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7{1�7·�-VBL�5ZL¿Ép,;J8UWY;5Z~2�·L�^;Ly,;J8U6zwL"027{1ZUWN�Ê�^;L"K�0"UWNO7{JM361�N-78L"K¿0�365Z02V;5Z."L"K·.2543WK{7{1Z�-VBL2�·L2NO7'K{V;J�543�K8V;JwÍÏ3W0"Ly^;Ly08}P36J{[@L
öÎ0"UWJ{J8L"027{1ZUWNy,;543WK{7{1Z�-VBL!^�V¿,;J8."^�1Z0278L2V;Je.2543WK{7{1Z�-VBLæ÷g3W^��·L27cV;NBLXV;N;1Z�-VBLvKMUW5�V;7{1ZUWNH»������]ÖÐÔWÓÎ×ÎÓ��WÖ�Ø"Ù;Õ\Ý�ÕÛÚ�à{Ø2Ù;Ü]×ÎÓ��WÖ;Ú
Ô-Õ��MÕ��Ðá���� Ý����¿Õ!Ú �WÓkÕ ÖP×!���2×pÕ ÖPÙ;ÕÛÚ���ÜWávÙ-ÖÃÕ\ÔWÓÞÚ"�2á8à2×ÎÓÞÚ2Ü]×ÎÓ��WÖ�×pÕ��#�$�Wá8Õ ÝFÝ�Õ\Ó%�#�ÐÝ Ó��2ÓF×pÕ��;ÜWáXá{Ü&�'�$�]á ×¡Ü]Ù	()�*�	�#�$�6Ú2Ü]ÖP×pÕÛÚ
Ô-Õ\Ý�Ü'Ô-à,+"�]á&�·Ü]×ÎÓ��WÖ��/ÝäÜ6Ú2×ÎÓÎØ"Ù;Õ�Õ2×cÜWÙ-��ÜWá{Ü	�.�2×Îá8Õ�Ô0/ à��2á1�]Ù-ÓÞÚMÚ"Ü32OÕ&4��·ÜWÓÞÚ�Õ�(&�ÐÝ Ó��"ÓF×pÕ65�ÓÞÚ&71�	785�ÓÞÚ�ÔOÕ�ÝäÜ��$�Wá��6ÚÛÓÎ×pà2ÈÐa!jlL"K87
543¸JM361ZKMUWN�,;J{1�NB021�,P365ZL�,ÃUWV;Je543W�OVBL25�5ZL�NBUWVBKX3W^;UW,;78UWNBKXV;N�365�[@UWJ{1�7{};�·L!Ép��1ä��78L Ê!1���,;5�1Z021�78L:96L ��,;5�1Z021�78L��-V;1�L"K{7�ÍÏUWN��
^B36�·L2N-7M365ZL2�·L2NO7©36NP365ZUW[]VBL©Ë¥0"L25�V;1k»c02543WK8K{1Z�-VBL]»&^�jluvJM3"�]3WK�»cKM36V�Í�0"L
�OV;1�0"UWNB0"L2J{NBL
5kj VBKM36[@L�^�j V;NÅK80M}B.2�¿3Ì^;L
^�1ZKM02J8.27{1ZKM367{1ZUWN�L ��,;5�1Z021�78L\�q1ZKw��Ë(�k�-1ZKe^;L�543¸,/UWJ8U]K{1�78.]È

_�36NBKg543\K{V;1�78L]»WNBUWVBKg0"UW��,P36J8UWNBK&5ZL"K�J8."K{V;5�7M3678Kg^;LeK81���V;54367{1ZUWNBK&NOV;�·.2J{1Z�-VBL"Kg,P36J¡.25Z.2�·L2N-78K�ÑBN;1ZKg^;LeJ{V;,;7{V;J8L
^�jl.2,;J8UWV;�@L27{78L"Ke3(��1ZK{�q�·.27{J{1Z�OVBL"K±ÑPKMK{V;J8."L"K&3��@L"0X^;L"KgUWYBK8L2J{�]367{1ZUWNBKcL �q,Ã.2J{1��·L2NO7M365ZL"Kc^;L�¹lhXUWV�Á«��V;J�»H��¼]À��2½pÈO`vN
UWYBKML2J{�@L¾�OVBL
Y;1ZL2NÅ�OVBL
5kjl."�-VP367{1ZUWN ^�jl.2�@UW5�V;7{1ZUWNÅNBUWNÅ5ZU-0�365ZL©^;L©�HL2Y;5ZUWNB^�Õ2×·Ü]Ý�û�¹ � ���g»H��¼]¼6Â]½\,ÃL2J{�·L27{78L¾^;L
Kæjâ3(ü/JM36NB0M};1�J¿^;L"K�L üÃL278K�^;Ly543�7M361�5�5ZL�^;Ly�¿361�5�5ZL]»�L25�5ZL�^;.2[]JM3W^;L�0"UWNBK{1Z^;.2JM36Y;5ZL2�·L2N-7¿5kjâ3W0"0"UWJ8^iUWY;78L2N-VúL2NO7{J8Ly5ZL"K
0"UWV;J{YÃL"K¡ÍÎUWJ80"L �p^;.2,;543W0"L2�·L2N-7cN-V;�·.2J{1Z�OVBL!L27¡L ��,/.2J{1��·L2N-7M365ZL]È-fvNBLv36NP365���K8L|^;.27M361�5�5Z."L!^;L"KgJ8."K8V;5�7M3678K¡N-V;�·.2J{1Z�OVBL"K
J8.2�@~25ZLX�OVBL|0"L�,;}B.2NBUW�·~2NBLvL"K{7g^$;'Ë!V;N·5�1ZKMKM36[@LeL ��0"L"KMK{1äÍw»@36V·0"UWV;J8K&^�V·78L2��,BK�»]^;Le543\,/UWJ8U]K{1�78.e^B36NBK¡5ZL�5�1�[O36�·L2NO7
K81�7{VB.�^;L2�W36N-7|543¸,ÃUW1�NO78L�^;L!ÑPKMK{V;J8L]È

fXNBL�36NP365���K8L�7{}B."UWJ{1Z�OVBL]»�YP3WKM."L�K8V;J�^;L"K·36,;,;J8U��q1��¿367{1ZUWNBK·[]J8U]K8K{1Z~2J8L"K�78L25�5ZL"K·�-VBL�5ZL�0�36JM3W0278~2J8Ly1�N�ÑBN;1|^;L"K
��1�5�1ZL2V���0"UWNBK81Z^;.2J8."K!L27X5kj }BUW�·UW[@.2NB.21�78.¸^;L"K!08}P36��,BK!�·."0�36N;1Z�-VBL"K�»PL"K87X,;J8."K8L2N-78."L�,ÃUWV;JXL ��,;5�1Z�OVBL2J!�OVP365�1�7M367{1��@L �
�·L2N-7v0"L�,;}B.2NBUW�·~2NBL]È/mvUWVBK|�·UWNO7{J8UWNBK!�OVBL�5kjl."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN�NBUWN�5ZU-0�365ZL\V;7{1�5�1ZKM."L�L"K{7|�-VP365�1�7M367{1��@L2�·L2NO7
36NP365ZUW[]VBL�Ë�V;NBL�."�-VP367{1ZUWN�^;L�^�1äü/VBK{1ZUWNH»�543¸^;. ÍÏUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBL�02V;��V;5Z."L�z{UWVP36NO7e5ZL!J8øW5ZL\^�V'Ép78L2��,BKwÊMÈ;fvNBL
78L25�5ZL�."�OVP367{1ZUWN�^;L�^�1äü/VBK{1ZUWN�L"K87vË¸5kjlUWJ{1�[]1�NBL�^�V�,;}B.2NBUW�·~2NBL�^;L\5�1ZK8KM36[@L\L �;0"L"K8K{1äÍ±^;L\543¸,/UWJ8U]K81�78.]È

fXNiJ8L2�·~"^;L�7{J8~"K¿K{1���,;5ZL��¿361ZK¿L ã¿0�3W0"L]»¡K8V;[][@.2J8.�,P36J¿543©,;J8."0"."^;L2N-78L
36NP365���K8L]»g0"UWNBK81ZK{78L�Ë¾3W^;UW,;78L2J¿V;NBL
."�-VP367{1ZUWN*^�jl.2�@UW5�V;7{1ZUWN¥NBUWN¥5ZU-0�365ZL'^�VúÝ<��2@ÜWá ÓF×,=>�·ÕyÔ-Õ'ÝäÜ)�$�Wá��6Ú ÓF×pà�36VÆ5�1ZL2VÌ^;L·543�,ÃUWJ8U]K{1�78.·L25�5ZL'�)?2�·L]È�acL27{78L
�·Uq^�1äÑP0�367{1ZUWN 08}P36N;[@L©5ZL©0�36JM3W0278~2J8L©�¿367{}B.2�¿367{1Z�-VBL¾^;L
5kjl."�OVP367{1ZUWNH»�0"L©�OV;1�K{V;,;,;J{1��·L©5kjâ36NP365ZUW[]1ZLÇ3��@L"0�V;NBL
."�-VP367{1ZUWN�^;L�^�1äüÃVBK{1ZUWNHÈ;�HL"KvK{1���V;54367{1ZUWNBKXNOV;�·.2J{1Z�-VBL"K!3��@L"0\543¸NBUWV;�@L25�5ZL�."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN
^;L�543�,/UWJ8U]K81�78.
NBL|�·UWNO7{J8L2NO7�,;5�VBK&^;Le5�1ZK8KM36[@L|L �;0"L"K8K{1äÍ�^;Le543�,ÃUWJ8U]K{1�78.|L27¡J8L2,;J8U-^�V;1ZK8L2N-7¡5ZL"K&L �q,Ã.2J{1ZL2NB0"L"K�È@t±36Jc0"UWNBKM."�OVBL2N-7�»-3"�@L"0
0"L27{78L'�·Uq^�1äÑP0�367{1ZUWNH»D543��·.27{}BUq^;L¿}BL2V;J{1ZK{7{1Z�-VBL�^;L·J8.2[]V;5436J{1ZKM367{1ZUWNi^;L¿5kjl."�OVP367{1ZUWN*^�jl.2�@UW5�V;7{1ZUWNi^;L·543�,/UWJ8U]K81�78.
,P36J!1�NO78.2[]JM365ZL�^;L¸0"UWNO�@UW5�V;7{1ZUWNÆ36,;,P36JM3A@Z7\0"UW���·L�V;NBL�K8UW5�V;7{1ZUWN
�q1436Y;5ZL¸36V
,;J8UWY;5Z~2�·L�^;L�543¿5ZU-0�365�1ZKM367{1ZUWN©^;L�543
^;. ÍÏUWJ{�¿367{1ZUWN�^B36NBK|5ZL"Ke�¿3678.2J{1436V���^�VB027{1�5ZL"K�È

þyÿ��������	��
CB
��3¿^;L2V���1Z~2�·L�K8UW5�V;7{1ZUWN¾36V�,;J8UWY;5Z~2�·L�^;L�543·5ZUq0�365�1ZKM367{1ZUWNH»PÍÎUWNB^;."L¸K{V;J!V;NBL¸36,;,;J8Uq08}BL¸��1Z02J8UW�·."0�36N;1Z�-VBL�L27

NBUWN�,;5�VBK�,;}B.2NBUW�·.2NBUW5ZUW[]1Z�-VBL]»B,;J8Uæ�-1ZL2N-7v^�j V;NyJM3(ã·NBL2�·L2NO7!^;L�543�78L"08};N;1Z�-VBL�^�j }BUW�·UW[@.2NB.21ZKM367{1ZUWN�UWJ{1�[]1�NP365ZL�^;L
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��V;J8K8UWNHÈP�gj 1Z^;."L�^;L\YP3WK8L�^;L�0"L27{78L�36,;,;J8Uq08}BL�L"K87X�OVBL�5ZL"KX0"UWNB^�1�7{1ZUWNBK!^;L\7M36V���^;L�^;. ÍÏUWJ{�¿367{1ZUWN�}BUW�·UW[@~2NBL�36V
YÃUWJ8^·V;7{1�5�1ZKM."L"Kg,P36J���V;J8K8UWNH»]YP3WK8."L"K¡1���,;5�1Z021�78L2�·L2NO7eK{V;Jg5kj }-�-,ÃUW7{}B~"K8LX^�j }BUW�·UW[@.2NB.21�78.�^;L"K&08}P36��,BK&�·."0�36N;1Z�OVBL"K
Ë¸5kjl."0M}BL25�5ZL�^�V��@UW5�V;�·L�J8L2,;J8."K8L2NO7M367{1äÍ¡.25Z.2�·L2N-7M361�J8L]»Ð^;L2�q1ZL2N;NBL2NO7|1�NP3W^;."�-VP3678L"K!�OVP36NB^�36,;,P36JM3A@Z7v543¸5ZU-0�365�1ZKM367{1ZUWN
^;L'543�^;. ÍÏUWJ{�¿367{1ZUWNHÈ±��3��W36J{14367{1ZUWNÌJM36,;1Z^;L'^;L"K¸08}P36��,BK¸�·."0�36N;1Z�-VBL"K¸�¿3W02J8U]K80"UW,;1Z�OVBL"K�K8V;J�^;L"K¸^�1ZK{7M36NB0"L"K�^;L
5kjlUWJ8^�J8LX^;L�5kjlL"K{,P3W0"L2�·L2NO7g�·Uæ�@L2N'L2N-7{J8Le0�3"�q1�78."K¡L"K{7±,;J{1ZKgL2N·0"UW��,;78Le^B36NBK�543!NBUWV;�@L25�5ZLv36,;,;J8U-0M}BL�¹º���Htg_�»H��¼]¼@�6½
L2N©K{V;,;,ÃU]KM36NO7��-VBL�5ZL¸08}P36��,¾^;L��-1�78L"K8KML��]36J{1ZL�^;L�ÍÏ3	E"UWN©�-VP3W^�JM367{1Z�OVBL¸L27vNBUWN
,;5�VBK!5�1�NB.�361�J8L�L2N�ÍÏUWNB027{1ZUWN
^;L"K
0"UqUWJ8^;UWN;NB."L"KyK{V;J·5ZL"K¿Y/UWJ8^;K'^;L�543¾0"L25�5�V;5ZL�J8L2,;J8."K8L2NO7M367{1��@L]Èc�gjâ36NP365���K8L�36YÃUWV;7{1�7�ËÇV;Ni�·Uq^;~25ZL�}BUW�·UW[@.2NB.21ZK8.
0"UW��,;5ZL �;L��-V;1cÍÏ361�7�1�N-78L2J{�@L2N;1�J'Ë
543�ÍÎUW1ZK�5ZLyK8L"0"UWNB^*[]JM3W^�1ZL2N-7'^�VÄ08}P36��, ^;Ly�-1�78L"K8KML'�¿3W02J8U]KM0"UW,;1Z�OVBL�L27·^;L"K
0"UWN-7{JM361�NO78L"K!�¿3W02J8U]K80"UW,;1Z�-VBL"K|[@.2NB.2JM365�1ZK8."L"Kv^;L\7p�q,ÃLvÉp�·UW�·L2NO7wÊMÈ

�HL�0M}P36,;1�7{J8L�0"UW���·L2NB0"L�,P36J!V;N�Y;J8L ÍgJM36,;,ÃL25�^;L"K!."�-VP367{1ZUWNBKv0"UWNBK{7{1�7{V;7{1��@L"K�^;L�0"L��·Uq^;~25ZL]ÈPfvNBL�^�1äã¿02V;5�78.
L"K87!�-VBL�K8UWN�1���,;5Z.2�·L2N-7M367{1ZUWNÇNOV;�·.2J{1Z�-VBL�NB."0"L"K8K{1�78L�36,;,P36J8L2���·L2N-7�5kj VBKM36[@L�^�jl.25Z.2�·L2NO78K�^;L�02543WK8KML C1 ÈÃacL27{78L
^�1äã¿02V;5�78.�,/L2V;7F?27{J8L�5ZL2�@."L�L2N�1�NO7{J8Uq^�V;1ZKM36NO7!V;NBL�NBUWV;�@L25�5ZL��]36J{1436Y;5ZL\NBUq^B365ZL�^;L"K{7{1�NB."L�ËG?27{J8L�.2[O365ZL�36V�7M36V���^;L
^;. ÍÏUWJ{�¿367{1ZUWNH»HL2N¾�·Uq^�1äÑÐ36NO7\5kjlL ��,;J8L"K8K{1ZUWNÇ^;L¸543�,;V;1ZK8KM36NB0"L��q1�J{7{VBL25�5ZL�^;L"K\L ü�UWJ{78K�1�NO78.2J{1ZL2V;J8K�»HL27\L2N¾1���,ÃU]KM36NO7
5kjl.2[O365�1�78.¸L2NO7{J8L�543�NBUWV;�@L25�5ZL��]36J{1436Y;5ZL�L27v5ZL�7M36V���^;L�^;. ÍÏUWJ{�¿367{1ZUWN
,P36JXV;NBL��·.27{}BUq^;L¸^;L�,Ã.2NP365�1ZKM367{1ZUWNHÈ�ökacL27{78L
,;J8Uq0"."^�V;J8L¸L"K{7|5kjl."�-V;1��W365ZL2N-7�»Ð^B36NBKX5ZL�0"UWNO78L ��78L¸0"UWNBK{1Z^;.2J8.]»P^�V�,P3WK8KM36[@L�^;L�543�7{}B."UWJ{1ZL�^;L"KX,;543W�OVBL"K!UWV�0"Uq�OVBL"K
^;L�H�1�J80M};}BU6üÐ�p��U��@L�Ë�0"L25�5ZL\^;L\hvL21ZK8K{NBL2JeL27|��1�NB^�5�1�NÐ÷ ÈÐ`vN�UWY;7{1ZL2NO7v361�NBK81/V;NBL�NBUWV;�@L25�5ZL�7{}B."UWJ{1ZL]»B."�OV;1��]365ZL2NO78L�Ë
5kjâ36NB021ZL2N;NBL]»P,/UWV;JX543W�OVBL25�5ZL\NBL\KMUWNO7|,;5�VBKeNB."0"L"KMKM361�J8L"KX^;L"K|.25Z.2�·L2N-78Kv^;L\02543WKMK8L C1 È

d�N�Ík361ZKM36NO7�»P0"UW���·L�^B36NBKe5ZL�0M}P36,;1�7{J8L�,;J8."0"."^;L2N-7�»P5kj }-�-,ÃUW7{}B~"K8L�^;L"KX,/L27{1�78L"K|7{JM36NBKwÍÎUWJ{�¿367{1ZUWNBKæ»BNBUWVBK|�·UWN��
7{J8UWNBKXL2NBK{V;1�78L��OVBL!5ZL"Ke."�-VP367{1ZUWNBKe0"UWNBK{7{1�7{V;7{1��@L"KX^�Vy�·Uq^;~25ZL�3��@L"0�UWV�KM36NBKc,/.2NP365�1ZKÛ367{1ZUWN�^;. ÑBN;1ZK8K8L2NO7XV;N��¿3678. �
J{1436V�K{7M36NB^B36J8^�[@.2NB.2JM365�1ZK8.¸Ë¸,/UWJ8U]K{1�78.!Ñ;�;."L]È

acL27{78L�,;J8UW,;J{1Z.278.¿3WK8K{V;J8L�5kjlL ��1ZK{78L2NB0"L�L27\5kj V;N;1Z021�78.·^;L�543yKMUW5�V;7{1ZUWNÆ^�V
Ép,;J8UWY;5Z~2�·L·^;L�,;J8U6z{L"027{1ZUWN�ÊM»H.25Z.2�·L2NO7
L"KMK8L2NO7{1ZL25�^;Lv5kj 1���,;5Z.2�·L2NO7M367{1ZUWN�N-V;�·.2J{1Z�OVBL\^�V��·U-^;~25ZL]»�Ë�0"UWNB^�1�7{1ZUWNy^�jâ3W^;UW,;78L2JeV;NyK80M}B.2�¿3�^;L!^�1ZK802J8.27{1ZKM367{1ZUWN
1���,;5�1Z021�78L�,P36J!JM36,;,ÃUWJ{7�Ë¿78UWV;78L"K�5ZL"KX�]36J{1436Y;5ZL"K�1�NO78L2J{NBL"K�Ë¿5kjlL �;0"L2,;7{1ZUWN©^;L�543¿,/UWJ8U]K{1�78.]È/�HL¸,;J8UWY;5Z~2�·L�^;L�,;J8U6�
z{L"027{1ZUWN*5�V;1ä�k�)?2�·L�L"K{7¸J8."^�V;1�7�Ë�543�J8L"08}BL2J808}BL�^;L'^;L2V��*K80�3654361�J8L"K¸1�NB0"UWN;NOVBK¿Ë�7{JM3"�@L2J8K�V;NBL�,P36JM36�·.27{J{1ZKM367{1ZUWN
0"UWN-�@L2NP36Y;5ZL�^;L�543·K{V;JwÍÏ3W0"L\^;L�08}P36J{[@L]È

mvUWVBK�,;J8."K8L2N-78UWNBKXL2NBK{V;1�78L�V;NBL\KMUW5�V;7{1ZUWN�36NP365��-7{1Z�-VBL\L �;3W0278L\^;L"KX."�OVP367{1ZUWNBK|^�Vy�·Uq^;~25ZL�,/UWV;Je5ZL!,;J8UWY;5Z~2�·L
^�j V;NBL�,/UWV;7{J8L�.2543WK{78UW,;543WK87{1Z�OVBL�L2NCIPL ��1ZUWNÄ,;V;J8L�L2Ni^;. ÍÏUWJ{�¿367{1ZUWNi,;5436NBL]»gL2NÄ,ÃL27{1�78L"K�7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK�ÈgfvNBL
36V;7{J8L'K8UW5�V;7{1ZUWN¥36NP365��q7{1Z�OVBL'^;L"K�."�-VP367{1ZUWNBK�^�VÇ�·Uq^;~25ZL¿L"K87�^;UWN;NB."L·,ÃUWV;J�5ZL�,;J8UWY;5Z~2�·L¿^�j V;NBL'K{,;}B~2J8L·02J8L2VBK8L
.2543WK87{1Z�OVBL�L2N*,ÃL27{1�78L"K�7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK�»±,;V;1ZK��-1ZKM�OVBL2VBK8LyL2N*[]JM36NB^;L"K�7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK�Èg��L"K�^;L2V��ÌK8UW5�V;7{1ZUWNBK
36NP365��q7{1Z�-VBL"KXK8UWN-7|V;7{1�5�1ZK8."L"K|,ÃUWV;J|78L"K{78L2JvL27|�W365�1Z^;L2JX5kj 1���,;5Z.2�·L2NO7M367{1ZUWN©NOV;�·.2J{1Z�-VBL�^;L"Kv."�OVP367{1ZUWNBKv^�V��·U-^;~25ZL]È
�D3�,;J8L2��1Z~2J8L]»B,ÃL2J{�·L27X^;L�,;5�VBKX^;L���1ZL2V���0"UW��,;J8L2NB^�J8L�0"L2J{7M361�NBKv3WK{,ÃL"0278K�ÍÏUWNB^B36�·L2NO7M36V���^�V��·Uq^;~25ZL]È
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K81�JM36Y;5ZL"K�0"UW���·L�5kjlL ��1ZK{78L2NB0"L·^;L�Y;1äÍÎV;J80�367{1ZUWNBK�,;J8."KML2NO7M36NO7¸V;N¾NBUW��Y;J8L¿1�N�ÑBN;1¡^;L�Y;JM36NB0M}BL"K�Y;1äÍÎV;J8�OVB."L"KæÈ�_¸j V;N
,ÃUW1�NO7&^;L��-VBL�,;}-�qK{1Z�-VBL]»W5ZL"Kg^;. ÍÏUWJ{�¿367{1ZUWNBK¡L27�5kjlL2NB^;UW���¿36[@L2�·L2N-7cUWN-7g78L2NB^B36NB0"LXË�K8L�5ZUq0�365�1ZK8L2Jg^B36NBKg^;L"K�Ò�UWNBL"K
^;L|�@UW5�V;�·LXN-V;5k»OL2NO7{JM3A@ZNP36N-7&V;NBLXJ{V;,;7{V;J8LXKM36NBK¡.2NBL2J{[]1ZLX^�1ZK8K{1�,Ã."L]È@d�N�ÑBNH»O5ZL"K¡0�365Z02V;5ZK&NOV;�·.2J{1Z�-VBL"K¡,P36J&.25Z.2�·L2NO78K
ÑBN;1ZKvK8UWV�üÃJ8L2NO7|,P367{}BUW5ZUW[]1Z�-VBL2�·L2NO7�^�j V;NBL�ÍÏUWJ{78L�K8L2NBK{1�Y;1�5�1�78.�36V��¿361�5�5436[@L]È

b�UWVBK\0"L"K!,;}B.2NBUW�·~2NBL"K\K8UWNO7�0254361�J8L2�·L2NO7�K8�-��,;78UW�¿367{1Z�-VBL"K\^�j V;N
^;. Ík36V;7!ÍÎUWNB^B36�·L2N-7M365�^;L"Kv5ZUW1ZK�0"UWNBK{7{1�7{V��
7{1��@L"K��-V;1�J8.2[]1ZK8KML2NO7�0"L"Kv0"UW��,ÃUWJ{78L2�·L2NO78K�9Ð5ZL2V;Jv^;UW�¿361�NBL�^�jâ36,;,;5�1Z0�367{1ZUWN¾L"K{7X5�1���1�78.�Ë¿V;NBL�."08}BL25�5ZL¸��1�N;1��¿365ZL�ù
�¿361ZK¡�OVP36NB^¸543�^;. ÍÏUWJ{�¿367{1ZUWN¿K8L&5ZU-0�365�1ZK8L]»]0"UW���·LeL25�5ZL"Kg5ZL&,;J8."^�1ZKML2NO7�»@L25�5ZL"K�K8UWN-7�»]L2N�ÍÏ361�7�»]36Y;VBK{1��@L2�·L2N-7¡V;7{1�5�1ZK8."L"K
Ëy^;L"K�."08}BL25�5ZL"K\1�N�ÍÏ.2J{1ZL2V;J8L"K�Ë�0"L27{78L·."0M}BL25�5ZL���1�N;1��¿365ZL]ÈHuvV;7{J8L2�·L2NO7�^�1�7�»Ã543',;J8."^�1Z027{1ZUWNÌ^;L�543¿5ZUq0�365�1ZKM367{1ZUWNÆL"K87
L2N�0"UWNO7{JM3W^�1Z027{1ZUWN¾3"�@L"0\5ZL�0�36JM3W0278~2J8L��¿3W02J8U]K80"UW,;1Z�OVBL�^;L\0"L"K|5ZUW1ZK�È

�HLy�·U-^;~25ZLy^;L��!V;J8K8UWNÅ¹º�!V;J�»���¼@�]�6½e^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL]»±YP3WK8.�K{V;J�V;NBL�78L"08};N;1Z�-VBL�^�j }BUW�·UW[@.2NB.21ZKM367{1ZUWN
36,;,;J8Uq08}B."LÄ^�j V;NBLÄK8,;}B~2J8L¥02J8L2VBK8L]»��@UW5�V;�·L*.25Z.2�·L2N-7M361�J8LÄJ8L2,;J8."K8L2NO7M367{1äÍ�^�j V;N«�¿3678.2J{1436Vå,;543WK{7{1Z�-VBL¥,ÃUWJ8L2V���»
NHjl."0M}P36,;,/L!�¿365�}BL2V;J8L2VBK8L2�·L2N-7|,P3WK�36V',;}B.2NBUW�·~2NBL�^;Lv543�^;.2,ÃL2NB^B36NB0"L�^;L"K¡J8."K{V;5�7M3678KcN-V;�·.2J{1Z�OVBL"Ke�-VHj 1�5Ð,;J8."^�1�7
�q1ZKw��Ë(�k�q1ZK¿^;L�543¾7M361�5�5ZL�^;L��¿361�5�5ZL]È&_�36NBK'0"L��·Uq^;~25ZL]»g5kjâ3W^;UWVB021ZK8K8L2�·L2N-7��-V;1XL"K{7'^$; Ë©5kjâ36V;[]�·L2NO7M367{1ZUWNÅ^;L�543
,ÃUWJ8U]K{1�78.]»BL"K87eJ8L"K{,/UWNBKÛ36Y;5ZL�^;L�543�5ZUq0�365�1ZKM367{1ZUWN�^;L�5kjlL2NB^;UW���¿36[@L2�·L2NO7�È
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�gjlUWY�zwL27v^;L\0"L\08}P36,;1�7{J8L�L"K87|^;L�78L"K{78L2JeNOV;�·.2J{1Z�-VBL2�·L2NO7!5kjlL ã¿0�3W021�78.\,;JM367{1Z�-VBL�^�j V;NBL��·.27{}BU-^;L�}BL2V;J{1ZK{7{1Z�OVBL
,;J8UW,ÃU]K8."Lc,P36Jg�HL2Y;5ZUWNB^�Õ2×DÜWÝ�ûB¹ � ���g»H��¼]¼6Â]½p»]Ëv,P36J{7{1�J�^�j V;NBLeK{V;[][@L"K{7{1ZUWN�1�N;1�7{14365ZLe^;L�t�1 z836VB^�1ZL2Jw�ra�36Y/UW7¡L27��e36Òæ36NO7
¹ltg1 z|Á«�e36Ò@»H��¼]À@�6½DÍk361�78L�^B36NBKv5ZL�0"UWN-78L �q78L�^;L¸5kjlL2NB^;UW���¿36[@L2�·L2NO7¸^�V�YÃ.278UWNH»/,/UWV;J�J8."K8UWVB^�J8L�0"L"K�,;J8UWY;5Z~2�·L"K
^B36NBK�5ZL��·U-^;~25ZL�^;L¿�!V;J8KMUWNHÈ/dg5�5ZL·0"UWNBK{1ZK{78L·Ëy3W^;UW,;78L2J�V;NBL�à{Ø"Ù�Ü]×ÎÓ��WÖÄÔ0/ à�5A�WÝ Ùq×ÎÓ��WÖÌÖ��WÖ¥Ý»�3�MÜWÝ�Õ�^;L¸543��W36J{1436Y;5ZL
J8L"K8,/UWNBKM36Y;5ZL\^;L!5kjâ3W^;UWVB021ZK8KML2�·L2NO7�öF543�,ÃUWJ8U]K{1�78.æ÷c^B36NBK�5ZL"K�."�OVP367{1ZUWNBK|0"UWNBK87{1�7{V;7{1��@L"K|^;L�0"Lv�·Uq^;~25ZL]È;�HL!7M36V���^;L
,ÃUWJ8U]K{1�78.cL"K{7±L �q,;J{1��·.cK8UWVBK�543eÍÏUWJ{�·Lc^�j V;NBL¡1�N-78.2[]JM365ZLe^;L&0"UWN-�@UW5�V;7{1ZUWN·^�j V;N�Ép7M36V���^;L&,ÃUWJ8U]K{1�78.¡5ZUq0�365äÊMÈ]acL27{78LcKMU6�
5�V;7{1ZUWN�3�^;.rz{Ë�.278.�3W^;UW,;78."L�,P36Jc0"L2J{7M361�NBK|36V;78L2V;J8K�»-NBUW7M36���·L2NO7vbH�@L2J{[O3]36J8^�L27�mvL"L"^�5ZL2�¿36N¾¹lbH�@L�ÁåmvL"L]»���¼]¼]�W½
¹lb��@L�Á«m!L"L]»���¼]¼]�6½pÈg�HL2V;J'0"UWNO7{J{1�Y;V;7{1ZUWNÅ3¾0"UWNBK{1ZK{78.�Ë©L �B36��1�NBL2J'K81|0"L27{78L�K8UW5�V;7{1ZUWNú.25�1���1�NBL�543©^;.2,/L2NB^B36NB0"L
�q1ZKw��Ë(�k�q1ZKe^;L!543�7M361�5�5ZL\^;L!�¿361�5�5ZL\^B36NBK�5ZL"Ke0�365Z02V;5ZK�N-V;�·.2J{1Z�OVBL"KX,P36J�.25Z.2�·L2N-78K�ÑBN;1ZK�¹lb��@L�Á«mvL"L]»���¼]¼]�6½pÈ�np5ZK�UWNO7
L2NBK8V;1�78LyV;7{1�5�1ZK8.y5ZL"K�J8."K{V;5�7M3678K·^;LyK{1���V;54367{1ZUWNBK·NOV;�·.2J{1Z�-VBL"K·^;Ly543�ÍÏUWJ{�¿367{1ZUWNú^;L�YP36NB^;L"K·^;Ly021ZKM361�5�5ZL2�·L2NO7�L27
^;L¸0"U@365ZL"K80"L2NB0"L¸^;L"Kv0�3��-1�78."K!^B36NBK!5ZL"KX�¿3678.2J{1436V���,;543WK{7{1Z�OVBL"Kv,ÃUWJ8L2V���,/UWV;J�3(zrVBK{78L2Jv543��]365ZL2V;J!^;L�543�5ZUWN;[]VBL2V;J
0�36JM3W0278.2J{1ZK87{1Z�OVBL¸1�NO7{J8Uq^�V;1�78L�^B36NBKX5ZL��·Uq^;~25ZL¿¹lbH�@L¸Á«mvL"L]»���¼]¼@�æ½pÈÐn�5ZK|�·UWN-7{J8L2NO7��-VBL�0"L27{78L�5ZUWN;[]VBL2V;J�0�36JM3W0278. �
J{1ZK87{1Z�OVBL�L"K{7�»qK8UW1�7�.2[O365ZL�Ë�543��W365ZL2V;J��·Uæ�@L2N;NBL\^;LX543¸^�1ZK{7M36NB0"L�L2NO7{J8L"Ke0�3��-1�78."Kæ»qKMUW1�7c.2[O365ZL\Ë�543��]365ZL2V;J��·U��@L2N;NBL
^�VÌJM3"�@UWNÄ^;L"K�0�3"�q1�78."K�K{V;1��]36NO7��OVBL'5ZL·�·."0�36N;1ZK8�·L��-V;1�0"UWNB^�V;1�7�Ë�543�J{V;,;7{V;J8L¿ÑBNP365ZL�L"K{7¸543�0"U@365ZL"KML2NB0"L�^;L"K
0�3��-1�78."KeUWV�543�ÍÎUWJ{�¿367{1ZUWN�^;L"KcYP36NB^;L"Ke^;Lv021ZKÛ361�5�5ZL2�·L2NO7�È�Ó�1�NP365ZL2�·L2NO7|1�5ZKc.278L2NB^;L2NO7e5ZLv�·Uq^;~25ZL!L2N��·1�NB0"UWJ{,ÃUWJM36NO7
5ZL"KXL üÃL278K|^��qNP36��1Z�-VBL"K�öÎbH�@L2J{[O3]36J8^
L27|m!L"L"^�5ZL2�¿36NH»���¼]¼]À@÷ ÈÐacL2,ÃL2NB^B36NO7�»Ð^B36NBKv36VB02V;N�^;L�0"L"K|7{JM3"�]36V��yNHjâ3�.278.
L2N-�-1ZKÛ36[@.\543�0"UW��,P36JM361ZK8UWN
L2NO7{J8L\5ZL"Ke,;J8."^�1Z027{1ZUWNBKvNOV;�·.2J{1Z�-VBL"KXL27X5ZL"K|L �q,Ã.2J{1ZL2NB0"L"K�È

�gjl.2�W365�VP367{1ZUWNÅ^�Vë0�36JM3W0278~2J8L�UW,Ã.2JM367{1ZUWN;NBL25!^;L�543¾,;J8UW,ÃU]K{1�7{1ZUWN ^;L��HL2Y;5ZUWNB^ Õ2×�ÜWÝ�û&K8L2JM3ÇYP3WK8."L�K8V;J'^;L2V��
,;J{1�NB021�,P36V��Ä02J{1�78~2J8L"K�9�^�j V;NBLy,P36J{7�»�5ZL"K�J8."K{V;5�7M3678K�NOV;�·.2J{1Z�-VBL"K�,;J8."^�1�78K�,P36J�5ZL�NBUWV;�@L�36VÄ�·U-^;~25ZL�NBLy^;UW1��@L2NO7
,;5�VBKcK8UWV�üÃJ{1�Jc^�jâ36VB02V;NBL!^;.2,ÃL2NB^B36NB0"Lv,P367{}BUW5ZUW[]1Z�-VBL!�-1ZK{��Ë(�k�-1ZK&^�V'�¿361�5�5436[@L�ùq^�jâ36V;7{J8L!,P36J{7�»@1�5ZKc^;UW1��@L2NO7�,/UWV;�@UW1�J
J8L2,;J8Uq^�V;1�J8L]»P^;L��¿36N;1Z~2J8L�KM367{1ZKwÍk361ZKM36NO78L]»B5ZL"KeJ8."K{V;5�7M3678KX^�jlL ��,Ã.2J{1ZL2NB0"L\7p�q,;1Z�OVBL�^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL]È

�HL�,ÃUW1�NO7�^;L�^;.2,P36J{7�^�V�0M}P36,;1�7{J8L�L"K{7X543·,;J8."K8L2NO7M367{1ZUWN¾^;L"K!."�OVP367{1ZUWNBKv7{}B."UWJ{1Z�OVBL"K�^�V��·U-^;~25ZL�^;L��!V;J8KMUWN
^B36NBK!K8L"Ke�@L2J8K81ZUWNBKX5ZUq0�365ZL�L27XNBUWN�5ZU-0�365ZL�^;L��HL2Y;5ZUWNB^*Õ2×eÜWÝ�ûD¹ � ���g»���¼]¼6Â]½pÈP_\36NBK|543·K{V;1�78L]»BNBUWVBKv^�1ZK802V;78UWNBKv^;L"K
0"UWNB^�1�7{1ZUWNBKv^�jlL �q1ZK878L2NB0"L�L27|^�j V;N;1Z021�78.�^;L�543�K8UW5�V;7{1ZUWN�^�V�Ép,;J8UWY;5Z~2�·L�^;L�,;J8U6z{L"027{1ZUWN�K{V;Je543�K{V;JwÍk3W0"L\^;L\08}P36J{[@L ÊM»
.25Z.2�·L2N-7&L"K8KML2NO7{1ZL25P^;L�5kj 1���,;5Z.2�·L2N-7M367{1ZUWN'N-V;�·.2J{1Z�OVBL]»-^B36NBK�5ZLe0�3W^�J8L|^�V�ÍÏUWJ{�¿365�1ZK{�·Le^;L"K��¿3678.2J{1436V��·K{7M36NB^B36J8^;K
[@.2NB.2JM365�1ZKM."K�»Ã,;V;1ZK\NBUWVBK\^;."02J{1��@UWNBK�L2N¾^;.27M361�5g0"L27{78L�1���,;5Z.2�·L2N-7M367{1ZUWNH»�J8L2NB^�VBL�^;.25�1Z0�3678L�,P36J\543',;J8."K8L2NB0"L�^�j V;N
02J{1�78~2J8L�^;Lv,;543WK{7{1Z021�78.!0"UW��,;5ZL ��L]È�d�N�ÑBNH»qNBUWVBKc0"UW��,P36J8UWNBK�5ZL"K&J8."K8V;5�7M3678K&1ZKMK{VBK¡^;L"K�K{1���V;54367{1ZUWNBK�NOV;�·.2J{1Z�-VBL"Ke^;L
543�J{V;,;7{V;J8L�^�jl.2,;J8UWV;�@L27{78L"K!3(��1ZK{�q�·.27{J{1Z�OVBL"KeÑPK8K{V;J8."L"KX3��@L"0�0"L2V���UWY;78L2NOVBK!L �q,Ã.2J{1��·L2NO7M365ZL2�·L2N-7�È

�HL"K�L �q,Ã.2J{1ZL2NB0"L"K�N-V;�·.2J{1Z�OVBL"K�1�NB^�1Z�-VBL2NO7��-VBL·5kj V;7{1�5�1ZKM367{1ZUWNÄ^;L·5kjl."�-VP367{1ZUWN*^�jl.2�@UW5�V;7{1ZUWNÌNBUWNÌ5ZUq0�365ZL¿^;L'543
,ÃUWJ8U]K{1�78.�^;L��HL2Y;5ZUWNB^§Õ2×�ÜWÝZû|¹ � �c�¡»H��¼]¼6Â]½e,/L2J{�·L27'^�jl.25�1���1�NBL2J·5kjlL üÃL27·^;L�^;.2,ÃL2NB^B36NB0"L��q1ZKw��Ë(�k�q1ZK¸^;Ly543
7M361�5�5ZL
^;L¿�¿361�5�5ZL]»��¿361ZK¸L25�5ZL·,ÃU]K8K8~"^;L¿5kj 1�NB0"UWNO�@.2N;1ZL2N-7·^;L¿0"UWNBK{1Z^;.2JM36Y;5ZL2�·L2N-7�^;.2[]JM3W^;L2J¸5ZL·7{J8~"K�YÃUWNÌ3W0"0"UWJ8^ÌL2NO7{J8L'543
0"UWV;J{YÃL¡^;L¡08}P36J{[@L¡L ��,Ã.2J{1��·L2NO7M365ZL¡ÍÎUWJ80"L �p^;.2,;543W0"L2�·L2N-7±L27D0"L25�5ZL�,;J8."^�1�78LgN-V;�·.2J{1Z�OVBL2�·L2N-7�,P36J�5ZL��·U-^;~25ZL¡5ZU-0�365-^;L
��V;J8K8UWNH»q1�NO�]365�1Z^B36NO7v361�NBK{1Ã5ZL�0�36JM3W0278~2J8L\UW,Ã.2JM367{1ZUWN;NBL25H^;Lv543¸^;.2�¿36J80M}BL\,;J8UW,/U]KM."L]Èqu 5kjlUWJ{1�[]1�NBL�^;Lv0"L!,;J8UWY;5Z~2�·L
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KML\7{J8UWV;�@L�V;N�,;}B.2NBUW�·~2NBL��-VBL�J8.2�@~25ZL�V;NBL�36NP365���K8L�^;.27M361�5�5Z."L¸^;L"K|J8."K{V;5�7M3678KvNOV;�·.2J{1Z�-VBL"K�È/np5�Kæjâ36[]1�7X^�V�5�1ZK8KÛ36[@L
L �;0"L"K8K{1äÍ�^;L�543�,ÃUWJ8U]K{1�78.�36V�0"UWV;J8K|^�V�78L2��,BKX^B36NBKe5ZL�5�1�[O36�·L2N-7!L2N�36�·UWN-7v^;L�543�,ÃUW1�NO78L�^;L\ÑPK8K{V;J8L]È

mvUWVBKD,;J8."K8L2NO78UWNBKæ»6^B36NBKD543vK8L"027{1ZUWN�¹��]Èâ¼(½p»(V;NBL�36NP365��qK8L¡7{}B."UWJ{1Z�OVBLc^;Lc0"Lg,;}B.2NBUW�·~2NBLe�-V;1-L"K{7DYP3WK8."L¡K{V;J±^;L2V��
36,;,;J8U��q1��¿367{1ZUWNBK�9;5kj }BUW�·UW[@.2NB.21�78.�^;L"Kv08}P36��,BKv�·."0�36N;1Z�OVBL"K!L27|5ZL�0�36JM3W0278~2J8L�1�N�ÑBN;1�^�V���1�5�1ZL2V
0"UWNBK{1Z^;.2J8.]È/acL"K
^;L2V���36,;,;J8U"��1��¿367{1ZUWNBK¡K8UWN-7D[]J8U]K8K81Z~2J8L"KD�¿361ZK±L25�5ZL"K�K8UWN-7±3W0"0"L2,;7M36Y;5ZL"Kg,/UWV;J±L �q,;5�1Z�-VBL2J�»6�OVP365�1�7M367{1��@L2�·L2N-7g78UWV;7g36V
�·UW1�NBKæ»O5ZLv^;. ÍÏ36V;7c,;J8."K8L2NO78.v,P36Jc543\�@L2J8K{1ZUWN�NBUWN'5ZUq0�365ZL!^;LX�HL2Y;5ZUWNB^ÇÕ2×gÜWÝZû/¹ � ���g»H��¼]¼6Â@½/^�V¿�·Uq^;~25ZL!^;L��!V;J8KMUWNHÈ
dgN©L ü�L27�»/NBUWVBK��·UWNO7{J8UWNBK��-VBL¸5kjl."�OVP367{1ZUWNÇ^�jl.2�@UW5�V;7{1ZUWN¾NBUWN©5ZUq0�365ZL�^;L¸��L2Y;5ZUWNB^úÕ2×XÜWÝZûÃL"K{7�»Ã�-VP365�1�7M367{1��@L2�·L2NO7�»
KML2��Y;5436Y;5ZLeËeV;NBLc."�OVP367{1ZUWN�^;L¡^�1äüÃVBK{1ZUWNH»(543|^;. ÍÏUWJ{�¿367{1ZUWN�,;543WK{7{1Z�OVBL&02V;��V;5Z."Lc5ZUq0�365ZLHz{UWVP36NO7�5ZLgJ8øW5ZLc^�V\Ép78L2��,BKwÊMÈ
fvNBL�78L25�5ZL�."�-VP367{1ZUWN
0"UWNB^�V;1�7!1�NBL �;UWJM36Y;5ZL2�·L2NO7�36V
5�1ZK8KM36[@L�^;L�543·,ÃUWJ8U]K{1�78.¸0"UW���·L�5kjl."�-VP367{1ZUWN©^;L�^�1äüÃVBK{1ZUWN©^;L
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V�¯<D � I«y Srqts-� I q Iæv�G ç è S A �ÞS >O? ��q I ç G z éæG ç I q GD>]éæC � I V�|

±f²�ç è ï�ðä´�µ�ò!ßMïéµ¸ïQêlL�î�¬�´F­ëß*´�·DôFßxµ¸ï
î�L�ó�õ�L�îÃïZµ-L¶·�õÐñ�ß8ï

�pì�í�ì8� �'ÿ��r_A
 [ 
�îp
^��ïå� b ���'� Ycbj[ 
^_ g �������	��_
`vN�^�1ZK{7{1�N;[]VBL�^;L2V���7p�q,ÃL"K|^;L�[@L2J{��1�NP367{1ZUWN
^;L"KX0�3"�q1�78."K�9

� ADI�êÐI ç yÆCÎAD?�éæC S A z ? ç.q <O> S�{ <-èæC S A q I-è·CÎA�> � GDèæC S ADèo¯
d�5�5ZL�L"K87|Y;J{V;7M365ZL�L27v0"UWNO7{J8UW5Z."L¸,P36JXV;N
02J{1�78~2J8L�L2N�0"UWN-7{JM361�NO78L]ÈHacL�02J{1�78~2J8L�L"K{7v^;UWN;NB.]»Ð^�jâ36,;J8~"K�¹l��L2J�»H��¼]À��"½

L27�¹l��VB^�»���¼]À]�6½p»B,P36J�9
öw�]È��æ÷

σ1 + α(σeq − σ0) ≤ σc

U	®
σ1

^;."K{1�[]NBL©543¥,;5�VBK�[]JM36NB^;L¾0"UWNO7{JM361�N-78LÇ,;J{1�NB021�,P365ZLÇ^�VÅ78L2NBK8L2V;J�^;L"K�0"UWN-7{JM361�NO78L"K
σ

»
α

V;N ,P36JM36�·~27{J8L
3W^�1��·L2NBK81ZUWN;NBL25k»

σ0
543Ì5�1���1�78L©^�jl.2543WK{7{1Z021�78.]»

σc
V;NBL¾0"UWNO7{JM361�N-78LÇ02J{1�7{1Z�-VBL¾L27

σeq
543Ì0"UWNO7{JM361�NO78L¥."�OV;1��]365ZL2NO78L

^;. ÑBN;1ZL�,P36J�9
öw�]Èâ�@÷

σeq =
3

2
(sijsij)

1

2

U	®
s
^;."K{1�[]NBL�5ZL\^;.2�q143678L2V;J|^;L

σ

È�np5ÃNHj �y3¸,P3WKe^;L�[@L2J{��1�NP367{1ZUWN�7M36NO7|�-VBL!5kj 1�NB.2[O365�1�78.\J8L"K{78L\K{7{J{1Z0278L\^B36NBK\¹��]È�� ½Où
5ZUWJ8KM�OVBLe5kjl.2[O365�1�78.vL"K{7gJ8.�365�1ZK8."L]»O543�,ÃUWJ8U]K{1�78.

f
KM36V;78L|Y;J{V;7M365ZL2�·L2N-7�Ë�KM3��]365ZL2V;J±Ép1�N;1�7{14365ZL Ê

f0
öÎL27gNBLe,ÃL2V;7¡L2NBK{V;1�78L

J8L"^;L2�@L2N;1�Jv1�N�ÍÎ.2J{1ZL2V;J8L�Ë�0"L27{78L\�]365ZL2V;JÛ÷ È
np5�Ík36V;7|NBUW78L2J!�OVBL\543��·U-^;.25�1ZKM367{1ZUWN
^;L\543�[@L2J{��1�NP367{1ZUWN
Y;J{V;7M365ZL�NHjâ36,;,P36J{7{1ZL2N-7!,P3WK!36V��·Uq^;~25ZL�^;L¸�!V;J8KMUWN

,;J8UW,;J8L2�·L2N-7�^�1�7�»¡L25�5ZL�L"K{7·^�VBL�ËÇ�cL2J8L2��1�NHÈ!öÎd�5�5ZL�NBL�z{UWVBL�^�jâ361�5�5ZL2V;J8Ky36VB02V;NiJ8øW5ZL�^B36NBK¿543¾K{V;1�78Læ÷ È&+qL2V;5ZL�543
[@L2J{��1�NP367{1ZUWN
0"UWNO7{1�N-VBL�Ík361�7e,P36J{7{1ZL�^�V��·Uq^;~25ZL�^;L��!V;J8K8UWN�.278L2NB^�V¥öF,P36JXbH�@L2J{[O3]36J8^
L27|m!L"L"^�5ZL2�¿36NÐ÷ È

� A�I�êPI ç yÆCÎAD?�éæC S Ai> S A/éæCÎA�G�I^¯
�HUWJ8K8�-VHjlUWNÄ7{1ZL2NO7�0"UW��,;78L�^;Ly0"L¿7��-,ÃLy^;L'[@L2J{��1�NP367{1ZUWNH»±543�5ZUW1�^�jl.2�@UW5�V;7{1ZUWNú^;L'543�,ÃUWJ8U]K{1�78.yK�jlUWY;7{1ZL2N-7·L2N

^;."0"UW��,ÃU]KM36N-7
ḟ

L2N
ḟc + ḟn

U	®
ḟc

L27
ḟg

K8UWN-7|J8L"K{,ÃL"027{1��@L2�·L2NO7!5ZL"Ke7M36V���^�jâ3W0"02J8UW1ZK8K8L2�·L2N-7!^;L\543¸,ÃUWJ8U]K{1�78.\,P36J
02J8UW1ZKMKM36NB0"L�L27v,P36JX[@L2J{��1�NP367{1ZUWNiöFNOVB025ZL�367{1ZUWN¾L2N
36N;[]54361ZK ÷e^;L"KX0�3��-1�78."KæÈÐ�gjlL ��,;J8L"K8K{1ZUWN
^;L

ḟc
K8L2JM3¿^;UWN;NB."L�,;5�VBK

5ZUW1�NHÈ
np5�NBL�J8L"K{78L¿^;UWNB0�,;5�VBK��OVHjâË�,;J8UW,/U]K8L2J\V;NBL�L ��,;J8L"K8K{1ZUWN¥^;L

ḟg
,ÃUWV;J�^;.278L2J{��1�NBL2J�0"UW��,;5Z~278L2�·L2N-7

ḟ
È�a!jlL"K{7

0"L��-VBL�ÍÎUWN-7�t�1�NBL�36VÇL27 � UW5��@»�L2N¾K{V;,;,/U]KÛ36NO7��-VBL�543'[@L2J{��1�NP367{1ZUWNÆL"K87!,;1�5ZUW78."L�,P36J�543�^;. ÍÏUWJ{�¿367{1ZUWN¾,;543WK{7{1Z�OVBL
�¿3W02J8U]KM0"UW,;1Z�OVBL

ε̄
öÎ�OV;1!K8L2JM3Æ^;. ÑBN;1ZL�,;J8."021ZK8L2�·L2N-7�,;5�VBK�5ZUW1�NÐ÷ »cK8UWVBK'543¾ÍÏUWJ{�·L�^�j V;NBL�5ZUW1�öÎL2��,;1�J{1Z�-VBLæ÷'^;UWNO7

5kjlL ��,;J8L"K8K{1ZUWN�L"K{7|^;UWN;NB."L\,P36J
öw�]Èâý@÷

ḟg ≡ A(ε̄) ˙̄ε

U	®
A

L"K87vV;NBL�ÍÏUWNB027{1ZUWN©02J8UW1ZKMKM36NO78L�,;V;1ZK�^;."02J8UW1ZKM36N-78L�^;L
ε̄
»/L2N¾3W0"0"UWJ8^Ç3"�@L"0¸5kj 1Z^;."L�,;}B.2NBUW�·.2NBUW5ZUW[]1Z�-VBL·K8L25ZUWN

543W�-VBL25�5ZL'543�[@L2J{��1�NP367{1ZUWN*^;L"K�0�3��-1�78."K�NB."0"L"K8K{1�78L¿V;NBL'^;. ÍÏUWJ{�¿367{1ZUWN*3WKMK8L2Ò·1���,ÃUWJ{7M36NO78L]»��¿361ZK�L"K87�5�1���1�78."L·,P36J
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5ZL·NBUW��Y;J8L¿^�j 1�NB025�VBK81ZUWNBK�K{VBKM0"L2,;7{1�Y;5ZL"K�^�jlL2N;[@L2NB^�J8L2J�^;L"K\�-1Z^;L"KæÈH_\36NBK�543�,;JM367{1Z�-VBL¿0"L2,ÃL2NB^B36NO7�»�UWNÇÍÏ361�7�[@.2NB. �
JM365ZL2�·L2N-7\5kj }O�q,/UW7{}B~"KML¸�-VBL

A
L"K{7!0"UWNBK87M36NO7�»Ã5ZL"K�K8L2V;5ZL"KÝð�L ��,Ã.2J{1ZL2NB0"L"K\^�1ZK{,/UWN;1�Y;5ZL"K�^;L��·L"K{V;J8L�^;L

A
»Ã^�VBL"K�Ë

tg1�NBL�36V�L27 � UW5��Çöw��¼]¼��æ÷ »;NHjâ3��O36NO7!,P3WK|0254361�J8L2�·L2NO7v�·UWNO7{J8.�^;L�^;.2,/L2NB^B36NB0"L�^;L
A

�q1ZKw��Ë(�k�-1ZKX^;L
ε̄
È

�pì�í�ì%B �'ÿ��r_A
 [ 
 g � Y �8_	_Â� b�g 
 [ 
^_ g ���!���o�^_
��3y,;}P3WK8L·^;L�02J8UW1ZKMKM36NB0"L·^;L"K�0�3��-1�78."K�L"K{7�^;."02J{1�78L�,P36J�5ZL�02J{1�78~2J8L'^;L¿�!V;J8K8UWNú¹º�!V;J�»���¼@�]�6½g�·U-^�1äÑP.·^�j V;NBL

,P36J{7v,P36Jvb��@L2J{[O3]36J8^Ì¹lb��@L]»���¼]À�� ½�,/UWV;Jv,;J8L2NB^�J8L�L2N�0"UW��,;78L�5ZL"K!L üÃL278Kv^;L"KX1�N-78L2JM3W027{1ZUWNBK!L2N-7{J8L�5ZL"Kv0�3"�q1�78."K�»/L27
^�jâ36V;7{J8L�,P36J{7|,P36J|bH�@L2J{[O3]36J8^
L27|m!L"L"^�5ZL2�¿36N¥¹lbH�@L�Á«mvL"L]»H��¼]À6Â@½H,/UWV;JeJ8L2NB^�J8L�0"UW��,;78L�^;L�5ZL2V;JX0"U@365ZL"K80"L2NB0"L]È

mvUWVBK|^;."02J{1��@UWNBKX^�jâ36Y/UWJ8^�5ZL\02J{1�78~2J8L\^;L���V;J8K8UWN�K8UWVBK|KM3�ÍÏUWJ{�·L\UWJ{1�[]1�NP365ZL\NBUWN��·Uq^�1äÑP."L]»BUWY;78L2NOVBL\[]J*ñW0"L�Ë
V;NBL�36NP365���K8L�.278L2NB^B36NO7\0"L25�5ZL]»/02543WK8K{1Z�-VBL]»P^;L�h|1Z0"L�L27!bHJM3W0"L2�Æ¹lhX1Z0]»���¼]x]¼6½p»PL ü�L"027{VB."L�^B36NBKv5ZL�0�3WKv^�j V;NBL�0�3��-1�78.
V;N;1Z�-VBL�^B36NBKeV;N���1�5�1ZL2V�1�N�ÑBN;1kÈ

V�¯<Dp¯4ì�¯�V ��ç C4é s-ç I q I z�� ?;è"éæCF>OCÞé�< q InvyG ç è S A SÐç CFêÐCÎAD? �
�HLX02J{1�78~2J8Lv^;Le,;543WK{7{1Z021�78.X^;L!�!V;J8K8UWN¿L"K{7&UWY;78L2NOV¿[]J*ñW0"L!Ë�5kjâ36NP365���K8L �k5�1���1�78LX^�j V;NBLvK{,;}B~2J8L|02J8L2VBK8L¸öÎ^;LeJM3"�@UWNBK

1�N-78.2J{1ZL2V;JXL27�L �q78.2J{1ZL2V;J
a

L27
b
J8L"K8,/L"027{1��@L2�·L2N-7Û÷cK8UWV;��1ZK8L\Ë�V;N�0M}P36J{[@L2�·L2NO7X�-VBL25Z0"UWNB�OVBL]ÈBacL27{78L\K{,;}B~2J8L!02J8L2VBK8L

L"K87y0"L2NBKM."L�J8L2,;J8."KML2NO78L2J�V;N �@UW5�V;�·L¾.25Z.2�·L2NO7M361�J8LÆ^�Vë��1�5�1ZL2V ,ÃUWJ8L2V��ÃÈ���3*^;L"KM02J{1�,;7{1ZUWN ÍÏ361�7y1�NO78L2J{�@L2N;1�J�V;NBL
�]36J{1436Y;5ZL|^�jlL2NB^;UW���¿36[@L2�·L2N-7�»-543\,/UWJ8U]K{1�78.

f
»]�-V;1BL"K{7�J8L"K{,ÃUWNBKM36Y;5ZL|^;L�5kjâ3W^;UWVB021ZK8KML2�·L2NO7�^�V��¿3678.2J{1436V�36V¿0"UWV;J8K

^;L¡543X^;. ÍÏUWJ{�¿367{1ZUWN�L27D�-V;1-0"UWJ{J8L"K{,ÃUWNB^¸36V��@UW5�V;�·L&^;L¡543X0�3��-1�78.¡JM36�·L2NB.c36V¸�@UW5�V;�·L&78UW7M365-^;L&543e��1Z02J8U]K{7{J{VB027{V;J8L]È
_\36NBKe5ZL�0�3WK|^;L\543�K{,;}B~2J8L�02J8L2VBKML]»

f = (a/b)3
È

acUW���·Lv^B36NBK&5kjâ36NP365��qKMLX^;LXhX1Z0"LXL27cbHJM3W0"L2��¹lh|1Z0]»���¼]x]¼(½p»OUWN·Ík361�7¡5kj }-�-,ÃUW7{}B~"K8Lv�OVBLX5ZL|�¿3678.2J{1436Vy0"UWNBK{7{1�7{V;7{1äÍ
^;L¸543'�¿367{J{1Z0"L��·.27M365�5�1Z�-VBL�^;L�543�K{,;}B~2J8L�02J8L2VBK8L�L"K{7!J{1�[]1Z^;L �k,P36JwÍk361�78L2�·L2NO7�,;543WK87{1Z�OVBL�L27\UWN©NBUW78L

σ0
KM3·5�1���1�78L

^�jl.2543WK87{1Z021�78.|L2N�7{JM3W027{1ZUWN¿K{1���,;5ZL]È]��3!�¿367{J{1Z0"LeUWYÃ.21�7¡36V�02J{1�78~2J8Le^;L��@UWN·��1ZK8L"K±L27¡Ëv543!5ZUW1;^�jl."0"UWV;5ZL2�·L2NO7�3WK8K8Uq021Z."L
36V�02J{1�78~2J8L\,P36J|NBUWJ{�¿365�1�78.]È

�HL�08}P36��,
^;L"Ke�q1�78L"K8K8L"K�»
v
»BK8V;Je5ZL�Y/UWJ8^�L ��78.2J{1ZL2V;JX^;L�543�K8,;}B~2J8L�L"K{7|^;UWN;NB.\,P36J�9

öw�]È Â-÷
v(x) = D.x

U	®
x

L"K{7�5ZL!�@L"0278L2V;Je,/U]K81�7{1ZUWN�L27
D

»q5ZL!78L2NBK8L2V;J|^�jlUWJ8^�J8L��¸^;L�7M36V���^;L�^;. ÍÏUWJ{�¿367{1ZUWN�d�V;5Z.2J{1ZL2N��¿3W02J8U]K80"UW,;1Z�-VBL
^;L�543�K{,;}B~2J8L�02J8L2VBK8L]È

_�36NBK·543
�¿367{J{1Z0"L��·.27M365�5�1Z�OVBL]»g5ZL�08}P36��, ^;Ly�q1�78L"K8K8L �k78L"K87
v

0"UWNBK{1Z^;.2J8.�^B36NBK�5kjâ36NP365���K8L �k5�1���1�78L�L"K{7·^;Ly543
ÍÏUWJ{�·L·9
öw�]Èâ�@÷

v(x) = D′.x +
b3

r2
Dm

L
r

òÐó°Ï&¾AÑcÅ&¾ÝÇÉÏ&ËÍÁÂ¿pôuÄºÅuÊ1Ï&ÁÂÁÂÅ&ËÍ¿�¿�Å&ÁAÊ1À�ÃAÀ!Ä<õ Å&¾AÑ�ÀÐ¾Aö�Ò
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U	®
D′

^;."K{1�[]NBLv5ZLX^;.2�q143678L2V;Je^;L
D

»
Dm

543�^;. ÍÎUWJ{�¿367{1ZUWN��@UW5�V;��1Z�-VBL�ö
Dm =

1

3

7{J
D

÷�L27�L
r
5ZLX�@L"0278L2V;JcV;N;1�7M361�J8L

JM3W^�14365±L2N�0"UqUWJ8^;UWN;NB."L"K�K{,;}B.2J{1Z�-VBL"K�ÈÃacL�08}P36��,¾^;L��q1�78L"K8K8L�0"UWJ{J8L"K{,ÃUWNB^�Ë'^;L"KX0"UWNB^�1�7{1ZUWNBK\^;L�7M36V���^;L�^;. ÍÎUWJw�
�¿367{1ZUWN'}BUW�·UW[@~2NBLv36V�YÃUWJ8^·L27�543\K8L2V;5ZLe0"UWN;NP361ZKMKM36NB0"LX^;L

D
K{V�ã·7¡Ë�^;.278L2J{��1�NBL2J&L2NO7{1Z~2J8L2�·L2N-7

v
È-acL"021PK{1�[]N;1äÑPL

�-VBL�5ZL�K8UWVBKw�pL"K8,P3W0"L�^;L"K�08}P36��,BK{�k78L"K{78K�0"UWNBK{1Z^;.2J8."K\021�NB.2�¿367{1Z�OVBL2�·L2N-7�3W^���1ZK8K{1�Y;5ZL"K\3"�@L"0�543'^;UWN;NB."L¸^;L
D

L"K{7
J8."^�V;1�7·Ë�V;N*,/UW1�N-7�È��D3���1�N;1���1ZKM367{1ZUWNi^;L�543�^�1ZK8K{1�,P367{1ZUWN*,;543WK{7{1Z�-VBL'K8V;J¸0"LyK8UWVBKw�pL"K8,P3W0"L'K8L'J8."^�V;1�7�^;UWNB0�36V
K81���,;5ZL|0�365Z02V;5P^;L|0"L27{78L|^�1ZKMK{1�,P367{1ZUWNHÈ@�HL|02J{1�78~2J8LX�¿3W02J8U]K80"UW,;1Z�-VBL|K�jlL2N¿^;."^�V;1�7g,P36J&^;.2J{1��W367{1ZUWN·,P36J¡JM36,;,/UWJ{7&Ë

D
È

t�UWV;J!5ZL"Kv^;.27M361�5ZKv�¿367{}B.2�¿367{1Z�OVBL"K�^;L�543�J8."K8UW5�V;7{1ZUWN©^�V�,;J8UWY;5Z~2�·L]»/UWN�,ÃUWV;J{JM3'3��W36N-7M36[@L2VBK8L2�·L2NO7�KML\J8L2,/UWJ{78L2J
Ë�543�7{}B~"K8L!^;L\��V;J8K8UWN
¹º��V;J�»H��¼@�]�(½�UWV'Y;1ZL2N�36V�08}P36,;1�7{J8L�À�^�V'5�1��qJ8L�^;Lv��L2Y;5ZUWNB^¾¹l�HL2YH»P�]�]�]ý6½��OV;1/,;J8."K8L2N-78L\^;L
�¿36N;1Z~2J8L�,;5�VBK|K{1���,;5ZL�L27e,;5�VBKXJ{1�[@UWV;J8L2VBK8L�0"L2J{7M361�NBKX,/UW1�N-78KX^;.25�1Z0�3678K�È

�HL�,;J{1�NB021�,P365�J8."K{V;5�7M367\UWY;78L2NOVÇL"K{7�V;NBL�L"K{7{1��¿367{1ZUWNÆ36,;,;J8Uq08}B."L�,P36J�5kjlL ��78.2J{1ZL2V;J�^�j V;NBL�K{V;JwÍÏ3W0"L¸^;L�08}P36J{[@L
�¿3W02J8U]KM0"UW,;1Z�OVBLX,/UWV;Jg5ZL"Kg�¿3678.2J{1436V���,;543WK87{1Z�OVBL"K¡,/UWJ8L2V���È-acL27{78L|K{V;JwÍk3W0"Le^;L|0M}P36J{[@LXL"K{7g^;UWN;NB."LX,P36Jg5kjl."�OVP367{1ZUWN
öw�]Èâx@÷

Φ(σ, f) ≡
σ2

eq

σ2
0

+ 2f cosh

(
3

2

σm

σ0

)

− 1 − f2 = 0

^B36NBK�543W�-VBL25�5ZL
σ0

L"K{7&543�5�1���1�78L�^�jl.2543WK{7{1Z021�78.�L2Ny7{JM3W027{1ZUWN�K{1���,;5ZL�^;LX543��¿367{J{1Z0"L]»
σeq

543¸0"UWNO7{JM361�N-78L�."�OV;1��]365ZL2NO78L
^;L��@UWN���1ZKML"KeL27

σm
543¸É�0"UWNO7{JM361�NO78L��·U��@L2N;NBL Ê�^;L

σ

ö
σm ≡ 1

3

7{J
σ

÷ È
uXV¿K8VWzwL27g^;Le543�ÍÎUWNB027{1ZUWN�^;L|08}P36J{[@L

Φ
»]1�5;�·3�5�1ZL2V¿^�jlUWYBK8L2J{�@L2J&,;J8L2��1Z~2J8L2�·L2NO7��OVBL|�-VP36NB^

f = 0
5kjl."�-VP367{1ZUWN

¹��]Èâx(½eK8L�JM36�·~2NBLyË
Φ(σ, f) ≡ (σeq/σ0)

2 − 1 = 0
9�5ZL·�¿3678.2J{1436VÌNBUWNÌL2NB^;UW���¿36[@.�0"UWJ{J8L"K{,ÃUWNB^ÌË�0"L25�V;1c^;L

�@UWN¾��1ZK8L"K�È/_�L2V��q1Z~2�·L2�·L2N-7�»�UWN©0�365Z02V;5ZL�361ZK8.2�·L2N-7\5ZL"K!5�1���1�78L"K\^�jl.2543WK{7{1Z0278.�K8UWVBK�^;L"K�08}P36J{[@L2�·L2NO78K�,;V;J8L2�·L2NO7
^;.2�q143678UWJ{1Z�-VBL�L27e,;V;J8L2�·L2NO7v}O��^�J8U]K{7M367{1Z�-VBL¿9;L2N�L ü�L27

σm = 0 =⇒ σeq/σ0 = 1 − f

σeq = 0 =⇒ σm/σ0 = ±2

3
log(1/f).

fvNBL¿^;L2J{N;1Z~2J8L'J8L2�¿36J8�-VBL¿,ÃUWJ{78L¿K{V;J�543�J{V;,;7{V;J8L¿ÑBNP365ZL'^�V¥�¿3678.2J{1436VHÈD_�L�Ík3	E"UWNÆ[@.2NB.2JM365ZL]»DV;NÆ�·Uq^;~25ZL¿^�jlL2N��
^;UW���¿36[@L2�·L2N-7|^;UW1�7&,ÃUWV;�@UW1�J&^;."02J{1�J8L!5ZLv0"UW��,/UWJ{78L2�·L2N-7�^�V'�¿3678.2J{1436V¸zrVBK8�-VHjâË�0"L27{78LXJ{V;,;7{V;J8LvÑBNP365ZL]È-_\36NBKc0"L
0�3WKæ»�5ZL"Ke0"UWNO7{JM361�NO78L"K!^B36NBK�5ZL��¿3678.2J{1436V�K8UWN-7eNOV;5�5ZL"K�ö

σ = 0
÷&Y;1ZL2N��OVBL�5ZL�02J{1�78~2J8L�KMUW1�7e367{78L21�N-7�»B0"L\�-V;1/1�NB^�1Z�-VBL

�-VBL�5ZL"KX0"UWNB^�1�7{1ZUWNBK
öw�]Èº�]÷

Φ = 0
L27

σ = 0

KMUWNO7XK{1���V;5�7M36NB.2�·L2NO7!J8L"K{,ÃL"0278."L"K�ÈBd�N�V;7{1�5�1ZKÛ36NO7|5ZL�02J{1�78~2J8L¿¹��]Èâx(½�3"�@L"0
σeq = 0

L27
σm = 0

»;UWN�7{J8UWV;�@L
öw�]ÈâÀ@÷

Φ = 2f − 1 − f 2 = −(1 − f)2 = 0;

36V;7{J8L2�·L2N-7�^�1�7�543·J{V;,;7{V;J8L¸NHjâ3'5�1ZL2V
�-VBL¸K{1
f = 1

»�36VB�OVBL25±0�3WK!5ZL��¿3678.2J{1436V¾NHjlL"K{7�0"UWNBK{7{1�7{VB.��-VBL�^;L¸0�3"�q1�78."K�È
tgJ8."^�1Z027{1ZUWN�^;LeJ{V;,;7{V;J8LX,;5�V;78øW7g1�J{J8.�365�1ZK{78L!ø-�HLe�·Uq^;~25ZL|^;UW1�7&^;UWNB0F?27{J8Lv36�·.25�1ZUWJ8.]»O0"UW���·L|NBUWVBK¡5ZL��@L2J{J8UWNBK&^B36NBK
5ZL"KcK8L"027{1ZUWNBK!¹��]È ÂBÈâ��È ÂW½p»Ã¹��]È ÂBÈâ��Èâ�(½ÃL27!¹��]È ÂBÈâý(½p»-^;LXÍÏ3	E"UWNyË\,ÃUWV;�@UW1�J&J8L2,;J8."KML2NO78L2Je0"UWJ{J8L"0278L2�·L2NO7�543�ÑBN'^�V¿,;J8Uq0"L"K8K{VBK
^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL]È
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V�¯<Dp¯4ì�¯4ì �gS C q I
A SÐç yÆ? � CÞé�<ùyÆ?;> ç6S è�> S�z CFEHGDI
��3�,;J8UW,;J{1Z.278.!^;L|NBUWJ{�¿365�1�78.Ûúe1���,;5�1Z�-VBLv�-VBLe5ZLX78L2NBK8L2V;Jc^;LX7M36V��¿^;LX^;. ÍÏUWJ{�¿367{1ZUWN',;543WK87{1Z�OVBL
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,P36JM36�·~27{J8L"K!^�V�,;J8UWY;5Z~2�·LyöÎ.27M367X^;L"KX0"UWN-7{JM361�NO78L"K�»/.27M367v3W027{VBL25�^;L\543�J8.2,P36J{7{1�7{1ZUWN�L27v^;L\543¸ÍÏUWJ{�·L�^;L"KX0�3��-1�78."K�»
.27M367c3W027{VBL25P^;Le5kjl."02J8UWV;1ZK8KM36[@L]»OL2780]Èº÷±�
365�[]J8.|5ZL"KgL üÃUWJ{78K&�OV;1BUWN-7¡.278.�Ík361�78K�,ÃUWV;JgL"K8KM3"�@L2J&^;LeJM367{1ZUWNP365�1ZK8L2J¡5ZLe0M}BUW1ä�
^;L

δ
»;1�5H^;L2�·L2V;J8L�L2NB0"UWJ8L]»;,/UWV;Jv^;L"KeJM361ZK8UWNBKe,;JM367{1Z�-VBL"K�»;V;N�,P36JM36�·~27{J8L¸3(zrVBK87M36Y;5ZL\^�V��·U-^;~25ZL]È
uXV ,P3WK8KM36[@L]»&NBUW78UWNBK��-VHj 1�5!�ë3¥^;L�YÃUWN;NBL"KyJM361ZK8UWNBKy^;L�,ÃL2NBK8L2Jy�OVBL
543¥0"U@365ZL"K80"L2NB0"L©NHjlL"K{7y,P3WK�5kjl.27M36,/L

V;5�7{1��·Ly^;L'543�J{V;,;7{V;J8Ly^�VB027{1�5ZL'�¿361ZK¸L25�5ZL�L"K{7¸1�NO78L2J{J8UW��,;VBLy,P36J�V;N¥,;J8Uq0"L"K8K{VBK¸^;L¿J{V;,;7{V;J8Ly^;L'5�1�[O36�·L2NO7��-V;1
NBL�NB."0"L"K8K81�78L'�-VBL¿7{J8~"K¸,ÃL2VÄ^�jl.2NBL2J{[]1ZL]È�acL�,;J8Uq0"L"K8K{VBK¸^;L�J{V;,;7{V;J8L¿ÑBNP365ZLy^;L2�qJM361�7·36,;,P36JM3A@Z7{J8LyY;1ZL2N*3��W36N-7�543
�*��ÜWÝZÕÛÚ"�MÕ2Ö��MÕ*×��]×kÜ]Ý�Õ¥^;L"K�0�3��-1�78."K�,/UWV;J�5kj V;NBLÇ^;L"K�^;L2V��ëJM361ZK8UWNBK�K{V;1��W36N-78L"KÆ9�543ÌN-VB025Z.�367{1ZUWN=^�j V;NBLÇK8L"0"UWNB^;L
,ÃUW,;V;54367{1ZUWN�^;L�0�3"�q1�78."K|^B36NBK�5ZL!5�1�[O36�·L2NO7vL27e5ZLv��1Z02J8Uq025�1��]36[@L\^�V�5�1�[O36�·L2NO7�ÈBd�N�^�jâ36V;7{J8L"K�78L2J{�·L"Kæ»�1�5H^;L2�-JM361�7��
3��@UW1�J�V;N��-VP367{J{1Z~2�·Lg�·."0�36N;1ZK8�·L|¹l��L"K�»P�]�]�6ÂW½/öFJ{V;,;7{V;J8LgÑBNP365ZLæ÷Ã�OV;1O,;J8UW5ZUWN;[@L2JM361�7�5ZL�,;J8Uq0"L"K8K{VBKH^;Lg543�NOVB025Z.�367{1ZUWN��
02J8UW1ZKMKM36NB0"L �p0"U@365ZL"K80"L2NB0"L¸^;L"KX0�3"�q1�78."K�ÈÐu 5kj }BL2V;J8L¸3W027{VBL25�5ZL�0"L2,ÃL2NB^B36NO7v543�0"U@36543WK80"L2NB0"L�J8L"K{78L]»B^B36NBK|5ZL"KX�·U-^;~25ZL"K
VBK8VBL25ZK�»P543¿^;L2J{N;1Z~2J8L�.27M36,/L�^;L"KX�·."0�36N;1ZK{�·L"K\Ë¿5kjlUWJ{1�[]1�NBL�^;L�543�J{V;,;7{V;J8L�^�VB027{1�5ZL¸^;L"K!3W021ZL2J8K�L27!^;L"Kv�·.27M36V��
L2N
[@.2NB.2JM365kÈ

�pì�í�ì�í WAb �o� Y![ h g �'� Y0be[ 
 ]25 ÿ76!� Y � ] �r_A�'� g ���	�
� VBK8�-VHjâË�,;J8."K8L2NO7�»BNBUWVBKeNBUWVBKXK8UW���·L"KX0"UWNO78L2NO78.�^;L\,;J8."K8L2N-78L2J|5ZL��·U-^;~25ZL�^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL�^B36NBKe5ZL\0�3WK

J{1�[]1Z^;L �k,;543WK87{1Z�OVBL]ÈÃn�5�NBUWVBKvÍÏ36V;7v�¿361�NO78L2NP36N-7\1�NB^�1Z�OVBL2J�0"UW���·L2NO7�1�NO7{J8Uq^�V;1�J8L¸543·,P36J{7!.2543WK{7{1Z�-VBL�^�V©0"UW��,/UWJ{78L �
�·L2N-7c^B36NBK&5ZL"K¡."�-VP367{1ZUWNBKc0"UWNBK{7{1�7{V;7{1��@L"K¡,ÃUWV;J&^;. ÑBN;1�J&V;N¿�·Uq^;~25ZLX0"UW��,;5ZL27�K{VBK80"L2,;7{1�Y;5ZLv^�j ?27{J8LX1�NB0"UWJ{,ÃUWJ8.vË�V;N
0"Uq^;L�^;L�0�365Z02V;5;,P36J±.25Z.2�·L2N-78K±ÑBN;1ZK�»6Y;1ZL2N��OVBLc5kjlUWN�,;V;1ZK8K8LcNB.2[]5�1�[@L2J�5ZL"K±L ü�L278K�^;L&5kjl.2543WK87{1Z021�78.eL2N¸J{V;,;7{V;J8Le^�VB027{1�5ZL]È
t�UWV;J�0"L2543�»HNBUWVBK�3W^;UW,;78L2J8UWNBK�543�ÍÎUWJ{��V;54367{1ZUWN¥}P36Y;1�7{VBL25�5ZL�^;L·543�,;543WK{7{1Z021�78.¿L2N¥[]JM36NB^;L"K�7{JM36NBK{ÍÎUWJ{�¿367{1ZUWNBK¸�q143
5kj 1�N-7{J8U-^�VB027{1ZUWN©^�j V;NBL�^;.2J{1��@."L\78L2��,ÃUWJ8L25�5ZL�UWY�z{L"027{1��@L�^;L"K|0"UWN-7{JM361�NO78L"K�^B36NBKeV;NBL\5ZUW1H^�j }-�-,ÃUq.2543WK{7{1Z021�78.]È

mvUWVBK·K8V;,;,/U]K8UWNBK��-VBLy5ZLy7M36V��Ì^;L�^;. ÍÏUWJ{�¿367{1ZUWNi�¿3W02J8U]K80"UW,;1Z�-VBL
D

3W^��·L27·543©^;."0"UW��,ÃU]K{1�7{1ZUWN 3W^;^�1�7{1��@L
VBK8VBL25�5ZL�L2N�V;NBL�,P36J{7{1ZL�.2543WK87{1Z�OVBL\L27|V;NBL�36V;7{J8L�,;543WK{7{1Z�-VBL�9
öw�]Èâ���æ÷

D = De + Dp
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�D3�5ZUW1&^�j }-�-,ÃUq.2543WK{7{1Z021�78.'L2��,;5ZUæ�@."L�,;J8L2NB^Ç543yÍÏUWJ{�·L¿^�j V;NBL¿J8L254367{1ZUWN¥5�1�NB.�361�J8L�L2NO7{J8L'5ZL·7M36V��Æ^;L¿^;. ÍÎUWJ{�¿367{1ZUWN
.2543WK87{1Z�OVBL�L27e5ZL�7M36V��yUWY�z{L"027{1äÍg^;L\0"UWNO7{JM361�NO78L]È/u=78L2��,/.2JM367{V;J8L�0"UWNBK{7M36NO78L]»ÐL25�5ZL�K�jl."02J{1�7�9
öw�]Èâ�]�@÷

σ̌ = λ(
7{J

De)I + 2µDe

U	®
λ

L27
µ

^;."K{1�[]NBL2NO7�5ZL"K�0"UqL ã¿021ZL2NO78K\^;L��D36�·.¸L27
σ̌

V;NBL�^;.2J{1��@."L¸UWY�zwL"027{1��@L�^�V
78L2NBK8L2V;J�^;L"Kv0"UWN-7{JM361�NO78L"K
σ

È
acL27{78L�^;.2J{1��@."L�,ÃUWV;J{JM3G?27{J8L\,P36JXL �;L2��,;5ZL�0"L25�5ZL�^;L � 36V;�¿36N;NH»Ð^;. ÑBN;1ZL\,P36J�9
öw�]Èâ�]ý@÷

σ̌ ≡ σ̇ + σ.Ω−Ω.σ

U	®
öw�]Èâ�6Â-÷

Ω ≡ 1

2
(∇xU −∇t

xU)

ö
x

�@L"0278L2V;J�,ÃU]K{1�7{1ZUWNi3W027{VBL25�5ZL]»
U

�@L"0278L2V;J��q1�78L"K8K8L'�¿3W02J8U]K80"UW,;1Z�-VBLæ÷�^;."K{1�[]NBL�5ZL�7M36V��Ì^;L�J8UW7M367{1ZUWN öF78L2NBK8L2V;J
36N-7{1ZK{�q�·.27{J{1Z�OVBLæ÷ ÈÐ`vNy,ÃL2V;7X36VBK8K{1/V;7{1�5�1ZK8L2Je543¸^;.2J{1��@."L\^;L��!J8L"L2N��pm!36[]}B^�1k»P^;. ÑBN;1ZL�,P36Jc543¸�)?2�·LvÍÏUWJ{��V;5ZL]»;�¿361ZK
U	®

Ω
,;J8L2NB^�543X�W365ZL2V;J

R.R−1 »6U	® R
L"K{7D543|J8UW7M367{1ZUWN�1�N-78L2J{�@L2NP36NO7g^B36NBK�543|^;."0"UW��,ÃU]K{1�7{1ZUWN�,/UW54361�J8Lc^�V¸[]JM3W^�1ZL2NO7

^;L�7{JM36NBKwÍÎUWJ{�¿367{1ZUWN��¿3W02J8U]K80"UW,;1Z�-VBL]È
`vN�NBUW78L2JM3��-VBLv5ZL��·Uq^;~25ZL]»;,P36J|0"UWNBK{7{J{VB027{1ZUWNH»PNHj 1�NB0"UWJ{,/UWJ8L�,P3WKe5ZL\0"UWV;,;5436[@L�L2NB^;UW���¿36[@L2�·L2NO7w�p.2543WK87{1Z021�78.

ö
λ

L27
µ

NBLe^;.2,ÃL2NB^;L2NO7&,P3WK¡^;Le543!,ÃUWJ8U]K{1�78.|L27¡KMUWNO7¡^;UWNB0|0"UWNBK87M36NO78K¡K81B543!78L2��,/.2JM367{V;J8LX5kjlL"K{7Û÷ »]YÃL�36VB0"UWV;,·�·UW1�NBK
1���,ÃUWJ{7M36NO7!L2N�,;JM367{1Z�-VBL��OVBL�5ZL\0"UWV;,;5436[@L�L2NB^;UW���¿36[@L2�·L2NO7w�k,;543WK{7{1Z021�78.]È

�gjlUW,/.2JM367{1ZUWN'^�j 1�NO7{J8Uq^�VB027{1ZUWN'^;Lc543v5ZUW1B^�j }O�q,/Uq.2543WK{7{1Z021�78.e^B36NBK±5ZL"K�."�-VP367{1ZUWNBKg^;L�0"UW��,/UWJ{78L2�·L2N-7&^�V��·U-^;~25ZL
0"UW��,ÃUWJ{78L¸V;NBL¸,P36J{7�^�jâ36J{Y;1�7{JM361�J8L·3WKMK8L2Ò�1���,ÃUWJ{7M36NO78L]»Ã5�1Z."L¸NBUW7M36���·L2NO7�36V¾0M}BUW1ä�
^;L�543¿^;.2J{1��@."L�UWY�z{L"027{1��@L�^�V
78L2NBKML2V;J�^;L"K�0"UWNO7{JM361�N-78L"K�È�acL"021¡NHjâ3�,P3WK�^�j 1���,/UWJ{7M36NB0"L'L2VÇ.2[O36J8^ÆË�543'Ík361�Y;5ZL"K8K8L�^;L"K�L ü�L278K\5�1Z."K�Ë�5kjl.2543WK{7{1Z021�78.
L2N
J{V;,;7{V;J8L¸^�VB027{1�5ZL]È±öÎ�D3¿K8L2V;5ZL��@.2J{1�7M36Y;5ZLXzrVBK{7{1äÑP0�367{1ZUWN¾^;L�5kj 1�NO7{J8Uq^�VB027{1ZUWNÇ^;L�5kjl.2543WK{7{1Z021�78.�^B36NBK!5ZL��·Uq^;~25ZL�L"K87
�-VHjlL25�5ZL�L"K{7eNB."0"L"KÛ361�J8L\,/UWV;JX5ZL�7{JM361�78L2�·L2NO7!NOV;�·.2J{1Z�-VBLæ÷ È
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�pì�í�ì%� k �^_	h�ï
�98���:Uh����'� Y0b _ g$Y0b _A�'���'h!�'���0
^_ [ h ï Y![�\^] 

V�¯<Dp¯ J�¯�V ��� <°yÇIqA/é�è¿IOèæè�I-A/éæCFI � è q G�y Srqts-� I �FS >@? �uq InvyG ç è S A

�HL"Ke."�OVP367{1ZUWNBK�0"UWNBK{7{1�7{V;7{1��@L"Ke^�V��·Uq^;~25ZL!KMUWNO7e."02J{1�78L"K�^B36NBK&5ZL�0�3W^�J8L!^;L!543�7{}B."UWJ{1ZL�^;L"Kc[]JM36NB^;L"Kc7{JM36NBKwÍÎUWJw�
�¿367{1ZUWNBKæ»�L2N©ÍÎUWJ{��V;54367{1ZUWNÆL2V;5Z.2J{1ZL2N;NBL�ùHL25�5ZL"K\0"UW��,;J8L2N;NBL2NO7�5kjlL �q,;J8L"KMK{1ZUWNÇ^�V©7M36V��
^;L�^;. ÍÏUWJ{�¿367{1ZUWNÇ.2543WK{7{1Z�OVBL
De »�0"L25�5ZL·^�V¾7M36V��¾^;L�^;. ÍÎUWJ{�¿367{1ZUWNÇ,;543WK87{1Z�OVBL

Dp öÎ02J{1�78~2J8L·^;L�,;543WK87{1Z021�78.�L27\5ZUW1g^�jl."0"UWV;5ZL2�·L2NO7�3WK8K8Uq021Z."Læ÷ »�L27
5ZL"K�5ZUW1ZK�^�jl.2�@UW5�V;7{1ZUWN�^;L"K�,P36JM36�·~27{J8L"Ke1�N-78L2J{NBL"K�öF,ÃUWJ8U]K{1�78.�L27&,P36JM36�·~27{J8L\^�jl."02J8UWV;1ZK8KÛ36[@Læ÷ È;�HL��·U-^;~25ZL!,ÃL2V;7u?27{J8L
0"UW��,;5Z.278.�,P36J|543¸,;J{1ZK8L�L2N�0"UW��,;78L�^;L\543¸[@L2J{��1�NP367{1ZUWN
^;L"KX0�3"�q1�78."KXK8UWVBK|KÛ3�ÍÎUWJ{�·L�Y;J{V;7M365ZL�UWV�0"UWNO7{1�NOVBL]È

�HL�,ÃUW1�NO7�^;L¸^;.2,P36J{7!^;L"K!."�OVP367{1ZUWNBK!7{}B."UWJ{1Z�-VBL"K�^�V��·Uq^;~25ZL�L"K87X543·02543WKMK{1Z�OVBL�}O�q,/UW7{}B~"KML�^;L�,P36J{7{1�7{1ZUWN¾^�V
7M36V���^;L\^;. ÍÏUWJ{�¿367{1ZUWN�78UW7M365¡9
öw�]Èâ�]�@÷

D = De + Dp.

`vN©K{7{1�,;V;5ZL�L2NBK{V;1�78L�5ZL�é�?BG<; q I q <>= SÐç yÆ?�éæC S A < � ?;è"éæCFEHGDIP»ÃL2N
V;7{1�5�1ZKM36NO7�V;NBL�5ZUW1�^�j }-�-,ÃU-.2543WK87{1Z021�78.]È/u«78L2���
,Ã.2JM367{V;J8L�0"UWNBK{7M36N-78L�5ZL\78L2NBKML2V;JX^;L�7M36V��y^;. ÍÏUWJ{�¿367{1ZUWN�.2543WK87{1Z�OVBL\,;J8L2NB^�543�ÍÎUWJ{�·L
öw�]Èâ�]x@÷

De =
1 + ν

E
σ̌ − ν

E

7{J
σ̌I

^B36NBK¡543W�OVBL25�5ZL|5ZL�78L2NBK8L2V;J&^;Le0"UWN-7{JM361�NO78L
σ̌

L"K{7g^;UWN;NB.|,P36Jg5kjl."�-VP367{1ZUWN�¹��]Èâ�]�(½ÐU	®¿5kjlUWN'3vÍÏ361�7¡VBKM36[@L|^;L�543\^;.2J{1��@."L
^;L � 36V;�¿36N;N�UWV�^;L�0"L25�5ZL�^;L��!J8L"L2N��pm!36[]}B^�1kÈ

ov1ZL2N-7�36,;J8~"K!5kjlL ��,;J8L"K8K{1ZUWN�^�V
é�?BG<; q I q <>= SPç yÇ?�éæC S A z±� ?;è"éæCFEHG�I^¯D�HL�02J{1�78~2J8L¸^;L�,;543WK{7{1Z021�78.¸^;L��!V;J8KMUWN
Kæjl."02J{1�7
öw�]Èâ�@�]÷

Φ(σ, p) ≡
σ2

eq

σ̄2
+ 2p cosh

(
3

2

σm

σ̄

)

− 1 − p2 = 0.

_\36NBKc0"L27{78LXL ��,;J8L"K8K{1ZUWNH»O5ZL|,P36JM36�·~27{J8L!1�NO78L2J{NBL
p
L"K{7c^;. ÑBN;1P,P36Jc5kjl."�OVP367{1ZUWN�,;}B.2NBUW�·.2NBUW5ZUW[]1Z�OVBL�^;LvbH�@L2J{[O3]36J8^

L27vmvL"L"^�5ZL2�¿36N

öw�]Èâ�]À@÷
p ≡ qf∗ , f∗ ≡







f
K81

f ≤ fc

fc + δ(f − fc)
K81

f > fc

U	®
q
^;."K{1�[]NBL�5ZL�,P36JM36�·~27{J8L�^;L\b��@L2J{[O3]36J8^�»

fc
543�,/UWJ8U]K{1�78.\02J{1�7{1Z�-VBL\^�V�^;.2Y;V;7|^;L\0"U@365ZL"K80"L2NB0"L�L27

δ
5ZLvÍÏ3W0278L2V;J

3W0"0".25Z.2JM3678L2V;J!^;L\543�02J8UW1ZK8KM36NB0"L�^;L"KX0�3"�q1�78."K�È
�HL�K8L"0"UWNB^�,P36JM36�·~27{J8L�1�NO78L2J{NBL

σ̄
^�V�02J{1�78~2J8L�L"K{7|^;UWN;NB.\,P36J�9

öw�]Èâ�]¼@÷
σ̄ ≡ σ(ε̄)

U	®
σ(ε̄)

L"K{7|543�ÍÎUWNB027{1ZUWNH»Ð0"UWN;NOVBL¸L �q,Ã.2J{1��·L2NO7M365ZL2�·L2N-7�»/^;UWN;NP36N-7v543�5�1���1�78L�^�jl.2543WK{7{1Z021�78.¸^;L\543��¿367{J{1Z0"L��·.27M365ä�
5�1Z�-VBLXL2N¿ÍÎUWNB027{1ZUWN�^;L|543�^;. ÍÎUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBLX."�-V;1��W365ZL2N-78Lv02V;��V;5Z."L

ε
»@L27

ε̄
L"K{7¡543��W365ZL2V;J&�·U��@L2N;NBL!^;LX0"L27{78L



V�¯<D � I«y Srqts-� I q Iæv�G ç è S A �ÞS >O? ��q I ç G z éæG ç I q GD>]éæC � I ì�|

^;. ÍÏUWJ{�¿367{1ZUWN�."�-V;1��]365ZL2NO78L�^B36NBK|543¸�¿367{J{1Z0"L�}B.278.2J8UW[@~2NBL�L27|^;UWN-7X5kjl."�-VP367{1ZUWN�L"K{7|^;UWN;NB."L�,P36J�9
öw�]Èâý]�@÷

(1 − f)σ̄ ˙̄ε = σ : Dp.

�D3�5ZUW1�^�jl."0"UWV;5ZL2�·L2NO7\3WK8K8Uq021Z."L�,P36JeNBUWJ{�¿365�1�78.�Ë�0"L�02J{1�78~2J8L�K�jl."02J{1�7v365ZUWJ8K
öw�]Èâý��æ÷

Dp = η
∂Φ

∂σ

U	®�5ZL���V;5�7{1�,;5�1Z0�3678L2V;JX,;543WK87{1Z�OVBL
η

L"K{7eNOV;5DK{1
Φ < 0

»BL27e,ÃU]K{1�7{1äÍ�UWV�N-V;5�K{1
Φ = 0

ù;L2N�1�NO7{J8Uq^�V;1ZKM36N-7X5ZL�7M36V���^;L
^;. ÍÏUWJ{�¿367{1ZUWN�,;543WK87{1Z�OVBL�."�-V;1��]365ZL2NO7�9

öw�]Èâý]�@÷
Deq =

[
3

2
Dp

ij
′
Dp

ij
′

] 1

2

U	®
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1�N-78L2J{NBL"K�ÈH�gjâ36,;,;J8Uq08}BL¿,;}B.2NBUW�·.2NBUW5ZUW[]1Z�OVBL'0"UWNBK{1ZK{78L·Ë'1�NO7{J8Uq^�V;1�J8L·^�1�J8L"0278L2�·L2N-7�^;L"K\78L2J{�·L"K\�¿3W02J8U]KM0"UW,;1Z�OVBL"K
0"L2NBKM."K�0�36JM3W0278.2J{1ZKML2Jg^;L"K�1�N-78L2JM3W027{1ZUWNBK¡Ë|5kjl."0M}BL25�5ZL���1Z02J8U]K80"UW,;1Z�-VBL]È]�gjâ36,;,;J8U-0M}BL��¿367{}B.2�¿367{1Z�OVBL�0"UWNBK{1ZK878L�Ëv08}BL2Jw�
0M}BL2Je^;L"K¡�·Uq^;.25�1ZKM367{1ZUWNBK|3WK8K{V;JM36N-7c^;LvYÃUWN;NBL"K¡,;J8UW,;J{1Z.278."K��¿367{}B.2�¿367{1Z�-VBL"K�,/UWV;Jc5ZL"Kc^�1äüÃ.2J8L2N-78L"K�[]JM36NB^;L2V;J8Ke^�V
,;J8UWY;5Z~2�·L]ÈOmvUWVBK�NBL�^;.27M361�5�5ZL2J8UWNBKg,P3WK±1Z021�5ZL"K±^�1äüÃ.2J8L2N-78K��·Uq^;~25ZL"K�,;J8UW,/U]KM."K�»æ�¿361ZK�L2N��·L2N-7{1ZUWN;NBL2J8UWNBK¡�-VBL25Z�OVBL"K{�
V;NBKæÈ

np5±L �q1ZK878L�78UWV;7\^�jâ36YÃUWJ8^�^;L"K!�·.27{}BUq^;L"K\0"UWNBK{1ZK{7M36NO7�Ë¿1�NO7{J8Uq^�V;1�J8L�^;L�NBUWV;�@L�36V��¾^;L2[]J8."K�^;L�5�1�YÃL2J{78.�^;L\É�^;. �
,;543W0"L2�·L2N-78KwÊÆ�-V;1�KMUWNO7�3WK8KMU-021Z."K�Ë*^;L©NBUWV;�@L�36V�� L ü�UWJ{78K�1�NO78.2J{1ZL2V;J8K�,P36J�5kj 1�NO78L2J{�·."^�14361�J8LÌ^�VÅ,;J{1�NB021�,/LÇ^;L"K
,;V;1ZKMKM36NB0"L"K��q1�J{7{VBL25�5ZL"K�È�acL2J{7M361�NBK¸36V;78L2V;J8K�0"UW���·L.Ó;J8.2�·UWNB^¥L27�mvL"^6z836J·¹ Ó;J8L�Áåm!L"^�»���¼]¼]ý6½¡1�N-7{J8U-^�V;1ZKML2NO7¸V;N
78L2J{�·L�^;L�,ÃUWJ8U]K{1�78.¿�-V;1¡J8L2,;J8."KML2NO78L'5kjlL2NB^;UW���¿36[@L2�·L2NO7·0"UW���·L·V;NÌ^;.2,;543W0"L2�·L2NO7���1Z02J8U]K80"UW,;1Z�-VBL]ÈD_�jâ36V;7{J8L"K
0"UW���·L�_�L\�cUWJ8K87�¹l_�L"�!»���¼]¼��"½DK8L�YP3WK8L2N-7XK{V;J|543¸7{}B."UWJ{1ZL�^;L"Ke��1�5�1ZL2V�����1Z02J8UW,/UW54361�J8L"K!^;L"K�ÍÎJ8~2J8L"K!acU]K8K8L2JM367vL2N
1�N-7{J8U-^�V;1ZKÛ36NO7|^;L"Kc^;L2[]J8."Kc^;Lv5�1�YÃL2J{78.v^;LvJ8UW7M367{1ZUWN�ù�^�jâ36V;7{J8L"KcL2N�ÑBN�J8L2,;J8."K8L2N-78L2NO7e5ZL"K&YP36NB^;L"Kc^;Lv5ZUq0�365�1ZKM367{1ZUWN�^;L
5kjlL2NB^;UW���¿36[@L2�·L2N-7¡,P36J�^;L"K±K{V;JwÍk3W0"L"K�^;L&^�1ZK80"UWN-7{1�NOV;1�78.|^;L"K�^;.2,;543W0"L2�·L2N-78K�È@n�5qL ��1ZK{78L�36VBK8K{1�^;L"K±�·.27{}BU-^;L"K�^�1�78L"K
ÉrË·[]JM3W^�1ZL2NO7wÊ��OV;1�0"UWNBK{1ZK{78L2NO7\Ë�,;J8L2NB^�J8L¸L2N�0"UW��,;78L¸^;L"K!L üÃL278Kv^;L��@UW1ZK{1�NP36[@L¸K{,P367{14365�,P36JX5kj 1�NO78L2J{�·."^�14361�J8L�^;L"K
[]JM3W^�1ZL2N-78K�^;L"Kg^;. ÍÎUWJ{�¿367{1ZUWNBK\öF�@UW1�Jg,P36JcL ��L2��,;5ZLXuX1äÍk36NO7{1ZKv¹luX1äÍ{»���¼]À@�(½F÷±UWV¿^;L"K¡�W36J{1436Y;5ZL"K&1�NO78L2J{NBL"K!¹l�HUWJ�»H��¼]¼@�6½pÈ
dgN�ÑBNH»ÐV;NBL¸^;L2J{N;1Z~2J8L�02543WK8K8L�^;L��·Uq^;~25ZL"K�L"K{7!0"L25�5ZL¸^;L"Kv�·U-^;~25ZL"K!J8."L25�5ZL2�·L2NO7\NBUWN
5ZUq0�36V��ÃÈ/�HL�,;J{1�NB021�,/L¸^;L�0"L"K
�·Uq^;~25ZL"KXL"K87|^;L\0"UWNBK{1Z^;.2J8L2JXV;NBL\1�N-78L2JM3W027{1ZUWN
Ë�^�1ZK{7M36NB0"L�L2NO7{J8L\5ZL"KX^�1äüÃ.2J8L2N-78K|,ÃUW1�NO78KX^;L�543�K{7{J{VB027{V;J8L]È

 vVHj 1�5gK�jâ36[]1ZK8K8L¸^�j V;NBL¸�·.27{}BU-^;L�1�N-7{J8U-^�V;1ZKM36N-7\V;NBL�021�NB.2�¿367{1Z�OVBL�L2N;J{1Z0M};1ZL·UWV©,;J8L2NP36NO7�L2N¾0"UW��,;78L]»H36V©N;1ä�
�@L�36V�^�V�0"UW��,/UWJ{78L2�·L2N-7�»Ð^;L"K|1�NO78L2JM3W027{1ZUWNBK�^B36NBKeV;N��@UW1ZK{1�NP36[@L�K{,P367{14365�^�V�,ÃUW1�NO7|�¿3678.2J{1ZL25k»Ð0"L"K�ÍÏUWJ{��V;54367{1ZUWNBK
J8L2NB^;L2N-7e78UWV;78L"Ke0"UW��,;78L\^�j V;NBL!��1Z02J8U]K{7{J{VB027{V;J8L\K8UWVBKw��z83W0"L2NO78L�Ë�0"L!,/UW1�N-7c�¿3678.2J{1ZL25k»�5æÓÎÜ!V;NBL!.27M36,/L�^�j }BUW�·UW[@. �
NB.21ZKÛ367{1ZUWN¿ÍÏUWJ{�·L25�5ZL]»-UWV'Y;1ZL2N'^;Lv�¿36N;1Z~2J8LX,;}B.2NBUW�·.2NBUW5ZUW[]1Z�-VBL]È��gj 1Z^;."L!0"UWNBK{1ZK{78LvË�,;J8L2NB^�J8LvL2Ny0"UW��,;78LvV;N'L ü�L27
^;L��@UW1ZK81�NP36[@L¸K8,P367{14365�,/UWV;J\^;."02J{1�J8L�5ZL�0"UW��,/UWJ{78L2�·L2N-7�^�j V;N©,ÃUW1�NO7\�¿3678.2J{1ZL25|9/1�5���3'1�NO78L2JM3W027{1ZUWNÆL2N-7{J8L·^;L2V��
,ÃUW1�NO78K¸^�1ZK{7{1�NB0278K¸^;L�543�K87{J{VB027{V;J8L]È�acL"K�1�N-78L2JM3W027{1ZUWNBK�UWNO7¸5�1ZL2V Üa�¸ÓFÖBÓ,�·Ü�^B36NBK�V;N¥�@UW1ZK{1�NP36[@L¿^;L¿7M361�5�5ZL�Ñ;�;."L
^�V©,ÃUW1�NO7!�¿3678.2J{1ZL25g0"UWNBK{1Z^;.2J8.�L27v[@.2NB.2JM365ZL2�·L2N-7�K{V;J!78UWV;78L�543'K{7{J{VB027{V;J8L]»�3"�@L"0�V;NBL�1�N$IBVBL2NB0"L�^�j V;N
,/UW1�N-7�K8V;J
5kjâ36V;7{J8L�^�jâ36V;7M36NO7v,;5�VBK�ÍÏ361�Y;5ZL��OVHj 1�5ZK|KMUWNO7X.25ZUW1�[]NB."K�È

fXNBL'ÍÏUWJ{��V;54367{1ZUWNi^B36NBK¸543W�OVBL25�5ZL�78UWV;78L"K¸5ZL"K¸[]JM36NB^;L2V;J8K�5ZU-0�365ZL"K�^;L'543�5ZUW1�^;L�0"UW��,ÃUWJ{78L2�·L2NO7·K8UWN-7¸J8L2���
,;543W0"."L"K�,P36J�^;L"K�,/L2NB^B36N-78K�NBUWN¥5ZU-0�36V���»�J8."K{V;5�7M36N-7¸^;L·5kjâ36,;,;5�1Z0�367{1ZUWN*^�jlUW,Ã.2JM3678L2V;J8K¸^;L¿^;.25ZUq0�365�1ZKM367{1ZUWNH»D3�.278.
,;J8UW,ÃU]K8."L�,P36J¿�e36Òæ36NO7�¹l�e36Ò�Á«��L25k»H��¼]À6ÂW½p»g�¿361ZK'L25�5ZL�0"UWNB^�V;1�7yË¾^;L�K8.2J{1ZL2VBKML"K¿0"UW��,;5�1Z0�367{1ZUWNBK�»&NBUW7M36���·L2NO7
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^B36NBK�5kjl."02J{1�7{V;J8L¿^;L"K�0"UWNB^�1�7{1ZUWNBK�36V��¾5�1���1�78L"K�L27�^;L"K�."�OVP367{1ZUWNBK�^�jl."�OV;1�5�1�Y;J8L]ÈDt�5�VBK�7M36J8^�»�t�1 z{36VB^�1ZL2Jw�ra�36YÃUW7�L27
�e36Òæ36N-7�¹lt�1 zXÁ«��36Ò@»���¼]À@�(½�UWN-7��·UWNO7{J8.��-VBL]»DKÛ36NBK�J8L"K{7{J8L21�NB^�J8Ly543�[@.2NB.2JM365�1�78.�^�VÄ0"UWNB0"L2,;7·^;L�NBUWN*5ZU-0�365�1�78.]»
UWNÌ,ÃL2V;7�JM361ZK8UWN;NP36Y;5ZL2�·L2N-7·0"UWNBK{1Z^;.2J8L2J��OVBL'K8L2V;5ZL'543��]36J{1436Y;5ZL¿1�N-78L2J{NBL�J8L"K{,/UWNBKÛ36Y;5ZL'^;L'5kjâ3W^;UWVB021ZK8K8L2�·L2N-7�öF543
,ÃUWJ8U]K{1�78.�,/UWV;J�5ZL"Kv�¿3678.2J{1436V��©^�VB027{1�5ZL"K ÷|L"K{7�^;L�NP367{V;J8L�NBUWN©5ZUq0�365ZL]ÈÃacL27{78L¸1Z^;."L¸,P36JM3A@Z7�7{J8~"K\367{7{JM3"�O36NO78L�^�j V;N
,ÃUW1�NO7&^;L��-VBL�,;}-�qK{1Z�-VBLe0�36Jg^B36NBK�5ZLe0�3WKg^;L"K±�¿3678.2J{1436V���,ÃUWJ8L2V��¸,P36JgL �;L2��,;5ZL]»],ÃUWV;J�5ZL"K8�-VBL25ZK�543!�W36J{1436Y;5ZLe^�jlL2N��
^;UW���¿36[@L2�·L2N-7eL"K{7g543�,ÃUWJ8U]K{1�78.]»]1�5BNHj �·3�,P3WK&^;LeJM361ZK8UWN�0254361�J8LvË\0"L|�-VBLe543\^;. ÍÏUWJ{�¿367{1ZUWNH»@543�0"UWNO7{JM361�N-78LvL27gY;1ZL2N
^�jâ36V;7{J8L"K��W36J{1436Y;5ZL"K\L2NB0"UWJ8L�K8UW1ZL2N-7�0"UWNBK{1Z^;.2J8."L"K�0"UW���·L�NBUWN©5ZUq0�365ZL"K�ÈÃd�N¾J8L2�W36NB0M}BL�543',/UWJ8U]K{1�78.¸NBL¸,ÃL2V;7Ý?27{J8L
^;. ÑBN;1ZLy�-VHjlL2NÌ0"UWNBK81Z^;.2JM36NO7·^;L"K��@UW5�V;�·L"K�É�.25Z.2�·L2NO7M361�J8L"KwÊy^;L¿7M361�5�5ZLyK{V;,Ã.2J{1ZL2V;J8L�Ë�543�^�1ZK{7M36NB0"L�1�NO78L2Jw�p0�3"�q1�78."KHù
L25�5ZLyL"K{7�^;UWNB0yL"K8K8L2N-7{1ZL25�5ZL2�·L2NO7·V;NBLy�-VP36NO7{1�78.y�·Uæ�@L2N;NBL�^;L¿NP367{V;J8LyNBUWN*5ZUq0�365ZL]È±�gjl."�OVP367{1ZUWNi^�jl.2�@UW5�V;7{1ZUWN ^;L
0"L27{78L��W36J{1436Y;5ZL\L"K{7|^;UWN;NB."L]»;^B36NBKX0"L27{78L�36,;,;J8U-0M}BL]»;,P36JeV;NBL�1�NO78.2[]JM365ZL�^;L�0"UWNO�@UW5�V;7{1ZUWN�Ík361ZKM36N-7|1�NO78L2J{�@L2N;1�J|V;NBL
ÍÏUWNB027{1ZUWN*^;L·,ÃUWNB^;.2JM367{1ZUWNÅök��36VBK8K{1ZL2N;NBL¿UWVÌ�HUWJ8L2NO7{Ò"1ZL2N;NBLy,P36J¸L ��L2��,;5ZLæ÷�U	®Ä36,;,P36JM3A@Z7�V;NBL'^�1ZK{7M36NB0"L'0�36JM3W0 �
78.2J{1ZK87{1Z�OVBL�^�V
�¿3678.2J{1436VHÈ���3'7M361�5�5ZL¸^;L��¿361�5�5ZL¸,/L2V;7�?27{J8L�08}BUW1ZK81ZL�36J{Y;1�7{JM361�J8L2�·L2N-7��¿361ZK!NBL�^;UW1�7v,P3WK\^;.2,P3WK8KML2J
0"L27{78L�^�1ZK{7M36NB0"L�0�36JM3W0278.2J{1ZK{7{1Z�-VBL]»Ð36V��·UW1�NBKX^B36NBK|543�Ò�UWNBL�0"UWNB0"L2J{NB."L�,P36J|543�ÑPK8K{V;JM367{1ZUWNHÈBfvNBL\78L25�5ZL�36,;,;J8Uq08}BL]»
1�N;1�7{14365ZL2�·L2N-7�^;.2�@L25ZUW,;,/."L�,ÃUWV;JXJ8L2NB^�J8L¸0"UW��,;78L�^;L"Kv1�NO78L2JM3W027{1ZUWNBK\L2NO7{J8L���1Z02J8U6ÑPK8K{V;J8L"K�^B36NBKv5ZL"K|YÃ.278UWNBK¸öF�@UW1�J
,P36J|L �;L2��,;5ZL��e36Òæ36NO7XL27et�1 z836VB^�1ZL2Jw�ra�36Y/UW7�¹l��36Ò�Á t�1 z2»���¼]À]ÀW½F÷&3¸.278.\L2NBK{V;1�78L!7{JM36NBK{,ÃU]K8."L\36V�0�3WKe^;L"K��·.27M36V��
öÎ0"UWN�ÍÏL2JX�HL2Y;5ZUWNB^*Õ2×�ÜWÝ/¹ � �c�¡»H��¼]¼6Â]½F÷ È

_�36NBK&5ZLv�)?2�·LXUWJ8^�J8L!^�j 1Z^;."L"K�»-hvUWVBK8K8L25�1ZL2J�3\,;J8UW,ÃU]K8.|V;NBL�36,;,;J8U-0M}BLv^;Lv^;.25ZU-0�365�1ZKÛ367{1ZUWNy^;LX543\,ÃUWJ8U]K{1�78.|,P36J
J8.2[]V;5436J{1ZKÛ367{1ZUWN 5�ÓÏÜ\543¸J8."K8UW5�V;7{1ZUWN
^�j V;N�,;J8UWY;5Z~2�·L�36V��y5�1���1�78L"KXK{V;,;,;5Z.2�·L2N-7M361�J8L]È

�pì%�Uì%B B.
��>_Â� Y0beb�Y0b ]8YUg � ] 
 [ 
 d 
^� ]�Ycb�[DC#EGFIHKJ�[ h ï Y![�\^] 
 [ 
LAnh��>_ Ycb
��3��@L2J8K81ZUWN¿NBUWN¿5ZUq0�365ZLX^;Lv�HL2Y;5ZUWNB^ÇÕ2×�ÜWÝZûq^�V¿�·Uq^;~25ZLX^;L!��V;J8K8UWN'0"UW��,;J8L2NB^'78UWV;78L"K¡5ZL"Kc."�-VP367{1ZUWNBK&0"UWNBK{7{1ä�

7{V;7{1��@L"Kc^�V¿�·Uq^;~25ZLX^;L��!V;J8K8UWN'5ZU-0�365P^;.rz8Ë\,;J8."0"."^;L2���·L2N-7e.2�@U-�-VB."L"K&Ë�5kjlL ��0"L2,;7{1ZUWNy^;Le5kjl."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN
^;L�543Æ,/UWJ8U]K{1�78.*¹��]Èâý6ÂW½pÈ���3Æ,;J8UW,/U]K81�7{1ZUWN ^;L
�HL2Y;5ZUWNB^ Õ2×·ÜWÝZû!¹ � ���g»D��¼]¼6ÂW½�0"UWNBK{1ZK878L
ËÆJ8L2��,;543W0"L2J�5kjl."�OVP367{1ZUWN
^�jl.2�@UW5�V;7{1ZUWNÌ¹��]Èâý6ÂW½D^;L\543¸,ÃUWJ8U]K{1�78.\,P36J
öw�]Èâý]�@÷

ḟ(x) =
1

C(x)

∫

Ω
χ(x− y)ḟ loc(y) dΩy

U	®
Ω

^;."K{1�[]NBL¡5ZL¡^;UW�¿361�NBLc0"UWNBK{1Z^;.2J8.cL27
χ

V;NBL¡0"L2J{7M361�NBLgÉkÍÎUWNB027{1ZUWN�^;Lg,ÃUWNB^;.2JM367{1ZUWN�Ê&�-VBL�5kjlUWN�,;J8L2NB^�[O36VBK8K{1ZL2N;NBL
^B36NBKX543¸,;JM367{1Z�OVBL¿9
öw�]Èâý]x@÷

χ(x) ≡ exp(−‖x‖2/b2)

b
.27M36NO7�V;NBL¸5ZUWN;[]VBL2V;J�0�36JM3W0278.2J{1ZK87{1Z�OVBL�öÎ^;L�5kjlUWJ8^�J8L�^;L¸5kjlL"K{,P3W0"L2�·L2N-7�L2NO7{J8L·0�3��-1�78."K ÷ È��HL�ÍÏ3W0278L2V;J

C(x)
L27\5ZL

Ép7M36V���^;L�,ÃUWJ8U]K{1�78.\5ZUq0�365äÊ
ḟ loc K8UWN-7|^;UWN;NB."K|,P36J

öw�]Èâý@�]÷
C(x) =

∫

Ω
χ(x− y) dΩy
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L27
öw�]Èâý]À@÷

ḟ loc(x) ≡ (1 − f(x))
7{J

[Dp(x)]

�¡j 1�NO7{J8Uq^�VB027{1ZUWN©^�V�78L2J{�·L
1/C(x)

^B36NBKX5kjl."�OVP367{1ZUWNÌ¹��]Èâý]�(½DNHjâ3�^�jâ36V;7{J8L�Y;V;7v�-VBL�^�jl.2�-1�78L2JX5ZL"KXL ü�L278KX^;L\YÃUWJ8^;K
,P36JM3WK81�78L"K�È;d�N�L ü�L27�»

ḟ
^;UW1�7F?27{J8L�1Z^;L2NO7{1Z�-VBL�Ë

ḟ loc K{1
ḟ loc L"K87cV;N;1äÍÏUWJ{�·L\,P36JeJM36,;,ÃUWJ{7XË�543¸�W36J{1436Y;5ZL\^�jlL"K{,P3W0"L]È

+�36NBK�5kj 1�N-7{J8U-^�VB027{1ZUWNÌ^�V©78L2J{�·L
1/C(x)

0"L27{78L�0"UWNB^�1�7{1ZUWNÆNBL¸KÛ36V;JM361�7N?27{J8L��@.2J{1äÑP."L'36V
�@UW1ZK81�NP36[@L�^�V
YÃUWJ8^¾^;L
Ω

ù�543�,;J8."K8L2NB0"L�^;L\0"L\78L2J{�·L�3WKMK{V;J8L�5kjl.2[O365�1�78.�,P36J{78UWV;7�È
d�NB0"UWJ8LeV;NBLcÍÏUW1ZK�»65kj 1Z^;."L�,;}O��K{1Z�OVBLeKMUWVBKw��z{3W0"L2N-78Le^B36NBK±5kjl."�OVP367{1ZUWN�¹��]Èâý]�(½PL"K{7��OVBLc543!,ÃUWJ8U]K{1�78.eL"K{7�ÍÎUWNB^B36�·L2N��

7M365ZL2�·L2N-7¡V;NBLe�-VP36NO7{1�78.XNBUWN�5ZU-0�365ZL�,;V;1ZK8�-VBLe0"L27{78Le[]JM36NB^;L2V;JgNHjâ3�^;LeK8L2NBK��OVBL�,ÃUWV;Jg^;L"K��@UW5�V;�·L"K&.25Z.2�·L2NO7M361�J8L"K
K8V�ã¿KM36���·L2NO7�[]JM36NB^;Kc,/UWV;J�0"UWNO78L2N;1�J|36V��·UW1�NBKcV;NBLv0�3��-1�78.]Èqnp5PÍÏ36V;7�0"L2,ÃL2NB^B36NO7�NBUW78L2Jc�-VBLX0"L27{78L�."�-VP367{1ZUWN�L"K87
,;V;J8L2�·L2N-7v}BL2V;J{1ZK87{1Z�OVBL�L27eNBLezwUWV;1�7|^�jâ36VB02V;NBL|zrVBK{7{1äÑP0�367{1ZUWN�7{}B."UWJ{1Z�OVBL�KM.2J{1ZL2VBK8L]È

±f²NM O ßMôF¬^¬Ðï µ¸ï!¬ ð²ô�õ × îÃñ8ôFL6M ¬;õÐôf­¶µ¸ôeî�µ¶¬QP × ­ × îÃôFß8ñ�¬ × ¬Åï�õÅðä´�µ¸ò!ß8ï µ¸ï êlL�î�¬�´F­

mvUWVBK�NBUWVBK�,;J8UW,ÃU]K8UWNBKe^B36NBK|0"L27{78L!,P36J{7{1ZL\^�j 1�NO7{J8Uq^�V;1�J8L\5ZL"K��¿3678.2J{1436V���K{7M36NB^B36J8^;Ke[@.2NB.2JM365�1ZK8."K�öÎL2N�36Y;J8.2[@.
�¾+;��÷X,;V;1ZK\^�jlL �B36��1�NBL2J\5ZL¸0�36JM3W0278~2J8L�K87M36NB^B36J8^©[@.2NB.2JM365�1ZK8.�UWV
NBUWNÇ^�V©�·Uq^;~25ZL�^;L���V;J8K8UWN¾L2N�Ík361ZKM36N-7!5kj }-�O�
,ÃUW7{}B~"K8L\^;L"K�,ÃL27{1�78L"K�7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK2R@È��gjlL �B36�·L2N��·UWNO7{J8L��-VHjâË�,/UWJ8U]K81�78.!Ñ;��."L]»�5ZL"Ke."�-VP367{1ZUWNBK|0"UWNBK{7{1�7{V;7{1��@L"K
^�V*�·Uq^;~25ZL�^;L��!V;J8K8UWN*,/U]KMK8~"^;L2NO7�5ZL"K¸,;J8UW,;J{1Z.278."K�J8L"�-V;1ZK8L"K�,/UWV;J·3WK8K8V;J8L2J�5kjâ36,;,P36J{78L2NP36NB0"L�^�VÌ�·Uq^;~25ZL�Ë�543
02543WKMK8L�^;L"K!�¾+;��ÈÃm!UWVBKv�@L2J{J8UWNBK\^B36NBK�543'K8L"027{1ZUWN¾K{V;1��]36NO78L�5ZL"K!1���,;5�1Z0�367{1ZUWNBK�^;L�0"L27{78L¸,;J8UW,;J{1Z.278.�K{V;J�5ZL�,;5436N
^;Lv5kj 1���,;5Z.2�·L2NO7M367{1ZUWN�NOV;�·.2J{1Z�-VBL\^�V'�·Uq^;~25ZL]È-n�5ÐÍÏ36V;7&NBUW78L2Jc1����·."^�143678L2�·L2N-7X�-VBLv0"L27{78Lv,;J8UW,;J{1Z.278.�K�jâ36,;,;5�1Z�OVBL
36VBKMK{1ÃY;1ZL2N�Ë�543��@L2J8K{1ZUWNy5ZUq0�365ZL!UWJ{1�[]1�NP365ZL\^�V��·Uq^;~25ZL��OVHjâË¸KM3��@L2J8K{1ZUWN��·Uq^�1äÑP."L!NBUWN�5ZUq0�365ZL�,;J8."K8L2N-78."L\^B36NBK�543
KML"027{1ZUWNi¹��]Èâ��Èâ�(½p»Ã,;V;1ZK8�OVHjlL2N
Ñ;�B36NO7\543',ÃUWJ8U]K{1�78.�UWN¾NBL�7{1ZL2N-7\,;5�VBK\0"UW��,;78L�^;L�K8UWN¾."�OVP367{1ZUWNÇ^�jl.2�@UW5�V;7{1ZUWNH»HKML2V;5
,ÃUW1�NO7v^;L�^�1äüÃ.2J8L2NB0"L�L2NO7{J8L�5ZL"KX^;L2V����@L2J8K{1ZUWNBKæÈ

�gjlL �q,ÃU]K8.c0"UW���·L2NB0"L�,P36JDV;NBLc,;J8."K8L2N-7M367{1ZUWN�[@.2NB.2JM365ZLc7{J8~"K�KMUW���¿361�J8Lc^;Lc�-VBL25Z�OVBL"K�3WK{,ÃL"0278KD^;L"K�7{JM3��W36V���^;L
��365�,;}BL2N¿L27¡mv[]V;�@L2N�¹l��365�Á«mX[]VH»���¼@�W�6½PL27gmX[]V;�@L2N�¹lmX[]VH»H��¼@�]�6½PK{V;J�5ZL"Kg�¾+;��»@L27gL"K{7�,ÃUWV;J8K{V;1��q1PL2N·^;UWN;NP36NO7
V;NÇL �;L2��,;5ZL�K{1���,;5ZL�^;L��¾+;��3"�]36NO7�^�jâ367{7M3W�-VBL2J�5ZL¸J8."K{V;5�7M367�L"KMK8L2NO7{1ZL25g^;L�543',P36J{7{1ZL�9/5ZL�0�36JM3W0278~2J8L·K{7M36NB^B36J8^
[@.2NB.2JM365�1ZKM.�^�V��·Uq^;~25ZL�^;L��!V;J8K8UWN�Ë¸,ÃUWJ8U]K{1�78.�Ñ;�;."L]È

�pì1SUì8� Aw� b ����� ] ���o�^_
��3e5ZUW1O0"UWNBK87{1�7{V;7{1��@L&^�j V;N��¾+;�ÄL"K87�K{,Ã."021äÑP."Lg[]J*ñW0"L¡ËX^;L2V���,ÃUW78L2NO7{1ZL25ZKD7{}BL2J{�·Uq^��-NP36��1Z�-VBL"K�Èæ��Lg,;J8L2��1ZL2JDL"K87

5kjl.2NBL2J{[]1ZLv5�1�Y;J8L!K{,/."021äÑP�-VBL
ψ(ε,α)

»O�-V;1ÐL"K{7¡V;NBLeÍÏUWNB027{1ZUWN�^�V'78L2NBK8L2V;J&^;Lv^;. ÍÎUWJ{�¿367{1ZUWN
ε

L27&^�j V;N'L2NBKML2��Y;5ZL�^;L
,P36JM36�·~27{J8L"Kc1�N-78L2J{NBL"Kc0"UW5�5ZL"027{1��@L2�·L2N-7�NBUW78."K

α

ÈqacL27{78L|ÍÎUWNB027{1ZUWNy^;UW1�7�?27{J8Lv0"UWNO�@L �;LX,P36J&JM36,;,/UWJ{7�36V����]36J{1436Y;5ZL"K
ε

L27
α

,;J{1ZK8L"K|K8.2,P36J8.2�·L2N-7¸öF�¿361ZKX,P3WKeNB."0"L"K8KM361�J8L2�·L2N-7X,P36J|JM36,;,ÃUWJ{7vË¸543��]36J{1436Y;5ZL\[]5ZUWYP365ZL
(ε,α)

÷ È
TU,>À
� Ï&ö�ÇFÅ*ÄºËÍ¿�ÇÉÀ�Ã:À1¿pÇFÅ*Ñ�ÈÐö�ËºÅ&¾:Îf¿�Ñ8Å&Á	ÃAÅ*ö8Ã:¿V��È1ÁAÈÐö8Å&ÄÍËÍ¿�È1¿tÁAÀ!¿1õ Å&ýÂýAÄÍËÆÌ ¾AÀ!Ì ¾ÂÀ!ÃAÅ&ÁÂ¿pÊ1À Ñ�Ñ�À � �:ýoÏ*Ñ � �1¿�À�Ò
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�gjl.2NBL2J{[]1ZL�5�1�Y;J8L�ÍÏUWV;J{N;1�7!,P36J�^;.2J{1��]367{1ZUWN
5ZL�78L2NBK8L2V;J\^;L"K!0"UWNO7{JM361�N-78L"K
σ

L27!543�ÍÏUWJ80"L�7{}BL2J{�·U-^��qNP36��1Z�OVBL
F3WKMK8U-021Z."L�Ë

α

9
öw�]Èâý]¼@÷

σ =
∂ψ

∂ε

L27
F = −∂ψ

∂α

�HL�K8L"0"UWNB^y,ÃUW78L2NO7{1ZL25H7{}BL2J{�·Uq^��qNP36��1Z�OVBL�L"K87e5ZL�,/UW78L2N-7{1ZL25�^;L\^�1ZK8K{1�,P367{1ZUWNH»;NBUW78. D(α̇)
»;�OV;1H^;UW1�7F?27{J8L�V;NBL

ÍÏUWNB027{1ZUWNÄ0"UWNO�@L �;L]»�,ÃU]K{1�7{1��@L�L27�N-V;5�5ZL�,/UWV;J
α̇ = 0

È�acL¿,ÃUW78L2NO7{1ZL25�[@UWV;�@L2J{NBL�5ZL"K�."�OVP367{1ZUWNBK�^�jl.2�@UW5�V;7{1ZUWNÄ^;L"K
,P36JM36�·~27{J8L"Kv1�NO78L2J{NBL"K!Ë�7{JM3"�@L2J8KX5ZL"KeJ8L254367{1ZUWNBKX."�-V;1��]365ZL2NO78L"K!K{V;1��W36N-78L"K�9
öw�]È ÂO�@÷

F ∈ ∂D(α̇) ⇐⇒ α̇ ∈ ∂D̃(F)

U	® D̃ ^;."K{1�[]NBL�543�7{JM36NBK{ÍÎUWJ{�·."L·^;L¿�HL2[@L2NB^�J8L �8ÓBL2NB08}BL25XW�^;L D »�L27
∂D L27

∂D̃ 5ZL"K�K8UWVBKw�p^�1äü�.2J8L2NO7{1ZL25ZK�^;L D̃ L27
D J8L"K{,ÃL"027{1��@L2�·L2NO7�È

tDUWV;J�V;N©0"UW��,/UWJ{78L2�·L2N-7\1�NB^;.2,/L2NB^B36N-7�^�V�78L2��,BK�»Ã0"UW���·L¸0]jlL"K{7v5ZL¸0�3WK!^B36NBKvNBUW7{J8L�7{JM3"�]361�5k»/5ZL�,ÃUW78L2NO7{1ZL25
D L"K{7&,ÃU]K{1�7{1��@L2�·L2N-7e}BUW�·UW[@~2NBL�^;L�^;L2[]J8.¸�!,P36J�JM36,;,ÃUWJ{7XË

α̇

È;+�3�7{JM36NBKwÍÎUWJ{�·."L\^;L��HL2[@L2NB^�J8L �8ÓPL2NB08}BL25k» D̃(F)
»

L"K87�365ZUWJ8K�543�ÍÏUWNB027{1ZUWNÌ1�NB^�1Z0�367{J{1Z0"LZY'^�j V;NÄL2NBK8L2��Y;5ZL�0"UWN-�@L ��L�ÍÏL2J{�·. C öF5ZL'^;UW�¿361�NBL�^;L�J8.2�@L2J8K{1�Y;1�5�1�78.æ÷¸^B36NBK
5kjlL"K8,P3W0"LX^;L"K�ÍÏUWJ80"L"Kg7{}BL2J{�·Uq^��qNP36��1Z�OVBL"K

F
È-acL27¡L2NBK8L2��Y;5ZLX.27M36N-7c^;. ÑBN;1Ð,P36JgV;NBLe1�NB.2[O365�1�78.!^�V·7p�q,/L

Φ(F) ≤ 0,ÃUWV;J!V;NBL�0"L2J{7M361�NBL�ÍÏUWNB027{1ZUWN
Φ
»P5ZL�KMUWVBKw�p^�1äüÃ.2J8L2N-7{1ZL25

∂D̃(F)
L"K87vJ8."^�V;1�7\36V
KML2V;5D�@L"0278L2V;J

0
K{1

F
L"K{7�0"UWNO78L2N-V

Ë�5kj 1�N-78.2J{1ZL2V;J|^�Vy0"UWN-�@L ��L C »-0"UW1�NB021Z^;L�3��@L"0�543�^;L2��1ä�p^�J8UW1�78L {η(∂f/∂F)(F), η ≥ 0} K{1
F

L"K{7�0"UWNO78L2NOV�^B36NBK�543
ÍÎJ8UWNO7{1Z~2J8L�^;L C »;L27|L"K{7e�q1Z^;L\K{1

F
NHjlL"K{7e,P3WKe0"UWN-78L2NOV�^B36NBK C È;�gjl."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN¥¹��]È ÂO�(½

2
,/L2V;7|^;UWNB0�?27{J8L

J8. �p."02J{1�78L�^;L!ÍÏ3	E"UWN�."�OV;1��]365ZL2NO78L'9

öw�]È ÂB�æ÷
α̇ = η

∂Φ

∂F
, η







= 0
K81

Φ(F) < 0

≥ 0
K81

Φ(F) = 0

acL"021DK{1�[]N;1äÑPL\�OVBL�5kjl."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN�^;L
α

UWYÃ.21�7XË¸V;NBL\K8UWJ{78L\^;LvÉp,;J8UW,;J{1Z.278.�^;L\NBUWJ{�¿365�1�78. Ê�[@.2NB.2JM365�1ZK8."L]È
np5HL2N�^;."0"UWV;5ZL�1����·."^�143678L2�·L2NO7�V;N�0"L2J{7M361�N�NBUW��Y;J8L�^;L\,;J8UW,;J{1Z.278."KX�-VBL\�@.2J{1äÑPL2N-7X5ZL"K|�¾+;��9

V�¯ ) ¯�V^¯�V $�ç6S^z�ç CF<Oé�<nV
[ Ü'Ý»�]Ó¡Ô0/ à"5A�WÝ Ùq×ÎÓ��WÖZ\U]Oû�^_]U`\Ô-Õ

α

Ü6ÚMÚ Ù-á8Õ�ÝäÜN�$�6Ú ÓF×ÎÓ,5�ÓÎ×pà�Ô-Õ�Ý�ÜyÔWÓÞÚMÚÛÓº��Ü]×ÎÓ��WÖZa
: α̇

û

d�N�L ü�L27|5ZL\K8UWVBKw�p^�1äü�.2J8L2NO7{1ZL25�^;L D(α̇)
L"K{7|^;. ÑBN;1H,P36J�9

öw�]È ÂO�@÷
F ∈ ∂D(α̇) ⇐⇒ ∀α̇

′, F : (α̇′ − α̇) ≤ D(α̇′) −D(α̇).
bUc Á�ö8Å&ýAýoÀ1ÄÍÄºÀ�dfe�gcÌ ¾AÀ�ÄºÅÉÑ�ö8Å&ÁÂ¿f� Ï&ö�ÇÉÈ1À�ÃAÀh,>À ��À1ÁÂÃ:ö�À 
1iÂÀ1ÁAÊ � À1Ä

f̃ (y)
ÃAÀ�ÄºÅX� Ï�ÁAÊÐÑ�ËÍÏ�Á

f(x)
À1¿�Ñ�ÃAÈ�j	ÁÂËÍÀ�ý	Å�öUÄºÅX� Ï&ö�Ç�¾ÂÄÍÀ

f̃ (y) ≡¿�¾Âý
x
[x.y−f(x)]

�kdfe�e�g�Ì ¾AÀ^¿�Ï&Á�¿�Ï�¾Â¿f
%Ã:Ë�l'È ö�À1Á Ñ�ËºÀÐÄ
∂f(x)

Å&¾�ýoÏ&ËºÁ Ñ
x
À1¿�Ñ�Ä<õ À1ÁÂ¿�ÀÐÇm�ÂÄÍÀ^ÃAÀÐ¿°ýoÏ�ËÍÁ Ñ�¿

y
Ñ�À1ÄÍ¿�Ì ¾AÀ

y(x′
−x) ≤ f(x′)−f(x)ýoÏ�¾AöpÑ�Ï&¾AÑpýoÏ�ËÍÁ Ñ

x′
�Idfene�e�g�ÀÐÑcÌ ¾ÂÀUÄ<õ È�Ì ¾ÂË�-&Å&ÄÍÀ1ÁAÊ1À

y ∈ ∂f(x) ⇐⇒ x ∈ ∂f̃(y)
¿1õ À1ÁA¿�¾ÂË Ñ�Ò

o c ÁNö8Å&ýÂýoÀÐÄºÄÍÀÉÌ ¾AÀuÄºÅp� Ï�ÁÂÊ Ñ�ËºÏ&Á-ËÍÁ	Ã:ËÍÊ�Å*Ñ�ö�ËÍÊ1ÀÉÃ'õ ¾ÂÁ6À1ÁÂ¿�À1Çh�ÂÄÍÀ�Ê1Ï�Áq-"ÀÐÎ:À�ýAö�À1ÁÂÃNÄÍÀ1¿r-&Å&ÄÍÀ1¾:ö�¿tsfÀ Ñ
+∞

ö�À1¿�ýoÀ1ÊÐÑ�Ë�-"À1ÇÉÀÐÁ3ÑUÃÂÅ*ÁÂ¿UÊ1À Ñ
À1ÁÂ¿�À1Çh�ÂÄÍÀUÀÐÑcôuÄ<õ ÀÐÎ3Ñ�ÈÐö�ËÍÀ1¾:ö�Ò
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t�UWV;J
α̇

′ = 0
»�0"L"021�^;UWN;NBL −F : α̇

′ ≤ −D(α̇)
öÎ0�36J D(0) = 0

÷\K8UW1�7
F : α̇

′ ≥ D(α̇) ≥ 0
öÎ^�VÆÍÏ361�7¸^;L·543

,ÃU]K{1�7{1��q1�78.�^;L D ÷ È

V�¯ ) ¯�V^¯4ì $�ç6S^z�ç CF<Oé�<
ì
u!�WÖ�56Õ Ö��WÖ;Ú'Ø2ÙBÕ�ÝZÕÛÚ�Ø2Ù;ÜWÖP×ÎÓÎ×pàÛÚ¿ÓFÖÐÔOÕ�(-à8ÕÛÚN�;ÜWá 0 Ú"�WÖÐ×!�Ðá ÓÞÚ"ÕÛÚ���Ý�/ ÓFÖ;Ú ×kÜ]ÖP×

t
Õ"×Û�MÕ2ÝÞÝZÕÛÚ¿Ú"ÜWÖ;Ú�Ú(�Â�.���]Ý�ÕN��Ü]á ×ÎÓ,7

�"Ù-Ý ÓÏÕ2á�Ú �WÖP×p�ÐáÛÓÞÚ"Õ Ú-�'Ý�/ ÓÞÖBÚ ×kÜWÖP×
t+ ∆t

ûwvPÓgÝ�/ à{Ø"Ù�Ü]×ÎÓ��WÖ¥Ôc/ à�5Â�WÝ Ù�×ÎÓ��WÖx\U]Oû�^_]U`�ÔOÕ
α

Õ Ú ×�ÔWÓ4Ú �2á8à2×ÎÓ4Ú�à8Õ¿Õ2ÖÇ×pÕ��#�PÚ ��ÜWá
ÙqÖ Ú"��=�à"��ÜÆÓ,�f�/Ý Ó��2ÓÎ×pÕ&4�ÜWÝ»�]áMÚyÝ�ÕG�Ðá���� Ý����¿Õ©ÔOÕ¶�/á1�Uy�Õ��"×ÎÓ��WÖ Ø2ÙqÓ6���WÖ;Ú Ó4Ú2×pÕù�¥ÔOà2×pÕ á���ÓÞÖÃÕ á�Ý�Õ Ú~56ÜWÝ�Õ2Ù-áÛÚ�ÔOÕ

α

�]Ù
∆α ≡ α − α

0 ���;ÜWá ×ÎÓFá�ÔOÕ �ÛÕ ÝÞÝZÕÛÚ�ÔOÕ
ε

0 4
α

0 Õ2×
∆ε ≡ ε − ε

0 ÕÛÚ2×�à{Ø2ÙqÓ,5(ÜWÝZÕ ÖP×G�w��ÓÞÖPÓ%��ÓÞÚ"Õ á'ÝäÜ)+"�WÖ��"×ÎÓ��]Ö
χ(ε,α0,∆α) ≡ ψ(ε,α0 + ∆α) + D(∆α)

��ÜWá�áwÜ&���$�Wá2× �
∆α

û

u|ÑBN�^;L�^�jl.27M36Y;5�1�Jv0"L27{78L�,;J8UW,;J{1Z.278.]»PNBUW78UWNBKX�-VBL\543�0"UWNB^�1�7{1ZUWN©3WK8K{V;JM36NO7v�OVBL\543�ÍÎUWNB027{1ZUWN
χ

K8UW1�7e��1�N;1��¿365ZL
36V�,/UW1�N-7

∆α

L"K{7|^;UWN;NB."L\,P36J�9

0 ∈ ∂χ(ε,α0,∆α) ⇐⇒ 0 ∈ ∂ψ

∂α

(ε,α0 + ∆α) + ∂D(α)

⇐⇒ −∂ψ
∂α

(ε,α0,∆α) ∈ ∂D(α)

⇐⇒ F ∈ ∂D(∆α)

U	®
F

^;."K{1�[]NBL�543¾ÍÎUWJ80"L�7{}BL2J{�·U-^��qNP36��1Z�OVBL©Ë©5kj 1�NBK{7M36N-7
t + ∆t

È¡�gjl."�OV;1��]365ZL2NB0"L�36N;NBUWNB0"."L
L"K{7'365ZUWJ8K'0254361�J8L
,;V;1ZKM�OVBL�543·^;L2J{N;1Z~2J8L¸L �q,;J8L"KMK{1ZUWN�NHjlL"K87XJ{1ZL2N©^�jâ36V;7{J8L��-VBL�5kjl."�-VP367{1ZUWN¾^�jl.2�@UW5�V;7{1ZUWN©^;L

α

»Ð."02J{1�78L�KMUWVBKX543·ÍÎUWJ{�·L
¹��]È ÂO�(½

1
36V¸5�1ZL2V¸^;L�¹��]È ÂO�(½

2
L27�^�1ZKM02J8.27{1ZK8."Lc1���,;5�1Z021�78L2�·L2NO7¡L2N¸78L2��,BK�È;öÎmvUW78L2J±�-VBL

∂D(
∆α

∆t
) = ∂D(∆α)

,;V;1ZK8�-VBL
D L"K{7e,ÃU]K{1�7{1��@L2�·L2NO7v}BUW�·UW[@~2NBL�^;L\^;L2[]J8.·�æ÷ È

t�V;1ZK8�-VBL�5ZL"KXÍÏUWNB027{1ZUWNBK
ψ(ε,α0 + ∆α)

L27 D∆α

K8UWN-7\0"UWNO�@L �;L"K\,P36J�JM36,;,/UWJ{7�Ë
∆α

»/0"L27{78L�."�-V;1��W365ZL2NB0"L
[O36JM36N-7{1�7v5kjlL ��1ZK{78L2NB0"L�^;L\543�K8UW5�V;7{1ZUWN
^�V�,;J8UWY;5Z~2�·L�^;L�,;J8U6zwL"027{1ZUWNH»/L27XK8UWN�V;N;1Z021�78.�K{1H5kjl.2NBL2J{[]1ZL�5�1�Y;J8L�L"K{7\Ú2×ÎáÛÓ��"7
×pÕ"�·Õ2ÖP×±0"UWNO�@L �;Lkz�,P36J!JM36,;,ÃUWJ{7\Ë

α

ÈÐdg5�5ZL�3WKMK{V;J8L�.2[O365ZL2�·L2NO7\543�K{�q�·.27{J{1ZL�^;L¸543¿�¿367{J{1Z0"L �k7M36N;[@L2NO78L'Ë¿V;7{1�5�1ZK8L2J
,ÃUWV;JXJ8."KMUWVB^�J8L�5ZL\,;J8UWY;5Z~2�·L¸^;L�,;J8U6z{L"027{1ZUWN
,;V;1ZK8�OVBL�0"L27{78L��¿367{J{1Z0"L¸L"K{7X543��¿367{J{1Z0"L�}BL"K8K81ZL2N;NBL�^;L�543�ÍÎUWNB027{1ZUWN
χ
È

V�¯ ) ¯�V^¯�� $�ç6S^z�ç CF<Oé�<a�
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L27�^;. ÍÏUWJ{�¿367{1ZUWNH»
ε ≡ (εi)1≤i≤6

»
σ ≡ (σi)1≤i≤6

»�L27�^;L"K��W36J{1436Y;5ZL"K\1�N-78L2J{NBL"K�»
α ≡ (αp)1≤p≤N

È���3��¿367{J{1Z0"L �
7M36N;[@L2N-78L�L2N��-VBL"K{7{1ZUWN�L"K87X365ZUWJ8K

(∂σi/∂εj)1≤i,j≤6
U	®

σ

L"K{7|L �q,;J{1��·.�0"UW���·L�ÍÎUWNB027{1ZUWN�^;L\5kj V;N;1Z�OVBL��W36J{1436Y;5ZL
ε

,P36J|5kjlL ��,;J8L"K8K{1ZUWNÆ9
öw�]È ÂOý@÷

σ ≡ ∂ψ

∂ε

[ε,α(ε)]

^B36NBKX543W�OVBL25�5ZL
α(ε) = α

0 + ∆α(ε)
L27

∆α(ε)
��1�N;1���1ZK8L\543�ÍÏUWNB027{1ZUWN

χ(ε,α0,∆α)
È

d�N�^�1äü�.2J8L2NO7{1436NO7!5kjl."�-VP367{1ZUWNÆ¹��]È ÂOý(½p»PUWN�UWY;7{1ZL2N-7�9

öw�]È Â]Â-÷ ∂σi

∂εj
(ε) =

∂2ψ

∂εi∂εj
(ε,α(ε)) +

∂2ψ

∂εi∂αp
(ε,α(ε))

∂∆αp

∂εj
(ε)

t�UWV;J�.2�W365�VBL2J�5ZL"K�^;.2J{1��@."L"K
∂∆αp/∂εj

»HNBUWVBK�^�1äü�.2J8L2NO7{1ZUWNBK¸5ZL"K¸0"UWNB^�1�7{1ZUWNBK
∂χ/∂∆αp = 0

^;. ÑBN;1ZK8KM36N-7
∆α,P36JXJM36,;,/UWJ{7vË

εj
»;L2N�V;7{1�5�1ZKÛ36NO7X543�^;. ÑBN;1�7{1ZUWN
^;L�543¸ÍÏUWNB027{1ZUWN

χ
9

öw�]È ÂO�@÷ ∂2ψ

∂εj∂αp
(ε,α(ε)) +

∂2D
∂∆αp∂∆αq

(∆α(ε))
∂∆αq

∂εj
(ε) = 0.

_�."K{1�[]NBUWNBK',P36J
M

5kj 1�NO�@L2J8KML�^;L�543Ç�¿367{J{1Z0"L�}BL"K8K{1ZL2N;NBL
(∂2D/∂∆αp∂∆αq)1≤p,q≤N

Ègn�NO�@L2J8KM36N-7'543©J8L254367{1ZUWN
¹��]È ÂO�(½p»BNBUWVBKXUWY;78L2NBUWNBK�9

öw�]È ÂOx@÷ ∂∆αp

∂εj
(ε) = −Mpq(∆α(ε))

∂2ψ

∂εj∂∆αq
(ε,α(ε))

�¡j 1�NBK8L2J{7{1ZUWN�^;L�0"L�J8."K8V;5�7M367X^B36NBKe5kjl."�-VP367{1ZUWN¥¹��]È Â]ÂW½D^;UWN;NBL

öw�]È Â-�]÷ ∂σi

∂εj
(ε) =

∂2ψ

∂εi∂εj
(ε,α(ε)) − ∂2ψ

∂εi∂αp
(ε,α(ε))Mpq(∆α(ε))

∂2ψ

∂εj∂∆αq
(ε,α(ε)),

�-V;1ÃÍk361�7X0254361�J8L2�·L2NO7�36,;,P36JM3A@Z7{J8L�543�K{�q�·.27{J{1ZL\^;L\543¸�¿367{J{1Z0"L
(∂σi/∂εj)1≤i,j≤6

È

�pì1SUì%B �-i!
^ï
� ] 
�_	�8ï
� ] 
 [ 
 X�� A 8uï
���o�����8��h [ 
�� Y0blX �8_Â
^_ù� � g � Y h��8_	_Â��îp
¸�8_ Y �o� Y �É

mvUWVBKe^;UWN;NBUWNBK|^B36NBKe0"L27{78L\KMUWVBKw�pK8L"027{1ZUWN�V;N�L ��L2��,;5ZL\K81���,;5ZL\^;L!�¾+;��È��gjlL �;L2��,;5ZL\L2N��OVBL"K87{1ZUWNyL"K87�0"L25�V;1

^�V��¿3678.2J{1436V�.2543WK{78UW,;543WK{7{1Z�-VBL�^;L��@UWN���1ZK8L"KXË�."02J8UWV;1ZKMKM36[@L\1ZK8UW7{J8UW,ÃL]È
np5DÍÏ36V;7!,ÃUWV;J!0"UW���·L2NB0"L2J\^;. ÑBN;1�J�5ZL"K!�W36J{1436Y;5ZL"K�^�jl.27M367\L27v5kjlL ��,;J8L"K8K{1ZUWN©^;L�5kjl.2NBL2J{[]1ZL�5�1�Y;J8L]»/,;V;1ZK�K�jâ3WK8K8V;J8L2J

�-VBL\0"L27{78L�^;L2J{N;1Z~2J8L��@.2J{1äÑPL\5ZL"Ke,;J8UW,;J{1Z.278."KvJ8L"�OV;1ZK8L"K�öF�@UW1�JXK8L"027{1ZUWNÆ¹��]Èâx�È�� ½F÷ È
`vN�^;."02J{1�7e5kjl.27M367X^�V��¿3678.2J{1436V�,P36J|5ZL"K��]36J{1436Y;5ZL"KX^�jl.27M367|K8V;1��W36N-78L"K�9�5ZL"Ke0"UW��,ÃU]KM36NO78L"Kv^;L�543�^;. ÍÎUWJ{�¿367{1ZUWN

78UW7M365ZL
ε

L27eV;N�L2NBK8L2��Y;5ZL�^;L��W36J{1436Y;5ZL"Ke1�N-78L2J{NBL"KX0"UW��,;J8L2NP36N-7X5ZL"K|0"UW��,ÃU]KM36NO78L"Kv^;L!543�^;. ÍÎUWJ{�¿367{1ZUWN�,;543WK87{1Z�OVBL
ε

p L27|543�^;. ÍÏUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBL�."�-V;1��W365ZL2N-78L�02V;��V;5Z."L]È
`vN¿,;J8UW,ÃU]K8Lv365ZUWJ8K&5ZL|,ÃUW78L2NO7{1ZL25Ã^�jl.2NBL2J{[]1ZLX5�1�Y;J8LvK{V;1��]36NO7�»OKMUW���·LX^�j V;NBL!.2NBL2J{[]1ZLv.2543WK{7{1Z�-VBLX^;LX^;. ÍÎUWJ{�¿367{1ZUWN

L27v^�j V;NBL�.2NBL2J{[]1ZL!ÉpY;5ZUq�OVB."L Ê\^�jl."02J8UWV;1ZK8KM36[@L'9
öw�]È ÂOÀ@÷

ψ(ε, εp, εeq) =
1

2
(ε − ε

p) : C : (ε − ε
p) +

∫ εeq

0
σ(ε)

^
ε.
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_\36NBKc0"L27{78Lv."�-VP367{1ZUWN
C

J8L2,;J8."K8L2NO78L!5ZLX78L2NBK8L2V;Jc^;LXJ{1�[]1Z^�1�78.�.2543WK{7{1Z�OVBLv^�V'�-VP367{J{1Z~2�·L�UWJ8^�J8LXL27
σ(εeq)

543\5�1���1�78L
^�jl.2543WK87{1Z021�78.�L2N�7{JM3W027{1ZUWN�K81���,;5ZL]»�ÍÎUWNB027{1ZUWN�^;L�543�^;. ÍÎUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBL\02V;��V;5Z."L]È

np5/L"K{7�Ík3W021�5ZLX^;Le�@UW1�J�»�3"�@L"0v0"L27{78LX^;. ÑBN;1�7{1ZUWNH»��OVBL|5kjl.2NBL2J{[]1ZLX5�1�Y;J8L
ψ

L"K{7|Ú ×Îá Ó��"×pÕ"�·Õ2ÖP×����WÖ�5WÕ�(OÕ&,P36J¡JM36,;,ÃUWJ{7cË
543��]36J{1436Y;5ZLX1�N-78L2J{NBL

ε

»@543�ÍÎUWJ{�·L!�-VP3W^�JM367{1Z�OVBL!^;. ÑBN;1ZLX,P36J
C

.27M36NO7e^;. ÑBN;1ZLX,ÃU]K{1�7{1��@L]Èq�gjl.2NBL2J{[]1ZL!5�1�Y;J8LvL"K87c36VBK8K{1
K87{J{1Z0278L2�·L2NO7g0"UWNO�@L �;L�,P36J±JM36,;,/UWJ{7gË

ε
p ,ÃUWV;J�543X�)?2�·LcJM361ZK8UWN��OVBL&,;J8."0"."^;L2���·L2NO7�È-d�5�5ZL�L"K{7�36VBK8K{1�K{7{J{1Z0278L2�·L2NO7

0"UWN-�@L ��L¸�q1ZKw��Ë(�k�q1ZK!^;L�543¿�W36J{1436Y;5ZL
εeq

^�V�ÍÏ361�7�^;L�543·,ÃU]K{1�7{1��q1�78.�^;L�543·,ÃL2NO78L�^�jl."02J8UWV;1ZK8KÛ36[@L]È/_�L�,;5�VBK�»ÃL25�5ZL�L"K87
V;NBL�KMUW���·L¸^;L�ÍÏUWNB027{1ZUWNBK�K{7{J{1Z0278L2�·L2N-7�0"UWNO�@L �;L"K�^;L

ε
p L27

εeq
öÏË
bv

Ñ;��.æ÷ ÈÃt±36J�0"UWNBK8."�-VBL2NO7�»Ã5kjl.2NBL2J{[]1ZL�5�1�Y;J8L
L"K87|K{7{J{1Z0278L2�·L2NO7!0"UWNO�@L �;L�,P36J|JM36,;,ÃUWJ{7vË¸543¸�]36J{1436Y;5ZL\1�NO78L2J{NBL�[]5ZUWYP365ZL

(εp, εeq)
»B0"UW���·L�KMUWV;}P361�78.]È

t�36JX361�5�5ZL2V;J8K�»q543¸^;.2J{1��@."L\^;L
ψ

,P36JcJM36,;,ÃUWJ{7|Ë
ε

�W36V;7
σ

»�0"UW���·L�K8UWV;}P361�78.�36VBK8K{1k»qL27�5ZL"K¡ÍÏUWJ80"L"Kc7{}BL2J{�·U-^��-�
NP36��1Z�-VBL"K

Fε
p L27

F εeq
3WKMK8U-021Z."L"Kv36V����]36J{1436Y;5ZL"K|1�N-78L2J{NBL"K

ε
p »

εeq
KMUWNO7X^;UWN;NB."L"KX,P36J

öw�]È ÂO¼@÷






Fε
p

= − ∂ψ

∂ε
p

= C : (ε − ε
p) = σ

F εeq = − ∂ψ

∂εeq
= −σ(εeq) ≡ σ

öF,P36Jv^;. ÑBN;1�7{1ZUWN�^;L�543�5�1���1�78L�^�jl.2543WK87{1Z021�78.�3W027{VBL25�5ZL
σ̄
÷ È

np5�Ík36V;7��¿361�NO78L2NP36NO7yK�jâ3WK8K8V;J8L2J��-VBLy5ZL�^;UW�¿361�NBL�^;LyJ8.2�@L2J8K{1�Y;1�5�1�78.�^;. ÑBN;1e,P36J�5ZL�02J{1�78~2J8L�^;Ly�@UWNi��1ZKML"K·Ë
."02J8UWV;1ZKMKM36[@L�1ZK8UW7{J8UW,ÃL�^B36NBK�5kjlL"K8,P3W0"L�^;L"K�ÍÏUWJ80"L"K·7{}BL2J{�·Uq^��-NP36��1Z�-VBL"K©öÎL2NúL �q,;J{1��¿36N-7'^;UWNB0�543©ÍÎUWNB027{1ZUWNë^;L
0M}P36J{[@L�L2N�ÍÏUWNB027{1ZUWN¾^;L"K!�W36J{1436Y;5ZL"K

Fε
p L27

F εeq
36V
5�1ZL2V©^;L

σ

L27
σ
÷XL"K{7�0"UWNO�@L �;L]ÈÃ�HL¸,P3WK8KM36[@L¸^;L"Kv�]36J{1436Y;5ZL"K

ö
σ

»
σ
÷�36V��©�]36J{1436Y;5ZL"K'ö

Fε
p »
F εeq

÷/�²ö
σ,−σ ÷�.27M36NO7�5�1�NB.�361�J8L]»H1�5gL"K{7�K{V�ã¿KM36NO7�^;L�,;J8UWV;�@L2J��-VBL�5ZL·^;UW�¿361�NBL

^;L·J8.2�@L2J8K{1�Y;1�5�1�78.·^B36NBK\5kjlL"K{,P3W0"L¿^;L"K\,;J8L2��1Z~2J8L"K��]36J{1436Y;5ZL"K�» C ≡ {(σ, σ); Φ(σ, σ) ≤ 0} »HL"K{7�0"UWN-�@L ��L]ÈDacL"021
L"K87!.2�q1Z^;L2NO7�^�V
Ík361�7!^;L�543�0"UWNO�@L ��1�78.�^;L�543¿ÍÏUWNB027{1ZUWN©^;L�0M}P36J{[@L¸^;L¸�@UWN¾��1ZK8L"K

Φ
,P36J�JM36,;,/UWJ{7�Ë'543¿�W36J{1436Y;5ZL

[]5ZUWYP365ZL�ö
σ

»
σ
÷ È

np5ÃJ8L"K{78L�Ë��@.2J{1äÑPL2J|�OVBLv5ZL"Kc5ZUW1ZKe^�jl.2�@UW5�V;7{1ZUWN�3WK8K8Uq021Z."L"K�36V����W36J{1436Y;5ZL"K�1�N-78L2J{NBL"K
ε

p L27
εeq

�@.2J{1äÑPL2N-7e543\ÉpJ8~2[]5ZL
^;L�NBUWJ{�¿365�1�78.¸[@.2NB.2JM365�1ZK8."L Ê�,P36J!JM36,;,/UWJ{7\Ë�543·ÍÏUWNB027{1ZUWN
^;L¸08}P36J{[@L�^;L��@UWN©��1ZK8L"K�»PL ��,;J{1��·."L¸L2N�ÍÏUWNB027{1ZUWN
^;L"K
ÍÏUWJ80"L"Ke7{}BL2J{�·Uq^��-NP36��1Z�-VBL"K�»Ð0]jlL"K{7w��Ë(�p^�1�J8L��-VHjlUWN�3¸Y;1ZL2NÆ9

öw�]Èâ�]�@÷






ε̇
p = η

∂Φ

∂Fε
p ≡ η

∂Φ

∂σ

ε̇eq = η
∂Φ

∂F εeq
≡ −η∂Φ

∂σ�gjl."�OVP367{1ZUWN·^�jl.2�@UW5�V;7{1ZUWN�¹��]Èâ�]�(½
1
L"K{7±."�-V;1��W365ZL2N-78L|Ë|543v5ZUW1�^�jl."0"UWV;5ZL2�·L2NO7&3WK8KMU-021Z."L�36V�02J{1�78~2J8L&,P36J±NBUWJ{�¿365�1�78.]È

n�5HK{V�ã·7X^;UWNB0�^;L��@.2J{1äÑPL2Jv�-VBL�543¸5ZUW1�^�jl.2�@UW5�V;7{1ZUWN¥¹��]Èâ�]�(½
2
L"K{7!36VBK8K{1HKM367{1ZKwÍk361�78L]ÈP`vJ

Φ(σ, σ) = σeq − σ ⇒ ∂Φ

∂σij
=

3

2

σij
′

σeq

L27 ∂Φ

∂σ
= −1.

�D3�J8L254367{1ZUWN¥¹��]Èâ�]�(½
1
^;UWN;NBL�^;UWNB0¿9

ε̇pij = η
3

2

σij
′

σeq
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0"L��OV;1HL2N�,;J8L2NP36N-7X543�NBUWJ{�·L�^;L��@UWN���1ZK8L"KX^;L"K|^;L2V����·L2��Y;J8L"K�»;1���,;5�1Z�-VBL��-VBL

η = ε̇eq.

`vJ�0"L"021�L"K{7�,;J8."021ZK8L2�·L2NO7�543Ì�W365ZL2V;J�^;L
η

ÍÏUWV;J{N;1ZL¾,P36J�5kjl."�OVP367{1ZUWN%¹��]Èâ�]�(½
2
Èen�5!�Å3*^;UWNB0¾Y;1ZL2NëÉpNBUWJ{�¿365�1�78.

[@.2NB.2JM365�1ZKM."L Ê�,P36JXJM36,;,/UWJ{7vË¸543��W36J{1436Y;5ZL\[]5ZUWYP365ZL
(ε, εeq)

È
d�N�^;. ÑBN;1�7{1��@L]»qUWN�,ÃL2V;7c^�1�J8L]»;Ë�,P36J{7{1�Jc^;L"K�.25Z.2�·L2NO78K�,;J8."0"."^;L2N-78K�»;�-VBL|5ZLv�·U-^;~25ZL�^;Lv�@UWN���1ZK8L"K�Ë�."02J8UWV;1ZKw�

KÛ36[@L\1ZK8UW7{J8UW,ÃL\KM367{1ZKwÍk361�7X36V���,;J8UW,;J{1Z.278."KvJ8L"�OV;1ZKML"Ke,/UWV;JF?27{J8L��OVP365�1äÑP.�^;L�É�K{7M36NB^B36J8^�[@.2NB.2JM365�1ZK8. ÊMÈ

�pì1SUì10 XZY![�\�] 
 [ 
�Awh���_ Y0b 
�� g�] �r_Â_Â
 [ 
^_aï
���o���>���rh!ij_A�o� b�[ ��� [ _ î0� b ����� ] �8_Â�^_
V�¯ ) ¯��r¯�V � ? ç ?;>]é sOç I©è"é�?BA q ? çÂq êP<qA�< ç ? � CFè�< q G�y Srqts-� I q Iwv�G ç è S AL� zgSPç6S èæCÞé�<Z�w;H<OI

mvUWVBK!365�5ZUWNBK|�·UWNO7{J8L2J��-VHjâË6�$�Wá��6ÚÛÓÎ×pàh�c(Oà8ÕX5ZL��·Uq^;~25ZL�^;L���V;J8K8UWN�^;. ÑBN;1�7XV;N��©+;��»BË·0"UWNB^�1�7{1ZUWN�Y;1ZL2N�K�;;J
^;L¿K8L�J8L"K{7{J8L21�NB^�J8L¿Ëy5kj }-�-,ÃUW7{}B~"K8L·^;L"K�,/L27{1�78L"K\,ÃL2J{7{V;J{YP367{1ZUWNBK�ÈD�&1ZL2N¥�OVHjâ36VB02V;NBL·^;L�0"L"K�^;L2V��
}-�-,ÃUW7{}B~"K8L"K�NBL
KMUW1�7cJ8.�365�1ZK878L\L2N�,;JM367{1Z�-VBL]»�543�,;J8UW,;J{1Z.278.�36N;NBUWNB0"."L�0"UWNB^�V;1�7XË¸^�j 1�NO78.2J8L"K8KÛ36NO78L"KX0"UWNBKM."�OVBL2NB0"L"KeK{V;J�5kj 1���,;5Z.2�·L2N��
7M367{1ZUWN
NOV;�·.2J{1Z�-VBL¸^�V��·Uq^;~25ZL]»P0"UW���·L¸UWN�5ZL��@L2J{JM3¿^B36NBKv543·K8L"027{1ZUWN
K{V;1��]36NO78L]È � VBK8�-VHjâË�,;J8."K8L2N-7!0"L2,ÃL2NB^B36NO7�»
0"L27{78Lv,;J8UW,;J{1Z.278.vNBLXK8L2��Y;5ZL|,P3WK�367{7{1�J8.|5kjâ367{78L2NO7{1ZUWN�^;L"K�36V;78L2V;J8K�»@�¿365�[]J8.v5ZLeÍk361�7¡�-VBL|543�J8L ÍÎUWJ{��V;54367{1ZUWN�7{}BL2J{�·U6�
^��qNP36��1Z�-VBL�^;L"Kv."�OVP367{1ZUWNBK!^�V��·Uq^;~25ZL�^;L��!V;J8K8UWN�^;L���L"K8K8UWN�L27\�!V;1�5�5ZL2�·L2Jw�pmvL"L25�¹l��L"KXÁ��!V;1k»B�]�]�]ýW½�UWV;�qJ8L
0"L2J{7M361�NBL"KX,;1ZK{78L"KX^B36NBKX0"L27{78L�^�1�J8L"027{1ZUWNHÈ

��3',;J8L2��1Z~2J8L�0M}BU]K8L�Ë�Ík361�J8L�0"UWNBK{1ZK878L¸Ë'^;. ÑBN;1�Jv5ZL"K!�]36J{1436Y;5ZL"K�^�jl.27M367!^�V
�¿3678.2J{1436V¾L27v5kjlL ��,;J8L"K8K{1ZUWN©^;L�KMUWN
.2NBL2J{[]1ZL�5�1�Y;J8L]»BL27XË¸�@.2J{1äÑPL2Jv�-VBL\0"L27{78L�L ��,;J8L"K8K{1ZUWN�KÛ367{1ZKwÍÏ361�7e5ZL"K|,;J8UW,;J{1Z.278."K|J8L"�-V;1ZK8L"K�È

�HL"K��]36J{1436Y;5ZL"K�^�jl.27M367¸0"UW��,;J8L2N;NBL2NO7�5ZL"K�0"UW��,ÃU]KM36NO78L"K�^;L�543�^;. ÍÎUWJ{�¿367{1ZUWNÌ78UW7M365ZL
ε

»HL27�V;NÆL2NBK8L2��Y;5ZL'^;L
�]36J{1436Y;5ZL"Ke1�N-78L2J{NBL"KeÍÏUWJ{�·."Ke^;L"Ke0"UW��,/U]KM36N-78L"KX^;L!543�^;. ÍÏUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBL

ε
p L27|^;L!543�^;. ÍÎUWJ{�¿367{1ZUWN�."�-V;1��]3(�

5ZL2N-78L��·Uæ�@L2N;NBL
ε̄
ÈP��3�,ÃUWJ8U]K{1�78.\NBL�^;UW1�7v,P3WKf?27{J8L�0"UWNBK81Z^;.2J8."L�0"UW���·L�V;NBL\�W36J{1436Y;5ZL�1�NO78L2J{NBL�0�36JvKM3��]365ZL2V;JXL"K{7

K8V;,;,/U]K8."L!Ñ;�;L\1Z021kÈ
mvUWVBK|^;. ÑBN;1ZKMK8UWNBK|L2NBK{V;1�78L�5kjl.2NBL2J{[]1ZL\5�1�Y;J8L\0"UW���·L�543�KMUW���·L�^�j V;NBL\.2NBL2J{[]1ZL�.2543WK{7{1Z�-VBL\^;L\^;. ÍÎUWJ{�¿367{1ZUWN�L27

^�j V;NBL�.2NBL2J{[]1ZL�ÉpY;5ZUq�OVB."L Ê�5�1Z."L�Ë¸5kjl."02J8UWV;1ZK8KM36[@L¿9
öw�]Èâ���æ÷

ψ(ε, εp, ε̄) =
1

2
(ε − ε

p) : C : (ε − ε
p) + λ

∫ ε̄

0
σ(ε)dε

_\36NBK�0"L27{78L�L �q,;J8L"KMK{1ZUWNH»
C

L"K{7!5ZL�78L2NBKML2V;J�^;L�J{1�[]1Z^�1�78.�.2543WK{7{1Z�-VBL�^�jlUWJ8^�J8L��-VP367{J8L�L27
λ

V;N©,P36JM36�·~27{J8L¸,ÃU]K{1�7{1äÍ
Ñ;�;.�^;UWN-7|543¸�W365ZL2V;JvK8L2JM3¸,;J8."021ZK8."L\,;5�VBKX7M36J8^�È

u��@L"0·0"L27{78L¿^;. ÑBN;1�7{1ZUWNH»H5kjl.2NBL2J{[]1ZL·5�1�Y;J8L
ψ

L"K{7�K{7{J{1Z0278L2�·L2N-7�0"UWN-�@L ��L¿,P36J\JM36,;,/UWJ{7�Ë�543��W36J{1436Y;5ZL
ε

öF,P36J80"L
�-VBL\543�ÍÎUWJ{�·L��-VP3W^�JM367{1Z�-VBL�^;. ÑBN;1ZL�,P36J

C
L"K{7X^;. ÑBN;1ZL�,/U]K{1�7{1��@Læ÷ ÈÐ_�L\,;5�VBK�»B0"L27{78L�.2NBL2J{[]1ZL�5�1�Y;J8L�L"K87|543�K8UW���·L

^�j V;NBL|ÍÎUWNB027{1ZUWN'K{7{J{1Z0278L2�·L2NO7c0"UWNO�@L �;LX^;Le543��]36J{1436Y;5ZL
ε

p öF,/UWV;J¡543��)?2�·LeJM361ZK8UWN¿�-VBLe,;J8."0"."^;L2���·L2N-7Û÷gL27¡^�j V;NBL
ÍÏUWNB027{1ZUWN*K{7{J{1Z0278L2�·L2NO7�0"UWNO�@L �;L'^;L¿543y�]36J{1436Y;5ZL

ε̄
öF543�,ÃL2NO78L¿^�jl."02J8UWV;1ZKMKM36[@L'^

σ/
^
ε
.27M36NO7�78UWVWzwUWV;J8K�,ÃU]K{1�7{1��@Læ÷ È
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�¡jl.2NBL2J{[]1ZL�5�1�Y;J8L�L"K{7v^;UWNB0·Ú ×Îá Ó��"×pÕ"�·Õ2ÖP×u�*�WÖ�56Õ�(-Õ#��ÜWá�áwÜ��'�$�Wá2×F�'ÝäÜ�5(ÜWá ÓÏÜ�� ÝZÕ¸ÓÞÖÐ×pÕ áÛÖÃÕ#2]Ý»���8ÜWÝ�Õ�ö
ε

p, ε̄
÷ »P0"UW���·L�1�5

0"UWN-�-1ZL2N-7�È
t�36J�361�5�5ZL2V;J8K�»�543X^;.2J{1��@."L¡^;L

ψ
,P36JDJM36,;,/UWJ{7±Ë

ε

�W36V;7
σ

»æ0"UW���·L¡KMUWV;}P361�78.]»æL27�5ZL"KHÍÎUWJ80"L"KD7{}BL2J{�·Uq^��-NP36��1Z�-VBL"K
Fε

p L27
F ε̄ 3WK8K8Uq021Z."L"KX36V��y�W36J{1436Y;5ZL"KX1�NO78L2J{NBL"K

ε
p »

ε̄
^;L�0"L27{78L�.2NBL2J{[]1ZL\5�1�Y;J8L�K8UWN-7X^;UWN;NB."L"K|,P36J

öw�]Èâ�]�@÷






Fε
p

= − ∂ψ

∂ε
p

= C : (ε − ε
p) = σ

F ε̄ = −∂ψ
∂ε̄

= −λσ(ε̄) ≡ −λσ̄
öF,P36Jv^;. ÑBN;1�7{1ZUWN�^;L

σ̄
÷ È

��3Ä^;L2V���1Z~2�·LÇ08}BU]K8LÇË¥Ík361�J8L¾L"K{7�^;L©�·UWN-7{J8L2J��-VBL�5ZL¾^;UW�¿361�NBLÆ^;L¾J8.2�@L2J8K{1�Y;1�5�1�78.Ç^;. ÑBN;1�,P36J�5ZL¾02J{1�78~2J8L
^;L��!V;J8K8UWNÌ^B36NBK�5kjlL"K8,P3W0"L'^;L"K�ÍÎUWJ80"L"K�7{}BL2J{�·Uq^��-NP36��1Z�-VBL"K�öÎL2N¥L ��,;J{1��¿36NO7�^;UWNB0¿543�ÍÎUWNB027{1ZUWN*^;L¿0M}P36J{[@Ly^;L
��V;J8K8UWN

Φ
L2N ÍÎUWNB027{1ZUWNÅ^;L"K��W36J{1436Y;5ZL"K

Fε
p L27

F ε̄ 36V 5�1ZL2VÅ^;L
σ

L27
σ̄
÷·L"K87�0"UWN-�@L ��L]Èe��3Æ7{JM36NBKwÍÏUWJ{�¿367{1ZUWN

,P3WKMKM36NO7¿^;L"K·�W36J{1436Y;5ZL"K
ö
σ

»
σ̄
÷·36V��Ì�]36J{1436Y;5ZL"K�ö

Fε
p »
F ε̄ ÷���ö

σ,−λσ̄ ÷¸L"K{7·0"L2,/L2NB^B36N-7¿5�1�NB.�361�J8L�ù¡1�5|K8L2JM3¾L2N
0"UWNBKM."�OVBL2NB0"L�K8V�ã¿KM36NO7|^;L!,;J8UWV;�@L2JX�-VBL!5ZL\^;UW�¿361�NBL�^;L!J8.2�@L2J8K{1�Y;1�5�1�78.�^B36NBKe5kjlL"K{,P3W0"L\^;L"K�,;J8L2��1Z~2J8L"K|�W36J{1436Y;5ZL"K�»
C ≡ {(σ, σ̄); Φ(σ, σ̄, f) ≤ 0} »¡L"K87¿0"UWNO�@L �;L]È�acL2543ÇJ8."K{V;5�78L2JM361�7¿1����·."^�143678L2�·L2N-7�^;L�543¾0"UWN-�@L �q1�78.
^;L�543
ÍÏUWNB027{1ZUWN�^;L�08}P36J{[@L\^;L��!V;J8K8UWN

Φ
,P36J�JM36,;,/UWJ{7|Ë�543��]36J{1436Y;5ZL�1�NO78L2J{NBL�[]5ZUWYP365ZL·ö

σ

»
σ̄
÷ »�K{1Ã0"L27{78L!ÍÎUWNB027{1ZUWN�.27M361�7

0"UWN-�@L ��L]È�acL�NHjlL"K{7·�¿365�}BL2V;J8L2VBKML2�·L2NO7y,P3WK·5ZL�0�3WK'0�36J¿UWNi�@.2J{1äÑPL�361ZKM.2�·L2NO7'�-VBL
Φ(σ, σ̄)

L"K{7·0"UWN-�@L ��L�,P36J
JM36,;,ÃUWJ{7vË

σ

Ë
σ̄

Ñ;�;.]»��¿361ZK|,P3WKe,P36JXJM36,;,/UWJ{7vË¸543��W36J{1436Y;5ZL\[]5ZUWYP365ZL'ö
σ

»
σ̄
÷ È

tDUWV;Jv5ZL2�@L2JX0"L27{78L\,ÃL27{1�78L�^�1äã¿02V;5�78.]»PUWN�1�N-7{J8U-^�V;1�7v5ZL"K|08}P36N;[@L2�·L2N-78K!^;L��]36J{1436Y;5ZL"K

X ≡ σ/σ̄
L27

Φ(σ, σ̄, f) ≡ Φ̃(X, f).

��3'ÍÎUWNB027{1ZUWN
Φ̃

L"K{7\0"UWNO�@L �;L¸,P36J!JM36,;,ÃUWJ{7�Ë
X

»ÃK{1�Y;1ZL2N¾�OVBL¸5kjlL2NBK8L2��Y;5ZL C̃ ^;L"K
X

78L25ZK!�-VBL
Φ̃(X, f) ≤ 0L"K87|0"UWNO�@L �;L]ÈP_�L�,;5�VBK

(σ, σ̄)
36,;,P36J{7{1ZL2NO7\Ë C K{1HKML2V;5ZL2�·L2NO7vK81

X
36,;,P36J{7{1ZL2N-7�Ë C̃ È

+qUW1ZL2NO7!365ZUWJ8K
(σ1, σ̄1)

L27
(σ2, σ̄2) ∈ C L27

θ ∈ [0, 1]
ÈÐnp5ÃÍk36V;7e�·UWNO7{J8L2J!�OVBL

((1 − θ)σ1 + θσ2, (1 − θ)σ̄1 + θσ̄2)

36,;,P36J{7{1ZL2N-7�Ë C È;d�N�,ÃU]KM36NO7
X1 ≡ σ1/σ̄1

L27
X2 ≡ σ2/σ̄2,

UWN
3
X1 ∈ C̃ L27

X2 ∈ C̃ ÈBnp5�K�jâ36[]1�7v^;L\,;J8UWV;�@L2JX�-VBL

X =
(1 − θ)σ1 + θσ2

(1 − θ)σ̄1 + θσ̄2

L"K87|^B36NBK|5kjlL2NBK8L2��Y;5ZL C̃ ÈP`vJ

X =
(1 − θ)σ̄1

(1 − θ)σ̄1 + θσ̄2
X1 +

θσ̄2

(1 − θ)σ̄1 + θσ̄2
X2 = (1 − θ′)X2 + θ′X2
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U	®
θ′ =

θσ̄2

(1 − θ)σ̄1 + θσ̄2
∈ [0, 1].

acL"021�,;J8UWV;�@L\Y;1ZL2N��-VBL
X ∈ C̃ È

��3�0"UWNO�@L ��1�78.�^;L
Φ̃

,P36JXJM36,;,/UWJ{7vË
X

1���,;5�1Z�-VBL��-VBL

Φ[(1 − θ)σ1 + θσ2, (1 − θ)σ̄1 + θσ̄2, f ] = Φ̃(X, f) ≤ (1 − θ′)Φ̃(X1, f) + θ′Φ̃(X2, f) ≤ 0^;L�K8UWJ{78L\�OVBL

((1 − θ)σ1 + θσ2, (1 − θ)σ̄1 + θσ̄2) ∈ C.
acL"021�,;J8UWV;�@L\Y;1ZL2N��-VBL C L"K{7|0"UWN-�@L ��L]È

np5qJ8L"K{78L�Ë|�@.2J{1äÑPL2J�»6,ÃUWV;J±3W0M}BL2�@L2J�543v^;.2�·UWNBK{7{JM367{1ZUWNH»]�-VBL¡5ZL"K±."�-VP367{1ZUWNBK±^�jl.2�@UW5�V;7{1ZUWN·^;L"K��]36J{1436Y;5ZL"K±1�NO78L2J{NBL"K
ε

p L27
ε̄
UWYÃ.21ZK8K8L2N-7�Ë�543\,;J8UW,;J{1Z.278.�^;L|NBUWJ{�¿365�1�78.![@.2NB.2JM365�1ZK8."Lv,P36JcJM36,;,/UWJ{7eË\543\ÍÎUWNB027{1ZUWNy^;Lv0M}P36J{[@Lv^;L\�!V;J8K8UWNH»

L ��,;J{1��·."L�L2N�ÍÏUWNB027{1ZUWN�^;L"K�ÍÏUWJ80"L"Ke7{}BL2J{�·Uq^��-NP36��1Z�-VBL"K¸9

öw�]Èâ�]ý@÷






ε̇
p = η

∂Φ

∂Fε
p ≡ η

∂Φ

∂σ

˙̄ε = η
∂Φ

∂F ε̄
≡ −η

λ

∂Φ

∂σ̄

d¡02J{1��@UWNBK!Ë�0"L27XL ü�L27�»;0"UW���·L�021ä�p^;L"K8K8VBK
Φ(σ, σ̄, f)

KMUWVBKe543¸ÍÏUWJ{�·L
Φ̃(X, f)

3"�@L"0
X ≡ σ/σ̄

ÈÐ`vN�3¿365ZUWJ8K

öw�]Èâ�6Â-÷






∂Φ

∂σ

=
1

σ̄

∂Φ

∂X

∂Φ

∂σ̄
= − 1

σ̄2
σ :

∂Φ

∂X
�D3�5ZUW1&^�jl.2�@UW5�V;7{1ZUWN ¹��]Èâ�]ý(½

1
L"K87�Y;1ZL2NÆ�@.2J{1äÑP."L
9H0]jlL"K{7�543yNBUWJ{�¿365�1�78.'K81���,;5ZL]È��HL¿,;J8UWY;5Z~2�·L'L"K{7�^;UWNB0·J8."^�V;1�7�Ë

L �B36��1�NBL2J�K{1�5kjl."�OVP367{1ZUWN¾^�jl.2�@UW5�V;7{1ZUWNú¹��]Èâ�]ý(½
2
L"K{7�36VBK8K{1±KM367{1ZKwÍk361�78L]È�`vJ�^�jâ36,;J8~"K�5kjl."�-VP367{1ZUWNi¹��]Èâ�6ÂW½

2
»/5kjl."�OVP367{1ZUWN

¹��]Èâ�]ý(½
2
K�jl."02J{1�7�9

˙̄ε = −η
λ

∂Φ

∂σ̄
=

η

λσ̄2
σ :

∂Φ

∂X
=

1

λσ̄
σ : ε̇

p,

UWV�L2NB0"UWJ8L

λσ̄ ˙̄ε = σ : ε̇
p.

öw�]Èâ�]�@÷
�D3�J8L254367{1ZUWN¥¹��]Èâ�]�(½DL"K87|."�OV;1��]365ZL2NO78L�Ë�5kjl."�OVP367{1ZUWNÆ¹â��Èâ�]�(½±Ë�0"UWNB^�1�7{1ZUWN�^;L\,;J8L2NB^�J8L
öw�]Èâ�]x@÷

λ = 1 − f.
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�HL�0M}BUW1ä�ú,;J8."0"."^;L2NO7�^�V ,P36JM36�·~27{J8L
λ

L"K{7',/U]KMK{1�Y;5ZL�,P36J80"L
�OVBL�5kj }O�q,/UW7{}B~"KML�^;L�^;.2,P36J{7¿Ñ;�;L�543Ç�W365ZL2V;J
^;L�543©,ÃUWJ8U]K{1�78.]È¡t±36J�361�5�5ZL2V;J8K�»¡5ZL�0M}BUW1ä�ú^;L�5kjlL �q,;J8L"KMK{1ZUWN ^;L�5kjl.2NBL2J{[]1ZL�5�1�Y;J8L�L"K87·78UW7M365ZL2�·L2NO7�36J{Y;1�7{JM361�J8L�ùcUWN
,ÃL2V;7!,;J8L2NB^�J8L�,ÃUWV;J�0"L27{78L¸.2NBL2J{[]1ZL¸5kjlL ��,;J8L"K8K{1ZUWN©�OVBL�5kjlUWN
�@L2V;7�^�V
�·UW�·L2NO7\�-VHjlL25�5ZL�L"K{7v0"UW��,P367{1�Y;5ZL·3��@L"0�5ZL"K
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0�365Z02V;5!,P36Jy.25Z.2�·L2NO78K'ÑBN;1ZK�+O��+qbef\+

r
^;L2�@L25ZUW,;,Ã.�,P36Jyd&+qn¿�!J8UWV;,åöÎd�N;[]1�NBL"L2J{1�N;[ú+-�qK878L2� n�NO78L2J{NP367{1ZUWNP365Þ÷ È
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∆ε ≡ D∆t
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t+∆t
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t + ∆t
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t
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σ

»
ε̄
L27

∆ε
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t
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÷ È
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σ

e ≡ σ
0 + λ(

7{J
∆ε)

n
+ 2µ∆ε.
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σ
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t + ∆t
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∆ε̄
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σ = σ
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7{J
∆ε
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e

= σ
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7{J
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∆ε
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= σ
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��L�78L2J{�·L

λ(
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∆ε
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`vN�NBUW78L2JM3�0"L2,ÃL2NB^B36NO7v�OVBL\0"L"021ÃNB."0"L"K8K{1�78L\^;L\K878U-0��@L2Je5ZLv7M36V���^;L!,/UWJ8U]K81�78.\L2N�K{VBK�^;L�543¸,/UWJ8U]K{1�78.�L25�5ZL �k�)?2�·L]È
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
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p)′ : (∆ε
p)′
]1/2



V�¯,| � y z±� <>yÇIqA/é�?�éæC S AúA�GtyÇ< ç CFEHGDI q IOè�<OEHGD?�éæC S ADè·> S A�è"éæCÞéæG�éæC%�ÐIOè D )

J8L2,;J8."KML2NO78L�5kj 1�NB02J8.2�·L2NO7�^;L¸^;. ÍÏUWJ{�¿367{1ZUWN
,;543WK87{1Z�OVBL¸."�OV;1��]365ZL2NO7�ÈÃ��3'^;L2J{N;1Z~2J8L�.2[O365�1�78.¸J8."K{V;5�78L�^�V�Ík361�7v�-VBL�5ZL"K
78L2NBKML2V;J8K

σ
′
L27

(∆ε
p)′

KMUWNO7|,ÃU]K{1�7{1��@L2�·L2NO7!0"UW5�1�NB.�361�J8L"KX^�V�Ík361�7|^;L\5kjl."�-VP367{1ZUWNÆ¹��]Èâx]ý(½
1
È

V�¯,|�¯��r¯�� 	 <>yÆ? ç > { I q I ç <Oè S/� G�éæC S A
��3�^;.2�¿36J808}BL�^;LvJ8."KMUW5�V;7{1ZUWN�,;J8UW,/U]KM."L\L"K{7�543¸�)?2�·L\�OVBL�0"L25�5ZL\�-VHj V;7{1�5�1ZK8L\uXJM3��W3WK�¹luXJM3�»���¼]À@�(½;zwVBK8�-VHjâË�V;N

0"L2J{7M361�N
,ÃUW1�NO7�»Ð,;V;1ZKXL25�5ZL¸K�jlL2N�."0�36J{78L]È/fXNBL�0"UW��,P36JM361ZK8UWN
^;.27M361�5�5Z."L�3"�@L"0�5kjâ365�[@UWJ{1�7{};�·L�^;L�0"L27\36V;78L2V;JvL27v0"L25�V;1
^;L��cL"KMK8UWN�K8L2JM3¸,;J8."K8L2N-78."L�^B36NBKe543�KML"027{1ZUWNÆ¹��]Èº�qÈâý�Èâ�(½pÈ

`vNÆ0"UW���·L2NB0"L�,P36J��·UWN-7{J8L2J�»�Ë�,P36J{7{1�J�^;L"K�."�-VP367{1ZUWNBK¿¹��]Èâx�� ½
1

L27·¹��]Èâx]ý(½
1
»��-VBL�5ZL"K\78L2NBK8L2V;J8K

σ
′
»
(σe)′

L27
(∆ε

p)′
K8UWN-7|,/U]K81�7{1��@L2�·L2NO7v0"UW5�1�NB.�361�J8L"KæÈÐacL27{78L\,;J8UW,;J{1Z.278.�1���,;5�1Z�-VBL��-VBL

öw�]Èâx]�@÷
(∆ε

p)′ =
3

2

∆εpeq
σeq

σ
′ =

3

2

∆εpeq
σe

eq

(σe)′

U	®
σe

eq

^;."K{1�[]NBL|543�NBUWJ{�·Lv^;LX�@UWN���1ZK8L"K!öÎ0"UWNO7{JM361�NO78L�."�-V;1��W365ZL2N-78Læ÷&^�V¿,;J8."^�1Z0278L2V;Je.2543WK{7{1Z�-VBL]ÈOd�N'JM36,;,;J8U-0M}P36NO7
0"L27{78L�,;J8UW,;J{1Z.278.�^;L\543¸J8L254367{1ZUWNÆ¹��]Èâx�� ½

1
»;UWN��@UW1�7X36VBK8K{1H�-VBL·9

öw�]Èâx]x@÷
σeq = σe

eq − 3µ∆εpeq.

ÓÐ361ZK8UWNBK\J8L2�¿36J8�-VBL2J�36V¾,P3WK8KM36[@L��-VHjlUWN©KML2JM361�7\,P36J{�@L2NOV¥36V¾�)?2�·L�J8."K{V;5�7M367�K81±UWN¾V;7{1�5�1ZKÛ361�7\5ZL¸02J{1�78~2J8L¿^;L��@UWN
��1ZK8L"KXË¸543�,;543W0"L�^;L\0"L25�V;1�^;L��!V;J8KMUWNHÈ

_!L�,;5�VBKæ»qL2N�,;J8L2NP36N-7|543�NBUWJ{�·L\^;L��@UWN���1ZK8L"Ke^;L"Ke^;L2V����·L2��Y;J8L"Kv^;L�5kjl."�OVP367{1ZUWNÇ¹��]Èâx]ý(½
1
»�NBUWVBKeUWY;78L2NBUWNBK

∆εpeq = ∆η
2

σ̄2
σeq.�gjl.25�1���1�NP367{1ZUWN�^�V¿��V;5�7{1�,;5�1Z0�3678L2V;J�,;543WK{7{1Z�-VBL

∆η
L2N-7{J8Lv0"L27{78LvL �q,;J8L"K8K81ZUWN¿L27¡5kjl."�-VP367{1ZUWN�¹��]Èâx]ý(½

2
0"UWNB^�V;1�7cË¿9

öw�]Èâx@�]÷ ∆εpm
∆εpeq

=
p

2

σ̄

σeq
sinh

(
3

2

σm

σ̄

)

⇔ 2σeq ∆εpm − p σ̄ sinh

(
3

2

σm

σ̄

)

∆εpeq = 0.

mvUWVBKy1�N-7{J8U-^�V;1ZK8UWNBK
Ë¥,;J8."K8L2NO7�V;NBL©,P36JM36�·.27{J{1ZKÛ367{1ZUWN ^;L©543ÌK{V;JwÍÏ3W0"L¾^�jl."0"UWV;5ZL2�·L2N-7�^;LÇ�!V;J8K8UWNHÈXacL27{78L
,P36JM36�·.27{J{1ZKÛ367{1ZUWNH»�1�NBK{,;1�J8."L�^;Lv0"L25�5ZL]»q02543WK8K{1Z�-VBL]»-^�j V;NBL!L25�5�1�,BK8L]»q[O36JM36NO7{1�7|36V;78UW�¿367{1Z�-VBL2�·L2NO7|543�KM367{1ZKwÍk3W027{1ZUWN�^�V
02J{1�78~2J8L]È±d�5�5ZL�L"K{7¸UWY;78L2NOVBL�L2NÆJ8L"0M}BL2J808}P36N-7¿^�jâ36Y/UWJ8^¥543��W365ZL2V;J¸�¿3(�q1��¿365ZL',ÃU]K8K{1�Y;5ZL�^;L

σeq
36V;78UWJ{1ZK8."L�,P36J¸5ZL

02J{1�78~2J8L]»�L2N©."02J{1��]36NO7�L2NBK8V;1�78L
σeq

0"UW���·L�543'�W365ZL2V;J�^;L�0"L��¿3(��1���V;� ��V;5�7{1�,;5�1Z."L·,P36J�5ZL�0"U]K{1�NOVBK\^�j V;NÆ36N;[]5ZL
öÎ�-VBL|NBUWVBK&NBUW78L2J8UWNBK

φ
÷ »-L27&L2N�ÑBNyL2N¿J8."K8UW5��]36NO7&5kjl."�OVP367{1ZUWN

Φ(σ, σ̄, f) = 0
,P36J¡JM36,;,ÃUWJ{7cË

σm
È@�HLvJ8."K{V;5�7M367&L"K87

öw�]Èâx]À@÷






σeq

σ̄
≡ Xeq(φ) ≡ (1 − p) cosφ

σm

σ̄
≡ Xm(φ) ≡ 2

3

K{[]N
(φ)

0"U]K{} −1

[

1 +
(1 − p)2 sin2 φ

2p

]

U	®
φ

L"K{7�V;Nú36N;[]5ZL�0"UW��,;J{1ZK�L2NO7{J8L −π
2

L27 π
2

È���L�K{1�[]NBLy^;L
φ

L"K{7�1�NO7{J8Uq^�V;1�7¿^B36NBK�5kjl."�-VP367{1ZUWN ¹��]Èâx]À(½
2

,ÃUWV;J
,;J8L2NB^�J8L�L2N�0"UW��,;78L�36VBK8K81�Y;1ZL2N�5ZL"K|�]365ZL2V;J8KeNB.2[O367{1��@L"KX�-VBL�,/U]K81�7{1��@L"KX^;L

σm
È

+-V;,;,/U]K8UWNBKe^�jâ36YÃUWJ8^y0"UWN;NOVBL�543��]365ZL2V;J�^;L
∆ε̄

È;`vN�0"UWN;NP3A@Z7X365ZUWJ8Ke36VBK8K{1�0"L25�5ZL�^;L
σ̄

Ë�,P36J{7{1�J�^;L!5kjl."�-VP367{1ZUWN
¹��]Èâx6ÂW½

1
»&L27�5ZL
,;J8UWY;5Z~2�·L¾K8L�J8."^�V;1�7�Ë¥J8."K8UWVB^�J8L]»�,P36JyV;NBL��·.27{}BUq^;L¾^;L©mvL�3e78UWNÅ,P36J�L �;L2��,;5ZL]»�5kjl."�OVP367{1ZUWN



V�¯,| � y z±� <>yÇIqA/é�?�éæC S AúA�GtyÇ< ç CFEHGDI q IOè�<OEHGD?�éæC S ADè·> S A�è"éæCÞéæG�éæC%�ÐIOè Dr|

K8V;1��W36N-78L�K{V;J|5kj V;N;1Z�-VBL�1�NB0"UWN;N-VBL
φ
»B�-V;1HJ8."K{V;5�78L�^;L�543�0"UW��Y;1�NP361ZK8UWN©^;L"KX."�-VP367{1ZUWNBK�¹��]Èâx�� ½

2
»H¹��]Èâx]x(½p»H¹��]Èâx@�æ½

2
L27

¹��]Èâx]À(½c9
öw�]Èâx]¼@÷

6Xeq(φ)
σe

m − σ̄Xm(φ)

3λ+ 2µ
− p sinh

(
3

2
Xm(φ)

)
σe

eq − σ̄Xeq(φ)

µ
= 0.

�D3¾�]365ZL2V;J¿^;L
∆ε̄

,/L2V;7¿L25�5ZL �k�)?2�·L«?27{J8L�^;.278L2J{��1�NB."L�,P36J¿V;NBL��·.27{}BUq^;L�1�78.2JM367{1��@L
^;L�,ÃUW1�NO7¿Ñ;��LÆö
φ

.27M36NO7
0�365Z02V;5Z.�,P36J|543¸�·.27{}BUq^;L�^;L\m!L�3e78UWN�Ë�08}P3W�-VBL\1�78.2JM367{1ZUWNÐ÷�9;,P36J{7M36NO7!^�j V;NBL\�W365ZL2V;JX1�N;1�7{14365ZL�^;L\0"L\,P36JM36�·~27{J8L]»
UWN�^;.278L2J{��1�NBL!543��W365ZL2V;J�^;L

σ̄
Ë�,P36J{7{1�Je^;LX5kjl."�-VP367{1ZUWN¾¹��]Èâx6ÂW½

1
»-,;V;1ZKc0"L25�5ZL�^;L

φ
L2NyJ8."K8UW5��]36NO7�5kjl."�OVP367{1ZUWN¾¹��]Èâx]¼(½p»

L2NBK8V;1�78L&0"L25�5ZL"K±^;L
σeq

L27
σm

ËX,P36J{7{1�J±^;L"K�."�-VP367{1ZUWNBK�¹��]Èâx]À(½p»6,;V;1ZKD0"L25�5ZL"K±^;L
∆εpeq

L27
∆εpm

Ëe,P36J{7{1�J�^;L"K�."�OVP367{1ZUWNBK
¹��]Èâx]x(½�L27�¹��]Èâx�� ½

2
»-,;V;1ZKXUWN�^;.278L2J{��1�NBL\V;NBL�NBUWV;�@L25�5ZL\�]365ZL2V;J|^;L

∆ε̄
Ë¸,P36J{7{1�J|^;L�5kjl."�-VP367{1ZUWNÆ¹��]Èâx6ÂW½

2
»;L27�UWN�1�78~2J8L

5ZL�,;J8U-0"L"K8K8VBK�zrVBK8�-VHjâË�0"L��-VBL�543��]365ZL2V;J|^;L
∆ε̄

NBL�0M}P36N;[@L\,;5�VBK�È
�gjlL"K8K8L2N-7{1ZL25H^;Lv543�J8."K8UW5�V;7{1ZUWN�0"UWNBK{1ZK878Lv^;UWNB0�L2N�^;L2V��¿YÃUWVB025ZL"K�1�78.2JM367{1��@L"K�1���Y;J{1Z�-VB."L"K�»�V;NBLXYÃUWVB025ZL�L �q78L2J{NBL

J8."KMUW5��W36N-7'5ZL"Ky."�-VP367{1ZUWNBK'K{V;J�5ZL�,P36JM36�·~27{J8L
∆ε̄

,P36J¿V;NBL��·.27{}BU-^;L
^;L�,/UW1�N-7¿Ñ;�;L]»¡L27�V;NBL�YÃUWVB025ZL�1�N-78L2J{NBL
J8."KMUW5��W36N-7|5kjl."�OVP367{1ZUWNÌ¹��]Èâx]¼(½DK{V;J

φ
,/UWV;JXV;NBL\�W365ZL2V;J|^;UWN;NB."L�^;L

∆ε̄
,P36J|543¸�·.27{}BUq^;L�^;L�m!L�3e78UWNHÈ

fXNBL�ÍÎUW1ZK!UWY;78L2NOVBL�543¿0"UWNO�@L2J{[@L2NB0"L�K{V;J
∆ε̄

L27
φ
»/UWN
0"UWN;NP3A@Z7�5ZL"Kv�W365ZL2V;J8K�0"UWJ{J8L"0278L"K\^;L

σeq
»
σm

»
∆εpeq

L27
∆εpm

ÈÃ`vN
L2N
^;."^�V;1�7v5ZL"Kv�]365ZL2V;J8Kv^;L"K!0"UW��,/U]KÛ36NO78L"K�^;L
σ
′
L27

(∆ε
p)′

Ë�,P36J{7{1�J�^;L"K!."�OVP367{1ZUWNBK¸¹��]Èâx]�(½p»Ð^;UWN-7�543
0"UW��Y;1�NP361ZK8UWN¾3"�@L"0\5ZL"Ke�]365ZL2V;J8K|^;L

σm
L27

∆εpm
^;UWN;NBL\5ZL"KX0"UW��,/U]KM36N-78L"KX^;L

σ

L27
∆ε

p È

V�¯,|�¯��r¯<D $�ç CFè�I�IqAú> S y z é�I q IOè·ê ç ?BA q I-è�é ç ?BA�èq= SPç yÇ?�éæC S ADè
npNB^�1Z�-VBUWNBK�»¡Ë©,;J8."KML2NO7�»g5ZL"K¿�·U-^�1äÑP0�367{1ZUWNBKy36,;,ÃUWJ{78."L"K¿^B36NBK·5kjlUW,Ã.2JM367{1ZUWN ^;L�,;J8U6zwL"027{1ZUWN ,P36J¿543©,;J{1ZK8L�L2N

0"UW��,;78L�^;L"K![]JM36NB^;L"K!7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK�ÈHacL"Kv�·Uq^�1äÑP0�367{1ZUWNBK�,;J8U��q1ZL2N;NBL2NO7�^;L�5kjâ36,;,P36J{1�7{1ZUWNÇ^�j V;NBL�^;.2J{1��@."L�UWY��
z{L"027{1��@Lg^�V�78L2NBKML2V;JH^;L"K�0"UWNO7{JM361�N-78L"KD^B36NBK�543c5ZUW1@^�j }O�q,/Uq.2543WK{7{1Z021�78.]ÈWacL27{78Lg^;.2J{1��@."Lg^�1äü�~2J8Lg^;L�543�^;.2J{1��@."LgUWJ8^�1�NP361�J8L
,P36Je^;L"K��-VP36NO7{1�78."Ke�-V;1/K8UWN-7c^;L"K�0"UW��Y;1�NP361ZK8UWNBK|^�V�78L2NBK8L2V;Je^;L"Kc0"UWN-7{JM361�NO78L"K�»;.2�@L2N-7{VBL25�5ZL2�·L2NO7X^�Vy[]JM3W^�1ZL2N-7|^;L
7{JM36NBK{ÍÎUWJ{�¿367{1ZUWN
L27e5ZL\[]JM3W^�1ZL2NO7!^;L��-1�78L"K8KML]È;��3�5ZUW1�^�jl.2543WK{7{1Z021�78.�L"K{7|J8L2��,;543W0"."L\,P36J�9

öw�]Èº�W�@÷






∆σ
′ + (∆σ

′) � /
��m = 2µ(∆ε

p)′

(∆σ
′) � /

�\m ≡ σ.∆Ω− ∆Ω.σ

U	®
∆Ω = Ω∆t

J8L2,;J8."K8L2N-78Lg5kj 1�NB02J8.2�·L2N-7�^;L�J8UW7M367{1ZUWNHÈæ��3e�-VP36NO7{1�78.
(∆σ

′) � /
�\m J8L2,;J8."K8L2N-78Lg1Z021]543e0"UWJ{J8L"027{1ZUWN¸^;L

5kj 1�NB02J8.2�·L2N-7&^;Le0"UWN-7{JM361�NO78L!^�VBL|Ë!543v^;.2J{1��@."LX^;L � 36V;�¿36N;N
öÎK{�q��YÃUW5ZL � 9
Ω

L"K{7¡365ZUWJ8K�543!,P36J{7{1ZL|36N-7{1ZK{�-�·.27{J{1Z�-VBL
^�V�[]JM3W^�1ZL2N-7g^;L&�q1�78L"K8K8Læ÷�UWV·ËX0"L25�5ZL�^;L|�!J8L"L2N��pm�36[]}B^�1�öÎK{�q��YÃUW5ZLe�\m 9

Ω
L"K{7�365ZUWJ8K±5ZL¡7M36V���^;LcJ8UW7M367{1ZUWN�3WKMK8U-021Z.

Ë�543�^;."0"UW��,/U]K{1�7{1ZUWN�,/UW54361�J8L�^�V�[]JM3W^�1ZL2NO7v^;L�7{JM36NBKwÍÎUWJ{�¿367{1ZUWNÐ÷ È
+-V;,;,/U]K8UWNBKX�¿361�NO78L2NP36N-7v543��-VP36NO7{1�78.

(∆σ
′) � /

��m ^�1ZK802J8.27{1ZK8."L�^;L��¿36N;1Z~2J8L�L �q,;5�1Z021�78L]»Ð0]jlL"K{7w��Ë(�p^�1�J8L�L2N�V;7{1ä�
5�1ZKÛ36NO7�5ZL'78L2NBK8L2V;J�^;L"K�0"UWNO7{JM361�NO78L"K�Ë�5kj 1�NBK87M36NO7

t
»�0"UWN;NOVHÈ|ökacL"021|L"K87�3W0"0"L2,;7M36Y;5ZL�0�36J�0"L�78L2J{�·LyL"K{7�78UWVWzwUWV;J8K

,ÃL27{1�7Û÷ È�`vNÇ0"UWN;NP3A@Z7�365ZUWJ8K\543'�]365ZL2V;J�^;L
(∆σ

′) � /
��m ^;~"K�5ZL�^;.2Y;V;7�^;L�0M}P3W�OVBL�1�78.2JM367{1ZUWNÇ.2543WK878UW,;543WK{7{1Z�OVBL]»�L27

0"L27{78L·�W365ZL2V;J\NBL��]36J{1ZL2JM3�,P3WK�36VÇ0"UWV;J8K�^;L�0"L27{78L�1�78.2JM367{1ZUWNHÈHn�5gK{V�ã·7�^;~"K�5ZUWJ8K�^;L�5kj 1�NB0"UWJ{,ÃUWJ8L2J�36V¾,;J8."^�1Z0278L2V;J



V�¯,| � y z±� <>yÇIqA/é�?�éæC S AúA�GtyÇ< ç CFEHGDI q IOè�<OEHGD?�éæC S ADè·> S A�è"éæCÞéæG�éæC%�ÐIOè D��

.2543WK87{1Z�OVBL]»&K8UWVBK�ÍÏUWJ{�·L�^�j V;NBL�,;J8. �p0"UWJ{J8L"027{1ZUWN ,;J8.�365436Y;5ZL©Ë©5kjlUW,Ã.2JM367{1ZUWNë^;L�,;J8U6z{L"027{1ZUWNHÈc�gjlL �q,;J8L"KMK{1ZUWN ^;L�0"L
,;J8."^�1Z0278L2V;J!^;L2�-1ZL2N-7v^;UWNB0
öw�]Èº�q�æ÷

(σe)′ = (σ)′ + 2µ(∆ε)′ − (∆σ) � /
��m

�¡jlUW,/.2JM367{1ZUWN
^;L\,;J8U6zwL"027{1ZUWN��OV;1HK{V;1�7vL"K{7X365ZUWJ8Ke1�NB08}P36N;[@."L]È
d�NÇ,;JM367{1Z�-VBL]»Ã5ZL�78L2J{�·L·0"UWJ{J8L"027{1äÍ − (∆σ) � /

�\m L"K{7\,;J8UW[]JM36���·.·^B36NBK�V;NÇK8UWVBK\,;J8UW[]JM36���·L·�-VHjâ36,;,/L25�5ZL
V;N�,;J8UW[]JM36���·L�U	®�78UWV;7XK8L�,P3WKMK8L\L �;3W0278L2�·L2N-7v0"UW���·L�K{1�5ZL"Ke7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBKX.27M361ZL2N-7X,ÃL27{1�78L"K�È

V�¯,|�¯��r¯ J ��S y z ? ç ?BCFè S Aú?'�/IO> q&� ?BGHé ç IOè¿? � ê SPç CÞé { yÆIOè
fXNBL&^�1äüÃ.2J8L2NB0"L¡1���,/UWJ{7M36N-78LcL2N-7{J8Lg5kjâ365�[@UWJ{1�7{};�·L��-VBL�NBUWVBK�,;J8UW,ÃU]K8UWNBK�,/UWV;JD543�NOV;�·.2J{1ZKM367{1ZUWN�^;L"KD."�OVP367{1ZUWNBK

^�Vy�·Uq^;~25ZL\^;L��!V;J8K8UWN�L27e0"L2V����-VHj V;7{1�5�1ZK8L2NO7|uvJM3"�]3WK\¹luXJM3�»���¼]À@�6½�L27e��L"K8K8UWN©¹l��L"K�»P�]�]��� ½HL"K{7e�-VBL!0"L"Ke36V;78L2V;J8K
3W^;UW,;78L2N-7|V;N�K808}B.2�¿3�1���,;5�1Z021�78L�,P36J�JM36,;,ÃUWJ{7XË�543�,ÃUWJ8U]K{1�78.]È�öÎ�HL"K�JM361ZK8UWNBKc,/UWV;J�5ZL"K8�-VBL25�5ZL"K�NBUWVBK�,;J8. ÍÏ.2J8UWNBK�V;N
KM08}B.2�¿3·L ��,;5�1Z021�78L�KML2J8UWNO7v.2�@Uq�-VB."Ke,;5�VBK|5ZUW1�NÐ÷ ÈÐnp5H��3�0"L2,ÃL2NB^B36NO7�^�jâ36V;7{J8L"KX^�1äü�.2J8L2NB0"L"K�»B�·UW1�NBKX1���,/UWJ{7M36N-78L"K!1�5
L"K87e�-JM361kÈ

�gjâ36,;,;J8U-0M}BL��OVBL�NBUWVBKDV;7{1�5�1ZK8UWNBKD^B36NBK�NBUW7{J8Lc365�[@UWJ{1�7{};�·L&L"K{7D1Z^;L2NO7{1Z�-VBL&ËX0"L25�5ZL¡^�jluvJM3"�]3WKBzwVBK8�-VHjâË�5kjl."�OVP367{1ZUWN
¹��]Èâx@�æ½pÈW_\36NBKD543XK{V;1�78L]»W36V¸5�1ZL2V¸^�j V;7{1�5�1ZK8L2J±V;NBL&,P36JM36�·.27{J{1ZKM367{1ZUWN·^�V�02J{1�78~2J8L�0"UW���·LcNBUWVBK�5kjâ3"�@UWNBKDÍk361�7�»æ1�5q,;J8UW,/U]KML
^;L!J8."K8UWVB^�J8L�^�1�J8L"0278L2�·L2N-7|5ZL"K�."�OVP367{1ZUWNBKeL2Ny,;J8L2NP36NO7|0"UW���·L�1�NB0"UWN;N-VBL"Ke,;J{1�NB021�,P365ZL"K

∆εpeq
L27

∆εpm
È�d�N�L ü�L27�»

543�0"UWN;NP361ZK8KM36NB0"L¿^;L"K��W365ZL2V;J8K�^;L·0"L"K�[]JM36NB^;L2V;J8K�,/L2J{�·L27¸^;L·0�365Z02V;5ZL2J
σeq

L27
σm

L2NÆV;7{1�5�1ZKÛ36NO7�5ZL"K�."�OVP367{1ZUWNBK
¹��]Èâx]x(½ÃL27v¹��]Èâx�� ½

2
»@L27

∆ε̄
L2N'J8."K8UW5��W36N-7¡5ZL"K&."�OVP367{1ZUWNBK!¹��]Èâx6ÂW½Ð,P36J&V;NBLe�·.27{}BU-^;LX1�78.2JM367{1��@L]È-��LX02J{1�78~2J8LX^;L��!V;J8K8UWN

¹��]Èâ�@�æ½/ÍÏUWJ{�·L!365ZUWJ8Ke3"�@L"0v5kjl."�-VP367{1ZUWN
¹��]Èâx@�æ½
2
V;N'K{��K{78~2�·L!^�jl."�OVP367{1ZUWNBK�K{V;J&5ZL"K¡1�NB0"UWN;N-VBL"K

∆εpeq
L27

∆εpm
�OVHj V;NBL

�·.27{}BUq^;L�^;L�m!L�3e78UWN�,ÃL2J{�·L27X^;L�J8."K8UWVB^�J8L]È
�gjâ365�[@UWJ{1�7{};�·L�^�jluXJM3��W3WK¸0"UWNBK{1ZK{78L'^;UWNB0'L2NÌ^;L2V��ÇY/UWVB025ZL"K�1�78.2JM367{1��@L"K¸1���Y;J{1Z�-VB."L"K�»�V;NBL·YÃUWVB025ZL�É�L ��78L2J{NBL Ê

�-V;1�L üÃL"027{VBL�543¸J8."KMUW5�V;7{1ZUWN�^;L"K|."�OVP367{1ZUWNBK\¹��]Èâ�@�æ½�L27�¹��]Èâx@�æ½
2
K8V;Jc5ZL"K�,P36JM36�·~27{J8L"K

∆εpeq
L27

∆εpm
»�L27eV;NBL!Y/UWVB025ZL

Ép1�N-78L2J{NBL Ê!�-V;1PJ8."K8UWV;7&5ZL"K&."�-VP367{1ZUWNBK!¹��]Èâx6ÂW½ÃK{V;J&5ZL|,P36JM36�·~27{J8L
∆ε̄

,/UWV;Jc^;L"K¡�]365ZL2V;J8K&^;UWN;NB."L"K�^;L
∆εp

eq
L27

∆εpm
È

��L"Ke1�78.2JM367{1ZUWNBKeÉp1�N-78L2J{NBL"KwÊ�K{V;Je5kj 1�NB02J8.2�·L2NO7!^�V�,P36JM36�·~27{J8L�^�jl."02J8UWV;1ZK8KÛ36[@L
∆ε̄

0"UWNO�@L2J{[@L2N-7v78UWVWz{UWV;J8K|7{J8~"K|�-1�78L�ù
5ZL�J8øW5ZL��OVHjlL25�5ZL"K�zwUWVBL2N-7v^B36NBKe5kjâ365�[@UWJ{1�7{};�·L¸^;L�J8."K8UW5�V;7{1ZUWN�NHjlL"K87|^;UWNB0��-VBL���1�NBL2V;J�»PL27|0"L"021�L"K{7|^�jâ361�5�5ZL2V;J8Kv�qJM361
^B36NBK�NBUW7{J8L\365�[@UWJ{1�7{};�·L ¹�¹ È�ökacL"021�K�jlL ��,;5�1Z�OVBL�^�V'ÍÏ361�7e�-VBLX543�,;J8."K8L2NB0"L�^;L"K�NBUWNy5�1�NB.�36J{1�78."Ke^B36NBK�5ZL"K�."�OVP367{1ZUWNBK
,ÃUWJ{7M36NO7eK{V;J

∆ε̄
L"K{7¡5ZL!K8L2V;5BÍk361�7�^;L"K¡�]36J{14367{1ZUWNBK�^;LX543�5�1���1�78Lv^�jl.2543WK87{1Z021�78.

σ̄
»q�OV;1ÐJ8L"K{78L2NO7c78UWVWz{UWV;J8K&7{J8~"Kc,ÃL27{1�78L"K

L2N-7{J8L�^;L2V��y1�NBK{7M36NO78Kv^;L�0�365Z02V;5�K{VB0"0"L"KMK{1äÍÎKeL27vL2NB0"UWJ8L\,;5�VBK|L2NO7{J8L�^;L2V���1�78.2JM367{1ZUWNBK!K{VB0"0"L"K8K81��@L"KÛ÷ È
acL"KD1�78.2JM367{1ZUWNBK±Ép1�NO78L2J{NBL"KwÊ�.27M36NO7�^;UWNB0c��1ZK8L"K�Ë|,P36J{7�»65kjâ365�[@UWJ{1�7{};�·Le^�jluvJM3"�]3WK�»W0"UWNBK{1ZK{78L]»(,/UWV;J�5kjlL"K8K8L2N-7{1ZL25k»]L2N

V;NBL!�·.27{}BUq^;L�^;Lvm!L�3e78UWN�K{V;Jc^;L2V��'1�NB0"UWN;NOVBL"K�»
∆εpeq

L27
∆εpm

»�365ZUWJ8K��OVBL!5ZLvNBøW7{J8L!0"UWNBK81ZK{78LvL2N�V;NBL!�·.27{}BU-^;L
^;L�mvL�3e78UWN©K{V;Jv543·K8L2V;5ZL�1�NB0"UWN;NOVBL

φ
ÈÐ�gjâ3"�]36NO7M36[@L�^;L�NBUW7{J8L¸365�[@UWJ{1�7{};�·L¸K{V;Jv0"L25�V;1±^�jluvJM3"�]3WKvL"K{7X1Z021�.2�q1Z^;L2NO7�»

Y;1ZL2N��OVBL���1�NBL2V;J�È
¼�¼ � õ À1¿�ÑtÃ�õ Å&ËÍÄÍÄÍÀ1¾Aö�¿pÄºÅ�ö8Å&ËÍ¿�Ï&ÁÝýoÏ�¾:öpÄÆÅ&Ì ¾ÂÀ1ÄÍÄÍÀ!¾ÂÁf¿�Ê � È1ÇFÅuÅ*¾Â¿�¿�Ë�ýAö�ËÍÇÉË Ñ�Ë���Ì ¾ÂÀcÄÆÅ�ÇÉÈÐÑ � Ï3Ã:ÀUÃA¾fýoÏ�ËÍÁ ÑVjÂÎ:ÀcýoÀ1¾AÑ�|ÐÑ�ö�Àt¾AÑ�ËÍÄÍËº¿�ÈÐÀ!ýoÏ�¾Aö

ÃAÈÐÑ�ÀÐö�ÇÉËÍÁAÀÐöpÊ1À!ý	Å�ö8Å&Ç��ÐÑ�ö�À&Ò



V�¯,| � y z±� <>yÇIqA/é�?�éæC S AúA�GtyÇ< ç CFEHGDI q IOè�<OEHGD?�éæC S ADè·> S A�è"éæCÞéæG�éæC%�ÐIOè D�÷

uXV*5�1ZL2VÄ^�jlL"K8KM3��@L2J�^;L�J8."^�V;1�J8Ly5ZL�,;J8UWY;5Z~2�·L�Ë�543�J8L"0M}BL2J808}BL�^�j V;NÄNBUW��Y;J8Ly5�1���1�78.y^�j 1�NB0"UWN;NOVBL"K�»g��L"K8KMUWN
¹l��L"K�»B�]�]���"½X,;J8UW,/U]KML�^;L�J8."K8UWVB^�J8L�^�1�J8L"0278L2�·L2NO7�5kjlL2NBK8L2��Y;5ZL
^;L"K·."�-VP367{1ZUWNBK¿,P36J·V;NBL��·.27{}BU-^;L�^;L�mvL�3e78UWN
K8V;J|5kjlL2NBK8L2��Y;5ZL¸^;L"K|1�NB0"UWN;N-VBL"K�»P0]jlL"K87w��Ë(�p^�1�J8L�5ZL"K|0"UW��,ÃU]KM36N-78L"Kv^;L

∆ε
p »Ð361�NBK{1��-VBL ∆ε̄

L27
f
È/acL27{78L\78L"08};N;1Z�-VBL

,ÃU]K8K8~"^;L�5kjâ3��W36N-7M36[@Lv^�j ?27{J8LXK{1���,;5ZL|L27gK8UWV;,;5ZL]È@dg5�5ZL|L"K{7��q1�J{7{VBL25�5ZL2�·L2NO7e36,;,;5�1Z0�36Y;5ZLvË!78UWV;7g�·Uq^;~25ZL|^;Le,;543WK{7{1Z021�78.]»
L27vNBUW7M36���·L2NO7�36V�0�3WK!U	®�5kjl.2543WK{7{1Z021�78.¸L"K{7v36N;1ZK8UW7{J8UW,ÃL]È±öÎ�gjâ365�[@UWJ{1�7{};�·L�^�jluvJM3"�]3WK!L27X5ZL\NBøW7{J8L�NBL�K�jâ36,;,;5�1Z�-VBL2NO7
,P3WKX^B36NBK|V;N�78L25�0�3WKe,P36J80"L��OVHj 1�5ZK�V;7{1�5�1ZK8L2N-7X543�0"UW5�1�NB.�36J{1�78.�^;L"K|^;.2�-143678L2V;J8Kv^;L"K|0"UWNO7{JM361�N-78L"K!3��W36N-7vL27X36,;J8~"KX543
0"UWJ{J8L"027{1ZUWN¥,;543WK{7{1Z�-VBL·^;L"K�0"UWNO7{JM361�N-78L"K�»��OV;1�NHjâ3�5�1ZL2VÆ�-VHjlL2NÆ.2543WK{7{1Z021�78.·1ZK8UW7{J8UW,/Læ÷ È��gjâ365�[@UWJ{1�7{};�·L¿^;L·��L"K8KMUWNÆ3
0"L2,ÃL2NB^B36NO7!5kj 1�NB0"UWNO�@.2N;1ZL2N-7�^�j ?27{J8L�N-V;�·.2J{1Z�OVBL2�·L2N-7\7{J8~"KX0"UWV;78L2V���L2N�78L2��,BK!^;L�0�365Z02V;5�,P36J|JM36,;,ÃUWJ{7!36V�NBøW7{J8L
L27v0"L25�V;1�^�jluXJM3��W3WKæ»;^�V�ÍÏ361�7|�-VBL�543��·.27{}BUq^;L�^;L�m!L�3e78UWN��-VHj 1�5�V;7{1�5�1ZK8L\,ÃUWJ{78L\K{V;Je,;5�VBK{1ZL2V;J8K|1�NB0"UWN;N-VBL"K�È

�pìf�cì�í �Û�'�r���o
^ï

 b � b h�ï
������:th�
 [ 
 ] � [ � ]�Y!g � ] �8_Â���'� Y0b
fXNBL�ÍÏUW1ZK¸543©0"UWNO�@L2J{[@L2NB0"L�^;L"K�1�78.2JM367{1ZUWNBK'.2543WK{78UW,;543WK{7{1Z�-VBL"K�L2NO7{J8L�5ZL"K�1�NBK{7M36N-78K

t
L27
t + ∆t

UWY;78L2N-VBL]»�5ZL
,;J8UW[]JM36���·L�.2�W365�VBL�5kj 1�NB02J8.2�·L2NO7�5ZU-0�365X^;L�,/UWJ8U]K{1�78.

∆f loc(x)
[]J*ñW0"L�Ë
543¾�@L2J8K{1ZUWNú^�1ZK802J8.27{1ZK8."L�K{V;1��W36N-78L�^;L

5kjl."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN
^;L�543�,ÃUWJ8U]K{1�78.
öw�]Èº�W�@÷

∆f loc(x) = 3[1 − f(x)]∆εp
m(x).

�¡j 1�NB02J8.2�·L2NO7�^;L\,/UWJ8U]K81�78.�3W027{VBL25
∆f(x)

L"K{7X365ZUWJ8K|^;UWN;NB.\,P36J
öw�]Èº�Wý@÷

∆f(x) =
1

C(x)

∫

Ω
χ(x− y)∆f loc(y) dVy

öÎU	®©5ZL�ÍÏ3W0278L2V;J
C(x)

L"K{7\^;UWN;NB.¸,P36Jv5kjl."�-VP367{1ZUWNi¹��]Èâý@�]÷p½F÷ »Ã�OV;1±L"K{7!543·ÍÏUWJ{�·L¸^�1ZK802J8.27{1ZK8."L�^;L¸5kjl."�OVP367{1ZUWNÄ¹��]Èâý]�(½pÈ
acL27�1�NB02J8.2�·L2N-7XL"K{7cV;7{1�5�1ZK8.!,/UWV;Je.2�]365�VBL2Jc543�,ÃUWJ8U]K{1�78.\Ë�5kj 1�NBK87M36NO7

t+ ∆t
,ÃUWV;J�5ZL!,P3WKc^;L!78L2��,BKeK{V;1��]36NO7�È��c1ZL2N

�-VBL�0"L27{78L�NBUWV;�@L25�5ZL��]365ZL2V;JX^�1äü�~2J8L�5Z.2[@~2J8L2�·L2NO7�^;L�5kjlL"K87{1��¿367{1ZUWN�L ��,;5�1Z021�78L\ÍÏUWV;J{N;1ZL�,P36JX543�J8L254367{1ZUWN¥¹��]Èâx]�(½p»PL25�5ZL
Ör/ Õ Ú ×$�;Ü6ÚDV;7{1�5�1ZK8."L�,ÃUWV;J�J8L"0"UW���·L2NB0"L2J¡78UWV;78L|543!,;J8U-0"."^�V;J8L|^;LeKMUW5�V;7{1ZUWN·L2NO7{J8Le5ZL"K�1�NBK87M36NO78K

t
L27
t+∆t

»6,;V;1ZK8�-VBL
5kjâ365�[@UWJ{1�7{};�·L�^;L2�-1ZL2NB^�JM361�7�361�NBK{1H1���,;5�1Z021�78L\,P36JXJM36,;,/UWJ{7vË¸543�,/UWJ8U]K{1�78.]È

np5�K8L2��Y;5ZL�0"L2,ÃL2NB^B36NO7·Ë�,;J8L2��1Z~2J8L��qVBL¿�-VBL¿543�^;UWV;Y;5ZL�Y/UWVB025ZL�K{V;J�5ZL"K¸,ÃUW1�NO78K�^;L���36VBK8K�NB."0"L"KMK{1�78."L¿,P36J
5ZL'0�365Z02V;5&^;L"K���V;5�7{1�,;5ZL"K¸1�NO78.2[]JM365ZL"K�^;L'0"UWNO�@UW5�V;7{1ZUWNÄK8UW1�7�,ÃL2V¥0"UW��,P367{1�Y;5ZLy3"�@L"0'543�K{7{J{VB027{V;J8L¿[@.2NB.2JM365ZL'^�j V;N
,;J8UW[]JM36���·Lv^�jl.25Z.2�·L2NO78KgÑBN;1ZK�»]L27g^;UWNB0�7{J8~"K±5ZUWV;J8^;LXË!,;J8UW[]JM36���·L2J�È@t�UWV;J¡.2�q1�78L2Jg0"L27g."02VBL21�5k»@UWN�V;7{1�5�1ZK8L�V;N�Y;5ZUq0
K878U-0��@.!L2N��·.2�·UW1�J8L\^��qNP36��1Z�OVBL!K8UWVBKc543\ÍÏUWJ{�·L�^�j V;Ny7M36Y;5ZL�36V�Ë�^;L2V��¿1�NB^�1Z0"L"KeuÛÓ

(
n
,
�
)
»q^;."^�1Z.�L ��025�VBK{1��@L2�·L2N-7

Ë�5kjlUW,/.2JM367{1ZUWN�^;Lv0"UWNO�@UW5�V;7{1ZUWNHÈ;�HLX,;J8L2��1ZL2J&1�NB^�1Z0"Lv�W36J{1ZLv^;L��!Ë�x�»O5ZLXK8L"0"UWNB^�^;L��!36V'NBUW��Y;J8LX78UW7M365Ã^;L|,ÃUW1�NO78K
^;L¸�\36VBK8K�È;�HL"KXK{1�[]N;1äÑP0�367{1ZUWNBKv^;L"KX^�1äüÃ.2J8L2N-78L"K|[]JM36NB^;L2V;J8K!u#Ó

(
n
,
�
)
K8UWNO7e5ZL"KvK{V;1��W36N-78L"K�9

• u#Ó
(
�
,
�
)
»BuÛÓ

(
�
,
�
)
»BuÛÓ

(
ý
,
�
)
9B0"U-UWJ8^;UWN;NB."L"Kv^�V�,/UW1�N-7v^;L��\36VBK8K � ù

• u#Ó
(
Â
,
�
)
9�1�NB02J8.2�·L2N-7v5ZUq0�365H^;L\,ÃUWJ8U]K{1�78.·öÎL2NO7{J8L�5ZL"Ke1�NBK{7M36N-78KÛ÷

t
L27
t+ ∆t

36V�,/UW1�N-7X^;L��\36VBK8K � ù
• u#Ó

(
�
,
�
)
9�1�NB02J8.2�·L2N-7vJ8."L25H^;L�,/UWJ8U]K{1�78.·öÏ36,;J8~"Kv0"UWNO�@UW5�V;7{1ZUWNÐ÷v36V�,/UW1�N-7v^;L��\36VBKMK � ù

• u#Ó
(
x
,
�
)
9�,ÃUW1Z^;K|^�V�,ÃUW1�NO7v^;L��\36VBK8Ke,ÃUWV;J|5kj 1�NO78.2[]JM367{1ZUWNHÈ



V�¯,| � y z±� <>yÇIqA/é�?�éæC S AúA�GtyÇ< ç CFEHGDI q IOè�<OEHGD?�éæC S ADè·> S A�è"éæCÞéæG�éæC%�ÐIOè J�}

uvV�0"UWV;J8K±^;L&08}P3W�-VBL¡1�78.2JM367{1ZUWN�.2543WK{78UW,;543WK{7{1Z�-VBL]»(5ZL"K��]365ZL2V;J8KDuÛÓ
(
�
,
�
)
»(uÛÓ

(
�
,
�
)
»æuÛÓ

(
ý
,
�
)
»(uÛÓ

(
Â
,
�
)
»(uÛÓ

(
x
,
�
)KMUWNO7�K{78U-0��@."L"K¸36VÌ0"UWV;J8K�^;L¿543�YÃUWVB025ZL¿^�V¥,;J8UW[]JM36���·L�K8V;J�5ZL"K�,ÃUW1�NO78K¸^;L���36VBK8K�ÈHfvNBL�ÍÏUW1ZK�543�0"UWNO�@L2J{[@L2NB0"L

UWY;78L2N-VBL]»�V;NBLv^;UWV;Y;5ZLvYÃUWVB025ZLvK{V;J�0"L"K&,/UW1�N-78K&,ÃL2J{�·L27�»qL2N'V;7{1�5�1ZKM36N-7�5ZL"K¡�]365ZL2V;J8Kc,;J8."0"."^;L2NO78L"K�»;^;Lv0�365Z02V;5ZL2J�0"L25�5ZL
^;L'u#Ó

(
�
,
�
)
ÈH�D3�,;J8UW[]JM36���¿367{1ZUWN*^;L¿0"L27{78L¿^;UWV;Y;5ZL¿Y/UWVB025ZL¿L"K{7�7{J8~"K�K81���,;5ZL¿^�V¾Ík361�7��-VBL�5ZL·7M36Y;5ZL�36VÌu#Ó NBL

0"UWN-7{1ZL2NO7��-VBL�5ZL"K!1�N�ÍÏUWJ{�¿367{1ZUWNBK\K{7{J{1Z0278L2�·L2NO7\NB."0"L"KMKM361�J8L"K�L27!NHjâ3WKMK8U-021ZL�,P3WK!5ZL"Kv,ÃUW1�NO78K\^;L��\36VBK8K�36V����¿361�5�5ZL"K
36V��;�-VBL25ZKe1�5ZKX36,;,P36J{7{1ZL2N;NBL2NO7�È

np5�Ík36V;7|NBUW78L2JX�-VBL\5kj 1�N-78.2[]JM365ZL�^;L�0"UWN-�@UW5�V;7{1ZUWN¾^B36NBK|5kjl."�-VP367{1ZUWN¥¹��]Èâý]�(½�,ÃL2V;7f?27{J8L�0�365Z02V;5Z."L�K{V;J|543�0"UWN�ÑB[]V��
JM367{1ZUWNy1�N;1�7{14365ZL\UWV�3W027{VBL25�5ZL�K{V;1��W36N-7e�OVBLv5ZL"Kc�@L"0278L2V;J8K

x
L27

y
^;Lv0"L27{78L�."�-VP367{1ZUWNyKMUWNO7�1�NO78L2J{,;J8.278."K|0"UW���·L�^;L"K

,ÃU]K{1�7{1ZUWNBKe1�N;1�7{14365ZL"KvUWV�3W027{VBL25�5ZL"K�ÈBm!UWVBK�ÍÏL2J8UWNBKe5ZL�0M}BUW1ä��^;L�543�0"UWN�ÑB[]V;JM367{1ZUWN�1�N;1�7{14365ZL�,ÃUWV;JeNBU]K|0�365Z02V;5ZK�È

V�¯,|�¯<Dp¯�V � I>yÇ? ç EHGDI��±> SPç6ç I->]éæC S A q I ��� CÎAD> ç <>yÇIqA/é q I q < z�� ?;>@I°yÇI-A/é�CFA�CÞéæCF? � IqA/é ç I � IOè¿CÎADè"é�?BA/é�è
tI@é

t+ ∆t

��3y�]365ZL2V;J�1�N;1�7{14365ZL
∆U0 öÎK8L2J{�]36NO7¸Ë�36�·UWJ80"L2J�5ZL"K\1�78.2JM367{1ZUWNBK¸.2543WK{78UW,;543WK{7{1Z�-VBL"K�[]5ZUWYP365ZL"KÛ÷\^;L�5kj 1�NB02J8.2�·L2NO7

^;L¿^;.2,;543W0"L2�·L2NO7�L2NO7{J8L·5ZL"K�1�NBK{7M36NO78K
t
L27
t + ∆t

»H36VÇ5�1ZL2VÆ^�j ?27{J8L¿,;J{1ZK8L�N-V;5�5ZL·0"UW���·L·}P36Y;1�7{VBL25�5ZL2�·L2N-7�»D,ÃL2V;7
?27{J8L
^;."^�V;1�78L
,P36J�L ��7{JM36,ÃUW54367{1ZUWN ^;L"Ky^;.2,;543W0"L2�·L2N-78K�36V��ú^;L2V��ú1�NBK{7M36N-78K'1����·."^�143678L2�·L2N-7�,;J8."0"."^;L2NO78KæÈXacL
J8L2��,;543W0"L2�·L2N-7v,ÃL2J{�·L27X^;L�KML�JM36,;,;J8U-0M}BL2Jv^;L�543�K8UW5�V;7{1ZUWN�ÑBNP365ZL

∆U = U(t+ ∆t) −U(t)

^B36NBK�5ZL�0�3WK�U	®Ç5ZL�^;.2,;543W0"L2�·L2N-7¸.2�@UW5�VBL·^;L�ÍÏ3	E"UWNÆKML2NBK{1�Y;5ZL2�·L2NO7�,;J8UW,ÃUWJ{7{1ZUWN;NBL25�5ZL�K{V;J\5kj 1�NO78L2J{�]365�5ZL¿^;L�78L2��,BK
0"UWNBK81Z^;.2J8.]È/dgN�,;JM367{1Z�-VBL]»ÐUWN©0"UWNBK{7M3678L�V;NBL¸36�·.25�1ZUWJM367{1ZUWNÇKML2NBK{1�Y;5ZL�^;L�543¿0"UWN-�@L2J{[@L2NB0"L�^;L"Kv1�78.2JM367{1ZUWNBK�.2543WK{78U6�
,;543WK87{1Z�OVBL"Kv^B36NBKe543�,;5�V;,P36J{7X^;L"K|0�3WKæÈ

�gjlUW,/.2JM367{1ZUWN
^�jlL �q7{JM36,ÃUW54367{1ZUWN��·L2N-7{1ZUWN;NB."L�021ä�p^;L"K8K{VBK�NB."0"L"KMK{1�78L�5ZL\K{78Uq02�]36[@L]»BË¸543�ÑBN�^�V�0�365Z02V;5DL2NO7{J8L
t
L27

t+ ∆t
»;^;L\543�Ép�-1�78L"KMK8L Ê

(1/∆t) [U(t+ ∆t) −U(t)] .

V�¯,|�¯<Dp¯4ì ��S ADè�<-EHG�IqA�>@I-è q G§>@? ç ?;>]é sOç Iiè"é�?BA q ? çAq êÐ<-AD< ç ? � CFè�<�� zgSPç6S è(C4é�<��w;H<OI*èæG ç¾� ?ëè S/� G�éæC S A
q G z�ç(S � �,s yÆI q I z�ç(S�� I->]éæC S A

�HL�0�36JM3W0278~2J8L�K{7M36NB^B36J8^�[@.2NB.2JM365�1ZK8.¸^�V��·Uq^;~25ZL�^;L���V;J8K8UWN�Ë�,ÃUWJ8U]K{1�78.\Ñ;�;."L\NHjlL"K{7X,P3WKXKM36NBKv0"UWNBK8."�OVBL2NB0"L
K8V;Jg5kj 1���,;5Z.2�·L2NO7M367{1ZUWNyNOV;�·.2J{1Z�-VBL!^;L"Kg."�OVP367{1ZUWNBKc^;L|0"Le�·Uq^;~25ZL]È@n�5B��1�5�1�78L|L2N¿L ü�L27¡L2N·543�ÍÏ3��@L2V;J&^;Le5kjâ3W^;UW,;7{1ZUWN
^�j V;NÆ365�[@UWJ{1�7{};�·L'L �q,;5�1Z021�78L�,P36J\JM36,;,ÃUWJ{7�Ë'543�,/UWJ8U]K81�78.�0�36J\1�5�[O36JM36N-7{1�7�»�^B36NBK\0"L"K�0"UWNB^�1�7{1ZUWNBKæ»Ã5kjlL �q1ZK{78L2NB0"L¿L27
5kj V;N;1Z021�78.�^;L�543�K8UW5�V;7{1ZUWN�^�V�,;J8UWY;5Z~2�·L�^;L\,;J8U6z{L"027{1ZUWNH»B0"UW���·L�NBUWVBKX365�5ZUWNBKX5ZL��@UW1�J|�¿361�NO78L2NP36N-7�È

acUW���·L2N�E"UWNBK|,P36JeNBUWVBKe,;543W0"L2J|^B36NBKe5kj }-�-,ÃUW7{}B~"K8L\^;L"K�,ÃL27{1�78L"Ke,ÃL2J{7{V;J{YP367{1ZUWNBK�»;^B36NBKe5ZL�0�3W^�J8L�^;L!543W�OVBL25�5ZL
3·.278.�^;.2�@L25ZUW,;,/.�5ZL�ÍÏUWJ{�¿365�1ZK{�·L�^;L"KX�¾+;��ÈÐ+-V;,;,ÃU]K8UWNBKX5ZL"K|."�OVP367{1ZUWNBKv^�V�,;J8UWY;5Z~2�·L¸^;L\,;J8U6zwL"027{1ZUWN�UWY;78L2NOVBL"K
5æÓÎÜ�V;NBL�^�1ZK802J8.27{1ZKM367{1ZUWN�L2N�78L2��,BKXL ��,;5�1Z021�78L\,P36J|JM36,;,ÃUWJ{7vË�543¸,ÃUWJ8U]K{1�78.]ÈÐacL2543�K{1�[]N;1äÑPL��OVHjlUWN�V;7{1�5�1ZKML\543¸�W365ZL2V;J
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^;L�543�,ÃUWJ8U]K{1�78.\^;L!5kj 1�NBK{7M36NO7
t
36V�5�1ZL2V�^;L\0"L25�5ZL\^;Lv5kj 1�NBK87M36NO7

t+ ∆t
»qKÛ3���1ZKML ��Ë(��zwUWV;JeNHj 1�N-78L2J{�@L2NP36NO7��OVHjâË�543�ÑBN

^;L"K�1�78.2JM367{1ZUWNBKe.2543WK878UW,;543WK{7{1Z�OVBL"K�[]5ZUWYP365ZL"KeL2N-7{J8L�5ZL"Kc1�NBK{7M36NO78K
t
L27
t+ ∆t

»-�-VP36NB^�543�0"UWN-�@L2J{[@L2NB0"L�L"K{7cJ8.�365�1ZK8."L]È
�D3��]365ZL2V;J�^;L¿543�,/UWJ8U]K81�78.¿NBL�08}P36N;[@Ly^;UWNB0�,P3WK�^�V;JM36NO7�78UWV;78L�543�,;J8Uq0"."^�V;J8Ly^;L'K8UW5�V;7{1ZUWN*^�VÌ,;J8UWY;5Z~2�·L�^;L
,;J8U6z{L"027{1ZUWN¥L2N-7{J8L�5ZL"K\1�NBK{7M36N-78K

t
L27
t + ∆t

»HËy0M}P3W�OVBL¿,/UW1�N-7�^;L¿�\36VBK8K�È���L"K�,;J8UW,;J{1Z.278."K�^;L�5kjâ365�[@UWJ{1�7{};�·L�^;L
,;J8U6z{L"027{1ZUWN�K8UWN-7X365ZUWJ8KeL �;3W0278L2�·L2N-7|5ZL"Kc�)?2�·L"K�Ø2ÙBÕ�Ú ÓB543�,/UWJ8U]K{1�78.\.27M361�7cÑ;�;."L�^B36NBK�5ZLv78L2��,BKæ»��¿365�[]J8.�543���1ZKML
Ë�z{UWV;JXÑBNP365ZL]ÈÃ�HL"K�,;J8UW,;J{1Z.278."K\^�jlL ��1ZK{78L2NB0"L�L27!^�j V;N;1Z021�78.�^;L¸543'K8UW5�V;7{1ZUWN¾^�V�,;J8UWY;5Z~2�·L�^;L¸,;J8U6zwL"027{1ZUWN¾K8UWN-7\L2N
0"UWNBKM."�OVBL2NB0"L�[O36JM36N-7{1ZL"K�»Ã,/UWV;J!,ÃL2V©�-VHjlUWN¾3W^;UW,;78L�V;N
K80M}B.2�¿3y^;L�^�1ZK802J8.27{1ZKM367{1ZUWN©1���,;5�1Z021�78L�,P36J�JM36,;,/UWJ{7�36V��
36V;7{J8L"K&�]36J{1436Y;5ZL"K¡1�N-78L2J{NBL"K�öF5ZL"K&0"UW��,/U]KÛ36NO78L"K�^;L|543�^;. ÍÎUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBLXL27g5ZLX,P36JM36�·~27{J8Lv^�jl."02J8UWV;1ZK8KÛ36[@L

ε̄
÷ È

d�N�0"UWNB025�VBK81ZUWNH»-UWN',/L2V;7c^�1�J8LX�-VBL�ÝZÕÛÚ!�Ðá��&�Ðá ÓÏà"×pàÛÚ\Ôc/ Õ�(]Ó4Ú2×pÕ Ö��MÕ�Õ"×gÔ0/ ÙqÖBÓ��2ÓÎ×pà�ÔOÕ!Ý�Ü�Ú"�WÝ Ùq×ÎÓ��WÖ�ÔWÙN�Ðá���� Ý����¿Õ�ÔOÕ
�/á1�Uy�Õ��"×ÎÓ��WÖ©Ú Ù-á�Ý�Ü¿ÚÛÙqá%+"Ü'�MÕ�Ô-Õ¶�"=qÜWá�2OÕ�ÔOÕ���ÙqáMÚ �WÖ�Ú �WÖP×U2@ÜWá{ÜWÖP×ÎÓkÕÛÚ*4�Ô��ÛÚ�Ý<�WáMÚ�Ø"Ù;Õ�Ú�ÕÛÚ�à{Ø2Ù;Ü]×ÎÓ��]Ö;Ú�Ú"�]ÖP×����"×pÕ ÖBÙBÕÛÚ
�;ÜWá�Ù-Ö/Õ¿ÔWÓÞÚ"�2á8à2×ÎÓÞÚ2Ü]×ÎÓ��WÖ*Õ2Ö¥×pÕ��#�PÚ¸Ó%�#�ÐÝ Ó��"ÓF×pÕ�5�Ó4Ú�7Ð�	7 5�ÓÞÚ�ÔOÕ Ú����o�f���6Ú2ÜWÖÐ×pÕÛÚ¿ÔOÕ�Ý�Ü�ÔOà�+"�Wá��·Ü]×ÎÓ��WÖ~�ÐÝ�Ü6Ú ×ÎÓÏØ2ÙBÕ'Õ"×|ÔWÙ
�;ÜWáwÜo�)�"×Îá{Õ�Ôc/ à��"á1�WÙqÓÞÚMÚ2Ü:2OÕ&4��·ÜWÓÞÚ�Õ�(&�ÐÝ Ó��2ÓF×pÕF�;ÜWá�á{Ü&�'�$�Wá2× �·Ý�ÜN�$�Wá��6ÚÛÓÎ×pà�û

acL��-V;1H,;J8."0"~"^;L�K8L�,;543W0"L�0"L2,ÃL2NB^B36NO7v^B36NBKv5kj }O�q,ÃUW7{}B~"K8L�^;L"KX,/L27{1�78L"KX,/L2J{7{V;J{YP367{1ZUWNBK�ÈÐmvUWVBKvK8UW���·L"KX^;UWNB0
L2N
^�J8UW1�7v^;L\NBUWVBKv^;L2�¿36NB^;L2J!K81H5ZL\J8."K{V;5�7M367!UWY;78L2NOV©K{V;J|5kjlL ��1ZK{78L2NB0"L�L27|5kj V;N;1Z021�78.�^;L�543�KMUW5�V;7{1ZUWN�^�V�,;J8UWY;5Z~2�·L
^;L|,;J8U6zwL"027{1ZUWN¿K8V;YBK{1ZK{78L|L2N�,;J8."K8L2NB0"LX^;L"Kg[]JM36NB^;L"Kg7{JM36NBK{ÍÎUWJ{�¿367{1ZUWNBK&L27¡^;L"K�[]JM36NB^;K¡^;.2,;543W0"L2�·L2N-78K��OV;1BL ��1ZK{78L2NO7
78UWVWz{UWV;J8KXL2N�J{V;,;7{V;J8L�^�VB027{1�5ZL]ÈPt�UWV;JXJ8.2,ÃUWNB^�J8L�Ë�0"L27{78L��-VBL"K{7{1ZUWNH»;1�5�NBUWVBK|ÍÏ36V;7|L �B36��1�NBL2Jv^;L\�qL25�5ZL\�¿36N;1Z~2J8L�543
,;J8."KML2NB0"L�^;L"KX[]JM36NB^;K!^;.2,;543W0"L2�·L2N-78K�L27v^;L"Kv[]JM36NB^;L"KX7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK\3(üÃL"0278L�5kj 1���,;5Z.2�·L2NO7M367{1ZUWN¾N-V;�·.2J{1Z�OVBL
^�V��·U-^;~25ZL]È

��3\,;J8."K8L2NB0"Lv^;L"K�[]JM36NB^;L"K&7{JM36NBKwÍÎUWJ{�¿367{1ZUWNBK�361�NBK{1P�-VBL|^;L"K¡[]JM36NB^;K¡^;.2,;543W0"L2�·L2NO78Ke3�V;N'^;UWV;Y;5ZL|1���,P3W027&K8V;J
5kj 1���,;5Z.2�·L2N-7M367{1ZUWNÇNOV;�·.2J{1Z�-VBL�^�V��·Uq^;~25ZL]ÈÐtgJ8L2��1Z~2J8L2�·L2NO7�»�5ZL"K!."�OVP367{1ZUWNBK!^�jl."�-V;1�5�1�Y;J8L¸^;UW1��@L2N-7�?27{J8L�J8."K8UW5�VBL"K
K8V;J&543¸0"UWN�ÑB[]V;JM367{1ZUWN�3W027{VBL25�5ZL·öÞÍÏUWJ{��V;54367{1ZUWN�L2V;5Z.2J{1ZL2N;NBLæ÷ »;0]jlL"K{7w��Ë(�p^�1�J8L�Ë�5kj 1�NBK{7M36NO7cÑBNP365

t+ ∆t
^;Lv5kj 1�NO78L2J{�]365�5ZL

^;L�78L2��,BK
[t, t+ ∆t]

0"UWNBK{1Z^;.2J8.]ÈPacL2543�L"K87eJ8.�365�1ZK8.�L2N�3W027{VP365�1ZKM36NO7|543¸[@."UW�·.27{J{1ZL�Ë�0"L27e1�NBK87M36NO7XL27eL2N�0�365Z02V;5436NO7
5ZL"K�^;.2J{1��@."L"K�^;L"K�ÍÏUWNB027{1ZUWNBK�^;L¸ÍÎUWJ{�·L�K8V;J�0"L27{78L·[@."UW�·.27{J{1ZL¿3W027{VP365�1ZK8."L]ÈDacL27{78L�UW,Ã.2JM367{1ZUWNÆK�jlL ü�L"027{VBL�V;NBL¸ÍÎUW1ZK
,ÃUWV;J�78UWV;78L"K�36VÆ^;.2Y;V;7¸^;L¿08}P3W�-VBL·1�78.2JM367{1ZUWN*.2543WK{78UW,;543WK{7{1Z�-VBL·[]5ZUWYP365ZL]È���3�[@."UW�·.27{J{1ZL'L"K{7�^;UWNB0�Ñ;�;L·^�V;JM36NO7
78UWV;78L·543¿,;J8Uq0"."^�V;J8L·^;L�K8UW5�V;7{1ZUWNÇ^�V¾,;J8UWY;5Z~2�·L¿^;L�,;J8U6z{L"027{1ZUWN¥Ëy0M}P3W�OVBL�,ÃUW1�NO7�^;L·�\36VBKMK�ÈHacL27{78L�,;J8U-0"."^�V;J8L
NHjlL"K87!,P3WK�3(ü�L"0278."L¸,P36J�5ZL�Ík361�7\�OVBL�543'[@."UW�·.27{J{1ZL·361�7\.278.�3W027{VP365�1ZKM."L�UWV
NBUWNHÈÃn�5�K�jlL2NBK{V;1�7��OVBL¸5kjâ3W027{VP365�1ZKM367{1ZUWN
^;Lv543�[@."UW�·.27{J{1ZL!NBLvKM36V;JM361�7��·Uq^�1äÑPL2Je^;L"K¡,;J8UW,;J{1Z.278."K��¿367{}B.2�¿367{1Z�-VBL"K|^;Lv5kjâ365�[@UWJ{1�7{};�·L�78L25�5ZL"Kc�-VBLv5kjlL �q1ZK{78L2NB0"L
L27X5kj V;N;1Z021�78.�^;L\543�K8UW5�V;7{1ZUWNHÈ

��3�^;L2V��q1Z~2�·L\0"UWNBKM."�OVBL2NB0"L��-VBL![@.2NB~2J8L�543¸,;J8."K8L2NB0"L\^;L"K�[]JM36NB^;L"Ke7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK|L27|^;L"K�[]JM36NB^;K|^;.2,;543(�
0"L2�·L2N-78K�J8."K{1Z^;L�^B36NBK�5kjâ36,;,P36J{1�7{1ZUWNÄ^�j V;NBL�^;.2J{1��@."LyUWY�zwL"027{1��@L�78L2��,ÃUWJ8L25�5ZL'^�VÌ78L2NBK8L2V;J�^;L"K¸0"UWN-7{JM361�NO78L"K·^B36NBK
543�5ZUW1e^�j }O�q,ÃU-.2543WK{7{1Z021�78.]ÈgacL2,ÃL2NB^B36NO7�»�NBUWVBK�3��@UWNBK��-V*,;5�VBK¸}P36V;7��OVBL�5ZL'78L2J{�·L�K8V;,;,;5Z.2�·L2NO7M361�J8L�,;J8Uæ�@L2NP36NO7
^;L¸543'^;.2J{1��@."L�UWY�zwL"027{1��@L�^B36NBK!5kjlL ��,;J8L"K8K{1ZUWN¾^;L�5kj 1�NB02J8.2�·L2N-7�^;L¸0"UWNO7{JM361�NO78L·,/L2V;7Ý?27{J8L�0"UWNBK{1Z^;.2J8.�0"UW���·L�V;NBL
,;J8. �p0"UWJ{J8L"027{1ZUWN�^�V'78L2NBK8L2V;Jc^;L"K&0"UWNO7{JM361�N-78L"Ke0�365Z02V;5Z.v.2543WK{7{1Z�-VBL2�·L2NO7�öF,;J8."^�1Z0278L2V;J�.2543WK{7{1Z�-VBLæ÷ »-�-V;1B,ÃL2V;7¡5�V;1�?27{J8L
3(z{UWV;78."LvV;NBL|ÍÏUW1ZK¡,ÃUWV;J¡78UWV;78L"Ke36Vy^;.2Y;V;7c^;L!08}P3W�-VBLv1�78.2JM367{1ZUWNy.2543WK878UW,;543WK{7{1Z�OVBL]Èq��3�,;J8U-0"."^�V;J8L�^;LvK8UW5�V;7{1ZUWN�^�V
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,;J8UWY;5Z~2�·L\^;L!,;J8U6z{L"027{1ZUWN�L2Ny0M}P3W�OVBL!,ÃUW1�NO7e^;L��\36VBK8K�L"K{7�^;UWNB0!1�NB^;.2,/L2NB^B36N-78L\^�V'Ík361�7��OVBL�0"Lv78L2J{�·L!KMUW1�7c,;J{1ZK
L2Ny0"UW��,;78L\UWV�NBUWNH»-^;L�K8UWJ{78L!�OVHj 1�5ÃL"K{7�KM36NBK�L üÃL27�K{V;Jc5kjlL �q1ZK878L2NB0"LvL27c5kj V;N;1Z021�78.\^;LX543�K8UW5�V;7{1ZUWN�^�V�,;J8UWY;5Z~2�·L\^;L
,;J8U6z{L"027{1ZUWNHÈ

d�NÇ0"UWNB025�VBK{1ZUWNH»�UWN©,/L2V;7�3(ã·J{�·L2J��-VBL�ÝäÜ-�Ðá{à Ú"Õ Ö��ÛÕyÔOÕÛÚN2WáwÜ]ÖÐÔ6Ú·ÔOà8�ÐÝ�Ü'�MÕ��¿Õ ÖÐ×FÚ�Õ2×XÔOÕÛÚN2Wá{ÜWÖÐÔOÕ Ú�×Îá{ÜWÖ;Ú,+"�]á&7
�·Ü]×ÎÓ��WÖ;Ú�Ö�/ Ü�ÜWÙ$�"Ù-ÖÄÕFßvÕ2×cÚÛÙqá¸Ý�/ Õ�(WÓÞÚ ×pÕ Ö��MÕ'Õ"×�Ý�/ Ù-ÖPÓ��2ÓÎ×pà�ÔWÙ.�Ðá���� Ý����¿Õ·ÔOÕ#�Ðá1��y"Õ���×ÎÓ��WÖÆÚÛÙqá�Ý�Ü�Ú Ù-á,+2Ü��MÕ·ÔOÕ)��=qÜWá�2OÕ
Ô-Õ���Ù-áÛÚ"�]Ö�4�Ô@Ü]Ö;Ú�Ý�Ü~�¿ÕÛÚÛÙqá{Õ.� �
Ý�Õ�×pÕ2á&�¿Õ�Ú Ù3�'�/Ý�à��¿Õ ÖÐ×kÜWÓÞá8Õ#�/á1�	5WÕ ÖÐÜWÖP×|Ô-Õ¸ÝäÜ�ÔOà á Ó%56àMÕ.���fy"Õ���×ÎÓ%56Õ'Õ ÖÆ×pÕ��#�PÚ�ÔWÙ
×pÕ2Ö;Ú"Õ Ùqá¸Ô-Õ6���]ÖP×ÎáwÜ]ÓÞÖP×pÕ�ÔOÜWÖ;Ú\ÝäÜ¿Ý<�WÓ¡Ô0/ =>�&�$�æà Ý�Ü6Ú ×ÎÓ��2ÓÎ×pà�ÕÛÚ ×�ÔWÓÞÚ"�2á8à2×ÎÓÞÚ"àÉ��ÜWá�Ù-Ö�Ú"��=;à��·ÜyÕ�(&�ÐÝ Ó��2ÓÎ×pÕ�û

�HL�J8."K8V;5�7M367�L"KMK8L2NO7{1ZL25�9ÐL ��1ZK{78L2NB0"L¸L27vV;N;1Z021�78.¸^;L�543¿K8UW5�V;7{1ZUWN©^�V
,;J8UWY;5Z~2�·L¸^;L�,;J8U6z{L"027{1ZUWNH»/K8V;YBK{1ZK{78L�^;UWNB0
L2N�[]JM36NB^;L"K|7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBKXL27|[]JM36NB^;KX^;.2,;543W0"L2�·L2NO78K�È
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50
»Ð^;L�������,ÃUWV;J|543�bDu

30
L27X^;L�ý�ÈâÀ]À
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50 Ö Ë2ÇrÄ ÂrÆ2Â�Ð�×	Ø(ÇrÑUÇNÎÙÈ�Ä ÂªË�ÎKÏ�ÃÅÒ�ÇKÚ2Û Ü ÂhÒ�Â�ÃÅÄ�Ä ÇrË2Ç�È�ÝwÂ2Ã�Ä�Ä Ç�È7Ë�ÐXÄ Ã Æ�Â�Ý
ÇNÊkÒ
Ç�ÈfÒ¶Ë2ÇwÞ�ß2ß

µ
Ý

����,ÃUWV;J�543�bDu
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È��HL"K�JM3��@UWNBK|^;L!,;J8. ÑPK8K{V;JM367{1ZUWNH»;K8UWN-7�,;J{1ZK�J8L"K{,/L"027{1��@L2�·L2N-7|.2[O36V��yË���ý�ÈâÀ�����»�À�Èâý¸����L27
Â¿����È

��3�^�1ZK802J8.27{1ZKM367{1ZUWN¾L2N�,ÃUW1�NO78L�^;L�ÑPK8K{V;J8L�7{1ZL2NO7\0"UW��,;78L�^;L�5kjl.27{VB^;L�¹ldc+qnÛ»H��¼]¼]�W½pÈÐd�N¾36J{J{1Z~2J8L�^;L¸543�ÑPK8K8V;J8L]»
L25�5ZL!L"K{7&JM3"�@UWN;NP36NO78L�3��@L"0vKML"0278L2V;Jc36N;[]V;54361�J8L�^�1��-1ZKM.XL2N¿Â�,/UWV;J&Y;1ZL2N'J8L2,;J8."KML2NO78L2J�5ZL"K¡[]JM3W^�1ZL2N-78K�^;Lv0"UWN-7{JM361�NO78L"K
L27&^;L|^;. ÍÎUWJ{�¿367{1ZUWNBK&7{J8~"Kg1���,ÃUWJ{7M36NO78K�^B36NBK&0"L27{78LeÒ�UWNBL]ÈOt±36J{��1P5ZL"K&�OVP367{J8Le�¿361�5�5ZL"K�z{UWV��q7M36N-7¡5ZL�ÍÏUWNB^·^;L�ÑPK8K8V;J8L
^;UWN-7g5ZL"K±N���VB^;Kg1�N-78L2J{�·."^�14361�J8L"K¡K8UWN-7gJ8L2,ÃUWVBK8K8."Kg36V·�-VP36J{7�»]UWN·^�1ZK{7{1�N;[]VBLe^;L2V����-VP3W^�J{1�543678~2J8L"K¡�-VP3WK{1ä�p^;.2[@.2NB.2J8."K
L27e^;L2V��¿7{J{1436N;[]5ZL"KæÈq��LXJ8øW5ZL�^;L"Kc,;J8L2��1ZL2J8KeL"K{7�^;LX,ÃL2J{�·L27{7{J8L!543�J8L2,;J8."KML2NO7M367{1ZUWN�^;Lv5kjl.2�·UWVBK8K8L2�·L2NO7�»�5ZL"KcN���VB^;K
�-VP3WK{1ä�p0"UWN�ÍÏUWNB^�VBK�Kæjl."0�36J{78L2NO7�36V¥0"UWV;J8K�^;L¿543�^;. ÍÏUWJ{�¿367{1ZUW1�NHÈD_�L2�]36NO7�543�ÑPK8K{V;J8L]»�543�^�1ZK802J8.27{1ZKM367{1ZUWN*0"UW��,/UWJ{78L
^;L"KX.25Z.2�·L2NO78K!0�36J{J8."K|1Z^;L2NO7{1Z�-VBL"K�È
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¨m©·«ª¬ �]Èâ��­x¯
ÜWÓFÝÞÝ�Ü32OÕ�Õ Ö��$�WÓFÖP×pÕ�ÔOÕ¾��ÚMÚ Ù-á8Õ¸Ü	56Õ��à^«�·ÜWÓFÝÞÝZÕÛÚ�Ô'�WÖÐ×gÝZÕÛÚ�Ö_ácÙ;Ô6ÚvÚ �WÖP×¡á{Õ8���WÙOÚÛÚ"àÛÚ�ÜWÙ�Ø2Ù;ÜWá2×pû
��L�08}P36J{[@L2�·L2N-7v^;L"K|.2,;J8UWV;�@L27{78L"K!0"UWNBK{1ZK{78L\L2N�V;N�^;.2,;543W0"L2�·L2N-7vV;N;1äÍÏUWJ{�·L��@L2J{7{1Z0�365�1���,ÃU]K8.�Ë¸78UWVBKe5ZL"K�N���VB^;K
^;L¸543·ÍÏ3W0"L¸K{V;,Ã.2J{1ZL2V;J8L�^;L�543¿,ÃUWJ{7{1ZUWN©^�jl.2,;J8UWV;�@L27{78L��·Uq^;.25�1ZK8."L]»/5ZL"K!N���VB^;K\K{1�7{VB."K�^B36NBK!5ZL�,;5436N¾^;L�K{�q�·.27{J{1ZL
.27M36N-7XY;5ZUq�OVB."Kv3(�q14365ZL2�·L2N-7�È

�HL"K�0�365Z02V;5ZKcKMUWNO7&L ü�L"027{VB."K�L2N'.2543WK{78UW,;543WK87{1Z021�78.v[]JM36NB^;L"Kc7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBKe3"�@L"0!V;NBL|�@L2J8K81ZUWN',;J8UW78UW7��-,ÃL�^;L
+-��K{7{VBK¡1�NB025�VP36NO7¡5ZL"K¡�@L2J8K{1ZUWNBK&5ZU-0�365ZL|L27¡NBUWN¿5ZUq0�365ZL|^�V·�·Uq^;~25ZLX^;Lv�!V;J8KMUWN¿K{7M36NB^B36J8^�»OL2N'UW,;7{1ZUWN¿Y;1Z^�1��·L2NBK{1ZUWN��
NBL25�5ZL�3(��1ZK{�-�·.27{J{1Z�-VBL]È/��3·�]365ZL2V;J�^;L

δ
^;L���ÈâÀ�»ÐL27�0"L25�5ZL¸^;L

fc
L"K{7v^;L

5 × 10−4 ÈP_\36NBK!5ZL�0�3WK!^;L"K!0�365Z02V;5ZKvNBUWN
5ZUq0�36V���»Ã543¿�]365ZL2V;J�^;L�543'5ZUWN;[]VBL2V;J�0�36JM3W0278.2J{1ZK{7{1Z�-VBL·^;L�543'��1Z02J8U]K{7{J{VB027{V;J8L

b
L"K{7�,;J{1ZK8L�.2[O365ZL·Ë'ÂO�]�

µ
� ,/UWV;J

V;NBL�7M361�5�5ZL�^;L\�¿361�5�5ZL�^;L��]�]�
µ
��^B36NBKX543¸Ò�UWNBL�^�V�5�1�[O36�·L2NO7�È

� <Oè(G � é�?�é�è q I-è¿èæC�y©G � ?�éæC S ADè'A�GtyÇ< ç CFEHGDIOè·IOé q CÞèæ>OG�èæèæC S ADè �HL"KeÑB[]V;J8L"K¸¹��]Èâx(½�0"UW��,P36J8L2N-7�5ZL"K|J8."K{V;5�7M3678K
N-V;�·.2J{1Z�OVBL"KXUWY;78L2NOVBK�,ÃUWV;J&543¸0"UWV;J{YÃLv^;L�08}P36J{[@L!ÍÏUWJ80"L �p^;.2,;543W0"L2�·L2NO7!36V��'^;UWN;NB."L"KeL �q,Ã.2J{1��·L2NO7M365ZL"KæÈq�D3�0"UW���
,P36JM361ZKMUWNÇL �q,Ã.2J{1ZL2NB0"L:960�365Z02V;5ZK\NOV;�·.2J{1Z�-VBL"K\L"K{7�7{J8~"K!Y/UWN;NBL�3��@L"0�5ZL��·Uq^;~25ZL¸5ZU-0�365|öÏË'7M361�5�5ZL�^;L��¿361�5�5ZL�Ñ;�;."L�Ë
À]�]�

µ
�'÷&Y;1ZL2N��OVBL�5ZL"KXJ8."K{V;5�7M3678KeNOV;�·.2J{1Z�-VBL"K!^;.2,/L2NB^;L2N-7v^�V��¿361�5�5436[@L]È
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DEPLACEMENT [mm]¨ª©·«ª¬ �]Èâx�­�u!�o�f�;ÜWáwÜ]Ó4Ú �WÖ �8ÜWÝ<�2ÙqÝºÚ�ÖBÙ°�·à2áÛÓÏØ2ÙBÕÛÚ	â�Õ�(&�;à á ÓÏÕ2Ö��MÕÛÚ)7ma0�Wá��MÕ·Õ Ö�+ �WÖ��"×ÎÓ��WÖÇÔWÙ¾ÔOà8�ÐÝ�Ü'�MÕ"�·Õ2ÖP×t�$�WÙqá�ÙqÖ/Õ
×kÜ]ÓÞÝFÝ�Õ|ÔOÕ �·ÜWÓFÝÞÝZÕeÔOÕ

200 µ
� Õ"×ÃÙ-Ö/ÕXÔWÓÞÚ ×kÜWÖ��ÛÕ|ÔOÕXÔOà Ý<�3�8ÜWÝ Ó4Ú"Ü]×ÎÓ��WÖ�ÔOÕ

400 µ
�äã��8ÜWÝ<�2ÙqÝºÚeÖBÙ°�¿à á ÓÎØ2ÙBÕÛÚc��ÜWáXà ÝZà��¿Õ ÖP×FÚ

�¡ÖBÓ4Ú�Ü	56Õ���Ý�Õ��)��Ô�� ÝZÕ�Ý<�3�8ÜWÝHÔOÕ¡��Ù-áÛÚ"�]Ö�Ú ×kÜWÖ/Ô@ÜWá{ÔZ¼kÝ Ó»2]Ö/ÕÛÚÝ�*�WÖP×ÎÓFÖBÙ;Õ ÚN½¿Õ2×¡Õ�(&�;à2áÛÓkÕ Ö��MÕ Ú�¼»�$�WÓFÖP×FÚ\ÔWÓ4Ú �2á8Õ2×FÚN½·Ô@ÜWÖ;ÚvÝ�Õ
�MÜ6Ú�ÔOÕÛÚ¸à8�/á1�WÙ°56Õ2×Ï×pÕ ÚZåIæ¸]ç³è¼ �G2@ÜWÙ���=�Õ ½yÕ2×éå�æ/ê�ëx¼Ð�'Ô]á1�WÓÎ×pÕ�½
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_!L¡5kjâ36V;7{J8L&0"øW78.]»(5ZL"KHJ8."K8V;5�7M3678KDUWY;78L2N-VBK±3��@L"0¡5ZL¡�·U-^;~25ZL&NBUWN�5ZUq0�365/öÞÑB[]V;J8L!¹â��È����(½F÷HY;1ZL2N��-VHj 1�NB^;.2,/L2NB^B36N-78K�^�V
�¿361�5�5436[@L]»�K8UWN-7&�·."^�1ZUq02J8L"K�Èqd�N'L ü�L27�»-543�08}P36J{[@L!,;J8."^�1�78Lv,P36J&5ZL"Kc0�365Z02V;5ZK&NOV;�·.2J{1Z�-VBL"K�J8L"K{78LX�-VP3WK{1ä�pK{7M367{1ZUWN;NP361�J8L
L27v08}OV;78L�7{J8UW,�Y;J{V;7M365ZL2�·L2NO7�Ë�,P36J{7{1�JX^�j V;N�1�NBK87M36NO7X^;UWN;NB.]È

_!L�,;5�VBK�»P5kjlL2NB^;UW���¿36[@L2�·L2NO7�NHjlL"K{7v,P3WK!�¿3(�q1��¿365±L2N�ÍÏUWNB^�^;L�ÑPK8K{V;J8L¸L27X543¿J{V;,;7{V;J8L�KæjlL üÃL"027{VBL�Ér36V��p^;L254Ë(Ê
^�VyÍÎJ8UWNO7v^;L!ÑPK8K{V;J8L�¹l_�L2�yÁ«�
UW7�»H��¼]¼]�6½Où;0"L\�-V;1�L"K{7e1�NB0"UWJ{J8L"027�ÈPdgN�ÑBNH»;5ZL�,/UW1�N-7|^�jâ36�·UWJ�E�36[@L�L"K{7�J8L27M36J8^;.\,P36J
JM36,;,ÃUWJ{7v36V�0�3WKXKM36NBK|^;.25ZUq0�365�1ZKM367{1ZUWNHÈ
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 DEPLACEMENT [mm]¨ª©·«ª¬ �]Èº��­�u!�o�f�;ÜWáwÜ]Ó4Ú �WÖ �8ÜWÝ<�2ÙqÝºÚ�ÖBÙ°�·à2áÛÓÏØ2ÙBÕÛÚ	â�Õ�(&�;à á ÓÏÕ2Ö��MÕÛÚ)7ma0�Wá��MÕ·Õ Ö�+ �WÖ��"×ÎÓ��WÖÇÔWÙ¾ÔOà8�ÐÝ�Ü'�MÕ"�·Õ2ÖP×t�$�WÙqá�ÙqÖ/Õ
×kÜ]ÓÞÝFÝ�Õ|ÔOÕ �·ÜWÓFÝÞÝZÕeÔOÕ

200 µ
�åÕ2×HÙ-Ö/Õ|ÔWÓ4Ú2×kÜWÖ��MÕXÔOÕ|Ô-à Ý»�:�8ÜWÝ Ó4Ú"Ü]×ÎÓ��]Ö�ÔOÕt^_ëÀë

µ
�ìã��8Ü]Ý»�2ÙqÝ Ú�ÖPÙ>�¿à á ÓÎØ"Ù;ÕÛÚc��ÜWáXà ÝZà��¿Õ ÖP×FÚ

�¡ÖBÓ4Ú�Ü	56Õ���Ý�Õ��)��Ô�� ÝZÕ���ÙqáMÚ �WÖ�Ö��]Ö�Ý»�:�8ÜWÝr¼kÝ Ó»2]Ö/ÕÛÚÝ�*�WÖP×ÎÓFÖBÙ;Õ ÚN½¿Õ2×&Õ�(&�Bà áÛÓkÕ Ö��ÛÕÛÚ�¼»�$�]ÓÞÖP×FÚ�ÔWÓ4Ú �2á8Õ2×FÚN½·Ô@ÜWÖ;Ú!Ý�Õ6�8Ü6Ú�ÔOÕÛÚ
à �Ðá1�]Ù>56Õ"×Ï×pÕÛÚZåIæ¸]ç³è¼ �G2@Ü]Ù$��=;Õ�½yÕ2×éå�æ/ê�ë¹¼ ��ÔWá1�]ÓF×pÕ�½

fXNBL|36NP365���K8L�^;.27M361�5�5Z."L|^;Lc543�^�1ZK{7{J{1�Y;V;7{1ZUWN·^;L�,ÃUWJ8U]K{1�78.�^B36NBK�5ZLc5�1�[O36�·L2NO7¡K{1�7{VB.e^;L2�]36NO7�543v,ÃUW1�NO78Le^;LcÑPK8K8V;J8L
�]3\NBUWVBKc,ÃL2J{�·L27{7{J8Lv^;L!0"UW��,;J8L2NB^�J8L�0"L"Kc7{J8UW1ZK&^;L2J{N;1ZL2J8Kc,ÃUW1�NO78Ke3(ÑBN�^;Lv,;J8UW,ÃU]K8L2J&V;NBLvK8UW5�V;7{1ZUWN�Ë\�)?2�·L!^;LX5ZL"K
.25�1���1�NBL2J�È

��3vÑB[]V;J8L\¹��]ÈâÀ(½B,;J8."K8L2NO78L�5ZL"K�.2�@UW5�V;7{1ZUWNBK¡78L2��,/UWJ8L25�5ZL"K¡^;L&543!,ÃUWJ8U]K{1�78.�^B36NBK�^�1��@L2J8K8L"K��¿361�5�5ZL"Kg5ZU-0�365�1ZK8."L"K�^B36NBK
0"L|5�1�[O36�·L2NO7�»@,ÃUWV;J�5ZL"K¡^;L2V����·Uq^;~25ZL"K�»@^B36NBK�5ZL|0�3WK¡^;L�5kjl.2,;J8UWV;�@L27{78LXb�u¸����Èq`vN·0"UWNBK87M3678L|�OVBL|5ZL&É�^;."0"UW5�5436[@L ÊX^;L
543\,/UWJ8U]K{1�78.|NBL|K�jlL ü�L"027{VBLe,P3WK¡36V����)?2�·L"Kg1�NBK{7M36N-78K&36V���^�1äüÃ.2J8L2N-78K¡,ÃUW1�NO78K&^B36NBKg5ZLe0�365Z02V;5Ð5ZU-0�365k»O365ZUWJ8K¡�OVHj 1�5PL"K87
�-VP3WK{1ä�pK{1���V;5�7M36NB.\Ë�78UWVBK&5ZL"K¡,ÃUW1�NO78K�^B36NBKc5ZLX0�365Z02V;5/NBUWN�5ZU-0�365kÈ;acL"021Ð1���,;5�1Z�-VBL!�OVBLv543�^�1ZK{7{J{1�Y;V;7{1ZUWN�^;Lv,/UWJ8U]K81�78.
,;J8."^�1�78L�,P36J�5ZL¸�·Uq^;~25ZL�5ZUq0�365�^;L2�-1ZL2N-7\7{J8~"K!}B.278.2J8UW[@~2NBL¿36V¾0"UWV;J8K!^�V©78L2��,BK�»/7M36NB^�1ZK��-VBL¸0"L25�5ZL¸UWY;78L2N-VBL¿3"�@L"0
5ZL��·U-^;~25ZL\NBUWN�5ZU-0�365HJ8L"K878L\,;J8L"K8�-VBL\}BUW�·UW[@~2NBL�,ÃL2NB^B36NO7v5ZUWN;[]78L2��,BKX^;L�K8UWJ{78L��OVBL\5ZL"K|7M36V���^�jâ3W0"02J8UW1ZKMK8L2�·L2NO7
^;L�543
,ÃUWJ8U]K{1�78.y^B36NBK�0"L�5�1�[O36�·L2NO7·J8L"K{78L2N-7�ÍÏ361�Y;5ZL"K�L27��-VP3WK{1cNOV;5ZK�È�n�5eK�jlL2NBK{V;1�7��OVBL�543�J{V;,;7{V;J8L�^�V*5�1�[O36�·L2NO7
KæjlL üÃL"027{VBL�7{J8~"Ke[]JM3W^�VBL25�5ZL2�·L2NO7�3"�@L"0�5ZL\�·Uq^;~25ZL\5ZU-0�365�365ZUWJ8KX�-VHjlL25�5ZL�L"K{7|Y;J{V;7M365ZL¸3"�@L"0�5ZL��·U-^;~25ZL\NBUWN�5ZU-0�365k»B543
,ÃUWJ8U]K{1�78.\02J{1�7{1Z�-VBL

fc
�¿36J8�-VP36NO7e5ZL\^;.2Y;V;7|^;L!543¸0"U@365ZL"K80"L2NB0"L�.27M36N-7X367{78L21�NO78L\,;J8L"KM�OVBL�K{1���V;5�7M36NB.2�·L2NO7vL2N�78UWVBK

5ZL"K|,/UW1�N-78K�È
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DEPLACEMENT [mm]¨ª©·«ª¬ �]ÈâÀx­�í|à8��ÜWá2×ÎÓÎ×ÎÓ��WÖëÔOÕyÝ�Ü��$�Wá��6Ú ÓF×pà�Ô@ÜWÖ;Ú�Ý�ÕÛÚ �·ÜWÓÞÝFÝZÕÛÚ�Õ ÖëÜ	�)�WÖP×\ÔOÕyÝ�Ü��$�]ÓÞÖP×pÕ�ÔOÕà��ÚÛÚÛÙqá{Õx7/¯«�æÔ�� ÝZÕ�ÔOÕ
��ÙqáÛÚ"�WÖ
Ý»�:�8ÜWÝh¼Ð�G2@ÜWÙ���=�Õ�½yÕ"×t¯«�æÔ�� ÝZÕ�Ô-Õ���ÙqáÛÚ"�WÖ
Ö��WÖ
Ý»�:�8ÜWÝh¼Ð�'Ô]á1�WÓÎ×pÕ�½

��3X0M}OV;78L�7{J8UW,¸Y;J{V;7M365ZL&^;L&543v0"UWV;J{Y/L¡ÍÎUWJ80"L �p^;.2,;543W0"L2�·L2N-7gL"K{7±^;UWNB0&^�VBL�ËeV;N¸5�1ZK8KM36[@LcL ��0"L"KMK{1äÍB^;L¡543X,/UWJ8U]K81�78.
36V©0"UWV;J8K!^�V�78L2��,BK�È/np5DK�jâ36[]1�7v�¿361�N-78L2NP36NO7\^;L¸0"UW��,;J8L2NB^�J8L�,ÃUWV;J8�OVBUW1�5kjl."�-VP367{1ZUWN
^�jl.2�@UW5�V;7{1ZUWN©NBUWN�5ZUq0�365ZL¸^;L
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±f²Nî © ­¸ôFß�Ú�¬Pï�µ-Lëß8ñ*¬^¬PôpP|ï�µ�ï�ß8ô²ó ´eî�´f¬Pñwõ ×
�HL�Y;V;7e^;L!0"L27{78L\KML"027{1ZUWN�L"K{7c^;L�,;J8UW,ÃU]K8L2J�V;NBL�L �q,;5�1Z0�367{1ZUWN�7{}B."UWJ{1Z�OVBL\^�Vy,;}B.2NBUW�·~2NBL�^;L!5�1ZK8KM36[@L�L �;0"L"K8K{1äÍ

^;L�543�,/UWJ8U]K81�78.��OV;1�J8."K{V;5�78L�^;L\5kjl."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN
NBUWN�5ZUq0�365ZL·¹��]Èâý]�(½pÈP�c1ZL2N��-VBL�[]J8U]K8K{1Z~2J8L�L27|�OVP365�1�7M367{1��@L]»
0"L27{78L�L �q,;5�1Z0�367{1ZUWN
K8L2JM3�K{V�ã¿KM36N-78L\,/UWV;JvK{V;[][@.2J8L2J|V;N�J8L2�·~"^;L�L ã¿0�3W0"L�36V�,;J8UWY;5Z~2�·L]È

d�N�0"UWNBK{1Z^;.2JM36N-7|5ZL"Ke,P36J{7{1ZL"KcÉp�·Uæ�@L2N;NBL Ê�L27|^;.2�-143678UWJ{1Z�-VBL\^;L�543¸5ZUW1H^�jl."0"UWV;5ZL2�·L2NO7�¹��]Èâý]ý(½
1
L27|L2N�.25�1���1�NP36NO7

5ZL���V;5�7{1�,;5�1Z0�3678L2V;J!,;543WK{7{1Z�OVBL
η
»�NBUWVBKXUWY;78L2NBUWNBK�9

öw�]Èº�(Â-÷ Dp
m

Dp
eq

=
p

2

σ̄

σeq
sinh

(
3

2

σm

σ̄

)

U	®
Dp

m ≡ 1
3

7{J
Dp L27

Dp
eq ≡

(
2
3 D

p
ij
′
Dp

ij
′
)1/2 ö

Dp ′ ≡ ^;.2�q143678L2V;JX^;L
Dp ÷cK8UWN-7eJ8L"K{,/L"027{1��@L2�·L2N-7|5ZL"K�7M36V���^;L

^;. ÍÏUWJ{�¿367{1ZUWNÆ,;543WK87{1Z�OVBL��·Uæ�@L2NÆL27�."�-V;1��W365ZL2N-7�ÈD+-1�5kjl."�-VP367{1ZUWN¥^�jl.2�@UW5�V;7{1ZUWNÆ5ZUq0�365ZL�¹��]Èâý6ÂW½&L"K{7\V;7{1�5�1ZKM."L�,/UWV;J�543
,ÃUWJ8U]K{1�78.]»Ð543¿0"UW��Y;1�NP361ZK8UWN¾^;L�0"L27{78L¸."�-VP367{1ZUWN
L27!^;L�543¿J8L254367{1ZUWNÌ¹��]Èº�(ÂW½�^;UWN;NBL�öÎL2N�NBL¸0"UWNBK{1Z^;.2JM36NO7�»/,ÃUWV;J!^;L"K
JM361ZKMUWNBKX^;L\K{1���,;5�1Z021�78.]»Ð�OVBL�543¸,;}P3WK8L�^;L�,;J8. �p0"U@365ZL"K80"L2NB0"L]»/36V�0"UWV;J8Kv^;L\543W�-VBL25�5ZL

f∗ = f
L27
p = qf

÷!9
öw�]Èº�W�@÷

ḟ = kfDp
eq , k ≡ 3q

2
(1 − f)

σ̄

σeq
sinh

(
3

2

σm

σ̄

)

.

hvL2��,;543W0"L2J±5kjl."�OVP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN�5ZUq0�365ZLv¹��]Èâý6ÂW½�,P36J±5kjl."�OVP367{1ZUWN�NBUWN¸5ZU-0�365ZL!¹��]Èâý]�(½BL"K{7D."�-V;1��W365ZL2N-7gË|J8L2��,;543W0"L2J
5kjl."�-VP367{1ZUWN¥¹��]Èº�W�(½

1
,P36J

öw�]Èº�Wx@÷
ḟ(x, t) =

1

C(x)

[
χ ∗ (kfεp

eq)
]
(x, t)

U	®�5ZL�K{�q��YÃUW5ZL ∗ J8L2,;J8."K8L2NO78L�5ZL�,;J8Uq^�V;1�7v^;L�0"UWN-�@UW5�V;7{1ZUWN�ùP5ZL"Kv^;.2,/L2NB^B36NB0"L"KX,P36JXJM36,;,ÃUWJ{7vË�543�,ÃU]K{1�7{1ZUWN�L27v36V
78L2��,BKvK8UWNO7!3(zwUWV;78."L"Ke1Z021�Ë¸7{1�7{J8L\1�NB^�1Z0�367{1äÍ�,/UWV;JX^;L"K|JM361ZK8UWNBK|^;L�025436J{78.]È

t�36Je543¸K{V;1�78L]»qNBUWVBK�1�NO7{J8Uq^�V;1ZK8UWNBKe5kjâ36,;,;J8U��q1��¿367{1ZUWN�[]J8U]K8K{1Z~2J8L�K8L25ZUWNy543W�OVBL25�5ZL!5ZL�0"UWJ{,BK�,ÃL2V;7 ?27{J8L�0"UWNBK{1Z^;.2J8.
0"UW���·L�V;N*��1�5�1ZL2V*1�N�ÑBN;1cL27¸5ZL"K��OVP36N-7{1�78."K

k
L27
Dp

eq
^B36NBK�5kjl."�OVP367{1ZUWNÅ¹��]Èº�Wx(½|0"UW���·L�1�NB^;.2,/L2NB^B36N-78L"K�^;L�543

�]36J{1436Y;5ZL�^�jlL"K{,P3W0"L]È;��L�ÍÏ3W0278L2V;J C(x)
L"K{7|^;UWNB0�V;N;1äÍÎUWJ{�·L�L27e,/L2V;7F?27{J8L�1�NB0"UWJ{,ÃUWJ8.�^B36NBKe543�ÍÏUWNB027{1ZUWN�^;L�5�1ZK8KM36[@L

χ
L27|1�5H^;L2�-1ZL2N-7X,ÃU]K8K{1�Y;5ZL\^�jlL ��7{JM361�J8L\5ZL"K|�-VP36NO7{1�78."K

k
L27
Dp

eq
^�V�,;J8Uq^�V;1�7X^;L\0"UWN-�@UW5�V;7{1ZUWNHÈ

d�N',;J8L2NP36N-7�543\7{JM36NBKwÍÏUWJ{�·."Lv^;L#ÓBUWV;J{1ZL2J\öF,P36J&JM36,;,ÃUWJ{7�Ë�543\�]36J{1436Y;5ZLX^�jlL"K{,P3W0"Læ÷¡^;Lv5kjl."�OVP367{1ZUWN©¹��]Èº�Wx(½p»ONBUWVBK
UWY;78L2NBUWNBK!365ZUWJ8K
öw�]Èº�]�]÷ ∂f̂

∂t
(p, t) = k(t)Dp

eq(t)χ̂(p)f̂(p, t)

UWV�^;L!ÍÏ3	E"UWN�."�-V;1��]365ZL2NO78L
öw�]Èº�WÀ@÷ ∂f̂

∂εpeq
(p, εpeq) = k(εpeq)φ̂(p)f̂(p, εpeq)

U	®
εpeq

J8L2,;J8."K8L2N-78L�543!^;. ÍÎUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBL�."�OV;1��]365ZL2NO78L�02V;��V;5Z."L�öF1�N-78.2[]JM365ZLe,P36J�JM36,;,/UWJ{7g36V�78L2��,BK±^;L
Dp

eq
÷ È

�gjl."�OVP367{1ZUWN¥¹��]Èº�WÀ(½H�·UWNO7{J8L�0254361�J8L2�·L2N-7v�-VBLv5ZL�7M36V��y^�jâ3W0"02J8UW1ZK8K8L2�·L2N-7v^;L
f̂(p, εpeq)

L"K{7�J8.2[]1�,P36Je5ZLvÍÏ3W0278L2V;J
k(εpeq)φ̂(p)

È-`vJ¡543�7{JM36NBKwÍÏUWJ{�·."LX^;LFÓBUWV;J{1ZL2J
φ̂(p)

^�j V;NBL|ÍÎUWNB027{1ZUWN'^;Le5�1ZK8KM36[@L �k7��-,ÃL�öF,P36J&L �;L2��,;5ZLeV;NBL�ÍÏUWNB027{1ZUWN
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��36VBK8K{1ZL2N;NBLæ÷�L"K{7�,ÃU]K{1�7{1��@L�L27\�¿3(��1��¿365ZL�,/UWV;J
p = 0

È��HL�7M36V��¾^�jâ3W0"02J8UW1ZK8K8L2�·L2N-7�^;L
f̂(p, εpeq)

367{78L21�NO7�^;UWNB0
KMUWN��¿3(��1���V;�²,ÃUWV;J

p = 0
0]jlL"K{7w��Ë(�p^�1�J8L¸�OVP36NB^�543¿5ZUWN;[]VBL2V;J�^�jlUWNB^;L

λ ≡ 2π/‖p‖ L"K{7!1�N�ÑBN;1ZL]ÈÃacL2543'K{1�[]N;1äÑPL
�-VBL|5ZL"Kc0"UW��,ÃU]KM36NO78L"Ke^;L#ÓBUWV;J{1ZL2Jc^;L

f
^;Lv[]JM36NB^;LX5ZUWN;[]VBL2V;J�^�jlUWNB^;LvKMLX^;.2�@L25ZUW,;,ÃL2NO7�Y/L�36VB0"UWV;,�,;5�VBKc�-1�78Lv�OVBL

5ZL"K�0"UW��,ÃU]KM36NO78L"K\^;LGÓBUWV;J{1ZL2J\^;L�0"UWV;J{78L¸5ZUWN;[]VBL2V;J\^�jlUWNB^;L]È�d�N
^�jâ36V;7{J8L�78L2J{�·L"Kæ»P543�^�1ZK{7{J{1�Y;V;7{1ZUWN¾^;L¸,/UWJ8U]K81�78.
^;L2�q1ZL2NO7!^;L�,;5�VBKXL2N�,;5�VBKe5�1ZKMK8L�36V�0"UWV;J8K|^�V�78L2��,BKæÈ

tDUWV;J ?27{J8L�,;5�VBK�,;J8."021ZK�»gÍk361ZK8UWNBK'5kjâ36,;,;J8U"��1��¿367{1ZUWN%öFV;NBL�ÍÎUW1ZK�L2NB0"UWJ8L
7{J8~"K'[]J8U]KMK{1Z~2J8Læ÷·�-VHjlL2Në,;5�VBK�^�j ?27{J8L
1�NB^;.2,ÃL2NB^B36NO78L¥^;L
543Ì�W36J{1436Y;5ZL¾^�jlL"K{,P3W0"L]»�543Ì�-VP36NO7{1�78.

k
L"K{7y1�NB^;.2,ÃL2NB^B36NO78LÆ^�V 78L2��,BK�Èe�¡j�1�NO78.2[]JM367{1ZUWN=^;L

5kjl."�-VP367{1ZUWN¥¹��]Èº�WÀ(½�^;UWN;NBL�365ZUWJ8K
öw�]Èº�W¼@÷

f̂(p, εpeq) = f̂(p, 0) exp
[

kφ̂(p)εpeq

]

.

��Lc^;.2�@L25ZUW,;,ÃL2�·L2NO7&L2N¸78L2��,BK±^;L
f̂(p, εpeq)

L"K{7±J8.2[]1-5ZL¡ÉkÍk3W0278L2V;J±^�jâ3W0"02J8UW1ZKMK8L2�·L2NO7wÊ
exp

[

kφ̂(p)εpeq
] È6�HLcJM36,;,/UWJ{7

^;L"KeÍÏ3W0278L2V;J8Kv^�jâ3W0"02J8UW1ZK8K8L2�·L2NO7!0"UWJ{J8L"K{,ÃUWNB^B36NO7!Ë
p = 0

L27
p 6= 0

L"K{7|^;UWN;NB.\,P36J
öw�]ÈâÀ]�@÷ f̂(0, εpeq)/f̂(0, 0)

f̂(p, εpeq)/f̂(p, 0)
= exp

{

k
[

φ̂(0) − φ̂(p)
]

εpeq

}

.

�D3�ÍÏUWNB027{1ZUWN
φ̂(p)

.27M36N-7X�¿3(��1��¿365ZL�,ÃUWV;J
p = 0

»;5ZL�78L2J{�·L {...} L"K{7|,ÃU]K{1�7{1äÍ{È;�HL�JM36,;,ÃUWJ{7v0"UWNBK{1Z^;.2J8.�L"K{7X^;UWNB0
K8V;,/.2J{1ZL2V;J�Ë�5kj V;N;1�78.]»HL27�^;L2�q1ZL2NO7�7{J8~"K�[]JM36NB^Ç^B36NBK\543'5�1���1�78L

t
78L2NB^B36N-7��@L2J8K

+∞ öÎL2N©Ík361�7�,/UWV;J�^;L"K\�]365ZL2V;J8K
.25ZL2�@."L"Kv^;L

εpeq
÷ »ÐË�0�36VBK8L�^;L�543�02J8UW1ZK8KÛ36NB0"L\JM36,;1Z^;L�^;L�543¸ÍÏUWNB027{1ZUWN�L ��,/UWNBL2N-7{1ZL25�5ZL]È

acL"021&0"UWN�ÑBJ{�·L·5ZL"K�0"UWNB025�VBK{1ZUWNBK¸^;.rz{Ë�.2�@Uq�-VB."L"K�K8L25ZUWNÇ5ZL"KM�OVBL25�5ZL"K�»�L2NO7{J8L·5ZL"K�0"UW��,/U]KÛ36NO78L"K¸^;L)ÓBUWV;J{1ZL2J�^;L
f

^;L�5ZUWN;[]VBL2V;J8Kv^�jlUWNB^;L�[]JM36NB^;L"K!L27v0"UWV;J{78L"K�»Ð0"L25�5ZL"Kv�-V;1DK8L�^;.2�@L25ZUW,;,/L2N-7v5ZL�,;5�VBKX�q1�78L�K8UWN-7v0"L25�5ZL"K!^;L�[]JM36NB^;L"K
5ZUWN;[]VBL2V;J8K!^�jlUWNB^;L]È

�gjl."�OVP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWNÆ¹��]Èº�WÀ(½�Ö�/ ÕÛÚ ×��;Ü6Ú¡V;NBL\L"�-VP367{1ZUWNy^;L\^�1äüÃVBK{1ZUWNH»q�¿361ZKeK�j �y36,;,P36J8L2NO78L�ÍÏUWJ{78L2�·L2NO7�È;d�N
L ü�L27�»;0"UWNBK{1Z^;.2J8UWNBKeV;NBL\."�-VP367{1ZUWN�^;L\^�1äüÃVBK{1ZUWN�ÑP027{1��@L�^;L!543¸,/UWJ8U]K{1�78.�öF543�^;. ÍÏUWJ{�¿367{1ZUWN�,;543WK{7{1Z�-VBL\."�OV;1��]365ZL2NO78L
02V;��V;5Z."L

εpeq
zwUWVP36N-7|5ZL\J8øW5ZL�^�V�78L2��,BK ÷ »

öw�]ÈâÀ��æ÷ ∂f

∂εpeq
(x, εpeq) = D∆f(x, εpeq),

U	®
D

L"K{7¿V;NBL�0"UWNBK{7M36NO78L�L27¿5ZL�K8�-��Y/UW5ZL
∆

J8L2,;J8."K8L2N-78L�5ZL�5436,;543W021ZL2NHÈcd�N ,;J8L2NP36NO7y543©7{JM36NBKwÍÏUWJ{�·."L�^;L
ÓPUWV;J{1ZL2Jv^�j V;NBL\78L25�5ZL�."�-VP367{1ZUWNH»BUWN�UWY;7{1ZL2N-7
öw�]ÈâÀ]�@÷ ∂f̂

∂εpeq
(p, εpeq) = −D ‖p‖2f̂(p, εpeq),

�-V;1H^;UWN;NBL�,P36Je1�N-78.2[]JM367{1ZUWN
öw�]ÈâÀ]ý@÷

f̂(p, εpeq) = f̂(p, 0) exp(−D ‖p‖2εpeq).

��L\JM36,;,/UWJ{7v^;L"K�ÍÏ3W0278L2V;J8Kv^�jâ3W0"02J8UW1ZK8K8L2�·L2N-7v0"UWJ{J8L"K{,ÃUWNB^B36NO7�Ë
p = 0

L27
p 6= 0

L"K{7v365ZUWJ8K|^;UWN;NB.�,P36J
öw�]ÈâÀ6Â-÷ f̂(0, εpeq)/f̂(0, 0)

f̂(p, εpeq)/f̂(p, 0)
= exp(D ‖p‖2εpeq).
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f
^B36NBK�5ZL·K8L"0"UWNB^¾�·L2��Y;J8L�9�K{1

∆f
.27M361�7�36YBKML2NO7
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,P36J

f
»;0]jlL"K87w��Ë(�p^�1�J8L�Ë¸543�0"UWNBK{1Z^;.2J8L2JXKMUWVBKe543¸ÍÏUWJ{�·L

öw�]ÈâÀ]�@÷ d(lnf)

dt
= (1 − f)

7{J
Dp

f
.

öÎ�D3�,;J8."K8L2NB0"L�^;L
f

36V*^;.2NBUW��1�NP3678L2V;J�^�VÆ�·L2��Y;J8L�^;L'^�J8UW1�78L¿NHjlL"K87��-VHjâ36,;,P36J8L2NO78L�,;V;1ZK8�-VBL¿7{J
Dp = 3Dp
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�@UW1�7\0254361�J8L2�·L2N-7\543¿NBL27{78L
36�·.25�1ZUWJM367{1ZUWN©�-VHjâ36,;,/UWJ{78L\543¸�·.27{}BUq^;L�^;L\^;.25ZUq0�365�1ZKM367{1ZUWN�5ZUW[O36J{1�7{};��1Z�OVBL]ÈÐ�HL"K|J8."K{V;5�7M3678KvK8UWNO7vL2N�Y/UWN�3W0"0"UWJ8^
3��@L"0\5kjlL ��,/.2J{1ZL2NB0"L��)?2�·L\K{1/5ZL"Ke0�365Z02V;5ZKeN-V;�·.2J{1Z�OVBL"KXNHjlUWNO7e,;Vx?27{J8L�,/UWV;J8K8V;1��-1ZK�zwVBK8�-VHjâË�J{V;,;7{V;J8L\0"UW��,;5Z~278L�^;L
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�HL\�·Uq^;~25ZL\^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL�^;L��!V;J8K8UWNÇ¹º��V;J�»H��¼@�]�æ½p»;0"UW���·L\78UWVBKe5ZL"K|36V;7{J8L"KX�·U-^;~25ZL"KX3W^;UWVB021ZKMKM36NO78K�»
,;J8."^�1�7XË�78UWJ{7�V;NBL�0"UWNB0"L2NO7{JM367{1ZUWN�^;L!543¸^;. ÍÎUWJ{�¿367{1ZUWN�L27�^�V�^;UW���¿36[@L\^B36NBKe^;L"KcÒ�UWNBL"Ke^;Lv�@UW5�V;�·L!N-V;5kÈ;_�36NBK
5ZL¸0�3W^�J8L¸^;L�0"L¸08}P36,;1�7{J8L]»ÃNBUWVBKvNBUWVBK�K8UW���·L"K!1�NO78.2J8L"K8K8."K\Ë¿V;NBL�KMUW5�V;7{1ZUWN�,ÃU]K8K{1�Y;5ZL�Ë·0"L�,;J8UWY;5Z~2�·L]»/,;J8UW,/U]K8."L
,P36J!�HL2Y;5ZUWNB^ÄÕ2×cÜ]Ý�ûD¹ � ���g»D��¼]¼6ÂW½±Ë�,P36J{7{1�J!^�j V;NBL�1Z^;."L�1�N;1�7{14365ZL�^;L�t�1 z836VB^�1ZL2Jw�ra�36YÃUW7!L27X�e36Òæ36N-7XÍk361�78L�^B36NBKvV;N
0"UWN-78L �q78L�^�1äü�.2J8L2NO7�È�acL27{78L�KMUW5�V;7{1ZUWN
�-V;1D0"UWNBK{1ZK878L�Ë�V;7{1�5�1ZKML2Jv^B36NBK!5ZL"KX."�-VP367{1ZUWNBK�^�V��·Uq^;~25ZL�^;L��!V;J8K8UWNH»BV;NBL
."�-VP367{1ZUWN¾^�jl.2�@UW5�V;7{1ZUWN©NBUWN
5ZUq0�365ZL�,/UWV;J!543�,ÃUWJ8U]K{1�78.]»�3·.278.�1���,;5436NO78."L�^B36NBK!5ZL¸0"U-^;L¸^;L�0�365Z02V;5�,P36J�.25ZL2�·L2NO78K
ÑBN;1ZK�+-�qK87{VBK�È

�gj 1���,;5Z.2�·L2NO7M367{1ZUWNyNOV;�·.2J{1Z�-VBLe,;J8UW,ÃU]K8."L�V;7{1�5�1ZK8L�V;N¿365�[@UWJ{1�7{};�·L|L ��,;5�1Z021�78L�,P36J�JM36,;,ÃUWJ{7&Ëv543!,/UWJ8U]K{1�78.��¿361ZK
0"L2,ÃL2NB^B36NO7v1���,;5�1Z021�78L��q1ZKw��Ë(�k�q1ZK|^;L"KX36V;7{J8L"K|,P36JM36�·~27{J8L"Kv1�NO78L2J{NBL"KæÈP��3�JM361ZKMUWN�,;J{1�NB021�,P365ZL�^;L\0"L�0M}BUW1ä��L"K{7X�-VHj 1�5
[O36JM36N-7{1�7�5kjlL �q1ZK{78L2NB0"L¸L27!5kj V;N;1Z021�78.�^;L�543·K8UW5�V;7{1ZUWN©^�V�Ép,;J8UWY;5Z~2�·L�^;L�,;J8U6zwL"027{1ZUWN�Ê¸K{V;JX543¿K{V;JwÍÏ3W0"L�^;L�0M}P36J{[@L�^;L
��V;J8K8UWNHÈ@t±36Jc361�5�5ZL2V;J8K�»]543!,;J8UW[]JM36���¿367{1ZUWNy^;Le5kjlUW,Ã.2JM367{1ZUWN¿^;L|^;.25ZUq0�365�1ZKM367{1ZUWN'^;L�543\,/UWJ8U]K{1�78.�,P36J¡V;NBLe1�NO78.2[]JM365ZL
^;L�0"UWNO�@UW5�V;7{1ZUWN�L"K87XK{1���,;5ZL\L27|NBL�J8L2�·L27|,P3WKvL2N�0�36VBK8L\5kjâ36J80M};1�78L"027{V;J8L�[@.2NB.2JM365ZL�^�V�0"U-^;L]È
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J8L2�·~"^;L�7{J8~"K\K81���,;5ZL�,/UWV;J�J8L2�·."^�1ZL2J�Ë�0"L�^;. ÍÏ36V;7�9/J8L2��,;543W0"L2J�5kjl."�-VP367{1ZUWNÇ^�jl.2�@UW5�V;7{1ZUWNÇNBUWN©5ZU-0�365ZL�^;L�543',ÃU6�
J8U]K81�78.�,P36JX0"L25�5ZL�^�V�5ZUW[O36J{1�7{};�·L�^;L�543�,/UWJ8U]K81�78.]ÈBu��@L"0�0"L27{78L��·Uq^�1äÑP0�367{1ZUWNH»B543�,;J8UW,ÃU]K{1�7{1ZUWN�^;L��HL2Y;5ZUWNB^*Õ"×cÜWÝZû
¹ � �c�¡»���¼]¼6ÂW½±36,;,P36JM3A@Z7\0"UW���·L�V;NBL�KMUW5�V;7{1ZUWN
L ã¿0�3W0"L�36V�,;J8UWY;5Z~2�·L�^;L�543·5ZU-0�365�1ZKÛ367{1ZUWN
^;L�543·^;. ÍÏUWJ{�¿367{1ZUWN¾L27
^;L�5kjlL2NB^;UW���¿36[@L2�·L2N-7¸^B36NBK�5ZL��·Uq^;~25ZL�^;L¿�!V;J8K8UWNHÈÃd�NÇL ü�L27�»�L25�5ZL�,ÃL2J{�·L27�^;L�K�jâ3(ü/JM36NB0M};1�J�^;L"K�L ü�L278K\^;L�543
7M361�5�5ZL¸^;L��¿361�5�5ZL��-V;1�36,;,P36JM361ZK8KML2NO7\^B36NBKX5ZL"K�0�365Z02V;5ZKvNOV;�·.2J{1Z�-VBL"K�,P36J!.25Z.2�·L2N-78KvÑBN;1ZK!L27!^;UWN;NBL�^;L"KvJ8."K{V;5�7M3678K
L2N
3W0"0"UWJ8^�7{J8~"K|KM367{1äÍk361ZKM36NO7!3"�@L"0�5ZL"KXL �q,Ã.2J{1ZL2NB0"L"K�È

��3�NBUWV;�@L25�5ZL!."�-VP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWNyNBUWN�5ZUq0�365ZL!^;LX543�,/UWJ8U]K81�78.X,;J8UW,ÃU]K8."L!NBLXJ8L2,ÃU]K8L!0"L2,/L2NB^B36N-7eK{V;J�36VB02V;N
ÍÏUWNB^;L2�·L2NO7�7{}B."UWJ{1Z�-VBLvKM.2J{1ZL2V��ÃÈ-_!LX,;5�VBK�»-V;N�36V;7{J8Lv1�NB0"UWNO�@.2N;1ZL2NO7|0"UWNB0"L2J{NBL!5ZL"K&L üÃL278Kc^;LXYÃUWJ8^;K�È-t�36J�L ��L2��,;5ZL]»
5ZL�7M36V��y^;L!,/UWJ8U]K{1�78.\^�j V;Ny,ÃUW1�NO7|K{1�7{VB.\K8V;J�UWVy,;J8~"Ke^;L�5kj V;NBL�^;L"K|^;L2V���5Z~2�-J8L"Ke^�j V;NBL!ÑPK8K8V;J8L!L"K87c1�N$IBVBL2NB0".�,P36J
543��]365ZL2V;J�^�VÆÉp7M36V��Æ^;L·,ÃUWJ8U]K{1�78.¿5ZUq0�365äÊ¿^;L"K�,/UW1�N-78K¸^�V¥�@UW1ZK{1�NP36[@L'1����·."^�14367�K81�7{VB."K�K{V;J¸UWVÆ,;J8~"K¸^;L¿5kjâ36V;7{J8L
5Z~2�qJ8L�^;L�543¸ÑPKMK{V;J8L]»��¿365�[]J8.\5kjlL"K{,P3W0"L��-V;1�K8.2,P36J8L�5ZL"KX^;L2V��y5Z~2�qJ8L"K"¹ ð È

b�UWV;78L"Ke0"L"KcJM361ZK8UWNBK�K8UWNO7eK{V�ã¿KÛ36NO78L"Kc,/UWV;JDzwVBK{7{1äÑPL2J�543�0"UWNBK{1Z^;.2JM367{1ZUWN�^�jâ36V;7{J8L"K�7��-,ÃL"K�^;LvK8UW5�V;7{1ZUWNBKæ»O�·UW1�NBK
^�1�J8L"0278L2�·L2N-7!36,;,;5�1Z0�36Y;5ZL"Ke�¿361ZK�,;5�VBKeKÛ367{1ZKwÍÏ361ZKÛ36NO78L"K�7{}B."UWJ{1Z�-VBL2�·L2NO7�»P36V�,;J8UWY;5Z~2�·L\^;L!543�5ZU-0�365�1ZKÛ367{1ZUWN�^;Lv5kjlL2N��
^;UW���¿36[@L2�·L2N-7'L27�^;L�543
^;. ÍÎUWJ{�¿367{1ZUWNú^B36NBK�5ZL��·Uq^;~25ZLy^;L��!V;J8K8UWNHÈ±fXNÄL �;L2��,;5ZLy^;Ly78L25�5ZL�KMUW5�V;7{1ZUWNiL"K{7�5ZL
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78L2NBK81ZUWNÌ^;L¿5kjâ36NP365��qK8L'UWJ{1�[]1�NP365ZLy^�j }BUW�·UW[@.2NB.21ZKM367{1ZUWNÄ^;Ly�!V;J8KMUWN ¹º�!V;J�»���¼@�]�(½p»�YP3WK8."L�K{V;J�^;L"K�0"UWNB^�1�7{1ZUWNBK�^;L
7M36V��y^;L�^;. ÍÎUWJ{�¿367{1ZUWN�}BUW�·UW[@~2NBL�36VyYÃUWJ8^�»BË¸^;L"Kc0"UWNB^�1�7{1ZUWNBKX^;L�×kÜWÙ	(�ÔOÕ�ÔOà,+ �Wá&�·Ü]×ÎÓ��WÖ�ÓÞÖ�=$�	�)��2�� Ö/Õ�ÜWÙù���Wá{Ô]È
�¡jlL �;36�·L2N
02J{1�7{1Z�OVBL�^;L\0"L27{78L�^;L2V��q1Z~2�·L�K8UW5�V;7{1ZUWN��]3�ÍÏ361�J8L�5kjlUWY�z{L27X^�V�08}P36,;1�7{J8L�K{V;1��]36NO7�È
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��3�KMUW5�V;7{1ZUWN',;J8UW,ÃU]K8."Lv,P36Jc�HL2Y;5ZUWNB^ÇÕ2×gÜ]Ý�û/¹ � ���g»���¼]¼6Â]½p»O,ÃUWV;J¡J8."KMUWVB^�J8Lv5ZLX,;J8UWY;5Z~2�·L�^;LX543�0"UWNB0"L2NO7{JM367{1ZUWN
1�N�ÑBN;1ZL
^;L�5kjlL2NB^;UW���¿36[@L2�·L2NO7�L27�^;L�543Æ^;. ÍÎUWJ{�¿367{1ZUWNÅ^B36NBK'5ZL��·Uq^;~25ZL�^;L©�!V;J8K8UWNH»c�OV;1�3©Ík361�7'5kjlUWY�z{L27y^�V
0M}P36,;1�7{J8L�,;J8."0"."^;L2NO7�»B0"UWNBK81ZK{78L\Ë�^;.25ZUq0�365�1ZK8L2J�5kjl."�OVP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN�^;Lv543�,/UWJ8U]K81�78.�öF�]36J{1436Y;5ZL!J8L"K{,ÃUWNBKM36Y;5ZL�^;L
5kjâ3W^;UWVB021ZKMK8L2�·L2NO7Û÷X36V��·U��@L2N�^�j V;NBL\1�N-78.2[]JM365ZL�^;L\0"UWNO�@UW5�V;7{1ZUWNHÈÃacL27{78L�K8UW5�V;7{1ZUWN�1�N-7{J8U-^�V;1�7X^B36NBK|5ZL"Ke."�OVP367{1ZUWNBK
0"UWNBK87{1�7{V;7{1��@L"K&^�V·�·Uq^;~25ZL|V;NBL|5ZUWN;[]VBL2V;Jc0�36JM3W0278.2J{1ZK{7{1Z�-VBL]»O^;L|5kjlUWJ8^�J8LX^;Le5kjlL"K{,P3W0"L2�·L2N-7&�·Uæ�@L2N�L2N-7{J8LX0�3��-1�78.]»-L27
,ÃL2J{�·L27gNBUWN¿KML2V;5ZL2�·L2NO7�^;LeK�jâ3(ü/JM36NB0M};1�J&^;L"K&L üÃL278Kg^;L|543�7M361�5�5ZL|^;Le�¿361�5�5ZL]»]�¿361ZKc36VBK8K{1P^;L�,;J8."^�1�J8Lv^;L"K�J8."K{V;5�7M3678K
L2N©7{J8~"K�YÃUWNÇ3W0"0"UWJ8^Ç3"�@L"0�5ZL"K\L ��,/.2J{1ZL2NB0"L"K�»/�·Uæ�@L2N;NP36NO7�V;NBL¸5Z.2[@~2J8L��·Uq^�1äÑP0�367{1ZUWNÇ^;L¸543¿5ZUW1g^�jl.2�@UW5�V;7{1ZUWN¾NBUWN
5ZUq0�365ZL�^;L�543�,/UWJ8U]K{1�78.©¹ldg��tD»Ã�]�]�]x(½pÈ�d�5�5ZL�,;J8."K8L2NO78L�0"L2,/L2NB^B36N-7�5kj 1�NB0"UWNO�@.2N;1ZL2NO7y^�j ?27{J8L�^;L�NP367{V;J8Ly,;V;J8L2�·L2NO7
}BL2V;J{1ZK87{1Z�OVBL]È
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0M}P36,;1�7{J8L¾3Ç,ÃUWV;J�UWY�z{L27y^�jl.27{VB^�1ZL2J�V;NBL
36V;7{J8L
K8UW5�V;7{1ZUWN ËÆ0"L27{78L©^�1äã¿02V;5�78.]»cJ8L2,ÃU]KM36NO7yNBUWNë,;5�VBK�K8V;J
^;L"K�36J{[]V;�·L2N-78K�}BL2V;J{1ZK{7{1Z�-VBL"K�L27�,;}B.2NBUW�·.2NBUW5ZUW[]1Z�-VBL"K��¿361ZK���1Z02J8UW�·."0�36N;1Z�OVBL"K�ÈXacL27{78L©K8UW5�V;7{1ZUWNÅL"K{7�^�VBL¾Ë
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UWJ{1�[]1�NP365ZLÆ^;L
0"L27�36V;78L2V;J�»e�-V;1\.27M361�7�YP3WK8."L©K{V;JyV;NBLÇ36NP365��qK8L �k5�1���1�78L©V;7{1�5�1ZKÛ36NO7�^;L"K�0"UWNB^�1�7{1ZUWNBK�^;L
7M36V��Å^;L
^;. ÍÏUWJ{�¿367{1ZUWN©}BUW�·UW[@~2NBL¸36V�Y/UWJ8^�ÈÐt�5�VBKv,;J8."021ZK8L2�·L2NO7�»Ã^B36NBKv5kjâ36,;,;J8U-0M}BL¸^;L���UW5ZUW[O36NOViÕ2×eÜWÝZûZ»ÐUWN�1���,ÃU]K8L�K8V;J
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0"UqUWJ8^;UWN;NB."L"K�ÈBn�5HK�jâ36[]1�7�»;,;}-�qK81Z�OVBL2�·L2N-7|,P36J{5436NO7�»Ð^;L�78L2N;1�JX0"UW��,;78L�36,;,;J8U"��1��¿367{1��@L2�·L2NO7\^;L�543�,ÃU]K8K{1�Y;1�5�1�78.\^;L"K
�]36J{14367{1ZUWNBK�JM36,;1Z^;L"K�^�V¾7M36V��¾^;L�^;. ÍÏUWJ{�¿367{1ZUWNÇ�¿3W02J8U]K80"UW,;1Z�-VBL¿Ëy^;L"K�."0M}BL25�5ZL"K�7{J8~"K\,ÃL27{1�78L"K�»�^;L�5kjlUWJ8^�J8L�^;L·543
5ZUWN;[]VBL2V;J&^;L�543�0"L25�5�V;5ZL|.25Z.2�·L2NO7M361�J8L]»-0"UW���·L|UWN·L2N�J8L2NB0"UWNO7{J8L!36V·0"UWV;J8Kg^;L�543!5ZU-0�365�1ZKÛ367{1ZUWN·^;L�543�^;. ÍÎUWJ{�¿367{1ZUWNHÈ
�D3\,;J8Uq0"."^�V;J8Lv0"UWNB^�V;1�7eË�V;N¿�·Uq^;~25ZLX^;LX7p�q,/L�Ép��1Z02J8UW�·UWJ{,;};1Z�OVBL ÊM»�1�NB025�VP36N-7&5ZL|KML"0"UWNB^·[]JM3W^�1ZL2NO7e^�V�08}P36��,y^;L
�q1�78L"K8K8L¸�¿3W02J8U]K80"UW,;1Z�-VBL]»�L27�^;L"K\0"UWNO7{JM361�N-78L"K��¿3W02J8U]K80"UW,;1Z�-VBL"K\[@.2NB.2JM365�1ZK8."L"K�^;L�7p�q,/L�Ép�·UW�·L2NO7wÊ�öF}BUW�·UW[@~2NBL"K
36V�,;J8U-^�V;1�7X^�j V;NBL�0"UWNO7{JM361�NO78L�,P36JeV;NBL�^�1ZK{7M36NB0"Læ÷ È

�gjl.27{VB^;L�K8L2JM3·L"K8KML2NO7{1ZL25�5ZL2�·L2NO7\0"UWNBKM3W02J8."L�Ë�V;NBL�.2�W365�VP367{1ZUWN©02J{1�7{1Z�-VBL�^;L�5kjlL ã¿0�3W021�78.�,;JM367{1Z�-VBL�^�V��·U-^;~25ZL
�\�Htg_�»XË*7{JM3��@L2J8K�K8UWNÅ1���,;5Z.2�·L2N-7M367{1ZUWN§^B36NBK�V;N 0"U-^;L¾^;LÇ0�365Z02V;5�,P36J�.25Z.2�·L2NO78K�ÑBN;1ZK�L27�5kjl.27{VB^;LÇ^;L¾K8L"K
,;J8."^�1Z027{1ZUWNBK¡NOV;�·.2J{1Z�-VBL"K�È-acL"K�^;L2J{N;1Z~2J8L"K&^;UW1��@L2NO7g,ÃUWV;�@UW1�J�5ZL2�@L2J�5ZL�,;J8UWY;5Z~2�·L|^;L�543!^;.2,/L2NB^B36NB0"L|,P367{}BUW5ZUW[]1Z�OVBL
^;L"K�J8."K{V;5�7M3678K�^;L
0�365Z02V;5!,P36J'JM36,;,/UWJ{7�ËÇ543Ç7M361�5�5ZL
^;L��¿361�5�5ZL]»cL27�J8L2,;J8U-^�V;1�J8L©^;L��¿36N;1Z~2J8L©KM367{1ZK{ÍÏ361ZKM36N-78L�5ZL"K
J8."K8V;5�7M3678KX^�jlL ��,/.2J{1ZL2NB0"L"Kv^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL�L ü�L"027{VB."L"KXK{V;J|^;L"KX.2,;J8UWV;�@L27{78L"KX7��-,ÃL"K�È

uX,;J8~"K�3"�@UW1�Jc,;J8."K8L2NO78.v5ZL"K¡."�-VP367{1ZUWNBK&7{}B."UWJ{1Z�OVBL"K�^�V·�·Uq^;~25ZL��\�Htg_ ^B36NBK&543�K8L"027{1ZUWN
¹â��Èâ�(½/L27cK8L"KgJ8L254367{1ZUWNBK
3��@L"0�543�02543WK8KML�^;L"Ke�¿3678.2J{1436V���K{7M36NB^B36J8^;K|[@.2NB.2JM365�1ZKM."Kv^B36NBKe543·K8L"027{1ZUWNÆ¹â��Èâý(½p»;NBUWVBK|^;."02J{1��@UWNBK!K8UWN�1���,;5Z.2�·L2N��
7M367{1ZUWN
NOV;�·.2J{1Z�-VBL�^B36NBKX543'K8L"027{1ZUWNÌ¹â��È ÂW½pÈÃacL27{78L�1���,;5Z.2�·L2NO7M367{1ZUWN¾N-V;�·.2J{1Z�OVBL�K8UWV;5Z~2�@L¸L"K8K8L2N-7{1ZL25�5ZL2�·L2NO7�^;L2V��
^�1äã¿02V;5�78."KæÈP��3·,;J8L2��1Z~2J8L]»P^�1ZK802V;78."L�^B36NBK|543�K8UWVBK{�pK8L"027{1ZUWNÆ¹â��È ÂBÈ��]È�� ½p»BJ8."K81Z^;L�^B36NBK|5kjlUW,Ã.2JM367{1ZUWN�^�1�78L�^;L!Ép,;J8U6zwL"0 �
7{1ZUWN�Ê�K{V;JX5ZL�02J{1�78~2J8L�^;L�,;543WK{7{1Z021�78.�0"UW��,;5ZL �;L�^�V��·Uq^;~25ZL¸�\�Htg_�ÈÐacL�,;J8UWY;5Z~2�·L�L"K{7|J8."^�V;1�7�Ë�543�J8L"08}BL2J80M}BL�^;L
^;L2V��ÆKM0�3654361�J8L"K�1�NB0"UWN;N-VBK·Ëy7{JM3"�@L2J8K¸V;NBL',P36JM36�·.27{J{1ZKM367{1ZUWNÌ0"UWN-�@L2NP36Y;5ZL�^;L·543�K{V;JwÍÏ3W0"L¿^;L¿08}P36J{[@L��¿3W02J8U]K80"U6�
,;1Z�-VBL\^�V��·Uq^;~25ZL����Htg_�ÈPacUW���·L�^B36NBK�5ZL\0�3WKe^�V��·Uq^;~25ZL\^;L��!V;J8K8UWNH»�5kj V;7{1�5�1ZKM367{1ZUWN�^�j V;N�K808}B.2�¿3¸1���,;5�1Z021�78L
,P36JXJM36,;,/UWJ{7X36V��y�W36J{1436Y;5ZL"K|1�NO78L2J{NBL"K�Ë�5kjlL �;0"L2,;7{1ZUWN�^;L�543¸,ÃUWJ8U]K{1�78.�,ÃL2J{�·L27X^�jâ3WK8K{V;J8L2Je5kjlL ��1ZK{78L2NB0"L\L27|5kj V;N;1Z021�78.
^;L�543�K8UW5�V;7{1ZUWN�^�V�,;J8UWY;5Z~2�·L�^;L�,;J8U6zwL"027{1ZUWNHÈ

��3¾K8L"0"UWNB^;L�^�1äã¿02V;5�78.]»&L2NO�q1ZKM36[@."L�^B36NBK�543©K8UWVBK{�pK8L"027{1ZUWN ¹â��Èâ��È��]� ½p»g0"UWNB0"L2J{NBL�543
NB."0"L"K8K81�78.�36,;,P36J8L2NO78L�^;L
5kjlL2��,;5ZUW1&^�jl.25Z.2�·L2NO78K�ÑBN;1ZK�^;L�02543WK8K8L

C1 »Ã,;J8Uæ�@L2NP36NO7¸^;L"K�^;.2J{1��@."L"K�K8L"0"UWNB^;L"K�^�VÇ08}P36��,Æ^;L��q1�78L"K8K8L�^B36NBK\5ZL"K
."�-VP367{1ZUWNBK�0"UWNBK{7{1�7{V;7{1��@L"K�^�V¿�·Uq^;~25ZL]È-_�LX78L25ZK&.25Z.2�·L2N-78KcÑBN;1ZK¡NBLvK8UWNO7c,P3WK&^�1ZK8,/UWN;1�Y;5ZL"Kc^B36NBK¡5ZLv0"U-^;L!^;LX0�365Z02V;5
+-��K{7{VBK�öF,P3WK!,;5�VBK��OVBL�^B36NBKv5ZL"K\36V;7{J8L"K\0"Uq^;L"Kv^;L¸0�365Z02V;5±VBK{VBL25ZKÛ÷ È�`vN©5Z~2�@L�0"L27{78L�^�1äã¿02V;5�78.]»Ã0"UW���·L�^B36NBKv5ZL"K
7{JM3��W36V���^;Lc+-}OVyÕ"×ÃÜ]Ý�û-¹º+-}OVH»���¼]¼]¼6½p»�L2N�^;. ÑBN;1ZK8KÛ36NO7D^;L¡NBUWV;�@L25�5ZL"KH�]36J{1436Y;5ZL"K�NBUq^B365ZL"K�KMUWVBK�543cÍÏUWJ{�·L¡^�j V;N�78L2NBK8L2V;J
K8�-�·.27{J{1Z�-VBL�^�V¸K8L"0"UWNB^�UWJ8^�J8L]»6J8L2,;J8."K8L2N-7M36NO7&36,;,;J8U��q1��¿367{1��@L2�·L2N-7¡5ZL&7M36V���^;L�^;. ÍÎUWJ{�¿367{1ZUWNH»W,;V;1ZK±L2N�^;."^�V;1ZKM36NO7
5ZL"K�^;.2J{1��@."L"K�,;J8L2��1Z~2J8L"K¸^�V¾7M36V��Ç^;L·^;. ÍÎUWJ{�¿367{1ZUWNÌ^;L·0"L"K\NBUWV;�@L25�5ZL"K��W36J{1436Y;5ZL"K�L2NÇV;7{1�5�1ZKM36N-7�V;N;1Z�-VBL2�·L2NO7�5ZL"K
^;.2J{1��@."L"Kc,;J8L2��1Z~2J8L"K�^;L"K�ÍÏUWNB027{1ZUWNBK�^;LeÍÏUWJ{�·L]»O0"UW���·L!^�j }P36Y;1�7{VB^;L]»-L27¡ÑBNP365ZL2�·L2NO7eL2N¿1���,ÃU]KM36N-7�36V��·NBUWV;�@L25�5ZL"K
�]36J{1436Y;5ZL"KX^;L\0"UW1�NB021Z^;L2J!3"�@L"0\5ZL"K|0"UW��,ÃU]KM36N-78L"KX^�V�7M36V���^;L�^;. ÍÎUWJ{�¿367{1ZUWN�,P36JeV;NBL\�·.27{}BU-^;L�^;L�,/.2NP365�1ZKM367{1ZUWNHÈ
+qL�,/U]K8L\L2NBK8V;1�78L�543��OVBL"K87{1ZUWN�^;L\543¸�W365�1Z^B367{1ZUWN�^;L\543¸NOV;�·.2J{1ZKM367{1ZUWN©^;L"K|."�-VP367{1ZUWNBK|0"UWNBK{7{1�7{V;7{1��@L"K!^�V��·U-^;~25ZL]È

u�0"L27�L üÃL27�»�NBUWVBK�,;J8."K8L2N-78UWNBK�^B36NBK�543�K8L"027{1ZUWNÅ¹â��Èâ�(½|^;L"K�K8UW5�V;7{1ZUWNBK�L �B3W0278L"K�^;L"K�."�OVP367{1ZUWNBK�^�VÌ�·U-^;~25ZL
,ÃUWV;J'^;L2V��Ä,;J8UWY;5Z~2�·L"K�K{1���,;5ZL"K�Èg��L�,;J8L2��1ZL2J'L"K87¿0"L25�V;1v^�j V;NBL�,/UWV;7{J8L�.2543WK{78UW,;543WK{7{1Z�-VBL�L2N¸IPL ��1ZUWNú,;V;J8L�L2N
^;. ÍÏUWJ{�¿367{1ZUWNi,;5436NBL]»�L2NÄ,ÃL27{1�78L"K�7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK�Èg�HL�K8L"0"UWNB^ÄL"K87�0"L25�V;1|^�j V;NBL�K8,;}B~2J8L�02J8L2VBK8L�.2543WK{7{1Z�-VBL�L2N
,ÃL27{1�78L"K!7{JM36NBKwÍÏUWJ{�¿367{1ZUWNBK�»P,;V;1ZKv�q1ZK8�OVBL2VBKML�L2N
[]JM36NB^;L"Kv7{JM36NBK{ÍÎUWJ{�¿367{1ZUWNBK�È/�HL"K!K8UW5�V;7{1ZUWNBK\36NP365��-7{1Z�-VBL"K�L �;3W0278L"K
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KMUWNO7�L2N©7{J8~"K!Y/UWNÇ3W0"0"UWJ8^Ç3"�@L"0�0"L25�5ZL"K\UWY;78L2N-VBL"K\NOV;�·.2J{1Z�-VBL2�·L2NO7�»D0"L��OV;1±�]365�1Z^;L�543'N-V;�·.2J{1ZKM367{1ZUWNÆ^;L"K\."�-VP3(�
7{1ZUWNBK\0"UWNBK87{1�7{V;7{1��@L"K�ÈH_�L¸,;5�VBK�»/543¿,;J8L2��1Z~2J8L�KMUW5�V;7{1ZUWN¾NBUWVBK�,/L2J{�·L27\^;L¸��1ZL2V��©0"UW��,;J8L2NB^�J8L¿0"L2J{7M361�NBK�3WK{,/L"0278K
ÍÏUWNB^B36�·L2NO7M36V���^�V��·U-^;~25ZL]È

acL"Ke,/UW1�N-78KeNBUWVBKe,ÃL2J{�·L27{78L2NO7X^�jlL2N-�-1ZKÛ36[@L2JX^B36NBKe543�K8L"027{1ZUWNÇ¹â��Èâx(½�^;L"K|K81���V;54367{1ZUWNBK|N-V;�·.2J{1Z�OVBL"Kæ»BK{V;J|^�1äü�. �
J8L2N-78L"K|[@."UW�·.27{J{1ZL"K!^�jl.2,;J8UWV;�@L27{78L"K|ÑPKMK{V;J8."L"K�È

��3|K8UWVBK{�pK8L"027{1ZUWN'¹â��Èâx�È�� ½�L"K{7�0"UWNBKM3W02J8."LcË�543e�@.2J{1äÑP0�367{1ZUWN�^;L�5kjâ36YBK8L2NB0"L&^�jlL üÃL27�^;Lg543�7M361�5�5ZL&^;L��¿361�5�5ZL]ÈWacUW���·L
36VB02V;NBL\0"UW��,P36JM361ZKMUWN�3"�@L"0!5kjlL �q,Ã.2J{1ZL2NB0"L!NHjlL"K{7�1Z021ÐNB."0"L"KMKM361�J8L]»qNBUWVBKe0"UWNBK{1Z^;.2J8UWNBK�543��)?2�·L!.2,;J8UWV;�@L27{78L!ÑP027{1��@L
,;J8. �ÏÑPKMK{V;J8."LX�-VBLe^B36NBKg5ZLe,;J8L2��1ZL2Jc08}P36,;1�7{J8L]È-�HL"KgJ8."K{V;5�7M3678K¡NOV;�·.2J{1Z�-VBL"KgÍÏUWNO7c36,;,P36JM3A@Z7{J8L]»O^;L�Ík3	E"UWN·7{J8~"K¡0254361�J8L]»
V;NBL'^�1äüÃ.2J8L2NB0"L�L2NO7{J8L'5ZL·�·Uq^;~25ZL¿^;Ly�!V;J8K8UWN¥5ZU-0�365k»D�OV;1g,;J8."KML2NO78L'V;NBL¿^;.2,ÃL2NB^B36NB0"L¿,P36J�JM36,;,/UWJ{7�Ëy543�7M361�5�5ZL
^;L��¿361�5�5ZL�^B36NBKv5ZL"KvJ8.2[]1ZUWNBK!3W^;UWVB021ZK8KÛ36NO78L"K�^;L�543¿0"UWV;J{Y/L�ÍÎUWJ80"L �p^;.2,;543W0"L2�·L2N-7�»�L27X5ZL��·U-^;~25ZL����Htg_%�OV;1HNHjlL2N
,;J8."KML2NO78L�,;J8L"KM�OVBL�,P3WK�È

�HL"K�,;J8L2��1Z~2J8L"K�K{1���V;54367{1ZUWNBK·NOV;�·.2J{1Z�-VBL"K�K{V;J¸^;L"K�.2,;J8UWV;�@L27{78L"K¿3(��1ZK{�q�·.27{J{1Z�OVBL"K�ÑPK8K8V;J8."L"K¸UWN-7�J8.2�@.25Z.�^;L
[]JM3��@L"K'^�1äã¿02V;5�78."K�^;L�0"UWN-�@L2J{[@L2NB0"L�,ÃUWV;J·5ZL"K8�-VBL25�5ZL"K·V;Në0�365Z02V;5X^;L�543¾�¿367{J{1Z0"L �k7M36N;[@L2NO78L
NHjâ36,;,/UWJ{78L��OVHj V;NBL
36�·.25�1ZUWJM367{1ZUWN�1�NBK{V�ã¿KM36N-78L|,ÃUWV;Jg,;J8.278L2NB^�J8LvË\543�J8."K8UW5�V;7{1ZUWN¿^;L|0"L"K&L2N;NOV;1ZK�È�a!jlL"K{7g,ÃUWV;Jg0"L27{78L|JM361ZK8UWN'�OVBL]»@^B36NBK
5ZL!K8UWVBKw�pKML"027{1ZUWN�¹â��Èâx�È ÂW½p»-NBUWVBK¡,;J8."K8L2N-78UWNBK�V;NBL|�]36J{1436NO78L�^;L|5kjâ365�[@UWJ{1�7{};�·L�.2543WK{78UW,;543WK87{1Z�OVBL!�OV;1k»-L25�5ZL]»O,ÃL2J{�·L27�^;L
Kæjâ3(ü/JM36NB0M};1�Jv^;L\0"L"KX^�1äã¿02V;5�78."Kv^;L\0"UWNO�@L2J{[@L2NB0"L]È

acL27{78LX�·.27{}BUq^;LvUWV;�qJ8L|543��@UW1ZLX^B36NBK&543�K8UWVBK{�pK8L"027{1ZUWN�¹â��Èâx�Èâ�(½HË�^;L"K¡78L"K{78K&K8V;Jg5kjâ36,;7{1�7{VB^;L�^�V¿�·Uq^;~25ZL!���Ht¡_
Ë!J8L2,;J8Uq^�V;1�J8L|N-V;�·.2J{1Z�OVBL2�·L2N-7&5ZL"K±J8."K8V;5�7M3678K¡^�jlL"K8KM361ZK¡^;L�J{V;,;7{V;J8L|^�VB027{1�5ZL]È@�gjâ3W0"0"UWJ8^'L2NO7{J8Le5ZL"K�J8."K8V;5�7M3678K�NOV;�·. �
J{1Z�-VBL"KgL27g5ZL"K¡L �q,Ã.2J{1ZL2NB0"L"KgL"K{7�7{J8~"K¡Y/UWN��)?2�·L|^B36NBKg543!J8.2[]1ZUWN�3W^;UWVB021ZK8KM36N-78L|^;Le543�0"UWV;J{YÃL�ÍÏUWJ80"L �p^;.2,;543W0"L2�·L2NO7�È

`vN ,/L2V;7�0"UWNB025�V;J8LÆ�OVBL©5ZL©�·Uq^;~25ZL¥���Ht¡_RJ8L2,;J8."KML2NO78LÇV;NBL¾KMUW5�V;7{1ZUWN=3W0"0"L2,;7M36Y;5ZL¥36VÅ,;J8UWY;5Z~2�·LÇ^;LÇ543
5ZUq0�365�1ZKM367{1ZUWN�^;L�5kjlL2NB^;UW���¿36[@L2�·L2NO7\^B36NBKe5ZL\�·Uq^;~25ZL\^;L��!V;J8K8UWN�^;L�J{V;,;7{V;J8L�^�VB027{1�5ZL]È

Õ�²ÐÕ Ö ´�µ¸ò!ß8ï ê è í¸K £¸õ�Ù × ´eîÃñ8ï

�HL��·Uq^;~25ZL�J8L2,ÃU]K8L�K{V;JXV;NBL�L ��78L2NBK{1ZUWN�^;L�5kjâ36NP365���K8L �k5�1���1�78L�^;L¸�!V;J8K8UWN¥¹º�!V;J�»H��¼@�]�(½D^�j V;NBL�K{,;}B~2J8L�02J8L2VBK8L
0"UWNBK87{1�7{VB."L�^�j V;N¥�¿3678.2J{1436V*J{1�[]1Z^;L �k,P36JwÍÏ361�78L2�·L2N-7�,;543WK{7{1Z�OVBL�L27�KMUWV;��1ZK8L�Ë�V;N¥0M}P36J{[@L2�·L2NO7¿3(��1ZK{�-�·.27{J{1Z�-VBLyË
7{JM3��@L2J8K·^;L"K�0"UWNB^�1�7{1ZUWNBK�^;L�7M36V��Ì^;L�^;. ÍÎUWJ{�¿367{1ZUWNå=°�o���*2�� Ö/Õ�36V*YÃUWJ8^�ÈD�¡jlL �q78L2NBK{1ZUWNi0"UWNBK81ZK{78L�Ë
0"UWNBK{1Z^;.2J8L2J
^;L"K¸0"UWNB^�1�7{1ZUWNBK�^;L·7M36V��Ç^;L¿^;. ÍÏUWJ{�¿367{1ZUWN ÓÞÖ�=°�	�)��2�� ÖÃÕ�36V¥Y/UWJ8^�ÈD�gjâ36NP365��qKML¿0"UWNB^�V;1�7�Ë�V;N¥02J{1�78~2J8L�^;L·,;543WK{�
7{1Z021�78.'�¿3W02J8U]K80"UW,;1Z�-VBL�36,;,;J8Uq08}B.�^;L�7��-,ÃL��!V;J8KMUWNH»�^�jlU	®¥^;."0"UWV;5ZL2N-7�1����·."^�143678L2�·L2NO7�V;NBL·5ZUW1c^�jl."0"UWV;5ZL2�·L2NO7
�¿3W02J8U]KM0"UW,;1Z�OVBL·L27\V;NBL�5ZUW1�^�jl.2�@UW5�V;7{1ZUWNÌ^;L�543�,ÃUWJ8U]K{1�78.]È�`vNÇL2N-�-1ZKM36[@L]»Ã,P36J\543�K{V;1�78L]»Ã543�,;J{1ZKML¸L2NÇ0"UW��,;78L¿^;L
5kjl."02J8UWV;1ZKMKM36[@L]»¡^;L"K'L üÃL278K'^;L�0"U@365ZL"K80"L2NB0"L�^;L"K'0�3"�q1�78."K�»¡^;L��¿36N;1Z~2J8L�,;V;J8L2�·L2NO7�,;}B.2NBUW�·.2NBUW5ZUW[]1Z�-VBL�ù¡543¾^;. �
�¿36J80M}BL©L"K{7¿1Z021�L �;3W0278L2�·L2N-7y543¾�)?2�·L©�OVBL�,/UWV;J'5ZL��·Uq^;~25ZL
^;L
�!V;J8K8UWNHÈcd�N�ÑBNH»cUWN 1�N-7{J8U-^�V;1�7y5kjl.2543WK{7{1Z021�78.
^B36NBK�5ZL��·U-^;~25ZL�,P36J�^;L"K�."�-VP367{1ZUWNBK\}BL2V;J{1ZK{7{1Z�-VBL"K�0"UWN-�@L2NP36Y;5ZL"K�^;UWN;NP36NO7�5ZL"K�,P36J{7{1ZL"K�.2543WK{7{1Z�-VBL"K�^�V¾7M36V��¾^;L
^;. ÍÏUWJ{�¿367{1ZUWN��¿3W02J8U]KM0"UW,;1Z�OVBL�L27|^;L�K8UWN�[]JM3W^�1ZL2NO7�È
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��3',;J8U-0"."^�V;J8L¸�OV;1±0"UWNB^�V;1�7�Ë·5kjlUWY;78L2N-7{1ZUWNÇ^;L�0"L��·Uq^;~25ZL�L"K{7!,;J8."K8L2N-78."L¸^;L��¿36N;1Z~2J8L�0"UW��,;5Z~278L�^B36NBK\�\U6�
5ZUW[O36N-V*Õ2×�ÜWÝZûH¹º�\�Htg_�»H��¼]¼@�(½pÈ;m!UWVBKeNBUWVBKX0"UWN-78L2NO78L2J8UWNBKv1Z021�^�jlL2N�JM36,;,ÃL25ZL2J|5ZL"K|.25Z.2�·L2N-78KvL"K8KML2NO7{1ZL25ZK�È

B!ì%BUì8� 	 Y ï Y îp� b �^�8_Â���'� Y0b 
 b g$Ycb�[ ���'� Y0b _ [ 
~�o�rh!i [ 
 [ ��
 Y ��ï
���'� Y0b � b ÿ Y ï Y î \^b 
x��h � Y � [
`vN�^;."0"UWV;,/L!,P36Je543�,/L2NBKM."Lv5ZL!�¿3678.2J{1436V�L2N�Ép�@UW5�V;�·L"K|.25Z.2�·L2N-7M361�J8L"KwÊ\UWVy0"L25�5�V;5ZL"Kæ»;^;LXÍÏUWJ{�·L�,P36JeL ��L2��,;5ZL

02V;Y;1Z�-VBL]»W0"UWNO78L2NP36N-7g08}P3W02V;NBLcV;NBL&UWV¸,;5�VBK{1ZL2V;J8K±0�3"�q1�78."K�È6_\36NBK�543X7{}B."UWJ{1ZL&^;Lc�v1�5�5ä�p�
36NB^;L25k»WUWN�ÍÏ361�7D5kj }O�q,/UW7{}B~"K8L
�-VBL�543Ç�-1�78L"K8KML�L"K{7·5�1�NB.�361�J8L
K{V;J·5ZL�YÃUWJ8^i^;L�0M}P3W02V;NBL�^;L"K'0"L25�5�V;5ZL"K
öF7M36V��ú^;L�^;. ÍÏUWJ{�¿367{1ZUWNú�¿3W02J8U]KM0"UW,;1Z�OVBL
}BUW�·UW[@~2NBL�K{V;J!V;NBL¸0"L25�5�V;5ZLæ÷�9Ð5kj 1Z^;."L�L"K87!�-VBL�5ZL"K!08}P36��,BK��¿3W02J8U]K80"UW,;1Z�-VBL"K��]36J{1ZL2NO7�K{V�ã¿KM36���·L2NO7�5ZL2N-78L2�·L2NO7
,ÃUWV;J�,/UWV;�@UW1�J�?27{J8L�0"UWNBK{1Z^;.2J8."K\0"UW���·L�0"UWNBK{7M36N-78K�K{V;J!V;NBL�^�1ZK{7M36NB0"L�^;L�5kjlUWJ8^�J8L�^;L¸543¿7M361�5�5ZL

2b
^;L"K�0"L25�5�V;5ZL"K�È

dgN�J{V;,;7{V;J8L�^�VB027{1�5ZL]»Ð0"L\NHjlL"K{7|,;5�VBKX5ZL�0�3WK�9BL2N�,/UW1�N-78L�^;L�ÑPK8K8V;J8L\,P36JXL �;L2��,;5ZL]»B5ZL"KX0M}P36��,BKX�¿3W02J8U]KM0"UW,;1Z�OVBL"K
�]36J{1ZL2NO7�7{J8~"KvJM36,;1Z^;L2�·L2NO7�L27vNBL�,ÃL2V;�@L2NO7�?27{J8L�0"UWNBK81Z^;.2J8."K!0"UW���·L�0"UWNBK{7M36N-78K�K{V;JXV;NBL¸0"L25�5�V;5ZL]ÈÃtDUWV;J\L2N�78L2N;1�J
0"UW��,;78L]»WUWN�3W^;UW,;78LcV;NBL¡}-�-,ÃUW7{}B~"K8LcV;N�,ÃL2V¸,;5�VBK�ÑBNBLc�-VBL&0"L25�5ZLc^;L&�v1�5�5ä�p�©36NB^;L25Ã96UWN�K{V;,;,/U]KML¡�-VBL¡543X�W36J{14367{1ZUWN
^�V
08}P36��,¾^;L��q1�78L"K8K8L

v(x)
K{V;Jv5ZL"K|YÃUWJ8^;Kv^;L�543·0"L25�5�V;5ZL�J8L2,;J8."K8L2NO7M367{1��@L C(X)

ö
X

^;."K81�[]NP36NO7!5ZL�0"L2NO7{J8L�^;L�543
0"L25�5�V;5ZLæ÷ »ÐL"K{7|�-VP3W^�JM367{1Z�OVBL]»B0]jlL"K87w��Ë(�p^�1�J8L�^;L�543¸ÍÏUWJ{�·L
öÏ��È��æ÷

vi(
;
) = Aijxj +

1

2
Bijkxixk , ∀ ; ∈ ∂C(X).

_\36NBKD0"L27{78LgL �q,;J8L"KMK{1ZUWN
A

L"K87�V;N�78L2NBK8L2V;J�^�V�KML"0"UWNB^\UWJ8^�J8LgK{�q�·.27{J{1Z�OVBLXöÎKÛ3c,P36J{7{1ZL¡36NO7{1ZK{�q�·.27{J{1Z�-VBLgNHjlL2N;[@L2NB^�J8L
�-VHj V;N��·UWV;�@L2�·L2NO7X^;L!0"UWJ{,BKcJ{1�[]1Z^;Læ÷ »qL27

B
L"K{7cV;N�78L2NBK8L2V;Jc^�V�7{J8UW1ZK{1Z~2�·L�UWJ8^�J8L�K{�q�·.27{J{1Z�OVBLv,P36J&JM36,;,ÃUWJ{7|36V��

^;L2V��¾^;L2J{N;1ZL2J8K\1�NB^�1Z0"L"K¿öF543�,P36J{7{1ZL'36NO7{1ZK{�q�·.27{J{1Z�OVBL¿K{V;J�5ZL"K\1�NB^�1Z0"L"K
j

L27
k

NHjlL2N;[@L2NB^�J8L'36VB02V;NBL�0"UWN-7{J{1�Y;V;7{1ZUWN
^B36NBKX5ZL\08}P36��,
^;L��-1�78L"K8KML

v(x)
÷ È

`vN�^;. ÑBN;1�7|L2NBK{V;1�78L!5ZL�7M36V���^;L�^;. ÍÎUWJ{�¿367{1ZUWN��¿3W02J8U]K80"UW,;1Z�OVBL
D(X)

0"UW���·L�543��W365ZL2V;Je�·Uæ�@L2N;NBL\^�V�7M36V��
^;L�^;. ÍÎUWJ{�¿367{1ZUWN���1Z02J8U]K80"UW,;1Z�OVBL

d(x)
K8V;J C(X)

»;5ZL�0M}P36��,�^;L\�q1�78L"K8K8L\.27M36N-7X,;J8UW5ZUWN;[@.�36J{Y;1�7{JM361�J8L2�·L2N-7\^B36NBK
5ZL"Ke0�3��-1�78."KæÈÃöÎt±36Je}O�q,ÃUW7{}B~"K8L]»�0"L"Kc^;L2J{N;1Z~2J8L"K|NHj 1�NO78L2J80"L2,;78L2NO7v,P3WK

∂C(X)
÷ È�_�jâ36,;J8~"K�543�ÍÎUWJ{��V;5ZL!^;L��!J8L"L2N�L27�543

J8L254367{1ZUWNÌ¹â��È�� ½p»BUWN�3

Dij(X) =
1

2|C(X)|

∫

C(X)
[vi,j(x) + vj,i(x)]dv

=
1

2|C(X)|

∫

∂C(X)
[vi(x)nj(x) + vj(x)ni(x)]da

=
1

|C(X)|

∫

C(X)
[Aij +

1

2
(Bijk +Bjik)xk]dv

öÏ��Èâ�@÷

U	® |C(X)| ^;."K{1�[]NBL!5ZLX�@UW5�V;�·L\^;L C(X)
»qL27

n
5ZLX�@L"0278L2V;JeV;N;1�7M361�J8L!NBUWJ{�¿365�L �q78.2J{1ZL2V;J|Ë¸KM3�K{V;JwÍk3W0"L

∂C(X)
È-dgN

7{JM361�7M36N-7�543��]36J{1436Y;5ZL
X

öÏË�V;NBL·."08}BL25�5ZL
>> 2b

÷!0"UW���·L'0"UWNO7{1�NOVBL'L27�L2NÆ^;."K{1�[]NP36N-7�,P36J�5ZL�K{�q��YÃUW5ZL�É�ù/Ê�543
^;.2J{1��]367{1ZUWN�,P36JeJM36,;,ÃUWJ{7v36V���0"UW��,ÃU]KM36NO78L"Kv^;L

X
»;5kjl."�-VP367{1ZUWNÆ¹â��Èâ�(½�1���,;5�1Z�-VBL��-VBL

Dij(X) = Aij +
1

2
(Bijk +Bjik)Xk ⇒ Dij;k(X) =

1

2
(Bijk +Bjik).

öÏ��Èâý@÷
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uvV¾,P3WK8KM36[@L]»�0"L27{78L�J8L254367{1ZUWN¥.27M36Y;5�1�7��OVBL
D(X)

L27 ∇D(X)
K8UWN-7\1�NB^;.2,/L2NB^B36N-78K�^�V¾,;J8UW5ZUWN;[@L2�·L2N-7�^;L

v(
;
)0M}BUW1ZK{1�^B36NBKX5ZL"K|0�3"�q1�78."K�È

+qL�,ÃU]K8L�365ZUWJ8K!543��OVBL"K{7{1ZUWN¾^;L�KM3��@UW1�J�K{1k»Ð^;L"K
Dij;k

36J{Y;1�7{JM361�J8L"K�.27M36NO7�Ñ;�;."K�öÏ3"�@L"0�Y;1ZL2N¾L2NO78L2NB^�V
Dij;k =

Dji;k
÷ »DUWNÆ,ÃL2V;7�7{J8UWV;�@L2J�^;L"K

Bijk
»HJ8L"K{,ÃL"027M36NO7¸543�,;J8UW,;J{1Z.278.�^;L¿K8�-�·.27{J{1ZL¿,P36J�JM36,;,ÃUWJ{7¸36V��Æ^;L2V��Æ^;L2J{N;1ZL2J8K

1�NB^�1Z0"L"Kæ»D78L25ZK��-VBL
Dij;k = 1/2 (Bijk +Bjik)

È�t�UWV;J¸J8.2,ÃUWNB^�J8L�Ë�0"L27{78Ly�-VBL"K{7{1ZUWNH»�UWN*."02J{1�7¸5ZL"K�."�OVP367{1ZUWNBK·Ë
J8."KMUWVB^�J8L¿öÎL2N�5ZL"K

Bijk
÷&,/UWV;JX5ZL"Ke7{J{1�,;5ZL278K

(ijk)
»
(jki)

L27
(kij)

9

öÏ��È Â-÷






1

2
(Bijk +Bjik) = Dij;k

1

2
(Bjki +Bkji) = Djk;i

1

2
(Bkij +Bikj) = Dki;j

dgN
V;7{1�5�1ZKÛ36NO7�543·,;J8UW,;J{1Z.278.�^;L¸K{�q�·.27{J{1ZL�^;L"K�0"UqL ã¿021ZL2NO78K
Bijk

L2N
j

L27
k
»/UWN©^;."^�V;1�7\^;L"K!J8L254367{1ZUWNBK�¹â��È ÂW½p»P,P36J

0"UW��Y;1�NP361ZK8UWNH»/�OVBL

Bijk = Dij;k −Djk;i −Dki;j
öÏ��Èâ�@÷
n�5��
3·^;UWNB0�V;NBL�K8UW5�V;7{1ZUWN©V;N;1Z�-VBL]ÈÐ�D3·J8.2,ÃUWNBK8L�Ë�543'�OVBL"K{7{1ZUWN
,;J8."0"."^;L2NO78L�L"K87v^;UWNB0�3(ã·J{�¿367{1��@L]È���3¿^;UWN;NB."L
^;L

D
L27

∆D
^;. ÑBN;1�7X^;UWNB0�0"UW��,;5Z~278L2�·L2NO7

A
L27

B
L27|5ZL"K|0"UWNB^�1�7{1ZUWNBKv36V��y5�1���1�78L"KvË�1���,/U]K8L2J|K8V;J

∂C(X)
È

B!ì%BUì%B d 
�ï
ï

 [ 
�	�� ] ]�
"X � b�[ 
 ] 
�� [ �¶´ b ���'� Ycb [ 
^_ g$Y0b �	����� b �	
�_x
��«ï Y ï

 b �'_ ï
� g � Y _ g$Y�

����:Uh�
^_

`vNú,;J8UW5ZUWN;[@L�,P36J
0
»¡5ZL�08}P36��, ^;L�0"UWN-7{JM361�NO78L"K

σ(
;
)

^B36NBK¿543Ç0�3��-1�78.]ÈeacL27{78L�UW,Ã.2JM367{1ZUWN ,;J8."KML2J{�@L�K8UWN
0�36JM3W0278~2J8L·Ú ×kÜ]×ÎÓÏØ2ÙBÕ��¿Õ ÖP×�Ü@Ô	��ÓÞÚMÚÛÓ�� ÝZÕc,;V;1ZK8�-VBL

σ(
;
).
A
(
;
) = 0

K{V;Je5ZL\YÃUWJ8^�^;L"Ke�q1Z^;L"K�ÈBn�5ÃKæjlL2NBK{V;1�7v365ZUWJ8K|�-VBL

〈σ(
;
) :

q
(
;
)〉C(X) =

1

|C(X)|

∫

C(X)
σij(x)vi,j(x)dv

=
1

|C(X)|

∫

∂C(X)
σij(x)vi(x)

N
j(

;
)da (

t�Èlt�È o¸È
)

=
1

|C(X)|

∫

∂C(X)
σij(x)(Aikxk +

1

2
Bikhxkxh)nj(

;
)da

=
1

|C(X)|

∫

C(X)
σij(x)

[

Aik +
1

2
(Bijk +Bikj)xk

]

dv.

dgN�."02J{1��W36N-7
xk

K8UWVBK�543¸ÍÏUWJ{�·L
Xk + (xk −Xk)

»PL2N�^;. ÑBN;1ZK8KM36N-7|5ZL"K|�-VP36NO7{1�78."K
öÏ��Èâx@÷

Σij(
�

) ≡ 〈σij(x)〉C(X) ; Mijk(
�

) ≡ 〈(xk −Xk)σij(x)〉C(X)

L27vL2N�ÑBN�L2N�V;7{1�5�1ZKM36NO7v543¸J8L254367{1ZUWN¥¹â��Èâý(½p»BUWN�,ÃL2V;7|�·L27{7{J8L�0"L�J8."K{V;5�7M367XK8UWVBK�543¸ÍÏUWJ{�·L·9

〈σ(
;
) :

q
(
;
)〉C(X) = Σij(

�
)Dij(

�
) +Mijk(

�
)Dij;k(

�
) ≡ Σ(

�
) :

	
(
�

) +
:

(
�

)

ÈÈÈ∇ 	
(
�

)
öÏ��Èº�]÷
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acL·J8."K{V;5�7M367�0"UWJ{J8L"K{,ÃUWNB^ÆËy5kjlL ��78L2NBK{1ZUWNÌ^�VÇ5ZL2���·L¿02543WK8K81Z�OVBL�^;L·�v1�5�5ä�p�©36NB^;L25¡,ÃUWV;J�5ZL"K�0"UWNB^�1�7{1ZUWNBK¸^;L�7M36V��
^;L\^;. ÍÏUWJ{�¿367{1ZUWN�}BUW�·UW[@~2NBL�36VyYÃUWJ8^�»B36V���0"UWNB^�1�7{1ZUWNBK|^;L�7M36V��y^;L\^;. ÍÎUWJ{�¿367{1ZUWN�1�N;}BUW�·UW[@~2NBL�36V�YÃUWJ8^�È�mvUWVBK
36,;,ÃL25ZL2J8UWNBK

Σ
5ZL�×pÕ Ö;Ú�Õ Ùqá�öÎK{�q�·.27{J{1Z�-VBLæ÷!^;L"K)���WÖP×Îá{ÜWÓFÖP×pÕÛÚ��·Ü'�2á��6Ú"�����ÐÓÎØ"Ù;Õ'öF�W365ZL2V;J\�·Uæ�@L2N;NBL·^�V¾78L2NBK8L2V;J�^;L"K

0"UWN-7{JM361�NO78L"K���1Z02J8U]K80"UW,;1Z�-VBL�K{V;J�543'0"L25�5�V;5ZL�0"UWNBK81Z^;.2J8."Læ÷!L27
M

»Ã5ZL �)�	�¿Õ ÖP× �·Ü'�2á��6Ú"�*�&�ÐÓÏØ2Ù;Õ'öÎK{�q�·.27{J{1Z�OVBL¸,P36J
JM36,;,ÃUWJ{7�ËÆKML"K'^;L2V��ú,;J8L2��1ZL2J8Ky1�NB^�1Z0"L"K ÷�öF�]365ZL2V;J��·U��@L2N;NBL]»eK{V;J�543Æ0"L25�5�V;5ZL]»�^;L"K��·UW�·L2NO78Ky��1Z02J8U]KM0"UW,;1Z�OVBL"K
(xk −Xk)σij

÷ È

B!ì%BUì10 ��h��8_	_Â� b�g 

�����o�'h�
 ]8] 
 [ 
^_�
¶µ Y �o�'_�� b �o�����8
^h���_æ
���
�iU�o�����8
^h���_n
�����:Uh����'� Y0b _ [X5 �_:th�� 

] �8���'
�ï�� g � Y _ g$Y ���N:Uh�
^_

`vN ^;."K{1�[]NBL©,P36J
Ω

5ZL¾0"UWJ{,BK�0"UWNBK{1Z^;.2J8. öÎ0"UWNBK{7{1�7{VB.Ç^;L�É�0"L25�5�V;5ZL"K�.25Z.2�·L2N-7M361�J8L"KwÊ C(X)
÷ Èe��3Ì,;V;1ZKMKM36NB0"L

�q1�J{7{VBL25�5ZL�^;L"KvL üÃUWJ{78Ke1�N-78.2J{1ZL2V;J8KvL"K87|^;UWN;NB."L\,P36J
öÏ��ÈâÀ@÷ Pi = −

∫

Ω
σ(

;
) :

q
(
;
)dv ≡ −

∫

Ω

[Σ(
�

) : D(
�

) + M(
�

)

ÈÈÈ∇D(
�

)] dV.

�¡jlL �q,;J8L"K8K81ZUWN�^;L\543¸,;V;1ZK8KM36NB0"L��-1�J{7{VBL25�5ZL�^;L"KXL üÃUWJ{78KvL �q78.2J{1ZL2V;J8K|Kæjl."02J{1�7X�OVP36N-7vË�L25�5ZL
öÏ��Èâ¼@÷ Pe =

∫

∂Ω

�
(
�

).
�

(
�

) dA,

U	®
T(X)

J8L2,;J8."K8L2NO78L�V;NBL¸0"L2J{7M361�NBL¸7{JM3W027{1ZUWN©K8V;JwÍÏ3W021Z�-VBL��¿3W02J8U]KM0"UW,;1Z�OVBL]ÈH`vN©,/UWV;J{JM361�7!1��¿36[]1�NBL2J�1�NO7{J8Uq^�V;1�J8L
^B36NBK�5kj 1�NO78.2[]JM36NB^;L'^;L"K�78L2J{�·L"K\,;J8UW,ÃUWJ{7{1ZUWN;NBL25ZK¸Ë ∇V

ùÃ5ZL�0"U6ÍÏ3W0278L2V;J¸^;L�0"L27{78L·�OVP36N-7{1�78.·J8L2,;J8."K8L2N-78L2JM361�7�V;NBL
KMUWJ{78L�^;L�Ép�·UW�·L2NO7y^;L�K{V;JwÍk3W0"L ÊMÈcacL"021!NHjâ36V;JM361�7y^;L�K8L2NBK'�OVBL�K{1v^�j 1���,ÃUWJ{7M36NO78L"Ky�]36J{14367{1ZUWNBK'^;L�543Ç7{JM3W027{1ZUWN
^;LyK{V;JwÍk3W0"L���1Z02J8U]K80"UW,;1Z�-VBL�K8L¿,;J8Uq^�V;1ZKM361ZL2N-7·K{V;J�^;L"K¸^�1ZK87M36NB0"L"K�^;L'5kjlUWJ8^�J8L�^;L�5kjlL"K{,P3W0"L2�·L2N-7·L2NO7{J8L�0�3��-1�78."K�È
`vNiÍÎL2JM3
5kj }-�-,ÃUW7{}B~"K8L]»g^B36NBK�5ZL�0�3WK�,;J8."K8L2NO7�»¡�OVHj 1�5eNHjlL2NúL"K87�J{1ZL2Ni,;V;1ZK8�-VBLy5ZL"K�ÍÎUWJ{78K·[]JM3W^�1ZL2NO78K�^;L"K·08}P36��,BK
�¿3W02J8U]KM0"UW,;1Z�OVBL"K�,;J8U��q1ZL2N;NBL2NO7©^�V 0�36JM3W0278~2J8LÆ3W^;UWVB021ZK8KM36N-7�^�VÅ�¿3678.2J{1436V ^$;=ËÌ543Ì,ÃUWJ8U]K{1�78.]»eL27�NBUWN ^�j V;NBL
�-VBL25Z0"UWNB�-VBL\,P367{}BUW5ZUW[]1ZL�5�1Z."L�36V���0"UWNB^�1�7{1ZUWNBK�36V���5�1���1�78L"K�È

d�N�V;7{1�5�1ZKM36N-7�»P0"UW���·L�^�j }P36Y;1�7{VB^;L]»Ð5ZL�7{}B."UWJ8~2�·L�^;L�543�^�1��@L2J{[@L2NB0"L�L27X^;L"K|1�NO78.2[]JM367{1ZUWNBK!,P36J|,P36J{7{1ZL"K�»;5kjâ36,��
,;5�1Z0�367{1ZUWN
^�V�tDÈlt�È o�ÈÐ0"UWNB^�V;1�7v36V���."�-VP367{1ZUWNBKX^�jl."�-V;1�5�1�Y;J8L�K{V;1��]36NO78L"K�9
öÏ��È����@÷

Σij;j(
�

) −Mijk;jk(
�

) = 0.

acL"KX."�OVP367{1ZUWNBKvK8L2��Y;5436Y;5ZL"K�Ë¸,/L2V�^;L�08}BU]K8L"KX,;J8~"K ð Ë�0"L25�5ZL"K|^;L���1�NB^�5�1�N�L27|dgK{}BL25&¹l��1�N�Á«d¡K{}H»H��¼]x]À6½pÈ

B!ì%BUì�í � ] � ï
� b ���'� Y0b [ 
^_ùï Y h��0
^ï

 b �'_ [ 
 g$Y �'�u_ ���8î0� [ 

_!."K81�[]NBUWNBK|,P36J ∇D

L27
M

5ZL"KcÉ�^;.2�q143678L2V;J8KwÊ\^;L ∇D
L27

M
K{V;Je5ZL2V;J8K|1�NB^�1Z0"L"K�ÉpNBUWN��pK{�-�·.27{J{1Z�-VBL"KwÊ·9

öÏ��È��]�æ÷
Dij;k ≡ Dij;k −

1

4
(δikDjh;h + δjkDih;h) ; M ijk ≡Mijk −

1

4
(δikMjhh + δjkMihh) .

ò��,Ä�ÇFÅ&ÁÂÌ ¾ÂÀtÄÍÀ1¿rÑ�ÀÐö�ÇÉÀÐ¿rÄºËÍÈ1¿côuÄ<õ Å&Ê1ÊÐÈ1ÄÍÈÐö8Å*Ñ�ËÍÏ�ÁNÀÐÑcÅ*¾AÎX�»Ï*ö�Ê1À1¿<-"Ï�ÄÍ¾ÂÇÉËºÌ ¾ÂÀÐ¿1Ò
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uD�@L"0�0"L"Ke^;. ÑBN;1�7{1ZUWNBK�» ∇D
L27

M
,ÃU]K8K8~"^;L2NO7�5ZL"K��)?2�·L"K�,;J8UW,;J{1Z.278."K|^;L\K8�-�·.27{J{1ZL��-VBL ∇D

L27
M

»;0]jlL"K{7w��Ë(�p^�1�J8L
öÏ��È����@÷

Dij;k = Dji;k
L27

M ijk = M jik,

L27vK8UWNO7X^;L�7{JM3W0"L�NOV;5�5ZL¿9
öÏ��È���ý@÷

Dij;j = 0
L27

M ijj = 0.

acL"KX^;L2V���^;.2�q143678L2V;J8KXKMUWNO7|N-V;5ZKXK{1HL27|K8L2V;5ZL2�·L2N-7vK{1
Dij;k

L27
Mijk

UWNO7|543�ÍÏUWJ{�·L·9






Dij;k

UWV
= δikUj + δjkUi

Mijk

öÏ��È��2Â-÷

,ÃUWV;J|V;N��@L"0278L2V;J
U

^;UWN;NB.]È
_�36NBK!543'K{V;1�78L]»/UWN
NBL¸0"UWNBK{1Z^;.2J8L2JM3��-VBL�^;L"K�0"L25�5�V;5ZL"K�.25ZL2�·L2NO7M361�J8L"K�^;L�ÍÏUWJ{�·L�K{,;}B.2J{1Z�-VBL]ÈÃ�HL¸0"L2NO7{J8L�^;L�543

0"L25�5�V;5ZL�K{,;}B.2J{1Z�-VBL�0"UW1�NB021Z^;L]»q,P36J&}-�-,ÃUW7{}B~"K8L]»;3"�@L"0!5kjlUWJ{1�[]1�NBL�^;L"K�L"K{,P3W0"L"K�ÈqtDUWV;JeV;NBLv78L25�5ZL�0"L25�5�V;5ZL]»-5ZL"Kc78L2NBK8L2V;J8K
∇D

^;L\7{JM3W0"L\NOV;5�5ZL�0"UWJ{J8L"K{,ÃUWNB^;L2NO7�K8L2V;5ZL2�·L2NO7�Ë�^;L"K|�·UWV;�@L2�·L2N-78K!^;L�0"UWJ{,BK|J{1�[]1Z^;L�ùPL2N�L üÃL27�»BK81 ∇D
L"K{7X^;L

543�ÍÎUWJ{�·L�¹â��È��2ÂW½p»/Ë¸,P36J{7{1�JX^;L\543¸J8L254367{1ZUWN¥¹â��Èâ�(½p»PUWN�3

Bijk = 2δjkUi

^;L�K8UWJ{78L\�OVBL�543¸�-1�78L"K8KML�,;J8U��@L2NP36NO7�^;L ∇D
K{V;Je5ZL\YÃUWJ8^�L ��78.2J{1ZL2V;Jv^;L�543�0"L25�5�V;5ZL�L"K87|^;L�543¸ÍÎUWJ{�·L¿9

öÏ��È����@÷
vi(x) = δjkUixjxk = b2Ui = Cste.

_\36NBK�0"L27{78LÆL �q,;J8L"K8K81ZUWNH»
b

^;."K{1�[]NBLÇ5ZL©JM3"�@UWN=^;L©543*0"L25�5�V;5ZL]Èvt�36J�0"UWNBK8."�OVBL2N-7�»�ÔOÕÆ×pÕ Ý Úx2Wá{Ü@ÔWÓkÕ ÖP×FÚÆÔWÙÅ×kÜWÙo(
Ô-Õ�ÔOà�+"�Wá��·Ü]×ÎÓ��WÖúÖr/ �WÖÐ×�ÜWÙ$�"Ù-Ö ÕFßvÕ2×�ÚÛÙqáyÝ�ÕÛÚ�á8Õ Ý�Ü]×ÎÓ��]Ö;Ú�ÔOÕ ���o�f���Wá ×pÕ"�·Õ2ÖP×�Õ"× �;Õ Ù°56Õ ÖÐ×*�2×Îá8Õ�Ó»2]Ö��Wá8àÛÚ�Ô@ÜWÖ;ÚyÝäÜ
á8Õ���=;Õ á1�"=�Õ·ÔOÕ-�MÕ Ú�à{Ø2Ù;Ü]×ÎÓ��WÖ;Ú"û

�HL"K|J8L254367{1ZUWNBK�¹â��ÈâÀ(½p»H¹â��È��]� ½DL27�¹â��È��2ÂW½D^;UWN;NBL2N-7�9

Σ : D + M

ÈÈÈ∇D = ΣijDij +

[

M ijk +
1

4
(δikMjhh + δjkMihh)

]

×
[

Dij;k +
1

4
(δikDjh;h + δjkDih;h)

]

⇒ Pi = −
∫

Ω

[Σij : Dij +M ijkDij;k +
1

2
MijjDik;k] dV

�D3�,;V;1ZKMKM36NB0"L¿�q1�J{7{VBL25�5ZLy^;L"K�L üÃUWJ{78K¸1�NO78.2J{1ZL2V;J8K Pi ^;UW1�7-?27{J8L�N-V;5�5ZL',ÃUWV;J¸5ZL"K��·UWV;�@L2�·L2N-78K·^;L�0"UWJ{,BK�J{1�[]1Z^;L]»
^;UWNB0

D = 0
» ∇D = 0

ÈBt�36J!0"UWNBK8."�-VBL2NO7�»;5ZL"K|0"U6Ík3W0278L2V;J8K
Mijj

^;L"KcÉp7{JM3W0"L"KwÊ
Dik;k

K�jâ36N;NOV;5�5ZL2N-7¸9
öÏ��È���x@÷

Mijj = 0.
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acL·J8."K{V;5�7M367�,ÃL2V;7�36VBK8K{1�?27{J8L·^�1�J8L"0278L2�·L2N-7¸UWY;78L2N-V¥L2NÆ."02J{1��]36NO7�5ZL"K�."�-VP367{1ZUWNBK�^�jl."�-V;1�5�1�Y;J8L�öÎL2NÇ5kjâ36YBK8L2NB0"L'^;L
ÍÏUWJ80"L"Ke^;L!�¿3WK8K8Læ÷¡K{V;J�5ZLXYÃUWJ8^y^;L!543�K8,;}B~2J8L]ÈqdgNyL ü�L27�»�K{1 S(X = 0, r) ≡ S(r)

^;."K{1�[]NBL!5ZL!JM3"�@UWN�^;L!543�K{,;}B~2J8L
0"L2N-7{J8."L�Ë¸5kjlUWJ{1�[]1�NBL]»P5kjl."�OVP367{1ZUWN
^�jl."�OV;1�5�1�Y;J8L\[]5ZUWYP365ZL�^;L�0"L27{78L�K{,;}B~2J8L\1���,;5�1Z�-VBL��-VBL
öÏ��È��æ�]÷

0 =

∫

∂S(r)
σij(x)nj(x)da =

1

r

∫

∂S(r)
σij(x)xjda.

dgN¸V;7{1�5�1ZKÛ36NO7�543v^;. ÑBN;1�7{1ZUWN�¹â��Èâx(½
2
^;L"K��·UW�·L2NO78Kæ»WV;NBL&1�N-78.2[]JM367{1ZUWN·^;Lc5kjl."�OVP367{1ZUWN�¹â��È��æ�æ½;,P36J±JM36,;,/UWJ{7�Ë

r
,/L2J{�·L27

^�jlUWY;78L2N;1�Jv5ZL"KeJ8L254367{1ZUWNBK�¹â��È���x(½pÈ
�HL"KXJ8L254367{1ZUWNBK¸¹â��È���x(½/zwUWVBL2N-7�»P^B36NBKv5ZL\�·U-^;~25ZL]»P5ZL��)?2�·L�J8øW5ZL��-VBL�5ZL"KX0"UWNB^�1�7{1ZUWNBK�^;L�0"UWN-7{JM361�NO78L¸,;5436NBL¸L2N

7{}B."UWJ{1ZL�^;L"Ke,;543W�-VBL"Ke��1�NB0"L"K�È

B!ì%BUì%� � b � ] 6!_Â
 
 ] � ï
���o
w� Y h��æh b ï
���o�������rhe���8î0� [ 
 ������
1�r���o
^ï

 b � 
 � ] �r_A�'�N:Uh�

��3e^;. ÑBN;1�7{1ZUWN�02543WKMK{1Z�OVBL�^;Lg543�^�1ZK8K{1�,P367{1ZUWN�,;543WK{7{1Z�-VBL���1Z02J8U]K80"UW,;1Z�-VBL�,ÃUWV;JHV;N\�¿3678.2J{1436V�J{1�[]1Z^;L �k,P36JwÍk361�78L2�·L2NO7

,;543WK87{1Z�OVBL�L"K87
ω(

^
) ≡ +-V;,

︸︷︷︸

σ
?∈C

σ
? : d,

U	®
C

J8L2,;J8."K8L2N-78L�5ZL�0"UWN-�@L ��L
^�jl.2543WK{7{1Z021�78.]Èe`vNú^;."^�V;1�7'^;L�0"L27{78L�^;. ÑBN;1�7{1ZUWNëL27'^�Vi5ZL2���·L
^;L��v1�5�5ä�p�
36NB^;L25
[@.2NB.2JM365�1ZKM.��-VBL

Σ : D + M

ÈÈÈ∇D = 〈σ(
;
) :

^
(
;
)〉C(X) ≤ 〈ω(

^
(
;
))〉C(X)

^;L�K8UWJ{78L\�OVBL
öÏ��È���À@÷

Σ : D + M

ÈÈÈ∇D ≤W (D,∇D) ≡ npN�Í 〈ω(
^
(
;
))〉C(X).

�¡j 1�N�ÑB��V;��L"K{7�1Z021�,;J{1ZK�K{V;J¸78UWVBK¸5ZL"K�08}P36��,BK�^;L'�-1�78L"K8KML¿��1Z02J8U]K80"UW1�,;1Z�-VBL
v(x)

1�NB0"UW��,;J8L"KMK{1�Y;5ZL"K�021�NB.2�¿367{1ä�
�-VBL2�·L2NO7¸3W^���1ZK8K{1�Y;5ZL"K�3"�@L"0�5ZL"K\^;UWN;NB."L"K

D
L27

∆D
K{V;J�5ZL�Y/UWJ8^�ÈÃ��3�[]JM36NB^;L2V;J

W (D,∇D)
J8L2,;J8."K8L2NO78L�V;NBL

L ��78L2NBK{1ZUWN�^;L�543�^�1ZK8K{1�,P367{1ZUWN�02543WK8K81Z�OVBL��¿3W02J8U]K80"UW,;1Z�-VBL�VBK8VBL25�5ZL�^;L\�X1�5�5ä�p�©36NB^;L25kÈ
np5gK�jlL2NBK8V;1�7��-VBL�5ZL�^;UW�¿361�NBL C ^;L"K�0"UWV;,;5ZL"K

(Σ,M)
,;543WK87{1Z�OVBL2�·L2N-7�3W^���1ZK8K{1�Y;5ZL"K�L"K87�0"UWNO78L2NOVÌ^B36NBK�5kj 1�N��

78L2J8KML"027{1ZUWNÇ^;L"K!^;L2��1ä�pL"K8,P3W0"L"K
Σ : D + M

ÈÈÈ∇D ≤ W (D,∇D)
»ÃL27!�)?2�·L�.2[O365±Ë�0"L27{78L¸1�NO78L2J8K8L"027{1ZUWNÇ0"UW���·L

5ZL�K87{1�,;V;5ZL�V;NÇ^;L"K\J8."K{V;5�7M3678K\[@.2NB.2JM36V��Ç02543WK8K81Z�OVBL"K�^;L�5kjâ36NP365���K8L �k5�1���1�78L]ÈH�D3�ÍFJ8UWN-7{1Z~2J8L
∂C

L"K{7�^;. ÑBN;1ZL�,P36J\5ZL"K
."�-VP367{1ZUWNBK|,P36JM36�·~27{J{1Z�-VBL"K
öÏ��È���¼@÷

Σij =
∂W

∂Dij
(D,∇D) ; Mijk =

∂W

∂Dij;k
(D,∇D).

t�V;1ZK8�-VHjâËX5kjl."0M}BL25�5ZL���1Z02J8U]K80"UW,;1Z�-VBL]»(543X5ZUW1�^�jl."0"UWV;5ZL2�·L2NO7g�@.2J{1äÑPLc5ZL&,;J{1�NB021�,/Lc^�V�7{JM3"�]361�5q,;543WK87{1Z�OVBL&�¿3(�q1��¿365k»
5ZL·5ZL2���·L¿^;L¿�v1�5�5ä�p�©36NB^;L25¡[@.2NB.2JM365�1ZK8.�3WK8K{V;J8L·�-VBL·0"L·^;L2J{N;1ZL2J�,P3WK8K8L·^;L�5kjl."0M}BL25�5ZL¿��1Z02J8U]KM0"UW,;1Z�OVBL�Ëy5kjl."08}BL25�5ZL
�¿3W02J8U]KM0"UW,;1Z�OVBL�ùÐUWN�3�^;UWNB0
öÏ��Èâ�]�@÷

(Σ−Σ?) : D + (M −M?)

ÈÈÈ∇D ≥ 0
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U	®
(Σ,M)

L27
(Σ?,M?)

J8L2,;J8."K8L2N-78L2NO7v^;L"Ke0"UWV;,;5ZL"KX^;L\0"UWNO7{JM361�NO78L"Kv�¿3W02J8U]K80"UW,;1Z�-VBL"K�»B36J{Y;1�7{JM361�J8L"K�»;,;543WK87{1Z�OVBL �
�·L2N-7y3W^���1ZKMK{1�Y;5ZL"K�»gL27

(D,∇D)
5ZL�0"UWV;,;5ZL�^;L"K�Ép7M36V��i^;L�^;. ÍÏUWJ{�¿367{1ZUWNú�¿3W02J8U]K80"UW,;1Z�-VBL"K�[@.2NB.2JM365�1ZK8."KwÊ�0"UWJw�

J8L"K8,/UWNB^B36N-7�36VÇ0"UWV;,;5ZL
(Σ,M)

ÈD+-V;1��]36NO7�5ZL�JM361ZKMUWN;NBL2�·L2NO7�02543WKMK{1Z�OVBL]»�UWNÇ36YÃUWV;7{1�7�Ë',P36J{7{1�J�^;L¸54Ë�36V��©^;L2V��
0"UWNB025�VBK81ZUWNBK|K{V;1��]36NO78L"K\9q5kjlL2NBK8L2��Y;5ZL C ^;L"Ke0"UWV;,;5ZL"K��¿3W02J8U]K80"UW,;1Z�OVBL"K|,;543WK{7{1Z�OVBL2�·L2N-7X3W^���1ZK8K{1�Y;5ZL"K

(Σ,M)
L"K{7

0"UWN-�@L ��L]»ÐL27
(D,∇D)

L"K{7|UWJ{7{}BUW[@UWNP365�Ë¸543·K{V;JwÍÏ3W0"L\^;L�08}P36J{[@L\�¿3W02J8U]K80"UW,;1Z�-VBL
∂C 36V�,/UW1�N-7

(Σ,M)
È

d±�q,;J{1��·L2J¿36NP365��q7{1Z�-VBL2�·L2NO7·543
^;L2V���1Z~2�·L�0"UWNB025�VBK{1ZUWNÄNHjlL"K{7�,P3WK·361ZK8.�,;V;1ZK8�-VBL'5ZL"K�0"UWNB^�1�7{1ZUWNBK�¹â��È���x(½|J8. �
^�V;1ZKML2NO7¡5kjlL"K8,P3W0"L E »@^;Le^�1��·L2NBK{1ZUWN'�6ÂB»@^;L"K¡0"UWV;,;5ZL"K

(Σ,M)
UWY/.21ZK8KÛ36NO7&36V���,;J8UW,;J{1ZL278."K¡^;L|K8�-�·.27{J{1ZL

Σij = ΣjiL27
Mijk = Mjik

»/Ë·V;N
K8UWVBK!L"K{,P3W0"L F ^;L�^�1��·L2NBK81ZUWN¾���¸^;L¸K8UWJ{78L��-VBL¸36VBKMK{1�Y;1ZL2N C �-VBL
∂C K8UWNO7�0"UWNO78L2N-VBK

^B36NBK!0"L�K8UWVBKvL"K{,P3W0"L F ÈPn�5�L2N�J8."K{V;5�78L��OVBL�5kjlL"K{,P3W0"L�^;L"Kv0"UWV;,;5ZL"K
(D,∇D)

UWJ{7{}BUW[@UWNP36V���^B36NBK E »BL"K{,P3W0"L�^;L
^�1��·L2NBK81ZUWNÄ�6ÂB»�Ë

∂C »�K{V;JwÍk3W0"L¿^;L�^�1��·L2NBK{1ZUWNÄ�]��»�36V¥,/UW1�N-7
(Σ,M)

»DNHjlL"K87�,;5�VBK�0"UW���·L'^�j }P36Y;1�7{VB^;Ly^;L�^�1ä�
�·L2NBK81ZUWN©�v�¿361ZK�ÂBÈ;`vN'5Z~2�@L�0"L27{78L�^�1äã¿02V;5�78.\L2N�."02J{1��]36NO7�5kjl."�-VP367{1ZUWN�^;LX543�K{V;JwÍk3W0"Lv^;L�0M}P36J{[@Lv�¿3W02J8U]KM0"UW,;1Z�OVBL
Φ(Σ,M, f) = 0

,ÃUWV;J\78UWV;7�0"UWV;,;5ZL
(Σ,M)

^;L E L2NÆ^;.2,;1�7�^;L·0"L��-VBL�5ZL"K�0"UWV;,;5ZL"K
(Σ,M)

NHjâ36,;,P36J{78L2NP36N-7
,P3WK�Ë F NHjlUWNO7�36VB02V;NÇKML2NBK�,;}O��K{1Z�OVBL�ù�UWNÇ.278L2NB^Ç361�NBK81

∂C
Ë�V;NBL�K{V;JwÍk3W0"L

∂C ^;L¸^�1��·L2NBK81ZUWN¥�]ý�^;.2Y/UWJ8^B36N-7
5ZL�K8UWVBK{�pL"K{,P3W0"L F È��HL"Kc�@L"0278L2V;J8K|0"UW5�1�NB.�361�J8L"K|36V'Ép[]JM3W^�1ZL2NO7wÊ·ö

∂Φ/∂Σij , ∂Φ/∂Mijk
÷¡K8UWNO7eUWJ{7{}BUW[@UWNP36V���Ë

∂C
»

^;UWNB0\Ë
∂C

»q36Vy,ÃUW1�NO7
(Σ,M)

È�d�Ny5ZL2V;J|3(zwUWV;7M36N-7e^;L"K&�@L"0278L2V;J8KeUWJ{7{}BUW[@UWNP36V���Ë F ^B36NBK E »�0]jlL"K{7w��Ë(�p^�1�J8L�^;L!543
ÍÏUWJ{�·L�ö

D = 0
÷c3"�@L"0 ∇D

^;L!543�ÍÎUWJ{�·L
Dij;k = δikUj + δjkUi

»qUWNyUWY;7{1ZL2N-7|78UWVBKc5ZL"K��@L"0278L2V;J8K|UWJ{7{}BUW[@UWNP36V���Ë
∂C 36V�,ÃUW1�NO7

(Σ,M)
ÈÐ�gjlL ��,;J8L"K8K{1ZUWN¾36NP365��-7{1Z�-VBL�^;L�543·0"UWNB^�1�7{1ZUWN¾^�jlUWJ{7{}BUW[@UWNP365�1�78.�^;L

(D,∇D)
Ë�543·K8V;JwÍÏ3W0"L

∂C 36V�,/UW1�N-7
(Σ,M)

Kæjl."02J{1�7X^;UWNB0
öÏ��Èâ���æ÷

Dij = η
∂Φ

∂Σij
; Dij;k = η

∂Φ

∂Mijk
+ δikUj + δjkUi

U	®
U

L"K87|V;N��@L"0278L2V;Jv36J{Y;1�7{JM361�J8L�L27
η

V;N�KM0�3654361�J8L\,/U]K81�7{1äÍ±L2N�JM361ZK8UWN�^;L�5kj 1�NB.2[O365�1�78.¿¹â��Èâ�]�(½pÈ

B!ì%BUì1S � b � ] 6!_Â
 
 ] � ï
���o
 [X5 h b 
n_Â�&ÿ \ �'
 g �'
�h�_Â
n_ Y h�ïå�8_Â
æ�Ch b g ÿ����'îp
^ï

 b ����i��8_°6�ï
���o���N:Uh�

�HL��@UW5�V;�·L�J8L2,;J8."K8L2N-7M367{1äÍ�0"UWNBK{1Z^;.2J8.�L"K{7�V;NBL�K8,;}B~2J8L�02J8L2VBK8L]»g^;L�0"L2N-7{J8L
`¸»�^;LyJM3"�@UWNBK'L �q78.2J{1ZL2V;J

b
öÎ0"L

JM3��@UWN¾J8L2,;J8."K8L2NO78L¸V;NBL�K8UWJ{78L¸^;L¸�W365ZL2V;J!�·U��@L2N;NBL�^�V¾^;L2��1ä�pL"K{,P3W0"L2�·L2N-7�L2NO7{J8L¸5ZL"K�0�3"�q1�78."KÛ÷vL27v1�N-78.2J{1ZL2V;J
a ≡

bf1/3 »Ð0"UWNBK{7{1�7{VB.�^�j V;N
�¿3678.2J{1436V©J{1�[]1Z^;L �k,P36JwÍÏ361�78L2�·L2N-7�,;543WK{7{1Z�-VBL�^;L��@UWN
��1ZK8L"K!UWY/.21ZKMKM36NO7\Ë�543¿,;J8UW,;J{1Z.278.�^;L
NBUWJ{�¿365�1�78.]ÈP��3�K{,;}B~2J8L\L"K{7eK8UWV;��1ZK8L�Ë¸^;L"K|0"UWNB^�1�7{1ZUWNBKX^;L�7M36V���^;L\^;. ÍÏUWJ{�¿367{1ZUWN�1�N;}BUW�·UW[@~2NBL�36V�YÃUWJ8^�È;`vN�KML
5�1���1�78L�36V�0�3WK|^�j V;N�0M}P36J{[@L2�·L2NO7\3(�q1ZK{�q�·.27{J{1Z�-VBL]È

acL"K�0"UWNB^�1�7{1ZUWNBK·36V��¥5�1���1�78L"K�1���,ÃU]K8L2NO7�543
0"UWNBK{1Z^;.2JM367{1ZUWNi^;L�^;L2V��¥NBUWV;�@L�36V��Ä08}P36��,BK�^;L��-1�78L"KMK8L'^B36NBK
5kjâ36,;,;J8Uq08}BL�^;L��!V;J8K8UWNHÈ/`vN
K{V;,;,ÃU]K8L��-VBL�0"L"K!08}P36��,BK�^;L��q1�78L"K8K8L�^;.2J{1��@L2NO7\^�j V;NBL�ÉkÍÏUWNB027{1ZUWN
^;L�0"UWV;JM36NO7wÊ�^;L
543�ÍÏUWJ{�·L

f(r)g(θ)
L2N�0"UqUWJ8^;UWN;NB."L"K|K{,;}B.2J{1Z�-VBL"K

r
»
θ
»
ϕ
È;��3¸�]365ZL2V;J|^;L

g(θ)
L"K87�Ñ;��."L!,P36Je5ZL"Ke0"UWNB^�1�7{1ZUWNBKv36V��

5�1���1�78L"K¡7M36NB^�1ZK¡�-VBLe0"L25�5ZL|^;L
f(r)

L"K87¡UWY;78L2NOVBLvL2N�1���,/U]KM36N-7cË!543�^�1ZK8K81�,P367{1ZUWN¿,;543WK{7{1Z�-VBL��¿3W02J8U]K80"UW,;1Z�-VBLX^�j ?27{J8L
��1�N;1��¿365ZL�,/UWV;JX5ZL�08}P36��,©^;L\�q1�78L"K8K8L\0"UWNBK{1Z^;.2J8.]ÈÃacL\,;J8UWY;5Z~2�·L�^;L���1�N;1���1ZKM367{1ZUWN�L"K{7vK8L2��Y;5436Y;5ZL]»PY;1ZL2N��-VHj V;N
,ÃL2V*,;5�VBK·0"UW��,;5�1Z�-VB.]»gË�0"L25�V;1eJ8L2NB0"UWN-7{J8.�L2NÄ�·."0�36N;1Z�-VBLyJM367{1ZUWN;NBL25�5ZL]Èg�gj É�."�-VP367{1ZUWNú^;Ly��36[]JM36N;[@L Ê�3WK8K8Uq021Z."L]»
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�-V;1XL"K{7¿V;NBL�."�OVP367{1ZUWNë^�1äüÃ.2J8L2N-7{1ZL25�5ZL�NBUWN��k5�1�NB.�361�J8L
^�Vú�-VP367{J{1Z~2�·L�UWJ8^�J8L�K{V;J�543
ÍÏUWNB027{1ZUWN
f(r)

»¡L"K{7�J8."K8UW5�VBL
N-V;�·.2J{1Z�OVBL2�·L2N-7�ÈH`vN�UWY;7{1ZL2NO7XÑBNP365ZL2�·L2NO7�»B�¿365�[]J8.�543�^�1äã¿02V;5�78.�K{V;,;,;5Z.2�·L2N-7M361�J8L��-VBL�J8L2,;J8."K8L2N-78L�543�,;J8."K8L2NB0"L
^;L��-VP367{J8L\08}P36��,BK|^;L!�q1�78L"K8K8L!^B36NBK�5kjâ36NP365��qKML�36Vy5�1ZL2V�^;L�^;L2V���0"UW���·L\0M}BL2Ò��!V;J8K8UWNH»qV;NBLvÍÎUWJ{�·L\36NP365��q7{1Z�OVBL
0"UW��,P3W0278L!36,;,;J8U-0M}B."L|^;L�543vÍÏUWNB027{1ZUWN¿^;Le08}P36J{[@Le�¿3W02J8U]KM0"UW,;1Z�OVBL]»],ÃUWV;J�V;N·08}P36J{[@L2�·L2N-7�3(��1ZK{�q�·.27{J{1Z�OVBL]ÈOacL27{78L
ÍÏUWJ{�·L�L"K{7e543�K8V;1��W36N-78L¿9
öÏ��Èâ�]�@÷

Φ(Σ,M, f) ≡ 1

σ2
0

(

(Σ33 − Σ11)
2 +

Q2

b2

)

+ 2f cosh

(
3

2

Σm

σ0

)

− 1 − f2 = 0.

U	®
öÏ��Èâ�]ý@÷

Q2 ≡ 9∆−1
A M2

m3 + ∆−1
B (M333 −M113)

2 + 6∆−1
C Mm3(M333 −M113).

_\36NBK�¹â��Èâ�]ý(½p»
Mm3

^;."K{1�[]NBL·543y�]365ZL2V;J��·Uæ�@L2N;NBLyK{V;J�5ZL"K�^;L2V��Ç,;J8L2��1Z~2J8L"K¸0"UW��,ÃU]KM36NO78L"K�^�VÆ�·UW�·L2N-7
M

»�L27
∆−1

A

»
∆−1

B

»
∆−1

C

7{J8UW1ZK�0"UWNBK87M36NO78L"K�^;UWNO7¸543��W365ZL2V;J�1���,/UWJ{78L',/L2V¥1Z021kÈ±acL�02J{1�78~2J8L�^;.2,/L2NB^¥Y;1ZL2NÌL2N-78L2NB^�VÄ^�V
^;L2��1ä�pL"K8,P3W0"L2�·L2NO7!�·U��@L2N

b
L2NO7{J8L�0�3"�q1�78."K�È

`vN�,/L2V;7|.2[O365ZL2�·L2N-7!^;.278L2J{��1�NBL2Jv5ZL\02J{1�78~2J8L��¿3W02J8U]K80"UW,;1Z�-VBL�L �B3W027�»;78UWVWz{UWV;J8K|^B36NBK|5ZL\0�3WKX3(��1ZK{�q�·.27{J{1Z�OVBL]»
L2N¾��1�N;1���1ZKÛ36NO7�543y^�1ZK8K81�,P367{1ZUWNÇ,;543WK{7{1Z�-VBL�K{V;J�V;N¾[]JM36NB^©NBUW��Y;J8L¿^;L�0M}P36��,Æ^;L¸�-1�78L"KMK8L]»�0"L27{78L�UW,/.2JM367{1ZUWNÆNBL
,ÃUWV;�]36NO7y78UWV;78L ÍÎUW1ZKyK�jlL ü�L"027{VBL2Jy�OVBL�NOV;�·.2J{1Z�-VBL2�·L2NO7�È|�D3¥0"UW��,P36JM361ZKMUWNH»cL2N-7{J8L
543ÆK{V;JwÍk3W0"L
^;L�0M}P36J{[@L©36NP3(�
5��q7{1Z�-VBL'L27¸0"L25�5ZL'UWY;78L2N-VBL'N-V;�·.2J{1Z�OVBL2�·L2N-7¿K{V;[][@~2J8L'V;NÆ5ZL2[@L2J�3(zrVBK878L2�·L2NO7�^;L"K�,P36JM36�·~27{J8L"K

∆−1
A ,∆−1

B ,∆−1
C36,;,P36JM361ZKMKM36NO7!^B36NBK|543�K{V;JwÍk3W0"L\^;L�08}P36J{[@L¸36NP365��-7{1Z�-VBL]ÈB�HL"K|�·L21�5�5ZL2V;J8L"KX�]365ZL2V;J8K|^;L\0"L"K|,P36JM36�·~27{J8L"KvK8UWNO7

öÏ��Èâ�6Â-÷
∆−1

A = 0.992 ; ∆−1
B = 10.18 ; ∆−1

C = 1.97.

B!ì%BUìf� þ������ \ �'
nîp� b ���'� ] � Y h�� ] 
^_ g ÿ����'îp
^ï

 b �'_ b�Y0b ��i!� _°6!ï
���o����:Uh�
^_
u|ÑBN ^;L�,ÃUWV;�@UW1�J�36,;,;5�1Z�OVBL2Jy5ZL��·U-^;~25ZL]»&1�5!L"K87¿NB."0"L"K8KM361�J8L
^;L�5ZL�[@.2NB.2JM365�1ZK8L2J�»e36V 0�3WK'^;L
08}P36J{[@L2�·L2N-78K

�-VBL25Z0"UWNB�-VBL"K�»�NBUWN�3(�q1ZK{�q�·.27{J{1Z�-VBL"K�È6acL27{78LcL �q78L2NBK81ZUWNH»æ�-V;1OL"K{7�J8.�365�1ZKM."L¡^;Lg�¿36N;1Z~2J8L&}BL2V;J{1ZK{7{1Z�-VBL]»æ^;UW1�7DJ8L"K{,/L"0278L2J
^;L2V��ú0"UWNB^�1�7{1ZUWNBK
9g5kj 1ZKMUW7{J8UW,;1ZL¥öF,;V;1ZK8�-VBL�5ZL��@UW5�V;�·L�J8L2,;J8."K8L2N-7M367{1äÍ�0"UWNBK{1Z^;.2J8.
L"K{7·5�V;1X�)?2�·L�1ZK8UW7{J8UW,ÃLæ÷ »¡�-V;1
1���,;5�1Z�-VBLy�OVBL'K8L2V;5ZK¸5ZL"K�1�N-�W36J{1436N-78K·^;L

Σ
L27

M
,/L2V;�@L2N-7·36,;,P36JM3A@Z7{J8L�^B36NBK¸5kjlL ��,;J8L"K8K{1ZUWN*^;L¿543�ÍÏUWNB027{1ZUWN*^;L

0M}P36J{[@L!�¿3W02J8U]K80"UW,;1Z�OVBL
Φ(Σ,M, f)

»-L27c543�0"UWN-�@L �q1�78.�^;L!0"L27{78L|ÍÏUWNB027{1ZUWNy,P36J¡JM36,;,ÃUWJ{7e36V��·�]36J{1436Y;5ZL"K
Σ

L27
M

È
+-1k»±,P36J¸JM36,;,ÃUWJ{7¿Ë

Σ
»D0"L"K�0"UWNB^�1�7{1ZUWNBK¿K8UWNO7�Ík3W021�5ZL2�·L2NO7·KM367{1ZK{ÍÏ361�78L"K�L2N*J8L2��,;543	E�36NO7

(Σ33 − Σ11)
2 ^B36NBK

¹â��Èâ�]�(½�,P36J
Σ2

eq

»�,P36JvJM36,;,/UWJ{7!Ë
M

1�5�L"K{7|^�1äã¿021�5ZL�^;L�KM367{1ZKwÍk361�J8L\543�0"UWNB^�1�7{1ZUWN�^;L�0"UWNO�@L ��1�78.�^;L
Φ

K{1HUWN�V;7{1�5�1ZK8L
^;L"K�1�NO�]36J{1436NO78K¸NBUWN��p�-VP3W^�JM367{1Z�OVBL"K�È�acL"021&K8V;[][@~2J8L¿^�jl.278L2NB^�J8L�K{1���,;5ZL2�·L2NO7�^B36NBK�543�J8L254367{1ZUWNë¹â��Èâ�]�(½p»�543yÍÏUWJ{�·L
�-VP3W^�JM367{1Z�-VBL

Q2 ^;UWN;NB."L\,P36JX543¸J8L254367{1ZUWN¥¹â��Èâ�]ý(½D^�V�0�3WKv3(�q1ZK{�q�·.27{J{1Z�-VBL]»BË�V;NBL�ÍÏUWJ{�·L�,;5�VBK|[@.2NB.2JM365ZL·9
öÏ��Èâ�]�@÷

Q2 ≡ AIMI +AIIMII +AIIIMIII

U	®
AI

»
AII

L27
AIII

K8UWNO7D^;L"K�0"UqL ã¿021ZL2NO78K�»6L27 MI
» MII

L27 MIII
5ZL"KDý�1�N-�W36J{1436N-78K��-VP3W^�JM367{1Z�-VBL"KH1�NB^;.2,ÃL2NB^B36NO78K

^�V�78L2NBK8L2V;J�^�jlUWJ8^�J8L!ý�»-�@.2J{1äÑÐ36NO7�543�,;J8UW,;J{1Z.278.�^;LXK{�q�·.27{J{1ZL
Mijk = Mjik

L27¡5ZL"K�0"UWNB^�1�7{1ZUWNBK�¹â��È���x(½p»�^;. ÑBN;1ZK¡,P36J
öÏ��Èâ�]x@÷ MI ≡ 1

9
MjjiMkki = MmiMmi ; MII ≡ 3

2
M ′

jkiM
′
jki ; MIII ≡ 3

2
M ′

jkiM
′
ikj
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��L�K{�-��Y/UW5ZL¿ÉkÊOj±J8L2,;J8."K8L2N-78L�1Z021�543�,P36J{7{1ZL�^;.2�-143678UWJ{1Z�-VBL]»�,;J{1ZK8LyK{V;J�5ZL"K�,;J8L2��1ZL2J·L27·K8L"0"UWNB^Ì1�NB^�1Z0"L"K�öF1�NB^�1Z0"L"K
É�K8�-�·.27{J{1Z�-VBL"KwÊr÷ È

acL2,/L2NB^B36N-7�»�5ZLX0�365Z02V;5�^;LX0"L"Kc1�NO�]36J{1436NO78Ke^B36NBKc5ZLv0�3WK�3(��1ZK{�q�·.27{J{1Z�OVBLX�·UWNO7{J8L��-VHj 1�5ZK&NBLvK8UWNO7�,P3WK&1�NB^;.2,/L2N��
^B36N-78K¡5ZL"KgV;NBK¡^;L"K¡36V;7{J8L"K�È�acL"021B1���,;5�1Z�-VBL|�OVBLX^B36NBKg5ZL|0�3WK¡3(��1ZK{�q�·.27{J{1Z�OVBL]»@543!ÍÎUWJ{�·LX�OVP3W^�JM367{1Z�-VBLX^;UWN;NB."Le,P36J
¹â��Èâ�]�(½&NBL�^;.2,/L2NB^¾L2N¾J8.�365�1�78.��-VBL�^;L·�',P36JM36�·~27{J8L"K�3(zwVBK{7M36Y;5ZL"K�»��-V;1gK8UWNO7�^;L"K\0"UW��Y;1�NP361ZK8UWNBK�^;L

AI
»
AII

L27
AIII

»PL27XNBUWN�7{J8UW1ZKæÈBnp5�,P36JM3A@Z7X,P36Jv0"UWNBKM."�OVBL2N-7!^�1äã¿021�5ZL�^�j 1Z^;L2NO7{1äÑPL2J\0"L27{78L\ÍÏUWJ{�·L��-VP3W^�JM367{1Z�OVBL�Ë�0"L25�5ZL�^;. ÑBN;1ZL
,P36J!¹â��Èâ�]ý(½p»-�-V;1Ð0"UW��,ÃUWJ{78LXL25�5ZLv7{J8UW1ZKg,P36JM36�·~27{J8L"Kæ»

∆−1
A

»
∆−1

B

L27
∆−1

C

È-np5ÐK8L|7{J8UWV;�@Lv0"L2,/L2NB^B36N-7��-VBLe5ZL"K&�W365ZL2V;J8K
^;Ly0"L"K¸,P36JM36�·~27{J8L"K·K8UWN-7�78L25�5ZL"K��OVBL'543�ÍÎUWJ{��V;5ZL¾¹â��Èâ�]ý(½�,ÃL2V;7�?27{J8L�J8L2,;J8."K8L2NO78."Ly,;J8L"K8�-VBL�L �;3W0278L2�·L2N-7·,P36J�543
ÍÏUWJ{��V;5ZL'¹â��Èâ�]�(½p»P36,;,;5�1Z�-VB."L�^B36NBK|5ZL\0�3WKX3(��1ZK{�q�·.27{J{1Z�OVBL]»Ð3"�@L"0\5ZL"Ke�]365ZL2V;J8K
öÏ��Èâ�@�]÷

AI = 0.194 , AII = 6.108 , AIII = 0.

`vNÄ,/L2V;7��@.2J{1äÑPL2J·�-VBLy543�NBUWV;�@L25�5ZLyÍÎUWJ{�·L��-VP3W^�JM367{1Z�-VBL�UWY;78L2NOVBL�L"K{7�^;. ÑBN;1ZL�,ÃU]K{1�7{1��@LyK{V;J�5kjlL"K{,P3W0"L�^;L"K
78L2NBKML2V;J8K

M
^�jlUWJ8^�J8L'ý�UWYÃ.21ZK8KM36N-7�Ëy543y,;J8UW,;J{1Z.278.�^;L·K{�q�·.27{J{1ZL

Mijk = Mjik
L27¸36V��¾0"UWNB^�1�7{1ZUWNBK�¹â��È���x(½pÈH��3

ÍÏUWNB027{1ZUWN
Φ

L"K{7|^;UWNB0�0"UWNO�@L �;L�K{V;Je5kjlL2NBK8L2��Y;5ZL�^;L"K|0"UWV;,;5ZL"K¸ö
Σ,M

÷&,;}O��K{1Z�OVBL2�·L2N-7�3W^���1ZKMK{1�Y;5ZL"K�È
ÓD1�NP365ZL2�·L2N-7�»ÐUWN�UWY;7{1ZL2N-7v^;UWNB0\5ZL�02J{1�78~2J8L\[@.2NB.2JM365�1ZK8.�K{V;1��]36NO7�9

öÏ��Èâ�]À@÷
Φ(Σ,M, f) ≡ 1

σ0

(

Σ2
eq +

Q2

b2

)

+ 2f cosh

(
3

2

Σm

σ0

)

− 1 − f2 ≤ 0

U	®�543�ÍÎUWJ{�·L��-VP3W^�JM367{1Z�-VBL
Q2 L"K{7|^;. ÑBN;1ZL�,P36J|543¸J8L254367{1ZUWN¥¹â��Èâ�]�(½

B!ì%BUì1§ dFY � [p5 � g$Y h ] 
^ï

 b �ù�r_	_ YUg �8��
���h g �>��� \ �'
������ b�Y ��ï
� ] ���o�
��3�5ZUW1�^�jl."0"UWV;5ZL2�·L2N-7�3WK8KMU-021Z."L�36V�02J{1�78~2J8L�,P36JeNBUWJ{�¿365�1�78.�K�jl."02J{1�7�»B0"UW���·L�UWN�5kjâ3¸�-V�021ä�p^;L"KMK{VBK�»

öÏ��Èâ�]¼@÷






Dp
ij = η

∂Φ

∂Σij

(∇D)p
ijk = η

∂Φ

∂Mijk
+ Uiδjk + Ujδik

, η







= 0
K81

Φ(Σ,M, f) < 0

≥ 0
K81

Φ(Σ,M, f) = 0

U	®
Φ

L"K{7±543vÍÏUWNB027{1ZUWN·^;Le08}P36J{[@L|^;. ÑBN;1ZL�,P36J|¹â��Èâ�]À(½p»]L27
η
5ZLc��V;5�7{1�,;5�1Z0�3678L2V;J&,;543WK{7{1Z�OVBL]È]��L"K�78L2J{�·L"Kg0"UW��,ÃUWJ{7M36NO7

5ZL��@L"0278L2V;J�36J{Y;1�7{JM361�J8L
U ≡ (Ui)1≤i≤3

J8L2,;J8."K8L2NO78L2N-7�»HUWN
5kjâ3·�qVH»BV;N
�·UWV;�@L2�·L2NO7�36J{Y;1�7{JM361�J8L�^;L¸0"UWJ{,BKvJ{1�[]1Z^;L]È
_\36NBK¸543�,;JM367{1Z�OVBL]»�543��W365ZL2V;J�^;L

U
L"K{7�Ñ;��."L',P36J¸5ZL"K¸0"UWNB^�1�7{1ZUWNBK

Mijj = 0
ÈgacL¿�@L"0278L2V;J!z{UWVBL'^;UWNB0]»±^B36NBK

5ZL·�·U-^;~25ZL]»DK8L2NBK{1�Y;5ZL2�·L2NO7�5ZL��)?2�·L·J8øW5ZL¿�OVBL�543�0"UW��,/U]KM36N-78L
εzz

^;L�543�^;. ÍÏUWJ{�¿367{1ZUWNÆ78UW7M365ZL'L2NÇ7{}B."UWJ{1ZL¿^;L"K
,;543W�-VBL"K|��1�NB0"L"Kæ»B�OV;1HKæjâ3(zrVBK{78L\^;L��¿36N;1Z~2J8L¸Ë�KM367{1ZKwÍk361�J8L�543�0"UWNB^�1�7{1ZUWN�^;L\0"UWN-7{JM361�NO78L�,;5436NBL

σzz = 0
È

np5!0"UWNO�q1ZL2NO7�^�jlL �q,;5�1Z021�78L2Jy5ZL"K'5ZUW1ZK'^�jl."0"UWV;5ZL2�·L2N-7Ç¹â��Èâ�]¼(½
1

L27
¹â��Èâ�]¼(½
2

,ÃUWV;J¿5ZL
02J{1�78~2J8LÌ¹â��Èâ�]À(½pÈe`vNëUWY;7{1ZL2NO7
Ík3W021�5ZL2�·L2NO7�,ÃUWV;J

Dp »D0"UW��,;78L�78L2N-Vi^;L"K�J8L254367{1ZUWNBK�.2�q1Z^;L2NO78L"K
∂Σ2

eq/3∂Σij = 3Σ′
ij

öÎU	®Ì5ZL¿É
jHÊ�^;."K{1�[]NBL�5ZL
^;.2�q143678L2V;JÛ÷eL27

∂Σm/∂Σij = δij/3
9

öÏ��Èâý]�@÷
Dp

ij = η

[
3

σ̄2
Σ′

ij +
f

σ̄
sinh

(
3

2

Σm

σ̄

)

δij

]

.
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dgN�1Z^;L2NO7{1äÑÐ36N-7v5ZL"Ke,P36J{7{1ZL"KX�·U��@L2N;NBL�L27X^;.2�-143678UWJ{1Z�-VBL�^;L\0"L27{78L�L ��,;J8L"K8K{1ZUWNH»PUWN�7{J8UWV;�@L

öÏ��Èâý��æ÷






Dp
ij
′

= η
3

σ̄2
Σ′

ij

Dp
m = η

f

σ̄
sinh

(
3

2

Σm

σ̄

)

.

`vN¾,ÃL2V;7\0�365Z02V;5ZL2J\5ZL¸��V;5�7{1�,;5�1Z0�3678L2V;J�,;543WK87{1Z�OVBL
η

L2N©ÍÏUWNB027{1ZUWN¾^�V¾7M36V��
^;L�^;. ÍÏUWJ{�¿367{1ZUWNÆ."�OV;1��]365ZL2NO7�^;L¸�@UWN
��1ZK8L"KXË¸5kjâ361Z^;L�^;L\5kjl."�OVP367{1ZUWN¥¹â��Èâý�� ½

1
9

öÏ��Èâý]�@÷
Ḋp

eq =

(
2

3
D′

ij
p
D′

ij
p
) 1

2

=

(
2

3

9η2

σ̄4
Σ′

ijΣ
′
ij

) 1

2

= 2η
Σeq

σ̄2

0"L��OV;1HL2N-7{JM3A@ZNBL��-VBL
öÏ��Èâý]ý@÷

η =
1

2

σ̄2

Σeq
Ḋp

eq.

dgN�J8L2,/UWJ{7M36N-7v0"L\^;L2J{N;1ZL2JvJ8."K{V;5�7M367X^B36NBKe5ZL"KeJ8L254367{1ZUWNBK�¹â��Èâý�� ½p»PUWN�7{J8UWV;�@L

öÏ��Èâý6Â-÷







Dp
ij
′

=
3

2

Ḋp
eq

Σeq
Σ′

ij

Dp
m =

f

2

σ̄

Σeq
sinh

(
3

2

Σm

σ̄

)

Ḋp
eq,

."�-VP367{1ZUWNBK�U	®iNHjâ36,;,P36JM3A@Z7¿,;5�VBK¿5ZL���V;5�7{1�,;5�1Z0�3678L2V;Jy,;543WK{7{1Z�-VBL]Èg��3Ç,;J8L2��1Z~2J8L�L"K{7·7{J8~"K'02543WK8K{1Z�-VBL�0�36J'L25�5ZL�L"K87
.2[O365ZL2�·L2N-7v�]365436Y;5ZL�,ÃUWV;J|5ZL\02J{1�78~2J8L�VBK{VBL25H^;L��@UWN���1ZK8L"KæÈ

tDUWV;J|L ��,;5�1Z021�78L2Je^;LX�)?2�·L
(∇D)p »-1�5PÍk36V;7�0�365Z02V;5ZL2Jc5ZL"K�^;.2J{1��@."L"K

∂MI/∂Mijk
L27
∂MII/∂Mijk

Èq�gj V;7{1�5�1ZKM3(�
7{1ZUWN�^;L"KeJ8L254367{1ZUWNBK
öÏ��Èâý]�@÷ ∂Mmh

∂Mijk
=

1

3
δijδhk

L27 ∂M ′
pqh

∂Mijk
=

[
1

2
(δpiδqj + δpjδqi) −

1

3
δij

]

^;UWN;NBL�1����·."^�143678L2�·L2NO7

öÏ��Èâý]x@÷







∂MI

∂Mijk
= 2Mmh

∂Mmh

∂Mijk
=

2

3
Mmkδij

∂MII

∂Mijk
= 3M ′

pqh

∂M ′
pqh

∂Mijk
= 3M ′

ijk

dgN�J8L2,/UWJ{7M36N-7�»P0"L"KeJ8."K8V;5�7M3678KX^B36NBKe5kjl."�-VP367{1ZUWN¥¹â��Èâ�]¼(½
2
,ÃUWV;J

(∇D)p »;UWN�UWY;7{1ZL2N-7
öÏ��Èâý@�]÷

(∇D)p
ijk = η

3

σ̄2b2

(
2

3
AIδijMmk + 3AIIM

′
ijk)

)

+ δikUj + δjkUi

^�jlU	®H»B,P36J|1Z^;L2NO7{1äÑP0�367{1ZUWN©^;L"Ke,P36J{7{1ZL"K|�·Uæ�@L2N;NBL�L27X^;.2�q143678UWJ{1Z�-VBL]»

öÏ��Èâý]À@÷






(∇D)p
ijk

′
= η

3

σ̄2b2
AIIM

′
ijk + δikUj + δjkUi −

2

3
δijUk

(∇D)p
mk = η

3

σ̄2b2
AIMmk +

2

3
Uk

U	®�5kjlUWN�JM36,;,/L25�5ZL��OVBL�5ZL���V;5�7{1�,;5�1Z0�3678L2V;Jv,;543WK{7{1Z�-VBL
η

L"K{7|^;UWN;NB.\,P36J|543¸J8L254367{1ZUWNÌ¹â��Èâý]ý(½pÈ



ìr¯4ì¾: Srqcsq� Inv �¡$�	 ��é { < SÐç CFI �Ðì

B!ì%BUì�� WAb �o� Y![ h g �'� Y0be[ 
 ]25 � g � Y h�� _	_A��îp
�
�� [ 
 ]25 ÿ76!� Y � ] �r_A�'� g ���o�
tDUWV;J&,;J8L2NB^�J8L|L2N¿0"UW��,;78Le5kjl."02J8UWV;1ZK8KÛ36[@L]»@UWN·,P36J{7¡^;L�543\K8V;[][@L"K{7{1ZUWN�}BL2V;J{1ZK{7{1Z�-VBL|^;Lv�!V;J8K8UWN·�-V;1B0"UWNBK{1ZK{78LvË

J8L2��,;543W0"L2J&5ZLc�¿3678.2J{1436V¿,ÃUWJ8L2V����qJM361k»]^;. ÍÎUWJ{�·.|^;L��¿36N;1Z~2J8L|1�N;}BUW�·UW[@~2NBL]»@,P36J�V;N��¿3678.2J{1436V·,ÃUWJ8L2V���ÑP027{1äÍ�^;UWNO7
543'�¿367{J{1Z0"L�,;J8."K8L2N-78L�V;NBL�^;. ÍÎUWJ{�¿367{1ZUWNÇ,;543WK87{1Z�OVBL�."�-V;1��W365ZL2N-78L�V;N;1äÍÎUWJ{�·L

ε̄
ÈÃ��3'5�1���1�78L�^�jl.2543WK{7{1Z021�78.

σ̄ ≡ σ(ε̄)J8L"K878L�^;UWNB0�V;N;1äÍÏUWJ{�·L�^B36NBKX543��¿367{J{1Z0"L�ùÐL27X1�5�K�jlL2NBK{V;1�7X�-VBL\5ZL�02J{1�78~2J8L��¿3W02J8U]K80"UW,;1Z�-VBL�L"K{7v0"L25�V;1�^;UWN;NB.�,P36Jv543
J8L254367{1ZUWNÌ¹â��Èâ�]À(½DL2N�J8L2��,;543	E�36NO7

σ0
,P36J

σ̄
È

�gjl."�OVP367{1ZUWN
^�jl.2�@UW5�V;7{1ZUWN�^�V�,P36JM36�·~27{J8L
ε̄
L"K{7eJ8.2[]1ZL\,P36JX543¸5ZUW1

öÏ��Èâý]¼@÷
(1 − f)σ̄ ˙̄ε = Σ : Dp + M

ÈÈÈ
(∇D)p.

acL27{78L�5ZUW1�L"K{7|UWY;78L2NOVBL]»/0"UW���·L�^B36NBKX5ZL��·U-^;~25ZL�^;L¸�!V;J8K8UWNH»BL2N�.2[O365436N-7v5ZL"K|^�1ZKMK{1�,P367{1ZUWNBK|,;543WK{7{1Z�-VBL"K|^B36NBKX5ZL
�¿3678.2J{1436V�J8."L25ÃL27�5ZL!�¿3678.2J{1436V�ÑP027{1äÍ�É�."�OV;1��]365ZL2NO7wÊgùq543¸K8L2V;5ZL�^�1äüÃ.2J8L2NB0"L\L"K{7e�-VBL!543�^�1ZKMK{1�,P367{1ZUWNy,;543WK{7{1Z�OVBL\^B36NBK
5ZL'�¿3678.2J{1436V*J8."L25c0"UW��,;J8L2NB^ÌV;NBL�0"UWNO7{J{1�Y;V;7{1ZUWNÄK{V;,;,;5Z.2�·L2N-7M361�J8L

M

ÈÈÈ
(∇D)

»�0"UW���·L'5kj 1�NB^�1Z�OVBL�5ZL·5ZL2���·Ly^;L
�v1�5�5ä�p�©36NB^;L25H[@.2NB.2JM365�1ZK8.]È

�gjâ36V;7{J8L·,P36JM36�·~27{J8L�1�N-78L2J{NBL·^�VÇ�·Uq^;~25ZL�L"K{7\543�,ÃUWJ8U]K{1�78.
f

�-V;1¡36,;,P36JM3A@Z7�^B36NBK\5ZL�02J{1�78~2J8L]È�+qUWNÇ."�OVP367{1ZUWN
^�jl.2�@UW5�V;7{1ZUWNH»��OV;1�J8."K{V;5�78L�02543WK8K{1Z�-VBL2�·L2NO7�^;L¸5kj 1�NB0"UW��,;J8L"K8K{1�Y;1�5�1�78.�^;L¸543'�¿367{J{1Z0"L]»�L"K{7�^;UWN;NB."L�0"UW���·L�^B36NBK�5ZL
�·Uq^;~25ZL�^;L���V;J8K8UWN�,P36J
öÏ��È ÂO�@÷

ḟ = 3(1 − f)Dp
m.

�&1ZL2N��-VBLv5kjl.2543WK{7{1Z021�78.\K8UW1�7�,/L2Vy1���,ÃUWJ{7M36NO78L�L2NyJ{V;,;7{V;J8L\^�VB027{1�5ZL]»�1�5/Ík36V;7c1�NB0"UWJ{,ÃUWJ8L2Je5kj }O�q,ÃU-.2543WK{7{1Z021�78.\^B36NBK
5ZL"K�."�-VP367{1ZUWNBK�0"UWNBK{7{1�7{V;7{1��@L"K\^�V��·Uq^;~25ZL�,/UWV;J�^;L"K!Y/L"K8UW1�NBKv,;JM367{1Z�-VBL"K!^�jlUWJ8^�J8L¸N-V;�·.2J{1Z�OVBL]ÈH`vN¾3W^;UW,;78L�5kj }-�O�
,ÃUW7{}B~"K8L'^;L·543y,P36J{7{1�7{1ZUWN*^;L·543�^;. ÍÏUWJ{�¿367{1ZUWN*L27�^;L·K8UWN¥[]JM3W^�1ZL2NO7�L2NÆ,P36J{7{1ZL"K¸.2543WK{7{1Z�-VBL·L27�,;543WK{7{1Z�-VBL]È�acL27{78L
}-�-,ÃUW7{}B~"K8L�Kæjl."02J{1�7

öÏ��È ÂB�æ÷






D ≡ De + Dp

∇D ≡ (∇D)e + (∇D)p.

`vN�,;J8L2NB^�JM3![O36J8^;Le36V¸ÍÏ361�7eØ2Ù�/ ÓFÝ;Ö�/ ��Ü�ÜWÙ��2ÙqÖ/Õ|áwÜWÓÞÚ"�]Ö��$�WÙqáeÝ�Ü@Ø2ÙBÕ ÝÞÝZÕXÝ�Õ Úc�;ÜWá ×ÎÓkÕÛÚXà Ý�Ü6Ú ×ÎÓÏØ2ÙBÕ!Õ"×$�ÐÝ�Ü6Ú ×ÎÓÏØ2ÙBÕ
(∇D)e 4

(∇D)p ÔWÙ 2Wá{Ü@ÔWÓkÕ ÖP×vÔ]Ù©×kÜ]Ù	(�ÔOÕ¿Ô-à,+"�]á&�·Ü]×ÎÓ��WÖ¥ÔOÕ"5�áwÜ]ÓÏÕ ÖÐ×#���WÓFÖ��2ÓÏÔOÕ á¿Üo56Õ��¿Ý�ÕÛÚN2Wá{Ü@ÔWÓkÕ ÖP×FÚ ∇(De)
4 ∇(Dp)

ÔOÕÛÚ
�;ÜWá ×ÎÓkÕÛÚ¸à Ý�Ü6Ú2×ÎÓÎØ2ÙBÕ�Õ2×p�ÐÝ�Ü6Ú ×ÎÓÏØ2ÙBÕ�Ô]Ù�×kÜWÙo(�Ô-Õ�Ô-à,+"�]á&�·Ü]×ÎÓ��WÖ/û

�HL"K�,P36J{7{1ZL"K|.2543WK{7{1Z�-VBL"K�^;Lv543¸^;. ÍÏUWJ{�¿367{1ZUWN�L27e^;L!KMUWN�[]JM3W^�1ZL2N-7|K8UWNO7eJ8L25�1Z."L"K|36V��y0"UWNO7{JM361�N-78L"KXL27c�·UW�·L2NO78K
Ë�7{JM3"�@L2J8K|543¸5ZUW1D^�j }O�q,/Uq.2543WK{7{1Z021�78.�K{V;1��]36NO78L¿9

öÏ��È ÂO�@÷






Σ̌ij = λDe
kkδij + 2µDe

ij

M̌ijk =
b2

5

[
λ(∇D)e

hhkδij + 2µ(∇D)e
ijk − 2λU e

kδij − 2µ
(
U e

i δjk + U e
j δik

)]
.
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_\36NBK�0"L"KcL �q,;J8L"K8K81ZUWNBK
σ̌ij

L27
M̌ijk

K8UWN-7&5ZL"K�^;.2J{1��@."L"K�^;L � 36V;�¿36N;NyUWVy^;L\�!J8L"L2N��pm!36[]}B^�1göÎUWY�z{L"027{1��@L"KÛ÷&^;L
ΣijL27

Mijk
»;^;UWN;NB."L"K|,P36J

öÏ��È ÂOý@÷






Σ̌ij ≡ Σ̇ij + ΩkiΣkj + ΩkjΣik

M̌ijk ≡ Ṁijk + ΩhiMhjk + ΩhjMihk + ΩhkMijh

U	®
Ω ≡ (Ωij)1≤i,j≤3

L"K87v5ZL�7M36V���^;L�J8UW7M367{1ZUWNúöF�¿367{J{1Z0"L�36N-7{1ZK{�q�·.27{J{1Z�OVBLæ÷v^;L¸543·�¿367{1Z~2J8L]»Ã^;UWN-7!5kjlL ��,;J8L"K8K{1ZUWN
^�1äü�~2J8L�K{V;1��]36NO7e543�^;.2J{1��@."L�UWY�zwL"027{1��@L�0M}BUW1ZK{1ZL]ÈB_�L�,;5�VBK�»

λ
L27
µ

K8UWNO7e5ZL"K|0"UqL ã¿021ZL2NO78Kv^;L\��36�·.]»
b
L"K{7e5ZL\^;L2��1ä�

L"K8,P3W0"L2�·L2NO7��·U��@L2N©L2NO7{J8L�5ZL"Kv0�3��-1�78."Kæ»ÐL27
Ue ≡ (U e

i )1≤i≤3
L"K87|V;N��@L"0278L2V;J�^;UWNO7�543��]365ZL2V;JvL"K87|Ñ;�;."L�,P36JX5ZL"K

."�-VP367{1ZUWNBK�¹â��È���x(½p»P."02J{1�78L�K8UWVBKe543¸ÍÏUWJ{�·L·ö
M̌ijj = 0

÷\9
öÏ��È Â]Â-÷

U e
i =

λ(∇D)e
hhi + 2µ(∇D)e

ihh

2λ+ 8µ
.

acL��@L"0278L2V;J|zwUWVBL]»�^B36NBK\5ZL��·Uq^;~25ZL]»�5ZL��)?2�·L�J8øW5ZL��-VBL�543y0"UW��,ÃU]KM36NO78L
εezz

^;L�543y^;. ÍÎUWJ{�¿367{1ZUWN¥.2543WK{7{1Z�OVBL¿L2N
7{}B."UWJ{1ZL�^;L"Kv,;543W�OVBL"K!��1�NB0"L"K�»/�-V;1DL"K{7!5�1�Y;J8L�Ü6�/áÛÓ��Wá Ó��¿361ZKXÑ;�;."L]»/L2N�J8.�365�1�78.]»/,P36Jv543'0"UWNB^�1�7{1ZUWN©^;L�0"UWN-7{JM361�NO78L
,;5436NBL

σzz = 0
È

`vNúNBUW78L2JM3¥�OVBL�5kjlL �q,;J8L"K8K81ZUWN ^;L�543Ç5ZUW1v^�j }O�q,ÃU-.2543WK{7{1Z021�78.Ì¹â��Èâ�]ý(½
2

NHjlL"K87¿,P3WK¿L �B3W0278L2�·L2NO7y543©�)?2�·L
�-VBL
0"L25�5ZLv,;J8UW,ÃU]K8."Lv^B36NBKe��UW5ZUW[O36N-VÇÕ"×gÜWÝP¹º���Ht¡_¸»���¼]¼@�(½p»O�-V;1/3��W361�7�.278.vUWY;78L2N-VBL!,P36J&}BUW�·UW[@.2NB.21ZKM367{1ZUWNÇöÏ3��@L"0!^;L"K
0M}P36��,BK�^;L¸�q1�78L"K8K8L¸78L"K{78K�1�5gL"K{7��qJM361�3WKMK8L2Ò�J{VB^�1��·L2NO7M361�J8L"KÛ÷ È±`vN¾,/L2V;7\0"L2,ÃL2NB^B36NO7��@.2J{1äÑPL2J��-VBL¸5ZL"K\^;L2V��
5ZUW1ZK
0"UW1�NB021Z^;L2N-7�36V�,;J8L2��1ZL2J!UWJ8^�J8L�L2N

λ/µ
»;,ÃUWV;Je5ZL"K�Ík361�Y;5ZL"K|�]365ZL2V;J8K|^;L\0"L\JM36,;,ÃUWJ{7�È

��3yJM361ZK8UWNÆ^;L·543y�·U-^�1äÑP0�367{1ZUWN¥,;J8UW,/U]KM."L·L"K{7��-VHjlL25�5ZL�,/L2J{�·L27�V;NBL�NOV;�·.2J{1ZKM367{1ZUWN¥V;NÇ,ÃL2VÇ,;5�VBK�361ZK8."L·^;L"K
."�-VP367{1ZUWNBK¡^�V��·Uq^;~25ZL]È-acUW���·Le5kjl.2543WK87{1Z021�78.eNBL�zwUWVBL�,P3WKgV;N·J8øW5ZL��¿3(zwL2V;J&L2N�J{V;,;7{V;J8L|^�VB027{1�5ZL|L27gL"K{7�1�N-7{J8U-^�V;1�78L
L"KMK8L2NO7{1ZL25�5ZL2�·L2N-7�,/UWV;J�^;L"KDJM361ZKMUWNBK�N-V;�·.2J{1Z�OVBL"K�»WUWN�,/L2V;7±K8Lg,ÃL2J{�·L27{7{J8Lc^;L¡�·Uq^�1äÑPL2J�^B36NBKDV;NBLc0"L2J{7M361�NBL¡�·L"K{V;J8L
543�5ZUW1H�OV;1�5kjlL ��,;J{1��·L]È

B!ì%BUì8��� þ Ycb�g�] h�_	� Y0b 8����^_	h�ï
� [ 
^_ù��:Uh����'� Y0b _~�@ÿ�� Y �>�N:Uh�
^_ [ h ï Y![�\^] 
�A d ��m
�HL\�·Uq^;~25ZL\,;J8UW,/U]KM.\0"UW��,/UWJ{78L�L"K8K8L2NO7{1ZL25�5ZL2�·L2N-7!�-VP367{J8L\.25Z.2�·L2NO78KæÈ

��L�,;J8L2��1ZL2J¿L"K{7·V;Ni02J{1�78~2J8LyÉp}BUW�·UW[@.2NB.21ZK8. Ê�^;L�7p�q,ÃL��!V;J8K8UWNÄ,ÃUWV;J·5ZL"K��¿3678.2J{1436V��Ä,;543WK{7{1Z�-VBL"K·,ÃUWJ8L2V��ÃÈ�d�N
��1�NB0"UWJ{,/UWJM36N-7�5ZL"K!�·U-^�1äÑP0�367{1ZUWNBK�}BL2V;J{1ZK{7{1Z�OVBL"K�,;J8UW,/U]K8."L"K�,P36J\b��@L2J{[O3]36J8^ÇL27\mvL"L"^�5ZL2�¿36NúöF1�N-7{J8U-^�VB027{1ZUWNÌ^�V
Ép,P36JM36�·~27{J8L�^�j 1�NO78L2JM3W027{1ZUWN�Ê

q
L27|^;L\543�Ép,ÃUWJ8U]K{1�78.�ÑP027{1��@L Ê

f? ÷ »;0"L�02J{1�78~2J8L�Kæjl."02J{1�7�9

öÏ��È ÂO�@÷
Φ(Σ,M, f) ≡ 1

σ̄2

(

Σ2
eq +

Q2

b2

)

+ 2p cosh

(
3

2

Σm

σ̄

)

− 1 − p2 ≤ 0.

_\36NBK|0"L27{78L�L �q,;J8L"K8K81ZUWNH»
• Σeq ≡

(
3
2 Σ′

ijΣ
′
ij

)1/2 ö
Σ′ ≡ ^;.2�q143678L2V;Jv^;L

Σ
÷cL"K{7e543�0"UWNO7{JM361�N-78L�."�-V;1��]365ZL2NO78L�^;L\�@UWN���1ZK8L"KHù

• Σm ≡ 1
3

7{J
Σ

L"K{7e543�0"UWNO7{JM361�N-78L��·Uæ�@L2N;NBL�ù
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• σ̄
J8L2,;J8."KML2NO78L�V;NBL�KMUWJ{78L�^;Ly�W365ZL2V;J��·Uæ�@L2N;NBL�^;Ly543
5�1���1�78L�^�jl.2543WK87{1Z021�78.�^B36NBK�543©�¿367{J{1Z0"L��·.27M365�5�1Z�-VBL

}B.278.2J8UW[@~2NBL�ù
• p

L"K{7eV;N�,P36JM36�·~27{J8L�J8L25�1Z.�Ë¸543¸,/UWJ8U]K81�78.
f

Ë�7{JM3"�@L2J8K|543�J8L254367{1ZUWN�^;L�bH�@L2J{[O3]36J8^�L27|mvL"L"^�5ZL2�¿36NÌ9

öÏ��È ÂOx@÷
p ≡ qf∗ , f∗ ≡







f
K{1

f ≤ fc

fc + δ(f − fc)
K{1

f > fc

U	®
q
L"K{7c5ZL|Ép,P36JM36�·~27{J8L\^;L!bH�@L2J{[O3]36J8^qÊM»

fc
543�,ÃUWJ8U]K{1�78.�02J{1�7{1Z�OVBL�^�Vy^;.2Y;V;7|^;Lv0"U@365ZL"K80"L2NB0"L\^;L"K�0�3��-1�78."K�»

L27
δ

ö
> 1

÷&5ZL�ÍÏ3W0278L2V;J!3W0"0".25Z.2JM3678L2V;Jv^;L�543�^;.2[]JM3W^B367{1ZUWN
^�V��¿3678.2J{1436V�^�V;JM36NO7v543�0"U@365ZL"K80"L2NB0"L�ù
• Q2 L"K{7eV;NBL\ÍÎUWJ{�·L\�-VP3W^�JM367{1Z�OVBL�^;L"KX0"UW��,ÃU]KM36NO78L"Kv^�V�78L2NBK8L2V;J|^;L"K|�·UW�·L2N-78KX^;UWN;NB."L�,P36J

öÏ��È Â-�]÷
Q2 ≡ AIMI +AIIMII ,







AI = 0.194

AII = 6.108

U	®
MI

L27
MII

KMUWNO7|5ZL"K|^;L2V���,;J8L2��1ZL2J8KX1�NO�]36J{1436NO78K!^;L
M

9
öÏ��È ÂOÀ@÷

MI ≡ 1

9
MjjiMkki , MII ≡ 3

2
M ′

ijkM
′
ijk

ö
M′ ≡ ^;.2�q143678L2V;JX^;L

M
K{V;Je5ZL"KX^;L2V��y,;J8L2��1ZL2J8KX1�NB^�1Z0"L"KÛ÷ È

�HL�^;L2V���1Z~2�·L�.25ZL2�·L2NO7!L"K{7|543¸5ZUW1�^�jl."0"UWV;5ZL2�·L2N-7!3WK8K8Uq021Z."L�36V�02J{1�78~2J8L\,P36JXNBUWJ{�¿365�1�78.¿9

öÏ��È ÂO¼@÷






Dp
ij = η

∂Φ

∂Σij

(∇D)p
ijk = η

∂Φ

∂Mijk
+ Uiδjk + Ujδik

, η







= 0
K{1

Φ(Σ,M, f) < 0

≥ 0
K{1

Φ(Σ,M, f) = 0.

��L"K�78L2J{�·L"K�Ík361ZKM36NO7�1�N-78L2J{�@L2N;1�J·5ZLy�@L"0278L2V;J
U ≡ (Ui)1≤i≤3

J8L2,;J8."K8L2N-78L2NO7'V;NÄ�·UWV;�@L2�·L2NO7'^;Ly0"UWJ{,BK�J{1�[]1Z^;L
36J{Y;1�7{JM361�J8L]ÈÐ��3��]365ZL2V;JX^;L\0"L\�@L"0278L2V;JXL"K87�Ñ;��."L\,P36Je5ZL"Kv0"UWNB^�1�7{1ZUWNBK

Mijj = 0
È

�HL!7{J8UW1ZK{1Z~2�·L\.25Z.2�·L2NO7|L"K{7cV;NBL�."�OVP367{1ZUWN�^�jl.2�@UW5�V;7{1ZUWN�^;Lv543�,/UWJ8U]K81�78.!�-V;1/,;J8U��q1ZL2NO7|^;L!5kj 1�NB0"UW��,;J8L"K8K{1�Y;1�5�1�78.
36,;,;J8Uq08}B."L�^;L\543¸�¿367{J{1Z0"L��·.27M365�5�1Z�-VBL¿öF5ZL"Ke�]36J{14367{1ZUWNBKX^;L�543¸,/UWJ8U]K{1�78.�^�VBL"KXË¸5kjl.2543WK{7{1Z021�78.�.27M36N-7|NB.2[]5�1�[@."L"KÛ÷�9
öÏ��Èâ�]�@÷

ḟ = (1 − f)
7{J

Dp.

�HL��-VP367{J{1Z~2�·L�.25Z.2�·L2NO7!0"UWNB0"L2J{NBL\5ZL\,P36JM36�·~27{J8L
σ̄
ÈPacL�,P36JM36�·~27{J8L�L"K{7X^;UWN;NB.\,P36J

öÏ��Èâ���æ÷
σ̄ ≡ σ(ε̄)

U	®
σ(ε)

L"K{7y543¥ÍÎUWNB027{1ZUWN ^;UWN;NP36N-7�543Ì5�1���1�78L¾^�jl.2543WK{7{1Z021�78.Ç^;L©543Ì�¿367{J{1Z0"LÆL2N ÍÎUWNB027{1ZUWN ^;L©543Ì^;. ÍÏUWJ{�¿367{1ZUWN
,;543WK87{1Z�OVBLÇ."�-V;1��]365ZL2NO78LÇ02V;��V;5Z."L

ε
»eL27

ε̄
543Ì�]365ZL2V;J��·Uæ�@L2N;NBLÆ^;L¾0"L27{78LÇ^;. ÍÏUWJ{�¿367{1ZUWN ."�-V;1��W365ZL2N-78LÇ^B36NBK�543

�¿367{J{1Z0"L�}B.278.2J8UW[@~2NBL]ÈP�gjl.2�@UW5�V;7{1ZUWN
^;L
ε̄
L"K{7e[@UWV;�@L2J{NB."L�,P36Je543�5ZUW1g9

öÏ��Èâ�]�@÷
(1 − f)σ̄ ˙̄ε = σ : D + M

ÈÈÈ
(∇D)
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��L\�·U-^;~25ZL�L"K{7|0"UW��,;5Z~278.�,P36Je543�5ZUW1H^�j }-�-,ÃUq.2543WK{7{1Z021�78.�K{V;1��]36NO78L¿9

öÏ��Èâ�]ý@÷






Σ̌ij = λDe
kkδij + 2µDe

ij

M̌ijk =
b2

5

[
λ(∇D)e

hhkδij + 2µ(∇D)e
ijk − 2λU e

kδij − 2µ
(
U e

i δjk + U e
j δik

)]
.

_\36NBK�0"L"KcL �q,;J8L"K8K81ZUWNBK
σ̌ij

L27
M̌ijk

K8UWN-7&5ZL"K�^;.2J{1��@."L"K�^;L � 36V;�¿36N;NyUWVy^;L\�!J8L"L2N��pm!36[]}B^�1göÎUWY�z{L"027{1��@L"KÛ÷&^;L
ΣijL27

Mijk
»;^;UWN;NB."L"K|,P36J

öÏ��Èâ�6Â-÷






Σ̌ij ≡ Σ̇ij + ΩkiΣkj + ΩkjΣik

M̌ijk ≡ Ṁijk + ΩhiMhjk + ΩhjMihk + ΩhkMijh.

B!ì%BUì8�p� � ] � ïå� b ���'� Ycb [ 
^_ [ �������0��
^_ù_A
 g$Y0b�[ 
^_ [ h g ÿ��rï
� [ 
������o
^_	_Â

mvUWVBKc365�5ZUWNBKg�¿361�NO78L2NP36N-7�5ZL2�@L2J¡543\^�1äã¿02V;5�78.v�OVBL|0"UWNBK87{1�7{VBL|543�NB."0"L"K8K81�78.X36,;,P36J8L2NO78L!^;L|5kj VBKM36[@LX^�jl.25Z.2�·L2NO78K

ÑBN;1ZKv^;L\02543WK8K8L C1 »;^�V�Ík361�7|^;L\543¸,;J8."K8L2NB0"L�^B36NBKX543¸5ZUW1�^;L\0"UW��,/UWJ{78L2�·L2N-7!^�V�[]JM3W^�1ZL2N-7v^;L\543�^;. ÍÏUWJ{�¿367{1ZUWNHÈ
acL�,;J8UWY;5Z~2�·L�L"K87·7{J8~"K'K81���1�54361�J8L�Ë¾0"L25�V;1|J8L2NB0"UWN-7{J8.©^B36NBK·5kj 1���,;5Z.2�·L2NO7M367{1ZUWN N-V;�·.2J{1Z�OVBL
^;L�543¾7{}B."UWJ{1ZL

^;L"K�,;543W�-VBL"K�UWVÌ^;L"K�0"Uq�OVBL"K¸^;L)H�1�J808};}BU6ü/�p�HUæ�@L�L27�,ÃL2V;7¶?27{J8L·J8."KMUW5�V¥^;L·543��)?2�·L¿�¿36N;1Z~2J8L]»±Ë�7{JM3��@L2J8K�V;NBL
5Z.2[@~2J8L'�·Uq^�1äÑP0�367{1ZUWNÌ^;L¿543yÍÏUWJ{��V;54367{1ZUWN*7{}B."UWJ{1Z�OVBL]È�d�N*L üÃL27�»�1�NO7{J8Uq^�V;1ZK8UWNBK�»�L2NÆ,;5�VBK¸^�V¥0M}P36��,Ì^;L¿�-1�78L"K8KML
�¿3W02J8U]KM0"UW,;1Z�OVBL

V(X)
»;V;NyNBUWV;�@L�36V�^;L2[]J8.!^;L!5�1�YÃL2J{78.\021�NB.2�¿367{1Z�OVBL\KMUWVBK&543�ÍÏUWJ{�·L�^�j V;Ny78L2NBK8L2V;J|K{�q�·.27{J{1Z�OVBL

^�V K8L"0"UWNB^ÄUWJ8^�J8L
W(X) ≡ (Wij(X))1≤i,j≤3

ù�0"L�78L2NBK8L2V;J·L"K87�Ü �Ðá Ó��]áÛÓc1�NB^;.2,/L2NB^B36N-7'^;L
D(X)

�¿361ZK·L"K{7
^;L"K87{1�NB.vË�5�V;1^?27{J8LX.2[O365�ÓFÖ��gÖÃÕ2È-acL27{78L|,;J8Uq0"."^�V;J8LXL"K87�5kjâ36NP365ZUW[]VBL]»-^B36NBK¡5ZL|0�3WK¡^;L"K¡,;543W�OVBL"K&L27¡0"U-�-VBL"K�»]^;L|0"L25�5ZL
�-V;1g0"UWNBK{1ZK{78L'Ë�36YP36NB^;UWN;NBL2J�5ZL"K\}-�-,ÃUW7{}B~"K8L"K�^;L�H�1�J80M};}BU6üÐ�p�HUæ�@LyL27�Ëy0"UWNBK{1Z^;.2J8L2J�543yJ8UW7M367{1ZUWNÆ^;L"K�K8L2[]�·L2NO78K
z{UW1�[]NP36NO7!5ZL"KXK8V;JwÍÏ3W0"L"KX1�N�ÍÎ.2J{1ZL2V;J8L�L27XK{V;,Ã.2J{1ZL2V;J8L�^;L�543�,;543W�OVBL�UWV�^;L�543�0"Uq�-VBL�0"UW���·L�V;N�NBUWV;�@L�36V
^;L2[]J8.�^;L
5�1�YÃL2J{78.e1�NB^;.2,ÃL2NB^B36NO7�^�V¿^;.2,;543W0"L2�·L2NO7�^;Le543�K{V;JwÍk3W0"Le�·Uæ�@L2N;NBL]È�`vN�1�N-7{J8U-^�V;1�7cL2NBK{V;1�78L|V;N�78L2NBK8L2V;J&�·."0�36N;1Z�OVBL
K8�-�·.27{J{1Z�-VBL�^�V©K8L"0"UWNB^�UWJ8^�J8L

P(X)
É�^�VP365äÊ�^�V�Ép7M36V���^;L�^;. ÍÏUWJ{�¿367{1ZUWN�Ê

(W − D)(X)
36V�K8L2NBK!^�V�,;J{1�NB021�,ÃL

^;L"K|,;V;1ZK8KM36NB0"L"K|�q1�J{7{VBL25�5ZL"KHùB0]jlL"K87w��Ë(�p^�1�J8L��OVHjlUWN��·U-^�1äÑPL\5kjlL ��,;J8L"K8K{1ZUWN¥¹â��ÈâÀ(½D^;L Pi L2N
öÏ��Èâ�]�@÷ Pi ≡ −

∫

Ω

[Σ(
�

) : D(
�

) + M(
�

)

ÈÈÈ∇W(
�

) + P(X) : (W −D)(X)] dV.

acL2543ÄJ8L2�-1ZL2N-7�»X^B36NBK�5ZL¾0"UWN-78L �q78L¥^;L"K�,;543W�OVBL"K�L27�^;L"K�0"Uq�OVBL"K�»|ËÌ1�N-7{J8U-^�V;1�J8LÆ543ÌNBUW7{1ZUWN ^;LÇ0"UWN-7{JM361�NO78LÌ^;L
021ZKÛ361�5�5ZL2�·L2NO7\7{JM36NBK{�@L2J8K8L]ÈH`vN©J8L2��,;543W0"L�,P36J!543'K8V;1�78L

(∇D)
»
(∇D)e L27

(∇D)p ,P36J{78UWV;7�^B36NBK!5ZL"K�."�OVP367{1ZUWNBK
0"UWNBK87{1�7{V;7{1��@L"Kg,;J8."0"."^;L2NO78L"K¡,P36J

(∇W)
»
(∇W)e L27

(∇W)p ÈO`vN�UWY;7{1ZL2NO7&361�NBK81qV;NBL�NBUWV;�@L25�5ZL�7{}B."UWJ{1ZLX�OV;16z{UWVBL]»
,P36J�JM36,;,/UWJ{7�Ë�5kjâ36NB021ZL2N;NBL]»�V;N¾J8øW5ZL·K8L2��Y;5436Y;5ZL'Ëy0"L25�V;1¡�-VBL!zwUWVBL�543�7{}B."UWJ{1ZL·^;L"K\,;543W�-VBL"K�UWVÆ^;L"K�0"Uq�OVBL"K�^;L
hvL21ZK8K{�·L2Jw�p��1�NB^�5�1�N¾,P36J\JM36,;,/UWJ{7�Ë�0"L25�5ZL�^;L�H�1�J80M};}BU6üÄL27\�HUæ�@L]ÈpÓ�1�NP365ZL2�·L2NO7�»DUWN
1���,ÃU]K8L·Ë

W
^�j ?27{J8L��OVP3WK{1

.2[O365gË
D

Ë¿7{JM3"�@L2J8K�V;NBL�5ZUW1�^�j }-�-,ÃU-.2543WK87{1Z021�78.¸K8V;,;,;5Z.2�·L2NO7M361�J8L�5�1436NO7
W − D

L27!543'^;.2J{1��@."L¸^;L � 36V;�¿36N;NÇ^;L
P

»P0"UW��,/UWJ{7M36N-7XV;NBL\J{1�[]1Z^�1�78.\7{J8~"Kv.25ZL2�@."L¿öF�·.27{}BUq^;L�^;L!Ép,Ã.2NP365�1ZKM367{1ZUWN�Êr÷�9
öÏ��Èâ�]x@÷

P̌ij = Lµ(Wij −Dij)
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U	®
L

V;N¾NBUW��Y;J8L¿,/U]K{1�7{1äÍeKM36NBK�^�1��·L2NBK81ZUWNÇ7{J8~"K�[]JM36NB^�ÈH_\36NBK\5ZL¿0"UWNO78L ��78L·^;L�5kj 1���,;5Z.2�·L2NO7M367{1ZUWNÌNOV;�·.2J{1Z�-VBL
^;L�543�7{}B."UWJ{1ZL�^;L"K|,;543W�-VBL"KXUWV�^;L"Kv0"U-�-VBL"K|hvL21ZK8K{NBL2Jw�p��1�NB^�5�1�NH»B0"L2543�J8L2�q1ZL2NO7!Ë�Ík361�J8L\78L2NB^�J8L��@L2J8K

0
5kjl.2,P361ZK8K8L2V;J

^;Lv543�,;543W�OVBL�UWVy^;LX543�0"U-�-VBL!^;L|Ík3	E"UWN��-VBLv543�J{1�[]1Z^�1�78.!�q1ZKw��Ë(�k�-1ZKc^;L!K8UW5�5�1Z021�7M367{1ZUWNBKe^;Lv021ZKÛ361�5�5ZL2�·L2NO7e7{JM36NBK{�@L2J8K8L
^;L2�q1ZL2N;NBL\7{J8~"Kv.25ZL2�@."L]È

tDUWV;J¡0"UW��,;J8L2NB^�J8L|,/UWV;J8�-VBUW1�543XNBUWV;�@L25�5ZL�7{}B."UWJ{1ZLeL"K87±."�-V;1��]365ZL2NO78L|Ëv543!,;J8L2��1Z~2J8Le^B36NBK±543v5�1���1�78L
L→ +∞ »

L �B36��1�NBUWNBK�5ZL"K�."�-VP367{1ZUWNBKg^�jl."�-V;1�5�1�Y;J8L|3WK8K8Uq021Z."L�Ë¸¹â��Èâ�]�(½pÈ]�gjâ36,;,;5�1Z0�367{1ZUWN�^�V�,;J{1�NB021�,/Le^;L"K±,;V;1ZK8KÛ36NB0"L"K±�-1�J{7{VBL25�5ZL"K
öÎL2N�5kjâ36YBK8L2NB0"L�^;L�ÍÏUWJ80"L"K|^;L��¿3WK8K8Læ÷e^;UWN;NBL]»BL2N�1�NO78.2[]JM36N-7v,P36J|,P36J{7{1ZL�L27XL2N�V;7{1�5�1ZKM36NO7v5kjl."�OVP367{1ZUWN¥¹â��Èâ¼(½&9

0 = P i + Pe =

∫

Ω

[(Σij;j − Pij;j)Vi + (Mijk;k − Pij)Wij ](X) dV

+

∫

∂Ω

[((−Σij + Pij)nj + Ti)Vi −MijknkWij ](X) dA

öÏ��Èâ�@�]÷ ⇒







Σij;j(X) − Pij;j(X) = 0

Mijk;k(X) − Pij(X) = 0

^B36NBK
Ω

L27

öÏ��Èâ�]À@÷






(Σij(X) − Pij(X))nj(X) = 0

Mijk(X)nk(X) = 0.

K{V;J
∂Ω

u²,P36J{7{1�J'^;L�5kjl."�-VP367{1ZUWN«¹â��Èâ�@�æ½
2
»g,P36J'L �;L2��,;5ZL]»&1�5XL"K{7'0254361�J��OVBL�5ZL"K·�]36J{1436Y;5ZL"K

Pij
J8L"K{78L2NO7'ÑBN;1ZL"K'^B36NBK

543�5�1���1�78L
L → +∞ È�n�5cL2N*L"K{7�^;UWNB0y^;L'�)?2�·Ly^;L"K��]36J{1436Y;5ZL"K

P̌ij
È��gjl."�OVP367{1ZUWNÅ¹â��Èâ�]x(½e1���,;5�1Z�-VBL'^;UWNB0y�-VBL]»

^B36NBK�543y5�1���1�78L
L → +∞ »�5ZL"K

Wij − Dij
K�jâ36N;N-V;5ZL2NO7�»�0]jlL"K{7w��Ë(�p^�1�J8L¿L2N¾Ík361�7��-VBL

W
^;L2�-1ZL2N-7�.2[O365�Ë

D
ÈH�HL"K

NBUWV;�@L25�5ZL"K�."�-VP367{1ZUWNBK¿0"UWNBK{7{1�7{V;7{1��@L"K¿ÍÏ361ZKÛ36NO7·1�N-78L2J{�@L2N;1�J ∇W
»
(∇W)e L27

(∇W)p KMUWNO7'^;UWNB0�."�OV;1��]365ZL2NO78L"K
36V���36NB021ZL2N;NBL"K!�OV;1D0"UW��,/UWJ{7M361ZL2N-7�»ÐL25�5ZL"K�» ∇D

»
(∇D)e L27

(∇D)p ÈP_!L�,;5�VBK�»;5ZL\78L2J{�·L
P : (W −D)

^B36NBKX543
NBUWV;�@L25�5ZL&L �q,;J8L"KMK{1ZUWN¿¹â��Èâ�]�(½-^;L�543e,;V;1ZK8KM36NB0"L��q1�J{7{VBL25�5ZLg^;L"K�L ü�UWJ{78K�1�N-78.2J{1ZL2V;J8KDK�jâ36N;N-V;5ZL¡^;LgKMUWJ{78Lg�OVBL±5kjlL ��,;J8L"K8K{1ZUWN
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J{1�[@UWV;J8L2VBKML2�·L2NO7!1Z^;L2NO7{1Z�-VBL"KvË�0"L25�5ZL"K|^;L�5kjâ36NB021ZL2N;NBL�7{}B."UWJ{1ZL]È
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5�1�7M367{1��@L2�·L2N-7�»&0"UW���·L2N-7'543
NBUWV;�@L25�5ZL�ÍÎUWJ{��V;54367{1ZUWNú7{}B."UWJ{1Z�-VBL�,;J8UW,ÃU]K8."L�L"K{7�V;NBL�K8UW5�V;7{1ZUWN 36Vi,;J8UWY;5Z~2�·L�^;L
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J8L254367{1ZUWN§¹â��Èâ�]À(½
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�·UWNO7{J8L��OVBL�0"L2J{7M361�NBL"K¿0"UW��,ÃU]KM36NO78L"K�^;L

M
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K8L2JM361�7·^;UWNB0
^�1ZKM0"UWNO7{1�NOV�L27|0"L2J{7M361�NBL"Ke0"UW��,/U]KM36N-78L"K|^;L ∇M

1�N�ÑBN;1ZL"KæÈ;�
361ZKe0"UW���·L
Σ

K8L�0"UW��,/UWJ{78L\0"UW���·L ∇M
Ë¸0�36VBK8L

^;L"K&."�OVP367{1ZUWNBKc^�jl."�-V;1�5�1�Y;J8L]»O0"L2J{7M361�NBL"Kc0"UW��,/U]KM36N-78L"K&^;L
Σ

K8L2JM361ZL2NO7&1�N�ÑBN;1ZL"K�»O0"L|�-V;1B�q1ZUW5ZL2JM361�7¡5ZL|02J{1�78~2J8L]È-��3\5ZU6�
0�365�1ZKÛ367{1ZUWNy^;L2�q1ZL2NO7�^;UWNB0v1���,/U]K8K81�Y;5ZLXL27c5kjl.2,P361ZK8K8L2V;J�^;L|543�Ò�UWNBLX^�jlL2NB^;UW���¿36[@L2�·L2NO7XNBLX,ÃL2V;7&K�jâ36N;N-V;5ZL2J�È�_�36NBK
543�,;JM367{1Z�OVBL]»B0"L27{78L�^�1ZK{7M36NB0"L�L"K{7|^;L\5kjlUWJ8^�J8L�^;L�543�5ZUWN;[]VBL2V;Jv0�36JM3W0278.2J{1ZK{7{1Z�-VBL
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1�NO7{J8Uq^�V;1�78L�^B36NBKX5ZL��·U-^;~25ZL]È
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W
K8L2JM3

0"UWNBK81Z^;.2J8.
0"UW���·L�V;N ^;L2[]J8.�^;L�5�1�Y/L2J{78.©36V��úN���VB^;KyL27¿5kjl.2�]365�VP367{1ZUWNÅ^;L ∇W
36V��i,/UW1�N-78Ky^;L©�\36VBKMK'^;L"K

.25Z.2�·L2N-78K�K�jlL ü�L"027{VBL2JM3�V;N;1Z�-VBL2�·L2NO7·Ë�,P36J{7{1�J�^;L"K�^;.2J{1��@."L"K�,;J8L2��1Z~2J8L"K�öÎL27¸NBUWN*KML"0"UWNB^;L"KÛ÷�^;L"K�ÍÏUWNB027{1ZUWNBK�^;L
ÍÏUWJ{�·L]È��gj V;7{1�5�1ZKM367{1ZUWN�^;L"K�.25Z.2�·L2NO78KcÑBN;1ZK�^;L�02543WK8K8L C1 NHjlL"K{7�^;UWNB0v,;5�VBKcNB."0"L"K8KÛ361�J8L]È-�HL!,;J{1ä��Ë�,P3"�@L2JeL"K{7��-VHjlL2N
^�1��·L2NBK81ZUWN
��»;UWN�V;7{1�5�1ZK8L2JM3·K{1ä��^;L2[]J8."Kv^;L\5�1�Y/L2J{78.·ö

v1, v2, w11, w22, w12, w33
÷�36V�5�1ZL2V�^;L���ö

v1, v2
÷ È

np5/L"K{7cË�NBUW78L2J��-VBL|543\�·Uq^�1äÑP0�367{1ZUWNy^�V¿�·Uq^;~25ZLX,;J8UW,ÃU]K8."Lv3�^;.rz{Ë�V;7{1�5�1ZK8."L|,P36J|+-}OV¾Õ2×gÜWÝZû/¹º+-}OVH»H��¼]¼]¼W½Ð,ÃUWV;J
5kj 1���,;5Z.2�·L2N-7M367{1ZUWN©NOV;�·.2J{1Z�-VBL�^�j V;N�36V;7{J8L\�·Uq^;~25ZL\��1Z02J8UW�·UWJ{,;};1Z�-VBL]È

_!L�,;5�VBK�»/^B36NBK�¹º��L2J�»���¼@�Wý6½p»���L2J{�¿361�N
L ��,ÃU]K8L�V;NBL�Ép7{}B."UWJ{1ZL���1Z02J8UW�·UWJ{,;};1Z�OVBL Ê�^B36NBK!543W�OVBL25�5ZL¸UWN�7{J8UWV;�@L
^;L"K

Ui
»�^;L"K

Dij
»�L27¿36VÄ5�1ZL2Vú^;L"K

Dij;k
»�^;L"K Xij

L27¿^;L"K
χijk = Xij;k

��3©,;V;1ZKMKM36NB0"Ly�-1�J{7{VBL25�5ZL�^;L"K·L üÃUWJ{78K
1�N-78.2J{1ZL2V;J8K P?

i

,;J8L2NB^�365ZUWJ8K|543�ÍÏUWJ{�·L
öÏ��Èâ�]¼@÷ −

∫

Ω
(ΣijDij + sijηij + νijkχijk)dΩ , ηij = Ui;j −Xij.

`vN¾J8L278UW��Y/L�K8V;J!543'7{}B."UWJ{1ZL·^�V¾K8L"0"UWNB^©[]JM3W^�1ZL2N-7�L2N©1���,/U]KÛ36NO7\543'5�14361ZK8UWN
ηij = 0

�OV;1±1���,;5�1Z�-VBL
χij = Ui;j�-V;1�Ë�K8UWN�78UWV;Jv^;UWN;NBL

χijk = Uij;k
È

`vN¿0"UWNBK{7M3678L|�-VBLe0"L27{78Le7{}B."UWJ{1ZLcÉp��1Z02J8UW�·UWJ{,;};1Z�-VBL ÊXL"K{7gL �B3W0278L2�·L2NO7¡543!�)?2�·LX�OVBLe0"L25�5ZL|K8V;J�543W�OVBL25�5ZLeNBUWVBK
78UW��Y/UWNBK!,ÃUWV;Jv5kj 1���,;5Z.2�·L2N-7M367{1ZUWNÇNOV;�·.2J{1Z�-VBL]»�Ë¿0"L"021�,;J8~"K!�OVBL�NBUWVBKv,ÃU]K8UWNBK

ηij = Dij −Wij ≡ Dij − Xij36V�5�1ZL2V
^;L
Ui;j − Xij

9PJ8."K{V;5�7M367�»BNBU]K
ηij

K8UWN-7vK{�q�·.27{J{1Z�-VBL"KvL27vNBU]K
sij

36VBK8K81kÈBnp5�L"K{7|J8L2�¿36J8�-VP36Y;5ZL��-VHjâË�,P36J{7
0"L�,/L27{1�7v^;.27M361�5k»ÐUWN�J8L278UW��Y/L¸K{V;J|V;NBL�7{}B."UWJ{1ZL�02543WKMK{1Z�OVBL�L2N�Ép,Ã.2NP365�1ZKM36NO7wÊ�543�5�14361ZKMUWN

Dij = Wij
»Ð0"L��-V;1DL"K{7�Ü

�/áÛÓ��Wá ÓF»�V;N�36J{7{1äÑP0"L�,;V;J8L2�·L2NO7XN-V;�·.2J{1Z�OVBL]È
uú5kj 1ZK8K8VBLc^;Le0"L27{78L�,P36J{7{1ZL]»@NBUWVBKg3"�@UWNBKg,;J8."KML2NO78.e5ZL"K�.25Z.2�·L2N-78K¡L"K8K8L2N-7{1ZL25ZKg^�j V;N��·Uq^;~25ZLe^�V·K8L"0"UWNB^�[]JM3W^�1ZL2NO7

,ÃUWV;J±5ZL"K��¿3678.2J{1436V��¸^�VB027{1�5ZL"K±,ÃUWJ8L2V���öF�·U-^;~25ZL|����tg_�÷�^B36NBK±5ZL"�-VBL25q5ZL"K�L ü�L278K±^;L"KDÍÎUWJ{78K�[]JM3W^�1ZL2NO78Kg�·."0�36N;1Z�OVBL"K
KMUWNO7�,;J{1ZKgL2N�0"UW��,;78L|L27g^;UWN-7�5kj 1�N;[]J8."^�1ZL2NO7gÍÏUWNB^B36�·L2NO7M365ÐL"K{7�V;N�02J{1�78~2J8L|UWY;78L2NOV·,P36J¡36NP365���K8L �k5�1���1�78L|36,;,;J8Uq08}B."L
3��@L"0��-1�78L"KMK8L��-VP3W^�JM367{1Z�OVBL�K{V;J!5ZL¸Y/UWJ8^�È/��3'7{}B."UWJ{1ZL�^�V¾K8L"0"UWNB^�[]JM3W^�1ZL2N-7\V;7{1�5�1ZK8."L�L"K{7�02543WK8K{1Z�-VBL]ÈÐ�gjlL ��,ÃU]K8.¸5ZL
��1ZL2V��Ç.25436YÃUWJ8.¿^;L�0"L27{78L¿7{}B."UWJ{1ZL¿L"K{7�^$;¥Ë���L2J{�¿361�Nú¹º��L2J�»H��¼@�WýW½p»HL2N¾,P36J{7{1Z02V;5�1ZL2J�3��@L"0·5ZL�5�1ZL2N¥,;J{1�NB021�,/L·^;L"K
,;V;1ZKMKM36NB0"L"K·�q1�J{7{VBL25�5ZL"Kw�p."�-VP367{1ZUWNBK�^�jl."�-V;1�5�1�Y;J8L]È¡_�L��)?2�·L]»¡5kj 1Z^;."L�^;LyÍk361�J8L�36,;,ÃL25v36VúKML"0"UWNB^i[]JM3W^�1ZL2NO7�,ÃUWV;J
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^;L�543©7{}B."UWJ{1ZL�^�VúK8L"0"UWNB^i[]JM3W^�1ZL2NO7y^;Ly5kj }BUW�·UW[@.2NB.21ZKM367{1ZUWNÅ^;L��X1�5�5ä�p�©36NB^;L25!3��@L"0��-1�78L"KMK8L��OVP3W^�JM367{1Z�-VBL�K8V;J
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B!ì10Uì8� þ��r_ [ hlï Y![�\^] 
�� b�Y ��ï
� ]�� _Â� b _ù�É� b � ] �8_Â���o� Y0b
� VBK8�-VHjâË�,;J8."K8L2NO7�»BNBUWVBKX3"�@UWNBKeNBUW78.�5ZL"Ke0"UWNO7{JM361�NO78L"K

Σ
,P36J80"L��-VBL�543¸,;J8."K8L2NO7M367{1ZUWN�^;L�543�^;.2�¿36J80M}BL�^�j }BU6�

�·UW[@.2NB.21ZKÛ367{1ZUWN�0"UWNB^�V;1Z^B36N-7c36V·�·Uq^;~25ZLeNBL"0"L"K8K{1�7M361�7c^;Le^�1ZK{7{1�N;[]VBL2J¡5ZL"K¡0"UWN;JM361�NO78L"K&��1Z02J8U]K80"UW,;1Z�OVBL"K�öFNBUW78."L"K
σ

÷
L27\�¿3W02J8U]KM0"UW,;1Z�OVBL"K�öFNBUW78."L"K

Σ
÷ ÈÃu ,P36J{7{1�J�^�j 1Z021k»ÃNBUWVBK\J8L2,;J8L2NB^�J8UWNBK�,P36J\K8UWVB021g^;L�K{1���,;5�1Z021�78.�543'NBUW7M367{1ZUWN

σVBK8VBL25�5ZL�36V�5�1ZL2V�^;L
Σ

È
hv36,;,ÃL25ZUWNBK��OVBL�,ÃUWV;J¸V;N*78L2NBK8L2V;J�^�V*7{J8UW1ZK{1Z~2�·L�UWJ8^�J8L

X
K8�-�·.27{J{1Z�-VBLyK{V;J�5ZL"K�^;L2V��¥,;J8L2��1ZL2J8K�1�NB^�1Z0"L"K�»

NBUWVBKv^;."K{1�[]NBUWNBKe,P36J
X

5ZL�^;.2�q143678L2V;JX^;L
X

K{V;J|K8L"K|1�NB^�1Z0"L"KeNBUWN��pK{�q�·.27{J{1Z�OVBL"Kv^;. ÑBN;1�,P36J

Xijk = Xijk − 1

4
(δikXjhh + δjkXihh).

öÏ��Èâx]�@÷
dgN�,P36J{7{1Z02V;5�1ZL2J�» ∇ε

K8L\^;."^�V;1�7X^;L ∇ε

,P36J|543�ÍÏUWJ{��V;5ZL

∇εijk = ∇εijk −
1

4
(δik∇εjhh + δjk∇εihh).

öÏ��Èâx��æ÷

ìr¯��r¯�V^¯�V � ? ç CF?�� � IOè'CÎA/é�I ç ADIOè
�HL"K��W36J{1436Y;5ZL"K±^�jl.27M367�0"UWNBK{1Z^;.2J8."L"K±0"UW��,;J8L2N;NBL2NO7g5ZL"K�0"UW��,ÃU]KM36NO78L"K�^;L&543X^;. ÍÏUWJ{�¿367{1ZUWN

ε

L27D^;LcK8UWN¸[]JM3W^�1ZL2NO7
∇ε

»&,;5�VBK'V;N L2NBK8L2��Y;5ZL¾^;L��]36J{1436Y;5ZL"K�1�NO78L2J{NBL"K�0"UWNBK{7{1�7{VB."L"Ky,P36Jy5ZL"K�0"UW��,/U]KM36N-78L"K�^;L
ε

p L27
(∇ε)p

»cL27�543
^;. ÍÏUWJ{�¿367{1ZUWN*."�OV;1��]365ZL2NO78L¿�·U��@L2N;NBL

ε̄
ÈH��3�,/UWJ8U]K{1�78.¿NHjlL"K{7�,P3WK�V;NBL·�]36J{1436Y;5ZL·1�NO78L2J{NBL¿,;V;1ZK8�-VBL¿KM3��]365ZL2V;J�L"K{7

0"UWNBK81Z^;.2J8."L�0"UW���·L�Ñ;�;L]È
`vN 0"UWNBK{1Z^;~2J8L©5ZL"K

(∇ε)p
ijk

0"UW���·L¾^;L"K��W36J{1436Y;5ZL"K�1�NB^;.2,/L2NB^B36N-78L"K�Èv`vN NHj 1���,/U]KML�,P3WKy,P36J�^;. ÑBN;1�7{1ZUWN
(∇ε)p

ijj = 0
Èea!jlL"K{7¿543Æ5ZUW1!^�jl."0"UWV;5ZL2�·L2N-7�,;543WK{7{1Z�-VBL��-V;1|ÍÏUWV;J{N;1�JM3Æ0"L"K'J8L254367{1ZUWNBKÇöÎ^;L��)?2�·L©�-VBL�,ÃUWV;J'5ZL

�·Uq^;~25ZL�^;L¿�@UWN*��1ZKML"K�UWNÌ0"UWNBK{1Z^;~2J8L�36V¥^;.2,P36J{7�5ZL"K
εpij

0"UW���·Ly^;L"K��W36J{1436Y;5ZL"K¸1�NB^;.2,ÃL2NB^B36NO78L"K�»±0]jlL"K{7¸543�5ZUW1
^�jl."0"UWV;5ZL2�·L2N-7!�-V;1�1���,ÃU]K8L�L2NBK{V;1�78L\7{J

ε
p = 0

÷ È
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��3�5ZUW1�^;L\0"UW��,ÃUWJ{78L2�·L2NO7�.2543WK{7{1Z�-VBL�K�jl."02J{1�7

öÏ��Èâx]�@÷






σ = Cσ : (ε − ε
p)

M = CM

ÈÈÈ
(∇ε − (∇ε)p)

dgNyÍÏ361�7e1�5HL"K{7|361ZK8.\^;L��@.2J{1äÑPL2Jv�OVBL
M

»;L �q,;J{1��·.�1Z021HL2NyÍÏUWNB027{1ZUWN�^;L ∇ε
e »�,ÃL2V;7X36VBK8K{1�K�jlL ��,;J{1��·L2J|L2NyÍÎUWNB027{1ZUWN

^;L
(∇ε)e

È;np5HL"K87X^;UWNB0�,/U]KMK{1�Y;5ZL\^�jl."02J{1�J8L�543¸J8L254367{1ZUWNÌ¹â��Èâx]�(½
2
K8UWVBKe543¸ÍÏUWJ{�·L

M = CM

ÈÈÈ (∇ε − (∇ε)p
)

.

ìr¯��r¯�V^¯4ì � A�I ç ê/CÞI � C%� ç I�I@é z�ç6S^z�ç CF<@é�<-è
�gjl.2NBL2J{[]1ZL�5�1�Y;J8L\,ÃL2V;7f?27{J8L�^;. ÑBN;1ZL�0"UW���·L

ψ(ε,∇ε, εp, (∇ε)p, ε̄) =
1

2
ε

e : Cσ : ε
e +

1

2
(∇ε)e

ÈÈÈ
CM

ÈÈÈ
(∇ε)e + (1 − f)

∫ ε̄

0
σ̄(ε)dε

=
1

2
(ε − ε

p) : Cσ : (ε − ε
p) +

1

2

(

∇ε − (∇ε)p
) ÈÈÈ

CM

ÈÈÈ (∇ε − (∇ε)p
)

+ (1 − f)

∫ ε̄

0
σ̄(ε)dε

u��@L"0�0"L27{78L·^;. ÑBN;1�7{1ZUWNH»H5kjl.2NBL2J{[]1ZL�5�1�Y;J8L
ψ

L"K{7�^;L¸Ík3	E"UWNÇ.2�-1Z^;L2N-78L�Ú ×Îá Ó���×pÕ��¿Õ ÖP×#�*�WÖ�56Õ�(-Õ\,P36J\JM36,;,ÃUWJ{7�Ë
ε̄
È

�D3�0"UWNO�@L ��1�78.�K{7{J{1Z0278L�,P36JeJM36,;,/UWJ{7vË�543¸�W36J{1436Y;5ZL
ε

e L"K87X36VBK8K{1H.2�q1Z^;L2NO78L]È
��UWN-7{J8UWNBKv�-VBL

ψ
L"K{7XK87{J{1Z0278L2�·L2NO7v0"UWN-�@L ��L�,P36J|JM36,;,/UWJ{7!Ë

(∇ε)e
ÈP`vN�3

1

2
(∇ε)e

ÈÈÈ
CM

ÈÈÈ
(∇ε)e =

1

2
M

ÈÈÈ
(∇ε)e.

`vJvUWN�,/L2V;7|�·L27{7{J8L�543�5ZUW1H^;L�0"UW��,ÃUWJ{78L2�·L2NO7vKMUWVBKe543¸ÍÏUWJ{�·L

Mijk =
b2

5

[
4λµ

λ+ 4µ

(

(∇ε)e
hhkδij − (∇ε)e

hhi

δjk
4

− (∇ε)e
hhj

δik
4

)

+ 2µ(∇ε)e
ijk

]

.

t±36Jv0"UWNBKM."�OVBL2N-7�»

M

ÈÈÈ
(∇ε)e =

b2

5

[
4λµ

λ+ 4µ

(

(∇ε)e
hhk(∇ε)e

iik − 1

4
(∇ε)e

hhi(∇ε)e
ijj −

1

4
(∇ε)e

hhj(∇ε)e
iji

)]

+
b2

5

[

2µ(∇ε)e
ijk(∇ε)e

ijk

]

=
b2

5

[
4λµ

λ+ 4µ
(∇ε)e

hhk(∇ε)e
iik + 2µ(∇ε)e

ijk(∇ε)e
ijk

]

.

uD�@L"0
λ

L27
µ

,/U]K{1�7{1äÍÏK�»�0"L27{78L�^;L2J{N;1Z~2J8L��-VP36NO7{1�78.]»;K8UW���·L\^;L�0�36J{J8."K�»�L"K{7�,ÃU]K{1�7{1��@L\UWVyNOV;5�5ZL]»;L27eK{1�L25�5ZL\L"K{7�NOV;5�5ZL]»
78UWVBKX5ZL"K

(∇ε)e
ijk

K8UWN-7|NOV;5ZK�»P0"L\�OV;1�3W0M}B~2�@L�543�^;.2�·UWNBK{7{JM367{1ZUWNHÈ
_�36NBK�0"L¸�-V;1±,;J8."0"~"^;L]»�NBUWVBK�3"�@UWNBK\ÍÏ361�7�VBKM36[@L�^;L¸543�,;J8UW,;J{1Z.278.

(∇ε)e
ijj = 0

»��-V;1±J8."K{V;5�78L�^;L"K�J8L254367{1ZUWNBK
∇εijj = 0

öF,P36JX^;. ÑBN;1�7{1ZUWN�^;L ∇ε

÷cL27
(∇ε)p

ijj = 0
öÎ0"UWNBK8."�-VBL2NB0"L�^;L�543�5ZUW1H^�jl."0"UWV;5ZL2�·L2N-7Û÷ È
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�gjl.2NBL2J{[]1ZL|5�1�Y;J8L
ψ

.27M36NO7gV;NBLXK8UW���·L|^;LcÍÏUWNB027{1ZUWNBK¡^;L
ε

e » (∇ε)e
»
ε̄
»]L"K{7gK{7{J{1Z0278L2�·L2N-7&0"UWN-�@L ��LX,P36J�JM36,;,/UWJ{7

36V'7{J{1�,;5ZL27
(εe, (∇ε)e, ε̄)

ÈqacUW���·L
ε

e = ε−ε
p L27

(∇ε)e = ∇ε− (∇ε)p
»]5ZL"K¡,;J8UW,;J{1Z.278."K�^;LvK{7{J{1Z0278LX0"UWN-�@L �q1�78.

,P36JXJM36,;,/UWJ{7v36V�0"UWV;,;5ZL�ö
ε,∇ε

÷c^�j V;NBL�,P36J{7�»P36V�7{J{1�,;5ZL27
(εe, (∇ε)e, ε̄)

^�jâ36V;7{J8L\,P36J{7�»BK8UWN-7v3WK8K{V;J8."L"KæÈ
ÓP361ZK8UWNBK�J8L2�¿36J8�-VBL2J��-VBL!,P36J&JM36,;,ÃUWJ{7|36V�0"UWV;,;5ZL

(ε,∇ε)
5kjl.2NBL2J{[]1ZL�5�1�Y;J8L!NHjlL"K{7�0"UWNO�@L �;L\�OVHjâ36VyK8L2NBKc5436J{[@L]»

0�36J�L25�5ZL�L"K{7X1�NB^;.2,ÃL2NB^B36NO78L�^;L"K!78L2NBK8L2V;J8K ∇ε

^;L�543·ÍÎUWJ{�·L
(∇ε)ijk = δikUj + δjkUi

ÈÃacL"021�NHjlL"K87v,P3WKv1Z021±V;N
1�NB0"UWN-�@.2N;1ZL2NO7�0�36J�0]jlL"K{7�5ZL�,;J8UWY;5Z~2�·L¿^;L�,;J8U6z{L"027{1ZUWNH»�U	®

ε

L27 ∇ε

K8UWNO7�Ñ;��."Kæ»��OV;1gNBUWVBK�U-0"02V;,ÃL]È�acL·�-V;1¡L"K{7
J8L"�-V;1ZK|L"K{7v^;UWNB0�K8L2V;5ZL2�·L2NO7X543�0"UWNO�@L ��1�78.�K{7{J{1Z0278L�,P36JXJM36,;,/UWJ{7v36V�7{J{1�,;5ZL27

(εp, (∇ε)p, ε̄)
È

ìr¯��r¯�V^¯�� �gS C q¡� <O> S G � I°yÇIqA/é
np5HNBUWVBK|ÍÏ36V;7XJ8."02J{1�J8L�543�5ZUW1D^�jl."0"UWV;5ZL2�·L2NO7\^;L\�¿36N;1Z~2J8L�Ë�ÍÏ361�J8L�^�1ZK8,P36JM3A@Z7{J8L�5ZL\�@L"0278L2V;J

U
»B�OV;1�NBL�K�j 1�NBK802J{1�7

,P3WKX^B36NBK|5ZL!ÍÏUWJ{�¿365�1ZK{�·L�^;L"K|�¿3678.2J{1436V���K{7M36NB^B36J8^;KX[@.2NB.2JM365�1ZK8."K�ÈBm!UWVBKeJ8L2,;J8L2NBUWNBKX5ZL"Ke5ZUW1ZKX^�jl."0"UWV;5ZL2�·L2N-7






ε̇pij = η
∂Φ

∂σij

(∇ε̇)p
ijk = η

∂Φ

∂Mijk
+ Uiδjk + Ujδik.

�D3¸ÍÎUWNB027{1ZUWN
^;L\08}P36J{[@L
Φ

L"K{7X^;. ÑBN;1ZL�K{V;Je78UWV;7v5kjlL"K{,P3W0"L E ^;L"Kv0"UWV;,;5ZL"K
(σ,M)

»;,P3WKXK8L2V;5ZL2�·L2N-7vK{V;Je5kjlL"K8,P3W0"L
F ^;L"K�0"UWV;,;5ZL"K

(σ,M)
,;}-�qK81Z�OVBL2�·L2N-7�,/U]KMK{1�Y;5ZL"K�»�0]jlL"K{7w��Ë(�p^�1�J8L�78L25ZK��OVBL

Mijj = 0
ÈH�©361ZK\K8L2V;5ZL"K\5ZL"K��W365ZL2V;J8K

^;L
Φ

K{V;J F 0"UW��,;78L2NO7�ÈÃ`vN�,/L2V;7�J8L2�¿36J8�-VBL2JX�-VBLv5kjâ36,;,P36J{78L2NP36NB0"L�^;L
(σ,M)

Ë F »;0]jlL"K{7w��Ë(�p^�1�J8L\5ZL"K�J8L254367{1ZUWNBK
Mijj = 0

»;K8UWNO7X1���,/U]K8."L"K|,P36J|543¸5ZUW1�^�jl.2543WK{7{1Z021�78.

M = CM

ÈÈÈ
(∇ε)e.

`vN',ÃL2V;7&^;UWNB0vJ8L"^;. ÑBN;1�J
Φ̃

^;L|543\ÍÏ3	E"UWNyK{V;1��]36NO78L¸9
Φ̃(σ,M) = Φ(σ,M)

ù-0"L27{78L!UW,Ã.2JM367{1ZUWN'54361ZK8KMLXL2NyL üÃL27
1�NB0M}P36N;[@."L

Φ
K{V;J F »Ã,;V;1ZK8�-VBL

M = M
K{1

(σ,M) ∈ F È��gjâ3(z{UWV;7�^�j V;N
(σ,M) ∈ F⊥

öÎ0]jlL"K{7w��Ë(�p^�1�J8L�78L25g�-VBL
σ = 0

L27|�-VBL
M

K8UW1�7|^;L\543�ÍÏUWJ{�·L
Uiδjk + Ujδik

÷&NBL�08}P36N;[@L¸365ZUWJ8KeJ{1ZL2N�Ë¸543��]365ZL2V;JX^;L
Φ̃
È

uX5ZUWJ8Kc5ZL![]JM3W^�1ZL2NO7|^;L
Φ̃

L"K87c0"UWN-78L2NOV�^B36NBK F È��HL�08}BUW1ä��^;L
Φ

.27M36NO7X36J{Y;1�7{JM361�J8L\L2Ny^;L2}BUWJ8Ke^;L F »�."02J{1��@UWNBK
543�5ZUW1H^�jl."0"UWV;5ZL2�·L2NO7\3"�@L"0

Φ̃
36V�5�1ZL2V�^;L

Φ
9







ε̇pij = η
∂Φ̃

∂σij

(∇ε̇)p
ijk = η

∂Φ̃

∂Mijk
+ Uiδjk + Ujδik.

_�."0"UW��,ÃU]K8UWNBK
(ε̇p,∇ε̇

p)
K{V;J F L27 F⊥

È;��3�5ZUW1�^�jl."0"UWV;5ZL2�·L2N-7!Kæjl."02J{1�7X365ZUWJ8K

(ε̇p,∇ε̇
p) = η

(

∂Φ̃

∂σ

,
∂Φ̃

∂M

)

+
(

0,∇ε̇
p′
) 3"�@L"0

(0,∇ε
p′) ∈ F⊥.
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`vJ

öÏ��Èâx]ý@÷ (

∂Φ̃

∂σ

,
∂Φ̃

∂M

)

∈ F .

�D3�,;J8U6zwL"027{1ZUWN�K{V;J F ^;UWN;NBL�^;UWNB0

öÏ��Èâx6Â-÷







ε̇pij = η
∂Φ̃

∂σij

∇̇ε
p

ijk = η
∂Φ̃

∂Mijk
.

`vN�K�jlL"K{7X361�NBK{1H^;.2YP36J{JM3WK8KM.�^�V��@L"0278L2V;J|['?2NP36N-7
U

È
+qUWVBK�543�NBUWV;�@L25�5ZL'ÍÏUWJ{�·L]»�543�5ZUW1�^�jl."0"UWV;5ZL2�·L2NO7y3�543�ÍÏUWJ{�·L'�-V;1e0"UWNO�q1ZL2NO7�9�L25�5ZLy^;UWN;NBLy5ZL"K¸^;.2J{1��@."L"K�^;L"K

�]36J{1436Y;5ZL"K|1�N-78L2J{NBL"K
ε

p L27
(∇ε)p

L27|543¸5ZUW1�^;L�NBUWJ{�¿365�1�78.�L"K{7eJ8L"K{,ÃL"0278."L]È

� I>yÆ? ç EHGDI�¯�t�UWV;J�J8."02J{1�J8L�5ZL"K\."�-VP367{1ZUWNBK�^�jl.2�@UW5�V;7{1ZUWNÆ^;L
ε

p L27 ∇ε
p »ÐNBUWVBK�NBUWVBK�K8UW���·L"K\,;543W0"."K�^B36NBK�5ZL

0�3W^�J8L¿^�VÇ�·U-^;~25ZL�J8."K8V;�·.·^B36NBK\543yK8L"027{1ZUWNú¹â��Èâ��È����(½p»�K8UW���·L"K�,P36J{7{1ZK�^;L·543'ÍÎUWJ{�·L�UWJ{1�[]1�NP365ZL�¹â��Èâ�]¼(½&L27�3"�@UWNBK
V;7{1�5�1ZKM.�5ZL�Ík361�7v�-VBL

(ε̇p,
˙

(∇ε)p)
L"K{7�»/^B36NBK�0"L��·Uq^;~25ZL]»/543·,;J8U6z{L"027{1ZUWN¾^;L

(ε̇p, (∇ε̇)p)
K{V;J F »Ã0]jlL"K{7w��Ë(�p^�1�J8L��OVBL

˙
(∇ε)p

ijj = 0
È�acL2,/L2NB^B36N-7�»H�OVP36NB^¾UWN¾0M}BL2J808}BL'Ë',;J8UWV;�@L2J\5ZL�0�36JM3W0278~2J8L·K87M36NB^B36J8^©[@.2NB.2JM365�1ZK8.�^�V¾�·U-^;~25ZL�öÏË
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˙
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∂σ
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∂Φ̃

∂M
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∈ F È
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σ
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KÛ361�7·�OVBL�5ZL�^;UW�¿361�NBL {X 78L25H�-VBL
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X
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



Fε
p = − ∂ψ
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p

= Cσ : (ε − ε
p) = σ

F(∇ε)p = − ∂ψ

∂∇ε
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∂Fε̄
.

t�UWV;J\0"L2543�»/1�5DK{V�ã·7�^;L��@.2J{1äÑPL2J�543¿7{J8UW1ZK{1Z~2�·L¸."�OVP367{1ZUWNHÈÃt�UWV;J�0"L2543�»ÐNBUWVBK�^;. ÑBN;1ZK8K8UWNBK�0"UW���·L�021ä�p^;L"K8K{VBK
X ≡(

σ

σ̄
,
M

σ̄

) ÈBm!UWVBKX3��@UWNBK
Φ̃(σ,M, σ̄) ≡ Φ̃(X)

»B^;UWNB0







(

∂Φ̃

∂σ

,
∂Φ̃

∂M

)

=
1

σ̄

∂Φ̃

∂X

∂Φ̃

∂σ

=
∂Φ̃

∂X

∂X

∂Σ
= − ∂Φ̃
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η
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1
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ε
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1

2
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ÈÈÈ
CM

ÈÈÈ
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1
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⇒
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=
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(
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(
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
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(
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


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(
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(
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
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(
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
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I

r = ∇ � .
∂
� :
∂r

=
∂
�
∂r

= Wrr,r
I

r ⊗
I

r +Wθθ,r
I

θ ⊗
I

θ

+ Wzz,r
I

z ⊗
L
z +Wrz,r(

I
r ⊗

I
z +

I
z ⊗

I
r)

^�jlU	®
öÏ��Èâ¼]x@÷

(∇W )rrr = Wrr,r; (∇W )θθr = Wθθ,r; (∇W )zzr = Wzz,r; (∇W )rzr = Wrz,r.

_�L\,;5�VBK

∇ � .
I

θ = ∇ � .
1

r

∂
� :
∂θ

=
1

r

∂
�
∂θ

=
Wrr

r
(
I

θ ⊗
I

r +
I

r ⊗
I

θ)

− Wθθ

r
(
I

r ⊗
I

θ +
I

θ ⊗
I

r) +
Wrz

r
(
I

θ ⊗
I

z +
I

z ⊗
I

θ)

^�jlU	®
(∇W )rθθ =

Wrr −Wθθ

r
; (∇W )zθθ =

Wrz

r
.

dgN�ÑBN

∇ � .
I

z = ∇ � .
∂
� :
∂z

=
∂
�
∂z

= Wrr,z
I

r ⊗
I

r +Wθθ,z
I

θ ⊗
I

θ

+ Wzz,z
I

z ⊗
L
z +Wrz,z(

I
r ⊗

I
z +

I
z ⊗

I
r)

^�jlU	®
öÏ��Èâ¼@�]÷

(∇W )rrz = wrr,z; (∇W )θθz = Wθθ,z ; (∇W )zzz = Wzz,z; (∇W )rzz = Wrz,z.

`vN*,ÃL2V;7�J8."02J{1�J8Ly5ZL"K¸."�-VP367{1ZUWNBK�¹â��Èâ¼]x(½vËÌ¹â��Èâ¼@�æ½|L2N¥Ík361ZKM36N-7¸1�N-78L2J{�@L2N;1�J·5ZL"K�^�1�J8L"027{1ZUWNBK
1 ≡ r

»
2 ≡ z

»
3 ≡ θ0"UW���·L�1�5HL"K{7|^�j VBKM36[@L�^B36NBK!+O��+qbef\+!ù;5ZL"Ke1�NB^�1Z0"L"KX[]J8L"0"K|NBL�,;J8L2NP36NO7!�OVBL�5ZL"KX�W365ZL2V;J8K��\L27v��»;UWN�3

(∇W )αβγ = (∇W )αβ,γ ; (∇W )33α = (∇W )33,α

(∇W )133 =
W11 −W33

r
; (∇W )233 =

W12

r
.
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Õ�² @ Ö ´�µ¸ò!ß8ï ê è í¸K £ × ª ôFß�L¸ô�õÐñ�´F­ ­ÝL¸ð × îÃñ�ÜÝL�ï

u|ÑBN*^;L¿78L"K878L2J�5kj 1���,;5Z.2�·L2N-7M367{1ZUWNi^�V¥�·Uq^;~25ZLy�\�Htg_ ^B36NBK¸5ZL�0"U-^;Ly+O��+qbef\+/»DNBUWVBK�365�5ZUWNBK�0"UWNBK{1Z^;.2J8L2J
^;L2V��©,;J8UWY;5Z~2�·L"K�^;L�K{7{J{VB027{V;J8L�JM361ZKMUWN;NP36Y;5ZL2�·L2NO7�K81���,;5ZL"K\^;UWNO7\543yK8UW5�V;7{1ZUWN¾,ÃL2V;7�?27{J8L�UWY;78L2NOVBL¿36NP365��q7{1Z�OVBL �
�·L2N-7\9O^�j V;NBLv,P36J{7�»@V;NBLv,/UWV;7{J8L!.2543WK{78UW,;543WK{7{1Z�-VBLvL2N.IPL �q1ZUWN�,;V;J8L]»q^�jâ36V;7{J8LX,P36J{7�»-V;NBLXK{,;}B~2J8L!02J8L2VBK8Lv.2543WK{7{1Z�OVBL
KMUW5�5�1Z021�78."L�L2Ny7{JM3W027{1ZUWN�UWV�0"UW��,;J8L"K8K{1ZUWN�}-�q^�J8U]K{7M367{1Z�-VBL]ÈBt�UWV;JX0"L"Ke^;L2V��y,;J8UWY;5Z~2�·L"K�»;NBUWVBKe^;.27M361�5�5ZUWNBKX^B36NBK|V;N
,;J8L2��1ZL2J!78L2��,BK�»;5ZL"Kv0�365Z02V;5ZK!36NP365��q7{1Z�-VBL"Kv�-V;1�0"UWNB^�V;1ZK8L2N-7�Ë�5kjlUWY;78L2N-7{1ZUWN¾^;L\543·K8UW5�V;7{1ZUWN
L �;3W0278L�L2N�78L2J{�·L"K!^;L
^;. ÍÏUWJ{�¿367{1ZUWNBK�»�0"UWNO7{JM361�N-78L"K·L27��·UW�·L2N-78K�ÈD_\36NBK�V;N¥K8L"0"UWNB^¥78L2��,BK�»�5ZL"K�K8UW5�V;7{1ZUWNBK�NOV;�·.2J{1Z�-VBL"K�^;L¿0"L"K¸^;L2V��
,;J8UWY;5Z~2�·L"K�K8L2J8UWNO7�0"UW��,P36J8."L"K�36V��
KMUW5�V;7{1ZUWNBK�36NP365��-7{1Z�-VBL"K�ÈH�¡jl.27{VB^;L¿36NP365��-7{1Z�-VBL�^�V¾,;J8L2��1ZL2J�,;J8UWY;5Z~2�·L�,;J8. �
KML2NO78L2JM3'5kj 1�NO78.2J�?27\K{V;,;,;5Z.2�·L2N-7M361�J8L¸^;L¸^;.2[O36[@L2J�0"L2J{7M361�NBL"K!0�36JM3W0278.2J{1ZK87{1Z�OVBL"K�1�N-78.2J8L"K8KM36NO78L"K\^�V��·U-^;~25ZL����Ht¡_¸È
+qUWN�1�NO78.2J�?27v^;.2,P3WKMK8L\^;UWNB0\543�K{1���,;5ZL��]365�1Z^B367{1ZUWN�^�V�0"Uq^;L]È

B!ì%�Uì8� �.� Y � ]8\ ï

 [ 
 ] � � Y h!�o�'
�
 b ô 
�i!� Y0b � 
 bl[ ��
 Y ��ï
���o� Y0b � ] � b 

mvUWVBK�NBUWVBK·1�NO78.2J8L"K8K8UWNBK·1Z021XË
543
J8.2,/UWNBK8L�^�j V;NBL�KML"027{1ZUWNú^;Ly,/UWV;7{J8L�^�J8UW1�78L�KMUWV;��1ZK8L�Ë
V;NÄ�·UW�·L2NO7�^;L

IPL ��1ZUWN¥L2NÌ^;. ÍÎUWJ{�¿367{1ZUWN¥,;5436NBL¿^B36NBK�543�^�1�J8L"027{1ZUWN
x3

ÈHm!UWVBK�^;.278L2J{��1�NBUWNBK¸5ZL"K�L ��,;J8L"K8K{1ZUWNBK¸36NP365��-7{1Z�-VBL"K�^;L"K
^�1ZK87{J{1�Y;V;7{1ZUWNBK�^;L"K�0"UWN-7{JM361�NO78L"K�»v^;L"K�^;. ÍÎUWJ{�¿367{1ZUWNBK�L27�^;L"Ky�·UW�·L2NO78K�^B36NBK�5ZL"K�0�3WKÆà Ý�Ü6Ú ×ÎÓÏØ2ÙBÕÆL27 �/ÝäÜ6Ú2×ÎÓÎØ"Ù;Õ
�/Ù-áÛÚ »�,;V;1ZK�^B36NBK¸5ZL'0�3WK�.2543WK{78UW,;543WK{7{1Z�-VBL]»�,/UWV;J�543�5ZUW1c^;Ly0"UW��,ÃUWJ{78L2�·L2NO7���1Z02J8UW�·UWJ{,;};1Z�-VBLy,;J8."K8L2NO78."L�^B36NBK
543ÌK8L"027{1ZUWNå¹â��Èâ�(½pÈem!UWVBK'ÍÎL2J8UWNBKy5ZL"Ky}-�-,ÃUW7{}B~"K8L"Ky^;L"Ky,/L27{1�78L"Ky7{JM36NBK{ÍÎUWJ{�¿367{1ZUWNBK�L27�^;L
543Æ,;543WK{7{1Z021�78.©,P36JwÍÏ361�78L
ö
σ̄ ≡ σ0 = Cste

÷ ÈH_�L¿,;5�VBK�»H543�0"UW��,;J8L"K8K{1�Y;1�5�1�78.',;543WK{7{1Z�OVBL'0"UW��,;5�1Z�OVP36N-7�5ZL�,;J8UWY;5Z~2�·L�36VÆ,ÃUW1�NO7�^;L¿J8L2NB^�J8L
1�NBL2N-�-1ZKÛ36[@L�36Y;5ZL�V;NBL�K8UW5�V;7{1ZUWN¾L �q,;5�1Z021�78L]»ÃNBUWVBK�K{V;,;,/U]KML2J8UWNBKv543�,ÃUWJ8U]K{1�78.¸NOV;5�5ZL]ÈgöÎ��L�02J{1�78~2J8L�NBL¸KML�J8."^�V;1�7\,P3WK
^B36NBK�0"L!0�3WK�»q0"UWNO7{JM361�J8L2�·L2NO7�Ë�0"L!�-VBLX5kjlUWN�,/UWV;J{JM361�7�,ÃL2NBK8L2J�»�Ë�0"L25�V;1�^;Lv�@UWN���1ZK8L"K�»�Ë�0�36VBKMLv^�V�78L2J{�·L

Q2/b2�-V;1;�q1ZL2NO7gK�jâ3(z{UWV;78L2J¡Ë
σ2

eq

ù]0"L�,ÃUW1�NO7gK8L2JM3�0"UW���·L2N-78.e,;5�VBK�5ZUW1�NÐ÷ È]_\36NBKg0"L"K�0"UWNB^�1�7{1ZUWNBK�»@5ZL"K�.25Z.2�·L2NO78K¡L"KMK8L2NO7{1ZL25ZK
^�V��·U-^;~25ZL��\�Htg_«NB."0"L"K8KM361�J8L"KvË�543¸J8."K8UW5�V;7{1ZUWN�^�V�,;J8UWY;5Z~2�·L�0"UW��,;J8L2N;NBL2NO7�9

• GDAú> ç CÞé s-ç I q I z�� ?;è"éæCF>OCÞé�<

Φ(Σ,M, f) ≡ 1

σ̄2

(

Σ2
eq +

Q2

b2

)

− 1 = 0

3"�@L"0
Q2 ≡ AIMI +AIIMII , MI ≡ 1

9
MjjiMkki , MII ≡ 3

2
M ′

ijkM
′
ijk

ö
M′ ≡ ^;.2�q143678L2V;JX^;L

M
K{V;Je5ZL"KX^;L2V��y,;J8L2��1ZL2J8KX1�NB^�1Z0"L"KÛ÷/ù

• GDADI �FS C q&� < � ?;è"éæCF>OCÞé�<©öÎ."02J{1�78L�L2N�,/L27{1�78L"KX7{JM36NBKwÍÎUWJ{�¿367{1ZUWNBK ÷�9

öÏ��Èâ¼]À@÷






σij = λεekkδij + 2µεeij

Mijk =
b2

5

[
λ(∇ε)e

hhkδij + 2µ(∇ε)e
ijk − 2λU e

kδij − 2µ
(
U e

i δjk + U e
j δik

)]
.
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U e
i =

λ(∇ε)e
hhi + 2µ(∇ε)e

ihh

2λ+ 8µ
.

• GDADI �FS C q&� <-> S G � I>yÆI-A/é z±� ?;è�éæCÞEHGDI�?;èæè S >OCF<OI
?BGú> ç CÞé sOç I z ? ç A SPç yÇ? � CÞé�<�9






ε̇pij = η 3
σ2

0

σ′ij

(∇ε̇)p
ijk = η

1

σ0
2b2

(
2

3
AIδijMmk + 3AIIM

′
ijk) + δikUj + δjkUi,

U	®
η =

1

2

σ0
2

Σeq
ε̇peq.

ìr¯ J�¯�V^¯�V v�< S yÆ<@é ç CÞI"!�>OCÎA�<°yÇ?�éæCFEHG�I�I@é¿> S A q CÞéæC S ADè�?BG�; � C�yÆCÞé�IOè
��3�[@."UW�·.27{J{1ZL!0"UWNBK81Z^;.2J8."L\L"K{7¡V;NBL!,ÃUWV;7{J8L!Ë�K8L"027{1ZUWN�^�J8UW1�78L!J8L"027M36N;[]V;54361�J8L]»;^�jl.2,P361ZK8K8L2V;J

2h
^B36NBKc543�^�1�J8L"0 �

7{1ZUWN
e2

^�j V;N�J8L2,Ã~2J8L�UWJ{7{}BUWNBUWJ{�·.
(e1, e2, e3)

È
`vN�Ík361�7X5kj }O�q,ÃUW7{}B~"K8L��-VBL�543¿0"UW��,/U]KM36N-78L

ε11
^;L�543¿^;. ÍÎUWJ{�¿367{1ZUWN©L"K{7|,;J8UW,ÃUWJ{7{1ZUWN;NBL25�5ZL�Ë

X2
L27vL"K{7v^;L�543

ÍÏUWJ{�·L
ε11 = BX2

ÈÃ��3'[]JM36NB^;L2V;J
B

L"K{7�NBUWN©NOV;5�5ZL�L27�0"UWNBK{7M36N-78L�,P36J�JM36,;,/UWJ{7�Ë
X2

�¿361ZK�,P3WK�,P36J�JM36,;,/UWJ{7
36V�78L2��,BK�ÈB�HL"KX36V;7{J8L"Kv0"UW��,/U]KÛ36NO78L"K|J8L"K878L2NO7|N-V;5�5ZL"K�È

mvUWVBKDNHjâ3"�@UWNBK±,P3WK�L �q,;5�1Z021�78.c,;5�VBKD}P36V;7D5ZL"K�0"UWNB^�1�7{1ZUWNBKg36V���5�1���1�78L"K±L2N¸L ü�UWJ{78K±3WK8K8Uq021Z."L"K�36V¸�·U-^;~25ZLe���Ht¡_¸»
0�36J�L25�5ZL"K�K8UWN-7�L2N¥[@.2NB.2JM365|0"UW��,;5�1Z�-VB."L"K�L27�NHjl.27M361ZL2NO7�,P3WK¸NB."0"L"K8KM361�J8L"K�,ÃUWV;J�5kj 1���,;5Z.2�·L2N-7M367{1ZUWNúN-V;�·.2J{1Z�OVBL]È
dg5�5ZL"Ke5ZL�^;L2�-1ZL2N;NBL2N-7|0"L2,/L2NB^B36N-7|1Z021Ã,;V;1ZK8�OVBL!NBUWVBKe0M}BL2J808}BUWNBK|V;NBL\KMUW5�V;7{1ZUWN�36NP365��q7{1Z�-VBL]È;tDUWV;Je5ZL"Ke^;.278L2J{��1�NBL2J
öFV;N;1Z�-VBL2�·L2NO7e^B36NBK&5ZLv0�3WK¡,P36J{7{1Z02V;5�1ZL2JeL2NO�q1ZKM36[@.æ÷ »ONBUWVBK�365�5ZUWNBKcV;7{1�5�1ZK8L2J¡5ZLX,;J{1�N;1Z021�,/L!^;L"K&,;V;1ZK8KM36NB0"L"K&�-1�J{7{VBL25�5ZL"K�È

d�N©V;7{1�5�1ZKM36NO7\5ZL"K!,;J8UW,;J{1Z.278."K�^;L�K{�q�·.27{J{1ZL�^;L
Σ

L27\^;L ∇ε

»/543·,;V;1ZK8KÛ36NB0"L��q1�J{7{VBL25�5ZL�^;L"K�L üÃUWJ{78K!1�N-78.2J{1ZL2V;J8K
P?

i

K�jl."02J{1�7

P?
i = −

∫

Ω

[Σijε
?
ij +Mijk(∇ε)?

ijk] dΩ = −
∫

Ω

[(Σijv
?
i,j +Mijkv

?
i,jk] dΩ.

fvNBL·1�N-78.2[]JM367{1ZUWN*,P36J�,P36J{7{1ZL"K¸NBL¿0"UWNBK8L2J{�]36NO7��-VBL�5ZL"K�78L2J{�·L"K¸^;L·YÃUWJ8^ öF5kjl."02J{1�7{V;J8Ly^;L"K�78L2J{�·L"K�^;UWN;NP36N-7¸5ZL"K
0"UWNB^�1�7{1ZUWNBK�^�jl."�-V;1�5�1�Y;J8L!NHjlL"K{7¡,P3WK&NB."0"L"K8KM361�J8Lv1Z021P�qV'�-VBL|5kjlUWY�z{L"027{1äÍ�,ÃUWV;J8K{V;1��-1/L"K{7¡543�J8L"08}BL2J80M}BL\^;L"K&0"UWNB^�1�7{1ZUWNBK
36V���5�1���1�78L"KÛ÷c^;UWN;NBL

P?
i = −

∫

∂Ω

[Σijv
?
i nj +Mijkv

?
i,jnk] dS.

m!UWVBK�NBL�NBUWVBK�1�NO78.2J8L"K8KMUWNBK·�OVHjâ36V��¥Y/UWJ8^;K�1�N�ÍÏ.2J{1ZL2V;J·L27�K{V;,/.2J{1ZL2V;J
X2 = ±h »±U	®

n = ±e2
È±�HLy^;L2V��q1Z~2�·L

78L2J{�·L�K�jl."02J{1�7X^;UWNB0]»;,P36JXL �;L2��,;5ZL�L2N
X2 = h

9

Mij2v
?
i,j = Mi12v

?
i,1 +Mi22v

?
i,2 +Mi32v

?
i,3.

+-V;J\5ZL¸YÃUWJ8^�»
v?
i,2

L"K{7!V;NBL��W36J{1436Y;5ZL¸1�NB^;.2,ÃL2NB^B36NO78L·^;L
v?
i

ÈÃ�©361ZK�5ZL"K�36V;7{J8L"K\^;.2J{1��@."L"K
v?
i,1

L27
v?
i,3

K8UWN-7\5�1Z."L"K�Ë
v?
i

K{V;J�5ZL�YÃUWJ8^�»H0"L·�-V;1gL2NO7{JM3A@ZNBL'�OVHj 1�5�Ík36V;7\J8.21�NO78.2[]J8L2J¸,P36J�,P36J{7{1ZL"K�È�d�NÇNBL·0"UWNBK{1Z^;.2JM36N-7��-VBL�5ZL"K�78L2J{�·L"K�^;L
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K8V;JwÍÏ3W0"L�^B36NBK|5ZL�,;J{1�NB021�,/L�^;L"Ke,;V;1ZK8KM36NB0"L"Ke�q1�J{7{VBL25�5ZL"K�»BUWN�UWY;7{1ZL2NO7v^;UWNB0

−
∫

∂Ω

Mi22v
?
i,2 dS +

∫

∂Ω

(−Σ12v
?
i +Mi12,1v

?
i +Mi32,3v

?
i dS = 0.

dgN�36N;NOV;5436N-7!K8.2,P36J8.2�·L2N-7X5ZL"K|0"U6Ík3W0278L2V;J8KX^;L
v?
i

L27
v?
i,2

»;UWN�0"UWNB025�V;7X�OVBL�5ZL"KX0"UWNB^�1�7{1ZUWNBK!36V��y5�1���1�78L"KXK8UWN-7

öÏ��Èâ¼]¼@÷






Σi2 +Mi12,1 +Mi32,3 = 0

Mi22 = 0.

�©361ZK�»±^B36NBK�0"L�,;J8UWY;5Z~2�·L]»±5ZL"K��·UW�·L2NO78K·KMUWNO7�1�NB^;.2,ÃL2NB^B36NO78K·^;L
X1

L27
X3

ùD5ZL"K�0"UWNB^�1�7{1ZUWNBK�36V��Æ5�1���78L"K·KML
J8."^�V;1ZKML2NO7v^;UWNB0�Ë
öÏ��È����]�@÷

Σi2 = 0
L27

Mi22 = 0.

ìr¯ J�¯�V^¯4ì ��SÐ� GHéæC S A q G z�ç(S � �,s yÆI q ?BA�è � I�>O?;è¿< � ?;è"éæCFEHGDI z G ç
`vNÇK{V;,;,/U]KML��OVBL¸5ZL�0"UW��,ÃUWJ{78L2�·L2NO7�^;L�543�,ÃUWV;7{J8L�L"K{7�,;V;J8L2�·L2NO7¸.2543WK{7{1Z�-VBL�L27!5kjlUWN¥08}BL2J808}BL·5ZL"K�08}P36��,BK

^;L�0"UWNO7{JM361�NO78L"Kæ»P^;. ÍÏUWJ{�¿367{1ZUWNBKvL27e�·UW�·L2N-78K�È
u�Ü]Ý»�2ÙqÝDÔOÕ Ú¶���WÖP×Îá{ÜWÓFÖP×pÕÛÚ'öÎK{V;,;,ÃU]K8."L"Ke5�1�NB.�361�J8L"K!L2N

X2
÷ È

��3©0"UW��,/U]KÛ36NO78L
Σ22

^�V*78L2NBK8L2V;J·^;L"K�0"UWNO7{JM361�NO78L"K
Σ

L"K{7�5�1�NB.�361�J8L�L2N
X2

L27�NOV;5�5ZL�L2N
X2 = ±h öF�@UW1�J

5ZL"K�0"UWNB^�1�7{1ZUWNBK'36V��¥5�1���1�78L"K¿3WK8KMU-021Z."L"K�36VÄ,;J8UWY;5Z~2�·Læ÷/ù�L25�5ZL�L"K{7�^;UWNB0y78UWV;7�K{1���,;5ZL2�·L2NO7¿NOV;5�5ZLy,P36J{78UWV;7�Èg�HL"K
0"UW��,ÃU]KM36N-78L"Kv^;L�021ZKÛ361�5�5ZL2�·L2NO7v.27M36N-7v.2�q1Z^;L2���·L2NO7�K{V;,;,ÃU]K8."L"KeNOV;5�5ZL"Kæ»;5ZL"KXK8L2V;5ZL"KX0"UW��,/U]KM36N-78L"KXNBUWN�NOV;5�5ZL"K!^;L
Σ

KMUWNO7
Σ11

L27
Σ33

È
��3·0"UWNB^�1�7{1ZUWN
^;L�^;. ÍÎUWJ{�¿367{1ZUWN�,;5436NBL�L2NO7{JM3A@ZNBL]»/L2N�V;7{1�5�1ZKM36N-7|543�,P36J{7{1ZL\É�0"UWNO7{JM361�NO78L Ê¸^;L\543�5ZUW1�^�jl.2543WK{7{1Z021�78.

¹â��Èâ¼]À(½
1
»;�OVBL







0 = Eε33 = Σ33 − ν(Σ11 + Σ22) ⇒ Σ33 = νΣ11

Eε11 = Σ11 − ν(Σ22 + Σ33) = (1 − ν2)Σ11

⇒ Σ11 =
E

1 − ν2
ε11 =

E

1 − ν2
BX2.

dgN�^;. ÑBN;1�7{1��@L]»PUWN�3y9
öÏ��È������æ÷

Σ11 =
E

1 − ν2
BX2 ; Σ33 = νΣ11.
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u�ÜWÝ»�"Ù-ÝDÔ-ÕÛÚ�ÔOà,+ �Wá���Ü@×ÎÓ��WÖBÚ

+qL2V;5ZL"K·5ZL"K·0"UW��,ÃU]KM36NO78L"K
ε11

L27
ε22

^;L�543©^;. ÍÎUWJ{�¿367{1ZUWN K8UWNO7¿^�1äü�.2J8L2NO78L"K'^;L�Ò�.2J8U;Èg�gjlL ��,;J8L"K8K{1ZUWNi^;L�543
0"UW��,ÃU]KM36N-78L

ε11
L"K{7c0"L25�5ZLX1���,ÃU]K8."LX,P36J&543�021�NB.2�¿367{1Z�OVBL�^�V¿,;J8UWY;5Z~2�·L]È���3�0"UW��,ÃU]KM36NO78L

ε22
»-�OVP36N-7�Ë�L25�5ZL]»-L"K87

36VBKMK{1H^;UWN;NB."L�,P36Je543�,P36J{7{1ZL�É�0"UWNO7{JM361�NO78L Ê¸^;L�5ZUW1�^�jl.2543WK{7{1Z021�78.·9






Eε22 = Σ22 − ν(Σ11 + Σ33) = −ν(1 + ν)Σ11

= −ν(1 + ν)
E

1 − ν2
ε11 = − Eν

1 − ν
ε11

⇒ ε22 = − ν

1 − ν
ε11 = − ν

1 − ν
BX2

^�jlU	®

ε11 = BX2 ; ε22 = − ν

1 − ν
BX2.

öÏ��È����]�@÷
`vN�NBUW78L2JM3��OVBLv0"L"K&0"UWN-7{JM361�NO78L"K|L27�^;. ÍÎUWJ{�¿367{1ZUWNBK�K8UWN-7cL �B3W0278L2�·L2NO7�5ZL"K&�)?2�·L"K��OVBLX,/UWV;J&5ZLX�·Uq^;~25ZLX}P36Y;1�7{VBL25
^�V�,;J8L2��1ZL2J|[]JM3W^�1ZL2NO7�È�öÎnp5�L2N�L"K87|^;L\�)?2�·L�^�V�^;.2,;543W0"L2�·L2NO7Û÷ È

u�ÜWÝ»�"Ù-ÝDÔ-ÕÛÚN�)�	�¿Õ ÖP×FÚ

mvUWVBK!^;.278L2J{��1�NBUWNBK\^�jâ36Y/UWJ8^�5ZL"K!0"UW��,/U]KM36N-78L"K!NBUWN�N-V;5�5ZL"K!^�V�[]JM3W^�1ZL2NO7 ∇ε

^;L�543'^;. ÍÏUWJ{�¿367{1ZUWN
L2N©0"U-UWJw�
^;UWN;NB."L"K�0�36J{78."K{1ZL2N;NBL"KæÈ;acUW��,;78Lv78L2NOVy^;Lv543�ÍÏUWJ{�·LX,;J8."0"."^;L2N-78L\^;L|543�^;. ÍÏUWJ{�¿367{1ZUWN

ε

»-1�5PNBLvK{V;YBK{1ZK{78Lv�OVBL!^;L2V��
0"UW��,ÃU]KM36N-78L"KXNBUWN�N-V;5�5ZL"K�»
öÏ��È����]ý@÷ ∇ε112 = B

L27 ∇ε222 = − ν

1 − ν
B.
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n�5ÐKæjlL2NBK{V;1�7&�-VBL|5ZLX�@L"0278L2V;J
U

3WK8K8Uq021Z.X36V'�·UW�·L2N-7c^B36NBKc543�5ZUW1Ð^;LX0"UW��,ÃUWJ{78L2�·L2NO7|L"K87¡NOV;5kÈqd�N�L üÃL27�»-V;N'0�365Z02V;5
^;L�K8L"Ke0"UW��,/U]KÛ36NO78L"KvV;7{1�5�1ZKM36NO7|5ZL"K|J8L254367{1ZUWNBK�¹â��È����]ý(½D^;UWN;NBL







U1 =
λ

2λ+ 8µ
∇εhh1 +

2µ

2λ+ 8µ
∇ε1hh = 0

U2 =
λ

2λ+ 8µ
∇εhh2 +

2µ

2λ+ 8µ
∇ε2hh

=
λ

2λ+ 8µ

(

B − ν

1 − ν
B

)

− 2µ

2λ+ 8µ

ν

1 − ν
B

=
B

2λ+ 8µ

(
1 − 2ν

1 − ν
λ− 2νµ

1 − ν

)

=
λ

2λ+ 8µ

(
1 − 2ν

1 − ν

Eν

(1 − 2ν)(1 − ν)
− ν

1 − ν

E

1 + ν

)

= 0

U3 =
λ

2λ+ 8µ
∇εhh3 +

2µ

2λ+ 8µ
∇ε3hh = 0.

��L"KX0"UW��,ÃU]KM36NO78L"Kv^�V��·UW�·L2NO7!UWNO7X^;UWNB0\543�ÍÏUWJ{�·L�0"UW��,P3W0278L�K{V;1��W36N-78L·9
öÏ��È����6Â-÷

Mijk =
b2

5
[λ(∇ε)hhkδij + 2µ∇εijk] .

`vJ
∇εhh1 = 0 ; ∇εhh2 = B − ν

1 − ν
B =

1 − 2ν

1 − ν
B ; (∇ε)hh3 = 0,

^;UWNB0�^�jâ36,;J8~"K|543�J8L254367{1ZUWNÆ¹â��È����6ÂW½p»

M111 = M221 = M331 = M121 = M122 = M133 = M233 = 0.

�HL"K�0"UW��,/U]KM36N-78L"K!J8L"K{7M36NO78L"K�^�V��·UW�·L2N-7
M

ö
M112

»
M222

L27
M332

÷|K8UWNO7\36VBK8K{1�^;."^�V;1�78L"K�^;L�5kjl."�OVP367{1ZUWN
¹â��È����6ÂW½�9

↪→ ,/UWV;J
M112
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





M112 =
b2

5
(λ(∇ε)hh2 + 2µ(∇ε)112) =

b2

5

(

λ
1 − 2ν

1 − ν
B + 2µB

)

=
b2

5

(
Eν

(1 + ν)(1 − 2ν)

1 − 2ν

1 − ν
B +

E

1 + ν
B

)

=
b2

5

(
E

1 + ν
(

ν

1 − ν
+ 1)B

)

=
b2

5

E

1 − ν2
B

↪→ ,/UWV;J
M222







M222 =
b2

5
(λ(∇ε)hh2 + 2µ(∇ε)222) =

b2

5

(

λ
1 − 2ν

1 − ν
B + 2µ(− ν

1 − ν
)B

)

=
b2

5

(
Eν

(1 + ν)(1 − ν)
B − E

1 + ν

ν

1 − ν
B

)

= 0

↪→ ,/UWV;J
M332







M332 =
b2

5
(λ(∇ε)hh2) =

b2

5

(
Eν

(1 + ν)(1 − ν)
B

)

=
b2

5

Eν

1 − ν2
B.

dgN�ÑBN�^;L\0"UW��,;78L]»PUWN�3
öÏ��È����]�@÷

M112 =
b2

5

E

1 − ν2
B ; M332 =

b2

5

Eν

1 − ν2
B,

5ZL"Kv36V;7{J8L"KX0"UW��,ÃU]KM36NO78L"Kv.27M36NO7XN-V;5�5ZL"K�È
`vNÌ,ÃL2V;7¸ÍÏ3W021�5ZL2�·L2N-7·�@.2J{1äÑPL2J��OVBLy0"L"K��]365ZL2V;J8K�^;L"K�0"UW��,/U]KM36N-78L"K·^�V*�·UW�·L2NO7�J8L"K{,ÃL"0278L2NO7¿Ë�543�ÍÏUW1ZK�5ZL"K

0"UWNB^�1�7{1ZUWNBK\36V���5�1���1�78L"K
Mi22 = 0

»Ð5ZL"KvJ8L254367{1ZUWNBK
Mijj = 0

L27v5ZL"KX."�-VP367{1ZUWNBK�^�jl."�OV;1�5�1�Y;J8LyöF5ZL"KX�·UW�·L2N-78K�K8UWNO7
0"UWNBK87M36NO78KÛ÷ È

ìr¯ J�¯�V^¯�� ��SÐ� GHéæC S A q G z�ç(S � �,s yÆI q ?BA�è � I�>O?;è z±� ?;è�éæCÞEHGDI z G ç
mvUWVBK|0M}BL2J808}BUWNBKv�¿361�NO78L2NP36N-7XV;NBL\K8UW5�V;7{1ZUWN�^B36NBK|5ZL\0�3WK�,;543WK{7{1Z�OVBL�,;V;J�»P0]jlL"K{7w��Ë(�p^�1�J8L�L2N�5kjâ36YBK8L2NB0"L\^�jl.2543WKw�

7{1Z021�78.]È�acL"021¡36,;,ÃL25�5ZL�V;NBL�J8L2�¿36J8�-VBL]ÈDacL27{78L�K8UW5�V;7{1ZUWN¾NHjlL"K{7�NBUWN¾7{J{1��q14365ZL��OVBL�K{1±543�78UW7M365�1�78.�^;L�543',/UWV;7{J8L�L"K87
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,;543WK87{1Z�OVBL]È�t�UWV;J|5ZLX�·Uq^;~25ZL�}P36Y;1�7{VBL25H^�Vy,;J8L2��1ZL2J�[]JM3W^�1ZL2NO7�»B0"L27{78L�021�J80"UWNBK{7M36NB0"L�L"K87&1���,ÃU]K8K{1�Y;5ZL�0�36J�5kjâ36N;NOV;543(�
7{1ZUWN'^;Le78UWV;78L"Kg5ZL"Kg0"UW��,ÃU]KM36N-78L"K&^;L"Kg0"UWN-7{JM361�NO78L"K�K{V;J�543!ÑBY;J8L|�·U��@L2N;NBL|1���,;5�1Z�-VBL|NB."0"L"KMKM361�J8L2�·L2NO7&5kjlL �q1ZK{78L2NB0"L
^�j V;N�NBUæ�O36V�.2543WK{7{1Z�-VBL]ÈPacL2543�^;L2�-1ZL2N-7e,/U]K8K81�Y;5ZL!0"L2,ÃL2NB^B36NO7e,ÃUWV;J�5ZL��·U-^;~25ZL�����tg_�»;^�VyÍÏ361�7e^;L!5kjlL �q1ZK878L2NB0"L\^;L
�·UW�·L2N-78K

M112
L27
M332

NBUWN'NOV;5ZK¡K8V;Jg543!ÑBY;J8L|�·Uæ�@L2N;NBL]»-�-V;1;,ÃL2V;�@L2NO7&K8V�ã·JcË\367{78L21�NB^�J8Lv5ZL|02J{1�78~2J8L]ÈqacLe,ÃUW1�NO7
KML2JM3¿J8L"0"UW���·L2N-78.�,;5�VBK!5ZUW1�NHÈÃmvUWVBKvÍk361ZK8UWNBK�^;UWNB0�5kj }-�-,ÃUW7{}B~"K8L��-VBL�78UWV;78L¸543',ÃUWV;7{J8L¸L"K87v,;543WK{7{1Z�-VBL]ÈÃ_�L�,;5�VBKæ»
NBUWVBK!JM36,;,ÃL25ZUWNBKv�-VBL�543¿,ÃUWJ8U]K{1�78.

f
L"K87vK{V;,;,ÃU]K8."L�N-V;5�5ZL]ÈÐ_\36NBK!0"L"Kv0"UWNB^�1�7{1ZUWNBKæ»Ð5ZL�02J{1�78~2J8L�NHjlL"K87v,P3WKvJ8."^�V;1�7�Ë

0"L25�V;1�^;L��@UWN
��1ZK8L"K�Ë¿0�36VBKML�^;L�543�,;J8."K8L2NB0"L�^�V
78L2J{�·L
Q2/b2

�¿361ZK!5kj 1�NB0"UW��,;J8L"K8K{1�Y;1�5�1�78.�L"K{7\3WK8K{V;J8."L]È�`vN©L2N
^;."^�V;1�7v�OVBL·9

ε̇22 = −ε̇11 = −ḂX2.

n�5HK�jlL2NBK{V;1�7!36VBK8K{1H�-VBL
(∇ε̇)112 = Ḃ , (∇ε̇)222 = −Ḃ,

5ZL"Kv36V;7{J8L"KX0"UW��,ÃU]KM36NO78L"Kv^;L
(∇ε̇)

.27M36NO7|N-V;5�5ZL"K�È
mvUWVBKe0M}BL2J808}BUWNBKeV;NBL�K8UW5�V;7{1ZUWN�3��@L"0\0"UWNO7{JM361�NO78L"K|NOV;5�5ZL"K|KM36V�Í

Σ11
L27

Σ33
»�L27��·UW�·L2NO78KeN-V;5ZKeKM36V�Í

M112
L27

M332
»],P36J¡36NP365ZUW[]1ZLX3��@L"0|543�K8UW5�V;7{1ZUWN'^�V·0�3WK�,;V;J8L2�·L2NO7c.2543WK{7{1Z�OVBL]ÈO_!L�78L25�5ZL"K¡J8L"K{7{J{1Z027{1ZUWNBK�1���,ÃU]K8L2NO7¡5ZLeJ8L"K{,ÃL"027

^;L"KXJ8L254367{1ZUWNBK
Mijj = 0

ÈÐ�HL"KX0"UWNB^�1�7{1ZUWNBK�36V���5�1���1�78L"Kv36VBK8K81HY;1ZL2N�L2N��·UW�·L2N-78K��OVHjlL2N�0"UWN-7{JM361�NO78L"K�K8UWN-7!36VBK8K{1
36V;78UW�¿367{1Z�-VBL2�·L2NO7!�@.2J{1äÑP."L"K�È

_�36NBKv0"L"K|0"UWNB^�1�7{1ZUWNBK�»;NBUWVBK!3"�@UWNBK

öÏ��È����]x@÷






Mm1 =
1

3
(M111 +M221 +M331) = 0

Mm2 =
1

3
(M112 +M223 +M333) =

1

3
(M112 +M223)

Mm1 =
1

3
(M113 +M223 +M333) = 0,

0"L��OV;1H0"UWNB^�V;1�7�»BL2N�V;7{1�5�1ZKM36NO7v5ZL�5ZUW1�^�jl."0"UWV;5ZL2�·L2NO7!,;543WK{7{1Z�-VBL]»BË

öÏ��È����@�]÷







0 = (∇ε̇)111 = η
1

σ0
2b2

(
2

3
AIMm1 + 3AIIM

′
111

)

+ 2U1 ⇒ U1 = 0

0 = (∇ε̇)221 = η
1

σ0
2b2

(
2

3
AIMm1 + 3AIIM

′
221

) `ÛH

0 = (∇ε̇)121 = η
1

σ0
2b2

(
2

3
AIIM

′
121

)

+ U2 ⇒ U2 = 0

0 = (∇ε̇)331 = η
1

σ0
2b2

(
2

3
AIMm1 + 3AIIM

′
331

) `ÛH
;
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öÏ��È����]À@÷







Ḃ = (∇ε)112 = η
1

σ0
2b2

(
2

3
AIMm2 + 3AIIM

′
112

)

+ 2U1

= η
1

σ0
2b2

(
2

3
AIMm2 + 3AII(M112 −Mm2)

)

= η
1

σ0
2b2

(

(
2

3
AI − 3AII)Mm2 + 3AIIM112

)

−Ḃ = (∇ε̇)222 = η
1

σ0
2b2

(
2

3
AIMm2 + 3AIIM

′
222

)

+ 2U2

=
η

σ0
2b2

(
2

3
AI − 3AII

)

Mm2;

L27|ÑBNP365ZL2�·L2NO7

öÏ��È����]¼@÷







0 = (∇ε̇)122 = η
1

σ0
2b2

3AIIM
′
112 + U1

`ÛH

0 = (∇ε̇)332 = η

(
1

σ0
2b2

(
2

3
AIMm2 + 3AIIM

′
332)

)

=
η

σ0
2b2

(

(
2

3
AI − 3AII)Mm2 + 3AIIM332

)

.

fXNBL�0"UW��Y;1�NP361ZK8UWN�^;L"KX."�OVP367{1ZUWNBK�¹â��È����]À(½
3
L27�¹â��È����]À(½

5
^;UWN;NBL

Ḃ = −Ḃ +
3η

σ0
2b2

AIIM112 ⇒ 2Ḃ =
3η

σ0
2b2

AIIM112
öÏ��È��]���@÷
7M36NB^�1ZKv�OVBL\0"L25�5ZL�^;L·¹â��È����]À(½

5
L27�¹â��È����]¼(½

2
0"UWNB^�V;1�7vË

0 = −Ḃ +
3η

σ0
2b2

AIIM332 ⇒ Ḃ =
3η

σ0
2b2

AIIM332.
öÏ��È��]�]�æ÷
�D3�K8UW���·L�^;L"K|."�-VP367{1ZUWNBK�¹â��È��]���(½

2
L27�¹â��È��]�]� ½

2
0"UWNB^�V;1�7vË�543¸J8L254367{1ZUWN

öÏ��È��]���@÷ η

σ0
2b2

AIIMm2 =
Ḃ

3
.

`vJX5kjl."�OVP367{1ZUWNÆ¹â��È����]À(½
5
L2NO7{JM3A@ZNBL��-VBL

öÏ��È��]��ý@÷ η

σ0
2b2

(−2

9
AI +AII)Mm2 =

Ḃ

3
.

��L"K�^;L2V��Ì."�-VP367{1ZUWNBK�¹â��È��]���(½eL27�¹â��È��]��ý(½|NBLyK8UWN-7�0"UW��,P367{1�Y;5ZL"K¿�OVBL�K{1
AI = 0

9�543
K8UW5�V;7{1ZUWNÄ^�V*,;J8UWY;5Z~2�·L]»
KMUWVBKe543�ÍÎUWJ{�·L�J8L"0M}BL2J808}B."L]»ÐNHjlL"K{7X3W0"0"L2,;7M36Y;5ZL��-VBL\^B36NBK|0"L\0�3WK�È�mvUWVBKeÍÏ361ZK8UWNBKe^;UWNB0\0"L27{78L�}O�q,/UW7{}B~"K8L�Ë¸,P36J{7{1�J
^;L��¿361�NO78L2NP36N-7�ÈgökacL27{78L��·Uq^�1äÑP0�367{1ZUWN©^;L�543·�W365ZL2V;J�^�V�,P36JM36�·~2J8L

AI
^�V��·Uq^;~25ZL����Htg_�NHjlL"K{7X,P3WKv['?2NP36NO78L

,;V;1ZKM�OVHj 1�5�NBL�Kæjâ36[]1�7!1Z021±�-VBL�^;L��W365�1Z^B367{1ZUWN¾^�V©0"U-^;L¸L27vNBUWN¾^;L�J8.�365�1ZK{�·L�,;}O��K{1Z�OVBL�ù/543¿�W365ZL2V;J�^;L
AI

^B36NBK!5ZL
�·Uq^;~25ZL�����tg_�»BK8UW1�7

0.194
»PL"K{7|^�jâ361�5�5ZL2V;J8K!3WK8K8L2Ò�Ík361�Y;5ZL\�-1ZK{��Ë(�k�-1ZK|^;L\0"L25�5ZL�^;L

AII
»BK8UW1�7

6.108
÷ È
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u��@L"0�0"L27{78L�}O�q,/UW7{}B~"K8L]»

M112 =
2Ḃ

3ηAII
σ2

0b
2 ; M332 =

Ḃ

3ηAII
σ2

0b
2.

öÏ��È��]�2Â-÷
��L"KX0"UW��,ÃU]KM36NO78L"KXJ8L"K{7M36NO78L"Kv^;L\543¸5ZUW1�^�jl."0"UWV;5ZL2�·L2NO7�^;UWN;NBL2NO7!L2N�ÑBN







0 = (∇ε̇)133 = η

[
1

σ0
2b2

3AIIM
′
133 + U1

]

⇒ U1 = 0
`ÛH

0 = (∇ε̇)233 = η

[
1

σ0
2b2

3AIIM
′
233 + U2

]

⇒ U2 = 0
`ÛH

.

�D3�,P36J{7{1ZL!É�0"UWNO7{JM361�N-78L"KwÊ�^;L�543�5ZUW1H^�jl."0"UWV;5ZL2�·L2N-7�»Ð�-VP36NO7!Ë�L25�5ZL]»B^;UWN;NBL·9






ε̇11 = ḂX2 = 3η
Σ′

11

σ2
0

= 3
η

σ2
0

(Σ11 − Σm)

ε̇22 = −ḂX2 = 3η
Σ′

22

σ2
0

= 3
η

σ2
0

(Σ22 − Σm)

ε̇33 = 0 = 3η
Σ′

33

σ2
0

= 3
η

σ2
0

(Σ33 − Σm)

^�jlUWV�1�5HJ8."K{V;5�78L\�-VBL

Σ33 = Σm =
1

3
(Σ11 + Σ22 + Σ33) ⇒ 3Σ33 = Σ11 + Σ22 + Σ33.

acL"021DL2NO7{JM3A@ZNBL��-VBL

Σ33 =
1

2
(Σ11 + Σ22)

L27
Σm =

1

3

3

2
(Σ11 + Σ22) =

1

2
(Σ11 + Σ22).

`vN�L2N�^;."^�V;1�7�»P0"UW��,;78L\78L2N-V�^;L\0"L��-VBL
Σ22 = 0

»B�-VBL
öÏ��È��]���@÷

Σ′
11 = Σ′

22 =
Σ22

2
.

��L\J8L2,/UWJ{7v^B36NBKe5ZL"K|."�-VP367{1ZUWNBK|,;J8."0"."^;L2NO78L"K!^;UWN;NBL�365ZUWJ8K

Σ11 =
2σ2

0

3η
ḂX2 ; Σ33 =

σ2
0

3η
ḂX2,

öÏ��È��]��x@÷
5ZL"Kv36V;7{J8L"KX0"UW��,ÃU]KM36NO78L"Kv^�V�08}P36��,
^;L\0"UWNO7{JM361�NO78L"K

Σ
J8L"K{7M36N-7XNOV;5�5ZL"KX,P36J|}O�q,ÃUW7{}B~"K8L]È

np5vNBL�J8L"K{78L�,;5�VBK'�-VHjâËÇ^;.278L2J{��1�NBL2J�543¾�]365ZL2V;J�^;L
η

,/UWV;J�0"UW��,;5Z.278L2J'543ÆK8UW5�V;7{1ZUWNHÈ&t�UWV;Jy0"L�Ík361�J8L]»gNBUWVBK
."02J{1��@UWNBK|5ZL|É�02J{1�78~2J8L�J8."^�V;1�7wÊ�öÎKM36NBKc5ZL"K�78L2J{�·L"K�,;J8UW,/UWJ{7{1ZUWNBL25ZKvË�543�,ÃUWJ8U]K{1�78.]»�K{V;,;,ÃU]K8."L!1Z021/N-V;5�5ZLæ÷ ÈP`vNy�W3�,ÃUWV;J
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0"L2543·0"UW���·L2NB0"L2JX,P36JX0�365Z02V;5ZL2J|5ZL"K|�W365ZL2V;J8KX1�NO78L2J{�·."^�14361�J8L"K
Σ2

eq

L27
MII

ÈÐ`vN�3






Σ2
eq =

3

2
(Σ′

11
2
+ Σ′

22
2
+ Σ′

33
2
)

=
3

2

[
1

4
Σ2

11 +
1

4
Σ2

22

]

=
3

4
Σ2

11

L27

MII =
3

2
M ′

ijkM
′
ijk =

3

2
(M ′

112
2
+M ′

222
2
+M ′

332
2
).

öÏ��È��]�æ�]÷
`vJ

(∇ε̇)332 = 0
È/`vN�3�^;UWNB0]»B0"UW��,;78L\78L2N-V�^;L�0"L\�-VBL

M222 = 0
»
AI = 0

L27
U = 0

öF�@UW1�JX021ä�p^;L"KMK{VBKÛ÷�9

M332 = Mm2 ⇒M332 = Mm2 =
M112

2

L27v^;UWNB0

M ′
112 = M112 −Mm2 =

M112

2
; M ′

222 = −Mm2 = −M112

2
; M ′

332 = 0,
öÏ��È��]��À@÷
L ��,;J8L"K8K{1ZUWNBKX�OV;1HJ8."^�V;1ZKML2NO7

MII
Ë

MII =
3

2

(
M2

112

4
+
M2

112

4

)

=
3

4
M2

112

öÏ��È��]��¼@÷
��L!É�02J{1�78~2J8L\J8."^�V;1�7wÊ�^;L\,;543WK{7{1Z021�78.�Kæjl."02J{1�7v365ZUWJ8K

Σ2
eq +

Q2

b2
= Σ2

eq +
AIIMII

b2
=

3

4
Σ2

11 +
3

4b2
AIIM

2
112 = σ2

0 .
öÏ��È����]�@÷
acUW��,;78L�78L2NOV�^;L¿¹â��È��]��x(½

1
L27�¹â��È��]�2ÂW½

1
0"L27{78L�L ��,;J8L"K8K{1ZUWN�^;L2�q1ZL2NO7

1

3
σ2

0Ḃ
2X2

2 +
1

3

σ2
0b

2

AII
Ḃ2 = η2

KMUW1�7

η =
σ0√

3

√

Ḃ2X2
2 +

b2

AII
Ḃ2 =

σ0Ḃ
2

√
3

√

X2
2 +

b2

AII
(> 0).

öÏ��È������æ÷

��L"K\�W365ZL2V;J8K�^;L"K�0"UW��,/U]KÛ36NO78L"K�NBUWNÆNOV;5�5ZL"K�^;L"K�0"UWN-7{JM361�NO78L"K�L27\�·UW�·L2NO78K
Σ11

»
Σ33

»
M112

L27
M332

»�^;UWN;NB."L"K
021ä�p^;L"KMK{VBK|L2N�ÍÏUWNB027{1ZUWN�^;L

η
»�,/L2V;�@L2N-7!365ZUWJ8K|K�jlL ��,;J{1��·L2JXL ��,;5�1Z021�78L2�·L2NO7�È

tDUWV;JgK�jâ3WKMK{V;J8L2J�^;Lc543v�]365�1Z^�1�78.c^;L&543!K8UW5�V;7{1ZUWNH»61�5qÍÏ36V;7±L2NB0"UWJ8Le^�j V;NBLc,P36J{7��@.2J{1äÑPL2J±5ZL"K�."�-VP367{1ZUWNBK�^�jl."�OV;1�5�1�Y;J8L]»
^�jâ36V;7{J8L
,P36J{7��@.2J{1äÑPL2J��-VBL�5ZL
0�365Z02V;5�^�Vë0M}P36��,ë^;L
^;.2,;543W0"L2�·L2NO78K�L"K{7�,ÃU]K8K{1�Y;5ZL�ËÇ,P36J{7{1�J�^;L"K��]365ZL2V;J8K'^;L"K
0"UW��,ÃU]KM36N-78L"Kv^;L�543�^;. ÍÏUWJ{�¿367{1ZUWNHÈ
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�HL"KX."�-VP367{1ZUWNBKX^�jl."�-V;1�5�1�Y;J8L�K�jl."02J{1��@L2N-7

Σij,j −Mijk,jk = 0
K8UW1�7







Σ1j,j −M1jk,jk = 0

Σ2j,j −M2jk,jk = 0

Σ3j,j −M3jk,jk = 0.

öÏ��È����]�@÷

_\36NBKv5kjl."�OVP367{1ZUWNÌ¹â��È����]�(½
1
»B1�5�NBL�K{V;YBK{1ZK878L��OVBL

Σ11,1 −M112,12 = 0
�-V;1�L"K{7v�@.2J{1äÑP."L�,;V;1ZK8�-VBL�5ZL"K!0"UWNO7{JM361�N-78L"K

L27�5ZL"K��·UW�·L2N-78K�K8UWN-7!1�NB^;.2,ÃL2NB^B36NO78K�^;L
X1

È/�D3'^;L2V���1Z~2�·L�."�-VP367{1ZUWNH»�¹â��È����]�(½
2
»ÃL"K{7�1Z^;L2NO7{1Z�-VBL2�·L2NO7��@.2J{1äÑP."L]È

n�5¡NBL'J8L"K{78L'^;L¿543�7{J8UW1ZK{1Z~2�·L'."�-VP367{1ZUWNH»c¹â��È����]�(½
3
»��-VBL

σ33,3 −M332,32 = 0
�OV;1cL"K{7¸36VBK8K81¡�qJM361ZL�Ë�0�36VBK8L'^;L

5kj 1�NB^;.2,ÃL2NB^B36NB0"L�^;L"Kv0"UWNO7{JM361�N-78L"KvL27X^;L"K|�·UW�·L2NO78Kv�-1ZKw��Ë(�k�q1ZKe^;L
X3

È
d�NO�q1ZKM36[@L"UWNBKyL2N�ÑBNú5ZL�0�365Z02V;5!^;L"K¿^;.2,;543W0"L2�·L2N-78K�Ë©,P36J{7{1�J'^;L"K'^;. ÍÎUWJ{�¿367{1ZUWNBK�Èc_\36NBK¿0"L�0�3WK¿,;J8."021ZK�»g5ZL"K

^;. ÍÏUWJ{�¿367{1ZUWNBK!K8UWNO7|^;L\543�ÍÏUWJ{�·L·9






ε11 = BX2

ε22 = −BX2

ε12 = 0

öÏ��È����]ý@÷

^;UWNB0�1�5�ÍÏ36V;7eJ8."KMUWVB^�J8L






∂U1

∂X1
= BX2

∂U1

∂X1
= −BX2

∂U1

∂X2
+
∂U2

∂X1
= 0.

öÏ��È����6Â-÷

�D3�K8UW5�V;7{1ZUWN�^;L·¹â��È����6ÂW½
1
L"K87

U1 = BX1X2 + g(X2);

0"L25�5ZL�^;L·¹â��È����6ÂW½
2
L"K{7

U2 = −BX
2
2

2
+ h(X1).

�¡jl."�OVP367{1ZUWNÌ¹â��È����6ÂW½
3
^;UWN;NBL�365ZUWJ8K

BX1 + g′(X2) + h′(X1) = 0,

."�-VP367{1ZUWN��-V;1H1���,ÃU]K8L

g′(X2) = K , h′(X1) +BX1 = −K ⇒ g(X2) = KX2 (+Cste),

h(X1) = −KX1 −
B

2
X2

1 (+Cste)
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n�5���3�^;UWNB0\Y;1ZL2N�V;NBL�K8UW5�V;7{1ZUWNHÈ
fXN�78L"K{7�1�NO78.2J8L"K8KÛ36NO7|K{V;Jc543�KMUW5�V;7{1ZUWN�7{J8UWV;�@."L�0"UWNBK{1ZK878L�Ë��@.2J{1äÑPL2Je�OVBLv,ÃUWV;J

b→ 0
öÎL27cY;1ZL2N�L2N-78L2NB^�V�,/UWV;J

5ZL"K|,/UWJ8U]K{1�78."KXNOV;5�5ZL"KÛ÷ »BNBUWVBKeJ8L278UW��YÃUWNBKvK8V;Je543�K8UW5�V;7{1ZUWN�,ÃUWV;Je5ZL��·U-^;~25ZL�^;L\�@UWN���1ZK8L"K\9��·UW�·L2NO78KvNOV;5ZK�»
öÏ��È����]�@÷

Σ11 = 2σ0/
√

3, Σ33 = σ0/
√

3.

`vJ

b→ 0 ⇒ η → σ0√
3
ḂX2.

��L"KX0"UW��,ÃU]KM36NO78L"K!3¸,;J{1ZUWJ{1HNBUWN�NOV;5�5ZL"Kv^;L"KX0"UWN-7{JM361�NO78L"K!L27X^;L"Ke�·UW�·L2NO78KvK8UWNO7!365ZUWJ8KX^;UWN;NB."L"K|,P36J

Σ11 =
2σ2

0

3

√
3

σ0
=

2σ0√
3

; Σ33 =
σ2

0

3

√
3

σ0
=

σ0√
3

; M112 = M332 = 0.

`vN�J8L27{J8UWV;�@L\Y;1ZL2N�543�K8UW5�V;7{1ZUWN�0"UWJ{J8L"K{,/UWNB^B36N-78L�36V��·Uq^;~25ZL�^;L��@UWN���1ZK8L"K�È

B!ì%�Uì%B �tYc] h!�'� Y0bj[ � b _ ] 
 g �r_ù� ] �r_A� Y � ] ��_A�'�N:Uh�

mvUWVBK�0"UWNBK{1Z^;.2J8UWNBK±0"UW���·L&^B36NBKD5ZLg,;J8UWY;5Z~2�·L&,;J8."0"."^;L2NO7�»6V;NBL&,/UWV;7{J8L&^;L¡K8L"027{1ZUWN¸J8L"027M36N;[]V;54361�J8L�L27D^�jl.2,P361ZKw�

KML2V;J
2h

»@K8UWV;��1ZK8LvË!V;NBLeK8UW5�5�1Z021�7M367{1ZUWN'^;L�7��-,ÃLuIPL �q1ZUWN¿,;V;J8L]»@L2N·^;. ÍÎUWJ{�¿367{1ZUWN',;5436NBL]È@m!UWVBK�J8L"08}BL2J80M}BUWNBK¡�¿361�N��
78L2NP36N-7DV;NBL¡K8UW5�V;7{1ZUWN�.2543WK{78UW,;543WK{7{1Z�-VBL]»æL2N�ÍÏ361ZKM36N-7D0"UW���·Lc36V;,P36JM3"�]36NO7�5kj }O�q,/UW7{}B~"K8L¡^�j V;NBLg,ÃUWJ8U]K{1�78.�NOV;5�5ZL]È(mvUWVBK
,ÃU]K{7{V;5ZUWNBK�Ü6�Ðá Ó��]áÛÓ�5kjlL ��1ZK{78L2NB0"L�^�j V;N�NBUæ�O36V¾.2543WK{7{1Z�OVBLyö −c ≤ X2 ≤ c

÷ »/L27!^;L¸^;L2V���Ò�UWNBL"Kv,;543WK{7{1Z�OVBL"Kæ»P5kj V;NBL
L2N�7{JM3W027{1ZUWN¥ö

c ≤ X2 ≤ h
÷ »B5kjâ36V;7{J8L�L2N�0"UW��,;J8L"K8K{1ZUWNÌö −h ≤ X2 ≤ −c ÷ »PU	® c J8L2,;J8."K8L2NO78L�543¸7M361�5�5ZL�^;L\543¸Ò�UWNBL

,;543WK87{1Z�OVBL]È
mvUWVBK�08}BL2J80M}BUWNBK�V;NBL¸K8UW5�V;7{1ZUWN¾�OV;1�K8L�J8."^�V;1ZK8L�Ë�0"L25�5ZL¸^�V©0�3WK�.2543WK{7{1Z�-VBL�,;V;J�»Ã.27{VB^�1Z.¸,;5�VBK!}P36V;7�»Ã^B36NBK�543

Ò�UWNBLv.2543WK{7{1Z�-VBL]»OL27&Ë\0"L25�5ZLv^�V'0�3WK¡,;543WK{7{1Z�OVBLX,;V;J�»@.2[O365ZL2�·L2NO7e.27{VB^�1Z.X,;5�VBKg}P36V;7�»O^B36NBK¡543\Ò�UWNBLX,;543WK{7{1Z�OVBL]ÈOtDUWV;J
0"L"021k»H1�5gL"K{7\NB."0"L"K8KM361�J8L��-VBL

ε̇
e K8UW1�7\NOV;5g^B36NBK�543�Ò�UWNBL�,;543WK{7{1Z�-VBL]»�L27�0"L"021gL2NO7{JM3A@ZNBL'�OVBL

Σ̇
^;UW1�7�.2[O365ZL2�·L2NO7��

?27{J8L'NOV;5kÈDuX1�NBK81¡543�J8.2,P36J{7{1�7{1ZUWN*^;L"K¸0"UWNO7{JM361�NO78L"K�KML2JM3yÑ;�;L·^B36NBK�543�Ò�UWNBL·,;543WK{7{1Z�-VBL]»�K8L2V;5ZL·543�7M361�5�5ZL¿^;L¿0"L27{78L
^;L2J{N;1Z~2J8L��W36J{1ZL2JM3�È

d�N¾,;JM367{1Z�OVBL]»/543'J8.2,P36J{7{1�7{1ZUWNÆ^;L"K\0"UWN-7{JM361�NO78L"K�^B36NBK�543¿Ò�UWNBL�,;543WK{7{1Z�-VBL |X2| ≥ c
KML2JM3'^;UWNB0�0"L25�5ZL�^�V¾0�3WK

,;543WK87{1Z�OVBL',;V;J�»±L27�5ZL"K�0"UWNO7{JM361�N-78L"K
Σ22

L27
Σ33

.2�@UW5�VBL2J8UWN-7�5�1�NB.�361�J8L2�·L2NO7·L2N¥ÍÎUWNB027{1ZUWNÄ^;L
X2

^B36NBK�543�Ò�UWNBL
.2543WK87{1Z�OVBL]»±L2NO7{J8Ly5ZL"K¸�]365ZL2V;J8K

Σ22 (−c) L27
Σ22 (c)

»±UWV
Σ33 (−c) L27

Σ33 (c)
È���3
^�1äüÃ.2J8L2NB0"L�,P36J�JM36,;,/UWJ{7·36V

�·Uq^;~25ZLy}P36Y;1�7{VBL25X^�VÄ,;J8L2��1ZL2J�[]JM3W^�1ZL2N-7'K8L2JM3
�-VBLy5ZL"K�0"UWNO7{JM361�NO78L"K'NBLyK8L2J8UWNO7¿,P3WK�V;N;1äÍÎUWJ{�·L"K·^B36NBK·543�Ò�UWNBL
,;543WK87{1Z�OVBL¿öÎ^�V�ÍÏ361�7|�-VBL�5ZL\��V;5�7{1�,;5�1Z0�3678L2V;J!,;543WK{7{1Z�-VBL\^;.2,/L2NB^�JM3¿^;L

X2
÷ È

��S A q CÞéæC S ADè�� ç I°y z±� C ç)z¡S G ç EHG � C � ?BC4é�GDADI�è S/� G�éæC S A q Gié Ôpz I�> S ADèæC q < ç <^¯
• t�J8L2��1Z~2J8L2�·L2NO7�»/1�5ÃÍk36V;7

ν =
1

2

È;dgN�L üÃL27�»;^B36NBKX543¸Ò�UWNBL�.2543WK{7{1Z�-VBL]»BUWN�3
öÏ��È����]x@÷

Σ33 = νΣ11,
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L27X^B36NBKe543¸Ò�UWNBL\,;543WK87{1Z�OVBL]»
öÏ��È����@�]÷

ε̇p33 = ε̇33 = 0,

�OV;1�1���,;5�1Z�-VBL��-VBL
öÏ��È����]À@÷

Σ33 =
1

2
Σ11.

np5qÍk36V;7��OVBL�0"L"K±^;L2V��¸�]365ZL2V;J8K�0"UW1�NB021Z^;L2NO7¡,/UWV;J��-VBL
Σeq

KMUW1�7±0"UWN-7{1�NOVBLXËv543&z{UWNB027{1ZUWN�^;L"K±Ò�UWNBL"K�.2543WK{7{1Z�OVBL
L27|,;543WK{7{1Z�-VBL]È

• _!L�,;5�VBK�1�5eÍk36V;7¿36VBK8K{1
AI = 0

Ègd�NúL ü�L27¿^B36NBK�543©Ò�UWNBL�,;543WK{7{1Z�OVBL]»g543©K8UW5�V;7{1ZUWN L"K{7�543
�)?2�·L��OVHjlL2N
NB.2[]5�1�[@L�36NO7v5kjl.2543WK{7{1Z021�78.�ùBNBUWVBK!3"�@UWNBK|�·UWN-7{J8.��-VHj 1�5�ÍÏ36V;7X365ZUWJ8KX,;J8L2NB^�J8L

AI = 0
È

• np5ÃÍk36V;7XL2N�ÑBNH»B0"UW���·L\NBUWVBK|5ZL\�@L2J{J8UWNBK|,;5�VBKe5ZUW1�NH»B,;J8L2NB^�J8L
AII = 5

È
t�UWV;JX5kj 1�NBK87M36NO7�»BNBUWVBK|NBL�ÍÏ361ZKMUWNBK�,P3WKX^�j }O�q,ÃUW7{}B~"K8L�K{V;J

AII
È

# S ADIÇ< � ?;è�éæCÞEHGDI��c> { ?�y z q I¾> S A/é ç ?BCÎA/é�IOè�IOé q Iny S yÆI-A/é�èo¯���3�K8UW5�V;7{1ZUWN¾L"K{7!543'�)?2�·L¸�-VBL¸^B36NBK�5ZL
0�3WK|,;V;J8L2�·L2NO7�.2543WK{7{1Z�OVBL�¹â��Èâ��È��]Èâ�(½pÈÐtDUWV;Jv�·.2�·UW1�J8L]»;NBUWVBK|JM36,;,ÃL25ZUWNBK|5ZL"K|J8."K{V;5�7M3678K�öÏ3"�@L"0

ν =
1

2

÷�9






Σ11 =
4E

3
BX2 , Σ33 =

1

2
Σ11 , Σ22 = 0

M112 =
4Eb2

15
B , M332 =

1

2
M112 , M222 = 0.

acL"K|J8L254367{1ZUWNBK|,ÃL2J{�·L27{78L2NO7X^�jlL2N-�-1ZKM36[@L2JX543�^;.278L2J{��1�NP367{1ZUWN�^;L�543¸7M361�5�5ZL
c
^;L�543¸Ò�UWNBL�.2543WK{7{1Z�-VBL]ÈPacUW���·L2NB0"UWNBK

,P36Jv0�365Z02V;5ZL2J�»ÐË�0"L27XL ü�L27�»
Σ2

eq +
Q2

b2
È;mvUWVBKX3��@UWNBK

Σ2
eq =

3

4
Σ2

11

L27
MII =

3

2
M ′

ijkM
′
ijk =

3

4
M2

112

0"L��OV;1H^;UWN;NBL






Σ2
eq +

Q2

b2
=

3

4

(

Σ2
11 +

AII

b2
M2

112

)

=
3

4

16E2

9

(
E

1 − ν2

)2(

B2X2
2 +

AII

25b2
b4B2

)

=
3

4
E2B2

(

X2
2 +

AII

25
b2
)

.

tDUWV;Jv7{J8UWV;�@L2J|543�7M361�5�5ZL
c
^;L\543¸Ò�UWNBL�.2543WK{7{1Z�-VBL]»BUWN�."02J{1�7�¹â��È����]¼(½DL2N

X2 = ±c 9

σeq =
2√
3
EB

√

c2 +
AII

25
b2.

öÏ��È����]¼@÷
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acL27{78LXJ8L254367{1ZUWN�^;UWN;NBL
c
L2N·ÍÏUWNB027{1ZUWN�^�V�,P36JM36�·~27{J8L�^;LX0M}P36J{[@L2�·L2NO7

B
Èq vVP36NB^

B
36V;[]�·L2NO78L]»

c
^�1���1�N-VBL]»

0"L��-V;1/L"K87&78UWV;7eË\Ík361�7cNBUWJ{�¿365�1�NO7{V;1�7{1��@L2�·L2NO7�È/`vNy0"UWNBK87M3678L!36VBK8K81/�-VBL
c
367{78L21�NO7�543��W365ZL2V;J

0
,/UWV;JcV;NBLv�W365ZL2V;J

ÑBN;1ZL�^;L
B

»�K8UW1�7
B0

78L25D�OVBL
öÏ��È���ý]�@÷ 2√

3
EB0

b

5

√

AII = σ0.

t�UWV;J
B > B0

»;1�5HK8L2��Y;5ZL\��3"�@UW1�JXV;N�,P36JM3W^;U���L�0�36J
c
NBL\,/L2V;7e,;5�VBKvL �q1ZK878L2J�ÈPacL"021�K{1�[]N;1äÑPL�L2N�Ík361�7|�-VHj 1�5HNHj �y3

,;5�VBKe365ZUWJ8K�^;L!Ò�UWNBLv.2543WK87{1Z�OVBL�öF5ZL!0�365Z02V;5Ã021ä�p^;L"KMK{VBK¡78UW��Y/L�L2Ny^;. ÍÏ36V;7Û÷ È���3¸0M}P36J{[@L �k5�1���1�78L\L"K{7�367{78L21�N-78L�,;V;1ZK8�-VBL
543�Ò�UWNBL\,;543WK{7{1Z�-VBL�3�78UW7M365ZL2�·L2NO7!L2NO�]36};1H543�K{7{J{VB027{V;J8L�L27v�OVBL�5ZL"K|0"UWN-7{JM361�NO78L"K!�'KMUWNO7eÑ;�;L"K�È

# S ADI z±� ?;è"éæCFEHG�I��c>@? � >OG �fq GÅ> { ?�y z q IÆ> S A/é ç ?BCÎA/é�IOè�I@é q IOè y S yÇIqA/é�èo¯��HL¸,/UW1�N-7\^;L¸^;.2,P36J{7�KML2JM3
543·K8UW5�V;7{1ZUWN�,;543WK{7{1Z�-VBL�3"�@L"0�.2543WK{7{1Z021�78.\NB.2[]5�1�[@."L�^;L�543·K8L"027{1ZUWNÇ¹â��Èâx�Èâý(½pÈ/`vN�3��W361�7

η =
σ0√

3
Ḃ

√

X2
2 +

b2

AII
.

��L"KX0"UW��,ÃU]KM36NO78L"KXNBUWN�NOV;5�5ZL"Kv^�V�08}P36��,�^;L�0"UWNO7{JM361�NO78L"K!K�jlL ��,;J{1��·L2NO7�365ZUWJ8K|^;L\543�Ík3	E"UWN�K{V;1��]36NO78L·9






Σ11 =
2σ2

0

3η
ḂX2 =

2σ0√
3

X2
√

X2
2 + b2/AII

Σ33 =
1

2
Σ11 =

σ0√
3

X2
√

X2
2 + b2/AII

.

��L"KX0"UW��,ÃU]KM36NO78L"KXNBUWN�NOV;5�5ZL"Kv^�V��·UW�·L2NO7
M

»B�-VP36NO7vË�L25�5ZL"Kæ»;�W365ZL2N-7�9






M112 =
2Ḃ

3ηAII
σ2

0b
2 =

2σ0√
3AII

b2
√

X2
2 + b2/AII

M332 =
1

2
M112 =

σ0√
3AII

b2
√

X2
2 + b2/AII

.

� ?;>@> SPçÂq I°yÇI-A/é q I � ?
è S/� G�éæC S A*?��ÐIO> � ?%$ S ADI�< � ?;è"éæCFEHGDI�¯ `vN�."02J{1�7�543¸0"UWNO7{1�NOV;1�78.�^;L
Σ11

L27
M112L2N

X2 = c
öF543·0"UWNO7{1�NOV;1�78.¸^;L

σ33
L27
M332

L"K87X365ZUWJ8Kv36V;78UW�¿367{1Z�-VBL�3"�@L"0
ν =

1

2

÷ È;m!UWVBKX3"�@UWNBKv^;UWNB0






4

3
EBc =

2σ0√
3

c
√

c2 + b2/AII

4

15
Eb2B =

2σ0√
3AII

b2
√

c2 + b2/AIIUWV�L2NB0"UWJ8L

öÏ��È���ý��æ÷







2√
3
EB =

σ0
√

c2 + b2/AII

2√
3
E
B

5
=

σ0

AII

1
√

c2 + b2/AII

.
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�D3�0"UW��,P367{1�Y;1�5�1�78.X^;L�¹â��È���ý�� ½
1
L27|¹â��È���ý�� ½

2
L �q1�[@Lc1����·."^�143678L2�·L2N-7c�-VBL

AII = 5
È]m!UWVBK�Ík361ZK8UWNBK�^;."K8UWJ{�¿361ZKg0"L27{78L

}-�-,ÃUW7{}B~"K8L�^B36NBKX543�K{V;1�78L\^�V�0�365Z02V;5kÈ
acL27{78L��·Uq^�1äÑP0�367{1ZUWNÇ^;L�543·�]365ZL2V;J\^;L

AII
öÎ^�jâ361�5�5ZL2V;J8K!ÍÏ361�Y;5ZL]»

AII
�]365436NO7

6.108
^B36NBKv5ZL��·Uq^;~25ZL��\�Htg_�÷

L"K87�»�0"UW���·Ly0"L25�5ZL�^;L'543��W365ZL2V;J
AI

»D5�1Z021�78L�,;V;1ZK8�-VHj 1�5eK�jâ36[]1�7�1Z021e^;L¿�]365�1Z^B367{1ZUWNi^;Ly0"U-^;L�L27�NBUWN*^;L�J8.�365�1ZK{�·L
,;}-�qK81Z�OVBL]ÈBn�5�NBL�J8L"K{78L�365ZUWJ8K|,;5�VBKX�-VHj V;NBL�K8L2V;5ZL\."�-VP367{1ZUWN�^;L\JM3W0"0"UWJ8^;L2�·L2NO7
öÏ��È���ý]�@÷ 2√

3
EB =

σ0
√

c2 + b2/AII

�-V;1HL"K{7X."�-V;1��]365ZL2NO78L�Ë�5kjl."�-VP367{1ZUWNÆ¹â��È���ý]�(½D^;UWN;NP36N-7
c
È

�HL�0�365Z02V;5�^;L"Kv^;.2,;543W0"L2�·L2N-78K�NBL�,ÃU]K8L\,P3WK!^;L�,;J8UWY;5Z~2�·L�,;V;1ZK8�-VBL�5ZL"KX^;. ÍÏUWJ{�¿367{1ZUWNBK�K8UWNO7v5ZL"KX�)?2�·L"K!�-VBL
^B36NBKX5ZL\0�3WKe,;543WK{7{1Z�-VBL\,;V;J�È

d�NÌ0"UWNB025�VBK81ZUWNH»D,ÃUWV;J
ν = 1

2 , AI = 0
L27
AII = 5

»�5ZL"K¸0M}P36��,BK�^;L'0"UWN-7{JM361�NO78L"K·L27¸^;L"K��·UW�·L2N-78K�K8UWNO7
^;UWN;NB."KX,P36J�öÎL2N�K8L�5�1���1�7M36N-7!36V���0"UW��,/U]KÛ36NO78L"K|NBUWN�NOV;5�5ZL"KÛ÷�9







Σ11 =
4E

3
BX2 ; Σ11 =

1

2
Σ11

M112 =
4

15
EBb2 ; M332 =

1

2
M112

^B36NBKX543¸Ò�UWNBL�.2543WK{7{1Z�-VBL¿ö −c ≤ X2 ≤ c
÷ »B^;UWN-7|543�5�1���1�78L

c
L"K{7X^;UWN;NB."L\,P36J

öÏ��È���ý]ý@÷ 2√
3
EB

√

c2 + b2/5 = σ0.

t�UWV;J
B ≥ B0 =

√
15

2

σ0

Eb
,

1�5cNHj �Æ3�,;5�VBK¸^;L·Ò�UWNBL�.2543WK{7{1Z�-VBL'L27�543�0M}P36J{[@L �k5�1���1�78LyL"K{7¸367{78L21�N-78L]È�_\36NBK¸543�Ò�UWNBL',;543WK{7{1Z�-VBL�ö
X2 ≤ −c UWV

X2 ≥ c
÷ »;5ZL"KX08}P36��,BKX^;L�0"UWNO7{JM361�NO78L"K�L27|^;L\�·UW�·L2N-78KXK8UWN-7X^;UWN;NB."K|,P36J







Σ11 =
σ0√

3

X2
√

X2
2 + b2/5

; Σ11 =
1

2
Σ11

M112 =
σ0

5
√

3

b2
√

X2
2 + b2/5

; M332 =
1

2
M112.

 vVP36NB^
b→ 0

UWN�J8L278UW��YÃL\Y;1ZL2N�K{V;J|K{V;J�543�K8UW5�V;7{1ZUWN�^�V��·Uq^;~25ZL\02543WK8K{1Z�-VBL\^�V�,;J8L2��1ZL2J|[]JM3W^�1ZL2N-7X0]jlL"K{7w��Ë(�
^�1�J8L¿9

öÏ��È���ý6Â-÷






Σ11 =
4E

3
BX2, M112 = 0

^B36NBKe543�Ò�UWNBL�.2543WK{7{1Z�-VBL

Σ11 =
2σ0√

3

K8[]N
(X2), M112 = 0

^B36NBK|543¸Ò�UWNBL\,;543WK{7{1Z�-VBL]È
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B!ì%�Uì10 mn� _ g h�_	_Â� Y0b 8u
�iU�rï

 bl[ 
 ] � _ Y0] h��o� Y0b
`vN�,ÃL2V;7 ?27{J8L!.278UWN;NB.�^;L!0"UWNBK{7M3678L2Je�OVBLv5ZLv�·U-^;~25ZL\Ë�[]JM3W^�1ZL2NO78K�,;J8UW,ÃU]K8.XNBL�K8LXJ8."^�V;1�7�,P3WK�Ë�0"L25�V;1�^;LX�@UWN

��1ZK8L"Kv^B36NBKX5ZL¸0�3WK
f → 0

»ÃË
b
Ñ;�;.]ÈPd�N�ÍÏ361�7!0"L2543·L"K{7!^$;
Ë¿0"L��-VBL�^B36NBK!0"L"Kv0"UWNB^�1�7{1ZUWNBK

Σ
NBL¸K8L\J8."^�V;1�7!,P3WK

Ë
σ

,;V;1ZK8�-VBL�0]jlL"K{7eV;NBL!�W365ZL2V;Je�·Uæ�@L2N;NBL�^;L
σ

K{V;J�V;N��@UW5�V;�·L\^;L�7M361�5�5ZL
b
ÑBN;1ZL]È;n�5�L"K{7�NBUWJ{�¿365��-VHj V;N��·Uq^;~25ZL

�-V;1B7{JM3��W361�5�5ZLvK{V;J�V;NBLe78L25�5ZLX0"UWN-7{JM361�NO78L�öÎL2N·,;5�VBK¡^;L"K¡�·UW�·L2NO78KÛ÷�NBL|K8UW1�7�,P3WK&0"L25�V;1P^;Le�@UWN¿��1ZK8L"K|9]5ZL"Kg�W36J{1436Y;5ZL"K
0"UWNBK81Z^;.2J8."L"K|NBL�K8UWN-7|,P3WKe5ZL"Ke�)?2�·L"KæÈ

�gjlL �;36�·L2N¾^;L�543¿KMUW5�V;7{1ZUWN
^;L�543�,ÃUWV;7{J8L�L2NaIPL ��1ZUWN��]3��·UWN-7{J8L2J��OVBL�5ZL"KX,;J8."^�1Z027{1ZUWNBK\^�V
�·U-^;~25ZL����Ht¡_¸»
3��@L"0

f → 0
�¿361ZK

b
Ñ;��.]»ÐJ8.�365�1ZK8L2NO7�Y;1ZL2N
V;NBL��·Uæ�@L2N;NBL�K{,P367{14365ZL�^;L"KX,;J8."^�1Z027{1ZUWNBK\^�V
�·U-^;~25ZL¸^;L��@UWN
��1ZK8L"K�»

0]jlL"K87w��Ë(�p^�1�J8L��OVBL��-VP36NB^
UWN©,;J8L2NB^©543�K8UW5�V;7{1ZUWN¾L �B3W0278L¸^�V©,;J8UWY;5Z~2�·L�,ÃUWV;J!5ZL��·Uq^;~25ZL�^;L¸�@UWN¾��1ZK8L"Kæ»ÐL27\�-VBL
5kjlUWN�0�365Z02V;5ZL!5ZL"K��·U��@L2N;NBL"Ke^;L

σij
L27
σij(xk −Xk)

K{V;J�V;N��@UW5�V;�·L\K{,;}B.2J{1Z�-VBLv^;L!JM3"�@UWN
b
»qUWN'78UW��Y/L\K8V;Jc^;L"K

Σij
L27|^;L"K

Mijk
�OV;1�,;J8."K8L2N-78L2NO7�36V��·UW1�NBK|�-VP365�1�7M367{1��@L2�·L2NO7!5kjâ365�5�V;J8L�,;J8."^�1�78L\,P36J|5ZL��·Uq^;~25ZL�����tg_�È

� ?;è�< � ?;è"éæCFEHG�I^¯ acUWNO�@L2NBUWNBK��OVBL
σ

J8L2,;J8."K8L2N-78L�543yK8UW5�V;7{1ZUWNÇL2NÇ0"UWN-7{JM361�NO78L¿^�V¾�·Uq^;~25ZL�VBK{VBL25g^�V¾,;J8L2��1ZL2J
[]JM3W^�1ZL2N-7�ÈP�HL"KX[]JM36NB^;L2V;J8KX0"UWNBK{1Z^;.2J8."L"KX,P36J|5ZL��·Uq^;~25ZL����Htg_åKMUWNO7

Σ = 〈σ〉 , Mijk = 〈σij(xk −Xk)〉
n�5�L"K{7vY;1ZL2N�0"UWN;NOV©�-VBL

σ11
L"K{7|5�1�NB.�361�J8L�L2N�ÍÎUWNB027{1ZUWN
^;L

X2
ÈÐ vVP36NB^�UWN��·Uæ�@L2N;NBL�V;NBL�78L25�5ZL\ÍÏUWNB027{1ZUWN�K{V;JvV;N

�@UW5�V;�·L�K{,;}B.2J{1Z�-VBL]»;5ZL�J8."K{V;5�7M367|7{J8UWV;�@.�L"K87|.2[O365DË�543¸�]365ZL2V;J
σ11

36V�0"L2N-7{J8L�^;L�543�K{,;}B~2J8L�9

Σ11(X2) = σ11(X2).
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[]JM3W^FÓëU	®wÓ L"K87vV;NBL¸,;J{1���1�7{1��@L·^;L
wr(r)
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=
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b2
Mijk = λεhh,kδij + 2µεij,k − 2λδijUk − 2µδikUj − 2µδjkUi.
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(∆w)i

=

(

λ+ 2µ− (λ+ 2µ)2

λ+ 4µ

)
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2λ+ 8µ
w
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α
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χ =

1 − 2ν

2 − 3ν

P (x) ≡ 1 − χ

x
+

−3 + χ
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+

6

x3
− 6

x4
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Q(x) ≡ 1 − χ

x
+

3 − χ

x2
+

6

x3
+

6

x4
.

t�U]K8UWNBK!36VBK8K{1
xi = kri
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xe = kre

,;V;1ZK

Pi ≡ P (xi) ; Pe ≡ P (xe) ; Qi ≡ Q(xi)
L27

Qe ≡ Q(xe).
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+
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x2
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e

= ∆e.
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∆e
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De =
(
x4

iQi
L −xi − x4

eQe
L −xe

)
[ L xi

(
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3 − χ
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− L xe

(
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3 − χ
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)]

−
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x4

iPi
L xi − x4

ePe
L xe
)
[ L −xi

(

χ− 1 +
−3 + χ

xi

)

− L −xe

(

χ− 1 +
−3 + χ

xe

)]







α =

6

(
∆i

xi
− ∆e

xe

)
(
x4

iQi
L
−xi − x4

eQe
L
−xe
)

De

β = −
6

(
∆i

xi
− ∆e

xe

)
(
x4

iPi
L xi − x4

ePe
L xe
)

De

δ = −αx
4
i

L xiPi + βx4
i

L
−xiQi
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γ =
∆i

xi
−
[

α

(
1

x2
i

− 1

x3
i

) L xi − β

(
1

x2
i

+
1

x3
i

) L −xi − δ

x3
i

]
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]�W

∆U
Wa\eWaf�w�Waf�]jpcW¢]�z�f�_)\b»��`z�pbso�~[�Waq¡Wafx\r[�f�W)_`z�f~\bpbs�Y�[�\bsoz�f']�dgf�lkn�d¹q,dg\bpbso_`Witu\vdgf�w�Wafx\cW|��¾kW(q¡¿aq¡W|®¯z�f%f�W

\bsoWaf�]jpvdry"d�l�_`z�q¢y�\cWZ]�W�nu� s�fjÀ�[�Waf�_`WZ]�W�n�dkw��`z�q¡�a\bpbsoWZlb[�p½noW`l<��z�pc_`W`l½pc�`lcso]j[�Wan�noW`lZ¦�]��apbs�}|dg\bsoz�f¹]�W
B
y"dgp�pvdgy�y�z�pb\

±
∆U

]�dgf�l�nu� s�f~\c�aw|pvdgnoW ∫
Ω Á t ¾ Á dV «i��¸�f y�Wa[�\�pc�`lb[�q¡Wap�\cz�[�\�_`W`_as-Waf%]jsolvdgf~\Z�~[�WrnoW�_mdgno_a[�n-]�W�n�d¢q,dg\bpbso_`Wit\vdgf�w�Wafx\cW,lcWapvd²Wiµ¯W`_a\b[��`W¡Waf´f��aw|n�s�w�Wmdgfx\�noW`leWiµ¯Wa\clr]�W`lew|pvdgf�]�W`le\bpvdgf�l���z�pbq,dg\bsoz�f�lm�-Â°W,_c»�z�sÃh´W`lb\r_`z�fj��z�pbq¡W¹±

_`Wan�[�s�]��Äºc±¢�udgs�\Z]�dgf�leÅx¼jlb\b[�l�y�z�[�pZnoW�_mdgno_a[�n�]�W�n�d,q,dg\bpbso_`Witu\vdgf�w�Waf~\cW¡y�z�[�p�noW`l�q¡z�]�¶anoW`lk]�Wry�n�d�lb\bso_as�\c�([�lb[�Wanol
¦�l§dgf�l Waf�]�z�q¢q,dgw�Waq¡Waf~\§«i®�]�z�f~\�nu��Wih�y��apbsoWaf�_`W�d)]��aq¡z�fx\bpc�rnu��WiÆ,_md�_as�\c�|�
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¸�f©y�z|lvW






σ̃
? =

σ
?

σ̄
; σ̃ =

σ

σ̄

M̃? =
M?

σ̄
; M̃?? =

M??

σ̄
; M̃ =

M

σ̄

Ũ = σ̄2b2
σ?

eq − σeq

σeq

U

σ̄
.

ä�nXW`lb\ Waf�lb[�s�\cWry�z|lclcs�Y�noWe]�Wepc�`_apbs�pcWenoW`l �`�x["dg\bsoz�f�l�]�z�f�f"dgfx\
U
®
σeq

Wa\
ϕ
�"­�}�W`_e_`W`l�f�z�\vdg\bsoz�f�lå®"z�f d�æ







M̃??
ijk

′
= M̃?

ijk

′ − 1

15

(

Ũjδik + Ũiδjk − 2

3
Ũkδij

)

M̃??
mk = M̃?

mk − 3λ+ 2µ

45µ
ŨkWa\

Ũi =

M̃?
ijj

′

σ̃eq +
AII

5
(σ̃?

eq − σ̃eq)
+

M̃?
mi

σ̃eq +
3λ+ 2µ

45µ
AI(σ̃

?
eq − σ̃eq)

10

45(σ̃eq +
AII

5
(σ̃?

eq − σ̃eq)

+

3λ+ 2µ

45µ

σ̃eq +
3λ+ 2µ

9µ
AI(σ̃

?
eq − σ̃eq)

≡ Ũi(σ̃eq, σ̃
?, M̃?).

V-d)}�dgnoWa[�p�]�W
Ũi
]��ay�Waf�] ]�W

ϕ
±(\bpvdm}�Wapcl�lcW`l�dgpbw|[�q¡Waf~\cl

σ̃eq
®
σ̃

? Wa\ M̃? ��¾kWky�n�[�lm®

σ̃eq








1 +
AIM̃

??
I

b2
(

σ̃eq +
3λ+ 2µ

45µ
AI(σ̃

?
eq − σ̃eq)

)2 +
AIIM

??
II

(

b2(σ̃eq +
AII

5
(σ̃?

eq − σ̃eq

)2








1

2

,

−(1 − p) cosϕ = 0,

6µ

(3λ+ 2µ)
(σ̃?

m − σ̃m) + p(σ̃?
eq − σ̃eq) sinh

(
3

2
σ̃m

)

= 0.

¾edgf�l�n�d¡lb[�s�\cW|®�f�z�[�l�y�z|lcWapcz�f�lræ






ç
= σ̃eq








1 +
AIM̃

??
I

b2
(

σ̃eq +
3λ+ 2µ

45µ
AI(σ̃

?
eq − σ̃eq)

)2 +
AIIM̃

??
II

b2
(

σ̃eq +
AII

5
(σ̃?

eq − σ̃eq

)2








1

2

− (1 − p) cosϕ

è
=

6µ

(3λ+ 2µ)
(σ̃?

m − σ̃m) + p(σ̃?
eq − σ̃eq) sinh

(
3

2
σ̃m

)
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z�é ç Wa\ èê]��ay�Waf�]�Wafx\�pcW`lby�W`_a\bs�}�Waq¡Waf~\k]�W
ϕ
®
σ̃eq
®
σ̃

? ® M̃? Wa\ ϕ ® σ̃? ® M̃? �

ë-z|lcz�f�lZdg[�lclbs






D1 = σ̃eq +
3λ+ 2µ

45µ
AI

(
σ̃?

eq − σ̃eq)
)

≡ D1(σ̃eq, σ̃
?)

D2 = σ̃eq +
AII

45

(
σ̃?

eq − σ̃eq)
)

≡ D2(σ̃eq, σ̃
?)

D =
2

9

1

D2
+

3λ+ 2µ

45µ

1

D1
≡ D(σ̃eq, σ̃

?).

¸�f�d¢dgnoz�pcl
Ũi =

1

D

(

M̃?
ijj

′

D2
+
M̃?

mi

D1

)

.

Â°W��~[�s¯y�Wapbq¡Wa\�]�WkpcW`�`_apbs�pcWrnu��Wihjy�pcW`lclbsoz�f�]�W
G
]�Wen�d��ud�ì`z�f lb[�s�}|dgf~\cW¡æ

ç
= σ̃eq

(

1 +
AIM̃

??
I

b2D∞
2 +

AIIM̃
??
II

b2D∈
2

) 1

2

− (1 − p) cosϕ.

� ��í�����íZ�½�"���½���x���������
Â°z�q¢q¡Waf�ì`z�f�l�]¯�îdgY�z�pc]¯®"±)\cz�[�\cWkï�f�[�\bs�noW|®�y"dgp�_mdgno_a[�noWap�noW`l Wihjy�pcW`lclbsoz�f�l s�f~\cWapbq¡�`]js�dgs�pcW`lZlb[�s�}�dgfx\cW`l�æ







∂σ̃?
eq

∂σ̃?
ij

=
3

4σ?
eq

σ̃?
ij

′
=

3

2

σ̃?
ij

′

σ̃?
eq

M̃?
mk =

1

3
M̃?

hhk ⇒ ∂M̃?
mk

∂M̃pqr

=
1

3
δpqδkr

M̃?
ijj

′
= M̃?

ijj −
1

3
δijM̃

?
hhj = M̃?

ijj −
1

3
M̃?

hhi

⇒ ∂M̃?
ijj

′

∂ ˜M?
pqr

′ =
1

2
(δipδjq + δiqδjp) δjr −

1

3
δpqδir

=
1

2
δipδqr +

1

2
δiqδpr +

1

2
δpqδir,
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





∂D1

∂σ̃eq
= 1 − 3λ+ 2µ

45µ
AI ;

∂D2

∂σ̃eq
= 1 − AII

5

∂D1

∂σ̃pq
=

3λ+ 2µ

45µ
AI

3

2

σ̃?
pq

′

σ̃?
eq

;
∂D2

∂σ̃pq
=
AI

5

3

2

σ̃?
pq

′

σ̃?
eq

∂D
∂σ̃eq

= −3λ+ 2µ

45µ

1

D∞
2

∂D1

∂σ̃eq
− 2

9

1

D∈
2

∂D2

∂σ̃eq

∂D
∂σ̃pq

= −3λ+ 2µ

45µ

1

D∞
2

∂D1

∂σ̃pq
− 2

9

1

D∈
2

∂D2

∂σ̃pq
.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Êxó
Ũi

Ũi
]��ay�Waf�] ]�W

σ̃eq
®
σ̃

? Wa\ M̃? �"¸�f�d)]�z�f�_,æ
∂Ũi

∂σ̃eq
= − 1

D2

∂D
∂σ̃eq

(

M̃?
ijj

′

D2
+
M̃?

mi

D1

)

− 1

D

(

M̃?
ijj

′

D∈
2

∂D2

σeq
+
M̃?

mi

D∞
2

∂D1

σeq

)

= −
(

1

D2D2

∂D
σeq

+
1

DD∈
2

∂D2

σeq

)

M̃?
ijj

′ −
(

1

D2D1

∂D
σeq

+
1

DD∞
2

∂D1

σeq

)

M̃?
mi ;

∂Ũi

∂σ̃pq
= −

(
1

D2D2

∂D
σpq

+
1

DD∈
2

∂D2

σpq

)

M̃?
ijj

′ −
(

1

D2D1

∂D
σpq

+
1

DD∞
2

∂D1

σpq

)

M̃?
mi

Wa\

∂Ũi

∂M̃?
pqr

=
1

D

(

1

D1

∂M̃?
mi

∂M?
pqr

+
1

D2

∂M̃?
ijj

∂M?
pqr

)

=
1

D

[
1

D1

1

3
δpqδkr +

1

D2
(
1

2
δipδqr +

1

2
δiqδpr +

1

2
δpqδir)

]

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Êxó
M̃??

ijk

′ Ê�Õ
M̃??

mk

M̃??
ijk

′ Wa\
M̃??

mk

]��ay�Waf�]�Wafx\�]�W
(σ̃eq, σ̃

?, M̃?)
��¸�f d¡dgnoz�pcl







∂M̃??
ijk

′

∂σ̃eq
= − 1

15

(

∂Ũj

∂σ̃eq
δik +

∂Ũi

∂̃σeq

δjk −
2

3

∂Ũk

∂σ̃eq
δij

)

∂M̃??
mk

∂σ̃eq
= −3λ+ 2µ

45µ

∂Ũk

∂σ̃eq
,
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





∂M̃??
ijk

′

∂σ̃?
pq

= − 1

15

(

∂Ũj

∂σ̃?
pq

δik +
∂Ũi

∂̃σ?
pq

δjk − 2

3

∂Ũk

∂σ̃?
pq

δij

)

∂M̃??
mk

∂σ̃?
pq

= −3λ+ 2µ

45µ

∂Ũk

∂σ̃?
pq

Wa\






∂M̃??
ijk

′

∂M̃?
pqr

=
1

2
(δipδjq + δiqδjp)δkr −

1

3
δijδpqδkr

− 1

15

(

∂Ũj

∂M̃?
pqr

δik +
∂Ũi

∂̃M?
pqr

δjk − 2

3

∂Ũk

∂M̃?
pqr

δij

)

∂M̃??
mk

∂M̃?
pqr

=
1

3
δpqδkr −

3λ+ 2µ

45µ

∂Ũk

∂M̃?
pqr

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Êxó
M̃??

I

Ê~Õ
M̃??

II

M̃??
I

Wa\
M̃??

II

]��ay�Waf�]�Waf~\�]�W
(σ̃eq, σ̃

?, M̃?)
��¸�f©Wiµ¯W`_a\b[�Wr_`z�q¢q¡W�lb[�s�\�noWa[�p�]��apbs�}�dg\bsoz�f







M̃??
I =

1

9
M̃??

hhiM̃
??
kki ⇒ ∂M̃??

I

∂σ̃eq
=

2

9
M̃??

kki

∂M̃??
kki

∂σ̃eq
= 2M̃??

mk

∂M̃??
mk

∂σ̃eq

M̃??
II =

3

2
M̃??

ijk

′
M̃??

ijk

′ ⇒ ∂M̃??
II

∂σ̃eq
= 3M̃??

ijk

′∂M̃
??
ijk

′

∂σ̃eq
= −2

5
M̃??

ijj

′ ∂Ũi

∂σ̃eq
,







∂M̃??
I

∂σ̃pq
=

2

9
M̃??

kki

∂M̃??
kki

∂σ̃pq
= 2M̃??

mk

∂M̃??
mk

∂σ̃pq

∂M̃??
II

∂σ̃pq
= 3 ˜M??

ijk
′
∂M̃??

ijk

′

∂σ̃pq
= −2

5
M̃??

ijj

′ ∂Ũi

∂σ̃pq
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Wa\






∂M̃??
I

∂M̃?
pqr

=
2

9
M̃??

kki

∂M̃??
kki

∂M̃?
pqr

= 2M̃??
mk

∂M̃??
mk

∂M̃?
pqr

∂M̃??
II

∂M̃?
pqr

= 3M̃??
ijk

′ ∂M̃
??
ijk

′

∂M̃?
pqr

= −2

5
M̃??

ijj

′ ∂Ũi

∂M̃?
pqr

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-ÊDÝ
��z�[�l l§d`}�z�f�l��x[�W ç ≡ G(ϕ, σ̃eq , σ̃

?, M̃?)
��õ½f©y�z|l§dgf~\

S =

(

1 +
AIM̃

??
I

b2D2
1

+
AIIM̃

??
II

b2D2
2

) 1

2

≡ S(σ̃eq, σ̃
?, M̃?) ,

z�f d ç
= σ̃eqS − (1 − p) cosϕ

z�f%d
ç

= σ̃eqS − (1 − p) cosϕ.

ë�dgp�n�d)lc[�s�\cW






∂
ç

∂σ̃eq
= S + σ̃eq

∂S
∂σ̃eq

= S +
σ̃eq

2S

(

AI

b2D∞
2

∂M̃??
I

∂σ̃eq
+

AII

b2D∈
2

∂M̃??
II

∂σ̃eq
− 2AI

b2D∞
3 M̃

??
I

∂D1

∂σ̃eq
− 2AI

b2D3
2

M̃??
I

∂D2

∂σ̃eq

)

∂
ç

∂σ̃pq
= σ̃eq

∂S
∂σ̃pq

=
σ̃eq

2S

(

AI

b2D∞
2

∂M̃??
I

∂σ̃?
pq

+
AII

b2D∈
2

∂M̃??
II

∂σ̃?
pq

− 2AI

b2D3
1

M̃??
I

∂D1

∂σ̃?
pq

− 2AI

b2D∈
3 M̃

??
I

∂D2

∂σ̃?
pq

)

∂
ç

∂M̃pqr

= σ̃eq
∂S

∂M̃?
pqr

=
σ̃eq

2S

(

AI

b2D2
1

∂M̃??
I

∂M̃?
pqr

+
AII

b2D∈
2

∂M̃??
II

∂M̃?
pqr

)

∂
ç
∂ϕ

= (1 − p) sinϕ.

V�W`l�]��apbs�}��`W`l�]�W ç y�Wapbq¡Wa\b\cWafx\�]¯���a}|dgn�[�Wap�_`Wan�noW`l ]�W
σ̃eq

y"dgp�pvdgy�y�z�pb\�±
ϕ
®
σ̃? ® M̃?
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à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σ̃eq ÷ Î�Ö¹ÖgÎ ÷-÷ Û"ÖøÕ(ù ϕ ú σ̃? ú M̃?

ç ≡ ç
(ϕ, σ̃eq, σ̃

?, M̃?) = 0 ⇒ ∂
ç

∂σ̃eq

]
σ̃eq +

∂
ç
∂ϕ

]
ϕ+

∂G

∂σ̃?
pq

]
σ̃?

pq +
∂
ç

∂M̃?
pqr

]
M̃?

pqr = 0

⇒ ∂σ̃eq

∂ϕ
= − ∂

ç
/∂ϕ

∂
ç
/∂σ̃eq

;
∂σ̃eq

∂σ̃?
pq

= −
∂
ç
/∂σ̃?

pq

∂
ç
/∂σ̃eq

;
∂σ̃eq

∂M̃?
pqr

= −
∂
ç
/∂M̃?

pqr

∂
ç
/∂σ̃eq

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê%û
(ϕ, σ̃?, M̃?)

¾ZWrnu��Wih�y�pcW`lclcsoz�f©]�Wrè^®�z�f ]��`]j[�s�\ s�q¢q¡�`]js�dg\cWaq¡Waf~\ZnoW`l ]��apbs�}��`W`l�lb[�s�}�dgfx\cW`l






∂
è
∂ϕ

=

[

− 6µ

(3λ+ 2µ)
σ̃eq −

3

2
p(σ̃?

eq − σ̃eq) sinh(
3

2
σ̃m)

] ]
σ̃m]
ϕ

+

[
6µ

(3λ+ 2µ)
(σ̃?

m − σ̃m) + p sinh(
3

2
σ̃m)

]
∂σ̃eq

∂ϕ

∂
è

∂σ̃?
pq

=
2µ

(3λ+ 2µ)
δpqσ̃eq −

3p

2
sinh(

3

2
σ̃m)

σ̃?
pq

′

σ̃?
eq

+

[
6µ

(3λ+ 2µ)
(σ̃?

m − σ̃m) + p sinh(
3

2
σ̃m)

]
∂σ̃eq

∂σ̃?
pq

∂
è

∂M̃?
pqr

=

[
6µ

(3λ+ 2µ)
(σ̃?

m − σ̃m) + p sinh(
3

2
σ̃m)

]
∂σ̃eq

∂M̃?
pqr

�x[�s¯y�Wapbq¡Wa\b\cWaf~\�]�W�_mdgno_a[�noWap�_`Wan�noW`l ]�W
ϕ
y"dgp pvdgy�y�z�pb\�±

σ̃? Wa\ M̃? �
à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê

ϕ(σ̃?; M̃?)

¸�f�d
è ≡ è

(ϕ, σ̃?, M̃?) = 0 ⇒ ∂
è
∂ϕ

]
ϕ+

∂
è

∂σ̃?
pq

]
σ̃?

pq +
∂
è

∂M̃?
pqr

]
M̃?

pqr = 0

⇒ ∂ϕ

∂σ̃?
pq

= −
∂
è
/∂σ̃?

pq

∂
è
/∂ϕ

;
∂ϕ

∂M̃?
pqr

= −
∂
è
/∂M̃?

pqr

∂
è
/∂ϕ

.
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à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σ̃eq(σ̃

?; M̃?)

��z�[�l�noW`l f�z�\cWapcz�f�l ¾ σ̃eq¾
σ̃?

pq

Wa\ ¾
σ̃eq¾
M̃?

pqr

�"¸�f�d






¾
σ̃eq¾
σ̃?

pq

=
∂σ̃eq

∂σ̃?
pq

+
∂σ̃eq

∂ϕ

∂ϕ

∂σ̃?
pq

¾
σ̃eq¾
M̃?

pqr

=
∂σ̃eq

∂M̃?
pqr

+
∂σ̃eq

∂ϕ

∂ϕ

∂M̃?
pqr

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σ̃m(σ̃?; M̃?)

¸�f�d
∂σ̃m

∂σ̃?
pq

=

]
σ̃m]
ϕ

∂ϕ

∂σ?
pq

;
∂σ̃m

∂M̃?
pqr

=

]
σ̃m]
ϕ

∂ϕ

∂M?
pqr

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σ̃
′(σ̃?; M̃?)

¸�f�d

σ′ij =
σ̃eq

σ̃?
eq

σ?
ij
′ ⇒

∂σ̃′ij
∂σ̃?

pq

=
1

σ̃?
eq

¾
σ̃eq¾
σ̃?

pq

σ̃?
ij

′ − σ̃eq

(σ̃?
eq)

2

∂σ̃?
eq

∂σ̃?
pq

σ̃?
ij

′
+
σ̃eq

σ̃?
eq

∂σ̃?
ij

′

σ̃?
pq]�dgf�l�n�d��~[�Wan�noW

∂σ̃?
eq

∂σ̃?
pq

=
3

2

σ̃?
pq

′

σ̃?
eq

Wa\ ∂σ̃?
ij

∂σ̃?
pq

=
1

2
(δipδjq + δiqδjp) −

1

3
δijδpq

∂σ̃′ij

∂M̃?
pqr

=
1

σ?
eq

¾
σ̃eq¾
M̃?

pqr

σ̃?
ij

′
.

ä�nX]�Wa}�soWaf~\�y�z|lclbs�Y�noW|®�±(y"dgpb\bs�p�]�Wr_`W`l ]�Wapbf�so¶apcW`l��`�x["dg\bsoz�f�lm®�]�W�_mdgno_a[�noWap�dgsolc�aq¡Waf~\ ∂σ̃ij

∂σ̃?
pq

Wa\ ∂σ̃ij

∂M̃?
pqr

�

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
M̃??

mk(σ̃
?; M̃?)

Ê�Õ
M̃ ′??

ijk(σ̃?; M̃?)

¸�f�d






¾
M̃??

mk¾
σ̃?

pq

=
∂M̃??

mk

∂σ̃?
pq

+
∂M̃??

mk

∂σ̃eq

¾
σ̃eq¾
σ̃?

pq

;

¾
M̃??

mk¾
M̃?

pqr

=
∂M̃??

mk

∂M̃?
pqr

+
∂M̃??

mk

∂σ̃eq

¾
σ̃eq¾
M̃?

pqr

¾
M̃??

ijk

′

¾
σ̃?

pq

=
∂M̃??

ijk

′

∂σ̃?
pq

+
∂M̃??

ijk

′

∂σ̃eq

¾
σ̃eq¾
σ̃?

pq

;

¾
M̃??

ijk

′

¾
M̃?

pqr

=
∂M̃??

ijk

′

∂M̃?
pqr

+
∂M̃??

ijk

′

∂σ̃eq

¾
σ̃eq¾
M̃?

pqr

.
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à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
M̃mk ≡ M̃mk(σ̃?; M̃?)

¸�f lvdgs�\ �x[�W

M̃mk = R1M̃
??
mk

z�é
R1 =

√

MI

M??
I

=
σ̃eq

σ̃eq +
3λ+ 2µ

45µ
AI(σ̃

?
eq − σ̃eq)

=
σ̃eq

D1
.

¸�f�Waf©]��`]j[�s�\�noW`l ]��apbs�}��`W`l�lb[�s�}�dgfx\cW`l






∂R1

∂σ̃?
eq

=
1

D1

¾
σ̃eq¾
σ̃?

pq

− σ̃eq

D2
1

(
∂D1

∂σ̃?
pq

+
∂∂D1

∂σ̃eq

¾
σ̃eq¾
σ̃?

pq

)

∂R1

∂M̃?
pqr

=
1

D1

¾
σ̃eq¾
M̃?

pqr

− σ̃eq

D∞
2

∂∂D1

∂σ̃eq

¾
σ̃eq¾
M̃?

pqr

.

ë�dgp�n�d)lc[�s�\cW|®
∂M̃mk

∂σ?
pq

= R1

¾
M̃??

mk¾
σ̃?

pq

+
∂R1

∂σ̃?
pq

M??
mk ;

∂M̃mk

∂M?
pqr

= R1

¾
M̃??

mk¾
M̃?

pqr

+
∂R1

∂σ̃?
pq

M??
mk.

¾kWen�d(q¡¿aq¡We��d�ì`z�fX®�noWZ�udgs�\��x[�W

M̃ ′
ijk = R1M̃??

ijk

′ z�é
R2 =

√

MII

M??
II

=
σ̃eq

σ̃eq +
AII

5
(σ̃?

eq − σ̃eq)

=
σ̃eq

D2

_`z�f�]j[�s�\k±






∂R2

∂σ̃?
eq

=
1

D2

¾
σ̃eq¾
σ̃?

pq

− σ̃eq

D2
2

(
∂D2

∂σ̃?
pq

+
∂∂D2

∂σ̃eq

¾
σ̃eq¾
σ̃?

pq

)

∂R2

∂M̃?
pqr

=
1

D2

¾
σ̃eq¾
M̃?

pqr

− σ̃eq

D2
2

∂∂D2

∂σ̃eq

¾
σ̃eq¾
M̃?

pqr

lvz�s�\
∂M̃ ′

ijk

∂σ?
pq

= R2

¾
M̃??

ijk

′

¾
σ̃?

pq

+
∂R2

∂σ̃?
pq

M??
ijk

′ ;
∂M̃ ′

ijk

∂M?
pqr

= R2

¾
M̃??

ijk

′

¾
M̃?

pqr

+
∂R2

∂σ̃?
pq

M??
ijk

′.

¸�f \bs�pcWk��d�_as�noWaq¡Wafx\�]�We_`W`l �`�x["dg\bsoz�f�lm®�noW`l�Wih�y�pcW`lclcsoz�f�l ]�W`l�]��apbs�}��`W`l�æ ∂M̃ijk

∂σ̃?
pq

Wa\ ∂M̃ijk

∂M̃?
pqr

�
¸�f©y�pc�`_asolcWr�x[�W|®







M̃I =
M̃??

I σ̃2
eq

(

σ̃eq +
3λ+ 2µ

45µ
AI(σ̃

?
eq − σ̃eq)

)2 = R2
1M̃

??
I

M̃II = R2
2M̃

??
II ,
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





∂M̃I

∂σ̃?
pq

= 2R1
∂R1

∂σ̃?
pq

M̃??
I +R2

1

¾
M̃??

I¾
σ̃?

pq

∂M̃II

∂σ̃?
pq

= 2R2
∂R2

∂σ̃?
pq

M̃??
II +R2

2

¾
M̃??

II¾
σ̃?

pq

dm}�W`_






¾
M̃??

I¾
σ̃?

pq

=
∂M̃??

I

∂σ̃?
pq

+
∂M̃??

I

∂σ̃eq

¾
σ̃eq¾
σ̃?

pq

¾
M̃??

II

′¾
σ̃?

pq

=
∂M̃??

II

′

∂σ̃?
pq

+
∂M̃??

II

′

∂σ̃eq

¾
σ̃eq¾
σ̃?

pq

.

ÿ È�ÕmÖgÛ¯ÓÉÒ-Ð|Õå×ÑÛ�ÈÚÓ-Ê�Ï���ñxÐ�ÖøÛ�Ò-×ÑómóåÎ�Ù"Ê ÷ Î�ómómÎ�Ù�Ê�Î�Ò�Ë�Ð�Û�È�ÕmÖøÎ�×�È�ÕmÊ~ó¹È�Û�È�Ögñ~Ó�Ò-×�ÕmÊ~ó
��z�[�l _v»�Wapc_`z�f�l�so_as�nu���`�~["dg\bsoz�f ]�z�f�f"dgfx\

∆ε̄
®��`_apbs�\cW`lZd`}�W`_�]�W`l _`z�f~\bpvdgs�fx\cW`l�Wa\ q¡z�q¡Wafx\cl^£¤pc�`]j[�s�\cl�¥v��¸�f d

(1 − f)
∆ε̄

σ̄
= σ̃eq

σ̃?
eq − σ̃eq

3µ
+ 3σ̃m

σ̃?
m − σ̃m

3λ+ 2µ
+

+ M̃ ′
ijk

M̃?
ijk

′ − M̃ ′
ijk

2µb2/5
+ 3M̃mk

M̃?
mk − M̃mk

(3λ+ 2µ)b2/5�x[�s¯y�Wa[�\�Waf�_`z�pcWrlcWkq¡Wa\b\bpcWrlvz�[�l�n�d(��z�pbq¡W¢æ
(1 − f)

∆ε̄

σ̄
= σ̃′ij

σ̃?
ij

′ − σ̃′ij
2µ

+ 3σ̃m
σ̃?

m − σ̃m

3λ+ 2µ
+

+ M̃ ′
ijk

M̃?
ijk

′ − M̃ ′
ijk

2µb2/5
+ 3M̃mk

M̃?
mk − M̃mk

(3λ+ 2µ)b2/5¾ZsÃµ¯�apcWaf~\bsoz�f�l)n�d�]�Wapbf�so¶apcW²Wih�y�pcW`lclcsoz�fFWafêWaf~}�solvdgw�Wmdgf~\¢]�W`l(y�Wa\bs�\cW`l�}|dgpbs�dg\bsoz�f�l¢]�W`l
σ̃?

pq

Wa\)]�W`l
M̃?

pqr

�<¸�f d
nu��Wihjy�pcW`lclbsoz�f

] [
(1 − f)

∆ε̄

σ̄

]

= (1 − f)

[ ]
∆ε̄

σ̄
− ∆ε̄

σ̄2

]
σ̄

]

=
1 − f

σ̄
(
1

h
− ∆ε̄

σ̄
)
]
σ̄

]�dgf�l�n�d��~[�Wan�noW
h =

]
σ̄]
ε̄
.

ä�n¯}�soWaf~\��x[�W
1 − f

σ̄
(
1

h
− ∆ε̄

σ̄
)
]
σ̄ =

]
σ̃′ij

σ̃?
ij

′ − σ̃′ij
2µ

+ 3
]
σ̃m

σ̃?
m − σ̃m

3λ+ 2µ

+
]
M̃ ′

ijk

M̃?
ijk

′ − M̃ ′
ijk

2µb2/5
+ 3

]
M̃mk

M̃?
mk − M̃mk

(3λ+ 2µ)b2/5

+ σ̃′ij

]
σ̃?

ij

′ − ] σ̃′ij
2µ

+
3σ̃m

3λ+ 2µ
(
]
σ̃?

m − ]
σ̃m)

+ M̃ ′
ijk

]
M̃?

ijk

′ − ] M̃ ′
ijk

2µb2/5
+ 3M̃mk

]
M̃?

mk − ] M̃mk

(3λ+ 2µ)b2/5
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]
σ̃′ij∆ε̃

p
ij

′
+ 3

]
σ̃m∆ε̃pm +

]
M̃ ′

ijk∆(∇w̃)p
ijk

′
+ 3

]
M̃mk(∇w̃)p

mk =
]
σ̃ij∆ε̃

p
ij +

]
M̃ijk∆(∇w̃)p

ijk.

¸�pm®�noWe_apbs�\c¶apcW�]�Wky�n�d�lb\bso_as�\c�r]�W ç z�noz�w~dgf~[�y�Wa[�\ ¿a\bpcWeq¢sol�lcz�[�l^��z�pbq¡W

Φ̃(σ̃, M̃) = 0 ⇒ ∂Φ̃

∂σ̃ij

]
σ̃ij +

∂Φ̃

∂M̃ijk

]
M̃ijk = 0

Wa\
∆ε̃pij = ∆η̃

∂Φ̃

∂σ̃ij
,

∆(∇w̃)p
ijk = ∆η̃

(

∂Φ̃

∂M̃ijk

+ δikŨj + δjkŨi

)

∆ε̃pij
]
σ̃ij + ∆(∇w̃)p

ijk

]
M̃ijk = ∆η̃

(

∂Φ̃

∂σ̃ij

]
σ̃ij +

∂Φ̃

∂M̃ijk

]
M̃ijk + δikŨj

]
M̃ijk + δjkŨi

]
M̃ijk

)

= 0

_mdgp
]
M̃ijj = 0.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σ̄ ÷ Î�Ö,ÖgÎ ÷É÷ Û"ÖøÕ¢Î�ÒXË σ̃?

pq

Ê~Õ¡Î�ÒXË
M̃?

pqr

¸�f�d






1 − f

σ̄

(
1

h
− ∆ε̄

σ̄

)
∂σ̄

∂σ?
pq

=
σ̃′ij
2µ

(

∂σ̃?
ij

′

∂σ̃?
pq

−
∂σ̃′ij
∂σ̃?

pq

)

+
3σ̃m

3λ+ 2µ

(

∂σ̃?
m

∂σ̃?
pq

′ −
∂σ̃m

∂σ̃?
pq

)

−
M̃ ′

ijk

2µb2/5

∂M̃?
ijk

′

σ̃?
pq

− 3
M̃mk

(3λ+ 2µ)b2/5

∂M̃mk

σ̃?
pq

=
σ̃′ij
2µ

[
1

2
(δipδjq + δiqδjp) −

1

3
δijδpq

]

− 1

6µ

¾
σ̃2

eq¾
σ̃?

pq

+
3σ̃m

3λ+ 2µ

1

3
δpq − 3

σ̃m

3λ+ 2µ

∂σ̃m

∂σ̃?
pq

− 1

6µb2/5

∂M̃II

∂σ?
pq

− 3
M̃mk

(3λ + 2µ)b2/5

∂M̃mk

∂σ̃?
pq

=
σ̃′pq

2µ
− σ̃eq

3µ

¾
σ̃eq¾
σ̃?

pq

+
σ̃m

3λ+ 2µ
δpq − 3

σ̃m

3λ+ 2µ

∂σ̃m

∂σ̃?
pq

− 1

6µb2/5

∂M̃II

∂σ?
pq

− 3

(3λ+ 2µ)b2/5

∂M̃I

∂σ?
pq

.
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¾kWen�d(q¡¿aq¡We��d�ì`z�fX®






1 − f

σ̄

(
1

h
− ∆ε̄

σ̄

)
∂σ̄

∂M?
pqr

= −
σ̃′ij
2µ

∂σ̃′ij

∂M̃?
pqr

− 3σ̃m

3λ+ 2µ

∂σ̃?
m

∂M̃?
pqr

+
M̃ ′

ij

2µb2/5

[
1

2
(δipδjq + δiqδjp) −

1

3
δijδpq

]

δkr

−
M̃ ′

ijk

2µb2/5

∂M̃?
ijk

′

∂M̃?
pqr

+ 3
M̃mk

(3λ+ 2µ)b2/5

1

3
δpqδkr

− 3
M̃mk

(3λ+ 2µ)b2/5

∂M̃mk

∂M̃?
pqr

= − σ̃eq

3µ

¾
σ̃eq¾
M̃?

pqr

+
M̃mr

(3λ+ 2µ)b2/5
δpq − 3

σ̃m

3λ + 2µ

∂σ̃m

∂M̃?
pqr

− 1

6µb2/5

∂M̃II

∂M?
pqr

− 3

(3λ+ 2µ)b2/5

∂M̃I

∂M?
pqr

+
M̃ ′

pqr

2µb2/5
.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σ̄ ÷ Î�Ö,ÖgÎ ÷É÷ Û"ÖøÕ¢Î�ÒXË σ?

pq

Ê~Õ¡Î�ÒXË
M?

pqr

¸�f ]��a\cWapbq¢s�f�Wrso_as�ï�f"dgnoWaq¡Wafx\�nu��Wihjy�pcW`lclbsoz�f ]�W`l�_`z�f~\bpvdgs�f~\cW`lZWa\ q¡z�q¡Wafx\cl f�z�f©f�z�pbq,dgn�solc�`lå�
σ̄ ≡ σ̄(σ̃?,M?) ≡ σ̄(

σ̃
?

σ̄
,
M?

σ̄
)

⇒ ]
σ̄ =

∂σ̄

∂σ?
pq

( ]
σ?

pq

σ̄
−
σ?

pq

σ̄2

]
σ̄

)

+
∂σ̄

∂M?
pqr

( ]
M?

pqr

σ̄
−
M?

pqr

σ̄2

]
σ̄

)

⇒
(

1 +
1

σ̄2

∂σ̄

∂σ?
pq

σ?
pq +

1

σ̄2

∂σ̄

∂M?
pqr

M?
pqr

) ]
σ̄ =

1

σ̄

∂σ̄

∂σ?
pq

]
σ?

pq +
1

σ̄

∂σ̄

∂M?
pqr

]
M?

pqr.

¸�f�z�Y�\bsoWaf~\ ï�f"dgnoWaq¡Wafx\






∂σ̄

∂σ?
pq

=

1
σ̄

∂σ̄

∂σ?
pq

1 +
1

σ̄2

∂σ̄

∂σ?
ij

σ?
ij +

1

σ̄2

∂σ̄

∂M?
ijk

M?
ijk

∂σ̄

∂M?
pqr

=

1
σ̄

∂σ̄

∂M?
pqr

1 +
1

σ̄2

∂σ̄

∂σ?
ij

σ?
ij +

1

σ̄2

∂σ̄

∂M?
ijk

M?
ijk

.



Ç·ÈÉÈ�Ê~ËXÊDÌ°Í�Î�ÏÑÐ~Ò-Ï°ÓÉÊ ÏÑÎDÔDÎjÕmÖ�×ÑÐ�Ê|ØcÕmÎ�È-Ù"Ê�È�ÕmÊ%Ó�ÒÚÔ'Û¯Ó-Ü�ÏÑÊ¨Ý²Þ�ßrà ájö�á

¸�f%d`}|dgs�\
σij ≡ σ̄(σ?,M?)σ̃ij(

σ
?

σ̄
,
M?

σ̄
)
³�Wa\ s�nXlm��Waf�lb[�s�\��~[�W

]
σij =

]
σ̄σ̃ij + σ̄

∂σ̃ij

∂σ?
pq

( ]
σ?

pq

σ̄
−
σ?

pq

σ̄2

]
σ̄

)

+ σ̄
∂σ̃ij

∂M?
pqr

( ]
M?

pqr

σ̄
−
M?

pqr

σ̄2

]
σ̄

)

=

(

σ̃ij −
∂σ̃ij

∂σ?
hk

σ?
hk

σ̄
− ∂σ̃ij

∂M?
hkl

M?
hkl

σ̄

)(
∂σ̄

∂σ?
pq

]
σ?

pq +
∂σ̄

∂M?
pqr

]
M?

pqr

)

+
∂σij

∂σ̃?
pq

]
σ?

pq +
∂σ̃ij

∂M?
pqr

]
M?

pqr.

ë�dgp�n�d)lc[�s�\cW






∂σij

∂σ?
pq

=

(

σ̃ij −
∂σ̃ij

∂σ?
hk

σ?
hk −

∂σ̃ij

∂M?
hkl

M?
hkl

)
∂σ̄

∂σ?
pq

+
∂σ̃ij

∂σ̃?
pq

∂σij

∂M?
pqr

=

(

σ̃ij −
∂σ̃ij

∂σ?
hk

σ?
hk −

∂σ̃ij

∂M?
hkl

M?
hkl

)
∂σ̄

∂M?
pqr

+
∂σ̃ij

∂M̃?
pqr

.

¾ZWrn�d(q¡¿aq¡Wk��d�ì`z�fX®
Mijk ≡ σ̄(σ?,M?)M̃ijk(

σ
?

σ̄
,
M?

σ̄
)
³"Wa\ z�f Waf©]��`]j[�s�\��x[�W







∂Mijk

∂σ?
pq

=

(

M̃ijk − ∂M̃ijk

∂σ?
lm

σ?
lm − ∂M̃ijk

∂M?
lmn

M?
lmn

)

∂σ̄

∂σ?
pq

+
∂M̃ijk

∂σ̃?
pq

∂Mijk

∂M?
pqr

=

(

M̃ijk −
∂M̃ijk

∂σ?
lm

σ?
lm − ∂M̃ijk

∂M?
lmn

M?
lmn

)

∂σ̄

∂M?
pqr

+
∂M̃ijk

∂M̃?
pqr

.

à�ñxÖg×�ò�ñ~Ê~ó,Ó-Ê
σij

Ê�Õ¹Ó-Êxó
Mijk ÷ Î�Ö¹ÖgÎ ÷-÷ Û"ÖøÕ(Î�Ò�Ë ∆εpq

Ê�Õ¹Î�ÒXË
∆(∇W )pqr

¸�f�d






∂σij

∂∆εpq
=

∂σij

∂σ?
lm

∂σ?
lm

∂∆εpq
;

∂σij

∆(∇W )pqr
=

∂σij

∂M?
lmn

∂M?
lmn

∆(∇W )pqr

∂Mijk

∂∆εpq
=
∂Mijk

∂σ?
lm

∂σ?
lm

∂∆εpq
;

∂Mijk

∆(∇W )pqr
=

∂σij

∂M?
lmn

∂M?
lmn

∆(∇W )pqr
.
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VXW�q¡z�]�¶anoW(]�W ç [�pclcz�f@? ç [�pm®:ACBEDFDHG��a\cWaf�]j[�y"dgpJIX}�Wapbw~d|dgpc]´Wa\Z��W`W`]jnoWaq,dgf�?KIX}�W�L ��W`W|®MACBFNPOFG�¦Ñq¡zx]�¶anoW

ç �0I�«½W`lb\�[�f"dgf�s�q¡Waq¡Wafx\^_`z�f�lcso]��apc��_`z�q¢q¡WZdgy�\cWZ±e]��`_apbs�pcWZ_`z�pbpcW`_a\cWaq¡Waf~\�noW�_`z�q¢y�z�pb\cWaq¡Wafx\°q,d�_apcz|lv_`z�y�so�~[�W
]�W`l�q¡�a\vdg[jh,]j[�_a\bs�noW`l�y�z�pcWa[jh,_`z�f~\cWaf"dgfx\�]�W`l�_md`}�s�\c�`l°]�W�q¡¿aq¡W \vdgs�n�noW|�x¾kdgf�l°]�W�f�z�q�Y�pcWa[jh,q,dg\c�apbs�dg[jh,_`Way�Wafjt
]�dgfx\m®ånu��z�Y�lvWapb}�dg\bsoz�f(Wih�y��apbs�q¡Waf~\vdgnoW°]�W`l��ud�_aso¶`l�]�W½pb[�y�\b[�pcW{]j[�_a\bs�noW½s�f�]jso�x[�W½n�d^y�pc�`lvWaf�_`W�]�W½]�Wa[jhZ£¤y�z�y�[�n�dg\bsoz�f�l�¥
]�W�_md`}�s�\c�`l�]�W�\vdgs�n�noW`l�]jsÃµ¯�apcWaf~\cW`lm��ë-Wapbpbs�f¨Wa\�VXWaY�noz�f�]@?�ëÉWap0L VXWaYX®2QFRFRFRSG-z�f~\�q¡z�f~\bpc�(�~[�Wen�d¢y�pc�`lcWaf�_`W�]�W�n�d
lvW`_`z�f�]�W²y�z�y�[�n�dg\bsoz�f�]�W²y�Wa\bs�\cW`l¢_md`}�s�\c�`l¡d�_`_`�ano¶apcW�\bpc¶`l(��z�pb\cWaq¡Waf~\¢n�d%_apcz�solclvdgf�_`W�]�W`l)w|pcz|lclvW`l¢_md`}�s�\c�`l¢]�W²n�d
y�pcWaq¢so¶apcW�y�z�y�[�n�dg\bsoz�fX�xVXWa[�p½\b»��`z�pbsoW�W`lb\½Waf,d�_`_`z�pc]¹dm}�W`_�noW`l½z�Y�lcWapb}|dg\bsoz�f�l�Wihjy��apbs�q¡Wafx\vdgnoW`l{]�WUT%dgpbs�f�su®ET�[�]jpb¼
Wa\�ë<s�f�Wmdg[�?KTVT�ëÉ®:ACBFNFWPG¤�

V½�îdgy�y�pczx_v»�W©]�W²ë-Wapbpbs�f�Wa\¢VXWaY�noz�f�]X?�ëÉWap0L V�WaYX®2QFRFRFRPG�]�W·_`Wa\b\cW²�x[�W`lb\bsoz�f W`lb\(Y"d�lc�`W²lb[�p)noW,y�pcz�Y�no¶aq¡Wit
q¡z�]�¶anoW�]¯� [�f�W�lby�»�¶apcW²_apcWa[�lcW²]�z�f~\,n�d q,dg\bpbso_`W�W`lc\)_`z�f�lc\bs�\b[��`W�]¯� [�fFq,dg\c�apbs�dg[Úy�z�pcWa[jh¯®�Wa\)lvz�[�q¢solcW�± [�f�W
\bpvd�_a\bsoz�f »x¼�]jpcz|lc\vdg\bso�~[�W|�<V�d w|pcz|lclcW²_mdm}xs�\c�²_`Waf~\bpvdgnoW²pcWay�pc�`lvWaf~\cW²n�d y�pcWaq¢so¶apcW²y�z�y�[�n�dg\bsoz�f�]�W·_md`}�s�\c�`lm®�Wa\)n�d
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y�pc�`lvWaf�_`W�]�W�n�d¡lcW`_`z�f�]�W�y�z�y�[�n�dg\bsoz�f¨]�Wry�Wa\bs�\cW`lZ_md`}�s�\c�`lZW`lc\�y�pbsolcW�Waf�_`z�q¢y�\cW(Waf�lb[�y�y�z|lvdgf~\k�x[�Wrn�d¢q,dg\bpbso_`W
y�z�pcWa[�lcW�lb[�s�\ [�f _`z�q¢y�z�pb\cWaq¡Waf~\Zpbs�w|so]�Wituy"dgp���dgs�\cWaq¡Wafx\ey�n�d�lb\bso�x[�Wepc�aw|s�y"dgp noW�q¡zx]�¶anoW ç I����"V�d¢w�Wapbq¢s�f"dg\bsoz�f
]�W`l y�Wa\bs�\cW`l�_md`}�s�\c�`l fX�îd)_`Way�Waf�]�dgf~\�y"d�l��a\c�ey�pbsolcWrWaf©_`z�q¢y�\cWr]�dgf�l�_`Wkq¡zx]�¶anoW�]�dgf�l [�f�y�pcWaq¢soWap�\cWaq¢y�lå�

Â°We_c»"dgy�s�\bpcW�d�y�z�[�p^z�YjºbWa\�nu��Wihj\cWaf�lbsoz�f©]�W`l^\bpvd`}|dg[jh²]�WkëÉWapbpbs�f Wa\�VXWaY�noz�f�]Z?�ëÉWapJLLVXWaYX®�QFRFRFRPG�dg[©_md�l�z�é
n�d,w�Wapbq¢s�f"dg\bsoz�f´]�W`l�y�Wa\bs�\cW`lZ_md`}�s�\c�`lm®�\bpc¶`lZs�q¢y�z�pb\vdgf~\cW`lkWaf y�pvdg\bso�x[�W|®�W`lc\�y�pbsolcW(Waf�_`z�q¢y�\cW|�¯¸�f�[�\bs�n�solvW�±¡_`Wa\
Wiµ¯Wa\Z[�f�Wr��z�pbq�[�noW�y�»��af�z�q¡�af�z�noz�w|so�~[�W¢lcs�q¢y�noW�y�pcz�y�z|lc�`Wry"dgpkë<s�f�Wmdg[´Wa\0[~z�n�¼�?�ë<s�f\L�[�z�nu®]ACBFB.A^G�]�z�f�f"dgfx\knoW
\vdg[jh©]�Wky�z�pcz|lbs�\c�r]�Wkn�d¢lvW`_`z�f�]�Wey�z�y�[�n�dg\bsoz�f�]�Wr_md`}�s�\c�`l y�pczå}�Waf"dgf~\�]�Wrn�d(w�Wapbq¢s�f"dg\bsoz�fX�

ë-z�[�p,_`z�q¢q¡Waf�_`Wapm®½f�z�[�l¢�a}�dgn�[�z�f�l¢n�d%lcz�n�[�\bsoz�fÚdgf"dgn�¼�\bso�x[�W�_`z�q¢y�no¶a\cW©]j[êy�pcz�Y�no¶aq¡W ±�nu� s�f�lb\vdgf~\¡s�f�s�\bs�dgnu®
noz�pclv�~[�W(n�d,y�z�pcz|lbs�\c�)W`lb\Z[�f�sÃ��z�pbq¡W(]�dgf�lkn�d,q,dg\bpbso_`W|�¯V�d·]��a\cWapbq¢s�f"dg\bsoz�f']�W`lk_`z�f~\bpvdgs�fx\cW`l�lm��Wiµ¯W`_a\b[�W)Waf%_`z�q)t
Y�s�f"dgfx\�noW`l��`�~["dg\bsoz�f�l�]¯���`�~[�s�n�s�Y�pcW²dg['_apbs�\c¶apcW¹]�W¡y�n�d�lb\bso_as�\c�|�-ä¤n�]�Wa}�soWaf~\)dgnoz�pclry�z|lclbs�Y�noW¡]�W,_mdgno_a[�noWapm®É±²nu�îdgso]�W
]�W�n�d¡noz�sÉ]¯���`_`z�[�noWaq¡Waf~\rd�lclcz�_aso�`W�dg[%_apbs�\c¶apcW�y"dgpZf�z�pbq,dgn�s�\c�|®�nu��Wih�y�pcW`lclcsoz�f%]j[%_c»"dgq¢y´]�Wr}�s�\cW`lclcW|��V����`�~["dg\bsoz�f
]¯���a}�z�n�[�\bsoz�fê]�W¢n�d²y�z�pcz|lbs�\c�¡]�W)n�d©lcW`_`z�f�]�W¡y�z�y�[�n�dg\bsoz�fI]�W¡_mdm}xs�\c�`lr��z�[�pbf�s�\rï�f"dgnoWaq¡Waf~\(noW¢\vdg[jhD]�W¢y�z�pcz|lcs�\c�
noz�_mdgn�]�dgf�l�n�d¢q,dg\bpbso_`W|�

��z�[�l°]�z�f�f�z�f�l^Waf�lb[�s�\cW�_`Wapb\vdgs�f�l^�ano�aq¡Waf~\cl^]¯� [�f�WZlcz�n�[�\bsoz�f�dgf"dgn�¼x\bso�x[�W�dg[jh¡s�f�lb\vdgfx\cl°[�n�\c�apbsoWa[�pclm®~noz�pc�x[�W�n�d
y�z�pcz|lbs�\c�°fX��W`lb\�y�n�[�l�»�z�q¡z�w�¶af�W ]�dgf�l�n�d�q,dg\bpbso_`W|�|ä�n�W`lb\�f�z�\vdgq¢q¡Wafx\½y�z|lvlbs�Y�noW^]�W°]��a\cWapbq¢s�f�Wap°dgf"dgn�¼x\bso�x[�Waq¡Waf~\m®
±�\cz�[�\�s�f�lb\vdgfx\m®jnoWk\vdg[jh·]�WZy�z�pcz|lbs�\c�elb[�p^noWZY�z�pc]²]�WZn�d(w|pcz|lclcWk_md`}�s�\c�e_`Waf~\bpvdgnoW|�"VXWk_mdgno_a[�n¯pc�a}�¶anoWe�~[�Wk_`Wk\vdg[jh
]�W(y�z�pcz|lbs�\c�(W`lb\�y�n�[�le�anoWa}��)�x[�W�_`Wan�[�s<]�W�n�d·_md`}�s�\c�(_`Wafx\bpvdgnoW|®¯_`W��x[�s<lbs�w|f�sÃï"W(�~[�W(noW`lZy�Wa\bs�\cW`lk_mdm}xs�\c�`lelbs�\b[��`W`l
y�pc¶`le]�W`lZw|pcz|lclvW`lZ]�Wa}�pvdgsoWaf~\�dg\b\cWas�f�]jpcW)Y�Wmdg[�_`z�[�y¨}xs�\cW(n�d¹_`z�dgnoW`lc_`Waf�_`W¢�x[�W�_`W`le]�Wapbf�so¶apcW`lm��¾edgf�lk_`W)_md�lm®"[�f�W
_`z�[�pcz�f�f�W�]�W°q,dg\bso¶apcW°pb[�s�f��`W^]�Wa}xpvdgs�\<lcW���z�pbq¡Wap<dg[�\cz�[�p<]�W^_c»"d��x[�W°w|pcz|lclcW°_md`}�s�\c��Wa\�d�_`_`�ano�apcWap<y"dgp<_`z�f�lc�`�x[�Waf~\
l§d)_apcz�solclvdgf�_`W|�

Â°W<q¡�`_mdgf�solbq¡W�]¯��Waf�]�z�q¢q,dgw�Waq¡Wafx\½W`lb\XWaf�lb[�s�\cW½�a\b[�]jso�{Waf�]��a\vdgs�nxWafr�a}|dgn�["dgf~\Éf~[�q¡�apbso�x[�Waq¡Waf~\Én�d�lcz�n�[�\bsoz�f
_`z�q¢y�no¶a\cWZ]j[¡y�pcz�Y�no¶aq¡Wituq¡z�]�¶anoWZdg[jt¤]�Wan�±�]�W�nu� s�f�lb\vdgfx\�s�f�s�\bs�dgnu�~V-dr_`z�dgnoW`lc_`Waf�_`W�]�W`l½y�Wa\bs�\cW`l�_md`}�s�\c�`l�W`lc\�lbs�q�[�no�`W
Wafê_`z�f�lbso]��apvdgfx\)�x[�W¹noW¡q,dg\c�apbs�dg[ W`lb\)lcz�[�]�dgs�f�Waq¡Waf~\¢_`z�q¢y�no¶a\cWaq¡Waf~\,pb[�s�f��¹�x["dgf�]'n�d y�z�pcz|lbs�\c�¹dg\b\cWas�fx\([�f�W
}|dgnoWa[�p�_apbs�\bso�x[�W|�É­ _v»"d��~[�W¹y"d�l(]�W¡\cWaq¢y�lm®-z�fI�an�s�q¢s�f�W¹n�d`_mz�f�W,Waf�]�z�q¢q,dgw��`W²z�éIn�d�}|dgnoWa[�p�]�W¡n�d©y�z�pcz|lcs�\c�
Wih�_`¶`]�W�_`Wa\b\cW�}|dgnoWa[�p¡_apbs�\bso�~[�W|®<Waf pcWay�z�pb\vdgf~\,n�d¨_`z�f�]js�\bsoz�fÚ]�W²Y�z�pc]ên�s�Y�pcW©dg[ Y�z�pc] ]�W²_`Wa\b\cW`_mz�f�W²y�z�[�p¢noW
y"d�lk]�W(\cWaq¢y�lelb[�s�}|dgf~\m��VXW`lZpc�`lb[�n�\vdg\clez�Y�\cWafx[�le_`z�fjï�pbq¡Waf~\�Wafx\bso¶apcWaq¡Waf~\rnoW`lZy�pc�`]jso_a\bsoz�f�lr�x["dgn�s�\vdg\bs�}�W`lZ��dgs�\cW`l
acb�dfehgSdie �

õ<fjï�fX®åWafr[�\bs�n�sol§dgf~\�n�d^lvz�n�[�\bsoz�f(dgf"dgn�¼�\bso�~[�W½_`z�q¢y�no¶a\cW°±°nu� s�f�lb\vdgf~\-s�f�s�\bs�dgnxWa\¯n�d�lvz�n�[�\bsoz�f�dgf"dgn�¼x\bso�x[�W½y"dgpb\bsoWan�noW
dg[jh´s�f�lb\vdgfx\cl�[�n�\c�apbsoWa[�pclå®-z�f']��iï�f�s�\�[�fDq¡z�]�¶anoW¹dgf"dgn�¼�\bso�~[�W¹lbs�q¢y�n�sÃï"�|®�£¤»�z�q¡z�w��af��asolc�i¥¹y�z�[�prnoW`l�q,dg\c�apbs�dg[jh
]j[�_a\bs�noW`l�y�z�pcWa[jh�_`z�f~\cWaf"dgfx\½]�Wa[jh�y�z�y�[�n�dg\bsoz�f�l<]�W�_md`}�s�\c�`lm®��x[�s~pcWay�pcz�]j[�s�\ÉnoW`l�d�lby�W`_a\cl-W`lvlcWaf~\bsoWanol�]�W{n�d�lcz�n�[�\bsoz�f
]j[ y�pcz�Y�no¶aq¡Wituq¡zx]�¶anoW|�
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(�)ts u63>v=7�/�;=3U-xw>-�wUvzyJ/�;={|7�}~597���143���v=����}�59}�v=w$�������q14}�8�1<}%79�2}���v���;=-9�
/�w>-0/

;+-�;�/<;=w>v
�%�l�q��� � �~�"�g�"�-���������-� �{�����E�:�°í��"���

a0
b0

f0
1

f0
2

Σm

Σm

Σm

Σm

� �l¡ ¢<£j�¤A0¥`¦ dzg¨§f©«ªf¬®­�¬¯gC°¨ªf©«­9±=gS²
³fe´°¨µ^dzµ
¸�f _`z�f�lbso]�¶apcW [�f�W lby�»�¶apcW�_apcWa[�lcW'¦�ï�w|[�pcW@?¶£j�¤AfGÑ«i®�]�W�pvdm¼�z�f�l¹s�fx\c�apbsoWa[�p·Wa\¹Wih�\c�apbsoWa[�p

a0
Wa\
b0
®�]�z�f~\·n�d

q,dg\bpbso_`W¹W`lb\�_`z�f�lb\bs�\b[��`W¹]¯� [�f'q,dg\c�apbs�dg[Iy�n�d�lb\bso�~[�W,_`z�f~\cWaf"dgf~\)[�f�W¡lvW`_`z�f�]�W¡y�z�y�[�n�dg\bsoz�fI]�W¢y�Wa\bs�\cW`l�_mdm}xs�\c�`lm�
V-d¨y�z�pcz|lcs�\c��s�f�s�\bs�dgnoW©]�W�n�d¨q,dg\bpbso_`WI¦Ñpvdgy�y�z�pb\·]j[ }�z�n�[�q¡W ]�W`l¢y�Wa\bs�\cW`l,_mdm}xs�\c�`l¡lc[�p¡noW²}�z�n�[�q¡W©\cz�\vdgn�]�W©n�d
q,dg\bpbso_`Wå«{W`lb\^lb[�y�y�z|lc�`W�[�f�sÃ��z�pbq¡W|®j�aw~dgnoWk±

f0
2

��­ ï�f²]�W�]��iï�f�s�p^n�d�y�z�pcz|lcs�\c�
f0
1

]j[�Wk±�n�d�_mdm}xs�\c�k_`Waf~\bpvdgnoW|®jf�z�[�l
y�z|lb\b[�noz�f�l��x[�Wkn�d�y�z�pcz|lbs�\c�Z\cz�\vdgnoWe]�Wkn�d(lby�»�¶apcWe_apcWa[�lcWkW`lb\��aw~dgnoWr±�n�d)lcz�q¢q¡W

f0
1 + f0

2

®j_`Wa\b\cWky�z�pcz|lcs�\c��\cz�\vdgnoW
�a\vdgfx\�]��iï�f�soW¹_`z�q¢q¡W¢noW¢}�z�n�[�q¡W¡]�W¢\cz�[�\cW`l�noW`lr_md`}�s�\c�`l¹¦Ñw|pvdgf�]�W¹Wa\ry�Wa\bs�\cW`l§«Zpvdgy�y�z�pb\c�,dg[D}�z�n�[�q¡W¢\cz�\vdgn°]�W
n�d²lcy�»�¶apcW|�:·�f´_mdgno_a[�n�lcs�q¢y�noW¸?�VXWaY\LLëÉWapm®]ACBFBFRHG½q¡z�fx\bpcW¹dgnoz�pclr�x[�W)noW)y�z|lc\b[�n�dg\r]¯�îd�]�]js�\bs�}xs�\c�¡]�W`lry�z�pcz|lbs�\c�`l
_`z�f�]j[�s�\k±(n�d)]��iï�f�s�\bsoz�f�lb[�s�}|dgf~\cW�]�Wen�d(y�z�pcz|lcs�\c�

f0
1

æ
¦h£j�¤Aå«

f0
1 ≡ (1 − f0

2 )
a3

0

b30
.

VXW(Y�z�pc]%]�W�n�d¹_md`}�s�\c�)_`Waf~\bpvdgnoW)W`lb\Zn�s�Y�pcW�]�W�\bpvd�_a\bsoz�fX�¯¾kW�y�n�[�lå®�_`Wa\b\cW(lby�»�¶apcW(W`lb\Zlvz�[�q¢solcW�lc[�pZlcz�f%Y�z�pc]
Wihj\c�apbsoWa[�p°±e[�f�W \bpvd�_a\bsoz�f,»x¼�]jpcz|lc\vdg\bso�~[�W

(Σ ≡ Σm 1,Σm > 0)
�~V�W`l�_`z�f�]js�\bsoz�f�l^dg[jh)n�s�q¢s�\cW`l°lm���`_apbs�}�Wafx\{]�z�f�_|®

Waf�_`zxz�pc]�z�f�f��`W`l�lby�»��apbso�~[�W`l�æ
¦h£j�¶Q�«

σrr (r = a0) = 0 ; σrr (r = b0) = Σm.
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V-d)q,dg\bpbso_`Wrq¡�a\vdgn�n�so�x[�WrW`lb\�pbs�w|so]�Wituy"dgp��udgs�\cWaq¡Waf~\ky�n�d�lb\bso�x[�WeWa\�z�Y��as�\�dg[ _apbs�\c¶apcWrlb[�s�}|dgf~\�æ
¦h£j�¶£�« σ2

eq

σ2
0

+ q f0
2 exp

(
3

2

σm

σ0

)

− 1 ≤ 0

z�é
σeq

Wa\
σm

]��`lbs�w|f�Waf~\²pcW`lby�W`_a\bs�}�Waq¡Waf~\·noW`l·_`z�f~\bpvdgs�f~\cW`l²noz�_mdgnoW`l·�`�~[�s�}|dgnoWaf~\cW%Wa\,q¡zå¼�Waf�f�W|®
σ0

n�d´n�s�q¢s�\cW
]¯���an�d�lc\bso_as�\c��Waf©\bpvd�_a\bsoz�f¨lbs�q¢y�noW|®�Wa\

q
noWey"dgpvdgq¡¶a\bpcW�]�W�IX}�Wapbw~d|dgpc]@?KIX}�W|®]ACBFN.A¹G�y�z�[�p�noW`�~[�WanÉz�f�d�]�z�y�\cWapvd¡so_as

n�dr}�dgnoWa[�p
q = 4/e ≈ 1.47

]��a\cWapbq¢s�f��`W�y"dgp°ë-Wapbpbs�f
&
V�WaY�noz�f�]¹y"dgp°]�W`l{lv_c»��aq,d�l^]jsÃµ��apcWafx\bsoWan¯Wa\°dg[�\cz�_`z�»��apcWaf~\

?�V�WaY\L ëÉWapm®:ACBFBFRPG¤��V½���`�x["dg\bsoz�fº?¶£j�¶£HG�pcWay�pc�`lvWaf~\cWe[�f�WeY�z�f�f�Wrdgy�y�pcz`hjs�q,dg\bsoz�f¨]j[©_apbs�\c¶apcWrz�pbs�w|s�f"dgn�]�W ç [�pclvz�f
noz�pclv�~[�W�n�d)y�z�pcz|lcs�\c�

f0
2

W`lb\��udgs�Y�noW¹¦�_`Wr�x[�s�W`lb\�\cz�[�º�z�[�pcl�pc�mdgn�solc��Waf y�pvdg\bso�~[�Wå« Wa\�n�d)\bpbs�døhjs�dgn�s�\c���anoWa}��`W·¦�_`W��x[�s
W`lc\�noWr_md�l�so_as�lvdg[j��]�dgf�l [�f�}�z�solbs�f"dgw�W�s�q¢q¡�`]js�dg\�]�Wen�d(w|pcz|lclvWr_md`}�s�\c�å«i�

VXW%\vdg[jh ]�W�]��i��z�pbq,dg\bsoz�f3nozx_mdgn
d
W`lb\·]�z�f�f���y"dgp·n�d'noz�sZ]¯���`_`z�[�noWaq¡Wafx\�d�lclcz�_aso�`W�dg[3_apbs�\c¶apcW�?¶£j�¶£HGZy"dgp

n�d y�pcz�y�pbso�a\c�²]�W¡f�z�pbq,dgn�s�\c�|��VXW¹\vdg[jhI]�W¡y�z�pcz|lbs�\c�·]�dgf�l�n�d q,dg\bpbso_`W·q¡�a\vdgn�n�so�~[�W|®-y�pczm}�Waf"dgfx\,±©n�d���z�sol(]�W¹n�d
_apcz�solvlvdgf�_`WrWa\�]�Wkn�d)w�Wapbq¢s�f"dg\bsoz�f%]�W`l _md`}�s�\c�`lm®�W`lc\ ]�z�f�f��ey"dgp
¦h£j� Ox«

ḟ2 = (1 − f0
2 ) trd +A ε̇,

z�é
A
W`lb\�[�f�y"dgpvdgq¡¶a\bpcW�]j[©q,dg\c�apbs�dg[ Wa\

ε
[�f�y"dgpvdgq¡¶a\bpcW�lc_mdgn�dgs�pcWr]¯���`_apcz�[�solvlvdgw�Wr]�z�f~\�nu���a}�z�n�[�\bsoz�f�W`lb\�pc�aw|soW

y"dgp�nu���`�~["dg\bsoz�f'æ
¦h£j�¶W�«

(1 − f0
2 )σ0 ε̇ = σ : d.

V���Wih�y�pcW`lclcsoz�f ]j[Q\vdg[jhL]�WFy�z�pcz|lbs�\c� ].» ± n�d w�Wapbq¢s�f"dg\bsoz�f ]�W`l´_md`}�s�\c�`lDd��a\c�êy�pcz�y�z|lv�`WIy"dgp´ë<s�f�Wmdg[ Wa\
[~z�n�¼¼?�ë½s�f\L½[�z�nu®:ACBFB.AfGZlb[�p¢[�f�W�Y"d�lcW©Wihjy��apbs�q¡Waf~\vdgnoW|�¾·�f�W©Wihjy�pcW`lclbsoz�f y�n�[�l¹�an�dgY�z�pc�`W|®½�x[�s�s�f~\bpcz�]j[�s�\,[�f�W
]��ay�Waf�]�dgf�_`WD]j[3y"dgpvdgq¡¶a\bpcW

A
}xsol�t�±øtu}�sol²]�W¨n�dF]��i��z�pbq,dg\bsoz�f

ε
®�dI�a\c�¨y�pcz�y�z|lc�`W¨y"dgp Â{»~[

&
�ZW`W`]jnoWaq,dgf

?¬Â{»x[VLL�ZW`W|®:ACBFNFRHG-q,dgsol�_`Wan�noW��x[�Wef�z�[�l�[�\bs�n�solcz�f�l so_asÉlcWaq�Y�noW�n�dgpbw�Waq¡Waf~\klb[jÆ,lvdgfx\cW��a\vdgfx\Z]�z�f�f���nu��Wih�\bpc¿aq¡W
pvdgpcWa\c��]�W`l q¡W`lb[�pcW`l ]�W�_`Wky"dgpvdgq¡¶a\bpcW|�

VXW(y�pcz�Y�no¶aq¡W¢]��iï�f�s�_asÃt¤]�W`lvlb[�lky�Wa[�\k¿a\bpcW(pc�`lcz�n�[Ddgf"dgn�¼x\bso�x[�Waq¡Waf~\�±¹nu� s�f�lb\vdgfx\es�f�s�\bs�dgnu®��~["dgf�]%n�d¹y�z�pcz|lcs�\c�
]�dgf�l)n�d�q,dg\bpbso_`W�q¡�a\vdgn�n�so�x[�W�W`lb\)Waf�_`z�pcW²[�f�sÃ��z�pbq¡W|�<V�W`l¢pc�`lb[�n�\vdg\cl¢lcz�fx\(y"dgpb\bso_a[�n�so¶apcWaq¡Wafx\·lcs�q¢y�noW`l¢]�dgf�l)n�d
n�s�q¢s�\cW�]�W`l y�Wa\bs�\cW`l�y�z�pcz|lcs�\c�`lm�
�%�l�q�l� �À¿ ���Á�°�©�½� �.���-�|���¯�¤�-�|�'���%�½� �½��Â��X�x� �������-�

V�d¡\cW`_v»�f�so�~[�W)]j[¨_mdgno_a[�nÉ]�W`lZ_c»"dgq¢y�le]�W�_`z�f~\bpvdgs�fx\cW`lrWa\Z]�W�]��i��z�pbq,dg\bsoz�fDd,]��Äºb±¹�a\c��y�pc�`lvWaf~\c�`W)]�dgf�l�noW`l
lvW`_a\bsoz�f�l|Q%¦�_c»"dgy�s�\bpcW¢ävä�« Wa\|£%¦�_c»"dgy�s�\bpcW¢äcävä�«^]�W�n�d,\b»�¶`lcW�]�W)ëÉWapbpbs�fÃ?�ë-Wapm®�ACBFBFQPG¤���Zz�[�l�f�z�[�lZ_`z�fx\cWaf~\cz�f�l�so_as
]�Wrpvdgy�y�WanoWap noW`l��ano�aq¡Waf~\clZ�~[�sXlcWapcz�fx\ [�\bs�noW`l�±(n�d(pc�`lvz�n�[�\bsoz�f�]j[�y�pcz�Y�no¶aq¡W�]�Wrn�d)lcW`_a\bsoz�f�?¶£j�¶Qj�¶£HG¤�

Â°Wa\b\cW¨pc�`lcz�n�[�\bsoz�fG_`z�q¢q¡Waf�_`W´y"dgp²[�f�W%_`z�q�Y�s�f"dgsolcz�f>]�W%nu���`�~["dg\bsoz�f>]¯���`�x[�s�n�s�Y�pcW¨pvd�]js�dgnoW¨Wa\�]j[3_apbs�\c¶apcW
¦�WafFlb[�y�y�z|lvdgf~\��x[�W¢noW¢}�z�n�[�q¡W¹Waf~\bsoWap)W`lb\ey�n�d�lb\bso�x[�Wå«ky�Wapbq¡Wa\b\vdgf~\)]¯��z�Y�\cWaf�s�p�noW¡_v»"dgq¢yF]�W,_`z�f~\bpvdgs�f~\cW`lå�-õ<f
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_`z�z�pc]�z�f�f��`W`l�lcy�»��apbso�~[�W`lm®
r, θ, φ

®�z�f©\bpcz�[�}�W|®�]�dgf�l�n�d¢n�s�q¢s�\cWr]�W`l�y�Wa\bs�\cW`l�y�z�pcz|lcs�\c�`lm®

¦h£j�¶Ä�«






v ≡ σθθ − σrr

σ0
=

1

2µ

(

−µ− 1 +
√

µ2 + 6µ+ 1
)

, µ ≡ f0
2

r3

a3
0

u ≡ σrr

σ0
=

2

3

(

−v + log
1 − v2

qf0
2

)

.

¾kWey�n�[�lå®
Σm = σrr(r = b0) = σ0ub

z�é
ub ≡ u(r = b0)

�
VXWr_c»"dgq¢y%]�We}�s�\cW`lclcW¡¦Ñpvd�]js�dgn�« U W`lc\ ]��`]j[�s�\�]�Wkn�d)noz�s�]¯���`_`z�[�noWaq¡Wafx\kd�lvlczx_aso�`Wrdg[�_apbs�\c¶apcWey"dgp f�z�pbq,dgn�s�\c�|�

¸�f�z�Y�\bsoWaf~\�nu���`�x["dg\bsoz�f ]jsÃµ¯�apcWaf~\bsoWan�noW
¦h£j�ÅD|« ] U

U + 2

]
r

r
+

]
v

v
= 0

]�z�fx\�nu� s�fx\c�aw|pvdg\bsoz�f�Waf©\cWaq¢y�l�]�z�f�f�WenoWe_c»"dgq¢y U æ
¦h£j�¶N�« Ur2v = Cst. ≡ ȧa2

0va ⇒ U =
a2

0ȧva

r2v
.

z�é
va ≡ v(r = a0)

�
�%�l�q�l� Æ �¯�%Ç ���ê�j�¨���¤���g�¯���j�ê�½�"���j���½���|�"�

ä¤n�]�Wa}xsoWafx\rdgnoz�pcl�y�z|lclbs�Y�noW(]�W(]��a\cWapbq¢s�f�WapenoW�\vdg[jh�]�W�y�z�pcz|lbs�\c��]�dgf�lZn�d,q,dg\bpbso_`W|�¯­ _`Wa\ZWiµ¯Wa\m®�z�f%_mdgno_a[�noW
ε̇
��õ<f©[�\bs�n�solvdgfx\�nu��Wihjy�pcW`lclbsoz�f ]�W`l _`z�fx\bpvdgs�f~\cW`l�pc�`]j[�s�\cW`l�?¶£j�¶ÄHG¤®�n�d¢pcWan�dg\bsoz�f�?¶£j�¶WHG-]�z�f�f�W¡æ

(1 − f0
2 )σ0ε̇ = σ : d = σrrdrr + 2σθθdθθ

⇒ (1 − f0
2 )ε̇ = 3udm + 2v

U
r

= u

( ] U]
r

+ 2
U
r

)

+ 2v
U
r

=
3

2

ȧ

a0

1 − va

1 + va

(

1 +
µ+ 3

√

µ2 + 6µ+ 1

)

u+ 2ȧa2
0
va

r3
¦h£j�¶B�«
z�é nu��z�f�d([�\bs�n�solc�enu��Wihjy�pcW`lclbsoz�fZ?¶£j�¶NHG-]�W U �"¸�f Waf©]��`]j[�s�\ noWe\vdg[jh�]�Wey�z�pcz|lbs�\c� ḟ2

]�dgf�l n�d(q,dg\bpbso_`W¹æ
ḟ2 = ˙f2c + ˙f2g = 3(1 − f 0

2 )dm +A ˙̄ε

=
3

2

ȧ

a0

1 − va

1 + va

(

1 +
µ+ 3

√

µ2 + 6µ+ 1

)(

1 − f0
2 +

Au

1 − f0
2

)

+ 2
A

1 − f0
2

ȧ

a0

a3
0

r3
va.
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¸�p�y"dgp »~¼�y�z�\b»�¶`lvW|®
f0
2 << 1

��¸�f�d¢dgnoz�pcl
va ≈ 1 − 2f0

2

Wa\
µ ≈ f0

2

r3

a3

®�]¯��z�é
¦h£j�¤ACR�« ḟ2/f

0
2

ȧ/a0
=

(

1 +
µ+ 3

√

µ2 + 6µ+ 1

)

(1 +Au) +
2A

f0
2

a3
0

r3
.

·�f�W�dgf"dgn�¼�lvW{]��a\vdgs�n�no�`W�]�W°n�d ��z�f�_a\bsoz�f
ḟ2(r)

¦��x[�W{f�z�[�lÉf�W°y�pc�`lcWafx\cz�f�l�y"d�l�so_as�_mdgp<Wan�noW^W`lb\-��d�lb\bso]jsoWa[�lvWå«Xq¡z�fx\bpcW
�x[X��Wan�noWrW`lb\ ]��`_apcz�solvlvdgf~\cW|�

õ<\b[�]jsoz�f�lZ±(y�pc�`lvWaf~\�noW`l }�dgnoWa[�pcl Wihj\bpc¿aq¡W`l�]�W
ḟ2
�

• ë-z�[�p
r = a0

®
µ << 1

Wa\�n�d)��z�pbq�[�noW¯?¶£j�¤ACRHG-lcWkpc�`]j[�s�\�±
ḟ2/f

0
2

ȧ/a0
(r = a0) = 6 +

2A

f0
2

¦h£j�¤AFAå«

• ë-z�[�p
r → +∞ ®�z�f d

µ→ ∞ Wa\
u ≈ −2

3
log (qf 0

2 )
®�]¯��z�é

ḟ2/f
0
2

ȧ/a0
(r → +∞) = 3

(

1 − 3

2
A
noz�w (

qf0
2

)
)¦h£j�¤ACQ�«

V½���a\b[�]�W©]�W`l)Wih�y�pcW`lvlbsoz�f�l`?¶£j�¤AFAfG�Wa\À?¶£j�¤ACQHG q¡z�fx\bpcW��~[�W·noW·pvdgy�y�z�pb\¡]j[F\vdg[jhê]�W²_apcz�solclvdgf�_`W²]�W`l)y�Wa\bs�\cW`l
_mdm}xs�\c�`l

ḟ2/f
0
2

±�_`Wan�[�s�]�W�n�d w|pcz|lvlcW
ȧ/a0

W`lb\-�anoWa}��°]�dgf�l-[�f�}�z�solbs�f"dgw�W{s�q¢q¡�`]js�dg\<]�W½n�d�w|pcz|lclcW{_md`}�s�\c�<³ølvd }�dgnoWa[�p
]��`_apczPÈo\��x["dgf�]

r
dg[�w|q¡Waf~\cW^Wa\-\cWaf�]�}�Wapcl

3[1−2/3A
noz�w (

qf0
2

)
]
¦Ñ}|dgnoWa[�p-Y�Wmdg[�_`z�[�y�y�n�[�lÉy�Wa\bs�\cW��x[�W

6+2/Af 0
2

«
±Znu� s�fjï�f�su��Â°W^pc�`lb[�n�\vdg\�W`lb\�dgf"dgnoz�w|[�W�±k_`Wan�[�s�]j[¹_md�l<lvdgf�l<w�Wapbq¢s�f"dg\bsoz�f¹�a\b[�]jso�^y"dgp0?�ë-Wap0L VXWaYX®2QFRFRFRPG¤�|V½���`_mdgpb\
Wafx\bpcW·noW`l�]�Wa[jhD}|dgnoWa[�pcl�Wihj\bpc¿aq¡W`l)W`lb\�Waf�_`z�pcW¹y�n�[�l�s�q¢y�z�pb\vdgfx\)]�dgf�l�noW,_md�l)d`}�W`_¹w�Wapbq¢s�f"dg\bsoz�f �~[�W¹]�dgf�l(noW
_md�l�lvdgf�l w�Wapbq¢s�f"dg\bsoz�fX��­�s�f�lbs¯noW b�É.µf²�gS¬®ªf²4­�°]Ê a¨±=±+µf©«µfdzaFË´e´gF²@°¨­�©¤aÌ±^d�gFeÍ³i³^aS²�±i­Î°¨­i³ b
­¹Ë´enË�­i³�±=aSÏCe´Ë�µi³>b<dzªi³�°¨­�©Ða
ÑFd�gP³i³¹­J±=aSÏ�enË�µ z�Y�lcWapb}���]�dgf�l�noW�_md�l<lvdgf�l�w�Wapbq¢s�f"dg\bsoz�f¹]�W`l�y�Wa\bs�\cW`l½_mdm}xs�\c�`l<W`lc\<Y�Wmdg[�_`z�[�y¢y�n�[�l½d�_`_`Wafx\b[�� �~["dgf�]
z�f s�f~\bpcz�]j[�s�\�_`Wa\b\cWr]�Wapbf�so¶apcW|�

ä¤nÉlm��Waf�lb[�s�\k�~[�W�n�d¡y�z�pcz|lbs�\c��]�W`l�y�Wa\bs�\cW`lZ_mdm}xs�\c�`lklbs�\b[��`W`lkdg[ }�z�solcs�f"dgw�W(]�W�n�d,_mdm}xs�\c�(_`Waf~\bpvdgnoW¢dg\b\cWas�fx\Z\bpc¶`l
}�s�\cW n�d�}|dgnoWa[�p{_apbs�\bso�x[�W�]�W�]��aY�[�\°]�WZ_`z�dgnoW`lc_`Waf�_`W|®x\bpc¶`l�y�pcz�Y"dgY�noWaq¡Wafx\�d`}|dgf~\^_`Wan�noW�]�W�n�dr_mdm}xs�\c�Z_`Waf~\bpvdgnoW|�.·�f�W
_`z�[�pcz�f�f�WZ]�W q,dg\bso¶apcW�pb[�s�f��`W�lvW^��z�pbq¡W�dgnoz�pcl°dg[�\cz�[�p^]�W�n�dr_mdm}xs�\c��_`Waf~\bpvdgnoW|®jd�_`_`�ano�apvdgf~\^n�de_apcz�solcl§dgf�_`W�]�W�_`Wa\b\cW
]�Wapbf�so¶apcW|�

V½� s�f~\bpcz�]j[�_a\bsoz�f�]�W²n�d´w�Wapbq¢s�f"dg\bsoz�f ]�W`l¢y�Wa\bs�\cW`l¡_md`}�s�\c�`l¢f�W�q¡z�]jsÃï"W©]�z�f�_�Waf�pbsoWafX®�q,dgsol·dg[�_`z�f~\bpvdgs�pcW
pcWafj��z�pc_`WenoWeq¡�`_mdgf�solcq¡Wr]�Wepb[�y�\b[�pcWey�pcz�y�z|lc�r]�dgf�lc?�ëÉWapJLLV�WaYX®2QFRFRFRPG¤®�±¢lvdm}�z�s�p�æ

• Ò eÔÓ¸Õ�É.aEÖ^×�­|ÑSd�gS³+³¹­9±=aFÏCenË�µ�³C­�Ë´d�gS×ØÏP­Î­f²�Ë�gS×Ùd=µ=­Î°�Ê ×Ø²ºÚl²�×
aCÑ¨­SÛ|°¨­�b
­^Ë´e´Ë�­i³�±=aSÏ�enË�µi³�±^d�gFeÍ³i³^aS²2ËÜË´d=ªi³cd�afb�e´°Ù­fÝ¬®­f²2Ë�Þ
• Ò eneÅÓ ¦ dzªf³�°¨­f³%ÑSdzgP³i³¹­i³>±=aSÏCe´Ë�µi³iß:©Ðaàb
gSd�gS³ie´Ë�µU°¨­�©Ða|³¹­z±=gF²�°¨­%b.gib�×Ø©¤aFË´e´gF²À°¨­áb
­^Ë´e´Ë�­i³�±+aSÏCe´Ë�µi³UaFËhË�­fen²2Ë4©Ða6ÏHaS©«­f×Ùd±^dfenË´ehÖ^×�­¯°¨­Î±+gCaS©«­i³^±+­^²�±+­`â�el©]³¹­Üã¹gSdf¬¯­�×Ù²<­®±=gS×Ød�gF²�²<­¯°Ù­9¬¯aFË´ehª^dz­Îdi×Øel²4µ=­¯aS×.Ë�gS×Ød¯°¨­i³|ÑFd�gP³i³¹­i³¯±=aSÏ�enË�µi³CÞ
Õ�­Üb�É.µf²�gS¬®ªf²4­�aE±=±+µf©«ªfd=­�©¤aä±¹d�gSel³+³¹aS²�±+­�°Ù­�±i­i³�°¨­fdf²�e�ªfdz­f³¹Þ

• Ò eneleÔÓÌå:a�di×Øel²4­|æ�²�aF©¤­`°F×@¬¯aFË�µ^diehaS×º³¹­�b<d�gC°F×Ùe´Ë6©¤gSd+³¹Ö^×�­`©¤aZ±=gCaF©¤­i³¹±+­f²�±i­�±=gS¬�¬®­f²�±+­V­f²2Ë´d=­Ì©«­i³¯ÑSdzgP³+³C­i³±=aSÏCe´Ë�µi³CÞ
¸�f%dgf"dgn�¼�lcWe]�dgf�l�noW`l lcW`_a\bsoz�f�l lc[�s�}�dgfx\cW`l noW`l �a\vdgy�W`l

(i)
Wa\

(ii)
�
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(�)�( u63>v=7�/�;=3U-çwU-�w>v=y0/<;={|7�}�597è��143���v=����}é5�}év+w������9�q1<}é8�1<}%79�2}éwU76ê¨59}%v=�ë59}

vH��;=-9�
/�wU-U/ì;+-�;�/<;=w>v
­�[jt¤]�Wan�±�]�W,nu� s�f�lc\vdgf~\)s�f�s�\bs�dgnu®�n�d�]jsolb\bpbs�Y�[�\bsoz�fê]�W,y�z�pcz|lbs�\c�¹]�W`l�y�Wa\bs�\cW`l(_md`}�s�\c�`l�fX��W`lc\�y�n�[�l([�f�sÃ��z�pbq¡W|�Éä�n

W`lc\k]�z�f�_(f��`_`W`lcl§dgs�pcW¢]�W�pcWay�pcWaf�]jpcW)nu�îdgf"dgn�¼jlcW)y�z�[�pk\cWaf�s�pk_`z�q¢y�\cW¢]�W)_`Wa\b\cW)f�z�fjtu[�f�sÃ��z�pbq¢s�\c�|�X­ _`Wa\eWiµ¯Wa\m®¯z�f
f�z�\cWapvd

a
Wa\
b
noW`l°pvd`¼�z�f�l^s�fx\c�apbsoWa[�p Wa\°Wihj\c�apbsoWa[�p d�_a\b[�Wanol^]�W�n�d�lby�»�¶apcWZ_apcWa[�lcWkWa\

f2
n�d�y�z�pcz|lbs�\c�kd�_a\b[�Wan�noWk]�WZn�d

lvW`_`z�f�]�Wey�z�y�[�n�dg\bsoz�f%]�We_md`}�s�\c�`lm�
V½� s�f~\bpcz�]j[�_a\bsoz�f�]�W�n�dkw�Wapbq¢s�f"dg\bsoz�f¹]�W`l�y�Wa\bs�\cW`l{_md`}�s�\c�`l½f�W�y�z�pb\vdgf~\{y"d�l�lb[�p<noW`l{_c»"dgq¢y�l°]�W _`z�f~\bpvdgs�fx\cW`l^Wa\

]��i��z�pbq,dg\bsoz�fX®jnoW`l^�`�~["dg\bsoz�f�l^]��iï�f�solcl§dgf~\ _`W`l°]�Wapbf�soWapcl^pcW`lb\cWaf~\^noW`l°q¡¿aq¡W`l��~[�WZ]�dgf�l°noW�_md�l^lvdgf�l°w�Wapbq¢s�f"dg\bsoz�fX�
�Zz�[�l�noW`l�pcWay�pcWaf�z�f�lZ_`Way�Waf�]�dgf~\�y�z�[�p ]�W`l�Y�W`lcz�s�f�l ]�Wr_an�dgpb\c��]�Wknu��Wih�y�z|lc�|�
�%�l�q��� �À¿ ���Á� �½� �.���-�|���¯�¤�-�|�"�

VXW`l¡_`z�f�]js�\bsoz�f�l,dg[jhFn�s�q¢s�\cW`lm®�nu���`�~["dg\bsoz�f�]¯���`�x[�s�n�s�Y�pcW�pvd�]js�dgnoW�Wa\¢noW²_apbs�\c¶apcW¹£¤pc�`]j[�s�\�¥²pcW`lb\cWaf~\¢noW`l)q¡¿aq¡W`l
�x[X�î±·nu� s�f�lb\vdgfx\es�f�s�\bs�dgn{±·_`W`_as<y�pc¶`lr�~[X��z�f¨pcWaq¢y�n�d�_`W

f0
2

y"dgp
f2
®��~[�s<W`lb\eq,dgs�fx\cWaf"dgf~\�[�f�W(��z�f�_a\bsoz�fD]�W

r
��¸�f

pvdgy�y�Wan�noWr�x[�Wr_`W`l �`�x["dg\bsoz�f�l lm���`_apbs�}�Wafx\�æ
¦h£j�¤AC£�«

u(r ≡ a) = 0;

]
u]
r

=
2v

r
; v2 + qf2

Wihjy (3

2
u+ v

)

− 1 = 0.

Åxs-z�f©]��iï�f�s�\�n�d���z�f�_a\bsoz�f
H
y"dgp n�d���z�pbq�[�noW

¦h£j�¤A^Ox«
H(v) = v − noz�w (1 − v2),

n�d¢pc�`lcz�n�[�\bsoz�f ]�Wenu���`�x["dg\bsoz�f�?¶£j�¤AC£HG
3
y"dgp�pvdgy�y�z�pb\�±

u
_`z�f�]j[�s�\Z±

¦h£j�¤ACW�«
u = −2

3
[H(v) +

noz�w
(qf2)]

�x[�sÉfX��W`lb\rdg[�\bpcW(�x[�W�nu���`�~["dg\bsoz�fÃ?¶£j�¶ÄHG
2
d`}�W`_

f0
2

pcWaq¢y�n�d�_`�`W)y"dgp
f2
��¾kW(y�n�[�lm®�[�f�W(s�f~\c�aw|pvdg\bsoz�fD]�W(nu���`�~["dg\bsoz�f

?¶£j�¤AC£HG
2
\cWaf"dgf~\�_`z�q¢y�\cW�]�Wkn�d)pcWan�dg\bsoz�f�?¶£j�¤AC£HG

1
]�z�f�f�W¡æ

¦h£j�¤ACÄ�«
u = 2

∫ r

a
v(t)

]
t

tV-d�_`z�q�Y�s�f"dgsolcz�f¢]�W`l�]�Wa[jh��`�~["dg\bsoz�f�l�?¶£j�¤ACWHG�Wa\ ?¶£j�¤ACÄHG�_`z�f�]j[�s�\½±�nu���`�~["dg\bsoz�f)s�fx\c�aw|pvdgnoW�lb[�s�}�dgfx\cW{lc[�p-n�d ��z�f�_a\bsoz�f
v(r)

æ
¦h£j�¤A�D|«

v(r) = H−1

[

− noz�w (qf2(r)) − 3

∫ r

a
v(t)

]
t

t

]

z�é¢]�W`l�s�f�]jso_mdg\bsoz�f�l½]�W�]��ay�Waf�]�dgf�_`W^y"dgp�pvdgy�y�z�pb\�±�n�d�y�z|lbs�\bsoz�f¢z�f~\½�a\c�°s�f~\bpcz�]j[�s�\cW�y�z�[�p�]�W`l�pvdgsolvz�f�l<]�W°_an�dgpb\c�|�
Â°Wa\b\cW��`�~["dg\bsoz�f�]�z�f�f�Wes�q¢y�n�so_as�\cWaq¡Waf~\kn�d)]jsolb\bpbs�Y�[�\bsoz�f%]�Wen�d¢_`z�f~\bpvdgs�fx\cW�pc�`]j[�s�\cW

v(r)
Waf lb[�y�y�z|lvdgf~\�_`z�f�fx[�W

n�d¡]jsolb\bpbs�Y�[�\bsoz�f ]�Wen�d(y�z�pcz|lbs�\c�
f2(r)

�
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�%�l�q�l� �À¿ ���Á� �½� ����Â��X�~�����|�����
V�d)y�pbsolcWeWaf _`z�q¢y�\cW�]�Wkn�d)w�Wapbq¢s�f"dg\bsoz�f fX�îd¢dg[�_a[�f�Wes�fjÀ�[�Waf�_`W�lb[�p�n�d(noz�s�]¯���`_`z�[�noWaq¡Wafx\m��Â°z�q�Y�s�f��`W�d`}�W`_

noW�_apbs�\c¶apcW,¦�d`}�W`_
f0
2

pcWaq¢y�n�d�_`�`W�y"dgp
f2
«i®�_`Wa\b\cWr]�Wapbf�so¶apcW�]�z�f�f�W¡æ

¦h£j�¤ACN�« (
1 + 2v − v2

)
] U]
r

+
(
−1 + 4v + v2

) U
r

= 0,

z�é U ]��`lcs�w|f�W|®�_`z�q¢q¡We]�dgf�l�noWe_md�l ]�Wknu� s�f�lb\vdgfx\ s�f�s�\bs�dgnu®�n�d(}�s�\cW`lclcWkpvd�]js�dgnoW|��V�� s�f~\c�aw|pvdg\bsoz�f�]�We_`Wa\b\cW��`�~["dg\bsoz�f
]jsÃµ¯�apcWaf~\bsoWan�noW(]�z�f�f�W¡æ
¦h£j�¤ACB�« U = ȧ

Wih�y (∫ r

a

1 − 4v(t) − v2(t)

1 + 2v(t) − v2(t)

]
t

t

)

,

Wihjy�pcW`lclbsoz�f©�x[�sX]�z�f�f�WenoWr_v»"dgq¢y ]�We}�s�\cW`lclcWkWaf���z�f�_a\bsoz�f©]�Wen�d)lcz�n�[�\bsoz�f
v(r)

]�Wenu���`�x["dg\bsoz�f©s�fx\c�aw|pvdgnoW®?¶£j�¤A�D�G¤�
�%�l�q�l� Æ �¯�%Ç ���@�����E�������|�ê�½�¯����íu�Ú�����|�~�¤�j�

��z�[�l�\bpvdgs�\cz�f�lklc�ay"dgpc�aq¡Waf~\ZnoW`l�y"dgpb\clZ]j[�W`lk±¢n�d¡_apcz�solvlvdgf�_`W
( ˙f2c)

Wa\Z±¢n�d¡w�Wapbq¢s�f"dg\bsoz�f
( ˙f2g)

]�W`l�y�Wa\bs�\cW`l
_mdm}xs�\c�`lå��VXWe\bpvdgs�\cWaq¡Wafx\�]�Wen�d(y"dgpb\�]j[�W�±(n�d¢_apcz�solclvdgf�_`W|®�Waf²�udgsolvdgfx\ [�lvdgw�Wr]�Wknu���`�x["dg\bsoz�fº?¶£j�¤ACNHG¤®�]�z�f�f�W

ḟ2c

1 − f2
= 3

]
m =

∂U
∂r

+ 2
U
r

= 3
1 − v2

1 + 2v − v2

U
r

¦h£j�¶QFR�«
V-d�y"dgpb\^]j[�We±en�d�w�Wapbq¢s�f"dg\bsoz�f�lm��z�Y�\bsoWaf~\ Waf²_mdgno_a[�n�dgf~\

(1− f2)ε̇
�xõ<f²[�\bs�n�solvdgfx\^noW`l{�`�x["dg\bsoz�f�l6?¶£j�¤ACNHGXWa\J?¶£j�¶ÄHG

2
®

z�f \bpcz�[�}�W
(1 − f2)ε̇ = u

(
∂U
∂r

+ 2
U
r

)

+ 2v
U
r

= 2
1 − v2

1 + 2v − v2

[ noz�w (1 − v2

qf2

)

+
2v2

1 − v2

] U
r
.

¦h£j�¶Q.Aå«
V�We\vdg[jh²]¯�îd�_`_apcz�solvlcWaq¡Waf~\k]�Wkn�d)y�z�pcz|lbs�\c�e].»�±(n�d)w�Wapbq¢s�f"dg\bsoz�f%]�W`l _md`}�s�\c�`l�lm���`_apbs�\�]�z�f�_

ḟ2g = Aε̇ = 2
A

1 − f2

1 − v2

1 + 2v − v2

[ noz�w (1 − v2

qf2

)

+
2v2

1 − v2

] U
r
.

¦h£j�¶QFQ�«
õ½f©pvdgy�y�pczx_v»"dgf~\ZnoW`l �`�x["dg\bsoz�f�l�?¶£j�¶QFRHG-Wa\c?¶£j�¶QFQHG¤®�z�f©z�Y�\bsoWaf~\

ḟ2 =
∂f2

∂t
+ U ∂f2

∂r
= ḟ2c + ḟ2g =

1 − v2

1 + 2v − v2

U
r
×

[

3 (1 − f2) +
2A

1 − f2

( noz�w 1 − v2

qf2
+

2v2

1 − v2
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�x[�sX]�z�f�f�W|®"Waf©]js�}�solvdgfx\ y"dgp U ®
1

U
∂f2

∂t
+
∂f2

∂r
=

1 − v2

1 + 2v − v2

1

r

[

3(1 − f2) +
2A

1 − f2

( noz�w 1 − v2

qf2
+

2v2

1 − v2

)]

]¯��z�é s�n�lm��Waf�lb[�s�\m®�Waf©[�\bs�n�sol§dgf~\ nu��Wihjy�pcW`lclbsoz�f�?¶£j�¤ACBHG¤®"�~[�W
Wih�y (−∫ r

a

1 − 4v(t) − v2(t)

1 + 2v(t) − v2(t)

]
t

t

)
∂f2

∂t
+ ȧ

∂f2

∂r
=
ȧ

r

1 − v2

1 + 2v − v2
×

[

3 (1 − f2) +
2A

1 − f2

( noz�w 1 − v2

qf2
+

2v2

1 − v2

)]¦h£j�¶QF£�«
Â°Wa\b\cW�]�Wapbf�so¶apcW��`�x["dg\bsoz�f ]�z�f�f�Wenu���a}�z�n�[�\bsoz�f�]�dgf�l�noWk\cWaq¢y�l�]�Wkn�d)y�z�pcz|lbs�\c�

f2
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�%�l�q�«î ï �����½�F�¯�Hð<�Á���S�X�|�rñ��½�I��� íu�ò���X�¨�������|�
f2
�������

r → a

VXW`l��`�x["dg\bsoz�f�lry�pc�`_`�`]�Wafx\cW`l(dg[�\cz�pbsolcWafx\�[�f�W¡�a\b[�]�W¹d�lb¼xq¢y�\cz�\bso�x[�W¡]�W¢nu���`�x["dg\bsoz�f']¯���a}�z�n�[�\bsoz�fê]�W)n�d²y�zgt
pcz|lcs�\c�

f2
y�z�[�p

r → a
��¸�f y�pc�`lcWafx\cW�_`Wa\b\cW��a\b[�]�W�]�dgf�l�nu�îdgf�f�Wih�WäA|��VXWry�pbs�f�_as�y"dgnÉpc�`lb[�n�\vdg\kW`lb\��x[�W|®�y�z�[�p�noW`l

y�Wa\bs�\cW`ley�z�pcz|lbs�\c�`lm®�n�d·}|dgnoWa[�p
fm
2

]�W
f2
dg[¨y�z�s�f~\

r = a
¦�z�f´[�\bs�n�solcW)n�d·f�z�\vdg\bsoz�f

fm
2

_mdgpen�d·y�z�pcz|lbs�\c�
f2
W`lc\

q,døhjs�q,dgnoWrWaf�_`Wky�z�s�f~\§«°W`lb\ ]�z�f�f��`WeWaf²��z�f�_a\bsoz�f©]j[�y"dgpvdgq¡¶a\bpcWr]�Wkf~[�_ano�mdg\bsoz�f
A
®�]�WZn�d(y�z�pcz|lcs�\c�ks�f�s�\bs�dgnoW

f0
2Wa\�]�W`l�y�z�pcz|lcs�\c�`l�s�f�s�\bs�dgnoW

f0
1

Wa\�d�_a\b[�Wan�noW
f1
y"dgp n�d(��z�pbq�[�noW

¦h£j�¶QPOx«
f2(r = a) = fm

2 = f0
2

(
f1

f0
1

)2

+
A

3

[(
f1

f0
1

)2

− 1

]

.

V�We\cWapbq¡W
A

3

[(
f1

f0
1

)2

− 1

]

pcWay�pc�`lvWaf~\cW¢n�d·_`z�pbpcW`_a\bsoz�fD�x[X�îdgy�y�z�pb\cW)nu� s�fx\bpczx]j[�_a\bsoz�f']�W(n�d¹f~[�_ano�mdg\bsoz�fX�ÉÂ°Wa\b\cW¢�`�~["dg\bsoz�f´_`z�fjï�pbq¡W)Y�soWafD�x[�W
noW`l�y�Wa\bs�\cW`l�_md`}�s�\c�`l�lcs�\b[��`W`l�dg[ }�z�solcs�f"dgw�W�]�Wrn�d¡_md`}�s�\c��_`Waf~\bpvdgnoW(_apcz�solclcWafx\�y�n�[�l�}xs�\cWr�x[�W�_`Wa\b\cW�]�Wapbf�so¶apcW|��õ<n�noW
_`z�fjï�pbq¡W�]�z�f�_enoWkq¡�`_mdgf�solbq¡W�]�Wkpb[�y�\b[�pcW�Waf�\bpcz�sol��a\vdgy�W`l�y�pc�`lcWafx\c�ry�n�[�l�»"dg[�\m�

(�)�ó ô�/�7�59}x-|79��õq14;={|79} w��91<�%�$v=}x5�õq��7�/$5�}xv+w 8�3Uw>v=}%�28á}%-98�}x59}%�ë�À}á/�;�/�}%�
8áw�ö6;�/<õ%�

�%�«î���� � �~�"�g�"�-���������-� �{�����E�:�°í��"���
��z�[�lÉdgn�noz�f�l-±^y�pc�`lcWafx\-�a\b[�]jsoWap-nu���a\vdgy�W

(ii)
]j[�lc_`�af"dgpbsoz ]�W<pb[�y�\b[�pcW{�a}�zx�x[��<y�n�[�lX»"dg[�\m��Â°z�q¢q¡W{±^nu� s�f�lc\vdgf~\

s�f�s�\bs�dgnu®jnu�îdgf"dgn�¼jlcWelcWapvd�Y"d�lc�`Wklb[�p^noWZy�pcz�Y�no¶aq¡Wituq¡z�]�¶anoW�]�WZn�d(lby�»�¶apcWe_apcWa[�lcW|�¯¦u¸�f�f�Wk_`z�f�lbso]�¶apcWapvd(y"d�l^nu���a\vdgy�W
(iii)

y"dgpc_`W(�~[�W�nu���a\b[�]�W�]�W�n�d,_`z�dgnoW`lc_`Waf�_`W(]�W`l�w|pcz|lclcW`lZ_md`}�s�\c�`l�f��`_`W`lclcs�\cWapvdgs�\m®�]�dgf�l�noWry�pcz�Y�no¶aq¡Wituq¡z�]�¶anoW|®�n�d
y�pc�`lvWaf�_`Wr]¯�îdg[©q¡z�s�f�l�]�Wa[jh�_md`}�s�\c�`l�]�W�_`Wk\¤¼�y�W|®�_`We�x[�sXW`lb\�Wih�_an�[�so_as�«i�

V�d(}�dgnoWa[�p ]�WZn�d�y�z�pcz|lbs�\c��£�_apbs�\bso�~[�Wi¥
f c
2

]�WZ]��aY�[�\ ]�We_`z�dgnoW`lv_`Waf�_`We]�W`l^y�Wa\bs�\cW`l�_mdm}xs�\c�`l�y�Wa[�\�¿a\bpcWeWih�\bpvdgs�\cW
y"dgpÉWihjWaq¢y�noW°]�W`lÉlbs�q�[�n�dg\bsoz�f�lÉq¢so_apcz�q¡�`_mdgf�so�x[�W`lÉ]�WÜ÷�z�y�n�s¤ørWa\É��W`W`]jnoWaq,dgfÌ?K÷�z�yùLL��W`W|®]ACBFNFNHG�z�[�]j[�q¡zx]�¶anoW
dgf"dgn�¼�\bso�x[�W�lbs�q¢y�n�sÃï"�(]�W ç z�noz�w~dgfx[ ­¹Ë aF©¤Þ ? ç VX¾)®:ACBFBPOEG¤����z�[�lZlb[�y�y�z|lcWapcz�f�l y�z�[�p�lcs�q¢y�n�sÃï"Wap��x[�Wrn�d¢q,dg\bpbso_`W
y�z�pcWa[�lcW�]�W�y�z�pcz|lbs�\c�

f2
y�Wapc]ê\cz�[�\cW©_mdgy"d�_as�\c�©]�W²pc�`lbsolb\vdgf�_`W©q¡�`_mdgf�so�~[�W©]�¶`l,�~[�W²n�d%y�z�pcz|lbs�\c��_apbs�\bso�x[�W

f c
2W`lc\·dg\b\cWas�f~\cWê¦�_`W%�~[�s�W`lc\¹�`�x[�s�}�dgnoWafx\²±Dy�pcWaf�]jpcW noW y"dgpvdgq¡¶a\bpcW�]�W\IX}�Wapbw~d|dgpc]3Wa\¹�ZW`W`]jnoWaq,dgf

δ
s�fjï�f�s�«i�°­

_v»"d��~[�W¨s�f�lc\vdgf~\m®°n�dF_md`}�s�\c�%_`Wafx\bpvdgnoW´]�W pvdm¼�z�f
a
W`lb\²]�z�f�_%Wafx\cz�[�pc�`W´]¯� [�f�W¨_`z�[�pcz�f�f�W´]�W q,dg\bso¶apcW¨pb[�s�f��`W

]�z�fx\�noW,pvd`¼�z�fêWih�\c�apbsoWa[�p
a? ¦ > a

«eW`lb\�_mdgpvd�_a\c�apbsolc�,y"dgp(noW¢�udgs�\��x[�W¢n�d y�z�pcz|lcs�\c�,_apbs�\bso�x[�W
f c
2

¼´W`lb\)dg\b\cWas�f~\cW
¦
[f2(r = a?) = f c

2 ]
«�³�noW`l _`z�fx\bpvdgs�f~\cW`lklm�îdgf�fx[�noWaf~\k_`z�q¢y�no¶a\cWaq¡Waf~\e±(nu� s�f~\c�apbsoWa[�pk]�Wen�d)_md`}�s�\c��_`Wafx\bpvdgnoW�Wa\�]�dgf�l

n�dk_`z�[�pcz�f�f�W�]�W{q,dg\bso¶apcW pb[�s�f��`W|®|]�W�lcz�pb\cW^�~[�W^n�dZ_`z�f�]js�\bsoz�f,]�W^Y�z�pc](n�s�Y�pcW�Waf
a
¦
σrr(r = a) = 0

«ÉW`lb\�pcWay�z�pb\c�`W
dg[ y�z�s�fx\

a? ¦ σrr(r = a?) = 0
«i�
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�%�«î��l� � �x�¤���������'�½��� ���¤���{íu���������{�²�É�{�����~��ñ����"�
VXW%y�pcz�Y�no¶aq¡WDdgs�f�lbse]��iï�f�sZf�W¨_`z�f�]j[�s�\�y"d�l�±'[�f�W%lvz�n�[�\bsoz�f dgf"dgn�¼x\bso�x[�W¨_`z�q¢y�no¶a\cW�¦Ñq¡¿aq¡W%lcsZ_`Wapb\vdgs�f�l

�ano�aq¡Wafx\cl�]¯� [�f�W)\cWan�noW¢lcz�n�[�\bsoz�fDlvWapcz�f~\r]�z�f�f��`le]�dgf�lenu�îdgf�f�Wih�W¯Q�«i�XÂZ��W`lb\ey�z�[�pe_`Wa\b\cW)pvdgsolcz�fD�x[�W(f�z�[�lrd`}�z�f�l
pcW`_`z�[�pcl�±,[�f�W(pc�`lcz�n�[�\bsoz�f´fx[�q¡�apbso�~[�W¡Y"d�lc�`W)lb[�pk[�f�W¢]jsolc_apc�a\bsolvdg\bsoz�fDWaf¨\cWaq¢y�lrWa\eWaf´W`lby"d�_`W)]�W`le�`�~["dg\bsoz�f�l
]j[�y�pcz�Y�no¶aq¡W|�"V�d(y�z|lcs�\bsoz�f²]�W`l^y�z�s�f~\cl�]¯� s�f~\c�aw|pvdg\bsoz�f�lc[�s�\°noWkq¡z�[�}�Waq¡Wafx\m®�y�z�[�p^\cWaf�s�p _`z�q¢y�\cWr]�W`l�Wiµ�Wa\cl^n�so�`l
dg[jhFw|pvdgf�]�W`l¢\bpvdgf�l���z�pbq,dg\bsoz�f�lm��Â°z�f�f"dgsolclvdgfx\¡_`W`l)y�z|lcs�\bsoz�f�l

ri(t)
®�noW¹pvdm¼�z�f�]�W·n�dú_mz�f�W²pb[�s�f��`W

a?(t)
Wa\)n�d

]jsolc\bpbs�Y�[�\bsoz�f�]�Wey�z�pcz|lbs�\c�
f2(ri, t)

±¢nu� s�f�lb\vdgf~\
t
®�z�f ]��a\cWapbq¢s�f�W(_`W`l�w|pvdgf�]�Wa[�pclk±)nu� s�f�lb\vdgfx\

t+ ∆t
lb[�s�}|dgf~\�n�d

q¡�a\b»�z�]�Wr_asÃt�dgy�pc¶`lm�
¸�f·�a}|dgn�[�W�y�z�[�p^_`z�q¢q¡Waf�_`Wap°noWZ_c»"dgq¢y�]�W�_`z�f~\bpvdgs�f~\cW`l�±rnu� s�f�lb\vdgfx\

t
w|p+û�_`Wk±enu� s�fx\c�aw|pvdg\bsoz�f©Waf·W`lcy"d�_`W�]�W`l

�`�x["dg\bsoz�f�l�]¯���`�x[�s�n�s�Y�pcW)¦�Waf·[�\bs�n�solvdgfx\°noWZ_apbs�\c¶apcWkWa\{n�d�_`z�f�]js�\bsoz�f�]�W�Y�z�pc]¹n�s�Y�pcW(¦
σrr(a

?(t), t) = 0
«b«i�jVXWZ_c»"dgq¢y

]�W }xs�\cW`lclvW�lcW^_mdgno_a[�noW�Waf�lb[�s�\cW Waf¢s�fx\c�aw|pvdgf~\^Waf¡W`lby"d�_`W�n�dZnoz�s"]¯���`_`z�[�noWaq¡Wafx\m®x]¯��z�é,nu��z�f¡\bs�pcW^noW�\vdg[jh¢]�W�y�z�pcz|lcs�\c�
]�W`l�y�Wa\bs�\cW`l½_mdm}xs�\c�`lm��¾kW^n�±j®�z�f¡]��`]j[�s�\<noW`l�f�z�[�}�Wan�noW`l<y�z|lbs�\bsoz�f�l<]�W`l�y�z�s�fx\cl½]¯� s�f~\c�aw|pvdg\bsoz�f

ri(t+∆t) ≡ ri+∆riWa\<n�dZf�z�[�}�Wan�noW�]jsolb\bpbs�Y�[�\bsoz�f
f2(ri+∆ri, t+∆t)

]�W^n�dZy�z�pcz|lbs�\c�|�|ä�njf�W^pcW`lb\cW^y�n�[�l<�x[X�î±k�an�s�q¢s�f�Wap½n�dJ_mz�f�W^pb[�s�f��`W
��z�pbq¡�`W)dg[%_`z�[�pclk]j[%y"d�lclvdgw�W(]�W�nu� s�f�lb\vdgfx\

t
±¡nu� s�f�lb\vdgf~\

t + ∆t
��Â°Wa\b\cW9_mz�f�W(W`lb\�_`z�f�lc\bs�\b[��`W�y"dgpZnu��Waf�lcWaq�Y�noW

]�W`l^y�z�s�f~\cl
ri + ∆ri

z�é
f2(ri + ∆ri, t+ ∆t)

fX��Wih�_`¶`]�Wky"d�l
f c
2

Wa\^lå�îdgpbpc¿a\cWkdg[²y�z�s�f~\
a?(t+ ∆t)

]��iï�f�s�y"dgp�n�d
_`z�f�]js�\bsoz�f

f2(a
?(t + ∆t), t + ∆t) = f c

2

³�n�d¡f�z�[�}�Wan�noW)}|dgnoWa[�pk]�W
a? lvWapb}xs�pvd¹±,]��a\cWapbq¢s�f�Wap�dg[%y"d�lk]�W�\cWaq¢y�l

lc[�s�}�dgfx\ n�d)y�z|lbs�\bsoz�f©z�é lcWapvd¢dgy�y�n�so�x[��`Wen�d¢_`z�f�]js�\bsoz�f%]�WkY�z�pc]�n�s�Y�pcW
σrr = 0

�
�%�«î��l� ü �
ý^���u�|�����Q�½�"�ú���X�E�������|�"�

f1

�
f ?

1

���
f̄2

VXW`l�pc�`lb[�n�\vdg\cl�]�W`l lcs�q�[�n�dg\bsoz�f�l�fx[�q¡�apbso�~[�W`l ��z�[�pbf�s�pcz�fx\�W`lclcWafx\bsoWan�noWaq¡Waf~\ \bpcz�sol�y�z�pcz|lbs�\c�`l^f�z�\c�`W`l
f1
®
f?
1

Wa\
f̄2
�x[�Wef�z�[�l ]�Wa}�z�f�lm®"]�dgf�l�[�f©y�pcWaq¢soWap \cWaq¢y�lm®"]��iï�f�s�pm�
¾Z�`lcs�w|f�z�f�l½y"dgp

Ω ≡ b3
noW^}�z�n�[�q¡W�\cz�\vdgn"]�W^n�delby�»�¶apcW^pvdgy�y�z�pb\c��±

4π/3
��¦´I-z�[�l½noW`l�dg[�\bpcW`l<}�z�n�[�q¡W`l{]��iï�f�sol

_asÃt¤]�W`lvlcz�[�l�lvWapcz�f~\¢dg[�lclbs{]js�}�solc�`l�y"dgp
4π/3

®É_|��W`lc\�t�±øt¤]js�pcW¹�x[X� s�nol�_`z�pbpcW`lcy�z�f�]jpcz�fx\)±©[�fêdgf�w|noW¹lcz�n�so]�W,]�WÌ£ dg[
n�soWa[�]�WJO

π
lb\c�apvd�]js�dgf�l§«i�j¾k�`lbs�w|f�z�f�l dg[�lclbs�y"dgp

ΩZP ≡ b3 − a?3 noW�}�z�n�[�q¡We]�W�n�dr£�_mz�f�WZy�z�pcWa[�lcWi¥(¦�_|��W`lb\�t�±øt¤]js�pcW
nu��Wihj\c�apbsoWa[�p{]�W n�d|_mz�f�W pb[�s�f��`Wå«i�xõ<fjï�fX®~]��`lbs�w|f�z�f�l�y"dgp

ΩM,ZR
Wa\

ΩM,ZP
noW`l�}�z�n�[�q¡W`l�]�W�q¡�a\vdgn�_`z�f~\cWafx[�l°]�dgf�l

n�dÎ_mz�f�Wepb[�s�f��`WrWa\�n�d�_mz�f�Wey�z�pcWa[�lcWkpcW`lby�W`_a\bs�}�Waq¡Waf~\m��VXWe}�z�n�[�q¡W�\cz�\vdgn�]�Wkq¡�a\vdgn�W`lb\
ΩM = ΩM,ZR + ΩM,ZP

�
V�d)y�z�pcz|lbs�\c�

f̄2
W`lb\ ]��iï�f�soW�_`z�q¢q¡Wen�d)}|dgnoWa[�p q¡zm¼�Waf�f�W�]�Wen�d)y�z�pcz|lbs�\c�r]�dgf�l n�d9_mz�f�W�y�z�pcWa[�lvWelcWa[�noWaq¡Waf~\

¦Ñy"d�l�]�dgf�l�n�d�_mz�f�Wkpb[�s�f��`Wå«ræ
¦h£j�¶QFW�«

f̄2 ≡ ΩZP − ΩM,ZP

ΩZP
= 1 − ΩM,ZP

b3 − a?3 .

Â°W`_as�y�Wapbq¡Wa\�]�W�]��iï�f�s�p n�d(y�z�pcz|lcs�\c�e\cz�\vdgnoW
f
y"dgp�æ

f ≡ Ω − ΩM

Ω
= 1 − ΩM,ZR

b3
− ΩM,ZP

b3
= 1 − ΩM,ZR

b3
− (1 − f̄2)

b3 − a?3

b3

= (1 − f̄2)
a?3

b3
− ΩM,ZR

b3
+ f̄2.
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V�� »~¼�y�z�\b»�¶`lcWZ]¯�îd�]�]js�\bs�}�s�\c��]�W`l{y�z�pcz|lcs�\c�`lm®~_|��W`lb\�t�±øt¤]js�pcW
f ≡ f1 + f̄2

z�é
f1
]��`lbs�w|f�W�n�dey�z�pcz|lbs�\c��]j[�WZ±en�dr_mdm}xs�\c�
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(
3

2

Σm

σ0

)

Deq,

z�é
Dm

Wa\
Deq

]��`lbs�w|f�Wafx\�noW`l�\vdg[jh�]�Wr]��i��z�pbq,dg\bsoz�f©q,d�_apcz|lc_`z�y�so�x[�W`l��`�x[�s�}�dgnoWafx\�Wa\�q¡zå¼�Waf pcW`lby�W`_a\bs�}�Waq¡Waf~\m�
è-s�f"dgnoWaq¡Wafx\m®�nu� s�f�_`z�q¢y�pcW`lclcs�Y�s�n�s�\c�r]j[�q¡�a\vdgnX]�z�f�f�Wk[�f�We�`�~["dg\bsoz�f©]¯���a}�z�n�[�\bsoz�f�]�W�n�d(y�z�pcz|lbs�\c�Z\cz�\vdgnoW

f1 +

f̄2
æ

¦h£j�¶£FR�«
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£j� ]�W`l�\vdg[jh�]�Wey�z�pcz|lbs�\c�e]�z�f�f��`l y"dgp�æ






ḟ1 + ˙̄f2 =
(
1 − f1 − f̄2

)
trD +A ¯̇ε , ¯̇ε = γ′ḟ1

ḟ∗1
ḟ1

= 1 si f1 ≤ f1(tc) ,

9f c
2 +A

[(
f1(tc)

f0
1

)3

+ 2

]

A

[(
f1(tc)

f0
1

)3

− 1

] si f1 > f1(tc)

˙̄f2

ḟ1

= γ
f̄2

f1
+Aγ′ si f1 ≤ f1(tc) , γ

f̄2(tc)

f1(tc)
+Aγ′ si f1 > f1(tc),







γ′ ≡ ub(t0)

vb(t0)
, γ ≡ 1

2

(

−χ+ 1 +
√

χ2 + 6χ+ 1
)

, χ ≡ f0
1

f0
2

f1(tc) = f0
1

√

f c
2 +A/3

f0
2 +A/3

, f̄2(tc) =

(

f0
2 +

Aγ′

γ − 1
f0
1

)(
f1(tc)

f0
1

)γ

− Aγ′

γ − 1
f1(tc).

¸�f%pvdgy�y�Wan�noW(�x[�W(]�dgf�lZ_`Wa\b\cW(Wihjy�pcW`lclbsoz�f
ub(t0)

Wa\
vb(t0)

lcz�fx\e]�z�f�f��`W`l�y"dgpÎ?¶£j�¶ÄHG½d`}�W`_
r = b0

®�_|��W`lb\�t�±øt¤]js�pcW
µ ≈ f0

2 /f
0
1

�
VXW`leï�w|[�pcW`lÀ?¶£j�¤AfG0?¶£j�¶QHG{Wa\®?¶£j�¶£HG{q¡z�f~\bpcWaf~\¢�x[�W)noW`lry�pc�`]jso_a\bsoz�f�l(]�W¡_`W¢q¡z�]�¶anoW¢y�z�[�pr[�f'_c»"dgpbw�Waq¡Wafx\�»x¼~t

]jpcz|lc\vdg\bso�~[�W
(Σeq = 0)

lcz�f~\ Waf©d�_`_`z�pc]�d�_`_`Way�\vdgY�noW�d`}�W`_knoW`l^lbs�q�[�n�dg\bsoz�f�l�f~[�q¡�apbso�x[�W`l ]j[²y�pcz�Y�no¶aq¡Wituq¡z�]�¶anoW|�
V�W`l��`_mdgpb\cl�Wafx\bpcW�noW`l�_`z�[�pbY�W`l<fx[�q¡�apbso�~[�W`l°Wa\<\b»��`z�pbso�~[�W`l°�x[�W^nu��z�f,z�Y�lcWapb}�W�y�pczå}xsoWaf�f�Wafx\°]�W^nu� »x¼xy�z�\b»�¶`lcW�lvWanoz�f
n�d��x[�Wan�noW(noW`le_`z�[�pbY�W`l

f̄2(f1)
Wa\
f?
1 (f1)

dgy�pc¶`lknoW(]��aY�[�\e]�W(n�d·_`z�dgnoW`lc_`Waf�_`W)]�W`lky�Wa\bs�\cW`lk_mdm}xs�\c�`ley�Wa[�}�Waf~\e¿a\bpcW
dgy�y�pcz�_c»��`W`lky"dgpZ]�W`l�n�s�w|f�W`lZ]jpcz�s�\cW`lm��ä¤nÉW`lb\�q,dgn�»�Wa[�pcWa[�lvWaq¡Waf~\r]jsÃÆ,_as�noW(]�We�udgs�pcWrq¢soWa[jh¯®"noW�_mdgno_a[�n�dgf"dgn�¼�\bso�~[�W
]�W`l�]��apbs�}��`W`l�]

f̄2/
]
f1
Wa\�]

f?
1 /
]
f1
dgy�pc¶`l�nu� s�f�lb\vdgfx\

tc
�a\vdgfx\�\bpc¶`l ]jsÃÆ,_as�noW|�

(�)fr s 3U-�8áv=79�2;=3>-
õ<fG[�\bs�n�solvdgf~\ n�dIlvz�n�[�\bsoz�f dgf"dgn�¼x\bso�x[�WD±Fnu� s�f�lb\vdgf~\�s�f�s�\bs�dgn�Wa\²]�W`l��ano�aq¡Wafx\cl ]�W¨n�dFlcz�n�[�\bsoz�f dgf"dgn�¼�\bso�~[�W

dg[jh²s�f�lb\vdgfx\cl�[�n�\c�apbsoWa[�pclm®�f�z�[�l�lcz�q¢q¡W`l y"dgpb}�Waf~[�l�±)]��iï�f�s�p�[�f�q¡z�]�¶anoWrdgf"dgn�¼�\bso�~[�Welbs�q¢y�n�sÃï"�k£¤»�z�q¡z�w��af��asolc�i¥
y�z�[�p²noW`l²q,dg\c�apbs�dg[jh�y�z�pcWa[jh�_`z�fx\cWaf"dgf~\ ]�Wa[jh�y�z�y�[�n�dg\bsoz�f�l ]�W%_mdm}xs�\c�`lå®�Waf�y�pc�`lvWaf�_`W´]�W�w�Wapbq¢s�f"dg\bsoz�f ]�W
y�Wa\bs�\cW`l¢_md`}�s�\c�`lm��Â°W·q¡z�]�¶anoW²pcWay�pczx]j[�s�\¢noW`l¢d�lby�W`_a\cl¢W`lclcWafx\bsoWanol¢]�W²n�d�lvz�n�[�\bsoz�fê]j[ y�pcz�Y�no¶aq¡Wituq¡z�]�¶anoW|�½ä�n^f�W
_`z�q¢y�z�pb\cWr�x[�WZ\bpcz�sol^y"dgpvdgq¡¶a\bpcW`l s�f~\cWapbf�W`l�]�z�f~\�noW`l^noz�sol�]¯���a}�z�n�[�\bsoz�f%lcz�f~\�\bpc¶`l�lbs�q¢y�noW`lå®�Wa\�y�pcWaf�]�Waf©_`z�q¢y�\cW
noW`l�_`z�[�y�n�dgw�W`lrWaf~\bpcW¢n�d²_apcz�solvlvdgf�_`W¢]�W`lew|pcz|lclcW`le_mdm}xs�\c�`l�Wa\en�d,w�Wapbq¢s�f"dg\bsoz�fX®�n�d²_apcz�solclvdgf�_`W¢Wa\en�d²_`z�dgnoW`lc_`Waf�_`W
]�W`l�y�Wa\bs�\cW`l�_mdm}xs�\c�`lm®"q,dgsol�y"d�l�n�d¡_`z�dgnoW`lv_`Waf�_`W�]�W`l�w|pcz|lclcW`l�_md`}�s�\c�`lZWafx\bpcW�Wan�noW`l�y�[�solc�x[�WrnoW�y�pcz�Y�no¶aq¡Wituq¡zx]�¶anoW
lc[�p¹noW`�x[�Wan�s�nZW`lb\·Y"d�lc� f�W y�pcWaf�]3Waf�_`z�q¢y�\cW%�~[X� [�f�W%lcWa[�noW%_md`}�s�\c�¨]�W�_`W \¤¼�y�W|�°¾kW f�z�[�}�Wan�noW`l·so]��`W`l²lcz�f~\
]�z�f�_¹f��`_`W`lclvdgs�pcW`l�y�z�[�p�nu���a\b[�]�W,Wa\�n�d�q¡z�]��an�solvdg\bsoz�fê]�W¡n�d©_`z�dgnoW`lv_`Waf�_`W¹]�W`l�w|pcz|lclcW`l�_md`}�s�\c�`l(d�lclcsolb\c�`W¡y"dgp�n�d
w�Wapbq¢s�f"dg\bsoz�fX®�n�d)_apcz�solclvdgf�_`W�Wa\�n�d¢_`z�dgnoW`lc_`Waf�_`Wr]�W`l�y�Wa\bs�\cW`l _mdm}xs�\c�`lå�
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V½��z�Yjº�Wa\Z]�We_`Wa\�dgy�y�Waf�]jso_`WrW`lb\�]¯���a\b[�]jsoWap nu���a}�z�n�[�\bsoz�f¨]�Wkn�d)y�z�pcz|lbs�\c�
f2
dg[©}�z�solbs�f"dgw�Wr]j[ y�z�s�fx\

r = a
®�Wa\

y�n�[�l�y�pc�`_asolcWaq¡Waf~\Z]�W`l �x["dgf~\bs�\c�`l
fm
2 ≡ f2 (r = a)

Wa\
α ≡ (

]
f2/

]
r) (r = a) ,

dm}�dgfx\�noW�]��aY�[�\�]�W�_`z�dgnoW`lcWaf�_`W ]�W`l<y�Wa\bs�\cW`l�_mdm}xs�\c�`lZ¦ÑnoW�_mdgno_a[�n"]�W
α
lvWapvdk[�\bs�noW�±Znu���a\vdgY�n�solclcWaq¡Wafx\{]�W`l½�`�x["dg\bsoz�f�l

]j[ q¡zx]�¶anoWrlcs�q¢y�n�sÃï"�å«i�
��z�[�l �`_apbs�}�z�f�lå®�y�z�[�p _`z�q¢q¡Waf�_`Wapm®�noWr]��a}�Wanoz�y�y�Waq¡Waf~\Z]�W

f2
Waf�y�[�solclvdgf�_`Wr]�W

ε ≡ r − a
lcz�[�l^��z�pbq¡W¢æ

¦h£j� O�Aå«
f2 = fm

2 + αε+
β

2
ε2 + O(ε3) , ε ≡ r − a

z�é
fm
2

®
α
®
β
f�W lvz�f~\{�x[�W�]�W`l<��z�f�_a\bsoz�f�l°]�W

t
�"¦�V�W _mdgno_a[�n�]�W

β
fX� s�f~\cWapb}�soWaf�]jpvd�y"d�l½so_as�³�lvde}�dgnoWa[�p�lvWapvdk[�\bs�n�solc�`W

]�dgf�l¡noW`l¢_mdgno_a[�nol¢[�n�\c�apbsoWa[�pcl§«i�{¸�f Waf�]��`]j[�s�\¢noW`l¡]��apbs�}��`W`l¡lc[�_`_`W`lclbs�}�W`l¢]�W²n�d�y�z�pcz|lcs�\c�
f2
Waf y�[�solcl§dgf�_`W�]�W

ε ≡ r − a
æ

¦h£j� O¨Q�«






∂f2

∂r
= α+ βε+ O(ε2)

∂f2

∂t
= ˙fm

2 − αȧ+ α̇ε− βȧε+ O(ε2)

¾Z�a\cWapbq¢s�f�z�f�lrnoW(]��a}�Wanoz�y�y�Waq¡Waf~\rWaf¨y�[�solcl§dgf�_`W(]�W
v
y"dgpkpvdgy�y�z�pb\r±

ε
�¯¸�f´_`z�q¢q¡Waf�_`W)y"dgpZ[�f´]��a}�Wanoz�yjt

y�Waq¡Waf~\k±(nu��z�pc]jpcW
0
]�Wknu���`�x["dg\bsoz�fº?¶£j�¤A�D�G°¦�Waf©[�\bs�n�sol§dgf~\ nu���`�x["dg\bsoz�fº?¶£j� O�AfGÑ«kæ
v = H−1 [− noz�w qfm

2 + O(ε)] = H−1 [− noz�w qfm
2 ] + O(ε) ≡ va + O(ε).
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V�� s�f~\bpcz�]j[�_a\bsoz�f%]�We_`Wa\b\cWrWihjy�pcW`lclbsoz�f�]�dgf�lc?¶£j�¤A�D�G�y�Wapbq¡Wa\�]¯��z�Y�\cWaf�s�p noWe]��a}�Wanoz�y�y�Waq¡Waf~\k]�W
v
±(nu��z�pc]jpcW¯A|�"¸�f

d
v = H−1

[

− noz�w (qfm
2 + qαε+ O(ε2)

)
− 3

∫ r

a
(va + O(ε))

]
t

t

]

= H−1

[

− noz�w qfm
2 − α

fm
2

ε− 3
va

a
ε+ O(ε2)

]

,

_|��W`lc\�t�±øt¤]js�pcW|®
¦h£j� O¨£�«

v = va + v′aε+ O(ε2)

z�é y"dgp�]��iï�f�s�\bsoz�f ]�Wen�d���z�f�_a\bsoz�f
H

¦h£j� OFOx«
v′a = −

(
H−1

)′
(H(va))

(
α

fm
2

+ 3
va

a

)

=
1 − v2

a

1 + 2va − v2
a

(
α

fm
2

+ 3
va

a

)

.

V�W`l��`�x["dg\bsoz�f�lc?¶£j� O¨£HGÉWa\c?¶£j� OFOSG-]�z�f�f�Wafx\
1 − v2

1 + 2v − v2
=

1 − v2
a

1 + 2va − v2
a

− 2
1 + v2

a

(1 + 2va − v2
a)

2
v′aε+ O(ε2)

=
1 − v2

a

1 + 2va − v2
a

[

1 + 2
1 + v2

a

(1 + 2va − v2
a)

2

(
α

fm
2

+ 3
va

a

)

ε

]

+ O(ε2).
¦h£j� O¨W�«
¾kWey�n�[�lå®js�nXW`lb\��a}�so]�Waf~\��x[�W

Wih�y (−∫ r

a

1 − 4v(r′) − v2(r′)

1 + 2v(r′) − v2(r′)

]
r′

r′

)

= 1 − 1 − 4va − v2
a

1 + 2va − v2
a

ε

a
+ O(ε2).

¦h£j� O¨Ä�«
­ nu�îdgso]�Wr]�W`l �`�x["dg\bsoz�f�l�?¶£j� O¨ÄHGÉWa\c?¶£j� O¨WHG¤®�nu���`�~["dg\bsoz�f�]¯���a}�z�n�[�\bsoz�fº?¶£j�¶QF£HG-]�W

f2
y�pcWaf�]�n�d(��z�pbq¡Wrd�lb¼�q¢y�\cz�\bso�~[�W

lc[�s�}�dgfx\cW¡æ
(

1 − 1 − 4va − v2
a

1 + 2va − v2
a

ε

a

)(

˙fm
2 − αȧ+ α̇ε− βȧε

)

+ ȧ (α+ βε) = 3
ȧ

a

(

1 − ε

a

) 1 − v2
a

1 + 2va − v2
a

×
[

1 + 2
1 + 4va − v2

a

1 + 2va − v2
a

(
α

fm
2

+
3va

a

)

ε

](

1 − fm
2 − αε+ 2

A

1 − fm
2

va

a
ε

)

+ 3
ȧ

a

(

1 − ε

a

)

×

2A

1 − fm
2 − αε

[

va −
1 − v2

a

1 + 2va − v2
a

(
α

fm
2

+
3va

a

)

ε

]¦h£j� OÙD|«
­>nu��z�pc]jpcW

ε0 = 1
®�noW`l^\cWapbq¡W`l −αȧ Wa\ ȧα ]jsolby"dgpvdgsolclcWafx\ ]�dgf�l^nu���`�~["dg\bsoz�fZ?¶£j� OÙD�G�Wa\ z�f�z�Y�\bsoWafx\ nu���`�~["dg\bsoz�f]jsÃµ¯�apcWaf~\bsoWan�noW(lb[�s�}|dgf~\cWrlc[�p�n�d(y�z�pcz|lbs�\c�

fm
2

æ
˙fm
2 =

ȧ

a

[

3 (1 − fm
2 )

1 − v2
a

1 + 2va − v2
a

+
2A

1 − f2
m

va

]¦h£j� O¨N�«
z�é nu��z�f©pvdgy�y�Wan�noW��~[�W

va = H−1
[
−log

(
qf0

2

)]
.

V-d¢_`z�f�]js�\bsoz�f s�f�s�\bs�dgnoW�d�lvlczx_aso�`Wr±¡_`Wa\b\cWr�`�~["dg\bsoz�f�]jsÃµ��apcWafx\bsoWan�noW�W`lb\
fm
2 (t = 0) = f 0

2

�



Ç·ÈÉÈ�Ê~ËXÊDá'Ì�ßZÛ"ÖgÛ"óå×�Õmñ Î�ÒÚò�Û�×Ñóå×�È�Î�Ù�Ê ÓÉÊ�ÏÑÎ´Ð�Î�ò�×�Õmñ�Ð�ÊxÈ�ÕmÖgÎ�ÏÑÊ á�ý�ð

­ nu��z�pc]jpcWäAky"dgp pvdgy�y�z�pb\Z±
ε
noWkq¡Waq�Y�pcW�]�Wew~dg[�_c»�W�]�WÎ?¶£j� OÙD�G-]�Wa}xsoWafx\
α̇− 1 − 4va − v2

a

1 + 2va − v2
a

1

a

(

˙fm
2 − αȧ

)

\vdgf�]jsol��~[�W|®�Waf [�\bs�n�solvdgf~\ n�d¢pcWan�dg\bsoz�f�?¶£j� O¨NHG¤®"_`Wan�[�s�]�We]jpcz�s�\cW�]�z�f�f�W
3
ȧ

a

1 − v2
a

1 + 2va − v2
a

[

−1

a
(1 − fm

2 ) + 2
1 + v2

a

1 + 2va − v2
a

(
α

fm
2

+
3va

a

)

(1 − fm
2 ) − α+

2A

1 − f2
m

va

a

]

+
2A

1 − f2
m

ȧ

a

[

−va

a
+

αva

1 − f2
m

− 1 − v2
a

1 + 2va − v2
a

(
α

fm
2

+
3va

a

)]

.

õ½f¹pc�a[�\bs�n�solvdgfx\^n�drpcWan�dg\bsoz�fù?¶£j� O¨NHG¤®jz�f,y�Wa[�\{\bpvdgf�l���z�pbq¡Wape¦�dgy�pc¶`l{[�f²_mdgno_a[�n�y��af�s�Y�noW�q,dgsol{�anoWaq¡Wafx\vdgs�pcWå«{nu���`�~["døt
\bsoz�fº?¶£j� OÙD�GÉ±)nu��z�pc]jpcW¯Aky"dgp pvdgy�y�z�pb\�±

ε
WafIæ

α̇ =
ȧ

a

[

α

(

4
−1 + 4va + v2

a

1 + 2va − v2
a

+ 6
1 − fm

2

fm
2

1 − v4
a

(1 + 2va − v2
a)

3 +
2Ava

(1 − fm
2 )2

)]

+
ȧ

a

[

−36 (1 − fm
2 )

1 − v2
a

a

v2
a (1 − va)

(1 + 2va − v2
a)

3 − 12A

1 − fm
2

v2
a

a

1

1 + 2va − v2
a

]

− ȧ

a
α

[(
2A

(1 − fm
2 ) fm

2

1 − v2
a

1 + 2va − v2
a

)]¦h£j� O¨B�«
�x[�seW`lb\²[�f�W´�`�~["dg\bsoz�f>]jsÃµ¯�apcWaf~\bsoWan�noW'lb[�p²n�d'}|dgpbs�dgY�noW

α ≡ (∂f2/∂r)(r = a)
]�z�f~\�n�dF_`z�f�]js�\bsoz�f>s�f�s�\bs�dgnoW

_`z�pbpcW`lcy�z�f�]�dgfx\cW�y�Wa[�\ lm���`_apbs�pcW
α(t = 0) = 0

y�[�solv�~[�Wen�d(y�z�pcz|lbs�\c�rW`lc\�[�f�sÃ��z�pbq¡W�±(nu� s�f�lc\vdgf~\�s�f�s�\bs�dgnu�
��z�[�l�y�pcWaf�z�f�l°±ky�pc�`lvWaf~\{Waf¹_`z�q¢y�\cW nu� »~¼�y�z�\b»�¶`lcW�]�W`l�y�Wa\bs�\cW`l�y�z�pcz|lbs�\c�`lå®��~[�s"s�q¢y�z|lcW n�dkpcWan�dg\bsoz�f¹lb[�s�}|dgf~\cW

lc[�p
va
æ

va = 1 − 2f2 + O((f2)
2).

V-d)pcWan�dg\bsoz�fº?¶£j� O¨NHG-]�Wa}�soWaf~\m®�±)nu��z�pc]jpcWenoWky�n�[�l Y"d�l }xsol�t�±øtu}�sol�]�W
fm
2

æ
˙fm
2

fm
2 + A

3

= 6
ȧ

a
⇒ fm

2 +
A

3
=

(

f0
2 +

A

3

)(
a

a0

)6

.
¦h£j�¶WFR�«

¾ZWry�n�[�lm®�Waf��udgsolvdgf~\ \cz�[�ºbz�[�pcl�nu� »x¼xy�z�\b»�¶`lcWr]�W`l�y�Wa\bs�\cW`l y�z�pcz|lbs�\c�`lm®jnu���`�x["dg\bsoz�f�?¶£j� O¨BHG�lcWkpc�`]j[�s�\�±
α̇ =

ȧ

a

[

−36

a
(fm

2 )2 − 6A

a
+ α (8 − 2A)

]

.
¦h£j�¶W.Aå«
V�W�y"dgpvdgq¡¶a\bpcW¢]�W�f~[�_ano�mdg\bsoz�f

A
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ȧ
Wa\
a
y"dgp�]

1f
m
2

®
f c
2

®�]
1a
Wa\
a? æ
]

1f
m
2 = 6

(

fm
2 +

A

3

) ]
1a

?

a?
.

­�[·_`z�[�pcl{nu���a\vdgy�W
(i)

¦�dm}�dgfx\°n�d�_`z�dgnoW`lc_`Waf�_`Wk]�W`l�y�Wa\bs�\cW`l°_md`}�s�\c�`l§«½]j[·y�pcz�_`W`lclb[�l�]�W�pb[�y�\b[�pcW|®xnoW`l{pvdgy�y�z�pb\cl
( ¯̇f2c/f̄2)(ḟ1/f1)
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⇒
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f2
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2
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?
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2f

m
2
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2dg[ y�z�s�fx\

r = a? ]�z�f�f��`W�y"dgpræ
]

1f
m
2 = α

]
2a

?¦h£j�¶ÄFQ�«
z�é nu��z�f©pvdgy�y�Wan�noW��~[�W
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�

V�d²}|dgpbs�dg\bsoz�fI]
2a
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2a
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2b = 0
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f̄2
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]
2f̄2 = (1 − f c

2)
3a?

b3 − a?3

]
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]
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)2 a
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2a
?

=
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(1 − f c
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]
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?
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]

2f̄2 = 3f?
1
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f̄2 − f c

2

)
]
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?
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¦h£j�¶ÄPOx«
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?
1
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= 3

]
2a

?

a?
−
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?
1

f?
1
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2 = 0 ⇒ 6

(

fm
2 +

A

3

) ]
1a

?

a?
+ α

]
2a

? = 0
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=
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)
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(
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1
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f c
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f c
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f c
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f c
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f c
2 +

A

3

)]

f?
1

]
1a

?

a?
.

¦h£j�ÅDSR�«
Â^dgno_a[�noz�f�l{noW`l½]��apbs�}��`W`l{]
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=
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f c
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f c
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=
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f c
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f c
2 +

­
3

)
¦h£j�ÅDØAå«

Wa\
]
f?
1]
f1

=
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f c
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f c
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f c
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f c
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f c
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=
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f c
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y�Wa[�\�¿a\bpcWrd�lclvW^_r�anoWa}��|®"_`Wk\cWapbq¡WefX�îd¢]¯�îdgs�n�noWa[�pcl�y"d�l �a\c�ef��aw|n�s�w��r]�dgf�l�nu��Wih�y�pcW`lvlbsoz�f

¯̇f2

ḟ1

= γ
f̄2

f1
+Aγ′.
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ë�dgp�_`z�f�lv�`�~[�Wafx\m®¯f�z�[�lrnoW¢_`z�f�lcWapb}�z�f�lå�Xõ<fDpcWa}|dgf�_c»�W|®�f�z�[�lef��aw|n�s�w�W`z�f�l�noW`lr\cWapbq¡W`l�Waf 1

αa?
(...)

_mdgpes�nolrlcz�fx\
y�pcz�y�z�pb\bsoz�f�f�Wanol�±�n�d(y�z�pcz|lbs�\c�¢¦Ñs�n�dgy�y"dgpvdHÈo\ so_as�[�f�We]jsÃµ��apcWaf�_`Wry"dgp°pvdgy�y�z�pb\�dg[©_md�l�lvdgf�l^w�Wapbq¢s�f"dg\bsoz�f z�é

αa?

W`lc\�y�pcz�y�z�pb\bsoz�f�f�Wan�dg[ _mdgpbpc�r]�Wkn�d)y�z�pcz|lbs�\c�eWa\ f�z�f�±(n�d¢y�z�pcz|lbs�\c�å«i��V����`�~["dg\bsoz�f@?¶£j�ÅDHOSG-]�Wa}xsoWafx\�]�z�f�_
]
f̄2]
f1

= γ
f̄2

f?
1

+Aγ′
¦h£j�ÅDSW�«
V���Wih�y�pcW`lclcsoz�f W`lb\�n�d)q¡¿aq¡Wr�x[X�îd`}|dgf~\�n�d)_`z�dgnoW`lc_`Waf�_`W|�"õ½f _`z�f�_an�[�lbsoz�fX®�z�f�d

¦h£j�ÅDSÄ�«







]
f̄2]
f1

(t+c ) ≈ γ
f̄2(tc)

f1(tc)
+Aγ′

]
f?
1]
f1

(t+c ) ≈
9f c

2 +A

((
f c
1(tc)

f0
1

)3

+ 2

)

A

[(
f c
1(tc)

f0
1

)3

− 1

]

ä¤n�f�W pcW`lb\cW��~[X�î±rs�f~\c�aw�Wap°nu���`�~["dg\bsoz�f²]jsÃµ��apcWafx\bsoWan�noW¢¦�d`}|dgf~\^n�dr_`z�dgnoW`lc_`Waf�_`Wå«U?¶£j�ÅDSWHG�y�z�[�p{n�soWap
f̄2(tc)

±
f1(tc)

�
¸�f y�z|lcWr±)_`Wa\�Wiµ�Wa\

f̄2 = g(f1)f
γ
1

Wa\�z�f%d
]
f̄2]
f1

= γg′(f1)f
γ
1 + g(f1)f

γ−1
1 ⇒ g′ =

­
γ′f−γ

1 ⇒ g =

­
γ′f1−γ

1

1 − γ
+ Cste.

­ nu� s�f�lb\vdgfx\�s�f�s�\bs�dgnu®
g(f0

1 ) = f0
2

(
f0
2

)−γ ⇒ f0
2

(
f0
2

)−γ
=

­
γ′
(
f0
1

)1−γ

1 − γ
+ Cste.

¸�f�Waf©]��`]j[�s�\�n�d(}|dgnoWa[�p�]�Wkn�d¢_`z�f�lb\vdgfx\cW
Cste =

f0
2

(f c
1)γ +

­
γ′

γ − 1

(
f0
1

)1−γ

èÉs�f"dgnoWaq¡Wafx\
f̄2 =

[ ­
γ′

γ − 1

((
f0
1

)1−γ − (f1)
1−γ
)

+ f0
2

(
f0
1

)−γ
]

fγ
1

=

­
γ′

γ − 1

[

f0
1

(
f1

f0
1

)γ

− f1

]

+ f0
2

(
f1

f0
1

)γ

lcz�s�\
f̄2(tc) =

(

f0
2 +

­
γ′

γ − 1
f0
1

)(
f1(tc)

f0
1

)γ

−
­
γ′

γ − 1
f1(tc).

¦h£j�ÅDFD|«
ëÉz�[�p

f0
2 = 0

®:?¶£j�ÅDFD�GÉ]�z�f�f�W¡æ
f̄2(tc) =

Aγ′

γ − 1
f1(tc)

(
f1(tc)

f0
1

)γ−1

−
­
γ′

γ − 1
f1(tc)

lvz�s�\
f̄2(tc) =

Aγ′

γ − 1
f1(tc)

[(
f1(tc)

f0
1

)γ−1

− 1

]

.
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(1 − f0
2 )ε̇ = 2

[(

−v +
noz�w 1 − v2

qf2
0

)
1 − v2

1 + 2v − v2
+ v

] U
r
.

¦h£j�ÅDSN�«
V���Wih�y�pcW`lclcsoz�f ]�Wr_`Wk\vdg[jh©]�Wa}xsoWafx\�]�z�f�_¡æ

¯̇ε =
1

4
3π
(
b30 − a3

0

)

∫ b0

a0

2

1 − f0
2

[(

−v +
noz�w 1 − v2

qf2
0

)
1 − v2

1 + 2v − v2
+ v

] U
r

4πr2 ] r
=

6

b30 − a3
0

1

1 − f0
2

∫ b0

a0

[(

−v + log
1 − v2

qf2
0

)
1 − v2

1 + 2v − v2
+ v

]

Ur ] r.¦h£j�ÅDSB�«
·�f�Wr_`z�q�Y�s�f"dgsolcz�f�]�Wkn�d)pcWan�dg\bsoz�fº?¶£j�¶NHGÉd`}�W`_�_`Wan�noWe]�Wenu���`�~["dg\bsoz�f�]¯���`�~[�s�n�s�Y�pcW�pvd�]js�dgnoW¯?¶£j�¤AC£HG

2
®�]�z�f�f�W¡æ

]
u]
r

=
2v

r
⇒

]
r

r
=

]
u

2v
=

1

2

]
u]
v

]
v

v
.

¦h£j�¶NFR�«
õ½f©[�\bs�n�solvdgf~\�noW`l^��z�pbq�[�noW`l�?¶£j�¶NHG

2
Wa\�?¶£j�¶NFRHG

2
®jn�d)pcWan�dg\bsoz�f�?¶£j�ÅDSBHG-]�Wa}�soWaf~\

¯̇ε =
6ȧvaa

2
0

(
b30 − a3

0

) (
1 − f0

2

)

∫ b0

a0

[(

−v +
V�z�w 1 − v2

qf2
0

)
1 − v2

1 + 2v − v2

1

2

]
u]
v

]
v

v2
+

]
r

r

]

.

¾kWey�n�[�lå®
u =

2

3

(

−v +
noz�w 1 − v2

qf2
0

)

⇒
]
u]
v

=
2

3

(

−1 − 2v

1 − v2

)

= −2

3

1 + 2v − v2

1 − v2
.
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ε̇

ájþ�ð

ä�n¯}�soWaf~\�dgnoz�pcl��~[�W
¯̇ε =

6

b30 − a3
0

1

1 − f0
2

[ noz�w b0
a0

+

∫ va

vb

(

−v + log
1 − v2

qf2
0

) ]
v

3v2

]

=
6

b30 − a3
0

1

1 − f0
2

[ noz�w b0
a0

+
1

3

∫ va

vb

(

−1

v
+

log
(
1 − v2

)

v2
− log

(
qf2

0

)

v2

) ]
v

]

.

Â{»�Wapc_v»�z�f�l�[�f�Wry�pbs�q¢s�\bs�}�W�]�Wknoz�w (
1 − v2

)
/v2 �"¸�f�d

∫ noz�w (
1 − v2

)
]
v

v2
= − log

(
1 − v2

)

v
− 2

∫ ]
v

1 − v2
= −

noz�w (
1 − v2

)

v
+ log

1 − v

1 + v
.

ë�dgp�n�d)lc[�s�\cW
¯̇ε =

ȧvaa
2
0(

b30 − a3
0

) (
1 − f0

2

) ×
[

log
b0
a0

+ log
vb

va
+ log

(
1 − va

1 + va

1 + vb

1 − vb

)

+
1

vb
log

1 − v2
b

qf0
2

− 1

va
log

1 − v2
a

qf0
2

]

.
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b30
a3

0

1 − va

(1 + va) va

vb (1 + vb)

1 − vb
= 1.

¦h£j�¶N.Aå«
¾kWey�n�[�lå®jn�d)pcWan�dg\bsoz�f ]�WeY�z�pc]²n�s�Y�pcW

ua = u(r = a) = 0
]�z�f�f�W

ua = 0 =
2

3

(

−va + log
1 − v2

a

qf0
2

)

⇒ 1

va
log

1 − v2
a

qf0
2

= 1.
¦h£j�¶NFQ�«
ë�dgpZdgs�n�noWa[�pclå®�nu���`_apbs�\b[�pcW�]�Wkn�d)}|dgnoWa[�p ]�W

u
lc[�p�noWrlcW`_`z�f�]²Y�z�pc]

b
]�Wkn�d¢lby�»�¶apcWr_apcWa[�lcWe]�z�f�f�W¹æ

ub =
2

3

(

−vb + log
1 − v2

b

qf0
2

)

⇒ 1

vb
log

1 − v2
b

qf0
2

=
3

2

ub

vb
+ 1.

¦h£j�¶NF£�«
õ½f©[�\bs�n�solvdgf~\�noW`l^��z�pbq�[�noW`l�?¶£j�¶N.AfG¤®]?¶£j�¶NFQHG

2
Wa\c?¶£j�¶NF£HG

2
®jn�d(}|dgnoWa[�p�]�W ¯̇ε

lcWkpc�`]j[�s�\Z±
¯̇ε =

3ȧvaa
2
0

(
b30 − a3

0

) (
1 − f0

2

)
ub

vb
.

¦h£j�¶NPOx«
à©×ÑómÐxÒ�ómóø×�Û�È�óEY ëÉz�[�p�noW`l�y�Wa\bs�\cW`l�y�z�pcz|lbs�\c�`l

f1 =
(
1 − f̄2

) a3

b3
≈ a3

b3
⇒ ḟ1 ≈ 3a0ȧ

b30Wa\�]j[²��dgs�\��x[�W|®jy�z�[�p
f2
y�Wa\bs�\m®

va ≈ 1
®"z�f d

¯̇ε ≈ ḟ1

1 − f1

vaub

vb
⇒

¯̇ε

ḟ1

≈ ub

vb
.

¦h£j�¶NFW�«
ë-z�[�p

f0
2 → 0

®
ub ≈ −2

3

noz�w
f0
1

®
vb ≈ 1

®�z�f�d
¯̇ε

ḟ1

≈ −2

3

noz�w
f0
1 .
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ε̇

ájþ"ô

V�Weq¡¿aq¡Wepc�`lb[�n�\vdg\ y�Wa[�\�¿a\bpcWez�Y�\cWafx[ y�z�[�p
f1
�~[�Wano_`z�f��x[�WrWa\

f2 = 0
��õ<f Wiµ¯Wa\m®�z�f d¢dgnoz�pcl

f1 =
a3

b3
⇒ ḟ1 =

3a2ȧ

b3
− 3a3ḃ

b4Wa\
a2ȧ = b2ḃ

®�]¯��z�é©s�nXlå��Waf©}xsoWafx\��x[�W
ḟ1 = 3 (1 − f1)

a2ȧ

b3
.

¾kWey�n�[�lå®
ub = −2

3

noz�w
f1

Wa\
va = vb = 1.
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¦h£j�¶NFÄ�«






¯̇ε =
3a2ȧ

b3 − a3

(
2

3

noz�w
f1

)

ḟ1 = 3 (1 − f1)
a2ȧ

b3
,

y"dgp�n�d)lb[�s�\cW
¯̇ε

ḟ1

b3

a3 − b3
=

−2
3

noz�w
f1

1 − f1
=

−2

(1 − f2)
2

noz�w
f1.
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Wihjy�n�so_as�\cW�}�sol�t�±øtu}�sol¢]�W²n�d y�z�pcz|lbs�\c�|�<VXW�_v»�z�sÃh�]¯� [�f \cWan�dgn�w�z�pbs�\b»�q¡W�w~dgpvdgf~\bs�\¹nu��Wih�solb\cWaf�_`W�Wa\¢nu� [�f�so_as�\c� ]�W²n�d
lvz�n�[�\bsoz�f ]j[©y�pcz�Y�no¶aq¡W�]�Wky�pczgºbW`_a\bsoz�fX�
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V�dDq¡�a\b»�z�]�W ]�W pc�aw|[�n�dg\bsoz�fG]�W©nu���`�x["dg\bsoz�f ]¯���a}�z�n�[�\bsoz�fG]�W©n�dDy�z�pcz|lbs�\c� y"dgp,s�fx\c�aw|pvdgnoW%]�W _`z�f~}�z�n�[�\bsoz�f
�an�s�q¢s�f�W·noW`l)Wiµ¯Wa\cl(]�W·]��ay�Waf�]�dgf�_`W·]�W`l(pc�`lb[�n�\vdg\cl)}�sol�t�±øtu}�sol�]j[Fq,dgs�n�n�dgw�W²]�dgf�l(noW`l(lcs�q�[�n�dg\bsoz�f�l¢fx[�q¡�apbso�~[�W`l
y"dgp)�anoWaq¡Waf~\cl(ï�f�solå®�_`z�q¢q¡W²lcz�[�»"dgs�\c�V?KIX}�W�L �ZW`W|®MACBFBFWPG¤�<Â°W`l�]�Wapbf�so¶apcW`l(q¡z�fx\bpcWaf~\¡_`Way�Waf�]�dgf~\)[�fêd�_`_`z�pc]
q¡�`]jsoz�_apcWeWaf~\bpcWZnoW`l^pc�`lb[�n�\vdg\cl^Wihjy��apbs�q¡Wafx\vdg[jh²Wa\^noW`l°y�pc�`]jso_a\bsoz�f�l ]j[²q¡z�]�¶anoW�y�z�[�p^]�W`l�Wih�y��apbsoWaf�_`W`l^\¤¼�y�so�~[�W`l
]�W{pb[�y�\b[�pcW^]j[�_a\bs�noW|�~Â°Wa\b\cW�q¡�`]jsoz�_apbs�\c�°y�pczm}�soWaf~\½]j[���dgs�\��x[�W�nu���`�x["dg\bsoz�f¢]¯���a}�z�n�[�\bsoz�f¢f�z�f�noz�_mdgnoW{]�W°n�d�y�z�pcz|lcs�\c�
]�W°VXWaY�noz�f�] ­^Ë]aF©¤Þ ?K[ Á V½®]ACBFBPOFG�y�pc�`]js�\É[�f(n�solclvdgw�W�Wih�_`W`lclbsÃ�"]�W{n�d�y�z�pcz|lbs�\c�°dg[(_`z�[�pcl�]j[(\cWaq¢y�l�]�dgf�l�noW{n�s�w~dgq¡Waf~\Waf%dgq¡z�f~\�]�Wen�d(y�z�s�f~\cW�]�WZï"lclb[�pcW|�

��z�[�l�dm}�z�f�lry�pc�`lcWafx\c�¢[�f�W,dgf"dgn�¼jlcW)\b»��`z�pbso�x[�W¡�~[�s�d�pc�a}��ano�)nu��z�pbs�w|s�f�W,]�W¢_`W¢y�»��af�z�q¡¶af�W|®-lcz�[�lkn�d·��z�pbq¡W
]¯� [�f�Wkdgf"dgnoz�w|soW s�f�]��`lcs�pvdgY�noWZdm}�W`_�[�f�W��`�~["dg\bsoz�f·]�W�]jsÃµ�[�lbsoz�fX�¨·�f�W lbs�q¢y�noW�q¡zx]jsÃï"_mdg\bsoz�f�]�W�nu���`�x["dg\bsoz�f·]¯���a}�zgt
n�[�\bsoz�f)f�z�f)noz�_mdgnoW°]�W^VXWaY�noz�f�] ­^ËáaS©«Þ ?K[ Á V½®:ACBFBPOFG�lb[�y�y�pbs�q,dgfx\½_`Wa\b\cW^dgf"dgnoz�w|soW d��a\c�°y�pcz�y�z|lv�`W|�|Å�z�f)[�\bs�n�solvdg\bsoz�f_`z�f�]j[�s�\k±([�f�\bpc¶`l Y�z�f d�_`_`z�pc]©Waf~\bpcW�noW`l Wihjy��apbsoWaf�_`W`l Wa\�noW`l�y�pc�`]jso_a\bsoz�f�l fx[�q¡�apbso�~[�W`lm®"}�dgn�so]�dgfx\Zdgs�f�lbs¯n�d(q¡�it
\b»�z�]�Wk]�W�pc�aw|[�n�dg\bsoz�f©]�W�nu���`�x["dg\bsoz�f²]¯���a}�z�n�[�\bsoz�f©]�WZn�d�y�z�pcz|lcs�\c��y"dgp^s�f~\c�aw|pvdgnoWe]�WZ_`z�f~}�z�n�[�\bsoz�f�]�W�VXWaY�noz�f�] ­¹Ë
aF©¤Þ ?K[ Á V�®:ACBFBPOFG�y�z�[�pZn�d¹pc�`lcz�n�[�\bsoz�f´]j[�y�pcz�Y�no¶aq¡W¢]�W�n�d¡noz�_mdgn�solvdg\bsoz�f´]�W(n�d,]��i��z�pbq,dg\bsoz�f´Wa\e]�W�nu��Waf�]�z�q¢q,døtw�Waq¡Wafx\�]�dgf�l�noWkq¡zx]�¶anoWr]�W ç [�pclcz�fX�

Â°Wa\b\cW q¡�a\b»�z�]�W�y�pc�`lcWaf~\cW�_`Way�Waf�]�dgfx\�nu� s�f�_`z�fx}��af�soWaf~\�]¯��¿a\bpcW�]�W�f"dg\b[�pcW y�[�pcWaq¡Waf~\°»�Wa[�pbsolb\bso�~[�W|�¨·�f�W�dg[�\bpcW
]jsÃÆ,_a[�n�\c��n�so�`W�±¢_`Wa\b\cW�q¡�a\b»�zx]�W�_`z�f�_`Wapbf�WrnoW`l�Wiµ�Wa\cl ]�W�Y�z�pc]©s�f�]��`lbs�pvdgY�noW`lm�"V�We}�z�solbs�f"dgw�W�lc[�p noW`�~[�Wan-z�f~\�n�soWa[
noW`lZs�fx\cWapvd�_a\bsoz�f�leWaf~\bpcW(y�z�s�fx\clZq,dg\c�apbsoWanolky�Wa[�\Z]��aY�z�pc]�Wape]¯� [�f�W�y"dgpb\bsoW(]�W�n�d,lc\bpb[�_a\b[�pcW(lc[�p�[�f�W)dg[�\bpcW|®�dgnoz�pcl
�x[X�îdg[�_a[�f�Wes�fx\cWapvd�_a\bsoz�f©fX��W`lb\�dg\b\cWaf�]j[�W|��ë�dgp�WihjWaq¢y�noW|®jnoWk\vdg[jh²]�Wky�z�pcz|lcs�\c�Z]¯� [�f�y�z�s�f~\ lcs�\b[��Zlc[�p z�[·y�pc¶`l�]�W
nu� [�f�We]�W`l�]�Wa[jh²no¶a}�pcW`l�]¯� [�f�WZï"lclb[�pcWkW`lb\^s�fjÀ�[�Waf�_`�ey"dgp�n�d�}�dgnoWa[�p ]j[¹£¤\vdg[jh�]�WZy�z�pcz|lbs�\c�knoz�_mdgnÃ¥Z]�W`l^y�z�s�f~\cl�]j[
}�z�solcs�f"dgw�Wks�q¢q¡�`]js�dg\�lbs�\b[��`l�lb[�p�z�[²y�pc¶`l�]�Wknu�îdg[�\bpcWkno¶a}xpcWk]�Wkn�d�ï"lclb[�pcW|®�q,dgn�w|pc�knu��W`lby"d�_`We�x[�s¯lc�ay"dgpcWknoW`l�]�Wa[jh
no¶a}�pcW`lm�

Â°W`l,]�Wa[jhês�f�_`z�f~}��af�soWaf~\cl²lcz�fx\,lb[jÆ,lvdgfx\cl¢y�z�[�p¡f�z�[�l)�udgs�pcW�Waf~}�solvdgw�Wap¡nu� s�q¢y�no�aq¡Waf~\vdg\bsoz�f3fx[�q¡�apbso�~[�W�Wa\
nu���a}|dgn�["dg\bsoz�f�_apbs�\bso�~[�WZ]�W n�d�]�Wa[jh�so¶aq¡WZlcz�n�[�\bsoz�f·y�pcz�y�z|lv�`WZdg[¹y�pcz�Y�no¶aq¡WZ]�W�n�drnoz�_mdgn�solvdg\bsoz�f²]�W n�d�]��i��z�pbq,dg\bsoz�f
Wa\�]�Wknu��Waf�]�z�q¢q,dgw�Waq¡Waf~\m�

Â°Wa\b\cWrs�q¢y�no�aq¡Waf~\vdg\bsoz�f¨fx[�q¡�apbso�~[�W(lcz�[�no¶a}�W�]�Wa[jh©]jsÃÆ,_a[�n�\c�`lm��V�d)y�pcWaq¢so¶apcW(_`z�f�_`Wapbf�Wrn�d¡f��`_`W`lclbs�\c��dgy�y"døt
pcWafx\cW�]�Wrnu� [�lvdgw�W�]¯���ano�aq¡Wafx\cl�]�W�_an�d�lclcW C1 ��ë-z�[�pZnoWa}�Wap�_`Wa\b\cW�]jsÃÆ,_a[�n�\c�|®"z�f�s�f~\bpcz�]j[�s�\�[�f�Wrf�z�[�}�Wan�noW�}�dgpbs�dgY�noW
f�z�]�dgnoW(]�W`lb\bs�f��`W¢±,¿a\bpcW(�aw~dgnoW(dg[%\vdg[jh�]�W(]��i��z�pbq,dg\bsoz�fX®�z�f%q¡zx]jsÃï"W�nu��Wihjy�pcW`lclbsoz�f¨]�W�n�d,y�[�solclvdgf�_`W�}xs�pb\b[�Wan�noW
]�W`l{Wiµ�z�pb\cl{s�f~\c�apbsoWa[�pclå®xWa\�z�f¹s�q¢y�z|lvW�nu���aw~dgn�s�\c��Wafx\bpcW�n�def�z�[�}�Wan�noW�}|dgpbs�dgY�noW�Wa\½noW�\vdg[jh¡]�W�]��i��z�pbq,dg\bsoz�f¹y"dgp½[�f�W
q¡�a\b»�z�]�W�]�W�y��af"dgn�sol§dg\bsoz�fX��Â°Wa\b\cW�y�pczx_`�`]j[�pcW�W`lb\�nu��Wih�d�_a\��`�x[�s�}�dgnoWafx\m®"]�dgf�l�n�d)y�pc�`lcWafx\Z_`z�fx\cWih�\cW|®�]�Wrn�d)\bpvdgfjt
lcs�\bsoz�f%]�W�n�d¢\b»��`z�pbsoW)]�W`l�y�n�d��x[�W`lZz�[�_`z��~[�W`lZ]�Wrnozå}�Wit�÷ks�pc_c»�»�zgµ�±¡_`Wan�noW(]�W�T�s�f�]jn�s�fjtf��Wasolclbf�Wapm��V�d¹]�Wa[jh�so¶aq¡W
]jsÃÆ,_a[�n�\c�rpc�`lbso]�We]�dgf�l�n�d(pc�`lcz�n�[�\bsoz�f ]j[�y�pcz�Y�no¶aq¡W�]�Wky�pczgº�W`_a\bsoz�f©lb[�p�n�d)lc[�p���d�_`Wk]�We_c»"dgpbw�W�_`z�q¢y�noWihjW|��Â°Wa\b\cW
pc�`lvz�n�[�\bsoz�fFW`lb\m®Xpc�`]j[�s�\cW·±²n�d©pcW`_c»�Wapc_v»�W·]�W,]�Wa[jh'lc_mdgn�dgs�pcW`l�s�f�_`z�f�fx[�l¢±²\bpvd`}�Wapcl([�f�W¢y"dgpvdgq¡�a\bpbsolvdg\bsoz�f ]�W,n�d
lc[�p���d�_`W¹]�W,_c»"dgpbw�W|��V½�îd�]�z�y�\bsoz�f ]¯� [�fêdgn�w�z�pbs�\b»�q¡W¡£¤q¢sÃhj\cWi¥¡s�q¢y�n�so_as�\cW=�gWihjy�n�so_as�\cW|®ÉWihjy�n�so_as�\cW¹y"dgp�pvdgy�y�z�pb\)±©n�d
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y�z�pcz|lbs�\c��q,dgsol,s�q¢y�n�so_as�\cW%y"dgp¹pvdgy�y�z�pb\�dg[jh dg[�\bpcW`l·}�dgpbs�dgY�noW`l¹s�f~\cWapbf�W`lm®�d�lclc[�pcW ]�W©f�z�[�}�Wmdg[3nu��Wihjsolb\cWaf�_`W%Wa\
nu� [�f�so_as�\c��]�We_`Wey�pcz�Y�no¶aq¡W|�

­ ï�fG]�W�}�dgn�so]�Wap²nu� s�q¢y�no�aq¡Waf~\vdg\bsoz�f f~[�q¡�apbso�x[�W¨]�W`l��`�~["dg\bsoz�f�l²]j[3q¡zx]�¶anoW|®°noW`l²lcz�n�[�\bsoz�f�l©dgf"dgn�¼�\bso�~[�W`l
Wih�d�_a\cW`l�]�W¨]�Wa[jh y�pcz�Y�no¶aq¡W`l�y"dgpb\bso_a[�n�soWapcl z�f~\©�a\c�%y�pc�`lcWaf~\c�`W`l Wa\²_`z�q¢y"dgpc�`W`l�dg[jh lcz�n�[�\bsoz�f�l²f~[�q¡�apbso�x[�W`lm�
ä�n�lå�îdgw|s�\¹]�W`l¹y�pcz�Y�no¶aq¡W`l·]¯� [�f�W%lby�»�¶apcW%_apcWa[�lcW �an�d�lc\bso�~[�W�Waf y�Wa\bs�\cW`l,\bpvdgf�lb��z�pbq,dg\bsoz�f�lm®{y�[�sol¹}xsolc�x[�Wa[�lcW�Waf
w|pvdgf�]�W`l²\bpvdgf�lb��z�pbq,dg\bsoz�f�lm®�Wa\�]¯� [�f�W%y�z�[�\bpcW%�an�d�lc\cz�y�n�d�lb\bso�~[�W´Waf À"Wihjsoz�f�y�[�pcW¨WafG]��i��z�pbq,dg\bsoz�fGy�n�dgf�W|®�Waf
y�Wa\bs�\cW`l \bpvdgf�lb��z�pbq,dg\bsoz�f�lm�"V�d¢lcz�n�[�\bsoz�f%]�We_`WrlcW`_`z�f�]�y�pcz�Y�no¶aq¡W(d¢dg[�lclbsXlcWapb}�s�±)q¢soWa[jh©_`z�q¢y�pcWaf�]jpcW�_`Wapb\vdgs�f�l
d�lcy�W`_a\cl ]j[ q¡zx]�¶anoW|�

VXW`l¡lbs�q�[�n�dg\bsoz�f�l¢f~[�q¡�apbso�x[�W`l¡z�f~\¢s�f�]jso�x[����x[�W¹noW²]�Wa[jhjso¶aq¡W²q¡zx]�¶anoW²pc¶aw|noW·noW·y�pcz�Y�no¶aq¡W©]�W·n�d%]��ay�Wafjt
]�dgf�_`W)]�W`lkpc�`lb[�n�\vdg\clkfx[�q¡�apbso�~[�W`lky"dgpkpvdgy�y�z�pb\rdg[%q,dgs�n�n�dgw�W|�¯õ½n�noW`lZz�fx\r_`Way�Waf�]�dgfx\epc�a}��ano�)]�W`lZ]jsÃÆ,_a[�n�\c�`l�]�W
_`z�fx}�Wapbw�Waf�_`Wk]�W nu�îdgn�w�z�pbs�\b»�q¡W|®j�~[�s�f�z�[�l{z�fx\°z�Y�n�s�w��Z±e[�\bs�n�solcWap°[�f�W }|dgpbs�dgf~\cWZWihjy�n�so_as�\cW�]�W�nu�îdgn�w�z�pbs�\b»�q¡W��an�d�lb\czgt
y�n�d�lc\bso�~[�W�[�\bs�n�solvdgf~\Z]�We\bpc¶`l y�Wa\bs�\cl�y"d�l�]�Wr\cWaq¢y�lm�"­-}�W`_r_`Wa\b\cWeq¡z�]jsÃï"_mdg\bsoz�fX®"noWrq¡zx]�¶anoWey�pc�`]js�\Z]�W`l�pc�`lb[�n�\vdg\cl
�x[�sXlcz�fx\�Waf�d�_`_`z�pc]©lvdg\bsolb��dgsolvdgfx\�d`}�W`_rnoW`l Wih�y��apbsoWaf�_`W`lm�

Â°z�q¢q¡W�z�f¢noW^}�z�s�\m®|n�dk]�Wa[jhjso¶aq¡W�y�pcz�y�z|lbs�\bsoz�f,lcWaq�Y�noW|®�Wan�noW�dg[�lclbsu®|¿a\bpcW^[�f�W�lcz�n�[�\bsoz�f,WiÆ,_md�_`W�dg[¢y�pcz�Y�no¶aq¡W
]�W�n�d,nozx_mdgn�solvdg\bsoz�f¨]�Wrn�d¹]��i��z�pbq,dg\bsoz�f¨Wa\k]�Wrnu��Waf�]�z�q¢q,dgw�Waq¡Wafx\�]�dgf�lZnoWrq¡z�]�¶anoW�]�W ç [�pclcz�fX��õ<f%pvdgsolcz�f¨]j[
f�z�q�Y�pcWk�anoWa}���]�W`l�]�Waw|pc�Z]�W n�s�Y�Wapb\c��¦hÄ�]�Waw|pc�`l{]�W�n�s�Y�Wapb\c��y"dgp�f � [�]¹WafÀQ�¾r«i®�nu� [�f·]�W`l�s�f�_`z�fx}��af�soWaf~\cl�]�W�_`Wa\b\cW
y�pcz�y�z|lbs�\bsoz�fFW`lb\�_`Wapb\vdgs�f�Waq¡Waf~\)noW¡_`zS»�\(WafD\cWaq¢y�l(]�W¡_mdgno_a[�nu�ÉÂ°Wa\b\cW¹]jsÃÆ,_a[�n�\c�,f�z�\cz�s�pcW¹WafºQ�¾BlcWapvdgs�\�Waf�_`z�pcW
d�_`_apb[�W�Wafú£)¾ ¦hB)]�Waw|pc�`l�]�Wen�s�Y�Wapb\c�ky"dgp f � [�]"«i�����mdgf�q¡z�s�f�l�_`Wa\b\cW�dgy�y�pczx_v»�WrW`lb\ y�n�[�l�lvdg\bsol��udgsolvdgf~\cWe\b»��`z�pbsÃt
�x[�Waq¡Waf~\��~[�W)n�d·y�pcWaq¢so¶apcW¢_mdgprWan�noW¡W`lc\���z�f�]��`W¢lb[�pr]�W`lrdgpbw|[�q¡Wafx\clrf�z�f´y�n�[�le»�Wa[�pbsolb\bso�x[�W`leq,dgsolr]�W)f"dg\b[�pcW
q¢so_apcz�q¡�`_mdgf�so�x[�W|�

¾kdgf�l^n�d)]�Wa[jhjso¶aq¡Wky"dgpb\bsoWk]�We_`WZq¡�aq¡z�s�pcW|®jf�z�[�l�d`}�z�f�l�]��iï�f�s¯[�f�q¡z�]�¶anoWk]�W�\�¼xy�W ç [�pclcz�f²y�z�[�p^[�f·q,døt
\c�apbs�dg[²]j[�_a\bs�noWZy�z�pcWa[jh¹±�]�z�[�Y�noW�y�z�y�[�n�dg\bsoz�f²]�W�_mdm}xs�\c�`lå®x�a\cWaf�]�dgfx\^_`Wan�[�s�]�WZë-Wapbpbs�f ­^Ë�aS©«Þ ?�ëÉWap0L VXWaYX®2QFRFRFRSG¤®
Ï�e´a ]�Wrn�d¡y�pbsolcW�Waf%_`z�q¢y�\cW�]�W�n�d¢w�Wapbq¢s�f"dg\bsoz�f´]�W`l�_mdm}xs�\c�`lZ]�Wrn�d,lcW`_`z�f�]�W�y�z�y�[�n�dg\bsoz�fX�¯Â°Wrq¡z�]�¶anoW�_`z�fx\bsoWaf~\
\bpc¶`l y�Wa[©]�Wky"dgpvdgq¡¶a\bpcW`l�s�f~\cWapbf�W`l�Wa\ W`lb\ z�Y�\cWaf~[¨±(y"dgpb\bs�p ]�Wen�d(pc�`lcz�n�[�\bsoz�f�±(nu� s�f�lb\vdgfx\ s�f�s�\bs�dgnu®�Wa\�dg[jt¤]�Wan�±,]�W
_`Wa\°s�f�lb\vdgfx\m®�]j[¹y�pcz�Y�no¶aq¡Witu\¤¼�y�We]¯� [�f�WZlby�»�¶apcWZ_apcWa[�lcW�]�z�fx\^n�drq,dg\bpbso_`W�q¡�a\vdgn�n�so�~[�WkW`lb\{y�z�pcWa[�lvW|®xWa\°lcz�[�q¢solcWk±
[�f·_c»"dgpbw�Waq¡Wafx\�»~¼j]jpcz|lb\vdg\bso�~[�W|��Â°W q¡z�]�¶anoW y�pcWaf�]·Waf¹_`z�q¢y�\cW�noW`l�_`z�[�y�n�dgw�W`l^Wafx\bpcW�n�d�_apcz�solclvdgf�_`WZ]�W`l½w|pcz|lclcW`l
_mdm}xs�\c�`l{Wa\<n�dZw�Wapbq¢s�f"dg\bsoz�fX®�n�de_apcz�solvlvdgf�_`W�Wa\<n�de_`z�dgnoW`lc_`Waf�_`W ]�W`l½y�Wa\bs�\cW`l½_mdm}xs�\c�`lå��ä¤n�z�[�}�pcW�n�dZ}�z�soW ±k]�W`l½�a\b[�]�W`l
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