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R�esum�e

Dans cette th�ese, nous nous int�eressons �a di��erents mod�eles math�ematiques de
traitement d'images num�eriques dits de bas niveau. Si l'approche math�ematique
permet d'�etablir des mod�eles innovants pour traiter les images, ainsi que l'�etude
rigoureuse des propri�et�es des images qu'ils produisent,ils impliquent parfois l'utili-
sation d'algorithmes tr�es consommateurs de temps de calcul et de m�emoire. Aussi,
nous portons un soin particulier au d�eveloppement d'algorithmes rapides �a partir
des mod�eles math�ematiques consid�er�es.

Nous commen�cons par e�ectuer une pr�esentation synth�etique des m�ethodes
math�ematiques bas�ees sur la dualit�e de Legendre-Fenchel permettant la minimi-
sation d'�energies faisant intervenir la variation totale, fonctionnelle convexe non-
di��erentiable, ceci a�n d'e�ectuer divers traitements su r les images num�eriques.

Nous �etudions ensuite un mod�ele de discr�etisation de la variation totale inspir�e
de la th�eorie de l'�echantillonnage de Shannon. Ce mod�ele, appel�e � variation totale
Shannon� permet un contrôle �n de la r�egularit�e des images sur une �echelle
sous-pixellique. Contrairement aux mod�eles de discr�etisation classiques qui font
appel �a des sch�emas aux di��erences �nies, nous montrons que l'utilisation de la
variation totale Shannon permet de produire des images pouvant être facilement
interpol�ees. Nous montrons �egalement que la variation totale Shannon permet un
gain cons�equent en mati�ere d'isotropie et ouvre la porte �a de nouveaux mod�eles
math�ematiques de restauration.

Apr�es cela, nous proposons une adaptation du mod�ele TV-ICE (Iterated Condi-
tional Expectations, propos�e en 2014 par Louchet et Moisan) au cas du d�ebruitage
d'images en pr�esence de bruit de Poisson. Nous d�emontrons d'une part que le
sch�ema num�erique issu de ce mod�ele consiste en un sch�emade point �xe dont la
convergence est lin�eaire, d'autre part que les images ainsi produites ne pr�esentent
pas d'e�et de marche d'escalier (staircasing), contrairement aux images obtenues
avec l'approche plus classique dite du maximum a posteriori. Nous montrons
�egalement que le mod�ele Poisson TV-ICE ainsi �etabli repose sur l'�evaluation
num�erique d'une fonction gamma incompl�ete g�en�eralis�ee n�ecessitant une prise
en compte �ne des erreurs num�eriques inh�erentes au calculen pr�ecision �nie et
pour laquelle nous proposons un algorithme rapide permettant d'atteindre une
pr�ecision quasi-optimale pour une large gamme de param�etres.

En�n, nous reprenons les travaux e�ectu�es par Primet et Moisan en 2011
concernant l'algorithmeastre (A contrario Smooth TRajectory Extraction) d�edi�e
�a la d�etection de trajectoires r�eguli�eres �a partir d'u ne s�equence de nuages de
points, ces points �etant consid�er�es comme issus d'une d�etection pr�ealable dans une
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s�equence d'images. Si l'algorithmeastre permet d'e�ectuer une d�etection opti-
male des trajectoires r�eguli�eres au sens d'un crit�ere a contrario, sa complexit�e en
O(K 2) (o�u K d�esigne le nombre d'images de la s�equence) s'av�ere êtrer�edhibitoire
pour les applications n�ecessitant le traitement de longues s�equences. Nous propo-
sons une variante de l'algorithmeastre appel�ee cutastre qui pr�eserve les per-
formances de l'algorithmeastre ainsi que certaines de ses propri�et�es th�eoriques,
tout en pr�esentant une complexit�e enO(K ).

Abstract

In this thesis, we focus on several mathematical models dedicated to low-level
digital image processing tasks. Mathematics can be used to design innovative
models and to provide some rigorous studies of properties ofthe produced images.
However, those models sometimes involve some intensive algorithms with high
computational complexity. We take a special care in developing fast algorithms
from the considered mathematical models.

First, we give a concise description of some fundamental results of convex
analysis based on Legendre-Fenchel duality. Those mathematical tools are par-
ticularly e�cient to perform the minimization of convex and nonsmooth energies,
such as those involving the total variation functional which is used in many image
processing applications.

Then, we focus on a Fourier-based discretization scheme of the total varia-
tion, called Shannon total variation, which provides a subpixellic control of the
image regularity. In particular, we show that, contrary to the classically used
discretization schemes of the total variation based on �nite di�erences, the use
of the Shannon total variation yields images that can be easily interpolated. We
also show that this model provides some improvements in terms of isotropy and
grid invariance, and propose a new restoration model which transforms an image
into a very similar one that can be easily interpolated.

Next, we propose an adaptation of the TV-ICE (Total Variation Iterated Con-
ditional Expectations) model, recently proposed by Louchet and Moisan in 2014,
to address the restoration of images corrupted by a Poisson noise. We derive an
explicit form of the recursion operator involved by this scheme, and show linear
convergence of the algorithm, as well as the absence of staircasing e�ect for the
produced images. We also show that this variant involves thenumerical evalua-
tion of a generalized incomplete gamma function which must becarefully handled
due to the numerical errors inherent to the �nite precision oating-point calculus.
Then, we propose an fast algorithm dedicated to the evaluation of this generalized
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incomplete gamma function, and show that the accuracy achieved by the proposed
procedure is near optimal for a large range of parameters.

Lastly, we focus on theastre (A contrario Smooth TRajectory Extraction)
algorithm, proposed by Primet and Moisan in 2011 to perform trajectory detection
from a noisy point set sequence. We propose a variant of this algorithm, called
cutastre , which manages to break the quadratic complexity ofastre with
respect to the number of frames of the sequence, while showing similar (and even
slightly better) detection performances and preserving some interesting theoretical
properties of the originalastre algorithm.
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Les images sont omnipr�esentes dans notre quotidien, nous les percevons �a
l'aide de nos yeux et les analysons �a l'aide de notre cerveauqui s'est entrâ�n�e
depuis notre naissance �a en extraire de l'information utile et �a la traiter, per-
mettant par exemple la reconnaissance de visages, de formes, ou l'estimation de
la distance qui nous s�epare d'un objet en mouvement, de sa vitesse, etc. Si la
plupart du temps, l'ex�ecution de ces tâches nous semble imm�ediate et ne conduit
pas �a un sentiment d'� e�ort perceptuel � intense, on estime que le cerveau hu-
main y consacre plus de la moiti�e de sa capacit�e totale. Depuis l'av�enement de
l'�ere num�erique, le traitement d'images num�eriques s'est impos�e comme un do-
maine �a part enti�ere du traitement du signal, en particulier du fait de la nature
bien sp�eci�que des signaux qu'il met en jeu. Ces derni�eresd�ecennies, des mod�eles
math�ematiques ont �et�e d�evelopp�es dans le but de repr�esenter, comprendre et ma-
nipuler les images num�eriques a�n de les transformer ou d'en extraire de l'infor-
mation utile. On distingue deux niveaux de traitements, lestraitements dits de

13
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� haut niveau � d�edi�es �a la r�ealisation de tâches complexes proches dela vision
humaine (telles que la reconnaissance de visages, la d�etection et le suivi d'ob-
jets, le d�enombrement d'individus dans une foule, etc.), ou les traitements dits
de � bas niveau� qui se focalisent sur des� briques � de traitement apparais-
sant de mani�ere plus syst�ematique en traitement d'image (comme par exemple la
suppression de bruit, la d�etection de formes, de contours,etc.) et pouvant être
combin�ees pour e�ectuer des traitement plus complexes. L'int�erêt de l'approche
bas niveau est que les ph�enom�enes mis en jeu sont plus simples �a mod�eliser du
point de vue physique et math�ematique, ouvrant la voie �a leur �etude rigoureuse et
pouss�ee. Les travaux pr�esent�es dans cette th�ese se situent plutôt du côt�e � bas ni-
veau� , son objectif �etant le d�eveloppement de mod�eles math�ematiques ainsi que le
d�eveloppement d'algorithmes e�caces d�edi�es au traitement d'images num�eriques.

Note concernant les licences des images utilis�ees dans ce document

Sauf mention explicite, les exp�eriences men�ees dans cette th�ese ont �et�e ef-
fectu�ees �a partir d'images sous licence libre� Creative Commons Z�ero� (CC0
Public Domain) provenant de la biblioth�equePixabay (https://pixabay :com/).

1.1 Qu'est ce qu'une image num�erique ?

Les images num�eriques sont les images dont l'acquisition est faite �a l'aide
d'un capteur num�erique (comme par exemple un scanner, un appareil photo ou
cam�escope num�erique, une carte d'acquisition vid�eo, . . .), ou encore les images
synth�etis�ees directement �a l'aide de programmes informatiques (images de
synth�ese). Les images num�eriques sont en g�en�eral stock�ees sous forme binaire
sur un support informatique (carte SD, cl�e USB, disque dur) et repr�esent�ees par
des tableaux �a plusieurs dimensions, ces derni�eres pouvant être de nature spatiale
(longueur, largeur, profondeur pour les images 2D, 3D), mais aussi temporelle
(on parle de signaux 2D+t ou 3D+t, o�u t d�esigne le temps, pour d�esigner un
ux d'images 2D ou 3D), ou autres (par exemple des longueurs d'ondes dans le
cas des images dites hyperspectrales). Nous nous restreindrons au cas des images
�a deux dimensions spatiales (longueur, largeur), repr�esent�ees par des tableaux �a
deux dimensions. Dans ces tableaux, chaque case est appel�ee pixel de l'image et
contient une information traduisant l'intensit�e lumineuse de la sc�ene �a une posi-
tion spatiale donn�ee. Math�ematiquement, on les repr�esente comme des fonctions
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�a deux variables du type

u :
�


 � Z2 ! Rd

(x; y) 7! u(x; y)

�
(1.1)

o�u 
 = f 0; : : : ; M � 1g � f 0; : : : ; N � 1g est un rectangle deZ2 de dimensions
M � N appel�e domaine de l'imageet d d�esigne la dimension de l'espace utilis�e pour
repr�esenter les intensit�es lumineuses. En g�en�eral, onprend d = 1 pour repr�esenter
les imagesen niveaux de gris(un exemple est propos�e en Figure1.1) et d = 3
pour les images couleurs (nous nous restreindrons cependant dans cette th�ese au
cas des images en niveaux de gris).

Si le processus de num�erisation par le biais d'un syst�eme d'acquisition (appareil
photo num�erique, scanner, etc.) permet le stockage et la manipulation des images,
il introduit �egalement un certain nombre d'erreurs pouvant conduire �a une image
num�erique ne rendant pas �d�element compte de la sc�ene r�eellement observ�ee. Ces
erreurs peuvent être mod�elis�ees math�ematiquement d'autant plus pr�ecis�ement que
notre connaissance du syst�eme d'acquisition, mais aussi de la sc�ene observ�ee, est
grande. Illustrons bri�evement comment l'on peut mod�eliser l'acquisition d'une
image num�erique en niveaux de gris issue d'un appareil photo num�erique classique.
Cette description est tr�es simpli��ee et n'a pour objectif que de familiariser le
lecteur avec le formalisme math�ematique qui suivra. Soit 
c un ouvert de R2 et
soit U� : 
 c ! R telle que pour tout (x; y) 2 
 c, U� (x; y) repr�esente l'intensit�e
lumineuse de la sc�ene au point (x; y). Nous parlerons d'image continuepour parler
de U� (par opposition �a l' image discr�ete qui repr�esentera l'image num�erique issue
de U� ).

Remarque. Le choix de mod�eliser la sc�ene par une fonctionU� d�e�nie sur R2

et non R3 peut sembler surprenant puisque la sc�ene observ�ee est a priori une
sc�ene en trois dimensions (longueur, largeur, profondeur). On peut en pratique
voir U� comme la projection dans un plan (typiquement le plan focal du capteur)
d'une sc�ene V� �a trois dimensions. Comme nous ne chercherons pas �a recons-
truire d'image en trois dimensions, nous ne nous int�eresserons pas �a ce type de
mod�elisation.

Supposons donc que l'on fasse l'acquisition de l'imageU� en une image num�erique
de taille M � N , que l'on repr�esente par un signalu0 : 
 ! R. On peut alors
mod�eliser l'�etape d'acquisition en consid�erant queu0 satisfait

8(k; l ) 2 
 ; u0(k; l ) = KU � (k; l ) + "(k; l ) ; (1.2)
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Figure 1.1: Repr�esentation sous forme d'un tableau d'une image en niveau x de gris .
Nous a�chons dans la partie gauche de cette Figure une image en niveaux de gris. Cette image
de largeur M et de hauteur N peut être repr�esent�ee par un signal u : 
 ! R (c'est-�a-dire du
type (1.1) pour d = 1), o�u 
 d�esigne un rectangle discret de taille M � N . Par convention, le
pixel de coordonn�ees (0; 0) correspond au coin sup�erieur gauche de l'image, tandis que le pixel
de coordonn�ees (M � 1; N � 1) correspond au coin inf�erieur droit de l'image. Dans le cas des
images acquises avec un appareil photo standard, les niveaux de gris (u(k; l )) (k;l )2 
 sont souvent
repr�esent�es par des entiers positifs cod�es sur 8-bits, ce qui signi�e que les valeurs u(k; l ) sont
des entiers compris entre 0 et 255 (0 repr�esentant le noir et 255 le blanc). Dans la partie droite
de cette Figure, nous indiquons les niveaux de gris deu sur un sous-ensemble de 
 repr�esent�e
par le rectangle rouge dans l'image.

o�u " : 
 ! R repr�esente un bruit de mesure (voir Figure1.2) et K est un
op�erateur mod�elisant des ph�enom�enes de distorsions (souvent propres �a la phy-
sique du capteur) qui surviennent pendant le processus d'acquisition. Souvent,
on consid�ere que les ("(k; l )) (k;l )2 
 sont des variables al�eatoires ind�ependantes et
identiquement distribu�ees selon une loi gaussienne. Ce choix nous am�ene dans
un cadre math�ematique standard, mais constitue en pratique une approxima-
tion discutable. Dans le cas des images num�eriques acquises�a l'aide de cap-
teurs standards (type CMOS� Complementary Metal-Oxide-Semiconductors� ou
CCD � Charge-Coupled Devices� ), une �etude plus pr�ecise du bruit ainsi que
des ph�enom�enes physiques li�es au capteur conduit �a des mod�eles tr�es di��erents
(voir par exemple [Aguerrebere et al. 2012]). Par ailleurs, on peut d�ecomposer
l'op�erateur K de mani�ere simpli��ee en

K = K quantif. � K �echant. � K dist. � K di�rac. (1.3)

o�u

� K di�rac. : R
 c ! R
 c mod�elise le ph�enom�ene physique de di�raction de la
lumi�ere qui se produit lorsque les rayons lumineux atteignent le diaphragme
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Figure 1.2: Bruit de mesure des niveaux de gris d'une image . En regardant de pr�es
l'image de gauche (on a�che �a droite un grossissement de pixels contenus dans le rectangle rouge
de l'image de gauche), il semble que les niveaux de gris mesur�es ne traduisent pas exactement la
r�ealit�e de la sc�ene dont ils sont issus (on observe en e�et des variations signi�catives de niveaux
de gris dans des r�egions manifestement uniformes o�u l'on s'attend �a observer des variations
plus r�eguli�eres des niveaux de gris). En pratique le processusd'acquisition introduit du bruit de
mesure qui se traduit par des perturbations al�eatoires sur les niveaux de gris mesur�es.

de l'appareil photo (ce dernier constitue un obstacle aux rayons lumineux,
n'en laissant passer qu'une partie). Du fait de ce ph�enom�ene de di�raction,
un point lumineux sera vu comme une tâche (appel�ee tâche de di�raction)
par le capteur. Ce terme introduit donc un e�et de ou dans l'image acquise
par le syst�eme. Ce ou est in�evitable et constitue une limitation intrins�eque
du syst�eme optique.

� K dist. : R
 c ! R
 c mod�elise les ph�enom�enes de distorsions g�eom�etriques
principalement introduits lors du passage des rayons lumineux dans les
lentilles du syst�eme optique (aberrations chromatiques,vignettage, etc.)

� K �echant. : R
 c ! R
 mod�elise le processus d'�echantillonnage de l'imageU�

en un nombre �ni d'�echantillons. Cet op�erateur transforme le signalU� �a
support continu 
 c en un signal �a support discret 
. Par exemple dans le
cas d'un appareil photo muni d'un capteur �a transfert de charge (CCD),
chaque valeur du signalK �echant. U� : 
 ! R repr�esente la valeur moyenne
du signalU� sur le support d'une cellule photosensible.

� K quantif. : R
 ! X 
 o�u X = f x0; : : : ; xng � R d�esigne un ensemble �ni
de r�eels. Cet op�erateur mod�elise l'�etape de quanti�cation e�ectu�ee lors du
codage de l'image en donn�ees binaires (seuls un nombre �ni de r�eels peuvent
être repr�esent�es sur machine).
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On peut de plus ajouter d'autres op�erateurs, en amont ou en aval de la
châ�ne (1.3), pour mod�eliser d'autres ph�enom�enes, comme par exemple un ou
de boug�e permettant de mod�eliser un mouvement du capteur lors de l'acquisi-
tion, mais aussi bien d'autres types de distorsions. Le principal probl�eme qui nous
int�eressera sera la reconstruction (ou l'estimation) deU� (ou plus pr�ecis�ement
d'une repr�esentation discr�ete de U� ) �a partir de u0 en consid�erant des mod�eles
semblables �a (1.2), ce type de probl�eme �etant quali��e de � probl�eme inverse� (voir
Figure 1.3).

Figure 1.3: Quelques exemples de probl�emes inverses . Nous illustrons ici quelques
exemples d'images synth�etis�ees �a l'aide du mod�ele (1.2) �a partir d'une image de bonne qualit�e.
Les d�egradations mod�elis�ees ici sont les suivantes. L'image de gauchesou�re principalement de
la pr�esence d'un fort bruit de mesure. L'image du milieu d'un ou d e boug�e qui mod�elise un
mouvement de la cam�era pendant l'acquisition de l'image. L'image de droite sou�re de sous-
�echantillonnage, ce qui mod�elise un nombre trop faibles de capteurs photosensibles par rapport
au niveau de d�etails de la sc�ene.

1.2 La variation totale

La variation totale a �et�e utilis�ee en traitement d'image pour la premi�ere fois
par Rudin, Osher, et Fatemi [1992]. Dans cet article, le probl�eme consid�er�e est
formul�e dans un cadre continu (les imagesU sont d�e�nies sur un ouvert 
 c deR2),
et la variation totale (TV ) est introduite sous sa forme forte, c'est-�a-dire d�e�nie
par

8U 2 E; TV (U) =
Z


 c

q
(@1U(x; y))2 + ( @2U(x; y))2dx dy ; (1.4)

o�u E d�esigne l'espace vectoriel compos�e des imagesU : 
 c ! R admettant des
d�eriv�ees partielles @1U et @2U sommables sur 
c (c'est-�a-dire @1U; @2U 2 L 1(
 c)).
Nous verrons au Chapitre2 que cette d�e�nition peut-être �etendue sur un espace
beaucoup plus grand (et moins r�egulier) que l'espaceE, appel�e espace des fonc-
tions �a variations born�ees (et not�e BV (
 c)). On consid�ere que l'on dispose d'une
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version imparfaiteU0 : 
 c ! R d'une image parfaiteU� : 
 c ! R satisfaisant

8(x; y) 2 
 c; U0(x; y) = U� (x; y) + "(x; y) ; (1.5)

o�u " = U0 � U� repr�esente un bruit additif (en fait un champ al�eatoire gaussien),
tel que

R

 c

" (x; y)2 dx dy = � 2. Nous cherchons �a reconstruire (ou estimer)U�

�a partir de U0. L'approche adopt�ee parRudin, Osher, et Fatemi [1992] consiste
�a rechercher une imageeU : 
 c ! R de variation totale minimale parmi celles
appartenant �a l'ensembleC0 d�e�ni par

C0 =
�

U 2 BV (
 c);
Z


 c

U(x; y) � U0(x; y) dx dy = 0 ;

et
Z


 c

(U(x; y) � U0(x; y))2 dx dy = � 2

�
:

Plus formellement, cela revient �a cherchereU 2 C0 telle que (en admettant qu'une
telle image existe)

TV ( eU) = inf
U2 C0

TV (U) : (1.6)

Commen�cons par analyser le probl�eme ainsi formul�e. En consid�erant ( 1.6), nous
cherchons �a satisfaire deux crit�eres :

(i) un crit�ere de � �d�elit�e aux donn�ees � : en se restreignant �a l'ensemble
C0, on impose une certaine ressemblance entreeU et U0. Plus pr�ecis�ement, on
ne consid�ere que des imagesU de même moyenne queU0, et dont le carr�e de
la distance �a U0 (en normeL 2) est �egale �a � 2. On impose ainsi aux images de
C0 de ressembler �aU0, en tenant compte du niveau de bruit pr�esent dansU0

(quand � est petit, le bruit qui entacheU0 est faible, et doncU0 est proche de
l'image parfaite U� , mais quand� augmente, le bruit qui d�egradeU0 devient
important, la distance entreU0 et U augmente) ;

(ii) un crit�ere de � r�egularit�e � : parmi les �el�ements deC0, nous recherchons
une image qui admette une petite variation totale, ce qui permet de discrimi-
ner les �el�ements deC0 selon leur r�egularit�e. Nous expliquerons au chapitre2
l'int�erêt de ce choix, contentons nous �a ce stade de remarquer que (1.4) pro-
meut les imagesU �a faible gradient r U := ( @1U; @2U) puisque (1.4) n'est
autre que l'int�egrale sur 
 c de la fonction (x; y) 7! kr U(x; y)k2 (en no-
tant k � k2 la norme euclidienne dansR2). Ainsi, une image tr�es oscillante
(typiquement, une image bruit�ee) pr�esentera une grande variation totale,
alors qu'une image �a faible gradients (typiquement une image constante par
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morceaux, �a condition tout de même d'�etendre la d�e�niti on (1.4) �a l'espace
BV (
 c)) aura une variation totale faible.

Ainsi, dans le probl�eme (1.6), le crit�ere ( i) permet de tenir compte de la connais-
sance que l'on a sur les donn�ees (en particulier, la connaissance du niveau de
bruit qui d�egrade l'image U0), tandis que le crit�ere (ii ) permet d'introduire un
� a priori � sur l'image �a reconstruire (ici, on recherche une image avec faible
variation totale). Une mani�ere plus moderne de tenir comptede ces deux crit�eres
consiste �a consid�erer le probl�eme de minimisation

min
U2 E

J� (U) :=
kU � U0k2

2

2� 2
+ � TV (U) (1.7)

o�u kU � U0k2
2 d�esigne le carr�e de la distanceL 2 entre U et U0, et � un r�eel

positif. La recherche d'un minimiseur deJ� peut �egalement être interpr�et�ee comme
la recherche d'un compromis entre �d�elit�e aux donn�ees (le terme de distance
p�enalise les images trop �eloign�ees deU0) et r�egularit�e (le terme de variation totale
p�enalise les images trop irr�eguli�eres). Le param�etre� permet de r�egler le poids
relatif entre les deux termes mis en jeu dans cette �energie.Une des raisons du
succ�es du mod�ele (1.7) est qu'il peut être interpr�et�e de mani�ere �el�egante c omme
un probl�eme de Maximum A Posteriori (MAP) en adoptant un point de vue
bayesien, comme nous le verrons au Chapitre2. Notons qu'il est de plus possible
de montrer qu'il existe une valeur de� telle que les probl�emes (1.6) et (1.7)
soient �equivalents (ce qui signi�e qu'ils admettent les m^emes solutions), mais en
pratique le r�eglage du param�etre� dans le mod�ele (1.7) est laiss�e �a l'appr�eciation
de l'utilisateur, conduisant �a une version relax�ee du probl�eme (1.6) au sens o�u la
solution obtenue par minimisation deJ� n'appartient pas forc�ement �a l'ensemble
des contraintes C0.

Revenons au probl�eme (1.6) et remarquons qu'il est formul�e dans un cadre
continu alors que les images trait�ees sont en pratique discr�etes. La principale rai-
son justi�ant ce choix est qu'il nous ram�ene dans un cadre math�ematique usuel,
dans lequel nous disposons d'outils permettant la r�esolution de (1.6). En par-
ticulier, la m�ethode propos�ee dans [Rudin et al. 1992] consiste �a r�esoudre une
�equation aux d�eriv�ees partielles mod�elisant l'�evolu tion temporelle d'une copie de
l'image initiale U0 vers une solution de (1.6). Cette �equation aux d�eriv�ees par-
tielles est alors discr�etis�ee �a l'aide de sch�emas num�eriques classiques (de type
Euler-explicite), en particulier, tous les op�erateurs ded�eriv�ees partielles ainsi mis
en jeu sont remplac�es par des sch�emas aux di��erences �nies. Outre les di�cult�es
inh�erentes �a l'�etape de discr�etisation des �equations, il est important de souligner
que cette approche n'est en pratique pas rigoureusement exacte puisqu'elle d�ebute
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dans [Rudin et al. 1992] par l'�ecriture d'une �equation d'Euler-Lagrange associ�ee
au probl�eme de minimisation sous contraintes (1.6) qui suppose que la variation
totale est une fonctionnelle di��erentiable, ce qui n'est pas le cas (on peut voir
TV (U) comme une normeL 1 du gradient de U, or la norme L 1 pr�esente une
singularit�e en 0). N�eanmoins, ce mod�ele de minimisationde la variation totale a
connu un franc succ�es dans le domaine de la restauration d'images, en particulier
du fait de la capacit�e de cette fonctionnelle �a p�enaliserles irr�egularit�es (donc le
bruit) tout en pr�eservant les contours de l'image, comme nous l'expliquerons au
Chapitre 2.

Depuis Rudin, Osher, et Fatemi [1992], l'utilisation de la variation totale
en traitement d'image s'est d�evelopp�ee bien au-del�a du seul cadre initial de la
restauration d'images, elle est d�esormais couramment utilis�ee pour e�ectuer des
tâches de restauration diverses, telles que le d�eouage [Vogel et Oman 1998], la
d�esocclusion (ou� inpainting � ) [Chan et al. 2005], l'interpolation [ Guichard et
Malgouyres 1998], l'extrapolation de spectre [Roug�e et Seghier 1995], la d�ecompo-
sition d'images [Aujol et al. 2005], la d�ecompression [Alter et al. 2005],
l'�echantillonnage irr�egulier [ Almansa et al. 2006], la super-r�esolution [Babacan
et al. 2008], la st�er�eovision [Miled et al. 2009], ou même pour d�e�nir un indice de
qualit�e image [Blanchet et Moisan 2012, Leclaire et Moisan 2015]. Par ailleurs,
la d�ecouverte ces derni�eres ann�ees de nouveaux sch�emasperformants [Chambolle
2004, Beck et Teboulle 2009a, Weiss et al. 2009, Chambolle et Pock 2011], repo-
sant sur des m�ethodes duales [Rockafellar et Wets 1998, Ekeland et T�emam 1999,
Boyd et Vandenberghe 2004] et permettant une prise en compte rigoureuse de
la non-di��erentiabilit�e de la variation totale ainsi que de la nature discr�ete des
donn�ees, a consid�erablement enrichi le domaine et ouvertla voie �a des applications
o�u, comme dans [Fadili et Peyr�e 2011], la projection sur les fonctions �a variation
totale born�ee n'est plus qu'une �etape d'un algorithme it�eratif plus complexe.

Le Chapitre 2 de cette th�ese constitue un travail de synth�ese quant �a l'uti-
lisation de la variation totale en traitement d'image. Nous yexpliquerons com-
ment des probl�emes de restauration (d�ebruitage, d�eouage, d�esocclusion, zoom,
etc.) peuvent être formul�es grâce au formalisme bayesien comme des probl�emes
de minimisations d'�energies impliquant la variation totale (similaires �a (1.7))
et nous illustrerons la capacit�e de la fonctionnelleTV �a pr�eserver les contours
dans les images. Nous d�etaillerons quelques outils d'analyse convexe bas�es sur
la dualit�e de Legendre-Fenchel qui permettent la minimisation de fonctionnelles
convexes non-di��erentiables, comme celles impliquant lavariation totale. Nous
pr�esenterons entre autres les notions de transform�ees deLegendre-Fenchel, de
sous-di��erentielle, ainsi que les op�erateurs proximaux[Moreau 1965, Rockafellar
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1976], enveloppes de Moreau-Yosida [Moreau 1963, Yosida 1980] et leurs prin-
cipales propri�et�es. Ces op�erateurs sont �a la base des sch�emas modernes d'opti-
misation convexe non-di��erentiable, dont nous pr�esenterons l'un des plus connus,
l'algorithme deChambolle et Pock[2011]. Nous utiliserons ensuite ces outils d'ana-
lyse convexe pour e�ectuer di��erentes tâches de restauration d'images (d�ebruitage,
d�eouage, d�esocclusion, zoom), impliquant la minimisation de la variation to-
tale ou l'une de ses variante (la variation totale d'Huber). Nous montrons com-
ment tous ces probl�emes peuvent être reformul�es sous la forme d'un probl�eme
de recherche de point selle (dit probl�eme� primal-dual � ), pouvant être e�cace-
ment trait�e en utilisant l'algorithme de Chambolle et Pock[2011]. Nous explique-
rons aussi comment formuler le dual d'un probl�eme d'optimisation quelconque, et
d�etaillons le lien existant entre les solutions du probl�eme de d�epart (le probl�eme
primal), avec celles du probl�eme dual ainsi formul�e.

1.3 La variation totale � Shannon �

Si depuisRudin et al. [1992], les m�ethodes math�ematiques ainsi que les al-
gorithmes permettant la minimisation des probl�emes du types (1.6) et (1.7) ont
connu de remarquables progr�es, la mani�ere de discr�etiser la variation totale reste
encore essentiellement bas�ee sur des sch�emas aux di��erences �nies. C'est-�a-dire
qu'�etant donn�ee une image u 2 R
 d�e�nie sur un domaine discret 
 � Z2, on
consid�ere g�en�eralement un sch�ema du type

8(k; l) 2 
 ;
�

@1u(k; l) = u(k + 1; l) � u(k; l )
@2u(k; l) = u(k; l + 1) � u(k; l )

(1.8)

en se donnant une convention au niveau des bords de l'image (par exempleu(k +
1; l) = u(k; l) si (k +1; l) 62
, et u(k; l +1) = u(k; l) si (k; l +1) 62
, mais d'autres
choix sont possibles). Une fois le sch�ema aux di��erences �nies choisi, on d�e�nit,
par analogie avec (1.4), la variation total de l'image discr�ete u par

TV d(u) =
X

(k;l )2 


q
(@1u(k; l))2 + ( @2u(k; l))2 ; (1.9)

ou encore (en rempla�cant la normè 2 du gradient discret (@1u; @2u) par une
norme `1),

TV d
1(u) =

X

(k;l )2 


j@1u(k; l)j + j@2u(k; l)j ; (1.10)
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comme c'est le cas dans [Chambolle 2005, Darbon et Sigelle 2006] o�u les probl�emes
d'optimisation impliquant TV d

1 sont trait�es entre autres avec des m�ethodes de type
� graph-cuts� , ou encore dans [Louchet et Moisan 2014, Abergel et al. 2015] pour
d�e�nir un nouveau mod�ele de restauration appel�e TV-ICE (I terated Conditional
Expectation) qui sera d�evelopp�e �a la section1.4 de cette introduction, ainsi qu'au
Chapitre 4 de cette th�ese. On quali�e souvent le mod�ele (1.10) d' � anisotrope� du
fait de l'utilisation de la norme `1 du gradient, par opposition au mod�ele (1.9) qui
utilise la norme `2 (plus isotrope). Il est pourtant amusant de voir qu'aucun de
ces deux mod�eles n'est isotrope d�es lors qu'ils sont combin�es avec le sch�ema aux
di��erences �nies ( 1.8), au sens o�u pour une image quelconqueu 2 R
 , on a en
g�en�eral

TV d(u) 6= TV d(Ru) ; (1.11)

en notant R un op�erateur de rotation d'angle �= 2. Par cons�equent, la restaura-
tion d'une image u0 par minimisation d'�energie bas�ee surTV d sera en g�en�erale
di��erente de celle obtenue en traitant de la même mani�erel'image Ru0 puis en
appliquant la rotation inverse au r�esultat. Ce manque d'isotropie est identi��e
dans [Lai et al. 2009, Wang et Lucier 2011, Chambolle et al. 2011, Condat 2016],
o�u de nouveaux sch�emas d'approximation du gradient sont propos�es.

L'anisotropie introduite par l'utilisation par TV d de sch�emas aux di��erences
�nies n'est pas le seul d�efaut que l'on peut opposer �a ce mode de discr�etisation
de la variation totale. En e�et, le principal d�efaut des m�ethodes aux di��erences
�nies r�eside dans le fait qu'elles op�erent �a l'�echelle du pixel : si l'on consid�ere
notre image discr�eteu : 
 � Z2 ! R comme la restriction d'une image continue
U : R2 ! R au domaine discret 
, alors les d�eriv�ees partielles deU (en supposant
qu'elles existent) satisfont

8(x; y) 2 R2;

8
>><

>>:

@1U(x; y) = lim
h! 0

U(x + h; y) � U(x; y)
h

@2U(x; y) = lim
h! 0

U(x; y + h) � U(x; y)
h

et peuvent être e�ectivement approch�ees par le sch�ema

8(x; y) 2 R2; 8h > 0;

8
>><

>>:

@h
1 U(x; y) �

U(x + h; y) � U(x; y)
h

@h
2 U(x; y) �

U(x; y + h) � U(x; y)
h

qui devient pr�ecis d�es lors queh est assez petit. Malheureusement en image le
pas de discr�etisationh des donn�ees n'est en g�en�eral pas contrôl�e, on ne peut donc



24 Chapitre 1. Introduction

pas faire tendreh vers 0 et le sch�ema (1.8) (qui correspond au choixh = 1) n'est
pas assez pr�ecis. Plus grave encore, l'utilisation du sch�ema (1.8) pour estimer
la norme du gradient d'une image introduit des ph�enom�enesde repliement de
spectre, comme illustr�e �a la Figure1.4.

(a) image originale ( c CNES) (b) kr uk, di��erences �nies (c) kr uk, calcul sous-pixellique

Figure 1.4: Repliement de spectre pour l'estimation de la norme du grad ient par
di��erences �nies. Note : l'image de gauche utilis�ee pour cette exp�erience appartient auCentre
National d' �Etude Spatiales (CNES). On dispose d'une image (a) dont on cherche �a estimer en
chaque pixel (k; l ) la norme `2 du gradient kr u(k; l )k. Cette norme est estim�ee en (b) �a l'aide
du sch�ema aux di��erences �nies ( 1.8), et en (c) en utilisant le même sch�ema mais en rempla�cant
l'image u par une version sur-�echantillonn�ee d'un facteur 2 (zoom par zero-padding). Pour les
images (b) et (c), le code couleur va du blanc (faibles valeurs) au noir(valeurs �elev�ees). Les
r�egions de forts gradients �etant cens�ees correspondre �a des contours de l'image, on s'attend �a
trouver les contours de l'imageu dans l'image kr uk, on observe cependant que les contours
correspondant aux rayures du toit du bâtiment dans l'image (a) ne correspondent pas avec
ceux observ�es dans l'image (b), mais correspondent bien �a ceux de l'image (c). Cet exemple
surprenant s'explique par un ph�enom�ene de repliement de spectre dans l'image (b). Il illustre
l'incompatibilit�e entre la th�eorie de l'�echantillonnage de Shan non avec l'estimation dekr uk par
le sch�ema (1.8) (sans sur-�echantillonnage), ainsi que la n�ecessit�e de manipuler les images �a une
�echelle sous-pixellique a�n d'estimer correctement cette quantit�e.

Comment peut-on manipuler une image discr�ete �a l'�echelle sous-pixellique ? La
mani�ere usuelle consiste �a utiliser une interpolation, c'est �a dire qu'�a partir des
�echantillons (k; l) 2 
 7! u(k; l), on reconstruit une image continueU' : R2 7! R
d�e�nie le plus souvent �a l'aide d'un noyau d'interpolation ' : R ! R par

8(x; y) 2 R2; U' (x; y) =
X

(k;l )2 


u(k; l) ' (x � k) ' (y � l ) : (1.12)

Plusieurs noyaux d'interpolations sont explicit�es dans la litt�erature (voir par
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exemple [Unser 2000, Th�evenaz et al. 2000]), menant chacun �a une m�ethode d'in-
terpolation. Parmi les m�ethodes d'interpolations les plus connues, on compte l'in-
terpolation par plus proche voisin, l'interpolation bilin�eaire, l'interpolation par
� bicubic Keys � , les interpolations par splines, et l'interpolation par sinus cardi-
nal discret (ou interpolation de Shannon), cette derni�ere�etant h�erit�ee de la th�eorie
d'�echantillonnage de Shannon (nous la pr�esenterons en d�etail au Chapitre 3).

Du point de vue du traitement des images num�eriques, on peutfacilement
mettre en �evidence le fait qu'une image restaur�ee par minimisation d'�energie impli-
quant TV d est di�cile �a interpoler, ou formul�e di��eremment, mal �e chantillonn�ee
du point de vue de la th�eorie de Shannon. Une illustration de ce ph�enom�ene est
propos�ee �a la Figure 1.5, o�u l'on met en �evidence le fait qu'une image d�ebruit�ee
�a l'aide de la variation totale discr�ete ne peut pas être correctement manipul�ee �a
l'�echelle sous-pixellique au sens o�u l'interpolation (ici par splines) de cette image
ne constitue pas une estimation plausible de l'image �a l'�echelle sous-pixellique.
Ceci limite donc fortement la possibilit�e d'utiliser les mod�elesTV d (par exemple le
d�ebruitage) comme �etape interm�ediaire d'une châ�ne detraitement plus complexe,
impliquant des manipulations sous-pixelliques de l'imagetelles que des transfor-
mations g�eom�etriques (translations, rotations, agrandissement), du recalage, de
la reconnaissance de formes, etc.

Le Chapitre 3 de cette th�ese est consacr�e �a l'�etude d'un autre mod�ele de
discr�etisation de la variation totale, di��erent de ( 1.9). Cette variante, que nous
appelons la� variation totale Shannon� (ou STV, pour � Shannon Total Varia-
tion � ), apparut pour la premi�ere fois dans [Malgouyres et Guichard 2001] avant
d'être explicitement consid�er�ee dans [Moisan 2007] puis utilis�ee dans [Facciolo
et al. 2009, Preciozzi et al. 2014] sous le nom de� Spectral Total Variation � (nous
ne retiendrons n�eanmoins pas ce nom pour �eviter les confusions avec les travaux
de Gilboa [2013]). Elle consiste en l'estimation par une somme de Riemann de
la variation totale exacte (c'est �a dire l'int�egrale de la norme du gradient) de
l'interpol�ee de Shannon de l'image discr�ete. Nous montrerons en particulier que
l'utilisation de cette variante �a la place de TV d permet de produire des images
pouvant être interpol�ees (que se soit �a l'aide de splinesou par le sinus cardinal
discret) de mani�ere satisfaisante, c'est-�a-dire sans artefacts, tout en assurant un
niveau de restauration similaire �a ceux obtenus avecTV d. En ce sens, le mod�ele
STV ainsi propos�e permet de r�econcilier la minimisation de la variation totale
avec la th�eorie d'�echantillonnage de Shannon. Nous proposerons aussi de nou-
veaux mod�eles de restauration d'images utilisant STV et permettant de g�en�erer
�a partir d'une image mal �echantillonn�ee, une image visuellement tr�es proche mais
mieux �echantillonn�ee et donc plus facilement interpolable. En ce sens, le mod�ele
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STV rend �egalement possible l'interpolation de Shannon qui est souvent d�elaiss�ee
au pro�t des splines malgr�e ses propri�et�es int�eressantes.

(a) image initiale zoom (splines bicubiques) module du spectre

(b) image d�ebruit�ee zoom (splines bicubiques) module du spectre

Figure 1.5: La variation totale discr�ete TV d g�en�ere du repliement de spectre . Une
image (a) est d�ebruit�ee en utilisant la variation totale discr�ete TV d d�e�nie par ( 1.9), l'image
ainsi produite est a�ch�ee en (b). Pour chacune de ces images, on a�cheen seconde colonne un
agrandissement (interpolation par splines bicubiques) d'une sous partie de l'image (d�elimit�ee
par le rectangle rouge). On voit que l'agrandissement e�ectu�e sur l'image (b) met en �evidence
la pr�esence d'oscillations parasites, ce qui n'est pas le cas pour l'image (a). Ceci s'explique en
regardant la derni�ere colonne, dans laquelle on a�che le module du spectre (plus pr�ecis�ement,
on a�che log (1 + jbuj), en notant jbuj le module de la transform�ee de Fourier discr�ete de l'image
u) des image (a) et (b). On observe en e�et la pr�esence de repliement fr�equentiel (indiqu�e
par une �eche rouge) dans le spectre de l'image (b) mais pas dans celui de l'image (a). Ce
repliement fr�equentiel a donc �et�e introduit pendant l'�et ape de d�ebruitage, il s'av�ere être en
pratique responsable des oscillations sous-pixelliques observ�ees dans le domaine spatial. Cette
exp�erience illustre la di�cult�e rencontr�ee lorsque l'on sou haite manipuler une image �a l'�echelle
sous-pixellique apr�es un traitement impliquant TV d .
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1.4 Restauration en pr�esence de bruit de Pois-
son

Le bruit de Poisson mod�elise le ph�enom�ene de comptage al�eatoire des photons
qui frappent le capteur pendant le processus d'acquisition, on parle aussi de� bruit
de photon� . Contrairement aux autres sources de bruits �evoqu�ees �a la section1.1,
ou d�ecrites de mani�ere plus compl�ete dans [Aguerrebere et al. 2012], le bruit de
photon est inh�erent �a la nature quantique de la lumi�ere, et ne peut-être att�enu�e par
des am�eliorations technologiques au niveau du capteur.�Etant donn�e un domaine
�ni 
 � Z2, et une imageu : 
 ! R+ (non directement observable) d�ecrivant
l'intensit�e lumineuse de la sc�ene, on consid�ere que l'onobserve une imageu0 :

 ! N de probabilit�e

p(u0ju) =
Y

(x;y )2 


u(x; y)u0 (x;y )

u0(x; y)!
e� u(x;y ) / exp (�h u � u0 logu; 1
 i ) (1.13)

o�u u0 logu d�esigne l'image obtenue en multipliant terme �a termeu0 avec logu, en
adoptant la conventionu0(x; y) log u(x; y) = 0 d�es lors queu0(x; y) = 0, 1
 d�esigne
l'image constante prenant la valeur 1 sur 
, et h�; �i d�esigne le produit scalaire
euclidien dansR
 . La notation / indique une relation de proportionnalit�e (une
�egalit�e �a une constante multiplicative pr�es, pouvant d �ependre deu0 mais pas deu).
Le mod�ele (1.13) consiste simplement �a consid�erer queu0 est la r�ealisation d'une
image al�eatoireu0 dont les niveaux de grisf u0(x; y)g(x;y )2 
 sont ind�ependants, et
telle que pour tout pixel (x; y) 2 
, u0(x; y) suit une loi de Poisson de param�etre
u(x; y). Ce mod�ele est particuli�erement adapt�e lorsque l'acquisition des images est
faite en basse lumi�ere (ce qui signi�e qu'une faible quantit�e de photons est capt�ee
par le dispositif d'imagerie), comme c'est par exemple souvent le cas en astronomie
ou microscopie. Si la plupart des mod�eles math�ematiques de restauration d'images
sont d'abord d�evelopp�es dans le cadre plus usuel du bruit additif blanc gaussien,
ils sont presque syst�ematiquement adapt�es au cadre du bruit de Poisson (voir
par exemple [Setzer et al. 2010, Deledalle et al. 2010, Figueiredo et Bioucas-Dias
2010]) de par le caract�ere in�evitable de ce bruit de photon. Dans le cas d'un bruit
de Poisson, nous verrons que le MAP correspond �a la recherchede (l'unique)
minimiseur de l'�energieJ 0

� d�e�nie par

8u 2 R
 ; J 0
� (u) := hu � u0 logu; 1
 i + � TV d(u) ; (1.14)
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qui n'est autre que l'imagebumap qui maximise la densit�e a posteriori� d�e�nie (�a
un facteur multiplicatif pr�es) par

8u 2 R
 ; � (u) / p(u0ju) p(u) ; (1.15)

d�es lors que l'on consid�erep(u) / e� � TV d (u) comme a priori sur les images natu-
relles (un tel choix revient �a consid�erer comme plus vraisemblables les imagesu
ayant une faible variation totaleTV d(u)). Cependant, comme dans le cas du bruit
gaussien, le principal d�efaut de cette approche est que la minimisation de J 0

� (ou
de mani�ere �equivalente, la maximisation de la densit�e �aposteriori � ) a tendance �a
conduire �a des images constantes par morceaux (ce ph�enom�ene, appel�e� stairca-
sing � , est illustr�e �a la Figure 1.6et est formellement mis en �evidence parNikolova
[2000] qui d�emontre que ce ph�enom�ene est dû �a la non-di��erentiabilit�e en 0 de
l'�energie que l'on minimise).

(a) image bruit�ee u0 (b) d�ebruitage MAP bumap (c) r�ef�erence u

Figure 1.6: D�ebruitage TV-MAP d'une image d�egrad�ee par un bruit de Pois son. On
a�che en (a) une observation bruit�ee (selon le mod�ele ( 1.13)) de l'image de r�ef�erence (c) sup-
pos�ee sans d�efauts. On a�che en (b) l'image obtenue par calcul du MAP, c'est �a dire l'image qui
minimise l'�energie (1.14) (en r�eglant le param�etre � de telle sorte �a minimiser la I-divergence de
Csiszar[1991], assurant ainsi un bon niveau de d�ebruitage par rapport aux m�etriques usuelles).
On observe que l'image (b) pr�esente de large r�egions constantes et unfaible niveau de d�etails par
rapport �a (a) et (c). Ce ph�enom�ene est caract�eristique des appro ches TV-MAP impliquant la
minimisation d'�energies bas�ees sur la variation totale, on parle de � staircasing � (ou e�et d'es-
calier). Note : l'image de r�ef�erence (c) utilis�ee dans cette exp�erience est issue de la biblioth�eque
wikimedia :org (image NGC 1672 spiral galaxy).

Dans le cas d'un bruit gaussien, une alternative au mod�ele TV-MAP, appel�ee
TV-LSE (Least Square Error), a �et�e propos�ee par [Louchet et Moisan 2008]. Elle
consiste �a calculer au lieu du MAP, l'image qui minimise l'erreur quadratique
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moyenne

EQM(bu) = Eu� �
�
kbu � uk2

2

�
:=

Z

R

kbu � uk2

2 � (u) du :

Cette image n'est autre que l'esp�erance a posteriori, c'est�a dire l'image bulse d�e�nie
par

bulse = Eu� � (u) :=
Z

R

u � (u) du ; (1.16)

qui peut être vue comme l'image moyenne suivant� parmi toutes les images de
R
 . Malgr�e la dimension �elev�ee de cet espace (si 
 est de taille 1000� 1000, la
dimension de l'espaceR
 est 106), il est possible d'estimerbulse num�eriquement
�a l'aide d'un sch�ema de Monte-Carlo par châ�nes de Markov(MCMC) de type
Metropolis-Hasting. Il est mis en �evidence dans [Louchet et Moisan 2008] puis
formellement d�emontr�e dans [Louchet et Moisan 2013] que les images g�en�er�ees
par le mod�ele TV-LSE ne pr�esentent pas d'e�et de staircasing. On observe de
plus que ce mod�ele m�ene a des images bien plus naturelles etriches en d�etails
que le mod�ele TV-MAP. Si le mod�ele TV-LSE pourrait être facilement adapt�e
au cas du bruit de Poisson, son principal point faible est quel'on ne dispose pas
d'algorithme rapide pour estimerbulse (le sch�ema de Metropolis-Hasting pr�esente
un taux de convergence enO(1=

p
N ) o�u N d�esigne le nombre d'it�erations), ce

qui peut être probl�ematique pour les applications o�u le nombre d'images �a traiter
est important ou lorsque le temps de calcul allou�e au traitement des images est
limit�e.

A�n de surmonter cette di�cult�e computationnelle, Louchet et Moisan[2014]
propos�erent une nouvelle variante (toujours dans le cas d'un bruit gaussien), bas�ee
sur l'it�eration d'esp�erances conditionnelles a posteriori. L'estimateur buice est d�e�ni
comme la limite du sch�ema it�eratif

8(x; y) 2 
 ; un+1 (x; y) = Eu� � (u(x; y) j u((x; y)c) = un ((x; y)c)) ; (1.17)

o�u ( x; y)c = 
 n (x; y) et u((x; y)c) d�esigne la restriction de l'imageu �a l'en-
semble (x; y)c. Cette fois, l'esp�erance mise en jeu dans (1.17) est celle d'une va-
riable al�eatoire r�eelle et n'implique donc qu'une int�egrale sur la droite r�eelle (au
lieu de l'int�egrale sur R
 du mod�ele (1.16)). Il est alors mis en �evidence que
l'it�eration ( 1.17) peut-être calcul�ee sous forme explicite d�es lors que l'on remplace
TV d par sa version anisotropeTV d

1 d�e�nie par ( 1.10). Il est d�emontr�e dans [Lou-
chet et Moisan 2014] que le sch�ema (1.17) revient �a construire un+1 en appliquant
�a un une applicationF contractante, telle qu'il existe un compactKu0 stable par
F qui contienneu0. Par cons�equent, la convergence des it�er�es (un )n� 0 vers l'image
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buice est lin�eaire d�es lors que l'on choisitu0 2 Ku0 (par exemple en choisissant
u0 = u0). Le mod�ele TV-ICE poss�ede la remarquable propri�et�e de ne n'introduire
aucun param�etre algorithmique (en particulier il n'introduit aucun pas de temps
contrairement aux algorithmes primaux-duaux classiques utilis�es pour le calcul du
MAP), et g�en�ere des images visuellement proches de celles d�elivr�ees par le mod�ele
TV-LSE.

Au Chapitre 4, nous proposons d'adapter le mod�ele TV-ICE au cas du bruit
de Poisson. Nous y d�emontrerons que, comme dans le cas gaussien, le sch�ema TV-
ICE Poisson converge lin�eairement vers une imagebuice qui ne pr�esente pas d'e�et
de staircasing. Nous montrerons que l'op�erateur de r�ecursion du mod�ele TV-ICE
Poisson consiste �a poseru0 = 0 (c'est-�a-dire u0(x; y) = 0 pour tout ( x; y) 2 
)
puis �a it�erer pour n � 0 le sch�ema

8(x; y) 2 
 ; un+1 (x; y) =

P
1� k� 5 ck I � k ;u0 (x;y )+2

ak � 1 ;ak

P
1� k� 5 ck I � k ;u0 (x;y )+1

ak � 1 ;ak

(1.18)

o�u les coe�cients ak ; ck ; � k d�ependent explicitement de la restriction de l'image
couranteun au 4-voisinagef (x � 1; y); (x; y � 1)g, ainsi que de� et o�u l'on a pos�e

I �;p
a;b =

Z b

a
sp� 1 e� �s ds ; 0 � a � b � + 1 ; � 2 R� ; p 2 N� ; (1.19)

que nous appellerons fonction gamma incompl�ete g�en�eralis�ee (noter que le cas
b = + 1 n'est autoris�e que lorsque� > 0, l'int�egrale n'�etant pas d�e�nie sinon).
Nous expliquerons pourquoi le calcul du ratio de sommes de fonctions gamma
incompl�etes g�en�eralis�ees impliqu�e en chaque pixel del'image par le sch�ema (1.18)
est en pratique d�elicat �a impl�ementer et d�etaillerons comment les erreurs peuvent
être contrôl�ees en mettant les termesI �;p

a;b sous une forme mantisse-exposant du
type � �e� , l'estimation pr�ecise et rapide des int�egralesI �;p

a;b sous cette repr�esentation
faisant l'objet du Chapitre 5.

1.5 L'importance des algorithmes rapides

Si l'approche du math�ematicien face �a un probl�eme conduit souvent �a la for-
mulation puis l'�etude th�eorique de nouveaux mod�eles math�ematiques, les algo-
rithmes d�evelopp�es pour r�esoudre ces probl�emes de mani�ere rigoureuse peuvent
parfois s'av�erer peu e�caces et dissuader de leur utilisation sur de vraies donn�ees.
C'est typiquement le cas de l'approche TV-LSE pr�esent�ee �ala section 1.4 qui
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constitue du point de vue math�ematique une alternative originale et �el�egante au
mod�ele MAP pour la restauration d'images conduisant �a des r�esultats th�eoriques
(comme par exemple l'absence formelle de� staircasing� dans l'image d�ebruit�ee
avec TV-LSE) qui traduisent une compr�ehension avanc�ee desimages produites
avec ce mod�ele, mais dont le calcul pratique s'av�ere peu e�cace du fait de la
faible vitesse de convergence de la m�ethode MCMC mise en jeu. Dans le cas
du mod�ele TV-LSE, nous avons vu qu'il �etait possible de repartir du probl�eme
math�ematique pour en formuler une nouvelle variante, TV-ICE, menant �a un algo-
rithme beaucoup plus rapide (avec une vitesse de convergence lin�eaire par rapport
au nombre d'it�erations), tout en conservant des r�esultats th�eoriques du mod�ele
TV-LSE (comme l'absence de staircasing).

Un autre exemple o�u un mod�ele math�ematique m�ene �a un algorithme
int�eressant mais peu e�cace du point de vue computationnelest le mod�ele de
d�etection de trajectoires r�eguli�eres �a partir d'une s�equence de nuages de points,
propos�e par Primet [2011] durant sa th�ese (voir aussi [Primet et Moisan 2012]),
sous le nom deastre (pour � A-contrario Smooth TRajectory Extraction � ).
Cet algorithme est bas�e sur la m�ethodologie� a contrario � d�evelopp�ee par De-
solneux, Moisan, et Morel[2008] (les concepts ont �et�e introduits pour la premi�ere
fois dans [Desolneux et al. 2000], voir aussi [Desolneux et al. 2003]), qui est bas�ee
sur la formulation math�ematiques de grands principes de perception visuelle, dont
le plus connu est le� principe de Helmoltz� (voir [Lowe 1985]). De mani�ere in-
formelle, ce principe stipule que le syst�eme perceptuel humain ne d�etecte que les
structures (ou plus pr�ecis�ement les� gestalt � , en r�ef�erence aux travaux e�ectu�es
par les � gestaltistes� , du d�ebut du xx i�eme si�ecle tels que [Wertheimer 1923,
Metzger 1975]) qui n'auraient pu apparâ�tre par hasarddans un bruit blanc. Une
illustration de ce principe est propos�ee en Figure1.7. Bas�ee sur le principe de
Helmoltz, la m�ethodologie a contrario consiste �a d�etecter des structures par rejet
d'un mod�ele de hasard (ou mod�ele na•�f) not�e H 0, autrement dit, on cherche a
d�etecter les structurestrop rares pour apparâ�tre par chancedansH 0.

Pour construire un d�etecteur a contrario, il faut dans un premier temps d�e�nir
un mod�ele H 0 d�ecrivant ce que pourraient être des donn�ees tir�ees au hasard.
Par exemple, si l'on consid�ere le probl�eme de d�etection d'alignements de points
�evoqu�e �a la Figure 1.7, les donn�ees consistent en une seule image de domaine

 contenant N points. On peut alors formuler le mod�eleH 0 suivant : � les N
points de l'image ont �et�e tir�es ind�ependamment selon une loi uniforme sur 
 � .
Dans un second temps, on doit construire une fonction de mesure permettant de
faire ressortir les structures rares dansH 0. Toujours dans le cas du probl�eme de
d�etection des alignements de points, il est propos�e dans [Desolneux et al. 2008] de
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Figure 1.7: Illustration du principe de Hemholtz (cette Figure est partiellement tir�ee
de [Primet 2011]). Pourquoi un alignement de points dans l'image de gauche nous saute-t-il
aux yeux ? D'apr�es le principe de Helmoltz, notre syst�eme perceptuel d�etecte cette structure
car un tel alignement aurait peu de chances de se produire par hasard si les positions des
points avaient �et�e tir�ees � au hasard� dans cette image. Des alignements de points peuvent être
trouv�es dans l'image du milieu mais ils ne sautent pas aux yeux, car ilsne constituent pas des
�ev�enements rares dans du bruit. L'image de droite illustre l'appr oche d�ecrite dans [Desolneux
et al. 2008] pour formaliser en termes math�ematiques l'e�et de surprise associ�ee �a l'observation
d'une structure donn�ee. En supposant que les positions des 13 points de cette image ont �et�e tir�ees
ind�ependamment et uniform�ement sur le domaine rectangulaire (ceci constitue notre mod�ele
H 0), on s'�etonne de trouver 6 points dans une bande (d�elimit�ee par des pointill�es rouges) de
faible �epaisseur. Ce niveau de surprise peut-être mesur�e encalculant la probabilit�e qu'un tel
�ev�enement se produise dansH 0.

d�ecouper l'image en bandesB de faible �epaisseur (on discr�etise les orientations
des bandes et on noteB 
 l'ensemble de toutes les bandes ainsi d�e�nies). On
compte alors dans chaque bandeB le nombre de pointsn(B ) contenus dansB .
Plus n(B ) est grand, plus on peut consid�erer comme rare dansH 0 la structure
correspondant au groupe de points contenu dansB . Si n(B ) constitue une mesure
int�eressante sur les donn�ees, il serait n�eanmoins d�elicat d'essayer de la seuiller
pour d�ecider si les points contenus dansB doivent être d�etect�es ou non comme
des points align�es dans l'image. En e�et, le choix d'un tel seuil promet d'être
di�cile car la quantit�e de surprise li�ee �a l'observation d'un nombre de points
n(B ) dans B reste tr�es d�ependante aux param�etres du probl�emes (le nombre
total de points N , la surface de la bandeB et la surface du domaine de l'image

). Au lieu d'exploiter directement cette mesure, on l'utili se pour d�e�nir une
famille de fonctionsf NFA B gB 2 B 


appel�ee Nombre de Fausses Alarmes (NFA)
pour la mesuren. Celle-ci est d�e�nie par

8B 2 B 
 ; 8k 2 [0; N ]; NFA B (k) = # B 
 � PH 0 (n(B ) = k) ; (1.20)

o�u # B 
 d�esigne le cardinal de l'ensembleB 
 , c'est-�a-dire le nombre total de
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bandes dans l'image. Ce Nombre de Fausses Alarmes satisfait lapropri�et�e suivante

EH 0 (# f B 2 B 
 ; NFA B (n(B )) � "g) � " ; (1.21)

qui stipule que dansH 0, on trouve en moyenne moins de" bandesB satisfaisant
NFA B (n(B )) � " . On d�ecide de d�etecter les alignement par seuillage duNFA
avec un seuil" > 0, c'est-�a-dire que l'on consid�ere comme align�es les points conte-
nus dans une bandeB d�es lors queNFA B (n(B )) � " , on dit alors que la bande
B (ou le groupe de points qu'elle contient) est"-signi�cative. La propri�et�e ( 1.21)
stipule alors qu'en moyenne, moins de" d�etections sont faites dansH 0. Cela donne
un sens concret au seuil" , ce dernier repr�esente un majorant du nombre moyen
de d�etections autoris�ees dans du pur bruitH 0, c'est-�a-dire du nombre moyen
de fausses d�etections. Pour construire �a partir de (1.20) et (1.21) un algorithme
concret de d�etection d'alignements de points, on adopte une d�emarche � glou-
tonne � , qui consiste �a retirer it�erativement des donn�ees le groupe de points qui
pr�esente le NFA le plus faible (si ce dernier est inf�erieur �a") et �a recommencer
jusqu'�a ce qu'il ne reste plus de groupes de points deNFA inf�erieur �a " dans la
s�equence.

Depuis [Desolneux et al. 2000], des d�etecteurs a contrario ont �et�e d�evelopp�es
pour une grande quantit�e d'applications, telles que la d�etection de contours [De-
solneux et al. 2001]), de segments [Von Gioi et al. 2008a,b], de jonctions [Xia
et al. 2014], de spots (ou tâches) sur fond textur�e [Grosjean et Moisan 2009], de
changement sous-pixelliques dans des images radars [Robin et al. 2009, 2010], et
bien d'autres encore [Rabin et al. 2009, Akinlar et Topal 2013]. Parmi les princi-
paux atouts de ces d�etecteurs, on met souvent en avant leur robustesse au bruit,
ainsi que le fait qu'ils ne n�ecessitent le r�eglage que d'unseul param�etre " et ce
r�eglage est particuli�erement simple �a la lumi�ere de la propri�et�e ( 1.21) puisque le
param�etre " repr�esente un majorant du nombre de fausses d�etections autoris�ees.
Un autre int�erêt majeur de ce mod�ele est que la formule du NFAqu'il produit
(par exemple (1.20) dans notre exemple de d�etection d'alignements) peut être
utilis�ee pour �ltrer les structures d�etect�ees �a l'aide d'un autre d�etecteur, a�n d'en
�eliminer les fausses d�etections. De mani�ere plus g�en�erale, le NFA peut être uti-
lis�e pour quanti�er la d�etectabilit�e d'une structure, a u sens o�u, pour un seuil de
d�etection " donn�e (par exemple" = 1 pour �xer les id�ees), toute structure ayant
un NFA sup�erieur �a 1 apparâ�tra en moyenne environ 1 fois dans des donn�ees
al�eatoires H 0, on peut alors dire qu'elle n'est pas d�etectable (au niveaude seuil
" = 1). L'�etude du NFA conduit alors �a des r�esultats tr�es int �eressants concernant
la d�etectabilit�e des structures, on peut par exemple dansle cas des alignements
de points s'int�eresser au nombre minimal de points que doitcontenir une bande
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donn�ee B pour devenir d�etectable, on peut �egalement �etudier comment �evolue
ce nombre minimal de points en fonction du nombre total de points pr�esents
dans les donn�eesN , de l'�epaisseur des bandes, de la taille du domaine 
, etc.
La m�ethodologie a contrario fait encore l'objet de recherches passionnantes, voir
par exemple [Desolneux 2016, Desolneux et Dor�e 2016] o�u l'on s'int�eresse �a des
mod�eles H 0 plus riches que les mod�eles classiques, dans lesquelles onest capable
d'assurer qu'une structure donn�ee n'est pas signi�cative(cette probl�ematique est
�egalement adress�ee dans la th�ese deDor�e [2014]).

Revenons �a pr�esent au probl�eme de d�etection de trajectoires consid�er�e par Pri-
met [2011]. Dans ce travail, on consid�ere comme point de d�epart la donn�ee d'une
s�equence de points pr�ealablement d�etect�es dans une s�equence d'images. On
consid�ere donc un ensemblef f 1; : : : ; f K g contenant K frames (le terme de frame
d�esigne ici un ensemble de points issus de la d�etection e�ectu�ee sur une image
de domaine 
), tel que chaque framef k contienne Nk points (un point �etant
repr�esent�e par ses coordonn�ees dans 
). Les points traduisent la pr�esence d'ob-
jets dans la s�equence d'image, n�eanmoins l'�etape de d�etection de ces points �etant
imparfaite, il faut garder �a l'esprit que ces donn�ees sontentach�ees d'erreurs : cer-
tains points de la s�equence correspondent �a de fausses d�etections, on parle de
points aberrants, d'autres sont au contraire manquants, c'est �a dire qu'ils n'ont
pas �et�e d�etect�es dans certaines frames. On s'int�eresse au probl�eme de d�etection
de trajectoires r�eguli�eres (ou lisses) dans de telles donn�ees. Des probl�ematiques
similaires sont couramment consid�er�ees (incluant ou nonl'�etape de pr�e-d�etection
des points) dans la litt�erature [Reid 1979, Bar-Shalom et al. 1983, Rangarajan
et Shah 1991, Chetverikov et Verestoy 1999, Veenman et al. 2001, 2003, Bar-
Shalom 2006, Fleuret et al. 2008, Berclaz et al. 2011]. De mani�ere g�en�erale, ces
m�ethodes sont souvent con�cues dans un cadre assez restreint et n�ecessitent des
modi�cations ad hoc successives pour traiter le cas g�en�eral (pr�esence de points
aberrants, ou points manquants) que l'on consid�ere ici. L'approche a contrario
astre propos�ee dansPrimet [2011] se r�ev�ele extrêmement e�cace pour traiter ce
probl�eme, mais conduit n�eanmoins �a un algorithme dont lacomplexit�e en O(K 2)
s'av�ere r�edhibitoire pour traiter de longues s�equences(typiquement d�es lors que
K � 1000 frames). Dans le Chapitre6 de cette th�ese, nous nous int�eressons �a
une variante deastre qui consiste �a d�ecouper la s�equencef f 1; : : : ; f K g en sous-
s�equences de taille plus petites (avec recouvrement), et �a traiter s�equentiellement
ces sous-s�equences en d�e�nissant une strat�egie de prolongement des trajectoires
dans les zones de recouvrements entre les frames. Cette variante, appel�ee cu-
tastre , conduit �a un algorithme de complexit�e O(K ), tout en conservant la
propri�et�e de NFA qui permet de contrôler le nombre de fausses d�etections. Cette
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variante est d'ores et d�ej�a utilis�ee par Dimiccoli et al. [2016] pour e�ectuer le suivi
de particules uorescentes dans de longues s�equences d'images.

1.6 Organisation de la th�ese

Nous proposons ci-dessous une synth�ese de chaque chapitre composant cette
th�ese.

Chapitre 2

Ce chapitre constitue �a la fois une introduction concernant l'utilisation de la
variation totale en traitement d'image et un travail de synth�ese de la litt�erature
concernant les outils d'analyse convexe, en particulier dela dualit�e de Legendre-
Fenchel, sur lesquels se basent les algorithmes modernes permettant la minimisa-
tion des fonctionnelles convexes non-di��erentiables quimettent en jeu la variation
totale. Apr�es avoir d�etaill�e ces di��erentes notions, no us les appliquons �a divers
probl�emes classiques de traitement d'images.

Chapitre 3

Dans ce chapitre, nous �etudions un mod�ele de discr�etisation de la variation
totale appel�e variation totale Shannon (STV). Contrairement aux mod�eles de
discr�etisation classiques faisant appel �a des sch�emas aux di��erences �nies ( TV d),
la variation totale Shannon consiste en l'estimation par une somme de Riem-
man de la variation totale continue de l'interpol�ee de Shannon de l'image discr�ete
de d�epart. Nous montrons comment, comme dans le cas deTV d, les m�ethodes
duales modernes peuvent être utilis�ees pour minimiser les �energies convexes non-
di��erentiables impliquant STV. Nous illustrons sur de nombreux exemples com-
ment ce mod�ele, grâce �a la p�enalisation des oscillations �a l'�echelle sous-pixelliques
qu'il impose, permet de r�econcilier la minimisation de la variation totale avec
la th�eorie de l'�echantillonnage de Shannon, au sens o�u les images obtenues avec
ce mod�ele peuvent être interpol�ees sans artefacts. Nous montrons �egalement que
STV permet un gain consid�erable en terme d'isotropie par rapport au mod�ele
TV d. Nous proposons en�n un nouveau mod�ele de restauration d'image dans le-
quel l'utilisation de STV permet de construire �a partir d'une imageu0 donn�ee, une
imageu visuellement tr�es proche deu0 mais pouvant être interpol�ee (en utilisant
l'interpol�ee de Shannon) de mani�ere beaucoup plus satisfaisante queu0. On pro-
�te ainsi d'une collaboration r�eussie entre th�eorie de Shannon et variation totale,
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puisque la th�eorie de Shannon nous permet d'am�eliorer l'estimation de la variation
totale et la variation totale nous permet d'am�eliorer la qualit�e de l'interpolation
de Shannon sur les images num�eriques.

Chapitre 4

Dans ce chapitre, nous adaptons un nouveau mod�ele de restauration d'images
appel�e TV-ICE (pour Iterated Conditional Expectations) au cas o�u les images sont
d�egrad�ees par un bruit de Poisson, menant ainsi au mod�eleTV-ICE Poisson. Nous
montrons que, comme avec TV-ICE, le mod�ele TV-ICE Poisson consiste en la re-
cherche d'un point �xe d'une application contractante, conduisant �a un sch�ema
num�erique dont le taux de convergence est lin�eaire. Nous montrons �egalement
d'un point de vue formel que les images g�en�er�ees par ce mod�ele ne pr�esentent
pas l'e�et dit de staircasing (qui correspond �a la cr�eation dans l'image de r�egions
constantes par morceaux d�elimit�ees par des contours arti�ciels) dont sou�rent ha-
bituellement les images obtenues en utilisant l'approche classique du maximum a
posteriori (TV-MAP). En�n, nous nous concentrons sur la formulation explicite
des it�erations du sch�ema associ�e au mod�ele TV-ICE Poisson. Si l'�etablissement
de cette formulation explicite ne pose aucune di�cult�e du point vue th�eorique,
nous remarquons qu'il conduit �a un probl�eme num�erique di�cile, impliquant
l'�evaluation d'un ratio de di��erences de fonctions gamma incompl�etes g�en�eralis�ees,
n�ecessitant un contrôle pr�ecis des erreurs inh�erentesau calcul par ordinateur en
pr�ecision �nie. Nous proposons alors une m�ethode num�eriques (qui fait l'objet
d'une �etude d�etaill�ee au Chapitre 5) permettant d'e�ectuer rapidement et avec
une bonne pr�ecision les calculs mis en jeux �a chaque it�eration du sch�ema. En-
�n, nous validons exp�erimentalement les propri�et�es th�eorique du mod�ele TV-ICE
Poisson (c'est-�a-dire la convergence lin�eaire du sch�ema et l'absence de staircasing),
et nous comparons les images ainsi obtenues avec celles issue du mod�ele TV-MAP.

Chapitre 5

Dans ce chapitre, nous d�etaillons une proc�edure num�erique d�edi�ee �a l'�evaluation
de la fonction gamma incompl�ete g�en�eralis�ee

Ry
x sp� 1 e� �s ds o�u 0 � x < y � + 1 ,

� d�esigne un r�eel non nul etp un entier strictement positif. Notre approche consiste
�a s�electionner, parmi di��erentes m�ethodes d'estimati ons (impliquant entre autres
des d�eveloppements en s�eries enti�eres ou en fractions continues, des formules
r�ecurrentes d'int�egration par parties, ou encore d'approximations par la m�ethode
des trap�ezes), celle qui r�ealise l'estimation la plus rapide et la plus pr�ecise en fonc-
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tion de la valeur des param�etresx; y; �; p . Tous les algorithmes mis en jeu dans
ce chapitre sont d�ecrits en pseudo-code et nous en proposons une impl�ementation
en langage C. Nous montrons que la pr�ecision obtenue avec cetalgorithme est
quasi-optimale pour une grande gamme de param�etres.

Chapitre 6

Dans ce dernier chapitre, nous nous int�eressons au probl�eme de d�etection de
trajectoires r�eguli�eres �a partir d'une s�equence (bruit�ee) de nuage de points. Si cette
d�etection peut-être r�ealis�ee de mani�ere optimale, ausens d'un crit�ere a contra-
rio, en utilisant l'algorithme astre (A-contrario Smooth TRajectory Extraction),
sa complexit�e quadratique (en temps et en m�emoire) par rapport au nombre de
frames contenues dans la s�equences le rend en pratique inutilisable pour la plupart
des applications. Nous proposons donc une variante de cet algorithme, appel�eecu-
tastre , qui consiste �a d�ecouper la s�equence en sous-s�equencesplus petites (avec
recouvrement entre les frames qui composent ces sous-s�equences) et �a traiter ces
sous-s�equences s�equentiellement (mais non-ind�ependamment), ce qui m�ene �a un
algorithme de complexit�e linaire par rapport au nombre total de frames composant
la s�equence. Nous d�ecrivons l'algorithmecutastre �a l'aide d'un pseudo-code et
nous en proposons �egalement une impl�ementation en langage C. Nous expliquons
comment les deux nouveaux param�etres introduits parcutastre (le nombre de
frames contenues dans une sous-s�equence ainsi que dans la zone de recouvrement
entre deux sous-s�equences) peuvent être r�egl�es de mani�ere satisfaisante. Nous com-
parerons les performances des deux algorithmes en terme de qualit�e de d�etection
et temps d'ex�ecution, �a la fois sur des donn�ees synth�etiques et r�eelles. De mani�ere
assez surprenante, en plus de l'am�elioration drastique dela complexit�e de cu-
tastre par rapport �a celle de astre , les performances en terme de qualit�e de
d�etection atteintes par cutastre sont en g�en�eral l�eg�erement meilleures que celles
atteintes avec l'algorithmeastre initial.

1.7 Liste des publications

Travaux publi�es

Une partie du Chapitre4 a fait l'objet d'une publication dans l'acte de la conf�erence
SSVM (Scale Space and Variational Methods in Computer Vision)en 2015.
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Total Variation Restoration of Images Corrupted by Poisson
Noise with Iterated Conditional Expectations (R�emy Abergel,
C�ecile Louchet, Lionel Moisan, Tieyong Zeng),proceedings of the 5th In-
ternational Conference on Scale Space and Variational Methods in Com-
puter Vision, 2015.

Une partie du Chapitre6 a fait l'objet d'une publication dans l'acte de la conf�erence
EUSIPCO (European Signal Processing Conference) en 2014. Uneimpl�ementation
en langage C de l'algorithme que nous proposons est disponible �a l'adresse
http://www :math-info :univ-paris5 :fr/ ~rabergel/cutastre :html .

Accelerated A-contrario Detection of Smooth Trajectories (R�emy
Abergel, Lionel Moisan),proceedings of the 22nd European Signal Proces-
sing Conference (EUSIPCO), 2014.

Travaux soumis

Le contenu du Chapitre3 a fait l'objet d'une soumission dans la revueJournal of
Mathematical Imaging and Vision (JMIV).

The Shannon Total Variation (R�emy Abergel, Lionel Moisan), sub-
mitted to Journal of Mathematical Imaging and Vision (JMIV), July
2016.
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In this chapter, we will focus on the total variation and its use in image
processing applications. Some de�nitions and properties,in both the continuous
and the discrete setting, will be given in Section2.1. Some convex analysis tools,
based on Legendre-Fenchel duality, and helpful to perform the minimization of
convex functionals involving the total variation, will be presented in Section2.2.
Those tools will be used to handle various type of image processing tasks in
Section2.3. In Section 2.4, we will present some more advanced duality results,
that are useful to handle with another approach, and sometimes more e�ciently,
the optimization problems considered in Section2.3. This chapter results from a
study of the literature. Although it is far from giving a complete overview about
total variation, convex optimization, and duality, it contains all the information
necessary to properly manipulate the total variation in a variational context.
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2.1 The total variation

2.1.1 De�nitions

We will �rst consider the continuous setting, where the images are represented
as real-valued functions

U =
�


 c ! R
(x; y) 7! u(x; y)

�
;

de�ned on an open subset 
c of R2 (for instance 
 c = (0 ; 1) � (0; 1)). When the
imageU admits some partial derivatives@1U and @2U in the two directions of the
canonical base ofR2, and when those partial derivatives are integrable on 
c (i.e.
@1U and @2U 2 L1(
 c)), we call r U := ( @1U; @2U) 2 R
 c � R
 c the gradient of U
and the total variation of U is de�ned by

TV (U) =
Z


 c

jr U(x; y)j2 dx dy ; (2.1)

noting j� j 2 the `2 Euclidean norm inR2. This de�nition can be naturally extended
when U belongs to the Sobolev spaceW 1;1(
 c) de�ned as

W 1;1(
 c) =
�

U 2 L1(
 c); 8i 2 f 1; 2g; @i U 2 L1(
 c)
	

;

where@1U and @2U now denote the weak partial derivatives ofU in the two direc-
tions of the canonical base ofR2 (see for instance [Ziemer 2012]). Unfortunately
the elements ofW 1;1(
 c) are too regular to e�ciently represent images since we
can show that they cannot contain any discontinuity across aline (such as the
edges or boundaries of objects in an image), or any hypersurface in general (see
[Chambolle et al. 2010]). Fortunately, the de�nition of the total variation of an
image can again be extended to the space of functions with bounded variation
(which this time allows discontinuities for the images), where the total variation
can be written in a weaker form.

De�nition 1 (weak formulation of the total variation). For any image
U 2 L1

loc(
 c), the total variation of U is de�ned by

TV (U) = sup
� 2 C1

c (
 c )
8(x;y )2 
 ; j� (x;y )j2 � 1

�
Z


 c

U(x; y)div � (x; y) dx dy ;

whereC1
c (
 c) denotes the set of inde�nitely di�erentiable test functions with com-

pact support contained in
 c, and div� = @1� + @2� denotes the divergence of the
two dimensional vector �eld� .
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De�nition 2 (functions with bounded variation). We say that the imageU
has bounded variation whenever it has �nite total variation, and we noteBV (
 c)
the set of all images with domain
 c and bounded variation,

BV (
 c) =
�

U 2 L1
loc(
 c); TV (U) < + 1

	
:

Remark 1. If r U exists and is an element ofL1(R
 � R
 ), noting h�; �i the
Euclidean inner product inR2, we have

�
Z


 c

U(x; y) div � (x; y) dx =
Z


 c

hr U(x; y); � (x; y)i dx dy ; (2.2)

since the divergence operator is the opposite of the adjoint ofr . This gives an
intuitive reason why taking the supremum of(2.2) over all functions� 2 C1

c (
 c)
such asj� (x; y)j2 � 1 for all (x; y) 2 
 c leads back to(2.1).

We now focus on the discrete setting where the considered images are real
valued functionsu : 
 7! R but now 
 is a rectangle of Z2, for instance,


 = f 0; : : : ; M � 1g � f 0; : : : ; N � 1g; with M; N 2 N :

The classical way to compute the total variation of the discrete imageu is to
replace in (2.1) the gradient operator r by a �nite di�erences schemer d, and
the integral by a discrete sum. Usually, we setr d = ( r d

1; r d
2) with

8(x; y) 2 
 ;
�

r d
1u(x; y) = u(x + 1; y) � u(x; y)

r d
2u(x; y) = u(x; y + 1) � u(x; y)

(2.3)

using the convention thatu(M; y) = u(M � 1; y) and u(x; N ) = u(x; N � 1) for
all (x; y) 2 
. By analogy with the continuous setting, we note divd the opposite
of the adjoint of r d, that is, div d = � (r d)� . One can easily check that the �nite
di�erence scheme (2.3) yields

8p = ( p1; p2) 2 R
 � R
 ; divd(p) = div d
1(p1) + div d

2(p2) ; (2.4)

where, for any (x; y) 2 
,

divd
1(p1)(x; y) =

8
<

:

p1(x; y) if x = 0
p1(x; y) � p1(x � 1; y) if 1 < x < M � 1

� p1(x � 1; y) if x = M � 1;

divd
2(p2)(x; y) =

8
<

:

p2(x; y) if y = 0
p2(x; y) � p2(x; y � 1) if 1 < y < N � 1

� p2(x; y � 1) if y = N � 1:
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De�nition 3 (discrete total variation). Let u : 
 7! R be a discrete image
with domain 
 . We call discrete total variation ofu the quantity

TV d(u) =
X

(x;y )2 


jr du(x; y)j2 ;

where, unless explicitly stated,r d denotes the �nite di�erences scheme de�ned in
(2.3).

Notice that even if (2.3) is the most frequently used �nite di�erence scheme for
the discrete total variation, many others can be used. Actually the scheme (2.3) is
far from optimal, for instance we can see that with such a choice of discretization,
TV d su�ers from a strong lack of isotropy, in the sense that, in general we have

TV d(u) 6= TV d(Ru) ;

where R denotes the�= 2 rotation operator de�ned by

8(x; y) 2 
 ; (Ru)(x; y) = u(y; M � x � 1) :

The consequence is that when we consider someTV d-based imaging problems,
the resulting image is in general not the same if a rotation of�= 2 is applied before
or after the process. Some more isotropic schemes exist but they show other
drawbacks [Lai et al. 2009, Wang and Lucier 2011, Chambolle et al. 2011, Condat
2016].

2.1.2 The Maximum A Posteriori approach to image re-
construction

Let u 2 R
 (that is, u : 
 ! R) be an (unobserved) intensity image de�ned
on the discrete domain 
 = f 0; : : : ; M 
 � 1g � f 0; : : : ; N
 � 1g with size M 
 � N 
 .
Instead of u, assume that we are only able to observe a noisy version ofAu,
where A : R
 7! R! denotes a linear operator, which may model for instance
the convolution with the point spread function of an acquisition sensor (but also
some other linear observation mechanisms such as tomography, downsampling,
etc.), and ! = f 0; : : : ; M ! g � f 0; : : : ; N! g denotes another discrete domain with
sizeM ! � N ! (possibly ! = 
). Noting u0 2 R! the observed image, we consider
that

8(x; y) 2 
 ; u0(x; y) = Au(x; y) + n(x; y) ; (2.5)
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where then(x; y) are realizations of independent Gaussian random variables with
zero-mean and variance� 2. The imagesu0 and n considered above are realizations
of random variables notedu0 and n. The probability density function (p.d.f)
corresponding to the observation model (2.5) is therefore given by

p(u j u0) =
�

1

�
p

2�

� j! j

exp
�

�
kAu � u0k2

2

2� 2

�
; (2.6)

noting j! j = M ! � N ! the cardinality of ! , and k � k2 the `2 Euclidean norm over
the �nite dimensional vector spaceR! .

Remark 2. Equation (2.6) is straightforward to derive since we have

p(u0 j u) =
Y

(x;y )2 !

1

�
p

2�
exp

�
�

(Au(x; y) � u0(x; y))2

2� 2

�
;

thanks to the independence of the random familyf n(x; y)g(x;y )2 ! .

The function L = u 7! p(u j u0) is known as thelikelihood associated to the
observation model (2.5). The Maximum Likelihood Estimator (MLE) consists in
computing a maximizer of the likelihood functionL , or equivalently to compute
a minimizer of u 7! k Au � u0k2

2, leading to the well knownleast squares problem
related to the inversion of the linear operatorA.

We now move a step forward and try to take bene�t from prior knowledge
about the unobserved image itself (and not only about the observation model for
u0). This knowledge is here modeled (although many other choices are possible) by
the improper TV d prior p(u) / e� � TV d (u) (here, � denotes a positive parameter,
the notation / indicates an equality up to a global multiplicative constant, and
the term improper indicates that the integral of p over R
 is in�nite), so that
the unobserved image is now seen as the realization of a random variable u with
(improper) probability density function u 7! p(u) which promotes imagesu having
a low discrete total variation TV d(u). Thanks to the Bayes rule, we get the
(improper) posterior density

� (u) := p(u j u0) / p(u0 j u) p(u) / exp
�

�
kAu � u0k2

2

2� 2
� � TV d(u)

�
: (2.7)

The Maximum A Posteriori (MAP) methodology consists in computing a maxi-
mizerumap 2 R
 of the (improper) posterior density� , or equivalently a minimizer
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of the convex energyu 7! � log� (u). Finally, the MAP approach boils down to
the variational problem

min
u2 R


kAu � u0k2
2 + � TV d(u) ; (2.8)

where the parameter� = 2�� 2, namedregularity parameter, controls the trade-
o� between the so-calleddata-�delity (the quadratic term) and regularity (the
total variation term) in the minimization process. A variational problem of the
kind (2.8) is called an inverse problem, since it consists in recoveringu from a
noisy version ofAu (thus in a sense to invert the operatorA). When A is the
identity operator in R
 , the inverse problem (2.8) boils down to a pure image
denoising application, which was �rst introduced by Rudin, Osher and Fatemi
(ROF) in [Rudin et al. 1992].

Remark 3 (other observation models, the example of Poisson noise).
The presence of the quadratic term in(2.8) is due to the Gaussian nature of the
noise which corrupts the observed imageu0. Of course other models of noise are
possible (an interesting study about the di�erence sources of noise occurring during
the image acquisition process with a digital camera can be found in [Aguerrebere
et al. 2012]), typically in a low light context, that is, when only a low amounts
of photons reach the sensor during the acquisition process, a more realistic ob-
servation model consists in consideringu0 as a photon-count observation ofAu
(note that, in that case,Au must be nonnegatively valued), which means that we
consider u0 as an integer-valued random image (u0 2 N! ) following the Poisson
probability density function,

p(u0 j u) =
Y

(x;y )2 !

Au(x; y)u0 (x;y )

u0(x; y)!
e� Au (x;y ) :

The MAP approach can be used to derive other optimization problems (with data-
�delity term di�erent from the quadratic term kAu � u0k2

2), more adapted to the
intended image restoration application.

The mathematical analysis tools necessary to handle problems of the kind (2.8),
and more generally many problems involving the total variation, will be presented
in section2.2.
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2.1.3 The LSE approach to total variation denoising

The Bayesian point of view behind the MAP approach is an elegant mean to
design (or motivate the use of) someTV -regularized optimization problems dedi-
cated to image reconstruction tasks, however, it also presents several weaknesses:

(i) The �rst one is obviously the imperfect choice of the prior p(u) as a model
for natural images (see [Gousseau and Morel 2001]). Since the choicep(u) /
e� � TV d (u) favors the images with low total variation (that are typically piece-
wise constant images, also calledcartoon images), looking for a maximizer
umap of the posterior density makes the process very sensitive with respect
to the prior model (or from the optimization point of view, very sensitive to
the designed energyu 7! � log� (u)), whose imperfections inevitably yield
undesirable artifacts in the computed image. The typical drawback of the
total variation based MAP models is the creation inumap of constant areas
with arti�cial boundaries, the so-calledstaircasing e�ect.

(ii) The second weakness is related to the founding idea of the MAP. As remarked
in [Chambolle et al. 2010], even if the prior model were perfectly built (i.e.
if the ideal unobserved imageu were e�ectively the realization of a random
variable with probability density � ), from a Bayesian point of view, there
would be no reason for a maximizerumap of � to be close tou, sinceumap

might be \very rare" under � . A hand-designed posterior density function
that illustrates this situation is proposed in [Chambolle et al. 2010, Fig. 1],
a similar example is reproduced in Figure2.1. We also refer to [Nikolova
2007], where it is pointed out that the umap solution substantially deviates
from both the data acquisition model, and the underlying prior model.

From a statistical point of view, the MAP estimator is the one that minimizes
the hit-or-miss risk function, that is, a Dirac localized on the true solution. In
the case of the pure image denoising (ROF) problem (replaceA by the identity
operator in (2.7) and (2.8)), it was suggested byLouchet and Moisan[2008] (see
also [Louchet and Moisan 2013]) to consider, instead of the MAP, the posterior
mean

ulse = Eu� � (u j u0) =
Z

R

u � (u) du ; (2.9)

which is the image that achieves theLeast-Square-Error (LSE) under � , leading
to a new estimate calledTV-LSE . Note that this kind of approach is often called
MMSE (Minimizer of the Mean Square Error) or CM (ConditionalMean) in the
statistical literature. The properties of the image denoising TV-LSE estimator
were analyzed in [Louchet and Moisan 2008, 2013], in particular it was proven
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Figure 2.1: Hand designed posterior density. We here display the graph of the one
dimensional density � (u) = 0 :1=(� 1

p
2� ) e� (u � � 1 )2 =(2 � 2

1 ) + 0 :9=(� 2
p

2� ) e� (u � � 2 )2 =(2 � 2
2 ) , where

� 1 = 25, � 1 = 1, � 2 = 45 and � 2 = 10. This posterior density reaches its maximum at the point
umap = 25, while the posterior mean under � is ulse = 43. We can see that umap is quite rare
under � (the probability of the realization u, sampled under� , to satisfy u � umap + 3 is less
than 5%), while the density � shows more energy in the vicinity ofulse .

that TV-LSE avoids the constant regions of the staircasing e�ect while allowing
the restoration of sharp edges, leading to more natural images than the MAP
estimate. Surprisingly enough, in spite of the high dimension of the spaceR
 (for
instance the dimension ofR
 is 106 when we consider images of size 1000� 1000),
the integral (2.9) can be numerically computed using a Monte Carlo Markov
Chains (MCMC) Metropolis Hasting algorithm (see Algorithm 1 in [Louchet and
Moisan 2008]). Besides (this is rare enough to be remarked) an upper bound of the
square Euclidean distance between the iteratesun and the true LSE imageuLSE

is available at each iterationn of the algorithm. Unfortunately, this algorithm
exhibits a slow convergence rate (O(n� 1=2) for n iterations), which can be a major
inconvenience for many applications. To overcome this computational limitation,
a new variant namedTV-ICE (Iterated Conditional Expectations) and based on
the iteration of conditional marginal posterior means, wasproposed in [Louchet
and Moisan 2014]. This variant yields a numerical scheme which exhibits a linear
convergence, and produces images that are visually very close to those obtained
using theTV-LSE estimator. TheTV-ICE model will be presented and adapted
to the Poisson case in chapter4.
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2.1.4 One and two dimensional examples

As discussed in Section2.1.1, the elements ofBV (
) can assume some discon-
tinuities, making possible the representation of sharp edges into this space. The
ability of the total variation regularizer to preserve those discontinuities (in con-
trast to the classicalH 1 models, corresponding to a choice of regularizer of the type
J (u) = kr duk2

2, which tends to promote oversmoothed images, see e.g. [Nikolova
2000]), is usually highlighted in the image processing literature, and some careful
studies about the edge-preserving properties ofTV can be found in [Chambolle
et al. 2010, Caselles et al. 2015]. We will try to here give a simple intuition about
this interesting property, by focusing on the one dimensional case.

Let s : f 0; : : : ; M � 1g ! R be a one dimensional discrete signal of sizeM , we
naturally adapt De�nition 3 into

TV d(s) =
N � 2X

k=0

js(k + 1) � s(k)j :

Assuming now that f s(k)g0� k<M is a monotone (that is, nonincreasing or nonde-
creasing) sequence, we easily prove that

TV d(s) = js(M � 1) � s(0)j ;

so that any other monotone signales : f 0; : : : ; M � 1g ! R satisfying es(0) = s(0)
andes(M � 1) = s(M � 1) has the same total variation ass (this result can be proven
in a more general setting, in particular in the continuous setting, as it is done for
instance in [Kannan and Krueger 2012]). Consequently, the total variation will
not favor any monotone function among those satisfying thisconstraint, which,
in a sense, places the smooth and nonsmooth signals on equal footing, and makes
possible the selection of sharp edges (such as a step signal,as in Figure2.2-left) in
the reconstructed signal, when dealing withTV -based models of the type (2.8).

In contrast to the well appreciated allowance of discontinuities provided by the
total variation regularizer, this approach also presents some drawbacks and prop-
erties with debatable consequences (e.g. the penalizationof oscillations discussed
below). First, the TV regularizers tends to favor signals signals whose gradient
is sparse (that is, often takes the value 0), so thatTV based models usually pro-
duce signals showing some undesirablestaircase e�ects, where one would have
expected smooth variations (see Figure2.2-right). Back to the world of the two
dimensional images, the total variation is responsible forthe creation of constant
areas with arti�cial edges, as illustrated in Figure2.3. This undesirable e�ect
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Figure 2.2: Left-side, several signals showing the same total variation. The signals
here displayed show di�erent regularity ((a) and (b) present somediscontinuities, the others are
smooth), but all have the same total variation. Thus, no one is being promoted in terms of TV
score in a variational context. This is not the case when we consider theclassicalH 1 regularizer
J = s 7! kr dsk2

2, for which all signals yield a di�erent score, the smallest being realized by (e).
Right-side, one dimensional signal reconstruction in presence of nois e using ROF. A
reference signal (a) is corrupted by an additive white Gaussian noise (b), then processed using
the ROF model (that is, model (2.8) with A = I ), with � = 200, yielding the restored signal (c).
The discontinuities of (a) are present in (c), however, the promotion of sparse gradient involved
a staircase e�ect, where we expected a smooth variation.

is known asstaircasing e�ect (or staircasing artifact). It was �rst theoretically
studied in [Nikolova 2000], and more recently in [Chambolle et al. 2016]. Second,
as a consequence of the promotion of sparse gradients, theTV regularizer penal-
izes oscillations. On the one hand, oscillating patterns are typically the kind of
structures one wants to avoid when dealing with inverse problems, in the sense
that, the penalization of those structures is valuable. On the other hand, some
oscillatory patterns may correspond to textures that one would like to preserve.
Interestingly, some works try to take advantage of this above mentioned behaviour
of the total variation (generally presented as a shortcoming), by using the TV
term to perform image decomposition into three components,a �rst one contain-
ing the geometrical structure of the image, a second one the texture of the image,
and a third one the noise [Vese and Osher 2004, Aujol and Chambolle 2005].

2.1.5 Several well known variants of TV

Isotropic and Anisotropic total variation.

A �rst variant of the total variation is obtained by replacin g the Euclidean
`2 norm of the gradient in De�nition 3 by a `p norm (we will note `a instead
of `p to avoid confusions when we will introduce, in the next sections, a dual
variable traditionally noted p). We de�ne accordingly theTV d

a (for a � 1, possibly
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(a) reference (b) noisy (c)TV restored

details of (a) details of (c) level lines of (c)
Figure 2.3: The staircasing e�ect of TV. A noisy version (undergoing additive white
Gaussian noise with zero mean and standard deviation� = 20), displayed in (b), of the reference
image (a), was denoised using the ROF model (that is, model (2.8), taking A = I ), with the
setting � = 40. On the second row, we display some close-up views of (a) and (c), which
reveal the presence in (c) of constant areas with arti�cial boundaries,that were not present
into the reference image. This so-called staircasing e�ect is due to the promotion by the TV
term of piecewise constant images. (orcartoon images). This e�ect clearly appears on the level
lines of (c), here computed using a bilinear interpolation, whichtends to concentrate along the
spurious edges of the staircased regions. We also observe that some textures (in particular the
microtextures) of (a) are not present in (c), due to the penalization of the oscillations operated
by the total variation, showing its inability to deliver well-text ured images.

a = + 1 ) variant of TV d,

8a 2 [1; + 1 ]; 8u 2 R
 ; TV d
a(u) =

X

(x;y )2 


jr du(x; y)ja ; (2.10)

wherej � j a denotes the`a norm over theR2 space, de�ned by

8(z1; z2) 2 R2; j(z1; z2)ja =
�

(jz1ja + jz2ja)1=a if a < + 1
max (jz1j; jz2j) if a = + 1 :

Since the total variation operator in (2.10) is written as a sum of`a norms, we
naturally introduce the norm k�k1;a overR
 � R
 , which is a combination between
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`1 and `a norms, de�ned by

8(g1; g2) 2 R
 � R
 ; k(g1; g2)k1;a =
X

(x;y )2 


j(g1(x; y); g2(x; y)) ja ;

so that the total variation operator can be seen as the composition between the
norm k � k1;a and the linear �nite di�erence operator r d,

8a � 1; 8u 2 R
 ; TV d
a(u) = kr duk1;a ; (2.11)

and this viewpoint will be used in Section2.3.1 to derive a dual formulation of
TV d

a. Of course (2.11) is a straightforward generalization ofTV d, since the two
de�nitions coincide whena = 2. In practice we are principally interested in the
settings a = 1 or a = 2.

De�nition 4 (isotropic and anisotropic discrete total variation). TV d
1

and TV d
2 are respectively called anisotropic and isotropic discrete total variation.

We will see that from the optimization point of view, the use of TV d
a in-

stead ofTV d introduces no theoretical nor numerical di�culty. The casea = 1
(corresponding to the anisotropic total variation) is sometimes addressed in the
literature, mainly because it leads to optimization problems that can be solved by
graph-ow techniques (see [Darbon and Sigelle 2006, Chambolle 2005], and ref-
erences therein). Besides, the anisotropic total variation was also used to derive
some numerical algorithms dedicated to the computation of theTV-ICE variants
of the TV-LSE model, in the cases of image denoising in presence of Gaussian
noise [Louchet and Moisan 2014] or Poisson noise (see Chapter4, or [Abergel et al.
2015]).

The Huber approximation.

The use of the discrete total variation as a regularizer for image processing ap-
plications generates images with piecewise constant regions and arti�cial bound-
aries, this is thestaircasing e�ect already evoked above. This undesirable e�ect
has been rigorously identi�ed and studied in [Nikolova 2000, Ring 2000], in par-
ticular it is proven (in a more general setting than total variation regularization)
in [Nikolova 2000] that the non-di�erentiability at zero of the total variati on (or
more generally of the cost function to minimize) is responsible for the staircasing
artifact. In order to get rid of this artifact, we can replacethe `2 norm of the
gradient by a smooth approximation, for instance the so-called Huber-function.
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De�nition 5 (Huber function). Let � be a positive parameter, we noteH � the
Huber function with parameter� , de�ned by

8z 2 R2; H � (z) =
�

jzj22
2� if jzj2 � � ;

jzj2 � �
2 otherwise:

From its de�nition, we can see that the Huber function consists in replacing
the (non-di�erentiable at zero) `2 norm by a (di�erentiable at zero) square`2

norm over the `2 closed ball with center 0 and radius� . Outside of the ball, H �

is simply the `2 norm translated by the quantity �= 2, so that H � is a continuous
and di�erentiable function of R2 (some one dimensional plots ofH � , for several
values of� , are displayed in Figure2.4).
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Figure 2.4: One dimensional comparison between j � j 2 and H � . We here display a one
dimensional representation of the`2-norm, and, for several values of� , the graph of the corre-
sponding Huber approximation H � , which basically consists in replacing the non di�erentiable
term jxj2 by a smooth quadratic term when x 2 [� �; � ]. Otherwise, when x 62[� �; � ], an
appropriate o�set is used, which makes theH � function di�erentiable.

De�nition 6 (Huber total variation). Given a positive real parameter� , we
call Huber total variation with parameter� the operatorHTV d

� de�ned by

8u 2 R
 ; HTV d
� (u) =

X

(x;y )2 


H � (r du(x; y)) :

We will experimentally check that replacing theTV d regularizer byHTV d
� in

optimization problems of the kind (2.8) leads to images without staircasing arti-
fact, but the removal of artifact is done at the expense of losing the nice theoretical
properties of the total variation, such as the formal allowance of discontinuities
(and thus sharp edges) into the restored image.
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Other variants.

Many variants of TV have been proposed to avoid the staircasing e�ect, and
preserve textures. Some of them consist in smoothing the discontinuity of the TV
functional, as it is the case with the Huber variant. Some other consist in adding
some higher derivative order terms to theTV functional [Chan et al. 2000], or
even in changing the order of the derivative into theTV term itself, yielding a
generalized de�nition of this functional called Total Generalized Variation [Bredies
et al. 2010].

2.2 Basis of non-smooth convex analysis and op-
timization

In this section, we will recall some fundamental results of convex analysis, most
of them taken from [Ekeland and T�emam 1999]. The aim of this presentation of
some already well known results, is to give a minimal, but complete, set of tools
that are now widely used to handle convex and non smooth optimization problems,
which are particularly e�cient to perform total variation b ased minimization.
We refer to [Ekeland and T�emam 1999, Rockafellar and Wets 1998, Boyd and
Vandenberghe 2004] for much more complete information.

2.2.1 Main de�nitions and properties

Let us consider a �nite-dimensional real vector spaceE, and let E ? denote its
dual space, which is made of all continuous linear mappings from E to R. Let R
denote the setR [ f�1 ; + 1g and h�; �i denote the bilinear mapping fromE ? � E
to R de�ned by h'; u i = ' (u) for any ' 2 E ? and u 2 E. We �rst recall the
de�nitions of convex sets and convex functions.

De�nition 7 (convex sets and convex functions). A subsetC of E is convex
if and only if for any pair of elements(u; v) of C, the line-segment[u; v] with
endpointsu and v,

[u; v] = f �u + (1 � � )v; 0 � � � 1g ;

is a subset ofC. Now given a convex subsetC of E, a mappingF from C to R
is convex if and only if it satis�es

8u; v 2 C; 8� 2 [0; 1]; F (�u + (1 � � )v) � �F (u) + (1 � � )F (v) ;
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whenever the right-hand term is de�ned, i.e. whenever the pair(F (u); F (v)) is
di�erent from (+ 1 ; �1 ) and (�1 ; + 1 ). If moreover the inequality is strict for
any u 6= v and any � 2 (0; 1), the function is called strictly convex.

Notice that allowing the functions to assume the value +1 will be of great
importance, since in convex optimization we often need to consider the indicator
function of a domainD � E, de�ned by

8u 2 E; � D (u) =
�

0 if u 2 D
+ 1 otherwise,

(2.12)

which is a convex function if and only ifD is a convex subset ofE. Convex
functions that assume the value�1 are however very special since those functions
are in�nite everywhere except possibly at a single point where it may take any
value (see [Ekeland and T�emam 1999, Chap. I, Sec. 2.1]). The underlying reason
why we keep the value�1 (however much we wish to remove it) is that the
constants�1 are in a certain sense placed in duality (see [Ekeland and T�emam
1999, Chap. I, Def. 4.2]). For instance, we will later consider the Legendre-Fenchel
transform which changes the constant functionF = + 1 of E into the constant
function F ? = �1 of the dual spaceE ?.

In the following we will denote by domF the e�ective domain of F , that is the
set of vectorsu 2 E such asF (u) < + 1 ,

domF = f u 2 E; F (u) < + 1g :

The e�ective domain of F is nonempty as soon asF is not identically equal to
+ 1 . In order to get rid of very particular cases, we will say thatthe function
F is proper if it never assumes the value�1 and is di�erent from the constant
+ 1 .

Before focusing on the non-smooth setting, which will retain all our attention
later, we briey recall the notion of Gâteaux-di�erentiability.

De�nition 8 (Gâteaux-di�erentiability). Let F be a function ofE into R,
let u and v be two points ofE. If the limit as � ! 0+ of

F (u + �v ) � F (u)
�

(2.13)

exists, it is called the directional derivative in directionv of F at point u and
denotedDvF (u). If furthermore there exists an element' u 2 E ? such that

8v 2 E; DvF (u) = h' u; ui ;
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we say thatF is Gâteaux-di�erentiable at the point u, we call ' u the Gâteaux-
di�erential of F at the point u, and we note' u = D F (u). When moreoverE is a
Hilbert space, the Riesz representation Theorem states that there exists a unique
element of E noted r F (u) such that hDF (u); ui is equal to the inner product
betweenr F (u) and u. In that case r F (u) is called gradient ofF a the point u.

Of course a function which is di�erentiable at pointu in the classical sense
(that is in the sense of Fr�echet) is also Gâteaux-di�erentiable at u and the two
notions of di�erentials coincide, but the reciprocal is false. The notion of Gâteaux-
di�erentiability is particularly suited to the convex sett ing since for any convex
function F , the expression (2.13) always possesses a limit as� ! 0+ , this limit
may however be in�nite.

We will now focus on the non Gâteaux-di�erentiable setting(named here the
non-smooth setting), and we will show how the notion of Gâteaux-di�erential
shall be generalized for non-smooth convex functions. We start with the notion
of lower semi-continuity.

De�nition 9 (lower semi-continuity). A function F from E to R is lower
semi-continuous (l.s.c) onE if and only if for any u0 2 E and for any " > 0,
there exists a neighborhoodV"

0 of u0 such as

8u 2 V"
0; F (u) � F (u0) � " ;

or equivalently when

8u0 2 E; lim inf
u! u0

F (u) � F (u0) ;

noting lim inf
u! u0

F (u) the limit inferior of F at point u0.

Remark 4. A useful way to prove the lower semi-continuity (respectively its con-
vexity) of a function F : E ! R consists in considering its epigraph, which is the
set epiF = f (u; � ) 2 E � R; F (u) � � g. Indeed F is l.s.c on E if and only if
epiF is closed inE � R, and F is convex onE if and only if epiF is convex (see
[Ekeland and T�emam 1999, Chap. I, Prop. 2.1 and 2.3]). In particular, thanks
to this topological characterization, we see that the indicator function� D de�ned
in (2.12), is l.s.c and convex onE if and only if the setD is a closed and convex
subset ofE, since in that case, we haveepiF = D � R+ .

Now, we recall the notion of a�ne continuous function, which is at the same
time a very simple and, as we will see in the following, an extremely useful object
to e�ciently represent convex and lower semi-continuous functions.



2.2. Basis of non-smooth convex analysis and optimization 55

De�nition 10 (a�ne continuous fonctions on E). An a�ne continuous func-
tion on E is a function A : E ! R of type A : u 7! ' (u) + � , where' is a linear
continuous function from E to R (i.e. an element of the dual spaceE ?) and �
is a real number. We will call' the slopeand � the constant term of such a
function. We note A (E) the set of all a�ne continuous functions onE.

We follow up with the de�nition of the the spaces �(E) and � 0(E).

De�nition 11 (the spaces �( E) and � 0(E)). We denote by�( E) the set of
functions F : E ! R which are the superior envelope (or pointwise supremum) of
a family of continuous a�ne functions on E. We denote by� 0(E) the subset of
�( E) composed of the functions other than the constants+ 1 and �1 .

We see immediately from the de�nition that any element of �(E) is necessarily
convex and lower semi-continuous, since those two properties are stable by passage
to the supremum, and are satis�ed by any a�ne continuous function. The next
proposition gives a precise characterization of the spaces�( E) and � 0(E).

Proposition 1 (characterization of �( E) and � 0(E)). A function F : E ! R
is an element of�( E) if and only if F is a convex lower semi-continuous function
on E which may assume the value�1 but in that caseF is identically equal
to �1 . Consequently the set� 0(E) is composed of all proper elements of�( E).

Let us take a functionF in �( E), by de�nition, there exists a (possibly empty)
subsetS of A (E) such that

8u 2 E; F (u) = sup
A 2 S

A (u) ;

and consequently all the a�ne continuous functionsA 2 S are necessarily less
than F everywhere onE,

8A 2 S; 8u 2 E; A (u) � F (u) :

This raises an interesting question:\What do we get when we consider the su-
perior envelope of all the a�ne continuous functions lower-boundingF ?" This
question is answered by the following proposition that leads us to the notion of
�-regularization.

Proposition 2 ( � -regularization). Let F and G be two functions fromE into
R, the following properties are equivalent to each other:
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(i) G is the pointwise supremum function of the set of all continuous a�ne
functions that lower boundF ;

(ii) G is the largest element of�( E) that lower boundsF .

When (i) or ( ii ) is satis�ed, the function G is then called the� -regularization of
function F .

Proof (adapted from [Ekeland and T�emam 1999, Chap. I, Sec. 3.2]). Let us note
G1 the function satisfying (i) and G2 the function satisfying (ii ). We note A 1

(respectivelyA 2) the set of all the a�ne continuous a�ne functions (respectively
all the elements of �(E)) which lower boundF . SinceA 1 � A 2 we haveG1 � G2.
Now since each elementH 2 A 2 is in �( E), it can be seen as the pointwise
supremum of a family A H of a�ne continuous functions, and necessarily the
elements ofA H lower boundF (sinceH lower boundsF ). Thus, we get that for
any H 2 A 2 we haveA H � A 1, and we derive the converse inequalityG2 � G1.

2.2.2 Legendre-Fenchel transform

Given a function F : E ! R, let us explore further the set of a�ne continuous
functions which lower boundF . We prove below that a continuous a�ne function
A : E ! R with slope ' 2 E ? and constant term � 2 R (that is, A = u 7!
h'; u i + � ) lower boundsF if and only if � � � F ?(' ), where

F ?(' ) = sup
u2 domF

h'; u i � F (u) : (2.14)

Notice that when F assumes the value�1 , formula (2.14) yields F ?(' ) = + 1 ,
and when F is the constant +1 (i.e. when F has empty domain), it yields
F ?(' ) = �1 .

Proof. A remains belowF everywhere onE if and only if for any u 2 E we have
h'; u i + � � F (u), that is, when supu2 E h'; u i � F (u) � � � . The supremum can
be restricted to the e�ective domain ofF , since the functionu 7! h'; u i � F (u)
is identically equal to �1 outside of domF .

This leads us to the Legendre-Fenchel transformation.

De�nition 12 (Legendre-Fenchel transform). If F : E ! R, then formula
(2.14) de�nes a function F ? from E ? into R called the Legendre-Fenchel transform
of F (also known as the polar or conjugate function ofF ).
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From its de�nition, one directly sees that the Legendre-Fenchel transformF ?

of F is an element of �(E ?) (in particular it is convex and l.s.c), since it can be seen
as the pointwise supremum of the family of continuous a�ne functions (A u)u2 domF
over the dual spaceE ?, de�ned by

8u 2 domF; A u : ' 7! h'; u i � F (u) :

Assuming from now that E is a reexive space (for instance a Hilbert space),
writing the Legendre-Fenchel transform of the functionF ? leads to

F ?? : u 7! sup
' 2 domF ?

h'; u i � F ?(' ) ;

which is an element of �(E ??), and thus an element of �(E). SinceF and F ?? are
de�ned on the same space, they can be compared to each other, we obtain the
following result:

Proposition 3 (bi-Legendre-Fenchel transform). The bi-Legendre-
Fenchel transform F ?? of any function F : E ! R is none other than the� -
regularization ofF . In particular F ?? � F on E, and we have the equalityF ?? = F
if and only if F 2 �( E).

Proof (adapted from [Ekeland and T�emam 1999, Chap. I, Prop. 4.1]). The
�-regularization of F is the pointwise supremum of the set of all a�ne contin-
uous functions which lower boundF . This supremum can be restricted to the
lower bounding a�ne continuous functions having maximal constant term, that
is, the functionsA ' : E ! R of the type

8' 2 E ?; A ' = u 7! h'; u i � F ?(' ) :

Since the pointwise supremum of the family (A ' ) ' 2 E ? is exactly the functionF ??,
we get the announced result.

In practice Proposition 3 is of great use to derive a primal-dual reformulation
of an optimization problem when the cost function decomposes as the sum of
terms where at least one lies in �(E). For instance, if F : E ! R is an element
of �( E), we have

8u 2 E; F (u) = F ??(u) = sup
' 2 domF ?

h'; u i � F ?(' ) ;



58 Chapter 2. The total variation

so that for any function G : E ! R, the problem infu2 E F (u) + G(u) is equivalent
to the primal-dual problem

inf
u2 E

sup
' 2 domF ?

G(u) + h'; u i � F ?(' ) ; (2.15)

which may be easier to handle (and we will see later that it is typically the case
when we setF = TV d).

A last important remark is that when E is a Hilbert space, the dual spaceE ?

identi�es to the primal space E, which means that for any element' 2 E ?, the
terms h'; u i in (2.14) or (2.15) can be replaced by the inner product betweenu
and an elementv' 2 E, thanks again to the Riesz representation Theorem. In
that case F ? can be seen as a function of the primal spaceE (instead of E ?),
which is very useful in practical computations.

2.2.3 Subdi�erentiability

Now, let us show how the a�ne continuous functions can be used to recover a
notion a di�erentiability for non-smooth functions. Let F be a function from E
to R, and A : E ! R be an a�ne continuous function. We say thatA is exact at
point u 2 E if and only if A (u) = F (u). When A is furthermore lower bounding
F , we recover a notion of slope (that is called subgradient) for F at the point u.

De�nition 13 (subdi�erentiability, subdi�erential, subgradients). A func-
tion F : E ! R is said subdi�erentiable at pointu 2 E if and only if there exists
an a�ne continuous function A with slope' 2 E ? which is exact at pointu and
which lower boundsF on E. In that case the slope' is called a subgradient ofF
at point u. The set of all subgradients ofF at point u is named the subdi�erential
of F at point u and noted@F(u). By convention we set@F(u) = ; whenF is not
subdi�erentiable at point u.

Notice that if the a�ne continuous function A with slope ' 2 E ? is exact at
the point u, F (u) is necessarily �nite and we have

A = v 7! h'; v � ui + F (u) : (2.16)

In that case A lower boundsF (that is, by de�nition, ' 2 @F(u)) if and only if

8v 2 E; h'; v � ui + F (u) � F (v) :
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Another point of view is that, as soon as the a�ne continuous function A with
slope' is exact at pointu, it lower boundsF if and only if it has maximal constant
term � , that is (recall how was built the Legendre-Fenchel transform in Section
2.2.2), when � = � F ?(' ). Therefore identifying the constant term of (2.16) to
the quantity � F ?(' ), yields

F (u) + F ?(' ) = h'; u i :

These considerations give two characterizations of the subgradients ofF at point u.

Proposition 4 (characterizations of the subgradients). Let F : E ! R be
a function, u a point of E, and ' an element of the dual spaceE ?. The following
properties are equivalent to each other:

(i) ' 2 @F(u), i.e. ' is a subgradient ofF at point u;

(ii) F (u) is �nite and we haveh'; v � ui + F (u) � F (v) for any v 2 E ;

(iii) F (u) + F ?(' ) = h'; u i .

Proof. We already proved (i) ) (ii ). Assuming now that (ii ) is satis�ed, we
get supv2 E h'; v i � F (v) � h '; u i � F (u); we recognize in the left-hand term
the Legendre-Fenchel transform ofF at ' , and the corresponding supremum
is attained at v = u, thus we get F ?(' ) = h'; u i � F (u), which equivalent
to (iii ), so that (ii ) ) (iii ). Last when (iii ) is satis�ed, the terms F ?(' ) and
F (u) are necessarily both �nite sinceh'; u i is �nite, therefore the application
A : v 7! h'; v � ui � F (u) is a�ne continuous on E, and since (iii ) is satis�ed, the
supremumF ?(' ) = supv2 E h'; v i � F (v) is attained at point u. Therefore we have
h'; v i � F (v) � h '; u i � F (u) for any v 2 E, thus, A lower boundsF on E. Thus
(i) is satis�ed, so that we proved (iii ) ) (i).

We immediately derive a fundamental result in optimization.

Corollary 1. A function F 2 � 0(E) admits a minimum at point u 2 E if and
only if the set of its subgradients at pointu contains 0,

F (u) = min
v2 E

F (v) , 0 2 @F(u) : (2.17)

Proof. Using the equivalence (i) , (ii ) of Proposition 4, we see that

0 2 @F(u) , F (u) is �nite and 8v 2 E; F (u) � F (v) :



60 Chapter 2. The total variation

We obtain the same result using the geometrical intuition: the function F is
minimal at point u if and only if the continuous a�ne function having null slope
and being exact at pointu (that is the constant A : v 7! F (u)) is less thanF
everywhere onE.

The next Proposition shows that the subdi�erentiability generalizes the notion
of Gâteaux-di�erential for convex functions (see the proof in [Ekeland and T�emam
1999, Chap. I, Prop. 5.3]).

Proposition 5 (relation with Gâteaux-di�erentiability). If F : E ! R
is a convex function which is Gâteaux-di�erentiable at a pointu 2 E, it is sub-
di�erentiable at the point u, and DF (u) is its only subgradient at pointu, i.e.
@F(u) = f DF (u)g.

Notice that the result announced in Proposition5 does not remain true if we
remove the convexity assumption. A trivial counter exampleis obtained when
we consider the functionF = x 7! x3 from R into R, which is di�erentiable
anywhere, but subdi�erentiable nowhere onR, since it cannot be lower-bounded
by any a�ne continuous function of R.

We will �nish this section with two important results about subdi�erential
calculus in �( E), which will be largely used in the next sections. Proposition 6
focuses on the subdi�erential of a sumF + G of two elements of �(E), and
Proposition 7 on a link existing between@Fand @F?.

Proposition 6 (subdi�erential of a sum of functions). If F and G are two
elements of�( E), and if there exists a pointv 2 domF \ domG whereF (or G)
is continuous, then we have

8u 2 E; @(F + G)(u) = @F(u) + @G(u) ;

where the sum of the two (possibly empty) sets@F(u) and @G(u) must be under-
stood as the Minkowsky sum between those two sets.

If the inclusion @F(u) + @G(u) � @(F + G)(u) is easy to prove using the re-
lation ( ii ) of Proposition 4, the converse inclusion is much more di�cult to show.
A proof of Proposition 6 is available in [Ekeland and T�emam 1999, Chap. I,
Prop. 5.6], and makes use of theHahn-Banach separation Theorem. In the fol-
lowing, we will use Proposition6 in the case whereF is Gâteaux-di�erentiable at
u, so that @(F + G)(u) = f DF (u)g + @G(u).
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Proposition 7. For every function F : E ! R, we have

' 2 @F(u) ) u 2 @F?(' ) :

Besides, whenF 2 �( E), we have' 2 @F(u) , u 2 @F?(' ) :

Proof (adapted from [Ekeland and T�emam 1999, Chap. I, Cor. 5.2]). This prop-
erty is a direct consequence of Proposition4, indeed when' 2 @F(u), we have
F (u)+ F ?(' ) = h'; u i , and necessaryF (u) and F ?(' ) are both �nite (in particular
' 2 domF ?). SinceF ?? � F (see Proposition3) we haveF ??(u)+ F ?(' ) � h '; u i .
Besides, by de�nition of the Legendre-Fenchel transform ofF ? at point u, we have
F ??(u) = sup ~' 2 domF ? h~'; u i � F ?( ~' ), thus the inverse inequalityF ??(u) + F ?(' ) �
h'; u i is also satis�ed. Finally we haveF ??(u) + F ?(' ) = h'; u i ; which is equiva-
lent to u 2 @F?(' ), thanks again to proposition4. Finally we proved the impli-
cation ' 2 @F(u) ) u 2 @F?(' ). If furthermore F 2 �( E), we haveF ?? = F ,
therefore, u 2 @F?(' ) ) F ?(' ) + F ??(u) = h'; u i , F ?(' ) + F (u) = h'; u i )
' 2 @F(u), which proves the converse implication.

2.2.4 Framework of non-smooth optimization

From now, E denotes a �nite dimensional Hilbert space, endowed with an
inner product h�; �i , and the corresponding normk � k =

p
h�; �i . We are interested

in the minimization of convex functions, i.e. to problems oftype

inf
u2 E

F (u) ; (2.18)

where, unless explicitly mentioned,F : E ! R denotes a proper, convex and
lower semi-continuous function, called theobjective function, or the cost function.
When the in�mum ( 2.18) is attained somewhere onE, the in�mum is a minimum.
In that case, any point u� which realizes this minimum is nameda solution of
problem (2.18), or a minimizer of F , and we note

u� 2 argmin
u2 E

F (u) :

If moreover the minimum is uniquely attained, we may note

u� = argmin
u2 E

F (u) :

Remark that given a non-empty closed and convex subsetC of E, a constrained
minimization problem of type

inf
u2 C

G(u) ;
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with proper, convex and lower semi-continuous objective function G : E ! R is
identical to (2.18) when we considerF = G + � C (which is also proper, convex
and lower semi-continuous onE, since� C 2 �( E) thanks to Remark 4, and � C is
proper sinceC 6= ; ), indeed it is obvious that, in that case, the in�mum is the
same for both problems, as well as the set of solutions.

Proposition 8 (criterion of existence or uniqueness of solution). If one
of the two following properties is satis�ed, the problem(2.18) has at least one
solution.

(i) the set domF is bounded,

(ii) or the function F is coercive overE, i.e. lim
kuk! + 1

F (u) = + 1 .

If ( i) or ( ii ) is satis�ed, and if furthermore the function F is strictly convex on
C, then the problem(2.18) has exactly one solution.

We will de�ne below the notion of strong convexity that will be useful in the
following. It is straightforward to check that this notion extends the notion of
strict convexity, in the sense that any strong convex function is necessarily strictly
convex.

De�nition 14 (strongly convex functions). A function F : E ! R is called
strongly convex with constant� if and only if the function

u 7! F (u) � �
2kuk2

is convex onE. We say that F is strongly convex when there exists a constant
� > 0 such thatF is strongly convex with constant� .

The following Proposition is due toRockafellar and Wets[1998, Prop. 12.60]
and it links the strong convexity of a function to the regularity of its Legendre-
Fenchel conjugate.

Proposition 9 (dualization of strong convexity). If F : E ! R is an ele-
ment of � 0(E) and � > 0, the following properties are equivalent to each other:

(i) F ? is strongly convex with constant� ;

(ii) F is Fr�echet di�erentiable on E, and r F is Lipschitz continuous with con-
stant 1=� .
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Remark 5. As direct consequence of this proposition, we can see that the Legendre-
Fenchel transformG? of a � -strongly convex functionG 2 � 0(E) is Fr�echet dif-
ferentiable onE, and r G? is Lipschitz continuous with constant1=� . Indeed, we
easily obtain this result by applying Proposition9 to F = G? and usingG = G??.

2.2.5 Proximity operator and Moreau envelope

We will now present two fundamental and closely related operators: the
Moreau envelopeand the proximity operator, which were introduced byMoreau
[1965], initially for the purpose of generalizing the operators of `2 square distance
and `2 projection over a convex set. It turned out that they play a great role in
convex optimization.

Proposition 10 (proximity operator and Moreau envelope with pa ram-
eter � ). We recall thatF : E ! R is a proper, convex and lower semi-continuous
function. Given any point v 2 E and a real parameter� > 0, the function

u 7! 1
2� ku � vk2 + F (u)

is proper, lower semi-continuous, strongly convex with constant1
� and coercive

on E. Consequently, the problem

inf
u2 E

1
2� ku � vk2 + F (u) ; (2.19)

has a unique solution onE. We de�ne accordingly the proximity operatorProx�F :
E ! E and the Moreau envelopeM �F : E ! R of F with parameter � by

8
><

>:

Prox�F (v) = argmin
u2 E

1
2� ku � vk2 + F (u)

M �F (v) = min
u2 E

1
2� ku � vk2 + F (u)

(2.20a)

(2.20b)

for any v 2 E. Note that M �F is also called the Moreau-Yosida regularization of
F with parameter � [Yosida 1980].

Proof. For any v 2 E, and any � > 0, we see that the function
G : u 7! 1

2� ku � vk2 + F (u) is an element of �0(E), since both functions F
and u 7! 1

� ku� vk2 are in � 0(E). Also, it is easy to check thatu 7! G(u) � 1
2� kuk2

is convex (sinceu 7! F (u) � 1
� hu; vi is convex), thereforeG is strongly convex with

constant 1=� . It remains to show that G is coercive onE. SinceF 2 � 0(E), F is
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the pointwise supremum of the set of its lower bounding a�ne continuous func-
tions, which is not empty (otherwise,F would be the constant�1 , which does
not belong to � 0(E)). Therefore, their exists at least one a�ne continuous func-
tion A such asF � A , so that for any u 2 E, we haveG(u) � 1

2� ku � vk2 + A (u).
Since the right-hand term u 7! k u � vk2 + A (u) of this inequality is coercive
(noting ' and � the slope and constant terms ofA , we have 1

2� ku � vk2 + A (u) =
1

2� ku � vk2 + h'; u i + � = 1
2� ku � v + �' k2 � �

2 k' k2 + h'; v i + � , whose limit as
kuk ! + 1 , is +1 ), it follows that G(u) ! + 1 when kuk ! + 1 .

Remark 6. When F is the indicator function of a non-empty, closed and convex
set C, i.e. F = � C , Prox�F is exactly the projection onC, noted � C , and M �F

is proportional to the square distance between the pointv and the setC, noted
d(v;C)2,

8v 2 E; 8� > 0; Prox�� C (v) = � C (v) and M �� C (v) = 1
2� d(v;C)2 :

Now, let us focus on the proximity operators, and show how theycan be used
to handle problem (2.18). The following results are direct consequences of the
de�nition of Prox �F .

Proposition 11. For any point v 2 E, for any parameter � > 0, we have the
equivalence

v� = Prox �F , v 2 v� + �@F(v� ) :

The right-hand term can be notedv 2 (I + �@F) (v� ), whereI denotes the identity
operator, and v� 7! (I + �@F)(v� ) is a multivalued operator. For that reason,
another common notation for the proximity operatorProx�F is

Prox�F (v) = ( I + �@F)� 1(v) ;

and (I + �@F)� 1 is single valued, sinceProx�F (v) is uniquely de�ned (Proposi-
tion 10) for any v.

Proof. Let v 2 E, � > 0, and G 2 � 0(E), de�ned by G = u 7! 1
2� ku � vk2. Since

G is di�erentiable (and thus Gâteaux-di�erentiable) everywhere onE, it is also
subdi�erentiable on E, and sinceE is a Hilbert space, we can identifyE ? to E
and write

8u 2 E; @G(u) = f DG(u)g = fr G(u)g = f (u � v)=� g ;
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where the identi�cation DG(u) = r G(u) must be of course understood as DG(u) =
v 7! hr G(u); vi . Using Corollary 1, and Proposition6, we get

v� = Prox �F (v) , 0 2 @G(v� ) + @F(v� ) , 0 2
v� � v

�
+ @F(v� ) ;

which, after basic manipulations performed on the right-hand term, is equivalent
to v 2 v� + �@F(v� ).

Proposition 12. The solutions of (2.18) are the �xed points ofProx�F , i.e.

8� > 0; u� 2 argmin
u2 E

F (u) , u� = Prox �F (u� ) :

Proof. We haveu� 2 argminu2 E F (u) , 0 2 @F(u� ) , u� 2 u� + �@F(u� ), which
is equivalent tou� = ( I + �@F)� 1(u� ), thanks to Proposition 11.

Another fundamental property of the proximity operator, dueto Moreau[1965]
(in the case� = 1), and that was generalized byRockafellar[1976] (for any � > 0),
is now well known as theMoreau's identity.

Proposition 13 (Moreau's identity). Let F 2 � 0(E) and � > 0, we have

8v 2 E; v = ( I + �@F)� 1(v) + �
�
I + 1

� @F?
� � 1 �

v
�

�
:

Proof. For any F 2 � 0(E), v 2 E, and � > 0, we have (Proposition11)

v� = ( I + �@F)� 1(v) , v 2 v� + �@F(v� ) , v� v�

� 2 @F(v� ) ;

and using Proposition7, we get v� v�

� 2 @F(v� ) , v� 2 @F?
�

v� v�

�

�
. Besides, we

have

v� 2 @F?
�

v� v�

�

�
, v

� 2 v� v�

� + 1
� @F?

�
v� v�

�

�
, v� v�

� =
�
I + 1

� @F?
� � 1 �

v
�

�
:

Finally, replacing v� by (I + �@F)� 1(v) in the right-hand term yields the an-
nounced result.

Now, let us comment those results. First, the characterization of the solutions
of (2.18) as the �xed points of Prox�F naturally encourage to consider the follow-
ing numerical scheme, in order to compute a �xed point of Prox�F (and thus a
minimizer of F ), �

choose� > 0 and u0 2 E ;
8k � 0; uk+1 = Prox �F (uk) :

(2.21)
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It turns out from Proposition 12 that if Prox �F were a contraction (i.e. Lips-
chitz continuous with constant less than 1), the numerical scheme (2.21) would
converge to a �xed point of Prox�F . In general the Prox�F operator is not a
contraction (unless F is strongly convex), but it satis�es a di�erent property
called �rm non-expansivenesswhich is su�cient to ensure the convergence of the
scheme (2.21) toward a �xed point of Prox �F , provided that such a �xed point ex-
ists, i.e. provided that the set of the minimizers ofF is non-empty (see more expla-
nations in [Rockafellar 1976, Parikh and Boyd 2013]). Besides, from the iteration
uk+1 = Prox �F (uk), and thanks to Proposition11, we getuk 2 uk+1 + �@F(uk+1 ),
thus

8k � 0; uk+1 2 uk � �@F(uk+1 ) ;

which can be interpreted as asemi-implicit subgradient descentscheme with step
� . Remark that this scheme may be used even in the smooth setting (i.e. when
F is Gâteaux-di�erentiable), in that case its semi-implicitness provides some bet-
ter conditioning and stability properties than the usual gradient descent scheme
(the classical convergence Theorems associated to the steepest gradient descent
schemes can be found for instance in [Luenberger and Ye 1984, Weiss 2008]), in
particular, and as we already stated before, the convergence of the scheme (2.21)
is ensured whatever the choice of� (as soon asF has minimizers). The obvious
limitation of the proximal �xed point scheme, is that each iteration k of (2.21)
requires the minimization of the function

u 7! 1
2� ku � ukk2 + F (u) ;

which is usually easier than the direct minimization ofF (thanks to the regularity
provided by the smooth and strictly convex quadratic term),but may remain non-
trivial depending on the nature ofF . Besides, Moreau's identity states that the
computation of Prox�F can be done through the computation of Prox�F ? (taking
� = 1

� ), opening other possibilities to perform the iterations ofthe proximal �xed
point scheme (2.21).

Remark 7 (Proximal Forward Backward Splitting Algorithm). An in-
teresting variant of (2.21) is obtained, under the assumption that the functionF
may be composed as the sumF = F1 + F2 of two elements of� 0(E), and F2 is
di�erentiable. In that case, any minimizer u� of F satis�es (use Proposition 6
and Corollary 1)

0 2 @(F1 + F2)(u� ) = @F1(u� ) + fr F2(u� )g
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and thus, for any� > 0, we haveu� � � r F2(�x) 2 u� + �@F1(u� ), yielding

u� = ( I + �@F1)� 1 (u� � � r F2(u� )) ;

so that u� is a �xed-point of u 7! (I + �@F1)� 1 (u � � r F2(u)). The Proximal
Forward Backward Splitting algorithm simply consists in the numerical scheme

�
choose� > 0 and u0 2 E;
8k � 0; uk+1 = Prox �F 1

�
uk � � r F2(uk)

�
;

the forward term refers to the explicit descent stepuk+1 =2 = uk � �F 2(uk), while the
backward term refers to the semi-implicit descent stepuk+1 = Prox �F 1 (uk+1 =2). A
recent mathematical study of this algorithm can be found in [Combettes and Wajs
2005], with a nice proof of convergence provided thatF2 has a Lipschitz continuous
gradient (see also [Weiss 2008]).

Now we focus on the Moreau envelope, we describe below a set of properties
that are helpful to understand the key role it plays in non-smooth convex opti-
mization. In particular, we will explain why M�F is essentially a smoothed (or
regularized) version ofF , which is di�erentiable, even whenF is not.

Proposition 14 (Some properties of the Moreau envelope). For any ele-
ment F 2 � 0(E), and any parameter� > 0, the following properties are satis�ed.

(i) (M �F )? = F ? + �
2 k � k2 ;

(ii) M �F 2 �( E) and M �F = (M �F )?? =
�
F ? + �

2 k � k2
� ?

;

(iii) M �F is Fr�echet-di�erentiable on E, and

8v 2 E; r M �F (v) = 1
� (v � Prox�F (v)) ;

besides it has same set of minimizer thanF ,

u� 2 argmin
u2 E

F (u) , u� 2 argmin
u2 E

M �F (u) ;

Proof. Those properties will be only partially proved here, but we will at least
comment each one of them at the end of this section.

(i) To prove this property, we use thein�mal convolution operation that was
introduced by Moreau [1963]. Given two functions f and g in � 0(E), the
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in�mal convolution between f and g is the function (f � g) : E ! R de�ned
by

8v 2 E; (f � g)(v) = inf
u2 E

f (u) + g(u � v) :

The in�mal convolution is said dual to the sum because it satis�es (see
[Rockafellar 1970])

8f; g 2 � 0(E); (f � g)? = f ? + g? and (f + g)? = ( f ? � g?) :

Now, from its de�nition, we see that the Moreau envelope M�F is the in�mal
convolution betweenF and G : u 7! 1

2� kuk2. Since we can easily show that
G? = ' 7! �

2 k' k2 (the square norm of' must be understood as the square
norm in E of the unique elementv' 2 E to which ' identi�es), we get the
announced result.

(ii) This property is a direct consequence of (i). Indeed, we have seen that
M �F = ( F � G), where both F and G are elements of �0(E), therefore we
have (M�F )?? = ( F ?? � G??) = ( F � G) = M �F , consequently M�F 2 �( E).
Thus, using (M�F )? = F ?+ �

2 k�k2, we get M�F = (M �F )?? =
�
F ? + �

2 k � k2
� ?

.

(iii) The Fr�echet-di�erentiability of M �F is a direct consequence of Proposition9
(simply remark that (M �F

? = F ? + �
2 k � k2 is a strongly convex function),

however the computation of its di�erential is nontrivial and will be admitted
here (see the proof inMoreau [1965], in the case� = 1, or in [Rockafellar
and Wets 1998, Thm. 2.26], for any � > 0). Now, remark that thanks to
Proposition 12, and using r M �F = v 7! 1

� (v � Prox�F (v)), we have the
equivalence

u� 2 argmin
u2 E

F (u) , u� = Prox �F (u� ) , r M �F (u� ) = 0 ;

and the relation r M �F (u� ) = 0 is a well known necessary and su�cient
condition to optimality, for the convex and di�erentiable function M�F .

We close this section with comments about each property announced in Propo-
sition 14. Thanks to properties (i) and (ii ), we see that M�F is obtained by
taking the Legendre-Fenchel transformF ? of the objective functionF , adding a
quadratic regularization, and then taking again the Legendre-Fenchel transform.
As pointed out by Parikh and Boyd [2013], without adding the regularization,
this would simply give back the initial function F , but thanks to the addition of
the quadratic regularization, we obtain M�F , which can be viewed as a smooth
approximation of F , di�erentiable everywhere onE (thanks to Proposition 9 and
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Remark 5), since M�F is the Legendre-Fenchel transform of the strongly convex
function (M �F )? = F ? + �

2 k � k2 2 � 0(E). Last, the property (iii ) con�rms that
M �F is di�erentiable on E, and states that the set of minimizers ofF is the same
as the set of the minimizers of its Moreau envelope. From the expression of its
gradient r M �F (v) = 1

� (v � Prox�F (v)) we get

8v 2 E; Prox�F (v) = v � � r M �F (v) :

Consequently, the proximal �xed point scheme (2.21) can be interpreted as a
gradient descent scheme (with step� ) for the minimization of M �F . Of course the
Moreau envelope M�F su�ers from the same limitation as the proximity operator
Prox�F , in the sense that minimizing M�F may be as di�cult as minimizing F
directly, the essential di�erence being that the strong convexity added by the
quadratic regularizer can signi�cantly improve the regularity of the problem.

2.3 Application to total variation based image
processing

In this section, we will use the duality tools presented in Section 2.2 to perform
several image processing tasks based on total variation minimization. We place
ourselves in the discrete setting, let 
 be a bounded subset of Z2, and R
 the space
of the real valued images with domain 
, which, endowed with the Euclidean inner
product, de�ned by

8u 2 R
 ; 8v 2 R
 ; hu; vi R
 =
X

(x;y )2 


u(x; y) v(x; y) ;

is a �nite dimensional Hilbert space. We denote byr d the �nite di�erence
scheme (2.3), and by divd, the corresponding discrete divergence, given in (2.4),
which satis�es (r d)� = � divd. Since for anyu 2 R
 , we noter du = ( r d

1u; r d
2u),

wherer d
1u and r d

2u are two elements ofR
 representing the discrete derivatives
of u in the horizontal and vertical directions, we will naturally consider the space
R
 � R
 , which is also a �nite dimensional Hilbert space, once it is endowed with
the inner product de�ned by

h(p1; p2); (q1; q2)i R
 � R
 = hp1; q1i R
 + hp2; q2i R
 ;

for any p1; p2; q1; q2 2 R
 . More generally, given any �nite dimensional Hilbert
spaceE, we will note h�; �i E the Euclidean inner product onE, however, for
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commodity, and when no ambiguity is possible, we may drop theindex E and
simply note h�; �i . Last, since a Hilbert spaceE identi�es to its dual space E ?,
from now, any element' in E ?, will be replaced by the unique elementp' 2 E
satisfying ' (q) = hp' ; qi E for any q 2 E. In particular, the Legendre-Fenchel
transform of any function de�ned onE will be viewed as a function ofE instead
of a function of E ?.

2.3.1 Dual formulation of the total variation and its vari-
ants

Isotropic and anisotropic total variation

We recall the de�nition of TV d
a using the normk �k1;a over the spaceR
 � R
 ,

8u 2 R
 ; TV d
a(u) = kr duk1;a =

X

(x;y )2 


jr du(x; y)ja ; (2.22)

wherej � j a denotes the`a norm over R2 de�ned by

8(z1; z2) 2 R2; j(z1; z2)ja =
�

(jz1ja + jz2ja)1=a if 1 � a < + 1
max (jz1j; jz2j) if a = + 1 :

The isotropic and anisotropic discrete total variation correspond to the choices
a = 2 and a = 1 respectively. However, within all this section, we will consider
a more general setting, wherea denotes a (possibly in�nite) number higher than
one (1� a � + 1 ), since this generalization will not complicate the proofs. We
denote bya0 the conjugate ofa which is the unique number satisfying1

a + 1
a0 = 1

(taking as convention that 1 and +1 are conjugate to each other).

Proposition 15 (dual formulation of TV d
a). For any imageu 2 R
 , one has

TV d
a(u) = max

p2 R
 � R

hr du; pi R
 � R
 � � k�k1 ;a 0� 1(p) ;

where� k�k1 ;a 0� 1 denotes the indicator function of the closed unit ball for the norm
k � k1 ;a0 : p 7! max(x;y )2 
 jp(x; y)ja0, which means

8p 2 R
 � R
 ; � k�k1 ;a 0� 1(p) =
�

0 if kpk1 ;a0 � 1;
+ 1 otherwise.

To prove Proposition15, we need some intermediate Lemmas.
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Lemma 1 (The Legendre-Fenchel transform of a norm). Let k � k be a
norm on a �nite dimensional real Hilbert spaceE endowed with the Euclidean
inner product h�; �i E . Let k � k� be the dual norm ofk � k, which is de�ned by

8v 2 E; kvk� = sup
u2 E; kuk� 1

hv; ui E :

Then, the Legendre-Fenchel transform of thek � k, abusively notedk � k?, is the
indicator function of the closed unit ball for the dual normk � k� , de�ned by

8v 2 E; � k�k � � 1(v) =
�

0 if kvk� � 1
+ 1 otherwise.

In particular, since the two normsj � j a and j � j a0 de�ned on E = R2 are dual to
each other, we havej � j ?

a = � j�j a0� 1.

Proof. Let us compute the Legendre-Fenchel transform of� k�k � � 1. For any u 2 E,
we have

� ?
k�k � � 1(u) = sup

v2 E
hu; vi E � � k�k � � 1(v) = sup

v2 E; kvk� � 1
hu; vi E = kuk ;

since the dual norm ofk � k� is the norm k � k, because of the reexivity ofE.
Besides, since� k�k � � 1 2 �( E) (thanks to Remark 4), we have � k�k � � 1 = � ??

k�k � � 1

(using Proposition3). Thus, for any v 2 E, we havekvk? = � ??
k�k � � 1(v) = � k�k � � 1(v).

Remark 8. Another proof of Lemma 1, based on a direct computation of the
Legendre-Fenchel transform ofk � k, can be found in [Boyd and Vandenberghe
2004, Example 2.26].

Lemma 2 (Legendre-Fenchel transform of the norm k�k1;a). The Legendre-
Fenchel transform of the normk � k1;a de�ned in (2.22) is the indicator function
of the closed unit ball for the normk � k1 ;a0 de�ned in Proposition 15.

Proof. Let p 2 R
 � R
 , by de�nition, the Legendre-Fenchel transform ofk � k1;a
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at p, noted kpk?
1;a, writes

kpk?
1;a = sup

g2 R
 � R

hp; gi R
 � R
 � k gk1;a

= sup
g2 R
 � R


P

(x;y )2 

hp(x; y); g(x; y)i R2 � j g(x; y)ja

=
P

(x;y )2 

sup

g(x;y )2 R2
hp(x; y); g(x; y)i R2 � j g(x; y)ja

=
P

(x;y )2 

jp(x; y)j?a

=
P

(x;y )2 

� j�j a0� 1(p(x; y))

since j � j ?
a = � j�j a0� 1 thanks to Lemma 1. It follows that kpk?

1;a = 0 when
max(x;y )2 
 jp(x; y)ja0 � 1, and kpk?

1;a = + 1 otherwise, i.e.,kpk?
1;a = � k�k1 ;a 0� 1(p) .

Remark 9. Another way to prove Lemma2 consists in showing that the two
norms k � k1;a and k � k1 ;a0 are dual to each other, and then, to use Lemma1 to
get k � k?

1;a = � k�k1 ;a 0� 1.

Proof of Proposition 15. Sincek � k1;a is convex and l.s.c. overR
 � R
 , it is an
element of �(R
 � R
 ), thereby k � k1;a = k � k??

1;a thanks to Proposition 3. Besides
given an imageu 2 R
 , one asTV d

a(u) = kr duk1;a, therefore

TV d
a(u) =


 r du


 ??

1;a
= sup

p2 R
 � R

hr du; pi R
 � R
 � k pk?

1;a ;

and kpk?
1;a is exactly � k�k1 ;a 0� 1(p) thanks to Lemma 2. Last, one sees that the

supremum is attained, since it is nothing but the maximum of the inner product
term over the closed unit ball for the dual normk � k1 ;a0.

The Huber total variation

Let � > 0, we recall below the de�nition of the Huber total variation with
parameter � and de�ne at the same time the function H� : R
 � R
 7! R,

8u 2 R
 ; HTV d
� (u) = H � (r du) :=

X

(x;y )2 


H � (r du(x; y)) :

We recall also the de�nition of H � , the Huber function with parameter � ,

8z 2 R2; H � (z) =
�

jzj22
2� if jzj2 � � ;

jzj2 � �
2 otherwise:
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The dual formulation of the discrete total variation described in Proposition 15
can be easily adapted to its Huber variant.

Proposition 16 (dual formulation of HTV d
� ). For any � > 0, and for any

imageu 2 R
 , one has

HTV d
� (u) = max

p2 R
 � R

hr du; pi R
 � R
 � � k�k1 ;2 � 1(p) � �

2 kpk2
2 :

In order to prove this Proposition, we need an intermediate Lemma.

Lemma 3. H � is the Moreau envelope with parameter� of the `2 norm j � j 2, it is
therefore an element of�( R2). Besides, its Legendre-Fenchel transform satis�es

8p 2 R2; H ?
� (p) =

�
�
2 jpj22 if jpj2 � 1;
+ 1 otherwise,

or equivalently,H ?
� (p) = � j�j 2 � 1(p) + �

2 jpj22, for any p 2 R2.

Proof. Let us show that the Moreau envelope with parameter� of the `2 norm,
noted M� j�j 2 , is equal to H � . Let z 2 R2, by de�nition of the Moreau envelope
(given in Proposition 10), we have

M � j�j 2 (z) = min
y2 R2

1
2� jy � zj22 + jyj2 ;

and this minimum is reached at point ~y = Prox � j�j 2 (z). Thanks to Moreau's
identity (Proposition 13) we have

~y = z � � � Prox 1
� j�j ?

2
(z=� ) ; (2.23)

and sincej � j ?
2 = � j�j 2 � 1 (Lemma 1), Prox 1

� j�j ?
2
(z=� ) is simply the `2 projection of

the quantity z=� on the closed unit ball for the`2 norm, which is given by

Prox 1
� j�j ?

2
(z=� ) =

�
z=� if jzj2 � �

z=jzj2 otherwise.

Now we can compute ~y using (2.23) and derive the value of M� j�j 2 (z) using
M � j�j 2 (z) = 1

2� j ~y � zj22 + j~yj2. Indeed, whenjzj2 � � , we have ~y = 0 and M � j�j 2 (z) =
jzj22
2� . Otherwise, jzj2 > � , and we have ~y = �z where � = (1 � �

jzj2
) 2 (0; 1),
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leading to M� j�j 2 (z) = jzj2 � �
2 . Finally, we proved that M� j�j 2 (z) = H � (z). Conse-

quently, H � 2 �( R2), and H ?
� is equal to the sum between the Legendre-Fenchel

transform of � j � j 2 (which is � j�j 2 � 1 using Lemma1) and the quadratic term �
2 j � j 2

2,
thanks to Proposition 14. More precisely, we haveH ?

� (p) = � j�j 2 � 1(p) + �
2 jpj22, for

any p 2 R2.

Proof of Proposition 16. SinceH � 2 �( R2), we have H� 2 �( R
 � R
 ), therefore
HTV d

� (u) = H � (r du) = H ??
� (r du) thanks to Proposition 3. We derive that

HTV d
� (u) = H ??

� (r du) = sup
p2 R
 � R


hr du; pi R
 � R
 � H?
� (p) :

Besides, we have H?� (p) =
P

(x;y )2 
 H ?
� (p(x; y)) = � k�k1 ;2 � 1(p) + �

2 kpk2
2 (using

Lemma 3). Again, the supremum is a maximum for the same reason as in the
proof of Proposition15, which yields the announced result.

2.3.2 A �rst order primal-dual resolvant algorithm

ConsiderX and Y two �nite-dimensional real vector spaces, an inner product
h�; �i Y over Y, and the generic saddle-point problem

min
x2 X

max
y2 Y

G(x) + hKx; y i Y � F ?(y) ; (2.24)

where F 2 � 0(Y), G 2 � 0(X ) and K : X 7! Y denotes a continuous linear
operator. We setH : (x; y) ! G(x) + hKx; y i Y � F ?(y) and we assume that
problem (2.24) has at least a solution (x � ; y� ) 2 X � Y (i.e. a saddle point ofH ).

Remark 10 (reformulation of (2.24)). Using again Proposition 3, for any
x 2 X , we haveF (Kx ) = F ??(Kx ) = supy2 Y hKx; y i Y � F ?(y), therefore, one
can interpret Equation (2.24) as a primal-dual formulation of the primal problem

argmin
x2 X

G(x) + F (Kx ) ; (2.25)

as soon assupy2 Y hKx; y i Y � F ?(y) is indeed a maximum (which will be the case in
practice), and in that case, if(x � ; y� ) is a solution of (2.24), x � is automatically
a solution of the primal problem(2.25).

We present in Algorithm 1 the numerical scheme proposed byChambolle and
Pock [2011] for solving the generic primal-dual saddle point problem (2.24).
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Algorithm 1 : Chambolle-Pock resolvant algorithm for problem (2.24)

Initialization: Choose�; � > 0, � 2 [0; 1], (x0; y0) 2 X � Y and set
x0 = x0 (the convergence of this algorithm toward a solution of the
primal-dual problem(2.24) was proven inChambolle and Pock[2011] for
� = 1 when� � jjj K jjj 2 < 1).

Iterations ( k � 0): updatexk ; yk and xk as follows:

8
>><

>>:

yk+1 = ( I + �@F?)� 1(yk + �K xk)

xk+1 = ( I + �@G)� 1(xk � �K � yk+1 )

xk+1 = xk+1 + �
�
xk+1 � xk

�

(2.26a)

(2.26b)

(2.26c)

We will now give some explanations about its spirit, and briey summarize
some theoretical results about its convergence (Propositions17 and 18).

Let us �rst consider the setting � = 0, in that case we have �xk = xk at each
iteration k of Algorithm 1. For any y 2 Y let us set Py : x 7! H (x; y), which
is an element of �0(X ), and Dx : y 7! � H (x; y), which is an element of �0(Y).
We show below that the updates (2.26a) and (2.26b) boil down to the proximal
scheme �

yk+1 = ( I + �@Dxk )� 1(yk)
xk+1 =

�
I + �@Pyk +1

� � 1
(xk)

(2.27)

so that one iteration of Algorithm 1 can be interpreted as a semi-implicit ascent
step of y 7! H (xk ; y) followed by semi-implicit descent step ofx 7! H (x; yk+1 ),
since we showed in Section2.2.5how the proximal iterations could be viewed as
semi-implicit subgradient descent steps. Thereby, in the case� = 0, Algorithm 1
can be viewed as a semi-implicit variant of the classical Arrow-Hurwicz algorithm
[Arrow et al. 1958].

Proof. We prove the result only for the dual update (2.26a), the primal update
(2.26b) can be treated with similar arguments. Thanks to Proposition 11, we have

yk + �Kx k 2 yk+1 + �@F?(yk+1 ) :

using Propositions5 and 6, we have� Kx k + @F?(yk+1 ) = @Dxk (yk+1 ), therefore,
we haveyk 2 yk+1 + @Dxk (yk+1 ), which is equivalent toyk+1 = ( I + �@Dxk )� 1(yk)
using again Proposition11.
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Now, remark how much it would be attractive to replaceDxk by Dxk +1

into (2.27), since this would make the scheme fully implicit. Unfortunately, this
would also complicate too much the problem (in general, thiswould make the
practical computation of (2.27) as complicate as the initial problem). By intro-
ducing the � parameter into their algorithm, Chambolle and Pock simply replace
Dxk by D �xk into (2.27), where �xk = xk + �

�
xk � xk� 1

�
represents alinear ap-

proximation of the next iterate xk+1 , based on the current and previous iterates
xk and xk� 1 (also referred asextrapolation, or over-relaxation). Therefore, this
operation can be viewed as a way to add more implicitness into(2.27), without
complicating the practical computation of the iterates. Inparticular, in the case
� = 1, Chambolle and Pock prove the convergence of their algorithm and gave an
estimate of its convergence rate.

Proposition 17 (convergence of Algorithm 1). Chambolle and Pock[2011]
prove the following results.

(i) When � = 1 and � � < jjj K jjj 2, the sequence(xk ; yk)k� 0 generated by Al-
gorithm 1 converges toward a solution(x � ; y� ) of (2.24), in particular the
sequence(xk)k� 0 converges toward a solutionx � of the primal problem(2.25).

(ii) The convergence rate isO(1=N) for N iterations, however this rate does not
apply directly to the iterates(xk ; yk)k� 0 but to the decrease toward zero of
the duality gap (see [Chambolle and Pock 2011] for more details) between
the Ces�aro meansxN = 1

N

P N
k=1 xk and yN = 1

N

P N
k=1 yk .

We must emphasize that the convergence results summarized in Proposition17
are derived under very few assumptions, since we only assumed that F and G
were elements of �0(X ) and � 0(Y) and that problem (2.24) had solutions. Some
accelerated variants of Algorithm1 were also proposed by the same authors, which
under additional regularity assumptions onF and G, achieve better convergence
rates.

Proposition 18 (accelerated variants of Algorithm 1). Provided supple-
mentary regularity assumptions aboutF and G, Algorithm 1 can be accelerated
(see Algorithms 2 and 3 in [Chambolle and Pock 2011]) as described below.

(i) If G is uniformly convex with parameter > 0 (i.e. if G? is di�erentiable
and r G? is 1= Lipschitz-continuous, this is for instance the case whenG
is strongly convex with parameter ), one can set

� = 1=
p

1 + 2� ; � = � �; � = �=� ;
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at each iteration between the updates(2.26b) and (2.26c) (i.e. between the
updates of variablesxk and �xk), in order to achieve aO(1=N2) convergence
rate (this time the convergence rate applies to the convergence of the Ces�aro
mean xN = 1

N

P N
k=1 xk toward a solution of (2.25)).

(ii) A similar acceleration is available whenF ? (instead of G) is uniformly con-
vex.

(iii) If G and F ? are both uniformly convex with parameters and � , choosing
constant steps with the setting

� 2
h

1
1+ � ; 1

i
; � =

�
2

; � =
�
2�

; with � �
2
p

�
jjj � r djjj

;

yields a linear convergence rate, that is,O
�
e� N

�
, of the Ces�aro meansxN =

1
N

P N
k=1 xk and yN = 1

N

P N
k=1 yk toward the (here unique) solution of(2.24).

The convergence rate inO(1=N) is shown to be optimal for a general class
of convex optimization problems [Nesterov 2005], as well as the ratesO(1=N2)
(see [Nesterov 1983, 2005, Beck and Teboulle 2009b]) and O(e� N ) (see [Nesterov
2004]), provided the additional regularity assumptions on G andF ? evoked above.

Many algorithms, based on the Legendre-Fenchel duality and which have
shown their e�ciency in many imaging problems, can be found in the literature,
as for instance, the closely related algorithms named Douglas-Rachford Splitting
(originally proposed in [Douglas and Rachford 1956], see also [Eckstein and Bert-
sekas 1992, Combettes 2009] for further developments), and Alternating Direction
Method of Multipliers (ADMM) [ Gabay and Mercier 1976, Glowinski and Le Tal-
lec 1989]. A nice review about the modern proximal algorithms, and therelations
existing among each other, can be found in [Combettes and Pesquet 2011]. We
would like to mention in particular the celebrated ProximalForward Backward
Splitting (PFBS) algorithm, already evoked in Section2.2.5(Remark 7), for which
a convergence Theorem is derived in [Combettes and Wajs 2005]. A convergence
rate in O(1=N) for the PFBS algorithm, thus identical to that stated in Proposi-
tion 17, was established in [Weiss 2008], where an acceleration inO(1=N2) of the
convergence rate is also proposed, at the cost of introducing additional proximal
computation at each iteration of the scheme. Note also the Iterative Shrinkage
Thresholding Algorithm (ISTA), which can be viewed as a Proximal Forward
Backward Splitting algorithm applied to a particular classof inverse problems
(that is, linear inverse problems with quadratic data-�delity and `1 regulariza-
tion, see for instance [Daubechies et al. 2004]), and its famous FISTA (Fast ISTA)
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variant [Beck and Teboulle 2009b], which basically combines a Nesterov acceler-
ation (which consists in a particular update of the descent step parameter), and
an extrapolation (similar to the step (2.26c) of Algorithm 1), in order to reach
the optimal O(1=N2) convergence rate, without introducing an additional com-
putational cost to the scheme (the same acceleration is in practice also applied to
the more general PFBS algorithm). However, only the convergence in O(1=N2)
of the sequenceC(xk) (noting C the cost function to minimize, andf xkgk2 N the
sequence generated by FISTA), has been established so far. A convergence The-
orem for the iterates of FISTA was recently proposed in [Chambolle and Dossal
2015], but no convergence rate is provided.

For all algorithms evoked above (including the Chambolle-Pock algorithm),
the improvement of the convergence rate inO(1=N2) is always done at the cost
of introducing some additional regularity assumptions about the cost function to
minimize (otherwise the rateO(1=N) is optimal). However, in the case where
those regularity assumption are not satis�ed, the formal convergence Theorem
provided by Chambolle and Pock, relying on very low assumptions (in particular,
no di�erentiability assumption for F and G is necessary), confers to their algo-
rithm a valuable advantage. Besides, an important limitation of ISTA, FISTA
and the PFBS algorithm, when used for solvingTV regularized inverse problems,
is that it involves the computation of proximal operator (more precisely, Prox� TV )
for which no closed form is available, so that practical implementations require
the use of an additional nested optimization algorithm dedicated to the compu-
tation of the proximal term (which usually cannot be done exactly in �nite time,
introducing errors into the scheme), while this limitationcan be easily bypassed
using the Chambolle-Pock algorithm, by increasing the number of dual variables
(as it will be done in Section2.3.4). See also [Aujol and Dossal 2015], where some
convergence theorems are recovered for FISTA and PFBS algorithm, in the case
when proximal maps are inexactly computed, provided that the corresponding
errors can be controlled (which is unfortunately di�cult for many applications).

A main limitation of the Chambolle-Pock algorithm, is that it involves the
setting of two descent step parameters� and � , instead of only one for ISTA,
FISTA and the PFBS algorithm (and its accelerated variants). Although the
setting of � and � in Algorithm 1 is guided by the constraint � � < jjj K jjj 2 of
Proposition 17, the setting of these parameters can be di�cult for applications
where the operatorK has a complicated structure, or, whenjjj K jjj is large, since
it forces their setting to low values, which signi�cantly slows down the algorithm.
In order to overcome those shortcomings, Chambolle and Pockproposed a pre-
conditioned version of their algorithm [Pock and Chambolle 2011], with the claim
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that this variant signi�cantly accelerates the convergence on problems with ir-
regular K while leaving the computational complexity of the iterations basically
unchanged. The Chambolle-Pock algorithm has been preferred in the following,
for its simplicity, the nice theoretical convergence results evoked above, and its
remarkable ability to address various image processing tasks.

2.3.3 Total variation based image denoising

In this section we focus on the pure image denoising problem,introduced
by Rudin, Osher and Fatemi (ROF) in [Rudin et al. 1992]. Initially formulated
as a constrained minimization of the total variation functional, it boils down to
compute, for a given regularity parameter� � 0, the image

urof = argmin
u2 R


ku � u0k2
2 + � TV d(u) ; (2.28)

from the noisy observation u0 2 R
 (or equivalently, to compute urof =
Prox2� TV d (u0), so that we automatically get the existence and uniquenessof so-
lution for the problem (2.28)). Recall that the same problem as (2.28) can be
formulated using the Maximum A Posteriori methodology, as it was done in Sec-
tion 2.1.2 (notice that here, the linear operator of the observation model (2.5) is
simply the identity operator), assuming that the observed imageu0 was undergo-
ing additive Gaussian noise with zero mean and (non-necessary known) variance
� 2. This yielded � = 2�� , so that we see why in practice, the choice of the regu-
larity parameter must be adapted to the level of noise� in u0. In this section will
be also considered the anisotropic and Huber variants of the ROF problem, which
are obtained by replacing in (2.28) the classical discrete total variation termTV d

by TV d
1 or HTV d

� (for a given parameter� > 0).
Using Proposition15, we immediately get a primal-dual reformulation of prob-

lem (2.28),

urof = argmin
u2 R


max
p2 R
 � R


ku � u0k2
2 + h� r du; pi R
 � R
 � � k�k1 ;2 � 1(p) ; (2.29)

which has exactly the form of problem (2.24) when we replace (x; y) by (u; p),
and when we takeK = � r d (with adjoint K � = � � divd), G(u) = ku � u0k2

2
and F ?(p) = � k�k1 ;2 � 1(p). If we consider the anisotropic or Huber variants of
ROF, we must modify accordingly the primal-dual problem (2.29) using the dual
formulation of TV d

1 (Proposition 15) or HTV d
� ( Proposition 16). More precisely,

we must replace the termF ?(p) = � k�k1 ;2 � 1(p) by F ?(p) = � k�k1 ;1 � 1(p) when
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considering the anisotropicTV d
1 variant of TV d, and by F ?(p) = � k�k1 ;2 � 1(p) +

��
2 kpk2

2 when considering the Huber-variantHTV d
� of TV d. Consequently, the

solution of the ROF problem and its two variants can be numerically approached
using the Chambolle and Pock algorithm, leading to Algorithm2. Some numerical
experiments are proposed in Figures2.5, 2.6, and 2.7.

Remark 11 (induced `2 norm of K = � r d). The classical discretization
scheme(2.3) for r d yields the upper boundjjj � r djjj � L :=

p
8� (see for in-

stance [Chambolle 2004]). This bound is useful to set the time step� and � of the
Chambolle-Pock algorithm. In practice, we will set� = � = 0:99=L so that the
condition � � jjj K jjj 2 < 1 is satis�ed.

Algorithm 2 : resolvant algorithm for problem (2.28) and its variants.

Initialization: Set L such asjjj � r djjj � L (for instance L = �
p

8), set
� = 1, and choose�; � > 0 such as��L 2 < 1 (for instance
� = � = 0:99=L). Chooseu0 2 R
 , p0 2 R
 � R
 and setu0 = u0.

Choice of the regularizer (TV d, TV d
1 or HTV d

� ): For solving the
classicalTV d regularized problem(2.28), set a0 = 2 and � = 1. For solving
the anisotropicTV d

1 variant, set a0 = + 1 and � = 1. Otherwise, for
solving theHTV d

� variant, set a0 = 2 and � = 1 + ��� .

Internal de�nition(s): Let � 1 ;a0 : R
 � R
 ! R
 � R
 be the`2

projection over the closed unit ball for the normk � k1 ;a0, i.e., for any
p = ( p1; p2) 2 R
 � R
 and any (x; y) 2 
 ,

� 1 ;a0(p)(x; y) =

( p(x;y )
max (1 ;jp(x;y )j2 ) if a0 = 2�

p1 (x;y )
max (1 ;jp1 (x;y )j) ;

p2 (x;y )
max (1 ;jp2 (x;y )j)

�
if a0 = + 1 :

Iterations: For k � 0, updateuk ; pk and uk as follows,

pk+1 = � 1 ;a0

�
pk + �� r d uk

�

�

uk+1 = uk + � � div d pk +1 +2 �u 0
1+2 �

uk+1 = uk+1 + �
�
uk+1 � uk

�
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Remark 12 (acceleration for the Huber model). In the case of the Huber
model, the functionG : u 7! k u � u0k2

2 is strongly convex with parameter = 2,
and the functionF ? : p 7! � k�k1 ;2 � 1(p) + ��

2 kpk2
2 is strongly convex with parameter

� = �� , therefore Algorithm 2 can be accelerated using the setting (iii ) of Propo-
sition 18, in order to reach a linear convergence rate, as illustrated in Figure2.6.

2.3.4 Total variation based inverse problems with square
`2 data-�delity

Let us now focus on the more general linear inverse problem with quadratic
data-�delity formulated in Section 2.1.2using the Maximum A Posteriori method-
ology,

umap 2 argmin
u2 R


kAu � u0k2
2 + � TV d(u) : (2.30)

Recall that 
 and ! denote two bounded rectangular subsets ofZ2, � denotes a
positive regularity parameter,u0 2 R! denotes the observed image, andA : R
 7!
R! denotes the linear operator to be inverted (we will illustrate several classical
imaging applications by selecting di�erent choices forA). Notice that the existence
of a minimizer of problem (2.30) is guaranteed (the objective function is convex
and coercive) but we have not necessarily uniqueness, depending on the choice
of A. From the practical viewpoint, the inverse problem (2.30) can be used to
perform many image processing tasks, we will detail some of them, but let us
�rst explain how the general problem can be handled using theChambolle-Pock
algorithm.

Proposition 19 (primal-dual saddle-point formulation of (2.30)). Any so-
lution umap of problem (2.30) satis�es

umap 2 argmin
u2 R


max
(p;q)2 (R
 � R
 )� R!

G(u) + hKu; (p; q)i � F ?(p; q) ; (2.31)

whereG : u ! 0 is the null function, F ? : (p; q) ! � k�k1 ;2 � 1(p) + kq
2 + u0k2

2 and
K : R
 !

�
R
 � R


�
� R! is the linear operator de�ned by

8u 2 R
 ; Ku =
�
� r du; Au

�
:
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(a) reference (b) noisy

Figure 2.5: Reference image, and its noisy version. We display here a reference image (a),
and its noisy version (b), that were used in the next numerical experiments. The dynamic of (a)
is [0; 255], and the noisy image (b) is undergoing additive white Gaussian noise with zero mean
and standard deviation � = 20. Some denoised versions of (b), computed using Algorithm2,
are displayed in Figure2.7, while the numerical convergence is controlled in Figure2.6.
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Figure 2.6: Numerical convergence achieved by Algorithm 2. The noisy image of
Figure 2.5 was processed with the ROF model (2.28), using alternatively J = TV d (isotropic
TV ), J = TV d

1 (anisotropic TV ), or J = HTV d
� (Huber-TV ), as regularizer. The resulting

images, as well as the precise setting of the model parameters (� and � ), are available in
Figure 2.7. The numerical computation was done using Algorithm2, using the setting � = � =
0:99=(�

p
8), or, in the case of the accelerated HuberTV , using the setting (iii ) of Proposition 18

(see also Remark12, where the strongly convexity constants are explicited). We display in (a)
the evolution of the energyE(un ) := kun � u0k2

2 + �J (un ), computed at each iteration n of the
algorithm. Although no theoretical result ensures the decrease ofE(un ) with respect with n, this
decrease is experimentally observed here. We display in (b), the evolution of log10 (kun � u1 k2),
along the iterations of the algorithm (u1 denotes the image obtained after 105 iterations). We
see that a better convergence rate is reached usingTV d

1 and HTV d
� , in comparison with that

reached usingTV d . Besides, in the case of the accelerated Huber variant, we observe a linear
convergence rate, as predicted in Proposition18.



2.3. Application to total variation based image processing 83

(a) isotropic TV (b) anisotropic TV (c) Huber TV (� = 6)

details of (a) details of (b) details of (c)

Figure 2.7: Image denoising using ROF model. The noisy image of Figure 2.5 was
processed with the ROF model (2.28), using alternatively as a regularizer, the isotropic TV d ,
or Huber (HTV d

� ) variants. For each simulation, the regularity parameter was set in orderto
deliver images showing the samemethod noise(if we note �u the restored image, the corresponding
method noise is the quantity k�u � u0k2

2, which represents theamounts of noise removed from
u0), so that the images can be fairly compared. More precisely, we used respectively � = 42,
� = 26 and � = 42, for the TV d , TV d

1 and HTV d
� models, the resulting images are respectively

displayed in (a), (b), and (c). Some close-up views of the restored images are displayed in
the last row, we see that both anisotropic and isotropicTV models yields images su�ering
of the staircasing e�ect (somehow more anisotropic in (b), where we observe many horizontal
and vertical spurious edges), while this e�ect is removed when using the Huber variant, which
however delivers an images with smoothed edges.
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Proof. Writing f (v) = kv � u0k2
2, one easily gets the expression the Legendre-

Fenchel transformf ?(q) = kq
2 + u0k2

2 � k u0k2
2, now sincef 2 � 0(R! ) we have

kAu � u0k2
2 = f (Au) = f ??(Au) = sup

q2 R!
hAu; qi � k q

2 + u0k2
2 + ku0k2

2 ;

and the supremum is attained since the cost functional is concave (that is, its
opposite is convex), di�erentiable, and its gradient vanishes at the point q =
2(Au � u0). Replacing accordingly this term in (2.30), and removing the constant
term ku0k2

2 (which does not change the set of minimizers), last replacing as well the
TV d term by its dual formulation using Proposition15, exactly yields (2.31).

Remark 13 (anisotropic, or Huber variants of (2.30)). Again, we can for-
mulate the anisotropic or Huber variants of the inverse problem by replacing the
TV d term byTV d

1 or HTV d
� into (2.30). Proposition 19 and its proof are straight-

forward to adapt, leading to slightly di�erent primal-dual problems for each consid-
ered variant. More precisely by changingF ? into F ?(p; q) = � k�k1 ;1 � 1(p)+ kq

2+ u0k2
2

we get the anisotropic variant of (2.31), and by changingF ? into F ?(p; q) =
� k�k1 ;2 � 1(p) + ��

2 kpk2
2 + kq

2 + u0k2
2 we get the Huber variant of(2.31).

Since the primal-dual problem (2.31) has exactly the form of the generic saddle-
point problem (2.24) considered by Chambolle and Pock, it can be numerically
solved using Algorithm1. It is important to remark that the update of the dual
variable (here the tupley = ( p; q)) in Algorithm 1 could be here split into two
independent updates (one forp and one forq) thanks to the additive separability
with respect to p and q of (p; q) ! h Ku; (p; q)i � F ?(p; q). Finally all the up-
dates have closed-form expressions, and the Chambolle-Pock algorithm applied
to (2.30), as well as its anisotropic or Huber variants, boils down to Algorithm 3.
This algorithm can be easily implemented as soon as a closed-form for A, its
adjoint A � , and an (as precise as possible) upper bound ofjjj Ajjj are available.

Application to (non-blind) image deconvolution

In the case of image deconvolution, the linear operatorA in (2.30) is the
convolution with a point spread function (modeling for instance some blurring
phenomena such as di�raction, defocus, or motion). Notice that a convolution can
only model uniform phenomena, while in practice optical devices su�er from more
complicated distortions, such as chromatic aberrations, stigmatism and coma,
vignetting, etc. The correction of such non-uniform distortions is therefore out of
the scope of the restoration application that we detail here.



2.3. Application to total variation based image processing 85

Algorithm 3 : resolvant algorithm for problem (2.30) and its variants.

Initialization: Set L such asjjj K jjj � L (for instance
L2 � jjj � r djjj 2 + jjj Ajjj 2), set � = 1, and choose�; � > 0 such as��L 2 < 1
(for instance � = � = 0:99=L). Chooseu0 2 R
 , p0 2 R
 � R
 , q0 2 R! ,
and setu0 = u0.

Choice of the regularizer (TV d, TV d
1 or HTV d

� ): For solving the
classicalTV d regularized inverse problem(2.30), set a0 = 2 and � = 1. For
solving the anisotropicTV d

1 variant, set a0 = + 1 and � = 1. Otherwise,
for solving theHTV d

� variant, set a0 = 2 and � = 1 + ��� .

Requirement(s): Denote by� 1 ;a0 the `2 projection over the closed unit
ball for the norm k � k1 ;a0. The explicit expression of� 1 ;a0 is given in
Algorithm 2.

Iterations: For k � 0, updateuk , pk , qk and uk as follows,

pk+1 = � 1 ;a0

�
pk + �� r d uk

�

�

qk+1 =
2 qk +2 � (A �uk � u0)

2+ �

uk+1 = uk + � � divdpk+1 � �A � qk+1

uk+1 = uk+1 + �
�
uk+1 � uk

�

Let us consider a discrete convolution kernelkA 2 R! A with �nite domain
! A � Z2. We de�ne the associated operatorA : R
 7! R! by

8(x; y) 2 !; Au (x; y) =
X

(a;b)2 ! A

kA (a; b) u(x � a; y � b) ; (2.32)

where ! denotes the subset of 
 made of all the pixels (x; y) 2 
 such as
(x; y) � ! A � 
 (in the following, we assume that ! is nonempty). Remark
that it is also possible to de�ne the convolution with kernelkA as an operator
A : R
 7! R
 at the cost of an extension ofu outside of 
, usually a periodic or
mirroring condition, or a zero-extensionof the imageu is considered, which is of
course nonrealistic in most situations.
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Remark 14 (adjoint of A de�ned in (2.32)). The adjoint of the operatorA
de�ned in (2.32) is the operatorA � : R! 7! R
 de�ned by

8v 2 R! ; 8(x; y) 2 
 ; A � v(x; y) =
X

(a;b)2 ! A

kA (a; b) v(x + a; y + b) ;

with the convention thatv(x + a; y + b) = 0 when(x + a; y + b) 62! .

Remark 15 (induced `2 norm of A de�ned in (2.32)). Let us show that
jjj Ajjj � jj kA jj1. Indeed for any imageu 2 R
 , using (twice) the dual formulation
of the `2 norm over R! , we get

kAuk2 = max
v2 R! ; kvk2 � 1

hv; Aui

= max
v2 R! ; kvk2 � 1

X

(x;y )2 !

X

(a;b)2 ! A

v(x; y) kA (a; b) u(x � a; y � b)

�
X

(a;b)2 ! A

max
v2 R! ; kvk2 � 1

X

(x;y )2 !

v(x; y) kA (a; b) u(x � a; y � b)

=
X

(a;b)2 ! A

max
v2 R! ; kvk2 � 1

hv; kA (a; b) u(� � a; � � b)i

=
X

(a;b)2 ! A

jkA (a; b)j � ku(� � a; � � b)k2 ;

with the obvious notationu(� � a; � � b) = (( x; y) 2 ! 7! u(x � a; y � b)). As for
any (a; b) 2 ! A we haveku(� � a; � � b)k2 � k uk2 (in this inequality, the left-hand
norm is the `2 norm over R! and the right-hand one is thè2 norm over R
 ), we
get the upper boundkAuk2 � k kA k1 � kuk2 and thusjjj Ajjj � k kA k1.

Thanks to Remarks14and15, we now have all the information necessary to use
Algorithm 3 and approximate some solutions of the inverse problem (2.30). Some
results are displayed in Figures2.8 and 2.9 (motion and out-of-focus deblurring).
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(a) blurry & noisy (b) reference

(c) isotropic TV (d) Huber TV details of (a)

details of (c) details of (d)

Figure 2.8: Motion deblurring using isotropic or Huber discrete total var iation. A
degraded (blurry and noisy) image (a) is computed by convolving the reference image (b) with
a motion blur kernel kA before adding a white Gaussian noise, with zero-mean and standard
deviation equal to 2. The degraded image (a) is then processed by solvingthe corresponding
TV d and HTV d

� (� = 10) regularized inverse problems (2.30). Again the setting of � was done
at �xed method noise (here the quantity kA �u� u0k2

2, for each restored image �u), yielding � = 0 :3
for the TV d model, and � = 0 :345 for the HTV d

� one. The resulting images, computed using
Algorithm 3 (setting � = � = 0 :99=L, and L 2 = 8 � 2 + kkA k2

1), are displayed in (c) and (d).
Looking at the details of (c) and (d), we check again that theTV d model yields an image with
sharp edges, but su�ering from staircasing, while this artifact is removed when using the Huber
variant which delivers an image that looks more natural, although a bit lesssharp.
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(a) blurry & noisy (b) reference

(c) isotropic TV (d) anisotropic TV details of (a)

details of (c) details of (d)

Figure 2.9: Out-of-focus deblurring using isotropic or anisotropic di screte to-
tal variation. We performed a similar experiment as in Figure 2.8, over a uorescence
microscopy biological image of actin �laments and microtubules in interphase cells (source
http://cellimagelibrary :org/images/240 , �rst channel), using as a blur kernel, the indi-
cator of a disk with radius 7 pixels (which models an out-of-focus phenomenon). The blurry
and noisy (� = 2) image (a) was processed with model (2.30), using the isotropic (TV d ) or
anisotropic (TV d

1 ) discrete total variation as regularizer. We have respectively set� = 0 :2,
or � = 0 :098, so that the restored images, displayed in (c) and (d), show the samemethod
noise. Both models deliver images showing improved sharpness, incomparison to the initial
blurry image (a). However, we observe into these two images, the presence of staircasing e�ect,
that is the presence of constant regions delimited by spurious edges.In particular, image (d)
su�ers from a strong blocky e�ect (the constant regions are rectangular), which must obviously
be related to the use of the`1 norm in de�nition 2.10.
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Application to image zooming

The inverse problem (2.30) can also be used to perform image zooming (see
for instance [Malgouyres and Guichard 2001]). For such application, the operator
A is often assumed to be a blurring kernel followed by a subsampling procedure.
Many de�nitions of A are possible, we will here considerA : R
 ! R! , where
! = [0; M ) � [0; N ) \ Z2 denotes a small (more precisely subsampled) discrete
domain, and 
 = [0 ; �M ) � [0; �N ) \ Z2 a bigger (or resampled) one,� being a
positive integer (which represents the zoom factor). We de�ne A by,

8u 2 R
 ; 8(x; y) 2 !; Au (x; y) =
1
� 2

X

(a;b)2 [0;� )2 \ Z2

u(�x + a; �y + b) ; (2.33)

so that Au is exactly the zero order unzoom with factor� of the imageu. We can
easily show that the corresponding adjointA � : R! ! R
 , is given by

8v 2 R! ; 8(x; y) 2 
 ; A � v(x; y) =
1
� 2

v
�
bx

� c; by
� c

�
; (2.34)

and the induced`2 norm of A is jjj Ajjj = 1
� .

Remark 16. The operator A de�ned in (2.33) can also be seen as a discrete
approximation of a captor integration procedure, which models the photon count
averaging process that is done over the (in reality continuous) square domain
[0; � ] � [0; � ] of each captor covering the focal plane of the image acquisition sys-
tem (this is for instance the case for usual cameras equipped with CCD or CMOS
sensors).

2.3.5 Minimizing the total variation under a�ne constraints

Let us now consider some constrained minimization problemsof the kind

uconstr 2 argmin
u2 R


TV d(u) subject to Au = u0 ; (2.35)

where u0 denotes the observed image with discrete domain! , uconstr denotes
the reconstructed image with discrete domain 
, andA denotes again a linear
operator from R
 to R! . In other words, we are interested in the computation of
an imageuconstr having the smallest discrete total variation among those satisfying
the constraint Au = u0. Remark that the inverse problem (2.30) is none other
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(a) reference / (b) u0 (c) details of u0 (d) zoomed image

Figure 2.10: Image zooming using the isotropic discrete total variation. The 380� 280
sized reference image (a) was downsampled by a factor� = 4 (using the operator A given
in (2.33)) and corrupted with an additive white Gaussian noise with zero mean and standard
deviation � = 2, yielding image u0 displayed in (b). We display in (c) the image obtained by
rezooming the imageu0 to its initial resolution, using a zero-order (nearest neighbour) zoom
with factor � , and we display in (d) the image delivered by model (2.30), setting � = 0 :2. The
regularization operated by theTV model yields a more natural image than (c), with attenuated
blocky e�ect. However, the image (d) delivered by this model is far from being perfect, it is in
particular very poorly textured in comparison to (a), and as usual, su�ers from staircasing.

than a relaxed version of (2.35). Of course, in presence of noise the constraint
must be relaxed and one should consider model (2.30) instead of (2.35), however
the constrained model may be interesting when the level of noise in u0 is low,
especially because it does not need the setting of any regularity parameter � .

Using one more time the Proposition15, we get a primal-dual reformulation
of (2.35),

uconstr 2 argmin
u2 R


max
p2 R
 � R


� A � 1u0 (u) + hr du; pi � � k�k1 ;2 � 1(p) ; (2.36)

where � A � 1u0 denotes the indicator function of the inverse image ofu0 by the
operator A, that is the (closed and convex) setA � 1u0 :=

�
u 2 R
 ; Au = u0

	

that we assume to be nonempty. A solution of problem (2.36) can be numerically
computed using the Chambolle-Pock algorithm, takingG = � A � 1u0 , F ? = � k�k1 ;2 � 1

and K = r d (with adjoint K � = � divd and induced`2 norm satisfying jjj K jjj �p
8), it boils down to Algorithm 4.

Remark 17. The primal update in Algorithm 4 involves the computation of a
projection onto the setA � 1u0, which may be nontrivial according to the choice of
A. When necessary, one can avoid this computation, at the cost of introducing
another dual variableq 2 R! related to the constraintAu = u0, using the relation
� A � 1u0(u) = � f u0g(Au) = � ??

f u0g(Au), where � f u0g denotes the indicator function of
the singletonf u0g.
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Algorithm 4 : resolvant algorithm for problem (2.35) and its variants.

Initialization: Set L such asjjj K jjj � L (for instance L =
p

8), set
� = 1, and choose�; � > 0 such as��L 2 < 1 (for instance
� = � = 0:99=L). Chooseu0 2 R
 , p0 2 R
 � R
 , and setu0 = u0.

Choice of the regularizer (TV d, TV d
1 or HTV d

� ): For using theTV d

regularizer, as formulated in(2.35), set a0 = 2 and � = 1. For solving the
anisotropic TV d

1 variant, set a0 = + 1 and � = 1. Otherwise, for solving
the HTV d

� variant, set a0 = 2 and � = 1 + ��� .

Requirement(s): Denote by� 0 the `2 projection over the set
A � 1u0 = f u 2 R
 ; Au = u0g. Denote by� 1 ;a0 the `2 projection over the
closed unit ball for the normk � k1 ;a0 (see the explicit expression of� 1 ;a0 in
Algorithm 2).

Iterations: For k � 0, updateuk , pk and uk as follows,

pk+1 = � 1 ;a0

�
pk + � r d uk

�

�

uk+1 = � 0
�
uk + � divdpk+1

�

uk+1 = uk+1 + �
�
uk+1 � uk

�

Application to image zooming

Let us consider again the zero order unzoom (or captor integration) operator
A : R
 ! R! with integer factor � � 1, de�ned in (2.33). One can show that in
that case, the`2 projection � 0 over A � 1u0 is given by

8v 2 R
 ; � 0(v) = v � � 2A � Av + � 2A � u0 ; (2.37)

whereA � denotes the adjoint ofA, given in (2.34). The result (2.37) can be proven
by a direct computation of

� 0(v) = argmin
u2 R


1
2ku � vk2

2 subject to Au = u0 ; (2.38)

or, more elegantly, using some advanced duality results that we will present later,
in Section 2.4. Alternatively, we can use the celebrated Lagrangian formalism
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and check that � 0(v) is the solution of the constrained convex and di�erentiable
problem (2.38), since the tuple (�u := � 0(v); �p := � 2Av � � 2u0) satis�es the Karush-
Kuhn-Tucker conditions associated to (2.38), which amounts to check thatA �u =
u0 and r uL (�u; �p) = 0, noting L = ( u; p) 7! 1

2kAu � vk2
2 + hAu � u0; pi , and

r uL (�u; �p) the gradient ofu 7! L (u; �p) at the point �u (see [Boyd and Vandenberghe
2004], and references therein). However, we must emphasize that this value of �p
was here derived using the dual methodology of Section2.4, we will therefore
come back later on this point.

Thanks to (2.37), we are now able to use Algorithm4 to compute a solution
of (2.35), in the case of image zooming. This model does not involve the setting of
a regularity parameter� and delivers images that are very similar to that obtained
using the relaxed problem (2.30) with a small � .

Image reconstruction from partial measurements

The constrained problem (2.35) can also be used to perform other image pro-
cessing tasks, we briey address here the problem of image reconstruction from
partial measurements. Consider that the gray levels of a reference imageuref 2 R


are only observed on a subdomain! 0 � 
, and we try to recover the missing mea-
surements. This problem is now usually calledimage inpainting, but was in fact
introduced by Masnou and Morel[1998] as image disocclusionproblem. There
exists many approaches to image inpainting (we refer to the nice work [Newson
et al. 2014], and references therein, for recent advances in this domain), a very
simple one consists in looking for the image showing the smallest total variation
among those which coincide with the observed measurements,that is over ! 0 (see
for instance [Chan et al. 2005], which uses a similar approach to perform at the
same time inpainting and deconvolution). This can be modeled as a problem of
kind (2.35), when seeingA : R
 ! R
 as a masking operator,

8u 2 R
 ; 8(x; y) 2 
 ; Au(x; y) =
�

u(x; y) if ( x; y) 2 ! 0

0 otherwise;

and u0 = Au ref, the (incomplete) observationuref. In that case, the`2 projection
� 0 on the constraint setA � 1u0 is simply given by

8u 2 R
 ; 8(x; y) 2 
 ; � 0(u)(x; y) =
�

u0(x; y) if ( x; y) 2 ! 0

u(x; y) otherwise:

Therefore, Algorithm 4 can be implemented with no di�culty, and used to ap-
proximate a solution of (2.35), as done in Figure2.11.
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(a) reference (b) observed image (c) restored image

Figure 2.11: Image inpainting. Some pixels of the reference image (a) were masked to model
an observation (b) with incomplete measurements (masked pixels are represented in black). The
domain of the unmasked pixels, noted! 0, represents 40% of the full domain 
 of the reference
image. The image (b) is then processed using model (2.35), in order to extrapolate the gray
levels from ! 0 to the full domain 
, yielding image (c). This total variation based variat ional
approach is rather simple, and far better results may be obtained using modern (in particular
patch-based) approaches. In particular, in the example considered here, the position of the
masked pixels were randomly chosen (the pixels of the binary mask were generated according to
a Bernoulli law with parameter p = 40%). Actually the problem becomes far more complicated
in more realistic situation, where the masking operator contains more structure.

The problem of image reconstruction from partial measurements can also be
considered when the available measurements are done in the frequency domain,
which typically happens in the case of MRI (Magnetic Resonance Imaging) or
tomography reconstruction. This example, termed as spectrum extrapolation,
can also be formulated as a problem of the type (2.35), it will be presented in
more details in Chapter3.

2.4 The dual point of view

We will end-up this chapter with the presentation of a general framework de-
voted to the dualization of optimization problems. In contrast to the methodology
used in Section2.3, which consisted in changing the initial (primal) minimization
problem

(P ) inf
x2 X

C(x) ; (2.39)

into a primal-dual saddle-point problem, we will now entirely leave the primal
space (here notedX ), and show how we can associate to (P ) a dual problem
(P ?), de�ned as a supremum over a dual space (that will be notedY). We will
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explain the relationships linking the in�mum (P ) with the supremum (P ?), as
well as those linking the solutions of (P ) to that of ( P ?). We will then apply
this methodology to several image processing problems. This presentation will
be restricted to the case whereX and Y are �nite dimensional Hilbert spaces
(in particular X and Y will identify to X ? and Y ?, which greatly simpli�es the
studies and the notations), we refer to [Ekeland and T�emam 1999, Chap. III] for
more general results.

2.4.1 Generic dual of an optimization problem

Let X and Y denote two �nite dimensional Hilbert spaces, endowed with the
inner productsh�; �i X and h�; �i Y . Let us associate to the primal problem (P ) with
cost C, de�ned in (2.39), what we call a perturbation function � : X � Y ! R,
which is a function satisfying

8x 2 X; �( x; 0) = C(x) : (2.40)

For the moment no more assumption is done for �. The dual problem of (P )
with respect to the perturbation �, is de�ned by

(P ?) sup
y2 Y

� � ?(0; y) ; (2.41)

where � ? denotes the Legendre-Fenchel transform of � (notice again that the
interpretation of � ? as a function of X � Y instead of X ? � Y ? was possible
thanks to the identi�cation of X ? � Y ? to X � Y). Many relationships between
(P ) and (P ?) are derived in [Ekeland and T�emam 1999, Chap. III], we will only
state here the main ones.

Proposition 20 (extremality relation). Under the following assumptions,

(i) � 2 � 0(X � Y);

(ii) the primal problem (P ) admits at least one solution�x;

(iii) there exists a point x0 2 X , such asy 7! �( x0; y) is �nite and continuous
at the point y = 0;

the dual problem(P ?) admits at least one solution�y 2 Y. Besides, the solutions
of (P ) and (P ?) are characterized by the relation

�(� x; 0) + � ?(0; �y) = 0 ,
�

�x is a solution of (P )
�y is a solution of (P ?);
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and this relation is namedextremality relation. In particular, �(� x; 0) = � � ?(0; �y)
so that the value of the in�mum of(P ) equals that of the supremum(P ?).

Remark 18 (bidual problem). The dual problem(P ?) can be viewed as an
in�mum, (indeed, supy2 Y � � ?(0; y) and � inf y2 Y � ?(0; y) are the same problems),
and we can easily reiterate the dualization process. Considering the dual of(P ?)
with respect to the perturbatione� = ( x; y) 7! � ?(x; y), yields the bidual prob-
lem (P ??),

� sup
x2 X

� e� ?(x; 0) or equivalently, inf
x2 X

� ??(x; 0) ;

which is equivalent to the primal problem(P ) when� 2 � 0(X � Y), since in that
case� ?? = � . We intuitively understand here the importance of hypothesis (i) in
Proposition 20, which maintains a kind of equivalence between the problems(P )
and (P ?).

In all the following, we assume satis�ed the hypotheses of Proposition 20, in
particular the in�mum ( P ) and the supremum (P ?) are attained, and will be
replaced by the argmin and argmax operators, since we focus now on the solutions
of these problems.

2.4.2 Interesting particular cases

First, consider the case where the cost functionC of problem (P ) is of type

8x 2 X; C (x) = J (x; Kx )

where J 2 � 0(X � Y), and K : X ! Y denotes a linear operator. Let us
associate to (P ) the perturbation function � = ( x; y) 7! J (x; Kx � y) (which
satis�es (2.40), i.e., �( x; 0) = C(x)). This choice yields, for any (~x; ~y) 2 X � Y,

� ?(~x; ~y) = sup
(x;y )2 X � Y

h(~x; ~y); (x; y)i X � Y � J (x; Kx � y)

= sup
(x;y )2 X � Y

h(~x + K � ~y; � ~y); (x; y)i X � Y � J (x; y) ;

using the change of variabley 7! Kx � y (and noting, for any a, c in X , and any
b, d in Y, h(a; b); (c; d)i X � Y = ha; ci X + hb; di Y ). Finally, we recognize �?(~x; ~y) =
J ?(~x + K � ~y; � ~y), so that the dual of (P ) with respect to �, is given by

(P ?) argmax
y2 Y

� J ?(K � y; � y) : (2.42)
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Besides, using the extremality relation of Proposition20, we see that �x and �y are
respectively solutions of (P ) and (P ?) if and only if

J (�x; K �x) + J ?(K � �y; � �y) = 0 ;

and since we have 0 =h�x; K � �yi X � h K �x; �yi Y = h(�x; K �x); (K � �y; � �y)i X � Y , we get
J (�x; K �x) + J ?(K � �y; � �y) = h(�x; K �x); (K � �y; � �y)i X � Y . Therefore, using Proposi-
tion 4, we get the characterization

(K � �y; � �y) 2 @J(�x; K �x) ,
�

�x is a solution of (P )
�y is a solution of (P ?):

(2.43)

Now, let us come back to the primal version (2.25) of the generic primal-dual
problem (2.24) addressed by Chambolle and Pock. In that case, the cost function
to minimize is given by

8x 2 X; C (x) = J (x; Kx ) := G(x) + F (Kx ) ; (2.44)

so that the function J considered before is now additively separable with respect
to (x; Kx ). Thanks to this additional property, we can easily show that J ? =
(~x; ~y) 7! G?(~x) + F ?(~y), and the dual problem (P ?) derived in (2.42) becomes

(P ?) argmax
y2 Y

� G?(K � y) � F ?(� y) : (2.45)

The extremality relation (2.43) also bene�ts from the separability ofJ , however,
rather than adapting (2.43) (which involves the knowledge of additional rules
about subdi�erential calculus), it is simpler to reuse Proposition 20. The points �x
and �y are respectively solutions of (P ) and (P ?) if and only if �(� x; 0)+� ?(0; �y) =
0, that is, if and only if

G(�x) + F (K �x) + G?(K � �y) + F ?(� �y) = 0 ;

which we can transform into
�
G(�x) + G?(K � �y) � h �x; K � �yi X

�
+

�
F (K �x) + F ?(� �y) � h K �x; � �yi Y

�
= 0 :

Remark now that the two terms between brackets are both nonnegative (this can
be easily checked by replacing the Legendre-Fenchel transforms by suprema using
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De�nition 12), it follows that both are null. Thus, thanks to Proposition 4, we get
K � �y 2 @G(�x) and � �y 2 @F(K �x), and �nally, the extremality relation becomes

�
K � �y 2 @G(�x)
� �y 2 @F(K �x)

,
�

�x is a solution of (P )
�y is a solution of (P ?):

(2.46)

In several cases, the dual problem (P ?) is easier to solve than (P ), and some-
times (unfortunately not always) the extremality relation (2.46) can be used to
retrieve a solution �x of the primal problem (P ) from a solution �y of the dual
problem (P ?). In the next section, we will show how this methodology can be
used to recover Moreau's identity, which is a perfect example where the extremal-
ity condition makes possible the explicit computation of a solution of the primal
problem (P ) given a solution of the dual problem (P ?). We will then study some
previously considered problems in the light of this dual methodology, such as the
ROF denoising problem (2.28), and the inverse problem (2.30). We will also point
out some limits of this approach, since in the case of the inverse problem (2.30),
we will see that the link between primal and dual problems becomes implicit.
But �rst of all, let us come back on the projection problem (2.37) considered in
Section2.3.5.

2.4.3 Back to several optimization problems

Dual of the projection problem (2.37)

In section 2.3.5, we needed to compute thè2 projection � 0(v) of an element
v 2 R
 over the constraint setA � 1u0 = f u 2 R
 ; Au = u0g, whereA : R
 ! R!

denoted the zero order unzoom operator with integer factor� , that we de�ned
in (2.33). Computing � 0(v) amounts to compute a solution �u of the primal problem

(P ) argmin
u2 R


G(u) + F (Au) ;

noting G(u) = 1
2ku � vk2

2, and F = � f u0g, the indicator function of the single-
ton f u0g. This problem has the generic form (2.44), when setting X = R
 , and
Y = R! . Since for anyp 2 R! we haveG?(A � p) = 1

2kA � p + vk2
2 � 1

2kvk2
2 and

� ?
f u0g(� p) = �h p; u0i , we associate to (P ) a dual problem, which, after basic ma-

nipulations (change the argmax into argmin, remove constant terms, ...), yields

(P ?) argmin
p2 R!

1
2kA � p + vk2

2 � h p; u0i :
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Wee see that (P ?) is a convex and di�erentiable problem, the gradient of its cost
function is p 7! A(A � p + v) � u0, and thanks to the relation AA � p = p

� 2 (which
is easy to prove using (2.33) and (2.34)), we see that this gradient vanishes at
the point �p = � 2u0 � � 2Av, which is the solution of (P ?). Therefore, using the
extremality relation (2.46), we get A � �p 2 @G(�u), that is, A � �p = �u � v (since
@G(�u) = fr G�ug = f �u � u0g), and thus, �u = v � � 2A � Av + � 2A � u0, as announced
in Section2.3.5.

Recovering Moreau's identity

Let us set X = Y, K = I (the identity operator over the spaceX ), and
G = x 7! 1

2� kx � x0k2
2 (for a given parameter� > 0, and a givenx0 2 X ), so that

the primal problem (P ) boils down to the computation of �x = ( I + �@F)� 1(x0).
We can easily show thatG? = y 7! �

2 ky + x0
� k2

2 � 1
2� kx0k2

2, so that (2.45) yields
the dual problem

(P ?) argmax
y2 Y

� �
2 ky + x0

� k2
2 + 1

2� kx0k2
2 � F ?(� y) :

By removing the constant term 1
2� kx0k2

2 (which does not change the set of maxi-
mizers of (P ?)), changing the argmax into the argmin of the opposite cost func-
tion, and changingy into � y (beware this also changes the sign of the argmin),
we get

(P ?) � argmin
y2 Y

�
2 ky � x0

� k2
2 + F ?(y) :

which exactly boils down to the computation of �y = �
�
I + 1

� @F?
� � 1 �

x0
�

�
. Besides,

the extremality relation (2.46) states that the solutions �x and �y of (P ) and (P ?)
are necessarily linked by the relation �y 2 @G(K �x). Since the only subgradient of
G at the point K �x = �x (recall that K = I ) is its gradient r G(�x) = �x � x0

� , we get
�y = �x � x0

� , yielding x0 = �x � � �y. Finally, we recover Moreau's identity,

x0 = ( I + �@F)� 1(x0) + �
�
I + 1

� @F?
� � 1 �

x0
�

�
;

that was derived in Proposition13.

A dual formulation of the ROF problem

The ROF image denoising problem (2.28) corresponds to the choice of the cost
function

C = u 7! J (u; Ku ) := G(u) + F (Ku ) ;
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whereG(u) = ku � u0k2
2, Ku = � r du (with adjoint K � = � � divd), and F (Ku ) =

k� r duk1;2 = � TV d(u) (notice we changed the variables (x; y) into ( u; p), and
we setX = R
 , Y = R
 � R
 ). The Legendre-Fenchel transforms ofF and G
are given byF ? = � k�k1 ;2 � 1 (Proposition 2) and G? = v 7! 1

4kv + 2 u0k2
2 � k u0k2

2.
Therefore, using (2.45), we get a dual formulation of the ROF problem (2.28),
which, after basic manipulations, yields

(P ?) argmin
p2 R
 � R


k �
2divdp � u0k2

2 subject to kpk1 ;2 � 1;

Besides, using the extremality relation (2.46), we see that the solutions �u, �p of
(P ) and (P ?) must satisfy � � divd �p = 2(�u � u0), in particular, we recover �u from
�p using

�u = u0 �
�
2

divd �p :

The dual problem (P ?) is far easier to handle than the primal problem (P ), in
particular the dual problem is convex and di�erentiable, which is not the case for
the primal problem. For instance, (P ?) can be reformulated as thè 2 projection
of the quantity 2

� u0 over the convex set

D = div dC; where C = f p 2 R
 � R
 ; kpk1 ;2 � 1g;

and a semi-implicit scheme dedicated to this projection wasproposed in [Cham-
bolle 2004]. However, problem (P ?) is also easy to handle using a simple pro-
jected gradient method, as done in [Chambolle 2005], since the projection over
C, i.e. the unit ball for the norm k � k1 ;2, is straightforward to compute (see
its closed-form expression� 1 ;2 in Algorithm 2). In both cases, the numerical
algorithms dedicated to the computation of the solution of (P ?) involve the set-
ting of only one time step parameter, instead of two when using the primal-dual
algorithm of Chambolle and Pock. Besides, thanks to the regularity of the dual
problem (the cost function is strongly convex with Lipschitz continuous gradient),
some e�cient convergence rates can be reached using some Nesterov acceleration
strategies proposed in [Nesterov 1983, 2005], as it is done in [Weiss et al. 2009].

A dual formulation of the TV regularized inverse problem

We now focus on the inverse problem (2.30), related to the inversion of the
operator A : R
 ! R! . This problem corresponds again to the choice of a cost
function of the type

C = u 7! J (u; Ku ) := G(u) + F (Ku ) ;
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where G(u) = 0, Ku = ( � r du; Au), and F (Ku ) = F1(� r du) + F2(Au), setting
F1(� r du) = k� r duk1;2 = � TV d(u) and F2(Au) = kAu � u0k2

2. Remark that
we have set hereX = R
 , and Y =

�
R
 � R


�
� R! . Since we haveG? = � f 0g

(the indicator function of the singleton f 0g, noting 0 the zero ofR
 ), and F ? =
(p; q) 7! � k�k1 ;2 � 1(p)+ 1

4kq+2 u0k2
2 �k u0k2

2, using (2.45), we get a dual formulation
of the inverse problem (2.30), which, after basic manipulations, yields

(P ?) argmin
(p;q)2 (R
 � R
 )� R!

kq � 2u0k2
2 subject to

�
� � divd(p) + A � q = 0

kpk1 ;2 � 1

which can be again interpreted as a projection in the dual space, over the inter-
section between the kernel of the linear operator (p; q) 7! � � divdp+ A � q and the
closed unit ball of the normk � k1 ;2. Let �u and (�p; �q) denote some solutions of
the primal and dual problems, a straightforward adaptationof the extremality
relation (2.46) taking into account the additive separability ofF with respect to
(p; q) yields the relation

8
<

:

� � divd �p + A � �q = 0
� �p 2 @F1(� r d �u)
� �q 2 @F2(A �u) = f 2(A �u � u0)g

which unfortunately does not give an explicit way to compute�u from �p, so that
even if we were able to easily compute �p, this would not help to easily solve the
primal problem. However, notice that such kind of dual study for inverse problems
is very useful to prove the equivalence between two famous numerical schemes (the
Alternating Direction Method of Multipliers (ADMM) and the Do uglas-Rachford
Splitting (DRS) algorithms), in the sense that the iteratesof ADMM applied to
a primal problem (P ) are identical to that of DRS applied to a dual problem
(P ?), as nicely proven in [Chambolle and Pock 2011].
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Abstract

Discretization schemes commonly used for total variation regularization lead
to images that are di�cult to interpolate, which is a real issue for applications
requiring subpixel accuracy and aliasing control. In this chapter, we reconciliate
total variation with Shannon interpolation and study a Fourier-based estimate
that behaves much better in terms of grid invariance, isotropy, artifact removal,
and sub-pixel accuracy. We show that this new variant (called Shannon total vari-
ation) can be easily handled with classical primal-dual formulations, and illustrate
its e�ciency on several image processing tasks, including deblurring, spectrum ex-
trapolation, and a new aliasing reduction algorithm.

3.1 Introduction

Since total variation (TV ) regularization was proposed by Rudin, Osher and
Fatemi for image denoising [Rudin et al. 1992], it has proven extremely use-
ful for many applications (and beyond image data, for that matter) like im-
age deblurring [Vogel and Oman 1998, Chan and Wong 1998], inpainting [Chan
et al. 2005], interpolation [Guichard and Malgouyres 1998], spectral extrapolation
[Roug�e and Seghier 1995], image decomposition [Vese and Osher 2003], super-
resolution [Babacan et al. 2008], stereovision [Miled et al. 2009], and much more
(see [Chambolle et al. 2010] and references therein for more examples). In the last
decade, the development of dual and primal-dual formulations [Chambolle 2004,
Beck and Teboulle 2009a, Weiss et al. 2009, Fadili and Peyr�e 2011, Chambolle
and Pock 2011] and graph-cuts methods [Darbon and Sigelle 2006] has provided
e�cient algorithms for TV-based minimization problems, thus increasing even
further the popularity of TV regularization.

A modern way to explain the e�ciency of TV is to see it as a sparsity-
promoting model: being de�ned by aL1 norm (of the gradient), TV minimization
tends to favor solutions whose gradient is sparse (that is, often takes the value
0), which corresponds to the so-called cartoon images. Of course, real-life pho-
tographs are not cartoons, but outside textured regions (which can be ignored in
many image analysis tasks) they are close to that. Another explanation of the
usefulness ofTV is its ability to penalize oscillations (which is typicallythe kind
of structures one wants to avoid when solving an ill-posed inverse problem) while
allowing discontinuities at the same time.

When it comes to implementing an optimization problem involving a TV reg-
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ularization term, like, e.g.,TV denoising of an imageu0 by

argmin
u

ku � u0k2 + � TV (u); (3.1)

(where � > 0 is a positive parameter selecting the desired amount of regulariza-
tion), the issue ofTV discretization arises. Most algorithms choose to approxi-
mate the continuousTV by a sum (over all pixels) of the`2 norm of a discrete
�nite-di�erence estimate of the image gradient, that is,

TV d(u) =
X

(k;l )2 


p
(@1u(k; l))2 + ( @2u(k; l))2 (3.2)

where

(
@1u(k; l) = u(k + 1; l) � u(k; l );

@2u(k; l) = u(k; l + 1) � u(k; l );
(3.3)

and u : 
 ! R is a discrete gray-level image de�ned on the �nite domain 
 �
Z2 (we purposely ignore boundary issues here, as they are not related to our
discussion). In the following, we shall refer to (3.2) as the discrete TV. In some
situations, an anisotropic scheme (`1 norm) may be used [Chambolle 2005, Louchet
and Moisan 2014, Abergel et al. 2015], leading to the anisotropic discrete TV

TV d
ani(u) =

X

(k;l )2 


j@1u(k; l)j + j@2u(k; l)j:

Curiously enough, as popular as they are, these numerical schemes present strong
drawbacks in terms of image quality at pixel and subpixel scales. Indeed, an
image obtained by minimizingTV d-based energies is very di�cult to interpolate,
or, said di�erently, badly sampled according to Shannon theory. In practice, this
means that trying to interpolate such an image will result inthe appearance
of undesired artifacts (see Figure3.1), generally a mix between blockiness and
ringing depending on the interpolation method. This strongly limits the possibility
of exploiting an image delivered by aTV d-based scheme, as usual operations
like geometric transformations, registration, sub-pixelshape matching, derivative
estimates (not to mention others) require well-interpolable images. New discrete
schemes have been recently proposed [Chambolle et al. 2011, Condat 2016] to
improve the isotropy of the discrete TV, but they do not solve (nor address) the
interpolability issue we consider here.

In this chapter, we study a new formulation of the discrete TV,which recon-
ciliates TV minimization and Shannon theory. This variant, which we shall name
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(a) TV -restored (b) resampling of (a) (c) spectrum of (a) (d) original, resampled

Figure 3.1: Discrete TV produces aliasing. An image denoised with a classical discrete
implementation of TV denoising (a) is improperly sampled, as attested by the aliasing arti-
fact appearing in its Fourier spectrum ((c), red arrow), which is responsible for the undesired
oscillating patterns that appear when magnifying the image using Shannoninterpolation ((b),
red arrows). Note that this artifact is not present on the original image (d). This experiment
illustrates the di�culty of manipulating images at a subpixel scale af ter a processing involving
the discrete TV.

Shannon Total Variation (STV), �rst appeared in [Malgouyres and Guichard
2001], and was later explicitly considered in [Moisan 2007] and then used in [Fac-
ciolo et al. 2009, Preciozzi et al. 2014] under the nameSpectral Total Variation
(but we shall not keep this name since it would introduce a confusion with [Gilboa
2013]). The STV variant consists in estimating the true total variation of the exact
(continuous) total variation of the Shannon interpolate ofu by using a Riemann
sum approximation of the associated integral. We show that STV successfully ad-
dresses the above-mentioned issues and delivers images on which the discrete sinc
and spline interpolations behave nicely, while preservingthe desired properties of
TV regularization. The lack of isotropy observed with classical �nite di�erence
schemes is also naturally avoided with STV. This comes at theexpense of a few
Fourier Transforms at each iteration of the optimization process, which is, in most
applications, an a�ordable cost considering the strong bene�ts in terms of image
quality.

The chapter is organized as follows. In Section3.2, we present the discrete sinc
interpolation as a consequence of Shannon sampling Theorem, and discuss in par-
ticular the (generally overlooked) di�culties encountered with Nyquist frequencies
in the case of even image dimensions. We also give an independent justi�cation of
discrete sinc interpolation as the unique linear interpolation that de�nes invert-
ible subpixellic translations, and discuss the link with B-spline interpolation. In
Section3.3, we de�ne STV and discuss the choice of the upsampling factor used
to discretize the continuousTV integral into a Riemann sum. We then show in
Section3.4 that STV-based algorithms can be e�ciently implemented by deriving
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a dual formulation which can be used in the powerful Chambolle-Pock optimiza-
tion procedure. In Section3.5, we illustrate the use of STV regularization in the
case of several classical applications (denoising and moregeneral inverse problems
like deblurring, image magni�cation with spectrum extrapolation, tomography).
We then present a new STV-based image restoration model involving a weight
function in Fourier domain, which leads to interesting applications in terms of
de-aliasing and can be viewed as an \image Shannonizer" as itprovides a way
to approximate a given image by a well-sampled one accordingto Shannon in-
terpolation (Section 3.6). We �nally conclude in Section 3.7 and present some
perspectives.

3.2 Shannon interpolation

3.2.1 Shannon Sampling Theorem

A classical way to understand the relation between a (d-dimensional) contin-
uous signal and its sampled version is Shannon Sampling Theorem, which can
be considered in some way as the foundation of the digital era. In the following,
we write hx; y i =

P d
i =1 x i yi the canonical Euclidean inner product between two

vectorsx = ( x i ) and y = ( yi ) of Rd.

Theorem 1 (Shannon-Whittaker). Consider a positive real number� and an
absolutely integrable functionf : Rd ! R whose Fourier Transform

bf (� ) =
Z

Rd
f (x) e� i hx ;� i dx (3.4)

satis�es 8� 62
h
�

�
�

;
�
�

i d
; bf (� ) = 0 : (3.5)

Then, f is continuous and uniquely determined by its values on� Zd, as for any
x 2 Rd,

f (x) =
X

k 2 Zd

f (� k)sinc
� x

�
� k

�
(3.6)

where the cardinal sine function is de�ned onRd by

sinc(x) =
dY

i =1

sin(�x i )
�x i

(3.7)

with the continuity-preserving conventionsin(0)
0 = 1.
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In this chapter, we will focus on one-dimensional signals (d = 1) and two-
dimensional images (d = 2), but the extension to higher dimensions is straight-
forward. Apart from establishing a clear correspondence between the support of
the Fourier spectrum of the bandlimited functionf and the critical sampling step
� permitting its exact reconstruction from discrete samples, Shannon Sampling
Theorem provides with Equation3.6 (for � = 1) an interpolation formula that
extends to Rd a discrete signal initially de�ned on Zd. However, this formula
cannot be used as such in practice since it involves an in�nite number of samples.
We �rst discuss that issue in the simpler cased = 1.

3.2.2 Discrete Shannon interpolation of 1-D signals

Let us consider a discrete signals : I M ! R where M 2 N� and I M =
f 0; 1; : : : M � 1g. In order to de�ne the Shannon interpolateS : R ! R of s using
(3.6), we �rst need to extend s into an in�nite signal ~s : Z ! R, so that

S(x) =
X

k2 Z

~s(k) sinc(x � k): (3.8)

Extending s with 0 in Z n I M would be a poor solution, as it would interpolate a
constant discrete signals by an oscillating function. Instead, the classical solution
consists in extendings as a M -periodic function ~s(k) = s(k mod M ). Using
such a periodic extension is not completely straightforward as it does not �t the
hypotheses of Shannon Sampling Theorem (aM -periodic ~s : Z ! R cannot be
the sampled version of an absolutely integrable bandlimited function), but we can
formally write

S(x) =
X

k2 Z

~s(k) sinc(x � k)

=
X

p2 Z

X

k2 I M

s(k) sinc(x � k � pM )

=
X

k2 I M

s(k)

 
X

p2 Z

sinc(x � k � pM )

!

;

and the factor ofs(k) can be explicitly computed with

Proposition 21 (discrete cardinal sine). De�ne the discrete cardinal sine of
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order M as theM -periodization of the cardinal sine function, that is,

sincdM (x) := lim
n! + 1

nX

p= � n

sinc(x � pM ): (3.9)

Then, one has

sincdM (x) =

8
>>><

>>>:

sin(�x )
M sin

�
�x
M

� if M is odd;

sin(�x )
M tan

�
�x
M

� if M is even;
(3.10)

where the indeterminate forms0=0 are solved by continuity, that is,sincdM (x) = 1
for any x 2 M Z.

The proof is given in Appendix3.8.A. In view of Proposition21, we can rewrite
the interpolation of s as

S(x) =
X

k2 I M

s(k) sincdM (x � k): (3.11)

Note that for small values of jxj (more precisely, whenjxj � M ), we have
M sin �x

M ' M tan �x
M ' �x , so that sincdM (x) ' sinc(x), which formally shows

the asymptotic equivalence between sinc and sincdM interpolation as M ! + 1 .
In practice, (3.11) is barely used, since there is an equivalent (but numeri-

cally more e�cient) formulation due to the fact that sincdM is a trigonometric
polynomial.

Proposition 22. The function sincdM is a trigonometric polynomial, which can
be written

sincdM (x) = Re

0

@ 1
M

X

� 2 bI M

e2i� �x
M

1

A (3.12)

wherebI M =
�
� M

2 ; M
2

�
\ Z and the real part in (3.12) is required only if M is even.

Proof. The set bI M is made of M consecutive integer values, and can thus be
written

bI M = f a; a+ 1; : : : a + M � 1g;
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wherea = �b M
2 c denotes the (lower) integer part ofM2 . Thus, if x 62M Z we have

X

� 2 bI M

e2i� �x
M =

a+ M � 1X

� = a

�
e2i� x

M
� �

= e2i� ax
M �

1 � e2i�x

1 � e2i� x
M

= ei�x 2a+ M � 1
M �

sin(�x )
sin� x

M

:

If M is odd, 2a + M � 1 = 0 and we get

1
M

X

� 2 bI M

e2i� �x
M =

sin(�x )
M sin� x

M

= sincdM (x)

as expected. IfM is even, 2a + M � 1 = � 1 and we now obtain

Re

0

@ 1
M

X

� 2 bI M

e2i� �x
M

1

A =
sin(�x )

M sin� x
M

� Re(e� i �x
M ) =

sin(�x )
M tan � x

M

= sincdM (x)

as well.

A consequence of Proposition22 is that the Shannon interpolation formula
(3.11) can be rewritten using the Discrete Fourier Transform recalled below.

De�nition 15. The discrete Fourier Transform (DFT) of a signal s : I M ! R
is the M -periodic complex-valued signalbs de�ned by

8� 2 Z; bs(� ) =
X

k2 I M

s(k)e� 2i� �k
M :

Proposition 23. The discrete Shannon interpolation of a signals : I M ! R can
be written

S(x) = Re

0

@ 1
M

X

� 2 bI M

bs(� ) e2i� �x
M

1

A ; (3.13)

and the real part is required only ifM is even.

Proof. Thanks to Proposition 22, the Shannon interpolate ofs de�ned by (3.11)
can be rewritten

S(x) =
X

k2 I M

s(k) Re

0

@ 1
M

X

� 2 bI M

e2i� � ( x � k )
M

1

A

= Re

0

@ 1
M

X

� 2 bI M

 
X

k2 I M

s(k)e� 2i� �k
M

!

e2i� �x
M

1

A



3.2. Shannon interpolation 109

from which (3.13) directly follows.

Note that if x 2 I M , the function � 7! bs(� ) e2i� �x
M is M -periodic, and sincebI M

is an interval of M consecutive values, we have

1
M

X

� 2 bI M

bs(� ) e2i� �x
M =

1
M

X

� 2 I M

bs(� ) e2i� �x
M = s(x)

as we recognize the inverse DFT ofbs. As expected, the Shannon interpolation
de�ned by (3.13) is exact (that is, the restriction of S to I M is exactly s).

Also remark that whenM is even, we need a real part to cancel the imaginary
part of the term � = � M

2 in the sum (3.13) since the conjugate term (which would
correspond to� = M

2 ) is not present in the sum. The real part can be avoided
when bs(� M

2 ) = 0, or by considering instead a sum withM + 1 terms, as stated
by

Proposition 24. De�ne, for integer M ,

"M (� ) =

(
1=2 if j� j = M

2 ;

1 otherwise:
(3.14)

The discrete Shannon interpolate of a signals : I M ! R can be written

S(x) =
1

M

X

� M
2 � � � M

2

"M (� ) � bs(� ) e2i� �x
M : (3.15)

Note that if M is odd, "M is identically equal to 1. This asymmetry between
the caseM odd and M even can be simply explained. Let us de�ne asTM the
real vector space of real-valued trigonometric polynomials that can be written as
complex linear combinations of (x 7! e2i� �x

M )� M
2 � � � M

2
. If M is odd, dimTM = M

and there is a unique elementS of TM that exactly interpolates s, and it is given
by (3.13). If M is even, dimTM = M + 1 and any element ofTM that exactly
interpolatess can be written under the formS(x)+ � sin(�x ) with � 2 R, and the
interpolation formula (3.13) corresponds to the implicit (minimal norm) choice
� = 0.
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3.2.3 Shannon interpolation of 2-D images

Let u : I M � I N ! R be a discreteM � N image. Its 2-dimensional DFT
bu : Z2 ! C is de�ned by

bu(�; � ) =
X

k2 I M
l2 I N

u(k; l)e� 2i� ( �k
M + �l

N ); (3.16)

and the natural extension of (3.11) is

De�nition 16. The discrete Shannon interpolate of an imageu : I M � I N ! R
is U : R2 ! R de�ned by

U(x; y) =
X

k2 I M
l2 I N

u(k; l) sincdM (x � k) sincdN (y � l ) : (3.17)

As in the 1-D case, De�nition 16 can be reformulated in the Fourier domain.

Proposition 25. The discrete Shannon interpolate of an imageu : I M � I N ! R
can be written

U(x; y) =
1

MN

X

� M
2 � � � M

2
� N

2 � � � N
2

"M (� )"N (� ) � bu(�; � )e2i� ( �x
M + �y

N ); (3.18)

where"M and "N are de�ned in (3.14).

Proof. Simply remark that (3.12) can be rewritten

sincdM (x) =
1

M

X

� M
2 � � � M

2

"M (� )e2i� �x
N (3.19)

and (3.18) follows quite directly from (3.16) and (3.17).

Note that if both M and N are odd, (3.18) boils down to

U(x; y) =
1

MN

X

� 2 bI M

� 2 bI N

bu(�; � )e2i� ( �x
M + �y

N ); (3.20)
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which is exactly the de�nition of the inverse DFT of bu for integer values ofx and
y. Thus, one could wonder whether in the general case (M , N even or odd) the
generalization of (3.13), that is,

U0(x; y) = Re

0

B
B
B
@

1
MN

X

� 2 bI M

� 2 bI N

bu(�; � ) e2i� ( �x
M + �y

N )

1

C
C
C
A

; (3.21)

would be an equivalent de�nition of U as in the 1-D case. In fact, (3.17) and
(3.21) both de�ne bivariate trigonometric polynomials of TM 
 TN that exactly
interpolate u in I M � I N , but they di�er when both M and N are even. In that
case,U0(x; y) can still be rewritten in a form similar to (3.18), but we have to
change the coe�cient "M (� )"N (� ) into

"0
M;N (�; � ) =

8
><

>:

1
2 if ( �; � ) = � ( M

2 ; N
2 );

0 if (�; � ) = � (� M
2 ; N

2 );

1 otherwise:

(3.22)

Thus, one easily shows that

U0(x; y) = U(x; y) � bu
�

M
2

;
N
2

�
sin(�x ) sin(�y ): (3.23)

Even if this di�erence is expected to be small for natural images (the Fourier
coe�cients of a natural image decrease rather quickly as thefrequency increases),
the true interpolate U is to be preferred toU0as it is separable and more invariant;
in particular, the transform u 7! U0 does not commute with the plane transforms
(x; y) 7! (� x; y) and (x; y) 7! (x; � y).

In the literature, most papers involving 2-D discrete Shannon interpolation
either do not mention this issue [Getreuer 2011, Malgouyres and Guichard 2001],
or restrict their study to odd dimensions [Simon and Morel 2016], or use the
(slightly incorrect) variant U0 [Briand and Vacher 2015] (probably because taking
the real part is the most simple way to get rid of the imaginarypart that naturally
appears when Nyquist frequencies are not carefully handled).

3.2.4 Dealing with periodization artifacts

Using discrete Shannon interpolation requires a careful handling of edge e�ects,
as the implicit periodization of the image may produce interpolation artifacts (that
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is, undesired oscillations) near the boundary of the image domain if the intensity
values on the opposite edges of the image domain do not match well. This issue
is discussed in detail in [Moisan 2011], and an e�cient solution is proposed that
consists in decomposing the original image into the sum of a periodic image and
a smooth image. Other solutions exist like symmetrization or apodization using
an appropriate weight function (e.g., a Hamming window), but they appear to be
less e�cient in general. In all the experiments presented throughout this chapter
(and in particular in Section3.5and 3.6), the periodic plus smooth decomposition
of [Moisan 2011] will systematically be used.

3.2.5 Shannon interpolation and reversible transforms

As we saw earlier, Shannon Sampling Theorem provides a nice theoretical
framework that establishes a one-to-one correspondence between continuous ban-
dlimited and discrete images, which naturally leads to the discrete Shannon inter-
polation we just presented. Interestingly, there is another justi�cation for Shan-
non interpolation, that does not explicitly refer to Shannon Sampling Theorem:
basically, it is the only linear interpolation that de�nes invertible subpixellic trans-
lations (in a periodic setting). In the following, we assumefor simplicity that M
is an odd integer, and writeS the space ofM -periodic signalss : Z ! R.

Theorem 2. There exists a unique family of linear operators(Tz)z2 R on S such
that :

(i) z 7! Tz is continuous,

(ii) 8k; z 2 Z; Tzs(k) = s(k � z),

(iii) 8w; z 2 R; Tw+ z = Tw � Tz,

(iv) lim
z! 0

jzj � 1kTz � idk2 is minimal.

It is de�ned by

Tzs(k) = S(k � z); (3.24)

whereS is the discrete Shannon interpolate ofs de�ned in (3.11) or equivalently
in (3.13).

The Proof is given in Appendix3.8.B. Theorem 2 remains true for M even,
provided that we de�ne S in this case by

S =

(

s : I M ! R;
X

k2 I M

(� 1)ks(k) = 0

)

: (3.25)
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(Note that it is equivalent to assumebs(M=2) = 0). This restriction is needed
to exclude from S the alternated signal k 7! (� 1)k , which clearly cannot be
translated in a way compatible with Hypotheses (ii ) and (iii ).

Theorem2 shows that the only minimal continuous semi-group extending the
integer (periodic) translations is given by Shannon interpolation. This result is in-
teresting in the sense that it brings another justi�cation to Shannon interpolation
without referring to Shannon Sampling Theorem (or to the Fourier Transform, for
that matter): among linear interpolation methods, only Shannon interpolation is
able to translate images without information loss.

From Equation (3.74), we can see that a subpixellic translation with Shannon
interpolation can be implemented with two DFTs, as

cTzs(� ) = e� 2i��z=M bs(� ) : (3.26)

Moreover,Tz is a linear isometry (kTzsk2 = ksk2), which is another way to explain
that no information loss occurs.

Signal and image magni�cation is also very easy to perform with discrete Shan-
non interpolation, as it essentially boils down to azero-paddingin the Fourier
domain (for even dimensions, it is also necessary to split the coe�cients corre-
sponding to Nyquist frequencies� = � M

2 or � = � N
2 ). More surprisingly, im-

age rotation can also be implemented e�ciently with the DFT (see [Yaroslavsky
1996]), thanks to the following factorization of a rotation matrix into a product
of shear matrices:

�
cos� � sin�
sin� cos�

�
=

�
1 � t
0 1

� �
1 0

sin� 1

� �
1 � t
0 1

�
(3.27)

with t = tan �
2 . As a shear transform like

v(x; y) = u(x � ty; y) (3.28)

consists in applying 1-D translations to each line ofu, a 2-D rotation can be de-
composed as a combination of 1-D translations, which can be implemented in the
Fourier domain. For that reason, image rotation with discrete Shannon interpo-
lation is a linear isometry, and can thus be considered as a lossless transform.

3.2.6 Link with spline interpolation

A popular alternative to Shannon interpolation is spline interpolation. With-
out going too much into details (see [Unser et al. 1991, Unser 2000] and the
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references therein), it is worth mentioning the relation between spline and Shan-
non interpolation, and to understand how they can be combined to yield what
is probably the most accurate and e�cient linear interpolation of bandlimited
signals.

The spline interpolation of ordern (n 2 N) of a signals 2 `2(Z) can be written

Sn (x) =
X

k2 Z

c(k) � n (x � k); (3.29)

where� n : R ! R is the spline of ordern de�ned by induction by � 0 = 1[� 1
2 ; 1

2 ) and
� k+1 = � k � � 0 for all k 2 N. It can be shown that the signalc : Z ! R is uniquely
de�ned by the interpolation constraint Sn (k) = s(k); k 2 Z. When n 2 f 0; 1g,
one hasc = s and spline interpolation corresponds to piecewise constant ( n = 0)
or piecewise a�ne (n = 1) interpolation. When n > 1, c depends linearly on
s and can be e�ciently computed using recursive �ltering [Unser et al. 1991].
As remarked in [Unser 1997], spline interpolation achieves an optimal trade-o�
between complexity (the support of� n is an interval with length n + 1) and
asymptotic accuracy (rate of convergence towards the unsampled signal as the
sampling step tends to 0). How does spline interpolation compare with Shannon
interpolation? Indeed, (3.29) can be rewritten as

Sn (x) =
X

k2 Z

s(k) � n
card(x � k); (3.30)

where� n
card : R ! R is the cardinal spline of ordern de�ned in the Fourier domain

by

d� n
card(� ) =

�
sinc �

2�

� n+1

P
k2 Z � n (k)e� ik�

: (3.31)

This provides a nice interpretation of spline interpolation in the Fourier domain,
as the Fourier transform of (3.30) yields

bSn (� ) = bs(� ) d� n
card(� ); (3.32)

where bs(� ) =
P

k2 Z s(k)e� ik� is the Fourier Transform of the discrete signals.
Thus, if S is a bandlimited signal (suppbS � [� �; � ]) and s(k) = S(k) for all
k 2 Z, the Fourier transform of Sn is deduced from bS by periodization and
multiplication by d� n

card. This is to be compared to Shannon interpolation, that
recovers the exact signalS since

bS(� ) = bs(� )1[� �;� ]: (3.33)
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In fact, d� n
card ! 1[� �;� ] asn ! + 1 [Aldroubi et al. 1992] (or, equivalently, � n

card !
sinc), which means that spline interpolation can be viewed as an approximation
of Shannon interpolation (the equivalence being asymptotically obtained for n =
+ 1 ). For �nite n however, the e�ect of spline interpolation in the Fourier domain
is questionable: it creates high frequencies aliases (by spectrum periodization),
and then attenuates the whole spectrum (the known part [� �; � ] included) by an
apodization function that is a smooth approximation of1[� �;� ]. This apodization
function (that is, d� n

card) is represented in Figure3.2 for various values ofn.

-0.2

0

0.2

0.4

0.6

0.8

1

-8 -6 -4 -2 0 2 4 6 8

order 9
order 3
order 1

sinc

Figure 3.2: Cardinal splines in the Fourier domain. The Fourier transform of the
interpolation kernels � n

card are represented forn = 1 ; 3; 9. As n increases, they get closer to the
ideal low-pass �lter obtained with the sinc kernel. The approximation is responsible for blur
(attenuation of known frequencies) and aliasing (creation of high frequencies duplicated from
existing low frequencies) on spline-interpolated images.

On the one hand, spline interpolation is computationally e�cient, and also
versatile: it can be used to magnify an image by an arbitrary factor, or to apply
an homography or a non-rigid transform to an image. On the other hand, Shannon
interpolation is very accurate, as it does not attenuate known Fourier coe�cients
or create high-frequency aliases. Getting the best of the two worlds (that is, the
accuracy of exact Shannon interpolation and the e�ciency ofspline interpolation)
is easy: magnify the original image by a small factor (e.g. 2), and then use spline
interpolation on the magni�ed image. Figure3.3 illustrates the interest of such a
combination in the case of a homographic transform.

In this section, we gave a precise de�nition of Shannon interpolation (with a
careful treatment of Nyquist frequencies in the case of even dimensions), and saw
how it provides a nice framework for interpolating bandlimited images with a high
degree of accuracy. It is particularly useful for imaging sciences that require an
accurate treatment of subpixel scales and a strict control of artifacts (in particular,
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(a) original image (b) order 3 spline (c) order 9 spline (d) Shannon +
(copyright CNES) order 3 spline

Figure 3.3: High quality homographic transforms using a combination of Shannon
and spline interpolations. Applying an homographic transform to an image (a) requires
the use of an interpolation scheme. Spline kernels are interestingbut may produce undesired
artifacts (the slight superimposed line hatch patterns in b,c) due to the creation of spurious
high frequencies. Applying the same transform with Shannon interpolation alone would be
computationally very expensive, but a simple � 2 magni�cation with Shannon interpolation
followed by an homographic transform implemented by a spline of order 3 produces an artifact-
free image for a computational cost equivalent to spline interpolation.

satellite imaging). As we shall see in the next sections, Shannon interpolation can
be made compatible with total variation regularization, provided that we use what
we shall call theShannon total variation.

3.3 The Shannon total variation

3.3.1 De�nition

Let j � j denotes the`2 norm over R2, let 
 = I M � I N denote a 2-D discrete
domain of sizeM � N and u 2 R
 a discrete gray-level image with domain 
.
We de�ne the Shannon total variation ofu by

STV1 (u) =
Z

[0;M ]� [0;N ]
jr U(x; y)j dxdy ; (3.34)

whereU is the Shannon interpolation ofu de�ned in (3.17), and r U : R2 ! R2

denotes the gradient of the trigonometric polynomialU. No closed-form formula
exist for (3.34), but we can approximate this continuous integral with the Riemann
sum

STVn (u) =
1
n2

X

(k;l )2 
 n

jr nu(k; l)j ; (3.35)
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wheren 2 N� , 
 n = I nM � I nN and

8(k; l) 2 
 n ; r nu(k; l) = r U
�

k
n ; l

n

�
:

In order to compute STVn (u), we need to focus on the practical computation
of r nu. By di�erentiating ( 3.18), we get the gradient ofU, that is, 8(x; y) 2 R2,

r U(x; y) =
1

MN

X

� M
2 � � � M

2
� N

2 � � � N
2

e
2i�

�
�x
M +

�y
N

�

gbu(�; � ) ; (3.36)

where

gbu(�; � ) = 2 i� " M (� )"N (� ) bu(�; � )
�

�=M
�=N

�
: (3.37)

Therefore,r nu can be e�ciently computed in the Fourier domain forn � 2 with
the following

Proposition 26. For any n � 2 and any (�; � ) 2 c
 n := bI nN � bI nM , we have

dr nu(�; � ) =

(
n2gbu(�; � ) if j� j � M

2 ; j� j � N
2 ;

0 otherwise;
(3.38)

wheregbu is given by(3.37).

Proof. The result comes directly when writing (3.36) with ( x; y) =
�

k
n ; l

n

�
, and

extending the sum to the frequency domainc
 n by adding zero terms. Note that
c
 n contains all the frequencies (�; � ) such that � M

2 � � � M
2 and � N

2 � � � N
2

involved in (3.36) sincen > 1.

The next Proposition establishes an upper-bound for the induced `2 norm
(noted jjj � jjj ) of the r n operator, which will be useful later.

Proposition 27. For any n � 2, we have

jjjr n jjj � n�
p

2: (3.39)

Proof. Let u 2 R
 , from (3.38) we deduce

k dr nuk2 =

 n2gbu


 2

� 4� 2n4 kbuk2

�
1
4

+
1
4

�
; (3.40)
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since for any (�; � ) such asj� j � M
2 and j� j � N

2 , we havej"M (� )"N (� ) �
M j2 � 1

4

and j"M (� )"N (� ) �
N j2 � 1

4 . Then, using the Parseval identity in (3.40), that is,

kr nuk2 =
1

n2MN
k dr nuk2 and

1
MN

kbuk2 = kuk2 ;

yields kr nuk2 � 2� 2n2kuk2 and consequently (3.39).

Similarly to Proposition 26, we can compute the adjoint ofr n in the Fourier
domain (the proof is detailed in Appendix3.8.C).

Proposition 28. Let divn = �r �
n , then for any n � 2, p = ( px ; py) 2 R
 n � R
 n ,

and (�; � ) 2 b
 := cI M � cI N , we have

\divn (p)( �; � ) = 2 i�
�

�
M

hcpx (�; � ) +
�
N

hcpy (�; � )
�

;

with

hcpx (�; � ) =

8
>>>>>><

>>>>>>:

bpx (�; � ) if j� j < M
2 ; j� j < N

2
1
2 ( bpx (�; � ) � bpx (� �; � )) if � = � M

2 ; j� j < N
2

1
2 ( bpx (�; � ) + bpx (�; � � )) if j� j < M

2 ; � = � N
2

1
4

X

s1= � 1
s2= � 1

s1 bpx (s1�; s 2� ) if (�; � ) = ( � M
2 ; � N

2 ) ;

and

hcpy (�; � ) =

8
>>>>>><

>>>>>>:

cpy (�; � ) if j� j < M
2 ; j� j < N

2
1
2 ( cpy (�; � ) + cpy (� �; � )) if � = � M

2 ; j� j < N
2

1
2 ( cpy (�; � ) � cpy (�; � � )) if j� j < M

2 ; � = � N
2

1
4

X

s1= � 1
s2= � 1

s2 cpy (s1�; s 2� ) if (�; � ) = ( � M
2 ; � N

2 ) :

Notice that Propositions 26 to 28 can be easily adapted to the casen = 1.
However, we shall not need to consider this case as STV1 happens to be a poor
approximation of STV1 (see next section). Note also that similar de�nitions and
propositions could be established for theU0variant of Shannon interpolation men-
tioned in (3.21). This variant yields somewhat simpler formulas (no weights are
required to handle Nyquist frequencies in the case of even dimensions) since all
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operators can be obtained by taking the real part of complex-valued images. How-
ever, in addition to being less invariant (as discussed in the end of Section3.2.3),
U0 is also computationally less e�cient as it requires the computation of DFTs of
complex-valued images.

3.3.2 Choice of the oversampling factor n

When estimating STV1 (u) with STV n (u), which value of the oversampling
factor n should we choose? We experimentally observed on many images that
the convergence with respect ton is extremely fast, so that in practice choosing
n = 2 or n = 3 is enough. Note that an estimate of STV1 (u) could also be
obtained by using a �nite di�erence scheme on the image magni�ed with Shannon
interpolation, that is, n� 1TV d(Znu) with

8(k; l) 2 
 n ; Znu(k; l) = U
�

k
n

;
l
n

�
:

Both estimate are consistent in the sense that

lim
n! + 1

STVn (u) = lim
n! + 1

n� 1TV d(Znu) = STV 1 (u) :

However, the convergence speed is much worse for the latter, which comforts us
in the choice of STVn (see Table3.1).

n n � 1TV d(Znu) STVn (u)

1 1:6 � 10� 1 1:8 � 10� 2

2 4:2 � 10� 2 1:3 � 10� 3

3 2:1 � 10� 2 1:7 � 10� 4

5 8:6 � 10� 3 7:3 � 10� 5

10 2:8 � 10� 3 3:4 � 10� 6

Table 3.1: Relative errors of two STV1 estimates. We compare two estimates of STV1 (u)
when u is the classical \Lena" image. As we can observe, the relative errors are much smaller
with STV n (u) (third column) than with n� 1TV d (Zn u) (second column), and the convergence
with respect to n is faster. Even for n = 2, the STV 2 estimate is very accurate with a relative
error of 0:1% or so. This experiment has been repeated on many other images, including pure
noise images, and yielded similar conclusions for all of them.

As concerns the idea of estimating STV1 (u) with STV 1(u), the following
result shows that it could lead to incorrect results, as controlling STV1(u) is not
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su�cient to control STV 1 (u). We believe that, on the contrary, such a control is
ensured as soon asn � 2, even though we have no proof of this a�rmation yet.

Theorem 3. There exists no constantC such that

STV1 (u) � C � STV1(u)

for any positive integerM and any discrete imageu of sizeM � M .

The proof is given in Appendix3.8.D. It consists in building a sequence of
discrete imagesuM with size M � M such that STV1(uM ) is �xed but STV 1 (uM )
increases to +1 with M .

In all the experiments reported in this chapter, we used STVn with n = 3,
but we observed only very slight improvements (and sometimes none) compared
to the casen = 2, which should probably be preferred when computational issues
are important. Note also that one could choose non-integer values ofn (only nM
and nN have to be integers), which could also be interesting for computational
issues.

3.4 Duality tools for handling the STV regular-
izer in a variational framework

3.4.1 Recall of convex analysis

We here briey recall some classical convex analysis results needed for non-
smooth convex optimization. We refer to [Ekeland and T�emam 1999] for a more
detailed presentation.

Consider a �nite-dimensional real vector spaceE and let E ? denotes its dual
space, that is, the set of linear mappings fromE to R. Let R denotes the set
R [ f�1 ; + 1g and h�; �i : E ? � E ! R the bilinear mapping de�ned by

8' 2 E ?; 8u 2 E; h'; u i = ' (u) :

An a�ne function on E is a function A : u 7! h'; u i + � , where' 2 E ? is called
the slope ofA and � 2 R the constant term. We denote by �(E) the set of
functions F : E ! R which are the pointwise supremum of a family of a�ne
functions overE. One can show thatF is an element of �(E) if and only if it is
convex and lower semi-continuous (l.s.c.) and does not takethe value �1 unless
it is constant. In order to dismiss singular cases, we say that F is proper if it
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never assumes the value�1 and is di�erent from the constant +1 . We denote
by � 0(E) the set of proper elements of �(E).

Given a function F : E ! R, the �-regularization of F is the largest element
of �( E) which lower boundsF , or, equivalently, the pointwise supremum of all
a�ne functions that lower bound F . Note that an a�ne function A with slope
' 2 E ? and constant term � 2 R satis�es A � F if and only if � � � F ?(' ),
where

F ?(' ) = sup
u2 domF

h'; u i � F (u) ; (3.41)

and domF = f u 2 E; F (u) < + 1g . The function F ? : E ? ! R is called the
Legendre-Fenchel transform ofF (or the polar, or the conjugate ofF ). It is an
element of �(E ?), as it can be seen as the pointwise supremum over the dual space
E ? of all a�ne functions f A ugu2 domF de�ned by

8u 2 domF; A u : ' 7! h'; u i � F (u) :

Since hereE has �nite dimension, it is a reexive space and the Legendre-Fenchel
transform ofF ? (noted F ??) is an element of �(E ??) (and thus an element of �(E)),
which happens to be exactly the �-regularization ofF . In particular F ?? � F
and we have the characterization

F 2 �( E) , F ?? = F ; (3.42)

which is very useful to derive a primal-dual reformulation of an optimization
problem when the cost function decomposes as a sum with at least one term in
�( E). Besides, sinceE (endowed with the Euclidean inner product) is a Hilbert
space, it is self-dual in the sense that any element ofE ? can be represented as the
inner product with an element ofE, which is very useful in practical computations.

3.4.2 Chambolle-Pock Algorithm

The recent use in imaging of those powerful convex analysis tools based on
duality allowed to properly handle total variation-based variational problems (see
e.g. [Chambolle 2004, Zhu and Chan 2008]). This initiated some ourishing
theoretical research (see e.g. [Aujol and Chambolle 2005, Fadili and Peyr�e 2011])
as well as the development of e�cient numerical schemes [Chambolle and Pock
2011, Combettes and Wajs 2005, Beck and Teboulle 2009a, Weiss et al. 2009,
Ochs et al. 2014, Drori et al. 2015, Raguet et al. 2013] dedicated to nonsmooth
optimization. We will here briey recall the formulation of the celebrated �rst



122 Chapter 3. The Shannon Total Variation

order primal-dual algorithm of Chambolle and Pock [Chambolle and Pock 2011],
which can be used to address various total variation based image processing tasks
and comes with nice convergence theorems.

Consider X and Y two �nite-dimensional real vector spaces, an inner prod-
uct h�; �i over Y and the generic saddle-point problem

min
x2 X

max
y2 Y

G(x) + hKx; y i � F ?(y) ; (3.43)

whereF 2 � 0(Y), G 2 � 0(X ) and K : X ! Y denotes a linear operator. We set
H : (x; y) 7! G(x) + hKx; y i � F ?(y) and we assume that problem (3.43) has at
least one solution (i.e. a saddle-point ofH ). Recall that thanks to (3.42), for any
x 2 X we have

F (Kx ) = F ??(Kx ) = sup
y2 Y

hKx; y i � F ?(y) ; (3.44)

therefore one can interpret Equation (3.43) as a primal-dual formulation of the
primal problem

min
x2 X

G(x) + F (Kx ) (3.45)

as soon as the supy2 Y is indeed a maximum (which will be the case in practice).
The proximal splitting algorithm proposed by Chambolle andPock in [Chambolle
and Pock 2011] (see also [Moreau 1965, Rockafellar 1970], or more recently [Parikh
and Boyd 2013, Combettes and Pesquet 2011] for more details about proximity
operators and proximal algorithms) for solving problem (3.43) is described in
Algorithm 5 below.

In the case� = 0, one iteration k of Algorithm 5 consists in a proximal ascent
of y 7! H (xk ; y) followed by a proximal descent ofx 7! H (x; yk+1 ), yielding
a semi-implicit variant of the classical Arrow-Hurwicz algorithm [Arrow et al.
1958]. In the case� > 0, the iterate xk+1 = xk+1 + �

�
xk+1 � xk

�
represents

a linear approximation (or extrapolation) of the next iterate xk+2 based on the
current and the previous iteratesxk+1 and xk ; it is used to make the scheme
more implicit and prove the convergence (in the case� = 1 and � � jjj K jjj 2 < 1)
of the sequence (xk ; yk)k� 0 towards a saddle-point ofH , with an estimate of the
convergence rate inO(1=N) after N iterations (see Theorem 1 in [Chambolle and
Pock 2011]). Notice that some accelerated variants of this algorithm were also
proposed by the same authors, which under regularity assumptions on F ? and G
achieve better convergence rates, thanks to Nesterov-like acceleration strategies
[Nesterov 1983] (see Algorithms 2 and 3 in [Chambolle and Pock 2011]).
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