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Avant-propos

Cette these est principalement consacrée a I’étude de quelques caractéristiques d’'une
population a plusieurs types d’individus qui évolue selon un modele de branchement
multitype au cours du temps. Autrement dit, chaque individu vit un certain temps et
donne naissance, a la fin de sa vie, a un nombre aléatoire d’individus, suivant une loi
de probabilité qui ne dépend que de son type, indépendamment des autres individus.
Plus précisément, nous nous intéressons aux aspects statistiques des mutations et des
individus ayant une progéniture donnée dans la population en question.

Les problémes d’énumération de foréts multitypes constituent également une mo-
tivation de ce travail de thése. Des méthodes stochastiques et combinatoires sont ap-
pliquées au calcul du nombre de foréts multitypes dont les sommets sont marqués ou
non.

La thése comporte, apres une introduction, trois chapitres qui sont issus des trois

travaux suivants :

— [CN15] Loic CHAUMONT et Thi Ngoc Anh NGUYEN : On mutations in the branching

model for multitype populations. 2015. arXiv:1510.00845.

— [CLN16]Loic CHAUMONT, Rongli L1u et Thi Ngoc Anh NGUYEN : Cyclically ex-

changeable sequences and enumeration of multitype forests. 2016. A soumettre.

— [Ngu16] Thi Ngoc Anh NGUYEN : A note on vertices with a given degree in multi-


http://http://arxiv.org/abs/1510.00845

Avant propos

type branching forests. 2016. A soumettre.



CHAPITRE 1

INTRODUCTION

L’histoire des processus de branchement remonte au dix-neuvieme siecle avec un
probléme concernant I'extinction des noms de famille en Grande-Bretagne, introduit,
formulé et communiqué par Francis Galton a I’Educational Times en 1873 [Gal73] :

A large nation, of whom we will only concern ourselves with adult males, N in number,
and who each bear separate surnames colonise a district. Their law of population is such
that, in each generation, ay per cent of the adult males have no male children who reach
adult life ; a; have one such male child ; a; have two ; and so on up to as who have five. Find
(1) what proportion of their surnames will have become extinct after r generations ; and (2)
how many instances there will be of the surname being held by m persons.

Ce probleme a été traité en premier par Watson de maniére incorrecte et ensuite par
plusieurs autres mathématiciens durant plusieurs années. Nous renvoyons a [Mod71]
pour une introduction plus détaillée a ce sujet. Soulignons également que ce probléme
avait déja été soulevé auparavant en 1845 par Bienaymé, un probabiliste et statisticien
francais, dont le travail était passé inapergu.

Depuis leur apparition, les processus de branchement se sont révélés étre un outil ma-
thématique important dans plusieurs domaines scientifiques comme la biologie, la phy-

sique, la chimie, I'épidémiologie et la généalogie. Aujourd’hui ils sont de plus en plus uti-



lisés pour modéliser I’évolution d’une population dont les individus (cellules, molécules,
etc.) vivent, meurent et donnent naissance indépendamment les uns des autres. L’hypo-
thése que les individus se multiplient indépendamment les uns des autres est indispen-
sable pour simplifier I’étude des processus de branchement associés. Bien qu’elle appa-
raisse assez restrictive, celle-ci peut toujours étre justifiée dans de nombreux cas, comme
pour des populations de molécules ou de bactéries dont la reproduction est asexuée.

Lorsque la population est constituée d’individus de plusieurs types, ce qui est le cas
le plus fréquent dans la réalité, une extension du modele de branchement classique doit
étre mise en place. Chaque individu de chaque type évolue selon les mémes hypotheses
de branchement que celles décrites précédemment, mais avec une loi propre a son type.
Comme attendu, un modele de branchement multitype est une description de I’évolution
d’une population constituée d’un nombre fini de types d’individus; plus précisément,
un tel modele décrit le nombre d’individus de chaque type a chaque génération dans la
population.

Cette these s’intéresse principalement a quelques caractéristiques de la dynamique
d’une population qui se développe suivant un modéle de branchement multitype. En
particulier, nous étudierons I’évolution dans le temps des mutations d’une part et des
individus ayant une progéniture donnée d’autre part, dans une population multitype.
Outre leur intérét purement mathématique, ces objets présentent de nombreuses appli-
cations en biologie, génétique, médecine, etc.

Il faudrait noter que I'information contenue dans un processus de branchement mul-
titype ne suffit pas a elle seule a décrire certaines fontionnelles telles que les mutations
ou les individus ayant une certaine progéniture donnée dans la population sous-jacente.
Nous avons donc besoin de toute I'information apportée par forét de branchement mul-
titype qui représente essentiellement la généalogie d’'une population a plusieurs types
d’individus. Nous en donnerons une définition plus précise dans la section 1.3.1. Grace a
I’étude des foréts de branchement multitypes, nous pouvons obtenir des résultats sur la

statistique des mutations ou des individus ayant une certaine progéniture donnée dans



Chapitre 1. Introduction

une population a plusieurs types d’individus.

Dans la premiére partie de ce chapitre, nous rappellons quelques notions de base
sur les processus de Bienaymé-Galton-Watson multitypes en temps discret ainsi qu'en
temps continu. Nous renvoyons aux ouvrages [AN72], [Har52] et [Mod71] pour plus de
détails.

La deuxiéme partie de ce chapitre est consacrée a la présentation de deux résultats
récents importants sur lesquels s’appuie la thése. Le premier porte sur la loi de I'effectif
total d’'une population multitype; il est issu du papier [CL15]. Le deuxiéme est la re-
présentation de type Lamperti en dimension supérieure d’un processus de branchement
multitype donnée dans [Chal5].

En troisiéme lieu, on résume les travaux de la thése.

Notre premier travail est consacré aux mutations dans une population qui consiste
en un nombre fini de types d’individus. On montre d’abord que la forét des mutations
associée a une forét de branchement multitype est elle-méme une forét de branchement
dont la loi de reproduction peut étre calculée explicitement en fonction de la loi de repro-
duction de la population. Ensuite, on déduit, a partir de ce résultat, la loi du nombre de
mutations et son comportement asymptotique lorsque Ueffectif total ou le nombre initial
d’individus tend vers I'infini. Lorsque le temps est continu, grace a la représentation de
type Lamperti en dimension supérieure, on obtient la limite du nombre de mutations
en temps infini dans le cas surcritique. Le temps d’émergence d’une mutation est éga-
lement étudié sous quelques conditions plus restrictives mais qui restent raisonnables
cependant. Il existe plusieurs résultats dans la littérature autour de ce temps d’émer-
gence, par exemple dans Iwasa et al. [Ale13], Serra [Ser06], Durrett [DM10], ou bien
plus récemment Alexander [Ale13]. Mais le probléme de déterminer sa loi dans une si-
tuation générale est toujours ouvert. Dans notre travail, nous tentons de décrire ce temps
dans un autre esprit et par une nouvelle approche qui est assez différente de celles des
auteurs cités ci-dessus. Cette approche est basée sur la représentation de type Lamperti

en dimension supérieure d'un processus de branchement multitype.
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Notre deuxieme travail est consacré a 1’étude des problémes d’énumération de fo-
réts multitypes. Nous obtenons, comme conséquences du théoréme de ballotage obtenu
récemment dans [CL15], quelques formules d’énumération des foréts multitypes. Nous
retrouvons également quelques résultats récents de dénombrement de foréts planaires
marquées, comme par exemple le nombre de telles foréts dont les degrés (multidimensio-
nels) des sommets sont fixés. Une nouvelle preuve de la formule d’inversion (multivariée)
de Lagrange-Good est également donnée.

Notre troisiéme travail s’intéresse aux individus ayant une progéniture donnée dans
une population multitype. Ceux-ci correspondent a des sommets ayant un degré donné
de la forét de branchement multitype représentant la généalogie de la population. En
particulier, la loi du nombre de feuilles d’'une forét de branchement (monotype) et son
comportement asymptotique ont été étudiés par Korchemski dans la premiere partie de
[Kor12]. Notre but est d’étendre ces études au cas multitype.

Finalement, nous présentons quelques perspectives sur notre travail.

11



Chapitre 1. Introduction

1.1 Notations

On utilisera dans la suite les notations suivantes :

« Z, ={0,1,2,...}

« N={1,2,...}

« Ry =10,400)

« [d]:={1,...,d} pourtoutd € N

«0=1(0,...,0), 1=(1,...,1)

e e =(0,...,1,...,0) est le i-ieme vecteur de la base canonique de R?.
Ensuite, pour tout x,y € R? . on utilisera les notations et conventions suivantes :
¢ XV = H?:l !
« x <y si, et seulement si z; < y;, Vi € [d]
« X -y est le produit scalaire dans R%.

Finalement, un indice dans P ou E signifie I’état initial du processus associé.

12



1.2. Processus de Bienaymé-Galton-Watson multitype

1.2 Processus de Bienaymé-Galton-Watson multitype

Les processus de branchement multitypes les plus simples sont les processus de
Bienaymé-Galton-Watson multitypes dont le temps et ’espace d’états sont discrets. Rap-

pellons d’abord la définition suivante qui se trouve dans [AN72] :

Définition 1.2.1: Un processus de Bienaymé-Galton-Watson a d types est une chaine de
Markov Z = (Z,,)n>0 = (zﬁﬂ), cey Z%d))nzo a valeur dans Z% qui posséde la propriété

dite de branchement suivante :

d
E;s%t = H(Eekszl)ik, Vi= (i1,...,iq) € N" Vs e RL, s < 1.
k=1

Intuitivement, la propriété de branchement signifie que le processus Z partant de
(z1,...,2q) est la somme de (z; + - - - + z4) processus indépendants dont z; d’entre eux
partent de e;, i € [d].

Un processus de Bienaymé-Galton-Watson a d types Z peut étre vu comme une des-
cription de I’évolution d’une population multitype dont chaque individu vit une unité
de temps et en fin de vie, reproduit, indépendamment des uns des autres, un nombre
aléatoire d’enfants, suivant une certaine loi de probabilité qui ne dépend que du type de
I'individu, appelée loi de reproduction. A ce titre, YA représente le nombre d’individus
de type i a la génération n. Notons v = (v4, ..., 1), ou (14, i € [d]) sont des mesures de
probabilités sur Z< et v; estla loi de reproduction d’un individu de type . On appelle v la
loi de reproduction du processus. Les fonctions de transition du processus Z sont ensuite

déterminées entierement a partir de sa loi de reproduction d’apres la relation

P(Zn-f—l = (j1;~~-7jd)|zn = (ib"'?id)) = ]/fil *oeen *V;id(jl’-"vjd)

On appelle matrice de moyennela matrice Ml = (my;;4,j € [d]), oum;; = Z kiv;(k).
kezd
Pour simplifier, on supposera toujours que M est primitive (au sens ou Vi, j € [d], m;; <
oo et il existe un entier n tel que M"™ > 0). On supposera aussi que v;(e;) = 0, Vi € [d] et
d
que v est non-singulier, au sens ou il existe un i € [d] tel que Z vi(ex) < 1, c’est-a-dire
k=1

13



Chapitre 1. Introduction

que l'on exclura le cas ou chaque individu donne naissance a exactement un individu
presque stirement.

D’apres le théoréme de Perron-Frobenius, il existe une valeur propre maximale p de
la matrice M. Les vecteurs propres a gauche et a droite associés a p, normalisés par les
relations u -1 = 1,u-v = 1, seront notés respectivement v et u. Lorsque p < 1,
la population s’éteindra presque stirement, tandis que si p > 1, avec une probabilité
positive, elle ne s’éteindra jamais. On dit que le processus ou bien la loi de reproduction
v est sous-critique, critique ou surcritique si p < 1, p = 1 or p > 1, respectivement.

Lorsque les temps de vie des individus d’une population sont aléatoires, le modele
du processus de Bienaymé-Galton-Watson multitype en temps continu nous permettra
de décrire de maniere plus précise ’évolution de cette population. Néanmoins, les temps
de vie des individus doivent suivre une loi exponentielle afin que le processus de bran-
chement associé soit Markovien. Signalons que le fait quun individu meure en donnant
naissance a un seul individu de méme type n’est pas considéré comme un événement,
c’est-a-dire qu’il est considéré comme encore vivant dans ce cas. La définition formelle

de ces processus est la suivante [AN72, section V.7] :

Définition 1.2.2 : Un processus de Bienaymé-Galton-Watson a d types en temps continu
est un processus de Markov Z = (Z;)>o = (Zt(l), e Zt(d))tzo, cadlag, a valeurs dans

Z<% qui posséde la propriété dite de branchement suivante :
d

EiSZt — H(EekSZt)ik7

k=1
Vvt > 0, ViENdetseRi,sgl.

La propriété de branchement en temps continu a le méme sens qu’en temps discret
et Z,Ei) représente également le nombre d’individus de type 7 au temps ¢. Néanmoins, les
fonctions de transition du processus Z = (Z);>0 = (Z,;(l)7 e Zt(d))tz[) sont cette fois-ci
déterminées par sa loi de reproduction v = (vq,...,1,) ainsi que par les paramétres

des temps de vie des individus qui se distinguent par type ; ces parametres seront notés

Ai > 0,4 € [d]. Comme dans le cas discret, on supposera que v;(e;) = 0, Vi € [d].

14



1.3. Résultats préliminaires

La matrice de moyenne de la loi de reproduction v, qui a été définie dans le cas
discret, sera toujours notée IM. De plus, il existe des matrices de moyenne qui dépendent

également du temps ¢, données par

ou m;;(t) = Ee, Zt(j ). Comme dans le cas discret, on fait toujours ’hypothése de primi-
tivité des matrices de moyenne, c’est-a-dire qu’il existe un nombre 0 < ¢ < oo tel que
mi;(t) > 0, Vi, j.

La propriété de branchement nous permet d’assurer I’existence d’'une matrice A telle
que M(t) = e'4. Notons que A est primitive. Le théoréme de Perron-Frobenius appliqué
a la matrice A nous donne sa valeur propre maximale notée p;.

Lorsque p; < 0, la population s’éteindra presque stirement, tandis que si p; > 0,
avec une probabilité positive, elle ne s’éteindra jamais. On dit alors que le processus ou
bien sa loi de reproduction v est sous-critique, critique ou surcritique si p; < 0,p; = 0

ou p; > 0, respectivement.

1.3 Résultats préliminaires

Nous présentons dans la suite les résultats antérieurs sur lesquels s’est appuyée la
these. Ces résultats sont basés sur la notion de forét de branchement multitype (avec lon-
gueurs d’arc) qui nous permet de prendre en compte plus d’informations sur 1’évolution
de la population modélisée que les processus de branchement eux-mémes. Ces résultats

sont obtenus grace a certains types de codage d’une forét de branchement multitype.

1.3.1 La loi de Peffectif total d’une forét de branchement multi-
type

Nous rappelons d’abord la notion de forét de branchement multitype en suivant le

formalisme introduit dans [CL15].

15



Chapitre 1. Introduction

Commencons par définir les foréts (planaires) multitypes. Une forét (planaire) f est
un graphe planaire (c’est-a-dire, un graphe qu’on peut dessiner dans le plan sans que ses
arétes ne se touchent, sauf a leurs extrémités), orienté, sans boucle, sur un ensemble non
vide de sommets, tel que chaque sommet ait un degré entrant fini et un degré sortant
égal a 0 ou 1. Une composante connexe d’une forét est appelée arbre (planaire). Dans un
arbre, il n’y a qu'un seul sommet dont le degré sortant est 0, ce sommet est appelé la
racine de cet arbre. Les racines des arbres dans f sont aussi appelées racines de f. Soient
u et v deux sommets de f. Si (u, v) est un arc de t alors on dit que v est le parent de u ou
bien que u est un enfant de v. La génération d’'un sommet u est définie comme la distance
usuelle entre ce sommet et la racine.

A chaque forét f, on associe une application c¢ allant de ’'ensemble de ses sommets
v(f) aun ensemble [d], d étant un nombre entier supérieur ou égal a 2, telle que c¢(u) <
ce(v) pour tous u, v ayant le méme parent avec u a gauche de v dans f. On appelle c¢(u)
le type du sommet u. Le couple (f, cf) est appelé une forét a d types et sera également
notée f lorsqu’il n’y a pas d’ambiguité. L’ensemble des foréts a d types est noté I .

Une forét de branchement a d types finie F, de loi de reproduction v = (v, ..., vy),

est une variable aléatoire a valeurs dans 'ensemble des foréts a d types J; telle que

VE € Fg, P(F=1) = [] vew(@i(u), ... pa(w)),

uev(f)

ou pour chaque u € v(f), p;(u) désigne le nombre d’enfants de type i de w.

Etant donnée une forét de branchement a d types F, d > 1, de loi de reproduction
v = (v1,...,Vy) sous-critique ou critique, partant de I’état x, on note Z = (Z,,),>0 =
(Z%l), cee Z%d))nzo le processus de Bienaymé-Galton-Watson correspondant au sens ou
pour i € [d], 7\ est le nombre d’individus de type ¢ a la génération n. Pour chaque
i € [d], soit N; I'effectif total du type i, c’est-a-dire, N; = > - 7\ Soit M;; le nombre
total d’individus de type j dont le parent est de type ¢, ¢ # 7.

D’apres [CL15, Théoréme 3.1], toute forét de branchement a d types critique ou sous-

critique dont la loi de reproduction est primitive (c’est-a-dire telle que la matrice de

16



1.3. Résultats préliminaires

moyenne soit primitive) est codée par d marches aléatoires indépendantes d dimension-
nelles, au travers d’une bijection entre I’ensemble des foréts de branchement a d types et
un ensemble particulier de marches aléatoires multidimensionnelles. Plus précisément,

la forét F' ci-dessus est codée par d marches aléatoires indépendantes d dimensionnelles
X0 = (X X5, e [d]
dont la loi de saut ; est définie par
Ui(ky, ... kq) == vi(ky, o ki, ki + 1, kigq, .., kg), pour tout (ky, ..., ky) € Zi.

A partir de ce codage, on peut obtenir la loi de la progéniture totale de la forét de bran-

chement a d types F.

Théoréme 1.3.1: ([CL15, Théoréme 1.2]) Pour tous entiers x;, n;, k;;, ¢, j € [d], tels que
x> 0,21 4+ xg > Lk > 0V # j, —kjy = x5+ 32, kij et ng > —ky,
Py (Ny = n4,...,Ng = ng, M;j = kij, Vi # j)
det(K) v
= ———— | | vi" (ki - - - Kigi—1), M + K, K a)s
ﬁl o ,r—_Ld E 7 ( 1 ( 1) ( +1)""1kzd)
oux = (z1,...,24), " = do,n; = n; V 1, K est la matrice (—k;;); ; dont on enléve la

i-ieme ligne et la ¢-iéme colonne pour tout ¢ tel que n; = 0 et Px est la probabilité sous

condition Z; = x.

1.3.2 Représentation de type Lamperti en dimension supérieure

Nous rappelons d’abord dans cette section la notion de forét de branchement multitype
avec longueurs d’arc introduite dans [Chal5] qui nous permet de prendre en compte la
continuité des temps de vie des individus.

Commencons par la définition d’une forét multitype avec longueurs d’arc. Une forét
a d types avec longueurs d’arc,ou d € N, d > 1, est un triplet (f, cf, l¢) qui sera noté f

lorsqu’il n’y a pas ambiguité, ou (f, c¢) € F, et l¢ est une application allant de I'ensemble
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des sommets de f & I’ensemble (0, +00). Pour chaque sommet u, l¢(u) est appelé le temps
de vie de u. L’ensemble des foréts a d types avec longueurs d’arc est noté par Fj.

Une forét de branchement a d types avec longueurs d’arc, finie, de loi de reproduction
v = (11,...,vq) et de parameétres \; > 0, ¢ € [d], est une variable aléatoire F a valeurs
dans 'ensemble des foréts a d types avec longueurs d’arc [F; telle que le temps de vie
de chaque sommet de type i € [d] est toujours de loi exponentielle de paramétre )\;, et
que son squelette, c’est-a-dire la forét obtenue en supprimant la longueur des arcs, est
une forét de branchement a d types de loi de reproduction v. De plus, le squelette est
indépendant des longueurs d’arc et les longueurs d’arc sont indépendantes entre elles.

Etant donnée une forét de branchement a d types avec longueurs d’arc F, d > 1,
de loi de reproduction v et de paramétres \; > 0, i € [d], partant de I’état x, on note
Z = (Zt)>0 = (Zgl), e ng))tzo le processus de Galton-Watson correspondant au sens
ou pour i € [d], Zgi) est le nombre d’individus de type ¢ au temps ¢. On introduit ensuite
les processus Z;”, i,j € [d]. Pour i # j, Z}” est le nombre total des individus de type
j dont le parent est de type ¢ qui sont nés avant le temps ¢. Pour ¢ = j, la définition
de Z}” est la méme, excepté qu’a ce nombre on ajoute le nombre d’individus de type i
au temps 0 et on soustrait le nombre d’individus de type i étant morts avant le temps
t. Notons que les processus Z”, i,j € [d] portent la partie essentielle de 'information

sur I’évolution de la population sous-jacente que contient la forét F, et que

d
z)) ="z, ield.

j=1
Le résultat suivant, qui se trouve dans [Chal5], nous donne la représentation de type
Lamperti des processus Z;”, i, € [d] et en particulier du processus de branchement

multitype Z :

Théoréme 1.3.2 : ([Chal5, Théoréme 2.4]) Les processus Z;”, i,j € [d] admettent la

représentation suivante :

Xz',j ' i .

Zi)j o f(;s Zgl)ds’ 7é .]
t ..

. 1,7 . .

xl—i_XfOtZgi)ds’ Zﬁ]a
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oupouri € [d], X = (X! ..., X*?) est un processus de Poisson composé, de loi de
saut 7; et de paramétre )\; > 0. De plus, les processus X V) i € [d] sont indépendants.

En particulier, le processus Z admet la représentation suivante :

d
70 = 2, + ZX’E’ng)dS, ield], t>0.
k=1

1.4 Résumé des travaux

1.4.1 Sur les mutations dans le modéle de branchement pour des

populations multitypes

Notre premier travail concerne les mutations qui apparaissent dans le développement
d’une population constituée de plusieurs types d’individus. Par mutation nous entendons
la naissance d’un individu qui n’est pas du méme type que son parent. Nous utilisons
le modéle de branchement multitype pour modéliser I’évolution d’une telle population.
Plus précisément, nous étudions la forét de branchement multitype généalogique de la
population en question.

On réintroduit, en premiére étape, la notion de forét des mutations associée a une
forét de branchement multitype, qui a été introduite dans [CL15] sous le nom de forét
réduite et qui est en réalité la forét obtenue en fusionnant tous les sommets connectés
d’un méme type en un seul sommet. Nous montrons d’abord que la forét des mutations
associée a n’'importe quelle forét de branchement multitype est elle-méme une forét de
branchement multitype si et seulement si pour tout ¢ € [d],'une des conditions suivantes

est satisfaite,

(A;) my <1,

(By) m;; > 1 et pour tout j # 7, m;; = 0.

De plus, la loi de reproduction de la forét des mutations peut étre calculée en termes de

celle de la forét d’origine. Notre premier résultat est le suivant :
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Théoréme 1.4.1: Soient /' une forét de branchement a d types de loi de reproduction
v = (v1,...,14) et F la forét de mutations associée. Supposons que pour tout i € [d],
I'une des conditions (4;) ou (B;) soit satisfaite. Alors F est une forét de branchement
a d types dont la loi de reproduction 1 = (u1, .. ., jt4) est définie sur 8; := {k € Z< :
k; =0} par :

pi(k) =Y 0k + (n—1)e;), k€S, (1.1)

n>1

si (A;) est satisfaite. Si (B;) est satisfaite, alors p; est la mesure de Dirac au point 0. De

plus, 1 possede les propriétés suivantes :

1. Soient M = (m,;) la matrice de moyennes de i et 7 > 1. Alors y; admet des
moments d’ordre r si et seulement si, soit pour tout j # i, m,; = 0, soit v; admet

des moments d’ordre r et m;; < 1. Dans le dernier cas, pour tout ¢, j tel que ¢ #

Jy Mij = 55—
2. Supposons que 77;; < 00, pour tout i, j € [d]. Alors M est irréductible si et seule-
ment si M est irréductible. Si M est primitive, alors M D'est. L’inverse n’est pas

vrai.
3. Supposons que M soit primitive, alors M est sous-critique (resp. critique, resp.
surcritique) si et seulement si M est sous-critique (resp. critique, resp. surcritique).
Si pour un i € [d], aucune des conditions (A;) ou (B;) n’est satisfaite, alors il existe un
§ # i tel que les individus de type i dans F' donne naissance a une infinité d’enfants de
type j avec une probabilité positive. F' n’est pas donc une forét de branchement dans

notre sens.

Ce résultat nous permet ensuite, en ayant recours au résultat donné dans le théoreme
1.3.1, d’obtenir la loi du nombre total de mutations. Notons M, le nombre total de muta-
tions de type i et M;; le nombre d’individus de type j qui ont un parent de type ¢ pour

tout 7 # j. Nous en déduisons le

Corollaire 1.4.2 : Supposons que 1'une des conditions (A;) ou (B;) soit satisfaite pour

tout ¢ € [d]. Alors pour tous nombres entiers x;,n;, ki;j, 1,7 € [d], tels que z; > 0,
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= —ki;, pour i # j, k;; > 0, et pour tout j € [d], n; =x;+ Zi# Kij,
]Px(Ml:nl_xlw-de:nd_xduMij = kij, Vi # j)

det
H ,u Zl) RS ki(i—1)7 07 ki(i—i—l),...,k’id)a

ou 1% = 8o, 7; = n; V1, K est la matrice (—ki;):; dont on enléve la ligne i et la colonne

¢ pour tout ¢ tel que n; = 0.

On s’intéresse ensuite au comportement asymptotique du nombre total de mutations.
Soit V; 'effectif total de type ¢, nous pouvons montrer, dans le cas ou v est critique le

résultat suivant :

Corollaire 1.4.3: Soit F une forét de branchement multitype dont la loi de reproduction
v est critique. Supposons que i € [d], i; admette des moments d’ordre d + 1. Supposons
de plus que M soit primitive et que les matrices de covariance ', Y de v; et ; res-
pectivement soient définies positives. Alors m;; < 1, pour tout i € [d] et il existe des
constantes C;, Cy > 0 telles que pour tout xo € Z%,

lim nd/%l]P’xO(Mi = |n(1—=my)v;], i €ld]) = Cixo-u

n—oo

lim ndH]P’XO(Mi = Ln(l — mii)vij, Nz = anlj 5 1€ [d]) = CQXO -u

n—o0

Une conclusion que I'on peut tirer de ce résultat est que le nombre de mutations de
type ¢ est asymptotiquement proportionnel & (1 — m;;) fois le nombre total d’individus
de méme type.

Une question intéressante est de savoir comment se comporte le nombre total de
mutations, le nombre total d’individus et la proportion de mutations dans la population,
lorsque le nombre initial d’individus tend vers I'infini en suivant une direction donnée.
La réponse est donnée par les résultats suivants, en notant, pour tout i € [d], w € Z% \
{0}, N;(nw) (resp. M;(nw)) le nombre total d’individus (resp. mutations) de type i dans
une forét de branchement multitype contenant n(w; + - - - + w,) arbres dont nw; arbres

de type 7.
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Théoréme 1.4.4 : Soit w € Z2 \ {0}.

1. Si v est critique, alors

N; .M e

lim M =00 et lim (nw) =1—m;, en probabilité.

2. Si v est sous-critique, alors

N; M; .

lim Ni{nw) = ¢;(w) et lim Minw) = w; + (1 —my;)c;(w), en probabilité,
n—o00 n n—00 n
ol ¢;(w) = ¢_ wi(I — M)t et v est la loi de reproduction de la forét en
question.

En temps continu, tous les résultat précédents se généralisent. De plus, on peut éta-
blir, dans le cas surcritique, le comportement asymptotique du nombre de mutations a
un certain instant. Rappelons que d’apres un résultat connu (voir par exemple [AN72,

Théoréme 2]), il existe une variable aléatoire positive ou nulle W telle que pour tout

i € [d],

lim e”’ltZt(i) =uW, ps, (1.2)

t—o00

ou v; est la i-iéme coordonnée du vecteur propre normalisé associé a p;.
En ce qui nous concerne, nous avons établi le résultat suivant qui montre que le
nombre de mutations se comporte de la méme maniere que le nombre total d’individu,

lorsque le temps tend vers I'infini.

Proposition 1.4.5 : Supposons que v soit surcritique. Pour tout i € [d], notons M, ; le

nombre de mutations de type ¢ qui apparaissent jusqu’au temps ¢, alors

lim e "' M;, = K;W, p.s.,

t—o0

ot K; = v;(1 4+ (1 —my)(Nip1) ™).

Le temps d’émergence des mutations dans une classe de modeéles plus particuliers est

aussi étudié dans cette partie. Dans ce travail, on se restreint aux modeles irréversibles,
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autrement dit, les individus de type ¢ ne peuvent donner naissance qu’a des individus
de type i ou ¢ + 1. Quelques hypotheses techniques sur la loi de reproduction sont aussi
nécessaires.

Notons 7; := inf{t > 0 : Zt(i) > 1} le premier temps au bout duquel un individu
de type ¢ apparait dans la population. Notre contribution principale dans cette partie
est de donner une approximation de 7; en terme des processus de Poisson composés
qui apparaissaient dans la représentation de Lamperti du processus Z d’une part, et une
approximation de ’espérance de 7; par la somme des espérances de certaines variables
aléatoires élémentaires 0, k = 2, ..., 1, lorsque le taux de mutation du type k croit plus
vite que celui du type £ — 1 pour tout £ = 2,. .., 4, d’autre part. Plus précisément, nous

montrons que

Théoréme 1.4.6 : Supposons que

vi(k) >0 = k; =0, pourj ¢ {i,i+ 1},
ZkEZi:k’iZO I/Z(k) =0 et ZkEZi:ki+1:0 l/z(k> < 1.

(1.3)

Alors sous P, ,

T P Ak—2 - . .
i—z—>1, lorsquew—>0,p0ur223,k:3,...,z,
Sy Ok A1k
oud), = OW“ Xk+k—1+1 ds et 7 est le premier temps de saut du processus XFk—Lk k> 2,
et pour ¢ > 3,

i

Ee, (7;) ~ ZE(Gk) , lorsque

k=2

Ab—o ke
b2l — 0, pourk=3,...,1.
Ak—1k

Notons que la situation dans laquelle le taux de mutation du type k croit plus vite que
celui du type k — 1 apparait assez souvent dans le développement d’une population. En
effet, une fois apparue, une mutation est de plus en plus sensible a de nouvelles mutations
qui surviennent de plus en plus rapidement. Un exemple est le développement du cancer.

Finalement, nous donnons un exemple dont la distribution de temps d’émergence

peut étre estimée assez explicitement.
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1.4.2 Suites cycliquement échangeables et énumérations de fo-

réts multitypes

Notre deuxiéme travail a pour objectif d’obtenir plusieurs résultats anciens et nou-
veaux sur I’énumération de foréts multitypes ainsi qu'une nouvelle preuve de la formule
d’inversion de Lagrange-Good. L’ensemble de ces résultats utilise une version multiva-
riée du théoréme de ballotage récemment établie en [CL15], ainsi que ses conséquences
sur la loi de 'effectif total des foréts de branchement multitypes.

Nous énoncons ici les deux principales formules d’énumération de foréts planaires
multitypes. Celles-ci généralisent les résultats existants sur ’énumération de foréts pla-
naires monotypes. La premiére formule obtenue est une extension au cas multitype d’un
résultat connu en dimension 1 dont le nombre de foréts planaires a n sommets et  arbres

n n—r
de Catalan.

r(2n—1r—1 .
est — . Notons que pour r = 1, ce nombre correspond au n-iéme nombre

Théoréme 1.4.7 : Soit ."fsij ™ un sous-ensemble des foréts planaires (non marquées) de
JF4 ayant n; sommets de type 7, r; racines de type ¢ et tel que pour ¢ # j, k;; sommets de

type j ayant un parent de type ¢, alors nous montrons que :

. det(—k:l-j) ﬁ[ n; + k;] —1
—nan...nd< k;;] ’

kijmn

5

ou kj; = n; + ky; et pour i # j, ki; = kij.

. s . ~ kij,n , .
Nous nous intéressons ensuite au cas des foréts de F ;7" dont les degrés mutitypes sont

donnés.

Théoréme 1.4.8 : 4
[Tj=1(n; — 1)! det(—k;;)
HiE[d],uGU (Ni,U)!

N ki;,n ki;,n oy ~ ,
ou F,”" (IN) est un sous-ensemble de F,”"" constitué de foréts non marquées, ayant

7577 (0)] =

N; . sommets de type i avec degré u pour i € [d], u € U, U = [[,{0,1,...,n;}.
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Dans une seconde partie de ce travail nous obtenons des preuves directes de cer-
taines formules d’énumération de foréts numérotées récemment établies par Bernardi et
Morales [BM14].

Nous présentons a la fin de ce travail une nouvelle preuve de la formule d’inversion
de Lagrange-Good qui permet d’obtenir une expression des coefficients de la fonction

génératrice d’une loi de probabilité multidimensionnelle.

1.4.3 Une note sur les sommets ayant un degré donné dans une

forét de branchement multitype

Notre troisieme travail concerne I’étude d’une autre fonctionnelle d’une forét de
branchement multitype : le nombre de sommets ayant un degré donné. Autrement dit,
nous nous intéressons au nombre total d’individus ayant une certaine progéniture don-
née dans une population a plusieurs types d’individu.

Nous considérons une forét de branchement a d types représentant la généalogie
d’une population d’individus a d types. Dans le but de simplifier, nous travaillons avec
les individus n’ayant pas d’enfants ou bien les feuilles de la forét généalogique. Notons
N; le nombre total d’individus de type i, 7; le nombre d’individus de type ¢ qui n’ont pas
d’enfants et M;; le nombre d’individus de type j dont le parent est de type «.

Dans un premier temps, nous donnons la loi jointe de I'effectif total et du nombre de

feuilles. Plus précisément, nous montrons que

Théoréme 1.4.9 : Pour tous nombres entiers ¢;, r;, n;, kij, 4, j € [d], tels que Z?Zl r; >

Ling < gy ki = —ri = 32 ki
]Pr (Nl = ql,...,Nd =4, T; = n,-,Mij = k?ZJ,VZ 7&])

_ det(X HIP n)P (Wi, =ki+ne;),

our = (r1,...,7rq), ki = (ki1, ..., kia), @ = ¢; V 1, K est la matrice (—k;;) a laquelle on

enléve la ligne i et la colonne i pour tout i tel que ¢; = 0, S? est une marche aléatoire dont
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la loi de saut est une loi de Bernoulli de paramétre 1;(0) et IV* est une marche aléatoire

dont les sauts sont distribués selon la loi 7;(z) = lﬂzj(‘:’)i))

pour tout z € Z4.

A partir de ce résultat, nous pouvons déduire un résultat sur le comportement asymp-
totique du nombre de feuilles. Supposons que la loi de reproduction v est critique, admet
des moments d’ordre d+1, et que ses matrices de covariance sont toutes définie-positives.

Alors nous montrons que

Corollaire 1.4.10 : Pour tout r € N
P.(7; = v;(0)|nv; |, N; = [nv;),i € [d]) = o (n~4FY).

Nous donnons enfin des résultats similaires obtenus dans deux scénarios plus gé-
néraux ou l'on considére le nombre total d’individus qui ont une certaine progéniture
donnée ainsi que le nombre total d’individus dont la progéniture appartient a un certain

ensemble (non-vide).

1.5 Perspectives

Pour la suite de notre premier travail présenté au chapitre 2, nous souhaiterions
étendre I’étude du temps d’émergence d’'une mutation dans une population multitype,
de facon a obtenir une expression plus explicite de sa loi, dans des cas plus généraux.
Ceci nécessitera un codage approprié des foréts multitypes.

A propos de notre troisiéme travail sur le nombre de sommets ayant un degré donné
d’une forét de branchement multitype, un défi serait d’étendre au cas multitype le résul-
tat de [Kor12, Théoréme 3.1] sur 'estimation asymptotique de la probabilité qu’un arbre
de Galton-Watson contienne n feuilles, puis dans un second temps d’étendre les résutats
de [Kor12, Théoréme 4.5] et de [Kor12, Théoréme 5.9] qui portent sur I’étude de la limite

d’échelle d’une suite d’arbres de branchement conditionnés au nombre de feuilles.
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CHAPITRE 2

ON MUTATIONS IN THE BRANCHING

MODEL FOR MULTITYPE POPULATIONS

2.1 Introduction

The homogeneous multitype branching hypothesis provides a relevant model of po-
pulation growth in the absence of any competitive or environmental constraint. In par-
ticular, it is widely used in population genetics, when studying successive mutations
whose accumulation leads to the development of cancer. Then determining the statistics
of the emergence times of mutations, or evaluating the distribution of the population
size of mutant cells at any time become important challenges. In the extensive literature
on the subject, let us simply cite [IMKNO5], [HIM07], [DM10], and [Dur13].

This work is concerned with the mathematical study of mutations in multitype bran-
ching frameworks. We first focus on the problem of the total number of mutations under
very general assumptions. This number is not a functional of the associated branching
process and its study requires the complete knowledge of the multitype branching struc-
ture, that is the underlying plane forest. Then we show that the forest of mutations as-

sociated to any multitype forest, is itself a multitype branching forest whose progeny
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distribution can be explicitely computed. This result allows us to investigate the asymp-
totic behaviour of the number of mutations, when either the total population or the
initial number of individuals tend to infinity.

When time is continuous, we are mainly interested in emergence times of new mu-
tations in the non reversible case. The characterisation of these times requires a good
knowledge of the corresponding multitype branching process and the main tool in this
study consists in a recent extention of the Lamperti representation in higher dimensions.
Emergence times are then expressed in terms of the underlying multivariate compound
Poisson process, which allows us to obtain some accurate approximations of their law.

We start with some preliminaries on the coding of multitype branching forests by
multivariate random walks in Section 2.2.1. Then we state and prove our results on the
total mutations sizes of branching forests in Sections 2.2.2 and 2.3.2. Results bearing on

emergence times are presented in Section 2.3.3.

2.2 Mutations and their asymptotics in discrete mul-

titype forests

2.2.1 Preliminaries on discrete multitype forests

In all this work, we use the notation Z, = {0,1,2, ...} and for any positive integer
d, we set [d] = {1,...,d}. We will denote by e; is the i-th unit vector of Z%. We define
the following partial order on R? by setting * = (z1,...,24) > v = (y1,...,%a), if
x; > y;, for all ¢ € [d]. The convention inf ) = 400 will be valid all along this paper.
Then (2, F, P) is a reference probability space on which all the stochastic processes in-

volved in this work are defined.

Let us first recall the coding of multitype forests, as it has been defined in [CL15]. A

(plane) forest f is a directed planar graph with no loops on a possibly infinite and non
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empty set of vertices v = v(f), such that each vertex has a finite inner degree and an
outer degree equals to 0 or 1. The connected components of a forest are called the trees.
In a tree t, the only vertex with outer degree equal to 0 is called the root of t. The roots of
the connected components of a forest f are called the roots of f. For two vertices © and
v of a forest f, if (u, v) is a directed edge of f, then we say that u is a child of v, or that
v is the parent of u. We first give an order to the trees of the forest f and denote them
by t1(f), ta(f), ..., te(f),... (we will usually write tq, to, ..., tg, ... if no confusion is
possible). Then we rank (a part of) the vertices of f according to the breadth first search
order, by ranking first the vertices of t1, then the vertices of t,, and so on, see the labeling

of the two forests in Figure 2.2. Note that if t, for £ > 1 is the first infinite tree, then

the vertices of t;1, ... have no label according to this procedure.
a
|
: VARY
l I
1 5
/ /
1 3 4

v U

FIGURE 2.1 — On the top, a discrete 2-type forest. Roots of clusters are ranked in the
breadth first search order of the forest. The rank is written on the left of these roots.

Below, the corresponding forest of mutations.

To each forest f, we associate the application ¢¢ : v(f) — [d] such that if u;, u;yq, . . .,
ui+; € v(f) have the same parent and are placed from left to right, then c¢(u;) <

ce(uip1) < -+ < cp(wipg). For v € v(f), the integer c¢(v) is called the type (or the
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color) of v. The couple (f, ¢¢) is called a d-type forest. When no confusion is possible, we

will simply write f. The set of d-type forests will be denoted by F,.

A cluster or a subtree of type i € [d] of a d-type forest (f,c;) € Fy is a maximal
connected subgraph of (f, c¢) whose all vertices are of type i. Formally, t is a cluster of
type i of (f, c¢), if it is a connected subgraph whose all vertices are of type i and such that
either the root of t has no parent or the type of its parent is different from 7. Moreover, if
the parent of a vertex v € v(t)¢ belongs to v(t), then c¢(v) # i. Clusters of type i in t;
are ranked according to the order of their roots in the breadth first search order of t, see
Figures 2.1 and 2.2. Then if the number of clusters of type i is finite in t;, we continue by
ranking clusters of type 7 in to, and so on. Note that with this procedure, it is possible that
clusters of ty, ty.1,..., for some k, are not ranked. We denote by tgi), tg), e ,tg), e
the sequence of clusters of type i in (f, c¢). The forest f*) := {tgi), tg), e ,t,(j), ...} is
called the subforest of type i of (f, cg). We denote by ugi), ug), ... the elements of v(f(),
ranked in the breadth first search order of (). The subforests of the 2-type forest given

in Figure 2.1 are represented in Figure 2.2.

To any forest (f, c¢) € F,, we associate the forest of mutations, denoted by (f, cg) €
T4, which is the forest of J; obtained by aggregating all the vertices of each subtree of
(f, c¢) with a given type, in a single vertex with the same type, and preserving an edge

between each pair of connected subtrees. An example is given in Figure 2.1.

For a forest (f, ¢g) € F, and u € v(f), when no confusion is possible, we denote by
pi(u) the number of children of type i of u. For each i € [d], let n; € Z; U {cc} be the
number of vertices in the subforest f of (f, c¢). Then let us define the d-dimensional

i1
,.

chain 2 = (z ., x%4), with length n; and whose values belong to the set Z<, by
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FIGURE 2.2 — The subforests of the 2-type forest given in Figure 2.1 with their deapth

first search labeling.

xéi) =0andifn; > 1,

xféil_x;’j:pj(ug)&—l)a lfl#j and xiiil_xizi:pi(uff—)f—l>_1> O0<n<n;—1,

(2.1)
where (ug))nzl is the labeling of the subforest f(*) in its own breadth first search order.
Note that the chains (z), for i # j are nondecreasing whereas (') is a downward
skip free chain, i.e. x;’H — 24 > —1,for 0 < n < n; — 1. Besides, if n; is finite, then
n; = min{n : % = ming<p<p, x;j} Let us also mention that from Theorem 2.7 of
[CL15], when trees of (f, c¢) are finite, the data of the chains 2V, . . ., 2(? together with

the sequence of ranked roots of (f, ¢¢), allow us to reconstruct this forest.

Let us now apply this coding to multitype branching forests. Let v := (v1,...,vy),
where v; is some distribution on Z%. We consider a branching process with progeny
distribution v, that is a population of individuals which reproduce independently of each
other at each generation. Individuals of type ¢ give birth to n; children of type j € [d]

with probability v;(ni,...,ng). For i,j € [d], we denote by m,; the mean number of
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Chapitre 2. On mutations in the branching model for multitype populations

children of type j, given by an individual of type ¢, i.e.

m;; = Z njl/z-(nl,...,nd).

d
(’nl,...,nd)EZJr

We say that v is non singular if there is ¢ € [d] such that v;(n:n; +---+ng=1) < L.
The matrix M = (m;;) is said to be irreducible if for all 7, j, m;; < oo and there exists
n > 1 such that ml(-?) > (, where ml(;b) is the 7 entry of the matrix M". If moreover the
power n does not depend on (4, j), then M is said to be primitive. In the latter case, ac-
cording to Perron-Frobenius theory, the spectral radius p of M is the unique eigenvalue
which is positive, simple and with maximal modulus. If p < 1, then the population will
become extinct almost surely, whereas if p > 1, then with positive probability, the po-
pulation will never become extinct. We say that v is subcritical if p < 1, critical if p = 1
and supercritical if p > 1. We sometimes say that y is irreducible, primitive, (sub)critical

or supercritical, when this is the case for M.

By multitype branching forest with progeny distribution v, we mean a sequence with
a finite (deterministic) or infinite number of independent multitype branching trees with
progeny distribution v. A multitype branching forest will be considered as a random
variable defined on the probability space (€2, &, P) and with values in %,. To any multi-
type branching forest I, we associate the random sequences X = { X i € [d]}, where
X0 = {(x¥1 . X)) 0 < n < n}, which are constructed as in (2.1). It has been
proved in [CL15], Theorem 3.1 that if /' is a primitive and (sub)critical branching forest
with a finite number of trees, then X@, i € [d] are independent random walks whose

step distribution 7; is defined by
ﬁi(k’l, ce ,k’d) = I/i(k’l, N k:i—la kz + 1, ki+17 ey ]Cd) s for all (k’l, ceey k?d) S Zi, (22)
and stopped at the smallest solution (/Vy, ..., Ny) of the system
d
v+ Y XH(N) =0, jeld. (2.3)
i=1
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2.2. Mutations and their asymptotics in discrete multitype forests

In this equation, /V; is the total number of vertices of type 7 in F'and z; is the total number
of trees in this forest whose root is of type i. We will say that F' is issued from =z =

(x1,...,24). Note that the variables IV; are random, whereas the x;’s are deterministic.

2.2.2 The total number of mutations and its asymptotics

A mutation of type 7, is the birth event of an individual of type 7 from an individual
of any type j # 4. The aim of this section is to study the evolution of mutations in a
multitype branching forest. Our main result asserts that the forest of mutations, that
is the forest obtained by merging together all the vertices of a same cluster, is itself
a branching forest if and only if for each i € [d], one of the following conditions is

satisfied,

(A;) mi <1,

(B;) m;; > 1 and for all j # 4, m;; = 0.

Moreover, its progeny distribution can be expressed in terms of this of the initial forest.
Note that the branching property of the forest of mutations is intuitively clear. In the

neutral case, it has been pointed out in [Tai92].

Theorem 2.2.1 : Let [’ be any multitype branching forest with progeny distribution
v = (v1,...,vy) and denote by F the associated forest of mutations. Assume that for
all i € [d], one of the conditions (A;) or (B;) holds. Then F' is a multitype branching
forest with progeny distribution p = (1, ..., uq) on 8; := {k € Z% : k; = 0}, which is
defined by

pi(k) =Y n 'k + (n—1)e;), keS;, (2.4)

n>1
if (A;) is satisfied. If (B;) is satisfied, then f; is the Dirac mass at 0. Moreover 4 satisfies

the following properties :

1. Let M = () be the mean matrix of ; and let 7 > 1. Then j; admits moments

of order r if and only if either for all j # 7, m;; = 0 or v; admits moments of order
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Chapitre 2. On mutations in the branching model for multitype populations

1-my;”

r and m;; < 1. In the latter case, for all 7, j such that ¢ # j, m;; =

2. Assume that m;; < oo, for all 4, j € [d]. Then M is irreducible if and only if M is

irreducible. If M is primitive, then so is M. The converse is not true.

3. Assume that M is primitive, then M is subcritical (resp. critical, resp. super-critical)

if and only if M is subcritical (resp. critical, resp. supercritical).

If for some i € [d], none of the conditions (A;) and (B;) holds, then there is j # ¢ such
that individuals of type i in F give birth to an infinite number of children of type j with

positive probability. Therefore F is not a branching forest in our sense.

Démonstration. Since the result only bears on the progeny law of forests, we do not loose
any generality by assuming that /" has an infinite number of trees. Then the stochastic
processes X = {X@ i € [d]} obtained from F, as in (2.1) are defined on the whole
integer line {0, 1,...}. Note that their definition slighly extends the definition which
is given in [CL15]. Indeed, without any more assumption on v, trees of the forest can
be infinite, so that the process X is not necessarily a coding of the forest, that is, if
some trees are infinite then it is not possible to reconstruct the whole forest from X and
the sequence of its roots. However, it is straightforward to check that X @ 4 e [d] are
independent random walks and that the step distribution of X?) is 77;, which is defined
in (2.2). In particular, the law of X characterizes this of F.

Now, let us consider the forest of mutations F. By construction, this forest is com-
posed of an infinite number of independent and identically distributed trees. Hence, in
order to show that I is a branching forest, it suffices to show that its trees are branching
trees.

Let us denote by {Y(i),i € [d]} the process which is defined from F' as in (2.1). Let
i € [d] and assume first that (A;) holds. Then we define the first passage time process of
the random walks X, i € [d] by,

T,Si) =inf{n >0: X" =—k}, k>0.
Since m;; < 1, then from the law of large numbers, lim inf,, ,,, X" = —0c0, a.s., so that
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2.2. Mutations and their asymptotics in discrete multitype forests
T]gi) is almost surely finite for all £ > 0 and limy_, T,ii) = 00, a.s. Moreover, for all
i,7 € [d],

X =x90), k>0,

Indeed, the effect of the time change by T]E,i) is to merge all vertices of a same cluster

of type 7 into a single vertex. Note that Y(i),

i € [d] are independent random walks.
Assume with no loss of generallity that the root of the first tree in F has type 1, then a
slight extention Theorems 2.7 and 3.1 in [CL15] to any progeny distribution, allows us
to show that this first tree is coded by the processes (Y,(;), 0 <k<N,), i€ [d], where

(Ny,..., Ng) is the smallest solution of the system

d ..
ri+ Y XN =0, jeld], (2.5)
=1

and (rq,...,7r4) = (1,0,...,0). Note that in our case, IN; can be infinite. This extended
notion of smallest solution is defined in [Cha15], see Lemma 1 therein. This coding result
implies that the first tree in F can be reconstructed from the processes (7,8), 0<k<
N,), i € [d] and applying part 3. of Theorem 3.1 in [CL15], we obtain that this tree is a

branching tree whose progeny distribution p1 = (p;, 7 € [d]) is given by
Mi(k17 ) kd) - P(ng = (kla ) ki—l? _]-7 k’H—ly kd)) ’ (klv KR kd) € Sz .

Then in order to make this law explicit in terms of v, we apply the Ballot theorem for
cyclically exangeable sequences due to Takécs [Tak61]. Since conditionally on X%, i #
4, X% is downward skip free with cyclical exchangeable increments, we have for all

(k1,...,kq) €8,

POXY = (ko Kty =1 i k)

= ZP<X1E}) = (kla . -,ki—l, _].,ki_t,_l,. . .,k'd)j’]'l(i) = n)

n>1
1 .
- ZEP<XT(:) = (k17~--7ki717_17ki+17~~-;k‘d>>7
n>1

which gives (2.4) from (2.2). If (B;) holds, then by definition, individuals of type i in I’
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Chapitre 2. On mutations in the branching model for multitype populations

are all leaves and hence, Xi’j = 0, forall j # 7 and 722 = —n, foralln > 0, see (2.1). In
this case, the conclusion follows immediately.

Let us now prove properties 1-3 of . First note that for all ¢ # j, m;; = 0 if and
only if m;; = 0. Then let » > 1, assume that y; admits moments of order r and that
there is j # ¢ such that m;; = E(X #7) > (. The variable Tl(i) is a stopping time in the
filtration generated by X to which the increasing random walk X/ is adapted. Then
by applying Theorem 5.4 in [Gut09], we obtain that E((X}7)") < co and E((Tl(i))r) < 0.

In particular Tl(i) < 00, a.s. Now by definition, the random walk (X") can be written as

X =Y — n, where (Y,"") is an increasing random walk. Since Y"’i(ﬁ(i)) = l(i) -1
and E((r(")") < oo, we have E (]Y“(Tl(l))\’") < oo and by applying Theorem 5.4 in
[Gut09] again, we obtain that E (\Yl”\r) < 00, and hence E (|Xil|r) < 00. So we have
proved that v admits moments of order r. Then it follows from the definition of Tl(i) and
from Lemma 3.1 in [KM96] that E((7\”)") < oo implies lim,,_,o X' = —o0, and hence
m;; < 1, from the law of large numbers.

Conversely, if m;; = 0 for all j # 4, then m;; = 0 for all j # ¢ and i, is the Dirac
mass at 0, so it admits moments of order r.

Now assume that v; admits moments of order » and m;; < 1. Then it follows di-
rectly from Lemma 3.1 in [KM96] that E((Tl(i))r) < 00. Moreover from Theorem 5.2 in
[Gut09], E(X %/ (Tl(i) )") < oo, forall j # 7, which means that y; admits moments of order
r. If v; admits moments of order 1 and m;; < 1, then it follows from the optional stop-
ping theorem applied to the martingale (X — nE(X ™)), that E(X%(7")) = —1 =
E(X{)E(r{") = (mi; — DE(r,”), and when i # j, E(X™ (")) = E(X1)E(r”) =

lin;i“ and part 1 is proved.

If M is irreducible, then for all i, there is j # 1 such that m;; > 0. From part 1., y;

admits moments of order 1 and m;; < 1, for all ¢. In this case,

) and A, = diag( Mhii ),

M+ Ay =AM, where A, = diag( 1 —my

L —my
and we derive from this identity that M is irreducible. Conversely if M is irreducible,

then for all ¢, there is j # 7 such that m;; > 0 and hence m;; > 0. Since by assumption,
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2.2. Mutations and their asymptotics in discrete multitype forests

m;; < oo, for all 4, j, then from part 1., m; < 1, and M + Ay = Ay M holds. We derive
from this identity that M is irreducible.
Now if M is primitive, then it is irreducible and as before, m;; < 1 for all i € [d].

Moreover,

Therefore M is primitive. The converse cannot be true since there are nonnegative, ir-
reducible matrices whose main diagonal is zero and which are not primitive. We can
find distributions v such that it is the case for M and hence for (I — diag(m;))M. If
m;; > 0, for all 4, then it follows from general theory of nonnegative matrices that
M = (I — diag(m;;))M + diag(m;;) becomes primitive, see [Sen06].

Let us now prove 3. Recall that by definition, since M is primitive, j; admits mo-
ments of order 1 for all i € [d]. Then from the same arguments as in part 2., M =
(I—diag(m;;) )M +diag(m;;) and m;; < 1foralli € [d]. Assume that M is surpercritical,
then there is a positive vector x such that Mz > z. Therefore, (I—diag(m;;)) Mz > (I—
diag(m;;))z and since my; < 1, we obtain Mz > z. Hence M is supercritical. Conver-
sely, assume that M is supercritical. Then there is a positive vector = such that Mz > z,
so that Mz = (I — diag(m;;))Mux + diag(my)r > (I — diag(my;))x + diag(my)r = x
and thus M is supercritical. Then the identity M = (I—diag(m;;) )M +diag(m;; ) allows
us to derive that M is critical if and only if this is the case for M.

Finally assume that m;; > 1 for some ¢ € [d]. If m;; = 0, for all j # 4, then it is clear
that individuals of type i in F are leaves. If m;; > 0, for some j € [d], then since clusters
of type ¢ are supercritical, some of them have infinitely many children with positive
probability. Conditionally to this event, such a cluster produces almost surely infinitely
many children of type j, which is equivalent to say that individuals of type i in F give

birth to an infinite number of children of type j with positive probability. [

Let us now consider a multitype branching forest /' with progeny distribution v, with
a finite number of trees and let Z,, = (ZS), e Z,(ld)), n > 0 be the associated branching

process, that is for each i € [d], Z{" is the total number of individuals of type i present in
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Chapitre 2. On mutations in the branching model for multitype populations

F at generation n. For z = (21, ...,x4) € Z%, we denote by P, the law on (2, F) under
which F is issued from z. In particular, P,(Zy = z) = 1. Then the next result gives the
law of the total number of mutations in the forest F, that is the number of mutations
up to the last generation whose rank is the extinction time, 7' := inf{n : Z, = 0}. For
i,j € [d], let us denote by M, the total number of mutations of type i in F, up to time
T and by M;; the total number of mutations of type j produced by individuals of type .
In particular, M;; = 0 and M; and M;; satisfy the relations

d
M;=> My, jeld.

i=1
Note that if v is primitive and supercritical, then P, (T = 00) > O for all x € Zﬁlr, so that
under P,, M, and M;; are infinite with positive probability, for some 7, j € [d]. We also

emphasize that M; and M,; are not functionals of the branching process (Z,,).

Corollary 2.2.2 : Assume that (A4;) or (B;) holds for all i € [d]. Then for all integers
Ty Ny, ki]’, Z,j € [d], such that ZT; 2 0, n;, = _k’i’ia for ¢ 75 j, kij 2 0, and for all] c [d],
nj =+ 3 ki,

Px (My =11 —21,..., Mg = ng — xa, My; = kij, i,j € [d], i # j)

d
det(K “n
= = ( ) | | H; Z(kilv sy ki(i—l)) 07 ki(i+1)7...,kid)a

ny...Ng i1

where f1; is defined in Theorem 2.2.1 and 11° = g, 7; = n; V 1, K is the matrix (—k;;); ;

to which we removed the line 7 and the column 7 for all ¢ such that n; = 0.

Démonstration. This result is a direct consequence of Theorem 1.2 in [CL15] and Theo-
rem 2.2.1 applied to the forest of mutations F. Indeed, it suffices to note that z; + M,
corresponds to the total number of individuals of type i in F'. Note however that Theo-
rem 1.2 in [CL15] is proved only in the case where v is primitive and (sub)critical. But
using the coding which is presented in Section 2.2.1 and appyling Lemma 1 in [Cha15],
we can check that it is still valid in the general case by following along the lines the

proof which is given in [CL15]. O]
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2.2. Mutations and their asymptotics in discrete multitype forests

If for some ¢ € [d], none of the conditions (A;) and (B;) holds, then the definition of
the vector of mutation sizes (M, ..., My) still makes sense. In this case, it is possible
to obtain its law by extending Theorem 2.2.1 to branching forests whose progeny laws
give mass to infinity. Note also that Corollary 2.2.2 can be considered as an extension of

Theorem 1 in [Ber09], where a similar formula is given in the neutral case.

We now turn our attention to the asymptotic behaviour of the number of mutations,
when the total population is growing to infinity. Our first result is concerned with the
critical case and is a direct consequence of Proposition 2 in [Pé16] and Theorem 2.2.1. If
M is primitive, then we denote by u and v the unique right and left positive eigenvectors
of M which are associated to the eigenvalue 1 and normalized by u.1 = u.v = 1. Recall
that, for a multitype branching forest /', when no confusion is possible, N; denotes the
total population of type ¢ in F' and M, denotes the total number of mutations of type
i in F. Note also that when v is primitive and critical, then (A;) necessarily holds for
all ¢ € [d], so that from Theorem 2.2.1, the forest of mutations F associated to F is a

branching forest with progeny distribution y defined by (2.4).

Corollary 2.2.3 : Let F' be a branching forest with a non singular, primitive and critical
progeny distribution v. Assume that for all ¢ € [d], u; admits moments of order d + 1.
If moreover M is primitive and the covariance matrices P fL of v; and p;, respectively
are positive definite. Then m;; < 1, for all i € [d] and there are constants C;,Cy > 0
such that for all x, € Zi,

lim n®2 Py (M; = [n(1 —my)v), i € [d]) = Cixeu,

n—oo

lim ndHIF’xO(Mi = Ln(l — mm')l}ij, N, = LTL’UZJ , 1€ [d]) = (Hxp.u.

n—0o0

Démonstration. Since by assumption, M is primitive, then for all 7, there is j # i such
that m,; > 0, and hence m,; > 0. Therefore, from part 1. of Theorem 2.2.1, m;; < 1,
for all 7. Moreover, from our assumptions and part 3. of Theorem 2.2.1, p is critical.

Besides, it is plain that M is non singular. Then conditions of Proposition 2 in [Pé16]
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Chapitre 2. On mutations in the branching model for multitype populations

are satisfied for the multitype branching process associated to F' and the first assertion
follows with % and 7, the normalized, positive right and left eigenvectors of M associated
to the eigenvalue 1. Then recall from the proof of part 3. of Theorem 2.2.1 that M =
(I — diag(m;;))M + diag(m;;). We derive from this identity that % = u and ¥ = cv(I —

|~ and the first assertion follows.

diag(my;)), where ¢ = ||u - v(I — diag(m;))

The proof of the second assertion follows the same lines as the proof of Proposition
2 in [Pé16]. In this case, since the number of mutations is taken into account together
with the total number of individuals, a 2d-dimensional random walk is involved in the

proof, which explains that the rate of convergence in now d + 1. O

Note that the constants C'; and C'5 can be made explicit in terms of the distributions v

and p by properly exploiting the proof of Proposition 2 in [Pé16].

Through the next result we focus on the asymptotic behaviour of the number of
mutations in a branching forest when the initial number of individuals x = (x4, ..., z4)

tends to infinity along some given direction.

Theorem 2.2.4 : Let F(x) be any family of multitype branching forests defined on
the space (€2, F, P), indexed by x € Z% and such that for each x, F'(x) has progeny
distribution v and is issued from x. For i € [d], let N;(x) (resp. M;(x)) be the total
number of individuals (resp. of mutations) of type i in F'(x). Assume that v is primitive

and let w € Z4 \ {0}.

1. If v is critical, then

i M) nd lim

n—00 n neso0 Z(nw) =1—m,;, in probability.

2. If v is subcritical, then
N; . ; . .
lim M =¢i(w) and lim ———= = w;+(1—my;)c;(w), in probability,
n—o0 n n—0o0 n

where ¢;(w) := Zzzl wi(I— M)}
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In any case, m;; < 1, for all i € [d].

Démonstration. In order to prove our result, it suffices to construct some particular fa-
mily of forests F'(x), such that for each x, F'(x) has progeny distribution v and is issued
from x € Z%, and to show that the limits in the statement hold.

Recall the coding of multitype branching forests which is presented at the end of
Section 2.2.2 and let XV = {X% j € [d]} be d independent random walks whose
respective step distributions are 7, i € [d] defined in (2.2). Then for each x € Z%, we
construct a forest F'(x) such that F'(x) is encoded by the random walks X®, i € [d]
and contains exactly x; trees whose root is of type ¢. This construction is possible in the
primitive, (sub)critical case, thanks to part 3. of Theorem 3.1 in [CL15].

Then N;(x) and X, i € [d], satisfy identity (2.3). Moreover, for k # i, the number
of mutations of type i issued from an individual of type k is X*%(N,(x)), so that the

total number of mutations of type ¢ is

Mi(x) = 3 XH(N,(x)) =~ — XH(N,(x)).
ki

We derive from Lemma 2.2 in [CL15], that if x;, x5 € Zi are such that x; < x5, then
the couple of random variables (N;(x2) — N;(x1), X**(N;(x2) — X“*(N;(x1))) is inde-
pendent of process ((NV;(x), X“*(N;(x))),x < x;) and has the same law as (V;(xy —
x1), X% (N;(x2 — x1)). Therefore, for any w € Z2, ((N;(nw), X (N;(nw)),n > 0) is
a bivariate random walk whose step distribution is the law of (N;(w), X% (N;(w)).

Let Z = (ZW, ..., Z?) be the branching process associated to F'(w). Then by defi-
nition of N;(w), we have N;(w) = >, 7 But Ey(Z,) = wM", so that E,, (Z{) =

Dot w;m\™ and since v is primitive, we have from Frobenius Theorem for primitive

ij
matrices, mgl) ~ u,;v;p", see Theorem 1, Section V.2 in [AN72]. So we have proved that
E(N;(w)) < oo if and only if v is subcritical. Moreover, if v is subcritical, then I — M is
invertible and it follows from the above expressions that E(N;(w)) = S0, w;(I—M) g
Then assertions 1. and 2. follow directly from the law of large numbers.

Finally, since v and y are primitive, by definition, they admit moments of order 1 and
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we derive from part 1. of Theorem 2.2.1 that m;; < 1, for all i € [d]. O

2.3 When continuous time is involved

2.3.1 The Lamperti representation

Let us now consider a d type population which is composed at time ¢ = 0, of z;
individuals of type i € [d] and whose dynamics in continuous time behave according to
a branching model. More specifically, at any time, all individuals in the population live,
give birth and die independently of each other. Once it is born, any individual of type
i € |d] gives birth after an exponential time with parameter \; > 0 to n; individuals
of type j € [d] with probability v;(ny,...,nq). Then this individual dies at the same
time it gives birth. We emphasize that in this model, the probability for the population

to become extinct does not depend on the rates \;.

This model is represented as a plane forest with edge lengths, see Figure 2.3. (In each
sibling, we rank individuals of type 1 to the left, then individuals of type 2, and so on.)
Such a forest will be called a multitype branching forest with edge lengths issued from
x = (x1,...,2q), with progeny distribution v := (14, ...,1,) and reproduction rates
(A1, ..., Aq). By construction, its discrete time skeleton is a multitype branching (plane)
forest, as defined in the previous section, with progeny distribution v, which is inde-
pendent from the edge lengths. Edge lengths are independent between themselves and
the length of an edge issued from a vertex of type ¢ follows an exponential distribution
with parameter \;. We emphasize that the total number of individuals and the total num-
ber of mutations in a multitype branching forest with edge lengths are the same as in its
discrete skeleton. Hence, the results of the previous section can be applied in the present

setting.

Given a branching forest with edge lengths, as defined above, we denote by Z =
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(ZzW, ..., ZD) the corresponding multitype branching process, that is for ¢ > 0 and
i € [d], Zt(i) is the number of individuals of type ¢ at time ¢ in the population. (Since
no confusion is possible, for the branching process we have kept the same notation as
in discrete time.) The process Z is a Z% -valued continuous time Markov process which

satisfies the branching property, i.e., for A € ]Ri, t>0andx,y € Z2,
By (67%) = Eule)Ey (%),

where Py is the law under which the forest is issued from x. In particular, Zy = x, Py-
a.s. The process Z actually contains much less information than the original branching
forest. In order to preserve the essential part of this information, we need to decompose

Z as in the following definition.

Definition 2.3.1: For i # j, we denote by Z/” the total number of individuals of type
j whose parent has type 7 and who were born before time ¢. For ¢ = j, the definition of
Z!" is the same, except that to this number we add the number of individuals of type i

at time 0 and we subtract the number of individuals of type 7 who died before time ¢.

The processes Z“J whose definition should be clear from the example given in Figure 2.3
will play a crucial role in our continuous time model. A more formal definition can be
found in Section 4.2 of [Cha15]. The interest of these processes is the following straight-

forward decomposition of the branching process Z = (ZW1) ..., Z@d)

d
z)=3"77, jeld. (2.6)
=1

Our model bears on a Lamperti type representation of these processes. According to
Lamperti representation, any one dimensional branching process can be expressed as a
Lévy process time changed by some integral functional. In this subsection, we will re-
call from [Chal5] the extension of this transformation to multitype, continuous time,
discrete valued branching processes. The latter involves time changed multidimensional

compound Poisson processes which we now introduce.
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Chapitre 2. On mutations in the branching model for multitype populations

Since our models of evolution are only concerned with mutations, individuals of type
¢ having exactly one child of type ¢ do not present any interest. Hence we can assume

without loss of generality that
vi(e;) =0, for all i € [d].

Then let X = (XM, ..., X@) where X, i € [d] are d independent Z?-valued com-
pound Poisson processes. We assume that X(()i) = 0 and that X has rate \; and jump
distribution 7 which has been defined in (2.2). In particular, with the notation X =
(XL .., X%), the process X is a Z-valued, downward skip free, compound Poisson
process, i.e. AXZ’i = Xti’i—X,f’f > —1,t > 0,with Xy = O and forall ¢ # j, the process
X% is an increasing compound Poisson process. We emphasize that in this definition,

some of the processes X7, i, j € [d] can be identically equal to 0.

The following extension of the Lamperti representation to multitype branching pro-
cesses can be found in [Chal5], see also [CPGUB16] for the case of continuous state

multitype branching processes.

Theorem 2.3.1: Let us consider a multitype branching forest with edge lengths issued
from x = (21, ..., 2q) € Z%, with progeny distribution v := (v4, ..., 1,) and reproduc-
tion rates (Aq, ..., \g). Then the processes Z*/, i, j € [d] introduced in Definition 2.3.1

admit the following representation :

X =0, i £
Zy = Jo 7" ds (2.7)
xi+Xf§z§i>ds’ t>0, ifi=jy,

where the processes,

x @ — (Xi,17Xz',2’“.’Xi,d)’ 1=1,....d,

are independent Z¢ valued compound Poisson processes, with jump distribution (7, . . ., 7,)

and rates (A1, ..., Ag). In particular from (2.6) and (2.7), the multitype branching pro-
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cess Z admits the following representation,

d d

1 d %, i,d
(Zt()v""Zt()):’“L(ZXfotlzg”ds""’Zngzg“ds)’ t>0. (2.8)

1=1 =1
2.3.2 Further results on asymptotics of mutations

Fori € [d] and t > 0, we will denote by M, ; the total number of mutations of type
¢ which occured up to time ¢. The definition of this quantity is illustrated on Figure 2.3.
Let us also define a cluster of type ¢ as the subtree corresponding to the descendence of
type ¢ of an individual of type ¢ which is either a root or an individual whose parent as
a type different from ¢. Then z; + M, ; corresponds to the number of clusters of type ¢

in the forest truncated at time ¢.

In Proposition 2.3.3, we describe the asymptotic behaviour of M, ;, as t tends to oo in
the case where the progeny distribution v is primitive and supercritical. To this aim, we
will need the joint representation of )/, ; together with the number Zt(i) of individuals

of type ¢ at time ¢ which is presented in Proposition 2.3.2.

Proposition 2.3.2 : Recall from Section 2.3.1 the definition of the compound Poisson
processes X/, i, j € [d]. Then for any x = (1,...,z4) € Z%, under Py, the stochastic

process (Zt(i), Mi7t> fulfills the following representation,

d d
(i) B ' ki ki
(Zt ’ Mi’t> - (Il + ; Xfot Z&k) du’ Z Xfot thk) du) ’ t= 0.

k=1 ki
Démonstration. This result is a direct consequence of the representation which is recal-
led in Theorem 2.3.1. Indeed, recall from Section 2.3.1 the definition of Z*J, then the

number of mutations of type ¢ up to time ¢ is

My => 7.

ki

The result follows from identity (2.7) in Theorem 2.3.1. [
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Chapitre 2. On mutations in the branching model for multitype populations

FIGURE 2.3 — A two type forest with edge lengths issued from x = (2, 2). Vertices of type

1 (resp. 2) are represented in black (resp. grey). At time ¢,
z2V =6, 2% =3, Z}' =2, 7}* =5 72" =8, Z}*= -2,

and Ml,t = 8, Mgﬂg = 5.

Let’s us now turn to the limiting behavior of M;,, as t tends to infinity. The next
result is concerned with the case where v is primitive and supercritical. It allows us to
evaluate the number of mutations which occured up to time ¢ (or equivalently the num-

ber of clusters in the forest truncated at time ¢), when ¢ is large.

Let us define the matrix A = A(M —I), where A = diag(\;). If M is primitive, then
so is A and it follows from Perron-Frobenius theory that the eigenvalues p;, i € [d] of A
can be arranged so that p; > Re(pz) > -+ > Re(p,). Moreover, v is subcritical, critical
or supercritical according as p; < 0, p; = 0 or p; > 0. Then a well known result due to
[Ath68], see also Theorem 2, p. 206 in [AN72] asserts that when v is non singular and
primitive, there exists a nonnegative random variable W such that for all i € [d],

lim e ' Z" = u,W | as., (2.9)

t—o00

where v; is the i-th coordinate of the normalized left eigenvector associated with p;.
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2.3. When continuous time is involved

Proposition 2.3.3 : Assume that v is non singular, primitive and supercritical. Then for
all i € [d],
lim €7p1tMi7t = sz, a.s.,

t—o00

where Kz = Ul(l + (1 - m”)(/\zpl)_l)
Démonstration. We derive from Proposition 2.3.2 that,

(1) _ oy
Zy — My = Xfot g &S

On the other hand, in the supercritical case, p; is strictly positive. Hence it follows from

(2.9) that
t
/ ZW du ~ pr Woeh', as., ast — oo,
0

Then the desired result is a consequence of the latter equivalence and the law of large

numbers applied to the compound Poisson process [

Under conditions of Propositon 2.3.3, assume moreover that for some i € [d], K; is
positive, that is

mi; < 1+ Xip1,

and that for some j, P, (W > 0) = 1. Then using Proposition 2.3.3, we can compare the
asymptotic behaviour of the number of mutations prior to ¢ with this of Z (i), under P,
that is

M, ~ KZ-Zt(i) , Pe,-as.,ast — oco. (2.10)

Regarding the condition P, (1 > 0) = 1, note that Theorem 2, p. 206 in [AN72] also
asserts that P, (W > 0) > 0, for some (hence for all) k£ € [d], if and only if

E(&j log 5”) < oo, foralle, ) € [d], (2.11)

where (&1, .. .,&q) is a random vector with law ;. Moreover, 1 — P, (W > 0) corres-

ponds to the probability of extinction, when the forest is issued from ej.
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Chapitre 2. On mutations in the branching model for multitype populations

2.3.3 Emergence times of mutations

In this section, we shall assume that mutations are not reversible, that is for all 7 =
1,...,d —1, individuals of type i can only have children of type i or ¢ + 1. In particular
v is not irreducible. Moreover when giving birth, individuals of type 7 = 1,...,d — 1
have at least one child of type ¢ with probability one, and have children of type 7 + 1

with positive probability. These conditions can be explicited in terms of the progeny

distribution v; as follows

vi(k) >0 = k; =0,forj ¢ {i,7 + 1},
Zkezizkizo vi(k) =0 and Zkezi:km:o vi(k) < 1.

(2.12)

We are interested in the waiting time until an individual of type ¢ first emerges in the
population, that is
7o=inf{t>0: 2" >1}.

The problem of determining a general expression for the law of 7; is quite challenging.
As far as we know, there is no explicit expression for this law in terms of the progeny
distribution and the reproduction rates. Various results in this direction can be found
in [Ser06], [SHO07], [DM10] and [Ale13] for instance. Most of them provide approxima-
tions of this law, using martingale convergence theorems [DM10] or through numerical
methods for the inversion of the generating function [Ale13]. In Proposition 2.3.4 we
first give a relationship between the successive emergence times 73, 73, ... in terms of
the underlying compound Poisson process in the Lamperti representation of Z. We also
characterize the joint law under P, , of the time 7; and the number of individuals of
type ¢ — 1 at this time. In Theorem 2.3.6 we derive an approximation of the time 7;, un-
der P,,, as the mutation rate of type k increases faster than that of type £ — 1, for all

k= 2,...,1.Thenin Corollary 2.3.7 we focus on a case where these law can be explicited.

In the following developments, we use the notation of Section 2.3.1 from which we re-

call the Lamperti representation of the multitype branching process Z = (Z(1), ..., Z(?)
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2.3. When continuous time is involved

in terms of the compound Poisson processes X ). Let us also introduce a few more no-
tation. For 7, j € [d], we denote by )\; ; the parameter of the compound Poisson process
X%, that is
Aij = Ai (1 - EkeZ‘fr:k]-:O 5@'(k)> .
Note that from our assumptions (2.12), for all 7 = 1,...,d — 1, A;;4+1 > 0 and for
j ¢ {i,i+1}, N\ = 0, thatis X" is identically equal to 0. In particular, \; = \;;+\; i1,
fori < d—1and \y = A\gq4. The parameter \; ;; will be call the mutation rate of type
1+ 1.Fori > 2, let
v = inf{t: X7 > 1}

be the time of the first jump by the process X*~1* and note that this time is exponentially

distributed with parameter \;_; ;.

Proposition 2.3.4 : Assume that (2.12) holds and define Z%! as the process identically

equal to 1 and set 4 = 0.

1. Fori = 2,...,d, the emergence time 7; of type 7 admits the following representa-

tion under P,

1

i
T =Ti_1 + /0 Xy g ds, P, -as, (2.13)

Ki—1(8)

where k;_ is the right continuous inverse of the functional ¢ — fot Zs(ifl) ds, i.e.
kio1(t) =inf{s > 0: [; Z0™ du > t}.
2. Under P, |, the joint law of the emergence time 7; of type ¢ together with the

number of individuals of type i — 1 in the population at time 7; admits the following

representation,
. Vi ds S
7, 20y @ (/ — 1+ XU“) . (2.14)
( 7 ) 0 ]_—’—Xéil’lil Vi
3. Let us define 8, = 07’“ Xk+k_1+1 ds, for £ > 2.Then the random variables 0,

k > 2 are independent and for¢ = 2,...,d,

Pe,(1; >t) <P (Z Oy > t> , forallt>0. (2.15)
k=2
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Chapitre 2. On mutations in the branching model for multitype populations

Démonstration. Since X"/ is identically equal to 0 whenever j ¢ {i,7 + 1}, then under

P.,, the representation (2.8) admits the simpler form

(1) (d)y 1,1 2,2 1,2 dd d—1,d
(Zt 7"'7Zt ) _el+(ngZ£1)d5’ngZ£2)d5+Xf0tZ§1>d5"Xf()tZ§d)ds+ngZ£dl)ds> .
(2.16)
In particular, for: = 2,... ,d,
Zt(i) _ i Lo r>0.

JEz ds f[rz{Vas =

Since Xé’i = 0, for 7 > 2, we see that the time 7; corresponds to the first hitting time of

level 1 by the process t — X', 1" , that is

(f Zs(ifl) ds

7 = Ki1(Vi), (2.17)

where ~; has been defined as the time of the first jump of the process X*~1. For ¢ such
that k;_1(t) < oo, we have t = fomfl(t) 7§V ds, so that dt = Z(ijzt)d/@_l(t), and since

Ki

ki—1(0) = 7;_1, we obtain

bods
lii,l(t) = T,_1+ ; ZOT
Hifl(s)
+/t ds (2.18)
— Ti— — — .
1 0 X; 1,3 1+X1 2,i—1

foﬁifl(S) ZI(L¢—2) du
The latter identity together with (2.17) prove identity (2.13).
The second part of the proposition is easily derived from the same arguments. More

specifically, it follows from (2.17) and the following identities

t
(i-1) _ i—1,i—1 ‘ _ [ ds
Z, =1+ Xfot 261 44 and k;_1(t) = /0 T t>0,

which hold P, ,-as.
Independence between the variables 6y, k > 2 is a direct consequence of the inde-
pendence between the processes X (), i € [d]. We derive from the representation of 7; in

part 1. of this proposition that

ET 1
T = — — ds, a.s. (2.19)
;/0 TR xRk

fonk_l(s) Z&kfz) du
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Note that since x;_1(0) = 71, then from (2.17), for all k > 2, foﬁkfl(o) quk_2) du = v,_1,

so that by definition of v;_1,

k—2,k—1 _ yvk—2,k-1
Xfonk—l(o) Z(k72) du - X"Yk—l Z 17 a.s. (2_20)
k—2k—1

Besides, since s — X

[ gy are increasing processes, then inequality (2.15) is a
0 u

direct consequence of identities (2.19) and (2.20). O

Note that the law of ), or equivalently, the law of 7;, under P, , can be made explicit

in some instances through its Laplace transform, see Corollary 2.3.7 below.

For the remainder of this section we will assume moreover that at each mutation,
individuals of type 7 do not give birth to more than one child of type ¢ 4+ 1 in a same

litter. More specifically, assumptions (2.12) are replaced by,

vi(k) >0 = kipy =0orlandk; =0,forj ¢ {i,i+ 1},
ZkeZi:ki:O vi(k) =0 and Zkezi:kmzo vi(k) < 1.

In particular, under these assumptions, the process X! is a standard Poisson process.

(2.21)

Then we will need the next lemma in order to derive our main result on the estimation

of the time 7;, as the mutation rates \;,_; 4, £ = 2, ..., d grow faster.
Lemma 2.3.5 : Assume that (2.21) holds, let £ > 3 and fix A\; » > 0, then

k—2,k—1 o
Pel (Xfonk,ﬁvk) Zq(Lk72) du - 1) > 1 )

as A\p—2n-1/An—1n — 0, forn=3,... k. (2.22)
. . . 1 . Cyvk—2k—1
Démonstration. First set vy, ', = inf{t > v, : X, = 2} and note that

k—2,k—1 Kg— k—2 1
{ank*l(wz(k_m = 1} = {0 2872 qu < 40
0 u

= {rp1(m) < mma ().

It is easy to check that /ik_g(v,(:_)l) = T,il_)l, where

7,517)1 = inf{t > 7y ZFPFT -zl )

Tk—1
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Chapitre 2. On mutations in the branching model for multitype populations

(Note that from our assumptions Zk 2 k=1 — 1 and Zk(lf k=l — o Pe,-a.s.) So from (2.17),
Tr—1

we have showed that

k—2,k—1 1
{Xj"“k—l('Yk)Z(k—Z) du = 1} = {Tk < T;i,)l}- (2.23)
0 u

The event {7, < r,iljl} means that before the first time when an individual of type %
appears in the population, there has been only one birth of type £ — 1. From the Markov

property applied at time 75_1, we have
Pe, (1 < 7)) = [ Pu(ri < V) Pe, (Z d 2.24
e (Th < Ty (T < 72y )Pe, (Z7,_, € dz). (2.24)

The support in the integral of (2.24) is included in the set {z : z;,_1 = 1}, so from (2.23),

(2.24) and the Lebesgue theorem of dominated convergence, all we need to prove is
P,(r < 7)) = 1, as Ap_on_i1/An1n — 0, forn=3,... k, (2.25)

for all z such that z;,_; = 1. (Note that if z is such that z; = --- = z,_o = 0, or such
that z;, > 1, then it is clear that P, (7, < 7',51_) ) = 1, since in the first case ZF=2k=1 g
identically equal to 0, so that 7, )1 00, P,-a.s. and in the second case, 7, = 0, P,-a.s.)

Let z be such that z;_; = 1. Without loss of generality we can assume that z; > 1,
fori =1,...k—2.Fori =1,...k—1,let us denote by U, the first time that the lineage
of one of the zj_; initial individuals of type k£ — ¢ gives birth to an individual of type
k — 1+ 1. Then from the branching property, under P,, the r.vs U; are independent and
from part 2. of Proposition 2.3.4, U; has the same law as f R X§_+S,+Z]H Then set
Ys(i) = XF-th=i 4 2, and note the inclusions,

{’Yk S min <7k—1/Y'y(k2)1ﬂ -2 /}/(1C b )} C {Ul S min(UQa e '7Uk—1)} C {Tk S 7—151,)1}7

which imply the inequality,

P (/1 < min (1/YP y o/ (oY), o9/ (i YD) < P < 7).

But when \,_3,_1/An—1, — 0,forn = 3, ..., k, the parameter \; » > 0 being fixed, we
necessarily have lim \,,_; , = oo, forn = 3,..., k. Hence ~y;/7,—1 converges in proba-

bility toward 0, 1/ Yw(k )1 converges in probability toward 1/z_5 and 7,1/ (7, Y- ,Yf 1"+2)),
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forn = 3,...,k — 1 converge in probability toward +oc. Therefore, the left hand side

of the above inequality tends to 1, which proves (2.25) and the lemma is proved. O]

The following theorem intuitively means that when /\’“—ki’: — 0, for k = 3,...,1, the
emergence time 7;, when starting from an individual of type 1, can be approximated by

the sum of independent random variables 7 o+ - - +7;_1 ;, Where 7;,_; j, is the emergence

>\k 1,k

v —>0

time of type k, when starting from an individual of type k—1. The assumption "—=
is quite adapted to several biological models such as cancer growth, for instance. Indeed,
cancer is often the result of a series of successive mutations, [IMKNO05], [DM10], [Dur13].
Each new mutation is itself more unstable than the previous ones, and in particular,

the successive mutation rates can increase very fast. It would interesting to study the

Ak k
Ak41,k+1

asymptotic behavior of 7;, when — 0, that is when the intrinsic reproduction
rates increase very fast. This assumption also fits to the model of cancer, since mutations

are always more sensitive to proliferate.

Theorem 2.3.6 : Assume that (2.21) holds. Recall the definition of 6, in Proposition
2.3.4 and let us fix A\; o > 0, then under P, for 7 > 3,

%Ll, as%—)O for k = 3,.

2 Ok -

Besides, the expectation of 7; fulfills the following approximation :

Ee, (7:) ZE@k as %2l — 0, for k = 3,.

Démonstration. Since s +— Xl;ﬁkz Ij(g} (k2 are increasing processes, then from (2.20),
z8
P, -almost surely on the set {anf If(vi) —— 1}, we have
L d / d
s = —ds.
Xk D=1 | xeh—2kT o XFETET

f’% 1(s) (k72) du
Hence it follows from Lemma 2.3.5 that for fixed A1 2 > 0, as A\,_2,—1/Ap—1,, — 0, for
alln=3,... k,

Tk 1 =1 py 1 P
_ ds) / ds — 1,
(/0 X;c—l,k—l 11 0 Xf—l,k—l +lef 2.k—1

Kl—1(s) (mz)du
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and the first part of the theorem is easily derived from this convergence and (2.13) (or
equivalently (2.19)).

In order to prove the second part, let us first set

Yk 1
k—2,k—1
Hy, '—/ ds and A, :={X". " =1}
: )erfl,kfl )erfQ,kfl : Ke—1(7k) (k—2) :
0 s + REp—1(5) _(k—2) Jo Zu " du
. Zy du

Then from (2.13), B¢, (;) = Y4 _, Ee, (Hy), so it suffices to prove that forallk = 2, ... i,

Ee, (Hy) ~ E(6y), as M—2-1/An—1n = 0,forn=3,... k. (2.26)

Observe that Ee, (Hy) = E(0x14,) + Ee, (Hg1a4c). Moreover, Ee, (Hy1lac) < E(01a4¢).
Then to obtain (2.26), it is enough to prove that

E (614

Mvomt /Ayt — 0. forn =3, . k. 2.27
E(G,) — 0, as om-1/An—1n — 0,forn =3 (2.27)

Butforany p, ¢ > 1,suchthat p~!+¢~! = 1, we have from Holder inequality E(6;1 A2> <
E(07)Y/PP(A$)Y4. Moreover, we clearly have E(02)Y/P ~ 1/\,_14, as \g_14 — 00
Hence, (2.27) is satisfied thanks to Lemma 2.3.5. ]

We end this section with an example where the distribution of 7; can be estimated a
bit more specifically. We consider the case of binary fission with mutations, where each
individual of type 7 can give birth to either two individuals of type 7 or one individual
of type 7 and one individual of type 7 + 1. In particular, all jumps of Z** have size 1 and

X" is a Poisson process with parameter \; ;.

Corollary 2.3.7 : With the above assumtions, the law of 7; can be specified as follows.

1. Under P, ,, the Laplace transform of 7; is expressed as,

Ay
Eei,l (efan) _ )\ifl,iz — i—1,i—1 o> O,

SIS (e + -+ an + @)

where A = m, Q= )\ifl + %, for k Z 1.
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1 1 Ai—
n
Aic1,iNi—1,i-1 )\171 i

for fixed A\; 2 > 0, under P, the expectation of 7;, for ¢ > 3, fulfills the following

2. The expectation of 7; is given by Eo, ,(7;) =

. In particular,

approximation :
- A
Ee,(1i) ~ > Aliks as o2t — 0, for k =3,
k=2

Démonstration. From part 2. of Proposition 2.3.4, for all & > 0,
Vi 1
N

+o0 . L W
= )\i—l,i/ E (6 oJo Lpx et 3) G_Aifl’ixdl‘. (228)
0

Under P, ,, X i=Li~1 is a standard Poisson process with parameter \;_; i—1 starting at
0. So if we denote by (J,,),>1 the sequence of jump times of X~ '~! and set J, = 0,

. . —o fy ——tr=rds
then developing the expression E | e X

that 3,1, =0,

Y [ — L J 1 Jkt1—Jk
E (6 af() 1+X;1,zlds) — E (le,zl =n,e (In+1n +Zn k1 ))
E : T

n>0

) , we obtain with the convention

— 6_(05"1‘)\1'—1,2'—1)-'5 + E 6—)\2'_171'_1:[ (A'L—l,l—ll‘)

n!
n>1

—af —=_ n Tk n'
X / e (FHEia k(k+1>)—nd:v1 ..dz,
0<z1< - <zn<z x

_ (Ol“l’)\z 1,i— l)x 1 1+
- + )\z 1,i— 16 Nt "+1>

n>1

_ n _TE
" / e A k=1 T4 dz;...dz,.
0<z1 < Zan <z

Then coming back to expression (2.28), we obtain, using the fact that \;_; = A\;_;; +

Ai—1,—1 and with the convention that 22:1 =0,

— T _ njl anT
Ee, ,(e77) = Xiz1, E A Lie 1/ e~ Lk Fhdry .. daga,
n>0 0<z1 < <Tpn41
where o, . . ., o, 41 are defined in the satement. The computation of the integral is easily

done.
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Then using again part 2. of Proposition 2.3.4, we obtain the expectation of 7; under

Pei_l, after easy computations,

Ee- 1 (T’L) — /+OO dx)\i_l z'e_)\i_l’ix /1‘ e_)\i_l,i_ls Z Mds
. 0 | 0 (k+ 1)

k>0
1 1 )\i—l
= n .
Aic1iNi1ic1 Aieig

We conclude from Theorem 2.3.6. OJ
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CHAPITRE 3

CYCLICALLY EXCHANGEABLE
SEQUENCES AND ENUMERATION OF

MULTITYPE FORESTS

3.1 Introduction

It has been proved in [CL15] and [Chal5] that any d-type branching forest can be
coded by some random walk (X, ... X (@) whose coordinates X, i = 1,...,d are
independent. Moreover for each i, X = (X" (k),i,5 = 1,...,d, k € Z,) where X"
are integer valued processes such that Xé’j = 0, X% for i # j are nondecreasing and

X%t are downward skip free. The special features of such processes allow us to show

that if for some r = (rq,...,ry) € Z%, the system of equations
d
rit Y XW(k)=0, j=1,...4d (3.1)
i=1
admits a solutionk = (ki,..., ky) € Z%, then there is a solutionn = (ny,...,n,) € Z4

of (3.1) such that n; < kl,foralli = 1,...,d and for any solution k’ = (k{, ..., k}). The

multi-index n = (ny,...,ny) € Z4 is called the smallest solution of the system {r, X'}



Chapitre 3. Cyclically exchangeable sequences and enumeration of multitype
forests

or the first passage time of the additive random walk X (k) = S°7 | X% (k;) at level —r
and we will denote it by

T, =inf{k: X(k) = —r}.

The law of this multivariate first passage time is derived from an extension of the well

known Ballot theorem which has been proved in [CL15].

Theorem 3.1.1 (Multivariate Ballot Theorem) : Let (X(), ... X(9)) be a random walk
which is defined as above. Fix n = (ny,...,ny) € N% Then for any r = (ry,...,7r4) €
Z% such that r > 0 and k;j, 4,7 € [d], such that k;; € Z,, for i # j and —kj; =
Tt iz Kijs
. det( K .
P(X;’f — ki, i,j € [d] and T, = n> _det(K) ]P’(Xj;j _ kj) (3.2)
d

nine ... N

where K is the matrix (—k;;); ;.

As in the one dimensional case, this theorem is valid in the more general framework of
cyclically exchangeable sequences. It is actually the direct consequence of the multiva-
riate cyclic lemma, proved in [CL15] and recalled in the next section.

The multivariate ballot theorem together with the special coding of multitype branching
forest from multidimensional random walks leads directly to the following extension of

Dwass formula, which gives the law of the total progeny of d-type branching forests.

Theorem 3.1.2 : Let (11, ...,1,) by the progeny law of a d-type branching forest and
assume that (vq,...,1,) is irreducible, non-degenarate and critical or subcritical. For
i,j € [d], let O; be the total number of individuals of type i, up to the extinction time
and for ¢ # j, let A;; be the total number of individuals of type j, whose parent is of
type <.

Then for all integers r;, n;, k;j, 4, j € [d], such thatr; > 0,71 +---4+14 > 1, k;; >0,
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3.2. The multivariate cyclic lemma

fori # j, —kj; = rj + 32,45 kij, and n; > —kys,

Pe(Or =1, Oa = may Ay = igyi j € [d),i # )

d
det(K) .
= - _ Tknz kl g ey ]{;Z 17— 9 ) k’L’L? kl 7 PICIENCIEY er 9
7_117_12...T_lalz.1:{VZ (i (=0, T (1) 2
where r = (r1,...,74) and P, is the probability under wich the branching forest has r;

roots of type i € [d], a.s. Moreover ;% = &y, i; = n; V1 and K is the matrix (—k;;); je[q)

to which we removed the line 7 and the column ¢, for all 7 such that n; = 0.

We emphasize that this result obtained in [CL15] may easily be extended to the case
where the process is not irreducible.

Then goal of this paper is to derive from the above results some enumeration formu-
las for multitype forests. In Section 3.3, we will first consider the case of plane forests
and give the number of forests with a given number of vertices of type j whose parent
has type i. We also provide a formula for the number of forests whose number of vertices
of each indegree type is given. Then in Section 3.4, we will consider the case of labeled
forests and recover some enumeration formulas which have recently been obtained in
[BCLL03] and [BM14]. Finally, we will show in Section 3.5 that the multivariate ballot

theorem also provides a direct proof of the Lagrange-Good inversion formula.

3.2 The multivariate cyclic lemma

In what follows, Z is the set of integers, Z is the set of nonnegative integers and
N is the set of positive integers. We will also use the notation : [d] = {1,2,...,d} and
1=(1,1,...,1). Thenfor k = (ki,...,kq) and n = (ny,...,n,) elements of Z%, we
write k < nif k; < n;, for alli € [d] and we write k < n if k; < n;, for all i € [d] and

kj < nj, for some j € [d].

The standard cyclic lemma is concerned with integer valued, downward skip free

sequences. In order to state its multivariate version, we need the following extension of
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such sequences.

Definition 3.2.1: Let S, be the set of [Z¢] ?_valued sequences, z = (z(V,2®, ..., (@),
such that for all i € [d], 2 = (™', ..., 2"%) is a Z%valued sequence defined on some
interval of integers, {0, 1,2, ...,n;}, n; € N, which satisfies xg) =0and

(i) fori # j, the sequence (x"7)g<,<,. is nondecreasing,

(i1) foralld, zl’ —a%i > —1,0 <n <n; — 1.
A sequence x € S; will sometimes be denoted by z = (xzj, 0<k<mn,ijeld)
and for more convenience, we will sometimes denote %’ by 2%/ (k). The vector n =

(nq,...,nq) will be called the length of .

Letr = (11,...,74) € Zi be such thatr > 0 and x € S; with length n. Then we say

that a vector k = (k1,...,k4) € Z% such that k < n is a solution of the system (r, z) if
d

ri+ Y a(k) =0, j=1,....4d. (3.3)
i=1

Letz = (2, 2@ ... 2@) € S, For i € [d], the n;-cyclical permutations of z(*) are

the n; applications x(%” q=0,...,n; — 1 which are defined by :

20 (h) 2 29(g +h) — 29 (q) if 0<h<n;—gq, (3.4)
o 2O (h — (n; —q)) + 29 (n;) — 29 (q) if ny; —qg<h<n,.

Note that :E(()ZLZ = (., The transformation z(*) :p((;)m consists in inverting the parts

{x@(R), 0 < h < ¢} and {z@D(h), ¢ < h < n;} in such a way that the new application,
2\, has the same values as () at 0 and n;, i.e. 2%, (0) = 0 and z{'), (n;) = 2@ (n;).
Then the n; x ng x --- X ng cyclical permutations of x are the applications 74, =

(:u(ﬁ?m, . ,xé?,nd), forq = (¢1,...94) <n — 1.Itis plain that x4, € Sy.

Definition 3.2.2 : Let z € S, with finite length n = (ny,...,ny) € N% Let r =
(r1,...,74) € Z% be such that r > 0 and assume that n is a solution of the system

(r,z).For 0 < q < n — 1, we say that 24, is a good n-cyclical permutation of x with

60



3.3. Enumeration of multitype plane forests

respect to r, if n is the smallest solution of the system (r, 2 » ), thatis if n’ is any solution
of (r,2qn) then n < n’. When no confusion is possible, we will simply say that x4, is

a good cyclical permutation of x.

The next lemma extends the standard cyclic lemma which asserts that for any integer
valued, downward skip free sequence (s(k),0 < k < n), thatis s(k) — s(k — 1) > —1,
k=1,...,nand s(0) = 0, s(n) = —r < 0, there are exactly r cyclical permutations

which first hits —r at time n.

Lemma 3.2.1 (Multivariate Cyclic Lemma) : Letx € Sy, withlengthn = (n,...,n4) €
N?andletr = (rq,...,74) € Z% be such that r > 0. Assume that n is a solution of the
system (r, x) such that 2/(n;) < 0, for all i € [d]. Then the number of good cyclical

permutations of x is det((—2"7(n;)); je(a)-

Let us stress that the multivariate ballot theorem 3.1.1 actually follows directly from

Lemma 3.2.1, see the proof of Theorem 3.4 in [CL15].

3.3 Enumeration of multitype plane forests

We will denote by F the set of plane forests. More specifically, an element f € F
is a directed plane graph with no loops on a possibly infinite and non empty set of
vertices v = v(f), with a finite number of connected components, such that each vertex
has a finite inner degree and an outer degree equals to 0 or 1. The elements of F will
simply be called forests.The connected components of a forest are called the trees. A
forest consisting of a single connected component is also called a tree. In a tree t, the
only vertex with outer degree equal to 0 is called the root of t. It will be denoted by r(t).
The roots of the connected components of a forest f are called the roots of f. For two
vertices u and v of a forest f, if (u, v) is a directed edge of f, then we say that u is a child

of v, or that v is the parent of u.

We first give an order to the trees of the forest f and denote them by t; (f), to(f), ..., tx(f), ...
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(we will usually write tq, to, ..., tk, ... if no confusion is possible). Then we rank (a part
of) the vertices of f according to the breadth first search order, by ranking first the ver-
tices of t;, then the vertices of t, and so on.

A d-type forest is a couple (f, ¢¢), where f € F and ¢ is an application ¢¢ : v(f) —
[d]. For v € v(f), the integer c¢(v) is called the type (or the color) of v. The set of finite d-

type forests will be denoted by F,. An element (f, c¢) € F,; will often simply be denoted

by f. We assume that for any f € F,, if u;, w11, ..., u;; € v(f) have the same parent,
then ce(u;) < cp(uir1) < -+ - < ce(uiy;). Moreover, if uy, . .., uy, are the roots of f, then

ce(ur) < -+ < cp(ug).

A cluster or a subtree of type i € [d] of a d-type forest (f,c¢) € Fy is a maximal
connected subgraph of (f, cg) whose all vertices are of type i. Formally, t is a cluster
of type ¢ of (f,c¢), if it is a connected subgraph whose all vertices are of type i and
such that either the root of t has no parent or the type of its parent is different from .
Moreover, if the parent of a vertex v € v(t)¢ belongs to v(t), then ¢¢(v) # i. Clusters
of type ¢ in t; are ranked according to the order of their roots in the breadth first search
order of t;. Then we continue by ranking clusters of type ¢ in to, and so on. We denote
by tgi), téi), e ,t,(j), ... the sequence of clusters of type i in (f,c¢). The forest £V :=
{tgi), tgi), . ,tg), ...} is called the subforest of type i of (f, c¢). The vertices of f(*) will
then be ranked in the breadth first search order. For each i € [d] we will denote by ul)
the n-th vertex of type i of the forest .

Let (f,cr) € Fy, u € v(f) and denote by p;(u) the number of children of type i of
u. For each i € [d], let n; > 0 be the number of vertices of type i in v(f). Then let
v = (z1,... 2D) be the coding sequence of f. That is, for all i € [d], (") is the d-
i1

dimensional chain (9 = (z%!, ..., 2%%), with length n;, whose values belong to the set

7%, such that x(()i) = (0 and if n; > 1 then

xlni—l — ;] :pj(ug—)&-l) , ifi#j and 5”:111 — :pi<u7(’bi-)‘rl) -1, 0<n<mn;—1.
(3.5)

We know from [CL15] that (ny, . . . , ng) is actually the smallest solution of the system
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3.3. Enumeration of multitype plane forests

(r,x), where r; is the number of roots of type ¢ of the forest f.

We may now derive from the previous results, some enumeration formulas for mul-
titype forests. In all this subsection, r;, n; and k;;, 7, j € [d] will be integers satisfying
conditions of Theorem 3.1.1, thatis r;, > 0, r; + --- + 14 > 1, k;j; > 0, for i # 7,

—kj; =1, + Zi# ki; and n; > —k;;. We assume moreover that —k;; > 0, for all 7 € [d].

Our first result is an application of Theorem 3.1.1 which gives the number of plane
forests with n; vertices of type i, r; roots of type ¢ and such that k;; vertices of type j
have a parent of type i. It extends the one dimensional case where, the number of the

r({2n—r—1
unlabeled forests with r trees and n vertices is — ( ) .
n n—r

Theorem 3.3.1: Let 3'"5” ™ be the subset of plane forests of F,, with n; vertices of type

i, r; roots of type ¢ and such that for ¢ # j, k;; vertices of type j have a parent of type i,

al det(—ky) 1o [+ k. —1
gklg, _ ©J ij
‘ d nlng...ndilj_ll( k! >’

),

where kj; = n; + ki and for i # j, ki; = kyj.

then

Démonstration. We use the same arguments as in Section 6 of Pitman [Pit98] where the

case d = 1 is treated. Let F be a d-type branching forest with progeny law v given by

d
Vi(klu e 7kd) = H(l _plj)k]pl_ya 1= 1727 . "d7 (kla e 7kd) € Z+7

7j=1
where 0 < p;; < 1,4,j € [d] That is to say, each individual of type ¢ gives birth to
children of different types independently, respectively according to the geometric dis-

tribution 41;;(-) with parameter p;;, j € [d]. Then
d

vilkr, -+ ka) = [ [ s (k) -
=1

Let p(u) = (p;(u), i € [d]) be the increment of the Lukasiewicz-Harris path related

to some vertex u of some forest f, as it is defined in (3.5). Recall also that ¢(u) = ¢¢(u) €
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[d] is the type of the vertex u. Then for any f € fsij "
- (u) d
A k. n;
Po (F = £) = | [ve@@) = [T T] (0 = pecs)™™ pecry = T] (1= pip)™ 3y
uef uef j=1 1,7=1
(3.6)

Since this probability is the same for all the forests f & ?I;ij ™ the following conditional

distribution is the uniform distribution on 3"5” L

P, (F € |O(F) = n, Ayj(F) = kyj i j € [d],i # j).
But Theorem 3.1.2 tells us that

IP)I'<Ol :nla"'vod :nd7Aij = kl]alvj € [d],l #])

d
det —k'z €T
= (—]) H v (ki - Ki—1ys i + K Kigiys - - - Fia)

ning...Nq -~

det —kz d N /11
= M H :uijl(kij)

ning...Nq .

-
&,
Il
—

det(—k’i]’)

nlng...ndi]

Il
.E&

( k’] ) (1 _pz‘j>k”pi]’l
1 ij

d

( k/.‘.] ) ( H (1 _pij)k”pif)'
ij

1,j=1

det(—k’i]’)

nlng...ndi]

Il
.E&

1

Comparing this probability with (3.6), we obtain our result. O]

Our second result is concerned with the number of unlabeled forests whose number
of vertices of each indegree type is given. We say that a vertex has indegree type u =
(w1, Ug, . . ., ug) if it has u; children of type j for j € [d]. Let U = []%_,{0,1,...,n;},and
let N = (Ni,u)
and kj; = )

ic(ducU be a tuple of nonnegative integers satisfying n; = EHGU Niu

ujNi,u for ’l,] € [d]

ueU

Theorem 3.3.2 : Define the subset °J§ Y™ (N) of OJZ;”’n consisting of unlabeled forests

having N; , vertices of type ¢ with indegree type u for i € [d], u € U.

T15_, (n; — 1) det(—ky)
Hie[d],ueU (Nl,ll)'

Fo " (N)| =
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The proof of this theorem uses an analoguous result for labelled forest. It is postponed

to the end of the next section.

3.4 Enumeration of multitype labeled forests

Now we shall recover some enumeration formulas of labeled forests according to the
degree of their vertices which have recently been obtained by combinatorical techniques.
We provide here a much simpler approach based on the coding of multitype forests and
the so called Multivariate Cyclic Lemma recalled at the beginning of the paper.

Again in all this section, r;, n; and k;;, ¢, j € [d] will be integers satisfying conditions
of Theorems 3.1.1 and 3.1.2, thatis r; > 0,7y + -+ + 14 > 1, k;; > 0, for i # 7,

—kj; =r;+ Zi# ki; and n; > —k;;. We assume moreover that —k;; > 0, for all 7 € [d].

Definition 3.4.1: To each forest f with n; vertices of type ¢ and to each vertex of type
i in f, we associate an integer in [n;], which is called its label. Then f is called a labeled
plane forest. Let £ be the set of labeled plane forests with n; vertices of type i, r; roots
of type 4, in which (k;;) vertices of type j have a parent of type i.

Let ¢ = (Cijk)ijeld) ken;) be a tuple of non-negative integers such that kj; = > /", ¢; i,
where k;; is defined in Theorem 3.3.1. We will denote by £ (c) the subset of £, of forests
in which the vertex of type ¢ with label £ has ¢; ; , offspring of type j. Then c is called
the indegree tuple of the forest f € £ (c).

The following result has been obtained in [BM14], see Proposition 11.

Proposition 3.4.1 (Enumeration of labeled plane forests by indegree tuple) : For any
indegree tuple ¢ = (¢ j )i jc[d ke[n,]> the number of forests with c as the indegree tuple

in £ is 4
Hj:l(nj —1)!

Hie[d] ri! Hi,je[dee[ni] Cijik!

£ (c)| = det(— ki) (37)

Démonstration. Let f € £ (c) and let z be its coding sequence as defined in 3.5. Accor-

ding to Lemma 3.2.1 there are det(—k;;) good cyclical permutations of x, each one coding
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a different forest in £ (c). On the other hand, any two forests f and ' of £ (c) are coded
through two sequences x and z’ such that for each i € [d], the sequence of increments
(Axgi), e Awﬁf}) is a permutation of the sequence of increments (Az’ ?), oo AL Sz))
Then there are H;.lzl(nj — 1)!det(—k;;) good permutations of x, where by good per-
mutation, we mean a sequence ' which codes a forest in £ (c) and such that the se-
quence of increments (Axz’ §"), N Ax’q(fi)) is a permutation of the sequence of increments
(Axgi), e Angl))

In the enumeration that we have just done, we counted forests f, f' € £ (c) such that
f’ can be obtained by permuting in f the ¢; ; ; subtrees whose roots are the ¢; ; ;, children
of type j of the kth vertex of type i, for some i,j € [d] and k € [n;] or by permuting
the trees with the same type roots in the whole forest. But in this case, f and f’ are the

same forest. Therefore, we still have to divide the number H?Zl(nj — 1)l det(—k;;) by
Hz‘e{dl ril Hz‘,je[d},ke[m] Cijx!, that is

H?ﬂ(”j — 1!

Hie[d} ri! Hi,je[d],ke[ni] Cijik!

£ ()| = det(—ky;) .
0

From Proposition 3.4.1, we can also derive the number of the forests in £ which was

obtained in [BCLLO03], see Proposition 2.

Proposition 3.4.2 : Recall the definition of k};, i, j € [d] from Theorem 3.3.1. Then

d d
, i (n; — 1!
61 = [ == er(y). @9
ij=1 Hj:l Tj! Hz’,je[d} kz’j!

Démonstration. A tuple ¢ = (¢; k)i jc[d,kefn,] of non-negative integers is an indegree
tuple in £ if and only if Y ;" | ¢; ;1 = ki; for i, j € [d]. Define the set of indegree tuples

C = {c = (cijr)ijelaren; Cijk € Ly, Yty Cijk = ki;}. Summing all the indegree
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tuples ¢ € C, from Proposition 3.4.1, we obtain

1%, (n; — 1)
L] = Z |£ (c)] = Z y i=17 det(—Fk;;)
ceC ceC Hj:l (Tj! Hie[d},ke[m] Ci,j,kl)

Hj’l—l(”j — 1! d
= — det(—k”) H Z
H;'lzl (TJ Hze[d] k’ ) ij=1 \(ci;.)€Ci; Hk 1 Cz]k

d d
. (n; —1)! ,
= de_1< ! ) det(—k}”) H (nz)k ,
Hj:l (Tj! Hie[d] kgﬂ) ij=1

where C; = {(¢iji)iisi Cigk € Ly Doy Cije = ki } for i, j € [d]. (3.8) is obtained.
]

A multitype labeled plane forest is said to be injective if every vertex has at most one
child of each type. Let £;,,; be the set consisting of injective forests in £. Now we count
the number of forests in £;,;. The following result was obtained in [BM14], see Propo-

sition 9.

Proposition 3.4.3 (Enumeration of injective forests) :

d N [T, (n; — 1) det(—k;;
[Cinsl = T1 (,Z) Hj_l(an )Tf< ). (3.9)
ij j=1"3

Démonstration. If ¢ = (¢; 1) jc[d ke[n,] is the indegree tuple for an injective forest f in

1,5=1

Linj, then ¢; ;1 = 0 or 1. Therefore, from Proposition 3.4.1,

15y (n; — Dldet(=ki;)  T15-,(n; — 1) det(—ks))

d N A
[T (7” i Tlicta ke Ci,j,k!> [Tt

This number is unrelated to the choice of indegree tuple c. Moreover, the forests in £,

£ (c)| =

have H?Zl szl < IZ’J) different indegree tuples. Thus the cardinality of £,; is
d

gl = T (;) ILj-y(m — ! det(h)

" |
i,j€[d] v Hj:l rj:
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We end this section with the number of forests in £ obtained by fixing the num-
ber of vertices of each indegree type (but without fixing their labels). Recall that U =
ngl{(), 1,...,n;} and that N = (N, )
satisfying n; = ) oy Niw and ki; = > .y u;jNiu for 4,5 € [d]. Denote by £ (N)

il ueU denotes a tuple of nonnegative integers
the subset of £ in which the forests have NV, ,, vertices of type ¢ with indegree type u
for i € [d, u € U.Set N(k) = 3, icigumr Niw + 2oimy Ly (i), k = 0,1, The

following result has been proved in [BM14], see Proposition 12 therein.

Proposition 3.4.4 (Enumeration of labeled plane forests by given the number of ver-
tices of each indegree type) : Given a tuple of nonnegative integers N = (Ni,u)ie[ ducw

satisfying the above assumptions, the number of forests in £ (IN) is

I15_; (n)!(n; — 1)!
Hie[d],ueU (Ni,u)! szo (k!)N

Démonstration. For any indegree tuple ¢ such that £ (¢) C £ (N), (3.7) can be rewritten

£ (N)| =

as

d
. (n; —1)!
o) = =
[Tz ()
Since there are [ [;c(y (7:)!/ [ Ticigueu (Viu)! different indegree tuples c for each given

det(—k:”) .

N, the number of forests in £ (IN) is the product of the above two numbers, which gives

(3.10). O

Proof of Theorem 3.3.2. Recall that N (k) = >_, icia.u, =k Niwt 34, ey (r3), k=0,1,...
and define the canonical map ¥ : £ (N) — GJ*;”’H (N), where for f € £ (N), U(f) is the
plane forest obtained by removing the labels of vertices in f. Let ' € ?}«'5 ™ (N), and ob-

serve that for any f;, f, € U~! (f’) with respective indegree tuples ¢! = (C’}Jvk)i,je[d],ke[ni]

2 _ (2 1 ) 2 _
and ¢” = (Ci,j,k>i,je[d],ke[ni]’ we have [T, jcigrem Gk’ = I jerapem,) Cign' Let us de

note by [, ; eld] ke[ny Civiok! this common value, then we readily check that

d d
Hj:l n;! _ Hj:l n;!
T, 7t T e ke Cian! - Tliso(RDV®

o (f)| =
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Then we derive from (3.10) that

M) Tz (ny — D)t det(—kiy)

a |\Iji1 (f/)| Hie[d],ueU (Ni,u>!

k
&

()|

3.5 The Lagrange-Good inversion formula

Since the original paper by Good [Goo60], the multivariate extension of Lagrange
inversion formula has been widely studied by many authors. We refer to [GK97, Ges87,
BR98, BCLL03] for different forms of Lagrange-Good inversion formula and proofs. The
arborescent form of this result is introduced in [Ges87] and [GK97], and is based on the
notion of derivative with respect to a directed graph, see Definition 3.5.1 below. It is then
proved to be equivalent to the classical form. Here we will consider the arborescent form
of this formula, as it fits properly to our setting. We will show that Theorem 3.1.2 im-
plies the Lagrange-Good inversion formula. Although the latter is applicable for formal
power series, here we only set up this formula for generating functions of probability

distributions.

Definition 3.5.1 (Definition 1 of [BCLL03]) : Let G be a directed graph having V' =
{0,1,2,,--- ,d} as set of verticesand £ C V x V as set of arcs(= directed edges), with
the property that 0 has outdegree d* (0) equals to 0. Let g(x) = (go(X), g1(X), g2(X), - - - , ga(x))
be a vector of formal power series in x = (x1, - - - , x4). We define the derivative of g(x)

according to G by

og(x 0
BT T o ) ot

jev (i.7)eE
An elementary forest is a d-type forest that contains exactly one vertex of each type.
In particular, each elementary forest contains exactly d vertices and is coded by the d
couples (j;,7),7 € [d] where j; is the type of the parent of the vertex of type i. If the

vertex of type i is a root then we set j; = 0. Let D be the set of vectors (j1, ja, " ;Ja)s
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0 < j; < dsuch that (j;,7),7 € [d] codes an elementary forest.

Definition 3.5.2: Denote by g;(x) a generating function of a probability distribution on

Zia 1= 07 17 U 7d' Set g(X) = (g()(X),gl(X),gg(X), U 7gd(X))- Letj = (jlana e 7jd>
be a vector in D. Define the derivative of g(x) with respect to j by

I (I ) aiof

0
where <| |j:k s ) is equal to the identical operator when {i; j; = k} = 0.
K2 xz

According to the definition of D, there exists a unique directed tree corresponding to
any j € D. As a consequence and from Definitions 3.5.1 and 3.5.2, we see that the de-
rivative of g(x) with respect to j is equal to the derivative of g(x) with respect to the
corresponding tree of j.

For example, for d = 2, there are three elementary trees : j; = (0,0), jo» = (2,0),
j3 = (0, 1). The derivatives of the vector function g(z) = (go(x), 91(x), g2(x)) according

to the vectors or the trees are

og(z) = Pgo Og(x) _0Og  Jg» 0g(x) _ 990 Og
8j1 8x18x2 91" 92, 8j2 85(72 y1- 8x1 8_]3 8x1 (%g

*92.

Let f;(x) denote the generating function of v;, i € [d] and let 1 be the Dirac measure
on (ry,- -+ ,rq), thatis vy = 8¢y, r,)- And set fo(x) = 271 -2l (21, ,2q) € RY,
which is the generating function of 1. For any d—dimensional nonnegative integer vec-
tor m = (mqy, mo,--- ,my), set x™ = x]" --- 2" Then for any formal power series
h(x) with respect to x, the coefficient of x™ is denoted by [x™]|h(x). In the remaining,
without lose of generality, we assume that d—dimensional vector n is a positive integer
valued vector. In our special setting, Arborescent Good-Lagrange formula can be stated

as following.

Theorem 3.5.1: Let fi(x), -, fa(x) be given generating functions of offspring dis-
tributions and let g;(x), i € [d] be the generating functions of the total progeny distri-

butions starting with one ancestor of type i. So that ¢;(x) = x; fi(g) for ¢ € [d], where
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g = (91,92, - ,9a)- Then

x"]fo(g) = (H n%) [Xn—l]z 9 (fo(x), {"‘1%{;,..., ;d<x))’

i=1 jeD

wheren—1=(n; —1,...,ny — 1).

Démonstration. Note that the random walks X, ..., X(@ which is the coding of our

branching forest, have distribution

]P)(X;L’Z] = kij7j c [d]) = V:ni(kil, . 7ki(i—1)7 n; + ki, ki(z’+1)7 ey kzd) , 1€ [d]
Then the identity in Theorem 3.1.1 can be rewritten as

P(Xi/ = ky and T, =n)

d d
Z(]l ..... ja)ED Hz_l J | l y (kfjl, ' k d)

ning ...Nyg j:1yj » Vi 1)7n3+ 70 vi(G+1)> y V5
41
=1 "/ (j1,mrja)ED {i;5:=0}
d

LTI T ki | o™ e, Ry g + g Ky, -5 ga) ¢

J=1 \{7i=7}

(3.11)

where <H (iji=i} kﬁ) = 1 when the product is taken over an empty set. Set the vec-

tors Ij = (kjla ce ,kj(j_l),nj + ]ij, kj(j-i—l)a ce ,kjd)a ] S [d], I() = (7’1, o ,Td). Then
/ 0 ,

H{i;jiZO} Ty = [XI()] H{i;jizo} % fO (X), and for ] € [d],

*70 5 A 8
( 11 ’fji)”j J(/fﬂ,..-ij(j—lwnﬁkjjakj(ﬁl)a'--’kﬂ'd):[XI]]( 11 %)

{iji=4} {igi=g} "

fi7 (%),
where [}, = I;; — 1 wheni € {i;j; = j},and I}, = I;; when i ¢ {i;j; = j},j =
0,1,...,d. Since for (j1,...,74) € D, each i € [d]| appears exactly once in the sets

{i;i=7},7=0,1,... .4, Zj:o I’ = n—1. Note that {I;; j € [d]} depend on (ki;); je(q-
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Now fix n,r and j = (ji,...,j4) € D. And define the set
k = {(k?z‘j)i,je[d]; kij € Ly, i # j, —kii = ijz‘ + 7 < nz} :
J#i
Take a sum for the term in the brace in (3.11) and express it in terms of characteristic

functions :

d
11 ( 11 kﬁ) v (kg s ki1 g+ kg kg, - Kja)

_ a(f0<x)7 {Ll(x)a"'v ;d(X»
x" ] 5 .

Then we derive from this last computation that,

x)fo(g) = P(7: = n)
= P(X}lf =k;; and T, = n>

(kij)eK

H{z, O}TZ .
= Z Z ]‘[J n, H( H kﬂ)y MKy RiGony),mg T+ kg kg, - ki)
1=1"'"7

(kij)ek JED J=1 ™{iji=3}

<1 w110 (fo(x), (%), ..., f3(x))
_ (H;)Z[x ] 5 .

'/ jeD
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CHAPITRE 4

A NOTE ON VERTICES WITH A GIVEN
DEGREE IN MULTITYPE BRANCHING

FORESTS

4.1 Introduction

A multitype branching forest can be thought of as representing the genealogy of a po-
pulation consisting of individuals of several types where each individual lives a unit of
time and gives birth to a random number of children at the end of its life, independently
of the others. Following the definition of multitype branching forests given in [CL15], an
individual in a multitype population having a given offspring corresponds to a vertex
with a given inner-degree of the multitype branching forest which describes the genea-
logy of this population.

In this note, we will consider individuals with a given offspring of a multitype popu-
lation. However, for the sake of simplicity, we will actually give proofs only in the case
where individuals have no child. The latters correspond to the vertices with inner-degree

equal to O in the genealogical forest and we will call them the leaves of the forest. We



Chapitre 4. A note on vertices with a given degree in multitype branching
forests

first give in section 4.4 the law of the total number of leaves of a multitype branching
forest in terms of some mutivariate random walks, which generalizes a result given in
[Kor12] in to the multidimensional case. As an application, we obtain an asymptotical
result which is given in Corollary 4.4.2. Similar results for the number of vertices with a

given inner-degree are presented at the end of our paper.

4.2 Preliminaires

4.2.1 General notation

LetZ, ={0,1,2,...}, N={1,2,...}, d € Nand set [d] = {1,...,d}. A vector in
R? will be denoted by x = (1, ..., z4), and its transpose is denoted by x”. We denote
by e; the i-th unit vector in R%. We also write 0 = (0,...,0) and 1 = (1,...,1). The
notation x - y stands for the scalar product in R?, and we will use the partial order :

4.2.2 Multitype branching forest

We will first recall from [CL15] the definition of multitype branching forests and their
coding from integer valued ssequences.

A (plane) forest f is a finite directed planar graph with no loops on a possibly infinite
and non empty set of vertices v = v(f), such that each vertex has a finite inner-degree
and an outer-degree equals to 0 or 1. The connected components of a forest are called
the trees. In a tree t, the only vertex with outer-degree equal to 0 is called the root of t.
The roots of the connected components of a forest f are called the roots of f. For two
vertices u and v of a forest f, if (u, v) is a directed edge of f, then we say that u is a child

of v, or that v is the parent of w.

We first give an order to the trees of the forest f and denote them by t; (f), to(f), ..., tx(f),. ..

(we will usually write t,to, ..., t, ... if no confusion is possible). Then we rank (a

part of) the vertices of f according to the breadth first search order, by ranking first the
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vertices of t;, then the vertices of t,, and so on, see the labeling of the two forests in
Figure 4.2. Note that if t;, for £ > 1 is the first infinite tree, then the vertices of t; 1, ...

have no label according to this procedure.

; \/ \/
\J | L
1 / 3 4 /
t2

./ Y ’

t

FIGURE 4.1 — On the top, a discrete 2-type forest. Roots of clusters are ranked in the

breadth first search order of the forest. The rank is written on the left of these roots.

To each forest f, we associate the application ¢¢ : v(f) — [d] such that if u;, u;yq, . . .,
ui+; € v(f) have the same parent and are placed from left to right, then c¢(u;) <
ce(uip1) < -+ < ce(uipy). For v € v(f), the integer c¢(v) is called the type (or the
color) of v. The couple (f, ¢¢) is called a d-type forest. When no confusion is possible, we
will simply write f. From now on, we will refer to inner-degree of a vertex v € v(f) the
d-dimensional vector whose ith-coordinate is the number of i-type children of v. The

set of d-type forests will be denoted by %,.

A cluster or a subtree of type i € [d] of a d-type forest (f,cf) € Fy is a maximal
connected subgraph of (f, c¢) whose all vertices are of type i. Formally, t is a cluster of
type i of (f, c¢), if it is a connected subgraph whose all vertices are of type i and such

that either the root of t has no parent or the type of its parent is different from i. Mo-
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reover, if the parent of a vertex v € v(t)¢ belongs to v(t), then c¢¢(v) # 4. Clusters of
type ¢ in t; are ranked according to the order of their roots in the breadth first search
order of t1, see Figures 4.1 and 4.2. Then we continue by ranking clusters of type 7 in to,
and so on. We denote by tgi), tgi), cee tl(f), ... the sequence of clusters of type i in (f, ).
The forest f*) := {tgi), tg), . ,t,(f), ...} is called the subforest of type i of (f,c¢). We
denote by ugi), ug), ... the elements of v(f(*)), ranked in the breadth first search order

of f(V), The subforests of the 2-type forest given in Figure 4.1 are represented in Figure 4.2.

21

18@)19@ 20,
7@s@° 11@l2@13 15 17
6 10 14I 16
t(21) t(31) til) t(51)
3 10 13
I I I
2 5006 g9 12
1 l 4\ / 7\ / 11 l
T

FIGURE 4.2 - The subforests of the 2-type forest given in Figure 4.1 with their deapth

first search labeling.

For a forest (f, ¢¢) € F4 and u € v(f), when no confusion is possible, we denote by
pi(u) the number of children of type i of u. For each i € [d], let n; € Z; U {cc} be the
number of vertices in the subforest () of (f, c¢). Then let us define the d-dimensional

i1
, .

chain 2 = (z ., o), with length n; and whose values belong to the set Z¢, by
x(()i) =0andifn; > 1,
37;11 — ) = pj<u£f—)I-1) , ifi#j and 35:1:1 — :pi<u7(f—)I-1) -1, 0<n<mn;—1,

(4.1)
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where (u,(f ))nzl is the labeling of the subforest f(*) in its own breadth first search order.
Note that from Theorem 2.7 of [CL15], the data of the chains 2V, . . ., (% together with
the sequence of ranked roots of (f, ¢¢), allow us to reconstruct this forest.

A multitype branching forest will be considered as a random variable defined on

some probability space (2, G, P) and with values in F,.

4.3 Multivariate Ballot Theorem

In this section, we will recall the notion of cyclical permutation and also the so called
Multivariate Ballot Theorem which have been given in [CL15]. These knowledges will be
necessary to establish our main result.

Let us consider a sequence z = (2, ..., 2%) where 2! = (2%!,. .. 2%%)isa Z9-valued

sequence defined on some interval {0, 1,2,...,n;}, n; € N, which satisfies z}, = 0 and

if n; > 1 then
— for i # j, the sequence x! is nondecreasing in n
Z’77" ’L7’L y
— Ty — x> —1, Vn,u.

Then a n-cyclical permutation of z is defined by

Tgn = (x}hm, - ,:L‘Zd’nd), Va=1(q1,---,q5) <n—1,

where n = (ny,...,ny) and for i € [d]
' (h+q) — z'(h) if0<h<n;—gq
Tgm,(h) = @i (h+ ¢ — n) + 2'(q:) — 2%(ns) ifni — g < h <
z'(h) if h > n,.

Intuitively, the transformation from 2* to z, - consists in inverting the parts {z*(h), 0 <
h < ¢} and {z'(h), ¢; < h < n;} insuch a way that 7, , has the same values as x at 0
and n;. We now state the Multivariate Ballot Theorem as it is given in [CL15, Theorem

3.4].
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Theorem4.3.1: LetY = (Y!,... V) beastochastic process, with Y = (Y1, ... V)
and Y = 0. We assume that the coordinates Y/ for i # j are Z, valued, non-
decreasing and that the coordinates Y*' are Z valued and downward skip free. Fix
n = (ny,...,ng) € N% then we assume further that the process Y is n-cyclically ex-

changeable, that is for any q = (¢1,...,q4) € Zi such thatq < n — 1,
You 2y,

where Yy, ,, is defined as above for deterministic functions. Then foranyr = (rq,...,ry) €
Z% such that r > 0 and k;;, i,j € [d] such that k;; € Z, fori # j and k;; =
i Zj;éi Kjis

P (Y, = kij, i,j € [d] and n is the smallest solution of (r,Y))

= — P (Y, =k, 1, dj) ,
ny...Ng (”" 5 i € [d)
where n is called the smallest solution of (r,Y) if 3¢ | Y! = —randn < n’ for all

other solutions n’ of this system.

4.4 Law of the total number of leaves

Let us now consider a multitype branching forest /' which represents the evolution
of a population consisting of individuals of d different types, whose offspring distribution
v = (v1,...,14) is nonsingular, primitive and (sub)critical .

For i,j € [d], let N; be the total number of type-i individuals, 7; be the number of
type-i individuals who have no child (we shall call them leaves of the multitype bran-
ching forest [') and M;; be the total number of type-j individuals whose parent is of
type %, up to the extinction time.

To the forest F, we associate the random sequences X = {X*,i € [d]}, where
Xt = {(Xb ... Xb) 0 < n < n;}, which are constructed as in (4.1). It has been

proved in [CL15], Theorem 3.1 that X, i € [d] are independent random walks whose
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step distribution 7; is defined by
Ui(ki, .o ka) = vk, ki, ki 1 ki, o ka) s forall (Ku, ... kg) € 22, (4.2)

and stopped at the smallest solution (/Ny, ..., V) of the system

d
ri o+ ZX"J(NJ =0, j€ld, (43)
=1

where r; is the total number of trees in this forest whose root is of type <.
The following result gives the law of the total number of leaves jointly with the total

number of vertices in the multitype branching forest F.

Theorem 4.4.1: For all non-negative integers ¢;, 7;, n;, kij, 4, j € [d] such that Zle r; >
]_, n; S q; and k?“ = —T; — Zﬁéi k?ji,

wherer = (r1,...,74), ki = (ki1, ..., kia), @& = ¢ V 1, e; is the i-th unit vector of R,
K is the matrix (—k;;) to which we removed the line i and the column i for all 7 such

that ¢; = 0, S? is a random walk whose step distribution is a Bernoulli law of parameter

vi(z+e;)

T=:0) for

v;(0) and W is a random walk with jumps distributed according to 7;(z) =

every z € N¢,

Démonstration. From Theorem 3.1 and Theorem 3.4 in [CL15] recalled in the previous
section and the fact that the total number of leaves of each type is invariant under cyclical

permutations of X = (X!, ..., X4), we have

IEDI. {Nl =dq1,... ,Nd = (q,T; = ni,Mij = klj,VZ #]}
=P {X;Z_ = k; and q is the smallest solution of (r, X), 7, = n;, Vi € [d]}

UK s e v ),

q1-..44
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where q = (g1, - - -, 4a)-
We will now compute P (X;i =k;, 7, =n;,Vi € [d])
Let Y/ := X} — X;_,,V1 <k < g, i € [d], then we have :

P (Xlz = kl‘, T — nZ,VZ S [d])

q

d
S 1 P(Y,fl:---:Yffni:—eJ

1=11<h1<...<hp,;<q;

x P Y Yi=ki+ne; Y # e Vi ¢ {h,.. . by}
kg {h1,...shn; }

S IP’(Y,fl ==Y = e Vi # e,V ¢ {hl,...,hni}>

i=1 1<h1 <...<hn, <q;

xP Z Yki:ki—i‘niei}yigi?é—eiNk?é{hh--whm}
k{1, hin; }

It’s not hard to show that the last probability is equal to P (W; n = ki + niei) ,and

i —

then we have :

]P)(X; :ki7 Ti:ni,Vi,j: 1,,d)
d

X Z P<Y£1::thn = —€y Yvki#_ei:Vk¢{hla"'ahm})

1<hi<...<hn;<q;
d
=1

]

Corollary 4.4.2 : Suppose that the offspring distribution v is critical, admits moments

of order d + 1 and its covariance matrices X' = (X7} )1<jx<q, 7 € [d] are all positive-
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definite. We also assume that 0 < 1;(0) < 1 for alli € [d]. Then forallr € Z¢,
P.(7; = [v(0)nv; |, N; = [nv;|,i € [d]) = 0 (n’(d“)) )
Démonstration. From Theorem 4.4.1, we have :
n® P (1; = [vi(0)nw; |, N; = |nwi],i € [d])

gty detlE HIP’ = (0,

kij>0,i;£] HZ 1anl Z 1

X P (W_s,0ne) = ki + [vi(0)nvi]e;) .

A local limit theorem (see [Sto67, Corollary 1]) in the one dimensional case implies in

particular that

1
2m)/2 (T, m(0)(1 = 1i(0))u1 )

lim nd/QH]P’ an = [14(0 )m)zj) —

n——400 1/2°

It remains to prove that the term

det(K
e Z H [nv HP WL 1)) = Ki + [vi(0)nvie;)
i=1 1] =1

kij>0,i#j
tends to 0. To do this, we will use some techniques from [Pé16].

First, we can rewrite this term as following
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d

det(K) 7
IS o TTP (Winsopen) = ki + [2:(0)no:Je;)
i=1 1 g=1

v1(0)[nvy e — W\_l(l—ul(O))nmJ

kij>0,iz;

nd/2+1
= R det
[Tz [nvd] J
va(0)|nva]eq — WL(1_yd(o))md ]
x 1 P Wy =i [Vi(0)nwvi e
vi(0)er — Wiy, 0yney )/ 11
d/2+1 .
_n E |det il Lan
[nval Va-1(0)ed-1 = WiiZ,, 0wy )/ [10a-1]
T

d i d
where A, = {Zi:l Wia—vopme) = 2im1 [Vi(0)nvi]ei — r}-
We will first investigate the asymptotic behavior of P(A,,). From a mutivariate local

limit theorem given in [Sto67, Corollary 1], we have

d v;(0)nv; |e;—r—nm)X 1 d v;(0)nv; |e;—r—nm
e (_(zmt (0)nv:] )E - (O )) »
(An) = (2mn) 42| Z| /2 +o(n""?),

where m = 3¢ v;(m’ — e;) = 0 since we are in the critical case, and |%| denote
the determinant of the matrix ¥ = (X, ;,4,j = 1,...,d) with &, ; = ZZ:1 vkxﬁj, for

every i, ] € [d].
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Note also that

(Zl% nu;e; ) (ZLDZ v, e; )

— Z (Lyi(O)nviJ — Ti)(LVj(O)"UjJ - rj)zi—a'l

— Z 0)v;v;(0)v; 2 ZZ” riry + [n(rivi(0)vs + r0;5(0)v;)])

i,7=1
= n’x3 'x — Z 3, (rirj + [n(rivi(0)v; 4 m;(0)v;)])
i,7=1
where x = (z1,...,24) and x; = 14(0)v;,i € [d]. And now remark that since v, >
0,k € [d] and all the matrices 3*, k € [d] are positive definite then so is 3 and then
Y1 why x¥71x > 0.

Consequently,

lim n¥?*P(A,)=0 . (4.4)

n—-+o0o

Now, let us write

vi(0)er — Wiy, 0)ney )/ 101 ]

E |det 1y

va-1(0)ea-1 = Wiy, o,y )/ [70a1]

n

r

d—1 Wz
= Z sgn(0)re@)E

L(1—-vi(0))nvi],o (i)
H VZ(O)(Sw(i) - > ﬂAn]
0ESy =1 ( I‘nvlj
= Z Z sgn(o)ry@)E

Ic{1,...d—1} 0€Sy

Wi

[(1=v;(0))nv; |,0(2)
[T (- w(0)min - 1
(( i(0)) M) i) ) An]

il

X H Vz )0io) — (1 — Vz(o))mw(i)) )

il

where S, is the set of all permutations of the set {1, ..., d}.
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wi )
Note that L(lf"ig’)?yv” @ jsbounded on the event A,,, then there exists some constant

hn)

Wi

A > 0 such that for every ¢ > 0 and ¢, j € [d],

“

< eP(A,) + AP (

Wi v g

(1 = 14(0))my; — o)

1-v;(0))nv; |,j

| nv; |

Wi v g
| nv; |
A1

; d+1
AL (0 n0)my Wi ).
+ ed+1 anzJ dil }( V( ))mﬂ 1 Vz(0)7]|

(1 = v3(0))my; —

)

d+1

A

(1= vi(0))my; —

< eP(4,)

where the penultimate inequality comes from Markov’s inequality and the last one

comes from [DJ69, Theorem 2]. This, together with 4.4, implies that for every non-empty

set /,
lim n%? E Sgn((f)r N I I (1 o V-(O))m' o Li(lfw(o))nvd,cr(i) 14
n—>-+00 = o(d) i 2 io(1) anzJ n
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Hence,
v1(0)er = Wi, )/ Lrv1]
nd/2+1 o
lim E |det i 14,
noee [nvg) Vi-1(0)ea—1 = Wi, oy )/ L1Va-1]
r
d—1
= — lim n"’P(A,) > sgn(o)req [ [ (4:(0)6imi) — (1 = 1i(0))ming)
(OF] n—-+4o0o oeSy il
yl(O)el — (1 — V1(0)>m1
= (0 x det
Vd_l(O)ed_l — (1 — Vd_l(O))md_l
r
=0

4.5 Results in some more general scenarios

4.5.1 Law of the total number of vertices with a given degree

Our results can be directly extended to a more general scenario where the leaves of
a multitype branching forest are replaced by the vertices with a given inner-degree. In
other words, we can easily obtain similar results to Theorem 4.4.1 and Corollary 4.4.2
by considering the number of individuals who have a given offspring. So we state these

results without proof in the following.

Theorem 4.5.1 : Let 7;; be the total number of type i-individuals whose offspring is

1, i € [d], 1 € Z%.Forl € Z% and all non-negative integers ¢;, r;, 11, kij, i,j € [d] such
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d
that Y 7, > 1,n;; < g andk; = —r; — Zj;ﬁi Kjis

P (Ny=q1,..., Na = qa, g = ni1, My = kij, 0,5 € [d],i # j)

d
det(K , ,
- ] ( ) H]P’ (S;z = ni,l) P (Wgﬁni,l =k; + nivl(ei - l)) )
where r = (11,...,7q), ki = (ki1, ..., kia), @& = ¢ V 1, e; is the i-th unit vector of RY,
K is the matrix (—k;;) to which we removed the line ¢ and the column i for all ¢ such

that ¢; = 0, S’ is a random walk whose step distribution is a Bernoulli law of parameter

vi(z+e;)

v;(1) and W is a random walk with jumps distributed according to 7;(z) = o for

every z € N9,

Corollary 4.5.2 : Suppose that the offspring distribution v is critical, admits moments
of order d + 1 and its covariance matrices are all positive-definite. Then for all r,1 € Z4¢

such that (1) > 0 for some i € [d], we have
Pu(7ia = vi(D)|nvi), Ny = [nwi) i € [d]) = o (n~ @) |

where 7; is defined in the above theorem.

4.5.2 Law of the total number of vertices whose degree is in a gi-
ven set
In an even more general situation, we can also obtain similar results on the total

number of individuals whose offspring is in a given non-empty subset of Z2%. We state

here these results which can be proven easily by similar adapted techniques.

Theorem 4.5.3 : Let A be a non-empty subset of Z¢ and 7; 4 be the total number of
type i-individuals whose offspring is in the set A, for i € [d]. Then for all non-negative

integers ¢;, r;, i a, kij, i, € [d] such that Zfil ri > 1na < qand ky = —r; —
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Zj;éi kji’

d
= det(K) H]P) (Sll = ni,fl) P (WZ =k — UTZ%A) ’

qi—ni A

where r = (r1,...,7q), ki = (ki1, ..., kia), @& = ¢ V 1, e; is the i-th unit vector of RY,
K is the matrix (—k;;) to which we removed the line ¢ and the column i for all ¢ such
that ¢; = 0. S’ is a random walk whose step distribution is a Bernoulli law of parameter
v;i(A), W is a random walk with jumps distributed according to a distribution 7; and
U' is a random walk with jumps distributed according to a distribution (;, where 7; and

(; are defined as follows for z € N¢ :

viztel) jf, 1 e ¢ A

ni(z) = i
0 otherwise,
and
vilzte) ify t e, €A
Gi(z) = Vi) '

0 otherwise.

Corollary 4.5.4 : Suppose that the offspring distribution v is critical, admits moments
of order d + 1 and its covariance matrices are all positive-definite. We assume also that
v;(A) > 0 for some i € [d]. Then for allr € Z% and A C Z% such that v;(A) > 0 for

some ¢ € [d], we have
Pr(7ia = v;(A) 0], Ni = [nv;],i € [d]) = o (n™4FY),

where 7; 4 is defined in the above theorem.
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Sur quelques fontionnelles des foréts de branchement multitypes

On some functionals of multitype branching forests

Résumé

Cette theése est principalement consacrée a
I'étude de quelques caractéristiques d’'une
population a plusieurs types d’individus qui
évolue selon un modéle de branchement
multitype au cours du temps. Autrement dit,
chaque individu vit un certain temps et donne
naissance, a la fin de sa vie, a un nombre
aléatoire d’individus, suivant une loi de probabilité
qui ne dépend que de son type, indépendamment
des autres individus. Plus précisément, nous
nous intéressons aux aspects statistiques des
mutations et des individus ayant une progéniture
donnée dans la population en question.

Les problémes d’énumération de foréts
multitypes constituent également une motivation
de ce travail de these.
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Abstract

This thesis is devoted to the study of some
characteristics of a population consisting of
individuals of several types which evolve
according to a multitype branching model. In
other words, each individual lives a certain time
and gives birth to a random number of individuals
at the end of its life, following a probability law
which depends only on the individual’s type,
independently of the others individuals. More
precisely, we are interested in in the statistical
aspects of mutations and the individuals having a
given offspring in the population of interest.

The problems of enumeration of multitype forests
also form a motivation of this thesis’s work.
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