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What I cannot create, I do not understand. (Richard Feynman)

Introduction

For the applied mathematician, plasma physics represents a vast field of exciting problems. As
ionized gases have only been isolated at the end of the nineteenth century (the word “plasma” being
suggested by Irving Langmuir in 1928) it is a rather young field but has become an important one dur-
ing the twentieth century, most notably for its applications in nuclear fusion and astrophysics. Indeed,
visible matter in our universe essentially exists in a plasma state. Since the fifties, these progresses
have been fueled by the rapid expansion of scientific computing. Many numerical schemes have been
designed for the simulation of real plasmas, and they have played an important role both as scientific
tools in the study of matter, and as a research topic for themselves.

For the Vlasov-Maxwell system, which can be regarded as an accurate model for magnetic confine-
ment fusion plasmas, a variety of numerical methods have been developped since the sixties, and their
properties have been validated by the joint works of mathematicians and physicists. Nevertheless,
because of the complex interactions between the fields and the particles one may say that the number
of computations required to simulate an actual tokamak confinement experiment with such methods
is far too large to use them on a regular basis.

Based on these observations, we have devoted most of our work to the improvement of existing
methods, with a special care for the designing process and the mathematical analysis of their properties.
For the Vlasov equation

O f(t,m,v) +v- Vo f(t,z,0) + F(t,x) Vo f(t,z,0) =0

which models the transport of charged particles, represented by their density f in the phase space
(x,v), under the action of electromagnetic forces F', we have developped numerical methods that aim
at improving the accuracy of existing codes, at a moderate cost. In the framework of semi-lagrangian
methods, which combine a lagrangian transport step and a projection step of the transported densities
on given discretization grids, we have studied new algorithms to predict adaptive grids in such a way
that the accuracy of the approximated densities is guaranteed in the scheme. We have next considered
particle (i.e., lagrangian) methods, due to their high popularity in the plasma physics community. A
weakness of these methods is the presence of a numerical “noise” in the transported densities that is
characterized by strong oscillations of probabilistic or deterministic nature. To address this issue we
have proposed several techniques to reconstruct accurate approximations of the density, based on the
position of the particles as computed by an existing solver.



Introduction

Our interest for the Maxwell equations
OB+ curlE =0
OE —curlB=—J

which model the evolution of an electromagnetic field F, B in the presence of a current density J, was
first motivated by the compatible coupling between finite element solvers and particle discretizations
for the current sources. In the framework of finite difference schemes developped for the Maxwell
equations since the sixties, several techniques were known indeed to approximate the current carried
by the numerical particles in such a way that the divergence constraints expressed by the Gauss laws

divB =0

divE =p
would be well preserved over long simulation times, without having to solve additional equations as
in the case of divergence cleaning methods. In a collaboration with Eric Sonnendriicker and his team,
we have then extended these charge-conserving current deposition techniques to finite element solvers
on general meshes. Our works to further extend these methods to the framework of discontinuous
Galerkin schemes, which involve fully discontinuous functions to improve the locality of the computa-
tions and the handling of nonconforming meshes, led us next to clarify two important points. First,
that long-time stability properties can be guaranteed for solvers which reproduce at the discrete level
some well-known structure relations satisfied by the exact differential operators and their associated
function spaces, and that this discrete structure provides a natural criterion for the compatible approx-
imation of the current sources. Second, that it is easy to design numerical schemes of discontinuous
Galerkin type which preserve this fundamental structure, by using the important works already done
by the mathematical community on structure-preserving conforming methods. These studies let us to
propose a new class of nonconforming discretizations (called “Conga” for Conforming/Nonconforming
Galerkin), which seem to extend in a natural way most of the stability and accuracy properties es-
tablished for conforming finite element methods (including the spectral correctness) to the setting of
fully discontinuous function spaces, without having to introduce penalization terms as it is usually
done for existing nonconforming methods. Their implementation in actual codes allowed us to verify

that these theoretical properties would translate into good numerical qualities, and it also highlighted
some similarities with standard discontinuous Galerkin methods.

Since a few years I have also joined the endeavor of Bruno Després in the study of several reduced
models for specific plasma problems. Together with our PhD student Mehdi Badsi, we have designed a
mathematical model for plasma sheaths, which are thin layers of charged plasma close to an absorbing
wall which potential adjusts itself to preserve the neutrality of the plasma. As their behavior had
not been described in fully satisfactory mathematical terms, we have proposed a first self-consistent
model corresponding to a simple one-dimensional configuration, which we have shown to be well-posed
under certain conditions that include some of the classical criteria used by physicists to describe key
features of plasma sheaths. In the “cold plasma” reduced model we have also studied several problems
of electromagnetic wave propagation in the presence of a strong magnetic field imposed by external de-
vices, as in the case of a tokamak. After solving some discretization issues that would cause numerical
instabilities in standard codes used by plasma physicists, we have proposed a new formulation of the
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cold plasma system in the presence of hybrid resonances, which correspond to an energy transfer from
the wave to the background ion bath, in the limit of a vanishing ion-electron collisionality. The limit
equations being ill-posed (lack of unicity), we have proposed a new formulation to recover a well-posed
problem by adding integral constraints involving manufactured solutions that contain singularities of
the same nature than the exact solutions.

This memoir provides a summary of these works and is organized in three chapters. The first one
describes the semi-lagrangian and lagrangian methods developped for the approximation of transport
problems to which the above Vlasov equation is a particular case. The main ingredients of their analysis
are presented, as well as some a priori error estimates. The approximation of the Maxwell equations by
compatible methods is presented in the second chapter. After a reminder on conforming mixed finite
element discretizations and their structure, we introduce the nonconforming Conga discretization and
describe its main properties, in particular for the compatible approximation of the source terms. These
results are then applied to the case of particle approximations for the current, and a connection is
drawn with some discontinuous Galerkin methods. The third chapter finally presents the works done
in the study of electrostatic plasma sheaths and in the modeling of electromagnetic wave propagation
in magnetized plasmas.
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Chapter 1

Lagrangian and semi-lagrangian
methods for transport problems

This chapter addresses the approximation of a transport equation
Of(t,z) +ult,z) Vf(t,x) =0, tel0,7], zeR? (1.1)

associated with an initial data f°: RY — R, a final time T and a velocity field u : [0, 7] x R% — R<.
In most cases u is itself a function of the density f and the problem is non-linear. To simplify the
presentation we will assume here that u is given, and smooth enough so that there exist characteristic
trajectories X (t) = X (t; s, x), solutions to the ODE

X'(t) =ut, X)), X(s)==z,  te[0,T] (1.2)

with z € R? and s € [0,T]. The flow Fiy:x v~ X(t) is then invertible and satisfies (Fs;) ™! = Fy 5. In
particular, the solution to (1.1) takes the form

ftx) = O (Fou) Y(x))  for te0,T), v € R (1.3)

We then consider the following question: if we are given a reliable numerical scheme for the charac-
teristic flow between two time steps t, = nAt, be it the forward flow

Fn,n-i_l = Ftnytn+1 (14)
as in the classical approach of particle methods [99, 95], or the backward flow
B = (B 1) (1.5)

as in the backward semi-lagrangian approach [122, 127, 125], which method can we use to efficiently
— and accurately — approximate the transported density f™ = f(¢,) ?

Publication list

The material in this chapter is based on the following works:

[39] M. Campos Pinto, Adaptive semi-Lagrangian schemes for Vlasov equations, in Analytical and
Numerical Aspects of Partial Differential Equations, E. Emmrich and P. Wittbold (Eds.) de
Gruyter, Berlin, 2009
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[40] M. Campos Pinto, How to predict accurate wavelet grids in adaptive semi-Lagrangian schemes?
ESAIM: Proc. 29, 2009

[55] M. Campos Pinto, E. Sonnendriicker, A. Friedman, D.P. Grote and S.M. Lund, Noiseless Vlasov—
Poisson simulations with linearly transformed particles, Journal of Computational Physics 275,
2014

[41] M. Campos Pinto, Towards smooth particle methods without smoothing, Journal of Scientific
Computing 65, 2015

[44] M. Campos Pinto, J.A. Carrillo, F. Charles and Y.P. Choi, Convergence of a linearly transformed
particle method for aggregation equations, (arXiv:1507.07405), 2015

[46] M. Campos Pinto and F. Charles, Uniform Convergence of a Linearly Transformed Particle
Method for the Vlasov—Poisson System, SIAM Journal on Numerical Analysis 54, 2016

[45] M. Campos Pinto and F. Charles, From particle methods to hybrid semi-Lagrangian schemes,
(hal-01385676), submitted, 2016

1.1 An adaptive semi-lagrangian method with interpolatory wavelets

During my PhD [38, 50] and together with Michel Mehrenberger we have developed an adaptive
semi-lagrangian scheme based on hierarchical P; finite element interpolations on dynamically adapted
meshes. Pursuing in the same direction I have studied an extension of that method to interpolatory
wavelet bases.

The resulting method is inspired by a similar scheme proposed in [14] but differs in the fact that
it is mostly driven by the notion of good adaptation of a wavelet tree to a given function. This tool
allows us to design a prediction method for adaptive grids, which comes with an a priori error estimate
for the resulting transported and projected densities.

Semi-lagrangian methods [122, 121, 127, 125] compute discrete solutions f;* that approximate the
exact f(t,) on the times t, = nAt, n=0,1,...,N = T/At, following two principles:

e the approximate solutions f;' are determined by its point values on a grid I'y;

e the point values of f;;“ are computed from those of f;' by using the method of characteristics,
with a formula of the form

1
W ) = BT @), wi e Dy
where BZ’”H is an approximation to the backward flow (1.5) that is computed from f;'.
It is of course necessary to specify the different steps to define a numerical scheme. For instance, in
the simplest case where a regular grid I'y, = hZ is used in dimension 1 for an equation with given

velocity u, we can use a Runge-Kutta scheme for the approximated backward scheme.
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1.1.  An adaptive semi-lagrangian method with interpolatory wavelets

Computing the values of f{;“ on the grid then amounts to evaluating f;' on the points BZ’”H (x3),

i € Z. This may be done with local interpolations of order 2R, letting

R
T — Ty it .
f:7R+11%+g Lh+j'
3'#J
the 2R Lagrange polynomials associated to the nodes zx_pi1,- -, Zk+r, With k£ € Z, and then setting
R
fi(x) = Z Ly (x) f1 (xk41) where k is such that x € [z, Tr11]. (1.6)
l=—R+1

The interpolation method thus defines how the approximated solution f;' is determined by its values
on the grid T'y.

In the articles [39, 40], I have developed a method where (in dimension d = 2, for simplicity) the
transported densities are approximated by means of interpolatory wavelets,

fi@) =" dipa(z), A" Cly:={2"k:LeNkeZ}
AEA™

Here A™ is a non-uniform dyadic grid, ¢, is the interpolatory wavelet associated to the dyadic node A,
and d} € R is the corresponding wavelet coefficient sometimes called detail. Based on a hierarchical
representation of continuous functions, interpolatory wavelets provide both a high order interpolation
tool on non-uniform grids and a practical refinement criterion for the grid. Their construction derives
from an iterative process that we may recall. By partitioning the set of dyadic nodes in successive
levels,

I =ToU (ug21 w) with V,=Ty\Ty; and Ty=27%72

we let |A| denote the level of a node A, characterized by the relation A € V|x- On the corresponding
uniform grid we then set

oY) = dxy; v €Ty (1.7)

and the construction proceeds by increasing levels. From the values on I'y with ¢ > |A|, those of level
¢+ 1 are given by an interpolation formula of the form (1.6): for v € V1 this amounts to defining a
local stencil Sy C I'y, as

y+2({-R+1,...,R} =L x {0}) ifye27*V((2Z +1) x 22)
Sy=S v +27 ({0} x {~R+1,...,R} - 3) ifye27*V(2z x 2Z + 1)) (1.8)
v+ 2_6({—R +1,...,R} — 1)2 otherwise, i.e. if y € 27+ (27 4 1)?
as illustrated on Figure 1.1, and to setting
A7) = D myupa(n)  for ¥ €V, £>|) (1.9)
pHes,

where ., is the value at - of the Lagrange polynomial associated with a node y in the stencil S,.
It is known (see, e.g. [71, 62]) that this process converges towards a basis of C°(R?), which is
hierarchical as a result of the multi-scale construction: we have

9= 9Mes+) > dyglpy  with  dy(9) =9(v) = Y mug(n)

velo £>1~v€eV, HESy
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S,
'Oy - o o O
LO-! 0 0,0 O
4 ) | . N R S AL
O 0 |0 O0+0: O]
1 O o o O-

Figure 1.1: Interpolation stencils in the dyadic grid Ty = 27¢Z? for the 3 types of level £ 4 1 nodes
listed in (1.8), with R = 2.

for an arbitrary g € CY(R?), the infinite sum being convergent in L>. Thus, the successive coefficients
of g correspond to interpolation errors which are small where g is smooth. In our method this property
is exploited by introducing (i) admissible grids of dyadic nodes A C I's that must satisfy

vyeA = S,CA (1.10)

and (ii) a wavelet interpolation operator on these grids,

Pprg = Z 9y + Z d(9)e~, g € CO(R?).
YEANT vE€A\To

Using (1.10) one verifies that g and Pyg coincide on A, so that P, is indeed an interpolation. We thus
have a convenient framework for a semi-lagrangian method.

Given an approximation fJ to f(t,) on a grid A", the objective is then to predict a grid A"*! that
is well adapted to the approximation f(¢,+1) to be computed. For this purpose we have designed an
algorithm of dyadic grid transport, which analysis relies on the notion of good adaptation to a given
function. To describe it and deduce a constructive criterion we introduce some notations. The children
of a node ~ of level £ are the nodes of level £ + 1

7427 ({33} x {0}) if y € 27((2Z + 1) x 2Z)
Cv) = v +27°({0} x {~3,3}) if y € 270(2Z x (2Z +1)) (1.11)
v+27({~3,0,3}*\(0,0)) otherwise, i.e. if v € 27¢(2Z + 1)?

as pictured in Figure 1.2. The parent P()) of a node A is then characterized by the relation A € C(P(\)).
An admissible grid (1.10) is clearly a wavelet tree in the sense where A\ € A implies P(\) € A.
The outer leaves of a tree are defined as the set

Lowt(A) = {\ € Too \A: P(N\) € A}

and the star-nodes of level £ are the nodes in V; = 274(2Z 4+ 1)?> C Vy, which correspond to a
refinement in both dimensions as in the third line of (1.8) or (1.11). The set of all the star-nodes is

8
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Q@ o0<0O>0 @ o<O>0 @ o<0O>0 @
o o o o o o o o o o o o o
N NApa7 N NAA AN NAA AN
O o<QO>0 QO o<cO>0 QO o0<0O>0 0O
\% AR AN \% AN % ARV %
o o o o o o o o o o o o o
Q@ o0<0O>0 @ o<O>0 @ o<0O>0 @

Figure 1.2: Tree structure of wavelet grids. Here the black nodes are on the uniform grid I'y_; =
21=72 the big white nodes are in Vy = I'y\ I'y_1 and the small white nodes are in V1. The arrows
indicate the parent — child relations.

I'}, = UpezV}, and one verifies that if A is an admissible grid, then the outer star-leaves allows to
form a mesh associated with A. Specifically, the set

M(A) == {Q : A € Low(A) NTE} (1.12)

composed of cells of the form
Qy:=A+2" M) —1,17

is a partition of R? which local resolution corresponds to the maximal level of the star-nodes of A.
Lastly, the neighbors of a star-node v € I'} are the nodes which influence domain ¥y = A+ 2_‘>‘|(2R—
1)[—1,1]* (corresponding to the convex hull of the stencil Sy) intersect its cell . their set is denoted

N@E)={reTw:ExNQ, #0}, yeTs.

It is then possible to specify the notion of good adaptation to a given function. More precisely we
shall define two versions of that notion: a weak one and a strong one.

Definition 1.1 Let 0 < k < 1 be a fived constant. Given € > 0 and g € C°(R?), a dyadic grid A is
said weakly e-adapted to g if

sup sup QH(I/\\—M)M)\(QN <e.
YELouwt (M)NTE, AEN ()\A

If the second supremum can be taken over the entire set N(7), including the neighbors in the grid A,
then the latter is said strongly e-adapted to g.

These criteria provide a practical tool to construct wavelet trees well adapted to a given function,
by refining the dyadic mesh (1.12) associated with the star-nodes in such a way that on every mesh
cell ., it holds 2°M|dy(g)| < €21 for all the nodes A which domain ¥ intersects ©2,. In the weak
version we see that nodes belonging to the tree are excluded from the criterion, for the reason that
only the details outside the tree contribute to the interpolation error. Indeed we have the following
estimate.
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Lemma 1.2 If A is a grid weakly e-adapted to g € C°(R?) and graded in the sense that N(v)NTjy -1 C
A holds for all v € A, then the associated interpolation error satisfies

19 — Pagllpeom2y S €
with a constant independent of g.
Thus, the weak adaptation is sufficient for the accurate approximation to a given function.
The principle of the strong adaptation (which requires to refine the tree in the vicinity of large
details, even when their nodes are already present in the grid) is that it is robust enough to be preserved
by a simple algorithm of dyadic grid transport. Such an algorithm can be obtained by refining the

nodes which image by the backward flow touches a cell of essentially higher level. The specific form
involves a fixed integer § > 1 corresponding to a number of additional refinement levels.

Algorithm 1.3 (Tp(A): dyadic grid transport) Let § € N\ {0}. Given a backward flow B, and
starting from Af := Ty, we build

Aj =AU {7y € Low(A)) NTh :min{[A| : X € Lowe(A) NTh, B(y) € A} > |y — 6}
until A7, = A}, and we let Tg(A) := A} be the resulting dyadic grid.

The following theorem states that this process indeed allows to build grids that are well adapted
to the functions transported by the flow B.

Theorem 1.1 (see [39], Th. 6.9) If the flow B and its inverse are Lipschitz of respective constants
L and L', and if 6 > 1+ Iny (L(SR +2LL — 3)), the Algorithm 1.3 preserves the grid adaptation in
the sense where

if A is strongly e-adapted to g, then Tg(A) is weakly Ce-adapted to Tpg = go B
with a constant C' that does not depend on B. Moreover the size of the predicted tree is stable,
#(Ts(A)) < #(A). (1.13)

Our adaptive scheme is then as follows. Using an algorithm A, that builds a grid strongly adapted
to a given function according to the above criterion, and a refinement algorithm G to build graded
trees (see [39], Sec. 6.1), we begin by interpolating the initial density on its associated tree,

f2i=Pyof® with A :=G(A(f7)). (1.14)

3
For n +1 < N = T/At, we then proceed in two steps.

(i) We first transport the approximated density with a semi-lagrangian method based on the pre-
dicted tree 3 .
= P TS with AP = G(TBZ,nH(A?)). (1.15)
Here, T fI' = fl'o BZ’"H denotes the density transported along an approximated flow computed
from fI', as given by some reference semi-lagrangian method.

(i) We then correct the grid in such a way that it stays strongly adapted to the approximated

density,
= P fI with A= G(A(f1T). (1.16)

10



1.2. Smooth particles with polynomial transformations

Since the approximated flow is computed from fI', we may assume that is satisfies
1 ,n+1
|87+ = B ) S AF + ALF(E) = 2]y (1.17)

for some integer r corresponding to the order of the time scheme. It is then possible to prove the
following estimate.

Theorem 1.2 We assume that the approzimated flow satisfies an estimate of the form (1.17). If
the initial data f° is Lipschitz, as well as the forward and backward flows (1.4), (1.5), then the
approximated solution computed by the scheme (1.14)-(1.16) satisfies

1£(tn) = f2lpoe() S (A" + /At (1.18)

for nAt < T, with a constant independent of € and At.

1.2 Smooth particles with polynomial transformations

In spite of their accuracy, semi-lagrangian methods are not the standard approach in plasma physics.
Apart from the GYSELA code [86, 87] a majority of the large kinetic codes developed for plasma
problems is indeed based on purely eulerian or lagrangian approaches (see e.g., [82, Sec. 3.1] for a
review in the area of gyrokinetic fusion plasmas). Essentially, lagrangian solvers rely on a particle
representation of the densities in the phase space. Used in plasma physics as early as in the 1950s
[78, 72, 37] (and in fluid dynamics, c.f. [59, 68]), the main advantages of this approach are its
relative low cost (no phase space mesh like semi-lagrangian methods, and a natural adaptation of
the computing resources to the areas where the plasma actually is), its simplicity and its robustness
over long simulation times, mainly due to its ability to preserve several fundamental physical quantities
[99, 95].

However, particle methods also have their flaws. In particular, numerical results are often affected
by non-physical oscillations (of probabilistic or deterministic nature) which hamper their interpretation
when the number of particles is not significantly increased as the resolution of the method is improved.
Several techniques do exist to reduce these oscillations (for instance by periodically remapping the
density on new particle grids [73, 98, 113, 101], or by adequately averaging the weights of neighboring
particles [10, 66], or even by using local formulas to reconstruct the density [131, 63|, to quote only a
few) however their mathematical analysis is usually not sufficient for an accurate assessment of their
performances.

Based on this observation, my objective has been to study numerical schemes that allow an accurate
representation of the densities and which implementation would be as easy as possible in the framework
of an existing particle code. By simplicity I have essentially worked in a deterministic setting (i.e.
with particles initially located on a given grid), but keeping in mind an application of my works to
the probabilistic setting of Monte Carlo methods used in many particle codes, see e.g., [28].

In its deterministic version, the standard particle method [100, 118] approximates the density f
by a collection of numerical particles of the form

@) =) wppe(z — a3). (1.19)
kezd

Here wy, is the weight of the particle centered in 27}, and ¢, denotes a smoothed Dirac mass with scale
e > 0, typically of the form p.(x) = ¢ %p(e~'2) with ¢ a smooth and compactly supported shape
function such as a B-spline or some smoothing kernel with vanishing moments, see e.g. [68, 98]. As
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Chapter 1. Lagrangian and semi-lagrangian methods for transport problems

for h it represents the average inter-particle distance. To simplify our presentation we may consider
that the particles are initially located on a cartesian grid,

) = hik, k ez, (1.20)

and we will assume that their trajectories follow the exact flow (1.4),

x?]z—l—l — Fn,nJrl(xZ).
The weights are then usually given by an initial approximation of the local masses, e.g., wy, = h?f° (x%)
In the classical analysis this process is seen as (i) an approximation (in a distributions sense) of f° by
a weighted sum of Dirac measures, (ii) the exact transport of that distribution, and (iii) the smoothing
of the resulting measure approximation by the convolution kernel .. Provided that the latter satisfies
a moment condition of order r > 1, the standard error estimate [11, 118] takes the form

1£@) = il < C(NS Twro + (/)™ 1 lwms ), 1< p < oo (1.21)

It is possible to improve this estimate by using more different initial quadratures [63], but in any case
this kind of results highlights one weakness of the reconstruction (1.19), that is the need to choose
€ > h as €, h — 0 to guarantee the strong convergence of the densities, which translates into a growing
particle overlapping which is has an expensive cost in actual computations. In practice most particle
codes run with a moderate particle overlapping, that is sufficient for the weak convergence of the
densities and, in the general case where the flow itself depends on the transported densities, for the
an accurate approximation of the particle trajectories.

The lack of strong convergence generally leads to oscillations in the approximated densities. To
reduce them while keeping a bounded particle overlapping (¢ ~ h), many authors have proposed
methods of forward semi-lagrangian (FSL) type, which consist of periodically remapping the density
(1.19) on the grid [73, 98, 113, 65, 69, 101]. These projections have a smoothing effect which tend to
solve the oscillations due to the distortion of the particle cloud, but they also introduce a numerical
diffusion which may spoil the accuracy over long time ranges, so that several authors have investigated
advanced remapping techniques, see [101] or [12, 13, 133] for multi-scale methods.

In order to reduce the oscillations with a limited use of remappings and a bounded particle over-
lapping, I have studied in a series of articles [41, 55, 46] a class of methods where the particles
are transformed so to better follow the characteristic transport flow. Again, the initial density is
approximated by a collection of weighted particles,

fi(x) =Y wien(e — ) (1.22)

kezd

but unlike (1.19) where the particles shapes were simply translated along the trajectories, they are
now transformed using local approximations of the backward flow B®" = (Fy,,)~!. At the first order
the method uses linear expansions of the flow around each trajectory
Oa . 0
B(l;l,k cx = xp + D (x — xf) (1.23)

where D} is a deformation matrix that corresponds to the jacobian matrix Jpgon (), and it transports
the shape functions according to

on(x —a}) = en(BL) (@) — 2R) = en(DR(x — a7).

12



1.2. Smooth particles with polynomial transformations

The linearly-transformed particle (LTP) approximation then takes the form

(@) = wepn(Di(x — 7)) (1.24)

kezd
and we have the following result (see [41], Th. 1).

Theorem 1.3 The LTP approximation (1.24) satisfies
1f(tn) = fRllzee <10 = fRllzes + CR| £ Lo (1.25)
with a constant C that depends on the smoothness of the flow FO™ and that of its inverse.

At the second order the local expansion of the backward flow reads

1
0,n n n n n n
By o x + DI (x — x}) + 5((% — 2)HQD)i(x — xk))1§i§d>

with a quadratic term (Q},); that corresponds to the hessian matrix H go.ny, (z}) of the flow component
i. The method is generalized to an arbitrary order r by setting

B?T;lk(x) = (x—2P) + 20 + ¢} (0) + - + %gzﬁg:)(O) where ¢y (s) = (B — I) (2} + s(x — z¥)).

However, as the mapping Bgf)l’k is not injective in general, the support of goh(B?;;k(x) — 29) has no
reason to be contained in a neighborhood of z}'. To define the polynomial transformation of the
particle shape it is then necessary to introduce an a priori restriction of the supports. In [41] the
proposed method consists of transporting ( using the linearized flow F, (01)" = (B?l”ik)*l) an extension
of the initial particle support. If the latter is included in a ball Z%,k = By (29, hp?), we set

B FO (B (e o)) with gy = 00 T IBY, — B oy ) (1:26)
and we define the polynomial transformation of the smooth particles by
on(x — xg) — ]lgh (x)en (B?T?k(x) — :p%)

The following result (see [41], Th. 2) establishes the order  convergence of the resulting reconstruction.

Theorem 1.4 The approzimation based on order r polynomial transformations of the particle shapes,
defined as

fr(x) =" wilsy , (@)en (B?j)fk(x) — ) (1.27)
kezd
satisfies
1f(tn) = fillzoe < 110 = fRllzoe + CR7||f0| oo (1.28)

with a constant C that depends on the smoothness of the flow FO" and that of its inverse.

The explicit form of the constants C' that appear in the above theorems (given in [41]) indicates a
rapid deterioration of the accuracy when the flow becomes less regular. For this reason it is beneficial
to occasionally remap the density, as this allows to restart the above process with a reinitialized
characteristic flow. One may observe that periodic remappings on the grid formally turn the method
into a semi-lagrangian one. The polynomial shape transformations can then be seen as a way to reduce
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Chapter 1. Lagrangian and semi-lagrangian methods for transport problems

the number of remappings needed, as our estimates show that the approximated densities converge as
h — 0 even if no remappings are performed.

Since the matrices D}! and (Q}); involved in the linear and quadratic flows (for the first orders) ap-
proximate the jacobian and hessian matrices of the backward flow, namely Jgo» (z3) and H gony, (z}),
it is possible in practice to compute them from the position of the neighboring markers. A finite dif-
ference approximation on the initial grid of the derivatives of the forward flow FO" = Fyt, indeed
leads to

(P . —ap )i
Il = ( ke o ke ~ Jpon (22) (1.29)
1<4,5<d

and from the identity Jgpon(29)Jpon(2}) = I, we may set
= (1.30)

For the quadratic terms we approximate the hessian matrices of the forward flow by

1

(R = ()72 (17 (0016, +anes, )1

aq,00=0

~ Hron (29). 1.31
Ly aed (Fon), () (1.31)

By differentiating twice (at z{) the identity I = B%"F%" we obtain

QL

= (Jpn(xg))tH(BOn) (CL‘k JFOn J"k‘ +Z JBOn CL'k H(FOn) (.’Ek)
7=1

so that we set

d
(QR)i := —(DR)' (D (DR)a (HE); ) Di- (1.32)
j=1
One can assess the accuracy of these approximations. Specifically, there exists a threshold h*(F%")
under which the matrices J;' are invertible and we have, for all k € Z4,

h<h*(FO) = D} = Jpon(ap)ll < Ch*  and  [(QR)i — H(gomy,(z})| < Ch  (1.33)

with constants C' that depend on the exact flow F%" see e.g. the Appendix in [45].

Several numerical tests have demonstrated the convergence properties of this approach. Thus
Figure 1.3 shows the error curves corresponding to the transport of a smooth density in a velocity
field u(t,z) = cos (%) curl p(z) with ¢(z) := —Lsin?(mwa1)sin?(wa2), such that the solution reverts
to its initial state at ¢ = T after a maximal stretching reached at t = T'/2. There we verify that the
traditional smooth particle approximation (1.19), represented (under the acronym TSP) for several
values of the exponent ¢ determining the size € = h? of the particle supports, only converges for values
q < 1 which correspond to a growing particle overlapping, moreover the subsequent convergence is
rather slow. The convergence of the FSL method (with remappings but no shape transformations) is
faster but requires to decrease the remapping period At, with the inter-particle distance h, which in
practice is similar to imposing a CFL condition. The main strength of the LTP and QTP methods
(involving linear and quadratic transformations) is that the convergence holds for constant values of
the period At,, and that the optimal values of this period, which correspond to the best compromise
between the remapping errors and the flow distortion, are significantly larger with the QTP method.

During my collaboration with physicists from the “Heavy Ion Fusion” group at Lawrence Berke-
ley Laboratory, I have described and numerically validated a Linearly-Transformed Particle-In-Cell
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1.3. A forward-backward semi-lagrangian method

(LTPIC) scheme for the 1d1v Vlasov-Poisson system, involving particles transformed using the LTP
method and an electric field solved by a standard finite difference scheme. The numerical results [55]
have then shown to be comparable to that of high order grid based solvers (e.g. semi-lagrangian ones),
renowned for their accuracy.

Together with Frédérique Charles of the LJLL we have extended the analysis to this non-linear
1d1v Vlasov-Poisson problem. In the article [46] we have proven the a priori convergence of the
approximated density in the L> norm (at order 1) and that of the particle trajectories (at order 2).
In comparison with the standard estimates of Cottet and Raviart [67] applied to the case of particle
shapes with bounded overlapping (¢ ~ h), our approach allows to gain one order of convergence at
the price of linearly transforming the shape of each particle.

With Frédérique Charles (LJLL), Young-Pil Choi and José Antonio Carrillo (Imperial College) we
have also applied the LTP method to a class of aggregation equations, for which we have shown (both
theoretically and numerically) strong convergence results for the density, that seem to be out of reach
for particle methods with fixed scale. These results have been presented in the submitted article [44].

1.3 A forward-backward semi-lagrangian method

Although the previous method improves the accuracy of the smooth particle reconstructions, it has
the downside that it produces particle shapes which support may extend a lot along some directions,
which makes it hard (and expensive) to localize them in the phase space. In particular, it is not easy
to rapidly determine which particles are involved in the evaluation of the densities (1.24) or (1.27) at
a given point x, moreover their distance to x may grow indefinitely between two remappings, so that
their inventory quickly becomes very costly in several space dimensions.

To avoid such a phenomenon, the simplest option is to stop representing f™ as a collection of smooth
particles. However we still wish to preserve the main ingredient of the LTP and QTP methods, that
is the local approximation of the backward flow B%™ close to the markers x} using the formulas
(1.29)-(1.32). Indeed the latter seem to provide accurate results (as seen in the numerical simulations
displayed in Figure 1.3 for instance) and only involves the exact position of the neighboring markers.

To reach this objective a natural solution consists of implementing in the framework of par-
ticle methods the improved locality principle proposed by Colombi and Alard in [64] to design
highly accurate semi-lagrangian schemes. Indeed, to the point particles (markers) transported for-
ward we can associate a representation based on the local approximation of the backward flow by
the techniques described above. Specifically, the method proposed in [45] approximates the density
f(t" ) = fO(B%"(x)) using the following steps :

(i) To every marker x}' one associates a local approximation B}Ol’z of the backward flow, computed
just as in the LTP or QTP methods, using finite differences. We remind that at the first order
this approximated flow takes the form

ng(w) =2 + Dz — z}) (1.34)

with a matrix D! computed by the formulas (1.29)-(1.30), and at the second order it reads
BO,TL N ] D n 1 n\t/ny . n 1.35
hi (@) = xp + k(x_xk)"i_i((w_xk) (Q)i(z — 2%)) 1 cicq (1.35)

with matrices (Q}); computed with the formulas (1.31)-(1.32).
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Figure 1.3: Convergence curves (L™ errors vs. particle numbers N ~ h~2) for a passive transport
problem with reversible flow, approximated using several methods as described in Section 1.2: the TSP
(traditional smooth particle) method uses smooth particles with radius € = h? without remappings,
the FSL (forward semi-lagrangian) method remaps the particules ¢ = h with different periods At,,
like the LTP and QTP methods which in addition impose a transformation (linear or quadratic) of
the smooth particle shapes. The above figures show the exact solution at ¢ = 0 and 7" on the left, and
at t = T'/2 the time of maximal stretching, on the right.

(ii) In order to smoothly patch together these local approximations of the backward flow, we then
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consider a partition of unity

Y S@-i)=1, wzeR’ (1.36)

i€Z4

that involves a compactly supported shape function S > 0, such as a B-spline. Using again a
grid of step-size h, which nodes will be denoted & = ih to avoid a confusion with the markers,
we let Sy i(x) = S((a: — fi)/h) the averaging shape function associated with node §;. A global
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approximation of the backward flow is then given by

B (@) =Y Byis (@) Sni(@) (1.37)
i€zd

where the marker of index k*(n,i) is defined as the closest one to the node &; at time t,, i.e.,

k*(n,i) := argmin||z} — &|oo-
kezd

(iii) The approximated density is then given by a standard lagrangian representation, i.e.,

fRz) = fO(BY"(«)) (1.38)

that we may call a forward-backward lagrangian scheme, possibly specifying L-FBL or Q-FBL
depending whether the local flows are given by linear (1.34) or quadratic (1.35) expansions.

Again, it is important to reinitialize the characteristic flows when they become too irregular to be
accurately approximated by the local expansions, and as in the previous section this may be done
using remappings, i.e., particle reinitialization based on the density transported thus far.

We can verify that with the new process the evaluation of the density on a given point is more
local than with the LTP or QTP methods, where the polynomial transformation of the particle shapes
may trigger a rapid (and indefinite) extension of their support. In the numerical simulations, this
enhanced locality is evidenced by a significant gain in cpu time, already visible in d = 2 dimensions
on second-order methods illustrated in Fig. 1.4, because of the rapid growth of the particle support in
the QTP method, see (1.26). This gain will be more dramatic with higher space dimension, especially
in the case of Vlasov equations in d = 242 or d = 3+ 3 dimensions. Such configurations are currently
under implementation within the Selalib platform [124] developed in collaboration with teams at IPP
in Garching (Germany), at IRMA in Strasbourg and at IRMAR in Rennes.

We also have the following estimates, where the threshold h*(F%") corresponds to the ability to
invert the jacobian matrix approximated by finite differences, see (1.33).

Theorem 1.5 Let h < h*(FO™). If the exact flow FO™ and its inverse BO™ are in W2>®(R%), then
the approzimation (1.38) of first order (L-FBL) satisfies

I£(£") = frll < Ch?

with a constant independent of h. If in addition FO™ and B®" are in W3’°°(]Rd), then the approxima-
tion (1.38) of second order (Q-FBL) satisfies

£t = frl < O
with a constant independent of h.

In comparison with particle methods using polynomial transformations, these estimates allow to
gain one order of convergence. The main reason for this being that, in the approximated density, the
decomposition in terms of scale h is now performed on the backward flow rather than on the density
itself, which avoids a loss of h in the Lipschitz constant of the numerical density. This convergence gain
is not only visible in the a priori estimates : it is also observed in some numerical simulations when
the transport (without remappings) is realized on long enough periods, as illustrated on Figure 1.5.
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Figure 1.4: Convergence curves (L™ errors vs. particle numbers N ~ h~2) for the passive transport
problem illustrated on Figure 1.3. The upper curves serve as a reminder of the convergence properties of
the methods with polynomial shape transformation (LTP and QTP), whereas the lower curves indicate
that of the forward backward lagrangian (fbl) approximations (1.38). The number in parenthesis

indicate the cpu times (in seconds) of each run.
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Figure 1.5: Convergence curves (L? relative errors vs. h) for the passive transport problem illustrated
on figure 1.3, approximated by the LTP and L-FBL methods. The gain of one order appears clearly
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on these L? curves when the remapping period is increased.
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

2.1 The time-dependent Maxwell system

For the approximation of the Maxwell equations (written here in 2D for clarity, as the presence of two
curl operators, one scalar and one vector-valued in bold font, will help us better visualize some key

features of the analysis)
0¢B+curlE =0

1 (2.1)
WE — *curlB=——J,
€0

mixed finite elements are a reference method [85, 18]. Compared to the historical FDTD (finite
difference time domain) approach [138] they are designed to reach high order accuracy in complex
geometries, and when the discrete spaces involved can be endowed with compatibility relations re-
producing the geometric structure of the functional spaces where some fundamental properties of the
equations are naturally expressed, they have indeed important stability and approximation properties,
be it for the time-dependent system (2.1) or the eigenvalue problem

curlcurl £ = \FE

as it has been evidenced by several authors, see e.g. [106, 27, 93, 16, 135, 17].
To describe this structure we will borrow some notations to the finite element exterior calculus,
see [25, 27, 93, 2, 3, 94]. Letting

W0 = L3(Q), Wl = L*(Q)?, W?2=1L*Q), W3=R, (2.2)
we introduce operators d', [ € {0,1,2}, with domains Vi c W' and values in W1, as follows

d’ = —grad d' = curl
— —

d? =
VO = HL Q) V! = Hy(curl; Q) V2= L*Q) 4f9> Vi=R (2.3
where fQ = Q7! fQ Here we assume that 2 is a bounded and simply-connected Lipschitz domain,
so that the sequence is exact, in the sense that the image of each operator coincides with the kernel of

the next operator in the sequence, see e.g. [140, Rem. 3.17]. The adjoint operators (d')* have domains

denoted V% | C WL and values in W, they read
v e R0 e et o) AT e ) DAY e g

(2.4)
where ¢ is the canonical injection R — L?(2). This sequence is also exact [140, Cor. 3.16]. Following
[1, 57] we may use a “composite” operator to represent the combined action of the two curls,

“*:Caﬁy 7?>:C<;;__3m)‘ (2:5)

It is an unbounded operator from W := W2 x W into itself, defined on V := D(A) = V' x V1, ie.,
V = H(curl; Q) x Hy(curl; Q). Equipped with metallic boundary conditions E X n = 0 on 052, the
Maxwell system (2.1) then rewrites as

U — AU = —F (2.6)

with U = (¢B, E)T and F = (0,e,'J)T. The well-posedness of this equation follows from standard
arguments: A being skew-symmetric in the sense where A* = —A, it generates a contraction semi-
group of class Cy [139, section IX.8] and the Cauchy problem (2.6) is studied using classical tools
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2.2. Conforming approximation with mized finite elements

[117]. For instance if F' € C1([0,T]; W), then (2.6) equipped with an initial data U® € V has a unique
solution U € C°([0, T[; V).

The full Maxwell system also involves Gauss laws, which follow by formally taking the divergence
of the Ampere and Faraday equations (2.1) and can be seen as an admissibility criterion for the general
solutions to (2.6). Thus, the electric Gauss law

1
divE =—p (2.7)
€0

represents a condition to be satisfied between the E field and the charge density p. It actually is a
condition on the initial data, since it holds at any time ¢ if it holds at ¢ = 0, and if the sources satisfy
the “continuity” equation

8tp +divd =0

which expresses the fact that the current density J is the flux of the charge density p. A similar
reasoning applies for the magnetic Gauss law, for which the sources are always zero in principle. In
3D the latter reads div. B = 0, and in the 2D model considered here this relation degenerates into
fQB = cst, according to the restricted sequence (2.3). Again we may write these laws in a “composite”

DU=R with D= (‘fj ( dg)*) _ (J;Q d?v> (2.8)

form,

and writing R = ( chBO, € ! p)” the generalized charge density in this 2D model.

2.2 Conforming approximation with mixed finite elements

In the standard approach one chooses a conforming discretization V}f C V! of the primal sequence
(2.3), on which discrete operators can be defined by a simple restriction dﬁl = dl|V;§' Several choices
are possible with systematic constructions described in [92, 2]. A usual choice [106, 108] consists of
taking, on a (geometrically) conforming triangulation 7, of €,

d) = —grad |0 d} = curl |1
=V = Npm1o(QTh) ———— Vi =Ppa(Th)  (29)

Vi = L0(Q,Th)
where we have denoted
P, 1(Th) = {v € L*(Q) : v|p € P, 1(T), T € Tp,} (2.10)

the space of piecewise polynomials of maximal degree p — 1 on Tp,
Nyp10(2.Th) = Nyt (Ta) 1 Ho(ewls Q) with N1 (T) = Bpr(T)2 4 (Y )Pya (1) (211)

the (first-kind) Nédélec space equipped with homogeneous boundary conditions, and
Lpo(2, Tn) = Pp(Th) N Co(2) (2.12)

the space of continuous (“Lagrange”) finite elements with homogeneous Dirichlet boundary conditions.

The space (2.11) is associated with edge-based curl-conforming degrees of freedom which we shall
not remind here (for this we refer to [18] or [52] for instance) but are designed to enforce the continuity
of the tangential components of the discrete fields across the edges of the mesh. In two dimensions
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

these elements can be obtained by rotating the div-conforming Raviart-Thomas elements [119] by an
angle of 7/2, and their 3D extension has been proposed in [114]. These elements have been extensively
studied, see e.g. [85, 18]. In particular, it is well known that the discrete sequence (2.9) is again exact,
which is easily verified by a direct argument ([52], Lemma 3.2) or derived from the fact that these
spaces are a particular case of the general construction described in [2]. We may note that this
framework has been extended to other conforming spaces such as spline finite elements in [36].

The mixed finite element approximation to (2.1) based on these conforming spaces then consists
of computing (By, Ep) € C°([0, T[; V2 x V;1), solution to

(OuBh, ¢) + (curl By, @) = e V2 CL*Q)
(2.13)
(OB, @) — *(Bp, curl ) = =L (Jy, ) ¢ € Vji C Ho(curl; Q)

where (-, -) is the usual scalar product of L*(Q2) and Jj, € C°([0,77]; V}!) represents an approximation
of the source term J. A common choice [106, 108, 103], [48] is to define this term by a simple L?
projection in the discrete space Vhl, ie.

(Jn.p) = (J, ), p < Vh1 (2.14)

In Section 2.4 we will show that for the elements considered here, this choice satisfies a commuting
diagram leading to a long time stability property, but this is not always the case.
By using the embedding curl Vh1 C Vh2 , we observe that the first equation holds in a strong sense,

OBy +curlE, =0  (in V). (2.15)

In particular, we see that in 3D this approach computes a By, field which divergence remains zero as
long as it is at initial time, with no need to compute it in a subspace of H(div;2).

We observe that equality (2.15) implies, by formal differentiation of the second equation in (2.13),
that the approximate field satisfies

<8t2Eh7§0> +02<Curl E}, curl SO> = _%<0tjh790> (216)

a formulation studied in the classical article [107].

Following the same principle it is possible to design a discrete model based on the dual sequence
(2.4). This route is taken in several works [1, 106, 130] and we also have studied it in [52] for the
2D case and in [54] in the 3D setting. The boundary conditions are then discretized in a natural
way (through the equations instead of the discrete spaces), and it is the Ampere equation (with an
approximate current) that is satisfied in a strong sense by the discrete solutions.

An important quality of the mixed discretization is that, under some conditions on the involved
spaces the evolution operator defined in (2.13),

0 —dt 0 —curl {1
Api=c <(d1)* oh) =c <(Cum O N VExvh — (VExVh, (2.17)
h Vi

is spectrally correct in the sense that its eigenmodes provide a correct approximation of those of the
exact operator A in the domain €. This type of properties has been studied for a long time by many
authors, see for instance [26, 19, 22, 15, 110, 56], and we can remind a synthetic version presented in
[3] under the assumptions that

e (H1) the intersection V! N V}* is dense and compact in W,
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2.2. Conforming approximation with mized finite elements

e (H2) there exists a sequence of projections W;I Wt — V,f that are uniformly bounded in W' and
in V! with respect to h, and for which the following diagram commutes

0 1 2
%% d Vi d V2 d V3
g i
0 1 2
e i el

(2.18)
in the sense that d'r} = wfl“dl for I € {0,1,2}. Here we obviously set V;3 = R.

We verify that these assumptions indeed hold: (H1) corresponds to the compact inclusion of Hy(curl; Q)N
H(div; Q) in L?*(Q)? which is inferred from [109, cor. 3.49] that establishes its 3D analog. Property
(H2) can be derived from the general construction proposed in [60, cor. 6.3] for a family of discrete
exact sequences described in [2], to which (2.9) belongs. We can then specify the approximation
property by considering an operator G which represents the inverse of curl curl on the space

Xti= (kerd) NV = {u € Hy(curl; Q) : dive = 0} (2.19)

where the L exponent denotes the L? orthogonal complement. Specifically, G : L?(Q)? — X! is
defined by
(curl Gu, curl v) = (u,v), veXh (2.20)

It is a compact and self-adjoint operator from L?(2)? into itself, and as such it has a countable set of
nonnegative eigenvalues which only accumulate at 0: thus we may write

O< A <A<

the inverse of the positive eigenvalues, writing several times multiples eigenvalues. We denote by
(u;)i>1 an orthonormal sequence of associated eigenvectors, and we call &; the space spanned by
u;. Following [20] we then write m(N) the dimension of the space generated by the first N distinct
eigenvalues: this space, €; + -+ + &,,(y), does not depend on the choice of the u;’s. We then show
that the nonzero eigenmodes of A, of the form —iw given its skew-symmetric nature, are in bijection
with those of G: we have

() -

To characterize the eigenmodes of the conforming discretization (2.13), (2.17), we then approximate
X! by the discrete space

W\ =2
Ge:(Z) ’ (2.21)

1
b= —curle.
w

X} = (kerdp)t NV = {u € V! : (u,grad ) = 0, € V}'}, (2.22)
and we consider Gy, : L*(Q)? — X} defined by
(curl Gpu, curlv) = (u,v), v e X} (2.23)

Again it is a compact and self-adjoint operator from L?(Q)? into itself, and we can order the inverse
of the nonzero eigenvalues as
O0<Aipn<IAgp <o
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

by writing again several times the multiple eigenvalues. As above, we denote by (u; )i>1 an orthonor-

mal sequence of associated eigenvectors, and we let &, be the space spanned by u; ;. Again these

eigenmodes can be associated one-to-one with those of Aj, via an equivalence identical to (2.21).
The analysis developed in [3] then allows to establish the convergence

|G = Gullz2@)2,22()2) — 0,

and the perturbation theory of linear operators guarantees that the approximate eigenmodes (\; p, Wi )i>1
converge towards the exact ones (\;, u;);>1 in the sense of Definition 2.1 in [16]: for all ¢ > 0 and all
N > 1, there exists hg > 0 such that for all h < hg we have

m(N)  m(N)
13?%%N)|)\" —Ain| <€ and gap ( ; ¢, ; &,h) <e, (2.24)

the gap between the two spaces being classically defined as

gap(€,§) ;== max [ sup inf||u— v, sup inf|u—o| |. (2.25)
uee VEF vEF ue€
lull<1 lvll<1

2.3 Conga (conforming/nonconforming Galerkin) discretization

An objective that we had set for ourselves was to extend approximations of the form (2.13) to fully
discontinuous finite element spaces while preserving most of the above properties, namely:

(i) in the 3D version, the ability to compute an exactly divergence-free By, field,
without computing it in a div-conforming discrete space,
(ii) the spectral correctness of the discrete evolution operator Ay without adding dissipative terms,

(iii) high order error estimates that are stable over long time ranges.
(2.26)

Because it may double the number of degrees of freedom on the mesh interfaces, the use of fully
discontinuous spaces increases the size of the discrete problems (and often makes the preconditioning
more difficult, see e.g. [31, 32]) but it also has several advantages. First, it can provide better (non-
oscillating) approximations when the exact solutions themselves are known to be discontinuous across
some given interface. Second, it improves the locality of the computations which is a need in parallel
codes to reduce the time-consuming interprocessor communications. When a time-dependent problem
such as (2.1) is solved with an explicit time scheme, the mass matrices must be inverted at each time
step. In a conforming method like (2.13), the basis functions of Vhl are generally supported in more
than one cell and the inversion is thus a nonlocal operation, which may induce costly computations
(e.g. on 3D unstructured meshes). Several authors have investigated mass lumping techniques to
alleviate this burden, however no clear solution has been offered yet for general meshes. With fully
discontinuous spaces the mass matrices are block diagonal which makes the inversion purely local, if
not trivial.

The common approach with such spaces consists of using discontinuous Galerkin methods (see e.g.
[80, 96]) which unfortunately, do not possess the desired properties: to be spectrally correct they seem
to require dissipative terms [89, 134, 35, 29] and the long time stability of the problem with sources
requires to correct the fields using divergence cleaning techniques, which amount to solve additional
parabolic or hyperbolic equations, see for instance [112, 97, 129].
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2.83. Conga (conforming/nonconforming Galerkin) discretization

For this reason we have proposed a discretization in which the nonconforming spaces are incorpo-
rated in such a way that the geometric structure of the conforming approximation (2.13) is preserved.
The resulting method has been named CONGA in [54], for “COnforming/Nonconforming GAlerkin”.

The basic idea is to start from a reference conforming formulation and relax the interelement
continuity constraints of the discrete spaces to use only fully discontinuous elements. Since Vh2 is
already discontinuous, we only need one new space Vhl ¢ Hp(curl;€2), and it will be convenient to
assume that it satisfies

Vicvigvh

In the framework of (2.9), it appears in our analysis that the natural choice is to consider a broken
Nédélec space
Vil = Np1(Th) = {u € L*(Q)? : u|r € Np_1(T), T € Tp}. (2.27)

We note that it is also possible to use for f/hl a space of standard piecewise polynomials such as
Pp,l(ﬁl)z, and in this case the reference conforming sequence should involve the second-kind Nédélec
space [115] for V}!, see [53], Rem. 4.5.

The second ingredient is a bounded projection on the conforming space,
PrLX(Q)? = Vi C Vi, (Ph)?="P4, (2.28)

which will allow a natural extension of the method to discontinuous spaces. We ask that this projection
preserves the first m > 1 moments on each cell,

(Ph — Du,v) =0, weL*N)? vePy,_1(Th)?
so that the adjoint operator approximates the identity
(PHY*u — u, h — 0, (2.29)

for all w € L2(Q)2. Since the discontinuous space f/hl is obtained by restricting the conforming basis
functions of Vh1 on the cells of Ty, it is natural to define its degrees of freedom the same way, as the
restriction of the conforming ones to the individual cells. A convenient projector is then obtained
by averaging the broken degrees of freedom coming from adjacent cells, and it will be stable in L? if
the conforming degrees in Vh1 are designed by integration against local polynomials, inferred from the
local conforming basis by duality, as described in [77]. Applying 73,1L on Vhl is then a local procedure,
and an almost trivial one. We refer to [53] for a detailed presentation.

The Conga approximation associated to (2.13) then consists of computing (B, Ep,) € C°([0,T7]; V;2x
V;1) solutions to

(01By, @) + (curl PLEy, ) = 0 0 e V2 cC L)
) (2.30)
(0cEn, @) — (B, curl Py@) = —=(Jy, @) @ € Vit ¢ Hy(curl; Q)

where J}, again denotes a discrete version (now in f/hl) of the source term J. By contrast to the
conforming case, we will see that an L? projection is not a proper option to define Jj, here, and should
be replaced by an approximation operator involving the conforming projection ’P,{.

The first objective listed in (2.26) readily follows from (2.30): using the embedding curl P} f/hl c V2,
we indeed see that the first equation holds again in strong sense in VhQ,

OiBy, 4 curl PLE), = 0. (2.31)
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

In particular (and when it makes sense, e.g. in 3D), the discrete By, field will be exactly divergence
free as long as it is initially.

And as in the conforming case, we observe that by differentiating in time the second equation in
(2.30) and using (2.31) we find

(0 En, @) + ¢ (curl Py Ep, curl P@) = — (01 Jn, @) (2.32)

a new formulation that we can compare with (2.16).
Following the same path than for the conforming discretization, it is also possible to establish the
second property listed in (2.26), namely that the Conga evolution operator

7 0 —d} P} 0 — curl PIH\?}} . o
. = : 2.
Ap c<(d’1173,1)* 0 c (curlpé\f/}})* 0 (Vir x Vi) — (Vi x V) (2.33)

is spectrally correct. As before we begin by specifying an appropriate discretization of the space X!,
(~2.19), which relies on the identification of a new exact sequence involving the nonconforming space

Vhl. By using the properties of the conforming exact sequence (2.9) and those of the conforming
projection (2.28), we easily verify the key identity

ker(dy, Pyl ) = ker dj, @ ker(Pylpn) = dyVy) @ (I — PHV, (2.34)
from which we infer that the following sequence, although nonconforming, is again exact [42]

) @ dh=d Pl
VO =0 x vl Lyl s V2. (2.35)

Here V,? plays the role of a new discretization for the space VO (here H{), that can be said noncon-
forming in the sense that f/,? ¢ V9. We note that it involves continuous finite elements, however none
of them will appear in the resulting computations. The corresponding discretization for the operator
d® (here the gradient), induced by (2.34), is defined as

V03 (0,8) = dho+ (I —P}Ho. (2.36)
i.e., d)(p,®) = grad ¢ + (I — P})o. We then approximate the space X' = (kerd')* N V! with
Xp = (kerdiPp)t NV = {a e V) : (a,gradp) + (a, (I - Py)d) =0, o € V), 5 € V}'},  (2.37)

and the nonconforming discretization of the eigenvalue problem (2.20) takes the form of an operator
Gp : L*(2)? — X}, defined by

(curl PG, curl Plo) = (u, v), ve XL (2.38)

Again this is a compact and self-adjoint operator from L?(Q)? in itself, and we denote the inverse of
its nonzero eigenvalues by
0<Apn<IAgp<eee

with a repetition of the multiple eigenvalues. We let (@;4)i>1 denote an orthonormal sequence of
associated eigenvectors, and ém the space spanned by u; ;. These eigenmodes can be put in bijection
with those of Aj using a characterization similar to (2.21). By using the properties (2.28)-(2.29) of
the projection 73% and the relations of the discrete exact sequences, we then prove the following result.
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2.4. Abstract criteria for the compatible approximation of the sources

Theorem 2.1 ([54]) The nonconforming (Conga) approzimation Gy, of the inverse of curlcurl de-
fined by (2.38) can be expressed as a function of its conforming analog (2.23), as

where PX}L is the L? projection in the discontinuous space (2.37). Moreover this operator converges

towards the exact inverse (2.20),
||G — éh”L(L?(Q)?,L?(Q)?) — 0, h — 0.

In particular, the discrete eigenmodes (S\i,ha'&i7h)i21 of the Conga operators Gy and Ay, converge to-
wards the exact modes (A;, w;)i>1 in the sense of (2.24).

In R?, we have shown [53] that the Conga operator (2.33) coincides with the standard DG dis-
cretization with centered fluxes (without penalty terms), which spectral correctness has been studied
and numerically verified in [89] but not formally proven, up to our knowledge. In the 3D case the
Conga discretization differs from the DG ones, which are known to be not spectrally correct [89, 134]
unless penalty terms are introduced for the jumps (as demonstrated in [35, 34]) or interface conditions
are imposed in the solutions [29], which would forbid the use of fully discontinuous functions. In this
direction we can cite the work [91] where it is proven that such interface conditions are necessary
for the approximation of an elliptic problem (a Poisson equation) in mixed form, when the scheme
does involve ant coupling of the adjacent cells through its discrete operators. In a sense, the Conga
discretization thus allows to realize such a coupling without penalization.

We note that spectral correctness is an essential ingredient for the performances of the associated
evolution problem. This is rather clear since some spurious (resp. correct) modes could (resp. could
not) propagate with a spectrally incorrect operator, and this has been specified with a priori uniform
error estimates in [21]. The absence of penalty terms is an advantage in the treatment of evolu-
tion problems, where it amounts to an absence of numerical dissipation which in turn offers better
conservation properties.

2.4 Abstract criteria for the compatible approximation of the sources

The long time stability of the numerical methods for the Maxwell system (2.1) is connected to their
conservation properties regarding the divergence constraints. Indeed we have seen that at the con-
tinuous level, the Gauss laws were preserved by the Ampere and Faraday equations, which is easily
verified by taking the divergence of the latter. When the numerical methods do not preserve this
principle, which is often the case with DG schemes, they are likely to develop long time instabilities
by accumulation of small errors [129] even when their convergence as h — 0 is established with high
order. To avoid such instabilities, the usual approach is to introduce dissipative terms [88, 89] or to
correct the fields using approximate resolutions of the Gauss laws first introduced for finite difference
schemes [24, 105, 104] and then generalized to other methods under the form of elliptic, parabolic or
hyperbolic correction schemes [111, 96, 9, 61], see also [51] for a recent review on such techniques.

Here we propose to specify some compatibility relations that the numerical sources should satisfy
in order to remove these instabilities, without resorting to numerical dissipation or field correction
techniques. As we will see, these compatibility criteria are naturally verified by conforming mixed
formulations, and for nonconforming Conga discretizations they can implemented using simple and
local operations.

The principle of compatible discretizations is to preserve the relations that guarantee the exact
conservation of the Gauss laws. Here we have in mind the fundamental identity div curl = 0, but we
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

will see that the latter first needs to be properly expressed in a given discrete setting, since it only
makes sense as one ingredient in a whole system. To specify this we consider a space discretization of
the Maxwell equations (2.1), of the form

0¢By, + curly, Ej, =0

1 2.39
atEh - 62 curlh Bh = *;Jh. ( )
0

To reproduce the identity divcurl = 0 in this setting consists of identifying a discrete divergence
operator divy, such that
divy, curly, = 0. (2.40)

It is then clear that system (2.39) will preserve a discrete Gauss law of the form
1
dth Eh = —pPh (2.41)
€0

as long as the discrete sources satisfy the associated continuity equation
Ospp, + divy Jp =0, (2.42)

and a similar reasoning applies to the magnetic Gauss law. It is not clear, however, whether (2.41)
is strong enough to guarantee the long time stability of the discrete solutions. For that purpose
it is necessary that (2.41) allows to characterize the “discrete irrotational” part of the electric field,
i.e., the fields in ker curly, indeed their temporal growth is not controlled by the evolution equation
(2.39). Equation (2.42) may then be used as a practical criterion to identify the source approximation
operators that are compatible with the discretization (2.39). We then decompose the last objective in
our list (2.26) as follows.

(iii-a) in an abstract setting, identify which properties of the discrete differential operators
and of the source approximation operators guarantee a long time stability,

(iii-b) for several schemes (conforming or not), identify source approximation operators that
meet these criteria,

(iii-c) study the numerical implementation of the resulting schemes in the case where the sources

are provided by a particle solver.
(2.43)
In the particular case where the exact sources are given, it is possible to realize a simplified version of
this program which does not involve a discrete divergence. To this end, one uses the exact sequence
(2.4) and a standard property of adjoint operators, see [30, Cor. 2.18], to write that ker(d’)* =
(Imd®)*+ = (d°VO)L = (kerd')*, where the | exponent denotes the orthogonal complement in the
natural L? space W'. It follows that

ker D = R+ x ker(d°)* = (ker(d")*)* x (kerd')* = (ker A)*. (2.44)

Thus, in the absence of sources we see that the Gauss law (2.8) constrains the general solutions to the
evolution equation (2.6) to be orthogonal to the irrotational fields, which corresponds to the genuinely
oscillating modes of the operator A. According to its skew-symmetric nature we can indeed decompose
the full L? space W = W2 x W' as

kerA={U €S :0,U =0}

W o (2.45)
(ker A) Span({U € S : 9,U iwU,w # 0})

W=kerA @ (ker A)t with {
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2.4. Abstract criteria for the compatible approximation of the sources

where S denotes the set of solutions to the homogeneous Ampere-Faraday system (2.6).
If the exact source is given we may then consider semi-discrete schemes for (2.6) of the form

oUy, — ApUyp, = 11, F (2.46)

where A, : Vi, — V), is a skew-symmetric operator that approximates A on a discrete space Vi, C W,
which may correspond to either (2.17) or (2.33), and II;, is an approximation operator on Vj, that
converges to the identity as h — 0.

In [54] we have proposed a criterion to identify schemes of the form (2.46) that are compatible
with the orthogonal constraint expressed by the Gauss laws, without explicitly involving the discrete
version of those laws. In the absence of sources, this constraint reads U € (ker.A)' and a discrete
analog is U}, € (ker Aj,)*, which again can be interpreted as the absence of stationary modes relative
to Ay, following a decomposition similar to (2.45) for this skew-symmetric operator. In the presence
of sources, a natural extension of that constraint is to ask that, when the exact solution contains
no stationary modes for 4, then the approximate solution contains no stationary modes for A,. We
observe that such a requirement will be met as long as the operator II; satisfies

Ze (ker Y = I,Z € (ker Ap)*

or equivalently, A being skew-symmetric, closed and with dense domain, as long as IT;,(Im .A) C Im Ay,
This property essentially amounts to a commuting diagram.

Definition 2.1 ([54]) The semi-discrete scheme (2.46) is called Gauss-compatible on a space V C
V if there exists an auxiliary approximation operator 1l : 'V — Vy which converges pointwise to the
identity as h — 0, and such that

A~

m,A = Ahﬁh on V, (2.47)

where A is the exact evolution operator (2.5).

Here V typically represents the regularity required for the definition of the approximation operators.
Relation (2.47) indeed corresponds to a commuting diagram,

V AV
A
Vi "oy,

and it easily leads to a priori error and long time stability estimates.

Theorem 2.2 ([54], Th. 3.2) If the semi-discrete scheme (2.46) is Gauss-compatible on some space
V, then the approximate solution satisfies

(U = TL.U) (@) < [[(Un = T,U)(0)] +/O (1T, — T1,)3,U (s)|| ds (2.49)

for any exact solution U € C°([0,T); V) of the time-dependent Mazwell equations (2.6).
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

Proof. The argument is only a few lines and can be given here. By applying II; to the Maxwell
system (2.6) and using the commuting diagram (2.47), we obtain

LU — ApILU = 10, (8,U — AU) = 11, F = 8,Up, — ApUp,
so that II,U — Uy, is the solution of an evolution equation with source term (ﬂh —1I)0U,
O (I U — Up) — Ap(IL,U — Uy,) = (11, — I1,)8,U.

The estimate (2.49) is then inferred from the contraction properties of the semi-group generated by

Ah. | |
The following long time stability result is a straightforward consequence of the above estimate.

Corollary 2.2 (long time stability) If U = U(0) € V is a steady state solution to (2.6), then
Uy :=11L,U is a steady state solution to (2.46). Moreover, the estimate

1O, = L)Y < [[(Un = ILT)O)ll, =0
is valid for any initial data Uy (0) € V.

In the general case where we are only given an approximate source F} we must consider semi-
discrete schemes of the form

oUn, — AUy, = —Fy,. (2.50)

Since the previous approach no longer applies we must go back to the announced program, which
consists of identifying sufficient conditions under which a discrete Gauss law (2.41) allows to control
the temporal growth of the field Fj. For this we introduce the following definition, in which the
discrete spaces V}f are not necessarily those from the sequence (2.9), nor even subspaces of the Vis in
(2.3).

Definition 2.3 ([52], Def. 2.7 and 2.9) We say that a space discretization of the Mazwell equa-
tions (2.1) of the form

OBy + curly Ep, =0 curly, : V! — V2
) 1 with (2.51)
O Ep — c”curly By, = _th curly, = (curly)* : V2 — V!

(and with general spaces V}f that are not necessarily conforming) completed by discrete Gauss laws

1 .
divy, Ep = — pn divy, : V! = V0
€ with , (2.52)
f,Bn = {,B) fo: Vi =R
is structure-preserving if, letting grad;, := —(divy)* : V}? — V;1, we have the following properties.

e Exact sequence: the sequence

d
V}? grad,, Vhl curly th fﬂ R (2.53)

is exact in the sense that grad, V;¥ = ker curly, and curly V;l = ker(fQ|th).
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2.4. Abstract criteria for the compatible approximation of the sources

e Stability: the operators involved in (2.53) satisfy Poincaré-Friedrichs inequalities

|lu|| < cp|lgrady, ul|, ue VN (ker grad, )+
|lu|| < cpllcurly, ul|, u € Vil N (ker curly, )t (2.54)
[ull < cpll fqull, u € Vi N (ker fo)*

with a constant cp independent of h.

Again we note that the presence of the canonical injection ¢ : R — L?(£2) and its adjoint fQ is due
to the degenerate form of the magnetic Gauss law in this 2D model. In 3D these operators should be
replaced by a discrete gradient and a discrete divergence defined as its adjoint, differing a priori from
those already involved in the above definition.

We also observe that properties (2.53)-(2.54) are equivalently expressed on the dual sequence

curly,

v Vi

R divy,

VY.

As for the structure underlying Definition 2.3, it may be clearer when these properties are formulated
on the composite operators

B 0 —curly, (4o O
An=c <curlh 0 > and Dn = ( 0 divh> '

Then the exact sequence property (2.53) amounts to the orthogonality of the kernels, kerD; =
(ker Ap,)*, and the uniform estimates (2.54) amount to the stability of the composite operators,

1Z|| < cp|DwZ|l, Z € (ker Dy)*" and 1Z|| < cpl|lAnZ|, Z € (ker Ap)*.

As will be verified soon (and may be clear already from the latter form) the above definition provides a
convenient framework for long-time stability estimates. The corresponding discrete continuity equation
(2.42) can then be used as a practical criterion for the approximate source. Following the usual
terminology [132], we introduce another definition.

Definition 2.4 ([52], Def. 2.12) We say that a space discretization of the Mazwell equations (2.1)
of the form (2.51)-(2.52) is charge-conserving if it is structure-preserving in the sense of Defini-
tion 2.3 and if the approximate source verifies the associated continuity equation,

Ospp, + divy Jp, = 0. (2.55)

We are then in position to state two estimates: under the sole assumption that a scheme is charge-
conserving, which corresponds to Definition 2.4 (which includes the structure-preserving property),
we have a long time stability result, see [52], Th. 2.14. Under an additional commuting diagram
assumption, we also have an error estimate involving the accuracy of the approximate source.

Theorem 2.3 ([52], Th. 2.15) If the semi-discrete scheme (2.51)-(2.52) is charge-conserving in the
sense of Definition 2.4 and if the associated evolution operator Ay satisfies a commuting diagram
relation (2.47) for approzimation operators II;, and IIj,, then the solution Uy = (¢By, Ey)T of (2.51)
satisfies the discrete Gauss laws (2.52) and the a priori estimate

[(Un = IRU) @) < CP(HAh(Uf? —T,U°) || + | F) = T PO + | (R — DRI U) (1)]| + | (Fy — T, F) (1))
t
+ | (An (I, = L) U (1)]] +/ 106 (AR (T, = 11,)U + (Fp, — T, F)) (s)]] dS)
0
with Ry, = (cfQngealph)T and Fy, = (O,sath)T. Here cp is the constant from (2.54).
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

2.5 Application to the conforming and Conga discretizations

The following results show that the abstract framework developed in the previous section applies
naturally to the mixed conforming and Conga formulations presented in the sections 2.2 and 2.3, up
to a proper choice of the source approximation operator. Consistent with the above choice, we present
some results in 2D, which mostly corresponds to those of the article [53]. The 3D case is addressed
in the article [54]. We finally assume that the domain 2 has no reentrant corners, so that the exact
solutions can be assumed smooth, at least in a first stage, see e.g. [4, 5].

Theorem 2.4 The conforming discretization (2.13) associated with an orthogonal projection for the
current source Jp = PVh1 J, characterized by (2.14), is Gauss-compatible on the product space V =

Vot x (HY(Q)2 N V1.

The complete statement of this theorem, given in [53], specifies the approximation operators involved
in Definition 2.1. They write

Pv2 0 S Pv2 O
= h =
ne () ()

where 7rc‘“”1 denotes the canonical interpolation for the edge elements. The approximation propertles
of these operators allow us to derive an explicit form for the a priori error estimate (2.49), a

I(B = Bu)®)|| + (B — En)(t)l| £ 1Bw(0) — PyzB(0)]| + | Ex(0) — w5, E(0)]

|
+ 1 (1BO)n + /at Y ds) + 17 (| BO)] + /|at o )

for 0 <m < p, 1 <m' <p, and with a constant independent of h and ¢.

Theorem 2.5 The Conga discretization (2.30) associated with a discontinuous approximate current
Jy € Vhl defined by the relations

<Jh) 90> = <J7P}1LSO>7 pE vhlv (256)
e., Jn = (PL)*J, is Gauss-compatible on the product space V := V5 x (HY(Q)2N V1),

We observe that computing the approximate current is local with the latter formula, as is the projection
P,IL and the inversion of the mass matrix in the space Vhl. Again the complete statement of this theorem,
given in [53], specifies the approximation operators involved in Definition 2.1. They write

P 0 . P, 0
. = (" Va d I, =( Y
" ( 0 <¢%)*> " " < 0 wzmﬂ>

where ﬂ_zurl denotes again the canonical interpolation of the edge elements. Again the approximation
properties of these operators allow us to derive an explicit form for the a priori error estimate (2.49),
as

I(B = Bu)®)l| + (B — En)(t)|| S 1Bw(0) — PyzB(0)]| + || Ex(0) — 7™ E(0)|

0 (1B + [ 108 ds) + 1 (1O + [ (01506 ) )
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2.6. Application to the coupling with a particle method

for 0 <m <p,1<m <p-1, and with a constant independent of h and t.

Our unified analysis allows us to recover known convergence orders for the conforming finite element
schemes (see, e.g. [107]) and nonconforming as well ([80]). As for the long time stability results, they
seem to be new for unpenalized nonconforming methods.

Lemma 2.5 The conforming discretization (2.13) associated to the discrete Gauss laws (2.52) defined

by
(divy,)* := —grad : V! — V! (2.57)

see (2.9), is structure-preserving in the sense of Definition 2.3.
Lemma 2.6 The Conga discretization (2.30) associated to the discrete Gauss laws (2.52) defined by

grad,, : (V2 x V!) 3 (¢,@) — grad ¢ + (I — P})a € V!
) ) (2.58)
divy, == —(grad,)* : V;! = (V! x V1)

see (2.9), is structure-preserving in the sense of Definition 2.3.

We observe that with the operator (2.57) involved in the conforming case, the proper discrete
Gauss law (2.52) takes a standard weak form in finite elements,

1
—(En(t) grad @) = —{pn(t), @), ¢ € Vi (2.59)
It is less standard in the case of the Conga discretization: with (2.58), it takes the form

1

—(En(t),grad ¢ + (I — Py)a) = .

(on(t),0)  (¢,@) €V} x V3. (2.60)

2.6 Application to the coupling with a particle method

We now consider the case where the sources are given by a particle method under the form of N
(macro) particles with positions x,(t) and velocities v, (t) = x).(t), K = 1,... N, pushed forward along
some characteristic trajectories. By associating to each particle a charge g, and a shape function (.
of scale € > 0 (either the Dirac measure if ¢ = 0, or a smoothed version if € > 0, see e.g. [96]), we
define the corresponding charge and current densities as

N N
pv(tX) =) gele(x — xx(t)) and IN(t,%) = quvi(t)Ce(x — X4(t)). (2.61)
k=1 k=1
Since v, (t) = x| (t), we verify that these sources satisfy an exact continuity equation d;py—+div Jy = 0,

valid in a measure’s sense in the case of point particles.

Theorem 2.6 Let e > 0. The conforming (2.13) and Conga (2.30) discretizations associated with the
discrete Gauss laws (2.52) defined by the respective operators (2.57) and (2.58) are charge-conserving
in the sense of Definition 2.4 when the discrete sources are defined from (2.61) by

pn(t) = Pyopn(t) € V) and Tu(t) == P dn(t) €V (2.62)
for the conforming discretization of (2.13), and
pi(t) = Pyopn(t) € Vi) and Jn(t) == (PH)*In(t) € V! (2.63)

for the Conga (discontinuous) discretization (2.30).
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Chapter 2. Compatible nonconforming approximation of the Maxwell equations

Here PV]? and th1 are the L? projections over the H! and H (curl)-conforming spaces, hence their

application requires to solve a global system. By contrast, applying the approximation by (73,1)* is
local to each cell, just like it has been verified on (2.56).

In the article [49] we have proposed a high order implementation of similar operators applied to
smooth particles, for discretizations of the dual sequence (2.4), and we have verified their numerical
stability properties.

To extend these results to the case of point particles, it is convenient to consider a time discretiza-
tion of the Maxwell solvers. Using an explicit leap-frog scheme for instance, the conforming method

(2.13) computes fields (Bnﬂ/2 E}) € Vi2 x V! according to

n+i n—1 n . 2
B, *—B, *+Atcurl E}f =0 (in V)
» » (2.64)
(Ept — Ej, o) — OB, 2 curl ) = =21, 2, ) @ eV
and the Conga method (2.30) computes (BZ+1/2, E}) € V2 x V) according to
n+ty n—j 1mn : 2
B, *—B, *+AtcurlP,E} =0 (in Vi)
(2.65)

1 n
(Bt — EP, @) — AAHB, 2 curl Ph@) = —2L(J)

€0

In [48] we have shown that a current J ;Ll 172 obtained by an orthogonal projection in the conforming
space Vh1 of the time average of the particle current,

tn+1

nt1 e dr 1
T ) = < e At,cp> an [ vl bl Sy eel 00
is well defined, and that it verifies the associated discrete continuity equation,

n+3 1,1 n n
(Jy * eradd) = — (L (o™ —ph)0), W

n+1/2

where (p, #) = (pn(t"), ¢). Similarly, a discontinuous current J, obtained by the approximation

(PR)"

tn+1 tn+1

T g = </t (e )d > an/ vi(7) .(P}Lga)(xﬁ(f))%, eVl (267)

n

allows to verify the discrete continuity equation (2.55) corresponding to the Conga formulation, i.e.,

ntg ~ 1,1 n n ~ (7
(Jy, *,grad o+ (I —Pp)a) = <At(ph+1 =)o), () €V <V

We may specify that the reason why the products (2.66) and (2.67) are well defined (and stable
with respect to the particle trajectories) is that the test functions H (curl) have continuous tangential
components across the mesh edges. Finally, when the trajectories are piecewise polynomials, it is
possible to directly estimate these products by using a few Gauss points in each cell with a current
contribution, which is also fully detailed in [48].
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2.7. Link with a standard DG discretization

2.7 Link with a standard DG discretization

We can show that in 2D the Conga discretization described in Section 2.3 coincides with the DG
formulation with centered fluxes (not dissipative) studied e.g., in [80]. The argument is simple enough
to be reproduced here. We use classical notations ([35]) for the tangential jumps and averages across
the interelement edges, i.e.

1
[ule := (N, xu|lp- +nf xulpi)le and fule = §(u|Tf +ulr+))le for e € Sh\é’,? (2.68)

whether e is an interior edge (shared by two cells T* = T*(e) with outgoing normal vectors nt), or

[ue .= (n; xu|p-)le and {u}e:= (u|lr-)|e for e &P. (2.69)

whether e is a boundary edge (carried by a single cell T~ = T~ (e), of outgoing normal n_ ). For
a scalar field u the definitions are rigorously the same, with the convention that in 2D the product
n x u often denotes the vector (nyu, —nzu)’. The curl operators involved in the flux centered DG
discretization write then

<curlEG u,v) = Z (u, curlv)p — Z ({ul, [v])e

TeTh eegh\é’}?

<curlEG v,u) = Z (v, curlu)p — Z ({v}, [u])e

TET e€e&y

for u € Vi, v € V2, (2.70)

Using the fact that the conforming projection P} performs a local averaging of the edge degrees of
freedom in the Nédélec space, (2.11), we compute

(curl Plu,v) = Z ((Phu, curlv)y + (n x Piu,v)or)

T€Th

= Z ((u,curlv)r + (n x {u},v)oro0)
T€ETh

= Z (u,curlv)r — Z {ul, [v])e
TeTh eEEh\g,?

= (curlP% u, v)

and then infer the announced equivalence, i.e., CuﬂEG = curl Pfll on f/hl Given that the duality
curl)® = (curl?®)* is verified with elementary computations based on Green formulas, our analysis
thus establishes the spectrally correct nature of the DG discretization with centered fluxes in 2D (2.70),
a property numerically observed [89] but not proven yet, at least to our knowledge.

On the other hand, it is possible to see the compatible current approximation (2.63), Jj, = (73,1)*.] N
as a local correction of the standard projection

nc _ p.

Jh — Vhl JN
that is usually implemented in discontinuous schemes. Here the exponent “nc” stands for “non-
compatible” since this approximation does not verify the Gauss-compatibility criteria, nor the discrete

continuity equation established for the nonconforming case.

35



Chapter 2. Compatible nonconforming approximation of the Maxwell equations

Indeed, by letting ¢7 ., A € AL(T') denote a basis for the polynomials of Vhl on each cell T, and by
observing that the conforming space Vh1 is a subspace of Vh1 by construction, we see that it is possible
to represent the conforming projection P} by a matrix P satisfying

Pi%‘PT,A = Z P(Tv/\)’(T’»'Y)QDT/ﬂ'
T'€Th,yeAN(T)

The “compatible” moments myz x(Jn) := (Jn,Plepr,) (that determine the current (2.63)) are then
easy to compute from the standard (non-compatible) moments m/i’, (Jn) := (Jn, @71,), via the local
formulas ,
mra(In) =Y P, @)™, (JIn). (2.71)
Ty
In particular, the vectors J and J™° containing the coefficients of the discontinuous currents J; and

J;¢ satisfy the relation
J=M"'PMJ™

where M represents the mass matrix (block-diagonal) associated to this basis of Vhl These corrections
are then local, moreover their computation is elementary: if the local bases @7\ are defined by a
restriction of the bases dual to the edge degrees of freedom, the nonzero coefficients of matrix P are
just % for the edge degrees of freedom, and 1 for the interior degrees of freedom [52].
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Chapter 3

Theoretical and numerical study of
some reduced models

Publication list

The material in this chapter is based on the following works:

[8] M. Badsi, M. Campos Pinto and B. Després, A minimization formulation of a bi-kinetic sheath,
Kinetic and related models 9, 2016

[70] F. Da Silva, M. Campos Pinto, B. Després and S. Heuraux, Stable explicit coupling of the Yee
scheme with a linear current model in fluctuating magnetized plasmas, Journal of Computational
Physics 295, 2015

[90] S. Heuraux, F. da Silva, T. Ribeiro, B. Després, M. Campos Pinto, J. Jacquot, E. Faudot,
S. Wengerowsky, L. Colas and L. Lu, Simulation as a tool to improve wave heating in fusion
plasmas, Journal of Plasma Physics 81, 2015

[47] M. Campos Pinto and B. Després, Constructive formulations of resonant Maxwell’s equations,
(hal-01278860), under revision for SIAM Journal on Mathematical Analysis, 2016

3.1 Kinetic sheaths in an electrostatic plasma

Plasma sheaths are self-regulation phenomena during which the electric potential of an absorbing wall
varies in order to balance the fluxes of electrons and ions coming from the plasma. In general this
variation is negative and the neutral flux is achieved by accelerating the (positive) ions and slowing
down the electrons. Indeed, in a globally neutral plasma at thermal equilibrium, in which the phase
space densities are classically assumed maxwellian,

d/2 2
fs(x,v) = s exp _ Y s=iore
o 27rkp 2kpT )’ ’

due to their relative low mass the electrons have a characteristic speed v} = (%)1/ 2 much higher
to that of the ions, as illustrated in Fig. 3.1. Since the flux of negative charges leaving the plasma
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Chapter 3. Theoretical and numerical study of some reduced models

cannot exceed that of the positive charges for a long time, there must be a self-consistent mechanism
which equilibrate these fluxes. In practice this mechanism takes the form of a potential drop on the
wall associated with an electric field directed towards it. Inside this boundary layer which thickness
is about a few Debye lengths (the characteristic distance for screening phenomena in an electrostatic
plasma), a positive charge then builds up, as one may expect from the Gauss law.

plasma électronique paroi plasma ionique paroi
maxwellien absorbante maxwellien absorbante
f——

m—— L_
— .

Figure 3.1: Sketch of maxwellian phase space (x,v) densities in a globally neutral plasma at thermal
equilibrium, using the same (arbitrary) scale in velocity for both electron and ion densities. In the
electron density represented on the left the characteristic speed is higher than that of the ions on the
right, due to their lower mass. If such a plasma is in contact with an absorbing wall one sees that the
electrons will leave the plasma at a higher rate than the ions. In the absence of self-regulation this
would result in a growing positive charge buildup in the plasma, which cannot be stable. The sheath
is the thin layer close to the wall in which the plasma is no longer neutral in order to balance the

fluxes of outgoing particles.

A property that plays a key role in the classical analysis states that, in a simplified mono-kinetic
model, ions must enter the sheath with a speed u; greater or equal than their characteristic speed

1
w > v = (kBT>2 (3.1)

my;

consistent with the self-regulation principle described above. This property is known as the Bohm
criterion[58], and there exists a kinetic version of it [120, 126], according to which the velocity distri-
bution of the incoming ions must satisfy the inequality

-2
e T
I o Jfiv (v])
In the scope of Mehdi Badsi’s PhD [7], advised by Bruno Després and myself, we have proposed [8]

a kinetic one-dimensional model that describes most of the key features of this physical phenomenon.
Our purpose was to

(3.2)

e specify the role (within this model) of the fluid (3.1) and kinetic (3.2) Bohm criteria,
e determine a simple characterization of the “floating” potential at the wall.

Indeed we believed that these questions had not received fully satisfactory answers yet, despite several
works in the mathematical literature [102, 79] and the recent works [83, 84] on a fluid plasma model
close to the wall.

In our model, the ion and electron densities are steady state solutions to Vlasov equations in a
dimensionless domain [0,1] x R, with boundaries x = 0 and x = 1 representing a point inside the
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3.1. Kinetic sheaths in an electrostatic plasma

plasma and the absorbing wall, respectively. Denoting p = m./m; < 1 the relative electron mass,
these equations take the form

v, fi — ¢ (@)D fi = 0

1 3.3
Uaxfe + ;d)/(x)avfe =0 ( )

and they are coupled with a Poisson equation that determines the electrostatic potential ¢,
—2@) = [(fi+ £ d. (3.4)

Here € < 1 represents the Debye length relative to this dimensionless domain, and should characterize
the thickness of the boundary layer at the wall position x = 1. To model the self-regulation principle
we next add to these equations a neutral flux (sometimes called ambipolarity) constraint

/ o(fi 4+ o) dv =0 (3.5)

which may be seen as a direct consequence of the Ampere equation in a steady state regime, and a
neutrality condition at x = 0, expressing the fact that this point is not in the sheath,

[+ £)e=vyav=o. (5.6)

This system is then completed by boundary conditions: for the potential we use Dirichlet boundary
conditions

¢(0) =0,  ¢(1) = du (3.7)

where the value at 0 is arbitrary and ¢,, denotes the potential at the wall. In the physics community
it is often referred to as the floating potential: as it should result from the self-regulation mechanism,
it is an unknown of the problem. Finally we denote the incoming ion and electron distributions by

(

fi(oav): iin(v)’ v >0
fi(lav)zoy v <0

| 2 (3.8)
fo0,0) = f2(0) == moviiexp (= 5-), v >0
\fe(l,v):afe(l,—v), v < 0.

Here 0 < o < 1 is a re-emission parameter for the electrons at the wall (which can be set to 0 in
a first analysis), and ng is a reference density connected to the total number of electrons entering
the sheath. The chosen form of the incoming distribution fi* corresponds to the classical hypothesis
of a maxwellian electron distribution in the plasma core, far from the wall. For the moment we do
not specify the velocity distribution fiin of the incoming ions, and instead ask ourselves the following
questions:

e can we characterize the wall potential ¢,, so that it can be computed from the physical parameters
w, ¢ and o ?

e can we identify conditions on the incoming distribution f" such that there exists a non trivial
solution (¢ # 0) to the above problem (3.3)-(3.8)?7
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Chapter 3. Theoretical and numerical study of some reduced models

To answer these questions we began by considering a given decreasing potential ¢, so that the values
of the densities f; and f. could be expressed using the method of characteristics. This method consists
of writing fi(z,v) = fi*(0;(x,v)) and fe(z,v) = f*(de(z,v)), where 0;(z,v) > 0 and 9.(z,v) > 0 are
the incoming velocities connected to (z,v) by characteristic trajectories solutions to

/ — & (x v — l (1
{vf(? = ¢t( () nd e(t) u¢( e(t))
a;(t) = vi(t) 2l (t) = ve(t).

e

Using the fact that these trajectories have the respective invariants $v2 — i (ze) and 302 + ¢(z;), we
find

0 otherwise

filz,v) = {fim( oot if v v—2¢(x)

and
(4 /v? = 20(2)) if v>—\/2((x) — $u)

af(,/v2— %qﬁ(m)) otherwise.

fe(z,v) =

From these expressions we infer an explicit form for the macroscopic densities ns(z) = [ fs(x,v)dv,
and fluxes vs(z) = [z vfs(x,v) dv = 74(0). The constraints (3.5) and (3.6) expressing the neutrality
of the fluxes and charges at x = 0 then lead to two scalar relations involving f;", ng and ¢,,, but not
the potential ¢ itself:

/000 vfR(v) dv = ng 1\/;‘6% o)
/OOO £ (v) dv = ng <\/§— (1—-aw) /\;;m e—% dv).

We then have the following result.

Theorem 3.1 Under the necessary and sufficient condition

J v i) dv \/71_a
S wyde ~Vaulva (3.10)

System (3.9) has a unique solution (ng, ) € R x R*.

Thus, the wall potential is well defined by an implicit relation of the form a(¢,) = b with a
increasing, and it can be computed from the physical parameters a and p, and the incoming ion
distribution f® (through the average incoming velocity).

Now that the wall potential is determined, System (3.3)-(3.8) can be expressed as a non-linear
Poisson equation

—e2¢(x) = ~U'(9(x))
with U(¥) == [ vy/v? —2¢ f(v) dv + no(V2re?¥ — (1 — ) f\j’%vxmﬂ +2¢ e‘é dv) and the

boundary conditions (3.7). This equation can be studied using a variational approach which consists
of looking for minimizers of the functional

1 /l‘ 2
J.(¢) == /0 52"’5(2” + U($(z)) da. (3.11)

We then prove the following result.
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3.1. Kinetic sheaths in an electrostatic plasma
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Figure 3.2: Numerical results obtained by Mehdi Badsi: electronic and ionic distributions close to
a perfectly absorbing (o = 0) wall located at x = 1, for a (dimensionless) Debye length ¢ = 0.1.
The difference in the velocity ranges expresses the high relative mobility of the electrons, and in the
boundary layer we observe that, as expected, the electrons are repelled and the ions are accelerated.
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Figure 3.3: Numerical results obtained by Mehdi Badsi: on the left, the macroscopic ion and electron
densities correspond to the same parameters than in Figure 3.2. On the right, the different electrostatic
potentials correspond to different values of the dimensionless Debye length ¢, as indicated.

Theorem 3.2 If the incoming ion distribution fi* satisfies the conditions (3.10) and

fo"o U—inin(v) dw B (\/ﬁ +(1-a) f\;‘% v_ze_é dv)
Jo© fiM(w) do (Var = (1—a) [Fpy e o)

then System (3.3)-(3.8) has a unique solution f;, fe, ®.

(3.12)

As the right hand side from (3.12) is larger than 1, we observe that this condition is weaker than the
classical kinetic inequality (3.2), indeed in this dimensionless setting the characteristic speed reads
vy = 1. This solution has the distinctive features of a boundary layer at x = 1, and it reproduces the
main physical properties of an electrostatic sheath, as described above. The numerical simulations
obtained by Mehdi Badsi [7], using a projected gradient method derived from the minimization of the
functional (3.11), validate these findings on a quantitative level. Some of these results are shown in
Figure 3.2 and 3.3.
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Chapter 3. Theoretical and numerical study of some reduced models

3.2 FDTD wave propagation in a magnetized plasma

Reflectometry is a technique where a high frequency (~ 35 GHz) electromagnetic wave is sent in a
plasma and the scattered wave is measured in order to derive a density map of the probed plasma (see
Figure 3.4).
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Figure 3.4: Electromagnetic wave emitted by an antenna and reflected by an electronic plasma which
macroscopic density is indicated by its isovalues (blue lines). On the left figure the plasma density is
a smooth increasing function of x, on the right one it is affected by strong oscillations typical of the
turbulences observed in tokamak plasmas.

To perform numerical simulations of such waves in the presence of an intense magnetic field, plasma
physicists use a simplified model in which they assume that are given:

e the bulk part By of the magnetic field, stationary and often constant in space,

e the macroscopic electron density N(x), considered here to be stationary over the simulation
time.

The unknowns being the varying electromagnetic field (F, H) and the electron current density J
induced by the displacement of charges within the plasma, we then consider the linearized problem

o E=VANH-J
wootH = -V AE (3.13)
OpJ = eqwi B + web A J

where wp(x) = qgﬁi;gx), we(x) = %‘fx)' and b(x) = — égg%' respectively denote the plasma
pulsation, the cyclotron pulsation and the unit vector directed along the background magnetic field.
The standard approach [137] to discretize these equations consists of extending the classical FDTD
(Finite Differences Time Domain) scheme designed by Yee [138] for the Maxwell equations in vacuum
(J = 0). The computational domain being subdivided in regular cubes of diameter h, the z, y and z

components of the fields £ and H are discretized on staggered grids as represented on Figure 3.5, so
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3.2. FDTD wave propagation in a magnetized plasma

that the different derivatives involved in the curl can be approximated by centered divided differences.
The original Yee scheme then writes

o (EnHl — Em) = RH™ 3
A ) (3.14)
Z—%(H”+§ _ Hn_i) — _RtEn

where R is the matrix representing the curl approximation by finite differences centered on the faces,
and R! the transposed matrix corresponding to finite differences centered on the edges. Here we note

} He

s / s / e
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(L;}:k) EX (“)}:K) (L)}lk) 'TX

Figure 3.5: The nodes used to discretize the different components of the fields E and H in the staggered
grid Yee scheme are pictured on the left and center plots. The right plot shows the nodes used to
discretize the current density J in the reflectometry simulations.

that the time discretization is also staggered, in order to approximate the time derivatives by centered
finite differences. As is well known this choice allows to preserve exactly a pseudo-energy, namely the
quantity " := E"— At(E™, RH"~Y/2);, where £ := eo|| E™||2 + po|| H"~1/2||? is the quadratic energy of
the discrete solution. By observing that |(E", RH"~1/?)| < SIR|RE™ leads to E™(1 — %“HRH;I) < &n,
we infer from this exact conservation that the scheme is stable as long as

cAt < 2/||R|n = h/V3, (3.15)

regardless of the treatment of the boundary conditions.

To extend this scheme to the case of a nonzero current density appearing on the right hand side
of the first (Ampere) equation in (3.14), a natural option is to discretize the components of J on the
same nodes as those of F, and at half integer time steps. This choice leads to discretizing in time
the third equation from (3.13) by a finite difference formula centered on the integer time steps, which
gives the following scheme

Lo (s — H'"3) = —REM (3.16)
L(JE = J"73) = 2B + web A L(JHE 4 J73),

Here the third equation is implicit in J "Jr%, but it can be made explicit as follows. Using that b is a
unit vector one has

(bA)? = —(bA), (3.17)

which allows to write (I — 0bA)~L = T + 1jﬁ%(b/\) + 12292 (bA)?, with 6 a scalar-valued function.

The implicit equation on J, put under the form JUHE = W 4 0 A J"+%, can then be recast as

T3 = (14 12 (01) + 1255 (bA)2) W
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It is possible to extend the stability analysis sketched above for the Yee scheme to System (3.16), by
observing that here the pseudo-energy £" := " — At(E™, (RH"1/2 — Jn=1/2)), is exactly preserved,
with £ = eol|[ E»|2 + ol HP~1/2|2 + L[| L2
algebraic argument based on the bound [(E™, J*~/2)| < ||wpllre || E™||n[|J" /2|5 then shows that the
scheme (3.16) is stable under the condition

At 12¢2

PaVES
It is actually possible to improve this condition: by discretizing the current at the integer time steps,
we recover the stability condition of the Yee scheme (3.15), which has the advantage that it does not
depend on the maximal values of the electronic density.

If this approach may seem satisfactory, it nevertheless suffers from a weakness that eventually ap-
pears when the electronic density N, has strong gradients (as it typically occurs in turbulent plasmas)
and when the simulations are very long (of a few thousands, or tens of thousands iterations), under
the form of an exponential growth of the numerical solutions. The origin of such an instability is the
fact that the formal resolution of the implicit equation on J is only valid if the cross product effectively
used in the scheme (3.16) satisfies the relation (3.17).

Indeed, the use of staggered grids in the discretization of the components of the current J forbids
using the exact (pointwise) cross product in the third equation of (3.16). The common choice consists
of using a centered formula to approximate the exact curl, which may be written

OAR)aliy 1 jo =082 it e = ATy gt i
(b/\hj)y|i,j+%,k = bZ{Jfﬂ}i,j—i-%,k - bx{JZ}i,j-i—%,k (3.18)
(b/\hJ)Z’i,j,k—f—% = bw{‘]y}z’,j,k—&—% - by{‘]f}i,j,k-l—%

where the curly brackets denote averages on the four neighboring nodes (see the left plot on Figure 3.6),
as in {100 = 1(Leligh-1/2 + Leligasiy2 + Jelivijn—1/2 + Jzliv1jkr1/2)- It is then this discrete
cross product that is used in the explicit version of the scheme (3.16). The problem resides in the
fact that the product (3.18) cannot satisfy the key relation (3.17), indeed its stencil increases with
every iteration. In other terms, the explicit (and implemented) version of the scheme (3.16) is not
equivalent to its implicit version addressed in the stability analysis. We then understand that numerical
instabilities can appear in this scheme, and the more turbulent the density N., the sooner these
instabilities are likely to be triggered.

To resolve this issue, with Bruno Després we have proposed a new numerical scheme in which the
averaged cross product (3.18) is replaced by a clustered cross product. Given a pattern («, 3,7) €
{+£1}3, the latter is defined by the relations

|7 the quadratic energy of the discrete solution. An

1
+llwpllte)? < 1.

(b/\hj)x’H%,j,k = byJZ’i,j,k+% - szy’mq_%k
(b/\hj)y‘i,j+§,k = bz‘]w|i+%,j,k: - bsz‘i,j,k—o—% (3.19)
(b/\hJ)z

ikt y = 0adyly o p = byJalivg ik

(see the right plot on Figure 3.6). This product is indeed local in the sense that the matrix of the
operator J — b A, J is block diagonal, and it satisfies the key relation (3.17). In particular, the
corresponding explicit scheme is equivalent to its implicit version (3.16), so that the stability analysis
now applies on the scheme effectively implemented. The actual stability of this new scheme has been
observed in a series of numerical simulations implemented by Filipe Da Silva (IST, Lisbonne) and
Stéphane Heuraux (IJL, Nancy) [70, 90], using very turbulent density profiles and simulations of
about a million time steps, see Figure 3.7.
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3.8. Hybrid resonances in magnetized plasmas

N
N

Figure 3.6: Stencils (nodes of J) used for the = component of the cross product b Ay J when computed
with the averaged formula (3.18) (on the left) or with the clustered formula (3.19) (on the right),
here with a pattern («, 8,7) = (—1,1,1). For the clustered cross product the same stencil is used to
compute the three components, so that the matrix of the operator J — b A J is block-diagonal.
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Figure 3.7: Amplitude of the numerical H field computed by the standard scheme (on the left) and
by the new scheme (on the right). The colors of the curves correspond to different turbulence levels
on the electronic density, as indicated. We note that on the left figure the amplitudes are plotted
using a logarithmic scale, and that the higher the turbulence level, the sooner and the stronger the
instabilities. On the right figure the long time stability is evidenced by the linear scale and the fact
that the simulations run over a period about ten times longer.

3.3 Hybrid resonances in magnetized plasmas

In addition to the probing function described in the previous section, electromagnetic waves play an
important role in the heating of fusion plasmas. Resonance phenomena, in particular, are used to
transfer energy from the fields to the particles. Starting from the linearized system (3.13) one may
write a simplified model to describe such resonances, which correspond to the interaction of the wave
with an electronic plasma (again the ions are assumed frozen at first order) in the presence of a strong
magnetic field By. Assuming that the time varying field oscillates with a pulsation w imposed by an
antenna (X (t,x) = e"“!X(x)), and using the second equation to eliminate the H field, the system
becomes

1
—— VAVAE+iwegE =J
iwpto (3.20)

—wJ —whbNJ = 60&);2)E
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Chapter 3. Theoretical and numerical study of some reduced models

where we remind that the plasma pulsation w, = wp(x) and the cyclotron pulsation w. = we(x)
characterize the electron density and the bulk background magnetic field, respectively. As above, it is
possible to invert the operator (iwl + w:bA) and to express J as a function of E. Using the classical
simplification where the background field has a constant orientation, b = e,, we arrive at

V/\VAE—(E)gaszo,

C

where ¢, = €, (x) denotes the dielectric tensor of the cold plasma [136, 81],

2 w2
1- w;?wg Zw(:}gii.)g) 0
2 2
w(x) = iy 1- gty 0| (3.21)
2
0 0 1—

If one assumes in addition that the different parameters only depend on x, the propagation direction
of the wave, we may look for solutions depending only on this variable. We then obtain two decoupled
problems on the interval 2 =] — 1, 1]. First, one scalar equation for the the field component E, parallel
to By, often referred to as the ordinary wave (O mode) in the physics community,

2 2
W —w
(0.)°E. + —5LE, = 0. (3.22)
c
For this component, the plasma is a propagative medium in the regions where w}% (x) = mqio Ne(7) < w?.

2(z) = w? is called cut-off [128, 76] and the Airy equation u” — zu = 0 can be used as a
prototype for a fine study of the transition between the propagative region and the evanescent one.

Second, a system involving the orthogonal components E,, E, referred to as the extraordinary wave
(X mode), corresponding to the upper left block of the dielectric tensor (3.21),

The curve w?

2

(olon) - () T (B) 2o {200y

B 2 o w2 Wewy,
(02)°E, i6(z) a(z)) \E 6= (2)" (s ) -

Y
By a formal elimination of the first component this system leads to the Budden equation [33, 136]

—(0:)?Ey + (f - a) E,=0 (3.24)

that is associated with two kinds of resonances. The cyclotron resonance w = w.(x) corresponding to
the poles of the coefficients a and §, and the hybrid resonance w? = w?(x) + wg (x) corresponding to
the zeros of the coefficient «. In the configuration considered here (and in others, see [74]) the poles
w = w, do not pose any problem. A simple computation gives indeed

52 w2wz _ (w2 _ w}%)2
o=
« A(w? — w? —w%)

so that cyclotron resonances do not represent true singularities. In contrast, the presence of hybrid
resonances raises a few issues. By using as a prototype the Whittaker equation u” + (% — %)u =0 for
which we have explicit exact solutions, one can indeed show [75] that in the neighborhood of a zero of «

the equation (3.24), endowed with standard boundary conditions of the form | (+1) Fi\E, (£1) = fu,
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3.3. Hybrid resonances in magnetized plasmas

has at least two distinct solutions. Moreover, as these solutions do not necessarily vanish at this point
we see that E, = —i2 < Ey contains a nomntegrable singularity.

One way to better understand the nature of the hybrld resonances is to take into account the small
friction between the electrons and the ions (that have been assumed frozen up to now), by adding a
dissipative term in the system (3.13) where the third equation becomes

O J = eowpE +web A J — v,

Here the small parameter v describes the collisionality between the electrons and the background ion
bath. For physical reasons v must be positive, but negative values can also be considered in the
mathematical analysis. Inserting this term in the computations one obtains a modified version of
System (3.23) in which the plasma coefficients read

w\ 2 ow w 2 wcw2
v_ (=X 1— p v _ (2 P ~ 0
@ (c) ( w(@z—w2)> and 0 (c) <w((b2—w§)> ’ WSt

In particular, o does not vanish anymore for real values of w and the equation (3.24) becomes well-
posed [6]. Consistent with the limit absorption principle [123] the resonant problem can then be seen
as a singular limit ¥ — 0T of the dissipative case, which is conveniently recast as a first order problem
by reintroducing the magnetic field,

iwB, —0,E, =0
—a'E, —i0"E, =0 (3.25)
—iw0, B, + 10" E; — a"Ey = 0.

This approach is followed in [75], where the authors have considered simplified coefficients
o’ =a+iv and o=9 (3.26)

and the generic case where the function o had an isolated zero at x = 0 € (). They have then justified
the limit absorption principle and finely quantified the singularity of the solutions E* := lim,,_,o+ E¥ ¢
L} . and B :=lim,_,q+ BY. Moreover they have shown that the energy transferred to the ions by a
resonant wave was positive,

Q(ET) = lim 1// |E¥|? = hrn 1// |EY)? > 0.
v—0+

In the article [47] we have studied several characterizations of the resonant solutions of (3.24)
which seem well suited for the derivation of numerical methods. In particular, our formulations allow
us to complement (3.24) into well-posed problems, which all contain the information of the one-sided
limit ¥ — 0% without involving the dissipative solutions themselves.

The basic idea of this work is due to Bruno Després who drew his inspiration from a comparison
principle used in the theory of hyperbolic equations to establish entropy conditions on discontinuous
solutions. In the framework of the cold plasma system (3.25), this principle led him to look for
pseudo-solutions built in a similar way than the manufactured solutions used in the validation of some
numerical methods. Here, they are explicit solutions Fy/, F)/, C7 of the modified system

iwC; — 0. F) = q"
—a’Fy) —id"F) =0 (3.27)
—iw0,C; +1i6"F; — a"F, = g”
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involving the simplified coefficients (3.26) and right hand sides chosen in such a way that the limits
F/ — F} and CY — Cf, as well as ¢ — ¢* and ¢* — g¢*, for v — 0%, hold in L? and are
straightforward to compute. In dimension 1, we essentially found two kinds of such solutions, which

main features reproduce those of the solutions to (3.24):
e smooth manufactured solutions, for which the C, field is continuous and does not vanish at 0,
o singular manufactured solutions, for which the F), field does not vanish at 0,

From (3.27) we see that solutions of the first kind have a component F, that is a priori integrable.
This will not be the case for the solutions of the second kind, for which the C, component will be a
priori discontinuous at 0. Thus, we can consider as a typical singular manufactured solution a function
of the form

FY = 5 = Fy+, (3.28)

which leads to 1 1
FY .= — - FF=—-= 3.29
r o+ v z a’ ( )

the convergence holding in an (almost everywhere) pointwise sense in 2. To verify the third equation
in (3.27) with a function g satisfying a L? bound uniformly in v, we have then set

v, 000) (1 2.2 2\ _ rz +_ 900 T
C? = (210g (r T —i—l/) zarctan( )) - O] = or (10g(\m|) 1281gn(7"x)> (3.30)

wr 14

with 7 := o/(0) # 0. The convergence now holds in L?({2), and we observe that the sign of the imagi-
nary part of C;" keeps track of the one-sided limit » — 0. The comparison principle mentioned above
leads then to evaluate the energy dissipated by the difference between the exact and manufactured
solutions, via the Poynting vector 11" := R((E” — F*) A (B” — C¥)) which divergence satisfies

V-IY - 3‘%<q”(B” —CY), — (BY - F”)y(g—) ) = Zpr-Fp2 <o (3.31)

iw w

By using the fact that smooth solutions £, and BY possess L?-convergent subsequences we infer that
the inequality pass to the limit, which leads a dissipative relation of the form

7= [ R~ kEDEE RS+ [ Rk (TR, - (5 =k, () Jo 20

Q
where k € C is a complex degree of freedom and ¢ > 0 a nonnegative test function. It is then natural to
write the Euler-Lagrange equations for the functional J = J(E*, BT, k) associated with constraints
corresponding to the equation (3.24). In [47] we have shown that these relations fully characterize
the resonant (one-sided limit) solution, under the form of a linear system of 5 equations, one of which
is scalar. The unique solution of this system contains, through the value of k, the intensity of the
resonant heating Q(E™).

Interestingly, it is possible to derive a second formulation by using an alternate characterization
of the limit solutions. This formulation is simpler as it only involves 3 equations (one of which being
scalar). Again the basic idea is to compare the dissipative and manufactured solutions, but instead of
(3.31) we now compute

4
V. (E"ACY = F"ABY) = (ELCY — FYBY) = (qVBZV - iE;).

(209}
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Although the physical meaning of this term is not obvious, the convergence properties of the different
solution components allow us to pass to the limit in an integral formulation

/Q (EXCH - FFBHg di = /

(q+B+ - 9+E+) oda (3.32)
Q z W v

where ¢ is an arbitrary smooth function. We infer the following problem, where we again assume that
« has an isolated zero at x = 0, inside the interval Q =] — 1, 1] (if &/(0) = 0 then the singularity is an
even stronger one and the problem is still open).

Problem 3.1 Find (E,, B,) € L*(Q) x L*(Q) satisfying:

i) the limit problem (3.24) in a weak sense,
/(inzwl + Ey¢))dz =0, Vo1 € HY (),
Q

52
/ <inZ(p/2 + (a — Oz) Ey(p2> dxr =0, Yo € H& (Q), (,02(0) =0,
Q

ii) boundary conditions corresponding to an antenna
iwB,(—1) +iAE,(—1) = f- and iwB,(1) —iAEy(1) = fy,
i a distribution sense,

iii) an integral relation (3.32) associated with a smooth manufactured solution such as (3.28)-(3.30),
and a test function ¢ € H}(Q) such that ¢(0) # 0.

Here the restriction of the second variational equation to the test functions vanishing at x = 0 is
necessary for the product éEng to be integrable, and thanks to Hardy’s inequality it is also sufficient.
We then observe that if F, and ¢2 are approximated by P; finite elements, the absence of the test
function associated with the node x = 0 will a priori prevent the discrete system to be square, a defect
that clearly reminds the lack of uniqueness for the equation (3.24). In this context, the role of the
integral relation (3.32) is obvious, and it is natural to think that its introduction allows to recover the
missing uniqueness. And indeed the following result holds.

Theorem 3.3 ([47]) For any (f—, f+) € C?, there exists a unique solution (E,, B.) to Problem 3.1,
and it coincides with the limit (E,}, Bf) = lim,_,o+ (E}, BY) of the dissipative solutions to (3.25).

In dimension 2 we have extended this study by constructing manufactured solutions which form
seems to be compatible with (i) the singularities known in the 1D case, and (ii) singular solutions
observed in meta-materials [23]. Under natural assumptions on the singularity of the exact solutions
these functions allow us to write new formulations for the limit problem, which well-posedness remains
an open problem.

These works have been pursued during the master thesis of Anouk Nicolopoulos [116], who proved
that Problem 3.1, reformulated using a decomposition of the solution in a smooth part (to be de-
termined) and a singular part (proportional to the singular manufactured solution), would involve a
Fredholm operator of index 0. Anouk Nicolopoulos also implemented two numerical schemes. One
directly based on the formulation proposed in Problem 3.1, and another one involving the decomposi-
tion into a smooth part and a singular part. In both cases, the quality of her results has demonstrated
the validity of this approach (see Figure 3.8), as well as its relevance for numerical applications.
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Figure 3.8: Numerical approximation of the Budden equation (3.24) in 1D performed by Anouk
Nicolopoulos, for the coefficients a(z) = —x and §(x) = /1 — /4 + 22 (corresponding to Whittaker’s
equation) for which an exact solution is known (black line) with a singularity at x = 0. On the left,
the approximation involves a naive technique to locally smooth out the singularity so that the scheme
does not crash (using a small parameter which value does not seem to be appropriate here), and on
the right the numerical scheme discretizes the new formulation of Problem 3.1, which is well-posed.
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Some prospects

As my research is at the interface between mathematics and plasma physics, the natural developments
to the work presented here may be divided into three groups: a first one consisting of objectives not
fully realized yet, a second one where some of the tools developped here would be extended to related
problems, and a third one fed by new physics problems where the viewpoint of numerical analysis is
likely to bring an illuminating perspective.

Improving the accuracy of particle codes falls into the first group. As we have seen, methods such
as PIC (Particle-In-Cell) are among the most popular in plasma physics, notably because of their
efficiency in high dimensions compared to that of grid-based methods (eulerian or semi-lagrangian).
However they suffer from an important level of “numerical noise” that is characterized by strong os-
cillations on the transported densities. Within this framework, the methods presented in this memoir
such as LTPIC (Linearly-Transformed PIC) and FBL (Forward-Backward Lagrangian) seem to pro-
vide a convenient setting to improve the quality of these densities via a local exploitation of the data
computed by the particle solver. Now that the accuracy of these approximation methods has been
validated on simple problems, the natural sequel is to study their efficiency in the denoising of larger
particle simulations. These works have started already, within a EuroFusion project carried out on
the software platform Selalib to which I regularly contribute. Developped jointly by CEA, INRIA, the
IPP (Institute for Plasma Physics) in Garching (Germany), the IRMA in Strasbourg, the IRMAR in
Rennes and the LJLL in Paris, this platform is a convenient framework where mathematicians, physi-
cists and computer scientists can implement and share numerical methods relevant in the lagrangian
and semi-lagrangian simulation of plasmas, as well as test cases and diagnostic tools.

In parallel, it seems to me that compatible nonconforming discretization methods should be ex-
tended to new problems. Now that my results have allowed to identify new schemes of discontinuous
Galerkin type that preserve the structure of Maxwell’s equations, thus coming with good stability
and conservation properties, I want to extend their application to other problems such as fluid ones
and MHD. Further studies of the numerical properties of these schemes are also planned, and with
physicists from the Max Planck-IPP in Garching we would like to use these compatible discontinuous
discretization methods to the numerical modeling of plasma reflectometers, aimed at probing the den-
sity of tokamak plasmas.

Finally, I intend to pursue my works on the modeling of electromagnetic waves started with Bruno
Després within the framework of the ANR Chrome project, with the purpose to improve the simulation
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Some prospects

of resonant heating in tokamak plasmas. This project will naturally involve further collaborations with
plasma physicists, and there is no doubt that new problems will appear during these exchanges, raising
new interesting questions. It also fits into the PhD of Anouk Nicolopoulos which is now starting on
new constructive models for resonant waves in magnetized plasmas.

52



1]

[11]

[12]

[13]

Bibliography

J.-C. Adam, A. Gourdin Serveniere, J.-C. Nédélec, and P.-A. Raviart. Study of an implicit
scheme for integrating Maxwell’s equations. Computer Methods in Applied Mechanics and En-
gineering, 22:327-346, 1980.

D.N. Arnold, R.S. Falk, and R. Winther. Finite element exterior calculus, homological tech-
niques, and applications. Acta Numerica, 15:1-155, 2006.

D.N. Arnold, R.S. Falk, and R. Winther. Finite element exterior calculus: from Hodge theory
to numerical stability. Bull. Amer. Math. Soc.(NS), 47(2):281-354, 2010.

F. Assous and P. Ciarlet, Jr. Quelques résultats sur la régularité en temps des équations de
Maxwell instationnaires. Comptes Rendus de I’Académie des Sciences - Series I - Mathematics,
327(8):719-724, 1998.

F. Assous, P. Ciarlet, Jr, and E. Sonnendriicker. Resolution of the Maxwell equations in a domain
with reentrant corners. M2AN. Mathematical Modelling and Numerical Analysis, 32(3):359-389,
1998.

A. Back, T. Hattori, S. Labrunie, J.R. Roche, and P. Bertrand. Electromagnetic wave propaga-
tion and absorption in magnetised plasmas: variational formulations and domain decomposition.

M2AN. Mathematical Modelling and Numerical Analysis, 49(5):1239-1260, 2015.

M. Badsi. Etude mathématique et simulations numériques de modéles de gaines bi-cinétiques (in
french). PhD thesis, UPMC - Université Paris 6 Pierre et Marie Curie, 2016.

M. Badsi, M. Campos Pinto, and B. Després. A minimization formulation of a bi-kinetic sheath.
Kinetic and related models, 9(4):621-656, 2016.

R. Barthelmé, P. Ciarlet, Jr, and E. Sonnendriicker. Generalized formulations of Maxwell’s
equations for numerical Vlasov-Maxwell simulations. Mathematical Models € Methods in Applied
Sciences, 17(5):657-680, 2007.

J.T. Beale. On the accuracy of vortex methods at large times. In Computational fluid dynamics
and reacting gas flows (Minneapolis, MN, 1986), pages 19-32. Springer, New York, 1988.

J.T. Beale and A. Majda. Vortex methods. II. Higher order accuracy in two and three dimensions.
Mathematics of Computation, 39(159):29-52, 1982.

M. Bergdorf, G.-H. Cottet, and P. Koumoutsakos. Multilevel adaptive particle methods for
convection-diffusion equations. Multiscale Modeling € Simulation, 4(1):328-357, 2005.

M. Bergdorf and P. Koumoutsakos. A Lagrangian particle-wavelet method. Multiscale Modeling
& Simulation, 5(3):980-995, 2006.

93



Bibliography

[14]

[26]

[27]

[28]

[29]

[30]

54

N. Besse, F. Filbet, M. Gutnic, I. Paun, and E. Sonnendriicker. An adaptive numerical method
for the Vlasov equation based on a multiresolution analysis. In Numerical Mathematics and
Advanced Applications. ENUMATH 2001, pages 437-446, 2003.

D. Boffi. Fortin operator and discrete compactness for edge elements. Numerische Mathematik,
87(2):229-246, 2000.

D. Boffi. Compatible Discretizations for Eigenvalue Problems. In Compatible Spatial Discretiza-
tions, volume 142 of IMA Vol. Math. Appl., pages 121-142. Springer New York, 2006.

D. Boffi. Finite element approximation of eigenvalue problems. Acta Numerica, 19:1-120, 2010.

D. Boffi, F. Brezzi, and M. Fortin. Mized finite element methods and applications, volume 44 of
Springer Series in Computational Mathematics. Springer, 2013.

D. Boffi, F. Brezzi, and L. Gastaldi. On the convergence of eigenvalues for mixed formulations.
Annali della Scuola Normale Superiore di Pisa. Classe di Scienze. Serie IV, 25(1-2):131-154
(1998), 1997.

D. Boffi, F. Brezzi, and L. Gastaldi. On the problem of spurious eigenvalues in the approximation
of linear elliptic problems in mixed form. Mathematics of Computation, 69:121-140, 2000.

D. Boffi, A. Buffa, and L. Gastaldi. Convergence analysis for hyperbolic evolution problems in
mixed form. Numerical Linear Algebra with Applications, 20(4):541-556, 2013.

D. Boffi, P. Fernandes, L. Gastaldi, and I. Perugia. Computational Models of Electromagnetic
Resonators: Analysis of Edge Element Approximation. SIAM Journal on Numerical Analysis,
36(4):1264-1290, 1999.

A.-S. Bonnet-Ben Dhia, L. Chesnel, and X. Claeys. Radiation condition for a non-smooth
interface between a dielectric and a metamaterial. Mathematical Models €& Methods in Applied
Sciences, 23(9):1629-1662, 2013.

J.P. Boris. Relativistic plasma simulation-optimization of a hybrid code. In Fourth Conf Num
Sim Plasmas, 1970. Proc. Fourth Conf. Num. Sim. Plasmas, 1971.

A. Bossavit. Whitney forms: a class of finite elements for three-dimensional computations in
electromagnetism. In Physical Science, Measurement and Instrumentation, Management and
Education - Reviews, IEE Proceedings A, pages 493-500, 1988.

A. Bossavit. Solving Maxwell equations in a closed cavity, and the question of ’spurious modes’.
IEEE Transactions on Magnetics, 26(2):702-705, 1990.

A. Bossavit. Computational electromagnetism: variational formulations, complementarity, edge
elements. Academic Press, 1998.

A. Bottino and E. Sonnendriicker. Monte Carlo particle-in-cell methods for the simulation of
the Vlasov-Maxwell gyrokinetic equations. Journal of Plasma Physics, 81:435810501, 2015.

S.C. Brenner, F. Li, and L.Y. Sung. Nonconforming Maxwell eigensolvers. Journal of Scientific
Computing, 40(1-3):51-85, 2009.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Springer, 2010.



[31]

[32]

[41]

[42]

[43]

[47]

K. Brix, M. Campos Pinto, and W. Dahmen. A multilevel preconditioner for the interior penalty
discontinuous Galerkin method. SIAM Journal on Numerical Analysis, 46(5):2742-2768, 2008.

K. Brix, M. Campos Pinto, W. Dahmen, and R. Massjung. Multilevel preconditioners for the
interior penalty discontinuous Galerkin method. II. Quantitative studies. Communications in
Computational Physics, 5(2-4):296-325, 2009.

K.G. Budden. Radio Waves in the Ionosphere. Cambridge University Press, 1966.

A. Buffa, P. Houston, and I. Perugia. Discontinuous Galerkin computation of the Maxwell eigen-
values on simplicial meshes. Journal of Computational and Applied Mathematics, 204(2):317—
333, 2007.

A. Buffa and I. Perugia. Discontinuous Galerkin Approximation of the Maxwell Eigenproblem.
SIAM Journal on Numerical Analysis, 44(5):2198-2226, 2006.

A. Buffa, G. Sangalli, and R. Vazquez. Isogeometric analysis in electromagnetics: B-splines
approximation. Computer Methods in Applied Mechanics and Engineering, 199(17):1143-1152,
2010.

O. Buneman and G. Kooyers. Computer Simulation of the Electron Mixing Mechanism in Ton
Propulsion. AIAA Journal, 1:2525-2528, 1963.

M. Campos Pinto. Développement et analyse de schémas adaptatifs pour les équations de trans-
port. PhD thesis, Université Pierre et Marie Curie - Paris VI, 2005.

M. Campos Pinto. Adaptive semi-Lagrangian schemes for Vlasov equations. In Etienne Emmrich
and Petra Wittbold, editors, Analytical and Numerical Aspects of Partial Differential Equations,
pages 69-114. Walter de Gruyter, 2009.

M. Campos Pinto. How to predict accurate wavelet grids in adaptive semi-Lagrangian schemes?
ESAIM: Proceedings, 29:43-57, 2009.

M. Campos Pinto. Towards smooth particle methods without smoothing. Journal of Scientific
Computing, 65:54-82, 2015.

M. Campos Pinto. Constructing exact sequences on non-conforming discrete spaces. Comptes
Rendus Mathematique, 354(7):691-696, 2016.

M. Campos Pinto. Structure-preserving conforming and nonconforming discretizations of mixed

problems. (hal-01471295), 2017.

M. Campos Pinto, J.A. Carrillo, F. Charles, and Y.P. Choi. Convergence of a linearly trans-
formed particle method for aggregation equations. (arXiv:1507.07405), 2015.

M. Campos Pinto and F. Charles. From particle methods to hybrid semi-Lagrangian schemes.
(hal-01385676), 2016.

M. Campos Pinto and F. Charles. Uniform Convergence of a Linearly Transformed Particle
Method for the Vlasov—Poisson System. SIAM Journal on Numerical Analysis, 54(1):137-160,
2016.

M. Campos Pinto and B. Després. Constructive formulations of resonant Maxwell’s equations.
(hal-01278860), 2016.

95



Bibliography

[48]

[49]

[50]

[51]

[52]

[62]

[63]

[64]

56

M. Campos Pinto, S. Jund, S. Salmon, and E. Sonnendriicker. Charge conserving fem-pic
schemes on general grids. C.R. Mecanique, 342(10-11):570-582, 2014.

M. Campos Pinto, M. Lutz, and M. Mounier. Electromagnetic PIC simulations with smooth
particles: a numerical study. ESAIM: Proc., 53:133-148, 2016.

M. Campos Pinto and M. Mehrenberger. Convergence of an adaptive semi-Lagrangian scheme
for the Vlasov-Poisson system. Numerische Mathematik, 108(3):407-444, 2008.

M. Campos Pinto, M. Mounier, and E. Sonnendriicker. Handling the divergence constraints in
Maxwell and Vlasov—Maxwell simulations. Applied Mathematics and Computation, 272:403—-419,
2016.

M. Campos Pinto and E. Sonnendriicker. Compatible Maxwell solvers with particles I: conform-
ing and non-conforming 2D schemes with a strong Ampere law. (hal-01303852), 2016.

M. Campos Pinto and E. Sonnendriicker. Compatible Maxwell solvers with particles II: con-
forming and non-conforming 2D schemes with a strong Faraday law. (hal-01303861), 2016.

M. Campos Pinto and E. Sonnendriicker. Gauss-compatible Galerkin schemes for time-dependent
Maxwell equations. Mathematics of Computation, 85:2651-2685, 2016.

M. Campos Pinto, E. Sonnendriicker, A. Friedman, D.P. Grote, and S.M. Lund. Noiseless
Vlasov—Poisson simulations with linearly transformed particles. Journal of Computational
Physics, 275(C):236-256, 2014.

S. Caorsi, P. Fernandes, and M. Raffetto. On the convergence of Galerkin finite element approxi-
mations of electromagnetic eigenproblems. SIAM Journal on Numerical Analysis, 38(2):580-607
(electronic), 2000.

M. Cessenat. Mathematical methods in electromagnetism, volume 41 of Series on Advances in
Mathematics for Applied Sciences. World Scientific Publishing Co., Inc., River Edge, NJ, 1996.

F. Chen. Introduction to Plasma Physics and Controlled Fusion. Volume 1: Plasma Physics.
Plenum Press, New York and London, second edition edition, 1984.

A.J. Chorin. Numerical study of slightly viscous flow. J. Fluid Mech., 57(4):785-796, 1973.

S.H. Christiansen and R. Winther. Smoothed projections in finite element exterior calculus.
Mathematics of Computation, 77:813-829, 2008.

P. Ciarlet, Jr and S. Labrunie. Numerical analysis of the generalized Maxwell equations (with an
elliptic correction) for charged particle simulations. Mathematical Models € Methods in Applied
Sciences, 19(11):1959-1994, 20009.

A. Cohen. Numerical analysis of wavelet methods, volume 32 of Studies in Mathematics and its
Applications. North-Holland Publishing Co., Amsterdam, 2003.

A. Cohen and B. Perthame. Optimal Approximations of Transport Equations by Particle and
Pseudoparticle Methods. SIAM Journal on Mathematical Analysis, 32(3):616-636, 2000.

S. Colombi and C. Alard. A “metric” semi-Lagrangian Vlasov-Poisson solver. Submitted, 2016.



[65]

[66]

[67]

[68]

[69]

[70]

C.J. Cotter, J. Frank, and S. Reich. The remapped particle-mesh semi-Lagrangian advection
scheme. Quarterly Journal of the Royal Meteorological Society, 133(622):251-260, 2007.

G.-H. Cottet. Artificial Viscosity Models for Vortex and Particle Methods. Journal of Compu-
tational Physics, 127:299-308, 1996.

G.-H. Cottet and P.-A. Raviart. Particle methods for the one-dimensional Vlasov-Poisson equa-
tions. SIAM Journal on Numerical Analysis, pages 52-76, 1984.

G.H. Cottet and P. Koumoutsakos. Vortex Methods: Theory and Practice. Cambridge University
Press, Cambridge, 2000.

N. Crouseilles, T. Respaud, and E. Sonnendriicker. A forward semi-Lagrangian method for the
numerical solution of the Vlasov equation. Computer Physics Communications, 180(10):1730—
1745, 2009.

F. Da Silva, M. Campos Pinto, B. Després, and S. Heuraux. Stable explicit coupling of the Yee
scheme with a linear current model in fluctuating magnetized plasmas. Journal of Computational
Physics, 295:24-45, 2015.

I. Daubechies. Ten lectures on wavelets, volume 61 of CBMS-NSF Regional Conference Series
in Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 1992.

J. Dawson. One-Dimensional Plasma Model. Physics of Fluids, 5(4):445-459, 1962.

J. Denavit. Numerical Simulation of Plasmas with Periodic Smoothing in Phase Space. Journal
of Computational Physics, 9:75-98, 1972.

B. Després, L.-M. Imbert-Gérard, and O. Lafitte. Singular solutions for the plasma at the
resonance. (hal-01097364), 2014.

B. Després, L.-M. Imbert-Gérard, and R. Weder. Hybrid resonance of Maxwell’s equations in
slab geometry. Journal de Mathématiques Pures et Appliquées, 101(5):623-659, 2014.

R. Dumont. Waves in plasmas. In M2 lecture notes, pages 1-117. CEA, IRFM F-13108 Saint-
Paul-lez-Durance, France., 2011.

A. Ern and J.-L. Guermond. Finite Element Quasi-Interpolation and Best Approximation .
(hal-01155412v2), 2015.

M.W. Evans, F.H. Harlow, and E. Bromberg. The Particle-in-Cell Method for Hydrodynamic
Calculations. Technical Report LAMS-2139, Los Alamos Laboratory, 1957.

M. Feldman, S.-Y. Ha, and M. Slemrod. A Geometric Level-Set Formulation of a Plasma-Sheath
Interface. Archive for Rational Mechanics and Analysis, 178(1):81-123, 2005.

L. Fezoui, S. Lanteri, S. Lohrengel, and S. Piperno. Convergence and stability of a discontinuous
Galerkin time-domain method for the 3D heterogeneous Maxwell equations on unstructured
meshes. ESAIM: Mathematical Modelling and Numerical Analysis, 39(6):1149-1176, 2005.

J.P. Freidberg. Plasma physics and fusion energy. Cambridge : Cambridge University Press,
2007.

o7



Bibliography

[82]

[83]

[84]

[85]

[36]

[87]

[95]

58

X. Garbet, Y. Idomura, L. Villard, and T.H. Watanabe. TOPICAL REVIEW: Gyrokinetic
simulations of turbulent transport. Nuclear Fusion, 50(4):043002, 2010.

D. Gérard-Varet, D. Han-Kwan, and F. Rousset. Quasineutral limit of the Euler-Poisson system
for ions in a domain with boundaries. Indiana University Mathematics Journal, 62(2):359-402,
2013.

D. Gérard-Varet, D. Han-Kwan, and F. Rousset. Quasineutral limit of the Euler-Poisson system
for ions in a domain with boundaries II. Journal de I’Ecole Polytechnique. Mathématiques,
1:343-386, 2014.

V. Girault and P.-A. Raviart. Finite Element Methods for Navier-Stokes Equations — Theory
and Algorithms. Springer Series in Computational Mathematics. Springer-Verlag, Berlin, 1986.

V. Grandgirard, Y. Sarazin, X. Garbet, G. Dif-Pradalier, Ph. Ghendrih, N. Crouseilles, G. Latu,
E. Sonnendriicker, N. Besse, and P. Bertrand. GYSELA, a full-f global gyrokinetic Semi-
Lagrangian code for ITG turbulence simulations. In Theory of Fusion Plasmas: Joint Varenna-

Lausanne International Workshop. Proceedings held at Varenna, pages 100-111. Association
Euratom-CEA, CEA/DSM/DRFC CEA-Cadarache, France, 2006.

V. Grandgirard, Y. Sarazin, X. Garbet, G. Dif-Pradalier, Ph. Ghendrih, N. Crouseilles, G. Latu,
E. Sonnendriicker, N. Besse, and P. Bertrand. Computing I'TG turbulence with a full-f semi-
Lagrangian code. Communications in Nonlinear Science and Numerical Simulation, 13:81-87,
2008.

J.S. Hesthaven and T. Warburton. Nodal High-Order Methods on Unstructured Grids. Journal
of Computational Physics, 181(1):186-221, 2002.

J.S. Hesthaven and T. Warburton. High-order nodal discontinuous Galerkin methods for the
Maxwell eigenvalue problem. Philosophical Transactions of the Royal Society A: Mathematical,
Physical and Engineering Sciences, 362(1816):493-524, 2004.

S. Heuraux, F. da Silva, T. Ribeiro, B. Després, M. Campos Pinto, J. Jacquot, E. Faudot,
S. Wengerowsky, L. Colas, and L. Lu. Simulation as a tool to improve wave heating in fusion
plasmas. Journal of Plasma Physics, 81(05):435810503, 2015.

R. Hiptmair. Nonconforming mixed discretization of second order elliptic problems. Report
TUM M9404, 1994.

R. Hiptmair. Canonical construction of finite elements. Mathematics of Computation,
68(228):1325-1346, 1999.

R. Hiptmair. Finite elements in computational electromagnetism. Acta Numerica, 11:237-339,
2002.

R. Hiptmair. Maxwell’s Equations: Continuous and Discrete. In A Bermudez de Castro and
A Valli, editors, Computational Electromagnetism, Lecture Notes in Math., Vol. 2148, pages
1-58. Springer International Publishing, Switzerland, 2015.

R.W. Hockney and J.W. Eastwood. Computer simulation using particles. Taylor & Francis, Inc,
Bristol, PA, USA, 1988.



[96]

[97]

[100]

[101]

[102]

103]

[104]

[105]

[106]

107]

[108]

109

[110]

[111]

G.B. Jacobs and J.S. Hesthaven. High-order nodal discontinuous Galerkin particle-in-cell method
on unstructured grids. Journal of Computational Physics, 214(1):96-121, 2006.

G.B. Jacobs and J.S. Hesthaven. Implicit—explicit time integration of a high-order particle-in-cell
method with hyperbolic divergence cleaning. Computer Physics Communications, 180(10):1760—
1767, 2009.

P. Koumoutsakos. Inviscid Axisymmetrization of an Elliptical Vortex. Journal of Computational
Physics, 138:821-857, 1997.

A.B. Langdon and C.K. Birdsall. Plasma Physics via Computer Simulation. Taylor & Francis,
New York, 2005.

A. Leonard. Vortex methods for flow simulation. Journal of Computational Physics, 37:289-335,
1980.

A. Magni and G.-H. Cottet. Accurate, non-oscillatory, remeshing schemes for particle methods.
Journal of Computational Physics, 231(1):152-172, 2012.

P.-H. Maire. FEtablissement et comparaison de modéles fluides pour un plasma faiblement ionisé
quasi-neutre. Détermination des conditions aux limites a la paroi. PhD thesis, Université Pierre
et Marie Curie - Paris VI, 1996.

C.G. Makridakis and P. Monk. Time-discrete finite element schemes for Maxwell’s equations.
RAIRO Modél Math Anal Numér, 29(2):171-197, 1995.

P.J. Mardahl and J.P. Verboncoeur. Charge conservation in electromagnetic PIC codes; spectral
comparison of Boris/DADI and Langdon-Marder methods. Computer Physics Communications,
106(3):219-229, 1997.

B. Marder. A method for incorporating Gauss’ law into electromagnetic PIC codes. Journal of
Computational Physics, 68(1):48-55, 1987.

P. Monk. A mixed method for approximating Maxwell’s equations. SIAM Journal on Numerical
Analysis, pages 1610-1634, 1991.

P. Monk. Analysis of a Finite Element Method for Maxwell’s Equations. SIAM Journal on
Numerical Analysis, 29(3):714-729, 1992.

P. Monk. An analysis of Nédélec’s method for the spatial discretization of Maxwell’s equations.
Journal of Computational and Applied Mathematics, 47(1):101-121, 1993.

P. Monk. Finite Element Methods for Mazxwell’s Equations. Numerical Mathematics and Scien-
tific Computation. Oxford University Press, New York, University of Delaware, Newark, 2003.

P. Monk and L Demkowicz. Discrete compactness and the approximation of Maxwell’s equations
in R3. Mathematics of Computation, 70:507-523, 2001.

C.-D. Munz, P. Omnes, R. Schneider, E. Sonnendriicker, and U. Vof}. Divergence Correction
Techniques for Maxwell Solvers Based on a Hyperbolic Model. Journal of Computational Physics,
161(2):484-511, 2000.

99



Bibliography

[112]

[113]

[114]

[115]

[116]

[117)

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

60

C.-D. Munz, R. Schneider, E. Sonnendriicker, and U. Voss. Maxwell’s equations when the charge
conservation is not satisfied. Comptes Rendus de I’Académie des Sciences-Series I-Mathematics,
328(5):431-436, 1999.

R.D. Nair, J.S. Scroggs, and F.H.M. Semazzi. A forward-trajectory global semi-Lagrangian
transport scheme. Journal of Computational Physics, 190(1):275-294, 2003.

J.-C. Nédélec. Mixed finite elements in R3. Numerische Mathematik, 35(3):315-341, 1980.

J.-C. Nédélec. A new family of mixed finite elements in R3. Numerische Mathematik, 50(1):57—
81, 1986.

A. Nicolopoulos. Formulations Variationnelles des Equations de Maxwell (in french). Master’s
thesis, UPMC - Université Paris 6 Pierre et Marie Curie, 2016.

A. Pazy. Semigroups of linear operators and applications to partial differential equations.
Springer-Verlag, New York, 1983.

P.-A. Raviart. An analysis of particle methods. In Numerical methods in fluid dynamics (Como,
1983), pages 243-324. Lecture Notes in Mathematics, Berlin, 1985.

P.-A. Raviart and J.-M. Thomas. A mixed finite element method for 2nd order elliptic problems.
In Mathematical aspects of finite element methods, Lecture Notes in Math., Vol. 606, pages 292—
315. Springer, Berlin, 1977.

K.U. Riemann. The Bohm criterion and sheath formation. Journal of Physics D: Applied
Physics, 24:493-518, 1991.

A. Robert. A stable numerical integration scheme for the primitive meteorological equations.
Atmosphere-Ocean, 19(1):35-46, 1981.

J.S. Sawyer. A Semi-Lagrangian Method of Solving the Vorticity Advection Equation. Tellus,
15(4):336-342, 1963.

J.R. Schulenberger and C.H. Wilcox. The limiting absorption principle and spectral theory
for steady-state wave propagation in inhomogeneous anisotropic media. Archive for Rational
Mechanics and Analysis, 41:46-65, 1971.

Selalib. Semi-Lagrangian Library. http://selalib.gforge.inria.fr/.

E. Sonnendriicker, J.R. Roche, P. Bertrand, and A. Ghizzo. The semi-Lagrangian method for the
numerical resolution of the Vlasov equation. Journal of Computational Physics, 149(2):201-220,
1999.

P.C. Stangeby. The Plasma Boundary of Magnetic Fusion Devices. Institute of Physics Pub-
lishing, Bristol and Philadelphia, 2000.

A. Staniforth and J. Cété. Semi-Lagrangian integration schemes for atmospheric models-a re-
view. Monthly weather review, 119:2206—-2223, 1991.

T.H. Stix. The theory of plasma waves. McGraw-Hill Book Co., Inc., New York-Toronto-London,
1962.



[129]

[130]

[131]

[132]

133

[134]

[135]

[136]

[137]

138

[139]

140

A. Stock, J. Neudorfer, R. Schneider, C. Altmann, and C.-D. Munz. Investigation of the Purely
Hyperbolic Maxwell System for Divergence Cleaning in Discontinuous Galerkin based Particle-
In-Cell Methods. In COUPLED PROBLEMS 2011 IV International Conference on Computa-
tional Methods for Coupled Problems in Science and Engineering, 2011.

M.L. Stowell and D.A. White. Discretizing Transient Current Densities in the Maxwell Equa-
tions. In ICAP 2009, 2009.

J. Strain. 2D Vortex Methods and Singular Quadrature Rules. Journal of Computational Physics,
124(1):131-145, 1996.

J. Villasenor and O. Buneman. Rigorous charge conservation for local electromagnetic field
solvers. Computer Physics Communications, 69(2-3):306-316, 1992.

B. Wang, G.H. Miller, and P. Colella. A Particle-In-Cell method with adaptive phase-space
remapping for kinetic plasmas. SIAM Journal on Scientific Computing, 33:3509-3537, 2011.

T. Warburton and M. Embree. The role of the penalty in the local discontinuous Galerkin method
for Maxwell’s eigenvalue problem. Computer Methods in Applied Mechanics and Engineering,
195(25-28):3205-3223, 2006.

D.A. White, J.M. Koning, and R.N. Rieben. Development and application of compatible
discretizations of Maxwell’s equations. In Compatible Spatial Discretizations, pages 209-234.
Springer, New York, 2006.

R.B. White and F.F. Chen. Amplification and absorption of electromagnetic waves in overdense
plasmas. Plasma Physics, 16:565-587, 1974.

L. Xu and N. Yuan. FDTD Formulations for Scattering From 3-D Anisotropic Magnetized
Plasma Objects. IEEE Antennas and Wireless Propagation Letters, 5(1):335-338, 2006.

K.S. Yee. Numerical solution of initial boundary value problems involving Maxwell’s equations
in isotropic media. IEEE Transactions on Antennas and Propagation, 14(3):302-307, 1966.

K. Yosida. Functional analysis, volume 123 of Classics in Mathematics. Springer-Verlag, Berlin,
sixth edition, 1995.

S. Zaglmayr. High order finite element methods for electromagnetic field computation. PhD
thesis, Universitat Linz, Diss, 2006.

61



