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Avant Propos

L’évolution au cours du temps de nombreux phénomeénes physiques, biologiques,
économiques ou mécaniques sont modélisés par des équations aux dérivées partielles

(EDP) et/ou ordinaires (EDO).

Dans le cas du controle et de stabilisation des EDP, qui constitue le cadre de
cette thése, les modeéles étudiés prennent en compte les variations temporelles et
spatiales des variables qui traduisent 1’état du systéme; ces problémes se posent
alors dans le cadre des systémes dynamiques de dimension infinie. En pratique,
du laboratoire de recherche jusqu’a la chaine de production, pour étudier par
exemple les moyens de limiter par auto-régulation les déformations de matériaux
élastiques, ou d’agir extérieurement sur ces matériaux pour les ramener vers
des états cibles souhaités, la question de la réponse d'un systéme dynamique a
une action extérieure, ou a une action auto-régulante (appelée communément
feedback) est essentielle. IL’objectif est d’étudier la stabilisation de différents
modéles de déformations de matériaux élastiques ou thermique. La plupart de ces
modéles couplent des équations hyperboliques du second ordre. On s’intéressera
particulierement a la question de la stabilisation indirects de tels systéemes. Dans
ce cas, 'action extérieure ou l'action d’auto-régulation ne sont actives que sur
certaines composantes du vecteur d’état. On souhaite alors savoir si cette action

partielle directe est suffisante pour stabiliser 'ensemble des variables d’état.






Résumé de la thése

La theése porte essentiellement sur la stabilisation indirecte de certains systéeme
d’équations couplées moyennant un seul controle agissant localement a l'intérieur
ou sur le bord du domaine. La nature du systéme ainsi couplé dépend du couplage
des équations et du type de ’amortissement, et ceci donne divers résultats de

stabilisation (exponentielle ou polynémiale) des systémes étudiés.

D’abord, dans le cas de la stabilisation d’un systéme de Bresse formé de
trois équations d’ondes couplées, un amortissement local de type chaleur est
appliqué a une seule équation. Par une méthode fréquentielle combinée avec
une méthode de multiplicateurs par morceau la décroissance exponentielle de
I’énergie du systéme est établie sous la condition d’égalité de vitesses de prop-

agation des ondes. Dans le cas contraire, une décroissance polynomiale est assurée.

Ensuite, un systéme de deux équations d’ondes couplées sous l'effet d’un seul
amortissement frontiére appliqué & une seule équation est considéré. Dans ce cas,
la stabilité du systéme est influencée par la nature algébrique du terme de couplage
ainsi que par la nature arithmétique de la quotient de vitesses de propagation

des ondes. Par conséquence, différents résultats de stabilité exponentielle ou



polynomiale sont établis. Une étude spéctrale conduit a 'optimalié des résultats

obtenus.

Finalement, dans le cas de la stabilisation d’un systéme de deux équations d’ondes
couplées, un amortissement localement distribué de type Kelvin-Voight est appliqué
a une seule equation. D’abord, d’aprés un théoréme de Hormander, un résultat
d’unicité est montré et par conséquent la stabilité forte du systéme est assurée.

Ensuite, une décroissance polynomiale de I’énergie du systéme est établie.
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Introduction

Control theory can be described as the process of influencing the behavior of a
physical system to achieve a desired goal, primarily through the use of feedback
which monitors the effect of a system and modifies its output. It is applied in a
diverse range of scientific and engineering disciplines such as the reduction of noise,
the vibration of structures like seismic waves and earthquakes, the regulation of
biological systems like human cardiovascular system, the design of robotic systems,

laser control in quantum mechanical and molecular systems.

In this thesis, we implement the semigroup theory in the spirit of spectral theory to
study the approximations and stabilization of some coupled equations. In general,
stability results are obtained using different methods like the spectral decomposi-
tion theory, the frequency domain approach combined with a piece-wise multipliers

method.

0.1 Outline of the thesis

This thesis is divided into four main chapters. In the first chapter, we recall some

basic definitions and theorems about the semigroup and spectral analysis theories.
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Chapter two, as in [25|, is devoted to the study of the energy decay rate of the
Bresse system with one locally thermal dissipation law. We study the energy decay

rate of the following weakly locally damped thermoelastic Bresse system:

prow — k(s + 1 +1w)y — kol(wy —lp) = 0 in (0,L) x (0,00),(0.1.1)
pathi — ey + k(e + ¥ + lw) + a(x)d, = 0 in (0,L) x (0,00),(0.1.2)
prwy — Ko(we — 1)z + Kl(pe + 0 +1lw) = 0 in (0,L) x (0,00),(0.1.3)

p30; — 0w + To(at)s = 0 in (0,L) % (0,00).(0.1.4)

With one of the following boundary conditions

o(x,t) = Pp(,t) = we(z,t) =0(x,t) = 0 for  =0,L, (0.1.5)

o(x,t) =P(z,t) =w(z,t) =0(x,t) = 0 for +=0,L, (0.1.6)

and initial conditions

QO(QZ,O) = 900($>7 (pt(il?,O) = g01($), ¢<I,0) = ¢0<I)7 wt(xao) = ¢1($)
w(z,0) = wo(z), wi(z,0)=wi(x), O(x,0)=0y(x)

(0.1.7)

where ¢, 1, w are the vertical, shear angle and longitudinal displacements; 6 is the
temperature deviations from the reference temperature Ty along the shear angle
displacement. Here p; = pA, po = pl, p3 = pc, kg = FA, Kk = K¥¥GA, b = EI
and [ = R~! are positive constants for the elastic and thermal material properties.
To be more precise, p for density, £ for the modulus of elasticity, G for the shear
modulus, ' for the shear factor, A for the cross-sectional area, I for the second
moment of area of cross-section, R for the radius of the curvature and ¢ for the
thermal material property (for more details see Lagnese et al. [16]). The velocities
vy = %0

P’
The energy of solutions of the system (0.1.1)-(0.1.4) subject to initial state (0.1.7)

of waves propagations are, respectively, v; = pil, vy =

12



to either the boundary conditions (0.1.5) or (0.1.6) is defined by

1 L
E(t) = —/ {K[ + @z + 1w|* + blyoa]* + Kolws — lp* + prlge|?
0

2 (0.1.8)
+paltn]? + prfon|? + £ |01}
0
then a straightforward computation gives :
T =L [T e e <o (0.1.9)
— = —— | dx < 0. 1.
dt T J,

Then the thermoelastic Bresse system is dissipative in the sense that its energy is
non increasing with respect to the time ¢. Our goal is to study the effect of this

dissipation on the Bresse system.

Different types of damping have been introduced to the Bresse system and several
uniform and polynomial stability results have been obtained. We start by recalling
some results related to the stabilization of the elastic Bresse system. Wehbe and
Youssef [34], considered the elastic Bresse system subject to two locally internal
dissipation laws. They proved that the system is exponentially stable if and only
if the wave propagation speeds are equal. Otherwise, only a polynomial stability
holds. Alabau-Boussouira et al. [2], considered the same system with one globally
distributed dissipation law. The authors proved that, in general, the system is
not exponentially stable but there exists polynomial decay with rates that depend
on some particular relation between the coefficients. Using boundary conditions
of Dirichlet-Dirichlet-Dirichlet type, they proved that the energy of the system
decays at a rate t=5 and at the rate t~3 if k = ko. These results are completed
by Fatori and Montiero [12|. Using boundary conditions of Dirichlet-Neumann-
Neumann type, the authors showed that the energy of the elastic Bresse system
decays polynomially at the rate t=2 and at the rate ¢~ lif xk = ko. Noun and
Wehbe [26] extended the results of [2] and [12]. The authors considered the elastic
Bresse system subject to one locally distributed feedback with Dirichlet-Neumann-

Neumann or Dirichlet-Dirichlet-Dirichlet boundary conditions type. They proved
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that the exponential decay rate is preserved when the wave propagation speeds are
equal. On the contrary, the authors established a polynomial energy decay with
rates that depend on some particular relation between the coefficients and they
obtained the rate of =2 or t~1. Finally, see [32] for the stabilization of the elastic
Bresse system with internal indefinite damping and [17] for the stabilization of
elastic Bresse system with a nonlinear damping acting in the equation of the shear

angle displacement, and nonlinear localized damping in other equations.

For the thermoelastic Bresse system, subject of this paper, there exist two impor-
tant results. The first result is due to Liu and Rao [22], when they considered
the Bresse system with two thermal dissipation laws. The authors showed that
the energy decays exponentially when the wave speed of the vertical displacement
coincides with the wave speed of longitudinal displacement or of the shear an-
gle displacement. Otherwise, they found polynomial decay rates depending on the
boundary conditions. When the system is subject to Dirichlet-Neumann-Neumann
boundary conditions, they showed that the energy decays at the rate 2 and for
fully Dirichlet boundary conditions, they proved that the energy of the system
decays as ¢~1. This result has been recently improved by Fatori and Rivera [13]
in the sense that the authors considered only one globally dissipative mechanism
given by one temperature, and they established the rate of decay =5 for Dirichlet-
Neumann- Neumann and Dirichlet-Dirichlet-Dirichlet boundary conditions type.
The main result of this paper is to extend the results from [13], by taking into
consideration the important case when the thermal dissipation law is locally dis-
tributed on the angle displacement equation i.e the damping coefficient « is not
constant but it is a positive function in W2>(0, L) and strictly positive in an open
subinterval |a, b[C]0, L[ (the cases a = 0 or b = L are not excluded) and to improve

the polynomial energy decay rate.

In this chapter, we consider the Bresse system damped by one thermal dissipation
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law acting locally on the angle displacement equation with Dirichlet-Neumann-
Neumann or Dirichlet-Dirichlet-Dirichlet boundary conditions types. Following

the two types of boundary conditions, we define the energy spaces
Hi = Hy x (H)? x (L*)? x L? x L* and H, = (H})? x (L*)*,
where
L L
[2={f e I20,1) - / F(@)dz = 0} and H' = {f € H'(0, L) : / f(z)dz = 0}.
0 0

Both spaces H; and H, are equipped with the inner product which induces the

energy norm

U5, = #lles + 9+ lwll* + bl + Kollws — lol|”

P3
spulull + palll? + plll + 220 (0.1.10)
Here and after, ||.|| denotes the L?(0, L) norm. Moreover, we rewrite system (0.1.1)-

(0.1.4) into an abstract form
U= A;U, U(0) = U, (0.1.11)

where A;, j = 1,2 is a unbounded linear m-dissipative operator in the energy space
H,;. Consequently, system (0.1.1)-(0.1.4) is well-posed in the sense of semigroup
of contraction (see [27]). In addition, since the resolvent of A is compact in the
energy space H, then using the spectral decomposition theory of Benchimol [7] (see

also [5], we deduce that the Bresse system is strongly stable in the sense that

. 1 | .
Jim E(t) =2 lim [l Tolly, =0 j=1,2 (0.1.12)

for all Uy € H,;. Next, under the equal speed wave propagation condition, k =

ol R . . . . :
ko and 5 = b using a frequency domain approach combining with a piecewise

multiplier method, we establish the following energy estimate:

1
E(t) = §|\etAfU0HHj < Me Ul t >0 VU, €Hy, j=1,2  (0.1.13)
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where M > 1 and € > 0 are constants independent of Uy. Finally, in the natural

K

7, we establish a new polynomial energy decay

general case, when k # k¢ and Z—;
rate

1
Et) <C—|Ul% 4 Vt>0 0.1.14
(t) < \/EH ollDeay) ( )

for smooth solution. In particular, if kK = k¢ and g—; # %, we establish a new

polynomial energy decay rate
1 2
E@t) < C;HUOHD(A]-) vVt >0 (0.1.15)
for the smooth solution.

In the third chapter, we move on to another subject which treats the stabilization of
a system of coupled wave equations with one boundary damping. Let as recall that
in [3], Ammar-Khodja and Bader studied the simultaneous boundary stabilization
of a system of two wave equations coupling through the velocity terms. The system

is described by:
Upp — Ugg + b(x)yt = 0 in Ou 1) X (07 OO):
Yyt — QYze — b(x)uy = 0 in (0,1) x (0, 00),

(

(

ye(0,1) — & (y2(0,8) + u(0,8)) = 0 in (
au;(0,t) — y,(0,£) = 0 in (

(

u(l,t) = y(LH) = 0 in (0,00),

where a > 0, a > 0 are constants and b € C°([0,1]). Under the equal speed wave
propagation condition i.e. a = 1, the authors proved that, system (0.1.16)-(0.1.20)
is uniformly stable if and only if it is strongly stable and the coupling parameter b
verifies that b := fol b(z)dx # (2k + 1) § for any k € Z. Moreover, when a # 1, they
proved that system (0.1.16)-(0.1.20) is uniformly stable if and only if it is strongly

2
stable and there exist p,q € Z such that a = %. Noting that, the above

16



system is directly damped by two related boundary controls. Moreover, in [33],
Toufayli considered a multidimensional system of coupled wave equations subject
to one boundary feedback. Under the equal speed wave propagation condition (in
the case a = 1) and if the coupling parameter b is small enough, she established an
exponential energy decay estimate. However, on the contrary, no stability type has
been discussed. We think that the conditions on a and b are technical and could be
improved. Then the influence of the arithmetic property of the ratio of the wave
propagation speeds a and of the algebraic property of the coupling parameter b on
the stability of the system of two coupled wave equations when only one of these
equation is effectively damped remains an open problem. Our objective in this
chapter is to give a complete answer of this interesting open problem on the one

dimensional case.

Then, we consider a system of wave equations coupled by velocities with only one

boundary damping. The system is described by:

Uy — Uge + by = 0 in (0,1) x (0, 00), (0.1.21)

Yt — QYze —buy = 0 in (0,1) x (0, 00), (0.1.22)

y(0,t) —y:(0,t) = 0 1in (0,00), (0.1.23)

u(l,t) =y(1,t) =u(0,t) = 0 in (0,00), (0.1.24)

where a > 0 and b € R* are constants.

We define the space
Hp(0,1) = {y € H'(0,1) : y(1) = 0}
and the energy space

H = H;(0,1) x L*(0,1) x Hp(0,1) x L*(0, 1),

17



which is endowed with the inner product

(U,(?)H:/(uxa_ﬁvﬁay@H?) dr YU = (u,v,y,2),0 = (4,7,7,7) € H.

We next define the unbounded linear operator A: D(A) C H — H, by

D(A) :{U = (u,v,y,2) €EH :u,y € H*,v € H&,z € H}% and y,(0) = 2(0)}
(0.1.25)

and

AU = (v, Uyy — b2, 2,0Ype + b0), YV U = (u,v,y,2) € D(A). (0.1.26)

fU = (u,u,y,y:) be a regular solution of system (0.1.21)-(0.1.24), then we rewrite

this system as the following evolutionary equation

Ut = AU({),

(0.1.27)
U(O) - UO € H

It is easy to see that the operator A is m-dissipative on the energy space. Con-
sequently, the system is well-posed in the sense of semigroup of contractions (see
[27]). Our aim is to study the energy decay rate of system (0.1.21)-(0.1.24). First,
we prove that system (0.1.21)-(0.1.24) is strongly stable if and only if

4(k? — ak3)(ak? — k27>

b # (a+1)(k? + k3) ’

Vi, ks € Z.  (SC1)

Consequently, the strong stability does not hold in general. Next, if the cou-
pling parameter verifying (SC1), we show that the energy decay rate of system
(0.1.21)-(0.1.24) is greatly influenced by the nature of the coupling parameter b
(an additional condition on b ) and by the arithmetic property of the ratio of the

wave propagation speeds a. Indeed, in the case of a = 1 when the waves propagate
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at the same speed and if b ¢ 77 we establish an exponential stability of system

(0.1.21)-(0.1.24) for usual initial data:
E(t) < Me “"E(0), vVt >0

where M > 1 and w > 0 are constants independent of Uy. In addition, using a
spectral approach, we prove that the condition b ¢ 7Z is optimal in the sense that
if @ =1 and there exist k € Z such that b = km, system (0.1.21)-(0.1.24) lakes its
exponential stability. In this case, we show that the following polynomial energy

decay rate is optimal
1
E(t) < C%HUOH%(A), vVt >0, YUy € D(A) (0.1.28)

where C' > 0 is a constant independent of Uy. Finally, assume that a # 1 and b
satisfies condition (SC1). If @ € Q and b small enough or \/a € Q. Then there
exists a constant C' > 0 such that for every initial data Uy = (ug, u1, Yo, y1) € D(A),
the energy of system (0.1.21)-(0.1.24) verify the following estimate:

1
E(t) < C—||Uol|% 4y, Vt > 0. 0.1.29
(t) < \/%H ollDay ( )

The notion of indirect damping mechanisms has been introduced by Russell in
[30], and since this time, it retains the attention of many authors. In particular,
the boundary stabilization of the system of two wave equations coupled through
the zero order terms has been studied with different approaches. In [1], Alabau-
Boussouira studied the boundary indirect stabilization of a system of two second
order evolution equations coupled through the zero order terms. The lack of uni-
form stability was proved by a compact perturbation argument and a polynomial
energy decay rate of type \/% is obtained by a general integral inequality in the case
where the waves propagate at the same speed and 2 is a star-shaped domain in
R or in the case where the ratio of the wave propagation speeds of the two equa-

tions is equal 1/k? with k being an integer and 2 is a cubic domain of R®. Liu and
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Rao in [21] considered a system of two coupled wave equations with one boundary
damping and they proved that the energy of the system decays at the rate % for
smooth initial data on a N-dimensional domain {2 with usual geometrical condition
when the waves propagate at the same speed. On the contrary, under some arith-
metic condition on the ratio of the wave propagation speeds of the two equations,
they established a polynomial energy decay rate for smooth initial data on an one-
dimensional domain. Ammari and Mehrenberger in [4], gave a characterization of
the stability of a system of two evolution equations coupling through the velocity

terms subject to one bounded viscous feedback damping. Note nevertheless that

the above system does not enter in the framework of this paper.

Chapter four is devoted to the study of coupled wave equations weakly coupled and
partially damped. Let Q € RY be a bounded open set with Lipschitz boundary
I'. We consider the following system of coupled wave equations with a viscoelastic

damping around the boundary I':

o1(x)uy — div(ay (x)Vu + b(z)Vuy) + ay = 0, in QxR
02(z)yy — div(az(z)Vy) + au = 0, in QxRY,
(0.1.30)
U=y = O’ on I'x R+,
U(O) = Uy, y(O) =% ut(o) = Uy, yt(o) = Y1, n Q7

where g1(x) > 01 > 0, 02(z) > 02 > 0, ay(z) > af > 0, as(x) > af > 0, and

b(x) > 0 for all x € 2, the coupling parameter « is a real number.

Let U = (u, us,y, y;) a regular solution of system (0.1.30). Then, the total natural
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energy of the system is given by:

E(t) = 1/2/9(91(93)Iut|2 +ay(@) | Vu [* +oz() |y 0131

+as(z) | Vy |* +auy)dz.

By a straightforward calculation we obtain that
E’(t):—/b|Vut|2d:B§O.
Q

That is the system (0.1.30) is dissipative in the sense that its energy is decreasing

with respect to the time ¢.

0 0

Let ap = min (—21, —22) where ¢y is the Poincaré constant. In what follows, we
G

assume that « is a real number such that |a| < ap. Here and after, assume that

coefficient functions g1, g2, a1, b, ay € L>®(Q).

For any v > 0, we define the y-neighborhood O, of the boundary I" as follows
O, ={xeQ: ;relﬁ lz —y| <7,}, (0.1.32)
and assume that there exist two constants by and v such that
b(x) > by >0, Vo € O,. (SC)

We start by formulating system (0.1.30) as an abstract Cauchy problem in an
appropriate Hilbert space. First, define the energy space H by

H = (Hy () x L(N))? (0.1.33)
endowed with the inner product:

(U, V)y = /Q(al(x)Vu-V&+a2(ac)Vy-ng)dx+/

(glvf)—irgzzi)da:—l—/ a(ug+yu)de
0

Q
for all U = (u,v,y,2), V = (4,0,7,2) € H.

Next, define the unbounded linear operator A by :

D(A) = {(u,v,y,2) € H : div(ag(x)Vy), div(a; (x) Vu+b(x)Vv) € L*(Q), and v,z € Hy(Q)}
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AU = (127Qi(div(a1(X))Vu—i-b(X)VV)—ng,Z,Qidiv(aQ(X)Vy)—qu), VU = (u,v,y,z) € D(A).
1 1 2 2

If U = (u,u,y,y;) is a regular solution of system (0.1.30), then we rewrite this

system as the following evolutionary equation:
U =AU, U(0)=U, € H. (0.1.34)

It is easy to see that the operator A is m-dissipative on the energy space H.
Then system (0.1.30) is well-posed in the sense of semigroup of contractions (see
[27]). Now, assume that (SC) holds and a;, a; € C%*(Q).Then, using a unique
continuation result (see [14]) we show that system (0.1.30) is strongly stable in the
sense that

1
lim E(t) = = lim [|e"Up|* = 0, YU, € H.
t—o0 2 t—o00

Moreover, by observing the eigenvalues of the operator A, we deduce that system
(0.1.30) is not uniformly exponentially stable. So it is natural to hope a polynomial

energy decay. Assume that
a17a27p17p27b € Cl’l(Q)' (Hl)

Also, we assume the following supplementary conditions.

There exist two functions ¢, ¢ € C*(Q,RY) and 0 < a < 8 < 7, such that
Oiqr = Orgj, div(agpaq) € C¥ (Q5) and q=10 on O,, (H2)

0k = Okg;, div(aipq) € C™ () and G=0 on O,, (H3)

There exists a constant o; > 0, such that
a
2&28(]]' + (qkajag + qjﬁkag) + {p—z(qug - qVCLQ):| 1 > 0'1[, Vo € Qﬁ. (H4)
2
There exists a constant oy > 0, such that

2&16(} + (quajal + ijakal) + [%(ijpl - chal)] I Z 0’21, Vo € Qﬁ. (H5)
1
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There exists a constant M > 0 such that for all v € H} (), we have
(G- Vo)Vb — (G- Vb)Vo| < MVb |Vu|, Ve Q. (H6)

Under conditions (SC), (H1)- (H6), using a frequency domain approach (see [9])
combining with piece-wise multiplier method, we deduce that there exists a con-
stant C' > 0 such that for every initial data Uy = (ug, u1, yo,%1) € D(A), the energy
of system (0.1.30) verify the following estimate:

1
E(t) < C—||Uo||% 4, ¥t > 0. 0.1.35
(t) < \%II ollDeay ( )

The local viscoelastic damping is a natural phenomena of bodies which have one
part made of viscoelastic material, and the other is made of elastic material. There
are a few number of publications concerning the wave equation with local viscoelas-
tic damping. In [19], Liu and Rao studied the stability of a wave equations with
local viscoelastic damping distributed around the boundary of the domain. They
proved that the energy of the system goes exponentially to zero for all usual ini-
tial data. K. Liu and Z. Liu in [18], considered the longitudinal and transversal
vibrations of the Euler-Bernoulli beam with Kelvin-Voigt damping distributed lo-
cally on any subinterval of the region occupied by the beam. They proved that
the semigroup associated with the equation for the transversal motion of the beam
is exponentially stable, although the semigroup associated with the equation for
the longitudinal motion of the beam is not exponentially stable. Chen et. al in
[11], studied the mathematical properties of a variational second order evolution
equation, which includes the equations modelling vibrations of the Euler-Bernoulli

and Rayleigh beams with the global or local Kelvin-Voigt damping.
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Chapter 1

Preliminaries

As the analysis done in this Ph.D. thesis is based on the semigroup and spectral
analysis theories, we recall, in this chapter, some basic definitions and theorems

which will be used in the following chapters. We refer to |27, 23, 20, 6, 9, 15, 28§].

1.1 Semigroups

Numerous physical models can be written in the form of an abstract Cauchy prob-

lem
z(t) = Az(t), t>0,
z(0) = o,

(1.1.1)

where (7) denotes the derivative with respect to time ¢, A is the infinitesimal
generator of a Cy semigroup 7'(¢) over a Hilbert space H and xy € H is given. We
are looking for a solution x : R, — H. Therefore, we start by introducing some

basic concepts concerning the semigroups.

Definition 1.1.1. Let X be a Banach space.
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Chapter 1 Preliminaries

1) A one parameter family T(t), t > 0, of bounded linear operators from X into

X is a semigroup of bounded linear operators on X if
(1) T(0) = 1;
(it) T(t+s)=T)T(s) for every s,t > 0.
2) A semigroup of bounded linear operators, T'(t), is uniformly continuous if

lim || T(¢) — I —0.
tgggH (t) = Il cen

3) A semigroup T(t) of bounded linear operators on X is a strongly continuous

semigroup of bounded linear operators or a Cy semigroup if

lim T'(t)x = =.

t—0t

4) The linear operator A defined by

t—0t+

D(A) = {:B € X; lim % exists}

and

Az = lim%, Vo € D(A),

t—0

is the infinitesimal generator of the semigroup T(t).

Theorem 1.1.2. Let T(t) be a Cy-semigroup. Then there exist constants w > 0
and M > 1 such that

| T2 < Me**, Yt > 0.

In the above theorem, if w = 0, then 7'(¢) is called uniformly bounded and if

moreover M = 1, then T'(¢) is called a Cy semigroup of contractions.
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Chapter 1 Preliminaries

Definition 1.1.3. Let H be a Hilbert space. An operator (A, D(A)) on H satisfying
R(AU,U) <0, YU € D(A)

is said to be a dissipative operator. A mazximal dissipative operator (A, D(A)) on
H is a dissipative operator for which R(AN — A) = H, for some A > 0. A maximal

dissipative operator is also called m-dissipative operator.

For the existence of solutions, we normally use the following Lumer-Phillips The-

orem or Hille-Yosida Theorem.

Theorem 1.1.4. (Lumer-Phillips Theorem) Let A be a linear operator with dense
domain D(A) in a Banach space X .

(i) If A is dissipative and there exists a A\g > 0 such that the range R(Aol —A) =

X, then A generates a Cy semigroup of contractions on X.

(i1) If A is the infinitesimal generator of a Cy-semigroup of contractions on X

then R(AM — A) = X for all A > 0 and A is dissipative.

Consequently, A is maximal dissipative on a Hilbert space H if and only if it
generates a Cy- semigroup of contractions on H and thus the existence of the
solution is justified by the following corollary which follows from Lumer-Phillips

theorem.

Corollary 1.1.5. Let H be a Hilbert space and let A be a linear operator defined
from D(A) C H into H. If A is mazximal dissipative then the initial value problem
(1.1.1) has a unique weak solution x € C([0,400),H), for each initial data xo € H.
Moreover, if g € D(A), then x € C°([0,+00), D(A)) N C([0, +00), H).
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Chapter 1 Preliminaries

1.2 Stability of semigroups

After recalling some results concerning the well posedness of system (1.1.1), we
aim to discuss the type of stability of the solution. We introduce here the notions

of stability that we encounter in this work.

Assume that A is a generator of a Cy-semigroup of contractions e on a Hilbert

space H. We say that the semigroup (e);> is

i Strongly (asymptotically) stable if for all zo € H

lim ||e™2o|% = 0.
t—+o0

ii Exponentially (or uniformly) stable if there exist two positive constants C,

w such that

e zolly < Ce | xoll2, V>0, Vog € H.
iii Polynomially stable if there exist constants o, 5, C' > 0 such that
e (d— A <Ct™?, Vt>0
for some d > 0.

Now we recall a result in [15, 28] which gives necessary and sufficient conditions

for which a semigroup is exponentially stable.

Theorem 1.2.1. Let T(t) be a Cy semigroup on a Hilbert space H and A be its
infinitesimal generator. T(t) is exponentially stable; i.e., there exists M and «

positive constants such that ||T(t)]| < Me™* if and only if

(1) iR C p(A), where p(A) denotes the resolvent set of A

and
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Chapter 1 Preliminaries

(ii) sup||(iw — A)7H| < oo.
weR
When the exponential stability is attained, we search for the optimal exponential
decay rate; mainly for the spectrum determined growth condition.

Definition 1.2.2. Let A be the infinitesimal generator of a Cy semigroup, T(t) ,
on a Hilbert space H. Consider

1
w(A) == inf{a € R; ||T(#)|| < Me*} = 1tlirn n log || T(1)]],
—00
the growth exponent bound of T'(t), and
1(A) = sup{RA; A € o(A)},

the spectral abscissa of the operator A where o(A) denotes its spectrum. If w(A) =
wu(A), then we say that the spectrum determined growth condition holds.

Remark 1.2.3. From the Hille-Yosida Theorem, we know that u(A) < w(A)
for any infinitesimal generator of a strongly continuous semigroup. However, in

general, w(A) < p(A) is not always true.

If the semigroup fails to be exponentially stable, we search for another type of
decay rate like the polynomial stability which is characterized by the following

Theorem in [9].

Theorem 1.2.4. Let (T'(t)),~, be a bounded Cy semigroup on a Hilbert space H
with a generator A such that iR C p(A). Then for a fized « > 0, the following

conditions are equivalent:

(i)
I(is = A) 7 = O(ls"), s = o0;
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(ii)

|T(t) A = O(t_l), t — oo;
(iii)

IT(H)AY =O0(t=), t— oo

Note that the notation A = O(B) means that there exists ¢ > 0 such that
4] < c|B|.
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Chapter 2

Weakly locally thermal stabilization

of Bresse system

2.1 Introduction and statement of the main result

In this chapter, we study the energy decay rate of the Bresse system subject to one

locally temperature dissipation law operating on the angle displacement equation.

The system is governed by the following partial differential equations:

P11 — K(@e + U+ 1w), — Kol(we — 1)

P2y — bbye + k(e + ¥ + lw) + a(x)0,

prwy — Ko(wy — 19)y + Kl(py + 19 + lw)

With one of the following boundary conditions

gO(J},t) = w;r(xvt> = W;r(xvt) = H(ZL‘,t)
o(x,t) = YP(z,t) = w(z,t) = 0(x,t)

,039t - 9:0:1: + TO(O”vbt):c
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Chapter 2 Weakly locally thermal stabilization of Bresse system

and initial conditions

gp(%,()) = 900(*1')7 (pt(xvo) = 901(*7;)’ ¢($70) = %(33)7 ?/Jt(%o) = 7/}1(‘7;)
w(z,0) = wo(z), wi(z,0)=wi(x), O(x,0)=0(x)

(2.1.7)

where ¢, 1, w are the vertical, shear angle and longitudinal displacements; 6 is
the temperature deviation from the reference temperature Ty along the shear angle

displacement and o € W2*(0; L) is a function verifying the following condition
a>0on]0; L[ and a > ay > 0 on Jag; by[C]0; L. (2.1.8)

Here p, = pA, py = pl, ps = pc, kg = EA, K = K¥GA, b = El and | = R™!
are positive constants for the elastic and thermal material properties. To be more
precise, p for density, £ for the modulus of elasticity, G' for the shear modulus,
k' for the shear factor, A for the cross-sectional area, I for the second moment
of area of cross-section, R for the radius of the curvature and ¢ for the thermal
material property (for more details see Lagnese et al. [16]). The velocities of waves
propagation are, respectively, v; = ﬁ, Vg = p%, Vg = %.

The energy of solutions of the system (2.1.1)-(2.1.4) subject to initial state (2.1.7)
to either the boundary conditions (2.1.5) or (2.1.6) is defined by

1 L
Bty =1 / (K1 + @n + Ll + Bl + Folwa — Lo + prlioel?
0

2 (2.1.9)
paltn]? + prlon|? + 22|61}
0
then a straightforward computation gives :
d E(t) L 0,)%dr <0 (2.1.10)
— = —— | “dr < 0. 1.
dt Ty Jo

Then the thermoelastic Bresse system is dissipative in the sense that its energy is
non increasing with respect to the time ¢. Our goal is to study the effect of this

dissipation on the Bresse system.
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Different types of damping have been introduced to Bresse system and several
uniform and polynomial stability results have been obtained. We start by re-
call some results related to the stabilization of elastic Bresse system. Wehbe and
Youssef [34], considered elastic Bresse system subject to two locally internal dis-
sipation laws. They proved that the system is exponentially stable if and only
if the wave propagation speeds are equal. Otherwise, only a polynomial stability
holds. Alabau-Boussouira et al. [2], considered the same system with one globally
distributed dissipation law. The authors proved that, in general, the system is
not exponentially stable but there exists polynomial decay with rates that depend
on some particular relation between the coefficients. Using boundary conditions
of Dirichlet-Dirichlet-Dirichlet type, they proved that the energy of the system
decays at a rate t=5 and at the rate t~3 if k = ko. These results are completed
by Fatori and Montiero [12|. Using boundary conditions of Dirichlet-Neumann-
Neumann type, the authors showed that the energy of the elastic Bresse system
decays polynomially at the rate =2 and at the rate t~1if xk = ko. Noun and We-
hbe [26] extended the results of [2] and [12|. The authors considered the elastic
Bresse system subject to one locally distributed feedback with Dirichlet-Neumann-
Neumann or Dirichlet-Dirichlet-Dirichlet boundary conditions type. They proved
that the exponentially decay rate is preserved when the wave propagation speeds
are equal. On the contrary, the authors established a polynomial energy decay
with rates that depend on some particular relation between the coefficients and
they obtained the rate of t~2 or t~!. Finally, see [32] for the stabilization of elastic
Bresse system with internal indefinite damping and [17] for the stabilization of
elastic Bresse system with a nonlinear damping acting in the equation of the shear

angle displacement, and nonlinear localized damping in other equations.

For the thermoelastic Bresse system, subject of this chapter, there exist two im-

portant results. The first result is due to Liu and Rao [22], when they considered
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the Bresse system with two thermal dissipation laws. The authors showed that
the energy decays exponentially when the wave speed of the vertical displacement
coincides with the wave speed of longitudinal displacement or of the shear an-
gle displacement. Otherwise, they found polynomial decay rates depending on the
boundary conditions. When the system is subject to Dirichlet-Neumann-Neumann
boundary conditions, they showed that the energy decays at the rate 2 and for
fully Dirichlet boundary conditions, they proved that the energy of the system
decays as t~1. This result has been recently improved by Fatori and Rivera [13]
in the sense that the authors considered only one globally dissipative mechanism
given by one temperature, and they established the rate of decay ¢=3 for Dirichlet-
Neumann- Neumann and Dirichlet-Dirichlet-Dirichlet boundary conditions type.
The main result of this chapter is to extend the results from [13|, by taking into
consideration the important case when the thermal dissipation law is locally dis-
tributed on the angle displacement equation i.e the damping coefficient « is not
constant but it is a positive function in W?%°°(0, L) and strictly positive in an open
subinterval Jag, by[C]0, L[ (the cases ap = 0 or by = L are not excluded) and to
improve the polynomial energy decay rate. Then, in this chapter, we consider the
Bresse system damped by one thermal dissipation law acting locally on the angle
displacement equation with Dirichlet-Neumann-Neumann or Dirichlet-Dirichlet-
Dirichlet boundary conditions types. Under the equal speed wave propagation
condition, kK = kg and ;% = %, using a frequency domain approach combining with
a piecewise multiplier method, we establish an exponential energy decay rate for
usual initial data. On the contrary, in the natural case, when k # Ky and % by

we establish a new polynomial energy decay rate of type =2 for smooth solution.

k

7, we establish a new polynomial energy decay rate of

Finally, if kK = k¢ and z—;

type t~! for the smooth solution.

We now outline briefly the content of this paper. In section 2, in a convenable
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Hilbert space, we formulate system (2.1.1)-(2.1.4) with either boundary condition
(2.1.5) or (2.1.6) into an evolution equation. We recall the well-posedness of the
problem by the semigroup approach and by a spectrum method we prove that
system (2.1.1)-(2.1.4) is strongly stable for usual initial data. In section 3, we
consider the particular case when the speed of the three waves are equal and we
establish an exponential energy decay rate for usual initial data. In section 4, we
consider the natural general case when the speed wave propagations are different
two by two and we establish a new polynomial energy decay rate for smooth initial

data.

2.2 Well-Posedness and strong stability

In this section we study the existence, uniqueness and the strong stability of the

solution of (2.1.1)-(2.1.7).

2.2.1 The semigroup setting.

We start by study the existence and uniqueness of the solution of the thermoelastic
Bresse system. Following the two types of boundary conditions, we define the

following energy spaces
Hy = Hy x (H})? x (L*)* x L? x L* and Hy = (Hy)? x (L)%,
where

Lf:{feLQ(O,L):/O F(@)dz = 0} and Hj:{feHl(O,L):/o f(@)dz = 0.
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Both spaces H; and H, are equipped with the inner product which induces the

energy norm
U5, = #lles + o+ k]l + bl + Kollws — ol

P3
+oul[ull® + pallvll* + pall2]|* + TOHGHQ- (2.2.1)

Here and after, ||.|| denotes the L?(0, L) norm.

Remark 2.2.1. In the case of boundary condition (2.1.6), it is easy to see that
expression (2.2.1) define a norm on the energy space Ho. But in the case of bound-
ary condition (2.1.5) the expression (2.2.1) define a norm on the energy space Hy
if L # = for all positive integer n. Then, here and after, we assume that there

exist no n € N such that L = “F when j = 1.

Next, define a linear unbounded operator A; : D(A;) — H; by

D(A) ={U€eH: 9,0 € HHNH? +,we H NH? u,,,w, € Hy, v,2€ H'}

(2.2.2)
D(Ay) = {U € Hy: ¢,9,w,0 € Hy N H?, w,v,z € Hy} (2.2.3)
u
v
z
Aj(p, b, w,u,0,2,0) = £ (pp + 1+ lw)e + 2wy — lp) (2.2.4)

%(wx - ZSO)CC - Z_ll((px + ¢ + lw)

p—lsem — %(Oz?})m

for all U = (¢, ¢, w,u,v,2,0) € D(A;), j=1,2.
Thus, if U = (¢, ¢, w, @i, ¥y, wy, 0) is a smooth solution of system (2.1.1)-(2.1.7),

then the thermoelastic Bresse system is transformed into a first order evolution
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equation on the Hilbert space H;:
U= A;U, U(0) = U, (2.2.5)

with j = 1,2 corresponding to the boundary conditions (2.1.6) and (2.1.7), respec-
tively.

It is easy to see that the operator A; is m-dissipative in the energy space H;,
j = 1,2, then we have the following results concerning existence and uniqueness of

solution of the problem (2.2.5) (see [27], [23]).

Theorem 2.2.2. The operator A; generates a Co-semigroup 'Y of contractions
on H; for j =1,2. Thus for any initial data Uy € H;, the problem (2.2.5) has a
unique weak solution U € C°([0,00),H;). Moreover, if Uy € D(A;), then U is a
strong solution of (2.2.5), i.e U € C*([0,00), H;) N C°(]0,00), D(A;)).

2.2.2 Strong stability result.

In this part, using a spectrum method, we will prove the strong stability of the

Cy-semigroup et

Theorem 2.2.3. The semigroup e'i is strongly stable in the energy space H;. In
other words

lim [leUlly, =0 j=1,2 (2.2.6)

t—+o00

for all Uy € H;.

Proof. Since the resolvent of A; is compact in H;, j = 1,2, then using a result
due to Benchimol [7], the system (2.1.1)-(2.1.4) is strongly stable if and only if
A; does not have pure imaginary eigenvalues. By contradiction argument, let

0 7é U= ((P,@Z),M,U,U, 279) € D(Aj), i\ E ’LR, such that

A;U = i\U.
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Our goal is to find a contradiction by proving that U = 0. Taking the real part of
the inner product in H; of A,;U and U, we get

. I
0= Re(A|U,) = Re((AU. D) =~ [ 1. Pdo.
0

It follows that
0=6,=0 a.e in (0,L).

Now, detailing the equation A;U = ¢AU, and using the fact that 6 = 0, we get

u = i\, (2.2.7)
v o= i\, (2.2.8)
z = iw, (2.2.9)
l
eV L)y + P w, — ) = idu, (2.2.10)
P1 P1
b K 4
— o — — (P + Y +1w) = idv, (2.2.11)
P2 P2
B0 (e — 1g)e — s+ 0+ ) = Az, (2.2.12)
P1 Pl
(aw), = 0. (2.2.13)

If A =0, then u = v = z = 0 and using Lax-Milgram theorem (see [10]), it is clear to

see that the system (2.2.10)-(2.2.12) has the unique trivial solution ¢ =9 = w = 0.

This implies that U = 0 and the desired contradiction is proved.

Now, assume that A # 0. Then let {(z) = /wv(s)ds, multiply equation (2.2.13)
0

by —&(z), and integrate by parts, we get

/OL alv|?dz — a(L)v(L) /OL v(s)ds = 0.

In the case of Dirichlet-Neumann-Neumann conditions, we have v € H!(0, L) then
fOL v(s)ds = 0, and in the case of Dirichlet- Dirichlet -Dirichlet conditions, we have

v € H}(0, L) then v(L) = 0. This together with condition (2.1.8), implies that

Vav =0a.ein (0,L) and v=0a.ein (ag,by). (2.2.14)
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Now, combining equations (2.2.8), (2.2.11) and (2.2.14), we get

=0 and ¢, +lw=0 a.e in (ag,bp). (2.2.15)
Combining equations (2.2.7), (2.2.10) and (2.2.15), we get

P20 + Kol(wy — 1) =0, a.e in (ag,bp). (2.2.16)
Similarly, combining equations (2.2.9), (2.2.12) and (2.2.15), we get

PN’ w + Ko(wy — 1p), = 0, a.e in (ag, by). (2.2.17)

By a direct calculation we deduce that system (2.2.15)-(2.2.17) has the following

solution

p=c P=0, w=0, a.e in (ag, by).
Then, from equation (2.2.16) we deduce that

(XN2p1 — Kol = 0. a.e in (ag, bo).

We are against two cases to discuss, A ={ %, or A\ #1[, /%.

Case 1. Suppose that A # [ ’;—‘1), then

p=0 a.e in (ag,bp).

Let X = (%S%,@D,wz,wwx)T and

0 1 0 0 0 0
oy g mp 0 -1 0 SRy,
0 0 0 1 0 0
M =
0 R S 5] 0
0 0 0 0 0 1
0 [+ =1 =] 0 =BLA\24 £2 0
) KO Ko KO
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Then system (2.2.10)-(2.2.12) could be given as

X' =MX, in (0,a9),
X(ao) = 0.

(2.2.18)

Using ordinary differential equation theory, we deduce that system (2.2.18) has
the unique trivial solution X = 0 in (0,a9) and ¢ = ¥ = w = 0 a.e in (0, ay).
Same argument as above leads us to prove that ¢ =9 = w = 0 a.e in (by, L) and
therefore U = 0.

Case 2. Suppose that \ = l\/%. Then equation (2.2.10) can be rewritten as

)
Bpe + 1+ 1)+ “wp =0 e in (0a0). (2.2.19)

0 0 ~1 0 —1— 5]
0 0 1 0 0
M = R AN 5] 0
0 0 0 0 1
[+ & £ 0 =&)\24 &2 0

Then system (2.2.10)-(2.2.12) could be given as

X'=MX, in (0,a),
X(ao) = 0.

(2.2.20)

Using ordinary differential equation theory, we deduce that system (2.2.20) has
the unique trivial solution X = 0 in (0,ap). This implies that ¢ = ¢, ¢ = 0
and w = 0 a.e in (0,a9). Since ¢ € H*0,L) c C([0,L]) and ¢(0) = 0, we
conclude that ¢ = 0 a.e in (0, ag). Same argument as above leads us to prove that

¢ =1 =w=0a.ein (by, L) and therefore U = 0. The proof is thus complete. [
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2.3 Exponential Stability, the case of k = k; and

In this section, we consider system (2.1.1)-(2.1.4) under the equal speed propa-

)_
gation conditions i.e. kK = ko and pil = pr. We prove the following exponential

stability result:

A

Theorem 2.3.1. If k = Ky and p—"l = L then the semigroup e is exponentially

P2
stable, i.e., there exist constant M > 1, and € > 0 independent of Uy such that

e Upl2, < Me ||Uplla,, t >0 j=1,2. (2.3.1)

For this aim, we will use the frequency domain method. More precisely, using
Huang [15] and Priiss [28], inequality (2.3.1) hold if and only if the following
conditions

iR C p(A)) (11)

and

S;elgH(iM —Aj) 7 =00) (H2)

are true. We first check condition (H1). Since (I — .A;)~! is compact and A; has
no pure imaginary eigenvalues (Theorem 2.3), we deduce that condition (H1) is
true. We will prove condition (H2) by contradiction argument. Suppose that there
exist a sequence ), € R and a sequence U" = (", 9", w™, u",v", 2", 0") € D(A)),

verifying the following conditions
| An| — 400, (2.3.2)

10 e, = 1, (2.3.3)

(iAad — ANU™ = (f7, f2 o gt o gt gh) — 0 in My, j=1,2. (2.3.4)
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Equation (2.3.4) could be written as

i\ —u" = f (2.3.5)
Mg — " = fD (2.3.6)
i — 2" = fy (2.3.7)
l
Ve (e U ) W 1) = =g =T (239)
2 n b n K n n n 1 n n . n
)‘nqzb + 71/):mc - 7(9093 + 1/) + lw ) - 70‘(‘%)91 = —93 — Z)‘an ) (239)
p2 p2 P2
l
N+ DRty — 1) = T ) = g - ihff (2310)
1 1
1 T To(af),
iNO" — =07, + i—o)\n(aw")x = gy + M. (2.3.11)
3 P3 3

Our goal is, using a multiplier method, to prove that ||U|y, = o(1). This
contradicts equation (2.3.3). We will establish the proof by several Lemmas. For
simplicity, here and after we drop the index n.

Consider the function n € C''([0, L]) such that 0 <7 < 1,7 =1 on [ag + €,by — €|
and n = 0 on [0, ap] U [bo, L], where 0 < ag+¢ < by —e < L.

Lemma 2.3.2. (First information)
Under the above notations we have

o)

el = 0Q), ¥l = —

and |||l = O(N). (2.3.12)

Proof. Using equations (2.3.5), (2.3.6), (2.3.7) and (2.3.9), we deduce equations
(2.3.12). O

Lemma 2.3.3. (The dissipation)

Under the above notations we have

L L
/ 10,2dz = o(1) and / 0]2dz = o(1). (2.3.13)
0 0
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Proof. Multiplying equation (2.3.7) by the uniformly bounded sequence U =
(90’ ¢7w7u’ U? Z’ 0)7 we get

/L]9x|2dx = —Re((iA — A)U, U)y, = o(1). (2.3.14)

Finally, using Poincaré inequality, it follows the second asymptotic equality. The

proof is thus completed. [

For the next lemma, define the spaces
Hiap := Hy(a,b) x (H(a,b))* x (L*(a,b))* x L2(a,b) x L*(a,b),
and
Hoap = (H,(a,))° x (L*(a,b))"

Lemma 2.3.4. Under the above notations, if ||U||3.., = o(1),7 = 1,2 for some

0<a<b<L,then ||U||y, = o(1).

ja,b

Proof. Let h € H}(0; L) be a given function.
(i) Multiply equation (2.3.8) by 2p;hp, and integrate over [0; L], we get

L L
n / Do + prlhAelE — / W\ oal? + wlh] s I
0 0

L L L
+2Re {/i/ hi), Pz + U(k + Ko) / hw, Py — molz/ hgp@} (2.3.15)
0 0 0

h L
= 20136{/ 91@+i/ (flxhﬂLflh/))@—i/\[flh@]oL}-
0 0

Using equations (2.3.3) and (2.3.5), we deduce that ||p|| = % and ||p.|| = O(1).
Then using the fact that ¢(0) = ¢(L) = 0, h(0) = h(L) = 0, ||g1|]| = o(1),
1]l = o(1) and || fi.|| = o(1) in (2.3.15), we get

L L
—m/ h’wiz—fs/ Wloal?
0 0

+2Re {/4/ hp. oz + UKk + ko) / hwx@} =o(1).
0 0
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(ii) Multiply equation (2.3.9) by 2p,htp, and integrate over [0; L], we get
L L
“po [ WGP+ palbIAES b [ B + bkl Pl
0 0
L L L L o
—2Re {Ii/ ho), + Ii/ ha), + ld/ hw), +/ ha(x)@xwm} (2.3.17)
0 0 0 0
L L B B
— 20, Re {— [ hast ki [ G 203G - M[fzhw]é} -
0 0

Using equations (2.3.3), (2.3.6) and (2.3.7) we deduce that ||| = %1), l|w]| = =5~
and |[1z|] = O(1). Then using the fact that h(0) = h(L) = 0, ||6]] = o(1),
lgal| = o(1), ||f2|| = o(1) and || fas|| = 0(1) in equation (2.3.17), we get

L L L
. a2 o 12 — _
pg/o R || b/o |, |* — 26 Re {/0 hgpxwz} o(1). (2.3.18)

(iii) Similarly, multiply equation (2.3.10) by 2p;hio, and integrate over [0; L], we
get

L L
“pu [ WD+ Bl = o [ Wl 4 albli T
" L L " L
—QZRe{mo/ hgoxw_ﬁm/ hcpxw_x+m/ h(¢+lw)@} (2.3.19)
0 0 0
L L
= 2p1 Re {—/ h93w_x+i/ (faxh + fsh') w — i)\[fghw]é} :
0 0
From a similar way as in (i) and (ii), it follows that
L L L
—P1/ R | Aw|?* — /@0/ R |w.|? — 21(k + ko) Re {/ h(pxw_x} =o(1). (2.3.20)
0 0 0
(iv) Adding equations (2.3.16), (2.3.18) and (2.3.20), we get
L L L L
cou [ WGPk [l [ WP = [
0 0 . 0 .0 (2.3.21)
—,01/ h’|)\w|2—mo/ W w2 = o(1).
0 0

(v) Let € > 0 such that a + & < b and define the function 7 in C*([0; L]) by:

0<n<1 n=1on [0;a] and =0 on [a+¢; L]
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Then take h = 27 in (2.3.21) and using the fact that [|Ul|3,,, = o(1), we get

o / Aol — k / 0ol = po / AP = b / P
0 0 0 0
n / Dl? — kg / wal? = o(L).
0 0

1Ul[3450,0 = o(1)-

(2.3.22)

It follows that

(vi) Let € > 0 such that b — € > a and define the function 77 in C*'([0; L]) by:

0<n<1 n=1on [bL] and 7=0 on [0,b—¢].

Then, by a similar way used in (v), take h = (x — L)1 in (2.3.21) and using the

fact that ||U||3,,, = o(1), we get

ja,b
||U||7‘ljb,L = 0(1)
The proof is thus completed. [

Lemma 2.3.5. (Information on ¢ and 1)

Under the above notations, we have

L 2 o(1) g 2
/0 N[ e 2 /0 n[ta| (1) ( )

Proof. First, multiplying equation (2.3.11) by 0, we get

r 2 _ TO L INTL T2
Ty [ ol =2 [ ('Y 1yl
0 0

o(1)

. ) ; o (2.3.24)
+Re {P3/ ('8 + 16.)1 + 2/ 0N "y + —/ n’emwx} + —=.
0 0 )\ 0 >\

Using equation (2.3.13) and the fact that [[¢]| = @, ||| = O(1) and ||ni).|| =
O()) in (2.3.24), we get
L
/ nle]* = o(1). (2.3.25)
0
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Next, multiplying equation (2.3.9) by 7y, we get

L L L L
2 2 / o 7
pg/o nAp| —b/o NV +b/0 Wﬁ/ﬂr/o [k(¢) + lw) + b ]nY )

1
- / k('Y + nee) + o(1).
0
. . _ o — o) ;
Using equation (2.3.13), (2.3.25) and the fact that ||¢|| = 5= and ||w| = == in

equation (2.3.26), we get
L o(1
/0 || = % (2.3.27)

Lemma 2.3.6. (Information on ¢ and ¢,)
b

p_27

L o1 L
/ nlel* = % and / nlex]* = o(1). (2.3.28)
0 0

Under the above notations, if pil = then we have

Proof. (i) First, multiplying equation (2.3.8) by ni" and integrating over ]0, L[, we
get
L L L
_ K —_ KR
/ N2, + —/ Nwaths + —/ nll?
0 0 P Jo

P1
L /ﬁ?ol

l — L —
P1 Jo P1 Jo

L
— — — N L
= / (—g10e + iX framd + iINFi D) — [iINfind] -
0
From equations (2.3.3), (2.3.5) and (2.3.6) it is clear to see that sequences w,,
(we — lp), A are uniformly bounded in L?*(0,L). Then using Lemma 2.3.5 and

the fact that |[f1]| = o(1), [[fizll = o(1), llg1]l = o(1), and that f,(0) = fi(L) = 0,

we obtain the following equation

L L
—/ N>t — i/ Nwatls = 0(1). (2.3.30)
0 0

P1
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(ii) Next, multiply equation (2.3.9) by 7@, and integrate over |0, L], we get

L L I b L
_ / Nt — / Mg+ ] — / -
0

0 0

/Y N k [
_g %77’% + E [%77%]5 - g/ 77’9090‘2
0 oL . s 0 (2.3.31)
—— [ W+lwnp: —— | na(z)l.p,
P2 Jo P2 Jo

L
= / (=927 P5 + iMfouliP + iNf2]B) — [iN B¢ -
0

Using Lemma 2.3.5 and the fact that the sequences \p, ., a(z)gp, are uniformly
bounded in L*(0, L), we get

L, b (L L ,
/ A e + —/ VallPaz + —/ nlee|* = o(1). (2.3.32)
0 P2 Jo P2 Jo
(iii) Adding the real parts of equations (2.3.30) and (2.3.32) and using the condition
;—1 = p% we get

/0 Nexl” = o(1) (2.3.33)

Multiplying equation (2.3.8) by 7 and integrating over |0, L[, we get

L L L L
pl/ nxgl* = /f/ n!wxlzﬂf/ n/soﬁ—f-’»/ (W + lw, )P
0 0 0 0

. (2.3.34)
—f«:ol/o (we — L) + o(1).

Using equations (2.3.33), (2.3.25), the fact that ||¢|| = @ and the sequences ¢,,
(¢p — lw,), (w, — lp) are uniformly bounded in L*(0, L) in equation (2.3.34), we
get

/0 nlp* = %. (2.3.35)

The proof is thus completed. n
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Lemma 2.3.7. (Information on w and w, )

Under the above notations, if k = ko and p—"“l = p%, then we have
L L
o(1)
/0 lof? = 43 and /0 nlwal? = o(1). (2.3.36)

Proof. (i) First, multiply equation (2.3.8) by pinw, and integrate over |0, L[, we
get

L L L
—P1 / )\277<wa - "1/ Soxnw_m - K'/ prnlw_m
0 0 0

L L L
+/€/ wxnw_x + (/ﬂ? + /fo)l/ n‘wx|2 — /‘f,ol2/ PNw,; = 0(1)
0 0

0

(2.3.37)

Using Lemma 2.3.5, Lemma 2.3.6 and the fact that ||w.|| = O(1) in equation
(2.3.37), we get

L L L
—,01/ N1, + (k + Ho)l/ n|we|* — /{/ Peis = o(1). (2.3.38)
0 0 0

(ii) Next, multiplying equation (2.3.10) by p1n®, and integrating over |0, L[, we
get

L L L
Pl/ Aan@Jrfio/ NWaoPa — (Fé+f€o)l/ nleal*
0 0 0

. (2.3.39)
—/il/o (¢ + lw)nps = o(1).

Using Lemma 2.3.5, Lemma 2.3.6 and the fact that ||w|| = @ in equation (2.3.39),

we get
L L
pl/ Nnwgy + mo/ MWz Pz = 0(1). (2.3.40)
0 0
(iii) Adding the real parts of equations (2.3.38) and (2.3.40), and using the fact

that kK = kg, we deduce that

/0 nlwa? = o(1) (2.3.41)
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Finally, by a similar way used in (iii) Lemma 2.3.6, multiplying equation (2.3.10)
by nw, we deduce the first asymptotic behavior equation in (2.3.36). The proof is
thus completed. O

Proof of Theorem 3.1 Using Lemma 2.3.3, Lemma 2.3.5, Lemma 2.3.6 and
Lemma 2.3.7, we deduce that ||U|[3, = o(1) on the subinterval [ag; by]. Then using
Lemma 2.3.4 we deduce that ||U]| = o(1) on the interval [0; L], this contradicts
equality (2.3.3). We deduce that the resolvent of the operator A4, is uniformly
bounded on the imaginary axis ¢R. This together with the fact that iR C p(A;)
implies, under the equal speed propagation conditions, the exponential stability
of system (2.1.1)-(2.1.4) with either boundary Dirichlet- Dirichlet- Dirichlet or

Dirichlet-Neumann-Neumann conditions types. The proof is thus completed.

Remark 2.3.8. From the theory of elasticity, p1 = pA, ps = pl, kg = FA,
k = K'GA, and b = EI, where p for density, E denotes the Young’s modulus of
elasticity, G for the shear modulus, k' for the shear factor, A for the cross-sectional
area and I for the second moment of area of cross-section. Then the equal speed

b

propagation conditions k = kg OrT p—“l =, are equivalent to K'G = E. But the two

elastic modulus are not equal since K'G = ﬁ where € (0, %) is the Poisson’s

ratio. Thus, the exponential stability is only mathematically sound.

2.4 Polynomial Stability, the general case

The thermoelastic Bresse system (2.1.1)-(2.1.4) with the boundary condition (2.1.5)
is not exponentially stable when  # kg or 2 3£ £ (see [34], [13], [2]). The idea
is to find a real sequence (\,) with |A,| — 0o and a sequence U™ of elements of
D(A,) with ||[U"|| = 1 such that ||(i\, — A1)U"|| = o(1). Then the resolvent of

the operator A; is not uniformly bounded on the imaginary axes and the system
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is not exponentially stable (see [15], [28]). Our main results are the following

polynomial-type decay rate.

Theorem 2.4.1. (Polynomial energy decay rate) Assume that k # ko and 2—; #
Then there exists a constant C' > 0 such that for every wnitial data Uy =

o, Yo, wo, 1, P1,w1,60) € D(A;), j = 1,2, the energy of system (2.1.1)-(2.1.4)
with boundary conditions (2.1.5) or (2.1.6) verify the following estimation.:

=

—~

1
E@#) < C—=||Uyl|%, 4, Vt>0. 2.4.1
(t) < \/EII ollDeay) ( )

Following Borichev and Tomilov [9], (see also [20], [6]), a Cy semigroup of contrac-

tions e on a Hilbert space H; verify (2.4.1) if (H1) and

1
sup —— ||(iA] — A;) 7Y < 400 (2.4.2)

AeR |A[

are satisfied. Condition (H;) was already proved in Theorem 3.1 and 2.3. Our goal
is to prove that ||(iA—.A;) 7| = O(]A*]). By contradiction argument, suppose that
there exist a sequence A\, € R and a sequence U" = (¢", ", w"™, u™, 0" 2", 0") €

D(A;), verifying the following conditions

An] — +o00, U] = (g™, ¥, ™, w07, 2" 07 |, = 1, (2.4.3)

M (idad — ANU™ = (f1 fo, f gt g8, 95, 9%) — 0 in Hy, j=1,2. (2.4.4)
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Equation (2.4.4) could be written as
T

it —u" = I (2.4.5)
A" no_ 2 2.4
A" — 0" = " (2.4.6)
iIpw" — 2" = i—i (2.4.7)
l n + A’I’L n
N+ e g )+ gty = ST 4
p1 P1 A%
b K 1 gy 4+ iAn f3
My 4 — gt — (o 4 Y ") — —a(z)f? = 22 249
Ul = S+ 0 1) — -ao) S (209)
l 2+ i, fT
Awm 4 @(ng — o) — H—(gog + " +lw") = 95 TS5 (2.4.10)
p1 p1 A%
1 T m o+ Tops H(aff)s
PAnf" = -6, + iixn(awn)x _ Gt 0‘;?;1 (@f5)e (5 411)

Our goal is, using a multiplier method, to prove that |[U" |3, = o(1), this con-
tradicts equation (2.4.3). We will establish the proof by several Lemmas. For
simplicity, here and after we drop the index n.

Using equations (2.4.3), (2.4.5), (2.4.6), (2.4.7), (2.4.8), (2.4.9) and (2.4.10) we
deduce that

O(1
e = 000), gl = 22 and Jowell = ().
O(1
el = 000), 10l = 2 and sl = 00N,
O(1
el = 001), ol = A2 and el = O3,
Lemma 2.4.2. (The dissipation)
Under the above notations we have
L o(1 L o(1
/ |0, |>dz = % and / 0 dx = %. (2.4.12)
0 0

Proof. Multiplying equation (2.4.4) by the uniformly bounded sequence U =
(QDJ /éz)? w? u7 /U7 Z7 0)7 We get

/Lyexﬁdx — “Re((iA — AU, U), = % (2.4.13)
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Finally, using Poincaré inequality, it follows the second asymptotic equality. O]

Lemma 2.4.3. (First information on ¢ and 1)

Under the above notations, we have

L L
[rawr =22 and o =27 2414

where 1 1s the function defined in Theorem 3.1

Proof. (i) We start by multiplying equation (2.4.11) by ni,, we get

L T L
T / nal,? = 2 / (oY |

2
o(1)

. L o (2.4.15)
1 Red py / (76 + B ) + i / BN e + / 0.5, b+ 2
0 0 )\ 0 >\5

Using equation (2.4.12) and the fact that ||¢|| = @, |v2]| = O(1) and ||[n)..|| =
O(A) in (2.4.15), we get

/O 1ltal? = o(1). (2.4.16)

Next, multiplying equation (2.4.9) by 7y, we get

L L L 1
2 _ 2 / 7 "
pa [ B =0 [Tl b [atead+ [+ ) + ot .

1
1
- / k(0 o +ne,) + —0;)-
0

Using equation (2.4.12), (2.4.16) and the fact that [[¢] = %1) and ||wl|| = @ in

equation (2.4.17), we get
L
o(1
/ n|w|? = /\_2) (2.4.18)
0

(ii) Multiplying equation (2.4.15) by A\? and using (2.4.12), (2.4.18) and the fact

that ||| = O(X), we get

/O nli.l® = % (2.4.19)
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(iii) Multiplying equation (2.4.17) by A? and using (2.4.12), (2.4.18), (2.4.19) and
the fact that ||[\w| = O(1), || A¢|| = O(1), we obtain

/O n|w|? = % (2.4.20)

In addition, using (2.4.12), (2.4.20) and the fact that ||w|| = @, |zl = O(1) in
(2.4.9), we get

/0 mee]? = O(1). (2.4.21)

Finally, multiplying equation (2.4.15) by A3, and using (2.4.20), (2.4.21) we deduce

the second asymptotic behavior equation in (2.4.14). O

Lemma 2.4.4. (Relation between ¢ and )

Let % <~y < 1. Under the above notations, assume that

L
o(1)
/0 ) = perErt (2.4.22)
Then we have
t > o(1) d t > o(1) 9.4.93
) nlea” = 557 an i nlel” = oms (2.4.23)
Al
Proof. Let Iy = Z o5 Ve will prove by induction on N € N that
k=0
L
o(1)
| el = 352 (2.4.24)
0

(i) Verification for N = 0. Multiplying (2.4.9) by n¢, and integrating over |0, L],

we get

L L L
. / Nl = —po / N () — b / MNP
0 0 0

o(1)

i 7 (2.4.25)
— / (/ﬁ/) + klw + 06993)77952 - b/ wxﬁl@m + V
0 0
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Using equations (2.4.12), (2.4.14) and the fact that ||p..|| = O(N), ||¢:]| = O(1),
el = 2L and [Jw|| = 2L in (2.4.25), we get

/O Nesl” = o(1). (2.4.26)

Now, multiplying equation (2.4.25) by A7. Since v < 1, then ||Aw| = O(1) and
IN¢|| = O(1). Using equations (2.4.12), (2.4.14), (2.4.22), (2.4.26) and the fact
that [|¢..| = O(N), we get

A7
Hence, the asymptotic behavior formula (2.4.24) is true for N = 0.

/0 nlee|” = o) (2.4.27)

(ii) Information on ¢. In addition, multiplying equation (2.4.8) by n¢ and

integrating over |0, L[, we get

L L
pl/ nxgl* = ﬁ/ (sl + (7' 0x — mbs) @)
0 0

o(1)

5 5 (2.4.28)
+ [ e modotng)ac+ o [ ol + 45

Multiplying equation (2.4.28) by A?. Then, using equation (2.4.27) and the fact
that [[Nw| = O(1) , we get

L
2 _ o(1)
/0 nlel” = ISR (2.4.29)

(iii) Induction. Suppose that the asymptotic behavior formula (2.4.24) is true

for the order N — 1, then we have

- o(1)
/0 nleal® = s (2.4.30)

Now, multiplying equation (2.4.28) by A™-1. Since yly_; < 2, then ||[A\2!V-1w]|| =
O(1). This implies that, using equations (2.4.14), (2.4.29), (2.4.30) and the fact
that @] = O(X), we get

L
2 _ o(1)
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On the other hand, using equation (2.4.31) and the fact that ||w,| = O(1) in

equation (2.4.8), we get

L
/ Nl @aal” = O(A'72!N1). (2.4.32)
0

Noting that v+ 2/y_1 = Iy and multiplying equation (2.4.25) by A*+3iN-1 Then,
using (2.4.14), (2.4.22), (2.4.30), (2.4.31), (2.4.32), we get

L
»_ o(1)
/0 nleal” =

By consequences, the asymptotic behavior equation (2.4.24) is true for all N > 0.

+oo
. . : 1 .
(iv) Result on ¢,. Since Nl—lg-loo Iy = ,;_0 o = 2, we deduce the first desired

asymptotic behavior equation:

/O nlea)? = oll) (2.4.33)

(v) Result on . Multiplying equation (2.4.28) by A*. Then, using equations
(2.4.29), (2.4.33) and the fact that ||[Aw| = O(1), we deduce the second desired
asymptotic behavior equation in (2.4.23). The proof is thus completed. O

Lemma 2.4.5. (Relation between 1 and ;)

Let % <~ < 1. Under the above notations, assume that

L
1
/0 ) = ;&QL- (2.4.34)

Then we have

L 1
/0 Dl = % (2.4.35)

N
1
Proof. Let Iy = Z o5 Ve will prove by induction on N € N that
k=0

L
1
/0 w2 = AZE—WEN (2.4.36)
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(i) Verification for N = 0. Multiplying equation (2.4.17) by A>*™. Then, using
equations (2.4.14), (2.4.34), Lemma 2.4.4 and the fact that ||w|| = @, we get

L
/0 nlyl* = % (2.4.37)

Hence, the asymptotic behavior formula (2.4.36) is true for N = 0.
(ii) Induction. Suppose that the asymptotic behavior formula (2.4.36) is true
for the order N — 1, then we have

L
1
/0 v = Xj% (2.4.38)

Multiplying equation (2.4.17) by \2*(0+2iv-1) " Since Y+3lnoy <2+2yand vy < 1,
then using equations (2.4.12), (2.4.34), (2.4.38), Lemma 2.4.4 , and the fact that
IAw]l = O(1), we et

L
/0 nw)? = % (2.4.39)

Since v + 2ly_1 = yly, we deduce the asymptotic behavior formula (2.4.35).
(iii) Result. Using the fact that Nlirfm Iy = f o = 2, we deduce the asymptotic
behavior result (2.4.35). = O

Lemma 2.4.6. (Final information on ¢ and 1)

Under the above notations, we have

L L
R R N T (2.4.40)

N
~ 1
Proof. Let Iy = g o We will prove by induction on N € N*, that
k=1

/0n|¢xl2= o) (2.4.41)

A2+2iN
(i) Verification for N = 1. Using Lemma 2.4.3 we deduce that the asymptotic
behavior equality (2.4.41) is true for N = 1.
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(ii) Induction. Suppose that the asymptotic behavior equality (2.4.41) is true for
N — 1, then we have

/O niel® = o) (2.4.42)

>\2+25N_1 )

Then, applying Lemma 2.4.4 and Lemma 2.4.5 with v = ZN—l, we get

/0 oo = 2D ang / ot = 22 (2.4.43)

A2in-1 A+2iv_1

On the other hand, using equation (2.4.43) and the fact that {y_; < 1, [N¥-1w| =

O(1) in (2.4.9), we get
o)
|Vze || = \

N-1

(2.4.44)

Now, multiplying equation (2.4.15) by A3+t Then, using equations (2.4.12),
(2.4.43) and (2.4.44), we get

A3+LV—1.

/On\wﬁz o) (2.4.45)

Using the fact that 3+ In_1 =242l ~, we deduce the asymptotic behavior formula

(2.4.41) for all N € N*.
+o0

. . 1
(iii) Result. Using the fact that Nl_lglOO INn_1 = ; o5 = 1, we deduce the first

asymptotic behavior equation in (2.4.40). Then applying Lemma 2.4.5 with v = 1,
we deduce the second asymptotic behavior equation in (2.4.40). The proof is thus

completed. O

Lemma 2.4.7. (Information on ¢ and ¢,)

Under the above notations, we have
L L
0(1) 0(1)
/ Npa]” = Sz and / nel* = BYE (2.4.46)
0 0

Proof. Using Lemma 2.4.6 we deduce the asymptotic behavior equations (2.4.46)
by applying Lemma 2.4.4 with v = 1. the proof is thus completed. O]
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Lemma 2.4.8. (Information on w and w, )

Under the above notations, we have

L L o(1
/0 nwe* = o(1) and /0 n|wl?* = % (2.4.47)

Proof. Multiply equation (2.4.8) by nw,. Then, using (2.4.40), (2.4.46) and the
fact that |lw.| = O(1), we get

L L
(k4 lio)l/ nlw.|* = li/ Ao\ gy + o(1) (2.4.48)
0

0

Then, using equation (2.4.46) and the fact that ||w..|| = O()) in (2.4.48), we
deduce the first asymptotic behavior equation in (2.4.47). Finally, multiplying

equation (2.4.10) by nw, we deduce the second asymptotic behavior equation in

2.4.47). The proof is thus completed. O
( ) p p

Proof of theorem 4.1 Using lemma 2.4.6, lemma 2.4.7 and lemma 2.4.8, we obtain
|Ul1#;0g.4, = 0(1)- Then by applying lemma 2.3.4, we deduce that ||Ulls; = o(1),
which is a contradiction with (2.4.3). This implies that [|(i\ — A;) 7] = O(A*).
This together with the fact that iR C p(A;) imply estimation (2.4.1) (see [6], [20]).

The proof is thus completed.

Remark 2.4.9. The conditions Kk # ko and Z—; # ¢ considered in Theorem 4.1
describe the natural physical problem. All other speed wave conditions have only
mathematical sound. However, they do provide useful insight to the study of similar

models arising from other applications.

Remark 2.4.10. In the case k = kg and ;—1 +# p%, by a similar way used in Theorem

4.1, we can prove that

1
E(t) < C;HUOH%(AJ_) vt > 0. (2.4.49)
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Noting that, in this case, technically, the process of the proof is much easier to that

of the natural general case of Theorem 4.1. In fact, we need to prove
1. .
sup 5 [|({AI — A;) || < oo,
AeR A

From dissipation law we obtain

- o(1) - o(1)

This leads to prove that

L L
2, o(1) 2, _ o(1)
/0 | *dz = 2 and /0 Iny|Pde = R

This implies that

L L
1
/ ez [*de = o(1) and / [npal*de = Lz)
0 0 A

Here, we can use the condition k = ko in order to obtain

L L
1
/ Inw.|*dz = o(1) and / Inwe[2dx = &.
0 0 A2
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Chapter 3

The influence of the coefficients of a
system of wave equations coupled by
velocities on its indirect boundary

stabilization

3.1 Introduction

In [3], Ammar-Khodja and Bader studied the simultaneous boundary stabilization

of a system of two wave equations coupling through the velocity terms. The system
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Chapter 3 Influence of the coefficients of coupled wave on the stabilization

is described by:

Ut — Uy + b(‘r)yt = 0 in 07 1) ( +OO>

Yt — QYza — b(.T)Ut = 0 in O? 1) ( +OO)

ux(ovt)_ayt(oat) =0

( (3.1.1)
( (3.1.2)
y:(0,t) — a (y:(0,¢) + u,(0,£)) = 0 in (0,+00), (3.1.3)
n (0, +00), (3.1.4)
in ( (3.1.5)

u(l,t) =y(1,t) = 0 0, +00),
where a > 0, a > 0 are constants and b € C°([0,1]). Under the equal speed wave
propagation condition i.e. a = 1, the authors proved that, system (3.1.1)-(3.1.5)
is uniformly stable if and only if it is strongly stable and the coupling parameter b
verifies that b := fo x)dx # (2k + 1) § for any k € Z. Moreover, when a # 1, they
proved that system (3.1.1)-(3.1.5) is uniformly stable if and only if it is strongly

(2p+1)3
2

stable and there exist p, ¢ € Z such that a = . Noting that, the above system

is directly damped by two related boundary controls.

Moreover, in [33], Toufayli considered a multidimensional system of coupled wave

equations subject to one boundary feedback described by

uy — Au+by; = 0 in Q x (0, +00), (3.1.6)
Yy —alAy —buy = 0 in Q x (0, +00), (3.1.7)
Oy—vy = 0 onl'y x(0,+00), (3.1.8)

u = 0 onI x(0,400), (3.1.9)

y = 0 onTyx(0,+00), (3.1.10)

where Q@ C R” is an open bounded domain of class C?, 9Q = I'y U Iy, with
ToNT; =0, vis the unit normal vector to I'; pointing toward the exterior of ,
a > 0 and b € R* are constants. Under the equal speed wave propagation condition

(in the case a = 1) and if the coupling parameter b is small enough, she established

62



Chapter 3 Influence of the coefficients of coupled wave on the stabilization

an exponential energy decay estimate. However, on the contrary (a # 1 or for large
b), no stability type has been discussed. We think that the conditions on a and b
are technical and could be improved. Then the influence of the arithmetic property
of the ratio of the wave propagation speeds a and of the algebraic property of the
coupling parameter b on the stability of the system of two coupled wave equations
when only one of these equation is effectively damped remains an open problem.
Our objective in this chapter is to give a complete answer of this interesting open
problem in the one dimensional case. The aim of this chapter is to investigate the
energy decay rate of a coupled wave equations damped by one boundary feedback.

The system is described by:

U — Uzz + 0y = 0 in (0,1) x (0, +00), (3.1.11)

Yt — QYze —buy, = 0 in (0,1) x (0, +00), (3.1.12)

y-(0,1) —y(0,¢) = 0 in (0,+400), (3.1.13)

u(l,t) =y(1,t) =u(0,t) = 0 in (0,+00), (3.1.14)

where a > 0 and b € R* are constants. First, we prove that system (3.1.11)-(3.1.14)
is strongly stable if and only if the coupling parameter b is outside a well determined
discrete set S, of exceptional values. Consequently, the strong stability does not
hold in general. Next, for b ¢ Sy, we show that the energy decay rate of system
(3.1.11)-(3.1.14) is greatly influenced by the nature of the coupling parameter b
(an additional condition on b ) and by the arithmetic property of the ratio of the
wave propagation speeds a. Indeed, in the case of @ = 1 when the waves propagate
at the same speed and if there exist no k € Z such that b = kn, we establish
an exponential stability of system (3.1.11)-(3.1.14). Otherwise, we prove that the
above conditions on a and b for the exponential stability of the system are optimal
in the sense that the absence of one of them turns system (3.1.11)-(3.1.14) to be
not exponentially sable. In this case, it is natural to expect a polynomial energy

decay rate also depending on the nature of a and b. Roughly speaking, if a = 1
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and b is of the form km for k£ € Z, an optimal energy decay rate of type \/% is

established. Furthermore, in the case a # 1, if @ € Q and b small enough or if
Va € Q, we obtain a polynomial energy decay rate of type \/Lz The frequency

domain approach combined with a multiplier method is used.

The notion of indirect damping mechanisms has been introduced by Russell in
[30], and since this time, it retains the attention of many authors. In particular,
the boundary stabilization of the system of two wave equations coupled through
the zero order terms has been studied with different approaches. In [1], Alabau-
Boussouira studied the boundary indirect stabilization of a system of two second
order evolution equations coupled through the zero order terms. The lack of uni-
form stability was proved by a compact perturbation argument and a polynomial
energy decay rate of type \/% is obtained by a general integral inequality in the case
where the waves propagate at the same speed and 2 is a star-shaped domain in
RY or in the case where the ratio of the wave propagation speeds of the two equa-
tions is equal 1/k? with k being an integer and 2 is a cubic domain of R?. Liu and
Rao in [21] considered a system of two coupled wave equations with one boundary
damping and they proved that the energy of the system decays at the rate % for
smooth initial data on a N-dimensional domain {2 with usual geometrical condition
when the waves propagate at the same speed. On the contrary, under some arith-
metic condition on the ratio of the wave propagation speeds of the two equations,
they established a polynomial energy decay rate for smooth initial data on a one-
dimensional domain. Ammari and Mehrenberger in [4], gave a characterization of
the stability of a system of two evolution equations coupling through the velocity
terms subject to one bounded viscous feedback damping. Note nevertheless that

our system does not enter in the framework of the cited papers.

This chapter is organized as follows: In section 2, using semigroup theory, we

prove the well-posedness of the problem while using the decomposition spectral
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theory, we establish the strong stability of the system if and only if b is outside a
discrete set of exceptional values. The section 3 is devoted to study the exponential
stability of system (3.1.11)-(3.1.14) when a = 1 and b is not of the form kx, for
integer k. The frequency domain approach combined with a multiplier method is
used. In Section 4, first, using a spectrum method, we show that the condition
b # 2km for k € 7Z is necessary to obtain the exponential stability of the system.
We next establish an optimal polynomial energy decay rate of type \/% using a
frequency domain approach. Section 5 is devoted to study the polynomial energy
decay rate in the case a # 1. Indeed, if @ € Q and b small enough or /a € Q
1

we establish a polynomial energy decay rate of type T The frequency domain

approach combined with a multiplier method is used.

3.2 Abstract setting and strong stability

In this section, we study existence, uniqueness and strong stability of system

(3.1.11)-(3.1.14). We start by studying the well-posedness of the problem.

3.2.1 Semigroup solution

This subsection is devoted for the study of existence, uniqueness of solution and

regularity of solution of system (3.1.11)-(3.1.14). Now we define the space
Hy(0,1) = {y € H'(0,1) : y(1) = 0}
and the energy space

H = H;(0,1) x L*(0,1) x HR(0,1) x L*(0, 1),
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which is endowed with the inner product

1

(U, U)H = / (ugﬁl_m—i- V0 + ayyls + z?) de, VU= (u,v,y,2),U=(u,0,y,2) € H.
0

We next define the unbounded linear operator A: D(A) CH — H, by

D(A) ={U = (u,v,y,2) € H :u,y € H*,v € H},
(A) ={U = ( ) 0 (32,1
z € Hp, and y,(0) = 2(0) }

and
AU = (v, Uy — b2, 2,0Ypr + b0), Y U = (u,v,y,2) € D(A). (3.2.2)

If U = (u,us, y, y:) is a regular solution of system (3.1.11)-(3.1.14), then we rewrite

this system as the following evolutionary equation

U'(t)y = AU®),

(3.2.3)
U(O) == U()EH.

Now, we can state the following proposition that aims to show that A generates a

Co- semigroup of contractions.

Proposition 3.2.1. The operator A is m-dissipative in the energy space H. In

addition, the linear bounded operator A~' is compact in H.

Proof. Firstly, for all U = (u,v,y, z) € D(A), a direct computation gives that
Re(A(u,v,y, 2), (u,v,y,2))x = —a|z(0)]* <0. (3.2.4)

Which implies that A is dissipative in the energy space H.
Next, for any given F' = (f, g, h, k) € H, we solve the equation

AU = F. (3.2.5)
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Then, we consider the following systems

Uz = g + bh, in L?(0,1),

SO (1) 0 (3.2.6)

and
ayze = k —bf, in L*(0,1),

(3.2.7)
y(1) = 0,,(0) = h(0).

It is easy to see that equation (3.2.6) admits a unique solution v € Hj N H* and
equation (3.2.7) admits a unique solution y € Hi N H?. Next, define v = f and
z = h,then U = (u,v,y, z) € D(A) is the unique solution of equation (3.2.5). Thus
the operator A is invertible, that is 0 € p(.A). Then by the contraction principle,
we easily get R(AI — A) = H for sufficient small A > 0. This, together with the
dissipativeness of A, imply the density of D(A) in H (see |27], Theorem 1.4.6).
This implies that A is m-dissipative.

Finally, the Sobolev embedding theorem asserts that A~! is a compact operator.

Thus the proof is complete. ]

Now, Thanks to Lumer Phillips theorem (see 27|, Theorem 1.4.3), the operator

A

A generates a Cy-semigroup of contractions e on the energy space H. Then, we

have the following existence and uniqueness result

Theorem 3.2.2. For all Uy € H there exists a unique U € C°([0; +00); H) weak
solution of the Cauchy problem (3.2.3). Moreover, if Uy € D(A), then

U € C([0; +00); 1) N C°([0; +00); D(A))

is the strong solution of the Cauchy problem (3.2.3).
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3.2.2 Strong stability

In this part, we prove that the strong stability of the system (3.1.11)-(3.1.14) is
greatly influenced by the nature of the coupling parameter b. This statement is

subject of the following theorem.

A

Theorem 3.2.3. The semigroup of contractions e* is strongly stable on the energy

space H in the sense that tli+m 1e4Us| | = 0 for all Uy € H if and only if
—+o0

(k? — ak3)(aki — k3)m°
(a+1)(k?+k3)

b2 7& Vkl, ko € Z. (SCl)

Proof. Since the operator A has a compact resolvent in the energy space H, then
using spectral decomposition theory (see [7] ), system (3.1.11)-(3.1.14) is strongly
stable if A has no pure imaginary eigenvalues. Since 0 € p(A), we only need to
check that Ker(iA\l —.A) = {0} for all real number A # 0. Then, let A € R; A #£ 0
and U = (u,v,y, 2) € D(A) such that

AU = i\U. (3.2.8)
Using (3.2.4) and (3.2.8), we get
—al|z(0)|* = Re(AU,U)# = 0.

This implies that

Now, detailing equation (3.2.8), we obtain v = iAu, z = i\y and the following

system:
MU+ Uy —iAbY = 0, (3.2.9)
N2y 4 ayge + XU = 0, (3.2.10)
u(l) =y(1) = u(0) = y(0) = y.(0) = 0. (3.2.11)

68



Chapter 3 Influence of the coefficients of coupled wave on the stabilization

Combining (3.2.9) - (3.2.10) and (3.2.11), we get

Wggrr + A2 (0+ Vttge + N (N = b)u = 0,

( )
u(0) = uge(0) = 0, (3.2.13)
u(l) = ug(1) = 0, ( )

( )

Ugaz (0) + Nuy (0) = 0.

4
The solution u of equation (3.2.12) is given by u(z) = Z c;e"", where
j=1

\/—AQ(a +1) = A/A2(a — 1) + 4ab?
ry =

% s Tro = —T1, (3216)
—\2 1) 4+ A/ A2(a — 1)% + 4ab?
ry = \/ (et D)+ \ga (a=1)°+4a . Tr4= —T3, (3.2.17)

and ¢; € C are constants. If A = +b, then system (3.2.12)-(3.2.15) admits only
the trivial solution. Our goal is to find a non trivial solution of system (3.2.12)-
(3.2.15), then assume that A # +b. Since r? — 72 # 0, then, using boundary
conditions (3.2.13), we get

u(z) = 2¢y sinh(ryz) + 2¢3 sinh(r3x).

From the boundary conditions (3.2.14), we distinguish the following four cases
Case 1. sinh(rq) # 0 and sinh(rs) # 0. Since 7 — r2 # 0, then using boundary
conditions (3.2.14), it is easy to see that u(z) = 0. Consequently U = 0.

Case 2. sinh(r;) # 0 and sinh(r3) = 0. Using boundary conditions (3.2.14) we
deduce ¢; = 0 and then u(z) = 2¢3sinh(rz). Finally, using boundary condition
(3.2.15), we get u(z) = 0. Consequently U = 0.

Case 3. sinh(r) = 0 and sinh(r;) # 0. By a same argument as in case 2., we get
u(z) = 0 and consequently U = 0.

Case 4. sinh(r;) = 0 and sinh(r3) = 0. It follows that

r1 =ikim and 13 = ikom, where ki, ko € Z. (3.2.18)

69



Chapter 3 Influence of the coefficients of coupled wave on the stabilization

Inserting equation (3.2.18) into equations (3.2.16) and (3.2.17) respectively, we get

AM(a+1) +A/X2(a — 1)2 + 4ab? = 2akir? (3.2.19)

and

M(a+1) — A/A2(a — 1) + dab® = 2akin>. (3.2.20)
By adding equations (3.2.19) and (3.2.20), we obtain

N L

= — (k3 + k3)m>. (3.2.21)

Subtract equations (3.2.19) and (3.2.20), we obtain

M/ A2 (a — 1) + 4ab? = a(k? — k3)n°. (3.2.22)

Inserting (3.2.21) into (3.2.22), we get

k3 — ak3)(ak? — k3)
52:< L 20 L 2 q2 3.2.23
(EDCET (3.2.23)

Hence, if (3.2.23) holds, then ¢\, A given in (3.2.21) is an eigenvalue of A with

the corresponding eigenvector U = (u, i\, 57 (A*t + Ugg ), 3 (AU + Ugy)) where u is

given by

.kQ(ak% - k%)
S et .
ule) =2y 07 —am)

Conversely, if (3.2.23) does not hold, then i\ is not an eigenvalue of A and the

sin(kymx) + 2isin(kymz).

system (3.1.11)-(3.1.14) is strongly stable. The proof is thus complete. O
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3.3 Exponential stability of the system in the case
a=1and b= kn for k € Z

In this section, under necessary and sufficient conditions on the coupling parameter
b and the ratio of the wave propagation speeds a, we will establish the uniform
stability of system (3.1.11)-(3.1.14). Note that, in the case a = 1, condition (SC1)

is reduced to
T k?—k3

NONGES®

Theorem 3.3.1. (Ezponential decay rate) Assume that a = 1, b satisfies (SC2)

b2 7é Vk‘l, ky € Z. (SC2)

and there is no k € 7Z such that b = kw. Then there exist positive constants M > 0,
w > 0 such that for all (ug,uy,yo,y1) € H the enerqgy of the system (3.1.11)-(8.1.14)

satisfies the following exponential decay estimate:

E(t) < Me “'E(0), vt > 0.

Proof. From a result of Huang [15] and Priiss 28], a Cy-semigroup of contractions
e in a Hilbert space H is exponentially stable if and only if the condition (H1)
and (H2) below are satisfied:

iR C p(A) (H1),

sup [|(iA] — A) 7| < 4o (H2).
AR

Since the resolvent of A is compact in the energy space and 0 € p(A), then condi-
tion (H1) is satisfied by the fact that A has no pure imaginary eigenvalues (proved
in Theorem 3.2.3).

We now prove (H2) by a contradiction argument. Suppose that (H2) does not hold.
Then there exist two sequences (A,) C R and (U") = (u™,v",y", 2™) C D(A) such
that
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An| — 400, (3.3.1)

10 = 1, (332)

(N I — A)(u", 0", ", 2") = (f1 97, 5, 95) — 0 in H. (3.3.3)
Detailing equation (3.3.3), we get

idpu® —0" = f'— 0 in Hy, (3.3.4)

i\ —ul, + 02" = g — 0 in L% (3.3.5)

iMy" — 2" = fy—0 in Hp, (3.3.6)

iN2" — Yt —b" = gFy —0 in L° (3.3.7)

Our objective is to prove that ||[U"|| = o(1), this contradicts (3.3.2). The

demonstration is divided into several steps.

Step 1. (The dissipation) Since the sequence (U™) is uniformly bounded in #,
then using (3.2.4) and (3.3.3), we get

12(0)]* = Re((iA, I — AU, U™y = o(1). (3.3.8)

It follows that
|y (0)] = o(1). (3.3.9)

Combining (3.3.8) and (3.3.6), we get

o) = 24 (3.3.10)

On the other hand, from (3.3.2) we deduce that v" and 2™ are uniformly bounded
in L2(0,1). Then, equations (3.3.4) and (3.3.6) give that

= 22 ana -y = S0

—. 311
N N (3.3.11)
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Step 2. (Multiplier method) Here and after, for simplicity, we drop the index n.
Substitute v, z in equations (3.3.5) and (3.3.7) by (3.3.4) and (3.3.6) respectively,

we obtain the following system:

AU+ Uy —iNbY = —g1 —iNfi — bfa, (3.3.12)

MY+ Yoo + iU = —gy —iXfo+Df1. (3.3.13)

Let h € W1>(0, 1), multiplying equation (3.3.12) by 2hi, and integrate by parts,

we get

= [ WP = [ W 4 Bl ~ AO)lu,(0)P
0 0 ) (3.3.14)
—2Re{i/\b/ yhuz} = o(1).

Note that, since f; converges to zero in Hg(0,1) and Au is uniformly bounded in

L?(0,1), then
1 1
/ A frhugdr = —/ Au(fih+ B fi1)dx = o(1).
0 0
Similarly, multiplying equation (3.3.13) by 2h7, and using (3.3.10), we obtain
1 1 1
—/ Wl — / W2+ h(D)ye (D] + 2Re{z')\b/ WS} = o(1). (3.3.15)
0 0 0
Combining (3.3.14) and (3.3.15), we obtain

- / Wl — / Wlual? - / Wil - / Ml P
Ch(O)ua(0) + A(D)ya (1) = o(1).

By taking h = 1, we get
[y (DI + | (1) = Jua (0)[* = o(1). (3.3.17)
Let us suppose that u,(0) = o(1), then using (3.3.17) we deduce that

uz(1) = o(1) and y.(1) = o(1).
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In this case, by taking h = x in equation (3.3.16) we get

1 1 1 1
/\)\u\Q—l—/ |ux\2+/ |>\y]2+/ 2 = o(1). (3.3.18)
0 0 0 0

Hence ||U™||% = o(1), and we obtain the desired contradiction. Therefore, in order
to complete the prove, we need to show that u,(0) = o(1).

Step 3. In this step we will prove that u,(0) = o(1). Let Y = (u, uz, y,y,)T, then
system (3.3.12)-(3.3.13) could be written as

Y, =BY + G+ \F, (3.3.19)
where
0 1 0 0 0
—X2 0 iXb O —1
B = , F= (FJ) = fl )
0 0 0 1 0
—iXb 0 =22 0 —ify
(3.3.20)
0
—g1 — bfy
G =(Gj) =
0
—g2 +bf1

Using Ordinary Differential Equation Theory, the solution of equation (3.3.19) is
given by

Y(z) = eP*Y, + / PG (2)dz + / AP (2)dz, (3.3.21)
0 0

where, from (3.3.9)-(3.3.10), we have

Yo = (u(0) 16(0).5(0). (0" = (0.0:(0), % o0))
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Using Maple software, the exponential of the matrix B is given by

A, 0 iA, 0 0 0 0 0
b2 b ib ib? ; ;
B A —5A, A GAy+ %Ag iAs n —A; 0 iAAy 0 +(o(1))
—iAs 0 A, 0 0 0 0 0
Pa a2t ) a0 oo

where (0(1)) = (0;;) € M4(C), 0,5 = o(1) and
. b . . b . b
Aj = cos A cos 3 Ay = sin \ cos 37 Az = sin Asin 3 A4 = cos Asin 7

Since G; = G5 = 0, and using the fact that Go = —g; — bfy and G4 = —gs + bf;

converge to zero in L?(0,1), we get

/x PG (2)dz = o(1). (3.3.22)

On the other hand, using integration by parts, the integral / AeB(x’z)F(z)dz
0

could be written as

/ NeBERE(2)dz = —/ AB1eBE2) B (1) d2
0 0 (3.3.23)
+ABT F(x) — AB™'ePF(0),

where B~!, the inverse matrix of B is given by

1 ib

0 —A24+b2 0 A(—A2+b?) 0000

. 0 0 0 0 1000
B = +

0 sy 0 = 0000

0 0 0 0 0010

Since F; = F3 = 0, and using the fact that F, = —if; and Fy = —ifs converge
to zero in H) and H}, respectively, and following straightforward calculations in
(3.3.23), we get
/ " AePE P(2)dz = of1). (3.3.24)
0
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Substituting equations (3.3.22) and (3.3.24) in (3.3.21) and take z = 1, we obtain
Y (1) = ePYy +o(1). (3.3.25)
Detailing (3.3.25), we obtain the following equations
o . b
y.(1) = —isin Asin §uz(0) + o(1), (3.3.26)
b
u(1) = cos A cos Eux(O) + o(1). (3.3.27)
Inserting equations (3.3.26) and (3.3.27) in (3.3.17), we obtain
L9y b 2 2 b 2
(sin” A sin 5 tcos A cos 5 D) |uz(0)]* = o(1). (3.3.28)
A direct calculation in (3.3.28) gives
2y 20 | o 2 b 2
(cos” Asin 5 T sin A cos §)|ux(0)\ = o(1). (3.3.29)
If u,(0) does not converge to zero in C, then from (3.3.29), we deduce that
2y 20 2 2 b
cos” A sin 5= o(1) and sin” \ cos 5= o(1). (3.3.30)

Since there is no k € Z, such that b = kr, then from (3.3.30), we get 1 = cos® \ +
sin? A = o(1) contradiction. Consequently, u,(0) = o(1) and the proof is complete.

]

Remark 3.3.2. In this remark we give a graphical interpretation of the exponential

stability of system (3.1.11)-(3.1.14).

Remark 3.3.3. We will proof that the conditions of Theorem 3.3.1 are optimal in
the sense that the lack of one of this conditions yield system (3.1.11)-(3.1.14) non

exponentially stable.
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Figure 3.1: Eigenvalues in the case a =1 and b =1

3.4 Optimal polynomial decay rate in the case a =

1 and b = km, for k € Z

In this section, we consider system (3.1.11)-(3.1.14) when the two waves propagate
with same speed a = 1 and when the coupling parameter is on the form b = k,
k € 7Z. Firstly, we show that the condition b # kx, k € Z imposed in Theorem 3.3.1
is a sufficient and necessary condition for the exponential stability of the system.
We next establish an optimal polynomial energy decay estimate in the case a = 1

and b = km, k € Z. We start by showing a general optimality result.

3.4.1 Optimality of a polynomial energy decay rate by spec-

tral approach

In this subsection, we give a spectral approach for the optimality of a polynomial

energy decay rate of Cy-semigroups.
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Theorem 3.4.1. Let e be a Cy-semigroup of contractions generated by an oper-
ator A on a Hilbert space H. Let (Ain)i<k<kon>1 denote the kth branch of eigen-
values of A and (en)1<k<kon>1 the system of normalized associated eigenvectors.
Assume that for each 1 < k < kg there exist a positive sequence i, — +00 as

n — +o0o and two positive constants oy > 0, B > 0 such that

R ~ — i and [SAgn| ~ fign as n — +00. (3.4.1)

g
k,n

Assume that, iR C p(A) and for any uy € D(A), there exists constant M > 0

independent of ug such that

M
e uollz < —lluollpays e = max (ay), V&> 0. (3.4.2)

X
t 1<k<ko

Then the decay rate (3.4.2) is optimal in the sense that for any ¢ > 0, we cannot

1
expect the decay rate —
e

Proof. By contradiction, assume that there exists € > 0 such that

M
e ol < ——lluollogay, Ve > 0. (34.3)
tik
It follows that
M
leuolln < ——IlAuollw, V¥t > 0. (3.4.4)
th

Since 0 € p(A) and A is onto over H, then by taking Auy = f, we get

B M
e A f|l5 < t%+€\|f||% VfeH. (3.4.5)
k
This implies that
M
|4 A™ | 2y < T V>0, (3.4.6)
th e

Using Proposition 3.1 in [8], we conclude that inequality (3.4.6) is equivalent to

e A 2y < vVt >0 (3.4.7)
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[
where ¢ = +k = By applying Theorem 2.4 in [9] (see also [6]), we deduce, from
Elk
(3.4.5), that
IR@s, A)ll ) = O (|s]°), as s — <. (3.4.8)
1 + 26lk - .
Now, set 6 = ————. Assume that [; = o;, where 0 < k < ky. Then, consider
the sequences 3, C R and (u,) C D(A) as follows
B =S,
Uy = el%,n‘

A direct calculation gives

s lk—élk . _ — : lk_élk R — : A_élk —
Jm G (06, — AJull = Hm ST RA | =m0 = 0.

Consequently, there exists no constant C' > 0 such that
IRGs, A)|| cooy < C]s|§, as s —» 00. (3.4.9)
This contradicts the asymptotic equation (3.4.8) and the proof is thus complete.

]

Remark 3.4.2. Theorem 3.4.1 gives a condition on the eigenvalues of the operator
A that imply the optimality of a given polynomial energy decay estimate. In [24],
Loreti and Rao proved that if (3.4.1) is verified and if the system of root vectors
(€k.n)1<k<kon>1 forms a Riesz basis in H, then the polynomial decay estimate (3.4.2)

s true and it is optimal.

3.4.2 Lack of uniform stability result in the case a = 1 and

b=km.

In this subsection, we prove that the coupling parameter condition b # krn, k € Z

is necessary to the uniform stability of system (3.1.11)-(3.1.14). To be more
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precise, in the case a = 1 and if the coupling parameter b is on the form b = k,
k € Z, we show that there exists a branch of eigenvalues of A that is close to the

imaginary axis.

Theorem 3.4.3. Assume that a = 1, b satisfies (SC2) and there exists k € Z,
such that b = kmw. Then, the eigenvalues X\, of the operator A satisfy the following
asymptotic expansion

A = i + e + s v o2 — + (3.4.10)
m =1 Um — — ], m 00 4.
T Ry 128483, ) T 2564, I

m

where pi, = mn if cosb =1 and pi,, = (2m +1)5 if cosb = —1.

In particular, the Cy semigroup e is not uniformly stable in the enerqy space H.

Proof. Step 1. We start by looking for the eigenvalues of the operator A. Let A
be an eigenvalue of A and U = (u,v,y,2) € D(A) its corresponding eigenvector.

Then we have the following system

v =, (3.4.11)

Upy — bz = A0, (3.4.12)

z =My, (3.4.13)

Yz + DU = A2, (3.4.14)

w(0) = u(1) = y(1) = 42(0) — 2(0) = 0. (3.4.15)

Inserting equations (3.4.11) and (3.4.13) into (3.4.12) and (3.4.14) respectively, we

get
Ugy — bAYy — Nu = 0, (3.4.16)
u(0) = u(1) = y(1) = y-(0) = Ay(0) = 0. (3.4.18)
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Combining (3.4.16), (3.4.17) and (3.4.18) we obtain

Ugzze — 222 Uze + (DPA2 + Ay = 0,

u(0) = u(1) = Upe (1) = Upee(0) — Mige(0) — N, (0) = 0.

(3.4.19)

(3.4.20)

4
The general solution of (3.4.19)-(3.4.20) is given by u(x) = Z cje’”, where
=1

¢; €C, ri=VA —iAb, r3=—r1, 73 =V +iAb and 1y = —73.

The boundary conditions (3.4.20) can be written as

1 1 1 1 c1
e er? ers e Co
M()\) O = =0,

2.r1 2 1o 2,73 2 14

rie rye rze rye C3

ray TeQz T3asz T4Q4 Cq

where
2 2 s
aj =1; — Arj — A%, 7=1 .4

System (3.4.19)-(3.4.20) has no trivial solution if and only if the determinant of

the matrix M (X) vanishes, equivalently f(\) = 8;;%|M()\)| = 0.

Step. 2 Since the real part of A is bounded (see Remark 3.4.4 below), then by

using Maple software, we have

0y = oy + A BB A Ol

where

fo(A) = (cosb—e*)e?,

b2
fl()‘> = _264)\7
b? bt
— ey
fz()\> 16< e ) 326 ?

bt b

fs(\) = ~o1” 381° + —16(cosb + e*)e?,
¥ B, b b
_ 2 ¥ 1) — m v 2X
1) 512+ 956 )= oma® s leoshe
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Furthermore, the roots of equation fy(A) = 0 are given by

AN =il m € 7Z (3.4.27)
where g, = mm if cosb = 1 and pi,,, = (2m +1)7 if cosb = —1. Since the real part

of A is bounded (see Remark (3.4.4)), then with the help of Rouché’s theorem, and
for A\ large enough, we show that the roots of f are close to those of fy in other

words there exists a sequence A, of roots of f such that

Am = ipim + 0(1) as m — +oo. (3.4.28)

A is not uniformly stable in

This implies that the Cy-semigroup of contraction e
the energy space H. On the other hand, in order to obtain the optimal energy
decay rate we will apply Theorem 3.4.1 by finding the real part of the eigenvalues
Am-

Step 3. From Step 2, we can write
Am = b + €, Where €, = o(1). (3.4.29)

Consequently, it follows from (3.4.22) and (3.4.23) that

foQm) = =26+ O(c},), (3.4.30)
fl ()\m) _ . b2 . b2 2 1
" _sz+m;%+m%%H) : ) (3.4.31)

Then, due to (3.4.21), (3.4.30), (3.4.31) and the fact that f()\,,) = 0, we conclude

2 1
e =i 40 ( ) . (3.4.32)

Step 4. Due to (3.4.29) and (3.4.32), we have that

2
Am = tbm + 18— + €m, where €, =o(1). (3.4.33)
Lom

Then, it follows from (3.4.22)-(3.4.26) that
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7h5 . 3p* b
— 1
3843, 3%, A

| (3.4.34)
+O(A2)+O< >+O( >
Mm /’Lm
J1(Am) N A 2 1
= — — @) O O(— 3.4.35
Am HE T R R T (Em) i) O\ ) ( )
foOm) 0%+ 201 b* em 1
= O O 3.4.36
X, e, sz, O \pe,) T\ ) ( )
f3(Am) 420" — b0 Em 1
= O O 3.4.37
X, s O\ ) O\ ) ( )
f4()‘m) 1
Inserting equations (3.4.34)-(3.4.38) into (3.4.21) and using the fact that f(\,,) =
0, we get
(% 1
2 ). 4.
é 2128,%3% +O<Mﬁq> (3.4.39)
Step 5. Due to (3.4.39) and (3.4.33), we have that
b? v
=1 — €Em- .4.40
Am =1 (um + S + 128”%1) + € (3 )

Then, it follows from (3.4.22)-(3.4.26) that
1680% — 5v® 76 —42p*  3b* b

fO()\m): _2gm+ 1 +1 3 + 5 — 1
2048y, 384/im 2uz,  Apm (3.4.41)
+O(~2)+O< >+O( >
Hm :um
filhm) 208 =155 bt 406 b
= —_ ’l/ J—
Am 38444, 32p5, B,
b2 : , (3.4.42)
+i—+0 ( ) + 0 ( > :
Al Hm ,Um
f2(Am) 405 408 260+ 05 b 1
— o) 0 3.4.43
A 256, 6d, sz, O \i2,) O\ ) ( )
fs(Am) 08 —36b5  42b% — 1S em 1
= O 0 3.4.44
om0\ ) PO ) a44)
faAm) 7265 — b3 Em 1
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Hence, inserting (3.4.41)-(3.4.45) into (3.4.21) and using the fact that f(\,;,) =0,

we get
s bo 1

= O(—
= aae, T O0a,

). (3.4.46)

Finally, by (3.4.46) and (3.4.40), we deduce the desired asymptotic behavior equa-
tion (3.4.10). The proof is thus complete. O

Remark 3.4.4. There exists a positive constant C' such that for every eigenvalue
A = a+if of the operator A, we have 0 < —a < C. In fact, let X be an eigen-
value of A and U = (u, Au,y, \y) be an associated eigenvector such that |U]| = 1.
Multiplying equations (3.4.16) and (3.4.17) by T and § respectively and integrating

by parts, then adding resulting equations, we get

1
1 = —aly(0)]* + 2b4Im (/ yﬂdm) :
0
By taking f = 0 and using trace theorem, we deduce the boundedness of c.

Remark 3.4.5. In the case b = m, we have —% ~ —3.75543. Then, the following

table confirms the asymptotic behavior (3.4.10):

m 20 40 60 80 100 120
pl RN | —3.75654 | —3.75567 | —3.75554 | —3.75552 | —3.75549 | —3.75547

In the case b = 27, we have —% ~ —240.347. Then, the following table confirms

the asymptotic behavior (3.4.10):

m 40 80 120 160 200 240
ik RN, | —240.422 | —240.366 | —240.318 | —240.340 | —240.345 | —240.346

Remark 3.4.6. In this remark we give a graphical interpretation of the lake of the
exponential stability of system (8.1.11)-(3.1.14).
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Figure 3.2: Eigenvalues in the case a = 1 and b = 27

3.4.3 Optimal Polynomial stability in the case a = 1 and
b= k.

From previous theorem, if a = 1, b satisfies (SC2) and if there exists k € Z such
that b = km, then system (3.1.11)-(3.1.14) is not uniformly stable, so it is natural
to hope for a polynomial stability. To this end, using a frequency domain approach

combining with a multiplier method, we establish the following result:

Theorem 3.4.7. (Optimal polynomial energy decay rate) Assume that a = 1, b
satisfies (SC2) and there exists k € 7, such that b = km. Then there exists a
constant C' > 0 such that for every initial data Uy = (ug,u1,%0,y1) € D(A), the
enerqy of system (3.1.11)-(3.1.14) verify the following estimation:

1
E@t) < C—=||Uol|%¢ 4y, ¥Vt > 0. 3.4.47
(t) < \/%H ollpia ( )

Moreover, the energy decay rate obtained in (3.4.47) is optimal.

Proof. Following Borichev and Tomilov [9], (see also [20], [6]), a Cy semigroup of
contractions e on a Hilbert space H verify (3.4.47) if conditions (H1) and
1

sup |)\|4H(z')\[ — A7 < +oo (H3)
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are satisfied.

Condition (H1) was already proved, we will prove (H3) using an argument of con-
tradiction. Suppose that (H3) is false, then there exist two sequences (\,) C R
and (U" = (u”,v",y", 2")) C D(A), verifying the following conditions

[An| — +o0, U™ = [[(u", 0", y", 2") || = 1, (3.4.48)

NN — AU™ = (1 390, 95) — 0 in A, (3.4.49)

Since the sequence U, is uniformly bounded in #, then using equation (3.4.49), we

get
12"(0)]> = Re((id,I — A)U™, U™y = BYR
It follows that
o(1
o) = %2, (3.4.50)
Detailing equation (3.4.49), we get
iMu" — 0" = A_i — 0 in H, (3.4.51)
iAo — 4+ b = i—14 50 in L% (3.4.52)
iNy" — 2" = A—i — 0 in Hp, (3.4.53)
iN2" =y, — " = i—i —0 in L° (3.4.54)
Using equation (3.4.53), we deduce
n o(1
ly"(0)| = % (3.4.55)

Since v™ and 2" are uniformly bounded in L?(0, 1), then from equations (3.4.51)

and (3.4.53), we deduce

el = A ana = A2, (3.456)
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Now, eliminate v" and 2" in (3.4.52) and (3.4.54) by (3.4.51) and (3.4.53), we
obtain the reduced system, where here and below for simplicity, we drop the index

n

1t iINf1+0fs

N+ Uy — iy = Vi : (3.4.57)
Nyt + Ny = —2F Mj:f —bh (3.4.58)

Using the same technique used in section 3.3, let Y = (u, u,y,y.)’, then system

(3.4.57)-(3.4.58), could be written as

G F

Y, =BY + N + PR (3.4.59)

where B, G and F are given by (3.3.20). Using Ordinary Differential Equation
Theory, the solution of system (3.4.59) is given by

Y(z) = €Yy + /0 Bl (G;f) + F;j )) dz. (3.4.60)

Under the same notations used in section 3.3 and performing advanced calculation

for the exponential of the matrix B, we obtain the following

Ay 0 iAs 0
SA - A A (A4 B4 A vl
. 2 ’ ! Ay 0 iNA
e’ = +
0 0 0
—iAs 0 A 0
—iMA; 0 —AA

o o o o
+
—~
S
—
—_
SN—
SN—

B4 BAy) —idy B4 - A A
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where (0(1)) = (0;;) € M4x4(C) such that o;; = o(1). In particular, we have

012 —%Ag — 2—?\2(144 - ZAl) + i—i[(%; + S)Az - gAz] + Oﬁ), (3.4.61)
o= Ay ;—;(ZAg A+ %, (3.4.62)
032 :§A4 + zi—;(ZAg — Ay + Si—;[bAl + (_1—22 + 3)A4] + O)S), (3.4.63)
034 :%A2 - 2—1;\2(/14 + ZAl) + %. (3.4.64)

Since G = G3 = 0, F} = F3 = 0, then using (3.4.61)-(3.4.64) and the fact that
A;, 5 =1,2,3,4, are uniformly bounded, we get

/xeB(a:—z) (G(Z) +M) Qs — (0(1) o(1) o(1) 0(1)>T. (3.4.65)

A A3 AN NN
On the other hand, using equations (3.4.50) and (3.4.55), we get
o(1) o(1)\"
Substituting equations (3.4.66) and (3.4.65) in (3.4.60) and take z = 1, we obtain

Y(1) = ePYy + (Oii), Oi?, 0;), OS,)) . (3.4.67)

Combining (3.4.67) with (3.4.66), we get

1 b b b b b
0 = —sin Acos —u,(0) — 2 <sin — + - cos —> cos A, (0)

A 2 2 4 2
V[ - 3 b b b
4= Z — Zgin —| si 3.4.68
+ 33 {(128 + 8)cos 5~ gsin 2} sin M, (0) )

o(1)

A3

and

1 . b b (b . b b\ .
0= X cos A sin 5%(0) + 2 (Z sin 5 — cos 5) sin Au, (0)

+ b b cos b + (_—b2 +3) siné cos Aug(0)  (3.4.69)
83 2 16 2

o(1)
X3
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We distinguish two cases. Firstly, we consider the case b = (2k+1)w, k € Z. Then,
multiplying equation (3.4.68) by \?, we get

2
A cos Asin gux(()) + bZ sin A sin guw(O) = o(1). (3.4.70)
It follows that
cos A sin gux(O) =o(1). (3.4.71)

Now, multiplying equation (3.4.69) by A2, we get
2

A cos Asin gux(O) + % sin A sin guw(O) = o(1). (3.4.72)

Combining equations (3.4.70) and (3.4.72), we get
. b
sin A sin §ux(0) =o(1). (3.4.73)

Adding the squares of equations (3.4.73) and (3.4.71), and using the fact that
b
sin? 5= 1, we deduce

uz(0) = o(1). (3.4.74)

Repeating Step 2 of Theorem3.3.1, we deduce that ||U||3; = o(1), which contradicts
(3.4.48) and the polynomial energy decay rate (3.4.47) is established. Secondly,
we consider the case when b = 2kw, k € Z. Similarly, multiplying equation
(3.4.68) by A% and (3.4.69) by A3, we deduce that u,(0) = o(1). Consequently,
|U|lzx = o(1), which contradicts (3.4.48) and the polynomial energy decay rate
(3.4.47) is established.

Finally, applying Theorem 3.4.1 by using the asymptotic expansion equation
(3.4.10) (with [y = 4), we deduce that the energy decay rate (3.4.47) is opti-
mal in the sense that for any € > 0, we cannot expect the energy decay rate prypres
The proof is complete. n
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3.5 Polynomial Stability in the general case, a # 1

In this section, we study the asymptotic behavior of solutions of system (3.1.11)-

(3.1.14) in the general case when a # 1. Our main result is the following theorem

Theorem 3.5.1. (Polynomial energy decay rate) Assume that a # 1 and b satisfies
condition (SC1). If a € Q and b small enough or /a € Q. Then there exists a
constant C' > 0 such that for every initial data Uy = (ug,u1,Y0,y1) € D(A), the
enerqy of system (3.1.11)-(3.1.14) verify the following estimate:

1
Et) < C—=||Ull% 4y, ¥Vt > 0. 3.5.1
() < \/EH ollDeay (3.5.1)

Proof. By similar approach used in Theorem 3.4.7, we will check conditions (H1)
and (H3). Condition (H1) was already proved in the general case in Theorem 3.2.3,
we will prove (H3) using an argument of contradiction.

Suppose that (H3) is false, then there exist a sequence ()\,) C R and a sequence

(U™ = (u™, o™, y", 2")) C D(A), verifying the following conditions
|)‘n| — +00, ||Un|| = H(un?Un’ynv zn)H'H =1, (352)
MM = AU = (f1', f5,97.95) — 0 in H. (3.5.3)

Detailing equation (3.5.3), we get

iINu" — " = /\_i — 0 in H, (3.5.4)

iIANU" —ul, 02" = i—i —0 in L7 (3.5.5)

iNy" — 2" = A—i — 0 in H}, (3.5.6)

Mzt —ay® — bt = 250 i L2 3.5.7
Tx )\4

Multiply in H equation (3.5.3) by the uniformly bounded sequence U" =

(u™, o™, y", 2"), we get

127(0))? = Re((id ] — A)U™, U™)y = %
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It follows that

n o(1
o) = 242, (355)
Using equation (3.5.6), we deduce
n o(1)
y"(0)] = 5~ (3.5.9)

Since v™ and 2" are uniformly bounded in L?(0,1), then equations (3.5.4) and

(3.5.6) give

AU aa ) =

0(1)
DY

[u"[] = (3.5.10)

For simplicity, we drop the index n. Eliminating v and z in (3.5.5) and (3.5.7) by
(3.5.4)and (3.5.6), we obtain the following reduced system

g HiIMLF b

N+ Uy, — Ny = Y , (3.5.11)
N2yt ayes + Xy = —92F M;f —bh (3.5.12)

Let Y = (u,uy, y,y)  , then system (3.5.11)-(3.5.12) could be written as

Y, = BU+F (3.5.13)
where
0 1 0 0 0
~A2 0 i 0 L Sk’ Pt 1(0)
B = , F= A and Yo = | (1)
0 0O 0 1 0 5
a a A4 A2

The solution of (3.5.13) at 1 is given by

1
Y (1) = €Yy +/ P (2)dz, (3.5.14)
0
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where e? = (e;;) is the exponential of the matrix B. Using Maple software and

the fact that the real part of A is bounded a performing advanced calculation give

cos(\) 0 0 0
—Asin(\) — —Z(fil) cos(\) cos(\) (ai_bl) [a sin A — y/a sin (\/Aaﬂ 0
eB =
0 0 cos(Js) 0
a(;ibl) [a sin A — y/asin (\%)} 0 _\/Aa sin (\%) + 2(5—:) cos <\/Aa) coS (\%)

where (%) = (0i;) € Myx4(C) such that o;; = @. In particular, we have
_ sin(A) b’ O(1)
O =—— + a1\ cos(A) + ERR (3.5.15)
~ iab A O(1)
013 —m <COS (%) COS()\)) + T, (3516)
~aab : : A o)
014 RCES)E {sm()\) + v/asin (ﬂ)} + SE (3.5.17)
—1ib A
033 =——— |sin(\) + v/asin (—)}
o
(a=1A va (3.5.18)

g o ()] 2
o (L) (A 00 gy

Since Fy = F3 = 0, then using e” and the fact that functions f;, g; converge to

zero in L%, we get

/1 PO F(2)dz = (0(1) o(1) o(1) 0(1))T. (3.5.20)

AN T AT N8
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On the other hand, using equations (3.5.8) and (3.5.9)e?, we get

Yo = (0,%0),%,%) . (3.5.21)

Our aim is to show that u,(0) = o(1), suppose that u,(0) = 1. Then inserting e,
(3.5.15)-(3.5.21) in (3.5.14) and use the fact that u(1) = y(1) = 0, we get

, b? O(1) o(1)
0 =sin O\) + m COs O\) + \2 + T, (3.5.22)
0 :al_b 0 (sin (A) + Vasin (%))
, ¢ (3.5.23)
W cos (A) — acos A +O(1) +0—1)
2(a—1)2X Vva A2 A
Combining equation (3.5.22) and (3.5.23), we get
, v? O(1) o(1)
0 = sin <)\ + m) + YR + DY (3.5.24)
, A Vab? O(1) = o(1)
= — — : 0.2
0 sm(\/a 2(@_1))\)4— 32 + 3 (3.5.25)
It follows that there exist n,m € Z such that
v? O(1) o(1)
A = nm— Sa—1x + 32 R (3.5.26)
A Vab? O(1) o(1)
—_— pum— . . -2
7 m7r+2(a_1>/\—|— 2 + ) (3.5.27)

Using the fact the A is big enough, A\ ~ mn ~ w/am, then by taking the squares
of equations (3.5.26) and (3.5.27) respectively, we get

b? 0(1)
2 _ 2 2
=2t —— 5.2
N =i = o D (3.5.28)
and
b? 1
N = am?r? + ﬁ + ? (3.5.29)
Comparing equations (3.5.28) and (3.5.29), we get
1 1
n? — ar’m? = bQ(Z J_r 1) + O; ). (3.5.30)
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2

Case 1. Assume a = 22 and a #+ p—z, for all , p,q € Z, then we have
do q

|qon2 —p0m2| < b a+1 O(1)

3.5.31
o — 72 <a - 1) * A ( )
Since b is small enough, then we can assume that b? < ;;f;;ql Consequently,
using (3.5.31), we get the following contradiction
1 1 b1 O(1
1 1 _Fltave 0O0) (3.5.32)
2q0 ~ qo m(a—1) A

Therefore, the system is polynomially stable for a € Q and b small enough.
2 2

n
Case 2. Assume that there exist pg,qy € Z such that a = Po g a = —, then
m

_0.
%
equation (3.5.30) gives the following contradiction

a+1, 0O(1)
a—1>+ A

0= b(

Now, assume that
2 2
_ P,
= 2 2"
L

Then equation (3.5.30) could be written as

Do Po b2 a+1 O(l)
- — —m) = — : 3.5.33
(0= B+ o) = (00 + = (353
It follows that
ngy — mpo v oa+1 o O(1)
— = = . .5.34
Qo <7r2(a—1)nqo%—mpo+ A2 (3:5.34)
This leads to the following contradiction.
1 < O(l)‘
do A
Therefore, the system is polynomially stable for \/a € Q. O]
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Remark 3.5.2. In this remark we give a numerical test of the polynomial stability

of system (3.1.11)-(3.1.14) in the case a € Q and \/a € Q.

Figure 3.3: Eigenvalues in the case a =4 and b =1

Remark 3.5.3. In this remark we give a numerical test of the polynomial stability

of system (3.1.11)-(3.1.14) in the case a € Q but v/a ¢ Q.

Figure 3.4: Eigenvalues in the case a =2 and b =1
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Conclusion

We have studied the influence of the coefficients on the indirect boundary stabi-
lization of a system of wave equations coupled via the velocity terms. If the wave
speeds are equal (e = 1) and if the coupling parameter b is not on the form km,
k € Z and it is outside a discrete set of exceptional values, using a frequency do-
main approach combining with a multiplier method, we have proved an uniform
stability. Moreover, if the coupling parameter b is on the form kw, k € Z a non
uniform stability is proved and an optimal polynomial energy decay rate of type \/%
is established. In the general case, when a # 1 a non uniform stability is expected
but it is only checked numerically in some examples. Finally, if y/a is a rational
number and if b is outside another discrete set of exceptional values, using a fre-
quency domain approach, we proved a polynomial energy decay rate of type \/iz
We conjecturer that the remaining cases could be analyzed in the same way with

a slower polynomial decay rate. In fact, we consider the following numerical test

Remark 3.5.4. In this remark we give a numerical test of the polynomial stability

of system (3.1.11)-(3.1.14) in the case a ¢ Q and \/a ¢ Q.

Figure 3.5: Eigenvalues in the case a = /2 and b = 1
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This will be investigated in the future.
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Chapter 4

Indirect stability of a system of
weakly coupled wave equations with

local Kelvin-Voigt damping

4.1 Introduction

Let Q C RY be a bounded open set with Lipschitz boundary I'. We consider the
following system of coupled wave equations with a viscoelastic damping around

the boundary I':
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Chapter 4 Stability of coupled wave equations with Kelvin-Voigt damping

01(z)uy — div(ay (z)Vu + b(x)Vuy) + ay = 0, in QxR
02() Yy — div(ag(2)Vy) + au = 0, in QxR
(4.1.1)
u=1y=0, on I'xRT,
L U(O) = Uy, y(O) = Yo ut<0> = Ur, yt(o) =, in Q7

where o1(z) > 01 > 0, 02(x) > 02 > 0, ar(x) > af > 0, az(x) > a3 > 0, and

b(x) > 0 for all x € 2, the coupling parameter « is a real number.

Let U = (u, us, y, y:) be a regular solution of system (4.1.1). Then, the total natural
energy of the system is given by:

B 1/2/9(91(17)|“t|2 Fa(@) | Vu 2 +oo(2) |y s

+ay(z) | Vy |* +auy)dz.

By a straightforward calculation we obtain that
E'(t)=— / b(z) | Vu, |* dz < 0.
Q

That is the system (4.1.1) is dissipative in the sense that its energy is decreasing

with respect to the time ¢.

The local viscoelastic damping is a natural phenomena of bodies which have one
part made of viscoelastic material, and the other is made of elastic material. There
are a few number of publications concerning the wave equation with local viscoelas-
tic damping. In [19], Liu and Rao studied the stability of a wave equation with

local viscoelastic damping distributed around the boundary of the domain. They

100



Chapter 4 Stability of coupled wave equations with Kelvin-Voigt damping

proved that the energy of the system goes exponentially to zero for all usual initial
data. K. Liu and Z. Liu in 18], considered the longitudinal and transversal vibra-
tions of the Euler-Bernoulli beam with Kelvin-Voigt damping distributed locally
on any subinterval of the region occupied by the beam. They proved that the
semigroup associated with the equation for the transversal motion of the beam is
exponentially stable, although the semigroup associated with the equation for the

longitudinal motion of the beam is not exponentially stable.

In this chapter, we consider a system of wave equations which are weakly coupled
and partially damped by one locally distributed Kelvin-Voigt damping. The first
equation is effectively damped, the second equation is indirectly damped through
the coupling parameter. Firstly, using a unique continuation result based on a
Carleman estimate, we show that the system is strongly stable for all usual initial
data. Secondly, using a spectral approach, we show that the system is not uniformly
exponentially stable. Then, it is natural to expect a polynomial energy decay
rate. For this aim, using a frequency domain approach combined with piece wise

multiplier method, we establish a polynomial energy decay rate.

Now we give a brief outline of the chapter. In section 2, using a unique continuation
result and a general criteria of Arendt in [5|, we show the strong stability of the
system in the absence of the compactness of the resolvent. In addition, using a
spectrum approach, we prove the non uniform stability of the system. In section
3, by a frequency domain approach combined with a piece wise multiplier method,

we establish a polynomial energy decay rate as 1/+/t for smooth solutions.
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4.2 Abstract setting and strong stability

0 0

Let ag = min (—;, —;) where ¢ is the Poincaré constant. In what follows, we
% ©

assume that « is a real number such that |a| < ap. In this section, we suppose

that coefficient functions o1, g2, a1, b, as € L>(2).

For any v > 0, we define the v-neighborhood O, of the boundary I' as follows
O, ={reQ:inf |z —y| <~,}, (4.2.1)
yell
and assume that there exist two constants by and ~ such that
b(x) > by >0, Vo € O,. (SC)

We start by formulate system (4.1.1) as an abstract Cauchy problem in an appro-

priate Hilbert space. First, define the energy space H by
H = (Hy(Q) x L*(Q))? (4.2.2)
endowed with the inner product:

(U, V)y = /(al(w)Vu-V&+&2(x)Vy-Vﬂ)dx+/(glvﬁ+ggz,§)dx+/ a(ug+yu)de
Q 0 0

for all U = (u,v,y,2), V = (4,0,9,2) € H.
Next, define the unbounded linear operator A by :
D(A) ={(u,v,y,2) € H : div(az(x)Vy), div(a; (x) Vu + b(x)Vv) € L*(Q),
and v,z € Hy(Q)}
and

1 1
AU = (v, —(div(ay(x))Vu + b(x)Vv) — gy, z, —div(as(x)Vy) — gu)
01 01 02 02
forall U = (u,v,y,2) € D(A). If U = (u,u,y,y:) is a regular solution of system

(4.1.1), then we rewrite this system as the following evolutionary equation:

U, = AU, U(0)=U, € H. (4.2.3)
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Proposition 4.2.1. The unbounded linear operator A is dissipative and invertible

in the energy space H.

Proof. First, let U = (u,v,y,2) € D(A). Then we have

Re(AU, Uy = — / b(z) | Vo |2 dz < 0. (4.2.4)

Which implies that A is dissipative. Next, let F' = (fi, fa, f3, f4) € H, find U =
(u,v,y, z) € D(A) solution of the equation

—AU =F. (4.2.5)

Equivalently, we have the following system

—v = fi (4.2.6)
—div(a;(z)Vu + b(x)Vv) + ay = o1 fs, (4.2.7)
—z = fy, (4.2.8)

—div(ax(2)Vy) + ou = oaf1. (4.2.9)

Multiply equation (4.2.7) by ¢ € H}(Q) and equation (4.2.9) by ¢ € H()

respectively and integrate by parts over €2, we get

[ (@@ 0 Vot (@) 9y 96+ aye + au)ds
@ (4.2.10)
= /Q(Ql () fao + b(x)V f1 - Vo + 0o(x) fsr))dz.

Using Lax-Milgramm theorem, the variational problem (4.2.10) admits a unique
solution (u,y) € HI(Q) x HI(Q). Taking » € D(2) and 1) = 0, we deduce that
div(a;(z)Vu — b(z)V f1) € L*(Q) and similarly we deduce that div(ay(z)Vy) €
L?(2). Finally, set v = —f; and 2z = — f3, we deduce that U = (u,v,vy, 2) € D(A)

is a solution of equation (4.2.5) and the proof is thus complete. ]
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Now, from the contraction principle, we easily get R(AI —.A) = H for small A > 0
(see [23]). This, together with the dissipativeness of A, imply the density of D(.A)
in H (see 27|, Theorem 1.4.6). Then A generates a Cy-semigroup of contraction

e (see [27]) and we have the following result:

Theorem 4.2.2. (Existence and uniqueness of the solution).
(1) If Uy = (ug,u1,%0,y1) € D(A), then problem (4.2.3) admits a strong unique
solution U = (u,v,y, z) such that :

U(t) € CY (R, H) N CO(R,, D(A)).

(2) If Uy = (ug, u1,yo,y1) € H, then problem (4.2.3) admits a unique week solution
U = (u,v,y,2) such that :
Ut) € C'(R,,H).

Now, our objective is to study the asymptotic behavior of the solution of system

(4.2.3).

4.2.1 Strong Stability with non compact resolvent

The goal of this section is to study the strong stability of system (4.2.3). We prove

the following result:

Theorem 4.2.3. Assume that (SC) holds and a,, a; € C*'(Q). Then the Cy-

semigoup e is strongly stable on the energy space H in the sense that

lim || Uy || = 0, YU, € H.
t—o00

Proof. The resolvent of A is not compact. Then classical methods such as Lasalle’s

invariance principle [31] or the spectrum decomposition theory of Benchimol [7]
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are not applicable in this case. We prove the strong stability with a more general

criteria of Arendt in [5] following which a Cy-semigroup of contractions e in a
Banach space is strongly stable, if A has no pure imaginary eigenvalues and if the
set 0(A) N iR is countable. For simplicity we divide the proof into several steps.

Step 1. In this step we prove, by a contradiction argument, that Ker(iA—A) = {0}
for all A € R. From Proposition 2.1 we deduce that 0 € p(A), then assume that

A # 0 and let U = (u,v,y,2) € D(A) such that
AU = i\U. (4.2.11)
Using equation (4.2.4) we get

0 = Re(iA||U||*) = Re(AU,U) = —/Qb(a:)|Vv\2dx. (4.2.12)

This together with the condition (SC) and Poincaré’s inequality imply that
b(z)Vv=0in Q and v =0 in O,. (4.2.13)

Inserting (4.2.13) into (4.2.11), we get

(
v = i\u, in €,

div(ay(x)Vu) — ay = iApiv, in Q,
(@1(2) V%) — ay = ixp, o
Z=1\y, in €,

\ div(az(x)Vy) — au = iApaz, in

The first equation in (4.2.14) gives that v = 0 in O,. From the second and third
equations in (4.2.14) we deduce respectively that y = 0 and z = 0 in O,. Then we

have the following system

Liu = pyNu + div(a;(2)Vu) —ay =0, in Q,
Loy = pa X%y + div(ag(x)Vy) —au =0, in Q, (4.2.15)
u=y=0, in O,.
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Using the fact that a;,a; € C%'(Q), we deduce that the solution (u,y) of system
(4.2.15) belongs to HZ(2) x 2H§(Q)
= ’I_—%l, for zo ¢ Q and set P, (z,&) = |£]* in Theorem 8.3.1

2
in [14] we deduce that there exist C' > 0 and 7y >> 1 such that for all 7 > 7, we

Step 2. Let ¢(x)

have

T3/eQT@nydHT/e?TﬂW?dx301/62W|Af|2dx, Vf € C(Q). (4.2.16)
Q Q Q

By a density argument we extend equation (4.2.16) into the space of HZ(f2). Then,
take respectively f = v and f = y in equation (4.2.16) and combining the resulting
equations, we get
7'3/ X (|ul* + |y|*)dz + T/ 2 (IVul* + |Vy|?)dzx
@ @ (4.2.17)
< Cg/ ¥ (lay (2) Aul? + |ag(2)Ay[H)dz, V7 > 7.
Q
Combining the first and second equation of (4.2.15) with (4.2.17) and using the
fact that a;, ay € C%'(Q), we deduce that there exist positive constants C3, Cy and
C5 such that
(7 = Co) [ (a4 lyP)do + (7 = ) [ o(Vul? + [Vy2)ds
Q Q

(4.2.18)
< 05/ 6273"(\L1u]2+ ‘LQZ]’Z)CZJJ, V1 > T0-
Q

Choosing 73 — C3 > % and 7 — Cy > %, we deduce that u =0 and y = 0 in Q.
Step 3. The aim of this step is to prove that R(iAI — A) = H. Then, let

F = (f1, fo, f3, fa) € H we solve the equation
iU — AU = F. (4.2.19)
This involves v = i\u — fi, 2 = 1\y — f3 and the following system
N+ L divian () Vu + iAb) V) — Ly =1, in©,

L1 L1
(4.2.20)

1
Ny + —div(ag(x)Vy) — L= g, in Q2
P2 P2
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where [ = —fo —i\f1 + %div(b(x)Vfl) € H1(Q) and g = —fy —i\fz € L?(Q).
Now, define the linear operator A : H}(Q2) x H} () — H1(Q) x H}(Q) by
1. , a
——div(ay(x)Vu + ir\b(x)Vu) + —y
P1 P1
A - . (4.2.21)

1 Q
——div(as(z)Vy) + —u
P (az(z)Vy) P

It is easy to see that the operator A is an isomorphism from H} () x HJ () onto
H7YQ) x H(Q). Let U = (u,y)” and F = (f, )", then we transform system
(4.2.20) into the following form

U-XAU=-AT'F=F. (4.2.22)

The operator A~ : [? x [2 - H' x H™' — H} x H} — L* x L* is compact,
then using Fredholm’s alternative (see [10]), the equation (4.2.22) admits a unique
solution U € L? x L? if and and only if I — A\2A~! is injective. Then, let U € L? x L?
such that

U—X\NA"U=0. (4.2.23)

Equivalently, we have

(

1
Ny + —div(ay(z)Vu + iAb(z)Vu) — gy =0, in €,
P1 P1
2+ L a i 4.2.24
Ny + —div(ag(z)Vy) — —u =0, in €, (4.2.24)
P2 P2
u=1y =0, on I

Multiplying the first and the second equations of (4.2.24) by pu and pyy and
integrating by parts, we get
/\2/(01(95)|U|2 + pa(a)|y[*)d — /(0L1(93)|VU|2 + as(2)|Vy|®
Q Q

(4.2.25)
+iAb(@)|Vu)dz — / (47 + u)dz = 0.
Q
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Taking the imaginary part of equation (4.2.25) and using Poincaré’s inequality, we
deduce that b(z)Vu = 0in Q and v = 0 in O,,. Using Step 1 and Step 2, we deduce
that « = 0 and y = 0 in Q and consequently equation (4.2.23) admits U = 0 as
a unique solution. This implies that equation (4.2.22) admits a unique solution
U= (u,y) € Hy x H} and div(as(z)Vy), div(a;(z)Vu+i\b(z)Vu—b(z)V f1) € L.
Set v = i\u — f; and z = i\y — f3, we deduce that U = (u,v,y,z) € D(A) is the

unique solution of equation (4.2.19) and the proof si thus complete. ]

Remark 4.2.4. We mention [29] for a direct approach of the strong stability of

Kirchhoff plates in the absence of compactness of the resolvent.

4.2.2 Non uniform stability of the system

Theorem 4.2.5. For any € > 0, we cannot expect the energy decay rate or

1
t1/2+e€ f

A

all initial data Uy € D(A). In particular, the Cy-semigroup e is not uniformly

exponentially stable in the energy space, and there exists kg € N* sufficiently large

such that

2 1
k k

Proof. To prove the preceding theorem, we need the asymptotic behavior of the
eigenvalues of the operator A. First, let A be an eigenvalue of A and @ = (u,v,y, 2)

be an associated eigenfunction, then we have
AP = \o. (4.2.27)

We consider the particular case p; = p; = a = b= 1. Equation (4.2.27) equivalent
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to v = A\u, z = \y and

Nu—Au—A\u+ay=0, in Q,
Ay — Ay +au=0, in Q, (4.2.28)

By elimination of u, system (4.2.28) leads to

24+ A M —a?
A2y — )2 A =0, in Q,
’ <1+A> T " (4.2.29)

Now, let 5 be an normalized eigenfunction of the following problem

=0, on TI.
Then by taking y = ¢y in (4.2.29), we deduce the following characteristic equation:
PO = M 2N+ 203N 4 g\ + i — o = 0. (4.2.31)

Let { = ﬁ and (, = ——. From the second equation of system (4.2.28), we deduce
that = is bounded. Then multiplying equation (4.2.31) by - e we get

&+ &+ G+ 282G, + £ — o’ = 0. (4.2.32)

Since ,U«Ak is bounded and (; — 0, then thanks to Rouché’s theorem, there exists kg
large enough such that for all |k| > k¢ the large roots of the polynomial p are close
to the roots of the polynomial py(¢) = & + &.

& =i+e and N\, = ipg + prer, ‘hm ex = 0. (4.2.33)

k|—o0

Inserting equation (4.2.33) into equation (4.2.32), we get

1 1. ~

€, = o(—) and A\, = iy + €, hm e = 0. (4.2.34)

20" —00
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Multiplying equation (4.2.31) by ;& and inserting (4.2.34) in the resulting equation,
k
we obtain

~ 1 1 o .
& =o(—) and A, = iux + —é, & =o(1). (4.2.35)
H i

Again Multiplying equation (4.2.31) by /%2 and inserting (4.2.35) in the resulting
k
equation, we obtain the desired result in (4.2.26) and the proof is thus complete. [

4.3 Polynomial Stability

The system (4.1.1) is not uniformly stable as we showed previously. In this sec-
tion we prove that system (4.1.1) is polynomially stable in the energy space H.

Throughout this part, we assume that
a17a27p17p27b € Cl’l(Q» (Hl)

Also, we assume the following supplementary conditions.

There exist two functions ¢, ¢ € C*(Q,RY) and 0 < a < 8 < 7, such that
0iqr = Ohg;, div(agpaq) € C"' () and q=0 on O,, (H2)

aj(jk = 8kéj, div(alpl(i) e (QB> and =0 on O,, (HS)

There exists a constant o, > 0, such that

2a20q; + (qr0ja2 + q;0ka2) + {%(qug — ang)] I>o01, Yz e Qp. (H4)
There exists a constant o, > 0, such that

20104 + (Gr0ja1 + §;0ra1) + [%(QV,@ — QVal)] I> 09I, Vxe€ Qg (H5)
There exists a constant M > 0 such that for all v € HJ (), we have

(G- VU)Vb— (¢- VB)Vo| < MVD |Vu|, V€ Qp. (H6)
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Theorem 4.3.1. (Polynomial energy decay rate)

Assume that conditions (SC), (H1)- (H6) are satisfied. Then, there exists a con-
stant C' > 0 such that for every initial data Uy = (ug, u1,y0,y1) € D(A), the energy
of system (4.1.1) verify the following estimate:

1
E(t) < C’%HUOH%(A), vt > 0. (4.3.1)

Proof. Following Borichev and Tomilov [9], (see also [20], [6]), a Cy semigroup of

contractions e on a Hilbert space H verify (4.3.1) if
iR C p(A) (H1)

and

Lo
SIEA = A7 < 400 (H2).

We know that condition (H1) is verified. Our goal now is to prove that condition
(H2) is satisfied. To this aim, we proceed by a contradiction argument. Suppose
that (H2) does not hold, then there exist a sequence ()\,) C R and a sequence
(U,) € D(A) such that

‘)‘n| — +09, HUnHH = H(unavmyna Zn)HH =1 (4-3-2)

and
Ao (ih, — AU, = (f1. g7, f3,95) — 0 inH (4.3.3)

are satisfied.
Step 1. The dissipation.
Multiply in H equation (4.3.3) by the uniformly bounded sequence U" =

(un7 U”? y’fZ7 Zn)7 we get

/Qb(x)\an| — —Re((iM] — AYU™, UMy = %)

It follows that
1
[6(z) V|| = %) in L*(Q), (4.3.4)
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Using (SC) and Poincaré inequality, we get

o(1l) . o(1l) .
1Vl = A2 in £20,).and o= A2 22(0,)

In what follows, we drop the index n for simplicity.

Step 2. First information on u and y.

By detailing equation (4.3.3), we get the following system

z)\u—v:%—>0 in Hy(9),
iApv — div(a; Vu+ bVv) + ay = % — 0 in L*(Q),
i)\y—z:%—>0 in Hi (%),
iApaz — div(aaVy) + au = % — 0 in L*Q).
From equations (4.3.2), (4.3.6), (4.3.8) and (4.3.5), we get
O(1) O(1) o(1
lullrzy = == Yl = —— and |luflr20,) = %

(4.3.5)

(4.3.6)
(4.3.7)

(4.3.8)
(4.3.9)

(4.3.10)

Step 3. Let € > Osuch that 0 < a < f < v—e < . We define the cut-off function

n € C2(Q) by
1 on O,_.,
n=4 0 on {2,
0<n<L1L

Multiply equation (4.3.7) by nu and integrate over €2, we get

i)\/ plvnﬂda:—l—/ a1n|Vu|2dx—|—/ a1 Vu - Vnudzx
o) o) 0

vy v 2l

_ _ ol
+/ bV - V(nu)dx —i—/ aynu = %.
0, 0,
Combining (4.3.5) and (4.3.10) with (4.3.11), we get

o(1)

”quLQ(O’Y—E) = 7
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Now, multiply (4.3.7) by Ay, we get

A3 / prongdx + N> / anVu - Vijdr + \? / a1 Vu - Vnydz
O O O (4.3.13)
+)\2/ bVu - V(ny)dz + / an| yl* = o(1).
o o

s Y

Using (4.3.5), (4.3.12), we get

Ayl 220,y = o(1). (4.3.14)

Inserting equation (4.3.8) into equation (4.3.9), we get
_ p2ge M

~ Xy — div(ayVy) + au = 3 (4.3.15)
Multiply equation (4.3.15) by 1y and integrate over 2, we get
[ pbal [ aaniOyPea [ wg=on. (a316)
o, o, o,
Using (4.3.10) and (4.3.14), we get
IVyllr20,_.) = o(1). (4.3.17)
Step 4. Define
N = a,Vy. (4.3.18)

Eliminating z in (4.3.9) by (4.3.8) and multiplying the resulting equation by ¢- N,

we get

_ ) - — ol
—)\2/Qp2yq-Nd:L"—/lev(N)q-NdX—l—oz/ﬂuq-N:%, (4.3.19)

(i) Using Green’s formula, we get

—)\Q%/pqu-Ndx = —/\28?/ aspoyq - Vydr = /div(pgagq)|/\y|2dx. (4.3.20)
Q Q Q

1

2

Now, let h € C%'(Q0). Eliminate z in (4.3.9) by (4.3.8) and multiplying the resulting
equation by hy, we get

—/h\)\y|2dx—|—/ @mvngdH/azyw-vyda::ou). (4.3.21)
Q Q P2 Q
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Take h = div(paazq). Then, using (4.3.10), (4.3.20), (4.3.21) and the fact that Vy

is uniformly bounded in L?*(2), we deduce
—)\25}?/ p2yq - Ndz = / ﬂdiv(pgagqﬂVdeX + o(1). (4.3.22)
Q Q 2p2
(ii)) We will estimate the second integral in
—5)?/ div(N)q - Ndx = —3?/ 0;N;q. Nydx
Q Q

= ER/(Njc‘)jquk + qukaij)dl‘
Q

) ) (4.3.23)
Q
+ SR/ quk(aij - akN]))dl‘
Q
Using Green’s formula, we get
_ - 1
—R {/(q : N)div(N)dX} = 8%{/ (Njanka - §|N|2div(q)) dx
Q Q
(4.3.24)
+ [ Nl 99 V0 - Va Vil
Q
(iii) Inserting equation (4.3.22), (4.3.24) in (4.3.19), we get
- 1
/ ;—Qdiv(pzagq)]Vy|2dx + ?R{/ (Nja]-quk — §]N|2div(q)> dx
Q<P 0 (4.3.25)
+ [ N0 V0¥ae - (0 Ta)alds | = o)
Q
It follows that
az .. 2 2 1. 2
/ —div(peasq)|Vy|*dx + 9‘%{ / a; (8jy8jqk8ky — —=div(q)|Vy] ) dx
Q 2p2 Q 2
(4.3.26)
—|—/ asVy - [(q-Vy)Vas — (q- Vag)Vy]da:} = o(1).
Q
A direct calculation, gives
1
| s aivtpumayPas+ 7] [ o3 (owojady - jav(@vy ) ax
2 272 o 2 (4.3.27)

a
+ / [32(%5]'(12 + 4j0ka2)0;y0ky — azq - VaQIVyIZ]d:E} = o(1).
Q

114



Chapter 4 Stability of coupled wave equations with Kelvin-Voigt damping

This implies that

|z [ (200,05 + 1Djas + 4;0002)0,057 | da
! (4.3.28)
—l—/ 52( q-Vpy—q-Vay)|Vyl’dz = o(1).
Using condition (H4) in equation (4.3.28), we deduce that
|Vy|?dz = o(1). (4.3.29)

Qs
It follows from (4.3.17), (4.3.21) and use the fact that Vy is uniformly bounded,

we deduce
J195Pds = o(1) and [ pyfe = o). (43.30)
Q Q

Step 5. We define the following multiplier
M = ay(z)Vu + b(z)Vo. (4.3.31)
Multiplying (4.3.7) by the uniformly bounded sequence ¢ - M, we get

i)\/ p1vg - Mdx — / div(M)q - Mdx + a/ yvi-M = —5 (4.3.32)
Q Q Q A

(i) Using (4.3.4), (4.3.6) and the fact that Vu is uniformly bounded in L*(Q), we
get
3?/ iAp1vg - Mdr = — )\QSR/ a;pruq - Vudx + o(1)
Q Q

(4.3.33)

1
——/div(plaIQ)MuPdX.
2 Ja

Now, let h € C%1(Q). Multiplying equation (4.3.6) by iAhT and (4.3.7) by h@ re-
spectively. Then using (4.3.4), (4.3.10) and the fact that Vu is uniformly bounded,

we obtain
. A 1
—/h\)\u\Qdaz—M/hvadm :%, (4.3.34)
Q Q
i)\/ﬁvﬂdx—i—/ N h\Vul2de =o(1). (4.3.35)
Q Q P1
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Take h = div(pya;q). Then, combining (4.3.34) with (4.3.35), we deduce

§R/ iAp1vg - Mdx = / ﬁdiv(p1a1€1)|Vu|2dX +o(1). (4.3.36)
Q Q 2p1
(ii)) We will estimate the second integral in (4.3.32). Using Green’s formula, we get
—3?/ div(M)q - Mdx = —§R/ 0 M;Gx Mydz
0
= %/(Mjajquk + Mjékaij)d$
“ i i (4.3.37)
Q
Q
Using Green’s formula in equation (4.3.37), we get
—§R/ div(M M)dx = §R/ (M;0;Gx My, — —|M|2d1v( ))dx
+3‘E/ M -[(Gg-Vu)Va; — (- Vay)Valdzx (4.3.38)
Q
—1—3?/ M - 0)Vb — (¢ - Vb)V]du.

(iii) Using condition (H6), we deduce that the last integral in (4.3.38) is 0o(1). Then,
inserting equation (4.3.36), (4.3.38) in (4.3.32) and use the fact that ||y|| = o(1),

we get
. 1
/ &div(p1a1Q)|Vu|2dX + %{/ (Mjﬁj(ikMk - —|M|2div(®) dx
o 201 Q 2 (4.3.39)
+/ M-[(G-Va)Vay, — (G- Val)Va]dx} = o(1).
Q

It follows that
1
/ N iv(praiq)|Vul2dx + éR{ / a2 (8juajqkaku - —div(q)|vu|2> dx
2 201 0 2 (4.3.40)
—I-/ arVu - [(¢-Vu)Va, — (¢ Val)Vu]dx} = o(1).
Q
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A direct calculation, gives

1
/ ﬂcliv(,olalq)|V1J1|2dx + i)%{ / a3 (8ju8jqk6’kﬁ — —div(él)|Vu|2> dx
Q 2P1 Q 2

(4.3.41)
ay , . A _ A
- / [§1<Qkaja1 + ;0ka1)0ju0kt — a4 - Va1|Vu|2]dx} =o(1).
Q
This implies that
{ 2a10;qx + §x0ja1 + §;0x01)0; u@ku] dx
. (4.3.42)
+/ 5(p— Vp1 —q Va1)|Vu| dl‘—O( )
Using condition (H5) in equation (4.3.42), we deduce that
/ |Vul?dr = o(1). (4.3.43)
Qs
It follows from (4.3.12), (4.3.34) and (4.3.35) that
/ |Vul*dz = o(1) and /|)\u| dr = o(1). (4.3.44)

Step 6. (Conclusion)
Combining (4.3.30) with (4.3.44), we deduce that ||U|| = o(1). The proof is thus

complete.

Conclusion

We have studied the stabilization of a system of wave equations coupled via the zero
order terms with one locally distributed Kelvin-Voigt damping. First we prove that
the system is not exponentially stable. Next, using a frequency domain approach
combining with a multiplier method, we have established a polynomial stability.
The damping is localized around the boundary of the domain, then the polynomial
stability of the system when the damping is localized on any subdomain of the

global domain remains an open problem.
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