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Modélisation et discrétisation des écoulements diphasiques en mi-
lieux poreux avec réseaux de fractures discretes

Résumé: les travaux de cette these portent sur la modélisation et la discrétisation
des écoulements diphasiques dans les milieux poreux fracturés. On se place dans le
cadre des modeles dits dimensionnels hybrides couplant 1’écoulement dans la matrice
3D a l’écoulement dans un réseau de fractures modélisées comme des surfaces 2D. La
discrétisation s’appuie sur le cadre abstrait des schémas gradients. Les objectifs sont mo-
tivés par ’application cible de la these qui concerne les procedes de récupération assistée
de gaz par fracturation hydraulique dans les réservoirs de tres faibles perméabilités.

Le Chapitre 1 se concentre sur la définition du modele monophasique dimensionnel
hybride pour des réseaux complexes de fractures planes, et sur sa discrétisation par les
schémas Vertex Approximate Gradient (VAG) et Volume Finis Hybride (HFV). Nous
étendons le modele réduit dit a pression continu au cas de réseaux complexes de frac-
tures planes comportant des intersections, des fractures débouchantes et des fractures
non débouchantes et analysons la convergence des schémas dans le cadre général des
schémas gradients. Les résultats de densité de sous espaces de fonctions lisses dans les
espaces de pression et de flux présentés dans ce Chapitre sont essentiels afin d’établir la
convergence des schemas numériques étudiés.

Au Chapitre 2, nous étendons le modele dimensionnel hybride et les schémas VAG et
HFV décrits au Chapitre 1 au cas des écoulements diphasiques immiscibles. On utilise
pour cela une formulation implicite en pressions des phases qui est adaptée aux pressions
capillaires discontinues au sens ou elle capte le saut des saturations aux interfaces entre
différents types de roches, en particulier a l'interface matrice fracture. Elle suppose en
revanche que les pressions capillaires sont strictement croissantes et ne peut donc pas
traiter le cas d’une pression capillaire nulle dans la fracture. Les schémas nodaux tels que
le schéma VAG ont 'avantage, par rapport aux schémas Control Volume Finite Element
(CVFE) d’éviter le mélange des milieux matrice et fracture dans les volumes de controle,
tout en conservant un cotit du méme ordre que les méthodes nodales sur des maillages
non structurés. On démontre la convergence du schema VAG sous ’hypothese que les
perméabilités relatives sont minorées par une constante strictement positive. Les tests
numériques présentés étudient le choix des volumes de controle aux interfaces matrice
fracture et comparent les schémas VAG et HFV.

Au Chapitre 3, nous proposons une nouvelle formulation des écoulements diphasique qui
repose sur une paramétrisation des graphes monotones des pressions capillaires pour les
rocktypes présents a l'interface. Cette nouvelle approche prend en compte des pressions
capillaires non strictement croissantes et nous permet de capturer le saut des saturations
aux interfaces entre différents types de roches et d’utiliser un nombre minimal d’inconnues
par degré de liberte a savoir deux inconnues dans le cas de notre modele diphasique im-
miscible. Differents cas tests incluant la simulation de la récupération de gaz dans des
réservoirs peu perméables par fracturation hydraulique sont présentés.



Mots-clés: écoulements diphasiques en milieu poreux, milieux fracturés, réseaux de frac-
tures discretes, schéma volume fini, schémas gradients, analyse numérique, pressions capil-
laires discontinues



Modelization and discretization of two-phase flows in porous me-
dia with discrete fracture networks

Abstract: this thesis presents the work on modelling and discretisation of two-phase
flows in the fractured porous media. These models couple the flow in the fractures repre-
sented as the surfaces of codimension one with the flow in the surrounding matrix. The
discretisation is made in the framework of Gradient schemes which accounts for a large
family of conforming and nonconforming discretizations. The test cases are motivated
by the target application of the thesis concerning the gas recovery under the hydraulic
fracturing process in low-permeability reservoirs.

In Chapter 1 we introduce the hybrid dimensional single-phase flow model for the complex
network of plane fractures. We assume the case with continuous pressure at the interfaces
between the fractures and the matrix domain. The convergence analysis is carried out in
the framework of Gradient schemes which accounts for a large family of conforming and
nonconforming discretizations. The Vertex Approximate Gradient (VAG) scheme and the
Hybrid Finite Volume (HFV) scheme are applied to this model and are shown to verify
the Gradient scheme framework. The key result provides the density of smooth functions
subspaces in both the variational space and in the flux space of the model. These density
results are shown to hold for a general 3D network of possibly intersecting, immersed or
non immersed planar fractures.

In Chapter 2 we extend the hybrid dimensional model, VAG and HFV schemes described
in the Chapter 1 to the case of immiscible two-phase flows. In this context we use the
phase pressures formulation which allows to capture the saturation jump condition at
the interface between different rocktypes without introducing any additional unknowns
at these interfaces. On the other hand, it is limited to strictly increasing capillary pres-
sure curves and lacks robustness compared to pressure saturation formulations. Compared
with Control Volume Finite Element (CVFE) approaches, the nodal schemes as VAG have
the advantage to avoid the mixing of the fracture and matrix rocktypes at the interfaces
between the matrix and the fractures, while keeping the low cost of a nodal discretization
on unstructured meshes. The convergence of the scheme is proved under the assumption
that the relative permeabilities are bounded from below by a strictly positive constant.
This assumption is needed in the convergence proof in order to take into account discon-
tinuous capillary pressures in particular at the matrix fracture interfaces. The efficiency
of our approach compared with CVFE discretizations is shown on two numerical examples
of fracture networks in 2D and 3D.

In Chapter 3 we propose an elegant mathematical framework for two-phase flow in hetero-
geneous porous media resulting in a family of formulations, which apply to general mono-
tone capillary pressure/saturation relations and handle the saturation jumps at rocktype
interfaces. It also allows us to maintain the minimal number of primary unknowns per
degree of freedom and deal with arbitrary capillary pressures including multi-valued sat-
uration curves. This framework has been tested on a family of tight gas recovery test
cases and compared with the classical pressure-saturation formulation using the Vertex
Approximate Gradient scheme for gas liquid hybrid dimensional Darcy flows in the frac-



tured porous media.

Keywords: two-phase flows in porous media, fractured media, discrete fractures net-
work, finite volume scheme, gradient schemes, numerical analysis, discontinuous capillary
pressures
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Introduction



Contexte de I’étude et état de ’art

Les roches fracturées sont omniprésentes dans les milieux géologiques, on estime par ex-
emple que la moitié des réservoirs pétroliers sont fracturés. La Figure 1 présente quelques
exemples de tels milieux avec des échelles différentes de fractures. L’écoulement dans
ces milieux est dominé par la connectivité et la conductivité du réseau de fractures en
interaction avec le milieu matrice environnant. Leur modélisation numérique est donc
cruciale pour une meilleure gestion des ressources du sous sol. Elle représente un défi
du fait de la complexité et du caractere multiéchelle du réseau et du fait des tres forts
contrastes d’échelles et de propriétés pétrophysiques et hydrodynamiques entre la matrice
et les fractures.

Il existe deux types de modeles pour représenter ces écoulements. Le premier con-
cerne les réseaux de fractures suffisamment connectés et uniformes pour que les frac-
tures puissent étre homogénéisées et représentées par un milieu poreux 3D équivalent
couplé au milieu poreux 3D matriciel environnant. Le modele d’écoulement couple alors
les écoulements 3D de type Darcy dans chacun des milieux matrice et fracture couplés
par des termes sources d’échange entre le milieu matrice et le milieu fracture (voir les
travaux pionniers de Warren et Root [61] et de Kazemi [47] et la Figure 2 qui illustre
schématiquement ce modele).

Le deuxieme type de modeles, dits a dimension réduite ou dimensionnels hybrides
sur lequel se concentre la these, représente les réseaux de fractures explicitement comme
des surfaces de codimension 1 immergées dans la matrice (voir Figure 3). L’écoulement
couple alors un écoulement de Darcy 3D dans le milieu matriciel avec un écoulement 2D
dans le réseau de fractures, le couplage étant obtenu par les conditions de transmission
a I'interface matrice fracture. Dans le cadre de cette these on s’intéresse aux modeles de
fractures perméables permettant d’imposer la continuité de la pression comme condition
de transmission a l'interface matrice fracture. Ce type de modele a été introduit dans [3]
pour des écoulements monophasiques. Ce choix se justifie par la motivation principale
de la these qui est ’application de ces modeles a la simulation de la récupération assistée
de gaz dans des réservoirs de tres faible perméabilité par des méthodes de fracturation
hydraulique. Le cas dit a pressions discontinues des modeles prenant en compte les frac-
tures pouvant agir soit comme des drains soit comme des barrieres est traité dans [39)],
[49], [6], dans le cas d’écoulement monophasiques, par des conditions de transmission de
type Robin a l'interface matrice fracture autorisant les sauts de pression.



Figure 1: Exemples de milieux poreux fracturés avec différentes échelles de fractures:
métrique (au dessus a gauche), hectométrique (au dessus a droite), kilométrique (en
dessous). Figures de J. R. de Dreuzy, Geosciences Rennes et équipe-projet Inria Sage.
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Figure 2: Illustration schématique par Warren et Root du modele double milieu.
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Figure 3: Représentation de milieux poreux fracturés par des réseaux de fractures discretes
avec différentes échelles de longueurs. Figure de J. R. de Dreuzy, Geosciences Rennes et

équipe-projet Inria Sage.



Afin d’introduire le principe de réduction de dimension du modele présenté dans [3],
considérons un domaine 2 et une fracture plane traversante d’épaisseur d; << diam(2)
dont le modele volumique et le modele a dimension réduite (ou dimensionnel hybride)
sont schématisés Figure 4.

nt

n — -

3

Figure 4: Modele de fracture volumique (a gauche) et modele a dimension réduite ou
dimensionnel hybride (& droite).

Pour le modele volumique on note u la pression et q le flux de Darcy définis sur €2 et

Ay 0
0 Apm

le tenseur de perméabilité dans la fracture supposé aligné avec les directions longitudinale
7 et normale n de la fracture. Le flux de Darcy dans la fracture s’écrit dans ce systeme
de coordonnées

q= _Af,TVTu - )‘f,n(anu)n7

ouV, =V — (V- -n)n est le gradient tangentiel. Pour définir le modele réduit on intégre
la pression et le flux dans ’épaisseur de la fracture, ce qui conduit a définir la pression
moyenne uy le long de la fracture

et le flux longitudinal intégré dans I’épaisseur de la fracture

dr

qf(T) = /j —AfVTu dn = —defVTUf(T).

2f
2

On intégre ensuite I’équation de conservation div(q) = h dans I’épaisseur de la fracture
de facon a obtenir I’équation de conservation le long de la fracture suivante:

d
4 q d
/ (div(@) — 1) dn = div.(ay) ~ a(r, %) n~ —a(r, ) -n* — dshy =0,

_&f
2



en notant hy le terme source moyenné dans 'épaisseur de la fracture et div, la divergence
tangentielle. La condition de transmission dans le cas d'une fracture perméable néglige
le saut de pression entre la matrice et le centre de la fracture en supposant la pression
moyenne uy dans la fracture égale aux deux pressions de part et d’autre de la fracture
coté matrice. En notant v l'opérateur de trace sur la fracture on suppose donc que la
pression (toujours notée u par abus de notations) du modele réduit est globalement dans
H' et que uy = yu comme illustré sur la Figure 4. Le modele de Darcy dimensionnel
hybride s’écrit alors:
div(gm) = hum,
div;(ay) — [am - n] = dshy
qr = —defVTyu
am = —N,,V,iu
ou [q,, - n] est le saut de la trace normale du flux matriciel q,, et A,, le tenseur de
perméabilité dans la matrice. A noter que 'hypothese de pression continue a l'interface
matrice fracture pour le modele réduit est justifiée des lors que
At >> — A :
dy diam(€2)

c’est a dire d’autant plus que la fracture est de faible épaisseur et de forte perméabilité.

La principale difficulté pour I'extension des modeles de Darcy dimensionnels hybrides
au cas diphasique repose sur la prise en compte des sauts de saturations aux interfaces
matrice fracture liés a la discontinuité des pressions capillaires entre le milieu matrice
et le milieu fracture. Le point de départ naturel sera donc les travaux [29], [20], [21]
sur la formulation mathématique des écoulements diphasiques traitant les interfaces en-
tre différents types de roches avec pressions capillaires discontinues. Le modele proposé
dans [35] nous servira de point de départ. Il utilise les pressions des deux phases comme
variables primaires et exprime les saturations comme fonctions de la pression capillaire de
facon a capter les sauts des saturations aux interfaces entre différents types de roches. On
peut aussi mentionner les modeles formulés en pression globale proposés dans [11] dans le
cas simple milieu et dans [45] dans le cas de modeles dimensionnels hybrides a pressions
discontinues.

La discrétisation des modeles de Darcy dimensionnels hybrides avec pressions contin-
ues ou discontinues aux interfaces matrice fracture a fait 'objet de nombreux travaux.
Les auteurs proposent dans [46], [6] un schéma volume finis centré avec approximation
deux point des flux (Two Point Flux Approximation ou TPFA) qui suppose une condi-
tion d’orthogonalité du maillage et I'isotropie des perméabilités. Les schémas volume finis
centrés ont été étendus au cas de maillages généraux et de perméabilités anisotropes dans
[60], [57], [2] pour les modeles a pressions discontinues. Néanmoins ces schémas peuvent
manquer de robustesse dans le cas de mailles déformées et de fortes anisotropies du fait
de leur coercivité dépendante du maillage et de ’anisotropie. Ils sont aussi tres cotiteux
dans le cas de maillages tétraedriques par comparaison a des discrétisations nodales.



Dans [3], une méthode d’Eléments Finis Mixtes (EFM) a été introduite pour les modeles
monophasiques a pression continue. Pour les modeles monophasiques a pressions discon-
tinues, les EFM sont introduits dans [49] et les méthodes Mimetiques dans [7] et dans
[38]. L’extension au cas diphasique est traité dans [43] dans le cadre d’un schéma ImPES
(Implicite en Pression et Explicite en Saturation) en utilisant une méthode d’Eléments
Finis Mixtes Hybrides (EFMH) pour I’équation de pression et d’une méthode de Galerkin
Discontinue pour 1’équation de saturation. Ces méthodes sont adaptées aux maillages
généraux et aux perméabilités anisotropes mais nécessitent un grand nombre de degrés de
liberté de I'ordre du nombre de faces du maillage. Les méthodes de type Control Volume
Finite Element (CVFE) proposées dans [54], [53] dans le cas diphasique ont I'avantage de
n’utiliser que des inconnues nodales ce qui conduit a un faible nombre de degré de liberté
dans le cas de maillages tétraedriques. Néanmoins, ces méthodes ont I'inconvénient dans
le cas diphasique de mélanger les différents types de roches aux noeuds situés a l'interface
entre différents types de roches. Il est alors nécessaire de raffiner fortement le maillage a
I'interface matrice fracture pour éviter d’élargir artificiellement les drains que constituent
les fractures.

L’analyse de la convergence des schémas numériques pour ce type de modeles est
restreinte dans le cas monophasique au cas d’une unique fracture débouchante dans [3] et
[49] ou non débouchante dans [6]. Le cas de réseaux complexes de fractures s’intersectant,
débouchantes ou non débouchantes n’a pas a notre connaissance été étudié avant ces
travaux de these. Cette analyse nécessite notamment d’établir la densité de sous espaces
de fonctions lisses a la fois pour ’espace des pressions et pour I'espace des flux.

Dans le cas diphasique, aucun travaux avant cette these n’a porté a notre connaissance
sur I'analyse de convergence des schémas pour les modeles dimensionnels hybrides. Dans
le cas sans fractures, les premiers résultats de convergence par compacité vers une solution
faible d'un écoulement diphasique ont été obtenus dans [51] et [33] dans le cas d'un schéma
volume finis centré avec approximation TPFA des flux sur maillages orthogonaux. Dans
[33] la convergence du schéma est obtenue dans le cadre de la formulation de référence dans
I'ingénierie pétroliere basée sur les deux inconnues primaires pression et saturation et sur
le décentrage par phase des mobilités. Ce résultat tres technique repose sur des fonctions
tests non linéaires et est restreint aux schémas TPFA sur maillages orthogonaux. Dans [51]
la convergence est établie toujours pour les schémas TPFA sur maillages orthogonaux dans
le cas plus simple d’une formulation en pression globale introduite dans [22] (voir aussi
[8]) en supposant une pression capillaire homogene. Dans le cadre de cette formulation en
pression globale pour une pression capillaire homogene, 'extension a des schémas volume
finis sur maillages généraux est étudiée dans [10] dans le cas des schémas Volume Finis
Hybride (HFV), dans [16] dans le cas du schéma Vertex Approximate Gradient (VAG) et
dans [37] dans le cadre général des schémas gradients introduit dans [31].

Dans le cadre de cette these, il nous faut prendre en compte une difficulté essentielle
liée a la discontinuité des pressions capillaires notamment a l'interface matrice fracture.
Ce probleme est traité dans [11] en utilisant un schéma TPFA sur maillages orthogonaux
adapté aux discontinuités de la pression capillaire a 1’aide d’inconnues d’interface. Une



extension au cas de maillages polyedriques généraux est proposée dans [35] dans le cadre
général des schémas gradients en utilisant une formulation en pressions des phases. Cette
formulation a 'avantage d’utiliser uniquement deux inconnues primaires par degré de lib-
erté, a savoir les pressions des deux phases. Contrairement aux résultats obtenus dans
[11] pour un schéma TPFA| la preuve de convergence nécessite une hypotheése restrictive
sur le plan physique de non dégénerescence des perméabilités relatives.

Les objectifs de la these sont motivés par ’application cible de la these qui concerne les
procédés de récupération assistée de gaz par fracturation hydraulique dans les réservoirs
de tres faibles perméabilités. Les fractures seront supposées déja formées et l'objectif est
de simuler les écoulements gaz liquide dans le milieu poreux fracturé modélisé par un
modele de Darcy dimensionnel hybride. On souhaite prendre en compte des réseaux de
fractures de complexité moyenne, pouvant néanmoins comporter quelques intersections
entre les fractures issues de la fracturation hydraulique et des fractures naturelles. Un
point essentiel en terme de modélisation géométrique et physique est le tres fort constraste
de perméabilités et de capillarités entre la matrice et les fractures. De ce fait, 'eau
injectée dans les fractures pénetre sur une tres faible épaisseur dans la direction normale
aux fractures, quelques dizaines de centimetres a comparer a ’extension décamétrique
des fractures. Cette eau est retenue dans la matrice par effet capillaire ce qui contribue
a diminuer la mobilité du gaz lors de la phase de production, il est donc essentiel de la
modéliser avec précision. Afin de représenter cette géométrie et de capter ’échelle de
pénétration de I'eau au voisinage des fractures, le maillage comportera typiquement des
prismes pour le raffinement anisotrope au voisinage des fractures, et des tétraedres pour
le raccord avec la frontiere du réservoir (voir Figures 5 et 6). La discrétisation spaciale
devra donc étre adaptée aux milieux anisotropes et aux maillages polyedriques qui offrent
une grande souplesse en terme de représentation géométrique. En terme de modélisation,
I’accent sera mis sur la prise en compte précise des conditions de transmission a l'interface
matrice fracture et du fort constraste de capillarités entre la matrice et les fractures. On
souhaite en particulier pouvoir traiter des capillarités nulles dans les fractures et des
pressions d’entrée non nulles dans la matrice.
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Figure 5: Maillage prismatique autour de chaque fracture et couche de pyramide pour le
raccord avec le maillage tétraedrique du réservoir. L’épaisseur des prismes a été aggrandie
pour une meilleure visibilité.

Figure 6: Maillage tétraedrique du réservoir raccordé avec les couches de prismes au
voisinage des fractures a I'aide d’une couche de pyramides. L’épaisseur des prismes a été
aggrandie pour une meilleure visibilité.

Plan de la these

La these comporte trois Chapitres ainsi qu'un Appendice. Le premier Chapitre se con-
centre sur la définition du modele monophasique dimensionnel hybride pour des réseaux
complexes de fractures planes, sa discrétisation par les schémas VAG et HFV et sur
I’analyse de la convergence des schémas dans le cadre général des schémas gradients.
Le second Chapitre porte sur le modele diphasique en formulation pressions des phases
adaptée aux pressions capillaires discontinues et permettant de capter les sauts de sat-
urations aux interfaces entre différents types de roches notamment a l'interface matrice
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fracture. Les schémas VAG et HFV sont étendus a ce modele dans le cadre d’'une formu-
lation fully implicite et la convergence par compacité vers une solution faible est analysée
sous ’hypothese de non dégénesrence des perméabilités relatives. Le troisieme Chapitre
étend la formulation précédente du modele diphasique de fagon a pouvoir traiter no-
tamment des pressions capillaires nulles dans les fractures tout en captant les sauts de
saturations aux interfaces matrice fracture. Pour cela, un cadre général est introduit qui
repose sur la paramétrisation des graphes des pressions capillaires et maintient le nombre
minimal d’inconnues primaires par degré de liberté. Dans chacun des trois Chapitres, des
tests numériques principalement 3D illustrent la performance des méthodes numériques
introduites et les comparent. L’ Appendice démontre quelques résultats techniques utilisés
dans les preuves de convergence des Chapitres 1 et 2, notamment les résultats de densités
de sous espaces de fonctions lisses pour les espaces de pression et de flux du modele.

Chapitre 1: modeles monophasiques

Ce Chapitre présente le modele d’écoulement monophasique dit dimensionnel hybride
couplant ’écoulement dans la matrice et celui dans le réseau de fractures représentées
comme des surfaces de codimension 1. On considere le cas de fractures perméables dont
le modele a dimension réduite a été introduit dans [3]. Le premier objectif du Chapitre 1
est d’étendre ce modele au cas de réseaux complexes de fractures planes comportant des
intersections, des fractures débouchantes et des fractures non débouchantes. Le cadre
fonctionnel est détaillé et on établit notamment des résultats de densité de sous es-
paces de fonctions lisses dans les espaces de pression et de flux dont les preuves sont
dans I’Appendice. Ces résultats sont essentiels afin d’établir la convergence des schémas
numériques étudiés dans ce Chapitre. Le deuxieme objectif du Chapitre 1 est d’étendre
les discrétisations Vertex Approximate Gradient (VAG) et Volume Finis Hybride (HFV)
introduits dans [31] et [30] pour les problemes de diffusion en milieu hétérogene anisotrope.
Le troisieme objectif est d’étudier théoriquement et numériquement la convergence des
schémas VAG et HFV. On utilise pour leur analyse numérique, le cadre général abstrait des
schémas gradients introduit dans [31], [28], [26] pour analyser la convergence de méthodes
numériques pour des problemes de diffusion linéaires et non linéaires. Ce cadre inclut de
nombreuses discrétisations conformes ou non conformes telles que les Eléments Finis, les
Eléments Finis Mixtes et Mixtes Hybrides, certains schémas volumes finis symétriques
comme les schémas MultiPoint Flux Approximation (MPFA), le schéma VAG, le schéma
HFV et les méthodes de différences finis mimétiques (MFD) faisant partie de la classe
plus générale des méthodes mixtes hybrides (HMM) [27].

Le plan du Chapitre 1 est le suivant: dans la Section 1.2 on introduit le cadre
géométrique pour les réseaux complexes de fractures planes, le cadre fonctionnel ainsi
que les formulations forte et variationnelle du modele de Darcy monophasique dimen-
sionnel hybride. La Section 1.3 étend le cadre abstrait des schémas gradient a notre
modele en définissant les opérateurs et en énongant les hypotheses de coercivité, de con-
sistence, de conformité a la limite et de compacité qu’ils sont supposés satisfaire. Ensuite

12



la discrétisation du modele par le schéma gradient est définie et sa convergence établie
sous les hypotheses précédentes. La Section 1.4 étend les schémas VAG et HFV a notre
modele et on montre que ces deux schémas satisfont le cadre des schémas gradient. La
Section 1.5 compare numériquement les deux schémas VAG et HF'V sur des solutions ana-
lytiques 3D en milieu homogene ou hétérogene, isotrope ou anisotrope, et pour différentes
familles de maillages cartésiens, hexaedriques ou tétraedriques.

Chapitre 2: modeles diphasiques

Dans ce Chapitre nous étendons le modele dimensionnel hybride décrit au Chapitre
précédent au cas des écoulements diphasiques immiscibles. On utilise pour cela une
formulation implicite en pressions des phases qui est adaptée aux pressions capillaires
discontinues au sens ou elle capte le saut des saturations aux interfaces entre différents
types de roche, en particulier a l'interface matrice fracture. Elle suppose en revanche
que les pressions capillaires sont strictement croissantes et ne peut donc pas traiter le
cas d’une pression capillaire nulle dans la fracture qui sera considéré au Chapitre 3. Les
schémas VAG et HFV du Chapitre 1 sont étendus au cas d’un écoulement diphasique en
utilisant les flux du Chapitre 1 combinés a un décentrage par phase des mobilités. Une
difficulté essentielle pour les schémas nodaux tels que le schéma VAG réside dans le choix
des volumes de controle aux noeuds situés a l'interface matrice fracture. Ces volumes
de controle ne doivent pas mélanger les types de roches matrice et fracture afin d’éviter
d’élargir artificiellement les fractures ce qui conduirait a ralentir la propagation du front
dans les fractures. On propose une stratégie simple et efficace pour résoudre ce probleme
qui est comparée numériquement a I’approche classique pour les schémas de type Control
Volume Finite Element (CVFE) sur des cas tests avec fort contraste de perméabilités
entre la matrice et les fractures. Les tests numériques incluent également, comme au
Chapitre 1, la comparaison des schémas VAG et HFV sur un cas test traceur et un cas
test diphasique 3D. L’analyse de convergence par compacité du schéma vers une solu-
tion faible est détaillée, pour fixer les idées, dans le cas du schéma VAG en formulation
variationnelle et sans décentrage des mobilités. Cette analyse s’étendrait sans difficultés
supplémentaires au cadre général des schémas gradient du Chapitre 1. Elle suppose, tout
comme dans [35], la non dégénerescence des perméabilités relatives. Il s’agit a notre con-
naissance de la premiere preuve de convergence pour ce type de modele.

Le plan du Chapitre est le suivant. La Section 2.2 introduit le modele en formulation
variationnelle et sa discrétisation par le schéma VAG fait 'objet de la Section 2.3. La
convergence du schéma vers une solution faible est étudiée dans la Section 2.4. La Section
2.5 présente la discrétisation VAG et HFV du modele en formulation flux avec décentrage
par phase qui est celle utilisée dans les tests numériques du fait de sa plus grande robustesse
pour les régimes a convection dominante. Des tests numériques étudiant le choix des
volumes de controle aux interfaces matrice fracture et comparant les schémas VAG et
HFV sont présentés dans la Section 2.6.
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Chapitre 3: nouvelle formulation des modeles diphasiques

L’objectif du Chapitre 3 est d’étendre la formulation en pressions des phases du Chapitre
précédent de fagon a prendre en compte des pressions capillaires non strictement crois-
santes et en particulier pouvant s’annuler dans les fractures. Cette extension se doit de
toujours capturer le saut des saturations aux interfaces entre différents types de roches
et d’utiliser le nombre minimal d’inconnues par degré de liberté a savoir deux inconnues
dans le cas de notre modele diphasique immiscible. La méthodologie proposée repose sur
une paramétrisation des graphes monotones des pressions capillaires pour les rocktypes
présents a 'interface et peut étre vue comme un cadre général rigoureux pour les méthodes
de type variable switch [53] .

Le plan du Chapitre est le suivant. La Section 3.2 présente le cadre méthodologique
de la paramétrisation et en déduit l'extension de la discrétisation VAG du Chapitre
précédent au cas général de pressions capillaires avec graphes monotones. La Section
3.3 teste la méthode en la comparant a une formulation en variables pression saturation
sur plusieurs cas tests incluant la simulation de la récupération de gaz dans des réservoirs
peu perméables par fracturation hydraulique.
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Chapter 1

Hybrid Dimensional Single Phase
Darcy Flows in Fractured Porous
Media
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Abstract: this Chapter deals with the discretization of hybrid dimensional Darcy flows
in fractured porous media. These models couple the flow in the fractures represented
as surfaces of codimension one with the flow in the surrounding matrix. The conver-
gence analysis is carried out in the framework of gradient schemes which accounts for a
large family of conforming and nonconforming discretizations. The Vertex Approximate
Gradient (VAG) scheme and the Hybrid Finite Volume (HFV) scheme are extended to
such models and are shown to verify the gradient scheme framework. Our theoretical
results are confirmed by numerical experiments performed on tetrahedral, Cartesian and
hexahedral meshes in heterogeneous isotropic and anisotropic porous media.

1.1 Introduction

This Chapter deals with the discretization of Darcy flows in fractured porous media for
which the fractures are modeled as interfaces of codimension one. In this framework,
the d — 1 dimensional flow in the fractures is coupled with the d dimensional flow in the
matrix leading to the so called hybrid dimensional Darcy flow model. We focus on the
particular case where the pressure is continuous at the interfaces between the fractures
and the matrix domain. This type of Darcy flow model introduced in [3] corresponds
physically to pervious fractures for which the ratio of the transversal permeability of the
fracture to the width of the fracture is large compared with the ratio of the permeability
of the matrix to the size of the domain. Note that it does not cover the case of fractures
acting as barriers for which the pressure is discontinuous at the matrix fracture interfaces
(see [39], [49], [6] for discontinuous pressure models). It is also assumed in our model that
the pressure is continuous at the fracture intersections. It corresponds to a high ratio
assumption between the permeability at the fracture intersections and the width of the
fracture compared with the ratio between the tangential permeability of each fracture
and its length. We refer to [40] for a more general reduced model taking into account
discontinuous pressures at fracture intersections in dimension d = 2.

The discretization of the hybrid dimensional Darcy flow model with continuous pres-
sures has been the object of several works. In [46] a cell-centered Finite Volume scheme
using a Two Point Flux Approximation (TPFA) is proposed assuming the orthogonality
of the mesh and isotropic permeability fields. Cell-centered Finite Volume schemes can
be extended to general meshes and anisotropic permeability fields using MultiPoint Flux
Approximations (MPFA) following the ideas introduced in [60], [57], and [2] for discon-
tinuous pressure models. In [3], a Mixed Finite Element (MFE) method is proposed, and
Control Volume Finite Element Methods (CVFE) using nodal unknowns have been intro-
duced for such models in [54] and [53]. A MFE discretization adapted to non-matching
fracture and matrix grids is also studied in [24].

The main goal of this Chapter is to extend the gradient scheme framework to the case
of hybrid dimensional Darcy flow models. This framework has been introduced in [31],
28], [26] to analyse the convergence of numerical methods for linear and nonlinear second
order diffusion problems. Asshown in [28], this framework accounts for various conforming
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and non conforming discretizations such as Finite Element methods, Mixed and Mixed
Hybrid Finite Element methods, and some Finite Volume schemes like symmetric MPFA |
Vertex Approximate Gradient (VAG) schemes [31], and Hybrid Finite Volume (HFV)
schemes [30].

The extension of the gradient scheme framework to the hybrid dimensional Darcy
flow model is defined by a vector space of degrees of freedom, two discrete gradient
reconstruction operators and two discrete function reconstruction operators in the matrix
and the fracture domains. The gradient discretization of the hybrid dimensional Darcy
flow model is then based on a primal non conforming variational formulation using the
previous operators. In the spirit of [31],[28] the well posedness and convergence of the
gradient scheme is obtained assuming that the gradient discretization satisfies the so-called
coercivity, consistency, and limit conformity assumptions.

Two examples of gradient discretization are given, namely we extend the VAG and
HFV schemes defined in [31] and [30] to the hybrid dimensional Darcy flow model. In
both cases, it is assumed that the fracture network is conforming to the mesh in the sense
that it is defined as a collection of faces of the mesh. The VAG scheme uses nodal and
fracture face unknowns in addition to the cell unknowns which can be eliminated without
any fill-in. It leads to a sparse discretization on tetrahedral or mainly tetrahedral meshes.
It has the advantage, compared with CVFE approaches to avoid the mixing of the control
volumes at the fracture matrix interfaces, which is a key feature for its application to
multiphase Darcy flows (see [13]). It will be compared to the HFV discretization using
face and fracture edge unknowns in addition to the cell unknowns which can be as well
eliminated without any fill-in.

The proof that both the VAG and HFV schemes satisfy the coercivity, consistency,
and limit conformity assumptions of the gradient scheme framework is based on a key
result providing the density of smooth functions subspaces in both the variational space
and in the flux space of the model. These density results are shown to hold for a general
3D network of possibly intersecting, immersed or non immersed planar fractures.

The outline of the Chapter is the following, in Section 1.2 we introduce the general
3D network of planar fractures, the function spaces, as well as the primal variational
formulation of the hybrid dimensional Darcy flow model. Section 1.3 defines the gradient
discretization framework stating the coercivity, consistency, limit conformity, and com-
pactness assumptions. Then, the gradient scheme is introduced for the hybrid dimensional
model and its well posedness and convergence is shown to hold under the coercivity, consis-
tency, and limit conformity assumptions. Section 1.4 extends the VAG and HFV schemes
to our model and prove that each of them satisfies the gradient scheme assumptions. Sec-
tion 4 proves the density of smooth functions subspaces in both the variational space and
in the flux space which is the key ingredient to show that the VAG and HFV schemes
satisfy the gradient scheme assumptions. Section 1.5 provides a numerical comparison of
the VAG and HFV schemes on 3D analytical solutions using Cartesian, hexahedral and
tetrahedral meshes. Both heterogeneous and anisotropic test cases are considered.
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1.2 Hybrid dimensional Darcy Flow Model in Frac-
tured Porous Media

1.2.1 Discrete Fracture Network and functional setting

Let © denote a bounded domain of RY, d = 2,3 assumed to be polyhedral for d = 3 and
polygonal for d = 2. To fix ideas the dimension will be fixed to d = 3 when it needs
to be specified, for instance in the naming of the geometrical objects or for the space
discretization in the next section. The adaptations to the case d = 2 are straightforward.

We consider the asymptotic model introduced in [3] where fractures are represented
as interfaces of codimension 1. Let I be a finite set and let ' = Uicr I'; and its interior
I' =T\ OT denote the network of fractures I'; C , i € I, such that each T'; is a planar
polygonal simply connected open domain included in an oriented plane P; of RY. It is
assumed that the angles of I'; are strictly smaller than 27 and that I'; N fj = () for all
i #j. Foralli eI, letusset ¥, =0, ¥;; =X, NXE;, jel\{i}, Xip=2%N0%0,
Yin = 2\ (Uje[\{i} Yi;UXp), and ¥ = U(m)dx[’i# ¥;;. It is assumed that ¥;5 =
T;NOQ. Let us define the following trace operator vy, : H'(I';) — L%(X;). We will denote

r ~ 10
Q] - /)/‘ o .. ZB N
1 2| Tap L

Figure 1.1: Example of a 2D domain with 3 intersecting fractures I'y,I's,I'3s and 2 con-
nected components 2, {25.

by dr(x) the d — 1 dimensional Lebesgue measure on I". On the fracture network I,
we define the function space L*(T') = {v = (v;)icr, v; € L*(T;),i € I}, endowed with the
norm [|v|| 2y = (O_;es ||vi||%2(ri))%. Its subspace H*(T) is defined as the space of functions
v = (v;)ier such that v; € HY(T;), i € I with continuous traces at the fracture intersections
i.e. yg,v; = 7s,v5 on X ; for all ¢ # j such that 3; ; has a non zero d—2 Lebesgue measure.
The space H'(I') is endowed with the norm ||| g1y = (3., ||Ui||%{1(1“i))% and its subspace
with vanishing traces on Xy = (J,c; X is denoted by Hy, (I).

Let us also consider the trace operator 7; from H*(Q2) to L?(T;) as well as the trace
operator v from H'(Q) to L*(T') such that (yv); = v;(v) for all i € I.

On Q, the gradient operator from H(Q) to L*(Q)? is denoted by V. On the fracture
network T, the tangential gradient V, acting from H(T") to L?(I")4"! is defined by

VTU == (vnvi>i€17
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where, for each i € I, the tangential gradient V.. is defined from H'(T;) to L?(I';)?*
by fixing a reference Cartesian coordinate system of the plane P; containing I';. We also
denote by div., the divergence operator from H g;,(I';) to L*(T;).

The function spaces arising in the variational formulation of the hybrid dimensional
Darcy flow model are

V = {v e H(Q) such that yv € H (")},

and its subspace
V? = {v € Hyj(Q) such that yv € Hy, (I')}.
From Poincaré inequality on Hg(€2) and the continuity of the trace operator ~, we deduce

the following inequality.

Proposition 1.2.1 There exists Cp > 0 such that for all v € V° one has

[l z2@) + [yollzz@y < CpllVoll @

Thus, the space V° is endowed with the Hilbertian norm
1/2
||U||VO = (||VU||%2(Q)L1 + ||V77U||%2(F)d71> )

1/2
and the space V with the Hilbertian norm |jv||y = (HUH%/O + HUH%Q(Q) + H’va%Q(F)> .

The following density result is proved in the Appendix.

Proposition 1.2.2 The spaces C®(Q) and C(S)) are dense subspaces of respectively V
and V°.

Let Qg4,a € A denote the connected components of 2\ T', and let us define the space
H g, (22 \T) = {adm = (Am.a)aca | Qma € Hg3;(€4)}. For all i € I, we can define the two
sides + of the fracture I'; and the corresponding unit normal vector nii at I'; outward to
the sides . Each side 4 corresponds to the subdomain af € A with possibly af = a; .
For all g, € Hg; (2\T), let Apy o - n|r, denote the two normal traces at the fracture
I'; and let us define the jump operator Hg;, (Q2\T) — D'(I';) in the sense of distributions
by [[qm ’ ni]] = qm,a;r ) nz—"rh‘i + qm,a; ) n’i_|Fi'

For all i € I, we denote by ny, the unit vector normal to ¥; outward (and tangent)
to I';.

Let us define the function space H(Q2,T") by

)= { 9= (@nolaca dr = (Apiier | am € Hyy 2\ T),
’ Ay € Lz(Fi)d_lv divﬂ'(qf,i) - [[qm : ni]] S LZ(FZ'),@' cl |~
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It is an Hilbert space endowed with the scalar product

<(pm7pf> (qmuqf H —Z/ Pm,a - qma+d1V<pma)d1V(qma)>d
acA

5 / pr: agi+ (dive ()~ o mi]) (diva (@)~ [ - mi]) ) dr(x).

el

and the norm
1 2
(o )t = (o> Af)s (G )V 1

On H(Q,T) x (L?(Q) x L2(T) x L2(Q)4 x L?(r)d—l) we define the continuous bilinear
form

GE((qmaqf)a(Umavfagmagf Z/ qQm,a ° gm"'le(qma)vm)d
acA (11)

+Z/ Ay - gf—i—<d1VTZ(qu) [[qm nl]DUf)dT( )

el

For all a € A let us denote by C{°(€2,) the set of functions ¢ such that for all x € Q,, there
exists 7 > 0 such that for all connected component w of the domain {x € R?| x| < r}NQ,,
one has ¢|, € C>®(w)%

For all (qm,q;) € H(Q,T) with g, € C°(Q), a € A, and q;; € C(T,)* L, i € I,
and for all v € V?, it is readily checked that

ax <(qma qf)? (U> v, VU? v‘l'fyr(]) = /\ PYU(Z Ar,i - nzi)dl(x)
\Xo €l

+Z/ v(dy, - ny,)dl(x).

el

This lead us to the definition of the following closed Hilbert subspace of H(2,T")

(am,qy) € H(,T) | }

Hs(©, F>:{ ag((qm, as), (v,vyv, Vo, V;yv) =0 forallveV? (1.2)

corresponding to impose in a weak sense the conditions

(i) the sum to zero of the output normal fluxes at fracture intersections ) ., qy,;-ny, =
0 on ¥\ ¥y, assuming that the volume at the intersection can be neglected,

(ii) a zero normal flux boundary condition at the immersed boundaries of the fractures
qs; Ny, = 0 on X; y,7 € I, assuming that the width at the tip of the fracture is
small compared to the lengh of the fracture.
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Finally let us define a subspace of smooth functions in Hx(2,T") by

(qm,u)aeAa (Qf,i)iel | qm,a S C?(Qa)a qf,i S Coo(fi)d_ly
C%OE(Q»F): qu,i ‘ny, =0on X\ X, qs-ng, =0onX;y,i€l (- (1.3)
iel
The proof of the following density result is given in the Appendix.
Proposition 1.2.3 The space Cf;_ (2, 1) is a dense subspace of Hx(S2,T).

1.2.2 Hybrid dimensional Darcy Flow Model

In the matrix domain © \ T' (resp. in the fracture network T'), let us denote by A, €
L(Q)™ (vesp. Aj € L>(T)@=Dx(d=1)) the permeability tensor such that there exist
Am 2> Ay >0 (vesp. Ay > Ap > 0) with

Anl€l? < (An(x)€,€) < Xy [€] for all € € RY x € Q,

(resp. Af[€]? < (Ap(x)€,€) < Afl¢|? for all € e R x €T).

We also denote by dy € L®(I") the width of the fractures assumed to be such that
there exist Ef > d; > 0 with d; < de(x) < Ef for all x € I'. Let us define the weighted
Lebesgue d—1 dimensional measure on I' by d7¢(x) = d¢(x)d7(x). We consider the source
terms h,, € L?(Q) (resp. hy € L*(T)) in the matrix domain Q \ T (resp. in the fracture
network I').

The strong formulation of the hybrid dimensional Darcy flow model amounts to find
u € V% and (qm,qy) € Hx(Q,T) such that:

div(Qm.a) = hm on Qq,a € A,
Amae = —AnVu on Qq,a € A, (1.4)
ddi—i(Qf,i) — [[qm . ni]] = dfhf onl;, 7€ I, '

qsi = —ds AfVyyiu onTy i€l

The weak formulation of (1.4) amounts to find u € V° satisfying the following varia-
tional equality for all v € V°:

/Q A () Vau(x) - Vo(x)dx + /F A () yu(x) - Voyo(x)drs (x) .

_/S;hm(X)U(X)dX—/Fhf(X)’yU()Qde@Q = 0.

The following proposition is a direct application of the Lax-Milgram theorem and
Proposition 1.2.1.

Proposition 1.2.4 The variational problem (1.5) has a unique solution u € VO which
satisfies the a priori estimate

Cp
< hon || 12 dehg| 12 )
lullve < g (Memllaz) + ldshslaze

In addition (q,dy) = (—AnVu, —dsAVoyu) belongs to Hy(2,T).

21



1.3 Gradient discretization of the hybrid dimensional
model

In this section we extend the gradient scheme framework introduced in [31], [28] for elliptic
and parabolic problems to our hybrid dimensional Darcy flow model.

1.3.1 Gradient discretization

A gradient discretization D of (1.5) is defined by a vector space of degrees of freedom
Xp, its subspace associated with homogeneous Dirichlet boundary conditions X%, and
the following set of linear operators:

e Two discrete gradient operators on the matrix and fracture domains:
VDm  Xp — L2(Q)d and fo  Xp — L2(F)d71.

e Two function reconstruction operators on the matrix and fracture domains:
H’Dm : XD — LQ(Q) and H’Df : XD — LQ(F)

The vector space Xp is endowed with the semi-norm

Ju

2
loollo = (170, v0 3oy + V0,00l 22ye-: )

which is assumed to define a norm on X9.
In the following, the gradient discretization of the hybrid dimensional model with
homogeneous Dirichlet boundary conditions will be denoted by the quintuplet

D = (X3, TIp,,,TIp,. Vn,,, Vo, ).

Next, we define the coercivity, consistency, limit conformity and compactness properties
for sequences of gradient discretizations. Note that the compactness property is useful
for the convergence analysis of nonlinear models and hence will not be used for the con-
vergence analysis of our model. Nevertheless, for the sake of completeness, it is stated in
this section and will be proved to be verified for the VAG and HFV schemes in section 1.4.

Coercivity: Let Cp > 0 be defined by

IIp v + [|IIp,v
Cp = max I, D||L2(Q) | i D||L2(F). (1.6)

0#£upeXY |lvpl|p

Then, a sequence of gradient discretizations (D!);ey is said to be coercive if there exist
Cp > 0 such that Cp < Cp for all [ € N.

Consistency: For all u € V% and vp € X let us define

Sp(u, UD) = ||vaUD — VUHLQ(Q)d + ”vaUD — VT’)/UHLz(F)d—l
+ [|Up,,vp — ull L2 + [, vp — yull L2,
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and
Sp(u) = min Sp(u,vp). (1.8)
UDGX%
Then, a sequence of gradient discretizations (D')ey is said to be consistent if for all u € V°
one has lim;_, 1o Spi(u) = 0.

Limit Conformity: For all (q,,,qy) € H=(Q,T) and vp € X2, let us define

Wp(dm, df,vp) = az((Qm, qy), (p,,vp, lp,vp, Vp, vp, VDfUD)> (1.9)
e W )
Qm, dy, Up
Wo(Qm, qs) = max —2 . 1.10
D(q qf) 0upeXD HUDHD ( )

Then, a sequence of gradient discretizations (D'),ey is said to be limit conforming if for
all (qm,qr) € Hx(Q2,T') one has lim;_, o Wpi(qm,qs) = 0.

Compactness: A sequence of gradient discretizations (D'),cy is said to be compact if
for all sequences (vpi)eny With vy € X%l for all [ € N such that there exists C' > 0 with
|vpt||pr < C for all [ € N, then there exist u,, € L*(Q) and u; € L*(T') such that one has
up to a subsequence

lEHloo ITlp: vpr — U 2(0) = 0 and ll}iJIrnoO ||HD§(UDL — ugl|r2ry = 0.

The following proposition states a property of limit conforming and coercive sequences
of gradient discretizations.

Proposition 1.3.1 Regularity at the limit. Let (D')cy be a family of discretizations
assumed to be limit conforming and coercive. Let (vpi)ieny with vpr € X%, foralll € N be
a bounded sequence in the sense that there exists C' such that ||vpi|pr < C for alll € N.
Then, there exist v € VO and a subsequence still denoted by (vpi)ien such that

p: vpr — v weakly in L*(S2),
Vi vpt = Vv weakly in L*(2)“,
HD}sz — v weakly in L*(T),
Vp,vpr — Vyv weakly in L*(T)*".

Proof: From the boundedness of the sequence ||vpi||pt, [ € N and the coercivity as-
sumption, there exist v,, € L*(Q), v; € L*(I'), g € L*(Q)¢, and g; € L*(I')%!
such that Ilp: vp weakly converges to vy, in L3(92), HD? vpr weakly converges to vy in

L*(T), Vpr vpr weakly converges to g, in L?*(Q)4, and VD; vpt weakly converges to gy
in L2(T")?1. From the limit conformity it follows that ax ((qm, ds)s (Um, V1, 8ms gf)) =0

for all (qm,qy) € Hx(,T). From Lemma 4.0.5, we deduce that v = v, € V°, v; = v,
gn = Vv and gy = V,yv. O
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The following Lemma will be used in the next sections to prove the coercivity, con-
sistency, limit conformity and compactness of sequences of families of gradient discretiza-
tions.

Lemma 1.3.1 Let (D')en be a sequence of gradient discretizations with D' = (X%l, Iy , HD?, Vo ,Vp
and let for all | € N, ﬁpin,ﬁp; be a couple of linear mappings from X%l to L*(Q) and
L?(T") respectively such that there exists a real sequence (Epi)ien satisfying limy o Epr = 0
and B B

Mpy, vpr = Tpy vpi[ 22(0) + [Tpy vpr = Tt vpi || 20y < Eptl|vpt o
for all v € X2, and all 1 € N. Let us define the following new sequence of gradient
discretizations (D')ey with D' = (X%I,HD%,HD},VD%,VD;). Then, each property (co-
ercivity or consistency or limit conformity or compactness) for the sequence (Dl)leN 18
equivalent to the same property for the sequence (D')jen.
Proof: By symmetry it suffices to show that each property for the sequence (D');ey
implies the same property for the sequence (D');cy. Assuming the coercivity of (D!)ey,

the coercivity property of the sequence (D')cy derives from ||vpi|p = |lvpi|z for all
vp € X2, and from the estimate

1Ty v 2200 + [Ty vy < (Cor + 6ot ) v
Let v € VO, for all vy € Xlo)l one has the estimates
[vpt||pr < ||VU||L2(Q)d + HVWUHH(r)dfl + Spi(u, vpr),

and
Spi(u, vp) < &pil|lvpt||lpr + Spi(u, vp).
We deduce that

Sai(u, vpr) < Epi(||Vull 2ya + | Veyul| p2rya-1) + (1 + Ep) Spi(u, vpr)

and hence the consistency of the sequence D! , | € N derives from the consistency of the
sequence (D')en.
For all (Qm,qy) € Hx(Q,T) and all vp € X2

o, it follows from (1.9) that
W’ﬁ (me qr, UDl) S W’Dl (qm; qr, U’Dl) + ng ||(qm7 qf)HHHU’Dl HDl7

from which we deduce that the limit conformity of the sequence (5l)leN derives from the
limit conformity of the sequence (D')en.
Finally, using the following estimates

HHDLLW - umHLQ(Q) < HHDﬁnle - Um”L?(Q) + &pil|vpt|| 1,

Mpvpr = ugll L2y < [Mptvpt — w2y + Eptllvpt o,

it is clear that the compactness of the sequence of gradient discretizations (D!);ey implies

the compactness of the sequence of gradient discretizations (D');ey. O
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1.3.2 Application to the hybrid dimensional model

The gradient discretization of the hybrid dimensional model (1.4) is based on the primal
variational formulation (1.5). It is defined by: find up € X2 such that for all vp € X2:

/QAm(x)meuD(x) V. vp(x)dx + /FAf(x)foup(X) Vo, up(x)drs(x) .

—/th(X)HDva(X)dx—/Fhf(x)prvp(x)de(x) = 0.

Proposition 1.3.2 Let D be a gradient discretization of (1.5). Then (1.11) has a unique
solution up € X satisfying the a priori estimate

Cp
min(Am7AfC_if

Junllo < 5 (Il + ldghs i)

Proof: For any solution up € X2 of (1.11), setting vp = up in (1.11), and using the
Cauchy Schwarz inequality, the definition (1.6) of Cp, and the assumption that ||.||p
defines a norm on X%, we obtain the estimates

in 4, Aydy)uplfy < [ B o)TIp, un(a)dx-+ [ g (o), up(x)ry )
Q I
< Co(hmll iz + Idshsll e ) lup o,

from which we deduce the a priori estimate and hence the uniqueness and existence of a
solution. [

Proposition 1.3.3 Error estimates. Let u € VO be the solution of (1.5) and let us
set (qm,dyr) = (=N Vu, —dsAfV,yu) € Hy(Q,I). Let D be a gradient discretization of
(1.5), and let up € XY be the solution of (1.11). Then, there exist Cy,Cy depending only
0N A, A,y Xf, Ass c_lf, dy, and C3,Cy depending only on Cp, Ams Ay Xf, As, 3f, d; such
that one has the following error estimates:

[Vu — Vp, upl| 2y + |V-yu — Vo, up|| 2(rye
S CISD(U> + CQWD<qm7 qf)?

Ilp,, up — ul|z2@) + |IIp,up — yul| L2y < CsSp(u) + CsWp(Am, Ay)-

Proof: Using the definition of Wp and the definitions of the solution up of (1.11) and of
the solution u, (qm, qy) of (1.4), we obtain that for all vp € X2

| / (Avava (V- meuD)>dx—|—
Q

[ (ArF0,00- (9 = Vo,u0) )ars()| < ool Wo(atms a).
Tr
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Let us introduce wp € X2 defined as
wp = argmin,, ¢ xo Sp(u, vp),

and let us set in the previous estimate vp = wp — up. Applying the Cauchy Schwarz
inequality, we obtain the first estimate. In addition, from the definition of Cp, we have
that

|Ip,, wp — Ilp,, upl|r2() + [[Up,wp — Ilp,upl| 12y < Cp|lwp — up||p,

which proves the second estimate using the definition of wp. [

1.4 Two examples of Gradient Discretizations

Following [31], we consider generalised polyhedral meshes of {2 which allow for non planar
faces. Let us stress that this general definition is used for the VAG scheme introduced in
subsection 1.4.1 while the HFV scheme described in subsection 1.4.2 requires in addition
that the faces are planar and that the face center x, is the center of gravity of the face o.

Definition 1.4.1 (Polyhedral mesh) Let M be the set of cells that are disjoint open
polyhedral subsets of Q1 such that |J g K =Q. For all K € M, xi denotes the so-called

“center” of the cell K under the assumption that K is star-shaped with respect to xi. We
then denote by Fi the set of interfaces of non zero d —1 dimensional measure among the
interior faces K N L, L € M\ {K}, and the boundary interface K N 0Q, which possibly
splits in several boundary faces. Let us denote by

F=J Fx

KeM

the set of all faces of the mesh. Remark that the faces are not assumed to be planar, hence
the term “generalised polyhedral mesh”. For o € F, let £, be the set of interfaces of non
zero d — 2 dimensional measure among the interfaces @ Na', o' € F\ {o}. Then, we

denote by
e=J&

oEF

the set of all edges of the mesh. LetV, = Ue,e'e&,,e;«ée/ (e N e’) be the set of vertices of o.
For each K € M we define Vi = Uae]—‘K Vs, and we also denote by

V=[] Vk
KeM

the set of all vertices of the mesh. It is then assumed that for each face o € F, there exists a
so-called “center” of the face X, € 0\, g, € such thatx, = 3 o\, Bos Xs, With Y o\, Bos =
1, and Bys > 0 for all s € V,; moreover the face o is assumed to be defined by the union
of the triangles T, . defined by the face center x, and each edge e € &,.

The mesh is also supposed to be conforming w.r.t. the fracture network I' in the sense
that for each i € I there exists a subset Fr, of F such that T'; = erf o. We will denote

by Fr the set of fracture faces | J,c; Fr,, and by Er the set of fracture edges UUG;F
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A tetrahedral sub-mesh of M is defined by
T ={Tkoe, ¢ €&E,0€ Fx,K € M},

where Tk ;. is the tetrahedron joining the cell center x to the triangle T, . (see Figure
1.2 for examples of such tetrahedra).

Let pr denote the insphere diameter of a given tetrahedron T', hp its diameter, and
h+ = maxpe hy. We will assume in the convergence analysis that the family of tetrahe-
dral submeshes 7T is shape regular. Hence let us set

hr
07 = max —.
TeT PT

1.4.1 Vertex Approximate Gradient Discretization

The VAG discretization has been introduced in [31] for diffusive problems on heteroge-
neous anisotropic media. Its extension to the hybrid dimensional Darcy model is based
on the following vector space of degrees of freedom:

XD:{UK,’US,UJ GR,KEM,SGV,O'GJTF}, (112)
and its subspace with homogeneous Dirichlet boundary conditions on 0€2:
X% ={vp € Xp|vs =0 fors € Vey}. (1.13)

where V,.,; = VNI denotes the set of boundary vertices, and V;,; = V \ 02 denotes the
set of interior vertices.

Figure 1.2: Degrees of freedom of the VAG scheme: cell unknowns vy, vy, fracture face
unknown v,, and node unknowns vs, vs, , Vs, , Uss, Us,- Lhe fracture faces of Fr are in bold.
The value of v, is obtained by interpolation of the node unknowns vs,, vs,, Vs,, Us, 0f the
face o' € F \ Fr while v, is kept as an unknown for o € Fr.
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A Py finite element discretization of V' is built using the tetrahedral sub-mesh 7T of
M and a second order interpolation at the face centers x,, o € F \ Fr defined by the
operator I, : Xp — R such that

[U(UD) = Z ﬁo’,svs-

SEVO'

For a given vp € Xp, we define the function Il;vp € V as the continuous piecewise
affine function on each tetrahedron of T such that [lyup(xg) = vk, [lrvp(xs) = v,
[M7vp(Xy) = Vg, and Hyvp(X,) = I (vp) forall K € M, s € V, 0 € Fr, and o’ € F\ Fr.
The discrete gradient operators are obtained from this finite element discretization of V|
setting

va = VHT and va = VT")/HT. (1.14)

In addition to this conforming finite element discretization of V', the VAG discretization
uses two non conforming piecewise constant reconstructions of functions from Xp into
respectively L*(Q2) and L?(T') based on a partition of the cells and of the fracture faces.
These partitions are respectively denoted, for all K € M, by

szKu< U wKs)u( U wK,(,),

SEVENVint cEFKNFT

Ezwgu< U wg,s>.

sEVsNVint

and, for all o € Fr, by

Then, the function reconstruction operators are defined by

vg forallx € wg, K € M,
p, vp(x) =4 vs forall x € wis, s € Vg N Vi, K € M, (1.15)
vy, forall x € wg,, 0 € FxNFr, K € M,

and
v, forall x € w,, o€ Fr,
HDfUD<X) = { 7 r

vs forall X € wys, 8 €V, N Vi, 0 € Fr. (1.16)

It is shown below that the above VAG discretization defines a coercive, consistent, limit
conforming and compact gradient discretization whatever the choice of these partitions.

Properties of VAG discretization: we state without proof two results that can be
readily adapted from [16] Lemmas 3.4 and 3.7 noticing that the shape regularity of 7
implies the shape regularity of the triangular submesh of I" defined by 7 N T

Lemma 1.4.1 There exists C' > 0 depending only on 0+ such that, for all vp € Xp, one
has the estimates

[p,, vp — Ilrvpl|Le) < Chr|[Vp, vpl|L2(0)e,
Hp,vp — yHrvpllizry < Chr||Vp,vpl|p2(ryer.
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For any continuous function ¢ € C°(Q), let us introduce the operator Pp : C°(Q) —
Xp such that

(Ppp)k = ¢(xk), (Ppe)s = p(Xs), (Ppp)s = ©(Xs)
forall K e M, s €V and o € Fr.

We have the following classical finite element approximation result for the finite ele-
ment interpolation operator I1+Pp.

Proposition 1.4.1 For all ¢ € C®(Q), there exists C, > 0 depending only on o, O
such that one has the error estimates

|l — Tl Ppgllr20) + 17 — VI Powll 2y < h7C,,
and
Vo = VIIrPool| 2y + Ve — VoAllr Pool| p2pyar < hrC,.
Let us now state our main result concerning the VAG discretization.

Proposition 1.4.2 (Main result on VAG) Let us consider a family of meshes (M");en
as defined above. It is assumed that the family of tetrahedral submeshes T' of M is shape
reqular in the sense that there exists @ > 0 such that 01 < 0 for alll € N. It is also

assumed that hpi tends to zero when | — +00. Then, the sequence of VAG discretizations
(DY) ey with D' = (X%,,HD%,HD?,VD%,VDQ defined by (1.13), (1.15), (1.16), (1.14) is
coercive, consistent, limit conforming and compact.

Proof: Let us denote by
DFE = (X’0D7 HTa ’YHTv vav V'Df)7
the conforming P; finite element VAG discretization. It results from Lemma 1.2.1 that

IM7vplr2@) + [V Hrvpl 2y < Cp| Vo, vp|r2(0)e (1.17)
for all vp € X%. On the other hand for all (q,,,q;) € Hx(Q,T') and all vp € X one has

WDFE(qm7qf7vD) = 0. (1.18)

We deduce from (1.17) and (1.18) that the sequence of conforming gradient discretizations
(DL.g)ien is coercive and limit conforming. The consistency of (Dhg)en results from
Proposition 1.4.1 and from the density of C2°(Q) in V° given by Proposition 1.2.2. The
following estimates

IT7vp| 10y < Cil|VIIrvp| 22 ()e,

and
Iittopllanwy < Ca(I9Trvnll ey + IV o Tlren]p2e-r)

for constants C'; and C5 independent on the mesh and on vp € X% are deduced from the
Poincaré inequality and the Trace theorem. Then, thanks to the Rellich Compactness
Theorem, one obtains the compactness of (Dkp)ien. From Lemma 1.3.1 and Lemma 1.4.1
we deduce that the sequence (D!)cy is also coercive, consistent, limit conforming and
compact. [J
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1.4.2 Hybrid Finite Volume Discretization

In this subsection, the HFV scheme introduced in [30] is extended to the hybrid dimen-
sional Darcy flow model. Let us recall that the HFV scheme of [30] has been generalised
in [27] as the family of Hybrid Mimetic Mixed methods which encompasses the family of
Mimetic Finite Difference schemes [19]. In the following, we focus on the particular case
presented in [30] for the sake of simplicity.

Let us recall that, for the HF'V scheme, the faces o € F are assumed to be planar and
X, is assumed to be the center of gravity of the face . We also denote by x. the center
of the edge e € €. Let Fiy C F (resp. & C E) denote the subset of interior faces (resp.
interior edges). The vector space of degrees of freedom Xp is defined by

Xp ={uxg € Riu, € Ryu, € R for all K € M,o0 € F,e € &r}, (1.19)
and its subspace X9 is defined by
X2 ={up € Xp|us =0,u, =0for all ¢ € F\ Fipy and e € & \ Eii}- (1.20)

For any continuous function ¢ € C°(Q), let us define its projection Ppy onto Xp such
that (Ppy)x = ¢(xk), (Ppp)s = p(Xs), (Ppp)e = @(x.) for K € M,0 € F,e € &p.

Figure 1.3: Degrees of freedom of the HF'V scheme: cell unknowns ug, uy, fracture face
unknown u,, matrix face unknown u,. and fracture edge unknown u,.

For each cell K and up € Xp, let us define

1
Vigup = m Z |0|(Ua - UK)nK,m

oEFK

where | K| is the volume of the cell K, |o| is the surface of the face o, and ng , is the unit
normal vector of the face o € Fy outward to the cell K. We recall from [30] that V xup
is exact on affine functions ¢ in the sense that Vg Ppy = V. Also note that Vup
does not depend on uy since ) |olnk, = 0. Hence a stabilised discrete gradient is
defined as follows:

VKJUD = Vikup + RKJ(UD)HK,U, o€ Fg,
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with
Vid

dK,U

RK,U(UD) = (Ua —ug — VKUup - (Xa - XK)),

setting di » = Nk, - (X, —Xx ) which leads to the definition of the matrix discrete gradient
Vo, up(x) = Vi up on K, for all K € M, o € Fg, (1.21)

where K, is the cone joining the face o to the cell center xx. The fracture discrete
gradient is defined similarly by

Vp,up(x) = Vs up on o, for all 0 € Fr,e € &, (1.22)

with
VU,eu’D == VUUD + RJ,e(”D)nU,e,

and

1
Voup = o] 6625: le](te — Uy )Ny,
d—1
da,e

where n, . is the unit normal vector to the edge e in the tangent plane of the face o and
outward to the face o0, dy. = 05, - (xc — X,), and o, is the triangle of base e and vertex
X,

The matrix and fracture discrete gradients are both consistent in the sense that for
any affine function ¢ € C°(Q) one has Vp, Ppp = Vi, and for any function ¢ € C°(Q)
affine on the fracture I'; one has Vp, Ppp = V¢ on I';. We recall also from [30] that for
all up € Xp one has

R, .(up) = <ue — Uy — Voup - (Xe — XU)>,

Z lo|dk o RK,o(up)ng,, = 0 and Z le|dy.e Ry e(up)ng . = 0. (1.23)

oEFK ecls

The function reconstruction operators are piecewise constant on a partition of the cells
and of the fracture faces. These partitions are respectively denoted, for all K € M, by

F = w}( U ( U wK,U)a

c€FxNFint

and, for all o € Fr, by

Ezwau< U wg,e)

e€EsNEint

Then, the function reconstruction operators are defined for all vp € Xp by

vg for all x € wg, K € M,

lp,,vp(x) = { v, forall x € wg,, 0 € Fx NFiu, K €M, (1.24)
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and
v, for all x € w,, o € Fr,

ve forall X € wye, € € E N Eiu, 0 € Fr. (1.25)

Ip,vp(x) = {

As for the VAG scheme, it is shown below that the above HFV discretization defines a
coercive, consistent, limit conforming and compact gradient discretization whatever the
choice of these partitions.

Let us define the two piecewise constant mappings [Ty (resp. I1x) from Xp to L*(Q)

(resp. L*(T")) such that for all vp € Xp
Myvp|g = vk for all K € M (resp llzvpl|, = v, for all o € Fr). (1.26)
Following the proof of Lemma 4.1 from [30], one can obtain the following Lemma.

Lemma 1.4.2 There ezists C > 0 depending only on 01 such that for all up € Xp one
has

ITp,, up — Mamupl|z2) + [[Tlp,up — Mrup||r2@) < Chrllup||p.
Properties of HFV discretizations: Let us first consider the HFV discretization
D= (X’%a H./\/la H]:a vaa va>7

defined by the vector space X% from (1.20), the discrete gradient operators Vp, from
(1.21) and Vp, from (1.22), and the function reconstruction operators Ilr¢, IIx from
(1.26). From Lemma 5.3 and Lemma 4.1 of [30] and Lemma 1.51 of [26], one has the
following discrete Poincaré estimates

Tavun||z20) < Com|| Vo, upl| 2@y,

1.27
Trull ey < Co (I Vmtpllzye + [V, ull ) (1:27)
for all up € X% with Cp,, and Cp ; depending only on 6.

It follows from Lemma 4.3 of [30] that for all ¢ € C>(Q) there exists C' > 0 depending
only on 67 and ¢ such that

IV, Pow — Vol + Vo, Poy — Vol L2y < Chr (1.28)

It is easy to show that for all ¢ € C*(Q), there exists C' > 0, depending only on ¢ and
0+ such that
HHMPDSO — (PHLQ(Q) —+ HH]-'PD(P — QDHLQ(F) S ChT (129)

Proposition 1.4.3 Let (p,,, ;) € Ci. (S0, 1), there exist C' depending only on (¢,,, ¢;)
and 07 such that for all up € XY

Wo (e, @5, up) < Chrlluplp.
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1
Proof: Let us define ¢, = ﬁ [ @mdx for all K € M, and ¢, = lim — [ ¢, (x

e—0t |a| J,
Ny .€)dr(x) for all o € F.

Let us define

with
D
Ap = § § |U| _UK Pr  NKqo,
KeMoeFg
and
D
A = E E RKU (up nKU~/ ©@,,dx.
KeMoeFg Ko

Using (1.23), one has

Ay = Z Z R (up)ng o / (Pm — Pr)dx.

KeMoeFg Ko

We can deduce as in Lemma 4.2 from [30] that there exists C' depending only on ¢,,, 07
such that
AR < Chr | Vo, up 120 (1.30)

Let us consider the term AT defined by

AgZ/ (Haup)div(ep,, ,)dx = Z Z loluxpr, -k

aeA KeMoeFg

Adding and subtracting Z Z lo|uspr s - DE,s to AT and using that Z loler, -
KeMoeFg KeMy
ng, =0 for all 0 € F\ Fr, leads to

=Y ok - i e+ Y S Iolunions e
KeMoeFg ceFr KeMy
It results that

CRRED DY NUESI PR
il (1.31)

Z Z |o| (u Pro— Pr) DKo

KeMoeFg

Therefore, applying Cauchy-Schwartz inequality to (1.31), using the regularity of ¢,,, and
the estimate (1.30), we deduce that there exists C' depending only on ¢,,, 67 such that

3 | (Tt @t (ati)div(iy, )
acA (1.32)

Z/ rup)[p,, nidr(x)| < Chr||Vp,, up|| 2 @)

el
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Next, we define for all 0 € Fr and e € &,

1
(PU:H/USOde(X) and Cpo.e— lim — e’ /(Pf — g€ dl( )

e—0t ‘
Let us set
BP = B + BE = / Vp,up - @;,d7(x),
i€l
with
Bﬁ_22| | _UU na,ea
oEFT e€€y
and
BY =3 Y Roo(up)ng. / ().
oeFr e€ls Oe

Using (1.23), one has

Bl% = Z Z Rye(up)ng, - / (o5 — P, )dT(x).
oEFT e€€s Te
We can deduce as in [30] that there exists C' depending only on ¢, 67 such that
|BE| < Chrl||Vp,up||2(ry (1.33)
Let us consider the term BP defined by

BP = Z/ Hrup)div(e;,)dr(x Z Z| Uy Mo

el o€ Fr e€éy

Adding and subtracting Z Z le|tep,,. - Do to BY we obtain that

O'E]:F ecly
ZZ‘ | Soae nU€+ZZ| |u3(PO'€' Nye
oEFr €€y oEFr €€y

Taking into account the definition of ¢ 7. and the fact that u, = 0 for all e € &\ E; we

conclude that
Z Z le|uep, . - o e = 0.

oEFr e€ls

Bg“"Bp Z Z le](uo — ue) Qaa,e_socr) ‘Nge,

oEFT e€€y

It results that

from which we can deduce as in [30] and using (1.33) that there exists C' depending only
on ¢, and 67 such that

< OhTHVDfUD”LQ (134)

Z/ Vo, up - %Jr(ﬂfub)dlv(sofz))dﬂ )

el
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Combining the estimates (1.32) and (1.34) concludes the proof of Proposition 1.4.3. [

Proposition 1.4.4 (Main result on HFV) Let us consider a family of meshes (M");en
as defined above. It is assumed that the family of tetrahedral submeshes T' of M' is shape
reqular in the sense that there exists a positive constant 6 such that 07 < 0 for all | € N.
It is also assumed that hr tends to zero when | — +o0o. Then, the sequence of HF'V
discretizations (D')jen with D' = (X%“HDMHD;,VDMVD}) defined by (1.20), (1.24),
(1.25), (1.21), (1.22) is coercive, consistent, limit conforming and compact.

Proof: The coercivity of the sequence of HFV discretizations

(X8 ot 5, Vg Vi )
mn f/1eN

results from (1.27). Its consistency is obtained using (1.28), (1.29) and the density of
C>*(€Q) in VY given by Proposition 1.2.2. Its limit conformity is obtained by Proposition
1.4.3 and the density of C3_(2,I') in Hx (2, T') given by Proposition 1.2.3. Its compactness
results from Lemma 5.6 of [30] and Lemma 1.57 of [26]. Then, the coercivity, consistency,
limit conformity and compactness of the sequence of HFV discretizations (D!);cy results
from Lemma 1.3.1 and Lemma 1.4.2. [J

Remark 1.4.1 The proofs of Propositions 1.4.2, 1.4.4 and of Lemma 1.3.1 show that for
solutions u € V° and (qm,qy) € Hx(Q,T) of (1.4) such that u € C*(K), q,, € (C*(K))4,
q; € (CY(9))4 ! for all K € M and all o € Fr, the VAG and HFV schemes are consistent
and limit conforming of order 1, and therefore convergent of order 1.

1.4.3 Finite Volume Formulation of the VAG and HFV schemes

Both the VAG and HFV schemes can be formulated as finite volume schemes. Moreover,
the definition of the fluxes and of the conservation equations for both schemes can be
unified using the following data structure which has been used in the practical implemen-
tation of the code. Let us define the set of degrees of freedom (d.o.f.)

dofp MUV UFr for VAG,
9P =) MUFUE for HFV.

The subset of d.o.f. located at the boundary of €2 where Dirichlet boundary conditions
are imposed is denoted by dofp;. and is defined by

d f R Vext fOI' VAG,
OIDir = (F\ Fint) U (€ \ Eine) for HEV.

For each cell K € M let us also define the subset dofgx of d.o.f. located at the boundary

of K with
VK U (.FK N .Fp) for VAG,

dofor = { Fx for HFV.
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Similarly, we define for each fracture face o € Fr the subset dofs, of d.o.f. located at the

boundary of o
dofyy = V, for VAG,
0lor = &, for HFV.

Finally, the vector space Xp is identified to R/ and its subspace X% to R%©/2\dfoir and
we denote by (e,,v € dofp) the canonical basis of Xp.

Using these unified notations and following [13] Section 4 for the VAG scheme and [30]
Remark 2.7 for the HF'V scheme, we can define for both schemes the matrix and fracture
fluxes which are exhibited in Figure 1.4 inside a cell K with a fracture face o. The matrix
fluxes connect a cell K € M to its boundary d.o.f. v € dofsx and are defined for all
up € Xp by

FKJ,(UD) = —/ AmVDmuD . meel,dx = Z TIV(/,V(UK - UV’)>
K v'edofox
with
Ty, = / Ao, e - Vp, e,dx.
K

Similarly, the fracture fluxes connect a fracture face o € Fr to its boundary d.o.f. v €
dofss and are defined for all up € Xp by

F‘Tv”(uD) = _/devaqu : foel,dT(X) = Z T;;(uK — u,/),
7 v'edofas
with
Tz;/u = /defVDfeu/ . foe,,dT(x).

These fluxes are such that for all (up,vp) € Xp x Xp one has

) Vup(x) - Vi ep(x)ix + [ (6 up(x) - Vo m(x)ry(x)

= Z Z FKZ/ UD ’UK—UZ, Z Z Fo-zz u’D UU V)'

KeMuvedofsx oc€Fr vEdofys

It follows that the variational formulation (1.11) is equivalent to the following finite
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Fk,s Fks /Fa.s
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Ug Us

Figure 1.4: Matrix (in blue) and fracture (in red) fluxes inside a cell K with a fracture
face o (in bold) for the VAG (left) and HFV (right) schemes. The matrix fluxes Fi,
connect the cell K to the d.o.f. v € dofsx located at the boundary of K. The fracture
fluxes F,,, connect the face o to the d.o.f. v € dofy, located at the boundary of o.

volume formulation: Find up € Xp such that

(

Z Fr,(up) / hm(x)dx, for all K € M,

vEdofyx
Z FO'I/ UD Z _FK,O(UD)
vedofy, KeMs
= > hm(x)dx+/ hs(x)d7s(x), for all o € Fp,
KeM, Te v (1.35)
Z _FK,V<UD) + Z a'l/ UD Z /
KeM, o€Fr,, KeM,
+ Z / hy(x)d7s(x), for all v € dofp \ (M U FrUdofpir),
0’6.7'—1" v

u, =0, for all v € dofp;,,

\

with M, = {K € M |v € dofox} and Fr, = {0 € Fr|v € dofs,}. Following [13],
when applying the VAG or HFV discretization to two phase Darcy flow models or to
the coupling of the Darcy flow equation with a tracer equation, the choice of the cells
and fracture faces partitioning defining the control volumes is done in order to avoid the
mixture of heterogeneous properties inside each control volume. In particular, at the
matrix fracture interfaces, one simply need to set wg, = 0 for all v such that x, € I
Note also that, in practice for such models, one does not need to build the partitions but

. . Sy, @
only to choose the volume distribution ratios ag, = TI;‘ , v € dofar \ dofpir, and
Sy, AT ()
Ogy = =, V E dofss \ dofpir.
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1.5 Numerical experiments

Let © denote a bounded domain in R?, d = 3, and let us consider four non immersed
planar fractures splitting the domain €2 into four subdomains €2,, a = 1,--- , 4. Dirichlet
boundary conditions are imposed on both the boundary of the domain 02 and on the
boundary of the fracture network O0I' = 0Q) N T" = Xy. The permeability of the fractures
is defined by Af(x) = 100 Id and their width by df(x) = 0.01. In the matrix, the
permeability tensor A,,(x) is fixed to A,, 4 on each subdomain Q,, a = 1,--- ,4 with two
choices of the subdomain permeabilities. The first choice considers isotropic heterogeneous
permeabilities setting A,, o = A\q Id with Ay =1, Ay = 0.1, A3 = 0.01, Ay = 10. The second
choice corresponds to the anisotropic heterogeneous permeabilities defined by

aq b1 0 a9 0 bQ as b3 0 A 0 0
Api=1b1 e 0|, Apa=10 X O ), Aps=10s 3 0], Apa=[0 as bs],
0 0 A by 0 co 0 0 A 0 by c4

with ag = cos? By+wsin? By, by = (1 — w)cos By sin By, ¢q = wcos? By+sin® By, A = 0.01,

pr=7%5 P2=—-%,03=0,0,=7 and w = 0.0L.
Next, let us describe the two families of test cases that will be presented in this section.

Test cases: For the first test case Q2 = (0, 1)3, the fracture network is defined by the union
of the two rectangles {(z,y,2) € Q |z = 0.5} and {(z,y,2) € Q|y = 0.5}, and the four
subdomains correspond to Q) = {(z,y,2) € Q |z < 0.5,y < 0.5}, Qy = {(z,y,2) € Q|z >
0.5,y < 0.5}, Q3 = {(z,y,2) € Q|z > 0.5,y > 0.5} and Qy = {(x,y,2) € Q|z < 0.5,y >
0.5} (see the left picture of Figure 1.5). Let us define the functions ¢;(x) = y — = + z,
to(x) =x+y+2z—1,1t3(x) =2z —y+ 2z and t4(x) =1 — z — y + z. One can check that
the function u(x) = ™) x € Q,, a = 1,---,4, belongs to V, and that the fluxes
(Am, ay) = (=N Vu, —dA;Vyu) belongs to Hx(€2,I') since it satisfies ) ,., qy;-ns, =0

on ¥\ Xo.

Figure 1.5: (Left): domain Q = (0, 1)? and fracture network for the first test case. (Right):
domain Q = (— 1 5,1.5) x (—2,2) x (0,5) and fracture network for the second test case.
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For the numerical solutions using both the VAG and HFV schemes, three different
families of meshes are considered. The first family is defined by uniform Cartesian grid of
size n X n X n with n = 4,8,16, 32,64, 128 (see Table 1.1). The second family of meshes
is obtained from the previous one by a perturbation of its nodes excluding the nodes on
the boundary of €2 and on the boundary of each fracture I';, © € I. The perturbation
is chosen randomly inside the ball of radius ﬁ and of center the Cartesian mesh node.
The perturbation of a fracture node is done in the fracture plane. Note that it leads to
hexahedral cells with non planar faces and hence the HF'V scheme is no longer consistent
on this family of meshes. Finally we consider a family of uniformly refined tetrahedral
meshes generated by TetGen[59] (see Table 1.2). Tables 1.1 and 1.2 provide respectively
for the Cartesian or randomly perturbated Cartesian meshes, and for the tetrahedral
meshes, as well as for both schemes, the number of degrees of freedom (d.o.f.), the number
of d.o.f. after elimination of the cell and Dirichlet unknowns (Reduced d.o.f.), and the
number of nonzero element in the linear system after elimination without any fill-in of
the cell and Dirichlet unknowns (Nonzero elts).

Vertex Approzimate Gradient Discretization Hybrid Finite Volume Discretization

Nb d.o.f. | Reduced d.o.f | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts
1 221 59 839 1 380 188 1644
2 1 369 471 9 403 2 2 520 1 560 15 336
3 9 521 3 887 90 947 3 18 224 12 464 129 600
4 70 753 31 839 802 003 4 138 336 99 168 1 060 464
5 544 961 258 239 6 738 419 511077 440 790 208 8 570 064
6 | 4276 609 2 081 151 55 247 923 6 | 8 503 680 6 307 200 68 888 976

Table 1.1: For the first test case, the VAG and HFV schemes and the six Cartesian and
randomly perturbated Cartesian meshes: mesh number, number of d.o.f., number of d.o.f.
after elimination of the cell and Dirichlet unknowns, number of nonzero elements in the
matrix after elimination.

Vertexr Approximate Gradient Discretization Hybrid Finite Volume Discretization
Nb d.o.f. | Reduced d.o.f. | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts
1 1 888 294 2 660 1 4 569 2 661 17 677
2 13 593 1924 23 148 2 34 150 21 409 146 147
3 121 818 16 780 233 978 3 311 261 201 748 1 395 908
4 263 391 36 214 519 694 4 675 298 440 798 3 058 868
5 509 038 69 762 1021 940 5 1308 518 858 252 5 967 626
6 939 007 128 324 1904 390 6| 2417392 1 589 624 11 064 478
711386 833 189 300 2 830 880 7| 3573654 2 354 004 16 396 536
8 | 1874 186 255 370 3 840 778 8| 48320987 3187 229 22 210 505
92383038 324 682 4901 360 9| 6147875 4 058 104 28 290 370
10 | 4 813 285 654 670 9 979 004 10 | 12 432 788 8 223 946 57 382 094

Table 1.2: For the first test case, the VAG and HFV schemes and the ten tetrahedral
meshes: mesh number, number of d.o.f., number of d.o.f. after elimination of the cell and
Dirichlet unknowns, number of nonzero elements in the matrix after elimination.
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The second test case considers the domain Q2 = (—1.5,1.5) x (=2,2) x (0,5) and the
fracture network defined by the union of two rectangles {(x,y,z) € Q|y = mzx} and
{(z,y,2) € Q|y = —ma} with m = 8 (see the right picture of Figure 1.5). The domain {2
is splitted into the following four subdomains: Q = {(z,y,2) € Q|mz < y,mx < —y},
D = {(z,y,2) € Qmz > yymz < —y}, Q3 = {(z,y,2) € Qmz > y,mz > —y}
and Q4 = {(z,y,2) € Q|mz < y,mz > —y}. In this test we set t1(x) = 2y + z,
ta(x) = 2mx + z, t3(x) = —2y + 2z and t4(x) = —2max + z. It can be verified that
the function u(x) = &) x € Q. a = 1,---,4, belongs to V, and that the fluxes
(Am, af) = (—AnVu, —dsA sV yu) belong to Hx(£2,T"). For the numerical solutions using
the VAG and HFV schemes, a family of ten tetrahedral uniformly refined meshes is
generated by TetGen [59]. Table 1.3 gives for both schemes, the number of degrees of
freedom (d.o.f.), the number of d.o.f. after elimination of the cell and Dirichlet unknowns
(Reduced d.o.f.), and the number of nonzero element in the linear system after elimination
without any fill-in of the cell and Dirichlet unknowns (Nonzero elts).

Vertex Approzimate Gradient Discretization Hybrid Finite Volume Discretization
Nb d.o.f. | Reduced d.o.f. | Nonzero elts || Nb d.o.f. | Reduced d.o.f. | Nonzero elts
1 12 930 2 081 24 687 1 32 218 20 369 140 055
2 62 177 9 280 123 096 2 157 522 101 864 705 466
3 132 712 19 321 265 709 3 337 883 219 755 1 524 503
4| 251969 36 103 510 459 4 644 056 421 122 2926 982
5 463 906 65 850 949 882 51 1188904 780 117 5429 401
6| 1002529 140 712 2 070 638 6| 2576269 1 696 321 11 820 151
711366 875 190 979 2 832 163 7| 3516282 2 318 255 16 161 367
8 11934 904 269 381 4022 379 81 4982226 3289 061 22 940 167
9| 2342 305 325 513 4 877 093 9| 6034003 3 985 462 27 803 112
10 | 4 542 801 627 526 9 501 798 10 | 11 719 544 7754 712 54 132 280

Table 1.3: For the second test case, the VAG and HFV schemes and the ten tetrahedral
meshes: mesh number, number of d.o.f., number of d.o.f. after elimination of the cell and
Dirichlet unknowns, number of nonzero elements in the matrix after elimination.

Numerical Results: All test cases are performed using the Ilp, and Ilp ; function recon-
struction operators obtained by setting wx = K for all K € M, and w, = o for all o € Fr.
To assess the error estimates of Proposition 1.3.3, we have computed the following relative

eIrors

Fir. — Ju — p, upllr2@) | v — Hp,uplrzr)

Y

HUHLQ(Q) ||7U||L2(r)

for the function reconstructions in the matrix and in the fractures, and

IVu — Vo, upllr2e  |Vyu — Vop,upl|p2rya-—1

Err, =
! ||VU||L2(Q)d HV’YUHLQ(F)d*l

for the gradient reconstructions in the matrix and in the fractures. These errors are
reported for both schemes in Figure 1.6 for the first test case, and in Figure 1.7 for the
second test case as function of the number of d.o.f. after elimination of the cell and
Dirichlet unknowns. The convergence rate between two successive meshes k and k£ + 1 is
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also provided and computed as follows:

k
1 [|Err, | In —HErr,fJ
k1 _ g ATEm ] ket _ g \IEog

#(Nbegyi, )’ <#(Nb§$zls)> '
ln (#(ka ) ln #(Nblgells)

cells

It is reported for both schemes in tables 1.4 and 1.5 for the first test case, and in table 1.6
for the second test case. A second order convergence rate is observed on Cartesian meshes
for both the function and gradient reconstructions, which is a typical super convergence
behavior on such meshes. On randomly perturbated Cartesian meshes, the VAG scheme
exhibits a second order convergence rate for the function reconstructions and a first or-
der convergence rate for the gradient reconstructions. Since on randomly perturbated
Cartesian meshes the faces are no longer planar, the HF'V scheme no longer converges
as expected, at least for the gradient reconstructions. On tetrahedral meshes a second
order of convergence is also obtained for the function reconstructions and a first order of
convergence is noticed for the gradient reconstructions for both test cases. This observed
second order of convergence for the function reconstructions is as usual better than the
first order estimate given by Remark 1.4.1, while the observed first order of convergence
for the gradient reconstructions confirms the estimate given by Remark 1.4.1. It is also
clear on both test cases that the HF'V scheme is much less robust w.r.t. anisotropy than
the VAG scheme, especially on tetrahedral meshes.

In all test cases, the linear system obtained after elimination of the cell and Dirichlet
unknowns is solved using the GMRes iterative solver with the stopping criteria 1071 and
a maximum Krylov subspace dimension fixed to 1000 (not attained in our tests). The
GMRes solver is preconditioned by ILUT [55], [56] using the thresholding parameter 10~
chosen small enough in such a way that all the linear systems can be solved for both
schemes and for all meshes. In tables 1.4, 1.5 and 1.6, we report the number of GMRes
iterations [t, the fill-in factor F' of the ILUT factorization defined as the ratio between
the number of nonzero elements of the ILUT factorization by the number of nonzero
elements of the matrix. We also report the CPU time taking into account the elimination
of the cell and Dirichlet unknowns, the ILUT factorization, the GMRes iterations, and the
computation of the cell values. It can be noticed that, on topologically Cartesian meshes,
the CPU time is roughly speaking 4 times larger for the HFV scheme than for the VAG
scheme. This large difference is not due to the number of nonzero elements in the matrices
which is only slightly larger for the HFV scheme than for the VAG scheme. As can be
checked in table 1.4, this difference is due to a larger number of GMRes iterations and
to a higher fill-in factor of the ILUT factorization for the HFV scheme than for the VAG
scheme. On tetrahedral meshes, the CPU time for the computation of the HF'V solution is
larger of a factor from 10 to 20 than the CPU time obtained with the VAG scheme. This
is due to a larger number of GMRes iterations, a larger fill-in factor for ILUT combined
with a 5 times larger number of nonzero elements in the matrix.
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Figure 1.6: First test case. For the 3 families of meshes (top: Cartesian meshes, middle:
randomly perturbated Cartesian meshes, and bottom: tetrahedral meshes), and for the
isotropic (left) and anisotropic (right) subcases: sum of L? norm of the relative error in
the matrix and in the fracture for the function and its gradients reconstruction both for
VAG and HFV schemes as the function of the number of d.o.f. (after elimination of the
cell and Dirichlet unknowns).
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Figure 1.7: Second test case. For the 10 tetrahedral meshes and for the isotropic (left)
and anisotropic (right) subcases: sum of L? norm of the relative error in the matrix and
in the fracture for the function and its gradients reconstruction both for VAG and HFV
schemes as the function of the number of d.o.f.(after elimination of the cell and Dirichlet

unknowns).
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‘ Isotropic case, Cartesian ‘ Anisotropic case, Cartesian

Vertex Approzimate Gradient Discretization
Nb |It |F | Err, Err, CR, | CR, | CPU It |F | Err, Err, CR, | CR, | CPU
3 [1.2]4.031072 0.11 n/a | n/a [9.6107%] 3 [1.2]38102]8510 2] n/a | n/a | 7.710°%
5 [2.1]1.081072 0.03 189 | 1.62 [ 691073 | 5 | 1.9] 871073 ] 231072 | 2.12 | 1.87 | 6.1-1073
9 [24] 291073 [1.041072] 1.92 | 1.71 [ 9.9-1072| 9 [ 2.2 2.1.107* | 6.6:1073 | 2.06 | 1.83 | 8.1.1072
16 | 2.5] 74107 [3.03.10%] 1.95 | 1.77 | 0.89 [14[21]5.11077]1.9-1073| 2.03 | 1.81 | 0.71
30 [25] 1.9-107F | 8510°% [ 1.97 | 1.82 8.4 20[22]1.3107* [ 5.3-107* | 2.02 | 1.84 5.5

56 [ 2.5] 4.8107° | 2.3-107% [ 1.89 | 1.86 90 29[22]32107° [ 1.4107* | 2.01 | 1.87 48
Hybrid Finite Volume Discretization
Nb | It F | Err, Err, CR, | CR, | CPU It | F | Err, Err, CR, | CR, | CPU

| O W= | W DO =

1 6 [3.3]1.08107%] 3.8.1072 | n/a | n/a [1.3107% | 4 [25]1.31072 | 0.16 n/a | n/a | 9.7-107*
2 [10 [36] 271073 [ 1.2.1072 [ 1.98 | 1.64 [ 1.2.1072 ] 6 [3.1]3.3-107%[ 581072 | 1.97 | 1.23 [ 7.5:1073
3 [ 17 [36] 69107% | 341073 | 1.99 | 1.71 0.14 1036821074 [1.91072] 1.99 | 1.49 [ 9.4.102
4 129 136] 171077 | 9.6.10°" | 1.99 | 1.77 1.4 18]3.7]21107*]6.1.1073 | 2.01 | 1.58 14
5 |59 |3.6] 43107° | 2.6-10°* 2 1.82 177 [30]38]5310°|1.810%] 1.99 | 1.68 18
6 [122]36] 1.1-10° | 7.1-10™° 2 1.86 313 65]3.8]1.3107° [5.1.107% | 1.99 | 1.78 303
‘ Isotropic case, Perturbated Cartesian ‘ Anisotropic case, Perturbated Cartesian
Vertex Approximate Gradient Discretization
Nb |It |F |Err, Err, CR, | CR, | CPU It |F | Err, Err, CR, | CR, | CPU

1 1.2 4.03-1072 0.11 n/a | n/a | 78107 | 3 [1.2]3.81072|8.61072| n/a | n/a | 7.81077
2 | 5 [21]1.08107%2] 34102 | 1.92 | 1.34 [ 631072 | 5 | 1.9 |87107% | 231072 | 2.14 | 1.44 | 581073
3 ]9 [24]28107° [1.03102] 1.92 | 1.69 [9.81072| 8 [2.2|2.1:107% | 6.6:10°° | 2.02 | 1.61 | 7.6:102
4 |16 |25 7.4107% [3.02107° | 2.06 [-0.11 | 0.908 |[14|21[5.1.1077[1.9-107° | 2.16 | -0.43 | 0.64
5
6

29 [25] 1.9107* | 85107 | 1.87 | 0.91 8.4 20 23] 1.3107%|5.2.107* | 1.85 | 0.97 5.6
56 | 2.5] 4.7.10™ | 2.3.107% | 1.96 | 2.11 85 29 23]32107° | 1.4107* | 1.95 | 1.81 48
Hybrid Finite Volume Discretization

Nb | It F | Err, Err, CR, | CR, | CPU It | F | Err, Err, CR, | CR, | CPU
1 5 [33] 1.1.102 | 741072 | n/a | n/a [ 1.5:107°| 5 [2.9] 1.51072| 0.67 n/a | n/a | 1.4107°
2 9 [36] 281073 | 341072 | 1.99 | 1.12 [ 1.6:1072 | 8 | 3.4 |5.2:1072] 0.48 1.52 | 0.48 [ 1.7-1072
3 |16 [3.6] 6.9-107" | 1.1-1072 | 2.01 | 1.58 0.15 1137131073 0.17 2.01 | 1.47 0.17
4 127136 27107% [ 731072 | 1.35 | -2.71 1.6 16 [ 3.8 571073 138 [-2.14]-3.01 1.9

50 [3.6] 7.810™° | 3.81072 | 1.79 | 0.96 20 3139221073 0.85 1.39 | 0.71 33
106 | 3.6 | 1.3-107° | 9.5:107% | 2.60 | 1.97 292 5713.9]1.91077 0.21 3.53 | 2.03 356

| ot

Table 1.4: First test case. For the isotropic (left) and anisotropic (right) subcases, the
VAG and HFV schemes and the six Cartesian meshes (above) and the six perturbated
Cartesian meshes (below): mesh number Nb, number IT of GMRES iterations precondi-
tioned by ILUT, fill-in factor F', sum of the L? relative errors in the matrix and in the
fractures for the function (Err,) and for the gradient reconstruction (Err,), convergence
rates for the function (CR,) and for the gradient (CR,) reconstruction, CPU time in
seconds.
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Isotropic case

Anisotropic case

Vertex Approzimate Gradient Discretization

Nb|[It [F [ErrF Err, CR, | CR, | CPU It [F ErrF | Err, CR, | CR, | CPU

1 5 [21]9.1.1073 ] 0.22 n/a | n/a [3.6107°] 5 [21]571073] 021 n/a | n/a [3.81073
2 8§ [26[231073] o0.11 1.96 [ 1.08 [ 491072 9 [26[ 151073 0.11 1.94 [ 1.04 | 4.5:1072
3 | 16 [2.8]5.1:107% [ 4.6:1072 | 2.02 | 1.05 0.61 15 [2.935107%[ 481072 | 1.91 | 1.02 0.68
4 [20 [29]31107% 361072 2.02 | 1.05 1.5 18 12921107 [3.7.1072 | 2.09 | 1.02 1.7

5 | 25 [29]21107%] 281072 | 1.69 | 1.06 2.9 22 [ 3 [1.5107%[29:1072 | 1.39 | 1.04 3.8

6 | 29 [29]13107%]2310°2| 237 | 1.01 5.9 25 | 3 [9.1-.107° | 241072 | 247 | 0.99 6.9

7 133129[96107°]211072] 2.21 | 1.02 10 26 | 3 [6.7-10°[2.1-1072 ] 2.33 | 1.01 12

8 [ 37 ]29[7.9107° 181072 1.81 | 0.99 14 30 [ 3 [5.710°[1.9.1072 | 1.66 | 0.98 16

9 [ 40 [29]6.910° [1.7.1072 | 1.81 | 1.05 18 30 [ 3 [4910°[1.71072 | 1.62 | 1.05 22

10 | 49 [ 2943107 ] 1.3-1072] 2.01 | 1.01 41 37 | 3 [3.1.107° | 1.4.1072 | 1.98 | 1.01 48

Hybrid Finite Volume Discretization

Nb|[It |[F ErrF | Err, CR, | CR, | CPU It ErrF | Err, CR, | CR, | CPU

1 [ 10 [44]15107°] 0.12 n/a | n/a [ 1.7-1072 | 15 [ 4.6 | 3.3.1072 1.7 n/a | n/a | 2.7-1072
2 | 17 [4.7]39107%]6.41072] 1.97 | 0.92 0.23 25 [ 5.1 1.1.1072 1.1 1.72 [ 0.72 0.49
3 [ 33 148[98107°[3.1.1072| 1.87 | 0.98 3.3 39 [52]261073] 0.56 1.83 | 0.85 7.2

4 [ 42 149[5.7107° [ 241072 | 2.08 | 0.99 8.9 48 [52]1.5-107% [ 0.44 1.90 | 0.92 18

5 | 52 [4.9[43107°]1.9107%2] 1.25 | 0.97 22 62 |52 1.1.1073 | 0.36 1.86 | 0.92 40

6 | 69 [49]25107° 151072 | 2.73 | 1.03 47 82 [52]6.8107* | 0.29 2.03 | 0.98 87

7 | 78 149[18107°] 131072 ] 2.42 | 1.05 74 94 [52]53107*] 0.25 1.96 | 0.97 141

8 [ 8 [49[15107°[1.21072] 1.62 | 0.92 106 112 [5.2[4.3107*] 0.23 1.94 [ 0.94 203

9 [ 94 149[13107°[1.1.1072| 1.60 | 0.98 154 125 [5.2[3.7107%] 0.21 1.95 | 0.97 285

10 | 122]4.9]8.3107°]8.9-107% | 2.03 | 0.99 346 192 [5.2[23107*] 0.17 1.97 | 0.98 725

Table 1.5: First test case. For the

isotropic (left) and anisotropic (right) subcases, the
VAG and HFV schemes and the ten tetrahedral meshes: mesh number Nb, number IT
of GMRES iterations preconditioned by ILUT, fill-in factor F', sum of the L? relative
errors in the matrix and in the fractures for the function (Err,) and for the gradient
reconstruction (Err,), convergence rates for the function (CR,,) and for the gradient (CR,)

reconstruction, CPU time in seconds.
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[ Isotropic case [ Anisotropic case
rtex Approzimate Gradient Discretization

<
&

Nb |It |F ErrF | Err, CR, | CR, | CPU It |F ErrF | Err, CR, | CR, | CPU

1 [11]25] 411077 0.61 n/a | n/a [431072] 13 [25][1.6:107% | 0.42 n/a | n/a | 481072
2 |32 ]27] 151073 0.38 1.96 | 0.91 0.34 20 [2.8] 721077 0.26 1.52 | 0.91 0.31
3 | 51 |28] 8.6-107* 0.29 228 | 1.06 | 0.77 52 [2.8]4.7.107 [ 0.21 1.60 | 092 | 083
4 |51 [28] 5.7-107* 0.23 1.94 | 1.05 1.5 51 [2.9]35107 ] 0.17 1.38 | 0.89 1.7

5 [ 51 [29] 38107% 0.18 2.07 | 1.04 3.1 51 [2.9]27107% ] 0.14 1.35 | 0.89 3.4

6 | 51 [29] 221071 0.13 2.08 | 1.06 7.9 51 [29]1.810° 7] 0.11 1.53 | 0.98 7.9

7 | 51 ]29] 1.81077 0.12 1.88 | 0.97 9.8 51 |2.9]1.61077]9.9-1072 | 1.37 | 0.88 11

8 [ 52|29 1.5107* 0.11 212 | 1.12 14 53 [2.9]1.3107 881072 | 1.73 | 1.08 18

9 [ 60 [29] 1.3.107* [ 9.7.1072 | 1.95 | 1.03 19 56 [2.9]1.2:1071[8.3-1072 | 1.41 | 0.95 22

10 [ 78 [29] 82:107° [ 7.41072| 2.04 | 1.03 40 72 | 3 [84107°[6.71072 | 1.48 | 0.97 48

Hybrid Finite Volume Discretization

Nb|[It |F ErrF | Err, CR,|CR,[CPU |[It |[F ErrF | Err, CR, | CR, | CPU

1 | 51 [47]1.081073 | 0.43 n/a | n/a | 0.32 52 [5.1]1.1:11072 8.6 n/a | n/a | 0.54
2 [ 51 [48] 3.7.107% 0.22 1.91 | 1.02 1.9 84 [5.2]3.4.1073 4.7 2.09 | 1.09 3.9

3 [ 53 48] 2.3107% 0.16 1.96 | 1.09 4.8 97 [ 52221073 3.7 1.73 | 0.89 9.8

4 |71 [49] 141071 0.12 2.07 | 1.08 11 108 [ 5.2 1.5:107° 3.1 1.68 | 0.86 22

5 | 88 [49] 9.1.107° | 9.5.1072 | 2.07 | 1.07 25 146 | 5.2 [ 1.1-1073 2.6 1.84 | 0.91 50

6 [114[49] 5110 ] 6.9-1072 | 2.05 | 1.06 67 2481 5.2 6.5:107% 2.1 1.80 | 0.89 155

7 [132149] 4110 [6.1-1072 | 1.98 | 1.01 104  [532]52]54.107% 1.9 1.72 [ 0.84 387

8 [146 [ 4.9 3.2.107° [5.3.1072 | 2.06 | 1.05 162  [530 52 4.4107% 1.7 1.83 | 0.88 565

9 [165]49] 28107° [49-1072] 1.99 | 1.01 216|312 52391077 1.6 1.80 | 0.90 477

10 [ 196 [ 4.9 ] 1.8-107° | 3.8-1072 | 2.02 | 1.03 498 | 748 [5.2]26107% 1.3 1.89 | 0.94 906

Table 1.6: Second test case. For the isotropic (left) and the anisotropic (right) subcases,
the VAG and HFV schemes and the ten tetrahedral meshes: mesh number Nb, number
IT of GMRES iterations preconditioned by ILUT, fill-in factor F', sum of the Ly relative
errors in the matrix and in the fractures for the function (Err,) and for the gradient
reconstruction (Err,), convergence rates for the function (CR,,) and for the gradient (CR,)
reconstruction, CPU time in seconds.

1.6 Conclusion

In this Chapter, the gradient scheme framework [28] is extended to hybrid dimensional
Darcy flow models in fractured porous media. Both the Vertex Approximate Gradient
and the Hybrid Finite Volume schemes are shown to satisfy, whatever the choice of the
control volumes, the coercivity, consistency, limit-conformity and compacity assumptions
of the gradient scheme framework. These properties ensures in particular the convergence
of the schemes to a weak solution of the model. One of the key ingredient to prove
that both schemes satisfy this framework is the density of smooth function subspaces for
both the solution and flux Hilbert spaces. This result is obtained for a general network
of polygonal fractures including intersecting, immersed or non immersed fractures. The
numerical experiments carried out on Cartesian, hexahedral and tetrahedral families of
meshes exhibit the convergence of both schemes except as expected for the HFV scheme
with non planar faces. The numerical results show that the VAG scheme is much cheaper
in terms of CPU time than the HFV scheme on tetrahedral meshes for a given mesh, but
on the other hand the HF'V scheme is more accurate. It is also clear that the VAG scheme
is more robust than the HF'V scheme regarding anisotropy.
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Chapter 2

Hybrid Dimensional Two-Phase
Darcy Flows in Fractured Porous
Media
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Abstract: this Chapter extends the Vertex Approximate Gradient (VAG) and Hybrid
Finite Volume (HFV) discretizations of Chapter 1 to two-phase Darcy flows in discrete
fracture networks taking into account the mass exchange between the matrix and the
fracture. As in Chapter 1, we consider the asymptotic model for which the fractures
are represented as interfaces of codimension one immersed in the matrix domain, leading
to the so called hybrid dimensional Darcy flow model. The pressures at the interfaces
between the matrix and the fracture network are continuous corresponding to a ratio
between the normal permeability of the fracture and the width of the fracture assumed to
be large compared with the ratio between the permeability of the matrix and the size of
the domain. To fix ideas, the convergence of the scheme to a weak solution is proved for
the VAG scheme. The proof holds under the assumption that the relative permeabilities
are bounded from below by a strictly positive constant. This assumption is needed in
the convergence proof in order to take into account discontinuous capillary pressures in
particular at the matrix fracture interfaces. The efficiency of our approach is assessed
on numerical examples of fracture networks in 2D and 3D. We show in particular that,
compared with Control Volume Finite Element (CVFE) approaches, the VAG scheme has
the advantage to avoid the mixing of the fracture and matrix rocktypes at the interfaces
between the matrix and the fractures, while keeping the low cost of a nodal discretization
on unstructured meshes.

2.1 Introduction

The objective of this Chapter is to extend the hybrid dimensional model and its dis-
cretization presented in Chapter 1 for single phase Darcy flow to two-phase Darcy flows.
As in Chapter 1, we focus on the particular case of permeable fractures for which the
pressure can be assumed continuous at matrix fracture interfaces. This type of hybrid
dimensional Darcy flow model has been introduced in [3] for single phase flows and in
[54], [53], [43] for two-phase Darcy flows. In the framework of two-phase Darcy flows in
fractured porous media, high contrasts of capillary pressures are expected in particular
between the matrix and the fractures. Hence, it is crucial to take into account, in the
model formulation, the saturation jumps at the matrix fracture interfaces. We refer to
[29], [20], [21] for mathematical formulations taking into account discontinuous capillary
pressures. In the present work, we employ the phase pressures formulation (see e.g. [35])
assuming that the capillary pressures are strictly monotone. Using the monotone graph
extensions of the inverse of the capillary functions, both phase pressures can be assumed
continuous at the matrix fracture interfaces. Hence, this is a good framework to capture
the saturation jump condition at the matrix fracture interfaces without introducing any
additional unknowns at these interfaces.

The discretization of the hybrid dimensional Darcy flow model with continuous pres-

sures has been the object of several works. In [46] a cell-centred Finite Volume scheme
using a Two Point Flux Approximation (TPFA) is proposed assuming the orthogonality
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of the mesh and isotropic permeability fields. Cell-centred Finite Volume schemes can
be extended to general meshes and anisotropic permeability fields using MultiPoint Flux
Approximations (MPFA) following the ideas introduced in [60] for discontinuous pressure
models. Nevertheless, MPFA schemes can lack robustness on distorted meshes and large
anisotropies due to the non symmetry of the discretization. They are also very expensive
compared with nodal discretizations on tetrahedral meshes. In [3], a Mixed Finite Element
(MFE) method is proposed for single Darcy flows. It is extended to two-phase flows in
[43] in an IMPES framework using a Mixed Hybrid Finite Element (MHFE) discretization
for the pressure equation and a Discontinuous Galerkin discretization of the saturation
equation. These approaches are adapted to general meshes and anisotropy but require
as many degrees of freedom as faces. Control Volume Finite Element Methods (CVFE)
[54], [53] have the advantage to use only nodal unknowns leading to much fewer degrees
of freedom than MPFA and MHFE schemes on tetrahedral meshes. On the other hand,
at the matrix fracture interfaces, the control volumes have the drawback to be shared
between the matrix and the fractures. It results that a strong refinement of the mesh is
needed at these interfaces in the case of large contrasts between the permeabilities of the
matrix and of the fractures.

In this Chapter we extend to two-phase flows the VAG and HFV schemes introduced
in Chapter 1 for single phase Darcy flows. For a single medium, the VAG scheme has been
introduced for the discretization of multiphase Darcy flows in [36] for immiscible flows
and in [32] for compositional models. The HFV scheme has been first introduced for two-
phase Darcy flows in [5] using a phase pressures formulation for a Black Oil type model,
and in [10] using a global pressure formulation for an immiscible flow. The VAG scheme
basically uses nodal unknowns like the CVFE method but it also keeps the cell-centred
unknowns, which are eliminated at the linear algebra level without any fill-in. Compared
with CVFE methods, it has the advantage to provide a large flexibility in the choice of
the control volumes in order to avoid mixing rocks with highly contrasted absolute per-
meabilities in a single control volume. In [35], using a phase pressures formulation, the
interface unknowns of the VAG (or HFV) scheme are exploited in order to capture the
saturation jumps at different rocktype interfaces. It is this latter approach that is used
in this Chapter for both the VAG and HFV discretizations and extended to the case of
the hybrid dimensional two-phase Darcy flows in fractured porous media.

The first convergence result for a finite volume discretization of single media two-
phase Darcy flow models has been obtained for cell-centred TPFA schemes on admissible
meshes in [51] and [33]. In [33] the convergence is obtained for the usual phase pressures
and saturations formulation using a phase by phase upwinding of the mobilities. In [51]
the convergence is obtained for the global pressure formulation introduced in [22] (see
also [8]). This latter convergence result has been recently extended in [16] to the case
of the VAG discretization. The convergence is shown to hold whatever the choice of the
volumes at the nodal unknowns. In the case of two-phase Darcy flows with discontinuous
capillary pressure, the convergence of a TPFA type discretization is obtained in [11]. The

49



extension to general meshes is done in [35] assuming the non degeneracy of the relative
permeabilities in the framework of gradient scheme discretizations introduced in [31].

To our knowledge, there is not yet a proof of convergence for hybrid dimensional two-
phase Darcy flows. In this Chapter, we propose to extend the results obtained in [35] in
the particular case of the VAG scheme to the hybrid dimensional Darcy flow model. The
convergence of the VAG scheme to a weak solution is obtained assuming that the relative
permeabilities of both phases are bounded from below by a strictly positive constant, and
assuming that the family of meshes is shape regular. This result could be easily extended
to the gradient scheme framework of Chapter 1.

The outline of the Chapter is the following. In section 2.2, the two-phase Darcy flow
hybrid dimensional model is introduced and its discretization using the VAG scheme is
described in section 2.3. The convergence of the scheme is obtained in section 2.4 assuming
the non degeneracy of the relative permeabilities and whatever the choice of the volumes
at the nodal unknowns. Section 2.5 introduces the flux formulation of the VAG and HFV
discretizations using a phase by phase upwinding of the mobilities and the notations of
Subsection 1.4.3. 2D and 3D numerical tests are presented in section 2.6 using this flux
formulation and both the VAG and HFV schemes.

2.2 Hybrid dimensional Two-Phase Darcy Flow Model
in Fractured Porous Media

2.2.1 Two-Phase Darcy Flows in Phase Pressures Formulation

In the framework of two-phase Darcy flows in fractured porous media high contrasts of
capillary pressures are expected in particular at the interfaces between the matrix and the
fractures. Hence, it is crucial to take into account in the model formulation the saturation
jumps at these interfaces (see for example [20], [21] for the mathematical formulations of
two-phase Darcy flows with discontinuous capillary pressures). Our choice focuses on the
phase pressures formulation (see e.g. [35]) which is extended to the case of hybrid dimen-
sional two-phase Darcy flows in a variational formulation framework. The main advantage
of this formulation is to choose as primary unknowns the phase pressures which can be
assumed to be continuous at the interfaces between different rocktypes while the jump of
the saturation is captured using the inverse of the capillary pressure monotone graph for
each rocktype. An alternative choice using a global pressure approach is presented in [45].

Let u? (resp. u') denote the wetting (resp. non wetting) phase pressure, p = u! — u?
the capillary pressure, and py,; € V' the initial capillary pressure. For the sake of simplicity
in the convergence analysis, homogeneous Dirichlet boundary conditions are assumed for
u! and u? at the boundary 09, as well as at Xy for yu' and yu®. The gravity is also not
taken into account in the model to simplify the analysis. The extension of the convergence
proof to the case with gravity and with non homogeneous Dirichlet boundary conditions
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can be done easily following the same ideas as in [35].

Let us denote by S; (x,p) (resp. S;(x,p)) the inverses of the monotone graph exten-
sion of the capillary pressure curves in the matrix domain ) (resp. in the fracture network
I), and let us set Sy, =1— 5, (resp. S7=1—5}).

In the matrix domain €2 (resp. in the fracture network I'), let us denote by k2 (x,S%)
(resp. k$(x,5%)), @ = 1,2, the phase mobilities, and by ¢,,(x) (resp. ¢;(x)) the poros-
ity. As in Chapter 1, we denote by A,,(x) (resp. Af(x)) the permeability tensor, by
df(x),x € I' the width of the fractures, and by d7s(x) the weighted Lebesgue d — 1 di-
mensional measure on I' defined by drs(x) = ds(x)d7(x).

Using the notations of Chapter 1, the strong formulation of our hybrid dimensional
two phase Darcy flow model amounts to find u®, (q5,,q}) such that one has for a =1, 2:

(

¢m8t(5%(x,p)> +div(qy,,) = h;,  on Qg a € A,
qudf@t(S?(x, 'yip)> + div, (qf;) — [q% - n;] = deh¢  on Ty i€l
—kp (%, S0, (%, 0)) A Vu® = qp,,  on Qq,a € A,
—dgk§(x, S5 (%, 7)) AfVryiu® =qf;, only i€l
\ Pli=0 = Pini, on (),

where the function hy, (resp. h$), a = 1,2 stands for the source terms in the matrix
domain € (resp. in the fracture network I').

The corresponding weak formulation amounts to find u!,u? € L?(0,T;V?) satisfying
the following variational equalities for v = 1,2, and for all ¢ € C°([0,T) x Q):

A / O ()53 (%, PO, 1) K, (5, 5506 ) A () Vi (5, 1) - Viplx, 1))
/ / ~05(x) 55 0%, 1)y (%, )y ()
/ / 2 (x, 835, 1)) Ay () V7 (3, 1) - Vi (x, £)dry ()t (2.1)
o ()55, )0 D)t = [ 6160055 (.m0, 0)d ()

//ho‘xt Xtdxdt—/ /ho‘xtmpxt)de()d 0.
\

As in [35], the following assumptions are made on the data:

(H1) ¢,, is a measurable function from €2 to R with ¢,,,(X) € [dmin, Pmax)s Pmax = Pmin > 0.
¢r is a measurable function from I' to R with ¢¢(X) € [Pmin, Pmax|. The fracture
width dy satisfies the same assumptions as in subsection 1.2.2.

(H2) The permeabilities A,, and Ay satisfy the same assumptions as in subsection 1.2.2.

o1



(H3) S,,(x,p) € [0,1] for all (x,p) € QxR with S} (x,p) = S, ;(p) for a.e. x € Q; and all
p € R, where S}, ; Is anon decreasing Lipschitz continuous functlon with constant Lg
and (Q ) i) jetn, 18 a finite family of disjoint connected polyhedral open sets such that
Uje, Q; =Q. Si(x,p) €0,1] for all (x,p) € I' x R with S}(x,p) = S} ,(p) for a.e.
x € T; and all p € R, where S ! ~is a non decreasing Lipschitz continuous function
with constant Lg and (T )ic; 1s a finite family of disjoint connected polygonal open

sets such that U]EJ =T.

(H4) ki, (x,5) (resp. k$(X,8)) € [Kmin, kmax] for (x,s) € 2x[0,1] (resp. (x,s) € I'x[0,1]),
Fmax = kmin > 0 and ;. (-, s) (resp. k§(-,s)) measurable, ky,(x,-) (resp. k¢(x,-))
continuous, a = 1, 2.

(H5) pui € V, he, € L2 x (0,T)), b3 € AT x (0,T)), a=1,2.

Assumptions (H1-H5) are quite general, except for ky;, > 0 of hypothesis (H4). This
assumption is needed in the mathematical part of this Chapter. Remark that it is not
needed in the implementation of the numerical scheme and will be dropped in the nu-
merical section. The influence of this parameter has already been studied numerically in
35]. The hypothesis (H3) that the functions S}, (x,p) and S}(x,p) are defined by given
functions in a partition of the domain is classical and the index j corresponds to the so
called geological rocktypes.

2.3 Vertex Approximate Gradient Discretization

Let us consider the generalised polyhedral mesh of Definition 1.4.1 introduced in Subsec-
tion 1.4 as well as the VAG discretization of Subsection 1.4.1. Using the same notations,
let us define the P; conforming finite element approximation of the space V' by

V= {HT’U,U S XD} cV
and its subspace with homogeneous Dirichlet boundary conditions on 02 by
V7Q = {HT’U, (NS X%} =Vrn Vo,

The nodal basis of V7 will be denoted by ng, 1s, 15, for K € M, s €V, o € Fr.

The VAG discretization uses the finite element gradient operators Vp, in the matrix
domain and Vp, in the fracture network introduced in (1.14) as well as the function
reconstruction operators Ilp,, in the matrix domain (resp. Ilp, in the fracture network)
based on partitions of the cells (resp. the fracture faces) as defined in (1.15).

It is important to notice that in the particular case when the space discretization
is conforming with respect to the sets (€)jey,,,(I'j)jes, and when the source term Ay,
(resp. h$) is a cellwise (resp. facewise) constant function, the implementation of the

02



VAG scheme does not require to build these partitions. In that case, it is sufficient to
define the matrix volume fractions

fwK dx fwK dx
AR g = Sd ,SEVKﬂVim,KEM,&K’UIL,UGFKQFF,KGM,
i dx

fK dx

constrained to satisfy axs > 0, ax, >0, and Y ) () Qs + D ocr np OKe < 1, a3
well as the fracture volume fractions

B fZa,s drs(x)
[ dr(x)

constrained to satisfy a,s > 0, and ZSEVJFTVW ays < 1. The convergence of the VAG
scheme will be shown to hold whatever the choice of these partitions or volume fractions.
As will be detailed in the numerical section, this flexibility is a crucial asset, compared
with usual CVFE approaches, in order to improve the accuracy of the scheme for highly
heterogeneous test cases.

ps ,s €V, NV, 0 € Fr,

In addition to Lemma 1.4.1 and Proposition 1.4.1, we state without proof a Lemma
that can be readily adapted from [16] noticing that the shape regularity of 7 implies the
shape regularity of the triangular submesh of I' defined by 7 NT.

Lemma 2.3.1 There exist Cy,Cy > 0 depending only on 01 such that for all u € Xp
HHDmu”Lz(Q) < ClHHTUHLQ(Q) and HHDquLQ(p) < CQH’)/HTUHLQ(F). (22)

The VAG scheme has been introduced for the discretization of multiphase immiscible
Darcy flows in [36] and in [32] for compositional models. Its convergence has been proved
for two-phase flows using a global pressure formulation in [16]. In [35] it has been adapted
to take into account discontinuous capillary pressures using a phase pressures formulation
and the convergence proof is done in the general framework of gradient schemes. We
extend here this approach to the case of hybrid dimensional two-phase Darcy flows.

For N € N*, let us consider the time discretization t* =0 < t! < ... <"l <"... <
tN = T of the time interval [0,7]. We denote the time steps by At" = ™ — ¢"! for all
n=1,---, N while At stands for the whole sequence (At"),—1 .

Let us denote by u®" € X% « = 1,2 the discrete phase pressures, and by p" =
ul™ — " the discrete capillary pressure at time " for all n = 1,--- ,N. Given an
approximation p° € Xp of the initial capillary pressure pin;, the VAG discretization of the

two-phase Darcy flow model in phase pressures formulation (2.1) looks for u® = <uo"" €

X%) , a = 1,2, such that for a = 1,2, and for all v € X2 one has

n=1,-,
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San _ an 1
/¢m Do " [p, v dx + / k5" AV p, u™" - Vp, v dx
Q

Syl — SpT .
‘|‘/F¢f—HDfU de(X) + /Fk‘fD’f AfVDfua,n . VDfU de(X)

Atn
I
SUNT /tn1 </Q hop, v dx—l—/rh?Hva de(X)>dt,

where the saturations and relative permeabilities are discretized using the piecewise con-
stant reconstruction operators

Sp,,. (%) = Sy, (x, IIp, p"(x)), Sp;'(x) = 57 (x, lp,p" (x)),

and
RS (%) = ks (3, SR (%)), kST (x) = k§(x, S (x)),

in order to capture the discontinuities at different rocktype interfaces.

2.4 Convergence Analysis

2.4.1 A priori estimates

Using the phase pressures as test functions in the discrete variational formulation (2.3),
we deduce the following a priori estimate.

Lemma 2.4.1 Assuming that hypotheses (H1 — H5) hold, let u®, o = 1,2, be a solution
0 (2.3), then, there exists Cs > 0 depending only on the data and on 01 such that

N
SO Ar I} < Cs. (2.4)

a=1,2 n=1
Let us introduce the following notations. For all v € X5 we define the terms

1 anl

an San an an Sp, =58
ADm /gbm Dm m HDmU dX ADf /¢f Df HDJ,U de( )(2

B3 (v) = /Q Ky AV, U - Vi, 0 dx,  By(v) = /F KA pVp,ut - Vo dry(x)

O3 ) = 5o / / Wlp,v dxdt,  C3(0) = 5o /t /F K8Tlp, v dry(x)dt(2.7)

o4

(2.3)

5)
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In order to prove Lemma 2.4.1, we first derive some estimates of the accumulation, gra-
dient and right hand side terms of in the following propositions.

Firstly, the following estimate of the accumulation terms is a straightforward adapta-
tion from Lemma 3.1 of [35].

Proposition 2.4.1 Let u*, a = 1,2, be a solution of (2.3), then

N
noAan/ an ¢maxLS
3 3 Ardguen) 2 =2 (o i+ dus T, )

n=1 a=1,2 j=m,f

Secondly, thanks to the assumptions (H2) and (H4) the following estimate readily
holds for the gradient terms.

Proposition 2.4.2 Let u®, o = 1,2, be a solution of (2.3), then

N N
DD ABE W) 2 hin Y A (Al V0,0 [y + AV, u et ),

n=1 j=m,f n=1
for all a =1,2.
Thirdly, we have the following straightforward estimate for the right hand side.

Proposition 2.4.3 Let u*, a = 1,2, be a solution of (2.3), then there exists C > 0
depending only on dy.x, Cp and 07 such that

- noesn o an a (|2 all2 1/2 - n a,n|l2 1/2
Z Z At*Cp (u™") < C<“hm||L2(Q><(O,T))+dmax||hf||L2(I‘><(0,T))> (Z At"||Tgu® ||v)
n=1

n=1 j=m,f
forall a =1,2.

Proof of Lemma 2.4.1: To complete the proof of Lemma 2.4.1, it follows from (2.3)
that

N
ST A (A @) + By () - O (")) =0,

n=1 a=12 j=m,f

so that in view of Propositions 2.4.1, 2.4.2 and 2.4.3 there exists C' > 0 depending only
on the data and on 6 such that

N N 1/2
> S arinenti < 1+ (33 arimey)

a=1,2 n=1 a=1,2 n=1

The estimate (2.4) is then obtained using Young’s inequality. [J
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Lemma 2.4.2 Assuming that hypotheses (H1—H5) hold, there exists at least one solution
to the problem (2.3).

Proof: Let us consider the functions SL? = 0S! + (1 — 6) and S}’e = 05} + (1 -9)
instead of S,, and S} as well as the functions 520 =1 — SL8 and Sﬁ’e =1~ S}c’e instead
of §% and SJ%. The problem corresponding to € = 0 reads : For each o = 1,2 and for each
n=1,...,N find u*" € XY satisfying

(

/ kl(x,1)A,,Vp, ut™ - Vop, v dx + / kp(x,1)AfVp,ub™ - Vp,v drs(x)
Q r

1 t7l
= A / </Q hl v dx—l—/rh}ﬂpfv de(X)>dt Vv € X2,
tn—1

/ k2 (x,0)A,, Vp, u*™ - Vp, v dx + / k3 (x,0)AfVp,u*™ - Vp,v drs(x)
Q r

(2.8)

IR
— At"/ 1(/9 h2 v dX‘i‘/l;h?cHDf'U de(x)>dt Vv € X2
tn—

In view of Lemma 2.3.1 and the assumptions on the data one deduces from Lax-Milgram
theorem the existence and uniqueness of the solution to (2.8). We remark that the estimate
(2.4) holds for all § € [0, 1]. Therefore the existence of a solution for all § € [0, 1] can be
deduced from a classical topological degree argument. [

\

2.4.2 Estimates on the time and space translates

Proposition 2.4.4 LetT >0, N € N and (t"),—o
tN =

77777 N ER such that 0 =t <t; <...<
T. Letv be a piecewise constant mapping from [0,T] to some space X (endowed
with a semi-norm || - ||x) such that v(0) = v° and v(t) = v™ for all t € (t"~*,t"]. Then,

T—1 N
/ lo(t+71) —v(t)]|x < TZ o™ — o™ | x V1 € [0,T].
0

n=1

Proof: For all t € [0,T] we set

nAt(t) — { n if te (tnflatnL
so that
T—1 T—7 nailt+)
/ lo(t +7) —v(t)||xdt < / Z i
0 0 k=na¢(t)+1

We conclude the proof by applying Lemma 6.1 of [4]. O
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Let us set Xp a; = (Xp)V, and for all v = (v"),=1... n € Xp a¢ let us define
Ip,, arv(x,t) = IIp, v"(x) for all (x,t) € Q x (£" 1 "],
Ip, av(x,t) = lp, 0" (x) for all (x,¢) € I x (£, "],
[l av(x,t) = Hv"(x) for all (x,t) € Q x ("7, ¢"].

We also define the functions
%m,At (X7 t) =5 (X7 HDm,Atp(Xa t))a
S%f,At(Xv t) =5 (X’ HDf7Atp(X7 t))

Lemma 2.4.3 Assuming that hypotheses (H1 — H5) hold, let u®, o = 1,2, be a solution
0 (2.3), then there exists C' > 0 only depending on the data and on 01 such that for all
7> 0 one has

> NS5 Al +7) =S5 adlFeanory + 158, Al +7) = S5, Addli2wxomy) < CVT,
a=1,2

where we have set Sp A,(x,1) = Sp ay(%,8) =0 for all t > T.
Proof: Let us denote by U the space L*(Q) x L?(T") equipped with the scalar product

(U, V) = [ OmmVmdx + [ dpusvpdrs(x). For all u = (up,us) € U we also define the
dual semi-norm |ju||_; p by

<U, (H'DmU7HDfU)>U
ul[-1,p = sup

vEXD w#£0 ||HTU||V

Setting Sp" = (Sp,, Sp,) € U, and using the assumptions (Hy), (Hz), (Hy), (Hs) on
the data, we deduce from (2.3) that there exists C' > 0 depending only on the data and
on A7 such that

1 a,n a,n—
(55" S5 (o, 0. T1o, v
1

t'n
< C<||H7—ua,””v + N / 1<||hm(.,t)||L2(Q) + th("t)”L?(F))dt)||H7—U||V

tn—

for all v € X2. Therefore, one obtains the estimate

a,n o,n— a,n 1 "
185" = 55" loaip < C(ITru v + 5= [ (i t)laiey + g (o 8) 2y
tn—1

1
At

Multiplying by At", summing over n = 1,..., N, and using Lemma 2.4.1, there exists
C > 0 depending only on the data and on 6+ such that

N
D55 = 855" e < C. (2.9)

n=1
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Next setting p = u' —u® and SpA, = (8B, av» 58,.a¢) € L*(U x (0,T)) we have

T
| 1B+ ) = Sp a0 o

< VI /W%mHﬂ %waﬂ%mm+ﬂ4hw®w%
_VIs /sy
SN

In view of Proposition 2.4.4, the estimates (2.9), Lemma 2.4.1, and the assumption (H,),
there exists C' > 0 depending only on the data and on 67 such that

/L
2VT Jo

155, a6 (t + 7) = Sp A (B) || 1,0t + HHT ap(t+7) = T aep(t) || v di.

HS%7At(t +7) = Spar(®)|l-1pdt < CVT,

and .
| M sp(t s 7) = Tz ap(®lvde < ¢
0
which implies that

T
AH%mﬁ+ﬂ—%m@mﬁ§&ﬁ

with C' > 0 depending only on the data and on #7. One concludes the proof using
0< 55,57 <1.0

Lemma 2.4.4 [t is assumed that hypotheses (H1 — H5) hold. Let (D™, At'™),cn be a
sequence of space-time discretizations such that there exists a positive constant 6 satisfying
Oremy < 0 for allm € N and such that hromy — 0 as m — oo. Let u(m) Sg and

a = 1,2, be such that (2.3) holds for all m € N.

(m)A<)

o
SDEI”) ALm)’

1. Let £ € R and

T(m Z ||S (m) At(m)( +€a ) (m) At(m)HL2 R x(0,T))>

a=1,2

where S, is extended by 0 on (Rd\ﬁ) x(0,T). Then, limjg|—,o SUpP,,en T (€) =

At(m)
0.
2. For all i € I let T(P;) denote the vector subspace tangent to P;, let & € 7(P;), and
let us set
T(m Z 1S5 ) At(m)( +&,) — D(m> At(m)“L Pix(0,T))
a=1,2
where S¢ D At denotes the restriction of S D™ At to I';, extended by 0 on (PZ\

E) x (0, T). Then one has lim¢|_,o sup,,cy T]Sm) (€)=0
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Proof: For each i € I and for all £ € 7(P;) let us define the set IS = {x € T;,x+¢ € T}
Since 0 < So‘f < 1 there exists a positive C' depending only on the geometry of I'; and
on T such that

Hsgy;})’At(m)( +£ ) (M) ALm) ||L2(F x(0,T)) < C|£H—H (m) At(m)( +£7 ) D(m LAL(m) HL2 Fé 7))

Denoting by II ) the restriction of H (m) to Ty, one deduces from

Lemma 1.4.1 and Lemma 2.4.1 that

HS%E:Z),AHW)(' + 57 ) - Sg;?z)At(m) ||L2(F§><(0,T))
< LSHHD(’“) At(m)p ( + &, ) D(”;)At(M)p(m)||L2(F§><(0,T))

< Ls|[yillyom agemp™ (- 4+ &, -) — %‘HT(m>,At<m)p(m)||L2(F§X(0,T)) + 2L5C3v/Cshym.

Therefore, using Lemma 4.0.7 stated in the Appendix and Lemma B.2 of [34], we deduce
that

lim sup HSD(m) At(m) ( —+ 57 ) — Sgﬁf';),m(m) ||L2(77i><(0,T)) =0 Viel.

§—0 meN

One proves the first statement of the lemma using similar arguments. [J

2.4.3 Convergence

In view of Lemma 2.4.3 and Lemma 2.4.4, the Kolmogorov-Fréchet theorem allows to
establish the following relative compactness result for the saturation.

Lemma 2.4.5 [t is assumed that hypotheses (H1 — H5) hold. Let (D™, At'™),.cn be a
sequence of space-time discretizations and u®™ gﬁn’"),m(mV ngtm)’m(m), a=1,2, be s.t

(2.3) holds for allm € N. Then, for each oo = 1,2 one has the following result.

1. The sequence (S men s relatiely compact in L*(Q x (0,T)).

DI Atm) )

2. For each i € I the sequence (S

(m) Ymen s relatively compact in L*(T; x (0,T)).
D" At(m)

The limit of the saturation can be identified thanks to the following result.

Lemma 2.4.6 [t is assumed that hypotheses (H1 — H5) hold. Let (D™, At'™),.cn be a
sequence of space-time discretizations such that there exist two positive constants 6 and
v satisfying Ormy < 0, Yypm < 7y for all m € N and such that hrom), max At — 0

as m — oo. Let u®(™ S and S = 1,2, be s.t (2.3) holds for all

DG At(m) D{™, Attm)?

2
m € N. Then, there exists a function pair (0*)a—12 € (LZ(O,T; VO)) such that up to a

subsequence

HT(m)At(m)ua’(m) —a® in L*(Qx (0,T)) and 7HT<m>,At(m)ua’(m) — ~ya® in L*(I'x (0,7))
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as m — 0o; moreover setting p = u' — U2, one has

— S2(.,p) in L*(Q2 x (0,T)) and s2 — 5¢(.,7p) in L*(T x (0,7))

(07
DI Ag(m) }m),At(M)

as m — Q.

Proof: The existence of the weak limit (7®),—; 2 follows from Lemma 2.4.1 and Lemma
4.0.6 stated in the Appendix. In order to prove the second statement we remark that
it follows from Lemma 1.4.1 that HD<m At(m)u and HD<m Al mu® also converge weakly

to u® in L*(2 x (0,7)) and to yu® in L*(T" x (0,7))) respectlvely. From Lemma 2.4.5,
there exist four functions 50, € (2 x (0,7)) and 5§ € L*(T" x (0,7)), a = 1,2, with
L +3s2 =1,5! it 52 7 = 1, such that, up to a subsequence S converges strongly

to 5 in L*(Q x (0,T)), and S*

D™ At converges strongly to § sf in L2(T x (0,T)). Then,

one can conclude the proof using the Minty trick stated in Lemma 3.6 of [35] to show that
= S5 (.,u" —u*) and 3¢ = S¢(., (@' —w)). O

Theorem 2.4.1 [t is assumed that hypotheses (H1 — H5) hold. Let (D™, At(™),.cn be
a sequence of space-time discretizations such that there exist two positive constants 0 and
v satisfying O oy < 6 fyM(m) < v for all m € N and such that hym), max, AtM" — (

as m — oo. Let u® ng)N , and SD(,,,)A( oa=12 be st (2.3) holds for all

m € N. It is also assumed that HD(m)pO (m)
HD;m)pO’(m)
to the problem (2.1) such that for each phase o = 1,2

converges strongly to p™ in L?(Q), and that

converges strongly to yp™ in L*(T'). Then there exists a weak solution (u',u?)

HT(m)At(m)ua’(m) —a® in L*(2x (0,T)) and 7HT<m),At(m)ua’(m) — ~ya® in L*(I'x (0,T))
up to a subsequence.

Proof: For all « = 1,2 we denote by u* a weak limit of TI7m) At(m)ua’(m), whose existence
is stated by Lemma 2.4.6. We show below that (u', u?) satisfies the variational formulation
(2.1). In order to simplify the notation we drop the index (m).

Let ¢ be an arbitrary function from C°(Q x [0, 7)) and v(t) the projection of (., t)
to X2 defined by ,(t) = ¥(x,,t) for all v € M UV U Fp. Taking v = (") in (2.3)
foralln =1,..., N and summing over n = 1,..., N we obtain that

> 2 At”@%{‘(qﬂ(t”*l)) +B%;”(w(t"*1))) =) ACE W),

n=1j=m,f n=1 j=m,f

for each phase a =1, 2.
Accumulation terms. Let us consider the term 22;1 At"AZ" (1p(t"1)). Applying the
chain rule we obtain that

N
D AAR () Z / / b SO lp, () dxdt — / Om Spollp, 1h(1°) dx.
n=1 Q
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Thanks to the strong convergence of the function Sp A, given by Lemma 2.4.6, to the
regularity of ¢, and to the convergence of IIp, p°, one deduces that

ZAt”A“” YY) — — / / Gm S (., )0 dxdt — / Dm S (., pini)10(x,0) dxdt.

Similarly we obtain that

N T - .
> AT ) - - / / 675 AP)ON T dry(x)di— / 6753 (s YPeni VB, 0) dry (x) .

Diffusion terms. From Lemma 4.0.6 stated in the Appendix, Proposition 1.4.1, Lemma
2.4.6 and hypothesis (Hy), we deduce that

ZAt”B"” YY) %/ /ka (x,5% (., 7)) AnVT - Vi dx
and

ZAIS”B%: I —>/ /kf x, S¢(, D)) AV U - Vvt dry(x).

Source terms. From Lemma 1.4.1 and Proposition 1.4.1, we deduce that

N N tn T
S CACE (W) =) / / he Tp, p(t" 1) dxdt — / / he ) dxdt
n=1 n=1 tn=1JQ 0 Q

and

N N oot
;Atncg’fn(i/}(tnl)) _ ;/tnl/rh?npfw( de dt —>/ / 1/1 de

O

2.5 Upwind flux formulation

Let us consider the previous two-phase flow model extended to take into account the
gravity and with vanishing source terms h,, = 0 and hy = 0. We denote by g the gravity
vector, by g its norm and we set on each fracture I';, 7 € [

g =g— (g-n)n;.

The mass densities of the phases are denoted by p® for a = 1,2. The two-phase flow
model with gravity amounts to find formally u® € L*(0,T;V°), a = 1,2, and (q%, q%) €
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L*(0,T; Hx(9,T)) such that one has for a = 1,2:

( GOm0y (S%(x,p)) +div(qy,,) = on Q,,a € A,
¢rd 0, <S§£’(x, ’yl-p)) +div,, (q$;) — [[ ‘0] = onTy, i€l
—kp (%, 8,(%,0)) A (Vu® — p°g) = a5, on Qg,a € A,
—dgk§(x, S7(x,7ip))Af (Vryiu® — p°gr) =dqf, only i€l
\ plt 0 = DPini, on Qu

with p = u' — u2. In order to improve the stability of the scheme on coarse meshes for

convective dommant regimes, the implementation of the VAG or HFV schemes is based
on the flux formulation with upwinding of the mobilities rather than on the discrete varia-
tional formulation (2.3). We follow the notations introduced for the matrix and fractures
fluxes in Subsection 1.4.3 which account both for the VAG and HFV schemes.

The space discretization is assumed to be compatible with the rocktype partitions
(%) je,, for the matrix domain and (Y});e,, for the fracture networks (see the notations
of Assumption (H3)), that is to say, for all K € M there exists jx € J, such that
K C Qj, and for all 0 € Fr there exists j, € Jy such that o C T, . In other words, jx
is the unique rocktype of cell K and j, is the unique rocktype of the fracture face o.

The matrix and fracture relative permeabilities are piecewise constant w.r.t. x on
the same partitions of the matrix and fracture network domains as the capillary pressure
curves. In the following, we will denote the mobilities (ratio of the phase relative perme-
ability to the phase viscosity) by ki, ;(s) in the matrix for each rocktype j € J,, and by
k$ ;(s) in the fracture network for each rocktype j € Jj.

As exhibited in Figure 2.1 for the VAG scheme, the definition of the saturations at
the matrix fracture interfaces takes into account the jump of the saturations induced by
the different rocktypes. More precisely, for p"* = u!'™ — u*" € X% we set for a = 1,2

{ SK Snawx( n)’ KeM, (2.10)
_SmjK( )a VEdOfaK,KGM,
and
San_sa‘(pn> O.GJT_'F
fde ’ 2.11
{ Sgézzl - ]Ocijo(pg% VEdOfao,UE-FF- ( )
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SK 5 SL,s

L SK T Sf_,a u

oo

Figure 2.1: For the VAG scheme, saturations inside the cells K and L, the fracture face
o and at the matrix fracture interfaces taking into account the saturation jumps induced
by the different rocktypes.

Let us also set

ox =(1- OéKu/¢m

uEdofaK\dofDW
and
0o = (1 — [ /(bf x)dTs(x
uEdofaa\dofDW
as well as
K = K, /K Om(x)dx, v € dofax \ dofpir,
and

Doy = Oy / or(x)drr(x), v € dofas \ dofpir.

which correspond to the porous volume distributed to the degrees of freedom or control
volumes.

Given p° € X9, the VAG or HFV upwind scheme looks for u'™ € X2 u*" € X9,

n=1,---,N, such that for all « = 1,2 and for all v € X2 one has:
( ¢K Sa,n Soe,n 1 X San Fe a,n
Z Atn( K — K Z m,JK Kl/up) K,V(u ) VK
KeM ¢ vedofor
Ky a,n a,n—1 a,n « a,n
+ Z Z (Atn (SK,V_SK,Z/ ) m]K<SKz/up)FK,V(u )) Uy
KeM V(Ebdofax\dofmr (2'12>
o , a,n— 1 a,n Fo a,n
+Z<Atn< o _SO' Z kf] So’sup ( ))UU
o€Fr ¢ vedofao
£ Y (s = S kL (Sa,) Fa () Ju, = 0,
L o€Fr vEdofos\dofpir
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with the phase fluxes definition

Fg,(u®) = Fiy(u®) + p*9Fku(Z), v € dofor, K € M,
Fo('llx(ua) = FU,V(U’Q) + pagFU,V(Z)J S d0f807 o c fl’V

setting Z = (Z,,) doss and the upwinding of the mobilities
veaofp

W = SR FR (u) > 0, St = S L Fp, (u™) 20,0
Skwap = Sk i Fig, (u) <0, Sevup = o i Fg, (u™") <0. '

In the following numerical experiments, the volume fractions ag ,, a,, are chosen to
avoid the mixing of the fracture and matrix rocktypes. They are such that ag, = 0
if v € dofsx belongs to the fracture network I', ak, = w, otherwise, and such that
Oy, = wy for v € dofa,.

To illustrate the importance of non mixing rocktypes with large permeability contrasts,
this choice denoted by VAG-1 (for the VAG scheme) will be compared with a second
choice denoted by VAG-2 for which we simply set ax, = w, and o,,, = wy for all
v € dofpr, V' € dofs,. In order to roughly balance the volumes, the parameters w,, and
wy are set in the following tests to w,, = 0.15 in 2D and 0.05 in 3D, and to w; = 0.25 in
2D and 0.1 in 3D. Figure 2.2 exhibits an example of the control volumes at cells, fracture
face and nodes for both the VAG-1 and VAG-2 choices.

[  J
< i > s

® L J
Figure 2.2: For VAG-1 (left) and VAG-2 (right), example of the choices of the control

volumes at cells, fracture face, and nodes, in the case of two cells K and L splitted by
one fracture face o (the width of the fracture has been enlarged in this figure).

2.6 Numerical experiments

The nonlinear systems obtained at each time step are solved by a Newton Raphson algo-
rithm. The time stepping is defined by an initial time step, a maximum time step and the
following rule: if the Newton solver does not converge after 20 iterations, the time step is
chopped by a factor 2 and recomputed. The time step is increased by a factor 1.2 after
each successful time step until it reaches the maximum time step. The stopping criteria
on the relative residuals are fixed to 1077 for the GMRes solver and to 107° for the New-
ton solver. A CPR-AMG right preconditioner [48], [58] is used in the GMRes iterative
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solver. Let us also stress that, using the two equations in each cell, the cell unknowns
are eliminated from the discrete linearized system at each Newton iteration without any
fill-in, reducing the Jacobian system to nodal and fracture face unknowns only.

In the following test cases, the inverse of the capillary pressure monotone graph will
be defined by the Corey law

0 if P < Den NE
{ Pent.ip " (2.14)

(1 —827j)(1 —e b ) ifpzpent,ﬁ

and the mobilities of the two phases are given by the Corey laws

0 if 53¢ <0,
1 . —
kS (x,8%) =4 e if 5% > 1, (2.15)
(5)? 1
o clse,
. -1 81—81 - -2 52—52 .
for phase o = 1 (oil), and phase o = 2 (water) where §' = ———"%—, and 5° = —(—"/—
53 7 53 53
are the reduced saturations, s} i 52 ; are the residual saturations for both phases, pen ; 1s

the entry pressure, and p!, u? are the viscosities of the phases.

2.6.1 Oil migration in a 2D basin with one barrier and a fault

We consider the simulation of the oil migration process, within the 2D cross section
Q= (0,L) x (0,H) of a basin with H = L = 100 m (see Figure 2.3). Let us denote
by (z,y) the Cartesian coordinates of x and let us define the two points x; = (50, 50)
and x5 = (50,69.177). The basin includes an immersed fault I' = (x;,Xs), a barrier
Qo ={(z,y) € Q25 +2 <y <35+ %2e€(0,1)}\T, and a drain O = Q\ (Q, UT).
The permeability A,,(x) is defined by the tensor

0.82  —0.36
Am(x)_M(—osﬁ 0.28 )

for x € Qy, and by A,,(x) = 3LId for x € Q, with Ay = 1072 m®. Note that the

eigenvalues of A,,(x) for x € y are 0.1\; and \; and the corresponding eigenvectors are
(75: %) (U =35

The permeability of the fault I' is defined by Ay = 100\1d and its width is equal to
dy = 0.1 m. The porosity is constant and equal to ¢,, = ¢ = 0.1.

The inverse of the capillary pressure monotone graph in each subdomain 2;,j = 1,2
is exhibited in figure 2.3 and defined by (2.14) with the parameters p.,;; = 10° Pa,
Pent2 = 2 10° Pa, by = 10 Pa, and by = 10" Pa, s2, = s2, = 0. In the matrix S}, (x,p)
is equal to S7(p) for x € Qy, and to Si(p) for x € Qy. In the fault, the inverse of the
capillary pressure is defined by Sj(x,p) = Sj(p) for x € T. The mobilities of the two
phases are given by (2.15) with u' = 0.005 Pa.s and p? = 0.001 Pa.s and s! = s2 = 0
both in the matrix and in the fracture.
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The migration occurs by gravity due to the lower density of the oil phase p' = 850
Kg/m?® compared with the water phase p*> = 1000 Kg/m?®. Phase 1 is injected at
the bottom boundary (0,10) x {0} with imposed pressures u?> = 8 10° + p?gH Pa,
u' = u? + (51)71(0.8) corresponding to an input phase 1 saturation s' = 0.8. At the top
boundary the phase pressures are fixed to u?(x) = 8 10°, and u'(x) = u*(X) + pens1- The
remaining boundaries are assumed to be impervious as well as the boundaries of the fault.
At initial time the porous media is saturated with phase 2 with a hydrostatic pressure
u?,;(x) =8 10° + pag(H — y), and a phase 1 pressure defined by u},;(x) = u3,;(X) + Pent.;
for x € Q;, 7 =1,2, and u},;(x) = u?;(X) + pent1 for x € T

The mesh is a n, x n, topologically Cartesian quadrangular grid which is refined below
the barrier as exhibited in figure 2.3. The simulation is done over 1800 days with an initial
time step equal to the maximum time step and fixed to 5 days. The VAG-1 choice of the
control volumes is fixed for all simulations of this test case.

Figure 2.4 exhibits the oil (phase 1) saturation at final time. We clearly see that the
oil phase rises by gravity along the direction of the highest permeability and accumulates
below the barrier. Due to the saturation jump condition at the barrier drain interface
given by the capillary pressure functions, oil can only cross the barrier through the fault.
Figure 2.4 exhibits the convergence of the oil saturation s' at final time for the family
of meshes obtained with n, = 50,100, 200, 400. Figure 2.5 plots the volume of oil below
the barrier, above the barrier, and in the fault function of time for this family of meshes.
In both cases, we observe the numerical convergence of the solution when the mesh is
refined.

Table 2.1 exhibits the numerical behavior of the simulation for the family of quadran-
gular meshes with a rather good scalability both in terms of linear and nonlinear solvers.

Mesh NAt NC’hop NNewton NGMRes CPU (S)

50 x 50 | 360 0 2.11 9.35 22.20
100 x 100 | 364 2 2.34 11.75 106
200 x 200 | 369 ) 3.37 14.45 637

400 x 400 | 392 17 4.41 17.84 3933

Table 2.1: For each mesh: number Na; of successful time steps, number N¢y,, of time step
chops, number Nyewion 0f Newton iterations per successful time step, number Ngpsgres of
GMRes iterations by Newton iteration, CPU time in seconds.
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Figure 2.3: Inverses of the extended monotone graphs of the capillary pressures S} (in
blue in subdomain € and in the fault I';) and S5 (in red in subdomain €25). Mesh of the
basin with the barrier in red, the drain in blue, and the fault in cyan.
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Figure 2.4: Discrete oil saturations at final time obtained for n, = 50, 100, 200, 400.
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Figure 2.5: Volume of o0il above the barrier, below the barrier and in the fault function of
time for n, = 50, 100, 200, 400.

2.6.2 Oil migration in a basin with a random network of frac-
tures

We consider the migration of oil in the 2D cross section 2 = (0, L) x (0, H) of a basin
with H = L = 100 m. The basin comprises a random network of 927 fractures exhibited
in Figure 2.6. The permeability of the matrix A,, = \,,Id and the permeability of the
fractures Ay = A;Id are highly contrasted with A, = 107'* m? A; = 107! m?. The
width of the fractures is fixed to dy = 0.01 m and their porosity to ¢ = 0.3. The porosity
of the matrix is set to ¢,, = 0.1.

The inverses of the capillary pressure monotone graph in the matrix (j = m) and in
the fractures (j = f) are exhibited in Figure 2.6 and defined by the Corey law (2.14) with
the rocktype by, = 5 10° Pa, s2,, = 0.2, s;,,, = 0 in the matrix and the rocktype by = 10°
Pa, sf’ ;= 3,1,7 s = 0 in the fractures. The mobilities are defined for j = m and j = f by
the Corey law (2.15) with p! = 0.005 Pa.s and p? = 0.001 Pa.s.

The densities of phases are fixed to p' = 700 Kg/m? for the oil phase and p? = 1000
Kg/m? for the water phase.

Phase 1 is injected at the bottom boundary (25,75) x {0} with imposed pressures
u?(x) = 8.1 10° + p?gH Pa, u'(x) = u?(x) 4 (57)7'(0.999999) corresponding to an input
phase 1 saturation s! = 0.999999 in the fractures. At the top boundary, the phase
pressures are fixed to u?(x) = 8 10° and u'(x) = u*(x). The remaining boundaries of the
basin are assumed to be impervious. The boundaries of the fracture network not located
at the top boundary of the basin nor at the bottom boundary (25,75) x {0} are also
assumed impervious.
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At initial time the porous media is saturated with phase 2 with a hydrostatic pressure
(x) = 8 10° + pog(H — y), and a phase 1 pressure defined by u},.(x) = u? .(x).

ine

2

WUing

The mesh is a n, x n, topologically Cartesian quadrangular grid obtained by a uni-
form refinement of a given randomly distorted 30 x 30 Cartesian grid (see figure 2.6). The
simulation is fixed to 75 days with an initial time step of 0.01 day and a maximum time
step of 0.1 day. All the runs for this test case are performed on a laptop equipped with a
dual core 3GHz.

Figure 2.7 exhibits the discrete oil saturation at final time obtained with a topologically
Cartesian mesh of size n, = 480, and a non uniform refinement of the mesh with cell widths
away from the fracture equal to roughly 2.6,4.1,6.45,10.1, 16.0, 25.2,39.6,62.4 cm (to be
compared with the width of say 21 cm obtained with the uniform mesh for n, = 480).
The choice of the volume fractions a ., ays is set to VAG-1. The numerical convergence
of this solution has been checked and it will be our reference solution for the comparison
of the VAG-1 and VAG-2 choices. The Figures 2.8, 2.9 compare the convergence of the
oil saturation on the family of uniformly refined meshes with n, = 60,120, 240, 480, for
the two choices of the volume fractions. It is clear that the choice VAG-1 which avoids
to mix matrix and fracture volumes provides a much better convergence. It is explained
in Figure 2.10 exhibiting that the choice VAG-2 of the volume distribution yields a too
large volume of oil in the matrix and a too small volume of oil in the fractures due to the
enlarged volumes at the matrix fracture interfaces. This is a clear advantage of the VAG
scheme compared with usual CVFE approaches which cannot avoid the mixing of fracture
and matrix volumes due to the use of a dual mesh and the absence of cell unknowns.

The numerical behavior of the simulations for both choices of the distribution of the
volumes and for the family of meshes is exhibited in Table 2.2 showing the number of
successful time steps, the number of time step chops, the number of Newton iterations
by successful time steps, the number of GMRes iterations by Newton iteration, the CPU
time in seconds, and the maximum CFL number. This maximum CFL number is the one
obtained for the oil saturation Buckley Leverett equation (without the capillary diffusion)
discretized by an upwind monotone scheme and an Euler explicit time integration, and
using the total Darcy velocity and the buoyancy forces of the simulation.

In both cases a rather good scalability is obtained both in terms of nonlinear and
linear solvers although very large CFL numbers are observed in the fracture network.
The results are slightly better for VAG-2 due to the larger control volumes at the matrix
fracture interfaces as can be checked on the comparison of the maximum CFL numbers
in table 2.2.
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Figure 2.6: Network of 927 fractures and mesh obtained for n, = 60. Inverses of the

extended monotone graphs of the capillary pressures S} in the matrix, and S} in the
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Figure 2.7: Discrete oil saturation at final time obtained for n, = 480 with refinement at
the matrix fracture interfaces and the choice VAG-1 of the volumes.
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Figure 2.8: Discrete oil saturation at final time obtained for the family of uniformly refined
meshes n, = 60,120, 240, 480, and the choice VAG-1 of the volumes.

Figure 2.9: Discrete oil saturation at final time obtained for the family of uniformly refined
meshes n, = 60,120, 240, 480, and the choice VAG-2 of the volumes.
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Figure 2.10: Volume of oil in the fracture and in the matrix function of time for n, =
60, 120, 240, 480, and for the two choices VAG-1 and VAG-2 of the distribution of the
volumes.

Volumes | n, | Nat | Nonop | Nnewton | Nomres | CPU (s) | CFL
VAG-1 60 | 759 0 2.62 8.08 164 210
VAG-1 | 120 | 759 0 2.90 8.84 535 420
VAG-1 | 240 | 777 14 3.94 9.44 2480 840
VAG-1 | 480 | 889 69 5.79 9.85 15062 1675

VAG-2 | 60 | 759 0 2.08 6.26 126 6.4
VAG-2 | 120 | 759 0 2.48 6.81 441 27
VAG-2 | 240 | 759 0 3.16 7.83 1868 106

VAG-2 | 480 | 788 21 4.98 8.53 11074 384

Table 2.2: For each choice VAG-1 and VAG-2 of the volume distribution and each mesh
size n, = 60,120, 240,480: number Na; of successful time steps, number Ngp,, of time
step chops, number N yewion 0f Newton iterations per successful time step, number Ngasges
of GMRes iterations by Newton iteration, CPU time in seconds, maximum CFL number.

2.6.3 3D network of fractures

This test case considers the migration of oil in a 3D basin Q = (0,L) x (0,L) x (0, H)
with H = L = 100 m. Figure 2.11 exhibits the test case geometry where the fractures
in the cube are represented by parallelograms and are intersected with the top and the
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bottom of the basin. The family of tetrahedral meshes is generated using TetGen [59] in
order to be refined at the neighbourhood of the fracture network. Figure 2.11 shows the
coarsest mesh i,,.s, = 1, and Table 2.3 defines for each mesh the number Nb.. s of cells,
the number Nb,,4.s of nodes, the number Nbg,..r of fracture faces, the number of d.o.f.
Card(VUMU Fr) of the scheme (with two unknowns per d.o.f.), and the number of d.o.f.
Card(V,/Vp U Fr) of the linear system (with two unknowns per d.o.f.) after elimination
without fill-in of the cells and Dirichlet nodes, where Vp is the set of Dirichlet nodes at
the boundary of Q. It also specifies for each mesh the cubic root of the mean volume of
all cells at the matrix fracture interface, denoted by p;, and defined by

1 /
Qi:(Card{KeM\KﬂF#(ZJ} >, K)o (2.16)

KeM | KNT'#p

Figure 2.11: Geometry of the basin, fracture network, and coarsest three-dimensional
Delaunay mesh i,,.., = 1.

Tmesh | INbeeils Nbpoges | Nbpraer | 0; | scheme d.o.f. | linear system d.o.f. | 6
1 47 670 8 348 1678 | 2.42 57 696 9 278 209
2 253 945 | 41 043 6 655 | 1.23 301 643 46 283 86
3 837 487 | 132 778 | 16 497 | 0.78 986 762 147 148 142
4 3076 262 | 483 786 | 42 966 | 0.48 | 3603 014 523 453 200

Table 2.3: For each mesh: number Nb..;, of mesh cells, number Nb,,,4.s of nodes, number
Nbpyqcr of fracture faces, scheme and linear system number of d.o.f. (with 2 unknowns
per d.o.f), cubic root of the average cell volume at the matrix fracture interface g;, and
shape regularity 6.

We suppose again a high contrast between the permeability of the matrix A, = A,,Id
and the permeability of the fractures Ay = A\;Id with A\, = 10717 m?, Ay = 107 m?
The porosities, the phase densities, the mobilities and the capillary pressures are the same
than in the previous test case. The initial and boundary conditions are also the same ex-
cept that the oil phase is injected at the full bottom side of the domain. The simulation

73



is run over a period of 10 years with an initial time step of 0.2 days, and a maximum time
step fixed to 5 days, except on mesh 4 for which a smaller maximum time step of 2.5 days
is used. All the numerical tests have been performed on the Cicada Cluster located at
the University Nice Sophia-Antipolis and which includes 1152 nodes equipped with two
eight-core Intel(R) E5-2670 processors. Figure 2.12 exhibits the oil saturation obtained
on the coarsest mesh 7,,.,, = 1 at final simulation time. We observe that the oil phase
injected at the bottom side in the domain initially saturated with water, quickly rises by
gravity along the faults and slowly penetrate in the matrix.

Figure 2.12: Discrete solution obtained by the VAG-1 scheme with the first mesh 4,,.5, = 1
at final simulation time: oil saturation in the fracture network and in the matrix using
the lower threshold in the matrix equal to 0.001.

Figure 2.13 compares the convergence of the oil saturation on the family of refined
meshes for the two choices of the volume fractions VAG-1 and VAG-2. It is clear, as in the
2D test case, for such high ratio of the fracture and matrix permeabilities, that VAG-1
provides a much better convergence than VAG-2 since it does not mix porous volumes
from the matrix and the fracture network. It illustrates again the advantage of the VAG
scheme compared with CVFE discretizations which cannot avoid such mixing of porous
volumes. Table 2.4 presents the numerical behavior of the simulations for both choices
of the distribution of the volumes and for the family of meshes. The results obtained
demonstrate the good robustness and scalability of the proposed numerical scheme both
in terms of Newton convergence, linear solver convergence and CPU time. As for the 2D
network test case, the robustness of the nonlinear solver is slightly better for VAG-2 due
to the larger control volumes at the matrix fracture interfaces for VAG-2 than for VAG-1.
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Figure 2.13: Volumes of oil in the fracture and in the matrix function of time for the
family of meshes i,,., = 1,..,4, and for both choices VAG-1 and VAG-2 of the volume
distribution.

Volumes imesh NAt NC’hop NNewton NGMRes CPU (S)
VAG-1 1 384 6 2.20 10.05 D88
VAG-1 2 390 10 3.08 15.11 5 898
VAG-1 3 415 21 4.02 15.93 31 806
VAG-1 4 784 30 3.37 16.75 | 209 485
VAG-2 1 373 0 1.87 6.94 482
VAG-2 2 373 0 2.42 13.05 4 452
VAG-2 3 375 1 3.02 14.56 21 645
VAG-2 4 747 13 2.92 16.55 172 946

Table 2.4: For each choice VAG-1 and VAG-2 of the volume distribution and for each
mesh ipesn, = 1,..,4: number Na; of successful time steps, number Ny, of time step
chops, number Nyewion 0f Newton iterations per successful time step, number Ngpsgres of
GMRes iterations by Newton iteration, CPU time in seconds.

2.6.4 Comparisons between the VAG and HFV discretizations
Tracer test case

In order to compare the accuracy of the VAG and HFV schemes, we first consider a
simple tracer problem with a single fracture for which we can derive an analytical so-
lution. This model can be obtained from the two-phase flow model assuming that
kp(x,8) = kf(x,s) = s and vanishing capillary pressures. In that case, the pressure
is solution of the hybrid dimensional single phase flow problem described in Chapter 1
and the saturation s' denoted by c is solution of an hyperbolic equation (see [62] for
details).
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Let us set Q = (0,1), and denote by (z,y) the Cartesian coordinates of x. We
then define x; = (0,%), 6 € (0,arctan(3)), xo = (1,7 + tan(f)). Let & = {(z,y) €
Qly > 1 4+ ztan(d)}, and O = Q\ Q;. We consider a single fracture defined by I' =
(x1,%2) = 0§ N 0K, with tangential permeability Ay > 0, and width dy > 0. The matrix
permeability is isotropic and set to A,, = 1, the matrix and fracture porosities are set to
Om = ¢y = 1, and the fluid viscosity is set to u = 1. The pressure solution is fixed to
u(z,y) = 1 — x. In this case, the tracer model reduces to the following equations which
specifies our choice of the boundary and initial conditions:

( atcm,a(xaya >+acma(x y7 )I on qu( 7T>7a:1727
Cma(T,y,0) = on Qy, a=12
cm1(0,y,t) = 1 on (1,1) x (0,7),
cm2(0,y,t) =1 on (0,%) x (0,7, (2.17)
Cmoa(z, 3 + xtan(d),t) = cp(z,t) on (0,1) x (0,7, '
Leg(x,t) = Bema(x, 1 +xtan(d),t)  on (0,1) x (0,7),
cr(0,t) =1 on (0,7,
\ ¢(,0) = 0 on (0. 1),

where £ = 0, + k0, + [ with = Sizge) and k = Aycos?(6). Tt is assumed that & > 1.
This system can be integrated along the characteristics of the matrix and fracture velocity
fields leading to the following analytical solution:

0if t <=,
Cma(7,y,1) —{ 1if >z,
0 if t< %7
erlw,t) = eTmal if Pt
O lf t < x,
1 lf t > x,

Cm,2('r7y7t): 0 if t<x_£
if y € (3,1 + tan(0)) dy—1 dy—1 - om0
v Cf(4tgn(0) t+ 4tan( y x)if t>x— 4tgn(9)‘

In the following numerical experiments the parameters are set to tan(f) = %, Ay =20
and d;y = 0.01. The mesh is a topologically Cartesian n, x n, grid. Figure 2.14 shows
an example of the mesh with n, = 20 as well as the analytical solution in the matrix
obtained at time ¢y = 0.5 chosen as the final time of the simulation.

The VAG and HFV finite volume discretizations of this model use the fluxes defined
in Subsection 1.4.3. Since the pressure is linear, the discrete pressure and fluxes are exact
for both the HFV and VAG schemes. The discretization in space of the tracer model uses
a first order upwind approximation of the concentration in the spirit of the two-phase
flow model discretization of Section 2.5. It is combined with an explicit time integration
using the time step defined by the maximum time step allowed by the CFL condition.
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Figure 2.15 compares the convergence of the L1 error for the discrete solutions at
final time ¢; = 0.5 obtained in the matrix domain and in the fracture for both the VAG
and HFV schemes. The numerical order of convergence is the same for both scheme but
the VAG scheme is slightly more accurate for this test case. This is confirmed by the
comparison of the discrete solutions in the fracture at final time ¢; = 0.5 exhibited in
Figure 2.16 for the VAG scheme and in Figure 2.17 for the HFV scheme.
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Figure 2.14: Left: example of mesh with n, = 20 where the red line is the fracture. Right:
analytical solution of (2.17) at time t; = 0.5.
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Test Tracer analytical solution
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Figure 2.15: Discrete L' error for the solutions of the VAG and HFV schemes at time
ty = 0.5 in the matrix and in the fracture as a function of n, = 30, 50, 100, 200, 400, 800.
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Test Tracer analytical solution
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Figure 2.16: Exact and discrete solutions in the fracture at time ¢y = 0.5 obtained with
the VAG scheme for n, = 30, 50, 100, 200, 400, 800.
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Test Tracer analytical solution
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Figure 2.17: Exact and discrete solutions in the fracture at time ¢y = 0.5 obtained with
the HFV scheme for n, = 30, 50, 100, 200, 400, 800.

Two phase flow test case

We consider the test case of Subsection 2.6.3 and compare the discrete solutions obtained
by the VAG and HFV schemes as well as the numerical behavior of both schemes. The
comparison is done on three tetrahedral meshes with number of cells Nb..s = 47600
(47k), 124000 (124k) and 253945 (253k). For the larger mesh 4.5, = 3, the simulation
with the HFV scheme was too long (more than one week). Figure 2.18 compare the
volume of oil in the fracture and in the matrix obtained with the VAG and HFV schemes
with the 3 meshes. The reference solution is provided by the solution obtained with the
VAG scheme on the largest mesh i,,.s, = 4 (3000k). It appears that the solutions obtained
with the VAG scheme is closer to this reference solution than the ones obtained with the
HFV scheme. The comparison in Table 2.5 of the CPU times obtained with both schemes
shows huge difference of CPU times, roughly speaking of a factor 10 to 20 for a given
mesh. Since the HFV scheme does not seem to be more accurate than the VAG scheme
due to the first order upwind approximation of the transport terms, it is clear that the
VAG scheme is much better than the HF'V scheme on tetrahedral meshes for such fully
implicit discretization combined with a first order upwind approximation of the mobility
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Figure 2.18: Volumes of oil in the fracture and in the matrix function of time for the
tetrahedral meshes with Ngoy, = 47k, 124k, 253k cells for the VAG and HFV schemes,
and for the tetrahedral mesh with Nooys = 3000k for the VAG scheme. The distribution
of the volume is done following the VAG-1 type choice.
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Scheme NC’ells dof Nzeros NAt NChop NNewton NGMRes CPU (S)
VAG 47k 9k 130k | 384 6 2.2 10 590
VAG 124k | 23k | 338k | 391 8 2.5 11 2000
VAG 253k | 46k | 686k | 390 10 3.1 15 5900
HEV 47k | 98k | 682k | 385 10 2.9 20 4900
HEFV 124k | 254k | 1777k | 413 20 3.9 34 25000
HEFV | 253k | 517k | 3628k | 449 33 4.9 47 95000

Table 2.5: For the schemes VAG and HFV and for different tetrahedral meshes: number
Neeus of cells, number dof of degrees of freedom after elimination of the cell unknowns,
number of nonzero connections in the Jacobian after elimination of the cell unknowns
(with a 2 x 2 matrix per connection), number Na; of successful time steps, number Nepop
of time step chops, number Ny wion 0f Newton iterations per successful time step, number
Naayrres of GMRes iterations by Newton iteration, CPU time in seconds.

2.7 Conclusion

This Chapter has introduced the VAG and HFV discretizations of hybrid dimensional
two-phase Darcy flows modelling discrete fracture networks with mass exchange between
the matrix and the fractures. Our discretization takes into account general polyhedral
meshes, general discrete fracture networks, the anisotropy of the matrix and of the fracture
permeability fields, and discontinuous rocktypes.

Compared with CVFE approaches, the numerical tests clearly exhibit that the VAG
scheme has the advantage to avoid the mixing of the fracture and matrix rocktypes at
the interfaces between the matrix and the fractures, while keeping the low cost of a nodal
discretization on unstructured meshes.

The numerical experiments also show that the HF'V scheme is much more expensive
than the VAG scheme on tetrahedral meshes and do not provide a better accuracy due
to the first order upwind approximation of the mobility terms.

The convergence of the VAG scheme to a weak solution of the model has been proved
for arbitrary choices of the volumes at the nodal unknowns assuming the non degeneracy
of the relative permeabilities and a network of planar fractures. To our knowledge, this
is the first convergence result for this type of hybrid dimensional two-phase Darcy flow
model, and it also provides an existence result for such models. This proof can be readily
extended to cover any scheme which fit into the gradient scheme framework introduced
in Chapter 1.

82



Chapter 3

Two-phase Darcy flow model
accounting for vanishing and
discontinuous capillary pressures
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Abstract: fully implicit time-space discretizations applied to the two-phase Darcy flow
problem lead to the systems of nonlinear equations, which are traditionally solved by some
variant of Newton’s method. The efficiency of the resulting algorithms heavily depends on
the choice of the primary unknowns since Newton’s method is not invariant with respect
to a nonlinear change of variable. In this regard the role of capillary pressure/saturation
relation is paramount because the choice of primary unknowns is restricted by its shape.
We propose an elegant mathematical framework for two-phase flows in heterogeneous
porous media resulting in a family of formulations, which apply to general monotone
capillary pressure/saturation relations and handle the saturation jumps at rocktype in-
terfaces. The presented approach is applied to the hybrid dimensional two-phase Darcy
flow model introduced in Chapter 2 using the phase pressure formulation. The new for-
mulation allows to extend this model in order to take into account more general capillary
pressure curves and also to provide a more robust nonlinear solver. The two-phase flow
model is discretized using the VAG scheme described in Chapter 2 in the case of the phase
pressure formulation. The discrete model requires as previously only two unknowns by
degree of freedom.

3.1 Introduction

In the framework of two-phase Darcy flows in fractured porous media, highly contrasted
capillary pressure curves are expected in particular between the matrix and the fractures.
Hence, it is crucial to take into account in the model formulation the saturation jumps at
the matrix fracture interfaces. In order to do so, as it has been stressed out in [21], the
capillary pressure curves have to be extended into the monotone graphs (see e.g. Figures
3.1).

In Chapter 2, the VAG discretization, employing phase pressures formulation, was
applied to model two-phase Darcy flows in heterogeneous porous media. In the context
of vertex-centered schemes the phase pressures formulation allows to capture the satura-
tion jump condition at the interface between different rocktypes without introducing any
additional unknowns at these interfaces. It is, however, limited to strictly increasing cap-
illary pressure curves and lacks robustness compared to pressure saturation formulations.
In this Chapter we extend the scheme introduced in Chapter 2 to the case of general
increasing capillary pressure curves. The same notations as in Chapter 2 are used and
some of them are recalled for conveniency.

In the matrix domain Q (resp. in the fracture network I'), we denote by ¢,,(x)
(resp. ¢f(x)) the porosity and by A,,(x) (resp. As(x)) the permeability (resp. tangential
permeability) tensor. The thickness of the fractures is denoted by ds(x) for x € I'. For
each phase a = 1,2 (where a = 1 stands for the non wetting phase and o = 2 stands for the
wetting phase) we denote by k7, (x, s) (resp. k;(x, s)), the phase relative permeabilities
and by S} (x,p) (resp. Sj(x,p)) the possibly set-valued inverses of the monotone graph
extension of the capillary pressure curves. For a = 1,2, we will also denote by p® the
phase densities and by pu® the phase viscosities which for the sake of clarity are assumed
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constant.

We denote by u® the pressure of phase & = 1,2 and by s% (resp. s;‘) the saturation
of phase & = 1,2 in the matrix (resp. the fracture network) domain. We define the water
saturations by

sto=1-3s2 ands}zl—s?c.

The Darcy flux of phase a = 1,2 in the matrix domain is defined by

R (x5

A (Vu® — p%g),
- ( r°g)

9, =
where g = gVz stands for the gravity vector. The flow in matrix domain is described by
the mass balance equation

dmOssy, + div(qy,) =0, (3.1)

and the macroscopic capillary pressure law
sk Sh(x,ut —u?). (3.2)

The Darcy flux of phase o = 1,2 in the fracture I';, ¢ € I integrated other the width of
the fracture is defined by
nr (X 57) o o

q5, = —d
1, f 7

with g, = g — (g - n; )n;". The flow in each fracture I'; is described by
dydp0sst + dive(q3,) — [ap, - n;] = 0. (3.3)

and
sy € Sp(x,yu' —yu®). (3.4)

The hybrid dimensional two-phase flow model looks for s, s}, and (u*)a=gw satisfying

(3.1)-(3.4). In addition to (3.1)-(3.4) we prescribe a no-flux boundary conditions at the
tips of the immersed fractures, that is to say on OT' \ 012, and the mass conservation
and pressure continuity conditions at the fracture intersections. We refer to [13] for more
details on those conditions. Finally, one should provide some appropriate initial and
boundary data (see Chapter 2 for a more detailed description).

Remark that for a fixed x € Q (resp. x € I') the functions S}, and S} are, generally
speaking, set-valued, this is the case e.g. when the capillary pressure is neglected. Indeed,
in such situation the non wetting phase saturation takes any value in [0, 1] as long as
u'—u? = 0. In addition, S}, and S} depend on the space variable x and we will assume that
S! (x,-) is piecewise constant and is defined with respect to a set of so-called rocktypes.
The following assumptions hold on S}, and S}:

(A1) Assumption (H3) of Chapter 2 is reproduced in this Chapter, i.e. © can be decom-

posed into a set of disjoint connected open polyhedral sets (§2;) ., with ¢, € =
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Q, such that S} (x,p) = S}w(x,p) for a.e. x € ; and all p € R. Similarly, we
suppose that there exists a family of disjoint connected polygonal open sets (1) e,
sucthhat UjleT_j = T and such that S}(x,p) = S},(p) for a.e. x € T; and all
p €R.

(As) (kS’}nJ)je 5 and (S}J)g’e 5, are maximal monotone graphs with domain R satisfying
Sti(p) € [0,1] for all p e R and I = m, f, j € Ji.

The matrix and fracture relative permeabilities are piecewise constant w.r.t. x on the same
partitions of the matrix and fracture network domains as the capillary pressure curves.
In the following, we will denote the mobilities (ratio of the phase relative permeability to
the phase viscosity) by ky, ;(s) in the matrix for each rocktype j € J,, and by k% ,(s) in
the fracture network for each rocktype j € J;.

In order to illustrate the difficulty of dealing with both heterogeneous and multi-valued
saturation curves S} and S}, let us admit for the moment that S} are S} do not depend
on x and that S}, (p), S}(p) are single-valued continuous increasing functions satisfying
forl =m, f

SHp < penty) =0 and  lim S}(p) =1

p—+0o0

with peniy € R, [ = m, f been an entry pressure. The figure 3.1a exhibits a typical form
of multi-valued capillary pressure curves corresponding to S} (p) are S} (p).

When the system (3.1) - (3.4) is solved numerically it is desirable to reduce the number
of unknowns by eliminating the algebraic equations (3.2) and (3.4), in particular one may
expect to have as much as two unknowns by degree of freedom. Note that as long as the
functions S}, | = m, f, are single valued (which is the case when the capillary pressure
graphs do not have “horizontal” parts) it is possible to express s} and s} in terms of u!
and u?. In other words (u?, u') is an admissible couple of primary unknowns. The other
admissible couple is (u?, s}) since u' and s}, can be expressed as

u' =u® + (S}) 7! (sy) and s, = S, 0 (S)) 7 (s))-

In contrast, unless pept,m is less or equal to pens, f, it is not possible to describe any possible
values of u! and 3} at the matrix/fracture interface using the pair (u', sl ). However this
formulation still can be applied “away” from I.

Let us remark that both (u?* u') and (u? s}) formulations lead, after a space-time
discretization of (3.1) and (3.3), to the equivalent systems of nonlinear algebraic equations.
Nevertheless, in practice, the performance of numerical algorithm would heavily depend
on the choice of primary variables. In particular it is well known that the use of the
formulation based on u! and u? has to be avoided when modeling imbibition in very dry
soil. This is explained by the the fact that applying Newton-Raphson method (or some
other linearization scheme) for solving nonlinear problems resulting from both formulation
breakes the equivalence.

Next, let’s assume that the capillary pressure is neglected in the fracture network
domain (see Figure 3.1b). In that case both S} and its inverse are set-valued, which
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Figure 3.1: Typical form of capillary pressure curves in matrix and fracture domains.

in particular implies that neither (u? s}) nor (u?,u') can be used as a pair of primary
variables for the whole range of values of saturation and capillary pressure. Instead one
may switch, as capillary pressure grows, from (u?,s}) to (u®,u'), and even possibly from
(u?,u') to (u?,sl) for u' —u? > pene.m. Note that if the capillary pressure in the fracture
domain is very small, but not strictly zero one cannot expect the numerical scheme based
on (u? s}) formulation to be computationally efficient.

Finally, let us remark that there is no reason to restrict the choice of primary variables
to the set of natural variables, that is to say, to u* u', s}, and s;. Consider the functions

P and (S})1=m (3.5)
defined on an open convex set Z C R such that P(Z) = R* and such that for 7 € 7
S} (1) € S}HP(7)) for all I = m, f (3.6)
Then the couple (u?,7) is an admissible couple of primary unknowns with
u' =u® +P(7) and 5, = S} (1), | =m, f.

The map 7 — (P(7),S}(7)), | = m, f, can be seen as the parametrization of the curve
S}. The parametrization (3.5) is not uniquely defined by (3.6) even under some addi-
tional regularity assumptions (see Proposition 3.2.1) and hence one can try to choose the
functions P(7) and S8} (7), Il = m, f, in order to improve the convergence of the nonlinear
solver.

The remaining of this Chapter is organized as follows. In the next section we detail
the parametrization approach presented above and provide the extension of the VAG dis-
cretization accounting for general monotone capillary pressure graphs related to multiple
rocktypes, and finally we present numerical experiments, which aims to compare the clas-
sical pressure-saturation formulations with more advanced parametrizations following the
above ideas.
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3.2 Parametrization of Saturation Curves at the Rock-
type Interfaces

Assuming that S;,(x,-) and S}(x,-) are single valued, the discretization of the two-phase
flow hybrid dimensional model using (u', u?) as primary variables is presented in Subsec-
tion 2.5.

In this section, the upwind VAG or HFV finite volume discretization (2.12)-(2.10)-
(2.11)-(2.13) is extended to the case of the inverse capillary pressure graphs satisfying

(As).
Let J = J,, U Jy, for all K € M we set

XK = {JK}-
For all o € Fr we set

w=Utul U Ux)

{K|oeFK}
For all v € dof \ (M U Fr) we set

Xo = U Ustul U U

{K|vedofox} {o|vedofos}

Roughly speaking, for each v € dof the set y, € 2/ denote the collection of rocktypes
intersecting at the degree of freedom v. We finally define

XD - {Xl/; IS dOf},

where Xp is seen as a subset of 27.
The following proposition justifies the fact that a pair of unknowns is sufficient at any
degrees of freedom located on the rocktype intersection.

Proposition 3.2.1 Let y € Xp and (S;)je
graphs with domain R and such that S}(p) C [0,1] for all p € R and j € x. Then there
iex defined
on an open convexr set T C R such that Py(Z) = R and such that for 7 € T and j € x
Sy (1) € Sj(Py(7)); (3.7)

moreover they can be chosen such that the following non-degeneracy condition

> L (8L, P0) £ 0.0) 59

JEX

. be a finite family of maximal monotone

exists a family of continuous piecewise differentiable functions P, and (S}(,j)

s satisfied for a.e. T € L. In addition, without loss of generality on can assume that
5L/ (1), PL(r) = 0 for ae. T € L.
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For all x € Xp let P, and (S}(’j)j . be some family of non decreasing functions
associated with the family of graphs (S;)jex and satisfying (3.7) and (3.8).
The saturations are defined by

St =8l . (), St =1-8" forall K €M,

X
Sln =8l . (rm), S?2n=1- 8" forall 0 € Fr,
R o < d (3.9)
Kyv — xy,jK<TI/)’ K,V_l_ K,v or a GM’VG 0f6K7
Som =83, 5. (0), Sap=1-=8yr  forall o € Fp,v € dofas,

and the water pressures by

Wl = ug" + Py () forall K € M,
ug’” = u;,” + P, (1) for all o € Fr, (3.10)
w2 =yl + P, (") forall v € dof \ (MU Fr).

The new scheme consist in finding u'", 72" € X% n = 1,--- | N, satisfying (2.12),
(2.13) along with (3.9)-(3.10).

3.3 Implementation and Numerical Experiments

In this section we present numerical experiments which aims to compare the robustness
and efficiency of the classical pressure-saturation formulation with more advanced choices
of primary unknowns which are implemented using the graph parametrization approach
presented above. The pressure-pressure formulation is excluded from the comparison since
is has a very poor efficiency when dealing with dry (s! close to 1) media. In practice, the
pressure-pressure formulation has also been tested and it failed to converge for matrix
fracture capillarity ratio l;)—’; larger than 10 (see below for the definition of this ratio).

We consider only two rocktypes, the matrix rocktype denoted by 7 = m and the
fracture (or fault) rocktype denoted by j = f. The phase mobilities are defined for both
rocktypes 7 = m, f and for a = 1,2 by the following Corey law

[e3

ke (8%)"
kS (s*, x) = 22— (3.11)
J /La
—2 52—52 - -1 81—81 - . .
where §* = ;——"/—, and § = ;——"%— are the reduced saturations and p* is the phase

. . 53 T,J 7 r,J
viscosity.

The capillary pressure/saturation relation are also given for the matrix (j = m) and
fracture (j = f) rocktypes by the following Corey law

0 if P — Dent,j < 07
St(p) = _ p—penty ! (3.12)
1—e b if P — pent,j Z 07

where the parameter p,; ; > 0 stands for the entry pressure. Both b; and pe,. ; depend on
the rocktype 7 = m, f. Figure 3.2 exhibits, the typical shape of the matrix and fracture
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capillary pressure graphs P.,, and P.;, which are the multi-valued inverses of S}, and
S} respectively. Remark that, when b; tends to 0, the graph of S} tends to the graph
of the multi-valued Heaviside function centered at p = pepne ;. The following numerical
experiments will assess the efficiency of the different choices of primary unknowns for
different values of the parameters b; and pent j, 7 = m, f.
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Figure 3.2: The graphs of the capillary pressures F.,, in the matrix, and F.; in the
fractures for b, = 10° Pa, by = 10* Pa, pepi.m = 10° Pa, penr s = 0 (left) and b, = 10° Pa,
by =0, Pent.m = 10° Pa, pens p = 0 (right).

The following numerical experiments compare the pressure saturation formulation us-
ing non wetting phase pressure and the non wetting phase saturation as the primary
unknowns with some more advanced parametrizations inspired by variable switch tech-
niques. Since only one fracture and one matrix rocktypes are considered, the set Xp is

equal to
Xp = {{m},{m, f}},

where x = {m} corresponds to degrees of freedom located in the matrix only and x =
{m, f} corresponds to degrees of freedom located at the matrix fracture interfaces. In the
following numerical experiments, the primary unknowns for y = {m} are fixed for both
formulations to (u!, s} ) since this is an efficient and simple choice for a single rocktype.
The choices of parametrization at the matrix fracture interfaces i.e. for x = {m, f} will
result in functions S, (7), S}(7), P(7), which we define below for several types of capillary
pressures curves given by Corey law. We will distinguish the following five cases ordered

with increasing complexity:
(C1) by, > 0,0 < bf < by, Dentym = Pent,f = 0;
(C2) by, >0, bf =0, Pent.m = Dent,f = 0;

(C3) by, > 0,0 <bf < b, Pentm > 0, Pent.r = 0;
(C4) by, >0, bf =0, Pentim > 0, Pent,r = 0;

(C5)

Ch bm - 07 bf - 07 Pent,m > 07 Pent,f = 0.
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The choices of the primary unknowns will be compared in terms numerical behavior of
the simulations based on the number of linear and nonlinear iterations and on the CPU
time.

3.3.1 Parametrizations for the pressure-saturation and variable-
switch formulations

C1 and C2 cases

In this case, the entry pressures are both set to zero i.e. pene; = 0, 7 = m, f leading to
the following Corey laws

< "ﬁ

0 if p<0
Sl(p) = _ ’ 3.13

and we assume that 12_ > 1. Figure 3.3 exhibits the capillary pressure graphs P,.,, and
f
P, for b,, = 10° Pa and the ratio l;)—’:j = 10.
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0

Figure 3.3: P, in the matrix, and Py in the fractures for b,, = 10° Pa, by = 10* Pa,
Pent;m = Pent,f = 0.

Pressure-saturation formulation: The formulation is defined by the following set of
functions

St(r)=r ;,
SHT) = P (Pe (7)) =1 — (1= 7) % (3.14)
P(T = Pcm(T) = —b,, ln(l — T)

with 7 € [0, 1).
When % goes to infinity (i.e. when the capillary pressure in the fracture network
f
goes to zero), the function S}(7) tends to the graph, which is multi-valued at 7 = 0.

Numerically, this would lead to the lost of robustness for large values %—’;
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The pressure-saturation formulation is compared to the variable switch (u', s})/(u', s},)
formulation picking the “steepest” saturation unknown, that is to say the one which has
a largest derivative with respect to the capillary pressure.

Variable-switch formulation: this formulation is obtained using the conditions (3.7)
in the framework of Proposition 3.2.1 to which we add the following conditions

1 48t
max (dSm f) =1

dr ' dr
and
S),(0) = S(0) = 0.
The computations give (see Figure 3.4):

SHr) = { " e [O’ﬁ)’(s 15)
U7 P Penlr =1+ Pl (Py(m)) = 1= (m+ (1= m)om —=7) %, 7€ [m,m0),

Sh(r) = { PalR o) =10 - % PR
" T—T7 + Pc;l(Pcf(Tl» =7—-mn+1-(1- Tl)ﬁ, T € |11, T),
_ { P.y(8i(1)) = =bsIn(1 —7), b T €[0,7), (3.17)
Po(SL (1)) = —bpIn(r + (1 — 7)o —7), 7€ [r,7), '

bm bf
where 1 = 1—(£—f) bm=ti and 7 = 7 +(1—71) % . It is worth noticing that, by construction,

the derivatives of the functions S;(7), S;,(7) and P(7) are continuous at 7 = 7.
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Figure 3.4: S} (7), S}(T), and P(7) curves for the pressure-saturation formulation (on
the top) and for variable switch formulation (at the bottom), obtained for b,, = 10° Pa,
bf =10 Pa7 and Pent,m = Pent,f = 0.

When, for a fixed b,,, the ratio %—’; goes to infinity, the variable switch parametrization

tends to the following formulation (see Figure 3.5):

Si(r) = { rorelm), (3.18)

1, 7€[mn,m),

81

m

(r) = { i rem), (3.19)

T—T, TE][n, ),

[0, T €[0,m),
Pir) = { (Pon(SL(7)) = —buIn(1— (r = 7)), 7 € [r,72), (3:20)

with 4 = 1, 7, = 2. Note that this limit case of a vanishing capillary pressure in the
fractures cannot be accounted for by the pressure-saturation formulation.
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Figure 3.5: S, (1), §;(7), and P(7) curves for the variable switch formulation obtained
for b,, = 10° Pa, by = 0, and peptm = Pent.r = 0.

C3 and C4 cases

Next we consider the test cases with non zero entry pressure in the matrix pensm > 0
and with zero entry pressure in the fractures pe,;y = 0. The graphs of F.;, j = m, f are
represented in Figure 3.2 for peym = 10° Pa, b,, = 10° Pa, and b; = 10* Pa.

Pressure-saturation formulation: At the matrix fracture interfaces the capillary pres-
sure (see Figure 3.2) can not be expressed as a function of s} for p < Dent,m, but it is
however a function of s}. Hence we choose 3} as primary unknown at the matrix fracture
interfaces, which leads to

SHr) =7, Pulr)=(S)"H1) = —bsIn(1 —7),

and

—Pent,m

07 T < S}(pent,m) =1l—e % )

S(7) =

Pent,m —Pent,m

b
Pl Py(r)=1—¢ o (L—r)im, 7>1—¢

cm

Remark that when %—*f" goes to infinity the function P.,'(P.;(7)) becomes multi-valued
at 7 = 1 which results in severe numerical instabilities. As a result, we were unable to
obtain the convergence of the nonlinear solver for l;—’;j > 10.

Variable-switch formulation: When b; = 0 it is clear that the capillary pressure is no
longer a function of the saturation for its values in the interval (0, pentm). Actually, for
those values of capillary pressure the relevant pair of unknowns is (u? u'). This leads to
the following formulation, which roughly speaking switches between the three unknowns
s}, P., and s}

T, T €[0,71),
Si(r) = Poi' (Pentyn (T —11) + Peg(m1)) =1 = (1 —m)e by (T_ﬂ), T € [11,72),(3.21)
bm “Pent,m
chil(PCm(T —n))=1—-(1—-(r—m))%e % T € [12, T3],
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T — Ty, T E|[T,Ts,

Sp(T) = { - r€l0.m), (3.22)

Pep(1) = —=bgIn(1 — 7), T €[0,71)
P(T) = Pent;m(T —T1) + Pep(T1) = Pentm(T — 71) —bpIn(1 — 1), 7€ [m,72), (3.23)
P (T — T2) = Dentm — b In(1 — (7 — 1)), T € |12, T3]

One can see that P.¢(71) < Pent,m and the derivatives of the functions S}(T% S (1), P(7)
pb: . Also we define 7 :T1—|—1_126f_£7'1) and

73 = 7o + 1 such that P(72) = pent.m and S}, (73) = 1. When the ratio %—’; goes to infinity

are continuous at 7 = 7y, where 73 = 1 —

(see Figure 3.7) the following formulas are recovered

7—7 T e 07 T b
Si(r) = { e {ﬁ ;2) (3.24)
1 |0, T € [0,72),
Sm(T) N { T —T2, T € [T27 7-3)7 <325>
Oa T € [07 7'1>,
P(1) = Pentyn(T — 71); T € [11,72), (3.26)
P (SE(T) = =bpIn(1 — (T — 72)) + Pentom, T € [T2,73),

where 71 =1, 5, = 2, and 73 = 3.
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Figure 3.6: S} (7), S}(T), and P(7) curves for the pressure-saturation formulation (on
the top) and variable switch formulation (at the bottom) for b,, = 10° Pa, by = 10* Pa,
Pent,m = 105 Pa7 Pent,f = 0.
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Figure 3.7: S, (1), S;(7), and P(7) curves for variable switch formulation for b,, = 10°
Paa bf = 07 Pent,m = 105 Paa DPent,f = 0.

C5 case

We consider the case b,, = by = 0, and pentm > 0, and peni;r = 0 (see Figure 3.8). This
test case can only be treated using the formulation involving multiple primary variable
switches.
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Figure 3.8: The capillary pressure curves P, in the matrix and P, in the fractures for

bm = bf = 07 Pent,m = 10° Pa, and Dent,f = 0.

In the spirit of the previous case we define the following parametrization:

Si(r) = { T, T7€(0,m),

1, 7€ [m,m3),

Srln(T) _ { 0, T E [0,7'2),

T — Ty, T E |[T,T3,
0, T €[0,71),
P(T) =R Dentm(T —T1), T € [11,T2),
pent,m> T E [7_277—3]7

with m =1, 7, = 2, and 73 = 3.

The curves S;,, S; and P are exhibited in Figure 3.9.
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Figure 3.9: S, (1), §;(7), and P(7) curves for variable switch formulation for b,, = by = 0,

Pent.m = 10° Pa, and pepr p = 0.
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3.3.2 Tight gas test case

The family of test cases presented here simulates the liquid gas two phase Darcy flow in
a tight gas reservoir. The liquid phase denoted by w corresponds to the wetting phase
2 and the gas phase denoted by ¢ corresponds to the non wetting phase 1. The data
set is similar to Example 2 of [25] except for the choice of the capillary pressure curves.
The reservoir is defined by the domain ©Q = (=500, 500) x (—250,250) x (=100, 100) (in
meters). Three transverse fractures I';,i = 1,2,3 of width d; = 0.02 m are initiated
by hydraulic fracturing from a horizontal well. They are defined by the squares {z;} x
(=50, 50) x (=50 x 50) with z; = —250, 25 = 0, x3 = +250. An horizontal well of radius
rv = 0.1 m is located along y = z = 0 and perforates each fracture I';,;7 = 1,2,3 in a
triangular equilateral face of center z;,y = 2z = 0 and of edge size 1 m. During the water
injection phase, the water penetrates only a few tens of centimeters in the matrix due
to the low permeability of the reservoir. Therefore in order to obtain an accurate water
saturation in the neighbourhood of the fractures with a reasonnable number of cells,
a strong anisotropic refinement is needed in the normal direction in the neihbourhood
of each fracture. As exhibited in Figures 3.10 and 3.11 this anisotropic refinement is
obtained using prismatic meshes with triangular base. In order to match the boundaries
of these refined boxes with the surrounding tetrahedral mesh of the reservoir, a layer of
pyramids is added around each fracture box as exhibited in Figure 3.10. The tetrahedral
mesh matching the triangulation of the fracture box boundaries has been obtained using
TetGen [59]. Table 3.1 summarizes the characteristics of the resulting hybrid mesh that
will be used in the following numerical test cases. This mesh includes ten layers of prisms
of thickness 0.1 m on both sides of each fracture.
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Figure 3.10: The prismatic meshes with their layer of pyramids for each refined box
around each fracture located at the center of each box (the thickness of the prisms and
pyramids has been enlarged for the sake of clarity).
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Figure 3.11: Connection of the prismatic mesh around one fracture with the surrounding
tetrahedral mesh using a layer of pyramids (the thickness of the prisms and pyramids has
been enlarged for the sake of clarity).

Necents | Nnodes | NEracr | Linear system d.o.f.

232920 | 45193 | 1634 46 827

Table 3.1: Number N, of cells, number N, 4. of nodes, number Ng,,.r of fracture faces
and number of d.o.f. in the linear system after elimination of the cell d.o.f. (2 physical
unknowns per d.o.f.).

In this test case the mobilities are defined by sy, = 0.2, s¢ =0, k... = 0.3,
k8, maw = 0.6, nyy = 1.5, nf, = 3 in the matrix, and by s}y = 5] , = 0, k¥, =k} 100 = 1,
ny = nY% = 1 in the fractures. The parameters of the Corey capillary pressures are fixed
to by, = 10° Pa for cases C1, C2, C3 and C4, and t0 pensm = 10° Pa for cases C3, C4,
and C5. For cases C1 and C3 we will investigate the set of values by = 1,10, 102,10, 10*
Pa in the fractures.

The viscosities of the two phases are set to u* = 1073 p9 = 2.35 107> Pa.s, and
their densities are fixed to the constant value p* = 1000 kg/m? for the water phase, and
to the perfect gas density p?(u¥) = #-u? kg/m?® for the gas phase with M = 0.016 Kg
corresponding to methane and R = 8.32 J-mol™' -K~!.The reservoir is initially at the
liquid pressure u® = 400 10° Pa, at the residual water saturation in the matrix and at
water saturation close to 0 in the fractures obtained by the continuity of the capillary
pressure at the matrix fracture interfaces. The permeability of the matrix is isotropic and
set to A, = \pId with )\, = 2 10717 m?2, very low compared with the permeability of
the fractures Ay = A;Id with Ay = 2 1072 m?. The porosity is equal to ¢, = 0.1 in the
matrix and to ¢y = 0.3 in the fractures.

The liquid is first injected at high hydraulic fracturing pressure 1000 10° Pa fixed at
each perforation during 1 day. This high pressure water injection phase mimics indeed the
invasion of the matrix by fracturing fluid during hydraulic fracturing operations. After
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injection, the well is closed during the next three days. The well is then put in production
at a constant bottom pressure of 300 10° Pa during the next 296 days. Only a part of the
invaded water will be back-produced in this early phase of production. The simulation
runs over a period of 300 days and the nonlinear systems obtained at each time step are
solved by a Newton-Raphson method. The time stepping is defined by an initial time
step of 0.001 hour and a maximum time step of 0.05 days during the water injection
period, of 0.1 days during the well closure, and of 5 days during the production period. If
the Newton method does not converge after 35 iterations, the time step is chopped by a
factor 2 and recomputed. The time step is increased by a factor 1.2 after each successful
time step until it reaches the maximum time step. The stopping criteria on the relative
residuals are fixed to 107¢ for the GMRes solver preconditioned by ILU( and to 107 for
the Newton method.

The numerical behavior of the simulations for both the variable switch and pressure-
saturation formulations for cases C1 and C3, and for the variable switch formulation only
for cases C2,C4 and C5, is exhibited in Tables 3.2, 3.3 and 3.4. These tables exhibit the
number of successful time steps, the number of time step chops, the number of Newton
iterations by successful time steps, the number of GMRes iterations by Newton iteration,
and the CPU time.

The variable switch formulation turns out to be more efficient and more robust w.r.t.
the value of 2’)—’; both in terms of number of Newton iterations and the number of time

step chops. Note that, as it can be expected, for ll’)—’; = 00 the variable switch formulation

performs similarly as for the case %—Tf” = 10°. As shown in Table 3.3, in the case of the entry
Pressure Pent.n = 10° Pa, the pressure-saturation formulation fails to converge except for
very small ratios while the variable switch formulation is still robust w.r.t. the ratio l;—';
Table 3.4 shows that the good performance of the proposed formulation is maintained for
the degenerate case C5 which confirms the efficiency of the proposed method. Note that,
for this test case, we have adapted the Newton solver such that if the Newton iterate for
the 7 variable tries to jump from above to below the value 7; = 7, 75 (or from below to

above), it is projected onto 7 = 7; + € (7 = 7; — € correspondingly).
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pressure-saturation variable switch
[;)77; NAt NChop NNewton NGMRes CPU(S) NAt NChop NNewton NGMRes CPU(S)
10 | 226 2 4.2 25.9 4 638 226 2 4.3 26.2 5523
10% | 294 21 10.7 20.1 14 557 | 246 8 7.5 22.2 9016
10% | 297 22 11.7 19.7 16 183 | 225 1 5.5 24.2 6 245
10% | 304 24 12.9 19.8 17 742 | 225 1 4.8 25.1 5 492
10° | 313 26 12.8 19.6 18 346 | 235 4 5.4 23.9 6 260
o | n/a | n/a n/a n/a n/a 235 4 5.3 23.9 6 448

Table 3.2: Numerical results for the pressure-saturation and variable switch formulations
for b, = 10° Pa, pentm = Pent, ¢ = 0, and different values of the ratio l;)—’?: number Na; of
successful time steps, number Nep,, of time step chops, number Nyeyion 0f Newton itera-

tions per successful time step, number Ngyrres of GMRes iterations by Newton iteration,
and CPU time in seconds.

pressure-saturation variable switch
% NAt NChop NNewton NGMRes CPU(S) NAt NChop NNewton NGMRes CPU(S)
2 221 0 3 29.2 3 937 221 0 3.1 28.9 4479
10 | 398 52 9.9 20.2 23 400 262 13 6.8 22.7 10 378
10° | n/c | njc n/c n/c nfc | 269 | 14 9.9 208 | 14185
10° | n/c | n/c n/c n/c n/c 285 18 8.9 20.1 13 740
10* | n/c | n/c n/c n/c n/c 242 6 6.9 22.8 9 067
10° | n/c | n/c n/c n/c n/c 276 16 7.5 21.3 11 516
oo | n/a | n/a n/a n/a n/a 299 22 8.1 19.1 10 770

Table 3.3: Numerical results for the pressure-saturation and variable switch formulations
for b,, = 10° Pa, Dentm = 10° Pa, Pent,f = 0 and different values of the ratio I;if number
Na¢ of successful time steps, number N¢y,, of time step chops, number Nycyton 0f New-
ton iterations per successful time step, number Ngyrres of GMRes iterations by Newton

iteration, and CPU time in seconds.

variable switch
NAt NChop NNewton NGMRes CPU(S)
221 0 5.8 26.3 5 948

Table 3.4: Numerical results for the pressure-saturation and variable switch formulations
for by, = by = 0, Dent,m = 10° Pa, and Dent,f = 0: number Na; of successful time steps,
number Ncpop of time step chops, number Nyeyton 0of Newton iterations per successful
time step, number Ngprres of GMRes iterations by Newton iteration, and CPU time in
seconds.
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Figure 3.12: Water saturation in the perforated face in the fracture at x = 0 (blue) and
cut of the water saturation in the matrix (red) along the line y = z = 0 as a function of
the distance to the fracture at the end of each simulation period ¢ = 1 day (top), t = 4
days (middle) and ¢ = 300 days (bottom). The left plots (a) correspond to b,, = 10°
Pa, by = 10* Pa, peptm = Pent.y = 0, and the right plots (b) to b, = 10° Pa, by = 0,
DPent;m = DPent,f = 0
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Figure 3.13: Water saturation in the perforated face in the fracture at x = 0 (blue) and
cut of the water saturation in the matrix (red) along the line y = z = 0 as a function of
the distance to the fracture at the end of each simulation period ¢ = 1 day (top), t = 4
days (middle) and ¢ = 300 days (bottom). The left plots (a) correspond to b, = 10° Pa,
by =0, Pentyn = 10° Pa, penry = 0, and the right plots (b) to by, = by = 0, pepsm = 10°

Pa, Pent,f = 0.
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Figure 3.14: On the top: instantaneous flow rates of water (left) and of gas (right) in
m?/day at the bottom: cumulated flow rates of water (left) and gas (right) in m® as
a function of time, for the following four test cases. Cl: b,, = 10° Pa, by = 10* Pa,
Dent.m = Dent.r = 0, C2: by, = 10° Pa, by = 0, pent.m = Pent.y = 0, C4: by, = 10° Pa, by = 0,

Pent,m = 105 Paa Pent,f = 07 C5: bm = bf = Oa Pentym = 105 Pav Pent,f = 0.

Figures 3.12 and 3.13 exhibit, at the end of each simulation period at ¢t = 1 day, t = 4
days and ¢t = 300 days, the water saturation in the perforated face in the fracture and
the cut of the water saturation in the matrix along the line y = 2z = 0 as a function
of the distance to the fracture. One clearly sees that the water phase fills the fractures
during the water injection period and penetrates the matrix less than one meter from
the fractures. At the end of the well closure period, water has been sucked by imbibition
from the fractures to the matrix. At the end of the simulation, the fractures are again
fully filled with the gas phase and the water phase above the residual saturation is only
partially removed during the production period due to the water retention by capillary
effect. Figure 3.14 exhibits the instantaneous and cumulated flow rates of water and gas
at the well with a positive value for production and a negative value for injection. It
can be checked in Figures 3.12, 3.13 and 3.14 that the larger the difference between the
capillary pressure in the matrix and in the fractures, the more water is retained by the
capillary effect into the matrix and at the same time the less water and the more gas are
produced.
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Figure 3.15: View of the topologically Cartesian refined mesh in the neighbourhood of
the 8 fractures. The mesh is refined along the normal directions of the fractures. The
quadrangular faces at the boundary of this refined mesh are cut into two triangles in
order to match this refined mesh with the tetrahedral mesh of the surrounding reservoir
domain.

Figure 3.16: Zoom of the refined mesh in the neighbourhood of the intersections between
the 2 hydraulic fractures and the natural fracture.

The next test case investigates the interaction between 7 hydraulic fractures and one
natural fracture (see Figures 3.15, 3.16) intersecting 2 among the 7 hydraulic fractures.
The reservoir is defined by the domain € = (=300, 850) x (—250, 250) x (—200,200) (m).
In this case seven transverse fractures I';, 7 = 1, 7 are initiated by hydraulic fracturing from
a horizontal well. The geometry of I';,7 = 1,7 is defined as {z;} x (—50,50) x (=50 x 50)
with z1 =0, o = —150, x5 = +150, 4, = +300, x5 = +450, x5 = +600, x7 = +750 . An
horizontal well is located along y = 2z = 0 and perforates each fracture I';,s = 1,7. The
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natural fracture I';,7 = 8 intersects the two hydraulic fractures I';,7 =1, 2.
All the physical characteristics as well as the simulation parameters are the same as in
the previous test case.

Figure 3.17: Cut of the mesh at x = —149 showing the matching between the topologically
Cartesian refined mesh and the surrounding tetrahedral mesh.

To ease the construction of the refined mesh in the normal directions of the intersecting
fractures, a topologically Cartesian mesh is used in the neighbourhood of the 8 fractures
(see Figures 3.15, 3.16). The matching between this topologically Cartesian mesh and the
surrounding tetrahedral mesh is done by cutting the quadrangular faces at the boundary
of the refined mesh in two triangles, taking advantage of the ability of the VAG scheme
to deal with polyhedral cells (see Figures 3.17, 3.16). The construction is based on a non
uniform Cartesian discretization of each fracture, then 7 layers of uniform width h; = 0.14
m are extruded in the normal directions of the fractures at both sides of the fractures.
In a second step, each quadrangular face at the boundary of this refined zone is cut into
two triangles in order to connect this grid to the tetrahedral mesh generated during the
third step of the construction by TetGen [59]. As exhibited in Figure 3.16, the natural
Fracture I';,7 = 8 is refined in the neighbourhood of the intersections with the fractures
I';,i = 1,2. The main characteristics of this hybrid mesh are summarized in Table 3.5.

Nbeens | Nbpoges | Nbpraer | linear system d.o.f.
240 889 | 109 078 | 6 688 115 766

Table 3.5: Number Nb.. s of cells, number Nb, 4.5 of nodes, number Nbg,..r of fracture
faces and reduced linear system number of d.o.f. (with 2 unknowns per d.o.f).

The numerical behavior of the simulation for both the variable switch and pressure-
saturation formulations for case C1 is exhibited in Table 3.6. The variable switch formu-
lation turns out to be more efficient for the value of %—7; = 10 both in terms of number
of Newton iterations and number of time step chops which confirms the efficiency of the
proposed method. As it could be expected as a result of the very small volumes generated
by the combination of the intersections and of the refinement, the number of time step
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chops and of Newton iterations is larger than for the ones obtained with the previous test
case without intersections.

pressure-saturation variable switch

%;L th NChop NNewton NGMRes CPU(S) th NChop NNewton NGMRes CPU(S)

10 | 292 27 9.23 39.81 25 859 | 268 19 8.35 43.54 22 482
Table 3.6: Zero entry pressures both in the matrix and in the faults - C1 case. Numerical
results for the pressure-saturation, and variable switch formulations for b,, = 10° Pa,
Dent;m = DPent,f = 0, and ratio %—Tf” = 10: number Na; of successful time steps, number

Nchop of time step chops, number Nyeyion 0f Newton iterations per successful time step,
number Ngyrres of GMRes iterations by Newton iteration, and CPU time in seconds.

3.3.3 Oil migration in a 2D basin

In this section we consider the oil migration in a faulted 2D basin exhibited in Figure
3.18 initially saturated with water. Note that, according to our previous notations, the
oil phase denoted by o stands for the non wetting phase @ = 1 and the water phase
corresponds to the wetting phase 2 denoted here by w. The domain ) is of extension
(0,400)m x (0,800)m and the fault width is assumed to be constantly d; = 4m. The 2D
triangular mesh of the domain €2 exhibited in Figure 3.18 is extended to 3D by one layer
of prism since our code deals with 3D meshes. The characteristics of the resulting mesh
used in the following numerical test cases is exhibited in Table 3.7.
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Figure 3.18: On the left: geometry of the basin Q2 = (0,400)m x (0,800)m with the fault
network in red and the matrix domain in blue. On the right: coarse triangular mesh (with
2441 cells) of the 2D basin conforming to the fault network.
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Nbeens | Nbpodes | Nbpraer | linear system d.o.f.
16 889 | 17 226 176 17 284

Table 3.7: Prismatic mesh: number Nb.ys of cells (equal to the number of triangles of
the 2D mesh), number Nb,pqes of nodes, number Nbp,..r of fracture faces and reduced
linear system number of d.o.f. (with 2 unknowns per d.o.f).

Initially, the reservoir is saturated with the water phase (of constant density 1000
kg/m? and viscosity 107 Pa.s), and the oil phase (of constant density 700 kg/m? and
viscosity 5 1072 Pa.s) is injected at the bottom boundary of the bottom fault, which is
managed by imposing non-homogeneous Neumann conditions at the injection location.
The oil then rises by gravity, thanks to it’s lower density compared to water and by the
overpressure induced by the imposed injection rate. Also, Dirichlet boundary conditions
are imposed at the upper boundary of the domain. Elsewhere, we have homogeneous
Neumann conditions.

We consider isotropic permeabilities in the matrix and in the faults set to A,, = A\,,,Id
with A, = 107 m? and Ay = AId with Ay = 107 m?. The parameters of the
Corey capillary pressures are fixed to b,, = 10° Pa for cases C1, C2, C3 and C4, and to
Pent.m = 10° Pa for cases C3, C4, and C5. For cases C1 and C3 we will investigate the
set of values by = 1,10, 10%,10° Pa in the faults. The porosity is equal to ¢, = 0.2 in the
matrix and to ¢ = 0.4 in the faults. The mobilities are given for both the matrix and fault

rocktypes j = m, f by the Corey laws (3.12) with s, = s, =0, k5 0o = k9, nae = 1,
ny, = ny, = 2 in the matrix, and by s’y = s}, =0, k¥, ., = k},.,, = 1, nf =n} =1in

the faults. The simulation is run over a period of 5400 days with an initial time step of 1
day and a maximum time step fixed to 180 days.

The numerical behavior of the simulations for both the variable switch and pressure-
saturation formulations for cases C1 and C3, and for the variable switch formulation only
for cases C2,C4 and C5, is exhibited in Tables 3.8, 3.9 and 3.10. These tables exhibit the
number of successful time steps, the number of time step chops, the number of Newton
iterations by successful time steps, the number of GMRes iterations by Newton iteration,
and the CPU time. According to Table 3.8, the variable switch formulation turns out
to be more robust than the pressure-saturation formulation w.r.t. the value of the ratio
%—7}1 both in terms of number of Newton iterations and number of time step chops. The
difference of behavior between both formulations exhibited in Table 3.9 is much more
striking in the case of the nonzero entry pressure pen;,, = 10® Pa. As previously, in that

case, the pressure-saturation formulation fails except for very small ratios %—’;} while the
variable switch formulation is robust w.r.t. the ratio %—? Table 3.10 shows the good

performance of the variable switch formulation even for the degenerate case C5 both in
terms of time step chops and Newton iterations.
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pressure-saturation variable switch
%fn NAt NChop NNewton NGMRes CPU(S) NAt NChop NNewton NGMRes CPU(S)
10 | 95 0 4.99 38.96 554 95 0 5.23 37.12 602
100 | 95 0 5.78 23.15 524 95 0 7.29 22.89 693
10° | 364 72 15.72 14.52 3791 110 4 13.47 29.26 1565
10° | 304 57 15.52 13.47 3311 110 4 13.41 19.23 1397
oo | n/a | n/a n/a n/a n/a 102 2 12.74 20.79 1188

Table 3.8: Zero entry pressures both in the matrix and in the faults - C1 and C2 cases.
Numerical results for the pressure-saturation, and variable switch formulations for b, =
10° Pa, Pent,m = Pent,y = 0, and different values of the ratio ll’)—m: number Na; of successful
time steps, number N¢p,p of time step chops, number Nyeyion 0f Newton iterations per
successful time step, number Ngyrres of GMRes iterations by Newton iteration, and CPU
time in seconds.

pressure-saturation variable switch
%’: NAt NChop NNewton NGMRes CPU(S) NAt NChop NNewton NGMRes CPU(S)
10 | 102 2 6.07 30.67 707 95 0 5.62 28.49 572
100 | n/c | n/c n/c n/c n/c 95 0 7.38 26.37 727
10° | n/c n/c n/c n/c n/c 121 7 12.76 23.89 1633
10° | n/c | n/c n/c n/c n/c 106 3 11.81 26.31 1277
oo | n/a | n/a n/a n/a n/a 114 5 12.46 22.65 1321

Table 3.9: Nonzero entry pressure in the matrix - C3 and C4 cases. Numerical results for
the pressure-saturation and variable switch formulations for b,, = 10° Pa, pep., = 10°
Pa, pent,y = 0 and different values of the ratio %—?: number Na; of successful time steps,
number Nc¢pop of time step chops, number Nyeyton 0of Newton iterations per successful
time step, number Ngprres of GMRes iterations by Newton iteration, and CPU time in

seconds.

variable switch
NAt NChop NNewton NGMRes CPU(S)
185 17 14.28 25.92 2147

Table 3.10: Nonzero entry pressure in the matrix and in the faults - C5 case. Numerical
results for the pressure-saturation and variable switch formulations for b,, = by = 0,
Pent.m = 10° Pa, and Dent,f = 0: number Na, of successful time steps, number Ny, of
time step chops, number Ny.wion 0f Newton iterations per successful time step, number
Naures of GMRes iterations by Newton iteration, and CPU time in seconds.
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Figure 3.19: Oil saturation at ¢t = 360 days (left), t = 2880 days (middle) and ¢ = 5400
at the end (right) of simulation obtained for the C1 case with %—? = 10 and the variable
switch formulation.

Figure 3.20 exhibits the volume of oil in the faults as a function of time for C1, C2, C4
and CbH test case solutions obtained with the variable switch formulation. As expected,
larger constrasts of capillary pressures between the matrix and the faults result in a larger
amount of oil in the fault up to the total pore volume and a quicker infill. Figure 3.19
shows the propagation of the oil saturation in the basin at times ¢t = 360, 2880, 5400 days
for the C1 case with %—’;} = 10 obtained with the variable switch formulation.
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Figure 3.20: Amount of oil in the faults in m?® as a function of time for the following four

test cases. Cl: b,, = 10° Pa, by = 10° Pa, pentm = Pent,s = 0, C2: by, = 10° Pa, by = 0,
Dent;m = Pent,f = 0, Cd: by, = 10° Pa7 bf =0, Pent,m = 106 Pa7 Pent,f = 0, Ch5: b, = bf =0,
pent,m = 106 Pa’7 pent7f - 0
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3.4 Conclusions

This Chapter has introduced a general framework for the formulation of two phase Darcy
flows with discontinuous capillary pressure curves at rocktype interfaces. This framework
is based on the parametrization of the capillary pressure monotone graphs and it allows to
(1) capture the jumps of the saturations at the different rocktype interfaces, (2) maintain
the minimal number of primary unknowns per degree of freedom, (3) deal with arbitrary
capillary pressures including multi-valued saturation curves. This framework has been
tested on two families of test cases and compared with the classical pressure-saturation
formulation using the Vertex Approximate Gradient scheme for two-phase hybrid dimen-
sional Darcy flows in fractured porous media. The numerical results show clearly the
robustness and efficiency of our approach for a wide range of capillary pressures with
highly constrasted matrix and fracture rocktypes.
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Bilan des résultats obtenus

Au Chapitre 1 on a présenté le modele dimensionnel hybride couplant 1’écoulement dans
la matrice et celui dans le réseau de fractures représentées comme des surfaces de codi-
mension 1. On a montré que VAG et HFV sont des schémas de type gradient satisfaisant
les hypotheses de coercivité, de consistence, de conformité a la limite et de compacité. Les
résultats de densité établis en Annexe de sous espaces de fonctions lisses dans les espaces
de pression et de flux sont essentiels afin d’établir la convergence des schémas numériques
étudiés. Ces résultats sont obtenus pour le cas de réseaux de fractures s’intersectant,
débouchantes ou non débouchantes. Une etude comparative des deux schémas VAG et
HFV sur des solutions analytiques 3D en milieu homogene ou hétérogene, isotrope ou
anisotrope a été menée pour différentes familles de maillages cartésiens, hexaedriques ou
tétracdriques. Ce travail a donné lieu a la publication [12].

Le Chapitre 2 étudie un modele d’écoulement diphasique immiscible dans les milieux

poreux prenant en compte les réseaux de fractures discretes et les échanges entre le milieux
poreux environnant, la matrice, et le réseau de fractures. On a utilisé une formulation
implicite en pressions des phases qui est adaptée aux pressions capillaires discontinues au
sens ou elle capte le saut des saturations aux interfaces entre différents types de roche,
en particulier a l'interface matrice fracture. Les résultats numériques confirment que
le schéma VAG a 'avantage, par rapport aux schémas Control Volume Finte Element
(CVFE) d’éviter le mélange des milieux matrice et fracture dans les volumes de controle,
tout en conservant un cotit du méme ordre que les méthodes nodales sur des maillages
non structurés a dominante tétraedrique. La comparaison des schémas VAG et HFV sur
un cas test traceur et un cas test diphasique 3D montre que le schéma VAG est moins
couteux a précision donnée que le schéma HFV pour le type de discrétisation en temps
fully implicite considéré dans ce chapitre.
On a démontré la convergence du schéma VAG sous 'hypothese que les perméabilités rel-
atives sont minorées par une constante strictement positive. Ce résultat prend en compte
les pressions capillaires discontinues ce qui est particulierement important aux interfaces
matrice fracture. Il s’agit a notre connaissance de la premiere preuve de convergence pour
ce type de modele. Ce travail a donné lieu a la publication [13].

Au Chapitre 3 on a présenté une formulation des écoulements diphasiques prenant en
compte des pressions capillaires non strictement croissantes tout en permettant de cap-
turer le saut des saturations aux interfaces entre différents types de roches et d’utiliser
un nombre minimal d’inconnues par degré de liberté a savoir deux inconnues dans le
cas de notre modele diphasique immiscible. La méthodologie proposée repose sur une
paramétrisation des graphes monotones des pressions capillaires pour les rocktypes présents
a linterface. Différents cas tests incluant la simulation de la récupération de gaz dans
des réservoirs peu perméables par fracturation hydraulique sont présentés. Notre nou-
velle formulation, de type variable switch est comparée numériquement a une formulation
en variables pression et saturation sur plusieurs cas tests incluant la simulation de la
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récupération de gaz dans des réservoirs peu perméables par fracturation hydraulique. Les
résultats présentés montrent la robustesse et l'efficacité de cette nouvelle approche sur
des cas avec fort contraste de perméabilités entre la matrice et les fractures. Ce travail a
donné lieu a une publication dans les actes de la conférence internationale ECMOR XV
[17].

Perspectives

Comparaisons du modele réduit au modele volumique en diphasique. Les
modeles réduits ou dimensionnels hybrides ont été comparés aux modeles équi-dimensionnels
représentant les fractures comme des volumes pour des modeles monophasiques ou encore
dans le cas de traceurs (voir [2]). Dans le cas diphasique, cette comparaison reste a faire
afin de mieux comprendre les conditions de validité de la réduction de modele.

Ordre 2 sur le transport dans la matrice. Les schémas étudiés dans cette these pour
les écoulements diphasiques reposent sur une discrétisation en temps implicite couplé
et une discrétisation par décentrage amont du premier ordre des termes de transport.
Cette approche a I’avantage d’étre robuste et d’autoriser des grands nombres CFL ce qui
est important dans le contexte des milieux fracturés pour maintenir des pas de temps
raisonnables malgré les petits volumes générés par les fractures. En revanche, le schéma
amont d’ordre 1 sur le transport est tres diffusif. Une alternative a étudier serait d’utiliser
pour le transport une schéma d’ordre 2 explicite dans la matrice tout en conservant un
schéma d’ordre 1 implicite dans les fractures dans le but de monter en précision tout en
maintenant un pas de temps suffisamment grand.

Réseaux 3D de grande taille. Une autre perspective est de pouvoir travailler avec les
géométries et géologies plus complexes. Dans le cadre de cette these on s’interesse a la sim-
ulation de la récupération assistée de gaz dans des réservoirs de tres faible perméabilité
par des méthodes de fracturation hydraulique. Il est alors nécessaire de raffiner forte-
ment le maillage a l'interface matrice fracture pour éviter d’élargir artificiellement les
drains que constituent les fractures. Les ressources mémoire et le temps de calcul sont
limités et les défis a relever pour traiter les gros réseaux de fractures concernent le maillage
(amélioration de la qualite du maillage, raffinement anisotrope), la conception de schémas
de discrétisation robustes par rapport a la qualité du maillage, et de solveurs linéaires et
non linéaires robustes et paralleles.

Modeles a pressions discontinues pour traiter a la fois les drains et les barrieres.
Dans cette these on étudie le cadre avec pression continue a 'interface modélisant unique-
ment les drains. L’une des principales perspectives de recherche concerne le cas dit a
pressions discontinues avec sauts de pression aux interfaces matrice fracture modélisant
a la fois les barrieres et les drains. Ce type de modele prenant en compte les fractures
pouvant agir soit comme des drains soit comme des barrieres a été introduit dans [49] et
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[15] pour le cas d’écoulement monophasiques.

115



Chapter 4

Appendices

116



Density results for the pressure and flux spaces

This section proves the density results stated in Propositions 1.2.2 and 1.2.3.

Smooth function subspace density result for the pressure space

We prove in this subsection Proposition 1.2.2 stating that the space C*°(£2) is a dense
subspace of V. The density of C2°(£2) in V° can be proved in the same way. We begin
with technical lemmas concerning the fractional Sobolev spaces.

Let s be a non-negative real number, for an non-empty open set 2 C RY we denote
by H*(2) the standard Sobolev space W*P(Q2) with exponent p = 2. Note that for

0 < 51 < 89 one has H*(Q2) C H*(2), where H°(2) stands for L*(€2). We also define the
[EE—— 4 ] ~ - frs(Rd
spaces Hj(§2) = CSO(Q)H @ and H*(Q) = CgO(Q)H 9 B
If Q is a Lipschitz domain, then the trace operator vsq : C*°(2) — C*°(0f2) can be
continuously extended to vaq : H*(Q) — H*1/2(9Q) for all 3 < s < 2; moreover the
trace operator is surjective and has a continuous right inverse [23, Lemma 3.6]. For s > %

we define
Hjq(2) = {u € H*(Q) such that vgqu = 0}.

The following lemma summarizes some relations between the spaces H*(Q), H3 (), H*(Q)
and Hj,(Q2) for Lipschitz domains.

Lemma 4.0.1 If Q) is a Lipschitz domain, then
(i) If s >0, then H*(Q) C H5(RQ); moreover if s — 2 & Z, then H*(Q) = HE(9).

(11) If 0 < s < —, then H{(Q) = H*(Q).

o N —

1
(111) ]f§ <s<g, then HF(Q2) = H, ().

Proof: See [41, Theorems 1.4.4.5 and 1.4.2.4] for the proof of (i) and (ii). The proof of
1
(iii) for 5 <s < 1 is also given in [50, Theorem 3.40], for 1 < s < 2 see [52]. O

Lemma 4.0.1 implies in particular that for 3 < s < 2 one has H§(Q) = H:(Q) =

H}, () and that for any u € Hj(£2) its extension by zero belongs to H*(R").

Let € be a Lipschitz domain, let [ € N and let (QZ C Q) ) be a family of
i€{1,...,l
Lipschitz domains satisfying U Q=Qand O, NQ; =0 foralli,j € {1,...,1} with
e{1,...,l}
i # j. Let (uZ € Hl(Qi)> ) be a set of functions such that for all i,7 € {1,...,1}
i€{l,....0

satisfying 0€; N 0€Y; # 0, then (7@91-%‘) |loc,na0; = (78@-%‘) |loounoq,- Foralli € {1,...,1}
we denote by xq, the indicator function of the domain €2;, it is classical that the function
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u = Z u;xq, belongs to H(Q). The following lemma gives a similar result for
€{1,...,l}
functions in H*(12), with < s < 1 and Q being the boundary of a polyhedral domain.

Lemma 4.0.2 Let K be a bounded polyhedral domain in R3, let Fx be the set of its
polygonal faces and Ex the set of its edges. For all o € Fi we denote by &, the set of
edges of o and for all e € Ex by Fk . C Fi the two faces containing e. Let % < s <1,

for all 0 € Fi and e € &, we denote by 7, the trace operator from H*(o) to Hs’%(e).
Let uw € L*(OK) such that u|, € H*(c) for all 0 € Fx and such that for all e € E
with Fr . = {0,0'} one has Yy c(tls) = Yore(tt|o7). Then, u € H*(OK).

Proof: Let e € Ex and Fi . = {0,0'}, we associate with e a couple of Lipschitz domains
(D?)gery. such that DI C o and dDJ N do = e for all ¢ € Fi,, and such that D7 is
obtained by a rotation of D? around e. We denote D, = 5: U 52, and D, = D, \ oD.,.
The function v, g is in H* 2 (e), implying in view of statements (i) and (ii) of Lemma
4.0.1 that its extension by zero on 0D? belongs to Hs_%(ﬁDg). The trace operator
Yopg : H*(D7) — H®2(0D?) is surjective, therefore there exists u? € H*(D?) such that

Yopgul = { Joete O %
ce 0 on 0D7\ e.

We denote by u, the extension by symmetry of uZ to D.. One can show that u., € H§(D,),
implying that its extension by zero to the whole 0K, denoted by %., belongs to H*(0K).
Let us consider the function

Ve = |y — Z Ue)o-

ecls

Since v, € H(o) it can be extended by zero to the whole 0K'; we denote this extension
by v,. To complete the proof we remark that

u= Y T,+ » U € H(0K).

oceFK ecli

O
Lemma 4.0.3 The trace operator vy is onto from V to H*(T).

Proof: Given u € H'(T') we prove that there exists U € V such that yU = u. We
focus on the case d = 3, the adaptation to the bidimensional setting is straightforward.
The proof relies on the definition of a polyhedral mesh which is slightly different from
Definition 1.4.1. More precisely in addition to Definition 1.4.1 it is assumed that all the
mesh faces o € F are planar. On the other hand the existence of cell (and face) “centers”
is not required. Such polyhedral partitioning of  \ T always exists. For example we can
define the set of cells M as the set of connected components of Q\ | J,.; P;. In addition to
the previous notations, we will denote by F, the set of faces sharing a given edge e € £.
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For all ¢ € & we denote by . the trace operator acting from H'(I') to Hz(e), and
for all e € £ we define

| reu if e € &r,
Ye=19 0 else.

Let 0 € F\ Fr and let us denote by x., e € &, the indicator function of e defined on do.
In view of statements (i) and (ii) of Lemma 4.0.1 the function us, = Y . XU belongs

1
to H*(0o) for any 0 < s < 3

For all ¢ € F \ Fr there exists a function u, € H**2(c) having the trace on do equal
to ups. For o € Fr we denote by u, € H'(o) the restriction of u on o. Let x, be the
indicator function of o defined on |J, 0, we set u* =) __» XoUo. Lemma 4.0.2 implies

that for all K € M the restriction of u* on K belongs H*"2(0K)
Finally, for all K € M we denote by Uy some lifting of u*|pr in H*"(K) and we

define U = Z Xk Uk, where yg is the indicator function of a cell K. Then, it follows

KeM
that U € H'(Q)) and that vU = u. O

Let us recall (see e.g. [18] Proposition 1.9) that the density of a linear subspace M of
V' is equivalent to the fact that any linear form of V'’ vanishing on M is vanishing on V.
The caracterization of V'’ can be obtained from the Riesz theorem, implying that any
continuous linear form ¢ on V writes ( = £ 4+ 77 where ¢ € (H'(Q)) and 7 € (H(T"))'.

Then, assuming that (¢, ¢) = 0 for all p € C*(£2) it results from Lemma 4.0.4 stated and

proved below that ¢ = 0. Therefore the space C*°({2) is dense in V.

Lemma 4.0.4 Let ( = & + 't where £ € (HY(Q)) and 7 € (HYT)) be such that

(C,) =0 for all p € C>(R), then ( = 0.

Proof: It is known that C°(Q\T'), defined as the space of C*°(Q) functions vanishing in
a neighbourhood of I, is a dense subspace of H:(€2\ T') defined as the space of H'(Q\T)
functions vanishing on I'. From the surjectivity and continuity of the trace operator
from V to H'(T'), there exists a continuous lifting operator denoted by rr from H!(T') to
V. Using < &, >=0 for all ¢ € C°(Q\T), and the density of C®(Q\T) in HE(Q\T),
we deduce that < &, v >=< & rp(y(v)) > for allv € V. Tt results that 7 = rL& € (HY(T))
is such that £ = +'7. Hence, we can assume in the remaining of the proof that & = 0.

Let us set B = (J;c; Ol'i. We have E' = [, € where & is the set of edges of I' in
the mesh defined above. Let vg the trace operator from H'(T') to L?(E) and let us define
the space Hz(E) as yg(H'(T")). We also define the space Hz2(dT;) as the set of traces on
OT; of functions in H'(T;). Then, it is easy to show that a function v € L?(F) belongs
to Hz(E) iff for all i € I, the restriction v; of v to A; belongs to H2(Ar;). The function
space H2(E) is endowed with the Hilbertian norm

1

_ 12 2
1ol = 2o (1l 3 )

el
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From the continuity and surjectivity of the trace operator vz from H (') to Hz(E),
we deduce that there exists a continuous lifting operator denoted by rz from Hz(E) to
H'(T'). Let us denote by Hy(T'\ E) the subspace of functions in H'(T") with a vanishing
trace on E. From the known density of C°(T'\ E) in H'(T'\ E), we deduce as above that
| =rir e (H2(E)) is such that 7 = 41

Let us denote by Vg the set of the vertices of E. For all ¢ € C°(E \ Vg), there exists
¢ € C°(Q) such that ¢ = @|g. Hence, | € (Hz(E)) is such that < I,¢ >= 0 for all
¢ € C=(E\ Vg). Since C(e) is dense in Hz(e) for any edge e ([41] Theorem 1.4.2.4),
we can deduce that C(E \ Vi) is dense in Hz(E) and hence that [ = 0, and then that
¢=0. 0.

Smooth function subspace density result for the flux space

We prove in this subsection Proposition 1.2.3 stating that the space Cg_(€2,T') is a dense
subspace of Hx(Q2,T).

Let us start by the following technical lemma.

Lemma 4.0.5 Let v,, € L*(Q), g, € L*(Q)?, and v; € L*(T), gy € L*(I)*! be such
that

aZ((qmaqf)a (Um7vf7gm7gf)> =0 fO’f’ all (qmaqf> € C%OZ(Q,F), (41)

then vy, € VO, vy = Yo, 8m = Vo, and g5 = Vo yvy,.

Proof: It follows from (4.1) that Z/ (U div(Qum.a) + Qe - m)dx = 0, for all q,, €
acA v o

C(Q\T)?, we classically deduce that v,, € H'(Q\T) and that g, = Vu,,. Next, let us

denote by ~ : H'(Q\ T) — L*(I';) the trace operators on I'; from the sides & of Q\ T'.

For any given i € I, let us denote by wr, any open ball of I';. For any ¢; € C2°(wr, ), one

can build a function q,, .+ € Cy°(€2+) such that q,, .+ ‘n = ¢; on wr, and Ao 0 =0

onwr, if ¢ =a;, q,,,+ -n=0o0n 9N+ NI, and q,, .+ ~nj[ = 0 on the sides + of the
) 7 )

7

fractures ¢ # j € I such that a;-t = a;. It follows from (4.1) that
| o= vpdri =o.
wr;

which implies that v; v, = vs|p, in L*(T;) for all 4 € I. Similarly, we can show that
Yi U = vyf|r, in L*(T;) for alli € I, and v, = 0 on 9. Hence we deduce that v, € Hg(Q)
with vy = yv,,. Next, for all ¢ € I and for all q;; € C°(I';)*"!, one has

[ opdivataz) + 85 - az)dr(x) <o
Iy

which implies that vs|r, € HY(T;) with g¢|r, = V,,v¢lr,. Next, for all (i,j) € I x I, i # j,
such that ¥; ; \ X is of codimension 2 non zero measure, let us consider any open segment
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Li; C %\ X, rij € CX(L; ) and its extension r; (resp. r;) by zero outside of L;; on
¥ (resp. X;). Then, one can build (0,q;) € Cz (€2,I') such that qs; - ng, = 7, and
qy;-ny, = —r;and qr; = 0 for all [ € I'\ {i,j}. It follows from (4.1) that

/ ((qﬁi : Ilgl.)"y;;i?)f
L

_ / i (. 0¢le, — s, v, )I(x) = 0,

Ls,;

r, + (ay; - ﬂzj)’Yszf!rj>dl(X)

and hence that vs,vf|lr, = 7¥s,v¢r, on L;;. Also, for all i € I such that ;¢ has a
non vanishing codimension 2 measure, let us consider any open segment L;o C X,
rio € C°(L;p) and its extension r; by zero outside of L;o on ¥;. Then, one can build
(0,qy) € C. (9, T) such that qy; -ny, = r; and q; = 0 for all [ € I'\ {i}. It results from
(4.1) that
| (sl di) = [ Gl o dix) =0,
Lio Lio

and hence that vs,v¢|r, = 0 on L; which implies together with the previous properties
that vy € Hy, (I') and concludes the proof. [

Let us now prove the density of Cz (€2,T') in Hg(2,T'). Similarly as in the previous
subsection, it is equivalent to prove that any linear form in Hyx (€, ') which vanishes on
the subspace Cg_(€2,T'), vanishes on the whole space Hx(€2,T).

Since Hx(Q2,T") is a closed Hilbert subspace of H(£2,T"), any continuous linear form
on Hyx(Q2,T') can be continuously extended to H(2,I'). From the Riez representation
theorem, a continuous linear form & on H((2,I") writes for all (q,,,qr) € H(2,T)

(€. (s 7)) = s (e ), (007, 8o 1) )

with v, € L*(Q), gn € L*(Q)4, and vy € L*(T), gy € L*(T)%!. It is assumed that
& vanishes on C%OE(Q,F). Then, it results from Lemma 4.0.5 that v,, € V°, v; = qup,,
gmn = Vv, and gf = V,yv,,. From the definition (1.2) of Hx(£2,T"), we conclude that £
vanishes on Hyx (€, I') which proves the density of C_(Q2,T) in Hg(Q,T).

Compactness lemmas

The following lemma states the weak compactness of bounded sequences in L?(0,T;V?).

Lemma 4.0.6 Let (v'™),,cn be a sequence of functions in L*(0,T; V°) such that ||v(™) |l L2017y <
C' for some positive C. Then, there exists v € L*(0,T;V°) such that up to the same sub-
sequence

o™ < in L2(Qx (0,T)) and vo™ —~yv in L*(T x (0,7));
moreover

Vo™ —~ Vo in L*(Qx (0,T)? and Vyu'™ — Vyv in L*(T x (0,7))%.
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Proof: First, let us recall that the normal trace operator vy, : Haiy (Q) — H~Y2(9Q) is sur-
jective. Indeed, for any [ € H—/ 2(0Q) we consider the unique weak solution u € H*(2) of
—Au+u = 0on Q with Vu-n = [ on 99 defined by (u, v) u, ) = (I, 7000) g-1/2(00), 11/2(00)
for all v € H' (), where 7q is the trace operator from H'(Q) to H/?(09). Hence the
function G := Vu is in Hg;,(2) and satisfies 1,G = .

Next, from the Poincaré inequality and the continuity of the trace operators ~;, the
sequence v™ is bounded in L?(0,T; H'(2)) and the sequences Ui(m) = ;0™ are bounded
in L2(0,T; H'(T;)) for all i € I. Hence, it is classical to show that there exist v €
L*(0,T; Hy(Q)) and v; € L*(0, T; Hy,, (T';)) such that up to the same subsequence:

o™ v in L2(Q % (0,T)),
V’U(m) — VU in L2(Q X (OaT))da
,Ui(m) — in LQ(F x (0,7)),

(

Vol™ = W in LA(T; x (0,7))41,

for all 7 € I, where Hy, (I';) is the subspace of H'(I'; with vanishing trace on Y. It
remains to show that v € L?(0,T;V?) with (yv); = v;. Let us first show that v;v = v;.
We extend the fracture I'; in the direction of the plane P; in order to reach 02 and to

decompose the domain {2 into two subdomains, say €2; and €2/. Now let us introduce
r; € L*(T;) and a function [ € L?(952;) which is defined by

l:{’f‘z‘ OIlFi,

0 otherwise.

Thus, since [ € L*(0€;) € H~/?(0€;) and, thanks to the surjectivity of the normal trace
operator recalled above, there exists q; € Hgaiy(€2;) such that q; - n; = [. Then, passing to
the limit in the equality

/OT /Q (qi(x)~Vv(m)(x, t)—i—v(m)(x, t)divq;(x) Jo(t)dxdt = / / Ui( (x, t)dr(x)dt,

/ / Y(vi(x,t) — yv(x,t))dr(x)dt = 0,

for all r; € L*(T;) and ¢ € L?*(0,T), hence v; = y;v. Next, let us introduce the following
trace operators

yields

Yij o H' (L) = L (S;),

for each (i,j) € I3 where I3 is the subset of I x I such that ¥,;; has a non zero d — 2
dimensional Lebesgue measure. We will prove that v; ju; = 7;,v; for all (¢,7) € I3. Let
us introduce 7;; = —r;; € L*(3; ;) and the function I; and I; defined by

[ — Ti,j on Ei,ja
! 0 on 8Fz \ Ei,j;
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and

l‘ . Tj,i on Ei,ja
I 0 on GF] \ Ei,j‘

Thus, thanks again to the surjectivity of the normal trace operator, there exist q; €
Hgi(I';) and q; € Haiv(I'j) such that q; - n; = [; and q; - n; = [;. Then, passing to the
limit in the equality

T T
/ <p(t)/ vam)-qi+vgm) div(q;) dT(X)dH—/ gp(t)/ ij(.m)-qj—i—v](-m) div(q;) dr(x)dt = 0,
0 T; 0 Ly
we obtain that
T
/ / o(t)r; j(x) (fyi,jvi(x, t) — ;.05 (%, t))dl(x)dt =0,
0 Zi,j

for all r;; € L*(%;;), ¢ € L*(0,T) which implies that v; ju; = 7;,v;, and hence that
ve LX0,T;VY). O

The following Lemma states an estimate on the space translates for bounded sequences
in L2(0,T; H}(Q)) or in L*(0,T; H3(T;)).

Lemma 4.0.7 Let d € N*, t > 0 and let T be an open polyhedral (d = 3) or polygonal
(d = 2) domain in R%. Let (u™),en be a sequence of functions from L*(0,T; HL(Y))
such that ||ul™]| 20 1.1 (ry) < C for some positive C. Then, extending the functions u'™
by 0 on (RT\ T) x (0,T), one has

sup [u™ (- + &) = u™ s s oy — 0 as [€] = 0.

Proof : It is sufficient to notice that for all p € C¢ (R¢ x (0,7T)) one has
(- + &) — @llr2@ixo,ry) = KVl (2max0,1))e-

Therefore the result is deduced form the density of the set C< (R¥x (0, 7)) in L*(0, T’; H*(R?))
and from the fact that «™ € L?(0,T; H'(R%)). O

123



Bibliography

1]

2]

Adams, R.A.: Sobolev Spaces, Pure and Applied Mathematics. Academic Press, Vol.
140, New York, 1978.

Ahmed, R., Edwards, M.G., Lamine, S., Huisman, B.A.H.: Control-volume dis-
tributed multi-point flux approximation coupled with a lower-dimensional fracture
model. J. Comp. Physics, 462-489, Vol. 284, 2015.

Alboin, C., Jaffré, J., Roberts, J., Serres, C.: Modeling fractures as interfaces for flow
and transport in porous media. Fluid flow and transport in porous media 295, 13-24,
2002.

Angelini, O., Brenner, K., Hilhorst, D.: A finite volume method on general meshes
for a degenerate parabolic convection-reaction-diffusion equation. Numer. Math., vol.
123, issue 2, pp. 219-257, 2013.

Angelini, O., Chavant, C., Chénier, E., Eymard, R, Granet, S.: Finite volume ap-
proximation of a diffusion-dissolution model and application to nuclear waste storage.
Mathematics and Computers in Simulations, 81,10, pp. 2001-1017, 2011.

Angot, P., Boyer, F., Hubert, F.: Asymptotic and numerical modelling of flows in
fractured porous media. ESAIM Mathematical Modelling and Numerical Analysis 23,
239-275, 2009.

Antonietti, P.F., Formaggia, L., Scotti, A., Verani, M., Verzotti, N.: Mimetic Fi-
nite Difference Approximation of flows in Fractured Porous Media. MOX Report No
20/2015, 2015.

Antontsev, S. N., Kazhikhov, A. V., Monakhov, V. N.: Boundary value problems
in mechanics of nonhomogeneous fluids, volume 22 of Studies in Mathematics and
its Applications. North-Holland Publishing Co., Amsterdam, 1990. Translated from
Russian.

Baliga, B.R., Patankar, S.V.: A control volume finite-element method for two di-
mensional fluid flow and heat transfer. Numerical Heat Transfer, vol. 6, pp. 245-261,
1983.

124



[10] Brenner, K.: Méthodes de volumes finis sur maillages quelconques pour des systemes
d’évolution non linéaires. These de Doctorat de I'Université d’Orsay, 2011.

[11] Brenner, K., Cances, C., Hilhorst, D.: Finite volume approximation for an immiscible
two-phase flow in porous media with discontinuous capillary pressure, Computational
Geosciences, 2013.

[12] Brenner, K., Groza, M., Guichard, C., Lebeau, G., Masson, R.: Gradient discretiza-
tion of Hybrid Dimensional Darcy Flows in Fractured Porous Media. Numerische
Mathematik, pp. 1-41, 2015.

[13] Brenner, K., Groza, M., Guichard, C., Masson, R.: Vertex Approximate Gradient
Scheme for Hybrid Dimensional Two-Phase Darcy Flows in Fractured Porous Media.
ESAIM Mathematical Modelling and Numerical Analysis, 49, 303-330, 2015.

[14] Brenner, K., Hennicker, J., Masson, R., Samier, P.: Hybrid Dimensional Modelling
and Discretization of Two Phase Darcy Flow through DFN in Porous Media. ECMOR
XV- 15th European Conference on the Mathematics of Oil Recovery, 29 august-1
september 2016, Amsterdam, Netherlands, 2016.

[15] Brenner, K., Hennicker, J., Masson, R., Samier, P.: Gradient Discretization of Hybrid
Dimensional Darcy Flows in Fractured Porous Media with Discontinuous Pressure at
Matrix Fracture Interfaces. IMA Journal of Numerical Analysis, 2016.

[16] Brenner, K., Masson, R.: Convergence of a Vertex centered Discretization of Two-
Phase Darcy flows on General Meshes. Int. Journal of Finite Volume Methods, 2013.

[17] Brenner, K., Groza, M., Jeannin, L., Masson, R., Pellerin, J., Immiscible two-phase
Darcy flow model accounting for vanishing and discontinuous capillary pressures: ap-
plication to the flow in fractured porous media, Proceedings of the Ecmor XV Con-
ference, Amsterdam, august 2016.

[18] Brezis, H.: Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Springer, Universitext, 2011.

[19] Brezzi, F., Lipnikov K., Simoncini V.: A family of mimetic finite difference methods
on polygonal and polyhedral meshes. Mathematical Models and Methods in Applied
Sciences, vol. 15, 10, 2005, 1533-1552.

[20] Cances, C.: Finite volume scheme for two-phase flows in heterogeneous porous me-
dia involving capillary pressure discontinuities. M2AN, Mathematical Modelling and
Numerical Analysis, 43,5, pp. 973-1001, 2009.

[21] Cances, C., Pierre, M.: An existence result for multidimensional immiscible two-
phase flows with discontinuous capillary pressure field. STAM J. Math. Anal., 44,2,
pp- 966-992, 2012.

125



[22] Chavent, G., Jaffré, J.: Mathematical Models and Finite Elements for Reservoir
Simulation. volume 17. North-Holland, Amsterdam, stud. math. appl. edition, 1986.

[23] Costabel, M.: Boundary integral operators on Lipschitz domains: elementary results.
STAM J. Math. Anal., 19, 613-626, 1988.

[24] D’Angelo, C., Scotti, A.: A mixed finite element method for Darcy flow in frac-
tured porous media with non-matching grids. ESAIM Mathematical Modelling and
Numerical Analysis 46,2, 465-489, 2012.

[25] Ding, D.Y., Langouet, H., Jeannin, L.: Simulation of Fracturing Induced Formation
Damage and Gas Production from Fractured Wells in Tight Gas Reservoirs. SPE,
2012.

[26] Droniou, J., Eymard, R., Gallouét, T., Guichard, C., Herbin, R.: Gradient schemes
for elliptic and parabolic problems, in preparation, 2015.

[27] Droniou, J., Eymard, R., Gallouét, T., Herbin, R.: A Unified Approach to Mimetic
Finite Difference, Hybrid Finite Volume and Mixed Finite Volume Methods. Math.
Models and Methods in Appl. Sci. 20,2, 265-295, 2010.

[28] Droniou, J., Eymard, R., Gallouét, T., Herbin, R.: Gradient schemes: a generic
framework for the discretisation of linear, nonlinear and nonlocal elliptic and parabolic
equations. Math. Models Methods Appl. Sci. 23, 13, 2395-2432, 2013.

[29] Duijn, C. J., Molenaar, J., Neef, M. J.: The effect of capillary forces on immiscible
two-phase flows in heterogeneous porous media. Transp. Porous Media, 21, pp. 71-93,
1995.

[30] Eymard, R., Gallouét, T., Herbin, R.: Discretisation of heterogeneous and
anisotropic diffusion problems on general nonconforming meshes SUSHI: a scheme
using stabilisation and hybrid interfaces. IMA J. Numer. Anal. 30, 4, 1009-1043, 2010.

[31] Eymard, R., Guichard, C., Herbin, R.: Small-stencil 3D schemes for diffusive flows
in porous media. Mathematical Modelling and Numerical Analysis 46, 265-290, 2012.

[32] Eymard, R., Herbin, R., Guichard, C., Masson, R.: Vertex Centered discretization
of compositional Multiphase Darcy flows on general meshes. Comp. Geosciences 16,
4, 987-1005 (2012).

[33] Eymard, R., Herbin, R., Michel, A.: Mathematical study of a petroleum-engineering
scheme. M2AN Math. Model. Numer. Anal., 37(6) pp. 937-972, 2003.

[34] Eymard, R., Féron, P., Gallouét, T., Herbin, R., Guichard, C.: Gradient schemes for
the Stefan problem. IJFV - International Journal on Finite Volumes, june 2013.

126



[35] Eymard, R., Guichard, C., Herbin, R., Masson, R.: Gradient schemes for two-
phase flow in heterogeneous porous media and Richards equation. article first pub-
lished online, ZAMM - Journal of Applied Mathematics and Mechanics, 2013. doi:
10.1002/zamm.201200206

[36] Eymard, R., Guichard, C., Herbin, R., Masson, R.: Vertex centred Discretization
of Two-Phase Darcy flows on General Meshes. ESAIM Proceedings, volume 35, pp.
59-78, 2012.

[37] Eymard, R., Guichard, C., Herbin, R., Masson, R: TP or not TP, that is the question.
Computational Geosciences, 18, pp. 285-296, 2014.

[38] Faille, I., Fumagalli, A., Jaffré, J., Robert, J.: Reduced models for flow in porous
media containing faults with discretization using hybrid finite volume schemes.
https://hal-ifp.archives-ouvertes.fr/hal-01162048, 2015.

[39] Flauraud, E., Nataf, F., Faille, I., Masson, R.: Domain Decomposition for an
asymptotic geological fault modeling, Comptes Rendus a 'académie des Sciences de
Mécanique 331, 849-855, 2003.

[40] Formaggia, L., Fumagalli, A., Scotti, A., Ruffo, P.. A reduced model for Darcy’s
problem in networks of fractures. ESAIM Mathematical Modelling and Numerical
Analysis 48,4, 1089-1116, 2014.

[41] Grisvard, P.: Elliptic Problems on non smooth domains. Pitman Publishing Inc.,
Marshfield, Massachusetts, 1985.

[42] Haegland, H., Aavatsmark, I., Guichard, C., Masson, R., Kaufmann, R.: Comparison
of a Finite Element Method and a Finite Volume Method for Flow on General Grids
in 3D. In the proceedings of ECMOR XIII, Biarritz, 2012.

[43] Hoteit, J., Firoozabadi, A.: An efficient numerical model for incompressible two-
phase flow in fracture media. Advances in Water Resources, 31, pp. 891-905, 2008.

[44] Huber, R., Helmig, R.: Node-centred finite volume discretizations for the numer-
ical simulation of multi-phase flow in heterogeneous porous media. Computational
Geosciences, 4, pp. 141-164, 2000.

[45] Jaffré, J., Mnejja, M., Roberts, J.E.: A discrete fracture model for two-phase flow
with matrix-fracture interaction. Procedia Computer Science 4, pp. 967-973, 2011.

[46] Karimi-Fard, M., Durlofsky, L.J., Aziz, K.: An efficient discrete-fracture model ap-
plicable for general-purpose reservoir simulators. SPE journal, 2004.

[47] Kazemi, H.: Pressure transient analysis of naturally fractured reservoirs with uniform
fracture distribution. Trans. Soc. Pet. Engng AIME 246, 451-462, 1969.

127



[48] Lacroix, S., Vassilevski, Y. V., Wheeler, M. F.: Decoupling preconditioners in the
Implicit Parallel Accurate Reservoir Simulator (IPARS). Numerical Linear Algebra
with Applications, 8, pp. 537-549, 2001.

[49] Martin, V., Jaffré, J., Roberts, J.E.: Modeling fractures and barriers as interfaces
for flow in porous media. STAM J. Sci. Comput. 26,5, 1667-1691, 2005.

[50] McLean, W.: Strongly Elliptic Systems and Boundary Integral Equations. Cambridge
University Press, Cambridge, UK, 2000.

[51] Michel, A.: A finite volume scheme for two-phase immiscible flow in porous media.
SIAM J. Numer. Anal., 41(4), pp. 1301-1317, 2003.

[52] Mikhailov, S. E.: Traces, extensions and co-normal derivatives for elliptic systems on
Lipschitz domains. J. Math. Anal. Appl. 378, 1, 324-342, 2011.

[53] Monteagudu, J., Firoozabadi, A.: Control-volume model for simulation of water

injection in fractured media: incorporating matrix heterogeneity and reservoir wetta-
bility effects. SPE Journal 12, 355-366, 2007.

[54] Reichenberger, V., Jakobs, H., Bastian, P., Helmig, R.: A mixed-dimensional finite
volume method for multiphase flow in fractured porous media. Adv. Water Resources
29, 7, 1020-1036, 2006.

[55] Saad, Y.: Iterative Methods for Sparse Linear Systems. 2nd edition, STAM, Philadel-
phia, PA; 2003.

[56] Saad, Y.: http://www-users.cs.umn.edu/ saad/software/

[57] Sandve, T.H., Berre, 1., Nordbotten, J.M.: An efficient Multi-Point Flux Approxima-
tion Method for discrete Fracture-Matrix Simulations. J. Comp. Phys. 231, 3784-3800,
2012.

[58] Scheichl, R., Masson, R., Wendebourg, J.: Decoupling and block preconditioning for
sedimentary basin simulations. Computational Geosciences, 7, pp. 295-318, 2003.

[59] Si, H.: http://tetgen.org

[60] Tunc, X., Faille, 1., Gallouét, T., Cacas, M.C., Havé, P.. A model for conductive
faults with non matching grids. Comp. Geosciences 16, 277-296, 2012.

[61] Warren, J.E., Root, P.J.: The Behavior of Naturally Fractured Reservoirs. SPEJ,
pp. 245-55, 1963.

[62] Xing, F., Masson, R., Lopez, S.: Parallel Vertex Approximate Gradient discretization
of hybrid dimensional Darcy flow and transport in discrete fracture networks. preprint
https://hal.archives-ouvertes.fr /hal-01272498, 2016.

128



