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Introduction

In this thesis we approach two independent problems in the field of arithmetic
geometry, one regarding the torsion points of abelian varieties and the other the

motivic polylogarithm on abelian schemes.

The Manin—-Mumford conjecture of Yuri Manin and David Mumford states that
a curve C of genus greater or equal than 2 in its Jacobian variety J can only contain
a finite number of points that are of finite order in J. In 1983, after having proved
the conjecture, Raynaud generalized its result to higher dimensions: if A is an
abelian variety and X is a subvariety of A not containing any translate of an abelian
subvariety of A, then X can only have a finite number of points that are of finite order
in A. Various other proofs (sometimes only for the case of curves) later appeared,
and in 1985 Coleman was the first to provide an explicit bound for the cardinality of
the intersection of a curve with the torsion subgroup of its Jacobian, in the special
case in which the Jacobian has complex multiplication.

In 1996, Buium presented both a new proof of the Manin-Mumford conjecture for
curves and a new bound which does not require any assumption on J. In this thesis,
we show that Buium’s argument can be made applicable in higher dimensions to prove
the general Manin-Mumford conjecture for subvarieties with ample cotangent bundle.
We also prove a quantitative version of the conjecture for a class of subvarieties with
ample cotangent studied by Debarre. Such a result is particularly interesting, since
so far we only had bounds in the one dimensional case. Our proof also generalizes to
any dimension a result on the sparsity of p-divisible unramified liftings obtained by
Raynaud in the case of curves.

In 2014, Kings and Rossler gave a simple axiomatic description of the degree
zero part of the motivic polylogarithm on abelian schemes and they showed that
its realisation in analytic Deligne cohomology can be described in terms of the
Bismut-Kohler higher analytic torsion form of the Poincaré bundle. In this thesis,
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we use the arithmetic intersection theory in the sense of Burgos to refine Kings and
Rossler’s result. More precisely, we prove that if the base scheme is proper, then
not only the realisation in analytic Deligne cohomology but also the realisation in
Deligne-Beilinson cohomology of the degree zero part of the motivic polylogarithm
can be described in terms of the Bismut-Kohler higher analytic torsion form of the
Poincaré bundle.

This thesis is composed by three chapters. In the first one we provide the reader
with some preliminaries and present our two results. Chapter 2 (resp. chapter 3)
contains the proof of our result on torsion points (resp. on the motivic polylogarithm
on abelian schemes). Notice that chapters 2 and 3 can be read independently, without
reference to chapter 1.

vi



Chapter 1

Preliminaries and presentation
of the results

This chapter is divided in two sections. In the first one, we give a brief survey on the
Manin-Mumford conjecture for number fields and we describe our generalization of
Buium’s proof to higher dimensions. Section 2 is mainly devoted to recall some basic
definitions and facts about arithmetic intersection theory. We also shortly present
our result on the degree zero part of the motivic polylogarithm on abelian schemes.

1.1 The Manin-Mumford conjecture

1.1.1 A brief survey on the Manin-Mumford conjecture

The Manin-Mumford Conjecture for number fields is a deep and important finiteness
question (raised independently by Manin and Mumford) regarding the intersection
of a curve with the torsion subgroup of its Jacobian:

Theorem 1.1.1. Let K denote a number field, K an algebraic closure of K and let
C/K be a curve of genus g > 2. Denote by J the Jacobian of C' and fix an embedding
C < J defined over K. Then the set C(K) N Tor(J(K)) is finite.

Theorem 1.1.1 was proved by Raynaud in 1983, see [Ray83b]. Some months later,
Raynaud generalized his result obtaining the following (see [Ray83c]):

Theorem 1.1.2. Let K and K be as above. Let A be an abelian variety and X an
algebraic subvariety, both defined over K. If X does not contain any translation of an

abelian subvariety of A of dimension at least one, then X (K) N Tor(A(K)) is finite.

1



1. PRELIMINARIES AND PRESENTATION OF THE RESULTS

Various other proofs (sometimes only for the case of curves) later appeared, due
to Serre ([Ser85]), Coleman ([Col85]), Hindry ([Hin88]), Buium ([Bui96]), Hrushovski
([HruO01]), Pink-Réssler ([PR02]).

Coleman was the first to provide an explicit bound for the cardinality of the
intersection of a curve with the torsion subgroup of its Jacobian. In [Col85], he
considered the special case in which the Jacobian J of the curve C'/K has complex

multiplication. In this situation he proved that

#(C(K) N Tor(J(K))) < pg

where g > 2 is the genus of C and p is the smallest prime greater or equal than 5
divisible by a prime p of K with the following properties: K/Q is unramified at p
and the curve C'/K has ordinary reduction at p. Coleman’s bound is sharp and, as
shown by an example in [Col85], it fails in general, in the noncomplex multiplication

case.

In 1996 Buium gave a new proof of Theorem 1.1.1 and provided a bound without

assuming J has complex multiplication.

Theorem 1.1.3. In the same hypotheses of Theorem 1.1.1, let p be a prime of K
above p > 2g such that K/Q is unramified at p and C/K has good reduction at p.
Then

H(C(K) N Tor(J(K))) < p93%(p(2g — 2) + 69)g!

1.1.2 Buium’s proof

We sketch here Buium’s proof.

1. Thanks to a result due to Coleman [Col87], Theorem 1.1.3 is an easy conse-

quence of its “nonramified version”:

Theorem 1.1.4. Let p be as in Theorem 1.1.83 and let R be the ring of Witt
vectors with coordinates in k := m, the algebraic closure of the residue field of
p. Let C'/R be a smooth projective curve of genus g > 2 possessing an R-point
and embedded via this point into its Jabobian J/R. Then §(C(R) N Tor(J(R)))

s finite and

#(C(R) N Tor(J(R))) < p*39(p(2g — 2) + 69)g!

2. For any scheme Y of finite type over R, denote by Y; the k-scheme Y ®p k.
Buium associates to Y the first p-jet space Y, a scheme over k equipped with



1.1. The Manin-Mumford conjecture

a lifting map V§ : Y(R) — Y (k) and a map Yy — Yp. If Y is smooth along
Yy, then YO1 is a torsor on Yy under the Frobenius tangent bundle

FT(Yy/k) := Spec (SymFy, Qy, /i) -
. If Y/R is a smooth projective curve of genus g > 2, then the torsor Y — Yj is

not trivial. Therefore, in the situation of Theorem 1.1.4, we get a nontrivial
torsor C} over Cj which corresponds to an extension of vector bundles

0— Ocy = Ec — F&,Qcy /1 — 0.

The non-triviality of the torsor implies that this extension is non-split and one
can deduce that the vector bundle E- is ample.

. C} identifies with P(E¢c)\P (Fa)QCo /i) which is affine thanks to the ampleness
of Ec.

. If p > 2, the map V} : J(R) — J(k) is injective if restricted to Tor(J(R)), so

4(C(R) N Tor(J(R))) = 4 (Vo(C(R) N Tor(J(R)))) .

. Let B := pJ& be the maximal abelian subvariety of J&. Then the image of
Vi(Tor(J(R))) under the homomorphism

Jo (k) = Jo (k) /B (k)

has cardinality at most p?9. This implies that V§(C(R) N Tor(J(R))) is the
union of at most p?? sets of the type

(B(k) +b) N Cy (),
where b € Jd (k). Each of these is finite, being B proper and C¢ affine.

. To bound the cardinality of C'(R) N Tor(J(R)) it is then enough to focus on
the intersection B(k) N CJ (k). Consider the exact sequence of vector bundles
corresponding to the torsor J& — Jo:

0— Oy, —>EJ—>F}‘OQJO/k—>O.

Buium shows that there exists an embedding P(E¢) < P(Ey), so that both
C¢ and B can be seen inside P(E;). He then fixes a suitable embedding of
P(E;) into some projective space and uses Bezout’s theorem in Fulton’s form
to estimate f (B(k) NP(E¢)(k)). The set B(k) N Ca(k) is clearly contained in
B(k) NP(E¢)(k) so we get the desired bound.
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1.1.3 Generalization of Buium’s proof to higher dimensions

In this thesis we first give a new proof of the “generalized” Manin-Mumford conjecture
(Theorem 1.1.2), in the case of subvarieties having ample cotangent bundle, following
a similar approach to the one used by Buium. (See Theorem 2.6.2.)

As in the dimensional one case, the main point is proving a non-ramified version
of Theorem 1.1.2. The main difficulty in generalizing Buium’s work comes from part
(3) in the previous subsection. In his situation, Buium proved it in three steps:

(a) To show that C} is not trivial as a torsor over Cp, he used a result by Raynaud

stating that no smooth curve of genus g > 2 over k := k(p) admits a lifting of
the Frobenius to Ry := R/p? (cf. Lemma 1.5.4 in [Ray83a]).

(b) The non triviality of C} is equivalent to: the sequence
0— Oc, = Ec — F&,Q0yk — 0 (1.1)

is nonsplit. Since F¢ Q¢,/x is ample, one can apply Corollary 3 in [MD84]
obtaining that either E¢ is ample or the pullback by a suitable power of Frobenius
of the sequence (1.1) splits.

(c) But due to the fact that deg F¢ Qcy/x > (29 — 2)/p, the maps induced by
Frobenius

Ext! (F5, Qoy ke Ocy) — Extl(Fg;)*QCO 1 Ocy) = Extl(Fg’O*QCO Ik Ocy) = ..

are injective by Tango’s criterion (cf. Theorem 15 and definition 11 in [T*72]).
Now the sequence (1.1) is nonsplit, so its pullback under a power of Frobenius
cannot split and F¢ is ample.

Let us see what we can do to show that Ex is ample for X as in our hypotheses.
By means of the theory of strongly semistable sheaves, we prove the following
fundamental result (cf. Lemma 2.5.2 for more details):

Lemma 1.1.5. Let n be the dimension of X. Then there exists a nonempty open
subscheme U C Spec(Of) such that for any p € U above a prime p > n? deg(Qx)
and any s € N*

Homy, (FQ:QXO,QXO> —0.

(Here deg(Q2x) stands for the degree of Qx with respect to any fized very ample line
bundle on X.)

4



1.1. The Manin-Mumford conjecture

An easy consequence of this Lemma is the analogue of Tango’s criterion (part (c)
above) in higher dimensions (cf. Corollary 2.5.3):

Corollary 1.1.6. For any p as in Lemma 1.1.5, the maps induced by Frobenius
Eth(F;(OQXO/kH OXo) — Eth(F)z(—’;QXO/k, OXo) — Eth(F;?:QXO/kv OXO) — ...

are injective.

The Cartier isomorphism and Lemma 1.1.5 imply then that for any p as in Lemma
1.1.5, X does not admit a lifting of the Frobenius over Ry and so X} — X is not
the trivial torsor (part (a) above). In particular this allows us to generalize to higher
dimensions Raynaud’s result on the sparsity of p-divisible unramified liftings for
curves (see Théoreme 4.4.1 in [Ray83b]):

Theorem 1.1.7. For any p as in Lemma 1.1.5, the set

{P € Xo(k(p)) | P lifts to an element of pAyi (R1) N Xp1(R1)}

18 not Zariski dense in Xj.

Here Ay1 (vesp. X;1) is A®pg Ry (vesp. X ®g Ry).

Now Corollary 3 in [MD84] (used in part (b)) has a slightly weaker analogue
in dimension greater than one (cf. Corollary 2 in [MD84]): to apply it we need to
suppose the ampleness of the cotangent bundle of our subvariety X and we need to
show that the torsor X{ cannot be trivialised by any proper surjective morphism
Y — Xj. This can be derived as a consequence of Lemma 1.1.5 and Corollary 2.8 in
[R6s14].

Notice that in our proof we make use of the Greenberg transform rather than of
the p-jet spaces defined by Burgos. The two approaches are equivalent (this is shown
in Buium paper [Bui96].)

Subvarieties of abelian varieties with ample cotangent bundle have been studied by
O. Debarre in his article [Deb05]. In it, he proved for example that the intersection
of at least n/2 sufficiently ample general hypersurfaces in an abelian variety of
dimension n has ample cotangent bundle. This provides us with an entire class of
subvarieties of abelian varieties for which our proof of the Manin-Mumford conjecture
works. For this class of subvarieties, we provide an explicit bound for the set of
prime-to-p torsion points:
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Theorem 1.1.8. Let K be a number field, A/K be an abelian variety of dimension
n and L = O4(D) be a very ample line bundle on A. Let c,e € N with ¢ > n/2. Let
Hiy, Ho,...,H. € |L| be general and let e be sufficiently big, so that the subvariety

X =HNnHyNn..NH,

has ample cotangent bundle. There exists a nonempty open subset V C Spec(Ok)
such that, if p is in V and p is above a prime p > (n — c)?cetL(L"), then the

cardinality of TorP(A(K)) N X (K) is bounded above by

p (Z (%) et Qn,c,h> (L")

h=0

where Tor?(A(K)) is the set of prime-to-p torsion points of A(K) and Q. is a
natural number depending on n,c and h. (Cf. Theorem 2.7.1 for details about @y, 4 ¢
and V.)

To obtain such a “quantitative version” of the Manin-Mumford conjecture (for
the prime-to-p torsion) we use the same technique explained in part (7) of the sketch
of Buium’s proof. We embed pA(l) and X& into the same projective space and use
Bezout’s Theorem to compute the cardinality of the intersection pA§(k) N X3 (k).

1.2 Polylogarithm on abelian schemes and
Deligne-Beilinson cohomology

1.2.1 Arithmetic intersection theory

We recall briefly some notions in the intersection theory of arithmetic varieties
introduced by Gillet and Soulé in their foundational paper [GS90].

Currents and Green currents on complex manifolds Let V be a complex
manifold of dimension d; for simplicity we suppose that all the components of V'
have the same dimension. The space E™(V') of smooth complex valued n-forms on V'
has a topology defined using the sup norms, on compact subsets of coordinate charts
of V, of the k-fold partial derivatives of the coefficients of a form, for all £ > 0, see
[dR60] Par. 9 for details. Since the topology is defined by a family of seminorms,
E™(V) is a locally convex topological space. Let E(V') be the subspace of compactly
supported forms. We write D, (V') for the bornological dual of E7(V') and call it the
space of currents of dimension n on V. Since X is a complex manifold, we have a
decomposition
EL(V) = @prg=n L (V)
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from which we get a decomposition
Dn(V) = Bptg=nDpq(V).
Analogously, the exterior derivative
d=0+0:EYV)— EYV)
induces a dual homomorphism
b=b +V": D, 1(V)— D,(V).

One of the easiest examples of current is the following: for any closed k-dimensional
submanifold W C V| there is a current dy € Dog(V'), called current of integration

over W, defined by
ow(a) = / e
W

for a € E?*(V) and i : W — V the inclusion map. By means of a resolution of
singularities, one can also define the current of integration over any k-dimensional
analytic subspace of X . Finally, by linearity, this definition extends to any analytic

cycle of dimension k.

Another simple class of currents is that of currents associated to forms. More
precisely, any form o € EP9(V') gives rise to an element [o] € Dy_;, q—q(V') defined
by

[a](ﬁ)—/vom/?

for any 3 € E4P4=4(V). Therefore for any pair (p,q) we obtain a map
EPUV) = Dg—p.a—q(V).

This map is continuous and has dense image (with respect to the natural topology
one has on Dy_p 44(V), see [dR60], Par. 10). This leads us to write

Da—pa—q(V)=DPI(V)

and interpret DP4(V') as the space of forms of type (p, ¢) with distribution coefficients
([dR60]). Notice that the map EP4(V) = Dg_p 4—q(V') defined above can be extended
to all L!-forms of type (p,q) on X: in fact if « is such a form, the integral fv aAp
is well-defined, for all 3 € E4—P4=4(V/).

Stokes theorem shows that for any o € E™(V) we have [da] = (—1)""1b[a].

Therefore, if we define

d=(=1)"""b: D"(V) = D"*\(V),
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then the inclusion E*(V) — D™(V) commutes with d. We will write d and 9 for
(—=1)"*1 and (—1)"*1b". Finally we shall write

EP4(V) = EP4(V)/(OBPM(V) + 9B 1 (V)

and
DP4(V) = DP4(V)/(dDP~14(V) + dDPI~ 1 (V).
We recall now under which conditions pullbacks and pushforwards of currents are

defined. Suppose f : V¢ — W9 " is a holomorphic map of complex manifolds. Then,

if f is proper, we have maps
[T ERI(W) — EZI(V)
and therefore dual maps
fe : DPYV) — DPTHT ().

On the other hand, if f is smooth, then we have integration over the fibre homomor-

phisms
/ : EPUV) — EETRTT(W)
f

and therefore dual homomorphisms

f*: DPA(W) — DPA(V).

We are now ready to give the fundamental definition of Green current.

Definition 1.2.1. If V is a complex manifold and Y = > n;Y; is a codimension p
analytic cycle on V, a Green current for Y is an element g € Dp_l’p_l(V), which
is the class of a real current, such that %859 + dy = w, with w a smooth form

(necessarily of type (p,p)).

One can prove that such a Green current always exists if V' is compact and Kéahler
(cf. pag. 103 in [GS90]).

We conclude this section by recalling that we have an important operation on
Green currents called the s-product. Suppose V is a complex manifold, Y = > n;Y;
is a codimension p analytic cycle on V and Y’ = 3" n;Y/ is a codimension ¢ analytic
cycle on V. Suppose also that g is a Green current for Y and ¢’ a Green current for
Y’. Starting with g and ¢’ one can define a current, denoted g * ¢/, which is a Green
current for the cycle obtained intersecting Y and Y’. Defining the *-product would
take us too far afield: see sections 2.1 and 2.2 in [GS90]. All we need is to know that

* 1s associative and commutative.
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Arithmetic varieties and arithmetic Chow groups

Definition 1.2.2. An arithmetic ring is a triple (R, X, Fi,) consisting of an excellent
regular Noetherian integral domain R, a finite nonempty set > of monomorphisms
o : R — C, and an anti-linear involution Fi, of the C—algebra C* := C x...x C,

[Z]
such that the diagram

R (o2
Id Feo
R—° .=

commutes (here by § we mean the natural map to the product induced by the family
of maps ).

Definition 1.2.3. An arithmetic variety over the arithmetic ring (R, 3, Fix) is a
scheme X which is flat and of finite type over R. If F' is the fraction field of R,
we write Xp for the generic fibre of X and we suppose that Xz is smooth and

quasi-projective.

As usual we write
X(C) == [[(X xgoC)(C).
oEY
Since Xp is supposed to be smooth, then X (C) is a complex manifold and the anti-
linear automorphism Fi, of C* induces a continuous involution Fs, : X(C) — X (C).
For brevity’s sake we shall write EP?(X) for the space EP4(X(C)) and DP4(X) for
the space DP4(X (C)). Observe that Fu, acts on both E**(X) and D**(X), so we can
define the R-vector space EPP(Xp) (resp. DPP(XR)) to be the subspace of EPP(X)
(resp. DPP(X)) consisting of real forms (resp. currents) satisfying Ffa = (—1)Pa.
Similarly we define
EPP(Xg) = EPP(Xg)/(Imd + Imd)

and
DP?(Xg) = DP?(Xg)/(Imd + Imd).

Before giving the definition of arithmetic Chow groups, we briefly recall the definition
of (classical) Chow groups. Let us denote by ZP(X) the group of cycles of codimension
pin X, i.e. the free abelian group on the set of codimension p integral subschemes

9



1. PRELIMINARIES AND PRESENTATION OF THE RESULTS

of X. If T is a codimension p integral subscheme, we write [T] for the associated
cycle. If Y C X is an integral subscheme of codimension (p — 1), with generic point
y, then for any f € k(y)* we define a codimension p cycle

div(f) = Z ordy (f)[V].
1%

Here the sum is over all integral subschemes V' of Y of codimension p in X and the
definition of ordy (-) can be found in [Ful97] A.3. The p-th Chow group of X is then

CH?(X) = ZP(X)/Rat?(X)
where RatP(X) C ZP(X) is the subgroup generated by all cycles of the form div(f).

We are now ready to introduce the arithmetic Chow groups. Since for any
subscheme Y of X, Y(C) is invariant under Fi, then integration over Y (C) defines
a current in DPP(Xg) which we denote by dy. Extending by linearity, we obtain a
map

ZP(X) — DPP(XR).

We define the group ZP (X)) of arithmetic cycles of codimension p as the subgroup of
ZP(X) ® DPP(Xw)
consisting of pairs (Z = > n;[Z;],g) such that g is a Green current for Z.

If Y C X is an integral smooth subscheme of codimension (p — 1) and f € k(Y)*,
f gives rise to a rational function f(C) on Y (C). The function log|f(C)|? is real
valued and L! on Y (C); it therefore defines a current

log |£(C)?] € DOO(v(C)).
If i : Y(C) — X(C) is the natural inclusion, then
i. ([log | F(O)[2]) € DY 17-1(X),

Since both Y'(C) and f(C) are invariant under Fu, then i, ([log|f(C)[?]) actually
belongs to DP~1P~1(XR). The Poincaré-Lelong Lemma ([GH14]) applied to X (C)
tells us that

%85@'* ([og | F(C)]) = daiv(y)»

the current associated to the restriction to X (C) of div(f), viewed as a codimension
p cycle on X. In other words,

div(f) == (div(f), —ix ([log|£(C)[*]))

is an element of ZP(X).

10
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Definition 1.2.4. We define the p-th arithmetic Chow group of X as
CH(X) = 27(X)/R"(X)

where ﬁp(X ) is the subgroup generated by all (TR/( f), for some W codimension p — 1
integral subscheme, as above.

For each pair of non-negative integers (p, q), there exists a pairing

CH'(X) ® CH'(X) — CH (X)g
aQpB—a-p

which is defined by means of the classical intersection theory of cycles and of the
s-product of Green currents. Such pairings make

CH (X)q :== @ CH"(X)q
p=>0

into a commutative ring called the arithmetic Chow ring of X (cf. section 4.2 in
[GS90)).

We can define the following maps involving Gﬁp(X ):

o (: éﬁp(X) — CHP(X) sending (Z,g) to Z;

e a: EP~Lr—1(Xp) — Gﬁ”(X), sending « to (0, a);

e w:CH (X) — EPP(Xg) sending (Z,9) to w(Z,g) := 67 + 5-09g.
Recall that we have groups

Ker{d"": Daexo-0 k(@) = BpexmZ}

CHPPL(X) = .
( ) Im{dp_2 : @xex(p—Q)KQk(x) — @zex(p—l)k(a?)*}

Here XU) = {z ¢ X|Ox » has Krull dimension j} for j = p,p—1,p—2 and dP~!, dP~2
are the differentials in the E; term of the spectral sequence of [Qui73] Par. 7, so
that CHPP~! is the Eg_l’_p term of that spectral sequence. The differential dP~!
sends f € k(x)* to div(f) and dP~2 is essentially the tame symbol: see [Qui73] Par.
7. We have the following fundamental exact sequence

CHPPL(X) " Br1r-1(Xz) — % CH(X) —— CHP(X) —— 0 o)

(see Theorem 3.3.5 in [GS90] for the definition of pay).

11



1. PRELIMINARIES AND PRESENTATION OF THE RESULTS

Let us now recall under which conditions pullbacks and pushforwards of arithmetic
Chow groups are defined. Let f : X — Y be a morphism between arithmetic varieties
over the arithmetic ring (R, X, F,). Suppose that f induces a smooth map Xp — Y
between the generic fibers of X and Y. Then (see Theorem 3.6.1 in [GS90]):

1. if f is flat, for all p > 0 there is a natural homomorphism

f:CH(Y) - CH (X)
(Z,9)—= (f"Z,["9)

2. if f is proper and X and Y are equidimensional, for all p > 0 there is a map

f.: CH'(X) — CH' “(v)

(Z,9) = (f+Z, f+9).

where d = dim(X) — dim(Y).

Furthermore, if f : X — Y and g : Y — Z are two maps inducing smooth maps
between generic fibres, then f*¢* = (¢gf)* and (¢f)« = g« f« when either composition
makes sense. The reader can find more details about f* and f, in section 3.6 in

[GS90).

In arithmetic intersection theory, one has an equivalent of the classical Chern
character, called the arithmetic Chern character. Let F be an algebraic vector bundle
on the arithmetic variety X and let h be an hermitian metric on the corresponding
holomorphic vector bundle E(C) and X(C). The pair (E,h), denoted E, is by
definition an hermitian vector bundle on X. We shall always suppose that h is
invariant under complex conjugation, i.e. FX(h) = h. The arithmetic Chern
character &1() is defined as follows.

Theorem 1.2.5. There exists a unique way to define a characteristic class
ch(E) € CH (X)g

satisfying the following properties:

1 f*éfl(E) = ck (f*E), for every morphism f:Y — X of arithmetic varieties;
2. ch(E ® F) = ch(E) + c(F), for all hermitian vector bundles E, F;
3. ch(E @ F) = ch(E) - ch(F), for all hermitian vector bundles E, F;
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4. (;I\I(Z) = exp(ci(L)), for every hermitian line bundle L, where ¢1(L) is by
definition the class of the arithmetic cycle (div(s), —logh(s,s)), where s is a
nonzero rational section of L;

5. w(ch(E)) = ch(E) is the classical Chern character form.

Cf. IV.4 in [SAB94] for the proof.

1.2.2 Analytic-Deligne and Deligne-Beilinson cohomology

This section is dedicated to recall the definitions and some basic facts on two important
cohomology theories: the analytic Deligne cohomology and the Deligne-Beilinson
cohomology. The reader can refer to [EV] for a complete treatment.

Let V' be a complex manifold and let {1}, be the de Rham complex of holomorphic
differential forms on V. We denote by H*® the hypercohomology functor from the
derived category of Z-sheaves to the derived category of abelian groups. For any
complex of Z-sheaves A®* we shall write HY(A®) for the ¢g-th cohomology of the
complex H*(A®).

Definition 1.2.6. We define the analytic real Deligne complex R(p)p an of V' to be

0—— R(p) oy —4 al, vt 0

(1.3)

where R(p) := (27m)PR is in degree zero. We define the analytic real Deligne
cohomology of V' as

HY, o (V:R(p)) := H(V,R(p)pan)-

Now let W be a complex algebraic manifold of dimension n. A good compactifi-
cation of W is a proper algebraic manifold W with an embedding j : W < W such
that D = W \ W is a normal crossing divisor (i.e. locally in the analytic topology
D has smooth components intersecting transversally). Let Q'W(log D) be the de
Rham complex of meromorphic forms on W, holomorphic on W and with at most
logarithmic poles along D. We have a filtration of Q'W(log D) by subcomplexes

FP = (o — Q2 (log D) — Q2! (log D) — ... = Q2 (log D))
Notice that we have two natural maps € : Rj.R(p) — Rj. Q) and i : F!, — Rj, QY.
Definition 1.2.7. The real Deligne-Beilinson complex of (W, W) is

R(p)p = R(p)D,W = Cone (8 —i: RjR(p) ® F}, — Rj*Q;/V) [—1].

13



1. PRELIMINARIES AND PRESENTATION OF THE RESULTS

One can show that HY(W,R(p)p) is independent of the good compactification
chosen. Since each manifold over C allows a good compactification, we can give the
following definition.

Definition 1.2.8. The real Deligne-Beilinson cohomology of W is

H},(W,R(p)) = HY(W,R(p)p).

Notice that by construction, H},(W,R(p)) = H%}an(I/V, R(p)) if W is compact
(so that D is empty). More generally, there is a natural “forgetful” morphism of
R-vector spaces

HY(W, R(p) — HY (W R(p))

(what is forgotten is the logarithmic structure, cf. 2.13 in [EV]).

If X is an arithmetic variety over the arithmetic ring (R, X, Fiy,), we define
H}, (Xr, R(p)) = {7 € HL(X(C), R(p)IFy = (=17} -
Similarly we define
HY, o0 (X2, R(p)) = {7 € H) ,, (X(C). R) |y = (~1)"7}

The map pay in the sequence (1.2) is by construction the following composite function

_ p _ forgetful _ .
CHp7p 1(X) E— H2Dp 1(XR7]R(Q)) - Hgai(XR,R(g)) - Ep 1,p I(XR)

where the third map is a natural inclusion. Indeed we have
HY o (XR,R(p) = {c € (2mi)P T EP~17~}(Xg) [90c = 0} / (Im + Imd)
and the class of c is sent to the class of ¢/(27i)P~1. Cf. Corollary 6.3 in [Bur97] for

the definition of p.

1.2.3 Our result on the degree zero part of the motivic
polylogarithm

In [Bur97], Burgos introduced a new arithmetic intersection theory in which the role
of Green currents is played by Green forms, i.e. classes of forms with logarithmic
singularities at infinity (cf. section 3 in Chapter 3). Such forms are particularly
interesting since the associated complex naturally computes the Deligne-Beilinson

14
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cohomology. Burgos’ approach leads to a new version of arithmetic Chow groups
denoted (/]ﬁfog(‘). These groups coincide with the classic arithmetic Chow groups for
proper arithmetic varieties but are different in general. In this thesis we use Burgos’
theory to give a refinement of a result about the degree zero part of the motivic
polylogarithm on abelian schemes proved by Kings and Rossler (cf. [KR14]).

In their paper, Kings and Rossler gave a simple axiomatic description of the
degree zero part of the motivic polylogarithm and showed that its realisation in
analytic Deligne cohomology can be described in terms of the Bismut-Kohler higher
analytic torsion form of the Poincaré bundle. The setting in which they worked is the
following. Suppose S is a smooth scheme over a subfield k& of the complex numbers.
Let m : A — S be an abelian scheme of relative dimension g and call ¢ : § — A
the zero section. Fix N > 1 an integer and let A[N] be the finite group scheme of
N-torsion points. For any integer a > 1 and any W C A open subscheme such that

gl (W) =W

is an open immersion (here [a] : A — A is the a-multiplication on A), the trace map

with respect to a is then defined as

g+ Hag(W,) = By~ 00),0) == Hy W)

where H) (W, ) refers to the motivic cohomology of W introduced by Soulé in
[Sou85]. The generalized eigenspace of tr|, of weight zero is defined as

Hy, (W, ) (0) .= {w € Hy (W, »)|(trpq — Id)*+) = 0 for some k > 1}

and the zero step of the motivic polylogarithm is a class in the generalized eigenspace
of weight zero
pol” € H3 ' (A\ A[N], 9)©.

To describe it more precisely, consider the residue map along A[N]
H T (AN AN, g) — HR(A[N]\ £(S),0).
This map induces an isomorphism
HGT (AN AN] 9)© = HY (AIN]\ £(5),0)©)

(see Corollary 2.2.2 in [KR14]) and pol” is the unique element mapping to the
fundamental class of A[N]\ (5).

15
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In [MR], V. Maillot and D. Rdssler constructed a canonical class of currents g 4v
on A (cf. Theorem 3.5.1) which can be described in term of the Bismut Kohler
analytic torsion form of the Poincaré bundle and which gives rise to a class in analytic
Deligne cohomology

(INT*gav — N 40)| v € H on (A AN]R, R(9)).

Since CHPP~1(+)q = Hfz\ﬁ_l(-,p) (see section 1.4 in [BGKKO7] for this), to p and

Pan correspond maps
. 2g—1 2g—1
cyc: Hy (AN A[N],g) = H5 ((A\ AIN))r, R(g))

and
CYCan : Hyg (AN A[N],g) — HE (A AIN]Dg, R(g)).

The main result in [KR14] is the following.

Theorem 1.2.9. We have
—2 - cyc,, (pol’) = ([NT*gav — N*g.4v)| 4\ apn)-

In this thesis we give a refinement of Theorem 1.2.9 supposing S is proper over k
(see Corollary 3.6.1 and Theorem 3.6.2). More precisely, we show that in this case
the class of currents [N]*g4v — N29g4v provides us not only with the realization of
pol” in real analytic Deligne cohomology but also in Deligne-Beilinson cohomology:

Theorem 1.2.10. Let S be proper over k. The class of currents [N]*gav — N?9g4v
gives rise to an element

(INFaar — N%g0) Lo ag) € I (eye s HYG™ (AN AIN], 9) — HE ™ ((A\ AIN])g, R(9)) )

verifying
—2-cye(pol®) = ([N]"gav — N*g.av)| -

Notice that necessarily we have

forgetful <([N]*9AV - N299AV)|A\A[N]) = ([N*gav — N*g.4v)| g\ a[n]-

16



Chapter 2

The Manin-Mumford conjecture
for subvarieties with ample
cotangent bundle

Abstract

We give a new proof of the Manin-Mumford conjecture for subvarieties of
abelian varieties having ample cotangent bundle, when all data are defined over
a number field. Our strategy follows Buium’s approach in the case of curves; i.e.
we prove an intermediate “non-ramified version” from which the conjecture easily
follows. In order to do so, we use the Greenberg transform, which assumes the
role of the p-jet spaces in Buium’s work, and the theory of strongly semistable
sheaves. Furthermore, we provide an explicit bound for the cardinality of the
set of prime-to-p torsion points of subvarieties obtained as the intersection of
at least n/2 sufficiently ample general hypersurfaces in an abelian variety of

dimension n.

2.1 Introduction

The Manin-Mumford conjecture is a significant result concerning the intersection of
a subvariety X of an abelian variety A with the group of torsion points of A, when
all data are defined over a number field. Raynaud first proved the conjecture in 1983,
and since then various other proofs (sometimes only for the case of curves) surfaced,
due to Serre, Coleman, Hindry, Buium, Hrushovski, Pink-Réssler. In this paper we
give a new proof of the Manin-Mumford conjecture in the case of a subvariety X

with ample cotangent bundle (cf. Theorem 2.6.2):

17
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Theorem 2.1.1. Let K be a number field, A be an abelian variety over K and
X C A be a smooth subvariety over K with trivial translation stabilizer and ample

cotangent bundle. Then the set

Tor(A(K)) N X (K)

1$ finite.

Here K is a fixed algebraic closure of K and Tor(A(K)) is the subgroup of torsion
points of A(K). See the begin of the next section for the definition of translation

stabilizer.

Our strategy for proving Theorem 2.1.1 follows Buium’s approach in the case
of curves (cf. [Bui96]). We fix a prime p of K above a prime p such that K/Q is
unramified at p and X has good reduction at p. The key point then is to prove
a “non-ramified version” of Theorem 2.1.1: more precisely, we prove that Theorem
2.1.1 holds with K replaced by the maximal extension of K contained in K which
is unramified above p and with the torsion replaced by the prime-to-p torsion (see
Theorem 2.6.1 and the first part of the proof of Theorem 2.6.2).

This “non-ramified version” is a consequence of a result on the sparsity of p-
divisible unramified liftings which holds for general subvarieties, not necessarily
having ample cotangent bundle. Let U be an open subscheme of Spec(Ok) not
containing any ramified prime and such that A/K extends to an abelian scheme
A/U and X extends to a smooth closed integral subscheme X of A. For any p € U,
let R (resp. Rp) be the ring of Witt vectors (resp. of length 2) with coordinates
in the algebraic closure m of the residue field of p. We denote by X1 (resp.
A1) the Ri-scheme X' xy Spec Ry (resp. A xy Spec Ri) and we denote by X0
the W—scheme X Xy Spec W Define U as the nonempty open subscheme of U
consisting of all p € U such that X0 has trivial stabilizer.

Our result on the sparsity of p-divisible unramified liftings is the following (cf.
Theorem 2.5.4 for a more precise formulation):

Theorem 2.1.2. Let n be the dimension of X. Letp € U be above a prime p with
p > n?deg(Qx). Then the set

{P € Xyo(k(p)) | P lifts to an element of pAy (R1) N Xp1(R1)}

is not Zariski dense in Xpo.

(Here deg(Q2x) refers to the degree of Qx computed with respect to any fixed
very ample line bundle on X. See Section 4 for its definition.)

18



2.1. Introduction

Theorem 2.1.2 is an effective form (in the case of a number field) of a result on
the sparsity of highly p-divisible unramified liftings given by D. Réssler (see Theorem
4.1 in [R6s13] and the comment right after Theorem 2.5.4 in this paper). Theorem
2.1.2 is also a generalization to higher dimensions of the analogue result obtained by
Raynaud in the case of curves (cf. Théoréme 4.4.1 in [Ray83b]).

The proof of Theorem 2.1.2 lies on the impossibility of lifting the Frobenius
of X0 over R;. This is a well-known fact in the case of smooth curves of genus
at least 2: Raynaud proved it (see Lemma I1.5.4 in [Ray83a]) by means of the
Cartier isomorphism. To prove the impossibility of lifting the Frobenius in higher
dimensions (for subvarieties with trivial stabilizer) we make use of the theory of
strongly semistable sheaves and of the Cartier isomorphism.

Subvarieties of abelian varieties with ample cotangent bundle have been studied by
O. Debarre in his article [Deb05]. In it, he proved for example that the intersection of
at least n/2 sufficiently ample general hypersurfaces in an abelian variety of dimension
n has ample cotangent bundle. This provides us with an entire class of subvarieties
of abelian varieties for which our proof of the Manin-Mumford conjecture works. For
this class of subvarieties, we give an explicit bound for the set of prime-to-p torsion
points:

Theorem 2.1.3. Let K be a number field, A/K be an abelian variety of dimension
n and L = O4(D) be a very ample line bundle on A. Let ¢c,e € N with ¢ > n/2. Let
Hy, Hy,...,H. € |L¢| be general and let e be sufficiently big, so that the subvariety

X =HiNHyN..NH,

has ample cotangent bundle. There exists a nonempty open subset V' C Spec(Ox)
such that, if p is in 'V and p is above a prime p > (n — c)%ce“t (L"), then the

cardinality of Tor?(A(K)) N X (K) is bounded above by

p (Z (2 %) retent Qn,c,h> ()

h=0

where Tor?(A(K)) is the set of prime-to-p torsion points of A(K) and Q p.c is a
natural number depending on n, ¢ and h. (Cf. Theorem 2.7.1 for details about Qy, ¢
and V.)

To obtain such a “quantitative version” of the Manin-Mumford conjecture (for
the prime-to-p torsion) we use the same technique present in Buium’s paper. If
Gr1(Xp1) and Gry(Ap1) denote the Greenber transform of level 1 of X and A (see
Section 3), then we embed the two varieties Gri(Xp1) and [p]«Gri(Ay) into the
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same projective space and use Bezout’s Theorem to compute the cardinality of their
intersection.

We conclude this introduction by giving an outline of the chapter:

e in Section 2 we fix those notations which will stay unchanged throughout the
paper;

e in Section 3 we recall definitions and basic properties of the Greenberg transform
and the critical schemes. Notice that the use of the Greenberg transform in

this paper corresponds to the use of p-jet spaces in Buium’s proof;
e Section 4 is dedicated to the theory of strongly semistable sheaves;
e Section 5 contains the proof of Theorem 2.1.2;
e in Section 6 we prove Theorem 2.1.1;
e in Section 7 we prove Theorem 2.1.3;

e Section 8 is an Appendix containing the proof of the following fact: the tangent
bundle of a smooth subvariety of an abelian variety which has trivial stabilizer

has no non-zero global sections (cf. Fact 2.8.1).

2.2 Notations

We fix the following notations:

e K a number field,

K an algebraic closure of K,

e A/K an abelian variety,
e X C A a closed integral subscheme, smooth over K,

e Stab4(X) the translation stabilizer of X in A, i.e. the closed subgroup scheme
of A characterized uniquely by the fact that for any K-scheme S and any
morphism b : S — A, translation by b on the product A xXx S maps the
subscheme X x g S to itself if and only if b factors through Stab(X),

e U an open subscheme of Spec(Ok) not containing any ramified prime and
such that A/K extends to an abelian scheme A/U and X extends to a smooth
closed integral subscheme X of A.
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For any prime number p, any p € U above p and any n > 0, we denote by:

e k(p) the residue field Ok /p for p,
e K, the completion of K with respect to p,

. I?puﬁ the completion of the maximal unramified extension of K,

e R:=W(k(p)) (resp. Ry, := Wy (k(p))) the ring of Witt vectors (resp. the ring

of Witt vectors of length n + 1) with coordinates in k(p). We recall that R can
be identified with the ring of integers of Ky™ and R with k(p),

e X,n the R,-scheme X Xy Spec R,
Apn the R,-scheme A Xy Spec R,

e Tor(A(K)) the torsion points in A(K),
e Tor’(A(K)) C Tor(A(K)) the prime-to-p torsion,

e Tor,(A(K)) C Tor(A(K)) the p-torsion.

2.3 The Greenberg transform and the critical schemes

Now we recall some basic facts about the Greenberg transform (for more details, see
[Gre61], [Gre63] and [[BLRI0] p. 276-277]).

Throughout this section, a prime number p and a p € U above p are fixed.

For any n > 0, the Greenberg transform of level n is a covariant functor Gr,, from

the category of R,-schemes locally of finite type, to the category of k(p)-schemes
locally of finite type. If Y, is an R,-scheme locally of finite type, Gr,(Y,) is a

k(p)-scheme with the property

Yo (Rn) = Grp(Ya) (Wp))

More precisely, we can interpret R,, as the set of k(p)-valued points of a ring scheme
Tr, over k(p). For any k(p)-scheme T, we define W, (T') as the ringed space over R,

consisting of T" as a topological space and of HomW(T, Hy) as a structure sheaf.

By definition Gr,(Y},) represents the functor from the category of schemes over k(p)
to the category of sets given by

T — Hompg, (W, (T),Y,)
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where Hom stands for homomorphisms of ringed spaces. In other words, the functor
Gr,, is right adjoint to the functor W,.

The functor Gr, respects closed immersions, open immersions, fibre products,
smooth and étale morphisms. Furthermore it sends group schemes over R, to group

schemes over k(p). The canonical morphism R, ;1 — R, gives rise to a functorial

transition morphism Gr,4+1 — Gry,.

Let Y, be a scheme over R, locally of finite type. Then for any m < n we can
define
Y =Yy Xg, Rm.
Let us call Fy; : Yo — Y, the absolute Frobenius endomorphism of Yy and QYO o)
the sheaf of relative differentials.

For any finite rank locally free sheaf . over Yy we will write

V (F) := Spec (Sym (7))

for the vector bundle over k(p) associated to .Z.

If Y,, is smooth over R,, then QYO o) is a locally free sheaf. A key result in

[Gre63] is the following structure theorem:
Gry (Yl) — GI'()(YE))

is a torsor under

V(Fggmﬂgﬁ.

Let X, A, X and A be as fixed in the previous section. For any n > 0 we define
the n-critical scheme

Crit"(X, A) == [p"]+Gry,(Apn) N Gry(Xyn),
where [p"],Gr, (Apn) refers to the scheme-theoretic image of Gr,(Ayn) by the mul-

tiplication map [p"]. Notice that Crit"(X,.A) is a scheme over k(p) and that
CritY (X, A) = X0, since Grp is the identity.

The natural morphisms Gry,41(Agnt1) — Grp(Apn) lead to a projective system
of k(p)-schemes:
-+ = Crit* (X, A) — Crit' (X, 4) = X0
whose connecting morphisms are both affine and proper, hence finite. In fact,
transition morphisms are always affine and for any n > 0 the subscheme [p"],Gry, (Apn)

is proper, being the greatest abelian subvariety of Gry(Ayn).

We shall write Exc"(X,.A) for the scheme theoretic image of the morphism
Crit" (X, A) — Xpo.
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2.4 The geometry of vector bundles in positive

characteristic

Let us recall some results on vector bundes in positive characteristic we will need
later (see paragraph 2 in [Ros14] for all the details and proofs).

Let Y be a smooth projective variety over an algebraically closed field Iy of
positive characteristic. We write as before €2y, for the sheaf of differentials of Y’
over lg and Fy : Y — Y for the absolute Frobenius endomorphism of Y. We start

with following elementary lemma.

Lemma 2.4.1. Let
0OV —->W-—=N=0

be an exact sequence of vector bundles on Y. Suppose that W ~ (’)g, for some | > 0.
Then for any dominant proper morphism ¢ : Y' — Y, where Y’ is integral, the

morphism
¢ H(Y,V) = H(Y',¢"V)

is an isomorphism.

Proof. We have the following commutative diagram with exact rows

0 HO(Y,V) HO(Y,W) HO(Y,N)
¢* ¢* ¢*
0 HO(Y' ¢*V) HO(Y' ¢*W) HO(Y' ¢*N)

In this diagram all three vertical arrows are injective thanks to the surjectivity of
¢. Furthermore, the middle vertical arrow is an isomorphism, since both H%(Y, Oy)
and H°(Y’ Oy) coincide with Iy and both W and ¢*W are trivial. The five lemma

now implies that the left vertical arrow is surjective. O

Let L be a very ample line bundle on Y. If V is a torsion free coherent sheaf on

Y, we shall write
u(V) = pr(V) = degp(V)/rk(V)

for the slope of V' (with respect to L). Here rk(V) is the rank of V' i.e. the dimension
of the stalk of V' at the generic point of Y. Furthermore,

degy (V) == /YCl(V) cey (L)dmO)=1
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where ¢ (+) refers to the first Chern class with values in an arbitrary Weil cohomology
theory and the integral fY stands for the push-forward morphism to Specly in that
theory. Recall that V' is called semistable (with respect to L) if for every coherent
subsheaf W of V', we have u(W) < pu(V') and it is called strongly semistable if Fy»*V
is semistable for all n > 0.

In general, there exists a filtration
o=VCcwnc---CV,,CV,. =V

of V' by subsheaves, such that the quotients V;/V;_; are all semistable and such that
the slopes u(V;/V;_1) are strictly decreasing for ¢ > 1. This filtration is unique and
is called the Harder-Narasimhan (HN) filtration of V. We will say that V' has a
strongly semistable HN filtration if all the quotients V;/V;_; are strongly semistable.
We shall write

fmin (V) == inf{p(V;/Vi—1) iz
and

pmax (V) = sup{p(V;/Vi-1)}iz1.

An important consequence of the definitions is the following fact: if V and W are
two torsion free sheaves on Y and fimin(V') > pmax(W), then Homy (V, W) = 0. We
also recall that we have the following equivalences:

V is semistable < pimin(V) = pimax(V) < pmin(V) = p(V).
The first one is clear, the second one is a consequence of:

fmin (V) = min{u(Q) | @ is a quotient of V'}.

For more on the theory of semistable sheaves, see the monograph [HL10].

The following two theorems are key results from A. Langer (cf. Theorem 2.7 and
Corollary 6.2 in [Lan04]).

Theorem 2.4.2. If V is a torsion free coherent sheaf on'Y, then there exists ng > 0
such that F;’*V has a strongly semistable HN filtration for all n > ng.

If V is a torsion free coherent sheaf on Y, we now define
m I . Ty r
Mmin(v) T rliglo /’Lmln(Fy V)/Char(lo)

and
Fimax (V) 1= i pimax (Fy"V) /char(lo)"
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2.4. The geometry of vector bundles in positive characteristic

Note that Theorem 2.4.2 implies that the two sequences fimin(Fy/ V) /char(ly)” and
fimax (Fy?" V') /char(ly)” become constant when 7 is sufficiently large, so the above defi-
nitions of fi,;, and 7i,,, make sense. Furthermore the sequences imin(Fy”" V') /char(lo)"
and ,umaX(F;’*V) /char(lp)" are respectively weakly decreasing and weakly increasing,
therefore we have

Mmin(v) > ﬁmin(v) and ﬁmax(v) > :umaX(V)'

Let us define

Oé(V) ‘= max {Hmin(v) - ﬁmin(v)v Hmax(v) - Hmax(v)} :
Theorem 2.4.3. IfV is of rank r, then

r—1
< m .
O[(V) = Chal“(lo) max{lu’max(QY/lo)aO}

In particular, if fiyax(Qy/1,) = 0 and char(lp) > d = dim Y,

_ char(lp)
Q < max (2 .
:umax( Y/l()) — Char(lo) + 1 _ d lu‘ ( Y/l())

The following lemmas will be a key input in the proof of Theorem 2.5.4.

Lemma 2.4.4. Let V' be a vector bundle over Y. Suppose that

- for any surjective finite morphism ¢ : Y’ —Y, we have H(Y', ¢*V) =0,

- V'V is globally generated.

Then

- for any surjective finite morphism ¢ :Y' — 'Y, such that Y’ is smooth over ly, we
have pimin(6*VY) > 0. In particular T, (VY) > 0;

- there is an ng € N such that H° (Y, F{}’*V ® Qy/lo) =0 for all n > ng.

Proof. The bundle V'V is globally generated, so for any ¢ as in the hypotheses ¢*(V")
is globally generated. This implies

Hmin (¢*(V\/)) Z 0.

Actually fimin (¢*(VV)) cannot be zero. In fact, suppose by contradiction that ¢* (V")
has a non-zero semistable quotient Q = ¢*(V")/Qo of degree zero. Lemma 2.2 in
[R0s14] shows that any globally generated torsion free sheaf of degree zero is trivial,

so we have

¢*(VY) 2 Qo & O
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for some d > 0. This implies that ¢*(V") has a non-vanishing section, which

contradicts the assumptions.

To prove the second assertion it is enough to show that
fimin (Fy"(VY)) > pimax (Qy /1)
for n large enough, since
HY (Y, Fy"V @ Qyyy,) = Homy (Fy* (VY), Qyy,) -

Now taking ¢ = Fy»*, we obtain that pimin (Fy7*(VY)) > 0 for any n. Since the
sequence

fimin (B (VY)) /char(lp)”

becomes constant for n sufficiently large, it follows that pmin (F3" (V")) tends to
infinity and therefore

Hmin (F;H‘(VV)) > Hmax (QY/lO)
for n big enough. O

Lemma 2.4.5. Let V and Y be as in Lemma 2.4.4. Let ng be a natural number
verifying H° (Y, 'V e Qy/lo) =0 for alln > ng and let T — 'Y be a torsor under

V (Fy**V) := Spec (Sym (Fy*"VY)).

Let ¢ : Y' =Y be a proper surjective morphism and suppose that Y’ is irreducible.
Then we have the implication:

¢*T is a trivial V (¢*(Fy*"V))-torsor = T is a trivial V (Fy°"V)-torsor.

The proof of this lemma uses Lemma 2.4.4, an argument attributed to Moret-
Bailly in order to restrict to the case in which ¢ is generically purely inseparable and
a result by Spziro, Lewin-Ménégaux stating the injectivity of the map

HYY,V) = H (Y, F}V)

whenever H? (Y, F}V ® Qy/lo) = 0. See Corollary 2.8 in [R6s14] for the actual proof.

2.5 Sparsity of p-divisible unramified liftings
Let K, A and X be as fixed in Notations and let Stab4(X) be trivial.
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2.5. Sparsity of p-divisible unramified liftings

In this section we prove our result on the sparsity of p-divisible unramified liftings
(cf. Theorem 2.5.4 below). A fundamental intermediate step to do so will be Lemma
2.5.2.

The construction of the stabilizer commutes with the base change, so we have
Stab4(X) = Stab4(X) Xy SpecK.

Since Stab4(X) is trivial, by generic flatness and finiteness, we can restrict the map
7 : Stab4(X) — U to the inverse image of a non-empty open subscheme U’ C U to
obtain a finite flat commutative group scheme of degree one

Ta1(U7) : YU = U

Corollary 3 in paragraph 4 of [SCAS86] implies that 7,1 is étale and therefore
an isomorphism. In particular, for any q € U’ we have that Stab A (Xqo) is trivial.
Therefore there exist only finitely many qi, ..., elements in U such that Stab Ay (Xq0)
is not trivial. We will denote by U C U the open subscheme

U:=U\{qL, ... q%}-

For any p € U we denote by Fk(T) the Frobenius automorphism on k(p) and by Fg,
the automorphism of R; induced by Fm. We define

;0 = XpO Xp_— k(p)

k(p)

/
pl = Xpl XFR1 R1

and we write

. /
FXPO/W : Xpo — Xpo

for the relative Frobenius on X,0. For brevity’s sake, from now on we will write
QXpo (resp. QX"]Oa QXPU QX"Jla QX)
instead of
pro/@ (resp- QXQO/WJ), Qx1 /R QX"Jl/Rla QX/K) ~

We need the recall the following fundamental result due to Cartier (see [Kat70], Th.
7.2 for its proof):
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Theorem 2.5.1. There exists a unique homomorphism of OX’o -graded algebras
P
-1, 7 i 7 .
Do, - DH (P o i 0
i>0 i>0

such that C~1d(x ® 1) =class of xP~*dx for all global sections x of Ox. Furthermore

C~1 is an isomorphism and its inverse is called the Cartier isomorphism.

Observe now that since U is normal, then A is projective over U (cf. Th.XI 1.4
in [Ray77]). Therefore there exists a U—very ample line bundle L on X. For any
p € U different from the generic point &, let us denote by L, the inverse image of
L on X,o. Similarly we denote by L¢ the inverse image of L on X. From now on,
for any vector bundle Gy over X0, we will write deg(Gy) for the degree of G}, with
respect to Ly. Analogously, if G¢ is a vector bundle over X, we will write deg(G¢)
for the degree of G¢ with respect to L¢. Now consider the vector bundle 2y iy over
X. The map from U to Z defined by

p=x ((Qvw®L™),) =x (pro ® L;n)

and
E X ((Quvw ®L™)e) = x (Ox ® LY)

(here x refers to the Euler characteristic) is locally constant on U (cf. Ch.II, Sec.5 in
[MRMT74]). But deg(QXpo) only depends on the polynomial map x (pro ® L;”), SO

for every p € U we have deg <QX,,0> = deg(Qx).

Lemma 2.5.2. Let K, A and X be as fized in Notations, let Staba(X) be trivial
and let n be the dimension of X over K. Then

k,*
Homy, (FXPO Q.9 Xpo) —0
for any k > 1 and any p € U above a prime p > n?deg (Qx).
Proof. Let us fix p € U above a prime p > ndeg (Qx). We know that if
k,*
Hmin (Fxpo QXFO) > Mmax (QXPO>

then Homy (F)k(’*o QXPO,QXPO) = 0. Since fumin > Ty a0d Fpey > fmax it 8
p
sufficient to show that

_ k.x _
Hmin (FX;O QXPO) > Hmax <QX'J0>
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for every k > 1.

Recall now that Staba (Xy0) = 0 implies H° (Xpo, 954 0) = 0 (see Appendix
P
for this). The existence of the short exact sequence

O—>Q§(FO —>z’*QXpO — N —0

(here IV is the normal bundle to X0 in Ao and i : X0 < Ayo is the closed immersion)
assure that we can apply Lemma 2.4.1 with Y = X0 and V' = 934 ,- Therefore for
P

any surjective finite morphism ¢ : Y/ — Xpo, we have
0 * ~ 0 _
H <Y’,gz5 Q}QPO) ~H (Xpo,ﬂ\)/(p()) —0.

This tells us that the first hypothesis of Lemma 2.4.4 is satisfied (again in the case
Y =Xpoand V= 934 O). The second hypothesis is also satisfied: to see that 2 X0 is
globally generated it is enough to dualize the exact sequence above

0— NY — i*QApO = Qx, =0

and remember that the vector bundle 2 Ay is free. Therefore Lemma 2.4.4 implies
Trnin (QXp()) > 0. Using this and the equality i, (F)k{’*o QXp()) = Pl <QXpo)>
p
then all we have to verify is that
DPHmin (QXPO) > Hmax <QXPO> :
Theorem 2.4.3 gives us the following inequality

1—n

Ponin (QXPO) — Hmin (QXPO) 2 —— Hax (QXpo>

so that
PHnin (QXpo> 2 Plmin (QXPO) + (1 - n)ﬁmax (QXPO) .
We are then reduced to prove that
DHmin <QXpO> > nﬁmax (QXp()) :

We make use again of Theorem 2.4.3

_ p
Hmax (pr()) < p+1— nﬂmax (QXPO)

so it is enough to show that
(p +1- n)umin (QXpO) > Mmax (QXPO) .
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IfQ X0 is semistable, we obtain p > 2n — 1. Otherwise, we can estimate fimax (Q Xpo)

and fimin (Q Xpo> in the following way. There exists a subsheaf 0 # M C Q X0 such

that
deg(M)

Hmax (QXp(J) = W

therefore we have pimax (QXp(J) < deg(M) < deg (pro) — 1. Similarly,
deg(@)
min Q =
a ( Xw) rk(Q)

for some () quotient of €2 X,05 50 [tmin (Q Xpo) > 1/n. It is then sufficient to have

p > n’deg <QXpo) + (n —1—n?).

Since n — 1 — n? is always negative, we are reduced to p > n2deg (QXP())' Now

deg (QXPO> is greater or equal to one, so n’deg (pro) > 2n — 1 for any n. This
ensures us that the condition

p > n2deg <QXPO>

is sufficient to have pimin (F)k(*o QXpo) > max (QXpo) for every k > 1 whether QXpo
p

is semistable or not. To conclude it is enough to remember that deg (Q Xpo> coincides
with deg (Qx). O

Corollary 2.5.3. The map
1 * Vv 1 kx v
H' (X0, Fi (0%, ) = H' (X0, FR% 0K, )
1s injective for every k > 1 and every p € U above a prime p > ndeg (Qx).

Proof. Lemma 2.5.2 and Spziro, Lewin-Ménégaux result (stated at the end of the
previous section) imply that

1 h,x AV 1 h+1,x~V
H (Xy0, FR50% ) = H' (X0, FEE0% )
is injective for every h > 0. Therefore the composition

1 * 1 2% 1 k,x
H' (X0, F% 9% ) — H (XPO,FXpOQy(pO) T — (XPO,FXpOQg(qO)

is an injective map. O
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We are now ready to prove Theorem 2.5.4.

Theorem 2.5.4. With the same hypotheses as in Lemma 2.5.2, for any p € U above
a prime p > ndeg (Qx), the set

{P € Xpo(k(p)) | P lifts to an element of pA,i (Ry) N Xpl(Rl)}

is not Zariski dense in Xpo.

Notice that in [R6s13], D. Réssler proved a result on the sparsity of higly p-
divisible unramified liftings implying that, for m big enough, the set

{P € Xyo(k(p)) | P lifts to an element of p™ Apm (Ry,) N Xpm(Rm)}

is not Zariski dense in X0 (cf. Th. 4.1 in [R6s13]). Theorem 2.5.4 can be viewed as
an effective form of Rdssler’s result.

Proof. Since Crit' (X, A)(k(p)) = pApi (R1) N X1 (Ry), we have that
{P € Xyo (k(p)) | P lifts to an element of pApy(R1) N Xp1(R1)}

coincides with the image of Crit' (X, A)(k(p)) — Xy0(k(p)). Therefore, the thesis of
our theorem is equivalent to: Exc!'(X,.A) does not coincide with Xpo.

Let us suppose by contradiction that Exc!(X, A) = Xyo.

Consider the commutative diagram of k(p)-schemes

Crit} (X, A) X0
{ Id
Grl(Xp1) Xpo

where the left vertical morphism is a closed immersion. Since we are assuming
Excl(X, A) = X0, then Crit' (X, A) — X0 is surjective. We choose an irreducible
component

Crit' (&, A)g — Crit' (X, A)

which dominates X,0. Now consider the V/ (F)*(,,o QXp())—torsor w1 2 Gri(Xpn) — Xpo.
Lemma 2.5.2 allows us to apply Lemma 2.4.5 with T'= Gr1(X,1), Y = X0, ng =1
and ¢ equal to

Crit' (X, A)o = Xpo.
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We have that ¢*Gr1(X1) is trivial as V ((b*F)*( OQXp())—torsor, since
P
Cl"itl (X, .A)(] - Gl“l (Xpl).

Hence we obtain that 71 : Gry(Xp1) — Xpo is trivial as V' ( Fy OQXp())—torsor. Let us
P
take a section o : Xpo — Gr1(X,1). By definition of Greenberg transform, the map

o over k(p) corresponds to a map & : W1(X0) — X1 over R;. We can precompose
& with the morphism ¢ : X1 — W;(X,0) corresponding to

WI(OXPO) — Oxpl
(ao, a1) ¥ ag + arp

where a; lifts a;. Consider now the following diagram

X W1 (Xpo) X
Fx ,
Xpo ——— Xy —— 0 Xy
Notice that the composition
¢
Xpo X1 W1 (Xp0)

simply corresponds to the map

Wl(OXpo) — OXpo
(ao, al) — dg.
Therefore the left square in the above diagram is commutative. The properties of
the Greenberg transform and the equality m oo = Id X0 imply that the right square

is commutative too. We obtain in this way that ot : X,;1 — X1 is a lift of the
Frobenius F’ X,0 Over R;.

The diagram below is also commutative

X W1 (Xp0) Xy

F

Ry

Spec(R1) Spec(R;) Spec(R;)
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In fact, by definition, & is a morphism over R;, so the right square is commutative.
The commutativity of the left square is easy to check, since we know explicitely ¢
and Fp,.

The commutativity of the diagram above implies the existence of a morphism
F : Xpl — X;l

over R lifting F'y NEOR Now we use a classical argument involving lifting the
p

Frobenius and the Cartier isomorphism (cf. part (b) of the proof of Théoréme 2.1 in
[DI87]). Since

*

Xpo/w . QX‘IJO _>

FXPO/%v*QXpO

is the zero map, then the image of F™* : szl — F*prl is contained in pF*QXpl.
P
Furthermore, the multiplication by p induces an isomorphism

b FXPO/%#“QXPO - pF*QXpl’

so that there exists a unique map

NS i AL I
f =P F . QX:’O - FXpO/k(p)v*QXPO

making the diagram below commutative

*

QX:JI pF.Q X1
p
0 T P, 0
X0 X,0/k(p)x"“Xp0

If x is a local section of O X1 with reduction xg modulo p, then

F*(x®1) = 2P + pu(x)
where u(zx) is a local section of O x,, and
fldzo ®1) = a8 dao + d(u(z)).
In particular we have that df = 0 and the map
H'o £+ Q) Fy %0 = H' (P 57.9%0)
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coincides with the inverse of the Cartier isomorphism C~! in degree one (see Theorem
2.5.1). Therefore H! o f is an isomorphism which implies that f is not the zero map.
We can now consider the adjoint of f

f : FXPOQXPO = FXpO/WQX;IwO — pro.

Being f nonzero, then also f is nonzero and this contradicts Lemma, 2.5.2. O

2.6 The Manin-Mumford conjecture for subvarieties

with ample cotangent bundle

Let K, X, A be as fixed in Notations and let Stab4(X) be trivial. In this section we
also suppose that Qx is ample. Then by Proposition 4.4 in [Har66] we know that
Q X0 is ample for all p in a nonempty open subscheme W of U. Let us denote by U
the open subscheme

U=WnUCU,

so that every p € U verifies:

- K/Q is unramified at p,

- X/K has good reduction at p,
- Staby (Xyo) is trivial,

- Qx , is ample.

Theorem 2.6.1. Let K, A and X be as fized in Notations, let Stabs(X) be trivial,
let Qx be ample and n be the dimension of X over K. For anyp € U above a prime
p > n’deg (Qx) the set

pAp (R1) N X1 (Ry)

1$ finite.

Proof. This is clearly equivalent to show that the scheme

Crit' (X, A) = [p].Gr1(Ap) N Gri(X,n)

is finite over k(p). We have already observed that [p].Gri(A,1) is proper over
k(p), being the greatest abelian subvariety of Gri(Ay1). Therefore if we prove that
Gr1(X,) is affine we are done, since any affine proper morphism is finite. To prove
that Gri(X,1) is affine, we use exactly the same argument the reader can find in
Proposition 1.10 in [Bui96].
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Let us consider the V' (F)*( OQXpO)—torsor w1 : Gry(Xp1) — Xyo. While proving
p
Theorem 2.5.4, we have seen that m is not trivial. Now let

ne ' (X, Fy 0%, )
be the class defined by ;. Under the natural isomorphism
H (X0, 5, Q% , ) = Bxt! (F§ Qx,, Ox, )
7 corresponds to some extension
0—Ox,, —>E—>F;‘%OQXP0 — 0. (2.1)
We denote by P(E) the projective bundle over X0 associated to E, and by D the

divisor P <F)*( OQXp0> C P(E). Then the torsor m identifies with P(E) \ D.
b

The fact that m is not the trivial torsor implies that the short sequence (2.1) is
nonsplit. We can say even more: for any proper surjective morphism ¢ : Y’ — X0
with Y’ is irreducible, the pullback of (2.1) through ¢ is nonsplit. This is exactly
what Lemma 2.4.5 tells us (notice that we can apply Lemma 2.4.5 to our situation
thanks to Lemma 2.5.2). This and our assumption on the ampleness of 2 X,o allow
us to apply Corollary 2 in Sec. 1 of [MD84]: we obtain that E is ample, i.e. Op(g(1)
is ample. But D belongs to the linear system of Op( E)(l), hence D is ample and
Gry(X,1) is affine. O

It is now easy to deduce a new proof of the Manin-Mumford conjecture in the
case of a subvariety with ample cotangent bundle.

Theorem 2.6.2. Let K, A and X be as fized in Notations, let Staba(X) be trivial
and let Qx be ample. The set

Tor(A(K)) N X (K)

is finite.

Proof. Let us fix p > n?deg (2x) and write

Tor(A(K)) = Tor?(A(K)) & Tor,(A(K)).

We prove the finiteness of Tor? (A(K))NX (K) and the finiteness of Tor,(A(K))NX (K)
separately.
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If p € U is above p, then the field of definition of every prime-to-p torsion point
is unramified at p. This implies

Tor?(A(K)) N X(K) C TorP(A(R)) N X (R)

where R is the ring of Witt vectors with coordinates in k(p). By precomposing with
the morphism Spec R; — Spec R we obtain a homomorphism § : A(R) — Api(R1).
The restriction of § to Tor?(A(R)) is injective: in fact if p > 3 then the restriction to
the entire torsion is injective and if p = 2 the only torsion points contained in the
kernel are of order 2 (see [[Sil86], Chapter IV, Theorem 6.1] for this). So we have an
injection
Tor?(A(R)) N X (R) < TorP (Ay (Ry1)) N X1 (Ry).

Since Tor” (A1 (R1)) C pAyi(R), we obtain

Tor?(A(K)) N X (K) C pAy (R1) N X1 (Ry).

Therefore Tor?(A(K)) N X (K) is a finite set by Theorem 2.6.1.

Now, for brevity’s sake, let us write Z := Tor,(A(K)) N X (K) and let us denote
by Z the Zariski closure of Z. We use here an argument given by D. Rossler in the
last remark of [R6s05]. Let us write A[p] for the p-torsion points of A and K’ for
the extension of K generated by the points in A[p]. Then Z is the union

Z=(Z2nAK") | J(ZnAK)).

Since Z is Zariski dense in Z, then at least one of the above sets has to be dense
in Z. But (Z N A(K')¢) is not dense in Z: this is a consequence of Proposition 3 in
[R6s05] and of our assumption Stab(X) = 0. Then (Z N A(K")), which is a finite
set by the theorem of Mordell-Weil, is dense in Z. This implies that Z is finite. In
particular Z is finite. O

2.7 An explicit bound for the cardinality of the
prime-to-p torsion of Debarre’s subvarieties

In this section we provide an upper bound for the number of points in the set

Tor?(A(K)) N X (K) in the case in which X is a subvariety with ample cotangent
bundle of the type studied by Debarre in [Deb05].

Let A/K be an abelian variety of dimension n and let L = O 4(D) be a very ample
line bundle on A. Let ¢ € N be greater then n/2 and e € N. For Hy, Hs, ..., H. € |L°|
general and e sufficiently big, the subvariety X := H; N Hs N ... N H. has ample
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cotangent bundle (Theorem 8 in [Deb05]). Suppose that X is smooth and has trivial
stabilizer.

First of all, let us take a sufficiently small open V' C Spec(Of) such that A
extends over V' to an abelian scheme A, L extends to a V-very ample line bundle L,
H; extends to H; for every i and X := H1 N Ho N ... H, is smooth and has ample
cotangent bundle. We can restrict V' if necessary and suppose that for all p € V' the
stabilizer Staby , (Xpo) is trivial and K/Q is unramified at p.

For any m € N we define
cm = {(7‘1,7’2, ...)|ri € N and Zz‘ri = m}
and for any 8 € C"™ we define

Mg = (-1)x5 <ﬁ12551>

Bj
Cc .__ ¢
m=TI(0)
J=1

Finally for any m € N we write

Wine = > MsR§.
gecm B

Theorem 2.7.1. Let K be a number field, A/K be an abelian variety of dimension
n and let L = O4(D) be a very ample line bundle on A. Let c,e € N with ¢ > n/2.
Let Hy, Hs,...,H. € |L?| be general and e be sufficiently big, so that the subvariety
X := HiNHyN...NH; has ample cotangent bundle. Suppose that X is smooth and has
trivial stabilizer. If p is in V (the open subscheme of Spec(Ox) defined above) and p
is above a prime p > (n — ¢)?ce“TH(L™), then the cardinality of Tor’(A(K)) N X (K)
s bounded by

o2 z_: <2n ; 20> (—p)n_c_hen_h ) Z MQH Wfé (Ln)2'

h=0 peCn—c—h i>1
Proof. Fix p above a prime p > (n — c)? degy|, Qx. Then we know that
Tor?(A(K)) N X(K) € ([pl+Gr1(Ap) N Gri(Xp)) (k(p))
which is finite by Theorem 2.6.1. We have two exact sequences of vector bundles
0— OXPO — Ex — F)*(pOQXpO —0

0— OApo — EA — FZpOQAPO —0
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corresponding to the torsors Gry(X,1) — Xpo and Gri(Ay) — Apo. If we denote by
Dy the divisor P (FX 0 X,,o) C P(Ex) and Dy the divisor P (F;; Q Apo) C P(Ey),
p p

then we have two identifications

Gry(X,1) ~P(Ex)\ Dx

Grl(Ap1) >~ P(EA) \ DA.
We shall write ¢ for the closed embedding ¢ : QXpo — QApo- It is not difficult to
show that there is a natural restriction homomorphism *E4 — FEx prolonging
the homomorphism z’*QAPO — QXp(r The homomorphism i*E4 — FEx is clearly

surjective, so it induces a closed embedding j : P(Ex) < P(FE4) prolonging the
embedding Gr1(X,1) < Gri(A,1). Therefore we have a commutative diagram

[pL,Gr1 (A1)

X TA
Xpo C ! Apo
Spec(k(p))

Let us denote by L, the base change of £ to Ayo. It is standard to prove that the
line bundle
H = WZﬁp ® OIP’(EA)(l)-

is very ample on P(E4) (cf. pag 4 in [BV96]). We have
H|IP’(EX) = W}i*ﬁp (29 OIP’(EX)(l)

Hliplocri(a,) = T7Ly
since Dy € |Op(g,)(1)| and [pl«Gri(Apy) € Gri(Ap) ~P(Ea) \ Da. We know that

[p]«Gr1(Apr) is the maximal abelian subvariety of Gri(Ay) and we also know that
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the multiplication by p map on Gry (A1) factors through the isogeny 7'. This implies
that T has degree at most p*", so we have the following estimate

degy, ([p]«Gr1(4p1)) < p™ (L)

Let us now consider degy, (P(Ex)). It coincides with
[ Ml (2.2)
P(Ex)

where ¢; stands for the first Chern class in the Chow ring and fP( Ex) stands for the

push-forward morphism to Spec(k(p)) in the Chow theory. Since

c1(Hlpey)) = c1(mxi™Ly) + c1(Oppy (1))

we can re-write (2.2) as

= (20— 2c ¥ % p R 2n—2c—h
E h cr(mx " Ly)" - c1(Op(y) (1)) :
P(Ex) h—p

Equivalently

2n—2c

/X Z (2n ; 20) c1 (z’*[,p)h CTX ok (CI(OP(EX)(I))QH_2C_h>

p0 h=0
and by definition of Segre class this is

2n—2c¢

/x 2 <2nhZC>cl(i*£p)h'3n—c—h(Ex)-

»0 h=0
But s =0if k < 0, so we end up with
n—c
2n — 2¢ .
/ > < >Cl(l Lo)" - sn—c-n(Ex)-
X o h
pY h=0

Now the exact sequence

0— OXpo - Ex — F)*(pOQXpO -0

implies
Seen(Ex) = Y si(Ox,)s; (F)*(po QXpO) = Snooh (F;gpo QXPO)
i+j=n—c—h
and so

Sn—c—h(EX) = Sn—c—h (F)*(po QXPO> = pnicthn—c—h(QXpo)
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(here we have used the following fact: the pullback of a cycle n of codimension j
through the Frobenius map is p’n). Therefore we have to study the following sum

n—c ) .
3 < " . C> P (L) sneon(Qx,) (2.3)

h=0
We can rewrite Sn—c—h(QXpo) as a function of ¢1(i*Ly). Recall that if > ~qamt™ is
a formal power series with ag = 1 then its inverse (for the multiplication) is

-1

Zamtm = Z Z MéHafi .

m>0 m>0 \ geCm i>1

Since
St(QXPO) =1+ Sl(pro)t + SQ(QXPO)t2 + ...

is the inverse power series of
Ct<QXp0> =1+ cl(QXpo)t + Cz(pro)tQ + ...
we obtain
Sn—c—h(QXPO) = Z MéHCi(pro)ﬁi = Z M/BH Zﬁlcl TXO)
ﬁeCn—c—h 221 ﬁecm,—c h fL>1
The normal exact sequence for i
0— TXpU — z’*TApo — N —=0
implies
ct(Tx,o)ee(N) = ci(i"Ta ) =1
where N is the normal bundle for 7, so we have that ct(TXpO) is the inverse of ¢;(N).

Recalling that
a(N)=(1+ cl(i*ﬁg)t)c

and applying the formula for the inverse of a formal power series to ¢ (T Xpo) we get

ci(Tx,) = > Mg [[es(N ZM5H<<> *£6)>

BeCt j>1 BeCt §>1

S| ([

pect jz1
=a(iLy)" ) MsRj
pecCi
= o1 (i"L5) Wi

Bj
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Therefore we have

Snfcfh(QXpO) = Z Mg H 1516 *£e>l,31 Wﬁz
i1

ﬁecrl—c h

=

7,C

(_1)nfcfhcl (i*ﬁg)nfcfh H WﬁL

>
BeCn—c—h i>1
>

(_e)nfcfhcl (i*ﬁp)nfcfh H ng

BeCn—c—h i>1

=

Substituting in 2.3, we obtain

— [2n — 2c

> (e S [T e
h=0 BeCn—c—h i>1

Therefore degy, (P(Ex)) is

«— (2n—2c n—c—nh Bi - n—c
Z b (—pe) . Z Mpg HW c1(1*Ly)
h=0 BeECn—c= h i>1 pO

Now since X0 = HypN...N H.p where Hyp, ..., Hep belong to ][,g\, we have

/ 1 (i"L,)" = € / e1(Lp)" = (LD)
X, 0 ApO

p
and
— 2n —2c n—c—h _n— n
degy(P(Ex) = [ 3 (%) corete s S0 M [T | )
h=0 éeC'nfc h i>1
Now Bezout’s theorem in Fulton’s form (cf. [Ful97], p. 148) says that the number

of irreducible components in the intersection of two projective varieties of degrees
di,ds cannot exceed dids. In particular

H(Tor” (A(R)) N X(R)) < p™ (2 (2" . QC) (=p) e S Ma]] Wﬁz‘) 0%

h=0 ﬁeC"—C—h i>1

Notice that (L}) = (L"), by the same reasoning done after Theorem 2.5.1. To
conclude we need to compute degy,, {2x. We have seen that

ca1(x) = —a(Tx) = —e1(L|5)Wie
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and Wi . = —c, so ¢1(Qx) = cec1(L] x) and

degL|X QOx = /XCI(QX)CI(L’X)TL01 = Ce/Xcl(le)nc

= ce/ c1 (L) Cer (LO)°
A

:cec'H/ (L))"
A

= ce“TH(L™)

O]

Remark 2.7.1. 1. We would like to point out that in the case of a simple abelian

42

variety, Theorem 2.7.1 can be refined substituting “e be sufficiently big” with
“e be strictly bigger than n” (cf. Thm 7, [Deb05]). Analogously, in the case

)

of an abelian variety of dimension 4, we can substitute “e be sufficiently big’
with “e strictly bigger than 4” (cf. Thm 9, [Deb05]).

. The class of subvarieties with ample cotangent bundle provided by Debarre

is bigger than the one we have considered, i.e. one can take any intersection
X := Hy N HyN..NH, where H; € |L{| for some very ample line bundle
L; and some e; big enough. It is easy to make our proof work in the case
Ly =Ly=..= L. and ey, e, ...e. are arbitrary (and big enough): we have

Cj(N) = Z €ip €0 (i*ﬁp)j

1<iy <...<ij<c

which implies

ci(Tx,,) = c1(i*Lp) Zice (2.4)
where e = (eq, ..., e.) and
Bi
Zieer =D Mg[[| D eney
pecCt j>1 \1<i1<..<i;<c

Therefore degy, (P(Ex)) is

S s w1 [ e
0

h=0 geCn—e=h  i>1 b
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subvarieties

Since

/ (i Lp)" " =/ c(Lp)" Cer(Lyt) -+ - ea(Lye)
X, 0 A 0

P P

(1) e 1) e

we get the following bound for the cardinality of Tor?(A(K)) N X (K):
n — 2n —2c n—c— i - n
S (e 3 anTlak) (1) e
h=0 BeCn—c—h i>1 i=1

This bound holds for p > (n —c)? degy, Qx such that there exists p € V above
p. We compute

c1(Qx) = —c1(Tx) = —c1(L]|x) Z1,ce

(&
and Zi,ce = — ) i1 €i, SO

degL|X QX = Acl(ﬁx)cl(L|X)n_c_l

_ (i@)/Xcl(uX)“

i=1

(5 )

3. One could be tempted to generalize Theorem 2.7.1 also to the case in which

Hj, ..., H. belong to different |LT'|,...,|LE|. In this situation one would have

ct(N) = f[ (1 + (i*/lf;)t)

i=1
and )
]
G(N)= > IT extivzisy).
1S’i1<...<ij§0 k=11
Therefore
alTxp) = 3 My [ ()%
peC? j21
i ﬁj
J
=2 M[I{ > [laGy)
éeci 3>1 1<i1<..<i<c k=i
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This expression for ci(TXpO) is more complex than the corresponding one in
(2.4) in the case L1 = Ly = ... = L.. For this reason, a nice formula for

the cardinality of Tor?(A(K)) N X (K) does not seem easily attainable in this
general context.

2.8 Appendix

The following fact is well-known, but we were not able to find a published proof of it,

so we give one here.

Fact 2.8.1. Let A be an abelian variety over an algebraically closed field k and
let X be a closed integral subscheme, smooth over k. If Stab4(X) is trivial, then
H (X,0%,,) = 0.

Proof. Let k(e) := kl[e]/(¢®) be the ring of dual numbers and let Ay (resp. Xp(.))
be the base change of A (resp. X) to k(). Notice that the base change of Ay
(resp. X)) to k gives A (resp. X). This means that we have two closed immersions
ja A= Apey and jx + X <= Xpo). As usual, we shall say that h: Ayy — Ay
(resp. f: Xj(e) = Xi(e)) is a deformation of the identity on A (resp. on X) if

ho == h X Idg : Age) Xpe) B = Ape) Xne) k

(resp. fo = f x Idg : Xk(s) Xk(e) k— Xk(s) Xk(e) k‘)

is the identity on A (resp. on X). The set of deformations of the identity on A (resp.
on X) is nonempty, since it contains the identity on Ay (resp. on Xy (.)). Theorem
8.5.9 in [FIK™] tells us that the deformations of the identity on A form an affine
space under

H° (AaEOAME) ®04 ﬁﬂxk@/k(s)) :

Here the sheaf of ideals 80Ak(5) - OAk(E) is seen as a O -module thanks to the fact
€2 = 0. We have

= )V “— \%
€04y, ®0oa Jalhn, . k(o) = €04y, BO4 (OA B0, QAk(E)/k@))
o \Y
- 8OAk(s> ®0Ak(s) QAk-(s)/k(a)'

Now notice that the ideal () C k(e) is isomorphic to k as a k(e)-algebra. Tensoring
with OAk(e)’ we obtain that EOAk(E) Oy as (’)Ak<€)—algebras. This implies

% YV N \Y “— OV
€044y ®04 T4, () 2 Oa®0,, o Qi /o) = Lagre
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Therefore, the deformations of the identity on A form an affine space under H° (A, Y k)

Similarly, the deformations of the identity on X form an affine space under H° (X , Q}/( k)

Let us consider now the exact sequence
0= Q%) = QY = N =0

where 7 : X «— A is the closed immersion and N is the normal bundle to X in A. On

the global sections we obtain the exact sequence
0~ H° (X, 0%,) = B (X, "0, ) » HO(X,N).

Since QY , = 054", we have that i*QY , = OF™™4. This and the irreducibility

of X imply that we have an isomorphism
H (X,0*0% ) = H° (4,94 )

We deduce that the set of deformations of the identity on X is a subset of the set of
deformations of the identity on A: a deformation of the identity on A comes from a
deformation of the identity on X if and only if it corresponds to a vector field of A
tangent to X, i.e. there is a bijection between the set of deformations of the identity
on A coming from deformations of the identity on X and H° (X , Q} /k)'

Now let us consider the closed subscheme Stab4(X). It represents the functor
that associates to any S scheme over k the set

{z € A(S)|Xg + 2 = Xg}

where Xg stands for X xj; S and 4z is the translation by x on Ag = A x; S. In
particular, if we put S = Spec(k(e)) we have

Staba(X)(k(e)) = {z € A(k(e))| Xie) + 7 = Xie) }-

We write Staba(X)(k(g))o for the set of points in {z € A(k(e))| Xy + 7 = Xpe)}

which reduce to the zero of A. This is a subset of the tangent space to A in zero
Tang,(A) = {z € A(k(e))| « reduces to zero}.
Since Q\//x - Oj'}fmA, we have an isomorphism Tang(A) = H° (A, Q\f/1 /k> and hence
Stab(X)(k(e))o C H° (A, QY /k) .

Identifying HO° (A,QX1 /k> with the set of deformations of the identity on A, the

inclusion above is given by

xr— +x: Ak(s) — Ak(s)
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It is clear then that Stab4(X)(k(g))o corresponds exactly to the set of deformations of
the identity on A coming from deformations of the identity on X. By our hypothesis
Stab4(X) is trivial, therefore Stab4(X)(k(g))o = 0. Equivalently

H (X, Q%) = 0.
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Chapter 3

Polylogarithm on abelian
schemes and Deligne-Beilinson
cohomology

Abstract

We use Burgos’ theory of arithmetic Chow groups to exhibit a realization of
the degree zero part of the polylogarithm on abelian schemes in Deligne-Beilinson
cohomology.

3.1 Introduction

3.1.1 The degree zero part of the motivic polylogarithm

In [KR14], G. Kings and D. Réssler have given a simple axiomatic description of the

degree zero part of the polylogarithm on abelian schemes. We briefly recall it here.

In [Sou85], C. Soulé has defined motivic cohomology for any variety V over a

field
Hiy(V, ) = Gl Ky (V) ® Q.

Now let 7 : A — S be an abelian scheme of relative dimension g, let € : S — A be

the zero section, let N > 1 be an integer and let A[N] be the finite group scheme of

N-torsion points. Here S is smooth over a subfield k of the complex numbers. For

any integer a > 1 and any W C A open sub-scheme such that
jrla™t (W) =W
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is an open immersion (here [a] : A — A is the a-multiplication on .A), the trace map

with respect to a is defined as

i+ Hyy (W) = Hy (o] (W), = Hy (W)

For any integer r we let
Hiy, (W, %)) = {w € Hy (W, )|(tryq — a"Id)*p = 0 for some k > 1}

be the generalized eigenspace of try, of weight r.

Then the zero step of the motivic polylogarithm is a class in motivic cohomology
pol’ € HY ' (A\ A[N],9)©.
To describe it more precisely, consider the residue map along A[N]
H T (AN AN, g) = HR(A[N]\ £(5),0).
This map induces an isomorphism
H T (AN AN] 9)© = B (AIN]\ £(5),0))
(see Corollary 2.2.2 in [KR14]) and pol” is the unique element mapping to the

fundamental class of A[N]\ (5).

Now let us consider the map cyc,,, defined as the composition

cyc

forgetful
HY7H (AN AN], g) — e £

HE (AN AN)R, R(g)) — HE 1 ((A\ AINT)r, R(g))

(3.2)
where cyc is the regulator map into Deligne-Beilinson cohomology and the second
map is the forgetful map from Deligne-Beilinson cohomology to analytic real Deligne
cohomology (see the end of section 2 for the notations used here).

In [MR], V. Maillot and D. Réssler constructed a canonical class of currents g4v
on A (cf. Theorem 3.5.1 in Section 5) which gives rise to a class in analytic Deligne

cohomology

(INT*gav = N29g40) v ) € HEon (AN AIN)g, R(9))-

This element is represented by W, where v is any smooth form on A\ A[N] in

the class [N]*gav — N%9gyv.
The main result in [KR14] is the following.
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Theorem 3.1.1. We have
—2 - cyCay(pol”) = ([NT*gav — N*9gav )|\ arny-
Furthermore the map
HT (AN AN, ) = HE (AN AIN)R, R(g))

induced by cyc,, s injective.

3.1.2 Our main result

In this paper we give a refinement of Theorem 3.1.1 supposing S is proper over k
(see Corollary 3.6.1 and Theorem 3.6.2).

Before stating our result, we recall that in [Bur97], Burgos introduced a complex
that naturally computes the Deligne-Beilinson cohomology: this is the complex
El*og(') of smooth forms with logarithmic singularities along infinity (see section 3.1
for its definition).

Theorem 3.1.2. Let S be proper over k. The class of currents [N]*gav — N*9g v
has a representative which is smooth on A\ A[N] and has logarithmic singularities
along infinity. Any such n defines an element

sy € Im (eve s I AN AN g) — HE (AN A=, R(9))

which does not depend on the choice of 1. This element verifies

Ui

—2 - cyc(pol’) = (mia

3.1.3 An outline of the chapter

Let us now give an outline of the contents of each section.

In section 2 we review some notations and definitions coming from Arakelov

theory.
In section 3 we recall Burgos’ theory of arithmetic Chow groups.

Sections 4, 5 and 6 contain the proof of Theorem 3.1.2. This proof combines two
arguments. On one hand we use Burgos’ theory in order to prove an interesting
intermediate result which relates the classical arithmetic Chow groups to Deligne-
Beilinson cohomology (see Theorem 3.4.1). On the other hand we do some calculations
using the current g4v in order to prove that the class of

T:= [N]*(E(S)79AV) - NZg(g(S),gAv)
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in CH’ (A)q is zero (cf. Proposition 3.5.2). This proposition will allow us to apply

Theorem 3.4.1 to our case (see section 6).

3.2 Notations

We begin with a review of some notations and definitions coming from Arakelov
theory (see Sections 1, 2, 3 in [GS90] for a compendium).

Let (R,3, Fx) be an arithmetic ring i.e.
e R is an excellent regular Noetherian integral domain,
e Y is a finite nonempty set of monomorphisms o : R — C,

e [ is an anti-linear involution of the C—algebra C* := C x...x C, such that
——
3]
the diagram

R—° .=
Id Foo
R—° .=

commutes (here by 0 we mean the natural map to the product induced by the

family of maps ).

Let X be an arithmetic variety over R, i.e. a scheme of finite type over R, which is

flat, quasi-projective and regular. As usual we write

X(C) =[] (X xro C)(0).

oceEY

We notice that F, induces an involution F, : X(C) — X(C). Let p,q € N and y be
any cycle in ZP(X) with Y := supp y. We denote by:

e DPP(XpR) the R-vector space of real currents ¢ on X (C) of type (p, p) such that
Fo¢ = (=1,
. Dp’p(XR) the quotient DPP(Xg)/(Im0 + Imd),

e EPP(XR) the R-vector space of smooth real forms w on X(C) of type (p,p)
such that F% (= (—1)Pw,
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e EPP(Xg) the quotient EPP(Xg)/(Imd + Imd),
e CHY(X) the g-th ordinary Chow group of X,

o Gﬁq(x ) the g-th arithmetic Chow group of X.

We also fix the following notations for the analytic real Deligne cohomology and the
Deligne-Beilinson cohomology (see [EV] for the definitions):

e HY . (X(C),R(p)) the g-th analytic real Deligne cohomology R-vector space,

o H .0 (Xr,R(p)) the set {y € Hp, ,,,(X(C),R(p))|F5y = (=1)P7},
e H} (X (C),R(p)) the g-th Deligne-Beilinson cohomology R-vector space,

. HqD’Y(X (C),R(p)) the g-th Deligne-Beilinson cohomology R-vector space with
support in Y,

o H} (X, R(p)) the set {y € H}(X(C),R(p))|F5y = (—=1)P7},

o H,y(Xr,R(p)) the set {y € H, (X (C),R(p))|F5y = (=1)P7}

3.3 Burgos’ arithmetic Chow groups

For the convenience of the reader we recall in this section some definitions and basic
facts of Burgos’ arithmetic Chow groups (cf. [Bur97] for more details).

3.3.1 Smooth forms with logarithmic singularities along infinity

Let us start with the definition of smooth differential forms with logarithmic singu-

larities along infinity.

Let V' be a smooth algebraic variety over C and let D be a divisor with normal
crossings on V. Let us write W = V'\ D and let j : W < V be the inclusion. Let &},
be the sheaf of complex C* differential forms on V' and let E*(V') denote I'(V, &;;).
The complex of sheaves & (logD) is the sub-£}; algebra of 5.}, generated locally by
the sections

_ dz dz;
logz;z;, —, —
Zq Zi

, fori=1,..., M,

where z1 --- zpy = 0 is a local equation of D.

Let us write £y, (logD) = T'(V, &j(logD)) and let Ey g (logD) be the subcomplex

of real forms.
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Let I be the category of all smooth compactifications of V. That is, an element
(Va, i) of I is a smooth complex variety f/a and an immersion i, : V — Va such
that D, = Va —io (V) is a normal crossing divisor. The morphisms of I are the maps
f:Vy— ‘75 such that f oi, = ig. The opposed category I° is directed (see [Del71]).
The complex of smooth differential forms with logarithmic singularities along infinity

Ef,, (V) is defined as

El*og(v) = 11%1‘11 E;E/a (IOgDa)

acle
This complex is a subcomplex of E*(V) and we shall denote by Ef, (V) the
corresponding real subcomplex.

The complex Ej (V) has a natural bigrading

Ej,(V) = D EL(V).
The Hodge filtration of this complex is defined by
FPEL (V)= € ELI (V).

p'>p
p'+q'=n

We write By, p(V.p) = 2mi)PEf, g (V) C Ef, (V).
An important property of the complex Ef;g(V) is that it is strictly related to

Deligne-Beilinson cohomology. More precisely, let us consider the following complex
Elog v (Vip)p i= s(u: Eog g (V,p) & FPE (V) = Ejg(V))
where u(a,b) = b— a and s(u) stands for the simple complex of the map u. Then

H*D(Vv R(p)) = H*(El*og,R<M p)D)'

3.3.2 Definition of Burgos’ arithmetic Chow groups

Let X/R be an arithmetic variety and fix p € N*. Any cycle y € ZP(X) defines a
class in
p(y) € HY L (Xp, R(p))
where Y = supp y. Any g € Eﬁ;%p_l(X(C) \ Y(C),p — 1) with 9dg € E*(X(C)),
also defines a class
{—200g,9} € HE (X, R(p)).

The space of Green forms associated with y is then

2009 € E*(X(C))
GED(Xg) := { g € EL @7 H(X(C)\Y(C),p—1)| {-200g.g} = p(y) /(Ima + Imd).
Flg=39
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The group of arithmetic cycles in the sense of Burgos is
Z°(X) == {(y,9)| y € Z°(X) and § € GE)(Xg)} .

If W is a codimension p — 1 irreducible subvariety of X and f € k(WW)*, we have a
well-defined subvariety W (C) of X (C) and a well-defined function fc € k(W (C))*.
To fc is associated a class

p(fe) € HE ™ (X \ F)g,R(p))
where F' = supp divf. Since H?Jp_l (X \ F)r,R(p)) is the same as
{g € Eﬂ;ﬁp_l(X(C) \ F(C),p—1)] 899 =0 and Fg = g}/ (Imd + Imd),

then one can check that p(fc) defines an element in GEf, #(Xr), which we denote

by b(p(fc)). Let P/{;tp(X) be the subgroup of ZP(X) generated by the elements of
the form

dvf = (divs, —blp(fe))
The arithmetic Chow group aﬁfog(X ) in the sense of Burgos is
CH),,(X) := Z"(X)/Rat"(X).

The class of an element (y, §) € Z?(X) will be denoted by [y, g].

3.3.3 Two important properties
Burgos’ arithmetic Chow groups fit in the following exact sequence

- a = (¢, —w)
L} H%) 1(X]R7R(p)) E— CHlpog(X) R — CHP(X) ® ZEPJ’(XR)

CHp,p—l (X) log

(3.3)
where CHPP~! is Gillet-Soulé’s version of one of Bloch’s higher Chow groups, p is
defined in the proof of Corollary 6.3 in [Bur97], the map a sends the class of f to
[0, f] and (¢, —w)([y, d]) = (y,208g). Later we will make use of the fact

CHPP™(X)g = H) (X, p)
(see section 1.4 in [BGKKO07] for this).

Furthermore there exists a homomorphism
—=Pp —=p
Yx CHlog(X) — CH (X)

which is compatible with pull-backs and is an isomorphism if X is proper over R. In
particular for any y € ZP(X), we have a commutative diagram
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CHyy(X) ——— CHy, (X \ Y)
vx Yx\y
CH'(X) — " CH'(X\ V)

where Y = supp y and the map ¢ is the immersion X \ Y — X.

3.4 An intermediate result

Theorem 3.4.1. Let X/R be a proper arithmetic variety, y any cycle in ZP(X)
and h any Green current for y. Then there exists a representative hy of h belonging
to EL 37N (X(C)\ Y(C)), where Y = supp y. If w([y, hl) := 6, + dd°h = 0, then
2(2:% defines a class

2(272»0)1]0 e HA ' (X \ V)&, R(p))

which does nmot depend on the choice of hy and verifies

a (2(2772)1p> =i (w;?l([y, h])) :

Proof. If we denote by GCx (y) the space of Green currents for the cycle y, Theorem
5.9 in [Bur97] tells us that there is a natural isomorphism

GE}(Xr) = GCx(y)

which sends § to the class of the current 2(27i)!~P[g], where [g] sends a form w to

l0)(w) = /X ey

Let ifuovg € GEJ(Xg) be the inverse image of h by this isomorphism. Any element in
2(2mi) 7P hyog gives a representative of h belonging to Eﬁ;iép_l(X((C) \ Y(C)).

If 6, + dd°h = 0, we deduce

0 = (8, + dd°h) dd°h) 2(2mi) P dd° (fzfc;) .

xenr© = ( Ix@enve) —

Therefore we have a well-defined element ﬁ;g in

{geEﬁ;,ﬁp—l(X(C)\Y(@,p— 1) Iz‘fgg:_(; }/(Im@—i—lma)
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ie. in HE ™ (X \ Y)r, R(p)).
By definition of hjog and by definition of the pullback in Burgos’ theory, we have

o) = ([o]) = 0] = ().

To conclude the proof, take any representative hg of h in Ef:);ép (X (C)\ Y(C)).

We want to show that 2(2?% defines a class # in H%?_l((X\Y)R, R(p)) and

that this class is l?lovg. Since dy + dd°hg = 0, Proposition 6.5 in [BGKKO07] implies

that 2(2:1% is an element in GEY(XR) (please notice that the definitions of current

associated to a cycle and of current associated to a differential form used in Burgos’
paper slightly differ from the ones used here). This element must coincide with hjeg,
since both have image h in GCx (y). O

Remark 3.4.1. Tensoring with Q over Z is an exact operation, so the exact sequence
(3.3) shows that

i* (¥x'([y.h))) =0 € CHL,(X \Y)q & 2(27:20)1_}7 € p (CHP" (X \ Y)g)
o s <o ()

3.5 The case of an abelian scheme over an arithmetic

variety

In this section we explain in detail how the class g4v gives rise to an element

([INT*g.av — N*g.4v)| a\ aqw)

in HY 1 ((A\ ANz, R(9)).

Let S be an arithmetic variety over R and let 7 : A — S be an abelian scheme
over S of relative dimension g. We shall write as usual AV — S for the dual abelian
scheme of A. We let ¢4 = € be the zero-section of 7 : A — S§. We shall denote
by So = So,a = €4(S) the reduced closed subscheme of A, which is the image
of 4. We write P for the Poincaré bundle on A xg.A4Y and p; : A xg AV — A
for the first projection. Since A and S are arithmetic varieties over R, we have
two well-defined complex manifolds A(C) and S(C) and two well-defined R-vector
spaces DI~197H(AR) and B9~ 1971 AR). We endow the Poincaré bundle P with the
unique metric hp such that the canonical rigidification of P along the zero-section
e xIdyv : AY — A xg AV is an isometry and such that the curvature form of hp is
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translation invariant along the fibres of the map A(C) x g(¢y A" (C) — AY(C). We
write P = (P, hp) for the resulting hermitian line bundle.

Theorem 3.5.1. There is a unique class of currents gav € Dgfl’gfl(AR) with the

following three properties:

1. Any element of g4v is a Green current for Sy(C).

~ —\(9) —
2. The identity (So, gav) = (—1)9p1 « (ch(P)) * holds in CHg(A)Q.

3. The identity gav = [n].g4v holds for all n > 2.

Here [n] : A — A is the multiplication-by-n morphism and ch(P) is the arithmetic
Chern character of the hermitian bundle P.

Let us fix NV a positive natural number and call
T := [N]*(S0,8.4v) — N*(S0, 6.4v)-

We will write [T7] for its class in éﬁg(A). We denote by A[N] the N-torsion of A, by
i the immersion U := A\ A[N] — A and by I the restriction of the class of currents

[N]*gav — N*9g.4v
to U(C). Then the morphism
s« AT o
i* : CH (A) — CH (U)
sends [T to [0,T']. We recall the fundamental exact sequence

CHg,gfl(u) _Pen Eg—l,g—l(uR) e @Q(U) —— CHYU) —— 0 (3.4

(See Theorem 3.3.5 in [GS90]) for this). Here the map a sends the class of w to [0,w].
By construction, p,y is the following composite function

forgetful -
CHY9 ' (U) —"— HE ' Up. R(9) —— HY ol Uz, R(g)) —— B9~} (Uz)

where the third map is a natural inclusion. Indeed we have
HY oo U, R(g)) = {c € (2mi)7 ' B9 (Uy) |00c = 0} / (ImD + Im)
and the class of ¢ is sent to the class of ¢/(2mi)9~L.
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Since the image of [0,T] in CHY(U) is 0, there exists an element in F9~ 19~ (U)
sent to [0,T'] by a. We know how to construct such an element: thanks to Theorem
1.3.5 and Theorem 1.2.4 in [GS90], the class of currents [N]*g4v — N*9g4v has a
representative v in B9~ 5971 (Ug). Now if 4/ is another representative smooth on
U(C), we have that v — v’ is a smooth form on U(C) and v — ' = dc; + dcy for
some currents ¢; and cy. Therefore there exist two smooth forms w; and wy such
that v — 4/ = dw; + Ows (see Theorem 1.2.2 (ii) in [GS90]). This implies that the
class 4 € F9~19~1 (1) does not depend on . We have

a(y) = 0,71 = [0,T7.

The calculations we do to prove the next proposition are basically the same the
reader can find in Lemma 2.4.5 in [KR14].

Proposition 3.5.2. The element [T] is zero in Gﬁg(A)Q.

Proof. By Theorem 3.5.1, we have

~

1= (0201 = 320 (e (@0P) )

in aﬁg(.A)Q. Now consider the following square of schemes over S:

N x1Id

AXS.AV AXS.A\/

p1 p1

A A

For any () scheme over S and any pair of morphisms of schemes over S

(¢,0):Q = Axg AY
n:Q—A
we can define (n,0) : Q — A xg AY. It is easy to see that this is a morphism of
schemes over S and that, if N on = (, it verifies (N x Id) o (n,0) = (¢,0) and

p1 o (n,0) =n. Furthermore, (1, 0) is the unique morphism of schemes over S with
these properties. Therefore the square above is cartesian. Since the direct image in
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arithmetic Chow theory is naturally compatible with smooth base change, we have
P ~ =\ p L= (29)
(1IN (P (b(P)) ™) = (=1)%pu. | ((V x 14)"ch(P) )
~ .= 29)
— (-1 | (G <0y @n) ™).

From the definition of dual abelian scheme we know that there is an isomorphism
between the group End(A,.A4) and the group of isomorphism classes of invertible
sheaves £ on A x gAY with rigidification along € 4v such that L& k(a) is algebraically
equivalent to zero for all a € AY. Via this isomorphism, a map ¢ : A — A is sent to
(¢ x Id4v)*(P), so the image of Id 4 is P. Then the image of [N], i.e (N x Id)*(P),
must coincide with P®V. Therefore:

and

AR RS o (29)!

(NE (P)¥ 6 (P)%
= (=1 _pl’*< (219()!) > _N2gp1’*< 1((29))! >
=0

where ¢;(-) refers to the first arithmetic Chern class of a hermitian bundle. Notice

that we used the multiplicativity of ¢;(-). O
Corollary 3.5.3. The class (2mi)9~ 4 € (2mi)9~ ' E9~19-1(Ug) is in the image of
cyc

CHY T U, g) = HE (U, R(g)).

an

Proof. Proposition 3.5.2 implies that
0=4"([T]) =10,T] = a(¥)
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in éﬁg(Z/{)Q and the exactness of sequence (3.4) gives us 7 € pan(CH?Y 1 (U)q). By
the definition of p,,, we obtain that

(2mi)9~15 € (forgetful o p)(CHY9 ™1 (U)q).

This is exactly what we wanted to prove, once one identifies Hiﬂ_l(u ,g) with
CHY9 Y (U)q. O

3.6 The main result

We are now able to apply Theorem 3.4.1 to our situation. We assume that S is

proper over R, so A is proper over R.

Corollary 3.6.1. There exists a representative of [N]*gav — N29g4v belonging to
Elgog’llég_l(U(C)). Any such n defines an element
n

somiyis € I (ove s HR @) WY U R (9)))

which does not depend on the choice of n and verifies

a (2(272)1_9> — i* (3" (ly. 1)) = 0.

Furthermore

U gl
forgetful - .
orgetiu (2(2m‘)1—9> 2(2mi) L9

Proof. To prove the first assertion we apply Theorem 3.4.1 and Remark 3.4.1 with

X equal to A and (y, h) equal to T. The hypotheses are satisfied since [T] = 0 in
— e R —
CH' (A)g, so i* (v ;' ([T])) =0 in CH,oe(U)q-

To prove the second assertion, it is enough to notice that any representative 1 of
[N]*g4v — N?9g 4 belonging to Eﬁj;jg‘l(u(@), also belongs to E9~L9= 1 (). O

Remark 3.6.1. A natural analogue of the operator trf, operates on Deligne-Beilinson
cohomology and the map cyc intertwines this operator with try,. Therefore from the

existence of the Jordan decomposition, the fact

L . 77291 2g9—1
2(2mi)1—9 € Im (Cyc s Hiy Uu,g) — Hp (Z/{R,R(g))>

and property (3) in Theorem 3.5.1, we deduce

L . 2g—1 (0) 29—1
2(27-(-1:)179 € Im <Cyc . HM (Z/I?g) — HD (Z/{R,R(g))) .
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We are ready to prove our main result.

Theorem 3.6.2. Let pol’ € Hf\f(_l(u, g) be the zero step of the motivic polylogarithm
on A (as defined in the Introduction). Then

1

-2 CyC(pOlO) = W

in 03~ (Ug, R(g)).

Proof. We start noticing that

gl n
cyc,, (pol®) = _W = forgetful (—2(27”_)1_g> .

By Remark 3.6.1 we know that

—W = cyc(l)

for some [ € Hjﬁ‘l(u , ). Therefore we have
CY¥Can (pOIO) - Cycan(l)
and the injectivity of cyc,, on Hi/gfl(b{ ,9)© implies that pol’ = I. We then obtain

Ui

cyc(pol®) = cye(l) = R
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Résumé. Dans cette thése nous étudions deux probléemes dans le domaine
de la géométrie arithmétique, concernant respectivement les points de torsion
des variétés abéliennes et le polylogarithme motivique sur les schémas abéliens.

La conjecture de Manin-Mumford (démontrée par Raynaud en 1983) af-
firme que si A est une variété abélienne et X est une sous-variété de A ne
contenant aucune translatée d’une sous-variété abélienne de A, alors X ne con-
tient qu’'un nombre fini de points de torsion de A. En 1996, Buium présenta
une forme effective de la conjecture dans le cas des courbes. Dans cette these,
nous montrons que 'argument de Buium peut étre utilisé aussi en dimen-
sion supérieure pour prouver une version quantitative de la conjecture pour
une classe de sous-variétés avec fibré cotangent ample étudiée par Debarre.
Nous généralisons aussi a toute dimension un résultat sur la dispersion des
relevements p-divisibles non ramifiés obtenu par Raynaud dans le cas des
courbes.

En 2014, Kings and Rossler ont montré que la réalisation en cohomologie
de Deligne analytique de la part de degré zéro du polylogarithme motivique
sur les schémas abéliens peut étre reliée aux formes de torsion analytique
de Bismut-Kohler du fibré de Poincaré. Dans cette these, nous utilisons la
théorie de I'intersection arithmétique dans la version de Burgos pour raffiner
ce résultat dans le cas ou la base du schéma abélien est propre.

Abstract. In this thesis we approach two independent problems in the
field of arithmetic geometry, one regarding the torsion points of abelian vari-
eties and the other the motivic polylogarithm on abelian schemes.

The Manin-Mumford conjecture (proved by Raynaud in 1983) states that
if A is an abelian variety and X is a subvariety of A not containing any
translate of an abelian subvariety of A, then X can only have a finite number
of points that are of finite order in A. In 1996, Buium presented an effective
form of the conjecture in the case of curves. In this thesis, we show that
Buium’s argument can be made applicable in higher dimensions to prove a
quantitative version of the conjecture for a class of subvarieties with ample
cotangent studied by Debarre. Our proof also generalizes to any dimension a
result on the sparsity of p-divisible unramified liftings obtained by Raynaud
in the case of curves.

In 2014, Kings and Rossler showed that the realisation in analytic Deligne
cohomology of the degree zero part of the motivic polylogarithm on abelian
schemes can be described in terms of the Bismut-Kohler higher analytic torsion
form of the Poincaré bundle. In this thesis, using the arithmetic intersection
theory in the sense of Burgos, we give a refinement of Kings and Rossler’s
result in the case in which the base of the abelian scheme is proper.
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