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Avant-propos

Cette thèse est principalement consacrée à l’étude de quelques caractéristiques d’une

population à plusieurs types d’individus qui évolue selon un modèle de branchement

multitype au cours du temps. Autrement dit, chaque individu vit un certain temps et

donne naissance, à la �n de sa vie, à un nombre aléatoire d’individus, suivant une loi

de probabilité qui ne dépend que de son type, indépendamment des autres individus.

Plus précisément, nous nous intéressons aux aspects statistiques des mutations et des

individus ayant une progéniture donnée dans la population en question.

Les problèmes d’énumération de forêts multitypes constituent également une mo-

tivation de ce travail de thèse. Des méthodes stochastiques et combinatoires sont ap-

pliquées au calcul du nombre de forêts multitypes dont les sommets sont marqués ou

non.

La thèse comporte, après une introduction, trois chapitres qui sont issus des trois

travaux suivants :

— [CN15] Loïc Chaumont et Thi Ngoc Anh Nguyen : On mutations in the branching

model for multitype populations. 2015. arXiv:1510.00845.

— [CLN16]Loïc Chaumont, Rongli Liu et Thi Ngoc Anh Nguyen : Cyclically ex-

changeable sequences and enumeration of multitype forests. 2016. À soumettre.

— [Ngu16] Thi Ngoc Anh Nguyen : A note on vertices with a given degree in multi-

http://http://arxiv.org/abs/1510.00845


Avant propos

type branching forests. 2016. À soumettre.
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Chapitre 1

Introduction

L’histoire des processus de branchement remonte au dix-neuvième siècle avec un

problème concernant l’extinction des noms de famille en Grande-Bretagne, introduit,

formulé et communiqué par Francis Galton à l’Educational Times en 1873 [Gal73] :

A large nation, of whom we will only concern ourselves with adult males,N in number,

and who each bear separate surnames colonise a district. Their law of population is such

that, in each generation, a0 per cent of the adult males have no male children who reach

adult life ; a1 have one such male child ; a2 have two ; and so on up to a5 who have �ve. Find

(1) what proportion of their surnames will have become extinct after r generations ; and (2)

how many instances there will be of the surname being held bym persons.

Ce problème a été traité en premier par Watson de manière incorrecte et ensuite par

plusieurs autres mathématiciens durant plusieurs années. Nous renvoyons à [Mod71]

pour une introduction plus détaillée à ce sujet. Soulignons également que ce problème

avait déjà été soulevé auparavant en 1845 par Bienaymé, un probabiliste et statisticien

français, dont le travail était passé inaperçu.

Depuis leur apparition, les processus de branchement se sont révélés être un outil ma-

thématique important dans plusieurs domaines scienti�ques comme la biologie, la phy-

sique, la chimie, l’épidémiologie et la généalogie. Aujourd’hui ils sont de plus en plus uti-



lisés pour modéliser l’évolution d’une population dont les individus (cellules, molécules,

etc.) vivent, meurent et donnent naissance indépendamment les uns des autres. L’hypo-

thèse que les individus se multiplient indépendamment les uns des autres est indispen-

sable pour simpli�er l’étude des processus de branchement associés. Bien qu’elle appa-

raisse assez restrictive, celle-ci peut toujours être justi�ée dans de nombreux cas, comme

pour des populations de molécules ou de bactéries dont la reproduction est asexuée.

Lorsque la population est constituée d’individus de plusieurs types, ce qui est le cas

le plus fréquent dans la réalité, une extension du modèle de branchement classique doit

être mise en place. Chaque individu de chaque type évolue selon les mêmes hypothèses

de branchement que celles décrites précédemment, mais avec une loi propre à son type.

Comme attendu, un modèle de branchement multitype est une description de l’évolution

d’une population constituée d’un nombre �ni de types d’individus ; plus précisément,

un tel modèle décrit le nombre d’individus de chaque type à chaque génération dans la

population.

Cette thèse s’intéresse principalement à quelques caractéristiques de la dynamique

d’une population qui se développe suivant un modèle de branchement multitype. En

particulier, nous étudierons l’évolution dans le temps des mutations d’une part et des

individus ayant une progéniture donnée d’autre part, dans une population multitype.

Outre leur intérêt purement mathématique, ces objets présentent de nombreuses appli-

cations en biologie, génétique, médecine, etc.

Il faudrait noter que l’information contenue dans un processus de branchement mul-

titype ne su�t pas à elle seule à décrire certaines fontionnelles telles que les mutations

ou les individus ayant une certaine progéniture donnée dans la population sous-jacente.

Nous avons donc besoin de toute l’information apportée par forêt de branchement mul-

titype qui représente essentiellement la généalogie d’une population à plusieurs types

d’individus. Nous en donnerons une dé�nition plus précise dans la section 1.3.1. Grâce à

l’étude des forêts de branchement multitypes, nous pouvons obtenir des résultats sur la

statistique des mutations ou des individus ayant une certaine progéniture donnée dans

9



Chapitre 1. Introduction

une population à plusieurs types d’individus.

Dans la première partie de ce chapitre, nous rappellons quelques notions de base

sur les processus de Bienaymé-Galton-Watson multitypes en temps discret ainsi qu’en

temps continu. Nous renvoyons aux ouvrages [AN72], [Har52] et [Mod71] pour plus de

détails.

La deuxième partie de ce chapitre est consacrée à la présentation de deux résultats

récents importants sur lesquels s’appuie la thèse. Le premier porte sur la loi de l’e�ectif

total d’une population multitype ; il est issu du papier [CL15]. Le deuxième est la re-

présentation de type Lamperti en dimension supérieure d’un processus de branchement

multitype donnée dans [Cha15].

En troisième lieu, on résume les travaux de la thèse.

Notre premier travail est consacré aux mutations dans une population qui consiste

en un nombre �ni de types d’individus. On montre d’abord que la forêt des mutations

associée à une forêt de branchement multitype est elle-même une forêt de branchement

dont la loi de reproduction peut être calculée explicitement en fonction de la loi de repro-

duction de la population. Ensuite, on déduit, à partir de ce résultat, la loi du nombre de

mutations et son comportement asymptotique lorsque l’e�ectif total ou le nombre initial

d’individus tend vers l’in�ni. Lorsque le temps est continu, grâce à la représentation de

type Lamperti en dimension supérieure, on obtient la limite du nombre de mutations

en temps in�ni dans le cas surcritique. Le temps d’émergence d’une mutation est éga-

lement étudié sous quelques conditions plus restrictives mais qui restent raisonnables

cependant. Il existe plusieurs résultats dans la littérature autour de ce temps d’émer-

gence, par exemple dans Iwasa et al. [Ale13], Serra [Ser06], Durrett [DM10], ou bien

plus récemment Alexander [Ale13]. Mais le problème de déterminer sa loi dans une si-

tuation générale est toujours ouvert. Dans notre travail, nous tentons de décrire ce temps

dans un autre esprit et par une nouvelle approche qui est assez di�érente de celles des

auteurs cités ci-dessus. Cette approche est basée sur la représentation de type Lamperti

en dimension supérieure d’un processus de branchement multitype.
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Notre deuxième travail est consacré à l’étude des problèmes d’énumération de fo-

rêts multitypes. Nous obtenons, comme conséquences du théorème de ballotage obtenu

récemment dans [CL15], quelques formules d’énumération des forêts multitypes. Nous

retrouvons également quelques résultats récents de dénombrement de forêts planaires

marquées, comme par exemple le nombre de telles forêts dont les degrés (multidimensio-

nels) des sommets sont �xés. Une nouvelle preuve de la formule d’inversion (multivariée)

de Lagrange-Good est également donnée.

Notre troisième travail s’intéresse aux individus ayant une progéniture donnée dans

une population multitype. Ceux-ci correspondent à des sommets ayant un degré donné

de la forêt de branchement multitype représentant la généalogie de la population. En

particulier, la loi du nombre de feuilles d’une forêt de branchement (monotype) et son

comportement asymptotique ont été étudiés par Korchemski dans la première partie de

[Kor12]. Notre but est d’étendre ces études au cas multitype.

Finalement, nous présentons quelques perspectives sur notre travail.
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Chapitre 1. Introduction

1.1 Notations

On utilisera dans la suite les notations suivantes :

• Z+ = {0, 1, 2, . . .}

• N = {1, 2, . . .}

• R+ = [0,+∞)

• [d] := {1, . . . , d} pour tout d ∈ N

• 0 = (0, . . . , 0), 1 = (1, . . . , 1)

• ei = (0, . . . , 1, . . . , 0) est le i-ième vecteur de la base canonique de Rd.

Ensuite, pour tout x,y ∈ Rd
+, on utilisera les notations et conventions suivantes :

• xy =
∏d

i=1 x
yi
i

• x ≤ y si, et seulement si xi ≤ yi,∀i ∈ [d]

• x · y est le produit scalaire dans Rd
+.

Finalement, un indice dans P ou E signi�e l’état initial du processus associé.

12



1.2. Processus de Bienaymé-Galton-Watson multitype

1.2 Processus de Bienaymé-Galton-Watson multitype

Les processus de branchement multitypes les plus simples sont les processus de

Bienaymé-Galton-Watson multitypes dont le temps et l’espace d’états sont discrets. Rap-

pellons d’abord la dé�nition suivante qui se trouve dans [AN72] :

Dé�nition 1.2.1 : Un processus de Bienaymé-Galton-Watson à d types est une chaîne de

Markov Z = (Zn)n≥0 = (Z
(1)
n , . . . ,Z

(d)
n )n≥0 à valeur dans Zd+ qui possède la propriété

dite de branchement suivante :

Eis
Z1 =

d∏
k=1

(Eeks
Z1)ik , ∀i = (i1, . . . , id) ∈ Nd,∀s ∈ Rd

+, s ≤ 1.

Intuitivement, la propriété de branchement signi�e que le processus Z partant de

(z1, . . . , zd) est la somme de (z1 + · · ·+ zd) processus indépendants dont zi d’entre eux

partent de ei, i ∈ [d].

Un processus de Bienaymé-Galton-Watson à d types Z peut être vu comme une des-

cription de l’évolution d’une population multitype dont chaque individu vit une unité

de temps et en �n de vie, reproduit, indépendamment des uns des autres, un nombre

aléatoire d’enfants, suivant une certaine loi de probabilité qui ne dépend que du type de

l’individu, appelée loi de reproduction. À ce titre, Z
(i)
n représente le nombre d’individus

de type i à la génération n. Notons ν = (ν1, . . . , νd), où (νi, i ∈ [d]) sont des mesures de

probabilités sur Zd+ et νi est la loi de reproduction d’un individu de type i. On appelle ν la

loi de reproduction du processus. Les fonctions de transition du processus Z sont ensuite

déterminées entièrement à partir de sa loi de reproduction d’après la relation

P (Zn+1 = (j1, . . . , jd)|Zn = (i1, . . . , id)) = ν∗i11 ∗ · · · ∗ ν
∗id
d (j1, . . . , jd)

On appellematrice demoyenne la matrice M = (mij; i, j ∈ [d]), oùmij =
∑
k∈Zd+

kjνi(k).

Pour simpli�er, on supposera toujours que M est primitive (au sens où ∀i, j ∈ [d], mij <

∞ et il existe un entier n tel que Mn > 0). On supposera aussi que νi(ei) = 0, ∀i ∈ [d] et

que ν est non-singulier, au sens où il existe un i ∈ [d] tel que
d∑

k=1

νi(ek) < 1, c’est-à-dire
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Chapitre 1. Introduction

que l’on exclura le cas où chaque individu donne naissance à exactement un individu

presque sûrement.

D’après le théorème de Perron-Frobenius, il existe une valeur propre maximale ρ de

la matrice M. Les vecteurs propres à gauche et à droite associés à ρ, normalisés par les

relations u · 1 = 1,u · v = 1, seront notés respectivement v et u. Lorsque ρ ≤ 1,

la population s’éteindra presque sûrement, tandis que si ρ > 1, avec une probabilité

positive, elle ne s’éteindra jamais. On dit que le processus ou bien la loi de reproduction

ν est sous-critique, critique ou surcritique si ρ < 1, ρ = 1 or ρ > 1, respectivement.

Lorsque les temps de vie des individus d’une population sont aléatoires, le modèle

du processus de Bienaymé-Galton-Watson multitype en temps continu nous permettra

de décrire de manière plus précise l’évolution de cette population. Néanmoins, les temps

de vie des individus doivent suivre une loi exponentielle a�n que le processus de bran-

chement associé soit Markovien. Signalons que le fait qu’un individu meure en donnant

naissance à un seul individu de même type n’est pas considéré comme un événement,

c’est-à-dire qu’il est considéré comme encore vivant dans ce cas. La dé�nition formelle

de ces processus est la suivante [AN72, section V.7] :

Dé�nition 1.2.2 : Un processus de Bienaymé-Galton-Watson à d types en temps continu

est un processus de Markov Z = (Zt)t≥0 = (Z
(1)
t , . . . , Z

(d)
t )t≥0, càdlàg, à valeurs dans

Zd+ qui possède la propriété dite de branchement suivante :

Eis
Zt =

d∏
k=1

(Eeks
Zt)ik ,

∀t ≥ 0, ∀i ∈ Nd et s ∈ Rd
+, s ≤ 1.

La propriété de branchement en temps continu a le même sens qu’en temps discret

et Z
(i)
t représente également le nombre d’individus de type i au temps t. Néanmoins, les

fonctions de transition du processus Z = (Zt)t≥0 = (Z
(1)
t , . . . , Z

(d)
t )t≥0 sont cette fois-ci

déterminées par sa loi de reproduction ν = (ν1, . . . , νd) ainsi que par les paramètres

des temps de vie des individus qui se distinguent par type ; ces paramètres seront notés

λi > 0, i ∈ [d]. Comme dans le cas discret, on supposera que νi(ei) = 0, ∀i ∈ [d].

14



1.3. Résultats préliminaires

La matrice de moyenne de la loi de reproduction ν, qui a été dé�nie dans le cas

discret, sera toujours notée M. De plus, il existe des matrices de moyenne qui dépendent

également du temps t, données par

M(t) := (mij(t); i, j = 1, . . . , d),

où mij(t) = EeiZ
(j)
t . Comme dans le cas discret, on fait toujours l’hypothèse de primi-

tivité des matrices de moyenne, c’est-à-dire qu’il existe un nombre 0 < t < ∞ tel que

mij(t) > 0,∀i, j.

La propriété de branchement nous permet d’assurer l’existence d’une matriceA telle

que M(t) = etA. Notons queA est primitive. Le théorème de Perron-Frobenius appliqué

à la matrice A nous donne sa valeur propre maximale notée ρ1.

Lorsque ρ1 ≤ 0, la population s’éteindra presque sûrement, tandis que si ρ1 > 0,

avec une probabilité positive, elle ne s’éteindra jamais. On dit alors que le processus ou

bien sa loi de reproduction ν est sous-critique, critique ou surcritique si ρ1 < 0, ρ1 = 0

ou ρ1 > 0, respectivement.

1.3 Résultats préliminaires

Nous présentons dans la suite les résultats antérieurs sur lesquels s’est appuyée la

thèse. Ces résultats sont basés sur la notion de forêt de branchement multitype (avec lon-

gueurs d’arc) qui nous permet de prendre en compte plus d’informations sur l’évolution

de la population modélisée que les processus de branchement eux-mêmes. Ces résultats

sont obtenus grâce à certains types de codage d’une forêt de branchement multitype.

1.3.1 La loi de l’e�ectif total d’une forêt de branchement multi-

type

Nous rappelons d’abord la notion de forêt de branchement multitype en suivant le

formalisme introduit dans [CL15].

15



Chapitre 1. Introduction

Commençons par dé�nir les forêts (planaires) multitypes. Une forêt (planaire) f est

un graphe planaire (c’est-à-dire, un graphe qu’on peut dessiner dans le plan sans que ses

arêtes ne se touchent, sauf à leurs extrémités), orienté, sans boucle, sur un ensemble non

vide de sommets, tel que chaque sommet ait un degré entrant �ni et un degré sortant

égal à 0 ou 1. Une composante connexe d’une forêt est appelée arbre (planaire). Dans un

arbre, il n’y a qu’un seul sommet dont le degré sortant est 0, ce sommet est appelé la

racine de cet arbre. Les racines des arbres dans f sont aussi appelées racines de f . Soient

u et v deux sommets de f . Si (u, v) est un arc de t alors on dit que v est le parent de u ou

bien que u est un enfant de v. La génération d’un sommet u est dé�nie comme la distance

usuelle entre ce sommet et la racine.

À chaque forêt f , on associe une application cf allant de l’ensemble de ses sommets

v(f) à un ensemble [d], d étant un nombre entier supérieur ou égal à 2, telle que cf (u) ≤

cf (v) pour tous u, v ayant le même parent avec u à gauche de v dans f . On appelle cf (u)

le type du sommet u. Le couple (f , cf ) est appelé une forêt à d types et sera également

notée f lorsqu’il n’y a pas d’ambiguïté. L’ensemble des forêts à d types est noté Fd.

Une forêt de branchement à d types �nie F , de loi de reproduction ν = (ν1, . . . , νd),

est une variable aléatoire à valeurs dans l’ensemble des forêts à d types Fd telle que

∀f ∈ Fd, P(F = f) =
∏

u∈v(f)

νcf (u)(p1(u), . . . , pd(u)),

où pour chaque u ∈ v(f), pi(u) désigne le nombre d’enfants de type i de u.

Étant donnée une forêt de branchement à d types F, d > 1, de loi de reproduction

ν = (ν1, . . . , νd) sous-critique ou critique, partant de l’état x, on note Z = (Zn)n≥0 =

(Z
(1)
n , . . . ,Z

(d)
n )n≥0 le processus de Bienaymé-Galton-Watson correspondant au sens où

pour i ∈ [d], Z
(i)
n est le nombre d’individus de type i à la génération n. Pour chaque

i ∈ [d], soit Ni l’e�ectif total du type i, c’est-à-dire, Ni =
∑

n≥0 Z
(i)
n . Soit Mij le nombre

total d’individus de type j dont le parent est de type i, i 6= j.

D’après [CL15, Théorème 3.1], toute forêt de branchement à d types critique ou sous-

critique dont la loi de reproduction est primitive (c’est-à-dire telle que la matrice de
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moyenne soit primitive) est codée par d marches aléatoires indépendantes d dimension-

nelles, au travers d’une bijection entre l’ensemble des forêts de branchement à d types et

un ensemble particulier de marches aléatoires multidimensionnelles. Plus précisément,

la forêt F ci-dessus est codée par d marches aléatoires indépendantes d dimensionnelles

X(i) = (X i,1, . . . , X i,d), i ∈ [d]

dont la loi de saut ν̃i est dé�nie par

ν̃i(k1, . . . , kd) := νi(k1, . . . , ki−1, ki + 1, ki+1, . . . , kd) , pour tout (k1, . . . , kd) ∈ Zd+.

À partir de ce codage, on peut obtenir la loi de la progéniture totale de la forêt de bran-

chement à d types F .

Théorème 1.3.1 : ([CL15, Théorème 1.2]) Pour tous entiers xi, ni, kij, i, j ∈ [d], tels que

xi > 0, x1 + · · ·+ xd ≥ 1, kij ≥ 0 ∀i 6= j,−kjj = xj +
∑

i 6=j kij et ni ≥ −kii,

Px (N1 = n1, . . . , Nd = nd,Mij = kij, ∀i 6= j)

=
det(K)

n̄1 . . . n̄d

d∏
i=1

ν∗nii (ki1, . . . , ki(i−1), ni + kii, ki(i+1),...,kid),

où x = (x1, . . . , xd), ν
∗0
i = δ0, n̄i = ni ∨ 1, K est la matrice (−kij)i,j dont on enlève la

i-ième ligne et la i-ième colonne pour tout i tel que ni = 0 et Px est la probabilité sous

condition Z0 = x.

1.3.2 Représentation de type Lamperti en dimension supérieure

Nous rappelons d’abord dans cette section la notion de forêt de branchementmultitype

avec longueurs d’arc introduite dans [Cha15] qui nous permet de prendre en compte la

continuité des temps de vie des individus.

Commençons par la dé�nition d’une forêt multitype avec longueurs d’arc. Une forêt

à d types avec longueurs d’arc, où d ∈ N, d > 1, est un triplet (f , cf , lf ) qui sera noté f

lorsqu’il n’y a pas ambiguïté, où (f , cf ) ∈ Fd et lf est une application allant de l’ensemble
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des sommets de f à l’ensemble (0,+∞). Pour chaque sommet u, lf (u) est appelé le temps

de vie de u. L’ensemble des forêts à d types avec longueurs d’arc est noté par Fd.

Une forêt de branchement à d types avec longueurs d’arc, �nie, de loi de reproduction

ν := (ν1, . . . , νd) et de paramètres λi > 0, i ∈ [d], est une variable aléatoire F à valeurs

dans l’ensemble des forêts à d types avec longueurs d’arc Fd telle que le temps de vie

de chaque sommet de type i ∈ [d] est toujours de loi exponentielle de paramètre λi, et

que son squelette, c’est-à-dire la forêt obtenue en supprimant la longueur des arcs, est

une forêt de branchement à d types de loi de reproduction ν. De plus, le squelette est

indépendant des longueurs d’arc et les longueurs d’arc sont indépendantes entre elles.

Étant donnée une forêt de branchement à d types avec longueurs d’arc F , d > 1,

de loi de reproduction ν et de paramètres λi > 0, i ∈ [d], partant de l’état x, on note

Z = (Zt)t≥0 = (Z
(1)
t , . . . ,Z

(d)
t )t≥0 le processus de Galton-Watson correspondant au sens

où pour i ∈ [d], Z
(i)
t est le nombre d’individus de type i au temps t. On introduit ensuite

les processus Zi,j
t , i, j ∈ [d]. Pour i 6= j, Zi,j

t est le nombre total des individus de type

j dont le parent est de type i qui sont nés avant le temps t. Pour i = j, la dé�nition

de Zi,j
t est la même, excepté qu’à ce nombre on ajoute le nombre d’individus de type i

au temps 0 et on soustrait le nombre d’individus de type i étant morts avant le temps

t. Notons que les processus Zi,j
t , i, j ∈ [d] portent la partie essentielle de l’information

sur l’évolution de la population sous-jacente que contient la forêt F , et que

Z
(i)
t =

d∑
j=1

Zj,i
t , i ∈ [d].

Le résultat suivant, qui se trouve dans [Cha15], nous donne la représentation de type

Lamperti des processus Zi,j
t , i, j ∈ [d] et en particulier du processus de branchement

multitype Z :

Théorème 1.3.2 : ([Cha15, Théorème 2.4]) Les processus Zi,j
t , i, j ∈ [d] admettent la

représentation suivante :

Zi,j
t =


X i,j∫ t

0 Z
(i)
s ds

, i 6= j

xi +X i,j∫ t
0 Z

(i)
s ds

, i = j,
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où pour i ∈ [d], X(i) = (X i,1, . . . , X i,d) est un processus de Poisson composé, de loi de

saut ν̃i et de paramètre λi > 0. De plus, les processus X(i), i ∈ [d] sont indépendants.

En particulier, le processus Z admet la représentation suivante :

Z
(i)
t = xi +

d∑
k=1

Xk,i∫ t
0 Z

(k)
s ds

, i ∈ [d], t ≥ 0.

1.4 Résumé des travaux

1.4.1 Sur les mutations dans le modèle de branchement pour des

populations multitypes

Notre premier travail concerne les mutations qui apparaissent dans le développement

d’une population constituée de plusieurs types d’individus. Parmutation nous entendons

la naissance d’un individu qui n’est pas du même type que son parent. Nous utilisons

le modèle de branchement multitype pour modéliser l’évolution d’une telle population.

Plus précisément, nous étudions la forêt de branchement multitype généalogique de la

population en question.

On réintroduit, en première étape, la notion de forêt des mutations associée à une

forêt de branchement multitype, qui a été introduite dans [CL15] sous le nom de forêt

réduite et qui est en réalité la forêt obtenue en fusionnant tous les sommets connectés

d’un même type en un seul sommet. Nous montrons d’abord que la forêt des mutations

associée à n’importe quelle forêt de branchement multitype est elle-même une forêt de

branchement multitype si et seulement si pour tout i ∈ [d], l’une des conditions suivantes

est satisfaite,

(Ai) mii ≤ 1 ,

(Bi) mii > 1 et pour tout j 6= i, mij = 0.

De plus, la loi de reproduction de la forêt des mutations peut être calculée en termes de

celle de la forêt d’origine. Notre premier résultat est le suivant :
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Théorème 1.4.1 : Soient F une forêt de branchement à d types de loi de reproduction

ν = (ν1, . . . , νd) et F la forêt de mutations associée. Supposons que pour tout i ∈ [d],

l’une des conditions (Ai) ou (Bi) soit satisfaite. Alors F est une forêt de branchement

à d types dont la loi de reproduction µ = (µ1, . . . , µd) est dé�nie sur Si := {k ∈ Zd+ :

ki = 0} par :

µi(k) =
∑
n≥1

n−1ν∗ni (k + (n− 1)ei) , k ∈ Si, (1.1)

si (Ai) est satisfaite. Si (Bi) est satisfaite, alors µi est la mesure de Dirac au point 0. De

plus, µ possède les propriétés suivantes :

1. Soient M = (m̄ij) la matrice de moyennes de µ et r ≥ 1. Alors µi admet des

moments d’ordre r si et seulement si, soit pour tout j 6= i, mij = 0, soit νi admet

des moments d’ordre r et mii < 1. Dans le dernier cas, pour tout i, j tel que i 6=

j, m̄ij =
mij

1−mii .

2. Supposons que m̄ij <∞, pour tout i, j ∈ [d]. Alors M est irréductible si et seule-

ment si M est irréductible. Si M est primitive, alors M l’est. L’inverse n’est pas

vrai.

3. Supposons que M soit primitive, alors M est sous-critique (resp. critique, resp.

surcritique) si et seulement si M est sous-critique (resp. critique, resp. surcritique).

Si pour un i ∈ [d], aucune des conditions (Ai) ou (Bi) n’est satisfaite, alors il existe un

j 6= i tel que les individus de type i dans F donne naissance à une in�nité d’enfants de

type j avec une probabilité positive. F n’est pas donc une forêt de branchement dans

notre sens.

Ce résultat nous permet ensuite, en ayant recours au résultat donné dans le théorème

1.3.1, d’obtenir la loi du nombre total de mutations. Notons Mi le nombre total de muta-

tions de type i et Mij le nombre d’individus de type j qui ont un parent de type i pour

tout i 6= j. Nous en déduisons le

Corollaire 1.4.2 : Supposons que l’une des conditions (Ai) ou (Bi) soit satisfaite pour

tout i ∈ [d]. Alors pour tous nombres entiers xi, ni, kij, i, j ∈ [d], tels que xi ≥ 0,
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ni = −kii, pour i 6= j, kij ≥ 0, et pour tout j ∈ [d], nj = xj +
∑

i 6=j kij ,

Px (M1 = n1 − x1, . . . ,Md = nd − xd,Mij = kij,∀i 6= j)

=
det(K)

n̄1 . . . n̄d

d∏
i=1

µ∗nii (ki1, . . . , ki(i−1), 0, ki(i+1),...,kid),

où µ∗0i = δ0, n̄i = ni∨1,K est la matrice (−kij)i,j dont on enlève la ligne i et la colonne

i pour tout i tel que ni = 0.

On s’intéresse ensuite au comportement asymptotique du nombre total de mutations.

Soit Ni l’e�ectif total de type i, nous pouvons montrer, dans le cas où ν est critique le

résultat suivant :

Corollaire 1.4.3 : SoitF une forêt de branchement multitype dont la loi de reproduction

ν est critique. Supposons que i ∈ [d], µi admette des moments d’ordre d+ 1. Supposons

de plus que M soit primitive et que les matrices de covariance Σi, Σ
i de νi et µi res-

pectivement soient dé�nies positives. Alors mii < 1, pour tout i ∈ [d] et il existe des

constantes C1, C2 > 0 telles que pour tout x0 ∈ Zd+,

lim
n→∞

nd/2+1Px0(Mi = bn(1−mii)vic, i ∈ [d]) = C1x0 · u ,

lim
n→∞

nd+1Px0(Mi = bn(1−mii)vic, Ni = bnvic , i ∈ [d]) = C2x0 · u.

Une conclusion que l’on peut tirer de ce résultat est que le nombre de mutations de

type i est asymptotiquement proportionnel à (1−mii) fois le nombre total d’individus

de même type.

Une question intéressante est de savoir comment se comporte le nombre total de

mutations, le nombre total d’individus et la proportion de mutations dans la population,

lorsque le nombre initial d’individus tend vers l’in�ni en suivant une direction donnée.

La réponse est donnée par les résultats suivants, en notant, pour tout i ∈ [d],w ∈ Zd+ \

{0}, Ni(nw) (resp.Mi(nw)) le nombre total d’individus (resp. mutations) de type i dans

une forêt de branchement multitype contenant n(w1 + · · ·+wd) arbres dont nwi arbres

de type i.
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Théorème 1.4.4 : Soit w ∈ Zd+ \ {0}.

1. Si ν est critique, alors

lim
n→∞

Ni(nw)

n
=∞ et lim

n→∞

Mi(nw)

Ni(nw)
= 1−mii , en probabilité.

2. Si ν est sous-critique, alors

lim
n→∞

Ni(nw)

n
= ci(w) et lim

n→∞

Mi(nw)

n
= wi + (1−mii)ci(w) , en probabilité,

où ci(w) :=
∑d

k=1wk(I − M)−1
ki et ν est la loi de reproduction de la forêt en

question.

En temps continu, tous les résultat précédents se généralisent. De plus, on peut éta-

blir, dans le cas surcritique, le comportement asymptotique du nombre de mutations à

un certain instant. Rappelons que d’après un résultat connu (voir par exemple [AN72,

Théorème 2]), il existe une variable aléatoire positive ou nulle W telle que pour tout

i ∈ [d],

lim
t→∞

e−ρ1tZ
(i)
t = viW , p.s., (1.2)

où vi est la i-ième coordonnée du vecteur propre normalisé associé à ρ1.

En ce qui nous concerne, nous avons établi le résultat suivant qui montre que le

nombre de mutations se comporte de la même manière que le nombre total d’individu,

lorsque le temps tend vers l’in�ni.

Proposition 1.4.5 : Supposons que ν soit surcritique. Pour tout i ∈ [d], notons Mi,t le

nombre de mutations de type i qui apparaissent jusqu’au temps t, alors

lim
t→∞

e−ρ1tMi,t = KiW, p.s.,

où Ki = vi(1 + (1−mii)(λiρ1)−1).

Le temps d’émergence des mutations dans une classe de modèles plus particuliers est

aussi étudié dans cette partie. Dans ce travail, on se restreint aux modèles irréversibles,
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autrement dit, les individus de type i ne peuvent donner naissance qu’à des individus

de type i ou i+ 1. Quelques hypothèses techniques sur la loi de reproduction sont aussi

nécessaires.

Notons τi := inf{t ≥ 0 : Z
(i)
t ≥ 1} le premier temps au bout duquel un individu

de type i apparaît dans la population. Notre contribution principale dans cette partie

est de donner une approximation de τi en terme des processus de Poisson composés

qui apparaissaient dans la représentation de Lamperti du processus Z d’une part, et une

approximation de l’espérance de τi par la somme des espérances de certaines variables

aléatoires élémentaires θk, k = 2, . . . , i, lorsque le taux de mutation du type k croît plus

vite que celui du type k − 1 pour tout k = 2, . . . , i, d’autre part. Plus précisément, nous

montrons que

Théorème 1.4.6 : Supposons que νi(k) > 0 ⇒ kj = 0, pour j /∈ {i, i+ 1},∑
k∈Zd+:ki=0 νi(k) = 0 et

∑
k∈Zd+:ki+1=0 νi(k) < 1.

(1.3)

Alors sous Pe1 ,

τi∑i
k=2 θk

P−→ 1 , lorsque λk−2,k−1

λk−1,k

→ 0, pour i ≥ 3, k = 3, . . . , i,

où θk =
∫ γk

0
1

Xk−1,k−1
s +1

ds et γk est le premier temps de saut du processusXk−1,k, k ≥ 2 ;

et pour i ≥ 3,

Ee1(τi) ∼
i∑

k=2

E(θk) , lorsque λk−2,k−1

λk−1,k

→ 0, pour k = 3, . . . , i.

Notons que la situation dans laquelle le taux de mutation du type k croît plus vite que

celui du type k − 1 apparait assez souvent dans le développement d’une population. En

e�et, une fois apparue, une mutation est de plus en plus sensible à de nouvelles mutations

qui surviennent de plus en plus rapidement. Un exemple est le développement du cancer.

Finalement, nous donnons un exemple dont la distribution de temps d’émergence

peut être estimée assez explicitement.
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1.4.2 Suites cycliquement échangeables et énumérations de fo-

rêts multitypes

Notre deuxième travail a pour objectif d’obtenir plusieurs résultats anciens et nou-

veaux sur l’énumération de forêts multitypes ainsi qu’une nouvelle preuve de la formule

d’inversion de Lagrange-Good. L’ensemble de ces résultats utilise une version multiva-

riée du théorème de ballotage récemment établie en [CL15], ainsi que ses conséquences

sur la loi de l’e�ectif total des forêts de branchement multitypes.

Nous énonçons ici les deux principales formules d’énumération de forêts planaires

multitypes. Celles-ci généralisent les résultats existants sur l’énumération de forêts pla-

naires monotypes. La première formule obtenue est une extension au cas multitype d’un

résultat connu en dimension 1 dont le nombre de forêts planaires à n sommets et r arbres

est r
n

(
2n− r − 1

n− r

)
. Notons que pour r = 1, ce nombre correspond au n-ième nombre

de Catalan.

Théorème 1.4.7 : Soit Fkij ,nd un sous-ensemble des forêts planaires (non marquées) de

Fd ayant ni sommets de type i, ri racines de type i et tel que pour i 6= j, kij sommets de

type j ayant un parent de type i, alors nous montrons que :

∣∣∣Fkij ,nd

∣∣∣ =
det(−kij)
n1n2 . . . nd

d∏
i,j=1

(
ni + k′ij − 1

k′ij

)
,

où k′ii = ni + kii et pour i 6= j, k′ij = kij .

Nous nous intéressons ensuite au cas des forêts de Fkij ,nd dont les degrés mutitypes sont

donnés.

Théorème 1.4.8 : ∣∣∣Fkij ,nd (O)
∣∣∣ =

∏d
j=1(nj − 1)! det(−kij)∏

i∈[d],u∈U (Ni,u)!
.

où F
kij ,n
d (N) est un sous-ensemble de F

kij ,n
d constitué de forêts non marquées, ayant

Ni,u sommets de type i avec degré u pour i ∈ [d], u ∈ U, U =
∏d

i=1{0, 1, . . . , ni}.
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Dans une seconde partie de ce travail nous obtenons des preuves directes de cer-

taines formules d’énumération de forêts numérotées récemment établies par Bernardi et

Morales [BM14].

Nous présentons à la �n de ce travail une nouvelle preuve de la formule d’inversion

de Lagrange-Good qui permet d’obtenir une expression des coe�cients de la fonction

génératrice d’une loi de probabilité multidimensionnelle.

1.4.3 Une note sur les sommets ayant un degré donné dans une

forêt de branchement multitype

Notre troisième travail concerne l’étude d’une autre fonctionnelle d’une forêt de

branchement multitype : le nombre de sommets ayant un degré donné. Autrement dit,

nous nous intéressons au nombre total d’individus ayant une certaine progéniture don-

née dans une population à plusieurs types d’individu.

Nous considérons une forêt de branchement à d types représentant la généalogie

d’une population d’individus à d types. Dans le but de simpli�er, nous travaillons avec

les individus n’ayant pas d’enfants ou bien les feuilles de la forêt généalogique. Notons

Ni le nombre total d’individus de type i, τi le nombre d’individus de type i qui n’ont pas

d’enfants et Mij le nombre d’individus de type j dont le parent est de type i.

Dans un premier temps, nous donnons la loi jointe de l’e�ectif total et du nombre de

feuilles. Plus précisément, nous montrons que

Théorème 1.4.9 : Pour tous nombres entiers qi, ri, ni, kij, i, j ∈ [d], tels que
∑d

i=1 ri ≥

1, ni ≤ qi, kii = −ri −
∑

j 6=i kji,

Pr (N1 = q1, . . . , Nd = qd, τi = ni,Mij = kij, ∀i 6= j)

=
det(K)

q̄1 . . . q̄d

d∏
i=1

P
(
Siqi = ni

)
P
(
W i
qi−ni = ki + niei

)
,

où r = (r1, . . . , rd),ki = (ki1, . . . , kid), q̄i = qi ∨ 1, K est la matrice (−kij) à laquelle on

enlève la ligne i et la colonne i pour tout i tel que qi = 0, Si est une marche aléatoire dont
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la loi de saut est une loi de Bernoulli de paramètre νi(0) et W i est une marche aléatoire

dont les sauts sont distribués selon la loi ηi(z) = νi(z+ei)
1−νi(0)

pour tout z ∈ Zd+.

A partir de ce résultat, nous pouvons déduire un résultat sur le comportement asymp-

totique du nombre de feuilles. Supposons que la loi de reproduction ν est critique, admet

des moments d’ordre d+1, et que ses matrices de covariance sont toutes dé�nie-positives.

Alors nous montrons que

Corollaire 1.4.10 : Pour tout r ∈ Nd,

Pr(τi = νi(0)bnvic, Ni = bnvic, i ∈ [d]) = o
(
n−(d+1)

)
.

Nous donnons en�n des résultats similaires obtenus dans deux scénarios plus gé-

néraux où l’on considère le nombre total d’individus qui ont une certaine progéniture

donnée ainsi que le nombre total d’individus dont la progéniture appartient à un certain

ensemble (non-vide).

1.5 Perspectives

Pour la suite de notre premier travail présenté au chapitre 2, nous souhaiterions

étendre l’étude du temps d’émergence d’une mutation dans une population multitype,

de façon à obtenir une expression plus explicite de sa loi, dans des cas plus généraux.

Ceci nécessitera un codage approprié des forêts multitypes.

À propos de notre troisième travail sur le nombre de sommets ayant un degré donné

d’une forêt de branchement multitype, un dé� serait d’étendre au cas multitype le résul-

tat de [Kor12, Théorème 3.1] sur l’estimation asymptotique de la probabilité qu’un arbre

de Galton-Watson contienne n feuilles, puis dans un second temps d’étendre les résutats

de [Kor12, Théorème 4.5] et de [Kor12, Théorème 5.9] qui portent sur l’étude de la limite

d’échelle d’une suite d’arbres de branchement conditionnés au nombre de feuilles.
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Chapitre 2

On mutations in the branching

model for multitype populations

2.1 Introduction

The homogeneous multitype branching hypothesis provides a relevant model of po-

pulation growth in the absence of any competitive or environmental constraint. In par-

ticular, it is widely used in population genetics, when studying successive mutations

whose accumulation leads to the development of cancer. Then determining the statistics

of the emergence times of mutations, or evaluating the distribution of the population

size of mutant cells at any time become important challenges. In the extensive literature

on the subject, let us simply cite [IMKN05], [HIM07], [DM10], and [Dur13].

This work is concerned with the mathematical study of mutations in multitype bran-

ching frameworks. We �rst focus on the problem of the total number of mutations under

very general assumptions. This number is not a functional of the associated branching

process and its study requires the complete knowledge of the multitype branching struc-

ture, that is the underlying plane forest. Then we show that the forest of mutations as-

sociated to any multitype forest, is itself a multitype branching forest whose progeny
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distribution can be explicitely computed. This result allows us to investigate the asymp-

totic behaviour of the number of mutations, when either the total population or the

initial number of individuals tend to in�nity.

When time is continuous, we are mainly interested in emergence times of new mu-

tations in the non reversible case. The characterisation of these times requires a good

knowledge of the corresponding multitype branching process and the main tool in this

study consists in a recent extention of the Lamperti representation in higher dimensions.

Emergence times are then expressed in terms of the underlying multivariate compound

Poisson process, which allows us to obtain some accurate approximations of their law.

We start with some preliminaries on the coding of multitype branching forests by

multivariate random walks in Section 2.2.1. Then we state and prove our results on the

total mutations sizes of branching forests in Sections 2.2.2 and 2.3.2. Results bearing on

emergence times are presented in Section 2.3.3.

2.2 Mutations and their asymptotics in discrete mul-

titype forests

2.2.1 Preliminaries on discrete multitype forests

In all this work, we use the notation Z+ = {0, 1, 2, . . .} and for any positive integer

d, we set [d] = {1, . . . , d}. We will denote by ei is the i-th unit vector of Zd+. We de�ne

the following partial order on Rd by setting x = (x1, . . . , xd) ≥ y = (y1, . . . , yd), if

xi ≥ yi, for all i ∈ [d]. The convention inf ∅ = +∞ will be valid all along this paper.

Then (Ω,F, P ) is a reference probability space on which all the stochastic processes in-

volved in this work are de�ned.

Let us �rst recall the coding of multitype forests, as it has been de�ned in [CL15]. A

(plane) forest f is a directed planar graph with no loops on a possibly in�nite and non
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2.2. Mutations and their asymptotics in discrete multitype forests

empty set of vertices v = v(f), such that each vertex has a �nite inner degree and an

outer degree equals to 0 or 1. The connected components of a forest are called the trees.

In a tree t, the only vertex with outer degree equal to 0 is called the root of t. The roots of

the connected components of a forest f are called the roots of f . For two vertices u and

v of a forest f , if (u, v) is a directed edge of f , then we say that u is a child of v, or that

v is the parent of u. We �rst give an order to the trees of the forest f and denote them

by t1(f), t2(f), . . . , tk(f), . . . (we will usually write t1, t2, . . . , tk, . . . if no confusion is

possible). Then we rank (a part of) the vertices of f according to the breadth �rst search

order, by ranking �rst the vertices of t1, then the vertices of t2, and so on, see the labeling

of the two forests in Figure 2.2. Note that if tk, for k ≥ 1 is the �rst in�nite tree, then

the vertices of tk+1, . . . have no label according to this procedure.

1	  	  

1
	  	  

2	  	  

3	  2	  	  

3

5	  

4	  

4	  	  

t1 t2 t3 

Figure 2.1 – On the top, a discrete 2-type forest. Roots of clusters are ranked in the

breadth �rst search order of the forest. The rank is written on the left of these roots.

Below, the corresponding forest of mutations.

To each forest f , we associate the application cf : v(f)→ [d] such that if ui, ui+1, . . . ,

ui+j ∈ v(f) have the same parent and are placed from left to right, then cf (ui) ≤

cf (ui+1) ≤ · · · ≤ cf (ui+j). For v ∈ v(f), the integer cf (v) is called the type (or the
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color) of v. The couple (f , cf ) is called a d-type forest. When no confusion is possible, we

will simply write f . The set of d-type forests will be denoted by Fd.

A cluster or a subtree of type i ∈ [d] of a d-type forest (f , cf ) ∈ Fd is a maximal

connected subgraph of (f , cf ) whose all vertices are of type i. Formally, t is a cluster of

type i of (f , cf ), if it is a connected subgraph whose all vertices are of type i and such that

either the root of t has no parent or the type of its parent is di�erent from i. Moreover, if

the parent of a vertex v ∈ v(t)c belongs to v(t), then cf (v) 6= i. Clusters of type i in t1

are ranked according to the order of their roots in the breadth �rst search order of t1, see

Figures 2.1 and 2.2. Then if the number of clusters of type i is �nite in t1, we continue by

ranking clusters of type i in t2, and so on. Note that with this procedure, it is possible that

clusters of tk, tk+1, . . . , for some k, are not ranked. We denote by t
(i)
1 , t

(i)
2 , . . . , t

(i)
k , . . .

the sequence of clusters of type i in (f , cf ). The forest f (i) := {t(i)
1 , t

(i)
2 , . . . , t

(i)
k , . . .} is

called the subforest of type i of (f , cf ). We denote by u(i)
1 , u

(i)
2 , . . . the elements of v(f (i)),

ranked in the breadth �rst search order of f (i). The subforests of the 2-type forest given

in Figure 2.1 are represented in Figure 2.2.

To any forest (f , cf ) ∈ Fd, we associate the forest of mutations, denoted by (f̄ , cf̄ ) ∈

Fd, which is the forest of Fd obtained by aggregating all the vertices of each subtree of

(f , cf ) with a given type, in a single vertex with the same type, and preserving an edge

between each pair of connected subtrees. An example is given in Figure 2.1.

For a forest (f , cf ) ∈ Fd and u ∈ v(f), when no confusion is possible, we denote by

pi(u) the number of children of type i of u. For each i ∈ [d], let ni ∈ Z+ ∪ {∞} be the

number of vertices in the subforest f (i) of (f , cf ). Then let us de�ne the d-dimensional

chain x(i) = (xi,1, . . . , xi,d), with length ni and whose values belong to the set Zd, by
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5	  4

2	  

1	  

3	  

8	  7	   9	  

2	  

1

6

9	  8	  

7	  

10	  

21	  

16	  

19	  18	   20	  

17	  

10	  

3	  

t4 
(1)	  t2 

(1)	   t3 
(1)	  t1 

(1)	  

t1 
(2)	  

11	   12	   13	   15	  

14	  

t2 
(2)	   t3 

(2)	  

t5 
(1)	  

6	  5	  

4	  

13	  

12	  

11	  

t4 
(2)	  

Figure 2.2 – The subforests of the 2-type forest given in Figure 2.1 with their deapth

�rst search labeling.

x
(i)
0 = 0 and if ni ≥ 1,

xi,jn+1 − xi,jn = pj(u
(i)
n+1) , if i 6= j and xi,in+1 − xi,in = pi(u

(i)
n+1)− 1 , 0 ≤ n ≤ ni − 1 ,

(2.1)

where (u
(i)
n )n≥1 is the labeling of the subforest f (i) in its own breadth �rst search order.

Note that the chains (xi,jn ), for i 6= j are nondecreasing whereas (xi,in ) is a downward

skip free chain, i.e. xi,in+1 − xi,in ≥ −1, for 0 ≤ n ≤ ni − 1. Besides, if ni is �nite, then

ni = min{n : xi,in = min0≤k≤ni x
i,i
k }. Let us also mention that from Theorem 2.7 of

[CL15], when trees of (f , cf ) are �nite, the data of the chains x(1), . . . , x(d) together with

the sequence of ranked roots of (f , cf ), allow us to reconstruct this forest.

Let us now apply this coding to multitype branching forests. Let ν := (ν1, . . . , νd),

where νi is some distribution on Zd+. We consider a branching process with progeny

distribution ν, that is a population of individuals which reproduce independently of each

other at each generation. Individuals of type i give birth to nj children of type j ∈ [d]

with probability νi(n1, . . . , nd). For i, j ∈ [d], we denote by mij the mean number of
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children of type j, given by an individual of type i, i.e.

mij =
∑

(n1,...,nd)∈Zd+

njνi(n1, . . . , nd) .

We say that ν is non singular if there is i ∈ [d] such that νi(n : n1 + · · ·+ nd = 1) < 1.

The matrix M = (mij) is said to be irreducible if for all i, j, mij < ∞ and there exists

n ≥ 1 such that m(n)
ij > 0, where m(n)

ij is the ij entry of the matrix Mn. If moreover the

power n does not depend on (i, j), then M is said to be primitive. In the latter case, ac-

cording to Perron-Frobenius theory, the spectral radius ρ of M is the unique eigenvalue

which is positive, simple and with maximal modulus. If ρ ≤ 1, then the population will

become extinct almost surely, whereas if ρ > 1, then with positive probability, the po-

pulation will never become extinct. We say that ν is subcritical if ρ < 1, critical if ρ = 1

and supercritical if ρ > 1. We sometimes say that µ is irreducible, primitive, (sub)critical

or supercritical, when this is the case for M .

By multitype branching forest with progeny distribution ν, we mean a sequence with

a �nite (deterministic) or in�nite number of independent multitype branching trees with

progeny distribution ν. A multitype branching forest will be considered as a random

variable de�ned on the probability space (Ω,F, P ) and with values in Fd. To any multi-

type branching forest F , we associate the random sequencesX = {X(i), i ∈ [d]}, where

X(i) = {(X i,1
n , . . . , X i,d

n ), 0 ≤ n ≤ ni}, which are constructed as in (2.1). It has been

proved in [CL15], Theorem 3.1 that if F is a primitive and (sub)critical branching forest

with a �nite number of trees, then X(i), i ∈ [d] are independent random walks whose

step distribution ν̃i is de�ned by

ν̃i(k1, . . . , kd) := νi(k1, . . . , ki−1, ki + 1, ki+1, . . . , kd) , for all (k1, . . . , kd) ∈ Zd+, (2.2)

and stopped at the smallest solution (N1, . . . , Nd) of the system

xj +
d∑
i=1

X i,j(Ni) = 0 , j ∈ [d] . (2.3)
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In this equation,Ni is the total number of vertices of type i inF and xi is the total number

of trees in this forest whose root is of type i. We will say that F is issued from x =

(x1, . . . , xd). Note that the variables Ni are random, whereas the xi’s are deterministic.

2.2.2 The total number of mutations and its asymptotics

A mutation of type i, is the birth event of an individual of type i from an individual

of any type j 6= i. The aim of this section is to study the evolution of mutations in a

multitype branching forest. Our main result asserts that the forest of mutations, that

is the forest obtained by merging together all the vertices of a same cluster, is itself

a branching forest if and only if for each i ∈ [d], one of the following conditions is

satis�ed,

(Ai) mii ≤ 1 ,

(Bi) mii > 1 and for all j 6= i, mij = 0.

Moreover, its progeny distribution can be expressed in terms of this of the initial forest.

Note that the branching property of the forest of mutations is intuitively clear. In the

neutral case, it has been pointed out in [Taï92].

Theorem 2.2.1 : Let F be any multitype branching forest with progeny distribution

ν = (ν1, . . . , νd) and denote by F the associated forest of mutations. Assume that for

all i ∈ [d], one of the conditions (Ai) or (Bi) holds. Then F is a multitype branching

forest with progeny distribution µ = (µ1, . . . , µd) on Si := {k ∈ Zd+ : ki = 0}, which is

de�ned by

µi(k) =
∑
n≥1

n−1ν∗ni (k + (n− 1)ei) , k ∈ Si , (2.4)

if (Ai) is satis�ed. If (Bi) is satis�ed, then µi is the Dirac mass at 0. Moreover µ satis�es

the following properties :

1. Let M = (m̄ij) be the mean matrix of µ and let r ≥ 1. Then µi admits moments

of order r if and only if either for all j 6= i, mij = 0 or νi admits moments of order
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r and mii < 1. In the latter case, for all i, j such that i 6= j, m̄ij =
mij

1−mii .

2. Assume that m̄ij <∞, for all i, j ∈ [d]. Then M is irreducible if and only if M is

irreducible. If M is primitive, then so is M . The converse is not true.

3. Assume thatM is primitive, thenM is subcritical (resp. critical, resp. super-critical)

if and only if M is subcritical (resp. critical, resp. supercritical).

If for some i ∈ [d], none of the conditions (Ai) and (Bi) holds, then there is j 6= i such

that individuals of type i in F give birth to an in�nite number of children of type j with

positive probability. Therefore F is not a branching forest in our sense.

Démonstration. Since the result only bears on the progeny law of forests, we do not loose

any generality by assuming that F has an in�nite number of trees. Then the stochastic

processes X = {X(i), i ∈ [d]} obtained from F , as in (2.1) are de�ned on the whole

integer line {0, 1, . . .}. Note that their de�nition slighly extends the de�nition which

is given in [CL15]. Indeed, without any more assumption on ν, trees of the forest can

be in�nite, so that the process X is not necessarily a coding of the forest, that is, if

some trees are in�nite then it is not possible to reconstruct the whole forest from X and

the sequence of its roots. However, it is straightforward to check that X(i), i ∈ [d] are

independent random walks and that the step distribution of X(i) is ν̃i, which is de�ned

in (2.2). In particular, the law of X characterizes this of F .

Now, let us consider the forest of mutations F . By construction, this forest is com-

posed of an in�nite number of independent and identically distributed trees. Hence, in

order to show that F is a branching forest, it su�ces to show that its trees are branching

trees.

Let us denote by {X(i)
, i ∈ [d]} the process which is de�ned from F as in (2.1). Let

i ∈ [d] and assume �rst that (Ai) holds. Then we de�ne the �rst passage time process of

the random walks X i,i, i ∈ [d] by,

τ
(i)
k = inf{n ≥ 0 : X i,i

n = −k} , k ≥ 0 .

Since mii ≤ 1, then from the law of large numbers, lim infn→∞X
i,i
n = −∞, a.s., so that

34



2.2. Mutations and their asymptotics in discrete multitype forests

τ
(i)
k is almost surely �nite for all k ≥ 0 and limk→∞ τ

(i)
k = ∞, a.s. Moreover, for all

i, j ∈ [d],

X
i,j

k = X i,j(τ
(i)
k ) , k ≥ 0 .

Indeed, the e�ect of the time change by τ (i)
k is to merge all vertices of a same cluster

of type i into a single vertex. Note that X(i), i ∈ [d] are independent random walks.

Assume with no loss of generallity that the root of the �rst tree in F has type 1, then a

slight extention Theorems 2.7 and 3.1 in [CL15] to any progeny distribution, allows us

to show that this �rst tree is coded by the processes (X
(i)

k , 0 ≤ k ≤ Ni), i ∈ [d], where

(N1, . . . , Nd) is the smallest solution of the system

rj +
d∑
i=1

X
i,j

(Ni) = 0 , j ∈ [d] , (2.5)

and (r1, . . . , rd) = (1, 0, . . . , 0). Note that in our case, Ni can be in�nite. This extended

notion of smallest solution is de�ned in [Cha15], see Lemma 1 therein. This coding result

implies that the �rst tree in F can be reconstructed from the processes (X
(i)

k , 0 ≤ k ≤

Ni), i ∈ [d] and applying part 3. of Theorem 3.1 in [CL15], we obtain that this tree is a

branching tree whose progeny distribution µ = (µi, i ∈ [d]) is given by

µi(k1, . . . , kd) = P (X
(i)

1 = (k1, . . . , ki−1,−1, ki+1, kd)) , (k1, . . . , kd) ∈ Si .

Then in order to make this law explicit in terms of ν, we apply the Ballot theorem for

cyclically exangeable sequences due to Takács [Tak61]. Since conditionally on X i,j , i 6=

j, X i,i is downward skip free with cyclical exchangeable increments, we have for all

(k1, . . . , kd) ∈ Si,

P (X
(i)

1 = (k1, . . . , ki−1,−1, ki+1, . . . , kd))

=
∑
n≥1

P (X(i)
n = (k1, . . . , ki−1,−1, ki+1, . . . , kd), τ

(i)
1 = n)

=
∑
n≥1

1

n
P (X(i)

n = (k1, . . . , ki−1,−1, ki+1, . . . , kd)) ,

which gives (2.4) from (2.2). If (Bi) holds, then by de�nition, individuals of type i in F
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are all leaves and hence, X i,j ≡ 0, for all j 6= i and X i,i

n = −n, for all n ≥ 0, see (2.1). In

this case, the conclusion follows immediately.

Let us now prove properties 1–3 of µ. First note that for all i 6= j, mij = 0 if and

only if m̄ij = 0. Then let r ≥ 1, assume that µi admits moments of order r and that

there is j 6= i such that mij = E(X i,j
1 ) > 0. The variable τ (i)

1 is a stopping time in the

�ltration generated by X(i) to which the increasing random walk X i,j is adapted. Then

by applying Theorem 5.4 in [Gut09], we obtain thatE((X i,j
1 )r) <∞ andE((τ

(i)
1 )r) <∞.

In particular τ (i)
1 <∞, a.s. Now by de�nition, the random walk (X i,i

n ) can be written as

X i,i
n = Y i,i

n − n, where (Y i,i
n ) is an increasing random walk. Since Y i,i(τ

(i)
1 ) = τ

(i)
1 − 1

and E((τ
(i)
1 )r) < ∞, we have E

(
|Y i,i(τ

(i)
1 )|r

)
< ∞ and by applying Theorem 5.4 in

[Gut09] again, we obtain that E
(
|Y i,i

1 |r
)
< ∞, and hence E

(
|X i,i

1 |r
)
< ∞. So we have

proved that ν admits moments of order r. Then it follows from the de�nition of τ (i)
1 and

from Lemma 3.1 in [KM96] that E((τ
(i)
1 )r) <∞ implies limn→∞X

i,i
n = −∞, and hence

mii < 1, from the law of large numbers.

Conversely, if mij = 0 for all j 6= i, then m̄ij = 0 for all j 6= i and µi is the Dirac

mass at 0, so it admits moments of order r.

Now assume that νi admits moments of order r and mii < 1. Then it follows di-

rectly from Lemma 3.1 in [KM96] that E((τ
(i)
1 )r) < ∞. Moreover from Theorem 5.2 in

[Gut09], E(X i,j(τ
(i)
1 )r) <∞, for all j 6= i, which means that µi admits moments of order

r. If νi admits moments of order 1 and mii < 1, then it follows from the optional stop-

ping theorem applied to the martingale (X i,j
n − nE(X i,j

1 )), that E(X i,i(τ
(i)
1 )) = −1 =

E(X i,i
1 )E(τ

(i)
1 ) = (mii − 1)E(τ

(i)
1 ), and when i 6= j, E(X i,j(τ

(i)
1 )) = E(X i,j

1 )E(τ
(i)
1 ) =

mij
1−mii and part 1 is proved.

If M is irreducible, then for all i, there is j 6= i such that m̄ij > 0. From part 1., νi
admits moments of order 1 and mii < 1, for all i. In this case,

M + ∆2 = ∆1M , where ∆1 = diag(
1

1−mii

) and ∆2 = diag(
mii

1−mii

) ,

and we derive from this identity that M is irreducible. Conversely if M is irreducible,

then for all i, there is j 6= i such that mij > 0 and hence m̄ij > 0. Since by assumption,
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m̄ij <∞, for all i, j, then from part 1., mii < 1, and M + ∆2 = ∆1M holds. We derive

from this identity that M is irreducible.

Now if M is primitive, then it is irreducible and as before, mii < 1 for all i ∈ [d].

Moreover,

M = (I− diag(mii))M + diag(mii) .

Therefore M is primitive. The converse cannot be true since there are nonnegative, ir-

reducible matrices whose main diagonal is zero and which are not primitive. We can

�nd distributions ν such that it is the case for M and hence for (I − diag(mii))M. If

mii > 0, for all i, then it follows from general theory of nonnegative matrices that

M = (I− diag(mii))M + diag(mii) becomes primitive, see [Sen06].

Let us now prove 3. Recall that by de�nition, since M is primitive, µi admits mo-

ments of order 1 for all i ∈ [d]. Then from the same arguments as in part 2., M =

(I−diag(mii))M+diag(mii) andmii < 1 for all i ∈ [d]. Assume that M is surpercritical,

then there is a positive vector x such thatMx > x. Therefore, (I−diag(mii))Mx > (I−

diag(mii))x and since mii < 1, we obtain Mx > x. Hence M is supercritical. Conver-

sely, assume that M is supercritical. Then there is a positive vector x such that Mx > x,

so that Mx = (I − diag(mii))Mx + diag(mii)x > (I − diag(mii))x + diag(mii)x = x

and thus M is supercritical. Then the identity M = (I−diag(mii))M+diag(mii) allows

us to derive that M is critical if and only if this is the case for M.

Finally assume that mii > 1 for some i ∈ [d]. If mij = 0, for all j 6= i, then it is clear

that individuals of type i in F are leaves. Ifmij > 0, for some j ∈ [d], then since clusters

of type i are supercritical, some of them have in�nitely many children with positive

probability. Conditionally to this event, such a cluster produces almost surely in�nitely

many children of type j, which is equivalent to say that individuals of type i in F give

birth to an in�nite number of children of type j with positive probability.

Let us now consider a multitype branching forestF with progeny distribution ν, with

a �nite number of trees and let Zn = (Z
(1)
n , . . . , Z

(d)
n ), n ≥ 0 be the associated branching

process, that is for each i ∈ [d], Z(i)
n is the total number of individuals of type i present in
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F at generation n. For x = (x1, . . . , xd) ∈ Zd+, we denote by Px the law on (Ω,F) under

which F is issued from x. In particular, Px(Z0 = x) = 1. Then the next result gives the

law of the total number of mutations in the forest F , that is the number of mutations

up to the last generation whose rank is the extinction time, T := inf{n : Zn = 0}. For

i, j ∈ [d], let us denote by Mi the total number of mutations of type i in F , up to time

T and by Mij the total number of mutations of type j produced by individuals of type i.

In particular, Mii = 0 and Mi and Mij satisfy the relations

Mj =
d∑
i=1

Mij , j ∈ [d].

Note that if ν is primitive and supercritical, then Px(T =∞) > 0 for all x ∈ Zd+, so that

under Px, Mi and Mij are in�nite with positive probability, for some i, j ∈ [d]. We also

emphasize that Mi and Mij are not functionals of the branching process (Zn).

Corollary 2.2.2 : Assume that (Ai) or (Bi) holds for all i ∈ [d]. Then for all integers

xi, ni, kij, i, j ∈ [d], such that xi ≥ 0, ni = −kii, for i 6= j, kij ≥ 0, and for all j ∈ [d],

nj = xj +
∑

i 6=j kij ,

Px (M1 = n1 − x1, . . . ,Md = nd − xd,Mij = kij, i, j ∈ [d], i 6= j)

=
det(K)

n̄1 . . . n̄d

d∏
i=1

µ∗nii (ki1, . . . , ki(i−1), 0, ki(i+1),...,kid),

where µi is de�ned in Theorem 2.2.1 and µ∗0i = δ0, n̄i = ni∨1,K is the matrix (−kij)i,j
to which we removed the line i and the column i for all i such that ni = 0.

Démonstration. This result is a direct consequence of Theorem 1.2 in [CL15] and Theo-

rem 2.2.1 applied to the forest of mutations F . Indeed, it su�ces to note that xi + Mi

corresponds to the total number of individuals of type i in F . Note however that Theo-

rem 1.2 in [CL15] is proved only in the case where ν is primitive and (sub)critical. But

using the coding which is presented in Section 2.2.1 and appyling Lemma 1 in [Cha15],

we can check that it is still valid in the general case by following along the lines the

proof which is given in [CL15].
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If for some i ∈ [d], none of the conditions (Ai) and (Bi) holds, then the de�nition of

the vector of mutation sizes (M1, . . . ,Md) still makes sense. In this case, it is possible

to obtain its law by extending Theorem 2.2.1 to branching forests whose progeny laws

give mass to in�nity. Note also that Corollary 2.2.2 can be considered as an extension of

Theorem 1 in [Ber09], where a similar formula is given in the neutral case.

We now turn our attention to the asymptotic behaviour of the number of mutations,

when the total population is growing to in�nity. Our �rst result is concerned with the

critical case and is a direct consequence of Proposition 2 in [Pé16] and Theorem 2.2.1. If

M is primitive, then we denote by u and v the unique right and left positive eigenvectors

of M which are associated to the eigenvalue 1 and normalized by u.1 = u.v = 1. Recall

that, for a multitype branching forest F , when no confusion is possible, Ni denotes the

total population of type i in F and Mi denotes the total number of mutations of type

i in F . Note also that when ν is primitive and critical, then (Ai) necessarily holds for

all i ∈ [d], so that from Theorem 2.2.1, the forest of mutations F associated to F is a

branching forest with progeny distribution µ de�ned by (2.4).

Corollary 2.2.3 : Let F be a branching forest with a non singular, primitive and critical

progeny distribution ν. Assume that for all i ∈ [d], µi admits moments of order d + 1.

If moreover M is primitive and the covariance matrices Σi, Σ
i of νi and µi, respectively

are positive de�nite. Then mii < 1, for all i ∈ [d] and there are constants C1, C2 > 0

such that for all x0 ∈ Zd+,

lim
n→∞

nd/2+1Px0(Mi = bn(1−mii)vic, i ∈ [d]) = C1x0.u ,

lim
n→∞

nd+1Px0(Mi = bn(1−mii)vic, Ni = bnvic , i ∈ [d]) = C2x0.u .

Démonstration. Since by assumption, M is primitive, then for all i, there is j 6= i such

that m̄ij > 0, and hence mij > 0. Therefore, from part 1. of Theorem 2.2.1, mii < 1,

for all i. Moreover, from our assumptions and part 3. of Theorem 2.2.1, µ is critical.

Besides, it is plain that M is non singular. Then conditions of Proposition 2 in [Pé16]
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Chapitre 2. On mutations in the branching model for multitype populations

are satis�ed for the multitype branching process associated to F and the �rst assertion

follows with ū and v̄, the normalized, positive right and left eigenvectors of M associated

to the eigenvalue 1. Then recall from the proof of part 3. of Theorem 2.2.1 that M =

(I− diag(mii))M + diag(mii). We derive from this identity that ū = u and v̄ = cv(I−

diag(mii)), where c = ‖u · v(I− diag(mii))‖−1 and the �rst assertion follows.

The proof of the second assertion follows the same lines as the proof of Proposition

2 in [Pé16]. In this case, since the number of mutations is taken into account together

with the total number of individuals, a 2d-dimensional random walk is involved in the

proof, which explains that the rate of convergence in now d+ 1.

Note that the constants C1 and C2 can be made explicit in terms of the distributions ν

and µ by properly exploiting the proof of Proposition 2 in [Pé16].

Through the next result we focus on the asymptotic behaviour of the number of

mutations in a branching forest when the initial number of individuals x = (x1, . . . , xd)

tends to in�nity along some given direction.

Theorem 2.2.4 : Let F (x) be any family of multitype branching forests de�ned on

the space (Ω,F, P ), indexed by x ∈ Zd+ and such that for each x, F (x) has progeny

distribution ν and is issued from x. For i ∈ [d], let Ni(x) (resp. Mi(x)) be the total

number of individuals (resp. of mutations) of type i in F (x). Assume that ν is primitive

and let w ∈ Zd+ \ {0}.

1. If ν is critical, then

lim
n→∞

Ni(nw)

n
=∞ and lim

n→∞

Mi(nw)

Ni(nw)
= 1−mii , in probability.

2. If ν is subcritical, then

lim
n→∞

Ni(nw)

n
= ci(w) and lim

n→∞

Mi(nw)

n
= wi+(1−mii)ci(w) , in probability,

where ci(w) :=
∑d

k=1 wk(I−M)−1
ki .
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2.2. Mutations and their asymptotics in discrete multitype forests

In any case, mii < 1, for all i ∈ [d].

Démonstration. In order to prove our result, it su�ces to construct some particular fa-

mily of forests F (x), such that for each x, F (x) has progeny distribution ν and is issued

from x ∈ Zd+, and to show that the limits in the statement hold.

Recall the coding of multitype branching forests which is presented at the end of

Section 2.2.2 and let X(i) = {X i,j, j ∈ [d]} be d independent random walks whose

respective step distributions are ν̃i, i ∈ [d] de�ned in (2.2). Then for each x ∈ Zd+, we

construct a forest F (x) such that F (x) is encoded by the random walks X(i), i ∈ [d]

and contains exactly xi trees whose root is of type i. This construction is possible in the

primitive, (sub)critical case, thanks to part 3. of Theorem 3.1 in [CL15].

Then Ni(x) and X(i), i ∈ [d], satisfy identity (2.3). Moreover, for k 6= i, the number

of mutations of type i issued from an individual of type k is Xk,i(Nk(x)), so that the

total number of mutations of type i is

Mi(x) =
∑
k 6=i

Xk,i(Nk(x)) = −xi −X i,i(Ni(x)) .

We derive from Lemma 2.2 in [CL15], that if x1,x2 ∈ Zd+ are such that x1 ≤ x2, then

the couple of random variables (Ni(x2) −Ni(x1), X i,i(Ni(x2) −X i,i(Ni(x1))) is inde-

pendent of process ((Ni(x), X i,i(Ni(x))),x ≤ x1) and has the same law as (Ni(x2 −

x1), X i,i(Ni(x2 − x1)). Therefore, for any w ∈ Zd+, ((Ni(nw), X i,i(Ni(nw)), n ≥ 0) is

a bivariate random walk whose step distribution is the law of (Ni(w), X i,i(Ni(w)).

Let Z = (Z(1), . . . , Z(d)) be the branching process associated to F (w). Then by de�-

nition ofNi(w), we haveNi(w) =
∑∞

n=0 Z
(i)
n . But Ew(Zn) = wMn, so that Ew(Z

(j)
n ) =∑d

i=1wim
(n)
ij and since ν is primitive, we have from Frobenius Theorem for primitive

matrices, m(n)
ij ∼ uivjρ

n, see Theorem 1, Section V.2 in [AN72]. So we have proved that

E(Ni(w)) <∞ if and only if ν is subcritical. Moreover, if ν is subcritical, then I−M is

invertible and it follows from the above expressions thatE(Ni(w)) =
∑d

i=1wi(I−M)−1
ij .

Then assertions 1. and 2. follow directly from the law of large numbers.

Finally, since ν and µ are primitive, by de�nition, they admit moments of order 1 and
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Chapitre 2. On mutations in the branching model for multitype populations

we derive from part 1. of Theorem 2.2.1 that mii < 1, for all i ∈ [d].

2.3 When continuous time is involved

2.3.1 The Lamperti representation

Let us now consider a d type population which is composed at time t = 0, of xi
individuals of type i ∈ [d] and whose dynamics in continuous time behave according to

a branching model. More speci�cally, at any time, all individuals in the population live,

give birth and die independently of each other. Once it is born, any individual of type

i ∈ [d] gives birth after an exponential time with parameter λi > 0 to nj individuals

of type j ∈ [d] with probability νi(n1, . . . , nd). Then this individual dies at the same

time it gives birth. We emphasize that in this model, the probability for the population

to become extinct does not depend on the rates λi.

This model is represented as a plane forest with edge lengths, see Figure 2.3. (In each

sibling, we rank individuals of type 1 to the left, then individuals of type 2, and so on.)

Such a forest will be called a multitype branching forest with edge lengths issued from

x = (x1, . . . , xd), with progeny distribution ν := (ν1, . . . , νd) and reproduction rates

(λ1, . . . , λd). By construction, its discrete time skeleton is a multitype branching (plane)

forest, as de�ned in the previous section, with progeny distribution ν, which is inde-

pendent from the edge lengths. Edge lengths are independent between themselves and

the length of an edge issued from a vertex of type i follows an exponential distribution

with parameter λi. We emphasize that the total number of individuals and the total num-

ber of mutations in a multitype branching forest with edge lengths are the same as in its

discrete skeleton. Hence, the results of the previous section can be applied in the present

setting.

Given a branching forest with edge lengths, as de�ned above, we denote by Z =
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2.3. When continuous time is involved

(Z(1), . . . , Z(d)) the corresponding multitype branching process, that is for t ≥ 0 and

i ∈ [d], Z(i)
t is the number of individuals of type i at time t in the population. (Since

no confusion is possible, for the branching process we have kept the same notation as

in discrete time.) The process Z is a Zd+-valued continuous time Markov process which

satis�es the branching property, i.e., for λ ∈ Rd
+, t ≥ 0 and x,y ∈ Zd+,

Ex+y(e−λZt) = Ex(e−λZt)Ey(e−λZt) ,

where Px is the law under which the forest is issued from x. In particular, Z0 = x, Px-

a.s. The process Z actually contains much less information than the original branching

forest. In order to preserve the essential part of this information, we need to decompose

Z as in the following de�nition.

De�nition 2.3.1 : For i 6= j, we denote by Zi,j
t the total number of individuals of type

j whose parent has type i and who were born before time t. For i = j, the de�nition of

Zi,i
t is the same, except that to this number we add the number of individuals of type i

at time 0 and we subtract the number of individuals of type i who died before time t.

The processes Zi,j whose de�nition should be clear from the example given in Figure 2.3

will play a crucial role in our continuous time model. A more formal de�nition can be

found in Section 4.2 of [Cha15]. The interest of these processes is the following straight-

forward decomposition of the branching process Z = (Z(1), . . . , Z(d)) :

Z
(j)
t =

d∑
i=1

Zi,j
t , j ∈ [d] . (2.6)

Our model bears on a Lamperti type representation of these processes. According to

Lamperti representation, any one dimensional branching process can be expressed as a

Lévy process time changed by some integral functional. In this subsection, we will re-

call from [Cha15] the extension of this transformation to multitype, continuous time,

discrete valued branching processes. The latter involves time changed multidimensional

compound Poisson processes which we now introduce.
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Chapitre 2. On mutations in the branching model for multitype populations

Since our models of evolution are only concerned with mutations, individuals of type

i having exactly one child of type i do not present any interest. Hence we can assume

without loss of generality that

νi(ei) = 0, for all i ∈ [d].

Then let X = (X(1), . . . , X(d)), where X(i), i ∈ [d] are d independent Zd-valued com-

pound Poisson processes. We assume that X(i)
0 = 0 and that X(i) has rate λi and jump

distribution ν̃i which has been de�ned in (2.2). In particular, with the notation X(i) =

(X i,1, . . . , X i,d), the process X i,i is a Z-valued, downward skip free, compound Poisson

process, i.e. ∆X i,i
t = X i,i

t −X
i,i
t− ≥ −1, t ≥ 0, withX0− = 0 and for all i 6= j, the process

X i,j is an increasing compound Poisson process. We emphasize that in this de�nition,

some of the processes X i,j , i, j ∈ [d] can be identically equal to 0.

The following extension of the Lamperti representation to multitype branching pro-

cesses can be found in [Cha15], see also [CPGUB16] for the case of continuous state

multitype branching processes.

Theorem 2.3.1 : Let us consider a multitype branching forest with edge lengths issued

from x = (x1, . . . , xd) ∈ Zd+, with progeny distribution ν := (ν1, . . . , νd) and reproduc-

tion rates (λ1, . . . , λd). Then the processes Zi,j , i, j ∈ [d] introduced in De�nition 2.3.1

admit the following representation :

Zi,j
t =


X i,j∫ t

0 Z
(i)
s ds

, t ≥ 0 , if i 6= j,

xi +X i,i∫ t
0 Z

(i)
s ds

, t ≥ 0 , if i = j,
(2.7)

where the processes,

X(i) = (X i,1, X i,2, . . . , X i,d) , i = 1, . . . , d ,

are independentZd+ valued compound Poisson processes, with jump distribution (ν̃1, . . . , ν̃d)

and rates (λ1, . . . , λd). In particular from (2.6) and (2.7), the multitype branching pro-
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cess Z admits the following representation,

(Z
(1)
t , . . . , Z

(d)
t ) = x +

(
d∑
i=1

X i,1∫ t
0 Z

(i)
s ds

, . . . ,

d∑
i=1

X i,d∫ t
0 Z

(i)
s ds

)
, t ≥ 0 . (2.8)

2.3.2 Further results on asymptotics of mutations

For i ∈ [d] and t ≥ 0, we will denote by Mi,t the total number of mutations of type

i which occured up to time t. The de�nition of this quantity is illustrated on Figure 2.3.

Let us also de�ne a cluster of type i as the subtree corresponding to the descendence of

type i of an individual of type i which is either a root or an individual whose parent as

a type di�erent from i. Then xi + Mi,t corresponds to the number of clusters of type i

in the forest truncated at time t.

In Proposition 2.3.3, we describe the asymptotic behaviour ofMi,t, as t tends to∞ in

the case where the progeny distribution ν is primitive and supercritical. To this aim, we

will need the joint representation of Mi,t together with the number Z(i)
t of individuals

of type i at time t which is presented in Proposition 2.3.2.

Proposition 2.3.2 : Recall from Section 2.3.1 the de�nition of the compound Poisson

processes X i,j , i, j ∈ [d]. Then for any x = (x1, . . . , xd) ∈ Zd+, under Px, the stochastic

process
(
Z

(i)
t ,Mi,t

)
ful�lls the following representation,

(
Z

(i)
t ,Mi,t

)
=

(
xi +

d∑
k=1

Xk,i∫ t
0 Z

(k)
u du

,
d∑

k=1,k 6=i

Xk,i∫ t
0 Z

(k)
u du

)
, t ≥ 0.

Démonstration. This result is a direct consequence of the representation which is recal-

led in Theorem 2.3.1. Indeed, recall from Section 2.3.1 the de�nition of Zi,j , then the

number of mutations of type i up to time t is

Mi,t =
∑
k 6=i

Zk,i
t .

The result follows from identity (2.7) in Theorem 2.3.1.
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t

t=0

Figure 2.3 – A two type forest with edge lengths issued from x = (2, 2). Vertices of type

1 (resp. 2) are represented in black (resp. grey). At time t,

Z
(1)
t = 6, Z

(2)
t = 3, Z1,1

t = −2, Z1,2
t = 5, Z2,1

t = 8, Z2,2
t = −2,

and M1,t = 8, M2,t = 5.

Let’s us now turn to the limiting behavior of Mi,t, as t tends to in�nity. The next

result is concerned with the case where ν is primitive and supercritical. It allows us to

evaluate the number of mutations which occured up to time t (or equivalently the num-

ber of clusters in the forest truncated at time t), when t is large.

Let us de�ne the matrix A = Λ(M− I), where Λ = diag(λi). If M is primitive, then

so is A and it follows from Perron-Frobenius theory that the eigenvalues ρi, i ∈ [d] of A

can be arranged so that ρ1 > Re(ρ2) ≥ · · · ≥ Re(ρd). Moreover, ν is subcritical, critical

or supercritical according as ρ1 < 0, ρ1 = 0 or ρ1 > 0. Then a well known result due to

[Ath68], see also Theorem 2, p. 206 in [AN72] asserts that when ν is non singular and

primitive, there exists a nonnegative random variable W such that for all i ∈ [d],

lim
t→∞

e−ρ1tZ
(i)
t = viW , a.s., (2.9)

where vi is the i-th coordinate of the normalized left eigenvector associated with ρ1.
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Proposition 2.3.3 : Assume that ν is non singular, primitive and supercritical. Then for

all i ∈ [d],

lim
t→∞

e−ρ1tMi,t = KiW, a.s.,

where Ki = vi(1 + (1−mii)(λiρ1)−1).

Démonstration. We derive from Proposition 2.3.2 that,

Z
(i)
t −Mi,t = X i,i∫ t

0 Z
(i)
u du

, a.s.

On the other hand, in the supercritical case, ρ1 is strictly positive. Hence it follows from

(2.9) that ∫ t

0

Z(i)
u du ∼ ρ−1

1 Wvie
ρ1t, a.s., as t→∞.

Then the desired result is a consequence of the latter equivalence and the law of large

numbers applied to the compound Poisson process

Under conditions of Propositon 2.3.3, assume moreover that for some i ∈ [d], Ki is

positive, that is

mii < 1 + λiρ1 ,

and that for some j, Pej(W > 0) = 1. Then using Proposition 2.3.3, we can compare the

asymptotic behaviour of the number of mutations prior to t with this of Z(i)
t , under Pej ,

that is

Mi,t ∼ KiZ
(i)
t , Pej -a.s., as t→∞. (2.10)

Regarding the condition Pej(W > 0) = 1, note that Theorem 2, p. 206 in [AN72] also

asserts that Pek(W > 0) > 0, for some (hence for all) k ∈ [d], if and only if

E(ξij log ξij) <∞, for all i, j ∈ [d], (2.11)

where (ξi1, . . . , ξid) is a random vector with law νi. Moreover, 1 − Pek(W > 0) corres-

ponds to the probability of extinction, when the forest is issued from ek.
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2.3.3 Emergence times of mutations

In this section, we shall assume that mutations are not reversible, that is for all i =

1, . . . , d− 1, individuals of type i can only have children of type i or i+ 1. In particular

ν is not irreducible. Moreover when giving birth, individuals of type i = 1, . . . , d − 1

have at least one child of type i with probability one, and have children of type i + 1

with positive probability. These conditions can be explicited in terms of the progeny

distribution νi as follows νi(k) > 0 ⇒ kj = 0, for j /∈ {i, i+ 1},∑
k∈Zd+:ki=0 νi(k) = 0 and

∑
k∈Zd+:ki+1=0 νi(k) < 1.

(2.12)

We are interested in the waiting time until an individual of type i �rst emerges in the

population, that is

τi := inf{t ≥ 0 : Z
(i)
t ≥ 1} .

The problem of determining a general expression for the law of τi is quite challenging.

As far as we know, there is no explicit expression for this law in terms of the progeny

distribution and the reproduction rates. Various results in this direction can be found

in [Ser06], [SH07], [DM10] and [Ale13] for instance. Most of them provide approxima-

tions of this law, using martingale convergence theorems [DM10] or through numerical

methods for the inversion of the generating function [Ale13]. In Proposition 2.3.4 we

�rst give a relationship between the successive emergence times τ2, τ3, . . . in terms of

the underlying compound Poisson process in the Lamperti representation of Z . We also

characterize the joint law under Pei−1
of the time τi and the number of individuals of

type i− 1 at this time. In Theorem 2.3.6 we derive an approximation of the time τi, un-

der Pe1 , as the mutation rate of type k increases faster than that of type k − 1, for all

k = 2, . . . , i. Then in Corollary 2.3.7 we focus on a case where these law can be explicited.

In the following developments, we use the notation of Section 2.3.1 from which we re-

call the Lamperti representation of the multitype branching processZ = (Z(1), . . . , Z(d))
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in terms of the compound Poisson processes X(i). Let us also introduce a few more no-

tation. For i, j ∈ [d], we denote by λi,j the parameter of the compound Poisson process

X i,j , that is

λi,j := λi

(
1−

∑
k∈Zd+:kj=0 ν̃i(k)

)
.

Note that from our assumptions (2.12), for all i = 1, . . . , d − 1, λi,i+1 > 0 and for

j /∈ {i, i+1}, λi,j = 0, that isX i,j is identically equal to 0. In particular, λi = λi,i+λi,i+1,

for i ≤ d − 1 and λd = λd,d. The parameter λi,i+1 will be call the mutation rate of type

i+ 1. For i ≥ 2, let

γi := inf{t : X i−1,i
t ≥ 1}

be the time of the �rst jump by the processX i−1,i and note that this time is exponentially

distributed with parameter λi−1,i.

Proposition 2.3.4 : Assume that (2.12) holds and de�ne Z0,1 as the process identically

equal to 1 and set τ1 = 0.

1. For i = 2, . . . , d, the emergence time τi of type i admits the following representa-

tion under Pe1 ,

τi = τi−1 +

∫ γi

0

1

X i−1,i−1
s + Zi−2,i−1

κi−1(s)

ds, Pe1-a.s., (2.13)

where κi−1 is the right continuous inverse of the functional t 7→
∫ t

0
Z

(i−1)
s ds, i.e.

κi−1(t) = inf{s > 0 :
∫ s

0
Z

(i−1)
u du > t}.

2. Under Pei−1
, the joint law of the emergence time τi of type i together with the

number of individuals of type i−1 in the population at time τi admits the following

representation,

(τi, Z
(i−1)
τi

)
(d)
=

(∫ γi

0

ds

1 +X i−1,i−1
s

, 1 +X i−1,i−1
γi

)
. (2.14)

3. Let us de�ne θk =
∫ γk

0
1

Xk−1,k−1
s +1

ds, for k ≥ 2.Then the random variables θk,

k ≥ 2 are independent and for i = 2, . . . , d,

Pe1(τi > t) ≤ P

(
i∑

k=2

θk > t

)
, for all t > 0 . (2.15)
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Démonstration. Since X i,j is identically equal to 0 whenever j /∈ {i, i + 1}, then under

Pe1 , the representation (2.8) admits the simpler form

(Z
(1)
t , . . . , Z

(d)
t ) = e1+

(
X1,1∫ t

0 Z
(1)
s ds

, X2,2∫ t
0 Z

(2)
s ds

+X1,2∫ t
0 Z

(1)
s ds

, . . . , Xd,d∫ t
0 Z

(d)
s ds

+Xd−1,d∫ t
0 Z

(d−1)
s ds

)
.

(2.16)

In particular, for i = 2, . . . , d,

Z
(i)
t = X i,i∫ t

0 Z
(i)
s ds

+X i−1,i∫ t
0 Z

(i−1)
s ds

, t ≥ 0.

Since X i,i
0 = 0, for i ≥ 2, we see that the time τi corresponds to the �rst hitting time of

level 1 by the process t 7→ X i−1,i∫ t
0 Z

(i−1)
s ds

, that is

τi = κi−1(γi), (2.17)

where γi has been de�ned as the time of the �rst jump of the process X i−1,i. For t such

that κi−1(t) <∞, we have t =
∫ κi−1(t)

0
Z

(i−1)
s ds, so that dt = Z

(i−1)
κi−1(t)dκi−1(t), and since

κi−1(0) = τi−1, we obtain

κi−1(t) = τi−1 +

∫ t

0

ds

Z
(i−1)
κi−1(s)

= τi−1 +

∫ t

0

ds

X i−1,i−1
s +X i−2,i−1∫ κi−1(s)

0 Z
(i−2)
u du

. (2.18)

The latter identity together with (2.17) prove identity (2.13).

The second part of the proposition is easily derived from the same arguments. More

speci�cally, it follows from (2.17) and the following identities

Z
(i−1)
t = 1 +X i−1,i−1∫ t

0 Z
(i−1)
s ds

and κi−1(t) =

∫ t

0

ds

1 +X i−1,i−1
s

, t ≥ 0 ,

which hold Pei−1
-a.s.

Independence between the variables θk, k ≥ 2 is a direct consequence of the inde-

pendence between the processes X(i), i ∈ [d]. We derive from the representation of τi in

part 1. of this proposition that

τi =
i∑

k=2

∫ γk

0

1

Xk−1,k−1
s +Xk−2,k−1∫ κk−1(s)

0 Z
(k−2)
u du

ds, a.s. (2.19)
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Note that since κk−1(0) = τk−1, then from (2.17), for all k ≥ 2,
∫ κk−1(0)

0
Z

(k−2)
u du = γk−1,

so that by de�nition of γk−1,

Xk−2,k−1∫ κk−1(0)

0 Z
(k−2)
u du

= Xk−2,k−1
γk−1

≥ 1, a.s. (2.20)

Besides, since s 7→ Xk−2,k−1∫ κk−1(s)

0 Z
(k−2)
u du

are increasing processes, then inequality (2.15) is a

direct consequence of identities (2.19) and (2.20).

Note that the law of θk or equivalently, the law of τk under Pek−1
can be made explicit

in some instances through its Laplace transform, see Corollary 2.3.7 below.

For the remainder of this section we will assume moreover that at each mutation,

individuals of type i do not give birth to more than one child of type i + 1 in a same

litter. More speci�cally, assumptions (2.12) are replaced by, νi(k) > 0 ⇒ ki+1 = 0 or 1 and kj = 0, for j /∈ {i, i+ 1},∑
k∈Zd+:ki=0 νi(k) = 0 and

∑
k∈Zd+:ki+1=0 νi(k) < 1 .

(2.21)

In particular, under these assumptions, the process X i,i+1 is a standard Poisson process.

Then we will need the next lemma in order to derive our main result on the estimation

of the time τi, as the mutation rates λk−1,k, k = 2, . . . , d grow faster.

Lemma 2.3.5 : Assume that (2.21) holds, let k ≥ 3 and �x λ1,2 > 0, then

Pe1

(
Xk−2,k−1∫ κk−1(γk)

0 Z
(k−2)
u du

= 1
)
−→ 1 ,

as λn−2,n−1/λn−1,n → 0, for n = 3, . . . , k. (2.22)

Démonstration. First set γ(1)
k−1 = inf{t > γk−1 : Xk−2,k−1

t = 2} and note that

{Xk−2,k−1∫ κk−1(γk)

0 Z
(k−2)
u du

= 1} = {
∫ κk−1(γk)

0
Z

(k−2)
u du < γ

(1)
k−1}

= {κk−1(γk) < κk−2(γ
(1)
k−1)}.

It is easy to check that κk−2(γ
(1)
k−1) = τ

(1)
k−1, where

τ
(1)
k−1 := inf{t > τk−1 : Zk−2,k−1

t − Zk−2,k−1
τk−1

= 1} .

51



Chapitre 2. On mutations in the branching model for multitype populations

(Note that from our assumptionsZk−2,k−1
τk−1

= 1 andZk−2,k−1

τ
(1)
k−1

= 2, Pe1-a.s.) So from (2.17),

we have showed that

{Xk−2,k−1∫ κk−1(γk)

0 Z
(k−2)
u du

= 1} = {τk < τ
(1)
k−1} . (2.23)

The event {τk < τ
(1)
k−1} means that before the �rst time when an individual of type k

appears in the population, there has been only one birth of type k−1. From the Markov

property applied at time τk−1, we have

Pe1(τk ≤ τ
(1)
k−1) =

∫
Pz(τk ≤ τ

(1)
k−1)Pe1(Zτk−1

∈ dz) . (2.24)

The support in the integral of (2.24) is included in the set {z : zk−1 = 1}, so from (2.23),

(2.24) and the Lebesgue theorem of dominated convergence, all we need to prove is

Pz(τk ≤ τ
(1)
k−1)→ 1, as λn−2,n−1/λn−1,n → 0, for n = 3, . . . , k, (2.25)

for all z such that zk−1 = 1. (Note that if z is such that z1 = · · · = zk−2 = 0, or such

that zk ≥ 1, then it is clear that Pz(τk ≤ τ
(1)
k−1) = 1, since in the �rst case Zk−2,k−1 is

identically equal to 0, so that τ (1)
k−1 =∞, Pz-a.s. and in the second case, τk = 0, Pz-a.s.)

Let z be such that zk−1 = 1. Without loss of generality we can assume that zi ≥ 1,

for i = 1, . . . k− 2. For i = 1, . . . k− 1, let us denote by Ui the �rst time that the lineage

of one of the zk−i initial individuals of type k − i gives birth to an individual of type

k− i+ 1. Then from the branching property, under Pz, the r.v.’s Ui are independent and

from part 2. of Proposition 2.3.4, Ui has the same law as
∫ γk−i+1

0
ds

Xk−i,k−i
s +zk−i

. Then set

Y
(i)
s := Xk−i,k−i

s + zk−i and note the inclusions,{
γk ≤ min

(
γk−1/Y

(2)
γk−1

, . . . , γ2/Y
(k−1)
γ2

)}
⊂ {U1 ≤ min(U2, . . . , Uk−1)} ⊂ {τk ≤ τ

(1)
k−1} ,

which imply the inequality,

P
(
γk/γk−1 ≤ min

(
1/Y (2)

γk−1
, γk−2/(γk−1Y

(3)
γk−2

), . . . , γ2/(γk−1Y
(k−1)
γ2

)
))
≤ Pz(τk ≤ τ

(1)
k−1) .

But when λn−2,n−1/λn−1,n → 0, for n = 3, . . . , k, the parameter λ1,2 > 0 being �xed, we

necessarily have limλn−1,n = ∞, for n = 3, . . . , k. Hence γk/γk−1 converges in proba-

bility toward 0, 1/Y
(2)
γk−1 converges in probability toward 1/zk−2 and γn−1/(γnY

(k−n+2)
γn−1 ),
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for n = 3, . . . , k − 1 converge in probability toward +∞. Therefore, the left hand side

of the above inequality tends to 1, which proves (2.25) and the lemma is proved.

The following theorem intuitively means that when λk−1,k

λk,k+1
→ 0, for k = 3, . . . , i, the

emergence time τi, when starting from an individual of type 1, can be approximated by

the sum of independent random variables τ1,2+· · ·+τi−1,i, where τk−1,k is the emergence

time of type k, when starting from an individual of type k−1. The assumption λk−1,k

λk,k+1
→ 0

is quite adapted to several biological models such as cancer growth, for instance. Indeed,

cancer is often the result of a series of successive mutations, [IMKN05], [DM10], [Dur13].

Each new mutation is itself more unstable than the previous ones, and in particular,

the successive mutation rates can increase very fast. It would interesting to study the

asymptotic behavior of τi, when λk,k
λk+1,k+1

→ 0, that is when the intrinsic reproduction

rates increase very fast. This assumption also �ts to the model of cancer, since mutations

are always more sensitive to proliferate.

Theorem 2.3.6 : Assume that (2.21) holds. Recall the de�nition of θk in Proposition

2.3.4 and let us �x λ1,2 > 0, then under Pe1 , for i ≥ 3,
τi∑i
k=2 θk

P−→ 1 , as λk−2,k−1

λk−1,k
→ 0, for k = 3, . . . , i.

Besides, the expectation of τi ful�lls the following approximation :

Ee1(τi) ∼
i∑

k=2

E(θk) , as λk−2,k−1

λk−1,k
→ 0, for k = 3, . . . , i.

Démonstration. Since s 7→ Xk−2,k−1∫ κk−1(s)

0 Z
(k−2)
u du

are increasing processes, then from (2.20),

Pe1-almost surely on the set {Xk−2,k−1∫ κk−1(γk)

0 Z
(k−2)
u du

= 1}, we have∫ γk

0

1

Xk−1,k−1
s +Xk−2,k−1∫ κk−1(s)

0 Z
(k−2)
u du

ds =

∫ γk

0

1

Xk−1,k−1
s + 1

ds .

Hence it follows from Lemma 2.3.5 that for �xed λ1,2 > 0, as λn−2,n−1/λn−1,n → 0, for

all n = 3, . . . , k,(∫ γk

0

1

Xk−1,k−1
s + 1

ds

)−1 ∫ γk

0

1

Xk−1,k−1
s +Xk−2,k−1∫ κk−1(s)

0 Z
(k−2)
u du

ds
P−→ 1 ,
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and the �rst part of the theorem is easily derived from this convergence and (2.13) (or

equivalently (2.19)).

In order to prove the second part, let us �rst set

Hk :=

∫ γk

0

1

Xk−1,k−1
s +Xk−2,k−1∫ κk−1(s)

0 Z
(k−2)
u du

ds and Ak := {Xk−2,k−1∫ κk−1(γk)

0 Z
(k−2)
u du

= 1} .

Then from (2.13),Ee1(τi) =
∑i

k=2 Ee1(Hk), so it su�ces to prove that for all k = 2, . . . , i,

Ee1(Hk) ∼ E(θk), as λn−2,n−1/λn−1,n → 0, for n = 3, . . . , k. (2.26)

Observe that Ee1(Hk) = E(θk1Ak) + Ee1(Hk1Ack). Moreover, Ee1(Hk1Ack) ≤ E(θk1Ack).

Then to obtain (2.26), it is enough to prove that

E(θk1Ack)

E(θk)
→ 0, as λn−2,n−1/λn−1,n → 0, for n = 3, . . . , k. (2.27)

But for any p, q ≥ 1, such that p−1+q−1 = 1, we have from Holder inequalityE(θk1Ack) ≤

E(θpk)
1/pP (Ack)

1/q. Moreover, we clearly have E(θpk)
1/p ∼ 1/λk−1,k, as λk−1,k → ∞.

Hence, (2.27) is satis�ed thanks to Lemma 2.3.5.

We end this section with an example where the distribution of τi can be estimated a

bit more speci�cally. We consider the case of binary �ssion with mutations, where each

individual of type i can give birth to either two individuals of type i or one individual

of type i and one individual of type i+ 1. In particular, all jumps of Zi,i have size 1 and

X i,i is a Poisson process with parameter λi,i.

Corollary 2.3.7 : With the above assumtions, the law of τi can be speci�ed as follows.

1. Under Pei−1
, the Laplace transform of τi is expressed as,

Eei−1
(e−ατi) = λi−1,i

∑
n≥0

λni−1,i−1∏n+1
k=1(αk + · · ·+ αn + ᾱn+1)

, α ≥ 0 ,

where αk = α
k(k+1)

, ᾱk = λi−1 + α
k

, for k ≥ 1.

54



2.3. When continuous time is involved

2. The expectation of τi is given by Eei−1
(τi) = 1

λi−1,iλi−1,i−1
ln λi−1

λi−1,i
. In particular,

for �xed λ1,2 > 0, under Pe1 , the expectation of τi, for i ≥ 3, ful�lls the following

approximation :

Ee1(τi) ∼
i∑

k=2

λ−2
k−1,k , as λk−2,k−1

λk−1,k
→ 0, for k = 3, . . . , i.

Démonstration. From part 2. of Proposition 2.3.4, for all α ≥ 0,

Eei−1
(e−ατi) = E

(
e
−α

∫ γi
0

1

1+X
i−1,i−1
s

ds
)

= λi−1,i

∫ +∞

0

E
(
e
−α

∫ x
0

1

1+X
i−1,i−1
s

ds
)
e−λi−1,ixdx . (2.28)

Under Pei−1
, X i−1,i−1 is a standard Poisson process with parameter λi−1,i−1 starting at

0. So if we denote by (Jn)n≥1 the sequence of jump times of X i−1,i−1 and set J0 = 0,

then developing the expression E
(
e
−α

∫ x
0

1

1+X
i−1,i−1
s

d s
)

, we obtain with the convention

that
∑−1

k=0 = 0,

E
(
e
−α

∫ x
0

1

1+X
i−1,i−1
s

d s
)

=
∑
n≥0

E
(
X i−1,i−1
x = n, e

−α
(
x−Jn
n+1

+
∑n−1
k=0

Jk+1−Jk
k+1

))
= e−(α+λi−1,i−1)x +

∑
n≥1

e−λi−1,i−1x
(λi−1,i−1x)n

n!

×
∫

0≤x1≤···≤xn≤x
e−α(

x
n+1

+
∑n
k=1

xk
k(k+1)) n!

xn
dx1 . . . dxn

= e−(α+λi−1,i−1)x +
∑
n≥1

λni−1,i−1e
−(λi−1,i−1+ α

n+1)x

×
∫

0≤x1≤···≤xn≤x
e−α

∑n
k=1

xk
k(k+1) dx1 . . . dxn.

Then coming back to expression (2.28), we obtain, using the fact that λi−1 = λi−1,i +

λi−1,i−1 and with the convention that
∑0

k=1 = 0,

Eei−1
(e−ατi) = λi−1,i

∑
n≥0

λni−1,i−1

∫
0≤x1≤···≤xn+1

e−
∑n+1
k=1 αkxkdx1 . . . dxn+1,

where α1, . . . , αn+1 are de�ned in the satement. The computation of the integral is easily

done.

55



Chapitre 2. On mutations in the branching model for multitype populations

Then using again part 2. of Proposition 2.3.4, we obtain the expectation of τi under

Pei−1
, after easy computations,

Eei−1
(τi) =

∫ +∞

0

dxλi−1,ie
−λi−1,ix

∫ x

0

e−λi−1,i−1s
∑
k≥0

(λi−1,i−1s)
k

(k + 1)!
ds

=
1

λi−1,iλi−1,i−1

ln
λi−1

λi−1,i

.

We conclude from Theorem 2.3.6.
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Chapitre 3

Cyclically exchangeable

seqences and enumeration of

multitype forests

3.1 Introduction

It has been proved in [CL15] and [Cha15] that any d-type branching forest can be

coded by some random walk (X(1), . . . , X(d)) whose coordinates X(i), i = 1, . . . , d are

independent. Moreover for each i, X(i) = (X i,j(k), i, j = 1, . . . , d, k ∈ Z+) where X i,j

are integer valued processes such that X i,j
0 = 0, X i,j for i 6= j are nondecreasing and

X i,i are downward skip free. The special features of such processes allow us to show

that if for some r = (r1, . . . , rd) ∈ Zd+, the system of equations

rj +
d∑
i=1

X i,j(ki) = 0 , j = 1, . . . , d (3.1)

admits a solution k = (k1, . . . , kd) ∈ Zd+, then there is a solution n = (n1, . . . , nd) ∈ Zd+
of (3.1) such that ni ≤ k′i, for all i = 1, . . . , d and for any solution k′ = (k′1, . . . , k

′
d). The

multi-index n = (n1, . . . , nd) ∈ Zd+ is called the smallest solution of the system {r, X}
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forests

or the �rst passage time of the additive random walk X(k) =
∑d

i=1 X
i,j(ki) at level −r

and we will denote it by

Tr = inf{k : X(k) = −r} .

The law of this multivariate �rst passage time is derived from an extension of the well

known Ballot theorem which has been proved in [CL15].

Theorem 3.1.1 (Multivariate Ballot Theorem) : Let (X(1), . . . , X(d)) be a random walk

which is de�ned as above. Fix n = (n1, . . . , nd) ∈ Nd. Then for any r = (r1, . . . , rd) ∈

Zd+ such that r > 0 and kij , i, j ∈ [d], such that kij ∈ Z+, for i 6= j and −kjj =

rj +
∑

i 6=j kij ,

P
(
X i,j
ni

= kij, i, j ∈ [d] and Tr = n
)

=
det(K)

n1n2 . . . nd
P
(
X i,j
ni

= kij

)
, (3.2)

where K is the matrix (−kij)i,j .

As in the one dimensional case, this theorem is valid in the more general framework of

cyclically exchangeable sequences. It is actually the direct consequence of the multiva-

riate cyclic lemma, proved in [CL15] and recalled in the next section.

The multivariate ballot theorem together with the special coding of multitype branching

forest from multidimensional random walks leads directly to the following extension of

Dwass formula, which gives the law of the total progeny of d-type branching forests.

Theorem 3.1.2 : Let (ν1, . . . , νd) by the progeny law of a d-type branching forest and

assume that (ν1, . . . , νd) is irreducible, non-degenarate and critical or subcritical. For

i, j ∈ [d], let Oi be the total number of individuals of type i, up to the extinction time

and for i 6= j, let Aij be the total number of individuals of type j, whose parent is of

type i.

Then for all integers ri, ni, kij , i, j ∈ [d], such that ri ≥ 0, r1 + · · ·+ rd ≥ 1, kij ≥ 0,
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for i 6= j, −kjj = rj +
∑

i 6=j kij , and ni ≥ −kii,

Pr

(
O1 = n1, . . . , Od = nd, Aij = kij, i, j ∈ [d], i 6= j

)
=

det(K)

n̄1n̄2 . . . n̄d

d∏
i=1

ν∗nii (ki1, . . . , ki(i−1), ni + kii, ki(i+1), . . . , kid) ,

where r = (r1, . . . , rd) and Pr is the probability under wich the branching forest has ri
roots of type i ∈ [d], a.s. Moreover ν∗0i = δ0, n̄i = ni∨1 andK is the matrix (−kij)i,j∈[d]

to which we removed the line i and the column i, for all i such that ni = 0.

We emphasize that this result obtained in [CL15] may easily be extended to the case

where the process is not irreducible.

Then goal of this paper is to derive from the above results some enumeration formu-

las for multitype forests. In Section 3.3, we will �rst consider the case of plane forests

and give the number of forests with a given number of vertices of type j whose parent

has type i. We also provide a formula for the number of forests whose number of vertices

of each indegree type is given. Then in Section 3.4, we will consider the case of labeled

forests and recover some enumeration formulas which have recently been obtained in

[BCLL03] and [BM14]. Finally, we will show in Section 3.5 that the multivariate ballot

theorem also provides a direct proof of the Lagrange-Good inversion formula.

3.2 The multivariate cyclic lemma

In what follows, Z is the set of integers, Z+ is the set of nonnegative integers and

N is the set of positive integers. We will also use the notation : [d] = {1, 2, . . . , d} and

1 = (1, 1, . . . , 1). Then for k = (k1, . . . , kd) and n = (n1, . . . , nd) elements of Zd+, we

write k ≤ n if ki ≤ ni, for all i ∈ [d] and we write k < n if ki ≤ ni, for all i ∈ [d] and

kj < nj , for some j ∈ [d].

The standard cyclic lemma is concerned with integer valued, downward skip free

sequences. In order to state its multivariate version, we need the following extension of
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such sequences.

De�nition 3.2.1 : Let Sd be the set of
[
Zd
]d-valued sequences, x = (x(1), x(2), . . . , x(d)),

such that for all i ∈ [d], x(i) = (xi,1, . . . , xi,d) is a Zd-valued sequence de�ned on some

interval of integers, {0, 1, 2, . . . , ni}, ni ∈ N, which satis�es x(i)
0 = 0 and

(i) for i 6= j, the sequence (xi,jn )0≤n≤ni is nondecreasing,

(ii) for all i, xi,in+1 − xi,in ≥ −1, 0 ≤ n ≤ ni − 1.

A sequence x ∈ Sd will sometimes be denoted by x = (xi,jk , 0 ≤ k ≤ ni, i, j ∈ [d])

and for more convenience, we will sometimes denote xi,jk by xi,j(k). The vector n =

(n1, . . . , nd) will be called the length of x.

Let r = (r1, . . . , rd) ∈ Zd+ be such that r > 0 and x ∈ Sd with length n. Then we say

that a vector k = (k1, . . . , kd) ∈ Zd+ such that k ≤ n is a solution of the system (r, x) if

rj +
d∑
i=1

xi,j(ki) = 0 , j = 1, . . . , d . (3.3)

Let x = (x(1), x(2), . . . , x(d)) ∈ Sd. For i ∈ [d], the ni-cyclical permutations of x(i) are

the ni applications x(i)
q,ni , q = 0, . . . , ni − 1 which are de�ned by :

x(i)
q,n(h)

(def)
=

 x(i)(q + h)− x(i)(q) if 0 ≤ h ≤ ni − q ,

x(i)(h− (ni − q)) + x(i)(ni)− x(i)(q) if ni − q ≤ h ≤ ni .
(3.4)

Note that x(i)
0,ni
≡ x(i). The transformation x(i) 7→ x

(i)
q,ni consists in inverting the parts

{x(i)(h), 0 ≤ h ≤ q} and {x(i)(h), q ≤ h ≤ ni} in such a way that the new application,

x
(i)
q,ni , has the same values as x(i) at 0 and ni, i.e. x(i)

q,ni(0) = 0 and x(i)
q,ni(ni) = x(i)(ni).

Then the n1 × n2 × · · · × nd cyclical permutations of x are the applications xq,n =

(x
(1)
q1,n1 , . . . , x

(i)
qd,nd), for q = (q1, . . . qd) ≤ n− 1. It is plain that xq,n ∈ Sd.

De�nition 3.2.2 : Let x ∈ Sd, with �nite length n = (n1, . . . , nd) ∈ Nd. Let r =

(r1, . . . , rd) ∈ Zd+ be such that r > 0 and assume that n is a solution of the system

(r, x). For 0 ≤ q ≤ n − 1, we say that xq,n is a good n-cyclical permutation of x with
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respect to r, if n is the smallest solution of the system (r, xq,n), that is if n′ is any solution

of (r, xq,n) then n ≤ n′. When no confusion is possible, we will simply say that xq,n is

a good cyclical permutation of x.

The next lemma extends the standard cyclic lemma which asserts that for any integer

valued, downward skip free sequence (s(k), 0 ≤ k ≤ n), that is s(k)− s(k − 1) ≥ −1,

k = 1, . . . , n and s(0) = 0, s(n) = −r < 0, there are exactly r cyclical permutations

which �rst hits −r at time n.

Lemma 3.2.1 (Multivariate Cyclic Lemma) : Let x ∈ Sd, with length n = (n1, . . . , nd) ∈

Nd and let r = (r1, . . . , rd) ∈ Zd+ be such that r > 0. Assume that n is a solution of the

system (r, x) such that xi,i(ni) < 0, for all i ∈ [d]. Then the number of good cyclical

permutations of x is det((−xi,j(ni))i,j∈[d]).

Let us stress that the multivariate ballot theorem 3.1.1 actually follows directly from

Lemma 3.2.1, see the proof of Theorem 3.4 in [CL15].

3.3 Enumeration of multitype plane forests

We will denote by F the set of plane forests. More speci�cally, an element f ∈ F

is a directed plane graph with no loops on a possibly in�nite and non empty set of

vertices v = v(f), with a �nite number of connected components, such that each vertex

has a �nite inner degree and an outer degree equals to 0 or 1. The elements of Fwill

simply be called forests.The connected components of a forest are called the trees. A

forest consisting of a single connected component is also called a tree. In a tree t, the

only vertex with outer degree equal to 0 is called the root of t. It will be denoted by r(t).

The roots of the connected components of a forest f are called the roots of f . For two

vertices u and v of a forest f , if (u, v) is a directed edge of f , then we say that u is a child

of v, or that v is the parent of u.

We �rst give an order to the trees of the forest f and denote them by t1(f), t2(f), . . . , tk(f), . . .
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(we will usually write t1, t2, . . . , tk, . . . if no confusion is possible). Then we rank (a part

of) the vertices of f according to the breadth �rst search order, by ranking �rst the ver-

tices of t1, then the vertices of t2, and so on.

A d-type forest is a couple (f , cf ), where f ∈ Fand cf is an application cf : v(f)→

[d]. For v ∈ v(f), the integer cf (v) is called the type (or the color) of v. The set of �nite d-

type forests will be denoted by Fd. An element (f , cf ) ∈ Fd will often simply be denoted

by f . We assume that for any f ∈ Fd, if ui, ui+1, . . . , ui+j ∈ v(f) have the same parent,

then cf (ui) ≤ cf (ui+1) ≤ · · · ≤ cf (ui+j). Moreover, if u1, . . . , uk are the roots of f , then

cf (u1) ≤ · · · ≤ cf (uk).

A cluster or a subtree of type i ∈ [d] of a d-type forest (f , cf ) ∈ Fd is a maximal

connected subgraph of (f , cf ) whose all vertices are of type i. Formally, t is a cluster

of type i of (f , cf ), if it is a connected subgraph whose all vertices are of type i and

such that either the root of t has no parent or the type of its parent is di�erent from i.

Moreover, if the parent of a vertex v ∈ v(t)c belongs to v(t), then cf (v) 6= i. Clusters

of type i in t1 are ranked according to the order of their roots in the breadth �rst search

order of t1. Then we continue by ranking clusters of type i in t2, and so on. We denote

by t
(i)
1 , t

(i)
2 , . . . , t

(i)
k , . . . the sequence of clusters of type i in (f , cf ). The forest f (i) :=

{t(i)
1 , t

(i)
2 , . . . , t

(i)
k , . . .} is called the subforest of type i of (f , cf ). The vertices of f (i) will

then be ranked in the breadth �rst search order. For each i ∈ [d] we will denote by u(i)
n

the n-th vertex of type i of the forest f (i).

Let (f , cf ) ∈ Fd, u ∈ v(f) and denote by pi(u) the number of children of type i of

u. For each i ∈ [d], let ni ≥ 0 be the number of vertices of type i in v(f). Then let

x = (x(1), . . . , x(d)) be the coding sequence of f . That is, for all i ∈ [d], x(i) is the d-

dimensional chain x(i) = (xi,1, . . . , xi,d), with length ni, whose values belong to the set

Zd, such that x(i)
0 = 0 and if ni ≥ 1 then

xi,jn+1 − xi,jn = pj(u
(i)
n+1) , if i 6= j and xi,in+1 − xi,in = pi(u

(i)
n+1)− 1 , 0 ≤ n ≤ ni − 1 .

(3.5)

We know from [CL15] that (n1, . . . , nd) is actually the smallest solution of the system
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(r, x), where ri is the number of roots of type i of the forest f .

We may now derive from the previous results, some enumeration formulas for mul-

titype forests. In all this subsection, ri, ni and kij , i, j ∈ [d] will be integers satisfying

conditions of Theorem 3.1.1, that is ri ≥ 0, r1 + · · · + rd ≥ 1, kij ≥ 0, for i 6= j,

−kjj = rj +
∑

i 6=j kij and ni ≥ −kii. We assume moreover that −kii > 0, for all i ∈ [d].

Our �rst result is an application of Theorem 3.1.1 which gives the number of plane

forests with ni vertices of type i, ri roots of type i and such that kij vertices of type j

have a parent of type i. It extends the one dimensional case where, the number of the

unlabeled forests with r trees and n vertices is r
n

(
2n− r − 1

n− r

)
.

Theorem 3.3.1 : Let Fkij ,nd be the subset of plane forests of Fd, with ni vertices of type

i, ri roots of type i and such that for i 6= j, kij vertices of type j have a parent of type i,

then ∣∣∣Fkij ,nd

∣∣∣ =
det(−kij)
n1n2 . . . nd

d∏
i,j=1

(
ni + k′ij − 1

k′ij

)
,

where k′ii = ni + kii and for i 6= j, k′ij = kij .

Démonstration. We use the same arguments as in Section 6 of Pitman [Pit98] where the

case d = 1 is treated. Let F be a d-type branching forest with progeny law ν given by

νi(k1, · · · , kd) =
d∏
j=1

(1− pij)kjpij, i = 1, 2, . . . d, (k1, · · · , kd) ∈ Z+,

where 0 < pij < 1, i, j ∈ [d] That is to say, each individual of type i gives birth to

children of di�erent types independently, respectively according to the geometric dis-

tribution µij(·) with parameter pij , j ∈ [d]. Then

νi(k1, · · · , kd) =
d∏
j=1

µij (kj) .

Let p(u) = (pi(u), i ∈ [d]) be the increment of the Lukasiewicz-Harris path related

to some vertex u of some forest f , as it is de�ned in (3.5). Recall also that c(u) = cf (u) ∈
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[d] is the type of the vertex u. Then for any f ∈ F
kij ,n
d ,

Pr (F = f) =
∏
u∈f

νc(u)(p(u)) =
∏
u∈f

d∏
j=1

(
1− pc(u)j

)pj(u)
pc(u)j =

d∏
i,j=1

(1− pij)k
′
ij pniij .

(3.6)

Since this probability is the same for all the forests f ∈ F
kij ,n
d , the following conditional

distribution is the uniform distribution on F
kij ,n
d :

Pr

(
F ∈ ·

∣∣O(F ) = n, Aij(F ) = kij, i, j ∈ [d], i 6= j
)
.

But Theorem 3.1.2 tells us that

Pr

(
O1 = n1, . . . , Od = nd, Aij = kij, i, j ∈ [d], i 6= j

)
=

det(−kij)
n1n2 . . . nd

d∏
i=1

ν∗nii (ki1, . . . , ki(i−1), ni + kii, ki(i+1), . . . , kid)

=
det(−kij)
n1n2 . . . nd

d∏
i,j=1

µ∗niij (k′ij)

=
det(−kij)
n1n2 . . . nd

d∏
i,j=1

(
ni + k′ij − 1

k′ij

)
(1− pij)k

′
ijpniij

=
det(−kij)
n1n2 . . . nd

d∏
i,j=1

(
ni + k′ij − 1

k′ij

)( d∏
i,j=1

(1− pij)k
′
ijpniij

)
.

Comparing this probability with (3.6), we obtain our result.

Our second result is concerned with the number of unlabeled forests whose number

of vertices of each indegree type is given. We say that a vertex has indegree type u =

(u1, u2, . . . , ud) if it has uj children of type j for j ∈ [d]. Let U =
∏d

i=1{0, 1, . . . , ni}, and

let N = (Ni,u)i∈[d],u∈U be a tuple of nonnegative integers satisfying ni =
∑

u∈UNi,u

and k′ij =
∑

u∈U ujNi,u for i, j ∈ [d].

Theorem 3.3.2 : De�ne the subset Fkij ,n
d (N) of Fkij ,n

d consisting of unlabeled forests

having Ni,u vertices of type i with indegree type u for i ∈ [d], u ∈ U.∣∣∣Fkij ,n
d (N)

∣∣∣ =

∏d
j=1(nj − 1)! det(−kij)∏

i∈[d],u∈U (Ni,u)!
.
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The proof of this theorem uses an analoguous result for labelled forest. It is postponed

to the end of the next section.

3.4 Enumeration of multitype labeled forests

Now we shall recover some enumeration formulas of labeled forests according to the

degree of their vertices which have recently been obtained by combinatorical techniques.

We provide here a much simpler approach based on the coding of multitype forests and

the so called Multivariate Cyclic Lemma recalled at the beginning of the paper.

Again in all this section, ri, ni and kij , i, j ∈ [d] will be integers satisfying conditions

of Theorems 3.1.1 and 3.1.2, that is ri ≥ 0, r1 + · · · + rd ≥ 1, kij ≥ 0, for i 6= j,

−kjj = rj +
∑

i 6=j kij and ni ≥ −kii. We assume moreover that −kii > 0, for all i ∈ [d].

De�nition 3.4.1 : To each forest f with ni vertices of type i and to each vertex of type

i in f , we associate an integer in [ni], which is called its label. Then f is called a labeled

plane forest. Let L be the set of labeled plane forests with ni vertices of type i, ri roots

of type i, in which (kij) vertices of type j have a parent of type i.

Let c = (ci,j,k)i,j∈[d],k∈[ni] be a tuple of non-negative integers such that k′ij =
∑ni

k=1 ci,j,k,

where k′ij is de�ned in Theorem 3.3.1. We will denote by L (c) the subset of L, of forests

in which the vertex of type i with label k has ci,j,k o�spring of type j. Then c is called

the indegree tuple of the forest f ∈ L (c).

The following result has been obtained in [BM14], see Proposition 11.

Proposition 3.4.1 (Enumeration of labeled plane forests by indegree tuple) : For any

indegree tuple c = (ci,j,k)i,j∈[d],k∈[ni], the number of forests with c as the indegree tuple

in L is

|L (c)| =
∏d

j=1(nj − 1)!∏
i∈[d] ri!

∏
i,j∈[d],k∈[ni]

ci,j,k!
det(−kij) . (3.7)

Démonstration. Let f ∈ L (c) and let x be its coding sequence as de�ned in 3.5. Accor-

ding to Lemma 3.2.1 there are det(−kij) good cyclical permutations of x, each one coding
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a di�erent forest in L (c). On the other hand, any two forests f and f ′ of L (c) are coded

through two sequences x and x′ such that for each i ∈ [d], the sequence of increments

(∆x
(i)
1 , . . . ,∆x

(i)
ni ) is a permutation of the sequence of increments (∆x′

(i)
1 , . . . ,∆x

′(i)
ni

).

Then there are
∏d

j=1(nj − 1)! det(−kij) good permutations of x, where by good per-

mutation, we mean a sequence x′ which codes a forest in L (c) and such that the se-

quence of increments (∆x′
(i)
1 , . . . ,∆x

′(i)
ni

) is a permutation of the sequence of increments

(∆x
(i)
1 , . . . ,∆x

(i)
ni ).

In the enumeration that we have just done, we counted forests f , f ′ ∈ L (c) such that

f ′ can be obtained by permuting in f the ci,j,k subtrees whose roots are the ci,j,k children

of type j of the kth vertex of type i, for some i, j ∈ [d] and k ∈ [ni] or by permuting

the trees with the same type roots in the whole forest. But in this case, f and f ′ are the

same forest. Therefore, we still have to divide the number
∏d

j=1(nj − 1)! det(−kij) by∏
i∈[d] ri!

∏
i,j∈[d],k∈[ni]

ci,j,k!, that is

|L (c)| =
∏d

j=1(nj − 1)!∏
i∈[d] ri!

∏
i,j∈[d],k∈[ni]

ci,j,k!
det(−kij) .

From Proposition 3.4.1, we can also derive the number of the forests in L which was

obtained in [BCLL03], see Proposition 2.

Proposition 3.4.2 : Recall the de�nition of k′ij , i, j ∈ [d] from Theorem 3.3.1. Then

|L| =
d∏

i,j=1

(ni)
k′ij

∏d
j=1(nj − 1)!∏d

j=1 rj!
∏

i,j∈[d] k
′
ij!

det(−kij) . (3.8)

Démonstration. A tuple c = (ci,j,k)i,j∈[d],k∈[ni] of non-negative integers is an indegree

tuple in L if and only if
∑ni

k=1 ci,j,k = k′ij for i, j ∈ [d]. De�ne the set of indegree tuples

C = {c = (ci,j,k)i,j∈[d],k∈[ni]; ci,j,k ∈ Z+,
∑ni

k=1 ci,j,k = k′ij}. Summing all the indegree
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tuples c ∈ C, from Proposition 3.4.1, we obtain

|L| =
∑
c∈C

|L (c)| =
∑
c∈C

∏d
j=1(nj − 1)!∏d

j=1

(
rj!
∏

i∈[d],k∈[ni]
ci,j,k!

) det(−kij)

=

∏d
j=1(nj − 1)!∏d

j=1

(
rj!
∏

i∈[d] k
′
ij!
) det(−kij)

d∏
i,j=1

 ∑
(ci,j,·)∈Cij

k′ij!∏ni
k=1 ci,j,k!


=

∏d
j=1(nj − 1)!∏d

j=1

(
rj!
∏

i∈[d] k
′
ij!
) det(−kij)

d∏
i,j=1

(ni)
k′ij ,

where Cij =
{

(ci,j,k)
ni
k=1; ci,j,k ∈ Z+,

∑ni
k=1 ci,j,k = k′ij

}
for i, j ∈ [d]. (3.8) is obtained.

A multitype labeled plane forest is said to be injective if every vertex has at most one

child of each type. Let Linj be the set consisting of injective forests in L. Now we count

the number of forests in Linj . The following result was obtained in [BM14], see Propo-

sition 9.

Proposition 3.4.3 (Enumeration of injective forests) :

|Linj| =
d∏

i,j=1

(
ni
k′ij

) ∏d
j=1(nj − 1)! det(−kij)∏d

j=1 rj!
. (3.9)

Démonstration. If c = (ci,j,k)i,j∈[d],k∈[ni] is the indegree tuple for an injective forest f in

Linj , then ci,j,k = 0 or 1. Therefore, from Proposition 3.4.1,

|L (c)| =
∏d

j=1(nj − 1)! det(−kij)∏d
j=1

(
rj!
∏

i∈[d],k∈[ni]
ci,j,k!

) =

∏d
j=1(nj − 1)! det(−kij)∏d

j=1 rj!
.

This number is unrelated to the choice of indegree tuple c. Moreover, the forests in Linj

have
∏d

i=1

∏d
j=1

(
ni
k′ij

)
di�erent indegree tuples. Thus the cardinality of Linj is

|Linj| =
∏
i,j∈[d]

(
ni
k′ij

) ∏d
j=1(nj − 1)! det(−kij)∏d

j=1 rj!
.
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We end this section with the number of forests in L obtained by �xing the num-

ber of vertices of each indegree type (but without �xing their labels). Recall that U =∏d
i=1{0, 1, . . . , ni} and that N = (Ni,u)i∈[d],u∈U denotes a tuple of nonnegative integers

satisfying ni =
∑

u∈UNi,u and k′ij =
∑

u∈U ujNi,u for i, j ∈ [d]. Denote by L (N)

the subset of L in which the forests have Ni,u vertices of type i with indegree type u

for i ∈ [d], u ∈ U. Set N(k) =
∑

i,j∈[d],uj=k
Ni,u +

∑d
i=1 1{k}(ri), k = 0, 1, . . .. The

following result has been proved in [BM14], see Proposition 12 therein.

Proposition 3.4.4 (Enumeration of labeled plane forests by given the number of ver-

tices of each indegree type) : Given a tuple of nonnegative integers N = (Ni,u)i∈[d],u∈u,

satisfying the above assumptions, the number of forests in L (N) is

|L (N)| =
∏d

j=1 (nj)!(nj − 1)!∏
i∈[d],u∈U (Ni,u)!

∏
k≥0 (k!)N(k)

det(−kij) . (3.10)

Démonstration. For any indegree tuple c such that L (c) ⊂ L (N), (3.7) can be rewritten

as

|L (c)| =
∏d

j=1(nj − 1)!∏
k≥0 (k!)N(k)

det(−kij) .

Since there are
∏

i∈[d] (ni)!/
∏

i∈[d],u∈U (Ni,u)! di�erent indegree tuples c for each given

N, the number of forests in L (N) is the product of the above two numbers, which gives

(3.10).

Proof of Theorem 3.3.2. Recall thatN(k) =
∑

i,j∈[d],uj=k
Ni,u+

∑d
i=1 1{k}(ri), k = 0, 1, . . .

and de�ne the canonical map Ψ : L (N)→ F
kij ,n
d (N), where for f ∈ L (N), Ψ(f) is the

plane forest obtained by removing the labels of vertices in f . Let f ′ ∈ F
kij ,n
d (N), and ob-

serve that for any f1, f2 ∈ Ψ−1 (f ′) with respective indegree tuples c1 = (c1
i,j,k)i,j∈[d],k∈[ni]

and c2 = (c2
i,j,k)i,j∈[d],k∈[ni]

, we have
∏

i,j∈[d],k∈[ni]
c1
i,j,k! =

∏
i,j∈[d],k∈[ni]

c2
i,j,k! Let us de-

note by
∏

i,j∈[d],k∈[ni]
ci,j,k! this common value, then we readily check that

∣∣Ψ−1 (f ′)
∣∣ =

∏d
j=1 nj!∏d

i=1 ri!
∏

i,j∈[d],k∈[ni]
ci,j,k!

=

∏d
j=1 nj!∏

k≥0(k!)N(k)
.
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Then we derive from (3.10) that

∣∣∣Fkij ,n
d (N)

∣∣∣ =
|L (N)|
|Ψ−1 (f ′)|

=

∏d
j=1(nj − 1)! det(−kij)∏

i∈[d],u∈U (Ni,u)!
.

3.5 The Lagrange-Good inversion formula

Since the original paper by Good [Goo60], the multivariate extension of Lagrange

inversion formula has been widely studied by many authors. We refer to [GK97, Ges87,

BR98, BCLL03] for di�erent forms of Lagrange-Good inversion formula and proofs. The

arborescent form of this result is introduced in [Ges87] and [GK97], and is based on the

notion of derivative with respect to a directed graph, see De�nition 3.5.1 below. It is then

proved to be equivalent to the classical form. Here we will consider the arborescent form

of this formula, as it �ts properly to our setting. We will show that Theorem 3.1.2 im-

plies the Lagrange-Good inversion formula. Although the latter is applicable for formal

power series, here we only set up this formula for generating functions of probability

distributions.

De�nition 3.5.1 (De�nition 1 of [BCLL03]) : Let G be a directed graph having V =

{0, 1, 2, , · · · , d} as set of vertices and E ⊂ V × V as set of arcs(= directed edges), with

the property that 0 has outdegree d+(0) equals to 0. Let g(x) = (g0(x), g1(x), g2(x), · · · , gd(x))

be a vector of formal power series in x = (x1, · · · , xd). We de�ne the derivative of g(x)

according to G by
∂g(x)

∂G
=
∏
j∈V


 ∏

(i,j)∈E

∂

∂xi

 gj(x)

 .

An elementary forest is a d-type forest that contains exactly one vertex of each type.

In particular, each elementary forest contains exactly d vertices and is coded by the d

couples (ji, i), i ∈ [d] where ji is the type of the parent of the vertex of type i. If the

vertex of type i is a root then we set ji = 0. Let D be the set of vectors (j1, j2, · · · , jd),
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0 ≤ ji ≤ d such that (ji, i), i ∈ [d] codes an elementary forest.

De�nition 3.5.2 : Denote by gi(x) a generating function of a probability distribution on

Zd+, i = 0, 1, · · · , d. Set g(x) = (g0(x), g1(x), g2(x), · · · , gd(x)). Let j = (j1, j2, · · · , jd)

be a vector in D. De�ne the derivative of g(x) with respect to j by

∂g(x)

∂j
=

d∏
k=0

{(∏
ji=k

∂

∂xi

)
gk(x)

}
,

where
(∏

ji=k

∂

∂xi

)
is equal to the identical operator when {i; ji = k} = ∅.

According to the de�nition of D, there exists a unique directed tree corresponding to

any j ∈ D. As a consequence and from De�nitions 3.5.1 and 3.5.2, we see that the de-

rivative of g(x) with respect to j is equal to the derivative of g(x) with respect to the

corresponding tree of j.

For example, for d = 2, there are three elementary trees : j1 = (0, 0), j2 = (2, 0),

j3 = (0, 1). The derivatives of the vector function g(x) = (g0(x), g1(x), g2(x)) according

to the vectors or the trees are

∂g(x)

∂j1

=
∂2g0

∂x1∂x2

· g1 · g2,
∂g(x)

∂j2

=
∂g0

∂x2

· g1 ·
∂g2

∂x1

,
∂g(x)

∂j3

=
∂g0

∂x1

· ∂g1

∂x2

· g2.

Let fi(x) denote the generating function of νi, i ∈ [d] and let ν0 be the Dirac measure

on (r1, · · · , rd), that is ν0 = δ(r1,··· ,rd). And set f0(x) = xr11 · · ·x
rd
d , (x1, · · · , xd) ∈ Rd,

which is the generating function of ν0. For any d−dimensional nonnegative integer vec-

tor m = (m1,m2, · · · ,md), set xm = xm1
1 · · ·x

md
d . Then for any formal power series

h(x) with respect to x, the coe�cient of xm is denoted by [xm]h(x). In the remaining,

without lose of generality, we assume that d−dimensional vector n is a positive integer

valued vector. In our special setting, Arborescent Good-Lagrange formula can be stated

as following.

Theorem 3.5.1 : Let f1(x), · · · , fd(x) be given generating functions of o�spring dis-

tributions and let gi(x), i ∈ [d] be the generating functions of the total progeny distri-

butions starting with one ancestor of type i. So that gi(x) = xifi(g) for i ∈ [d], where

70



3.5. The Lagrange-Good inversion formula

g = (g1, g2, · · · , gd). Then

[xn]f0(g) =

(
d∏
i=1

1

ni

)
[xn−1]

∑
j∈D

∂ (f0(x), fn1
1 (x), . . . , fndd (x))

∂j
,

where n− 1 = (n1 − 1, . . . , nd − 1).

Démonstration. Note that the random walks X(1), . . . , X(d), which is the coding of our

branching forest, have distribution

P(X i,j
ni

= kij, j ∈ [d]) = ν∗nii (ki1, . . . , ki(i−1), ni + kii, ki(i+1), . . . , kid) , i ∈ [d].

Then the identity in Theorem 3.1.1 can be rewritten as

P
(
X i,j
ni

= kij and Tr = n
)

=

∑
(j1,...,jd)∈D

∏d
i=1 kjii

n1n2 . . . nd

d∏
j=1

ν
∗nj
j (kj1, . . . , kj(j−1), nj + kjj, kj(j+1), . . . , kjd)

=

(
d∏
i=1

1

ni

) ∑
(j1,...,jd)∈D


 ∏
{i;ji=0}

ri

×
d∏
j=1

 ∏
{i;ji=j}

kji

 ν
∗nj
j (kj1, . . . , kj(j−1), nj + kjj, kj(j+1), . . . , kjd)

 ,

(3.11)

where
(∏

{i;ji=j} kji

)
= 1 when the product is taken over an empty set. Set the vec-

tors Ij = (kj1, . . . , kj(j−1), nj + kjj, kj(j+1), . . . , kjd), j ∈ [d], I0 = (r1, . . . , rd). Then∏
{i;ji=0} ri = [xI′0 ]

(∏
{i;ji=0}

∂

∂xi

)
f0(x), and for j ∈ [d],

( ∏
{i;ji=j}

kji

)
ν
∗nj
j (kj1, . . . , kj(j−1), nj+kjj, kj(j+1), . . . , kjd) = [xI′j ]

( ∏
{i;ji=j}

∂

∂xi

)
f
nj
j (x),

where I ′ji = Iji − 1 when i ∈ {i; ji = j}, and I ′ji = Iji when i /∈ {i; ji = j}, j =

0, 1, . . . , d. Since for (j1, . . . , jd) ∈ D, each i ∈ [d] appears exactly once in the sets

{i; ji = j}, j = 0, 1, . . . , d,
∑d

j=0 I′j = n−1. Note that {Ij; j ∈ [d]} depend on (kij)i,j∈[d].
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Now �x n, r and j = (j1, . . . , jd) ∈ D. And de�ne the set

k =

{
(kij)i,j∈[d]; kij ∈ Z+, i 6= j,−kii =

∑
j 6=i

kji + ri ≤ ni

}
.

Take a sum for the term in the brace in (3.11) and express it in terms of characteristic

functions :

∑
(kij)∈k

( ∏
{i;ji=0}

ri

) d∏
j=1

( ∏
{i;ji=j}

kji

)
ν
∗nj
j (kj1, . . . , kj(j−1), nj + kjj, kj(j+1), . . . , kjd)

= [xI′0 ]

( ∏
{i;ji=0}

∂

∂xi

)
f0(x)

∑
(kij)∈k

d∏
j=1

[xI′j ]

( ∏
{i;ji=j}

∂

∂xi

)
f
nj
j (x)

= [xI′0 ]

( ∏
{i;ji=0}

∂

∂xi

)
f0(x)

∑
∑d
j=0 I′j=n−1

d∏
j=1

[xI′j ]

( ∏
{i;ji=j}

∂

∂xi

)
f
nj
j (x)

= [xn−1]
∂ (f0(x), fn1

1 (x), . . . , fndd (x))

∂j
.

Then we derive from this last computation that,

[xn]f0(g) = P
(
Tr = n

)
=

∑
(kij)∈K

P
(
X i,j
ni

= kij and Tr = n
)

=
∑

(kij)∈k

∑
j∈D

∏
{i;ji=0} ri∏d
i=1 ni

d∏
j=1

( ∏
{i;ji=j}

kji

)
ν
∗nj
j (kj1, . . . , kj(j−1), nj + kjj, kj(j+1), . . . , kjd)

=

(
d∏
i=1

1

ni

)∑
j∈D

[xn−1]
∂ (f0(x), fn1

1 (x), . . . , fndd (x))

∂j
.
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Chapitre 4

A note on vertices with a given

degree in multitype branching

forests

4.1 Introduction

A multitype branching forest can be thought of as representing the genealogy of a po-

pulation consisting of individuals of several types where each individual lives a unit of

time and gives birth to a random number of children at the end of its life, independently

of the others. Following the de�nition of multitype branching forests given in [CL15], an

individual in a multitype population having a given o�spring corresponds to a vertex

with a given inner-degree of the multitype branching forest which describes the genea-

logy of this population.

In this note, we will consider individuals with a given o�spring of a multitype popu-

lation. However, for the sake of simplicity, we will actually give proofs only in the case

where individuals have no child. The latters correspond to the vertices with inner-degree

equal to 0 in the genealogical forest and we will call them the leaves of the forest. We
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�rst give in section 4.4 the law of the total number of leaves of a multitype branching

forest in terms of some mutivariate random walks, which generalizes a result given in

[Kor12] in to the multidimensional case. As an application, we obtain an asymptotical

result which is given in Corollary 4.4.2. Similar results for the number of vertices with a

given inner-degree are presented at the end of our paper.

4.2 Preliminaires

4.2.1 General notation

Let Z+ = {0, 1, 2, . . .}, N = {1, 2, . . .}, d ∈ N and set [d] = {1, . . . , d}. A vector in

Rd will be denoted by x = (x1, . . . , xd), and its transpose is denoted by xT . We denote

by ei the i-th unit vector in Rd. We also write 0 = (0, . . . , 0) and 1 = (1, . . . , 1). The

notation x · y stands for the scalar product in Rd, and we will use the partial order :

x ≤ y i� xi ≤ yi,∀i ∈ [d].

4.2.2 Multitype branching forest

We will �rst recall from [CL15] the de�nition of multitype branching forests and their

coding from integer valued ssequences.

A (plane) forest f is a �nite directed planar graph with no loops on a possibly in�nite

and non empty set of vertices v = v(f), such that each vertex has a �nite inner-degree

and an outer-degree equals to 0 or 1. The connected components of a forest are called

the trees. In a tree t, the only vertex with outer-degree equal to 0 is called the root of t.

The roots of the connected components of a forest f are called the roots of f . For two

vertices u and v of a forest f , if (u, v) is a directed edge of f , then we say that u is a child

of v, or that v is the parent of u.

We �rst give an order to the trees of the forest f and denote them by t1(f), t2(f), . . . , tk(f), . . .

(we will usually write t1, t2, . . . , tk, . . . if no confusion is possible). Then we rank (a

part of) the vertices of f according to the breadth �rst search order, by ranking �rst the
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vertices of t1, then the vertices of t2, and so on, see the labeling of the two forests in

Figure 4.2. Note that if tk, for k ≥ 1 is the �rst in�nite tree, then the vertices of tk+1, . . .

have no label according to this procedure.

1	  	  

1
	  	  

2	  	  

3	  2	  	  

3

5	  

4	  

4	  	  

t1 t2 t3 

Figure 4.1 – On the top, a discrete 2-type forest. Roots of clusters are ranked in the

breadth �rst search order of the forest. The rank is written on the left of these roots.

To each forest f , we associate the application cf : v(f)→ [d] such that if ui, ui+1, . . . ,

ui+j ∈ v(f) have the same parent and are placed from left to right, then cf (ui) ≤

cf (ui+1) ≤ · · · ≤ cf (ui+j). For v ∈ v(f), the integer cf (v) is called the type (or the

color) of v. The couple (f , cf ) is called a d-type forest. When no confusion is possible, we

will simply write f . From now on, we will refer to inner-degree of a vertex v ∈ v(f) the

d-dimensional vector whose ith-coordinate is the number of i-type children of v. The

set of d-type forests will be denoted by Fd.

A cluster or a subtree of type i ∈ [d] of a d-type forest (f , cf ) ∈ Fd is a maximal

connected subgraph of (f , cf ) whose all vertices are of type i. Formally, t is a cluster of

type i of (f , cf ), if it is a connected subgraph whose all vertices are of type i and such

that either the root of t has no parent or the type of its parent is di�erent from i. Mo-
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reover, if the parent of a vertex v ∈ v(t)c belongs to v(t), then cf (v) 6= i. Clusters of

type i in t1 are ranked according to the order of their roots in the breadth �rst search

order of t1, see Figures 4.1 and 4.2. Then we continue by ranking clusters of type i in t2,

and so on. We denote by t
(i)
1 , t

(i)
2 , . . . , t

(i)
k , . . . the sequence of clusters of type i in (f , cf ).

The forest f (i) := {t(i)
1 , t

(i)
2 , . . . , t

(i)
k , . . .} is called the subforest of type i of (f , cf ). We

denote by u(i)
1 , u

(i)
2 , . . . the elements of v(f (i)), ranked in the breadth �rst search order

of f (i). The subforests of the 2-type forest given in Figure 4.1 are represented in Figure 4.2.

5	  4

2	  

1	  

3	  

8	  7	   9	  

2	  

1

6

9	  8	  

7	  

10	  

21	  

16	  

19	  18	   20	  

17	  

10	  

3	  

t4 
(1)	  t2 

(1)	   t3 
(1)	  t1 

(1)	  

t1 
(2)	  

11	   12	   13	   15	  

14	  

t2 
(2)	   t3 

(2)	  

t5 
(1)	  

6	  5	  

4	  

13	  

12	  

11	  

t4 
(2)	  

Figure 4.2 – The subforests of the 2-type forest given in Figure 4.1 with their deapth

�rst search labeling.

For a forest (f , cf ) ∈ Fd and u ∈ v(f), when no confusion is possible, we denote by

pi(u) the number of children of type i of u. For each i ∈ [d], let ni ∈ Z+ ∪ {∞} be the

number of vertices in the subforest f (i) of (f , cf ). Then let us de�ne the d-dimensional

chain x(i) = (xi,1, . . . , xi,d), with length ni and whose values belong to the set Zd, by

x
(i)
0 = 0 and if ni ≥ 1,

xi,jn+1 − xi,jn = pj(u
(i)
n+1) , if i 6= j and xi,in+1 − xi,in = pi(u

(i)
n+1)− 1 , 0 ≤ n ≤ ni − 1 ,

(4.1)
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where (u
(i)
n )n≥1 is the labeling of the subforest f (i) in its own breadth �rst search order.

Note that from Theorem 2.7 of [CL15], the data of the chains x(1), . . . , x(d) together with

the sequence of ranked roots of (f , cf ), allow us to reconstruct this forest.

A multitype branching forest will be considered as a random variable de�ned on

some probability space (Ω,G, P ) and with values in Fd.

4.3 Multivariate Ballot Theorem

In this section, we will recall the notion of cyclical permutation and also the so called

Multivariate Ballot Theorem which have been given in [CL15]. These knowledges will be

necessary to establish our main result.

Let us consider a sequence x = (x1, . . . , xd) where xi = (xi,1, . . . , xi,d) is aZd-valued

sequence de�ned on some interval {0, 1, 2, . . . , ni}, ni ∈ N, which satis�es xi0 = 0 and

if ni ≥ 1 then

— for i 6= j, the sequence xi,jn is nondecreasing in n

— xi,in+1 − xi,in ≥ −1, ∀n, i.

Then a n-cyclical permutation of x is de�ned by

xq,n := (x1
q1,n1

, . . . , xdqd,nd), ∀q = (q1, . . . , qd) ≤ n− 1,

where n = (n1, . . . , nd) and for i ∈ [d]

xiqi,ni(h) =


xi(h+ qi)− xi(h) if 0 ≤ h ≤ ni − qi
xi(h+ qi − ni) + xi(qi)− xi(ni) if ni − qi ≤ h ≤ ni

xi(h) if h ≥ ni.

Intuitively, the transformation from xi to xiqi,ni consists in inverting the parts {xi(h), 0 ≤

h ≤ qi} and {xi(h), qi ≤ h ≤ ni} in such a way that xiqi,ni has the same values as x at 0

and ni. We now state the Multivariate Ballot Theorem as it is given in [CL15, Theorem

3.4].
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Theorem4.3.1 : LetY = (Y 1, . . . , Y d) be a stochastic process, withY i =
(
Y i,1, . . . , Y i,d

)
and Y i

0 = 0. We assume that the coordinates Y i,j for i 6= j are Z+ valued, non-

decreasing and that the coordinates Y i,i are Z valued and downward skip free. Fix

n = (n1, . . . , nd) ∈ Nd, then we assume further that the process Y is n-cyclically ex-

changeable, that is for any q = (q1, . . . , qd) ∈ Zd+ such that q ≤ n− 1,

Yq,n
(law)
= Y,

whereYq,n is de�ned as above for deterministic functions. Then for any r = (r1, . . . , rd) ∈

Zd+ such that r > 0 and kij, i, j ∈ [d] such that kij ∈ Z+ for i 6= j and kii =

−ri −
∑

j 6=i kji,

P
(
Y ij
ni

= kij, i, j ∈ [d] and n is the smallest solution of (r, Y )
)

=
det(−kij)
n1 . . . nd

P
(
Y ij
ni

= kij, i, j ∈ [d]
)
,

where n is called the smallest solution of (r, Y ) if
∑d

i=1 Y
i
ni

= −r and n ≤ n′ for all

other solutions n′ of this system.

4.4 Law of the total number of leaves

Let us now consider a multitype branching forest F which represents the evolution

of a population consisting of individuals of d di�erent types, whose o�spring distribution

ν = (ν1, . . . , νd) is nonsingular, primitive and (sub)critical .

For i, j ∈ [d], let Ni be the total number of type-i individuals, τi be the number of

type-i individuals who have no child (we shall call them leaves of the multitype bran-

ching forest F ) and Mij be the total number of type-j individuals whose parent is of

type i, up to the extinction time.

To the forest F , we associate the random sequences X = {X i, i ∈ [d]}, where

X i = {(X i,1
n , . . . , X i,d

n ), 0 ≤ n ≤ ni}, which are constructed as in (4.1). It has been

proved in [CL15], Theorem 3.1 that X(i), i ∈ [d] are independent random walks whose
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step distribution ν̃i is de�ned by

ν̃i(k1, . . . , kd) := νi(k1, . . . , ki−1, ki+ 1, ki+1, . . . , kd) , for all (k1, . . . , kd) ∈ Zd+, (4.2)

and stopped at the smallest solution (N1, . . . , Nd) of the system

rj +
d∑
i=1

X i,j(Ni) = 0 , j ∈ [d], (4.3)

where ri is the total number of trees in this forest whose root is of type i.

The following result gives the law of the total number of leaves jointly with the total

number of vertices in the multitype branching forest F .

Theorem4.4.1 : For all non-negative integers qi, ri, ni, kij, i, j ∈ [d] such that
∑d

i=1 ri ≥

1, ni ≤ qi and kii = −ri −
∑

j 6=i kji,

Pr (N1 = q1, . . . , Nd = qd, τi = ni,Mij = kij, i, j ∈ [d], i 6= j)

=
det(K)

q̄1 . . . q̄d

d∏
i=1

P
(
Siqi = ni

)
P
(
W i
qi−ni = ki + niei

)
,

where r = (r1, . . . , rd), ki = (ki1, . . . , kid), q̄i = qi ∨ 1, ei is the i-th unit vector of Rd,

K is the matrix (−kij) to which we removed the line i and the column i for all i such

that qi = 0, Si is a random walk whose step distribution is a Bernoulli law of parameter

νi(0) and W i is a random walk with jumps distributed according to ηi(z) = νi(z+ei)
1−νi(0)

for

every z ∈ Nd.

Démonstration. From Theorem 3.1 and Theorem 3.4 in [CL15] recalled in the previous

section and the fact that the total number of leaves of each type is invariant under cyclical

permutations of X = (X1, . . . , Xd), we have

Pr {N1 = q1, . . . , Nd = qd, τi = ni,Mij = kij, ∀i 6= j}

= P
{
X i
qi

= ki and q is the smallest solution of (r, X), τi = ni, ∀i ∈ [d]
}

=
det(K)

q̄1 . . . q̄d
P
{
X i
qi

= ki, τi = ni,∀i ∈ [d]
}
,
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where q = (q1, . . . , qd).

We will now compute P
(
X i
qi

= ki, τi = ni,∀i ∈ [d]
)
.

Let Y i
k := X i

k −X i
k−1,∀1 ≤ k ≤ qi, i ∈ [d], then we have :

P
(
X i
qi

= ki, τi = ni, ∀i ∈ [d]
)

=
d∏
i=1

∑
1≤h1<...<hni≤qi

P
(
Y i
h1

= · · · = Y i
hni

= −ei

)

× P

 ∑
k/∈{h1,...,hni}

Y i
k = ki + niei; Y

i
k 6= −ei, ∀k /∈ {h1, . . . , hni}


=

d∏
i=1

∑
1≤h1<...<hni≤qi

P
(
Y i
h1

= · · · = Y i
hni

= −ei; Y
i
k 6= −ei,∀k /∈ {h1, . . . , hni}

)

× P

 ∑
k/∈{h1,...,hni}

Y i
k = ki + niei

∣∣Y i
k 6= −ei,∀k /∈ {h1, . . . , hni}



It’s not hard to show that the last probability is equal to P
(
W i
qi−ni = ki + niei

)
, and

then we have :

P
(
X i
qi

= ki, τi = ni,∀i, j = 1, . . . , d
)

=
d∏
i=1

P
(
W i
qi−ni = ki + niei

)
×

∑
1≤h1<...<hni≤qi

P
(
Y i
h1

= · · · = Y i
hni

= −ei; Y
i
k 6= −ei, ∀k /∈ {h1, . . . , hni}

)

=
d∏
i=1

P
(
W i
qi−ni = ki + niei

)
P
(
Siqi = ni

)
.

Corollary 4.4.2 : Suppose that the o�spring distribution ν is critical, admits moments

of order d + 1 and its covariance matrices Σi = (Σi
jk)1≤j,k≤d, i ∈ [d] are all positive-
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de�nite. We also assume that 0 < νi(0) < 1 for all i ∈ [d]. Then for all r ∈ Zd+,

Pr(τi = bνi(0)nvic, Ni = bnvic, i ∈ [d]) = o
(
n−(d+1)

)
.

Démonstration. From Theorem 4.4.1, we have :

nd+1Pr(τi = bνi(0)nvic, Ni = bnvic, i ∈ [d])

= nd+1
∑

kij>0,i 6=j

det(K)∏d
i=1bnvic

d∏
i=1

P
(
Sibnvic = bνi(0)nvic

)
× P

(
W i
b(1−νi(0))nvic = ki + bνi(0)nvicei

)
.

A local limit theorem (see [Sto67, Corollary 1]) in the one dimensional case implies in

particular that

lim
n→+∞

nd/2
d∏
i=1

P
(
Sibnvic = bνi(0)nvic

)
=

1

(2π)d/2
(∏d

i=1 νi(0)(1− νi(0))vi

)1/2
.

It remains to prove that the term

nd/2+1
∑

kij>0,i 6=j

det(K)∏d
i=1bnvic

d∏
i=1

P
(
W i
b(1−νi(0))nvic = ki + bνi(0)nvicei

)
tends to 0. To do this, we will use some techniques from [Pé16].

First, we can rewrite this term as following
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nd/2+1
∑

kij>0,i 6=j

det(K)∏d
i=1bnvic

d∏
i=1

P
(
W i
b(1−νi(0))nvic = ki + bνi(0)nvicei

)

=
nd/2+1∏d
i=1bnvic

E

[
det


ν1(0)bnv1ce1 −W 1

b(1−ν1(0))nv1c

. . .

νd(0)bnvdced −W d
b(1−νd(0))nvdc


× 1∑d

i=1W
i
b(1−νi(0))nvic

=
∑d
i=1bνi(0)nvicei−r

]

=
nd/2+1

bnvdc
E

det


ν1(0)e1 −W 1

b(1−ν1(0))nv1c/bnv1c

. . .

νd−1(0)ed−1 −W d−1
b(1−νd−1(0))nvd−1c/bnvd−1c

r

1An

 ,

where An =
{∑d

i=1W
i
b(1−νi(0))nvic =

∑d
i=1bνi(0)nvicei − r

}
.

We will �rst investigate the asymptotic behavior of P(An). From a mutivariate local

limit theorem given in [Sto67, Corollary 1], we have

P(An) =
exp

(
− (

∑d
i=1bνi(0)nvicei−r−nm)Σ−1(

∑d
i=1bνi(0)nvicei−r−nm)

2n

)
(2πn)d/2|Σ|1/2

+ o
(
n−d/2

)
,

where m =
∑d

i=1 vi(m
i − ei) = 0 since we are in the critical case, and |Σ| denote

the determinant of the matrix Σ = (Σi,j, i, j = 1, . . . , d) with Σi,j =
∑d

k=1 vkΣ
k
i,j , for

every i, j ∈ [d].
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Note also that(
d∑
i=1

bνi(0)nvicei − r

)
Σ−1

(
d∑
i=1

bνi(0)nvicei − r

)

=
d∑

i,j=1

(bνi(0)nvic − ri)(bνj(0)nvjc − rj)Σ−1
i,j

= n2

d∑
i,j=1

νi(0)viνj(0)vjΣ
−1
i,j −

d∑
i,j=1

Σ−1
i,j (rirj + bn(riνi(0)vi + rjνj(0)vj)c)

= n2xΣ−1x−
d∑

i,j=1

Σ−1
i,j (rirj + bn(riνi(0)vi + rjνj(0)vj)c) ,

where x = (x1, . . . , xd) and xi = νi(0)vi, i ∈ [d]. And now remark that since vk >

0, k ∈ [d] and all the matrices Σk, k ∈ [d] are positive de�nite then so is Σ and then

Σ−1, why xΣ−1x > 0.

Consequently,

lim
n→+∞

nd/2P(An) = 0 . (4.4)

Now, let us write

E

det


ν1(0)e1 −W 1

b(1−ν1(0))nv1c/bnv1c

. . .

νd−1(0)ed−1 −W d−1
b(1−νd−1(0))nvd−1c/bnvd−1c

r

1An


=
∑
σ∈Sd

sgn(σ)rσ(d)E

[
d−1∏
i=1

(
νi(0)δiσ(i) −

W i
b(1−νi(0))nvic,σ(i)

bnvic

)
1An

]

=
∑

I⊂{1,...,d−1}

∑
σ∈Sd

sgn(σ)rσ(d)E

[∏
i∈I

(
(1− νi(0))miσ(i) −

W i
b(1−νi(0))nvic,σ(i)

bnvic

)
1An

]

×
∏
i/∈I

(
νi(0)δiσ(i) − (1− νi(0))miσ(i)

)
,

where Sd is the set of all permutations of the set {1, . . . , d}.
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Note that
W i
b(1−νi(0))nvic,σ(i)

bnvic is bounded on the eventAn, then there exists some constant

A > 0 such that for every ε > 0 and i, j ∈ [d],

E

(∣∣∣∣∣(1− νi(0))mij −
W i
b(1−νi(0))nvic,j

bnvic

∣∣∣∣∣1An
)

≤ εP(An) + AP

(∣∣∣∣∣(1− νi(0))mij −
W i
b(1−νi(0))nvic,j

bnvic

∣∣∣∣∣ > ε

)

≤ εP(An) +
A

εd+1
E

∣∣∣∣∣(1− νi(0))mij −
W i
b(1−νi(0))nvic,j

bnvic

∣∣∣∣∣
d+1


≤ εP(An) +
A

εd+1

1

bnvic
d+1
2

E
(∣∣(1− νi(0))mij −W i

1−νi(0),j

∣∣d+1
)
,

where the penultimate inequality comes from Markov’s inequality and the last one

comes from [DJ69, Theorem 2]. This, together with 4.4, implies that for every non-empty

set I ,

lim
n→+∞

nd/2
∑
σ∈Sd

sgn(σ)rσ(d)E

[∏
i∈I

(
(1− νi(0))miσ(i) −

W i
b(1−νi(0))nvic,σ(i)

bnvic

)
1An

]

×
∏
i/∈I

(
νi(0)δiσ(i) − (1− νi(0))miσ(i)

)
= 0.
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Hence,

lim
n→+∞

nd/2+1

bnvdc
E

det


ν1(0)e1 −W 1

b(1−ν1(0))nv1c/bnv1c

. . .

νd−1(0)ed−1 −W d−1
b(1−νd−1(0))nvd−1c/bnvd−1c

r

1An


=

1

vd
lim

n→+∞
nd/2P(An)

∑
σ∈Sd

sgn(σ)rσ(d)

d−1∏
i=1

(
νi(0)δiσ(i) − (1− νi(0))miσ(i)

)

= 0× det


ν1(0)e1 − (1− ν1(0))m1

. . .

νd−1(0)ed−1 − (1− νd−1(0))md−1

r


= 0

4.5 Results in some more general scenarios

4.5.1 Law of the total number of vertices with a given degree

Our results can be directly extended to a more general scenario where the leaves of

a multitype branching forest are replaced by the vertices with a given inner-degree. In

other words, we can easily obtain similar results to Theorem 4.4.1 and Corollary 4.4.2

by considering the number of individuals who have a given o�spring. So we state these

results without proof in the following.

Theorem 4.5.1 : Let τi,l be the total number of type i-individuals whose o�spring is

l, i ∈ [d], l ∈ Zd+. For l ∈ Zd+ and all non-negative integers qi, ri, ni,l, kij, i, j ∈ [d] such
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that
∑d

i=1 ri ≥ 1, ni,l ≤ qi and kii = −ri −
∑

j 6=i kji,

Pr (N1 = q1, . . . , Nd = qd, τi,l = ni,l,Mij = kij, i, j ∈ [d], i 6= j)

=
det(K)

q̄1 . . . q̄d

d∏
i=1

P
(
Siqi = ni,l

)
P
(
W i
qi−ni,l = ki + ni,l(ei − l)

)
,

where r = (r1, . . . , rd), ki = (ki1, . . . , kid), q̄i = qi ∨ 1, ei is the i-th unit vector of Rd,

K is the matrix (−kij) to which we removed the line i and the column i for all i such

that qi = 0, Si is a random walk whose step distribution is a Bernoulli law of parameter

νi(l) and W i is a random walk with jumps distributed according to ηi(z) = νi(z+ei)
1−νi(l) for

every z ∈ Nd.

Corollary 4.5.2 : Suppose that the o�spring distribution ν is critical, admits moments

of order d+ 1 and its covariance matrices are all positive-de�nite. Then for all r, l ∈ Zd+
such that νi(l) > 0 for some i ∈ [d], we have

Pr(τi,l = νi(l)bnvic, Ni = bnvic, i ∈ [d]) = o
(
n−(d+1)

)
,

where τi,l is de�ned in the above theorem.

4.5.2 Law of the total number of vertices whose degree is in a gi-

ven set

In an even more general situation, we can also obtain similar results on the total

number of individuals whose o�spring is in a given non-empty subset of Zd+. We state

here these results which can be proven easily by similar adapted techniques.

Theorem 4.5.3 : Let A be a non-empty subset of Zd+ and τi,A be the total number of

type i-individuals whose o�spring is in the set A, for i ∈ [d]. Then for all non-negative

integers qi, ri, ni,A, kij, i, j ∈ [d] such that
∑d

i=1 ri ≥ 1, ni,A ≤ qi and kii = −ri −
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∑
j 6=i kji,

Pr (N1 = q1, . . . , Nd = qd, τi,A = ni,A,Mij = kij, i, j ∈ [d], i 6= j)

=
det(K)

q̄1 . . . q̄d

d∏
i=1

P
(
Siqi = ni,A

)
P
(
W i
qi−ni,A = ki − U i

ni,A

)
,

where r = (r1, . . . , rd), ki = (ki1, . . . , kid), q̄i = qi ∨ 1, ei is the i-th unit vector of Rd,

K is the matrix (−kij) to which we removed the line i and the column i for all i such

that qi = 0. Si is a random walk whose step distribution is a Bernoulli law of parameter

νi(A), W i is a random walk with jumps distributed according to a distribution ηi and

U i is a random walk with jumps distributed according to a distribution ζi, where ηi and

ζi are de�ned as follows for z ∈ Nd :

ηi(z) =


νi(z+ei)
1−νi(A)

if z + ei /∈ A

0 otherwise,

and

ζi(z) =


νi(z+ei)
νi(A)

if z + ei ∈ A

0 otherwise.

Corollary 4.5.4 : Suppose that the o�spring distribution ν is critical, admits moments

of order d + 1 and its covariance matrices are all positive-de�nite. We assume also that

νi(A) > 0 for some i ∈ [d]. Then for all r ∈ Zd+ and A ⊂ Zd+ such that νi(A) > 0 for

some i ∈ [d], we have

Pr(τi,A = νi(A)bnvic, Ni = bnvic, i ∈ [d]) = o
(
n−(d+1)

)
,

where τi,A is de�ned in the above theorem.
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Thèse de Doctorat

Thi Ngoc Anh NGUYEN

Sur quelques fontionnelles des forêts de branchement multitypes

On some functionals of multitype branching forests

Résumé
Cette thèse est principalement consacrée à
l’étude de quelques caractéristiques d’une
population à plusieurs types d’individus qui
évolue selon un modèle de branchement
multitype au cours du temps. Autrement dit,
chaque individu vit un certain temps et donne
naissance, à la fin de sa vie, à un nombre
aléatoire d’individus, suivant une loi de probabilité
qui ne dépend que de son type, indépendamment
des autres individus. Plus précisément, nous
nous intéressons aux aspects statistiques des
mutations et des individus ayant une progéniture
donnée dans la population en question.
Les problèmes d’énumération de forêts
multitypes constituent également une motivation
de ce travail de thèse.

Abstract
This thesis is devoted to the study of some
characteristics of a population consisting of
individuals of several types which evolve
according to a multitype branching model. In
other words, each individual lives a certain time
and gives birth to a random number of individuals
at the end of its life, following a probability law
which depends only on the individual’s type,
independently of the others individuals. More
precisely, we are interested in in the statistical
aspects of mutations and the individuals having a
given offspring in the population of interest.
The problems of enumeration of multitype forests
also form a motivation of this thesis’s work.
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branchement multitypes, nombre de mutations,
temps d’émergence, nombre de sommets ayant
un degré donné, énumération des forêts
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