahedric meshes [36]. The reference
element for the Crouzeix-Raviart element is the unit d-simplex and the discrete function space is the
space Py of affine polynomials. The reference element K for the rotated bilinear element is the unit
d-cube (with edges parallel to the coordinate axes); the discrete function space on K is Ql(K) where

Q1(K) is defined as follows

Qi (K) = span{1, (z;)i=1, _a> (27 — 221 )i=1. a1}

For both velocity elements used here, the degrees of freedom are determined by the following set of nodal
functionals:

{mo;, 0 €E(K), i=1,..d}, mg;(v) = ﬁ/vi dz, v = (v,...,v4)} (B.3)

The mapping from the reference element to the actual one is, for the Rannacher-Turek element, the
standard @)1 mapping and, for the Crouzeix-Raviart element, the standard affine mapping. Finally, in
both cases, the continuity of the average value of discrete velocities (i.e., for a discrete velocity field v,
me,i(v), 1 < i < d) across each edge of the mesh is required, thus the discrete space We o(€) is defined
as follows:

Weo(Q) = [Weo(Q)]? = {v € L*(Q)?, VK € M, v € W(K)? and Yo = K|L € &,

WLU,i(v\K) = 77L(7‘i(v\L)avo' S gcxty WLa,i(v) = 0}

where W (K) is the space of functions on K generated by Ql(K) through the @, mapping from K to
K for the Rannacher-Turek element and the space of affine functions on K for the Crouzeix-Raviart
element.

From the definition (B.3), each velocity degree of freedom can be uniquely associated to an element
edge. More precisely the degrees of freedom for the velocity components are located at the center of
the faces of the mesh. Hence, the velocity degrees of freedom may be indexed by the number of the
component and the associated edge, and the set of velocity degrees of freedom reads:

{ug, o €&}.
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Finally, we need to deal with the Dirichlet boundary condition. Since the velocity unknowns lie on
the boundary (and not inside the cells), these conditions are taken into account in the definition of the

discrete spaces by setting zero to the velocity unknows that lie on the boundary
Vo € Eext, u, = 0. (B.4)

Since only the continuity of the integral over each edge of the mesh is imposed, the functions of W o(£2)
are discontinous through each edge; the discretization is thus nonconforming in H'(Q)?.
We denote by ¢, the function of W ¢(£2) such that

/ @o dy = |0"|85,4 for any 0,0" € Eing - (B.5)

The degrees of freedom for the density (i.e. the discrete density unknowns) are associated to the cells
of the mesh M, and are denoted by:
{QK7 K e M}

We now introduce a dual mesh, which will be used for the finite volume approximation of the time

derivative and convection terms in the momentum balance equation. In contrast with the MAC scheme,
the dual mesh is the same for all velocity components. When K € M is a simplex, a rectangle or a
cuboid, for o € £(K), we define Dy i as the cone with basis ¢ and with vertex the mass center of K
(see Figure 1). We thus obtain a partition of K in m sub-volumes, where m is the number of faces of the
mesh, each sub-volume having the same measure |D, x| = |K|/m. We extend this definition to general
quadrangles and hexahedra, by supposing that we have built a partition still of equal-volume sub-cells,
and with the same connectivities. Note that this is of course always possible, but that such a volume
Dy x may be no longer a cone; indeed, if K is far from a parallelogram, it may not be possible to build a
cone having o as basis, the opposite vertex lying in K and a volume equal to |K|/m. The volume D,
is referred to as the half-diamond cell associated to K and o.
For o € &int, 0 = K|L, we now define the diamond cell D, associated to o by Dy = Dy g U D, 1; for
an external face 0 € Ee N E(K), Dy is just the same volume as Dy x. We define the space Sg(€2) of
vector valued functions constant on every Dy, o € £. We denote by Sg () the subspace of functions
from Sg(f2) that are zero on every Dy, 0 € Eoxi. We then introduce the following operator

'Pg B Wg,g(ﬂ) — S&(}(Q)
u+— Pgu= Z u, Xp, (), (B.6)
o€t
which is clearly a one to one mapping.

The density on a dual cell is given by:

for o € &, 0 = K|L |Ds| 00, = |Do x| 0k +|DoL| or,
for o € Eext, 0 € E(K), op, = OK-

and we denote
0= on,Xp,(x).
oe€

For the the time discretization of problem (1.1)-(1.5), we consider a partition 0 = 0 < ¢! < ... <
tN = T of the time interval (0,7), and, for the sake of simplicity, a constant time step ot = " — t"~1;
hence t" = nét for n € {0,---,N}. We denote respectively by {u?,o € Ent,n € {0,---,N}}, and
{0}, K €e M,n € {1,---,N}) the sets of discrete velocity and density unknowns. For o € &y, the value
u? is an expected approximation of the mean value over ("1, ") x D, of the velocity of a weak solution,
while for K € M the value g is an expected approximation of the mean value over (#"~1,#") x K of
the density of a weak solution. To the discrete unknowns, we associate piecewise constant functions on
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time intervals and on primal or dual meshes, which are expected approximation of weak solutions, For
the velocity, this constant function is of the form:

N
u(t,z) = Z Z ug Xp, () Xyn—1,m(t),

n=10€Eu

where X{jn-1n) is the characteristic function of the interval (t""1,¢"). We denote by Xg s the set of
such piecewise constant functions on time intervals and dual cells. For the density, the constant function
is of the form:

o(t,x) = o forx € K and t € ("1, t"),

and we denote by Y5 the space of such piecewise constant functions.

For a given u € Xg g associated to the set of discrete velocity unknowns {u},o € &n,n €
{1,---,N}}, and for n € {1,---,N}, we denote by u" € Sgo(Q) the piecewise constant function
defined by u™(xz) = uy for © € Dy,0 € &y In a same way, given p € Yy 5 associated to the discrete
density unknows {o%, K € M,n € {1,--- ,N}} we denote by ¢" € L the piecewise constant function
defined by ¢"(x) = o} for x € K, K € M.

We consider an implicit-in-time scheme, which reads in its fully discrete form, for 1 < n < N and

1<i<d:
1
50" ="+ divi(e"u") =0, (B.8a)
1

E(E’\Lun - J*\lu””) + divg(o"u" @ u") — pAgu”
— (p+ A Vedivpm u™ + Vep(o") =0, (B.8b)
where the terms introduced for each discrete equation are defined hereafter.

B.1.1 Mass balance equation

As for the MAC scheme, equation (3.10a) is a finite volume discretization of the mass balance (1.1a) over
the primal mesh. The discrete "upwind" divergence is defined by

divy\ﬁ : SM(Q) X Sgyo(Q) — S_M(Q)

. 1
(0.w) — diviilow = 37 o 3 Forclo,w) X (B.9)
KeM ocE(K)

where F, i (0,u) stands for the mass flux across o outward K, which, because of the Dirichlet
boundary conditions, vanishes on external faces and is given on the internal faces by:

Vo = K|L € &, F, k(o,u) = |o] 02 ue K, (B.10)
where s, i is an approximation of the normal velocity to the face o outward K, defined by:
Up K = Uo - Mo for 0 € E(K). (B.11)

Thanks to the boundary conditions, u, x vanishes for any external face o. The density at the internal
face o = K|L is obtained by an upwind technique:

. 0K if ug x>0,
05" = i (B.12)
oL otherwise.
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B.1.2 The momentum equation

We now turn to the discrete momentum balances (3.10b), which are obtained by discretizing the momen-
tum balance equation (1.1b) on the dual cells associated to the faces of the mesh.
The discrete convective operator - The discrete divergence of the convective term pu ® u is

defined by
divg : Sm(Q) x Sg () — Sgo(2)
1
(e.w)—dive(eudw) = 37 5 37 Feolou) ue X, (B.13)
o€€mt 7' ecE(Dy)

where for o € £y and € € £(D,) the quantity Fe , = Fe 5(0, u) stands for a mass flux through the
dual faces of the mesh and are defined hereafter while u, stands for an approximation of i*" component of
the velocity over € in the case of ¢ € £, First of all by virtue of the Dirichlet boundary condition, that
the flux through a dual face included in the boundary is taken equal to zero. For K € M and o € £(K),
let £% be given by:

|DU.K‘
§k = -
K]

With the definition of the dual mesh adopted here, the value of the coefficients {7 is independant of the
cell and the face. For the Rannacher-Turek elements, we have £% = 1/(2d) and, for the Crouzeix-Raviart
elements, {7 = 1/(d +1). We suppose first that the flux through the external dual faces, which are also

faces of the primal mesh, is equal to zero.
Then the mass fluxes through the inner dual faces are supposed to satisfy the following properties.

(B.14)

Definition B.1 (Definition of the dual fluxes from the primal ones). The fluzes through the faces of the
dual mesh are defined so as to satisfy the following three constraints:

(H1) The discrete mass balance over the half-diamond cells is satisfied, in the following sense. For all
primal cell K in M, the set (Fe)ec ik of dual fluzes included in K solves the following linear system

Fo+ Y. Fo=tk Y Fox, o€&(K) (B.15)
c€€(Dy), eCK o' €E(K)
(H2) The dual fluzes are conservative, i.e. for any dual face e = D,|D/,, we have Fe g = —F 5.

(H3) The dual fluves are bounded with respect to the primal fluves (Fy i)qee(k), in the sense that there
exists a constant real number C' such that:

|Feo| < C max {|Fo x|, 0 € E(K)}, KeM, ge&(K), ec&(D,), eCK. (B.16)

In fact, definition B.1 is not complete, since the system of equations (B.15) has an infinite number
of solutions, which makes necessary to impose in addition the constraint (B.16); however, assumptions
(H1)-(H3) are sufficient for the subsequent developments of this paper. A detailed process of the dual
fluxes construction can be found in [1,24].

Since the flux across a dual face lying on the boundary is zero, the values u. are only needed at the
internal dual faces, and we make the centered choice for their discretization, i.e. for € = Dy|Dy € Eing,

Uy + Uy

5 (B.17)

Ue =

The discrete divergence and gradient - The discrete divergence divag € £(Sg,0(2), Sm(2)) of
the velocity (or more generally of a function Sg(£2)) has a natural approximation:

1
for K e M, (divMu)K=® Z lo| uox- (B.18)
ceé(K)
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The term (Vgp), stands for the discrete pressure gradient at the face o. This gradient operator, which
belongs to L(Sa(2), Se0(2)) is built as the transpose of the discrete operator for the divergence of the
velocity, i.e. in such a way that the following duality relation with respect to the L? inner product holds:

> K] pr (divmu)k + > Dol g - (Vep)y = 0. (B.19)
KeM 0€Eins

This yields to the following expression:

o
for 0 = K|L € &g, (Vep)o = % (pL — PK) Mok (B.20)
o
Note that, because of the Dirichlet boundary conditions, the discrete gradient is not defined at the
external faces.
Discrete Laplace operator - The discrete Laplace operator Ag € L(Sg0(£2), Se0(£2)) reads for
u € Sgo(Q) and o € Eipg :

(—Agu)y = / Vm Pgl u: Ve de,
Q

where ¢, = (@0, .- o) € Wg 0(Q2), where the shape function ¢, is introduced in (B.5) and where Pg¢ is
defined in (B.6). In the above formula and for a function v € Wg ((€), the quantity Vv is equal to the
gradient of the function v almost everywhere in €.

Here again let us introduce the discrete relative energy functional

1
(" u" |, UE) = 5| Dsleb, lug — U+ > IK|E(oklrk (B.21)
o€ nt KeM
where . .
=r(tt,), UN=U1"), rk = [ rMde, U = / U'dy. (B.22)
[K] i lo] Js

Now, we are ready to state the result about the error estimate for these alternative discretizations.

Theorem B.1 (Error estimate). Let Q@ C R® be a bounded polyhedral domain. Let M be a decomposition
of the domain Q in simplices, with step size haq (see (B.1)) and regularity O where Opq is defined in
(B.2). Let us consider a partition 0 = t° < t* < ... <tV = T of the time interval [0, T], which, for the sake
of simplicity, we suppose uniform where 8t stands for the constant time step. Let (o, u) € Y5t x Xg 50 e
a solution of the discrete problem (B.8) emanating from (0%, u®) € Sp(2) x Se0(2) such that o° > 0 and
(r,U) € F (see (3.71)) be a (strong) solution of problem (1.1)-(1.5). Then there exists a constant ¢ > 0
only depending on T, 2, po, Poo, 1,7, @, T, MiNp 7 P, Wil g 97 D', 0n||(r, U)|| 7 in a nondecreasing way, on
Eo,Mm i a nondecreasing way and on Oxq in a nonincreasing way such that

max_E(o", u"|riy, Ug) < c(ﬁ(go,uo‘r%, UQ) + hity + \/ﬁ), (B.23)
0<n<N

where A is given by
27—3 1
2

A = min( ). (B.24)

Remark 5. 1. The discrete problem (B.8) admits a solution. As for the MAC case, the proof is based
on a topological degree arqgument.

2. Note that the exponent A is the same for all discretizations investigated in this paper.

does not differ from the discretization used. It is a consequence of the used for the continuity
equation which is the same for each discretization.

3. The items listed in Remark 3 remain valid also for discretizations described in this section.
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Abstract

We investigate error between any discrete solution of the implicit Marker and Cell (MAC) nu-
merical scheme for compressible Navier-Stokes equations in low Mach number regime and an exact
strong solution of the incompressible Navier-Stokes equations. The main tool is the relative energy
method suggested on the continuous level in [7], whose discrete numerical version has been developed
in [19]. We get unconditional error estimate in terms of explicitly determined positive powers of the
space-time disretization parameters and Mach number in the case of well prepared initial data, and
the boundedness of the error if the initial data are ill prepared. The multiplicative constant in the
error estimate depends on the suitable norm of the strong solution but is independent on the numeri-
cal solution itself (and of course, on the disretization parameters and the Mach number). This is the
first proof ever that the MAC scheme is unconditionally and uniformly asymptotically stable at the
low Mach number regime.

Key words: Navier-Stokes system, finite difference numerical method, finite volume numerical
method, Marker and Cell scheme, error estimate
AMS classification 35Q30, 656N12, 656N30, 76N10, 76N15, 76M10, 76M12

1 Introduction

In [20], we have derived unconditional error estimates for the Marker and Cell (MAC) numerical scheme
for the compressible Navier-Stokes equations. The goal of this paper is to investigate the low Mach
number asymptotic for this discretization. The aim is to estimate the error of the MAC discrete numerical
solution on a mesh of size h and time step d¢ in the MAC discrete function space with respect to a
convenient projection to the discrete numerical space of the unique strong solution of the incompressible
Navier-Stokes equations in terms of the (positive) powers of h, 6t and Mach number . The multiplicative
constant in this estimate must be independent of the numerical solution (and of course of h, 6t and ¢);
it may however depend on the norm of the strong solution (II, V) of the target problem in a convenient
functional space of sufficiently regular functions. In particular, we shall not require any additional
information on the numerical solution than the information provided by the algebraic numerical scheme
itself.

Such type of estimates are referred as (unconditional) error estimates in the numerical analysis
of PDEs. The numerical schemes possessing this type of error estimates are referred as (uniformly)
asymptotic preserving. In spite of the importance of this property for applications, the mathematical
literature on this subject is in a short supply, mostly due to the complexity of the problem: the rigorous
asymptotic preserving error estimates are known solely on the level of the numerical schemes, and, in this
case the error estimate depends on the space-time discretization. This philosophy is pursued for example
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in papers [1], [4], [16], [25], [33], [34], [35], [36]. This type of estimates does not provide any information on
the convergence of the scheme, and this is a serious drawback. To the best of our knowledge, we present
here the first unconditional and uniform result providing quantitatively an uniform convergence rate in
terms of space-time discretization (h,dt) and Mach number ¢ for the MAC scheme (compare with [8]
establishing asymptotic preserving estimates for an academic FEM /DG scheme). Its importance and
interest is underlined by the fact that the Marker and Cell scheme in its explicit or semi-implicit form
constitutes the basis for many industrially ran codes in fluid mechanics.

The relative energy method introduced on the continuous level in [11], [7], [9] and its numerical
counterpart developed in Gallouét et al. [19] seem to provide the convenient strategy to achieve this
goal.

We consider the compressible Navier-Stokes equations in the low Mach number regime in a space-
time cylinder Q7 = (0,T) x , where T' > 0 is arbitrarily large and © C R® is a bounded Lipschitz
domain:

9o + divy(ou) = 0, (1.1) {i1}
1
O(ou) + divy(ou ® u) + gvzp(g) = pAu+ (p+ \)Vdiveu, (1.2) {i2}r

In equations (1.1-1.2) o = o(t,2) > 0 and u = u(t,z) € R3, ¢t € [0,T), x €  are unknown density and
velocity fields, u, A\ are viscosity coefficients

2
w>0, /\+Eu20, (1.3) {i3}

p is a pressure characterizing the fluid via the constitutive relations

p € C?(0,00) NC[0,00), p(0) =0, p'(g) >0 for all p >0, (1.4) {i4}
/ /
o) _ P _
At =P > 0, i et =P >0

where v > 1 and a < 0. The (small) number € > 0 is the Mach number. We notice that assumptions
(1.4) are compatible with the isentropic pressure law p(p) = 07 provided 1 <~ < 2.
Equations (1.1-1.2) are completed with the no-slip boundary conditions
ulgo =0, (1.5) {i6}

and initial conditions
0(0,-) = 0o, u(0,-) =up, go > 0in Q. (1.6) {i7}

In parallel, we consider a strong solution of the incompressible Navier-Stokes equation

@(atv +V. vmv) + VIl = pAV, divV =0, (1.7) {nsi}
Vl]pao =0, 7= const >0 (1.8) {ns1+}
endowed with initial data
V(0) = Vy, (1.9) {ns2}

The solution of the incompressible target problem (1.7-1.9) is supposed to belong to the regularity
class

e Y (Q) ={IleC(o,T);CY (), oIl e L'(0,T;LP())},2<p<o0,; Ve Xp(Q), (1.10) {ns3}

Xp(Q) = {V e CH[0,T] x & R?), V2V € C([0,T] x L R?), (82V,8,VV) € L*(0, T; LS/5(Q; R'?)).
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2 The numerical scheme

2.1 MAUC space and time discretization
2.1.1 Space discretization

We assume that the closure of the domain 2 is a union of closed rectangles (d = 2) or closed orthogonal
parallelepipeds (d = 3) with mutually disjoint interiors, and, without loss of generality, we assume that
the edges (or faces) of these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors,
denoted by (e(V, ... e@),

Definition 2.1 (MAC grid - definition notations and basic properties). A discretization of Q with MAC
grid, denoted by D, is given by D = (T,E&), where:
- The primal (or density or pressure) grid of domain Q denoted by T consists of union of possibly
non uniform (closed) rectangles (d=2) or (closed) parallelpipeds (d = 3), the edges (or faces) of
these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors; a generic cell of
this grid is denoted by K ( a closed set), and its mass center . It is a conforming grid, meaning
that
Q = UgemK, where int(K) Nint(L) = § whenever (K,L) € M?, K # L, (2.1) {primalgrid}

and if KN L#( then KN L is a common face or edge or vertex of K and L. A generic face (or
edge in the two-dimensional case) of such a cell is denoted by o (a closed set), its interior in the
R4 topology is denoted by inty_1 (o) and its mass center x,. Symbol E(K) denotes the set of all
faces of K. We denote by ng x the unit normal vector to o outward K. The set of all faces of the
mesh is denoted by E; we have € = Eing U Eext, where Eng (resp. Eext) are the edges of € that lie
in the interior (resp. on the boundary) of the domain. The set of faces that are orthogonal to the

it unit vector ‘e(i) of the canonical basis of R is denoted by ED, fori=1,...,d. We then have
£0 = 51(53 U Se(;)t, where (‘,'i(]:E (resp. Sé;)t) are the edges of @) that lie in the interior (resp. on the

boundary) of the domain. Finally, for i =1,...,d and K € T, we denote EOK) = E(K)NEW
and E0)(K) = £(K)NEY), €0 (k) = g(Kyn Y.

int int’
—

- For each o € £, we write that o = K|L if o0 = K N L and we write that o = K|L if, furthermore,
oe 5("’)_()md (xr —zx) - e® >0 for somei € [1,d] = {1,...,d}. A primal cell K will be denoted
K = [0d"] ifo,0" € E(K) for some i = 1,...,d are such that (x, — x,) - e® > 0. For a face
o €&, the distance d, is defined by:

d, - {d(mK,mL) ifo = K|L € &, (2.2) {dsigna}

d(xx, xo) if 0 € Eexe NE(K)

where d(-,-) denotes the Buclidean distance in RY.
- A dual cell Dy associated to a face o € £ is defined as follows:
wif 0 = K|L € &g then Dy = Do g U Do, where Dy i - a closed set (resp. Do r - a closed
set) is the half-part of K (resp. L) adjacent to o (see Fig. 1 for the two-dimensional case) ;
* if 0 € Eexy 15 adjacent to the cell K, then Dy = Dy k.

The dual grid {D,}
fized i € {1,...,d}

seel Of S (sometimes called the i-th velocity component grid) verifies for each

Q= U,cew Do, int(Dy) Nint(Dyr) = 0, o, o c&W o # 0. (2.3) {dualgrid}

- A dual face separating two neighboring dual cells Dy and Dy is denoted by € = olo’ or € = Dg|Dyr
(a closed set). Symbol E(Dy) denotes the set of the faces of Dy; it is decomposed to the set of
external faces Eext(Dy) = {e € E(Dy)|e C 9O} and the set of internal faces Ent(Dy) = {€ €
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E(Dy)|intg_1e C Q}. Symbol EW denotes the set of the faces of the i-th dual grid (associated to the
i-th velocity component). It is decomposed into the internal and boundary edges: W = g'l(rfz Ugc(;()m
where 5}212 ={e=ol'|0,0' € &'} and &Y = (e =0D, N 000 € £ 0D, N 0N £ 0}. Finally,
for e € EO we write € = oo’ if (Xy — x,) - € > 0. We denote by n.p, the unit normal vector

to € € Dy outward D.

We denote for further convenience n. and ns a normal unit vector to face € and o, respectively.
We write ¢ L o resp. o 0’ iff ne -n, = 0 resp. n, -ny = 0. Similarly we write € 1 el
resp. o L e iff n, and eY) resp. n, and 9 are parallel. We also denote by ab the segment
{a+t(b—a)|t € [0,1]}, where (a,b) € R*) and by x. resp. Tone the mass centers of the face &
resp. of the set o Ne (provided it is not empty).

- In order to define bi-dual grid, we introduce the set . {e € gw le L eD} of dual faces of

the i-th component velocity grid that are orthogonal to e . A bi-dual cell D, associated to a face
e = oo’ € € is defined as follows:

x Ife =clo’ € g n gl(rll)t then D, = € X Tox, (see Figure 2). (We notice that, if 0,0’ € £
with K = [o0’| € T and ¢ = olo’ then D. = K.)
xIfee 5(7’]) mééﬁft with € € c‘,:(D,,) and i # j then D. = € X uTone-

In the list above we did not consider the sitution € € g4 Siﬁft with ¢ € £(D,). In this case

e=o0 C 09, and we set for completeness D = ).

It is to be noticed that, for each fized couple (i,j) € {1,...,d}?
Uocgon De = Q, int(De) Nint(Do) = 0, e # ¢, 6, € EGI). (2.4) {bidualgrid}
To any dual face € € g(i)’ we associate a distance d.

d(xo, o) if e € EW A ED

int>»

de =9 d(To, Tone) if € € g0 ES) with ¢ € £(Dy) and i # j, (2.5) {depsilon}

xt

dy ife € E" N ED, with e € E(D,).

(We notice that the last line in the above definition is irrelevant and pure convention, since in that
case D. =1.)

- We define the size of the mesh by

h =max{hg,K € T} (2.6) {stepsize}
— )
where hy stands for the diameter of K. Moreover if K = [00"] where 0,0’ € EDNE(K) for some
i=1,...,d we will denote
) _ 1K IK]
no = KL _IK] (2.7)
ol el
We measure the regularity of the mesh through the positive real number 01 defined by
_ €k
07 = mln{r, KeT} (2.8) {reg}
K

where £ stands for the diameter of the largest ball included in K. Finally, we denote by hy the
diameter of the face o € €.

Some geometric notions presented in Definition 2.1 are sketched on Figures 1 and 2 below.
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Remark 1. For all 0 € &y, 0 = K|L, we have hy > £k > O7hi and hy < hy, and so O7hix < hy, <
ﬁhK- Note also that for all K € T and for all 0 € E(K), the inequality hy|o| < 26%|K| holds and if
T

o = K|L a rough estimate gives |K| < (%)‘”LL These relations will be used throughout this paper.

Definition 2.2 (Discrete spaces). Let D = (T,E) be a MAC grid in the sense of Definition 2.1. The
discrete density and pressure space L1 is defined as the set of piecewise constant functions over each of
the grid cells K of T, and the discrete i —th velocity space Hé(‘i) as the set of piecewise constant functions
over each of the grid cells Dy ;o € £, As in the continuous case, the Dirichlet boundary conditions
(1.5) are (partly) incorporated in the definition of the velocity spaces, and, to this purpose, we introduce
Hé% C Hé(.l),i =1,...,d, defined as follows:

H‘(ELEJ = {v [S Hg)., v(@)=0Ve e D,, o€ 58(37 }
We then set Hgg = le HSE Since we are dealing with piecewise constant functions, it is useful to

introduce the characteristic functions X, K € T and Xp,_,o € £ of the density (or pressure) and velocity
cells. We can then write a function v € Heo as v = (vq,...,vq) with v; = Z Vi Xp,, t € [1,d] and

‘755&
a function g € LT as ¢ = Z qr Xr . If there is no confusion possible we shall write v, instead of viq,
) KeT
where o € D,
de, d
!
K Ty a
o /
d” €] = 0|0
DU‘
62 g = K|L ‘; 0‘”
5 Ty
L
o0

Figure 1: Notations for control volumes and dual cells

2.1.2 Time discretization

We consider a partition 0 = ¢ < t! < ... < t¥ = T of the time interval (0,7), and, for the sake
of simplicity, a constant time step 6t = ¢ — t"~!; hence t* = ndt for n € {0,---,N}. We denote
respectively by {u}, = uf,o € Si(rft),i e{1,---,d},ne{0,---,N}}, and {o%,K € T,n € {1,--- ,N})
the sets of discrete velocity and density unknowns. For o € Si(rfg, i € {1,---,d} the value u} is an
expected approximation of the mean value over (t"~1,¢") x D, of the i-th component of the velocity
of a weak solution, while for K € T the value p% is an expected approximation of the mean value
over ("~1,1") x K of the density of a weak solution. To the discrete unknowns, we associate piecewise
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M N

e=dalo

D,

Figure 2: Notations for bi-dual cells

constant functions on time intervals and on primal or dual meshes, which are expected approximation
of weak solutions, For the velocities, these constant functions are of the form:

N
wi(t,) =Y Y up Xp, (@) Xyn-1,m)(1), (2.9) {dur
JEE(”

int

n=1

where X(n-1ny is the characteristic function of the interval ("1, #"). We denote by X; ¢ 5 the set of

such piecewise constant functions on time intervals and dual cells, and we set X¢ 5, = H;-i:l Xi.g 6. For
the density, the piecewise constant function is of the form:
o(t,x) = Z 0 () Xic () X1 4ny(t) (2.10) {drho}
KeT

and we denote by Y7 s; the space of such piecewise constant functions.

For a given u € Xg g5 associated to the set of discrete velocity 1111kn9wns {ul,o € Eigz,i S
{1,---,d},n € {1,--- ,N}}, and for n € {1,---, N}, we denote by ul! € H‘,% the piecewise constant

’ mts and set u = (uf,...,u)! € Heo. Ina

same way, given o € Y7 5 associated to the discrete density unknowns {o%, K € T,n € {1,--- ,N}} we
denote by " € L7 the piecewise constant function defined by o™ (x) = ¢} forx € K, K € T.

function defined by ul'(x) = u} = u}', for * € D,,0 € gl

2.2 MAUC discretization of differential operators
2.2.1 Upwind divergence and primal fluxes
The discrete "upwind" divergence is defined by

div;—p : LT X Hg‘o — LT

(0,u) — diviP(ou) = >
KeT

L
K|

Z Fyx(o,u) Xi, (2.11) {eq:divup}
ceé(K)

where Fy; i (0, u) stands for the mass flux across o outward K, which, because of the Dirichlet boundary
conditions, vanishes on external faces and is given on the internal faces by:

Vo = K|L € &, Fok(0,u) = |o| 0® usr, (2.12) {eq:massflux}
where u, ¢ is an approximation of the normal velocity to the face o outward K, defined by:
Ug K = Uo e . ne i for o € FAONS! E(K). (2.13) {eq:edge_velo}

Thanks to the boundary conditions, u, x vanishes for any external face 0. The density at the internal
face 0 = K|L is obtained by an upwind technique:

ok ifusg >0,
upP = (2.14) {eq:rho_upwind}
oL otherwise.
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Note that any solution (0", u™) € LT xHg o to (2.38a) satisfy o > 0, VK € T provided g?{l >0, VK €
T and in particular p(¢™) makes sense. The positivity of the density ¢ in (2.38a) is not enforced in the
scheme but results from the above upwind choice, see Proposition 2.1.

Note also that, with this definition, we have the usual finite volume property of local conservation of
the flux through a primal face

F, k(0,u) = —F, (0,u), where o0 = K|L. (2.15)

2.2.2 Discrete convective operator and dual fluxes

The discrete divergence of the convective term pu ® w is defined by

divg” L7 xHego — Hep
(0:u) — diveP(ou @ u) = (div‘(gl)(guul), 4..7div§d)(guud)), (2.16)
where for any 1 < i < d, the i*" component of the above operator reads:
divd) : Ly x Hep — HY)
(ow) — v (oun) = Y 5 ¥ Folowucdp,. 317

oeelV) ec€(Dy)

int

Here for o € Efé)t and € € £(Dy) the quantity Fi, = Fe,(0,u) stands for a mass flux through the
dual faces of the mesh and are defined hereafter while u, stands for the centered approximation of ‘"
component of the velocity over the face e: For internal dual face ¢ = Dy|D,s € & l(:])t,

Uio + Ui Ug + Uyt

Ue = Uje = 5 = 5 (2.18)

The dual fluxes F, are defined as follows:

Since we consider homogenous Dirichlet boundary condition, the flux through a dual face e included
in the boundary is taken equal to zero. (For this reason £(D,) in the sum (2.17) can be replaced by
Eint(Dy), and it is not necessary to define the value u. at the external dual faces ¢.)

Otherwise, we have to distinguish two cases (see Figure 2.2.2):

- First case — The vector e( is normal to €, so e is included in a primal cell K, and we denote by o’
the second face of K which, in addition to ¢, is normal to e(?). We thus have ¢ = D,|D,s. Then
the mass flux through e is given by:

1
Feoo(ou) = 3 [Foi(0,u) nep, Mok + Fo c(0,0) e D, - Mot K. (2.19)

- Second case — The vector e(® is tangent to €, and € is the union of the halves of two primal faces
7 and 7’ such that 7 € £(K) and 7’ € £(L). The mass flux through € is then given by:

Foolo.w) = 3 [Frxlou) + Frsow)]. (2:20)

Note that, with this definition, we have the usual finite volume property of local conservativity of
the flux through a dual face, Dy| Dy,

Fe.n’(@-, ’lL) = 7Fc,(7’(ga ’LL)
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e C K

oc=K|L
h

D,

Figure 3: Notations for the dual fluxes of the first component of the velocity.

The density on a dual cell is given by:

for o € &y, 0 = K|L D, = |D,. + | D, s
¢ | [Ds| 0p, = |Do,ic| 0k + |Do,1| oL (2.21) {eq:rho_edge}
for o € Eext, 0 € E(K), op, = 0K -

and we denote _
for1<i<d, 8= Y op,Xp,. (2.22) {rohat}
oe&l)

2.2.3 Discrete divergence and gradient

The discrete divergence operator divy is defined by:

divy : He — Lt
1 .
ur— divyu = Z Il Z |o|tox Xk, (223) {eq:aiv}
KeT K| ocE(K)
where 4, is defined in (2.13).
The discrete divergence of w = (u1,...,uq) € Hg o may also be written as
d
diviw=>" > (Bu;) x Xk, (2.24)
i=1 KET

where the discrete derivative (;u;)x of u; on K is defined by

— .
(Ojus) i = %(uw — up) with K = [00'],0,0" € £, (2.25) {discrete-derivative-i-ui}

The gradient in the discrete momentum balance equation is defined as follows:
Ve : L7 — Hgy
pr+— Vep (2.26) {eq:grad}
Vep(x) = (01p(), ..., Oap())",

where 0;p € H, ‘% is the discrete derivative of p in the i-th direction, defined by:

o .
O;p= Z I‘D‘ | (pr — Pr)XD,, 1=1,...,d. (2.27) {discderive}
azl‘(‘leS(” 7

int

Note that in fact, the discrete gradient of a function of Ly should only defined on the internal faces, and
does not need to be defined on the external faces; we set it here in He ¢ (that is zero on the external
faces) for the sake of simplicity.

The gradient in the discrete momentum balance equation is built as the dual operator of the discrete
divergence. Indeed, we have the following lemma:
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Lemma 2.1. Discrete div — V duality/
Let q € LT and v € Hg g then we have:

/ q divyv da +/ Veq-vdx =0. (2.28)
Q Q

2.2.4 Discrete Laplace operator

Fori=1...,d, we classically define the discrete Laplace operator on the i-th velocity grid by:

i) i i
—Ay | HG — HY
w; — —A(Sz)ui
i 1
Ay = Y [ﬁ > beo(w)]xn,, (2.29)
seeld) 7 ec€(Dy)

int

where £(D,), d. is defined in Definition 2.1, and

int?

Peo(ui) = (2-30)

€ ~ =

%um if e € £ NE(Dy).

€

Note that we have the usual finite volume property of local conservativity of the flux through an interface
e=o o

?(uw —u;,) ife=oo’ € &w

Ge(Ui) = —er(us), Ve=olo' € &Y. (231)
Then the discrete Laplace operator of the full velocity vector is defined by
7Ag : Hgyo — Hg‘o

2.32
u = —Agu = (7Ag)u1, L 7A(Sd)ud)t. (2:32)

Let us now recall the definition of the discrete H{ inner product [5]; it is obtained by multiplying the
discrete Laplace operator scalarly by a test function v € Hg ¢ and integrating over the computational
domain. A simple reordering of the sums (which may be seen as a discrete integration by parts) yields,
thanks to the conservativity of the diffusion flux (2.31):

d

V(u,v) € He o?, /S;Agu cvdz = [u,v)1e0 = D[, il g0 s
i=1
) € € 2.33
with [ui, vily g g = Y ‘di (Ui = Uigr) (Vi —Vigr) + D |di Uio Vi (2:33)
cefl) el
e=alo’ ec&(Dy)

(@) (@)
H g0 X H 0= R
(u7 ’U) — [uiv Ui]l,S(’),O
and Hg o respectively, which induce the following discrete Hd norms:

Hgyo X Hg,() — R

(u,v) = [u,v]1£0

The bilinear forms are inner products on Hg%

il o p = w00 = 3 9w — g+ 3 T u, for (2.312)
el il
e=olo’ e€€(Dy)
d
ol 0 = o0 = D sl o (2.340)
i=1
9
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Yol e Yol o
D,
Ugr — U,
(611L1)D = g 7
dL
u_”_)
D
& €
Yol | Deug ol
D,
€
Uyt — Uy — Uy Uy
(Bou1)p, = UT (B2u)p, = — (@2u1)p, = -
€ € €

Figure 4: Notations for the definition of the partial space derivatives of the first component of the
velocity, in two space dimensions.

We introduce the discrete gradient of velocity component u; as follows:

ngu,- = (Blui, ey 5du,) With 6]‘11,1' = Z (6]"[14)1)6 XDE (235)
EE&-(LJ‘)
where N
Wit — e
=L i “ife =0l € gt ﬂEi(:,)t,
(@u)p. = ‘ (2.36)
~toel).n.p, ife e £ NEY, NED,)
(see Figure 4). Recall that all notations used above are introduced in Definition 2.1. Note, that this
definition is compatible with the definition of the discrete derivative (0;u;)x given by (2.25). Finally
notice that the second line in (2.36) is equal to zero whenever ¢ = j (since u € Hg ). With this definition,
it is easily seen that

/“ Ve Vewmvde = [u,v]; g0 g, Yu,v € Hg%,w =1,...,d. (2.37)
where [u, 17]11 () o 1s the discrete H} inner product defined by (2.33). Now we define the discrete gradient
of the velocity field u,

Veu= (Vemyut, ..., Vewud)
and verify easily that
/sz Veu: Vevder = [u,v]i 0.

10
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We will need discrete Sobolev inequalites for the discrete approximations. The following is proved
in [5, Lemma 9.5].

Lemma 2.2. [Discrete Sobolev inequalities]

Let Q be an open bounded subset of R, d = 2 or d = 3, compatible with the MAC grid and let D = (T, E)
be a MAC grid of Q. Let 1 < g < 400 ifd=2and q=061id=3,i=1,...,d. Then there exists
c¢=c(q,|Q|) (independent of h) such that, for all u € Hg%,

lullLa@) < cllully go o-

2.3 The numerical scheme

Given @° € L7, ¢® > 0 and u’ € Hg, we consider an implicit-in-time scheme for unknown o" € L7,
u" € Hg, 1 <n < N, which reads

1 T 71— H n, n

E(Q -+ diviP(o"u™) =0, (2.38a)
L =G ——0 i ) O

E(QH(L) no_ gn—l(z)uznfl) + divé)(g"u"u;‘) _ ,UAEC;)U;L

1 ,
—(p+ Noidivru® + 50p(e") =0, i=1,....d. (2.38D)

Equation (2.38a) is a finite volume discretization of the mass balance (1.1) over the primal mesh. Equa-
tion (2.38b) is the discretization of the momentum balance equation (1.2) on the dual cells associated
to the faces of the mesh. The discrete spaces L7, Hg g are defined in Section 2.1.1. We recall that the
quantities Eﬁ(l) are defined in (2.22), while the discrete differential operators appearing (2.38) are defined
in Sections 2.2.1-2.2.4.

Of course, the quantities (0, u) € Y5t X Xe ¢ (see Sections 2.1.1-2.1.2) depend tacitly on h, §t and
e, meaning that (o,u) = (0h6te, Unst,e). However, in order to avoid a cumbersome notation, we shall
omit the subscripts h, §t, £ in most formulas. We shall keep some of them only when a confusion could
arise.

It is well known that the (2.38) admits at least one solution. Indeed, the following existence theorem
is proved in [20, Appendix A].

Proposition 2.1. Let (¢°,u’) € Ly x He such that ¢° > 0 (meaning that 0% > 0 for any K € T).
There exists a solution (u, 0) € Hg o X L7 of Problem (2.38). Moreover any solution is such that o > 0
a.e in Q (meaning that g% >0 for anyn=1,...,N and for any K € T ).

Uniqueness remains an open problem.

2.4 Projection operators

In this section we introduce several projection operators. We first define the mean-value interpolator
over Lr:

Pr - Llloc(Q) — Lt
12 = Pre= Y ¢k Xk, (2-39)
KeT
with 1
o = T /Kc,p(z)dz, VK eT. (2.40)

We also define over H, EZZ) the following interpolation operator Pg):

11
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O me — B
) — Pg><p= > ¢o Xb,, (2.41)
UEEi(;t)
with 1
o= 1o [ e@ir@). voeel), (2.42)

where d is the (d — 1)—Lebesgue measure on o, and we denote
d
Pe = (P, .. PY) € L(HG ()%, He o) (2.43)
the vector valued extension. This operator preserves the divergence in the following sense, see [21].

Lemma 2.3.
Yv € H&(Q)d,Vq € LT,/ q divy Pgvdx = / q divodz. (2.44)
Q Jo
In particular, if divo = 0 then divyPg(v)) = 0.
The next lemma deals with the properties of the projections defined by (2.39) and (2.41). It can be
obtained by rescaling from the standard inequalities on the reference cell [0, 1], see e.g [5] or [20, Lemma

3).

Lemma 2.4. Mean value inequalities/
Let D = (T,€) be a MAC grid of the computational domain Q. Let K € T and o € E(K). Let
1 < p < oo. There exists c only depending on d and p such that Vv € WP (K).

[0 = vallise) < ¢ diam(K) [ V0] o (2.45)

1o = viclloaey < ¢ diam(K) [Vl oz, (2.46)
where v and v, are define in (2.40), (2.42).

From Lemma 2.4 on deduces in almost straightforward way the following "global" properties of
projections Pr, Pg (see [20, Lemma3]):

Lemma 2.5. There exists ¢ > 0 such that for any i =1,...d, and for any 1 < p < oo one has

Vv e LP(Q), [[Prollee) < cllvllze)s (2.47)
Yo e WH(Q),  |[Prv —vllce(@) < chl|Voll Loy,
vo e LX(Q) N HY(Q), 1P 0]l < cllvlzo), (2.48)
Vo e WP NHY(Q), [P0 = vllisa) < bl Vollropa.

Lemma 2.6. There exists ¢ > 0 such that for any i =1,...d, and for any 1 < p < oo one has

Vo e WIP(Q) N HYQ), Ve Pl ooume) < el V0l @z, (2.49)
Yo e W2R(Q)NHY(S),  [0;PE 0 — djvllz(a) < V20l o gty
Next we introduce and recall some properties of different velocity interpolators.

Definition 2.3. /Velocity interpolators/
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1. Velocity reconstruction operator with respect to (i, j)

For a given MAC grid D = (T, £), we define, fori,j =1,...,d, the full grid velocity reconstruction

operator with respect to (i,j) by

RED . U S 1Y), v REVu= S a6,

(2.50)

Ugsﬁy
where
- ) - 1 )
o) = v, ifo € 51(527 o) = ard (V) > o otherwise, Ny ={o' € ED D, no’ £ 0}.

o'eNs

2. Velocity reconstruction to L1 _
For any i = 1,...d, we also define a projector from Hg’) into LT by

Rgf) : Hé“ — Ly, v Rgl)v = Z v Xk,

KeT
where
! / (z)dz L Z v
vk =—= [ v == .
“ IRk 2 oe€)(K) !
We then set
. d _ ) (d)
R7: He = LY, v = (v1,..v9) = R7v = (Ry v, ..., RY va)-

3. Upwind velocity reconstruction operator with respect to (i, )
Let o = K|L € W) and let u € Héjg We define
K Zf Ug K = uj,ae(j) ‘Ng K > 07
o = eT.
Lif ug i = ujoe) nox <0

For any v € Hélz) we define

REP(w) = 3 vmwx(Dy) € HY),
ocEl)

lwpl

oc=K|L

Figure 5: Full grid velocity interpolate.

(2.51)

(2.52)

(2.53)

(2.54)

The following Lemmas 2.7-2.9 are straightforward consequence of Definition 2.3, see [20, Lemma 4]

for the proofs.
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oc=K]|L

o3 o4

K

Figure 6: Set Ny = {01, 02,03,04} with o € & J)( K), j # i in two dimensions (i =1, j = 2)

int

Lemma 2.7. There exists ¢ > 0 depnding on d,p such that for any i = 1,...d, , for any v € H() and
for any 1 < p < oo one has

IRY vllo@ < cllvllrg,  1RY v —vllo@) < chldsw] o). (2.55)

Lemma 2.8. There exists ¢ > 0, depending only on d,p and on the regularity of the mesh (defined by
(2.8)) in a decreasing way, such that, for any v € LP(Q), for any 1 < p < oo and for any i,j = 1,...,d,

IRE 0oy < ellvllzo.  1REV0 —vllzoy < bl VE vl qyms- (2:56)
Lemma 2.9. There ezists ¢ > 0, depending only on d,p and on the regularity of the mesh (defined by
(2.8)) in a decreasing way, such that, for any v € LP(Q), for any 1 < p < oo and for any i,j =1, ...,d,

IRE™ vl oy < cllvllzn@y:  IRE™v — vl < chlIVE 0] poyma- (2.57)

The following algebraic identity derived in [20, Lemma 5] in the spirit of [27] is useful to transform
terms involving the dual fluxes into terms involving primal fluxes.

Lemma 2.1. Let o € LT andw € Heg. Leti € {1,...,d} Let o = seeld) PoXD, € Héz] be a discrete

scalar function. Let the primal fluzes be given by (2. 12) and let the dual ﬂuzes F., be given by (2.19)
or (2.20) (depending on the direction of n. with respect to e?)). Then we have:

Z Z Feouepo = Z(R(l) | Z Z FK(R(M) ;) +Ri(ui7¥7)
oeell) ee€(Dy) KeT =1 gD (k)
where
i)=Y Y (o~ (RY Q)| IForc(us — (RY w))
KT oe ) *
+>0> (po— w)\ ) Z >y (““’Jr% (RS uy) K).
KeT el (k) =L gl () o ENr o

In the last sum we have denoted
Ny = {o' € ED |inty 17 Ninty_1(Dy|Dyr) # 0},

wize7ea€5 (K),TE:S'(J)( K), j#1.

int
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)

=
\‘GKCK
oc=K|L
h

Dy

O_/

D!

Figure 7: Set N7 o = {0’} with 7 € 5&2 (K), 0 € ED(K), j # i in two dimensions (i = 1, j = 2)

2.5 Main result: asymptotic preserving error estimates
Now, we are ready to state the main results of this paper. For the sake of clarity, we shall state the
theorem and perform the proofs only in the most interesting three dimensional case. The modifications
to be done for the two dimensional case, which is in fact more simple, are mostly due to the different
Sobolev embedings and are left to the interested reader.
2.5.1 Relative energy and relative energy functional
Before the announcement of the main theorems, we introduce relative energy function

E :[0,00) x (0,00) = [0,00), E(o]z) = H(0) — H'(2)(0 — 2) — H(=), where H(0) = o [¢ X5 ds. (2.58)
We notice that under assumption p'(g) > 0, function ¢ — H(p) is strictly convex on (0, 00); whence

E(p|z) >0 and E(glz) =0 & p==z.

In fact E obeys stronger coercivity property.

Lemma 2.10. Let p satisfies assumptions (1.4). Let o > 0. Then there exists ¢ = c¢(g) > 0 such that
for all g € [0,00) there holds

E(olo) > 0(1R+\[E/2,2§](Q) +0"1r \[g/2.29)(0) + (0 — ?)21[5/2,251(0))' (2.59)

Finally we introduce the corresponding relative energy functional,
. , 1
Exoulzv) = [ (elu—vP + 5 E(el2))da, (2.60)
Q €
where ¢ > 0, z > 0, u, v are measurable functions on .

2.5.2 Error estimates
We are at the point to announce the main theorem of the paper.

Theorem 2.1. [Error estimate in the low Mach number regime/
Let Q C R3 be a domain compatible with the MAC grid and let D = (T,E) be a MAC grid of Q (see
Definition 2.1] with step size h (see (2.6)) and regularity O where 01 is defined in (2.8). Let us consider
a partition 0 = t° < t' < ... < tN =T of the time interval [0, T, which, for the sake of simplicity, we
suppose uniform where 6t stands for the constant time step.

Let (0,u) € Y75t X Xg 5t (see Section 2.1.2) be a solution of the discrete problem (2.38) emanating
from the initial data (02,u?) € LT x He g such that ¢ > 0 and

1
Myre= [ de Eore= [ dulldot 5 [ B(ello)ds, (2.61)
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where
Mo/2 < My < 2My, 30| = My, Eo7e < Eo, Eo >0 (2.62) {dod2}
(existence of which is guaranteed by Proposition 2.1).
Suppose that [I1, V] is a classical solution to the initial-boundary value problem (1.7-1.9) in (0,T) x
in the regularity class (1.10) with p = max(2,~'), emanating from the initial data V(0) = V° € L?(Q).
Then there exists a positive number

C = (Mo, Bo, 3, V|| n(e, My 0))

depending on these parameters in a nondecreasing way, on 07 in a nonincreasing way and dependent
tacitly also on Q, T, v, «, po, Poo (and independent in particular on h, §t, €) such that

N N
sup 55(9", u"|g, Vg‘) +udt Y [t = VEIR eo+ (n+ Nt Y [[dive(u® = V)72 (2.63) M1}
1<n<N n=1 n=1
A 0,0/ 0
SC(m+lL +6+5€(gs,u€g,V5)),
where 9 3
A =min(21—2 1), (2.64) {1}

Here we have denoted V& = Pg(V (t,,)), where Pg is the projection to the discrete space He o defined in
Section 2.4. Operator divy is defined in (2.23) and the norm |- |10 is given in (2.34a-2.34b). Finally,
in the above
1Vl ar ) = “Vl‘cl([07T]x§:R3) + HV2VHC([O,T]><§;R27) (2.65) {normspacestrong}
07Vl 20,7085 mey) + 10V V || 2o o5 0mey
Iy, @) = Ml o1 o 7758 + 102107320 (92))-
Remark 2.1.

1. Due to (1.7) and (1.9-1.10), Vg belongs necessarily to C*(Q; R®) and it is divergence free. If the
initial data are ill prepared, meaning that

[ B se [ tnl-vipE s,

we obtain in Theorem 2.1 for the error solely a bound independent of . On the other hand, if the
initial data are well prepared, with a convergence rate, €, € > 0, meaning

0= < 2 0,,0 012 <
/QE(Qa‘Q)NEJréw /Qgslusi‘/f‘ N557

Theorem 2.1 gives uniform convergence as (h,dt,e) — 0 of the numerical solution to the strong
solution of the incompressible Navier-Stokes equations, provided the strong solution exists, including
the rates of convergence. These results are in agreement with the theory of low Mach number limits
in the continuous case.

2. In view of Lemma 2.10, formula (2.63) provides the bound for the "essential part” of the solution
(where the numerical density remains bounded from above and from below outside zero):

—2 2
o™ — @HLZ(szm{g/zggmgzg}) + ™ - V?HLZ(QI’T{E/QSQ’"SQE})7

and for the "residual part” of the solution, where the numerical density can be "close" to zero or
infinity:

o™ < 0/2} 4+ [{e™ = 28} + 0™ [ iangemsaryy + 2™ 10™ = VE Pl anggm sz
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In the above, for B C Q, |B| denotes the Lebesgue measure of B.

Moreover, in the particular case of p(0) = 02, we have E(p|r) = (0 — r)? and the error estimate
(2.63) provides a bound for the Lebesgue norms

o™ —2l72() + o™ w™ = VEP i)

3. Theorem 2.1 remains valid also for two dimensional bounded domains compatible with the MAC
disretization described in Setion 2.2.1 with any 0 < A < # ifvy€(1,2], and A=1ifvy>2.

3 Mesh independent estimates

3.1 Conservation of mass

Due to (2.15), summing (2.38a) over K € T, we obtain immediately the total conservation of mass,

Yn=1,..N, / o"dr = / o dz. (3.1) {masscons}
JQ JQ

3.2 Energy Identity

In the next theorem we report the energy identity for any solution of the numerical scheme (2.38).
This theorem shows that the scheme (2.38) is unconditionally stable meaning that the discrete energy
inequality holds without any extra assumptions on the discrete solution. The theorem whose detailed
proof can be find in [20, Theorem 4] reads

Lemma 3.1. [Energy identity/

Let (o,u) € Yy x Xggse be a solution of with pressure obeying hypotheses (1.4)1. Then there
exists "~V € L, min(g?(l,g?{) < g?{l’" < max(g?{l,g;(r”) and g} € [min(o}, 0}), max(o, 0})],
oc=K|L € &, n=1,...,N such that for alln =1,...,n we have,

11 n n—1 1 / 7|2 n—1, n—12
—= - do + — - d
5o e = e+ g [t - o e e

L
IR o+ Gu+ Ml divy w ey + 5 [ o e = w12 de

11 ~ ~ 11 , 4
+ﬁ7/ﬂ"(@” M@t =" et 5o Y ol M (6h) ok — o) usi| = 0. (3.2) diedigd
et Ja € 0€Eint
o=K|L

From now on, the letter ¢ denotes a positive number that may tacitly depend on T', 2, v, a, po, Peo,
1, A, and on f7 in a nonincreasing way. This dependence on the above parameters will not be indicated
in the argument of ¢. The number ¢ may be dependent further in a nondecreasing way on My, Ey, 0
(see (2.62)), and on given functions denoted (IL, U) € Xr(Q2) x YV4.(9), see (1.10). The dependence on
these quantities (if any) is always explicitly indicated in the argument of c.

The numbers ¢ can take different values even in the same formula. They are always independent of
the size of the discretisation ¢ and h and on the Mach number e.

Now, for fixed number g > 0 and fixed functions ¢", n = 0,..., N, we introduce the residual and
essential subsets of Q (relative to ¢™) as follows:

1
Qn, = {zeq 38 0"(2) <28}, oy = 2\ O, (3.3) {essres}

and we set
[Gless () = g(2)1og, (2), [ghes(x) = g(x)10p (2), ©€Q, g€ L'(Q).
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Corollary 3.1. Let (0,u) € Y7 5 x X¢ 50 be a solution of (2.38) with pressure p obeying (1.4) emanating
from initial data (2.61-2.62). Then we have

1. Induced standard energy estimates:

lwllz20,75He o (2)) < € (3.4)
lwll 20,7083y < © (3.5)
llelul? [l o= o,r:01 ) < (3.6)
¢ " E(o"[o)dx < ¢ .
OISI}%XN/Q (¢"[o)dz < ce (3.7)
0SnaN (Hgn”%"(ﬂl’es) <o, 1<g<, 0SnEN [es] < c? (3.8)

" — 0l ey < c(0)e?, 2 < .
oax |l —ellzuay,) < (@), 2< g <oo

2. Estimates of numerical dissipation
N ) 2
(ox — 1)
ot lo| 1 rn>1y Uy |
;U:K‘Zbeam [max(of, o)) O F =1 s
ot D0 lol(ek — 6i) Lgg<ry lug il < (Mo, Eo)?, (3.9)

o=K|LEEnt

N

(o — o ")?
Z Z K] )] 2-1* 1{97{1'"21}

—1
n=1 KeM [max(ok 0%

N
+ Z Z |K‘(QTIL{ - 07{71)21{Qn—1,n,<1} < C(J\J(],E())EQ. (310)

n=1KeM
m 3
SN IDale o~ up P <. (3.11)
n=li=1 g0

int

The quantities 0" and g" 1™ are defined in Lemma 3.1.

Proof of 3.1
Lemma 3.1 in combination with the conservation of mass (3.1) and the definition (2.58) of E(:|-), yields

11 1 .
- E(o"9) — E n—l—d 7/ ni,n2 _ n—1 n—lld“
52 ./SZ (0"[o) — E(¢" [o)dz + 251 Jo [u® = " u" T [ da
1
bl R+ (uot Vil divru |y + o [ ot = u P do
11 _ _ 11
+ 25t 22 /QH”(Qn 1’”)@” - 1)2d.7: + 22 Z lo| " (on)(0k — 02)2\“3,1(\ =0. (3.12)
: Ein
Sk
This yields immediately (after multiplication by §t and summation over n = 1,..., N) estimates (3.4),

(3.6), (3.7) and (3.11). We obtain (3.5) from (3.4) and the discrete Sobolev inequality reported in Lemma
2.2. We obtain (3.9) and (3.10) from the corresponding terms in Lemma 3.1 after employing (1.4)
Integrating inequality (2.59) we deduce

/Q ([1] + [(g")’q + {g"—@]zss) dz < (o) /Q E(g”,u”‘@ 0)dz; (3.13)

res res

whence estimates (3.8) follow from (3.7). This completes the proof of 3.1.
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4 Relative energy inequality for the discrete problem

4.1 Exact relative energy inequality for the discrete problem

In this Section, we report the exact relative energy inequality for the numerical scheme (2.38). The proof
of this inequality is available in [20, Proposition 2].

Theorem 4.1. [Exact discrete relative energy inequality/
Any solution (o,u) € Y15 x Xg 5 of the discrete problem (2.38) with pressure p obeying hypotheses
(1.4 )1 satisfies relative energy inequality that reads:

1

e

U — E(o" T u ! ‘7‘”71, U"’fl)) (4.1) {erelativeenergy}

+pllu = U g o+ (u+ A divy(u" —U")

5
T < DT
k=1

for any couple of discrete test functions (r,U), 0 <r € Y75, U € X¢ 5, where

vl -yn 1
" — n—1 B n—1_ = [fnfl n
! /Q ¢ 5t (u 5 +U )) dz,

3
m=> 3 Y Folenunup- (ul-Ur),

=1 5eell) c€€(Do),e=Do| D,

Ty = lU" " U+ (+ ) [ divy (U = ) divy U da,
Q

1
Ty =—5 / p(e") divr U™ da,
g2 JQ

mn 1 n n H’(7ﬂ)77—ll(rn71) 1 s Upr o n,n 17 n—1
TS:;Q/Q(T —g)ﬁdxﬁ-?/ndlvfr(gu)?{(r ) dz.
In the above formulas, flux Fe o is defined in (2.19-2.20), Uy = (Ui g)i=1,2,3, see last alinea in Section
2.1.2, divy is defined in (2.23), the bilinear form [-,-]1.£,0 and corresponding norm || - |10 are given in
Ui,o+ U 51

(2.33), (2.34a-2.34b). Finally, the operation denoted by . is defined in (2.18), i.e. u. = —"5== if

0,0 € Ei(lfz, € = Dy|Dgr, u? = (u}.)i=123, and similarly for UL

4.2 Approximate relative energy inequality for the discrete problem

The exact relative energy inequality in Theorem 4.1 is an intrinsic inequality for the given MAC scheme.
In what follows, we shall write this inequality with particular discrete test functions r = 2 € Y745,
U = Pg(V"), where V is divergence free function with zero traces in the regularity class X7(€;R?). At
the same time we shall transform some of the terms in the resulting inequality to the form convenient for
comparison with an integral identity satisfied by any strong solution to problem (1.7-1.9). This identity
will be derived later. The modified relative energy inequality and the latter mentioned inequality will
give the wanted error estimate announced in Theorem 2.1. The lemma reads:

Lemma 4.1. [Approximate discrete relative energy/
Let (0,u) € Y7 50 x X 5t be a solution of the discrete problem (2.38) with pressure p satisfying relations
(1.4)y>3/2 emanating from initial data obeying (2.61-2.62) . Let V € CH[0,T] x 4 R3) be such that

V"@Q = 0, divV = 0.
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Then there exists
c= C(]\/fg7 E(), HV, VV, @VHLDQ(QT;RH))

such that for allm =1,..., N we have:

ga (gm7 u™

[AZO RN A%

m 3
5 3 (llu” — VEIB o+ (-4 Nl divy (@ — V)| Baqy) < 30 S+ REpp +Gs (42) {relativeonorgy->
n=1 k=1

where
m

Sl—5t2/ 7V“)~(Vs"—u")7
23: Z Z |U|( &K Vn) guPVj%e(j) ‘MoK (UZK - VZLK)

i=1j= 1KET{7€S(1)(K)F‘I£"

3

Sz =0t> ulVE —u", Vilie,

n=1

for any divergence free vector field V. € Xp(;R3) (see (1.10)) vanishing at the boundary of Q. In the
above inequality,

m

G 50 < cot Y E-(0™,u" o, V") (4.3)
n=1

| R7 5t | < e(Vot + ™), (4.4)

and where A is by formula (2.64). Here, we have used the abbreviated notation Vg = P (V), Ve =
PeV = (Vig)i=1,2,3, where projections Pg), Ps are defined in Section 2.4. Further, Vig k = [Vielk

[R(;—)Vi‘g]‘}(, where the interpolator Ry = (R(;—))izltz,g is defined in Definition 2.3. Operator divy is
defined in (2.23), the bilinear form [, |10 and corresponding norm || |10 are given in (2.33), (2.34a~
2.34b).

Proof of Lemma 4.1

We shall use in the relative energy inequality (4.1) test functions r = g and U = V. Since g is constant,
term 7§ = 0. According to Lemma 2.3, divy Ve = 0; whence T = 0. Term T3 will be kept as it stays.
It remains to transform terms 77" and T3'. This will be done in several steps.

Step 1: Term T7".
We have
™ — Tlnl + R?l + R?’% (4.5) {s1}

11_/ nl ‘/5 )A(‘/gziun)dx7

n 1 n— Vnivnil n— n n— Vn7V1171 n n—
111:7/959 lng(Vs Ve 1)dx, R1,2:/QQ ISTS'(U, —u" 1) dae.

By virtue of the first order integral Taylor formula applied to V' in the interval (¢,_1,t,), definition

(2.41) of projection Pg, Cauchy-Schwartz inequality and numerical dissipation (3.11), we easily get

m
|6tZR 1 0t e(Mo, |0V ||z (@rims))s 108> Riol < Vote(Mo, Eo, |00V || poo(gpmsy).  (4.6) {str}
n=1 n=1
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Step 2: Term T3
This step will consist of several successive transformations performed in four movements.

Step 2a:
Employing Lemma 2.1 we get
T§ = T3+ R, (4.7)

3 3 .
=33 Y (Viek = Vi) Focldh un) (RED () = Vie)

=1=1KET Gee()(Kk)neld)

)

Do

Ry, = ZRZ(uf — V%, V%), where R’ is defined in Lemma 2.1.

‘We have used the local conservation of primal fluxes (2.15) in order to replace in T3, expression VL"S e
by the difference V¢ ;- — Vi, ’ '
We easily see from definitions of the projections and interpolates in Section 2.4, and first order Taylor
formula that
[Vik k= Viol < ch [[VVill o @rire) (4.8)

Recalling definition of Fj i (0n,un) we obtain by Holder’s inequality
3 .
I> TRl — Vi, Vie)| < ell @™l zoo @) 1" | s @urs) IRT(w™ — V&) — (u” — VE) | Laga,r2), (4.9)

where 7%) + é = %,’yg = min(y, 3). Due to Lemmas 2.5 2.7, and Lemma 2.2
[RrV"™ = V"|La) < chlVV™| Lo,

[R7u® —u"[r2@) < chllul1eo,  [Rru” —u”|Ls) < cllu"lieo;

whence interpolation of L9 between L? and L yields

IRTu"™ — u™| Lo <0h K HU ll1.6.0- (4.10)

Consequently, coming back to formula (4.9), we arrive to the estimate

m
6t > Ry || < hA e(Mo, Eo, 0, Vo V| oo (@) (4.11)

n=1

after employing the known bounds (3.4-3.8) derived in Corollary 3.1. Here A is defined in (2.64).

Step 2b:
We rewrite T3 by using the definition (2.12) of F, i as follows
T£1 = T£2 + Rg)z, (4.12)
where
3 3 )
Ty =3 > > \a\( e x — V[ﬁ,) QZ"‘pu;,”e(]) Mo K ( Ui g0 — "[ng)
i=1j=1 KETdef(J)(K)ﬂé'i(gg ‘i J

3 3 ) )
Bp=33 % X lol(RP0VIK - Vi) o5 e o
i=1j

=1KET see) (K)nel)
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(3.5) /\J)
(], = Vi, ~ (i Vieom))-

J

up ,Jyu J

Here, the number ﬂ the primal cell o,~, and the related operators Rg , Re used in the next
J

formulas are defined in items 1. and 3. of Definition 2.3. Using (4.8) and the Hélder’s inequality, we get

iojug
[R5 2] < cllo"ll oo @ llu" oo ZZ IR (uff = Vi) = Re™ (u! = Vi)l Loy (4.13) {F3}
i=1j=1
7% + é = %, 70 = min(y, 3) as in (4.9). Due to Lemmas 2.8 and 2.9

ij i uf
[RE (uit = Vi) = Re ™ (ui' = Vi) llr2() < ch Ve (uf' = Vig) |2 ime).

. ,],
[RE (uft) = Vi) — i (ui = Vi) o) < cllui’ = Viellzeqy,
where by the discrete Sobolev inequality evoked in Lemma 2.2
lu™ — Vel Lsrs) < [u™ = V™10
Now, by interpolation of L9 between L? and LS,
- i 2493
IR (uif = Vi) = Rg 7 (uff = Vig)lLagy < ch 0 ([ullieo+ Ve 1e0),

similarly as in (4.10). Consequently, employing formula (4.13), the above estimates and estimates (3.4),
(3.8) from Corollary 3.1, we get

|5t Z RE,y| < h™ (Mo, Eo, 2, |Va V|| oo (@pik9))- (4.14) {s2r+}
I
Step 2c:
In the next step, we write
I3y =135+ Ry 3 (4.15)  {s2++}
with
3 3 _
Ty=> > |o] (Vi,n&K - V/?a) o Ve g i ( Ui gy = Vi"[',uﬁ)
=1=LKET Gect)(K)neY) K 3

and

3 3
721,5 = ZZ Z |<7|( &K — Vn) i (“?,a V] )6(] ‘MoK (7ti,a:f',’,, - V}’fg,[,:g;);
J

i=1j=1K TUGS (K)ﬂf‘(” J

m

Noticing that

/ o"u"?de = Z Z (lDzr,K‘Q?(‘uZU‘Q + |Da’,K‘0;L(|qur"2>

=1 oo oce®

and recalling the definition of the primal cell [-],ue in Definition 2.3, formula (4.8) and definition of
relative energy E-(-|-) (see (2.60)), we conclude that

m m
5> Rial < cIVV lleigpm) 0t D E-(" wlo, V). (4.16) {52+

n=1 n=1
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Step 2d:
el TPy = T8, + R4, (4.17) (52044}
where s 3
=33 Y lol(Vex — Vib) orVieD) mg e (ul — Vi)
=1J=1KET Geg () (K)neY)
and

no_
Ry, =

3 3
i=

S Y lol(Viek - Vik) o Ve ng

LI=1KET 5eel (k)ney)

2, . n . ,ﬂ . _"l
X(“i,a“l:, Vigw — (uik VL,K))

u
J J

Next, by the Hélder and Minkowski inequalities and (4.8),

3 3
, (i) 5 D) @ m

B3l < ellIVllw o rawr @z "o 303 (IR ™ ui =R o) +HIRe ™™ Vi =R Vel ooy )

i=1j=1
where vy = min(vp, 2), 7—10 + % = 1. Now we estimate

(i.5,uf) O
IRe ™™l — RPuP| 120y < hllV el 120
and ()
i,j,u 3 ,
[Re™ 7 uif — Rg)u?HLG(Q) <cllulls) < clVewui 2

by virtue of Lemmas 2.7, 2.9 and 2.2. Similar estimates are true if we replace u;' by V" in the argument

(iruf)

of Re¢ and of Rgf)‘ Consequently, by interpolation of L9 between L? and LS,

(4,5,u™) . 579-6
Re”" uf = RO\ oy < ch 20 ||V gl 20y

Putting together these estimates, and employing in addition estimates for the numerical solution deduced
in Corollary 3.1, we get
m 570—6
5t1 > RE 4 < h 0 o(Mo, Eo, |VV|| 1o (@pr))- (4.18)  {S2r+++}
n=1

Now we put together formulas (4.5) and (4.17) together with estimates of remainders (4.6), (4.11),
(4.14), (4.16), (4.18) in order to get the required result. Lemma 4.1 is proved.

5 An identity for the strong solution. Consistency error.

The goal of this section is to prove the following lemma.

Lemma 5.1. [Consistency error/
Let (0,u) € Y7 50 x X 5t be a solution of the discrete problem (2.38) with pressure p satisfying relations
(1.4)y>3/2 emanating from initial data obeying (2.61-2.62) . Let the couple (I, V') belonging to the
regularity class (1.10)p—max(2,y") be a strong solution to the incompressible Navier-Stokes equations (1.7-
1.9).

Then there exists

c= C(]Wo, Ey, 0, HV, vV, VQV, VHHL%(QT;]R“’): ”azvv”L2<0J‘;LS/5(Q;]R9), HatHHLl(OTT;Lp(Q))7
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p = max(2,7') such that for allm =1,..., N we have

3
Z S+ R,%L =0,

k=1
where .
.- (Ve - 8 n n
si=a [ oS ) (v ).
m 3 3 .
82 =t Z z Z Z Z (‘/'LTLS,K - ‘/itla) E‘/Jnae(]) ° nJ,K(uZK - V'LTLS,K)
n=1i=1j=1 KETUEg(J‘)(K)
Sz =6ty p[VE —u", Viieo,
n=1
and

[Rhsel < c(h+dt + ).
Here we use the same notation as in Lemma /.1.

The rest of this section is devoted to the proof of Lemma 4.1.

5.1 Getting started

Since (II, V') satisfies (1.7-1.9) on (0,7) x © and belongs to the class (1.10), equation (1.7) can be

rewritten in the form

00,V +0V -VV +VII — pAV =0 in (0,T) x Q.

From this fact, we deduce the identity

4 m
Sty Tr=0, m=1,...,N,
s=1 n=1

where

T = [ @V (V" - w)de, T = [ oV V(v - da,
Q Q

7= [ (paV?) (v -, TR = - [ 9 as,

In the steps below, we deal with each of the terms 7.

5.2 Term with the time derivative

We proceed in two steps.
Step 1:

T =T +Riw

where

n _vr- vt n n
= [ ot (VF —u) do,
JQ

v — Vn,—l

Ry = [ a0V (v = vede+ [ a(lov) - =
’ Q Q t

Realizing that

rtn
O}V (z,-)dzds,

n—1+v8

n _ yn—1 1 rtn
oy VYL
t

At ot

24
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) (V& —u")da.

(5.1)

(5.2)

—
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w

)
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we get by using Holder’s inequality (in particular with V2 —u” in LS(Q; R?)), Lemma 2.5, Lemma 2.2

ot| ZR 1| < (@t +h) (Mo, Bo, 3, |V, 0V, VV) | 1w g9y |17V

LQ(O,T;LG/5(Q;R3)))7 (54) {calsir}

where we have used Lemma 2.2 and the energy bound (3.4) from Corollary 3.1 for u™

Step 2:
Finally, we write
T =T+ Ria, (5.5) {calsi+}
where .
| VACR Vo
T = [ (V- da,
< Ja at
v — anl v Vn 1
n_oo__ — _re . n__ . n .
1,2—/99( 7 o ) (V& —u™)da.
We have by Hélder’s inequality and Lemma 2.5
n v — n n
\Ru\ < h’CHVT”LBN(Q;RQ)”% -u ”Lﬁ(Q;RS)v
where VV"*TY"’I = 6t tn . 9, VV (z,-)dz; whence after taking into account Corollary 3.1, we deduce
IRY | < he(Mo, Eo, 0, |V || oo (@pir2): 10V VI 20,1005 (0m)))- (5.6) {calsir+}
5.3 Convective term
Step 1:
We decompose term T3' as follows:
T =T + Ry, (5.7) {cals2}
with
Tznl Z / QVSK v’ (Vgl(*ux)dl
KeT
RE, =% (/ VIV (VI VI (- dx—o—/ S VER) TV (Vi — i) da
Ker K
Consequently, by Lemmas 2.7 2.5, 2.6 and estimate (3.4) in Corollary 3.1,
5t| Z Ry 1| < h (Mo, Bo, 8, |V, VV)| e 0r12))- (5.8) {cals2r}
Step 2:
Integrating by parts in 73 while using the fact that Y,ce (k) J, VE'k - o = 0, we get
=3 [ loleVk  mes Vi = Ves) - (Vik — k).
KeT oeé(K)
Now, we rewrite the last expression as follows
7'24’,11 =T34+ R5, (5.9) {cals2+}

where
= 38 [ 1otV nk(V - Ve - (Vi — uk)
KeT oc&(K) 77
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and
b= X X [1oia(Vak - Ve) - me(Vy = Ver) - (Vi = u).
KeT oeé(K)
By Holder’s inequality, after application of Lemmas 2.5, 2.7 and 2.6, we get

5t| Z 3ol < B e(Mo, Eo, 2, |V, VV)| oo (0pmi2))- (5.10) {cals2r+}
Expression 7% written explicitly in coordinates is exactly term Sy in formula (5.1)
5.4 Viscous term
Step 1:
T3 =Tan + Ry, (5.11) {ca1s3}

7 = / PAV™ - (V2 — u")da,
fi= [ HAV(V - Vi),
where by virtue of the Cauchy-Schwartz inequality and Lemma 2.5

5t >R < h eIV, VV) | oo (prizy)- (5.12) {cals3ri}

n=1
Step 2:
In this step we decompose 73" as follows

Z > AV (Vi = ull,)da

i=1 gegli * Do

3
IPND> [ e, TV (Vi =)o

oeE® ec&(Dy)

> /ajVL(Vi,a — Ui — (Vi — ui,o’))d'Y

= e
e=olo’€E(D) e lel)

Il
Mw

I
<
I

j=1

I
M
Mw

1,
> \”\ds{a /djvid’}/} 0;(uie — Vi,S)‘D ,
Le= <7|0 €€ elel@ ¢ :

where we have used integration by parts and definition (2.35) of d;. Here dv is d — 1 dimensional
Hausdorff measure on . Consequently, we may write

1

<.
I

Tsh=Ts2+ Ry, (5.13) {cals3+}
7'32722/5‘/155 uje — Vig)dr,
i=1j=1

RL-YY Y |s|de([é / 0;Vidy| = 8;Vielp, ) 8j(uie — Vig))

i=1j=1 s:(rT'rzEg(l) elel@

D.’

where, due to the Cauchy-Schwartz inequality, Lemma 2.6 combined with the first order Taylor formula
applied to [ 195 V} 9;Vie|p. and Corollary 3.1, we get

lel

m
5t >~ Ry ol < he(Mo, Eol|V, VYV, V2V || oo (0z))- (5.14) {cals3r2}
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5.5 Pressure term

Step 1: The following lemma about the consistency of the upwind discretization will be crucial.

Lemma 5.2. For any r,G € L1, any u € He g and any ¢ € C1(Q) there holds

/ru Vode + > > Fox(ru)

KeT gegi)

3

:; 2 ol =)@ = Crouig Z Y el =G~ G,

=1, RLee®(K) 1 y=RILe£W(K)

where the primal fluves F, i are defined in (2.12).

Proof of Lemma 5.2
Using integration by parts,

/Qru Vodr = Z / ru- V(¢ — Gg)dz

KeT*

3 3
= Z lolrkdouion e =3 > > |olrkGruion™ ng K

€T o) (K) i=1 KET g€ (K)

i
=

3
=Y Y ook —rL)(¢e — Gi)tig
=1 azmgg(l)

3
=3 > lolru(Gr — GL)uie
=

=1 ,_K|Lee(®

3
= Z Z lo|(rg —rp)(¢s — G )i
=1, K[les®

3 3
>3 oltre =) Gk = GLuig =Y, >, |olr®(Gk — GL)uig,
=1, K]lec® =1, _Kllee®

where for the latter term, we have

w

3
Z Z IO’lTup(GK GL ul o Z Z Z |a|r§pGKui‘[,n(i) ‘Mo K

i=1 a=m6£(’) i=1 KET ge£)(K)

Lemma 5.2 is proved.

Step 2:
We shall now evaluate the error in the upwind disretization. We have
1 , 1 .,
TIL — _7\/ gfbufl . vHIldI + :/ (gfL _ g)uﬂ . vH"LdI — 7’4"”1 + RZl, (5.15)
o 0JQ ’ ’
where
ot Z Ryl < e (Mo, Eo, 0, VIl Lo 0.1y x22) )5 (5.16)
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by virtue of Hélder’s inequality and estimates (3.5), (3.8) from Corollary 3.1
i . 5.2

. 1 s
Next we deduce from the discrete continuity equation (2.38a) and Lemma

="+ I3+ I3,

(5.17)

where
1" —0o""
P== | —— II}d
Ji E/Q ot *
13
TJr== 3 |ol(of, — ok ) (g — i )ui'y,

- })uil,,

where = PrII" is defined in (2.39).
Now we estimate each of terms J7*, Jy', J3' separately.

Step 2a:
We get by direct calculation

N N
,,Z/ gngni(nl )Hnldx+ Z/

o)t — ) dx

n=1
n—1 n
ud

n=1

nl

1 n ot
/Q(@ 70)H¥7/(g —o)I% + = Z/
Therefore, by virtue of Hélders inequality, Lemma 2.5, the first order Taylor formula
N
6t] Y T =< e(1 + 6t) (Mo, Eo, 2, ||| 1o (@), 1001 10,7520 (0)))s P = max(2,7"),

n=1

where we have used estimates (3.5) and (3.8) in Corollary 3.1

Step 2b:
First, we have by using Holder’s inequality,

|Z 3 ol - gk -

1 o= K]Lee® (k)

ety

o — o7
/15, (o )mL;@ zL)g )"

< VRV o7 XSZ)(Z HZ
¢ O)(K)

=l,= K|LeE

(Z > |a|hmax(aK,gL>”) (Z x
Lo= \LES“ (K)

L o—K|Lee® (k)

=6

ol 75) T
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1/2
+vVh Hv,nummm(z > lollewns () [ok - o712 luf)

1 o= K]Les® (k)

(Z X elkm)”

o= K]Lec® (k)

with any 0 < § <  and any E; C €9, where we have used estimate Lemma 2.5 to evaluate the difference
II7 — II%. Now employing estimates (3.5), (3.8), (3.9) in Corollary 3.1 we obtain

N
5t 3| T3| < eh'2e(Mo, Eo, o, VI oo (0,10,

n=1

where evVh < %(82 + h). The same estimate as above holds also for J3' by the same argument.
Resuming calculations in step 2, we get

N
5t YT < (e + b+ 6t) (Mo, Eo, B, | VT 0,1y x): [0 1o, zcr(@)))s P = max(2,7'). (5.18)  {calSa++}

n=1

The statement of Lemma 4.1 follows when we put together principal terms (5.3),(5.5), (5.7),(5.9),
(5.11), (5.13) and residual terms (5.4),(5.6), (5.8),(5.10), (5.12), (5.14) (5.16), (5.16),(5.17), (5.17).

6 A Gronwall inequality

In this Section we put together the relative energy inequality (4.2) and the identity (5.1) derived in the
previous section. The final inequality resulting from this manipulation is formulated in the following
lemma.

Lemma 6.1. Let (0", u™) be a solution of the discrete problem (2.38a-2.38b) with the pressure satisfying
(1.4), where v > 3/2, emanating from initial data (2.61), (2.62). Then there exists a positive number

c= C(Mo, Eo, 2 IV xr @) \\H||y;(n))7 p =max(2,7')

such that for allm =1,..., N, there holds:

m

E(0" w0, VE") + 0t (il = VIR e+ (i + N[ divr(u” = VE)|[2(q )
n=1

m
<c[pt + Vot + e+ (o u'la, Ve (0)]| + edt Y Eulo" u o, Vi),

n=1

with any couple (11, V) belonging to (1.10) satisfying (1.7-1.9) on [0,T) x Q, where A is defined in (2.64)
and & is given in (2.60).

Proof of Lemma 6.1
Gathering the formulae (4.2) and (5.1), one gets

E (o™ u™

"o, Ve") - 56(907u0|§-,v‘€(0)) (6.1) {relativeenergy-1}

663 (ullu” = VER o + (i Ml dive(w” — VE)Baoy) <Pr+ P+ Q.

n=1
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where

PSS (),

n=1
m 3 3
Py = 0t Z Z Z Z Z (QZ’HP - E)( zTZ,K - Vi?ﬂ) V}?ae(j) : nﬂ,K(U’ZK - Vi?«Zg«K)’
n=1i=1;j=1KeT 5c£l)(K)
Q=RT hot +GT 5t — Rhot-
We use Holder’s inequality, together with the Taylor type formula (4.8) in order to get

m

Pr <3t > (11" e agey [Rresl " + 10" = Blessll 2 )

n=1

n

PRV e - s,

Lo (QR3)

m

[Pl < el VV | (@rznt 3 (110" sl o |l /7l e~ Bless 2oy ) | V2|
+

anun 6(():R3
2 re@rs)ll € ll25@r2),

where ¢ = min(y,2), 1 + 1 =1, and symbols []res, []esss and the sets QR are defined in (3.3).

1
q 6 res
Evoking estimates (3.5) ané (3.8) from Corollary 3.1, one gets
‘P1| + IPQ‘ <e C(J\/IO7E07§7 ||V,VV,0¢V||Lx(QT;R15)).

This formula, and the bounds of expressions R7, 5, GF 5, Riy's; evoked in (4.2), (5.1) yield the state-
ment of Lemma 6.1.

Lemma 6.1 implies immediately error estimate (2.63) by the standard discrete Gronawll inequality.
Theorem 2.1 is proved.
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Quelques résultats en analyse théorique et numérique des
équations de Navier-Stokes compressibles

Dans cette thése, nous nous intéressons a 1’analyse mathématique théorique et numérique des équations de
Navier-Stokes compressibles en régime barotrope. La plupart des travaux présentés ici combinent des
méthodes d’analyse des équations aux dérivées partielles et des méthodes d’analyse numérique afin de clarifier
la notion de solution faible ainsi que les mécanismes de convergence de méthodes numériques approximant ces
solutions faibles. En effet les équations de Navier-Stokes compressibles sont fortement non linéaires et leur
analyse mathématique repose nécessairement sur la structure de ces équations. Plus précisément, nous
prouvons dans la partie théorique I’existence de solutions faibles pour un mod¢le d’écoulement compressible
d’entropie variable ou I’entropie du systéme est transportée. Nous utilisons les méthodes classiques permettant
de prouver ’existence de solutions faibles aux équations de Navier-Stokes compressibles en regime barotrope.
Nous étudions aussi dans cette partie la réduction de dimension 3D/2D dans les équations de Navier-Stokes
compressibles en utilisant la méthode d’énergie relative. Dans la partie numérique nous nous intéressons aux
estimations d’erreur inconditionnelles pour des schémas numériques approximant les solutions faibles des
équations de Navier-Stokes compressibles. Ces estimations d’erreur sont obtenues a 1’aide d’une version
discrete de I’énergie relative satisfaite par les solutions discretes de ces schémas. Ces estimations d’erreur sont
obtenues pour un schéma numérique académique de type volumes finis/éléments finis ainsi que pour le schéma
numérique Marker-and-Cell. Nous prouvons aussi que le schéma Marker-and-Cell est inconditionnellement et
uniformément asymptotiquement stable en régime bas Mach. Ces résultats constituent les premiers résultats
d’estimations d’erreur inconditionnelles pour des schémas numériques pour les équations de Navier-Stokes
compressibles en régime barorope.

Mot clés : Navier-Stokes, Solutions faibles, Limites singuliéres, Energie relative, Schémas numériques,

Estimations d’erreur.

Some theorical and numerical results for the
compressible Navier-Stokes equations

In this thesis, we deal with mathematical and numerical analysis of compressible Navier-Stokes equations in
barotropic regime. Most of these works presented here combine mathematical analysis of partial differential
equations and numerical methods with aim to shred more light on the construction of weak solutions on one
side and on the convergence mechanisms of numerical methods approximating these weak solutions on the
other side. Indeed, the compressible Navier-Stokes equations are strongly nonlinear and their mathematical
analysis necessarily relies on the structure of equations. More precisely, we prove in the theorical part the
existence of weak solutions for a model a flow of compressible viscous fluid with variable entropy where the
entropy is transported. We use the classical techniques to prove the existence of weak solutions for the
compressible Navier-Stokes equations in barotropic regime. We also investigate the 3D/2D dimension
reduction in the compressible Navier-Stokes equations using the relative energy method. In the numerical we
deal with unconditionally error estimates for numerical schemes approximating weak solutions of the
compressible Navier-Stokes equations. These error estimates are obtained by using the discrete version of the
relative energy method. These error estimates are obtained for a academic finite volume/finite element scheme
and for the Marker-and-Cell scheme. We also prove that the Marker-and-cell scheme is unconditionally and
uniformly asymptotically stable at the Low Mach number regime. These are the first results on
unconditionally error estimates for numerical schemes approximating the compressible Navier-Stokes
equations in barotropic regime.

Keywords : Navier-Stokes, Weak solutions, Singular limits, Relative energy, Numerical schemes, Error

estimates.
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