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Abstract

Granular materials consist of dense pack of solid grains and a pore-filling element
such as a fluid or a solid matrix. The grains interact via elastic repulsion, friction,
adhesion and other surface forces. External loading leads to grain deformations
as well as cooperative particle rearrangements. The particle deformations are of
particular importance in many industry applications and research subjects, such
as powder metallurgy and soil mechanics. The response of granular materials to
external loading is complex, especially in case when failure occurs: the mode of the
failure can be diffuse or localized, and the development of specimen pattern can
be drastically different when the specimen can no longer sustain external loading.

In this thesis, a thorough numerical analysis based on a discrete element method
is carried out to investigate the macroscopic and microscopic behavior of granular
materials when a failure occurs. The numerical simulations include the vanishing
of the second-order work instability criterion to detect failure. Furthermore, it is
proved that the vanishing of second-order work coincides with the change from a
quasi-static regime to a dynamic regime in the response of the specimen. Then,
microstructure evolution is investigated. Evolution of force-chains and grain-loops
are investigated during the deformation process until reaching the failure. The
second-order work is once again taken into account to elucidate the local aspect
that governs the failure, taking place at the particle scale.

The collapse of the discrete specimen when it turns from quasi-static to dynamic
regime is accompanied with a burst in kinetic energy. This rise of kinetic energy
occurs when the internal stress cannot balance with the external loading when a
small perturbation is added to the boundary, resulting in a difference between the
internal and external second-order works of the system. The mesostructures have a
symbiosis relationship with each other and their evolution decides the macroscopic
behavior of the discrete system. The distribution of the collapse of force-chain
correlates with the vanishing of the second-order work at the grain scale.

The mesostructures play an important role in the instability of granular media.
The second-order work can be used as an effective criterion to detect the instability
of the system on both the macroscale and microscale (grain scale).

Keywords:



Second-order work, failure, discrete element modelling, force-chain, grain-loop,
microstructure, mesostructure



Résumé

Les matériaux granulaires se composent de grains solides et d’un constituant rem-
plissant les pores, tel qu’un fluide ou une matrice solide. Les grains interagissent au
travers de répulsions élastiques, auxquelles s’ajoutent des mécanismes de friction,
d’adhérence et d’autres forces surfaciques. La sollicitation externe conduit à la
déformation des grains ainsi qu’à des réarrangements de particules. Les déforma-
tions des milieux granulaires sont d’une importance capitale dans de nombreuses
applications industrielles et dans la recherche, comme par exemple dans la métal-
lurgie des poutres ou en mécanique des sols. La réponse des matériaux granulaires
sous chargement externe est complexe, en particulier lorsqu’une rupture se pro-
duit: le mode de rupture peut être diffus ou localisé, et l’aspect de peut varier
drastiquement lorsque celui-ci ne peut plus soutenir la charge externe.

Dans le cadre de cette thèse, une analyse numérique basée sur une méthode des
éléments discrets est réalisée pour étudier les comportements macroscopique et mi-
croscopique des matériaux granulaires à la rupture. Ces simulations numériques
prennent en compte le critère du travail du second ordre afin de prédire la rupture.
De plus il est montré que l’annulation du travail du second ordre coïncide avec la
transition d’un régime statique vers un régime dynamique. Ensuite, le comporte-
ment matériaux granulaires est analysé à l’échelle micro-structurelle. L’évolution
des chaines des forces et des cycles des grains est étudiée durant le processus de
déformation jusqu’à la rupture. Le travail du second ordre est également pris en
compte pour examiner l’aspect local qui régit la rupture à l’échelle locale.

L’effondrement de l’échantillon discret quand il passe du régime quasi-statique
vers le régime dynamique est accompagné d’une bouffée d’énergie cinétique. Cette
augmentation de l’énergie cinétique est générée lorsque la contrainte interne ne
permet pas d’équilibrer la force externe sous l’action d’une petite perturbation, ce
qui entraîne une différence entre les travaux du second ordre interne et externe du
système. Les mésostructures démontrent une relation symbiotique entre elles, et
leur évolution gouverne le comportement macroscopique du système discret. La
distribution de l’effondrement des chaînes de forces est parfaitement corrélée avec
l’annulation du travail du second ordre à l’échelle de particules.

Les mésostructures jouent un rôle important dans l’instabilité des milieux granu-
laires. Le travail du second ordre peut être utilisé comme un critère pertinent et



robuste pour détecter l’instabilité du système que ce soit à l’échelle macroscopique
ou microscopique (échelle de particule)

Mots clés

Travail du second ordre, rupture, modélisation par éléments discrets, chaîne de
forces, cycle des grains, microstructure, mesostructure
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Chapter 1

General introduction

1.1 General contexts

In mountainous regions, natural catastrophic accidents, such as landslides or
avalanches often cause great loss to humanity, both in economy and social safety.
In order to avoid these problems, researches have been carried out to investigate
and better define these natural phenomena, so methods of predicting and prevent-
ing can be realized afterward. It is very important to understand when and why
the failure occurs.

In particular, for granular materials, the behaviour of the system on the macroscale
is mainly defined by structures which are on the microscale. To anticipate failures
of the material on the macroscopic scale, the investigation can be carried out at
smaller scale, which is in the scope of this thesis: to consider the general case of the
failure occurring in granular materials and to investigate the role of microstructures
to the macroscopic behaviour of granular materials.

To understand these problems, numerical simulations using discrete elements method
are put into execution to verify the relevance of failure criteria and instabilities.
Furthermore, more detailed numerical analyses at a smaller scale are taken into
account, in order to understand the behaviour of microstructures in granular as-
semblies just before and during the failure of the material.

1
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1.2 (In)Stability and failure in granular media

Normally for a non-viscous material, its behavior can be described by the Cauchy
stress tensor σ and the small strain tensor ε, such that:

σ̇ = Mε̇ (1.1)

When M is positive definite, it exists a unique solution ε̇ for a loading condition
σ̇. Classically, a failure state is described as a limit stress state. Such condition is
given by the relation:

det(M ) = 0 (1.2)

which is also called the plasticity limit condition.

For associated materials (also known as standard materials) this condition gives
good predictions of failure. In fact when this condition is matched, the stress rate σ̇
is nil for a strain rate ε̇ not nil. Nevertheless it has been proven, experimentally and
theoretically that this last condition is not sufficient for non-associated materials.

As an example, Desrues and Viggiani [2004] demonstrated, by experimental works,
for the sand, the failure by strain localization (appearance of the shear band) can
occur before the limit of plasticity. The strain localization by the shear band is
detected by the vanishing of the determinant of the acoustic tensor, such that
(Rice [1976], Rudnicki and Rice [1975]) :

det(nMn) = 0 (1.3)

where n is the normal vector to the band. This criterion allows us to detect some
particular failures which can occur inside the limit of plasticity. However this
criterion is relevant to describe the failure in localized mode. Unfortunately, in
granular materials we also observe failure in diffuse mode, which is not detectable
for det(nMn) = 0. Therefore we need to use another failure criterion.
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In this thesis, we use the vanishing of the second-order work as a criterion to
detect instabilities of granular materials, known as Hill’s criterion, explained in
below sections.

1.2.1 Definition of stability by Lyapunov

It is necessary to revisit the definition of stability initially introduced by Lyapunov
[1907]. This theory destines to the study of the movement of a mechanical system
having a finite number of degrees of freedom and is described by time dependent
functions. The movement of the system is considered stable if a small perturbation
of initial conditions (position or velocity) does not increase indefinitely over time
but remains limited instead. As pointed out by Chambon et al. [2004], this defini-
tion can be applied to an equilibrium state in the way that this equilibrium state
is a particular case of movement to which the positions at any instant t correspond
to the initial position.

Darve and Laouafa [2000] propose an extension to the definition of Lyapunov in
the context of continuum mechanics: "For a non-viscous material and a given
loading history, a stress-strain state is considered stable if for all small loading
variations, the response of the system is small", such as:

∀ε > 0 ∃η = η(ε) such that ‖ds‖ < η ⇒‖dr‖ < ε (1.4)

Thus, all the limit stress state, commonly called failure states are unstable follow-
ing Lyapunov theory. Similarly, the peak of q and all the descending branches of
the curve representing the behavior of the undrained test of a loose sand in the
q−p′ diagram are unstable following Lyapunov, since a small addition to the axial
force causes the collapse of the specimen (Chapter 3).

Di Prisco and Imposimato [1997] propose an application of Lyapunov’s definition
to granular materials by taking into account the microstructure to explain their
observation of collapse of materials. For this purpose, they consider that each
micro-configuration of grains is a point of a body. Each of these points is connected
biuniquely to a defined point in space whose coordinations are the state variables
(for example the relative density or the texture tensor). By using a mathematical
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definition of distance in this space of variables of state Di Prisco and Imposimato
[1997] sets out the following criterion:

“A granular system is defined as stable, when the distance between the starting
and the finishing point, defined in the state variable space, continuously decreases
in direct proportion to the decrease in the size of the load disturbance, of whatever
kind it may be.”

However, we do not know any practical applications based on this definition.

1.2.2 Stability criterion of Drucker

The criterion of stability by Drucker [1957] is described below:

“The displacement of the body will change as added force is applied and equilib-
rium is maintained. It was postulated that the work done by the external agency
during the application of force must be positive and over a cycle of application
and removal, positive or zero, zero only when purely elastic changes take place. In
such a cycle, work cannot be extracted from the system of the body and the set
of forces acting upon it.”

For a non-viscous material, this criterion is written as:

σ̇ : ε̇p > 0 ∀ε̇p 6= 0 (1.5)

where ε̇p is the plastic strain rate. Drucker precises that this postulate requires
a linear incremental stress-strain relation, and an associated flow rule. Mandel
[1966] also shows that the Drucker postulate can be violated when the Coulomb
internal friction is considered.

1.2.3 Stability at the global scale: Hill’s criterion

For a solid volume V in the steady state, supposed that a part of the boundary is
fixed and other part of the boundary is only under actions of dead loading. Follow-
ing Hill [1958], a system is considered unstable if when being under a small load
perturbation, the deformation may continue infinitesimally without any supply of
external energy.
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Hill’s criterion is expressed as (Hill [1958]):

∫
V

ṡij
∂U̇j
∂xi

dV > 0 (1.6)

where ṡij is the rate of the nominal stress tensor, ∂U̇j

∂xi
is the kinematically admissible

velocity field associated with ṡij.

A more classical form can be adopted to describe the Hill’s criterion. The second-
order work (Hill [1958]) can be expressed through the material description (La-
grangian formalism) such that:

W2 =

∫
V0

δΠijδFijdV0 (1.7)

In the case of small deformation and that geometric effect can be negligible, the
Hill’s stability condition can be expressed by the Cauchy stress tensor as below
(Nicot et al. [2007]):

W2 =

∫
V

δσijδεijdV (1.8)

where Π is the first Piola-Kirchoff stress tensor, F is the general term of defor-
mation gradient, σ is the Cauchy stress tensor and ε is the strain tensor.

In both description, the second-order work is associated to the incremental vari-
ation of two quantities δΠij and δFij or δσij and δεij relating to the constitutive
behavior of the granular material with the initial volume V0 and the volume V of
the current configuration.

Another study by Osinov and Wu [2005] mention about this criterion from the
same test by considering at first a quasi-static strain perturbation and then a dy-
namic perturbation by applying a velocity field. The study manages to show that,
under a quasi-static regime,the equilibrium state requires an external application
of energy, and the sign of this received energy corresponds to the sign of

∫
V
σ̇ : ε̇dV .

In the dynamic case, Osinov and Wu [2005] introduce the kinetic energy Kc and
show that at the initial moment of the application of the perturbation, we have:
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d2Kc

d2t
= −

∫
V

σ̇ : ε̇ dV (1.9)

Also, the Hill’s condition is verified as the kinetic energy diminishes rapidly after
the application of the perturbation.

It is worth noting that, similar to what expressed in Equation 1.9, Nicot et al.
[2007] confirms that the positiveness of the Hill’s criterion is considered as a sta-
bility condition, both in quasi-static and in dynamic case.

1.2.4 Stability at the local scale: the second-order work

The local stability, also stated as material stability (Hill [1958]), is based on the
notion of instability which can be developed from a material point in continuous
medium (Bigoni [2000]). This stability condition can be derived from the global
form (Equation 1.6) and it relates to the sign of the second-order work W2.

Following Hill, a material element is defined stable if the positive condition of the
second-order work is verified:

W2 = σ̇ : ε̇ > 0; ∀ε̇ 6= 0 (1.10)

It is worth noting that the global stability (Equation 1.6) of a solid volume V is
satisfied if the condition in Equation 1.10 is satisfied at every point in the volume
V (Bigoni and Hueckel [1991]). Moreover, for the homogeneous case, these two
conditions (1.6) and (1.10) coincide.

In general, the link between the stability condition of Lyapunov [1907] and Hill’s
condition is not clear (Osinov and Wu [2005]). On the other hand, Koïter [1969]
manages to demonstrate the equivalence between them in elastic case. The agree-
ment between the positiveness of the second-order work and the uniqueness of the
solution is also validated at some constitutive relations (Bigoni [2000], Bigoni and
Hueckel [1991]).

For the non-associated materials, Chambon and Caillerie [1999] prove that the
positiveness of the second-order work at each solid point implies the uniqueness
condition of Hill [1958] given by:
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∫
V

δσ̇ : δε̇ dV > 0,∀ε̇ (1.11)

where δ is the difference between two admissible fields. Raniecki [1979], Raniecki
and Bruhns [1981] also proves this point for hypo-elastic relations. However, Vala-
nis [1985] showed that the uniqueness can be verified even if the sign of the second-
order work is negative.

1.2.5 Failure modes in granular materials

The notion of failure can be encountered in many fields. This notion is essential
in material sciences where failure can be investigated at the specimen scale. In
geomechanics, usually it is assumed that failure occurs whenever a material spec-
imen is no longer able to sustain any deviatoric load increment. This condition is
associated with a sudden change in the specimen microstructure, namely the sharp
decrease in the number of grain contacts. The significant increase in the number of
degrees of freedom implies the possibility of rapid relative displacements between
grains, leading in some cases to the collapse of the specimen.

Failure: we consider the failure of a material when a small increment of loading
leads to a large strain within the specimen. The appearance of a peak (or a plateau)
on the deviatoric stress - axial strain curve obtained from a drained triaxial test
applying on a dense (or loose) sample is considered as an example of a state of
failure. In this manuscript, the term collapse is also used to describe a failure of
the granular material where the strain increases very largely in a very short time
period (see Chapter 3).

For geomaterials, several failure modes can occur within the plastic limit surface.
From a mathematical point of view, this feature is essentially related to the non
symmetry of the tangent constitutive tensor. Two specific modes of failure can be
defined: the localized mode and the diffuse mode.

• In the localized mode, the strain is concentrated in one (or multiple) shear
band(s), the displacement field is highly heterogeneous and organized.

• The diffuse failure mode is characterized with the absence of any form of
localization within the specimen, the displacement field is chaotic, without
any apparent organization.
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Starting from the classical drained triaxial test applying to a dense homogeneous
soil specimen, as an example, the localized failure mode generally occurs nearly at
the peak of the deviatoric stress q (plotted in terms of the axial deformation ε1)
(Figure 1.1 (a, b, c)).This mode of failure is identified with the appearance of the
shear band (one shear band or multiple shear bands). It is also noticed that the
localized failure can occur before the plastic limit condition.

The diffuse failure mode can be found in the undrained triaxial test applying
on a loose specimen. In this test, the deviatoric stress q (plotted in terms of
the average stress p) reaches a peak. After this peak, if the specimen is strain-
controlled, the test can continue until the deviatoric stress is nil (the applied strain
rate is constant). This case corresponds to the static liquefaction. However, if the
loading is stress-controlled or if a small perturbation is added after the deviatoric
stress peak, this can lead to the collapse of the specimen (Figure 1.1 (d)). This
phenomenon corresponds to the diffuse failure without any sign of localization.

(a) (b) (c) (d)

Figure 1.1: Examples of failure modes of sands: drained triaxial test with
a dense specimen (a), average dense sand (b), loose sand (c)
(Desrues [2004]); collapse of sand specimen in undrained triax-
ial test when a small pertubation is applied after the stress peak

(d)(Servant et al. [2005])

1.3 Granular materials and DEM

Granular materials are of great importance in civil engineering or in manufacturing
processes whether they are granular soils in nature or raw materials for industries.
Because of their discontinuous nature, the behaviour of such materials is complex
and it is not trivial to carry out their modelling.
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As an important part of several engineering applications, lots of studies have been
carried out to understand their behavior and properties, especially in soil mechan-
ics. Nowadays with the help of modern and powerful computer, we can simulate
them using the DEM (Discrete Element Method) from classical tests in labora-
tory like the triaxial test to the more complex one like the corrosion happening
in a huge dam... These kinds of simulations provide a robust and flexible way of
research, also they can provide realistic results.

DEM is nowadays recognized as a research tool across a number of fields. Inter-
est in DEM is rising rapidly and assessing the state of the art of DEM used in
geomechanics is difficult as the situation is rapidly changing. The robust infor-
mation to the particle scale that we can receive from DEM allows us to go deeply
into details of micromechanics of granular materials. Micromechanics deals with
the relationship between external stresses and strains, using internal information
such as average internal forces and displacements. This approach requires com-
plete information of all characteristics such as contact forces, average microscopic
geometry, contacts distribution and coordination number for all elements in the
assembly (O’Sullivan [2011], Thompson et al. [2004]). Consequently, failures of
granular materials in general (or soils in particular) can be simulated and inves-
tigated, which draw huge interest for both academic research and applied civil
engineering.

1.4 Mesostructures in granular materials

Granular materials are built with grains having interactions with each other. The
arrangement of particles, and the distribution of contact forces as well can form
different kinds of structures in the medium. For example, the strong contact forces
between particles can form a sort of linear pattern, corresponding to the so-called
force-chain, or more particularly in 2D case, the particles in contact can form
a close polygon and create the grain-loop. Figure 1.2 displays force-chains and
grain-loops within a 2D specimen. These two are the essential structures inside
the granular medium.
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Figure 1.2: Force-chains and grain-loops in the 2D specimen

The contact forces inside granular materials can be distinguished into strong and
weak force networks. The strong force network, which is directly connected to
the capacity of the specimen to sustain external load, can be characterized by
geometry conditions and therefore the so-called force-chain is introduced. The
macroscopic behavior of the specimen is strongly related to the distribution of
force-chains and the instability of force-chains.

Grain-loops (in 2D case) are known to contribute to granular stability and have
inspired new approaches to understanding the stress responses of granular matter
(Smart and Ottino [2008], Tordesillas et al. [2010a]). The idea of 2D grain-loops
is simple but it is very important as it can be seen everywhere, not only granular
materials: from real life problem like stacking fruits on the shell, to topological
researches. More and more researchers pay attention to this structure to the
behaviour of granular materials (Tordesillas et al. [2010a], Walker and Tordesillas
[2010]). However there are still many unanswered questions concerning grain-
loops. Which size of the grain-loop matters the most? What decides the stability
of grain-loops? What is the contribution of grain-loops to other mesostructures?
Those are the issues that this thesis tries to resolve.

Force-chains and grain-loops are defined as the mesostructures in granular materi-
als in the scope of this thesis. For a particular case like the drained biaxial test of
a dense specimen, the variation of mesostructures affects directly the macroscopic
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behaviour of the system: the variation of the number of force-chains and the num-
ber of grain-loops to the deviatoric stress and the volumetric strain, respectively.
When the failure of the material occurs (known as the appearance of the shear
band in the specimen), the distribution of the collapse of force-chains (buckling
of force-chains) and the spatial disposition of grain-loops change accordingly (as
discussed in Chapter 4). Furthermore, inside the world of mesostructures, force-
chains and grain-loops also rely on each other and create a complex relation. This
thesis shows an attempt to elucidate these problems and widen the understanding
about granular matter from the particle scale.

1.5 Objective of the thesis

The study presented in this thesis is realized by series of numerical DEM simulation
of classical triaxial tests (for the 3D case) and biaxial tests (for the 2D case), in
order to investigate these principal issues:

• Validating the relation between the evolution of kinetic energy and the
second-order work calculated from the stress and deformation measured from
the boundary. This investigation points out the influence of the loading path
and the control parameter on the failure nature (effective or non-effective)
and the failure mode (diffuse or localized).

• Finding the role of force-chains and grain-loops in the instability of granular
materials, and what is the relation between force-chains and grain-loops.

• Linking the macroscopic second-order work (specimen scale) and microscopic
second-order work (particle scale) to investigate instability on the mesostruc-
ture scale (force-chains and grain-loops).

1.6 Content of the thesis

In this thesis, series of numerical simulation are carried out, with the help of the
Discrete Element Method (DEM). The considered problems are categorized into
following sections:
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• The first two chapters are the general introduction and the presentation
of the discrete element method, giving the context and the basis of the
numerical tool in the scope of this thesis. In Chapter 2, the process of the
numerical specimen preparation and validation is also presented.

• Chapter 3 studies the failure of granular materials (in 3D case). The purpose
of this section is to verify the relation between the development of kinetic
energy with the macroscopic second-order work calculated from the bound-
ary of the system. The second-order work is introduced in the context of the
bifurcation theory, to detect occurrence of the failure of the system.

• In Chapter 4, investigations about the meso-structures in the granular media,
including the force-chains and the grain-loops, are considered for the 2D case.
These two structures play a basic and an important role to the macroscopic
behavior of the system. Also, their instability shows a close correlation with
the failure of the sample. Furthermore, a mutual relationship between force-
chains and grain-loops is pointed out.

• The last Chapter 5 investigates instabilities of mesostructures (in 2D case) by
using the microscopic second-order work. The second-order work is proven
to be a condition for the failure of the system to occur. First, this chapter
tries to elucidate the correlation between the collapse of force-chains and the
distribution of the vanishing of the microscopic second-order work, by the
fact that both of them share the same pattern when the failure occurs in the
specimen (the appearance of the shear band). After that, the second-order
work of the grain-loops is taken into account to investigate the instability of
grain-loops.

• Finally, the conclusion chapter summarizes the thesis and proposes some
perspectives and open questions for future developments.

Stability of granular materials is an important branch of research. Researches
about failures can help researchers and engineers to predict natural hazards and
to propose a method to prevent them to happen. Nowadays thanks to DEM
modelling, the behaviour of granular materials including failures, can be simulated
realistically, that provides to researchers an efficient tool to study from laboratory
tests to real life phenomena.



Chapter I. General introduction 13

In particular, it is observed that the failure of sand might happen before the
Mohr-Coulomb limit, where the failure mode is diffuse or localized, without any
appearance of localization patterns. In the case where the specimen is stress-
control in classical drained and undrained triaxial tests, the failure is depicted as
a transition from a quasi-static regime to a dynamic regime, the granular medium
then totally collapses (the strain rate largely increases), as a result, a burst in
kinetic energy is observed.

The discrete elements method also allows us to look deeply into the contact scale
inside granular materials. By investigating the behavior of mesostructures and
comparing them with the macroscopic behaviour of materials, this thesis tries to
understand the role of mesostructures to the development of instability in granular
materials.

Furthermore, the second-order work computed from microscopic variables (Nicot
et al. [2012a]) is taken into account, considering contact forces and positions of
particles, as a link to the macroscopic second-order work. This notion can be
expanded to the mesoscale, where the second-order work is used to investigate the
instability of grain-loops.





Chapter 2

Introduction to discrete element

modeling

2.1 Discrete Element Method

The discrete element method proposed by Cundall and Strack [1979] (hereafter
abbreviated DEM) is a very powerful numerical tool to simulate soils and other
granular materials. The DEM modeling involves specifying the equations of mo-
tion for a system of discrete bodies, and solving the resulting equations. The
mechanical response of granular materials in DEM is governed by the contacts be-
tween constitutive particles and between particles and the boundaries. So that the
physical quantities that control these interactions (particle rotations, contact ori-
entations, contact forces etc.) can easily be measured, which is almost impossible
to capture in a laboratory test. The DEM model allows us to look inside the mate-
rial and understand the fundamental particle interactions underlying the complex,
macro-scale response. Moreover, the DEM enables analyzing of the mechanisms
involved in large-displacement problems in geomechanics. These problems cannot
easily be modeled using more widespread continuum approaches such as the finite
element method (FEM). Furthermore, as failure in geomechanics often involves
very large displacements or deformations, DEM modeling can therefore provide
a convenient framework to investigate failure mechanisms. Consequently, using
DEM allows us to mimic the response of granular materials in the real world.

15
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2.1.1 The open-source software YADE

The DEM software YADE (abbreviation of “Yet Another Dynamic Engine”, Šmi-
lauer et al. [2010]) is an open-source software, which is developed based on the
C++ & Python programming languages. The calculation method is similar to the
one proposed by Cundall and Strack [1979], the details of the simulation is fully
described in the next paragraphs.

The contact laws governing the interactions between the particles are defined by
the parameters illustrated in Figure 2.1

ck
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t
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t
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t

n

t

Figure 2.1: Contact laws governing the interactions (Cundall and Strack
[1979])

These parameters include the normal stiffness coefficient kn (normal direction to
the contact plane), the tangential stiffness coefficient kt (tangent direction to the
contact plane) and the microscopic friction angle ϕc. There is no tensile force.
The inter-particle contact behaviour in the normal contact direction is governed
by an elastic force-displacement relation, as described in equation (2.1):

∆Fn = kn∆δc and Fn ≥ 0 (2.1)

where δc is the penetration depth between two particles in contact (Figure 2.2),
also known as the subtraction between the sum of two radii and distance between
two centers of the particles in contact.

The tangent force Ft is incrementally computed at each time step as described in
equation (2.2):

∆Ft = kt∆ut and |Ft| ≤ Fn tanϕc (2.2)
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Figure 2.2: Positions of two particles in contact (Hadda et al. [2013])

For every time step, the tangential component of contact force must be corrected
such that it does not exceed the shear strength of the contact. When the normal
and tangential components of the contact force are determined based on equations
2.1 and 2.2, they are added to the resultant force and the moment applied on the
particles in contact.

2.1.2 DEM background

This section dedicates to the explanation of DEM formulations implemented in the
YADE DEM code. The presentation order is the same of what directly happens in
the simulation. First, the new interaction happens between two particles, which
consists in:

• Detecting collision between two particles

• Creating interaction and computing its properties; they are either precom-
puted or derived from properties of both particles (Šmilauer et al. [2010])

After that, for existing interactions:

• Strain evaluation
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• Stress computation based on strains

• Force application to particles in interaction

The simulation loop in the DEM is demonstrated in the diagram below (Figure
2.3):

Update List of 

Contacts

Calculate

Contact Force

Calculate Forces 

and Moments 

Applying on 

Each Particles

Calculate 

the Acceleration

of Each Particle

Update

the Velocity and

Position

of Particles

1

2

34

5

Figure 2.3: Simulation loop in DEM modeling

Let us consider a particle, its translation movement is defined by its position xi,
its velocity ẋi and its acceleration ẍi. The rotation of the particle is described by
its angular velocity ω̇i and its angular acceleration ω̈i. The translation movement
of the particle therefore reads:

Fi = mẍi (2.3)

where m is the mass of the particle.

In a local coordinate system oriented such that it represents the principal axes of
the inertia of the particle, the rotation of the particle is described by the equation
below:
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M = Jω̈i (2.4)

where J is the inertia moment of a spherical grain which has radius R (J = 2
5
mR2).

Suppose that the linear acceleration ẍi and the angular acceleration ω̈i are constant
in the interval t− ∆t

2
and t+ ∆t

2
, and by integrating movement equations following

a finite difference scheme on the time step ∆t, the velocity at the instant t+ ∆t
2

is
given by:

ẋ
t+ ∆t

2
i = ẋ

t−∆t
2

i + ẍti∆t = ẋ
t−∆t

2
i +

Fi
m

∆t (2.5)

ω̇
t+ ∆t

2
i = ω̇

t−∆t
2

i + ω̈ti∆t = ω̇
t−∆t

2
i +

Mi

J
∆t (2.6)

and new positions and orientations at the instant t+ ∆t is given by:

xt+∆t
i = xti + ẋ

t+ ∆t
2

i ∆t (2.7)

ωt+∆t
i = ωti + ω̇

t+ ∆t
2

i ∆t (2.8)

F t+∆t
i andMt+∆t

i for the next loop are determined by using the force-displacement
law.

As demonstrated in Figure 2.4 in every time step there are two main series of
calculations O’Sullivan [2011]:
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Figure 2.4: Computations sequence within a DEM time step (O’Sullivan
[2011])

2.2 Convergence conditions

2.2.1 Time step

The choice of time step in DEM modeling is very important, it must be estimated
carefully to maintain the stability of the numerical solution and avoid the cost of
calculation (time consuming).

The convergence of a computation process toward a stable solution is also depen-
dent on the value of the time step for the wave propagation in the medium. If we
consider each element in the assembly as a mass oscillatorm connected by a spring
with the stiffness k to a fixed body, the time step ∆t is determined by the period
of the oscillation T = 2π

√
m
k
in order to avoid the dynamic effect. Consequently,

∆t must be smaller than the smallest period obtained from all particles in the
assembly.
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In YADE software, the critical time step ∆tc is estimated as a fraction Ct of the
smallest equivalent period of the assembly T T (for the translation movement) and
TR (for the rotation):

∆tc = Ct min(T T , TR) = Ct min(

√
m

kn
,

√
J

kr
) (2.9)

where kn and kr are the normal stiffness and the rotation stiffness of interactions
applying on each particle, respectively. J is the inertia moment.

2.2.2 Damping

In order to amortize the vibration in the DEM simulation, Cundall and Strack
[1979] proposed a global non-viscous damping applying to each particles. This
damping system plays two different roles: first, to reduce the resultant force if it
is driving and to increase it if it is opposed to the movement. In this system, the
damping force at each node (particle) is proportional to the magnitude of the out-
of-balance-force with a sign that ensures that the vibrational modes are damped,
rather than steady motion. The "out-of-balance-force" is the non-zero resultant
force that acts on a particle to cause acceleration. For each particle, a damping
force Fai and a damping momentMa

i are added, such that:

Fai = −λa|Fi|sign(ẋi) (2.10)

Ma
i = −λa|Mi|sign(ω̇i) (2.11)

where λa is the damping coefficient (λa ∈ [0, 1]). By default, YADE uses λa = 0.05.

2.3 Simulation of the triaxial/biaxial test

The geometrical settings of the specimen used in this manuscript are demonstrated
in Figure 2.5
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Figure 2.5: Cubic specimen - geometrical settings

The index direction ‘1’ is the axial direction while ‘2’ and ‘3’ are the lateral di-
rections. In what follows, the discussion focuses mainly on 3D specimen. The
configuration and simulation results of the 2D biaxial test are presented in Chap-
ter 4.

2.3.1 Form of grains and contact detection

In classical DEM tool, the form of grains is usually disks (2D case) or spheres (3D
case). It is obvious that this form is the easiest for the implementation of contact
detection. However, the purpose of using DEM in geomechanics in general is to
describe as precise as possible the behaviour of granular materials; the disk or the
sphere lead to some issues, especially the macroscopic friction angle at the peak
of the deviatoric stress φlim. In fact, the relation between the macroscopic friction
angle φlim and the microscopic friction angle ϕc is not linear. It exists a saturation
of φlim when ϕc increases limiting the maximum value of φlim. On the contrary,
φlim does not vanish with ϕc. This problem is discussed by Sibille [2006a], the
comparison is shown in Figure 2.6:
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Figure 2.6: Macroscopic friction angle in terms of microscopic friction angle,
results from Mahboubi et al. [1996] and Chareyre [2003] , assem-

bled by Sibille [2006a], with n is the porosity of the specimen

An effective and simple solution to attain a realistic macroscopic friction angle
is to block the rotation of the circular of spherical grains (Calvetti et al. [2003]).
However, this method resolves only the issue on the macroscopic scale (the granular
assembly), it does not describe precisely the real physical kinematics at the grains
scale. Another authors (Iwashita and Oda [2000]), in a study of micro-mechanisms
in the shear band, propose that we allow the transmission of moment between
two grains in contact until a certain threshold. Otherwise, in order to better
describe the behaviour of numerical granular models, some authors apply a variety
of particles form; for example, Chareyre [2003] sticks particles into groups of two to
create 2-particle clumps, Bonilla [2004] uses ellipsoid grains and Alonso-Marroquın
[2004] uses polygonal form (Figure 2.7).

(a) (b) (c)

Figure 2.7: Examples of the refinement of geometrical model of grains: (a) 2-
particles clumps (Chareyre [2003]), (b) ellipsoid (Bonilla [2004]),

(c) polygonal (Alonso-Marroquın [2004])
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The simulations in this thesis are carried out by the YADE software (Šmilauer
et al. [2010]), where the particles are basically spheres for the 3D case; for the
2D case, certain degrees of freedom are blocked to have a 2D configuration (see
Section 4.1.1). Generally, disks and spheres are currently the most common types
of particles considered in 2D and 3D DEM simulations respectively. These particles
are widely used as it is very simple to identify whether they are contacting; the
geometry of the contact point, including the contact overlap or separation, can
be accurately calculated. There are obviously more contacts than particles in a
DEM simulation, since one particle can have contacts with several other particles,
and contact resolution is usually the most computationally expensive part of the
DEM algorithm. The more efficient this stage in the calculation is, the larger the
number of particles can be included into the computation.

The numerical techniques used in DEM can be divided into two categories as soft
sphere (molecular dynamics) and hard sphere (event driven) approaches. The soft
sphere model (Figure 2.8(a)), in which the particle is considered “soft”, allows the
penetration between particles at the contact point. This method is logical, since
in reality, we consider the deformation of particles at the contact point; also this
method makes it easier to evaluate the contact force. In the case of hard sphere
(Figures 2.8(b)), there is no deformation or penetration considered.

v1 v2

m1 m2

Pre-contact

m1 m2

Contact Duration > 0

Overlap > 0

m1

m2m1 m2

m1

m2

v'1

v'2

Post-contact

(a) "Soft sphere" model

v1 v2

m1 m2

Pre-contact

m1 m2

Contact Duration≈0

No overlap

m1

m2m1 m2

m1

m2

v'1

v'2

Post-contact

(b) "Hard sphere" model

Figure 2.8: "Hard sphere" and "Soft sphere" contact models in DEM
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The principle behind the soft sphere method is to solve the equations governing the
linear and angular dynamic equilibrium of contacting particles for every time step.
In fact the word soft may cause some misunderstanding; in the simulation, soft
particles are actually rigid, however they are allowed to have overlap at the contact
points. Consequently, physical actions is realized only when spheres penetrate each
other.

There are also some researchers developed a method call contact dynamics (Lanier
and Jean [2000]). This method is also defined as ‘non-smooth contact dynamics’.
The idea of this method is that the contact forces are determined so that there
is no deformation of particles (similar to hard spheres but allows finite contact
durations).

In the YADE code, the soft sphere model is adopted. When disk or sphere particles
are used, the contact overlap between to particles, p and q (Figure 2.9), is simply
calculated as:

δc = Rp +Rq −
√

(xp − xq)2 + (yp − yq)2 (2D)

δc = Rp +Rq −
√

(xp − xq)2 + (yp − yq)2 + (zp − zq)2 (3D)
(2.12)

where Rp and Rq are the particle radii and the centroidial coordinates are given
by (xp, yp, zp) and (xq, yq, zq) respectively.

Branch vector joining

centroids of

contacting particles

Contact plane

Contact overlap δc

Particle p

Particle q

Figure 2.9: Overlap between two particles in contact
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If the calculated overlap δc is positive then this contact is transmitting a com-
pressive force, otherwise the contact is considered inactive. This calculation is
also used in the contact detection phase of the simulation to assess whether the
particles can potentially contact.

2.3.2 Boundary Conditions

In discrete element modeling, choosing the boundary conditions plays an impor-
tant role. An essential point in setting up a DEM simulation is to decide which
spatial domain will be considered. Then the boundaries of this domain must be nu-
merically described in the DEM simulation. In continuum numerical modeling, the
boundary conditions can be displacement conditions (the movement is restricted)
or traction boundary conditions (the stress is specified). Similarly, in DEM sim-
ulation, the displacement boundary conditions can be defined by specifying the
coordinates of elements or by fixing their movement; and the traction boundary
conditions can be achieved by applying force to selected elements, the value of the
applied force can be calculate directly from the sum of particle-boundary contact
forces and the area of the boundary itself which is in agreement of a desired value
of external stress. This external force is then added to the contact forces acting
on the particles, after that the resultant force is used to calculate the particle
accelerations and incremental displacements.

Several types of boundary conditions can be found in DEM simulation. The most
classical one is the rigid wall, where the boundary is essentially a finite frictionless
plane; this implementation is simple to detect the particle-wall contact and also
makes the stress estimation easier as the stress acting on the boundary is the
quotient of the sum of contact forces from the particle-wall interactions and the
area of the wall. Another type of boundary condition is the periodic boundaries.
Some authors are using this configuration in their study, such as Thornton [2000]
and Ng [2004]. Periodic space is created by repetition of parallelepiped-shaped
cell, which allows particles to “go through” the cell edge and re-appear on the
opposite edge; therefore using periodic boundaries allows modeling of very large
assemblies while considering only a sub-domain of granular specimen. The last
type is membrane boundaries, where the boundaries are built from particles to
make a flexible membrane.
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In this manuscript, rigid walls are used as boundary conditions, which are typical
and widely used in DEM simulation. Rigid walls are frictionless, have no mass
(therefore they have no inertia), the contact force between particle and the wall
is used only for updating the particle coordinates. As the forces acting on the
walls do not influence the motion of the walls, the control of the walls is explicitly
executed by applying a certain velocity onto them.

As the walls containing the specimen are frictionless, the principal directions of
stresses and strains coincide with the coordinate axes x1, x2 and x3 (3D case).
Along with prescribed boundary conditions, the stress and stress states in the
specimen are considered homogeneous. The principal strains are then calculated
directly from the walls displacement, while the correspondent principal stresses
are obtained from contact forces at the boundary, similar to laboratory tests.

The walls only transmit normal contact forces from particles having contacts with
them (because they are frictionless). When a particle penetrates a wall with the
penetration depth δun, a proportional force is applied on this particle. This contact
force Fc with the boundary is elastic and it is oriented in the normal direction to
the wall:

Fc = Fn = knδunn (2.13)

In the case of spherical particle in contact with the boundary, the position vector
xFc of the point applying the interaction force Fc is given by:

xFc = x− (R− δun
2

)n (2.14)

where x is the position vector of the particle and R is its radius.

In the numerical simulation, boundaries have no-mass, therefore they do not return
any result from numerical integration scheme of Newton movement equations, and
the walls do not interact with each other.
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2.3.3 Specimen preparation

The algorithm used in this manuscript is adapted from the works of Sibille [2006b]
and Hadda et al. [2013]. The particle generation method is a geometric algorithm
and allows creating the assembly without the use of the dynamic calculation. This
method is fast and the created particles do not have interaction with each other
within the space defined by the boundaries during the generation process. How-
ever, this method makes it difficult to approach a desired grains size distribution.

In fact, particle’s radii are manipulated by an algorithm: for each sphere, its ra-
dius is randomly chosen within a predefined range. Then this particle is located
randomly inside the boundaries. By varying the parameters of the material (in-
ternal friction degree, range of random size generation...) and calibrate with other
numerical model and experimental works, adequate models are chosen (Section
2.4).

When the mode of generation is chosen, the mode of compressing is defined: for
each time step, radii of all particles are multiplied by a coefficient greater than
1, until the confining stress is reached (σ1 = σ2 = σ3 = 100kPa for the 3D case,
σ1 = σ2 = 100kPa for the 2D case). This method changed the size of particles,
however the form of the grading curve is unchanged, it is just shifted along the
axis of the size of the size of particles (Figure 2.12).

The procedure of the preparation consists of the following steps:

• The particle cloud is randomly generated inside the six walls (3D case) or
four walls (2D case) with the same unique value for the radii of the particles.
For the 3D case, the number of particles is 10000 particles (spheres), for the
2D case, the number of particles is 20000 particles (disks).

• Execution of the geometrical algorithm by randomly varying the radii of the
particles. This step allows the specimen to have a particle assembly with
random particle sizes.

• Isotropic compression step: gradually growing of the particles size with the
same factor for every grains. At the same time, the stress calculated from
the boundaries is computed and verified with the chosen confining stress.
This step stops when the desired value of stress on the boundaries is reached
(equal to the chosen confining stress) (Figure 2.10).



Chapter 2. Introduction to discrete element modeling 29

• Return to the idle state for the granular assembly in order to obtain a quasi-
static regime by verifying an adequately small value of the kinetic energy
of the system (Ec ≤ 10−7J), in comparison with the work created by the
external load applying on the boundaries.

Figure 2.10: Preparation of numerical 3D specimen

It is worth noting that the porosity of the assembly depends on the friction angle’s
value ϕc (Hadda et al. [2013], Sibille [2006b]): the smaller ϕc is, the more com-
pactness can be obtained. ϕc = 5◦ is used to generate the dense specimen, and
ϕc = 25◦ is used for the loose specimen. The small value of ϕc allows the grains
to slide more easily between each other, thus it is easier for them to fill the empty
space in the sample.

2.3.4 Properties of the 3D numerical specimen

The 3D numerical specimen consists in a package of 10000 spheres in six frictionless
walls. The visualization of the specimen is demonstrated in Figure 2.11.
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Figure 2.11: 3D numerical specimen in YADE

The parameters of the specimens can be found in Table 2.1.

Terms Number Unit

Initial box’s size 0.198 × 0.198 × 0.198 m × m × m
Number of particles 10000 -

Diameters 0.002 ∼ 0.0075 m
kn/Ds 356 MPa
kt/kn 0.42 -

Friction angle ϕc 35 deg
Void ratio e 0.61 (dense), 0.72 (loose) -

Coordination number Z 4.3 (dense), 2.75 (loose) -

Table 2.1: Numerical parameters

2.3.4.1 Grains size distribution

The variation of the particle diameters is obtained from the method of generation
presented in Section 2.3.3. The diameter of the particles varies from 4 to 15 mm.
The grading curve is shown in Figure 2.12:
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Figure 2.12: The grading curve of the generated sample

2.3.4.2 Contact orientations distribution

The numerical specimen generation procedure must satisfy the structural isotropy
condition. The distribution of the contact orientations at the isotropic state, after
the first compression, is shown in Figure 2.13(a) for the dense specimen and in
Figure 2.13(b) for the loose specimen. In our case, the contacts near the boundaries
are not taken into account in order to avoid the majority of normal direction to
the walls. In this study, a distance l = 1.5 〈Ds〉 from the boundaries is used. The
result shows a satisfying isotropy of the distribution of the contact directions.
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Figure 2.13: Isotropy of the distribution of contact orientations of the speci-
mens: (a) dense, (b) loose in three planes “12”, “23” and “13”

(See Figure 2.5 for the definition of the axis 1, 2 and 3)

2.3.5 Void ratio e and coordination number Z

The void ratio quantifies the granular packing density without explicit considera-
tion of the particulate structure; only the total mass of particles, the solid particle
density and the global volume of the specimen are taken into account. The void
ratio e of the 3D dense specimen is e = 0.61 and of the loose specimen is e = 0.72.
The preparation of the numerical simulation produces a common range of void
ratios and those two values are chosen for the rest of the study.

The coordination number Z, notion used by Thornton [2000], is defined as the
average number of contacts on a single particle in the granular packing. It can
be used to validate the generated specimen as a random close packing. In this
thesis, number Z is calculated only on the contacts between particles and not
on the contacts between particles and walls. The coordination number is simply
calculated as:
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Z = 2
Nc

Np

(2.15)

where Nc is the total number of contacts and Np is the number of particles. The
number of contacts is multiplied by 2 because one contact is shared by 2 particles.
The number Z of the two specimens is shown in Table 2.1.

2.3.6 Simulation of the classical triaxial test

As mentioned in previous section, dense and loose specimens are prepared by an
isotropic compression with a constant value of the stress applying on the walls.
σi = 100kPa (i = 1, 3). After that, the triaxial test is applied:

• The drained triaxial test: the lateral stresses are kept constant and an axial
strain rate ε̇1 = 0.01s−1 is applied on the top and bottom walls, moving
toward the center of the specimen.

• The undrained triaxial test: a strain rate ε̇1 is applied on the top and bottom
walls, while the lateral deformations are kept under the condition ε̇1 + ε̇2 +

ε̇3 = 0 (isochoric condition).

The results of the tests are shown in Figure 2.14: a drained triaxial test is carried
out for the dense and loose specimens. The diagram demonstrates the evolution of
the deviatoric stress q = σ1−σ3, as well as the volumetric strain εv = ε1 + ε2 + ε3,
in terms of the axial strain ε1. The simulation is stopped when the axial strain
reaches 30%.

For the loose specimen, also an undrained triaxial test is simulated, the diagram
demonstrates the evolution of the deviatoric stress versus the axial strain, also the
relation between the deviatoric stress q and the mean stress p = 1

3
(σ1 + σ2 + σ3).
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(a) Dense specimen (drained test)
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(b) Loose specimen (drained test)
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(c) Loose specimen (undrained test)

Figure 2.14: Essential results of the numerical triaxial test



Chapter 2. Introduction to discrete element modeling 35

2.4 Calibration of the numerical specimen

The numerical YADE model is calibrated based on the experimental work of Royis
and Doanh [1998] and compared with the simulation of Calvetti et al. [2003]. The
procedure of the calibration is summarized below:

• Because of the limitation of the numerical tool, the same grains size distribu-
tion as Hostun sand in the experimental study cannot be reproduced. The
grain sizes are randomly generated and the void ratio e = 0.65 is selected.

• Then, the parameters kt, kn, ϕc are modified to match the numerical results
as close as possible to the experimental data.

The parameters of the discrete model are shown in Table 2.2, and these param-
eters are compared with those used by Calvetti et al. [2003]. Only the loading
paths between two simulations are identical. Figure 2.15 shows the comparison of
the deviatoric stress q and the volumetric strain εv over the drained triaxial test
between the experimental results Royis and Doanh [1998] and the two numerical
models. Since the normal stiffness coefficient used in this manuscript is greater
than the one used to calibrate, a fluctuation after the peak of the deviatoric curve
is observed. It is worth to note that the numerical simulation carried out by Cal-
vetti et al. [2003] is calibrated with the experimental results of Royis and Doanh
[1998]. We observes that from the same geometry of a numerical specimen, we
can vary the mechanic parameters in different ways to obtain the same system’s
response at the macroscopic scale.

Number Ds e kn/Ds kt/kn ϕc

of particles (mm) (MPa) (o)

YADE Specimen 10000 2.0 to 7.5 0.65 356 0.42 20

Calvetti et al. [2003] 3500 0.15 to 0.45 0.72 222 to 667 0.25 19.3

Table 2.2: Comparison of the parameters of the numerical models
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Figure 2.15: Experimental curves Royis and Doanh [1998] and numerical re-
sults from Calvetti et al. [2003] and the YADE Code

2.5 Conclusion

This chapter revisits the concept of DEM and explains how DEM works. It dis-
cusses through all necessary details for a DEM simulation: particles, boundary
condition, contact law etc. and then points out the importance of DEM to geome-
chanics.

Then, this chapter presents the properties of the numerical specimens used in
the manuscript by introducing all parameters used in the YADE DEM software.
Two main 3D specimens are introduced: a dense package and a loose package.
The numerical results show the basic mechanical response of a granular packing
through the classical triaxial test: the drained test applied on both dense and loose
specimens, and the undrained test applied on the loose specimen. These models
are calibrated with numerical results and from an experimental database.

After this chapter, the numerical tools and specimens are prepared; then in fol-
lowing chapters, we address the problematics in the object of this thesis.



Chapter 3

Kinetic energy and diffuse failure

mode in granular materials

3.1 Diffuse failure mode in granular materials

The notion of failure can be encountered in many fields, irrespective of the scale
considered. This notion is essential in material’s sciences where the failure can be
investigated on the specimen scale. It is also meaningful in civil engineering to
prevent or to predict the occurrence of failure on large scale. If the definition of
failure seems to be meaningful in some cases, and at least from a phenomenological
point of view, this is not always true, particularly when considering heterogeneous
materials. For instance, for geomaterials made up of a grain assembly, the notion of
failure remains disputable. When regarding a granular assembly on a microscopic
scale, failure might be related to the contact opening between initially contacting
grains. However, the kinematic investigation of granular materials, along any given
loading path, reveals that an important fraction of the contacts open, without any
visible failure pattern that can be observed on the macroscopic scale even though
the disappearance of contact is not necessarily correlated with the local failure.
Thus, the common “popular” definition of failure as the breakage of a given material
body in two pieces cannot be applied to complex, divided materials made up of
an assembly of elementary particles.

Generally, an effective failure in a material gives rise, according to the loading
conditions, or to some disturbances, defects, etc., to outbursts in kinetic energy.

37
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There is a transition (a bifurcation) from a quasi-static regime (the system ad-
mits a unique incremental response over a given incremental loading) toward a
dynamical regime (inertial effects govern the response of the system). Effective
failure manifests itself by suddenly exponentially growing strains. Moreover, these
exponentially growing strains are associated with bursts of kinetic energy, as also
observed experimentally and numerically.

From a theoretical point of view, by taking into account the energy conservation
law in continuum mechanics expressed with a Lagrangian formalism and differen-
tiated with respect to time (Nicot and Darve [2007], Nicot et al. [2007, 2012b]),
the evolution of the kinetic energy can be expressed as a function of two basic in-
tegrals, namely the so-called second-order works: the external second-order work
related to the external forces applied, and the internal second-order work related
to the continuous constitutive behaviour of the body.

This equation is central since it highlights the role played by the second-order works
in the onset of failure. Moreover, it proves that the failure is related to a conflict
between the external load that one can apply onto the boundary of the system,
and the internal stress taking place within the system, and directly related to the
constitutive properties of the material. Even though this chapter does not attempt
to be a complete review on the concept of second-order work, and on the related
criterion, some general results are recalled herein. Initially introduced by Hill
[1958] as an instability criterion, the second-order work criterion means that the
material can continue to deform in one stress-strain direction without any external
energy input (Valanis [1989]; Bigoni [2000], Bigoni and Hueckel [1991], Petryk
[1993]). It was also proved that the second-order work criterion corresponds to
the vanishing of the determinant of the symmetric part of the elasto-plastic matrix
(Darve et al. [2004], Nicot et al. [2009], Prunier et al. [2009b]). This feature is very
important, at least for two separate reasons:

• Firstly, let the Bromwich theorem Iordache and Willam [1998] be recalled.
This theorem states that the smallest eigenvalue of the symmetric part Ms

of any square matrix M is lower than any real part of the eigenvalues of M

(the inequality is strict when M is nonsymmetric). Thus, the determinant
of Ms always vanishes before that of M. For many materials, as geomate-
rials, the elasto-plastic matrix is nonsymmetric. Thus, the determinant of
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the symmetric part of the elasto-plastic matrix vanishes before the determi-
nant of the elasto-plastic matrix itself, i.e. before the plastic condition is
met. This result is fundamental because it indicates that a failure can occur
even though the plastic condition is not met (as soon as the elasto-plastic
matrix is nonsymmetric). In other words, the mechanical states at which
the determinant of the symmetric part of the elasto-plastic matrix becomes
nil constitute the lower boundary of the bifurcation domain (Neilsen and
Schreyer [1993]; Darve et al. [2004]; Sibille et al. [2007]; Sibille et al. [2009];
Nicot and Darve [2007]; Nicot et al. [2009]);Prunier et al. [2009a], while its
upper boundary is given by the plastic limit condition.

• Secondly, the second-order work criterion contains the particular cases of the
strain localization criterion (vanishing value of the determinant of the acous-
tic matrix; Rudnicki and Rice [1975]). It can be proved that the second-order
work criterion is met within the localization band. When the localization
criterion is not met, the failure is diffuse, with a chaotic kinematical pattern.

The objective of this chapter is to check carefully the equation relating the second-
order time derivatives of the kinetic energy of the system to the external and in-
ternal second-order works. For this purpose, numerical simulations based on a
discrete element method Cundall and Strack [1979] will be employed to model the
response of a granular assembly along different loading paths. Firstly, a dense
specimen will be considered, subjected to a conventional drained triaxial loading
path. It will be shown that an abrupt collapse can be observed at the deviatoric
stress peak, if some (even small) additional, external loads are prescribed. Then,
an undrained triaxial loading path will be simulated by considering a loose spec-
imen. Here again, at the deviatoric stress peak, the collapse of the specimen is
observed when an additional load is imposed. The discrete element method en-
ables simulating the collapse of the specimen in a straightforward manner, since
the motion of each particle can be followed over time. In this context, two differ-
ent numerical methods will be compared to approach the second-time derivatives
of the kinetic energy, together with both the external and internal second-order
works, once failure has occurred.
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3.2 The continuum approach

3.2.1 Kinetic energy and second-order work

Effective failure of a granular system as a transition from a quasi-static regime to
a dynamic regime was proved to be associated with an outburst in kinetic energy
(Nicot et al. [2012b]). The effective failure of soil specimen can be regarded as
the collapse of the system when the specimen is no longer able to sustain the
external load. This leads to large deformation, where strains increase greatly in a
short period of time. This failure mode is also called diffuse failure mode (Darve
et al. [2004]). When the system turns from quasi-static to dynamic regime, it is
reasonable to analyse the variation of kinetic energy. Thereafter, we particularize
the analysis to a cubic specimen (L1 × L2 × L3) as defined in figure 3.1.

3

1

2

L1

L3

L2

A3

A2

A1

v2

v1

v3

Figure 3.1: Cubic specimen - geometrical settings

The index direction ‘1’ is the axial direction while ‘2’ and ‘3’ are the lateral di-
rections. Based on this configuration, the external stress s is defined by forces
acting on along boundaries, this average stress is calculated by summing the con-
tact forces f along the boundary, and dividing by the surface area of the rigid
boundary for the model 3D. When a stress is applied on a certain side ‘i’, it means
equivalently that an external force fi is introduced on the sides and consequently,
the external stress is si = fi/Ai where Ai is the area of the surface perpendicular
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to the direction ‘i’ as mentioned in Figure 3.1. The displacement of each side ‘i’,
along the direction vi is denoted Ui = u.vi. In contrast, the internal stress σ (or
Π) takes place within the specimen, resulting from the constitutive behaviour of
the considered material.

In the initial configuration C0, at time t0, the specimen has a volume V0 = L0
1L

0
2L

0
3,

and a volumic mass ρ0 enclosed by the boundary Γ0 = ∂V0. After a certain load-
ing history, the body is in a strained configuration C and occupies a volume
V = L1L2L3 of boundary (Γ), in equilibrium under a prescribed external loading.
This loading is defined by specific static or kinematic parameters, referred to as
the loading parameters. Fij = ∂xi

∂Xj
= δij + ∂Ui

∂Xj
is the general term of the defor-

mation gradient tensor F . Π denotes the Piola-Kirchhoff stress tensor of the first
type, Π = detFσF−T . Π is the transformed quantity of the Cauchy stress tensor
σ through the bijection ϑ mapping the material point from the reference configu-
ration to the current configuration (x = ϑ(X)). This bijective transformation is
convenient so as to obtain all integrals given with respect to a fixed domain. In
this context:

〈F 〉 =


〈F11〉 0 0

0 〈F22〉 0

0 0 〈F33〉

 and 〈Π〉 =


〈Π11〉 0 0

0 〈Π22〉 0

0 0 〈Π33〉


Where 〈M〉 = 1/V0

∫
V0

MdV denotes the mean value of the variable M over the

whole volume V0.

Adopting a Lagrangian formulation and in absence of body forces, the evolution
of each material point of the system is given by the equation:

ρ0Üi −
∂Πij

∂Xj

= 0 (3.1)

where u is the displacement field. The kinetic energy of the whole system reads:

Ec =
1

2

∫
V0

ρ0U̇
2dV0 (3.2)

A double time differentiation of equation (3.2) yields:
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Ëc =

∫
V0

ρ0Ü
2dV0 +

∫
V0

ρ0U̇ ·
...
UdV0 (3.3)

Combining equation (3.3) with equation (3.1) gives:

Ëc =

∫
V0

ρ0Ü
2dV0 +

∫
V0

U̇i
∂Π̇ij

∂Xj

dV0 (3.4)

By virtue of the Green formula, equation (3.4) can be written as:

Ëc =

∫
V0

ρ0Ü
2dV0 +

∫
Γ0

U̇iΠ̇ijNjdS0 −
∫
V0

Π̇ij
∂U̇i
∂Xj

dV0 (3.5)

It results that the second-order time derivative of the kinetic energy is the sum of
three terms:

• The first term I2 =
∫
V0

ρ0Ü
2dV0 is an inertial term. As a quadratic average

of the acceleration, this term is always positive.

• The second term
∫
Γ0

U̇iΠ̇ijNjdS0 =
∫
Γ0

U̇iṡidS0 is a boundary term involving

the control parameters (the displacements U , and the current external forces
f with df = sdS0) acting on the boundary of the initial (reference) config-
uration of the system. It is thereafter called the external second-order work
W ext

2 and can be expressed as:

W ext
2 =

3∑
i=1

ṡiU̇iAi = ṡ1U̇1A1 + ṡ2U̇2A2 + ṡ3U̇3A3 (3.6)

• The third term introduces explicitly the second-order work which expresses,
following a semi-Lagrangian formalism Hill [1958], as

∫
V0

Π̇ij
∂U̇i

∂Xj
dV0 =

∫
V0

Π̇ijḞijdV0.

This term is related to the constitutive behaviour of the material, and is
therefore referred to as the internal second-order work W int

2 . It should
be noted that at any material point of the system, both stress rate tensor
Π̇ and velocity gradient tensor Ḟ are related by the constitutive equation

Π̇ij = LijklḞkl, where the four-order tensor
(4)

L is the tangent constitutive
tensor for rate-independent materials.
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For the homogeneous case, it is possible to invoke the fundamental Hill
identity, where

〈
Π̇ijḞij

〉
=
〈

Π̇ij

〉〈
Ḟij

〉
. The internal second-order work

reads:

W int
2 =

∫
V0

Π̇ijḞijdV0 = V0

〈
Π̇ijḞij

〉
= V0

〈
Π̇ij

〉〈
Ḟij

〉
(3.7)

For the sake of simplicity, terms Fi (resp. Ḟi) and Πi (resp. Π̇i) denotes
〈Fii〉 (resp.

〈
Ḟii

〉
) and 〈Πii〉 (resp.

〈
Π̇ii

〉
). As Ḟi = U̇i

Li
, notice that the

initial volume of the specimen is given by V0 = L1A1 = L2A2 = L3A3, then
Ai = V0/Li. The internal second-order work can be expressed as:

W int
2 = Π̇1U̇1A1 + Π̇2U̇2A2 + Π̇3U̇3A3 (3.8)

It follows that equation (3.5) can be expressed as:

Ëc = I2 +W ext
2 −W int

2 (3.9)

Based on equations (3.6) and (3.8), the equation (3.9) can be rewritten as:

Ëc = I2 +
3∑
i=1

(ṡi − Π̇i)U̇iAi (3.10)

It is important to distinguish the stress acting on the boundary of the specimen and
the stress acting within the specimen. The constitutive response of the specimen
is characterized by a relation between strain rate Ḟi and stress Π̇i. However the
only information that can be obtained is via boundary record, involving si and Ui.
During a quasi-static evolution of the specimen, the internal stress tensor within
the specimen is balanced with the external stress vector, so that for each side ‘i’
Πi = si . Thus, the constitutive response of the specimen can be investigated in
that case from the measurable variables si and Ui (or Fi = Ui/Li + 1). This is
exactly what is done during laboratory tests. This is sound until the specimen
fails: if inertial effects take place, the external stress is not balanced by the internal
stress, and a heterogeneous strain field may develop within the specimen Nicot
et al. [2012b].

The problem at hand now is specialized into a granular material comprised of N
grains. Throughout the manuscript, ‘p’ will denote indiscriminately the grain (as
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a body) or enumerate a particular grain within the assembly such that 1 ≤ p ≤ N .
Then, the equation (3.2) can be rewritten as:

Ec =
∑
p∈V0

1

2
mp(vp)2 +

1

2
ωp(Ip(ωp)T ) (3.11)

where mp is the mass of particle ‘p’, vp is the velocity of particle ‘p’, Ip is the
moment of inertia and ωp is the angular velocity of ‘p’.

Likewise, we have:
I2 =

∑
p∈V0

mp(üp)2 (3.12)

The purpose of the following development is to compute the evolution of the kinetic
energy over time, using two different ways: (1) by considering a direct computation
from equation (3.9); (2) by a numerical integration procedure has to be set up in
order to deduce the kinetic energy. In what follows, two numerical procedures
are compared: first, a series expansion approach is considered; then, an integral
approach is used.

3.2.2 Series expansion approach

Let us consider a small increment of time ∆t between t and t + ∆t. The Taylor
expansion of Ec(t) is:

Ec(t+ ∆t) = Ec(t) + ∆tĖc(t) +
∆t2

2
Ëc(t) + o(∆t3) ∀∆t (3.13)

At time t, the system is supposed to be in equilibrium state, then Ec(t) = 0 and
Ėc(t) = 0 (Nicot et al. [2012b]). When the time increment ∆t is small enough,
the equation (3.13) becomes:

∆t2Ëc(t) ≈ 2Ec(t+ ∆t) (3.14)

By combining equation (3.14) with (3.9) we obtain an expression of the kinetic
energy as a function of the second-order works of the system:

Ec(t+ ∆t) ≈ 1

2
(I2 +W ext

2 −W int
2 )∆t2 (3.15)
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Based on equation (3.15), in the numerical validation process, the external and
internal second-order works will be captured and compared explicitly with the
evolution of the kinetic energy for every time step. It should be noted that this
approximation is limited to small time increments.

3.2.3 Integral approach

From equation (3.9), an alternative approach consists in integrating twice equation
(3.9) with respect to time. By doing so and recalling that Ec(t) = 0 and Ėc(t) = 0,
for each value ∆t, an integral expression of Ec(t+ ∆t) can be found:

Ec(t+ ∆t) =

t+∆t∫
t

( T∫
t

(I2 +W ext
2 −W int

2 )δτ

)
δT (3.16)

The purpose of the next section is to evaluate these two approaches from a nu-
merical analysis based on discrete element simulations.

3.3 Numerical inspection

The numerical specimen considered in this chapter was introduced in chapter 2. It
is a dense specimen of 10000 spherical particles placed inside 6 frictionless walls.

Since the response received from the DEM simulation is dynamic, the quasi-static
response of the specimen is attained for a sufficiently low loading rate. As men-
tioned in Nicot et al. [2012b], this DEM tool can be used to investigate the in-
crease in kinetic energy by comparing the balance between the loading defined at
the boundary of the system and the bearing capacity of this system related to the
constitutive behaviour at the material point scale.

In this study, even though large deformation is supposed to take place, it will
be assumed (for the sake of simplicity) that the evolution of the system can be
characterized by ε (small strain tensor) and σ (Cauchy stress tensor), using an
updated Lagragian configuration. Thus, at each loading state, both Cauchy stress
tensor (σ) and Piola-Kirchhoff stress tensor (Π) coincide. Likewise, ε̇ and Ḟ
coincide.
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The flow chart of the simulation is described in figure 3.2

Begin test from

isotropic state

Stop point after

peak

Stabilization of

specimen

Apply additional

charge ∆s

Figure 3.2: Flow chart of the general simulation

In the next section, two simulations are considered: first, a drained test applied to
the dense package; then, an undrained test applied to the loose package. As previ-
ously mentioned in Chapter 2, the parameters of the two specimens are indicated
in Table 3.1.

Terms Values Unit

Number of particles 10000 -
Diameters 0.002 ∼ 0.0075 m
kn/Ds 356 MPa
kt/kn 0.42 -

Friction angle ϕc 35 deg
Void ratio e 0.61 (dense), 0.72 (loose) -

Table 3.1: Numerical parameters

3.3.1 Drained triaxial test

The specimen is first compressed with the external stress s1 = s2 = s3 = 100kPa.
Then from this isotropic state, the lateral stress is kept constant s2 = s3 = 100kPa

and a strain rate ε̇1 = 0.01s−1 is applied. This value of strain rate is kept constant
in order to maintain the quasi-static condition for the system. Under this mode
of control, the internal stress balances with the external stress (si = σi). Until the
desired state after the peak of the curve (q, ε1) is reached (marked as point A in
Figure 3.3, where q = σ1− σ3 is the deviatoric stress), the control of the system is
switched into a full stress control so that the specimen is stabilized by fixing the
value of the external stress by s1 = σA1 = 266.5kPa and s2 = s3 = 100kPa.
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Figure 3.3: Evolution of deviatoric stress q in terms of axial strain of the
drained triaxial test

The additional charge ∆s is applied at point A once the specimen is stabilized.
This application is executed by an imposed force f = ∆s × Atop to obtain the
stress value of ∆s = 5kPa, as described in figure 3.4. Thus, the external loading
conditions are:

• s1 + ∆s = 266.5 + 5 = 271.5(kPa) applied to the upper plateau

• s2 = s3 = 100(kPa) applied to the lateral walls

where Atop is the area of the top surface of the specimen at the time the additional
force is applied on the system.
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Top plate

Specimen

s1 = σ1

f = ∆s×Atop

s2 = s3 = 100kPa

Figure 3.4: The additional force applied on the top-plate after stabilization

The additional force is not applied directly but gradually in 400 numerical time
steps to avoid any too strong dynamic effect.

The evolution of the kinetic energy of the system after the application of the
additional charge ∆s is shown in figure 3.5: in short time period, an outburst
of Ec is observed. By comparing Ec with the evolution of the axial strain ε1, it
is important to note that the investigation is only carried out until ∆t = 0.05s

because after that time, the axial strain is close to 70%; as seen in figure 3.5, at
this moment, the specimen has completely collapsed.
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Figure 3.5: Time evolution of axial strain and kinetic energy after the appli-
cation of ∆s
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From the very beginning of the application of the additional load, the internal
stress σ1 increases to balance the applied load s1. This phenomenon can be ex-
plained by the fact that the system slightly gains this capacity after the stabi-
lization process; but immediately after that, as seen in Figure 3.6, σ1 decreases
rapidly and then separates from the applied external stress s1.
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Figure 3.6: Evolution of both internal stress σ1 and applied stress s1

This phenomenon recalls equation (3.10). In this test, the lateral external stress
is kept constant s2 = s3 = 100kPa, then ṡ2 = ṡ3 = 0. Therefore in this context,
equation (3.10) can be rewritten as:

Ëc = I2 + A1U̇1(ṡ1 − σ̇1) (3.17)

Therefore, the unbalance between external stress s1 and internal stress σ1 (with
σ̇1 < 0 and ṡ1 = 0) in this case leads to Ëc > 0, which describes an outburst in
kinetic energy.

The result of the two numerical approaches mentioned in sections 3.2.2 and 3.2.3 is
shown in Figure 3.7 and a zoom to a smaller time step ∆t is demonstrated in Figure
3.8 and Figure 3.9. For a small increment of ∆t from 0s to 0.02s, the series expan-
sion shows a good adequacy with the kinetic energy within the specimen computed
using equation (3.11); however, when ∆t is larger (∆t > 0.02s), this agreement
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between these two terms is no longer maintained, as expected when using the Tay-
lor series expansion of Ec. On the other hand, the second approach involving a

numerical integration of the term Ec and
t+∆t∫
t

(
T∫
t

(I2 +W ext
2 −W int

2 )δτ

)
δT leads

to a better agreement for larger time steps, as demonstrated in Figure 3.9. In
fact, unlike equation (3.15), equation (3.16) is not an approximation, and gives
the exact expression of the kinetic energy with respect to both internal and exter-
nal second-order works. However, for long time periods, a discrepancy develops
caused by large strains taking place within the specimen and loss of homogeneity.
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Figure 3.7: Computation of the kinetic energy from the second-order work
equation
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Figure 3.8: Kinetic energy Ec - Series expansion approach
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Figure 3.9: Kinetic energy Ec - Integral approach

After the time ∆t = 0.04s, the axial strain ε1 reaches over 40 % and the specimen
collapses.

The results clearly show that, equation (3.15) is valid only for an infinitesimally
small time step from the equilibrium state, whereas equation (3.16) is valid until
the system has collapsed. These two approaches have been investigated for the
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drained triaxial test on a dense specimen. In the next section, the undrained
triaxial test on a loose specimen is considered.

3.3.2 Undrained triaxial test

The second specimen investigated is a loose specimen with the same parameters as
those reported in Table 2.1. This specimen is subjected to an undrained (isochoric)
triaxial test in asymmetric condition. The strain rate applied to the top plate is
ε̇1 = 0.01s−1. The isochoric condition reads: ε̇1 + ε̇2 + ε̇3 = 0. The condition on the
lateral walls is therefore ε̇2 = ε̇3 = −1

2
ε̇1. In order to stabilize the specimen until

an equilibrium state is reached, at the desired point B described in Figure 3.10,
the walls are fixed until the specimen fully attains a quasi-static regime before the
application of the additional load ∆s. At this point, the control on the boundaries
is switched into stress control while maintaining the isochoric condition. Since this
is a loose package, the choice of B must be close enough to the peak of the curve
q − p or otherwise it will be impossible to stabilize the specimen.
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Figure 3.10: Deviatoric stress in terms of axial strain ε1 and mean stress p.
The point B at which the additional load is applied is indicated.

Similar to the dense specimen, the additional load ∆s is applied gradually in
300 numerical time steps to the top plate while the isochoric condition is kept to
maintain the isochoric behaviour. The investigation is carried out to ∆t = 0.05s

corresponding to an axial strain ε1 greater than 80%. At this time the specimen
is completely collapsed, as seen in Figure 3.11.
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Figure 3.11: Axial strain and kinetic energy after the application of ∆s

As a result of the additional load, the internal stress σ1 at the beginning can bal-
ance the applied stress s1 because the specimen gains strength after stabilization,
but immediately after σ1 and s1 rapidly separate from each other (figure 3.12).
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Figure 3.12: Internal stress σ1 and applied stress s1

As observed in the previous section, and according to equation (3.10), the differ-
ence between the internal and external stresses leads to an outburst in the kinetic
energy Ec of the system.
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The Ec and the series expansion is compared and good agreement between these
terms is found for a small time increment value (Figure 3.13), from ∆t = 0s to
∆t = 0.015s; after that the agreement is no longer valid.
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Figure 3.13: Computation of the kinetic energy Ec from the second-order work
equation

The diagram in Figure 3.14 shows a clearer view of the comparison between the
evolution of the kinetic energy Ec and the series expansion approach 0.5 × (I2 +

W ext
2 −W int

2 )∆t2. In this diagram, a closer zoom to the time step ∆t highlights
only the terms concerned, and shows that the agreement is valid for short time
steps (∆t ∼ 0.015s).

The result of the second approach is shown in Figure 3.15, with good agreement

between the kinetic energy and the integral term
t+∆t∫
t

(
T∫
t

(I2 +W ext
2 −W int

2 )δτ

)
δT

until the collapse of the specimen (∆t ∼ 0.04s).
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Figure 3.14: Kinetic energy Ec - Series expansion approach (zoom to short
time increments)
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Figure 3.15: Kinetic energy Ec - Integral approach (zoom to short time incre-
ments)

For the loose package, an outburst in kinetic energy is also found when an addi-
tional load is applied to the specimen, where the system turns from quasi-static
to a dynamic regime and leads to the diffuse failure mode.
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3.4 Conclusion

We have investigated the mechanism of collapse from an equilibrium state of a
granular, rate-independent material, where the failure is defined by an outburst in
kinetic energy under incremental loading. This increase in kinetic energy is caused
by the difference between the external second-order work involving the external
loading parameters and the internal second-order work. The mechanical origin lies
in the distinction between the internal stress within the material and the applied
stresses on the system’s boundary. When the internal stress loses the capacity
to balance the external stress, the specimen produces a dynamic response. An
increase in kinetic energy was observed after a limit state was reached (axial or
deviatoric stress peak), after application of a small additional axial load. Very
good agreement was found with the integral method, whereas the method based
on expansion series requires a small time range. Of course, for very large strains,
corresponding to a substantial collapse of the specimen, the validity of the equation
can no longer be tracked.

In the next chapter, a closer scale will be taken into account: the meso-structures
inside the granular materials.





Chapter 4

Mesostructures & macroscopic

behaviour of granular materials

4.1 Mesostructures in granular materials

An important choice to be made in this chapter is switching from 3D to 2D simu-
lation. It is obvious that the 3D models provide the realistic result that engineers
are interested in. However, the advantage of 2D models is that a 2D simulation
runs more rapidly than a 3D simulation with equivalent or even more number of
particles. This difference in computational effort arises because 2D particles have
three degrees of freedom, while 3D particles have six. Moreover the number of con-
tacts per particle is greater in the 3D case as contacts can develop anywhere along
the particle surface, rather than being restricted to in-plane contacts, as in the 2D
case. Particles in a 2D simulation will not experience out-of-plane forces and only
moments acting about axes orthogonal to the analysis plane can be considered. As
visualization of particle displacements and contacts force networks is much easier,
2D models can be more useful to study particle-scale mechanics in detail. Since
this chapter is dedicated to the mesoscale investigation, 2D simulation is adopted.

4.1.1 2D numerical specimen

The static biaxial drained test (Figure 4.1) presented in this chapter is simulated
using the software YADE. This model consists in a package of 20000 disks in a

59
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rectangular box. There is no friction on the four walls. To prepare the package,
first, the 20000 disks are randomly generated, after that the package is compressed
by applying the isotropic stresses on the walls, s1 = s2 = 100kPa. The biaxial
test is performed by applying a strain rate ε̇1 = 0.01s−1, while the lateral stress is
kept constant σ2 = 100kPa.

Frictionless

Walls

20000 disks

Figure 4.1: The 2D model in YADE

As presented in Chapter 2, the contact law is governed by three mechanical pa-
rameters: the normal stiffness coefficient kn, the tangential stiffness coefficient kt
and the friction angle ϕc. For a pair of particles in contact, the normal force Fn
is defined by kn and the overlap between the two particles; there is no tensile
force. The tangential force Ft is governed by the relative tangential displacement,
multiplied by kt, in compliance with the Coulomb’s friction law |Ft| ≤ Fn tanϕc.
A scheme is recalled to explain the contact law that governs the interactions in
Figure 4.2.
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Figure 4.2: The contact law of the interaction between the disks

A summary of all the material parameters governing the contact can be found in
table 4.1.
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Number of particles 20000
Density of particles 3000 kg/m3

kn/Ds 5× 109 Pa

kt/kn 0.42
ϕc 35o

Porosity n (at isotropic state) 0.167 (dense)

Table 4.1: Model parameters

It is worth noting that the particles generated in YADE are basically spheres,
however we can block the movement and rotation of the spheres on the third
plane, to have the configuration of a 2D specimen. The result of the drained
biaxial test is shown in Figures 4.3 and 4.4:
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Figure 4.3: Result of the drained biaxial test: deviatoric stress versus axial
strain ε1
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Figure 4.4: Result of the drained biaxial test: volumetric strain εv versus axial
strain ε1

The deviatoric stress curve reaches a peak at the strain state ε1 = 1.5%, after
that, a softening phase is observed, and the curve tends to have a plateau until
the end of the test. The simulation is stopped when the axial strain reaches 20%.

4.1.2 Force-chain and grain-loop

As previously mentioned in Chapter 1, this chapter investigates structures built
inside granular materials on the meso-scale, involving force-chains and grain-loops.
In this manuscript, the term “macrostructure” describes the specimen scale, the
term “microstructure” describes the particle scale and finally the term “mesostruc-
ture” describes a structure that is built based on a set of particles in interaction
into a certain kind of more complex structures: the particle interactions can form a
quasi-linear pattern like the force-chain or they can assemble and form a grain-loop
(Figure 4.5).
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Figure 4.5: Force-chains and grain-loops in the 2D specimen

Several studies have been carried out to understand the behaviour and properties of
mesostructures within the two-dimensional system: some authors study about the
instability of force-chains (Hunt et al. [2010], Tordesillas and Muthuswamy [2009],
Tordesillas et al. [2009]), or point out the correlation between the instability of
force-chain and the development of the shear band in dense granular assemblies
(Tordesillas [2007]); others mention about the relation between the evolution of
force-chains and its relation with the grain-loop containing three particles (known
as 3 grains cycle, in this thesis, this term is alternatively switched to grain-loop
L-3 ). Force-chains are known as a system’s response to external loading, and they
are considered as the main ingredient deciding the strength of granular materials.
While grain-loops can be directly considered as “the laterally supporting contact
network” (Tordesillas et al. [2010a]). However, there are still some aspects that
need to be carefully investigated, such as the relation between the force-chains
evolution and the instability of granular material in the drained biaxial test of a
dense specimen, or the correlation between the instability of force-chains and the
variation of different kinds of grain-loops. This chapter demonstrates an effort to
elucidate these issues.

Generally, force-chains and grain-loops have essential contributions to the macro-
scopic behavior of the system. Also, the relation between these structures plays an
important role to the instability of the structure. The definition of these structures
is explained in the following sections.
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4.1.2.1 Definition of force-chain

It is important to distinguish the ‘force network’ and ‘force-chain’ in granular
materials: within a numerical granular sample, whenever there is an interaction
between two particles, we can define the branch vector connecting these two ele-
ments; by doing so for every interaction inside the specimen, a “force network” can
be achieved (Figure 4.6 demonstrates the force network in a 2D specimen, thicker
lines describe stronger contact force).

Figure 4.6: Force network in 2D specimen (particles are hidden)

However, inside this ‘force network’, the distribution of contact forces is not always
homogeneous, especially in the 2D biaxial test, when the deviatoric stress is applied
to the specimen. There are two coexisting phases that can be considered: the
strong network and the weak network. Thus, the ‘force-chain’ is introduced.

In a granular medium, forces are transmitted via a two-phase network of contact
forces: strong contact force network comprising of the force-chains, which bear
the majority of the load; surrounding this is the complementary weak network of
particles that provides lateral stability to the force chains (Radjai et al. [1998],
Tordesillas et al. [2011b]). The force-chains are not intrinsically built inside the
material, but are more likely in response to the external forces. Basically, the
force-chain is a structure formed by the particles which satisfy three following
conditions (Peters et al. [2005]):
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1. The contact forces inside the force-chain must be from the strong interac-
tions: the interparticles carry a force above the global average

2. A force-chain contains at least three particles

3. The particles inside the force-chain must create a quasi-linear pattern

Let us consider the first condition of the definition of a force-chain. For a particle
inside the specimen, the stress tensor can be described as:

σ̃ij =
1

V

Nc∑
c=1

f ci r
c
j (4.1)

where V is the volume of the particle, N c is the number of contacts of the particle,
f ci is the ith component of the force acting at the contact and rcj is the j th com-
ponent of the radius vector from the center of the particle to the point of contact.
Thus, the principal stresses can be defined by:

σ1 =
σ11 + σ22

2
+

√
(
σ11 − σ22

2
)2 + (σ12)2 (4.2)

σ3 =
σ11 + σ22

2
−
√

(
σ11 − σ22

2
)2 + (σ12)2 (4.3)

where the σij are the components of the symmetric part of the particle stress,
σ1 is the major principal stress and σ2 is the minor principal stress. It is worth
to note that inside DEM, the convention of the stress is tension-positive, so the
minor principal stress is the most compressive principal stress. We can define the
direction of the major principal stress from the positive x1 axis, θ, by the equation:

tan(2θ) =
2σ12

σ11 − σ22

(4.4)

Figure 4.7 illustrates the direction of the most compressive principal stress of a
particle
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θ

Figure 4.7: Direction of the most compressive principal stress of a particle in
a force-chain, θ is defined in equation (4.4) (Peters et al. [2005])

For particles in a force-chain, they must carry large stresses compared to particles
not in chains. It is generally accepted that only particles with contact forces (or
equivalently, stresses) have magnitudes greater than the average value. Thus, a
particle j can only be part of a force-chain if the magnitude of its minor principal
stress is greater than the average, as described in equation (4.5):

∣∣∣σj2∣∣∣ > 1

N

N∑
i=1

∣∣∣σi2∣∣∣ (4.5)

where N is the number of particles, and
∣∣σi2∣∣ denotes the magnitude of the minor

principal stress of particle i.

The second condition of forming a force-chain is a simple concept: one or two
particles are not able to form a chain. The minimum quantity requires 3 particles.

The last condition is the “quasi-linear pattern” or similarly, a force-chain can be
consider a “quasi-linear particle assemblies” (Campbell [2003]). Inside a force-
chain, the directions of the minor principal stresses must form a quasi-linear line
(Figure 4.8).
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(a) (b)

Figure 4.8: Directions of the minor principal stresses of particles that can not
form a force-chain (a) and can form a force chain (b)

The algorithm is explained in following steps:

1. Read the interactions information of all particles

2. Filter out particles which have minor principal stress smaller than the aver-
age value

3. After that, filter one more time the particles that are not in contact with
other highly stressed particles, also particles have less than two contacts

4. From the set of filtered particles, choose a starting grain then find the next
particles in chain, while checking the quasi-linear pattern condition demon-
strated in Figure 4.8

By looping the algorithm of force-chains detection on all particles within the gran-
ular specimen, we can define the location of all force-chains at each state. For
example, an illustration of force-chains in 2D spherical particles specimen is shown
in Figure 4.9.
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Figure 4.9: Force-chains in 2D specimen (particles marked with dark blue
color)

4.1.2.2 Definition of grain loops

The next structure considered is the grain-loop. As mentioned previously, particles
within the granular medium can form a linear pattern as the force-chain, but they
can also form into a closed pattern. The grain-loop is a constructed structure based
on a set of particles having interaction with each others, forming a closed cycle of
particles in contact, the centers of which forming a closed polygonal line. In this
thesis, the considered grain-loops involve the loop-3, loop-4, loop-5 and loop-6, as
shown in figure 4.10. For the sake of simplicity, the grain loop-i is denoted L-i
(i = 3, 4, 5, 6).

Figure 4.10: Definition of grain loops L-3 (a), L-4 (b), L-5 (c) and L-6 (d)
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It is worth noting that, based on this definition, grain-loops can also be defined
from the force-network map, where the triangle, the quadrangle, the pentagon
and the hexagon correspond to grain-loops L-3, L-4, L-5 and L-6, respectively (as
demonstrated in Figure 4.10, grain-loops can be alternatively represented by vector
branches connecting particles in contact). From the geometrical point of view, we
can see that the grain-loop L-3, which the vector branches connecting the particles
form a triangle, with this geometrical configuration, the ability to deform of this
loop is restrained, since a small movement of one particle inside the loop can break
the interaction and therefore the grain loop L-3 is not available anymore; on the
contrary, for the grain loop L-6, the vector branches connecting the particles form a
hexagon, and the particles inside L-6 have more space to deform. The behaviour of
the grain-loop can be greatly affected by their difference of deformability, therefore
makes influence to the behaviour of the granular system.

To detect and classify the grain-loops inside the 2D granular specimen, we apply
a modified technique of the so-called mini cycle basis algorithm (Mehlhorn and
Michail [2007]) to the contact network built from the interactions between grains
(the grain-wall contacts are not taken into account). It is worth noting that some
other authors use the terminology “cycle” instead of “loop” to describe this kind of
mesostructures, therefore in this manuscript, mini cycle basis is equivalent to mini
loop basis. The brief description of the mentioned algorithm is presented below:

Let us consider G(V,E) an undirected unweighted graph with m edges, n vertices
and κ connected components, T be any spanning forest of G. A loop C of G is
any subgraph in which each vertex has even degree. Each loop is associated with
an incidence vector x, indexed on E, where xe = 1 of e is an edge of C and xe = 0

for other cases. The vector space generated by the incidence vectors of loops is
called the loop space of G, and has dimension N = m− n + κ. A maximal set of
linearly independent loops is called the loop basis.

The weight of a loop is the sum of the weights of its edges, and the weight of a
loop basis is the sum of the weights of its loops. For the unweighted case, this is
simply a count of number of edges. The minimum loop basis is the loop basis of
minimum weight in a graph.

Let {e1, ..., eN} be the edges of G\T in some arbitrary but fixed order.

For each vertex v and edge e = (u,w), construct the loop C = SP (v, u) +

SP (v, w) + (u,w), where SP (a, b) is the shortest path from a to b. If these two
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shortest paths do not contain a vertex other than v in common, then keep the
loop and add it to a set of loops defined as the Horton set. The Horton set always
contains a minimal loop basis, but not necessarily all the loops that belong to
any minimal loop basis. By processing, uniqueness of the minimal loop basis is
achieved by ensuring shortest path distances of G are unique.

The minimal loop basis is then extracted from the Horton set by using the or-
thogonality of the cycle space. The inner product 〈C, S〉 represents the standard
inner product of vectors, acting on subgraphs C and S in terms of their incidence
vector.

The complete details of this algorithm and comparisons with other algorithms can
be found in Mehlhorn and Michail [2007].

For sparse graphs, such as those we encounter in complex networks of granular
systems, this is the best known algorithm for computing a minimal loop basis.

Algorithm 1 Algorithm for building minimal loop basis
1: Ensure uniqueness of shortest path distances of G
2: Construct superset (Horton set) S of Minimal Loop Basis
3: Set Si = {ei} for all i = 1, ..., N
4: for i = 1 to N do
5: Find Ci as the shortest loop in S such that 〈Ci, Si〉 = 1
6: for j = i+ 1 to N do
7: if 〈Sj, Ci〉 = 1 then
8: Sj = Sj + Si
9: end if
10: end for
11: end for
12: return S is the minimal loop basis

4.1.2.3 Relation between force-chains and grain-loops

The medium around the force-chains is comprised of the grain-loops. By the
fact that force-chains exist conjoined with grain-loops, force-chains and grain-
loops share a mutual relationship, they are the essential mesostructures in the 2D
granular medium (Figure 4.5). Several studies have pointed out the connection
between the stability of force-chains with the grain-loop L-3 (Tordesillas et al.
[2011a]), where grain-loop L-3 “are stabilizing agents that act as granular trusses
to the load-bearing force-chain columns”. There are still some missing aspects
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needing to be investigated, for example: the role of bigger grain-loop (grain-loop
L-6 ) to the instability of force-chains, which is discussed in the following section;
or by taking into account a stability criterion to compare the strength of the
grain-loops (Chapter 5).

4.2 Correlation between the variation of mesostruc-

tures and macroscopic behavior of granular ma-

terials

The investigation of mesostructures in this section is carried out based on the
biaxial test introduced in Section 4.1.1. In this investigation, the number of force-
chains Nfc and grain-loops NL-i are captured and compared with the deviatoric
stress (q = σ1 − σ2) and the volumetric strain εv = ε1 + ε2, respectively. Since
the force-chain is basically built based on the force criterion, Nfc is compared
with q; while the grain-loops are defined based on their geometry settings, NL-i is
compared with εv. The results are shown in Figures 4.11 and 4.12.
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Figure 4.11: Comparison between the deviatoric stress q and the total number
of force-chains in the biaxial test
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The result from Figure 4.11 indicates that the macroscopic behaviour (deviatoric
stress) of specimen changes in accordance with the variation of the microstructure
(number of force-chains): when the test begins, an increase is found until reaching
a peak, after that, there is a softening phase, tending to stabilize afterward. Force-
chains appear to show as the material’s capacity to sustain the external load: when
the deviatoric stress rises, interactions between particles inside the material create
force-chains as a response to the external deviatoric stress. As soon as force-chains
collapse, the specimen loses its capacity and reaches the limit state.
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Figure 4.12: Volumetric strain εv and the variation of the number of grain
loops

Meanwhile, the variation of the number of grain-loops shows a close correlation
with volumetric strain of the system. As demonstrated in Figure 4.12, when
the specimen is under compressive loading, the number of grain-loops changes
accordingly: at the beginning, the stable L-3 dominates the global loop number
and L-6 is less noticeable; when the deviatoric stress is applied, the number of L-3
quickly decreases and L-6 slightly increases during loading to peak shear stress.
After that, when εv is constant, the number of all grain-loops is also stable.
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As can be seen in the diagram, the numbers of grain-loops L-4 and L-5 share
a similar evolution as L-3. Therefore, in this manuscript, the investigation is
concentrated only on the loops L-3 and L-6.

4.3 Instability of force-chains in granular material

4.3.1 Definition of force-chain buckling

The force-chains can be eliminated under the “buckling” mechanism, where the
geometry condition is no longer satisfied (for instance, see Tordesillas [2007]):
under this circumstance, a force-chain cannot form a quasi-linear line any longer.
The buckling mechanism of a force-chain is described by taking a segment of 3
particles inside a chain, between two continuous states considered; the buckling
angle θb between the branch vectors can be computed as shown in Figure 4.13.

θ1

θ2

θb=0.5(θ1+θ2)

Figure 4.13: Calculation of the buckling angle θb in the 3-particle segment in
a force-chain. If this buckling angle exceeds the threshold, the

force-chain is considered as buckling.

When θb exceeds some prescribed threshold θ̂b, the whole force-chain is considered
buckled and no longer available. In this manuscript, three threshold values are
used for the investigation (0.5◦, 1◦, 2◦), the result of the buckling events is shown
in Figure 4.14.

In this segment of 3 particles, when the buckling event occurs (the buckling angle
exceeds the chosen threshold), the middle grain is called the buckling grain, this
grain is considered as the point where the force-chain collapses.
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Figure 4.14: Numbering of buckling events during the biaxial test

Before the peak of the deviatoric - axial strain curve, force-chains are the main
ingredient that bear the external load, even though there are some buckling events
of force-chains in this state (as can be seen in the diagram 4.14, at the beginning
state of the test where ε1 < 1%, there is no force-chain buckling). The drop of
number of force-chains, or equally, the rise of buckling events, leads the specimen
to an unstable state (in Figure 4.14), as can be observed when the axial strain
ε1 ∈ [0.01, 0.015].

It is obvious that, when choosing a lower value of the threshold θ̂b, a larger number
of buckling events can be found. However, with whatever value, the result shows
a same trend: from the isotropic state, there is no buckling of force-chains, after
that in the hardening phase (before peak of the curve q), there are few buckling
events of the force-chain, then the deviatoric curve reaches its peak; when the
buckling events rise considerably, the specimen is unstable.
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For the sake of simplicity, the force-chains are considered buckled when θb is bigger
than the threshold value θ̂b = 1◦. This value for the force-chain buckling detecting
algorithm is physically reasonable choice (Tordesillas et al. [2011a]).

4.3.2 Correlation between the evolution of force-chains and

macroscopic behaviour

The force-chains appear as a response of the granular medium to the external
loading (Radjai et al. [1998], Tordesillas [2007], Tordesillas et al. [2009]). In the
biaxial test, a direct relation exists between the number of force-chains and the
deviatoric stress. Consequently, the instability of force-chains plays an important
role in the macroscopic failure of the specimen: the buckling event rises after
the peak of the curve q − ε1. In this case, even when the test is under a quasi-
static regime, the kinetic energy of the system can be considered to identify the
instability of the material.

This section investigates the correlation between the buckling of force-chains and
the variation of kinetic energy calculated from the interactions between particles.
The comparison result is demonstrated in Figure 4.15
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Figure 4.15: Variation of kinetic energy Ec and evolution of buckling events
during the biaxial test

As can be seen in the diagram 4.15, the kinetic energy remains small and is negli-
gible when the biaxial test is in the hardening phase (before the peak of the curve
q − ε1), however, as soon as q begins to drop, Ec rises accordingly. It is worth
noting that when the number of force-chains Nfc begins to decrease, the specimen
reaches a limit state: the deviatoric curve reaches its peak.

The problem at hand now is to find the relation between the number of the buckling
of force-chains and the evolution of the kinetic energy Ec. From both results of Ec
and Nfc, it is clear and sound to conclude that as soon as the force-chains buckle,
the value of the kinetic energy is no longer negligible. It can be explained that
when the re-arrangement of the particles causes the buckling of force-chains and
gives rise to the kinetic energy, the specimen is no longer stable. By looking at
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the comparison between the buckling event with the evolution of kinetic energy
(Figure 4.15): the buckling events almost do not occur before the peak of q, also
Ec is negligible; however, Ec increases when the buckling events take place in the
specimen.

We have a brief conclusion of what we achieved: the establishment and buckling
of force-chains in the classical drained biaxial test show a close correlation with
the increase and decrease of deviatoric stress. The force-chains begin to build
themselves along with the increase of the deviatoric stress (before peak), after that,
when buckling of force-chains happens (means the total number of force-chains
begins to drop, and buckling number begins to increase), the deviatoric stress
turns to softening phase (post peak). Moreover, the evolution of kinetic energy
Ec shows a close relation to the instability of force-chains: when the force-chains
are stable, the kinetic energy remains small, however, when the buckling event
happens, Ec increases and is no longer negligible. The result of this investigation
in the quasi-static case can be extended to the dynamic case, where the force-
chains can be used as a good approach to analyze the microstructure of a granular
system under a dynamical load.

4.4 Relation between the existence of force-chains

and attached grain-loops

As discussed in previous sections, the macroscopic behaviour has a steady correla-
tion with the evolution of the mesostructures (force-chains and grain-loops). But
what is the relation among mesostructures themselves? The condition to consider
the longevity of force-chains and grain-loops might be different; however, inside
the granular material, and in particular: force-chains and the environment around
them, the relation between force-chains and grain-loops cannot be neglected. For
this purpose, this section makes an effort to elucidate the relation between grain-
loops and force-chains by considering what effect the grain-loops might have on
force-chains during their longevity, the so-called force-chain lifespan.
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4.4.1 Lifespan of force-chains and attached grain-loops

The lifespan of a force-chain can be defined as a recorded time span, or series of
continuous recorded strain states, which begins from the moment that one single
force-chain is initially built till the moment it buckles and is no longer available
in the specimen. Consequently, each force-chain has a unique lifespan, and it is
obvious that the lifespans of force-chains have different durations.

In order to investigate the relation between force-chains and grain-loops, we need
to distinguish grain-loops into two groups: grain-loops that share something with
the force-chains and individual grain-loops who do not have any connection with
force-chain. Therefore, the next terminology attached grain-loops is introduced.
As demonstrated in Figure 4.9, when the force-chains are built inside the specimen,
they are always surrounded and supported by surrounding grain-loops 1. Grain-
loops that share at least one particle (in other words, the grain-loop that shares
interactions with the force-chain) are defined as attached grain-loops. Let us take
a single force-chain as an example, see Figure 4.16.

Figure 4.16: Force-chain (particles marked with dotted pattern) with attached
grain-loops

This single force-chain has 4 grain-loops which share one or more particles with it;
in other words, these grain-loops are attached to the force-chain. This force-chain
is supported by these grain-loops: from the grain-loop L-3 to the bigger grain-
loop L-6. During the lifespan of the force-chain, the number of these attached
grain-loops varies. This relation can quantitatively be expressed by introducing
the ratio βi:

1There are also single grains – – sharing contact with the force-chain, but their contribution
is not noticeable
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βi =
NL−i

NL−3 +NL−4 +NL−5 +NL−6

(4.6)

where NL−i is the number of attached grain-loops L-i to the considered force-chain
(i = 3, 4, 5, 6). Consequently, the higher βi is, the more attached grain-loops of
type L-i are found surrounding this force-chain. Applying this equation to the
example in Figure 4.16, we have β3 = 0.25, β4 = 0.25, β5 = 0.25, β6 = 0.25.

For all force-chains inside the specimen, the ratio βi can be computed at each
strain state; then, by tracking the variation of βi during the force-chains lifespan,
we can find the relation between attached grain-loops and force-chains during
force-chains living duration. By doing so, each force-chain’s lifespan produces a
set of βi. However, since each force-chain has its own lifespan duration, some force-
chains live only for few 2 or 3 states, others live longer; then in order to summarize
the relation (grain-loops versus force-chain lifespan) for all of force-chains within
the specimen, the lifespan of each force-chain can be normalized to [0, 1], where 0 is
the moment the force-chain is created and 1 is the moment it buckles. By doing so,
βi can be computed for all force-chains and is demonstrated in one diagram. The
result for the evolution of β3 is shown in Figure 4.17. The diagram represents the
fitting curve of the value of βi of all force-chains in corresponding phases (global
– the whole test; or divided into hardening, softening and ultimate phases).
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Figure 4.17: Evolution of β3 versus the normalized lifespan of force-chains
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As can be seen in the diagram, β3 decreases over time. This result indicates that,
during the lifespan of force-chains, the ratio between the attached grain-loops L-3
to the sum of all attached grain-loop tends to decrease gradually. In other words,
it means that: at first, when the force-chains are built and are still stable, they
are supported by more strong grain-loops (L-3 ), after that, the force-chains are
less and less supported by the grain-loops L-3 and become weaker.

For the attached grain-loops L-6, the result is shown in Figure 4.18.
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Figure 4.18: Evolution of β6 versus the normalized lifespan of force-chains

Firstly, the result shows that, in accordance to the global number of grain-loops,
where L-3 dominates L-6 (Figure 4.12), the attached grain-loops around the force-
chains show the same trend: the ratio β3 surpasses β6. Furthermore, during the
lifespan of force-chains, β6 increases over time, it has an opposite evolution to
β3. This can be explained by the fact that, when the force-chains are weaker and
buckles, they are surrounded by the grain-loops L-6, therefore this leads to the
instability of the force-chains. Moreover, this result leads to a conclusion that, the
surrounding environment of the force-chains tends to increase its deformability:
the more L-6 s are found, the more deformable the force-chain is.

Because force-chains are the response of the granular package to external loading,
different states of the specimen might correspond to different behavior of force-
chains in these states. To be more specific, we can investigate the variation of β3
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and β6 of the force-chains by separating them into different phases of the deviatoric
stress: hardening phase (before peak), softening phase (after peak) and ultimate
phase (the plateau of the curve) (Figure 4.19).
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Figure 4.19: Phases in the drained biaxial test: hardening, softening and ulti-
mate

In the hardening phase, as can be seen in previous result (see Figure 4.11) the
number of force-chains increases along with the increment of the deviatoric stress
till its peak, in this phase, most of the force-chains are supposed to be stable and
buckling events are less noticeable. The result in Figure 4.20 demonstrates the
variation of β3 and β6 during the lifespan of force-chains in the hardening phase.
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Figure 4.20: Evolution of β3 (left) and β6 (right) of the force-chains in the
hardening phase (zoom)

In the softening phase, the trend keeps unchanged (Figure 4.21). However, when
being compared with the hardening phase, β6 rises (from [0.085, 0.114] to [0.123, 0.15]),
due to the fact that the number of global grain-loops L-6 increases. In this phase,
during the lifespan of force-chains, they are first surrounded and supported by the
attached grain-loops L-3, then, the attached L-3 decreases over time, while the
number of attached grain-loops L-6 increases (Figure 4.21).
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Figure 4.21: Evolution of β3 (left) and β6 (right) of the force-chains in the
softening phase (zoom)

The result in the ultimate phase is shown in Figure 4.22. This phase is a special
one, after the softening phase, the number of force-chains, the number of grain-
loops are almost stable and the specimen reaches a critical state (for more detail
on the appearance of a shear band, see Chapter 5). That is to say, the ratio βi
is now affected only by the interaction between force-chains and attached grain-
loops. The force-chains in this stage are stilling building and buckling, but not as
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significant as other phases. The variation of β3 and β6 has a same behavior at the
beginning of the lifespan of force-chains, however, they keep having a stable value
until the end (Figure 4.22).
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Figure 4.22: Evolution of β3 (left) and β6 (right) of the force-chains in the
ultimate phase (zoom)

Finally, to point out the different variations of β3 and β6 through different phases
of the specimen, a comparison is carried out: values of β3 in different phases are
compared (Figure 4.23(a)), and the same for β6 (Figure 4.23(b)). Two things can
be concluded from this results: (a) β3 and β6 have contrary trends. From harden-
ing→ softening→ ultimate, an decrease of β3 is observed, while β6 increases. This
is logical, since during the test, the global number of grain-loops L-3 decreases
and the number of L-6 slightly increases. (b) In 3 phases, β3 and β6 have steady
development: during the lifespan of force-chains, the curves of β3 have descending
slopes, while the curves of β6 have ascending slopes.
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Figure 4.23: Variation of β3 and β6, compared separately in 3 phases

To conclude, force-chains are built and supported by the attached grain-loops
surrounding them. During the force-chain’s lifespan, its relation with the support-
ing grain-loops changes accordingly. The force-chain, overtime, becomes weaker
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and is eliminated by the buckling mechanism; when the number of attached L-3
decreases and attached L-6 increases, force-chains buckle.

4.5 Buckling of force-chains and local void ratio

This last section dedicates to the investigation of the relation between the buckling
of force-chains and the local void ratio around the buckled force-chains. A force-
chain is buckled when it cannot maintain the geometric stable condition. This
phenomenon happens when there is a rearrangement of particles inside the force-
chain itself. However, it is obvious that the rearrangement of particles happens
not only inside the force-chain but also happens within the surrounding particles.
Thus, it is necessary to investigate the environment around the buckled force-
chain; not only the individual relation between a force-chain and its attached
grain-loops, but on a larger scale. One of the possible investigation is the local void
ratio around the buckling grain (the definition of the buckling grain is presented
in Section 4.3.1).

Buckling grain

Scanned region

Figure 4.24: Local area used to calculate the void ratio around the buckling
grain

The method of computing the local void ratio is adopted from the proposition
of Cambou et al. [2013], O’Sullivan [2011]. Let us consider the buckling grain
of a force-chain (see Figure 4.24). From this predefined point, an area can be
therefore defined by taking it as the center, then drawing a circle with a chosen
radius (rscan = 3 〈Ds〉, where 〈Ds〉 is the average particles diameters). In this
manuscript, this zone is called buckling zone. Then, the local void ratio around
the buckling point can be defined as:
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e =
As
Av

(4.7)

where As and Av are the area of the solid and void within the scanning zone,
respectively. When the buckling zone of all buckling grains is defined, the rest of
the specimen is defined non-buckling zone, or normal zone.

The result shown in Figure 4.25 demonstrates the comparison between the average
void ratio of buckling zone and the average void ratio of the non-buckling zone.
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Figure 4.25: Comparison of the local void ratio between the buckling zone and
non-buckling zone

As can be seen in the diagram, the average void ratio of the buckling zone is larger
than the void ratio of the rest of the specimen. This result shows that: inside the
buckling zone, the specimen has a loose pattern, meanwhile, outside the buckling
zone, a denser pattern is found.

By pairing this result to what we achieved in Section 4.4.1, it is observed that the
collapse of force-chains shares a strong relation with the surrounding environment
known as the attached grain-loops. When the collapse of force-chains occurs,
the neighborhood particles rearrange and turn to a looser pattern; this can be
considered the same effect as the variation of support elements of force-chains: the
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attached grain-loops change from L-3 to L-6 : at the end of force-chains lifespan,
the number of L-3 decreases, giving space for L-6 to increase.

4.6 Conclusion

This chapter has went through the investigation of the mesostructures within the
granular material, by investigating the biaxial drained test applying on a 2D dense
specimen. Involving force-chains and grain-loops, the mesostructures are proven
to have a close correlation to the macroscopic behavior of the sample. Firstly, the
variation of force-chains and grain-loops changes in accordance with the macro-
scopic behavior. Force-chains are responsible for the strength of the granular
material: the strength of granular system increases/decreases due to the establish-
ment/disappearance of the strong force network (a.k.a force-chains). Force-chain
is the main ingredient that governs the microstructure of the granular medium.
Moreover, the buckling of force-chains is related to the increase of kinetic energy of
the sample. Secondly, the instability of force-chains is strongly influenced by the
surrounding environment, which consisting of grain-loops. It is also proven that,
around buckled force-chains, a looser pattern can be found. In this surrounding
environment, there are grain-loops that support force-chains. When a force-chain
is created, it is supported by a greater number of attached grain-loop L-3; however,
this quantity decreases over time until the force-chain is buckled. On the contrary,
bigger attached grain-loops L-6 have an opposite development, they have a small
number at the early state of the force-chain lifespan, then this number increases
till the force-chain is buckled.





Chapter 5

Instability of mesostructures:

second-order work investigation

5.1 Introduction

The failure in granular materials on the macroscopic scale (specimen scale) is
strongly connected to the inter-particular mechanisms appearing and developing
within the material (Kuhn [2010], Nicot et al. [2012b], Tordesillas [2007], Torde-
sillas et al. [2010b]). Therefore, it is essential and fundamental to have a closer
look to the local aspect of the failure (into the particle scale and contact scale), by
building a micromechanical formalism bridging both microscopic and macroscopic
scales (Hadda et al. [2013]).

It is important to note that, in granular materials, two scales (macroscopic and
microscopic) depend on each other mutually. When an external force is applied
on the boundary of the sample, it is transmitted from the particles at the bound-
ary (macro scale) to the center of the sample by the force network created from
the inter-particulate contact forces; this force network is the main ingredient that
governs the kinematics of particles (movement and rotation) through constitutive
equation and physical laws (contact laws, internal friction angle, degrees of free-
dom, non uniform distribution of local variables...), which return the macroscopic
strain. Moreover, the failure can be triggered from microscopic scale as a local
instability inside the specimen then be amplified to the whole sample. After that,
the failure can be detected on the macroscopic scale by a burst in kinetic energy (in

89
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some cases) and the vanishing of the stress acting on the boundary if a convenient
control mode is adopted (Chapter 3).

On the microscopic scale, many studies have been carried out in order to describe
the physics of the microstructural behaviour and try to elucidate the failure hap-
pening inside granular medium from micromechanical approaches (Radjai et al.
[1999], Tordesillas et al. [2010a]). The description of the micromechanical behav-
ior of granular media covers the description of the structure (position of grains
and contact points), the local kinematics (Tordesillas [2007]) (displacements, ro-
tations), also the description of the strong contacts network, involving the force-
chains (Radjai et al. [1999, 1998]). Several authors have studied several aspects of
the micromechanics of granular media for different purposes: some authors try to
validate the micro-macro mechanical approaches and constitutive relations of the
material (Kuhn [2010], Oda [2004], Oda and Iwashita [2000], Radjai et al. [1999]),
or to predict the appearance of the shear-band (Antony et al. [2004], Gardiner and
Tordesillas [2004], Kuhn and Bagi [2004, 2005]) or to predict the instability occur-
rence within granular materials (Tordesillas et al. [2011a], Walker and Tordesillas
[2010]). However, the link between the macroscopic scale and the microscopic scale
still needs more attention, therefore it is crucial to put forward an efficient tool at
the local scale to investigate the physical origin of the failure which can be related
to the vanishing of the global second-order work.

In fact, the vanishing of the second-order work (Hill [1958]) is a necessary con-
dition for the failure to occur (Nicot et al. [2007, 2011, 2009]), it also allows us
to determine which is the direction of the loading applying on the system that
leads to the failure (Nicot et al. [2011]). In order to apply this theory to the
microscopic scale, the link between the macroscopic second-order work and the
second-order work computed from the microscopic variables implying the contact
forces and the position of particles has been developed (Nicot et al. [2012a]). This
approach allows us to investigate the failure of the system from a microstructural
point of view, and describes the local mechanism governing the vanishing of the
second-order work.

In this chapter, the first section presents in detail the computation method of
the second-order work from micromechanic variables. After that, this approach
is extended to the mesoscale (grain-loops L-3 and L-6 in particular). Then a
comparison between the second-order work within L-3 and L-6 is carried out
as an attempt to explore the instability of grain-loops. The final part studies the
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magnitude concentration of the microscopic second-order work around the buckled
force-chains as an attempt to elucidate the relation between the vanishing of the
second-order work and the instability of force-chains.

5.2 Linking macroscopic and microscopic scales

The second-order work can be expressed in a Lagrangian formalism as:

W2 =

∫
V0

δΠijδFijdV0 (5.1)

or in an Eulerian formalism:

W2 =

∫
V

δσijδεijdV (5.2)

where Π is the first Piola-Kirchoff stress tensor, F is the displacement gradient
tensor, σ is the Cauchy stress tensor and ε is the strain tensor. V is the current
volume of the system and V0 is the initial volume of the system. The reference
coordination is demonstrated in Figure 5.1.
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Figure 5.1: Cubic specimen - geometrical settings
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Let us consider a homogeneous material comprising of N grains randomly located.
‘p’ denotes indiscriminately the grain (as a body) or enumerates a particular grain
within the assembly such that 1 ≤ p ≤ N . At a given moment t, each grain has
contacts with np neighbour particles q 6= p (Figure 5.2), whereas the total number
of contacts in the assembly at this moment is denotedNc. Particles having contacts
with boundaries ∂V are distinguished with internal particles occupying the volume
V̆ = V − ∂V which are strictly separated from the boundaries.

Figure 5.2: Definition of particles in contact (Nicot et al. [2012a])

It is shown that (Nicot et al. [2012a]) the second-order work can be written as a
function of microscopic variables describing the granular material microstructure:

W2 =
∑
p,q

δf ci δl
c
i +
∑
p∈V

δf pi δx
p
i (5.3)

where lc is the branch vector connecting the two centers of a contacting pair
of particles in contact (p, q), fc is the inter-particulate contact force, f p is the
resultant contact force applying on the particle p and xp denotes the position of
the mass center of p.

Equation 5.3 is the combination of two terms:

• The first term
∑
p,q

δf ci δl
c
i implies the contact force and the branch vector

between the particles in contact. This term can be linked to the microscopic
second-order work Wm

2 = δf ci δu
c
i of the given contact c between 2 particles
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p and q (Figure 5.2). uc is the relative displacement of the particle p to the
particle q. As:

δuc = δup−δuq+rp,q∧δωq−rp,q∧δωp = δlc+rq,p∧δωq−rp,q∧δωp (5.4)

we have:

δf c.δuc = δf c.δlc − (rq,p ∧ δf p,q).δωq − (rp,q ∧ δf q,p).δωp (5.5)

which implies that:

Wm
2 =

∑
p,q

δf ci δl
c
i −

∑
p,q

((rq,p ∧ δf p,q).δωq + (rp,q ∧ δf q,p).δωp) (5.6)

With the absence of the rotation of particles, the microscopic second-order
work is reduced to δf ci δlci . In this case, we have:

Wm
2 = W2 −

∑
p∈V

δf pi δx
p
i (5.7)

• The second term
∑
p∈V

δf pi δx
p
i implies the incremental resultant force δf p act-

ing on each particle p. Whether the inertial effect is negligible (in the qua-
sistatic regime, for example), the contribution of this term is not significant.
However, when the micro-structural rearrangement happens more impor-
tantly and more rapidly, this term is no longer neglected.

Equation 5.3 introduces the micro-mechanical expression of the second-order work,
which allows us to investigate, on the microscopic scale, the origin of the vanishing
of macroscopic second-order work. The vanishing of the second-order work is
fundamental and necessary for the collapse of the system to occur (Darve et al.
[2004], Nicot et al. [2009]).
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5.3 Numerical validation of the second-order work

at the contact scale: the 3D case

It is necessary to validate the expression of second-order work computed from
the microscopic variables. The numerical simulation in this section is carried out
by modeling a stress probe test (Alonso-Marroquin and Herrmann [2005], Bardet
[1994], Gudehus [1979], Nova [1994]) in quasi-static regime, applying on a 3D
sample introduced in Chapter 3. Since the test is in quasistatic regime, the term∑
p∈V

δf pi δx
p
i is negligible, therefore equation 5.3 can be reduced to:

W2 =
∑
p,q

δf ci δl
c
i (5.8)

It is worth noting that when a simulation implies a significant rearrangement of
the particles that leads to an irreversible deformation (inter-particulate sliding
between particles, opening or creation of contacts), the term

∑
p∈V

δf pi δx
p
i cannot be

neglected and must be taken into account for the computation of the second-order
work.

The comparison between the second-order work calculated from macroscopic vari-
ables and from microscopic variables is the subject in hand. This comparison
allows us to check the validity of equation 5.8. The process is explained in next
section (Hadda et al. [2013], Sibille [2006a]). After that the result of the compar-
ison is demonstrated.

5.3.1 Stress probe and strain probe simulation

In this study, only axisymmetric (stress or strain) conditions are considered.
Therefore, the stress (or strain) loading can be demonstrated on an axisymmetric
plane (Gudehus [1979]). Figure 5.3 demonstrates the definition of the loading on
the left and the response of the sample on the right.

Firstly, we defined the stress increment ∆σ in the incremental stress space (
√

2∆σ3,∆σ1),
the norm of which is ‖∆σ‖ =

√
(∆σ1)2 + 2(∆σ3)2. The response of the sample is

given by ∆ε. For the case of strain probe, the strain increment in the axisymmet-
ric strain space (

√
2∆ε3,∆ε1) is imposed with ‖∆ε‖ =

√
(∆ε1)2 + 2(∆ε3)2 and
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the response of the system is ∆σ. The angle between the abscissa axis and the
incremental stress or strain loading direction is denoted ασ (or αε).

Secondly, once the incremental stress (or strain) is defined, it is applied to a
specimen at a given stress-strain state. By doing so, the system gives a corre-
spondent response to the loading as an incremental strain (or stress), this re-
sponse is demonstrated on the right side in the Figure 5.3, with the value‖∆ε‖ =√

(∆ε1)2 + 2(∆ε3)2 (or ‖∆σ‖ =
√

(∆σ1)2 + 2(∆σ3)2) and the angle βσ (or βε)
between the abscissa axis and the incremental response vector.

The stress probe (or strain probe) simulation is carried out by applying the same
loading condition at a given stress-strain state of the sample (which can be saved
and reloaded again by the help of numerical tool). The loading condition varies
by changing the loading angle (ασ or αε) from 0◦ to 360◦.

∆σ|∆ε

√
2(∆σ3|∆ε3)

∆σ1|∆ε1

ασ|αε

∆σ3|∆ε3∆σ3|∆ε3

∆σ1|∆ε1

√
2(∆ε3|∆σ3)

∆ε1|∆σ1

∆σ

βσ

∆ε

βε

Figure 5.3: Definition of the Rendulic plan: stress probe and strain probe (left)
and the response of the system (right) (Hadda et al. [2013])

The initial state of the sample prepared for the stress probe test is obtained during
a triaxial test.

In Figure 5.4 and Figure 5.5, a dense specimen is considered, and a drained biaxial
test is applied with the confinement stress σ3 = 200kPa. Three different states
are indicated by the points A, B, C. Once the initial state is chosen, the sample
is stabilized to reach a quasistatic state (Ec < 10−7J , see Chapter 3), the probing
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test is carried out by applying an incremental strain (|∆ε| = 5 × 10−4) to the
specimen.
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5.3.2 Vanishing of the second-order work and instability

cones

Based on the stress probe (or strain probe) test mentioned above, for each direction
of the stress probe (or strain probe), whenever the incremental strain response ∆ε

(or ∆σ) of the system is determined, the normalized second-order work can be
defined as:

W n
2 =

∆ε ·∆σ
‖∆ε‖ ·‖∆σ‖ (5.9)

this is also the cosine of the angle between ∆σ and ∆ε, consequently we have
−1 ≤ W n

2 ≤ 1. For the sample mentioned in previous section, W n
2 is plotted in

a polar diagram as demonstrated in Figure 5.6. It is worth noting that in this
diagram, what we plot is W n

2 + ρ, where ρ is chosen so that the negative values of
W n

2 are inside the circle of radius ρ (marked as red circle in the diagram).
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5.3.3 Result of the numerical validation

The purpose of this section is to compare the non-normalized second-order work
W2 and the second-order work Wm

2 calculated from the microscopic variables:
contact forces and positions of particles. In order to determine Wm

2 , the scalar
product ∆f c ·∆lc is evaluated at each contact point. The variation of the contact
force ∆f c is the difference between the contact force at the final state and at the
initial state of the test. The variation of the branch vector is calculated from
the displacement of the particles involving the contact, after the application of
the incremental loading, the incremental branch vector at the contact between
particles p, q is defined as ∆lc = ∆xp − ∆xq. For a given incremental loading
direction, the value of the second-order work from the microscopic variables is
calculated by summing all the scalar products for all the contacts inside the sample.

It is worth noting that during the probe test, newly created contacts and lost
contacts are also taken into account for the computation of ∆f c · ∆lc. For lost
contacts, the contact force at the final state is considered nil; for newly created
contacts, the contact force at the initial state is considered nil (Hadda et al. [2013]).

Figures 5.7, 5.8, 5.9 demonstrate the comparison between the second-order work
calculated from the macroscopic variables W2 (non-normalized) and from the mi-
croscopic variables Wm

2 . A very good agreement is found between the two terms,
which confirms the validity of the second-order work computed from microscopic
variables. Other numerical simulations on looser samples can be found in Hadda
et al. [2013].
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Figure 5.7: Comparison between W2 and Wm
2 at point A

0 50 100 150 200 250 300 350
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

αε - dir ection of str ain probe ( ) 

S
ec

o
n

d
o

rd
er

w
o

rk
W

2
an

d
W

m 2
(J

)

 

 

W
2
 macro

W
2

m
 micro

°

Figure 5.8: Comparison between W2 and Wm
2 at point B



Chapter V. Instability of mesostructures: second-order work investigation 100

0 50 100 150 200 250 300 350

0

0.05

0.1

0.15

0.2

0.25

0.3

αε - direction of str ain probe ( )

S
ec
o
n
d
o
rd
er

w
o
rk

W
2
an
d
W

m 2
(J
)

 

 

W
2
 macro

W
2

m
 micro

°

Figure 5.9: Comparison between W2 and Wm
2 at point C

5.4 Contact c− and buckling of force-chains

Force-chains were shown to play an important role in the force transmission within
the granular specimen, and therefore determine the strength of the specimen. The
limit stress observed when the deviatoric (or axial) stress reaches a maximum
means that the specimen is not able to increase its force bearing, that is to say
to develop force-chains able to resist against an external loading larger than this
maximum value. In this context, the stability of force-chains is an important
point, since the collapse of force-chains can compromise the bearing capacity of
the specimen itself.

In this section, we propose to investigate the collapse of force-chains in the context
of the second-order work approach. In the previous section, an expression of the
second-order work applying to the contact scale were inferred. This expression
involves the incremental contact force, together with the incremental change in
the branch vector joining the two centers of the grains in contact: W c

2 = ∆fc∆lc.

When W c
2 is negative, the contact ‘c’ is considered as unstable, and is denoted

‘c−’. As a force-chain can be regarded as a set of contacts between the particles
composing the pattern, it makes sense tracking the distribution of such ‘c−’ con-
tacts within the specimen, and checking whether these contacts belong to buckling
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force-chains. If so, this would mean that the evolution of the mesostructure of the
specimen, namely the force-chains, is correlated to the instability of the contacts
within the chains.

Figure 5.13 shows the distribution of the contacts c− within the 2D dense speci-
men (see Chapter 4) 1, along a drained biaxial loading path. Different states are
presented (ε = 0.1%, ε = 2%, ε = 6%) as indicated in Figure 5.10.
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Figure 5.10: Three considered states ε1 = 0.1%, ε1 = 2% and ε1 = 6%

Figures 5.11 and 5.12 give the distribution of the (incremental) kinematic field
at the same strain states. It can be observed that the contacts c− concentrate
within the same zones as the incremental displacement field. At 6 % of axial
strain (softening regime), the contacts c− locate within two crossed bands, that
coincide with the kinematic pattern (shear band) observed in Figures 5.11 and
5.12. Hence, this points out that the second-order work vanishes within the zones
where the specimen fails.

Moreover, we examine also the distribution of the buckling grains. As introduced
in Chapter 4 buckling grains belong to buckling force-chains. Only central grains
(each force-chain is described (segmented) as a set of three-grain force-chain) are
candidate to be buckling grains as reported in Figure 4.13. Interestingly, the

1For a complete plots of contacts c−, see Section 5.7
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distribution of the buckling grains (at ε1 = 2% and ε1 = 6%) locates along a shear
band, corresponding to the band observed in both Figures 5.11 and 5.12 (Figures
5.11 and 5.12 display the relative displacement field on the horizontal x-axis ∆Ux

and the vertical y-axis ∆Uy at three corresponding states of axial strain ε1: 0.1%,
2% and 6%, respectively).

Figure 5.11: Relative displacement field ∆Ux at (a): ε1 = 0.1%, (b): ε1 = 2%
and (c): ε1 = 6%

Figure 5.12: Relative displacement field ∆Uy at (a): ε1 = 0.1%, (b): ε1 = 2%
and (c): ε1 = 6%

As a consequence, both contacts c− and buckling force chains distribute accord-
ingly the failure pattern of the specimen: when a shear band develops within the
specimen, the distributions of both the buckling of force-chains and the contacts
c− coincide with the shear band pattern.
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Figure 5.13: Distribution of contacts c− at (a): ε1 = 0.1%, (b): ε1 = 2% and
(c): ε1 = 6%

As defined in previous chapter, the force-chain collapses when the buckling phe-
nomenon occurs, this phenomenon is caused by the rearrangement of particles
inside the force-chain. It is observed that when the specimen collapsed, there are
more buckled force-chains inside the shear band. In Figure 5.14, plots of buckled
force-chains at three similar states as in Figure 5.13 are demonstrated; and in
Figure 5.15, only buckling grains are plotted.

Figure 5.14: Distribution of force-chains at (a): ε1 = 0.1%, (b): ε1 = 2% and
(c): ε1 = 6%
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Figure 5.15: Distribution of buckling grains at (a): ε1 = 0.1%, (b): ε1 = 2%
and (c): ε1 = 6%

Both contacts c− and buckled force-chains distribute accordingly to the failure of
the sample: when a shear band appears within the specimen, the buckling of force-
chains and the distribution of contacts c− have similar patterns as the development
of the shear band.

The purpose of the next investigation is to find the relation between the buckling
of force-chains and the distribution of the contacts c−. Figure 5.16 demonstrates a
close view of the distribution of contacts c− and the buckling grains of force-chains
at the axial deformation ε1 = 2%.

Figure 5.16: Zoom to the sample. Red dots demonstrate contacts c−, green
particles are buckling grains, dark blue grains are particles be-

longing to force-chains

According to Figure 5.16, whether the force-chain is buckled, the contact c− ap-
pears at that buckling point, but the appearance of the contact c− is not a sufficient
condition (it is mandatory, since each buckling grain admits at least one contact
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c−) for the buckling of force-chains to occur, by the fact that a number of contacts
c− is also found at elsewhere inside the sample.

The result leaves an unanswered question: the instability of force-chains and the
distribution of the vanishing of the microscopic second-order work are not strongly
connected, as contacts c− also appear in the non-force-chain zone, and also at
the grain inside the force-chain that is not a buckled grain; so, how about the
magnitude of the contact c− around the buckling grain? What is its property? To
answer this question, an investigation is carried out using a method explained in
the paragraph below.

Let us consider a buckling grain inside a buckled force-chain. From this grain,
an incremental scanning region can be defined. Then by taking into account all
the contacts c− inside the scanning zone by computing the density Dc− of the
microscopic second-order work, it follows:

Dc− = |
∑
W c

2

As
| (5.10)

where
∑
W c

2 is the sum of the magnitude of the second-order work at all contacts
c− in the scanning zone, and As is the area of the scanning zone. Two types
of scanning are considered: the first method is the circle scan, the second is the
ring scan. These methods of scanning are defined in Figure 5.17. By taking the
buckling grain at the center of the scanning zone, the zone is then defined by an
increment of the average of grains radii r. The only difference between the two
methods is: for the circle scan, the scanning zone is continuous, whereas for the
ring scan, the scanning zone is divided into successive rings of radius ir, i being
integer.
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Figure 5.17: Definition of the scanning zone around the buckling grain

The result is shown in Figure 5.18. As can be seen in the diagram, the magnitude
of contacts c− near the buckling grain is greater than in the outside zone. They
have greater amplitude around the buckling grains. Then when the scanning zone
is larger (the scanning iteration i increases) and getting further from the buckling
grain (the center of the scanning zone), we observe a decreasing trend.
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Figure 5.18: Average magnitude of the vanishing second-order work around the
buckling grains

This result indicates that the environment surrounding the buckling grains is un-
stable in comparison with other zone within the specimen. Although the vanishing
of the second-order work at the contact scale does not imply the collapse of force-
chains, their magnitude density changes accordingly to the distribution of buckling
grains. This difference in magnitudes of the second-order work can be explained
by the fact that the collapse of force-chains induces a great variation of the in-
crement of contact forces ∆f ; consequently, |∆f ·∆l| increases near the buckled
force-chains.

5.5 Microscopic second-order work and instability

of attached grain-loops

In Chapter 4 we have discussed the relation between the attached grain-loops and
the lifespan of force-chain and reached the conclusion that the force-chain is more
stable if it is supported by stronger grain-loops. From the geometry point of view,
the grain-loop which has lesser particles (L-3 ) tends to be more stable than the
grain loop which has greater particles (L-6 ). In the section, we use the microscopic
second order work to confirm this statement.
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The grain-loop is a set of particles which have contacts with each other, forming
a close polygonal line. The breakage of a grain-loop occurs when one of these
contacts is lost, the grain-loop is therefore no longer available. Based on this
definition of the grain-loop, the microscopic second-order work of a grain-loop is
introduced as the sum of the scalar product of the incremental contact force and
the incremental branch vector of every contact inside a grain-loop. For example,
Figure 5.19 demonstrates the grain-loop of 3 particles (L-3 ), this grain-loop can
be decomposed into 3 contacts.

Figure 5.19: Decompostion of a grain-loop L-3 into 3 contacts

The second-order work of this single grain-loop therefore reads:

W
L−3(c)
2 =

3∑
i=1

∆f ci ·∆lci (5.11)

similarly, for L-6, we have:

W
L−6(c)
2 =

6∑
i=1

∆f ci ·∆lci (5.12)

Based on this definition, the second-order work for each grain-loop can be calcu-
lated. Then by summing all of them together, we can define the global second-order
work (WL−3

2 and WL−6
2 ) for grain-loops L-3 and L-6.

In what follows, the second-order works for grain-loops L-3 and L-6 are compared;
after that, the surrounding environment of force-chains is taken into account: the
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second-order works for the attached grain-loops (grain-loops that share contact
with force-chains) L-3a and L-6a are compared.
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Figure 5.20: Comparison between the second-order work for loop L-3 and L-6
in the biaxial test

As can be seen in Figure 5.20, at the beginning of the test, the average second-
order work for grain-loop L-3 is greater than that for L-6. Then, before the peak
of the deviatoric stress curve – or similarly when the axial strain ε1 < 1.5%, WL−3

2

is positive, but decreases rapidly; when the sample is no longer stable (after the
peak of q), WL−3

2 begins to vanish. WL−6
2 is small, as an easy-to-deform structure,

its second-order work is likely easier to vanish. It is worth noting that when all the
grain-loops are taken into account, it means that not only grain-loops attaching to
force-chains are taken into account, but also free grain-loops (grain-loops inside the
sample but without contact with force-chains). In order to elucidate the relation
between force-chains and grain-loops, attached grain-loops are taken into account.

The comparison of the second-order work (non normalized) between attached
grain-loops L-3 and attached grain-loops L-6 is shown in Figure 5.21.
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Figure 5.21: Comparison between the second-order work for attached loop L-3a
and L-6a in biaxial test

The figure indicates that during the biaxial test, the overall second-order work for
attached L-3a has a greater value than for attached L-6a. The grain-loops L-6a
therefore tend to vanish more easily than the grain-loop L-3a do. The grain-loop
L-6a is therefore less stable.

Moreover, during the hardening phase (the axial strain ε1 < 1.5%) of the biaxial
test, the second-order work of L-3a increases gradually, while the L-6a shows no
significant signal. But as soon as the sample is unstable,WL−3a

2 drops rapidly, and
WL−6a

2 begins to fluctuate. As mentioned in Chapter 4, the instability of force-
chains quantitatively relates to the surrounding environment where attached grain-
loops are the main ingredient; by using the second-order work, the attached grain-
loop L-3a is proven to be stronger than L-6a. When force-chains are supported
by this type of mesostructure, force-chains are more stable. Also, L-3 can be
considered as an important element to ensure the stability of the specimen and
on the contrary, when L-6 appears, the specimen becomes more unstable. The
variation of the second-order work of these two types of grain-loops illustrates very
well this situation.
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5.6 Conclusion

In this chapter, the second-order work calculated from microscopic variables is
taken into account within a dense specimen subjected to a drained biaxial test.
The distribution of the vanishing of second-order work (contact c−), the second-
order work for grain-loops and the concentration of contacts c− around buckling
force-chains are investigated.

At failure, the vanishing of the second-order work and the buckling of force-chain
correlate with the forming of the shear band within the specimen. This relation is
strengthened by the fact that around the buckled grains of force-chains, contacts
c− concentrate around these points. When a force-chain buckles, the second-order
work calculated from the microscopic variable vanishes at the buckling grain. How-
ever the appearance of the contacts c− is not a sufficient indication to predict the
buckling of force-chains.

Moreover, when the second-order work is taken into account for grain-loops, it is
proven that for a more unstable grain-loop, the evolution of its second-order work
goes down closer to zero than the stable one.
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5.7 Appendices

Figure 5.22 demonstrates all plots of the distribution of contact c− during the test.

Figure 5.22: Summary of the distribution of contacts c− in the drained biaxial
test of the dense specimen
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Figure 5.23 demonstrates all plots of the distribution of force-chains during the
test. Only grains belonging to force-chains are plotted.

Figure 5.23: Summary of the distribution of force-chains in the drained biaxial
test of the dense specimen
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Figure 5.24 demonstrates all plots of the distribution of buckling grains during the
test. Only buckling grains are plotted.

Figure 5.24: Summary of the distribution of buckling grains in the drained
biaxial test of the dense specimen



Chapter 6

Conclusions and perspectives

This thesis pertains to the role of microstructures in granular materials. Multiscale
numerical investigations were carried out on both macroscopic and microscopic
scales using a DEM approach. The samples considered in this thesis are 3D and
2D specimens, consisting of spherical particles, surrounded by frictionless walls at
the boundary.

Three main topics are discussed:

• Validation of the relation between the variation of kinetic energy with the
second-order work for rate-independent systems, when the failure occurs, the
specimen turing from a quasi-static regime to a dynamic regime.

• Investigation of the behaviour of mesostructures inside a 2D specimen, com-
prising of the force-chains and the grain-loops in a dense sample subjected
to a drained biaxial test. Two main ideas are considered: (a) the relation
between the evolution of force-chains number, the buckling of force-chains
and the macroscopic behaviour (the deviatoric stress and the volumetric
strain); (b) the relation between grain-loops and force-chains and which ef-
fect the grain-loops attached to force-chains give on the instability of those
force-chains during their lifespan.

• Analyses of the microscopic second-order work on the contact scale and then
expand it to grain-loops to investigate their instability. After that, a link be-
tween the buckling of force-chains and the distribution of microscopic second-
order work is investigated, to analyze the physics of force-chains collapse.

115
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Main results of this study are resumed below:

• For a rate-independent granular material, the diffuse failure can be accom-
panied by an outburst of kinetic energy. This increase in kinetic energy is
caused by the difference between the external second-order work involving
the external loading parameters and the internal second-order work. The
mechanical origin lies in the distinction between the internal stress within
the material and the applied stresses on the system’s boundary. When the
internal stress loses the capacity to balance the external stress, the specimen
produces a dynamic response.

Based on discrete elements simulations, the validity of the basic equation
which relates the specimen’s kinetic energy to the difference between ex-
ternal and internal second-order works, was checked carefully, using two
different approaches: first, an integral method and second, a time expansion
series. For this purpose, we have considered two numerical specimens. A
dense specimen was subjected to a drained triaxial loading path, and a loose
specimen was subjected to an undrained triaxial loading path. An increase
in kinetic energy was observed after a limit state was reached (axial or devi-
atoric stress peak), after application of a small additional axial load. A very
good agreement was found with the integral method, whereas the method
based on expansion series requires a small time range. It is obvious that for
very large strains, corresponding to a substantial collapse of the specimen,
the validity of the equation can no longer be tracked.

• Force-chains and grain-loops were investigated from a biaxial drained test
applied on a 2D, dense specimen. Involving force-chains and grain-loops,
the macroscopic behaviour of the sample is poven to have a close correlation
with the evolution of mesostructures.

1. First, the evolution of force-chains and grain-loops changes in accor-
dance with the macroscopic behavior. Force-chains are responsible for
the strength of the granular material: the strength of granular sys-
tem increases/decreases due to the establishment/disappearance of the
strong force network (a.k.a. force-chains). Force-chain is the main in-
gredient that governs the microstructure of the granular medium, from
a static point of view. Moreover, the buckling of force-chains is related
to the increase of kinetic energy of the sample.
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2. Second, the collapse of force-chains is strongly influenced by the sur-
rounding environment, which comprises grain-loops: from firm grain-
loops of 3 particles to deformable grain-loops of 6 particles. It is also
proven that, around force-chains buckling, looser patterns can be found.
In this surrounding environment, there are grain-loops that support
force-chains. When a force-chain is created, it is supported by a greater
number of attached grain-loop L-3; however, this quantity decreases
over time until the force-chain buckles. On the contrary, bigger at-
tached grain-loops L-6 have an opposite development: they have a small
number at the early state of force-chain lifespan, and then this num-
ber increases till the force-chain buckles. Force-chains and grain-loops
share a symbiosis relation.

• This thesis also tries to point out the importance of the second-order work
to investigate instability; it can be used as a fundamental approach on both
macroscopic scale and microscopic scale Nicot et al. [2007, 2012a]. The
study concerning the second-order work on the contact scale draws several
conclusions:

1. From a numerical point of view, it is confirmed that macroscopic and
microscopic expressions of second-order work are equivalent for a given
volume of materials in quasi-static regime.

2. The vanishing of the microscopic second-order work, which is defined
as the appearance of contacts c−, is distributed in accordance with the
failure of the sample in the case of 2D biaxial test of a dense specimen:
contacts c− are located largely inside the shear band.

3. It is observed that the distribution of contacts c− also shows a good cor-
relation with the collapse of force-chains: the magnitude of the second-
order work (when negative) at contact c− around buckling grains of
force-chains is larger than the second-order work computed on contact
c− far from buckling grains; however, the appearance of contact c− is
not a crucial indication of the collapse of force-chains.

4. For the case of grain-loops, the second-order work of the bigger grain-
loops L-6 is smaller than L-3. This validates the vanishing of the
second-order work plays a basic role to detect instabilities, even on
the microscopic scale.
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The results and conclusions presented in this thesis provide more details to better
understand the nature of the failure modes of granular materials through the inves-
tigation of the kinetic energy and second-order works. Furthermore, the second-
order work is proven to be an efficient criterion to detect the instability of materials,
not only on the macroscale but also on the mesoscale and microscale, including
force-chains and grain-loops species.

By taking into account the mesostructures and the second-order work, this thesis
provides more utilities to investigate the origin of the localized failure mode in
granular materials. The force-chain and the grain-loop might help understand the
appearance of the shear-band and help answer the question why and how the dense
granular system chooses such patterns to develop when the failure occurs.

Mesostructures play an important role to the behaviour of granular materials and
they are not limited to force-chains and grain-loops: there are other types of
mesostructures inside granular media (for example: grain cluster Hadda et al.
[2015]). Furthermore, in this thesis, force-chains and grain-loops are considered
as mesostructures inside granular media that limited to 2D case only. Expanding
to 3D study is probably a promising future research direction. For the case of
force-chains, several studies in 3D space have been carried out (Pucilowski and
Tordesillas [2010]). However, it is still lacking attention for grain-loops; one of
the reason is the hyper complexity of finding the equivalent element in 3D for 2D
grain-loops. Therefore, a better and more detailed definition of 3D “grain-loops”
needs to be developed and taken into account for the 3D investigation.
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