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Abstract

The discrete element method is used to study two interaction types in granular materials for
two different applications.

The first application embodies hydromechanical coupling to study the behavior of un-
saturated granular materials. An extended numerical model of pendular bridge for spherical
grains is introduced, enabling the determination of interfacial areas and taking into account
the roughness of the grains. On this basis, the free energy of interfaces is defined, and its
changes are found to balance the mechanical work exerted by the bridge on the particles of
a two grain system, following the first law of thermodynamics. The model enables track-
ing the changes of free energy in deforming granular systems simulated with the discrete
element method. Simulations of regular and random packings are presented to discuss the
effective stress concept and check whether the Love-Weber expression of averaged stress
is able to describe well the behavior of partially saturated granular materials for different
configurations and mechanical aspects. Though frequently supposed to play the role of ef-
fective stress in multiphase systems, the Love-Weber stress is found to be valid only for
regular packings to describe the deformation behavior in the elastic regime. In random
packings, it does not compare consistently with the changes of elastic free energy. At the
peak for shear strength, Love-Weber stress can be defined as a possible micromechanical
effective stress formula for some configurations. It verifies a unique Mohr-Coulomb rupture
envelop when the envelops are plotted in pcont ,qcont in the case of random packings with
rough /smooth grains and tightly graded particle size distributions. It is however shown that
this property does not hold for all the possible particle size distributions.

The pendular bridge model is coupled with the funicular model of [94] allows the sim-
ulation of a full drainage process where it is shown that the addition of the menisci have a
noticeable impact on the behavior of unsaturated soils.

The second application embodies particle-elastic continuum interaction to study the
compaction of proppant region that is of big importance in the oil and gas production indus-
try. A granular pile is compacted between two rigid plates. The stress distribution induced
by the pile of proppants on the plates is investigated and related to the aperture of the frac-
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ture and the contact zone on each plate. This stress distribution can be used to improve the
results of the analytic solutions. The influence of friction angle between the grains and the
grains and the plates are also investigated. The rigid plates are replaced in a second part by
an elastic rock block simulated using DEM, gluing- particles together with elastic contacts.
DEM is shown to be adequate to simulate an elastic continuum medium as the comparison
of the analysis of a rigid disc inclusion problem in the discrete rock block with analytic
results of [79] fit very well. The rigid shaped disc is replaced by a granular proppant after-
wards and the geometry of the fracture for different overburden stress values is investigated.

Keywords : Granular material, partially saturated, thermodynamics, interfaces, effective
stress, proppant.
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Resumé
La méthode des éléments discrets est utilisée pour étudier deux types d’intéraction dans

les matériaux granulaires pour deux applications différentes.
La première application introduit un couplage hydromécanique pour étudier le compor-

tement des matériaux granulaires partiellement saturés. Un modèle numérique en régime
pendulaire pour les grains sphériques permettant la détermination des aires interfaciales et
tenant compte de la rugosité des grains est développé. Sur cette base, l’énergie libre des
interfaces est définie, et sa variation se trouve à équilibrer le travail mécanique exercée par
le pont liquide sur les particules d’un système à deux grains conformément à la première loi
de la thermodynamique. Le modèle permet de détecter l’evolution de l’énergie libre dans
les systèmes granulaires deformés et simulés avec la méthode des éléments discrets. Des si-
mulations sur des assemblages réguliers et aléatoires sont présentés pour discuter le concept
de la contrainte effective et vérifier si l’expression Love-Weber de contrainte moyennée dé-
crit bien le comportement des matériaux granulaires partiellement saturés pour différentes
configurations et aspects mécaniques. Bien souvent censé jouer le rôle de la contrainte effec-
tive dans les systèmes multiphasiques, la contrainte moyennée de Love-Weber n’est valable
que pour des assemblages réguliers en régime élastique. En cas d’assemblages aléatoires,
elle ne compare pas toujours avec les variations de l’énérgie libre élastique. Au pic pour
la résistance au cisaillement, Love-Weber vérifie une enveloppe de rupture Mohr-Coulomb
unique pour les assemblages avec une granulometrie uniforme ; elle peut alors être défini
comme une possible formulation de contrainte effective micromécanique dans ce cas. Il
est cependant montré que cette hypothèse n’est pas valable pour toutes les configurations
de granulometrie possibles. Le modèle pendulaire est couplé avec le modèle funiculaire de
[94], ce qui permet la simulation d’un drainage complet. Les résultats montrent que l’ad-
dition des ménisques a un impact important sur le comportement mécanique des sols non
saturés .

La deuxième application introduit les interactions des grains avec un milieu élastique
continu pour étudier la compaction des agents de soutènement (proppants) qui est d’une
grande importance dans l’industrie de la production pétrolière. Un tas granulaire est com-
pactée entre deux plaques rigides. La répartition des contraintes induites par le tas d’agents
de soutènement sur les plaques est étudiée et reliée à l’ouverture de la fissure et la zone de
contact sur chaque plaque. L’influence de l’angle de frottement entre les grains et entre les
grains et les plaques est également étudiée. Les plaques rigides sont remplacés dans une
deuxième partie par un bloc rocheux élastique simulé à l’aide de la DEM,en collant des
particules entre elles par une très forte cohésion ajoutée aux contacts. La DEM est trouvée
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capable de simuler un milieu de continu élastique, vue que la comparaison de l’analyse d’un
problème d’inclusion d’un disque rigide dans le bloc rocheux avec les résultats analytiques
de [79] est très proche. La géométrie de la fracture lorsque le disque rigide est remplacé par
un tas de proppants granulaire est finalement présentée pour différentes valeurs de contrainte
verticales.

Mots clés : Matériau granulaire, partiallemment saturé, thermodynamiques , interfaces,
contrainte effective , proppant.
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Chapter 1

Introduction

1.1 Introduction

The study of the behavior of granular materials is an interest to many, in soil and solid
mechanics, in physics,... The importance of the interactions between the different particles
in such materials and the complex phenomena that could be observed (segregation, flows,
avalanches...), makes it insufficient to study them in the framework of continuum mechan-
ics. New numerical tools based on discrete element methods (DEM) introduced by [18] are
then developed and used since almost 40 years, to better understand these phenomena.

The discrete element method enables the simulation of grain assemblies in order to study
how they behave under different conditions. It is based on the description of the local inter-
actions between the particles of the granular sample.

Many applications however, requires more complex interactions law to study not only
frictional dry granular materials but also cohesive materials, and coupled problems that in-
volves interactions between grains and other elements such as partially or fully saturated
granular materials that requires fluid-particles interaction law, particle-geogrid interaction,
particle- structure (such as particle- rock interaction in the case of proppant compaction) ,....

DEM simulations are used in this thesis to study two problems in which coupling is a
must.

The first problem embodies coupling between solid grains and fluids, and involves
more understanding of the behavior of partially saturated granular materials in the pen-
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dular regime, in which the presence of two non miscible fluids generates capillary cohesion
mechanisms. The influence of this phenomenon on the macro behavior of granular materials
is also studied. This approach enables not only to investigate the microscopic mechanisms
in partially saturated materials, but also to discuss the concept of effective stress that is the
question of continuous debates in the case of unsaturated soils.

The DEM model that is proposed in this thesis is an extension of the work of [74], and
is limited to small amount of water content in which the wetting liquid phase is distributed
in discontinuous way inside the pores (pendular regime). The model is also coupled with
the model of [94] in order to simulate the full range of saturation.

The second problem embodies coupling between granular grains and continuum elastic
structure to study the compaction of a proppant region that is a big interest in the hydro-
carbon production industry. The resource production depends very much from the effective
permeability of the rock formation. To increase the permeability of the rock formation, frac-
tures are created in the formation by injecting fluids at very high pressure. Together with
the fluids, proppants are injected to sustain these fractures open. The permeability is then
very much dependent of the opening, extent and topography of the fractures that is itself
dependent from the interaction between the proppant and rock formation.

This thesis structure is constituted of the following chapters after this introduction and
state of the art.

The hydro-mechanical coupling problem in treated in 5 chapters:

Chapter 2 describes the micro-mechanical numerical model that is used and imple-
mented in the open source DEM code Yade-DEM. All the assumptions that are made to
establish the pendular law of interaction are also presented.

Chapter 3 is an energetical validation of the numerical model presented in chapter 2.

Chapter 4 discusses the concept of effective stress in partially saturated materials sub-
jected to small deformation. The effective stress derived from the elastic energy and the
contact stress obtained by averaging the local forces at contacts are compared. The effi-
ciency of Love-Weber stress to describe the behavior of such materials is questioned.
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In chapter 5 , The influence of roughness the grains and particle size distribution on the
shear strength of partially saturated materials in pendular regime is presented, and the effi-
ciency of Love-Weber to predict the rupture of unsaturated soils is questioned in this case.

In chapter 6, the pendular model is coupled with the model of [94] to simulate a complete
drainage. The consequences of accounting for the pendular menisci on the deformation of
the material and on the effective stress parameter are presented.

The grain-fracture wall interaction mechanism is discussed in 2 chapters:
In chapter 7, the compaction of a pile of proppant between two rigid plates is simulated

and the stress induced by the compacted pile on the plates is investigated. The distance
between the plates and the contact zone on each plate are related to the pressure applied on
the pile.

In chapter 8, the rock formation is constructed by DEM and it is verified that DEM is
able to simulate an elastic continuum by verifying analytic solutions developed in the case
of rigid disc inclusion in [79]. In a second part, the rigid disc shaped proppant is replaced by
a granular pile of proppant deposited by gravity and the geometry of the fracture is linked
to the pressure applied on the elastic rock block.

1.2 Unsaturated soils

Unsaturated soils are the soils whose pores are filled by more than one fluid (water and air
in the classical case or different liquid and gaseous fluids as it is the case for hydrocarbon
reservoirs). Another definition has been given by [26] considering that unsaturated soils are
the soils that have negative pore-water pressures.

In general, a granular soil is composed of three distinct phases: solid, liquid and gaseous.

• The solid phase which is constituted by soil grains of different shapes and sizes, and
various mineral compositions.

• The liquid phase that can be adsorbed by the grains or not, and is composed in general
of water that contains dissolved or trapped air.

• The gaseous phase that is a mix of air and water vapor. The main constituent remains
the dry air.
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We assume for sake of simplicity in the following that the pores are filled only by two
immiscible phases: a wetting phase (w) and a non-wetting phase (n). The wetting and non
wetting phases are identified through the contact angle which is the relative angle with the
solid surface. The smallest angle corresponds to the wetting phase.

The proportions of water vapor and dissolved gas depends on the degree of saturation
and the water pore pressure and influence the compressibility of both liquid and gaseous
phases.

The degree of saturation Sr of a soil is the fraction of the volume of water on the volumes
of the voids (The volume of the voids is the volume of the pores (total volume minus the
volume of the solid phase)):

Sr =
Vw

Vv
(1.1)

The different degrees of saturation in the soil allows to define different regimes( figure
1.1):

• Dry soil: the gaseous phase is the only phase that exists in the pores (Sr = 0).

• Hygroscopic regime: This regime occurs when the water is retained by the micro-
pores or the asperities of the grains. This regime exists mainly in the case of clay. For
sands, the amount of water retained by the asperities is negligible that we can consider
that this regime does not exist.

• Pendular regime: When the amount of water becomes more important, the effect of
the surface tension is remarkable and the grains are connected by discontinuous water
bridges. The gaseous phase remains continuous in this case (Sr < 7%).

• Funicular regime: When the amount of water is high enough to allow the fusion of
the menisci, in such a way that the liquid phase becomes continuous and the gaseous
phase becomes discontinuous, this is the funicular regime.

• Capillary regime: Before the total saturation of the soil, the liquid phase fills all the
pores, and the gaseous phase exists only in the form of bubbles. This is what is called
the capillary regime.

• Saturated regime: the gaseous phase disappears totally, and the liquid phase is the
only phase that fills the pores (Sr = 1).
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Figure 1.1 Illustration of different regimes of unsaturated soils
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Figure 1.2 Patterns of drainage and imbibition for pores in parallel and in series

The pressure difference between the wetting and the non wetting phase is the matric
suction (pc = pn − pw). The matric suction for a given saturation is directly linked to the
surface tension. The surface tension is a property of the contractile skin or the interface sep-
arating the wetting and non wetting phases that is a mixture of both liquids. This interface
is purely elastic and can sustain tension [72]. This tension results from the equilibrium of
forces, the molecules in the interface are subjected to unbalanced force due to the pressure
difference between wetting and non wetting liquid, which generates a tensile force Ts to
ensure equilibrium. The surface tension is the tensile force per unit of length (figure 1.3).

The matric suction is part of the total suction in the soil that is equal to the free energy of
the water [1]. Another component is the osmotic suction that refers to the presence of salts
in the water. Higher is the concentration of salts in the pore liquid, higher is the osmotic
suction.

The matric suction is directly proportional to the relative humidity. That means that
each value of suction corresponds to one value of relative humidity and hence to one value
of water content. But experimental results for wetting and drying cycles for soil at constant
net stress (σ − pn) show that both curves are not the same. The drying curve is above the
wetting curve (for the same value of suction, the water content in the case of drying is higher
than the one in the case of wetting (figure 1.4)). These curves are called "soil water retention
curves".

This phenomena is called capillary hysteresis, it is a characteristic of porous materials
and can be explained as follows: The porous media is constituted of pores in parallel or
in series. Young-Laplace equation implies that the suction is inversely proportional to the
curvature of the pore. Higher the curvature, lower is the suction needed to dry a pore. In
the case of the pores in parallel, the suction needed to dry the smallest pore is higher than
the one needed to dry the big one. Then the big pore is dried while the water remains in the
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n

Figure 1.3 The surface tension

Figure 1.4 The water soil retention curves in a sand taken from [24]
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Figure 1.5 Water retention curves for various types of soil (from [12])

small pore (figure 1.2). In the case of imbibition for the same suction, the small pore is dry.

In the case of pores in series, different sizes of pores exist and the suction to dry a pore
must be higher than the suction corresponding to the radius of the pore r in the case of
drainage. In imbibition, the filling of the pore is controlled by the radius R.

The water retention curves and the capillary hysteresis are very much dependent from
the type of soil, more precisely the granulometry that provides information on the size and
type of soil grains (figure 1.5).

1.2.1 DEM modeling of wet granular media

In this section, the main previous models and results for the simulations of wet granular
materials are presented.

The presence of the water in the sample is modeled by the addition of an attractive force
between the grains. This capillary cohesive force is actually function of many parameters
(suction, curvature and volume of the meniscus, particle size...). To solve the problem,
several solutions have been proposed. Three main suggestions can be distinguished:

• The method that is used the most, is the toroidal approach where the meniscus is
assumed to have the shape of a torus [28, 37].
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• The second approach is the one based on the work of [49] where the capillary force is
linked to the geometry of the meniscus

• The third approach is the one introduced by [74], in which the exact solution of
Young-Laplace equation is presented. This work is and extension of the model of
[74].

The main result obtained by the previous works , independently from the approach that is
used is the increase of shear strength of the sample when the water is present. The presence
of attractive forces at the local scale is transformed into a macroscopic cohesion.

The work of [70, 71] is remarkable on this side, where comparison were made between
simulations and laboratory experiments on sand and glass beads. The cohesion increases
with the increase of the water content [71] , while it has been proved that the friction angle
remains constant (figure 1.6).

Some studies like [28, 74] were interested in the modeling of wetting collapse. [28] has
put in evidence the micro structural causes of such phenomena and studied the influence of
the meniscii on the stability of non saturated granular materials.

On the other hand, [23] was the first to present a water-retention curve from DEM sim-
ulations in monodisperse packings, and put in evidence the hysteresis linked to the creation
and rupture of the menisci (figure 1.7).

Figure 1.6 The Mohr Coulomb rupture envelop and the evolution of the cohesion with the
water content from the work of [71]

These previous works have mainly focused on the simulation of smooth grains with
tightly graded particle size distribution. The influence of the particle size distribution on the
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Figure 1.7 The retenstion curve presented by [23] by DEM.

mechanical behavior of soils has been mainly investigated in the case of fully dry materials
[35, 56, 61–63, 77, 87]. The influence of the roughness on the capillary effects and the me-
chanical behavior in unsaturated conditions has been instead mainly introduced and studied
for a two grains configuration [51, 55, 64]. Rough grains and particle size distribution ef-
fects on the mechanical behavior of unsaturated granular materials are also an interest of
this study and will be discussed in chapter 5.

1.2.2 Effective stress concept in unsaturated soils

The concept of effective stress has been introduced by Terzaghi [86]. Terzaghi has defined
the stress of a porous medium filled with a single fluid (fully dry or fully saturated). In the
case of dry soil the effective stress is:

σ
′i j = σi j (1.2)

In the case of fully saturated soils, the effective stress was defined as follows:

• All measurable effects of a change of stress of the soil, that is compression, distortion,
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change of shearing resistance, are exclusively due to changes in effective stress σ ′ .

• σ ′ is defined by:
σ
′
i j = σ i j− pwδi j (1.3)

pw is the pore water pressure , δi j is the Kroenecker’s delta that is equal to 1 when
i = j and 0 when i ̸= j, and σ i j is the total external applied stress. This expression
has been proved to be experimentally true.

Based on Terzaghi’s definition, the stress state is only represented by the effective stress.
The effective stress can be then defined as the stress depending on the strain of the skeleton.
In elasticity:

ε̇
e
i j =Ce

i jklσ̇
′e
kl (1.4)

ε̇e
i j is the rate of the elastic strain of the solid skeleton and Ce

i jkl is the drained elastic
compliance matrix and σ̇ ′e

kl the rate of change of the effective stress.

Since the introduction of this concept, it has been widely used in geotechnical engineer-
ing applications.

The water in nature does not exist only in fully saturated state. The concept of effective
stress must be then extended to unsaturated conditions. The work of [8] has extended the
work of [86] to define effective stress as the excess of total stress over an equivalent pore
pressure proportional to the matric suction pc = pn − pw:

σ
′
i j = (σi j − pnδi j)−χ pcδi j (1.5)

where (σi j − pnδi j) is the total net stress and χ the so-called effective stress parameter.

χ covers all the range of saturation and varies from 0 when the material is dry to 1 when
it is fully saturated. χ was proposed to be equal to the degree of saturation by [8] and [76].

Some studies has verified the χ parameter experimentally [7, 8, 36, 95]. The experiments
show evidence that the assumption of Bishop (χ = Sr) is not true and the uniqueness of
relationships between χ and Sr have been questioned (figure 1.8). This has been also verified
by analytical averaging [31, 90].
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Figure 1.8 The effective stress parameter versus the degree of saturation from [95]

Since then, many authors tried to express χ in different ways that are more complex.
Among the formulations we cite the one presented by [39]:

χ =
pc

pe
c

i f pc > pe
c else χ = 1 (1.6)

pe
c is the air entry pressure.

Limitations of the effective stress concept

Before the 90’s, the effective stress formulation for unsaturated soils was limited to elastic
conception. This limitation has raised many questions on the validity of this concept for
unsaturated soils. The validity of the formulation presented by [8] was criticized [36], con-
sidering that it does not allow the explanation of the collapse phenomenon in unsaturated
granular materials. The fully reversible elastic concept is then not enough. A complete
elastic plastic framework is then developed afterwards.

In addition, it has been shown by [39] that there isn’t any single relationship between
the effective stress parameter χ and the degree of saturation. To overcome these difficulties,
the use two independent stress variables was proposed [9, 10]. But It is shown by [92] that
the mechanical variables are not enough to describe the behavior of unsaturated soils, but
it is important to consider the structure change of the soil as well. In fact, the limitation
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of the single effective stress in the study of the strength and deformation behavior is that
it is considered as the only and exclusive control variable. All the other factors related
to the micro structure of the soils, environmental and geological conditions,... are either
neglected or involved in the parameters rather than being considered independent variables,
which is not sufficient in unsaturated conditions, where comes the importance of other stress
frameworks.

Other stress frameworks

In order to build a proper stress framework, other frameworks have been proposed.

Works like [10, 92] have proposed to use unified forms of Bishop’s type effective stress
combined with another stress variable (the suction). But these variables also do not govern
all the factors that influence the behavior of unsaturated granular materials.

The thermodynamic approaches is another approach which incorporate also the effects
of the interfaces separating the phases that are present in unsaturated materials [19, 30, 33,
57, 58, 58] . The advantage of these proposed stress framework is including the interfaces
energy based on the knowledge of the water retention curve and simplifying the modeling of
bonding. As a consequence, the hydraulic hysteresis is put in evidence naturally in the effec-
tive stress. In the thermodynamic approach the environmental factors such as temperature,
PH, salinity are also taken into account naturally.

[19] is one of the works who considered interfacial effects in the free energy of the
skeleton and wrote the effective stress as the following:

σ
′
i j = σi j − pnδi j +πi j (1.7)

where πi j is the equivalent pore pressure defined as:

πi j = Sr pcδi j −η
∂Ecap

∂εi j
(1.8)

Ecap being the term associated the energy of the interfaces, η refers to porosity.

In [30] and [33] authors have also proposed Bishop’s type equation including interfacial
effects. The work of [33] does not agree with the experimental data because of the lack
of proper hydro-mechanical coupling, while the work of [30] lacks accounting for bonding
effects.

In [58] and [57] a new equation for the effective stress tensor is presented including the
energy of the interfaces and assuming that the wetting-non wetting interface changes with
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the deformation, while the others remain constant in the case of rigid grains. This hypothesis
is questioned later on. The formula suggested by [57] is:

σ
′ = (σ − pnI)+Sr pcI −awnΓwn

∂Uwn

∂ε
I (1.9)

where Γwn is the interface mass density, Uwn the free energy density of the wetting-non
wetting interface and awn the amount of the wetting-non wetting interface.

The work of [57] also introduced the pc − awn − Sr curve. The projection of this curve
on the pc−Sr plane gives the collection of all pc−Sr curves (primary, main, scanning, etc.).

The validity of the formula suggested by [57] is compared to the experimental results of
[40] and others and the results seem to fit quite well. However the amount of interfaces was
not measured experimentally but calculated by fitting the drying and wetting experimental
data of the soils. The formula was not validated in the pendular regime (figure 1.9).

There is still a lack in the measurement of the interfaces experimentally in order to vali-
date these formulas.

In DEM simulations, the effective stress is defined by many authors [28, 37, 71, 74] as
the averaged contact stress initially introduced for dry granular media by [16, 42, 48, 91].
This stress was found in [75] to follow a unique Coulomb’s friction criterion for the dry case
or in unsaturated/saturated conditions at the peak for shear strength.

However, the context of peak shear strength must not be forgotten and this averaged
contact stress based on Love-Weber formula should be tested for other aspects of the me-
chanical response.

1.3 Compaction of proppant region.

Hydraulic fracturing is a technique that consists on fracturing rock formation by a pressur-
ized liquid. It is mainly used to improve the process of energy production. The injection
of pressurized liquid creates cracks and fractures in the rock formations. The creation of a
fracture will provide a conduit for the transport of the resource provided the fracture can be
maintained in an open condition. But those created fractures underground will close if there
wasn’t anything to keep them "propped" open. The procedure that is used to accomplish
this objective is to introduce a mixture of granular materials with the fracturing fluids which
will accumulate at the fracture zone and increase the permeability of the rock formation and
facilitate the extraction of hydrocarbons. This granular mixture (proppants) can vary from
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Figure 1.9 (a) 2D plot of the wetting and drying paths and (b) 3D plot of suction stress for
Buffalo dam clay (the experimental data is from [40]). The figure is from [58]
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sand to manufactured polymer beads that can be coated with resins,... The proppants play an
important role in the energy industry because without proppants oil and/or gas production
from shales would not be feasible.

When the pressures exerted by the fracturing fluids are reduced to the value present in
the geofluids, the geostatic stresses will induce closure of the fracture and the proppant is
expected to maintain the fracture in an open condition. The opening of the fracture will in-
crease its fluid conductivity of the fracture and thus permit easier extraction of the resource.

When fluid pressure is applied to a pre-fractured interface, the zone of separation will be
finite provided the pressurization is applied over a finite region and the total load is finite. In
other words, the pressurization of the pre-fractured medium cannot occupy an infinite extent.

The effective permeabilities of the fractures can be then determined as a function of
this finite fracture opening. The deformed fracture configuration is related to the elasticity
characteristics of the rock formation domains and the primary properties of the proppant, in-
cluding particle size distribution, elasticity of particles, interface frictional characteristics....

Hence it is very important to examine the mechanics of the interaction between the
granular proppant region and the “elastic domains” that contribute to compression of the
proppant and determine the final configuration of the proppant region and the deformed
shape of the fracture in terms of extent and aperture.

This problem has been an interest in many studies, mainly analytic results [78–80].
These analytic solutions has been developed as function of the elastic domain properties in
the case of rigid shaped inclusion or a specific force distribution. All these studies lack the
real stress distribution induced by a granular proppant on the rock formation, which might
change significantly the fracture shape and the fracture extent. The particle-fracture wall
interaction to determine the stress ditribution induced by the particles on the wall and the
geometry of the fracture is the main interest of this study.



Chapter 2

DEM modelling of unsaturated soils

2.1 Introduction

This chapter is devoted to the description of the numerical model that has been inspired by
the work of [75] and re-implemented in the open source code YADE. The model aims to
simulate a three-phase granular matter in the pendular regime (limited to low saturations
that do not exceed 5 percent).

The final algorithm is detailed. In the pendular regime disconnected water bridges are
formed between soil particles. The geometry of the bridges including all the interfaces that
are present in the sample, and the forces applied on the particles are calculated based on
the assumptions made in the model. The influence of the roughness of the grains on the
capillary forces is discussed, and finally the limitations of the model are presented.

2.2 Discrete element method

The numerical modeling that is based on the discrete element method is very efficient to
study the influence of the local interactions and phenomena on macroscale behavior of gran-
ular materials.

This method consists on integrating movement of the grains and are divided into two
main families:

• The non smooth DEM approach that treats particles as rigid bodies and does not
allow deformation in the contact region of the particles. This approach is based on
the contact dynamics method introduced by [53]. The interactions in this case are
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described as collisions. The resolution of the problem is based on an implicit scheme
for the dynamics equations and the inter-granular relations.

• The smooth-DEM approach that accounts for the deformability of the grains.

The smooth-DEM are based on molecular dynamic (MD) approach. This was initiated
by [18]. In this method the interactions between the grains are explicitely presented as
function of the relative displacement, using simplified interaction laws. This approach
is more general and easier to implement.
YADE (Yet Another Dynamic Engine), the open source C++ framework that is used
for developments and simulations in this study is based on this approach. It allows
the development of three dimensional numerical models. The open source licensing
allows the contribution of the users and development of their own models.

2.2.1 Computational cycle

A DEM simulation is started by first generating a model, which results in spatially position-
ing all particles and assigning initial velocities. The forces which act on each particle are
computed from the initial data and the relevant physical laws and contact models.

The method consists in two main steps: the computation of the grains positions and the
computation of the forces. At each time step, knowing the position, orientation and shape
of the grains, the interaction list is defined. In the case of dry granular medium made of
spheres, two spheres interact when the distance separating their centers is less than the sum
of their radii. The forces acting on the particles once identified by the interaction laws, the
forces are applied on the grains and the new positions of the grains are identified.

If the grain motion in an oriented space of two or three dimensions (i=1,2 or 1,2,3)
is characterized by its position xi, its translational and rotational velocities ẋi and ω̇i, the
translational and rotational velocities follow Newton’s second law of motion:

ẍi = Fi/m (2.1)

ω̈i = Mi/Ji (2.2)

where m is the mass of the particle, J its moment of inertia and Fi and Mi the forces and
moments applied on the particle.

The evolution of the whole system is computed by updating the positions of the grains at
each time step ∆t. The velocities of the grains are calculated by integrating the accelerations
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Figure 2.1 Computational cycle of a DEM model.

according to a second-order centered finite difference scheme at [t +∆t/2]:

ẋ[t+∆t/2]
i = ẋ[t−∆t/2]

i + ẍ[t]i ∆t (2.3)

ω̇
[t+∆t/2]
i = ω̇

[t−∆t/2]
i + ω̈

[t]
i ∆t (2.4)

The positions of the grains at [t+∆t] are then determined by integrating the translational
velocity:

x[t+∆t]
i = x[ti + ẋ[t+∆t/2]

i ∆t (2.5)

After determining the positions of all the particles at [t +∆t], the list of interactions is
updated and the new interaction forces are recomputed.

2.2.2 Interaction law

The contact law is the cornerstone of DEM, as it dictates the local and global behavior of an
assembly.

Each contact in the assembly is defined by normal and tangential stiffnesses and an
inter-granular friction angle φc (figure 2.2).

The action of one grain on the other in the assembly is defined by an interaction force
and a moment. The contact force can be divided into a normal and a tangential force by
considering the plane that is tangent to the grain.

For two grains in interaction, we assume that the relation between the contact force
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and the relative displacement is linear elastic-plastic. The normal component of the contact
force Fn is related to the normal relative displacement u between the grains by the normal
stiffness kn, and the tangential component of the force Ft is related to the relative tangential
displacement v by the tangential stiffness kt (figure 2.3).

The normal and tangential stiffnesses are proportional to the size of the grains. The
normal stiffness kn is then defined as a function of a global young modulus Eglobal introduced
by the user and the harmonic mean of interacting spheres radii R1 and R2.

kn = 2Eglobal ∗
R1R2

R1 +R2
(2.6)

The intoduction of Eglobal allows the homogenization of the elastic behavior at the scale
of an assembly, and ensure the independence of their global stiffness with the size of the
particles.

The shear stiffness kt is related to the normal stiffness through a coefficient α such as:

kt = αkn (2.7)

ϕC
k t

k n

Figure 2.2 Contact variables: stiffnesses and friction angle

Note that Eglobal defined in the code is proportional to the Young modulus of an assembly
of particles, but it is not the same. The Young modulus of an assembly must be calculated
by subjecting the packing to elastic deformation. α is proportional to the Poisson’s ratio of
the assembly.
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The normal force acting on the particles in interaction is:

Fn = knu i f u ≤ 0, else Fn = 0 (2.8)

The increment of tangential force is given as:

∆Ft = kt∆v (2.9)

The interaction between the particles follows Coulomb friction law, then the tangential
force is limited to a maximum absolute value of | Ft |≤ Fn tanφc (figure 2.3).

u

F n

k n

(a)

Δ v

F t

k t

F t tanϕc

−Ft tan ϕc

(b)

Figure 2.3 Elastic contact law for normal interaction and elastic-plastic tangential interac-
tion.

The elastic energy of contact is defined as:

Eel = 0.5knu2 +0.5ktv2 i f u < 0 else Eel = 0 (2.10)

An inter-granular adhesion can be also added to the contact law. The simplist case is that
this cohesion generates a normal resistance to the traction when the grains are in contact.

2.2.3 Critical time step

The stability of an oscillating spring-mass system is function of the natural period of the
system. This period is determined at each iteration for all the degrees of freedom for each
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particle. It is expressed as:

T =

√
mi/K j

i (2.11)

where mi is the mass of the particle i and K j
i an equivalent stiffness that is evaluated

considering all the contacts of one particle for each degree of freedom j.

The critical time step is the smallest obtained value:

∆tcr = min(i, j)(
√

mi/K j
i ) (2.12)

2.3 Numerical model: the pendular model

2.3.1 Assumptions for the numerical model

At low saturations, menisci are formed between particles and the regime is called pendular.
The additional capillary force acting on the spheres can be linked to the geometry of the
grains and to the capillary pressure inside the medium. The shape of the meniscus is deter-
mined by Young Laplace equation that relates the curvature of the bridge C to the capillary
pressure pc through the surface tension acting on the wetting/ non-wetting interface.

pc = γwnC (2.13)

Young-Laplace equation, even if it seems simple, is very difficult to solve. To simplify
the problem, several assumptions are made:

• The bridges are formed between stiff spherical particles in perfect wetting conditions
(wetting angle=0).

• The effect of the gravity is not taken into account, hence the form of the bridge is
axisymmetric since the gravity forces do not alter its shape. This has been proved to
be realistic by [65] if the bond number is much smaller than 1.

B0 =
L2∆ρg

γwn
<< 1 (2.14)

[74] has shown that if the wetting liquid is water, for assemblies of mean grain radii of
1 mm, the bond number is equal to 0.13. The effect of the surface tension dominates
the effect of the gravity and the results of the simulations are realistic.
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• The simulations are performed in quasi-static conditions, the viscous effects of the
fluid is negligible. To satisfy this condition, the capillary number introduced by [49]
must be smaller than 10−3 [25]

Ca =
νϑ

γwn
< 10−3 (2.15)

where ν is the viscosity of the wetting liquid, ϑ is the relative velocity of the grains.

One of the originalities of this model is that it takes into account the roughness of the
grains to simulate the behaviour of the liquid with irregular grain surfaces. The effect of
the roughness on the capillary force is in direct relationship with the water volume of the
menisci [2].

• If the volume of water is quite small, only several micro-capillary bridges form be-
tween the asperities. This regime is called asperity regime in which the roughness has
a great impact on the capillary force. This should not be mistaken with the hygro-
scopic regime in which the water is adsorbed; in this case the amount of water is quite
small with respect to the asperities size that it does not allow to form one single menis-
cus connecting the grains. This case is mainly studied in the case of micro/nanoscale
roughness, as it is of great importance in the study of fine powders behavior and in
technology of micro/nanoelectro mechanical systems [68, 88, 89].

• For higher water volumes, one meniscus connects the particles, but the volume of the
wetting liquid is still not very high to neglect the effect of the asperities surrounding
the grain, the capillary force is proportional to the volume of water, and the regime is
called roughness regime.

• Finally, when the volume of water is high enough to neglect the size of the asperities
of the grains, we have the spherical regime. In this case, if the particles are in con-
tact, the capillary force becomes almost independent of the volume of the menisci.
However, in this case, if the grains are not perfectly spherical (macro irregular as-
perities or grains with plane surfaces) the effect of the roughness is still visible even
for high volumes of liquid. It all depends on the relation volume of water-size of the
asperities/shape of the grains.

• The numerical model developed by the author is valid for the roughness and spherical
regimes.
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The different roughness regimes and the dependency of the capillary force on the volume
for the different regimes are presented in figure 2.4.

V

Fcap

(a) (b) (c) (d)

(a)

(b)
(c)

(d)

Figure 2.4 Illustration of different roughness regimes and the dependency of the capillary
law on the volume of the wetting liquid.

2.3.2 Young-Laplace equation

We consider two stiff spherical particles of radii R and r respectively, connected by a liquid
bridge in perfect wetting conditions. R is the radius of the bigger grain (figure 2.5). The
shape of the bridge is determined by Young-Laplace equation that relates the curvature of
the bridge C to the capillary pressure pc through the surface tension.

pc = γwnC (2.16)

or a dimensionless form
p∗c =C∗ (2.17)
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with C∗ =CR, and p∗c =
pcR
γwn

O1 O2x2x1

Figure 2.5 Illustration of a liquid bridge connecting two particles.

In the case of spherical grains and in axisymmetric conditions, the curvature of the
bridge is defined as:

C∗ =
−1

Ry∗
√

1+ y′∗2
+

y′′∗

R(1+ y′∗2)
3
2

(2.18)

y∗ = y∗(x∗) defines the profile of the bridge.

with x∗ = x/R, y∗ = y/R.

Replacing C in equation (2.17), and rearranging yields:

p∗cy∗+
(1+ y′∗2)− y∗y′′∗

(1+ y′∗2)
3
2

= 0 (2.19)

The capillary force a is constant function of x and can be calculated at any section for
any value of x and is given by:

F∗
cap =

Fcap

γwnR
= π p∗cy∗2 +

2πy∗√
1+ y′∗2

(2.20)

Note that the capillary force is only a normal force: [84] and [70] have proved experi-
mentally that the inter-granular coefficient of friction is independent of the presence of the
water. The capillary effect is not then introduced in the frictional tangential law.

It can be also verified that calculating dFcap
dx , knowing that y = y(x), yields to equation

2.19.
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This equation is a first order differential equation that can be written as:

y′∗ =

√
y∗

2πF∗
cap + p∗cy∗2 −1 (2.21)

Solving equation (2.21) allows to calculate also the values of the geometric properties
of the meniscus. The equation is solved numerically using Runge-Kutta 4 method, and the
boundary conditions are determined by the filling angles δ1 and δ2.

y∗1 = sin(δ1) (2.22)

y∗2 =
r
R

sin(δ2) (2.23)

y
′∗
1 =−arctan(

π

2
−δ1) (2.24)

y
′∗
2 = arctan(

π

2
−δ2) (2.25)

y1 and y2 are the initial and the final components of the profile of the bridge.

The volume of the meniscus is:

V ∗ =
V
R3 =

∫ x2

x1

πy∗2dx∗−V ∗
1 −V ∗

2 (2.26)

V ∗
1 andV ∗

2 are the normalized volumes of the spherical caps covered respectively by the
filling angles δ1 and δ2

The wetting-non wetting interface is (figure 2.6):

A∗
wn =

Awn

R2 =
∫ x2

x1

2πy∗
√

1+ y′∗2dx∗ (2.27)

The solid-wetting interface is (figure 2.6):

A∗
sw =

Asw

R2 = 2π(
r
R
)2(1− cos(δ2))+2π ∗12(1− cos(δ1)) (2.28)

The solid-non wetting interface is (figure 2.6):

A∗
sn =

Asn

R2 = 2π(
r
R
)2(1+ cos(δ2))+2π ∗12(1+ cos(δ1)) (2.29)
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sn

wn

sw

Figure 2.6 Illustration of the three interfaces.

The inter-granular distance is calculated using the positions and the radii of the grains:

D∗ =
D
R
=

O1O2

R
−1− r

R
(2.30)

Plotting the variables (F∗
cap,V ∗ and δ1) as function of the inter-granular distance D∗ for

various values of capillary pressure, we notice that it is possible to have two different solu-
tions of Laplace-Young equation for the same inter-granular distance (figure 2.7).

Only one solution is stable for each value of D∗ and it corresponds to the minimum value
of the energy of interfaces present in the system. The total interfacial energy for two grains
connected by a water bridge is:

E∗
cap = γwn(A∗

wn −A∗
sw) (2.31)

Further details on the calculation of the energy of interfaces are given later in chapter 3
section 3.2.2.

Figure 2.8 shows the possible solutions of the energy of the interfaces as function of the
inter-granular distance for different values of suction. The stable solutions corresponds to
the minimum energy of interfaces. Hence the set of stable solutions for the same suction
values is plotted in figure 2.9. These are the solutions implemented in the capillary law in
YADE.

Both stable and unstable solutions converge to the same value at the maximum possible
inter-granular distance for which there is still a bridge. This is the rupture distance of the
bridge Drupt that is determined automatically when there is no possible physical solution for
Laplace equation.
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(a)

(b)

(c)

Figure 2.7 Output variables of Young-Laplace equations for different suction values.
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pc=7

15
26

38

Figure 2.8 The energy of interfaces corresponding to the solutions of Laplace-Young equa-
tion for various suctions.
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(a)

(b)

(c)

Figure 2.9 The identified stable solution of Laplace-Young for various suction values.
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2.3.3 Roughness of the grains

Another aspect added to the capillary law in YADE is the roughness of the grains. The
roughness aspect helps representing the real shape of the grains and the dependence of the
capillary effect on that.

The first to take into account the effect of the roughness of the grains was [64] by consid-
ering a separation 2s between two smooth idealized spheres. This approach has been used
by many authors afterwards [50, 51, 55]. The same approach has been used in our model by
considering not only positive but also negative separation. The model is based on the work
of [50]. The roughness is represented by considering that the meniscus is formed between
spherical grains slightly smaller or bigger than the grains for the contact law. The rough-
ness can be then either positive or negative. In the case of positive roughness, the grains
are touching through asperities (figure 2.10 b). When the roughness is negative, the sphere
has some plane surfaces, and it’s volume is smaller than the sphere used for the capillary
law(figure 2.10 a). The model is not able to describe the behavior of quite angular grain
shape, since the shape of the rough grain in the code is estimated to be spherical. If the
grain is too angular the approximation becomes viral.

Figure 2.10 Illustration of particles with (a) negative and (b) positive roughness.

The value κ of the roughness is taken into account for each grain as following:

rrough = r(1−κ) (2.32)

The way the roughness is taken into account in the DEM code is represented in figure
2.11.
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The impact of the roughness on the capillary force is shown in figure 2.12. The capillary
force of a meniscus connecting rough grains is calculated using Young-Laplace equation
considering that the radii of the grains used in the pendular law are (rrough and Rrough) in-
stead of the ones used in the contact law (r and R).

It is noticed that for smooth grains in contact, the force is almost constant with the
change of suction (perfect spherical regime). For positive roughness, the capillary force
decreases with increasing suctions. The negative roughness instead increases the value of
the capillary force with increasing suction.

spheresused forthe capillary law
spheresused forthe contact law

κ1r1 κ2r 2

(b)

κ1r1 κ2r 2

(a)

Figure 2.11 (a)Negative and (b)Positive roughness as taken into account in the numerical
model.

In the case of a packing of grains, a mean value of the roughness κm and the value of
the dispersion from the mean value (κmax −κm) = (κm −κmin) are defined in such a way to
have a uniform distribution of the values of roughness.

Each grain is characterized by a value of roughness. A capillary bridge can form then
between 2 grains of different roughnesses (both positive, both negative or one positive and
one negative depending on the choice of κm, κmax and κmin).

κmin < κm < κmax (2.33)
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Figure 2.12 Influence of the suction change on the capillary force for various values of
roughness for two grains in contact.
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2.4 Capillary Interaction Law: look up table

The look up table methods is used during the simulations to determine all the variables
related to the presence of the water. The method consists in creating a data file that replaces
the runtime computations and makes the calculations much faster.

Many discrete configurations for Laplace equation are then solved for different ratios of
radii r/R and saved in text files.

The values of the imposed input values cover all the possible range of solution. r/R
varies from 0.1 to 1 to allow simulating different particle size distribution in the packing,
D∗ cover the range of distance from the formation to the rupture of the bridge, and the
suction varies from 0 to very high suction values(p∗c = 200). δ varies from 0 to 90 degrees.

During the simulations, there are two possible options:

• Simulation at constant suction: The distribution of the volume with the displacement
of the grains connected by a bridge, is such that the suction (pc) remains constant.

• Simulation at constant volume: The volume of the bridge remains constant when the
grains connected by a meniscus are moving.

During the simulation at imposed suction, the size of the particles, their positions are
known. The trio (r/R,D∗,p∗c) can be deduced. The discrete set of solutions in the text files
is triangulated using Delaunay triangulation, and the capillary force applied to the particles
and the other variables are obtained by interpolation. Spc , the set of solution corresponding
to the trio (r/R,D∗,p∗c)is:

Spc(r/R,D∗, p∗c) = (F∗
cap,V

∗,δ1,δ2,A∗
wn,A

∗
sw,A

∗
sn) (2.34)

This interpolation is called the P-Based interpolation and is used to simulate drained quasi-
static simulations.

During simulation at imposed volume, the V-Based interpolation is introduced. The
input variables for this interpolation are (r/R,D∗,V ∗) and the same procedure is repeated
with different triangulation set.

Spc is the set of solution corresponding to the trio (r/R,D∗,V ∗).

SV (r/R,D∗,V ∗) = (F∗
cap, p∗c ,δ1,δ2,A∗

wn,A
∗
sw,A

∗
sn) (2.35)

In the case of rough grains, the radii of the grains used in the pendular capillary law are
the one used in the interpolation.
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Figure 2.13 Interpolation scheme for a random configuration from the look up table discrete
solutions, in the case of suction and volume control
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The values obtained from the interpolation in the text files are normalized, and need to be
re-upscaled to the real particles size distribution present in the sample during the simulation.

Simulations are done on two grains connected by a water bridge and the variation of the
force and the geometric properties of the meniscus are plotted as function of the distance
separating the grains in the case of constant suction and constant volume interpolations
(figure 2.14).

We observe from the simulation that for the capillary force and interfaces, the results are
the same for grains moving at constant suction or constant volume of water up to a critical
value (D∗ = 0.03 in this case) before they start diverging.

At constant suction the volume of the bridge decreases until the meniscus is broken.
When the volume of water is kept constant, the suction increases slightly in the beginning
and then decreases almost linearly until rupture.

It is also noticed that the rupture distance of the bridge in the case of grains that moves
at constant volume is higher than in the case of constant suction. The value of the capillary
force is also higher if the volume of the bridge is kept constant during the movement of the
grains.

2.5 Limitation of the model

When the saturation increases in the granular material, the volumes of the bridges increase,
until some start to overlap. In reality, the bridges overlapping, transform into one meniscus
in fusion with complex geometry to minimize the energy of the interfaces which result in
diminishing the capillary force that becomes smaller than the sum of the forces of both
overlapping bridges. The determination of the force is then quite complex. At this stage,
the pendular model is not anymore valid.

The overlapping of the bridges is tested in the code by a hypothesis based on the filling
angles (figure 2.15). If the angle O1O2O3 is smaller that the sum of both filling angle the
menisci δ12 +δ23 are overlapping.

The fusion of the menisci can be tested systematically in the code to make sure that the
simulation is still realistic.
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Figure 2.14 Comparison between the suction and volume control for a random configuration
showing the variation of suction, volume, force and interfaces with the distance between the
grains.
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δ12 δ23

Figure 2.15 Illustration of menisci starting to overlap.

2.6 Conclusion

In this chapter the numerical tool YADE is briefly presented. The pendular capillary inter-
action law is also introduced taking into account the capillary effects in the pendular regime.

The assumptions taken into account in the numerical modeling of the liquid bridges
are presented. Based on these assumptions the exact numerical solution of Young-Laplace
equation is solved. The resolution of Young-Laplace, in both suction and volume control
cases, allows to calculate the forces acting on the grains, the volume of liquid in the ring
and the amount of the interfaces that separate the three phases present in the granular media
which is a novelty of this model. These interfaces are used in the following chapters to
calculate the internal energy component related to these terms and verify that the model is
consistent from a thermodynamic point of view and comment on the role they can play in
the behavior of unsaturated materials.

The roughness of the grains taken into account in the capillary interaction law is another
novelty of this model. The influence of the roughness on the capillary force evolution is
presented and is shown to be significant. The roughness influences significantly the value
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of the capillary forces but also qualitative influence on the sign of evolution of the capillary
force with positive and negative roughness is shown. Finally the limitations of the numerical
model are discussed.





Chapter 3

Energetic study of three phase systems

3.1 Introduction

This chapter aims to bridge the DEM simulations and the thermodynamic vision of multi-
phase materials by checking if the numerical model is consistent from an energetical point
of view. To accomplish this purpose and make the discussion easier, a thought experiment
inspired by [54] on a two-grain system is generalized to moving grains. It provides a sim-
ple test case for the model verification: The external work in the case of an open or closed
system, and the internal energies including the energies of the interfaces separating the dif-
ferent phases in the granular material are calculated and the energy balance of the system is
then verified. In the second part of the chapter, the energy balance for a packing of grains is
also verified.

3.2 Energy balance of a two-grain system

In [54], the energy balance is written for a system of two immobile rigid grains subjected to
changes of matric suction. In this chapter, the system is extended to moving particles.

The system is represented in figure 3.1. It is a model system of two solid grains, bridged
by a wetting fluid (w-phase) and otherwise surrounded by another non-wetting fluid (the n-
phase). The solid phase is represented by two spherical grains of radii R and r. The wetting
fluid can leave or enter the bridge through a passage into one of the particles. We assume
perfect wetting conditions, consequently the change in the volume of the wetting phase and
surface areas is assumed to be reversible. The walls of the pistons have no contribution to
the energy of the interfaces and the movement of pistons occurs in a way to keep equilibrium
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1 2

Figure 3.1 Idealized system inspired by the work of Morrow (1970) [54]

in the sample. The piston of the non-wetting phase moves in a way to keep the pressure of
the phase pn constant (i.e. ∆Vw =−∆Vn).

The original system of Morrow is extended by considering a possible movement of
particle 2. This movement is ensured by attaching particle 2 to a movable axe at constant
velocity v. The particle 1 remains fixed.

We assume no energy dissipation in the system, then there is only the first law of ther-
modynamics to be verified. For the first law of thermodynamic to be verified, the sum of
all the internal energies of the components of the system must be equal to the external work
supplied to the system.

3.2.1 External work

The external work supplied to the system going from an arbitrary state A to another state B
is calculated as the sum of 2 components; a part related to the work done on the system by
moving the piston connected to the bridge to provoke a change in the volume of the wetting
liquid dVw and one related to the displacement of grains.

W A→B
ext =

∫ B

A
Fdu+

∫ B

A
pwdVw +

∫ B

A
pndVn (3.1)

dVw = −dVn that implies that
∫ B

A pwdVw +
∫ B

A pndVn = −
∫ B

A (pn − pw)dVw, Wext can be
then written as following:

W A→B
ext =

∫ B

A
Fdu−

∫ B

A
pcdVw =

∫ B

A
(Fn +Fcap)du−

∫ B

A
pcdVw (3.2)

F is the total force applied externally on particle 2 and keeping it in equilibrium. It is the
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sum of the contact force and the capillary force resulting from the presence of ring. Note
that the contact does not necessarily exist in all cases. If the grains are distant, the capillary
force remains the only force acting on the particles.

Wext is the total external work, pc is the matric suction, Vw is the volume of meniscus, Fn

is the normal contact force , Fcap the capillary force and u is the normal relative displacement
between the grains:

u = O1O2 −R− r, (3.3)

with O1 and O2 the centers of the particles 1 and 2 respectively; R and r their radii.

We denote for the following Wc the work done by the contact force and Wγ the work
corresponding to the presence of the fluid.

Wc =
∫ B

A
Fndu (3.4)

Wγ =
∫ B

A
Fcapdu−

∫ B

A
pcdVw (3.5)

Wext is the sum of Wc and Wγ .

3.2.2 Internal energies

The change in the total internal energy of the system is divided into 6 components, the
change in the energies of the three phases and of the three interfaces present in the system.

∆Ei = ∆Es +∆Ew +∆En +∆Ewn +∆Esw +∆Esn (3.6)

s denotes for solid, w for wetting, n for non wetting, wn for wetting-non wetting, sn for
solid -non wetting and sw for solid-wetting.

The pressure of the non wetting liquid is kept constant which means that the change in
its potential is null. The change in the internal energy of the wetting liquid is also null as it
is considered an incompressible fluid.

The internal energy change of the solid phase is equal to the elastic energy change in
the system. We neglect the energy of deformation of the grains due to the surface tension
and fluid pressure exerted on their surface. This is justified by the assumption that the area
of the solid contacts is much smaller than the area covered by the pendular bridge, leading
to dominant energy terms from the former. We assume a linear elastic contact behavior in
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compression and no traction, hence the energy of deformation in the system is defined as:

ES = Eel = 0.5knu2 +0.5ktv2 i f u < 0 else Eel = 0 (3.7)

kn and kt are respectively the contact normal and shear stiffnesses; u and v are the relative
displacements in both normal and shear directions between the grains if the grains are in
contact.

For the moment, only normal displacement is applied(∆v = 0). In these conditions the
integral of equation 3.4 is explicitely given by assuming that the contact is persistent for the
sake of simplicity:

Wc = ∆
A→BEel = 0.5kn∆

A→Bu2 (3.8)

The change in the interfacial energy is:

∆Ecap = γwn∆Awn + γsw∆Asw + γsn∆Asn (3.9)

The equilibrium at contact line gives a relationship between the wetting-non-wetting
surface tension γwn, the solid-wetting surface tension γsw and the solid-non-wetting surface
tension γsn.

γwncosθ = γsn − γsw (3.10)

In the case of perfect wetting condition θ = 0 and this relationship is:

γwn = γsn − γsw (3.11)

thus,

∆Ecap = γsw(∆Asw −∆Awn)+ γsn(∆Asn +∆Awn) (3.12)

Two assumptions can be made to calculate the change of the total capillary energy in the
system:

case a: The surface of the grain that is not wetted by the meniscus is totally dry.

• Awn = A1

• Asn = A2

• Asw = A3
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where A1, A2 and A3 are indicated in figure 3.2.

∆Ecap = γsw(∆A3 −∆A1)+ γsn(∆A2 +∆A1) (3.13)

For stiff particles ∆A3 = −∆A2; Replacing it in equation (3.31), the total change in
capillary energy is:

∆Ecap = (γsn − γsw)(∆A1 −∆A3) = γwn(∆A1 −∆A3) = γwn(∆Awn −∆Asw) (3.14)

case b: The particles are surrounded by a water film:

• Awn = A1 +A2

• Asn = 0

• Asw = A2 +A3

When the particles are covered by a film, the solid-non wetting interface doesn’t exist and
the change in the solid-wetting interface is equal to zero (∆Asw = ∆A2+∆A3 = 0); that leads
to:

∆Ecap = γwn(∆A1 −∆A3) (3.15)

Both assumptions lead to the same result. Therefore, the presence of the film around the
particles or its absence has no influence on the energy balance of the system. In the following
we take into account the case of the dry particles bonded by wetting liquid menisci.

If the wetting liquid is water and the non wetting liquid is gas the surface tension γwn is
equal to 0.073 N/m.

Hereafter, all quantities are given in dimensionless forms.

p∗c =
pcR
γwn

(3.16)

is the normalized capillary pressure.

For the 2 grains system, the internal energies and external work are normalized by γwn ∗
R2. R is the radius of the bigger grain.

∆W ∗
ext =

∆Wext

γwnR2 (3.17)
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wetting-non wetting interface
solid-wetting interface

solid-non wetting (case a) 
or fluid film (case b)

Figure 3.2 Illustration of the three existing interfaces

∆E∗
el =

∆Eel

γwnR2 (3.18)

∆E∗
cap =

∆Ecap

γwnR2 = ∆E∗
1 −∆E∗

3 (3.19)

where E1 = γwn∆A1 and E3 = γwn∆A3.

3.3 Model verification

3.3.1 External work input

To check the energy balance of the system, DEM simulations are performed.

Different loading paths leading to some external works are applied to the system of
figure 3.1 either by imposing a constant velocity v to particle 2 (keeping the suction constant)
or by changing the matric suction in the medium (keeping both grains fixed).

The grains are initially in contact. Displacement at constant positive velocity is applied
in the first path and the suction is kept constant (A→B). The second path is applied by fixing
displacement and changing suction (B→C). Negative velocity is then applied to make the
grains back in contact (C→D). The grains fixed again, the suction is decreased to the initial
value(D→E)(figure 3.3).
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Figure 3.3 The path of the external work applied to the system as function of the suction
and the relative displacement
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Figure 3.3 shows the plot of the external work per volume integrated in time using
equation 3.2, as function of the normalized suction and the relative displacement of the
grains(u∗ = u/R), and the different paths applied to the system.

There is no energy dissipation in the system, in this case all paths are reversible and the
total energy supply to move the system from a state to another is path independent (E ≡ A).
Therefore it must be possible to define a formulation for the stored energy depending only
on the current configuration.

3.3.2 Internal free energy

The internal energy components (∆E∗
el and ∆E∗

cap) and the total internal energy change (∆E∗
i )

of the system are plotted in figure 3.4. When the grains are in contact, the internal energy
is the sum of both elastic and capillary energy. When they are distant, the elastic energy is
null and the only component that remains is the energy of interfaces.

It is found that the interfacial energy changes by the combined effects of pc and u,
whereas the solid free energy depends on u only (as a result of the contact model assump-
tions), thus

Ei = Ei(u, pc) = Eel(u)+Ecap(u, pc) (3.20)
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Figure 3.4 The change of elastic energy , interfacial energy and total internal energy as
function of(a)relative displacement and (b) suction.
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∆E∗
1 and ∆E∗

3 are plotted as function of suction and displacement in figure 3.5. It is
noticed that in the pendular regime, both components vary in the same direction. A growth in
the wetting-non wetting interface is accompanied by a growth in the solid -wetting interface
and vice-versa.

sign(∆E∗
1) = sign(∆E∗

3) (3.21)

The plots also show that the difference (∆E∗
cap = ∆E∗

1 −∆E∗
3 ) that is equal to the to-

tal interfacial energy is much smaller than the value of each component taken separately.
Therefore, neglecting the change of one of the interfaces in the system (keeping only the
interfaces between fluids, typically) would lead to a large error in the evaluation of internal
free energy.

3.3.3 Energy balance

The first law of thermodynamics implies that the sum of the change in all internal free
energies is equal to the total external work supplied to the system:

Wext = ∆Ei (3.22)

This requirement provides an efficient verification test for the numerical model. The
computed change of internal energy and the external work are plotted as function of dis-
placement and suction in figure 3.6. The plots show that the energy balance is verified. The
error does not exceed 1%.

The numerical error is caused by the estimation of interfacial areas and it is acceptable.
Note that both ∆E∗

1 and ∆E∗
3 are large, but cancel out partly resulting in much smaller

amplitude of ∆E∗
cap, hence a maximization of the numerical errors.

Employing the previous decompositions,

Wc +Wγ = ∆Eel +∆Ecap (3.23)

where, by definition, Wc =∆Eel =∆(knu2). Hence we have also ∆Ecap =Wγ , which expands
to ∫

Fcapdu−
∫

pcdVw = γwn∆Awn + γsw∆Asw + γsn∆Asn (3.24)

i.e. the change of interfacial energy correspond to the sum of the work done by the capillary
force in the displacement u and of the work input necessary to change the volume of the
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Figure 3.5 The energy change of each interface and the total capillary energy change as
function of (a) relative displacement and (b) suction.
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w-phase, and we have namely:

Fcap =
∂Ecap

∂u
(3.25)
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Figure 3.6 The energy balance of the system as function of (a) relative displacement and (b)
suction

3.3.4 Movement at constant suction or constant volume

The movement of the grains in the previous section was conducted at constant suction. The
same simulations can be repeated in the case of constant volume control. The particle 2
moves then while the volume of the ring is kept constant.

We represent here the path (A→B). In this case, the system is closed and the liquids do
not leave or enter the system. The term

∫ B
A pcdVw of the external work is equal to zero:

W A→B
ext =

∫ B

A
Fdu (3.26)

Figure 3.7 show that the external work and total internal energy change is the same until
it starts diverging after a certain value of displacement (as a result of figure 2.14 in chapter
2). It is also noticed that the work supply needed to move the particle at constant suction is
higher than the work needed to provoke the movement at constant volume of wetting liquid.
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Figure 3.7 Energy balance for the path A → B for suction and volume control cases.

If we compare the capillary force evolution with the inter-granular distance in chapter 2
(figure 2.14), in the case of suction and volume control, we notice that F∗

cap is lower in the
case of suction control. Then:

∫ B

A(pc=cte)
Fdu <

∫ B

A(V=cte)
Fdu (3.27)

But the term −
∫ B

A pcdVw that is positive in the case of suction control since the volume
decreases with increasing inter-particle distance, increases the value of the external work in
the case of suction control. And even if the value of the interfaces in the case of volume
control is higher, it is the difference (∆Awn −∆Asw) that matters in the calculation of the
internal energy.

3.4 Energy balance of a packing

3.4.1 Sample preparation

The energy balance is now examined for a simulated random packing of grains.
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For a given particle size distribution, the grains are randomly distributed in a cubic vol-
ume. The inter-granular friction angle is fixed. Lower it is, denser the packing is. It allows
the grains to rearrange in the sample to have a lower porosity. Once the packing is com-
pacted until the desired initial isotropic confinement is reached, the final angle of friction is
set to 30 degrees.

The compaction occurs with periodic boundary conditions. Periodic boundary condi-
tions are helpful to simulate large or infinite systems from a unit cell.

The numerical samples used to verify the energy balance are composed of 1000 spher-
ical grains with periodic boundary conditions. The granulometry is tightly graded and the
dispersion from the mean radius (0.1 mm) is 10 percent. The initial isotropic confinenemt
is 1 KPa.

Once the dry packing compacted, the capillary forces are added while no macro defor-
mations occur. The inital saturation in the sample is 0.01.

The final packings are subjected to small isotropic deformation at constant suction. We
find that during the loading the dissipated energy is negligible. It remains smaller than 0.1
% of the value of the total work applied on the sample. The number of menisci also remains
constant, there isn’t any energy loss or gain due to the breakage or formation of menisci.

3.4.2 Energy balance

Since free energy is additive, the total free energy is simply the sum over all grain pairs of
the free energies defined previously:

∆Ei = ∆Eel +∆Ecap. (3.28)

∆Eel and ∆Ecap now denote the changes of the total elastic free energy and of the total
interfacial energy respectively:

∆Eel = ∑
s∈S

∆Es
el (3.29)

∆Ecap = ∑
s∈S

∆Es
cap (3.30)

with S the set of interacting pairs.
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The external work in the infinitesimal strain approximation is

dWext =V σ : dε − pcdVw (3.31)

Here σ is the total Cauchy stress and dε is an increment of the macroscopic strain corre-
sponding to the deformation of the periodic space. Vw is the volume of water in the sample,
and V the volume of the sample. In the numerical model dε is imposed by deforming the
periodic cell. σ is evaluated using the expression of total stress of [75], i.e.

σ =
1
V ∑

s∈S

(Fs
c +Fs

cap)⊗ ls (3.32)

ls is the branch vector joining reference points attached to the interacting particles.

In this sum Fc is null for the pairs where a pendular ring is bridging grains without
contact, and V is the total volume of the packing.

As in [75], we may note σcont and σcap the stresses obtained by summing separately the
contact forces and the capillary forces in equation 3.32.

σcont =
1
V ∑

s∈S

Fs
c ⊗ ls (3.33)

σcap =
1
V ∑

s∈S

Fs
cap ⊗ ls (3.34)

For the packing, the external work can be divided into 2 components (for the following):

dWel =V σcontdε (3.35)

dWcap =V σcapdε − pcdVw (3.36)

For the following, Wel , Wcap and the energy components are normalized by γ/R2
m, where

Rm is the mean radius of the grains in the packing.

The first law of thermodynamics is tested for the sample subjected to small isotropic
elastic volumetric deformation of 3e−4 .

Wext = ∆Ei (3.37)

Figure 3.8 shows that the energy balance is also verified for the packing of grains sub-
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Figure 3.8 Energy balance verification for a packing

jected to deformation. The error margin is about 1%. Again, this numerical error can be
explained by the fact that the change of interfacial energy is the difference of two changes
which take comparable values but have same signs (see section 3.3.3).

3.5 Energy balance: Energy loss/gain and plasticity

The energetic validation of the model in the previous sections has been done only in the
elastic regime and when the number of menisci is constant during the loading. But when a
granular medium is deformed, or when drainage and imbibition occur energy loss/gain in
unsaturated soils will result from the breakage or the formation of menisci. When plastic
deformation takes place, there is also plastic dissipation to take into account.

3.5.1 Two grains system: breakage or formation of a meniscus

When a meniscus is formed because two grains come in contact or broken when the dis-
tance separating them surpasses the rupture distance of the meniscus, there is volume and
interfaces added to or lost from the system. This provokes a jump in the value of the internal
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energy and the external work. We remind that the external work is:

W A→B
ext =

∫ B

A
Fdu−

∫ B

A
pcdVw (3.38)

The jump in the external work is caused by the sudden change in the value of volume of
water and the loss of the capillary force between the particles.

The internal energy is:
∆Ei = ∆Eel +∆Ecap (3.39)

The jump in the internal energy terms is caused by the sudden change in the value of the
wetting - non wetting and wetting-solid interfaces.

The jump in both cases is not the same which means that the formation of the bridge
requires external energy supply and the breakage of a menisci is accompanied by energy
loss.

To calculate this energy loss when the meniscus is broken, we use the same configuration
as in the system of morrow, and we subject particle 2 to a constant velocity until the distance
is high enough to break the meniscus. The energy balance is plotted in figure 3.9, and is
verified until the meniscus is broken.

The energy balance is then written as:

∫ B

A
Fdu−

∫ B

A
pcdVw = ∆Eel +∆Ecap +∆e (3.40)

∆e is the energy loss or supply. The value of this energy (gained or lost) is equal to the
difference between both the jumps of the external work and the internal energy.

∆e = pcdVw −∆Ecap (3.41)

3.5.2 Energy balance for a packing

The energy balance for a packing is also verified when energy loss and gain occur. To
accomplish this purpose, triaxial shear test is performed on a packing of grains.

The energy balance writes as following:

Wext = ∆Eel +∆Ecap +∆Ep +∆e+Ep +Ekin (3.42)
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Figure 3.9 The energy balance showing the energy loss when the meniscus is broken
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Ep is the plastic dissipation energy, Ekin the kinetic energy and ∆e is the energy change
due to breakage or formation of menisci:

∆e = Σs∈S(pcdVw,s −∆Ecap,s) (3.43)

where S is the group of menisci that are lost or added to the sample.
The loading is quasi-static, the kinetic energy then is negligible.
Figure 3.10 shows the deviatoric stress as function of the axial deformation. All the

internal energy terms are also plotted during the loading. The energy balance is verified.

3.6 Conclusion

The external work and the internal energy of a system of two grains connected by a liquid
bridge are calculated. The energy balance of the system with no energy dissipation in the
case of suction and volume control is verified for a system inspired by the work of [54]
extended to moving particles, by applying a random external work path.

The importance of the interfaces in the energy balance of unsaturated soil is also high-
lighted. It has been shown that all the interfaces present in the unsaturated medium con-
tribute in the calculation of the interfacial energy, and neglecting one of them will lead to an
important error in the energy balance of the system.

Finally the energy balance for a packing of grains is also verified in elastic and plastic
regime.
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Figure 3.10





Chapter 4

Effective stress in three phase granular
materials

4.1 Introduction

The deformation and strength of granular matters occupied by two fluid phases is depen-
dent on the interactions between phases at the micro scale, yet the conventional methods
in engineering need constitutive models at the macro-continuum scale. Hence the need for
homogenized variables to describe, namely, the state of stress of granular media with mul-
tiphase pore fluids.

Constitutive relations at the continuum scale generally employ the so-called effective

stress, a stress variable that is supposed to govern the deformation of the solid skeleton.

The concept of effective stress has been introduced by Terzaghi for water saturated soils
[86]. For an incompressible pore fluid, the effective stress σ ′ is defined as:

σ
′ = σ − pwI (4.1)

where σ is the total (Cauchy’s) stress tensor and pw is the pressure of the pore fluid.

This relation is extended to unsaturated conditions [8] as:

σ
′ = (σ − pnI)+χ(pn − pw)I (4.2)

χ is the so-called Bishop parameter that is considered to be function of the saturation
and varies from 0 to 1 to cover the whole range of saturation from dry to fully saturated. χ

often taken equal to the degree of saturation [8, 76].
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This generalization to two-phase fluids has been a controversial topic for decades. Var-
ious alternative definitions of σ ′ have been introduced heuristically, and attempts to justify
them empirically can be found.

Alternatively, derivations have been proposed based on thermodynamic principles. An
interest of such studies is that they introduce explicit assumptions on the different compo-
nents of the unsaturated medium. Namely, the importance of interfaces has been highlighted
in different works [19, 30, 33, 57, 58, 58] which considered free energy terms associated to
the interfaces (referred to as interfacial energy in the following).

Independently, numerical simulations based on the discrete element method (DEM) have
been conducted to study granular media. The models are usually restricted to low water
contents at which the wetting phase is only present in the form of pendular bridges between
grain pairs [28, 37, 71, 74]. Therein, the modeling is based on expressions of forces exerted
by the pendular bridges on the particles. The static analysis of such systems is now relatively
common, but no attempt have been made to interpret the results with energetical points of
view, that is the aim of this chapter.

In this chapter, the changes of free energy components are tracked in deforming granular
systems simulated with the discrete element method. Simulations of regular and random
packings are presented to check the Love-Weber expression of average stress in granular
materials.

The changes of internal energy components are also evaluated with the change of satu-
ration and the energy separation assumptions are checked.

4.2 Effective stress in the pendular regime in granular ma-
terials subjected to small deformation

The effective stress is defined as the derivative of the elastic energy with respect to the
deformation of the skeleton:

σ
′ =

1
V

dEel

dε
(4.3)

This definition of the effective stress as function of the elastic energy has been used
widely by many authors such as [19, 30, 33, 57, 58] that based their work on this definition
to suggest Bishop’s type effective stress which incorporate the effects of the interfaces sepa-
rating the phases that are present in unsaturated materials. The advantage of these proposed
stress framework is including the interfaces energy based on the knowledge of the water
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retention curve. As a consequence, the hydraulic hysteresis is put in evidence naturally in
the effective stress.

4.2.1 Contact stress

One of the definitions of the effective stress in the granular system is the one based on the
micro-scale quantities. Initially introduced for dry materials, the contact stress [16, 42, 48,
91] in a volume V reads

σcont =
1
V ∑

k
Fc,k ⊗ lk (4.4)

where k loops over all contacts, with lk the branch vector joining reference points attached
to the interacting particles.

For three-dimensional unsaturated sphere packings in triaxial compression, [75] found
that the contact stress at peak was following a unique Coulomb’s friction criterion be it
for the dry case or in unsaturated/saturated conditions. It was then suggested as a possible
micromechanical expression of the effective stress with respect to shear strength.

Since then, the above decomposition has been used by many authors in relation with
analytical averaging or to study the anisotropic features of σcap ( see e.g. [31, 90]). Worth
noting, the initial context of peak shear strength has been often forgotten by subsequent
authors who assumed (explicitely or not) that the contact stress (eq. 4.4) was the relevant
stress for every aspects of the mechanical response (even though its range of applicability
have been questioned [15]). It would imply namely, in the elastic regime,

σcont =
1
V

∂Eel

∂ε
(4.5)

.

This has been proved to be true for dry materials by [14].

In the following sections the above relationship is compared with numerical results, for
a regular cubic array of spheres first, then for a random packing in unsaturated conditions
in the elastic regime. The samples are subjected to small deformations,so that the response
of the sample remains elastic. The solid skeleton deformation is then completely reversible.
The number and the distribution of the menisci in the sample remain also invariant with
respect to the deformation, which means that there is no energy dissipation due to breakage
or formation of liquid bridges.
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4.2.2 Regular packings

We consider a regular cubic packing of grains in unsaturated condition connected by water
bridges, of N×N×N particles of radius R with periodic boundary conditions. The packing
is subjected to a macroscopic deformation defined by the strain tensor ε = εI.

ε11

ε22

(a) (b)

Figure 4.1 (a)-Illustration of regular cubic packing and (b)- random packing with periodic
boundary conditions

The contact stress tensor is calculated as following:

σcont =
1
V ∑

s∈S

Fs
n ⊗ ls (4.6)

S is the set of interacting pairs of grains.

In the case of regular packing in periodic boundary conditions the number of contacts in
each direction of loading is N3 and ls = 2R

σcont =
1
V

2N3FnRI (4.7)

Fc is the contact force (equal at each contact in the regular isotropic case).

σcont =
1
V

2N3(2knRε)R =
1
V

4N3knR2
ε (4.8)
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On the other hand the total elastic energy in the packing is:

Eel = 0.5N3knu2 =
1
V

0.5N3kn(2Rε)2 (4.9)

Eel = 2N3knR2
ε

2 (4.10)

1
V

dEel

dε
=

1
V

4N3knR2
ε (4.11)

It is hence shown that for regular packing, the contact stress is equal to σ ′ = 1
V

dEel
dε

,
which is equal to the effective stress.

Love-Weber formula is then able to describe the behavior of regular packing in unsatu-
rated conditions.

σcont =
1
V

dEel

dε
= σ

′ (4.12)

4.2.3 Random packings

The same samples generated in the chapter 3 to verify the energy balance of a packing of
grains are used in the following: one dense with an initial porosity of 0.37 and one loose
sample with an initial porosity of 0.49.

The samples are subjected to small increments of isotropic deformation. The external
work and the internal energy and their components are plotted as function of volumetric
strain in figure 4.2. The plots show that the value of Wel is higher than the change of elastic
energy ∆Eel:

Wel =V σcont : dε > ∆Eel, (4.13)

i.e. the contact stress overestimates the magnitude of the effective stress. In the case of a
dense packing of a porosity of 0.37, the difference is around 15 percent. When the porosity
is higher (n = 0.49), the difference between effective stress and contact stress gets higher
and the difference is larger than 66 percent.

The variation of the derivatives of internal energies with the saturation are plotted for
dense and loose packings in figure 4.3.

The variation of the difference between effective and contact stress with the saturation is
also plotted in figure 4.4. For dense packings, the difference is between 14 and 19 percent.
It decreases until 2 percent of saturation and then reaches a constant value for higher satura-
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Figure 4.2 The components of external work and internal energy for wet packing in the case
of isotropic compression for (a)-dense packing and (b)-loose packing

tion. For loose packing, the difference continues to decrease with increasing saturation and
the curve tends to be linear on average. However the difference is always significant (larger
than 40 percent) in the pendular regime.

The same simulation is repeated in undrained local condition where each meniscus keeps
its volume constant until rupture.

Both cases (drained: deformation at constant suction and local undrained) can illustrate
different loading rates in a packing of grains related to both different mechanisms that leads
to the redistribution of water in the medium. At low rates, the suction will have the time
to reequilibrate and will be uniform in the medium, which corresponds to deformation at
constant suction. For grains of 1 mm diameter, the time needed is about 5 minutes which
corresponds to loading rates smaller than 10−2s−1 [44].

If the loading is sufficiently fast, we have local undrained conditions where the water
will not have the time to transfer from a bridge to another, and all the bridges will keep their
volume constant until rupture. The same situation can occur in the absence of films, when
the bridges are truly disconnected.

However, it is noticed that in the case of local undrained conditions, the results do not
change much. The difference in elastic energy between the local undrained and the drained
case is less than 1 percent. This can be explained by the fact that 85 to 90 percent of the dis-
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Figure 4.3 The variation with the degree of saturation of the derivative of internal energies
for a dense and loose packing



68 Effective stress in three phase granular materials

0.00 0.01 0.02 0.03 0.04 0.05 0.06
Sr

−0.185

−0.180

−0.175

−0.170

−0.165

−0.160

−0.155

−0.150

−0.145

−0.140

∆
σ
/σ

′

(a)

0.00 0.01 0.02 0.03 0.04 0.05 0.06
Sr

−0.75

−0.70

−0.65

−0.60

−0.55

−0.50

−0.45

−0.40

∆
σ
/σ

′

(b)

Figure 4.4 The variation of the difference between effective and contact stress with the
degree of saturation in pendular regime for (a)dense packing and (b)loose packing

tances separating the grains in the packing stay in the range where the forces and interfacial
energies are the same for grains moving at constant suction or constant volume.

The difference between the contact stress and effective stress can be explained by the
force distribution inside the sample in the presence of water. Probability density functions
(PDF) of normal and shear forces normalized by the average normal force in the dry case are
plotted in figure 4.6 for both dry and wet dense samples (n= 0.37). The plots of PDF for dry
packing are in agreement with the results of [69]. The shape of the curve is characterized
by an exponential falloff for large forces:

PDF = e−β fn/< fn> (4.14)

Log(PDF) is then a linear function of ( fn/ < fn >) for large forces as shown in figure
4.5.

Log(PDF) =−β fn/ < fn > (4.15)

β is equal to 0.75 in the dry sample and equal to 0.91 in the case of the wet sample.
If σcont =σ ′, σcont should remain independent of the capillary forces added to the sample

as long as no deformation occurs at the macro scale; but the PDF functions show that the
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Figure 4.5 The logarithmic distribution of the PDF of the normal forces for (a)-dry and (b)-
wet dense samples.

presence of water bridges changes the distribution and the values of the forces which leads
to a different value in the contact stress.

The normal forces are subjected to changes. We also observe a considerable increase in
the value of the shear forces in the wet sample.

The change in the forces is accompanied by a change of the micro structure and thus
in the displacements of the grains u while the total deformation is equal to 0. If we fix the
macro deformation and we add the meniscii, local deformation occurs and the grains are
rearranged which leads to a change of the contact stress (shear forces and normal forces)
and of the elastic free energy. u is then not only function of deformation but also function
of the suction pc.

In dry conditions, the displacement uk of a grain labeled k is only function of the total
macro deformation, and the contact stress is equal to the derivative of elastic energy with
respect to the macro deformation [14].

uk = fk(ε) for allk, (4.16)

hence
Eel = Eel(ε) (4.17)
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and
σcont =

1
V

dEel

dε
(4.18)

In unsaturated conditions, we show that the elastic energy is not only function of the
deformation but also function of the distribution of phases and interfaces.

The results shown previously for the pendular regime and the PDF show that even if the
macro deformation is equal to zero the capillary forces change the distribution of forces.
The contact stress in the sample after the addition of menisci is not equal to the contact
stress in the dry sample. As a consequence the contact stress does not reflect accurately the
effective stress that control the deformation at macro scale.
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Figure 4.6 The probability density functions of (a) normal forces and (b) shear forces in dry
and wet dense samples .

4.3 Conclusion

This chapter has discussed the concept of effective stress in unsaturated soil in elastic condi-
tions. It has been shown that the Love-Weber stress,though frequently supposed to play the
role of effective stress in multiphase systems, is found to be valid only for regular packings.
In random packings, it does not compare consistently with the changes of elastic free en-
ergy. This result is useful to reorient researchers that are trying to find a formulation of the
effective stress using Love-Weber contact stress. The effective stress depends very much
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of the amount of interfaces present in the medium and the distribution of all phases and
interfaces in the sample.





Chapter 5

Roughness and particle size distribution
effects on the shear strength properties
of unsaturated granular material in the
pendular regime

5.1 Introduction

Although defined by many as the micromechanical effective stress in unsaturated soils, it
has been shown in the previous chapters that the averaged Love-Weber stress is not suitable
to describe the deformation and behavior of unsaturated granular materials in the elastic
regime. It is shown to be not equal to the effective stress defined through the change of the
energy of deformation (σ ′ = dEel/dε).

There are cases, however, where this assumption is valid. If we review the results of
[74], this averaged contact stress seems to be a good approximation and describes well the
behavior of unsaturated soils at the peak for shear strength.

It has been shown in [74] that when the rupture states for various saturation and for the
dry granular sample are plotted in the (pcont ,qcont) plane, we obtain a unique Mohr-Coulomb
envelop (figure 5.1). Hence the contact stress can be defined as a possible micromechanical
effective stress formula with respect to shear strength.

This result is only valid at the peak for the shear strength and the results of [74] were
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Figure 5.1 Unique rupture envelop obtained by the intergranular contact stress for various
saturations from [74]

tested for smooth grains and in the case of tightly graded particle size distributions.

In this chapter, the validity of this assumption is the case of rough grains and different
particle size distributions is discussed, and the influence of these parameters on the shear
strength and the capillary stress is evaluated.

5.2 The roughness of the grains

To test the effect of the roughness of the grains, triaxial shear tests are performed on a
sample of 10000 spherical grains of tightly graded particle size distribution (the dispersion
from the mean radius is 1 %). The tests are repeated for various saturations and several
values of initial isotropic confinement pressure in order to plot the Mohr-Coulomb envelop
for different values of roughness (κ = 0,−1 and 2 %).

The results show that the Mohr-Coulomb criterion is verified, with a friction angle
around 28 degrees (figure 5.2).

When plotted in the (p,q), the effect of the roughness is visible (figure 5.2). The presence
of grains with positive roughness decreases the shear strength of unsaturated materials in
pendular regime and negative roughness values lead to an increase in the shear strength
value of these materials.
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This result is consistent with the observations of the evolution of the capillary force with
the roughness in chapter 2(figure 5.3). For the same suction value, for grains in contact, the
force in the case of negative roughness is higher than the force for two smooth grains that
is higher than the force in the case of positive roughness. This difference increases with the
increase of suction.
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Figure 5.2 Mohr-Coulomb envelops for different roughness values (κ = 0,−1,2 %) for
Sr = 0.01

Mohr-Coulomb envelops are plotted in figure 5.4 for different saturation values to eval-
uate the evolution of the cohesion with the saturation for κ = 0,−1 and 2 % (figure 5.5).

The plot of the cohesion (figure 5.5) for smooth grains is consistent with the results
of [71]. The cohesion increases with the saturation and then reaches a constant maximum
value for a saturation of 3%.

The plot of the cohesion follows the same trend for a positive roughness but the value of
the cohesion is lower and the change with the saturation is more important than in the case
of smooth grains. The results in the case of negative roughness are completely different.
The cohesion decreases with the increase of the saturation and reaches a minimum value
afterwards for a saturation around 4%. The minimum value remains higher than the maxi-
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Figure 5.3 The evolution of the force with the suction for various roughness values (κ =
0,−1,2 %) in the case 2 grains in contact.

mum value for smooth grains.

Several works like [71] proposed analytic formula of the cohesion in partially saturated
media in the pendular regime. This allows to track the evolution of the shear strength in
unsaturated granular materials for various degrees of saturation.

Another and a simpler way to track the evolution of shear strength in unsaturated granu-
lar materials is to determine the evolution of qcap = (σcap,1−σcap,3)/2 and pcap = (σcap,1+

σcap,2 +σcap,3)/3 with the saturation. Knowing both values the cohesion can be deduced.

qcap is plotted as function of pcap for various roughness values in figure 5.6. The results
show that qcap is a linear function of pcap.

We notice that the evolution of pcap with the saturation in the case of smooth grains is
small since the capillary forces remain almost constant for grains in contact with the change
of the suction and 85 % of the menisci in the assembly are formed between grains in contact.
The evolution of pcap and qcap with the saturation is much more important for rough grains.

In order to test the validity of the results obtained by [74] for rough grains, stating that
the Love-Weber stress can be considered as a micromechanical definition of the effective
stress, the Mohr-Coulomb envelop for the tests performed above on wet samples for differ-
ent roughness values are plotted in the (qcont , pcont) plane together with a test performed in
dry conditions in figure 5.7.
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Figure 5.4 Mohr-Coulomb envelops for different roughness values for various degrees of
saturation

These results show that a unique Mohr-Coulomb is obtained for κ=0,-1 and 2 %, which
validate the validity of the averaged intergranular contact stress to describe the behavior of
an assembly of rough grains at the peak for shear strength.
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Figure 5.5 The evolution of the cohesion with the saturation for various roughness values
(κ = 0,−1,2 %)

5.3 The particle size distribution of the grains

This section investigates the influence of the particle size distribution on the capillary stress
and the shear strength in unsaturated conditions.

The particle size distribution of the numerical samples is taken into account by mixing
two populations of grains of different radii (R1 and R2 with R2 > R1) in different cumulative
frequency pp. The granulometric curve is presented in figure 5.8.

Triaxial shear tests are performed on wet samples for various proportions (pp)and r =

(R1/R2) values. We select the values 0,0.3,0.5,0.7 and 1 for pp and r.



5.3 The particle size distribution of the grains 79

increasing Sr

increasing Sr

increasing Sr

Figure 5.6 qcap plotted as function of pcap for different roughness values (κ = 0,−1,2 %).
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Figure 5.7 Unique rupture envelop obtained by the intergranular contact stress for various
roughness values (κ = 0,−1,2 %).
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Figure 5.8 The granulometric curve as taken into account in the DEM simulations.
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Figure 5.9 Mohr-Coulomb envelops for different saturation and different pp values (r=0.5).
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Figure 5.10 Mohr-Coulomb envelops for different saturation and different r values (pp =
0.5).
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The capillary effects on the shear strength of the materials for various pp and r values are
studied for various degrees of saturation. These results are presented in terms of cohesion.
The Mohr-Coulomb rupture envelops are plotted for different values of saturation and the
value of the cohesion is determined. The Mohr-Coulomb envelops for the simulated tests
are presented in figures 5.9 and 5.10.

Figure 5.11 shows the evolution of the cohesion for different pp values when r=0.5. The
values of the cohesion for various pp values vary always between two extreme values: the
cohesion values for pp=0 corresponding to uniform particle size distribution (PSD) of radii
R2 and pp=1 corresponding to uniform PSD of radii R1. The cohesion is inversely propor-
tional to the radius of the grains. The value of the cohesion for pp=0 is then directly propor-
tional to the value of cohesion for pp=1: c(pp=0) ∝

R2
R1

c(pp=1). When the normalized cohesion
c∗ = cRm/γwn is plotted in figure 5.13, Rm being the mean radius :Rm = (R1 +R2)/2, the
result show that for the uniform assemblies, the normalized cohesion is the same.

When pp increases, the number of small particles of radii R1 increases and the value of
the cohesion increases to approach the cohesion of the uniform packing of small particles
for pp=1.

When pp = 0.7 ( the sample contains 70% of particles of small radii R1), the cohesion
still follows the same trend of the cohesion for uniform particle size distribution, the value
of the cohesion increases with the saturation and stabilizes for Sr = 0.03.

When the percentage of big grains increases to pp=0.5, the evolution of the cohesion
does not stabilizes for higher saturation values but continues to increase.

This increase can be explained by the fact that, when we have two populations of grains
of different radii, new menisci keep forming between the grains with the increase of the
saturation, mainly between grains of different radii, while in the case of uniform PSD, the
number of menisci almost stabilizes after 3%.

When pp decreases again to 0.3, the proportion of small grains is 30 %. The value of the
cohesion follows the same trend of the cohesion as for pp = 0.5, but tends to stabilize faster
for high degrees of saturation since it approaches more the cohesion of the uniform packing
with big grains.

The evolution of the cohesion is also studied for various grain size ratio (figure 5.12).
pp is fixed to 0.5.

The values of the cohesion in this case vary also between two extreme values: the co-
hesion values for the uniform PSD of radii R2 and the uniform PSD of radii 0.3R2. When
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Figure 5.11 The cohesion as function of the degree of saturation for various pp values
(r=0.5).
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Figure 5.12 The cohesion as function of the degree of saturation for various r values
(pp=0.5).

r = 0.7 the particle size distribution is tightly graded and the cohesion still follows the same
trend of the cohesion in the case of uniform particle. Once the gap between the grain sizes
gets bigger, the trends vary and the cohesion keeps increasing for higher degrees of satura-
tion.

Plotted as function of pcap, (qcap) is linear function of pcap as well for various particle
size distributions (figure 5.14).

5.3.1 Influence of the particle size distribution on the friction angle.

The particle size distribution has also an impact on friction angle of the sample . Mohr-
Coulomb envelops for various pp values and r values are compared and are plotted in figures
5.16 and 5.17.
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(a) (b)

Figure 5.13 The normalized cohesion as function of the degree of saturation for various (a)
r (pp=0.5) and (b) p values (r=0.5).

We observe that when the value of pp decreases, the friction increases. From the other
hand, higher this ratio r = R1/R2 is, lower is the friction angle. We also observe that the
ratio r has a bigger influence on the friction angle.

5.3.2 Contact Stress vs Effective Stress

We verify again in this section if the averaged contact stress calculated through Love-Weber
equation is valid to describe the behavior of partially saturated granular material at the pic
for shear strength.

Mohr-Coulomb are plotted in the (pcont ,qcont) plane. Figure 5.18 shows that we still
obtain a unique envelop for dry and wet materials in the case of pp = 0.5 for r= 0.3,0.5 and
0.7. When the value of r is fixed to 0.5 and the cumulative frequency of grains is changed,
a unique envelop is obtained when pp is equal to 0.5 and 0.7. When pp=0.3, this condition
is not verified anymore(figure 5.19). When the radius of small grains decreases to r = 0.3
(pp = 0.3), this condition is not verified as well (figure 5.20).

A unique Mohr-Coulomb criterion is not obtained when the rupture envelops are plotted
in (pcont ,qcont) plane, then, the Love-Weber stress is not valid in this case to describe the
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Figure 5.14 The deviatoric capillary stress qcap plotted as function of the mean capillary
stress pcap for different particle size distributions.
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(a) r = 1 (b) pp = 0.5,r = 0.5

(c) pp = 0.7,r = 0.5 (d) pp = 0.3,r = 0.5

(e) r = 0.7, pp = 0.5 (f) r = 0.3, pp = 0.5

Figure 5.15 The deviatoric capillary stress qcap plotted as function of the mean capillary
stress pcap for different particle size distributions.
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Figure 5.16 Mohr-Coulomb envelops of dry materials for pp = 0.3,0.5 and 0.7 (r = 0.5)



90
Roughness and particle size distribution effects on the shear strength properties of

unsaturated granular material in the pendular regime

0 5 10 15 20 25 30

p(K Pa)

0

5

10

15

20

25

q(
K
P
a)

r = 0.7

r = 0.5

r = 0.3

pcont (KPa)

q
co
n
t
(K
Pa
)

r=1

Figure 5.17 Mohr-Coulomb envelops of dry materials for r = 0.3,0.5 and 0.7 (pp = 0.5)
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behavior of soil at rupture for shear strength.

In fact, in this case, the percentage of small grains is small and the ratio r is not big
as well; the mechanical behavior is dictated by the big grains since the small grains oc-
cupy mainly the pores between the big grains, while menisci form between all the grains
(small/small, small/big and big/big). During shearing, the menisci break mostly between the
big grains, while the number of menisci formed between the small grains and between the
grains that are small and big remain almost constant. The cohesion is then quite small com-
pared to the value of the mean capillary stress, which makes the Mohr-Coulomb envelops
of wet sample plotted in (pcont ,qcont) different from the one of dry sample.

5.4 Conclusion

The capillary stress is found in this chapter to reflect the contribution of the capillary forces
to the shear strength rather accurately in many cases, which suggest a generalization of the
property found by [74]. On the other hand, we found some cases in which the (qcont , pcont)
pairs deviate significantly from the reference (cohesionless) line. The mismatch is suffi-
ciently large to discard the numerical errors as unique explanation.

This chapter showed that the failure of contact stress to define accurately the effective
stress is not limited to the elastic behavior. With particular settings, it also fails to reflect the
evolution of the shear strength. Clearly, the invariance of the constitutive relations based on
the contact stress cannot be taken for granted a priori for any type of material. Unfortunately,
it eliminates the opportunity to predict the mechanical response of a generic material simply
by examining the distribution of pendular bridges and the associated capillary stress.

It has been also found in this chapter that the relationship between (qcap, pcap) is a linear
relationship, which can help establishing an analytic expression of qcap and pcap in order to
determine the shear strength and the cohesion in partially saturated conditions.
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Figure 5.18 Mohr-Coulomb envelop plotted in (pcont ,qcont) for a sample with r =
0.3,0.5,0.7 and pp = 0.5
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Figure 5.19 Mohr-Coulomb envelop plotted in (pcont ,qcont) for a sample with r = 0.5 and
pp = 0.3,0.5,0.7
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Figure 5.20 Mohr-Coulomb envelop plotted in (pcont ,qcont) for a sample with r = 0.3 and
pp = 0.3



Chapter 6

Pore-scale simulation of drainage in
granular materials: Passage from
saturated to funicular to pendular
regimes

6.1 Introduction

This work is in Collaboration with Chao Yuan. In this chapter the DEM-PFV model for the
funicular regime introduced by Chao Yuan is combined with the pendular model, to simu-
late a complete quasi-static drainage process in granular materials.

When a fully saturated granular space is drained, it doesn’t necessarily become fully dry
when the drainage is over. Water can be kept trapped in the body pores and meniscii are left
between the grains as well. The DEM-PFV model introduced by [94], is able to simulate a
drainage process based on the Mayer and Stowe-Princen theory of drainage [46]. The left
over menisci are added by the pendular model introduced by the author.

The influence of the additional menisci on the hydraulic and mechanical behavior of
unsaturated soils is investigated and presented in this chapter.

The influence of the menisci presence on the water retention curves is presented in the
first part and the comparison with the pendular model alone in terms of number and distri-
bution of menisci is done and some assumption made at the pendular model are questioned.
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(a) 3D (b) 2D

Figure 6.1 Definition of the pore network generated by regular triangulation in 3D and 2D

The coupled DEM-PFV model is also used to predict the solid deformation in dense and
loose porous medium. The drainage occurs under oedometric conditions. The deformation
is then allowed in one direction. The relationship strain-saturation-capillary pressure is
presented, and compared in both funicular and funicular+pendular cases in the rest of the
chapter.

The effective stress parameter is also derived from microscopic and macroscopic views,
and the influence of the addition of the menisci to the sample on that is presented.

6.2 DEM-PFV model

This section is a summary of the DEM-PFV model developed by Chao Yuan.
Considering a packing of polydisperse random packing generated by YADE, the pore

space in the DEM-PFV model is decomposed in three dimensional space using regular tri-
angulation implemented in YADE using CGAL libraries. Regular triangulation generalizes
the Delaunay triangulation to weighted points where the weights account for the radii of the
particles. Each pore space is then an irregular cavity within tetrahedron shape. The facets
of the tetrahedron represent the pore throat and do not enclose any volume (interfaces).

The model follows the same hydraulic assumptions used in the pendular model imple-
mented by the author in YADE. It assumes perfect wetting conditions. The gravity and the
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viscous effects are also neglected. This implies also that the fluid pressure is uniform in the
connected domains.

6.2.1 Drainage

The drainage is controlled by the capillary pressure (pc = pn − pw). The drainage occur by
increasing pc: the fluid pressure pw decreases and the non-wetting phase pressure pn is kept
constant.

The invasion of the pore by the non-wetting phase occurs when the imposed value of
capillary pressure is higher than the capillary pressure associated to the pore throat pe

c.

pc > pe
c (6.1)

When the invasion starts, the saturation of the pore is binary: either fully dry or fully
saturated.

The first pore throat subjected to invasion is the throat with the lowest pe
c.

The capillary pressure at pore throat is determined using Young-Laplace equation:

pe
c =

γwn

rc
(6.2)

with rc the curvature of the wetting-non wetting interface. rc is determined using Mayer-
Stowe-Princen method in which the balance of forces on the wetting-non wetting interface
is written in the unstable state:

Fp +Fγ = 0 (6.3)

Fp and Fγ are the contributions of pressure and surface tension respectively in the total
force applied on the wetting-non wetting interface:

Fp = pe
c ∗Awn (6.4)

Awn is the area of the wetting-non wetting interface.

Fγ = Lsnγsn +Lwnγwn +Lswγsw (6.5)

Lwn, Lsw and Lsn are respectively the length of the wetting-non wetting, solid-wetting
and solid-non wetting contact lines.
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The equilibrium at the contact line gives also a relationship between the three surface
tensions. In perfect wetting conditions this relationship is:

γwn = γsn − γsw (6.6)

The contribution of surface tension in the total force is then expressed as:

Fγ = (Lsn +Lwn)γwn (6.7)

The geometric properties and pe
c can be expressed as function of rc.

Fp(rc)+Fγ(rc) = 0 (6.8)

Solving this equation determines the value of rc. Once rc is determined, pe
c can be de-

termined using the equation of Young-Laplace.

The invasion of the non wetting phase can occur successively in more than a connected
pore for a single value of pc depending on the value of pe

c at the next throats. The value of
the imposed pc is increased only when equilibrium takes place in the sample, and no more
invasions are possible.

During the drainage process, there is a possibility that the wetting phase form some
disconnected clusters. The liquid trapped in these cluster is kept there. These clusters keep
their pc ultimately.

6.2.2 Forces on the particles

The total force Fk on the particle k by the wetting and non wetting phases includes the effects
of the fluid pressures (Fp,k) and the effect of the surface tension(Fγ,k).

Fk = Fp,k +Fγ,k (6.9)

Each sphere can be either fully dry, fully wet or partially dry. The force acting on the
particle due to the fluid pressures can be then written as follows:

Fp,k =
∫

Swet

pw⃗nds+
∫

Sdry

pn⃗nds (6.10)

Computing the integral on the spherical triangles Swet and Sdry can be computationally
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Figure 6.2 2D cut from the sample during the drainage process (Sr = 0.23).

expensive. The pressure is then projected on the planar parts of Swet and Sdry corresponding
to triangles OkO1kO2k and OkO2kO3k respectively in figure 6.3.

The surface tension contribution in the total force applied on the particle k is taken into
account only when the particle contacts both wetting and non wetting phases ( or in other
terms is partially wet). The wetting-non wetting interface intersects 3 spheres. The total
contribution of the surface tension Fγ,t is calculated from the balance force of the wetting-
non wetting interface in equilibrium.

Fp +Fγ,t = 0 (6.11)

Fp can be easily estimated by projection on the facet S separating the wet and the dry pore.

Fp = A∗
wn ∗ pc =−Fγ,t (6.12)

A∗
wn is only the fluid part of the projection of the wetting-non wetting interface on the facet

S.

Fγ,t is divided into 3 parts proportional to the length of the contact line with each of the
spheres lk.

Fγ,k = Fγ,t
lk

Σ3
1lk

(6.13)
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Figure 6.3 Two phase fluid pressure and the interfacial tension on the solid phase.
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6.2.3 Stresses

The total stress in the DEM-PFV model is computed on the boundaries. It is equal to the
sum of the averaged contact stress σcont and of fluid pressure on the boundary. Knowing the
total stress at the boundaries and the contact stress calculated in the DEM code, σ f un can be
deduced.

σ f un = (σ − pn)−σcont (6.14)

6.3 Pendular + Funicular model

During the drainage process, when the wetting phase leaves the pores, some water is left as
form of clusters and menisci that form between particles that are distant or in contact.

The wetting phase does not leave the granular sample regularly but follows the geometry
of the pore network. Besides, some water might be left trapped in some clusters during the
invasion of the non wetting phase. Then, for each pair of grains (shared by several pores) in
the sample, there is the possibility that it is fully wet, fully dry or partially wet.

The menisci form along the tetrahedron facet connecting the centers of the grain pairs.
For the meniscus to form between two grains, the tetrahedron facet must be totally dry (fig-
ure 6.4).

For each value of imposed pc, the sphere pairs connected by a dry tetrahedron facet in
the triangulation are identified, and returned into a list employed by the pendular model
to allow the formation of potential liquid bridges between these particles. If the distance
between the grains is higher then the rupture distance, no meniscus will be formed (the in-
teraction distance is set to twice the radii of the grains in these simulations to make sure that
all possible menisci will form).

During the drainage process, two assumptions are possible:

• Connected phases (C): The menisci are all at equilibrium at the imposed pressure at
the time: i.e. The menisci form at pc1 in the first step. When the pressure increases,
the pre-existent menisci re-equilibrate at the new pressure value pc2(the change of
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pw

pn

Figure 6.4 Menisci formed only along dry facets.

volume of menisci is possible in this case) and new ones are formed at the same suc-
tion(figure 6.5).

In this case, the grains are covered by a fluid film, and the drainage is sufficiently
slow, the suction has the time to equilibrate in the sample, and the trapped liquid will
find its path to drain out of the sample. No trapped clusters will form then and the
suction is then at every step uniform all over the sample.

• Disconnected phases (DC): If the imposed suction is pc1 in the first step, menisci will
form along the dry facets at the suction pc1. These meniscii are disconnected and
keep their volume constant for the rest of the drainage. In the next step, the pressure
increases to pc2. Only the new menisci form at the new pressure pc2 and so on (figure
6.5).

This case corresponds to a drainage that is not enough slow to allow the suction to
re-equilibrate in the sample. The wetting phase form clusters and menisci that keep
their suction ultimately during the drainage process. The suction is then not uniform(
wetting phase is trapped.).

The volume of the bridges and the forces applied on the particles are all calculated using
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Meniscii formed at pc1

Saturated Soil

(a) Step 1

Meniscii formed at 

Meniscii formed at 

pc1

pc2> pc1

Saturated Soil

(b) Step 2 in the case of Disconnected phases

Meniscii formed at pc2> pc1

Saturated Soil

(c) Step 2 in the case of Connected phases

Figure 6.5 Simplified scheme for the addition of the meniscii in the case of connected and
disconnected phases.
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the pendular model as explained in chapter 2 following the exact solution of Young-Laplace
equation, under the same assumptions of perfect wetting conditions and absence of gravity
and viscous effects.

When the capillary bridges are added to the model, the total stress is equal to the sum of
the contact stress, the funicular stress and the capillary stress.

σcap is calculated in the pendular model, hence σ f un can be deduced.

σ f un = (σ − pn)−σcont −σcap (6.15)

6.4 Sample Preparation

Dense and loose sphere packings of 40000 particles packed between rigid walls are used for
the simulation of the drainage process. The particle size distribution for both packings is
shown in table 8.1.

The initial porosity of the packing is controlled by an algorithm that can simulate the
growth of spheres after random positioning. The initial inter-granular friction angle is set to
1 degree for the dense packing and 20 for the loose one in order to have different porosities.
Once two packing with different porosities are obtained, the final value of inter-granular
friction is set to 30 degrees.

The initial porosity of the dense packing is 0.41, and for loose packing 0.36.

Table 6.1 Particle size distribution of the granular sample

Weight(%) Diameter (mm)
30 1-1.4
35 0.85
35 0.6

6.5 Results and discussion

6.5.1 Hydraulic behavior

Water Retention curves

The water retention curves for dense and loose packings in the case of connected and dis-
connected phases are presented in figure 6.6. When the suction is equal to zero, the sample
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is fully saturated. When the suction increases the degree of saturation decreases until zero
in the case of connected phases for the funicular model and decreases to a constant value
in the case of disconnected phases, due to the presence of trapped water in the pores. The
presence of the menisci in the funicular-pendular regime in both cases increases slightly the
degree of saturation for the same suction for high suction values (Sr < 0.3).

If we compare dense and loose packings water retention curves, We notice that for the
same suction, the degree of saturation is higher for the dense packing. This can be explained
by the fact that in the case of dense packing more contacts are created, and the distances be-
tween the grains are smaller, which means that the curvature of the wetting-non wetting
interface for the same suction is lower, then the capillary pressure (inversely proportional to
the curvature) at the pore is higher, which requires higher suction to provoke the air invasion
in the pore. The number of menisci is also higher for the dense packing.

Menisci distribution

During the drainage process, the menisci start to appear as soon as the degree of saturation
decreases, and their number start to increase while the air phase invades the sample (figure
6.7). In the case of connected phases, in the end of the drainage process, only menisci are
left over between the grains for normalized suctions that are higher than 55 (p∗c >= 55).
The final number of menisci in this case is equal to the number of menisci generated by the
pendular model only.

However, It is noticed that the pendular model alone, allows the formation of menisci for
lower suctions as well (figure 6.7), while according to the drainage model, It is not possible,
the sample is either fully saturated or not well drained. This plot allows then to set a range
of validity of normalized suction values for the pendular model (p∗c >= 55 in this case).
This range of suctions are the suction for which there are no menisci that overlap as well.
Any presence of menisci for lower suction is not physically true.

If the normalized capillary stress components are plotted during the drainage, Figure 6.8
shows that the capillary stress tensor is isotropic.

During imbibition, the menisci are formed only between grains in contact, while during
drainage it is possible to have distant menisci as well. Those additional distant menisci are
the reason behind the presence of the hydraulic hysteresis in the pendular regime.
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Figure 6.6 The water retention curves for both dense and loose packings in the case of
connected (C) and disconnected phases (DC).
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Figure 6.7 The evolution of the normalized number of menisci (Nm = Nm/Ncont) with the
suction and the saturation.
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Figure 6.8 The capillary stress components during the drainage process.
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To evaluate the number of distant menisci, the probability density functions of the
menisci are plotted as function of the normalized distance between the pairs of grains of
radii R1 and R2 :D∗ = 2D/(R1 +R2) at the end of the drainage phase in the case of con-
nected and disconnected phases (figure 6.9).

The results show that in the case of disconnected phases, the number of grains in contact
is about 80% of the total number of menisci. The frequency of distant menisci decreases
when the distance increases.

In the case of connected phases, the number of menisci formed between grains in con-
tact increases to 85%.

We also notice that the maximum value of the normalized distance is higher in the case
of disconnected phases (0.17 in the disconnected phases case compared to 0.07 in the case
of connected phases).

This can be explained by the fact that in the case of disconnected phases the menisci
when formed at a specific suction keep their suction ultimately while in the case of con-
nected phases, the suction is uniform in the whole packing. Then, the suction of menisci
that are formed at a previous step will increase, and when the suction increases, the volume
of menisci decreases and the rupture distance decreases as well. These menisci will break
eventually during the drainage.

That means that at the end of the drainage, the menisci that are at a higher distance than
the rupture distance corresponding to the final suction value (the highest suction) will break
eventually, which will also decrease the frequency of the distant menisci.

The comparison between dense and loose packings show that there are more distant
menisci in the loose packing.
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Figure 6.9 The probability density functions of the number of the menisci as function of the
distance (a) in the case of connected and disconnected phases and (b) in the case of dense
and loose packing.



110
Pore-scale simulation of drainage in granular materials: Passage from saturated to

funicular to pendular regimes

6.5.2 Mechanical behavior

Stress contributions of pendular and funicular regimes

The normalized mean funicular and capillary stresses are plotted as function of the suction
in figures 6.10 and 6.11:

σ
∗
f un = (σ f un − pw)∗Rm/γnw (6.16)

σ
∗
pen = σpen ∗Rm/γnw (6.17)

Rm is the mean radius in the sample. When the sample is fully saturated, σ∗
f un is the only

stress that exists in the sample. It is equal to −pwI. The pressure of the water decreases,
and the value of the stress increases. The pendular stress is equal to zero.

When the saturation decreases, menisci start to appear, the capillary stress increases and
the funicular stress decreases. If the phases are connected, the funicular stress decreases to
zero at the end of the drainage, and the only stress due to the presence of the water is the
pendular stress (figure 6.10). When the phases are disconnected, trapped water and menisci
are left and at the end of the drainage both funicular and pendular stress exist and remain
constant (figure 6.11).

6.5.3 pc − ε −Sr relationship

The pc − ε curves are plotted in the case of connected and disconnected phases.

In the case of disconnected phases, the pc − ε curves for dense and loose packing show
that when the sample is still highly saturated (Sr ≈ 1, p∗c < 20), the deformation is linear.
This can be explained by the fact that the deformation is still dominated by the effective
stress of the fully saturated soil:

σ
′ = σ − pwI (6.18)

The pressure of the w-phase pw decreases leading to an increase of the effective stress
provoking the shrinkage of the sample until the invasion of the n-phase. The deformations
are higher in the case of loose packing (almost twice higher than the deformation of the
dense packing) (figures 6.12 and 6.13).

For the funicular model only, when the n-phase starts invading the granular sample,
the strain evolution becomes non linear, and the sample starts swelling. At the end of the
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Figure 6.10 The stresses (capillary,funicular and total stresses) evolution during the drainage
process in the case of connected phases.
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Figure 6.11 The stresses (capillary,funicular and total stresses) evolution during the drainage
process in the case of disconnected phases.
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Figure 6.12 The evolution of strain with the capillary pressure during the drainage process
for the dense packing in the case of connected and disconnected phases.

drainage, the deformation induced by the drainage is fully eliminated in the case of con-
nected phases, while in the case of disconnected phases a residual deformation remains at
the end of the process due to the presence of trapped water in the pores.

When the menisci are added to the simulation, in the case of pendular-funicular cou-
pling, menisci start to form between the grains during the drainage process when the n-phase
starts invading the sample. The menisci connect the particles by an attractive capillary force
which reduces the swelling of the sample compared to the funicular alone. The deforma-
tion induced by the drainage is not fully eliminated at the end of the process in the case
of connected phases, and it is higher compared to the funicular model only in the case of
disconnected phases.

In the presence of menisci, the residual deformation in the case of connected and dis-
connected phases at the end of the process is almost the same (slightly higher in the case
of connected phases). It means that the influence of the trapped water on the mechanical
behavior of the sample is slightly smaller than the effect of the menisci that replace it in the



6.5 Results and discussion 113

0 10 20 30 40 50 60
normalized capillary pressue (p ∗

c )

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
st

ra
in

 (ε
11

)
1e−6

Fun C
Fun+Pen C
Fun DC
Fun+pen DC

(a)

Figure 6.13 The evolution of strain with the capillary pressure during the drainage process
for the loose packing in the case of connected and disconnected.

case of connected phases.

The results are similar for the loose packings (figure 6.13).

Effective stress parameter

Bishop’s generalized the effective stress formulation of Terzaghi to the following form:

σ
′ = (σ − pn)+χ(pn − pw) (6.19)

χ is the effective stress parameter. It is a function of saturation and it is equal to 0 when
the granular medium is dry and equal to 1 when it is fully saturated.

The effective stress parameter χ can be computed in two ways:

• From a macroscopic point of view using the macroscopic elastic deformation and
assuming σ ′ = Eε
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χ
M =

Eε − (σ − pn)

pn − pw
(6.20)

• From a microscopic point of view if σ ′ is assumed to be equal to the contact stress
computed using Love-Weber formula σcont

χ
m =

σcont − (σ − pn)

pn − pw
(6.21)

Both ways lead to the same results in the calculations of Yuan [93] for dense packing in
the funicular case. We follow here again both ways to calculate the effective stress param-
eter and the results with the presence of the pendular bridges are compared to the results
obtained with the funicular model only.

The presence of the pendular rings in both connected and disconnected cases increases
the value of the effective stress parameter. The difference between χ in the funicular and
funicular/pendular is zero when the sample is saturated and maximum when the drainage
process is over (figure 6.14).

When the packing is dense, the value of χ computed from the macro or micro points
of view is almost the same. In the case of loose packing, figure 6.15 shows that it is not
the same. If we plot the contact stresses as function of the deformations we realize that
while the dense packing’s deformation is purely elastic from the loading unloading curves,
the loose packing’s deformation is not. This explains the difference between the χ values
calculated in both approaches. The χ calculated from the macroscopic deformation is based
on the assumption that the deformation remains elastic only which is not valid for the loose
packing, hence the effective stress parameter calculated at the micro scale is more reliable.

6.6 Conclusion

The pendular model was coupled with the funicular model in this chapter to simulate a
complete drainage process. The main results and findings of this chapter are summarized as
follows:

• The addition of the menisci has no big influence on water retention curve, the degree
of saturation slightly increases when the menisci are taken into account.
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Figure 6.14 The variation of the effective stress parameter with the saturation for the dense
packing in the case of connected and disconnected phases.
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Figure 6.15 The variation of the effective stress parameter with the saturation for the loose
packing in the case of connected and disconnected phases.
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Figure 6.16 The loading unloading paths for dense and loose packings.
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• The menisci’s influence on the mechanical behavior of unsaturated soils is not negli-
gible, and they must be accounted for to predict the deformation and the behavior of
unsaturated soils. The menisci resist to the swelling of the sample and keep a residual
deformation that is not recovered at the end of the drainage and higher than the one
for the funicular model alone.

• The addition of the menisci to the sample increases also the value of the effective
stress parameter calculated by the funicular model only.

The results for the effective stress parameter are more reliable in the case of dense
packing where the deformation remains elastic.



Chapter 7

Compaction of a proppant region using
DEM

7.1 Introduction

Hydraulic fracturing dates back to seven decades. The first commercial application of hy-
draulic fracturing as a well treatment technology to stimulate oil and gas production has
occurred between 1946 and 1949 [52].

The discovery of hydraulic fracturing has made a revolution in the unconventional pro-
duction of tight reservoirs that was almost impossible before, which improved the process
of energy production and made it quite valuable (it is believed that 60 to 80 % of the reser-
voirs in the united states require hydraulic fracturing to keep operating [52]). It is also used
to extend the life of old fields, and in many other applications such as geothermal energy
extraction [66], CO2 injection, deep earth disposal of waste, estimation of in situ stress state
[32]...

Hydraulic fracturing is a technique in which rock is fractured by a pressurized liquid. It
is used after drilling is completed. The process involves the high-pressure injection of fluid
that contains proppants into a wellbore to create cracks in the rock formations. The pressure
of the fluid must overcome the in-situ geologic stresses and the strength of the formation to
propagate the fracture. When the pressure of the fracturing liquid is reduced, the proppant
injected with the fluid must maintain the fractures open to increase the permeability of the
rock formation and facilitate the extraction of hydrocarbons.
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Figure 7.1 Illustration of a vertical well.

The process consists on four main stages that also include protecting the ground water
supplies. The stages are briefly described below:

• Stage 1: Acid stage: This stage consists of using water mixed with dilute acid such as
hydrochloric or muriatic acid to pave the cement debris in the wellbore after drilling
and open the way for the injection of fluids used for hydraulic fracturing.

• Stage 2: Pad stage: During this stage water is used without proppant material to initi-
ate fractures in the formation and to facilitate the flow and the placement of the prop-
pant. The generation of a fracture will depends on the material (formation) strength
and in situ stresses. In shallow earth environment, the fracture is influenced by the
material strength, while in deep earth environment it is controlled by in situ stress
states.

These fractures are restricted to brittle elastic ones, and they are formed in the direc-
tion that is perpendicular to the direction of the minimum principal stress. At shallow
depths (<610 m), the overburden stress is the least principal stress and the fractures
will be horizontally oriented. At large depth, overburden stress increases and becomes
the dominant stress. The resulting fracture will have a vertical orientation. The frac-
ture can also cross over a boundary where the principal stress direction changes and
leads to the reorientation of the fracture. The problem however is not that simple,
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the reorientation of fracture is also influenced by the material inhomogeneity, rates of
fluid injections, poromechanical effects, ....

The topography of the fracture, can be quite complex. Experimental analyses on
fractures show that fracture surface topographies are rough [13, 73]. The surface to-
pography depends not only on the stress state but also, any small heterogeneity, which
can result in a quite different fracture topography. The fracture topography is of great
importance and influences strongly the permeability of the fracture, because it influ-
ences the fluid transport characteristics [47, 67].

The extent of the fracture is also controlled by many parameters: the upper confining
formation, the volume, rate and pressure of the pumped fluid. It is also influenced by
natural fractures and faults.

• Stage 3: Prop sequence stage: This stage consists of a sequence of injecting water
combined with proppant materials.

The deposition of the proppant is a major concern in the study of this stage. It is gen-
erally assumed to be Stokes settling. Therefore, the proppant settling rate is normally
based on Stokes’ law [17, 83] (figure 7.2). For low Reynolds number (Re < 2)the
settling rate is:

VS =
2
9

(
ρp −ρ f

)
µ

gR2 (7.1)

where VS is Stokes’ settling velocity (m/s), g is the gravitational acceleration (m/s2),
ρp is the mass density of the particles (kg/m3), ρ f is the mass density of the fluid
(kg/m3), µ is the dynamic viscosity (kg/ms) and R the radius of the particle.

In reality the gravitational settling of the proppant depends on many factors such as
the fluid viscosity, the proppant size, fracture wall effect, dynamic state of the fluid,
turbulence, inertial effects and the treatment duration [22, 27, 41, 59].

Studies that have been used in areas of applications such geomorphology in order to
understand the sediment transport as function of grains size and fluid velocity in rivers
and deltas [4] have been performed on the settling of the proppant.

A part of these were experimental studies[11, 85]. In experiments conducted using
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glass plates, it was found that stable proppant packs of single proppant grain widths
could only be formed when proppant diameters were the same size as the fracture
width [5].

Figure 7.2 Sand movement and settling in slot flow experiment [38].

During the process, the injected fluids carry confining stresses, but once the pump-
ing is stopped, the stresses are transferred to the deposited proppant packs. These
proppants play a crucial role in keeping the fracture open at the desired conductivity.
They can vary from common sand, to manufactured polymer beads and can be coated
with resins or other surface modification agents to improve proppant pack cohesion,
compressive strength and permeability. Proppant should be permeable under high
pressures and strong enough to support the closure of the fracture: sand of large parti-
cle size have greater permeability but risk to crush under high pressures and produce
finer particles which will reduce their permeability. Coating sand by resin or using
ceramic and the manufactured proppant will help maintaining the ideal mesh size with
sufficient strength. Proppants with high spherity are also usually a better choice. The
size of the proppants usually vary from 0.21 and 0.85 mm.

• Stage 4: Flushing stage: This stage consists on flushing the excess of proppant from
the wellbore using only fresh water.
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The study of hydraulic fracturing is a very complex problem in which many factors are
involved. Summarizing the main issues that it addresses, we obtain three main questions:

• What is the injection pressure needed to create a fracture?

• What is the length, orientation and topography of the fracture?

• How can the fracture be maintained in an open configuration to increase the efficiency
of the energy recovery? This question is the focus of this study.

Many studies have been done to answer these questions. Models to describe hydraulic
fracturing (more specifically cracks opening and propagation) can be divided into two cate-
gories:

• The uncoupled models based on the elasticity theory. In these models the rock forma-
tion is assumed to be elastic. The fracture opening is calculated using elastic constants
of the rock, in situ stresses and pressure within the fracture.

• The coupled models including the poromechanical effects. These models are rela-
tively new (since 1970). The poromechanical effects are taken into account based on
Biot’s theory of poroelasticity [6], the volumetric response of the body is sensitive to
loading rate . Fluid pressure is also a dependent variable. Darcy law is used for the
flow of the fluid through the pores and Hooke’s law is used for the elastic behavior of
the rock formation.

Some studies include the thermal effects as well [82].

The third question that is the interest of this study exposes the problem of proppant-rock
formation interaction at the fracture [81].

The analysis of the interaction between the proppant and the formation presents several
unilateral contact problems in mechanics:

• The extent of the proppant zone.

• The aperture of the fracture.

• What happens to the proppant when the resource is extracted.
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Figure 7.3 The idealized study where proppant is discrete and rock formation is modeled as
an elastic continuum.

Both finite elements models [43, 60] and discrete elements models [3] can be used to
study proppant-rock interaction problems.

Finite element models treat volumes of the fracture, in either two dimensions or three
dimensions ,as grid blocks for a finite calculation mesh and use continuum equations. These
models are not able to model the proppant that is a granular medium.

Discrete element models use the basic mechanical interaction between the proppant
grains and fracture walls in this case and appropriate boundary conditions to achieve a sim-
ilar result.

DEM models might be expensive in terms of computational cost of the simulation, since
computation time grows as a function of particle number (mainly to simulate the rock block).

The idealized approach to study this problem will be to consider the rock mass as an
elastic rock mass and the proppant region as a granular medium (figure 7.3).

Other approaches also studied this problem. Selvadurai [78, 79] have studied the zone of
separation created by the proppant in hydraulic fracturing techniques. Analytical solutions
have been developed as function of the material properties of the rock formation in the case
of rigid disc shaped proppant region of finite thickness (figure 7.4).

The zone of separation is studied also by replacing the rigid inclusion by a concentrated
load (figure 7.6) or an axisymmetric internal distributed pressure (figure 7.5)that simplifies
the mathematical analysis considerably [80]. This assumption is valid for fractures oriented
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Figure 7.4 A disc inclusion between two elastic semi infinite spaces (from [79])

normal to the direction of compression.

Writing the mixed boundary value condition at the interface depending on the problem
(disc inclusion or applied load), the value of the zone of separation can be determined.

The problem can be solved using Love’s strain-potential approach [42], that is written
as following in the absence of body forces:

∇
2
∇

2
Φ(r,z) (7.2)

where Φ(r,z) is Love’s strain potential and

∇
2 =

∂ 2

∂ r2 +
1
r

∂

∂ r
+

∂ 2

∂ z2 (7.3)

In the case of axisymmetric internal distributed pressure, in the analytical studies, Love’s
strain function should be solved with the following mixed boundary conditions (a being the
zone of seperation (figure 7.5)):

σ
(1)
rz (r,0) = σ

(2)
rz (r,0) = 0 0 6 r < ∞ (7.4)
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Figure 7.5 Separation at the elastic interface by tractions (from [80])

Figure 7.6 Separation at the interface by equal concentrated forces (from [80])
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Figure 7.7 Results for the zone of separation at the interface for different disc thick-
nesses(from [79])
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σ
(1)
zz (r,0) = σ

(2)
zz (r,0) a 6 r < ∞ (7.5)

a is here the extent of the fracture.

u(1)z (r,0) = u(2)z (r,0) a 6 r < ∞ (7.6)

σzz is the normal stress acting on the rock blocks , and uz refers to the vertical displace-
ment.

σ
(1)
zz (r,0) = p1(r) 0 6 r < b (7.7)

σ
(2)
zz (r,0) = p2(r) 0 6 r < b (7.8)

p1(r) and p2(r) are the normal stress distribution acting on the rock formations, and b

is the radius on which are acting the load p1(r) and p2(r) . Also the solution should satisfy
the regularity conditions:

σ
(1)
zz (r,0) = σ

(2)
zz (r,0)→ 0 r → a (7.9)

σ
(1)
zz (r,z) = σ

(2)
zz (r,z)→−σ0 |z| → ∞ (7.10)

The solution to the above mixed boundary value problem can be approached in a variety
of ways to determine the extent of the fracture [79].

In the case of two unequal concentrated load, the value of the zone of separation a as
function of both loads P1 and P2 is (figure 7.6):

a = (
P1 +P2

4πσ0
)0.5 (7.11)

In the case of disc inclusion the displacement is imposed and the boundary conditions are
written as function of the disc thickness. The results of the extent of zone of the separation
(b) at the interface for different values of disc inclusions are presented in figure 8.10.

This chapter suggests a solution that improves the analytical results. The suggested
model aims to get information about the stress distribution exerted by the granular proppant
on the rock formation. These information can be used in the analytical studies or in FEM
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vH0

Figure 7.8 Illustration of the model.

simulations in order to identify the fracture extent.
The model is in fully dry conditions, the effect on the hydraulic fracturing fluids is not taken
into account.

7.2 Development of the DEM model for the proppant re-
gion

A DEM model is built where the rock formations are replaced by two rigid plates. The
proppant is represented by spherical particles of 1 mm diameter size. The intergranular
friction angle is equal to 30 degrees. The friction angle between the plates and the grains is
also set to 30 degrees.

The lower plate is fixed. The proppant pack is deposited by gravity on the lower plate,
to form a pile. Once the pile is in equilibrium, and the slope has reached the angle of repose
(between 28 and 30 degrees), the upper plate is subjected to a displacement at constant
velocity v (figure 7.8).

7.3 Proppant Compaction

We define H0 as the initial gap between the upper and lower plates which also corresponds
to the height of the pile of proppant. H is updated value of the gap between both plates
(figure 7.9).

bu and bL are the radii of the upper and lower zones of contact with the upper and lower
plates respectively, normalized by the diameter of the proppant grains. To calculate the
value of bu and bL, rings of two grain diameters thickness and with different radii covering
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Figure 7.9 Illustration of the model during the simulation.

the whole proppant zone are considered. Only if the ring has enough grains inside, it is
taken into account. This condition is verified if the surface of the k grains inside the ring
cover at least 2/3 of the total surface of the ring (figure 7.10).

Σ
k
1πr2

i >
2
3

Aring (7.12)

While the upper plate is moving, the upper radius bu increases to approach bL that re-
mains constant for a while before it starts growing with the upper radius in the same time
(figure 7.11).

The whole system during the simulation is in equilibrium. The total force applied on
the upper plate is equal to the total force acting on the lower one (Fu = FL). This is checked
during the simulation. The radii of both upper and lower zones are different and so is the
averaged stresses Pu,L that is equal to the ratio of the total force divided by the area of the
contact zone are also different.

Pu,L =
Fu,L

πb2
u,L

(7.13)

The proppant compaction curves (Pu,L = f (log(H0/H))) are presented below (figures
7.12 and 7.13).

The curve shows that Pu,L increase with the decrease of H, until the movement of the
upper plate is blocked by the pile of proppant. At this stage the pressure on the plates keeps
increasing while the value of H remains almost constant, which corresponds to the final
value of H, defining the asymptote of the curve (Log(H0/H)≈ 1.4).

If we zoom on the first part of the curve before the movement of the upper plate is
almost blocked by the proppant, we observe that there are some pressure drops just before
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Figure 7.12 The proppant compaction curve of the lower contact zone.

the asymptote (figure 7.14).

These drops of pressure refer to grain avalanches and can be justified with the plots of
kinetic energy [20, 21] . The work of [21] show that there is a strong correlation in time
and space between the kinetic energy and the negative values of second order work (figure
7.15).

In a continuum , the second-order work is linked to Hill’s condition of stability [34]:

d2W = dσ : dε (7.14)

When the second-order work is positive for any value of σ and ε linked by a constitutive
relation, the material point is considered stable. When failure occurs, the second order work
is negative and deformation continues without any input of energy from outside.

In the case of pile of proppant (slope), the failure is diffuse and the failure is generally
characterized by granular avalanches, whether they are local or global. These avalanches
can be detected by the kinetic energy.

The kinetic energy of a particle given by :

Ekin = 0.5mv2
g +0.5Iω

2 (7.15)
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Figure 7.13 The proppant compaction curve of the upper contact zone.

where vg is the grain velocity, m the mass, I the moment of inertia and ω the rotational
velocity. The total kinetic energy is the sum of the kinetic energies of the particles.

It is obvious from this formulation that brutal motions of one or many grains will lead
to an increase in the total kinetic energy. Small peaks will lead to limited motions of some
particles and more important ones will lead to larger grain motions or grain avalanches.

Figure 7.16 shows that kinetic energy curve is strongly correlated with the pressure
drops. When the kinetic energy is low the proppant compaction curve is linear. After some
time, the avalanches start and the trend of the proppant compaction curve changes and the
pressure increases to reach a pic and decreases again when the avalanches stop. The curve
of kinetic energy show also high kinetic energy in the last part of the curve which are some
avalanches and mainly the instability of the grains that left the pile and are rolling and
rebounding on the plate.

7.4 Stress distribution

The stress distribution on the lower and upper plate is very important question and is the
main objective of this study.
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Figure 7.14 The proppant compaction curve of the lower contact zone.

The stress distribution on the lower and upper plate are plotted for various values of
Log(H0/H). We consider different points on the contact area, and squares around each
point in which we compute stress by dividing the total normal force on the particles inside
the square over the area of the square (figure 7.19).

σu,L =
∑Fp

Asquare
(7.16)

The stresses are expressed in Pa. The crucial question is the number of particles that should
be taken into account within a square. If the number of particles is not sufficient, the stress
distribution will be quite noisy. Different square sizes are tested until the value of stress sta-
bilizes . The square size should not exceed the size of the contact zone. If the squares are too
big the values of the stress in each square will start converging toward the value of the mean
stress. 100 particles is a good number, which means squares of 10 x 10 particles dimensions.

The problem is axi-symmetric, and the value of the stress we get is almost the same in
any direction we consider for the points lying on the same circle centered at the center of
the contact zone (figure 7.18). A two dimensional plot of the stress distribution along one
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Figure 7.15 The global second order work and the kinetic energy versus the plate displace-
ment.(from [20])

diameter direction is presented below for the lower and upper contact zone for different H
values.

The results are consistent with the results of [45] (figure 7.20). The comparision here
is qualitative,a two dimensional plane strain compression of ideal soil between two rigid
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Figure 7.16 The kinetic energy on the lower contact zone.

parallel plates with sliding friction at the plates was considered in [45]. The shape of the
curves in both cases (slab compression and pile of proppant compression) show very big
similarities.

7.5 Influence of the plate friction angle

The proppant compaction curve is dependent of many factors. The plate friction is one of
the important factors. The results presented above were for the case where the frictional
constant at the plates was 30 degrees.

The same simulation is repeated for three different values for the plate friction angle
(20,30,40) degrees, and the proppant compaction curves for the upper and lower contact
zones are presented in figure 7.21. The inter-granular friction is kept equal to 30 degrees.

When the friction angle of the plate is changed, the initial deposited configuration is
changed as well. Lower the friction angle, higher is the initial radius of the contact zone
with the lower plate and lower is the value of H0. The difference in our model between the
three configurations is not very remarkable (table 7.1).

During the compaction process, the low friction of the plate will allow the grains to
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Figure 7.17 (a) Illustration of the square taken into account to calculate the stress distribution
in the contact zone. (b) Stress value in different squares as function of the number of the
particles inside the square.
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Figure 7.18 Stress distribution on the lower plate in X and Y directions

Table 7.1 The initial deposited configuration of the pile of sand for different plate friction.

friction angle b0 angle of repose
20 12 29
30 12 29.1
40 12 29.1

slide easily on the plate which will also lead to a higher contact zone. So for the same
load applied on the upper plate, the displacement of the upper plate will be higher in the
case of the lower friction (lower H, higher Log(H0/H)) The value of the asymptote of the
proppant compaction curve is also higher. And that is what we observe when the proppant
compaction curves for the three friction angle values are compared.

The proppant compaction curves for both 30 and 40 degrees friction are almost the same,
while in the case of 20 degrees friction , the difference is quite obvious (figure 7.21). The
three curves are quite close until the curves start to reach their asymptotes. In the case of 30
or 40 degrees, the displacement of the upper plate is blocked, but the case of 20 degrees, the
grains in contact with the plates start sliding and a big grain avalanche occur and the plate
continue to move to reach a smaller H value before the displacement of the upper plate stops.

7.6 Influence of the inter-granular friction angle

The inter-granular friction is also a very important parameter. In this section, the plate fric-
tion is kept equal to 30 degrees and three values of inter-granular friction are chosen: 20,
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Figure 7.19 (a)Stress distribution on the upper and lower zone for Log(H0/H) =
0.63(c)Stress distribution on the upper and lower zone for Log(H0/H) = 1.17 (e)Stress
distribution on the upper and lower zone for Log(H0/H) = 1.44
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Figure 7.20 The distribution of normal stresses on the compression plates used to compress
a slab of a cohesive soil, and compared to PRANDTL distribution for an ideal metal. (from
[45])

30, 40.

When the inter-granular friction decreases, the resistance to the sliding of the grains
between each other and related to the wall will be reduced, and this will lead to higher dis-
placement of the upper plate and higher contact zone.

The plots of the proppant compaction curves show similar results to the ones presented
in the previous section, when the friction angle of the plate is changed. In the case of 20
degrees inter-granular friction angle, we also observe the instabilities near the end, due to
grains sliding and grain avalanches that occur.

Before reaching the asymptotes of the curves, the difference between the three curves is
more obvious than in the case of different plate frictions, because in the case on different
plate friction, the grains that are in contact with the plates are mainly affected by the change,
while for a different inter-granular friction, the whole system is directly affected by the
change, which makes a bigger difference.
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Figure 7.21 The proppant compaction curves for different plate sliding friction.
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Figure 7.22 The proppant compaction curves for various inter-granular friction angles.



Chapter 8

Simulation of the compression of
proppant between two similar elastic
rock blocks.

8.1 Introduction

The compaction of a proppant between two rigid plates has been examined in the previous
chapter, and the stress distribution on both plates has been evaluated. These results can be
used in separate FEM simulations to determine the fracture opening due to the presence
of the proppant and to provide improved estimates for the interaction of proppant with the
fracture. Another way to treat the problem is to simulate the complete problem using DEM
by improving the model and replacing the rigid plates by an elastic rock block.

In this chapter, we examine the problem of the compression of a granular proppant re-
gion between two similar elastic rock blocks. The proppant region is essentially a granular
material that will possess a subsequently lower rigidity to the rock surfaces that induce
compression due to geostatic stresses. The deformed fracture configuration is related to the
characteristics of the rock blocks and primary properties of the proppant, including parti-
cle size distribution, elasticity of particles and interface frictional characteristics that were
studied in the previous chapter. The determination of fracture opening should allow the
evaluation of its effective permeability which is an important parameter in a resource ex-
traction exercise.
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When the deformations of the rock medium stabilize after the injection of the prop-
pant, the deformations of the formations can be estimated from the behavior of the elastic
skeleton. The transition afterwards when the pressure of the injected fluids decreases is not
immediate, but since the interest of this study is to determine the opening of the fracture,
the extreme elastic study case provide useful results.

Researchers have examined the problem of the compression of a "rigid" object between
elastic media [29]. Several works have been done to examine this problem of a smooth
precompressed elastic interface and determine the opening of the fracture. The separation
of a bi-material elastic interface by a spheroidal shape axisymmetric , non symmetric with
respect to the interface was studied in [29]. Selvadurai [79] examined the problem by con-
sidering a disc shaped rigid body between two dissimilar elastic half spaces (half spaces that
have different elastic properties (G,E,ν)).

Before simulating the interactions between the rock block and the granular proppant, in
order to ensure that the discrete element code have capabilities of treating the interaction of
a particulate system with a linear elastic continuum element, an axisymmetric static problem
of a disc inclusion between two similar elastic rock blocks is studied in the first part of the
chapter and the results are compared to the work of [79]. In the second part of this chapter
the compaction of granular proppant between elastic rock blocks is studied.

8.2 Simulation of the compression of a rigid disc inclusion
between two similar elastic rock blocks.

8.2.1 Model description

The problem of disc inclusion between two similar elastic spaces is an axysimmetric prob-
lem (figure 8.1 ) with respect to the interface, thus computational costs can be reduced by
considering only one elastic rock block. An inclusion of a disc of half thickness is then
simulated.

The elastic continuum (rock block) is constructed by creating a cloud of spheres of a
given tightly graded grain size distribution (the dispersion from the mean radius is 1 %) and
random position in a domain of a given dimension. The grains are then allowed to grow
progressively inside the domain until they form a dense packing filling the cube, and we
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Figure 8.1 A disc inclusion between two elastic semi infinite spaces (from [79]).

22a

10a

Figure 8.2 Illustration of the rock block with the defined dimensions.



146 Simulation of the compression of proppant between two similar elastic rock blocks.

(G,ν)

(a) (b-a)

Δ/2

σ0

r

z

Frictionless
     plane

Frictionless
     plane

H

R

Figure 8.3 Illustration of the model.

reach a predefined confinement pressure. The intergranular normal stiffness (kn) is set to
109 N/m, the intergranular shear stiffness (kt) is set to 0.5kn to create a nearly incompress-
ible rock block. The linear elastic-plastic contact law is used for the models.

Once the packing is dense, the spherical particles are glued together by applying a very
high cohesion to all the contacts. When the rock is deformed, new contacts might occur, but
no cohesive contact will be created.

When the packing assembly is ready, frictionless rigid planes are placed on the upper
and lower surfaces of the packing. The base is fixed to ensure the axisymmetric conditions
and the upper wall can only move in the vertical direction. The dimension of the rock block
are chosen in a way to eliminate the boundary conditions effects during the simulation so
the side boundary conditions can be either fixed or free. If 2a is the diameter of cylinder,
the rock block is of 10a of thickness and of 22a of length and depth (figure 8.2).

The disc inclusion is simulated by applying a uniform displacement to the particles of
the block that are in contact with the lower boundary and verify the following condition:
x2 + y2 ≤ a2 (The initial pressure applied on the rock block is equal to σ0 = 1.5e3KPa)

When the displacement of the grains is equal to the desired thickness (∆/2), the position
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of the displaced particles are fixed in the rest of the simulation (figure 8.4).

The boundary conditions are the following:

σzz(r,H) = σ0 r ∈ (0,R) (8.1)

σrz(r,z) = 0 r ∈ (0,R) (8.2)

σrr(R,z) = 0 z ∈ (0,H) (8.3)

σrz(R,z) = 0 z ∈ (0,H) (8.4)

σrz(r,0) = 0 r ∈ (0,R) (8.5)

σzz(r,0) = 0 r ∈ (0,b) (8.6)

urz(r,z) = ∆/2 r ∈ (0,a) (8.7)

In the next step, the upper wall is subjected to a displacement until the value of the zone
of separation (b-a) tends to zero. The stresses σ0 applied to the upper wall and the position
of the grains in contact with the lower wall are saved during the loading process in order
determine the fracture opening and related to the total stress applied to the upper wall.

The simulations are repeated for two values of ∆/a, 0.1 and 0.2.

The comparision with the analytic results of [79] requires the elastic properties of the
rock block and the value of separation.

8.2.2 Elastic properties of the rock block

The elastic properties of the rock block are evaluated by performing a triaxial test on the
rock block. The pressure is kept constant and equal to the initial confinement pressure on
the sides and a vertical displacement is applied in the vertical direction z.
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Figure 8.4 Illustration of the different stages of the disc inclusion simulation.
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Figure 8.5 (σz −σr) as function of the vertical strain.

(σz −σr) is plotted as function of the vertical strain εz (figure 8.5). The slope of the
linear curve is equal to the young modulus E (E = 4e5KPa).

Poisson’s ratio is calculated by plotting the lateral strain as function of the vertical strain
(figure 8.6) ( ν =− εx

εz
). We find ν = 0.45. The obtained Poisson’s ratio is very close to 0.5.

The shear modulus of the rock block is calculated for homogeneous and isotropic mate-
rial as following:

G =
E

2(1+ν)
(8.8)

We find G = 1.5e5KPa.

8.2.3 Fracture opening and stress distribution

The stress distribution on the base surface (z = 0) is evaluated during the loading. To eval-
uate the stress distribution, we consider several rings in which the stress is calculated as the
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Figure 8.6 The lateral strain as function of the vertical strain.

sum of all the normal forces applied by the particles on the base surface over the area of the
ring (figure 8.7).

As it is the case in the chapter 7, the crucial question is the number of particles that
should be taken into account within each ring in order to have a smooth stress distribution
representation. For this reason the rings are allowed to overlap.

Figure 8.8 shows the stress distribution on the lower boundary for different values of σ0.
The stress is equal to zero when the rock block is not in contact with the lower boundary
(0 < r < b), where b is the radius of the zone that is not in contact with the lower boundary
(the fracture opening). Once the rock block is in contact with the base, the stress starts to
increase linearly until it reaches a maximum value and remains almost uniform and equal
to σ0 until we reach the edge of the elastic domain (r/a = 11) and then decreases again to
zero when the rings are outside the domain.

The stress distribution curve can be used to determine the value of the fracture opening
b. Higher is the value of σ0, lower is the value of the opening.
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The opening b can be also determined by considering successive rings of the thickness
of two grains diameters. If the ring contains enough grains it is taken into account, if not it
is neglected. As it is done in the previous chapter the condition to verify is that surface of
the m grains inside the ring cover at least 2/3 of the total surface of the ring :

Σ
m
1 πr2

i >
2
3

Aring (8.9)

Both approaches give very similar results. The comparison between both methods is
given in table 8.1

Table 8.1 The values of the opening obtained from the stress distribution curve and from the
ring method.

∆/a σ (KPa) b/a (from stress dist. curve) b/a (from the ring method)
0.2 1.5E3 3.9 3.84
0.2 5.5E3 2 2.04
0.2 20E3 1.4 1.44
0.2 27E3 1.2 1.2
0.1 1.5E3 2.7 2.64
0.1 5.5E3 1.7 1.68
0.1 20E3 1.16 1.2
0.1 27E3 1 1.08

8.2.4 Validation of the results

Once the opening of the fracture and the elastic properties of the rock block are determined,
the numerical results can be compared to the analytic results of [79] (figure 8.9).

The selected analytical results of [79] in figure 8.10 are the results that correspond to the
case of similar rock blocks where the axial displacement of the rock formation beyond the
opening zone is equal to zero, which is exactly the case in the simulations.

The plots show that the numerical results of the DEM simulations fit very well the ana-
lytic curve.

The validation of results is limited to a value of b/a equal to 4. This is not a limitation
of the DEM model, but for higher values of b/a the length of the rock block is not sufficient
to neglect the boundary conditions effect. Having a complete curve as in figure 8.10 will
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Ring 2

Ring 1

Figure 8.7 Illustration of the interface view of the rock block showing the rings considered
to evaluate the stresses.

σ0= 1.5e3 KPa 
σ0= 5.5e3 KPa
σ0= 20e3 KPa 

Figure 8.8 Stress distribution on the interface.
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Figure 8.9 The validation of the numerical results: comparision with the analytic results of
[79].

require a much bigger model, a larger number of particles and a much longer computational
time.

8.3 Simulation of the compression of granular proppant
between two similar elastic rock blocks.

8.3.1 Model description

The problem of compaction of granular proppant between two similar elastic spaces having
the same elastic properties (G,E,ν) is treated in this section. We consider that the problem
is an axysimmetric problem with respect to the interface to reduce the computational costs.
Only one elastic rock block is considered.

The same elastic block used in the previous section is used for the following study as
well.

Frictionless rigid planes are placed on the upper and lower surfaces of the packing. The
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Figure 8.10 Results for the zone of separation at the interface for different disc thick-
nesses(from [79])
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base is fixed to ensure the axisymmetric conditions and the upper wall can only move in the
vertical direction. The initial applied pressure is also equal to 1.5e3KPa.

In the next step, a cavity is created and the proppant is deposited by gravity inside the
cavity through a borehole. The volume of the deposited proppant is equal to the volume of
the rigid disc shaped proppant of ∆/a = 0.2.

The shape of the cavity at the moment of the deposition of the proppant is considered to
be the same as in the case of a disc inclusion of ∆/a = 0.2. A uniform displacement is then
applied to the particles of the block that are in contact with the lower boundary inside the
domain (x2 + y2 ≤ a2) as in the case of disc inclusion (case of ∆/a = 0.2).

The positions of all the particles of the rock block are fixed afterwards and a borehole
centered in the middle of the cavity is created by removing the grains inside the domain
(x2 + y2 ≤ (a/4)2).

Once the borehole created, granular proppant of uniform particle size distribution is de-
posited by gravity in the cavity through the borehole. When the deposition of the proppant
is finished, the borehole is closed again to reproduce the original elastic rock block. The
fixed grains of the elastic rock block are released and the geometry of the fracture is defined
for the initial given value of the applied stress when equilibrium is reached. The upper wall
is afterwards subjected to a vertical displacement (figure 8.11).

The stresses σ0 applied to the upper wall and the position of the grains in contact with
the lower wall are saved during the loading process in order determine the fracture opening
and the distribution of the proppant inside the fracture and relate it to the total stress applied
to the upper wall.

The boundary conditions are the following:

σzz(r,H) = σ0 r ∈ (0,R) (8.10)

σrr(R,z) = 0 z ∈ (0,H) (8.11)

σrz(R,z) = 0 z ∈ (0,H) (8.12)

σrz(r,0) = 0 r ∈ (a,R) (8.13)



156 Simulation of the compression of proppant between two similar elastic rock blocks.

(G,ν)

a

b

r

z

Frictionless
     plane

Frictionless
     plane

H

R

(G,ν)

H

Frictionless
     plane

(G,ν)

Δ/2

H

σ0

Δ/2

Δ/2

σ0

b

b

Frictionless
     plane

(G,ν)

Δ/2

H

σ0

b

Figure 8.11 Illustration of the different stages of the deposition of the granular proppant.
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σzz(r,0) = 0 r ∈ (a,b) (8.14)

8.3.2 Fracture opening

The values of the area occupied by the proppant inside the fracture (a) and the opening of
the fracture (b) are determined by considering successive rings of the thickness of two grains
diameters. If the ring contains enough grains it is taken into account, if not it is neglected
(see previous section).

In the case of disc inclusion problem, the proppant is rigid, then the opening of the
fracture ∆ and the area occupied by the proppant a are fixed and do not change during the
simulation. The extent of the fracture b is the only variable changing with the applied stress.
When the rigid disc is replaced by a granular proppant of the same volume, the problem is
more complex, and all the variables ∆, b and a are changing during the compression. When
the applied stress (σ0) increases , the aperture of the fractures ∆ decreases and a increases.

The results relating b/a to the applied stress on the elastic rock block (b/a= f (Log10(σ0(1−
ν)/G))) are presented in figure 8.12 and compared to the analytic results of [79] in the case
of a disc inclusion of the same volume. For the same volume of a rigid disc of (∆/a = 0.2),
and for the same applied stress, the ratio b/a is smaller in the case of granular proppant.
When the stress increases, b/a approaches the analytic curve and tend to 1 when the stress
is too high.

Figure 8.13 shows the evolution of the proppant distribution during the proppant com-
paction by plotting ∆/a. The ratio is smaller compared to its value in the case of disc shaped
proppant, and decreases when the applied pressure increases. It means that the decrease of
the aperture of the fracture is faster than the increase of a with the compression of the block.
When the applied pressure is too high, this value also tends toward a constant value (around
0.06).

In figure 8.14, we show the evolution of the geometry of the fracture by plotting ∆/b

during the compaction of the proppant. The plot shows that this ratio remains almost con-
stant during the simulation (∆/b = 0.06) and mostly smaller than the value of ∆/b in the
case of rigid disc shaped proppant. The evolution is much more important in the case of
disc inclusion as shows the analytic curves. However the fact that the ratio (∆/b) is almost
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Figure 8.12 Results for the evolution of b/a in the case of granular proppant compaction
and comparison with the results in the case of disc inclusion.

constant means that the geometry of the fracture could be predicted during the compaction
of the proppant from the initial configuration. If the opening and the extent of the fracture
are known for a given overburden stress, their values can be estimated for other values of
stresses, for the same volume of the injected proppant.

The evolution of ∆ ∗ a/D2 and ∆ ∗ b/D2 plotted in figures 8.15 and 8.16. These values
give an indication on the evolution of the volumes of the proppant and the fracture during
the simulation.

The plots shows that the volumes of the proppant and the fracture decreases during the
simulation before reaching a constant value when the applied pressure is very high (∆ ∗
a/D2 ≈ 40 and ∆∗b/D2 ≈ 40). At this stage, the proppant occupies all the space inside the
fracture.

8.4 Conclusion

In this chapter, it is shown that, with suitable constraints, discrete element method is able to
reproduce the behavior of an isotropic elastic continuum. The model of a constraint discrete
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Figure 8.13 Results for the evolution of ∆/a during the compaction of the proppant (disc
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Figure 8.14 Results for the the evolution of ∆/b during the compaction of the proppant(disc
shaped and granular pile).
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Figure 8.16 The evolution of ∆∗b/D2 during the compaction of the proppant.
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system is used to examine the problem of a rigid circular disc embedded in a smooth contact
between two similar halfspaces, and subjected to compression. The opening of the fracture
is related to the compression stress value and to the elastic properties of the rock block.
These results are compared to the analytic results of [79].

The results fit very well the analytic curves. The only limitation of DEM modeling is
computational cost that can be very high in terms of time when the opening of the fracture
is very long.

In the second part of the chapter, the rigid disc is replaced by a pile of granular proppant
deposited by gravity, and the geometry of the fracture is examined. This final model allows
to improve the analytic results relating the opening and the extents of the fracture to the
overburden stress in the case of granular proppant. It is shown that the ratio b/a of the
extent of the fracture to its aperture is lower in the case of granular proppant compared to a
rigid disc shaped proppant of the same volume. The distribution of the proppant inside the
fracture and the geometry of the fracture were also presented. It is shown, since the ratio
∆/b is almost constant that the geometry of the fracture could be predicted from the initial
configuration for several overburden stress values. It is also shown that the volume of the
fracture in the case of granular proppant is smaller compared to the case of rigid disc shaped
proppant of the same volume.





Chapter 9

Conclusion and Perspectives

This thesis was mainly interested in multi-phase and rock-granular interactions using DEM
models.

9.1 Multiphase system

9.1.1 Conclusions

In the multiphase systems, a numerical model for partially saturated soils in the pendular
regime was presented. The capillary interaction law is based on the capillary theory. We
solved the exact solution of Young-Laplace equation numerically for different configura-
tions of two grains in order to compute the capillary forces and the geometric properties of
the liquid bridge.

The model enables the determination of the interfaces separating the different phases
and the corresponding energy. These elements were used to validate the model from an
energetic point of view, and it has been proved that it is important to take them into account.
It was shown that if one or all the energetic terms related to the interfaces were neglected,
the energy balance is not verified.

The model also takes into account the roughness of the grains models as a positive or
negative separation of two grains. The roughness is shown to have an importance influence
on the norm and the evolution of the capillary forces.

Thermodynamic interpretations of DEM simulations of an assemblies of grains were



164 Conclusion and Perspectives

used to discuss concept of effective stress in the pendular regime. Although, the averaged
contact stress calculated by the Love-Weber formula is frequently supposed to be the effec-
tive stress in partially saturated soils, It was however proved in this work that this assumption
is not always valid. In the elastic regime, the contact stress is not equal to the effective stress
derived from the energy of the deformation in the granular materials.

At the pic in a monotonic triaxial shear, the contact stress does not predict the rup-
ture of the soil. Plotted in the (pcont ,qcont) plane, the peak values do not fall on a unique
Mohr-Coulomb envelop for all the possible particle size distribution. For all the authors
considering that the contact stress is the micromechanical effective stress and presenting
analytical formulations based on the Love-Weber formula, the domain of validity of their
results remain to be defined.

The pendular model was also coupled with the funicular model in this thesis in order
to simulate a full drainage. It is noticed that the addition of the pendular liquid bridge to
the funicular regime has a noticeable impact on the behavior of partially saturated granular
media. The presence of the menisci increases the value of the effective stress parameter χ

and increase the difference between the χ obtained from the simulations and χ = Sr.

9.1.2 Perspectives

The numerical model for the pendular regime has the potential to be extended to multiphys-
ical coupling taking into account for example the different phenomena related to the change
of temperature and salinity of the fluid. The transfer of water between the pores when the
grains are deformed or when the menisci are broken is also an interesting option to be in-
vestigated.

More complex formulations of the effective stress based on the thermodynamic approach
should then be considered. The energetic analysis that was presented in this thesis in the
elastic regime can be extended to plasticity in order to build progressively a constitutive
framework in which the material properties can be obtained by simulations or experiments.

To complete the study, a model for the imbibition can be developed. The pendular model
is to be improved by improving local rules governing the coalescence of multiple pendular
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bridges. The new geometry of the water in the pore after the fusion of the menisci is com-
plex and corresponds to a minimum energy of interfaces. The correct configuration can be
then determined through an iterating calculation to reach the minimum energy of the inter-
faces.

The funicular model is also adequate only for the small deformation, extension to higher
deformation is one of the options to improve the model.

9.2 Multi-material system

9.2.1 Conclusions

In the multi-material system, DEM was used to study the compaction of a proppant region.
In the first part, DEM was used to simulate the compaction of a granular pile of proppant
between two rigid plates. The stress distribution induced by the proppant on the plates was
determined. This stress distribution can be used in analytic analysis to improve the results
of the studies that aim to determine the geometry of the fracture as a function of the applied
stress, or in FEM simulations.

On the other side a DEM model was developed to study the interaction rock-proppant.
The rock block was constructed using DEM that is found to be adequate to simulate a con-
tinuum elastic media. The comparison of the results for the geometry of the fracture with
the analytic results developed for rigid shaped proppant fit very well. The rigid shaped prop-
pant was afterwards replaced by a granular proppant of the same volume and the results for
the fracture geometry were presented and compared with the results of the disc shaped rigid
proppant case. It is shown that considering a rigid disc shaped proppant overestimates the
volume of the fracture compared to a granular pile of proppant of the same volume.

9.2.2 Perspectives

More investigations on the geometry of the fracture can be done by considering two dissim-
ilar rock blocks or a proppant with a different particle size distribution. The results can be
also improved by considering that the grains do not remain intact during the compaction,
the grains break which results in a decrease in the volume of the fracture.
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The model is built in dry conditions; In reality the fracture is fully saturated. A model in
fully saturated conditions accounting also for the evolution of the fluid pressure value after
the proppant injection will also improve the results to approach more the reality.
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