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Résumé : Cette these porte sur la modélisation, I'analyse et I'analyse numérique des
équations aux dérivées partielles non-linéaires et non-locales avec des applications au trafic
routier. Le trafic routier peut étre modélisé a des différentes échelles. En particulier, on
peut considérer 1’échelle microscopique qui décrit la dynamique de chaque véhicule indi-
viduellement et 1’échelle macroscopique qui voit le trafic comme un fluide et qui décrit
le trafic en utilisant des quantités macroscopiques comme la densité des véhicules et la
vitesse moyenne. Dans cette these, en utilisant la théorie des solutions de viscosité, on fait
le passage entre les modeles microscopiques et les modeles macroscopiques. L’intérét de ce
passage est que les modeles microscopiques sont plus intuitifs et faciles a manipuler pour
simuler des situations particulieres (bifurcations, feux tricolores,...) mais ils ne sont pas
adaptés a des grosses simulations (pour simuler le trafic dans toute une ville par exemple).
Au contraire, les modeles macroscopiques sont moins évidents a modifier (pour simuler
une situation particuliere) mais ils peuvent étre utilisés pour des simulations a grande
échelle. L’idée est donc de trouver le modele macroscopique équivalent a un modele micro-
scopique qui décrit un scénario précis (une jonction, une bifurcation, des différents types
de conducteurs, une zone scolaire,...). La premiére partie de cette theése contient un ré-
sultat d’homogénéisation et d’homogénéisation numérique pour un modele microscopique
avec différents types de conducteurs. Dans une seconde partie, on obtient des résultats
d’homogénéisation et d’homogénéisation numérique pour des modeles microscopiques con-
tenant une perturbation locale (ralentisseur, zone scolaire,...). Finalement, on présente un
résultat d’homogénéisation dans le cadre d’une bifurcation.

Abstract: This work deals with the modelling, analysis and numerical analysis of non-
linear and non-local partial differential equations and their application to traffic flow. Traf-
fic can be simulated at different scales. Mainly, we have the microscopic scale which de-
scribes the dynamics of each of the vehicles individually and the macroscopic scale which
describes the traffic as a fluid using macroscopic quantities such as the density of vehi-
cles and the average speed. In this PhD thesis, using the theory of viscosity solutions,
we derive macroscopic models from microscopic models. The interest of these results is
that microscopic models are very intuitive and easy to manipulate to describe a particular
situation (bifurcation, a traffic light,...), however, they are not adapted for big simulations
(to simulate the traffic in an entire city for example). Conversely, macroscopic models
are less easy to modify (to simulate a particular situation) but they can be used for big
simulations. The idea is then to find the macroscopic model equivalent to a microscopic
model describing a particular scenario (a junction, a bifurcation, different types of drivers,
a school zone,...). The first part of this work contains an homogenization result and a
numerical homogenization result for a microscopic model with different types of drivers.
The second part contains an homogenization and numerical homogenization result for mi-
croscopic models with a local perturbation (a moderator, a school zone,...). Finally, we
present an homogenization result for a bifurcation.
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Introduction générale

Cette these porte sur I'analyse et I’analyse numérique d’équations aux dérivées partielles
non-locales avec des applications en particulier en trafic routier. La modélisation du trafic
routier est particulierement importante et permet de simuler comment le trafic réagirait
a un changement dans les infrastructures ou encore a optimiser le flux du trafic. En
effet, il existe des exemples ou un changement dans l'infrastructure des routes n’a pas
contribué a 'amélioration du trafic. Par exemple en Allemagne a Stuttgart en 1969, apres
un investissement dans un nouveau réseau routier la situation du trafic routier ne s’est
pas améliorée jusqu’a la fermeture d’une des nouvelles routes (voir [Kn669]). Ceci est
connu comme le paradoxe de Braess. Durant les dernieres années, beaucoup de travaux
concernant la modélisation et simulation du trafic routier ont donc été réalisés.

Le trafic peut étre modélisé a des différentes échelles : 1’échelle microscopique (qui
décrit la dynamique de chaque véhicule), I’échelle macroscopique (qui décrit des quantités
macroscopiques comme la densité des véhicules, la vitesse moyenne,...) ou encore 1’échelle
mesoscopique (qui utilise la densité des véhicules et la vitesse moyenne des véhicules mais
qui a également acces aux dynamiques de tous les véhicules). Simuler le trafic a chacune
de ces échelles a ses propres avantages et désavantages. Dans ce travail on se concentre sur
les échelles microscopiques et macroscopiques que nous détaillons maintenant.

Les modeles microscopiques sont trés précis et intuitifs puisqu’ils décrivent comment
chaque voiture réagit a une situation donnée. Par exemple, c’est facile de modéliser
comment un véhicule réagit a la présence d’un ralentisseur, d’'un feu ou de tout autre
phénomene microscopique. On peut également prendre en compte le fait que tous les
conducteurs n’ont pas le méme comportement (quelques uns sont plus "agressif', autres
prennent plus de temps a réagir, les limitations peuvent étre différentes entres les voitures
et les camions,...). Cependant, si 'on souhaite simuler le trafic a 1’échelle d’une ville, on
aurait besoin de prendre en compte tous les véhicules et toutes leurs interactions ce qui
serait extrémement cofiteux du point de vue calcul informatique.

Dans cette situation, il est plus judicieux de considérer un modeéle macroscopique qui
modélise le trafic grace a des quantités macroscopiques comme la densité de véhicules et
la vitesse moyenne des véhicules. La contre partie est qu’il est beaucoup plus difficile
de modéliser des phénomeénes microscopiques comme la présence d’un feu tricolore par
exemple. Cela vient également du fait que en général, les modeles macroscopiques sont
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basés sur des hypothese difficilement vérifiables.

Par conséquent, il est tres intéressant de pouvoir justifier les modeles macroscopiques
grace a des changements d’échelle dans les modeles microscopiques et voir comment les
modeles macroscopiques peuvent garder en mémoire des phénomeénes microscopiques (feu
tricolore, ralentisseur, zone scolaire, différents types de conducteurs,...). Le probleme de
dériver des modeles macroscopiques a partir de modeles microscopiques a déja été étudié
pour des modeles microscopiques du type "follow-the-leader" (par exemple dans [AKRMO02,
DFR15, Hel98, LLKO1]). Ces résultats ont été obtenus dans des cadres périodiques et
pour des modeles assez simples. Dans cette these, nous considérons des modeles plus
compliqués (et plus réalistes) et nous traitons également des problémes avec des modeles
non-périodiques.

D’un point de vue mathématique, les modeles microscopiques peuvent étre représentés
par des équations aux dérivées partielles non-linéaires et non-locales (car la dynamique d’un
véhicule dépend de la distance a celui de devant). Le bon cadre pour résoudre ces problémes
est la théorie des solutions de viscosité introduite par Crandall et Lions [CL81, CL83] (on
renvoie au User’s guide de Crandall, Ishii et Lions [CIL92] et au livre de Barles [Bar94] pour
une excellente introduction a cette théorie). En ce qui concerne les modeéles macroscopiques,
ils peuvent étre vu comme des équations de Hamilton-Jacobi posées sur des réseaux et nous
renvoyons a Imbert et Monneau [IM14] pour une introduction & cette théorie.

Dans les sections qui suivent, nous présentons rapidement des résultats existant pour
le trafic routier, et on donne quelques modeles microscopiques et macroscopiques que 1’'on
peut trouver dans la littérature. On montre rapidement comment les modeles classiques
sont liés. On présente également les résultats mathématiques qu’on a utilisé dans cette
these. Enfin, on présente les résultats principaux obtenus dans cette these.

1 Différents types de modeles pour le trafic routier

1.1 Modeles microscopiques pour le trafic routier

Dans cette section, on récapitule quelques modeles microscopiques classiques pour le trafic
routier. A I’échelle microscopique, on considere que les véhicules sont sur une seule route
et on utilise les notations suivantes : U,(t) est la position du j-éme véhicule au temps ¢ et
l; est la longueur de la voiture (comme illustré dans la Figure 1.1).

Les modeles du premier ordre et second ordre du type "follow-the-leader" (car-following
models) décrivent respectivement la vitesse et 'accélération d’une voiture en fonction de
la distance a la voiture qui se trouve devant. Le probleme de simuler correctement le
trafic a été largement étudié au cours des derniéres années, notamment dans [BHNT95,
BT10, CHM58, Edi61, GHR61, GCM35, New61, Pip53|, ou on peut trouver des modeles
du premier ou second ordre. Pour une introduction plus détaillé sur les modeles du type
"follow-the-leader" on renvoie a [BM99, HBO1].

2
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Figure 1.1: Représentation schématique des notations.

Modeles classiques du premier ordre

Un modeéle microscopique du premier ordre décrit la vitesse de chacune des voitures. Ceci
le rend peu réaliste dans le sens ou il n'y a pas de temps de réaction (c’est a dire qu'un
véhicule va adapter immédiatement sa vitesse en fonction de la distance a la voiture de
devant, sans prendre en compte le temps de réaction du conducteur ou le délai de freinage
ou d’accélération). Ces modeles sont de la forme suivante, pour tout j € Z et t > 0,

U(t) = Vi (Uja(t) = Us(#)) | (1.1)

ou Uj est la vitesse de la j-eme voiture. La fonction Vj} est une fonction de vitesse optimale
(OVF) dont les propriétés sont listées plus loin. On observe que ce modeéle ne prend pas en
compte la longueur des voitures, ceci vient du fait que la longueur peut étre absorbée dans
la fonction V;. On renvoie a [BT10] pour des exemples de fonctions de vitesse optimale.
Les hypotheses classiques sur la fonction V; est qu’elle soit continue, croissante, bornée
supérieurement et qu’il existe un hg > 0 tel que Vj(h) = 0 si h < hg (ho représente une
distance de sécurité). La Figure 1.2 donne une représentation schématique d’une fonction
de vitesse optimale. Dans la suite on considérera souvent la cas ou V; = V pour tout j € Z,
c’est a dire que tous les véhicules ont la méme dynamique.

Modeéles classiques du second ordre

On présente maintenant un modele du second ordre (Modele de Bando [BHNT95]) qui
décrit 'accélération de chacune des voitures. Ces modeles sont plus réaliste puisqu’ils
prennent en compte un temps de réaction. On considere le modele suivant, pour tout
1€Zett>0,

Uj(t) = a;(V;(Ujsa(t) = U; (1)) — Uy), (1.2)

ou, U] est I'accélération de la j-eme voiture. Le coefficient a; est la sensibilité du conducteur
numéro j et V; est encore une fois une fonction de vitesse optimale (OVF). Le modele
cherche a faire coincider la vitesse réelle des voitures avec la vitesse idéale donnée par la
fonction de vitesse optimale. Dans les articles [BHN'95 BT10] on peut trouver différents
types de fonctions de vitesse optimale.
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Figure 1.2: Représentation schématique d’une fonction de vitesse optimale.

Autres modeles microscopiques du second ordre

On présente maintenant rapidement d’autres modeles microscopiques du second ordre qui
sont toujours du type 'follow-the-leader". Néanmoins, dans ces modeles 'accélération de
chacune des voitures ne dépend pas uniquement de la distance a la voiture qui se trouve
devant mais aussi de la différence des vitesse entre les véhicules.

En particulier, on voudrait mentionner le modele introduit par Aw, Rascle et Materne
[AKRMO2], inspiré par celui introduit dans [GHR61]. En utilisant les mémes notations
que précédemment, on considere pour tout ¢ > 0, et tout ¢ € 7Z,

. Ui+1 — UZ A Ui+1 - UZ 3

avec A >0, C" >0, v>0, [ >0 et le temps de relaxation 7T, > 0. Les constantes C, A
et 7 sont a choisir selon la situation que 'on veut modéliser (trafic congestionné ou fluide)
et [ représente la longueur d’une voiture. On peut voir que si C' =0, [ = 1 et que l'on
considere A/T, la sensibilité des conducteurs, on retrouve le modele classique de Bando
(1.2).

On voudrait aussi mentionner l'intelligent-driver-model (IDM) développé par Treiber,
Hennecke et Helbing [THHO00]. L’idée de ce modeéle est de pouvoir prendre en compte les
différents états du trafic (congestionné ou fluide) dans un seul modeéle. Pour mieux voir ce
que représentent chacun des termes, on introduit v; = U; et on considére pour tout ¢ > 0

et tout 7 € Z,
\ 9 * (1, 3\ 2
A {1 N <S<vm>> ] | 14)
Vo S;
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avec Av; = v; — v;41 et s* "linter-distance idéale" définie par

vAv

s* (v, Av) = hg + 0T + 1.5
( ) ) 0 9 \/@ ( )
Dans le tableau suivant on résume la signification de chacun des parametres.
Parametre signification valeur classique
Vo vitesse idéale 130km/h
a accélération maximale 1.4m/s*
ho distance de sécurité (distance minimale) 2.0m
T temps de sécurité (temps de réaction) 1.5s
b décélération idéale 2.0m/s*
Dans ce modele, vfee(v) = a {1 - (v/vo)é] est le terme d’accélération libre qui est

dominant quand le trafic est fluide. Le terme —a(s*/s)? est le terme de décélération quand
le trafic est congestionné, c’est le terme dominant quand la voiture ¢ est trop proche de la
voiture 7+1. On observe que la décélération dépend du rapport entre I'inter-distance idéale
et I'inter-distance réelle. L'IDM est plus réaliste et plus complexe que le modele de Bando
dans le sens ou il prend en compte la différence entre les vitesses et qu’il peut correctement
simuler le trafic congestionné. L’IDM reste un modele pour une seule route, mais dans
'article de Kesting, Treiber et Helbing [KTH10], les auteurs ont modifié I'TDM pour prendre
en compte (de maniére plus réaliste) des changements de voies. Ceci permettant de simuler
le trafic avec plusieurs voies et avec des voitures pouvant changer de voie.

1.2 Modele macroscopique classique : le modele LWR

Concernant les modeéles macroscopiques, le plus connu est le modele LWR, (Lighthill-
Whitham-Richars) qui a été introduit dans [LW55, Rich6]. Il est donné par ’équation
aux dérivées partielle suivante :

Oip + 9y f (p) = 0, (1.6)

ou p(t,y) est la densité des véhicules au point y € R (un point physique de la route) au
temps t € (0, +00), et v(p) est la vitesse moyenne des véhicules. On appelle f(p) = pv(p)
le flux du trafic, et c’est aussi le diagramme fondamental qui caractérise le modele. On
peut remarquer que (1.6) utilise des coordonnées Eulériennes (y est un point sur la route).
Cepedant, Wagner a montré dans [Wag87] (pour les équations de dynamiques des gaz) que
le probleme (1.6) est équivalent a

s — 00" (s) =0, (1.7)
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ou s(t,x) = 1/p est I'espacement entre les véhicules, x (une variable continue) représente
le véhicule d’indice z et v*(s) = v(1/s). On peut voir que 'équation (1.7) utilise des
coordonnées Lagrangiennes. De plus, si on note u°(¢, ) la position du véhicule z, on a que
(1.7) est équivalent (voir [LLCO8]) a

oul(t, z) = v* (amuo) : (1.8)

avec s(t,x) = 9,u’(t,x). Cela implique que les modeéles de type LWR peuvent étre vus
comme des équations de Hamilton-Jacobi du type (1.8). C’est essentiellement cette for-
mulation que nous utiliserons pour les modeles macroscopiques apparaissant dans cette
these.

Il existent différents types de diagrammes fondamentaux qui ont été introduit par dif-
férents auteurs. Dans le tableau suivant on en liste quelques uns.

Auteur Diagramme fondamental
[CHMS58, Chandler(1958)] | f(p) = fmax (1— P )

(Greb9, Greenberg(1959)] | f(p) = p - Veritique - I P )

pmaa:

(1.9)
[GCM35, Greenshields(1935)] | f(p) = p* Vinas - (1 — pp
[Edi61, Edie(1960)] f(p) =p - Viax - €xp -
[May90, May(1990)] J(P) = Vinas - exp =~ 4

1.3 Autres modeles macroscopiques

Il est important de mentionner qu’il existe d’autres modeles macroscopiques. En effet,
le modele LWR présente plusieurs inconvénients le principal étant qu’il peut développer
des discontinuités en temps finie. Ceci vient du fait que le modele permet a la vitesse
d’un véhicule de changer instantanément quand il traverse un choc (entre deux régions
régulieres). C’est pour cette raison que les modeles d’ordre supérieur ont été développés.

On peut citer par exemple le modele Payne-Whitham (PW) [Pay71, Whi74]. Le modele
LWR suppose que la vitesse moyenne v dépend uniquement de la densité des véhicules p
ce qui peut ne pas étre valide dans certains cas. Pour corriger ceci, le modele PW contient
une équation sur la vitesse moyenne :

pe+ (pv)e S 0 ,
V¢ + VU, + ;(AE(p)>I = ;(’Ue(p) - U)>
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ou v.(p) est la valeur d’équilibre pour la vitesse, (A.(p))./p est le terme d’anticipation
et (ve(p) — v)/7 s’appelle le terme de relaxation. En 1995 Daganzo [Dag95] a mis en
évidence quelques inconvénients du modele PW. En particulier, dans certaines situations
les véhicules pouvait avoir des vitesses négatives.

Le modele Aw-Rascle [AR00] a ensuite été proposé pour surmonté quelques remarques
de Daganzo. Le modele est donné par le systeme suivant

{m+@w

. =0
(v+p(p))e + v (1.10)

(v+p(p))e =0,
avec p la "pression" qui est une fonction croissante de la densité. Ce modele corrige les

inconvénients du modele PW. Pour plus d’information sur les modeles macroscopiques, on
renvoie au livre de Piccoli et Garavello [GP06].

1.4 Lien entre les modeles microscopiques et macroscopiques

Le probleme de dériver des modeéles macroscopiques a partir de modeles microscopiques a
déja été étudié pour des modeles du type 'follow-the-leader'. Notamment dans [DFR15,
Hel98, LLKO1], les auteurs, en utilisant la mesure empire de la position des véhicules,
obtiennent une loi de conservation scalaire (modele LWR). Dans le papier de Aw et al.
[AKRMO2], les auteurs, en utilisant une formulation équivalente de (1.3), ont été capables
de dériver (dans le cas ou A = 0), un systéme équivalent au modele Aw-Rascle (1.10). Dans
le cas général, ils arrivent a montrer que la discrétisation standard du modele Aw-Rascle
(en coordonnées Lagrangiennes) est équivalent a (1.3) discrétisé en temps.

La plus part des résultats d’homogénéisation pour le trafic routier ont été obtenus
pour une seule route, et il n’y a pas beaucoup de résultats dans les réseaux. Cependant,
récemment Cristiani et Sahu ont présenté dans [CS15] un modele du premier ordre dans
un réseau et montrent le lien avec un modele multi-path (voir [BBC14, BC14]). En fait,
ils considerent pour chaque chemin possible une population de véhicules. Leur résultat
d’homogénéisation est alors fait dans un cadre tres général, mais en supposant la con-
vergence de la mesure empirique (pour chacune des populations) ce qui leur permet de
montrer que la limite satisfait un modele multi-path.

Dans le cadre de cette these, pour dériver les modeles macroscopiques, on utilise une
version de la primitive de la mesure empirique de la position des véhicules comme introduit
dans [FIM09a, FIM09b] pour la dynamique des dislocations. De plus, les résultats con-
cernant le passage du microscopique au macroscopique dans cette section et dans le reste
de cette these utilisent la théorie des solutions de viscosité. On renvoie au User’s guide
de Crandall, Ishii et Lions [CIL92] et au livre de Barles [Bar94] pour une introduction
aux solutions de viscosité et a [Ish92, TK91, Len88| et leurs références pour des résultats
concernant les solutions de viscosité dans les systemes faiblement couplés.
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On commence par un résultat trés simple ot (Uj(+)),; est une solution classique du
modele du premier ordre (1.1) ou du modele classique du second ordre (1.2) avec V; =V et
a; = a pour tout j € Z. Pour commencer, on introduit une fonction avec un changement

d’échelle,

u(t,z) =elU g ! :
: H()

e
£

u®(0,x) = up(x) Ve >0,

(1.11)

ou x est une variable continue qui représente 'indice de chacune des voitures et [-]| est
la partie entiere inférieure. La condition initiale ug est simplement une fonction réguliere
telle que pour tout j € Z et pour tout € > 0

r .
“uo(je) = Us(0).
On suppose que 'OVF et le coefficient a satisfont les hypotheses suivantes :

(A1) (Régularité)

V' est continue et positive.
V' est lipschitzienne et on note L sa constante de Lipschitz.

(A2) (Monotonie)

V' est croissante.

a>2L.

(A3) (Borne supérieure)
lim V(h) < 4o0.
h—+o00

(1.12)

On note Viyar = ||V || €t ho = 2Viaa/a.

(A4) (Borne inférieure)
V(h) =0 pour tout h < 2hy.

On a alors le résultat standard suivant dont la preuve peut se trouver, entre autres,
dans [Cos14, FIM09a].




2.Résultats concernant le cadre mathématique

Theorem 1.1 (Homogénéisation des systemes classiques). Supposons que (A1)-(A4) soient
vérifiées et que la condition initiale uy ait été choisie correctement. On suppose également
que V; =V et a; = a pour tout j € Z. Alors la fonction u® définie dans (1.11) converge
localement uniformément sur (0,+00) X R quand ¢ tend vers 0 vers l'unique solution de
viscosité u® de 'équation aux dérivées partielles suivante,

{ O’ = V(9,u°) V(t,x) € [0,T] x R, (1.13)

u’(0,2) = up(x) Vr €R.

Remark 1.2. En utilisant le résultat présenté dans la Section 1.2, concernant les modéles
macroscopiques, on a que (1.13) est équivalent au modéle macroscopique LWR avec le
diagramme fondamental f(p) = p-V (1/p). Aussi, on remarque que la fonction u® est en
fait la primitive de la densité des véhicules en coordonnées Lagrangiennes.

2 Résultats concernant le cadre mathématique

Comme évoqué précédemment, la bonne notion pour résoudre les équations étudiées dans
cette these est la théorie de solutions de viscosité, introduite par Crandall et Lions [CL81].
Il s’agit de solutions faibles pour des équations aux dérivées partielles de type Hamilton-
Jacobi. On renvoie encore une fois au User’s guide de Crandall, Ishii et Lions [CIL92], et
au livre de Barles [Bar94] pour une excellente introduction a cette théorie.

Une facon de voir que la notion de solutions de viscosité est bien adaptée est de con-
sidérer la fonction u définie par (1.11), avec € = 1 et (U;); solution du modele du premier
ordre (1.1). La fonction u est une fonction discontinue et il faut donc définir une notion de
solution faible. On peut alors montrer que cette fonction est une solution de viscosité (voir
définition plus bas) de 'EDP (équation de Hamilton-Jacobi) suivante, qui est non-locale
et non-linéaire,

Ju
a(t, )=V (u(t,z+ 1) —u(t,z)) pour tout (¢,z) € (0,400) x R. (2.1)
Ceci nous permet d’injecter tout le systéme d’EDOs (1.1) dans une seule EDP. Pour définir
une solution de viscosité de (2.1), on introduit les enveloppes semi-continues supérieurement
et semi-continue inférieurement de w :

u*(t,x) = lir;;syp u(s,y) et wu.t,z)= lign_glfu(s,y).
s—t s—t

Definition 2.1. Soit Q2 = (0, +00) xR. Une fonction semi-continue supérieurement (resp.
inférieurement) u : 0 — R est une sous-solution (resp. une sur-solution) de (2.1) sur €2,
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si pour toute fonction test p € CH(Q) et tout (t,x) € Q tel que u — ¢ atteint un mazimum
(resp. un minimum) en (t,x), on a

oi(t,x) < V(u(t,x+ 1) —u(t,z)) <resp. or > V(u(t,x 4+ 1) — u(t,x)))

Une fonction u est une solution de (2.1), si u* est une sous-solution de (2.1) et u, est une
sur-solution de 2.1.

La notion de solutions de viscosité est tres puissante. Elle permet de définir une notion
de solution avec tres peu de régularité et permet également d’obtenir des résultat tres
utiles.

e Résultats de stabilité (voir [Barl3, CL81, CL83, Lio82]) : ils permettent de passer &
la limite a 'intérieur de I’équation, en particulier, si on a une suite de sous-solutions
(ou de sur-solutions) on peut passer a la limite (sous des conditions tres faibles) et
obtenir une sous-solution (ou une sur-solution).

e Principe de comparaison (voir [Barl3, CL81, CL83, Lio82]) : il permet de comparer
des sous-solutions et des sur-solutions et est souvent utilisé pour obtenir 'unicité
de la solution de viscosité du probleme considéré. C’est 'argument principal de la
théorie.

e Résultats d’existence via la méthode de Perron : H. Ishii a généralisé la méthode
de Perron dans [Ish87] pour les equations de Hamilton-Jacobi. Il s’agit d’'une méth-
ode qui permet de construire une solution (a priori discontinue) d’une equation de
Hamilton-Jacobi avec des hypotheses tres faibles. Ensuite en utilisant le principe de
comparaison on peut obtenir I'unicité (et aussi la continuité) de la solution.

e Homogénéisation : depuis les papiers de Lions, Papanicolaou et Varadhan [LPV8S]
puis d'Evans [Eva89, Eva92], la théorie de I'homogénéisation pour les équations de
Hamilton-Jacobi a connue de grands développements.

Dans ce qui suit, nous présentons des résultats concernant les solutions de viscosité
posées sur des réseaux et sur ’homogénéisation spécifique.

2.1 Résultats sur les solutions de viscosité dans les réseaux

Dans les exemples précédents, les véhicules était sur la droite réelle. La réalité est bien
stir beaucoup plus compliqué et on peut imaginer des bifurcations, des jonctions, ou méme
tout un réseau. On peut donc voir que travailler dans un réseau devient nécessaire pour
traiter des problemes liés au trafic routier.

Récemment, la théorie des equations de Hamilton-Jacobi dans les réseaux a connue
des grands progres. Les premiers résultats ont été obtenus par Schieborn [Sch06] pour des
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équations eikonales dans les réseaux. Des travaux plus récents ont ensuite été effectués
par Achdou, Camilli, Cutri et Tchou [ACCT13|, Imbert, Monneau et Zidani [IMZ13], et
Schieborn et Camilli [SC13]. Dans ces trois papiers, les hamiltonians sont convexes et
les auteurs utilisent un approche du type controle optimal (en particulier pour montrer le
principe de comparaison). On renvoie a [CM13], pour une comparaison entre les différentes
notions de solutions de viscosité proposées dans [ACCT13], [IMZ13] et [SC13]. De méme,
on renvoie au travail récent de Camilli, Marchi et Schieborn [CMS13] pour les équations
eikonales dans les réseaux.

Imbert et Monneau [IM14] ont ensuite proposé une approche compléetement EDP pour
des équations de Hamilton-Jacobi quasi-convexe dans les réseaux. Cette approche repose
sur la construction d’'une fonction "sommet" qui permet de dédoubler les variables cor-
rectement pres des jonctions. Nous présentons ci-dessous les éléments essentiels de cette
approche qui sera utilisée pour les modeles macroscopiques apparaissant dans cette these.

Ils considerent le cadre suivant pour une jonction. Ils étudient un nombre fini de
branches, pour i = 1,..., N, chacune des branches R; est isométrique a [0, +00) et

R= |J R; avec R;NR;={0} pouri# j.

i=1,..,N

Toutes les branches sont collées a l'origine (le nceud). On note d,u(z) la dérivée spatiale
de uw en x € R; qui est définie par

] dwu(x) siz € Rf := R;\{0}
Osu(z) = { (01u(0), ... Onu(0)) siz—0.

Les auteurs considerent alors I’équation de Hamilton-Jacobi suivante posée dans le réseau
R

u + Hi(u,) =0 pourt € (0,400) et z € R}
ur + F(uz) =0 pourt e (0,400) et =0 (2.2)
u(0, ) = up(x).

Les hypotheses sur les hamiltonians H;, pour ¢ = 1,..., N, sont les suivantes
Hypothese (FH)
(Continuité) H,; € C(R).

(Convexité des ensembles de niveaux) Pour chaquei =1,..., N, il existe un nombre
réel p? € R tel que

(2.3)

H; est décroissante sur (—oo, p?]
H; est croissante sur [p?, +00).
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(Coercivité) lim H;(p) = +oo.

|p|—+00
Concernant la condition de jonction F : RY — R, on suppose qu'il s’agit d’'une fonction
continue et décroissante par rapport a toutes ses variables.

Afin de pouvoir introduire une bonne définition de solution de viscosité pour (2.2), les
auteurs introduisent une classe particuliere de fonction test.

Classe de fonction test pour (2.2). Pour T > 0, soit Ry = (0,T) x R. On définit une
classe de fonction test sur Ry par

CY(Rr) = {p € C(Ry), la restriction de ¢ & (0,7) x R} est C* pouri =1,...,N}.

Definition 2.2 (Solution de viscosité pour (2.2)). Une fonction semi-continue
supérieurement (resp. inférieurement) u : [0,T) x R — R est une sous-solution (resp.
une sur-solution) de (2.2) sur Ry si pour toute fonction test ¢ € C'(Ry) et tout point
(t,z) € Ry tel que u—y atteint un maximum local (resp. un minimum local) en (t,z) € Ry,
on a

o(t,x) + Hi(pe(t,z)) <0 (resp. >) sixz € R}
<)0t<t7'r) + F(QDm(t,LE» < 0 (T’@Sp. 2) six = 0.

-Une fonction u est une solution de (2.2) sur Ry siu* est une sous-solution de (2.2) et
st uy est une sur-solution de (2.2) sur Rr.

-Une fonction u est une solution de (2.2) sur [0,T) x R si elle est solution sur Ry et
si u*(0,z) < up(x) et u,(0,x) > ug(x) pour tout x € R.

La définition précedente peut étre vue comme la définition standard de solution de
viscosité. Néanmoins, pour avoir un résultat de stabilité pour (2.2), Imbert et Monneau
ont introduit la notion de solution de viscosité "relaxée".

Definition 2.3 (Solution de viscosité relaxée pour (2.2)). Une fonction semi-continue
supérieurement (resp. inférieurement) u : [0,T) x R — R est une sous-solution relaxée
(resp. une sur-solution relazée) de (2.2) sur Ry si pour toute fonction test p € C'(Ry) et
tout point (t,z) € Rr tel que u — ¢ atteint un mazimum local (resp. un minimum local)
en (t,z) € Ry, on a

-st v € R

pi(t, ) + Hi(po(t,2)) <0 (resp. =)
-stx =0,

soit  @i(t,x) + Hi(p.(t,z)) <0 (resp. >) avecie {1,...,N}
ou  ultia)+ Flga(t, 1) <0 (resp. >)

Une fonction u est une solution relaxée de (2.2) sur Ry si u* est une sous-solution
relazée de (2.2) et u, est une sur-solution relaxée de (2.2) sur Rr.

12



2.Résultats concernant le cadre mathématique

Les auteurs de [IM14] ont également montré qu'une condition de jonction F' générale
pouvait étre remplacée par une condition de jonction F4 de la forme suivante, pour tout

p=(p1;...,pN)
Falp) = max (A4, max 1, (p,)).
avec

: H;(pd) siq>pl.

Parmi les résultats de [IM14], les résultats suivants sont les plus importants dans le
cadre de cette these :

H- (o) _{ Hi(q) siq<p],

e Pour une condition initiale uy uniformément continue, (2.2) admet une solution re-
laxée.

e En utilisant Définition 2.3, il y a stabilité des sous-solutions (resp. des sur-solutions)
par passage au supremum (resp. au infimum).

e Les conditions de jonction de la forme F4 sont toujours satisfaites au sens classique
de viscosité (Définition 2.2). C’est a dire que une sous-solution (resp. sur-solution)
relaxée est une sous-solution (resp. sur-solution) classique dans le cas ou la condition
de jonction est donné par Fla.

e La condition de jonction générale F' peut étre réduite a une condition de jonction de
la forme F4. En particulier, sous I'hypotheése (FH) il existe une constante Ap € R
telle que n’importe quelle sous-solution (resp. sur-solution) relaxée de (2.2) est une
sous-solution (resp. sur-solution) de

{ u + Hi(u,) =0 pourt € (0,+00) et z € R} (2.4)

ur + Fa(uz) =0 pour t € (0,400) et z =0,

avec A = Ap. On appelle une sous-solution de (2.4) une sous-solution "A—flux
limited" (on appel de maniere similaire les sur-solutions et les solutions de (2.4)).

e Il existe un principe de comparaison pour (2.4) avec la condition initiale u(0,x) =
uo(x).

Pour finir, on voudrait rappeler un résultat essentiel de [IM14] et qui sera utilisé en
particulier dans la preuve d’homogénéisation au point de jonction. Il s’agit d’'une définition
équivalente a la définition de sous et sur-solution au point de jonction. On considere
I’équation de Hamilton-Jacobi suivante sur R\{0},

u+ Hi(ug) =0 (t,z) € (0,+00) x R pour i =1,...,N. (2.5)
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Theorem 2.4 (Définition équivalente pour les sous/sur-solutions (Théoreme 2.11 dans
[IM14])). Supposons que pour i = 1,..., N, H; satisfait I’hypothése (HF') et on considére
A € [Ag,+00) avec Ay = maxmin H;(p). Soient p € R des solutions arbitraires, pour

pER
1=1,...,N, de
Hi(p) = H (") = A (2.6)
on fize ¢o(x) nimporte quelle fonction indépendante du temps telle que
0io(0) = p;". (2.7)

Etant donné une fonction u : [0,7) x R — R, les propriétés suivantes sont vraies.

1. Siu est une sous-solution semi-continue supérieurement de (2.5) satisfaisant

u(t,0) = limsup u(s,y) (2.8)
(s,y)—(t,0),yeR}

alors u est une sous-solution "Ag-flux limited".

2. Etant donné A > A et ty € (0,T), si u est une sous-solution semi-continue
supérieurement de (2.5) satisfaisant (2.8) et si pour n’importe quelle fonction test ¢
touchant u par au-dessus en (ty,0) avec

olt,) = g(t) + ol) 2.9)
pour un certain g € C*(0,+00), on a
Dt + FA(QOx> < 0 en (to, O), (210)
alors u est une sous-solution "A-flux limited" en (ty,0).
3. Etant donné t, € (0,7), siu est une sur-solution semi-continue inférieurement de
(2.5) et si pour pour toute fonction test ¢ touchant u par en-dessous en (to,0) avec
¢ satisfaisant (2.9), on a

ot + FA(SDJC) >0 en <t0a0)7 (211)

alors w est une sur-solution "A-flux limited" en (ty,0).
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2.2 Résultats existant sur I’homogénéisation

Comme évoqué précédemment, depuis le papier novateur de Lions, Papanicolau et Varad-
han [LPV88], les problémes homogénéisation pour les équations de Hamilton-Jacobi ont
été énormément étudies. Nous listons ici quelques travaux particulierement importants
pour cette these.

Tout d’abord, une grande avancée a été faite dans le travail de Evans [Eva89] ou il a
introduit la méthode de la fonction test perturbé qui permet de faire les passages a la limite
dans les problemes d’homogénéisation. Concernant I’homogénéisation pour des équations
non-locales, on renvoie au travail de Imbert, Monneau et Rouy [IMRO08] ainsi qu’aux articles
de Forcadel, Imbert et Monneau [FIM09a, FIM09b, FIM12] qui permettent d’homogénéiser
des systemes de particules en interaction (décrits par des EDO) en injectant le systéme
d’EDOs dans une seule EDP (ou dans un systeme d’EDPs faiblement couplées). Ces
résultats ont été particulierement importants pour cette these car pour obtenir nos résultats
d’homogénéisation pour les problémes de trafic routier (typiquement des EDOs) nous avons
appliqué cette approche qui consiste a injecter le systemes d’EDOs dans une seule EDP
(ou systeme d’EDPs) puis & homogénéiser cette EDP. Concernant ’homogénéisation pour
les systémes, on renvoie également a Camilli, Ley et Loreti [CLL10].

Les travaux précédents ont été faits dans un cadre périodique. De nombreux travaux
ont également été faits dans le cadre stochastique (par exemple [AC15, AS12a, AS12b,
AS13, AT14, ATY15, ATY16]) mais dans cette these nous n’abordons pas ce cadre.

Plus récemment la théorie de I’homogénéisation spécifiée est apparue. Au contraire
de I'homogénéisation classique qui va moyenniser les phénomeénes et donc "oublier" les
petits défauts, le but de I’homogénéisation spécifiée est de décrire ces défauts de maniere
précise. Du point de vue trafic routier, le cas le plus (qui sera décrit plus loin) est le cas
d’une perturbation localisée par exemple a l'origine dans le modele microscopique (par
exemple un ralentisseur, une zone scolaire,...). A I’échelle macroscopique on veut garder
en mémoire cette perturbation et la décrire comme une condition de jonction. Dans ce
type de probleme, la principale difficulté est la construction des correcteurs a la jonction.
Dans ce cadre, on mentionne les travaux récent de Achdou et Tchou [AT15], de Galise,
Imbert et Monneau [GIM15] ainsi que les cours de Lions au "College de France" [Liol4].
L’idée principale derriere ces travaux est que les correcteurs a la jonction doivent avoir
des pentes particulieres a l'infini. L’idée est alors de construire des correcteurs dans un
domaine tronqué avec des "bonnes' conditions aux bords et ensuite de passer a la limite
sur la taille du domaine.

3 Résultats principaux de cette these

Comme évoqué précédemment, il est important de faire le lien entre les modeéles micro-
scopiques et les modeles macroscopiques. Ce lien a souvent été étudié dans des cas tres

15



Introduction générale

simples. On présente maintenant les résultats principaux de la these. Ces résultats seront
présentés en détail dans les chapitres suivants.

3.1 Homogénéisation d’un modele discret du second ordre avec
ng € N types de conducteurs

On commence par introduire les résultats de [1, 5] qui sont détaillés dans les Chapitres 1
et 2.
Modele général du second ordre avec ny € N* types de conducteur

Le premier résultat de cette these est une généralisation du Théoreme 1.1 au cas plus réal-
iste o I'on considere différents types de conducteurs et différents types de véhicules. Plus
précisément, on considere ny € N types de conducteurs et on rappelle que la dynamique
est définie, pour tout j € Z et t > 0, par

Us(t) = a;(Vy(Upa (t) = Us(1)) = U), (3.1)

ou U; dénote la position du j-eme véhicule, Uj sa vitesse et Uj son accélération. Les
coefficients a; et les fonctions de vitesse optimale V; dépendent du conducteur. On fait les
hypotheses suivantes sur les coefficients a; et les fonctions V.

(B1) (Regularité) Pour tout j € {1,...,ng},

V; est continue et positive.
V; est lipschitzienne et on note L; sa constante de Lipschitz.

On note L = max L.
je{lr“znO}

(B2) (Monotonie) Pour tout j € {1,...,no},

V; est croissante.
a; Z 4L.

(B3) (Borne supérieure) Pour tout j € {1,...,n0},

lim Vj(h) < +oo.

h—400

(3.2)

On note Vmax = maX(HVjHOO)7 hO = Vmaz/a et a = . min (a])/2
J

J€l,...,no
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3.Résultats principaux de cette these

(B4) (Borne inférieure) Pour tout j € {1,...,n0},
Vi(h) =0 pour tout h < 2h,.

Remark 3.1. Comme précédemment, les hypothéses (B1)-(B4) sont classiques pour le
modéle de Bando (voir par example [BHN' 95, BT10]). Concernant le modéle du premiére
ordre (1.1), on pourrait aussi le modifier pour prendre en compte différents types de con-
ducteurs en modifiant les fonctions de vitesse optimale. Mais comme précisé plus haut, les
modele du second ordre sont plus réalistes. C’est pour cela que [’on considére uniquement
ici le modele du second ordre.

Aux hypotheses précédentes on ajoute une condition de périodicité (nécessaire pour
réussir a faire le passage du modele microscopique au modele macroscopique).

(B5) (Périodicité sur le type de conducteur) Pour tout j € Z,

Ujng = a5 €t Vipn, = V.

Homogénéisation du modele du second ordre généralisé

Pour passer au modele macroscopique, la technique consiste a introduire une fonction avec
des variables continues : (u;);ez, définie par

u;(t, ) = Uji(z)no(t) pour tout (t,z) € [0,+00) X R, (3.3)

ou |-] est la partie entiére inférieure. On fait un changement d’échelle en introduisant un
petit parametre € > 0, et la fonction (u5);ecz définie par

t x
us(t, zeu-<,>. 3.4
c(t2) = uy (2,2 (34)
En fait, quand € tend vers 0, le nombre de véhicules par unité de longueur tend vers l'infini
et le résultat principal de ce travail est que toutes les fonctions u; convergent localement
uniformément sur (0, +00) x R quand ¢ tend vers 0, vers la solution du probléme suivant,

xT

ud(t,z) = F(uo(t,x)) our (t,z) € (0,400) x R,
{ u’(0, ) = up(x) iour tout = € R, * (3.5)

ol F reste & étre déterminée et la fonction ug est une fonction lipschitzienne telle que pour
>0,

L <ﬁ> — U,(0).

g N

17



Introduction générale

Theorem 3.2 (Homogénéisation d'un systeme avec ng types of conducteurs (Théoreme
1.3 dans [1])). Supposons que (B1)-(B5) soient vérifiées. Considérons la fonction (u5);ez
définie par (3.4). Alors, il existe une fonction continue F : R — R telle que pour tout
J € Z, les fonctions u; convergent localement uniformément sur (0, +00) xR quand ¢ tend
vers 0 vers l'unique solution de viscosité u® de (3.5).

Remark 3.3. On a vu précédemment que (3.5) est équivalent a un modele macroscopique
LWR avec un diagramme fondamental donné par f(p) = p- F(1/p) et avec ul qui est
I'inverse de la densité des voitures.

Propriétés qualitatives de I’hamiltonien effectif F

Theorem 3.4 (Propriétés qualitatives de ' (Théoréme 1.9 dans [1])). Supposons (B1)-
(B5). Alors, pour tout p € (0,+00), les propriétés suivantes sont vérifiées :

(i) (Borne inférieure) sip < 2hgng, on a
F(p) =0.
(ii) (Borne supérieure)

lim F(p) = _min_(|IVll.)

p—+00 je{1,...,no
(iii) (Monotonie) F est croissante.

Injection du systeme d’EDOs dans un systéme d’EDPs

Pour que le résultat d’homogénéisation du Théoreme 3.2 soit complet, il faut déterminer
I'hamiltonien effectif F. On explique maintenant comment on le construit. Pour com-
mencer, il faut injecter le systéme (3.1) dans un systeme d’EDPs. On utilise 'idée de
[FIM09a, FIM12]. On introduit pour tout j € Z

min (a;). (3.6)

1. 1
Zi(t) =U;(t) + =U;(t) on a=
() =Us(t) + Us(t) ot a=g min

On obtient alors le systéeme d’EDOs suivant : pour tout j € Z et t € (0, +00),

(3.7)




3.Résultats principaux de cette these

On injecte ensuite le systeme d’EDOs dans un systeme d’EDPs, en introduisant les fonc-
tions

(u, &) = ((u;(t, @))jez, (§;(t, 7)) jez),

définies par

Uj(t,l‘) = Uj+LCDJn0 (t) et £j<t7 ZZZ) = Ej-l—LIJno (t)v

ou |-] est la partie entiére inférieure. Par exemple, dans le cas ou ng = 1, on a

u(t,x) = ULzJ (t) et f(t,x) = Em (t),

ou x est une variable continue qui représente l'indice de chacune des voitures. Dans le cas
out ng > 1, l'entier j nous permet de prendre en compte la périodicité des coefficients a; et
des fonctions V.

La fonction (u,&) satisfait alors le systeme d’équations suivant, pour tout (¢,z) €
(0, +00) x R et pour tout j € Z,

ou;
87;@7 .CC) = Oé(fj(tv iIZ') - uj(tv iIZ’))
9§, a;
E(taif) = (a; — a)(u;(t,r) = &(t,x)) + E‘/}(Ujﬂ(tai’f) —u;(t, ) (3.8)
Ujtng (tv I) = uj(tvx + 1)
§j+m)(t7m) = gj(twr + 1)'
On introduit ensuite le changement d’échelle suivant
R t x - t x
us(t, x) = eu; (5’ 5> et &(t,x) = &g (5’ 6) ) (3.9)

Quand ¢ tend vers 0, le nombre de véhicules par unité de longueur tend vers l'infini. On
peut alors montrer que la fonction (u®,£%) = ((u5(t,7))jez, (§5(t, 7)) ez) satisfait alors le
probléme de Cauchy suivant, pour tout (¢,z) € (0,+00) X R,

881?(1‘,,:6) _ Oéé?ﬁ? I) ; uj(ta :E)
oge S(t,x) — E5(¢, y St x) —us(t,
;tj(t,x) = (aj - OK) uj( x) e gj( x) + %V; <uj+1( x)g uj( x)> (310)

Sy, (6, 7) = uS(t, v +¢€)

St ) = &5 (tw +e),

19



Introduction générale

avec comme condition initiale,

u5(0, 7) = ug (x + if) et &(0,7) =§; (:c + j€> . (3.11)

0 No

Remark 3.5. Les fonctions de la condition initiale ont été artificiellement introduite, mais
simplement il s’agit de fonctions régquliéres telles que pour tout € > 0, on a pour tout j € Z,

S (E) =00 @ 16(Z)=u0+ 100

e No
On suppose que la condition initiale satisfait I'hypothese suivante
(BO) (Borne de gradient) Il existe ko, K > 0 telles que
0 < ko < (uo)e < Ko

0< ko <(&). < K.

On suppose également que

o (x + 8) — up(x)
2

0 < a(&;(z) —up(z)) < min | Viaee, o pour tout = € R.

Remark 3.6. La condition (B0) implique qu’initialement, les véhicules ont assez d’espace

entre euz. Concernant la derniere égalité dans (B0), formellement, on peut voir que si on
utilise (3.6), on a

&(t,x) = u;(t, ) + ;g?(t,x).

Ce qui veut dire que, apres le changement d’échelle, en utilisant (3.9), on a

. . E@ue
fj(t,x)—u(t,x)+a at

(t,x).

Par conséquent, la condition initiale doit satisfaire
je je e ous
: x+> =u (:L"+>+] 0, ).
% ( no 0 o o Ot 0,2)

Tout d’abord, cela implique que la condition initiale & dépend de €. La borne sur
a (&5(x) — up(x)) peut s’expliquer dans le sens o, initialement, dans le cas ot les véhicules
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ont assez d’espace entre euz (ko > 2hong), alors la vitesse initiale de chacun des véhicules
doit étre inférieure a Vyee, ¢’est a dire

a (§(z) —uo()) < Vipaat.

Dans le cas ot initialement les véhicules ont moins d’espace entre eux, (ko < 2hgng),
la vitesse initiale de chacun des véhicules doit étre bornée de telle maniere a garantir la
préservation de 'ordre des véhicules (u; < ujiq et & < &jy1), ce qui se traduit par

U v+ = — up(x) U v+ — — up(x)
a (& (z) — uo(z)) < Vinas - ( 3%3 =a- < "g> :

En combinant les deuz derniéres inégalités, on retrouve la derniére inégalité de (B0).

Détermination de ’hamiltonien effectif F

Pour déterminer I'hamiltonien effectif, on utilise la notion de fonction enveloppe (comme
dans [FIM12]) pour le systeme (3.8). La fonction F' est déterminée implicitement avec
le probléme suivant : pour tout p € R¥, trouver I'unique réel X = F(p) tel qu’il existe
une famille de couples de fonctions enveloppes ((h;);, (g;);) telle que (u;(t,x),&;(t, x)) =
(hj(At + px), gj(At + px)) soit une solution de (3.8) sur R x R. Plus précisément, on a la
définition suivante.

Definition 3.7 (Fonctions enveloppes pour un systéme avec ng types de conducteurs).
Soient (V); et (a;); telles que (B1)-(B5) soient satisfaites, p € RT, et un réel A € R, on
dit que la famille de fonctions ((h;)jez, (9;)jez) est une fonction enveloppe pour (3.8) si
elle satisfait pour tout j € {1,...,n0} et pour tout z € R,

A =a(g; — hy) A= (a; —a)(hj —g5) + %V}(hﬁl — hy)
Rjtne(2) = hj(z + p) o (2) = (2
p Gitno(2) = gj(z +p) (3.12)
hisa(2) 2 hy(2) gi1(2) > g(2)
hj(z) =z + h;(0) 9;(2) = z 4 ¢;(0)

Remark 3.8. La notion de fonction enveloppe est différente de celle présentée dans
[FIM12]. Ceci vient du fait que notre systéeme (3.8) est invariant par addition de constantes
alors que celui considéré dans [FIM12] est seulement invariant par addition de constantes
entieres. Ceci nous a permis de montrer que h; =1 et g; =1 et donc d’obtenir la forme
particuliere des h; et des g;.
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Theorem 3.9 (Hamiltonien effectif et fonction enveloppe (Théoreme 1.7 dans [1])). Sup-
posons que (A1)-(A5) soient vérifies et soit p € (0,+00). Alors il existe un unique réel
A pour lequel il existe une fonction enveloppe ((hj);, (gj);) satisfaisant (3.12). De plus, le
réel A = F(p), vu comme une fonction de p, est continue sur (0, +00).

Remark 3.10. Par un simple calcul on trouve

F(p) = V; (hysa(0) — hy(0) V) € 2. (3.13)

Calcul numérique de ’hamiltonien effectif

Nous présentons maintenant des résultats concernant le calcul numérique du F. En util-
isant la Remarque 3.10, dans le cas ot 'on a un seul type de conducteur (modele classique
du second ordre) on a F' =V (avec hj(z) = z + j - p). Mais si ng > 1, on n’a pas de
formule explicite et I'on est obligé d’utiliser des méthodes numériques pour déterminer la
fonction F. Concernant les méthodes numériques pour approximation des hamiltoniens
effectifs, on renvoie, entre autres, aux papiers de Capuzzo-Dolcetta et Ishii [CDIO1] et
Camilli, Capuzzo-Dolcetta et Gomes [CCDGOS8] et dans le cadre des équations non-locales,
on renvoie aux papiers de Ghorbel, Hoch et Monneau [GHMOS8] et Cacace, Chambolle et
Monneau [CCM12].

Notre résultat d’homogénéisation numérique est basé sur le résultat suivant.

Proposition 3.11 (Solution particuli¢re des solutions de (3.8) et approximation de F(p)
(Proposition 1.2 dans [5])). Supposons (B1)-(B5) et soitp > 0. Soit ((u;);, (&5);) la solution
de (3.8) avec une condition initiale telle que (ug)y = (&0)s = p. Alors ((u;);, (&;);) satisfait

uj(t,x) = pr +u;(t,0) et &(t,x)=pr+El(t,0), (3.14)

et il existe une constante C', qui dépend uniquement de p, Ve, @ €t ng telle que pour tout
T € (0,+00),

L (3.15)

~IQ

Remark 3.12. Cette proposition nous donne une maniére d’approzimer la fonction F
en un seul point p € R. Pour obtenir F sur un intervalle, l’idée est alors de discrétiser
Uintervalle et pour chaque point de discrétisation p, d’approzimer ((u;);, (&;);), la solution
de (3.8) avec une condition initiale telle que (ug), = (&) = P-

22



3.Résultats principaux de cette these

Schémas numériques pour (3.8). On présente ensuite les schémas pour (3.8) utilisés
dans [5]. On note At le pas en temps et t,, = nAt. Le but est de calculer une approximation
de la solution de (3.8) avec la condition initiale (px + pj/n,px + pj/n). En utilisant la
forme particuliere des solutions donnée par la Proposition 3.11, on est seulement intéressé
par I'approximation numérique de u;(t,,0) et de &;(¢,,0) que 'on notera respectivement
u? et &F. On propose un schéma explicite et un schéma implicite pour calculer u} et &7

Schéma explicite aux différences finies. On considere le schéma numérique suivant,
pour tout j € Z et pour tout n € N

uttt
J J _ n n
T - ol
AL = (aj —a) (uj - gj) + EVJ (UJH o uj) (3.16)
UZO-Fj = u? +p
?leo-i-j = 5? +p,

avec la condition initiale

o DJ o DJ
| ¢ 0Pl 3.17
uj un ¢ 5] N ( )

Schéma implicite aux différences finies. On considere également le schéma
numérique suivant, pour tout j € Z, et pour tout n € N|

T an—yi

J _ n+1 n+1
T o)

g;H_l B 5;1 n+1 n+1 a; n+1 n+1
T = () (gt =g 2V (i -t (3.18)
Uiny = Uj TP

?—Fno - 67 +p

avec la condition initiale donnée par (3.17).
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Remark 3.13. Grice a la forme particuliére de la solution de (3.8) avec la condition
initiale (px +pj/n, px+pj/n), Uapprozimation de u;(t,x) et de &;(t,x) est donnée respec-
tivement par

ui +pr et &+ pr. (3.19)

Estimation numérique de F(p), p > 0. Etant donné ny € N, on définit T = npAt et
on introduit notre approximation de I’hamiltonien effectif,

uy”

M= 1 3.20

A (3.20)
Theorem 3.14 (Estimation numérique de I'hamiltonien effectif (Théoreme 1.5 dans [5])).
Soit p>0, et soit \I' lapprozimation numérique de F(p) donné par (3.20). Si ufi a été
calculé avec le schéma explicite (resp. avec le schéma implicite), on suppose également que

1 1 4
A< —m ——— (resp. At < — <1 + min a; + oz)) .
. {nllax }(aj) 2 je{1,mo} a;
Jel,..no

Alors il existe deux constantes Cy > 0 et Cy > 0, telles que,

N = F(p)| < c; + Oy (AL + VAL). (3.21)

3.2 Homogénéisation d’'un modele contenant une perturbation
locale

On présente maintenant les résultats de [2], [6] et [4] qui sont présentés dans les Chapitres
3, 4 et 5. Dans le premier papier, on obtient un résultat

d’homogénéisation pour un modele microscopique du premiere ordre contenant une per-
turbation locale. Dans le deuxieme papier, on présente un résultat d’homogénéisation
numérique qui vient compléter celui de [2]. Dans le derniér papier, on obtient un résul-
tat d’homogénéisation pour un modele microscopique du second ordre qui contient une
perturbation locale.

L’idée de nos travaux est de considérer a 1’échelle microscopique une perturbation locale
qui ralentit les véhicules. On veut comprendre comment cette perturbation influence la
dynamique du trafic a 1’échelle macroscopique. On considére une perturbation située autour
de lorigine (voir la Figure 3.3) avec un rayon d’influence r € (0, 400).

A Téchelle macroscopique, il est naturel d’obtenir une équation de Hamilton-Jacobi
avec une condition de jonction en 0 (vu que la taille de la perturbation diminue avec le
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perturbation: rayon = r

Figure 3.3: Représentation schématique d’une perturbation locale de rayon r a 1’échelle
microscopique.

Figure 3.4: Représentation schématique de la condition de jonction a 1’échelle macro-
scopique.

changement d’échelle) et un limiteur de flux effectif (voir la Figure 3.4). La difficulté est
alors de construire ce limiteur de flux effectif.

Récemment, la théorie des équations de Hamilton-Jacobi avec des conditions de jonc-
tion, ou plus généralement dans les réseaux, a connu de grands développements, parti-
culierement a partir des travaux de Achdou, Camilli, Cutri, et Tchou [ACCT13] et de
Imbert, Monneau et Zidani [IMZ13]. On renvoie également au travail de Imbert et Mon-
neau [IM14] dans lequel, comme évoqué précédemment, les auteurs donnent une définition
(de solution de viscosité) adaptée a des problemes munis de conditions de jonction ainsi
que des résultats de comparaison et de stabilité.

Dans cette section, on utilise, en particulier, I'idée développée par Achdou et Tchou
dans [AT15], puis par Galise, Imbert et Monneau dans [GIM15], et par Lions dans son
cours au "College de France" [Liol4], qui consiste a construire des correcteurs dans des
domaines tronqués.

Dans toute cette section, on considere uniquement le cas ou V; = V et a; = a pour
tout j € Z.

Modele général du premier ordre

Dans cette section on introduit rapidement les résultats de [2] et qui sont présentés en
détail dans le Chapitre 3. On considere un modele microscopique de la forme

Ui(t) =V (U () = Us(2)) - 6 (Us(1)) , (3.22)
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ou la fonction ¢ : R — [0, 1] simule la présence d’une perturbation locale autour de 'origine
qui ralentit les véhicules. On note r le rayon d’influence de cette perturbation.

Le but de ce modele est de simuler la présence d’une perturbation locale atour de
l'origine, par exemple un ralentisseur, un accident sur le bord de la route (les conducteurs
ralentissent pour voir 'accident), une zone scolaire,... L’originalité de ce modele est que
I’on considere une perturbation locale et non pas périodique.

On fait les hypotheses suivantes sur V et ¢ :

Hypotheése (C)

e (C1) V:R — R est lipschitzienne, positive.

(C2) V est croissante sur R.
e (C3) Il existe hy € (0,+00) tel que pour tout h < hg, V(h) = 0.

e (C4) Il existe hpaz € (hg, +00) tel que pour tout b > hyae, V() = V(himaz) =: Vinaz-

(C5) 11 existe un réel pg € [—1/hg,0) tel que la fonction p — pV(—1/p) soit décrois-
sante sur [—1/hg, po) et croissante sur [pg, 0).

e (C6) La fonction ¢ : R — [0, 1] est lipschitzienne et ¢(z) = 1 pour |x| > r.

Remark 3.15. Les hypothéses (C1)-(C2)-(C3)-(C5) sont équivalentes aux hypothéses
(A1)-(A2)-(A3)-(A4), on a ajouté Uhypothése (C4) pour travailler avec V' avec un sup-
port compact. Mais en modifiant légerement les fonctions de vitesse optimal classiques,

on peut construire des fonctions qui satisfont hypothése (C). Par exemple, la fonction de
Greenshield :

0 for h < hy,
ho\"
S <
V(h) = Vinaz <1 (h) ) for hg < h < hpae,

avecn € N\{0}. On remarque également que la condition (C4) est pertinente d’un point de
vue de la modélisation et signifie que si la voiture qui est devant est trés loin (par exemple si
on ne peut plus la voir) alors on souhaite rouler da la vitesse mazimale Vyo,. Voir la Figure

1.2 pour une représentation schématique d’une fonction de vitesse optimale satisfaisant
Uhypothése (C).
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Injection du systéeme d’EDOs dans une seule EDP

Remark 3.16 (Premiére approche : formulation lagrangienne). Une premiére idée pour
traiter le probléme d’homogénéisation est de faire comme précédemment (comme dans [1]),
et de considérer la fonction

v:[0,T] xR =R, w(t,y) =Uyt).
Cette fonction satisfait pour tout (t,y) € [0,T] x R

vt y) =V (ult,y + 1) —u(t,y)) - o (v(t,y)),
{ v(0,y) = vo(y). (3.23)

La difficulté avec cette formulation est que la fonction ¢ est évaluée en v(t,y) et non pas
sur un point physique de la route et formellement, la jonction sera localisée en v = 0.
Dans ce cas, la notion de jonction n’est pas bien définie et c’est pour cela que nous avons
décidé d’utiliser une autre formulation (dans laquelle la perturbation sera évaluée sur un
point physique de la route) en utilisant la méme technique que dans le papier de Forcadel,
Imbert et Monneau [FIM09b]. C’est a dire en utilisant la primitive de la mesure empirique
des positions des véhicules. De cette maniére, on peut utiliser les résultats de Imbert et
Monneau [IM14] pour les hamiltoniens quasi-convezes avec des conditions de jonction.

On veut étudier le trafic quand le nombre de véhicules par unité de longueur tend vers
I'infini. Pour cela, on introduit la fonction de "distribution cumulative', p* , définie par

p(ty) = —¢ (ZH( —eUs(t/e)) +Z -1+ H( —5Ui(t/5)))>,

1>0 1<0

avec

1 ifz>0
H(l’):{o if « < 0.

Sous I’hypothese (C), on peut montrer que la fonction p° est une solution (éventuellement
discontinue) de 'EDP non-locale suivante,

g t .
u; + M*© [u(,)] () - ¢ <:c) “Jui| =0 sur (0,+00) xR (3.24)
€ €
ol M* est un opérateur non-local défini par

WUN@) = [T I (U + e2) — U(w)) dz = Vi
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et
0 siz>0
E(z)=X1/2 si —1<z<0 e J=V'surR.
3/2 siz< —1,

A (3.24), on ajoute la condition initiale
u®(0,x) = up(x) sur R. (3.25)

On suppose aussi que cette condition initiale satisfait I’hypothese suivante :

(CO0) (Borne de gradient) La fonction ug est Lipschitz et satisfait

Remark 3.17. Cette condition assure qu’initialement, les véhicules ont au moins une
distance hy entre eux et comme on travaille avec un modele du premier ordre, cette distance
de sécurité est conservée. De plus, on choisira ug une fonction réguliere telle que pour tout
e >0,

p7(0, ) —uo(z)| < f(e),

avec f(e) = 0 quand € tend vers 0.

Homogénéisation spécifiée du modele du premier ordre

On définit kg = 1/hg et H : R — R, par

—p — ko pour p < —ky,

— -1

H(p)=1{ -V <p> Ip| pour — ko < p <0,
D pour p > 0.

On remarque que la fonction H est continue, coercive (I ‘lim H(p) = +oo> et grice a
p|——+00

(C5), il existe un unique point py € [—ko, 0] tel que

H est strictement décroissante sur (—oo, pg),
H est strictement croissante sur (pg, +00).

On note

Hy = min H(p) = H(po).

peR
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H

— Hy

Figure 3.5: Représentation schématique de H.

La Figure 3.5 contient une représentation schématique de la fonction H.

Le résultat principal concernant I’homogénéisation d’un modele avec perturbation local
est que la solution de viscosité de (3.24)-(3.25) converge localement uniformément dans
(0, +00) x R quand ¢ tend vers 0 vers I'unique solution de viscosité du probléme suivant

wp + H(uy) =0 pour (t,z) € (0,+00) X (=00,0)
u) + Hul) =0 pour (t,z) € (0,400) x (0, +00) (3.27)
uf + Fg (ud(t,07),u2(t,0%)) =0 for (¢,z) € (0,+00) x {0} '
u?(0, z) = up(x) pour z € R,
ol A est a déterminer et Fi; est définie par
Fi(p-,py) = max (A, H (p_), H (py)),
avec
- H(p) sip<po, 7+ H(po) sip < po,
H =1 = . t H =< = . 3.28
(») {H(po) sip>po, (») H(p) sip > po. (3.28)

Theorem 3.18 (Condition de jonction par homogénéisation : application au trafic routier
(Théoreme 2.5 dans [2])). Supposons que (C) est satisfaite et que, au temps initial, on a
pour tout 1 € Z,

Us(0) < User (0) — ho.

On suppose également qu’il existe une constant R > 0 telle que, pour tout i € 7Z, si
|U:(0)] > R
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avec h > hy. On définit alors la fonction wy (satisfaisant (A0)), par ug(x) = —x/h pour
tout x € R.

Alors il existe A € [Hy, 0] tel que la fonction p° définie par (3.24) converge vers l'unique
solution u® de (3.27). De plus, on a que u® satisfait —ko < u2 < 0.

Remark 3.19. On remarque que (3.27) est équivalent (en dérivant en espace) d un modéle
LWR (voir [LW55, Ric56]) avec une condition limitant le flux a lorigine. FEn fait, le
diagramme fondamental est pV (1/p) et u correspond a la densité des véhicules.

Propriétés qualitatives du limiteur de flux effectif

Proposition 3.20 (Propriétés qualitatives du limiteur de flux (Proposition 2.12 dans [2])).
Supposons que (C) est vérifiée. On a les propriétés qualitatives suivantes sur le limiteur

de fluzx effectif :

(i) (Monotonie du limiteur de flux). Soient ¢1,¢s : R — [0, 1] deux fonctions satis-
faisant (C6). Soient Ay et Ay les limiteurs de flux correspondants donnés par le Théoréme
3.18. Si, pour tout x € R, on a

P1(x) < Po(x)
alors

Ay > A,

(ii) (Interruption du flux) Soit ¢ une fonction satisfaisant (C6). Si ¢ = 0 dans un
intervalle ouvert, alors on a

A=0.

Détermination du limiteur de flux effectif A

Pour compléter le résultat de la section précédente, il est important d’expliquer comment
est déterminé le limiteur de flux effectif A.

Comme toujours, le limiteur de flux effectif est déterminé de maniere implicite comme
étant 'unique constante A telle qu’il existe une solution w a 1’équation de Hamilton-Jacobi
suivante

Mw|(x) - ¢(z) - |lwg| = A pour x € R, (3.29)
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avec les bonnes pentes a l'infini. Plus précisément, si on définit w® par w®(x) = cw(z/e),
on impose que w® converge quand ¢ tend vers 0 vers une fonction W de la forme

W(x) = p~xlecoy + P rlaso),
avec p~ et pT satisfaisant
J— _ —_— _ — J— 7+ —
Hp )=H (p7)=A4 et H(p")=H (p") =4

Pour construire le couple (A, w), I'idée introduite par Achdou, Tchou [AT15] et Galise,
Imbert et Monneau [GIM15], est de considérer un probléme dans la cellule sur une domaine
tronqué puis de passer a la limite quand la taille du domaine tend vers 'infini. Pour prédire
les bonnes pentes a l'infini, il faut donc imposer de bonnes conditions aux bords. Dans
notre cas, 1’équation (3.29) étant non-locale, il est difficile d’imposer ces conditions aux
bords. C’est pour cette raison que nous introduisons un nouvel hamiltonien qui sera égal
a l'opérateur non-local dans Uintervalle [— R, R| et qui sera remplacé par un hamiltonien
local en dehors de [-R — 1, R+ 1] afin de pouvoir imposer des conditions aux limites. Plus
précisément, pour [ € (r,+00), r << [ et r < R << [, on consideére le probléme suivant :
trouver \; g, tel qu'il existe une solution w"? de

Gr (az, [wlﬂ],wi’R) =Npg size (=11

H (wp™) = \g six=—I (3.30)
ﬁ+(w§c’R) = \.R six =1,
Gr(z,[U],q) = ¥r(x)d(z) - M[U)(x) - |g| + (1 — ¢r(x)) - H(g), (3.31)

et Yr € C®, Yr: R — [0, 1], telle que

1 ~R,R
VR = { 0 Zii£rs de []—R —1,R+1, °© Vr(z) <1Vx ¢ [-R,R.  (3.32)

Le limiteur de flux effectif A est alors construit comme la limite quand [ tend vers 400
puis R tend vers +oo de A g. La fonction w"" permet de construire la fonction w avec les
bonnes pentes a l'infini.

On a également le résultat suivant qui caractérise le limiteur de flux.

Theorem 3.21 (Limiteur de flux effectif (Théoréme 2.10 dans [2])). Supposons que I’hypo-
thése (C) soit satisfaite. On définit l’ensemble de fonctions suivant

S ={w t.q. 3 une fonction lipschitzienne m et une constante C' > 0 t.q.
||w — m||Loo(R) S C} .

Alors on a

A=inf{A € R: 3w € S solution de (3.29) }.
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Calcul numérique du limiteur de flux A

Comme on l'a dit précédemment, le limiteur de flux A est la limite de A gz quand [ puis
R tendent vers l'infini. On cherche alors a avoir une approximation de A\; z. Pour cela,
on suit la construction faite dans [2] et on considere le probleme tronqué dans la cellule
approchée, pour tout 6 > 0

°(x) - p(x) - [03] + (1 — Yr(x)) H(vg) =0 pour € (=1,1)
=0 pour x = —I{ (3.33)
0 pour x = [.

(%)
@Oq
_I_
<
2
=
=
<

Il a été montré dans [2, Preuve de la Proposition 6.4] que —6v°(0) — A g quand § — 0.
On cherche maintenant & obtenir une approximation numérique de v° (solution de (3.33)).

Schéma numérique pour (3.33). Le schéma numérique que nous utilisons pour
I'opérateur non-local a été inspiré par celui de [CCM12, For08] et le schéma numérique
pour 'opérateur local a été inspiré par celui de [CLM15].

On consideére une grille uniforme de Uintervalle [—[, 1] avec 2n + 1 points, n € N\{0},

et on note le pas de discrétisation Az = [/n. Pour tout i € {1,...,n}, on note x; = Az -4
les nocuds de la grille. En particulier, on a xg =0, x_, = —l et x, = [.
Pour toute fonction discrete v : {1,...,n} — R, on note vy son extension sur R continue

par morceaux et définie par

ve(x) =D _vi - Xq:(2) (3.34)
i=1
avec
=1, =1+ Ax/2) sii=—n,
Qi =1 [x;i—Ax/2,x;+ Ax/2) siie{-n+1,...,n—1} (3.35)
[l —Ax/2,l] sit=n.
Discrétisation de ’opérateur non-local. Pour toute fonction discrete
v:{l,...,n} — R, on définit un opérateur discret non-local
M) := Mvg)(z;) et M) := M) (). (3.36)

Discrétisation du gradient. On considere les différences finies standard forward et
backward du premier ordre :

DFv(x;) = U(xHI)A; v(@) et D v(x;) = vz _AZ(%_I) (3.37)
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Enfin, on définit Dv; = (D~ v(x;), DTv(x;)).

Comme dans [CCM12], on utilise une discrétisation monotone de Osher et Sethian
[OS88] pour le gradient. Soit S = (p,q) € R%. On définit une fonction qu’on utilise par la
suite pour la discrétisation du gradient

1/2

G*(9) = (max(p, 0)? + min(q, 0)2)

Discrétisation de 'opérateur local. En ce qui concerne l'opérateur H(-), comme
dans [CLM15] on considére la discrétisation suivante

Hy(Dv;) = max {H" (D"v;), H (D*v;)}, (3.38)

ot H et H' on été définies dans (3.28).
Finalement, on introduit pour toute fonction discrete v : {1,...,n} - R,

R;[v] := Ry([v], Dvs) = ¥r(w;) - Mid[v] () - G+(sz‘) + (1 = Yg(ry)) 'Hd(DUi)-

On définit similairement R et R en remplacant M¢ par M¢.
Pour résumer, la version discrete de (3.33) est

dv; + Ri[v] =0 pouri € {-n+1,...,n—1}
dv;+ H (Dtv;) =0 pouri=—n (3.39)
Svi+H (D"v;) =0 pouri=n.

Theorem 3.22 (Convergence (Théoreme 3.11 dans [6])). En utilisant les mémes notations
que dans (3.34)-(3.35). Soit (VA%)ie(—n,..n} une solution de (3.39) (voir la définition exacte
dans le Chapitre /), alors la fonction vﬁA‘T (définie en (3.34)-(3.35)) converge localement
uniformement quand Ax — 0 vers ['unique solution (continue) de viscosité de (3.33).

Homogénéisation spécifiée d’'un modele du second ordre contenant une pertur-
bation

On présente maintenant les résultats de [4]. Les résultats pour le modele du second ordre
sont similaires a ceux présentés juste avant pour le modele du premier ordre. L’intérét de
travailler avec un modele du second ordre est qu’il est plus réaliste vu qu’il prend en compte
le temps de réaction des conducteurs. Cependant, le fait de travailler avec un modele du
second ordre ajoute beaucoup de difficultés techniques. En effet, on a une combinaison
entre les difficultés provenant du fait d’avoir un modele contenant une perturbation locale
mais aussi du fait qu’il s’agit d’'un modele du second ordre.
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Au départ on consideére le modele classique de Bando (1.2) et on le modifie afin de
pouvoir simuler la présence d’'une perturbation locale. On obtient le systéme suivant pour
tout t > 0 et 5 € Z,

U(t) = a (VU (t) = Us(1)) - 6 (U; (1)) = Uy (1)) (3.40)

ou U; est la position de la j-e¢me voiture, Uj sa vitesse et Uj son accélération. Comme
précédemment, la fonction ¢ simule la présence d’une perturbation locale autour de I'origine
et on note r son rayon d’influence. Dans ce modele, a et V représentent respectivement
la sensibilité des conducteurs et la fonction de vitesse optimale. On suppose que V et ¢
satisfont I'hypothese (C) et que 'on a également 1’hypothese suivante :

(D) (Monotonie) a > 4[|V'||  [[¢'|| + [|¢'l| [V
Remark 3.23 (Remarque sur (D)). L’hypothése (D) implique que pour tout (b,r) € R2,
la fonction [ : z — & oy (b+2) ¢ (x — 2) est croissante. Ceci est en fait, équivalent

a Uhypothése (B2) adaptée au fait que l'on a une perturbation. En effet, si l'on considére
¢ =1, on retrouve exactement (B2).

Pour obtenir un résultat d’homogénéisation pour (3.40) on est obligé de combiner les
techniques utilisées pour le modele (3.1) et le modele (3.22). C’est a dire qu’il faut trans-
former (3.40) en un modele du premier ordre a deux variables et ensuite utiliser deux
fonctions de densité cumulatives. Plus précisément, on introduit pour tout j € Z,

1.
E;(t) = Uj(t) + =U;(t) avec a= a
o 2
Le systeme suivant est équivalent a (3.40) : pour tout j € Z, pour tout ¢ € (0, +00),
Us(t) = a (5;(t) — Uy (1))

=) = a (U;(t) = () +2V (U (t) = U;(1) - 6 (U; (1))

On peut voir qu'il s’agit de la méme idée que dans [FIM09a, FIM12, 1]. Ensuite, on
introduit deux fonctions cumulatives de distribution (comme dans [FIM09b, 2]) : p° et o°
définies par

(3.41)

pe(t,y) = —¢ (ZH( —eUi(t/e)) + ) (-14+ H( —sUi(t/s)))), (3.42)

>0 <0

et

y) = —¢ (ZH( —eE; (t/e))+ > (—=1+ H (y — €5, (t/e)))) : (3.43)

>0 1<0
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On peut montrer que (p°, 0¢) est une solution discontinue d'un systeme d’EDPs non-locales
(voir Chapitre 5 pour plus de détails). On a alors le résultat suivant.

Theorem 3.24 (Condition de jonction par homogénéisation : application au trafic routier
(Théoreme 3.3 dans [4])). Supposons que (C) et (D) sont vérifiées et qu’au temps initial
(U:(0),Z:(0)); satisfont pour tout i € Z
—_ Vmaa: —_
0 < E;(0) — U;(0) < , Uita(0) =Z4(0) > ho, et Uit1(0) = Ui(0) < hinae-

(07

De plus, on suppose qu’il existe une constante R > 0 telle que, pour tout i € Z, si |U;(0)| >
R,

Ui+1(0) = U;(0) = h
et si|Z;(0)] > R
Zi1(0) = Zi(0) = h,
avec hpmaz > h > hg. On définit uo(x) = —x/h. Alors il existe une unique constante

A € [Hy,0] telle que les fonctions p* et o° définies respectivement par (3.42) et (3.43)
convergent localement uniformément vers l'unique solution de viscosité u° de (3.27).

3.3 Homogénéisation d’un modele microscopique d’une bifurca-
tion

On présente maintenant les résultats de [3] qui seront détaillés dans le Chapitre 6. Dans ce
papier, on a réussi a obtenir un résultat d’homogénéisation pour un modele microscopique
du premier ordre modélisant une bifurcation simple.

Modeéle microscopique du premier ordre pour une bifurcation

La Figure 3.6 donne une représentation schématique du modeéle microscopique que 'on
considere.
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Ry

Ui = Vi(Uiy2 — Uy)

: ,’/ Zone de transition
Ui = V(U1 = Us)

Ry

Ui = Va(Uia — Uy)

Ry

Figure 3.6: Représentation schématique simplifiée du modeéle microscopique.

Plus précisément, on considere une voie entrante Ry qui se sépare en deux voies sortantes
Ry et Ry. On note toujours U;(t) la position du i-éme véhicule, et I'on suppose que les
véhicules avec des indices impairs vont dans Ry et que ceux avec des indices pairs vont
vers Ry. Pour finir, on suppose que sur chaque voie R; la vitesse de chacune des voitures
est donnée par une fonction de vitesse optimal V;. A 1’échelle macroscopique on s’attend
a obtenir une équation de Hamilton-Jacobi dans chacune des voies et une condition de
jonction a l'origine (voir la Figure 3.7, avec u qui sera liée a la densité des véhicules et les
hamiltoniens effectifs H; qui sont définies plus bas).

Ry 0
up + Ho(u3) =0

Condition de jonction
Figure 3.7: Représentation schématique du modele macroscopique.

Avant la bifurcation (i.e pour U;(t) << 0) on suppose que la vitesse de chacune des
voitures est donnée par

Ui(t) = Vo (Ui (t) = Ui(1))
et apres la bifurcation (i.e pour U;(t) >> 0) on suppose que

Oty =1 1 (Uisa(t) — Ui(t)) sii est impair
N Va (Uige(t) — Us(t)) si i est pair.

Pour faire le passage de la vitesse Vy a V;, i = 1 ou 2, on introduit une fonction de transition
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¢ et on considere le systéme suivant, pour tout i € Z et pour tout ¢ > 0 :

. O\ Us(t), Vo (Uit (t) — Us(#)), Vi (Ugo(t) — Ui(t)) ) si i est impair
Ui(t) = _ (3.44)
P\ Ui(), Vo (Uira(t) = Ui(t)) . Va (Uir2(t) — Ui(t)) ) sii est pair.

La fonction ¢ permet de faire la transition prés de la bifurcation et est définie par

a siz < —hy— hpmae — 1,
(ho + humae ) (min(a, b) — a) si —1< x4+ hy+ hpa <0,
—|z|(min(a, b) — a) + min(a, b)
¢(z,a,b) = { min(a,b) if —ho— hmae < < —hyg,
||m1n(a,b)+<1—|;f|>b si —ho <x<0,
0
six >0,

avec Ny > ho > 0. La Figure 3.8 donne une représentation schématique du modele
(3.44).

Ry

u)

Ui = min(Vy(User — Ugfy Via(Uyea —
/ 4 /

| |
”ht) [T Th’l)
i

Ry 3 7}10 h; i 71
«_-—>U/ = V2<U/+2 - Ul)
X RN + \
; . "\ Zone de transition '\
Ui = Vo(Uir1 — U™ R,

Ui = ¢(Us, Vo(Uis1 — U3), Via(Uiga — U3))
Figure 3.8: Représentation schématique du modele microscopique.

Dans le modele (3.44), les véhicules avec des indices impairs vont dans R; et les autres
dans R,. Puisqu’on travaille avec un modele du premier ordre, sur R la vitesse de chacun
des véhicules dépend de la distance U;; — U;, mais sur Ry et Ry elle dépend de U;; o — U;.
De plus, on définit

F:RQUR]_URQ et RZQR]:{O}pOUYZ%]

On remarque que physiquement les véhicules sont sur R, par contre le modele (3.44) ne
fait pas la différence quant a la localisation des véhicules sur R. Ceci vient du fait que ’'on
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peut identifier Ry U Ry et Ry U Ry a la ligne réelle. Par exemple, les véhicules avec des
indices impairs vont bouger dans Ry U R;.

On appelle, zone de transition, Uintervalle [—hg — hpee — 1,0], ol les voitures vont
changer d’une vitesse a 'autre. Concernant la fonction de vitesse optimale V;, pour i =
0,1,2, et ¢, on suppose qu'elles satisfont 'hypothése (C) mais au lieu de (C5) et (C6)
qu’elles satisfont les hypotheses suivantes :

e (C5) Les fonctions p — pVy(—1/p) et p — pV;(—2/p), pour j = 1,2, sont strictement
convexes respectivement sur [—1/hg,0) et sur [—2/hg,0).

e (C6’) La fonction ¢ : R® — R est lipschitzienne par rapport a toutes ses variables. On
note ||¢'||« sa constante de Lipschitz. Pour tout (z,a,b) € R, les fonctions ¢(z, -, b)
et ¢(z,a,-) sont croissantes.

Pour simplifier les notations, on note (C’) I'hypothese (C) mais avec (C5’) et (C6’) au
lieu de (C5) et (C6).

Remark 3.25 (Zone de transition). Les fonctions de vitesse optimale V; décrivent les
dynamiques de chacune des voitures dans chacune des voies. Le role de la fonction de
transition (et de la zone de transition) est de faire un passage continu d’une dynamique d
Uautre. On peut voir qu’étant donnée la forme de la fonction de transition ¢, si initialement
les voitures ont suffisamment d’espace entre elles, il y aura toujours au moins une distance
ho entre deux voitures consécutive, ce qui veut dire que dans le modéle (3.44) il y a un
distance de sécurité hy qui évite toute collision.

Injection du systeme d’EDOs dans un systeme d’EDPs

Comme précédemment, on injecte le systéeme d’EDOs dans un systéeme d’EDPs. Pour faire
cela, on sépare les véhicules en deux groupes, ceux qui vont en Ry et ceux qui vont en Ry
et on introduit deux fonctions, la premiere étant la fonction de "distribution cumulative"
pour les voitures avec des indices impairs,

pi(t,x) = —2¢ - ( > H(x—ceUlt/e)+ > (-1+H(z- 5U¢(t/e€))))
i[2)=1, i>0 i[2)=1, i<0

et la seconde étant la fonction de "distribution cumulative" des voitures avec des indices
pairs,

p5(t,x) = —2¢ - ( > H(x—eUf(t/e)+ >, (-1+H(z— EUi<t/€)))> — €.
i[2=0, i>0 i[2)=0, <0

Ici et dans le reste de cette these, i[2] correspond au reste de la division euclidienne de 4
par 2 (soit 0 ou 1). On remarque que ces fonctions ont été définies sur R et non pas sur R,
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ceci vient encore une fois du fait que 'on peut identifier Ry U Ry et RgU Ry a R. De plus,
le coefficient 2 dans les fonctions précédentes a été ajouté artificiellement pour simplifier

les calculs.

Sous I'hypothese (C’), la fonction (p5, p§) est une solution (de viscosité discontinue) de

I’équation non-locale et non-linéaire suivante, pour (¢,z) € (0,4+00) x R,

s+ ¢ (f,Ng (Z F(E)D (), M: [“(6”] (@) JuE| =0
g +o (23 (£ 70 ) |0 ) el =0

ou N§ et M7 pour ¢ = 1,2, sont des opérateurs non-locaux définis par

€ ': ': - o 0
NE( /JO (E(z +22) — U(x))dz 2vmax,
et
3
- / J(2) B +e2) = U@))dz = 5Vur:
R

avec J; = V! pour i = 0,1, 2,

0 siz>1, 0 siz >0,
F(z)=4¢ 1/2 si —1<z<1, etE(z)=¢ 1/2 si —2<2z<0,
3/2 siz< -1, 3/2 siz< —2.

Pour le probleme (3.45), on considére la condition initiale

{ u*(0, ) = uo(z)
£(0,2) = ()

et on fait I’hypothese suivante

pour tout x € R,

(EO0) (Initial condition). Pour tout z <0,

up(z) = §o().

De plus, on suppose que pour tout x € R

2
~2ky = - < (up), <0 et —2ky < (&), <O.

0

(3.45)
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Résultat de convergence pour une bifurcation simple

Avant de donner le résultat principal de [3], on introduit trois fonctions, Hy, Hy, et Ho
que P'on utilise pour présenter notre résultat d’homogénéisation. Il s’agit des hamiltoniens
effectifs dans chacune des voies. On définit ko = 1/hg, et Hy: R — R, par

—p — 2k pour p < —2ky,

_ -1

Ho(p) =4 W <p> ‘Ip| pour — 2k < p <0,
p pour p > 0.

On introduit également, pour i = 1,2, H; : R — R, définies par

—p — 2ko pour p < —2ky,

- 2

Hi(p) =y —Vi <p> “|p| pour —2ko < p <0,
p pour p > 0.

Pour i = 0,1, 2, on peut remarquer que la fonction H; est continue, coercive

<| |lim H;(p) = —i—oo) et grace a (Ch’), il existe un unique point p; € [—2kg, 0] tel que
p|——+00

H; est décroissante sur (—oo, p;),
H; est strictement croissante sur (p;, +00).

On note

o = sy e P10

La Figure 3.9 donne une représentation schématique de Hy, H, et Ho.

On veut un résultat d’homogénéisation quand le nombre de véhicules par unité de
longueur tend vers I'infini, ¢’est & dire que I'on veut connaitre le comportement de (p5, p5)
quand ¢ tend vers 0. Tout d’abord, on peut voir que le rayon de la zone de transition tend
vers 0, et donc a 1’échelle macroscopique on obtiendra une condition de jonction en 0.

On introduit, pour une fonction lisse u : [0,7] x R — R, d;u(t, z) qui correspond a la
dérivée spatiale de u en x € R;, pour i = 0, 1,2, et on définit

o Oru(t, ) six € R = R;\{0},
Uy (t, 7) = (Oou(t,0), 01u(t,0), Du(t,0)) siz=0.

Finalement, on introduit pour tout x,y € R la distance d(x,y) sur R,

d(z,y) = |r —y| siz,y se trouvent dans la méme voie,
Y= |z| + |y| sinon.
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2]{0 P2 —]{30 Po

S
|
=y

Vo N min Hy(p)
I p

N S min Hs(p)

|
I p

—————————————————— min H(p)
P

Figure 3.9: Représentation schématique des hamiltoniens effectifs

Theorem 3.26 (Théoréme 2.5 dans [3]). Supposons (C’) vraie, et qu’au temps initial pour
tout i € Z, il y a au moins une distance hg entre deux véhicules consécutifs. On suppose
également qu’il existe une constante R > 0 telle que, pour tout entier i € Z, si U;(0) > R

Uit1(0) = Ui(0) = { Z; Z z% zé

et si U;(0) < —R
Ui1(0) = Ui(0) = h,

avec h,hy, he > hg. On définit deuz fonctions ug et & (satisfaisant (E0)) par

| —z/h stz <0 | —z/h six <0
uo(x)—{ —2x/hy six >0 ct §o(x)—{ —2x/hy six >0 pour tout z € R.

Alors il existe une constante A € [Hy, 0] telle que la fonction
p5(t,—d(0,y)) pour (t,y) € (0,+00) X Ry,

i
pE(t,y) =4 pi(t.d(0,y))  pour (t,y) € (0,400) x R},
p5(t,d(0,y))  pour (t,y) € (0,+00) x R3,
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converge localement uniformément vers u®, l'unique solution de viscosité de

up + Ho(u)) =0 pour (t,z) € [0,+00) X R}

w) 4+ Hy(u)) =0 pour (t,x) € [0,4+00) x R}

u + Ho(ul) =0 pour (t,x) € [0,+00) X R}

uf + F(9pu’(t,0), 01u’(t,0), deu’(t,0))) = 0 pour (t,x) € [0,400) x {0}
0 | up(d(0,x)) pour x € Ry U Ry,

W (02) = { &(d(0,2)) pour x € Ry,

ou A est une constante qui reste d déterminer et ot Fy est définie par

2_(]92))7

|

F+(po, p1, p2) = max (A, Hy (po), H, (p1),

avec, pour 1 =0,1,2,

—— | Hi(p) sip<pi, | Hi(p)) sip<pi,
Hi (p) N { Fz(pz) sip > pi, ct Hi (p) N Fz(p) Sip > p;.

De plus, on a pour tout (t,z) € [0,+00) x R, —2ko < u2 < 0 avec ko définie dans (E0).

Remark 3.27 (Lien avec les modeéles macroscopiques). On peut voir que notre résultat
d’homogénéisation ne donne pas directement les dynamiques des véhicules. FEn effet, sur
Ry, ug est la densité des véhicules mais sur Ry et Ry ¢’est deux fois la densité des véhicules.
Donc Uintégrale de la densité des véhicules sur R est donné par

0
0 | WP(t,x)  pour x € Ry,
piltx) = { u®(t,z)/2 pour x € R} URS.

Cependant, on ne peut pas expliciter la dynamique de p° a cause de sa définition a 'origine.
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Chapitre 1

Homogenization of second order
discrete model and application to
traffic flow

N. Forcadel!, W. Salazar!

Abstract

The goal of this paper is to derive traffic low macroscopic models from microscopic models.
At the microscopic scales, we consider a Bando model, of the type following the leader, i.e.
the acceleration of each vehicle depends on the distance to the vehicle in front of it. We
take into account the possibility that each driver can have different characteristics such as
sensitivity to other drivers or optimal velocities. After rescaling, we prove that the solution
of this system of ODEs converges to the solution of a macroscopic homogenized Hamilton-
Jacobi equation which can be seen as a LWR (Lighthill-Whitham-Richards) model.
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Ch.1. Homogenization of a second order discrete model

1 Introduction

The goal of this paper is to obtain an homogenization result for a traffic flow model. More
precisely, we are interested in a discrete model (of type "following the leader") which de-
scribes the dynamics of vehicles on a straight road. The microscopic model we consider
was introduced by Bando et al. [BHN195] and is an optimal velocity model. The goal is
then to describe the collective behaviour of the vehicles (in term of the density of vehicles)
as the number of vehicles per unit length goes to infinity. We will see in particular that
this problem can be seen as an homogenization result. Let us mention that the theory
of homogenization for periodic Hamilton-Jacobi equations has known an important de-
velopment since the pioneer works of Lions, Papanicolaou, Varadhan [LPV88| and Evans
[Eva89]. We would like in particular to mention [CLL10] which is concerned with the ho-
mogenization of system and [FIM09a, FIM09b, FIM12, IMROS8] for the homogenization of
non-local equations (or systems).

1.1 General model with n, types of drivers

We begin by recalling the model introduced in [BHN'95]. We consider that we have ng € N
types of drivers (or vehicles), and we consider the following optimal velocity model, for all
j€Zandt >0,

Uj(t) = a;(V;(Ujsa(t) = U; (1)) — Uy), (1.1)

where U; denotes the position of j-th vehicle, Uj is its velocity and Uj its acceleration.
The coefficients a; are the sensitivities of the drivers and V; are called optimal velocity
functions (OVF) and depend on the driver.

To simplify the study and in order to be able to get homogenization, we impose the
following periodic conditions

Qjiny = a; and Vi, =V; forall j€Z.

The model we consider has some similarities with the one studied in [FIM12] (in a
different context). The main difference here is that the a; can depend on j which was a
crucial arguments in the proof of [FIM12], in particular to get the order of the particles.
Nevertheless, we will use the same strategy and we introduce for all j € Z

- L. 1 :
=) =U;(t) + &Uj(t) where a = §j€{r1r’1.1“r,1n0}(aj). (1.2)
We then obtain the following system of ODEs: for all j € Z and t € (0, +00),
Uj(t) = a(E5(t) = U,(t)
(1.3)
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Let us now give the assumptions on the functions V; and the coefficients a;:

(A1) (Regularity) Forall j €{1,...,n0},

Vj is continuous and non-negative.
V; is Lipschitz continuous and we denote by L; its Lipschitz constant.

We denote by L = max Lj.

Jj€{1,...,n0}

(A2) (Monotonicity) Forall j € {1,....,n},
V; is non-decreasing.

Q; 2 4L.

(A3) (Upper bound) For all j € {1,...,nq},

lim V;(h) < +o0.

h—+o00

(1.4)

We denote by V4, = max; (||Vj||«) and hy = Vipea /.

(A4) (Lower bound) For all j € {1,...,n0},
Vi(h) =0 for all h < 2h,.

Remark 1.1. Conditions (A1)-(A3) are classical for the Bando model (see for example
[BHNT95], [BT10]). Assumption (A4) appears for example in [BT10]. We note that the
second condition in (A2) appears in [BHNT95] to get stability. Here, it allows us to show
that U; — (a; — a)U; + 2V, (Ujy1 — U;) is non decreasing, and so the system (1.3) is
monotone.

(A5) (Periodicity of the type of drivers) For all j € Z,

Qjiny = a; and Vi, =Vj.
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1.2 General system of PDE with ng types of drivers
As in [FIM09a, FIM12], we inject the system of (ODE) in a system of (PDE) by considering

the functions
(u, &) = ((w; (L, 2))jez, (&, 7)) jen),
defined by
Uj(t,l‘) = Uj+L$Jno (t) and gj(ta SL’) = Ej-{—LmJno (t)v
where |-| denotes the floor integer part. For instance in the case ny = 1, we have
u(t,x) = U (t) and £(t,2) = E (1),

where x is a continuous variable representing the index of each vehicle. In the case ng > 1,
the integer j allows us to take into account the periodicity of the coefficients a; and the
functions V.

The function (u, ) satisfies the following system of equations (see Proposition 6.1), for
all (t,z) € (0,+00) x R and for all j € Z,

8uj .

W(tax) - Of(gj(t,d,’) - U](t,d,’))

%(t x) = (a; — a)(ui(t,x) — &(t,x)) + %V'(u' (t,z) — u;(t,x))

8t ) J g\ J\Y o VAN R ACD) g\ (15)

Ujtng (tv I) = U]’(t, T+ 1)

fjJrnO(t, Q?) = fj(t, T + 1)
However, we are more interested in the rescaled system, defined by
R t x - t x
us(t, r) = eu; (5’ 5) and & (t, ) = & (5’ g) ) (1.6)

As e goes to 0, the number of vehicles per length unit goes to infinity. The function
(u®,&°) = ((u5(t, 7)) jez, (& (t, 7)) jez) satisty the following Cauchy problem, for all (¢,z) €
(0, +00) X R,

8;? (t2) = aﬁj(t, ) ; us(t, )
oge S(t,x) — E5(¢, y St x) —us(t,
;;(t,x) = (a; — oz)uj( il 5 &) + %Vj <U3+1( x)g el x>> (1.7)

Sy, (6, 7) = uS(t, v +¢€)

St ) = &5 (tw +e),
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completed with the initial condition

u5(0, 7) = ug (x + jg) and  &:(0,7) =& (:c + jg) : (1.8)

o 770
We assume that the initial condition satisfies the following assumption,
(AO0) (Gradient bound) There exist kg, Ky > 0 such that
0 < ko < (up)e < Ko

0<ko<(&). < K.

We also assume that

U (x + 6) — up(x)

0 < a((z) —up(z)) < min | Viaee, o

for all x € R.

Remark 1.2. Condition (A0) implies that initially the vehicles have enough space between

them. Concerning the last inequality in (A0), formally we can see, using (1.2), that we
have

10
6(t,) = u(t,2) + ~

which means that after rescaling, using (1.6), we have

t? x)’

. . Eau‘g
fj(t>x) =u (tax) + a Ot (t7$)

Therefore, the initial condition must satisfy

. . e
&6 (x+]€) = ug (x+]€) + & uj(o,a;).

no ng a Ot

First, this implies that the initial condition £ depends one. The bound on o (£5(x) — uop(z))
can be explained as follows, in the case where initially the vehicles have enough space

between them (ko > 2hong), the initial velocity of each vehicle must be less than Ve, so
we have

a (§(z) —uo(2)) < Vinazt.
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In the case where vehicles have less space between them (ko < 2hgng), the initial velocity
of each vehicle must be bounded in such a way that the vehicles remain ordered (u; < u;4q
and & < &j41) (see Theorem 2.7), so we have

L R o (o + 5 — ule
o (§(2) = uo(®)) < Vinaa - 0( +§22 Y. < +ng> o

Combining the two previous inequalities we obtain the last inequality in (A0).

The main purpose of this article is to prove that the viscosity solution of (1.7)-(1.8)
converges uniformly on compact subsets of (0,4+00) x R as ¢ goes to 0, to the unique
solution of the following problem

ud(t,z) = F(ul(t,z)) for (t,z) € (0,+00) x R,
(1.9)
u®(0,z) = up(x) for z € R,

where F has to be determined.

Theorem 1.3 (Homogenization of systems with ng types of drivers). Assume that (A1)-
(A5) holds and that the initial datum ug, &5 satisfy (A0). Consider the solution

((u5)jez (§5)jez) of (1.7)-(1.8). Then, there exists a continuous function F:R — R such
that, for all j € Z, the functions u and & converge uniformly on compact subsets of
(0,+00) x R as € goes to 0 to the unique viscosity solution u® of (1.9).

Theorem 1.4 (Homogenization of systems with ng types of sensitivities and one OVF).
Assume that (A1)-(A5) are satisfied and that the initial datum ug,&§ satisfy (A0). We
also assume that V; =V for all j € N. Let us consider the solution ((u5)jez, (&5)jez) of

(1.7)-(1.8). Then the effective Hamiltonian F is given by

F(p)=V (5()) for all p € RT. (1.10)

1.3 Hull functions

We recall the notion of hull function (presented as in [FIM12]) for the system (1.5) which
is necessary for the proof of Theorem 1.3. It will allow us in particular to define the
effective Hamiltonian F'. We look for functions ((h;);, (g;);) such that (u;(t,z),&;(t, x)) =
(hj(At + px), gj(At + pz)) is a solution of (1.5) on R x R.

Definition 1.5 (Hull function for system with ng types of drivers). Given (V;); and (a;),
satisfying (A1)-(A5), p € RT, and a real number A € R, we say that a family of functions
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((hj)jez, (95)jez) s a hull function for (1.5) if it satisfies for all j € {1,...,no} and for all
z € R,

A= alg; — hy) A= (a; —a)(h; —g;) + %V}(hﬂl — hy)
hj-i-no(z) = hj(z +p) Gi+tno (2) = gj(Z +p)
(1.11)
hjr1(2) = hj(2) gi+1(z) > g(2)
hj(z) =z + h;(0) 9;(2) = 2 + g;(0)

Remark 1.6. The notion of hull functions is a little bit different from the one presented
in [FIM12]. This comes from the fact that our system is invariant by addition of constant
while the one considered in [FIM12] was invariant by addition of integer constant only.
This allows us to show that h; =1 and g} =1 and so to get the special form for h; and g;.

Theorem 1.7 (Effective Hamiltonian and hull functions). Assume (A1)-(A5) and let
p € (0,400). Then there exists a unique real \ for which there exists a hull function
((hy);, (g5);) satisfying (1.11). Moreover the real X = F(p), seen as a function of p, is
continuous in (0, +00).

Remark 1.8. A simple computation gives us that

F(p) = V; (hy4a(0) = h(0)) V) € Z. (1.12)

1.4 Qualitative properties of the effective Hamiltonian

We have the following results concerning F, and concerning the homogenized Hamilton-
Jacobi equation (1.9).

Theorem 1.9 (Qualitative properties of F). Assume (A1)-(A5). For any p € (0, +00), let
F(p) denote the effective Hamiltonian given by Theorem 1.7. Then we have the following
properties

(i) (Lower boundary) if p < 2hgng, we have

(ii) (Upper boundary)
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(iii) (Monotonicity) F is non-decreasing.

Remark 1.10. For example, an effective Hamiltonian can be of the form:

\%4
‘/max

0 hO hmax h

Figure 1.1: Schematic representation of the effective Hamiltonian.

Link with macroscopic models. In the literature we can find different types of macro-
scopic models. But we will focus on the first order model LWR (Lighthill-Whitham-
Richards) (for more information on the LWR model see [LW55, Ric56] or for instance
[GP06]), which is defined by

Ap + 0y (pv(p)) = 0, (1.13)

where p(t,y) is the density of vehicles at the point y € R (physical point on the road) at
time ¢ € (0, +00), and v(p) is the average speed of vehicles. We call f(p) = pv(p) the traffic
flux. It can be remarked that (1.13) uses Eulerian coordinates (y is physical point on the
road). However, it was proven by Wagner in [Wag87] (for equations of gas dynamics) that
the problem (1.13) is equivalent to

Ors — 0,v*(s) =0, (1.14)

where s(t,x) = 1/p is the spacing between the vehicles, = stands for the vehicle z (seen as a
continuous variable) and v*(s) = v(1/s). We can see that equation (1.14) uses Lagrangian
coordinates. Moreover, if we denote by u°(¢, ) the position of the z vehicle, we have that
(1.14) is equivalent (see [LLCO08]) to

o°(t, z) = v* (&Cuo) : (1.15)
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2.Viscosity Solutions

with s(t,z) = 0,u’(t,x). From this we can see that equation (1.9) is equivalent to a
macroscopic model of traffic flow of the LWR type, with

)

Using Theorem 1.9, we can see that the flux of the macroscopic model, f(p) = pv(p),
satisfies some of the properties presented in [GP06]:

1. f is a continuous function.

o
ho ’

The problem of deriving macroscopic models from microscopic models has already been
studied for models of the type following the leader. We refer for example to [AKRMO02,
DFR15, Hel98, LLKO1] where the authors rescaled the empirical measure and obtain a
scalar conservation law (LWR model). In these papers at the microscopic scale the authors
consider only one type of driver (a single optimal velocity function).

The originality of our work is that we work with the primitive of the empirical measure
and at the macroscopic scale we obtain a Hamilton-Jacobi equation which is equivalent to
the primitive of the LWR model. This approach gives different techniques of proof than
those used when considering the empirical measure. This method allows us to treat more
complex problems. For instance, to consider at the microscopic scale, a model that takes
into account ng different types of drivers (considering the coefficients a; and the optimal
velocity functions Vj for j € {1,...,n0}). Another example is the case of microscopic models
with a singular perturbation (see [2]). Finally, simpler cases, for instance when we have a
single optimal velocity function, are easily treated. In fact in that case we can explicitly
determine the effective Hamiltonian (see Theorem 1.4).

2. f(0) = f(pmaz) = 0, With pre. =

1.5 Organisation of the article

In Section 2 we give some results concerning viscosity solutions for systems. In Section 3,
we prove Theorem 1.3 assuming Theorem 1.7. In Section 4 we give the results concerning
the existence of the hull functions.

2 Viscosity Solutions

This section is devoted to the definition and to useful results for viscosity solutions for
systems like (1.5). The reader is referred to the user’s guide of Crandall, Ishii, Lions
[CIL92] and the book of Barles [Bar94] for an introduction to viscosity solutions and to
[Ish92, IK91, Len88] and references therein for results concerning viscosity solutions for
weakly coupled systems.
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2.1 Definitions

We consider for 0 < T" < 400 the following Cauchy problem, for j € Z ; t > 0 and x € R,

du _
E(t,x) = a(§(tz) —u,(t, )

0&; _ a;
E(t’ z) = (4 — a)(u;(t,2) = &t 2)) + —Vi(ujn(t, 2) — uy(t, 7)) 2.1)

Ujtng (ta JZ) = Uj(t,l' + 1)

£j+no<t7$) = é-j(tax + 1)7

with the initial condition

u;(0,2) = ug (x + ‘7) and &;(0,2) =& (x + j) : (2.2)

No N

We recall the definition of the upper and lower semi-continuous envelopes, u* and u,,
of a locally bounded function u,

u*(t,z) = limsup u(r,y) and w.(t,z)= liminf u(7,y).
(r,y)—(t,x) (T,y)—(t,z)
Definition 2.1 (Viscosity Solutions). Let T > 0, up : R = R and & : R — R satisfying
(A0). For allj, letu; : R* xR = R and & : R* x R — R be upper semi-continuous (resp.
lower semi-continuous) locally bounded functions. We set Q = (0,T) x R. Let us consider

that ((u;);, (&5);) satisfies
Vi€ Z, V(t,x) € Q, Ujpny(t,x) =ui(t,x+1) and Ejpny(t,z) =&(t, 2+ 1).

-A function ((u;);, (§5);) is a sub-solution (resp. a super-solution) of (2.1) on 2 if for
all (t,z) € Q and for any test function ¢ € CY(Q) such that u;— ¢ attains a local mazimum
(resp. a local minimum) at the point (t,x), we have

Qot(twr) < O‘(gj(tv l’) - uj(t7 l‘)) (T’GSp. 2)7 (23)

and for all (t,x) € Q, and any test function ¢ € C*(Q) such that & — ¢ attains a local
mazximum (resp. a local minimum) at the point (t,x), we have

et w) < (0 — ) (u(t,2) = §(t, @) + FVilwja(t,2) —uy(t, @) (resp. ). (24)

-A function ((uj);,(&);) is a sub-solution (resp. a super-solution) of (2.1)-(2.2) if
((ug)j, (&);) is a sub-solution (resp. a super solution) of (2.1) on Q0 and if it satisfies
moreover for all z € R, j € {1,...,n0},

u;(0,2) < ug <x + T‘ZO) (resp. >) and &;(0,2) <& <x + é()) (resp. >).
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-A function ((u;);, (&;);) is a viscosity solution of (2.1) (resp. of (2.1)-(2.2)) if
((u});,(&5);) is a sub-solution and (((u;)«);, ((§5)«);) s a super solution of (2.1) (resp. of

(2.1)-(2.2)).

2.2 Results for viscosity solutions of (2.1)

Proposition 2.2 (Comparison Principle). Assume (A0) and (A1)-(A5). Let (u;,&;) and
(vj,¢;)) be respectively a sub-solution and a super-solution of (2.1)-(2.2). We also assume
that there is a constant K > 0 such that for all j € {1,...,n0} and for all (t,z) € [0; T] xR,
we have
ui(t, ) <wui(0,2)+ K(1+1t), &(t,x) <&0,2)+ K(1+1)
(2.5)
uy(m) < —y(0,2) + K(LH 1), —Gltax) < —G(0,2) + K(1+ 1)

If
u;(0,z) <v;(0,z) and &;(0,2) < (j(0,x) forallzx €R, jE€Z,
then
ui(t,x) <wi(t,z) and &i(t,x) <((t,xz) forallzeR, jeZ, tel0;T].

Proof of Proposition 2.2.

This proof is similar to the one of Proposition 2.2 in [FIM12], because the system (2.1)
is monotone as the one studied in [FIM12] thanks to assumption (A2). Indeed, for systems
of the following form, for j € {1,...,no},

ou,
aitj _fj (517"' 7§noau17'” ’U"O)’
aé"
7(); = 9j (glv"' anouuh”' ’u"‘))’

we say that the system is monotone in the sense of Ishii and Koike [IK91], if for all
i,7 €{1,...,n0}, 1 # J,
9f; 0f; 9g; 9g;
>0 | >0 >0 and =2 >0. 2.6
0& — Ou; — 0&; o Ou; (2:6)

System (2.1) satisfies the previous definition, thanks to (A2). For the readers convenience,
we give the details of the proof of Proposition 2.2.
Thanks to the periodicity in (2.1), we only need to prove that

M = sup max max(u;(t,x) —v;(t,2),&(t, x) — (¢, x)) <O0.
(0;T) xR IE{L,..,m0}

We argue by contradiction and assume that M > 0.

23



Ch.1. Homogenization of a second order discrete model

Step 1: the test functions. We introduce, for €,y > 0 and n > 0 small parameters,
the functions

. (z —y)? Ui 2
QD(t,ZL’,y,j):Uj(t,x)—vj(t,y>— 62 _T—t_w
and
. (z—y)?* 2
t = &(t ) — ¢t x) — - — vzl
o(t,x,y,J) = &t z) — G, v) = T
First, we notice that these functions satisfy
2
. X —
and
2
. Xr —
where we used (2.5) and (A0). This implies that
= lim ¢=—o0.

im
|, |y| =00 |2],|y|—=+o0

Therefore, given that ¢ and ¢ are upper semi-continuous functions, we have that the
function ¥ = max(y, ¢) reaches a maximum at some finite point that we denote by
(t,7,9,7) € [0,T] x Rx R x {1,...,n0}. We define M., = ¥(t,z,7,7).

Classically we have the following lemma.

Lemma 2.3. For n and v small enough, we have the following properties.
M
(1) 0 < 5 < M., .
(ii) ~v|z] = 0 as v — 0.

(iii) |z —y| — 0 as e — 0.

Step 2: t > 0. By contradiction, let us assume that ¢ reaches its maximum for t=0.
Let us for instance assume that (¢, Z, 7, j) = ¢(t,Z, ¥, j). In this case we have

M '
0< ) SMEJL’Y < ug (f‘f‘j) — Ug (@—I—j) §K0|3_3_g|>
no No

where we have used assumption (A0) for the last inequality. Using the fact that |z —y| — 0
as € — 0, we get a contradiction for € small enough. Similarly, we get a contradiction if
we assume that ¥ (¢, Z,7,7) = ¢(t, 7,7, J).
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2.Viscosity Solutions

Step 3: viscosity inequalities in the case ¥(t,7,%,j) = ¢(t,7,%,j) . By duplication
of the time variable and passing to the limit we have that there exist two real numbers
a,b € R, such that

a—b= (T_77t_>2 o <a(u(tn)-&Er), and b>a (vt —GED).

Combining these inequalities, we obtain

Cpi@2Sa@ﬂ@@—ﬂﬂt@—iﬁwf%—g@g»)ga

where we have used the fact that ¢(t,7,7,7) > ¢(t,Z,¥,J) for the last inequality. This
gives us a contradiction from the fact that n > 0

Step 4: viscosity inequalities in the case (t,7,%,j) = ¢(t,Z,7,j). Like in the
previous step, by duplication of the time variable and passing to the limit we have that
there exist two real numbers a,b € R, such that

a—b:(Tft_)2 (2.7)

and

~—

< (a5 — ) (u;(£,2) — &(5,0)) + 2V; (w1 (£.7) — u3(£, 7))
. )

! ’ a _ ! 2.8
b= (a; — a)(v;( Vi (0515, 9) = v5(£,5) ) 2

Uk(t7 j) < Uk<t_7 ?j) + f}(ﬂ f) - Cj(t7g) (29)

o Vk ¢ {1,...,n0}, there is an [ € Z and a ke {1,...,n0} such that k = k + Lyno,

uk(t’ "E) - Uk(tu g) = Ul}(i x+ lk) - Ul}(ﬂg + lk) §£3(£7 i) - Cj(a g) - /75;2
+y(lx + 7)? (2.10)
<&(t, x) — G(t,y) + o,(1),

where we used the periodicity in (2.1) and the fact that o(t,z + Iy, y + le, k) <
&(t,7,y,7) for the first inequality and Lemma 2.3 for the second inequality.
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Ch.1. Homogenization of a second order discrete model

Combining the inequalities from (2.7) and (2.8), we get

ngFﬂMw@@—w@m (60.) = G 6.00)
+ 22V, (w5, 7) — w@@)—ﬂ (ﬁx

y) —
<% v(m(m) () — (607 7)) Zjvj(mt:&)—v;(ﬂﬂ))
(t,

<5 (4, (5 8) 05+ o >)— (m ) = v3(i.9)) )
<D L-0,(1) = 0,(1),

where we have used the monotonicity property (A2) (see Remark 1.1), (2.9), and the fact
that j € {1,...,ng} for the second inequality, the fact that the function V; is non-decreasing
(see assumption (A2)) and (2.10) for the third inequality and the fact that the function V;
is Lipschitz continuous (see assumption (A1)) for the last inequality.
From the previous inequalities we get a contradictory for 4 small enough. This ends
the proof of Proposition 2.2.
O]

We now give a comparison principle on bounded sets, to do this, we define, for a given
point (tg,z9) € (0,7) x R and for all r, R > 0, the set

Qrr = (to—7,to+7) X (yo — R,y0 + R).

Proposition 2.4 (Comparison principle on bounded sets). Assume (A1)-(A5). Let
((ug)j, (&5)5) (resp. ((v5)4,(C5);)) be a sub-solution (resp. a super-solution) of (2.1) on the
open set Q, r C (0,1) x R. Assume also that for all j € {1,...,n0},

uj <v; and & <¢  on Qi1 \ Qg
then
u; <wv; and & < on Qg forje{l,...,no}.

We now turn to the existence of a solution for equation (2.1). To do this we will use
the following lemma.

Lemma 2.5 (Existence of Barriers). Assume (A0) and (A1)-(A3). There ezist a constant
Ky > 0 such that

(0 i ) = (o (54 2) - mie) (e (o L) ) ).
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2.Viscosity Solutions

and

(05 ) 6 ) = ( (o (o 2) = ) (&0 (o0 L) = 1) ),

are respectively super and sub-solutions of (2.1)-(2.2) for allT > 0. Moreover, the constant
K, can be chosen to be

v
K, = ), mar
! jE{IE-E-lw}ilo}(a]) «Q
Proof. Let us prove that ((u] (t,x));, (§ (t,);)) is a super-solution of (2.1)-(2.2).
First, using (A0) with € = 1 we have for all j € {1,...,n¢},

algf (t,x) —uj (t,x)) = a (fo (x + ;) — ug (x + ‘7>) < Vinae < K,

0 No
and

maX(aj) Vma;t S K17(211)

() — @)(uf (t,2) = & (t.2)) + 2V (ufat2) = uf (.)€ 2

where we have used (A0) and the fact that for all j, ||V}||l < Vinas-

]

By applying Perron’s method, joint to the comparison principle, we get the following
result.

Theorem 2.6 (Existence and uniqueness of viscosity solutions for (2.1)). Assume (A0)
and (A1)-(A5). Then there exists a unique solution ((u;);, (&;);) of (2.1)-(2.2). Moreover,

the functions u;,&; are continuous for all j € Z.

We now prove that the cars remain in ordered during the evolution.

Theorem 2.7 (Ordering of the cars). Assume (A0) and (A1)-(A5). Let ((u;);,(&;);) be a
solution of (2.1). Then u; and &; are non-decresing with respect to j.

In order to do the proof of this theorem we need the following lemma.

Lemma 2.8 (Bound on time-derivative). Assume (A1)-(A5). Let ((u;);, (§;);) be a solu-
tion of (1.5), with initial condition ((u;(0,x));, (&;(0,2));) satisfying (A0). Then for all
(t,x) € [0,T] x R and for all j € Z,

Vmaz

0<¢&(t,x) —uj(t,x) < o

Proof. Since §; — u; is periodic in j it is sufficient to do this proof for j € {1,...,no}. We
will only do the proof for the upper bound since the proof for the lower bound is similar.
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Ch.1. Homogenization of a second order discrete model

Step 1: test function. We introduce

M= sup max (@-(t,x) —u;(t,x) —
(t,2)€[0,T) xR IE{L,-.,n0}

Vmaz >
o .

We want to prove that M < 0. To do this, we argue by contradiction and we assume that
M > 0. We define the following function, with &,7,~ > 0 small parameters,

‘LU — y‘Q - n N Vmax . 7’.%"2
g2 T—t Q '

@(taxayaj) = f](tax) - U](t,y) -

We can see that the function (¢, z,y, j) reaches a maximum at a finite point (¢, 7,7, ;)
thanks to the existence of barriers (Lemma 2.5). By classical arguments, we have,

M
My =@(t,7,9,5) > 5 for v and 7 small enough.

|z —y| - 0ase— 0. (2.12)

v|z] = 0 as o — 0.

Step 2: t > 0 for ¢ small enough. By contradiction, let us assume ¢ = 0. Then using
the fact that M., ., > M/2 > 0, we get

ey =
= =12
_ _ T — y 77 — Vmaaz
0< Me,n,'y < 55(07‘1‘) - U}(O,y) - | c2 | - T - ’7|(L’|2 - o
n _ _ _ _ Vmaa}
= 7 < u3(0,2) —15(0,9) + &(0,7) — u5(0,7) — = (2.13)
vmaa: Vmaz — —
= < Ko|T— g+ - T < RlE -,
T o o

where we have used for the third line assumption (A0). This is a contradiction for € small
enough.

Step 3: viscosity inequalities. We classically do a duplication of the time variable
and passing to the limit, we get that there are real numbers a,b € R such that

and

(2.14)
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2.Viscosity Solutions

Step 4: passing to the limit. Subtracting the two previous inequalities we obtain
"l - . T -
7 < (05— ) (5(6.7) ~ (D) + o (u5(.9) - §(5.9))
a; . .
+2V; (uj1 (,7) — u;(t, 7)) (2.15)

< o (us(t,9) — w3t ) + &§(E.7) — §(L.9)) + a5(u;(L, 7) — &(L, 7)) + a5

Vm(l"l? 7 = —
Using that a; . < a;(&(t, ) —u;(t,y)), we get that

J

7 < (05) — @2 + §E.5) — D) + a3l (.5) - w(E.2)).

Sending € — 0, we get % < 0, which is a contradiction.
We now turn to the proof of Theorem 2.7.
Proof of Theorem 2.7.

Case 1: kg > 2hgng. In this case we have for all j € Z and y € R,

2Vimax +1 '
:2h0§U0(y+j )—u()(y—i-j)
n n

o 0 0

Now, we would like to prove that u;(t,y) < uj+1(t,y) — ho. We argue by contradiction, let
us assume that there exists a time

t"=inf{t, st He€Z, yecR st wlt,y) =uir1(t,y) —ho}.

Let us consider y € R and i € Z such that w;(t*,y) = u;+1(t*, y) — ho. By continuity, there
exists a time ty € [0,¢*) such that

Ui(to, y) = Ujt1 (to, y) — 2h0 and Ujt1 (t, y) - Uz(t, y) S [ho, 2h0] for all t € [to, t*]

Let us now see the equation satisfied by (u;,&;) for t € [to, t*], using that V;(u;41(t,y) —

(ui)t(tv y) = Oé(&(t, y) - ui(tv y))

(&)t y) = (@i — @) (uilt,y) = &(t, y))

(2.16)
u;(to, y) = wiy1(to, y) — 2ho

max

vV,
i(to,y) < uipa(to,y) — 2ho + o
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Ch.1. Homogenization of a second order discrete model

The last inequality is justified by Lemma 2.8. We now construct a super-solution for this
system by considering

;(t,y) = Ymae (1 — ema(710)) 4wy (0, y) — 2ho

él(ta y) = uz(t7 y) + é(al)t(t y)u
with the initial condition

ui(to,y) = uir1(to,y) — 2ho

gi(t(h y) == ui+1(t0, y) — 2h0 + %
Since ty < t*, we have

Vmax

u(t',y) < — ho + uiy1(to, y) — ho

= Ui+1(t0,?/) — o (2'17)

< wuia (t,y) — ho,

where we used for the first line the fact that 1 —e%® %) < 1 and that o < a;, for the second
line the fact that hg = Vje/c, and for the third line the fact that t* > t; and Lemma
2.8 which implies that the u; are non-decreasing in t. Using the comparison principle for
(2.16) yields

u (", y) < u(t",y) < uia (t*,y) — ho. (2.18)

This is a contradiction with the definition of ¢*. Therefore, we have for all j € {1,....,ng},
for all (t,z) € [0,T] x R, that

w;(t, ) < ujyq(t, ) — ho.
Now from Lemma 2.8 we know that for all (¢,z) € (0,4+00) x R and for all j € Z,
Vinae = (&(t, ) — u;(t, ) >0
Vmax > @<€j+1(t, l’) - uj+1(t7 ill')) > 07
from which we can easily deduce that for all j € Z, for all (t,z) € [0,7] x R, we have

§j+1(t, I) > §j<t7 :L‘)
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2.Viscosity Solutions

Case 2: 0 < kg < 2hgng. We use the following lemma:

Lemma 2.9. Assume (A1)-(A5), leti € Z, y € R, and let 2hy — ko/ng > § > 0, also let

us assume that

2hg — 0
5

uz(ov y) = ui-}—l(oa y) - (2h0 - 5) and 0 S 52(07 y) - ’LLZ(O, y) S (219)

then we have
ui(t,y) S wia(ty)  and &(ty) < Gialty),
for all time t € [0,T] such that
uir1(t,y) — ui(t,y) < 2he.
Proof. Let us denote by #, the time
t =inf{t s.t. w1 (t,y) — ui(t,y) = 2ho},

then for all t € [0,], uiy1(t,y) — wi(t,y) < 2hg, and (u;,&;) is solution to the following
system, for ¢ € [0, ]

(ui)e = (& — w)

(&) = (@i — a)(ui — &)

ui(0,y) = ui+1(0,y) — (2ho — 9)

2hg — 0
2 Y

We can construct a super-solution of this system by considering

2hg — 6
2@1‘

&(0,y) < uip1(0,y) — 2ho + 0 +

u;i(t,y) = « (1 —e ") 4+ u;11(0,y) — 2hg + 0

(2.20)
_ - 1
Therefore, for all ¢ € [0, ﬂ, we have

ui+1(t,y) - ui(ta y) > Ui+1(07 Z/) - “i(ta?/)

2 Ui1 (07 y) - uz(t7 y)

Vv
DO
>
o

|
(o9

|
o

Vv
DO
=
o
I
(o)
I

v




Ch.1. Homogenization of a second order discrete model

where we have used for the first line the fact that w;;; is non-decreasing in time (see Lemma
2.8), for the second line a comparison between u; and u;, for the third line the definition
of w;(t,y) and the fact that 1 — e~*" < 1, and for the fourth line the fact that o < a;.
Similarly, we have

Eii(ty) — &(ty) > uia(t,y) — &(ty)
> wui(ty) —uilt,y) —
2/10—(5_2/10—5 <
2 2 -

(ui)e(t, y) (2.22)

Q|+

v
o

where we have used for the first line Lemma 2.8 and the fact that & > &, for the second
line the definition of &.
O

Using this lemma, we deduce that in the case where there exist + € Z and y € R such
that

Ui—i—l(oay)Q_ u; (0, y) < Vinaz = ho, (2.23)
o

we have
ui(t,y) S uia(ty) and  &(ty) < &ialty),
for all time ¢ € [0,t*], where t* is defined by
t* = inf{t, uip1(t,y) — u;(0,y) > 2hg}.
We can then use the same proof as in Case 1 to deduce that

i1 (t,y) > ui(t,y) +ho and &pi(t,y) > &(t,y) forallt > ¢*.

3 Convergence

This section contains the proof of the main homogenization result (Theorem 1.3). This
proof relies on the existence of hull functions and some properties of the effective Hamil-
tonian.

We recall two lemmas necessary for the proof of Theorem 1.3. We begin by a first result
which is a direct consequence of Perron’s method and Lemma 2.5 (with a rescaling in ¢).
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3.Convergence

Lemma 3.1 (Barriers uniform in ¢). Assume (A1)-(A5) and (A0). Then there is a con-
stant C' > 0, such that for all ¢ > 0, the solution ((u5);,(£5);) of (1.7)-(1.8) satisfies for
allt >0 and x € R,

ui(t, x) — uo (:17 + ‘78)‘ <Ct and
o

() — & (x+‘7>’ <cu

)

Lemma 3.2 (e-bounds on the gradient). Assume (A1)-(A5) and (A0). Then, the solution
((u5)5,(&5);) of (1.7)-(1.8) satisfies for allt >0,z € R ,2>0 and j € Z,

zho < u5(t, o+ 2) — ui(t, z) < 2K, (3.1)
and
zko < &(t, v+ 2) — &(t, ) < 2K,. (3.2)

Proof. We prove the lower bound (the proof for the upper bound is similar). Using as-
sumption (A0), we get that for all j € Z, for all z € R, z > 0,

u5(0, 7 + z) = ug (x +z+ ‘75) > g (:1: + ]8) + zko > u5(0, ) + zko, (3.3)
o o

and
§(0,2+2) > &(0,7) + zko.

From the form of system (1.7), we know that the equation is invariant by addition of
constants to the solutions. For this reason the solution associated to the initial data
((u5(0,2) + 2ko);, (§5(0, ) + 2ko);) is ((u5(t, x) + 2ko)j, (§5(t, ) + zko);). We can also see
that the equation is invariant by space translations. Therefore the solution associated to
the initial data ((u;(0,2 4 2));, (§5(0, 2 + 2));) is ((u;(t, z + 2));, (§(t, v + 2));). Finally,
from (3.3) and from the comparison principle (Proposition 2.2), we get

ui(t,x +2) > ui(t,x) + 2k and  &(t, x4+ 2) > &(t, ) + zko.
[

Proof of Theorem 1.3.
Since, for all j € Z, wuf,, (t,7) = ui(t,x +¢) and &, (t,x) = §(t,x +¢) it is
sufficient to do this proof for j € {1,...,no}.
We introduce for all j € {1,...,n¢},
uj(t,x) = limsup wui(t,2') and §(t,x)= limsup &(t, ),

J
e—0,(t ,2")—(t,z) e—0,(t',x")—(t,x)
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Ch.1. Homogenization of a second order discrete model

w;(t,z) = liminf  w5(#,2') and §,(t,x) =  liminf )fj(t',a:’).

e—0,(t 2> (t,z) 7 e—0,(t/ 2" ) > (t,x
Thanks to Lemma 3.1 we know that this functions are well defined. We also introduce

v= max max(4;,¢) and v= min min(u;E.). 3.4

j€{l,no} (@,6) = je{lmo} (1,€;) (34)
Using the two previous lemmas we get that the function w = v, v, satisfies for all ¢ > 0
and z, 2’ € R, z < 2/,

w(t, ) — uole)| < C.
(3.5)
]{30|l’ - Z‘,| < w(t7x/) - w(t,x) < K0|ZE - l‘/|.

We want to prove that v is a sub-solution of (1.9) and that v is a super-solution of (1.9).
Indeed, in this case, the comparison principle will imply that v < v. But by construction
v < 0, hence v = v = u°, the unique solution of (1.9). This implies that for all j €
{1, o}, uj =u; =& = £ = u’ and so u$ and & converge locally uniformly to u’.

To prove that v is a sub-solution of (1.9), we argue by contradiction, we assume that

there is a point (¢,7) € Rt x R and a test function ¢ € C'* such that

v<¢ on Q.o (t, ) with r > 0

v<¢—2n on Qo (t, 2)\Q,(t,Z)  with n >0

¢i(t,7) = F(p,(t,7)) +6, with 6> 0.
We define p = ¢, (¢, Z) that according to (3.5) satisfies
0 < ko <p<Ky.
Using Theorem 1.7, we define the hull functions ((h;);, (g;);) associated to p such that
A= F(p)

We now apply the perturbed test function method introduced by Evans [Eva89] in
terms here of hull functions instead of correctors. Let us consider the following perturbed
test functions for j € {1,...,np},

¢(, )
9

Pi(t,x) = ehy ( ) = ¢(t,x) +ch;(0)
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and

it =0, (25) ~ot0.0) + 20

We define the family of test functions (¢5);ez and (¢5);ez by using the relation

¢§'+an (ta Z‘) = ¢j<t7 T+ 8k) and w;ﬁrkno (t7 l’) = 77b;:(t7 T+ 8k)

We first want to prove that ((¢5);, (¢5);) is a super-solution of (1.7) in a neighbourhood
of (t,).

To do this, we simply check the equations satisfied by the perturbed test functions, we
denote by z = AU simply the notations. For j € {1,...,n0}, we have

£

(@5):(t, ) = dult,x) + alg;(2) = hj(2)) = alg;(2) = hy(2))

= ZWS(te) — 65(t2) + (Gultx) —N)
= _(5(t) = 65t 0) + (ault,2) — 6u(F 7) +0)

Lt x) — g5t 7)),

> —
€

where we have used the equations satisfied by the hull functions for the second line, the
definition of A for the third line. For the fourth line we have used the fact that for r > 0
small enough, we have (qﬁt(t, x) — ¢(t,T) + g) > 0, because 6 > 0 and ¢ is C'. Similarly,
we have

(,lvbj)t(t? JT) = th(t, 37)

= (45 = a)(hi(2) = g;(2)) + %Vj(hm(Z) —hj(2)) = A+ ¢u(t, )

> 82 g50,0) = vitey + By (B 20
_ 0
+ (6.0 - i)+ )
0 : e (t,x) — 5t
+5+ % [Vj(hjﬂ(z) —hj(2)) = V; <¢]+1( 95)8 o 55))] ’
It is then enough to prove that
o+ 2 [ - (e vy (P2 D BT |

65



Ch.1. Homogenization of a second order discrete model

If j+1€{1,..,n0}, then,

e(t, e (t
hy(z) = M and  hj(2) = M)
£ €
and the result is trivial.
If j+1¢ {1,...,n0} then j = ng and we have
t,x
isa(2) = hrino(2) = (e +2) = 222 4 p o),

§+1(t7x) = ¢20+1(t7 .T) = (b

S(t,x+e)=o(t, x4+ ¢) +ehi(0).
= ¢t

,x) +ep+ehi(0) + o-(e).

This implies that

§+1§t,1‘) _ ¢(t€7 :L‘) +p+ h1<()) + 05(1) = hj+1(2’) + 05(1)'

This allows us to see that for » > 0 small enough, we get

5 2 [V - (e - vy (BB 00

> 0.
2 a € -

Getting a contradiction. By definition: ¢ — ¢ and ¢ — ¢ as ¢ — 0. Moreover,
u; <0< ¢—2non Qo (t, 2)\Qrr(t, z) therefore, for € small enough

U; < gb; —non Qr,Qr(ﬂ j)\Qr,r(ﬂ j)

Similarly, we have

& <5 —non Qua(t, 2)\Qry(t, 7).

Using the comparison principle on bounded sets for (1.7), we get
us < ¢5 —nand & < 5 —non Qr,(t, 7). (3.7)

Passing to the limit as ¢ — 0, we get ¥ < ¢ —n on Q,,(¢,Z) and this contradicts the fact
that v(t,7) = ¢(t,T).

Therefore v is a sub-solution of (1.9) on (0, +o00) x R. Similarly, v is a super-solution
of the same equation. Therefore, v = v = u” and u; and ; converge locally uniformly to
u® for j € {1,...,n0}.

O
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4.Ergodicity and construction of hull functions

4 FErgodicity and construction of hull functions

In this section, we construct the hull functions for (2.1). The construction follows the one
of [FIM12] but we use here the fact that the system is invariant by addition of constants.
This allows us to get the particular form of the hull functions.

4.1 Ergodicity

Proposition 4.1 (Particular form of the solution of (2.1)). Assume (A1)-(A5) and let

p > 0. Let ((u);,(&);) be the solution of (2.1) with uo(y) = & (y) = py. Then ((u;);, (§);)
satisfies

ui(t,y) = py +u;(t,0) and &(t,y) = py +&;(2,0). (4.1)

Proof of Proposition 4.1. Using that equation (2.1) is invariant by space translations,
invariant by addition of constants, and the fact that for all y,z € R, j € Z

u0<y+z+‘7>—pz:uo(y+7‘j) and £O(y+z+7f>—pz:§o<y+j),
0

N 0 U]

we deduce, by the comparison principle, that

ui(t,y +2) —pz =ui(t,y) and &(t,y+2) —pz=E(t,y).

Taking y = 0, we deduce the result.
O

Proposition 4.2 (Ergodicity). Assume (A1)-(A5), let ((u;);, (&;);) be a solution of (2.1)
with initial data uy(y) = &o(y) = py for some p > 0. Then there exists a constant A € R
such that, for all (t,y) € [0;400) xR, 7 € {1,...,n0},

and
Al < Ky, (4.3)
with
Vmam
Cy = dp + 277, (4.4)

and K, defined in Lemma 2.5.
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Ch.1. Homogenization of a second order discrete model

The proof of Proposition 4.2 is done in different steps, it uses the following classical
lemma from ergodic theory (see for instance [Kat95]).

Lemma 4.3. Consider A : Rt — R a continuous function which is sub-additive, meaning
that: for allt,s >0,

At +s) < A(t) + A(s).
Then @ has a limitl as t — +oo and

[ = inf M (4.5)

t>0 ¢

Proof of Proposition 4.2.
The main idea of the proof is to control the time oscillations. To do this we will use
the following continuous functions for all T > 0,

Uj (t + T, 0) — Uj(t, 0)

A(T)= sup sup

and

fj(t + Tv O) - fj(t’ O)

9
je{l,...,no} t>0 T

X(T)= inf infgj(t+T’(;z_£j(t’o).

We also introduce
A4 (T) = sup(AL(T), /\i(T)) and  A_(T) = inf(A\“(7T), 2S (T)).

To get the result, it suffices to prove that Ay (7") and A_(T") have a common limit A as
C
T — 400 such that AL —A| < ?1 To do this we would like to apply Lemma 4.3. Because

of their definitions, we know that 7'+ TA%(T) and T ~ TAS(T) are sub-additive, in the
same way T — —TA*(T) and T — —TA(T) are also sub-additive. Therefore if A% (7T

and A% (T) are finite, we will get the convergence, and we will only have to prove that they
have the same limit.
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4.Ergodicity and construction of hull functions

Step 1: A (7) and A\_(7T') converge as T goes to +oco. We want to use Lemma 4.3.
Since T+ TAY, T+ TXS, T+ —TA" and T + —T\" are sub-additive, we deduce that
T w— TAy and T +— —T)_ are sub-additive. It just remains to show that A\, and A_ are
bounded (to get a finite limit). Using Lemma 2.8, we get that for all j € {1,...,n0} and
for all t, T > 0, we have

u;(t+7,0) —u;(t, 0)
T

_Kl S 0 S S Vmax S Kl (46)

and

Vmam S fj (t + T7 0) B fj (ta O) < Vmax

«o T o je{l,.,no}

—K; < —max(a; — @)

where we have used the equation satisfied by ¢; and the facts that

V, V,
T < 0) Ve

< (a; — o) (u;(t, x) — §(t, x)) <0,
and

0 S ‘/j<uj+1(t,$) - u](t7x)) S Vmam-

Step 2: Control on the time oscillations We now prove that A, and A_ have the
same limit. More precisely, we will prove that

C
A(T) = A (T)] <
with C; defined in Proposition 4.2.
By definition of Ay(T), for all ¢ > 0, there exists 75 and v= € {uy, ..., un, &1, ., €0}
such that

vE(rE + T,0) — vE(7%,0)
T

A (T) — <e

Let us set for all j € {1,...,n0},

A”:uj(TﬂO)—uj(T*,O), Aﬁzfj(TﬂO)_fj(TiO)

J

and

A= sup sup(A;f,Aﬁ).
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Ch.1. Homogenization of a second order discrete model

Using Proposition 4.1, we have
wi (7, y) = w17, y) H (77, 0) —uy(77,0) S uy(t7,y) + A
and
Grhy) =&, y) +G(77.0) = §(77,0) < G(77,y) + A
Using the comparison principle we get
u (7Y + T,y) <uj(r” +T,y) + A (4.8)
and
Gt +Ty) <&(r +T,y) + A (4.9)

Now we Wguld like to estimate A. Let us assume that the maximum in A is reached for
the index j. We then have for all j € {1,...,ng},

Vmam
A< uz(rh,0) —uz(r7,0) +
a

max

(0%

< Ujtng (T+7 0) — Uj—ng (T_7 0) +

(4.10)
VTI’LCL$

«

< wi(rt, 1) —u;(r7,—1) +

Vmafx
< w(77,0) —ui(77,0) + —— + 2p,
[0

where we have used for the first line Lemma 2.8 (to compare u; and &;), for the second line,
the fact that (u;); is non-decreasing in j, for the third line the periodicity of the function
u;, and for the last line we have used Proposition 4.1. Similarly we have

A <E(TH,0) = &(17,0) + VZM + 2p.
We now inject this results in (4.8) and (4.9), with y = 0, to obtain
wi(tT +T,0) —ui(7",0) <wui(r— +T,0) —uj(r~,0) + V;;ax + 2p,
and

E(TTHT,0) = &(77,0) <&(r™ +T,0) = &(r7,0) + V’;‘w 4o,
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4.Ergodicity and construction of hull functions

Using this two results we get that

Vmax
U+(T+ +7T,0) — v+(7+, 0)<v (r—+T,0)—v (7,0)+2 + 4p,
«a

where the possible comparison between &; and w; adds an additional V},.,/a, and the
possible comparison between u; and u; adds an additional 2p. This implies that

TAL(T) < TA_(T) + 2¢T + Cy.

Since this is true for all € > 0, we get

o (T) — A_(T)] < 2L, (4.11)

Step 3: Conclusion. From the previous step we know that AL have the same limit. Let
us denote it by A, and by Lemma 4.3 we have, for all T' > 0,

A(T) <\ < M (T).
Using (4.11), we deduce that

|)\i—)\|<c

< ?1 (4.12)

4.2 Construction of hull functions
We now would like to prove the existence of time-space global solutions of (2.1).

Proposition 4.4. Let p > 0 and assume (A1)-(A5). Then, there exist some constants
((u5°(0,0));, (£5°(0,0));) and a real number X € R such that for all (1,y) € R?,

(6 rw), (67 (), ) = (w4 2r + 52(0,0)) (o + A7 +67(0,0)) )
is a solution of (2.1). These constants satisfy, for all j € Z,

The interest of this result is that if we consider for all z € R,

hj(z) = 2z +u5°(0,0) ifje{l,...,no} [ gi(2)=2+¢°(0,0) ifje{l,...,no}
(4.14)

h’j-i-no(z) = h](z +p)a Gj+no (Z) = gj(z +p)>

then we have directly the following result.
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Ch.1. Homogenization of a second order discrete model

Corollary 4.5. (Ezistence of hull functions). Assume (A1)-(A5), then there exists A € R
such that there exist a hull function ((h;);,(g;);) defined as in Definition 1.5.

Proof of Proposition /./.

Construction of a solution. In this step, we use the functions ((u;);, (§;);) solution of
(2.1) with ug(y) = &(y) = py. For m € R, we consider

uj'(t,0) = uj(t +m,0) — Am and &'(£,0) = &(t +m,0) — Am.

Since the equation is invariant by addition of constants and by time-translations, we deduce
that

((UT(t, y) =py +uj(t, 0))]. (& (8 y) = py + u(t, 0))]) ; (4.15)
is a solution of (2.1). Moreover, u}* is Lipschitz continuous in time thanks to Lemma 2.8
and as a consequence & is also Lipschitz continuous in time. Therefore we can use Ascoli
Theorem to deduce that there is a sub-sequence of ((uf');, (£]");) converging uniformly

on compact sets to a Lipschitz continuous function ((u°);, (§5°);) which satisfies, for all
ke R,

u§°(t+k,0) :u§°(t,0)+Ak 5;°(t+k,0) :5;°(t,0)+Ak

us*(t,y) = py +u(t,0) §°(ty) = py +&°(t,0) (4.16)
Ui Z U5 i Z &

However, since k£ € R, we deduce that
us®(t,0) = u;°(0,0) + At and &5°(t,0) = £°(0,0) + At, (4.17)

which implies the result.

Proof of Theorem 1.7.

Uniqueness of A\. Given some p € (0,400), let us assume that there exist A\j, Ay € R
with their corresponding hull functions ((h});, (g;);), ((h3);, (g3);). Then we define for
i=1,2and j € {1,...,np},

ui(t,y) = hi(\t +py) and & (t,y) = g;(\it + py),
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4.Ergodicity and construction of hull functions

.....

have
1 2 1 2
uj (07 y) S uj (07 y) + 2C" and fj (07 y) S gj (07 y) + 2C.
Using the comparison principle we get for all (¢,z) € (0, 4+00) x R,
1 2 1 2
uj (t7 y) S uj (t7 y) + 2C" and fj (tu y) S gj (t7 y) + 2C.
Now we set y = 0 to deduce that for all ¢ € (0, +00),
hi(Mt) < h3(Aat) +2C  and  gj(A\it) < g7 (Aat) + 20,
which implies that
At < Aot +4C.
Because this is true for all ¢ € (0, +00), we deduce that
A < .

The reverse inequality is obtained by exchanging ((h;);, (g;);) and ((h?);, (¢7);), which
proves that A\; = Ay and therefore the uniqueness of A\ = F(p).

Continuity of the map p +— F(p). This proof is similar to the one in [FIM12] so we
skip it.

O
Proof of Theorem 1.4 . It suffices to remark that
hj(z) = z+ h;(0) and g;(z) =z + g;(0).
with
pJ pj 1 <p )
(0) = 22 (0 ="2+V(E£ 4.
h;(0) o and g¢;(0) i~ + on ) (4.18)
is a solution of (1.11) with
A= Fp) =V (£)
o
O
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Ch.1. Homogenization of a second order discrete model

5 Qualitative properties of the effective Hamiltonian

Proof of Theorem 1.9.

Step 1: proof of the lower bound . If we have p < 2hgng, then we can see that

(e, s = (= +22) (=+22) ).

is a hull function for A = 0. In fact we have

A= alg;(2) = hy(2)) =0,

and

A= (a; —a)(hj(z) —g;(2)) + %V} <7§)0)
—0,

where we have used assumption (A4). Now by uniqueness of the effective Hamiltonian we
have that F(p) = 0.

Step 2: proof of the upper bound. A simple computation gives
F(p) = V;(hj1(0) — h;(0)), forall j € Z

However, we also know that h;.1(0) > h;(0) and that hji,,(0) = h;(0)+p this means that
there exists a ¢ € {7, ...,j +no} such that h;;1(0) — h;(0) > p/ng. Therefore, using the fact
that V; is non-decreasing, we have

V(Z)<Fe < _min (IVillo) (51)

No J€{1,...,n0}

Passing to the limit as p goes to +00, we get the desired result.

Step 3: proof of the monotonicity. Let pi,ps € (0,+00), and let \; = F(p1), Xo =
F(ps) be their respective effective Hamiltonians, each associated to the hull functions
((R});, (g7);) and ((h3);, (g3);). We assume that py > p;. Therefore, we have

hing (0) = g (0) = p1 < pa = hiy (0) — R (0).
From this, we can deduce that there exists an integer k € {0, ...,ng — 1} such that

hi1(0) = 7 (0) < hity1(0) — hig(0).
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Now, using the monotonicity of Vj, we get,
Vi (hh41(0) = 1k (0)) < Vi (B2,,(0) — h3(0)),

which implies that A; < Ao. Therefore the function F' is non decreasing.

]
6 Appendix
Proposition 6.1. Let ((U;);, (Z;);) be a classical solution of (1.3), then the function
((wy);, (&);) defined by
uj(t> x) = Uj+Lérjno(t> and £j<t7x) = Ej+LIJ7L0<t)
is a viscosity solution of the following system
ou;
aii(ta [lﬁ') = a(&j(ta ZL’) - uj(ta l’))
9, aj
E(twr) - (aj - oz)(uj(t,x) - gj(tv (L’)) + E‘/}(uj-i-l(twr) - U’j(t7 l’)) (61)
Ujgny (t, ) = ui(t,z+ 1)
€j+n0(t7 .7}) - 5;‘(757 T+ 1)
Proof. First, the periodicity condition, can easily be checked, in fact we have
uj-‘r”o(t?x) = Uj+n0+LIJn0 (t> = Uj+Lw+1Jn0 (t> = uj<t7 T+ 1)‘ (62)

We have a similar result for ;.

We now prove that the function ((u;);,(&;);) satisfies the equations in (6.1) in the
viscosity sense (see Definition 2.1). Let ¢ be a test function such that uj < ¢ and
u?(to, o) = ¢(to, o), by definition the functions u; are upper semi-continuous, so we

have

Uit [wojno (t) < @(t,20)  and  @(to, o) = Ujt|woJno (to)-

Given that ((U;);, (Z;);) is a classical solution of (1.3), it is also a viscosity solution of
(1.3) and we obtain

a —_— * *
S (t0,20) < 0 (Zttaosno (t0) = Uptagjna (t0)) = @ (& (to,20) = wj(to, w0)) . (6.3)
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Ch.1. Homogenization of a second order discrete model

We have a similar result for &5, therefore ((u;);, (§;);) is a sub-solution of (6.1). The proof

for super-solutions is similar and we skip it.
O
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The goal of this paper is to obtain a numerical approximation of the effective Hamiltonian
for a system of PDEs deriving from a second order discrete model for traffic low. We
will propose an explicit and an implicit discretization for this effective Hamiltonian and
we will provide the corresponding error estimates of Crandall-Lions type. Finally, we will
also present some numerical simulations.
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1 Introduction

The problem of correctly simulating traffic flow has a great interest since it can be used to
see how traffic would react to a change in the infrastructure of the road (to understand if
it is interesting to place a traffic light, if a bridge would help the traffic flow, how would
a moderator affect the traffic...). Traffic flow can be simulated at different scales: the
microscopic scale (which describes the dynamics of all the vehicles), the macroscopic scale
(which describes macroscopic quantities such as the vehicle density, the average speed,...)
and the mesoscopic scale (it uses the vehicle density and the average speed of the vehicles
but still keeps track of the dynamics of all the vehicles). In the present work we only focus
on the microscopic and the macroscopic scale.

The microscopic models are very precise and intuitive since they describe how each
vehicle reacts to a situation. For instance it is easy to simulate how a vehicle would react
to the presence of a moderator (at some point the vehicle notices the moderators and
slows down, passes the moderator and then gradually increases its speed). However, to use
microscopic models at a large scale would be computationally very costly. For instance if
we would like to simulate the traffic in an entire city, we would need to consider all the
vehicles.

The macroscopic models are more adapted to simulate traffic at a large scale, since
they do not consider all the car-to-car interactions. However, they are often based on
assumption that are hard to verify and also they are not very easy to modify. How does
the density of vehicle reacts to the presence of a moderator? An example of a macroscopic
model would be the LWR (Lighthill-Whitham-Richards) model introduce in [LW55, Ric56]
and inspired by fluid dynamics.

We can see that it is interesting to pass from a microscopic model to a macroscopic
model, it can help to rigorously derive a macroscopic model from a model with solid
assumptions and which is adapted to the situation we want to simulate (traffic light,
moderator, bifurcation,...).

In this paper, we are interested in the numerical homogenization of a system of PDE
that derives from a second order discrete model for traffic flow. The system studied in this
paper was introduced in [1], and derives from a microscopic model of "follow the leader'
type, that was introduced by Bando et al [BHN195].
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In [1], the homogenization of the system was obtained and as it turns out, the homog-
enized system gives a macroscopic model for traffic flow which is defined by the so-called
effective Hamiltonian. The main difficulty to use this result in practice is that the effective
Hamiltonian cannot be explicitly computed in general. Therefore, the numerical compu-
tation of this effective Hamiltonian is very important and this is the main focus of the
present paper. We will present an explicit and an implicit discretization of this effective
Hamiltonian and we will give the corresponding error estimates.

1.1 General model with n, types of drivers

For the readers convenience we detail the microscopic model that we use in this paper. We
consider a model with ny € N types of drivers, defined, for all j € Z and for all t € (0, +00),
by

Uj = a; (V; Ui = U}) = U;) (1.1)
where U, (t) denotes the position of the vehicle j, U ;(t) its velocity and U () its acceleration
at a time t € (0,4+00). The coefficients a; represent the drivers sensitivity (affects how
quickly a driver adapts to a change in the road) and the functions V; are the optimal
velocity functions (OVFs) of the drivers. Like in [1], in order to simplify the scenario and
to be able to obtain an homogenization result, we impose the following periodic conditions,

Qjin, =a; and Vi, =V; forall j€Z.

Proceeding as in [FIM12], we introduce a well chosen artificial variable in order to work
with a first order system, we consider for all j € Z and for all ¢ € [0, +00),

- 1l 1 :
=) =U;(t) + an(t) where o = 51,6{1;171}{1”0}(@). (1.2)

We obtain the following first order system of ODEs (which is equivalent to (1.1)), for all
Jj € Z and for all t € (0, +00),

Us(t) = (1) — Uy(1))
| . (13)
2,(t) = (0 — )(U(8) = Z4(0) + 2V, [Ua(8) = Us(0)]

Like in [1], we consider the following assumptions concerning the coefficients a; and the
functions V; :

(A1) (Regularity) Forall j € {1,...,n0},

Vj is non-negative.
Vj is Lipschitz continuous and we denote by L; its Lipschitz constant.

We denote by L = max;e(i,..no} Lj-
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(A2) (Monotonicity) Forall j € {1,....,n},
{ V; is non-decreasing,

Q; Z 4L.

(A3) (Upper boundary) For all j € {1,....,no},
lim Vj[h] < +o0.
h—+00

(1.4)
We define V4, = max; (||V}||e) and ho > Vipes /.

(A4) (Lower boundary) Forall j € {1,....,ng},
Vi[h] =0 for all h < 2hy.

(A5) (Periodicity of the type of drivers) For all j € Z,

Ajiny = a; and Vi, = V.

1.2 General continuous system with ny types of drivers

In order to obtain an homogenization result, it is necessary to inject the system of ODEs
(1.3) into a system of PDEs (see [FIM09a, FIM12, 1]). This is done by considering the
functions
(U, 5) = ((uj>jEZa (5j)j€Z)7 (15)
defined by
ui(t, ) = Ujjajn,(t) and  &(t, @) = Zj4 a)n,(t) for all (t,z) € (0,400) X R,

where [-] denotes the floor integer part.
Moreover, the function (u, ) satisfies (see [1, Proposition A.1]) the following system of
PDEs, for all (t,z) € (0,400) x R and for all j € Z,

0uj \ \ _

E(t,@ = a(§(t,z) —uy(t,v))

%(t r) = (a; — a)(u(t,x) — &(t,x)) + @V (w1 (t, ) — u(t, z)]

615 ) - 7 J\Ys g\t o 7 7+1\0, g\ (16)

Ujno (8, ) = u;(t, v+ 1)

£j+no(tvx) - gj(ta T+ 1)
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We complete the previous system with the initial condition

u; (0, ) = ug <:1:—|— T‘ZO) and £;(0,2) =& (x 4! > : (1.7)

no
Remark 1.1. The initial condition functions are artificially introduced, but simply they
are reqular functions such that, we have for all j € Z,

o (;0) —U;(0) and & (;0) — U, (0) + in (0).

If we denote by ((u;);,(&;);) the solution of (1.6)-(1.7), then in [1] it was proven that
for all j € Z, the rescaled functions u$ and & defined by

us(t, x) = eu; (2, i) and  &(t,x) = & (z, i) : (1.8)

converge uniformly on compact subsets of (0, +00) X R as € goes to 0, to the unique solution
of
W(t,2) = Ful(t,2)) for () € (0,+00) x R,
(1.9)
u®(0,z) = up(x) for z € R,

where F is the effective Hamiltonian to be determined.
As it turns out, the solution of (1.6) with the following initial condition, for all z € R,
and for all j € Z,

0j(0,2) = u (1 + é) — &(0,2) = & (i + ZO) —p- (o2, (1.10)

N

can be used to compute the effective Hamiltonian that we denote by A = F(p). Here and in
the rest of the paper - symbolizes the product of two real numbers. We have the following
result (see [1, Proposition 4.1]).

Proposition 1.2 (Particular form of the solution of (1.6) and approximation of \). Assume
(A1)-(A5) and let p > 0. Let ((uj);, (&);) be the solution of (1.6) with an initial condition
such that () = (&)x = p. Then ((uj);, (&);) satisfies

ui(t,x) =pr+u;(t,0) and &(t,z) =pr+&(t,0), (1.11)
and there exists a constant C', depending only on p, Vi, @ and ng such that for all T €
(0, 400),
uy (T, 0)

¢
T T

(1.12)

_A‘g

Remark 1.3. The well chosen initial conditions (1.10) simply translates the fact that the
vehicles are initially uniformly distributed along the real line. This initial condition is used
in [FIM09a, FIM12, 1] in order to obtain the homogenization results.
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1.3 Nwumerical schemes

We denote by At the time step and by ¢, = nAt. As explained before, the goal is to
compute the solution of (1.6) with initial condition (1.10). Using the particular form of this
solution given by Proposition 1.2, we are only interested in the numerical approximation
of u;(t,,0) and ;(t,,0) that we will denote respectively by u} and £7. We propose an
explicit and an implicit discretization of u} and &7

Explicit finite difference scheme

We consider the following numerical scheme, for all 7 € Z and for all n € N,

u’.ﬂ'l —u”
J J n n
U (g
égH_l - gn n n a; n n
S = (- ) (u — &)+ 2V [, — ) (1.13)
U’Zo+j = U? + p
Zo-‘rj = 5? +p’

with the initial condition

0 __ PJ 0 __ PJ

Implicit finite difference scheme

We also consider the following numerical scheme, for all 7 € Z, and for all n € N,

n+l . n

U uj _ n+1 n+1

R

S?H - 5;'1 n+1 n+1 a; n+1 n+1

M = (- ) (g Y [ -t (1.15)
Ujiny, = Uj+Dp

?Jrno = £?+p

with initial condition given by (1.14).
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Remark 1.4. Thanks to the particular form of the solution of (1.6) with the initial con-
dition (1.10), the approzimations of u;(t,x) and &;(t, x) are given respectively by

uf +pr and &+ pr. (1.16)

1.4 Numerical estimate of the effective Hamiltonian

Given ny € N, we define T' = nyAt and we introduce our approximation for the effective
Hamiltonian,

ui”

A= 1.17

! (117)
Theorem 1.5 (Numerical estimate of the effective Hamiltonian). Let p>0, and let \T
be the numerical approzimation of \ given by (1.17). If uj is computed with the explicit
scheme (resp. by the implicit scheme), we will assume that

1 1 4
At < ————— resp. At < — |14+ min a; + ).
- max (a;) 200 je{l, .no} a;
]G{l,...,no}

Then there exist two constants Cy and Cs, such that,

AT =) < (;3+02(At+x/At). (1.18)

Corollary 1.6. Let p>0, and let AT be the numerical approzimation of X given by (1.17).

If
1
Atgﬁ?
then we have,
1
AT A= () 1.1
A=A =0(7 (1.19)

1.5 Organisation of the article

In Section 2, we give some definitions and results for viscosity solutions of the continuous
problem (1.6). In Section 3, we give an error estimate between the continuous solution of
(1.6) and its numerical approximation. In Section 4, we use the results of Section 3 to do
the proof of Theorem 1.5. Finally, Section 5 is devoted to numerical simulations. Different
examples are provided and we also present a numerical study of the error for the effective
Hamiltonian.
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Ch.2. Numerical homogenization of a second order discrete model

2 Viscosity solutions

In this section we present the definition of viscosity solutions for the system (1.6). We
refer to the user’s guide of Crandall, Ishii, Lions [CIL92] and the book of Barles [Bar94]
for a good introduction to viscosity solutions. We also refer to [Ish92, IK91, Len88| and
references therein for results concerning solutions for systems of weakly coupled partial
differential equations.

The proof of the results concerning the continuous problem can be founded in [FIM12]
and [1].

2.1 Definitions

Definition 2.1 (Viscosity Solutions). Let T'> 0, up : R — R and & : R — R defined by
(1.10). For all j, let u; : RT xR — R and & : RY x R — R be upper semi-continuous
(resp. lower semi-continuous) locally bounded functions. We set Q = (0,T) x R. Let us
consider that ((u;);, (&;);) satisfies

VieZ, V(t,x) € Q, Ujpny(t,x) =ui(t,x+1) and Ejpn(t,z) =&(t,z+1).

-A function ((u;);, (§5);) is a sub-solution (resp. a super-solution) of (1.6) on S if for
all (t,z) € Q and for any test function ¢ € CY(Q) such that u;— ¢ attains a local mazimum
(resp. a local minimum) at the point (t,x), we have

pilt,x) < al&(t,x) = uy(t, ) (resp. =), (2.1)

and for all (t,x) € Q, and any test function ¢ € C*(Q) such that & — ¢ attains a local
mazximum (resp. a local minimum) at the point (t,x), we have

pultw) < (a; — o) (u(t,x) = &(8,2) + FVi [ujat, @) —u(t,2)] - (resp. =) (2.2)

-A function ((u;);, (&;);) is a sub-solution (resp. a super-solution) of (1.6)-(1.10) if
((u));,(&5);) is a sub-solution (resp. a super solution) of (1.6) on Q0 and if it satisfies
moreover for all z € R, j € {1,...,n0},

u;(0, ) < ug (x + TZO) (resp. >) and &;(0,x) <& (:L‘ + 7ll]0> (resp. >).
-A function ((u;);, (&;);) is a viscosity solution of (1.6) (resp. of (1.6)-(1.10)) on Q if

((u});,(&7);) is a sub-solution and (((u;)«);, ((&5)«);) s a super solution of (1.6) (resp. of

(1.6)-(1.10)).
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2.Viscosity solutions

2.2 Results for viscosity solutions

We now recall some of the results we find in [1] for the continuous problem (1.6), that will
help us in the rest of the paper. We also give a result for the discrete solutions.

Theorem 2.2 (Existence and uniqueness of viscosity solutions for (1.6)). Assume (A1)-
(A5). Then there exists a unique continuous solution ((u;);,(&;);) of (1.6)-(1.10). More-
over, the solution satisfies

. (x + J) — Kit <w(t,x),&(t,x) <p. (x - J) + Kit, (2.3)
L 1o
with
Vmax
K, = N.—. 2.4
1= max (). =0 (2.4)

Proposition 2.3 (Solutions of the numerical scheme (1.15)). Given ((u9);, (£7);) an initial
condition, if we have

4
At<<1—|—Amin} aj‘i_(‘I), (2.5)

then for any n € N, there exists a unique ((u});, (u});) provided by the numerical scheme
(1.15).

Proof. We do the proof by induction, and we want to prove that for ((u});, (£});) there
exists a unique ((u*");, (€);).

To do this, we use an equivalent formulation of (1.15), we have for all j € {1,...,ng—1},

1 Ata
n+1l __ n n+1 J n+1 n+1
& = Atla; —a) <§j + At(a; — a)uj™ + —V [ T uj D
n+l _ - n n+1
it = Y (uj + Atag; )
1+ At(a; — ) alt ajAt2
= n n V. n+l __  n+l = G (ynt!
1+ a;At U 1 +ajAt€J + 1+a;At 7 [uJJrl U; } 5 (W),
and
2
= L Atlan, = &)uﬁ + ol et (g A1 Vio [U?H — +p}
0 1+ a,,At O T4 ap At 14 ap, At 0
= Gy (u™).

85



Ch.2. Numerical homogenization of a second order discrete model

We want to prove that there exists a unique solution to u = G(u), with G = (G})j=1,..n,-

We want to use the fixed point theorem and it can easily be seen that

an _ CLjAtQ / [u",H‘l B ufﬁ_l} 8G] _ ajAt2 ; |:u
oujtt 14 a;At 7 L7 ourtl  14a;At? A
2
i By it =t 4 p)
OQuptt 1+ ay, At ™ 0

and

o Tt ag e o L T e T

Therefore, we have

n+l

u

A$2 A 42
DGl < max <2%NHV’HOO>< max <“JN>.@.

je{lmo} \ 1+ a; At T je{lnor \ 14 ajAt

Using (2.5), we have that for all j € {1,...,n0},

CletQ

— < 1.
1—|—ajAt

ntl
J

I

(2.6)

Therefore G is a contraction mapping on R™ and by the fixed point theorem, there exists
a unique fixed point ™! such that v"*' = G(u"™). By uniqueness of u"™ we have

uniqueness of &7+,

Proposition 2.4 (Discrete barriers). Assume (A1)-(A5). Then

((u;“n)j , (gﬁ")j) _ ((fj) + Klnm) A, (fi + KlnAt) ) ,

and

<(u}’”)j , (gj.-m)j) _ <(ZZ) - KlnAt)j , (ZZ) = KlnAt>j> ,

]

are respectivly super- and sub-solution of (1.13) and of (1.15) for all T > 0, with K;

defined as in (2.4).
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2.Viscosity solutions

Proof. Let us prove that ((uj") B ({f”) ) is a super-solution for (1.13) (the proof for
J J

(1.15) is the same so we skip it).

u—'i-,n—&-l . u-'i—,n N N
S = Kza(g—w) =0,
and
+, +, a; +, +, Vinas
(a; — ) (Uj =& n) +o Vi [“jﬁ — U n} Sje{f{{?}fjlo}(aj) .
+,n+1 . —lf—,n

<K, = 3 & :
- At

The proof for ((u]") ., (5;") ) is similar, so we skip it.
J J

]

The following lemma is applied later in the paper in order to use the viscosity inequal-
ities of (1.6) at time 7.

Lemma 2.5 (Viscosity inequality at time 7). Let ((u;);, (&;);) be a continuous sub-solution
of (1.6) and let T > 0. For every test function ¢ € C'((0,+00) x R) such that

max(u; — ) = u; (T, x0) — (T, z09) for some xy € R,
the following viscosity inequality holds:
(T, o) < o (&(T w0) — us (T, x0)) -
Similarly, for every test function p € C1((0,400) x R) such that
max(&; — ) = &(T, xo) — (T, x9)  for some xy € R,
the following viscosity inequality holds:

ei(T,x0) < (aj — a) (u; (T, z0) — §(T' w0)) + %V [uj+1(T', z0) — ui (T, 20)] -

Proof. The proof of this lemma is similar to the proof of Lemma 4.4 in [CCM12], so we
skip it.
[
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Ch.2. Numerical homogenization of a second order discrete model

3 Crandall-Lions type error estimates for (1.6)

In this section, we prove an error estimate of Crandall-Lions type between the viscosity
solution for the continuous problem (1.6)-(1.10) and the discrete solutions of the schemes
(1.13)-( 1.14) and (1.15)-(1.14) namely, Theorem 1.5. The following proofs use the method
introduced by Crandall and Lions in [CL84] and adapted in [CCM12].

We define for any (u?), the following piecewise constant function

ug (t) = Z u?‘x[tnvtn+1)(t)'

This function is simply a piecewise constant extension in time to [0, T] of (uf),. We will

also use
¢*'(u') = sup sup (WW) : (3.1)

je{l,..,no} |t—s|>At, t,5€[0,1] |75 - 5|

It should be noticed that since ¢, s € [0,1] in (3.1), ¢®!(u*) does not depend on T.. We also
introduce

g™ (uf,v*") = sup (¢ (), ¢ (v7)).

3.1 Error estimate using the explicit scheme

Since we are working with an explicit scheme, we give a sufficient condition on the time-step
to make the numerical scheme monotone.

Proposition 3.1 (Monotonicity of the explicit numerical scheme (1.13)). If we have

1
At < ————, (3.2)
max (a;)
je{l,...,n0}

then the numerical scheme (1.13) is monotone.
Proof. We have

™ = (1 — aAt)u? + al At

N
4 = (1 (a; — )ANE + (a; — ) At + ALV, [ury, — u]

therefore the monotonicity condition is satisfied if

1
At < min | —, : (3.3)




3.Crandall-Lions type error estimates for (1.6)

It can easily be seen that (3.2) implies (3.3).
]

Lemma 3.2 (Bound on discrete-time derivative). Assume (A1)-(A5). Let ((u});, (£});)
be a solution of (1.13), with initial data (u),£)) as defined in (1.14). If condition (3.2) is
fulfilled, then for all j € Z and for alln € N,

Uﬂ—H —um”
0< +— < Vmara 3.4
= At (3.4)
and
v G-
. max < J ] max Y 35
« Jegl’%ﬁo}(a]) At a je{r?,%.,xno}(a]) (3.5)

Proof of Lemma 3.2.

Step 1: first inequality. We do the first part of the proof by induction on n, let us
notice that (3.4) is equivalent to

<

0<Er —u) <725, 3.6
J
(0%

for all n € N. Let j € Z, thanks to the initial condition (1.14), we have

v
0< 0_,0 < max
<& U S o
Let us assume that
v
0<E& —uf < /= 3.7
<g —up< 5.7)
Using the definition of ((u});, (£});) as a solution of (1.13), we have
G -ut < g -+ A (“ﬂ' (wp — &) + 2V s —“jD
S (1 - ajAt) (é-]n - U?) + afjvmaxAt
a
Vs , (3.8)
< (1—aAt)2me Yy A
a a
Vmax
< —
a
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Ch.2. Numerical homogenization of a second order discrete model

where we have used assumption (A3) for the second line and (3.7) and (3.2) for the third
line. In the same way we have

G —uttz g -+ At (o (0 - ) + 2V, [ -]
(1— Atay) (€ —u}) +0
0,

(AVARAY,

where we have used assumption (A1) for the second line, and we have used (3.2) and (3.7)
for the last line. This ends the proof of (3.6).

Step 2: second inequality. Let j € Z and n € N, then we have

GU-g s M [(aﬂ' —a) (uf = &) + 2V (w1 — “J)}
o
< Atvmw max (a;),

(6% je{l ..... no}

where we have used assumption (A3) and (3.6) for the second line and (3.6) (upper in-
equality) for the third line. In the same, way we have

G- > At ((aj —a) (u? — 5;1) - %‘/j [U?_A,_l - U?D
> a;At ‘gu;‘ — &) (3.9)

> A" max (ay),
Oé ]G{l ..... TLo}

where we have used assumption (A3) and (3.6).

Theorem 3.3 (Error estimate for the explicit scheme). Assume (A1)-(A5). Let T > 0
and let ((uj);, (&);) be a solution of the continuous problem (1.6) with initial data ((uo(z+
J/n0))j, (€o(x + j/no));) such that (uo)y = (§0)s = p. Let ((v));,((;);) be a solution of
(1.13) with initial data (v],¢]) and with At such that (3.2) is satisfied. Then there exist
constants Ko, K3 > 0 such that

sup max max (|} (t) — u;(t,0)], [¢5(t) — &(8,0)]) < po + (Kz + Ks)At

tefo,7] J€L
+HT+1).(Ky+ 1)VAt
+T (K2 + K3)At,

90



3.Crandall-Lions type error estimates for (1.6)

with

K5 = max (2K1,4K1th<Uﬁ7 Cﬁ>a> ,
fo = max max (’vg(()) —u;(0,0)

. J
]6{1 """ TLO}

¢(0) — £(0,0)]) .
a+aj> 2L

+ Clj) Vmaz-
«

K3 = max max ((aj +a),(a; — a) (

je{1,....,no} (e

and K, defined in (2.4).
Proof. To do this proof, we will only prove that
sup max max(vi(t) — u;(t,0), C(t) — &(t,0)) < po + (Ko + K3)At

te[0,7] J€L
+H(T+1).(Ky + 1)VAL
+T(K2 + K3)At7

given that the other inequality is obtain similarly by exchanging the roles of ((u;);, (&;);)
and ((vg) i (C jﬁ) ;). The proof of this theorem is inspired by the one of Crandall-Lions [CL84].
We do the proof for j € {1,...,n¢} and we obtain the result for j € Z by periodicity of the
solutions. In this proof we will consider T" < 1, and we will prove that

sup max max(vf(t) — u;(£,0), (1) = &(t,0)) < pro+ (Kz + 1)VTAL
tefo,1] JEL (3.10)
+(K2 + Kg)At.

In fact if T € (0, +00) and we have the result for 7' < 1, (3.10), then

sup max max(vi(t) — u;(t,0), C(t) — &(t,0))
te[o,7] J€Z

Py, = &)+ T (Ko + DVAE + |T) (K + K3)At

< sup  max max(v ;
telo,r-|7)] I

<pio + /T — |T).(Ks + D)VAt + |T] .(Ky + DVAL + (14 |T]).(Ky + K3)At
<po+ (T +1) (K + 1)VAL + (Kp + Ks)At)

where we have used the fact that the result takes into account the error at the initial time.

We now introduce two test functions, for all j € {1,...,n}

ot 5.5) = t) —uy(s,0) — LT s
ot,5.9) = &0 — (5,0~ LT s
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Ch.2. Numerical homogenization of a second order discrete model

We can see that the function ¢ = max(y, ¢) reaches a maximum at a finite point (¢, 5, j) €
0,7] x [0,T] x {1,...,n0}. We define

¢<t7 87])

v =

Step 1: estimate of the maximum point of . We want to prove that
|t — 5] < 4vg™(vF, ¢*) + 2At. (3.11)

To do this, we denote § = nAt, with 7 € N, such that |5 — 8] < At. We can assume that
|t—35| > 2At (otherwise the result is trivial). Then, using the fact that ¢(3, 3, 7) < ¥(t, s, 7)
(let us assume that for instance 1) = ¢, we have the same result in the other case), we have

& 32 ~ F_5)?2
oi(e) = B= oy - =51
J 2v J 2v
This implies that
(t—35)? As _ A
< t e — —
A G|
At - |t — 5|
< g O)(E =51+ A +

3|t — 5 3 .
= < g™t Y|t -
o S et -3,
= [[—5 < 4ug® (o, ¢,

where we used At < |t — 5|/2 for the second and third line.
Now we would like to prove that for n big enough, we will have t = 0 or 5 = 0.We argue
by contradiction and we assume that ¢ > 0 and 5 > 0.

Step 2: case (t,5,5) = o(t, 5, 7).

Step 2.1: continuous viscosity inequality. Let us consider the following test function

(t—s)?
2v

then u; — w reaches a minimum at (s,0) and since u; is a super-solution, we get

Q—n 2 O‘(gj(‘g? 0) - u3<§7 0))7

w(s,0) = vg(f) - —ns,

with ¢, = (t — 3)/v.
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3.Crandall-Lions type error estimates for (1.6)

Step 2.2: discrete viscosity inequality. Let 7 € N such that t = nAt. Let us consider
for all t >t — At,

g(t) = (t ;ﬁ :

We now use the fact that ¢(t,5, ) < (t, 5,7), which allows us to see that

V() — g(t) < (D) — g(d)

& g(t) — g(t) < vi() — ().

j

Now we use the fact that ’Ug is a piecewise constant function and choosing t 1=t — At,

glt) — gt — At) _ V(AL — vi((R — 1)A)

At - At
(=57 (F-s—ap? _ o=
2vAt 2vAt - At
(t—5) At Al 3.12
5, < algT =) (312
< o+ max (a-)vmam At — 0% 4+ Vi At
~ j jell,mo} j j max
At - -
:>ql,—$§ Q<C3—U>+K3At,

where we have used for the third line the fact that (v;,(;) is a sub-solution of (1.13), for
the fourth line we have used Lemma 3.2, and for the fifth line we have used the definition

of Kg.

Step 2.3: subtracting the viscosity inequalities. We obtain directly

n < QA;f + K3At + (Cg(g) —&(5,0) — (Ug(f) — uj(5, O)>)

At
< — + K3At,
2v

(3.13)

where we used the fact that ¢(%,5,7) > ¢(¢,5,7). We can see that if we define 7 :=

At
5 + K3At and we choose 1 > 7, we get a contradiction.
v
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Step 3: case (t,5,5) = #(t,5,7). In this case, we proceed as before. When we subtract
the two viscosity inequalities, we then obtain

n < if + K3At + (a; —a) (Ug(f) — u;(g, 0) — (CJ@({) _ fj(g’ 0)))

(3.14)
as _ : . .
+- (v [vh,,(8) = v2(D)] = V; [u5.4(5.0) — u5(5,0)]) .
We can see that, in the case j € {1,...,no}, using ¢(t, 5,7) > ¢(t, 5, j) we get
Vi(E) — uy(5.0) < C(T) — &(5,0). (315)

In the case j = ng + 1, using the periodicity conditions in the systems (1.6) and (1.13)
with the particular form of the solution (see Proposition 1.2), we get

Vi1 () = tng11(5,0) = vi(8) +p — i (5,0) — p

(3.16)
< () - &(5,0).
Therefore, for all j € {1,...,no + 1},
VE(E) < ui(5,0) + G(T) — §(5,0). (3.17)
Now using (3.17) on (3.14) we get
n < ?Vt + KAt + (a5 — a) (v4(2) — u3(5,0) — (C(D) — &(5,0)))
(V3 ok, () = 05D)] =V [u7(5,0) = (5, 0)])
< ?Vt + K3At
(3 o, () = (05(5.0) + D = §(5,0))] = V3 [15(5,0) = 15(5,0)])
< ?j + K3At,

where we have used the monotonicity assumption (A2) and (3.17) with j = j for the second
inequality and the monotonicity assumption (A2) and (3.17) with j = j 4+ 1 for the last
inequality. Therefore, we obtain

At
n< — + K3At.
2v

As before, it suffices to choose n > 7] to obtain a contradiction. Therefore we have t = 0
or s =0.
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3.Crandall-Lions type error estimates for (1.6)

©(t,5,7), (the other case

Step 4: bound on the error. Let us assume that (¢, 5, §)
being similar).

Step 4.1: case t = 0. We get

M,, = v:(0) —us(5,0) — = — 13

o + K1|5 —

Mo + K (4Vth(Uﬂ7 Cﬁ) + 2At>7

where we have used for the third line Theorem 2.2, for the fourth line, the definition of the
initial data (1.14). Then, for the last line we have used inequality (3.11).

IAIA A IA

Step 4.2: case s = (0. Similarly, we get
M,, < vg(f) —u3(0,0)
< Kt +vE(0) — u;(0,0)
< o+ Ko (dvg® (v, ¢F) + 2At).

Step 4.3: conclusion. We can see that we have the same upper bound in the two cases,
therefore

M, < max(2K;, 4K,¢% (0%, (1)) (v + At) + po =: M. (3.18)

Now we can see that for all 7 € Z and for all ¢ € [0,7] ( we recall that we have chosen
<1,

vh(t) — uy(t,0) —nt < M, < M,

= vi(t) — u;(t,0) < M + T,
with n* = K3At + At/v = KsAt + /At/\/T, choosing v = vT.At. We have a similar
result for Cjﬁ — &, therefore we have
M < max (2K, 4K,¢% (v*, ¢F)). (\/m—i- At) + fo-
Finally, we have
sup max max(v(t) — uj(t,O),C]@(t) — &(t,0)) <(Ky+1).VTAt

tefo,1] JEL J
+ (Ko + K3T).At + pg
<(Ky 4 1) VTAt + (Ky + K3).At
+ Mo,
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where we have used the fact that 7' < 1 and with

Ky = max(2K;, 4K1qm(vﬁ, Cﬁ))

3.2 Error estimate using an implicit scheme

Theorem 3.4 (Error estimate for the implicit scheme). Assume (A1)-(A5). Let T > 0
and let ((uj);, (&);) be a solution of the continuous problem (1.6) with initial data ((uo(z +

3/10));5, (b0 + j/n0));). Let ((v5);,(¢5);) be a solution of (1.15) with initial data (v], ()
and with At such that (2.5) is satisfied. Then there exist a constant Ky > 0 such that

Sup max max (|0} () — u;(t,0)], [GF(t) = &(8,0)]) < puo + Ko AH(T + 1)
+(T +1).(Ky + 1)VAE,
with
K5 = max (2K1,4K1th (v*, ¢ >,
po = _max  max (v5(0) - u;(0,0), (0) — (0,0))

je{l,...,n0}

Proof. The proof of this theorem is similar to the one of Theorem 3.3, and even simpler.
The difference is that when obtaining the discrete inequality (like in (3.12)) there is no
need to use Lemma 3.2, we have the result directly using the definition of the numerical
scheme (1.15). That is the reason why for this theorem there is no constant K. For the
readers convenience, we give the details of the proof of Theorem 3.4.

We only prove that
sup max max( ?(t, 0) — u;(t,0), Cg(t, 0) —¢;(t,0) <po+ (T'+1) (KQAt + (Ky+ 1)V At)

te[0,7] J€L

given that the other inequality is obtain similarly by exchanging the roles of ((u;);, (&;);)
and ((v ) i (G ji) ;). The proof of this theorem is inspired by the one of Crandall-Lions [CL84].
We do the proof for j € {1,...,n9} and we obtain the result for j € Z by periodicity of the
solutions. As in the proof of Theorem 3.3, we consider only 7' < 1. We introduce two test

functions, for all j € {1,...,n¢},

ot 5.5) = t) — uy(s,0) — LT s
ot,5.9) = &0 — (5,0~ LT s
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3.Crandall-Lions type error estimates for (1.6)

We can see that the function ¢ = max(y, ¢) reaches a maximum at a finite point (¢, 5, j) €
0,7] x [0,T] x {1,...,n0}. We define

Ml/ - ta ) ).
" (ESJ)E[OT]EI}[%?%]X{17---7710}dj( 5J)

Step 1: estimate of the maximum point of ¢). Like before, we have

|t — 5| < 4vg™(vh, ¢ + 2AL.
Now we would like to prove that for n big enough, we will have ¢ = 0 or 5 = 0.We argue
by contradiction and we assume that ¢ > 0 and 5 > 0.

Step 2: case ¥(t,5,7) = ¢(t,5,7).

Step 2.1: continuous viscosity inequality. Let us consider the following test function

w(s,0) = vi(f) - “;)

then u; — w reaches a minimum at (5,0) and since u; is a super-solution, we get

g — 1 > a(&5(5,0) — u;(5,0)),

—ns,

with ¢, = (t — 3)/v.

Step 2.2: discrete viscosity inequality. Let 7 € N be such that t = nAt. Let us
consider for all t >t — At,

2v
We now use the fact that ¢(t,5s,5) < ¢(t,5,7), which allows us to see that
vt
j

(t) — g(t) < vE(F) — g(7)

& glf) - g(t) < vi(E) — vi(t),

j

Now we use the fact that vg is a piecewise constant function and choosing ¢ := t — At,

gt) — gt — At) _ V(AL — vi((R — 1)A1)

At . At
- - _ n n—1
(t — S>2 _ (t — S — At)Z < Uj — 'U; (319)
2UAL 2UAL - At
At _
=0 =5, < a(G =),
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For the third line we simply used the fact that (v;, ;) is a solution of (1.15).

Step 2.3: subtracting the viscosity inequalities. We obtain directly

1< 2o (@) - 66,0 — (40 - u(5,0)))

2v
(3.20)
At
< a0
- 2v
At

where we used the fact that (¢, 5,7) > ¢(¢,5,5). We can see that if we define 7 := 5
v

and we choose 1 > 7, we get a contradiction.

Step 3: case 1(t,5,j) = ¢(£,5,7). In this case, we proceed as before. When we subtract
the two viscosity inequalities, we then obtain

At

n< oo (a5 =) (V50 — 45(5.0) = (D) - §(5.0)

8 (V5 [k, () = D] ~ Vi [u511(5.0) — u3(5,0)]).

«

We can see that, in the case j € {1,...,no}, using ¢(¢, 5,7) > ¢(t, 5, ) we get
vi(E) = u;(5,0) < C(E) — §(5,0). (3.21)

In the case j = ng, using the periodicity conditions in the systems (1.6) and (1.13) with
the particular form of the solution (see Proposition 1.2), we get

Vhp1(F) = tng41(5,0) = vi() +p — ui(5,0) = p
(3.22)
< (1) - &(5,0).

Therefore, for all j € {1,...,no + 1},
vi(f) < uy(5,0) + C(E) — &(5,0)
Now using monotonicity assumption (A2) (like in the proof of Theorem 3.3) we get

< At
=9y
As before, it suffices to choose n > 7] to obtain a contradiction. Therefore we have t = 0
or s = 0.
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3.Crandall-Lions type error estimates for (1.6)

Step 4: bound on the error. Let us assume that ¥(t, 5,7) = ¢(t, 5, j), (the other case

being similar we skip it).

Step 4.1: case t = 0. We get

_ S _
M= 1(0) = 15(5.0) - & — s
ﬁ (=
< v3(0) —u;(s,0
< potKiso
< po + Kils —t
< o + K (4vg® (vf, ¢F) 4 2At),

where we used for the third line Theorem 2.2, for the fourth line, the definition of the
initial data (1.14). Then, for the last line we used inequality (3.11).

Step 4.2: case s = (0. Similarly, we get

M, vg(f) —u;5(0,0)
Kyt 4 vE(0) — u5(0,0)

po + K (dvg™ (0%, ¢F) + 2At),

IA AN

Step 4.3: conclusion. We can see that we have the same upper bound in the two cases,
therefore

M, < max(2K,,4K,¢ (v%, ¢F). (v + At) + pg =: M. (3.23)

Now we can see that for all j € Z and for all t € [0,7] (we recall that we have chosen
T<1),

Uﬁ(t) - u](t70> —nt < Ml/,?] < M>

J
= 4 (t) — uy(t,0) < M+ Ty,

with n* = At/v = VAt/\/T, choosing v = /TAt. We have a similar result for Cg — &,

therefore we have
M < max (2K, 4K,¢% (vF, ¢F)). (\/ TAt + At) + po-
Finally, we have

sup max sup(v?(t) —u;(t,0), Cjﬁ(t) —&(t,0)) < (Ky+ D)VTAt + KyAt + po, (3.24)

tefo,1] JEZ
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Ch.2. Numerical homogenization of a second order discrete model

with
Ky = max(2K;, 4K1th(vu, Cﬁ))

This ends the proof of Theorem 3.4.

4 Estimate on the effective Hamiltonian for a discrete
traffic low model

This section is devoted to the proof of Theorem 1.5.

Proof of Theorem 1.5. Let us consider ((u;);, (€;);) the solution to (1.6)-(1.10), and let us
now consider a numerical approximation of w;(7,0), given by (1.13) or (1.15), that we
denote by u}”. From Theorem 3.3 and Theorem 3.4, we have

u?T — Uj (T> O)
T

T

' < max(Ks + 1, Ky + K3) (At + VAL) (1 + 1) .

Therefore, we have the following estimate

uw”  w(T,0) N w(T,0) )\‘

’AT_A’: T T T

< C:;} + Cy(At + VAL),

where we have also used Proposition 1.2.

5 Numerical Simulations

As seen in [1], the Cauchy problem (1.9) is equivalent to a LWR macroscopic model (see
[LW55, Ric56] or [GP06] for more information on macroscopic models) of the form

O + 9y (pv(p)) =0, (5.1)

where p(t,y) is the density of vehicles at time ¢ at the physical point y (point on the road)
_ (1

and v(p) := F | — | is the average speed of the vehicles. The equivalence between (1.9)
)

and (5.1), was done in [LLCO08] and [Wag87].
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5.Numerical Simulations

Since the interest of the homogenisation of (1.6) is to pass to a macroscopic model,
_ (1

we will give our numerical results in the form v(p) = F () Moreover, according to
P

Theorem 1.4 in [1], and in the case there is only one optimal velocity function, meaning
V =V, forall j € {1,...,n0}, we have that the effective Hamiltonian is given by

- p
F(p)=V [] : (5.2)
o
We recall that to simulate traffic flow at a macroscopic scale, it is necessary to use a
numerical scheme for the equivalent LWR model. We recommend [Har83, Roe81, Swe84]
for numerical scheme for conservation laws like the LWR, model.

5.1 Setting of the computation

To obtain a numerical estimation of A = F(p), for p € [0, +00), we have to fix T, and
solve (1.6) using one of our two finite difference schemes, with the initial condition (1.14)
for p € [0, +00), to obtain u]7, then our estimate is given by AT = u}” /T. To obtain the
function F (%), we simply repeat the same process for different values of p € (0, pg]. We
denote by Ap our step in space for the interval (0, po].

5.2 First case: one type of driver

Let us begin with a simple case, we consider that we have only one type of driver, ny = 1,
therefore, we have only one optimal velocity function V' and one driver sensitivity a. We
consider the model based on the Greenshields optimal velocity function,

0 if h < h,

e Vinaa (1 - (C?)TL) it h> ho, >3

with n € N*. For the values of the different parameters we take similar values to the ones
in [BT10, Table 2], for the Lincoln tunnel,

Vinas = 58.86 km/h,

ho =9.64 m,
4
a4 — an(lCE —920.35 8717 (54)
ho
n =3,
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Ch.2. Numerical homogenization of a second order discrete model

we also fix pg = 180 wvehicles/km, Ap = 0.35 vehicles/km and T" = 2000 s. Using (5.2)
and the definition of v(p) in (5.1), we get that

0 if p > pras,
v(p) = b \" (5.5)
Vma:p (1 - ( ) > 1f 1Y < Pmaz)
pm(l"lf
. 1 . ..
with ppe: = e For the numerical tests, we choose, for the explicit scheme At =

0
1/ glax }(aj) and for the implicit scheme At = 1/a (which, given the definition of a,
J€l,..no

satisfies (2.5) because a > 1) to get the average speed (v(p)) on Figure 5.1.

60 —T— 60 ——T— T

T T
- v_implicit
. v_th ™~ v_th
50 - N - 50 ™~ -

T T
v_explicit

0+ 4 40 1

30 - \ 4

v(p) (kmsh)
v(p) (kmjh)
g
T
L

20 - \ = 20 \ |

10 E 10 - E

0 1 I I I Ly I I I 0 I 1 I I L I I 1
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180

p (vehicles/km) p (vehiclesskm)

Figure 5.1: Average speed using the explicit scheme (left) and the implicit scheme (right).
We consider only one type of driver, ng = 1. In red we have the numerical approximation
and in green the theoretical value.

Using the fact that we know the explicit form of v(p) (see (5.5)), we can analyse
the relative error of our numerical estimation against 7. To do this, we take different
final

T
values for 7" from the interval {20, Tfimzl], with Ting = 200 s and At = 1/T 2 for both

numerical scheme. We choose the same time step for both schemes, in order to numerically
verify Corollary 1.6. In fact, we expect to have a linear relationship between 1/7" and the
approximation error to the average speed.
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0.5 T T T T 22 T T T
A+
1r //+ R 24 // 4
/ P
/ /
26 - _
-15 // b /
= / = 28 g E
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o} / - - i
2 ast / B = A
g . 7!_7/_‘( g 32 | {//* -
s - - | 2 p i
A — 34 ),,'*/ 7
A d
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log_10(1/T) (s~-1) log_10(1/T) (s~-1)

Figure 5.2: Relative error for the explicit scheme (left) and the implicit scheme (right)
against 1/7.

If we denote by \; the approximation of v(p;) = F (pi) with

pi = 1iAp withi € <1, ..., Po_| _. Nomaz ¢ 5 (5.6)

noAp

then we define the error plotted in Figure 5.2 by
~ max |\ —o(p)

Error = (Sthrorimes) (o) (5.7)

LAV

1€{1,....nmaz} P

1
From Figure 5.2 we can see that the error decreases linearly with T which numerically

verifies Corollary 1.6 in this particular case. Notice that for the explicit scheme, the error
increases greatly for the last value of 1/T, this is due to the fact that for such a point the
monotonicity condition (3.2) is no longer satisfied.

5.3 Second case: one optimal velocity function

Let us consider the same optimal velocity function as before, but with ny = 10 different
sensitivities, we choose the a; coefficients at random in the interval [a, (1 4 6)a], with a
defined as before.

Here and in the rest of the paper, the parameter 6 € [0, 1] is there to simply define the
amplitude of the intervals in which we take the values of the coefficients appearing in the
models. For this example, we consider the following numerical values for the parameters
of the model:

Viaw = 58.86 km/h,

ho = 9.64 m, 9
aj € [a, (1 +0)a], with a =20.35 s, j€{1,...,no}, '
n = 3.
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Ch.2. Numerical homogenization of a second order discrete model

Let us choose for example 0 = 0.99. We fix pa. = 180 vehicles/km, Ap = 0.35 and
T = 20000 s. It is easily verified that with these values we satisfy all of our assumptions.

-----

implicit scheme (like before, given that a; > 1 for all j € {1,...,n¢}, condition (2.5) is
satisfied). In Figure 5.3, we can see the average speed that we obtain in this particular
case.

60 ———1— 80 ——1—

~ ‘V-L\\
50 e 50 e
0+ 4 40 + E

30 - \ B
20 - b b 20 - \ b

10} E 10 \ E
\

v(p) (kmsh)
v(p) (kmjh)
g
T
L

\ \
0 L I I I 1A I I I 0 I 1 I I AN I I 1

0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
p (vehicles/km) p (vehiclesskm)

Figure 5.3: Average speed using the explicit scheme (left) and the implicit scheme (right).
We consider only optimal velocity function and ng = 10 different driver sensitivities.

Remark 5.1. We can see that we have the same results in the first two cases, but we know
that we should have v(p") = V' [1/(nop’)], the problem is that p' is in (vehicles/ng)/km, so
we denote by p = ngp’ the density in vehicles/km. That is the reason why we have the
same results in both cases once we pass to the same units. Moreover, this numerical test
allows us to numerically verify Theorem 1.4 in [1], that gave us Formula (5.2), meaning
that in the case we have only one optimal velocity function, we will have the same effective
Hamiltonian, independently of the number of different driver sensitivities. Also it should be
remarked that once we start having different values for the coefficients it becomes necessary
to use larger values for T, and the use of the implicit scheme becomes more and more
interesting to reduce the computation time.

5.4 Third case: n(y type of drivers

Let us now consider a generalized Newell-based model (see [GP06] for other models), that
uses the following optimal velocity functions, for j € {1,...,n0},

P v (e (- (52))). s o




5.Numerical Simulations

For the different parameters we have chosen values that are close to the ones in [BT10,
Table 2]. We set hg = 6.50 m, and the rest of the parameters we have chosen at random
in the following intervals, for all j € {1,...,no},

b; € [(1— 6)b,b], with b= 0.013 km,

Vi € [(1 = 0)Viaes Vinaz) , With Viee = 54.11 km/h,

(5.10)
4Vmal‘ 4Vmar
e | Wane gy o]
b b
jE{IlI}-l..I}no}( j> je{rll,l.l..I,lno}( ])

with 6 € [0,1).

Numerical test. We choose § = 0.55, ng = 10, T = 2.10%, and for the time step we
choose, for the implicit scheme 1/ and 1/ fpax (a;) for the explicit scheme. In this
1€1,...,n0

example we have min (||Vi||oo) = 26.50 km/h.
j

1,...,n0}

30 T 30 T T T
25 - = 25 - =
20 — 20 —

15 B

v(p) (kmsh)
v(p) (kmyh)
T
L

10 B 10 B

5+ NG 1 51 . 1
~ ~

- .
0 L L L L L L L 0 L L L L L L L
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
p (vehicles/km) p (vehiclesskm)

Figure 5.4: Average speed using the explicit scheme (left) and the implicit scheme (right).
Using the Newell optimal velocity function and considering ng = 10 different types of
drivers.

Remark 5.2. We can see that the effective Hamiltonian that we obtain in Figure 5.4 sat-
isfies all the qualitative properties that were proven in [1]: v(p) = F (%) is mon-increasing,
continuous and

an<1>: min (|[V;]]uo). (5.11)

p=0 P j€{l,..,n0}

Let us take ng = 1 (one type of driver with the values of the parameters given by (5.10)
for # = 0), in order to compare the deformation. We can see the results in Figure 5.5. At
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Ch.2. Numerical homogenization of a second order discrete model

the beginning of Section 5, we introduce the LWR model. In general such models are often
defined by their flux f(p) = p - v(p), also called the fundamental diagram. In Figure 5.6,
we present one last graphic where we can see the difference in the fundamental diagrams
when we consider nyg = 1 type of driver (with § = 0) and when we consider ny = 10 types
of drivers (with 6 = 0.55).

60 T T T T T T T T 60
50 - q 50 - q

0+ 4 20 + 4

£ g
£ 30 g £ st 1
a c
= =
20 . . 20 - .
\\\ \\
~ -
10 - ~ . 10 - g .
0 1 Il Il Il Il Il .V?\" Il 0 Il 1 Il Il 1 Il Il 1

0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
p (vehicles/km) p (vehicles/km)
Figure 5.5: Average speed using the explicit scheme (left) and the implicit scheme (right).
Considering nyg = 1 and 6 = 0, we only consider one type of driver.

Remark 5.3. Unlike for the cases where we only had one optimal velocity function, we
can see that the average speed function that we obtain in Figure 5.4 is different from the
one in Figure 5.5. However, the form of the average speed remains the same and we also
can see that v(p) = 0 for all p > pmaz == 153 vehicles/km which is another qualitative
property of the effective Hamiltonian that was proven in [1].
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-
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1000 | / g
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800 - ff“' \ 7] o0 - / i
s00 - B /

0‘/ I I I I I I \\\ / I 1 1 I I I I I

] 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
p (vehicles/km) p (vehicles/km)

f(p) (vehicle/h)
f(p) (vehicles/h)
.

Figure 5.6: Flux of vehicles obtained using the implicit scheme and ny = 1 (with 6 = 0)
(left) and the flux of vehicles obtained using the implicit scheme with ny = 10 (with
6 = 0.55) (and ny = 10) (right).
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Chapitre 3

Specified homogenization of a
discrete model with a local
perturbation and application to
traffic flow

N. Forcadel!, W. Salazar!
Abstract

In this paper, we focus on deriving traffic flow macroscopic models from microscopic models
containing a local perturbation. At the microscopic scale, we consider a first order model of
the form "follow the leader" i.e. the velocity of each vehicle depends on the distance to the
vehicle in front of it. We consider a local perturbation located at the origin that slows down
the vehicles. At the macroscopic scale, we obtain an explicit Hamilton-Jacobi equation left
and right of the origin and a junction condition at the origin (in the sense of [IM14]) which
keeps the memory of the local perturbation. As it turns out, the macroscopic model is
equivalent to a LWR model, with a flux limiting condition at the junction. Finally, we also
present qualitative properties concerning the flux limiter at the junction.
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Ch.3. Specified homogenization of a first order discrete model

1 Introduction

The goal of this paper is to derive a macroscopic model for traffic flow problems from
a microscopic model. The idea is to rescale the microscopic model, which describes the
dynamics of each vehicle individually, in order to get a macroscopic model which describes
the dynamics of density of vehicles.

The problem of deriving macroscopic models from microscopic ones has already been
studied for models of the type following the leader (i.e. the velocity or the acceleration
of each vehicle depends only on the distance to the vehicle in front of it). We refer for
example to [AKRMO02, DFR15, Hel98, LLKO01] where the authors rescaled the empirical
measure and obtained a scalar conservation law (LWR model [LW55, Ric56]). Recently,
another approach has been introduced in [FIM09b] (see also [FIM09a, FIM12, 1]) where
the authors work on the primitive of the empirical measure and, at the limit, obtain a
Hamilton-Jacobi equation which is the primitive of the LWR model.

The originality of our work is that we assume that there is a local perturbation that
slows down the vehicles and we want to understand how this local perturbation influences
the macroscopic dynamics. If the local perturbation is located around zero, at the macro-
scopic scale it is natural to get an Hamilton-Jacobi equation with a junction condition at
zero and an effective flux limiter, the difficulty being to construct this effective flux limiter.

Recently, the theory of Hamilton-Jacobi equations with junction or more generally on
networks has known important developments in particular since the works of Achdou,
Camilli, Cutri, and Tchou [ACCT13] and Imbert, Monneau, and Zidani [IMZ13]. In this
direction, we would like to mention the recent work of Imbert and Monneau [IM14] in
which they give a suitable definition of (viscosity) solutions at the junction which allows
to prove comparison principle, stability and so on.

In this paper, we will use the ideas developed in [FIMO09b] in order to pass from micro-
scopic models to macroscopic ones. In particular, we will show that this problem can be
seen as an homogenization result. The difficulty here is that, due to the local perturbation,
we are not in a periodic setting and so the construction of suitable correctors is more com-
plicated. In particular, we will use the idea developped by Achdou and Tchou in [AT15],
by Galise, Imbert, and Monneau in [GIM15] , and in the lectures of Lions at the "College
de France" [Liol4], which consists in constructing correctors on truncated domains.

2 Main results

2.1 General model: first order model with a single perturbation

In this paper, we are interested in a first order microscopic model of the form

Ui(t) =V (Uja () = Us(2)) - 6 (Us(1)) , (2.1)
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where U; : [0, +00) — R denotes the position of the j—th vehicle and Uj is its velocity. The
function ¢ : R — [0, 1] simulates the presence of a local perturbation around the origin.
We denote by r the radius of influence of the perturbation.

The function V is called the optimal velocity function and we make the following
assumptions on V and ¢:

Assumption (A)
e (Al) V:R — R* is Lipschitz continuous, non-negative.

e (A2) V is non-decreasing on R.

e (A3) There exists a hg € (0, +00) such that for all h < hy, V(h) = 0.

e (A4) There exists hpar € (hg, +00) such that for all b > hpp, V(R) = V(hpmae) =
Vmax-

e (A5) There exists a real py € [—1/hg,0) such that the function p — pV(—1/p) is

decreasing on [—1/hg, pp) and increasing on [py, 0).

e (A6) The function ¢ : R — [0, 1] is Lipschitz continuous and ¢(z) = 1 for |z| > 7.

Remark 2.1. Assumptions (A1)-(A2)-(A3)-(A5) are satisfied by several classical optimal
velocity functions, we have added assumption (A4) to work with V' with a bounded support.
But by modifying slightly the classical optimal velocity functions, we obtain a function that
satisfies all the assumptions. For instance, in the case of the Greenshields based models

[GCM35](see also [BT10]):
0 for h < hy,

h() "
— | = <
Vh) Vinaa (1 , for hg < h < hpaz,

Vmaa: <1 - (hho ) > fOT' h > hmaza

with n € N\{0}. Another optimal velocity function, based on the Newell model [New61](see
also [Edi61]), is given by:

0 forhgh(b

h—ho\"
1— - <
V() = Vi ax < exp < 2 for hog < h < hpae,

Vinax <1 — exp <— (flmaxb—ho> )) for h > hpas,

with n € N\{0} and b € [0,400). See Figure 2.1 for a schematic representation of an
optimal velocity function satisfying assumption (A).
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Vv
Vmaz

0 hO hmaz h

Figure 2.1: Schematic representation of the optimal velocity function V.

2.2 Injecting the system of ODEs into a single PDE

In this paper, we will study the traffic flow when the number of vehicles per unit length
tends to infinity by introducing the rescaled "cumulative distribution function" of vehicles,
p°, defined by

p(ty) = —¢ (ZH( —eUi(t/e)) + ) (—1+ H( —5Ui(t/5)))), (2.2)

i>0 i<0
with
1 ifz>0
H(”)_{ 0 ifz<0. (2:3)

Under assumption (A), the function p° satisfies in the viscosity sense (see Definition 3.1
and Theorem 8.1 for the proof of this result) the following non-local equation

g t .
ui + M¢ lu (t )1 (x)gzﬁ(z) “Jug| =0 on (0,+00) x R, (2.4)
where M* is a non-local operator defined by
+oo 3
Me[U](z) = / J(2)E (U(w+22) = U@)) dz = 5 Vinas (2.5)
and with
0 ifz>0
E(z)=1¢ 1/2 if —1<2<0 and J=V"onR. (2.6)
3/2 if z < —1,
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In the rest of this paper, we couple equation (2.4) with the following initial condition
u®(0,2) = up(x) on R. (2.7)

We also assume that the initial condition satisfies the following assumption:

(A0) (Gradient bound) The function ug is Lipschitz continuous and satisfies

Remark 2.2. This condition ensures that initially the vehicles have a security distance
between them and since we are working with a first order model, this security distance will
be preserved. We choose ug a reqular function such that for all e,

p°(0,2) — uo(@)| < f(e),
with f(e) — 0 as € goes to 0.

Remark 2.3 (Lagrangian formulation). Another way to treat this problem is to consider
a Lagrangian formulation, like in [1], considering the function,

v:[0,T] xR =R, o(ty) = Utyj(t).
This function satisfies for all (t,y) € [0,T] x R

Ut<t7 y) =V (u(t7 Y+ 1) - u(ta y)) ' ¢ (U(tv y)) )
{MQw=w@) (2.9)

The difficulty with this formulation is that the function ¢ is evaluated at v(t,y) and not
at a physical point of the road. The notion of junction in this case is not well defined and
this is why we use the formulation (2.4) (where the perturbation function is evaluated at
a point of the road) instead of (2.9). This will allow us to use the results of Imbert and
Monneau [IM1}] concerning quasi-convex Hamiltonians with a junction condition.

2.3 Convergence result

We define kg = 1/hg and H : R — R, by

—p — ko for p < —ko,

— ~1

H(p) = —V<p>mlbr—%§pga (2.10)
D for p > 0.
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|p|—+00
there exists a unique point py € [—ko, 0] such that

Note that such a H is continuous, coercive ( lim H(p) = —l—oo) and because of (A5),

H is decreasing on (—o0, py), (2.11)
H is increasing on (pg, +00). '
We denote by
Hy = min H(p) = H(po) (2.12)

pER

and we refer to Figure 2.2 for an schematic representation of H.

H

— Hy

Figure 2.2: Schematic representation of H.

The main purpose of this article is to prove that the viscosity solution of (2.4)-(2.7)
converges uniformly on compact subsets of (0,+00) X R as € goes to 0 to the unique
viscosity solution of the following problem

up + H(u)) =0 for (¢,z) € (0,+00) x (—00,0)
uw) + H(ud) =0 for (t,z) € (0,+00) x (0,400) (2.13)
uf + F (u2(t,07),ul(t,07)) =0 for (t,2) € (0,+00) x {0} '
u®(0, ) = up(x) for z € R,
where A has to be determined and F is defined by
Fa(p-,py) = max (A, (p_), H (py)), (2.14)
with
- H(p) ifp < po, =+ H(po) if p < po,
H =19 . d H =1 = . 2.15
®) { H(po) ifp>po, (¥) H(p) ifp > po. (2.15)
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2.Main results

The following theorems are the main results of this paper, and their proof are postponed.
The proofs of Theorem 2.4 and Theorem 2.8 are done in Section 5 and the proof of Theorem
2.5 is done in Section 8.

Theorem 2.4 (Junction condition by homogenisation). Assume (A) and (A0). Fore >0,
let u® be the solution of (2.4)-(2.7). Then there exists A € [Hy,0] such that u® converges
locally uniformly to the unique viscosity solution u® of (2.13) (in the sense of Definition
3.6).

Theorem 2.5 (Junction condition by homogenisation: application to traffic flow). Assume
(A) and that at the initial time, we have, for all i € Z,

U;(0) < Uiz 1(0) — ho. (2.16)
We also assume that there exists a constant R > 0 such that, for all i € Z, if |U;(0)] > R
Ui+1(0) — U;(0) = h,

with h > hy. We define the function uy (satisfying (A0)) by uy(z) = —x/h for all x € R.
Then there exists A € [Hy, 0] such that the function p® defined by (2.2) converges towards
the unique solution u° of (2.13).

Remark 2.6. Condition (2.16) means that the initial condition is well-prepared.

Remark 2.7. We notice that in the case of traffic flow, (2.13) is equivalent (deriving in
space) to a LWR model (see [LW55, Ric56]) with a fluz limiting condition at the origin. In
fact, the fundamental diagram of the model is pV (1/p) and u® corresponds to the density
of vehicles.

The following theorem ensures that when we use (2.13) we only evaluate the function
F in [—k’o, 0]

Theorem 2.8. Assume (A0)-(A). Let u® be the unique solution of (2.13), then we have
for all (t,z) € [0,T] x R,

—ko < ul <0,
with ko defined in (A0).

Remark 2.9 (Extension of the effective Hamiltonian). This theorem implies in particular
that in the case of traffic flow, the effective Hamiltonian only needs to be computed for
p € [—ko,0]. However, for the construction of the correctors it is necessary to work with a
coercive Hamiltonian in R that is why we extend the function H in (2.10).
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2.4 Effective Hamiltonian and effective flux-limiter

We define the non-local operator M, by

M[U)() = [ IEE U+ 2) ~ U) +p-2)ds = SV (2.17)

We then have the following result

Proposition 2.10 (Homogenization left and right of the perturbation). Assume (A).
Then for every p € [—ko, 0], there exists a unique A € R, such that there exists a bounded
solution v of

{ MP[UK:U) ' ’Ux +p’ = )‘7 VS R,

v 18 Z—periodic, (2.18)

with M, defined in (2.17). Moreover, for p € [—ko,0], we have A = H(p).

Proof. To prove this proposition, it is only necessary to notice that v = 0 is an obvious
solution of (2.18) with A = H(p). The uniqueness of A is classical (see for instance [FIM09a,
Proof of Proposition 4.6]) so we skip it.

[

To construct the effective flux-limiter A, we consider the following cell problem: find
A € R such that there exists a solution w of the following Hamilton-Jacobi equation

Mw|(x) - ¢(z) - |wy| =X for z € R. (2.19)
More precisely, we have the following result, which proof is postponed until Section 6.

Theorem 2.11 (Effective flux limiter). Assume (A). We define the following set of func-
tions

S = {w s.t. 3 a Lipschitz continuous function m  and C' > 0 such that
|[w = m|[per) < C}.

Then we have

A=inf{\€eR:3 w eS8 solution of (2.19) }.

Remark 2.12. This theorem allows us to characterize and give uniqueness to the flux
limiter that we present in Section 4 which construction is presented in Section 6.
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2.5 Qualitative properties of the effective flux limiter

We have the following qualitative properties on the effective flux limiter A, the proof of
this result is postponed until Section 7.

Proposition 2.13 (Qualitative properties of the flux limiter). Assume (A). We have the
following qualitative properties on the flux limiter.

(i) (Monotonicity of the flux-limiter). Let ¢1,¢2 : R — [0,1] be two functions satis-
fying (A6). Let Ay and Ay be their respective flux limiters given by Theorem 2.4. If, for
all v € R, we have

o1(x) < o),
then

Ay > A,

(ii) (Flux interruption) Let ¢ be a function satisfying (A6). If = 0 on an open
interval, then we have

A=0.

2.6 Notations

We recall the definition of the non-local operators that we used in this paper,

MU)) = [ :’° J()E (U(z + 2) — Ux)) dz — 2%, (2.20)
M, [U](z) = /_;oo J)E Uz +2) - Uz) +p-2)dz — 2Vm (2.21)

To each operator M, we associate the operator ]\N{ which is defined in the same way except
that the function E is replaced by the function F, defined by

. 0 ifz>0
E(z)={ 1/2 if —1<2<0 (2.22)
3/2 if 2 < -1
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Remark 2.14. Using the fact that E and V are bounded, we get that for every function
U and every x € R, we have

My = —3vmax < M[U)(z) < 0. (2.23)

We also use the following notations for the upper and lower semi-continuous envelopes
of a locally bounded function wu:

w*(t,x) = limsupu(s,y) and w,(t,x) = liminf u(s,y).

s—t,y—x s—t,y—x

2.7 Organization of the article

Section 3 contains the definition of the viscosity solutions for the problems we consider
in the entire article and it also contains some results for those problems. In Section 4 we
present some results on the correctors at the junction (Theorem 4.1) that will be used in
Section 5 to prove Theorem 2.4. Section 6 contains the proof of Theorem 4.1. In Section 7
we give the proof of the qualitative properties of the flux-limiter. Finally, Section 8 details

the link between the system of ODEs (2.1) and the PDE (2.4) (with ¢ = 1).

3 Viscosity solutions for (2.4) and (2.13)

3.1 Definitions

In order to give a general definition for all the non-local problems we consider, we will give
the definition for the following equation, with p € R, for all (¢,z) € (0, +00) X R,

u A (x) - Mylu(t, -)](x) - ¢(2) - [p + | + (1 = P(2)) - H(uy) =0 (3.1)
u(0, ) = up(x), '

with ¢ : R — [0, 1] a Lipschitz continuous function.

Definition 3.1 (Viscosity solutions for (3.1)). Let T > 0. An upper semi-continuous
function (resp. lower semi-continuous) u : [0,+00) X R — R is a viscosity sub-solution
(resp. super-solution) of (3.1) on [0,T] X R, if u(0,x) < ug(x) (resp. u(0,x) > ug(x)) and
for all (t,z) € (0,T) xR and for all p € C*([0,T] xR) such that u— p reaches a mazimum
(resp. a minimum) at the point (t,x), we have

pulty) + () - dx) - Mylu(t,))(z) - Ip+ @a(t, )| + (1 = ¢ (2)) H(pa(t, 2)) < 0

 20)

(t,x
(t,z

~—

<T€Sp ity x) +1p(x) - p(x) - My[ut, ))(@) - Ip + o
' +(1 = ¢ () H (pa

~—
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We say that a function u is a viscosity solution of (3.1) if u* and u. are respectively a
sub-solution and a super-solution of (3.1).

Remark 3.2. We use this definition in order to have a stability result for the non-local
term. We refer to [DLKS04, Sle03] for such kind of definition and to [FIM09b, Proposition
4.2]. For the readers convenience we give the stability result and its proof.

Proposition 3.3 (Stability of the solutions of (3.1)). Let (u,), be a sequence of uniformly
bounded upper semi-continuous functions (resp. lower semi-continuous functions) and let
u denote limsup*u,, (resp. u = liminf,u, ). Let (t,,Tn, pn) — (to, zo,p) in R be such that
U (tn, Tn) — T(to, xo) (Tesp. un(tn, x,) — u(to, xo)). Then

13351015*1\4 o[Un(tn, )(@n) = My[u(to, -)](zo) (3.2)
(resp. tim it V6, [, )] () < M lulto, .)]<g;0)) . (3.3)

In order to prove Proposition 3.3, we use the following lemma which proof can be found
in [Sle03].

Lemma 3.4. Let (f,), be a sequence of measurable functions on R, and consider

[ =limsup™f,
and
f =liminf, f,. (3.4)
Let (ay), be a sequence of R converging to zero. Then
LAfu>a )\ {f>0}) =0 as n— +oo
and
LA{f >0\ {fu>a}) =0 as n— +oo,
where L(A) denotes the Lesbegue measure of measurable set A.

Proof of Proposition 3.3. We just do the proof for w. Let € > 0. Using (2.6), we have that

3

1 1
E(B) = Lise10n + 5lis<—1 = 5lgs<oy + Lip<y.
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We get that

/J (Un(tny Ty + 2) — Up(tn, Tn) + pp.2)dz

/ U(to, zo + 2) — u(to, v0) + p.2)dz
= /J ]-{un (b +2) i (b o) 0 2< 1} — ]-{ﬂ(to,x0+z)fﬂ(to,xo)+p.z<fl}} dz (3.5)
+ / 1{un(tn Tn+2)—Un (tn,on)+pn.2<0} — 1{u(to zo+2z)—u(to,x0)+p. z<0}} dz

Using Lemma 3.4, we have for n big enough,

/ J 1{u (to,xo+2)—u(to,x0)+p.2>—1} — 1{un(tn,xn+z)7un(tn,xn)+pn,z271}} dz

19
> — J 1 z z > - a
> /R (O lianenaen 2 =5

1
/§J(Z) {1{ﬂ(to,xo+z)—ﬂ(to,mo)+p.220} - 1{Un(tn7$n+z)—u7z(tm:vn)—l—pn.zzo}} dz (36)
R
1 €
> —5 J 1 z z > -,
2 =5 | IO sese) 2 5
with
An(2) = Aun(tn, 2p + 2) = Up(tn, Tn) + pn.z > —1}
U{a(to, zo + 2) — a(to, xo) + p.z > —1}
A(z) = {a(to,zo + 2z) — ulto, xo) +p.z > —1}
and

Bn(z) = Aun(tn,zn + 2) — up(tn, Tn) + pn.z2 > 0}
U{a(to, zo + 2) — u(ty, zo) + p.z > 0}
B(z) = {u(ty,xo + z) — u(to, x9) + p.z > 0}.

Using (3.5) and (3.6), we deduce that

M, [un(tn; )} (2n) = Mp[u(to, -)](20) — ¢, (3.7)

for n big enough. This implies (3.2).
O]

Definition 3.5 (Class of test functions for (2.13)). We denote by J := (0, +00) x R,
JE = (0,+00) x [0,400) and J := (0,00) X (—00,0]. We define a class of test functions
on Jy by

Cl(Jw) = {90 € C(Jw), the restriction of ¢ to J3 and to J_ is C’l}.
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Definition 3.6 (Viscosity solutions for (2.13)). Let H be given by (2.10) and A € R. An
upper semi-continuous (resp. lower semi-continuous) function u : [0,400) x R — R is a
viscosity sub-solution (resp. super-solution) of (2.13) if u(0,z) < ug(x) (resp. uw(0,x) >
ug(x)) and for all (t,x) € Jo and for all p € C*(Js) such that

u < (resp. u> ) in a neighbourhood of (t,z) € Joo and u(t,x) = p(t,x),

we have

er(t, )+H(%(M‘)) 0 (resp. >0) if © # 0,
90(7) ( (,O)QDm(tO))SO (7“68]).20) if:E:O.

We say that a function u is a viscosity solution of (2.13) if u* and u, are respectively a
sub-solution and a super-solution of (2.13). We refer to this solution as A—fluzx limited
solution.

3.2 Results for viscosity solutions of (3.1)

Proposition 3.7 (Comparison principle for (3.1)). Let T' > 0. Assume (A0) and (A). Let
u be a sub-solution of (3.1) and v be a super-solution of (3.1). Let us also assume that
there exists a constant K > 0 such that for all (t,z) € [0,T] x R,

u(t,z) <wup(x) + Kt and —o(t,z) < —up(x) + Kt. (3.8)
Then we have u(t,x) < wv(t,x) for all (t,x) € [0,T] x R.

Proof. The only difficulty in proving the comparison principle comes from the non-local
term, but in our case the proof is similar to the proof of [FIM09b, Theorem 4.4]. For the
readers convenience we give the details of the proof of Proposition 3.7.

Let us introduce

M= sup Au(t,z)—v(t,x)}.
(t.x)€[0,T]xR

We want to prove that M < 0, we argue by contradiction and assume that M > 0.

Step 1: the test function. Let us introduce the following test function,

_ _ I B el ) e
ot 2 y) = ult,z) —v(ty) +p(r —y) - — e - ar”,

where 7, ¢, and « are small, strictly positive parameters, and B is a constant to be chosen
later. We can notice that we have

lim  p(t,z,y) = —oc.

|z],|y| =00
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In fact, using (3.8) and (AO) we have

(x —y)?

o(t, z,y) <up(z) — ug(y) + plx — y) + 2KT — az® — &5 OB

(ﬂf—y)Q'

<(ko + [p))x — y| + 2KT — az® — ">
9

Using the fact that our test function is upper semi-continuous we can see that it reaches a
maximum at a finite point that we denote by (¢,z,y) € [0,T] x R x R. We also have the
following result.

Lemma 3.8. For a and n small enough, we have
i Mn,e,a = Sﬁ(ﬂf,?]) > M/2 > 0.
o |z—y|l—0ase—0.

e o|z| — 0 asa— 0.

Proof of Lemma 3.8. By definition of M, for all 6 > 0, 3(ty,xp) € [0,T] x R such that

M — 9 S u(tg,l'g) — U(te,mg)

= M-0- 2

- OC[EG’

—ax? < u(tg,J?g) - U(tmxe) -

T —ty T —ty

choosing 7 and « small enough we have 0 < M/2 < M, .. Using this result we can see
that we have

@9 _

az’ + == < u(l, ) —v(t,y) +ple —y) < (ko + [p)IE -yl + 2KT,

where we have used 3.8 and (A0), this inequality allows us to directly deduce the rest of
the lemma.

]

Step 2: case t = 0. In this particular case, using Lemma 3.8 we have

using the fact that |z — y| — 0 as e — 0, we get a contradiction.
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Step 3: case t > 0. By duplication of the time variable and passing to the limit, we
have that there exist two real numbers a, b € R such that

4 Ber(j - g>2

b= _
¢ (T —1)? 2

and
0 < Myfu(f, ))(@) - 6(2) - [ePp. + 20| — V(@) H (e + 207)
b > = Mylu(t,)(5) - 6(5) - |eP'pe| — v(5) H(ePpe),
with p. = (z — y)/e. Combining these inequalities we obtain
per I s S IG) - 600) -
= MyfuE, ))(@) - 6(2) - |eFp. + 203
+ () H(eP'p.) — (2 H (6 "D + 207)
<Mo|pe| -1/l - |7 — gle”
+ My[o(t,)](5) - () - |ePpe] + 0a(1)
— MyJulF, (@) - 6() - [P (3.9)
+ 9(2) (H(e"'pe) — H(e"'p: + 20))
+ |19l = 51H ("'pe)
<Molpe| - [|¢/llos - 17 — gle™
+ My[o(t,)](5) - $(7) - [e"'pe| + 0a(1)
= My[u(t,))(2) - ¢(2) - ™ |p|
+ |19l = 5IH (eP'p.),

where we have used (2.23), the fact that ¢ is Lipschitz continuous, Lemma 3.8, and the fact
that 1 is Lipschitz continuous for the second inequality. Moreover, we have used Lemma
3.8 and the fact that H is Lipschitz continuous for the last inequality.

As in [FIMO09b], we define

A:={z: E(v(t,2) —v(t,5) + p(z = 9)) < E (u(t,2) —u(,z) + p(z — 7)) } .

However, we know that M, ., is reached at (¢, Z,y), we have that for all z € R, ¢(t, 2, 2) <
©(t, T, y) meaning that we have

u(t, z) —u(t,z) + p(z — ) < o(t,z) —o(t,y) +p(z — 7))
+ [ az? — eBEL — ) — ozxz> (3.10)
2¢e
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This implies that

A°C{|z| > R}, with Rz,a =
We distinguish two cases.

Case 1: there exists a constant C. > 0, such that for any a small enough we have

[z -yl
2e

> (.. (3.11)
In this case, we have
{lZ - g| Z RE,CX} - {|Z’ Z E&,a}7

with R.o = —|y| + Reo — +00 as a@ — 0 (see Da Lio et al. Lemma 2.5 in [DLFMOS]).
This implies that

Wy (000, )] ) = [ I =) (000,2) = v(E.5) + (= = ) d= = Vo

< [ I n)E (ul 2) —0(E3) + 0z~ 7)) dz — Voo + 00(1).

Using this and the fact that by definition Vp € R |H(p)| < Vinaz|pl, (3.9) becomes

2 B TP < 0016+ 2Vl 1) s P 1 0, (1)
+ Blp.|o(F). /R J(z—§).E (ult.2) — u(t,7) + p(z — z)) d=
— Blp.|o(7) /R J(z = 2).E (u(f,z) —u(t,7) + p(z — 1)) d
< (204011061 o + 36l 1D 150 ) E L 40,(1)
+ Wl E
Choosing

B = 2M0||¢/||oo + 3||¢||00'||DJ||L1(R) + 2Vmax||¢/||00a

we get a contradiction for o small enough.
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Case 2: there exists a subsequence «,,, such that

|z — 9|
2e

In this case, (3.9), gives us a contradiction, choosing B = 2My||¢'||c0 + 2Vinaz||?'||0 and
passing to the limit as n — +o0.

—0 as n— +oo. (3.12)

]

We now give a comparison principle on bounded sets, to do this, we define for a given
point (¢, o) € (0,7) x R and for 7, R > 0, the set

QF’§<Z€0, iUo) = (to -7, ty + 7) X (56'0 — E, o + E)

Theorem 3.9 (Comparison principle on bounded sets for (3.1)). Assume (A). Let u be a
sub-solution of (5.1) and let v be a super-solution of (3.1) on the open set Q.7 C (0,T) xR,
We assume that u (resp. v) is upper semi-continuous (resp. lower semi-continuous) on
@?,E' Also assume that

u<wv outside Q.5
then
u<v on Q;ﬁ.

Proof. The proof of this theorem is similar to the one of Proposition 3.7, so we skip it.
O

Lemma 3.10 (Existence of barriers for (3.1)). Assume (A0) and (A). There exists a
constant K; > 0 such that

ut(t,x) = Kit +ug(z) and u (t,z) = up(x),
are respectively super and sub-solutions of (3.1).

Proof. We define Ky = My - (|p| + ko) + |Ho|. Let us prove that u™ is a super-solution of
(3.1). Using assumption (A0) and the form of the non-local operator and of H, we have

d(x)p () Mplug|(x) - [p + (uo)e| + (1 —b(x)) - H((u0)2) > — Mo - |p + (uo).| + Hoy
> — Mo(|p| + ko) — |Hol
= - K17

where we used (2.23) and (2.12). The proof for u~ is simpler, it uses (2.23) and (2.12),
¢(@)1h(x) Myluo)(x) - p + (uo)o| + (1 = 1(2)) - H((uo)z) < 0.
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Applying Perron’s method (see [IMRO8, Proof of Theorem 6], [AT96] or [Imb05] to see
how to apply Perron’s method for problems with non-local terms), joint to the comparison
principle, we obtain the following result.

Theorem 3.11 (Existence and uniqueness of viscosity solutions for (3.1)). Assume (A0)
and (A). Then, there ezists a unique solution u of (3.1). Moreover, the function u is
continuous and there exists a constant K; such that

up(z) < ult,x) < wup(z) + Kit.

3.3 Results for viscosity solutions of (2.13)

Now we recall an equivalent definition (see [IM14, Theorem 2.5]) for sub and super solution
at the junction. We will also consider the following problem,

u; + H(u,) =0 fort € (0,T) and z € R\{0}. (3.13)

Theorem 3.12 (Equivalent definition for sub/super-solutions). Let H given by (2.10) and
consider A € [Hy, +00) with Hy defined in (2.12). Given arbitrary solutions pi € R of

H(ph)=H"(pt) =A=H (p2)=H (p"), (3.14)
let us fix any time independent test function ¢°(x) satisfying
9 (0%) = pi.

Given a function u : (0,7) x R — R, the following properties hold true.
i) If u is an upper semi-continuous sub-solution of (3.13) satisfying

u(t,0) = lim sup u(s,y), (3.15)
(s,y)—=(t,0), yeR\{0}

then u is a Hy-fluz limited sub-solution.

it) Given A > Hy and ty € (0,7T), if u is an upper semi-continuous sub-solution of
(3.13), satisfying (3.15), and if for any test function ¢ touching u from above at (to,0)
with

p(t,z) = ¥(t) + ¢"(2), (3.16)
for some 1 € C*(0,+00), we have

Pt + FA (QOLE) S 0 at <t070)7

126



3.Viscosity solutions for (2.4) and (2.13)

then u is a A-fluz limited sub-solution at (tg,0).
itr) Given ty € (0,T), if u is a lower semi-continuous super-solution of (3.13) and if
for any test function ¢ satisfying (3.16) touching u from above at (to,0) we have

o1+ Fa(pz) >0 at (to,0),
then u is a A-flux limited super-solution at (to,0).

Proof. The proof of Theorem 3.12 can be founded in [IM14, Theorem 2.5].

3.4 Control of the oscillations for (2.4)-(2.7)

Theorem 3.13 (Control of the oscillations). Let T'> 0. Assume (A0)-(A) and let u be a
solution of (2.4)-(2.7), with e = 1. Then there exists a constants C; > 0 such that for all
r,y €R, x >y and for allt,s € [0,T], t > s, we have

0<u(t,z) —u(s,z) <Ci(t—s) and —ko(r—y)—1<u(t,z)—u(t,y) <0, (3.17)
with ko defined in (2.8).

Proof. In this proof we used the barriers given by Lemma 3.10 (with p = 0 and ¢ = 1),
which means that the solution u of (2.4)-(2.7) with e = 1 satisfies for all (¢, x) € [0, +00) xR,

0 <u(t,z) —up(zr) < Mokot. (3.18)
In the rest of the proof we will use the following notation:

0= {(t,x,y) €[0,T) x R? s.t. ny}.

Proof of the bound on the time derivative. For all h > 0, we have

u(0,2) < u(h,z) < Mokoh 4+ u(0, ).
Using the fact that equation (2.4) is invariant by addition of constants to the solution and by
translations in time, we deduce by the comparison principle that, for all (¢,z) € [0, 400) xR,
we have

u(t,z) <u(t+h,x) < Mokoh + u(t, z).

We deduce the result by choosing C; = Myky.
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Proof of the upper inequality for the control of the space oscillations. We
introduce,

M = sup {u(t,z) —u(t,y)}.
(t,z,y)EQ

We want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 1: the test function. For n,a > 0, small parameters, we define

ot w,y) = ult,x) — ult,y) — —— — az - ay”

Using (3.18), we have that
p(t,x,y) <uog(x) —uo(y) + 2MokoT — a(a® + y*) < —a(a® + y*) + 2MokoT,
where we used assumption (A0) for the second inequality. Therefore we have

lim ot z,y) = —oc.

|[,|y|—+o00

Since ¢ is upper-semi continuous, it reaches a maximum at a point that we denote by
(t,z,y) € Q. Classically we have for 7 and « small enough,

M _
0 < 7 S (p(t7£7g)7
alz],aly| — 0 as a — 0.

Step 2: t >0 and T > 3. By contradiction, assume first that ¢ = 0. Then we have

< un(®) — () <O,

where we used that u( is non-increasing, and we get a contradiction. The fact that z > g,
comes directly from the fact that (¢, z,y) > 0.

Step 3: viscosity inequalities. By doing a duplication of the time variable and
passing to the limit we get that

TL <Mlu(t,))(7) - 12a9] - ¢(5) — Mu(t,))(7) - $(7) - [2a7|
<2My - o(|z| + [y)),

passing to the limit as o goes to 0, we obtain a contradiction.
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Proof of the lower inequality for the control of the space oscillations Let us
introduce,

M= sup {ult,y)—ult,s) — 1 — oz — )}
(t,x,y)EQ

We want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 1: the test function. For «,n > 0, small parameters we consider the function

o(t,z,y) = u(t,y) —u(t,r) — 1 —ko(z —y) — a(z® + y*) — %

We have that

uo(y) — uo(z) — a(z? + y?) + 2MokoT — ko(z — y) — 1

o(t,z,y) <
< —Oé(.CL’Q + yz) + 2M0]€0T

Therefore, we have

lim (¢, z,y) = —c0.

|[,|y|—+o00

Using the fact that ¢ is upper-semi continuous we deduce that ¢ reaches a maximum at a
finite point that we denote (¢, z,y) € €. Classically we have for n and « small enough,

M - _ _
0< 7 S ()O(t7x7y)7
alz|, aly] — 0 as a — 0.

Step 2: t >0 and Z > 7. By contradiction, assume that ¢ = 0. Using the fact that
o(t,z,y) > 0 and (A0), we have

% < u(0,§) — u(0,7) — ko(Z — ) — 1 < —1,

which is a contradiction. Hence ¢ > 0. Using that (¢, 7,y) > 0, we also deduce that T > .

Step 3: viscosity inequalities. By duplicating the time variable and passing to the
limit we have that there exists two real numbers a, b, such that (a, —ko+2ay) € D+u(f, v),

(b, —ko + 2az) € D u(t,z) and

a—b=-—"—. (3.19)
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Using that w is a sub-solution of (2.4)-(2.7) (with e = 1), we get
a+ Mlu(t,)](y) - ¢(y) - | = ko + 20| < 0. (3.20)

We claim that

Mu(E @) = [ JEB@ET+2) — ulf.§))d= ~ 3 Ve =0

Indeed, let z € (ho, hmae)- If ¥+ 2 > Z, using that u is non-increasing in space, we get
w(t,y+z2) —ult,y) <u(t,z) —u(t,y) < —ko(z —y) — 1< —1.
If § + 2 < , using the fact that o(t, 7,y + 2) < p(t, 7, y) we obtain
u(t,y+2) —u(t,g) < —koz < —1.
This implies that we have for all z € (hg, haz],

_ . 3
E(u(t,y + 2) —u(t,y)) = 5.
Injecting this in the non-local term, we deduce the claim.

Finally, the fact that u; > 0 implies that a,b > 0. Therefore, inequality (3.20) implies

a=0.
Finally, using (3.19), we obtain

n

="

which is a contradiction. This ends the proof.

4 Correctors for the junction

The key ingredient to prove the convergence result is to construct correctors for the junc-
tion. The main result of this section is the existence of appropriate correctors. The proof
of this theorem is presented in Section 6. Given A € R, A > H,, we introduce two real
numbers p,,p_ € R, such that

H(p,)=H (p,)=H(p.)=H (p.)=4 (4.1)

Due to the form of H (see (2.10)) this two real numbers exist and are unique.
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Theorem 4.1 (Existence of a global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy,0] such that there exists a
solution w of (2.19) with X = A and such that there exists a constant C' and a globally
Lipschitz continuous function m such that for all x € R,

lw(z) —m(z)| < C. (4.2)

ii) (Bound from below at infinity) If A > Hy, then there exists a 7y such that for every
v € (0,7), we have

{w(x+h)—w(x)2(p+—7)h—0 forx>r and h >0, (4.3)

w(x —h) —w(x) > (=p_ —y)h—C forx < —r and h > 0.

it1) (Rescaling w) For e > 0, we set

Xz

w(z) = ew () )

3

then (along a subsequence e, — 0) we have that w® converges locally uniformly towards a

function W = W (x) which satisfies

[W(x) =W(y)| <Cle—y| forallzyeR, (4.4)
HW,) =A for all x € R\{0}, '
In particular, we have (with W(0) =0)
W(z) =D alizs0p + P_rlz<o}- (4.5)

5 Proof of convergence

This section contains the proof of the main homogenization result (Theorem 2.4). This
proof relies on the existences of correctors (Proposition 2.10 and Theorem 4.1).

We begin with two useful lemmas for the proof of Theorem 2.4. The first result is a
direct consequence of Perron’s method and Lemma 3.10.

Lemma 5.1 (Barriers uniform in €). Assume (A0) and (A). There exists a constant C' > 0
(depending only on My and ko) such that for allt >0 and x € R,

|u(t, x) — up(z)| < Ct.
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The following lemma is a direct result of Theorem 3.13.

Lemma 5.2 (Uniform gradient bound). Assume (A0) and (A). Then the solution u® of
(2.4)-(2.7) satisfies for allt >0, for all x,y € R, x >y,

—ko(x —y) —e <u'(t,x) —u(t,y) <O0. (5.1)

Before passing to the proof of Theorem 2.4, let us show how it allows us to prove
Theorem 2.8.

Proof of Theorem 2.8. We want to prove that for all ¢ € [0,4+00) and for all z,y € R,
T2y,

—ko(z —y) <u'(t,z) —u'(t,y) <O0. (5.2)

Using Lemma 5.2, we have that the solution u® of (2.4)-(2.7), satisfies for all (¢, x,y) €
[0,400) x R x R, with = > v,

—ko(z —y) — e <wi(t,x) —ui(t,y) <O

Now using Theorem 2.4, passing to the limit as € — 0, we obtain the result.

[
We now turn to the proof of Theorem 2.4.
Proof of Theorem 2.4. We introduce
u(t,x) = limsup*u® and w(t,x) = liminf u®. (5.3)

e—=0 g0 «

Thanks to Lemma 5.1, we know that these functions are well defined. We want to prove
that @ and u are respectively a sub-solution and a super-solution of (2.13). In this case,
the comparison principle will imply that @ < w. But, by construction, we have u < 7,
hence we will get u = @ = u°, the unique solution of (2.13).

Let us prove that @ is a sub-solution of (2.13) (the proof for u is similar and we skip
it). We argue by contradiction and assume that there exist a test function ¢ € C!(J) (in
the sense of Definition 3.5), and a point (¢, ) € (0, +00) x R such that

u(t,z) = ¢(t, x)

u<p on Q;:(t,T) ) with 7 > 0 (5.4)
u<p-—2 outside Qz7(t,z) withn >0 :
oi(t,z) + H(Z, ¢, (t,7)) =0 with § > 0,
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5.Proof of convergence

where
o H (ot z
H(I,(pw(t, LL’)) = { - (
Given Lemma 5.2 and (5.3), we can assume (up to changing ¢ at infinity) that for € small
enough, we have
u® < p—n outside Qr;(t,T).

Using the previous lemmas we get that the function @ satisfies for all ¢ > 0 and z,y € R,
T2y,

N (5.5)
First case: 7 # 0. We only consider & > 0, since the other case (z < 0) is treated in the
same way. We define p = o, (¢, %) that according to (5.5) satisfies
—ko < p <0.

We choose 7 small enough so that x — 27 > 0. Let us prove that the test function ¢
satisfies in the viscosity sense, the inequality

oy + M [f(t, -)] (@) ¢ (“:) a] > Z for (t,2) € Qrr(F, 7). (5.6)

Let us notice that for € small enough we have

o (i) =1 forall (t,2) € Qs (¢, 7).
For all (t,z) € Q(t, ), we have for 7 small enough
pult, )+ 1 [£00] @) o = @ldd) + o)+ 31 [ 242,)] (@) -l

7
= 0+o(1)+ M {f(t") 57

=: A,

() - |p| — H(p)

where we have used (5.4). We recall that for —kq < p <0,

H(p) = M,[0](0)]p.
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Moreover, for all z € [hg, hmaz|, and for € and 7 small enough we have that

o(t,x+ez) — p(t, )

. = 2pu(t,y) + e2%@u(t, E(x, v + €2))

< pz+op(l) + ce,

where we have used the fact that ¢ € C? and that z € [hg, hnae]. Now using the fact that
FE is decreasing we have

E(pz +ce +0r(1) < E (@(t,x + €Z€) - @(t,w)) ‘

Using this result and replacing the non-local operators in (5.7) by their definition (see
2.17), we obtain

hma:l: ~
A>0+o0:(1) + \p]/h J(2)E(pz + ce + 0:(1))dz

ol [ ) B2 (5.8)

We can see that if we have p = 0, we obtain directly our result. However, if —kq < p < 0,

[ IV B(pz + ez + 0:(1))dz = — (‘1 —eet Of(l)) _ly (—05 * 0*“)) - V,

j% 2 j% 2

/RJ(Z)E(pz)dz =-V <_p1> + Z)me. (5.9)

Injecting (5.9) in (5.8) and choosing € and 7, we obtain

A= f+o0:(1)+p- |-V _1_CZ+O’_’(1))+V<_1>]

p
> 99+ 0r(1) = [[V']oo - (ce + 0r(1))

v

57

where we have used assumption (A1) for the second line.

Getting a contradiction. By definition, we have for € small enough,
u® < p—n outside Qr;(t,T).

Using the comparison principle on bounded subsets for (2.4)-(2.7), we get

u <@—n on Q).

Passing to the limit as e — 0, we get © < ¢ — 1 on Q;(f,Z) and this contradicts the fact
that u(t,z) = ¢(t, 7).
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5.Proof of convergence

Second case: z = (. Using Theorem 3.12, we may assume that the test function has
the following form

o(t,x) = g(t) + P_xlyzcoy + Pitliz=oy on Qaror(t,0), (5.10)
where g is a C' function defined in (0, +0c). The last line in condition (5.4) becomes
Jt)+ F(p_,p)=4d @)+ A=0 at (1,0). (5.11)
Let us consider w the solution of (2.19) provided by Theorem 4.1, and let us denote
€ _ ) g(t) +w(z) on Quror(t,0),
(b ) = { o(t, x) outside Qa7 o7 (,0). (5.12)

We would like to prove that this function satisfies in the viscosity sense, for 7 and ¢
small enough,

£

(1) + 0 [Z (0] ()0 (2) el 2 5 o Quel0).

Let h be a test function touching ¢° from below at (t1,2;1) € Qr#(¢,0), so we have

w (1:1) = i (h(t1, 1) — g(t1)),

39

and
1
w(y) 2 < (hlty,ey) —g(ta))
for y in a neighbourhood of iy Since w does not depend on time, we have
€

he(ty, z1) = ¢'(t1).

Therefore, we have
~ x
b, a) = g (t2) + 3 w] () -6 (
This implies that (using (5.11) and taking 7 small enough)

‘“;) bty 21)] > A.

ho(ty, 1) + M [w] (?) & <”“”1) bt )| > A+ ¢ (1) >

o
€ 2

Now for € small enough such that eh,,,., < 7, we deduce using the fact that M is a non-local
operator with a bounded support that we have

i (2) - [ )

£

This implies that we have

tton ) + 50| Z0 )6 (2) ) =
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Getting the contradiction. We have that for £ small enough
ut+n<o=gt)+P_rlizcoy +Di2lm0p on Qor 27(t,0)\ Q5 5(2, 0).
Using the fact that w® — W, and using (4.5), we have for ¢ small enough
W1 < on Queaelf,0)\Qrs (7, 0).
Combining this with (5.12), we get that
ut + g < ¢° outside Q;(t,0),

By the comparison principle on bounded subsets the previous inequality holds in Qr (¢, 0).
Passing to the limit as ¢ — 0 and evaluating the inequality in (¢,0), we obtain

a(t,0) + g < o(f,0) = a(f, 0),

which is a contradiction.

6 Truncated cell problems

This section contains the proof of Theorem 4.1. To do this, we will construct correctors
on truncated domains and then pass to the limit as the size of the domain goes to infinity.
This idea comes from [AT15] and [GIM15]. For | € (r,4+00), r << land r < R << [, we
want to find \; g, such that there exists a solution wh B of

Gr (:L', [wl’R],wi:R> =Ng ifze (=11

F_(wi’R) = >\l R lf xr = —l (61)
FJF(’LU;R) = >‘Z7R if x = l,
with
Gr(z, U], q) = Yr(z)d(x) - M[U](2) - |q] + (1 — ¥r(2)) - H(q), (6.2)
and g € C*, g : R — [0, 1], with
bp = { (1) gﬁt[si_d]j’[]f]}% ey, o Yr(z) < 1Vz ¢ [-R, R). (6.3)

To Gg, we associate G g which is defined in the same way but the operator M is replaced
by M.

Remark 6.1. The operator Gr s used to have a local operator near the boundary and
then to well define the boundary conditions.
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6. Truncated cell problems

6.1 Comparison principle for a truncated problem

Proposition 6.2 (Comparison principle on truncated domains). Let us consider the fol-
lowing problem for r < ly <ly and A € R, with and l; >> R.

Grlz,[v],v.) > A fora € (Iy,1y)
{ H (v,) > A for x = ly, (64)
and for ey > 0
Gr(z,[u],uy) < X—eg forxz e (Iy,ls) (6.5)
FJr(ux) <\ —¢go for x =1, '

Then if u(ly) < v(ly) we have u < v in [ly,ls].

Proof. The only difficulty in proving this result is the comparison at the boundary {lo}.
However, for x close to Iy, the function G is actually the effective Hamiltonian H. There-
fore, we can proceed as in the proof of [GIM15, Proposition 4.1] and so we skip the proof.

]

Remark 6.3. We have a similar result for 1y < lo < —r and if for all x € [la, o + hmaz),
u(z) < wv(x) and the following conditions are imposed at x = 1;:

H (vy) >\ for x =1y,
H (uy) <A—egg forxz=1;.

6.2 Existence of correctors on a truncated domain

Proposition 6.4 (Existence of correctors on truncated domains). There exists a unique
Mg € R such that there exists a solutions w"® of (6.1). Moreover, there exists a constant
C (depending only on ko), and a Lipschitz continuous function mbf, such that

Hy <X\ <0,
imbF(x) —mH P (y)| < Clo —y| for z,y € [=1,1], (6.6)
jwh(z) —mh i (z)] < C forx € [=1,1],

with Hy = min H.

Proof. Given that Gr does not depend explicitly on the time variable, we will classically
consider the approximated problem

for x = —1 (6.7)

for x =1
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Step 1: construction of barriers. Using that 0 and §~'Cj are respectively sub and
super-solution of (6.7) with Cy = |Hy|, and that we have a comparison principle, we deduce
that there exists a continuous viscosity solution, v° of (6.7) which satisfies

0<0’ < (;;0 (6.8)

Step 2: control of the space oscillations of v°.
Lemma 6.5. The function v’ satisfies for all x,y € [—~1,1], © > v,
—ko(z —y) =1 <0’(x) =0’ (y) <0,
with ko defined in (A0).
Proof of Lemma 6.5. In the rest of the proof we will use the following notation,

Q= {(:E,y) € [~1,1]? such that z > y} :

Step 2.1: proof of the upper inequality. We want to prove that

M = sup {U5($) - vé(y)} <0.
(z,y)eQ

We argue by contradiction and assume that M > 0. We can see that M is reached for
a finite point that we denote by (z,y) € Q. Given that M > 0, we deduce that = # ¥.
Therefore, we can use the viscosity inequalities for (6.7).

-1If (z,9) € (—1,1), we have

6v°(z) + Ggr(z, [v°],0) <0
57}6(@) + GR(Q? [06]7 O) > 07

combining these two inequalities with the fact that Gg(z, [U],0) = 0, we obtain
oM <0.
-If x =1 and y € (—I,1), similarly we obtain
IM <0,

where we have used the fact that H ' (0) = 0.
-If 7 € (—1,1) and y = —I, we obtain

SM < Hy <0,

where we used the fact that H (0) = Hy.
-If z =1 and y = —I, we obtain

OM < Hy <0.

For every value of  and y we obtain a contradiction, therefore we have M < 0.
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Step 2.2: proof of the lower inequality. We want to prove that

M= sup {0°(y) — v (z) — ko(w — y) — 1} <0.
(z,y)EN

We argue by contradiction and assume that M > 0. We can see that M is reached for a
finite point that we denote by (Z,%). Since M > 0, we deduce that z # y. Therefore, we
can use the viscosity inequalities for (6.7).

Case 1: y € (=,1). If y € (—1,1), we have

5 () + Vr(@)M[)(G) - ¢(7) - | — kol + (1 — ¢Yr(y)) H(—ko) < 0. (6.9)

We claim that M[v°](g) = 0.
Indeed, for all z > hg, if £ > y + 2z using the fact that the maximum is reached for
(z,7y), we deduce that

V(G +2) = 0'(T) —ko(T—§—2) = 1 <0°(§) —0*(T) — ko(T — ) — 1
which implies that
V(5 + 2) — 0 (y) < —koz < —1.
On the contrary, if # < 4 + z, using the fact that v’ is non-increasing in space, we have
V(G +2) = 0°() <0°(7) =0 (§) < —ko(T—§) =1 < —1.

We can therefore, conclude that for all z € (hg, +00), E(v°(§+ 2z) — v°(y)) = —3 and so
we get M[v°]() = 0. Using also that H(—ky) = 0, equation (6.9) becomes

50 () < 0.
However, using the fact that v° > 0 (see (6.8)), we get
oM < 50 (y) — 6v°(Z) <0,

which is a contradiction.
Case 2: y = —[. In this situation, the viscosity inequality becomes

5V (y) + H (—ko) <0.
Using the fact that H (—ko) = H(—ky) = 0, we obtain
d0’(g) <0,

and as in the previous case, we obtain a contradiction. This ends the proof of the lemma.

[
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Step 3: construction of a Lipschitz estimate.

5

Lemma 6.6. There exists a Lipschitz continuous function m°, such that there exists a

constant C, (independent of I, R and §) such that

mo(x) —m?® < Clz — or all z,y € |—I,1],

[
|v?( ml(x)] < C for all x € [—1,1].

Proof of Lemma 6.6. Let us define m® as an affine function in each interval of the form
[iho, (i + 1)ho|, with ¢ € Z, such that

m®(iho) = v’ (iho) and m’((i + 1)ho) = v°((i + 1)hg).

Since m®,v° are non-increasing and [v°((i + 1)hg) — v°(ihg)| < koho + 1 = 2, we deduce

that Va € [iho, (i + 1)ho],
=2 <0°((i 4 1)ho) — m(ihg) < v°(x) —m’(x) < v°(iho) —m’((i + 1)ho) < 2,
and for all x,y € [—1,1],
[m? (x) —m° (y)| < 2ko|z —yl.
O

Step 4: passing to the limit as § goes to 0. Using (6.8) and (6.10), we deduce that
there exists d,, — 0 such that

5,0°(0) = —N\ir as n — 400,
m® —m®(0) — mh® asn — +oo,

the second convergence being locally uniform. Let us consider,
wh R (t, z) = limsup*(v® — v°*(0)) and w"? =liminf (v — v*"(0)).
n—0 0n—0

Therefore, we have that A\, g, m"% wh? and w? satisfy
Hy <M\ r <0,
Wb — mbE| < O,
|wl,R - ml,R| S C’7
| < O

(6.11)

By stability of the solutions we have that @’ —2C and w" are respectively a sub-solution
and a super-solution of (6.1) and

wl,R —920C S MZ,R.
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By Perron’s method we can construct a solution w"® of (6.1) and thanks to (6.8) and
(6.11), m“® N g and wh? satisfy (6.6).

The uniqueness of \; i is classical so we skip it. This ends the proof of Proposition 6.4.

[

Proposition 6.7 (First definition of the flux limiter). The following limits exist (up to a
subsequence)

B (6.12)
A= RE}}}OO AR
Moreover, we have
Hy < Ap,A<0

Proof. This results comes from the fact that we have the following bound on A; r which is
independent of [ and R (see Proposition 6.4),

Hy <N pr<0.
]

Remark 6.8. This proposition does not ensure the uniqueness of the flux limiter A. How-
ever, since we know that such a limit exists, we can obtain the converge result. The unique-
ness of A is given in Theorem 2.11.

Proposition 6.9 (Control of the slopes on a truncated domain). Assume thatl and R are
big enough. Let wh be the solution of (6.1) given by Proposition 6.4. We also assume that

up to a sub-sequence A = lim lim Mg > Hy. Then there exists a vo > 0 such that for
R—+00 =400

all v € (0,7), there ezists a constant C' (independent of | and R) such that for all x > r
and h >0

wh(z + h) — w"(z) > (B, —y)h — C. (6.13)
Similarly, for all x < —r and h > 0,

w(x — h) — wh(z) > (—=p_ —y)h — C. (6.14)
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Proof. We only prove (6.13) since the proof for (6.14) is similar. For x> 0 small enough,
we denote by p4 the real number such that

Hpt)=H () = \or — .
Using that
Hy < XNpr <0,

we deduce that p/} exists, is unique and satisfies —ko < pf < 0 for p small enough.
Let us now consider the function w* = ph x that satisfies

H(wf)=Npg—pn forzeR.

We also have

For all = € (r,1), using that ¢(z) = 1, we deduce that

M{w*)(z) - 6(a) - wt| = -V (;1) = H) = dg—

and so the restriction of w* to (r, (] satisfies

Gr(z, [wt),wl)=Npgr—p forze (rl)
H (wh) = M\g—p for x = I.

Let us denote by g = wh? — whB(z) and u = w* — wT(zy) — 2C, for some x4 € (r,1) and

C' defined as in Proposition 6.4. Then we have
g(xo) = 0> —=2C = u(xy).

Using that ¢ is a solution of (6.4) (with g = u) and w is a solution of (6.5) joint to the
comparison principle (Proposition 6.2) we get that

wh(x) — wh(20) = g(x) > u(z) = pl.(z — z0) — 2C.
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This implies that for all A > 0 and for all z € (r,1),
wh(x + h) — whf(z) > plh - 20C.

Finally, if we choose vy < |po — p4| (with py defined in (2.12)), then

This implies inequality (6.13).

Proof of Theorem 4.1. The proof is performed two steps.

Step 1: proof of i) and ii). The goal is to pass to the limit as [ — 400 and then as
R — +o00. Using Proposition 6.4, there exists l,, — 400, such that

mbft — ml”’R(O) —m® asn — +oo,

the convergence being locally uniform. We also define

w!(x) = lim sup”* (wl”’R - wl"’R(0)> )
lp—+00

R — T In,R _ piln,R

910~ (9~ 0.

Thanks to (6.6), we know that w! and w' are finite and satisfy
mf— C <wl<w®<mf+C.

By stability of viscosity solutions, w’* — 2C and w’

solution of

are respectively a sub and a super-

Gr(z, [wh],wl) = Ap forz eR (6.15)
Therefore, using Perron’s method, we can construct a solution w® of (6.15) with mk, A"
and w’ satisfying
ImE(z) —m®P(y)| < Clz —y| forall z,y € R,
|wh(x) —mB(x)| < C for x € R x R, (6.16)
Hy<Ap<0
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Using Proposition 6.9, if A > Hy, we know that there exists a vy and a constant C, such
that for all v € (0,7),

{ wh(z +h) —wh(z) > (p, —y)h—C forallz>r, h>0, (6.17)
_w '

w®(z — h) Rx) > (-p_ —y)h—C forallz < —r, h>0.

We now pass to the limit as R — +o00. We consider (up to some subsequence)

w(zx) = lim sup” (wR - wR(O)) ,
R—+00

w(z) = liminf (wR — wR(O)) ,

R—+o00

Z: lim ZR;

R—+00

BT R_ R
m_REI—ir-loo(m m'(0)).

The last convergence being locally uniform. Thanks to (6.16), we know that w and w are
finite and satisfy

m—-—C<w<w<m+C.

By stability of viscosity solutions, w—2C' and w are respectively a sub and a super-solution
of (2.19) with A = A. Using Perron’s method, we can then construct a solution w of (2.19)
with A = A that satisfies (4.2) and (4.3).

T
Step 2: proof of iii). We are now interested in the rescaled function w®(x) = ew <>

€
Using (4.3), we have that

X

we(x) =em () + O(e).

£

Therefore, we can find a sequence ¢,, — 0, such that
w® — W locally uniformly as n — +o0,

with W(0) = 0. Like in [IM14], arguing as in the proof of convergence away from the
junction point, we have that W satisfies

HW,) =A forx=#0.
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For all v € (0,7), we have that if A > Hy and z > 0,
We 2Dy =7,
where we have used (4.3). Therefore we get
W, =p, forax>0,

this result remains valid even if A = Hy (in this particular case W, = pg). Similarly, we
get

W,=p_ forx<O.

which implies (4.4) and (4.5). This ends the proof of Theorem 4.1.

6.3 Proof of Theorem 2.11

Proof of Theorem 2.11. Up to a sub-sequence, we assume that A = thf lliin Air. We
— 400 =400

want to prove that A = inf £, where
E ={X € [hy,0]: 3w € S solution of (2.19)},
with

S = {w s.t. 3 a Lipschitz continuous function m and C' > 0 such that
lw = m|[=@) < C}

We argue by contradiction and assume that there exists a A < A and a function w* € S
solution of (2.19). We assume that w?(0) = 0 (if we are not in this situation, we do a
translation since we have w* — w*(0) € §). Arguing as in the proof of Theorem 4.1, we
deduce that the function

has a limit W* (with W*(0) = 0) which satisfies
HWM =X forz>0,
which means that for all x > 0,

W) <p) <p, with Hp})=H (p}) =\ (6.18)
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Similarly we have for all x < 0,
Wr>p* >p with Hp) = H (p)) = A (6.19)

These inequalities imply that for all v > 0, there exists a constant C~’7 > 0 such that

(P +7)z+C, for x>0,

(p* —y)x+C, forx <0, (6:20)

w(z) < {

In fact, if w* does not satisfies (6.20), we cannot have (6.18) and (6.19). Using Theorem
4.1, we get

w < w f0r|1:|2fi

if - is small enough and R big enough. This implies that there exists a constant Ciz >0
such that for all x € R, we have

w(x) < w(z) + Cp.

Let us now introduce, u(t,r) = w(z) + Cx — At and uy(t,x) = w*(x) — M\ both solutions
of (2.4) with e = 1 and u,(0,z) < u(0,z). Therefore, the comparison principle implies

wx) — Xt < w(x) 4+ Cp — At
Dividing by ¢ and passing to the limit as ¢t goes to infinity, we get
A<\,

which is a contradiction.

7 Qualitative properties of the flux limiter

This section is devoted to the proof of Proposition 2.13.

Proof of Proposition 2.13. We perform the proof of each item separately.
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Proof of (i). In order to establish the monotonicity, we have to consider the approxi-
mated truncated cell problem (6.7). Let us consider v and v§ viscosity solutions of (6.7),
respectively for ¢, and ¢9, with 0 < ¢ < ¢9. First, using the fact that the non-local
operator is negative, we have

G, [U], q) < Gyl,[U],q),
with
Gz, [U],q) = di(x) - M[U](x) - ¥r(2) - |q| + (1 — Yr(x))H(q), fori=1,2.
Therefore, we have
0= 00} + GR(x, [07], (v1)2) > 00t + GR(x, [01], (v])a),

meaning that v¢ is a sub-solution of (6.7) with ¢,. The comparison principle and (6.8)
imply that

0 < 0v) < v < |Hyl.
Passing to the limit as 6 — 0, we obtain

Passing to the limit as [, R — 400, we get the result.

Proof of (ii). If ¢ =0 on an open interval, then using [AHFM13, Lemme B.1], we can
use the definition of a viscosity solution of (6.7) at a point where ¢ = 0 and therefore, we
have

A=0.

8 Link between the system of ODEs and the PDE

This section is devoted to the proof of Theorem 2.5, which is a direct application of our
convergence result, Theorem 2.4.
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Theorem 8.1. For e = 1, the cumulative distribution function p defined by (2.2) is a
discontinuous viscosity solution of

pr+ Mip(t,)](x) - ¢(x) - |pz| = 0 for (t,x) € [0,+00) x R. (8.1)

Conversely, if u is a bounded and continuous viscosity solution of (8.1) satisfying for some
time T > 0, and for all t € (0,T)

u(t, x) is decreasing in .,

then the points U;(t), defined by u(t,U;(t)) = —(j + 1) for j € Z, satisfy the system (2.1)
on (0,7).

Before giving the proof of Theorem 8.1, let us do the proof of Theorem 2.5.

Proof of Theorem 2.5. We recall that in Theorem 2.5, we have ug(z) = —x/h, with h > hy.
First, we would like to prove that for all £ > 0, we have

1p°(0,2) —up(z)| < f(e) forall z € R, (8.2)
with f(g) — 0 as € goes to 0. To do this, we define a piece-wise affine function v satisfying
p'(0,2) = v(x) for x = U;(0), for all i € Z.

Given that for all U;;1(0) — U;(0) > hg, we notice that v is ko-Lipschitz continuous and by
definition of p'(0, ), we have

’pl(O,x) — v(x)‘ <1 forall zeR.
Let us consider the integer i € N defined by
iop =sup{i € Z, s.t. U;(0) < —R}.

Using the assumption that for all i € Z such that U;(0) < —R we have U;1(0) —U;(0) = h,
we deduce that for all x < U;,(0)

. x UZO(O)
v(x) = T

Let us now consider the integer iy € N defined by

400, Uy 0)) = —5 + 250

— iy — 1.

Now using the assumption that for all i € Z such that U;(0) > R we have U;;1(0) —U;(0) =
h, we deduce that for all x > U, (0)

v(x) = T

00,0, (0) =~ + P10

—i — 1.
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Moreover, we recall that for all € > 0, we have p°(0,z) = ep' (0, z/¢), this implies that
for all = ¢ [eU;,(0),eU;, (0)],
x
eV (8) — up(z)

. . (8.3)
<e 4+ e max (‘U“(O)—il—l Ulhm)—z'o—1|> .

(0, 2) = uo(z)] <

p°(0,2) —ev <Z>’ +

Y

h

Similarly, we have for all x € [eU;,(0),eU;, (0)],

7(0,2) — w@)] <[ (0.0) — <0 (2) [+ ]eo () — 2w ()

<et+e max  (Ju(y) —uo(y)]),
ye[Uio (0)7Ui1 (0)]

(8.4)

where we have used the fact that eug(z/e) = up(z). Combining (8.3) and (8.4) and choosing

Y

f(e) = e + emax <‘Ui(’h(0)—i0—1

max (Jv(y) —uo(y)]),

ve[Us (0).U7, (0)] h

Ui(o)—ﬁ-1‘)

we deduce (8.2). Notice also that thanks to (8.2), we have

()70, 2) —uo(@)] < f(e) +e. (8.5)

Therefore, we have

uo(x) = f(e) < p(0,2) < (p°)7(0,2) < uo(x) + f(e) + e

Using the fact that p° is a viscosity solution of (2.4) and the comparison principle (Propo-
sition 3.7) we deduce that (with u® the continuous solution of (2.4) associated to the initial
condition ug(x) = —x/h)

ut(t,x) = fe) < p°(t ) < (p°)"(2) Su(t o) + fle) +e,

where we have used the fact that (2.4) is invariant by addition of constants to the solutions.
Passing to the limit as ¢ — 0 and using Theorem 2.4 we get that p° — u°, which ends the
proof of Theorem 2.5.

O

Proof of Theorem §8.1. Theorem 8.1 is a consequence of the following lemma.
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Lemma 8.2 (Link between the velocities). Assume (A). Let ((U;);) be the solution of
(2.1) with

Uya(0) = U5(0) > (36)
Then we have
Uj(t) = =M[u(t,)](U;(1) - o(U; (1)), (8.7)
where E and J are defined in (2.6) and u(t,z) is a continuous function such that
{ u(t,z) = pu(t,@) = p(t, ) forw = Uy(t), j € Z, ©.8)
u is decreasing in x,

with p defined in (2.2) (with e =1).

Proof. We drop the time dependence to simplify the presentation. Let j € Z. Using the
fact that u(U;) = —(j + 1) and (8.8), we have for all z € [0, 4+00),

0> U(UJ + Z) — U(UJ) > u(Uj+1) — u(U]) =-1 ifze [0, Uj+1 — Uj)
-1 ZU(U]—i—Z)—U(U]) if z € [Uj+1—Uj,—|—OO).

Given that u is continuous, this implies that

Uj+1-U; 1 +oo 3 3
M[u)(U;) = /O S (2)dz + /U_H_U_ Iz = Ve = =V U1 = U5).

Combining this result with (2.1), we obtain (8.7).

Noticing that because of (8.8), we have for z = U;(t), j € Z,

Mpi(t,)|(x) = Mu(t,)](z) = M[u(t,")](z),

and using Lemma 8.2, and Definition 3.1, we can see that p, is a discontinuous viscosity
super-solution of (8.1). We obtain a similar result for p*, therefore, p is a discontinuous
viscosity solution of (8.1).

We prove the converse. For the readers convenience we recall Proposition 4.8 from
[FIMO09b] that we will use later. The proof of this proposition remains almost the same in
our case the only difference being the definition of the functions £ and E.

Lemma 8.3. Assume that 6 : R — R is a non-decreasing and upper semi-continuous (resp.
lower semi-continuous). Assume also that

0(v) — v is 1—periodic in v.

Assume that ¢ = 1 in (2.4). Consider also a sub-solution (resp. a super-solution) u of
(2.4). Then 0(u) is also a sub-solution (resp. a super-solution) of (2.4).
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Using Lemma 8.3 we can conclude that p, = [u] (resp. p* = |u]) is a viscosity
super-solution (resp. sub-solution) of

Op — ¢(t,x)0pp =0 with é(t,x) = M[u(t,)](z) - &(x) = Mu(t,")]|(z) - ¢(z).
Using the fact that v is decreasing in space, we define
Ui(t) = inf{z, u(t,z) < —(i+1)} = (u(t,-)) *(—i—1)

and we consider the functions ¢ — U;(t). They are continuous because u is decreasing in x
and is continuous in (¢, x).

We now prove that the functions U; are viscosity solutions of (2.1). Let ¢ be a test
function such that ¢(t) < U;(t) and ¢(to) = Ui(to). Let us now define $(t,z) = —(i +1) +
o(t) — . It satisfies

P(to, Ui(to)) = pu(to, Ui(to)),
and
P(t,x) < pu(t,x) for Ui(t) — 1 <z < U ().
This implies that

@i (to) + ¢(to, Ui(to)) > 0
& pi(to) > —C(to, Ui(to)) = —ci(to) =V (Uira(to) — Uilto))-¢(Ui(to))-

This proves that U; are viscosity super-solutions of (2.1). The proof for sub-solutions is
similar and we skip it. Moreover, since ¢; is continuous, we deduce that U; € C! and it is
therefore a classical solution of (2.1).

[
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Chapitre 4

Numerical specified homogenization
of a discrete model with a local
perturbation

W. Salazar!
Abstract

The goal of this work is to present a numerical homogenization of a non-local PDE de-
riving from a first order discrete model for traffic flow that simulates the presence of a
local perturbation. In a previous work, we have shown that the solution of the discrete
microscopic model converges to the (unique) solution of a Hamilton-Jacobi equation posed
on a network and with a junction condition (it can be seen as a flux limiter that keeps
the memory of the local perturbation). The goal of this paper is to provide a numerical
scheme able to provide an approximation of this flux-limiter. We show the convergence of
this scheme and we provide some numerical results.
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1 Introduction

The problem of simulating traffic flow is very important, particularly because it allows
us to know how the traffic would react to a change in the infrastructure of the road.
Traffic flow can be simulated at different scales: the microscopic scale (which describes the
dynamics of all the vehicles), the macroscopic scale (which describes macroscopic quantities
such as the vehicle density, the average speed,...) and the mesoscopic scale (between the
microscopic and the macroscopic scale). In this paper we only consider the microscopic
and the macroscopic scales.

In this paper, we are interested in the numerical homogenization of a non-local PDE
that derives from a microscopic first order model for traffic flow that simulates the pres-
ence of a local perturbation that does not depend on time (for instance a school zone, a
moderator,...). The PDE was introduced in [2] and derives from a first order traffic flow
model of the type "follow-the-leader".

In [2], the homogenization of the PDE was obtained and it turns out that the homoge-
nized system is defined by a function call the effective Hamiltonian and by a constant call
the flux limiter. The effective Hamiltonian describes the dynamics of the traffic flow and
the flux-limiter will defined how the local perturbation affects the macroscopic (homoge-
nized) model. In fact, the effective Hamiltonian has been explicitly determined, however
the flux-limiter constant is only implicitly determined. In this paper, we provide a numer-
ical scheme for the computation of an approximation of the flux-limiter.

1.1 General model: first order model with a local perturbation

For the readers convenience, we detail the microscopic model from which derives the PDE
we study later in this paper. We consider the following model where all the vehicles are
considered as points placed in the real line, for all ¢ > 0,

Ui(t) = V (Upa(t) = Us(#)) - & (U;(1)) (1.1)

where U : [0, +00) — R denotes the position of the j—th vehicle and Uj is its velocity. The
function ¢ : R — [0, 1] simulates the presence of a local perturbation around the origin.
We denote by r the radius of influence of the perturbation.

The function V is called the optimal velocity function and we make the following
assumptions on V' and ¢:

Assumption (A)
e (Al) V:R — R* is Lipschitz continuous, non-negative.

e (A2) V is non-decreasing on R.
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e (A3) There exists hy € (0,+00) such that for all h < hg, V(h) = 0.

e (A4) There exists e € (ho, +00) such that for all b > e, V(h) = V(hpae) =
vm[lfﬂ'

e (A5) There exists a real number py € [—1/hg, 0) such that the function p — pV(—1/p)
is decreasing on [—1/hg, pg) and increasing on [py, 0).

e (A6) The function ¢ : R — [0, 1] is Lipschitz continuous and ¢(z) = 1 for |z| > 7.

Remark 1.1. Assumptions (A1)-(A2)-(A3)-(A5) are satisfied by several classical optimal
velocity functions, we have added assumption (A4) to work with V' with a bounded support.
But by modifying slightly the classical optimal velocity functions, we obtain a function
that satisfies all the assumptions. For instance, in the case of the Greenshields based
models [GCM35](see also [BT10, Edi61, New61, GP06] for other classical optimal velocity
functions):

0 forhﬁhoa

h 2
Vi | 1 — (}f) ) for hy < h < himaa,

h 2
Vs 1—( °>) for h > Ruas.

hmax

In Figure 1.1 we give a schematic representation of an optimal velocity function satis-
fying assumption (A).

\%4
Vmal‘

0 hO h’m,(m; h

Figure 1.1: Schematic representation of the optimal velocity function V.
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1.2 Injecting the system of ODEs into a single PDE

In order to obtain an homogenization result, the authors borrowed the idea from [FIMO09b]
and injected the system of ODE (1.1) into a single PDE. To do this, in [2], it was introduced
the following "cumulative distribution function" of vehicles p®:

Pt y) = —¢ (ZH( —eUi(t/e)) + 3 (—1+ H ( —5Ui(t/5)))), (1.2)
with
m@={ 4 it Zo 19

It was proven that under assumption (A) the function pf satisfies in the viscosity sense the
following non-local equation

€ t .
u; + M* [u(g,)] (x)- o (i) “Juz| =0 on (0,400) x R, (1.4)
where M* is a non-local operator defined by
+00
WU)w) = [ IEE Ul +e2) - Ue)) dz - ;’vmm (1.5)
with
0 ifz>0
E(z)=1¢ 1/2 if —1<2<0 and J =V onR. (1.6)
3/2 if z < —1,

1.3 Convergence result

We define kg = 1/hg and H : R — R, by

—p — k’o for p < —ko,

_ ~1

H(p)=1{ -V <p> Ip| for —ky <p <0, (1.7)
D for p > 0.

Note that such a H is continuous, coercive ( lim H(p) = —i—oo) and because of (A5),

|p|—=+o00
there exists a unique point py € [—ko, 0] such that

{ H is decreasing on (—o0, py), (1.8)

H is increasing on (pg, +00).
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We denote by

Hy = min H(p) = H(po) (1.9)

and we refer to Figure 1.2 for an schematic representation of H.

H

s Hy

Figure 1.2: Schematic representation of H.

From [2], we have the following homogenization result.

Theorem 1.2 (Junction condition by homogenisation). Assume (A) and that at the initial
time, we have, for alli € Z,

U;(0) < U;41(0) — hy.
We also assume that there exists a constant R > 0 such that, for all i € Z, if |U;(0)| > R
Ui (0) = Ui(0) = b,

with h > hy. We define the function ug (satisfying (A0)) by ug(x) = —x/h for all x € R.
Then there exists A € [Hy,0] such that the function p° defined by (1.2) converges uniformly
on compact subsets of (0,4+00) x R as & goes to 0 towards the unique solution u® of

u) 4+ H(u)) =0 for (t,z) € (0,400) X (—00,0)
u) + H(ul) =0 for (t,z) € (0,400) x (0, +00) (1.10)
u) + F (u2(t,07),ul(¢,07)) =0 for (t,z) € (0,+00) x {0} '
u®(0,2) = up(x) for z € R,
where A has to be determined and Fy is defined by
FZ(p—7p+) = max (27 F+(p—)7ﬁ_(p+)) ) (111)
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with

Moreover, u® satisfies —ko < u2 < 0.

Remark 1.3. We notice that in the case of traffic flow, (1.10) is equivalent (deriving in
space) to a LWR model (see [LW55, Ric56]) with a fluz limiting condition at the origin. In
fact, the fundamental diagram of the model is pV (1/p) and u® corresponds to the density
of vehicles.

2 Construction of the flux-limiter

As we can see from Theorem 1.2, in order to have a complete homogenization result we
only need to determine the flux limiter A. In the rest of the paper, we focus on obtaining
a numerical approximation of the flux limiter. First we give a few characterizations of A
that can be founded in [2].

In fact, the flux limiter is the unique constant A such that there exists a solution w of
the following Hamilton-Jacobi equation

Mw|(z) - ¢(z) - |w| =X for x € R, (2.1)

with the right slopes at infinity. We refer to [GIM15] and [2] for a more detailed explanation
on these slopes.

In order to construct the corrector for the junction w and A, in [2] the authors used the
idea from [GIM15], [AT15] and from the lectures of Lions at "College de France" [Liol4],
which is to construct the correctors in a truncated domain with good boundary conditions
and then to expand the domain.

The effective flux limiter is then obtained as the limit as [ — +o00, and then R — +o00
of A\; g which is the unique constant for which the following truncated cell problem admits
a solution (see [2, Proposition 6.4]): for [ € (r,400), r << [ and r < R << [, find \ g,
such that there exists a solution w"# of

G [w"f], whf) =\ if 2 € (=1,1)
" (w 2 = A\og if 2 = —I (2.2)
H' (W) = A g ifo=1,
with
Gr(z,[U],q) = ¥r(z)é(x) - M[U](2) - g] + (1 — ¥r(z)) - H(q), (2.3)
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and Yr € C®, Yg : R — [0, 1], with

_ | 1 on[-R,R]
Yr = { 0 outside [-R — 10, R + 10], and  ¢p(z) <1Vz ¢ [-R, R]. (2.4)

Remark 2.1. The operator Gr is used to have a local operator near the boundary and
then to well define the boundary conditions.

To an approximation of A\; p we follow the construction done in [2] and consider the
approximated truncated cell problem, for all § > 0.

° + Yr(x)M[V0)(z) - ¢(x) - 03] + (1 — Yp(x))H(v2) =0 for x € (—1,1)
'+ H (v¥)=0 for x = —1 (2.5)
§v + H (1)) =0 for x = 1.

It is proven in [2] that —dv°(0) — A as § — 0.

2.1 Organization of the paper

In Section 3 we introduce the definition of a viscosity solution for (2.5), we also present
some classical results like the comparison principle and the stability. In the same section,
we present a numerical scheme for (2.5), and we announce our main result which is a
convergence result for the scheme. In Section 4, we provide the proof of the convergence
result. In Section 5, we prove some properties regarding our numerical scheme that we use
in practice to obtain a numerical approximation of the solution of (2.5). Finally, Section 6
contains some numerical simulations for different types of perturbations and we numerical
verify some of the qualitative properties of A that were proven in [2].

3 Viscosity solutions for the approximated cell prob-
lem

In this section, we study (2.5). In order to simplify the notations, we drop the index ¢ in v°.
We also present the definition of viscosity solutions for (2.5). We refer to the User’s guide
of Crandall, Ishii, Lions [CIL92] and the book of Barles [Bar94] for a good introduction to
viscosity solutions.
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3.1 Viscosity solution for the continuous approximated cell prob-
lem

For [ € (r,+0), r <<l and r < R << [, we consider the following problem

ov + Yr(x)Mv](z) - ¢(x) - |vg| + (1 — Yr(2))H(v,) =0 for z € (—1,1)

v+ H (vy) =0 for z = —I (3.1)
sv+H (v,) =0 for x =1,
with
hinaz 3
MUY@) = [ IEE U+ 2) — U@) dz = S Vinas (3.2)
ho
with

0 ifz>0
E(z)=1¢ 1/2 if —1<2z<0 and J =V onR.
3/2 ifz< 1,

Similarly, we define

W) = | h’” J()E (U(x + 2) — Ulz)) ds — ‘;’vmm (3.3)
with
0 ifz>0
E(z){l/Q if —1<2<0 (3.4)
3/2 if < -1

In order to simplify the notations, we introduce the following function

Yr(@)M](x) - ¢(x) - vz + (1 = Yr(2))H(ve) if 2 € (=1,1),

F(z,[v],v,) = Uz) if v = -,

H
H' (v,) if v = 1.
Similarly, we define F' by replacing M by M.

In this paper, we work with viscosity solutions, and the boundary conditions of (3.1) are
interpreted in the classical sense of viscosity solutions with Neumann boundary conditions.
That is why we introduce

Yr(@)M[v](2) - (@) - [vz| + (1 = ¥r(2))H(va) if z € (=1,1),
V) if v = —I,

(v,)
() it o =1
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3.Viscosity solutions for the approximated cell problem

Yr(@)Mv](z) - ¢(x) - [vz] + (1 = Yr(2)H(ve) if 2 € (=1,1),
(@) it =1
(v2)) if x =1.

Definition 3.1 (Viscosity solution for the continuous approximated cell problem). An
upper semi-continuous function (resp. lower semi-continuous) v : [—1, 1] — R is a viscosity
sub-solution (resp. a super-solution) of (3.1) in [—I,1], if for all x € [—1,1] and all ¢ €
CY([~1,1]) such that u — ¢ reaches a mazimum (resp. a minimum) at the point x, we have

sv(x) +Z(z, [v], ) <0 (resp. dv(z) + Z(z,[v],¢") >0).

We say that a function v is a solution of (3.1) if v* and v, are respectively a sub and a
super-solution of (3.1).

Remark 3.2. Like in [2], we use this type of definition in order to have a stability result
for the non-local term. We refer to [DLFM08, Sle03] for such kind of definition.

We now give a slightly stronger result than a stability result for the sub and super-
solutions of (3.1) that will be used to prove the consistency of the numerical scheme we
present later in this paper.

Proposition 3.3 (Stability for (3.1)). Let (um)m be a sequence of measurable functions
and let w denote lim sup*u,, (resp. u = liminf,u,,). Let (2., pm) — (x0,p) in [=1,1] x R
be such that u,,(x,,) — w(xg) (resp. um(Ty,) — u(xg)). Then

lim inf F (2, [um], pm) = (o, [1], p) (3.5)
<resp- lim sup F (@, [tm], m) < (o, [u]yp)> : (3.6)

In order to prove Proposition 3.3, we use the following lemma which proof can be found

in [Sle03].

Lemma 3.4. Let (f,)m be a sequence of measurable functions on R, and consider
f = limsup* f,,

and

f =liminf, f,,. (3.7)
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Let (am)m be a sequence of R converging to zero. Then

L{fm Z an}\{f Z0}) =0 as m — +oo
and

LH{f >0\ {fn>an}) =0 as m — +oo,
where L(A) denotes the Lesbeque measure of measurable set A.

Proof of Proposition 3.3. We just do the proof for w. We distinguish two cases.

Case 1: xy € (—[,1). From the definition of F, we can see that the only problem we
have is the non-local operator. We claim that for m big enough we have

Mlup)(xm) > Mu)(zo) — € with  lim g, = 0. (3.8)

m——+00
Using (1.6), we have that

1 3 1
E(B) = 5lper10y + 5ls<-11 = 5lp<op + Lip<-ny:

We get that

/ T(2)E(tm(m + 2) — tm () )z — / J(2)E@(xo + 2) — u(wo))dz
R
—/J ]-{um (@m+2)—tim (@m)<—1} — 1{ﬂ(xo+z)—ﬂ(:(;0)<—1}}dz (3.9)
+ / 5 ) { Lo +2) o) <0} = Lo +2)-wo)<0) } 42

Using Lemma 3.4, we have for n big enough,

/J 1{u (zo+2)—u(zo)>—1} — 1{um($m+z)—um(mm)2—1}} dz
Em
> — / 2) LA (2NAG)} = 0

/]Ri(]( z) {1{U(zo+2)—u(xo)20} - 1{um(xm+2)—um(xm)20}} dz (3.10)

1 Em
> == J 1 z 2} = T o 0
> =5 [Tl BLenBe) 2~

with

{ Ap(2) = {um (@ + 2) — up(z) > =1} U{T(xo + 2) — u(xg) > —1},
A(z) = {u(zo + z) — u(xo) = —1}
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and

{ Bin(2) = {um(@m + 2) = um(zm) > 0} U{a(zo + 2) — (o) > 0},
B(z) = {ulzo + 2) —u(xo) = 0}.

Using (3.9) and (3.10), we prove (3.8).

Given that zq € (—1,1), for m big enough we have z,,, € (—[,1). Using the definition of
F and (3.8), we have

VR(Tm) M[um](2m) - (Tm) - [Pm] + (1 = Yr(2m)) H (Pm)

>Pp(m) M[U](20) - ¢(2m) - [Pm] + (1 = Yr(@m) ) H(Pm) — em¥r(Tm) - ¢(Tm) - [Pm]-
Using the fact that the terms on the right are continuous, we pass to the limit as m goes
to infinity to obtain (3.5).

Case 2: 19 = —l or 2y = [. In this case, using Definition 3.1 and the continuity of H,
we obtain (3.5). This ends the proof of Proposition 3.3.
O

Theorem 3.5 (Comparison principle). Let u and v be respectively a sub and a super-
solution of (3.1) then we have for all x € [—I,1],

u(z) < wv(x).

Proof. The proof of this Theorem comes from the comparison principle [FIM09b, Theorem
4.4] for the non-local term. The only remaining difficulty is proving this result at the
boundaries. However, for x close to [, the function Gy is actually the effective Hamiltonian
H. Therefore, we can proceed as in the proof of [GIM15, Proposition 4.1] in which the
authors consider the boundaries as a network composed of a single lane and a junction
point then they use the results from [IM14] and so we skip the rest of the proof. Notice
that Definition 3.1 is equivalent at the boundaries to the definition of relaxed viscosity
solution [IM14, Definition 2.1] in the case of a single lane with a junction point.

O

Theorem 3.6 (Existence and uniqueness). Assume (A). There exists a unique solution v°

of (3.1). Moreover, this solution is continuous and we have that for all x € [—1,1]

0< v‘s(:c) < C(;O, with Cy =
Proof. To prove this theorem we only need to notice that 0 and Cy/é are respectively
a sub-solution and a super-solution of (3.1). Then combining Perron’s method with the
comparison principle (Theorem 3.5) we get the result we wanted. We refer to [IMRO08, Proof
of Theorem 6] and to [AT96, Imb05] to see how to apply Perron’s method for problems
with non-local terms.

I;léélH(p)’.

]

163



Ch.4. Numerical specified homogenization

Finally, we have the following result from [2, Proof of Proposition 6.4], which justifies
considering (3.1) and looking for a numerical approximation of v°.

Proposition 3.7. We have the following limit as 0 goes to 0 (up to a subsequence)

) _
(ISI_I>I(1) ov (O) )\lyR' (311)

3.2 Numerical scheme for (3.1)

The numerical scheme we use was inspired by the one from [CCM12, For08] for the non-
local operator and by [CLM15] for the local operator. We consider a uniform grid of the
interval [—[, (] with 2n+1 points, n € N\{0}, and we denote by Az = [/n the discretization
step. For all ¢ € {1,...,n}, we denote by x; = Az - i the nodes of the grid. In particular
we have that o =0, z_, = —l and z,, = [.

For every discrete function v : {1,...,n} — R, we denote by vy its piecewise constant
extension to R, defined by

n =1, =1+ Az/2) ifi =—n,

vp(z) =D v xo,(x) with Q=< [z, — Az/2,2; + Ax/2) if i # —n and i # n(3.12)
i=1 [l — Ax/2,1] if 1 = n.

Discretization of the non-local operator For all discrete function v : {1,...,n} = R,

we define the following discrete non-local operators

ME[v) := M[vy)(x;) and  MZv] := M[vy](;). (3.13)

)

Discretization of the gradient We consider the standard forward and backward first
order differences:

v(Tit1) — ()
Az

v(x;) — v(a:i_l).

DYo(z;) = s

and D v(x;) = (3.14)

Finally, we consider Dv; = (D~ v(x;), D v(x;)).

Similarly to [CCM12], we consider the following Osher, Sethian [OS88] upwind dis-
cretization of the modulus of the gradient. Let S = (p,q) € R% We define the following
function, that we will use for the discretization of the gradient

1/2

G*(9) = (max(p, 0)? + min(q, 0)2)
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Discretization of the local operator Concerning the local operator H(-), like in
[CLM15] we consider the following discretization

Hy(Dv;) = max {H" (D"v;), H (D*v;)}, (3.15)

where H and H ' were defined in (1.12).
Finally, we introduce for any discrete function v : {1,...,n} — R,

Ri[v] := Ri([v], Dv;) = ¢r(x;) - M 0] - ¢() - GT(Dvy) + (1 — hp(x;)) - Hy(Dv;). (3.16)

Similarly, we define R and R by replacing M? with M.
To summarize, in the rest of the paper, for all discrete function v : {1,...,n} = R, we
consider the following numerical scheme.

ov; + Ri([v], Dv;) =0 forie{-n+1,...,n—1}
dvi+H (DTv;)=0 fori=—-n (3.17)
Svi+H (D v;)=0 fori=n.

Remark 3.8 (Notation for the discretization of the non-local operator). Since the function
J inside the non-local operator is of bounded support, we introduce the following notations,
which are the discrete equivalents of hg and hyaz,

jo=max{j € {l,...,n} st x; —Ax/2 < hy} (3.18)
and

Jmaz =min{j € {1,...,n} s.t. ; + Ax/2 > hypaa}. (3.19)

3.3 Viscosity solution for the numerical scheme for the approxi-
mated cell problem

To simplify the notations, we introduce the following notation

Ri([v], Dv;) if x; € (—1,1),
Fi([v],Dv;) =< H (Dv;) if z; = —I, (3.20)
F—i_(Di’UZ‘) if ¢, =1.

Similarly, we define ' by replacing R with R. We introduce the following definition of
viscosity solution for (3.17).
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Definition 3.9 (Viscosity solution for the approximated cell problem scheme). Let us
consider a function v : {—n,...,n} — R. We say that v is a sub-solution (resp. a super-
solution) of (3.17) if for alli € {—n,...,n} we have

0v; + Fy([v], Dv;) <0 (resp. dv; + Fy([v], Dv;) > 0).
Then we say that v is a solution of (3.17) if and only if it is a sub and a super-solution.

Remark 3.10. The notion of discrete viscosity solutions is necessary here because of the
discontinuity inside the non-local operator. In fact, we could not work with a reqularise
version of E because we do not have a stability result with respect to E. Moreover, in
Section 4 and Section 5 we can see the interest in working with such a definition. The
proof of existence of solutions for (3.17), will be postponed until Section 5.

The main result of this paper is the following convergence result which proof is post-
poned until Section 4.

Theorem 3.11 (Convergence). Using the same notations as in (3.12). Let (0/")ie(—n,...n}
be a solution of (3.17), then the function vQ** (defined as in (3.12)) converges locally uni-
formly as Az — 0 to the unique continuous viscosity solution of (3.1).

Remark 3.12 (Condition on the discretization step). In the rest of the paper, we consider
that the integer n is big enough (Az is small enough) so that jo > 1. In fact, given
the standard values of ho(> 2 meters), this is not a very restrictive condition but it helps
to simplify the computations (regarding the monotonicity of the scheme) since for any
i€ {l,...,n} the term v;y1 appears only on the gradient in F;([v], Dv;).

Remark 3.13 (Bqunds on the non-local operator). Given the definition of the non-local
operators M and M, we have that for any function U : R — R and any x € R,

Vo < MIU)(2) < WU} (@) < 0.

Given the definition of M% and M?, these inequalities hold for the discrete non-local oper-
ators.
Moreover, we have the following properties regarding the numerical scheme (3.17).

Lemma 3.14 (Monotonicity of F' and F). Assume (A). Let v,w be two discrete functions
such that

v; <w; foralljeLZ, (3.21)
also assume that there exists an index i € 7 such that v; = w;, then we have

Fy([v], Dv;) > Fy([w], Dw;) and Fy([v], Dv;) > F;([w], Dw;).
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Proof. We present the proof for F; and we skip it for F} since the proof is similar. Let
us begin by proving the monotonicity for the non-local term, first we want to prove that
M¢[v] > M@ w)]. In fact, using the notations from Remark 3.8, we have

Md[vu](xi) - /hI:m” J(z)E* (Uﬁ<xi +z) — Uﬁ(xi)) dz — ;)Vmax

jmaac xi—i-Ax/Q 3
=Y [ I E wln + 2) — o))z — Vi

d=do Wi A/2

Jmax

=3 T s = 00} = Vo
ij:z /Q J(z)dz {E*(wiﬂ- - wz)} - §‘/maﬂc = Mzd[w]a

j=jo © =4 2

where we have used for the last line the fact that E is non-increasing, with (3.21) and the
fact that J is non-negative.
Moreover, using (3.21), we have that

DYv; < D"w; and D w; > D w;.
This implies in particular that
max (DT v;,0)? < max(DVw;,0)> and  min(D " v;,0)* < min(D " w;, 0)2.

Combining the previous inequalities we have that G*(Dv;) < G*(Dw;). We recall that
M4 is non-positive (Remark 3.13) and therefore, we have

M) - G (Dv;) > MI[v] - G (Dw;) > M [w] - G (Dw;). (3.22)

Let us now prove the monotonicity for the local term, using the fact that H" is non-
decreasing and that H is non-increasing, we have that

H (D v;)>H" (D w;)) and H (DY) >H (D*w;),

this implies in particular that

Hy(Dv;)) = max(H (D*v), H (D v;))
> max(H (DY w;), H (D~w;)) = Hq(Duwy;). (3:23)
Combining (3.22) and (3.23), we get E([v], Dv;) > Fi([w], Dw;).
[
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4 Convergence of the numerical scheme for the ap-
proximated cell problem

This section is devoted to the proof of Theorem 3.11 which is an adaptation of the proof
of convergence from [BS91] to a non-local PDE. Before passing to the proof of Theorem
3.11, we give some preliminary results, concerning the discrete barriers of the solutions of
(3.17).

Lemma 4.1 (Existence of discrete barriers for (3.1)). Assume (A). The discrete functions
defined by

v; =0 and v;“:i(] forallie{1,...,n}

with Cy = |Hy| = \mi{r{r{}ﬁ(pﬂ are respectively a sub and a super-solution of (3.1).
pe

Proof. We only prove that v is a super-solution, since the sub-solution case is similar and
even simpler. Using the form of (3.1), we have that for all i € {1,...,n}

ovf + F; ([v7],(0,0)) > dvf + Ho = |Ho| + Ho = 0.

Therefore, v is a super-solution of (3.1).
O

Proposition 4.2 (Discrete barriers). Let u; = 0 and vy = Cy/§ for all i € {1,...,n}
with Cy = |Hy|. Then every solution v of (3.17) satisfies

u <wv<ot.

Proof. Let us begin by proving that v — v™ < 0. We introduce M = max }{vi — v}, we

i€{l,....,n
assume the maximum is reached for an index ig € {1,...,n}. Therefore, we have
viy — M =wv;} and 0 :=v;,— M <vf forallie{l,...,n}. (4.1)

We notice that F;([v], Dv;) is invariant by addition of constant to v and therefore,
F;([0], Dv;) = Fi([v], Dv;). Moreover, using Lemme 3.14 and (4.1), we have

Fio([v]v Dvio) = Fio([ﬁ]v D@io) > Eo([v+]’ sz—g) (42)
Using the fact that v is a solution of (3.17) and in particular a sub-solution, we have

0 > v, + Fiy([v], Duy,) > 57};; +0M + Fy, ([vt], Dv;g).
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In particular, replacing v; = Cy/d we have

0 if ig=—n
—C — F. (lv*]. Dut) = 0
(SMS CO Eo({v ]7szo) { _CO 1f20 € {—n—i—l,...,n},

where we have used for the equality the definition of F' and the fact that Duvy’ = (0,0) (in

this case the only term that is not equal to 0 is H (0) = Hy = —Cj). Therefore, M < 0.
The proof that v~ — v < 0 is similar to the previous one and we skip it.
]

Proof of Theorem 3.11. We introduce

U(z) = lim sup Uﬁm(y) and  v(z) = lim inf vﬁm(y).
Ay:c—f;(] Ayx—>0

Here we have added the superscript Az in order for the proof to be clearer. Like in (3.12)
the function vﬁm is the piecewise extension of a discrete function v~® which is a solution
of (3.17) (see Definition 3.9).

We want to prove that 7 and v are respectively a sub and a super-solution of (3.1).
In fact if that is true, the comparison principle for (3.1) implies that 7 < v on [—[,]].
However by construction we have that v < @, which will imply that v = 7 = v° the unique
continuous solution of (3.1), this implies the local uniform convergence of vﬁm.

Let us now prove that v is a sub-solution of (3.1). We only do the proof in the sub-
solution case, since the super-solution case is very similar and we skip it. We argue by
contradiction and assume that there exists a function p € C*([—,(]) and a point T € [, ]

such that ¥ — ¢ reaches a strict local maximum at z and that we have
55(F) + Z(7, [7], u(7)) = 0 > 0.

Moreover, without any loss of generality, we assume that u(z) = ¢(z) and that ¢ >
2sup ||vf**]|o outside the ball B(z,r), where r > 0 is such that
Ax

u(x) —p(x) <0=1u(r) —p(x) in B(z,r). (4.3)
Then there exists sequences Ax,, € [0,+00) and y,,, € [, ], such that as m — +o0

Az, — 0, Yy, — T, vﬁm"‘(ym) — ©(Z), and
Ym is a global maximum point of vﬁm”"() — ().
We denote by &, = vﬂAxm (Ym) — ©(Ym), and we have that &,, — 0 as m — +o00. Moreover,

we have for all z € [—1,]]

Pt (@) < @) + & and VP (Yn) = (Ym) + Em.
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We denote by z;  the point in the grid such that y,, € Q, , therefore we have that
|z, — ym| < Az, and

0> dvotm + Fy ([vdom ,Dvﬁf’")
> dup 4 F, ([vAe], D(ym))
> &Ujijm (ym> + F (xima {UﬁAzm} 790/(‘7:(]) + O(A‘Tm» )

where we have used the fact that v%" is a sub-solution of (3.17) for the first line. For the
second line, we have considered

Dp(ym) = (so(ym) — Z(jm — Axm), P (Ym + AX;) - sﬁ(ym)>

and have used the monotonicity of the discrete operator F;,, (Lemma 3.14). Finally, for
the third line, we have used the fact that ¢ € C' and the definition of F; . We now pass
to the limit in the previous inequality

0> liminf (évﬁmm(im) + F(xy,,, [vﬁm’”], o' (o) + O(Axm))>

m—-+00o
> ov(z) + I(z, [v], ¢'(2)),
where we have used Proposition 3.3 with u,, = vﬁm’", T i= T, Pm = ¢ (Z) +0(Ax,,) and
notice that vﬁm’” (15,) = vﬁm’” (ym). The last inequality provides us with a contradiction
which ends the proof of Theorem 3.11.
O]

5 Discrete approximated cell problem

The following results are similar to the ones in [CCM12], for the reader convenience, we
recall them and adapt them to our problem. The idea is to obtain some results on the
numerical scheme that will help us to construct a solution to (3.17).

5.1 Comparisons for the numerical scheme

In this section, we prove the existence of solutions for the numerical scheme (3.17). We
use the following notations, for every s € R and every discrete function v, we define

Vit1 — S S — Vi1

Di(s)= "5 Duls)="7x. " Duls)=(Dy(s). Dis).
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For every i € {1,...,n}, we set

Me)(s) = [ T)E wylai - 2) = 9)d — Vi

0

WEe)(s) = [ TV B wylai - 2) = ) = Vi

0

and
Ri[v](s) = ¥r(i) - 6(xi) - M{'[v](s) - GT(Dy, () + (1 = ¥g(:)) - Ha (Dyy(5)) .-
We define similarly R; by replacing M¢ with Mzd Finally, we define for all i € {1,...,n},

Ri[v](s) ifie{-n+1,...,n—1}
(D;L(s)) ifi=-n
(D;(s)) it i =n.

Flo)(s) =

7

T o

Similarly we define £ by replacing R; by R..

Remark 5.1 (Monotonicity of the numerical scheme). By the definition of F; and F, and
by Lemma 3.1/, we have for alli € {1,...,n},

(i) F,[v](s) and Ej[v](s) are non-decreasing with respect to s.

(iii) Filv)(vi) = Fi([v], Dvi) and Fi[v](vi) = Fy([v], Dvy).

(
(ii) F[v](s) and F;[v](s) are non-increasing with respect to v.
(
(iv) E[v)(s) < Fiv)(t) for all s <t.

Lemma 5.2 (Comparison). Let v be a discrete function and let i € {1,...,n}. There
exists a unique s; € R such that

~Alol(si) < 8s; < ~Filo](s0). (5.1)
Moreover, let w be a discrete function. Then the following implications hold:
(1) ow; + Filw|(w;) <0 and w <v = w; < s;.
(7i) ow; + Fi[w|(w;) >0 and w > v = w; > s;.

(iii) dw; + Ey[w](w;) > 0 and w > v = w; > s;.
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() dw; + Fy[w](w;) <0 and w <v = w; < s

Proof. The existence of a s; € R satisfying (5.1) comes from the fact that —F;[v](s) and
—F;[v](s) are non-increasing in s and that ds is strictly increasing in s. As for the unique-
ness of s;, let us argue by contradiction and assume there exists s} and s? with s} < s?
such that

—El(s]) < 0si < —Filul(s;) and  — Fu)(s?) < ds7 < —F[v](s}).

(2 K3

However, using (iv) from Remark 5.1, we have that —F;[v](s?) < —F;[v](s}), using this
and combining the previous inequalities we obtain that

Elol(s}) - Bo](2) < 6(s? - s1) < Eol(s}) — Fle](s2) <0. (5.2)

This gives us that s? — s} < 0 which is a contradiction.
We now prove the implication (i), again we argue by contradiction and assume that
w; > s;. Then using (5.1), we have

ow; > 0s; > —E[U](Si) > —Fi[w](si) > —Fiw|(w;) > dw;,

where we have used for the third and fourth inequality respectively (ii) and (iv) from
Remark 5.1. The previous inequality gives us the desired contradiction.

We now prove implication (ii). We argue by contradiction and assume that w; < s;,
using (5.1), we have

dw; < 0s; < —Fi[v](si) < —Fi[w](s;) < —Fi[w](w;) < dw;,

where we have used for the third and fourth inequality respectively (i7) and (i) from the
Remark 5.1. The previous inequality gives us the desired contradiction. The proofs of
implications (zii) and (iv) are similar and we skip them.

[

5.2 Construction of minimal and maximal solutions

This section is devoted to the proof of existence and to the construction of minimal and
maximal solutions. In order to prove the existence of discrete solution for (3.17), we will
provide a constructive method that will also provide us with the minimal and maximal
solutions.

Proposition 5.3 (Definition of the map ®). There exists a map ® : R?*"F1 — R+l
satisfying the following properties

172



5.Discrete approximated cell problem

a) Let u™ be a sub-solution of (3.17), i.e.,
du; + Filu™)(u;) <0 forallie{1,...,n}.
Then
i) um < ®lu”| (with u= = ®lu~] if and only if u~ is a solution).
it) @u~] is a sub-solution of (3.17).
b) Let u™ be a super-solution of (3.17), i.e.,
Suy + Eiu”)(u7) >0 foralli€{1,...,n}.
Then
i) ut > ®lut| (with u™ = ®lu™] if and only if u™ is a solution).
ii) ®lut] is a super-solution of (3.17).

Proof. Let us prove the result for the sub-solutions (a).
Using Lemma 5.2, for every i € {1,...,n} there exists a unique s; € R such that

—Fiu7)(s7) <0s7 < —Fu)(s7) and up <57,

the second inequality comes from (7) in Lemma 5.2 considering w = u~. Using the real
numbers s; we construct the map ®:

Slu]; = s;

1

for all i € {1,...,n}.

By construction we have u~ < ®[u~], with the equality if and only if ™ is a solution of
(3.17) (which proves (i) in (a)). Let us now prove that ®[u~] is a sub-solution of (3.17).
For all i € {1,...,n}, by the definition of s; , we have

0> ds; + Filu)(s;) > ds; + F [[u]] (s7) = 6®[u); + F; [@[u”]] (P[u]y),
where we have used for the second inequality the fact that Fj[-](s) is non-increasing and
that = < ®[u~|. Therefore, ®[u~] is a sub-solution of (3.17).

In the case of the super-solutions, to prove (b), we define the map ® in the same way.
Using Lemma 5.2, for every i € {1,...,n} there exists a unique s; € R such that

“Rfut)(st) < 6sF < ~Flu*)(s)) and u} > .

+.

i

Like before, the map ® is constructed using the real numbers s
blut]; =s7 forallie {1,...,n}.

Proceeding like before we can prove the rest of (b). We skip the rest of the proof and
this ends the proof of Proposition 5.3.
]
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Ch.4. Numerical specified homogenization

Proposition 5.4 (Partial comparison principle). Let u~ and u™ be respectively a sub and
a super-solution of (3.17) such that u= < u™ then ®[u~] < ®[ut].

Proof. We argue by contradiction and assume that there exists a i € {1,...,n} such that

Plu];i =s; > sf =dut];.

)

By definition of s;", we have
0 < s + Fi[ut](s]) < ds; + Fi[ut](s}) < ds7 + Fi[ut](s7) < 8s; + Fi[u~](s;), (5.3)

where we have used the fact that s; > s; for the second inequality, and (i) and (i) from
Remark 5.1 for the third and fourth inequalities respectively. This inequality gives us the
desired contradiction because of the definition of s; .

[

Proposition 5.5 (Construction of solutions). Let u~ and u™ be respectively a sub and a
super-solution of (3.17) such that u~ < ut. We consider for every k € N,

u M = duF), with u™® =,
and
+k+1 q)[

+,k] +

v v, with v =T

There exist two discrete functions u and v such that u=* — u and vt* — v as k — +o0.
Moreover w and v are two solutions of (3.17). We define

Uu|:=u and Y[vt]:=w0.
Then we have
u < U] < Uut] <ut,
and V[u] = u if and only if u is a solution of (3.17).
Proof. Using Proposition 5.4 we get the following inequalities
u < @[u"k] < CID[u_’kH] <. o < CID[UJ“HI] < <I>[v+’k] <woT.

Therefore, the sequence (u™F); is non-decreasing and bounded from above by v™, and the
sequence (v™F), is non-increasing and bounded from below by u~. Passing to the limit as
k goes to infinity in the previous inequalities, we obtain

um < lim v == Vu ] <Vt i=v:i= lim v™F <ot
k—+o00 k—+o00
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5.Discrete approximated cell problem

Let us now prove that u is a solution of (3.17) (The proof for v is similar and we skip
it). By definition of the sequence (u~"*);, we have for all £ € N and for all i € {1,...,n},

—Filum () < Su T < Rl (w1, (5.4)

)

We recall that F and E are respectively lower and upper semi-continuous, which implies
that R and R are also lower and upper semi-continuous and in particular that —R and
— R are respectively upper and lower semi-continuous. Adding this to the continuity of the
discrete gradient and of the functions H, H ', and H  and passing to the limit as k goes
to +o0 in (5.4) implies

—Fi[u](u;) < u; < —Flu](u;),

which means that u is a solution of (3.17). Finally, the fact that W[u| = u if and only if
is a solution comes from the properties of ® (see Proposition 5.3).
O

Proposition 5.6 (Extremal solutions in the interval (u=,v%) ). Let u~ and v* be re-
spectively a sub and super-solution of (3.17) such that v~ < v*. Let ¥[u~] and V[vT] be
the two solutions provided by Proposition 5.5. Then every solution v of (3.17) such that
u” <wv <ot satisfies

um < Uu] <o < Pot] <ot
Proof. Considering v as a super-solution of (3.17), and using Proposition 5.5, we get
u” < Ulu| < U] =w.
Similarly, considering v as a sub-solution of (3.17), using Proposition 5.5, we have
v="U <Tot] <ot
O]

Combining Lemma 4.1, Proposition 4.2, and Proposition 5.6 we obtain the following
result.

Corollary 5.7. Let u; =0 and v;t = Cy/d for alli € {1,...,n}. Let V[u~] and ¥[v™] be
the solutions provided by Proposition 5.5, then every solution v of (3.17) satisfies

Ulu ] <o <Pt
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6 Numerical simulations

This section contains the application of the results from the previous sections. First we
provide the algorithm used to obtain a numerical approximation of the flux-limiter and
then we provide some numerical tests.

6.1 The algorithm

The following algorithm is inspired by the one in [CCM12], and by the results from Section
5. The idea of the algorithm is to build the extremal solutions from Corollary 5.7, to build
the biggest sub-solution and the smallest super-solution. Therefore obtaining an interval
that contains all the solutions of (3.17) and therefore obtaining an approximation of the
solution of (3.1).

We introduce two parameters ¢4 and ¢, respectively a tolerance to quit the dichotomy
process updating the sub and super-solutions (numerical equivalent of Proposition 5.5) and
a tolerance for the convergence of the numerical scheme.

1) Initialization: for i = —n, ... n,
C
u; =0 and v;“:—o.
o
2) Initialize dichotomy intervals: for i = —n, ... n,
Stefti = Wi and Spighti = Ui + 0,1k,

with k; the first integer such that

5Sr_ight,i + E[U_](S;ight,i) >0,

and
sltfm- =v} — 0,1k} and s;;-ghm =
with k;" the first integer such that
(Ssltft,i + Fi[UJr](SlJ;ft,i) < 0.
3) Dichotomy process: for i = —n,...,n optimize respectively in s; € [s 4, Spignt ) and

- ~ + ' 4
i € [SiLst.i Srignt.s)> the inequalities

0s; + Filu”)(s7) <0 and s + Fifo*)(s}) > 0

9 — - —
until Srighti — Sleft,i < &q and Srighti — Sleft,i < Eq-
If [Ju™ — spplloo < €c and [JuT — 55 lloe < ec g0 to Step 4 else swap u™ > s;.;, and
vt > 575, and go to Step 2.
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6.Numerical simulations

4) The interval [u™,v"] contains all the solutions of the numerical scheme (3.17) and
therefore gives an approximation of the solution of (3.1). In particular, the value of A
is approximated by the interval [—dvg, —dug |.

Remark 6.1. Notice that this algorithm can be extremely costly computationally. However,
we can easily apply parallel programming to steps 2) and 3) to accelerate the process.

6.2 Setting of the computation

We consider an uniform grid of the interval [—[, ] with 2n + 1 points, n € N\{0}, and we
denote by Az = [/n the discretization step. For all i € {1,...,n}, we denote by z; = Ax-i
the nodes of the grid.

For all the numerical computations, we consider for equation (3.1), the following values
for the different parameters.

[ =200, R=100, e,=¢e4=0.001, andd=0.001. (6.1)

For all the numerical computations, regarding the values for the discretization, we
consider

n =400 and Az =0.5. (6.2)

For the computation of the discrete non-local operator, we recall the following result,
using the notations from Remark 3.8 and from (3.12),

hmaz 3
M[Uﬁ](x ) _/ J(Z)E (Uﬁ(‘rl + Z) - Uti(xz)) dz — §Vmax
]maz Z‘J+Aa:/2 d 3
/ —Az/2 VE(vg(i + 2) — vy(x;))dz — §Vmax
Jj=Jo
]maz CBJ+A:B/2 3
/ (UH’j - Ui)dz — = Vinae
J=jo —Az/2 2
JmazE Ij+AI/2J d 3V
- _Zj UH‘] Ui /jAm/Q (Z) = 5 mazx
0
Jmaz 3
=2 E(vig; —vi)Jj = 5Vimaa,
J=Jo

with J; = V(z; + Az/2) — V(z; — Azx/2).
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6.3 Qualitative properties of A

Before passing to the numerical tests, we recall a final result from [2] regarding the quali-
tative properties of A, which we will numerically verify in the next section.

Proposition 6.2 (Qualitative properties of the flux limiter). Assume (A). We have the
following qualitative properties on the flux limiter:

(i) (Monotonicity of the flux-limiter). Let ¢1,¢9: R — [0, 1] be two functions satis-
fying (A6). Let Ay and Ay be their respective flux limiters. If, for all x € R, we have

$1(7) < ¢o(7),
then
A > As.

(ii) (Flux interruption) Let ¢ be a function satisfying (A6). If ¢ = 0 on an open
interval, then we have

A=0.

6.4 Numerical tests

Influence of ¢,

First, we would like to numerically verify (i) from Proposition 6.2 and to see the influence
of ¢g = mxin ¢(z). We consider a Greenshields optimal velocity function,

0 if h S h07
h 2
0 .
V(h) = Vinaz | 1 — (h) ) if h > hg, (6.3)
2
Vinas | 1 = (hho ) ) it h > Ry

For the perturbation, we consider a function ¢ : R — [0, 1] defined by

1 if || >7r
P(z) = _8m(17; %) + 8o — 1 if x € (—r,—r/8) (6.4)
8x(1—¢0) 8po—1 .
- + if z € (r/8,7).
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6.Numerical simulations

For the values of the different parameters for the optimal velocity function, we take

Viaw = 58 km/h,
ho =2 m, (65)
Rz = 25 M.

For the local perturbation, we consider the radius of the perturbation r» = 45 m. In Figure
6.3, we have an example of the local perturbation for two different values of ¢y.

T T T T T
phi_0=0.25 ——
: . : g :
09 | 2\ : /o o
: A : /o :
: : \ : / : :
; ; \ ; / i ;
oo : NANERAY. : :
: : Y : i : :
0.5 b f
: : 4 : / : :
04 : N . S
; ; o/ ; ;
: : — : :
i i i i i
-100 -50 0 50 100

Figure 6.3: Example of ¢ with r = 45 m and ¢y = 0,25 (red) and ¢g = 0,5 (green).

Notice that given the definition (6.4), we have that if we consider two functions ¢* and
¢? with their respective minima ¢} < ¢2 then for all z € R, we have ¢'(z) < ¢?(x).

In order to see the influence of ¢y € [0,1] on A, we discretize the interval [0,1] 3 ¢ in
21 points (a step of 0.05) and we compute our estimate of A for each of those ¢y. For each
¢0, we plot two points, since we have an interval that approximates A.
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Figure 6.4: Approximation of A plotted versus different values of ¢.

From Figure 6.4, we notice that the approximation is decreasing with ¢, which numer-
ically confirms (i) of Proposition (6.2) and notice that for ¢y = 0, we have that A is close
to 0 which numerically confirms (ii) of (6.2).

In the case ¢y = 1, the model is actually equivalent to a model without a perturbation.
Therefore, we should not have a flux-limiting condition. Given the definition (1.11) of F;
this can only happen if A = min,, H(p). In our computational setting we have Hy ~ —11.16
and we have an approximation of —11.11 which is not very far and which also validates
our numerical approach.

Influence of the radius of influence of the perturbation

We consider the same optimal velocity function as before and the same perturbation and
we make the radius of influence of the perturbation vary in the interval [25,75]. Figure 6.5
contains the approximation of A for ¢y = 0,25 and for different values of r € [25, 75].
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Figure 6.5: Approximation of A plotted versus different values of r and ¢y = 0.25.

From Figure 6.5, we can see that in this case the approximation of A increases with
the radius of the perturbation. However, for » > 40m the approximation remains the same
which could imply that for r big enough, the radius of the perturbation does not influence
the value of A. Moreover, for smaller values of 7, we can see that A is smaller (meaning
that the flux is less limited) which is logical, since for a radius r = 0, we expect to have
A = H, (in which case there is no perturbation).

Two different perturbations

Now we would like to take into account two different perturbations and see how our ap-
proximation of A changes with each perturbation. We consider the same perturbation as
before and we introduce the following perturbation

if |z| >r

(6.6)

1
o(z) = 7(1 —T20)a:2 + ¢ if |z| <.

We consider the same radius of influence r = 45 m. In Figure 6.6, we plotted the two
perturbations ¢ and ¢ with ¢y = 0, 25.
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SN -

-100 -50 0 50 100

Figure 6.6: The functions ¢ and &, with r = 45 m and ¢o = 0, 25.

Like before, we make ¢y vary inside the interlfal [0,1]. In Figure 6.7, we compare the
upper and lower bound of the approximation of A for different values of ¢q.

0

T T 0 T T T T
-deltavA+_0_Phil —— -deltaus-_0_Phil ——

-deltav~+_0_Phi2 — -deltaur-_0_Phi2 —

2L 2 L

Approximation of \bar{A}
(<]

Approximation of \bar{A}
»

10 -10 ¢

12 1 1 i i 12 1 1 i i
0 02 04 08 08 1 0 02 04 0.6 08 1

\phi_0 \phi_0

Figure 6.7: Lower bound for the approximation of A for ¢ and & versus different values of
¢o (left) upper bound for the approximation of A for ¢ and ¢ versus different values of ¢
(right).

From Figure 6.7, we first notice that the approximation of 4 for ¢ numerically verifies
Proposition 6.2. Moreover, we notice that the values for both perturbations are very
similar. This actually could imply that the form of the perturbation does not influence
the result but it is only ¢y that determines the value of the flux limiter. In Figure 6.8, we
plot the absolute difference between the two approximations and we notice the difference
is very small.
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Figure 6.8: Absolute difference of the lower bound for the approximation of A for ¢ and
¢ versus different values of ¢y (left). Absolute difference of the upper bound for the
approximation of A for ¢ and ¢ versus different values of ¢y (right).

Influence of §

We consider the optimal velocity function (6.3) with (6.5) and the perturbation (6.4), with
r =45 m and ¢y = 0,25. To see the influence of § on the approximation of A, we fix [ and
R to the values of (6.1) and we make § vary in [0.001, 0.1] with a step of 0.001.

-Ejeltavf\#_o
-deltal”-_0

Approximation of \bar{A}

0 001 002 003 0.04 005 0068 007 008 009 01
\delta

Figure 6.9: Approximation of A versus different values of 6.

From Figure 6.9, we first we notice that there is a lot of oscillations on the behaviour
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of the estimates of A. However, the upper and lower bound remain close to each other.
Given that the difference between the estimates is small, we can assume that considering
= 0.001 gives a good enough approximation of the flux-limiter.

Influence of R (transition between the non-local and local operators)

We consider the same optimal velocity function and perturbation as before, with the same
parameters. To see the influence of R on the approximation of A, we fix [ and § to the
values of (6.1) and we make R vary in [80, 150] with a step of 1.

-2.985

‘ ' ' ' deltavr+_0'
delfaun-_0
299 | |

Approximation of \bar{A}

80 90 100 110 120 130 140 150
R

Figure 6.10: Approximation of A versus different values of R.

From Figure 6.10, we notice a lot a oscillation on the behaviour of the estimates for
A when we make R vary. However, we notice that for R > 80 the difference between the
upper and lower estimate is very small (less than 0.4). This would suggest that considering
R > 80 is enough for a good approximation of A.

Influence of [

We consider the same optimal velocity function and perturbation as before, with the same
parameters. To see the influence of [ on the approximation of A, we fix R and J to the
values of (6.1) and we make [ vary in [180, 300] with a step of 1.
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Figure 6.11: Approximation of A versus different values of .

From Figure 6.11 we remark that for [ € [180,220] the approximation of A remains
almost the same. The behaviour of the approximation for bigger values of [ can be explain
by the fact that first  should go to 0 before passing to the limit as [ goes to infinity.
Therefore, there is a compromise to be made between [ and 6. However, for 6 = 0.001
taking [ = 200 seems to give a reasonable approximation.
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Chapitre 5

Homogenization of second order
discrete model with local
perturbation and application to
traffic flow

N. Forcadel!, W. Salazar!, M. Zaydan!
Abstract

The goal of this paper is to derive a traffic flow macroscopic model from a second order
microscopic model with a local perturbation. At the microscopic scale, we consider a
Bando model of the type following the leader, i.e the acceleration of each vehicle depends
on the distance of the vehicle in front of it. We consider also a local perturbation like
an accident at the roadside that slows down the vehicles. After rescaling, we prove that
the "cumulative distribution functions” of the vehicles converges towards the solution of
a macroscopic homogenized Hamilton-Jacobi equation with a flux limiting condition at
junction which can be seen as a LWR (Lighthill-Whitham-Richards) model.
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1 Introduction

The modelling and simulation of traffic flow is a challenging task in particular in order
to design infrastructure. Indeed, there are some examples in which the construction of a
new infrastructure did not improve the traffic. For example, in Stuttgart, Germany, after
investments into the road network in 1969, the traffic situation did not improve until a
section of newly build road was closed for traffic again (see [Kn669]). This is known as the
Braess’ paradox. In the past years, a lot of work has been done concerning the modelling
and simulation of traffic flows problems.

Traffic low can be modelled at different scales depending on the level of details one
wants to observe: the microscopic scale (describes the dynamics of each of the vehicles), the
macroscopic scale (describes the dynamics of the density of vehicles) and the mesoscopic
scale (describes the dynamics of the density of vehicles but the car-to-car interactions are
not lost).

Microscopic models are considered more justifiable because the behaviour of every single
vehicle can be described with high precision whereas macroscopic models are based on
assumptions which are less verifiable. Another way to justify macroscopic models is to
derive them from microscopic models by rescaling arguments.

The problem of deriving macroscopic models from microscopic ones has already been
studied for models of the type following the leader (i.e. the velocity or the acceleration of
each vehicle depends only on the distance to the vehicle in front of it). We refer for example
to [AKRMO02, DFR15, Hel98, HP10, LLKO1] where the authors rescaled the empirical
measure and obtained a scalar conservation law (LWR model). In particular, passing
from microscopic to macroscopic model for second-order models was instead investigated
in [AKRMO02, Gre01], where the Aw-Rascle model is derived as the limit of a second order
follow-the-leader model.

In this paper we establish a connection between a car-following model and a fluid-
dynamic model. This result is a generalization of the results of [2] to a second order
microscopic model. We consider a second order microscopic model of follow-the-leader
type with a local perturbation. In such model, the whole traffic flow is determined by the
dynamics of the very first vehicle (the leader). We will establish a connection between
this second order discrete model and a macroscopic model equivalent to a LWR model.
The idea is to rescale the microscopic model, which describes the dynamics of each vehicle
individually, in order to get a macroscopic model which describes the dynamics of density
of vehicles.

The model we study here is similar to the one considered in [1], but in our work, as in [2],
we assume that there is a local perturbation (located at the origin for example) that slows
down the vehicles and we want to understand how this local perturbation influences the
macroscopic dynamics. Due to this perturbation, it is natural to get an Hamilton-Jacobi
equation with a junction condition at the origin and an effective flux limiter. Further,
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our result is stronger than the one in [2] because our microscopic model is a second order
model which is more realistic than the first order model considered in the last paper. From
a mathematical point of view the fact of considering a second order model presents many
technical difficulties. First, we need to consider a system of two non-local PDEs instead of
a single equation [FIM12, 1]. Moreover, the two functions that we consider have to satisfy
certain properties that derive from the physical characteristics of the microscopic model
and those properties need to be proven for the system of non-local PDEs which is more
complicated in the case of a second order model than in the case of a first order model.
Paper organization. The paper is organized as follows. In Section 2, we present the
microscopic model for which we will present an homogenization result. In Section 3, we
inject the system of ODEs into a system of PDEs and we present our main results. Section
3.3 is dedicated to the definition of the non-local operators which appear in the PDEs
given in Section 3. In Section 4, we introduce the notion of viscosity solutions for the
considered problems and give stability, existence and uniqueness results. In Sections 5 and
6 we present the correctors necessaries for the proof of convergence which is located in
Section 7. Section 8 contains the proof of existence of correctors for the junction, where
we use the idea developed in [AT15, GIM15] and in the lectures of Lions at the "College de
France" [Liol4], which consists in constructing correctors on truncated domains. In Section
9 we show the link between the system of ODEs and the system of PDEs which proof is in
Appendix 11. Finally in Appendix 10 we analyse the properties of the microscopic model.

2 A first main result

In this paper, we are interested in a second order microscopic model that can simulate the
presence of a local perturbation. In order to do that, we considered a modified version of
the model introduced by Bando et al in [BHN'95]. More precisely, we consider a "follow-
the-leader" model of the following form

U(t) = a (VU (t) = Uy(1)) - & (U; (1)) = Uy (1) (2.1)

where U; denotes the position of the j-th vehicle, U ; its velocity and U ; its acceleration. The
function ¢ simulates the presence of a local perturbation located at the origin and we denote
by r its radius of influence. In this model, a € R and V' : R — R represent respectively the
drivers sensitivity and the optimal velocity function. We make the following assumptions
on V', ¢ and on the coefficient a.

Assumption (A)
e (A1) V: R — R™" is Lipschitz continuous, non-negative.

e (A2) V is non-decreasing on R.
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e (A3) There exists hy € (0,+00) such that for all h < hg, V(h) = 0.

e (A4) There exists e € (ho, +00) such that for all b > e, V(h) = V(hpae) =
vmax-
e (A5) The function p — pV(—1/p) is strictly convex on [—1/hg,0).

(A6) The function ¢ : R — (0, 1] is Lipschitz continuous and ¢(x) = 1 for |z| > 7.
We denote by ¢y = II[liH | o(z) > 0.
re|—rT

e (AT)(Monotonicity). a = 4[[V'[| ||¢]o +4[l¢'|l IVl -

Remark 2.1 (Remark on (A6)). In the case ¢ =0 on an open interval (therefore ¢y =0)
all the vehicles left of the perturbation would come to a full stop. This case lacks any
interest and therefore we can assume that ¢y > 0.

Remark 2.2 (Remark on (A7)). Assumption (A7) yields that for all (b,z) € R, the

function

f:z»—>%z—2V(b+z)qb(:c—z)

is non-decreasing. This result is particularly important later in the paper because it implies
that the systems we consider later in this work are monotone in the sense of Ishii and
Koike [IK91], which will imply the uniqueness of the solution we consider.

As we said in the introduction, in order to obtain an homogenization result for (3.1),
we will inject the system of ODEs into a system of PDEs. To do so, we proceed as in
[FIMO09b, 2] by introducing the rescaled "cumulative distribution function", which is the
primitive of the rescaled empirical measure, defined by,

prty) = —¢ (Z H(y—eUi(t/e) + 3 (-1+ H(y el (t/€)))) (2.2)

>0 1<0
with
1 ifz>0
H(x):{ 0 ifz<0. (2:3)
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The macroscopic model

We define H : R — R, by

—p — ko for p < —ko,

_ -1

Hp)=4¢ =V (p) “|p| for —ko <p <0, (2.4)
P for p > 0.

Note that such H is continuous, coercive and because of (A5), there exists a unique point
Po € [—ko, 0] such that

H is decreasing on (—o0, py) (2.5)

H s increasing on (pg, +00), '
and we denote by

Hy := H(po) = min H(p) < 0. (2.6)

peER

We want to show that the rescaled 'cumulative distribution function" converges to the
solution of the following macroscopic model.

u) + H(ul) =0 for (t,z) € (0,400) x (—00,0)
u) + H(ud) =0 for (t,z) € (0,+00) x (0, +00) 2.7)
W+ Pr(ud(t,07),u0(£,0)) = 0 for (t,2) € (0, +00) x {0} |
u?(0, ) = up(x) for zeR.
where A has to be determined and Fy is defined by
FZ(p—7p+) = max (27 F+(p—)7ﬁ_(p+)) ) (28)
with
7~ H(p) if p<po g H(po) if p < po
H = : d H =4 = . 2.9
®) {H(po) itp>py (») H(p) ifp= po. (2:9)
The initial condition ug is a function that satisfies
—ko < (up), <0 andforalle >0 |[p°(0,2) —up(x)| < f(e), (2.10)

with f(g) — 0 as e — 0. According to [IM14], for all A € R, there exists a unique solution
u® of (2.7).

Remark 2.3. We notice that in the case of traffic flow, (2.7) is equivalent (deriving in
space) to a LWR model (see [LW55, Ric56]) with a fluz limiting condition at the origin. In

fact, the fundamental diagram of the model is pV (1/p) and u2 corresponds to the density
of vehicles.
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Passage from a microscopic to a macroscopic model

The main result of this paper is the following convergence result.

Theorem 2.4 (Passage from a microscopic to a macroscopic model). Assume (A). There
exists a unique A € [Hy, 0] such that the function p® defined by (2.2) converges locally
uniformly towards the unique solution of (2.7).

3 Main results

3.1 Injecting the system of ODEs into a system of PDEs

In the rest of the paper, we will work with an equivalent formulation of (2.1). We borrow
the idea from [FIM09a, FIM12, 1] and consider for all j € Z,

1.
Z5(t) = U(t) + ~U(t) with o= %

Using this new function, we obtain the following system of ODEs equivalent to (2.1) for
all j € Z, for all t € (0, +00),

Uj(t) = a (54(t) = Us(1))

Z5(t) = a (U () = E5()) + 2V (U (1) = Uy (1) - & (Us(1)) -
In Appendix 10, we give some properties of system 3.1, such as maximal velocities of the
vehicles and minimal and maximal distance between two consecutive vehicles.

(3.1)

We now introduce the "cumulative distribution function" for (=;);, defined by

t,y) = —c¢ (ZH( —eZ; (t/e)) +Z —1+4+H (y—eZ; (t/e)))) : (3.2)

Under assumption (A), (p°, 0°) is a discontinuous viscosity solution (see Theorem 3.3)
of the following non-local equation, for all (¢,z) € (0, 4+00) X R,

400 (S | 00| ) 0 usl =0

g+ (2 e [S0.9] ) - =0

The definition of M* and L¢ is postponed to the next section. We submit equation (3.3)
to the following initial condition. For all x € R,

u®(0, ) = up(x)
{ €0, ) = &(x). (34)

We also assume that the initial condition satisfies the following assumption.

(3.3)
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(AO0) (Gradient bound) Let ky = 1/hy. The functions ug and & are Lipschitz contin-
uous functions, such that

—ko < (&) <0, (3.6)
and
0 <&(x) —up(x) <e. (3.7)

Remark 3.1. The initial conditions uy and & are "reqular” functions such that for all
e > 0 we have

070, 2) —uo(x)| < fle) and [0°(0,2) = &(x)| < g(e), (3.8)

with f(g),g(e) — 0 as € goes to 0. Fore =1, the conditions on the gradients translate the
fact that at the initial time there is at least hg meters between two consecutive vehicles. In
the rest of the paper we are interested in the behaviour of p° and o° as € goes to 0. This
in fact translates to studying the behaviour of the traffic as the number of vehicles per unit
length goes to infinity. For e =1 condition (3.7) translate the fact that at initial time the
velocity of the vehicles must be bounded so the ordering of the vehicles is kept.

The fact that & depends on € comes from the rescaling. In fact, given that o° is the
"cumulative distribution function" of (Z;); which are defined using the velocity of the vehi-
cles, an € appears multiplying the velocity when rescaling (see [1, Remark 1.2]). Therefore,
&, tends to uy as € goes to zero. Finally, to simplify the notations, we denote by & = &
fore=1.

3.2 Convergence result

Theorem 2.4 is a consequence of the following theorems. The proof of Theorem 3.2 is
postponed until Section 7 and the proof of Theorem 3.3 is postponed until Section 9.

Theorem 3.2 (Junction condition by homogenization). Assume (A) and (A0). Fore > 0,
let (uf, &%) be the solution of (3.3)-(3.4). Then there exists A € [Hy,0] such that u® and &°
converge locally uniformly to the unique viscosity solution u® of (2.7).

Theorem 3.3 (Junction condition by homogenization: application to traffic flow). Assume
(A) and that at initial time (U;(0),Z;(0)); satisfies

0 < E(0) = Ui(0) < VZM, Uit1(0) = Z4(0) > ho, and  U;11(0) = Ui(0) < Aoz
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We also assume that there exists a constant R > 0 such that, for all i € Z, if |U;(0)] > R
Ui+1(0) = Ui (0) = (3.9)
and if |Z;(0)| > R
Zi+1(0) = E5(0) = h, (3.10)

with h € [ho, himaz|. We define two function ug and & (satisfying (A0)) by uo(x) = &5(x) =
—x/h for all x € R. Then there exists a unique A € [Hy,0] such that the functions p° and
o¢ defined by (2.2) and (3.2) converge locally uniformly towards the unique solution u® of

(2.7).
Remark 3.4. Conditions (3.9) and (3.10) mean that the initial condition is well-prepared.

The following theorem ensures that when we use (2.7) we only evaluate the function H
in the interval [—kg, 0]. The proof of Theorem 3.5 is postponed until Section 7.

Theorem 3.5 (Gradient bound). Assume (A0)-(A). Let u® be the unique solution of (2.7),
then we have for all (t,z) € [0,T] x R,

_kO Sug Sov

with ko defined in (A0).

3.3 Definition of the non-local operators

In this section, we clarify equation (3.3). We will give the definition of M and L, and then
the definition of M and L?. To do this, we first introduce the following functions.

E(z):{—a if 2 >0 F(Z>:{1 itz <0 [(Z):{1 itz > —1

0 if z <0, 0 ifz>0, 0 if z < -1,
. —a if . 1 ifz< - 1 if -1
Bey={ T R =l TR ad e =]
0 if 2 <0, 0 if z>0, 0 if 2 < —1.

For z,p € R, we then define the following non-local operators
D
L U@, [Z) @) = [ B(S( +2) = Ue) + p2)dz,
D
K, (S@),[U]) (@) = [ F(U( = 2) = D(a) - p2)dz.

Ny (B0 [0]) ) = [ 10 +2) — S(@) + p2)d,
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with D = hppar + 3Vinaa /(20) + 21 /¢g (see Appendixes 10 and 11 for more details on where
the constant D comes from). We can now define LP. For x,y € R,

Ly (y, (), [U]) (z) = s, (5(x), [U]) () (3.11)
- 2V<Np (2(2), [U]) (2) + K, (5(), [U]) (x)> -0 (y — Ky (5(x), [U]) (2)) -

In the same way, we define Mp, f(p and Np by replacing E, F and I respectively by E, F
and I. Similary,

Ly (y. 3(), [U]) (2) = aK, (3(x), [U]) () (3.12)
- 2V<J\7p (S(2), [U]) (2) + K, (3(2), [U]) (2

N
S
—
<
|
=h

bS]

\g|
-
=
=
=

~—

For p = 0, we define

MU (), [E])(z) == Mo(U(x), [%]) = /OD E((z + 2) = U(x))dz, (3.13)
K (X(2), [U]) (2) = Ko (5(2), [U]) () = /OD F(U(x = 2) = %(x))dz, (3.14)
N (E(2), [U]) (x) := No (X(2), [U]) (x) = /OD (U (z + 2) = X(x))dz, (3.15)
and
L(y, %(x), [U]) (z) = oK (%(2), [U]) (=) (3.16)

—2V(N (S(@), V]) (@) + K (S@)L 0D () - 6y — K (S@), 0] (@)).

Remark 3.6 (Remarks on the non-local operators). First let us notice that the domain of
integration in the non-local operators is bounded by a constant D := hyae + 3Vinae/(2a) +
2r/¢q, this comes from the fact that the velocities of the vehicles as well as the distance
between two consecutive vehicles from model 3.1 are bounded (see Appendiz 10). In partic-
ular, there exists a constant My > 0 (independent of p), such that we have the following
bounds on the non-local operators,

—My < —aD < M,(U(z), [X])(z) <0,

My > D > K,(%(z), [U])(z) > 0,

My > D > N,(2(x), [U])(z) > 0,

Mo = aD = Ly(y, 5(x), [U])(z) = =2Viee 2 —Mo,

with My = max(2V ez, oD, D).
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Finally, we would like to point out that given the fact that the function V is non-
decreasing (assumption (A2)) and that the function F' > 0 and therefore K(3,[U])(x) > 0,
we have

Ly £(@), U)(@) = —2V (N (S@), [U]) (). (317)

Finally, we introduce for € > 0,
M (U(z _ OD E(S(z +2) — U(x))dz, (3.18)
K (X(x = OD F(U(x —ez) — X(x))dz, (3.19)
Ne (X(x ODI (x +e2) — X(x))dz, (3.20)
(3.21)

and

L7 (y, 5(x), [U]) (z) = aK* (X(x), [U]) (2) (3.22)

- ZV(NE ((E(2), [U]) (2) + K= (X(2), [U]) (96)) -0 (y — K (X(2), [U]) ()

The bounds provided by Remark 3.6 remain valid for the non-local operators depending
on e > 0.

Remark 3.7 (Lagrangian formulation). Another way to treat this problem is to consider
a Lagrangian formulation, like in [1], considering the functions,

u(t,y) = Ul () and (L, y) = 2y (1),
The couple (u,§) satisfies for all (t,y) € [0,T] x R

u(t,y) = a (&(t,y) — ult,y))
ft((t y; (( () y) —&(t,y) +2V (ult,y + 1) —u(t,y)) - d(u(t, v))
E0Ly) — ).

We note that the system we obtain is much more simple. Nevertheless, the difficulty
with this formulation is that the function ¢ is evaluated at u(t,y) and not at a physical
point of the road. At the macroscopic scale, we then expect to get a junction condition
located at uw = 0. The notion of junction in this case is not well defined and this is why
we use the formulation (3.3)(where the perturbation function is evaluated at a point of the
road). This will allow us to use the results of Imbert and Monneau [IM14] concerning
quasi-conver Hamiltonians with a junction condition.
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4.Viscosity Solutions

4 Viscosity Solutions

This section is devoted to the definition and useful results for viscosity solutions of the
problems considered in this paper. The reader is referred to the user’s guide of Crandall,
Ishii, Lions [CIL92] and the book of Barles [Bar94] for an introduction to viscosity solutions.
In order to give a general definition, we will give the definition of viscosity solutions for
the following equation, with p € R, and for all (¢,z) € (0, +00) X R,

up + () - My, (ult, @), [§(,)]) (2) - [P+ ue| + (1 = Y(2)) - H (uy) =0
& +P(@) - Ly (2, (8, @), [ult,)]) (2) - [p+ &l + (1 —¥(2) - H (&) =0
u(0,x) = up(x)
£(0,2) = (),

with ¢ : R — [0, 1] a Lipschitz continuous function. We also use the following notations
for the upper and lower semi-continuous envelopes of a locally bounded function u:

(4.1)

u*(t,x) = limsupu(s,y) and w,(t,z) = liminf u(s,y).

s—t,y—x s—t,y—x

4.1 Definitions

Definition 4.1 (Viscosity solutions for (4.1)). Let T > 0. Let u : RT x R — R and
£:RT xR — R be upper semi-continuous (resp. lower semi-continuous) functions. We
say that (u,§) is a viscosity sub-solution (resp. super-solution) of (4.1) on [0,T] x R if
u(0,2) < up(z) and £(0,x) < &(x) (resp. w(0,z) > up(x) and £(0,x) > &(x)) and for all
(t,z) € (0,T) x R, and for any test function p € C*((0,T) x R) such that u — ¢ attains a
local mazimum (resp. a local minimum) at the point (t,z), we have

v+ () - My (u(t, 2), [€(E,)]) (@) - [P+ @al + (1= 9(2)) - H(pa) <0,
(resp. e+ ¥(x) - My (ult,2), [€(,)]) (@) - p+ ol + (1 = 9(2)) - H(ps) > 0),
and for all (t,z) € (0,T) x R and any test function o € C1((0,T) x R) such that £ —
attains a local maximum (resp. a local minimum) at the point (t,x), we have

oot () - Ly (2,6(E 2), [ult, )]) () - [p+ @al + (1 = ¥(2)) - H(ea) <0,

(resp. v+ 0() - Ly (,6(t ), [ult,)]) (@) - [p + @ul + (1= ¥(x)) - H(gs) > 0).
We say that (u,§) is a viscosity solution of (4.1) if (u*,&*) and (u., &) are respectively a
sub-solution and a super-solution of (4.1).

Remark 4.2. We use this definition in order to have a stability result for the non-local
terms. We refer to [DLKS04, Sle03] for such kind of definition. For the readers conve-

nience, we give the stability result and its proof.
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Proposition 4.3 (Stability of solution of (4.1)). Let (un,&,) be a sequence of uniformly
bounded upper semi-continuous functions (resp. lower semi-continuous).

Let (u,€) = (limsup*u,, limsup*&,) (resp. (u,€) = (liminf,u,,liminf, &,) ) and let

(tns T, D) = (to, 20, p) in R x R x R be such that

(Un(tn, Tn ), En(tns Tn)) — (U(to, 20), &(to, 70)),
(resp.(un(tn, Tn), En(tn, Tn)) — (u(to, 20), {(t0, 20))),

then
lim $p” My, (tn (b, %), [n(tn, ) (20) > My (alto, 20), [Elt0, )]) (o), (42)
(resp. timinf Ny, (un(tas 20): Gnltn: ) 2) < Ny (b0, 20), [ECt,)]) (20))
and
l;nj)ig'op*LPn (xm fn(tn, xn>’ [un(tm )])(an) 2 Lp(x(bg(t@’ x0)7 [ﬂ(tﬂ’ )])(.’EO), (43)

(resp. liminf Ly, (0, &0(tn, n), [tn(tn, )]) (@0) < Ly(w0, E(to, 20), [T(to, -)])(xo)> .

n—>+00 4

In order to do the proof of Proposition 4.3, we use the following lemma which proof is
given in [Sle03] .

Lemma 4.4. Let (f,) be a sequence of measurable functions of R and consider

f =limsup”® f,
and
f = liminf, f,.
Let (ay), be a sequence of R converging to zero as n goes to infinity. Then
L({fo=a\{F>0}) =0 asn— +oo
and

L({f>0N\{fu>an}) =0 asn— +oo,

where L(A) denotes the lebesque measure of the measurable set A.
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Proof of proposition 4.3. We begin by proving (4.2). Let € > 0, then by definition
My, (un(tn, wn), [E(tn, )] (@n) — My(U(to, zo), [€(to, -)]) (w0)
D _
- / €n tn7$n+z> n(tnw%'n) —l—pnz)dz—/o E(g(t()?-TO‘i‘z) _ﬂ(tm(EO) —|—pZ)dZ
- a/O (1{§(t0,xo+z)fﬂ(to,xo)erzZO} - 1{gn(tn,xn-l—z)—un(t,L,a:,L)—&-p,LzZO}) dz
D
> =0 [y o070 (720} )4
with
fo(2) = Enltn, @n + 2) — Un(tn, ) + Pz and  f(2) = E(tg, o + 2) — U(to, To) + p2.

Using Lemma 4.4, for n big we have that

—a/o 1{{fn20}u{?20}\{?20}}d2 Z —E&. (44)
Using (4.4), we deduce that
My, (tn(tn; 20), [§(tn, )]) (20) = My (T(to, z0), [€(to, -)]) (z0) — €,

which implies (4.2).

We turn now to the proof of (4.3). We recall that the definition of L is given in (3.16).
To simplify the notations, we introduce

Ly, = Lp, (@n, &altn, Tn), [tn(tn, )]) (zn) L =L ( 0, & (to, 20, [(to, -)]) (o),
Ky, = Ky, (§n(tn, ), [tn(tn, -)]) (2n) Kp(&(to, 7o), [U(to, -)]) (o),
Np, = Np, (&n(tn, 2n), [tn(tn, -)]) (2n) Np(&(to, 20), [u(to, -)]) (o).
Proceeding like before, we have for n big enough
Ky, > K, —¢, (4.5)
Ny, < N, +¢, (4.6)
and
|In - x0| S €. (47)
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Therefore, we have that

L, =akK,, —2V (N, + K,,) ¢ (z, — K,,)
>a(K,—¢)—2V(N,, + K, —¢) ¢(z, — K, + ¢)
>a(K,—¢)—2V(Ny+e+ K, —¢)p(x, — K, +¢)
> aK, — 2V (N, + K,) ¢(xg — K,) — ac — 4Vyae||0| |0
= Lp — ag = 4Vnaa 9| lc,

where we have used Remark 2.2 combined with (4.5) for the first inequality, (4.6) and the
fact that V is non-decreasing for the second inequality. Finally, for the third inequality,
we have used (4.7) and the fact that ¢ is Lipschitz continuous.
The previous inequality is true for all ¢ > 0, for n big enough and implies (4.3). This
ends the proof of Proposition 4.3.
0]

4.2 Viscosity solutions for (2.7)

The theory of viscosity solutions for Hamilton-Jacobi equations on networks was recently
treated in several papers. We give here some results for viscosity solutions of (2.7) that
will be used in the rest of paper and we refer to [IM14] for the general theory and for the
proofs.

Definition 4.5 (Class of test function for (2.7)). We denote by Jy := (0,400) X R,

JE = (0,400) x (0,+00) and J := (0,400) X (—00,0) , we define a class of test function
on Js by

C'(Jx) = {¢ € C(Ju), the restriction of ¢ to J and to J, are C'}.

Definition 4.6 (Viscosity solution for (2.7)). An upper semi-continuous (resp. lower semi-
continuous) function u : [0,+00) x R — R is a viscosity sub-solution (resp. super-solution)
of (2.7) if u(0,z) < wo(zx) (resp. w(0,x) > up(x)) and for all (t,z) € J» and for all
o € CYJy) such that u < ¢ (resp. u > ¢) in a neighbourhood of (t,x) € Jy and
u(t,z) = p(t, z), we have

pi(t,x) + H(pu(t,2)) <0 (resp. >0)  ifx #0
oi(t, ) + Fa(pe(t,07),0.(t,07)) <0 (resp. >0) if x = 0.

We say that a function u is a viscosity solution of (2.7) if u* and u, are respectively a sub-
solution and a super-solution of (2.7). We refer to this solution as A-fluz-limited solution.

Now we recall an equivalent definition (Theorem 2.5 in [IM14]) for sub and super
solution at the junction. We will also consider the following problem,

u; + H(u,) =0 fort € (0,7) and z € R\{0}. (4.8)
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Theorem 4.7 (Equivalent definition for sub/super-solutions). Let H given by (2.4) and
consider A € [Hy, +00) with Hy defined in (2.6). Given arbitrary solutions pi € R of

H (pj?) =H" (pf) =A=H (pé) =H (pfl) , (4.9)
let us fix any time independent test function ¢°(x) satisfying
¢a(0%) = pi.
Given a function u: (0,T) x R — R, the following properties hold true.
1. If u is an upper semi-continuous sub-solution of (4.8) satisfying

u(t,0) = limsup u(s,y), (4.10)
(ty)—(£,0),y€ T

then u is a Hy-flux limited sub-solution.

2. Given A > Hy and tg € (0,T), if u is an upper semi-continous sub-solution of (4.8)
satisfying (4.10) and if for any test function ¢ touching u from above at (ty,0) with

p(t,2) = ¥(t) + ¢"(2), (4.11)
for some ¢ € C*(0, +00), we have
gpt—i_FA (QO:E (tOJOi) y P (t070+)) S 0 at (tOJO)J
then u is a A-flux limited sub-solution at (ty,0).

3. Given tg € (0,T), if u is a lower semi-continuous super-solution of (4.8) and if for
any test function ¢ satisfying (4.11) touching u from above at (ty,0) we have

or + Fa (%c (toaof) y Pa (t0,0+)) >0 at (to,0),

then u is a A-flux limited super-solution at (to,0).

4.3 Existence and uniqueness of viscosity solution for (4.1) with
p=0
We recall that for p = 0, our equation is

up + M(u(t,x), [£(t,)]) () - Juz| =0 for (t,z) € (0,+00) x R,
&+ L (x,&(t,2), [ult,)]) (2) - & =0 for (£, 2) € (0,+00) xR,
u(0, ) = up(x) for x eR,
£(0,z) = &(x) for = eR.

(4.12)
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Lemma 4.8 (Existence of barriers for (4.12)). Assume (A) and (A0). There exists a
constant K; > 0 such that

(u™,€7) = (uo — Kit,& — Kut) and (u",&7) = (uo + Kit, & + Kit) (4.13)
are respectively sub-solution and super-solution of (4.12).

Proof. We define K; = Myky. Let us prove that (u*,£") is a super-solution of (4.12). In
fact, we have that

uf + M(u*(t,2), (€4 () (@) |uf| > Ky — Moko = 0,

where we have used Remark 3.6 for the second inequality. Similarly, using that K > 0 and
Ky > 2||V||oko, we have that

&+ Lz, & (8, 2), [u* (t,))(2)|&H] > 0.

The proof that (u™,£7) is a sub-solution is similar and we skip it.
O

Proposition 4.9 (Comparaison principle). Let T' > 0. Assume (A)-(A0). Let (u,&) and
(v,() be respectively a sub-solution and a super-solution of (4.12). We also assume that
there exists a constant C' > 0 such that for all (t,z) € [0,T] x R, we have

up(z) — Ct < wu(t,z) < up(x) + Ct, Eo(r) — Ct <&(t,x) < &o(z) + Ct (4.14)

and
—up(z) — Ct < —v(t,z) < —up(z) + Ct, —&(x) — Ct < —((t,z) < =& (x) + C4.15)
If
uw(0,2) <v(0,2) and £(0,2) <((0,2) forallx € R,
then

u(t,z) <w(t,z) and &(t,x) < ((t,z) forallz e R te0,T].
Proof. Let us introduce

M= sup max(u(t,r)—v(t,z),&(t z) —((t,1)).
t€[0,T],z€R

We want to prove that M < 0. We argue by contradiction by assuming that M > 0.
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4.Viscosity Solutions

Step 1: test functions. We introduce the following test functions

_ 2 2
QD(t,ZE, y) = U,(t, [E) - 'U(t,y) — TL_-[; — eAt ((.TQ{;(/) + 72)

and

+y e

2e 2

e (52 ).

1?(15790,3/) :f(t,l’) —C<t7y) _ L _ eAt <

with 7, v small parameters, and A a constant to be chosen later. We denote by ®(¢, x,y) =
max (¢(t,x,y),¥(t,x,y)). Using (4.14) and (4.15) we have that

n a [ (@ — y)? a?
< - 20T — —1— A [T
p(t,2,y) < uolr) —uoly) + 20T — - —e ( 5 T3

n u (2 —y)? z?
< + —yl - "= AL A e
2CT + kolx — y| r e ( 9% Y 5

We have a similar result for ¢ which yields that

lim &= —oc0.
|],|y|—+o00

Using the fact that our test functions are upper semi continuous, we can see that ® reaches
a maximum at some finite point that we denote by (£,7z,7) € [0,7) x R x R. Classicaly
we have for n and v small enough,

M
— >0
2 Y

Mn,s,7 = (I)(Eu j,g) =
|z —y| -0 as e —0,
vz -0 as v —0.

Step 2: t > 0 for ¢ small enough. By contradiction, let us assume that ® reaches its
maximum for £ = 0. Let us for instance assume that ®(¢,z,y) = ¢(f,7,y). In this case,
we have

v 5

n

< u(0,2) = v(0,9) = 7 < kolz gl —

Therefore, % < ko|z — y| and for £ small enough we get a contradiction. In the same way,

we get a contradiction if we assume that ¢(¢,z,9) = ¥(t, 7,7).
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Ch.5. Specified homogenization of a second order discrete model

Step 3: viscosity inequalities in the case ®(¢,7,y) = ¢(t,Z,7). By duplication of the
time variable and passing to the limit we have that there exist two real numbers a,b € R
such that

a—b= (T_"t_)Q + Aet (@ + 79;> (4.16)
a+ M(u(t,z), [E(F,-)])(@)|e™ (p- +72)[ <0 (4.17)
b+ M(v(t,9), [ )])(@)]e"p| = 0 (4.18)

with p. = i Combining (4.16), (4.17) and (4.18), we obtain
€

2

n AT (z-g?* At KT (o(E.8). 1C(E ) (&
e E L ey -

~ | M(u(E,2), [ )) @) + o,
where we have used the fact that M (u(t, ), [£(¢,-)])(Z) is finite according to Remark 3.6.

We distinguish two cases.

Case 1: there exists a subsequence 7, such that
1z -9
€
In this case, taking v going to zero in (4.19) yields a contradiction.

— 0 asn — +oo.

Case 2: there exists a constant C. > 0 such that for any v small enough we have,

1z — >
13

Changing variables in (4.19) we can write

(7 —17)? - o~
(Tﬁt_)Q + Ae“‘t@%y) < |e*p.| /y "B 2) — ol 9))dz

— || / o E(&(t,2) — u(t, ))dz + 0,(1)

<1 [ B 2) — v(E.0) - BE(E2) - uld.a)d:

+1enl | [ B(e2) — ult, 7))
_ D+y _ _
+ et | /D . B(E(E.2) — ulf. 2))dz| + 0,(1). (4.20)
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4.Viscosity Solutions

We define

This implies that

. 2 ((z—17)? 72
¢ 2
A - {|Z| Z Re,'y} with Rs,’y = 5 < 5z + 7? )

Moreover R. ., = R.. — |j| = 400 as 7 — 0 (see Da Lio et al. in [DLFMO08, Lemma 2.5]).
This implies that

Yy

[ B —etads = [ B - old )i

[5,D+5)NA°
However, from Remark 3.6, we have that for v small enough
0< ~E(((F2) — o(f,g))dz = |

~ J[g.D+g)nAe [, D+7]0{|2|>Re » }

= _ _E(C(E,Z—Fg) _U(t_v g)>d’z
(0,D]N{|z+y|> R~}

E(C(t, 2) — o, 9))dz

<  —E((E 2 +7) —v(t,y))dz
OBIN(el>F €t z+y) —v(t,y))

=0.

We deduce that for v small enough,

Dty . _ _ D+j _ _
/y E(C(t,2) —v(t,y))d= s/ E(&(t,2) — u(t, T))dz.

Y

Then for v small enough (4.20) implies

(7 — 7)2 _
77 _ + AeAt (':E y) S ’eAtpg
2e 7 D+zx

T—7 [ B — )iz + [ B 2) — uld 2)dz

+ 04
=2

§2ae‘4{M +0,.
€

Choosing A = 4a, we get a contradiction.
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Ch.5. Specified homogenization of a second order discrete model

Step 4: viscosity inequalities in the case ®(t,7,y) = ¢(t,Z,y). By duplication of
the time variable and passing to the limit, we have that there exist two real numbers
a,b € R such that

n i (& —y)? 7
a+ L(z,&(t,2), [ut, )])(@) - [ (pe +47)| <0 (4.22)
b+ L(7,£(5 ), [u(, (@) - [e*p| >0 (4.23)

with p. = £=%. Combining (4.21), (4.22) and (4.23), we obtain that

e + A I <o) (L0 0) lE D) - Lo 6662, ulE (@)

+ 0.
(4.24)

We recall that we defined L and L using K and V (see (3.11) and (3.12)). Therefore, we
can see that the right part of inequality (4.24) is finite (using Remark 3.6). We distinguish
two cases.

Case 1: there exists a subsequence 7, such that

— 0 asn— +o0o.

7 — 9|
€
In this case, taking v to zero in (4.24) yields a contradiction.

Case 2: there exists a constant C. > 0, such that for any 7 small enough we have

|
To simplify, we introduce
L= L(z,&(t7)ul(t,)))(@) L= LG (7)o ))@),
K= K(&(@,2), [ult, )])(7) K =K(C(7), [ -)]) @),
N =N, 1), [ut,)))(@) N =Nt y), v, )])(©).

As above, we can prove

K-K<|z—%| and N —-N <|z—7y|
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4.Viscosity Solutions

We have that

L-L=aK-2V(N+K)¢(j-K)-L
Sa(E+z—g)-2V(N+K+]g-gl)o@y—K—|z—gy) - L
Sa(K+[r—y) -2VIN+K)o(y— K —|z—y|) - L
<alz —y[+2V(IN+K)(¢(z - K)—o(y—K—[z—-y))
< alz — gl + 2|Vl 11¢]]o] = 7, (4.25)

where we have used for the first inequality the monotonicity (see Remark 2.2). The
monotonicity of V' yields the second inequality. The third and the final inequalities come

from the definition of L and the fact that ¢ is a Lipschitz function and that V' is bounded.
Finally, combining (4.25) with (4.24), we obtain

5 )2 (a2
(Tif)Z —i—AeAt(x 2€y) < eAt<x€y) (a+2||v||oo||¢/||oo) _{_07(1)‘ (4.26)

Taking A = 2(a+2||V||||¢'||ls), We get a contradiction in (4.26). The proof of
Proposition 4.9 is now complete.

[

We now give a comparison principle on bounded sets, to do this, we define for a given
point (tg, z¢) € (0,T) x R and for 7, R > 0, the set
QF’§<Z€0, l’o) = (to — 7, to + ?) X (1’0 — E, o + R)
Proposition 4.10 (Comparison principle on bounded sets for (4.12)). Assume (A). Let
(u, &) be a sub-solution of (4.12) and let (v,() be a super-solution of (4.12) on the open

set Q5 C (0,7) x R. We assume that w and & (resp. v and ) are upper semi-continuous
(resp. lower semi-continuous) on @?ﬁ- Also assume that

u<v and §<( outside Q. 5,
then
u<v and £<{ on QFR

Applying Perron’s method (see [IMRO8, Proof of Theorem 6], [AT96] or [Imb05] to see
how to apply Perron’s method for problems with non-local terms), joint to the comparison
principle, we obtain the following result.

Theorem 4.11 (Existence and uniqueness of viscosity solutions for (4.12)). Assume (A0)
and (A). Then, there exists a unique solution (u,&) of (4.12). Moreover, the functions u
and & are continuous and there exists a constant K; > 0 such that

up(x) — Kit <u(t,z) <wugz) + Kyt and Eo(z) — Kit < &(t,x) < &(x) + Kit. (4.27)
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Ch.5. Specified homogenization of a second order discrete model

4.4 Control of the oscillations for (4.12)

We now present a theorem that provides a control on the oscillations in space of the solution
of (4.12). This is a very important theorem, first because it will allow us to prove Theorem
3.5 and also because it presents some of the arguments we use later to build the correctors
at the junction.

Theorem 4.12 (Control of the space oscillations). Let T' > 0. Assume (A0)-(A) and let
(u, &) be the solution of (4.12) provided by Theorem 4.11. Then for all z,y € R,z > y and
for all t € [0,T), we have

—ko(z —y) — 1 <wu(t,x) —ult,y) <0 (4.28)
and

—ko(x —y) =1 <&(t,x) —&(ty) <0, (4.29)
with ko defined in (A0).
Proof. We use the following notation,

Q={(t,z,y) € [0, T] x RxR st. x>y}.

Proof of the upper bound. We introduce

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
Step 1: the test functions. For 1, > 0 small parameters, we define

U
pltw,y) = ult,x) = ult,y) — = - 2?2

and

bltay) = £(t2) - E(ty) = 5y — 7 =

We denote by ®(t,x,y) = max (p(t,z,y),¥(t,x,y)). For x > vy, using (4.27) and (A0) we
have

p(t 2, y) < uo(r) —uo(y) + 2K T — % — ya? — yy? < 2K, T — ya2® —
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4.Viscosity Solutions

D(t,2,y) < &olz) — &oly) + 2K, T — % —ya? =y’ < 2K\ T — ya® — vy,

Therefore, we deduce

lim &t z,y) = —o0.

|z[,|y|—=+o0

Since ¢, 1 are upper semi continuous, ® reaches a maximum on €2 at a point that we denote
by (t,Z,7). Classically we have for n and v small enough

M _
0 < ? S (D(t,{f,’g),
vzl vyl =0 asy — 0.

Step 2: t >0 and 7 > . By contradiction, assume first that ¢ = 0. For instance,
we assume that ®(¢,Z,7) = ¢(t,Z, 7). In this case, we have that

n

7 < uol@) — un(3) <0,

where we have used the fact that ug is non increasing, and we get a contradiction. In the
same way, we get a contradiction if ®(¢,7,9) = (¢, Z,y). The fact that Z > 7 is obtained
directly using that ®(¢,z,7) > 0.

Step 3: viscosity inequalities in the case ®(¢,7,7y) = ¢(t,Z,7). By duplication
of the time variable and passing to the limit we get that

U U SN TeE AN 9
ﬁ < m < —M(u(t,x), [5(757 )])(l’) ) |2’}/SL‘|, (430)

where we have used the fact that M (u(t, ), [£(,-)])(%) < 0. Using Remark 3.6, we have
that —M (u(t, z), [£(t,-)])(Z) is bounded. Taking v to zero, we get a contradiction in (4.30).

Step 4: viscosity inequalities in the case ®(¢,7,y) = (¢, Z,y). By duplication
of the time variable and passing to the limit we get that

T2 < L(g.&(t,9), [ult, ) (@)277] — L(@,&(E 2), [ult, )])(2)|1292|

< 2My (|vz| + |vyl)

where we have used the bounds on L and L (see Remark 3.6). Taking ~y to zero, we get a
contradiction.
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Ch.5. Specified homogenization of a second order discrete model

Proof of the lower bound. In order to prove our result, we will use the following lemma
which proof is postponed.

Lemma 4.13. For all (t,z) € [0,T] x R, we have
0<&(t,x) —u(t,z) <1. (4.31)

Now we would like to prove that for all € > 0,
M= sup {&(t,y) —u(t,z) — (ko+e)(z—y)—1} <O. (4.32)
(t,x,y)EQ

In fact, if (4.32) is true, then taking ¢ to 0 and using (4.31) we directly obtain the lower
inequalities in (4.28) and (4.29). We argue by contradiction and assume that M > 0.

Step 1: the test function. For 1,y > 0 small parameters, we define
plt,,y) = E(t.y) — ult.x) = (ko + &) (& —y) =1 = 7 = a
Using (A0) and (4.27), we obtain that
ot 2,y) < &oly) —uo(@) + 2K0T = (ko + ) —y) = 1 = 7 = 70’
<1+ ko(x—y)+2K,T — (ko +¢)(z — y) —1—%—71‘2
<2K\T —vya® — ez — y).

Therefore, we have that for (¢,z,y) €
lim ot z,y) = —oc.

|2[,ly| =00

Since ¢ is upper semi continuous, ¢ reaches a maximum on {2 at a point that we denote
by (t,7,%). Classically we have for  and v small enough

M _
0 < ? S 80(@5573?)7

vz =0 asy—0.

Step 2: t >0 and Z > y. By contradiction, assume first that ¢ = 0. Using (A0), we
get a contradiction writing that

%<£o(§)—uO(ff)—(kovLs)(f—@)—lS1+ko(f—§)—(ko+€)(f—§)—1SO-

If we assume that & = y then, using the fact that (¢, z,y) > 0, we get that
n n Ui

7)) —ut,7) —1— ——=<1-1— - =——.
0<&(t.0)—ut.) ~1- 7o <1-1- 1=

This inequality yields a contradiction.
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4.Viscosity Solutions

Step 3: viscosity inequalities. By duplication of the time variable and passing to
the limit we get that

T i nE < M(u(t, @), [€(t (@) - 297 + ko +e| = L(7, £, ), [ult, ))(@) - [ko + ]
—L(@, £t ), [u(t, ))(@) - ko + el

where we have used the fact that M (u(, ), [£(,-)])(Z) < 0. We replace L by its definition
(3.16) and using (3.17), we have

<2V (N(EE9), [ulE, @) ko + <. (4.33)

Now we want to prove that N(E(¢, %), [u(t,-)])(y) < ho. Indeed, if it is true, we will get a
contradiction in (4.33) because V' (h) = 0 Vh < hg. Let then z > hy.

If § + z > 7, then using that u(#,.) is non increasing, we get that

U(Z?,ﬂ + Z) - §(t,§) < u(t"i‘) - 5(57 g) < _kO(j: - g) —1<-L

If § + 2 < T, using the fact that o(t,7,y + 2) < (¢, Z,¥), we obtain

5(7?7:& Z) - 5(12 g) < _kOZ <-L

_|_

Using Lemma 4.13, we get that u(t,y + z) — £(t,y) < —1. We deduce that I(u(t,y + z) —
E(t,y)) =0 for 2 > hy and so N(&(t,9), [u(t, )]) (@) < he.
O]

We now turn to the proof of Lemma 4.13.

Proof of Lemma 4.13. The proof is divided into several steps.

Step 1: proof of the lower bound. We introduce

M= sup {u(t,z) —£&(t,x)}.

(t,z)€[0,T]xR

We want to prove that M < 0 and argue by contradiction by assuming that M > 0.
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Ch.5. Specified homogenization of a second order discrete model

Step 1.1: the test function. Let 7,y be small parameters, and A a constant to be
chosen later. We introduce
2

at(z —y) — .

p(t,z,y) = ult,x) — &(t,y) — TL_t et

Classically, ¢ reaches a maximum on [0,7] x R x R at (¢, z,y) and we have for 7, small
enough,
M -
0< ? S 90<t7x7y>a
yr — 0 asy—0,
|z —y|l —0 ase—0.

Step 1.2: t > 0 for ¢ small enough. We assume by contradiction that t = 0. We
have that
_ N - - .n
0< — — — < kol —y| — =.
uo(Z) — &o(Y) 7= olZ — ¥l T
Taking ¢ small enough, we get a contradiction.

Step 1.3: viscosity inequalities. By duplication of the time variable and passing
to the limit, we get that

g + A @ ;;”2 < A (5,600, 9). (B, ) (5) — M(ulF, ), (66 ) (@)
+ 07(1)
< | (aR (€ 5), [uh, ) (@) — M(u(h,2), (6 ) (@)
+o,(1),
(4.34)

where we have used the fact that V' > 0. We claim that
—M(u(t,z),[£( ) (@) < alz —y| and K(EG), [ut,))(@G) <|z—yl.  (4.35)

Indeed, for z > |Z — g, using that £(%,-) is non increasing and that o(f,Z,4) > 0, we have
that

Therefore, using the definition of E' we obtain that (for € small enough such that |z —gy| <
D)

M), 6@ = [ BEE T+ 2) — ut. D)z < ol gl
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Similarly, using the fact that u(¢,-) is non increasing, for all z > |z — g|, we have that

u(ﬂ Y — Z) - f(ta ?j) > u(t7f) - f(ta g) > 0.
Therefore,
RE). 0t N@) = [ Pty — =)~ €.9)d= < 2~ g1

This ends the proof of (4.35). Injecting (4.35) into (4.34), we get that

Ui At (T —9)? ai (T =)
m—’—Ae T S 2046 - +0'Y(]'>

Taking A = 4a, we get a contradiction for v small enough.

Step 2: proof of the upper bound. We introduce

M = sSup {f(tax) —U(t,l') - 1}
(t,x)€[0,T]xR

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
Let 1, be small parameters. We consider

Ui _(ff—y)Q_ 2
T—¢ % v

@(tuway) = f(t,l’) - u(tay) —1-

Classically, ¢ reaches a maximum on [0,7] x R x R at (¢,z,y) and we have the following
result for n and v small enough

M .
O < ? S g@(t,x,y),
|vz] =0 as~y—0, (4.36)

|z —y| —0 ase—0.

As in the previous Step 1.2, we get that ¢ > 0.

By duplication of the time variable and passing to the limit we then get that

T
€

e < (. 9), 60 D) ~ L 6.2, [d, ) (@)

< 2V (N(E(E2), [u(@. ) (@)

‘ + 0,(1)
(4.37)

y‘ + 0’7(1)7

3
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where we have used the fact that M < 0 and (3.17). We want to prove that

N(&(tT), [ult,)])(®) < hg. In fact for all z > hg, we have that Z + 2z > ¢ for € small
enough, so using that (¢, 7,7) > 0 we get that
u(f,j + Z) - 5(57 3_:) < U(a g) - 5(57 i') <-L

We deduce that N(&(t,z), [u(t, ) (Z) = Jio I(u(t,z + 2) — £(t,%))dz < he. Using that
V(h) =0 for h < hg, we get a contradiction in (4.37) for v small enough.
[

5 Effective Hamiltonian and effective flux-limiter

In this section we provide a justification for the definition of the effective Hamiltonian H
provided in (2.4), we use the following proposition.

Proposition 5.1. (Homogenization left and right of the perturbation) . Assume (A). Then
for every p € [—kg, 0], there exists a unique A € R, such that there exists a bounded solution

(w, x) of

{ M, (w(z), [x]) (2)[p + w| = A
reR

(a6, (x(a): w]) (@) = 20 (N, (x(a). o) (@) + 5, (). [u]) () ) p+ xal = A
(5.1)

_ -1
Moreover, for p € [—kg,0], we have A = H(p) = =V () Ip|.
p

-1 —1
Proof. We claim that (w, x) = <0, Py ()) is a solution of (5.1) for A = —|p|V/ ()
o p p

-If p = 0, the result is obvious.

p (-1
-If p € [—ko, 0), since Py <) +pz>0if and only if z € [0,V (=1/p) /o], then we
a \p

M, (o). ) (@) = [ E (—iv (‘pl) +pz) dim Vv (‘pl) e

—1
we recall that D = hy00+3Vinae /(200)+21 /¢g. Similarly, for all z > 0, we have BV () —
Q p

have

pz < 0if and only if 2 <V (=1/p) /a, then

K@@= [F (0 (T =ty (S e




5. Effective Hamiltonian and effective flux-limiter

Finally, by definition we have that
N(()[])()——/I— —1+ d
x), |wl) (z 2 V z | dz.
» X(T), 0 p

1 —1 1
First, notice that thanks to assumption (A7), for all p € [—kg,0), we have —V () +-<
« p p

-1 —1 -1 1
0. Moreover, BV () +pz>—1for z< —V () — —. We distinguish two cases.
«Q p «Q p p

- -1 1
Case 1: —1\/ () — — < D. In this case, we have
« p b

N, (x(z), [w]) (z) = _alv (j) ~ ;
and 1
Ny (x(a). [w]) () + K (x(a). [w]) () = 5.4

Finally, using (5.2), (5.3), and (5.4), we obtain our desired result.

-1 -1 1
Case 2: —V <> — —>D. In particular we have —1/p > hyqe.. Therefore, we have
o p p

N, (@), ol) (2) = D and K (x(o), ) (2) =+,

this implies that

Ny (x(2), [w]) () + K (x(2), [w]) (z) = D + VZM > Pinag.

Combining this result to (5.3), we obtain

(ak, (x(@). [w]) (2) = 2V (N, (x(@), [w]) (@) + K, (x(@): [0]) (2)) ) 1ol = = Vinaelp
—-v (2
(5.5)

Using (5.2) and (5.5), we obtain our desired result. The uniqueness of A is classical and
we skip it. The proof is now complete.
O
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6 Correctors for the junction

In order to obtain an homogenization result, we need to find the effective flux-limiter. That
is why we consider the following cell problem: find A € R such that there exists a solution
(w, x) of the following Hamilton-Jacobi equation, for z € R,

{ Mol D sl = o)
L (z, x(x), [w()]) (z) - [Xal = A
In this section we present a result of existence of correctors for the junction, which

will be used for the proof of Theorem 3.2. We use the following notation: given A € R,
A > Hy, we define two real numbers p_ and p, defined by

Hp,)=H (p,)=Hp.)=H (p.) =4 (6.2)
Given the form of H, there exists only one couple of real numbers satisfying (6.2).

Theorem 6.1 (Existence of global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy,0] such that there exists a
solution (w,x) of (6.1) with A = A and such that there exists a constant C > 0 and a
globally Lipschitz continuous function m such that for all v € R,

lw(xz) —m(z)| <C and |x(z)—m(x)| <C. (6.3)

ii) (Bound from below at infinity) If A > Hy, then there exists a o > 0 such that for
every v € (0,70), we have for all x > 1 + Ve /o and h > 0,

w(@ +h) —w(@) = (py =V,

X(@ +B) — x(@) > (7, — ) (6.4)
and for x < —r — Viypae/a and h > 0,

w(z —h) —w(x) > (=p_ —)h,

x(x —h) = x(x) > (=p_ = 7)h. (6.5)

(iii) (Rescaling) For e > 0, we set
w(x) = ew <:1c> and x°(z) =ex (:E) ,
€ €
then (up to a sub-sequence e, — 0) we have that w® and x° converge locally uniformly
towards a function W which satisfies

(W(zx)—W(y)| <Cle—y| foralzyeR, (6.6)
HW,) =A for all x # 0. '
In particular, we have (with W(0) =0),
W(z) = pyrlizsop + P_l{z<o)- (6.7)

The proof of this theorem is postponed until Section 8.

216
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7 Proof of convergence

This section is devoted to the proof of Theorem 3.2 which relies on the existence of cor-
rectors provided by Proposition 5.1 and Theorem 6.1. We will use the following lemmas,
the first one being a direct consequence of Theorem 4.11.

Lemma 7.1. (Barriers uniform in ). Assume (A0) and (A). There exist a constant
Ky > 0 such that for allt > 0 and x € R, we have

[u(t, 2) —uo(x)| < Kit and  |§°(t, x) — &o(x)| < Kit (7.1)
The following lemma is a direct consequence of Theorem 4.12.

Lemma 7.2. (Uniform gradient bound). Assume (A0) and (A). Then the solution (u®, &%)
of (3.3) satisfies for allt >0, for all x,y € R, x >y,

—ko(z —y) —e <u(t,z) —u(t,y) <0,
—ko(z —y) —e < (L, x) — & (ty) <0.

Before passing to the proof of Theorem 3.2, let us mention that Theorem 3.5 is a direct
consequence of this result joint to Theorem 3.2.

(7.2)

We now turn to the proof of Theorem 3.2.
Proof of Theorem 3.2. We introduce

u(t,xr) = limsup*u® &(t,z) = limsup*&s,
e—0 e—0

e e e e

u(t,x) = llgllglf ut §(t,x) = llglglf*é ,

*

and
7 = max (U,E) v = min (gé) .

We want to prove that v is a sub-solution of (2.7) and that v is a super-solution of (2.7).
Indeed, in this case, the comparison principle will imply that 7 < v. But by construction
v <7, hence 7 = v = u’, the unique solution of (2.7). This implies that T = u =& = = u°
and so u° and & converge locally uniformly to u°.

To prove that U is a sub-solution of (2.7), we argue by contradiction and assume that
there is a point (¢,z) € (0,+00) X R and a test function ¢ € C'(J,) such that

v(t, z) = o(t,T),
1<¢ on QrtT) with 7 > 0, (73)
U< p—2n outside Qr:(f,T) with n > 0, '

out,2) + H (7, 0.(1,7)) = 0 >0,
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where

— N H(@m(ga‘i‘)) 1fi‘?£0
H (2,0:(0.3) = {FA (02 (t,07),0a(E,0%)) if =0

We can assume that for ¢ small enough (up to changing ¢ at infinity), we have
u, & < p—mn outside Q:(f,T). (7.4)
Using Lemmas 7.1 and 7.2 we get that the functions @ and ¢ satisfy for all ¢ > 0,
[u(t, z) —up(x)| < Kyt and |E(t, ) — &(n)| < Kyt for all v € R, (7.5)
and for x >y,

—ko(x —y) <u(t,z) —u(t,y) <0 and —ko(z—y) <E(t,x)—E(ty) <0. (7.6

We distinguish two cases.

Case 1: © # 0. We only consider the case > 0, since the other case (z < 0) is treated
in the same way. We define p = ¢,(f, ), that according to (7.6), satisfies

—ky<p<0 (7.7)

We choose 7 small enough so that z — 2r > 0. We introduce

(L
V(1 2) = ol ) eav(p).

We have the following lemma.

Lemma 7.3. (p,1)°) satisfies, in the viscosity sense, the inequality

. v /
Pt +1\~4 (Eifﬂ) [5(;, )D (@) - lpal 2 5  ean@a) .
i (L, [200)] ) 0ot >
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Proof of Lemma 7.5. For all (t,z) € Qr7(t, %), we have for 7 small enough

t0) 3 (20,0, £(0] ) @) lostt o)l =) + 0r)

€

L[] ) @l

o), | it ) @Iy

where we have used for the first equality the regularity of the test function ¢ and the
fact that the non-local operator M¢ is bounded (see Remark 3.6) and (7.3) for the second
equality.

If p = 0, we obtain directly our result. We then assume that p € [—ko,0). For all
D > 2z >0, and for € and 7 small enough we have that

,lvbs(tv T+ 8.2) — QO(t, .’L’)
9

<p-Pv (j) +o(1) + (1),

where we have used the fact that ¢ € C'. Now using the fact that E is non increasing, we

ave B (1/}5(15,:1: +e.2) — e, JJ)) > E <pz - §V <_p1> +or(1) + 05(1)> - (79

€

Moreover, we have that
P (1 . 1., (-1
pz—=V|—]+0:(1)+0-(1) >0 iff z2< -V |—|+o0:(1)+0-(1).
o p
We deduce that

N (‘P(t, ), Vs(t, )D @) > [ B <pz _Pby <_p1) +o:(1) + 05(1)> i

9 £

Using (7.9),(7.10) and the definition of H, we have for 7 and € small enough,

N D

A 0401 -V (j) 1+ 0:(1) + 0(1) + V (j) ol = 0+ 0,(1) + 0.(1) >
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We now prove the second inequality in (7.8). Let us notice that for € small enough, using
the fact that the non-local operator K* is bounded (see Remark 3.6) and the definition of
¢, we have that

é (x _ K (f(t,x), [“O(t, )D (x)) — 1 forall (t,2) € Qrr(F 7).

€ €

For all (¢t,z) € Q7#(t,Z), we have for 7 small enough

Gt o)+ I ( Y (0, 2 ->D (@)t 2)] =pu(t,2)
v (2 L, [200] ) lenteo)
=0 + 0-(1)
e ( "0, £ >D @)l
—H(p)
—A

If p = 0, we obtain directly our result. We then assume that p € [—kg,0). For all
D > z >0, and for € and 7 small enough we have that

o(t,x —ez) —Y°(t, x)
€

< —pz+ v <_p1> +0:(1) + 0.(1).

Now, using the fact that F' is non increasing, we have that

/oD F (‘pz oV <_pl> +or(1) + 06(1>> s i (WQ’@’ [%’ )D @

9 €

which yields that

(2 v+ o < k(Lo [Feo]) o) 7.1)

9 €

)

We now compute N° <i(z€,x), [i(t, )

> (z). As above, and using the fact that I is non

decreasing, we have

e (W(t,x), V(t, )D (2) < /ODi (pz + gv (‘pl) +07(1) + oe(l)> dz.  (7.12)

9 9

220



7.Proof of convergence

1 1 —1
We notice that thanks to assumption (A7), for all p € [—ko,0) we have —+—V <> <
p

P«
: P (1 : . 1 1. (-1
0. Using that pz + =V | — | +07(1) + 0.(1) > —lifand only if 2 < —— — =V [ — | +
@ p P« p

07(1) 4+ 0-(1), we have distinguish two cases.

1 1 -1
First case: — — -V (
p a b

e (f(t, 2), [f(t, )D (z) < /OD i (pz 14 (?) +on(1) + 05(1)> dz

<- ; v (‘pl> + 0r(1) + 0.(1).

) +07(1) + 0:(1) < D. In this case,

(7.13)

Then,
x P

A" >0+ o:(1 )+L5<
6 9

Lt [£0] ) ol - 7
>0+ 05(1) + ak? (wa( o), | )D (2)

€

—ov (3 (Lo [£0] ) 0+ & (L. [Ee] Y @) +v ()
>0+ 0,(1) + V (;) 4 op(1) + 0.(1)
_ov (Nf (f(t,x), [f(t, )D (@) + ;v (j) +0r(1) + os(l)> +V (j) pl

>0+ o0;(1) +V (j) p| + 07(1) + 0-(1) — 2V <pl +o05(1) + o€(1>) Ip| +V (j) p|

0

29 + Of(l) -+ 05(1) Z 5,

where we have used the definition of L for the second inequality, (7.11) combined with

assumption (A7) (see Remark 2.2) for the third inequality, (7.13) combined with the fact

that V' is non-decreasing for the fourth inequality and the fact V' is a Lipschitz continuous
function for the last inequality.

P«
D, we have —1/p > hyq, for € and 7 small enough. Then using (7.11) and the definition

1 1 —1
Second case: —— — —V () + 0:(1) + 0.(1) > D. In particular, by definition of
p
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of N¢, we obtain

and

vmam
(0%

rort) + 0.0 < & (Lt [ £

)@

Using assumption (A7) (see Remark 2.2) and the previous inequalities, we get, using the
definition of L¢, that

1 (2 L, [20]) 0 = o (Lina [20.]) )

2;@%§@mﬁmwunkﬁfmewwug

Vmax
zmm+mm+%ayan»ka +wm+%uﬁ
Z - Vma:c + 077(]-) + 06(1)‘

Therefore, we have

~1
AN29+wU%4%mm+wxn+%uyH/<p)@
>0 + 04(1) + 0.(1)
0
>77
=2

where we have used assumption (A4) (V(h) = Viae VR > hipee) and that —1/p > Ay
This ends the proof of Lemma 7.3.
]

Getting a contradiction. Using (7.4), we have for € small enough,
uw <¢@—n and & <9 —n outside Qs (¢, 7).
Using the comparison principle on bounded subsets for (3.3), we get
uw<p—n and & <yY*—n on Qr:t,T).

Passing to the limit as ¢ — 0, we get & < ¢ —np and £ < ¢ —n on Q;7(¢,7) and this
contradicts the fact that v(f, 7) = max (E(f, 7), &(t, 92))) = o(t,T).
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Case 2: z = 0. Using Theorem 4.11, we may assume that the test function has the
following form

p(t,x) = g(t) + P_zlizco) + Pr@linoy 00 Qorar(t,0), (7.14)
where ¢ is a C'! function defined on (0, +00). The last line in condition (7.3) then becomes
9'(8) + F(p-,p,) = g'(t) + A=90.

Let us consider (w, () the solution of (6.1) provided by Theorem 6.1. We define

c . g(t) +w*(x) on szf(t_; 0)

b z) = {gp(t,m) outside Qo7 27(t,0), (7.15)
e . g(t) + Ce(l’) on szf(t_, 0)

vt e) = {go(t,:c) outside Qo527 (t,0). (7.16)

We have the following lemma,

Lemma 7.4. (¢°,9°) satisfies in the viscosity sence, for 7 and € small enough on Q; (¢, 0)

i (L, | ) ) @)1l > §

~ €T € € 9
wte + L (71/;@71')7 {i(u) > (37) ) |”¢§ > 5

€

(7.17)

Proof of Lemma 7.4. Let h be a test function touching ¢° from below at
(t1,21) € Qr7(£,0), so we have

w (wl) = i(h(tbl‘l) —g(t1))
and

(h(t1,ey) — g(t1))

1
w(y) > -

x
for y in a neighbourhood of ~L. Since w does not depend on time, we have that
€

hi(ti, 21) = g'(t1).
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Using that (w, () is a solution of (6.1), we then deduce that

multr, ) = (0) + 31 (w () 16T (2) - Ihaltr )] = A

9 9

which implies

e, ) + 37 (w (210 (B2 - Ihattr, )] 2 A+ (1) 2 5,
ho(tr, 21) + B¢ (f(tl,:ﬁ), [f(tl, )D (1) - [ha(tr, 21)| > g (7.18)

Let f be a test function touching ¢° from below at (t2,x2) € Qr7(,0). We have

¢(%2) = 2 (fta) - g(t2)
and
() 2 = (flta,2y) — (1)

x
for y in a neighbourhood of =2 Since ¢ does not depend on time, we have that
€

filte, 22) = ¢'(t2).

Therefore, using that (w, () is a solution of (6.1), we get

flta,z) =g/ () + L (2,6 (2) [u]) (2) - 1altara)] = A,
which implies

X2

0
-

fltaza) + L (2,0 (2) [u]) (2) - Ifulte )] = At gt >

€
Now for € small enough such that eD < r, we deduce from the previous inequality and
using the fact that we consider non-local operators with bounded support, that we have

~ T €
ltna + 2 (2. 1),

% 0.9]) (0 ot >
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8.Proof of the existence of correctors at the junction

Getting the contradiction. We have that for £ small enough

u +1n<o=gt) +D_xlpeoy + Prrlzs0y on Qar,27(1, 0)\Qr.7(, 0)
E4+n<p=9()+p_vlpeoy +Dilps0p  on Qoror(t, 0)\Qrr(t,0).

Using the fact that w®,(* — W with W(x) = p_xl{<op + P4+21{z>0y (see Theorem 6.1),
we deduce that for € small enough, we have

ue +g <¢f and € +g < & on Qurar(f, 0\Qs s (E,0).

Combining this with (7.15) and (7.16), we get that
15 77 g € 17 g : Iy
u® + 5 < ¢ and & + 3 < ¢° outside Q75 (t,0).

By the comparison principle on bounded subsets the previous inequality holds in Q7 (t,0).
Passing to the limit as ¢ — 0 and evaluating the inequality in (¢,0), we obtain

< (t,0) and £(t,0) +

N3

< ¢(t,0)

which is a contradiction with the fact that v(¢,0) = max (E(t, 0),&(t, O)) = p(t,0).

8 Proof of the existence of correctors at the junction

This section contains the proof of Theorem 6.1. We proceed as in [2, GIM15] and we will
construct correctors on a truncated domain and then pass to the limit as the size of the
domain goes to infinity.

For [ € (r,400), r << land r < R << [ we want to find A\, zp € R such that there
exists a solution (w"%, yb®) of

G}%CC? wlﬁ(x)v [XLR]? wéR) = )\l,R .
| G o, e i v 6 € )
F+(wl’R) = \NR .
— v ’ fx=1
{ H (%) = Mg ne (8.1)
() LRY _
{ 5—(101961%) ALR ifo=-1
H (Xx’ ): ALR
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with
Gr(z, w(z), [x],q) = ¥r(z)M(w(z), [X])(2)|q| + (1 = Yr(z)) H(q), (8:2)

GR(z,x(2), [w],q) = Yr(x)L (2, x(2), [w]) ()|g] + (1 — Pr(x))H(q). (8.3)
Moreover, 1 € C*, ¢ : R — [0, 1], with

Y= { é 22 [(:]ozi]l% _JU[R4+1,400), Vr(r) <1Vx ¢ [-R,R]. (84)

As in the previous sections, to G5° we associate G5” which is defined in the same way but
we replace the non-local operators M and L respectively by M and L.

8.1 Comparison principle for a truncated problem

Proposition 8.1 (Comparison principle on a truncated domain). Let us consider the
following problem for r <ly <l and A\ € R, with ls >> R.

{ C?lR(“’?U(l’)a [, uz) = A if v € (I, 1)

R(z,6(), [u], &) 2
{ H+((u;§(2);\[ ], &) > A o <
(&) > A =1l
and for g9 > 0,
Lz, v(x <A—¢g .
{ gi&g&i Egi <\ § 50 i e (ly,l)
{ FJF(U:B) <A—¢o — (8.6)
(Cx) <A—¢gp

Then if v(ly) < u(ly) and ((I1) < &(ly), we have v < u and ¢ < & in [ly, o).

Proof. Like in [2], the only new difficulty to prove this proposition is the comparison at 5.
But since near [y, the system decouples itself, we can prooceed as in [GIM15, Proposition
4.1].

]

Remark 8.2. We have a similar result if we exchange the boundary conditions, that is to
say for ly <ly < —r and if for all x € [la,lo + D], v(z) < u(z) and {(x) < &(z), and the
following conditions are imposed at x = lq,

H (ug) >\ o
{ A=y 00h
H (v;)<A—ey .,
Ui zasa oo
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8.2 Existence of correctors on a truncated domain

Proposition 8.3 (Existence of correctors on a truncated domain). There exists a constant
Mr € R such that there exists a solution (wh® x"B) of (8.1) for which there exists a
constant C' (depending only on ko) and a Lipschitz continuous function m“%, such that

Hy <N pr <0,
w () —mb < or all x € iR
LR ZR C for all —1,1
U (x) — lR( )| <C for all x € [—1,1], (8.7)
Iml’R(x) ( ) <Cle—y| forallzye[-L1],
w (T < or all x € 1,
LR C for all —1,1
with Hy defined in (2.6).
Proof. Classically, we consider the approximated truncated cell problem,
Sv° + Gh(z,0°(2),[¢O],v0) =0 .
{ 5 + G, (), o), ¢y =0 T E D)
§v + H (1)) =0 :
{ 500+ T (D) = 0 ifex=1 (8.8)
'+ H (v¥)=0 e ]
0 +H (¢)=0 '

Step 1: construction of barriers. Using that (0,0) and (Cy/6d,Cy/d) are respectively
obvious sub and super-solution of (8.8), with Cy = |m1n Hy(p)| = —Hy and that we have

a comparison principle, we deduce that there exists a contlnuous viscosity solution (v°, ¢?)
of (8.8) which satisfies

05 and 0 << S0 (8.9)

<’ <L
0o’ < )

Step 2: control of the oscillations of v’ and (°.

Lemma 8.4. The functions v° and (° satisfy for all x,y € [~1,1], x >y,
—ko(x —y) —1<0(2) —0’(y) <0 and —ko(z —y) —1 < (x) — (y) <0.(8.10)
Proof of Lemma 8.4. In the rest of the proof we will use the following notation

0= {(x,y) e[-LI?st. x> y}.
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Proof of the upper inequality. We want to prove that

M = sup max (v‘;(x) —v(y), O (x) — (5(y)) <0. (8.11)

(z,y)EN

We argue by contradiction and assume that M > 0. Since v® and ¢’ are continuous and
z,y belong to a compact, M is reached for a finite point that we denote by (z,7) € .
Given that M > 0, we deduce that T # 7. Therefore, we can use the viscosity inequalities
for (8.8).

Let us for instance assume that M = v?(z) — v°(j), the other case is similar so we skip
it. We distinguish 3 cases:

-If (z,y) € (=1, 1), we have

50°(2) + Gl(2,07(2),¢°),0) < 0
50°(5) + Gl v*(3),[¢7],0) 2 0.

Combining these inequalities with the fact that G%(z, U, [Z],0) = 0 for i = 1,2, we obtain
oM <0.
-If x =1 and y € [, 1), we obtain similarly
§M <0, (8.12)

using the fact that H " (0) = 0.
-If 7 € (—1,1] and y = —1, we obtain

(5MSHO<0,

where we have used the fact that H (0) = Hy < 0.
For every value of Z,§j we obtain a contradiction, therefore M < 0.

Proof of the lower inequalities. In order to proof these inequalities, we will use
the following lemma which proof is postponed.

Lemma 8.5. For all x € [—1,1], we have
0<(x) =0 (z) < 1. (8.13)
In order to prove (8.10), using Lemma 8.5 it is sufficient to prove that

M = sup (C‘;(y) — () = ko(x —y) — 1) <0. (8.14)

(z,y)EN
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We argue by contradiction and assume that M > 0. Since © is compact and v and ¢? are
continuous, M is reached for a finite point that we denote by (z,7) € Q. Since M > 0, we
deduce that z > y (thanks to Lemma 8.5). Therefore, we can use the viscosity inequalities
for (8.8). We distinguish 4 cases:

-If Z,y € (=1, 1), we obtain

3¢°(7) + Go(5, ¢ (), [v°], —ko) <0
0v°(Z) + Gz, v°(7), [¢°], —ko) > 0,

combining these inequalities and using the definition of M, we obtain

5I < 6C°(g) — 60(3) < (&, 0%(), [¢7), — o)

G (5, OO ), [0, ko). (8.15)

Since the non-local operator M is negative and that H(—ky) = 0 we deduce that
é}?(f7 Ud(i’)7 [C6]7 _kO) S 0.
We now claim that G%(y, °(3), [v°], —ko) > 0. Using H(—ko) = 0 and (3.17), we get that
G35, W), V), —ko) = L (5,C°®), [v*()]) @) - kovor(®)
(8.16)
> =2k V (N (@), [°C)]) @)

Let us now prove that N(¢°(¥), [v°()])(5) < ho. In fact, it is sufficient to prove that for all
z € (hg, D], we have

V(i +2) — () < —1. (8.17)
First, if z > = — ¢, using the fact that v° is non increasing and that M > 0, we obtain
(G +2) = C([) <v°(@) = ) < —ko(T—7) 1< —1.
Second, in the case z < & — ¥y, using the fact that
Cy+2) =@ —ko(@—y—2) = 1< @) — (@) —ko(Z—9) — 1,
and using Lemma 8.5 we deduce that
V(5 +2) — () < —koz < —1. (8.18)

() < hy. Using assumption (A3) (V(h = 0) if h < hy)

Yy
This implies that N(¢°(y), [v°(+)
16) we get that G% (¥, C°(¥), [v°], —ko) > 0. Using (8.15) we

and injecting this result in (8.
then get a contradiction.
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-If 2 € (—1,1) and y = —, we obtain

5@(@) E‘(—k)so
00’ (z) + Gg(7,v(7),[¢

Using the fact that H (—k) = 0 and that G%L(Z,v°(%), [¢], —ko) < 0 we obtain §M < 0.

51, —ko) > 0.

If z =1 and y € (—1,1), we obtain

5¢°(5) + GR(7,¢° (), [v°], —ko) < 0O
5v3(Z) + H (—ko) >0,

using that G% (7, ¢2(), [v°], —ko) > 0 (see the first case) , and the fact that H ' (—kg) < 0,
we directly obtain M < 0.

-If =1 and y = —I, we obtain

5C(y) + H (—ko) <0

and so, we get 6 M < 0.
For every value of 7,y € [—[,l] we get a contradiction, therefore we have M < 0. This
ends the proof of Lemma 8.4.
O]

Step 3: construction of a Lipschitz estimate. We want to construct a Lipschitz
continuous function m?, such that there exists a constant C' > 0 (independent of [ and R)

such that
|00 (z) — m®(z)] < C for all z € [—1,1],
|C0(z) —m(z)] < C for all z € [—1,1], (8.19)
m? () —m? ()| < Cla — y] for all 2,y € [-L.1]

We define m® as an affine function in each interval of the form [ihg, (i + 1)he), with
1 € Z, such that

m®(iho) = v°(iho) and m?((i + 1)ho) = v°((i + 1)hg).

Since m® and v° are non-increasing, and [v°((i + 1)hg) — v°(ihg)| < koho+1 = 2, we deduce
that for all = € [ihg, (i + 1)hg],

—2 < (i 4 1)hg) — m®(ihg) < v°(x) — m®(x) < v°(iho) — m°((i + 1)ho) < 2, (8.20)
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8.Proof of the existence of correctors at the junction

and for all z,y € [—1,1],
[m’ () = m® (y)| < 2kolz — yl.
Now using Lemma 8.5, we have
¢°(2) = m’(x)] < 3.
Choosing C' = max(2ko, 3), we obtain (8.19).

Step 4: passing to the limit as § goes to 0. Using (8.9), Lemma 8.5 and (8.19), we
deduce that there exists a subsequence 9,, — 0 such that

6,0°(0) = =N\ R as n — 400,

6,C%(0) = =N\ r as n — 400,

m’ —m® (0) — mbf asn — +oo.

The last convergence being locally uniform. Let us consider,

whf = limsup® (v’ — v*(0)) and w"® = liminf (v°* — v (0))
6p—0 6n—=0

and

X = limsup* (¢ — ¢7(0) and yM = Timinf (¢ — ¢*(0).

6n—0 —0 4

LR , LR

, W LR l

. YO, xBE and mbE satisfy

Therefore, we have that \; r, W

Hy <\ r <0,
|wl,R o ml,R’ S 07 |wl,R o ml,R’ S 07

‘YLR o ml,Rl S C7 ’XLR o ml,R’ S 07 (821)
mg"| < C,
and thanks to Lemma 8.5, we have
|XZ,R . @l,R’7 |Xl7R o Ml’R| <1. (8.22)

By stability of viscosity solutions, we have that (w"? — 2C, y"# — 2C) and (w"#, x"?) are
respectively a sub-solution and a super-solution of (8.1), and

o — 20 < wh®  and XZ’R -20< XI’R.

By Perron’s method, we can construct a solution (w"# x"#) of (8.1) and thanks to (8.21)
and (8.22), mbf whB b and A g satisfy (8.7).

The uniqueness of \; g is classical so we skip it. This ends the proof of Proposition 8.3.

O]
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Ch.5. Specified homogenization of a second order discrete model

Proof of Lemma 8.5. We separate the proof in two parts. This proof uses the vertex test
function of the work of Imbert and Monneau [IM14, Theorem 3.2] to treat the comparison
between v° and (? near —I and [. In fact, we consider that we have a network composed
of a single branch with two nodes (one in —/ and the other in /). Near —[ we consider an
outgoing branch and near [ we consider an incoming branch.

Step 1: proof of v°(z) — (°(z) <0 for all z € [—1,1]. We want to prove that

M = sup <v5(a:) — C(;(SL')) <0.

z€[—1,l]

We argue by contradiction and assume that M > 0. Given that v® and (% are continuous,
M is reached at a finite point that we denote by = € [—[,l]. We distinguish 3 cases
according to the position of z in the interval [—1,].

Case 1: z € (—I,1). We define for ¢ a small parameter,

o) =)~ ) - (-

Since [—1,1] is compact and v° and ¢° are continuous functions, the function ¢ reaches a

maximum at a finite point that we denote by (z.,y.) € [—[,[]. If we denote M. = ¢(x.,y.),
by classical arguments, we have that

lir% M. = M, lir% |z —y:| =0, and (x.y.) — (Z,%) as € goes to 0. (8.23)
e— e—
We can also prove that

(xs - ys)Q

—0 ase—0. (8.24)
€

Furthermore, for ¢ small enough we have z.,y. € (—[,[), and using the viscosity in-
equalities we obtain

505@5) + C}}z(%a Ua(‘%)a [Cs]apa + (5135 - f)) <0
0¢°(ye) + GR(Ye, C(%e), [0°), pe — (3 — 7)) > 0,

with p. = (2. — y.)/e. Combining these inequalities and using the definition of M, we
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8.Proof of the existence of correctors at the junction

obtain that

OM < G (e, CC(ye), v

< (¢R<xe) ¢R(y€>

Tope = (- — ) = G (2e0°(2), [) pe + (22 — 7))
)
Fon(ye) K (C(y )
)

Pe
H(pe) + [[Vnllool [H [0 (|9 — | + |2 — )
(%

), [0 () () 1P — ye + 7
—Yr(we) M (0 (x2), [C°()]) (@) [pe + 2. — 2|
< (Wr(ze) — ¥r(Y:))H(p:) + H@/)RHOOHH||Oo(|y5—x|+\x6—x|) (8.25)
+Hn(ye) oK (C(ye), [V C)]) (e )-Ipe] = r(z) M (0 (z2), [¢°()]) () ||
+(aMoly. — 2| + Mo|z. — Z|)
S (¢R<xs) _wR(ys))H(]; ) +05( )

+r(ye) K (¢ (y2), [0 ()]) (ye)-|pe| — () M (v (), [¢° ()]) (22)- e

where we have replaced Gk and G% by their definitions, used the fact that by definition
H is a Lipschitz function and that that V' > 0 for the second inequality, used Remark 3.6
for the third inequality and (8.23) for the last inequality.

We will compute the right part of the inequality in different steps.

1-Concerning the local operator.

(¢R(Ie) - wR(yz-:))F(ps) < HDwR||OO|x€ - yz—:“F(ps)’
< 1Dl Vs T2 (5.26)
=o0.(1)

where we have used the regularity of g for the first inequality, used the fact that by
definition of H, we have |H| < Vjn4z|p| for the second inequality and used (8.24) for the
last inequality.

2-Concerning the non-local operator M. We claim that
M (v°(x.), [C°()])(z:) < |xe —v.|. To prove this, it suffices to prove that for all z > |z, — y.|

Cwe + 2) —v°(x.) < 0.
Using the fact that ¢ is decreasing, that z. + z > y. and that M. > 0, we obtain
e+ 2) — (@) < ) — (@) < 0.
Therefore we have

()M @), 1)) = = dnla) [ B+ 2) — o))

SO&‘ZEE - ye"

(8.27)

In particular, this implies that

wR(mE)M(vé(*/Es)a [C5]>($6> (”TE;‘%)Q

pe| < = o0.(1). (8.28)
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Ch.5. Specified homogenization of a second order discrete model

_ 3-Concerning the non-local operator K. We claim that
|K(CS(ye), [ () (we)] < |z — ye|. As before, it suffices to prove that for all z > |z, — y.]|

Ud(ye —2) - Cé(ye) > 0.

Using the fact that v° is decreasing, that z. > 3. — z and that M, > 0, we obtain

0 (ye — 2) — ¢ (ye) > v°(x:) — ¢*(ye) > 0.

Therefore we have
Dr(y=) K (C(ye), [0°]) (u:)| < Jaz — wel. (8.29)

Injecting (8.26), (8.27), and (8.29) into (8.25), we obtain M < o.(1) and we get a
contradiction for € small enough.

Case 2: r =1[. In this case, we use the vertex test function introduced by Imbert and
Monneau. We refer to [IM14] for a detailed description of the vertex test function, but for
the readers convenience we recall the properties that we used to complete this proof. The
vertex test function G7 is associated to the single Hamiltonian H. We fix v = §M/2. It
satisfies the following properties.

1. (Regularity)

G'(x,-) € Ci([

) forall xe |-,
(- y) € CH[=L1 —1,1

) forall ye [—1,1]. (8.30)

G e C([-1,1]%) { :ll
2. (Bound from below) G7 > 0 = G(0,0).

3. (Super-linearity) There exists ¢ : [0, +00) — R non-decreasing and such that for all
(ZL’, y) S [_l7 l]2

9(Jr —y|) < G'(xz,y) and lim g(a) — 1o

a0 q
4. (Compatibility condition on the gradient)
H(y, =Gj(x,y)) — H(z,Gi(z,y)) <, (8:31)
with for all z € [-[,{] and p € R,

_ H(p) ifzel-1])
{7

H(x,p) = ) ifr—L (8.32)
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8.Proof of the existence of correctors at the junction

We introduce the following test function, for ¢ > 0 a small parameter,
sy sy (oYY 1 A2 ey
pla.y) =v'(@) = )~ 67 (L Y) = 5 (0 =2+ (y - 0.
which like before reaches a maximum at a finite point (x.,y.) € [—/,(] and (8.23) remains

true.
Using the viscosity equations, we have that

51}5(365) +H <:135, GY <x5, ‘%) + (ze — f)) <0
e’ €

__ Te Y _
&W%%+H(%r%%<gi;V—@s—w>)20.
Using the definition of M and combining the previous inequalities, we get that

o <H (G (2.2 = =) ) = T (G2 (5.2) + (- )

e e e e

SF <y€7 _GZ (§7 g)) _ﬁ (.’L’E,GZ (Z? g)) + 08(1)7

where we have used (8.23) combined with the fact that both H and H ' are Lipschitz
continuous for the second inequality. Using the compatibility condition on the gradient of
the vertex test function (8.31) we obtain

oM < v+ o0.(1),

and given that v = §M /2, we get a contradiction for ¢ small enough.

Case 3: ¥ = —[. This case is exactly like the previous one with the exception that
the vertex test function must be adapted to treat the junction at —I. In particular, (8.32)
is replaced by

_ [ H(p) ifze (=11
Hiw,p) = { H (p) ifx=-1
We skip the rest of the computation for this case.

In conclusion, we have M < 0 and for all x € [—1,1], 0 < (°(x) — ().

Step 2: proof of (°(x) —v°(z) < 1. We want to prove that
M = sup (C‘S@) — v’ (x) — 1) <0.

ze[-1,]
We argue by contradiction and assume that M > 0. Give that v° and ¢’ are continuous, M
is reached at a finite point that we denote by = € [—,]. We distinguish 2 cases according
to the position of Z in the interval [—[,].
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Ch.5. Specified homogenization of a second order discrete model

Case 1: z € (—I,1). We define for ¢ a small parameter,

ple) = (@)~ o) ~1 - T (@ - 2.

Using the same arguments as before, the test function reaches a maximum at a finite point
that we denote by (z.,y.) € [—1,1]. If we denote M. = p(z.,y.) (8.23) and (8.24) remain
valid.

For & small enough we have z.,y. € (—[,[), and using the viscosity inequalities we get
that

0¢° (xe) + Gh(ze, (), [v'], p:) <0

57]5(%) + G}z(ys,v‘s(ye), [C(SLPE) >0,

with p. = (2. — y.)/e. Combining these inequalities and using the definition of M, we
obtain

5M G}?(yevvé(ya)a [Cﬂa ) - G%%(x@ Cé(xa)’ [Ué]’pf)

De
((z:) — Unu ) (p2) + 20V (V) 0O @) el &)

<
<

where we have replaced G% and G% by their definition and used (3.17) and that M < 0.
We will compute the right part of (8.33) in different steps.
1-Concerning the local operator. Like before, we have

(Vr(22) — Vr(Y)) H (pe)| < [1DYnlloolwe — yel[H(pe)| = 0c(1). (8.34)
2-Concerning the non-local operator N. We claim that
N(¢*(xe), [0 (M) (we) < ho.
To prove this, it suffices to prove that for all z > hg, we have
V(3. +2) — O(x.) < —1.

Since |z. —y.| — 0 as € goes to 0, we have for all z > hg and ¢ small enough that z.+z > ..
Therefore, we get

UJ(SL’E + Z) - Cé(x€> < U6(ys) - Cs(g%) < _17

where we have used the fact that v° is decreasing for the first inequality and the fact that
M, > 0 for the second inequality. This implies that

V(N (o), [ () ae) ) < Vo) = 0. (8.35)
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8.Proof of the existence of correctors at the junction

Injecting (8.34) and (8.35) in (8.33), we obtain M < o.(1), and we get a contradiction
for € small enough.
Case 2: z =1 of ¥ = —I[. Proceeding like in the previous step we obtain directly a
contradiction by using the properties of the vertex test function.
This ends the proof of Lemma 8.5.
[

Proposition 8.6 (First definition of the flux limiter). The following limits exists (up to
some sub-sequence),

Z: lim AR;

- R—+o00

AR— lim >\Rl
—+

Moreover, we have
Hy < A, Ar<0. (8.36)
Proof. This proposition is a direct consequence of (8.7). O

Proposition 8.7 (Control of the slopes on a truncated domain). Assume that | and R
are big enough. Let (wh®, x"T) be the solution of (8.1) given by Proposition 8.3. We also

assume up to a sub-sequence, that A = lim lim X\ p > Hy. Then there exists vy > 0
R—+ocol—400

and a constant C' > 0 (independent of | and R) such that for all v € (0,7) and for all
x>r+ D, h>0 we have
WMo 4 h) - wtR(@) > (5, — )b - C (3.37)
and
Yz + h) — X" () > (5. —y)h — C. (8.38)
Similarly, for all x < —r — D and h > 0,
Wz — h) - 0 B(z) > (<p_ —1)h - C (8.39)
and
X = h) = x"(@) = (=p- = )h - C. (8.40)

Proof. We only do the proof of (8.37)-(8.38), since the proof of (8.39)-(8.40) is similar and
we skip it. For g > 0, small enough, we denote by p:[ the real number defined by

H(p))=H (p)) = \r— . (8.41)
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Ch.5. Specified homogenization of a second order discrete model

Using that
Hy < Npr <0,

we deduce that pf exists for 1 small enough and p; € [k, 0).
Let us now consider

wt = pia,
+ — p:tr —1
X" =ppr——V|—],
o Dy
that satisfy
Huw)=H (wH=HxH=H (x})=MNr—pn forzecR (8.42)

xT

- 1
Let us consider (w, x) = <0, —p—“V ( )) the correctors provided by Proposition 5.1 for
o

p = p;. Given the definition of w™ an]Zf X, we get
M(w™ (2), X )(2) = My (w(z), [X])(z), KX (2), [w)(@) = Kz (x(2), [w]) (@),
and
N(x"(2), [w)(z) = N,z (x(2), [w])(2).
In particular this implies that
Mt @ D) = ()

and

QK (¢ (@), [ (@) = 2V (K (¢ @), [0 ) @) + N @) [t @) = -V (‘1) |

Py

Finally, given that the non-local operator K is bounded by D (see Remark 3.6), we have
for all x € (r + D, ]

6z = K(¢Ha), o )(@)) = 1.

Combining the previous results, we can see that the restriction of (w™, x¥) to (r+ D, ]
satisfies

(pf[) = NR—H

G}%(%Uﬁ(l’)a[){ﬂaw;) IH(]?:) :)\l,R_:u’ .

{G% T if x € (r+ D,I)
EJF(U};):)‘Z,R_# ife=1
H(

(8.43)
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8.Proof of the existence of correctors at the junction

Let us introduce, for some xy € (r + D, ],

k
u=w"—wt(zrg) —C — —OVmax

x0)7 v :X+—w+<l’0) _C_ivmaxa

with C' > 0 the constant provided by Proposition 8.3. Then we have

ko

g(xg) =0>—-C — Evmm = u(xg)

and

_ LR LR ko Py -1\
hwo) = X" (wo) — w i (z9) 2 =C'2 =C = Ve = =V - = v(xo),

where we have used the fact that pf € [~ko,0) and [[V]|oe < Ve Using that (g, h) is
a solution of (8.5) and (u,v) is a solution of (8.6) (with ey = p), joint to the comparison
principle (Proposition 8.1), up to changing the value of the constant C, we get that

{ w(z) — wh(z0) > pf (x — 20) = C
XM () = XM (o) > py (x — o) — C.

This implies that for all A > 0, and for all x € (r + D, 1),

whi(z + h) —whR(z) > pth - C
X+ h) = XM (@) =2 pyh - C.

Finally, if we choose vy < |po — P.|, then we have

Hp, —v) =H (. — ).

Choosing ;1 > 0 such that

we obtain (8.37)-(8.38).

Proof of Theorem 6.1. The proof is performed in two steps.

239



Ch.5. Specified homogenization of a second order discrete model

Step 1: proof of i) and ii) We want to pass to the limit as [ — +oo and then as
R — +o0 on the solution of (8.1) given by Proposition 8.3. Using (8.3), there exists
[, — 400, such that

mmf — ! R0) 5 mP as n — 4o,
the convergence being locally uniform. We also define

w"(r) = lim sup” (wl"’R — wl"’R(O)) , wf(z) = liminf (wl’“R - wl"’R(O)) :

n—-+o00 n—=00 4

and

XR(x) = lim sup” (Xl"’R — Xl"’R(O)> , XR(x) = lim inf (Xl"’R — Xl"’R(O))

n—s-+oo - N—=400 4
Thanks to (8.3), we know that these limits are finite and satisfy
mlit—C <wlt<wlt<mf+C and mR—C’ngSXRSmR—l—C.

By stability of viscosity solutions (W — 2C,x" — 2C) and (w”, x™) are respectively a
sub-solution and a super-solution of

Gh(x? wR(m)’ [XR]v wg) = ZR
{ Gz, xR (x), W], xF) = Ag. (8.45)

Therefore, using Perron’s method, we can construct a solution (w’, x®) of (8.45), with
mP, Ag, wf and y# satisfying

imT(z) —m"(y)| < Cle —y| for all z,y € R,
|wf(z) — mP(z)| < C, |xF(xz) —mf(z)] < C forall x € R, (8.46)
lwi(z) — x"(z)] < C for all z € R, Hy < Ag < 0.

Using Proposition 8.7, if A > H,, we know that there exists a 79 > 0 and a constant
C' > 0 such that for all v € (0,7), for all x > r+ D, and h > 0,

wh(z +h) —w"(z) > (p, —y)h—C and x(z+h) — x(z) > (p, —7)h - C.
Similarly, for all x < —r — D and h > 0,
wi(a —h) —w(z) > (=p_ =)h—C and x%(z—h) —x"(z) > (=p_ —y)h - C.

Proceeding like before, we pass to the limit as R — 400 in order to build a solution
(w, x) of (6.1) with A = A that satisfies (6.3), (6.4) and (6.5).
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8.Proof of the existence of correctors at the junction

Step 2: proof of iii). Let us now consider the rescaled functions w® = cw(z/e) and
X°(z) = ex(x/e). Using (6.3), we have that

w(z) =em (i) +0(e) and x°(z) =em (i) + O(e). (8.47)
Therefore, there exists a subsequence €, — 0 as n — 400, such that
w®, x** — W locally uniformly as n — +oo, (8.48)

with W (0) = 0. Proceeding as in the proof of convergence (Section 7), away from the
junction point, we have that W satisfies

H(W,)=A forz#0.

This proves (6.6). Let us now prove (6.7).
For x < 0, we have for all v € (0,7), if A > Hy,

W, <p_+n,

where we have used (6.5). Therefore, we have W, = p_ for z < 0, this equality remains
valid if A = H, (indeed, if A= Hy, we have p, =p_ = py = W,).
For z > 0, we have for all v € (0,7,), if A > Hy,

WZU Zﬁ—i-_’Ya

where we have used (6.4). Therefore, we have that W, = p, for > 0, this result is still
valid if A = Hy.
Combining these results, we obtain (6.7).

[

Theorem 8.8 (Effective flux limiter). Assume (A). We define the following set of func-
tions,

S ={(v,Q) s.t. 3 a Lipschitz continuous function m (with m(0)=0)
and constant C' > 0 s.t. ||[v —m||o, || — M|]ee < C}.

Then we have
A =inf{\ € [Hy,0]: I(v,¢) €S solution of (6.1)}. (8.49)

Proof of Theorem 8.8. Up to a sub-sequence, let A = lim lim )\ z. We want to prove

L R—+o00 l—+o00
that 4 = inf E, with

E ={\ € [Hy,0]:3(v,() € S solution of (6.1)}.
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Ch.5. Specified homogenization of a second order discrete model

We argue by contradiction and assume that there exists A € E such that A < A. We
denote by (v*, ) a solution of (6.1) associated to . Arguing as in the proof of Theorem

6.1, Step 2, we deduce that the functions

X

V5 (1) = ev? (m) and (§(z) = e ()
€ €
have a limit W* (with W*(0) = 0) which satisfies
HWM =X fora#0.

This means that for all x > 0, we have

W) <p) <py with Hp})=H (p}) = X
Similarly, for all x < 0, we have

Wr>pt >p. with Hp))=H (p*) =\
These inequalities imply that for all v > 0, there exists a constant C} such that

(P} +7)z+C, forz >0,
(pr =)z +C, forxz <O.

o) < |
Using Theorem 6.1 (ii), we have for vy small enough,
v <w and <y for|z| >R
This implies that there exists a constant C'; such that for all x € R, we have
M x) <w(x) +Cp and (z) < x(2) + Cp.

Let us now introduce two functions (u,£) and (u?,£?), defined by

{ u(t,z) = w(r) + Cp — At, and {
§(t,x) = x(z) + Cp — At,

uMt, ) = vMx) — A,
(1) = O ) — M.

Both functions are solutions of (3.3) (with ¢ = 1) and
u0,2) <u(0,x) and €(0,z) < &(0,x).
Using the comparison principle (Proposition 4.9), we obtain

v Mx) — M < w(x) — At + Chp.

Passing to the limit as ¢ goes to infinity, we get A < ), which is a contradiction.

(8.50)

(8.51)

(8.52)

(8.53)
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9 Link between the system of ODEs and the PDE

This section is devoted to the proof of Theorem 3.3, which is a direct application of our
convergence result, Theorem 3.2 joint to the following result.

Theorem 9.1. For e = 1, (p,0) defined by (2.2) and (3.2) is a discontinuous viscosity
solution of the following equation

o+ M (p(t,2), [o(t,)]) (2) - |oa] = 0
{gﬁ44£dt®JMuMN®PMA:O for (t,z) € (0, +00) x R. (9.1)

Conversely, if u and & are bounded and continuous functions such that (u,&) is a solution
of (9.1) satisfying for some time T > 0, and for all t € (0,T)

u(t, x) is non-increasing in x,
&(t, x) is non-increasing in x, (9.2)

then the points (U;(t),Z;(t)) defined by u(t,U;(t)) = —(j + 1) and £ (¢,Z5(t)) = —(j + 1)
for j € Z, satisfy the system (3.1) on (0,T).

The proof of Theorem 9.1 is given in Appendix 11. Let us use Theorem 9.1 to do the
proof of Theorem 3.3.

Proof of Theorem 3.3. We recall that in Theorem 3.3 we have uy(z) = £§(z) = —x/h. Let
us begin by proving that for all x € R and for all € > 0, we have

p7(0,2) —uo(x)] < f(e) and  [0°(0,2) = &(2)] < g(e), (9.3)
with f(e),g(e) — 0 as £ goes to 0. Let us define a piece-wise affine function v satisfying
p'(0,2) = v(x) for x = U;(0), for all i € Z.

Given that for all U;41(0) — U;(0) > hg, we notice that v is ko-Lipschitz continuous and by
definition of p'(0,z), we have

’pl(O,x) - v(:z:)‘ <1 forall zeR.
Let us consider the integer iy € N defined by
iop =sup{i € Z, s.t. U;(0) < —R}.

Using the assumption that for all i € Z such that U;(0) < —R we have U;1(0) —U;(0) = h,
we deduce that for all x < U;,(0)
T Uio (0)

v(x) = T

00, (0) =~ + P10

— o — 1.
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Ch.5. Specified homogenization of a second order discrete model

Let us now consider the integer i; € N defined by

Now using the assumption that for all i € Z such that U;(0) > R we have U;,1(0) —U;(0) =
h, we deduce that for all x > U, (0)

v(x) = ~ + h

+0(0,0,(0)) =~ + ot

—1; — 1.

Moreover, we recall that for all € > 0, we have p°(0,z) = ep' (0, z/¢), this implies that
for all z ¢ [eU;,(0),eU;, (0],
x
X <€) — up(x)

U,(0) | U,(0) | (94)
T—zl—l h—zo—1|>.

(0, 2) — uo()| <

p°(0,2) —ev <Z>’ +

Y

<e 4+ emax (‘

Similarly, we have for all x € [eU,;,(0),eU;, (0)],

1p°(0, ) —up(x)] < [p°(0,2) —ev (z)‘ + |ev (i) ~ &t (i)’ (9.5)

<e+e max (|o(y) —uo(y)l),
ve (Ui (0),Us (0)]

where we have used the fact that cug(x/e) = ug(x). Combining (9.4) and (9.5) and choosing

f(e) = e + emax <‘Ui°h(0)—io—1

Y

max (Jo(y) — wo(y)])
Y€[Uiy (0),Us (0)]

U“h(o)—z'l—1’)

we deduce the first inequality in (9.3) and proceeding in the same way we obtain the second
inequality. Using (9.3), we deduce that for all x € R and for all € > 0, we have

|(07)"(0,2) —uo(x)] < f(e) +e and [(07)(0,2) = & ()] < g(e) +e. (9.6)

Combining (9.3) and (9.6), we get

{ up(x) — max(f(e),g(e)) < ) <
&5 (x) — max(f(e),g(e)) < o°(0,2) < (6°)*(0,
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Using the fact that (p°, o) is a viscosity solution of (3.3) and the comparison principle
(Proposition 4.9) we deduce that (with (u®, &%) the continuous solution of (3.3) associated
to the initial condition ug(x) = &§5(x) = —x/h)

{ us(t, ) —max(f(e), 9(¢))
g

< (p°)"(t, x) < wui(t,x) + max(f(e),g(¢)) +¢
§E(t7x) - max(f<€>7 (€>) < O'E(t,x €

< 9
< (%) (t, ) < E(t ) + max(f(e), g(¢)) + ¢,

where we have used the fact that (3.3) is invariant by addition of constants to the solutions.
Passing to the limit as € — 0 and using Theorem 3.2 we get that p°,0° — u° (the unique
solution of (2.7) with (ug, &) for initial condition), which ends the proof of Theorem 3.3.

]
10 Appendix: analysis of system (3.1)
In this section we present some properties of the solution (U;, Z;);ez of
{ Us(t) = a (5,(t) = Us(t))
) (10.1)
Ei(t) = a(U;(t) — E;()) + 2V (Uja(t) — U;(1)) - & (U;(2)) -

We couple system (10.1) with an initial condition (U;(0), =;(0)); that satisfy the following
assumption.

(A0’) (Initial conditions for (10.1)). For all i € Z,

0< EZ(O> — UZ(O) S Vmax’ Ul+1(0) — EZ(O) 2 ho, and Uerl(O) — UZ(O) S hma:p(loZ)

- o

Proposition 10.1 (Bounds on the velocities of the vehicles). Assume (A) and (A0’), then
the solution (U;, Z;); of (10.1) satisfies for alli € Z

0<Zi(t)—U(t) <

Yinas for allt > 0. (10.3)
o

Proof. Let us consider the equation satisfied by =; — U;

= 2« (Ez — UZ) + 2V (Uj+1 — UJ> : §Z5(UJ) for all ¢ > 0,
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Step 1: proof of the upper bound in (10.3). Using assumptions (A1), (A4), and
(A6), we notice that =; — U; is a sub-solution of

£0) = VZ (10.4)

{ 2= =20z + 2V02,

By comparison, we have

Zi(t) = Ui(t) < 2(t) = Yinas for all ¢ > 0.
(6]

Step 2: proof of the lower bound in (10.3). Using assumptions (A1), (A3), and (A6),
we notice that =; — U; is a super-solution of

{ ZE) e (10.5)

By comparison, we have
Ei(t) —Ui(t) > 2(t) =0 forallt>0.

This ends the proof of Proposition 10.1.
O

Proposition 10.2 (Conservation of the order in (10.1)). Assume (A) and (A0’), then the
solution (U;, Z;); of (10.1) satisfies for all i € Z,

Ui+1(t) — Ez(t) > ho fOT allt > 0. (106)
In particular, using Proposition 10.1, this result implies that

Ui+1(t) — Ul(t> > hy and ElJrl(t) — Ez(t) > hg fOT’ all t > 0. (107)

Proof. We will prove that for all 6 > 0 small, we have
Ui—i—l(t) — El<t) > hg — 6 forallt>0.

Then passing to the limit as ¢ goes to 0 we will obtain (10.6).

Let 6 > 0, we argue by contradiction and assume there exists a time

"= 1nf{t, s.t. dj € Z s.t. Uj+1<t) — Ej(t) = hy — (5}
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Let us consider j € Z such that U1 (t*) — Z;(t*) = ho — . By continuity, there exists a
time to € [0,¢*) such that

Uj+1(t0) - Ej<t0) = hg and Uj+1(t) - Ej(t) € [ho - 5, ho] for all t € [to, t*]

Using Proposition 10.1, in particular that U; < Z;, and assumption (A7) combined with
Remark 2.2, we have that

a(Uj = Z5) +2V (Uj1 — Uj) - 9(U;) <2V (Uja — Ej) - 8(E5) <2V (ho) - 9(Z;) = 0(10.8)
This implies that (U;, Z;) satisfies for all t € [¢g, t*],

Up=aE=U) g [ Uilto) < E5(t)
Y th ¢ 2 !
{ =; <0, v Z;(to) = Uj1a(to) = ho.

Therefore, we have for all ¢ € [tg, t*]
Zi(t) < Ujsa(to) — ho.

Using again Proposition 10.1, in particular that the functions (U;); are non-decreasing in
time, we obtain that

5 (") < Uja () — ho,

which is a contradiction. This ends the proof of Proposition 10.2.
]

Proposition 10.3 (Maximal distance between two vehicles). Assume (A) and (A0’), then
the solution (U;,=;); of (10.1) satisfies for all i € 7Z,

Vinaz = 2
Upp1 (1) = Us(t) < Pomas + + 1 forallt >0, (10.9)
20 b0
In particular, using Proposition 10.1, we have that for all i € Z,
3Vinaz 2
Upar () — Zi(t) < honas + + 2 forallt >0, (10.10)
2c0 ¢0

Proof. We will prove that for all 6 > 0 small, we have for all i € Z,

Vmal’ 2
Usir(t) — Us(t) < honas + s (; 46 forallt> 0. (10.11)
0

Passing to the limit in the previous inequality as § goes to 0, we will obtain (10.9).
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Let 0 > 0, we argue by contradiction and assume there exists a time

2, Vonas |
Po 2a '

t" = inf {t s.t. Elj € 7 s.t. Uj+1(t) — Uj(t) > hnas +

2 3Vmaw
Let us consider j € Z such that U; 1 (t*) — U;(t*) = humas + il +

¢0 2c0
and (AQ’), there exists a time ¢y € [0,t*) such that

+ 0. By continuity

Ujs(to) — Uj(to) = hmaa (10.12)
and
2 max
Uj-i-l(t) - U](t) S h’maxa hma:c + l + 3V, + 5] for all t € [to, t*]
®o 200

We distinguish three cases.

Case 1: Uj(ty) € [—r,r]. The couple (U;, E;) satisty for all ¢ € [to, t*]

T =. _TJ. U(tO) = U'+1<t0) - hmax
{ Uj = (& =1j) with e Voo (10.13)
=j = O‘(Uj - :j) + 2Vinaa - ¢(Uj)v 0< :j(to) - Uj(t()) < o

In order to compare the distance U;;1 — U; when Uj is inside the perturbation, we consider
the worst case scenario where the vehicle j advances at a speed V,,..¢0 and j + 1 advances
at a speed V,qp, until U; > r (meaning that the vehicle j is outside the perturbation).
To be more exact, we notice that the couple (Uj, Z;) is a super-solution of the following
system

v =a(¢ —v) . v(to) = Ujs1(to) — humas
{ ¢ =av—C) + Va0, with { ((to) = U(ttl)- (10-14)

Computing the solution of (10.14) we get

Vmax _ _ Vmam
U(t) = 7%6 20(t—to) _ 7% + Vmax¢0(t - tO) + ’U(to)

Vinazx _ _ Vinas '
C(t) = —20;7506 2a(t—to) + 20;250 + Vmax¢0(t - tO) + U(t(J)

By comparison, we obtain that

Vmax —2a(t— Vma:t
Uit) > o(t) = 204%6 2a(t—t0) _ 204% b Vibolt —to) 4 v(ko).  (10.16)
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N 1 Vma:p .
Let £ = Vg < 20;% +r— Uj(t0)> + to. Using (10.16), we have that U;(#) > r. We
max %0

now prove that t < ¢*. In fact, for all t € [to, ﬂ, we have

Uj1(t) = Us(t) < Uja (£) — Us(to) < Vipao(f — t0) + Ujsa (to) — U;(fo)

1 Vmaa:
= Vmaa: (Vmaxqbo ( 2OK¢0 +r— U](t0)>> + Uj-l-l(t()) - UJ(tO)

Vma:r r — U(to)
< ! hmax
< Voo | ( L ) n
< Vmax + & +h
= 9a ¢0 maz)

where we have used Proposition 10.1 for the first line. From the previous inequality and
the definition of t*, we deduce that ¢ < t*.

The couple (U;, Z;) satisfies for all ¢ € [t,#*],

U; = a(Z; - Uj)

: 10.17
{ Ej :oz(Uj—Ej)—i—QVmax, ( )
with

2 Vmax
hmam S Uj—l—l(@ - U](ﬂ S hma:p + l +
v b0 2 (10.18)
0<E(f) - U;(H) < ==

o .

We can easily compute the explicit form of the solution of (10.18),

- (e

—_ €—2a(t—f) Vma:r; 1 —_
=550+ U)oy = T 4 Vot — )+ 5 (540 + U (D)

and

—_ —_ ~ Vmar e_QOé(t_i) vma:p 1 —_ ~
.:](t) = (:‘]O@)_U](t)_ o ) 9 + 20y +Vma:c(t_i>+§<:‘](t>+U](t>>

Using Proposition 10.1, for all ¢ € [£,¢*], we have that

Uj+1(t) < Vmaw<t - f) + Uj+1 (ﬂ (10'19)
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Ch.5. Specified homogenization of a second order discrete model

Therefore, combining the previous results, we have for all ¢ € [, t*]

Uj—i-l(t) - Uj(t> Svmaz(t - f) + Uj+1< mam ﬂ 5 <“J f + Uj(t ( ))
Vmam —_ _QQ(t t) Vmam
1 —_ Vmam
<Uj(f) — 5 (53‘@ + Uj(ﬂ) T o0

Vmal‘
<Uja(f) = Uj(t) + %0

2r  Viae
Shmax + e + )
®o a

where we have used Proposition 10.1 for the second and third inequality and we have used
(10.18) for the last inequality. The previous inequality remains valid for t = ¢* which gives
us a contradiction.

Case 2: U;(tgp) > r. In this case, the couple (U;,=;) satisfies system (10.17) for all
t € (to,t*], with the following initial conditions

( ) Uj+1<t0) hmam
0< Z,(t) — Ujto) < 272 (10.20)

(07

As above, the explicit solution of (10.17)-(10.20) has the following form,

e—2a(t—t0) Vmax
—=.(t U-(t —
j(to) + Ulto) ) 5 — — 2

Vst = 1) + 5 (5500 + Uj00)

and

Vmax 6—2a(t—to)
)

(E;(to) + Uj(to)) -

=5(t) =(Z4to) ~ Ujlto) -
Vma:(:

+20¢

N | —

+ Vmam(t - tO) +

Vmax

Arguing as above, we will obtain Uj41(t*) — U;(t*) < hyas + 5 which is a contradiction.

«

Case 3: Uj(ty) < —r. We treat this case in 3 steps.
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Step 1: left of the perturbation. We denote by
t =inf {t >ty s.t. U;(t) = —r}.

For all t € [ty, ], the couple (U;,Z;) satisfies (10.17)-(10.20) and therefore has the same
form as the one presented in Case 2. In particular, for all ¢ € [to, ﬂ, we have

Vmaac
200

This implies that £ < t*.

Step 2: inside the perturbation. In the interval [,*], the couple (U}, Z;) satisfies
(10.13) with the following initial condition

Vmam
UjH(ﬂ - Uj(ﬂ < Nimaz + 2

. Vma:c
0 < E(f) —Us(f) < Y

The couple (U, Z;) is a super-solution of
" Vma:v
with { 0(0) = Uja () + onaz + 575 20 (10.22)

{Z C(f) = v(d).

Computing the solution of (10.22), and by comparison, for all ¢ € [£,¢*], we have

a(C—w)
Oé( C) + 2Vmax¢07

Vmam — —f Vmax
U,(t) > Vinas® —za(e—t) _ % | Vinazdo(t — ) + v(f).

200 2a
T 1 Vmaxgbo A . ~
Let t = 5 5 + 7 —Uj(#) | +£. Using (10.16), we have that U;(£) > . We now
max 0 «
prove that £ < t*. We recall that U;() = —r. In fact, for all ¢ € [£,#], we have
Ui (t) = Ui (1) < Upna () = Uj(1) < Vinao(E = ) + Ui () — Uj(ﬂ
1 maa:¢0 ~
Vi ( e (L)) + ) - 00
< Ymax 2
1 o

where we have used Proposition 10.1 for the first line. From the previous inequality and
the definition of t*, we deduce that ¢ < t*.
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Ch.5. Specified homogenization of a second order discrete model

Step 3: right of the perturbation. In the interval [¢, t*], the couple (U;, =) satisfies
(10.17), with the following initial condition

a ¢0 max -

Proceeding like before, we can prove that for all ¢ € [¢,¢*], we have

Uja(f) = U () <

SVinae =~ 21
Uja(t) = Uj(t) < Ton + % + Nmaz

which gives us a contradiction for ¢ = t*. This ends the proof of Proposition 10.3.

11 Appendix: proof of Theorem 9.1

Before we give the proof of Theorem 9.1, we need the following result.

Lemma 11.1 (Link between the velocities). Assume (A). Let ((U;);, (Z;);) be the solution
of (3.1) with an initial condition (U;(0),=Z;(0)); satisfying (A0’°). Then we have

Uj(t) = =M (u(t,U;(t)), [€ (t,)]) (U;(2)) (11.1)
and
=(t) = =L (5(1), € (1. 55(1) . [ult, )]) (E5(1)) (11.2)
where u and & are continuous functions such that

u(t,x) ZP*(t7fL‘) :p(t,l') fOTxZUJ(t); j EZ’ (11 3)
u s decreasing in x, '

E(t,x) = ou(t, ) = o(t,x) forx=Z;(1), j € Z, (11.4)
¢ is decreasing in x, .

where p and o are defined respectively in (2.2) and (3.2) (withe =1).

Proof. We drop the time dependence to simplify the presentation. Let 57 € Z. We recall
that we chose D = hyap + 3Vinaa/(200) + 21/ ¢o. Using the fact that u(t,U;(t)) = —(j + 1)
and (11.3), we have for all z € [0, +00),

{ EU; +2) —u(U;) > &(Ey) —u(U;) =0 if 2 € [0,5; = Uj)
EU;+2)—u(lU;) <0 if z € [2;, — Uj, +00).
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Using Proposition 10.1, in particular that =; — U; < D, we have
M (u(t,U;(t)), [€ (¢, )]) (U;(t) = /ODE(S (Uj +2) —u(Uj)) dz
= [ EEU ) Ozt [ B +2) - u(U))ds

=—a(E; -U)).

Combining this result with (3.1), we obtain (11.1). We now turn to the proof of (11.2).
We begin by computing K (& (t,Z;(1)) , [u(t, )]) (Z;(1))-
Using the fact that & (t,Z;(t)) = —(j + 1) and (11.4), we have for all z € [0, +00),

wE; —2) —&(E)) <ul;) —&(E;) =0 if 2 €[0,5; - Uj)
wZ; —2)—&(E;) >0 if z € [E; — Uj, +00).

Thanks to Proposition 10.1, this implies that

K(E®E0), ) G@) = [ Fu(E -2 - () d =5, - U

We now turn to the computation of N (¢ (¢,Z;(t)), [u(t,-)]) (E;(t)). We recall that thanks
to Proposition 10.2, we have U;;1 — Z; > hy. In particular, we have that

w(Z; +2) — €(5)) > u(Uj) —€(E)) = -1 ifz2€[0,Uj41 — 55)
u(Z;+2) —€(5;) < -1 if z € [Uj41 — 25, +00).

Once more thanks to Proposition 10.3, we obtain

NEEZ ) e D EO) = [ Tw(E 4 2) ~€(E) de = U - 5,

Combining the previous results with (3.16) and (3.1), we obtain (11.2).

Proof of Theorem 9.1. We remark that thanks to (11.3) and (11.4), we have for
x=U;(t) and y = Z;(t), j € Z,
M (pu(t, ), [ou(t,)]) (2) = M (u(t, @), [E(t,)]) () = M (u(t, 2), [£(t,)]) (2),

and

Ly, ou(t,), [p(t,)]) () = L (y.&(t, ), [u(t,)]) () > L (y, &t y), [u(t, ) (1)

Using Lemma 11.1, and Definition 4.1, we can see that (p., o) is a discontinuous viscos-
ity super-solution of (9.1). We obtain a similar result for (p*,o*), therefore, (p,o) is a
discontinuous viscosity solution of (9.1).

We prove the converse. For the readers convenience we recall from [FIM09b, Proposition
4.8] that we will use later.
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Lemma 11.2. Assume that 6 : R — R is a non-decreasing and upper semi-continuous
(resp. lower semi-continuous). Assume also that

0(v) — v is 1—periodic in v.

Assume that € = 1 in (3.3). Consider also a sub-solution (resp. a super-solution) (u,§) of
(3.3). Then (0(u),0(8)) is also a sub-solution (resp. a super-solution) of (3.3).

Using Lemma 11.2 we can conclude that (p., 0.) = ([u], [£])
(resp. (p*,0%) = (lu],[£])) is a viscosity super-solution (resp. sub-solution) of

atp - 6(t7 x)@xp =0
Oy — d(t,z)0,0 = 0,

with
8 ) = MN(u(tv SL’), [5@7 )]) (:C)
d(t, ) = L (z,&(t,x), [u(t,)]) (z) = L (,&(t, x), [u(t,)]) (z).
Using the fact that v and € are decreasing in space, we define
{Ui(t) = inf{z, u(t,z) < —(i+ 1)} = (ult,"))"}(—i — 1)
=(t) = inf{o, €(t,2) < (i + 1)} = (6(t,) " (i~ 1),

and we consider the functions t — U;(t) and t — Z;(t). They are continuous because u
and £ are decreasing in x and are continuous in (¢, ).

We now prove that the functions (U;, =;) are viscosity solutions of (3.1). Let ¢ be
a test function such that p(t) < U;(t) and ¢(tg) = U;(ty). Let us now define o(t,z) =
—(i+ 1)+ ¢(t) — z. It satisfies

@(to, Ui(to)) = pa(to, Ui(to)),

{E(t,x) = M (u(t, ), [£(,-)]) (z)

and
P(t,x) < pu(t,x) for Ui(t) — 1 < x < U (2).
This implies that

@i(to) + &(to, Ui(to)) = 0
& pilto) = —&(to, Ui(to)) = —ci(to) = a (Ei(to) — Ui(to)) -

Let ¢ be a test function such that ¥ (t) < Z;(t) and ¢ (t;) = Z;(¢1). Let us now define

A~

Y(t,x) = —(1 + 1) + ¥(t) — 2. It satisfies

A

Y(t, Zi(th)) = 0.(t1, Zi(t)),
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and

A

Y(t,x) <ou(t,x) for Zi(t) — 1 <oz < Z;4(1).

This implies that

Pi(th) + d(t, Zi(th) > 06 Wy(ty) > —d(t, Zi(t)) = —di(t1)
= a(Ui(t1) — Zi(t1)) + 2V (Uira(t1) — Ui(t1)) ¢ (Ui(t1))

This proves that (U;, Z;) are viscosity super-solutions of (3.1). The proof for sub-solutions is
similar and we skip it. Moreover, since ¢; and d; are continuous, we deduce that U;, =Z; € C!
and therefore (U;, Z;) are classical solution of (3.1).

O
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Chapitre 6

Homogenization of a discrete model
for a bifurcation and application to
traffic flow

N. Forcadel!, W. Salazar!
Abstract

The goal of this paper is to derive a macroscopic traffic flow model, for a simple bifurcation,
from a microscopic model. At the microscopic scale, we consider a first order model of the
form "follow the leader" i.e. the velocity of each vehicle depends on the distance to the
vehicle in front of it. We consider the case of a very simple bifurcation in which one road
separates into two and one vehicle over two goes to the right and the other goes to the left.
At the bifurcation, we then have to add a phase of transition because the vehicle in front
will change. Moreover, we assume that the velocity on each of the roads can be different.
At the macroscopic scale, we obtain an explicit Hamilton-Jacobi equation on each road
and a junction condition (in the sense of [IM14]) located at the bifurcation. From this case
of a simple bifurcation, we then extend to more general scenarios. For instance, the case
of a different distribution of the vehicles at the bifurcation or even to consider more than
two outgoing roads. For these extensions we only present the results and explain how to
adapt the proofs from the case of a simple bifurcation.
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Keywords: specified homogenization, Hamilton-Jacobi equations, integro-differential
operators, Slepcev formulation, viscosity solutions, traffic flow, microscopic models, macro-
scopic models.

1 Introduction

Traffic low can be characterized at different scales. The first one is the microscopic scale
in which we describe the dynamics of each vehicles individually. Another one is the macro-
scopic scale that describes the collective dynamics of the vehicles with macroscopic quan-
tities such as the density of vehicles and the average speed. The link between microscopic
and macroscopic models has been extensively studied specially in the case of a single road.
However, there are not many results concerning the homogenization of microscopic traffic
flow models in networks.

In the case of a single road, we refer to [AKRM02, DFR15, Hel98, LLKO1] where the
authors rescaled the empirical measure in order to obtain a Lighthill-Whitham-Richards
(LWR) model (see [LW55, Ric56]) at the macroscopic scale. Other works have been done
by rescaling the primitive of the empirical measure in order to obtain a Hamilton-Jacobi
equation (which is the primitive of a LWR model) at the macroscopic scale. Among those
works we refer the readers to the papers [FIM09a, FIM09b, FIM12, 1], the last one being
directly applied to traffic flow.

Moreover, the recent works [AT15, GIM15], and the ideas in the lectures of Lions at the
"College de France' [Liol4], concerning specified homogenization enabled us to consider a
traffic flow model with a local perturbation and to deduce a macroscopic model with a
junction condition (see [2]). We would also like to refer to the paper of Colombo and
Goatin [AKR11], where the authors present an homogenization result from a LWR model
with a discontinuous flow in space to a LWR model with a flow limiting condition at a
single point.

Concerning homogenization results on networks, we would like to mention the recent
work of Cristiani and Sahu [CS15] where the authors present a first order microscopic
model on a network and show the link to a multi-path model (see [BBC14, BC14]). In fact
they consider for each possible path a different population of vehicles. Their homogeniza-
tion result is set in a very general network, however, they assume the convergence of the
empirical measure (of each population) and they prove that the limit satisfies a multi-path
model.

The present work focuses on obtaining a macroscopic model from a microscopic model
for traffic flow in the case of a simple bifurcation. The schematic representation of the
microscopic model is given in Figure 1.1.
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R,

Ui = Vi(Upso = Uy)

; ..
: ! Transition zone
Ui = V(U1 = Us)
‘

Ry

Ui = Va(Uisa — Uy)

Ry

Figure 1.1: Simplified schematic representation of the microscopic model.

More precisely, we consider one incoming road R, which separates into two outgoing
roads R; and R,;. We denote by U;(t) the position of the i th vehicle, and we assume
that the vehicles with an odd index go to R; while the ones with an even index go to
R,. Finally, we assume that on each road R; the velocity of each vehicle is given by a
function V;. In order to obtain our result we will proceed as in [FIM09a, FIM12, 2, 1] and
rescale the microscopic model which describes the dynamics of each vehicle, in order to
get a macroscopic model that describes the dynamics of the density of vehicles. At the
macroscopic scale we will obtain a Hamilton-Jacobi equation on each branch and a junction
condition at the origin (see Figure 1.2, where u? is related to the density of vehicles (see

) v T
below) and the effective Hamiltonians H; are defined in the next section.

R

uf + Hy(ug) =
Ry 0 _
u® + Ho(ul) =0 i + Ha(ug) =0

Juriction condition

Ry
Figure 1.2: Schematic representation of the macroscopic (homogenized) model.

Finally, we give some extensions from the case of a simple bifurcation. We present the
results in the case of more than two outgoing roads, and in the case we have a more general
(but still periodic) distribution of the vehicles on each road. For the extensions, we do not
give the details of the proofs, we only give some tips on how to adapt the proofs already
presented in this paper.

In this paper we will use the recent developments on Hamilton-Jacobi equations on
networks, particularly the paper of Imbert and Monneau [IM14] which gives a suitable
definition of viscosity solutions at the junction.
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Ch.6. Homogenization of a discrete model for a bifurcation

1.1 General first order microscopic model for a junction

In this paper we are interested in a first order microscopic model for a simple bifurcation
located at the origin, where we consider that the vehicles with odd indexes go to the left
and vehicles with even indexes go to the right. We denote by U; the position of the ¢ th
vehicle and U; its velocity. For i = 0,1,2 we call V; an optimal velocity functions. Before
the bifurcation (i.e for U;(t) << 0) we assume that the velocity of each vehicle is given by

Ui(t) = Vo (Ui (t) = Ui(1)) ,
while after the bifurcation (i.e for U;(t) > 0) we assume that

o Vi (Uisa(t) = Us(t)) if i is odd
Uilt) = { Vo (Uia(t) — Us(t)) if i is even.

In order to pass from the velocity Vy to V;, i = 1 or 2, we introduce a transition function
¢ and we consider the following system for all ¢ > 0:

Ui(t) =1 _ (1.1)

The function ¢ allows a transition near the junction, and is defined by

a if o < —hy— hpmae — 1,
(ho + humaz)(min(a, b) — a) it —1<z+ho+ hma <0,
—|z|(min(a, b) — a) + min(a, b)
o(z,a,b) = { min(a,b) if —hy— hmae < x < —hy, (1.2)
‘}f’min(a,b)—{—( —’;‘)b it —hy<2<0,
0 0
b if z >0,

with hypee > ho > 0. Figure 1.3 represents model (1.1).
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Ry

Uy = min(Vo(Uisr — Uy, Via(Upss — U _
/= (e = B, Vaallina = 03) S, = V(Ure — U)

I | I
}’hlJ — hinas ! Th’”
i

Ry i *hr(‘vj - ]7\4711«1:‘:\* 1
U= WU = U)

X N » 3
" Transition zones

Ur = ‘/[J(Ul+l - M) \\ \\ \\ RZ

Ui = o(U;, Vo(Uisr — Uy), Vip(Uiyz — Uy))

Figure 1.3: Schematic representation of the microscopic model.

In model (1.1), the vehicles with an odd index go to the road R; and the others go to
the road Ry. Since we work with a first order model, on Ry the velocity of each vehicle
depends on the distance U;; 1 — U;, but on Ry and Ry it depends on U; 5 — U;.

We will call the transition zone, the interval [—hg — hpe: — 1, 0], where the vehicles
will change from one model to the other. Concerning the optimal velocity functions V;, for
i=0,1,2, and ¢, we do the following assumptions.

Assumption (A)

(A1) V; : R — R is Lipschitz continuous, non-negative.
(A2) V; is non-decreasing on R.
(A3) There exists hg € (0, +00) such that for all h < hg, Vi(h) = 0.

(A4) There exists hyae € (ho, +00) such that for all h > hpae, Vi(h) = Vi(hmae) =
V’r;ilax'

(A5) The functions p — pVo(—1/p) and p — pV;(—2/p), for j=1,2, are strictly convex
respectively on [—1/hg,0) and on [—2/hg,0).

(A6) The function ¢ : R® — R is Lipschitz continuous with respect to each variable.
For all (x,a,b) € R, the functions ¢(x,-,b) and ¢(z,a,-) are non-decreasing. We
denote by ||¢'||s, the smallest constant such that for all (z,a,b), («/,d’,V) € R?, we
have

[0z, a,b) — o', ', V)] < (|6 ||oo (| = '] + |a— /| + b= V']) .
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Ch.6. Homogenization of a discrete model for a bifurcation

Remark 1.1 (An extra perturbation). In order to make the microscopic model more real-
istic, it is possible to modify it and add a local perturbation around the junction point (by
multiplying the velocity with a certain function like in [2]), that would decrease the speed
of the vehicles near the origin. However, in the rest of the paper the function ¢ is already
treated like a local perturbation; adding an extra one would just complicate the notations
without adding a mathematical interest (see [2] for how to treat a local perturbation in a
microscopic model).

Remark 1.2 (The transition zone). The optimal velocity functions V; describe the dynam-
ics of the vehicles on each branch. The role of the transition zone is to do a continuous
transition from one dynamic to the next one. Notice that given the form of the transition
(1.2), if initially the vehicles have enough space between them, there will always be at least
a distance hy between two vehicles. Meaning that in model (1.1) there is always a safety
distance hg that avoids any collisions.

2 Main results

Like in [FIMO09b, 2|, we inject the system of ODE into a system of PDE. To do this, we
separate the vehicles into two groups, those going into R; and those going into Rs.

2.1 Injecting the system of ODEs into a system of PDEs

We introduce two functions, the first one is the rescaled "cumulative distribution function"
of vehicles with an odd index

pi(t,x) = —2¢ - ( > H(z—eUt/e)+ Y. (-14+H(z- €Ui(t/€)))) (2.1)
i[2)=1, >0 i[2)=1, i<0

and the second one is the rescaled "cumulative distribution function" of vehicles with an
even index

p5(t,x) = —2¢ - ( > H(z—cUlt/e)+ > (—1+H(x—6Ui(t/£)))> —¢,(2.2)
i[2=0, i>0 i[2]=0, i<0
with

1 ifxz >0,
H(x):{ 0 ifz<0. (2.3)
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Here and in the rest of this paper i[2] denotes the rest of the euclidean division of i by 2
(either 0 or 1). Under assumption (A), the function (p5, p5) is a (discontinuous viscosity)
solution (see Theorem 7.1) of the following non-local equation, for (¢,z) € (0,+00) x R,

it (25 (5 [SE ) s ) ) sl = o

€ € €
2.4)
. roe (& w0 c | €(E ) .
gt +o (23 (£ 70 ) s |0 ) el =0
where N§ and M; for ¢ = 1,2, are non-local operators defined by
- - 3
NE (U, [E) (x) = /R Jol2)F(E(@ +22) = U(@))dz = = Vinar, (2.5)
and
3
MU)(@) = [ KU +22) = U(2)dz = 5 Vinas, (2.6)
R
with J; = V/ for i = 0,1,2 and
0 ifz>1, 0 ifz>0,
F(z)=X 1/2 if —1<z<1, and E(z) =4 1/2 if —2<2<0, (2.7)
3/2 if 2 < —1, 3/2 if 2 < —2.

Finally, the function ¢ : R* — R, is defined by ¢(z, a,b) = —¢(z, —a, —b) for all (x,a,b) €
R3. In particular it has the following form

a if < —hy— hpmae — 1,
(ho + himaz ) (max(a, b) — a) if —1<xz+4+ho+ hpmas <0,
—|z|(max(a, b) — a) + max(a, b)
é(x,a,b) = { max(a,b) it —ho— hmax < < —hy, (2.8)
|Z|max(a,b)+<1—|;;|>b it —hy<z<0,
0 0
b it z > 0.

Remark 2.1 (Choice of the "cumulative distribution functions"). Contrary to [2], it is
impossible to work with the integral of the empirical measure of the positions of all the
vehicles. Indeed, near the bifurcation, the vehicles stop being in order (some go to Ry and
others to Ry ), which makes it impossible to recover the distance U; 11 — U;. To overcome
this difficulty, we consider a modified version of the integral of the empirical measure of the
two types of vehicles (the ones going on Ry and the ones going to Rsy). This modification
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simply allows us to obtain the index of the vehicles more easily: for e =1, if i[2] = 1 then
p2 (£, Us()) = —(i+ 1) and if i[2] = 0 then pi(t, Us(t)) = —(i + 1).

In particular, this implies (see Section 7) that if for instance i[2] = 1 and € = 1, we
have

{ NG (pi(t,-), [p3]) (Ui(t)) = =Vo (Ui (1) — Ui(t))
ME[p5 (¢, )I(Ui(t) = =V (Uiga () = Ui(2)) -

We obtain a similar result if i[2] = 0. This results helps us inject the system of ODEs into
a system of PDFEs.

The new transition function ¢ comes from the fact that with the non-local operators we
recover the opposite of the velocity of the vehicles.

Remark 2.2. Given the definition of the cumulative distribution function p5 (resp. p5)
we expect that (p1). (resp. (p2)z) (the gradient of the limit of p5 (resp. p5) as e goes to 0)
is going to be the density of vehicles on Ry and twice the density on Ry (resp. Rs).

We complete (2.4) with the following initial conditions

{ u(0,z) = up(z) for z € R,

£(0,z) = &(x) for z € R, (2.9)

and we make the following assumptions:

(AO0) (Initial condition). For all z <0,
up(z) = &(x).

Moreover, we assume for all x € R

2
—2ko = — <(up); <0 and —2ky < (&), <O.
0

2.2 Convergence result
The effective Hamiltonians

Here, we introduce three Hamiltonians, Hy, H;, and H, that we will use in the rest of the
paper. They are the effective Hamiltonians on each of the branches Ry, Ry, and R,. We
define ko = 1/hg and Hy : R — R by

—p — 2ky for p < —2ky,

— ~1

Ho(p) ={ —Vo (p) “[p| for —2ky <p <0, (2.10)
p for p > 0.
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We also define, for i = 1,2, H; : R — R by

—p — 2kg for p < —2ky,

— —2

T =1 -V, (p) bl for — 2k <p <0, (211)
P for p > 0.

For i = 0,1,2, let us notice that such H, is continuous, coercive <| |lirn Hi(p) = —l—oo)
p|—+00

and because of (A5), there exists a unique point p; € [—2kg, 0] such that

H; is non-increasing on (—oo, p;), (2.12)
H; is increasing on (p;, +00), .
We denote by
Hy = max min H;(p). (2.13)

1€{0,1,2} peR

Figure 2.4 gives a schematic representation of Hy, H,, and H,.

2]{‘(] P2 —k(] ‘pO

,,,,,,,, min Hy(p)
)

—————————————————— min Ho(p)
P

,,,,,,,,,,,,,,,,,, min H(p)

P

Figure 2.4: Schematic representation of the effective Hamiltonians.

265



Ch.6. Homogenization of a discrete model for a bifurcation

The macroscopic model

The main objective of this article is to obtain an homogenisation result when the number
of vehicles per unit length goes to infinity, that is to say what is the behavior of (p5, p§)
as € goes to 0. First we can notice that the radius of the transition zone will go to 0,
therefore at the macroscopic scale we will obtain a junction condition in 0 in the sense of
Imbert and Monneau [IM14]. We consider one incoming road Ry (isometric to (—oo, 0])
and two outgoing roads R; and Ry (isometric to [0,400)) and all the branches are glued
at the origin. Moreover, we define

E:R()URlURQ and RZQRJ:{O}fOI’Z#j

In order to give a more physical interpretation, we consider that the branches Ry, R, and
R, are generated respectively by the vectors €y, €; and €, such that

RO = <—OO, O] ’ 60 and R1,2 = [0, +OO) . 6_»172.

For a smooth function u : [0,7] x R — R, we denote by d;u(t,x) the spatial derivative
of uat xr € R;, for i =0, 1,2 and we define

| Owu(t,x) if z € Rf := R;\{0},
“A“@'—{(aman%aﬂ@o%@u@o» if 2 — 0. (2.14)
Finally, we introduce for all x,y € R the distance d(z,y) on R,
| |z —y| if 2,y belong to the same branch,
d(z,y) = { |z| + |y| if z,y belong to different branches. (2.15)

The main result of this article is to prove that the function @° defined by

u(t, —d(0,z)) for (t,x) € (0,+00) X Ry,
a(t,x) =< ws(t,d(0,z))  for (¢t,x) € (0,4+00) X R:, (2.16)
&(t,d(0,z))  for (t,x) € (0,400) X R3,

converges locally uniformly on (0, 4+00) x R as € goes to 0 to the unique viscosity solution
of the following problem

u + Ho(u2) =0 for (¢,z) € [0, +00) x R,

uf + Hi(ul) =0 for (¢,z) € [0, +00) X R,

u) + Ho(ul) =0 for (t,z) € [0, +00) x R3, 2.17)
uf + F(9yu’(t,0), 01u’(t,0), du’(t,0))) = 0 for (t,z) € [0, +00) x {0}, (2

0 = . Uo(d(o, iL')) for x € RO U Rl,
“w”*”“@—{@um@»fmxe@,
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where A is a constant to be determined and F is defined by

Fx(po, p1, o) = max (A, Hy (po), Hy (p1), Hy (p2)), (2.18)
and for ¢ = 0,1, 2, we define
- Hi(p) ifp<p —+ Hi(pi) ifp<p;
H. = = ] ' and H. = = i ’ 2.19
 7) { Hi(p:) ifp>pi, ¢ (7) Hi(p) ifp=p; (2.19)

Remark 2.3. In (2.16), we can replace u by & for x € Ry and we obtain the same
homogenisation result. The coefficient 2 that appears in H,; for i = 1,2 and not in Hy
comes from the fact that we look one vehicle over two on R; and therefore the density of
the vehicles is divided by 2.

The homogenization result

Theorem 2.4 (Junction condition by homogenization). Assume (A0) and (A). For e > 0,
let (uf, &%) be the solution of (2.4). Then there exists a unique constant A € [Hy, 0] such
that the function @° defined by (2.16) converges locally uniformly to the unique viscosity
solution u® of (2.17).

The previous result will allow us to get the following homogenization result for the
vehicles.

Theorem 2.5. Assume (A) and that at initial time we have, for all i € Z, if the vehicles
1 and i+ 1 are both in Ry,

Ui(0) < U;11(0) — hy, (2.20)
and if not
Ui(0) < Uyy2(0) — hy. (2.21)

We also assume that there exists a constant R > 0 such that for all i € Z, if U;(0) > R

a0 - v ={ 1 G =] 222
and if U;(0) < —R
Ui+1(0) - Ui(o) = h, (223)

with h, hy, he > ho. We define two functions ug and & (satisfying (A0)) by

| —z/h ifx <0 | —z/h if x <0
uo(x)—{ —9w/hy ifa >0 and §O(x)—{ —ow/hy ifx >0 for all x € R.
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Then there exists a unique constant A € [Hy, 0] such that the function

pi(t, _d(ovy)) fO’I’ (ta y) S (07 +OO) X R07
pe(ty) = Pi(t,d(0,y))  for (t,y) € (0,+00) x R, (2.24)
p3(t,d(0,y))  for (t,y) € (0,400) x R3,
converges locally uniformly to the unique solution u® of (2.17).

Remark 2.6. Conditions (2.22) and (2.23) mean that the initial condition is well-prepared.

The goal of the following theorem is to show that the effective Hamiltonians in (2.17)
are only evaluated for values in [—2ko,0]. However, it is convenient to work with the
extended Hamiltonians presented in (2.10)-(2.11) because it is necessary to have coercive
Hamiltonians, in order to apply the results developed by Imbert and Monneau in [IM14].

Theorem 2.7. Assume (A0)-(A). Let u® be the unique solution of (2.17), then we have
for all (t,z) € [0,+00) X R,

_2k0 S Ug S Oa
with ko defined in (A0).

To construct the effective flux limiter A, we consider the following cell problem: find
A € R such that there exists a solution (v, () of the following Hamilton-Jacobi equation

{ ¢ (2, No(v, [C])(2), My [v](2)) - [vz| = A, for z € R,
¢ (2, No(C, [v])(2), Ma[C](2)) - |G| = A, for z € R

Theorem 2.8 (Effective flux limiter). Assume (A). We define the following set of func-
tions,

(2.25)

S ={(v,¢) s.t. 3 two Lipschitz continuous functions my and ms s.t.
m1(0) = ma(0) = 0 and a constant C > 0 s.t. ||v — my]|ec, || — M2l < C}.
Then A is given by
A =inf{\ € [Hy,0]: I(v,¢) €S solution of (2.25)}. (2.26)

Link with macroscopic models

Notice that the homogenization of (2.4), does not directly give the dynamics of the density
of vehicles. In fact, in Ry, u® is the primitive of the density of vehicles, but in R, and Rs
it is twice the primitive of the density of vehicles. Therefore, the integral of the density of
vehicles in R is given by

0 f
~0(t,x):{ u’(t, ) or x € Ry,

! u®(t,z)/2 for x € R} U R, (2.27)

However, we cannot explicit the dynamics of p° because of its definition at the origin.
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2.3 Notations and organization of the paper

We recall the definition of the non-local operators that we use in this paper,

No(U, [E])(z) = /_;oo Jo(2)F(E(x + 2) — U(x))dz — gvngagm (2.28)
and for 7 =1, 2,
MUY = [ :” J()E(U(x + 2) — Ulx))dz — 2V,§m. (2.29)

To each operator N and M, we associate the operators N and M, which are defined in
the same way except that the functions F' and E are replaced by the functions F' and F
defined by

. 0 if 2> 1, 3 0 if 2> 0,
F(z)=1¢ 1/2 if —1<2<1, and E(z) =4 1/2 if —2<2<0, (2.30)
3/2 if z < —1, 3/2 if z < —2.

Remark 2.9. Using the fact that E, F and V are bounded, there exists a constant M,
such that for every U, = and every x € R, we have for i1 =1, 2,

M, < —gvo < No(U, [2]) ()

IN

max

0,
0,

IN

Mo £~V < MU)(@)
with
3

My = max — .
ief0,1,2} 2 "

7

Remark 2.10 (Choice of the transition function). In some computation it is useful to
specify the explicit dependence of the function ¢(z,a,b) on max(a,b). That is why we use
the following notation,

¢(x, a,max(a,b),b) = ¢(x,a,b) for all (x,a,b) € R>. (2.31)
Finally, for a given point (o, zo) € (0, +00) x R, we define for 7,7 > 0, the set
Pri(to, wo) = (to — 7, to + 1) X (xo — 7, 20 + ) (2.32)
and

B(zg,7) ={z € R, s.t. |z —xo| <7}
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Also for a given point (tg,40) € (0,+00) x R, we define for 7,7 > 0, the set
Qi #(to, Yo) = (to — 7, t0 +7) x Bi(vo),
with
B (yo) = {y € Rs.t. dly,y) < f} .

We denote by C' > 0 a generic constant that may vary from one line to the next.

Organization of the paper. In Section 3, we introduce the definition of viscosity so-
lutions for the considered problems and give stability, existence, and uniqueness results.
Section 4 contains the results concerning the effective Hamiltonians and the correctors for
the junction (Theorem 4.3) that are necessary for the proof of convergence (Theorem 2.4)
which proof is located in Section 5. In Section 6, we present the proof of Theorem 4.3. In
Section 7, we show the link between the ODEs and the system of PDEs. Finally, in Section
8, from the case of a simple bifurcation, we extend to more general scenarios.

3 Viscosity solutions

In this section we give the definition of viscosity solution of the equations we treat in this
paper. We refer the reader to the user’s guide of Crandall, Ishii, Lions [CIL92] and the
book of Barles [Bar94] for an introduction to viscosity solutions. We also refer the reader to
[Ish92, IK91, Len88] for results concerning viscosity solutions for weakly coupled systems
and to [IM14] for viscosity solutions on networks.

3.1 Definitions

In order to give a more general definition for all the non-local equations we will consider
in this paper, we give the definition of a viscosity solution of the following equation, with
peR,

ug + Gz, ult, x), [§(t, )], [u(t, )], ug) = 0 - i .
{ &+ Gl et o), [ult, ) [e(t, )], &) —o Torall (o) € (0hoo) xR, (3:1)

with, for : =1, 2,

Gy, U [E][U},q) = (1 =™ (2))Hilq) + (1 — ¢~ (2))Ho(q)
0 ) j
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and ¢¥* : R — [0, 1] two Lipschitz continuous functions such that supp(1 — =) N supp(1 —
vty =10. To Gfo we associate G; defined in the same way but with the non-local operators

Ng and ]\;[;. For p € [—2ko, 0], the non-local operators N and M are defined by

oo 3
NYUEN@) = [ (@ FE(+2) = U@)+p- 2)dz = SV, (3.2)

and for i = 1,2
M[U)(z) = /;OO J()E(U(x+2) —U(z) +p- 2)dz — 2%“. (3.3)

We also consider the following initial condition
u(0,x) = ug(x)

3.4

{ )= (3.4)

that satisfies (AO0).

We recall the definition of the upper and lower semi-continuous envelops, u* and wu,, of
a locally bounded function w, for all (¢,z) € [0, +00) X R,

u*(t,z) = limsup u(s,y) and w,= liminf u(s,y). (3.5)

(s,y)—(t,) (s,y)—(t,x)
We can now give the definition of viscosity solutions for (3.1).

Definition 3.1 (Definition of viscosity solutions for (3.1)). Let T > 0, up : R — R,
& : R — R satisfying (A0). Let u: [0,+00) x R = R, £ : [0,+00) Xx R — R upper-semi
continuous (resp. lower-semi continuous) locally bounded functions. We set Q2 = (0,T) xR.
A function (u,€) is a sub-solution (resp. a super-solution) of (3.1) if for all (t,z) € Q and
for any test function ¢ € CY(Q) such that u — ¢ attains a local maximum (resp. local
minimum) at the point (t,z) € Q, we have

Spt(tv SE) + Gzl)(x7 U(t, $), [f(t, )]7 [u(t7 )]a SOx) S 0

(resp. @ult, ) + Gy(w, ult,x), [6(E, ), [ult, )], ¢a) > 0),

and if for all (t,x) € Q and for any test function ¢ such that £ —p attains a local mazimum
(resp. local minimum) at (t,x), we have

pe(t,x) + Go(w, (¢, @), [u(t, )], [§(2, )], @) <0

(T65p~ @t(ta I) + (?12)(1‘7 §(t7 l‘), [U(t, )]7 [é(t7 )]7 QO:C) Z 0) .
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-A function (u,§) is a sub-solution (resp. super-solution) of (3.1)-(3.4) if (u,&) is a
sub-solution (resp. super-solution) of (3.1) on Q and satisfies

u(0,2) < ug(w) (resp. =) and £(0,x) < () (resp. =), (3.6)

-A function (u,§) is a viscosity solution of (3.1) (resp. of (3.1)-(3.4)) if (u*,£*) is a
sub-solution and (u., &) is a super-solution of (3.1) (resp. of (3.1)-(3.4)).

Remark 3.2. We use this definition in order to have a stability result for the non-local
operators (see [DLKS04, Sle03] for similar definitions). We refer to [FIM09b, Proposition
4.2] for the corresponding stability result.

Definition 3.3 (Class of test functions for (2.17)). We denote R™ := (0,+00) x R and
R := (0,+00) X R fori=0,1,2. We define a class of test functions on R by

C?*(R™) = {¢ € C(R™), the restriction of ¢ to R, i =0,1,2 is C?}.

Definition 3.4 (Definition of viscosity solutions for (2.17)). Let Hy and H;, fori = 1,2
be given respectively by (2.10) and (2.11). Let A € R. An upper semi-continuous (resp.
lower semi-continuous) function u : [0,+00) X R — R is a viscosity sub-solution (resp.
super-solution) of (2.17) if u(0,z) < wy(x) (resp. u(0,x) > up(x)) and for all (t,x) € R
and for all ¢ € C*(R™) such that

u < @ (resp. u > @) in a neighbourhood of (t,x) € R® and u(t,z) = p(t, ),

we have
@it x) + Ho(pe(t, ) <0 (resp. >0) if v € Ry,
or(t2) + Ta(palt,2)) < 0 (resp. >0) ifa e R,
oi(t,x) + Ho(pu(t,z)) <0 (resp. >0) if x € R;,
Spt(tw]:) + FZ(SOx(thE)) <0 (T@Sp > O) if v =0.

We say that u is a viscosity solution of (2.17) if u* and u. are respectively a sub-solution
and a super-solution of (2.17). We refer to this solution as A—fluz limited solution.

Thanks to the work of Imbert and Monneau [IM14], we have the following result which
gives an equivalent definition of viscosity solutions for (2.17). We use this equivalent
definition in the proof of Theorem 2.4 in Section 5.

Theorem 3.5 (Equivalent definition for sub/super-solutions). Let Ho and H; fori = 1,2

be given by (2.10)-(2.11) and consider A € [Hy, +00) with Hy = hax min H(p). Given
1€40,1,2} pe

arbitrary solutions py € R and p* € R fori=1,2 of
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3.Viscosity solutions

Hy (%4) =H (pé‘) — A and H; (pf‘) =H, (pf) = A, (3.7)
let us fix any time independent test function ¢°(x) satisfying, for i =0,1,2,
0,6°(0) = p;".

Given a function u : (0,T) x R — R, the following properties hold true.
i) If u is an upper semi-continuous sub-solution of (2.17) with A = H,, for x # 0,
satisfying

u(t,0) = limsup  u(s,y), (3.8)
(s,y)—(t,0), yeR}

then u is a Hy-fluz limited sub-solution.
it) Given A > Hy and ty € (0,7T), if u is an upper semi-continuous sub-solution of
(2.17) for x # 0, satisfying (3.8), and if for any test function ¢ touching u from above at

p(t,2) = ¥(t) + ¢"(2), (3.9)
for some 1 € C*(0,+00), we have
Ot + FA (gﬁx) S 0 at (Zf(), O),

then u is a A-fluz limited sub-solution at (tg,0).
itt) Given ty € (0,T), if u is a lower semi-continuous super-solution of (2.17) for x # 0
and if for any test function ¢ satisfying (3.9) touching u from above at (ty,0) we have

o1+ Fa(ez) >0 at(t,0),

then u is a A-flux limited super-solution at (to,0).

3.2 Results for viscosity solutions of (2.4)

Lemma 3.6 (Existence of barriers for (3.1)). Assume (A0) and (A). There exists a con-
stant K1 > 0 such that the functions (u™, &%) and (u™,&7) defined by

(u(t,2),£7(t,2)) = (Kit + uo(x), Kt + & ()
and
(u™(t,2), & (t,2)) = (uo(x), &o(2))

are respectively a super and sub-solution of (3.1).
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Ch.6. Homogenization of a discrete model for a bifurcation

q€|—2ko,0]
in Remark 2.9. Let us prove that (u™,£") is a super-solution of (3.1). Using assumption
(A0) and the form of the non-local operators and of H;, i = 0, 1,2 we have

G;zla(mv u+(t> :L'), [£+(t> )]7 [u+(t7 )]7 (uo)x) > _MO ' |p =+ (u0>x’

) H.
e (e | z<q>|)

> —Mo(|pl + 2ko)

Proof. We define Ky = My - (|p| + 2ko) + 2 max < max |H,~(q)|>, where M is defined

) ﬁ,
joax | max |Hi(q)]

= _Kb

where we have used Remark (2.9). Similarly, we have

G;%('% £+<t7 :L‘), [u+<t7 )]7 [§+(t’ )]7 (So)x) > _M0<|p| + QkO)
2 g, (g, ) 010
= —K;.

The proof for the sub-solution is similar using that the non-local operators and
H;((ug),) for i = 0, 1,2 are non-positive. This ends the proof of Lemma 3.6.
O

Proposition 3.7 (Existence and uniqueness for (3.1)). Assume (A). Let (u,§) (resp.
(v,C)) be a sub-solution (resp. a super-solution) of (3.1)-(3.4). We also assume that there
exists a constant K > 0 such that for all (t,z) € [0,T] x R, we have

u(t, x) < ()+K(t+1) E(t,x) < &(x) + K(1+1)
—v(t,r) < —up(x) + K(1+1), ((t,2) < —&(r)+ K(1+1).

(3.11)
If
uw(0,z) <v(0,z) and £(0,z) <((0,z) forallx €R,
then
u(t,z) <wo(t,z) and &(t,z) < ((t,z) forall (t,z) € [0,T] x R.

In particular, the previous result combined with the Lemma 3.6 imply that there exists a
unique solution (u,&) of (3.1)-(3.4). Moreover, the functions u and & are continuous and
there exists a constant Ky > 0 such that for all (t,z) € [0, +00) x R

0 <u(t,r) —up(r) < Kyt and 0<E(tz)—E&(x) < Kit.
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3.Viscosity solutions

Proof. The first part of this result (comparison principle) is classical and uses the mono-
tonicity properties of G (see for example [DLFMO08, FIMO09b| for a similar result) but for
the readers convenience we give the proof in Appendix 9.

To prove the rest of Proposition 3.7, we apply Perron’s method (see [IMRO08, Proof
of Theorem 6], [AT96, Imb05] to see how to apply Perron’s method for problems with
non-local terms), joint to the comparison principle.

O

We now give a comparison principle on bounded sets, we use the notations from (2.32).

Proposition 3.8 (Comparison principle on bounded sets for (3.1)). Assume (A). Let
(u, &) be a sub-solution of (3.1) and let (v,C) be a super-solution of (3.1) on the open set
Pri C (0,T) x R. We assume that u and & (resp. v and ) are upper semi-continuous
(resp. lower semi-continuous) on Pr;. Also assume that

u<v and &< outside Pry,
then
u<v and £<( on Prj.

We now give a result on the control of the oscillations for the solution of (2.4) (with
e = 1). This result will be used in particular to prove Theorem 2.7.

Theorem 3.9 (Control of the oscillations). Let T' > 0. Assume (A0)-(A) and let (u,&) be
a solution of (2.4)-(2.9), with e = 1. Then there exists a constant Cy > 0 such that for all
z,y € R, x >y and for allt,s € [0,T], t > s, we have

0 <u(t,r) —u(s,z) < Cy(t —s), and —Ko(x —y) —2 <wu(t,z) —ult,y)
0§£(t,l’)—f(8,l’> SCl(t_S> —Ko(x—y)—2§§(t,x

S~—
|
A%
—
\.N
<
N—
IA A

with Ko = 2]{30

Proof. Using the barriers constructed in Lemma 3.6 (with p =0, " =1 and ¢y~ =1) we
deduce that (u,&) satisfies for all (¢, z) € [0, +00) x R,

0 <u(t,z) —up(z) < MyKot and 0 <E(t,z) —&o(x) < MyKot. (3.13)
In the rest of the proof we use the following notation

Q= {(t,x,y) €[0,T) x R? s.t. xzy}.
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Ch.6. Homogenization of a discrete model for a bifurcation

Step 1: proof of the bound of the time derivative. For all h > 0, we have
U(O, iL’) < u<h> .CL') < MOKOh + U(O, x) and 5(07 33') < £(h7 3:) < MOKUh + 5(07 33')

Using the fact that (2.4) is invariant by addition of constant to the solution and by trans-
lation in time, we deduce by the comparison principle that, for all (¢, z) € [0, +00) x R, we
have

u(t,z) <u(t+ h,z) < MyKoh + u(t, z)
and

E(t,x) <&t + h,x) < MoKoh 4+ £(t, x).
We deduce the result by choosing C; = My K.

Step 2: proof of the upper inequality for the control of the space oscillations.
We introduce

M = sup max(u(t,z) —u(t,y), &t z) — E(Ey)). (3.14)

(tz,y)eQ

We want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 2.1: the test functions. For n,«a > 0, small parameters, we define

pr(t,z.y) = ult.x) — ulty) — = — aa® — ay?,
poltw,y) = E(tw) = £(ty) — 7 — aa® — oy
Using (3.13), we have that

lim  ;(t, z,y)) = —oo.

|z],|y| =00

Since @1, (o are upper semi-continuous, the fun(ition 1 = max(p1, ¢2) reaches a maximum
at a finite point that we denote by (¢,Z,y) € €. Classically, we have for n and « small
enough,

{o<fsw@am

alz], aly] — 0 as o — 0.
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3.Viscosity solutions

Step 2.2: t > 0 and Z > ¢§. By contradiction, assume first that £ = 0. Then we
have,

u(@) —wo(7) 0 or L < &(@) — &(F) <0

where we have used (A0), and we get a contradiction. The fact that z > y comes directly
from the fact that ¥ (¢, z,y) >

’ﬂ\d

Step 2.3: viscosity inequalities. By doing a duplication of the time variable and
passing to the limit we get, if ¥(f, 7,7) = ©1(t, 7,7),

(T_nt)Z <—¢ (‘%7 NO(U(Ev ')7 [g(ﬂ )])(j:)v Ml{U(E, )]<I>) : |2Oéf| < QMO‘aﬂ
or, if ¢(£7ja g) = 902(57‘%7 Zj),
e < 0 (£ (€ ), [ulE (@), M )(e) - o] < 2005,

where we have used the fact that the non-local operators are negative. This is a contra-
diction for v small enough.

Step 3: proof of the lower inequality for the control of the space oscillations.
In order to do this part of the proof, we use the following lemma, which proof is postponed.

Lemma 3.10. Assume (A0)-(A). Let T > 0, then the solution (u,§) of (2.4)-(2.9) (with
e = 1) satisfies

|E(t,x) —u(t,x)] <1 for (t,z) € [0,T) x (—o0, —hy). (3.15)
We now introduce,

M = sup max (u(t,y) — u(t,z) — Ko(x — y) — 2)
(t,a,y)EQ

and we want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 3.1: the test functions. For n and a small parameters, we introduce

P(t2.5) = ult, ) — ult,) — Koo — ) —2 — —1— — az?

Using (3.13), we deduce that the function ¢ reaches a maximum at a finite point that we
denote by (¢,Z,7) € Q and that for  and o small enough, we have

M
{ 0< 5 < (h.2,9) (3.16)

alz| = 0 as a — 0.

Moreover, as in Step 2.2 we get that £ > 0 and T > 7.
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Ch.6. Homogenization of a discrete model for a bifurcation

Step 3.2: getting a contradiction. By doubling the time variable and passing to
the limit, we get

g S 0 (B Noluld ) € @), Muld, ))@)) - = Ko — 20a]
—¢ gy, No(u(t, ), (€&, )](G), Malu(t, )](7)) - | Kol (3.17)
< -9y, NO(“O“T?)?[&(E? )](g)le[u(Ev )](Q) Ky,

where we have used the fact that the non-local operators are non-positive.
Let us now prove that

It is sufficient to prove that for all z € (hg, hmas], We have

Let z € (ho, Pmae), if ¥ + 2 < T, using the fact that p(¢,z,7 + 2) < o(t,7,7), we observe
that

u(t,y+2) —u(t,y) < —Koz < —2.

If y + 2z > 7, using the fact that u is non-increasing in space and that o(f,z,7) > 0, we
obtain

uw(t,y+2) —ut,y) <ult,z) —u(t,y) < —Koz — 2 < —2.

We recall that (Remark 2.10) ¢(z, a,b) = ¢(z, a, max(a,b),b). In particular, given that the
non-local operators are non-positive (Remark 2.9), we have

max (No(u(t, ), [§(E (@), Mi[u(t, )](@)) = 0. (3.19)

Therefore, given the definition of ¢ in (2.8), the right-hand side term in (3.17) is equal
to zero unless ¥y < —hg — Apaee- Let us now prove that if y < —hy — hyee, we have
No(u(t,-), [£(¢,-)])(y) = 0, which will directly give us a contradiction from (3.17).

We claim that

No(u(E, ), 6N @) = [ B FEET +2) — ulf,9)dz — Vo =0, (3:20)

0

In fact it is sufficient to prove that for all z € (hg, hpnas], Wwe have

E(t,y+2) —u(t,y) < —1.
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3.Viscosity solutions

Let z € (ho, hnaz), if ¥ + 2 < Z, we obtain

Et,y+2) —ult,y) < ult,g+2) —ult,z)+1
S 1—KOZ
< -1,

where we have used Lemma 3.10 for the first line (since y + 2z < § + hpae < —hg), the fact
that o(t,z,y + 2z) < p(t, z,7y) for the second line and the fact that Koz > 2 for the third
line.

If y 4+ 2z > &, we then have

Ety+z2)—ult,y) < ult,y+z2)—ult,y)+1

1 - Ko(Z—) —2 < 1,

IAIA

where we have used Lemma 3.10 for the first line, the fact that u is non-increasing in space
for the second line, and the fact that ¢(f,z,7) > 0 for the third line. Injecting (3.18),
(3.19), and (3.20) in (3.17), we obtain 1/T? < 0, which is a contradiction.
The proof of the lower bound on the control of the space oscillations of £ is done
similarly and we skip it. This ends the proof of Theorem 3.9.
O]

Proof of Lemma 3.10. We only prove that (¢, x) —u(t,z) < 1 for z < —hg and t € [0,T),
the proof for the second part of the result is similar so we skip it. We will prove this result
under a different form using the technique introduced by Ishii and Lions in [IL90] for the
proof of local gradient estimates. Let z € (—oo, —hg) and § > 0 a small parameter be such
that z < —hg — 9. We introduce

A =1[0,T) x B(z,6).
We will prove that for a constant L := (4K,T + 8kyd)/6?, we have
Et,x) —u(t,z) <14+ Lz —2)* forall (t,z) € A. (3.21)
In fact, if we take z = z in (3.21), we get
E(t,z) —u(t,z) <1 V(t,z)€]0,T) x (—o0, —hg).

Using the continuity of the solution (u, £), we can pass to the limit in the previous inequality
as z goes to —hy and we obtain the complete result. In order to prove (3.21), we introduce

M = (tSli-Ie)A (f(t,x) —u(t,z) —1— L(x — z)2> (3.22)

and we want to prove that M < 0. We argue by contradiction and assume that M > 0.
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Ch.6. Homogenization of a discrete model for a bifurcation

Step 1: the test function. For n and ¢ small parameters, we define

L (z —y)? 7

gO(t,QZ,y):f(t,x)—u(t7y)_1_£(x_2)2_7<y_z)2_ B

2 2 2e T—t

As in the previous proof, we have that ¢ reaches a maximum at a finite point that we
denote by

(t,z,9) € [0,T) x B(z,6) x B(z,0).

By classical arguments, we have that

M _
0< 7 S@(t,f,g),
|z —y| — 0ase—0.

Step 2: t > 0 for ¢ small enough. By contradiction assume that ¢ = 0, then we have

% < &o(x) —uo(x) — 1+ 2kolz —y| < 0.(1),

where we have used assumption (A0) and we get a contradiction for ¢ small enough.

Step 3: |z —z| <0 and |y — z| < J. By contradiction assume that either |z — z| = § or
|y — z| = 6, in which case, we have

0<

IN - IA

IN

o1, 2,5) = €0.3) —u(l.7) ~ 1~ 2@ =2 = S —2p—
2T+ 60() — E0(3) + E0(5) —uall) — 1~ = (2~ Z(— 22— P o
2K\ T + 2kolz — 7| — (“T;gy)Q - 552

L
20T + 4kod — 62 <0,

where we have used the barriers from Lemma 3.6 for the second line, assumption (A0) for
the third line, and for the fourth line the fact that L = (4K,T + 8kyd)/d?. This gives us a
contradiction.

Step 3: viscosity inequalities. By doubling the time variable and passing to the limit,
we obtain that there exists two real numbers a,b € R such that

a—b=———=5
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and
a+¢ (1’ NO t_a a U(LT, )])(i)’ ]E/[Q[S(Ea )](f)) ’ |p£ + L(i - Z)‘ <0,
b+ 6 (9, Nolu(t, ), (€GN @), Mt ))(@)) - Ip- — LG — 2)] > 0,
with p. = ( — y)/e. Combining these inequalities we obtain
A< 6 (2 Noleh, ), [uld, @), Mfelh, @) - Ipe+ LE ). (320

Notice that because z < z+9J < —hg, and because of the form of ¢ (Remark 2.10), the right-
hand side term in (3.24) is only a combination of the non-local term Ny(¢(2,-), [u(, -)])()

and of max(No(&(Z,-), [u(t, )])(Z), M2[£(2, -)](Z)).
Let us prove that No(&(1, ), [u(t,-)])(Z) = 0, which, given that the non-local operators

are non-positive, will imply that the entire right-hand side term in (3.24) is equal to zero.
As a matter of fact, using that |z —y| — 0 as € goes to 0, for all h € [ho, hnas], We can
assume that * + h > y. Using the fact that u is decreasing in space we deduce that

uw(t, T+ h) —£(t,7) <ult,y) —&(t,T) < —1, (3.25)

where we have used the fact that (¢, 7, 4) > 0. This implies that No(&(¢,-), [u(t, -)])(Z) = 0.
This gives us a contradiction and ends the proof of Lemma 3.10.
O

4 Effective Hamiltonians and correctors for the junc-
tion

This section is devoted to the construction of correctors at the junction and far from the
junction.

4.1 Correctors far from the junction

The following propositions explicit the construction of the effective Hamiltonians and of
the correctors far from the junction.

Proposition 4.1 (Homogenization on Ry). Assume (A). Then for p € [—2kg,0|, there
exists a unique A € R, such that there exists a bounded solution (v, () of

N (o, (@) - v+ pl = X
NG [oD(@) - [Ge + Pl = A (11)

v and C are Z-periodic.

Moreover, for p € [—2ko, 0], we have A = Hy(p) = —Vj <_> Ip|.
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Proposition 4.2 (Homogenization on Ry and Ry). Assume (A). Then fori = 1,2 and for
p € [—2ko, 0], there exists a unique \ € R, such that there exists a bounded solution v of

{ Mi[v)(x) - [vg +p| = A, (4.2)

v is Z — periodic,

, — —2
with M, defined in (3.3). Moreover, for p € [—2ko,0] we have A = H;(p) = =V, (p) Ip|.

To prove the previous propositions, it is only necessary to notice that v = ¢ = 0 are
obvious solutions to each problem.

4.2 Correctors at the junction

Like in [2, GIM15] in order to prove the convergence result we need to construct correctors
for the junction. We now present the existence result of the appropriate correctors. The
proof of this result is postponed to Section 6. Given A € R, A > H,, we introduce the real
numbers p},p5 € R such that

) =H,(p)) =4 and Hy(p?)=H, [ ) =4 (4.3)

thanks to the form of H; and of H,, there is only one couple of real numbers satisfying
(4.3). We also introduce two real number p° and p® defined by

~0 .
P~ = min{p, p € E . . _
{55 2wl 0B i By = (o e -2t 0L Ho) = Holp) = A). (10
Note that if A # 0, then p° = pY.

Theorem 4.3 (Existence of global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy, 0] such that there exists a solu-
tion (w,x) of (2.25) with A = A and such that there exists a constant C > 0 and two
globally Lipschitz continuous functions my and mo with m1(0) = mo(0) = 0 such that,
for all x € R,

jw(z) —mi(z)| <C and  [x(z) —ma(2)] < C, (4.5)
and for all x < hyg,

w(z) = x(z)] < C. (4.6)
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i) (Bound from below at infinity) There exist two constants o > 0 and C' > 0 such that
for every v € (0,7), we have for x >0 and h > 0,

w(e+h) —w@) > P, —Nh=C x(@+h)—x(=) =@ —9Nh-C A7)

and for v < —hg — hpaz — 1 and h >0
w(z —h) —w(z) 2 (=pL =h=C x(@—h)=x(z) > (-pL —7)h - C. (48)
The first inequality in (4Q is valid only if A > min H, and the second inequality
is valid only if A > min Hy. Similarly, the inequalities in (4.8) are wvalid only if

A > min H,.

iii) (Rescaling) For e > 0, we set

w®(x) = ew (x) and X (z) =ex <I) :

£ €
then (up to a sub-sequence £, — 0) we have that w® and x° converge locally uniformly
respectively towards W and X which satisfy respectively

for all x > 0, (4.9)
for all x < 0.

and

for all x > 0, (4.10)
for all x < 0.

In particular, we have (with W (0) =0 = X(0)),
PLalisoy + P2 alipcoy < Wi(x) < Dyalipsoy + PLal e (4.11)
and

Prrlpsoy + Plalpcn < X (2) < Pralpsoy + P ali<o) (4.12)
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5 Proof of convergence

This section contains the proof of Theorem 2.4, which relies on the existence of correctors
provided by Propositions 4.1, 4.2 and Theorem 4.3.

We will use the following lemmas for the proof of Theorem 2.4, the first one is a direct
consequence of Perron’s method and Lemma 3.6 and the second one is a direct consequence
of Theorem 3.9.

Lemma 5.1 (Barriers uniform in €). Assume (A0) and (A). Then there ezists a constant
C > 0, such that for all € > 0, the solution (u®, &%) of (2.4)-(2.9) satisfies for allt > 0 and
r € R,

[u®(t,x) —up(z)| < Ct and |E(t,x) —&(x)] < Ct.

Lemma 5.2 (Control of the space oscillations). Assume (A0) and (A). Then the solution
(us, &%) of (2.4)-(2.9) satisfies for allt >0, x,y € R, x >y,

= (5.1)

{ —2ko(z —y) — 2e < wf(t,x) —ui(t,y) <0,
—2ko(x —y) —2e <& (tx) — & (Ly) <0.

Before doing the proof of Theorem 2.4, let us show how it will allow us to prove Theorem
2.7.

Proof of Theorem 2.7. We want to prove that for all ¢ € [0, +00), z,y € RgU Ry, x >y
(or for all t € [0, +00), z,y € Ry U Ry, x > y)

_2k0 ’ d(ﬂf,y) < uo(tv ZE) - uo(tay) <0.

Using Lemma 5.2, we have that @°, defined by (2.16), satisfies for all ¢ € [0,4+00), =,y €
RoyURy, x>y (or forall t € [0,400), z,y € Ry U Ry, x > y),

—2ko - d(z,y) — 2 < @ (t,z) — u(t,y) <O.

Now using Theorem 2.4, and passing to the limit as ¢ — 0, we obtain the result.

Proof of Theorem 2.4. Let us introduce for (¢,z) € (0,T) x R,

u(t,z) = limsup*u®(t,z) and &(t,x) = limsup*€(¢, z), (5.2)

e—0 e—0
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u(t,z) = liminf w*(t,z) and &(t,x) = liran_}glf*ﬁg(t,x). (5.3)

e—0 *

Thanks to Lemma 5.1 these functions are well defined. We also introduce
max (w(t, —d(0,y)), €(t, —d(0,y))) for (t,y) € (0,T) x R,
o(t,y) = § u(t,d(0,y)) for (¢,y) € (0,T) x Ry,

&(t,d(0,y)) for (t,y) € (0,T) x Rj,
and
min (u(t, —d(0,y)), £(t, —d(0,y))) for (t,y) € (0,T) x Ry,

v(t,y) =9 ult,d(0,y)) for (t,y) € (0,T) x R;,

£(t,d(0,y)) for (t,y) € (0,T) x Ry,

We want to prove that ¥ and v are respectively a sub-solution and a super-solution of
(2.17). In this case, the comparison principle will imply that 7 < v, but by construction
we have v < U, hence we will get v = ¥ = u°, the unique solution of (2.17).

Let us prove that 7 is a sub-solution of (2.17) (the proof for v is similar and we skip it).
We argue by contradiction and assume that there exists a test function ¢ € C?((0, +00)x R)
(in the sense of Definition 3.3), and a point (¢,7) € (0, +00) x R such that

u(t,y) = ¢(t,y) )

1< on Qr7(t,y) with 7 > 0
V< —2n outside Q; (¢,y) with n > 0
o+ H(y,py(t,y)) =0 with 6 >0,

(5.4)

where
Ho(dop(t, 7)) if y € Ry,
e (- H,(01(L, ) ity e ny,
HG, o 7)) = 2 LY rySh
.4t )) Hy(02p(t,y) ) ify € Rs,
(8090<t7 0)7 8190@7 0)7 8290(t7 0)) if g =0.
We denote by 7 = sign(y)d(0,y), with sign : R — R,
1 ify e Ry URS,
sign(y) =< —1 ifye Ry,
0 ify=0.

Given Lemma 5.2 and (5.2)-(5.3), we can assume (up to changing ¢ at infinity) that for ¢
small enough, we have

u (. sign(y)d(0,9)) < @(r,y) —n for (1,y) € (Qs(,9)) N (Ro U Ry),

& (r, sign(y)d(0,y)) < @(r,y) —n for (1,y) € (Qrr(£,9)) N (RoU Ry).

Using the previous lemmas we get that the function v satisfies for all t > 0, z,y € R{ (or
x,y € Ry or z,y € R}), such that sign(x)d(0,x) > sign(y)d(0,y),

—2ko - d(z,y) <v(t,x) —v(t,y) <O0. (5.6)

(5.5)
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Ch.6. Homogenization of a discrete model for a bifurcation

First case: y # 0. We only consider y € Ry, since the other cases (y € R} and y € R})
can be treated in the same way. We define p = dy(t, ) which, according to (5.6) satisfies

We choose, 7 > 0 small enough so that z + 7 < 0. Let us prove that the test function ¢
defined by

o(t,x) = @(t,zéy) for x <0,

(notice that @, (t,%) = dop(t,y) and @4 (¢, T) = ¢4(t, y)) satisfies in the viscosity sense, the
following inequality for (t,z) € P (t, ),

5t o (jNS (@(t, ). [@(t, )D (@), 3¢ l@(? )

S 9

. 0
@) lelzg 69
Let us notice that for € small enough we have for all (¢, ) € Py (¢, z), for k = 1,2,

¢Cg%<¢w»¢ﬂaw>@%Mng»]@0:ﬁ%<ﬂuqlﬂuw>@) 59)

9 9 € 9

For all (¢,x) € P;;(t, ), we have for 7 small enough

@t(t7m>~ ~
#3 (22 | 289 ) fontraol = i)+ ort)
e e R
= 0 FO(}?) + 0{(%)
+N§ (90(? ')’ @(Z? ) ) (x) . |p|

= A
where we have used (5.4) and the definition of p. We recall that for —2ky < p < 0, we have
Holp) = N°(0, [0))(0) - [p] = K2(0,[0)(0) - |pl.
Moreover, for all z € [hg, hmas|, and for e and 7 small enough we have that

@(tvm + 82) B @(t,.f)
g

= z@.(t,z) + O(e)
< pz+o0:(1) + ce,
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5.Proof of convergence

with ¢ > 0 a fixed constant. Now using the fact that F is decreasing we have

(t,x+¢ez) — @(t,x)) |

F(ps+ ¢z + 0x(1)) gF(SZ’ d

Using this result and replacing the non-local operators in (5.10) by their definition we
obtain

hmal‘ ~
A>0+o0;+ ]p\/h Jo(2)F(pz + ce + 05(1))dz (5.11)
0

h7naac

=Ipl | Jo(2)F(pz)dz.
0
We can see that if we have p = 0, we obtain directly our result. However, if —2ky < p < 0,

/RJO(Z)F(Z?Z + ce + of(l))dz -V (—1 — cgp_ 07«(1))

—lvb _—l+ce+os(1) +§V73ax7
2 P 2

/RJO(Z)F(pz)dz =—- <_pl> + 2‘/191%- (5.12)

Injecting (5.12) in (5.11) and choosing € and 7 small enough, we obtain

+0r(1) + |- l_VO (—1 St of<1>> oy (-}91)1
+ 07

(1) = lIV5lloo - (ce + 0r(1)) (5.13)

A

(AVARRAVARRN AV
N DD >

Y

where we have used assumption (A1) for the second line.

Getting the contradiction. By definition, for £ small enough and using (5.5), we have
u<@g—n and & <@ —noutside Prs(t, 7).
Using the comparison principle on bounded sets for (2.4), we get
uw<@g—n and & <@ —mnon Pril,T).

Passing to the limit as ¢ — 0, this implies 7 < p — 7 on Qr(¢,y) and this contradicts the
fact that v(¢,y) = ©(t, 7).

Remark 5.3. In the case y € R} or y € RS, (2.4) is completely decoupled for e small
enough in Pr;(t,z) and therefore we can consider each line of (2.4) as independent.
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Ch.6. Homogenization of a discrete model for a bifurcation

Second case: y = 0. Thanks to (5.6) (which implies (3.8)), we may use Theorem 3.5
and assume that the test function has the following form

gp(t, ?J) = g(t) + pgyl{yeR(’;} +p}|-y1{y€R’1‘} + Tﬁyl{yeR;} on Q2F,2F<t_7 0)» (5-14)
where g is a C' function defined in (0, +0c). The last line in condition (5.4) becomes
g () + P52, pL.70) = g(t) + A=10 at (£,0). (5.15)

Let us consider (w, x) the solution of (2.25) provided by Theorem 4.3, and let us denote

x _
t)+e¢ <> on Poror(t,0),
Sty =4 ST n Porar(t,0), (5.16)
© (t, r€pliz<oy + xéll{ng}) outside Por 27(t, 0),
and
(t)+¢ (ZB> on Py 27(t, 0)
- n 7,2r \Uy )
it ) =4 T TN 22 (5.17)

2 (t, xgol{xgo} + xggl{x20}> outside 7)277’277(5, 0)

We claim that these functions satisfy in the viscosity sense, for 7 and € small enough, on

Pf,f(a 0)7

R

wi(t, x)

Sm

Y

260 1IN e [Sf(tw) (x)>'|90§!2

€ g
w‘f(;,v’ pe(t, ) M [f(t,-)} (m))-ld);lz )

3

+¢
viltx) + ¢

Sm

)

M8 o8
:

We only prove that ¢° is a super-solution (the case for ¢ is similar and we skip it), let h
be a test function touching ¢° from below at (t1,2;) € Pr(t,0), so we have

w (ml) = i (h(t1,21) — g(t1)),

3

and

(h(t1,ey) — g(t1)),

1
w(y) > -

x
for y in a neighbourhood of ~L. Since w does not depend on time, we have
€

hi(ti, 21) = g'(t1).
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5.Proof of convergence

Therefore, we have
Zy Ty

ltra) =/ (0) + 0 (2N (D) () A0l (22)) - Ihettr ) =

This implies that (using (5.15) and taking 7 small enough)

mults.e0) + 6 (1 No (o, 1) (2 ) 8l (2) ) - haltr,a0)] = A+g/(0) 2

Now for € small enough such that eh,,., <7, we deduce from the previous inequality and
using the fact that we consider non-local operators with bounded support, that we have

ht<t17x1)
. ¢< 6 <¢s(t1,-)’ [¢5(t17)‘|> (ZE1)7M1€ [f(tl’ )] (Il>> . ’hx(t17x1)| >

9 9

>0
2

l\D\Q)

Getting the contradiction. Using (5.5) and (5.14), we have for ¢ small enough

w41 < g(t) + 0l a0y + PLrl a0y - -
| _ on P 7 27 t,0 PFF t, 0 s
{ £+ 1 < g(t) + P22l eoy + P11 (>0}, 2rar(t, 0)\Pr(t, 0)

Using the fact that w® — W and (¢ — X, and using (4.11), we have for € small enough

u® + g < ¢*
on 7)271,2;(1?, O)\PF’F<E, O)
56 + 77 < ¢E
Combining this result with (5.16)—(5.17), we get
u€ _I_ g S (pe
outside P; ;(¢,0).
é‘E + ;7 S w&

By the comparison principle on bounded subsets the previous inequality holds in P;z(Z, 0).
Passing to the limit as ¢ — 0, we obtain

v+ g <@ on Qrs(t,0).

Evaluating this inequality in (¢,0), we obtain a contradiction.

Remark 5.4. In order to prove that v is a super-solution, the test function in the case
y =0, needs to be
o(t,y) = g(t) + P2 ylyersy + Piyliyersy +Diyliyeryy  on Qarar(t,0). (5.18)

This ends the proof of Theorem 2.4.
O
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Ch.6. Homogenization of a discrete model for a bifurcation

6 Truncated cell problem

This section contains the proof of Theorem 4.3. We proceed as in [2, GIM15] and we will
construct correctors on a truncated domain and then pass to the limit as the size of the
domain goes to infinity. For I € (hg+ hpmae + 1, +00), hg << land hg+ hpee +1 < R << [,
we want to find \; g € R such that there exists a solution (w", ") of

G}z(m, wl,R(I), [XZ7R]7 [wl,R]J wi,R) _ )‘Z,R .
{ G2, (z, Y1 R (), [whB], [YMR], ¥ 5R) = Mg if v € (=1,1)
ﬁf(th) == )\l R '
J— x k] f _ l
{H;“y”‘A“% i 61)
T (hR) —
{ EQ(wfR) ALR N
Hy(x5"™) = N\ir

with, for j = 1,2,

Grla,w(@), [x], [w],q) = vp(2)vh @)z, No(w, [X]) (), M;[w](2))lq] (6.2)
(1= i)V () + (1 — 5 () Hog), '

i(q
and ¢, vy € C%, ¢ : R — [0,1], with ¢y (2) = ¢f(—z) and

wh = { (1) on E};f’lﬂm)’ and Y(z) < 1 Ve ¢ (—oo, R]. (6.3)

To Gﬁ we associate éﬁ which is defined in the same way by replacing the non-local oper-
ators Ny and M respectively by Ny and M;.

6.1 Comparison principle for a truncated problem

Proposition 6.1 (Comparison principle on a truncated domain). Let us consider the
following problem for 0 < l; <ly and X\ € R, with Iy >> R.

Gl u(2), [€). [ u) 2 X
{ 2 (0 6(a), o], [66) = n ¢ € )

/\

i (6.4)
Hi (ug) > A o
{EG@QZA o=t
and for ey > 0,
(v, (). [0]: [€]:C2) < A — &0 (6.5)
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6.Truncated cell problem

Then if v(ly) < u(ly) and ((ly) < &(ly), we have v < u and ¢ < & in [ly, o).

Proof. Like in [2], the only new difficulty to prove this proposition is the comparison at 5.
But since near [y, the system decouples itself, we can prooceed as in [GIM15, Proposition
4.1].

O]

Remark 6.2. We have a similar result if we exchange the boundary conditions, that is
to say for ly < ly < —hg — hpmae — 1, and if for all x € [la,ly + hpas] v(z) < u(x) and
((x) < &(x) and the following conditions are imposed at x = Iy,

Hy (&) 2 A 1 (66)
{HM%>§A_° ifz=1
Hy(G) < A=z '

6.2 Existence of correctors on a truncated domain

Proposition 6.3 (Existence of correctors on a truncated domain). There exists a constant

Mg € R such that there exists a solution (w % ") of (6.1). Moreover, there exists a

constant C' (depending only on ko) and two Lipschitz continuous functions mll’R and mZQ’R,

such that

Hy = Joax, rgleiﬂgﬁi(p) <A\ <0,
|whB(z) — mll’R(a;)\ <C for all x € [—1,1],
B (x) —mbR ()] < C for all x € [—1,1], (6.7)
|mé’R(x) _mi,R<y)’ < C‘I_y‘ fOT’ all T,y € [_lal]a fOTi: 172
lwhB(z) — M (2)| < C for all x € [—1, ho).
Proof. We consider the approximated truncated cell problem,
o’ + Gh(z,0°(x),[C0], [v°],v3) =0 |
) ) ) Y xT ]fl‘ 6 _l,l
{5@+GyL@xMMH@L9=o =hi)
o+ H, (v2)=0 :
{ U ﬂ%%_ if v =1 (6.8)
0¢° + Hy (¢) =0
5 (10
{5U6+H9(U§)—O o
0¢° + Hy (G;) =0
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Ch.6. Homogenization of a discrete model for a bifurcation

Step 1: existence of a solution. Using that (0,0) and (Cy/d,Cy/d) are respectively
sub and super-solution of (6.8), with Cy = ]meiﬁl Hy(p)| and that we have a comparison
P

principle, we deduce that there exists a continuous viscosity solution (v°, (°) of (6.8) which
satisfies
C C
ogzﬁg?‘) and 03(‘@7". (6.9)
Step 2: control of the oscillations of v’ and (°.

Lemma 6.4. The functions v° and (° satisfy for all x,y € [—1,1], z > v,
—Ko(z —y) =2<0°(2) =0’ (y) <O and  — Ko(w —y) —2 < (2) = *(y) < 0,6.10)

Proof of Lemma 6.4. In the rest of the proof we will use the following notation

A

0= {(x,y) e[-L1?st. x> y}.
Proof of the upper inequality. We want to prove that

M= sup max (o(z) ~ o (y), €'() = () <O (6.11)

We argue by contradiction and assume that M > 0. Since Q is compact and v and £° are
continuous, we can see that M is reached for a finite point that we denote by (z,y) € Q.
Given that M > 0, we deduce that z # 3. Therefore, we can use the viscosity inequalities
for (6.8).

Let us assume for instance that M = v°(z) — v°(y) (the other case is similar so we skip
it).
We distinguish 3 cases.
-If (z,y) € (=1, 1), we have

00 (&) + Gh(7,v°(), [¢°], [1°],0) < 0
0v° () + GR(y,v°(9), [¢°], [v°],0) > 0

combining these inequalities with the fact that G(x, U, [Z], [U],0) = 0, we obtain
oM <0.
-If x =1 and y € (—I,1), we obtain similarly

SM <0, (6.12)
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6.Truncated cell problem

using the fact that H, (0) = 0.
-If 7 € (—1,1] and y = —1, we obtain

oM < H, (0) <0.

For every value of x,y we obtain a contradiction, therefore M < 0.

Proof of the lower inequality. In order to proof this inequalities, we will use the
following lemma whose proof is postponed.

Lemma 6.5. For all x € [—1, —ho|, we have
1% (x) — ()] < 1. (6.13)
We want to prove that

M = sup max (v"(y) = v*(2) = Kol —y) = 2,¢’(y) = (&) — Ko(z —y) — 2) < 0.
z,y)E

We argue by contradiction and assume that M > 0. We can see that M is reached for a
finite point that we denote by (z,7) € (. Since M > 0, we deduce that Z > §. Therefore,
we can use the viscosity inequalities from (6.8).

Let us for instance assume that M = v°(j) — v%(Z) — Ko(z — ) — 2 (the other case is
similar and we skip it).

We distinguish 4 cases.

-If z,y € (=1, 1), we obtain

51}6(@) + q}%(?ja Ué(@)? [Cﬂ? [U6]7 _KO) <0
51}6(‘%) + G}%(Zi’, U(S("E)v [Cg]ﬂ [U(SL _KO) > 07

combining these inequalities and using the definition of M, we obtain
oM < é}%(£> Ua(i'% [<6]7 [U6]7 _KO) - G}%(ga Ué(@)? [C6]7 [U6]7 _KO)' (614)

We recall that the non-local operators are non-positive (see Remark 2.9) and that

H;(—Ky) =0 for i =0,1,2. This implies that

OM < = G, v (), [C°), [v'], = Ko) = vr(@) ¢4 @) (5, No(v’, [C°) (@), Ma[0*)(9)) - Ko-
(6.15)

To treat (6.15), we will compute M, [v°](y) and No(v?, [¢°])(¥).
Let us prove that M;[v°](y) = 0. In fact, it is sufficient to prove that for all z €
(ho, Pmaz), We have

V(7 + 2) —0°(§) < —2.
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Ch.6. Homogenization of a discrete model for a bifurcation

Let z € (ho, hmaz), if ¥ + 2z < Z, then using the fact that
V(G +2) = (%) = Ko(T —§ — 2) =2 < 0°(y) = 0°(7) — Koz —7) - 2,
we deduce that
V(5 + 2) —0°(y) < —Koz < —2.
If iy + z > ¥, using the fact that v’ is non-increasing and that M > 0, we obtain
V(G +2) = 0°(g) < 0°(7) =0 (§) < —Ko(Z —§) —2 < =2
Using that Ny(v?, [¢°])(y) < 0, and that M;[v°](y) = 0, we get

max (No(v", [¢)(@), Mi[v7)(5)) = 0.

We can therefore assume that —R — 1 <y < —hg — hypae (if not we get a contradiction in
(6.15)).

Let us now prove that for all —R —1 <4 < —hg — Apmaz, No(v?,[¢°])(5) = 0. In fact, it
suffices to prove that for all z € (hg, hunas), We have

C+2)— o) < -1

Let 2 € (ho, hmae)- If § + 2 > Z, using the fact that ¢° is non-increasing and Lemma 6.5
(since ¥ + 2 < Y + e < —hg), we obtain

V(4 2) —0°(y) + 1

V() = (y) + 1
—Koy(z—g)—1<—1,

5+ 2) —v°(y)

IAIAIA

where we used the fact that M > 0 for the third line. If y + z < Z, using Lemma 6.5 and
that

(G +2) = 0(F) = Ko(T—§— 2) =2 <0(§) = 0'(T) — Ko(T—7) -2,
we obtain

G+ 2)—v°y) < V(G+2) —v°(y) + 1
< 1—-Kpz< —1.

Injecting the previous results into (6.15), we get 6M < 0, which is a contradiction.
-If 2 € (—1,1) and y = —I, we obtain




6.Truncated cell problem

Using the fact that H, (—Kj) = 0 we obtain M < 0, which is a contradiction.
-If z =1 and y € (—1,1), we obtain

)
0v°(g) + Gl R(5:v °(), [¢°]; [v°], —Ko) < 0
0v* (%) + | (—Ko) = 0,

using the result of the first case, and the fact that Ff(—KO) < 0, we directly obtain
oM < 0, which is a contradiction.
-If z =1 and y = —I, we obtain

0v°(y) + Ho (—Ko) <0
§v°(z) + H{ (=Kp) > 0,
just like before, we obtain M < 0, which is a contradiction.
For every value of Z,y € [—[,l] we obtain a contradiction, therefore we have M < 0.

This ends the proof of Lemma 6.4.
O

Step 3: construction of the Lipschitz continuous function.

Lemma 6.6. There exists two Lipschitz continuous functions m$ and m$, such that there
exists a constant C' > 0 (independent of | and R) such that

|0 (x) — mi(z)] < C for all x € [—1,1],
|C0(z) —m(z)] < C for all x € [—1,1], (6.16)
m(x) = mi(y)] < Cla—y| for allw,y € [=1,1], fori=1,2.
Moreover, for all x € [, hy|, we have
V(@) — o) < C. (6.17)

Proof. We only do the construction of mj, since the construction of mj is similar and we
skip it. We define m{ as an affine function in each interval of the form [ih, (i + 1)he], with
1 € Z, such that

mS (ihg) = v°(ihg) and  mS((i 4+ 1)hg) = v°((i + 1)ho).

Since m{ and v° are non-increasing, and [v°((i41)ho) —v°(ihg)| < Koho+2 = 4, we deduce
that for all = € [ihg, (i + 1)hg],

—4 < V(i 4 1)hg) — mS(iho) < v°(z) — mS(z) < v°(ihg) —mS((i + 1)ho) < 4, (6.18)
and for all x,y € [—1,1],
[mi () — m3(y)| < 2Kolw — y. (6.19)
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Ch.6. Homogenization of a discrete model for a bifurcation

We build mj the same way but using ¢? instead of v°.

Moreover, let z € [, h|, first if < —hy, using Lemma 6.5, we have that
0°(x) = ¢*(2)] < 1.
If @ € [—ho, ho|, we have

v (@) = ()| < [0(@) — mu(@)] + |¢°(2) — ma(2)] + [ma(z) — ma()]

< 8+ |mu(r) — mi(—ho)| + [ma(—ho) — ma(x)]
+[mi(—ho) — ma(—=ho)|

< 8414 4Ko|z + hol

< 94 8Kohy = 25,

where we have used for the third inequality the fact that
[mi(=ho) = ma(—ho)| = [v°(=ho) = ¢’ (=ho)| <1

and for the last inequality, the fact that x € [—hg, hg).
Choosing C' = max(2Ky, 25) we obtain (6.16) and (6.17). This ends the proof of Lemma
6.6.
]

Step 4: passing to the limit as ¢ goes to 0. Using (6.9), Lemma 6.6 and (6.16), we
deduce that there exists a subsequence d,, — 0 such that

5,0°7(0) = =N\ R as n — 400,

6,C%(0) = =N\ r as n — 400,

m —mi(0) = mb® asn — oo fori=1,2.
The last convergence being locally uniform. Let us consider,

wh" = lim sup*(vé” — P (O)> and MZ’R = lim inf (U(sn - U6n(0))

6n—0 0n—0

and

Yo = limsup™(¢° — v (0)) and x"® = liminf (¢° — 0% (0)).

On—0 - n—0
Therefore, we have that A\, g, whf, wh®, b, XZ’R and mi’R, satisfy for i =1, 2,
min Ho(p) < A\yg <0,
pER ?
|@17R - m%’}g S O? |MZ7R - mili’ < O? (620)
XM —my™ < O X —myT| <

|aﬂcmé7R| <C,
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6.Truncated cell problem

and for x < ho,
YR — whh <, |yoE - wR| < C (6.21)

By stability of viscosity solutions, we have that (w"? — 2C, Y"# — 2C) and (w"#, x"#) are
respectively a sub-solution and a super-solution of (6.1), and

o — 20 < wh®  and YZ’R —-20 < Xl’R.
By Perron’s method, we can construct a solution (wf, x4f) of (6.1) and thanks to (6.20)-
(6.21), mbf whB LR and A g satisfy (6.7) in which the first inequality is replaced by
in Hy(p) < <0.
min o(p) < Ar <0

The first inequality of (6.7) comes from the fact that near {—(} and {l}, (6.1) contains
only local operators H; for i = 0, 1,2. Indeed, using [AHFM13, Lemme B.1], we can touch
from above, near {—1} or {/}, the functions (w"?, x"#) with a regular test function . This
implies that H;(p,) < A\ g for i = 0,1 or 2 which gives

in H,(p) < \ g 6.22
Jnax min (r) < \ir (6.22)

The uniqueness of \; i is classical so we skip it. This ends the proof of Proposition 6.3.

]

Proof of Lemma 6.5. This proof uses similar arguments to ones used in the proof of The-
orem 3.9. We only prove that for all x € [, —ho] we have ¢°(x) —v°(x) < 1, the proof
for the second part of the result is similar and we skip it. First, let us prove the inequality
on the interval [—R, —hy).

Step 1: z € [—R,—hg|. Take z € (—R,—hg) and let a > 0 be some small parameter
such that z € [-R + a, —ho — o). We denote by

A={ze[-L]st |z—z <a}.
We want to prove that for L := 4Cy/(da?), we have
C(x) =0’ (x) <1+ Lz — 2)? forallz € A. (6.23)
In fact, if we take x = z in the previous inequality, we obtain
C(x) —(z) <1 forall z € (=R, —h)

Using the continuity of v° and ¢?, we deduce the result in [—R, —hg].
In order to prove (6.23), we introduce

M = sup (C‘S(:p) —’(x) =1 — L(z — 2)2) . (6.24)

TEA

We argue by contradiction and assume that M > 0.
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Ch.6. Homogenization of a discrete model for a bifurcation

Step 1.1: the test function. We define for € a small parameter, the function

(y o 2)2 . ($ ;Ey> )

N | b

L
plr,y) = Cla) —v'(y) = 1= Sl —2)° -
The function ¢ reaches a maximum at a finite point (z,y) in the domain
{(x,y) €[-L1*st. |z—z|<aand |z —y| < a} : (6.25)

By classical arguments, we deduce that

0<M<M

—0ase—0.

2e

Step 1.2: |z —z| < o and |y — z| < @. By contradiction, assume that |z — z| = « or
|y — z| = «, in which case, we have

5:_:537;_v5—__£i._z2_£—_2 (z —9)
' gO(Coy)Li() Woimglem i mRi) 2e (6.27)
SQF—gOé:O,

where we have used (6.9) and the fact that L = 4Cj/(da?) for the second line, which gives
us a contradiction.

Step 1.3: viscosity inequalities. Using the viscosity inequalities we obtain

0¢°(7) + G(2,¢°(2), ], [¢°], L(@ = 2) +p=) <0
00 () + GR(7. v (), [C°), '], = L(F — 2) + ) > 0,

with p. = (z —y)/e. Combining these inequalities and using the definition of M, we obtain
OM <GL(7,v°(9),[¢°], [v'], = L(F — 2) +p.) = GR(@,¢°(2), '], [¢°], L(Z — 2) + pe)
<6 (4 No(v’, [C°D) (@), M [v)(9)) | = Ly — 2) + 1|
= (2, No(¢", [0"))(2), Ma[C)() ) | L(F = 2) + e
< — ¢ (2 No(¢’, [V'D)(@), Ma[¢)(@)) | L(& = 2) + pe],

& I

(6.28)

where we have used the fact that the non-local operators are non-positive (Remark 2.9)
and that z,y € [~ R, —ho] which implies that ¢ () = 5 (Z) =
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6.Truncated cell problem

Let us prove that No(¢?, [v°])(z) = 0. Tt is sufficient to prove that for all h € [ho, hmaz),
we have

W (E + ) — (7)< —1.

In fact, using (6.26), for € small enough, we can assume that for all h € [hg, hpaz], we have
7+ h > 7. Using the fact that v is non-increasing and that M > 0, we have

V(T +h) = (@) < °(H) - ¢°(7) < ~ 1.
Using that the non-local operators are non-positive, we have that
max(No(¢’, [v°])(2), Mz[¢°](2)) = 0.
Given the form of the transition function (see Remark 2.10), (6.28) becomes
SM < —¢(%,0,0,M[¢°)(Z)) - |L(Z — z) + pe| = 0. (6.29)

This gives us a contradiction and therefore M < 0.

Step 2: z € [-I,—R] . We introduce

M = e (¢*(x) = v’ (x) — 1). (6.30)

We want to prove that M < 0 and we argue by contradiction and by assuming that M > 0.
Given that ¢° and v’ are continuous, M is reached for a point # € [—I, —R]. First, let us
notice that thanks to Step 1, M cannot be reached for x = —R. We distinguish 2 cases.

Case 1: z € (—,—R). We introduce

@ (@ - P),

which reaches a maximum at a point (z.,y.) € [—I, —R]>. We denote by M. = ¢(z.,y.).
By classical arguments, we can prove that

pla,y) =¢(z) —v’(z) =1

2
lim M, = M, Tim e =Y _
e—0

e—0 ¢

0, and (z.,y.) — (%,Z) ase goesto 0.  (6.31)

Therefore, for € small enough, we can assume that z.,y. € (—[, —R). Using the viscosity
inequalities, we obtain

5(5(ZE5) + G%{(l’a? C(S(xa)7 [U(S]v [C(S]a (z- =) +p.) <0
00’ (ye) + GR(ye, v (1e), [¢°), [v°), = (ye — ) +p2) > 0,
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with p. = (z. — y.)/e. Combining these inequalities and using the definition of M, we
obtain

OM <GL(ye, " (4e), [¢°], [v°], — (3 — ) + pe)

_G2 (3:67 ( )7['U 7[ ]7(x8_$)+p8)
<(1 = Yr)) Ho(—(y- — @) +p:) — (1 = Yp(ze)) Ho((z: — T) + pe)
+ V(1)@ (v No(0”, [CD (o), ML [0°) () ) | = (v — 7) + e (6.32)

— Y (22)¢ (2o No(¢, 0] (@), Mo[¢)(22)) (- — &) + |
<(1 = YY) Hol— (v — ) +pe) — (1 — Y (w)) Hol(w= — T) + pe)
— Y No(¢, [v]) ()| (e — 7) + pel,

where we have used that ¢(x.,a,b) = a for x. < —hg — hpae — 1.
Using that Ny(¢?, [v°])(z.) = 0 (see Step 1), we get

OM <(1 =Yg (ye)) Ho(—(ye — ) +p-) — (1 — Yg(2:)) Ho(ze — T + pe). (6.33)
This implies that
OM <(1 = g (ye)) (Fo(—(y: — @) + p2) — Hol(2: — 7) + pz))

+ (V) lcl7e = yel | Ho((ze — Z) + pe)

-/ _ _ _ _
<[Holloo (l2= = 2| + |ye = Z]) + 1(¥R) ool = ve| - Vipgal(xe — ) + pe|
<o.(1)

(6.34)

where we have used the regularity of 15 for the first inequality, the form of H, (the fact
that |Hy(p)| < VU..Ip|, see (2.10)), and (6.31) for the last inequality.
Injecting (6.34) into (6.33), we obtain that

IM < o.(1),

which gives a contradiction for € small enough.

Case 2: T = —I. We introduce

_ 6 IR T Y 1 a2 )2
plany) = @) = (@) 1= 67 (L) = S (0= + (- %),
where G7 is the vertex test function introduce by Imbert and Monneau in [IM14, Theorem
3.2]. We fix v = 0M/2. We refer to [IM14] for a detailed description on the vertex test
function and on how to build it, but for the readers convenience we recall the properties
we use in this proof.
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6.Truncated cell problem

—_

. (Regularity)

G(x,-) € Ci([

) forall xe |-,
G y) € CY([-1.1 Y (6.35)

¢! 2 B
G" e C([-1,1]%) { —1,1]) forall ye [,

2. (Bound from below) G” > 0 = G(0,0).

3. (Super-linearity) There exists ¢ : [0, +00) — R non-decreasing and such that for all
(‘1'7 y) € [_l> l]2
g(lr —y|) <G'(z,y) and  lim 9(a) = +00
- ’ a—+o0o
4. (Compatibility condition on the gradient)
Ho(y, —Gy(z,y)) — Ho(z, GY(z,y)) <, (6.36)
with, for all x € [—[,]] and p € R,
— H,(p) ifz=-I
H =4 20 :

Like in the previous case, the test function ¢ reaches a maximum at a point (x.,y.) and
(6.31) remains valid with £ = —I. Proceeding like before, we obtain (6.32) but for £ small
enough the only terms that remain are the local ones. Therefore, we have

T ) G (2)) T 42 (2)
— Te Ye e Te Ye IT
<Ho (.G (2 2)) = Ho (e 67 (2. 2) )+ f gl (e 11+ e + 1)

E £
<7+ o0:(1).
(6.38)

This implies that §M /2 < o.(1) and we obtain a contradiction for £ small enough.
O

Proposition 6.7 (First definition of the flux limiter). The following limits exist (up to
some sub-sequence)

ZR: lim Al,R?
T [oe_ (6.39)

Moreover, we have
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Proof. This proof is a direct consequence of (6.7).
O]

Proposition 6.8 (Control of the slopes on a truncated domain). Assume thatl and R are
large enough. Let (wh®, x") be the solution of (6.1) given by Proposition 6.3.

If we assume up to a sub-sequence that A = lim lim X\ p > min H,. Then there
R—+4o0ol—+o00

exist vo > 0 and a constant C > 0 (independent of | and R) such that for all v € (0, 7o)
and for all x > 0 and h > 0

w B (z + h) — w(x) > (B —y)h - C (6.40)
Similarly, if we assume that A > min H, then we have for all x > 0 and h > 0
XM (@ + h) = x"(2) = (P} —1)h - C. (6.41)
Finally, if we assume that A > min Hy, we have for all x < —hy — hypaz — 1 and h > 0,
whf(z — h) — wB(x) > (=p° —y)h - C (6.42)
and
XM (@ = h) = x"(2) > (= —7)h - C. (6.43)

Proof. We do the proof of Proposition 6.8 in two steps.

Step 1: proof of (6.40)-(6.41). We do the proof only for w"%, since the truncated cell
problem (6.1) decouples itself for x > 0. The proof for x"# is similar and we skip it. For
> 0, small enough, we denote by pL the real numbers defined by

Hi(p)) = Hy ()) = Mg — o (6.44)
Using that
minﬁl < Al,R <0,

we deduce that p), exists for y small enough and p,, € [—2ko,0).
Let us now consider w* = p}ﬂ? that satisfies

Hi(wf)=Ngp—p forzeR. (6.45)
We also have
3
Mifuwt)(w) = [ A(EE@L -+ 2) = pla)ds = SVih,

=2 1 +o0
Ji(z)dz + ;Jl(z)dz — §V1

2 max
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For all x € (0,1), we have

Mi[wt)(z) - |wl| = - (;3) : |p}t| = Hi(p)) = \p — - (6.46)

m

Using (6.46), we can see that the restriction of w* to (0, (] satisfies

Gz, w*, X [w], wh) = Mg —p if 2 € (0,1)
H (wh) = \Ng — if z=1,

notice that since x > 0 there is no actual dependence on x* on the previous equation.
Let us introduce, for some zy € (0, 1],

g=wh® —whB(zs) and w=w"—wth(xg) (6.47)
Then we have
g(xo) = 0 > u(xy). (6.48)

Using that ¢ is a solution of (6.4) (in (0,!] the solutions are invariant by addition of
constants) and u is a solution of (6.5) (with 9 = ), joint to the comparison principle
(Proposition 6.1), we get that

whB(z) — whB(xy) > p}t(x — )
This implies that for all h > 0, and for all x € (0,1),
wh(x + h) — wh(x) > pyh

Finally, if we choose 7o < |p1 — Py |, then we have

Choosing ;1 > 0 such that

we obtain (6.40).

Step 2: proof of (6.42) and (6.43). The arguments are similar to the previous ones
but for the readers convenience, we detail where the two proofs differ. For p > 0, small
enough, we denote by pg a solution of

Ho(pp) = Hy (pp) = Mg — 1
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Moreover, since min Hy < A, g, for u small enough, we have pg € [—2ko,0). We introduce
wo = pgx = x~. Like before, we can see that the restriction of w™ to [—I, —ho — hpmaz — 1)
satisfies

Grz,w™, [x |, [w,w,)=Npr—pn ifx € (=l,—ho— hpar — 1)
Ha(w;):)\m—u if e = —1.

Similarly, the restriction of x~ to [—1, —hme: — ho — 1) satisfies

{ GQR('Tax_u ['LU_], [X_LX;) = )\l,R — M if x € (_l7 _hO - hmaz - 1)
z)

Hy(xz)=MNgr—p if v =—1.
Let us introduce, for some xy € [—1, —ho — hpaz — 1),
LR LR _ _ ~
g = w"" —w""(zg) u=w"—w (rg) = C
{ ho= M — wuz(%), and { v = —x~(x0) — O, (6.49)

with C' = Chypee + 3C where C' > 0 is the constant provided by Proposition 6.3. Then,
using Proposition 6.3, we have for all x € [xg, 2o + hmaz]

g(x) = wl’R(:c) - wl’R(xo) > —Cloe —xo| — 2C > —Chypae — 2C > -
> — C’—I—pg(x — ) = u(x)

h(z) = X" () — w(zo) =x"(2) — X" (w0) + X" (20) — W' (wo)
- Chmax -20-C > _é > _é —|—p2(fE - .To) = U(Z’)

v

Using the comparison principle (Proposition 6.1) with the boundary conditions (6.6) (see
Remark 6.2), we get that

{ wh () — w(zo) = p(x — o)
XM (@) = wh (o) = p(x — o)

- C

- C.
Using Proposition 6.3, we have that IxtF(x0) — whB(xg)| < C. Therefore, up to changing
the constant C' > 0, we have

{ whB(x) — whB(xg) > Po(x — x0) — C
XM () = XM (o) > p(x — xo) — C.
This implies that for all h > 0, and for all x € (=1, —hy — hpaz — 1),

{ wh(x — h) —wF(z) > —plh — ?
X" —h) = x"(x) > —phh = C.
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6.Truncated cell problem

Finally, if we choose vy < |po — P° |, then we have

Ho(p" +7) = Ho (" +7)-
Choosing ;> 0 such that
Py =Dy +7-

we obtain (6.42) and (6.43) .

Proof of Theorem 4.3. The proof is performed in two steps.

Step 1: proof of i) and ii). We want to pass to the limit as [ — +oo and then as
R — +oo for the solution of (6.1) given by Proposition 6.3. Using (6.3), there exists
l, — 400, such that for i = 1,2, we have

In,R
%

In,R

m i

—m"(0) = mF asn — +oo,

the convergence being locally uniform. We also define

w!(z) = lim sup”* <wl"’R - wlmR(O)) , X%(z) = lim sup* (Xl"’R - wl’“R(O)) :
n—+oo and n—+oo
w'(z) = lim inf (wh = whR(0)), X(w) = lim inf (o — winB(0))

Thanks to (6.3), we know that these limits are finite and satisfy

m{%—C’<wR§@R§mf+G and m?—C’ﬁXRSXRSmf—i—C.

By stability of viscosity solutions (w” — 2C,x" — 2C) and (w”, x™) are respectively a
sub-solution and a super-solution of

{ Gz, wh(x), X7, [wh], wl) = A (6.50)

Therefore, using Perron’s method, we can construct a solution (w', x™) of (6.50), with
mP, Ag, wf and \® satisfying

ImE(z) — mE(y)| < Clx — 9 for all z,y € R, for i =1,2,

lwi(z) — mB(x)| < O, |[xE(z) —ml(z)] < C forall z € R, (6.51)
lwh(x) — xB(x)] < C for all x < hy, '
Hy < Ap <0
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Ch.6. Homogenization of a discrete model for a bifurcation

Using Proposition 6.8, if A > H; (resp. A > min H,), we know that there exists 7, and a
constant C' > 0, such that for all v € (0,~), for all x > 0, and h > 0,

wR(z+ h) —wh(z) > (L —)h - C (resp. X + h) — xR(@) > (B — )k — C’>6.52)

Similarly, if we assume A > min Hy, then we have similarly, for all x < —hgy — Az — 1

and h > 0,

wi(@ —h) —w (@) > (=pL = )h - C and xT(x—h) = x"(z) > (=p} —7)h — (6.53)
We now pass to the limit as R — +o00. We consider (up to a sub-sequence), for i = 1,2,

w(z) = limsup” (wR — wR(O)) , w(x) = liminf (wR — wR(O)> :

R—+o0 R—+00,

X(z) = lim sup” (XR — wR(O)) , X(x) = liminf (XR — wR(O)) :

R—+o0 R—r4-o00
A= lim A m; = lim (mf — mZE(0)).
Restoo R 1 R%+<>o( 7 7 ( ))

The last convergence being locally uniform. Thanks to (6.51), we know that the previous
limits are finite and that

m —C<w<w<m+C. and my—C<xy<x<me+C. (6.54)

By stability of viscosity solutions (w —2C, ¥ —2C) and (w, ) are respectively sub-solution
and super-solution of (2.25) with A = A. Using Perron’s method we can construct a
solution (w, x) of (2.25) with A = A that satisfies (4.5), (4.6), (4.7) and (4.8).

Step 2: proof of iii). Let us now consider the rescaled functions w® = ew(z/¢) and
X°(z) = ex(x/e). Using (4.5), we have that

W () = emy (f’cf) +0(e) and x*(x) = emy (i) +0(e). (6.55)
Therefore, there exists a subsequence &, — 0 as n — +00, such that

w™ =W and X — X locally uniformly as n — +oo, (6.56)

with W(0) = X(0) = 0. Arguing as in the proof of convergence away from the junction
point, we have that (W, X) satisfies

Ho(W,) = A
HO(XI) T for x <0,
Fg(Xz) 1 for x > 0.
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This proves (4.9). Let us now prove (4.11).
For x < 0, we have for all v € (0,7), if A > min H,,

W, <p’ +v and X, <p’ +7,
where we have used (4.8). Therefore, we have
pl< We, X, <77, (6.57)

this inequality remains valid if A = min H, (in which case, given the form of H,, we have
For x > 0, we have for all v € (0,70), if A > min H; (resp. A > min H,),

W, >py—v (resp. Xo =75 =),

where we have used (4.7). Therefore given the form of H; (resp. of H,), we have that

W, =p. (resp. X, =p2) for x > 0, this result is still valid if A = min H; (resp. A = H»).
Combining these results, we obtain (4.11).

]

Proof of Theorem 2.8. Up to a sub-sequence, we assume that A = RhT zhgl ANir. We
—>+00 [—>+00

want to prove that A = inf E, with
E ={\€[H,,0]:3(v,() € S solution of (2.25)},

and

S = {(v,() s.t. 3 two Lipschitz continuous functions m; and ms s.t.
m1(0) = my(0) = 0 and a constant C' > 0 s.t. ||[v — m1||oo, || — Moo < C}.

We argue by contradiction and assume that there exists A € I such that A < A, associated
with (v}, ¢?) solution of (2.25). Arguing as in the proof of Theorem 4.3, we deduce that
the functions

v5 () = ev? (9;) and (5(z) = ¢ (i) (6.58)
have as limits, as € goes to 0, W* and X* (with W*(0) = X*(0) = 0) which satisfies
HO(W;\) = A
Ho(XN) = for x < 0,
ﬁl(Wé\) =A
Hy(XN) = A for x > 0.
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This means that for all z > 0, we have
W2 <pyt <pt with Hy(p)") = H) (03" =\, (6.59)
and
X2 <ph? <pt with Hy(p}?) = H, (p27%) = A (6.60)
Similarly, for all x < 0, we have
WX X2 >p* >p°  with p* = min{p € [2ko,0]: Ho(p) = Hy (p) = A}.  (6.61)
These inequalities imply that for all v > 0, there exists a constant C~’7 such that

Al ~
M) < (py" +v)x+C, forz >0, |
e { (pr —y)z+C, forxz<0. (6.62)

and

(P2 4 )z +~C~’7 for z > 0,

(pr —y)x+C, forz<O0. (6.63)

o = {
In fact if (v*,¢*) does not satisfy (6.62) and (6.63), we cannot have (6.59), (6.60), and
(6.61). Using Theorem 4.3, we have for v small enough and for R > 0 big enough,
v* <v and (¢ < for |:z:\2f~i
This implies that there exists a constant C'; such that for all x € R, we have
v Mx) <v(@) +Cp and (Mz) < ((2) + Cp.
Let us now introduce two functions (u, &) and (u?, ), defined by

{ u(t,z) = v(x) + Cp — At, and { uMt, ) = v () — M,
E(t,2) = () + O — A, £\(tx) = CMa) — M.

Both functions are solutions of (2.4) (with e = 1) and
u(0,7) < u(0,2) and &0,7) < £(0, ).
Using the comparison principle (Proposition 3.7), we obtain
vMx) — M < v(z) — At + Chp.

Dividing by t and passing to the limit as ¢ goes to infinity, we get A < A, which is a
contradiction.

]
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7 Link between the system of ODEs and the system
of PDEs

Theorem 7.1. For ¢ = 1, the cumulative distribution function (p1,p2) defined by (2.1)-
(2.2), is a discontinuous viscosity solution, for (t,x) € [0,+00) x R, of

{ (p1)e + & (@, No(p1, [p2(t, )]) (), Mi[pa(t,)](2)) - [Ozpr] = O (7.1)
(p2)e + & (@, No(pa, [p1(t,)]) (), Ma[pa(t,)]()) - [Ozp2| = 0. '

Conversely, if (u,§) is a bounded and continuous viscosity solution of (7.1) satisfying for
some T >0, and for allt € (0,T),

u(t,x) and £(t, x) are decreasing in x,

then the points U;(t), defined by u(t,U;(t)) = —(i + 1) for i € Z if i odd, and defined by
E(t,Ui(t)) = —(i+ 1) fori € Z if i even, satisfy the system (1.1) on (0,T).

Before the proof of Theorem 7.1, let us do the proof of Theorem 2.5.
Proof of Theorem 2.5. We recall that in Theorem 2.5, we have

| —z/h ifx <0 | —z/h ifz <0
uo(x)—{ —2x/hy if x>0 and fO(I)_{ —2x/hy if x>0 for all z € R.

First, we would like to prove that for all £ > 0, we have

1p7(0,2) —up(z)| < f(e) forallzeR (7.2)
and

15£(0,2) — €o(@)] < gle) for all 7 € R, (7.3)

with f(e),g(e) — 0 as € goes to 0. Let us begin by proving (7.2). To do this, we consider
a piece-wise affine function v such that

p1(0,2) = v(z) for z = U;(0), for all i € Z such that i[2] = 1. (7.4)

First, given that for all ¢ € Z, U;41(0) — U;(0) > hg, we notice that v is 2ky—Lipschitz
continuous and by definition of p}, we have

Ip1(0,2) —v(z)] <2 for all x € R. (7.5)
Let us consider the integer ig € N defined by

io =sup{i € Z, st. i[2] =1, U;(0) < —R}.
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Using the assumption that for all i € Z such that U;(0) < —R we have U;1(0) —U;(0) = h,
we deduce that for all z < U, (0)

k0, U (0)) = £ 4 a0

v(r) =——+ . N

h h

g — 1.
Let us now consider the integer iy € N defined by
iv =inf{i € Z, st. i[2] = 1, U;(0) > R} .

Now using the assumption that for all ¢ € Z such that i[2] = 1 and U;(0) > R we have
Ui4+2(0) — U;(0) = hy, we deduce that for all z > U;,(0)

V) = ——
() = =7, h,

2 2U;, (0
20 20,(0)

— (i1 + 1).
Moreover, we recall that for all € > 0, we have p$(0,z) = epi(0,z/¢), this implies that
for all = ¢ [eU;,(0),eU;, (0)],
x
v (Z) - w)

7.6)
2 | (
<2e¢ + e max <|U;;(O)—z'1—1 Ulhw)—z'o—lb.

1

1p1(0, ) — up(w)] <

p1(0,z) —cv (j)’ +

Y

Similarly, we have for all x € [eU;,(0),eU;, (0)],

1(0.2) — ()] < pi(0.2) v (2) | e (£) — =m0 (7)

<2e+e  max  (Jo(y) —u(y)]),
ye Ui() (0)7Ui1 (0)}

(7.7)

where we have used the fact that eug(z/e) = up(z). Combining (7.6) and (7.7) and choosing

f(e) = 2 + emax (‘QUi ©) — 1 — 1},
hy
max (o) - u)),| 22 — iy - 1|
ye[Ui (0.0, (0)] h

we deduce (7.2). Similarly, we can construct g(e) such that (7.3) is satisfied. Notice also
that thanks to (7.2) and (7.3), we have

[(pD)(0,2) —uo(z)| < fe) +& and  |(p5)"(0,2) — &o(x)] < g(e) +&. (7.8)
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7.Link between the system of ODEs and the system of PDEs

Therefore, we have

{ uo(x) —max(f(e), g(e)) < pi(0,2) < (p7)*(0,7) < up(x) + max(f(e), g(e)) +
§o(x) —max(f(e), g(e)) < p5(0,2) < (p3)"(0,2) < &o(w) + max(f(e), g(e)) +

Using the fact that (p5, p§) is a viscosity solution of (2.4) and the comparison principle
(Proposition 3.7) we deduce that (with (u®, %) a continuous solution of (2.4) associated to
the initial condition (ug,&))

{ us(t, ) —max(f(e), g(e)) < pi(t,x) < (p3)" (¢, x) < ws(t, ) + max(f(e), g(¢)) +&.
§°(t, x) —max(f(e), g()) < p3(t,2) < (p5)"(t,x) < &(¢, ) + max(f(e), g(e)) + .

Passing to the limit as ¢ — 0 and using Theorem 2.4 we get that
pi(t,—d(0,x)) for (t,z) € (0,+00) X Ry,
Fit) =4 pi(td(0,2)  for (t,2) € (0,+00) x R}, (7.9)
pa(t.d )
converges locally uniformly to u (unique solution of (2.17)), which ends the proof of
Theorem 2.5.

(0,z))  for (¢t,x) € (0,400) x RS,

]

Proof of Theorem 7.1. Theorem 7.1 is a consequence of the following lemma.

Lemma 7.2 (Link between the velocities). Assume (A). Let ((U;);) be the solution of (1.1)

with
{00 2 timioy 1 arheame € (710)
Then we have for all i € 7., such that i[2] =1,
Ui(t) = =o(Ui(t), No(u(t, ), [€(t, D) (Ui(1)), Mi[ult, )](Ui(1))), (7.11)
and for all i € Z such, that i[2] = 0,
Ui(t) = =o(Ui(t), No(&(t, ), [u(t, D) (Ui()), M2 [E(t, )[(Ui(t))), (7.12)

where E and F are defined in (2.7), J; = V! fori =0,1,2, and u and & are continuous
functions, decreasing in x, such that

{ u(t,z) = p1(t,x) = (p1)«(t, ) for x = Ui(t), for all i € Z, such that i[2] = (7.13)

1,
E(t,x) = po(t,x) = (p2)s(t,x) for x=Ui(t), for all i € Z, such that i[2] = 0.

with (p1, p2) defined in (2.1)-(2.2) (withe =1).

311



Ch.6. Homogenization of a discrete model for a bifurcation

Proof. We drop the time dependence to simplify the presentation. We only do the proof
in the case i € Z, i[2] = 0, the other case being identical.

In the case U; < 0, all the vehicles remain in order, meaning that {(U;) = —(i + 1)
and —(i + 2) = u(Uiy1) < u(U;) < u(U;—1) = —i, using this and (7.13) we have for all
z € [07 +OO),

—-1< u(UZ —|—Z) —g(Uz) <1 ifze [O,Ui_H — Ul),
U(UZ + Z) - f(Uz) S -1 if z € [Ui—‘rl - Uu‘l—OO)

Given that u and & are continuous, this implies that
Ui1—-Us 1 +oo 3 3
No(& ) (@) = [T S (=) +

“Jo(2)dz — ZVO = ~Vo(Uiyr — U;)(7.14)
Now using (7.13), and the fact that £(U;) = —(i + 1), we obtain

Uit1-U; 2 2 max

—2<&U;+2)—&U;) <0 if z€[0,U2 —Uy),
f(UZ + Z) — 6(U1> < =2 if z € [Ui+2 — UZ,—FOO)

Again, given that £ is continuous, this implies that

U1+2 U 1 3
M[E](U;) = / z)dz +/ 5J2 z)dz — QV,,%M = Vo(Uis — Uy). (7.15)
0 'L+2 U

Combining (7.14) and (7.15), we get (7.12).

Thanks to (7.13), we have for x = U;(t), for all i € Z, i[2] =1,

No((p1):(t, ), [(p2)s ( () = No(u ( ), [§@, ) (@) = No(ult, ), [£(£, )]) (),
Mi[(p)«(t,))(2) = Miu(t, )](2) = Mifu(t, ))(z).

Similarly, we have for all x = U;(t), for all i € Z, i[2] = 0,

No((p2)«(t, ), [(p1)- (t (@) = No(€(t, ), [u(t, ) (z) = No(€(t, ), [u(t, )])(x),
Ms|(p2)«(L,)](x) = My[§(2, )} () = Ma[€(2,-)](x)

and using Lemma 7.2, and Definition 3.1, we can see that ((p1)«, (p2)s) is a discontinuous
viscosity super-solution of (7.1). We obtain a similar result for ((p1)*, (p2)*) therefore,
(p1, p2) is a discontinuous viscosity solution of (7.1).

We prove the converse. Using from [FIM09b, Proposition 11], we can conclude that
((p1)« = [u], (p2)« = [&]) (resp. (p = |u],ps = |&]) ) is a viscosity super-solution (resp.
sub-solution) of

{ (pl)t - 6l(ta x)(pl)x =0 with 61(t7 :C) = (b(l‘, NO(u(t7 ')7 [5(t7 )])(%) 7(7 16)
(p2)e = 2(t, ) (p2)e = 0 with &(t, x) = o(x, No(§(¢, ), [u(t, )] (), Ma[S(E, -)](x))




8.Extensions

Using the fact that u and & are decreasing, we define for all ¢ € Z, i[2] =1,
Ui(t) = inf {x, u(t,z) < -+ 1)} = (u(t,-)) (=i — 1), (7.17)
and for all € Z, i[2] =0,

Ui(t) = inf {x, £(t,2) < —(+ 1)} = (&, ) (=i — 1), (7.18)

and we consider the functions ¢ — U;(t). They are continuous because u and ¢ are de-
creasing in = and continuous in (¢, x).

We now prove that the functions U; are viscosity solutions of (1.1). Let ¢ be a test
function such that ¢(t) < U;(t) and ¢(tg) = U;(to). Let us now define ¢(t,z) = —(i + 1) +
©(t) — . Let us for instance consider i € Z, such that i[2] = 0 then we have

p(to, Ui(to)) = (p2)«(to, Us(to))
and
S(t,x) < (p2)«(t,x) for Us(t) — 1 <z < Upga(t).
This implies that

Ui(to)) >
Uit ) Vo(Uir1(to) — Uilto)), —Va(Uiya(to) — Ui(to)))
(to), Vo(Uir1(to) — Ui(to)), Va(Uira(to) — Ui(to))) -

@i(to) + Ea(to, Us
< pi(lo) > :¢(
< pilto) = ¢ (Ui
We obtain a similar result in the case i[2] = 1. This proves that U; are viscosity super-
solutions of (1.1). The proof for sub-solutions is similar and we skip it. Moreover,
¢i(-, Ui(+)), for i = 1,2, is continuous, we deduce that U; € C!, and is therefore a clas-
sical solution of (1.1).

O

8 Extensions

In this section, we will introduce some extensions of model (1.1) for which an homogeniza-
tion result is possible by using the same arguments as the ones used in the case presented
in this paper. However, since the models we introduce in this section are more complex,
many technical difficulties appear. Particularly, we will no longer be working with a system
of two equations but with a more general system. We will not go into details of the proofs
for each of the models, however we give some guidelines for any reader that would like to
do the proofs in detail.
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Ch.6. Homogenization of a discrete model for a bifurcation

8.1 One incoming road, n outgoing roads

General model

Let us begin by considering a model where we have one incoming road Ry and n € N\{0}
outgoing roads that we denote by Ry, for k = 1,...,n. We consider a simple periodic
setting and assume that the vehicle ¢ € Z such that i[n] = k — 1 goes into Ry, where i[n]
denotes the rest of the euclidean division of ¢ by n (therefore i[n] € {0,...,n — 1}). We
consider the following model, if i[n] = k — 1, for all t > 0,

Us(t) = ¢ (Us(t), Vo (Ui (8) = Us(t)) , Vi (Usn(t) = Ui(8))) , (8.1)
where U; denotes the position of the i th vehicle and Uj its velocity. For i = 0,...,n, V; is
an optimal velocity function. The function ¢ is the same as before and is defined in (1.2).

In Figure 8.5, we have an schematic representation of model (8.1).

Ry

g . U=V = U)
Ui = min(Vo(Ui1 = Ui, Vi, a(Usin — U7))
4 J

! ; U = Va(Uiin = Us
] R 2(Ui )
o o

; e : - Ry
Ry | _h(l?_hm\u‘,r»“v\_l \\

\ N s \
. Transition zones

U = Vo(Ussy — U

U = (Ui, VolUir = Up), Vi, a(Usn — U3))

Figure 8.5: Schematic representation of the microscopic model.

We assume that the optimal velocities satisfy assumption (A). However, we need to
change assumption (A5), to take into account the fact that we have n possible exits.

e (A5’) The function p — pVy(—1/p) and p — pVi(—n/p) for k = 1,... n are strictly
convex respectively on [—1/hg,0) and on [—n/hg,0).

To simplify we call (A’) assumption (A) with (A5’) instead of (A5).
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8.Extensions

Injecting the system of ODEs into a system of PDEs

The technique remains the same as before and we inject the system of ODE (8.1) into a

system of PDEs by considering n "cumulative distribution functions'. For j =0,...,n—1,
t
gn=ne (L ale-ai())e £ (enfe-an(?))
i[n]=j, i>0 i[n]=j, i<0 £

+e(n—1-—7j), 52
8.2

with H the heaviside function defined in (2.3).

Remark 8.1. We choose this type of "cumulative distribution function', to simplify the
computations, because if i[n] = j, then we have p;(t,U;(t)) = —(i + 1).

=0,...,

solution of the following non-local system of PDEs, for (¢,x) € (0,+00) x R,

O + ¢ (‘: N¢ (ZJ [uf“g(t)b (x), Mz, [uit’ ')] (x)) |Opus| =0

for j=0,....,n—2

(8.3)
R e R e () R
where Nj and M; for j =1,...,n are non-local operators defined by
N§ (U, [2)]) / Jo(2)F(E(x +e2) — U(x))dz — gvgm, (8.4)
and
= [ B +<2) - U(e))dz ~ ;’v;m, (8.5)

with J; = V] for j =0,1,...,n,

0 ifz>n-1 0 ifz>0
F(z)=¢ 1/2 if —1<z<n-1, and E(z)=1¢ 1/2 if —n<z<0, (8.6)
3/2 if 2 < —1, 3/2 if z < —n.

Finally, the function ¢ is the same as the one in (2.8).
We will consider the following initial conditions,

u5(0,7) = ujo(z) for x € Rand for j =0,...,n—1, (8.7)

and we make the following assumptions.
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Ch.6. Homogenization of a discrete model for a bifurcation

(A0’) (Initial condition). Forallz <0,andall j=1,...,n—1,
U,Qp(l') = u]"()(l‘).
Moreover, we assume that for all x € R

—nkoz—hﬁg(uj‘yo)xgo forallj:(),...,n—l.
0

The effective Hamiltonians

Like in the case of a simple bifurcation, we will have an effective Hamiltonian on each road.
We introduce Hy, for k = 0, ..., n which are the effective Hamiltonian on each of the roads
Ry for k =0,...,n. We define kg = 1/hg and Hy : R — R by

—p — nky for p < —nky,

_ -1

Ho(p) =< Vo (p) “|p| for —mnky <p <0, (8.8)
D for p > 0.

We also define, for k =1,...,n, H;, : R — R by

—p — nky for p < —nky,
Hi(p) =14 Vi <_pn> -[p| for —nky <p <0, (8.9)
D for p > 0.

For k =0, ...,n, let us notice that H}, is continuous, coercive <| ‘lim Hy(p) = +oo> and
p|—+00

because of (A5’), there exists a unique point py € [—nky, 0] such that

H}, is non-increasing on (—o0, py), (8.10)
Hj, is increasing on (py, +00), '
We denote by
Hy= max min H(p). (8.11)

ke{0,...,n} peR

Convergence result

Let (u5); be the solution of (8.3)-(8.7). It is possible to prove that the function defined by

e ug(t, —d(0,z)) for (¢,
w(t,w) = { W (t,d(0,2)) for (t

€ (0,+00) x Ry,

(
€ (0,400) x Ry, ke {1,...,n}, (8.12)

~— —
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converges locally uniformly on compact subsets of (0, +00) x R as ¢ goes to 0 to the unique
viscosity solution of the following problem

u) + Ho(ul) =0 for (t,z) € [0, +00) X R,

uf + Hy(u)) =0 for (t,z) € [0, +00) X Ry,

uf + F(0pu’(t,0), ..., 0,u’(t,0))) =0 for (t,z) € [0,+00) x {0}, (8.13)
upo(—d(0,2)) for z € Ry,

uO(O,x) = up(x) = { kal,O(d(Oax» for v € Ry,

where A is a constant to be determined and F is defined by

F4(po, - .- pn) = max (A, Hy (po), max Hy (p)), (8.14)
where for k =0,...,n,
— [ He(p) ifp<py —+, | Helpr) ifp<py
mw—{mw)MZm wd T =] 0 EPER (o)

Theorem 8.2 (Junction condition by homogenization). Assume (A0’) and (A’). Fore > 0,
let (u5); be the solution of (8.3)-(8.7). Then there exists A € [Hy, 0] such that the function
defined by (8.12) converges locally uniformly to the unique viscosity solution u® of (8.13).

Theorem 8.3. Assume (A’) and that at initial time we have, for all i € Z, if the vehicle
i+ 1 is in Ry,

Ui(0) < Ui4+1(0) — hy, (8.16)
and if not
Ui(0) < Ui (0) — hyo. (8.17)
We also assume that there exists a constant R > 0 such that, for all i € Z, if U;(0) > R
Uien(0) = Us(0) =y if ifn] = j — 1
and if U;(0) < —R
Ui1(0) = Ui(0) = h,

with h > hy and for j € {1,...,n}, hj > hy. We define the functions (u;); (satisfying
(A0°)) by

T ye<o
uj_10(z) = _hnx F2>0 forallz e R for j=1,... n.
h
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Ch.6. Homogenization of a discrete model for a bifurcation

Then there exists a constant A € [Hy, 0] such that the function

~€ _ g(ta _d(()? )) for (ta ) € (07 +OO) X Ry,
Fity) = { o1 d(0,)) for (1.y) € (0 +00) x i, ke {L....ny, (519

converges locally uniformly to u® the unique solution of (8.13).

Theorem 8.4. Assume (A0’)-(A’). Let u® be the unique solution of (8.13), then we have
for all (t,z) € [0,+00) X R,

_nkO S Ug S O)
with ko defined in (A0’).

Remark 8.5. First, notice that, at the macroscopic scale, we obtain a similar result like
the one from the case of a simple bifurcation (and of course if n = 2 we find the same
result).

In the introduction we mentioned that the main difficulty to obtain an homogenization
result was to build the correctors at the junction since we are in a non-periodic setting.
However, notice that in the proof of Proposition 6.3 (in the core of the proof of Theorem
4.8 which gives the existence of correctors at the junction) the key element is that we
are able to control the oscillations in space of the solutions in the truncated domain for
the approzimated cell problem (Lemma 6.4). Notice also that the arguments used in that
lemma are actually similar to the ones used to prove Theorem 3.9. That is why we will
give the equivalent theorem in the case of n outgoing roads and then give some guidelines
on how to prove it.

Theorem 8.6 (Control of the oscillations). Let T' > 0. Assume (A0’)-(A’) and let (u;),
be a solution of (8.3)-(8.7), with € = 1. Then there exists a constant Cy > 0 such that for
all z,y €R, x >y and for allt,s € [0,T], t > s, we have

0 <u(t,x) —u(s,x) < Cy(t —s), and —Ko(z —y) —n<u

(t,z) ,
0<&(t,x) —&(s,x) < Cy(t — s) “Ky(z —y) —n < &(t,x) — () (8.19)

|
I
=
&
IA A
o

with Ky := nky.

Sketch of the proof of Theorem 8.6. We only give the ideas necessary to prove Theorem
8.6, and the order in which the proof must be done.

1. Prove the control of the oscillations in time using the barriers and the fact that the
solutions are invariant by additions of constants and by translations in time.

2. Like in Theorem 3.9, prove that the functions u; are non-increasing in space.
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3. Now we need a comparison between the functions (u;); solution of (8.3) (with e = 1)
for all x < —hg. We want to prove that for all z < —hy, all ¢ € [0,7] and for
7=0,...,n—2,

—1<wujpi(t,z) —uj(t,z) <n—1 and —1<w(t,z)— up—1(t,2) <n —1(8.20)
To prove (8.20), we need to proceed in the following order.

(a) Using a localisation argument, like in the proof of Lemma 3.10, we prove that
for all x < —hg, all t € [0,T] and for j =0,...,n— 2,

—1 <wujp(t,x) —ui(t,z) and —1<wug(t,x)—u,_1(t,z).

(b) Using the previous result, we deduce that for all x < —hg, all t € [0,7] and for
j=0,...,n—2

() —uj(r) <n—1 and wup(x) —up_q1(r) <n-—1.

4. Using the previous results, proceeding like in the proof of Theorem 3.9 prove the
lower bounds on the control of the space oscillations.

]

8.2 A more general distribution of vehicles

Let us consider the case we have one incoming road Ry and two outgoing roads R; and R»
like in the case treated in detail in the previous sections. However, instead of considering
one vehicle going to the left and one to the right, we consider a more general distribution
of the vehicles (but still a periodic distribution). More precisely, let n > 2 and assume
that the vehicle ¢ € Z such that i[n] = 0 goes into R; and the rest of the vehicles go into
R, (one vehicle goes left and n — 1 go right). We then consider the following model for all
1 € Z and all t > 0,

if ifn] = 0,

0i(t) = B (Uilt). Vo (Ussa (8) = Us(0)) Vi Urn0) = Uil) ), (8.21)
fin) =k e {1,...,n—2},

0i(t) = B(Ui(0), Vo (Ui (t) = Ui(t)) ,Va (Ui (t) — Ui(1) ), (8.22)
if ifn] = n — 1,

0i(t) = B(Ui(8), Vo (Ui (t) = Ui(1)) ,Va (Uinalt) = Ui(2) ), (8.23)

where U; denotes the position of the i—th vehicle and U; its velocity.
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Ch.6. Homogenization of a discrete model for a bifurcation

For i = 0,1,2, Vj is an optimal velocity function. The function ¢ is the same as before
(see (1.2)).
In Figure 8.6, we have a schematic representation of model (8.21)-(8.22)-(8.23).

Ry

U = min(Vo(Usay — Uy, Vio(U; — U3)
, i k

Ui = Vi(Upso — Uy) i i[n] = 0

: ~ho — Pnas ! +ho }
Ro ! —hg — }[7;,7”\1‘7 1 . Ui =Vo(Uip1 — U;) ifin] € {1,...,n—2}
\ Ui = VaUsis — Uy i ifn] =n — 1
. N P \ (
¥ * Transition zones "
Ui=Vo(Up = U Ry

Ui = (U, Vo(Ups1 — Up), Via(U; — Uy))

Figure 8.6: Schematic representation of the microscopic model (8.21)-(8.22)-(8.23). The
index 7 denotes the index of the vehicle that will be in front of the vehicle i after the
bifurcation.

We assume that the optimal velocities satisfy assumption (A), however, we need to
change assumption (A5), to take into account the fact that we have a different distribution
of vehicles.

e (A5”) The function p — pVo(—1/p), p — pVi(—n/p) and p — pVo(—n/(p(n — 1)) are
strictly convex respectively on [—1/hg,0), on [—n/hg,0), and on [—nky/(n — 1),0).

To simplify we call (A”) assumption (A) with (A5”) instead of (A5).

As before, for j = 0,...,n — 1, we define the following "cumulative distribution func-
tions"
_ t t
p5(t, ) = —ne - ( > H (:c —eU; <)> + Y (—1 +H (x —eU; ())))
iln]=j, i>0 € iln]=j, i<0 €
+e(n—1-—7j).
(8.24)

Under assumption (A”) we can prove that (p;)jo.. »—1 is a (discontinuous viscosity)
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solution of the following non-local system of PDEs, for (¢,x) € (0, +00) x R,

3

o+ (2,3 (12, |5 ) 0,1 [0 @) ol =0
o5 + 6 f,Ng 5[ o (552 ) ) o = o
(8.25)
-2

€ €
for j=1,...,

R N e 1 e e N ) ROE

where N§ and M7 are defined respectively in (8.4) and (8.5). The non-local operator N5
is defined like N§ but with J, and V2, instead of Jy and V2 (in order to recover the

ax max

velocity V5 on Rs). Finally, the non-local operator L§ is defined by

3
L5 (U, [2)) / B()GE(w +e2) = U@))dz = SViue, (8.26)
with J, =V and
0 if z>n-—2,
Giz)=< 1/2 if —2<z<n-2 (8.27)

3/2 if z < —2.

The function ¢ is the same as the one in (2.8).

The effective Hamiltonians

Like in the previous scenarios, we have an effective Hamiltonian on each road. The effective
Hamiltonians Hy : R — R and H; : R — R are defined respectively in (8.8) and (8.9)
while H, is defined by (with kg = 1/hg)

—p — nky for p < —nky
FQ(])) =< —V; p(n_ill)> for —nky <p <0, (8.28)
P for p > 0.

For k = 0,1, 2, let us notice that such H, is continuous, coercive ( lim Hy(p) = —|—oo>

|p|—+00

and because of (A5”), there exists a unique point py € [—nko, 0] such that

{ E’“ is non-increasing on (—oo, py), (8.29)

Hy, is increasing on (pg, +00),
We denote by

Ho = Hy
0= Jhax min Hy(p).
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Ch.6. Homogenization of a discrete model for a bifurcation

Convergence result

Theorem 8.7. Assume (A”) and that at initial time between two consecutive vehicles there
is atleast a distance of hy between them. We also assume that there exists a constant R > 0
such that for alli € Z, if U;(0) > R

{ Ui (0) = Uy(0) = by if iln] #0,n — 1
and if U;(0) < —R
Upar (0) — Ui(0) = h,

with h, hy, he > hg. We define the functions ugo and uy (satisfying (A0°)) by
ur—10(z) =¢ x . forallz e R and k =1 or 2.

Then there exists a constant A € [Hy,0] such that, for any k € {0,...,n — 1} and any
je{l,...,n—1}, the function

pi(t, —d(0,y)) for (t,y) € (0,+00) X Ry,
Pt y) = (0,9))  for (t,y) € (0,+00) x Rj, (8.30)
p5(t,d(0,y))  for (t,y) € (0,+00) x R3,

u? —i—Eo(ug) =0 for (t,z) € [0,4+00) X Ry,
u) + Hy(u)) =0 for (t,x) € [0,400) X R},
u) + Hy(ul) =0 for (t,z) € [0,+00) x R,
u) + F(9yu(t,0), 01u’(t,0), Du’(t,0))) = for (t,x) € [0,+00) x {0}, (8.31)
upo(—d(0,2)) for xz € Ry,
u’(0,7) = up(x) = { upo(d(0,z))  forx € Ry
u10(d(0,x))  for x € Ry
where A is a constant to be determined and Fx is defined by
F4(po, 1, p2) = max(A4, H(J)r(po)yﬁl_ (p1), Hy (p2)), (8.32)
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and for k =0,1,2, we define

| Hilp) if p<p, —+, | Helpr) if p < pr,
Hk”—{Hk(pk) ifp>p ™ H“p)‘{ﬂk(p) 0>

Moreover, the unique solution u® of (8.31) satisfies
_nkO S Ug S 07

Remark 8.8. Let us notice that if we choose n = 2, we recover the same result as the one
from the case of a simple bifurcation (one vehicle goes left, the other goes right).

Like in the previous extension, we will give the equivalent of Theorem 3.9 in the case of
the more general distribution of vehicles. Contrary to the case of n outgoing roads, there is
a slight difference, in this case, when building the correctors away from the junction in Rs.
We will explain how to correctly choose them and how to obtain the effective Hamiltonian
H2 .

Theorem 8.9 (Control of the oscillations). Let T' > 0. Assume that (A”) and (A0’) are
valid and let (u;); be a solution of (8.25), with e = 1. Then there exists a constant Cy > 0
such that for all z,y € R, x >y and for all t,s € [0,T], t > s, we have
0 <u(t,z)—u(s,z) < Ci(t —s), and —Ko(zx —y) —n <u(t,z) —u(t,y) <
0<&(tx) —&(s,2) < Ci(t —s) —Ko(z —y) —n < &(t,x) = £(ty) <
with Ky := nkg.
Sketch of the proof of Theorem 8.9. We only give the ideas necessary to prove Theorem
8.9, and the order in which the proof must be done.

0,
0. (8:33)

1. Prove the control of the oscillations in time using the barriers and the fact that the
solutions are invariant by additions of constants and by translations in time.

2. Like in Theorem 3.9, prove that the functions u; are non-increasing in space.

3. Now we need a comparison between the functions (u;), solution of (8.25) (withe = 1).
We want to prove that for all z € R, all t € [0,7] and for j = 1,...,n — 2, we have

—1 <wujp(t,x) —ui(t,z) <n-—1. (8.34)
We also want to prove that for all < —hg and all ¢ € [0, 77,
-1 <wuy(t,x) —up(t,z) <m—1 and —1<wp(t,x)—u,—1(t,z) <n—1.(8.35)
Finally, we want to prove that for all z > —hgy and all ¢ € [0, T], we have
=2 <u(t,x) — up_1(t,z) <m—2. (8.36)
To prove (8.36)-(8.35)-(8.34), we need to proceed in the following order.
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Ch.6. Homogenization of a discrete model for a bifurcation

(a) First, prove that for j =1,...,n—2
—1 <wujpq(t,x) —u(t,x) forallz e R, allt e [0,7]. (8.37)
To do this, we argue classically by contradiction and assume that the supremum
of —1 —u;1(t, z) + w;(t, z) over [0,7T] x R is strictly positive.
(b) Using a localisation term, like in the proof of Lemma 3.10, prove that
—1 <u(t,x) —uo(t,z) forall x < —hyand all t € [0,T].
(¢) Similarly, prove that
—1 <wp(t,r) — u,_1(t,z) forall x < —hy and all ¢t € [0, T7.
(d) Using the previous results, deduce that for all x < —hg, all ¢ € [0,T], and for
j=0,...,n— 2, we have
ujp(t,z) —ui(t,z) <n—1 and wug(t,z) —up_1(t,z) <n—1.
(e) Using a localisation term, prove that for all x > —hg and all ¢ € [0, T, we have
-2 <wuy(t,x) — up—1(t, x).
(f) Using the previous result and (8.37), deduce that for all > —hg, all £ € [0, 7]
and for j =1,...,n — 2, we have
w1 (t, ) —uj(t,z) <n—1 and w(t,z) —up_1(t,z) <n—2.
4. Using the previous results, proceeding like in the proof of Theorem 3.9 prove the
lower bounds on the control of the space oscillations.
O]
Proposition 8.10 (Homogenization on Ry). Assume (A”). Then for p € [—nky,0], there

exists a unique X € R, such that there exists a bounded solution (vj)j=1,. . n—1 of

Ny (05, [vj41])(2) - 0205 + p[ = A for j=1,....n-2,
L?)(Un—lv [Ul])(m> ’ |axvn—1 +p| = A,
v; for j=1,...,n—1 is Z — periodic,
with
9 _ +o00 _ 3 9
NAU,EN@) = [ B F(E(@ +2) - Ule) + p2)dz — 2,

—oo 2 max

and

L2(U,[E])(x) = / " B()GE® + 2) — Ux) + p2)ds — SV

— 2 max*

Moreover, for p € [—nkq,0] we have A = Hy(p) = =V, <—n> .
p(n —1)

324



9.Appendix

Proof. Contrary to the construction of the correctors on Ry and R;, we cannot consider

the correctors equal to zero. However, we can see that choosing for j =1,...,n—1,
j—1
v; =
R
we obtain for j =1,...,n —2
2 _ A2 _ —n
Lyy(vn—1, [n1])(2) = Ny (vj, [vj41])(x) = =V2 <p(n_1>) : (8.38)

This ends the proof of Proposition (8.10).
[

Remark 8.11. From the previous extensions, we can imagine even more complex scenar-
ios. For instance having a bifurcation with n outgoing roads, with a very general (but still
periodic) distribution of vehicles. The technique remains the same for that type of problem
but one has to consider a great number of "cumulative distribution functions’.

9 Appendix
Proof of comparison principle in Proposition 3.7. We introduce

M= sup max (u(t,x) - U(t,l‘),f(f,ﬂ?) - C(t,ﬂ?)) )
(t,x)e(0,T)xR

we w ant to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 1: the test functions. For 7, a and € small parameters and A > 0 a constant to
be chosen later, we define

2
r—
or(t,,9) = ult,2) ~(t,9) + ol —y) — T Wen a2
_ (—y)?® 4 M )
pa(t, w,y) = E(t,x) — C(t,y) + plz —y) 5 ¢ T
Using (3.11) and (A0), we deduce that
N2
o1(t,z,y) < wo(z) —uo(y) +ple —y) +2K(1+T) — <x2€y)eAt — ax?
N2
< (2ko+ |p))|x —y| +2K(1+T) — (ngy)e/“ — ax®.
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We have the same upper bound on y. Therefore, for ¢ = 1,2, we have

1m Wt x,y) = —0o0.
\:vlvlyI%JroogD ( v)

Since ¢ and @9 are upper semi-continuous, the function ¢ = max((p1, @) reaches a maxi-
mum at a finite point that we denote by (¢,z,y) € [0,T) x R x R. Classically, we have for
a and 7 small enough,

M _
0<?§¢(t75@?])7
alr] - 0asa—0,
|z —y| > 0ase—0.

(9.1)

Step 2: ¢t > 0. By contradiction, assume ¢ = 0. Then we have (if for instance ¥(t, 7,y) =
©1(t,Z,7), we have a similar result in the other case),
Ui

7 < w(0,2) =v(0,9) +p(z = §) < uo(2) — uo(y) + p(z —y) < (2ko + [p[)|z — 4.

Using that |z — y| — 0 as ¢ — 0, we obtain a contradiction for & small enough.
Step 3: viscosity inequalities. We only consider the case ¥ (t,7,7) = ¢1(t,Z,¥), since

the other case is similar and so we skip it. By doubling the time variable and passing to
the limit, there exists two real numbers a,b € R such that

(Z —7)
2

n A
—b=—"—-—+4A
a (T—t)2+ e

and

a+ Gy (2,u(f, 2), [€(F. )], [u(f, )], pee” + 202 —p) <0
p (ga U(t_7 g)v [C( ) )]7 [U(t_v ')]’paeAt - p) >0,
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Combining these inequalities we obtain
a—b <G, (5,0, 9), L), [0, ), pe™ = p)
— Gy (#,u(t, 2), [5(F, )], [uf, )], p-e™ + 202 — p)
)L (E, )] pee” —p)
- Gy (T, u(t, 7). € ), [U( J,pee™ = p) + 0a(1

t,-
(pee™ p) (¥

<(w*(z) - vt @) H (7) - <>>Ho<pae '~ p)
+ 0 @) (5, Ny (L, ), [CE D @), My [o(E, )] () [pe™]
— 0t @ @6 (7 N (0 ), [0 @), My @] @)) Ipee™] + 0a(1) - 93)
< (x) — o) Hi(pe™ — p) + (7 (2) — ¥~ () Holp-e™ — p)
+0t @) @)e (7. N (), [K(E D @), M;[ (£, )](@)) [pee™]
— @) @)¢ (5, Ny (o(E, ), [CE D (@), My[o(E, )] (@) [p-e™|

T Mol oI D ) oo B et 4 g (1)

=Ty + o+ Mol |l D0 >||oo@f)2e“+oa<1>,
with
T = (0*(@) — ¢t @V (e — p) + (6 (@) = v (5) Holpee™ ~ p)
and
T =0 @0 )0 (3, Ny(e(F. ), [0 m@),Mp[v(a-)]@)) e
— 0@ @) (5, Np(v(E, ), [€ ) '

Step 3.1: bound on Z;. Using (2.10), we have that
(™ (7) = v~ (@) Holpe™ = p) <I[DY™ [|oo|Z = ] |[Ho(pee = p)|
<|IDY™ (ool = G| Vinas pee™ = p|

= 2
r—1Y n _ _
I e L )

)
<oV 11Dy IS

At
1).
o e 4+ 0.(1)

Similarly, we get a similar bound on H; and so,

—_ . — 2 _
T <2 (VAP0 oo + V20 1D 1) Eo 2l el 4o, 1). (0.4)
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Step 3.2: bound on Z,. Like in [DLFMO08] and [FIM09b], we distinguish two cases.
CASE 1: there exits a subsequence «,,, such that,
7 — |
2¢e

— 0 asn — +o0o.

In this case, we choose
A = 2Mo|¢/ oo 1D (W 7)) loo + 2 (Vg ID% oo + Vit || DY [loo) -

Using the fact that the non-local operators are bounded and choosing € small enough and
then passing to the limit as n goes to infinity (note that p. — 0), we get a contradiction
from (9.3).

CASE 2: there exits a constant C. such that for any « > 0, small enough, we have

C..

v

Let us now begin by comparing the non-local operators ]\7}? and Nz? , we introduce

A={z/ F(C(t,2) —v(t,9) +p(z — ) < F(E(t, 2) —ult, ) + p(z — 1))}
Using that ¢o(t, 2, 2) < ¢1(f, 7, %), we obtain that

§(t,2) —u(t, ) + p(z — ¥) <C(t, 2) = v(t, §) + p(z = §)

()2
_<6At(x y) +ozx2—a22>,
2e

therefore, we have

AT (= =2 1/2
A° {z/|zy >R, = <Zw+x2> }

We also have that
{‘Z + j’ > Rz—:,a} C {‘Z| > Rz—:,oz =R, — |j’},

and as in [DLFMO0S], Rm — +00 as a goes to 0. Given that J; has a bounded support,
this implies that for o small enough, we have

/RJO(Z —B)F(E(, 2) — u(f, 7) + p(z — 7))d>

> [ dolz = DFC(E ) —vE.5) + plz — §)d-
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Using this result, we can see that
Ny (w(E, ), [CE N @) < Nt ), [€E (@) + 1D ol 11wy T — 3 (9.5)

In order to compare the non-local operators ]\Zp1 and M, we introduce

B={z/ Ew(z) —v(t,§) +p(z =) < E(u(l,2) —u(t,7) + p(> — 7))}.
Given that (1, 2,2) < ¢1(t,7,7), we get that

7y
u(t,z) —u(t, 2) + p(z — x) <v(t, z) —v(t,y) +p(z — 9)
_ (eAt(I — )

9 2
ar? — az
2¢ + ) ’

therefore, we have
B¢ C{z/ |z| > R:n}

Proceeding as before, we obtain for o small enough

/ Ti(z — DE(, 2) — u(f,7) + p(z — 7))dz
R

> [z =B ) —v(i. ) + plz —5)d=
With this result, we deduce that

My[v(t,)](5) < My [u(E,))(@) + 1Dl || — 7] (9.6)

Injecting (9.4), (9.5) and (9.6), in (9.3), we obtain

= =\2 B
a—b S(QMOH¢/HOOHD(w+w)HOO +92 (anwaDerHoo + VngazHDwiHoo) ) (.73 2;/) eAt

+0a (L) + U @Y ()6 (5. N(E. ). [CE N @), M0 (E ) @) pee™
— @ @6 (5. N, ). (G @), M o(F,))(@)) [pee™

= =\2 B
§<2Mg||¢/||oo||D(¢+¢_)||oo —{— 2 (lemxHDw—i_Hoo ‘|‘ VnolaxHD,l/}_Hoo) >(x2€y)eAt

_ (E-9)°
+0a(1) + 20176 ol lloo (I1Dllrcey + 1D llscey) e

where we have used assumption (A6) for the last inequality. Finally, choosing correctly A,
we obtain a contradiction for o and € small enough. This ends the proof of Proposition
3.7.

O
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Conclusion et perspectives

Dans cette these, nous avons obtenu des résultats nouveaux concernant les modeles

macroscopiques pour le trafic routier, en utilisant des techniques d’analyse et d’analyse
numérique. En particulier, nous avons obtenu des justifications rigoureuses de modeles
macroscopiques connus (équivalent au modele LWR) dans le cas d’'une seule route. On
a également obtenu des modeéles macroscopiques équivalents pour des phénomeénes micro-
scopiques plus compliqués : différents types de conducteurs, des perturbations locales et des
bifurcations. Il reste désormais plusieurs probléemes ouverts que je vais détailler ci-dessous.

Homogénéisation stochastique

Dans la plupart des travaux de cette these, il y a une hypothese de périodicité, par exemple
dans [1] on considere que I'on a des blocs de ng types de véhicules, dans [3] on considere une
répartition uniforme des véhicules dans les voies sortantes de la bifurcation. Une possibilité
pour surmonter ce manque de réalisme est de considérer des modélisations stochastiques.
Par exemple, cela permettrait d’avoir des conducteurs avec différentes caractéristiques sans
la condition de périodicité. De méme, on pourrait considérer dans le cas d’une bifurcation
avec une voie entrante et deux sortantes qu’en moyenne une voiture sur deux part a gauche
et le reste a droite, ceci généraliserait le résultat de [3].

Homogénéisation dans les réseaux

Dans cette these, on a réussi a obtenir un résultat d’homogénéisation pour une bifurcation.
Par contre, il reste encore beaucoup de situations a traiter surtout du point de vue des
réseaux pour le trafic routier. On peut chercher a déterminer le modele macroscopique
équivalent a une jonction (deux voies entrantes et une sortante), a un rond-point...

D’autre part, on pourrait imaginer, a I’échelle microscopique, un modele avec deux
perturbations locales (voir la Figure 9.7).
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Y .
g

Perturbation

Perturbation

Figure 9.7: Représentation schématique de deux perturbations a l’échelle microscopique.

En utilisant nos techniques d’homogénéisation on retrouve un modele macroscopique
avec une condition de limitation de flux a l'origine (voir la Figure 9.8).

Figure 9.8: Représentation schématique du modele macroscopique en utilisant la méthode
classique.

Mais si les perturbations sont assez éloignées, on pourrait imaginer que le modeéle macro-
scopique a considérer devrait étre une équation de Hamilton-Jacobi sur chacune des sections
avec deux conditions de jonctions aux centres des perturbations (voir la Figure 9.9).

HJ HJ HJ
| | -
0

Condition de jonction

Figure 9.9: Représentation schématique du modele macroscopique attendu.

La difficulté est alors de savoir comment il est possible d’obtenir ce modele macro-
scopique et comment on peut conserver séparément l'information de ces deux perturba-
tions.

Homogénéisation de modeles avec accélération bornée

Dans les modeles macroscopiques que nous avons présenté dans cette these, ’accélération
des véhicules n’est pas bornée. Par contre, il existe des modeles macroscopiques construits
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pour surmonter ce défaut. Il s’agit des modeles a accélération bornée, étudiés par Leclercq
[Lec02, Lec07] et Lebacque [Leb02, Leb03]. Ces modeles couplent ’équation de transport
du modele LWR avec une condition qui borne I'accélération des véhicules. On peut alors
chercher a rigoureusement obtenir ce modele macroscopique. Il faudrait donc trouver
le modele microscopique adéquat et utiliser la bonne technique d’homogénéisation pour
garder la condition d’accélération bornée a I’échelle macroscopique.
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