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General Introduction

T
he increase of renewable energies over the globe far for the customer are one of the
new challenge of the XXIst century. Producing an delivering high power trough long

distance are today a challenge that can be overcome by using different scatting edge tech-
nologies and a drastic change of the network architecture. Whereas, the electrical network
work on AC transmitter with varying frequencies worldwide (50 Hz in continental Europe,
60 Hz in USA), a new scheme of electrical grid using DC power is investigated. The use of
long distance DC cables allows the production of electricity in fertile area and its transport
on thousand of kilometers. While investigating on this new architecture, cables manufac-
turer are looking for alternatives to build small and compact high power cables.

In this framework, superconducting materials are a viable option and are highly promi-
sing for high power applications. The carrying current densities are 10 times higher than
copper, allowing the creation of high current cables in narrow spaces. The only drawbacks
of superconductors, despite their relative high costs, is the necessity of working at cryoge-
nic temperature, i.e. below 92 K for REBCO tapes for example. The superconductivity is
characterized by a absence of measurable resistivity in particular conditions of temperature
T, field B and current I. The superconducting area which refers to the domain where the
resistivity of the material is almost equals to zero is delimited by a critical temperature
Tc, a critical field Bc and a critical current Ic.

An absence of resistive does not mean necessarily an absence of losses. Classical Joule
losses induced by the current passing trough a resistive materials are not occurring inside
superconducting materials. However AC losses are losses that take place inside supercon-
ductors when the one is subjected to a time-environment. The variation of transport current
inside the tape or the application of a external magnetic field with time generates a change
of induction which leads to the existence of an electrical field and losses. Theses losses are
referred as AC losses.

Even in a DC application, superconductors may be subjected to time varying current
due to the converters which induce harmonics/ripples in the output. A change of direction
of current is also possible in some applications. Hence, it is necessary to know with a cer-
tain accuracy the AC losses generated inside a full power cable to scale up the cryogenic
system. This thesis aims to calculate first by considering simple examples, AC losses inside
large scale applications and mostly inside superconducting cables. Analytical calculations
of AC losses are possible but for a more detail description of the AC losses, numerical mo-



2 General Introduction

deling are necessary. For example, integral methods of finite-element modeling are usable.
This thesis discloses numerical modeling of superconductors with these particular methods.
Some experiments have been carried out along to validate the model.

The first chapter of this thesis gives the context and the necessity of assessing the AC
losses inside superconductors. The calculations can be done analytically or numerically.
After a brief introduction on the superconductivity, the losses mechanisms are explained.
Two different conductors were investigated and they exhibit different geometric structures
and properties. Both of them are described with precision. These superconductors are well
suited for the development of high power cables. This chapter ends by describing first, the
numerical tools available for the calculations of AC losses, and then the challenges and
gridlocks inherent to the superconducting modeling. The following two chapters are dedi-
cated to the calculations on AC losses in REBCO conductors and MgB2 conductors.

In Chapter II, numerical models using FEM and integral methods are developed for
the calculation of AC losses in REBCO conductors. Solving these numerical models is
challenging as the REBCO conductors exhibit anisotropic properties. The mesh has to be
adapted to the geometry. We carried out two different methods for AC loss calculations
with comparison to experimental results. In addition to these developments, the numerical
model is adapted to a new shape of REBCO conductor : a round wire. The simulations try
to asses the AC losses in this wire for a possible use in high current compact power cables.

For REBCO conductors, numerical model can be 2-D but as soon as the conductor
is composed of twisted filaments inside a conductive matrix, it is necessary to develop a
3-D model. 3-D simulations of superconductors are not largely made as they include large
numbers of elements, connexity problems and the convergence of the model is closely linked
to the superconducting properties. In Chapter III, 3-D models are developed. First,within
a three filament wire which has been investigated inside an international benchmark. After
that, the complexity of the model is gradually increased to finally end with a realistic model
of a MgB2 wire with up to 36 filaments. A series of characterizations is also presented to
come up with a model as close as possible from the real wire.

After focusing in the previous two chapters on single conductors, the calculation of the
AC losses on a power cable is investigated in Chapter IV. Modeling a full superconducting
cable in details is beyond the capacity of the computed resources. That is why we suggest
a mutli-scale approach with a preliminary calculation of the external magnetic field of the
complete cable. This simulation is relatively fast and give a value of field amplitude the
conductors are subjected. On a second time, the calculation of the losses can be made.
To have a more flexible tool, the model is adapted to DC applications. Some simulations
have been carried out to investigate on simulation with AC ripples superposed to DC back-
ground (current and field).

Finally, Chapter V focuses on the calculation of AC losses on a practical example, the
10 kA MgB2 demonstrator of the european project BEST-PATHS. As this demonstrator is
a key element to asses the liability of long high current superconducting cable for real grids,
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it is necessary to study the losses of the demonstrator and this is make possible by the
model previously developped. Moreover, the question of the protection of the demonstrator
is approached.
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Sumary

Superconductivity was first discovered by Kamerlingh Onnes in 1911. It is charac-
terized by the property of presenting no resistivity below a certain temperature and a
certain field. This feature is particularly interesting for the transport of high currents in
large scale applications. After a brief introduction of superconductivity, the AC losses
mechanisms which are induced, in superconducting materials when subjected to time-
varying environment, are explained. These losses can be in different forms depending
on superconducting materials : REBaCuO or MgB2. After a description of these ma-
terials, their use in large power applications are detailed. To size cryogenic systems
required for these large scale applications, different approaches to calculate AC losses
are possible and detailed. All these approaches have advantages but also drawbacks
mostly related to superconducting modeling (aspect ratio, non-linearity,...)
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I.1 Superconductivity

I.1.a Generality

Superconductivity is referring to a particular state of matter appearing in a number of
materials such as metals, alloys, ceramics or organic compounds. The most observable pro-
perty of superconducting materials is the absence of resistivity (criterion set at 10�12

⌦.m)
under a certain temperature value referred to as the critical temperature Tc. This effect
was discovered by Heike Kamerlingh Onnes in 1911 after he successfully liquified helium.
On April 8th 1911, he and his team observed the resistance of mercury becoming non mea-
surable (nearly zero) at 4.2 K [1]. The name "superconductivity" was then used to refer
to this particular state of the matter. After this discovery, several pure metals have been
shown to exhibit superconducting properties for example lead [2] (Tc=7 K) in 1922 or alu-
minum in 1958 [3]. Fig. I.1 displays the plot of resistivity versus temperature in mercury
as it was recorded during the experiment in October 1911.

Fig. I.1 – Resistivy of mercury versus temperature measured by K.Onnes’s team in Octobre
1911 [1].

Starting from 1962, Low Temperature Superconductors (LTS) such as NbTi et Nb3Sn
are commercialized in large quantities. These superconductors with a Tc near 4.2 K have
been used in large scale applications such as MRI, dipole magnets in CERN or super-
conducting motors. In the late 80’s, superconducting properties have been discovered in
ceramics (oxocuprates) for example in YBa2Cu3O7�� or Bi2Sr2Can�1CunO2n+4+x (respec-
tively 1986 and 1988). Because of their very high critical temperatures (Tc>90 K), these
superconductors have be classified as High Temperature Superconductors (HTS). Finding
superconductivity in ceramics (oxocuprates) was a major breakthrough, rewarded by a No-
bel Prize in 1987. This feature allows the conductor to work with liquid nitrogen (T=77 K
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at ambient pressure), a cryogenic liquid far cheaper than liquid helium. In parallel to re-
search focusing on enhancing oxocuprate properties, superconductivity was discovered in
Magnesium Diboride MgB2 in 2001 [4] and in Iron-Based compounds (FeSC) [5, 6]. The
increase of the critical temperature of superconductors is still the main of challenge of
research to find ambient temperature superconductivity. The latest achievement is the dis-
covery of superconductivity in sulfur hybrid H2S at 203 K but under 150 GPa in 2015 [7].
Fig. I.2 displays the Tc achievements versus years for superconducting materials [8].

Fig. I.2 – Critical temperature of discovered superconductors over the years. The new
discovery in 2015 of H2S at 203 K and 150 GPa should be added.

Compared to perfect conductors, superconductors have the remarkable property of ex-
pelling all magnetic flux from their volumes in specific conditions. This phenomena is called
Meissner-Effect [9]. The superconductors are classified in two types : Type-I superconduc-
tors which exhibit a perfect Meissner Effect and Type II superconductors where two states,
perfect Meissner Effect and partial Meissner Effect exist. The two types of superconductors
are shown in FIg. I.3.

Fig. I.3 – Type I and II superconductors. One can notice the third state called mixed state
in Type-II superconductors where the Meissner Effect is only partial.

Type II superconductors are mainly used because the values of critical field Hc2, which
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delimits the mixed state from the normal state, are rather high compared to Type I super-
conductors (usually pure metals). From Hc1 and Hc2 values, it is also possible to define Hc

(or Bc) the thermodynamic critical field. The corresponding diagram of the magnetization
M versus an external applied field is shown in Fig. I.4. In this diagram, Bc1 refers to the
field at which flux begins to penetrates and Bc2 the field at which the material becomes
normal.

Fig. I.4 – Superconducting domain in terms of magnetic field for different superconductors
versus temperature. The thermodynamic field is defined when the two areas are equals

The thermodynamic critical field Bc is defined [10] as :

Z Bc

Bc1

(Bapp + µ0M)dBapp = µ0

Z Bc2

Bc

(�M)dBapp (I.1)

Adding to that, it is possible to see that the relationship B=µ0H for values of field
higher than Hc1 is valid and will always be taken into account.

Irreversibility field H* If a HTS sample is magnetized, it is possible to observe a third
critical field called irreversibility field H* significantly smaller than Hc2. The irreversibility
field is a field at which the hysteresis curve does not follow its reversible trend [11]. This
is because, at a certain temperature and beyond a certain field, the pinned vortices start
moving and magnetization loops no longer behave in a reversible way [12, 13]. This value is
referring as the irreversibly field H*. Usually, the value of critical field of a type-II supercon-
ductor is taken equals to H*. Fig. I.5 displays the critical field of different superconductors
versus temperature.
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Fig. I.5 – Superconducting domain regarding field for different superconductors versus
temperature [14].

With the critical temperature and the critical field, the superconducting state exists
only with values of current density below a certain value called critical current density Jc
linked to the critical current Ic. This Ic value is the current (critical current density Jc
multiplied by the superconducting surface) given for a criterion of field observed on the
superconducting material Ec. From the three introduced quantities, it is possible to delimit
a superconducting domain with Tc, Hc and Jc, for example in Fig I.6.

Fig. I.6 – Superconducting domain plotted in a temperature, field and current density
graph for several superconductors [15].
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I.1.b Vortex and Flux pinning

Inside a superconductor, the magnetic flux density does not penetrate in an homoge-
nous way but locally in disconnected volumes called vortices. A vortex can be defined as a
cylinder with a radius of ⇠ called the coherence length. Outside the vortex, the magnetic
flux density decays with an exponential trend with distance. The characteristic length of
decay is the London length �L. It is assumed that the magnetic flux density and the cur-
rent from the vortex only exists in the cylinder delimited by the radius �L shown in Fig. I.7.

Fig. I.7 – In (a), distribution of the magnetic field around an individual vortex and (b) the
field from a group of vortices. The region of �0 is cross-hatched in both cases.

Each vortex carries a magnetic flux quantum �0 that can be calculated. The magnetic
flux � is quantized in the superconductor according to the London theory [16]. It is possible
to express the critical fields with �0. In a Type II superconductors, Bc1, Bc2 and Bc are
given according to :

Bc1 =
�0 ln

4⇡�2
(I.2)

Bc2 =
�0

2⇡⇠2
(I.3)

Bc =
�0

2

p
2⇡�⇠

(I.4)

where =�/⇠ is called the Ginzurg-Landau parameter [17]. It is also convenient to write
these quantities in the form of a product as :

p
Bc1Bc2 = Bc(ln)

1/2 (I.5)

It is possible to observe the vortices with magnetic powder for example in Fig. I.8.
Their number and also the distance between the vortices are directly proportional to the
intensity of the applied field for fields much higher than Hc1.
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Fig. I.8 – Magneto-Optical images of vortices in a NbSe2 superconducting crystal at 4.0 K
in earth field (left) and in a 0.8 mT applied field (right). The scalebar is 10 µm [18].

In the mixed state, when the superconductor is under a transverse field and a transport
current, the vortices are subjected to Lorentz Forces ~F according to :

~F =

~J ⇥ ~B (I.6)

These forces will induce vortices displacement and then energy dissipation inside the
material. To avoid this issue, structural defaults (pinning center) are made inside the
material creating pinning forces to block the movements of the vortices. It is possible to
represent the pinning forces as an average force density ~FP which is maximized when :

Fp = | ~Jc ⇥ ~B| (I.7)

The efficiency is maximized when the size of the defect is equal to the coherence length
⇠. Several ideas to induce pinning centers inside the superconductors are displayed in Fig.I.9

Fig. I.9 – Example of pinning centers inside a superconducting layer [19].

When the current density is equal to Jc, the Lorentz forces are predominant (Lorentz
forces are proportional to the current density) over Pinning forces and the vortices are put
in motion off the material creating what is called a flux-flow regime.

I.1.c Flux Flow

The vortices start to flow in the material and are only slowed down by viscosity forces.
As the vortices move freely inside the material, the flux-flow regime creates a voltage drop
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along the superconductor. Inside a uniform vortex motion the dissipation per unit volume,
is given by the product ~E ~J which is equal to the product of the Lorentz force and the flux
flow velocity (

~J ⇥ ~B)~v. Hence, it leads to [20] :

~E =

~B ⇥ ~v (I.8)

By introducing a independent velocity coefficient ⌘, the energy dissipation is equal to :

~J ~E = nv⌘ < v2 > (I.9)

Where nv is the vortex flux number defined as nv=B/�0. Combining (I.8) and (I.9) :

~E = ⇢f ~J =

B2

nv⌘
~J =

�0B

⌘
~J (I.10)

In (I.10), it is possible to see that in the Flux-Flow regime, the electric field is linear
with the critical current and is well defined.

I.1.d Thermally Activated Flux Motion

From last section, the current transition is defined linearly. However, in reality, the curve
E versus J of a superconductor is curved. In addition, the current inside a bulk material
decays, with a slowly logarithm time dependence. This phenomenon is called flux-creep and
is linked to thermally activated rearrangement of flux lines to a more stable configuration.
It has been suggested a creep model for flux lines in 1962 [21]. The jump rate R is assumed
to have the shape of an exponential trend on the thermal energy according to :

R = !0e
�U
kBT (I.11)

Where U is the barrier energy and !0 is the characteristic frequency for hopping at-
tempts, kB is the Boltzmann constant (kB=1.38⇥10�23 JK�1) and T the temperature.
The barrier energy U was suggested as :

U = U0(1± J/Jc) (I.12)

In (I.12), the sign depends on whether we consider a Lorentz force with or against the
vortex displacement. In Fig. I.10, it is possible to see that the forces are more likely to be
along the x axis. Hence, the motion in in the same direction as the force.
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Fig. I.10 – Potential energy on a flux line subjected to a Lorentz force [22].

As consequence of this effect, the field trapped inside a Type II superconductor is de-
creasing with a logarithm trend [23]. As a consequence to it, the experimental measurement
of E versus J can be a bit challenging coming from the fact that it is difficult to delimit
the activation of flux motion. Hence, a criterion Ec defining Jc was assumed. In some HTS
materials, the E-J relationship has been observed as linear well below the critical current
transition. This effect is called Thermally Activated Flux Flow [24].

I.1.e E-J constitutive law of superconductor

Assuming that the superconductor is working below its critical temperature and field,
going from superconducting state to normal state is only achievable if the transport current
flowing inside the superconductor is higher than Ic. Between theses two states, the transition
is called dissipative state as shown in Fig. I.11. Being able to model with accuracy, the
dissipative state when current is penetrating inside the superconductor is necessary for
numerical modeling especially for electromagnetic calculations.

Fig. I.11 – Different states when current is flowing inside a superconductor below its critical
temperature and field.
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The E-J representation can be done by fitting experimental characterizations. In the
superconducting state, the resistivity of the material is observed to be nearly zero for values
of current density J under Jc. When the current density is higher than Jc, in the dissipative
and normal states, the resistivity of the material starts to become non negligible. To model
this behavior, a classic step function can be used with a threshold value of Jc, this suggested
formulation is referring as the critical state model (CSM). Other types of fit which exhibit
smoother transitions from superconducting state to normal state can be used for example
the power law model or the percolation law.

I.1.e-i Critical state model

The critical state model (CSM) or Bean model [25] was first suggested as a simple expla-
nation of the hysteresis phenomena which was observed experimentally in superconductors
when current or magnetic field is applied. The CSM offers a macroscopic relationship by lin-
king the current density and the electric field in the superconductor as in (I.13), this refers
to a instantaneous transition from superconducting state to a state where the conductor
starts to dissipate. This transition is made when the current density is equal to Jc :

8| ~J | < Jc, E = 0; for | ~J | > Jc, E 6= 0 (I.13)

In the critical state model, the current density inside the superconducting material can
only be equal to discrete values ± Jc or 0. Then, when current penetrates the supercon-
ducting material, the magnetic flux density reacts as :

rx

~H = ± ~Jc (I.14)

In his work, Bean suggested that the critical current density is dependent on the ma-
gnetic field but the critical state model used a constant value of Jc. When a transport
current is applied on the conductors (or a varying magnetic field is imposed), the current
penetrates and so does the magnetic field. The area where the magnetic field (and the
current) is absent is called virgin state. It means that the area has not been under any field
or current from the start.

As an simple example to understand what is happening inside a superconductor when
it is exposed to a current or field, let us consider the case of a superconducting slab exposed
to a time varying magnetic field displayed in Fig. I.12. From (I) to (II), the magnetic field
is increasing from zero to a certain value of amplitude Ha, the current and the magnetic
field start to penetrate inside the superconductor. The total current is zero if we consider
the complete surface because magnetization currents are looping inside the slab. This is
shown in the figure as one of the two area carries +Jc (on the right) and the other one -Jc
(on the left). If one is staying in (II), the current does not move inside the superconductor
leaving a certain part of the area free of current. The magnetic field is decreasing from
Ha (II) to -Ha (IV) down to 0 (III). As only discrete critical current density values coexist
inside the superconducting material, the current start to penetrates inside the material but
the looping is in this opposite direction. In (III) when the magnetic flux density is zero,
there are still current densities inside the materials, this feature is referred to as hysteresis
due to the particular capability of the superconductor to trap the current density at its
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core. From (III) to (IV), the current densities looping in the opposite direction become
predominant inside the material. From these simulations, it is possible to define Hp the
penetration field as Hp=Jca/2 with a the thickness of the slab.

Fig. I.12 – Current density distributions when a superconductor is subjected to an time-
varying external magnetic field.

This model is realistic in the case of LTS where sharp transitions are observed [26, 27].
However, HTS have smoother transitions and the CSM may not be used in all the cases of
HTS applications. Different smoother relationships have been suggested by the community,
for example, the two following.

I.1.e-ii Power law model

The transitions in HTS are observed to have a smoother shape. Hence, the E-J relation-
ship exhibits a non-linear variation that can be approximated as a power law, suggested in
[28, 29, 30]. This theory comes from the flux-creep model taking into account a logarithm
dependence of the effective energy barrier explained in I.1.d. The critical current Jc is then
defined as the value from which a certain electric field Ec is observed. In practice the cri-
terion of Ec=1 µVcm�1 is used. For a 1 cm sample, the voltage value is then 1 µV. As a
comparison, Ec of LTS is usually set at 100 nV.cm�1 [31].

This difference of Ec is explained as the HTS can work with liquid Nitrogen, a much
cheaper cryogenic liquid. In liquid Nitrogen, having a criterion of 1 µV in terms of dis-
sipation is considered as acceptable regarding the low price of the liquid, where in liquid
Helium it was not the case. For convenient use, the criterion for the MgB2, even if it ope-
rates between 4.2 K and 20 K, has been chosen as 1 µV but this criterion has to be further
reconsider. The power law fitted from measurements is written in (I.15). An example can
be found in Fig. I.13. The value n indicates how sharp the transition is in the material
(linked to the purity of the sample). For example LTS exhibit n values in the range of
80-100 [32] whereas HTS have n values between 30 and 50 [33].
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Power law : ~E(| ~J |) = Ec

 
| ~J |

Jc(| ~B |, T )

!n(| ~B |,T )
~J

| ~J |
(I.15)

Fig. I.13 – Power law fit made on a I-V measurement on a MgB2 sample at 20 K, 2.3 T.
In this example the critical current and the n value were calculated respectively at 175 A
and 30.

From (I.15), it is possible to add the dependencies of the critical current density and
the n value with respect to magnetic field and temperature [34]. The critical current can
be measured with different values of magnetic field [35] in laboratories equipped with com-
mercial magnets that usually do not exceed 10 T. For more intense magnetic fields the
measurements are made in High Field Laboratories such as NHMFL, TML or LNCMI
where the values can be higher (> 30 T) [36]. Fig I.14a and Fig. I.14b display some varia-
tions of Jc and n with temperature and field for FeSC in (a) and BSSCO in (b).

(a) Critical current versus
external magnetic field [36]

(b) Dependence of n value with field and direc-
tions [35]

Fig. I.14 – Critical current measurement with field and temperatures.
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As the CSM model is the limit case of the power law model (when n tends to 1), it
is possible to see the macroscopic differences in terms of current density distributions in a
superconducting material. Hence, the current distributions will be different when current
penetrates inside the conductor generating a smooth decrease of current density inside the
thickness when the power law model is used. Simulations have been made with different n
values to see the sharpness of the transition inside the superconductor. By injecting a trans-
port current the same superconducting slab with a 4 mm width and plotting the current
density in the middle of the slab, it is possible to analyze the effect of the n value on the
current distribution in Fig. I.15. In the simulation the critical current density was defined
at 1 kA/mm2. One can observe that when the n value is very low, the current densities
penetrate with a smooth gradient inside the superconductor. With values above 20, the
transition between virgin state area and region where the vortex are activated is clearly
visible. Almost no macroscopic changes on the distribution profile are observed when the n
value is above 30. This is good indication that analytical formulas based on the Bean model
can be used as a good approximation in problems where the critical current dependency
with magnetic field is not an issue.

Fig. I.15 – Current density distribution inside the superconductor with different n values
for the power law model I=0.4Ic.

The power law model is convenient to fit experimental data and has the advantage of
providing continuous derivatives for the first and second order. This feature is interesting
in terms of numerical modeling, for example when using Newton-Raphson method [37].
Despite this advantage, the power law exhibits a non-zero resistivity for all values of current
density below Jc which is in contradiction with the observed phenomena of superconducti-
vity (current density frozen in the superconductor and zero resistivity). In all majors cases,
where the AC phenomena are relatively fast, it is not a issue but it can be a problem when
low time varying signals have to be taken into account (limit case for DC signals). A second
fit has been suggested by the community, called percolation law and detailed in the next
section.
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I.1.e-iii Percolation law

The second model based on the statistical physics is labeled as the percolation law [38].
The equation which sets the resistivity at zero for values below a threshold value of current
density Jc0 is detailed in (I.16). In this formula, the dependency of the electric field with
the current density is still a power law but with a n0 value lower and preliminary observed
as independent with temperature and field.

Percolation : ~EPM (

~J ) =

8
>><

>>:

0 , if | ~J |  Jc0 ,

Ec

 
| ~J |
Jc0

� 1

!n0 ✓
Jc
Jc0

� 1

◆�n0 ~J

| ~J |
, if | ~J | > Jc0 ,

(I.16)

The physical difference between (I.15) and (I.16) is that the percolation law exhibits
a resistivity equal to zero when the current density J is below the threshold value of Jc0.
In the intervall J2 [0,Jc0], no dissipation occurs in the material (no losses). This is in
agreement with the experimental observations [39] that DC current fills only the external
surface of the superconductor with a fixed value of current density, as it was suggested by
the Bean model. This feature in Fig. I.16 can be perceived as a DC skin effect where, the
current distribution remains fixed after some time without the current penetrating into the
complete area of the superconductor. It corresponds to a maximum flux density gradient
beyond which flux lines start to move inside the material [40].

Fig. I.16 – Logarithmic plot of normalized current vs. time. (⌃) experimental data, (−)
Anderson fitting and (- - -) stabilized base line [39].

In this case the value of Jc0 corresponds to the limit value of the current density at an
infinite time. The ratio in this case between Jc (Ec=1 µV.cm�1) and Jc0 is usually com-
prised according to our knowledge between 0.8 and 0.95. Regarding the n0 value, usually,
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this value does not change so much with temperature and field and exhibits lower values
compared to the power law, usually lower than 10.

After this introduction on the phenomenon of superconductivity and some knowledge
on the theory, the next section is focusing on AC losses. This dissipation occurs when the
superconductor (or a metal) is exposed to time varying environment and has to be inves-
tigated during the design of a large scale application.

I.2 AC losses

I.2.a Definitions

AC losses are referring to a specific type of losses, induced inside conductive materials,
when they are subjected to an AC environment. This environment can be a current flowing
into the material or an external field applied on the material. A time-varying environment
leads to a temporal change of magnetic field locally, leading to the creation of an electric
field ~E according to Maxwell Faraday’s equation :

rx

~E = �@
~B

@t
(I.17)

The existence of an electric field ~E in the material coupled with the presence of a
current inside the material ~J leads to instantaneous losses pAC :

pAC =

ZZZ

V

~J ~EdV (in W ) (I.18)

For a periodic signal with a frequency f, the AC losses PAC can be calculated as :

PAC = f

Z

1/f
pac dt (in W ) (I.19)

AC losses are referring to the general mechanism of a time varying environment applied
to a conductive material. As this energy is dissipated inside the material, it is vital to know
the value of dissipation but also its location to design and also optimize superconducting
applications and the cryogenic system. Different names of AC losses occurring in diverse
materials of superconductors have been given. Hysteresis losses that are generated by the
penetration of the current densities (positive or negative) inside the superconducting mate-
rial are detailed in I.2.b. Superconductors are usually manufactured with metallic elements,
eddy current losses and coupling losses induced in these metals are created and described
in I.2.c. In magnetic metals with hysteretic behavior, additional losses can be induced and
are detailed in I.2.d

I.2.b Hysteresis and screening current losses

When a superconductor is subjected to a time varying transport current or external
magnetic field, magnetic flux and so currents will start penetrating inside it [41, 25, 42] as
shown in Fig. I.17. When reversing the transport current or the external field, and applying
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the same value of field or current but in the opposite direction, the same magnetic flux
will penetrate inside the superconductor but with the reverse polarity as it was explained
in I.1.e-i. Locally the vortices will be torn from their pinning center when the screening
currents inside the superconductor change theirs polarities and this leads to energy dissi-
pation.

Fig. I.17 – Cross section of a superconductor when subjected to an time varying external
field. In a) the screening currents are in white and the virgin area in grey [43].

The AC hysteresis losses are then induced during the change of polarity between +Jc
to -Jc (or in reverse) in the vortices.

I.2.c Coupling and eddy-current losses

Superconductor are often manufactured as superconducting filaments twisted inside a
resistive matrix. This is the case for example in NbTi or MgB2. Coupling losses refer to
losses induced by current flowing inside the metallic materials by looping from one filament
to another. For example in a multi-filamentary superconductor, current may flow from one
filament to another trough the metallic matrix as explained in Fig. I.18. These coupling
currents can also be created from one tape to another in HTS devices.

Fig. I.18 – Multi-filamentary conductor and coupling losses [44].

Analytical calculation of the coupling losses has been made [44] :

PCL =

AB2
max

2µ0
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In (I.20), A is referring to the cross-section area of the wire, !=2⇡f where f is the fre-
quency of the signal, Bmax is the peak value of the magnetic field, lp is the filament twist
pitch and ⇢t is the transverse resistivity of the normal matrix. N is the demagnetization
factor which can be experimentally measured by magnetizing the sample below its critical
temperature [45] or analytically calculated.
The coupling losses can be reduced by decreasing the constant ⌧ , this can be done by de-
creasing the twist pitch or by increasing the transverse resistivity. To increase the transverse
resistivity, it is possible to add barriers on the outside of the filaments with cupronickel for
example.

Eddy currents which are induced in metallic parts are largely covered in electroma-
gnetism and used for example in inductive heating. The penetration depth (current going
inside the material) is linked to the resistivity of the metal according to :

� =

r
⇢metal

µ0µr⇡f
(I.21)

In our case, it is possible to calculate � by considering a resistivity of the matrix of
⇢metal=10�7

⌦.m and µr=1. At frequencies equals to 50 Hz and 1 kHz, the penetration
depths are respectively 22 mm and 5 mm which is higher than the thickness of the metallic
parts. Hence, eddy currents penetrate inside the metals and induce losses but they are
generally negligible.

I.2.d Magnetic losses

When the metal is subjected to a time-varying magnetic field, the magnetization of the
material changes through microscopic changes in the metallic structure. The movement of
the particles generates what is called hysteresis losses. It is possible to see the losses by
plotting the magnetic flux density B versus the magnetic field H, which has the form of
a closed loop (Fig. I.19). The hysteresis losses in one cycle are proportional to the area
enclose inside the hysteresis loop. As the losses are constant for one cycle, the losses are
almost linear with frequency.

Fig. I.19 – Hysteresis of ferromagnetic materials. The initial magnetization is shown in the
dotted line. The hysteresis losses are proportional to the area enclosed inside this curve [46].
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In this section, an overview of the AC losses mechanisms has been made by presenting
all the possible AC losses inside a superconductor and its surrounding matrix. The purpose
of this thesis is the calculations of all the AC losses inside several superconductors for the
design of cryogenic system and the implementation on the grid. In the following section, a
presentation of the superconductors considered for the next generation of superconducting
applications is made.

I.3 Studied superconductors

Today, two types of superconductor are in the center of large scale developments : HTS
and MgB2. With the increase of the worldwide production and its high critical current
capacity at very high field, HTS conductors are well suited for large scale applications re-
quiring the generation of magnetic field. They are always manufactured as tape which can
be an issue in some applications. The cost is also one of the drawbacks for its use. Work
have been made to build HTS wires made with tapes which can leads to more compact
power applications such as cables.

For applications requiring high currents but where almost no magnetic field is generated
(cables for examples), the use of MgB2 can be a good alternative because the conductor
is sold as a round wire with a lower price (2 e per meter for MgB2 wires compared to
100 e per meter for HTS tapes). However, MgB2 requires working in liquid or gaseous
helium compared to HTS which can work in liquid nitrogen.

I.3.a HTS tapes and round wires (RW)

HTS tapes Two groups of oxocuprates are particularly interesting and produced in large
quantities : BSSCO and REBCO. Today, these superconductors have been used for super-
conducting cables [47, 48, 49], transformers [50], fault current limiters [51] and motors [52].

BSSCO tapes are rather expensive due to the presence of a silver matrix surrounding the
superconducting filaments. Their chemical compositions can be either Ba2Sr2Ca0.8Cu208+�

with a Tc=85 K [53] or Ba2Sr2Ca2Cu3010+� with a Tc=110 K [54].

On the other hand, a second group of HTS is showing great promises for large scale
applications. However, these applications are still in developments. The initial chemical
composition was YBa2Cu3O7�� (or generally written YBCO) but the Ytrium element Y
can be substitute with another rare earth element (expect Ce,Pr and Tb) [55]. This group
is called REBCO in reference to the plurality of possible compounds (’RE’ stands for Rare
Earth). The architecture of the elementary crystal of YBCO can be found in Fig. I.20.

The high critical current density of a single crystal was observed at values higher than
10 kA/mm2 [57](@ T=4.2 K, B=0 T) and research is still ongoing to increase the Jc [58].
The critical magnetic flux density is estimated to be over 110 T [59](@ T=4.2 K). The
coherence length of the vortex are around 2-4 nm [60], it is then possible to create few mi-
crometers thin superconducting layers. A MEB imaging of a superconducting layer placed
inside substrate layer is shown in Fig. I.21.
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Fig. I.20 – YBCO crystal with lattice parameters a=3.8227 Å, b= 3.8872 Å,
c=11.6802 Å [56].

Fig. I.21 – YBCO layer in a double YBCO tape with Nickel and Inox as shunt layers.

To manufacture large length of REBCO tapes, different process can be made :

1. The RABiTS [61] process,(Rolling-Assisted Biaxially Textured Substrates), which
consists of the deposition of the superconducting layer directly on buffer layer on the
Hastelloy substrate. This technique is one the the most effective process to manufac-
ture long single length.

2. The IBAD process [62], (Ion Beam-Assisted Deposition), consists in directly deposi-
ting the YSZ layer on the substrate layer (with or without a buffer layer). Then, by
submitting the material to a Ion-Beam, the superconducting layer is made.

3. Others type of process, mostly chemical, can be done, for example MOCVD

A sketch of a typical produced tape can be found in Fig. I.22. Usually the supercon-
ducting layer is deposited on a substrate layer made of nickel or cupro-nickel, generally
Hastelloy ®. On top the superconducting layer, silver is added to inject the current. For
protection issues and also stability purposes, copper can be added on the top and under
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the tape by electro-deposition. The tape is produced typically with a width between 2 mm
and 12 mm and a total thickness between 100 µm and 200 µm.

Fig. I.22 – Typical produced REBCO tape [63].

As the REBCO conductor is only manufactured in tapes, it exhibits anisotropic pro-
perties with field orientation. Fig. I.23 displays the evolution of current with the incident
field angle (0° is referring to the field being parallel to the flat surface). This dependence
has been limited by stratifying the YBCO layer into an epitaxial structure.

Fig. I.23 – Critical current density versus field orientation with different improvements
made on the superconducting composition [64].

These tapes exhibit high critical currents which makes them a good candidate for
large scale applications. However the anisotropic properties of the performance can be a
problem if the magnetic field is not parallel to the tape. For power cables, the tapes have
to be place on a cylindric former, creating a space in the middle than can be used for the
cooling. Creating an HTS round wire (RW), is interesting because, the compactness of the
cable can be improved and a circle geometry almost annihilates the anisotropic properties.
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Round REBCO wires by Nexans Manufacturing and then producing long lengths of
REBCO superconductors in a wire shape is then interesting and was investigated in the
European Project EUROTAPES [65]. The two mains objectives of this European project
composed of 21 partners are :

1. The improvement of the conductor architecture for low cost applications with lengths
superior to 500 m and a target cost at 100 e/m.

2. Use new technologies to enhance performances (larger thickness and Ic, enhanced
pinning for high fields, reduced AC losses and increased mechanical strength).

To produce this round wire (RW), Nexans developed an industrial machine in Han-
nover. The main idea is to bend in several steps the tape on its width. To guarantee the
performance, the superconducting layer was placed on the neutral plane of the completed
tape by deposing layers of copper on each side of the tape [66].The process of the RW
former is displayed in Fig. I.24.

Fig. I.24 – Tube process [66].

After putting the conductor into a wire shape, a laser joint was made to close the wire.
The goal of the process was the creation of a HTS wire with an inner radius of �=0.9 mm
starting from a commercial tape from Superpower cut with a width of approximately 6 mm.

After several tests with different layer copper thicknesses, it has been observed a cer-
tain degradation of the superconducting layer from a displacement of severals nanometers.
As no extension has been asked in the project, it was decided to stop the production of
further round wires. But as these round wires have been fabricated in laboratory [67], some
adjustments may be done to reduce the displacement.

One alternative : Bi-2212 round wires To work under liquid nitrogen with round
multi-filamentary superconducting wires, it is possible to use Bi-2212 round wires. In this
configuration the filaments exhibit a radius of 0.7 mm to 1 mm. The heat treatment is
made under 100 bar at 890 °C. Compared to REBCO tapes, the heat treatment is more
challenging to do. It is possible to compare the price performance at 4.2 K versus field. This
graph reveals the fact that the Bi-2212 round wire can be a good solution for cheap large
scale devices. The tendency should be almost the same for operation in liquid nitrogen.
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Fig. I.25 – Price of different superconductors with a focus on the Bi-2212 round wire. On
the right hand side of the picture is shown the improvement of the critical current when
the heat treatment is made under pressure [68, 69].

I.3.b MgB2

MgB2 compounds have been already commercialized for 50 years for industrial appli-
cations but the superconducting properties of this compound was only discovered in 2001.
In the same year, the first MgB2 superconducting tape was commercialized [70]. This su-
perconductor has a critical temperature Tc observed at 39 K and a critical magnetic flux
density µ0Hc of 15 T [71]. This particular value of Tc in one of the disadvantage for the use
of MgB2 as it is not possible to cool it down with liquid nitrogen. Liquid or gaseous helium
(or even liquid hydrogen) can be used. See Fig. I.26 for the structure of the elementary
crystal of MgB2.

Fig. I.26 – Crystal structure with lattice parameters a=3.08 Å and c=3.52 Å, The bore is
represented in orange and the magnesium in blue [72].

The drawback of working at lower temperature is counterbalanced by the relative ease
of producing long length of MgB2 conductor with different shapes and sizes at a reduced
cost. Indeed, compared to REBCO tapes, the process is simpler and faster with the use of
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a Power in Tube process (PIT). The structure is largely always the same, MgB2 conduc-
tors are composed of MgB2 filaments embedded into a metal matrix with several types of
configuration.

The Powder in Tube (PIT) process is performed by injecting the Magnesium and Bore
powders inside a metal tube (usually nickel), this process is named in-situ. Another alter-
native is injecting directly the MgB2 compound inside the metal tube and is called ex-situ.
After this process, the wire is adjusted to specific dimensions and shapes : wires or tapes.
A lot of configurations [73, 74] are possible according to Fig. I.27. Finally, a heat treat-
ment is done to react the magnesium and the bore (in the in-situ process) or to regenerate
the MgB2 (in the ex-situ process). Sometimes to improve the mechanical properties of the
conductor, a layer of metal is added to the exterior of the wire for example with tungsten
or cupro-nickel. Colombus Superconductor (SPA)® [75] is today the only company able
to provide long lengths of MgB2 superconductor. The company is implemented in Italy in
Genova.

Fig. I.27 – MgB2 configurations of wires [76, 77].

In a multi-filamentary wire, anisotropic properties are not existing. Added to its round
structure, this feature is the main advantage for the development of large scale applications
especially for use in windings for SMES or magnets. The critical current density of MgB2

has been observed at value up to 600 A/mm2 for self field at 4.2 K. This high value is very
promising for the development of high power applications. One of the drawbacks, is the
critical field which renders the High field applications challenging (Insert coil for the gene-
ration of background field). Despite this feature, for low magnetic flux density values, MgB2

superconductors have been already tested successfully for applications [78, 79, 80, 81]. Se-
veral numerical investigations are done for example for the design of SMES [82] or wind
turbine motor [83, 84, 85].

To conclude this section, Table. I.1 summarizes the main characteristics of REBCO
tapes but also MgB2 wires.

After the presentation of these two superconductors, the following section presents some
already functional superconducting links. At the end, the future of these links using the
two introduced superconductors is detailed.
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Superconductor REBCO MgB2

Tc (K) 92 39
Hc (T) > 100 T 15 T
Forms tapes wires

Cost (/m) 100 e 2 e
Advantages high Hc and Tc wire forms
Drawbacks tape forms working at gaseous He

Table I.1 – Comparaison between the REBCO tapes and MgB2 wires.

I.4 Superconducting large scale applications

In some cases, using superconductors is necessary because their high current carrying
capacities have to be used [86, 87]. From Fig. I.28 it is possible to see the superconductor
better suited for high field applications but also for high power applications such as mo-
tors [88, 84, 89]. HTS superconductors such as REBCO or BSSCO are the first choice for
high field applications, while MgB2 can be used for applications which does not produce
large magnetic field such as cables.

Fig. I.28 – Typical engineering current densities for practical superconductors at 4.2 K [90]

As liquid helium is expensive, it is paramount to avoid any king of losses in the super-
conducting application. This is the reason why only DC applications have been made such
as power cables. With HTS conductors, it is possible to work at liquid nitrogen which is
a far cheaper liquid, hence, more AC losses can be generated inside the appliance that is
why, for example, an AC cable has been fabricated and tested in Essen Germany.
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I.4.a Superconducting power cables

Superconducting power cables transmit ten to twenty times the electrical current of
traditional copper or aluminum cables at the same voltage. Using superconductors allows
for the reduction of the size of power cables that can work for all level of voltages and
currents [91] as can be seen in Fig. I.29.

Fig. I.29 – Superconducting cable designs for various voltage levels [92].

With HTS superconductors, several projects have been completed with cables success-
fully in operation. Achieving more compact power cables with higher engineering currents
is still important for cable manufacturers. That is why new generation of power cables are
designed and tested.

I.4.a-i Already operational SC power cables

The LIPA (stands for Long Island Power Authority) superconducting cable has been
installed and commissioned in 2008 [93]. The rated voltage and current of this power cable
are respectively 138 kV and 2.4 kA (for a power of 600 MVA). This is a three-phase power
cable where each cable is composed of three layers of BiSSCO tapes. The complete power
cable is 600 m and cooled with liquid Nitrogen (Top=73 K). In total, more than 155 km of
superconductor has been used. The short-circuit current has been sized at 51 kA for 200 ms.
The cable, which was installed in Lake Ronkonkoma, (NY,USA), has been energized April
22, 2008 and is capable of delivering power to 300 000 homes and is an integral part of the
LIPA grid. After an initial period to test the performance and the economic aftermath of
this project, it was planned to retain this new superconducting link as a permanent part
of the grid. LIPA and American Superconductor are now investigating the installation of
other HTS cables in the LIPA grid.

In 2014, in Essen (Germany), a state of the art 10 kV superconducting cable was built to
replace the conventional 110 kV lines between two substations in the city center [94]. This
pilot project named AmpaCity has been made possible by grants from the German Federal
Economics Ministry for the Environment and Energy (BMWI). The cable made with the
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same architecture as the LIPA power cable is 1 km long with a junction. In this case, only
a single cable is made with the repartition on the three phases on three concentric layers
of BSSCO (see Fig. I.30).

Fig. I.30 – AMPACITY power cable [95].

The three-phase power cable is designed for a power of 40 MW. Compared to a copper
cable of the same size, the superconducting cable can transport five times more current. The
AmpaCity cable provided about 20 million kilowatt-hours of energy, which powers more
than 10 000 households for its first 180 days of operation. According to Frank Schmidt,
head of Nexans Superconductor Division Germany, the price of the superconductive cable
was only twice as high as that of a similarly powerful copper cable. The whole system,
Nexans said, can perform more efficiently than a conventional one, reducing operational
cost by 10 Me over a projected 40-year lifetime [96].

I.4.a-ii The future of SC cables

The next generation of superconducting cables will be dedicated for very high current
usage. In this section, we give three examples : CORC cables, round wire power cables,
and the new generation of MgB2 cables. Severals others idea such as twisted stack cables
can be found in [97].

CORC cables To design high current compact cables capable of carrying over 10 kA
with REBCO tapes, one idea is the Conductor on Round Core (CORCTM ) obtained by
winding the HTS tapes in a helical path on a thin core [98, 99]. These cables are today
the only REBCO based cables which provide no anisotropic properties and have high
mechanical properties [100]. For example, CORC cables made with a former diameter of
6 mm are capable of reaching 7 kA at 4.2 K under a magnetic flux density of 17 T. This
small diameter cable is flexible enough to be bent on a radius of 30 mm without significant
degradation.
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Fig. I.31 – CORC cable prototypes made by winding a single YBCO tape around a brass
former, twist pitch : (a) 9 mm, (b) 20 mm, (c) 40 mm. In (d), two layers conductors are
wounded with a 18 mm twist pitch [98].

Cables made with round HTS wires With the production of HTS wires in long
length, the desire of creating more compact cables compared to previous HTS cables tech-
nologies can be achieved. Analytical works [67] have shown the advantage of these round
wires for the creation of compact high current cable with an increase of the overall current
density compared to HTS power cables in operation. From Fig. I.32, one can notice the
enhancement of the engineering current density by four of the overall cable due to the
compactness made by using round wires.

Fig. I.32 – Engineering current density of HTS cables with tapes and the foreseen with
round wires [67].

MgB2 high current DC power cables working at 20 K MgB2 conductors with
round wire form is a good candidate for high current cables as well. To counter-back the
high cost of liquid or gaseous helium, only DC power cables are foreseen. In 2014, Ballarino
et al [101] successfully beat the record of current going trough a superconducting cable with
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30.4 kA at 4.2 K and 5 kA at 20 K, the upgrade of the LHC using 150 kA MgB2 cable is
under investigation. A preliminary design of a MgB2 cable is shown in Fig. I.33.

Fig. I.33 – MgB2 power cable design [102].

I.4.b Other applications : magnets and dipoles

Superconductors enable the construction of magnets that generate intense magnetic
fields with a reduced electrical power input. This feature also allows steep magnetic field
gradients to be generated at field so intense that the use of ferromagnetic materials for
field shaping is limited in effectiveness. Since the current densities are high, SC magnets
systems are quite compact and occupy only a small amount of laboratory space. Another
feature is the stability of the magnet, in persistent mode. As the L/R time constant is
extremely long (nearly zero resistance), magnets can operate for days or even years when
short circuited on itself. Two in-lab projects are under investigation : the EUCARD and
NOUGAT contracts for the design of HTS magnets (MRI, solenoids or dipoles).

1. The EuCARD project : The Large Hadron Collider (LHC) in CERN is the world’s
largest particle accelerator and instrument in the world. The LHC with a circumfe-
rence of 27 km has the mission to investigate the fundamental laws of the universe.
In the framework of EuCARD-2 project, the increase of the beam energy is foreseen
with an upgrade on the produced magnetic field. The magnetic field generated is
today 8.3 T and should be increase to 20 T with a contribution of 5 T HTS inserts.
In EuCard-2, three HTS dipole magnets are studied with different architectures of
HTS cables : ROEBEL or twisted stack cables.

2. The NOUGAT ANR : Severals project of HTS magnets such as the one in Talahas-
see [103], Tohoku [104, 105] or KIT [106, 107] have been made and tested successfully.
In France, the ANR Nougat supported by the French ministry have granted an ANR
for the creation of an HTS insert expected to operated in 2018. The goal of the pro-
posal is the development of an HTS insert capable of providing at least 10 T at 4.2 K
in a background field of 20 T, to produce at least a 30 T [108]. The background field
will be produced by a resistive magnet.

As it was previously explained, during the design of these large scale applications, it
is necessary to calculate the amount of losses dissipated in the conductors but also in the
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cryogenic envelope in the case of cables. Losses in the current leads or in the cryogenic
envelope can be calculated with analytical formulas but the losses in the superconducting
cable are more complicated especially AC losses. The next section will give few general
knowledge on how it is possible to calculate these losses.

I.5 Calculations of AC hysteresis losses

This section focuses mainly on hysteresis losses as coupling losses are not always gene-
rated inside a superconducting device. To calculate properly these losses it is then compul-
sory to use analytical or numerical tools. Analytical models are derived from constitutive
equations with certain hypothesis and may be used in the case of simple problems. To go
further, for more complex geometry or when it is necessary to take into account physical
properties (dependency with temperature, field,...), numerical modeling can be performed
such as Integral methods [109, 110], analytical (or semi-analytical) methods [111, 112],
Finite-Element [113] or Finite-Volumes modeling [114, 115]. It is then possible to perform
numerous studies with varying parameters and optimizes the design of large scale devices.

I.5.a Analytical

Analytical calculations have been made to predict the current densities, magnetic field
and electric field distributions over time when the superconductor is subjected to AC
current or external field. AC hysteresis losses can then be deduced from these distributions.
All the calculations 1 are based on the critical state model. Different geometries have also
been studied such as tapes, cylinders or tubes.

I.5.a-i Calculations on tapes

Self-field AC losses Norris made the calculation of AC hysteresis losses for AC transport
current with different geometry of conductors [116]. Analytical calculations for HTS tapes
have been done when one is considering the tape either as an ellipse or as a very thin film.
AC hysteresis losses for a periodic transport current with a peak value I and a frequency f
can be either (I.22) or (I.23). In these formulas the parameter � is referring as the reduced
current �=I/Ic.

Pfilm,SF =

µ0I2c f

⇡


(1� �) · ln(1� �) + (1 + �) · ln(1 + �)� �2

�
(I.22)

Pellipse,SF =

µ0I2c f

⇡


(1� �) · ln(1� �) + (2 + �) · �

�
(I.23)

In our calculations, it has been noticed a better correlation with (I.22) and was chosen
when it was necessary.

1. All the formulas have the same formalism with SF meaning self field (AC transport current), EF
external field, and BF both field (transport current and external field)
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External field AC losses In 1996, Brandt et al [117] studied the resulting losses of the
application of an external magnetic field on a tape. For a time-varying applied magnetic
field with a peak value Ha and a frequency f, the AC losses generated by field perpendi-
cular and parallel to the flat surface are listed in (I.24). The formalism for parallel and
perpendicular field can be found in Fig. I.34.

Fig. I.34 – Formalism for AC losses calculations on a tape subjected to an AC external
magnetic field.
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Where a is the half thickness, w the width of the tape, and Hctape penetration field
defined as Hctape,?=wJc/2⇡ and Hctape,k=aJc/⇡.

AC losses with transport current and external field The calculation of the losses
when the superconducting strip is subjected to an alternating current Iw and transverse
field Hext, sinusoidal in time and in phase with each other. Let consider a magnetic field
and a transport current as :

Hext = Ha sin(!t)
and

Iw = Iwa sin(!t)
(I.25)

We defined Iwc as the critical current per unit width Iwc=2aJc.
The AC losses can then be calculated [41] as :
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For the case where Ha>2⇡Iwc,
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I.5.a-ii Calculations on cylinders

In this section, the AC losses in a cylinder with a radius R are detailed. Self field AC
losses and transverse external field losses have been calculated in [41]. The penetration field
is defined as Hp=JcR.

Self-field AC losses

Pcylinder,SF =

µ0I2c f

⇡

✓
� � �2

2

+ (1� �) · ln(1� �)

◆
(I.28)

External field AC losses perpendicular to the cylinder When the field Ha is less
than the penetration field, the AC losses are calculated as (where Jc=Ic/(⇡R2)) :

Pcylinder,EF,nopenetration =

µ0I2c f

⇡2
128

9

(

Ha

RJc
)

3 (I.29)

For Ha>Hp, the cylinder is fully penetrated and the AC losses are expressed as :

Pcylinder,EF,fullpenetration =

16µ0fIcR

3

Ha (I.30)

I.5.a-iii Calculations on tubes

For tubes with a layer thickness e, self field AC losses can be calculated according to
(I.31) and external magnetic field AC losses according to (I.32) [118, 119]. The parameter
↵R defined as ↵R=1-(Rin/Re)2 is introduced with Rin and Re the inner and external radius
of the tube (Re-Rin=e).

Ptube,SF =

µ0I2c f

⇡

✓
�

↵R
� �2

4

+

1� ↵R�

↵2
R

· ln(1� ↵R�)

◆
(I.31)
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Ptube,EF =

µ0I2c f

⇡
·
✓

2Ha

Hctube

� 1

◆2

for
Ha

Hctube

⌧ 1

Ptube,EF =

4µ0I2c f

⇡2
· ( Ha

Hctube

� 0.67) for
Ha

Hctube

� 1

(I.32)

In (I.32), a threshold value of magnetic field defined as Hctube=Jce can be introduced.
This value, called penetration field, is the minimum field for which the current densities
penetrate completely locally in the superconducting layer. When Ha< Hctube , no magnetic
field is observed inside the tube. Above this value, the magnetic field penetrates and loops
inside the tube. This leads to an increase of the current density in the superconducting
area. The flux lines and also the current densities are displayed in Fig.I.35.

Fig. I.35 – Magnetic field flux lines and current density distributions for different values
peak value of magnetic field (2d=e) [119]. In light blue, the area where the layer is fully
penetrated.

We have seen in this part the analytical calculations on various geometries. These for-
mulas were developed under specific conditions (critical state model, constant Jc) and the
calculations are not applicable in all the cases, for example for a tube with transport current
and external field. To go further, it is necessary to model numerically the superconductor
and one way to do it, is to use finite element modeling.

I.5.b FEM modeling

The finite element resolution methods is a technique used to solve partial differential
equations. The studied domain ⌦ is discretized into severals sub-domains called elements.
These elements can take several different forms such as, in 2-D, triangles or rectangles and
in 3-D, tetrahedra, prisms or hexahedra. This thesis will not to give a complete description
of FEM modeling, more informations can be found for example in [120, 121, 122].



I.5. Calculations of AC hysteresis losses 37

The FEM method uses what is called a formulation to calculate a state variable in the
whole domain, for example the magnetic field H. From the calculation of this variable, it is
possible to assess the other physical quantities such as the current density J or the electric
field E.

The number of degrees of freedom (DOFs) which is directly linked to the size of the
mesh, determines the size of the problem to solve i.e. the size of the matrix to invert.
For realistic problems, it is difficult to keep a reasonable number of elements (and then
degrees of freedom) when one is considering large number of conductors, tapes without
any homogenization techniques. The form and the size of the elements have an intrinsic
impact on the convergence of the problem but also on the quality of the solution. For the
modeling and the solving of problems with sharp non linear E-J relationships as it is in
superconductors, the computation time can span from some minutes to several weeks. This
time can be extended as the complexity of the physical properties increase (presence of
magnetic material, dependence of critical current with magnetic field, . . . )

To solve the numerical problem, it is possible to use as unknown the magnetic field H or
any other state variable (magnetic vector potential A, electric field E, current density J). By
using Maxwell equations, two different classes of formulations can be used. The magnetic
formulations (H or T-�) and the electrical formulations (A-V) as presented below.

Magnetic formulations This series of equations uses the magnetic field H or its deriva-
tives to solve the problem. Furthermore, these formulations have the electric field (or the
resistivity) in function of the current density. One example is the H-formulation detailed
as :

rx

~E(

~J) = rx(⇢( ~J)rx

~H) = �µ
@ ~H

@t
(I.33)

Electric formulations These formulations in opposite to the magnetic formulations use
the current density function of the electric field. The most well known formulation is the
A-V formulation consisting in solving the set of equations :

rx

1

µ
x

~A+

@

@t
(

~A+rV ) =

~Js

r · (@
~A

@t
+rV ) = 0

(I.34)

Where Js is the source current constraint, A the magnetic vector potential and V the
electric scalar potential.

To understand which formulations are most suitable for our use, it is possible to plot
the residue of the problem. As the E-J relationship is a power law, the residue will be in
the same form and shown Fig. I.36.

From this figure, it is clearly visible that a formulation using the electric field function
of the current density leads to a better convergence of the problem [124]. Indeed the H
and T-� formulations use the resistivity function of the current density (see (I.33) whereas



38 I. Superconductivity and numerical modeling

Fig. I.36 – Convergence for the E(J) and J(E) when considering a power law (still valid for
a percolation law). This plot shows the convergence of the non-linear solver as the point
where the residue is zero is the solution [123]

A-V formulation has the resistivity function of the electric field (see (I.34)). The two for-
mulations suited for HTS modeling are the H-formulation and the T-� formulation. These
two formulations are developed below.

I.5.b-i H-formulation

In literature, the large majority of superconducting model are solved using the H-
formulation [125, 126]. Starting from Maxwell-Faraday equation :

rx

~E = �µ
@ ~H

@t
(I.35)

Introducing the Ampere law :

~E = ⇢(| ~J |) · ~J (I.36)

By combining (I.35) and (I.36), it gives :

rx

⇣
⇢(| ~J |)J

⌘
= �µ

 
@ ~H

@t
+

@ ~H0

@t

!
(I.37)

Where H0 is the source term for the external magnetic field. It is possible to express ~J
function of the magnetic field ~H with Maxwell Ampere equation :

rx

~H =

~J (I.38)

Finally by substituting (I.38) into (I.39), the formulation is obtained :

rx

⇣
⇢(| ~J |)rxH

⌘
= �µ

✓
@ ~H

@t
+

@ ~H0

@t

◆
(I.39)

This constitutive equation is relatively easy to implement in home-made software or in
COMSOL. An example of a 3-D model [127] of a ROEBEL cable is presented below, first
the model in Fig. I.37a and the comparison with experiment in Fig. I.37b.
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(a) 3-D model of the ROEBEL cable
(b) AC losses calculations compared with experi-
ments

Fig. I.37 – ROEBEL cable and comparison with experiments [127].

The only drawbacks of this formulation is the resistivity which has to be set in each
domain including the air. In practice, the resistivity for the air is defined several order
of magnitudes higher than the resistivity of conductors in the model (between 1 m⌦.m
and 1 ⌦ .m). This resistivity is not an issue in 2-D. But for 3-D modeling, the value of
the air resistivity may induce non-physical currents in the air domain as it is shown in
Fig. I.38 [128]. In this simulation, an external field was applied on 2 twisted filaments with
a twist pitch of 5 mm (in Fig. I.38a). Periodic conditions were added to the normal surface
to ensure a good decoupling of the filaments. The net current inside the filaments was obser-
ved at different height of the wire in Fig. I.38b. The H formulation is compared to another
magnetic formulation which ensure a strong current conservation T-� (called in the pa-
per H��� 2) The T-� was especially developed for this kind of simulations (see I.5.b-ii).

It can be observed that the net current in the filaments is not constant along the wire as
it should be. This evolution of current inside the conductor length shows that the current
conservation in each filaments is not valid and currents leak into the air domain. To avoid
this feature, it is possible to used cohomology functions [129] or formulations that guarantee
a strong current conservation such as the T-� formulation.

I.5.b-ii T- � formulation and associated formulations

The T-� formulation has been developed, for example in the commercial software FLUX
for solving 3-D problems [123]. This formulation was initially chosen because it ensure the
strong current conservation in the conductors which is a key issue for solving electromagne-
tic systems. Two unknown are used depending on the physical properties of the domain,
the current vector potential ~T and the magnetic scalar potential �. The two unknowns are
defined according to :

rx

~T =

~J where ~H =

~T �r�+

~T0 (I.40)

Where the current source term is ~T0. Two unknowns mean that two equations have to

2. In this formalism, the magnetic field H is expressed as ~H=r�+~ with cohomology basis functions
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(a) Filaments geometry in the air

(b) Net current trough the wire with the two for-
mulation H and H � �� 

Fig. I.38 – Limit of the H formulation for 3-D models [128].

be solved :

rx

~E = �@
~B

@t

r · ~B = 0

(I.41)

By substituting ~B = µ ~H, we obtained the set of equation to solve in (I.42) 3 :

rx⇢rx(

~T +

~T0) +
@

@t

⇣
µ(~T +

~T0 �r�)
⌘
= 0

r ·
⇣
µ(~T +

~T0 �r�)
⌘
= 0

(I.42)

I.5.b-iii Formulation comparison

It is possible to give an overall comparison of the two formulations. The H-formulation
is relatively easy to implement and capable of handling high non linear E-J relationship.
The implementation of a relative magnetic permeability dependent on the magnetic field is
also straightforward. The leakage current in the air can be an issue in the case of filaments,
it is then necessary to set a high value of resistivity for the air domain. This can lead

3. ~E is function of rx

~T but the unicity of ~T and � are not ensured unless a gauge condition is used, in
our case r · ~J = 0
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to convergence issues and an increase of the computation time. On the other hand T-�
formulation, is more complicated to implement in multiple connected domains [130] but
ensures current conservation. This formulation is available in some software and should be
used when available.

Finite element modeling is a largely used method to solve problems including supercon-
ductors. However, as some of the studied conductors are very thin (tapes), it is interesting
to consider what are called integral method which will not discretize the complete thickness
of the tapes.

I.5.c Integral method

HTS conductors are produced in tapes with a width between 2 mm and 12 mm. The
superconducting layer where the current flows is severals micrometers thick between layers
of metals. The space ratio between the thickness and the width is approximately 2 000
rendering the simulations complex if one is considering the current inside the thickness. It
is possible to calculate the current density distributions in this thin film by meshing with
adapted elements but the calculations can be long especially when the number of conductors
is high. With these particular geometries, an alternative can be used by considering only
a line for the superconducting layer (no thickness) and solving it using integral methods.
The use of integral equations, which consider the tape as a 1-D element, avoid to mesh
the tape in details and save some computation time. The main hypothesis is considering a
uniform current density inside the thickness of the conductor which is valid in several cases
such as self-field AC losses. This approach has been suggested by Brambilla et al [131].
The fundamental expression is :

~E = ⇢( ~J) ~J = �@
~A

@t
�rV (I.43)

Where ⇢ is the resistivity of the superconducting material and ~A the magnetic vector
potential. The unknown is the current density ~J . The term rV is the current constraint
applied on the conductor. The vector potential can be expressed using the Green function
as :

~A =

1

4⇡

Z

⌦

~JG(r)d⌦+

~A0 (I.44)

Where G is the green function and ~A0 the source field for the external magnetic field.
By substituting (I.44), into (I.43), we obtain the formulation for the integral method :

¯⇢̄ ~J +

@

@t

⇣
1

4⇡

Z

⌦

~JG(r)d⌦+

~A0

⌘
= �rV (I.45)

This technique has been compared with FEM modeling and an example is shown in
Fig. I.39.

As it can be seen from Fig. I.39, there is good agreement for the current density dis-
tribution between the 1-D (integral method) and the 2-D (FEM) models in the case of an
applied field perpendicular to the flat surface. The computation times have been divided by
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Fig. I.39 – Comparison between 1-D and 2-D simulations for an HTS tape under an applied
field [132].

a factor 100. This method has been extended to coil with a large number of tapes [131] or
HTS cables [133]. It has also been possible to calculate the complete AC losses in a power
cable in 3-D with twisted tapes [134]. From these simulations, it is possible to calculate
with accuracy the ideal twist pitch for multi-layered cables to minimize AC losses. This
method is fully applicable in 3-D. Integral methods are one the main subject of research
and novel technics may be considered in the future [135]. In the thesis, we will compare
these methods to find the most suitable in each case. Some comparisons will be made when
the modeling of thin tapes for example will be made with integral methods.

After this short presentation on the calculation of the AC losses, analytically or nume-
rically, this chapter ends with some information on the challenges of the superconducting
modeling. The sharp E-J power law and the non conventional geometries of some conduc-
tors render the solving of the problem sometimes difficult. We give some knowledge of
techniques made to speed up calculations and improve convergence.

I.6 Challenges and gridlocks of the superconducting mode-
ling

The modeling of superconductors can be complicated due two particular features. First
the geometry of the HTS tapes which are few micrometers thick inside a large scale ap-
plications with a high number of turns. Added to that, the peculiarity of the non-linear
relationship has to be solved with great care. To improve the convergence of the model, it
is possible to add algorithms to the non-linear solver.
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I.6.a Multi-scale problems

The E-J relationship makes the superconductor difficult to model especially when one
is considering complicated geometries with various properties (critical current and n value
dependent of field and orientation). Furthermore, in realistic devices [136, 89, 137], the
number of turns of superconducting elements can be rapidly high. In these simulations no
stationary study can be made. Because of the non-linear behavior of the E-J relationship,
it is necessary to model the history of the model, for example, ramping the current from
zero to a certain value. As the current densities are developed inside very thin layers and
time dependent studies are compulsory it is necessary to adjust one of the two issues. One
way to reduce the computation time is to optimize the model and associated mesh.

For example in a 2-D problem, modeling the evolution of current inside a thin tape
several micrometers thick with a width three orders of magnitude higher is complicated
if one is using triangle in 2-D. It would need approximately 200 000 elements to ensure a
mesh acceptable inside the layer for a 4 mm-2 µm HTS tape. It is possible in some case to
expanded the thickness by ten or one hundred folds with keeping the same critical current
(and recalculating the current density). In these cases, the aspect ratio is divided and allows
the mesh with triangles. It could be used to do quick calculations on a single tape or to
investigate current density distributions more rapidly. Unfortunately, when it is necessary
to model windings made with a large number of tapes, this technique can not be used. It is
then possible to mesh the tapes using rectangular elements for example mapped mesh [138].
The use of rectangles is then interesting to reduce the number of mesh elements in and
between the coated conductors. A coarser mesh can be used between the superconducting
layers or where the calculation is less important (air far from the conductor for example). A
reduction of a least two orders of magnitude for the number of elements has been observed
leading to faster computations [139, 140].

In some cases, it is possible to consider the homogenization of a winding, instead of
considering all the conductors which compose the coil, a bulk model with the adapted
superconducting properties is made. Some constraints are added for the imposition of
current. This kind of homogenization are only valid if the critical current is considered
constant with field. If the current is magnetic field dependent, the current distribution will
be affected and not homogenous on the complete cross section of the coil. An example of
this kind of modeling can be found in Fig. I.40.
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Fig. I.40 – Comparison of a complete model considering the actual layout of a stack of
superconducting tapes (left) and its corresponding homogenized model (right). It is possible
to see the good agreement of the current density distributions on both models [141].

I.6.b Solving non-linear problems

The ability of solving superconducting problem is directly linked to the complexity
of the non-linear equation to solve. For example, two non-linearities can lie inside the
model : the inherent E-J relationship of the superconducting material and the presence
of ferromagnetic materials which could have a non linear relative magnetic permeability
function of the magnetic field (or even an hysteretic behavior). The relative magnetic
permeability of the superconducting material is always neglected as the relationship B=µ0H
is true after few millitesla. When the software is implemented with an H-formulation, the
two non-linearities are well noticeable and shown in red on (I.46).

rx(⇢(| ~J |)rx

~H) = �µ0
@ ~H

@t
inside superconductor

rx(⇢rx

~H) = �@µ(
~H)

~H

@t
inside magnetic materials

(I.46)

To solve the non linear system, several methods have been implemented in FEM soft-
ware. The two main non-linear solvers are the Fixed point and Newton-Raphson methods.

I.6.b-i Fixed point method

To solve the equation f(X)=0, we rewrite the equation as F(X)-X=0. Finding the so-
lution is then equivalent of locating the fixed point of the function F. To achieve the
resolution, a sequence Xn, n 2 N defined as [142] :

Xn+1 = F (Xn) (I.47)
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is created to approach the solution f(X)=0, assuming that a solution exists. If the
function F is monotone and contracting, there is a unique point which satisfies the equation
F(X)=X. The convergence of this process is linear and may be slow. If the function F is
Lipschitzian 4 uniformly monotone 5, it is possible to create a function F1 as :

F1(X) = X � ↵(F (X)�X) (I.48)

where ↵ is a real number. The function X=F(X) admits one solution if the function F1

is contracting, which is the case if the parameter ↵ belongs to a certain interval [0,2�/⇤].
According to the Picard-Banach Theorem, this solution is the fixed point of the function
F1 and it can be calculated by building the sequence Xn+1=F1(Xn).

The fixed point method is an algorithm, which usually converges but sometimes with
a large number of iterations. To improve the convergence of non-linear systems and reduce
the number of iterations, the Newton-Raphson method is largely used.

I.6.b-ii Newton-Raphson method

In order to solve the non linear problem, the newton method determines the minimum
of a function f(X) on each point Xk of the domain, the function in our case is the magnetic
field if the model is solved using the H formulation. On each time step, the method use a
Taylor series expansion of the first order to find iteratively the zero of f(X) on each point.

Example f(x) For example, if we consider a function f of one variable. Assuming that
the function f is having a root X⇤. Let X0 be the initial condition, we extrapolate the
tangential slope starting from the point X0 to x axis.

f 0
(X0) =

⇣ @f
@X

⌘

X0

=

f(X1)� f(X0)

X1 �X0
(I.49)

To calculate X1, in order to have f(X1)=0, we set :

X1 = X0 �
f(X0)

f 0
(X0)

(I.50)

By iterating this solving, it is possible to create a sequence Xn,n2 N to find X⇤

Xn+1 = Xn � f(Xn)

f 0
(Xn)

(I.51)

Generalization This part is the generalization of the latter. Let us consider a system
F(X)=0 with F the matrix defines as the N equations of the system with the vector
X=(x1,x2,....,xN ) as :

4. A function is Lipschitzian on ⌦ if there is a finite real ⇤ such as : 8 (x1,x2)2⌦, |f(x1) � f(x2)| 
⇤|x1 � x2|

5. A function is uniformly monotone on ⌦ if there is a finite real � such as (<x,y> is the usual scalar
product) : 8 (x1,x2)2⌦, < f(x1)� f(x2), x1 � x2 >� � < x1 � x2, x1 � x2 >
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8i 2 J1, NK, Fi(x1, x2, ...., xN ) = 0 (I.52)

In the neighborhood of x, each function Fi can be expand as :

8i 2 J1, NK, Fi(x+�x) = Fi(x) +
NX

k=1

@Fk

@xk
�xk +O(�X2

) (I.53)

We introduce the Jacobian matrix J as :

8(i, k) 2 J1, NK2, Ji,k =

@Fi

@xk
(I.54)

The equation simplifies into :

F (X +�X) ⇡ F (X) + J�X (I.55)

To simplify this equation and cancel the first term, the vector �X is chosen as :

J�X = �F (X) (I.56)

It is then possible to build the sequence X(k)
k2N with X(0)=(x(0)1 ,x(0)2 ,...,x(0)N ) the initial

condition of the system.

Xk+1
= Xk

+�X(k) (I.57)

As the residual decreases throughout the iterations, the approximation X(k) gets smaller
from the solution. The solution is assumed when the quantity is inferior to a ✏ as :

k�X(k)k
kX(k+1)k

 ✏ (I.58)

As the solving is not relatively easy 6, one solution is to relax the system to improve
the convergence by adding a constant ↵ in (I.51) :

X(k+1)
= X(k) � ↵�X(k) with ↵ 2 [0, 1] (I.59)

In the configuration of the solver, it is possible to fix a value for ↵ (default value 1) prior
to the solving of the problem. As the modeling community has worked since a long time on
improving the solving of non linear problems, some algorithms are used to find an optimal
relaxation factor to decrease the iteration number. In our cases, two different algorithms
have been used which are implemented inside one of the software used : the Fujiwara
method which minimizes the norm of F(X(k)

+ ↵�X(k)) and the Optimal method.

Algorithm to help the convergence This sections discloses two ways to help the
convergence, First the Fujiwara method and then the optimal method.

6. Newtown method can converges quickly if the problem has monotonic conditions which is almost
never the case.
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Fujiwara method One way to calculate the ideal optimal relaxation coefficient ↵(k)
o

is to minimize the quantity (k�Xk2)2 7. To do so, the idea is to calculate the derivative as
follow where T is the transposed matrix :

(k�X(k+1)k2)2

@↵(k)
=

(k�X(k+1)k2)2

@X(k+1)

@X(k+1)

@↵(k)

= 2�X(k+1)T �X(k+1)

@X(k+1)
�X(k)

= 2

NX

i=1

�X(k+1)
i

 
NX

j=1

@�X(k+1)
j

@X(k+1)
j

�X(k)
j

!
= 0

(I.60)

If the function F(↵(k)
) = (k�X(↵(k)

)k2)2 is quadratic, then its derivative is linear then
it is relatively easy, when one is knowing two points of the derivative, to find the solution
to the equation @F/@↵(k)

= 0. If the function F is not quadratic, it is possible to linearize
the function @F/@↵(k) to find the minimum.

Optimal method Another way to find the optimal relaxation coefficient is to mini-
mize the energy functional �(k)

= F (X(k)
+↵(k)

�X(k)
). The optimal relaxation coefficient

at the time step k, ↵(k)
o can be obtained by calculating a approximate value ↵(k)

a :

@�(k+1)

@↵(k)
=

@�(k+1)

@X(k+1)

@X(k+1)

@↵(k)
(I.61)

Supposing that �(k+1) is quadratic so @�(k+1)/@↵(k)= 0 is linear, it is possible to ap-
proximate this derivative leading to the equation to solve :

@�(k+1)

@↵(k)
=

NX

j=1

�X(k+1)
i �X(k)

i = 0 (I.62)

where N is referred to as the number of unknowns in the system.

I.7 Conclusion

The introduction chapter details some information on the theory of superconductivity.
The mechanisms of AC losses occurring in the superconducting materials but also in the
surrounding metals if there is any, have been presented in details.
The two superconductors considered for the design of new large scale developments have
been introduced and their applications presented. To size the cryogenic system for these
applications, it is necessary to calculate with accuracy the losses, including the AC losses
if the superconductors are feed with AC signals or harmonics superimposed to DC back-
grounds.
If one wants to calculate rapidly the AC losses of a superconducting material, one way
is to use analytical formulas as it has been shown in this chapter. However, analytical
calculations are only applicable to some geometries and sometimes with hypothesis which

7. k k2 is referred to the square norma.
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are not valid in reality. Furthermore, some calculations simply do not exists. To cope with
this issue, the use of superconductor modeling in necessary. One way to achieve these cal-
culations, is to use Finite Element modeling, using magnetic formulations (formulations
well suited to the superconductor E-J relationship). These simulations can be complicated
and time-consuming. However, it is possible to develop and use some tools to speed up the
calculations or to improve the convergence.
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Sumary

High temperature superconductors show great promise for applications requiring high
power ratings in compact spaces. To design the cryogenic system, an analysis of the
AC losses has to be performed. Several methods exist to calculate the power dissipated
when the application is operating with a time-varying current or under an AC external
magnetic field such as analytical calculations, FEM or integral methods. Throughout
two different geometries, this chapter details numerical modeling and experimental
validations made to identify suitable codes and methods for AC losses calculations in
various cases. We focus this part on the modeling to 2-D numerical problems with
HTS tapes and round wires. These conductors are interesting in the case of cable
carrying between 1 kA and 5 kA in a reduced space and working with liquid nitrogen.
Given the architecture of HTS, the use of a 2-D FEM model is sufficient as long as
the coupling losses are neglected and the model is not too big. Another approach can
be to use integral methods which, under specific hypothesis, allow for the decrease of
the number of elements and reduce the associated computation time. AC losses on
HTS tapes have been calculated and compared to experiments with the two different
approaches. On a second time, the possibility of using round wires for high current
cables was investigated.
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II.1 Approach and challenges for HTS modeling

To calculate numerically the AC losses of (HTS) tapes or round wires, it is vital to
assess the most efficient way among diverse solutions. We focused our work on selecting
and comparing three of them : analytical calculations, FEM and integral method [143].
Analytical work has been done with various geometries but does not take into account the
real E-J relationship of the conductor nor the dependency of critical current on magnetic
field. In some cases such as applications working at high fields, these properties can have
a relative impact. Finite-Element modeling can be performed on small windings and the
limit of solving lies in the computing power. Integral methods are far more elegant and
can solve more complex models because no discretization of the superconducting layers is
necessary. However this method can only be used in some cases and has to be validated. In
a second part, the HTS round wires developed in the EUROTAPES project were modeled
and the AC losses calculated.

II.2 Transient electro-magnetic modeling of HTS tapes

II.2.a AC losses in HTS tapes

This section reports the calculations made on HTS tapes. After a presentation of the
two conductors used in the numerical modeling examples, simulations with Finite-Element
method and integral method are developed and compared to experiments. Moreover, the
simulation results are compared to analytical calculations when it was possible. Two su-
perconductors have been studied in order to be numerically tested. Their performance at
various temperatures but also the fit parameters for the E-J formulations can be found
below. For applications at 77 K, a conductor from the company SuperPower [144] has
been used. This tape was purchased without any copper layers. For applications at 4.2 K,
another conductor from the company SuperOx [145] was characterized.

II.2.b Studied superconductors

II.2.b-i Superpower tape

The Superpower tape is a typical tape produced by the Japanese company [144]. The
superconducting layer is made with YBa2Cu3O7�� with a average thickness of 2 µm. The
substrate layer made with Hastelloy is 50 µm thick. On top of the superconducting layer,
a 2 µm silver layer is deposited. The very thin buffer layer (several nm), placed between
the Hastelloy and the superconducting layers, has been neglected for the calculations. The
rated critical current is defined at 130 A (@ 77 K, self-field). Regarding the resistivity of
the metallic layers, as the purity of these compounds is not known with certainty, literature
values were taken. The resistivity of Hastelloy was set as ⇢Hastelloy=1.26 µ⌦.m [146] and
the resistivity of silver defined as ⇢silver=0.1 n⌦.m [147]. To validate the rated critical cur-
rent of the tape, a characterization measurement was made at 77 K in a open bath of liquid
nitrogen, we generated pulses of current with a time of 10 ms. This value of pulse time was
the lower limit it was possible to achieve based on the voltage of the power supply and
the inductance of the circuit. The sample is about 10 cm long which defines the voltage
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threshold at 10 µV. The rated current was found at 128 A. Non destructive techniques
to characterize the superconducting such as induction [148, 33], susceptibility measure-
ment [149] or a classic ramp of current exist, but was not used in our characterization.

The fit parameters for the power law model have been deduced as Ic=130 A and n=30.
For the percolation model, the value of Jc0 is equal to 1.60.1010 A/m2 with n0=2. These
values are summarized with the geometric parameters in Table. II.1.

Quantities Values
Hastelloy layer (µm) 50

Superconducting layer (µm) 2
Silver layer (µm) 2
Buffer layer (nm) 30

Critical current (A) 130
Jc (A/m2) 1.63.1010

n (power law) 30
Jc0 (A/m2) 1.60.1010

n0 (percolation law) 2

Table II.1 – Geometric and physical parameters for the Superpower tape based on expe-
rimental characterization.

For the performance of the tape with respect to field amplitude and orientation, it was
decided to take literature trends. Measuring the critical current of a superpower tape with
field at 77 K is not commonly done in our laboratory and is not so interesting as HTS
working under high field (>1 T) are foreseen to operate at lower temperatures (to enhance
the performances). Based on a critical current of 130 A (@ 77 K, self-field), the decrease
of the critical current with external magnetic field was defined according to the results
in [150], as displayed in Fig. II.1. For the anisotropic behavior, the trend of the critical
current versus the incident field angle was modeled with [151] and plotted in Fig. II.2.
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Fig. II.1 – Critical current of a SuperPower tape
with various temperature and field [150].

Fig. II.2 – Performance of a SuperPower tape at 77 K with various incident field angle [151].
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II.2.b-ii SuperOx conductor

The company SuperOx is able to produce HTS tapes in long length for a reduced cost
with any configuration of shunt thicknesses [145]. The studied 4-mm tape is manufactured
with a 2 µm REBCO layer. An EDX (Energy-dispersive X-ray spectroscopy) study was
performed on the superconducting layer and the results can be found in Fig. II.3. In this
measurement, the Gadolinium (Gd) peak is predominant over other rare earth elements,
meaning that the superconducting layer is made with GdBaCuO. The tape is formed with
a 50 µm Hastelloy substrate layer [152] and a layer of silver 2 µm thick on top of the su-
perconducting layer. For protection purposes, copper layers are deposited around the tape
with a thickness of 30 µm resulting to an overall thickness of 114 µm.

Fig. II.3 – SuperOx EDX of the superconducting layer. In this case, the REBCO layer is
made with Gadolinium (Gd).

As this manufacturer has been selected for the design of high field applications working
at 4.2 K, the knowledge of the performances of the tape under field with different field
angles is available. In the framework of a joint ANR project, we performed these measu-
rements in LNCMI Grenoble with a probe specially designed for the characterization of
superconducting tapes with various magnetic field orientations [153]. Fig. II.4 displays the
critical current of the tape versus the magnetic flux density at 4.2 K.
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Fig. II.4 – Critical current versus magnetic flux density for the SuperOx tape at 4.2 K.

After the presentation of two of the superconductor having been characterized, the nu-
merical model developed in COMSOL 4.3b is detailed below.

II.2.c FEM modeling

For 2-D superconducting simulations, COMSOL has been chosen as it has been lar-
gely used in the superconducting modeling community in the past. More details on the
implementation can be found in the literature for example in [154]. The H formulation is
simplified into 2-D (cartesians coordinates) with ~H = Hx ~ux +Hy ~uy and a current density
along the z axis ~J = Jz ~uz. To impose the transport current I(t) inside the tape, an integral
constrain is set according to (II.1), where S is the surface of the conductor.

I(t) =

ZZ

S

Jz dS (II.1)

For self-field AC losses, Dirichlet conditions are applied to the boundaries of the air
domain (field equals to zero). The resistivity of the air was defined as ⇢air=10�3

⌦.m. In
the case of 2-D models, the risk of current leakage in the air domain is very unlikely to
happen as the current constrain is set on the conducting domain and the current is only
along one axis. However, a difference of a least 5 orders of magnitude between the resistivity
of the air and the superconducting domain (or metallic domains) is implemented. When
an external field is applied, the Dirichlet conditions are adapted to impose the field on the
boundaries.

To solve these problems, COMSOL is using a time dependent solver with adaptive
time stepping. The absolute tolerance of the solver is comprised between 10�6 and 10�8 to
ensure fast calculations with reduced issues of convergence [155]. The solver is PARDISO
using a Newton-Raphson technique for the non-linear problem. As the H-formulation is
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not directly included in the software, the adaptive time step scheme is taking reduced time
steps (between 10�5 s and 10�9 s) to ensure the convergence and minimize the error. Hence
the computation times can be between some minutes to several hours for simulations of
50 Hz problems. This can lead to impossibility to solve complicated simulations with a
large number of conductors. As these calculations are based on a non-linear problem with
a zero initial condition, it is necessary to let the simulation run to remove the transient
phase and reach the steady state. As this takes one quarter of a cycle, the simulations are
carried out on one period and the AC losses are calculated with the second half period of
the signal (or can be calculated between the first quarter and the third quarter). It is also
possible to calculate the AC losses from the first quarter of the cycle to the third.

Regarding the mesh, as the layers are severals micrometer thick for a width of 4 mm,
the aspect ratio of the tape is about 1000. COMSOL offers the possibility of using various
elements to mesh the domains ; triangles or rectangles are the most suitable for these 2-D
simulations. Concerning triangles elements ; as a discretization in the superconducting layer
is necessary, because the current density can be distributed non uniformly in the thickness,
at least three or four triangles have to be placed along the superconducting thickness.
This can be rapidly time consuming with the increase of the number of triangles [139].
For example, with a 2 µm superconducting tape with a maximum triangle size of 0.7 µm,
the mesh will total ⇡ 47 000 elements as it is shown in Fig. II.5 (a). Rectangle elements
offer a good alternative with these geometries [156]. For example, if the thickness has to be
discretized by 5, the number of elements can be easily reduced down to a few thousands
of elements. This will divide the total of DOF’s by more than 10. Fig. II.5 (b) displays the
mapped mesh for the same tape.

Fig. II.5 – Mesh of the HTS tape. the use of rectangle elements, in (b), is compared to
triangles elements, in (a).

Outside the tape, the air domain is meshed with triangles, which ensures a good overall
solution with a reduced number of elements. The total mesh for an HTS tape surrounded
by air is plotted in Fig. II.6. In total, the mesh is reduced to 19 278 elements (compared
to more than 50 000 elements for triangles) in the case of one superconducting tape sur-
rounded by air.
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Fig. II.6 – Mesh of the HTS tape with a zoom on the superconducting layer discretized
with rectangles.

II.2.c-i Distribution of current in the layers

In principle, the simulations can be carried out on the complete tape with all the layers
(except the buffer layer as explained before in II.2.b-i). For example, in the Superpower
tape, it means taking into account the Hastelloy and the silver layers. It may be interesting
to remove these layers in the AC losses calculations to reduce the number of elements. As
the resistivity of the superconducting layer is several orders of magnitudes lower than the
two others layers, this assumption can be reasonable and was tested numerically.

Simulations of self-field losses have been carried out by imposing the current on the
whole surface of the tape and looking at the current ratio in each layer. Fig. II.7 displays
these ratios (current in each layers divided by the total current) with various current am-
plitudes. These simulations have been made without taking into account the heat equation.
The simulations are made at 77 K with Ic=130 A and the power law model.
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Fig. II.7 – Current ratio in each layer versus input current for the Superpower tape (without
heat equation) with a current ramp of 10 A/s (Ic=130 A).

If the ramp is higher, the current will screen inside the silver layer and the current ratio
in each layer will change. Fig. II.8 shows this phenomenon with various values of current
ramp. In this figure, only the ratio inside the superconducting and the silver layers are re-
presented. As it can be seen from Fig. II.7, almost no current is flowing into the Hastelloy
layer.
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Fig. II.8 – Current ratio in the superconducting and silver layers versus input current for
the Superpower tape (without heat equation) with various current ramps (Ic=130 A).

As it was previously noticed, the current penetrates mainly inside the superconducting
layer (more than 99 % for values below the critical current). As soon as the current is above
Ic, the resistivity of the superconducting layer is becoming higher than the silver layer and
current starts to flow inside the two layers. This result is the one expected according to the
hypothesis made on the model (no heat equation solved). In this context, the resistance
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of the superconducting layer and the silver layer are almost equals for an input current of
I ⇡ 500 A. Above this value, the current inside the silver layer shall become predominant
over the amount of current inside the YBCO layer. In reality, the current flowing inside the
shunt layers will increase the temperature and decrease the critical current of the tape. This
phenomenon will speed up the increase of the resistivity of the superconducting material.

A multi-physics model has been implemented by adding the heat equation to the nu-
merical model. We considered the problem as adiabatic as the current speed rates are
high. Regarding the values of thermal capacities, conductivities and densities, the material
database from COMSOL was used. The critical current of the superconducting layer was
assumed at 130 A at 77 K and 0 A at 88 K with a linear decrease. Fig. II.9 displays the
current ratio of each layer versus the input current changing at a speed of 10 A/s. On
the second y-axis, the temperature in the superconducting layer was added. Regarding the
temperature plotted in Fig. II.9, the temperatures, for example the one at 150 A was taken
when the current reaches the value of 150 A.

Input current I (A)

0 50 100 150 200 250

C
u

rr
e

n
t 

ra
tio

 in
si

d
e

 la
ye

rs

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

101

0 50 100 150 200 250

T
e

m
p

e
ra

tu
re

 (
K

)

0

50

100

200

300

400

500

Inside YBCO

Inside silver

Inside Hastelloy

Temperature 

X: 146.7

Y: 0.9688

Fig. II.9 – Current ratio in each layer versus input current (with heat equation) with a
rated speed of 10 A/s and associated temperature in the superconducting layer.

As soon as the input current is above Ic, a non-negligible amount of it starts to flow
inside the shunt layers (mainly in the silver layer) and the superconductor is in the dissipa-
tive state. Hence, it dissipates Joule losses and the temperature inside the superconducting
layer (and all other layers) increases. This phenomenon decreases the critical current of
the superconducting material and the amount of current in the specific layer. In this case,
the runaway effect is predominant as the ratio in the YBCO layer is almost zero with a
total current of 148 A for a temperature of 400 K. The evolution of current in the YBCO
layer can also be plotted with various speed rates as shown in Fig. II.10 as well as the
temperature in the YBCO layer (right).
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Fig. II.10 – Current in the YBCO for various speed (left) and YBCO temperature (right).

If the current increases faster, the temperature does not have sufficient time to ho-
mogenize in the tape (with adiabatic conditions). This means that more current can go
inside the superconducting tape before the temperature reaches Tc. The results computed
in COMSOL are in agreement with these explanations.

From all these calculations, if the current is below Ic, the current is largely going inside
the superconducting layer. Hence, the model can be simplified by removing the shunt layers
in the calculations. The problem is, in this case, simpler to solve with less elements. From
now on, the shunt layers will always be neglected. If we only consider the superconducting
layer, the integral method may be used under specific conditions detailed in the dedicated
section. In the cases where, it is necessary to take into account the shunt layers, is it possible
to do a complete FEM model or couple the integral method for the superconducting layer
with a FEM method for the shunt layers but this novel technique [157] is outside the scope
of this thesis.

II.2.d Comparison FEM - Integral method

The calculations using the integral method (see I.5.c) have also been carried out on
COMSOL. The AC losses for a tape can be calculated using the integral methods if the
current is homogeneous in the tape thickness. This can be considered even if the edges of
the tapes induce a non-homogeneous current density distributions inside the tape. Howe-
ver, this effect has to be proven to be negligible for self-field AC losses but also for losses
induced by external field transverse to the flat surface (H? in Fig. I.34). Firstly, self-field
AC losses can be computed with reduced current between 10 % and 90 % of the critical
current Ic (with a sinusoidal current of 50 Hz), the results are displayed in Fig. II.11. Ana-
lytical calculations are also plotted for comparison purpose. The E-J power law was used
in these calculations.

The results for the FEM and also the integral method are in good agreement with
analytical calculations. This is expected as it was shown in (I.1.e-ii) that the Bean model
follows closely the power law with a n value of 30 for the current distributions. In overall
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Fig. II.11 – Self-field AC losses for FEM and integral method on a single tape.

the difference between the two numerical methods is less than 3 % and less than 5 % for
both models compared to analytical calculation. Fig. II.12 displays the AC losses induced
by an AC external magnetic field perpendicular to the flat surface.
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Fig. II.12 – External magnetic field AC losses versus magnetic flux density for the integral
and FEM methods.

In these simulations, a reasonable agreement was found with differences in average less
than 15 %, except for the lowest point of current where the coarse mesh might be an issue.
From this figure, it is noticeable that the two AC losses method results versus external
magnetic field are crossing at 20 mT with the analytical calculation. This is explained by
the fact that above this value, the penetration field is reached and the behavior of the AC
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losses is closely dependent of the form of the E-J relationship above Jc. Below 20 mT, the
fact that the two E-J relationship are not zero below Jc explains also the higher AC losses
results. Finally, the AC losses created by an external magnetic field (still transverse to the
flat surface) and a transport current in phase are given in Fig. II.13.
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Fig. II.13 – Coupled AC losses for the FEM and integral method. A good agreement is
noticeable between the two models.

The same conclusion as above can be drawn here, where an excellent agreement is
found between the two methods (less than 10 % in overall). From all these calculations,
the two models give close results compared to analytical calculations. In general the ob-
served computation time is reduced by a factor four (4) for the integral method compared
to the FEM modeling. Beside these results, a experimental validation has to be made to
check the computed quantities with reality.

II.2.e Experimental validations

With both methods, the implementation of the model is relatively fast and leads quickly
to numerous calculations but it is necessary to validate the computed quantities. In this
section, the methods are compared to experimental work. The workbench for AC losses
measurements on one tape is presented followed by some results.

II.2.e-i Measurement protocol

The measurement is made electrically by acquiring the voltage along the superconduc-
ting sample (Superpower sample). The electrical circuit is shown in Fig. II.14.
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Fig. II.14 – Experimental workbench for the measurement of AC losses at 77 K on super-
conductors.

The typical length for the measurement is between 200 mm and 300 mm. To ensure a
good contact resistance for the voltage tapes, different methods including silver paste, tin
or press contacts have been used. No difference has been noticed between these three. The
experiment is carried out in an open batch of liquid nitrogen as shown in Fig. II.15.

Fig. II.15 – Sample in the nitrogen bath.

To inject a transport current with different waveforms and amplitudes, a GBF driving
10 KEPCO ® power linear amplifiers has been used. The rated current and voltage of each
KEPCO are respectively 20 A and 20 V. These power amplifiers are capable of providing
each 20 A (in total 200 A) from DC to AC signals up to 2 kHz. Above this value of
frequency, the power amplifiers are not capable to inject their rated current due to the
inductive voltage of the circuit. A view of the power supplies with the GBF can found in
Fig. II.16.
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Fig. II.16 – GBF and KEPCO power supplies.

The voltage measurement on the HTS tape Vmes is the summation of the loss voltage
Vres and the inductive voltage Vind created by the inductance L of the power circuit. Vmes

can be expressed as :

Vmes = Vres + Vind = Vres + L
dI

dt
(II.2)

To suppress the inductive voltage, different methods can be used, for example using a
lock-in amplifier to acquire the signal in phase with the current or a manual compensation
of the inductive voltage. This one was chosen as a mutual inductance was designed in the
Néel Institute few years ago. From the mutual inductance a signal proportional to the time
derivative of the current MdI/dt is acquired and then subtracted to the measured voltage.
To ensure a good compensation and have a more precise measurement of Vres (it is unlikely
than M=L directly), an inductive bridge is used to add a gain k to the product MdI/dt.
Hence, the voltage subtracted from Vmes, after a complete compensation, is Vres defined as :

Vmes = Vres + L
dI

dt
� kM

dI

dt
= Vres (II.3)

The value of k was adjusted with the inductive bridge to obtain a loss signal in phase
with the current. This setting is done manually and may lead to some error on losses calcu-
lations. To overcome this issue, the result was checked by also doing some post processing
on the experimental data.

In Fig. II.17 and Fig. II.18, the loss voltages are plotted with the current for a sinusoidal
and triangle waveforms. The two signals have been obtained after the compensation of the
inductive voltage with the mutual inductance and the bridge.
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Fig. II.17 – Loss voltage and current for a sinusoidal waveform.

Fig. II.18 – Loss voltage and current for a triangle waveform.

II.2.e-ii Single tape results

The Superpower tape was measured with different current amplitudes, waveforms and
at diverse frequencies. The current injected inside the tape was comprised between 20 A
and 100 A which corresponds to a reduced current between 15 % and 78 %. The self-field
AC losses function of the peak current for a sinusoidal signal of 50 Hz are displayed in
Fig. II.19. In these cases, only the FEM has been used as the section before showed the
good agreement between integral method and FEM models for self-field AC losses.

In the FEM method, the power law and the percolation law have been used to check
the accuracy of each E-J fits with the experiment. From Fig. II.19, the plotted AC losses
are very close to each-others with a very good agreement between the experiment and the
percolation law. The observed difference is less than 8 % while, with the power law formula-
tion, the difference is less than 12 %. These calculations help validate first the FEM model
but also the two E-J fits. As the integral and the FEM models give close results in self-field
AC losses, these results can be extended and confirm the validity of the integral method.
In these measurements, the percolation law seems to be closer to the power law and was
kept for the following simulations. According to analytical calculations presented in I.5.a,
the self-field hysteresis losses are proportional to the frequency as it can be observed in
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Fig. II.19 – Self-field AC loses versus input current for the SuperPower tape.

Fig. II.20 for a sinusoidal current with two different peak values.

Fig. II.20 – Self-field AC losses versus frequency for a sinusoidal signal with a peak value
of 61 A and 55 A. The results of the FEM model with the percolation law are also plotted.

Once again, the results of the numerical model and the measured quantities are very
close from one to another (the difference is less than 6 %). The linear dependency of the AC
losses with the frequency is validated. In analytical calculations following the Bean model,
the current waveform does not influence the value of AC losses. This feature was numeri-
cally validated with simulations with the power law model with a n of 5 000. However, as
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HTS tapes exhibit a smoother transition behavior, some differences can be observed with
different waveforms. In Fig. II.21, the AC losses for a sinusoidal and a triangle currents
with both a peak value of 61 A are plotted versus the frequency. Both measurements have
been validated by COMSOL (error less in average than 5 %). The observed difference of
AC losses per cycle (slope of the linear curve) is in the order of 20 % between sinusoidal
and triangle waveforms.

Fig. II.21 – Self field AC losses versus frequency for a sinusoidal and triangle signals with
a peak value of 61 A.

In these measurements, good agreement has been observed between the FEM model
and the experimental work. The error margins can be explained as some hypothesis have
been made : fixed critical current over the length for the numerical model, noises of mea-
surements or non-perfect compensation of the inductive voltage for the experimental part.
The two different laws to represent the conductor characteristic have been tested and ex-
hibit close results compared to measured quantities. However, a better correlation for the
percolation law is noticeable. The measurements were also successfully validated with va-
rious current waveforms. It proves that the Bean model is not fully effective for HTS tape
as the AC losses for different waveforms lead to diverse AC loss values.

In conclusion, this first series of tests reinforce the reliability of the model. Furthermore,
the FEM method is validated by measurement and because the integral method and the
FEM give results close to each-other, the two models are validated.

II.2.f Conclusion : from tapes to round wires

In this section, numerical models with various methods have been developed for the
calculations of AC losses in HTS tapes. Self-field AC losses have been measured and com-
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pared with the results from the numerical calculations to validate the computed quantities.
The models are in excellent agreement with the measurements. The next step would be
to increase the size of the problem to achieve the modeling of a full size devices. Another
perspective is to couple finite element modeling with integral methods to take into ac-
count the shunt layers. In addition to these developments, extended measurements should
be done to validate more complicated cases such as fast ramps of current or faults inside
superconducting devices.

However, in applications like compact power cables, tapes are not ideal. Round wires
would be much easier to form into compact assembly (see I.4.a-ii). The numerical models,
which were developed for tapes can be adapted to round wires. As these wires do not
yet exists, no experimental work has been made and no validation of the calculations is
possible. The numerical models were validated prior with HTS tapes and the fact that
the results are close to experiments makes us confident about the computed quantities
for round wires. Moreover, analytical calculations exist (see I.5.a-iii) and can be used to
validate (as a first step) the calculations.

II.3 AC losses in HTS round wires

Adapting the numerical models from HTS tapes to round wires is not difficult as they
use both 2-D cartesian coordinates. Considering the round structure of the wire, the use of
rectangle elements can bring error on the AC losses calculations and the sensitivity of the
mesh has to be studied. After a description of the numerical models for the studied round
wire, the same methodology as the one made for the HTS tapes is used along this section
to validate the mesh and the removal of the shunt layers. The self-field and external field
losses are then computed, followed by combined AC losses.

II.3.a Model description

The geometry and physical properties were based on the preliminary work made in
the EUROTAPES project [65]. The geometry was extracted from the sketch presented in
Fig. II.22.

The geometric parameters are summarized in Table. II.2.

Parameters values
Inner radius (µm) 900

Superconducting layer (µm) 2
Nickel layer (µm) 50

Copper layer (total) (µm) 100

Table II.2 – Geometric parameters for the round wire.

The process starts from a HTS tape of 6.5 mm width in order to produce a wire with
a 0.9 mm inner radius. The initial tape has a critical current between 150 A and 180 A
since a decrease of 30 % is foreseen for industrial wires. Hence, the critical current of the
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Fig. II.22 – HTS final wire design for the EUROTAPES project [65].

final wire was estimated at 130 A. Concerning the E-J relationship, the percolation law
has been used at first for the AC losses calculation because it generates results closer to
measurements on tapes. Some simulations with the two E-J laws have also been perfor-
med.The superconducting properties of the wire, as well as, the properties of the metallic
layers were kept the same as the HTS tapes and summarized in Table II.3. A copper layer
is added in the design and we took a value of RRR at 30 (choice arbitrary made to see the
current distribution in the layers).

Quantities values
Critical current (A) 130

Jc (A/m2) 1.15.1010

Jc0 (A/m2) 1.13.1010

n value 30
n0 value 10
⇢Hastelloy 1.26 µ⌦.m
⇢silver 0.1 n⌦.m

⇢copper [158] 0.85 n⌦.m

Table II.3 – Round wire superconducting and metallic properties.

Even if this wire is considered for large scale applications cooled down with liquid
Nitrogen, the electrical resistivities of the shunt layers were set to the same values as be-
fore. These results on the current ratio in the layers should not change drastically with an
increase of the operating temperature from liquid Helium to liquid Nitrogen as the resisti-
vities of the layers increase with an elevation of the temperature.
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II.3.b FEM modeling

II.3.b-i Meshing

As it was explained for the HTS tapes, using triangles to mesh the superconducting
and shunts layers would lead to a non-manageable number of elements rendering the si-
mulations impossible to solve in reasonable times. However, even if the radius of curvature
R=1/(0.9 mm)⇡ 1000 is not infinite, the use of rectangles may lead to the creation of
distorted elements in the mesh leading to issues of convergence and miscalculation of the
losses. It is necessary to know how fine the mesh should be to calculate properly but also
rapidly the AC losses for a round wire. These result can afterwards be extended to multiple
wires. The number of elements on the inner layer of superconducting thickness is denoted
Nperimeter and the number of elements inside the thickness is Nthickness. These two values
are represented in Fig. II.23.

Fig. II.23 – Definitions of the mesh parameters based on the geometry.

Some pictures of the mesh are given in Fig. II.24, the air outside but also in the core
of the round wire is meshed with triangles. In the figure, only one layer is represented but
the mesh can be extended to all the other layers. All the layers including copper, silver and
Hastelloy have been meshed with rectangles.

Some parametric studies have been carried out with several values of Nperimeter and
Nthickness. A sinusoidal current with a frequency of 50 Hz was applied to the conductor
with a peak value of 91 A (70 % of the critical current). AC self field hysteresis losses are
displayed in Fig. II.25a compared with the analytical calculation in (I.31). In Fig. II.25b, the
computation times associated to these calculations are shown. Self-field losses calculations
have been chosen because the current densities are located inside the superconducting
thickness going from the outer to the inner layer. In this case no homogenization of the
thickness is possible.

From theses simulations, one point can be noted : the AC losses do not vary much with
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Fig. II.24 – Meshing of the round wire.

(a) AC losses calculations with respect to Nperim

and Nthickness.
(b) Computation time associated to the calcula-
tions.

Fig. II.25 – AC self field losses for the HTS with parametric studies on the mesh.

a variation of Nthickness but also with a change or Nperimeter (above 50). This property
is not easily deducible because the current densities develop inside the thickness of the
superconductor. On the other hand, an increase of the number of elements in the perimeter
leads to a large increase of the computation time as the number of DOF is increasing
rendering the problem heavier to solve. With a number of Nperimeter comprised between 0
and 200, the change of Nthickness does not have so much influence on the computation. At
high values of Nperimeter, the change in noticeable. In conclusion, as it was expected, the
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number of elements in the thickness in the most important as the current penetrates in a
non-uniform way in the conductor thickness. For external field AC losses, as the current
is uniform in the thickness ; the results should not change with variation of Nthickness and
the same trend of the losses with the change of Nperimeter should be found.

II.3.b-ii Effect of metallic layers in loss calculations

As it was made on the HTS tape, simulations have been performed with all the layers
(except the buffer layer) to calculate the current ratio in each layer when a transport cur-
rent is applied. Fig. II.26 shows the current ratios (current in the layers divided by the total
current) with various transport current values. In the figure copper 1 is corresponding to
the inner part of the RW and copper 2 the outer copper layer of the RW. The current was
purposely set to values above the critical current to see the distribution of current in the
wire. At first no thermal equation has been solved.
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Fig. II.26 – Current ratio in each layer versus input current for the round wire (no heat
equation) with a ramp current of 10 A/s (Ic=130 A).

As it was expected and according to previous results, the current goes almost exclu-
sively inside the superconducting layer for currents below the critical current. When this
value is reached and as no thermal equation is solved, the current goes inside the layers
with the lowest resistance, in this case, the copper but also the silver layers. Current is
going more inside the copper 2 layer than the copper 1 as the section of copper 2 is big-
ger than that of copper 1. In the model, the contact between the layers are supposed to
be perfect (no contact resistance), which is not the case in reality. However, these results
should not change drastically if these resistances are taken into account. The simulations
was performed by solving the thermal equation similarly to the work done for the HTS
tape in II.2.c-i. Fig. II.27 displays the current ratio in all the layers with the solving of the
thermal equation and the decrease of the current density with temperature (same trend as
the HTS tape).
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Fig. II.27 – Current ratio in each layer versus input current for the round wire (with heat
equation).

The same conclusion can be drawn as it was for the tape. Below the critical current,
the input current goes almost exclusively in the superconducting domain. With values of
currents above Ic, the current is going into the shunt layers which increases the overall
temperature of the wire. This increase of temperature decreases the critical current. The
addition of copper layers helps with the thermalization of the tape and reduces the tempe-
rature in the tube when high currents are flowing into the wire. Fig. II.28a and Fig. II.28b
display the current in the YBCO layer and the associated temperature with various speed
rates of input current.
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Fig. II.28 – Current ratio and associated temperature for various current speeds.

The faster the current ramp the lower the hot spot temperature and more current can
circulate in the YBCO layer in the dissipative state. From these simulations and similarly
as before, the superconducting layer is kept and all the others layers are removed from the
numerical model which leads to a simpler model in terms of number of elements.

II.3.b-iii AC self-field losses

Self-field AC losses were calculated by considering a sinusoidal transport current with
a peak value between 10 % and 90 % of the critical current (between 13 A and 117 A)
and a frequency of 50 Hz. The analytical calculations in Eq. (I.28) are confronted to the
numerical results in Fig. II.29. Additionally from these quantities, the AC losses of a HTS
tape (see equation (I.22)) with the same critical current have been plotted [159].

Fig. II.29 – Self-field losses in the RW and in a tape with the same properties.
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From this figure, two majors results can be deduced. First the analytical and numerical
calculations are very close to each other. This conclusion is similar to what has been
observed with the calculations made on a HTS tape (the difference is less than 8 %).
Secondly, as a it was predicted by literature, the round wire dissipates less losses compared
to the tape.

II.3.b-iv External magnetic field AC losses

In a power cable, HTS wires would be subjected to an external field generated by the
surrounding neighbors. With high current cables in compact spaces, the value of magnetic
flux density induced on the wires can be a few hundreds of millitesla. The numerical cal-
culations have been done first with external magnetic field (no transport current). Results
of AC losses calculations with a constant current density are represented in Fig. II.30 with
analytical calculation for the round wire (Eq. (I.29) and Eq. (I.30)). In comparison, the
analytical computation of AC losses created by an external field applied on a HTS tape
are also plotted (width of the tape equals to the perimeter of the round wire) with parallel
field and perpendicular field (see Eq. (I.24)).
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Fig. II.30 – External magnetic field losses dissipated in the RW and in a equivalent HTS
tape with the same Ic (and Jc). ? is referenced as field perpendicular to the flat surface of
the tape, k is the fiel parallel to the flat surface.

One can notice the sudden raise of the losses when the external magnetic field reaches
the threshold value of 30 mT. This value of field can also be calculated (only with no
transport current superposed to the field) analytically : Bp�analytical=µ0Jce=37 mT. This
is due to the full penetration of the current inside the superconducting layer. For amplitudes
lower than 30 mT, the round wire screens the magnetic field and the losses appear to be
equivalent to HTS tape under the action of a parallel magnetic field. When the value of 30
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mT is reached and overcome, the magnetic field penetrates inside the tube which leads to
an increase of the losses by a factor of almost 100. The current density distributions and
the magnetic flux lines are shown in the case of no penetration in Fig. II.31a and in the
case of penetration in Fig. II.31b. The superconducting layer has been purposely enlarged
in this figure to see the phenomenon.

(a) Without penetration. (b) With penetration.

Fig. II.31 – Current density distributions and flux lines for the case without (a) and with
(b) penetration. In red is plotted +Jc and in blue -Jc.

II.3.b-v Combined AC losses

This part has been largely motivated by the fact that no analytical calculations are
available for the round wire exposed to a transport current and external field. Calculations
of a round wire exposed to a transport current and external magnetic field are computed in
Fig.II.32. In the figure, the AC losses are plotted versus the amplitude of external magnetic
field with different I/Ic ratio. The external field and transport current waveforms are in
phase.

Two regimes are noticeable according to what was shown before : the first regime at low
fields where the transport current is the main mechanism of dissipation. After the round
wire is locally fully penetrated, the AC losses are mainly created by the AC external field.
It is worth noticing that the AC losses increase, with the rise of the transport current at
a given external field amplitude because the penetration field is reduced with the addition
of transport current. For a viable use of the HTS tube, it seems compulsory to avoid any
penetration by reducing the amplitude of the external magnetic field seen by the tubes.
The limit domain is identified in Fig. II.33.

According to Fig. II.33, the penetration field of the round wire is comprised between
28 mT to 5 mT from I/Ic=0 to I/Ic=0.8 respectively. The AC losses in a power application
where conductors are generating an external field on their neighbors, the AC losses will be
mainly created by the external field (but also the transport current).
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Fig. II.32 – AC losses induced by a transport current and an external magnetic field in
phase.

Fig. II.33 – Penetration magnetic flux density for a round wire with a constant Jc.

II.3.b-vi Comparison of different E-J power laws

Simulations of the two power laws have been performed on various number of cases
for the AC losses in the round wire in self-field and external magnetic field. Even if the
percolation law exhibits results closer to experiments, it is interesting to compute and
confront the results of the E-J power law with the percolation law. At first the self-field
AC losses are calculated with the two power laws with input data from Table. II.1 and
displayed in Fig. II.34a. External AC losses are displayed in Fig. II.34b.
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Fig. II.34 – Comparison between the two power laws for self field (a) and external magnetic
field (no transport current) (b) AC losses.

The difference between the two E-J formulation is once again in the order of 5 % overall.
The power law results are 13 % different from analytical calculations in average. It is also
noticeable that the percolation law is closer to the analytical calculations, which is explained
as the percolation E-J law is closer to the power law than the Bean model. However, the
two models are very close to the analytical calculations which gives us confidence in the
computed quantities.

II.3.b-vii AC losses in RW with anisotropic properties of the critical current

The inherent anisotropic properties of HTS have to be taken into account, for realis-
tic AC losses calculations. As it was detailed in the section presenting the conductor (see
Fig. II.1 and Fig. II.2 ), the implementation of the critical current regarding the incident
field angle and field values has been done and confronted to the AC losses with a constant
critical current density. Self-field AC losses and external field AC losses are displayed in
Fig. II.35a and Fig. II.35b for the E-J percolation law and in Fig. II.36a and Fig. II.36b
for the E-J power law.

From these simulations, the self-field AC losses are only impacted with a very little
difference (about 3 %) whereas the AC losses due to an external magnetic field increase by
15 %, if we take into account the critical current as a function of the field. These results
are coherent as the self field AC losses should not be impacted as much as the external
field AC losses (very little field is created in self-field scenarios). Overall, the complexity of
the model taking into account the dependency of the critical current leads to an increase
of the computation time by 30 %. These calculations show that the anisotropic behavior
can be neglected as only small variations of losses are noticed compared to the increase
of computation times. As these round wires will be used for applications such as power
cables, the magnetic field produced by the wires is less than 1 T, in this range the error is
less than 5 %. Hence, the critical current as function of the magnetic field can be assumed
as a constant critical current for AC loss calculations.
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Fig. II.35 – Comparison between a constant critical current density and a field dependent
anisotropic critical current density with the E-J percolation law.
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Fig. II.36 – Comparison between a constant critical current density and a field dependent
anisotropic critical current density with the E-J power law.

II.3.c Integral method

The integral method was also adapted for the round wire model and tested. In self-field
simulations, the current will penetrate inside the thickness of the superconducting layer
which violates the use of the integral method representing the tape as one line. However,
when the wire is exposed to an external field, the current density is homogenous inside
the thickness as soon as there is total penetration of current density in the layer. From
previous calculations in Fig. II.33, we established the low penetration field of these wires.
The integral method was adapted to round wires by developing in 2-D the constitutive
equation Eq. (I.43) and confronted to the calculations obtained by the FEM model.
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II.3.c-i Self-field AC losses

In self-field AC losses, it is not possible to use the integral method with only one line
representing the superconductor. To validate these losses, it is possible to use a summation
of several lines as it is in a FEM mesh. A picture of the test model for self field AC losses
is represented in Fig. II.37 confronted to the FEM mesh. In the integral methods, the air
is not meshed, which decreases the size of the model.

Fig. II.37 – Comparison of the mesh for self field AC losses. In (a) the mesh of the integral
method, in (b) the mesh for the FEM model.

The self-field AC losses for sinusoidal current in 50 Hz are displayed in Fig. II.38. These
results are compared to analytical and FEM calculations.
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Fig. II.38 – Self-field AC losses for the integral method. The results from FEM and analy-
tical calculations are also plotted.

The losses of the integral method are in a good agreement with a difference less than
5 % if we consider 5 layers. These simulations validate the integral method in the case of
transport current in the round wire with this architecture. This result is the one expected
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according to Fig. II.25a, where it was possible to see that, with a discretization of 5 in the
layer thickness, the AC losses were close to the analytical calculations. It is noticeable that
the computation time for the integral method is divided by a factor 2 compared to the
FEM method. This is mainly because the air is not meshed.

II.3.c-ii External magnetic field losses

When the round wire is subjected to an external magnetic field, above the penetration
field, the current density will be uniform in the superconducting thickness. In the scenario
where only an external magnetic field is applied, the simulations may be done with only
one layer for the integral method. It means that, below the penetration field, the computed
AC losses will be wrong but as soon the penetration field is reached the computed AC
losses should be in agreement with the FEM method.
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Fig. II.39 – AC losses generated by an external magnetic field for the FEM and the integral
method.

The same conclusion can be extended to these calculations. The results found from the
integral method are close to the FEM losses as soon as the current density is uniform in
the thickness (above the penetration field). To compute AC losses below the penetration
field, it is possible to use the same technique as the one used for self field losses.

II.3.c-iii Combined AC losses

Finally, the simulations are made in the case of combined AC losses. Fig. II.40 displays
the AC losses of the FEM model and the Integral method with one layer.
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Fig. II.40 – Coupled AC losses versus external magnetic field amplitude. The comparison
is made between the FEM and the integral method.

These results show a high difference between the integral method and the FEM mo-
del. These results are in agreement with previous calculations (for example Fig. II.25a)
which have shown the importance of discretizing the superconducting layer to calculate
the current distributions when a current is applied to the round wire. Fig. II.41 shows the
calculations of the coupled AC losses with various number of layer for the integral method.
In this case, the results are compared to the FEM model (with 5 element in the thickness).

0 50 100 150 200
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

External magnetic flux density (mT)

A
C

 lo
ss

e
s 

(W
/m

)

 

 

Integral method − 1 layer
Integral method − 2 layers
Integral method − 4 layers
FEM method

Fig. II.41 – Coupled AC losses function on the number of discretization layer for the integral
method (I/Ic=0.7).

From these results, to obtain the AC losses with a fair accuracy (difference of less than
5 %) the number of layers of the integral method has to be at least 4. This result is in
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agreement with what was shown with FEM calculations regarding the number of element
in the superconducting thickness. Even if the use of the integral method helps to decrease
the number of unknowns in the system, the calculation times in these cases are not really
different (division by 2) from the FEM method. This is explained by the fact that the
integral method calculates the interaction between each point to all of the other points
of the mesh and this can be an issue for more complicated simulations. This creates full
matrices which are very heavy to invert.

The integral method is possible to use for HTS tape in a various number of applications,
but is not suitable in the case of combined AC losses in round wires. The AC losses
created by the transport current and the external magnetic field can only be calculated
with accuracy with the use of the FEM model. In the next section, only the FEM model
was used for the design of high current cables. To use the integral method, it would need
to use the same artifact made with self field AC losses but with increasing the number of
elements. This may be interesting as the computation are reduced by 2 but we loose the
elegance of the integral method.

II.3.d Design perspectives for high current cables

Compact cables in the range of 1 kA to 3 kA using round wires are foreseen. Above
these currents, the magnetic field created by the wire will be to high to be competitive.
One very simple example can be performed for a cable with a reduced number of round
wires. Three architectures have been simulated and shown in Fig. II.42. Geo.1 is a typical
cable made with six wires similar to copper cables. This architecture is very simple, but the
wires are very close from one to another which induces high external magnetic field values.
To lower the field values, some changes to the geometry can be made for example Geo.2
or Geo.3. The cables are supposed to be twisted along the length which leads to the same
current going to every wire in each layer. The 2-D approach, which neglect the coupling
losses, may give an under-estimated result which has to be studied further. In this section,
we only analyze the hysteresis losses behavior on these three architectures.

Fig. II.42 – Various architectures for wire cables.

In terms of numerical considerations, the computation time was in the order of several
hours. In this case, the critical current was kept constant as taking into account the critical
current dependency with external field was leading to a small increase of the AC losses
(between 5 % and 8 %). The simulations have been made with various input currents
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between 13 A to 117 A per tube corresponding to a reduced current I/Ic of 0.1 and 0.9.
Fig. II.43 shows the AC losses in the three geometries. In all these cases the calculations
have been conducted with an AC signal with a frequency of 50 Hz.
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Fig. II.43 – AC losses (in W/m) for the three architectures of cables presented above. The
critical current is set at 130 A.

In Geo.1, the field created by the wire is rapidly (I/Ic>0.3) above the penetration field
which leads to an increase of the AC losses in each round wire. The two other geometries,
where the distance between wires is increased, have the benefit of generating less magnetic
field. This comes with an increase of the cable cross section. In this case, if the power cable
is working with a reduced current of 0.7, the change of geometry from Geo.1 to Geo.2
allows a decrease of the AC losses by almost two orders of magnitude. This is interesting
as it adds only a second layer of wires. In this example, the cross section is increased by
77 %.

For a more realistic example on a power cable with 18 wires carrying a total current of
1.6 kA. Each wire is carrying 91 A corresponding to a reduced current of I/Ic=0.7. At this
reduced current, the penetration field is 5 mT. Fig. II.44 shows two different architectures
for this cable. Geo.I which is the simplest cable made with two concentric layers of round
wires but the high value of external field is well above the penetration field and Geo.II
where the wires have been spread out to have magnetic field less than the penetration field
on each wire.

In this example, the AC losses have been calculated at 17.4 W/m for Geo.I and
9.1.10�2 W/m for Geo.II with a cross-section increased by a factor five. In DC power
applications, as the DC field will induce non homogeneous critical current densities distri-
butions in the round wires, it is likely that the AC losses created by the AC ripple will
be very high. The same kind of architecture can be created as Geo.II to use these wires
efficiently.

As title of comparison, if the 1.6 kA cable was made with 18 HTS tapes uniformly
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Fig. II.44 – Space necessary to reduce the external field created by each wire below the
penetration field for an operating current of 70 % of Ic.

spread on a circle, the cross section of the cable will be 408 mm2 (diameter=22 mm).
For the same power cable with 18 wires, the cross section of the cable will be 314 mm2

(diameter=20.4 mm).

II.4 Conclusion

In this chapter, AC losses calculations have been performed for tapes and round wires.
The REBCO wires have been investigated with respect to the possibility of achieving ap-
plications which require high currents in very compact spaces. Two numerical models have
been developed to calculate AC losses on various cases and geometries. These two models
have been compared with experimental work with a excellent correlation. The development
of these methods has been done in parallel as they both have advantages and drawbacks
but they complement one another. From these calculations, it is possible to select a method
regarding the type of geometry we are dealing with and the hypothesis that we are willing
to take.

The FEM method is higly powerful and is capable to solve with high efficiency complica-
ted problem with a large number of elements. The implementation of the superconducting
solving with the H formulation is fast in COMSOL and may lead to quick calculation on
very simple geometries. Unfortunately this method is only limited by the complexity of the
model. The number of HTS tapes in a large scale application can be more than a thousand
and in these cases the meshing of the complete system including the air is not reasonable.
One solution can be to use integral methods which have the advantage of not meshing
the air or inside the conductor thickness. This method is only valid if the hypothesis of
homogenous current is respected.

For round wires, the two methods can be used (not in all cases), but the FEM model
is more adapted. This is firstly explained by the computation time which is acceptable for
a reduced number of conductors (less than 30). In addition, the current distributions in
the case of coupled current and external field is not fully homogenous and leads to the
invalidity of the integral method. However, the calculations of AC losses have been made
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on these round wires. The results show the importance of reducing the external magnetic
field on the wires as the AC losses are highly dependent on it. The promise of creating
very high compact cables is dependent on this feature as the penetration field is comprised
between 5 mT and 30 mT which require the wires to be distant one from each other.
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Sumary

AC losses calculations on 2-D problems are relatively easy to implement and fast to
solve. Their predictions are validated by experiments with good agreements. However, in
some cases, to calculate with accuracy the AC losses in a multi-filamentary conductor,
the use of a fully 3-D model is necessary. This is due to the coupling phenomenon
of the twisted filaments inside a resistive matrix. This phenomenon is occurring when
the conductor is exposed to transverse external magnetic field. Besides the problem
of formulations which can induce non-physical quantities in the solution, the increase
of the number of elements makes the problems heavier to solve and time consuming.
To simulate a MgB2 wire, a full 3-D model including the electrical properties of the
metallic matrix has been solved. To test the software and the reliability of our models,
a benchmark has been made to assess and investigate the problems appearing in 3-D
calculations and check the computed quantities.
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III.1 Modeling 3-D multi-filamentary geometries

III.1.a On the necessity of numerical modeling for AC loss calculations

Multi-filamentary superconductors have been manufactured since the very beginning of
superconducting industrial production. They are composed of filaments spread on a various
number of layers embedded inside a resistive matrix. To have a full transposition of the
filaments and ensure that the same current is flowing inside each filament, they have to
be arranged as a Litz wire, where all the filaments take the same path. As the matrix is
resistive, current may be created inside it when the wire is exposed to an external magne-
tic field. This is the main reason why, MgB2 simulations have to be made with a 3-D model.

In terms of convergence, the addition of a conductive matrix will not affect the solving
process as the H-formulation already solve the magnetic field inside the air with a very high
resistivity. As it is in 2-D models, only the non-linearity coming from the constitutive E-J
characterization of the superconductor is affecting the convergence of the system. When
it is necessary to consider the relative permeability of the matrix, another non-linearity
on µR(

~H) is added which will affect the non-linear solving process and convergence. In
these cases, two non-linearities have to be considered and even if they are affected to two
different domains, the solving is impacted by the presence of these two dependencies. In
certain cases, the matrix can also possess a hysteric behavior which add another complexity
for the convergence of the problem.

Analytical calculations exist for all the losses that will occur in the complete wire
subjected to an external field and transport current. The hypothesis of the analytical
calculations are :

1. The Bean model is used for analytical calculations of hysteresis losses.

2. The current density is supposed to be constant with field (or temperature).

3. All the AC losses are evaluated independently (coupling, eddy current, hysteresis,...)
and simply summed.

4. The effect of the relative magnetic permeability of the matrix is not taken into account
in the calculations.

Analytical calculations of AC losses inside these wires are always done by assuming a
simple summation of the losses. It is interesting to know how far these calculations are from
the numerical modeling when the model takes into account all the electrical properties of
the realistic wire. Added to these comparisons, experimental work can be made to validate
the computed quantities. In our case, the difficulty of theses measurements lies into the
generation of AC signals in a metallic cryostat with liquid Helium because it will create
eddy current inside the metal. To avoid this issue, a fiber glass cryostat can be designed.
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III.1.b Comparison of 2-D and 3-D models for multi-filamentary geo-
metries

Solving 3-D numerical models involves handling a large number of elements which is
always time consuming. In some cases, 2-D models can be considered, it is necessary to
check which model (2-D or 3-D) is the most suitable, i.e. if the coupling losses can be
neglected or not. Our approach has been to launch a series of simple test on a 3-D su-
perconducting geometry shown in Fig. III.1, composed of six filaments embedded inside a
conductive matrix. The simulations have been carried out in 2-D in COMSOL and in 3-D
in Daryl-Maxwell (see III.1.c for more details).

(a) (b)

Fig. III.1 – 2-D with manual decoupling of the filaments in (a) and complete 3-D model in
(b) for the AC losses calculations. The limit for the metallic matrix is shown in orange.

Simulations were done both for the 3-D model and the 2-D model which is the cross-
section of the former shown in Fig. III.1a. We considered first only the superconducting fila-
ments and then a resistive matrix (in orange) was added with a resistivity of ⇢=10�8

⌦.m.
To manually force the decoupling of the filaments in the 2-D model, one way is to add

constraints according to (III.1) to ensures an equality of current in each filament :
ZZ

S1

JzdS1 =

ZZ

S2

JzdS2 = ... =

ZZ

S6

JzdS6 (III.1)

Where Jz and Si are respectively the current density and the surface of the filament
where i and j denote the filament numbers. The transport current was sinusoidal with a
peak value of 500 A (with a frequency of 50 Hz). For the superconducting material, the
critical current was 700 A and the power law model was used with n=30. An AC external
magnetic field in phase with the current was imposed on the boundaries of the air domain.
AC losses calculations for the case where there is no matrix and where there is a conductive
matrix are reported in Fig. III.2.
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Fig. III.2 – AC losses in the case of a 3-D and 2-D models when considering or not a
metallic matrix surrounding the superconducting filaments.

From these simulations, several conclusions can be made. First if only the superconduc-
ting filaments are taken into account, the 2-D and 3-D models are in agreement. For the
2-D model, with the metallic matrix, the AC losses are higher meaning that additionnal
losses are created inside the matrix (mainly eddy current losses). Finally between the 3-D
model with or without the metallic matrix, a certain difference of AC losses can be seen.
In the 3-D model with the conductive matrix, the AC losses created inside the matrix are
the summation of eddy current and coupling losses but also another type of losses which
is relatively constant with the field. To be practical we will refer as coupling losses, all the
losses inside the matrix except eddy current losses.

From these simulations it is possible to see that, when an external field is considered,
coupling losses are occurring inside the conductor and can not be neglected. These simula-
tions show the importance of taking 3-D into account with multi-filamentary geometries. In
order to model a real MgB2 wire, our approach has been to develop a simple 3-D numerical
model to study the convergence of these multi-filamentary models and investigate the AC
loss mechanisms.

As a first step towards the establishment of a realistic numerical model, some simula-
tions have been made on a very simple geometry consisting of only three filaments. Because
no validation is possible on a simple geometry as the one considered, benchmarking with
various software was performed (see section below for the list of the software used). The
complexity of the model was gradually increased as explained in III.2. Finally, after reaching
the conclusion that these problems can be solved, the model was adapted to geometries
similar to MgB2 wires (in III.3).
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III.1.c Softwares used for the numerical benchmark

The benchmark was made with four pieces of software and two other Universities. We
mainly developed the models on the first three software, while the software from Tampere
University has been used to validate our computed quantities :

1. Flux : Flux is a commercial software developed by the company CEDRAT [160]
jointly with G2ELab from Grenoble. This FEM software is specialized for the si-
mulations of rotating machines, transformers and induction heating devices include
a superconductivity module for AC losses [124] and quench calculations [161]. Its
formulation (T-�) added to multiple tools to optimize the solving process are two
interesting features.

2. Daryl-Maxwell : Daryl-Maxwell is a university made software from Polytechnique
Montréal designed to solve large electromagnetic problems dedicated to supercon-
ducting and ferromagnetic materials. The software is open source and available on
GitHub 1. The electromagnetic software is used with a H-formulation. Several fea-
tures are implemented especially for ferromagnetic materials (including hysteresis),
superconducting modules.

3. COMSOL : This software has already been presented in II.2.c. The H-formulation
in 2-D can easily be extended to 3-D simulations.

4. LoSt : A dimension-independent FEM based modeling tool for simulating AC losses
in superconductors developed in Tampere University [162], implemented as a com-
pact part of GMSH 2 using its Riemannian manifold interface. Currently, the H-
formulation and the H-�- [129] formulation are implemented in the software.

Table III.1 gives the different features of the four pieces of software used for the bench-
mark. It summarizes the formulations, the time scheme but also if the relaxation coefficient
of Newton-Raphson non-linear solver is optimized or not. SC and MPI are referring to single
core and parallel solving.

Flux DarylMaxwell LoSt COMSOL
Formulation T-� H H-�- H
Time step fixed fixed or fixed or adaptative

adaptative adaptative
SC/MPI MPI SC SC MPI

Relaxation coefficient algorithm algorithm fixed fixed

Table III.1 – Comparison between the four softwares used along the benchmark. The
H-�- and the T-� formulations are equivalent.

1. For further information, contact Pr.Sirois at f.sirois@polymtl.ca
2. GMSH is an open-source finite element method mesh generator with pre- and post-processor facilities.

http ://geuz.org/gmsh/
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III.1.d Problem description

All the models in this chapter follow a same approach, some information and acronyms
are given in this section. The filaments are embedded in a conductive matrix which will
be referred as matrix or mat. In certain cases, another conductive layer has been added
around the matrix made with monel. The air domain which can have a rectangular or a
cylindrical form is referenced as air. The resistivity of the air (when the H formulation
is used) in all the simulations has been set at ⇢air=10�3

⌦.m, which is at least several
orders of magnitude higher than the superconducting material or the resistive matrix. This
ensures no current in the air and also a good overall convergence of the model.

Unless it is specifically written, the transport current and the magnetic field are applied
to the external boundaries of the air domain (using Ampere’s law to impose the current).
The external magnetic flux density is written Bext. Regarding the normal faces of the mo-
del, periodic conditions are used in all the simulations. These conditions are possible as
soon as the mesh on both normal faces are conforming and that the length through the
extrusion is enough to guarantee a recurring pattern. The AC losses will be calculated
inside the conductive domains, superconductors and the matrix when it is conductive by
the volume integration of the quantity ~J ~E. Since these calculations are based on a time
transient nonlinear simulation with zero initial conditions, it is important to simulate for
enough time to let the initial transient die out and reach a steady state, which takes only
one quarter of a cycle, therefore the simulations are done on 75 % of a cycle or a full cycle.

Concerning the electrical and magnetic properties taken for the matrix, the different
cases are listed below and summarized in Table III.2 :

1. case air : the matrix is considered as air, only superconducting domains are considered
conductive. The resistivity of the matrix for the case of the H-formulation is set at
the same value as the surrounding air.

2. case res : In this case, the resistivity of the matrix is set at a typical metallic value.
The resistivity is still very low compared to the resistivity of the air. Hence, the AC
losses will also be calculated inside the matrix (coupling and eddy-current losses).

3. case mag : Added to the resistivity of the metal matrix, a relative magnetic permea-
bility depend of the magnetic field is set in the domain.

4. case hys : In this case, the matrix possess an magnetic hysteresis behavior.

Case reference ⇢ (⌦.m) µR( ~H)
air 10�3 1
res ⇢mat 1
mag ⇢mat µRmat ( ~H)
hys ⇢mat hysteresis

Table III.2 – Case summary, the value ⇢mat and the dependency of the relative permea-
bility µRmat are given in each section when the model is detailed.
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III.2 Three filament benchmark model

The three-filament model is a good first try to handle 3-D simulations which involve
usually a large number of elements (and DOFs). The model was kept as simple as possible
to ensure fast calculations but with a mesh detailed enough inside the filaments for accurate
AC losses evaluations. This model has been used in a large number of simulations with
various properties for the matrix and the two superconducting E-J relationships.

III.2.a Model description

The model and mesh can be found in Fig. III.3. The geometry is composed of three
filaments with a diameter of �3fil=1 mm and a total cross section of A3fil=2.35 mm2. The
filaments are twisted on a whole pitch of lp,3fil=20 mm, which are embedded in a cylindrical
matrix (in turquoise) with an external radius of 2.5 mm. On top of that, a rectangular box
of air is added to impose boundary conditions for the external field. The mesh was created
using the software COMSOL with tetrahedron. To use periodic conditions, the mesh was
copied 3 from one normal face (in orange) of the conductor to the other.

Fig. III.3 – Three filament geometry and mesh.

The mesh is composed of 52 200 elements and 65 205 edges. Table III.3 summarizes
the input parameters of the physical properties.

In the mag case of non-linear magnetic permeability of the matrix, it has been modeled
according to :

B(H) = µ0(H + �(� � 1)⇥ tanh(H/�)) , (III.2)

where � and � are respectively equal to 4.2.103 A/m and 50. The parameter � is the initial
permeability slope at zero field. The values stem from experimental characterization of a
matrix presented in [163].

3. This feature is compulsory because periodic conditions are handled in the studied FEM software
with a substitution method
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Physical quantities Values
Ic (A) 700

Jc (A/mm2) 284

n 30
Jc0 (A/mm2) 205

n0 10
⇢mat (n⌦.m) 1.0

Table III.3 – Three filament input parameters.

Preisach model for hysteresis calculations - case hys In some cases, the metallic
matrix can have an hysteretic behavior. To compute the hysteretic behavior of the matrix,
a Preisach approach has been used. The reader can find more informations on the follo-
wing readings [164, 165, 166]. This feature which was developed by M.Tousignant from
Polytechnique Montréal in Daryl-Maxwell has been tested by us on the model. In terms of
complexity, this case is probably the most complicated one as the non linear solver has to
handle the hysteresis of the matrix coupled with the non linearity of the superconducting
filaments. The outer hysteresis domain is delimited by the equations :

M+(H) = Ms1 ⇤ tanh(c1 ⇤H + r1) +Ms2 ⇤ tanh(c2 ⇤ h+ r2)
M�(H) = Ms1 ⇤ tanh(c1 ⇤H � r1) +Ms2 ⇤ tanh(c2 ⇤ h� r2) (III.3)

The parameters chosen for the simulations are listed in Table. III.4.

Parameters value
Ms1 (T) 0.31
Ms2 (T) 0.31
c1 (m/A) 1.26.10�5

c2 (m/A) 1.26.10�5

r1 1
r2 1

Table III.4 – Parameters for the hysteresis domain.

The magnetization function of the field H is shown in Fig. III.4.
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Fig. III.4 – Preisach magnetization curve for the numerical model. The outer limit of the
domain delimits the hysteresis loop.

III.2.b Results

III.2.b-i AC hysteresis losses - first test case air

Simulations have been carried on the four software (presented in III.1.c) with a transport
current I between 10 % and 90 % of the critical current and an external magnetic fields of
50 mT and 200 mT. The signals are sinusoidal at 50 Hz. The AC self field hysteresis losses
are plotted in Fig. III.5 versus the input current I.
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Fig. III.5 – Self-field AC losses for the four different software.

AC losses generated by two different fields are referenced in Table III.5. As the pene-
tration field for the filaments is equal to Bp=µ0Jcr=180 mT, a value below (50 mT) and
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above (200 mT) were chosen.

External magnetic Flux Daryl LoSt COMSOL
flux density value

50 mT 7.69.10�5 6.81.10�5 7.25.10�5 6.62.10�5

200 mT 1.7.10�3 1.8.10�3 1.8.10�3 1.7.10�3

Table III.5 – AC losses (J/cycle) for external magnetic flux densities of 50 mT and 200 mT
with I=0.

From these simulations, a good agreement can be noticed between all the software re-
garding the computed quantities especially between the software LoSt and Daryl-Maxwell
where the error in self-field AC losses is less than 1 %. COMSOL and Daryl-Maxwell calcu-
lations are in agreement within a range of 5 %. For FLUX, the difference increases largely
at low currents. The coarse mesh is a possible explanation as the current is very low inside
the filaments and the error can be induced as the current distributions are developing very
locally in the filaments. It is also worth noticing that the formulation does not impact
much the computed quantities as the software Daryl-Maxwell is implemented with a H
formulation and LoSt a derivative of the T-� formulation. Fig. III.6 displays the current
density distributions for self field AC losses and external magnetic field AC losses.

Fig. III.6 – Current density distributions for self-field AC losses (left) and external magnetic
field (right) at 5 ms.

III.2.b-ii Change of geometry for the calculations of combined AC losses

To impose both a transport current and an external field to the model, it is necessary to
make some changes on the geometry. With the imposition of current as an integral constrain
over the surface, the resultant self field will be circling around the filaments. This will be
in contradiction with an imposed field (external field) along the y-axis on the boundaries.
This can lead to divergence of the solver because of a wrong imposition of constrains on
the problem. To overcome this issue, one way is to set the Dirichlet conditions on the outer
boundary as a summation of a self-field generated by current flowing into the filaments
and an external field. Fig. III.7 displays the two approaches to impose a transport current
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inside the superconducting filaments : with a net surface or by setting a field.

Fig. III.7 – New geometry for the air domain to generate transport current and external
field.

Far from the filaments, the self-field is mainly created as if it was one big filament
carrying the total current as :

H✓ =
µ0Itr
2⇡R

(III.4)

By putting this equation into cartesian coordinates, Hx and Hy are defined as (III.5) :

Hx =

µ0Itry

2⇡(x2 + y2)
and Hy = � µ0Itrx

2⇡(x2 + y2)
(III.5)

Starting from the same geometry as before, the air domain geometry was changed from
a rectangular box to a cylindrical one. The mesh resulting from the new geometry is shown
in Fig. III.8. To ensure the validity of the previous results, the mesh inside the filaments
and in the matrix was kept the same.

Fig. III.8 – New geometry for the air domain to generate both transport current and
external field.

Imposing the current as a self-field has to be validate with simulations as the boun-
daries of the air domain are close to the filaments. Using (III.4) shall correctly be used
as infinite boundary condition. Fig. III.9 displays the self-field AC losses calculations with
both methods. In the figure, Field imposition is referring to the imposition of current using
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a Dirichlet magnetic field (see (III.5)), and Surface imposition is referring at the imposition
of current using integration over the normal surface of the filaments (see(II.1)).
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Fig. III.9 – Self-field AC losses for the two impositions of transport current (Ic=700 A).
No external field is added in these simulations.

The method to impose the transport current as a field is the most elegant way to ensure
the good imposition of field if an external field is added on the boundaries and is validate
with these calculations. Between the two impositions, the error on AC losses calculations is
less then 5 % for current higher than 400 A (I/Ic>0.5). Some differences can be noticed as
the imposition of current by the field is made close from the filaments (no infinite domain
is used), to ensure a better correlation, simulations should be done with a larger air region.

According to these calculations, it is possible to impose the current as a form of field
and superpose it to a external magnetic field. Next section discloses the calculations of AC
hysteresis losses on this new geometry with transport current and external field.

III.2.b-iii AC hysteresis losses in the case air - Coupled losses

As first, the case air was investigated by considering only the superconducting filaments.
COMSOL has been used to validate the computed quantities (error about 5 % in general).
Fig. III.10 displays the AC losses with transport current I and external magnetic field Bext

in phase. Analytical calculations exist for self-field or external field losses with external
field values below and above the penetration field. The trends of the analytical calculations
are also reported in the figure.

From this figure, several validations with analytical calculations can be made. As it
was expected by (I.29), the AC losses generated only by an external field are proportional
to B3 below the penetration field. For values of field higher than the penetration field, the
slope is equal to 1 as it was predicted by (I.30). For low values of external magnetic field,
the AC losses are mainly generated by the transport current. When the filaments start to
be fully penetrated, the AC losses are driven by the external field with a slope close to 3
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Fig. III.10 – AC losses in the case air for different transport current amplitudes and external
magnetic field values.

(2.7 in average).

Hysteresis AC losses are constant in each cycle, hence the AC losses in Watt are pro-
portional to the frequency (see section I.5.a-ii). The AC losses for each case : only current
or field and a combination of the two, are plotted on Fig. III.11.

Fig. III.11 – AC losses in the case air for various cases versus frequency. The AC losses are
proportional (hysteresis losses) to the frequency as predicted by literature.

As it was predicted by analytical calculations in (I.29) or (I.28), hysteresis losses are
proportional to the frequency.
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III.2.b-iv Addition of a resistive matrix : case res

The resistivity of the surrounding matrix was set according to the case res. All the
calculations have been made with the H formulation but as the resistivity of the matrix
is several orders of magnitude lower than the resisitvy of air, the presence of non-physical
currents is reduced. In these cases, the AC losses are generated inside the superconducting
filaments but also in the matrix. The complete AC losses calculated by the FEM software
take into account the eddy-current and coupling losses inside the matrix and the hysteresis
losses in the filaments. According to (I.20), if the coupling losses are predominant over
hysteresis losses, the trend of the complete AC losses is with the square of the field but
also of the frequency.

Coupling-Decoupling From the equation (I.20), the time constant ⌧ can be calculated
with N=0.6 :

⌧ = (1�N)

µ0

⇢matrix

✓
lp
2⇡

◆2

= 5.09 ms (193 Hz) (III.6)

It is possible, by changing the frequency of the external magnetic field, to force the
coupling or the decoupling of the filaments. The simulations have been made with various
frequencies by looking at the hysteresis losses inside the filaments with three different values
of external field. The AC hysteresis losses (calculated by volume integration of ~E ~J only
inside the filaments) are displayed in Fig. III.12. Analytical calculations only exist for the
case where the filament are fully decoupled and an approximation of the hysteresis losses
when the filaments are fully coupled (by considering a big filament).

Fig. III.12 – AC losses hysteresis vs f ·⌧ at three different magnetic flux density values and
the current density distributions in the case of a low and at high frequency.

From these calculations and the current distributions presented on the graph, it is
possible to see the coupling and the decoupling effects on the filaments. For values of
magnetic field higher than the penetration field, the AC losses increase with the coupling
phenomenon which was expected. For values of field less than the penetration field and
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because the surface for the coupling case is taken as a big wire circling all the filaments,
the AC losses decrease. Added to these calculations, the losses inside the matrix have been
plotted with the hysteresis losses in Fig. III.13.
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Fig. III.13 – AC losses in the filaments and in the matrix versus f · ⌧ (hysteresis and
coupling).

In these cases, the coupling losses are rapidly higher than the hysteresis losses. At high
frequencies, the coupling losses become lower than the losses inside the superconducting
filaments (screening effects).

Combined AC losses Fig. III.14 displays the complete AC losses with various transport
current and external field at 50 Hz (in phase). Once again the agreement between COMSOL
and Daryl-Maxwell is very good with an difference of 3 % in average. In the case of only
external magnetic field, the slope of the curve is around two (2) which is explained as the
coupling losses are the main mechanism of losses inside the model. When an external field
and transport current are applied, the AC losses are almost constant at low values of fields,
which means that the AC losses are mainly induced by the transport current (hysteresis
losses). In addition to that, with high values of field the coupling losses start to become
predominant inside the model.
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Fig. III.14 – AC losses in the case res for various transport current amplitudes and external
magnetic fields at 50 Hz in phase.

AC losses versus frequency Another way to see the difference between the case air
and the case res in terms of losses is to do calculations with various frequencies as hysteresis
losses are linear with the frequency and coupling losses are in the square of the frequency
(until saturation). Three situations have been tested. One with only transport current, one
with only external field and one with the combination of the two. When the wire is only
under the action of the transport current, the losses will be mainly hysteresis losses and
should be linear with the frequency. With the addition of an external field, coupling losses
occur in the material which may change the slope of the curve. A log-log graph of the AC
losses versus the frequency is displayed in Fig. III.15.
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Fig. III.15 – AC losses versus frequency in the case res for various cases.

From this figure, the assumptions made before can be validated. With only an external
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field, the AC losses are almost as the square of the field meaning that the coupling losses are
predominant. In the situation where the wire is under the action of the transport current
and external field, the AC losses are a summation of hysteresis and coupling losses which
explains a lower slope.

III.2.b-v Addition of a magnetic matrix case mag

A relative magnetic permeability has been added to the property of the matrix (case
mag) by taking into account the relationship (III.2). The AC losses are displayed in
Fig. III.16 with various transport currents and external field values.
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Fig. III.16 – AC loss versus field and current in the mag case.

These trends of the AC losses curves are in agreement with the calculations reported
before. These calculations have been made with two different software to check the com-
puted quantities. They are in agreement (see the implementation of µR(H) in COMSOL
in [154]) with a difference of less than 5 % which is comforting. Compared to the case res,
the difference of AC losses calculation is in average in the order of 30 %. The addition of
the relative permeability has led to an increase of the computation time of about 20 %.

III.2.b-vi Addition of a hysteresis model

Finally, the case hys has been simulated with only external magnetic field. AC losses
and ferromagnetic losses are displayed in Fig. III.17. The ferromagnetic losses have been
calculated by the volume integration of the quantity ~B ~H in the matrix. Only Daryl-Maxwell
has been used for these calculations as the Preisach model is not implemented in COMSOL.

These results are also difficult to interpret as two highly non-linear mechanism are in-
volved in this model. The difficulty of convergence was a real issue in this case and if there
is any simulations to do further with these kinds of model, adaptations of the non-linear
solver have to be done.
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Fig. III.17 – AC losses versus field and current in the hys case.

III.2.b-vii Conclusion on the simulations

About the used software, all these calculations (except for the case hys) have been per-
formed with Daryl-Maxwell and COMSOL. The first software is more flexible and the fixed
time step scheme allows for fast calculations. COMSOL with the adaptive time stepping
take in general 5 to 6 times the computation time of Daryl and may not be used for more
complex models but give results very close. Added to that, it is not possible to optimize
its solving process. For these reasons, the use of this software was stopped and validation
quantities are reported with FLUX and LoST.

In all the simulations, the power law was used as it is the most classical representation of
the E-J curve for the superconductor. The benchmark was also conducted with this power
law. However, for calculations of AC ripples superposed to DC currents, the percolation
model shall be more suitable (see IV.2.b). In the next section, we compare the AC losses
with the two different power laws and two different software.

III.2.c Impact of the E-J relationship on AC losses calculations

To solve AC losses calculations created by AC ripples in DC background, one way is to
use the percolation law as it was explained before. Self-field AC hysteresis instantaneous
losses calculations between FLUX and Daryl with the two power laws are plotted for an
AC current of 500 A (50 Hz) in Fig. III.18 (case air).

The two laws gives the same instantaneous losses for AC signals (results already seen
for the HTS tapes). The two E-J models are very close from each other around the criti-
cal current which explain the good agreement between the calculations on each software.
The differences between the two FEM software can be explained by the different formu-
lations as all the solving parameters have been the same to ensure a good comparison.
The problem was solved on a 20 ms time frame, with 400 time steps, no adaptation of the
relaxation coefficient and PARDISO as the solver. The current was imposed as an integral
of current over the surface for Daryl-Maxwell and a circuit coupling for FLUX. We can
note that between 8 ms and 12 ms a difference in trend for the increase of the losses which
could be explained by how the software handles the current imposition. For the all current
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Fig. III.18 – Instantaneous AC losses for the three filaments - transport current 500 A.

amplitudes, the AC losses are reported in Fig. III.19
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Fig. III.19 – AC self field losses for the two software but also the two E-J fits.

III.2.d Optimization of the numerical solving process

The software FLUX has, inside its solving process, the two algorithms in I.6.b-ii dedica-
ted especially for non-linear problems. Hence, it was tested on the model. The imposition
of a 100 mT external field was analyzed with no transport current. First, it is interesting
to note the number of steps required to run the simulation on one period. For the software
Daryl-Maxwell, the number of steps per period was set at 400 (�t=5.10�5 s). With this
value, the calculations were lasting about 50 minutes to complete the whole cycle. Decrea-
sing the number of time steps leads to divergence of the non linear solver. In FLUX, even
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without relaxation factor algorithm, it was possible to converge the complete problem with
40 to 100 time steps per period. This may be explained by the use of a T-� formulation
compared to an H-formulation, because it leads to a better matrix conditioning of the
system. This results is an important factor as the community is largely using the H for-
mulation for its convenient implementation into FEM software. However, the T-� is more
adapted to solve superconducting problems.

The impact of using a variation of the Newton-Raphson method, with one of the two
algorithms mentioned above, has been investigated. The two E-J relationship has been im-
plemented with varying numbers of time steps with different algorithms for the relaxation
factor. The average number of iterations for all theses simulations are reported in Fig. III.20.
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Fig. III.20 – Average number of iterations for the power law model (left) and percolation
model (right).

From these simulations, it is noticeable that the use of an algorithm for the relaxation
factor helps to converge with less iterations. The percolation model, which appears to be
less stable in the solving, does not converge without any adaptation of the relaxation factor
for numbers of time step below 100. With the percolation model, the problem appears not
to converge for 40 and 80 time steps per period without any adaptation of the relaxation
factor. Less iterations should lead, if the algorithms are time-equivalent to compute to
faster calculations. Fig. III.21 displays the computation time versus the number of time
steps per period with the different algorithms.

According to theses results, the Fujiwara method is more time consuming despite the
fact that the method requires the smallest number of iterations. This is explained by the
time taken to calculate the proper relaxation factor compared to the optimal method. Ano-
ther important aspect is that the use of a T-� formulation seems to lower the number of
time steps per period. It was possible to go as low as 40 times steps per period (which an
error on the AC losses of 2%), with relaxation and 100 without any relaxation.
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Fig. III.21 – Computation time for the three methods in the software FLUX vs the number
of time steps per period.

III.2.e Conclusion of the three filament benchmark

Along this section, a numerical model has been developed and tested with various elec-
trical properties. Starting from a 3 filaments geometry, the AC losses have been calculated
without and with the presence of a resistive and magnetic matrix. Analytical calculations
and comparisons between software validated the computed quantities in each case. The
complexity of the model was increased by taking into account several properties for the
metallic matrix to give us the confidence that we are able to handle this kind of complicated
calculations in a reasonable time (less than 16 hours maximum). All these calculations lead
to the conclusion that it is possible to create and calculate 3-D simulations with various
properties of the constituents and that the size of the problem and therefore the computa-
tion are the only limitations. In the end, some hints on how to speed up the calculations
have been found and can be used to access more rapidly the convergence. From the results,
the optimal method seems the most promising method to speed up the calculations and
reduce the number of iterations.

Regarding the numerical software used in the simulations. We have been experimen-
ting some difficulty to impose a transport current and an external field inside the software
FLUX. This problem as been a limitation for the development of complicated model in
the software. However, the software has the advantages of providing efficient tools for non-
linear solving and shall be promising if the problem reported before is fixed. Regarding
COMSOL, the adaptive time scheme is rapidly a problem as it takes long computation
times to solve even this simple problem. During these simulations, the limit was almost
reached in terms of computation times and it has been decided to stop the developments
of 3-D numerical model in this software. Daryl-Maxwell which was open-source and very
flexible was kept as the main software for our numerical models. The simple core was,
however, one of the main limitations for the solving of a large number of problems.
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After numerical developments on this tree filament geometry, more realistic models
have been made and tested.

III.3 MgB
2

multi-filamentary wires

At first, a full description of the MgB2 wires is made. The physical properties of the
wire have been measured in order to be implemented in the model and come up with the
most realistic model possible.

III.3.a Model description

The studied MgB2 wires are all manufactured by the company Colombus. They are
build with 36 filaments spread on three concentric layers. The metallic matrix which is
surrounding the conductor is made with nickel. Usually a layer of monel is added around the
wire to reinforce it. All these wires can have different diameters such as 1.13 mm,1.33 mm
or 1.52 mm. In these cases, the increase of the wire diameter is proportional to the side
size of the filaments, which kept the value of Jc constant with all the wire diameters. In
addition to these wires, a special 1.1 mm wire has been manufactured for critical current
measurement (Sample RRT). We focused our investigations of the MgB2 wires made with
nickel with a diameter of 1.13 mm and 1.33 mm (see Table. III.6).

MgB2 Sample A Sample B Sample RRT
� diameter 1.13 mm 1.33 mm 1.1 mm
Nb filament 36 36 36

Table III.6 – MgB2 samples.

The Sample B is displayed in Fig. III.22a. A close up of one of the diffusion layer [167]
is shown in Fig. III.22b.

An EDS study made in Nexans Lens by D. Leroux, of the same wire is displayed in
Fig.III.23. The composition of magnesium (Mg), nickel (Ni) and copper (Cu) are shown
added with the complete EDX. The outer layer is an alloy composed of about 40 % of
copper and 60 % of nickel. From this figure, it is possible to see very thin light green lines
embracing the filaments which is corresponding to the diffusion layer and composed of
almost of just magnesium.

To establish a realistic model, it is necessary to characterize all the constitutive elements
of the wires. This means measuring the critical current of each wire with enough precision
to be confident during the sizing of the application, and also characterizing the resistivity
and the relative magnetic permeability of the metals in the wire. To measure the critical
current of the wires, two different setups have been used : one at LNCMI Grenoble and
one in GREEN Nancy. The resistivities of the constitutive metals have been measured
at LNCMI Grenoble as the facility offers a proper way to measure, with temperature,
metallic samples resistivities. For the relative magnetic permeability of the metals, the
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(a) (b)

Fig. III.22 – Cross section in (a) and a close focus on one MgB2 filament (b) of the Sample
B.

(a) (b)

(c) (d)

Fig. III.23 – EDX showing the composition of the MgB2 wire (Sample B).

Magnetometric department of the Néel Institute has devices capable of measuring the
relative permeability of short samples.

III.3.b Experimental characterization

III.3.b-i MgB2 wires

Critical current measurement setup Two campaigns of measurement have been de-
veloped and carried out for measuring the critical current of these wires. One which took
place in LNCMI Grenoble and one in GREEN of Nancy. The two facilities have different
advantages and drawbacks. In LNCMI Grenoble, the flexibility of temperature and field
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are interesting for measuring the critical current over the whole range of operation but the
sample holder is not long enough in some cases to reach the transfer length. If the current
is not injected on a distance higher than the transfer length, the current will not circu-
late inside the superconducting filaments. Current flowing inside the nickel or monel will
heat the wire and also create a voltage on the sample. In the experimental workbench in
GREEN, the temperature and field are not easily adjustable on the whole range of opera-
tion but the sample holder is longer and allows for the characterization of multiple samples.

LNCMI facility In LNCMI Grenoble, the critical current measurement was made
with a magnetic flux density | ~B| transverse to the wire in a cryostat filled with liquid
Helium at 4.2 K. The length of the sample was 220 mm. Measurement were made at a
variable temperature between 4.2 K and 20 K. The magnet was 400 mm in diameter with
a magnetic flux density up to 10 T as shown in Fig. III.24.

Fig. III.24 – MgB2 critical current measurement setup.

The measurement was performed using the 3 kA probe designed for the EUCARD
project [168] and shown in Fig. III.25, powered by a 5 V-3 kA current source. The low
inductance of the probe allows current slopes up to 500 A/s.

For this experiment a new sample holder was designed for the probe dedicated for a
straight wire. It is composed of pieces of copper cut in the middle with a v ring along
it where the sample is placed and soldered. The sample is cut in the middle to force the
current inside the superconducting wire. The wire was soldered with Indium on a distance
of 100 mm on each side as shown in Fig.III.26. Voltage taps were soldered with tin on the
sample with a measurement length of 12 mm. Temperature measurements were performed
with a CERNOX mounted on the sample holder next to the sample. The temperature
regulation was performed with two CERNOX and two resistors (50 ⌦) located on the
current leads. Thermal equilibrium at each temperature of measurement was established
between the CERNOX mounted of the sample and CERNOX located near the heaters.
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Fig. III.25 – LNCMI probe [168].

Fig. III.26 – MgB2 sample mounted on the sample holder. The voltage taps are 20 mm
away from the soldering parts.

GREEN workbench To complete the measurements done at LNCMI, a series of
measurement has also been performed at GREEN in Nancy. This laboratory which is
specialized in electrical engineering focusing on superconducting motors and next genera-
tion of fuel cells has the capability of measuring superconducting materials at cryogenic
temperatures. To measure critical current of MgB2 wires in the same environment as the
superconducting cable, a workbench was specifically designed. The critical current had to
be measured in temperature between 15 K and 25 K with a external magnetic flux density
between 1 T and 1.5 T. This experiment has been implemented jointly by the people at
GREEN and the Grenoble team. A picture of the device is shown in Fig. III.27.
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Fig. III.27 – MgB2 measurement workbench with the magnet in A, the thermal parts in C
and the cryocooler head in D.

To impose a static external flux density on the wire, two 30 cm long permanent ma-
gnets have been designed with a maximum value of 1 T. The wire is then mounted on a
copper plate which is cooled down by a cryocooler and placed between the two magnets.
To change the value of external field, the space between the north and the south poles
of the magnets can be adjusted. The magnets are cooled down at 40 K with the help of
a second cryocooler. As the magnetic field is generated in a static way, it is difficult to
do a lot of measurements quickly (need to fix a value of field by adjusting the magnets
then cool it down and warm it back up), but this measurement workbench is interesting to
validate some points of the critical current versus temperature and field. It is also possible
to investigate the impact of the bending radius of the MgB2 wire.

During this thesis, the experimental setup has been completely developed and measu-
rements shall be performed in the upcoming years.

Results

Sample RRT The RRT sample is produced with 36 filaments and a external diameter
of 1.1 mm. An external layer of copper which eases the soldering process is deposited outside
the monel. A smaller wire is also interesting as the critical current is expected to be lower
so as the transfer lengths. Fig. III.28 displays a cross-section of the wire. In this wire, a
barrier of Niobium has been added to avoid the pollution of the MgB2 compound during
the process. The soldering has been made with tin inside a oven regulated at 230 °C, the
obtained soldering length are in the order of 100 mm.

The measurements have been made at 4.2 K with the 3 kA current source as the team
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Fig. III.28 – Cross-section of the Sample RRT. The external layer of copper is clearly
visible.

had no idea about the expected critical current (first team to do the RRT). The current
ramp was set at 50 A/s which was a good compromise between the heat generation and
the detection system. The critical current of the sample with various magnetic flux density
from 0 to 6 T are shown in Fig. III.29 (LNCMI measurement). The voltage criterion is
Ec=1 µV/cm. As the measurement has only been made in liquid Helium at 4.2 K, it would
have been interesting to use the voltage of the LTS (Ec=1 nV.cm�1) but to ensure a good
overall result on all the team, a higher criterion has been defined.
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Fig. III.29 – Critical current and engineering critical current density versus magnetic flux
density for the sample RRT (Ec=1 µV/cm). The measurement has been made at 4.2 K
with measurement length of 8 mm

These results have to be compared to others laboratories results to show the reliability
of the experiment (< 5 % difference).

Sample A Fig. III.30 displays the critical current of the sample A with magnetic flux
density up to 5 T and with a temperature range between 4.2 K and 20 K. One can notice
that the sample loses its superconducting properties at values of magnetic flux density
above 4-5 T. This is explained by the use of carbon doping inside the superconducting
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material which has an effect on the reversibility magnetic field (source Colombus internal).
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Fig. III.30 – Critical current and engineering critical current density of the Sample A MgB2

wire versus the magnetic flux density at different temperature (Ec=1 µV/cm).

Regarding the n values of the power law found in the measurements, the results are
plotted in Fig. III.31. At self-field, the n values are relatively close to LTS superconductors
such as NbTi (at 4.2 K) denoting a very brutal transition [169]. When the external field
increases, the n value is decreasing with a homogeneous trend, until the critical current
becomes low (300 A-400 A). As it was observed in HTS, the n value decreases with the
increase of the operating temperature. At 20 K, the n values are in the range of HTS
superconductors which reveals a smoother transition.
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Fig. III.31 – n values for the power law of Sample A at different temperatures and va-
rious fields. The values have been calculated with electric field comprise between 0 and
approximately 4 µV/cm.

However, as it was seen in previous chapters, the percolation model seems more suited
for AC losses calculations. It is possible to fit the E-J curves found in experiments with
the percolation model. From the measurement, the value of Jc0 can be found to be equals
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to Jc0=0.9Jc. The E-J curves fitted are plotted in Fig. III.32.
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Fig. III.32 – E-J curves fitted with the percolation model.

The n0 values are displayed in Fig. III.33. The n0 values are nearly constant (compared
to the n values), as it was expected by the theory, with temperature and field.
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Fig. III.33 – n0 values of Sample A at different temperatures and various fields.

Sample B Unfortunately due to the transfer length, it has to been possible to measure
the critical current in LNCMI. Measurements should be carried out in GREEN in the next
upcoming year.

III.3.b-ii Nickel matrix

As the metal surrounding the MgB2 influences the AC losses (see I.2.c or [170]), it
is necessary to characterize the constitutive elements of the matrix. In the case of the
nickel matrix, the electrical resistivity with temperature but also its relative permeability
with field have to be measured. The sample has been under the same heat treatments and
mechanical deformations as the industrial wire. The heat treatments are higher than the
Curie temperature of pure nickel which is around Tcurrie=650 K [171].

To measure the electrical resistivity of the sample, a V-I measurement was made inside
a cryostat filled with liquid Helium at 4.2 K and we let the temperature increase naturally
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up to ambient. The 150 mm long sample was placed horizontally to ensure a good uniform
temperature. The long time (approximately 3 days) to warm up the sample assure a good
overall temperature uniformity on the complete sample. The temperature on each sample
was monitored with a CERNOX mounted in the middle of the sample. The resistivity of
the Nickel versus temperature can be found in Fig. III.34.
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Fig. III.34 – Resistivity of the nickel sample between 4.2 K and 300 K. The injected current
was set at 10 mA.

To measure the relative permeability of the two metals, a magnetometric measurement
has been made. The samples have been cut to 4 mm length using electro-erosion method
which was estimated as the softest type of cutting for the wires. The sample is shown in
Figure III.35.

Fig. III.35 – Nickel sample for the VSM.

A Squid VSM-QD was used. The magnetometer is capable of reaching ± 7 T with
temperature between 1.8 K and 400 K. The nickel sample has been measured at different
temperatures between 4.2 K and 300 K. Fig. III.36 displays the magnetization versus the
applied field parallel to the sample at these various temperatures.
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Fig. III.36 – Magnetization versus µ0H of the nickel matrix with different temperatures.

No hysteresis has been measured in the sample whatever the temperature (below 300 K),
while, in pure Nickel, hysteric behavior has been observed [172]. In our cases, the resolution
of the sensor which is about 30 Oe (3 mT) can be a limitation. To validate these results,
a measurement of relative permeability of the MgB2 wire in the normal state (100 K) was
made. No hysteresis was also observed. From this measurement, it is possible to neglect
the hysteric behavior. To measure the relative permeability with a field transverse to the
sample, another magnetometer was used.

Fig. III.37 shows the relative permeability of nickel at 4.2 K with field longitudinal and
transverse to the sample.

Fig. III.37 – Magnetization of the nickel at 4.2 K with transverse and longitudinal field to
the sample.

The same conclusion can be drawn for the hysteresis behavior. The change of relative
magnetic permeability can come from the shape of the sample but also from the cut. Heat
treatments or high stress may also affect the hysteresis behavior and sometime annihilate
it [173, 174]. However, the most reasonable explanation for a non-observable hysteresis may
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be linked to the purity of the nickel sample which can have some others compounds in it.
In our model we chose the longitudinal relative permeability as it is closer to usual nickel
measurements.

III.3.b-iii Monel

The monel layer is also supposed to exhibit a higher resistivity compared to the nickel
to reduce eddy-current losses. The resistivity of the monel sample has also been measured
and plotted in Fig.III.38.
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Fig. III.38 – Resistivity of the monel sample between 4.2 K and 300 K. The injected current
was set at 10 mA.

As it was made on the nickel sample, the relative permeability of the monel sample
was measured with a field longitudinal to the sample. Fig.III.39 displays the B-H curve at
different temperatures.
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Fig. III.39 – Magnetization of the monel sample at different temperatures
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At 300 K, the sample does not exhibits any magnetic behavior. Below 100 K, magneti-
zation of the sample is saturated for values around 1.5.105 A/m for magnetic flux density
above 30 mT.

III.3.b-iv Conclusion

In this section, the wire has been electrically characterized. After critical current measu-
rements of these wires, the company Colombus provided us some nickel and monel samples.
These samples have been made with the same heat treatment and mechanical process as
the produced wires. The resistivity and the relative magnetic permeability of these samples
which have been measured can be used for future calculations on real MgB2 wires. In order
to build the complete model, some numerical calculations were made with almost the same
geometry as the MgB2 wires and by taking into account the properties of the nickel matrix.

III.3.c Preliminary numerical studies

Along the development of a realist numerical model on the complete MgB2 wire, inclu-
ding the properties of all materials. Several test cases have been conducted. By considering
a MgB2 wire, different models have been created and tested. The objectives were, first to
handle more and more complicate models with an increase number of elements. The second
objective was to investigate on a possibility of predicting AC losses with various numbers
of filaments and layers based on results made with 1, 2 or 3 layers of filaments. This is
interesting as the architecture of the wire is likely to evolve.

III.3.c-i Description of the model

The calculations have been made on a 1.33 mm wire from Colombus with the nickel
matrix (no monel so far). Fig. III.40 is a reminder of the cross-section geometry. The
filaments which are sort of square have been changed to a circle with the same area to
ensure a simpler and more regular mesh inside the filaments. In Fig. III.40 (right), is the
cross section made on the software COMSOL with an color representation on the different
layers of the wire.

Fig. III.40 – 2-D cross section of a single MgB2 wire. On left the SEM image and on the
right the numerical representation.

As the wire is not perfect, the diameter of the wire but also the size of the filaments
evolve along the wire. To ensure a good precision on the values, several cuts and pic-
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tures have been made on the wire and the parameters have been averaged. The geometric
parameters of the wire are summarized in Table III.7.

Table III.7 – Geometric parameters for the 36-filament MgB2 wire.

Parameters Values (µm)
Filament radius 25
First layer radius 131

Second layer radius 251
Third layer radius 380

Outside nickel radius 430
Outside monel radius 650

Twist pitch (mm) 120

This geometry is twisted with a twist pitch of 120 mm (typical value for the produced
wires). As the cross section of the wire has a 60°pattern (see Fig. III.40), it is possible to
reduce the length of the wire to one sixth (60/360=1/6) of the twist pitch to end with two
same faces. Then periodic boundary conditions are forced to the model. A swept mesh was
made starting from a normal face of the MgB2 wire and extruded along a patch of one
sixth of the twist pitch. This reduces the problem size substantially (84% smaller, i.e. one
sixth of full wire model). After the creation of the prismatic mesh, the prisms have been
cut in tetrahedra according to the technique in [175]. The electrical resistivity of monel is
about two orders of magnitude higher than nickel (11.4 n⌦.m vs. 0.48 n⌦.m for nickel).
We therefore decided to neglect this layer in these preliminary studies. Fig. III.41 displays
the geometry with all the superconducting layers embedded in the nickel matrix delimited
in green and the associated mesh.

Fig. III.41 – MgB2 preliminary model (with no monel) - geometry and mesh.

Starting from this 36-filament model shown in Fig. III.41, two simpler geometries were
generated, firstly by considering only the 6 filaments in the inner layer, then by taking the
18 filaments of the two inner layers. For all geometries the outer radius of the nickel domain
was kept constant. In order to ensure a fair comparison of AC loss computations, we used
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the same finite element mesh for each simulation case that has been run. Daryl-Maxwell
has been the primary software used in the calculations and some comparisons are made
with FLUX and LoSt. Table. III.8 details the number of elements and degrees of freedom
(DOFs) for the studied geometries, as well as typical computation times observed with
Daryl-Maxwell finite element code, with 400 steps for 20 ms of simulated time.

Table III.8 – Key numbers for the studied geometries for Daryl-Maxwell code.

Geometries 6 filaments 18 filaments 36 filaments
Number of elements 93 960 347040 659 250

DOF (H-formulation) 110 540 405 980 770 725
Computation time 6 Hours 3 Days 12 Days

For all the cases in these preliminary studies, the properties of the model are listed
below.

Superconductor (MgB2) The non-linear resistivity of the superconducting material
was modeled with the power law model, i.e.

Power law : ⇢(| ~J |) = Ec

Jc

 
| ~J |
Jc

!n�1
~J

| ~J |
, (III.7)

The n value was set to 30 which is a good compromise between real measurements
on MgB2 wires [176] and the difficulty of convergence for the non-linear solver. After our
experimental validations, it appears that this value is rather (see Fig. III.31) low compared
to the real n values but it should not change the AC losses too much (see Fig. I.15). To
compare the different geometries, the critical current was kept constant to Ic = 700 A in
all simulations, and the critical current density was determined by considering the total
cross-section A of the filaments, i.e. Jc=Ic/A.

Nickel The electrical resistivity of the nickel was set as ⇢nickel = 0.48 n⌦.m at 4.2 K (in
agreement with [177] and measurements).

A smooth relationship can be deduced from the measurement of magnetic relative
permeability in longitudinal field. This value was kept in all the directions.

B(H) = µ0(H +M(H)) = µ0(H + �(� � 1) tanh(H/�)) (III.8)

Where �nickel = 7.5.104 A/m and �nickel = 8.23 have been found from the fit of the
experimental data.

III.3.c-ii Test cases on 6 filament wires

As first, the calculations of AC losses on a geometry made with only six filaments of the
inner layer have been done. The simulations for cases defined in section III.1.d were perfor-
med on the 6-filament wire (3-D model simulated with DarylMaxwell). Fig. III.42 shows the
AC losses in the case air for various transport currents and external field amplitudes [178].
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Fig. III.42 – Computed AC losses for the 6-filament wire and for the case air (Ic=700 A.

Two different behaviors are observed for the AC losses. The first one is at low magnetic
flux densities, where the AC losses are mainly self-field losses and are virtually independent
of the applied field. The second behavior occurs at higher applied field (above ⇡ 500 mT),
where losses become larger than self-field losses In this case, the AC losses are mainly ge-
nerated by the action of the external magnetic field.

Fig. III.43 shows the results of the case res. Here, the software LoSt was used to validate
the computed quantities as its formulation ensures no current in the air. The same trends
as in case air are noticeable, although the slopes of the AC losses curves at high field are
larger (i.e. we had ⇡ 1.4 above, and now we have ⇡ 2.2). This makes sense according to
the theory : in a pure superconducting wire, the slope of the AC loss vs. applied field curve
should tend towards 1 for fields higher than the penetration field, whereas in presence of
a conducting matrix, it should tend towards 2 [179]. This is coherent with the fact that
coupling losses prevail over hysteresis losses at higher field values and suitable frequency.

Fig. III.43 – Computed AC losses for the 6-filament wire and for the case res.

Finally, if we take into account the magnetic behavior of nickel by modeling its B �
H curve, as suggested in case mag, we obtain the results shown in Fig. III.44. For low
values of external field, we observe that AC losses decrease as the applied field increases.
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This is explained by the reduction of the relative permeability of nickel as it saturates
with increasing field (either self or external). Indeed, a high value of relative permeability
concentrates the magnetic field around the filaments. When the external magnetic field is
around ⇡ 100 mT, this behavior stops. At even higher applied field (above ⇡ 400 mT),
we observe more or less the same trend as with case res, i.e. losses are mainly due to the
coupling losses inside the nickel matrix (nickel completely saturated).
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Fig. III.44 – Computed AC losses for the 6-filament wire and for the case mag.

From these simulations, the weight of each loss mechanism can be assessed, as shown in
Fig. III.45 for an applied field varying from 1 mT to 300 mT and I=500 A. The hysteresis
losses have been calculated inside the superconducting filaments. Regarding losses in the
nickel matrix, the losses coming from the eddy current were calculated with the use of
a 2-D model taking into account the filament and the matrix as in III.1.b (no possible
coupling losses in a 2-D model). In the 3-D model, the losses in the matrix include both
eddy current and coupling losses. To quantify the two loss mechanisms, we subtracted the
2-D eddy current losses from the total 3-D losses in nickel to get a value for the coupling
losses. In addition to that, the increase of the losses when one is taking into account the
magnetic properties of the matrix was added. These increase have been observed to be
mainly (90 % of it) located in the matrix.
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Fig. III.45 – Weight of each loss mechanism for the 6-filament wire. Additional losses refers
to the additional losses resulting from taking into account the B(H) curve for the nickel
matrix.

III.3.c-iii Test cases on 18 filament wires

Our second test case is the 18-filament superconducting wire, which is just an interme-
diate step to test the limits of the software packages to solve problems with large numbers
of DOFs. It is also interesting to see how AC losses evolve as we increase the number of
filaments in the wire. Fig. III.46 shows the AC losses for case air, at various transport cur-
rent and applied field values. Comments and trends observed in section above also apply
directly to this figure, and are not repeated here. The AC losses for the 6 filament in the
same case is also plotted as a comparison.

Fig. III.46 – Computed AC losses for the 18 filament wire on the left and the 6 filament
on the right for case air.

The AC losses can be compared as the critical current was kept constant between the
two geometries. At low field, we observed that the AC losses do not change between the
two geometries. For high values of field, where the AC losses are mainly generated by it,
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the AC losses are increasing for the 18 filament wire.

III.3.c-iv Test cases on 36 filament wires

Only a limited number of simulations have been performed with the 36-filament wire
model, due to the high number of DOFs, which leads to very long computation times.
We considered only an air matrix for the moment, but there is no problem to take into
account the resistive and magnetic behaviors of the nickel matrix, provided that we are
willing to accept the associated increase in computation time (⇡50% longer than with
the 18-filament model). Several tests have been made with a transport current of 350 A
and different applied field values. The results are summarized in Table III.9. The results
obtained with the different software packages are in good agreement for all the simulated
cases. The difference is observed in the range of ⇡ 8%. It is worth noticing that the choice
of a formulation induces no significant change in the AC losses calculation. This shows that
it is possible to compute the losses for a full 36-filament MgB2 wire.

Table III.9 – AC losses (W/m) computed for the 36 filament MgB2 wire and case air.

Current External field DarylMaxwell LoSt Flux
350 A no 3.210�3 3.18.10�3 3.23.10�3

no 50 mT 2.73.10�4 2.86.10�4

no 100 mT 1.18.10�3 1.25.10�3

no 300 mT 9.8.10�3 9.45.10�3 1.05.10�2

All these simulations have been made to test our capability of modeling the actual
MgB2 wire for the calculation of AC losses in power cables. The results show that is is
possible to calculate the AC losses if the computation time is not an issue.

The calculation on the real MgB2 wire are developed in the section below. Two main
additions have been made in the model : the monel layer but also the dependency of critical
current with magnetic field.

III.3.d AC losses for complete MgB2 wires

III.3.d-i Adjustment of the geometry and physical properties

In this section, we calculate the AC losses on the real 1.33 mm MgB2 wire with 36
filaments. Starting from the model disclosed in the previous section, some adjustments
have been made. First a change on the geometry with the addition of the monel layer. The
electrical properties of the monel were added according to the experiments detailed above.
Moreover, the trend of critical current with field was implemented.

Geometry : The monel layer was build in the geometry according to the dimensions
in Table. III.7. The new model is shown in Fig. III.47 were the monel layer is in orange.

Adding this layer increased the number of elements of the mesh. The mesh is now com-
posed of 682 560 elements with a total of 798 520 Degrees of Freedom (DOF’s).
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Fig. III.47 – Complete MgB2 model - geometry and mesh. The 36 filaments are in red,
while the monel layer is in orange. The air domain is delimited in light green.

MgB2 : To model the non-linear resistivity of the superconducting material, the perco-
lation law was used with the dependence of the critical current with magnetic flux density.
This choice has been motivated by several aspects. First the AC losses calculations with
the two different power laws are in good agreement. Added to this aspect, this model is
dedicated for AC losses calculations in AC but also for practical use, meaning DC+AC cal-
culations. From this view point, the percolation law is compulsory for accurate calculations
(see IV.2).

⇢( ~J, ~B) =

Ec

| ~J |

 
| ~J |
Jc0

� 1

!n0 ✓
Jc
Jc0

� 1

◆�n0

for | ~J | > Jc0 (III.9)

For our simulations we choose the value of n0=10 which corresponds to a temperature
of 4.2 K and a external field of 500 mT with Jc0=0.90.Jc. A polynomial fit for the cri-
tical current density versus magnetic flux density at 4.2 K was made according to data 4

measured in III.30 :

Jc(| ~B |) = Jc�sf · (1 + C1 · | ~B |+ C2 · | ~B |2 + C3 · | ~B |3) (III.10)

Where Jc�sf = 2.05.1010 A/m2, C1=-0.542 T�1, C2=0.26 T�2, C3=-0.0915 T�3.

Monel : For the electrical properties of monel, the resistivity of the material was set at
⇢monel=4.58.10�7

⌦.m as it was measured at 4.2 K. For the relative magnetic permeability
of the monel, a smooth relationship can be deduced from the measurement in longitudinal
field.

B(H) = µ0(H +M(H)) = µ0(H + �(� � 1) tanh(H/�)) (III.11)

The deduced fit from this measurement is listed the same as (III.11) with �monel =

2.104 A/m and �monel=8.64.

4. As it was not possible to measure the critical current with field for sample B, the critical current
densities found for sample A were used.
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III.3.d-ii Results

The calculations have been made with two different transport currents (50-Hz sinu-
soidal) 500 A and 800 A which correspond to a reduced current (I/Ic(0 T)) of 0.34 and
0.55. The operating temperature was set at 4.2 K but as the resistivity of the nickel and
monel does not change so drastically between 4.2 K and 20 K, only the change in critical
current has to be considered from 4.2 K to 20 K. This is the reason why the AC losses in
this section are reduced AC losses (division by the critical current at self field). The AC
external magnetic field, in phase with the current was also added transverse to the wire.
The analytical calculations are plotted by adding the coupling losses (equation (I.20)) and
hysteresis losses (equation (I.28)). Two models have been tested. The real model with all
the implementations above and referring as full model. This model takes about 18 days to
compute in Daryl-Maxwell. To investigate the effect of the relative magnetic permeability
of nickel and monel, a reduced model was also computed by taking into account every-
thing except the relative magnetic permeability of the two metals. The reduced AC losses
Q/(µ0Ic(0 T )2) for a transport current of 500 A with external field is plotted below in
Fig. III.48 and for a transport current of 800 A with external field in Fig. III.49.

Fig. III.48 – AC losses for the MgB2 wire with 500 A transport current

It is possible to see that the calculations from the full model but also the reduced mo-
del are higher than the analytical calculations. This is explained by the fact that several
properties have been taken into account in the model compared to analytical calculations.
As the log-log plot is good to see the trend of losses with regards to the field, but not the
difference from one result to another. For comparison, table. III.10 gives all the computed
quantities in reduced AC losses.

From this table it is possible to see that by summing the losses analytically, the diffe-
rence between the result and the numerical model is 20 % to 30 %. For the reduced model,
the main difference between analytical calculations and numerical results come from taking
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Fig. III.49 – AC losses for the MgB2 wire with 800 A transport current

It (A) Bext (mT) Analytical Full model % variation Reduced model % variation
500 0 0.34 0.38 11 x x
500 100 6.45 8.1 24 7.55 17
500 500 153 195 27 179 16.9
800 0 1.65 1.9 15 x x
800 100 9.77 13.2 33 11.8 20
800 200 26.1 35.4 34 33.4 26.4
800 500 154 214.4 39 190.1 23

Table III.10 – Reduced AC losses Q/µ0I2c(0 T) from Fig. III.48 and Fig. III.48.

into account the monel layer but also the current density function of the field which are
two causes of loss increase : current inside the monel and increase of the hysteresis losses
due to a decrease of the critical current. From the reduced model to the full model, the
difference is only done by taking into account the relative magnetic permeability which
increases the value of the local field around the filaments. This effect tends to decrease the
local critical current of the filaments which will increase the hysteresis losses.

Added to these explanations, it is possible to see, the total losses for a combined action
of AC transport current and external field are very high and can not be used in a practical
applications. This is explained by the wire is not being optimized to reduce AC losses (too
much coupling losses).

III.3.e To go further

The MgB2 model was tested with success in various cases. The long computation time
of the model (18 days max) is a limitation which makes the calculation not possible on
the whole domain of operation. But as an increase of almost 30 % of the losses is observed
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compared to analytical calculations, this approach can be necessary in some critical cases
for the sizing of large scale applications. However, the AC losses are extremely high and
these wires can not be used for AC large scale applications. Even in DC applications with
AC ripples, the model should be performed to calculate with accuracy the AC losses as a
difference of almost 30% is noticed between analytical calculations and numerical results
(even 50 % in some cases). This is explained, by this wire not being designed to reduce
coupling losses

As it was explained before, the diffusion barriers were neglected inside the numerical
model because it would impact the mesh. Some codes allow the introduction of surface
contact resistances, which may not perfectly take into account the diffusion layer geometry,
but at least can model its resistance for further work. Another possibility is to model these
barriers as shell elements coupled with the FEM. In our calculations, the diffusion barriers
were neglected and the transverse resistivity was considered as the resistivity of the nickel
sample. Some experimental work has been made to measure the resistivity of these barriers
but the values are highly dependent of the quality of the MgB2 compound but also the
manufacturing process. However, these diffusion barriers have an effect of the coupling
losses (coupling losses proportional to the conductivity of these barriers) and for reducing
AC coupling losses, one way would be to add shields with high resistivity around the
filaments combined with a reduced twist pitch.

III.4 Conclusion

In this chapter, it has been reported 3-D numerical calculations on twisted multi-
filamentary geometries. Starting from a really simple model, numerous calculations have
been carried out by taking into account several and and complex electrical properties. As
a first step, a three-filament wire has been designed and meshed specifically for an interna-
tional benchmark involving the University of Tampere and Polytechnique Montréal. From
these calculations, which gave very good agreements, the geometry was extended to more
realistic cases by taking into account the electrical properties of the matrix surrounding
the conductors. As this matrix may have an electrical resistivity but also a magnetic be-
havior (hysteresis or µR(H)), it was necessary to calculate the losses by considering these
properties. From these tests, the good agreement between the software packages has been a
way to be confident of the computed quantities. Finally, on this simple geometry, different
E-J power laws and optimization techniques have been used to speed up the calculation
which are mandatory for real models.

After the calculations on the-three filament wire, the model was adapted to real wires
for AC losses calculations. Despite the long computation time (18 days), the calculations
gave good estimates to see the differences between the computed quantities and analytical
calculations. Some adjustments can be made in the used software to speed up the cal-
culation (parallel solving) or improvement on the non-linear solver (relaxation coefficient
algorithm).
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Sumary

In the two previous chapters, numerical models have been created to compute the AC
losses in REBCO or MgB2 conductors. In a REBCO application, 2-D models offer
some possibilities to compute geometries with a large number of turns. However, if the
idea is to be able to calculate the AC losses on a power cable to optimize the system, the
principle of calculation has to be adapted. This approach is even more important for
MgB2 applications as the model is very heavy to solve for a single conductor. Instead
of calculating the complete cable, one can do a multi-scale approach by first calculating
the external magnetic field created on each wire and then the AC losses induced by the
transport current and external field. As these conductors are well suited for DC appli-
cations, it is also necessary to investigate the numerical modeling of AC ripples coming
from harmonics superposed to a DC background. These developments are divided into
two components : first the calculation of an AC signal with DC background is studied
and then a criterion on the calculation of multi-harmonics AC signals is presented.
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IV.1 Calculation of AC losses for high power cables

IV.1.a Multi-scale approach

As it has been explained previously, fast calculation of the AC losses created by a com-
plete cable, is beyond today’s computation capabilities if one is using a full description
of a cable. The simulations would be time consuming and no optimization of the cable
architecture could be done. To have a rough idea of the AC losses in a particular geometry
of cables, one way is to do a multi-scale approach. In this method, a preliminary step is
to calculate the AC losses on a single conductor with respect to transport current and
external magnetic field values. After that, a calculation of the magnetic field distribution
in the cable coupled with the knowledge of the AC losses can give rapidly an estimation
of the AC losses for a particular geometry. Admitting that the preliminary step has been
done, the calculation of losses is then very quick and optimization is possible. This method
has been developed in a home-made code in MATLAB by C. Granger. The approach can
be summarized into Fig. IV.1.

Fig. IV.1 – Principle for the AC loss calculation for a full superconducting cable.

In the AC loss calculations of a single wire, the external magnetic field is supposed to
be in a straight direction, which is not the case in a power cable. However, as the magnetic
field is a global quantity, the effect of a distortion of the field shall not be important. For
example, in the case of MgB2 wires under the action of an external field, the coupling losses
are the main mechanism of losses, hence, the most important parameter is, in this case,
the peak value of the external field and not its direction. Nevertheless, it is mandatory to
validate this approach on some examples to check the relevance of this method.
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IV.1.b Examples

Two examples of calculations in superconducting cables are presented, one with HTS
round wires and one with MgB2 conductors. These practical examples are not intended to
be fabricated but are just used to show an example of result of the code for each conductor
in AC applications. The AC losses for each conductor versus transport current and external
field were given in II.3.b-v and in III.3.d-ii

IV.1.b-i Round wire cable

As it was seen in II.3, to reduce the AC losses in round wires, it is necessary to spread
the conductors in order to lower the external magnetic field. One example is given with
18 wires carrying each 91 A (0.7.Ic). The magnetic field distribution is plotted in Fig. IV.2.
The calculations have been made in our code but the Fig. IV.2 is using the post-processing
of COMSOL.

Fig. IV.2 – Magnetic field distribution (static) for a round wire cable example carrying
1.6 kA.

From this figure, it is possible to extract the average external field seen by each wire of
the external and internal layers. By looking at the AC losses versus the transport current
(91 A) and external field, the AC losses in the total cable can be calculated. All these data
can be found in Table. IV.1

Layers Current External field AC loss per wire (W/m)
External 91 A 24 mT 0.8
Internal 91 A 15 mT 5.10�3

Total ⇡ 10

Table IV.1 – AC losses calculation for the complete cable round wire in AC condition
(50 Hz) with a rated current of 1.6 kA.

The AC losses calculated with this method are about 10 W/m (9.63 W/m) which is
still very high compared to the cryogenic envelope (2-3 W/m). As this model is simple
to compute, we performed the FEM analysis of this particular case, we found a value of
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10.45 W/m. A difference of 8 % is observed and can be explained as in the model made to
calculate the AC losses on one round wire in II.3.b-v is using a homogeneous external field,
which is not the case in the cable. This validates the approach used in our calculations. It
is then possible to change the configuration of the cable to decrease the losses.

IV.1.b-ii MgB2 cable

Superconducting cables made with MgB2 wires are highly promising if one wants to
carry high currents in reduced spaces. The example is one cable capable of carrying 10 kA
with 18 MgB2 wires. Each wire is 1.33 mm in diameter and is fed with a current of 500 A
and a frequency of 50 Hz. As it was shown before, these wires dissipate too much AC losses
in the case of AC current or fields. It is just an example to give a idea on this type of
calculations. The distribution of magnetic field of the MgB2 cable is shown in Fig. IV.3.

Fig. IV.3 – Magnetic field distribution (static) for a MgB2 cable example.

The AC losses can be found in Table. IV.2 following the calculations made in III.3.d-ii.

Layers Current External field AC losse per wire
External 500 A 189 mT 77 W/m
Internal 500 A 120 mT 30 W/m

Total 1.1 kW/m

Table IV.2 – AC losses calculation for the complete MgB2 cable in AC condition (50 Hz)
with a rated current of 9 kA.

The AC losses are very high for this conductor to be considered for AC applications.
For DC applications, the results on the AC losses calculations on a given cable are given in
the next chapter. Unfortunately, as this model of cable would be very heavy to be solved in
3-D, no comparison can be made but the fact that the fist example gives a rough estimation
of AC losses compared to the FEM full model is very promising.
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We have developed one approach for the calculations of AC losses in large superconduc-
ting cables with multiple conductors. This code is validated on a simple example and gives
quick results if we know in advance the AC losses of a single conductor when it is exposed
to an external magnetic field and a transport current in phase. However, two examples
have already shown some limitations for these superconductors for AC applications as they
tend to generate too much AC losses. At 77 K , AC losses applications can be made as
the cost of nitrogen is low. It is even possible to decrease the temperature of liquid nitro-
gen down to 66 K by decreasing the pressure of the bath. This doubles the performance
of the conductor. It seems almost clear, that the effort for the production of large-scale
applications with superconductors should be mainly focused for DC usage. It is now in-
teresting to focus our calculations on signal with AC ripples superposed to DC background.

IV.2 Numerical modeling of AC losses with DC background

As the source, which feeds the DC application (for example a cable) is not perfect,
the current will contain harmonics (or ripples). It is then important to calculate the AC
losses induced by these AC signals superposed to a DC current. In the Bean model, the AC
self-field losses are not impacted by an addition of a DC current as long as the peak value
of current is below Ic. This feature is found in experiments, for example in HTS tapes.
However as we do not use the Bean model in our numerical calculations, it is important
to study AC ripples superposed to a DC background with the two E-J power laws. In this
section, we only focus on a AC ripple with a fundamental frequency of 50 Hz with an
amplitude IAC superposed to a DC current IDC . The following section IV.3 reports the
calculations we made on signals with multiple frequencies.

IV.2.a Limit of the power law model

The power law model which is mainly used by the community for the calculations of
AC losses do not represent the correct behavior of the conductor in DC conditions [180]. To
understand the fundamental error we made by using the power law to simulate the actual
behavior of the conductor, it is possible to do a simple example. We considered a cylinder
with a radius of 1 mm and a critical current of 130 A. The critical current is considered
to be constant with field, the voltage criterion is Ec=1 µV/cm and the n value is, at first,
equals to 30. A DC transport current of 65 A is imposed to the cylinder after a ramp
up time of 5 ms. The current is maintained constant over time and the evolution of the
distribution of current is recorded. Fig. IV.4 displays the current density distributions in
the cylinder at various times. In these figures, the scale is kept constant with a maximum
value at Jc. At t=0 s the current starts to be constant at 65 A.
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Fig. IV.4 – Current density distributions at different times when a DC transport current
is imposed in the conductor with the E-J power law.

According to Fig. IV.4, the current penetrates into the superconducting cylinder even
when the current is constant. It follows a decrease of the current density values inside the
cylinder. At a time of 5.105 s, the cylinder is completely full with a current density value
homogenous in the cylinder which corresponds to 65 A divided by the area of the cylinder.
As soon as the cylinder is completely full, it starts to dissipate with a very low value of
resistivity. Another way to understand this phenomenon is to look at the resistivity of the
superconducting material which is modeled as :

⇢(J) =
Ec

Jc

� J
Jc

�n�1
= ⇢0

� J
Jc

�n�1 (IV.1)

In this equation, the resistivity is only zero when the current density is null. At 5 ms
when the current reaches the value of 65 A, the resistivity of the material is not uniform.
The area which carries the current density Jc (50 % of the cylinder area) exhibits a resis-
tivity equals to ⇢0 while the area in virgin state as a resistivity of zero. The phenomenon
of current penetrating inside the cylinder tends to make the resistivity uniform in the cy-
linder. This is achieved when the cylinder is completely penetrated. When this moment is
reached, the resisitvy of the cylinder is equal to ⇢ = ⇢00.5n�1. This result is in contradiction
with the critical state model and the fact that only a portion of the conductor carries a
fixed current density.

The velocity of current penetration inside the cylinder is directly linked to the shape
of the power law i.e. the value of n as it can be seen in Fig. IV.5. After the current is set
constant, the maximum current density in the cylinder is plotted over time with various
n values. Having high n values is equivalent as solving a quasi-static problem close to the
Bean model. This means that the current densities are frozen inside the material when the
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current stays constant. It is likely, that if the n value is infinite, the evolution of current
density inside the material will be stopped.
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Fig. IV.5 – Evolution of the current density value versus time with the power law and
various n values.

The penetration of current inside the cylinder, will induce losses based on the same
principle as the AC losses. For example, if one is considering an AC signal superposed to a
DC current, the instantaneous AC losses versus time is shown in Fig. IV.6. An AC signal
with IAC=40 A is superposed to various DC current values. The AC ripples start at 20 ms.
In the figure, only the portion after 35 ms, is interesting as the losses before this value
of time are the consequences of the establishment of the local current densities due the
non-linear phenomenon of the superconductor.
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In this figure, it is clearly visible that the instantaneous AC losses are increasing with
the increase of IDC which is linked to the penetration of current inside the material. It is
also possible to see that the differences between the instantaneous losses is decreasing over
time. The AC losses are constant as soon as the cylinder is completely penetrated. In other
work, some results show that it is necessary to compute at least 50 periods to observe a
identical value of AC loss with or without DC current [181], we used this reference of the
infinite case.

IV.2.b An alternative given with the E-J percolation law

As it has been suggested in I.1.e-iii, the percolation law can be used as a reasonable
alternative to model the actual behavior of the superconductor in DC conditions. The
percolation law is given with the two quantities Jc0 and n0 :

⇢(|J |) = E0

|J |

✓
|J |
Jc0

� 1

◆n0

if |J | > Jc0, ⇢=0 else (IV.2)

In the equation E0=Ec(Jc/Jc0-1)�n0 is a reduced voltage criterion. This percolation
law does not only exhibit a better correlation with the experiment (see II.2.e-ii), it also
has a resistivity equal to zero for a wide range of current density values between 0 and
Jc0. Starting from the same model presented in the previous section, it is likely that when
the current is penetrating inside the conductor, the value of current density will be mainly
around Jc. After the DC condition is reached, the current will also start penetrating as it
was observed with the power law. When the current density reaches the value of Jc0 inside
the conductor, the resistivity of the cylinder is everywhere equals to zero which means that
the equilibrium point is reached. The same calculations for the maximum current density
in the cylinder over time can be made and is plotted in Fig.IV.7.
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Consequently to a change of power law, the n0 value is lower and the equilibrium point
is reached much faster. Also, when DC conditions are reached, the value of current density
inside the cylinder is not equal to Jc but Jc0, which is very close to Jc (Jc0=0.9Jc). In all
these calculations, the equilibrium point is reached after few periods and no large change of
current density is noted inside the conductor. In addition to these results, the low value of
n0 leads to a more uniform current density when the current penetrates inside the cylinder.

IV.2.c AC ripples superposed to DC current

In II.2.e-ii, it has been shown, that the two power law models are in good agreement in
pure AC losses calculations and experiments. In the case of an AC ripple superposed to a DC
background, it has been quickly shown, that the losses are highly depend upon the power
law models. Experimentally it was noticed, that for peak current values below the critical
current, no increase of AC losses has been observed with the addition of a DC current.
Our numerical models which, are dedicated to DC applications with AC ripples created by
harmonics can be tested with this kind of current waveform to assess the differences. In a
2-D numerical model, a AC ripple of 5 A (50 Hz) is superposed to a DC current. The AC
losses are computed in the 1st periods of the signal after the steady state is reached and in
the 4th and 50th periods as shown in Fig. IV.8. In addition in the figure, the instantaneous
losses for the power law model (n=30) are shown.
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Fig. IV.8 – Waveform of AC ripples superposed to a DC current with the power law.

Various DC currents have been simulated including the case of pure AC signal with the
power law model (n=30). The AC signal is sinusoidal with a frequency of 50 Hz. The AC
losses for the 1st, 4th and 50th periods are reported in Fig. IV.9. The calculation for the 50th

has been considered as infinite [181].
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Fig. IV.9 – AC losses created by AC signals superposed to DC background current with
the E-J power law.

As it was expected from IV.2.a, the losses are highly dependent on the addition of a
DC current. The AC losses are expected to be around 5.10�6 W/m and the results found
for the 1st and 4th periods are more than 10 times higher. Even for the 50th period the
AC losses found with a DC current are almost twice the expected value. This is explained
by the penetration of current not reaching inside the conductor. At the infinity time the
AC losses will also be higher as the superconductor is fully penetrated by the DC current.
Unfortunately it was not possible to calculate the AC losses for AC ripples superposed to
DC current when the penetration is reached as it would be time consuming to simulate an
AC signal up to 5.105 s.

The same simulations have been made with the percolation law. The results are shown
in Fig. IV.10.
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Fig. IV.10 – AC losses created by AC signals superposed to DC background current with
the E-J percolation law.

The AC losses in the case of the percolation law are less dependent of the addition of a
DC current. First we can notice that the values of AC losses at the first period are different
by 8 % compared the value for pure AC. For the 4th period the difference is lower than
5 % and the AC losses found for a AC ripple superposed to a DC current for the 50th are
the same as pure AC. In Fig. IV.11, the two results with the two different power laws are
plotted.
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From this figure, it is clearly visible that the percolation law is more suited for AC
ripple superposed to a DC current as even the 1st period gives result with an acceptable
difference.
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IV.2.d Conclusion on the E-J power laws

In this section, we have been studying the influence of the two power laws with nume-
rical calculation of AC ripples superposed to a DC background.

The power law model that is largely used by the community has shown its limit when
a DC current is imposed to the numerical model. This is in accordance with already publi-
shed work [180]. For pure AC signal, the problem is not visible which explains the reason
why no work has been made on this fundamental problem (i.e. the current distribution
evolution over time). Results in II.2.e-ii have shown that the power law model presents
good correlations with experimental results. However, when one is considering AC ripples
superposed to DC signals, the power law may induce large errors in the AC losses calcu-
lations due to the penetration of current inside the superconductor. This issue can be a
problem leading to an over estimation of the losses besides the fact that at an infinite time
the model is in contradiction with the superconducting state.

We focused on experimenting another E-J fit called percolation law. This percolation
law has provided more realistic result with the AC losses calculations with or without DC
background and we are confident about the fact that this power law is in agreement with
the superconducting properties. Unfortunately, the fit of the experimental point of the E-J
characterization if more complicated as it involves a couple of parameters. This reason
coupled to the fact that the AC losses calculated with the power law are very close in
pure AC, is one of the explanation on why this percolation law has to been more deeply
investigated over the coming years.

However, it is difficult to give more credit to the percolation law compared to the power
law model. These two models are a description of the macroscopic evolution of electric field
with current and do not intend to describe the complete behavior of the conductor but
give validated results for AC losses calculations. More developments are required to find
more realistic models.

IV.3 AC loss calculations for multi-sinosoidals waveforms

IV.3.a Problem description

In last section, the AC losses created by ripples superposed to a DC signal have been
calculated. To simplify the calculation, only AC signal at 50 Hz was considered. In reality,
the harmonics created by the environment of the cable are likely to be spread on a large
range of frequencies with various amplitudes. These AC ripples called harmonics in classical
power systems can come from a non-perfect source of DC current for example. In general
the considered harmonics are between 50 Hz and 2 kHz and their amplitudes are given by
what is called a FFT of the harmonic spectrum.

As these harmonics are really dependent of the converters used in each part of the
network and the upper limit of frequency is high, simulating the complete spectrum of
harmonics for AC losses can be time consuming and not adapted for industrial calculations
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(expected to be quick). If we consider harmonics coming from frequencies from 50 Hz to
2 kHz it is necessary to calculate the AC losses on a complete cycle of 50 Hz with a time step
in agreement with Shannon theorem for the 2 kHz signal (maximum time step of 2.5.10�4 s).

In this thesis, we studied the effects of the AC losses with multi-frequency signals and
suggest a criterion. Instead of taking into account all the harmonics of the signal, we calcu-
late the AC losses at the fundamental frequency (50 Hz) with an amplitude equals to the
summation of all the harmonics (shape signal). Taking into account only a signal at 50 Hz
will improve the convergence of the system and speed up the calculations. This hypothesis
comes with an intrinsic error has the signal is not the real one. In our calculations, our
criterion has been to set a upper limit of 10 % difference between the AC losses of the real
signal and the shape signal.

IV.3.b Simulation and experimental validations

In this section, several tests with different waveforms have been made to test the criteria
for AC losses calculations. Before considering harmonics on a real case, some calculations
have been made with waveforms composed of two or three sinusoids. To begin with a simple
case of study, only a summation of two sinusoidal waveforms was used. The constitutive
equation of the final waveform is :

I(t,m, k,↵) = Iac(sin(2⇡ · 50 · t) +m sin(2⇡k · t+ ↵)) (IV.3)

The current is an addition of a sinusoidal current with an amplitude of Iac and a fre-
quency at 50 Hz and a second sinusoid with an amplitude of m · Iac, a given frequency k
(between 50 Hz up to 2 kHz) and a phase shift ↵. The AC losses will be compared to the
shape current which is a sinusoidal waveform with a 50 Hz frequency and an amplitude
Ipeak = (1 +m) · Iac. One can notice, than this waveform is obtained when the frequency
k is equal to 50 Hz and the phase shift ↵ is zero. A drawing of the two waveforms and the
shape current in red is displayed in Fig. IV.12 with m=0.3.

From (IV.3), a sensitivity study can be achieved with four parameters. At first the
parameter m was set at 0.1, which is an upper limit value for harmonics on an AC current.
No phase shift was added in these simulations. Fig. IV.13 displays the AC losses with k
between 50 Hz and 2 kHz with different Iac. The circles represent the experimental re-
sults (noticed as E) and the crosses the numerical model (noticed as C). The experimental
points have been made using the bench presented in II.2.e-i

The AC losses are nearly constant with the addition of the second sinus and the change
of its frequency. Only low frequencies give different results in terms on AC losses. This
can be explained by the peak value of the distorted current which can be lower when the
frequency of the second sinus is close to 50 Hz whereas when k is above 500 Hz, Ipeak is
constant and equals to the value at 50 Hz. The experimental and numerical results agree
with an error lower than 5 %. It can be noted that the AC losses does not depend so much
on the addition of the second sinus which validates the criterion of using a shape current
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Frequency (Hz)

0 1000 2000 3000 4000

A
C

 lo
ss

e
s 

(J
/c

yc
le

)

×10-4

0

1

2

E-70 A+10%

C-70 A+10%

E-55 A+10%

C-55 A+10%

E-42 A+10%

C-42 A+10%

Fig. IV.13 – AC losses versus frequency for m=0.1 and ↵=0. The ’E’ labels are the expe-
rimental results and ’C’ the numerical results.

taking into account both amplitudes of the two sinusoids. The change in AC losses with
the phase shift (with k=250 Hz) is displayed below. Due to symmetric considerations, only
the AC losses with a shift angle between 0°and 180°are plotted. This has been modeled to
see the impact of the phase shift from one sinusoid to the other in Fig. IV.14.

Once again, the addition of the second sinusoid has no impact on the AC losses. This
result is confirmed experimentally and numerically with an excellent correlation between
them. From this set of results, it can be noted that the AC losses do not depend on the
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waveform of the real current but on a shape current which has an amplitude equal to the
peak value of the real current. As a limit case, the m value was multiplied by a factor of
5 (m=0.5), this can be the case with DC application where two harmonics of currents are
generated by the current source. The results are plotted in Fig. IV.15.
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The numerical model is once again in agreement with the experimental results, with
a little deviation at 2.5 kHz. The AC losses are increasing with the frequency for a cur-
rent amplitude equal to Iac=48 A and Iac= 30A. In these cases, a varying current with
an amplitude of 24 A and 15 A respectively dissipates more AC losses at high frequency
and influences the overall AC losses. With Iac=20 A, the slope of the AC losses with the
frequency is almost flat but is likely to increase with large values of frequencies. From this
set of measurements, the FEM model agrees with an excellent accuracy. The error in every
case is less than 5 %, which is rather good considering that the criterion used aims to
assess the AC losses with a 15 % margin. Only an m value equal to 0.5 with high frequency
dissipates more AC losses than the AC losses of the envelop current.

After the exploration of a two-sinusoid waveform, the model was extended with a cur-
rent made of a summation of three sinusoids. This distorted current was created with an
arbitrary waveform GBF connected to a KEPCO linear amplifier. Firstly, the equation
used was :

I(t,m) = Iac
⇥
sin(2⇡ · 50 · t) + 0.5 sin(2⇡300 · t) + 0.2 sin(2⇡k · t)

⇤
(IV.4)

Fig. IV.16 shows the AC losses measured and calculated for the equation (IV.4). The
envelop current with a frequency of 50 Hz and the amplitude of 0.6I.ac is displayed in
Figure 8 at the frequency of 50 Hz.
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Once again, the AC losses do not depend on the frequency of the third current. The
measurements are in agreement with numerical modeling. From now on, only numerical
modeling results are shown. The results below validate the numerical model compared with
experiments and can be extended to a general study. A second waveform was used with
more realistic harmonic amplitude decreases. The equation used is :
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I(t,m) = Iac
⇥
sin(2⇡ · 50 · t) + 0.15 sin(2⇡300 · t) + 0.05 sin(2⇡ · k · t)

⇤
(IV.5)

The AC losses are displayed in Fig. IV.17.
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Fig. IV.17 – AC losses vs frequency with the waveform given in (IV.5).

IV.3.c Examples of applications

With the decrease of natural resources used to obtain energy, renewable energies are
growing strongly. These ones come from unlimited resources as for example the sun or the
wind. Several worldwide projects aim to generate huge amount of energy for the network
but the use of these renewable energies has an impact on the electrical system. For example,
a solar power plant, due to the use of multiple stages of power electronics generates a large
spectrum of harmonics on the output current. This part focuses on a solar plant system.
The network architecture (FFT) was first computed with the software PSCAD®. The
harmonic signature of the current was then used as an input to calculate the AC losses
on a tape. The solar plant is composed of 88 PV panels in series with a 50 m cable. The
network architecture can be found in Fig. IV.18 [182]. A PV panel electrical circuit is
composed of a single diode in parallel with a resistor as commonly used in the literature.
To avoid a large panel of harmonics, a second order low pass filter with a cut frequency at
1800 Hz was added.

From this architecture, it has been possible to compute the harmonic signature of the
current. The fundamental frequency is 50 Hz. The FFT of the current in the output of the
inverter OutInv and in the Input of the Transformer InpTrans are given in Fig. IV.19.
After a frequency of 2050 Hz, the amplitude of the harmonics are considered zero.

The peak current of each distorted currents are 60 A and 82 A respectively. Table. IV.3
displays the AC losses calculated with these two waveforms and also the comparison with
the shape currents.
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Fig. IV.18 – Filter schematic of the installation [182].

Fig. IV.19 – FFT of the two output currents.

Current shape AC losses (mJ/cycle) Error between shape current
and real current

60 A-50 Hz 0.106
OutInv (COMSOL) 0.113 6.61 %
OutInv (Experiment) 0.118 10.37 %

82 A-50 Hz 0.284
InpTrans current (COMSOL) 0.306 7.74 %
InpTrans current (Experiment) 0.314 10.5 %

Table IV.3 – AC losses comparison between the experimental measurements and COM-
SOL on a practical example.

IV.3.d Conclusion

The AC losses generated by a summation of harmonics to simulate a distorted current
were investigated in this section. Starting from a basic sinusoidal current, the input current
was set as a summation of different sinusoidal currents at various frequencies. Experimental
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work validates the modeling part with good agreement. From this work, the assumption
made to approximate the current with a shape sinusoidal waveform with the fundamental
frequency and the amplitude equal to the peak current is validated with a range of 15 %
error. These results are in agreement with development made with odd-order harmonic
currents. In a full power cable, the superconductors are under the action of current but
also and an external magnetic field generated by the others superconductors. Further work
will investigate the validation of this criterion with a combination of external magnetic
field and input current.

IV.4 Recommendations for the calculations of AC losses in
DC cables

This chapter contains miscellaneous points on our approach for the calculation of AC
losses in DC cables. Our multi-scale approach has been presented and is able to calculate
rapidly the AC losses of diverse architectures of cables, knowing the AC losses with current
and field on one conductor. The calculations of AC losses created by harmonics on DC
cables are also challenging, as the numerical model using the E-J power law does not give
the expected results. From these developments, two points about the calculations of cables
can be :

1. The percolation model is closer to reality compared to the E-J power law. Beside the
fact, that the fitting of experimental data of the dissipative state is more challenging,
this percolation law gives results closer to experiments in all the scenarios and the
convergence is generally improved.

2. Instead of considering the complete FFT spectrum of harmonics, taking into account
a shape signal gives reasonable result. This shape signal is defined as a sinusoid with
a frequency equals to the fundamental frequency of the harmonics and the amplitude
equal to the summation of all harmonics. From the results, in this chapter, a difference
of less than 10 % is observed overall.
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Sumary

The upgrade of the grids to transmit renewable energy requires the implementation of
HVDC technologies. It offers a unique opportunity for superconducting applications to
be investigated and tested. In this framework, very high current superconducting cables
are interesting in many ways. In the European project BEST-PATHS : a 20 m HVDC
demonstrator composed of MgB2 wires will be build and tested. This demonstrator will
transmit a total current of 10 kA under 320 kV. Beside the power transmitted in steady
state, several aspects have to be investigated including the losses in the system (AC
losses calculations created by harmonics on the DC current) or the protection of the
cable against faults. The numerical model developed in the previous chapter has been
used to calculate the AC losses generated in the power cable during operation. In the
requirements of the power link, the system should also sustain fast changes of current
polarity. Additionally, a FEM model has been developed to calculate the temperature of
the cable when a quench of the superconducting wires occur in the case of faults. This
model, which couples circuit equations and the heat equation has been used to check
the robustness of the cable designs in various cases.
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V.1 Introduction : The BEST-PATHS project

By 2050, the majority of Europe’s electricity will come from renewable sources [183],
but the transmission of the power to citizens or consumers will require the modernization
of nearly 300 000 km of transmission lines. To support this transition, the BEST-PATHS 1

project was started in 2015 for 4 years [184]. 39 partners from 11 European countries are
gathered with a budget of 62.8 Me including a european contribution of 35.5 Me. It aims
at developping state of the art high-capacity transmission technologies and upgrading the
multi-terminal links. These interconnections should be in DC as it is the most efficient way
to transport high power over long distances [185, 186]. The scope of this project is to come
up with a reasonable solution to meet energy goals in Europe after 2025.

The objectives of the project are divided into five items (called DEMO) listed below
and summarized in Fig. V.1 :

1. DEMO 1 : HVDC offshore wind farms and interconnections

2. DEMO 2 : HVDC multi-vendor inter-operability

3. DEMO 3 : Upgrading multi-terminals HVDC links

4. DEMO 4 : Innovative AC corridors

5. DEMO 5 : DC superconducting cable

Fig. V.1 – BEST-PATHS project summarized in the five packages. From the offshore HDVC
connections to general housing with superconducting links [184].

Our work is focused on the DEMO 5 package : a superconducting link. Specifications
of this package are presented in the following section.

1. BEST-PATHS stands for ’BEyond State-of-the-art Technologies for rePowering Ac corridors and
multi-Terminal Hvdc Systems
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V.2 DEMO 5 : MgB
2

superconducting link

V.2.a Demonstrator design and requirements

In the package (DEMO 5), a superconducting demonstrator made with MgB2 wires
will be fabricated and tested in a dedicated platform. This demonstrator will be assem-
bled in Nexans and tested in 2017-2018. The cable system will operate at 10 kA under a
voltage of 320 kV. This corresponds to a transmitted power of 3.2 GW. For comparison,
the transmitted power of the cable is equals to the total solar power generated in France
in 2011 [187]. Only 20 bipolar superconducting power links, will be sufficient to transmit
the total wind power installed in Europe in 2013 [188]. The operating temperature of the
cable is 20 K with gaseous Helium.The requirements of the demonstrator are summarized
in Table. V.1.

Characteristics Details
Structure Monopole

Power 3.2 GW
Voltage 320 kV
Current 10 kA
Length ⇡ 20-30 m

Operating temperature 20 K
Cooling He gaz for MgB2 conductor

LN2 for voltage insulation
Fault current 35 kA during 100 ms

Change of polarity up to 10 GW/s

Table V.1 – DEMO-5 superconducting cable characteristics.

As soon as the demonstrator is successfully tested, the principle of such a link will
be extended to longer lengths in a real network. This is why some of the aspects of the
demonstrator, for example the fault characteristics have been considered. To follow the
energy market price evolution, the possibility of fast change in direction of current is im-
portant. Hence, the cable should be able to withstand a change of power direction at a
rate of 10 GW/s. It means that the current should go from +10 kA to -10 kA in 640 ms
at 320 kV, corresponding to a ramp of 31.25 kA/s.

To couple cryogenic temperature and high voltage, a innovative design for the demons-
trator has been developed. The Helium gas which flows inside the cryogenic envelope is
circulating in a close loop. The electrical potential of the close loop is at the ground voltage.
The cooling system will maintain the output temperature at 20 K before injecting it back
into the cable. A scheme of the design is shown in Fig. V.2.
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Fig. V.2 – DEMO 5 demonstrator working at 320 kV and 20 K. The helium close loop and
the LN2 path are shown.

V.2.b Cable design

One of the suggested designs for the cable is composed of 18 MgB2 wires developed by
Colombus. The wires, which have a diameter of 1.33 mm, are assembled around a copper
wire core. In normal operation, each wire will carry 555 A for a total current of 10 kA. A
prototype of the cable design is shown in Fig.V.3. In comparison, a copper cable carrying
2 kA is placed next to a 24 wire MgB2 cable.

Fig. V.3 – An example of a cable design with 24 wires is shown in comparison with a 2 kA
copper cable.

As it was expected, the high current capacity of the superconductor allows for the re-
duction of the size of the cable conductor by almost a factor 5. This design is one of the
suggested designs for the cable but as the MgB2 manufacturing process is under improve-
ments, the cable design may be adjusted to benefit from the increase of performance and
properties. In this work, we focused our calculations on this design with this specific wire.
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V.2.c Advantages of the superconducting cable for DC grids

V.2.c-i Life-Cycle Analysis (LCA)

To start, a life cycle analysis (LCA) has been carried out by taking into account all
the steps of the manufacturing of the cable but also its peformance during operation. The
complete life cycle analysis is shown in Fig. V.4 [189]. The LCA is based on the ISO 14040-
44 standard series and derivatives [190, 191]. The MgB2 system takes into account the
performance of the two cooling systems, one for LN2 and one for GHe. The unit considered
for the LCA is transmitting 3.2 GW over a distance of 1 km for 40 years at 100 % usage
rate in accordance with the relevant standards. The manufacturing processes of the wires
(done by Colombus) and also the dielectrics and cryostats (done by Nexans) are not taken
into account due to inconsistent or unavailable data. However, the addition of these contri-
butions should not dramatically impact the final result. The LCA of the superconducting
system is compared to a conventional system based on copper [192].

Fig. V.4 – Simplified LCA comparison between conventional system and superconducting
system [189].

From Fig. V.4, one can notice that the superconducting system has a better energy
cycle in all aspects of the standard compared to conventional system. This is very promi-
sing for superconducting cables as component of next generation grids. As MgB2 wires are
inexpensive (10 e/kA/m), the replacement of resistive copper cables by these MgB2 links
can be a good alternative for the environment but also for the cost of the system.

V.2.c-ii Cable foot prints

Another aspect relates to compactness of the cable. To transmit 6.4 GW, a supercon-
ducting cable system has a reduced foot print of 0.8 m for two superconducting cables
compared to conventional systems, which require a foot print of 7 m as shown in Fig. V.5.
Consequently it will be easier to find spaces to install the superconducting cable than the
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resistive ones, especially in urban areas.

Fig. V.5 – Example of foot prints for a 6.4 GW DC power link with resistive cables (left)
and superconducting cables (right).

V.2.d Our contribution

To scale the cryogenic system of this power cable, it is necessary to calculate all the
losses including AC losses. The cable will work in DC, but harmonics are created by the
power supplies. It was assumed that the AC ripples applied to the power cable will have
amplitudes below 1 %. It means that, for a cable working at 10 kA, AC ripple amplitudes
will not be over 100 A. To calculate the AC losses inside the cable, we developed a method
based on the calculation on a single wire which is then extended to the whole cable as
presented in III.3.d and IV.1.a. The AC losses in the single wire will be calculated with
the FEM model and compared to analytical calculations. As the cable is a single phase, all
the wires are under the same magnetic field and the total AC losses of the cable will be 18
times the AC losses of one strand.

In addition, the demonstrator should comply with the standards set by RTE. The po-
wer cable should be able to handle a change of polarity of the total current (from 10 kA to
-10 kA) in 0.64 s. Therefore, it is interesting to calculate the total losses generated during
this inversion of current.

The dynamics of the cable shall also be studied against a fault current over 35 kA for
times of some hundreds of milliseconds. To see if any damage will occur during a fault : a
quench model of the cable has been developed and tested with various fault current scena-
rios.

V.3 AC losses calculations

In this section, the numerical model developed in Chapter III has been used for the
calculation of AC losses coming from the AC ripples in the power cable and during the
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inversion of current from 10 kA to -10 kA. At first, a stationary magnetic study of the
demonstrator design was made to calculate the external field induced on each wire.

V.3.a Cable magnetic design

The magnetic distribution was computed in COMSOL by taking into account the real
geometry and the relative permeability of the metals (nickel and monel). However as the
magnetic field is a global physical quantity, the local change of current distributions on the
wires will not affect the value of the surrounding field. Fig. V.6 displays the magnetic flux
density distribution of the complete power cable.

Fig. V.6 – Magneto-static analysis of the power cable by taking into account the wire
architecture and the relative magnetic permeability of the material. The value of external
field seen in average by the wire is 0.65 T.

From Fig. V.6, it is possible to extract the external flux density value seen by each wire
at an operating current of 10 kA. The magnetic flux density is in average 0.65 T on each
wire. As the external magnetic field seen by each wire is proportional to the current it is
then possible to calculate the magnetic field ripple generated by the current ripple. The
values are summarized in Table. V.2.

Variation Total current Current per wire External field
AC ripple (�AC=1 %) 100 A 5.5 A 6.5 mT
AC ripple (�AC=2 %) 200 A 11 A 13 mT

Table V.2 – Associated current and external field values for DC and AC ripples for 1 %
and 2 % for a 10 kA cable built with 18 MgB2 wires.

V.3.b Ripple field analysis

Simulations have been carried out with various percentage of AC ripples at a frequency
of 50 Hz superposed to DC operating current and field. The waveform of current (and
field) is plotted on Fig. V.7. We decided to use the approximation developed in IV.3 and
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concentrate all the AC ripples amplitudes on one fundamental frequency of 50 Hz. The
results coming from the calculations will have an error margin of less than 10 % which is
acceptable considering that the AC losses coming from AC ripples are expected to be low
(<0.01 W/m) compared to the losses of the 20 K cryogenic envelop (around 0.07 W/m).

Fig. V.7 – Current waveform for AC + DC simulations. (1) is referring as the ramp up
time to achieve DC state, (2) is the time taken to let any relaxation inside the material.
(3) is the magnetization of the superconductor coming for AC ripples. (4) is the actual AC
signal for losses calculation.

The current (and field) is increased from 0 to the operating current IDC in 5 ms (1).
The DC regime is then maintained for 5 ms to allow for any relaxation effect in the wire
(2). With the percolation law, these effects will only take a few milliseconds. In (3) and (4)
the AC harmonic is superposed to the DC condition according to the equation with �AC

defined in Table V.2 :

I(t) = IDC ·
�
1 + �AC sin(2⇡f · t)

�
for t�10 ms, f=50 Hz (V.1)

For the same reason as previously explained, the first quarter period of the signal (3) is
not taken into account for the calculation as steady state is only reached after one quarter
of the period. The AC losses calculations are then computed in the period (4). Compared
to these calculations, the analytical calculations of the AC losses inside the conductor will
be plotted by summing the hysteresis losses in the superconducting filaments, the eddy
current losses and the coupling losses in the matrix with the assumptions in III.1.a. Each
calculation with the model takes 25 days to compute so only few simulations have been
performed with DC+AC ripples.

V.3.b-i Results for AC ripples superposed to DC environement

At first, the AC losses calculation for AC ripple amplitude of �AC=1 % has been made
with a harmonic frequency of 50 Hz. Fig. V.8 displays the AC losses with various frequen-
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cies. In addition to the numerical results, analytical calculations i.e. hysteresis eq. (I.28),
coupling eq. (I.20) and overall losses (summation of the two) are also shown.
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Fig. V.8 – AC losses calculations for 1 % AC ripple for one wire vs frequency (on right)
with a 120 mm twist pitch. Analytical calculations are compared to the numerical model.
On the left, the weight on the analytical calculation compared to the numerical model for
the calculated point.

From these calculations, it is worth noticing that the coupling losses are predominant
over hysteresis losses in the filament. The difference between the numerical model and the
analytical calculation is in the order of 27 % which is similar to the difference found before
(see III.3.d-ii). The difference is explained by the model taking into account the relative
permeability of the metal matrix, the E-J power law and the dependency of Jc with field. In
Fig. V.9, the complete AC losses are plotted versus the AC ripple amplitude �AC between
1 % and 10 % with only few results on the numerical model.
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Fig. V.9 – AC losses vs the amplitude of AC ripple for one wire. Analytical calculations
are compared to the results of the numerical model with a 120 mm twist pitch.

All the calculations are in agreement with the previous results. The difference between
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the analytical calculations and the numerical model is still in the order of 20 %-25 %. In
reality for HVDC systems, the summation of the amplitudes of harmonics �AC is commonly
largely below 1 % [193, 194, 195]. For the demonstrator, the AC ripple amplitudes were
purposely enlarged to have an upper limit for the value of AC losses in the demonstrator.
In our calculations, we found AC losses in the order of 200 mW/m for the complete cable.
This can be an issue for long superconducting cables but not for the demonstrator. One
way to decrease the AC losses is to adjust the architecture of the wire in order to reduce
the coupling losses.

V.3.b-ii MgB2 architectures

The same conclusion as III.3.e can be drawn from these results as the architecture of
the MgB2 wires is not well suited for low AC losses. From the previous results, the AC
losses for pure AC regime excludes the use of this wire for large scale AC applications. But
in the case of DC applications, the AC losses generated by the AC ripple are not too high.
Nevertheless, the losses may be further reduced in order to have still a more competitive
cable. By looking at Fig. V.8, it is clear that if a reduction of coupling losses can be obtained,
the total losses of the wire will be also reduced. To go further, the architecture of the wire
has been compared to other architectures made by changing the transverse resistivity and
the twist pitch. Fig. V.10 displays the total AC losses generated for �AC=1 % for five
different architectures. Our calculations have been made with a wire with a twist pitch of
120 mm. In Fig. V.10, three twist-pitches have been considered : 300 mm and 120 mm and
also a lower value of 5 mm. The calculations have been carried out with diverse matrix
transverse resistivities 5 n⌦.m and 500 n⌦.m which are respectively the resistivity of nickel
and monel.
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In these calculations, the coupling losses are more than 80 % of the total AC losses.
If we focus on the coupling losses, the analytical equation (I.20) for these losses can be
rewritten at a fixed field (B=0.65 T) as :

Ptot ⇡ Pcoup /
B2

max

2µ0

✓
⌧

1�N

◆
!2

1 + (!⌧)2
(V.2)

The losses are acting as a high pass filter with a cut frequency of fc = 1/⌧ / ⇢t/l2p. To
reduce the losses, it is interesting to increase fc by increasing the transverse resistivity and
decreasing the twist pitch as it can be seen from Fig. V.10. If the fundamental frequency of
the AC ripples is higher, above fc, the coupling losses are mainly constant in the saturated
regime with a gain of :

Pcoup(f >> fc) /
B2

max

(1�N)

1

⌧
= B2

max

⇢t
l2p

(V.3)

This explains the fact that the coupling losses for a twist pitch of 300 mm are lower
than in the case of a twist pitch of 120 mm. Two approaches can be formulated from
this calculations. First, decreasing the twist pitch of the filaments by at least one order
of magnitude and second, increasing of at least one orders of magnitude the resistivity of
the matrix. Today, the amount of losses is 0.13 W/m which has to be divided by at least
10 to be considered for large scale applications. Dividing at least by two this amount is
interesting for a large scale application, this would be done by only dividing the twist pitch
by three or change the metal in the matrix, for example Stainless steel or Titanium.

V.3.c Current inversion

With this new kind of power links in the grid, it is necessary to calculate the amount
of energy dissipated when a inversion of power is made. The specification of the power link
set by RTE is the ability of the cable to invert the transmitted power at a rate of 10 GW/s.
We made a simulation with this rate and calculated the energy dissipated inside a wire,
the result is plotted in Fig. V.11.

From this figure, the wire dissipates a maximum value of 178.8 mJ (on 20 mm),
which is not a concern considering the measured Minimum Quench Energy 2 (MQE) of
the wire [196]. This means that the cable should not quench during the inversion of cur-
rent.

2. Deposited energy to start a quench
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Fig. V.11 – Waveform of current for a current inversion and the amount of power dissipated
in a wire.

V.4 Quench modeling

In the specifications of the demonstrator lies the protection in the case of faults or
defects. As the Minimum Quench Energy of the MgB2 wire is several Joules [196], it is
unlikely that the power cable could quench by accident. It is then interesting to study the
behavior of the demonstrator i.e. the temperature and time required to cool down the cable
only when a fault occurs.

V.4.a Numerical model

This model has been developed in COMSOL, due to its capability of handling complex
multi-physics problems. As the cooling will be located on the side of the wires (flow of
helium gas), the model was made in 3-D.The twist pitch of the MgB2 wires of the de-
monstrator is equal to 250 mm. To fill the hole inside its core and protect the cable, 19
copper wires (diameter of 1.33 mm) have been added. We measured the RRR of the cop-
per wires at 145. The model uses bulk copper to reduce the number of elements, meaning
that a hole inside the bulk (see Fig. V.12) is designed to take into account the spaces
between the copper wires. To calculate the current in each MgB2 wire and also inside
the copper bulk, an electrical circuit is solved in parallel to the heat equation. The MgB2

wires have been considered as homogeneous wires with equivalent properties as done in the
past [197, 198, 199], so the equivalent heat capacity, thermal conductivities and electrical
resistivity will be calculated according to the volume fraction fi of the constituents in the
wire and their properties. The heat equation can be written in all the domains as :

� · Cp(T )
@T

@t
= r(

¯

¯�(T )rT ) + Pj + Pconv (V.4)

In this equation � and Cp are respectively the density (in kg/m3) and the heat capa-
city of the each domain (in J/(kg.K)) (more details in V.4.a-i). ¯¯� is a matrix of thermal
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conductivities detailed in V.4.a-i. The Joule losses Pj are calculated in each domain (MgB2

wires and copper bulk) as :

Pj =
1

Vi
Ri(I, T ) · I2i (V.5)

With Vi the volume of the domain and Ii the current inside the domain. The resistance
Ri is calculate according to :

Ri(I, T ) =
1

Si

Z

Cl
⇢(T, J)dl (V.6)

Where ⇢ is the equivalent electrical resistivity of the domain i, Si is the normal surface
of the wire and Cl is the longitudinal path along the domain. As the model is homogeneous,
all the properties are considered equivalent over the normal surface. The convection physics
is taken into account with :

Qconv(T ) =
1

Vi
.h · (T � Top)Sout (V.7)

Where Top is the operating temperature (20 K), h 3 and Sout is the convective heat coeffi-
cient (more details in V.4.a-ii). Sout is the external surface of the model where the helium
gas cools down the cable, i.e. the complete surface of the MgB2 wires but also the external
surface of the copper bulk (no exchange in the copper hole). The circuit coupling and also
the complete model are shown in Fig. V.12.

Fig. V.12 – Geometry of the model on the left and the circuit coupling on the right.

V.4.a-i MgB2 conductor modeling

The MgB2 wires are the same as the one used in III.3.d-ii with a diameter of 1.33 mm.
This wire is composed of 15.5 % of MgB2 compound. The critical current of the wire is
equals to 850 A at 20 K, 0.7 T. The volume fractions of the constituent in the MgB2

conductor can be found in Table. V.3.

3. In addition, the heat transfer coefficient is temperature dependent
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Elements volumetric fraction fi
MgB2 15.5 %
Nickel 35 %
Monel 49.5 %

Table V.3 – Volumetric fraction fi of each element inside the MgB2 wire.

Electrical resistivity The equivalent resistivity of the wire ⇢eq will be calculated using
the percolation law as :

⇢eq(T, J) =

8
><

>:

0 if |J|6 Jc0
Ec

⇣
J

Jc0(T ) � 1

⌘n0

if T<39 K and |J|> Jc0
FNS(T ) if T > 39 K

Regarding the resistivity of the wire below 39 K, the critical current of the wire was
measured in CERN at 850 A at 20 K at 0.7 T. The trend of critical current with tempe-
rature has been assumed as a linear decreases from 850 A to 0 from 20 K to Tc=39 K,
which underestimates the critical current near Tc. The relationship between Jc and Jc0 has
been assumed as Jc0=0.90Jc according to III.3.b-i. The n0 is kept constant and set at 10
which is a good value according to the measurement (see Fig. III.33). The resistivity in
the normal state has been measured with respect to temperature between 39 K and 270 K
and is plotted in Fig. V.13.

Fig. V.13 – Electrical resistivity versus temperature for the 1.33 mm MgB2 wire. The
function FNS(T) is defined with the measured electrical resistivity above 39 K.

Thermal conductivities The matrix of thermal conductivities is defined as a symme-
trical matrix with thermal conductivities in the three directions with respect to the axis
defined in Fig. V.12 :
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¯

¯�(T)=

0

B@
�trans(T ) 0 0

0 �trans(T ) 0

0 0 �long(T )

1

CA

In the matrix, �long and �trans are respectively the longitudinal and transverse equiva-
lent thermal conductivities of the wire. Starting from the same method as previously for
the equivalent electrical resistivity, the thermal conductivities along the x and y axis are
calculated as radial conductivities defined as (with data from [200, 158]) :

1

�trans
=

X

i

fi
�i(T )

(V.8)

For the longitudinal axis, it can be expressed as :

�long =

X

i

fi · �i(T ) (V.9)

Heat capacity and density The heat capacity and the density of the equivalent wire
can be calculated by using the volume fraction of all the constituents of the wire. The
equivalent heat capacity of the wire is given by (with [201, 202]) :

Cpeq(T ) =
X

i

fiCpi(T ) (V.10)

The density of the wire � (in kg/m3) is calculated with �i the density of each consti-
tuent [203, 204] :

�eq =
X

i

fi�i (V.11)

V.4.a-ii Helium effect - external forced convection in tubes

To cool down the power cable, a circulation of helium gas at 20 K-20 bar is foreseen.
During a fault current, the cable will be heated by current mainly going into the copper
wires as the MgB2 wires in normal state present a high resistivity. To take into account
the effect of helium gas, a forced convective heat flux is added to the model by calcu-
lating a dedicated heat transfer coefficient. This coefficient is given by the experimental
formula [205] :

h = 0.023 · �
D

✓
DvGHe�

⌘

◆0.8

P 0.23
r (V.12)

Where � is the thermal conductivity of gaseous helium [206] and D is the diameter of the
cryogenic envelop. In this equation, the Prandt number is introduced as Pr=⌘Cp/� where
Cp is the heat capacity, ⌘ is the dynamic viscosity and � the density of gaseous helium [207].
Finally vGHe is the velocity of the gas given in meter per second. All the introduced
parameters are dependent of the temperature, some values are given at 20 K,90 K and
300 K with their units at 20 bars in Table. V.4.

It is also possible to plot the heat transfer coefficient h function of the temperature of
the gas at a given velocity. In Fig. V.14, the coefficient is plotted in the range of velocity
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Temperature 20 K 90 K 300 K
Density � (kg/m3) 47 10.3 3.2

Cp (J.g�1.K�1) 6.1 5.2 5.19
Dynamic viscosity ⌘ (Pa.s) 4.31.10�6 9.41.10�6 2.10�5

Thermal conductivity � (W.m�1.K�1) 3.2.10�2 7.0.10�2 15.1.10�1

Table V.4 – Gaseous helium properties at 20 bars.

of 0.1 m/s and 1 m/s which are the lower and upper limits of the gas velocity foreseen for
the demonstrator (in agreement with [208]). The velocity of 0.3 m/s is added to the figure
as it is one of the velocities considered for the operation of the demonstrator.
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Fig. V.14 – Heat transfer coefficient versus temperature at different gas velocities.

As it was expected from (V.12), the coefficient h is increasing with an increase of the
gas velocity. A high gas velocity leads to a higher heat transfer coefficient which means a
more efficient cooling of the superconducting application. However, the dynamic losses of
the turbine will also be increased, this is why we considered 1 m/s as the highest value.

V.4.b Simulations of faults

During a fault current, the current increases to high levels (three times the rated cur-
rent) for a few hundreds of milliseconds and can damage the cable. Simulations have to be
done to calculate the maximum temperature in the cable but also the time to cool-down
the cable to bring it back to operating temperature (Top=20 K). Various parameters have
been studied, for example the velocity of the gas or the duration of the fault. In the requi-
rements, the cable should sustain a fault of 35 kA for 100 ms but it is still interesting to
study all kinds of faults (variation of duration and peak value). The waveform of the fault
used in the simulations (ideal form) is presented in Fig. V.15. In this figure, two quantities
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are introduced tup which refers to the raising time from operating current to the fault
current and tfault the duration of the fault. The fault current is written Ifault.
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Fig. V.15 – Ideal fault current profile with tup the raising time of the fault and tfault the
fault duration. Ifault is referring to the peak value of current during the fault.

Effect of the GHe velocity against a fault current At first, a 35 kA fault current
with a duration of 100 ms was considered (tup=2 ms). Simulations have been made with
various gas velocities. Low values of gas velocity will not offer a good cooling of the cable in
the case of a hot spot and also may create a important temperature drop between the inlet
and the outlet of the cable. The simulations have been performed with various velocities
between 0.1 m/s and 100 m/s. The peak temperature of the copper and MgB2 wires are
displayed in Fig. V.16 with also the time required to cool down the cable after the fault.

From these simulations, it can be found that the temperatures do not exceed 90 K for
the copper part and 45 K for the MgB2 wires. With low gas velocities, the problem can be
almost considered as quasi-adiabatic and no changes are noticed on the peak temperatures.
Only the time required to cool down the cable is drastically increased, while with high gas
velocities, the time required to cool down the cable is very small.

Variations on fault values and durations. As the gas velocity is selected to be com-
prised between 0.1 m/s and 1 m/s, the time to cool down the cable will be in the order of
dozens of seconds according to previous paragraph. A parametric study has been made by
considering different fault durations and peak values with the two velocity limits. First a
gas velocity of 1 m/s is considered for the calculations and then a velocity of 0.1 m/s.

Gas velocity set at 1 m/s The maximum temperature in the copper part and the
MgB2 wires are displayed in Fig.V.17.
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Fig. V.16 – Maximum temperature of the MgB2 wires and copper bulk (on left) and cool-
down time (on right) versus GHe velocity. It is also noticeable that if the model is adiabatic
the temperatures found are the same at the one for a He velocity of 0.01 m/s.
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Fig. V.17 – Temperature in MgB2 (left) and copper (right) for vGHe=1 m/s.

In these simulations, the temperature is increasing with the peak value of the fault and
also the fault duration as expected. For example, if we consider a maximum temperature
in the copper bulk of 400 K (limit of polymer materials in the cable), the cable is able to
sustain a 220 ms fault current of 45 kA and a 500 ms fault current of 30 kA. For a fault
in a real system, the typical time is comprised between 100 ms and 200 ms, which gives
sufficient margin for the cable design before damaging the system. For a fault of 100 ms,
the temperature in the MgB2 wires and in the copper bulk does not change drastically with
the fault current as the phenomenon is fast in time. The required time to cool-down the
cable in each case has also been computed. In reality, 120 s is considered as a reasonable
time for the cool-down.

A velocity of 1 m/s leads to a cool down time in the order of 10 s. In these calculations,
the time to cool down is strongly dependent of the fault current when the fault is longer
than 300 ms. For 100 ms, the time does not vary much with the fault current. If the
demonstrator is working with a gas velocity of 1 m/s, the demonstrator is cooled down in
25 s in all the cases for a fault duration less than 100 ms. For example for a 500 ms fault
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Fig. V.18 – Cool-down time required to recover to operating state versus the duration of
the fault for a vGHe=1 m/s.

with 30 kA, the time to cool down the cable is 75 s but the temperature in the copper
core reaches 400 K, one can see that, in this case the temperature of the copper bulk is
the limiting factor. However, if the copper section is smaller, the cable temperatures will
be higher and the margins will be reduced (future work on the optimization can be carried
out).

Gas velocity set at 0.1 m/s The maximum temperature in the copper part and
the MgB2 wires are displayed in Fig.V.19 with gas velocity of 0.1 m/s.
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Fig. V.19 – Temperature in MgB2 (left) and copper (right) versus the duration of the fault.

The same conclusion as before can be drawn concerning the increase of the tempera-
ture in the copper and in the MgB2 versus the fault duration and the peak current. The
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values are very close to the ones with vGHe=1 m/s according to Fig. V.16, where it has
been observed a plateau of the peak temperature for gas velocities lower than 1 m/s. From
the same figure, it is possible to see that the time required to cool-down the cable will be
slightly higher. Fig. V.20 displays the cool-down time required for the demonstrator to go
back at 20 K for all faults.
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Fig. V.20 – Cool-down time required to recover to operating state versus the duration of
the fault.

As it was expected, the time required for the cable to go back to the operating tempe-
rature (20 K) is in average, multiplied by a factor 4. This is explained by the heat transfer
coefficient being dependent on the velocity (h / v0.8GHe). A low heat transfer coefficient leads
to a less efficient cooling. In these cases, three minutes are required to cool back down the
cable to 20 K. The specified 120 s limit is overcome.

All the simulations have shown that the cable should not be damaged in the case
of a 100 ms fault for a velocity of gas between 0.1 m/s and 1 m/s. The cool-down time
required is found to be between 25 s and 180 s. In all these calculations, the thermal contact
between the wires and the helium gas was supposed to be perfect. In reality, the cable will
be wrapped with Kapton, creating a thermal contact resistance which is very difficult to
assess. To have a reasonable idea of the time required to cool down, it is necessary to
experimentally test the cool-down of the cable. In a case of very poor heat exchange, it is
still possible to increase the gas velocity in order to reduce the cool-down time. Concerning
the maximum temperature, as it was seen, the gas velocity does not impact the maximum
temperature. Taking into account the thermal resistance should not have a dramatic impact
on the maximum temperature. The heating is very fast and we are in a quasi-adiabatic
condition.
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V.5 Conclusion

In this chapter, the numerical model developed previously has been used to perform
calculations on a demonstrator cable conductor, expected to be tested in 2017. Our work
reported in this thesis, is mainly numerical and dedicated to the sizing of the losses and to
verify that the demonstrator will accept fault currents and current inversions.

First, the AC losses on the cable conductor have been calculated showing that the cable
is capable of operating in DC with a 1 % of AC ripples without impacting the sizing of the
cooling system (still lower than the losses of the cryogenic envelope). For the future and
the integration of this kind of cables inside a grid, it is worth noting than the value of 1 %
harmonic amplitude is a very high value compared to systems made today.

The current inversion at a rate of 10 GW/s was also investigated to verify if the cable
is likely to quench during the transition. It has been numerically calculated that the cable
is safe and stable during this inversion.

Added to these results, a thermal model has been developed to investigate the protection
of the demonstrator and cable during a fault. In our demonstrator, no fault will be tested.
For a use in a future grid, it is necessary to know if the cable might be damaged during a
fault. It is also important to get an estimation of the time required to cool back down the
cable and restart it. According to the model, for gas velocities comprised between 0.1 m/s
and 1 m/s, the temperature reached by the cable is acceptable and the time required
to cool-down the cable is less than 200 s. Unfortunately, the contact resistance between
the wire and the helium flow is difficult to estimate and should be measured in further
experiments.
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Very high current cables are foreseen in the future, in relation with the strong increase
of renewable energies. SC cables are a viable option but AC losses (created by AC current
or ripples) must be accurately calculated.

The main aim of this thesis was to come up with a model for fast calculations of AC
losses in high current superconducting cables. This was successfully reached with the use
of a multi-scale model coupled with FEM or integral method.An international test bench-
mark, comparisons with analytical formulas in simple cases and several experimental data
make possible to be confident in the work. sThe first step is the numerical calculation of
AC losses of a single conductor with transport current and field. In this calculation, the
most adapted method for example FEM method or integral method can be used. Modeling
only one conductor allows to go into details, for example in the conductor characteristics,
as it is influences the AC losses. It also decreases the computation time in comparison of
modeling a complete power cable.

For the manufacturing of high current cables, two conductors have been considered
round wires made with REBCO tapes and MgB2 conductors. The first one uses its ability
to work at 77 K for current cables up to 3 kA while the second one, working at 20 K is more
suited for cable with higher rated currents. These two conductors have different forms and
properties and we have selected the most efficient way to calculate rapidly the AC losses.

At first, a 2-D numerical model was made for the calculations of AC losses in REBCO
tapes and round wires. This model was validated by experiments on REBCO tapes. The
AC losses created by transport current and external magnetic field have been calculated
for HTS tapes and round wires over a large range of operation. These calculations are
important as analytical calculations do not exist for combined AC losses. Moreover, the
possibility of using round wires as a good alternative compared to HTS tapes for compact
high current cables has been investigated. For AC applications, these round wires are not
suitable as they intend to generate high AC losses in the case of complete penetration of
the superconducting layer by the external field, which is generally the case in operation.

Secondly, 3-D numerical models have been made for the calculations of AC losses in
multi-filamentary geometries. An international benchmark with University of Tampere and
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Polytechnique Montréal has been made on a three filament geometry to find the most ef-
ficient solving. This was the first step to compare the formulations but also the different
softwares (commercial or home-made). We have made simulations with more and more
complex material properties and for the first time, achieving to simulate numerically a
model with superconducting material and an hysteresis matrix. After the development of
this model, realistic models have been made up in order to calculate the AC losses in a real
MgB2 wire. After a series of characterization of the properties of the metals and a critical
current measurements at different temperatures and magnetic fields, a model was set up
integrating all the measured properties and solved.

After the calculations of the AC losses inside the two studied conductor and the know-
ledge of the dependency of these losses with respect to transport current and field, we
developed a multi-scale model inside MATLAB for the calculations of the losses inside a
superconducting cable. This method is fast and allows optimization of the design of high
current cables. This model has been compared to some FEM simulation of the complete
cable and the result show good correlation and validate the method.

As the power cables are likely to operate in DC, it was necessary to study the nume-
rical modeling of the superconductor when this one is subjected to harmonics superposed
to a DC current and external field. Some limitations of the power law model have been
shown and we introduced the percolation law which seems more suitable in the case of
AC+DC. It has a good correlation compared to analytical calculations. Finally, the impact
of multi-frequency harmonics has been studied. The results validate the fact that instead
of taking a complete FFT spectrum of the harmonics, only the shape signal with the sum
of all the harmonics amplitude and the fundamental frequency can be taken into account,
which simplifies considerably the solution.

As an application, the numerical model of the MgB2 wire has been used to calculate the
losses on a practical example : a 10 kA MgB2 cable conductor for HVDC grid applications.
The conception of the cable conductor and its cooling was validate. It was shown that a
1 % AC ripple superposed on a DC operating current dissipate few AC losses and can
be considered for DC applications. Some calculations have also be made on the change of
geometry of the MgB2 wire, for example the change of twist pitch or the matrix resistivity
to reduce even more the losses. A quench model was also used in this part to validate the
fact that the cable sustains a possible fault current in the grid.

Considering the future of the thesis, three majors axis can be drawn :

1. The numerical model made with MgB2 has been compared to analytical calculations.
However, it is necessary to proceed with a series of extensive measurements with
transport current and also external magnetic field to validate the model. This series
of measurement allows also the possibility of extracting the transverse resistivity of
the matrix as this quantity is difficult to measure.

2. The E-J models have been investigated but they show some limitations. We believe
that the percolation model is more realist, for example in DC operation. However,
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these two models do not transcript the actual behavior of the superconductor as they
are macroscopic model of a transition. It is necessary to investigate on new model
to be implemented inside numerical models. This can be done in various ways, new
caracterisation methods, or extensive search on the numerical models compared with
experimental work.

3. New developments have to be made inside the software dedicated for superconducting
modeling in order to improve the convergence et speed up the calculations. Some
algorithms have been studied and show good promises. On a second time, some new
formulations for example shell method can be interesting to implement to take into
account the diffusion layer in the MgB2 wire.

Finally, the code developed inside MATLAB is only developed for the produced wire in
superconducting cables. The next step is to include the calculations of AC losses regarding
the architecture of the wire to optimize the design of it. In a second time, the implemen-
tation of new calculations perspectives would be interesting for a pre-design step and the
calculations of AC losses in SMES, FCL, high field magnets.
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Résumé en francais





Introduction

L’objectif de ce travail est d’arriver à une méthode de calcul des pertes AC pour des
câbles supraconducteurs rapide et efficace. Deux architectures sont proposées avec l’utili-
sation soit de fils MgB2 soit de rubans REBCO. La plage de fonctionnement envisagée est
située entre 1.5 kA et 120 kA.

Ce travail a été réalisé pour la société Nexans dans le cadre d’une thèse CIFRE. Le
laboratoire d’accueil est le G2ELab qui est notamment spécialisé dans la modélisation
numérique ainsi que dans le domaine des applications supraconductrices. Pour les plates-
formes de tests, les laboratoires de l’Institut Néel et du LNCMI ont été utilisés.

Le chapitre I présente brièvement la supraconductivité ainsi que les mécanismes de
pertes lorsque ceux ci sont soumis à des contenus transitoires. Les conducteurs étudiés et
plusieurs projets de câble supraconducteurs sont présentés. Le chapitre se termine sur la
modélisation numérique des pertes AC dans les supraconducteurs.

Dans le chapitre II, les pertes sur les conducteurs REBCO sont présentées. Ce type
de conducteur est commercialisé sour forme de rubans ce qui est donc très intéressant
pour des bobinages. Toutefois, pour améliorer encore la compacité des applications comme
les câbles, il est intéressant d’étudier d’autres types de géométrie. Il est présenté dans ce
chapitre les pertes AC dans le cas d’un fil cylindrique REBCO créé à partir de rubans
industriels.

Le chapitre III se focalise sur la modélisation 3-D des supraconducteurs et notamment
les fils MgB2. Un modèle étalon utilisé pour un benchmark international a été présenté suivi
de caractérisations de fils MgB2. Ces mesures ont permis d’établir un modèle numérique
de fil MgB2 réaliste.

Après le calcul des pertes AC sur des conducteurs élémentaires dans les deux précé-
dents chapitre, le chapitre IV présente la méthode proposée pour calculer les pertes dans
un câble supraconducteur. Cette partie vise aussi à valider un certain nombre d’hypothèses
concernant le calcul des pertes AC pour un câble complet.

Enfin, le chapitre V présente un exemple d’application : le démonstrateur supraconduc-



teur du projet BEST-PATH. En utilisant les différentes résultats des précédents chapitres,
il est possible d’estimer avec précision les pertes dans le démonstrateur et aussi les pertes
pour une utilisation à grande échelle. Pour finir, la protection du câble est étudiée avec la
création d’un modèle magnéto-thermique du démonstrateur.



Chapitre I

Introduction à la supraconductivité et à la

modélisation numérique

I.1 La supraconductivité

I.1.a Généralité

La supraconductivité se définit comme une propriété de la matière à présenter une
résistivité non mesurable (inférieur à 10�12 ⌦.m) sous certaines conditions bien spécifiques.
Cette propriété se retrouve dans un bon nombre de matériaux : des métaux, des céramiques.
Cette propriété est observée sous une température critique T

c

et a été découverte en 1911
par Heike Kamerlingh Onnes. À partir de 1962, différents supraconducteurs à base de
Niobium ont été commercialisés. En 1980, la supraconductivité a été découverte dans des
céramiques avec des températures critiques supérieures à 77 K (température de l’azote
liquide), on parle de HTc. En plus d’une température critique, la supraconductivité est une
propriété qui n’existe que sous un champ critique B

c

et un courant critique I
c

. On parle de
domaine supraconducteur (J,B,T) pour définir le volume dans lequel l’état supraconducteur
existe (cf Fig. I.1).

Fig. I.1 – Domaine supra pour différents supraconducteurs.

I.1.b Représentation de la loi E-J des supraconducteurs

Lorsqu’un supraconducteur est dans son état supra (température et champ inférieurs
aux valeurs critiques), il ne peut sortir de cet état que si le courant qui le traverse est
supérieur au courant critique. Ce courant critique est généralement défini à un critère de
tension mesuré sur le matériau. Si on mesure la tension en fonction du champ appliqué,
on observe une tendance qui ressemble à la Fig. I.2. On observe sur cette figure trois



zones distinctes appelées états. L’état supraconducteur où la tension est quasi nulle. L’état
normal où la résistivité est constante (matériaux non supra) et un état intermédiaire appelé
état dissipatif.

Fig. I.2 – État du supraconducteur (supra-dissipatif-normal) en fonction du courant de
transport.

Comme nous le verrons plus loin, il est important d’être capable de modéliser avec pré-
cision le comportement E-J du supraconducteur car il impacte sur les calculs numériques.
Plusieurs formes génériques visant à représenter cette courbe V-I ont été proposées : citons
le modèle de Bean, la loi de puissance ou la loi de percolation.

I.1.b-i Modèle de Bean

La modèle de l’état critique ou modèle de Bean a été proposé par Bean en 1964 comme
une explication simple du comportement d’un supraconducteur lorsque celui ci est soumis
à un courant ou à un champ. Cette explication est macroscopique et propose de lier la
densité de courant critique J

c

présente dans le supraconducteur avec le champ électrique
selon l’équation :

8| ~J | < J
c

, E = 0; for | ~J | > J
c

, E 6= 0 (I.1)

Pour comprendre le comportement d’un supraconducteur lorsque celui-ci est soumis à
un courant de transport ou un champ magnétique variable dans le temps, considérons un
exemple simple à savoir un cylindre supra sous un champ magnétique extérieur représenté
en Fig. I.3. Entre (I) et (II), le champ extérieur est progressivement augmenté jusqu’à la
valeur de H

a

, par conséquence, le supraconducteur écrante le champ. Il est possible de voir
avec l’équation (I.1) que seules trois densités de courant peuvent exister dans le supra-
conducteur ± J

c

ou 0. Le supraconducteur se remplit avec un courant qui circule dans le
supraconducteur selon le plan de coup. À (II) si le courant reste constant, les densités de
courant restent figées dans le supraconducteur. Lorsque le champ magnétique baisse de (II)



à (IV). Il se crée un courant circulant dans l’autre sens avec les mêmes densité de courants
(valeurs quantifiées). On peut aussi définir dans cet exemple le champ de pénétration H

p

tel que H
p

=J
c

a/2 avec a la demi-largeur du rectangle.

Fig. I.3 – Évolution de la densité de courant dans le supraconducteur lorsque celui-ci est
soumis à un champ magnétique extérieur instationnaire.

Ce modèle a particulièrement été utilisé pour les premiers supraconducteurs ainsi que
pour les calculs analytiques mais les supraconducteurs HTc ont généralement des transitions
plus douces. Ce modèle n’est pas donc pas adapté et il a été proposé différentes lois tel que
présentées ci-dessous.

I.1.b-ii Loi en puissance de n

La forme des transitions dans les supraconducteurs HTc peut être approximée par un
loi en puissance de n. La valeur de densité de courant critique J

c

est ainsi définie à un
critère de champ électrique E

c

. Dans la pratique, on définit ce critère à E
c

=1 µVcm�1. On
décrit la transition du supraconducteur par l’équation (I.2). Un exemple de caractérisation
de courant critique est proposé pour un conducteur MgB2 à 20 K en Fig. I.4.

Loi puissance : ~E(| ~J |) = E
c

 
| ~J |

J
c

(| ~B |, T )

!
n(| ~B |,T )

~J

| ~J |
(I.2)

Cette loi en puissance est très utilisée dans la communauté car elle présente une bonne
corrélation avec les mesures expérimentales. Toutefois, elle possède une résistivité non nulle
pour toutes les valeurs de J ce qui est en contradiction avec l’état supraconducteurs. Cet
erreur peut induire à des problèmes que nous verrons plus loin. Pour avoir un formule avec
une résistivité nulle pour des valeurs de J2 R⇤, on peut proposer une autre loi appelée loi
de percolation

I.1.b-iii Loi de percolation

La théorie derrière la loi de percolation se base sur la physique statistique. La relation E-
J est définit selon l’équation (I.3) avec deux nouveaux paramètres : n0 et J

c0. Contrairement
à la loi de puissance, la valeur de n0 est indépendante de la température et du champ. La



Fig. I.4 – Mesure V-I d’un supraconducteur MgB2 at 20 K, 2.3 T, ainsi que la loi de
puissance. Sur cet exemple, le courant critique et la valeur de n sont respectivement de
175 A et de 30.

valeur de J
c0 qui est trouvée par fits récursifs correspond au seuil où l’absence de résistivité

est observée.

Loi percolation : ~E
PM

( ~J ) =

8
>><

>>:

0 , if | ~J |  J
c0 ,

E
c

 
| ~J |
J
c0

� 1

!
n0 ✓

J
c

J
c0

� 1

◆�n0 ~J

| ~J |
, if | ~J | > J

c0 ,
(I.3)

I.2 Pertes AC

On parle de pertes AC, tout type de perte induite dans les matériaux conducteurs
plongés dans un environnement (champ extérieur ou courant) variable dans le temps. La
changement temporel de champ magnétique ~B induit un champ électrique ~E selon l’équa-
tion de Maxwell-Faraday :

rx

~E = �@ ~B

@t
(I.4)

Couplé à la présence de densité de courant, le champ électrique induit des pertes P
AC

dans le volume V, qui pour un signal périodique de période f s’écrivent :

P
AC

= f

Z

1/f

ZZZ

V

~J ~E dV dt (en W) (I.5)

Dans un supraconducteur les pertes AC existent sous différentes formes dues à la co-
existence de matériaux supraconducteurs et de matrices métalliques. On retient deux ca-
tégories :



1. Les pertes par hysteresis qui ont lieu dans les matériaux supraconducteurs. Ces pertes
sont créées par le changement local de polarité de la densité de courant (arrachage
de vortex).

2. Les pertes dans la matrice qui sont principalement liées aux courants circulants dans
la matrice.

I.3 Matériaux supraconducteurs étudiés

Pour la création de dispositifs supraconducteurs de forte puissance, deux supraconduc-
teurs sont aujourd’hui au coeur des développements, il s’agit des conducteurs REBCO et
du MgB2.

I.3.a Rubans REBCO et fils cylindriques

Les rubans REBCO sont des supraconducteurs à haute température critique (généra-
lement T

c

=92 K) commercialisés sous forme de couche de quelque micromètre d’épaisseur
sur une largeur comprise entre 4 mm et 12 mm. Ces matériaux sont particulièrement
intéressants car ils sont capables de transporter de très forte densité de courant. Pour pro-
téger cette couche supraconductrice, celle ci est placée entre des couches métalliques (voir
Fig. I.5), souvent du nickel, de l’argent ou du cuivre. Ces couches servent aussi à l’injection
du courant.

Fig. I.5 – Schéma générique d’un ruban Superpower.

A partir des rubans REBCO, Nexans a cherché à réaliser des fils cylindriques en adap-
tant la forme du conducteur. L’idée est dans un premier temps de déposer par électro
érosion de sorte à placer la couche supraconductrice sur la fibre neutre du ruban. Ensuite
le ruban est courbé par étape jusqu’à obtenir une forme cylindrique.

I.3.b Diborure de Magnésium MgB2

Les propriétés supraconductrice du Diborure de Magnésium ont été découvertes en
2001 et le conducteur a été commercialisé à partir de 2002. La température critique du
MgB2 est de 39 K pour un champ critique de 15 T. Compte tenu de la faible valeur de
température critique il est possible d’utiliser de l’hélium liquide ou gazeux ou bien de



l’hydrogène liquide. Ce supraconducteur existe sous forme de poudre, il est donc possible
de réaliser des structures multi-filamentaires. Ces conducteurs se présentent sous différentes
tailles et formes(voir Fig. I.6). Aujourd’hui, la seule société qui commercialise le MgB2 est
Colomus.

Fig. I.6 – Fils MgB2.

Cette structure de fil est particulièrement intéressante pour la création de de bobi-
nages supraconducteurs. Il est notamment envisagé pour la création de SMES ou pour des
éoliennes.

I.4 Câbles supraconducteurs

Les câbles supraconducteurs sont capables de transporter dix à vingt fois plus de courant
que les cables de cuivre sous la même tension. Ils permettent aussi la réduction de la taille
des câbles. Nous présentons ici un exemple de câble déjà installé aux USA ainsi que les
applications futures des câbles de puissance supra.

I.4.a Le projet LIPA (2008)

Le câble LIPA (pour Long Island Power Authority) a été installé en 2008. Sa tension et
son courant sont respectivement de 138 kV et de 2.4 kA. La câble est de structure triphasée
composé de rubans de BSSCO (autre supraconducteur HTc) de 600 m de long et refroidi
à l’azote liquide à 73 K. Ce câble fournit de l’énergie à plus de 300 000 foyers autour de
Long Island.

I.4.b Les futures câbles supraconducteurs

Comparés à la précédente génération de câbles supraconducteurs réalisés avec des ru-
bans HTc, la production de fils cylindriques permet de créer des câbles plus compacts. Il a
aussi été montré qu’en utilisant ces fils, la densité de courant globale du câble est améliorée.
Pour des câbles fort courant à partir de 10 kA, il est aussi possible d’utiliser le MgB2 à
20 K.



Fig. I.7 – Câble LIPA.

I.5 Calculs des pertes par hystéresis dans les supraconduc-

teurs

Le calcul des pertes par hystéresis est nécessaire pour dimensionner le système cryogé-
nique. Il existe différentes méthodes pour les calculer : analytiquement ou numériquement.
Les formules analytiques ont toutes comme hypothèse principale l’utilisation du modèle
de Bean.De plus, les calculs ont été souvent réalisés sur des géométries simples. L’utili-
sation d’une méthode numérique permet d’avoir une plus grande flexibilité sur la loi E-J
mais aussi sur les formes des conducteurs. Il est possible de prendre en compte des varia-
tions de performances (courant critique, valeurs de n) en fonction de différents paramètres.
Toutefois, ces calculs peuvent être longs lorsque le dispositif à simuler devient grand.

I.5.a Modélisations Élément-finis

Concernant la modélisation numérique des supraconducteurs, nous avons utilisé la mé-
thode des élément-finis car il s’agit de la technique de modélisation la plus répandue et la
plus simple à mettre en place dans notre cas. En effet sous des logiciels commerciaux comme
COMSOL ou FLUX il est possible de manière assez directe de résoudre des problèmes su-
praconducteurs. Plusieurs type de formulations existent pour résoudre ce problème : des
formulations magnétiques ou électriques. Les formulations magnétiques calculent des va-
riables d’état magnétique (H,J,B) alors que des formulations électriques vont chercher à
exprimer le champ électrique. Pour comprendre quel type de formulation est la plus adap-
tée à notre problème il est possible de représenter le résidu du problème. Compte tenu de
la forme de la loi E-J du supraconducteur, le résidu aura une forme similaire en Fig. I.8.

D’après cette figure, il est clair qu’une formulation qui va exprimer le champ électrique
en fonction de la densité de courant converge mieux qu’une formulation inverse, on sera
donc plus tenté d’utiliser une formulation magnétique : une formulation en H ou T-�.



Fig. I.8 – Résidu du problème en considérant une formulation magnétique (à gauche) et
électrique (à droite)

I.5.a-i H-formulation

La formulation en H est celle qui a été le plus utilisée dans la communauté des modélisa-
teurs supra car elle est facilement implémentable sous le logiciel COMSOL. Elle s’exprime
sous la forme :

rx(⇢(| ~J |)rxH) = �µ(
@ ~H

@t
+

@ ~H0

@t
) (I.6)

Le seul désavantage de cette formulation est que celle-ci ne conserve pas le courant dans
le conducteur car une résistivitée non infinie est définie dans l’air. Ceci peut induire des
courants non physiques dans l’air. On privilégiera si possible des formulations plus difficiles
à implementer comme la formulation T-� mais qui conserve fortement le courant.

I.5.a-ii T- � formulation and associated formulations

La formulation T- � a été développée initialement dans le logiciel FLUX. On définit le
potentiel vecteur courant ~T , un terme source ~T0 et le potentiel scalaire magnétique � dans
l’air. Les équations à résoudre sont :

rx⇢rx

~T +
@

@t
(µ(~T �r�) = 0

r · (µ(~T �r�)) = 0
(I.7)

I.6 Les difficultés liées la modélisation à grand échelle des

supraconducteurs

Les modélisations numériques des applications supraconductrices ne sont pas évidente
à réaliser et ceux pour un certain nombre de raisons :

1. D’abord les enroulements supraconducteurs sont constitués d’ un grand nombre de
rubans ou de fils. Modéliser chaque conducteur en détail peut rapidement être fas-
tidieux et au delà de la capacité des ordinateurs. Pour pallier à ce problème, il est



possible d’utiliser des méthodes d’homogénéisation pour les rubans HTc mais aussi
des formulations de type intégral qui permettent de diminuer le nombre de degrés de
liberté du problème.

2. La non-linéarité inhérente de la loi E-J des supraconducteurs peut amener à des pro-
blèmes de convergence. Dans le cas de conducteurs multi-filamentaires, les matrices
métalliques peuvent aussi être magnétiques et inclure une autre non-linéarité (per-
méabilité magnétique). Pour améliorer la convergence et accélérer la résolution du
problème, on utilise généralement un algorithme de Newton-Raphson associé à des
ajustements sur le coefficient de relaxation.





Chapitre II

Pertes AC dans les rubans supraconducteurs

Ce chapitre se focalise exclusivement sur le calcul des pertes AC dans les supraconduc-
teurs HTc sous la forme de ruban ou de fils cylindriques. Compte tenu de la forme de ces
conducteurs, seul une modélisation 2-D est possible ce qui simplifie en partie le problème.
Dans un premier temps, le modèle est développé sur des rubans qui peuvent être mesurés
expérimentalement. Ensuite, le modèle numérique est adapté aux fils cylindriques.

II.1 Pertes AC dans les rubans supraconducteurs

Le ruban Superpower que nous avons modélisé est un ruban typique de YBCO de 4 mm
de largeur analogue à celui présenté en Fig. I.5. Une couche d’argent de 2 µm est placée
au dessus de la couche supraconductrice. Le ruban a été caractérisé à 77 K à l’aide d’une
mesure de courant critique avec E

c

=1 µV.cm�1.

II.1.a Modélisation Éléments finis

La modélisation a été réalisée sous COMSOL avec un modèle 2-D et une formulation en
H. Avec un modèle 2-D, le risque de courant non physique dans l’air est réduit car le courant
est seulement défini selon une seul direction (perpendiculaire au plan). Il a été vérifié que
les couches de substrats plus résistives que la couche de YBCO peuvent être negligées dans
nos calculs. Le maillage a été réalisé avec l’aide de rectangles, particulièrement adaptés
pour les calculs sur ce type de géométrie. Autour de la couche supra, on peut se permettre
de mailler en triangle le domaine d’air délimité par des frontières sur lesquelles on applique
des conditions de Dirichlet.

II.1.b Validation expérimentale

Nous avons comparé les résultats du modèle numérique et ceux obtenus par mesure
experimental sur le ruban SuperPower. Les pertes AC ont été mesurées dans un bain
d’azote liquide. La mesure a été réalisé électriquement. Les résultats sont présentés en
Fig. II.1. On observe un excellent accord entre le modèle numérique et la manipulation
expérimentale ce qui valide notre modèle.

II.2 Pertes AC dans les fils cylindriques

Le modèle numérique a ensuite été adapté aux fils cylindriques. Toutefois, comme il n’a
pas été possible de créer des fils cylindriques, seul des calculs numériques sont présentés. Le
bon accord entre la manipulation expérimentale et les résultats numériques avec un ruban
nous conforte concernant le calculs des pertes pour les fils.



Fig. II.1 – Self field AC loses versus input current for the SuperPower tape.

II.2.a Description du modèle

Le modèle a été adapté d’après les spécifications présentes dans le projet européen
EUROTAPES. Le fil cylindrique possède un diamètre intérieur de 1.8 mm avec une couche
supraconductrice de 2 µm comme présenté en Fig. II.2.

Fig. II.2 – Fil cylindrique du projet EUROTAPES.

Plusieurs calculs ont été réalisés d’abord pour trouver un maillage optimal qui permet
de calculer les pertes AC de manière précise et rapide. Ensuite, les couches métalliques
présentes autour de la couche ont été négligées après avoir vérifié que celles-ci n’influencaient
pas sur le calcul des pertes AC.

II.2.b Résultats pour le fil cylindrique

Tout d’abord les pertes AC créées par un courant de transport AC ont été calculées.
En plus de ces pertes, les pertes pour un ruban sont présentées.



Fig. II.3 – Pertes AC en champ propre en fonction de la valeur max du courant AC pour
un fil cylindrique et un ruban.

On observe un bon accord entre notre modèle numérique et les calculs analytiques ainsi
qu’une baisse significative des pertes pour les fils comparés aux rubans. On peut ensuite
réaliser une série de simulations en ajoutant un champ magnétique externe homogène et
en phase avec le courant de transport. Ces simulations visent à recréer l’environnement
d’un câble (présence d’autres conducteurs juxtaposés). Sur la Fig. II.4, on peut voir l’aug-
mentation des pertes AC dues à la pénétration locale du courant dans le tube. A l’aide cet
abaque il est possible maintenant de connaitre l’ensemble des pertes pour tous les courants
de transport et tous les champs ce qui n’est pas possible analytiquement.

Fig. II.4 – Pertes AC créées par un courant de transport et une champ magnétique extérieur
en phase.

Il est maintenant possible de réaliser des calculs rapides des pertes AC dans les câbles
à base de fils cylindriques supraconducteurs. En effet en connaissant la valeur du champ



magnétique induite sur chaque fil ainsi que le courant de transport qui circule dans celui, on
peut remonter à la valeur des pertes. Ces résultats ont été réalisées avec comme hypothèse
une densité de courant constante, ce qui n’est pas le cas dans la réalité. Nous avons vérifié
que une prise en compte de cette dépendance n’induit pas un grand écart dans les pertes
AC calculées.

Nous terminons enfin avec des calculs rapides sur des câbles HTc fait de fils cylin-
driques. La conclusion globale est qu’il est nécessaire d’espacer de manière importante les
fils cylindriques pour minimiser la valeur du champ magnétique externe induit sur chaque
fil.

II.3 Conclusion

Dans ce chapitre, il a été présenté un certain nombre de résultas sur les pertes AC dans
les rubans supraconducteurs HTc et les fils cylindriques. Un modèle 2-D a été réalisé sous
COMSOL et comparé à une mesure expérimentale. Les résultats ont permis de valider le
modèle numérique. La géométrie a ensuite été adaptée pour la réalisation de calcul des
pertes AC sur des fils ronds. Après avoir validé chaque hypothèse que nous avions faite
pour la réalisation du modèle, les pertes AC avec un courant de transport et un champ
magnétique extérieur ont été calculées. On déduit de ces calculs l’ensemble des pertes pour
tous les courants et tous les champs externes ce qui peut permettre de calculer des calculs
rapides sur des câbles compacts.



Chapitre III

Modélisation 3-D multi-filamentaires

Pour pouvoir modéliser correctement les pertes dans des supraconducteurs constitués
de filaments torsadés, il est nécessaire de réaliser un modèle 3-D. Ceci est expliqué car, en
présence d’un champ magnétique transverse, des courants dans la matrice vont circuler. Ce
type de géométrie a été étudié analytiquement et expérimentalement mais peu de travaux
numériques ont été réalisés. Ceci s’explique car les modèles numériques nécessitent rapide-
ment d’importantes ressources matérielles.

Contrairement au chapitre précédent, où il a été possible de valider notre modèle numé-
rique par des expériences, ici les modèles numériques ne sont pas toujours réels (modèles
simplifiés). Il est donc intéressant de valider les résultats des pertes en comparant les résul-
tats de différents logiciels. Une fois cette étape de validation effectuée, un modèle numérique
complet du conducteur a été réalisé et simulé.

III.1 Modèle étalon d’une géométrie trois filaments - Com-

paraison multi-logiciels

La géométrie étalon est composée de trois filaments torsadés dans une matrice cylin-
driques. Pour garder le modèle le plus simple possible, un pas complet de torsade a été
fait. La géométrie est présenté en Fig. III.1.

Fig. III.1 – Géométrie et maillage du modèle étalon.

Pour assurer une bonne visibilité sur nos résultats, deux coopérations internationales
ont été réalisées. En plus d’utiliser COMSOL et FLUX, deux logiciels éléments-finis mai-
sons développés par l’École polytechnique de Montréal (Daryl-Maxwell) et l’Université de
Tampere (LoSt) ont donné des résultats.
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On observe un bon accord entre les logiciels ce qui nous a conforté dans le fait que les
quantités calculées n’étaient pas fausses. De ces simulations, il a été possible de voir que
des logiciels comme COMSOL ou FLUX ne sont pas adaptés pour ces simulations (simu-
lations longues, difficultés d’ajouter un champ magnétique extérieur transverse, problèmes
de convergence,...). Nos simulations ont ensuite été faites sous Daryl-Maxwell et COMSOL.

Après avoir ajouté un champ magnétique extérieur, il est possible de complexifier le
modèle en ajoutant des propriétés à la matrice cylindrique (matrice résistive, magnétique,
etc..). On peut par exemple voir le phénomène de couplage et de découplage des filaments
supraconducteurs en faisant varier la fréquence du champ externe comme cela est montré
en Fig. III.3.

Fig. III.3 – Évolution des pertes en fonction de la fréquence du champ externe. On observe
le phénomène de couplage et de découplage des filaments supra.



Plusieurs types de simulations ont été faites sur ces géométries, notamment en étudiant
les propriétés de convergence de ce modèle en fonction des différentes lois de comportement
E-J. Toutes ces simulations nous ont donné une certaine assurance sur la validité des résul-
tats numériques. L’étape suivante a donc été de réaliser un modèle réaliste de conducteur
MgB2.

III.2 Modélisations numériques d’un conducteur MgB2

III.2.a Caractérisation

Le conducteur MgB2 étudié est un conducteur multi-filamentaire composé de 36 fila-
ments supraconducteurs dans une matrice de nickel pur. Les filaments sont répartis sur
trois couches concentriques comprenant respectivement 6-12-18 filaments. La présence de
nickel permet une bonne diffusivité thermique pour le refroidissement et sert de shunt dans
le cas où le conducteur vient à transiter (états dissipatif ou normal). Une couche externe
de monel est ajoutée pour des raisons mécaniques. Une image rŕéalisée au Microscope
Électronique à Balayage (MEB) est présentée en Fig. III.4.

Fig. III.4 – Coupe du conducteur modélisé.

Pour pouvoir implémenter l’évolution du courant critique, une mesure expérimentale
de courant critique sur un fil a été réalisée au LNCMI de Grenoble. La mesure a été
faite sur un échantillon MgB2 de 1.13 mm de diamètre. Étant donné que l’augmentation
du diamètre du fil s’accompagne d’une augmentation de MgB2 dans le fil, il est possible
de considérer que l’augmentation des performances est linéaire avec le rayon du fil. Une
régulation de température a permis de caractériser le conducteur entre 4.2 K et 20 K.
Puisque les filaments supraconducteurs sont dans une matrice métallique, des longueurs de
transfert importantes sont à prendre en compte. Elles permettent de faire passer l’intégralité
du courant dans le supraconducteur. Le rayon de courbure du fil MgB2 est de l’ordre de
250 mm ce qui exclu la création de bobines compactes, il est donc nécessaire de mesurer les
performances du fil sur un échantillon droit sur une canne de mesure pouvant accueillir ce
type de long échantillon (environ 200 mm). Des radiateurs situés proches de l’échantillon
permettent de vaporiser l’helium liquide et ainsi de réaliser des mesures sous température



variable. La source de courant utilisée est une source 3 kA-5 V. L’évolution des courants
critiques I

c

en fonction de l’induction magnétique extérieure sous diffŕentes températures
est rapportée en Fig. III.5.
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Une fois les performances d’un conducteur MgB2 étudiées, la résistivité et la perméabi-
lité magnétique d’échantillons de nickel et de monel ont été étudiées. Les échantillons ont
été préparés avec les mêmes traitements thermiques et mécaniques que le fil industriel. Les
mesures ont été faites aux températures de fonctionnement du fil (4.2 K-25 K).

III.2.b Calculs numériques du conducteur MgB2

Concernant la géométrie et le maillage associé, ceux-ci ont été réalisés par une extrusion
hélicoïdale d’une représentation de la face normale, dont les dimensions ont été déduites de
Fig.III.4. Le maillage généré, composé de prismes, a ensuite été découpé en tétraèdres. Cette
technique permet un maillage relativement fin dans les conducteurs supraconducteurs, là
où se développent majoritairement les densités de courant. Sur cette géométrie, le nombre
d’éléments du maillage est égal à 659 250 et le nombre de degrés de liberté est égal à
770 725. Le maillage est représenté en Fig. III.6. Nous avons utilisé le fait que la face du
conducteur possède une symétrie de rotation de 60 °pour pouvoir réduire le modèle selon
l’axe du pas de torsade (seulement un sixième est nécessaire si on utilise des conditions de
périodicité).

Un courant alternatif de 550 A a été injecté à l’intérieur du modèle auquel on a ajouté
un champ magnétique extérieur transverse en phase (50 Hz). Les pertes AC calculées
à l’aide du modèle sont présentées en Fig. III.7. Sur la figure, les pertes réduites sont
tracées en fonction de la valeur de l’induction magnétique extérieure. Compte tenu que
la résistivité des matériaux métalliques et de leurs perméabilités magnétiques qui varient
peu avec la température entre 4,2 K et 30 K. Il est possible juste en utilisant le courant
critique à la bonne température (à 0 T) d’estimer les pertes pour le dispositif complet à
partir des pertes normalisées à 4,2 K (Q/µ0Ic(0 T)2. Les valeurs analytiques sont aussi
tracées à titre de comparaison. Sur la figure, le modèle complet prend en compte toutes les
dépendances (courant en fonction de B et µ

R

) et le modèle réduit ne prend pas en compte



Fig. III.6 – Maillage du MgB2.

les perméabilités magnétiques des matériaux. Ceci a été fait pour observer l’influence des
perméabilités magnétiques sur les pertes calculées.

Fig. III.7 – Pertes AC réduites pour un courant de 550 A et une induction magnétique
extérieure transverse.

Les 2 régimes à savoir le régime où les filaments supraconducteurs sont partiellement
pénétrés et le régime où ils sont complètement pénétrés sont bien visibles avec deux pentes
distinctes en fonction du champ magnétique. On observe de très fortes valeurs pour les
pertes analytiques et calculées ce qui interdit l’utilisation de conducteur pour un usage pur
AC. Ceci est lié aux pertes par couplage qui sont générées par la circulation de courant à
l’intérieur de la matrice. La formule analytique de ces pertes est donnée par l’équation :

P =
AB2

ext

2µ0

✓
⌧

1�N

◆
!2

1 + !2⌧
(III.1)

Avec ⌧ = (1 � N)µ0
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⌘2
. Dans cette formule, N représente le coefficient de dé-



magnétisation, calculé analytiquement à 0.6, ⇢
t

la résistivité transverse de la matrice de
nickel (⇢

t

=4,5 n⌦.m) et A la surface du conducteur. Le pas de torsade des filaments l
p

est de 120 mm. Le champ magnétique extérieur de valeur pic B
ext

et de pulsation !=2⇡f
(f=50 Hz).

Dans le conducteur MgB2, le pas de transposition est important ce qui augmente les
pertes par couplage. Dans notre modèle numérique, ⇢

t

a été approximé comme la résis-
tivité mesurée de l’échantillon de nickel ce qui n’est pas vrai car la composition de la
couche de diffusion n’est pas connue. De cette figure, il est possible de voir qu’en prenant
en compte l’ensemble des dépendances, on observe une différence de l’ordre de 30 % entre
le modèle complet et l’analytique et autour de 10 % pour le modèle réduit et l’analytique.
Entre le calcul analytique et le modèle réduit ceci est expliqué par la prise en compte
du courant critique en fonction de l’induction magnétique et des courants dans le monel.
Pour la différence entre l’analytique et le modèle complet, la prise en compte des perméabi-
lités magnétiques concentre les lignes de champ sur les filaments ce qui augmente les pertes.

En conclusion, il est possible de voir que les pertes AC sont trop grandes pour une
application industrielle en AC. Ceci vient notamment de l’architecture du fil MgB2 avec
un pas de transposition important et une matrice à forte conductivité. L’ajout de barrières
autour des filaments de MgB2 pourraient permettre une baisse substantielle des pertes.

III.3 Conclusion

Dans ce chapitre, la modélisation 3-D de conducteurs supraconducteur a été étudiée.
En partant d’un exemple simple, comprenant trois filaments, plusieurs simulations ont été
réalisées en étudiant, les pertes sous courant de transport et champ magnétique extérieur.
Les paramètres physique de la matrice ont été modifiés pour pouvoir estimer notre capacité
à résoudre des problèmes complexes impliquant plusieurs centaines de milliers de degrés
de liberté. Ces simulations ont fait l’objet d’une comparaison entre différents logiciels no-
tamment à travers deux coopérations internationales.

Ensuite, le conducteur principalement utilisé par Nexans dans ces futures applications
supraconductrices a été modélisé. La première étape a été de caractériser le fil ce qui a
permis de déduire les quantités physiques tel que les performance du fil, la résistivité des
constituants etc. Ensuite un modèle numérique conséquent à été développé et simulé.



Chapitre IV

Calcul des pertes pour un câble supraconducteur

Dans les deux précédents chapitres, des résultats sur les conducteurs REBCO et MgB2

ont été présentés. Compte tenu du temps de calcul, notamment sur les géométries 3-D (fil
MgB2), il n’est pas possible de modéliser un câble complet en détail. Pour pouvoir estimer
avec précision les pertes d’un câble complet, une méthode basée sur un principe multi-
échelle a été développée. Les câbles envisagés pour installation sont pour des utilisations
en courant continu. Ainsi, les contenus harmoniques vont induire des pertes AC dans le
cable et il est nécessaire de savoir les calculer avec précision. Plusieurs développements
concernant des modélisations de signaux transitoires superposés à des contenus continus
sont aussi présentés.

IV.1 Méthode multi-échelle pour le calcul des pertes AC dans

un câble supraconducteur

Cette méthode se divise en deux parties, le calcul statique de la distribution de champ
magnétique du câble suivi du calcul, conducteur par conducteur, des pertes en fonction du
champ externe et du courant de transport. La méthode de calcul est très rapide et permet
de possibilité d’optimisation du câble. Le code a été développé sous MATLAB. L’approche
peut être synthétisée en Fig. IV.1.

Fig. IV.1 – Principe du calcul des pertes pour un câble complet.



IV.1.a Exemple

Un exemple de câble avec des fils cylindriques est donné ci dessous. Le câble est constitué
de 18 fils cylindriques pour un total de 1.6 kA (chaque fil transporte 91 A). La distribution
de champ magnétique du câble est donnée en Fig. IV.2.

Fig. IV.2 – Distribution de champ magnétique pour un câble de 1.6 kA fait de fils cylin-
driques.

À partir du calcul magnéto-statique et de la connaissance des pertes en fonction du
courant de transport et du champ, il est possible de calculer les pertes AC pour cette
géométrie pour un fonctionnement pur AC. Les résultats sont donnés ci dessous :

Couche Courant Champ externe Pertes AC par fil
Extérieur 91 A 24 mT 0.8 W/m
Intérieur 91 A 15 mT 5 mW/m

Total ⇡ 10 W/m

Table IV.1 – Pertes AC pour l’exemple pour une application pur AC.

Cette méthode a été validée à l’aide d’un modèle élément-finis. Les résultats sont co-
hérents avec une différence entre les deux méthodes constatée inférieure à 8 %.

IV.2 Modélisations de signaux transitoires associés à un contenu

continu

Expérimentalement, tant que le courant de transport est inférieur au courant critique,
aucune différence sur les pertes AC n’est noté avec l’ajout d’un contenu continu superposé
à un signal AC. Numériquement, les lois utilisées pour représenter le supraconducteur ne
sont pas en accord avec cette constatation. Ceci est lié au fait qu’avec une loi en puissance
(ou une loi de percolation), on induit un phénomène de pénétration lié une inhomogénéitée
de résistivité dans le conducteur. Ce phénomène est particulièrement visible pour une loi
de puissance où le conducteur est toujours dissipatif.



IV.2.a Limite du modèle en loi de puissance

Une simulation sur un supraconducteur avec une loi de puissance et un n de 30 est
réalisée. On impose un courant constant dans le conducteur et on observe la distribution
de densité dans le conducteur au cours du temps en Fig. IV.3.

Fig. IV.3 – Distribution de densité de courant dans un supraconducteur au cours du temps
avec une loi E-J en puissance.

Il est possible de voir que le conducteur se rempli complètement au cours du temps
ce qui est en contradiction avec le modèle de Bean et l’état supraconducteur. En effet,
lorsque le conducteur est complètement rempli, celui-ci devient dissipatif. Ce phénomène
de pénétration est lié à la différence spatiale de résistivité dans le conducteur comme il est
possible de le voir avec l’équation E-J :

⇢(J) =
E

c

J
c

� J
J
c

�
n�1

= ⇢0
� J
J
c

�
n�1 (IV.1)

Dans cette équation, ⇢ est égale à zéro seulement pour J=0. Lorsque le courant est
maintenu constant à t=0 s, la résistivité du conducteur est non uniforme. La zone qui
transporte l’essentiel du courant à la valeur J=J

c

possède une résistivité de ⇢0 tandis que
la zone centrale a une résistivité de 0. Pour uniformiser la résistivité du conducteur, le
courant pénètre à l’intérieur de celui-ci. Cette constatation est en contradiction avec les
mesures expérimentales et pose un problème plus fondamental à savoir que le conducteur
est dissipatif. La vitesse du phénomène est fortement liée à la valeur de n.

Une alternative à cette loi de puissance est la loi de percolation (IV.2) car elle possède
une résistivité nulle pour J2[0,J

c0].



⇢(|J |) = E0

|J |

✓
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J
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if |J | > J
c0, 0 else (IV.2)

Avec deux paramètres déduits de fits expérimentaux : J
c0 et n0. On introduit E0 =

E
c

(J
c

/J
c0 � 1)�n0 comme champ critique réduit. Cette loi E-J a été utilisée dans ce ma-

nuscrit de thèse et il a été montré un très bon accord avec les mesures expérimentales. Le
fait aussi que cette loi ne présente pas d’état dissipatif est plus proche de la réalité.

IV.2.b Pertes AC en présence d’un signal continu

La pénétration du courant induite par le contenu continu avec la loi de puissance va
induire des pertes en plus des pertes AC liées aux contenus transitoires. Le phénomène de
pénétration du courant est un phénomène qui tent à s’atténuer au cours du temps. L’erreur
entre le modèle numérique et les résultats attendus diminue au cours du temps. Toutefois
un modèle numérique, à traiter sur un temps long peut être rapidement chronophage et
peu efficace. Pour comparer l’erreur faite avec ces deux lois, une simulation a été réalisée
avec les deux lois de puissance. Un courant AC de 5 A (50 Hz) a été superposé à un courant
I
DC

. Les pertes sont calculées sur la première période du signal AC (après l’établissement
du contenu DC) et à la 50ème période. Différentes travaux ont montré que à partir de cette
période, l’erreur est acceptable. Les résultats sont présentés en Fig. IV.4.
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Fig. IV.4 – Pertes AC en présence d’un contenu continu avec les deux lois E-J.

On observe que les résultats avec la loi de puissance sont très largement supérieurs
à ceux attendus. Ceci est lié à la pénétration du courant dans le conducteur. La loi de
percolation elle donne des résultats cohérents avec ce qui est attendu (la valeur attendue
est celle à I

DC

=0) très rapidement car même à la première période la différence est très
faible. Il est donc fortement recommandé d’utiliser cette loi lorsque les simulations traitent
de problèmes AC+DC.



IV.3 Pertes AC créées par des harmoniques

Dans la section précédente, les calculs ont été réalisés sur des signaux AC+DC. Pour
simplifier seulement un signal AC à 50 Hz a été considéré. Dans la réalité, des harmoniques
liées aux convertisseurs de puissances vont être de différentes fréquences (de 50 Hz à 2 kHz)
et de différentes amplitudes. Compte tenu du fait que la loi E-J est non linéaire, il n’est
pas possible d’additionner les pertes fréquence par fréquence..

Les harmoniques sont fortement dépendantes du réseau et des convertisseurs, il est
donc très difficile de calculer les pertes génériques. De plus si le spectre possède de nom-
breux harmoniques hautes fréquences, le calcul peut rapidement être très long (théorème
de Shannon à respecter).

Dans cette partie, nous allons étudier les pertes AC en fonction de signaux multi-
fréquence en le comparant à un signal témoin. Le signal témoin est défini comme une
sinusoïde de fréquence égale au fondamental des harmoniques et d’amplitude égale à la
somme des amplitudes des harmoniques. Ce signal témoin est généralement à 50 Hz ce qui
va permettre de réduire le temps de calcul comparé aux signaux réels (plusieurs harmo-
niques). Toutefois les deux signaux sont différents, pour que ce signal témoin soit valable,
il a été établi qu’il fallait respecter une différence inférieure à 10 % avec le signal réel.

IV.3.a Principe de calcul. Simulations et résultats expérimentaux

Dans un premier temps, plusieurs signaux constitués de deux sinus ont été simulés mais
aussi testés expérimentalement. Les signaux sont de la forme :

I(t,m, k,↵) = I
ac

(sin(2⇡ · 50 · t) +m sin(2⇡k · t+ ↵)) (IV.3)

Le courant est une addition de signaux sinusoïdaux avec un fondamental à 50 Hz
d’amplitude I

ac

et un second sinus d’amplitude m·I
ac

avec une fréquence k et un déphasage
↵. Le signal témoin est donc défini comme un sinus à 50 Hz d’amplitude I

peak

= (1+m)·I
ac

.
Les pertes AC pour m=0.1 et ↵=0 sont présentées en Fig. IV.5. Les points expérimentaux
et les résultats numériques sont notés ’E’ et ’C’. Il est à noter que le signal témoin est
donné pour k=50 Hz.

On observe dans ces cas de figure, que le critère de 10 % est bien valide.

IV.3.b Exemple d’application

A l’aide du logiciel PSCAD®, nous avons simulé une ferme de panneaux solaires en
vue de calculer les harmoniques AC. Un filtre (passe bas avec fréquence de coupure de
1800 Hz) pour réduire ces harmoniques a aussi été ajouté. On note OutInv le signal en
sorti de la ferme solaire et InpTrans le signal en entrée du transformateur (après le filtre)
dont les contenus spectraux sont en Fig. IV.6.

Les amplitudes des signaux sont respectivement de 60 A et 82 A. Les pertes AC sont
présentées en Table. IV.2.
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Fig. IV.6 – FFT des convertisseurs.

Forme du courant Pertes AC (mJ/cycle) Difference avec le signal témoin
60 A-50 Hz 0.106

OutInv (COMSOL) 0.113 6.61 %
OutInv (Manip) 0.118 10.37 %

82 A-50 Hz 0.284
InpTrans current (COMSOL) 0.306 7.74 %
InpTrans current (Manip) 0.314 10.5 %

Table IV.2 – Comparaison des pertes AC simulées avec le signal témoin et le courant réel
(expérimentales et simulations numériques).



On peut conclure de ces résultats que le critère est validé même pour un signal composé
de nombreux d’harmoniques. On considérera donc pour la suite un signal témoin comme
celui présenté pour le calcul des pertes AC induites par des contenus harmoniques.

IV.4 Conclusion

Dans cette section, il a été présenté une méthode de calcul des pertes AC pour un câble.
En plus de définir une méthode rapide et permettant des optimisations, nous nous sommes
intéressés aux différentes lois E-J dans le cas de calcul AC+DC et avec des harmoniques.
Il en sort que la loi de percolation est mieux adaptée pour les calculs AC+DC et que le
signal témoin est valide même pour des signaux avec beaucoup d’harmoniques.





Chapitre V

Exemple d’application. Le projet européen

BEST-PATH

Ce dernier chapitre est légèrement différent des précédents. Il propose de synthétiser
autour d’un exemple concret les méthodes, modèles et résultats obtenus dans les chapitre
III et IV. Un démonstrateur HVDC de 10 kA est en cours de réalisation dans le projet
européen BEST-PATHS et nos développements nous permettent de calculer les pertes AC
du câble complet. Ajouté à cela, un modèle thermique a été développé pour étudier la
protection du câble lors d’un court circuit sur le réseau.

V.1 Le démonstrateur du projet BEST-PATHS

Le projet européen BEST-PATHS a pour objectif d’étudier de nouvelles architectures
HVDC pour le réseau électrique de demain. Dans ce projet, un démonstrateur supracon-
ducteur doit être réalisé. Les spécifications techniques sont listées en Table. V.1.

Caractéristiques Détails
Structure Monopole
Puissance 3.2 GW
Tension 320 kV
Courant 10 kA
Longueur ⇡ 20-30 m

Température de fonctionnement 20 K
Refroidissement gas hélium pour les fils MgB2

Courant de court-circuit 35 kA en 100 ms
Changement de polarité 10 000 MW/s

Table V.1 – Spécification du démonstrateur.

La réalisation technique de ce démonstrateur est un défi car il convient d’allier la
cryogénie à 20 K avec la haute tension à 320 kV. Pour ce faire un design unique a été proposé
où l’hélium gazeux circule dans une boucle fermée. La boucle de retour sera connectée à la
terre tandis que le démonstrateur situé plusieurs mètres au dessus du sol sera sous tension
de fonctionnement. La Fig. V.1 présente un schéma du montage.

Une des architectures proposée pour le démonstrateur consiste à utiliser 18 fils MgB2 de
1.33 mm de diamètre sur une seule couche. Le coeur du câble est rempli de cuivre. Chaque
fil va porter un courant de 555 A pour un total de 10 kA. Dans un premier temps, il faut
calculer le champ magnétique sur chaque fil. Ceci est fait à l’aide d’une étude magnéto-
statique sous COMSOL. On trouve une valeur de 0.65 T sur chaque fil.



Fig. V.1 – DEMO 5 demonstrator working at 320 kV and 20 K. Four cryogenic envelopes
are build for the cable and a liquid nitrogen shield is designed.

V.1.a Calcul des pertes pour des harmonique de 1 % d’amplitude

Le câble va fonctionner en DC toutefois, les harmoniques AC présents sur le réseau vont
induire des pertes dans les conducteurs. Bien que la valeur d’amplitude de ces harmoniques
soit inconnue, nous avons choisi une valeur haute de manière à surévaluer légèrement les
pertes calculées. Il apparait qu’une valeur de 1 % d’amplitude est intéressante à considérer.
La Fig. V.2 présente les pertes AC en fonction de la fréquence du signal AC pour 1 %
d’harmonique (en courant et en champ)
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Fig. V.2 – Pertes AC calculées pour 1 % d’harmonique sur un fil. On observe que les pertes
dans la matrice sont la principale cause de pertes dans le fil.

Les pertes générées par 1 % d’harmoniques restent importantes dans le dispositif il
est donc intéressant d’étudier comment réduire les pertes dans la matrice, ceci peut être
réalisé en modifiant le pas de torsade mais aussi en changeant la résistivité de la matrice.
Différents approches ont été proposées comme de diviser le pas de torsade des filaments ou
d’augmenter sensiblement la résistivité transverse de la matrice. Il est nécessaire de diviser
au moins par 50 le pas de torsade des filaments pour réduire de 1000 les pertes mais ce



n’est pas possible industriellement à ce jour.

Toutefois, vu que les harmoniques sont de faibles amplitudes et que les pertes par
couplage sont prépondérantes dans le fil, il peut être intéressant de détorsader les filaments
dans les fils.

V.2 Modélisation thermique

Après avoir dimensionné le système cryogénique du démonstrateur en calculant les
pertes en fonctionnement, nous avons étudié la protection du câble pendant un court-
circuit. Le démonstrateur qui sera installé à Nexans Hanovre ne sera pas sensible aux
court-circuits. Toutefois si ces câbles sont installés dans le réseau électrique européen, il
est important de savoir si le cable sera endommagé ou pas. Lors d’un court circuit, les fils
supraconducteurs vont sortir de l’état supra et le courant va passer dans le cuivre ce qui va
élever la température du câble. Le modèle magnéto-thermique a été réalisé sous COMSOL
et présenté en Fig. V.3. Un couplage circuit est réalisé pour calculer les distributions de
courant dans le démonstrateur.

Fig. V.3 – Modèle 3-D du démonstrateur et couplage circuit.

Différents scénarios ont été simulés en faisant varier la vitesse de circulation du gaz, le
temps de court circuit et son amplitude. Un exemple pour une vitesse de gaz de 0.1 m/s
est présenté en Fig. V.4.
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Fig. V.4 – Température maximale dans le câble et temps de refroidissement en fonction du
temps de défaut pour plusieurs valeurs de court circuit.

De ces simulations, il est possible de voir que le câble ne dépasse pas 300 K pour des dé-
fauts inférieurs à 300 ms (temps de défaut typique de 100 ms). Le temps de refroidissement
s’échelonne entre quelques secondes et plusieurs minutes. Ceci peut poser un problème dans
le cas d’un installation à grande échelle.



Conclusion

Ce travail de thèse a permis de calculer les pertes AC dans les câbles supraconducteurs
en proposant une méthode de calcul multi-échelle. Après une étude approfondie des mé-
canismes de pertes dans deux conducteurs le MgB2 et le REBCO, les pertes AC ont été
calculées sur la plage de fonctionnement en AC ou DC. De ces pertes il est possible de
dimensionner rapidement le système cryogénique d’un câble supraconducteur et de réaliser
des optimisations.

Ajouté à cela, plusieurs nouvelles approches notamment sur les lois de représentation
des supraconducteurs et des critères de calculs des pertes sur un câble ont été proposées.
Pour finir, un exemple d’utilisation est présenté avec le dimensionnement d’un démonstra-
teur supra dans le projet européen BEST-PATH celui-ci devrait être installé en 2018.





Pertes AC dans les supraconducteurs : une approche

multi-échelle pour le dimensionnement de câbles fort

courant

Résumé Le travail de cette thèse porte sur l’études des pertes AC dans les supracon-
ducteurs pour des applications tels que les câbles ou les aimants. Les modélisations numé-
riques rapportées sont de type éléments-finis ou méthode intégrale. Toutes ces méthodes
visent à estimer avec précision les distributions de densité de courant et de champ magné-
tique en prenant en compte différents lois de comportement pour le supraconducteur. Deux
conducteurs sont introduits dans ce mémoire. Tout d’abord, les supraconducteurs à haute
température critiques sont étudiées avec l’introduction d’une nouvelle forme de conducteur
HTc (fils cylindriques) qui sont envisagés pour des câbles fort courant de 3 kA. Dans un
second temps, des simulations numériques 3-D sont réalisés sur un conducteur MgB2. Le
chapitre suivant traite des contraintes de calculs des pertes dans le but de dimensionner
l’ensemble des pertes d’un câble complet. Enfin, les modèles numériques développés pré-
cédemment sont utilisés sur un exemple concret : le démonstrateur 10 kA fait à l’aide du
conducteur MgB2 dans le projet européen BEST-PATHS.

Mots clés Modélisation numérique, Éléments-finis, Méthodes intégrales, Pertes AC,
Supraconductivité, Câbles de puissance supraconducteurs.

AC losses in superconductors : a multi-scale approach

for the design of high current cables.

Abstract The work reported in this PhD deals with AC losses in superconducting
material for large scale applications such as cables or magnets. Numerical models involving
FEM or integral methods have been developed to solve the time transient electromagne-
tic distributions of field and current densities with the peculiarity of the superconducting
constitutive E-J equation. Two main conductors have been investigated. First, REBCO
superconductors for applications operating at 77 K are studied and a new architecture of
conductor (round wires) for 3 kA cables. Secondly, for very high current cables, 3-D simu-
lations on MgB2 wires are built and solved using FEM modeling. The following chapter
introduced new development used for the calculation of AC losses in DC cables with ripples.
The thesis ends with the use of the developed numerical model on a practical example in
the european BEST-PATHS project : a 10 kA MgB2 demonstrator.

Keywords Numerical modeling, FEM modeling, Integral methods, AC losses, Super-
conductivity, Superconducting power cables.
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