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Resune

Dans cette these, nous nous ineressonsa dierents maoeles mattematiques de
traitement d'images nuneriques dits de bas niveau. Si I'ggpoche matlematique
permet detablir des mockles innovants pour traiter les mages, ainsi que letude
rigoureuse des proprees des images qu'ils produisernls impliquent parfois I'utili-
sation d'algorithmes tes consommateurs de temps de caleet de nemoire. Aussi,
nous portons un soin particulier au ceveloppement d'alg@hmes rapidesa partir
des mockles matrematiques consicees.

Nous commercons par e ectuer une pesentation syntretige des nethodes
mathematiques bases sur la dualie de Legendre-Fenchpermettant la minimi-
sation denergies faisant intervenir la variation totale fonctionnelle convexe non-
dierentiable, ceci a n d'e ectuer divers traitements sur les images nuneriques.

Nousetudions ensuite un mockle de discetisation de la v@ation totale inspie
de la theorie de lechantillonnage de Shannon. Ce mock]eappek variation totale
Shannon permet un contrble n de la egularie des images sur uneechelle
sous-pixelliqgue. Contrairement aux moceles de discedation classiques qui font
appela des schemas aux dierences nies, nous montrons ug l'utilisation de la
variation totale Shannon permet de produire des images pant étre facilement
interpokes. Nous montronsegalement que la variation tale Shannon permet un
gain congquent en matere d'isotropie et ouvre la portea de nouveaux moceles
matrematiques de restauration.

Apes cela, nous proposons une adaptation du mocele TV-ICHterated Condi-
tional Expectations, propos en 2014 par Louchet et Moisamau cas du cebruitage
d'images en pesence de bruit de Poisson. Nous cemontronaude part que le
schema nunerique issu de ce mockle consiste en un scherda point xe dont la
convergence est lireaire, d'autre part que les images aisoduites ne pesentent
pas d'e et de marche d'escalier (staircasing), contraireemt aux images obtenues
avec l'approche plus classique dite du maximum a posteriofNous montrons
egalement que le moctle Poisson TV-ICE ainsi etabli repos sur levaluation
nunerique d'une fonction gamma incompkte gereraliee recessitant une prise
en compte ne des erreurs nuneriques interentes au calcean pecision nie et
pour laquelle nous proposons un algorithme rapide permetiiad‘atteindre une
pecision quasi-optimale pour une large gamme de paranes.

Enn, nous reprenons les travaux e ectes par Primet et Mosan en 2011
concernant l'algorithmeastre (A contrario Smooth TRajectory Extraction) cede
a la cetection de trajectoires eguleres a partir d'u ne squence de nuages de
points, ces pointsetant consiceles comme issus d'uneedection pealable dans une
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£quence d'images. Si l'algorithmeastre permet d'e ectuer une cetection opti-
male des trajectoires eguleres au sens d'un criere aantrario, sa complexie en
O(K?) (m K dcesigne le nombre d'images de la quence) s'awere teslhibitoire
pour les applications recessitant le traitement de longsequences. Nous propo-
sons une variante de l'algorithmestre appeke cutastre  qui peserve les per-
formances de l'algorithmeastre ainsi que certaines de ses proprees treoriques,
tout en pesentant une complexie enO(K).

Abstract

In this thesis, we focus on several mathematical models dedlied to low-level
digital image processing tasks. Mathematics can be used tesign innovative
models and to provide some rigorous studies of propertiestioé produced images.
However, those models sometimes involve some intensive atgms with high
computational complexity. We take a special care in develog fast algorithms
from the considered mathematical models.

First, we give a concise description of some fundamental résuof convex
analysis based on Legendre-Fenchel duality. Those matheioal tools are par-
ticularly e cient to perform the minimization of convex and nonsmooth energies,
such as those involving the total variation functional whih is used in many image
processing applications.

Then, we focus on a Fourier-based discretization scheme bkttotal varia-
tion, called Shannon total variation, which provides a subpkllic control of the
image regularity. In particular, we show that, contrary to the classically used
discretization schemes of the total variation based on né di erences, the use
of the Shannon total variation yields images that can be e#giinterpolated. We
also show that this model provides some improvements in tesmof isotropy and
grid invariance, and propose a new restoration model whichansforms an image
into a very similar one that can be easily interpolated.

Next, we propose an adaptation of the TV-ICE (Total Variation kerated Con-
ditional Expectations) model, recently proposed by Louchie@nd Moisan in 2014,
to address the restoration of images corrupted by a Poissopnise. We derive an
explicit form of the recursion operator involved by this sabme, and show linear
convergence of the algorithm, as well as the absence of staging e ect for the
produced images. We also show that this variant involves theumerical evalua-
tion of a generalized incomplete gamma function which must lwarefully handled
due to the numerical errors inherent to the nite precision oating-point calculus.
Then, we propose an fast algorithm dedicated to the evaluath of this generalized
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incomplete gamma function, and show that the accuracy aclvied by the proposed
procedure is near optimal for a large range of parameters.

Lastly, we focus on theastre (A contrario Smooth TRajectory Extraction)
algorithm, proposed by Primet and Moisan in 2011 to perfornréjectory detection
from a noisy point set sequence. We propose a variant of thifgarithm, called
cutastre , which manages to break the quadratic complexity o&stre with
respect to the number of frames of the sequence, while shogvsimilar (and even
slightly better) detection performances and preserving Bte interesting theoretical
properties of the originalastre algorithm.
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Introduction
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1.1 Qu'est ce qu'une image nunerique? ... ... . ... 14
1.2 Lavariation totale . .. ... ... ... ......... 18
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1.6 Organisationde latese . ... ... ... ....... 34
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Les images sont omnipesentes dans notre quotidien, nousslpercevons a
l'aide de nos yeux et les analysons a l'aide de notre cerveaui s'est entra’ye
depuis notre naissance a en extraire de l'information ud eta la traiter, per-
mettant par exemple la reconnaissance de visages, de fornms |'estimation de
la distance qui nous spare d'un objet en mouvement, de satesse, etc. Si la
plupart du temps, I'execution de ces tAches nous semble imadiate et ne conduit
pasa un sentiment d' e ort perceptuel intense, on estime que le cerveau hu-
main y consacre plus de la moite de sa capacie totale. Dejs I'avenement de
lere nunerique, le traitement d'images nuneriques s'st impose comme un do-
mainea part entere du traitement du signal, en particulier du fait de la nature
bien speci que des signaux qu'il met en jeu. Ces derneredecennies, des mocktles
matrematiques ontet ceveloppes dans le but de repesenter, comprendre et ma-
nipuler les images nuneriques a n de les transformer ou dieextraire de l'infor-
mation utile. On distingue deux niveaux de traitements, lesraitements dits de
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14 Chapitre 1. Introduction

haut niveau dedesa la ealisation de taches complexes proches dia vision
humaine (telles que la reconnaissance de visages, la ditat et le suivi d'ob-
jets, le cenombrement d'individus dans une foule, etc.), wles traitements dits
de bas niveau qui se focalisent sur des briques de traitement apparais-
sant de manere plus sysematique en traitement d'imageqomme par exemple la
suppression de bruit, la cetection de formes, de contourgfc.) et pouvant &tre
combirees pour e ectuer des traitement plus complexes. inerét de I'approche
bas niveau est que les pkenonmenes mis en jeu sont plus siegph mockliser du
point de vue physique et mathematique, ouvrant la voiea leretude rigoureuse et
pousse. Les travaux pesenes dans cette these se sieat plutdt du coe  bas ni-
veau , son objectifetant le ceveloppement de mockles mathenatiques ainsi que le
eveloppement d'algorithmes e caces dedes au traitement d'images nuneriques.

Note concernant les licences des images utili®es dans ce document

Sauf mention explicite, les exgeriences merees dans cetthese ontete ef-
fectiees a partir d'images sous licence libre Creative Commons Zro (CCO
Public Domain) provenant de la bibliotheque Pixabay (https://pixabay  :com)).

1.1 Qu'est ce gu'une image nunerique ?

Les images nuneriques sont les images dont l'acquisitiorstefaite a I'aide
d'un capteur nunerique (comme par exemple un scanner, un pareil photo ou
camescope nunerique, une carte d'acquisition viceo, . ), ou encore les images
synthetiees directement a l'aide de programmes informtiques (images de
synthese). Les images nuneriques sont en cereral stoes sous forme binaire
sur un support informatique (carte SD, ck USB, disque dur) terepesentes par
des tableauxa plusieurs dimensions, ces derneres pounatre de nature spatiale
(longueur, largeur, profondeur pour les images 2D, 3D), nsaaussi temporelle
(on parle de signaux 2D+t ou 3D+t, a1 t cesigne le temps, pou designer un
ux d'images 2D ou 3D), ou autres (par exemple des longueursoddes dans le
cas des images dites hyperspectrales). Nous nous restreamdrau cas des images
a deux dimensions spatiales (longueur, largeur), repesntes par des tableauxa
deux dimensions. Dans ces tableaux, chaque case est agppiel de lI'image et
contient une information traduisant l'intensie lumineuse de la senea une posi-
tion spatiale donree. Matrematiquement, on les repesete comme des fonctions
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a deux variables du type

z2 | R
1.1
(xy) 7' u(xy) (1)
aw = fO:::;M 1g f 0;:::;N 1g est un rectangle deZz? de dimensions

M N appek domaine de l'imageet d cesigne la dimension de I'espace utilie pour
repesenter les intensies lumineuses. En gereral, oprendd = 1 pour repesenter
les imagesen niveaux de gris(un exemple est propose en Figurd..l) et d = 3
pour les images couleurs (nous nous restreindrons ceperidians cette trese au
cas des images en niveaux de gris).

Si le processus de nunerisation par le biais d'un sysemeatquisition (appareil
photo nunerique, scanner, etc.) permet le stockage et la migulation des images,
il introduitegalement un certain nombre d'erreurs pouvan conduirea une image
nurrerique ne rendant pas celement compte de la sene ellement obsenee. Ces
erreurs peuvent étre mocelisees matrematiquement d'atant plus peciement que
notre connaissance du syseme d'acquisition, mais auss th sene obseree, est
grande. lllustrons brevement comment I'on peut mocelier l'acquisition d'une
image nunerique en niveaux de gris issue d'un appareil prfohunerigue classique.
Cette description est tes simpliee et n'a pour objectif que de familiariser le
lecteur avec le formalisme mattematique qui suivra. Soit . un ouvert de R? et
soitU : ! R telle que pour tout (x;y) 2 ., U (X;y) repesente l'intensie
lumineuse de la sene au point( y). Nous parlerons dmage continuepour parler
de U (par oppositiona I'image discete qui repesentera I'image nunerique issue
deU).

Remarque. Le choix de mockliser la sene par une fonctiolJ ck nie sur R?

et non R® peut sembler surprenant puisque la s@ne obsenee est a priori une
s@ne en trois dimensions (longueur, largeur, profondeur). On peut en pratique
voir U comme la projection dans un plan (typiquement le plan focal du capteur)
d'une seneV a trois dimensions. Comme nous ne chercherons pasa recons-
truire d'image en trois dimensions, nous ne nous ineresserons pasa ce type de
mocktlisation.

Supposons donc que I'on fasse 'acquisition de I'imalgeen une image nunerique
de taille M N, que l'on repesente par un signalug : ! R. On peut alors
moctliser letape d'acquisition en consicerant queug satisfait

8(k;1) 2 5 uo(k;l) = KU (k;I) + "(k;1); (1.2)
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Figure 1.1: Repesentation sous forme d'un tableau d'une image en niveau x de gris .
Nous a chons dans la partie gauche de cette Figure une image en niveaux de gri Cette image
de largeur M et de hauteur N peut étre repesente par un signalu: ! R (c'esta-dire du
type (1.1) pour d = 1), au cksigne un rectangle discret de taille M  N. Par convention, le
pixel de coordonrees (Q0) correspond au coin sugerieur gauche de l'image, tandis que le pixel
de coordonrees M 1;N 1) correspond au coin inkrieur droit de l'image. Dans le cas des
images acquises avec un appareil photo standard, les niveaux de grig(k; 1)) ;)2 sont souvent
repesenes par des entiers positifs cotes sur 8-bits, ce qusigni e que les valeursu(k;l) sont
des entiers compris entre 0 et 255 (0 repesentant le noir et 255 le hhc). Dans la partie droite
de cette Figure, nous indiquons les niveaux de gris da sur un sous-ensemble de repesene
par le rectangle rouge dans l'image.

a "o I R repesente un bruit de mesure (voir Figurel.2) et K est un
operateur mocklisant des prenonenes de distorsions (mvent propresa la phy-
sique du capteur) qui surviennent pendant le processus dégsition. Souvent,
on consicere que les"((k;1)) ), sont des variables abatoires incependantes et
identiguement distribtees selon une loi gaussienne. Ceatk nous anene dans
un cadre mathematique standard, mais constitue en pratigel une approxima-
tion discutable. Dans le cas des images nuneriques acquiaebaide de cap-
teurs standards (type CMOS Complementary Metal-Oxide-Semiconductors ou
CCD Charge-Coupled Devices), une etude plus pecise du bruit ainsi que
des plenonenes physiques les au capteur conduita des ogtles tes dierents
(voir par exemple Pguerrebere et al. 201p. Par ailleurs, on peut cecomposer
l'operateur K de manere simpliee en

K = Kguantf. Kechant. Kuaist Kairac. (1.3)

Kagirac. : R ¢! R ¢ mocklise le pfenonmene physique de diraction de la
lumere qui se produit lorsque les rayons lumineux atteigent le diaphragme
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Figure 1.2: Bruit de mesure des niveaux de gris d'une image . En regardant de pes
I'image de gauche (on a chea droite un grossissement de pixels contensidans le rectangle rouge
de lI'image de gauche), il semble que les niveaux de gris mesues naduisent pas exactement la
ealie de la sene dont ils sont issus (on observe en e et des vaiations signi catives de niveaux
de gris dans des egions manifestement uniformes ai I'on s'attenda observer des variations
plus eguleres des niveaux de gris). En pratique le processusl'acquisition introduit du bruit de
mesure qui se traduit par des perturbations akatoires sur les nivaux de gris mesues.

de I'appareil photo (ce dernier constitue un obstacle aux yans lumineux,
n'en laissant passer qu'une partie). Du fait de ce prenomee de di raction,
un point lumineux sera vu comme une tache (appeke tAchesdli raction)
par le capteur. Ce terme introduit donc un e et de ou dans I'mage acquise
par le syseme. Ce ou est irevitable et constitue une limiation intringeque
du syseme optique.

Kgst. : R ¢! R ¢ moclise les ptenonenes de distorsions geonetriques
principalement introduits lors du passage des rayons lungnox dans les
lentilles du syseme optique (aberrations chromatiquessignettage, etc.)
Kechant. : R ¢! R mocklise le processus dechantillonnage de I'imagé
en un nombre ni dechantillons. Cet ogerateur transforme le signalU a
support continu . en un signala support discret . Par exemple dans le
cas d'un appareil photo muni d'un capteura transfert de chege (CCD),

chaque valeur du signaKechant. U @ ! R repesente la valeur moyenne
du signalU sur le support d'une cellule photosensible.
Kguanit. : R 1 X @ X = fXq;:::;X9 R designe un ensemble ni

de eels. Cet operateur mocklise letape de quanti cation e ectiee lors du
codage de l'image en donrees binaires (seuls un nombre r@ gels peuvent
etre repesenes sur machine).



18 Chapitre 1. Introduction

On peut de plus ajouter d'autres operateurs, en amont ou enval de la
chame (L.3), pour mockliser d'autres phenomenes, comme par exemelun ou
de bouge permettant de moctliser un mouvement du capteur lors de lequisi-
tion, mais aussi bien d'autres types de distorsions. Le pdipal probeme qui nous
ineressera sera la reconstruction (ou l'estimation) deJ (ou plus peciement
d'une repesentation discete deU )a partir de ug en consicerant des moceles

semblablesa (.2), ce type de probemeetant qualie de  probeme inverse (voir
Figure 1.3).

Figure 1.3: Quelques exemples de probémes inverses . Nous illustrons ici quelques
exemples d'images syntletisesa l'aide du mocele (1.2)a partir d'une image de bonne qualie.

Les degradations mocklises ici sont les suivantes. L'image de gaucheou re principalement de
la pesence d'un fort bruit de mesure. L'image du milieu d'un ou de bouge qui mocklise un
mouvement de la canera pendant l'acquisition de l'image. L'image de doite sou re de sous-

echantillonnage, ce qui moctlise un nombre trop faibles de capteus photosensibles par rapport
au niveau de cktails de la s@ne.

1.2 La variation totale

La variation totale aet utilie en traitement d'image pour la premere fois
par Rudin, Osher, et Fatemi[199]. Dans cet article, le probkme consicte est
formuk dans un cadre continu (les imageb sont ce nies sur un ouvert . deR?),
et la variation totale (TV ) est introduite sous sa forme forte, c'esta-dire e nie

par 7 q
BU2E; TV (U)= (@U(X;Y))>+(@U(x;y)) dxdy;  (1.4)

c

al E designe I'espace vectoriel compos des imagkls: . ! R admettant des
cerivees partielles @U et @U sommables sur . (c'esta-dire @QU; @U 2 L( .)).
Nous verrons au Chapitre2 que cette e nition peut-etre etendue sur un espace
beaucoup plus grand (et moins egulier) que I'espade, appek espace des fonc-
tionsa variations borrees (et noe BV ( ¢)). On consicere que I'on dispose d'une
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version imparfaiteUp : ! R d'une image parfaiteU : .! R satisfaisant

8(x;y)2 o Uo(xy)= U (Xy)+ "(Xy); (1.5)
@ "= Uy U repesente un bruit additif (en fait un champ akatoire gaussien),
tel que _"(X; y)?dxdy = 2. Nous cherchons a reconstruire (ou estimer)

a partir de Uy. L'approche adopee parRudin, Osher, et Fatemi[199] consiste

a rechercher une image8 : . ! R de variation totale minimale parmi celles
appartenanta I'ensembleCy & ni par

Z

Co= U2BV( o) U(xy) Us(x;y)dxdy=0;

¢ Z
et (U(x;y)  Uo(x;y))%dxdy= 2

Plus formellement, cela revienta cherche® 2 C, telle que (en admettant qu'une
telle image existe)

TV (8)= jnf TV (U): (1.6)

Commercons par analyser le probeme ainsi formuk. En ewicerant (1.6), nous
cherchonsa satisfaire deux crieres :

(i) un criere de ctlie aux donrees . en se restreignanta lI'ensemble

(i)

Co, on impose une certaine ressemblance en8ect Uy. Plus peciement, on
ne consicere que des imagdsd de m&éme moyenne qué,, et dont le care de
la distancea Uy (en normel ?) estegalea 2. On impose ainsi aux images de
Co de ressembleraly, en tenant compte du niveau de bruit pesent dan$Jy
(quand est petit, le bruit qui entacheUy est faible, et dondJ, est proche de
I'image parfaite U , mais quand augmente, le bruit qui degradeU, devient
important, la distance entreUy et U augmente) ;

un criere de egularie . parmi leseements de Cy, nous recherchons
une image qui admette une petite variation totale, ce qui peret de discrimi-
ner lesekments deC, selon leur egularie. Nous expliquerons au chapitre
I'inerét de ce choix, contentons nousa ce stade de remquer que (L.4) pro-
meut les imagedJ a faible gradient r U := ( @U; @U) puisque (1.4) n'est
autre que l'inegrale sur . de la fonction ;y) 7! kr U(x;y)k, (en no-
tant k k, la norme euclidienne danR?). Ainsi, une image tes oscillante
(typiquement, une image bruiee) pesentera une grande vaation totale,
alors qu'une imagea faible gradients (typiquement une inge constante par
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morceaux,a condition tout de méme detendre la ¢ nition (1.4)a lI'espace
BV ( ¢)) aura une variation totale faible.

Ainsi, dans le probeme (.6), le criere (i) permet de tenir compte de la connais-
sance que l'on a sur les donrees (en particulier, la conngsasice du niveau de
bruit qui degrade I'image Up), tandis que le criere (i) permet d'introduire un

a priori  sur l'image a reconstruire (ici, on recherche une image avdaible
variation totale). Une manere plus moderne de tenir compt&e ces deux crieres
consistea consicerer le probeme de minimisation

2
kU Uok; S ke, v u) (L1.7)

Um2ng (V) =
al kU  Upk3 cesigne le care de la distancel? entre U et Uy, et  un eel
positif. La recherche d'un minimiseur dd peutegalement &tre interpete comme
la recherche d'un compromis entre cklie aux donrees (B terme de distance
penalise les images tropeloigrees dé&Jy) et egularie (le terme de variation totale
penalise les images trop ireguleres). Le paranetre permet de egler le poids
relatif entre les deux termes mis en jeu dans cette energielne des raisons du
suces du mockle (L.7) est qu'il peut etre interpee de manere ekgante ¢ omme
un probeme de Maximum A Posteriori (MAP) en adoptant un poirt de vue
bayesien, comme nous le verrons au ChapitPe Notons qu'il est de plus possible
de montrer qu'il existe une valeur de telle que les probemes 1.6) et (1.7)
soientequivalents (ce qui signi e qu'ils admettent les refnes solutions), mais en
pratique le eglage du paranetre dans le mockle (.7) est lais®a I'appeciation
de l'utilisateur, conduisanta une version relaxee du prbeme (1.6) au sens a la
solution obtenue par minimisation deJ n'appartient pas forementa I'ensemble
des contraintes C,.

Revenons au probeme 1.6) et remarquons qu'il est formuk dans un cadre
continu alors que les images traiees sont en pratique distes. La principale rai-
son justi ant ce choix est qu'il nous ranene dans un cadre nteematique usuel,
dans lequel nous disposons d'outils permettant la esolan de (1.6). En par-
ticulier, la methode propose dans Rudin et al. 1997 consiste a esoudre une
equation aux cerivees partielles mocelisant levolu tion temporelle d'une copie de
I'image initiale Uy vers une solution de 1.6). Cette equation aux cerivees par-
tielles est alors discetiee a l'aide de sclemas nuneques classiques (de type
Euler-explicite), en particulier, tous les operateurs dekrivees partielles ainsi mis
en jeu sont remplaes par des sclemas aux dierences nieutre les di cules
interentesa letape de discetisation desequations, il est important de souligner
gue cette approche n'est en pratique pas rigoureusement eteapuisqu'elle cebute
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dans Rudin et al. 1997 par lecriture d'une equation d'Euler-Lagrange assoeie

au probeme de minimisation sous contraintes1(.6) qui suppose que la variation
totale est une fonctionnelle dierentiable, ce qui n'est @s le cas (on peut voir
TV (U) comme une normeL?! du gradient de U, or la norme L' pesente une
singularie en 0). Neanmoins, ce moctle de minimisatiorde la variation totale a
connu un franc sucees dans le domaine de la restaurationmdages, en particulier
du fait de la capacie de cette fonctionnellea penaliserles iregularies (donc le

bruit) tout en peservant les contours de I'image, comme ngs I'expliquerons au
Chapitre 2.

Depuis Rudin, Osher, et Fatemi[1997, I'utilisation de la variation totale
en traitement d'image s'est ceveloppee bien au-deh du eul cadre initial de la
restauration d'images, elle est cesormais couramment litee pour e ectuer des
taches de restauration diverses, telles que le ce ouaggdgel et Oman 199§ la
esocclusion (ou inpainting ) [Chan et al. 200%, l'interpolation [ Guichard et
Malgouyres 199§ I'extrapolation de spectre Rouge et Seghier 199k la cecompo-
sition d'images Pujol et al. 2005, la decompression plter et al. 2004,
lechantillonnage iregulier [ Almansa et al. 200§ la super-esolution Babacan
et al. 2009, la seeovision [Miled et al. 2009, ou m&me pour ce nir un indice de
qgualie image [Blanchet et Moisan 2012 Leclaire et Moisan 201p Par ailleurs,
la decouverte ces derneres anrees de nouveaux schempsrformants [Chambolle
2004 Beck et Teboulle 2009aWeiss et al. 2009 Chambolle et Pock 201]L repo-
sant sur des nethodes dualesijockafellar et Wets 1998Ekeland et Temam 1999
Boyd et Vandenberghe 20(4et permettant une prise en compte rigoureuse de
la non-dierentiabilie de la variation totale ainsi que de la nature discete des
donrees, a consicerablement enrichi le domaine et ouveld voiea des applications
al, comme dans Fadili et Peye 2011], la projection sur les fonctionsa variation
totale borree n'est plus qu'uneetape d'un algorithme ieratif plus complexe.

Le Chapitre 2 de cette these constitue un travail de syntrese quanta luti-
lisation de la variation totale en traitement d'image. Nous yexpliquerons com-
ment des probemes de restauration (cebruitage, e ouge, cesocclusion, zoom,
etc.) peuvent étre formuks grace au formalisme bayesicomme des probemes
de minimisations denergies impliquant la variation totde (similaires a (1.7))
et nous illustrerons la capacie de la fonctionnellel'V a peserver les contours
dans les images. Nous cetaillerons quelques outils d'anséy convexe bass sur
la dualie de Legendre-Fenchel qui permettent la minimisgon de fonctionnelles
convexes non-dierentiables, comme celles impliquant laariation totale. Nous
pesenterons entre autres les notions de transformees desgendre-Fenchel, de
sous-dierentielle, ainsi que les operateurs proximau{Moreau 1965 Rockafellar
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1974, enveloppes de Moreau-Yosidavjoreau 1963 Yosida 198( et leurs prin-
cipales proprees. Ces operateurs sonta la base des kmas modernes d'opti-
misation convexe non-dierentiable, dont nous pesenteons I'un des plus connus,
I'algorithme de Chambolle et Pock2011]. Nous utiliserons ensuite ces outils d'ana-
lyse convexe pour e ectuer dierentes taches de restauten d'images (cebruitage,
e ouage, cesocclusion, zoom), impliquant la minimisaion de la variation to-
tale ou lI'une de ses variante (la variation totale d'Huber). Nos montrons com-
ment tous ces probkemes peuvent &tre reformuks sous larfne d'un probeme
de recherche de point selle (dit probeme primal-dual ), pouvant étre e cace-
ment traie en utilisant I'algorithme de Chambolle et Pock[201]. Nous explique-
rons aussi comment formuler le dual d'un probeme d'optinsiation quelconque, et
cetaillons le lien existant entre les solutions du probine de depart (le probeme
primal), avec celles du probkeme dual ainsi formuk.

1.3 La variation totale Shannon

Si depuisRudin et al. [1993, les methodes matrematiques ainsi que les al-
gorithmes permettant la minimisation des probemes du typs (.6) et (1.7) ont
connu de remarquables proges, la manere de discetisda variation totale reste
encore essentiellement base sur des schemas aux dieiees nies. C'esta-dire

guetant donree une imageu 2 R d nie sur un domaine discret Z?, on
consicere gereralement un sctema du type
@u(k;1) = u(k+1;1) u(k;l)

8k:l)2 ; (1.8)

@u(k;1) ulk;1+1) u(k;!)

en se donnant une convention au niveau des bords de l'imagearjexempleu(k +
L= u(k;l)si(k+1;1) 62, et u(k;1+1) = u(k;l)si(k;I+1) 62, mais d'autres
choix sont possibles). Une fois le sckema aux dierences ias choisi, on ¢ nit,
par analogie avec 1.4), la variation total de Iimage discete u par

TV %(u) = X (@u(k; 1))+ (@u(k; 1))?; (1.9)

(k)2

ou encore (en remplacant la norme? du gradient discret (@u; @u) par une
norme 1),

X
TV {(u) = j@u(k; j + j@u(k; 1)j; (1.10)

(k)2
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comme c'est le cas dan€hambolle 2005Darbon et Sigelle 200 les probemes
d'optimisation impliquant TV ¢ sont traies entre autres avec des nethodes de type
graph-cuts , ou encore dansljouchet et Moisan 2014Abergel et al. 201}%pour
e nir un nouveau mockle de restauration appek TV-ICE (lterated Conditional
Expectation) qui sera ceveloppea la sectionl.4 de cette introduction, ainsi qu'au
Chapitre 4 de cette these. On quali e souvent le mocele {.10 d* anisotrope du
fait de I'utilisation de la norme *! du gradient, par opposition au moctle {.9) qui
utilise la norme "2 (plus isotrope). Il est pourtant amusant de voir qu'aucun de
ces deux mockles n'est isotrope ces lors qu'ils sont conmbs avec le sclema aux
dierences nies (1.8), au sens ai pour une image quelconque 2 R , on a en
cereral
TV 4u) 8 TV Y(Ru); (1.11)
en notant R un operateur de rotation d'angle =2. Par conequent, la restaura-
tion d'une image uo par minimisation denergie base surTV ¢ sera en cererale
dierente de celle obtenue en traitant de la m&me manere'image Rug puis en
appliguant la rotation inverse au esultat. Ce manque d'istropie est identie
dans Lai et al. 2009 Wang et Lucier 2011 Chambolle et al. 2011 Condat 2016,
al de nouveaux schemas d'approximation du gradient sont mposes.
L'anisotropie introduite par l'utilisation par TV ¢ de sctemas aux dierences
nies n'est pas le seul cefaut que I'on peut opposera ce madde discetisation
de la variation totale. En e et, le principal defaut des nethodes aux dierences
nies eside dans le fait qu'elles operenta lechelle du pixel : si I'on consicere
notre image disceteu : Z?! R comme la restriction d'une image continue
U :R?! R audomaine discret , alors les cerivees partielles deJ (en supposant
gu'elles existent) satisfont

8
2 5 QU(x:Y) :l,if!no U(x + h,yr)] Uu(x;y)
80ay) 2 R% 2 @U(KY) = lim Uy +h)  U(xy)
' Y) = am, h

et peuvent étre e ectivement approctees par le sclrema
8

3 @u(xy) U(x+ hy) U(Xy)
8(x;y) 2 R?; 8h> 0 5 U +hr)] U y)
7 @Quiy) =Y

qui devient pecis s lors queh est assez petit. Malheureusement en image le
pas de discetisationh des donrees n'est en gereral pas contrék, on ne peut e
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pas faire tendreh vers 0O et le sckema {.8) (qui correspond au choixh = 1) n'est

pas assez pecis. Plus grave encore, l'utilisation du sama (1.8) pour estimer
la norme du gradient d'une image introduit des ptenonenesle repliement de
spectre, comme illustea la Figure 1.4

(a) image originale (¢ CNES) (b) kr uk, dierences nies (c) kr uk, calcul sous-pixellique

Figure 1.4: Repliement de spectre pour l'estimation de la norme du grad ient par
dierences nies. Note : I'image de gauche utilisee pour cette experience appartient auCentre
National d' Etude Spatiales (CNES). On dispose d'une image (a) dont on cherchea éiser en
chaque pixel k;!) la norme 2 du gradient kr u(k;|)k. Cette norme est estimee en (b)a l'aide
du sclema aux dierences nies ( 1.8), et en (c) en utilisant le méme sclkema mais en remplacant
I'image u par une version surechantillonree d'un facteur 2 (zoom par zero-@dding). Pour les
images (b) et (c), le code couleur va du blanc (faibles valeurs) au noifvaleurs eleees). Les
egions de forts gradients etant censes correspondrea des contors de I'image, on s'attenda
trouver les contours de l'imageu dans l'image kr uk, on observe cependant que les contours
correspondant aux rayures du toit du batiment dans l'image (a) ne correpondent pas avec
ceux obsenes dans limage (b), mais correspondent biena ceux deimage (c). Cet exemple
surprenant s'explique par un pkenonene de repliement de spetre dans l'image (b). Il illustre
I'incompatibilie entre la theorie de lechantillonnage de Shan non avec l'estimation dekr uk par
le sckema (1.8) (sans surechantillonnage), ainsi que la recessie de manipuér les imagesa une
echelle sous-pixellique a n d'estimer correctement cette quantie.

Comment peut-on manipuler une image discetea lechekt sous-pixellique ? La
manere usuelle consistea utiliser une interpolation, ‘esta dire qua partir des
echantillons (k;1) 2 7! u(k;1), on reconstruit une image continudJ. : R> 7! R
e nie le plus souventa l'aide d'un noyau d'interpolation’ : R! R par

X
8(x;y) 2 R% U (x;y) = uk; ' (x k' (y N): (1.12)

(k)2

Plusieurs noyaux d'interpolations sont explicies dansd literature (voir par
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exemple PUnser 2000 Thevenaz et al. 200Q), menant chacuna une nmethode d'in-
terpolation. Parmi les methodes d'interpolations les pls connues, on compte l'in-
terpolation par plus proche voisin, l'interpolation biliraire, l'interpolation par
bicubic Keys , les interpolations par splines, et l'interpolation par $ius cardi-
nal discret (ou interpolation de Shannon), cette derneretant Feriee de la theorie
dechantillonnage de Shannon (nous la pesenterons erethil au Chapitre 3).

Du point de vue du traitement des images nuneriques, on peudtacilement
mettre enevidence le fait qu'une image restauee par mimisation denergie impli-
quant TV ¢ est di cilea interpoler, ou formuk dieremment, male chantillonree
du point de vue de la theorie de Shannon. Une illustration deecptenonene est
proposea la Figure 1.5, a1 I'on met enevidence le fait qu'une image cebruite
a l'aide de la variation totale discete ne peut pas etre orrectement manipukea
lechelle sous-pixellique au sens au l'interpolation @i par splines) de cette image
ne constitue pas une estimation plausible de I'image a thelle sous-pixellique.
Ceci limite donc fortement la possibilie d'utiliser les moceles TV ¢ (par exemple le
ebruitage) commeetape intermediaire d'une chame ddraitement plus complexe,
impliqguant des manipulations sous-pixelliques de l'imagelles que des transfor-
mations geonetriques (translations, rotations, agranissement), du recalage, de
la reconnaissance de formes, etc.

Le Chapitre 3 de cette these est consace a letude d'un autre moctle de
discetisation de la variation totale, dierent de ( 1.9). Cette variante, que nous
appelons la variation totale Shannon (ou STV, pour Shannon Total Varia-
tion ), apparut pour la premere fois dans Malgouyres et Guichard 200JLavant
d'étre explicitement consickee dans Moisan 2007 puis utiliee dans [acciolo
et al. 2009 Preciozzi et al. 201}isous le nom de Spectral Total Variation (nous
ne retiendrons reanmoins pas ce nom poureviter les confoss avec les travaux
de Gilboa [2013). Elle consiste en l'estimation par une somme de Riemann de
la variation totale exacte (c'esta dire l'inegrale de la norme du gradient) de
I'interpoke de Shannon de l'image discete. Nous montr@ns en particulier que
I'utilisation de cette variantea la place de TV ¢ permet de produire des images
pouvant étre interpokes (que se soita l'aide de splinesu par le sinus cardinal
discret) de manere satisfaisante, c'esta-dire sans tefacts, tout en assurant un
niveau de restauration similairea ceux obtenus avetV ¢. En ce sens, le mockle
STV ainsi propoe permet de econcilier la minimisation @ la variation totale
avec la theorie dechantillonnage de Shannon. Nous propesons aussi de nou-
veaux mockles de restauration d'images utilisant STV et penettant de gererer
a partir d'une image malechantillonree, une image visuiement tes proche mais
mieux echantillonree et donc plus facilement interpolake. En ce sens, le moctle
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STV rendegalement possible l'interpolation de Shannon qeest souvent celaisee
au prot des splines malge ses proprets ineressanges.

(a) image initiale zoom (splines bicubiques) module du spectre

e

(b) image debruiee zoom (splines bicubiques) module du spetre

Figure 1.5: La variation totale discete TV 4 grere du repliement de spectre . Une
image (a) est cebruiee en utilisant la variation totale discete TV ¢ ¢ nie par ( 1.9), limage
ainsi produite est a ctee en (b). Pour chacune de ces images, on a cheen seconde colonne un
agrandissement (interpolation par splines bicubiques) d'une sous gitie de l'image (celimiee
par le rectangle rouge). On voit que l'agrandissement e ectle sur I'mage (b) met enevidence
la pesence d'oscillations parasites, ce qui n'est pas le cas pouriiage (a). Ceci s'explique en
regardant la dernere colonne, dans laquelle on a che le module du spetre (plus peciement,
on ache log (1 + jbj), en notant jbj le module de la transfornmee de Fourier discete de l'image
u) des image (a) et (b). On observe en e et la pesence de repliemenfequentiel (indique
par une eche rouge) dans le spectre de l'image (b) mais pas dans celuiedlimage (a). Ce
repliement fequentiel a donc ek introduit pendant let ape de debruitage, il s'aere étre en
pratique responsable des oscillations sous-pixelliques obsereelans le domaine spatial. Cette
experience illustre la di cule rencontee lorsque I'on sou haite manipuler une imagea lechelle
sous-pixellique apes un traitement impliquant TV ¢.
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1.4 Restauration en pesence de bruit de Pois-
son

Le bruit de Poisson mocktlise le prenonene de comptageedtoire des photons
qui frappent le capteur pendant le processus d'acquisitipan parle aussi de bruit
de photon . Contrairement aux autres sources de bruitsevoqueesaalsectionl.],
ou cecrites de manere plus compkte dansAguerrebere et al. 201R le bruit de
photon est inkerenta la nature quantique de la lumere, € ne peut-&tre atenwe par
des aneliorations technologiques au niveau du capteuttant donre un domaine
ni Z? etune imageu : ! R, (non directement observable) cecrivant
I'intensie lumineuse de la sene, on consicere que l'observe une imagel, :

' N de probabilie

Y u(X, y)UO(X;y)

Oy e WY [ exp(hu uglogu;l i) (1.13)
0 y .

p(Ugju) =

(xy)2

al Uglogu cesigne l'image obtenue en multipliant termea termeu, avec logu, en
adoptant la conventionug(Xx; y) logu(x;y) = 0 ces lors queug(x;y) =0, 1 designe
I'image constante prenant la valeur 1 sur , eth; i designe le produit scalaire
euclidien dansR . La notation / indique une relation de proportionnalie (une
egaliea une constante multiplicative pes, pouvant dependre deugy mais pas deu).
Le mockle (1.13 consiste simplementa consicerer quel, est la ealisation d'une
image akatoireuo dont les niveaux de grig uo(X;y)dxy)2 sontincependants, et
telle que pour tout pixel (x;y) 2 , up(X;y) suit une loi de Poisson de paranetre
u(x;y). Ce moctle est particulerement adape lorsque l'acqusition des images est
faite en basse lumere (ce qui signi e qu'une faible quarti de photons est capee
par le dispositif d'imagerie), comme c'est par exemple scant le cas en astronomie
ou microscopie. Si la plupart des moceles matlematiquesedestauration d'images
sont d'abord ceveloppes dans le cadre plus usuel du bruitdalitif blanc gaussien,
iIs sont presque sysematiquement adapes au cadre du bitude Poisson (voir
par exemple Hetzer et al. 2010Deledalle et al. 2010Figueiredo et Bioucas-Dias
201Q) de par le carackre irevitable de ce bruit de photon. Das le cas d'un bruit
de Poisson, nous verrons que le MAP correspond a la recherctie (I'unique)
minimiseur de lenergie J° c& nie par

8u2R ; J%u):=hu ulogu;l i+ TVIu); (1.14)
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qui n'est autre que l'imagebm,, qui maximise la densie a posteriori ¢ nie @
un facteur multiplicatif pes) par

8u2R ; (u)/ p(uoju)p(u); (1.15)

ks lors que I'on consicerep(u) / e ™V comme a priori sur les images natu-
relles (un tel choix revienta consicerer comme plus vrasmblables les imagesa
ayant une faible variation totale TV %(u)). Cependant, comme dans le cas du bruit
gaussien, le principal cefaut de cette approche est que laimmisation de J° (ou
de manereequivalente, la maximisation de la densieaposteriori ) a tendancea
conduirea des images constantes par morceaux (ce ptenene, appek stairca-
sing , estillustea la Figure 1.6et est formellement mis enevidence pakxikolova
[200Q qui cemontre que ce ptenonene est dda la non-dierentiabilie en 0 de
lenergie que I'on minimise).

(a) image bruiee ug (b) debruitage MAP  bmap (c) ekrence u

Figure 1.6: Bebruitage TV-MAP d'une image agrace par un bruit de Pois son. On
a che en (a) une observation bruiee (selon le mockle (1.13) de l'image de egrence (c) sup-
pose sans cefauts. On a che en (b) I'image obtenue par calcul du MAP, c'esta dire I'image qui

minimise lenergie (1.14) (en eglant le paranetre  de telle sortea minimiser la I-divergence de
Csiszar[1997]], assurant ainsi un bon niveau de cebruitage par rapport aux netriques usuelles).
On observe que l'image (b) pesente de large egions constantes et ufaible niveau de cetails par
rapporta (a) et (c). Ce ptenonene est caraceristique des approches TV-MAP impliquant la

minimisation denergies bases sur la variation totale, on parle de staircasing (ou e et d'es-

calier). Note : I'image de ekrence (c) utiliee dans cette exgrience est issue de la bibliotreque
wikimedia :org (image NGC 1672 spiral galaxy).

Dans le cas d'un bruit gaussien, une alternative au mocleVFMAP, appeke
TV-LSE (Least Square Error), aet propose par [Louchet et Moisan 2008 Elle
consiste a calculer au lieu du MAP, limage qui minimise |'eleur quadratique
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moyenne 7
EQM(b)= E, kb uk; := kb uk3 (u)du:
R
Cette image n'est autre que l'esperance a posteriori, c'estlire I'image byse & nie
par 7
bse = Ey (u):= u (u)du; (1.16)

R

qui peut étre vue comme l'image moyenne suivant parmi toutes les images de
R . Malge la dimensionelewe de cet espace (si est de taie 1000 1000, la
dimension de I'espac®k est 1), il est possible d'estimerbs. numeriquement
a l'aide d'un sctema de Monte-Carlo par chanes de MarkofMCMC) de type
Metropolis-Hasting. Il est mis enevidence dansLpuchet et Moisan 2008 puis
formellement cemonte dans [Louchet et Moisan 201B que les images gereees
par le mocele TV-LSE ne pesentent pas d'e et de staircasig. On observe de
plus que ce moctle nene a des images bien plus naturellesrehes en cetails
gue le moctle TV-MAP. Si le mocele TV-LSE pourrait étre faciement adape
au cas du bruit de Poisson, son principal point faible est gu®n ne dispose pas
d'algorithme rapide pour estimengni (le sckema de Metropolis-Hasting pesente
un taux de convergence ei®(1= N) ar N cbesigne le nombre d'ierations), ce
qui peut etre probematique pour les applications ai le mmbre d'imagesa traiter
est important ou lorsque le temps de calcul allote au trait@ent des images est
limie.

A n de surmonter cette di cule computationnelle, Louchet et Moisan[2014
proposerent une nouvelle variante (toujours dans le casuh bruit gaussien), base
sur l'ieration d'esperances conditionnelles a posteori. L'estimateur bice est e ni
comme la limite du sctema ieratif

8(x;y)2 ; u™h(xy)= Ey (uy)ju((xy)®) = u"(xy)?));  (1.17)

al (x;y)° = n(x;y) et u((x;y)°) dcesigne la restriction de l'imageua l'en-

semble §;y)°. Cette fois, I'esperance mise en jeu dansl(17) est celle d'une va-
riable akatoire eelle et n'implique donc qu'une inegrale sur la droite eelle (au
lieu de linegrale sur R du moctle (1.16). Il est alors mis en evidence que
I'ieration ( 1.17) peut-tre calcuke sous forme explicite ces lors quedh remplace
TV ¢ par sa version anisotropd@V ¢ c nie par ( 1.10. Il est cemonte dans [Lou-

chet et Moisan 201}que le sckema (.17 revienta construire u"** en appliquant
a u" une applicationF contractante, telle qu'il existe un compact,, stable par
F qui contienneuy. Par consequent, la convergence des ieesl'),, , vers l'image
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bice est lireaire ces lors que I'on choisitu® 2 K, (par exemple en choisissant
u® = up). Le mockle TV-ICE possde la remarquable propree de re n'introduire
aucun pararetre algorithmique (en particulier il n'introduit aucun pas de temps
contrairement aux algorithmes primaux-duaux classiquediliees pour le calcul du
MAP), et cerere des images visuellement proches de celleslidees par le mocele
TV-LSE.

Au Chapitre 4, nous proposons d'adapter le mocele TV-ICE au cas du bruit
de Poisson. Nous y cemontrerons que, comme dans le cas gargde sclkema TV-
ICE Poisson converge lireairement vers une imadg.e qui ne pesente pas d'e et
de staircasing. Nous montrerons que l'operateur de ecuian du mocele TV-ICE
Poisson consistea poseu® = 0 (c'esta-dire u°(x;y) = 0 pour tout (X;y) 2 )
puisa ierer pour n 0 le sckema

1k SCklak;uQ:E(lx;y)+2

. . n+1 . — N k 1,9k

8(x;y)2 ; u"™(xy)= P ST (1.18)
1 k5 Ak 18k

al les coe cients ay; ¢; k ependent explicitement de la restriction de I'image
couranteu" au 4-voisinagd (x  1;y);(x;y 1)g, ainsi que de et ai l'on a poe
Z b
b= sP'e®ds; 0 a b +1; 2R;p2N; (1.19)
a
que nous appellerons fonction gamma incompkte gererabe (noter que le cas
b=+ 1 n'est autori® que lorsque > O, l'inegrale netant pas c nie sinon).
Nous expliquerons pourquoi le calcul du ratio de sommes de ¢dons gamma
incompektes gereraliees implige en chaque pixel dd'image par le screma (.18
est en pratique cklicata impementer et cetaillerons comment les erreurs peuvent
étre controkes en mettant les termed [} sous une forme mantisse-exposant du
type e, l'estimation pecise et rapide des inegraled aﬁ’J sous cette repesentation
faisant I'objet du Chapitre 5.

1.5 L'importance des algorithmes rapides

Si I'approche du matlematicien facea un probkeme conduisouventa la for-
mulation puis letude theorique de nouveaux moctles makematiques, les algo-
rithmes ceveloppes pour esoudre ces probemes de maane rigoureuse peuvent
parfois s'awerer peu e caces et dissuader de leur utilisan sur de vraies donrees.
C'est typiquement le cas de l'approche TV-LSE pesente ala section 1.4 qui
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constitue du point de vue matfematique une alternative oginale etekgante au
mocele MAP pour la restauration d'images conduisanta desesultats treoriques
(comme par exemple l'absence formelle destaircasing dans l'image cebruiee
avec TV-LSE) qui traduisent une compehension avanece deisnages produites
avec ce moctle, mais dont le calcul pratique s'awere peu €ace du fait de la
faible vitesse de convergence de la nethode MCMC mise en .jddans le cas
du mockle TV-LSE, nous avons vu gu'il etait possible de repdir du probeme
mathematique pour en formuler une nouvelle variante, TV-IE&, menanta un algo-
rithme beaucoup plus rapide (avec une vitesse de convergeticeaire par rapport
au nombre d'ierations), tout en conservant des esultas treoriques du mockle
TV-LSE (comme l'absence de staircasing).

Un autre exemple as un moctle matlkematique nene a un algaithme
ineressant mais peu e cace du point de vue computationnelest le moctle de
cetection de trajectoires eguleresa partir d'une sequence de nuages de points,
propose par Primet [201] durant sa these (voir aussi Primet et Moisan 2013),
sous le nom deastre (pour A-contrario Smooth TRajectory Extraction ).
Cet algorithme est bas sur la nethodologie a contrario cdveloppee par De-
solneux, Moisan, et More[2009 (les concepts ontek introduits pour la premere
fois dans Pesolneux et al. 200)) voir aussi Pesolneux et al. 200, qui est baze
sur la formulation mathematiques de grands principes de peeption visuelle, dont
le plus connu est le principe de Helmoltz (voir [Lowe 198%). De manere in-
formelle, ce principe stipule que le syseme perceptuel main ne detecte que les
structures (ou plus peciement les gestalt , en eerence aux travaux e ectles
par les gestaltistes , du cebut du xx®m® secle tels que JWertheimer 1923
Metzger 1979 qui n‘auraient pu apparatre par hasard dans un bruit blanc. Une
illustration de ce principe est propose en Figurd..7. Base sur le principe de
Helmoltz, la nethodologie a contrario consistea cetecte des structures par rejet
d'un moctle de hasard (ou mockle nasf) noke Hg, autrement dit, on cherche a
cetecter les structurestrop rares pour appara’tre par chancedansH,.

Pour construire un detecteur a contrario, il faut dans un pemier temps c nir

un mockle Hy decrivant ce que pourraient eétre des donrees tiees au dsard.
Par exemple, si I'on consicere le probeEme de cetection 'dlignements de points
evoqle a la Figure 1.7, les donrees consistent en une seule image de domaine

contenant N points. On peut alors formuler le moceleH suivant : les N
points de l'image ontetk ties inckependamment selon ure loi uniforme sur
Dans un second temps, on doit construire une fonction de mesypermettant de
faire ressortir les structures rares danbly. Toujours dans le cas du probeme de
cetection des alignements de points, il est propoe dan®gsolneux et al. 200Bde
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Figure 1.7: lllustration du principe de Hemholtz (cette Figure est partiellement tiee
de [Primet 2011]). Pourquoi un alignement de points dans l'image de gauche nous saute--i
aux yeux? D'apes le principe de Helmoltz, notre syseme percepuel cetecte cette structure
car un tel alignement aurait peu de chances de se produire par hasard sd positions des
points avaientet tiees  au hasard dans cette image. Des alignements de points peuvent &tre
trouves dans l'image du milieu mais ils ne sautent pas aux yeux, car ilse constituent pas des
evenements rares dans du bruit. L'image de droite illustre I'approche cecrite dans Pesolneux
et al. 2009 pour formaliser en termes matrematiques I'e et de surprise assoeea I'observation
d'une structure donree. En supposant que les positions des 13 poistde cette image ontet tiees
incependamment et uniformement sur le domaine rectangulaire (cesi constitue notre mocdtle
Hyo), on setonne de trouver 6 points dans une bande (celimiee par des pointiles rouges) de
faible epaisseur. Ce niveau de surprise peut-etre mesue emalculant la probabilie qu'un tel
evenement se produise dansH .

cecouper l'image en bande® de faible epaisseur (on discetise les orientations
des bandes et on notd8 |'ensemble de toutes les bandes ainsi ¢ nies). On
compte alors dans chaque band® le nombre de pointsn(B ) contenus dansB .
Plus n(B ) est grand, plus on peut consicerer comme rare dartd, la structure
correspondant au groupe de points contenu dais. Sin(B ) constitue une mesure
ineressante sur les donrees, il serait reanmoins detiat d'essayer de la seuiller
pour cecider si les points contenus danB doivent &tre deteces ou non comme
des points aligres dans l'image. En e et, le choix d'un tel euil promet d'étre
dicile car la quantie de surprise lee a I'observation d'un nombre de points
n(B) dans B reste tes cependante aux paranetres du probemes (le ombre
total de points N, la surface de la band® et la surface du domaine de l'image
). Au lieu d'exploiter directement cette mesure, on l'utilise pour c nir une
famille de fonctionsf NFA g g5, appeke Nombre de Fausses Alarmes (NFA)
pour la mesuren. Celle-ci est e nie par

8B 2B ; 8k2[ON]; NFAg(k)=#B Py, (n(B)=k);  (1.20)

al # B designe le cardinal de lI'ensembld3 , c'esta-dire le nombre total de
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bandes dans I'image. Ce Nombre de Fausses Alarmes satisfafirapret suivante

En,(# fB 2B ; NFAg(n(B)) "g "; (1.21)

qui stipule que dansH, on trouve en moyenne moins dé bandesB satisfaisant
NFA g (n(B)) ". On cecide de cetecter les alignement par seuillage dMFA
avec un seuil' > 0, c'esta-dire que I'on consicere comme aligres les putis conte-
nus dans une band@® s lors queNFA gz (n(B)) ", on dit alors que la bande
B (ou le groupe de points qu'elle contient) est-signi cative. La propree ( 1.21)
stipule alors qu'en moyenne, moins decetections sont faites dandH . Cela donne
un sens concret au seull, ce dernier repesente un majorant du nombre moyen
de cketections autoriees dans du pur bruitHg, c'esta-dire du nombre moyen
de fausses cetections. Pour construirea partir deX.20 et (1.21) un algorithme
concret de cetection d'alignements de points, on adopte @ncemarche glou-
tonne , qui consistea retirer ierativement des donrees le grape de points qui
pesente le NFA le plus faible (si ce dernier est inkrieura™) eta recommencer
jusqua ce qu'il ne reste plus de groupes de points déFA inkrieura " dans la
fLquence.

Depuis Pesolneux et al. 200]) des cetecteurs a contrario ontee developpes
pour une grande quantie d'applications, telles que la dection de contours Pe-
solneux et al. 200]), de segments\[on Gioi et al. 2008gb], de jonctions Kia
et al. 2014, de spots (ou taches) sur fond textue Grosjean et Moisan 200 de
changement sous-pixelliques dans des images radatsHin et al. 2009 2014, et
bien d'autres encoreRRabin et al. 2009 Akinlar et Topal 2013]. Parmi les princi-
paux atouts de ces cetecteurs, on met souvent en avant leuolvustesse au bruit,
ainsi que le fait qu'ils ne recessitent le eglage que d'useul paranetre " et ce
eglage est particulerement simplea la lumere de la popree ( 1.21) puisque le
paranetre " repesente un majorant du nombre de fausses cetections tuiees.
Un autre inerét majeur de ce mockle est que la formule du NFAqu'il produit
(par exemple (.20 dans notre exemple de cetection d'alignements) peut é&r
utilisee pour ltrer les structures ceteceesa l'aide d'un autre cetecteur, an d'en
eliminer les fausses cetections. De manere plus gemale, le NFA peut &tre uti-
lie pour quanti er la cetectabilie d'une structure, a u sens ai, pour un seuil de
cetection " donre (par exemple” = 1 pour xer les ickes), toute structure ayant
un NFA superieura 1 apparatra en moyenne environ 1 fois dans dedonrees
akatoires Hy, on peut alors dire qu'elle n'est pas cetectable (au niveade seulil
" =1). Letude du NFA conduit alorsa des esultats tes int eressants concernant
la cetectabilie des structures, on peut par exemple dange cas des alignements
de points s'ineresser au nombre minimal de points que dottontenir une bande
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donree B pour devenir cetectable, on peutegalement etudier comrent evolue
ce nombre minimal de points en fonction du nombre total de pas pesents
dans les donreedN, de lepaisseur des bandes, de la taille du domaine , etc.
La nmethodologie a contrario fait encore I'objet de rechehes passionnantes, voir
par exemple Pesolneux 2016Desolneux et Doe 201pai I'on s'ineresse a des
moceles Hy plus riches que les mockles classiques, dans lesquellegsincapable
d'assurer qu'une structure donree n'est pas signi cativécette probematique est
egalement adresse dans la these dBoe [2014).

Revenonsa pesent au probeme de cetection de trajectoes consicee par Pri-
met [201]. Dans ce travail, on consicere comme point de cepart la doee d'une
£quence de points pealablement dceteces dans une quence dimages. On

cesigne ici un ensemble de points issus de la cetection etee sur une image
de domaine ), tel que chaque framefy, contienne Ny points (un point etant
repesene par ses coordonrees dans ). Les points tradisent la pesence d'ob-
jets dans la £quence d'image, reanmoins letape de detction de ces pointsetant
imparfaite, il faut gardera I'esprit que ces donrees sonentachees d'erreurs : cer-
tains points de la squence correspondenta de faussestaektions, on parle de
points aberrants, d'autres sont au contraire manquants, €sta dire qu'ils n'ont
pasee ceteces dans certaines frames. On s'ineress au probeme de dcetection
de trajectoires eguleres (ou lisses) dans de telles daes. Des probematiques
similaires sont couramment consiceees (incluant ou notetape de pe-dcetection
des points) dans la literature [Reid 1979 Bar-Shalom et al. 1983 Rangarajan
et Shah 1991 Chetverikov et Verestoy 1999 Veenman et al. 200,1 2003 Bar-
Shalom 2006 Fleuret et al. 200§ Berclaz et al. 201]. De manere grerale, ces
methodes sont souvent corcues dans un cadre assez resirest recessitent des
modi cations ad hoc successives pour traiter le cas geral (pesence de points
aberrants, ou points manquants) que l'on consicere ici. Bpproche a contrario
astre propose dansPrimet [201] se eele extréemement e cace pour traiter ce
probeme, mais conduit reanmoinsa un algorithme dont lacomplexie en O(K ?)
s'awere edhibitoire pour traiter de longues quencegtypiquement ces lors que
K 1000 frames). Dans le Chapitré de cette these, nous nous ineressons a

equences de taille plus petites (avec recouvrement), @ttraiter quentiellement
ces sous-equences en ¢k nissant une straegie de pralgement des trajectoires
dans les zones de recouvrements entre les frames. Cette arstg, appeke cu-

tastre , conduita un algorithme de complexie O(K), tout en conservant la
propree de NFA qui permet de contrbler le nombre de fausss cetections. Cette
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variante est d'ores et cep utilisee par Dimiccoli et al. [2016 pour e ectuer le suivi
de particules uorescentes dans de longues quences @gas.

1.6 Organisation de la tlese

Nous proposons ci-dessous une synthese de chaque chapitmgosant cette
trese.

Chapitre 2

Ce chapitre constituea la fois une introduction concernanl'utilisation de la
variation totale en traitement d'image et un travail de syntese de la literature
concernant les outils d'analyse convexe, en particulier de dualie de Legendre-
Fenchel, sur lesquels se basent les algorithmes modernasngétant la minimisa-
tion des fonctionnelles convexes non-dierentiables gunettent en jeu la variation
totale. Apes avoir cktaile ces dierentes notions, no us les appliquons a divers
probemes classiques de traitement d'images.

Chapitre 3

Dans ce chapitre, nous etudions un mockle de discetisadn de la variation
totale appek variation totale Shannon (STV). Contrairenent aux moceles de
discetisation classiques faisant appela des sctemasir dierences nies (TV 9),
la variation totale Shannon consiste en l'estimation par w somme de Riem-
man de la variation totale continue de l'interpoke de Shamon de I'image discete
de cepart. Nous montrons comment, comme dans le cas d& ¢, les methodes
duales modernes peuvent &tre utili'ees pour minimiserdenergies convexes non-
dierentiables impliquant STV. Nous illustrons sur de nombreux exemples com-
ment ce mocele, gracea la penalisation des oscillatiosa lechelle sous-pixelliques
gu'il impose, permet de econcilier la minimisation de la a&riation totale avec
la theorie de lechantillonnage de Shannon, au sens al feimages obtenues avec
ce mockle peuvent tre interpokes sans artefacts. Nousamtrons egalement que
STV permet un gain consicerable en terme d'isotropie par gort au mockle
TV 9. Nous proposons en n un nouveau mockle de restauration d'mge dans le-
quel l'utilisation de STV permet de construirea partir d'une imageug donree, une
imageu visuellement tes proche deug mais pouvant étre interpoke (en utilisant
I'interpoke de Shannon) de manere beaucoup plus sataante queuy. On pro-
te ainsi d'une collaboration eussie entre theorie de Slannon et variation totale,
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puisque la threorie de Shannon nous permet d'aneliorer i&imation de la variation
totale et la variation totale nous permet d'aneliorer la qualie de l'interpolation
de Shannon sur les images nuneriques.

Chapitre 4

Dans ce chapitre, nous adaptons un nouveau moctle de restation d'images
appek TV-ICE (pour Iterated Conditional Expectation9 au cas ai les images sont
cegrackes par un bruit de Poisson, menant ainsi au mocel&V-ICE Poisson. Nous
montrons que, comme avec TV-ICE, le moctle TV-ICE Poisson caeiste en la re-
cherche d'un point xe d'une application contractante, coduisanta un schema
nunerique dont le taux de convergence est lireaire. Nous mtrons egalement
d'un point de vue formel que les images gereees par ce nmedd ne pesentent
pas l'e et dit de staircasing (qui corresponda la ceation dans l'image de egions
constantes par morceaux celimiees par des contours artiiels) dont sou rent ha-
bituellement les images obtenues en utilisant I'approchdassique du maximum a
posteriori (TV-MAP). En n, nous nous concentrons sur la formlation explicite
des ierations du sclrema assoce au mocele TV-ICE Poisso. Si letablissement
de cette formulation explicite ne pose aucune dicule du mint vue treorique,
nous remarquons qu'il conduit a un probeme nunerique dicile, impliquant
levaluation d'un ratio de dierences de fonctions gamma ncompektes cereraliees,
recessitant un contrble pecis des erreurs inkerentesu calcul par ordinateur en
pecision nie. Nous proposons alors une nethode nuneriges (qui fait I'objet
d'une etude cetailee au Chapitre 5) permettant d'e ectuer rapidement et avec
une bonne pecision les calculs mis en jeuxa chaque ietian du sclema. En-
n, nous validons exgerimentalement les proprees theorique du mockele TV-ICE
Poisson (c'esta-dire la convergence lireaire du scleaet I'absence de staircasing),
et nous comparons les images ainsi obtenues avec cellegigsumoctle TV-MAP.

Chapitre 5

Dans ce chapitre, nous cktaillons une progdure nunerige cedeea levaluation
de la fonction gamma incompekte gereraliee Xy sPle Sdsaw0 x<y +1,
cesigne un eel non nul etp un entier strictement positif. Notre approche consiste
a lectionner, parmi dierentes nmethodes d'estimati ons (impliquant entre autres
des ceveloppements en wries enteres ou en fractions rdmues, des formules
ecurrentes d'inegration par parties, ou encore d'appoximations par la nethode
des trapezes), celle qui ealise I'estimation la plus raiple et la plus pecise en fonc-



1.7. Liste des publications 37

tion de la valeur des paranetresx;y; ;p . Tous les algorithmes mis en jeu dans
ce chapitre sont decrits en pseudo-code et nous en proposame impementation
en langage C. Nous montrons que la pecision obtenue avec edgjorithme est
guasi-optimale pour une grande gamme de paranetres.

Chapitre 6

Dans ce dernier chapitre, nous nous ineressons au profve de cetection de
trajectoires eguleresa partir d'une quence (bruiee) de nuage de points. Si cette
cetection peut-etre ealise de manere optimale, ausens d'un criere a contra-
rio, en utilisant I'algorithme astre (A-contrario Smooth TRajectory Extraction),
sa complexie quadratique (en temps et en nmemoire) par rgport au nombre de
frames contenues dans la quences le rend en pratique ilséible pour la plupart
des applications. Nous proposons donc une variante de cetalthme, appekecu-
tastre , qui consistea cecouper la £quence en sous-equengaas petites (avec
recouvrement entre les frames qui composent ces sous-eates) eta traiter ces
sous-equences fquentiellement (mais non-incependanent), ce qui menea un
algorithme de complexit linaire par rapport au nombre toal de frames composant
la £quence. Nous cecrivons l'algorithmecutastre  a I'aide d'un pseudo-code et
nous en proposonsegalement une impkementation en langag@. Nous expliquons
comment les deux nouveaux paranetres introduits pacutastre (le nombre de
frames contenues dans une sous-quence ainsi que dansie zle recouvrement
entre deux sous-equences) peuvent &tre eges de mama satisfaisante. Nous com-
parerons les performances des deux algorithmes en terme dali¢ de cetection
et temps d'execution,a la fois sur des donrees synthetjues et eelles. De manere
assez surprenante, en plus de l'anelioration drastique da complexie de cu-
tastre par rapporta celle de astre , les performances en terme de qualie de
cetection atteintes par cutastre  sont en gereral Egerement meilleures que celles
atteintes avec l'algorithmeastre initial.

1.7 Liste des publications

Travaux publes

Une partie du Chapitre4 a fait I'objet d'une publication dans I'acte de la conkrerce
SSVM (Scale Space and Variational Methods in Computer Visioren 2015.
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Total Variation Restoration of Images Corrupted by Poisson

Noise with Iterated Conditional Expectations (Remy Abergel,
Qecile Louchet, Lionel Moisan, Tieyong Zeng)proceedings of the 5th In-
ternational Conference on Scale Space and Variational Methods in Com-
puter Vision, 2015.

Une partie du Chapitre6 a fait I'objet d'une publication dans I'acte de la conkrere
EUSIPCO (European Signal Processing Conference) en 2014. impementation
en langage C de l'algorithme que nous proposons est dispdaib I'adresse
http://www :math-info :univ-paris5 :fr/ ~rabergel/cutastre :html.

Accelerated A-contrario Detection of Smooth Trajectories (Remy
Abergel, Lionel Moisan),proceedings of the 22nd European Signal Proces-
sing Conference (EUSIPCO) 2014.

Travaux soumis

Le contenu du Chapitre3 a fait I'objet d'une soumission dans la revudournal of
Mathematical Imaging and Vision (JMIV).

The Shannon Total Variation (Remy Abergel, Lionel Moisan), sub-
mitted to Journal of Mathematical Imaging and Vision (JMIV), July
2016.

Le contenu du Chapitre5 ainsi qu'une impementation en langage C de l'algo-
rithme que nous proposons ont fait I'objet d'une soumissiotians la revueACM
Transactions on Mathematical Software (ACM-TOMS)

Fast and accurate evaluation of a generalized incomplete
gamma function (Remy Abergel, Lionel Moisan), submitted to ACM
Transactions on Mathematical Software (ACM-TOMS) June 2016.
Code available athttp://www :math-info :univ-paris5 :fr/ —rabergel/
softwares/deltagammainc :zip

Autres contributions

Des tutoriaux concernant principalement les moctles de seauration d'images
par minimisation de la variation totale, avec impementaton des algorithmes en
langage Scilab, sont disponibles sur ma page personnellentd'adresse actuelle
est : http://www :math-info :univ-paris5 :fr/ ~rabergel/ .
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The use of the Total Variation In
Image Processing
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In this chapter, we will focus on the total variation and its wse in image
processing applications. Some de nitions and properties) both the continuous
and the discrete setting, will be given in Sectio2.1 Some convex analysis tools,
based on Legendre-Fenchel duality, and helpful to perfornhé minimization of
convex functionals involving the total variation, will be gesented in Sectior2.2
Those tools will be used to handle various type of image praseng tasks in
Section2.3. In Section 2.4, we will present some more advanced duality results,
that are useful to handle with another approach, and someties more e ciently,
the optimization problems considered in Sectio@.3. This chapter results from a
study of the literature. Although it is far from giving a complete overview about
total variation, convex optimization, and duality, it contains all the information
necessary to properly manipulate the total variation in a vaational context.

39
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2.1 The total variation

2.1.1 De nitions

We will rst consider the continuous setting, where the imags are represented
as real-valued functions

U= c | R

(xy) 7 u(xy)
de ned on an open subset . of R? (for instance .=(0;1) (0;1)). When the
imageU admits some partial derivatives@U and @U in the two directions of the
canonical base oR?, and when those partial derivatives are integrable on. (i.e.
@Uand@U 2 LY( (), wecallr U:=(@U;@J)2 R © R ¢ the gradient of U
and the total variation of U is de nzed by

TV (U)=  jr U(xy)jz2dxdy; (2.1)
noting j j» the 2 Euclidean norm inR?. This de nition can be naturally extended
when U belongs to the Sobolev spac#/*( .) de ned as

W )= U2LY o); 82120 @2LY o ;

where@U and @U now denote the weak partial derivatives ob) in the two direc-
tions of the canonical base oR? (see for instanceZiemer 201}). Unfortunately
the elements ofW%( ) are too regular to e ciently represent images since we
can show that they cannot contain any discontinuity across éne (such as the
edges or boundaries of objects in an image), or any hypersaag in general (see
[Chambolle et al. 201]). Fortunately, the de nition of the total variation of an
image can again be extended to the space of functions with bamled variation
(which this time allows discontinuities for the images), ware the total variation
can be written in a weaker form.

De nition 1 (weak formulation of the total variation). For any image
U2Li( ), the total variation of U is dZe ned by

TV (U) = sup U(x;y)div (x;y)dxdy;
2CG ( <) c
8(xy)2 5 (xy)iz 1
whereC! ( ) denotes the set of inde nitely di erentiable test functions with com-
pact support contained in ., anddiv = @ + @ denotes the divergence of the
two dimensional vector eld .
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De nition 2 (functions with bounded variation). We say that the imageJ
has bounded variation whenever it has nite total variation, and we no®V ( )
the set of all images with domain . and bounded variation,

BV( )= U2Li( o); TV(U)<+1

Remark 1. If r U exists and is an element of }(R R ), noting h; i the

Euclidean inner product inR?, we have
z z

U(xy)div (x;y)dx = hruU(xy); (xy)idxdy; (2.2)
since the divergence operator is the opposite of the adjointrof This gives an
intuitive reason why taking the supremum of2.2) over all functions 2 G ( )
such asj (x;y)j. 1forall (x;y)2 . leads back to(2.1).

We now focus on the discrete setting where the considered iges are real
valued functionsu : 7! R but now is a rectangle of Z?, for instance,

= fO;:::;M  1g f O;:::;N  1g; with M;N 2 N:

The classical way to compute the total variation of the dis@te imageu is to
replace in @.1) the gradient operatorr by a nite di erences schemer ¢, and
the integral by a discrete sum. Usually, we sat 9 = (r ¢;r 9) with

. . riu(sy) = u(x+1y)ou(xy)
BV Z 5 huiay) = u(ay+ D) u(cy) @9

using the convention thatu(M;y) = u(M  1;y) and u(x;N) = u(x;N 1) for
all (x;y) 2 . By analogy with the continuous setting, we note div® the opposite
of the adjoint of r 9, that is, div® = (r ) . One can easily check that the nite
di erence scheme 2.3) yields

8p=(pip) 2R R ; divi(p)=divi(py) +div () (2.4)
where, for any &;y) 2

L < P1(X;y) if x =0
divi(p)(x;y) = . pm(xy) pu(x Ly) ifl<x<M 1
pi(x 1y) fx=M 1
8 .
< P2(X;Y) ify=0

p(Xy) paAx;y 1) ifl<y<N 1
p(X;y 1) ify=N 1

divi(p2)(x; y)
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De nition 3 (discrete total variation). Letu: 7! R be a discrete image
with domain . We call discrete total variation ofu the quantity

X
TV 4(u) = ir fu(y)iz;
(xy)2

where, unless explicitly stated; ¢ denotes the nite di erences scheme de ned in
(2.3.

Notice that even if (2.3) is the most frequently used nite di erence scheme for
the discrete total variation, many others can be used. Actulgithe scheme 2.3) is
far from optimal, for instance we can see that with such a chze of discretization,
TV ¢ su ers from a strong lack of isotropy, in the sense that, in geeral we have

TV 4(u) 6 TV Y(Ru) ;
where R denotes the= 2 rotation operator de ned by
8(x;y)2 ; (Ru)(x;y)=u(y;M x 1):

The consequence is that when we consider sofi¥¢ %-based imaging problems,
the resulting image is in general not the same if a rotation of 2 is applied before
or after the process. Some more isotropic schemes exist bbey show other
drawbacks [ai et al. 2009 Wang and Lucier 2011 Chambolle et al. 2011Condat

2014.

2.1.2 The Maximum A Posteriori approach to image re-
construction

Letu2 R (thatis, u: ! R) be an (unobserved) intensity image de ned
on the discrete domain =f0;:::;M 1gf O;:::;N 1gwithsizeM N .
Instead of u, assume that we are only able to observe a noisy version A,
where A : R 7! R' denotes a linear operator, which may model for instance
the convolution with the point spread function of an acquision sensor (but also
some other linear observation mechanisms such as tomogngptownsampling,

sizeM, N, (possibly! = ). Noting up2 R' the observed image, we consider
that

8(x;y) 2 5 Uo(Xy) = Au(x;y) + n(X;y); (2.5)
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where then(x;y) are realizations of independent Gaussian random variallevith
zero-mean and variance?. The imagesuy and n considered above are realizations
of random variables notedup and n. The probability density function (p.d.f)
corresponding to the observation model(5) is therefore given by

.
I KAU  Ugk3

. 1
puju) = —p—=  exp

5 52 ; (2.6)

noting j! j = M, N, the cardinality of ! , andk k, the 2 Euclidean norm over
the nite dimensional vector spaceR' .

Remark 2. Equation (2.6) is straightforward to derive since we have
. Y 1
p(Uoju) = —p? exp

(xy)2!

(Au(x;y)  Uo(xy))?
22 !

thanks to the independence of the random family1 (X; y)g .y -

The function L = u 7! p(ujug) is known as thelikelihood associated to the
observation model 2.5. The Maximum Likelihood Estimator (MLE) consists in
computing a maximizer of the likelihood functionL, or equivalently to compute
a minimizer ofu 7! KAu  ugk3, leading to the well knownleast squares problem
related to the inversion of the linear operato.

We now move a step forward and try to take benet from prior knaledge
about the unobserved image itself (and not only about the obsvation model for
Uo). This knowledge is here modeled (although many other cheare possible) by
the improper TV ¢ prior p(u) / e TV 4 (u) (here, denotes a positive parameter,
the notation / indicates an equality up to a global multiplicative constaty and
the term improper indicates that the integral ofp over R is in nite), so that
the unobserved image is now seen as the realization of a ramdeariable u with
(improper) probability density function u 7! p(u) which promotes images! having
a low discrete total variation TV %(u). Thanks to the Bayes rule, we get the
(improper) posterior density

KAu  uok3

>3 TVIu) :  (2.7)

(u) := p(ujuo) / p(Uoju) p(u) /' exp

The Maximum A Posteriori (MAP) methodology consists in computing a maxi-
mizerumap 2 R of the (improper) posterior density , or equivalently a minimizer
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of the convex energy 7! log (u). Finally, the MAP approach boils down to
the variational problem

n;in KAu ugks+ TV 9(u); (2.8)
u2R

where the parameter =2 2, namedregularity parameter, controls the trade-
o0 between the so-calleddata- delity (the quadratic term) and regularity (the
total variation term) in the minimization process. A variational problem of the
kind (2.9) is called aninverse problem since it consists in recovering: from a
noisy version ofAu (thus in a sense to invert the operatorA). When A is the
identity operator in R , the inverse problem 2.8) boils down to a pure image
denoising application, which was rst introduced by Rudin, Osher and atemi
(ROF) in [Rudin et al. 1993.

Remark 3 (other observation models, the example of Poisson noise).

The presence of the quadratic term ir{2.8) is due to the Gaussian nature of the
noise which corrupts the observed imagg. Of course other models of noise are
possible (an interesting study about the di erence sources of noise occurring during
the image acquisition process with a digital camera can be found Aglierrebere
et al. 2013), typically in a low light context, that is, when only a low amounts
of photons reach the sensor during the acquisition process, a more realistic ob-
servation model consists in consideringy as a photon-count observation ofAu
(note that, in that case,Au must be nonnegatively valued), which means that we
considerug as an integer-valued random imageug 2 N') following the Poisson
probability density function,

Y Au (X, y)UO(X;y)
Uo(X; y)!

e Au(xy) .

p(Uoju) =

(xy)2!

The MAP approach can be used to derive other optimization problems (with data-
delity term di erent from the quadratic term kAu ugk3), more adapted to the
intended image restoration application.

The mathematical analysis tools necessary to handle probis of the kind (2.9),
and more generally many problems involving the total variabn, will be presented
in section2.2
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2.1.3 The LSE approach to total variation denoising

The Bayesian point of view behind the MAP approach is an elegamean to
design (or motivate the use of) som&V -regularized optimization problems dedi-
cated to image reconstruction tasks, however, it also prege several weaknesses:

(i) The rst one is obviously the imperfect choice of the prio p(u) as a model
for natural images (seeGousseau and Morel 20Q)L Since the choice(u) /
e VM favors the images with low total variation (that are typicaly piece-
wise constant images, also callechrtoon images, looking for a maximizer
Umap Of the posterior density makes the process very sensitivethvrespect
to the prior model (or from the optimization point of view, vey sensitive to
the designed energy 7! log (u)), whose imperfections inevitably yield
undesirable artifacts in the computed image. The typical éwback of the
total variation based MAP models is the creation inum,p Of constant areas
with arti cial boundaries, the so-called staircasing e ect.

(i) The second weakness is related to the founding idea o&tIMAP. As remarked
in [Chambolle et al. 201]) even if the prior model were perfectly built (i.e.
if the ideal unobserved images were e ectively the realization of a random
variable with probability density ), from a Bayesian point of view, there
would be no reason for a maximizeuny,, of to be close tou, SiNCe Umap
might be \very rare" under . A hand-designed posterior density function
that illustrates this situation is proposed in Chambolle et al. 2010Fig. 1],
a similar example is reproduced in Figur.1 We also refer to Nikolova
2007, where it is pointed out that the uma, Solution substantially deviates
from both the data acquisition model, and the underlying por model.

From a statistical point of view, the MAP estimator is the one hat minimizes
the hit-or-miss risk function, that is, a Dirac localized on the true solutio. In

the case of the pure image denoising (ROF) problem (replageby the identity

operator in (2.7) and (2.9)), it was suggested byl.ouchet and Moisan[2009 (see
also Louchet and Moisan 201p to consider, instead of the MAP, the posterior
mean Z

Use = Ey (Ujug) = ] u (u)du; (2.9)

which is the image that achieves théeast-Square-Error (LSE) under , leading
to a new estimate calledl'V-LSE . Note that this kind of approach is often called
MMSE (Minimizer of the Mean Square Error) or CM (ConditionalMean) in the
statistical literature. The properties of the image denoiag TV-LSE estimator
were analyzed in l[[ouchet and Moisan 20082013, in particular it was proven
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Figure 2.1: Hand designed posteﬁ'or density. We here d'ﬁpLay the graph of the one

dimensional density (u) = 0:1=( ; 2 )e ( D@ D 1+0:95 , 2 )e W 2°=C ) where

1=25, 1=1, ,=45and , =10. This posterior density reaches its maximum at the point
Umap = 25, while the posterior mean under is use = 43. We can see thatumap is quite rare
under (the probability of the realization u, sampled under , to satisfy U Umap + 3 is less
than 5%), while the density shows more energy in the vicinity ofujse .

that TV-LSE avoids the constant regions of the staircasing ect while allowing
the restoration of sharp edges, leading to more natural imag than the MAP
estimate. Surprisingly enough, in spite of the high dimermn of the spaceR (for
instance the dimension oR is 1 when we consider images of size 1000000),
the integral (2.9 can be numerically computed using a Monte Carlo Markov
Chains (MCMC) Metropolis Hasting algorithm (see Algorithm 1 n [Louchet and
Moisan 2008). Besides (this is rare enough to be remarked) an upper baliof the
square Euclidean distance between the iterates, and the true LSE imageu, sg
is available at each iterationn of the algorithm. Unfortunately, this algorithm
exhibits a slow convergence rated(n 72) for n iterations), which can be a major
inconvenience for many applications. To overcome this commational limitation,

a new variant namedTV-ICE (Iterated Conditional Expectationg and based on
the iteration of conditional marginal posterior means, waproposed in [ouchet
and Moisan 2014 This variant yields a numerical scheme which exhibits arear
convergence, and produces images that are visually verysdato those obtained
using theTV-LSE estimator. TheTV-ICE model will be presented and adapted
to the Poisson case in chapted.
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2.1.4 One and two dimensional examples

As discussed in Sectio.1.1 the elements oBV () can assume some discon-
tinuities, making possible the representation of sharp edg into this space. The
ability of the total variation regularizer to preserve thog discontinuities (in con-
trast to the classicalH * models, corresponding to a choice of regularizer of the type
J(u) = kr 9uk3, which tends to promote oversmoothed images, see eldikplova
200Q), is usually highlighted in the image processing literahe, and some careful
studies about the edge-preserving properties @ can be found in Chambolle
et al. 201Q Caselles et al. 2015 We will try to here give a simple intuition about
this interesting property, by focusing on the one dimensi@h case.

Lets:f0;:::;M 1g! R be aone dimensional discrete signal of siké, we
naturally adapt De nition 3 into

b( 2
TV 4(s) = jstck+1)  s(k)j:
k=0

Assuming now thatfs(k)go k< IS @ monotone (that is, nonincreasing or nonde-
creasing) sequence, we easily prove that

TV s)=js(M 1) s(0)j;

so that any other monotone signak: f0;:::;M 1g! R satisfying8(0) = s(0)
ands(M 1) = s(M 1) has the same total variation as (this result can be proven
in @ more general setting, in particular in the continuous $&ng, as it is done for
instance in Kannan and Krueger 201P. Consequently, the total variation will
not favor any monotone function among those satisfying thisonstraint, which,
in a sense, places the smooth and nonsmooth signals on eqaatihg, and makes
possible the selection of sharp edges (such as a step sigasin Figure2.2-left) in
the reconstructed signal, when dealing witi'V -based models of the typeZ4.9).

In contrast to the well appreciated allowance of discontinties provided by the
total variation regularizer, this approach also presentsosne drawbacks and prop-
erties with debatable consequences (e.g. the penalizatiohoscillations discussed
below). First, the TV regularizers tends to favor signals signals whose gradient
Is sparse (that is, often takes the value 0), so thalV based models usually pro-
duce signals showing some undesirabd¢aircase e ects, where one would have
expected smooth variations (see Figur2.2-right). Back to the world of the two
dimensional images, the total variation is responsible fahe creation of constant
areas with arti cial edges, as illustrated in Figure2.3. This undesirable e ect
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Figure 2.2: Left-side, several signals showing the same total variation. The signals
here displayed show di erent regularity ((a) and (b) present somediscontinuities, the others are
smooth), but all have the same total variation. Thus, no one is being pronoted in terms of TV
score in a variational context. This is not the case when we consider thelassicalH ! regularizer
J = s 7' kr 9sk3, for which all signals yield a di erent score, the smallest being relized by (e).
Right-side, one dimensional signal reconstruction in presence of nois e using ROF. A
reference signal (a) is corrupted by an additive white Gaussian noiseb), then processed using
the ROF model (that is, model (2.8) with A = 1), with =200, yielding the restored signal (c).
The discontinuities of (a) are present in (c), however, the promoton of sparse gradient involved
a staircase e ect, where we expected a smooth variation.

is known asstaircasing e ect (or staircasing artifact). It was rst theoretically
studied in [Nikolova 200Q, and more recently in Chambolle et al. 201§ Second,
as a consequence of the promotion of sparse gradients, Thé regularizer penal-
izes oscillations. On the one hand, oscillating patterns artypically the kind of
structures one wants to avoid when dealing with inverse prédms, in the sense
that, the penalization of those structures is valuable. Onhe other hand, some
oscillatory patterns may correspond to textures that one wadd like to preserve.
Interestingly, some works try to take advantage of this ab@/mentioned behaviour
of the total variation (generally presented as a shortcomg), by using the TV
term to perform image decomposition into three components, rst one contain-
ing the geometrical structure of the image, a second one thexture of the image,
and a third one the noise Yese and Osher 20Q4Aujol and Chambolle 200%

2.1.5 Several well known variants of TV
Isotropic and Anisotropic total variation.

A rst variant of the total variation is obtained by replacin g the Euclidean
*2 norm of the gradient in De nition 3 by a “P norm (we will note 2 instead
of "P to avoid confusions when we will introduce, in the next seams, a dual
variable traditionally noted p). We de ne accordingly theTV ¢ (fora 1, possibly
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(a) reference (b) noisy (c)TV restored
details of (a) details of (c) level lines of (c)
Figure 2.3: The staircasing e ect of TV. A noisy version (undergoing additive white

Gaussian noise with zero mean and standard deviation = 20), displayed in (b), of the reference
image (a), was denoised using the ROF model (that is, model2.8), taking A = 1), with the
setting = 40. On the second row, we display some close-up views of (a) and (c), vudi
reveal the presence in (c) of constant areas with arti cial boundaries,that were not present
into the reference image. This so-called staircasing e ect is dueat the promotion by the TV
term of piecewise constant images. (ocartoon images). This e ect clearly appears on the level
lines of (c), here computed using a bilinear interpolation, whichtends to concentrate along the
spurious edges of the staircased regions. We also observe that some tenetsl (in particular the
microtextures) of (a) are not present in (c), due to the penalization ofthe oscillations operated
by the total variation, showing its inability to deliver well-text ured images.

a=+ 1) variant of TV 9,
X
8a2[1,+1];8u2R ; TVIw)= it qu(X;y)ja; (2.10)
(xy)2
wherej j. denotes the'2 norm over the R? space, de ned by

(jzaf® + jzoj)'™ ifa< +1

_ 2. iy o\i =
8(21:22) 2 R% [(z1;Z2)]a = max (jzij;jzj) ifa=+1

Since the total variation operator in .10 is written as a sum of @ norms, we
naturally introduce the normk k., overR R , which is a combination between
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*1 and *@ norms, de ned by

X
8(01;2) 2R R ; k(91 ®)kya = 19X Y); (X Y))as
(xy)2

so that the total variation operator can be seen as the comptien between the
norm k ki, and the linear nite di erence operator r ¢,

8a 1, 8u2R ; TVIu)= kr Yukyy; (2.11)

and this viewpoint will be used in Section2.3.1to derive a dual formulation of
TV g Of course @.11) is a straightforward generalization ofTV 9, since the two
de nitions coincide whena = 2. In practice we are principally interested in the
settingsa=1or a= 2.

De nition 4 (isotropic and anisotropic discrete total variation). TV ¢
and TV § are respectively called anisotropic and isotropic discrete total variation.

We will see that from the optimization point of view, the use BTV ¢ in-
stead of TV ¢ introduces no theoretical nor numerical di culty. The casea = 1
(corresponding to the anisotropic total variation) is sommes addressed in the
literature, mainly because it leads to optimization problms that can be solved by
graph- ow techniques (seeParbon and Sigelle 2006Chambolle 200} and ref-
erences therein). Besides, the anisotropic total variatiowas also used to derive
some numerical algorithms dedicated to the computation ohe TV-ICE variants
of the TV-LSE model, in the cases of image denoising in presence of Gaussia
noise Louchet and Moisan 201Jor Poisson noise (see Chaptds or [Abergel et al.
2019).

The Huber approximation.

The use of the discrete total variation as a regularizer fomage processing ap-
plications generates images with piecewise constant ragscand arti cial bound-
aries, this is thestaircasing e ect already evoked above. This undesirable e ect
has been rigorously identi ed and studied inNlikolova 200Q Ring 2004, in par-
ticular it is proven (in a more general setting than total varation regularization)
in [Nikolova 200Q that the non-di erentiability at zero of the total variati on (or
more generally of the cost function to minimize) is resporide for the staircasing
artifact. In order to get rid of this artifact, we can replacethe 2 norm of the
gradient by a smooth approximation, for instance the so-dald Huber-function.
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De nition 5 (Huber function). Let be a positive parameter, we notel the
Huber function with parameter , de ned by
izi2 .
822 R% H (2= . J;i tizla
jzj2 5 otherwise:

From its de nition, we can see that the Huber function consist in replacing
the (non-di erentiable at zero) "2 norm by a (di erentiable at zero) square 2
norm over the 2 closed ball with center 0 and radius . Outside of the ball, H
is simply the *2 norm translated by the quantity = 2, so thatH is a continuous
and di erentiable function of R? (some one dimensional plots dfl , for several
values of , are displayed in Figure2.4).

4

*2.norm ——
H -
35 0:5
H ozpig e
H =15 —omoee
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Figure 2.4: One dimensio‘hal cgmpaﬁison %enxve?en ' j j22 ané H . We here display a one
dimensional representation of the 2-norm, and, for several values of , the graph of the corre-
sponding Huber approximation H , which basically consists in replacing the non di erentiable
term jxj, by a smooth quadratic term whenx 2 [ ; ]. Otherwise, whenx 62[ ; 1], an
appropriate o set is used, which makes theH function di erentiable.

De nition 6 (Huber total variation). Given a positive real parameter , we
call Huber total variation with parameter the operatorHTV ¢ de ned by

X
8u2R ; HTVYu)= H (r u(x;y)):
(xy)2

We will experimentally check that replacing theTV ¢ regularizer byHTV ¢ in
optimization problems of the kind @.8) leads to images without staircasing arti-
fact, but the removal of artifact is done at the expense of logg the nice theoretical
properties of the total variation, such as the formal allowace of discontinuities
(and thus sharp edges) into the restored image.
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Other variants.

Many variants of TV have been proposed to avoid the staircasing e ect, and
preserve textures. Some of them consist in smoothing the cistinuity of the TV
functional, as it is the case with the Huber variant. Some otlreconsist in adding
some higher derivative order terms to thel'V functional [Chan et al. 2000, or
even in changing the order of the derivative into the'V term itself, yielding a
generalized de nition of this functional called Total Genealized Variation [Bredies
et al. 201Q.

2.2 Basis of non-smooth convex analysis and op-
timization

In this section, we will recall some fundamental results obavex analysis, most
of them taken from Ekeland and Temam 1999. The aim of this presentation of
some already well known results, is to give a minimal, but cqgotete, set of tools
that are now widely used to handle convex and non smooth optimation problems,
which are particularly e cient to perform total variation b ased minimization.
We refer to [Ekeland and Temam 1999 Rockafellar and Wets 1998Boyd and
Vandenberghe 2004for much more complete information.

2.2.1 Main de nitions and properties

Let us consider a nite-dimensional real vector spacg, and let E? denote its
dual space, which is made of all continuous linear mapping®i E to R. Let R
denote the setR[f1 ;+1g andh; i denote the bilinear mapping fromE” E
to Rdened by H;ui ="' (u)forany' 2 E? andu 2 E. We rst recall the
de nitions of convex sets and convex functions.

De nition 7 (convex sets and convex functions). A subsetC of E is convex
if and only if for any pair of elements(u;v) of C, the line-segment[u; v] with
endpointsu and v,

[uvi=fu+(@ )v; O 19 ;

is a subset ofC. Now given a convex subs& of E, a mappingF from C to R
is convex if and only if it satis es

8u;v2C; 8 2[0;1];, F(u +(1 WV)  F (u)+(1 YE(V);



2.2. Basis of non-smooth convex analysis and optimization 53

whenever the right-hand term is de ned, i.e. whenever the paiF (u); F(v)) is
dierentfrom (+1 ;1 )and(1 ;+1). If moreover the inequality is strict for
any u 6 v and any 2 (0;1), the function is called strictly convex.

Notice that allowing the functions to assume the value * will be of great
importance, since in convex optimization we often need to ksider the indicator
function of a domainD  E, de ned by

0 ifu2b

Bu2E; op(u= | 1 otherwise,

(2.12)
which is a convex function if and only ifD is a convex subset oE. Convex
functions that assume the valuel are however very special since those functions
are in nite everywhere except possibly at a single point whe it may take any
value (see Ekeland and Temam 1999 Chap. I, Sec. 2.1]). The underlying reason
why we keep the valuel (however much we wish to remove it) is that the
constants 1  are in a certain sense placed in duality (se&€feland and Temam
1999 Chap. I, Def. 4.2]). For instance, we will later consider th Legendre-Fenchel
transform which changes the constant functior = + 1 of E into the constant
function F? = 1 of the dual spaceE”.

In the following we will denote by donf the e ective domain of F, that is the
set of vectorsu 2 E such asF (u) < +1 ,

domF = fu2 E; F(u)< +1g

The e ective domain of F is nonempty as soon a§ is not identically equal to
+1 . In order to get rid of very particular cases, we will say thathe function
F is proper if it never assumes the valuel and is di erent from the constant
+1.

Before focusing on the non-smooth setting, which will retaiall our attention
later, we brie y recall the notion of Gateaux-di erentiability.

De nition 8 (Gateaux-di erentiability). Let F be a function ofE into R,
let u and v be two points of. If the limitas ! 0, of

F(u+ v) F(u)

(2.13)

exists, it is called the directional derivative in directionv of F at point u and
denotedD,F (u). If furthermore there exists an element , 2 E? such that

8v2E; DyF(u)=H,;ui;
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we say thatF is Géateaux-di erentiable at the pointu, we call' , the Gateaux-

di erential of F at the pointu, and we note' , = D F (u). When moreoverE is a
Hilbert space, the Riesz representation Theorem states that there exists a unique
element of E noted r F(u) such that DF (u);ui is equal to the inner product
betweenr F(u) and u. In that caser F(u) is called gradient ofF a the point u.

Of course a function which is di erentiable at pointu in the classical sense
(that is in the sense of Fechet) is also Gateaux-di erenable at u and the two
notions of di erentials coincide, but the reciprocal is fade. The notion of Gateaux-
di erentiability is particularly suited to the convex setting since for any convex
function F, the expression 2.13 always possesses a limit as! 0., this limit
may however be in nite.

We will now focus on the non Gateaux-di erentiable settingnamed here the
non-smooth setting), and we will show how the notion of Gagx-di erential
shall be generalized for non-smooth convex functions. Weagt with the notion
of lower semi-continuity.

De nition 9 (lower semi-continuity). A function F from E to R is lower
semi-continuous (l.s.c) onE if and only if for any up 2 E and for any " > 0,
there exists a neighborhooW, of ug such as

8u2V,, F(u F(u) ";
or equivalently when
8up2 E; Iliminf F(u) F(uo);
u! up

noting liminf F (u) the limit inferior of F at point uo.
u! ug

Remark 4. A useful way to prove the lower semi-continuity (respectively its con-
vexity) of a functionF : E ! R consists in considering its epigraph, which is the
setepiF = f(u; )2 E R; F(u) g. IndeedF is I.s.c on E if and only if
epiF is closed inE R, and F is convex onE if and only if epiF is convex (see
[Ekeland and Temam 1999 Chap. I, Prop. 2.1 and 2.3]). In particular, thanks
to this topological characterization, we see that the indicator function, de ned

in (2.12, is l.s.c and convex orkE if and only if the setD is a closed and convex
subset ofE, since in that case, we havepiF = D R..

Now, we recall the notion of a ne continuous function, which ¢ at the same
time a very simple and, as we will see in the following, an exmely useful object
to e ciently represent convex and lower semi-continuous foictions.
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De nition 10 (a ne continuous fonctions on E). Anane continuous func-

tion on E is a function A :E! RoftypeA :u7!'' (u)+ ,where' is a linear
continuous function fromE to R (i.e. an element of the dual spac&?) and

is a real number. We will call' the slopeand the constant term of such a
function. We note A (E) the set of all a ne continuous functions onE.

We follow up with the de nition of the the spaces (E) and o(E).

De nition 11 (the spaces (E) and o(E)). We denote by ( E) the set of
functionsF : E ! R which are the superior envelope (or pointwise supremum) of
a family of continuous a ne functions on E. We denote by o(E) the subset of

( E) composed of the functions other than the constantsl and 1

We see immediately from the de nition that any element of (E) is necessarily
convex and lower semi-continuous, since those two propesdiare stable by passage
to the supremum, and are satis ed by any a ne continuous funton. The next
proposition gives a precise characterization of the spacé<) and ((E).

Proposition 1 (characterization of (E)and o(E)). Afunction F:E! R
is an element of ( E) if and only if F is a convex lower semi-continuous function
on E which may assume the valud but in that caseF is identically equal
to 1 . Consequently the sety(E) is composed of all proper elements df E).

Let us take a functionF in ( E), by de nition, there exists a (possibly empty)
subsetS of A (E) such that

Bu2E; F(u)=supA(u);
A2S
and consequently all the a ne continuous functionsA 2 S are necessarily less
than F everywhere onE,
8A2S; 8u2E; A(u F(u):

This raises an interesting question\What do we get when we consider the su-
perior envelope of all the a ne continuous functions lower-bounding ?" This
question is answered by the following proposition that leadus to the notion of
-regularization.

Proposition 2 ( -regularization).  Let F and G be two functions fromE into
R, the following properties are equivalent to each other:
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(i) G is the pointwise supremum function of the set of all continuous ane
functions that lower boundr;

(i) G is the largest element of( E) that lower boundsF-.

When (i) or (ii) is satis ed, the function G is then called the -regularization of
function F.

Proof (adapted from Ekeland and Temam 1999 Chap. I, Sec. 3.2]). Let us note
G, the function satisfying () and G, the function satisfying (i). We note A,
(respectivelyA») the set of all the a ne continuous a ne functions (respectively
all the elements of (E)) which lower boundF. SinceA; A, we haveG; G..
Now since each elemend 2 A, is in ( E), it can be seen as the pointwise
supremum of a familyAy of ane continuous functions, and necessarily the
elements ofA, lower boundF (sinceH lower boundsF). Thus, we get that for
anyH 2 A, we haveAy A, and we derive the converse inequalit$, G;.
0

2.2.2 Legendre-Fenchel transform

Given a functionF : E ! R, let us explore further the set of a ne continuous
functions which lower boundF. We prove below that a continuous a ne function
A :E! R with slope' 2 E? and constant term 2 R (thatis, A = u 7!

H;u i + ) lower boundsF if and only if F?(" ), where
F?’C)= sup Hiui F(u): (2.14)
u2domF

Notice that when F assumes the valuel , formula (2.14) yields F?(" )=+ 1,
and whenF is the constant +1 (i.e. when F has empty domain), it yields
F?(')=1

Proof. A remains belowr everywhere orE if and only if for any u 2 E we have

H,ui+ F (u), that is, when sup,,g;u i F(u) . The supremum can
be restricted to the e ective domain ofF, since the functionu 7' h';u i F(u)
is identically equal to 1  outside of donf . O

This leads us to the Legendre-Fenchel transformation.

De nition 12 (Legendre-Fenchel transform). If F:E! R, then formula
(2.14 de nes a function F? from E? into R called the Legendre-Fenchel transform
of F (also known as the polar or conjugate function d¥).
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From its de nition, one directly sees that the Legendre-Fechel transformF?
of F is an element of (E?) (in particular it is convex and |.s.c), since it can be seen
as the pointwise supremum of the family of continuous a ne factions (A ), qomr
over the dual spaceE?, de ned by

8u2domF;, A,:" 7'hhui F(u):

Assuming from now thatE is a re exive space (for instance a Hilbert space),
writing the Legendre-Fenchel transform of the functiorF? leads to

F??:u7! sup Hiui F?();:

' 2domF?

which is an element of (E??), and thus an element of (E). SinceF and F?? are
de ned on the same space, they can be compared to each otheg @btain the
following result:

Proposition 3 (bi-Legendre-Fenchel transform). The bi-Legendre-
Fenchel transformF?? of any function F : E ! R is none other than the -

regularization of F. In particular F?> F on E, and we have the equalitlf >’ = F

ifand only if F 2 ( E).

Proof (adapted from Ekeland and Temam 1999 Chap. |, Prop. 4.1]). The
-regularization of F is the pointwise supremum of the set of all a ne contin-
uous functions which lower bound~. This supremum can be restricted to the
lower bounding a ne continuous functions having maximal castant term, that
is, the functionsA. : E ! R of the type

8 2E% A =uT'hjui F?():

Since the pointwise supremum of the familyA- ). , - is exactly the functionF ??,
we get the announced result. m

In practice Proposition 3 is of great use to derive a primal-dual reformulation
of an optimization problem when the cost function decompaoseas the sum of
terms where at least one lies in E). For instance, if F : E ! R is an element
of ( E), we have

Bu2E; F(u-= F??(u): sup H;u i F’?(- ):

' 2domF?
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so that for any functionG : E ! R, the problem inf,,e F(u)+ G(u) is equivalent
to the primal-dual problem

inf sup Gu)+ H;ui F°(); (2.15)

U2E " 2domF?

which may be easier to handle (and we will see later that it ig/pically the case
when we setF = TV 9).

A last important remark is that when E is a Hilbert space, the dual spacg&”
identi es to the primal space E, which means that for any element 2 E?, the
terms H;u i in (2.14 or (2.195 can be replaced by the inner product between
and an elementv. 2 E, thanks again to the Riesz representation Theorem In
that case F? can be seen as a function of the primal spade (instead of E?),
which is very useful in practical computations.

2.2.3 Subdi erentiability

Now, let us show how the a ne continuous functions can be usedatrecover a
notion a di erentiability for non-smooth functions. Let F be a function fromE
to R, andA : E ! R be an ane continuous function. We say thatA is exact at
point u 2 E if and only if A(u) = F(u). When A is furthermore lower bounding
F, we recover a notion of slope (that is called subgradient)rfé- at the point u.

De nition 13 (subdi erentiability, subdi erential, subgradients). A func-
tion F : E! R is said subdi erentiable at pointu 2 E if and only if there exists
an a ne continuous function A with slope' 2 E? which is exact at pointu and
which lower bound$- on E. In that case the slope is called a subgradient oF

at point u. The set of all subgradients df at point u is named the subdi erential
of F at point u and noted@Ku). By convention we sei@Ku) = ; whenF is not
subdi erentiable at point u.

Notice that if the a ne continuous function A with slope' 2 E? is exact at
the point u, F (u) is necessarily nite and we have

A=v7lhv  ui+ F(u): (2.16)
In that case A lower boundsF (that is, by de nition, ' 2 @RKu)) if and only if

8v2E; Hyv ui+F(u F(v):
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Another point of view is that, as soon as the a ne continuous faction A with
slope' is exact at pointu, it lower boundsF if and only if it has maximal constant
term , that is (recall how was built the Legendre-Fenchel transfm in Section
2.2.2, when = F?(C ). Therefore identifying the constant term of .16 to
the quantity F?(' ), yields

Fuy+F°()=Hui:
These considerations give two characterizations of the ggidadients ofF at point u.

Proposition 4 (characterizations of the subgradients). LetF :E! R be
a function, u a point of E, and' an element of the dual spacg’. The following
properties are equivalent to each other:

() ' 2 @Ru), i.e. ' is a subgradient ofF at point u;
(i) F(u) is nite and we haveh;v  ui+ F(u) F(v) foranyv?2E;
(i) F(+ F?’()=Hui.

Proof. We already proved () ) (ii). Assuming now that (i) is satis ed, we

get sup,eh;vi  F(v) h%ui F(u); we recognize in the left-hand term
the Legendre-Fenchel transform of at ', and the corresponding supremum
is attained at v = u, thus we getF’(") = H;ui F(u), which equivalent

to (iii), so that (ii) ) (iii). Last when (i) is satis ed, the terms F?(' ) and
F (u) are necessarily both nite sinceh;u i is nite, therefore the application
A:v7'h;v ui F(u)isane continuous on E, and since {ii) is satis ed, the
supremumF?(" ) =sup,,gH;v i F(v)is attained at point u. Therefore we have
H;vi F(v) h5ui F(u)foranyv?2 E, thus, A lower boundsF on E. Thus
(i) is satis ed, so that we proved {ii) ) (i). ]

We immediately derive a fundamental result in optimization

Corollary 1. A function F 2 ((E) admits a minimum at pointu 2 E if and
only if the set of its subgradients at pointi contains O,

F(u) = rvzlrEl F(v), 02 @Ku): (2.17)

Proof. Using the equivalenceif , (ii) of Proposition 4, we see that

02 @Ku), F(u)is niteand 8v2 E; F(u) F(v):
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We obtain the same result using the geometrical intuition: He function F is
minimal at point u if and only if the continuous a ne function having null slope
and being exact at pointu (that is the constant A : v 7! F(u)) is less thanF
everywhere onE. O

The next Proposition shows that the subdi erentiability generalizes the notion
of Gateaux-di erential for convex functions (see the profon [Ekeland and Temam
1999 Chap. I, Prop. 5.3]).

Proposition 5 (relation with Gateaux-di erentiability). fF:E! R
Is a convex function which is Gateaux-di erentiable at a point 2 E, it is sub-
di erentiable at the point u, and DF (u) is its only subgradient at pointu, i.e.

@Ru) = fDF (u)g.

Notice that the result announced in Propositiors does not remain true if we
remove the convexity assumption. A trivial counter examples obtained when
we consider the functionF = x 7! x3 from R into R, which is di erentiable
anywhere, but subdi erentiable nowhere orR, since it cannot be lower-bounded
by any a ne continuous function of R.

We will nish this section with two important results about subdi erential
calculus in (E), which will be largely used in the next sections. Proposdn 6
focuses on the subdi erential of a sunF + G of two elements of (E), and
Proposition 7 on a link existing between@ Fand @F.

Proposition 6 (subdi erential of a sum of functions). If F and G are two
elements of ( E), and if there exists a pointv 2 domF \ domG whereF (or G)
Is continuous, then we have

8u2 E; @F + G)(u) = @FRu)+ @Q®u) ;

where the sum of the two (possibly empty) se@Ku) and @ Gu) must be under-
stood as the Minkowsky sum between those two sets.

If the inclusion @Ku) + @Gu) @F + G)(u) is easy to prove using the re-
lation (ii) of Proposition 4, the converse inclusion is much more di cult to show.
A proof of Proposition 6 is available in Ekeland and Temam 1999 Chap. I,
Prop. 5.6], and makes use of thelahn-Banach separation Theorem In the fol-
lowing, we will use Proposition6 in the case wherd= is Gateaux-di erentiable at
u, so that @F + G)(u) = fDF(u)g+ @Gu).
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Proposition 7. For every functionF : E ! R, we have
' 2@Ru)) u2 @F():
Besides, wherF 2 ( E), we have' 2 @Ru), u2 @QE():

Proof (adapted from Ekeland and Temam 1999 Chap. I, Cor. 5.2]). This prop-
erty is a direct consequence of Propositiod, indeed when' 2 @FKu), we have
F(u)+F?( )= h;u i, and necessary (u) and F’("' ) are both nite (in particular

' 2 domF?). SinceF?” F (see Proposition3) we haveF ”?(u)+ F?(" ) h'ui.
Besides, by de nition of the Legendre-Fenchel transform &* at point u, we have
F??(U) = sUp._,gome-H=u i F?(~), thus the inverse inequalityF *’(u) + F?(" )
H;u i is also satis ed. Finally we haveF ”?(u)+ F?(' ) = H;u i; which is equiva-
lent to u 2 @FE(' ), thanks again to proposition4. Finally we proved the impli-
cation' 2 @Ru)) u?2 @FE(' ). If furthermore F 2 ( E), we haveF? = F,
therefore,u 2 @E(')) F?°(C )+ F?”() = Hui, F?C)+ F(u=Hhui)

' 2 @Ru), which proves the converse implication. m

2.2.4 Framework of non-smooth optimization

From now, E denotes a nite dimensional HiIberbspace, endowed with an
inner product h; i, and the corresponding nornk k= h; i. We are interested
in the minimization of convex functions, i.e. to problems ofype

JQT; F(u); (2.18)
where, unless explicity mentionedF : E ! R denotes a proper, convex and
lower semi-continuous function, called thebjective function or the cost function
When the in mum ( 2.18) is attained somewhere oIk, the in mum is a minimum.
In that case, any pointu which realizes this minimum is named solution of
problem (2.18, or a minimizer of F, and we note

u 2 argminF (u):
U2E

If moreover the minimum is uniquely attained, we may note

u =argmin F(u):
u2E
Remark that given a non-empty closed and convex subs€ét of E, a constrained
minimization problem of type

L e;
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with proper, convex and lower semi-continuous objective fistion G: E! R is

identical to (2.18 when we considefr = G + ¢ (which is also proper, convex
and lower semi-continuous or, since ¢ 2 ( E) thanks to Remark4, and ¢ is

proper sinceC 6 ;), indeed it is obvious that, in that case, the in mum is the

same for both problems, as well as the set of solutions.

Proposition 8 (criterion of existence or uniqueness of solution). If one
of the two following properties is satis ed, the problen(2.18 has at least one
solution.

(i) the set domF is bounded,

(i) or the function F is coercive overE, i.e. ) ;!!m . Fu=+1.
uk! +

If (i) or (ii) is satis ed, and if furthermore the function F is strictly convex on
C, then the problem(2.18 has exactly one solution.

We will de ne below the notion of strong convexity that will be useful in the
following. It is straightforward to check that this notion extends the notion of
strict convexity, in the sense that any strong convex funatin is necessarily strictly
convex.

De nition 14 (strongly convex functions). A function F : E! R is called
strongly convex with constant if and only if the function

u7! F(u) skuk?

Is convex onE. We say thatF is strongly convex when there exists a constant
> 0 such thatF is strongly convex with constant.

The following Proposition is due toRockafellar and Wets[1998 Prop. 12.60]
and it links the strong convexity of a function to the regulaity of its Legendre-
Fenchel conjugate.

Proposition 9 (dualization of strong convexity). If F:E! Ris an ele-
ment of o(E) and > O, the following properties are equivalent to each other:

(i) F?is strongly convex with constant ;

(i) F is Fechet di erentiable on E, andr F is Lipschitz continuous with con-
stant 1= .
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Remark 5. As direct consequence of this proposition, we can see that the Legendre-
Fenchel transformG? of a -strongly convex functionG 2 (E) is Fechet dif-
ferentiable onE, and r G? is Lipschitz continuous with constantl= . Indeed, we
easily obtain this result by applying Propositio® to F = G” and usingG = G*°.

2.2.5 Proximity operator and Moreau envelope

We will now present two fundamental and closely related opators: the
Moreau envelopeand the proximity operator, which were introduced byMoreau
[1964, initially for the purpose of generalizing the operatorsfo 2 square distance
and *2 projection over a convex set. It turned out that they play a geat role in
convex optimization.

Proposition 10 (proximity operator and Moreau envelope with pa ram-
eter ). We recall thatF : E! R is a proper, convex and lower semi-continuous
function. Given any pointv 2 E and a real parameter > 0, the function

u7! tku  vk®+ F(u)

is proper, lower semi-continuous, strongly convex with constast and coercive
on E. Consequently, the problem

inf 1 2 .
JQE s-ku  vk®+ F(u); (2.19)

has a unique solution orfe. We de ne accordingly the proximity operatoProx g :
E ! E and the Moreau envelop®  :E ! R of F with parameter by

8
2 Proxg (v) = argmin ziku vk? + F (u) (2.20a)
u2E
Z Mg (v) = mzlré Ziku vk? + F(u) (2.20b)
u

for any v 2 E. Note that M ¢ is also called the Moreau-Yosida regularization of
F with parameter [Yosida 198(.

Proof. For any v 2 E, and any > 0, we see that the function
G:uT ziku vk? + F(u) is an element of o(E), since both functionsF
andu 7! ku vkZarein o(E). Also, itis easy to check thatu 7! G(u) -kuk?
is convex (sincau 7! F(u) 1hu;vi is convex), thereforeG is strongly convex with
constant 1= . It remains to show that G is coercive orkE. SinceF 2 o(E), F is
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the pointwise supremum of the set of its lower bounding a ne antinuous func-
tions, which is not empty (otherwise,F would be the constant 1 , which does
not belong to o(E)). Therefore, their exists at least one a ne continuous fui-
tion A suchasF A, sothat foranyu 2 E, we haveG(u) ziku vk?+ A(u).
Since the right-hand termu 7! ku vk? + A(u) of this inequality is coercive
(noting ' and the slope and constant terms oA, we haveziku vk?+ A(u) =
Fku vk?+Hui+ =Gtku v+ ' k¥ sk k¥+H;vi+ |, whose limitas
kuk! +1 ,is+1),itfollowsthat G(u)! +1 whenkuk! +1 . [

Remark 6. When F is the indicator function of a non-empty, closed and convex
setC, i.e. F = , Proxg Iis exactly the projection onC, noted ¢, and M

is proportional to the square distance between the pomtand the setC, noted
d(v;C)?,

8V2E; 8> 0, Prox .(v)= ¢c(v) and M _(v)= 2d(v;C):

Now, let us focus on the proximity operators, and show how thesan be used
to handle problem @.18. The following results are direct consequences of the
de nition of Prox ¢ .

Proposition 11. For any point v 2 E, for any parameter > 0, we have the
equivalence

Vv =Proxg , v2v + @F(v):

The right-hand term can be noted 2 (I + @F) (v ), wherel denotes the identity
operator, andv 7! (I + @F)(v ) is a multivalued operator. For that reason,
another common notation for the proximity operatoProx g is

Proxg (V)= (1 + @F) *(v);

and (I + @F) ' is single valued, sinceProx g (V) is uniquely de ned (Proposi-
tion 10) for any v.

Proof. Letv2 E, > 0,andG2 o(E), denedby G=u7! ;~ku vk2 Since
G is di erentiable (and thus Gateaux-di erentiable) everywhere onE, it is also
subdi erentiable on E, and sinceE is a Hilbert space, we can identifyE? to E
and write

Bu2E; @Gu)=fDG(u)g=fr G(ug=f(u Vv)=g;
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where the identi cation DG(u) = r G(u) must be of course understood as®(u) =
v 7' hr G(u);vi. Using Corollary 1, and Proposition 6, we get

\'

Vv =Proxs (v), 02 @®v )+ @Rv), 02

+ @QRv );

which, after basic manipulations performed on the right-had term, is equivalent
tov2v + @F(v). ]

Proposition 12. The solutions of (2.18 are the xed points of Prox , i.e.

8 >0 u 2argminF(u), u =Proxe (u):
U2E

Proof. We haveu 2 argmin, F(u), 02 @Ku ), u 2u + @F(u ), which
is equivalent tou = (1 + @F) (u ), thanks to Proposition 11. ]

Another fundamental property of the proximity operator, dueto Moreau[1969
(inthe case =1), and that was generalized byRockafellar[1979 (forany > 0),
is now well known as theMoreau's identity.

Proposition 13 (Moreau's identity). Let F 2 o(E) and > 0, we have
8V2E;, v=(1+ @F ‘(v+ I+1@F 'Y
Proof. Forany F 2 o(E), v2 E, and > 0, we have (Propositionll)
v=(1+ @F) (v), v2v + @F(v), ““2 @Rv);

and using Proposition7, we get“Y- 2 @Rv ), v 2 @F Y'Y . Besides, we
have

vV 2 @F v Yo VV 4 l@E vV vv - |+ i@ '

Finally, replacing v by (I + @F) '(v) in the right-hand term vyields the an-
nounced result. O

Now, let us comment those results. First, the characterizatioof the solutions
of (2.18 as the xed points of Proxg naturally encourage to consider the follow-
ing numerical scheme, in order to compute a xed point of Prox (and thus a
minimizer of F),

choose > Oandu’2 E;

8k 0; u*! =Prox g (u¥): (2.21)
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It turns out from Proposition 12 that if Prox ¢ were a contraction (i.e. Lips-
chitz continuous with constant less than 1), the numericalcheme .21) would
converge to a xed point of Proxs . In general the Prox- operator is not a
contraction (unlessF is strongly convex), but it satises a dierent property
called rm non-expansivenesswhich is su cient to ensure the convergence of the
scheme 2.27) toward a xed point of Prox ¢ , provided that such a xed point ex-
ists, i.e. provided that the set of the minimizers oF is non-empty (see more expla-
nations in [Rockafellar 1976 Parikh and Boyd 2013). Besides, from the iteration
uk*t = Prox ¢ (uX), and thanks to Proposition11, we getuk 2 uk** + @F(u**!),
thus

8k 0, ul2uk  @FU?):

which can be interpreted as aemi-implicit subgradient descenscheme with step

. Remark that this scheme may be used even in the smooth segiifi.e. when
F is Gateaux-di erentiable), in that case its semi-impliciness provides some bet-
ter conditioning and stability properties than the usual gadient descent scheme
(the classical convergence Theorems associated to the ptest gradient descent
schemes can be found for instance iblenberger and Ye 1984Weiss 2009, in
particular, and as we already stated before, the convergenof the schemeZ.21)
is ensured whatever the choice of (as soon ag= has minimizers). The obvious
limitation of the proximal xed point scheme, is that each iteration k of (2.21)
requires the minimization of the function

u7! tku  uk*+ F(u);

which is usually easier than the direct minimization oF (thanks to the regularity
provided by the smooth and strictly convex quadratic term)put may remain non-
trivial depending on the nature ofF. Besides, Moreau's identity states that the
computation of Proxg can be done through the computation of Prox - (taking

= 1), opening other possibilities to perform the iterations ofhe proximal xed
point scheme 2.21).

Remark 7 (Proximal Forward Backward Splitting Algorithm). An in-
teresting variant of (2.21) is obtained, under the assumption that the functiok
may be composed as the sufm = F; + F, of two elements of ¢(E), and F, is
di erentiable. In that case, any minimizer u of F satis es (use Proposition 6
and Corollary 1)

02 @QF1+ Fy)(u)= @k(u )+ fr Fy(u)g
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and thus, for any > 0, we haveu r Fo(x) 2u + @F(u ), yielding
u=(l+ @R) "(u rFu));

so thatu is a xed-point of u 7! (I + @FR) *(u r F»(u)). The Proximal
Forward Backward Splitting algorithm simply consists in the numerical scheme

choose > Oandu®2 E;
8k O ul=Proxg, uk 1 Fyu¥) ;

the forward term refers to the explicit descent step***=? = uk  F ,(u¥), while the
backwardterm refers to the semi-implicit descent stepk** = Prox ¢, (u*12). A
recent mathematical study of this algorithm can be found ilCpmbettes and Wajs
20043, with a nice proof of convergence provided th&t, has a Lipschitz continuous
gradient (see also\[Veiss 2009).

Now we focus on the Moreau envelope, we describe below a setropprties
that are helpful to understand the key role it plays in non-smoth convex opti-
mization. In particular, we will explain why M ¢ is essentially a smoothed (or
regularized) version ofF, which is di erentiable, even whenF is not.

Proposition 14 (Some properties of the Moreau envelope). For any ele-
mentF 2 ((E), and any parameter > 0, the following properties are satis ed.

() Me)'=F?+ 3k K
(i) Mg 2 (E)andMe =(M £)7= F2+ 5k k2 7;
(i) Mg is Fechet-di erentiable on E, and

8V2E; rMg(v)=1(v Proxg (v) ;
besides it has same set of minimizer than,
u 2 argminF(u), u 2 argminMg (u);

u2E u2E

Proof. Those properties will be only partially proved here, but we W at least
comment each one of them at the end of this section.

(i) To prove this property, we use thein mal convolution operation that was
introduced by Moreau [1963. Given two functionsf and g in o(E), the
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in mal convolution betweenf andgis the functionf g):E! Rdened

by
8v2E; (f g)(v)= iunszf(u)+ glu v):

The in mal convolution is said dual to the sumbecause it satis es (see
[Rockafellar 197()

8f;g2 oE); (f 9g’=f’+g and (f+g)’°=(f" g):

Now, from its de nition, we see that the Moreau envelope M is the in mal
convolution betweenF and G : u 7! Zikukz. Since we can easily show that
G?=" 7! 5k' k? (the square norm of must be understood as the square
norm in E of the unique elementv: 2 E to which ' identi es), we get the
announced result.

(i) This property is a direct consequence ofi]. Indeed, we have seen that

Mg =(F G), where bothF and G are elements of ¢(E), therefore we
have (Mg )7 =(F?? G")=(F G)=M ¢, consequently M= 2 ( E).
Thus, using (Mg )* = F?+ 5k k%, we getMe =(M )7 = F?+ 5k k? ",

(i) The Fechet-di erentiability of M ¢ is a direct consequence of Propositidh

(simply remark that M ¢ ° = F? + 5K k? is a strongly convex function),
however the computation of its di erential is nontrivial and will be admitted
here (see the proof inVioreau [1964, in the case = 1, or in [Rockafellar
and Wets 1998 Thm. 2.26], for any > 0). Now, remark that thanks to
Proposition 12, and usingr Mg = v 7! 1 (v Proxg (v)), we have the
equivalence

u 2argminF(u), u =Proxg(u),r Mg(u)=0;
U2E

and the relationr Mg (u) = 0 is a well known necessary and su cient
condition to optimality, for the convex and di erentiable function Mg . O

We close this section with comments about each property anmaced in Propo-

sition 14. Thanks to properties {) and (ii), we see that Mg is obtained by
taking the Legendre-Fenchel transfornt? of the objective functionF, adding a
quadratic regularization, and then taking again the Legene-Fenchel transform.
As pointed out by Parikh and Boyd [2013, without adding the regularization,
this would simply give back the initial function F, but thanks to the addition of
the quadratic regularization, we obtain M , which can be viewed as a smooth
approximation of F, di erentiable everywhere onkE (thanks to Proposition 9 and
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Remark 5), since Mg is the Legendre-Fenchel transform of the strongly convex
function (Mg )? = F?+ 5k k* 2 o(E). Last, the property (iii) con rms that

M ¢ is di erentiable on E, and states that the set of minimizers of is the same
as the set of the minimizers of its Moreau envelope. From themession of its
gradientr Mg (v) = (v Proxg (v)) we get

8V2E; Proxp(V)=Vv 1 Mg(V):

Consequently, the proximal xed point scheme 4.21) can be interpreted as a
gradient descent scheme (with step) for the minimization of M ¢ . Of course the
Moreau envelope M su ers from the same limitation as the proximity operator
Prox ¢ , in the sense that minimizing M= may be as di cult as minimizing F
directly, the essential di erence being that the strong covexity added by the
quadratic regularizer can signi cantly improve the regulaty of the problem.

2.3 Application to total variation based image
processing

In this section, we will use the duality tools presented in $8on 2.2to perform
several image processing tasks based on total variation nimmzation. We place
ourselves in the discrete setting, let be a bounded subsef @?, andR the space
of the real valued images with domain , which, endowed with lhe Euclidean inner
product, de ned by

X
Bu2R ;82R: huvig = u(x;y) v(x;y);
(xy)2

is a nite dimensional Hilbert space. We denote byr 9 the nite dierence
scheme 2.3), and by div%, the corresponding discrete divergence, given i2.4),
which satises (r ) = div?. Since for anyu 2 R , we noter 9u = (r du;r Ju),
wherer ¢u andr du are two elements oR representing the discrete derivatives
of u in the horizontal and vertical directions, we will naturally consider the space
R R , which is also a nite dimensional Hilbert space, once it is eélowed with
the inner product de ned by

h(p1; P2); (G )ir R = MP1iGuig + M2 iR

for any p1;p2; ;@ 2 R . More generally, given any nite dimensional Hilbert
spaceE, we will note h; ig the Euclidean inner product onE, however, for
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commodity, and when no ambiguity is possible, we may drop th@dex E and

simply note h; i. Last, since a Hilbert spaceE identi es to its dual spaceE?,

from now, any element in E?, will be replaced by the unique elemenp 2 E

satisfying' (9) = hp ;qig for any q 2 E. In particular, the Legendre-Fenchel
transform of any function de ned onE will be viewed as a function oE instead
of a function of E®.

2.3.1 Dual formulation of the total variation and its vari-
ants

Isotropic and anisotropic total variation

We recall the de nition of TV ¢ using the normk ki, over the spaceR R,

X
8u2R ; TVIu)= kr Yuky, = ir u(;y)ja; (2.22)
(xy)2

wherej j, denotes the'® norm over R? de ned by

. 0 oo o (Rt )T i1 a<+1

8(z1;22) 2 R j(z1522)]a = %a)J((jlej;jJZj) ifa=+1 -

The isotropic and anisotropic discrete total variation carespond to the choices
a =2 and a = 1 respectively. However, within all this section, we will cosider
a more general setting, whera denotes a (possibly in nite) number higher than
one (1 a +1), since this generalization will not complicate the proofsWe
denote byalthe conjugate ofa which is the unique number satisfyin@ + % =1
(taking as convention that 1 and +1 are conjugate to each other).

Proposition 15 (dual formulation of TV g). For any imageu 2 R , one has

TV S(u)= max hrupig & kky 0 1(P);
p2R R

where , ., 1 denotes the indicator function of the closed unit ball for the norm
K Ki.0:p 7! MaXyxy)2 jP(X;Y)jao, Which means

0 if kpkiwo 1L

8p2 R R kk a0 1(p) = +1 otherwise.

To prove Proposition 15, we need some intermediate Lemmas.
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Lemma 1 (The Legendre-Fenchel transform of a norm). Let k k be a
norm on a nite dimensional real Hilbert spaceE endowed with the Euclidean
inner product h; ig. Let k k be the dual norm ok k, which is de ned by

8v2E; kvk = sup Hhvuig:
U2E; kuk 1

Then, the Legendre-Fenchel transform of thk k, abusively notedk k?, is the
indicator function of the closed unit ball for the dual nornk k , de ned by

0 ifkvk 1

8v2E; ke 1(V) = +1 otherwise.

In particular, since the two normsj j, andj j. de ned on E = R? are dual to
each other, we have j2= j;; 1.

Proof. Let us compute the Legendre-Fenchel transform of, .. Foranyu 2 E,
we have

2 1(U)=suphuivie 2(V) = sup  huvig = kuk;
V2E V2E; kvk 1

since the dual norm ofk k is the norm k k, because of the re exivity ofE
Besides, sincexx 1 2 ( E) (thanks to Remark 4), we have ¢ 1 = kk 1

??

(using Proposition3). Thus, foranyv 2 E, we havekvk® = 2 (V) = «x 1(V).

Remark 8. Another proof of Lemmal, based on a direct computation of the
Legendre-Fenchel transform ok k, can be found in Boyd and Vandenberghe
2004 Example 2.26].

Lemma 2 (Legendre-Fenchel transform of the norm k k1.2). The Legendre-
Fenchel transform of the normk k;., de ned in (2.22 is the indicator function

of the closed unit ball for the nornk Kk; .,0 de ned in Proposition 15.

Proof. Let p2 R R , by de nition, the Legendre-Fenchel transform ok Kj.5
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?

at p, noted kpkj;

Lar

kpk?.,

writes

sup p;dr r K OKia
wRoROP o .
sup (X y); 90X y)ire | 9(X;Y)ia
92p R (xy)2 o _
sup hp(x;y); 9% Y)ire | 9(X;Y)ia
(P2 glxy)2R?
ip(X; Y)ia

(x;p)2
= ii.0 1(P(XY))
(xy)2
sincej j? = jj,o 1 thanks to Lemma 1. It follows that kpki, = 0 when
MaXxy)2 jP(X;Y)jao 1, andkpki, =+ 1 otherwise, i.e. kpki, = i, .0 1(P)-

]

Remark 9. Another way to prove Lemma2 consists in showing that the two
norms k ki, and k K; .,0 are dual to each other, and then, to use Lemniato

getk k’;_;a: kky 40 1-

Proof of Proposition 15. Sincek k., is convex and l.s.c. oveR R ,itis an
elementof (R R ), thereby k ki, = k kjZ thanks to Proposition 3. Besides

given an imageu 2 R , one asTV g(u) = kr 9uky.,, therefore

?? ? .

= sup hrfupig r K pKki,;
p2R R

TVIW= r‘

la

and kpki;a is exactly kk, ,o 1(p) thanks to Lemma 2. Last, one sees that the
supremum is attained, since it is nothing but the maximum ofHte inner product
term over the closed unit ball for the dual normk kj 4. O

The Huber total variation

Let > 0, we recall below the de nition of the Huber total variation wth
parameter and de ne at the same time the function H : R R 7' R,

X
8U2R ; HTVIW) =H (r %u):= H (r Yu(x;y)):
(xy)2

We recall also the de nition of H , the Huber function with parameter ,

NN

if jzj
jzj2 5 otherwise:

N|Eﬁ

822R% H (2)=
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The dual formulation of the discrete total variation descibed in Proposition 15
can be easily adapted to its Huber variant.

Proposition 16 (dual formulation of HTV 4). Forany > 0, and for any
imageu 2 R , one has

HTV 9(u) = max hriu;pin = kKo 1(P)  KPK3:

In order to prove this Proposition, we need an intermediate émma.

Lemma 3. H is the Moreau envelope with parameter of the 2 norm j j,, it is
therefore an element of( R?). Besides, its Legendre-Fenchel transform satis es

2. 2~ 3Pz ifjpia 1
8p2 R H(p) +1 otherwise,

or equivalently, H?(p) = jj, 1(p) + 5ipi3, for any p2 R?.

Proof. Let us show that the Moreau envelope with parameter of the *2 norm,
noted M j;,, is equal toH . Let z 2 R?, by de nition of the Moreau envelope
(given in Proposition 10), we have

M jiz(2) = min, 210y 22+ jyie

and this minimum is reached at pointy~= Prox j;,(z). Thanks to Moreau's
identity (Proposition 13) we have

y=2z Proxljj?(z: ); (2.23)
2

and sincej j3= jj, 1 (Lemmal), Proxljj?(z: ) is simply the "2 projection of
the quantity z= on the closed unit ball for the*2 norm, which is given by

z=  ifjzj,

PrOX;jjg(Z: )= z5zj, otherwise.

Now we can computey-~using (2.23 and derive the value of M;;j,(z) using
M i, (2) = zijy Zj5+ j¥j2. Indeed, whenjzj, , we havey=0and M j;,(z) =

’;—'g Otherwise, jzj, > , and we havey~= z where = (1 J_Z?) 2 (0:1),
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leading to M j;,(z) = jzj. 5. Finally, we proved that M ;;,(z) = H (z). Conse-
quently, H 2 ( R?), and H? is equal to the sum between the Legendre-Fenchel
transform of j j. (whichis ;;, 1 using Lemmal) and the quadratic term 5] i3,
thanks to Proposition 14. More precisely, we havéd?(p) = jj, 1(p) + 5jpi3, for
any p2 R2. O

Proof of Proposition 16. SinceH 2 ( R?),we haveH 2 (R R ), therefore
HTV 9(u)=H (r 9u) = H?(r %u) thanks to Proposition 3. We derive that

HTV 4u)=H™(r %)= sup hriu;pix g H(p:
p2R R

. P 5 .
Besides, we have Hp) = wyy2 HT(POGY)) = kiy o 1(P) + Ekpk% (using
Lemma 3). Again, the supremum is a maximum for the same reason as in the
proof of Proposition 15, which yields the announced result. O

2.3.2 A rst order primal-dual resolvant algorithm

ConsiderX andY two nite-dimensional real vector spaces, an inner product
h; iy overY, and the generic saddle-point problem

minmax G(x) + KKx;yiy F2(y); (2.24)
x2X y2Y
whereF 2 o(Y), G2 oX)and K : X 7! Y denotes a continuous linear
operator. We setH : (x;y) ! G(X)+ Kx;yiy F?(y) and we assume that
problem (2.24) has at least a solutionk ;y )2 X Y (i.e. a saddle point ofH).

Remark 10 (reformulation of (2.24). Using again Proposition 3, for any
x 2 X, we haveF (Kx) = F?(Kx) = sup,,yKx;yiy F?(y), therefore, one
can interpret Equation (2.24) as a primal-dual formulation of the primal problem

argmin G(x) + F(Kx); (2.25)

x2X

as soon asup,,y Kx;y iy F?(y) is indeed a maximum (which will be the case in
practice), and in that case, if(x ;y ) is a solution of (2.24), x is automatically
a solution of the primal problem(2.25.

We present in Algorithm 1 the numerical scheme proposed bghambolle and
Pock [201] for solving the generic primal-dual saddle point problem2(24).
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Algorithm 1 : Chambolle-Pock resolvant algorithm for problemZ2.24)

Initialization: Choose; > 0, 2][0;1], (x%y% 2 X Y and set

x% = x9 (the convergence of this algorithm toward a solution of the

primal-dual problem(2.24 was proven inChambolle and Pock2017] for
=1 when jjjKjj2< 1.

Iterations ( k O): updatex®; yk and x* as follows:

5 y<t=(1+ @F) "y + KX (2.26a)
, xk+1 =(1+ @Q (X Ky (2.26b)
. X = k+l + Xk+l Xk (226C)

We will now give some explanations about its spirit, and brig summarize
some theoretical results about its convergence (Propositis 17 and 18).

Let us rst consider the setting = 0, in that case we havexk = xk at each
iteration k of Algorithm 1. For anyy 2 Y let us setP, : x 7! H(X;y), which
is an element of o(X), and Dy : y 7!  H(X;y), which is an element of 4(Y).
We show below that the updates Z.269 and (2.260 boil down to the proximal
scheme

y<t =(1+ @Dy) (Y9
X1 = | + @Rk« (x4

so that one iteration of Algorithm 1 can be interpreted as a semi-implicit ascent
step ofy 7! H(x¥;y) followed by semi-implicit descent step ok 7! H(x;yk*),
since we showed in Sectiof.2.5how the proximal iterations could be viewed as
semi-implicit subgradient descent steps. Thereby, in thease =0, Algorithm 1
can be viewed as a semi-implicit variant of the classical AmeHurwicz algorithm
[Arrow et al. 195§.

(2.27)

Proof. We prove the result only for the dual update 2.263, the primal update
(2.26D can be treated with similar arguments. Thanks to Propositin 11, we have

yk + KX k 2 yk+l + @F?(yk+l):
using Propositions5 and 6, we have Kxk+ @FE(y*') = @Q«(y**), therefore,

we havey® 2 y**1 + @DQ«(y**1), which is equivalent toy** = (1 + @D,) *(y¥)
using again Propositionll ]
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Now, remark how much it would be attractive to replaceD,«x by Dk«
into (2.27), since this would make the scheme fully implicit. Unfortungely, this
would also complicate too much the problem (in general, thigrould make the
practical computation of (2.27) as complicate as the initial problem). By intro-
ducing the parameter into their algorithm, Chambolle and Pock simply eplace
D, by Dy into (2.27, where xk = xk+ xk xX 1 represents alinear ap-
proximation of the next iterate x***, based on the current and previous iterates
x¥ and x* ! (also referred asextrapolation or over-relaxation). Therefore, this
operation can be viewed as a way to add more implicitness in(@.27), without
complicating the practical computation of the iterates. Inparticular, in the case

=1, Chambolle and Pock prove the convergence of their algthrim and gave an
estimate of its convergence rate.

Proposition 17 (convergence of Algorithm 1). Chambolle and PocK2017]
prove the following results.

() When =1 and < jjjKijjj? the sequencdx¥;y¥) o generated by Al-
gorithm 1 converges toward a solutiorfx ;y ) of (2.24, in particular the
sequencéxX), o converges toward a solutior of the primal problem(2.25.

(i) The convergence rate isO(1=N) for N iterations, however this rate does not
apply directly to the iterates(x¥;y*)x o but to the decrease toward zero of
the duality gap (see q:harp,bolle and Pock 20]|gfor more details) between

— 1" N

k — 1
the Cesaro meansxy = § =1 X< andyn = § =1 yX.

We must emphasize that the convergence results summarizediroposition 17
are derived under very few assumptions, since we only assuantbat F and G
were elements of o(X) and o(Y) and that problem (2.24) had solutions. Some
accelerated variants of Algorithml were also proposed by the same authors, which
under additional regularity assumptions orF and G, achieve better convergence
rates.

Proposition 18 (accelerated variants of Algorithm 1). Provided supple-
mentary regularity assumptions abouf and G, Algorithm 1 can be accelerated
(see Algorithms 2 and 3 in Chambolle and Pock 20])Las described below.

(i) If G is uniformly convex with parameter > 0 (i.e. if G? is di erentiable
andr G? is 1= Lipschitz-continuous, this is for instance the case whe@
is strongly convex with parameter ), one can set

:1:p1+2; = ; = =
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at each iteration between the update@.26h and (2.269 (i.e. between the
updates of variables® and x*), in order to achieve aO(1=N?) convergence
rate (this tlme|§he convergence rate applies to the convergence of the Cesaro

meanxy = Ni =1 XK toward a solution of (2.29).

(i) A similar acceleration is available whenF? (instead of G) is uniformly con-

vex.
(i) If G and F? are both uniformly convex with parameters and , choosing

constant steps with the setting

h [ oP —
2 1.1, =_—; = _—; with —
2 i v i

yleFLds a linear convergqglce rate, that i) e N , of the Cesaro meansxy =

_, X€andyy = Ni wo1 Y€ toward the (here unique) solution of(2.24).

W

The convergence rate imMD(1=N) is shown to be optimal for a general class
of convex optimization problems flesterov 200 as well as the rateD(1=N?)
(see Nesterov 19832005 Beck and Teboulle 2009)) and O(e N) (see Nesterov
2004), provided the additional regularity assumptions on G andF ? evoked above.

Many algorithms, based on the Legendre-Fenchel duality and wh have
shown their e ciency in many imaging problems, can be foundni the literature,
as for instance, the closely related algorithms named DoagtRachford Splitting
(originally proposed in Pouglas and Rachford 1996 see alsoHckstein and Bert-
sekas 1992Combettes 2009for further developments), and Alternating Direction
Method of Multipliers (ADMM) [ Gabay and Mercier 1976Glowinski and Le Tal-
lec 1989. A nice review about the modern proximal algorithms, and theelations
existing among each other, can be found irCpmbettes and Pesquet 2011 We
would like to mention in particular the celebrated ProximalForward Backward
Splitting (PFBS) algorithm, already evoked in Sectior2.2.5(Remark 7), for which
a convergence Theorem is derived ipmbettes and Wajs 200b A convergence
rate in O(1=N) for the PFBS algorithm, thus identical to that stated in Proposi-
tion 17, was established in\[Veiss 200§ where an acceleration irO(1=N?) of the
convergence rate is also proposed, at the cost of introdugiadditional proximal
computation at each iteration of the scheme. Note also the ltative Shrinkage
Thresholding Algorithm (ISTA), which can be viewed as a Proxiral Forward
Backward Splitting algorithm applied to a particular classof inverse problems
(that is, linear inverse problems with quadratic data- deity and ! regulariza-
tion, see for instancelpaubechies et al. 20(), and its famous FISTA (Fast ISTA)
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variant [Beck and Teboulle 2009} which basically combines a Nesterov acceler-
ation (which consists in a particular update of the descenttep parameter), and
an extrapolation (similar to the step .269 of Algorithm 1), in order to reach
the optimal O(1=N?) convergence rate, without introducing an additional com-
putational cost to the scheme (the same acceleration is ingmtice also applied to
the more general PFBS algorithm). However, only the converges in O(1=N?)

of the sequenceC(x¥) (noting C the cost function to minimize, andf x¥g,,y the
sequence generated by FISTA), has been established so far. Avawgence The-
orem for the iterates of FISTA was recently proposed inCjhambolle and Dossal
2014, but no convergence rate is provided.

For all algorithms evoked above (including the Chambolle-dtk algorithm),
the improvement of the convergence rate i@ (1=N?) is always done at the cost
of introducing some additional regularity assumptions abdtthe cost function to
minimize (otherwise the rateO(1=N) is optimal). However, in the case where
those regularity assumption are not satis ed, the formal aovergence Theorem
provided by Chambolle and Pock, relying on very low assumtns (in particular,
no di erentiability assumption for F and G is necessary), confers to their algo-
rithm a valuable advantage. Besides, an important limitatbn of ISTA, FISTA
and the PFBS algorithm, when used for solvingV regularized inverse problems,
is that it involves the computation of proximal operator (mae precisely, Proxty )
for which no closed form is available, so that practical impmentations require
the use of an additional nested optimization algorithm dedated to the compu-
tation of the proximal term (which usually cannot be done exaly in nite time,
introducing errors into the scheme), while this limitationcan be easily bypassed
using the Chambolle-Pock algorithm, by increasing the nunds of dual variables
(as it will be done in Section2.3.4). See alsoAujol and Dossal 201k where some
convergence theorems are recovered for FISTA and PFBS algbnt, in the case
when proximal maps are inexactly computed, provided that th corresponding
errors can be controlled (which is unfortunately di cult for many applications).

A main limitation of the Chambolle-Pock algorithm, is that it involves the
setting of two descent step parameters and , instead of only one for ISTA,
FISTA and the PFBS algorithm (and its accelerated variants). Athough the
setting of and in Algorithm 1 is guided by the constraint < jjjKjjj? of
Proposition 17, the setting of these parameters can be di cult for applicatons
where the operatorK has a complicated structure, or, whefjj K jjj is large, since
it forces their setting to low values, which signi cantly sbws down the algorithm.
In order to overcome those shortcomings, Chambolle and Popkoposed a pre-
conditioned version of their algorithm Pock and Chambolle 2011 with the claim
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that this variant signi cantly accelerates the convergene on problems with ir-
regular K while leaving the computational complexity of the iteratims basically
unchanged. The Chambolle-Pock algorithm has been prefedrean the following,

for its simplicity, the nice theoretical convergence restsl evoked above, and its
remarkable ability to address various image processing kas

2.3.3 Total variation based image denoising

In this section we focus on the pure image denoising problenmtroduced
by Rudin, Osher and Fatemi (ROF) in Rudin et al. 1993. Initially formulated
as a constrained minimization of the total variation functonal, it boils down to
compute, for a given regularity parameter 0, the image

Uor =argminku uoki+ TV 9(u); (2.28)
uzR

from the noisy observationu, 2 R (or equivalently, to compute U, =
Prox, r,q¢(Up), so that we automatically get the existence and uniqueness so-
lution for the problem (2.28). Recall that the same problem as .28 can be
formulated using the Maximum A Posteriori methodology, astiwas done in Sec-
tion 2.1.2 (notice that here, the linear operator of the observation miel (2.5) is
simply the identity operator), assuming that the observedmageu, was undergo-
ing additive Gaussian noise with zero mean and (non-necegsi&nown) variance
2. This yielded =2 , so that we see why in practice, the choice of the regu-

larity parameter must be adapted to the level of noise in ug. In this section will
be also considered the anisotropic and Huber variants of thed® problem, which
are obtained by replacing in 2.29 the classical discrete total variation termTV ¢
by TV ¢ or HTV ¢ (for a given parameter > 0).

Using Proposition15, we immediately get a primal-dual reformulation of prob-
lem (2.28,

Uor =argmin max ku Uoki+ hr %u;pir g kk; - 1(P); (2.29)
u2R  P2R R '

which has exactly the form of problem Z.24 when we replace X;y) by (u;p),
and when we takeK = r 9 (with adjoint K = div?), G(u) = ku Uok3
and F?(p) = ««, , 1(p). If we consider the anisotropic or Huber variants of
ROF, we must modify accordingly the primal-dual problem 2.29 using the dual
formulation of TV ‘1’ (Proposition 15) or HTV ¢ ( Proposition 16). More precisely,
we must replace the termF?(p) = kx, , 1(P) by F?(p) = k... 1(P) when
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considering the anisotropicTV { variant of TV ¢, and by F?(p) = «k, , 1(p) +
7kpk§ when considering the Huber-variantHTV ¢ of TV 9. Consequently, the
solution of the ROF problem and its two variants can be numecally approached
using the Chambolle and Pock algorithm, leading to Algorithn2. Some numerical
experiments are proposed in Figure®.5, 2.6, and 2.7.

Remark 11 (induced 2 norm of K = r 9). The class'p;al discretization
scheme(2.3) for r ¢ yields the upper boundjj r 9jjj L := 8 (see for in-
stance [Chambolle 200}). This bound is useful to set the time step and of the
Chambolle-Pock algorithm. In practice, we will set = = 0:99=L so that the
condition  jjjKjjj? < 1is satis ed.

Algorithm 2 : resolvant algorithm for problem @.28 and its variants.

Initialization: SetL such asjjj r %jjj L (for instance L = P 8), set
=1, and choose; > Osuchas L 2< 1 (for instance
= =0:99L). Chooseuw’2 R ,p°2R R and sett® = u°.

Choice of the regularizer (TV 9 TV ¢ or HTV %): For solving the
classical TV ¢ regularized problem(2.28), seta®=2 and = 1. For solving
the anisotropic TV § variant, seta®’=+ 1 and =1. Otherwise, for
solving theHTV ¢ variant, seta®=2 and =1+

Internal de nition(s): let ; 0:R R ! R R bethe™?
projection over the closed unit ball for the nornk kj .5, i.e., for any
p=(pipz) 2R R andany(xy)2 ,

( AN if a%=2

‘) — max (1;jp(x;y)j2)
1:20(P)(XY) = pLxy) . paxy)

oo .
A (Lip Oy M Lipeoy)y T a =+ 1

lterations:  For k 0, updateuX; p¢ and u* as follows,
pk+1 = p+  r duk

Ukt = uk+  divapktl +2 ug
1+2

o<t = yktt uk+t uk
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Remark 12 (acceleration for the Huber model). In the case of the Huber
model, the functionG : u 7! ku Ugk3 is strongly convex with parameter = 2,
and the functionF?:p7! i, , 1(p)+ —kpk3 is strongly convex with parameter
= , therefore Algorithm 2 can be accelerated using the settingi( of Propo-
sition 18, in order to reach a linear convergence rate, as illustrated in Figur2.6.

2.3.4 Total variation based inverse problems with square
*2 data- delity

Let us now focus on the more general linear inverse problemthvguadratic
data- delity formulated in Section 2.1.2using the Maximum A Posteriori method-

ology,

Umap 2 @rgminkAu Uk + TV 4(u): (2.30)

u2R

Recall that and ! denote two bounded rectangular subsets @?, denotes a
positive regularity parameter,ug 2 R' denotes the observed image, andl: R 7!
R' denotes the linear operator to be inverted (we will illustree several classical
imaging applications by selecting di erent choices fok). Notice that the existence
of a minimizer of problem @.30 is guaranteed (the objective function is convex
and coercive) but we have not necessarily uniqueness, degieg on the choice
of A. From the practical viewpoint, the inverse problem 2.30 can be used to
perform many image processing tasks, we will detail some dfetn, but let us
rst explain how the general problem can be handled using thEhambolle-Pock
algorithm.

Proposition 19 (primal-dual saddle-point formulation of (2.30). Any so-
lution umap Of problem(2.30 satis es

Umap 2 argmin max G(u)+ Ku; (p;9i  F?(p;9; (2.31)
w2rR (PA2(R R) R

whereG :u! 0is the null function, F?: (p;d !  kk, ., 1(P) + k3 + uok3 and
K:R! R R R' is the linear operator de ned by

B8u2R : Ku= r% AU :
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(a) reference (b) noisy

Figure 2.5: Reference image, and its noisy version. We display here a reference image (a),
and its noisy version (b), that were used in the next numerical expements. The dynamic of (a)
is [0; 255], and the noisy image (b) is undergoing additive white Gaussian noise i zero mean
and standard deviation = 20. Some denoised versions of (b), computed using Algorithn?,
are displayed in Figure 2.7, while the numerical convergence is controlled in Figure2.6.

r 2 T T
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1400 anisotropic TV o anisotropic TV
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iteration n iteration n
(a) energy decrease (b) convergence speed
Figure 2.6: Numerical convergence achieved by Algorithm 2. The noisy image of

Figure 2.5 was processed with the ROF model 2.28), using alternatively J = TV d (isotropic
V), J = TV‘l‘| (anisotropic TV ), or J = HTV ¢ (Huber-TV ), as regularizer. The resulting
images, as well as the precise setting of the model parameters (and ), are available in
Figure %-Z- The numerical computation was done using Algorithm2, using the setting = =
0:99=( = 8), or, in the case of the accelerated HubeTV , using the setting (i) of Proposition 18
(see also Remarkl2, where the strongly convexity constants are explicited). We dispdy in (a)
the evolution of the energyE (u") := ku" ugk3 + J (u"), computed at each iteration n of the
algorithm. Although no theoretical result ensures the decrease dt (u") with respect with n, this
decrease is experimentally observed here. We display in (b), thevolution of logy (ku"  u? k»),
along the iterations of the algorithm (u! denotes the image obtained after 19 iterations). We
see that a better convergence rate is reached usin@V’} and HTV ¢, in comparison with that
reached usingTV 9. Besides, in the case of the accelerated Huber variant, we observe adar

convergence rate, as predicted in Propositiorl8.



2.3. Application to total variation based image processing 83

(a) isotropic TV (b) anisotropic TV (c) Huber TV ( =6)
details of (a) details of (b) details of (c)
Figure 2.7: Image denoising using ROF model. The noisy image of Figure 2.5 was

processed with the ROF model 2.28), using alternatively as a regularizer, the isotropic TV ¢,
or Huber (HTV 9) variants. For each simulation, the regularity parameter was set in orderto
deliver images showing the samenethod noise(if we note u the restored image, the corresponding
method noiseis the quantity ku  ugk3, which represents theamounts of noise removed from
Ug), so that the images can be fairly compared. More precisely, we used gpectively = 42,

=26and =42, forthe TV Y, TV $ and HTV ¢ models, the resulting images are respectively
displayed in (a), (b), and (c). Some close-up views of the restorednmages are displayed in
the last row, we see that both anisotropic and isotropicTV models yields images su ering
of the staircasing e ect (somehow more anisotropic in (b), where we oberve many horizontal
and vertical spurious edges), while this e ect is removed when ugag the Huber variant, which
however delivers an images with smoothed edges.
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Proof. Writing f (v) = kv  uok3, one easily gets the expression the Legendre-
Fenchel transformf °(q) = ki + ugk3 k ugk3, now sincef 2 o(R') we have

KAU  ugks = f (Au) = f ?(Au) = sup hAu; gi k &+ ugk3 + Kuoks;
@R

and the supremum is attained since the cost functional is coave (that is, its
opposite is convex), di erentiable, and its gradient vanises at the pointq =
2(Au ug). Replacing accordingly this term in .30, and removing the constant
term kugk3 (which does not change the set of minimizers), last replagiras well the
TV ¢ term by its dual formulation using Proposition 15, exactly yields ¢.31). O

Remark 13 (anisotropic, or Huber variants of (2.30). Again, we can for-
mulate the anisotropic or Huber variants of the inverse problem by replacing the
TV ¢ term by TV ¢ or HTV % into (2.30. Proposition 19 and its proof are straight-
forward to adapt, leading to slightly di erent primal-dual problems for each consid-
ered variant. More precisely by changing”’ into F?(p;0) = «k, ., 1(p)+ k3+ugk3
we get the anisotropic variant of(2.31), and by changingF~? into F?(p;q =

kke 2 1(P) + 5kpk3 + ki + uok? we get the Huber variant of(2.31).

Since the primal-dual problem 2.31) has exactly the form of the generic saddle-
point problem (2.24) considered by Chambolle and Pock, it can be numerically
solved using Algorithm1. It is important to remark that the update of the dual
variable (here the tupley = (p; @) in Algorithm 1 could be here split into two
independent updates (one fop and one forq) thanks to the additive separability
with respect to p and q of (p;9 ! h Ku; (p;9i  F?(p;g. Finally all the up-
dates have closed-form expressions, and the ChambolledPatgorithm applied
to (2.30, as well as its anisotropic or Huber variants, boils down to Aorithm 3.
This algorithm can be easily implemented as soon as a clodedn for A, its
adjoint A , and an (as precise as possible) upper boundjphjjj are available.

Application to (non-blind) image deconvolution

In the case of image deconvolution, the linear operatok in (2.30 is the
convolution with a point spread function (modeling for insance some blurring
phenomena such as di raction, defocus, or motion). Notice #t a convolution can
only model uniform phenomena, while in practice optical déses su er from more
complicated distortions, such as chromatic aberrationstigmatism and coma,
vignetting, etc. The correction of such non-uniform distdions is therefore out of
the scope of the restoration application that we detail here
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Algorithm 3 : resolvant algorithm for problem .30 and its variants.

Initialization: SetL such asjjjKjj L (for instance
L2 jij r 9jj°+ jjjAjj?), set =1, and choose; > Osuchas L 2< 1
(for instance = =0:99L). Chooseu®2 R ,p°2R R ,°2R',

and sett® = u°.

Choice of the regularizer (TV 9, TV ¢ or HTV %): For solving the
classical TV 9 regularized inverse problen{2.30, seta®=2 and =1. For
solving the anisotropicTV ¢ variant, seta®=+ 1 and = 1. Otherwise,
for solving theHTV ¢ variant, seta®=2 and =1+

Requirement(s):  Denote by ; ..o the “2 projection over the closed unit
ball for the normk Kkj .,0. The explicit expression of 1 .50 iS given in
Algorithm 2.

lterations:  For k 0, updateu®, p¥, d¢ and tu as follows,

et = g BT

ki1 2d<+2 (AU uo)

q - 2+

uktl = Uk + divdpk+1 A qk+1
o<t = yktt o+ uk+l uk

Let us consider a discrete convolution kerndt, 2 R'A with nite domain
' A Z2. We de ne the associated operatoA : R 7! R' by
X
8(x;y) 2!, Au(xy)= ka(@Du(x ayy b); (2.32)
(a;b)2! A

where ! denotes the subset of made of all the pixelsx;y) 2 such as
xy) 'a (in the following, we assume that ! is nonempty). Remark
that it is also possible to de ne the convolution with kernelky, as an operator
AR 7! R atthe cost of an extension ofi outside of , usually a periodic or
mirroring condition, or a zero-extensionof the imageu is considered, which is of
course nonrealistic in most situations.
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Remark 14 (adjoint of A dened in (2.32). The adjoint of the operatorA
de ned in (2.3 is the operatorA :R' 7! R de ned by

X
8V2R'; 8(xy)2 ; Av(xy)= kKa(a;Dv(x+ a;y+ b);

(a;b)2! A

with the convention thatv(x + a;y+ b) =0 when(x + a;y+ b) 62 .
Remark 15 (induced "2 norm of A dened in (2.32). Let us show that

i AjJll Ji Kajiz- Indeed for any imageu 2 R , using (twice) the dual formulation
of the *2 norm overR', we get

kAuk, = max  hv; Aui
Vv2R' ; kvky 1 X X
= pamax vix;y)ka(@ibu(x ajy b
X (xy)2! (aRg2!a
max viX;y)ka(@ibu(x ay b
(aQZ! Av2R- ; kvks 1(x;y)2!

= max hv;ka(a;bu( a; Dbi
(aQZ! AVZR! s kvky 1

jka(a;Bj ku( a; bks;
(a;b)2! A

with the obvious notationu( a; b =((xy)2! 7' u(x a;y b). As for
any (a;b 2 ' o we haveku( a; bk, k uk; (in this inequality, the left-hand
norm is the 2 norm overR' and the right-hand one is thé? norm overR ), we
get the upper boundAuk, k kak; kuk, and thusijjjAjj k kak;.

Thanks to Remarksl4and 15, we now have all the information necessary to use
Algorithm 3 and approximate some solutions of the inverse problera.80. Some
results are displayed in Figure.8 and 2.9 (motion and out-of-focus deblurring).
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(a) blurry & noisy (b) reference
(c) isotropic TV (d) Huber TV details of (a)
details of (c¢) details of (d)
Figure 2.8: Motion deblurring using isotropic or Huber discrete total var jiation. A

degraded (blurry and noisy) image (a) is computed by convolving the refeence image (b) with
a motion blur kernel ka before adding a white Gaussian noise, with zero-mean and standard
deviation equal to 2. The degraded image (a) is then processed by solvingje corresponding
TV 9 and HTV ¢ (= 10) regularized inverse problems 2.30). Again the setting of was done
at xed method noise (here the quantity KAu ugk3, for each restored imagau), yielding =0:3
for the TV ¢ model, and = 0:345 for the HTV ¢ one. The resulting images, computed using
Algorithm 3 (setting = = 0:99=L, and L? = 8 2 + kkak?), are displayed in (c) and (d).
Looking at the details of (c) and (d), we check again that the TV ¢ model yields an image with
sharp edges, but su ering from staircasing, while this artifact is renoved when using the Huber
variant which delivers an image that looks more natural, although a bit lesssharp.
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(a) blurry & noisy (b) reference
(c) isotropic TV (d) anisotropic TV details of (a)
details of (c) details of (d)
Figure 2.9: Out-of-focus deblurring using isotropic or anisotropic di screte to-
tal variation. We performed a similar experiment as in Figure2.8, over a uorescence
microscopy biological image of actin laments and microtubules in interphase cells (source
http://cellimagelibrary :org/images/240 , rst channel), using as a blur kernel, the indi-

cator of a disk with radius 7 pixels (which models an out-of-focus pheomenon). The blurry
and noisy ( = 2) image (a) was processed with model 2.30), using the isotropic (TV ¢) or
anisotropic (TV ‘1‘) discrete total variation as regularizer. We have respectively set = 0:2,
or = 0:098, so that the restored images, displayed in (c) and (d), show the sammethod
noise. Both models deliver images showing improved sharpness, @omparison to the initial
blurry image (a). However, we observe into these two images, the presce of staircasing e ect,
that is the presence of constant regions delimited by spurious edgedn particular, image (d)
su ers from a strong blocky e ect (the constant regions are rectangular), which must obviously
be related to the use of the’! norm in de nition 2.10
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Application to image zooming

The inverse problem 2.30 can also be used to perform image zooming (see
for instance Malgouyres and Guichard 200). For such application, the operator
A is often assumed to be a blurring kernel followed by a subsahmg procedure.
Many de nitions of A are possible, we will here consideA : R ! R', where
I =[0;M) [O;N)\ Z2? denotes a small (more precisely subsampled) discrete
domain, and =[0; M) [0; N)\ Z? a bigger (or resampled) one, being a
positive integer (which represents the zoom factor). We dae A by,

X
8u2R ; 8(x;y)2!; Au (xjy) = iz ux+a y+b; (2.33)
(a;b)2[0; )2\ z2

so that Au is exactly the zero order unzoom with factor of the imageu. We can
easily show that the corresponding adjoinA :R' ! R ,is given by

| 1
8v2R; 8(xy)2 ; Av(xy)= Vv b*c b'c ; (2.34)

and the induced’? norm of A is jjj Ajjj = 2.

Remark 16. The operator A de ned in (2.33 can also be seen as a discrete
approximation of a captor integration procedure, which models the photon count
averaging process that is done over the (in reality continuous) square domain
[0; 1 [O; ] of each captor covering the focal plane of the image acquisition sys-
tem (this is for instance the case for usual cameras equipped with CCD or CMOS
sSensors).

2.3.5 Minimizing the total variation under a ne constraints

Let us now consider some constrained minimization probleno$ the kind

Uconsr 2 argmin TV 9(u) subjectto Au = up; (2.35)

u2R

where U, denotes the observed image with discrete domain, Ucnsy denotes
the reconstructed image with discrete domain , andA denotes again a linear
operator fromR to R'. In other words, we are interested in the computation of
an imageuconstr having the smallest discrete total variation among those afying

the constraint Au = ug. Remark that the inverse problem 2.30 is none other
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(a) reference / (b) ug (c) details of ug (d) zoomed image

Figure 2.10: Image zooming using the isotropic discrete total variation. The 380 280
sized reference image (a) was downsampled by a factor = 4 (using the operator A given
in (2.33) and corrupted with an additive white Gaussian noise with zero mean aul standard
deviation = 2, yielding image ug displayed in (b). We display in (c) the image obtained by
rezooming the imageug to its initial resolution, using a zero-order (nearest neighbour) zam
with factor , and we display in (d) the image delivered by model 2.30), setting =0:2. The
regularization operated by the TV model yields a more natural image than (c), with attenuated
blocky e ect. However, the image (d) delivered by this model is &r from being perfect, it is in
particular very poorly textured in comparison to (a), and as usual, su ers from staircasing.

than a relaxed version of 2.35. Of course, in presence of noise the constraint
must be relaxed and one should consider mod&.80 instead of (2.35, however
the constrained model may be interesting when the level of ise in ug is low,
especially because it does not need the setting of any regitlaparameter

Using one more time the Propositiorl5, we get a primal-dual reformulation
of (2.35,

Uonsr 2 @Argmin- max — a 1,,(U) + hr%u;pi iy, , 1(P) ; (2.36)
u2R P2R R
where , 1,, denotes the indicator function of the inverse image af, by the
operator A, that is the (closed and convex) sefA Uy ;= u2R ; Au = U
that we assume to be nonempty. A solution of problen2(36 can be numerically
computed using the Chambolle-Pock algorithm, takin® = s 10, F?= ki, » 1
nd K = r @ (with adjoint K = div® and induced'2 norm satisfying jjj K jjj
8), it boils down to Algorithm 4.

Remark 17. The primal update in Algorithm 4 involves the computation of a
projection onto the setA 1u,, which may be nontrivial according to the choice of
A. When necessary, one can avoid this computation, at the cost of introducing
another dual variableg 2 R' related to the constraintAu = ug, using the relation
A 1o(U) = fug(Au) = 72 (Au), where ¢,,4 denotes the indicator function of

fuog
the singletonf ugg.
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Algorithm 4 : resolvant algorithm for problem .39 and its variants.

Initialization: SetL such asjjjKjj L (for instance L = P 8), set
=1, and choose; > Osuch as L 2< 1 (for instance
= =0:9%L). Chooseuw’2 R ,p°’2R R, and sett® = u°.

Choice of the regularizer (TV 9, TV ¢ or HTV %): For using the TV ¢
regularizer, as formulated in(2.39, seta®=2 and = 1. For solving the
anisotropic TV § variant, seta®’=+ 1 and = 1. Otherwise, for solving
the HTV ¢ variant, seta®=2 and =1+

Requirement(s): Denote by o the 2 projection over the set

A lug=fu2 R ; Au = uyg. Denote by ; .0 the *2 projection over the
closed unit ball for the normk k; .50 (See the explicit expression of; .50 in
Algorithm 2).

Iterations:  For k 0, updateuX, p¢ and u* as follows,

K+1 kg ydgk
p - 10 ==
uktl = 0 uk + divdpk+l
Uk+l - uk+1 + uk+1 uk

Application to image zooming

Let us consider again the zero order unzoom (or captor integion) operator
A:R ! R' with integer factor 1, de ned in (2.33. One can show that in
that case, the'? projection ( over A lug is given by

8V2R : ov)=Vv 2AAv+ 2A ug; (2.37)
whereA denotes the adjoint ofA, given in (2.34). The result (2.37) can be proven
by a direct computation of

o(v) =argmin 1ku vk subjectto Au = up; (2.38)
u2R

or, more elegantly, using some advanced duality results thae will present later,
in Section 2.4. Alternatively, we can use the celebrated Lagrangian formam
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and check that (v) is the solution of the constrained convex and di erentiald
problem (2.39, since the tuple U := o(v);p:= 2Av  2ug) satis es the Karush-
Kuhn-Tucker conditions associated toZ.38, which amounts to check thatAu =
up andr yL(u;p) = 0, noting L = (u;p) 7! %kAu vk3 + hAu  Ug; pi, and
r wL(u; p) the gradient ofu 7! L (u; p) at the point u (see Boyd and Vandenberghe
2004, and references therein). However, we must emphasize thaig value ofp
was here derived using the dual methodology of Secti@4, we will therefore
come back later on this point.

Thanks to (2.37), we are now able to use Algorithm4 to compute a solution
of (2.39, in the case of image zooming. This model does not involveetisetting of
a regularity parameter and delivers images that are very similar to that obtained
using the relaxed problem 2.30 with a small

Image reconstruction from partial measurements

The constrained problem 2.35 can also be used to perform other image pro-
cessing tasks, we brie y address here the problem of imageaastruction from
partial measurements. Consider that the gray levels of a Ence imageles 2 R
are only observed on a subdomain, , and we try to recover the missing mea-
surements. This problem is now usually calleothage inpainting but was in fact
introduced by Masnou and Morel[199] asimage disocclusionproblem. There
exists many approaches to image inpainting (we refer to theae work [Newson
et al. 2014, and references therein, for recent advances in this domgia very
simple one consists in looking for the image showing the steal total variation
among those which coincide with the observed measuremeritsat is over! o (see
for instance [Chan et al. 200%, which uses a similar approach to perform at the
same time inpainting and deconvolution). This can be modaleas a problem of
kind (2.39, when seeingA : R | R as a masking operator,

u(x; if (x;y) 2!
Bu2R ; 8(xiy)2 ; Au(xy)= (Oy) ot(her>\//3ise °

and up = Au,e, the (incomplete) observationu,e. In that case, the 2 projection
o on the constraint setA lug is simply given by

Uo(X;y) 1f(xy)2!o

8uz2R ; 8(xy)2 | o(U)(Xy) = u(x;y) otherwise

Therefore, Algorithm 4 can be implemented with no di culty, and used to ap-
proximate a solution of .39, as done in Figure2.11
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(a) reference (b) observed image (c) restored image

Figure 2.11: Image inpainting. Some pixels of the reference image (a) were masked to model
an observation (b) with incomplete measurements (masked pixels arespresented in black). The
domain of the unmasked pixels, noted o, represents 40% of the full domain of the reference
image. The image (b) is then processed using modeR(35), in order to extrapolate the gray
levels from! ( to the full domain , yielding image (c). This total variation based variat ional
approach is rather simple, and far better results may be obtained usig modern (in particular
patch-based) approaches. In particular, in the example considered e, the position of the
masked pixels were randomly chosen (the pixels of the binary mask wergenerated according to
a Bernoulli law with parameter p = 40%). Actually the problem becomes far more complicated
in more realistic situation, where the masking operator contains more sucture.

The problem of image reconstruction from partial measuremts can also be
considered when the available measurements are done in thegtiency domain,
which typically happens in the case of MRI (Magnetic Resonar Imaging) or
tomography reconstruction. This example, termed as speaimn extrapolation,
can also be formulated as a problem of the type2(35), it will be presented in
more details in Chapter3.

2.4 The dual point of view

We will end-up this chapter with the presentation of a genetdramework de-
voted to the dualization of optimization problems. In contast to the methodology
used in Sectior2.3, which consisted in changing the initial (primal) minimizaion
problem

(P) |r21; C(x); (2.39)
X
into a primal-dual saddle-point problem, we will now entiryy leave the primal

space (here notedX ), and show how we can associate td’() a dual problem
(P ?), de ned as a supremum over a dual space (that will be noted). We will



94 Chapter 2. The total variation

explain the relationships linking the in mum (P ) with the supremum (P ?), as
well as those linking the solutions of R ) to that of (P ?). We will then apply

this methodology to several image processing problems. $hpresentation will
be restricted to the case wher& and Y are nite dimensional Hilbert spaces
(in particular X and Y will identify to X? and Y?, which greatly simpli es the

studies and the notations), we refer togkeland and Temam 1999 Chap. Ill] for

more general results.

2.4.1 Generic dual of an optimization problem

Let X and Y denote two nite dimensional Hilbert spaces, endowed with &
inner productsh; ix andh; iy. Let us associate to the primal problemR ) with
costC, de ned in (2.39, what we call aperturbation function : X Y ! R,
which is a function satisfying

8x2 X; (x0)=C(x): (2.40)

For the moment no more assumption is done for . The dual prodm of (P )
with respect to the perturbation , is de ned by

(P? sup  *(0y); (2.41)
y2Y

where ? denotes the Legendre-Fenchel transform of (notice againhat the
interpretation of ? as a function of X Y instead of X? Y? was possible
thanks to the identi cation of X? Y?to X Y). Many relationships between
(P ) and (P ?) are derived in Ekeland and Temam 1999 Chap. Il1], we will only
state here the main ones.

Proposition 20 (extremality relation). Under the following assumptions,
) 2 oX YY)
(i) the primal problem (P ) admits at least one solutiorx;

(i) there exists a point Xg 2 X, such asy 7! ( Xo;y) IS nite and continuous
at the pointy = 0;

the dual problem(P ?) admits at least one solutiory 2 Y. Besides, the solutions

of (P ) and (P ?) are characterized by the relation

X is a solution of (P )

(x0+ “(0y)=0, y is a solution of (P ?);
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and this relation is namedextremality relation. In particular, ( x;0) = ?(05y)
so that the value of the in mum of(P ) equals that of the supremuniP ?).

Remark 18 (bidual problem). The dual problem(P ?) can be viewed as an
in mum, (indeed, sup,,y ’(0;y) and infy,y  ?(0;y) are the same problems),
and we can easily reiterate the dualization process. Considering the dua(@f?)
with respect to the perturbation®= ( x;y) 7! ?(x;y), yields the bidual prob-
lem (P *?),

sup ©°(x;0) or equivalently, inf ’(x;0);
<2X x2X

which is equivalent to the primal problerfP ) when 2 (X YY), since in that
case *?= . We intuitively understand here the importance of hypothesis) (in
Proposition 20, which maintains a kind of equivalence between the proble(Rs)

and (P 7).

In all the following, we assume satis ed the hypotheses of &position 20, in
particular the in mum ( P ) and the supremum P ?) are attained, and will be
replaced by the argmin and argmax operators, since we focusanon the solutions
of these problems.

2.4.2 Interesting particular cases
First, consider the case where the cost functio@ of problem (P ) is of type
8x2 X; C(x)=J(x;Kx)

whered 2 oX Y), and K : X ! Y denotes a linear operator. Let us
associate to P ) the perturbation function = ( x;y) 7! J(x;Kx y) (which
satis es (2.40, i.e., ( x;0) = C(x)). This choice yields, for any g=y) 2 X Y,

y) = sup hY);(Y)ix v JOGKX y)

(xy)2Xx Y

sup hx+ Ky ¥ Xy)ix v JXY);
(xy)2x Yy

using the change of variabley 7! Kx vy (and noting, for any a, cin X, and any
b,dinY, ha;b;(c;dix v = ha;dx + hbo;dv). Finally, we recognize °(¢,y) =
J?(x+ K ¥, ¥, so that the dual of (P ) with respect to , is given by

(P?) argmax J*(Ky; y): (2.42)
y2Y



96 Chapter 2. The total variation

Besides, using the extremality relation of Propositior20, we see thatx andy are
respectively solutions of P ) and (P ?) if and only if

JOGKX)+J(Ky; y)=0;

and since we have 0 3x;K yix h Kx;yiy = h(x;Kx);(K vy; Vy)ix vy, we get
JX;KX)+ J°(K y; y) = hx;Kx);(K y; Yy)ix y. Therefore, using Proposi-
tion 4, we get the characterization

X is a solution of P )

Ky, y)2 @I:KX), y is a solution of P ?):

(2.43)

Now, let us come back to the primal version2.25 of the generic primal-dual
problem (2.24) addressed by Chambolle and Pock. In that case, the cost fuimn
to minimize is given by

8x 2 X; C(x)= J(x:Kx):= G(x)+ F(Kx); (2.44)

so that the function J considered before is now additively separable with respect
to (x;Kx). Thanks to this additional property, we can easily show thaJ? =
(¢ y) 7! G’(x) + F?(y), and the dual problem @ ?) derived in (2.42 becomes

(P? argmax G’ (Ky) F’(vy): (2.45)
y2yY

The extremality relation (2.43 also bene ts from the separability ofJ, however,
rather than adapting (2.43 (which involves the knowledge of additional rules
about subdi erential calculus), it is simpler to reuse Propsition 20. The points X
andy are respectively solutions of® ) and (P ?)if and only if ( x;0)+ ?(0;y) =
0, that is, if and only if

G(x)+ F(Kx)+ G*(K y)+ F’( y)=0;
which we can transform into

G(X)+ G’(K y) hx;K yix + F(Kx)+ F’( y) hKx; yiy =0:

Remark now that the two terms between brackets are both nongative (this can
be easily checked by replacing the Legendre-Fenchel trasrsiis by suprema using
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De nition 12), it follows that both are null. Thus, thanks to Proposition 4, we get
Ky2@®&)and y2 @RKx), and nally, the extremality relation becomes

Ky 2 @G&) X is a solution of P ) (2.46)
y 2 @RKx) y is a solution of P ?): '

In several cases, the dual problenP(?) is easier to solve than P ), and some-
times (unfortunately not always) the extremality relation (2.4 can be used to
retrieve a solution x of the primal problem (P ) from a solution y of the dual
problem (P ?). In the next section, we will show how this methodology caneb
used to recover Moreau's identity, which is a perfect examgpwhere the extremal-
ity condition makes possible the explicit computation of adution of the primal
problem (P ) given a solution of the dual problem P ?). We will then study some
previously considered problems in the light of this dual mabdology, such as the
ROF denoising problem 2.28, and the inverse problem 2.30. We will also point
out some limits of this approach, since in the case of the imge problem .30,
we will see that the link between primal and dual problems beotes implicit.
But rst of all, let us come back on the projection problem 2.37 considered in
Section2.3.5

2.4.3 Back to several optimization problems
Dual of the projection problem (2.39)

In section 2.3.5 we needed to compute thé? projection o(v) of an element
v 2 R over the constraint setA ug=fu2 R ; Au = uyg, whereA:R ! R
denoted the zero order unzoom operator with integer factor, that we de ned
in (2.33. Computing ¢(v) amounts to compute a solutioru of the primal problem

(P) argminG(u)+ F(Au);
u2R

noting G(u) = %ku vk3, and F = .4, the indicator function of the single-
ton fupg. This problem has the generic formZ.44), when settingX = R , and

Y = R'. Since for anyp 2 R' we haveG?(A p) = 3kA p+ vk3 2kvk3 and

]?uOg( p) = h p; Wi, we associate toR ) a dual problem, which, after basic ma-
nipulations (change the argmax into argmin, remove constaiterms, ...), yields

(P ?) ar%glﬂn%kA p+ vk hp;ui:
o2R!
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Wee see that P ?) is a convex and di erentiable problem, the gradient of its ost

function isp 7! A(A p+ V) U, and thanks to the relation AA p = & (which

is easy to prove using 4.33 and (2.39), we see that this gradient vanishes at
the point p= 2up,  2Av, which is the solution of @ ?). Therefore, using the
extremality relation (2.46, we getA p 2 @Gu), thatis, Ap = u v (since

@Gu) = fr Gug= fu wueg), andthus,u=v 2A Av+ 2A ug, as announced
in Section2.3.5

Recovering Moreau's identity

Let us setX = Y, K = | (the identity operator over the spaceX), and
G=xT7! Zikx Xok3 (for a given parameter > 0, and a givenxo 2 X), so that
the primal problem (P ) boils down to the computation ofx = (1 + @F) (o).
We can easily show thatG” = y 7! ky + *¢k3  -LkxokZ, so that (2.49 yields
the dual problem

(P?) argmax sky + 22k2 + Lkxok?  F7(y):
y

By removing the constant termzikxokg (which does not change the set of maxi-
mizers of P ?)), changing the argmax into the argmin of the opposite cosufc-
tion, and changingy into y (beware this also changes the sign of the argmin),
we get

(P?) argminzky %k + F7(y):
y2Y

which exactly boils down to the computationofy = | + 1@F txo Besides,

the extremality relation (2.46 states that the solutionsx andy of (P ) and (P ?)
are necessarily linked by the relatiory 2 @ @K x). Since the only subgradient of
G at the point Kx = x (recall that K = 1) is its gradientr G(x) = **2, we get
y = X0 yielding Xo = X y. Finally, we recover Moreau's identity,

xo=(1+ @F) (xo)+ |+21@F * x ;

that was derived in Proposition13.

A dual formulation of the ROF problem

The ROF image denoising problem2.28 corresponds to the choice of the cost
function
C=u7!'J(u;Ku) = G(u) + F(Ku);
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whereG(u) = ku uok?, Ku = r 9u (with adjoint K =  div9), and F(Ku) =
k r duky, = TV 9(u) (notice we changed the variablesx(y) into (u;p), and
wesetX =R ,Y =R R ). The Legendre-Fenchel transforms df and G
are given byF? =y, , 1 (Proposition 2) and G? = v 7! kv + 2 ugk3 K uokZ.
Therefore, using 2.45, we get a dual formulation of the ROF problem 2.28,
which, after basic manipulations, yields

(P ?) argmin kydivip uck3 subjectto kpk; ., 1;
p2R R
Besides, using the extremality relation 2.46), we see that the solutionsu, p of
(P )and (P ?) must satisfy  divip=2(u up), in particular, we recoveru from
p using
_ e [

U= U Edlv p:
The dual problem P ?) is far easier to handle than the primal problemP ), in
particular the dual problem is convex and di erentiable, wich is not the case for
the primal problem. For instance, P ?) can be reformulated as the? projection
of the quantity 2u, over the convex set

D=diviC; where C=fp2R R ; kpk; » 1g;

and a semi-implicit scheme dedicated to this projection wgsoposed in Cham-
bolle 2004. However, problem P ?) is also easy to handle using a simple pro-
jected gradient method, as done inhambolle 200} since the projection over
C, i.e. the unit ball for the norm k kj ., is straightforward to compute (see
its closed-form expression ; ., in Algorithm 2). In both cases, the numerical
algorithms dedicated to the computation of the solution of® ?) involve the set-
ting of only one time step parameter, instead of two when uginthe primal-dual
algorithm of Chambolle and Pock. Besides, thanks to the retguity of the dual
problem (the cost function is strongly convex with Lipschiz continuous gradient),
some e cient convergence rates can be reached using some Nest acceleration
strategies proposed inNesterov 19832009, as it is done in JVeiss et al. 200p

A dual formulation of the TV regularized inverse problem

We now focus on the inverse problem2(30, related to the inversion of the
operator A : R ! R'. This problem corresponds again to the choice of a cost
function of the type

C=u7!'J(u;Ku) = G(u) + F(Ku);
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whereG(u) = 0, Ku = ( r %u;Au), and F(Ku) = Fy( r 9u) + F,(Au), setting
Fi( r9u) = k r 9uky, = TV 9u) and Fa(Au) = kAu  Ugk3. Remark that
we have set hereX = R ,andY = R R R'. Since we haveG’ = fog
(the indicator function of the singletonf Og, noting O the zero ofR ), and F? =
(P9 7! ks, 1(P)+ TKa+2 k3 k uokZ, using (2.45, we get a dual formulation
of the inverse problem 2.30, which, after basic manipulations, yields

- d _
P7) argmin kg 2uok? subject to divi(p)+ A q=0
(P@2(R R ) R kpk; » 1

which can be again interpreted as a projection in the dual spa, over the inter-
section between the kernel of the linear operatop(q) 7! divip+ A gand the
closed unit ball of the normk k; .,. Let u and (p;g) denote some solutions of
the primal and dual problems, a straightforward adaptationof the extremality
relation (2.46 taking into account the additive separability of F with respect to
(p; 9 yields the relation

8
< divip+ A q=0
p2 @K( r Yu)
q2 @E(Au) = f2(Au  uo)g

which unfortunately does not give an explicit way to computei from p, so that
even if we were able to easily computg, this would not help to easily solve the
primal problem. However, notice that such kind of dual study foinverse problems
is very useful to prove the equivalence between two famousmerical schemes (the
Alternating Direction Method of Multipliers (ADMM) and the Do uglas-Rachford
Splitting (DRS) algorithms), in the sense that the iteratesof ADMM applied to
a primal problem (P ) are identical to that of DRS applied to a dual problem
(P ?), as nicely proven in Chambolle and Pock 20111
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Abstract

Discretization schemes commonly used for total variatioregularization lead
to images that are di cult to interpolate, which is a real issue for applications
requiring subpixel accuracy and aliasing control. In thist@apter, we reconciliate
total variation with Shannon interpolation and study a Fouier-based estimate
that behaves much better in terms of grid invariance, isotqy, artifact removal,
and sub-pixel accuracy. We show that this new variant (calteShannon total vari-
ation) can be easily handled with classical primal-dual fanulations, and illustrate
its e ciency on several image processing tasks, includingetlurring, spectrum ex-
trapolation, and a new aliasing reduction algorithm.

3.1 Introduction

Since total variation (TV ) regularization was proposed by Rudin, Osher and
Fatemi for image denoising Rudin et al. 1993, it has proven extremely use-
ful for many applications (and beyond image data, for that mier) like im-
age deblurring Jogel and Oman 1998Chan and Wong 1998 inpainting [Chan
et al. 2009, interpolation [Guichard and Malgouyres 1998 spectral extrapolation
[Rouge and Seghier 1995 image decomposition\fese and Osher 20Q3 super-
resolution Babacan et al. 2008 stereovision Miled et al. 2009, and much more
(see Chambolle et al. 201pand references therein for more examples). In the last
decade, the development of dual and primal-dual formulatis [Chambolle 2004
Beck and Teboulle 2009aWeiss et al. 2009 Fadili and Peye 2011, Chambolle
and Pock 201) and graph-cuts methodsParbon and Sigelle 2006has provided
e cient algorithms for TV-based minimization problems, thus increasing even
further the popularity of TV regularization.

A modern way to explain the e ciency of TV is to see it as a sparsity-
promoting model: being de ned by a_! norm (of the gradient), TV minimization
tends to favor solutions whose gradient is sparse (that isften takes the value
0), which corresponds to the so-called cartoon images. Ofucse, real-life pho-
tographs are not cartoons, but outside textured regions (vith can be ignored in
many image analysis tasks) they are close to that. Another ebgmation of the
usefulness offV is its ability to penalize oscillations (which is typicallythe kind
of structures one wants to avoid when solving an ill-posedverse problem) while
allowing discontinuities at the same time.

When it comes to implementing an optimization problem involing a TV reg-
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ularization term, like, e.g., TV denoising of an imagel, by
argminku  ugk?+ TV (u); (3.1)
u

(where > 0 is a positive parameter selecting the desired amount of régriza-
tion), the issue of TV discretization arises. Most algorithms choose to approxi-
mate the continuousTV by a sum (over all pixels) of the’? norm of a discrete
nite-di erence estimate of the image gradient, that is,

X
TV Y(u) = P (@Qu(k;1)2 + (@u(k;1))? (3.2)
(k)2
(

ki) = u(k +1;I K;1);
where Qulcl) = ulker 1:) - ulksl) (3.3)

@u(k;1) = u(k;1 +1)  u(k;1);

andu: ! R is a discrete gray-level image de ned on the nite domain

Z? (we purposely ignore boundary issues here, as they are notated to our
discussion). In the following, we shall refer to3.2) as the discrete TV. In some
situations, an anisotropic scheme { norm) may be usedChambolle 2005Louchet
and Moisan 2014 Abergel et al. 201}, leading to the anisotropic discrete TV
X
TV Gi(u) = j@u(k;1j + j@u(k;1)j:
(k)2

Curiously enough, as popular as they are, these numericahemes present strong
drawbacks in terms of image quality at pixel and subpixel stes. Indeed, an
image obtained by minimizingTV %-based energies is very di cult to interpolate,
or, said di erently, badly sampled according to Shannon thay. In practice, this
means that trying to interpolate such an image will result inthe appearance
of undesired artifacts (see Figure.1), generally a mix between blockiness and
ringing depending on the interpolation method. This stronly limits the possibility
of exploiting an image delivered by alV 9-based scheme, as usual operations
like geometric transformations, registration, sub-pixethape matching, derivative
estimates (not to mention others) require well-interpolale images. New discrete
schemes have been recently proposedhpmbolle et al. 2011 Condat 201§ to
improve the isotropy of the discrete TV, but they do not solve rfor address) the
interpolability issue we consider here.

In this chapter, we study a new formulation of the discrete TVwhich recon-
ciliates TV minimization and Shannon theory. This variant, which we shHaname
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/
(&) TV -restored (b) resampling of (a)  (c) spectrum of (a) (d) original, resamped
Figure 3.1: Discrete TV produces aliasing. An image denoised with a classical discrete

implementation of TV denoising (a) is improperly sampled, as attested by the aliasing arti-
fact appearing in its Fourier spectrum ((c), red arrow), which is responsible for the undesired
oscillating patterns that appear when magnifying the image using Shannorinterpolation ((b),
red arrows). Note that this artifact is not present on the original image (d). This experiment
illustrates the di culty of manipulating images at a subpixel scale af ter a processing involving
the discrete TV.

Shannon Total Variation (STV), rst appeared in [Malgouyres and Guichard
2001, and was later explicitly considered inifloisan 2007 and then used in Fac-
ciolo et al. 2009 Preciozzi et al. 201 under the nameSpectral Total Variation
(but we shall not keep this name since it would introduce a céusion with [Gilboa
2013). The STV variant consists in estimating the true total vaiation of the exact
(continuous) total variation of the Shannon interpolate ofu by using a Riemann
sum approximation of the associated integral. We show thafl% successfully ad-
dresses the above-mentioned issues and delivers images liciwthe discrete sinc
and spline interpolations behave nicely, while preservirtge desired properties of
TV regularization. The lack of isotropy observed with classat nite di erence
schemes is also naturally avoided with STV. This comes at thexpense of a few
Fourier Transforms at each iteration of the optimization pocess, which is, in most
applications, an a ordable cost considering the strong bents in terms of image
quality.

The chapter is organized as follows. In Sectidh2, we present the discrete sinc
interpolation as a consequence of Shannon sampling Theoreand discuss in par-
ticular the (generally overlooked) di culties encountered with Nyquist frequencies
in the case of even image dimensions. We also give an indepamndusti cation of
discrete sinc interpolation as the unique linear interpotaon that de nes invert-
ible subpixellic translations, and discuss the link with Bspline interpolation. In
Section3.3, we de ne STV and discuss the choice of the upsampling factosed
to discretize the continuousTV integral into a Riemann sum. We then show in
Section3.4that STV-based algorithms can be e ciently implemented by eriving
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a dual formulation which can be used in the powerful ChambelPock optimiza-
tion procedure. In Section3.5, we illustrate the use of STV regularization in the
case of several classical applications (denoising and mgemeral inverse problems
like deblurring, image magni cation with spectrum extrapdation, tomography).
We then present a new STV-based image restoration model ivimg a weight
function in Fourier domain, which leads to interesting apptations in terms of
de-aliasing and can be viewed as an \image Shannonizer" aspibvides a way
to approximate a given image by a well-sampled one accorditg Shannon in-
terpolation (Section 3.6). We nally conclude in Section 3.7 and present some
perspectives.

3.2 Shannon interpolation

3.2.1 Shannon Sampling Theorem

A classical way to understand the relation between a{dimensional) contin-
uous signal and its sampled version is Shannon Sampling Them, which can
be considered in §pme way as the foundation of the digital erln the following,
we write hx;yi = ;_; X;y; the canonical Euclidean inner product between two
vectorsx = (x;) andy = (y;) of RY,

Theorem 1 (Shannon-Whittaker). Consider a positive real number and an
absolutely integrable functiorf : RY! R whose Fourier Transform
z
()= f(x)e ™ idx (3.4)
Rd
h i g
satises 8 62 —;— ; Ib( )=0: (3.5)

Then, f is continuous and uniquely determined by its values oZ¢, as for any
x 2 RY, X
. X
f(x)= f( k)sinc — Kk (3.6)
k2zd
where the cardinal sine function is de ned orRY by

¥ sin(x )

sinc(x) = >

(3.7)
i=1

with the continuity-preserving convention® 2 = 1.
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In this chapter, we will focus on one-dimensional signalsl (= 1) and two-
dimensional imagesd = 2), but the extension to higher dimensions is straight-
forward. Apart from establishing a clear correspondence leten the support of
the Fourier spectrum of the bandlimited functionf and the critical sampling step

permitting its exact reconstruction from discrete samplesShannon Sampling
Theorem provides with Equation3.6 (for = 1) an interpolation formula that
extends to RY a discrete signal initially de ned onZY. However, this formula
cannot be used as such in practice since it involves an in gitnumber of samples.
We rst discuss that issue in the simpler casd = 1.

3.2.2 Discrete Shannon interpolation of 1-D signals

Let us consider a discrete signas : I, ! R whereM 2 N and Iy =
f0;1;:::M 1g. In order to de ne the Shannon interpolateS : R! R of s using
(3.6), we rst need to extend s into an in nite signal s:Z! R, so that

X
S(x)=  s(k)sincx k): (3.8)

k2z

Extending s with 0 in Z nly would be a poor solution, as it would interpolate a
constant discrete signas by an oscillating function. Instead, the classical solutio
consists in extendings as a M -periodic function stk) = s(k mod M). Using
such a periodic extension is not completely straightforwdras it does not t the
hypotheses of Shannon Sampling Theorem (@ -periodics-: Z ! R cannot be
the sampled version of an absolutely integrable bandlimiiefunction), but we can
formally write

X
S(x) = s(k)sinc(x k)

X% x
s(k)sinc(x k pM)
p2Z k21 |

X X
= s(k) sinck k pM) ;
k21w p2Z

and the factor ofs(k) can be explicitly computed with

Proposition 21 (discrete cardinal sine). De ne the discrete cardinal sine of
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order M as theM -periodization of the cardinal sine function, that is,

X
sincdy (x) := nIlirr+11 sincx pM): (3.9)

p=n

Then, one has

8
3 MS'Q% it M is odd

sincdy (x) = M (3.10)
; M if M is even

M tan ﬁ

where the indeterminate form$=0 are solved by continuity, that issincdy (x) =1
forany x 2 M Z.

The proof is given in Appendix3.8.A. In view of Proposition21, we can rewrite
the interpolation of s as

X
S(x) = s(k) sincdy (x  Kk): (3.11)
k21w
Note that for small values ofjxj (more precisely, whenjx] M), we have

Msing-"' Mtang- " X, so that sincdy (x) ' sinc(x), which formally shows
the asymptotic equivalence between sinc and singdnterpolation asM ! +1 .

In practice, (3.1]) is barely used, since there is an equivalent (but numeri-
cally more e cient) formulation due to the fact that sincdy, is a trigonometric
polynomial.

Proposition 22.  The function sincdy is a trigonometric polynomial, which can

be written 0 1
1 X
sincdy (x) = Re @M e wA (3.12)
2R
whereR, = ’\"7; ""7 \ Z and the real part in (3.12 is required only ifM is even.

Proof. The set Hw is made of M consecutive integer values, and can thus be
written

m =faja+l;::;:a+ M 1g;
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wherea= b ""70 denotes the (lower) integer part of%. Thus, if X 62M Z we have
X ahy 1
e2iri<T: ez'ML :eZi?TX—,X_e'X i
- . 1 & w S
If M isodd, 22+ M 1=0 and we get
1 X sin( x .
o e v = m = sincdy (X)
2Ry
as exp%cted. M is evian, a2+M 1= 1 andwe now obtain

1 e _ x M 1 sin(x)_

1 X sin( x ) . sin(x ) .
Re@m GZI wA = m Re(e ' ) = m = S|nCdM (X)
2R
as well. O

A consequence of Propositior22 is that the Shannon interpolation formula
(3.11) can be rewritten using the Discrete Fourier Transform redi@d below.

De nition 15. The discrete Fourier Transform (DFT) of a signals: Iy ! R
Is the M -periodic complex-valued signaﬁ)((je ned by

8 27Z; B )= s(k)ye 2 W
k21m
Proposition 23. The discrete Shannon interpolation of a signa: 1y ! R can
be written 0 1
1 X o
S(x) =Re @M B )e? wA; (3.13)
2R

and the real part is required only ifM is even.

Proof. Thanks to Proposition 22, the Shannon interpolate ofs de ned by (3.11)
can be rewritten 0 1

X .
s(k) Re@Mi & A
k2|y\b ZW

S(x)

1
Py
(]

|
wn

1§
=
N
D
\S]

g
Y

§‘><

> -
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from which (3.13 directly follows. O

Note that if X 2 |y, the function 7! §( )e*  is M -periodic, and sinceld,
is an interval of M consecutive values, we have

1
M

as we recognize the inverse DFT df. As expected, the Shannon interpolation
de ned by (3.13 is exact (that is, the restriction of S to 1 is exactly s).

Also remark that whenM is even, we need a real part to cancel the imaginary
part of the term = ""7 in the sum (3.13 since the conjugate term (which would
correspond to = %) is not present in the sum. The real part can be avoided
whenb( %) = 0, or by considering instead a sum withM + 1 terms, as stated

by

Proposition 24. De ne, for integer M,

1=2 ifj j= ""7;
" = 3.14
m() 1  otherwise ( )
The discrete Shannon interpolate of a signa: 1y ! R can be written
1 X o
S = "w( ) B( )€ v (3.15)

Note that if M is odd, "\, is identically equal to 1. This asymmetry between
the caseM odd andM even can be simply explained. Let us de ne ag, the
real vector space of real-valued trigonometric polynomskhat can be written as
complex linear combinations ofX 7! € ) Moo If M is odd, dimTy = M
and there is a unique elemen® of T, that exactly interpolates s, and it is given
by (3.13. If M is even, dimTy, = M + 1 and any element ofT,, that exactly
interpolatess can be written under the formS(x)+ sin(x ) with 2 R, and the
interpolation formula (3.13 corresponds to the implicit (minimal norm) choice

=0.
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3.2.3 Shannon interpolation of 2-D images

Letu:ly In! R beadiscreteM N image. Its 2-dimensional DFT
b:Z2! Cisdened by
X .
b(: )=  u(k:e 2 G (3.16)
i

and the natural extension of 8.11) is

De nition 16.  The discrete Shannon interpolate of an image: Iy In! R
isU:R?! R dened by

X

U(x;y) = u(k;l)sincdy (x  k)sincdy(y I): (3.17)
k21w
121y

As in the 1-D case, De nition 16 can be reformulated in the Fourier domain.

Proposition 25. The discrete Shannon interpolate of an image: Iy In! R
can be written

1

iN w()n() b(; e G (3.18)

ux;y) =

N‘ZN‘E
N‘ZN‘Z

where"y, and"y are de ned in (3.14).

Proof. Simply remark that (3.12 can be rewritten

1 X o
sincdy (x) = o "w( )8 v (3.19)
and (3.18 follows quite directly from (3.16 and (3.17). m

Note that if both M and N are odd, 3.18 boils down to

u(x; _ 1 b(;: )e? G ). 3.20
(6y)= o b( ) , (3.20)
2Ry

2hy
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which is exactly the de nition of the inverse DFT ofb for integer values ofx and
y. Thus, one could wonder whether in the general cas®l( N even or odd) the
generalization of 8.13, that is,

0 1
1 X ey
Utxy)=Relie b(; )é (e (3.21)
28y
2R,

would be an equivalent de nition of U as in the 1-D case. In fact, .17 and
(3.21) both de ne bivariate trigonometric polynomials of Ty, Ty that exactly
interpolate u in 1y Iy, but they di er when both M and N are even. In that
case,Uqx;y) can still be rewritten in a form similar to (3.18, but we have to
change the coe cient”y ( )"n( ) into

21 ()= (Y
" Go)=o 00 0f (5 )= (%5 (3.22)
"1 otherwise
Thus, one easily shows that
M.N

UYx;y) = U(x;y) b sin(x )sin(y ): (3.23)
Even if this di erence is expected to be small for natural imges (the Fourier
coe cients of a natural image decrease rather quickly as thigequency increases),
the true interpolate U is to be preferred toU%as it is separable and more invariant;
in particular, the transform u 7! U°does not commute with the plane transforms
(x;y) 70 ( x;y) and (x;y) 7 (X Y).

In the literature, most papers involving 2-D discrete Sharon interpolation
either do not mention this issue Getreuer 2011 Malgouyres and Guichard 2001
or restrict their study to odd dimensions §imon and Morel 201fF or use the
(slightly incorrect) variant U°[Briand and Vacher 201} (probably because taking
the real part is the most simple way to get rid of the imaginaryart that naturally
appears when Nyquist frequencies are not carefully handled)

3.2.4 Dealing with periodization artifacts

Using discrete Shannon interpolation requires a careful hdimg of edge e ects,
as the implicit periodization of the image may produce intgrolation artifacts (that
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is, undesired oscillations) near the boundary of the imagenhain if the intensity
values on the opposite edges of the image domain do not matchliw This issue
is discussed in detail inljloisan 201], and an e cient solution is proposed that
consists in decomposing the original image into the sum of &godic image and
a smooth image. Other solutions exist like symmetrizationrapodization using
an appropriate weight function (e.g., a Hamming window), buuthey appear to be
less e cient in general. In all the experiments presented ttoughout this chapter
(and in particular in Section 3.5and 3.6), the periodic plus smooth decomposition
of [Moisan 201] will systematically be used.

3.2.5 Shannon interpolation and reversible transforms

As we saw earlier, Shannon Sampling Theorem provides a nicestnetical
framework that establishes a one-to-one correspondenceéviEen continuous ban-
dlimited and discrete images, which naturally leads to theisicrete Shannon inter-
polation we just presented. Interestingly, there is anothigusti cation for Shan-
non interpolation, that does not explicitly refer to Shanna Sampling Theorem:
basically, it is the only linear interpolation that de nes invertible subpixellic trans-
lations (in a periodic setting). In the following, we assum#&r simplicity that M
Is an odd integer, and writeS the space ofM -periodic signalss: Z! R.

Theorem 2. There exists a unique family of linear operator§T,),.r on S such
that :

(i) z7! T, is continuous,
(i) 8k;z2 Z; T,s(k)=s(k 2z),
(i) 8w;z2 R; Ty+z=Ty Ty,
(iv) y.”}) jzj kT, idk, is minimal.
It is de ned by
T,s(k) = S(k  2); (3.24)
where S is the discrete Shannon interpolate af de ned in (3.11) or equivalently
in (3.13.

The Proof is given in Appendix3.8.B. Theorem 2 remains true forM even,
provided that we de ne S in this case by
( X )
S= s:luy! R; ( 1)*s(k)=0 : (3.25)
k21 m
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(Note that it is equivalent to assumeb(M=2) = 0). This restriction is needed
to exclude from S the alternated signalk 7! ( 1)%, which clearly cannot be
translated in a way compatible with Hypothesesi() and (iii).

Theorem 2 shows that the only minimal continuous semi-group extendgthe
integer (periodic) translations is given by Shannon interplation. This result is in-
teresting in the sense that it brings another justi cation o Shannon interpolation
without referring to Shannon Sampling Theorem (or to the Fouier Transform, for
that matter): among linear interpolation methods, only Shanon interpolation is
able to translate images without information loss.

From Equation (3.74), we can see that a subpixellic translation with Shannon
interpolation can be implemented with two DFTs, as

Es( )=e 2 7M p(): (3.26)

Moreover, T, is a linear isometry KT,sk, = ksk,), which is another way to explain
that no information loss occurs.

Signal and image magni cation is also very easy to perform thidiscrete Shan-
non interpolation, as it essentially boils down to azero-paddingin the Fourier
domain (for even dimensions, it is also necessary to splitéglcoe cients corre-
sponding to Nyquist frequencies = 'V'? or = %). More surprisingly, im-
age rotation can also be implemented e ciently with the DFT (se [Yaroslavsky
1994), thanks to the following factorization of a rotation matrix into a product

of shear matrices:

cos sin 1t 1 0 1 t
sin cos -0 1 sin 1 0 1 (3.27)
with t = tan 5 As a shear transform like
v(X;y) = u(x ty;y) (3.28)

consists in applying 1-D translations to each line af, a 2-D rotation can be de-
composed as a combination of 1-D translations, which can baplemented in the
Fourier domain. For that reason, image rotation with discree Shannon interpo-
lation is a linear isometry, and can thus be considered as as#bess transform.

3.2.6 Link with spline interpolation

A popular alternative to Shannon interpolation is spline iterpolation. With-
out going too much into details (seeUnser et al. 1991 Unser 2000 and the
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references therein), it is worth mentioning the relation beveen spline and Shan-
non interpolation, and to understand how they can be combieto yield what
is probably the most accurate and e cient linear interpolaion of bandlimited
signals.

The spline interpolation of ordem (n 2 N) of a signals 2 “?(Z) can be written

X
S"(x) = ck) "(x k) (3.29)

k2z

where " :R! Risthe spline of ordem de ned by induction by ° = 1, 11y and

k+1 =k Ofgrall k 2 N. It can be shown that the signakc: Z! R is uniquely
de ned by the interpolation constraint S"(k) = s(k);k 2 Z. Whenn 2 f 0; 1g,
one hasc = s and spline interpolation corresponds to piecewise constgm = 0)
or piecewise ane (n = 1) interpolation. When n > 1, c depends linearly on
s and can be e ciently computed using recursive ltering [Unser et al. 199].
As remarked in [Unser 1997, spline interpolation achieves an optimal trade-o
between complexity (the support of " is an interval with length n + 1) and
asymptotic accuracy (rate of convergence towards the unsphad signal as the
sampling step tends to 0). How does spline interpolation corape with Shannon
interpolation? Indeed, 3.29 can be rewritten as
X
S"X) = s(k) gaa(x K); (3.30)
k2z
where [, :R! Risthe cardinal spline of orden de ned in the Fourier domain
by
. n+l
ch ( ): = SlnCZ— .
card ‘27 ”(k)e ik

This provides a nice interpretation of spline interpolatia in the Fourier domain,
as the Fourier transform of 8.30 yields

()= 8 )% ) (3.32)

whereb( ) = P 7 S(k)e ® is the Fourier Transform of the discrete signas.

Thus, if S is a bandlimited signal (supd? [ ; D ands(k) = S(k) for all

k 2 Z, the Fourier transform of S, is deduced from$ by periodization and
multiplication by @ .. This is to be compared to Shannon interpolation, that
recovers the exact signab since

8 )=8)1 . (3.33)

(3.31)
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In fact, Cﬁ‘ard ' 1; . yasn! +1 [Aldroubietal. 1997 (or, equivalently, [ '

sinc), which means that spline interpolation can be viewedsaan approximation
of Shannon interpolation (the equivalence being asymptatlly obtained forn =
+1 ). For nite n however, the e ect of spline interpolation in the Fourier dmain
Is questionable: it creates high frequencies aliases (byesprum periodization),
and then attenuates the whole spectrum (the known part [ ; ] included) by an

apodization function that is a smooth approximation ofL; . ;. This apodization

function (that is, Cﬁ‘ard) is represented in Figure3.2 for various values ofn.

1 [ T T T T T T T S"{]C
order 1 -
order 3 -——--
08 order 9
06 |
0.4}
02}
0
0.2 . 1 . ! ! ! ! ! ! ! P
-8 -6 -4 -2 0 2 4 6 8
Figure 3.2: Cardinal splines in the Fourier domain. The Fourier transform of the

interpolation kernels [, , are represented fom = 1;3;9. As n increases, they get closer to the
ideal low-pass lter obtained with the sinc kernel. The approximation is responsible for blur
(attenuation of known frequencies) and aliasing (creation of high freqgencies duplicated from
existing low frequencies) on spline-interpolated images.

On the one hand, spline interpolation is computationally ecient, and also
versatile: it can be used to magnify an image by an arbitraryattor, or to apply
an homography or a non-rigid transform to an image. On the o#dr hand, Shannon
interpolation is very accurate, as it does not attenuate krvan Fourier coe cients
or create high-frequency aliases. Getting the best of the &wworlds (that is, the
accuracy of exact Shannon interpolation and the e ciency o$pline interpolation)
is easy: magnify the original image by a small factor (e.g. ,2and then use spline
interpolation on the magni ed image. Figure3.3illustrates the interest of such a
combination in the case of a homographic transform.

In this section, we gave a precise de nition of Shannon intgolation (with a
careful treatment of Nyquist frequencies in the case of eveimtensions), and saw
how it provides a nice framework for interpolating bandlinted images with a high
degree of accuracy. It is particularly useful for imaging snces that require an
accurate treatment of subpixel scales and a strict controf artifacts (in particular,
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(a) original image (b) order 3 spline (c) order 9 spline (d) Shannon +
(copyright CNES) order 3 spline

Figure 3.3: High quality homographic transforms using a combination of Shannon

and spline interpolations. Applying an homographic transform to an image (a) requires
the use of an interpolation scheme. Spline kernels are interestingut may produce undesired
artifacts (the slight superimposed line hatch patterns in b,c) dueto the creation of spurious
high frequencies. Applying the same transform with Shannon interpaition alone would be
computationally very expensive, but a simple 2 magni cation with Shannon interpolation

followed by an homographic transform implemented by a spline of order 3 ppduces an artifact-
free image for a computational cost equivalent to spline interpolation.

satellite imaging). As we shall see in the next sections, Shen interpolation can
be made compatible with total variation regularization, povided that we use what
we shall call theShannon total variation

3.3 The Shannon total variation

3.3.1 De nition

Let j j denotes the'? norm overR?, let = |y, |y denote a 2-D discrete
domain of sizeM N andu 2 R a discrete gray-level image with domain
We de ne the Shannon total variation ofu by

Z

STV, (u) = jr U(x;y)j dxdy ; (3.34)
OM] [ON]

where U is the Shannon interpolation ofu de ned in (3.17, andr U : R?! R?2

denotes the gradient of the trigonometric polynomiall. No closed-form formula
exist for (3.34), but we can approximate this continuous integral with the Remann

sum

X
STV,(u) = n_12 ir au(k;Dj ; (3.35)

(k2 n



3.3. The Shannon total variation 117

wheren2 N, ,=Iw Iw and

8(k;l)2 n; rau(kl)y=ru

L
n

In order to compute STV, (u), we need to focus on the practical computation
of r ,u. By di erentiating ( 3.18, we get the gradient ofU, that is, 8(x;y) 2 R?,

1 X 2i X_+L
rU(x;y):W e M N og(; ); (3.36)
where
G(i )=2i"w( ()b ) Dy (3.37)

Therefore,r ,u can be e ciently computed in the Fourier domain forn 2 with
the following

Proposition 26. Foranyn 2andany(; )2 €, := Py pnM , we have

(
o, i ML N
duce = MG it Sl 5 3.38

nu(i ) 0 otherwise (3.38)
whereg, is given by(3.37).
Proof. The result comes directly when writing 8.36 with (x;y) = %r']— , and
extending the sum to the frequency domair¥, by adding zero terms. Note that
C, contains all the frequencies { ) such that % Yand % 5
involved in (3.36 sincen > 1. O

The next Proposition establishes an upper-bound for the inged *? norm

Proposition 27. For any n 2, we have

fir oii no 2 (3.39)
Proof. Letu 2 R , from (3.38 we deduce

kd,uk®= n2%g, > 4 2n“kbk? (3.40)

N
N
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since forany ; )suchasj j % andjj %, wehavej"v( )'n()wi® 3
and j"m ( )"n( )sz %. Then, using the Parseval identity in 8.40, that is,

1 1
2 _ 2 2 - 2.
kr quk? = o kidouk? and ook = kuk?;
yieldskr ,uk? 2 2n%kuk?® and consequently 8.39. O

Similarly to Proposition 26, we can compute the adjoint ot |, in the Fourier
domain (the proof is detailed in Appendix3.8.0).

Proposition 28. Letdiv, = r ,,thenforanyn 2, p=(p;p)2R" R,
and(; )2 b= g, Ff, we have

diva(P)(; )=2i —he(; )+ —he(; )

M N
with
8 . PR M.' N
I@(, ) Ifjj 7,JJ<7
%%(ﬂ&(; ) m( ;o) if o= Yji<hy
he (i )= 3OBG )+ mG ) fjj<Y o= f
é 2 six(siis2 ) if (o )=C % %)
5o 1
and
8 _ y N
pY(: ) Ifjj<?'JJ<?
%%(py(i e (o) if = Mrji<y
he ()= 3G ) oG fii<y = F
§ 2 S20y(S1:S2 ) it (; )=( % %)

7
4
Y

Notice that Propositions 26 to 28 can be easily adapted to the case = 1.
However, we shall not need to consider this case as STNappens to be a poor
approximation of STV; (see next section). Note also that similar de nitions and
propositions could be established for thg®variant of Shannon interpolation men-
tioned in (3.21). This variant yields somewhat simpler formulas (no weiglstare
required to handle Nyquist frequencies in the case of even dinsions) since all
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operators can be obtained by taking the real part of complexalued images. How-
ever, in addition to being less invariant (as discussed in ¢hend of Sectior8.2.3,
UCis also computationally less e cient as it requires the comgtation of DFTs of
complex-valued images.

3.3.2 Choice of the oversampling factor n

When estimating STV; (u) with STV ,(u), which value of the oversampling
factor n should we choose? We experimentally observed on many imageatt
the convergence with respect tm is extremely fast, so that in practice choosing
n =2 or n =3 is enough. Note that an estimate of STY (u) could also be
obtained by using a nite di erence scheme on the image maged with Shannon
interpolation, that is, n TV 9(Z,u) with

8(k;)2 n; Zyuk;l)=U -

S| X

Both estimate are consistent in the sense that

lim STVn(u) = lim n TV 9(Z,u) = STV, (u):
n! + n! +

However, the convergence speed is much worse for the lattehielh comforts us
in the choice of STV, (see Table3.1).

n n 1TV 9(Z,u) STV, (u)
1 1:6 101! 1:8 10 2
2 42 102 1:3 10 3
3 21 10 2 1:7 10 *
5 86 103 7:3 10 S
10 28 103 3:4 10 °

Table 3.1: Relative errors of two STV; estimates. We compare two estimates of ST (u)
when u is the classical \Lena" image. As we can observe, the relative errors are much smaller
with STV , (u) (third column) than with n TV 9(Z,u) (second column), and the convergence
with respect to n is faster. Even forn = 2, the STV , estimate is very accurate with a relative
error of 0:1% or so. This experiment has been repeated on many other images, includj pure
noise images, and yielded similar conclusions for all of them.

As concerns the idea of estimating STV(u) with STV 1(u), the following
result shows that it could lead to incorrect results, as corlling STV (u) is not
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su cient to control STV ; (u). We believe that, on the contrary, such a control is
ensured as soon as 2, even though we have no proof of this a rmation yet.

Theorem 3. There exists no constantC such that
STV]_ (U) C STV]_(U)
for any positive integerM and any discrete imageu of sizeM M.

The proof is given in Appendix3.8.D. It consists in building a sequence of
discrete imagesuy with sizeM M such that STV;(uy ) is xed but STV ;1 (uyw)
increases to 4 with M.

In all the experiments reported in this chapter, we used STVwith n = 3,
but we observed only very slight improvements (and sometirmeone) compared
to the casen = 2, which should probably be preferred when computationaksues
are important. Note also that one could choose non-integerlugs ofn (only nM
and nN have to be integers), which could also be interesting for cqutational
issues.

3.4 Duality tools for handling the STV regular-
izer in a variational framework

3.4.1 Recall of convex analysis

We here brie y recall some classical convex analysis resuheeded for non-
smooth convex optimization. We refer tofkeland and Temam 1999 for a more
detailed presentation.

Consider a nite-dimensional real vector spac& and let E? denotes its dual
space, that is, the set of linear mappings frorkE to R. Let R denotes the set
R[f1 ;+1g andh;i:E? E! R the bilinear mapping de ned by

8 2E% 8u2E; Hui="(u):

An ane function on E is a functionA :u7!'hju i+ ,where' 2 E?is called
the slope ofA and 2 R the constant term. We denote by (E) the set of
functions F : E ! R which are the pointwise supremum of a family of ane
functions overE. One can show thatF is an element of (E) if and only if it is
convex and lower semi-continuous (l.s.c.) and does not tatee value 1  unless
it is constant. In order to dismiss singular cases, we say th& is proper if it
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never assumes the valud and is di erent from the constant +1 . We denote
by o(E) the set of proper elements of E).

Given a functionF : E ! R, the -regularization of F is the largest element
of ( E) which lower boundsF, or, equivalently, the pointwise supremum of all
a ne functions that lower bound F. Note that an a ne function A with slope

' 2 E? and constant term 2 R satises A F if and only if F?(),
where
F?’(C)= sup Hui F(u); (3.41)
u2domF

and donF = fu 2 E; F(u) < +1g . The function F* : E? ! R is called the
Legendre-Fenchel transform oF (or the polar, or the conjugate ofF). It is an
element of (E?), as it can be seen as the pointwise supremum over the dual spa
E? of all a ne functions fA,g,,4me de ned by

8u2domF; Ay:'" 7'hhui F(u):

Since hereE has nite dimension, it is a re exive space and the LegendrEenchel
transform of F? (noted F 7?) is an element of (E*?) (and thus an element of (E)),
which happens to be exactly the -regularization ofF. In particular F?> F
and we have the characterization

F2 (E), F7=F; (3.42)

which is very useful to derive a primal-dual reformulation ban optimization
problem when the cost function decomposes as a sum with atde@ne term in
( E). Besides, since&e (endowed with the Euclidean inner product) is a Hilbert
space, it is self-dual in the sense that any element Bf can be represented as the
inner product with an element ofE , which is very useful in practical computations.

3.4.2 Chambolle-Pock Algorithm

The recent use in imaging of those powerful convex analysisols based on
duality allowed to properly handle total variation-based ariational problems (see
e.g. [Chambolle 2004 Zhu and Chan 2008. This initiated some ourishing
theoretical research (see e.gAljol and Chambolle 2005 Fadili and Peye 2011])
as well as the development of e cient numerical scheme€ambolle and Pock
2011, Combettes and Wajs 2005Beck and Teboulle 2009aWeiss et al. 2009
Ochs et al. 2014 Drori et al. 2015 Raguet et al. 2013 dedicated to nonsmooth
optimization. We will here brie y recall the formulation of the celebrated rst
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order primal-dual algorithm of Chambolle and Pock@hambolle and Pock 201}
which can be used to address various total variation based age processing tasks
and comes with nice convergence theorems.

ConsiderX and Y two nite-dimensional real vector spaces, an inner prod-
uct h; i overY and the generic saddle-point problem

min ryz%x G(x)+ Kx;yi  F(y); (3.43)
whereF 2 o(Y), G2 o(X)andK : X ! Y denotes a linear operator. We set
H:(xy) 7' G(x)+ hKx;yi F?(y) and we assume that problem3.43 has at
least one solution (i.e. a saddle-point dfl). Recall that thanks to (3.42, for any
x 2 X we have

F(Kx)= F7(Kx) =suphKx;yi F?(y); (3.44)
y2Y

therefore one can interpret Equation 3.43 as a primal-dual formulation of the
primal problem

szl{l G(x) + F(Kx) (3.45)

as soon as the sypy is indeed a maximum (which will be the case in practice).
The proximal splitting algorithm proposed by Chambolle and?ock in [Chambolle
and Pock 201] (see alsolfloreau 1965 Rockafellar 197, or more recently Parikh
and Boyd 2013 Combettes and Pesquet 20]Xor more details about proximity
operators and proximal algorithms) for solving problem 3.43 is described in
Algorithm 5 below.

In the case =0, one iteration k of Algorithm 5 consists in a proximal ascent
of y 7! H(xX;y) followed by a proximal descent ofx 7! H(x;y**!), yielding
a semi-implicit variant of the classical Arrow-Hurwicz algathm [Arrow et al.
1959. In the case > 0, the iterate x¥** = xk*1 +  xkK*1  xk represents
a linear approximation (or extrapolation) of the next iterae xk*?> based on the
current and the previous iteratesx*! and x¥; it is used to make the scheme
more implicit and prove the convergence (in the case= 1 and  jjjKjjj* < 1)
of the sequencex*;y*), o towards a saddle-point ofH, with an estimate of the
convergence rate irD(1=N) after N iterations (see Theorem 1 inGChambolle and
Pock 201]). Notice that some accelerated variants of this algorithm &re also
proposed by the same authors, which under regularity assutigns on F? and G
achieve better convergence rates, thanks to Nesterov-likecaleration strategies
[Nesterov 198B(see Algorithms 2 and 3 in Chambolle and Pock 201]).
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