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Abstract

Wave interference of phonons can modify the phonon spectrum and thereby
the group velocity and phonon population. These wave interferences allow the
flow of thermal energy to be manipulated by controlling the materials lattice
thermal conductivity and by using thermal mirrors to reflect thermal phonons.
The technological application of the phonon interference in materials, such as
enhanced thermoelectric energy conversion and improved thermal insulation,
has thrusted the exploration for highly efficient wave interference materials.

First, we provide a new approach to demonstrate that heat in solids can be
manipulated like light. While heat convection by fluids and heat radiation
by light can be reasonably controlled, the understanding of heat conduction
through solids is less straightforward and has been an important challenge both
in physics and engineering. We precisely control the heat flow by designing
an atomic-scale phononic metamaterial, which contains deliberate flaws in the
crystalline atomic lattice, channeling the heat through different phonon paths.
Destructive interference between heat waves following different paths leads to
the total reflection of the heat current and thus to the remarkable reduction
in the material ability to conduct heat. By exploiting this destructive phonon
interference, we model a very counter-intuitive possibility of thermal transport:
more heat flow is blocked by the opening of additional phonon channels. Our
thermal metamaterial is a good candidate for high-finesse atomic-scale heat
mirrors. We provide an important further insight into the coherent control of
phonons which can be applied both to sound and heat propagation.

Secondly, we introduce a novel ultra-compact nanocapacitor of coherent phonons
formed by high-finesse interference mirrors based on atomic-scale semiconductor
metamaterials. Our molecular dynamics simulations show that the nanocapaci-
tor stores monochromatic terahertz lattice waves, which can be used for phonon
lasing - the emission of coherent phonons. Either one- or two-color phonon las-
ing can be realized depending on the geometry of the nanodevice. The two-color
regime of the interference cavity originates from different incidence-angle de-
pendence of phonon wave packet transmission for two wave polarizations at the
respective antiresonance frequencies. Coherent phonon storage can be achieved
by cooling the nanocapacitor initially thermalized at room temperature or by
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the pump-probe technique. The linewidth narrowing and the computed relative
phonon participation number confirm strong phonon confinement in the inter-
ference cavity by an extremely small amount of resonance defects. The emission
of coherent terahertz acoustic beams from the nanocapacitor can be realized
by applying tunable reversible stress which shifts the antiresonance frequencies.

Finally, we investigate the role of two-path destructive phonon interference
induced by long-range interatomic forces on the thermal conductance and con-
ductivity of a silicon-germanium alloy by atomistic calculations. The thermal
conductance across a germanium atomic plane in the silicon lattice is substan-
tially reduced by the destructive interference of the nearest-neighbour phonon
path with a direct path bypassing the defect atoms. Such an interference causes
a fivefold reduction in the lattice thermal conductivity in a SiGe alloy at room
temperature. We demonstrate the predominant role of harmonic phonon in-
terferences in governing the thermal conductivity of solids by suppressing the
inelastic scattering processes at low temperature. Such interferences provide a
harmonic resistive mechanism to explain and control heat conduction through
the coherent behaviors of phonons in solids.



Résumé

L’interférence des ondes de phonon peut modifier le spectre de phonons et ainsi
la vitesse de groupe et la population de phonons. Ces interférences perme-
ttent de manipuler le flux d’énergie thermique en contrôlant la conductivité
thermique et en utilisant des miroirs pour réfléchir les phonons. L’application
technologique de ces interférence de phonons dans les matériaux, par exemple
l’amélioration des performances de conversion thermoélectrique et l’optimisation
des propriétés d’isolant thermique de certains matériaux, a propulsé l’exploration
des matériaux incluant les interférences de phonons plus efficaces.

Dans un premier temps, nous proposons une nouvelle approche pour démontrer
que la chaleur dans les solides peut être manipulée comme la lumière. Nous
contrôlons avec précision le flux thermique par le bias d’un métamatériau qui
comporte des défauts dans son réseau cristallin. Les interférence destructive
entre les ondes de chaleur suivant différents chemins mène à la réflexion totale
de certains modes de phonon et à une réduction remarquable de la conduc-
tance thermique. En exploitant cette interférence, nous obtenons un résultat
contre-intuitif concernant le transport thermique: plus de chaleur est bloquée
par l’ouverture des canaux additionnels de phonon. Ce métamatériau ther-
mique est un bon candidat pour jouer le rôle de miroir atomique thermique de
haute finesse. Nous renforçons la compréhension sur le contrôle des phonons
thermique par des effets de cohérence qui peuvent être appliqués à la fois au
son et à la propagation de chaleur.

Dans un deuxième temps, nous introduisons un nano-condensateur ultra-compact
de phonons cohérents formé par les miroirs interférenciels de haute finesse basés
sur un métamatériau semi-conducteur à l’échelle atomique. Nos simulations
de dynamique moléculaire montrent que le nano-condensateur stocke les on-
des monochromatiques TéraHertz, qui peuvent et peut être utilisé comme un
laser à phonons à travers l’émission de phonons cohérents. Un laser à phonon
soit d’une ou de deux couleurs peut être réalisé en fonction de la géométrie
du nano-dispositif. Le stockage des phonons cohérents peut être réalisé par
le refroidissement du nano-condensateur initialement thermalisé à la tempéra-
ture ambiante ou excité à l’aide de lasers de pompe. Le rétrécissement de la
largeur de raie et du nombre relatif de participation de phonons confirme un
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confinement dans la nanocavité généré par une quantité extrêmement faible
de défauts de résonance. L’émission d’impulsions acoustiques cohérentes Ter-
aHertz du nano-condensateur peut être réalisé en appliquant une contrainte
réversible accordable qui décale les fréquences d’antirésonance.

Enfin, nous étudions l’effet des interférences destructrice entre des phonon is-
sus de deux chemins induit par les forces interatomiques de longue portée sur
la conductance thermique et la conductivité d’un alliage silicium-germanium
par des calculs atomiques. La conductance thermique à travers un plan atom-
ique de germanium dans un réseau de silicium est sensiblement réduite par les
interférences destructrices entre les phonons suivant des chemins définis par
l’interaction avec l’atome voisin et avec l’atome suivant. Une réduction d’un
facteur cinq de la conductivité thermique dans un alliage SiGe à la température
ambiante a été observée en introduisant les forces de longue portée. Nous dé-
montrons le rôle prédominant des interférences harmoniques de phonons régis-
sant la conductivité thermique des solides en supprimant la diffusion inélastique
de phonon à basse température. De telles interférences fournissent un mécan-
isme résistif harmonique pour contrôler la conduction de chaleur à travers les
comportements cohérents des phonons dans les solides.
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Chapter 1

Introduction

Wave interference of phonons can modify the phonon spectrum and
thereby the group velocity and phonon population. These wave interfer-
ences allow the flow of thermal energy to be manipulated by controlling
the material lattice thermal conductivity and by using thermal mirrors
to reflect thermal phonons. The technological application of the phonon
interference in materials, such as enhanced thermoelectric energy con-
version and improved thermal insulation, has thrusted the exploration
for highly efficient wave interference materials. In the Introduction of
this thesis, we discuss recent developments in the understanding and co-
herent control of heat transport. The rational design and fabrication of
nanostructures provides unprecedented opportunities for creating wave-
like behaviour of heat, leading to a fundamentally new approach for
manipulating the transfer of thermal energy.

1.1 Phonon as a wave

Heat conduction is made possible mainly by the Brownian motion of heat car-
riers such as phonons, electrons, or molecules. During the last two decades,
phonon transport in micro- and nano-structures is found to exhibit distinct
features compared to their behaviours in bulk materials and strongly depends
on the system size. As the characteristic dimension of the system approaches
the mean free path of the heat carriers, the thermal transport undergoes a
transition from a diffusive to a ballistic regime. The wave nature of phonons
thereby becomes a fundamental and crucial phenomenon to be understood in
the hope of tailoring the thermal transport of nano-materials. The engineering
of thermal transport by exploiting the coherent behaviour of phonons in solids
is of fundamental interest and could also be exploited in applications.

Recent development of advanced theoretical and experimental methods allow
for precise control of heat transport at mesoscopic scale and is important across
a number of research domains, including high efficiency thermoelectrics [Snyder
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and Toberer (2008); Bell (2008); Venkatasubramanian et al. (2001); Hsu et al.
(2004); Hochbaum et al. (2008); Poudel et al. (2008); Biswas et al. (2012)],
nanoelectronics [Tian et al. (2007)], fuel cells [Steele and Heinzel (2001)], ther-
mal barrier coatings [Padture et al. (2002)] and ultralow thermal conductivity
materials [Costescu et al. (2004); Chiritescu et al. (2007)]. Since the past
few decades, engineering heat transport in nanostructured materials has been
achieved mainly by the introduction of atomics-cale impurities, nanoparticles,
interfaces and grain boundaries [Toberer et al. (2012); Vineis et al. (2010);
Cahill et al. (2014); Zebarjadi et al. (2012)]. The diffuse scattering of phonons
on these structural defects reduce heat flow. In contrast, recently a new ap-
proach for controlling nanoscale heat transport involves the coherent reflection
and transmission of thermal phonons at interfaces [Luckyanova et al. (2012);
Ravichandran et al. (2014); Simkin and Mahan (2000); Zen et al. (2014); Mal-
dovan (2013); Alaie et al. (2015)]. The resulting phonon interference modifies
the phonon band structure. The phonons travel ballistically in the structure
until they are scattered at the boundaries. Coherent wave transport of electrons
moving in semiconductor materials [Ashcroft and Mermin (1976); Kittel (2005)]
and photons in photonic crystals have been widely demonstrated [Yablonovitch
(1987); John (1987); Joannopoulos et al. (1997)]. The wave interferences are
well understood for the case of electrons. Analogous acoustic wave interfer-
ences have been employed to achieve complete sound reflections and a number
of new acoustic devices [Kushwaha et al. (1993); Liu et al. (2000)]. Given
the remarkable success in electronic, photonic and phononic wave interference
to manipulate electrons, light and sound waves, it is certainly beneficial to
find its counterpart in thermal vibrations, thereby enabling a new twist for
manipulating heat flow.

1.2 Phonon interference in thermal transport

Generally in the transport processes, the heat flow depends on the energy of
heat carriers (phonon), their number (phonon population), the moving speeds
(group velocities) and the average distances travelled before scattering (mean
free paths). Under the single-mode-relaxation-time approximation via kinetic
theory, the thermal conductivity κ of a 3D lattice is given by,

κ =
1

3

∑
q
Cqv

2
qτq, (1.1)

where Cq and vq are the specific heat per volume unit and the group velocity
of the q-th phonon mode. The phonon relaxation time (RT) τ measures the
temporal response of a perturbed phonon mode to relax back to equilibrium due
to the net effect of different phonon scattering mechanisms. The specific heat
indicates the temperature derivative of the energy a certain mode q carries,
the group velocity indicates how fast phonons of the mode propagate, and the
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lifetime (mean free path) indicates how long (far) phonons of the mode q travel
on average before being scattered. The phonon mean free path (MFP) Λq is
defined as Λq = vqτq.

Different phonon transport properties can be identified from Eq. (1.1) that are
relevant to controlling heat conduction. Most common approaches to tailor
the thermal conductivity focus on the phonon relaxation time, for example, by
introducing point defects [Kim et al. (2006)] and internal or external surfaces
that scatter phonons diffusely [Chiritescu et al. (2007); Toberer et al. (2012)].
The bulk normal phonon modes, more precisely their phonon spectrum and the
group velocities, are not substantially modified in these defective structures and
thermal conductivity is reduced by enhancing the phonon scattering rate τ−1

q .
This principle has been used widely to enhance the efficiency of thermoelectrics
[Snyder and Toberer (2008); Bell (2008); Venkatasubramanian et al. (2001);
Hsu et al. (2004); Hochbaum et al. (2008); Poudel et al. (2008); Biswas et al.
(2012)]. On the other hand, the wave interference of thermal phonons allows
for the control of heat flow and thermal conductivities in nanostructures by
manipulating the phonon eigenfrequencies and phonon group velocities [Luck-
yanova et al. (2012); Ravichandran et al. (2014); Simkin and Mahan (2000);
Zen et al. (2014); Maldovan (2013); Alaie et al. (2015)]. The wave interference-
based approach controls the nanoscale heat conduction by modifying physical
transport properties that cannot be influenced by classical approaches, which
rely on diffuse phonon scattering.

The Bragg reflection of waves incident on a layered structure happens when
the multiple reflections of waves are in phase: they interfere constructively and
thus prevent the original wave from propagating within the structure, whereas
the out-of-phase multiple reflected waves do not interfere constructively and
they are permitted to propagate. The strong wave interference occurs when
nλ ≈ 2a0 where λ is the wavelength and n is an integer, a0 is the thickness
of a unit layer. The range of frequencies for which the original wave is for-
bidden from propagating within the structure is known as the bandgap. The
wave interference effects are not restricted to the propagation perpendicular to
multilayer structures. Another basic condition for Bragg reflection to happen
is that the interface roughness should be smaller than the principal wavelength
of the incident phonons.

Coherent phonons in superlattices (SLs) have been observed with Raman and
acoustic reflection and transmission experiments [Colvard et al. (1980); Wang
et al. (2005); Narayanamurti et al. (1979)]. The term “coherent” in describing
waves is used to characterize monochromatic waves and implies a measurable
phase relationship for a given time interval during wave propagation [Luck-
yanova et al. (2012)]. Although this definition applies to a monochromatic
wave, it is difficult to apply it to heat conduction, where a wide spectrum of
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phonons are thermally excited in a structure. Taken the heat conduction in
a thin film as an example, in the Casimir classical size effect regime, broad-
band phonons thermally excited at one boundary travel through the interior
of the film ballistically. The phonon propagation inside the film then can be
considered as coherent.

To observe the wave-like behaviour of thermal phonons, periodic structures
with smooth interfaces are favorably chosen. Interfaces with very good qual-
ity favour the specular reflection and transmission of phonons. It was recently
shown that thermal phonons travel coherently as they cross the many interfaces
of such structures [Luckyanova et al. (2012)], since the superlattice thermal
conductivity linearly depends on the number of layers. If diffusive scattering
occurs at the interfaces, the MFP is defined by the constituent layer thick-
ness. Therefore the layers can be considered as independent thermal resistors
in series (parallel) to obtain the cross-plane (in-plane) thermal conductivity
of the superlattice, which is independent of the layer number. In this case,
the superlattice is considered as a compound in which each layer has it own
phonon dispersion. On the other hand, if the phonons remain coherent when
crossing the interfaces, the superlattice should be considered as a homogeneous
material and the thermal conductivity will be linearly proportional to the total
thickness.

In an experimental demonstration [Luckyanova et al. (2012)], five GaAs/AlAs
superlattices were fabricated using metal organic chemical vapour deposition,
with periods of 1, 3, 5, 7 and 9, where each period consisted of a 12 nm GaAs
and a 12 nm AlAs layer as shown in Fig. 1.1(a). The thermal conductivities
of the superlattices were measured using the time-domain thermal reflectance
(TDTR) at temperatures of 30-300 K in Fig. 1.1(b). For temperatures from 30
to 150 K, the thermal conductivity shows a linear dependence with superlat-
tice’s total thickness, demonstrating that thermal phonons travel through the
interfaces coherently. This linear dependence breaks down for thick samples at
temperatures above 150 K, which suggests that the inelastic processes become
important in the phonon transport. The authors also claim that most of the
phonons that contributed to the measured thermal conductivity in superlat-
tices travel through the structures ballistically and were also coherent. The
coherence of high-frequency phonons was destroyed by interface roughness but
not the low-frequency phonons. The large reduction in thermal conductivity
resulted from the loss of coherence of high-frequency phonons, but the lower-
frequency phonons that contribute to the thermal conductivity were mostly
coherent during their transport through the structures.

Another experiment succeeded in achieving atomically smooth interfaces by
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Figure 1.1: Wave-like heat transport and wave interference in GaAs/AlAs superlat-
tices. (a) Transmission electron microscopy (TEM) image of a 3-period GaAs/AlAs
superlattice with periodicity a = 24 nm, where the inset shows a high-resolution image
of one of the interfaces [Luckyanova et al. (2012)]. (b) Experimental thermal con-
ductivity as a function of the number of periods at different temperatures. Thermal
conductivity rises as the number of periods increases, which indicates that phonons
cross the interfaces coherently.
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Figure 1.2: Wave-like heat transport and wave interference in SrTiO3/CaTiO3 su-
perlattices. (a) Transmission electron microscopy (TEM) image of a SrTiO3/CaTiO3
superlattice with atomically sharp interfaces [Ravichandran et al. (2014)]. (b) Mea-
sured thermal conductivity of the superlattice as a function of the period thickness (or
interface density) at different temperatures. The solid lines are visual guides. The
presence of a local minimum value (vertical dashed lines) for the thermal conductivity
reveals wave interference effects for thermal vibrations within the superlattice. Wave
effects become stronger as the temperature is decreased.
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using high-quality oxide superlattices grown through molecular beam epitaxy,
shown in Fig. 1.2 [Ravichandran et al. (2014)]. The thermal conductivities of
superlattices were measured as a function of periodicity using the TDTR tech-
nique. Fig. 1.2 shows the measured room temperature thermal conductivity
of the superlattices κSL. In the low interface-density regime, κSL rises with
increasing period, an indicator that phonon behaves primarily like particles
that are scattered diffusely at the interfaces. The system can be modeled as
a series of bulk thermal resistances with the resistance of the interfaces added
in series with the bulk resistances. In this incoherent regime, the behaviour of
the phonons is particle-like and hence the thermal resistance increases linearly
with increasing interface density. On the other hand, for small periodicities,
κSL decreases with increasing period. Because this behaviour is not compati-
ble with the presence of only diffuse scattering, part of the phonons are more
close to waves experiencing interference effects. The wave nature of phonons
must be considered. The thermal conductivities in Fig. 1.2 can be divided
into two regimes based on whether the thermal conductivity increases (coher-
ent) or decreases (incoherent) with increasing interface density. Even at small
periodicities, incoherent surface scattering effects remain due to interface im-
perfections. These data show the existence of a minimum thermal conductivity
for superlattices as a function of period, revealing that interference effects of
phonon considered as waves can be present at room temperature. It is im-
portant to note that the portion of heat carried by long-wavelength phonons
increases if the temperature is lowered to levels well below its Debye tempera-
ture. The ratio between phonon wavelengths and interface roughness can thus
be increased, which favours specular reflection and transmission. When the
temperature was reduced from 307 K to 84 K, experiments showed a deeper
and clearer minimum for the thermal conductivity (Fig. 1.2), which provides
evidence for stronger interference effects at low temperatures.

Bragg phonon interference effects for thermal transport have also been demon-
strated in two-dimensional periodic porous thin films [Zen et al. (2014); Alaie
et al. (2015)]. Because porous structures do not generally have atomically sharp
interfaces, such experiments are performed at very low temperatures (T < 1 K)
to make the dominant phonon wavelength much longer than the roughness of
the films. In this low temperature regime, the dominant phonon wavelengths
are expected to increase by two orders of magnitude with respect to those at
room temperature, which saves the need for high-quality interfaces. We note
that at room temperature, the reduction of the thermal conductivity in porous
silicon films is less likely to result from wave interference effects. Diffuse phonon
scattering should dominate heat transport in porous silicon at room tempera-
ture due to the short wavelengths of heat-carrying phonons [Maldovan (2013)].
In [Zen et al. (2014)], a phononic crystal with square arrays of cylindrical holes
was fabricated on single crystal (100) Si wafers with silicon nitride films grown
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Figure 1.3: Thermal phonon engineering in porous films. (a) Top: Scanning elec-
tron microscopy (SEM) image of a periodic porous thin-film made from a square array
of air cylinders with periodicity a0 = 970 nm on a silicon nitride matrix [Zen et
al. (2014)]. Scale bar: 200 nm. Bottom: SEM image showing the Al (blue) and
Cu (yellow) wires that form the heater and thermometer at the centre of the peri-
odic porous film sample with a0 = 2.42 Î¼m. SINIS: superconductor/insulator/normal
metal/insulator/superconductor. (b) Emitted thermal power measured as a function
of temperature. Phononic crystal (PnC) samples with a0 = 0.97 µm and a0 = 2.42
µm are shown. Uniform (unperforated) film is shown with grey squares. Theoretical
calculations with and without back radiation from the substrate are shown by solid and
dashed lines, respectively.
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by low-pressure chemical vapour deposition and electron-beam lithography and
two-angle shadow mask technique was used to deposit the tunnel junction ther-
mometer, see Fig. 1.3(a). With a periodicity of a0 ≈ 1µm, the phononic crystal
shows a phononic bandgap around gigahertz frequencies, which corresponds to
the dominant frequencies of heat carriers at such low temperatures. The depen-
dence of the measured emitted power P versus measured membrane tempera-
ture for the PnC samples and the full membrane are shown in Fig. 1.3(b), up to
about 1 K. The emitted power is remarkably reduced for both PnC at all tem-
peratures, compared to the full membrane result. More importantly, the PnC
which has the maximal band gap actually has a higher thermal conductance
than the one whose bandgap is narrower. This demonstrates a counter-intuitive
effect that the minimum thermal conductivity is not achieved with the largest
bandgap. Such a fact is another demonstration of the intriguing role of phonon
wave interference in nanostructured materials.

1.3 Basics of phonons

In solid crystals, atoms or molecules are regularly arranged in an array of sites
in the real space, which is known as the lattice. A lattice describes a highly
ordered structure, occurring due to the intrinsic nature of molecules to form
symmetric patterns. The whole lattice can be constructed by suitable trans-
lations of the unit cell, which is the basic unit of the lattice. At any finite
temperature, atoms vibrate about their equilibrium positions. Under the clas-
sical approximations, those atom motions can be mathematically described by
the Newton’s second law if the force applied on each atom and the atomic mass
are known.

1.3.1 One-dimensional open system of coupled masses

To simplify the formulation, we consider here an mono-atomic chain with cou-
pling constant and atomic mass denoted as γ and m, respectively. The dynam-
ical equation of a 1D open system of masses coupled through springs writes,

γψ1 − γψ2 = Eψ1, (1.2a)
2γψj − γψj+1 − γψj−1 = Eψj , for j ∈ [2, N − 1] (1.2b)

γψN − γψN−1 = EψN . (1.2c)

where E is the energy and ψj denotes the wave function of atom j.

A general solution of Eq. (1.2) writes,

ψj = eikj + Ce−ikj (1.3)
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Replacing Eq. (1.3) into Eq. (1.2b), one gets

ε0 − γ(eik + e−ik) = E

where ε0 denotes the on-site energy. Thus the dispersion relation writes,

E = ε0 − 2γ cos k (1.4)

If one introduces the eigenfrequency ω, E = mω2. Replacing the general solu-
tion Eq. (1.3) in to Eq. (1.2b), one recognizes the well-know phonon dispersion
relation of a 1D mono-atomic lattice,

E = 4γ sin2 k

2
(1.5)

In the irreducible Brillouin Zone k ∈ [0, π], the frequency can be expressed as

ω = ωΘ sin
k

2
(1.6)

where ωΘ = 2
√
γ/m is the Debye frequency of the lattice. Replacing Eq. (1.3)

in to Eq. (1.2a), one gets

ψ1 − ψ2 = 2(1− cos k)ψ1

considering 2 cos k = eik + e−ik, the boundary condition for the wave functions
can be written as

ψ1 − (eik + e−ik)ψ1 + ψ2 = 0

Then the constant C is defined as

C =
1− eik

e−ik − 1
= eik

Replacing Eq. (1.3) in to Eq. (1.2c) yields,

ψN − (eik + e−ik)ψN + ψN−1 = 0

considering C = eik, the following new boundary condition arises

(1− eik)(eikN + e−ikN ) = 0

which reduces to sin kN = 0, and

k =
n

N
π (1.7)
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Hence the eigenvectors are

ψj(n) = eikj + eike−ikj (1.8)

= eik/2
(
eik(j−1/2) + e−ik(j−1/2)

)
= 2eik/2 cos

n

N
π

(
j − 1

2

)
(1.9)

We now evaluate the wave functions to establish the energy number n in the
wave function of the phonons (Eq. (1.9)). ψj(N) = 0 which is not a physically
admissible solution is therefore rejected. ψj(−n) = ψj(n) which are linearly de-
pendent. ψj(N +m) = −ψj(N −m) which means that for n > N the orbitals
periodically repeat the interval [0, N − 1]. For n = 0, the orbital ψj(0) = 1
which corresponds to the overall translation of the system, is kept as a possible
solution for n.

Finally, for a open 1D mass-spring (MS) system of N orbitals, one has

n ∈ [0, 1, 2, · · ·N − 1]. (1.10)

1.3.2 Periodic Boundary Condition

For 1D tight-binding chain with periodic boundary conditions, the Schrödinger
equation write,

ε0ψ1 − γψ2 − γψN = Eψ1, (1.11a)
ε0ψj − γψj+1 − γψj−1 = Eψj , for j ∈ [2, N − 1] (1.11b)
ε0ψN − γψN−1 − γψ1 = EψN . (1.11c)

One can adopt an “easy alternative” to solve the Schrödinger equations (1.11).

Comparing Eq. (1.11b) for j = 1 and Eq. (1.11a),

ε0ψ1 − γψ2−γψ0 = Eψ1

ε0ψ1 − γψ2−γψ0 − γψN + γψ0 = Eψ1

one gets ψ0 = ψN .

Similarly, comparing Eq. (1.11b) for j = N and Eq. (1.11c),

ε0ψN − γψN+1−γψN−1 = EψN

ε0ψN − γψN+1−γψN−1 − γψ1 + γψN+1 = EψN

one gets ψ1 = ψN+1. Since ψj(N) = ψj(0) 6= 0 and ψj(N+m) = ψj(m), it turns
out that n ∈ [0, 1, · · · , N − 1] or n ∈ [−1, 0, 1, · · · , N − 2], etc. Conventionally,
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one chooses an interval that is symmetric with respect to the origine. For exam-
ple, if N = 5, then n ∈ [−2,−1, 0, 1, 2]. If N = 6, then n ∈ [−2,−1, 0, 1, 2, 3].
Note different order of degeneracy exists for an even or odd N . The wave func-
tions here are the same as an open system discussed in Sec. 1.3.1.

1.3.3 Normal modes and phonon energy

The Hamiltonian of the system can be written as:

H =
1

2m

∑
n

p2
n +

1

2
γ
∑
n

(2u2
n − unun+1 − unun−1) (1.12)

where un and pn are the displacement and momentum of the nth atom, respec-
tively.

One can transform the displacements and the momenta into coordinates of the
reciprocal space,

Uq =
1√
N

∑
n

une
iqn Pq =

1√
N

∑
n

pne
−iqn (1.13)

The corresponding inverse transform reads,

un =
1√
N

∑
q

Uqe
−iqn pn =

1√
N

∑
q

Pne
iqn (1.14)

Substituting Eq. (1.14) into the Hamiltonian expression Eq. (1.12) and simpli-
fying it, one obtains [Ziman (1960)]:

H =
1

2M

∑
q

PqP−q +K
∑
q

UqU−q(1− cos q) (1.15)

The states labelled with q and -q corresponding to running waves in the op-
posite directions. It can be easily find from the Fourier transform (Eq. (1.13))
that the pairs Pq−P−q and Uq−U−q are complex conjugate to each other, i.e.,
P ∗q = P−q, U

∗
q = U−q. So Eq. (1.15) can be recasted as,

H =
1

2

∑
q

{ 1

M
PqP

∗
q + 2K(1− cos q)UqU

∗
q } (1.16)

Let’s now introduce the second coordinate operators, aq and a∗q , which are
defined in terms of Pq and Uq by the relations,

aq =

√
1

2m~ω
Pq − i

√
K(1− cos q)

~ω
U∗q

a∗q =

√
1

2m~ω
P ∗q + i

√
K(1− cos q)

~ω
Uq

(1.17)
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It can be shown that the commutation of the above defined operators have the
specially simple form,

[aq, a
∗
q ] = (i/2~){[Pq, Uq] + [P ∗q , U

∗
q ]} = 1 (1.18)

Consequently the Hamiltonian reduces to

H =
∑
q

~ω(a∗qaq +
1

2
) (1.19)

The operators defined in Eq. (1.17) are known as the annihilation and creation
operators. And nq ≡ a∗qaq is called the number operator, whose eigenstates are
characterized by sets of positive integers which tell us the number of ’particles’
present in the field, or the number of quanta in the particular mode. So the
total energy in the system is quantized with the quantum energy ~ω. Hav-
ing analysed the motion into quanta distributed over the various modes, it was
found convenient to give to each of such quantum the name of phonon. Phonons
bear exactly the same relation to the vibrations of the solid as do photons to the
vibrations of the electromagnetic field. We sometimes talk of them as if they
were particles (’phonon gas’), but this is only in the Pickwickian sense. Unlike
the atoms which make up an ordinary gas, thermal phonons can be created
and destroyed by random energy fluctuations. In the language of statistical
mechanics this means that the chemical potential for adding a phonon is zero.

The phonon states comply to the Boltzmann definition of entropy and as those
states exist within the canonical ensemble, the distribution of phonons are
governed by the Bose-Einstein statistics, which reads,

nBE =
1

exp( ~ω
kBT

)− 1
(1.20)

where kB is the Boltzmann constant, and T is the absolute temperature. At ab-
solute zero temperature, there are no phonons in a crystal. At low temperatures
~ω � kBT , n ≈ exp(−~ω/kBT ) and the probability of a phonon to be present
is exponentially decreasing with frequency. At high temperatures ~ω � kBT ,
n ≈ kBT/~ω and the phonon number increases linearly with temperature and
the phonon mode energy is constant E = kBT .

1.4 Organization of the Thesis

The thesis is started by studying a phonon mirror that perfectly reflects the
phonons of the antiresonance modes due to interferences. Such a mirror allows
for the study of a phonon capacitor that stores a single phonon mode and emits
coherent phonons as a stress is applied. Finally, we reveal the role of phonon
interference effects on the low lattice thermal conductivity of the crystals where
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long range forces are present.

In Chapter 2, we briefly present the method of molecular dynamics simulations
and different popular techniques to access the important thermal transport
quantities, that is, phonon transmission function/probability, interface thermal
conductance and lattice thermal conductivity.

In Chapter 3, we provide a new approach to demonstrate that heat in solids can
be manipulated like light. While heat convection by fluids and heat radiation
by light can be reasonably controlled by several means, the understanding of
heat conduction through solids is less straightforward and has been an impor-
tant challenge both in physics and engineering. Heat at room temperature is
carried by lattice vibrations of ultra-high frequencies (1012 Hz), which are the
abovementioned phonons, the quasi-particles that are analogous to the photons
that carry light. In this chapter, we show how to precisely control the heat flow
by atomic-scale phononic metamaterial, which contains deliberate flaws in the
crystalline atomic lattice, channeling the heat through different phonon paths.
Destructive interference between heat waves following different paths leads to
the total reflection of the heat current and thus to the remarkable reduction
in the material ability to conduct heat. By exploiting this destructive phonon
interference, we model a very counter-intuitive possibility of thermal transport:
more heat flow is blocked by the opening of the additional phonon channels.
We provide an important further insight into the coherent control of phonons
which can be applied both to sound and heat propagation.

In Chapter 4, we introduce a novel ultra-compact nanocapacitor of coherent
phonons formed by high-finesse interference mirrors based on atomic-scale semi-
conductor metamaterials. Our molecular dynamics simulations show that the
nanocapacitor stores monochromatic terahertz lattice waves, which can be used
for phonon lasing - the emission of coherent phonons. Either one- or two-
color phonon lasing can be realized depending on the geometry of the nanode-
vice. The two-color regime of the interference cavity originates from different
incidence-angle dependence of phonon wave packet transmission for two wave
polarizations at the respective antiresonances. Coherent phonon storage can
be achieved by cooling the nanocapacitor initially thermalized at room tem-
perature or by the pump-probe technique. The linewidth narrowing and the
computed relative phonon participation number confirm strong phonon con-
finement in the interference cavity by an extremely small amount of resonance
defects. The emission of coherent terahertz acoustic beams from the nanoca-
pacitor can be realized by applying tunable reversible stress which shifts the
antiresonance frequencies.

In Chapter 5, we investigate the role of two-path destructive phonon inter-
ference induced by long-range interatomic forces on the thermal conductance
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and conductivity of a silicon-germanium alloy by atomistic calculations. The
thermal conductance across a germanium atomic plane in the silicon lattice is
substantially reduced by the destructive interference of the nearest-neighbour
phonon path with a direct path bypassing the defect atoms. Such an interfer-
ence causes a fivefold reduction in the lattice thermal conductivity in a SiGe
alloy at room temperature. We demonstrate the predominant role of harmonic
phonon interferences in governing the thermal conductivity of solids by sup-
pressing the inelastic scattering processes at low temperature. Such interfer-
ences provide a “harmonic resistive” mechanism to explain and control heat
conduction through the coherent behaviours of phonons in solids.

Finally, we conclude the thesis in Chapter 6.





Chapter 2

Atomistic Simulation of Phonon
Transport

In this chapter, we briefly present the method of molecular dynam-
ics simulations and different popular techniques to access the impor-
tant thermal transport physical quantities, that is, phonon transmission
function/probability, interface thermal conductance and lattice thermal
conductivity.

2.1 Classical molecular dynamics

Molecular dynamics (MD) simulation is a numerical method to explicitly sim-
ulate the motions of particles, e.g. atoms, ions ... In classical MD simulations,
these particles interact via relatively simple analytical interatomic potential
functions, in which the interaction details of electrons are not considered. New-
ton’s equations of motion are integrated for all particles simultaneously. De-
pending on the specific model, the particle number can reach one million using
high performance computing facilities for a system time from picoseconds to
microseconds.

2.1.1 Generality

Molecular dynamics simulations consist in the computation of the motions of
individual atoms in order to model the behaviors of solids, liquids and gases.
A MD simulation generates a sequence of points in phase space of a thermo-
dynamic ensemble connected in time. The result tracks the trajectories of all
particles in the system as a function of time. Transport and other properties
can be calculated by taking the ensemble average of the trajectories.

In a classical MD simulation, the empirical potential energy of a system of par-
ticles can be expressed as a sum of terms involving single, pairs, triplets, and
so forth, of atoms:
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U =
∑
i

U1(ri) +
∑
i

∑
j>i

U2(ri, rj) +
∑
i

∑
j>i

∑
k>j>i

U3(ri, rj , rk)+··· (2.1)

The first term in the potential energy function, U1(ri), can be used to incor-
porate the effect of an external field acting on the system. All the remaining
terms represent particle-particle interactions.

The motion of each atom is governed by Newton’s second law, which is given
by:

d2ri
dt2

=
Fi

mi
(2.2)

where t is time, mi is the mass of atom i, ri is its position vector, and Fi is the
total force vector acting on the atom.

The force on a certain atom writes by using Taylor’s expansion about the
equilibrium positions,

Fαi = −
∑
j,β

Φαβ
ij u

β
j −

1

2!

∑
jk,βγ

Ψαβγ
ijk u

β
j u

γ
k + ... , (2.3)

where Fαi is the total force applied on atom i in the α direction due to the atom
displacements u. i, j, k ∈ 1, ..., N represent atom indices and α, β, γ ∈ x, y, z
refer to the Cartesian components.

Φαβ
ij is the harmonic (second-order) force constant involving the atom pair i, j

and Ψαβγ
ijk is the third-order force constant involving atom triplets i, j, k and

write

Φαβ
ij =

∂U

∂uαi ∂u
β
j

∣∣∣∣∣
ri,j=r0

i,j

(2.4)

and

Ψαβγ
ijk =

∂U

∂uαi ∂u
β
j ∂u

γ
k

∣∣∣∣∣
ri,j,k=r0

i,j,k

(2.5)

The harmonic (second-order) force constants Φαβ
ij determine the normal vibra-

tional modes (eigenmodes) of the lattice and the related properties such as the
phonon group velocities and density of states. The anharmonic (third-order
and higher orders) force constants Ψαβγ...

ijk... representing the anharmonicity of
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the lattice are important in the related Umklapp phonon scattering processes
and determine the anharmonic phonon relaxation time.

In the current thesis, these force constants have been obtained either from
the empirical potential energy using its analytical form, or from ab initio cal-
culations by solving the Schrödinger equations with density-functional theory
(DFT).

In a perfect insulating crystal, harmonic phonons would never be scattered and
thus the phonon mean free path Λ would always be equal to the crystal size.
Under the single-mode-relaxation time approximation, the thermal conductiv-
ity is defined by κ = 1

3

∑
qCqvqΛq for a 3D crystal where Cq, vq and Λq refer to

the specific heat per volume unit, the group velocity and the mean free path of
the phonon mode q. Such a crystal would have anomalous, diverging with the
crystal size, thermal conductivity at all temperatures. Scattering of phonons
by lattice imperfections, e.g., by isotopic impurities, in a one-dimensional (1D)
crystal also does not result in the normal, converging with the crystal length,
thermal conductivity [Casher and Lebowitz (1971a); Rubin and Greer (1971a)].
Only anharmonic phonon-phonon interactions and scattering can result in the
normal heat transport in low-dimensional crystals.

2.1.2 Limitation

Classical MD simulations technique has two intrinsic drawbacks:

• It is based upon empirical interatomic potentials and thus are less accu-
rate than quantum-mechanical approaches, e.g. ab initio MD (AIMD)
simulations.

• It is based on classical statistics and hence valid only in the classical
limit of phonon distribution, i.e., for temperatures higher than the Debye
temperature of the materials.

In AIMD simulations, the atomic interactions are described by first-principles
formulations, where the electron exchange and correlation Hamiltonian is usu-
ally introduced into density-functional theory. However, the abrupt change
in the electron density at surfaces of the system can result in deviation of
surface/adsorbate bond strengths [Schimka et al. (2010)]. AIMD is highly
demanding on computational ability and the runs are limited to the simula-
tion of small systems (a few hundred atoms) and for short time intervals (a
few nanoseconds). The limited system size is not able to represent phonons of
long wavelengths. Such simulation time is far from sufficient for the low fre-
quency phonons to relax and also prevent efficient ensemble averages. Despite
their individual limitations, AIMD and classical MD simulations can be used
in parallel to provide complementary information. When AIMD and classical
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MD results are consistent, it is reasonable to assume that the agreement is not
accidental, and that the theoretical predictions are realistic representations of
actual physical phenomena.

In the high temperature limit ~ωΘ � kBT , where ωΘ is the Debye frequency of
the solid ωΘ = kBTΘ/~, T refers to the mean temperature of the system, kB and
~ represent the Boltzmann and the reduced Planck’s constants, respectively, the
phonon statistics reduce from the Bose-Einstein distribution

nBE =
1

e
~ω

kBT − 1
, (2.6)

to

n =
kBT

~ω
,

thus all the phonon mode have the same energy ~ω × n, independent of the
frequency. This means that all phonons modes are equally excited. Therefore,
when the system has a temperature equal to or lower than the Debye temper-
ature of the crystal, a MD simulation with classical thermostats

• overestimates the heat capacity
• brings in extra phonon-phonon scattering

This is the case when classical MD is used to simulate carbon nanotubes and
graphene at room temperature since the Debye temperatures of these materials
are between 1200 and 2000 K.

2.2 Phonon transmission coefficient

The detailed behaviour of phonons in the scattering events with defects, bound-
aries and interfaces is crucial to understand and predict the phonon transport
at the nanoscale, when the phonon MFP is comparable to the characteristic
size of the scatterers. A key quantity in this concern is the phonon transmission
coefficient or probability.

In terms of phonon interface scattering, the acoustic mismatch model (AMM)
and diffuse mismatch model (DMM) are often used for the calculation of phonon
transmission [Swartz and Pohl (1989)]. The AMM, assuming a perfect inter-
face, considers long-wavelength phonons and uses the acoustic impedances Z of
the two adjacent materials 1 and 2 for the calculation of phonon transmission
probability,

α1,2 =
4Z1Z2

(Z1 + Z2)2
(2.7)
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Where Z = ρv is the acoustic impedance, ρ is the mass density and v is the
speed of sound, respectively.

Phonon scattering at interfaces is assumed to be completely diffusive in DMM.
Hence, the probability of a phonon diffusely scattered across the interface is
thus related only to the bulk density of states g(ω), the phonon group velocity,
and the phonon energy on each side of the interface [Duda et al. (2009)],

α1→2 =

∑
q2

~ω2,q2
v2g2(ω2)nBE∑

q1
~ω1,q1

v1g1(ω1)nBE +
∑

q2
~ω2,q2

v2g2(ω2)nBE
, (2.8)

Although AMM and DMM have been used exclusively as inputs for BTE solu-
tions and for explaining experimental data of reduced thermal conductivity in
nanostructured materials, neither of them can

• accurately capture the underlying physics of phonon transport across ma-
terial interfaces. In addition to the differences in the intrinsic bulk prop-
erties of the contacting materials such as Z and g(ω), the atomic-scale
interactions at the interface may contribute to the heat transfer in an
unexpected manner.

• provide a spectral analysis clarifying the contribution of each phonon
mode. The transmission probabilities obtained from AMM and DMM
are overall/averaged values.

To address these important deficiencies, several advanced techniques have re-
cently been developed for studying phonon transmission based on the atom-
istic simulations, including the phonon wave-packet (WP) method based on
MD simulations [Schelling et al. (2002a); Schelling et al. (2004)], linear lattice
dynamics [Zhao and Freund (2005)], and the atomic Green’s function (AGF)
approach [Mingo and Yang (2003)]. In the phonon WP method, a WP is initi-
ated in one material and propagates across the interface. Plane wave functions
for a well-defined phonon mode q with a Gaussian envelope are used to assign
the initial displacement and velocity of the atoms. The transmission coefficient
is calculated by the ratio of the atomic energy (both potential and kinetic) on
the two sides of the interface. The simulation domain needs to be long enough
in the direction perpendicular to the interface and only one phonon transmis-
sion data point corresponding to a specific phonon mode can be obtained in a
single run of MD simulation. So this process is costly for obtaining the phonon
transmission for all phonon modes with a desirable spectral resolution. Linear
lattice dynamics by solving the lattice dynamical equation under the harmonic
approximation for the atoms at the interface, has also been proposed to cal-
culate phonon transmission. The method is restricted to the perfect lattice
interfaces. The Green’s function approach solves the response of the system
under a small perturbation. In the AGF approach, a lattice system is divided
into sub-systems. The Green’s function of the decoupled sub-systems is ob-
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tained first and the Green’s function of the coupled system is then calculated
by linking the Green’s function of the decoupled sub-systems.

Before presenting the technical details of the phonon WP and Green’s func-
tion method, it is important to clarify the definition of transmission coeffi-
cient/probability α(ωq), transmission function Ξ(ω) and their relation with the
density of states g(ω) in the thermal conductance using the Landauer formal-
ism. The scattering theory treats a system by dividing it into three coupled
subsystems: two semi-infinite leads connected through the scattering region.
The heat flux flowing from the hot lead to the cold lead in a 3D system writes

J =

∫
BZ

~ωqv
z
g,q(nL − nR)αq

d3k
(2π)3

, (2.9)

where ~ωq is the energy quantum of the phonon mode q which is defined by
the wave vector and the frequency (k, ω) of the leads’ normal modes, vzg,q is
the phonon group velocity of the phonon mode q projected on the direction
of the heat flow, nL,R is the phonon number on the left and right reservoir

following the Bose-Einstein distribution nL,R =

(
e

~ω
kBTL,R − 1

)−1

, αq is the

normalized transmission probability of the phonon mode q and αq ∈ [ 0, 1 ].
The integration goes through all the phonon modes in the irreducible Brillouin
Zone (BZ).

In the linear regime, the phonon population undergoes small perturbations and
the population difference can be Taylor expanded with respect to the average
temperature,

nL − nR =
∂n

∂T

∣∣∣∣
T0=(TL+TR)/2

(TL − TR),

Thus the thermal conductance writes

G = J/∆T =

∫
BZ

~ωqv
z
g,q

∂n

∂T

∣∣∣∣
T0

α(ωq)
d3k

(2π)3
, (2.10)

We note that d3k = dkxdkydkz and vzg,qdkz = ∂ω/∂kzdkz = dω. The Eq. (2.10)
reduces to

G = J/∆T =

∫
BZ

~ω
∂

∂T

(
e

~ω
kBT − 1

)−1
∣∣∣∣∣
T0

[α(ωq)dkxdky]
dω

(2π)3
,

(2.11)

Hence we identify the spectral phonon transmission function Ξ(ω) = α(ωq)g(ω)
where g(ω) = dkxdky is the projected phonon density of states in the non-
periodic directions of the system.
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2.2.1 Phonon wave-packet technique

To probe the phonon transmission coefficient, MD with the phonon wave packet
method has been used to provide the per-phonon-mode energy transmission co-
efficient α(ω, l) [Schelling et al. (2002a); Schelling et al. (2004)]. This method
has been limited to effective 1D systems since all the atoms obey the same
atomic movement patterns in the plane normal to the wave vector.

In the present thesis, I extend this 1D method by exciting a realistic 3D Gaus-
sian wave packet centered at the frequency ω and wave vector ~k in the reciprocal
space and at ~r0 in the real space, with the spatial width (coherence length) lq
in the direction of ~k. The spatial extent l⊥ in the perpendicular directions to ~k
can be different from that in the parallel direction. A 3D phonon WP has the
displacement ~ui for the atom i as:

~ui = A~ei(~k) exp
(

i
[
~k · (~ri − ~r0)− ωt

])
exp

(
−|~ri − ~r0 − ~vgt|2

4l2

)
, (2.12)

where A is the wave packet amplitude, ~ei(~k) is the eigenvector of the phonon
mode q = (ω,~k), ω is the eigenfrequency for the wave vector ~k within a single
branch of the phonon dispersion curve, ~vg is the phonon group velocity along
the wave vector ~k at the wave packet center frequency ω. Wave amplitude A
of the generated phonon wave packets was taken sufficiently small such that
the anharmonic coupling to other lattice modes is kept weak [Schelling et al.
(2002a)]. Hence the wave packets propagate in an effective harmonic crystal
without any perceptible spreading or scattering.

In Eq. (2.12), the coherence length in the direction parallel to the wave vector
lq is set to be equal to that in the perpendicular direction l⊥, lq = l⊥ = l. A
more general expression that independently controls the coherence lengths in
different directions writes,

~ui =A~ei(~k) exp
(

i
[
~k · (~ri − ~r0)− ωt

])
· (2.13)

exp

(
−(ri,q − r0,q − vg,qt)2

4l2q

)
exp

(
−

(ri,⊥ − r0,⊥ − vg,⊥t)2

4l2⊥

)
,

(2.14)

It’s evident that vg,⊥ = 0 if the wave packet does not collapse.

Practically, a WP is generated by assigning the atomic displacement follow-
ing Eq. (2.12) and velocities by taking the time derivative at the initial state
t = 0. The wave packet was set to propagate normally to the defect layer,
where an elastic scattering results in transmitted and reflected waves. The



24 2.2. PHONON TRANSMISSION COEFFICIENT

wave packet energy transmission coefficient α(ω, l) is defined as the ratio be-
tween the energy carried by the transmitted and initial wave packets, centered
at the given phonon mode (ω,~k) with the spatial extent l. The plane-wave
limit is reproduced by the wave packets with the spatial width l much larger
than the wavelength λc of the wave packet central frequency.

A typical example of a phonon wave packet scattered at an internal interface
is shown in Fig. 2.1. The system is bulk silicon modeled by Stillinger-Weber
potential [Stillinger and Weber (1985a)]. A longitudinal acoustic phonon WP
is generated by following the form in Eq. (2.12) and corresponds to the wave
vector k = 5

20〈001〉 and the frequency ω = 5.1128 THz. The corresponding
central wavelength is λc = 1.56 nm and the coherence length is l = 20 nm.
Since l � λc, no significant back scattering of the wave packet is observed in
this case, where as a phonon WP of l = 5nm, as depicted in Fig. 2.2, experience
perceptible back-scattering.

2.2.2 Green’s function and phonon Green’s Function

I. Generality

Phonon Green’s function or atomistic Green’s function is extended from the
Green’s function formalism for electron transport. The Green’s function of
a quantum-mechanical system corresponds to the wave-function of the same
system slightly perturbed by a point source.

By definition, one compares the Green’s Function (GF) g with wave functions
|ψ〉 for a system with Hamiltonian H and energy E,

(E −H)|ψ〉 = 0 (2.15a)
(E −H)g = I (2.15b)

The wave function satisfies the Schrödinger equation (2.15a) and the Green’s
Function g satisfies Eq. (2.15b), and they are very similar in the form. In fact,
the wave function and the Green’s Function are closely related, we will clarify
this in the following sections.
In a different form, Eq. (2.15) writes

E|ψ〉 = H|ψ〉 (2.16a)
Eg− I = Hg (2.16b)
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Figure 2.1: Elastic scattering of a phonon wave-packet at an internal 〈001〉 interface
of bulk Stillinger-Weber silicon. A longitudinal acoustic phonon WP is generated by
following the form in Eq. (2.12) and corresponds to the wave vector k = 5

20 〈001〉 and
the frequency ω = 5.1128 THz. The corresponding central wavelength is λc = 1.56 nm
and the coherence length is l = 20 nm.
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Figure 2.2: Elastic scattering of a phonon wave-packet at an internal interface of
bulk Stillinger-Weber silicon. The wave-packet corresponds to the same phonon mode
as in Fig. 2.1 except that the coherence length is much shorter, l = 5 nm. The red
arrow denotes the back scattering of the WP.
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Figure 2.3: Oblique phonon wave-packet of the same mode as in Fig. 2.1 in the
〈011〉 direction.

One rewrites Eq. (2.16b) in the matrix representation writes
ε0, −γ, · · ·

. . .
· · · −γ, ε0, −γ, · · ·

. . .
· · · −γ, ε0




g11 g12 · · · g1l · · ·
g21 g22 · · · g2l · · ·
...

...
...

gj1 gj2 · · · gjl · · ·
...

...
...

 = Eg− I

The lth column of g is |φ〉 = (g1l, g2l, · · · , gjl, · · · )T . Therefore, in the index
representation, Eq. (2.15) rewrites as

ε0ψj − γψj+1 − γψj−1 = Eψj , (2.17a)
ε0gjl − γgj+1,l − γgj−1,l = Egjl − δjl (2.17b)

where δjl is the Kronecker delta.

Theorem I. The sum of any Green’s Function |φ〉 and an eigenstate |ψ〉 is also
a Green’s Function .

Suppose |f〉 = |φ〉+ |ψ〉, one has

H|f〉 = H|φ〉+ H|ψ〉 = E|φ〉 − Il + E|ψ〉
= E|f〉 − Il

where Il is a vector with its lth element equates unity and other elements zero.
Hence by definition of Eq. (2.17b), |f〉 is also a Green’s Function .

Accrording to Theorem. I, the general form of a Green’s Function writes

fj = gjl + ψj (2.18)
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with ψj = Aeikj+Be−ikj and ψj is any eigenstate that satisfies the Schrödinger
equation.

In a 1D chain, one defines the general Green’s Function as,

gjl =

{
Aeikj +Be−ikj for j ≤ l
Ceikj +De−ikj for j ≥ l

(2.19)

Given A = 0, D = 0, Eq. (2.19) rewrites as

gjl =

{
Be−ikj for j ≤ l
De−ikj for j ≥ l

At j = l, one has Be−ikl = De−ikl, one can choose

B = Aeikl

C = Ae−ikl

One arrives at

gjl =

{
Ae−ik(j−l) for j ≤ l
Aeik(j−l) for j ≥ l

At j = l, one has

ε0gll − γgl+1,l − γgl−1,l = Egll − 1 (2.21)

given E = ε0 − 2γ cos k, one obtains

A =
1

i2γ sin k

therefore, the Green’s Function for an infinite 1D system writes

gjl =
eik|j−l|

i~v
(2.22)

where ~v = dE/dk = 2γ sin k.

One reminds the definition of the Green’s Function given in Eq. (2.17b),

ε0gjl − γgj+1,l − γgj−1,l = Egjl − δjl

which means that the Green’s Function satisfies the Schrödinger equation of an
infinite chain for j 6= l,

ε0gjl − γgj+1,l − γgj−1,l = Egjl
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whereas at j = l, Green’s Function satisfies Eq. (2.21)

ε0gll − γgl+1,l − γgl−1,l = Egll − 1

Suppose a wave function |φ1〉 satisfies α|φ1〉 = −1, thus the Green’s Func-
tion can be considered as the eigenstates that satisfy the Schrödinger equation
below,

ε0|ψj〉 − γ|ψj−1〉 − γ|ψj+1〉 = E|ψj〉
ε0|ψl〉 − γ|ψl−1〉 − γ|ψl+1〉 − α|φ1〉 = E|ψl〉

This Schrödinger equation describes a “T-shaped” infinite chain: an infinite
system whose site l is connected to a side chain with a coupling constant α.
The Green’s Function gjl of an infinite system is exactly the eigenstate ψj of the
“T-shaped” system with a side chain at site l. Physically, the Green’s Function is
the response (wave) function of the “T-shaped” chain with an incoming (plane
wave) excitation along the side chain. The transmitted wave to the section j > l

is ψj = gjl = eik(j−l)

i~v which corresponds to a plane wave propagating towards
the “+” direction, and the other transmitted wave to the other half section j < l

is ψj = gjl = e−ik(j−l)

i~v which corresponds to a plane wave propagating towards
the “-” direction.

II. Phonon Green’s function

A system of coupled harmonic oscillators is divided into three regions: two ther-
mal reservoirs and a scattering region. Under the harmonic approximation, the
phonon waves in the system are described by the dynamical equation, similar
to a tight-binding system described by Eq. (2.15a)

(ω2I−H)Ψ = 0, (2.23)

where ω is the angular phonon frequency, I is the identity matrix, H is the
harmonic matrix or the Hamiltonian and Ψ is the magnitude of the vibrational
normal modes. The elements of H are the second-order (harmonic) force con-
stants in Eq. (2.4) normalized by the atomic masses,

H3i+α,3j+β =
1

√
mimj

Φαβ
ij , (2.24)

The harmonic matrix H can be divided into submatrices corresponding to dif-
ferent couplings,

H =

 KL VLC 0
VCL KC VCR

0 VRC KR

 (2.25)
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where KL,KR and KC are the Hamiltonians of the left (L), right (R) leads
and the central (C) scattering region, respectively. VCL and VCR describe the
coupling between the scattering region with the left and right leads, respec-
tively. It is evident that symmetries below are valid, KL,R,C = (KL,R,C)

† and
VCL,CR = (VLC,RC)

† , where “†” denotes the complex conjugate. The lower
left and upper right corners of H are zero because there is no direct coupling
between the leads.

The Green’s Function G of the system writes, similar to Eq. (2.15b),

(ω2I−H)G = I, (2.26)

where G can also be divided into submatrices,

G =

 GL GLC 0
GCL GC GCR

0 GRC GR

 (2.27)

By developing Eq. (2.26) with Eq. (2.27), the Green’s Function of the scattering
region can be solved as,

Gs =
[
ω2I −KC − ΣL − ΣR

]−1
, (2.28)

where ΣL = VCLgLV
†
CL, ΣR = VCRgRV

†
CR are the self-energies of the left

and right leads, which describe the perturbation of the scattering region when
connected to the leads. gL and gR refer to the surface Green’s functions of the
unperturbed left and the right leads,

Heat current from the right lead to the scattering region writes,

J(ω) =
~
2

Tr
(

Ψ
†
RKRCΨC −Ψ

†
CKCRΨR

)
(2.29)

By taking the Lippmann-Schwinger equation, the heat current per phonon
mode writes,

J(ω) =
~

4π
Tr
[
ΓLGCΓRG

†
s

]
(2.30)

where ΓL = i(ΣL − Σ
†
L) and ΓR = i(ΣR − Σ

†
R).

Thus the phonon transmission function Ξ(ω) writes,

Ξ(ω) = Tr
[
ΓLGCΓRG

†
s

]
(2.31)
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2.3 Interface thermal conductance

Phonon wave-packet technique based on MD and atomistic Green’s Function al-
lows us to precisely determine the key quantity that characterizes the phonon
transport and scattering across an interface: the phonon transmission coeffi-
cient αq and transmission function Ξ(ω). The interface thermal conductance
can thereby be determined by following the Landauer’s formalism for phonon-
wave scattering as an analogy to electron-wave scattering. Apart from the
Landauer’s formalism that treats phonons as coherent waves, other approaches
can be used to determine the interface thermal conductance. Two major ap-
proaches are commonly used: a direct non-equilibrium MD method by fit-
ting the Fourier’s law and an indirect equilibrium MD method by using the
fluctuation-dissipation theorem.

2.3.1 Landauer’s formalism

The determination of thermal conductance by Landauer’s formalism was al-
ready presented in Section. 2.2. For a system with transverse confinement per-
pendicular to the transport direction, the thermal conductance is reformulated
from Eq. (2.11) as,

G =

∫
BZ

~ω
∂

∂T

(
e

~ω
kBT − 1

)−1
∣∣∣∣∣
T0

Ξ(ω)
dω

(2π)3
, (2.32)

where the phonon transmission function Ξ(ω) = α(ω)dkxdky can be rewriten
as,

Ξ(ω) = α(ω)M(ω), (2.33)

M(ω) is an integer number that refers to the number of open phonon channels
in the thermal reservoir and it is an intrinsic property of the reservoir and does
not depend on the scattering region. M(ω) can be calculated by counting the
number of phonon bands at frequency ω in the phonon dispersion relation from
lattice dynamics. The elastic scattering of the phonon wave is characterized by
the transmission probability α(ω).

An example of the number of open channels in a nanosystem is shown in Fig. 2.4.
The system is a pristine silicon nanowire with a cross section of 21.72 × 21.72
nm2 along 〈001〉 crystallographic direction. Since no scatterer is present in the
nanowire, the transmission function Ξ(ω) displays a clear stepwise structure
that gives the number of phonon channels, i.e. Ξ(ω) = M(ω) since α = 1.
In the low-energy region below 1.04 THz, being the energy gap of the lowest
optical modes, the transmission function Ξ = 4, indicating the number of acous-
tic branches corresponding to longitudinal, twisting, and doubly degenerated
flexural modes and reflecting the perfect transmission for all acoustic modes.
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Figure 2.4: Phonon dispersion relation and transmission function Ξ(ω) along the
axial direction of a 〈001〉 Stillinger-Weber silicon nanowire with a cross section of
21.72 × 21.72 nm2.
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2.3.2 Molecular dynamics

I. Steady-state non-equilibrium MD

Steady-state non-equilibrium MD is largely used to predict the interface ther-
mal resistance/conductance. A 1D temperature gradient is imposed across the
interface and the resulting heat flux is measured. Or the other way round, a
constant heat flux is imposed and the resulting temperature gradient is mea-
sured at steady-state. The interface thermal conductance G can be obtained
according to the Fourier’s law,

J = G∆T (2.34)

where J is the steady-state heat flux in W m-2 and G is in W m-2 K-1, which
is defined as the amount of thermal energy transfer rate per unit area perpen-
dicular to the direction of the heat flux and ∆T is the temperature difference
at the interface. The thermal contact resistance is the inverse of conductance.

NEMD approach requires fitting the temperature profile at the interface and
determines directly the thermal conductance through the Fourier’s law. That’s
why it is also called a “direct method”. In spite of its technical simplicity, one
should be careful using it because artifacts can be introduced easily due to

• multiple reflections of ballistic phonons between the thermal reservoirs. If
the distance between the reservoirs are not long enough that the phonons
are not sufficiently scattered over their trajectories, multiple reflections
of ballistic phonons could lead to unphysical phonon transmission.

• improper parameters in setting up the reservoirs. Constant rescaling of
the atomic velocities in the thermostats introduces artificial scattering
and performance can depend on the characteristic time of the thermostats
as a critical parameter.

• erroneous definition of temperature. Temperature profile needs to be
established in order to get the temperature drop at the interface ∆T
whereas it is hard to define the temperature of a small number of atoms
from the thermodynamic point of view.

II. Equilibrium MD

To avoid the disadvantages of NEMD method, EMD recovers the intrisic fluc-
tuations of the system within the microcanonical ensemble without introducing
perturbations.

For a system at thermal equilibrium, the system temperature fluctuates around
its average equilibrium value. According to energy conservation and the linear
response theory, the thermal resistance R between two interacting subsystems
at the two sides of the interface with a temperature difference ∆T could be
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Figure 2.5: Thermal resistance proportional to the time integrals of the normalized
autocorrelation functions of the temperature difference from Eq. (2.35). The black
curves are from different trajectories and the red curve is the ensemble average.

calculated by the following equation [Rajabpour and Volz (2010)]:

RkB =

∫ ∞
0

〈∆T (0)∆T (t)〉
〈∆T (0)2〉

dt

(
1

N1
+

1

N2

)
, (2.35)

where kB is the Boltzmann constant, N1 and N2 refer to the number of de-
grees of freedom of the two subsystems. The time integral of the normalized
temperature-difference autocorrelation corresponds to the relaxation time re-
quired by the total decay of the temperature jump across the interface,

τ =

∫ ∞
0

〈∆T (0)∆T (t)〉
〈∆T (0)2〉

dt.

A typical process to obtain the thermal resistance by following such approach
is to first equilibrate the system in the canonical ensemble with thermostats
and barostats, then put the system into the microcanonical ensemble to reach
ergodicity and finally record the temperature fluctuations of the subsystems.
The final thermal resistance needs a number of different trajectories to converge.
Fig. 2.5 shows the ensemble average of the autocorrelation functions and finally
converges to a plateau.
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2.4 Lattice thermal conductivity

Under the single-mode-relaxation-time approximation via kinetic theory, the
thermal conductivity κ of a 3D lattice is given by,

κ =
1

3

∑
q
Cqv

2
qτq, (2.36)

where Cq and vq are the specific heat per volume unit and the group velocity of
the q-th phonon mode. The phonon RT τ measures the temporal response of
a perturbed phonon mode to relax back to equilibrium due to the net effect of
different phonon scattering mechanisms. The specific heat indicates how much
energy a certain mode q carries, the group velocity indicates how fast phonons
of the mode propagate, and the lifetime (mean free path) indicates how long
(far) phonons of the mode q travel on average before being scattered. τ can be
defined as [Ziman (1960)]

∂n

∂τ
=
n− n0

τ
, (2.37)

where n and n0 are the phonon occupation numbers out of and at thermal
equilibrium. The phonon mean free path (MFP) Λq is defined as Λq = vqτq.

Analytical models derived for the phonon dispersion and lifetimes were used in
solving the Boltzmann-transport equation (BTE) for predicting thermal con-
ductivity [Klemens (1955); Callaway (1959); Holland (1963)]. The phonon
relaxation times were often obtained by fitting the thermal conductivity with
the experimental results. The requirement of fitting parameters prevent these
models from exploring the underlying physics. Therefore, techniques based on
an atomistic description are necessary to predict the thermal properties without
taking fitting parameters.

With the harmonic force constants, the phonon eigenmodes (dispersion rela-
tion) can be easily obtained and thus the specific heat and group velocity are
derived. Nevertheless, the phonon relaxation times require higher-order force
constants from empirical interatomic potential or ab initio calculations.

In this section, the calculation of the key ingredients, i.e. vq and τq in the
lattice thermal conductivity by using equilibrium MD and anharmonic LD will
be discussed.

2.4.1 Phonon group velocity

The group velocity could be obtained from the phonon dispersion ω − k. In
a lattice with periodic potential, the wave function can be expressed as Bloch
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waves. In a vibrational system, the wave function Ψ in Eq. (2.23) is also the
displacement function u, which writes as the Bloch form,

u = eiei(ωt−kr), (2.38)

where r is the atomic position. Eq. (2.23) then rewrites as,

ω2


e1e

ikr1

e2e
ikr2

...
eneikrn

...

 =


Φ11 Φ12 . . . Φ1m . . .
Φ21 Φ22 . . . Φ2m . . .
...

...
. . . . . .

Φn1 Φn2 . . . Φnm · · ·
...

...
...

...
. . .




e1e

ikr1

e0e
ikr2

...
emeikrm

...

 , (2.39)

where Φnm is a matrix of dimension 3 × 3 when the three degrees of freedom
are considered. The n-th element of ω2u writes,

ω2en =
∑
m

Φnme
ikrnmem, (2.40)

where rnm = rm − rn that is the phase factor.

The dynamical matrix writes D(k) =
∑

m Φnme
ikrnm and therefore Eq. (2.39)

rewrites as the eigenvalue problem,

ω2e(q) = D(k) · e(q), (2.41)

which is the dynamical equation in the reciprocal space. D(k) is a matrix of
dimension 3N × 3N and e(q) is the eigenvector of dimension 3N for the phonon
mode q. By diagonalizing D(k), one can obtain the relation between the wave
vector k and the frequencies ω, which is the phonon dispersion relation. From
the frequencies, one can calculate mode specific heat capacity by using either
Bose-Einstein or Boltzmann statistics and build phonon dispersion curves and
the density of states D(ω),

D(ω) =
∑
q
δ (ω − ωq) , (2.42)

The phonon group velocity can thereby be obtained by its definition,

vg(q) =
∂ωq

∂k
, (2.43)

The components in the α-th Cartesian direction writes,

vg,α(q) =
1

ωq

[
e
†
(q)

∂D(k)

∂kα
e(q)

]
, (2.44)
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Eq. (2.43) requires performing a finite difference using closely space separated
wave vectors. This technique is simple and concise as only the solution of
the eigenvalue problem is needed. The disadvantage is that there is ambiguity
when performing the central difference near where two dispersion branches
cross. This ambiguity exists because eigenvalue solvers typically do not sort
the phonon branches. This difficulty can be overcome by using very small
changes in the wave vector when performing the central difference and using
the mode shapes to differentiate branches. Care must also be taken near local
minima or maxima, where the group velocity is zero. In this sense, Eq. (2.44)
is more practical to calculate the group velocity.

2.4.2 Phonon relaxation time

To extract the phonon relaxation time for Umklapp phonon processes, two ma-
jor technique categories exist: equilibrium MD-based spectral energy density
method (SED) [Turney et al. (2009); Thomas et al. (2010)] and anharmonic lat-
tice dynamics (LD)-based third-order Hamiltonian method [Srivastava (1990)].

Equilibrium MD simulation employs empirical interatomic potentials that in-
corporate full anharmonicity, which reproduces inelastic phonon scatterings of
all orders. Whereas the existing theoretical formalism of anharmonic LD for
predicting phonon lifetimes only includes three-phonon processes since the cubic
force constants are required). Higher-order phonon processes are not included
and will become important as temperature is further increased. The anhar-
monic LD method apply for systems at the temperature lower than the Debye
temperature.

I. Equilibrium MD-based spectral energy density method

The phonon liftetime τ(q) can be evaluated by using the normal mode decom-
position technique. In the equilibrium molecular dynamics, the atomic positions
and velocities are projected onto the normal (eigen-) mode coordinates of the
system. The normal mode coordinates are then used to calculate the normal
mode potential and kinetic energies.

The normal mode coordinate q(k, t) writes as a spatial Fourier Transform of
the atomic displacements uj(t) [Dove (1993)],

q(k, t) =
∑
j

(mj/N)1/2eikr0
jej(k)uj(t), (2.45)

and its time derivative q̇(k, t)

q̇(k, t) =
∑
j

(mj/N)1/2eikr0
jej(k)u̇j(t), (2.46)
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where j is the atom index, mj , r0
j and ej(k) refer to the mass, the equilibrium

position and the corresponding eigenvector of the atom j.

The potential and kinetic energies of the normal mode q are

U(q, t) =
1

2
ω(k)2q†(k, t)q(k, t), (2.47)

and

T (q, t) =
1

2
q̇†(k, t)q̇(k, t), (2.48)

The total energy of the normal mode is

E(q, t) = U(k, t) + T (k, t), (2.49)

One can demonstrate that

< E(q, t)E(q, 0) >

< E(q, 0)2 >
= e−2Γ(q)t, (2.50)

where Γ(q) is the linewidth, equal to 1/[2τ(q)]. Thus, the lifetime can be
approximated as

τ(q) =

∫ ∞
0

< E(q, t)E(q, 0) >

< E(q, 0)2 >
, dt (2.51)

The spectral energy density of the mode q which correponds to a double Fourier
Transform of the atomic velocities in Eq. (2.46) to the reciprocal space of fre-
quency and wave vector,

ESED(q = (k, ω)) =

∣∣∣∣∫ ∞
−∞

q̇(k, t) exp(−iωt)dt
∣∣∣∣2 , (2.52)

In an infinite harmonic system, phonons do not scatter. Therefore theirESED(q)
exhibit delta-function type peaks in the vibrational spectrum. In real material
systems, phonons scatter and thus have finite lifetime due to the anharmonic
interactions, leading to the linewidth broadening and thus giving Lorentzian
peak shapes, as shown in Figure 2.6.

The spectral energy density evaluated at the normal modes has the Lorentzian
form,

ESED(q) ∝ Γ(q)

(ωq − ω)2 + Γ(q)2
, (2.53)

The relaxation time can be thereby evaluated.

II. Anharmonic lattice dynamics (LD)-based third-order Hamiltonian method
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The lifetime due to phonon-phonon scattering is related to the imaginary part
of the phonon self-energy [Debernardi et al. (1995); Wallace (1998); Lindsay
et al. (2012)], 1/τq = 2Γq where

Γq =
∑
q′q′′

~π
16

∫∫
BZ

∣∣Ψqq′q′′
∣∣∆qq′q′′

× [(nq′ + nq′′ + 1)δ(ωq − ωq′ − ωq′′)

+ 2(nq′ − nq′′)δ(ωq − ωq′ + ωq′′)dq′dq′′] (2.54)

where Ψqq′q′′ is the three-phonon matrix. nq is the equilibrium occupation
number for mode q. The delta functions in wave vectors and in frequency
ensure the momentum selection rules k + k′ = k′′ + G for the fusion processes
and the energy conservation ∆ = ωq − ωq′ ± ωq′′ .

The three-phonon matrix Ψqq′q′′ is given by

Ψqq′q′′ =
∑
ijk

∑
αβγ

εqiαε
q′
jβε

q′′
kγ√

MiMjMk
√
ωqωq′ωq′′

×Ψαβγ
ijk eik·ri+ik′·rj ik′′·rk (2.55)

where Ψαβγ
ijk is the third-order force constant as in Eq. (2.5) and εqiα is the

component α associated eigenvector ε for atom i. Mi is the mass of atom i,
and ri is the vector locating its position.

2.4.3 Thermal conductivity from Green-Kubo formulation

In equilibrium molecular dynamics simulations, the fluctuation-dissipation the-
orem from linear response theory provides the connection between the energy
dissipation in irreversible processes and the thermal fluctuations in equilibrium
[Kubo et al. (2012)]. The net flow of heat, given by the heat current vector
J, fluctuates around zero at equilibrium. In the Green-Kubo (GK) method,
the thermal conductivity is related to how long it takes to these fluctuations
to relax to equilibrium. The thermal conductivity κ in Eq. (2.36) expressed in
the Green-Kubo formulation writes,

καβ =
V

kBT 2

∫ ∞
0
〈Jα(0)Jβ(t)〉dt, (2.56)

where V is the system volume, T refer to the equilibrium temperature of the
system and J(t) is the time-dependent heat current vector in W m-2, as in
Eq. (2.34) and Jα is its α-th component. 〈Jα(0)Jβ(t)〉 denotes the heat current
cross correlation function.
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In the case of an isotropic material, the thermal conductivity is denoted by,

κ =
V

3kBT 2

∫ ∞
0
〈J(0) · J(t)〉dt, (2.57)

where the factor 1/3 refers to the directional average.

When applying the Green-Kubo method in MD simulations, one needs to keep
in mind several points:

• The microcanonical ensemble, often denoted as NVE (fixed atom number,
volume, energy), is required to sample the heat current in the equilibrium
MD simulations. This is an intrinsic requirement of the linear response
theory that supposes that the thermodynamic system only undergoes
small perturbations.

• The system size has to be large enough to allow the long wavelength
phonons to be represented in the system. If the size is too small, long
wavelength phonons that usually contribute the most to the thermal con-
ductivity cannot be formed and thus the thermal conductivity could be
underestimated.

• The simulation time needs to be longer than the longest phonon relaxation
time so that all the phonon modes could experience complete relaxation.
This is especially important for systems at low temperatures when the
relaxation times can be very long.

• The heat autocorrelation function 〈J(0) · J(t)〉 needs to be sufficiently
ensemble-averaged using many different trajectories. Different trajecto-
ries are often achieved by running the simulation with different initial
conditions.

As an example of our computational procedure of the thermal conductivity and
the convergence of the MD simulations, Figure 2.7 presents the time integrals of
heat flux autocorrelation function (ACF) from Eq. (2.57). A data point of the
thermal conductivity is usually obtained by averaging independent simulation
trajectories (black curves in Figure 2.7) until the ensemble average converged
(red curves in Figure 2.7). More than fifty independent simulations were per-
formed. The error bars of the thermal conductivity can be defined based on
the standard deviation of the averaged values.

2.5 Conclusions

In this chapter, we briefly present the method of molecular dynamics simula-
tions and different popular techniques to access the important thermal trans-
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Figure 2.7: Thermal conductivity proportional to the time integrals of the heat flux
autocorrelation functions from Eq. (2.57). Black curves are the running integral of a
single trajectory and the red curve refers to the ensemble average of different trajecto-
ries.

port physical quantities, that is, the phonon transmission function/probability,
interface thermal conductance and lattice thermal conductivity.

Classical molecular dynamics is compared with ab initio MD simulations. It
is based upon empirical interatomic potentials and thus are less accurate than
quantum-mechanical approaches, whereas it is cost-efficient in terms of com-
puting resource and can be applied to realistic mesosystems. It uses classical
statistics that may overestimates the heat capacity at high temperatures while
brings in extra phonon-phonon scattering at low temperatures.

Phonon transmission coefficient is introduced and clarified with respect to the
phonon transmission function in the atomistic Green’s function formalism. The
atomistic Green’s Function technique to probe phonon transmission and com-
pute thermal conductance is briefly reviewed and benchmarked. It is especially
suitable for studying the phonon transport at interfaces within a wave frame-
work. An equilibrium MD approch is also presented to calculate the interface
thermal conductance without assuming the nature of phonons.

Finally, lattice thermal conductivity is introduced in the form of kinetic theory.
To have access to the key ingredients of thermal conductivity, that is phonon
group velocity and relaxation time, harmonic and anharmonic lattice dynamics
methods were presented. An alternative method of phonon spectral energy
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density based on equilibrium MD simulations is also presented to extract the
normal modes and the relaxation time.

In the following chapters, we will use these powerful techniques to investigate
the phonon interference effects in various systems.





Chapter 3

Phonon Interference and Energy
Transport in Nonlinear Lattices
with Resonance Defects

In this Chapter, we provide a new approach to demonstrate that heat
in solids can be manipulated like light. While heat convection by fluids
and heat radiation by light can be reasonably controlled, the conduction
of heat through solids is less straightforward and has been an important
challenge both in physics and engineering. Heat at room temperature is
carried by lattice vibrations of ultra-high frequencies (1012 Hz), which
are also called phonons, the quasi-particles that are analogous to the
photons that carry light. In this work, we precisely control the heat
flow by the atomic-scale phononic metamaterial, which contains delib-
erate flaws in the crystalline atomic lattice, channeling the heat through
different phonon paths. Destructive interference between heat waves
following different paths leads to the total reflection of the heat current
and thus to the remarkable reduction in the material ability to conduct
heat. By exploiting this destructive phonon interference, we model a
very counter-intuitive possibility of thermal transport: more heat flow
is blocked by the opening of the additional phonon channels. We provide
an important further insight into the coherent control of phonons which
can be applied both to sound and heat propagation.

3.1 Introduction

Destructive interference between waves traversing laterally-inhomogeneous in-
terface can result in their total reflection. For instance, the strong resonance
electromagnetic reflection found in metafilms filled with asymmetrical split-ring
arrays [Fedotov et al. (2007)], in flexible metasurfaces [Walia et al. (2015)] and
in stereometamaterials [Liu et al. (2009)] has offered the prospect of a multi-
tude of applications as quantum optics [Altewischer et al. (2002)] and negative
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refraction [García-Meca et al. (2009)]. As another example of destructive in-
terference in optics, two-photon interference can result in a total cancellation
of the photon output because of the coalescence of the two single photons,
which was first observed by Hong et al. [Hong et al. (1987)]. This interference
effect occurs because two possible photon paths interfere destructively, which
produces the famous Hong-Ou-Mandel (HOM) dip in the detection probability
of the output photons. The HOM dip has since been demonstrated both in
optical [Santori et al. (2002); Beugnon et al. (2006)] and microwave [Wang
et al. (2012)] regimes. Recently the two-photon destructive interference was
demonstrated in a three-dimensional (3D) optical metamaterial [Lang et al.
(2013)].

Similar destructive interference effect which results in the total reflection can be
also realized in a phonon system. For sound waves, the enhanced phonon reflec-
tion was first described in Refs. [Kosevich (1997)] and [Fellay et al. (1997)] in-
dependently. Reference [Kosevich (1997)] interpreted the anomalous reflection
of a long acoustic wave by a two-dimensional (2D) crystal defect as the destruc-
tive interference between two phonon paths: through the nearest-neighbor bonds
and through the non-nearest-neighbor bonds which couple directly atomic lay-
ers adjacent to the defect plane. Reference [Fellay et al. (1997)] drew an
analogy between electron scattering and phonon scattering and calculated nu-
merically the phonon transmission with an asymmetric profile through a strip
of oscillator chains connected in parallel.

Constant endeavor has been devoted to the precise control of heat conduction.
Recent efforts have been concentrated on reducing the thermal conductivity
κ via nanostructured materials with superlattices [Chen and Shakouri (2002);
Chowdhury et al. (2009); Kim et al. (2006)] and with embedded nanoparti-
cles [Mingo et al. (2009); Pernot et al. (2010); Chen et al. (2013)]. Most
works have attributed the reduction in κ to the increased phonon scattering
rate and the decreased phonon mean free path (MFP), which corresponds to
the particle description of thermal transport in a lattice. However, the role of
the destructive phonon interference is not well understood in the tailoring of
thermal transport in the wave picture.

Thermal conductivity is a physical phenomenon that requires phonon anhar-
monicity as a key ingredient. In a perfect insulating crystal, harmonic phonons
would never be scattered and such a crystal would have anomalous, diverg-
ing with the crystal size, thermal conductivity at all temperatures. Scatter-
ing of phonons by lattice imperfections, e.g., by isotopic impurities, in a one-
dimensional (1D) crystal also does not result in the normal, converging with
the crystal length, thermal conductivity [Rubin and Greer (1971b); Casher and
Lebowitz (1971b)]. Only anharmonic phonon-phonon interactions and scatter-
ing can result in the normal heat transport in low-dimensional crystals, and
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there is a great variety of nonlinear interatomic potentials which lead either to
the normal or anomalous heat transport in one-dimensional chains [Savin and
Kosevich (2014)]. Here we implement large-scale molecular dynamics (MD)
simulations of phonon wave packet propagation in 3D lattices that incorporate
realistic lattice potentials, which properly account for the nonlinearities in the
interatomic interactions. Our MD simulations of anomalous phonon reflection
(interference antiresonances) of short-wavelength phonons from internal crystal
plane with embedded defects in a 3D lattice confirm previous analytical results
for anomalous reflection of long-wavelength phonons in a 3D crystal with planar
distribution of resonance defects (with 2D planar resonance defect) [Kosevich
and Syrkin (1991); Kosevich (1997)] and of finite-wavelength phonons in 1D
atomic chain with resonance defects [Kosevich (2008); Kosevich et al. (2008)].
In addition to the results on anomalous phonon scattering in harmonic lattices
with resonance defects, we also show that the two-path interference antires-
onances remain pronounced even when the interaction nonlinearity becomes
fairly strong in a real 3D lattice. Therefore the two-path phonon interference
in the proposed phononic metamaterial makes it possible to control thermal
energy transport even in the case of large-amplitude lattice vibrations, for in-
stance at room and higher temperature.

3.2 Atomistic model and Methodology

Here we introduce and model a realistic 3D atomic-scale phononic metamate-
rial which can be used for the storage and lasing of coherent terahertz phonons
and for manipulating the flow of thermal energy [Han et al. (2014); Han et al.
(2015)]. Phonon reflection is generated by exploiting the two-path phonon in-
terference on internal crystal planes with embedded defects. The 2D planar
defects force phonons to propagate through two paths: through unperturbed
(matrix) and perturbed (defect) interatomic bonds [Kosevich (1997); Kosevich
(2008); Kosevich et al. (2008)]. The resulting phonon interference gives antires-
onances (zero-transmission resonances) in the phonon transmission spectra that
can be controlled by the masses, force constants and 2D concentration of the
defect atoms. Such patterned atomic planes can be considered as high-finesse
atomic-scale interference phonon metamirrors. Our results show that the
patterning of the defect-atom arrays with the formation of phonon metamir-
rors can lead to a new departure in thermal energy management [Maldovan
(2013)], offering potential applications in thermal filters [Zhang et al. (2011)],
thermal diodes [Li et al. (2012b)] and thermal cloaking [Narayana and Sato
(2012); Xu et al. (2014); Han et al. (2014)].

3.2.1 Model Structure

Atomic distribution in the 3D phononic metamaterial with a face-centered cubic
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Figure 3.1: (a) Interference Phonon Metamirror: 3D face-centered cubic lattice con-
taining an internal (001) crystal plane in which an impurity-atom array is embedded.
The brown atoms are the defect atoms and the green ones are the atoms of the host lat-
tice. The red and blue curves refer to the phonon paths through the impurity atom bonds
and through the host atom bonds, respectively. The presence of the two possible phonon
paths can result in the two-path destructive-interference transmission antiresonance.
(b) Periodic distribution of defect atoms with filling fraction fd = 50%. Randomly
distributed defect atoms with (c) fd = 37.5% and (d) fd = 25%

(FCC) lattice with a 2D array of heavy defect atoms is depicted in Fig. 3.1(a).
Each interference phonon metamirror consists of an atomic-scale metafilm: an
internal (001) crystal plane in a cubic silicon (Si) lattice partially filled with
germanium (Ge) impurity atoms, as shown in Fig. 3.1(a). The defect atoms can
be distributed periodically or randomly in the defect crystal plane with different
filling fractions fd. When the defects do not fill completely the defect plane,
phonons have two paths to cross such an atom array as shown in Fig. 3.1(a),
whereas the phonon path through the host atoms is blocked when the defect
layer is constituted by a uniform impurity-atom array, 100% packed with the
impurity atoms. Two types of atomic-scale metamaterials were studied using
realistic interatomic potentials: a FCC lattice of argon (Ar), in which the
defects are heavy Ar isotopes, and a diamond lattice of silicon with germanium
atoms as the heavy-mass and atomic-bonds defects.

3.2.2 Methodology

The interactions between Ar atoms are described by the Lennard-Jones poten-
tial [Kaburaki et al. (2007)]. The covalent Si:Si/Ge:Ge/Si:Ge interactions are
modeled by the Stillinger-Weber potential [Stillinger and Weber (1985b)]. To
probe the phonon transmission, MD with the phonon wave packet method [Schelling
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et al. (2002b)] was used to provide the per-phonon-mode energy transmission
coefficient α(ω, l). We excited a realistic 3D Gaussian wave packet centered at
the frequency ω and wave vector ~k in the reciprocal space and at ~r0 in the real
space, with the spatial width (coherence length) l in the direction of ~k. The
wave packet generation was performed by assigning the displacement ~ui for the
atom i as presented in Section (2.2.1),

~ui = A~ei(~k) exp
(

i
[
~k · (~ri − ~r0)− ωt

])
exp

(
− [~ri − ~r0 − ~vgt]2

4l2

)
,

where A is the wave packet amplitude, ~ei(~k) is the phonon polarization vector, ω
is the eigenfrequency for the wave vector ~k within a single branch of the phonon
dispersion curve, ~vg is the phonon group velocity along the wave vector ~k at the
wave packet center frequency ω. Wave amplitude A of the generated phonon
wave packets was taken sufficiently small such that the anharmonic coupling to
other lattice modes is kept weak. Hence the wave packets propagate in an effec-
tively harmonic crystal without any perceptible spreading or scattering. The
wave packet was set to propagate normally to the defect layer, where an elastic
scattering results in transmitted and reflected waves. The wave packet energy
transmission coefficient α(ω, l) is defined as the ratio between the energy car-
ried by the transmitted and initial wave packets, centered at the given phonon
mode (ω,~k) with the spatial extent l. The plane-wave limit is reproduced by
the wave packets with the spatial width l much larger than the wavelength λc
of the wave packet central frequency. All the MD simulations were performed
with the LAMMPS code package [Plimpton (1995)].

3.3 Results and Discussions

In this section we consider separately the interference resonance profile in the
phonon transmission coefficient, the isotopic shift of the resonance reflection
versus the defect masses, and the phonon screening effect in the thermal con-
ductance. Then we report the two-path phonon interference in a silicon crystal
with germanium impurities. We show that the random distribution of the de-
fects in the crystal plane and the nonlinearity of the potential do not deteriorate
the interference resonances. Finally we show that the width of the interference
antiresonance dip can provide a measure for the coherence length of the phonon
wave packet.

3.3.1 Interference Resonance Profile

The transmission coefficient α(ω) of the wave packet with l = 20λc, retrieved
from MD simulations of an Ar metamaterial, is presented in Fig. 3.2. The
incident phonons undergo a total reflection from the defect layer at the antires-
onance frequency ωR. Phonon transmission spectra displays an interference
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antiresonance profile since the two phonon paths interfere destructively at ωR.
A total transmission at ωT follows the interference antiresonance, which is rem-
iniscent of the Fano resonances Fano (1961). For a uniform heavy-defect-atom
array, the zero-transmission antiresonance profile will be totally suppressed and
replaced by a monotonous decay of the transmission with frequency. In the later
case, only the phonon path through the defect atoms is accessible.

We emphasize that the second phonon path is indispensable to the emergence
of the zero-transmission dip, which cannot be sufficiently described by the Fano
resonance. We clarify this by studying the phonon transmission through two
successive internal crystal planes completely filled with resonance defect atoms,
when a local resonant transmission maximum is observed instead of a zero-
transmission dip, see Fig. 2 in Ref. [Han et al. (2014)]. This transmission
maximum satisfies well the Fano-resonance condition [Fano (1961)] of a discrete
state resonating with its continuum background, but no zero-transmission dip
occurs because of the absence of the second phonon path [Kosevich and Syrkin
(1991); Kosevich (1997)]. This transmission maximum can be considered as a
phonon analogue of the Fabry-Pérot resonance in optics, which requires only a
single phonon (or photon) path. Therefore this observation clearly corroborates
the two-path destructive phonon interference nature of the zero-transmission
dip (antiresonance) in the phonon transmission coefficient α(ω).
To understand further the phonon antiresonances caused by the interference
between two phonon channels, we use an equivalent model of monatomic quasi-
1D lattice of coupled harmonic oscillators [Kosevich (2008)], depicted in the
inset in Fig. 3.2. In model (a), phonons propagate through two paths: through
the host atom bonds, and through those of the impurity atoms, whereas in
model (b) only the second channel remains open. The model (a) gives the
energy transmission coefficient for the plane wave:

α(ω) =
(ω2 − ω2

R)2(ω2
max − ω2)

(ω2 − ω2
R)2(ω2

max − ω2) + Cω2(ω2 − ω2
T )2

, (3.1)

where ωR,T are the frequencies of the reflection and transmission resonances,
ωmax is the maximal phonon frequency for a given polarization, ωR < ωT <
ωmax. C is a real positive coefficient given by the atomic masses, force constants
and fd, C = 0 for fd = 0. The ωR frequency exists only in the presence of the
additional channel, which is open for wave propagation through the bypath
around the defect atom, see inset (a) in Fig. 3.2. As follows from Eq. (3.1) and
Fig. 3.2, α(ωR) = α(ωmax) = 0 and α(0) = α(ωT ) = 1.
The energy transmission coefficient α(ω, l) of the wave packet with the given
central frequency ω and spatial width l is determined by the convolution of the
transmission coefficient for the plane wave α(ω) = α(ω,∞), given by Eq. (2),
with a Gaussian wave packet in frequency domain with the width ∆ω = vg/(2l):
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Figure 3.2: Spectra of the energy transmission coefficient α(ω, l) predicted by equiv-
alent quasi-1D model (solid and dashed lines) and by MD simulations (symbols) for
a 3D Ar metamaterial with defect crystal plane containing heavy isotope impurities,
with mass m = 3m0. Dashed-dotted line is the convolution Eq. (3.2) of the plane-wave
transmission coefficient α(ω) from Eq. (3.1) with a Gaussian wave packet in frequency
domain with l = 2λc. Red and blue symbols present transmission of the wave packet
with l = 20λc through the two paths and through one path in the Ar metamaterial with
planar defect, respectively; green symbols present transmission of the wave packet with
l = 2λc through the two paths. (Inset) Two possible quasi-1D lattice models describing
phonon propagation through the lattice region containing the local defect: (a) phonons
can propagate through the defect and host atoms bonds; (b) phonons can propagate only
through the defect atom bonds. Black sticks between the atoms present atom bonds. In
the case of Ar lattice, the coefficients in Eq. (3.1) are ωR = 1.0, ωT = 1.4, ωmax = 2.0
and C = 0.25. The quasi-1D model (a) is equivalent to a 2D crystal plane partially
filled with periodically alternating isotopes with different masses, with fd = 50%, in a
3D Ar lattice. The 1D model (b) is equivalent to a 2D crystal plane completely filled
with heavy isotopes, with fd = 100%, in a 3D Ar lattice.

α(ω, l) =

∫ ωmax

−ωmax

α(ω′) exp

(
−(ω − ω′)2

2∆ω2

)
dω′

∆ω
√

2π
. (3.2)

It is noteworthy that the Gaussian phonon wave packets minimize the product
of the frequency, ∆ω, and time, ∆t = l/vg, uncertainties: ∆ω · ∆t = 1/2, as
well as the product of the wave number component, ∆kx = ∆ω/vg = 1/(2l),
and coordinate, ∆x = l, uncertainties: ∆kx · ∆x = 1/2, see also Section 3.7
below. This property of the Gaussian phonon wave packets is similar to the
property of the Gaussian wave packets of coherent states in quantum mechanics,
which minimize the product of the momentum component, ∆px, and coordinate
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uncertainties: ∆px ·∆x = ~/2 [Landau and Lifshitz (1991)], see also Ref. [Ko-
sevich and Gann (2013)] for a similar property of the Gaussian wave packets of
magnon coherent states in spin chains.

In the transmission of a narrow wave packet with l = 2λc, the interference
effect is weakened by a large number of frequency components, when the plane-
wave approximation (l � λc) is broken and the transmission at ωR is not
zero any more, i.e. α(ωR, l) > 0, which is the case also in Ref. [Hong et al.
(1987)]. As one can see in Fig. 3.2, an excellent agreement in transmission
coefficients is demonstrated between the equivalent quasi-1D model provided
by Eqs. (3.1) and (3.2) and the MD simulations of the 3D atomic-scale phononic
metamaterial with the use of realistic interatomic potentials.

3.3.2 Isotopic Shift of Resonances

In a lattice with atomic impurities, the substituent atoms scatter phonons due
to the difference in mass and/or bond stiffness. Since no bond defect was intro-
duced, the loci of the resonances are determined only by the mass ratio (MR)
of the isotope defects and host atoms. As the isotope defects become heavier,
the two-path phonon interference antiresonance becomes more pronounced in
terms of the depth and width of the phonon-transmission dip and demonstrates
a red-shift of the dip, thus impeding the long-wavelength phonons, as shown
in Fig. 3.3(a) and (c) for longitudinal and transverse phonons, respectively.
The equivalent quasi-1D lattice model gives the following expression for the
frequency of the transmission dip:

ωR = ωmax/
√
m/m0 + 1 , (3.3)

where m and m0 refer to the atomic mass of the isotope defect and host atom,
with MR=m/m0 > 1. The transmission resonance at ω = ωT is much less
sensitive to the defect mass since it is largely determined by the mass of the
host atom. As depicted in Fig. 3.3(b) and (d), the spectral positions of the
interference resonances ωR are again in an excellent agreement with the ana-
lytical prediction of the equivalent quasi-1D lattice model given by Eq. (3.3)
for both longitudinal and transverse phonons.

3.3.3 Phonon Screening Effect

In Fig. 3.2, the transmission spectra for longitudinal phonons across the uniform
defect-atom array is plotted to be compared with that of the 50%-filled defect-
atom array. At the frequency of the two-path interference antiresonance ωR,
an array of 50% defect atoms has a transmittance two orders of magnitude
smaller than that of a uniform defect-atom array. The difference between the
very strong phonon reflection on a 50%-filled defect array and the high phonon
transmission across a uniform defect array can result in a counter-intuitive
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Figure 3.3: (a) and (c): Spectra of phonon transmission coefficient α(ω) of lon-
gitudinal (a) and transverse (c) acoustic waves through the phononic metamaterial,
which consists of 2D crystal plane filled with periodically alternating isotopes with dif-
ferent mass ratio (MR) m/m0 with fd = 50% in a 3D Ar lattice. Dashed lines are
the guides to the eye. (b) and (d): Isotopic shift of the two-path phonon interference
antiresonance versus the inverse square root of the mass ratio for longitudinal (b) and
transverse (d) acoustic waves. Symbols present the resonances predicted by MD sim-
ulations for a 3D lattice, solid line shows the analytical prediction of the equivalent
quasi-1D lattice model given by Eq. (4)

effect: an array of randomly alternating host and impurity atoms can scatter
more phonons than an array with a uniform distribution of heavy isotopes.
This anomalous phonon reflection phenomenon in molecular systems can find
its acoustic counterpart in macroscopic structures [Kosevich (2008); Estrada
et al. (2008); Liu et al. (2000)]. In Ref. [Estrada et al. (2008)], perforated
plates were proved to shield ultrasonic acoustic waves in water much more
effectively than uniform plates. Liu et al. [Liu et al. (2000)] managed to break
the mass-density law for sonic transmission by embedding high-density spheres
coated with a soft material in a single layer of a stiff matrix.

We calculate the interfacial thermal conductance G by following the Landauer-
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like formalism Khalatnikov (2000):

G =

∫ ∑
ν

~ω(~k, ν)vg,z(~k, ν)α
∂

∂T
nBE(ω, T )

d~k

(2π)3
, (3.4)

where ~ is the reduced Planck constant, vg,zthe phonon group velocity in the
cross-plane direction, nBE(ω, T ) is the Bose-Einstein distribution of phonons
at temperature T , nBE(ω, T ) = [exp(~ω/kBT ) − 1]−1, kB is the Boltzmann
constant. The integral is carried out over the Brillouin zone and the sum is over
the phonon branches. By embedding defect atoms in a crystal plane monolayer,
we manage to reduce the thermal conductance by 30% with respect to the case
of pristine lattice, with no defects, as shown in Fig. 3.4(a). This destructive-
interference-induced effect can be used for the explanation of the remarkable
decrease of κ of SiGe alloy with very small amount of Ge atoms, with respect to
the pristine Si lattice [Garg et al. (2011)]. G is further reduced by considering
the (second) non-nearest-neighbor (NNN) bonds C2 between the host atoms on
the two sides of the uniform defect layer in addition to the nearest-neighbor
(NN) bond C1 linking the host and adjacent defect atoms. This reduction
comes from the suppression of phonon transmission at high frequencies, shown
in Fig. 3.4(b), which is due to the opening of the second phonon path through
the host atom bonds destructively interfering with the first path through the
defects. The occurrence of the second phonon path substantially reduces G by
16% even if it is weak: C2 = 0.08C1. G is reduced by 16% Although C2 is
only 8% of C1, This provides another evidence of the control of heat transport
by the two-path destructive phonon interference: more heat flux is blocked
despite the opening of the additional phonon paths, even in the absence of
phonon resonances.

It is also interesting that antiresonance dips in the transmission do not neces-
sarily yield minimal thermal conductance.

3.3.4 Two-Path Phonon Interference in Si crystal with Ge im-
purities

Figure 3.5 illustrates the two-path interference phonon antiresonances in the
metamaterial fabricated as follows: 2D planar distribution of Ge atoms is em-
bedded in a Si crystal. Ge and Si atoms have mass ratio of 2.57 and thus the
Ge-atom array introduces both the heavy-mass and atomic-bond defects due to
a weaker Si:Ge coupling than the Si:Si interaction Stillinger and Weber (1985b).
Phonons from transverse and longitudinal acoustic branches experience strong
resonant reflections at the defect crystal plane, 50%-filled with Ge atoms, while
the short-wavelength phonons near the edge of the Brillouin zone are strongly
reflected by the defect crystal plane, completely filled with Ge atoms.
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Figure 3.4: (a) Temperature dependence of interfacial thermal conductance across
a crystal plane, 50%-filled with periodic array of heavy isotope defects (rectangles),
and across a uniform defect crystal plane with (pentagons) and without (circles) the
second phonon path induced by the non-nearest-neighbor (NNN) bonds in addition to
the nearest-neighbor (NN) bonds, in comparison with that across an atomic crystal
plane without defects (hexagons). (b) Transmission coefficient α(ω) for a uniform
defect crystal plane with (pentagons) and without (circles) the second phonon path
induced by the NNN bonds
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Figure 3.5: Two-path interference phonon antiresonances for transverse and longitu-
dinal phonons across a partially-Ge-filled defect crystal plane (green circles and yellow
squares) plotted along with the non-resonant transmission across a completely-Ge-filled
defect crystal plane (open squares and circles) in a Si crystal as phononic metamaterial



56 3.3. RESULTS AND DISCUSSIONS

3.5 5.0 6.5 8.0
Phonon Frequency [THz]

0.0

0.2

0.4

0.6

0.8

1.0

α
(ω

)

50% p.
37.5% r.
25% r.

Figure 3.6: Transmission coefficient α(ω) for longitudinal phonons through the planar
defect in a Si crystal, which contains randomly (r) distributed embedded Ge atoms with
fd = 37.5% and 25%, compared with α(ω) through the planar defect, which contains
periodically (p) distributed embedded Ge atoms with fd = 50%. The computed α(ω)
was averaged over different random distributions

3.3.5 Random Distribution of Atoms

In contrast to light [Mitrofanov et al. (2001); Degiron et al. (2004)], even a
single defect atom in a crystal plane produces interference reflection antireso-
nances for Gaussian beams of (longitudinal or transverse) phonons because of
the presence of the two phonon paths. Therefore, phonon reflection antireso-
nances should exist even in the absence of the periodicity in the defect-atom
distribution in the crystal plane because of the localized nature of the reso-
nances. This argument is supported by further study of phonon transmission
through the arrays of Ge atoms in a crystal plane in Si-crystal-based phononic
metamaterial, distributed with different filling fractions fd and randomness.
Strong transmission dip, similar to that produced by periodic Ge atoms arrays,
remains pronounced in both cases, as shown in Fig. 3.6. This was shown exper-
imentally to be equally valid in macroscopic acoustic metamaterials [Liu et al.
(2000)].

Chen et al. reduced the thermal conductivity κ below the alloy limit by the
partial intermixing (segregation) of Ge atoms in Si superlattices [Chen et al.
(2013)]. Their ab initio calculations showed that phonon mean free path was
substantially reduced in the low frequencies [Chen et al. (2013)]. We note that
the clusters of Ge atoms can be considered as randomly dispersed heavy-mass
oscillators, which scatter low-frequency phonons at the interference antireso-
nances whose frequencies are given by the isotopic-shift law Eq. (3.3). With
this destructive interference, we can also relate the extremely low κ found in
the In0.53Ga0.47As alloy, randomly filled with heavy ErAs nanoparticles [Kim
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Figure 3.7: Evolution of the interference antiresonance in the phonon transmission
coefficient α(ω) through the partially-Ge-filled, with fd = 50%, internal crystal plane in
Si lattice versus the increasing wave amplitude for (a) transverse and (b) longitudinal
phonons

et al. (2006)].

3.3.6 Nonlinear Effects

The nonlinear effects in the two-path interference phonon antiresonances were
investigated by increasing the amplitude A of the incident phonon wave packet,
as shown in Fig. 3.7 for the phonon transmission coefficient through the partially-
Ge-filled, with fd = 50%, internal crystal plane in Si lattice. As A increases,
the reflection becomes less pronounced with more heat flux passing through,
which provides direct evidence of inelastic phonon scattering at the defect plane.
The antiresonances demonstrate the red shifts in frequency due to the anhar-
monic (cubic first of all) terms in the interatomic potential. We also note in
this connection that our computation of a quasi-1D atomic chain, containing
an impurity atom characterized by non-parabolic (nonlinear) interaction po-
tential with the neighboring host atoms, agrees well with our MD results for
3D lattice. The interference antiresonances remain pronounced even when the
interaction nonlinearity becomes fairly strong. Therefore the two-path inter-
ference phonon antiresonances in the proposed phononic metamaterial make it
possible to control thermal energy transport even in the case of large-amplitude
lattice vibrations, for instance at room and higher temperature.

3.3.7 Wave Packet Coherence Length Determination

The decrease in 2D defect filling fraction fd narrows the width of the antireso-
nance dip because of the weakening of the relative strength of the “defect-bond"
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Figure 3.8: Broadening of the antiresonance dip in the energy transmission coefficient
α(ω, l) in the limit of small filling fraction fd = 5% for the wave packets with short
coherence lengths (l = λc and l = 2λc, green and red circles), in comparison with that
for an almost plane-wave wave packet (l = 20λc, blue circles)

phonon paths through the crystal plane, see Fig. 3.1 and Eq. (3.1). In general,
the width ∆ω of the antiresonance dip for the two-path phonon interference is
determined by both the fd and finite coherence length l of the phonon wave
packet. As follows from Fig. 3.2, for the large fd = 50% ∆ω is not sensitive to l.
In the limit of small fd and for l� λc, ∆ω is narrow and proportional to fd, as
shown in Figs. 3.6 and 3.8. In this limit, for the wave packet with a short width
l, l ∼ λc, ∆ω will be determined mainly by l. From Fig. 3.8, the width ∆ω
of the antiresonance dip for the wave packet with l = 2λc is ∆ω/(2π) = 0.19
THz. Then from the minimal value of the product ∆ω · ∆t = 1/2, which is
realized for the Gaussian wave packets, we get the wave packet width in time
domain ∆t = 0.42ps and the wave packet spatial width (coherence length)
l = vg∆t ≈ 3.1nm, where vg ≈ 7.5km/s is the longitudinal phonon group ve-
locity in Si at ω = ωR, see Ref. [Schelling and Phillpot (2003)]. This length
coincides with the wave packet coherence length l ≈3.2nm, which was used in
the MD simulations shown in Fig. 3.8. The width ∆ω of the antiresonance
dip for the wave packet with a shorter coherence length l = λc is larger than
that of the wave packet with l = 2λc, see Fig. 3.8. Therefore the width of the
two-path phonon interference antiresonance dip in the transmission spectrum
can provide a measure of the coherence length of the phonon wave packet.

3.4 Conclusions

In conclusion, we provide a comprehensive modeling of atomic-scale phononic
metamaterial for the control of heat conduction by exploiting the two-path
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interference phonon antiresonances. Thermal phonons crossing crystal plane
partially filled with resonance defect atoms can undergo complete reflection
caused by destructive phonon interference. Such patterned atomic planes can
be considered as high-finesse atomic-scale interference phonon metamirrors.
Interference phonon antiresonances are not deteriorated by the aperiodicity in
the defect-atom distribution and the anharmonicity of interatomic bonds. The
width of the antiresonance dip provides a measure of the coherence length of the
phonon wave packet. And, finally, we would like to emphasize that strong reso-
nance reflection of electromagnetic waves, which has been observed in metafilms
partially filled with asymmetrical split-ring arrays [Fedotov et al. (2007)], in
stereometamaterials [Liu et al. (2009)], in flexible metasurfaces [Walia et al.
(2015)] and in microwave metamirrors [Asadchy et al. (2015)], can also be
interpreted as interference photon antiresonance in an optically transparent
plane, partially filled with subwavelength plasmonic or microwave resonating
structures [Kosevich (2008); Han et al. (2014)].





Chapter 4

Ultra-compact Interference
Phonon Nanocapacitor for
Storage and Lasing of Terahertz
Lattice Waves

In this Chapter, We introduce a novel ultra-compact nanocapacitor of
coherent phonons formed by high-finesse interference mirrors based on
atomic-scale semiconductor metamaterials. Our molecular dynamics
simulations show that the nanocapacitor stores monochromatic terahertz
lattice waves, which can be used for phonon lasing - the emission of co-
herent phonons. Either one- or two-color phonon lasing can be realized
depending on the geometry of the nanodevice. The two-color regime of
the interference cavity originates from different incidence-angle depen-
dence of phonon wave packet transmission for two wave polarizations at
the respective antiresonances. Coherent phonon storage can be achieved
by cooling the nanocapacitor initially thermalized at room temperature
or by the pump-probe technique. The linewidth narrowing and the com-
puted relative phonon participation number confirm strong phonon con-
finement in the interference cavity by an extremely small amount of
resonance defects. The emission of coherent terahertz acoustic beams
from the nanocapacitor can be realized by applying tunable reversible
stress which shifts the antiresonance frequencies.

4.1 Introduction

Phonons, quanta of lattice waves, having significantly shorter wavelengths than
photons at the same frequency, may allow to pursue improved resolution in to-
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mographic, ultrasonic and other imaging techniques using focused sound waves.
In particular, the terahertz (THz) phonons that have wavelengths comparable
to the lattice constants would allow to detect microscopic subsurface structure
up to the atomic scale, also in opaque materials, with the precision higher
than that optical microscopes can provide. To this end, ultrahigh-frequency
coherent phonon source are urgently desired. Coherent lattice phonon emission
has been studied in a single-traped ion [Vahala et al. (2009)] and an ultra-
cold atomic gas [Mendonca et al. (2010)], semiconductor superlattices [Trigo
et al. (2002); Huynh et al. (2006); Lanzillotti-Kimura et al. (2007); Beardsley
et al. (2010); Maryam et al. (2013)], optomechanical systems [Kippenberg and
Vahala (2008); Grudinin et al. (2010); Khurgin et al. (2012)] and electrome-
chanical resonators [Mahboob et al. (2012)]. Coherent phonon manipulations
for energy transport in dynamical nanosystems have been an emerging focus
of research [Li et al. (2012a)]. Various functional components of nanophononic
devices, such as thermal diodes, thermal transistors and thermal memory, have
been investigated theoretically and experimentally.

The development of nanophononic devices which enable controllabe generation
and coherent emission of phonons has recently emerged as the subject of in-
tense interest [Trigo et al. (2002); Huynh et al. (2006); Lanzillotti-Kimura
et al. (2007); Beardsley et al. (2010); Grudinin et al. (2010); Mahboob et al.
(2013); Fainstein et al. (2013); Kippenberg and Vahala (2008); Khurgin et al.
(2012)]. Conventional sources of sound waves, such as piezoelectric transduc-
ers, fail to operate efficiently above a few tens of gigahertz (GHz). The highest
emitted-phonon frequency was achieved in a semiconductor superlattice under
electrical bias in which half-THz Coherent phonons were released during elec-
trons tunneling through the coupled quantum wells [Beardsley et al. (2010)].
Similar coherent phonon emission was also observed in hybrid optomechanical
schemes in which optically pumped microcavities produce stimulated acoustic
emission in the range of MHz [Grudinin et al. (2010)] and GHz [Fainstein et al.
(2013)] frequencies. An entirely mechanical phonon laser at sub-MHz frequen-
cies was achieved in an electromechanical resonator [Mahboob et al. (2012);
Okamoto et al. (2013)], in analogy with a three-level laser scheme [Mahboob
et al. (2013)]. For these systems, the need for strong optical pumping or
complex actuator tuning may limit the development of phonon lasers because
unavoidable compromises have to be made in the design scheme.

We introduce a three-dimensional (3D) interference phonon nanocapacitor based
on atomic-scale semiconductor metamaterials. The nanocapacitor allows the
confinement and storage of THz coherent phonons with an ultra-high monochro-
matic quality by an adiabatic cooling of the nanodevice or by the pump-probe
optical technique [Huynh et al. (2006); Lanzillotti-Kimura et al. (2007)].
We show that the nanocavity structure, formed by high-finesse interference
phonon mirrors (IPMs) [Kosevich (1997); Han et al. (2014)], can efficiently
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Figure 4.1: Silicon interference phonon capacitor composed of two interference
phonon mirrors separated by a spacer. a) The atomistic view of the phonon capac-
itor and mirrors. The atoms in brown are Ge impurity atoms and the green ones are
Si atoms of the host lattice. b) Phonon capacitor coupled to two heat sinks under the
applied uniaxial stress σzz. The dimensions of the capacitor are Lcx = Lcy = 8 nm and
Lcz = 35 nm.

store a large number of coherent nonequilibrium phonons. The nanocapacitor
can emit coherent THz phonon beams upon application of tunable reversible
stress. Such emission can be considered as “phonon lasing”. Either one- or
two-color phonon lasing can be realized depending on the geometry of the nan-
odevice, in contrast to the usual one-color photon lasing. The achievement of
generation and emission of coherent THz lattice waves phonons will provide
an essential step towards active hypersound devices and nanophononic applica-
tions of THz acoustics, including surgery with focused ultra- and hyper-sound
in medicine[Khokhlova et al. (2014)]. On the other hand, high sensitivity of
phonon interference antiresonance to the applied stresses and strains makes it
possible to use the ultra-compact capacitor also as a nano-detector of atomic-
scale displacements and strains in the surrounding material, like single molecule
can be used as a detector of nanomechanical motion[Puller et al. (2013); Tian
et al. (2014)].

4.2 Atomistic Model

A detailed atomistic presentation of the phonon capacitor is depicted in Fig. 4.1(a).
The nanocapacitor consists of two IPMs separated by a spacer made of bulk
silicon (Si). Each IPM is composed of an atomic-scale metafilm: an internal
crystal plane in Si lattice partially embedded with segregated germanium (Ge)
impurities atoms, as shown in Fig. 4.1(a). The confinement of phonon modes
in the cavity results from the two-path destructive phonon interference in the
mirrors [Kosevich (1997); Han et al. (2014)]. Ge atoms in a crystal plane of
the IPM force phonons to propagate through two paths: through unperturbed
(matrix) and perturbed (defect) interatomic bonds. The resulting destructive
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Figure 4.2: Power spectral density of atomic kinetic energy in the nanocapacitor
initially thermalized at T = 300K as a function of time delay t after the cooling
onset. Nanocapacitor dimensions are Lcx = Lcy = 8 nm and Lcz = 35 nm (a), and
Lcx = Lcy = 33 nm and Lcz = 35 nm (b). (c) and (d): Gaussian fit of the capacitor
phonon peaks to measure FWHM ∆ω at t = 100ns for the peaks in (a) and (b),
respectively.

phonon interference yields transmission antiresonance (zero-transmission dip)
for THz phonons, traversing IPM. The random distribution of the defects in
the IPM plane and the anharmonicity of atom bonds do not deteriorate the
antiresonance [Han et al. (2014)]. The assisted laser Molecular Beam Epitaxy
(MBE) have achieved atomically sharp interfaces in a superlattice [Ravichan-
dran et al. (2014)] and can hence provide a possible experimental implementa-
tion for the proposed nanocapacitor since this technique can reach the resolution
of a single unit cell in the lattice. In the molecular dynamics (MD) simulations,
we model the covalent Si:Si/Ge:Ge/Si:Ge interactions by the Stillinger-Weber
(SW) potentialStillinger and Weber (1985b). which includes both the two- and
three-body potential terms. All our MD simulations were performed with the
LAMMPS code packagePlimpton (1995).



Chapter 4 - Ultra-compact Interference Phonon Nanocapacitor for
Storage and Lasing of Terahertz Lattice Waves

65

4.3 Results and Discussions

4.3.1 Linewidth narrowing by adiabatic cooling

We first study the storage of coherent phonons by cooling the nanocapacitor
initially thermalized at room temperature, implemented by MD simulations.
Two heat sinks are coupled to the capacitor on the two facets of the mirrors,
as shown in Fig. 4.1(b). The phonons, leaving the capacitor, are dissipated
once entering the sinks, which are modeled by the Langevin heat bath, provid-
ing the effects of inelastic scattering on phonon transport. The capacitor was
initially thermalized homogeneously at T = 300K to ensure that the material
approaches the state of energy equipartition. The classical approximation re-
mains relevant for Si at T = 300K ≈ 1/2ΘD, where ΘD = 645K is the Debye
temperature of Si. In Fig. 4.2(a) and (b), the power spectral density of atomic
kinetic energy in the capacitor is shown, which was calculated from the win-
dowed Fourier transform to demonstrate that all phonon modes were excited.
Then the temperature of the heat sinks was set below 40 K to cool down the
capacitor. The switch on of the heat sinks takes only a few pico- seconds, dur-
ing which the phonons present in the capacitor have no time to escape, which
corresponds to an "adiabatic cooling" process. Note that the switch-on of the
heat sinks takes only few picoseconds, during which the phonons present in the
capacitor have no time to escape, which corresponds to an “adiabatic cooling”
process. In Fig. 4.2, the linewidth narrowing at zero temperature of the heat
sinks is shown to clarify the physical mechanism.

In order to realize the phonon confinement in our interference capacitor under
realistic conditions, we use heat sinks with low temperature close to or higher
than the temperature of liquid helium to cool the capacitor. We follow the
same protocol to pump the phonons into the capacitor as in the paper: the
capacitor was first thermalized homogeneously at TR = 300K to ensure that the
material approaches the state of energy equipartition. Then the thermalization
was stopped and the heat sinks with temperature Ts =10K, 20K, 30K or 40K
were used to cool the capacitor. After 100ns of cooling, we can still observe a
pronounced phonon confinement at the resonant mode for Ts =10K and 20K,
as shown in Fig. 4.3. The localized phonons have an equivalent temperature
of Tc = ~ω/kB = 303K, where ~ is the reduced Planck constant and kB is
the Boltzmann constant. When the heat sink temperature Ts is much lower
than TR, the phonon-phonon interaction between the confined phonons and the
incoming sink phonons is weak enough so that the phonon confinement in the
capacitor remains pronounced. At higher temperatures such as 30K and 40K,
the phonon confinement starts to be smeared out. This is probably due to
stronger anharmonic phonon interactions between the localized mode and the
phonons from the heat sink. In practice, liquid helium (at ∼ 4 K) can be used
for the heat sinks and Dewar flasks can be considered to prevent heat conduction
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Figure 4.3: Power spectral density of the phonon energy in the capacitor initially
thermalized at T = 300K after 100 ns from the cooling onset by using heat sinks with
temperatures Ts =10K, 20K, 30K or 40K. For comparison, the power spectral density
of the capacitor coupled to a heat sink at absolute zero temperature is also plotted.

and radiation from the free side surfaces in experimental implementations of
the interference phonon cavity.

We have found that the nanocapacitor can function in two regimes: in a dual-
mode regime and in a single-mode regime, depending on the aspect ratio of
the capacitor p defined as p = Lx/Lz = Ly/Lz. For a quasi-one-dimensional
capacitor with small aspect ratio p ≈ 1/4, after t = 5ns of cooling we notice the
linewidth narrowing at the frequencies ω1/2π = 3.5THz and ω2/2π = 6.31THz,
which corresponds to the dual-mode regime with the storage of both transverse
and longitudinal coherent lattice waves. The power spectral density for all
phonon modes in the capacitor has decayed during the cooling process by over
two orders of magnitude except for the two modes, as shown in Fig. 4.2(a)
and (c). With a cooling duration of t = 100ns, which is very long for an
atomic system, the coherent phonon peaks at ω1,2 show the decrease of only
10% as t = 5ns while all the other phonon modes have practically escaped the
capacitor. This high monochromatic quality makes the interference cavity an
ideal candidate for a coherent phonon source - the phonon laser[Grudinin et al.
(2010); Beardsley et al. (2010); Maryam et al. (2013); Fainstein et al. (2013)].
The single-mode regime was achieved in a 3D capacitor with p ≈ 1: after
the same cooling process, only the longitudinal mode at ω2/2π = 6.31THz is
stored, as shown in Fig. 4.2(b) and (d). Since the capacitor phonons are in a
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single-mode state at low temperature of the heat sinks, the phonon number nC
and total elastic lattice energy Eel are related as Eel = ~ω2(nC + 1

2). We thus
obtain the phonon number nC ≈ 57, 000 for Eel = 77.8eV stored in the present
nanocapacitor. For a large phonon number nC � 1, the classical equations of
motion are valid for ensemble averaging in the semiclassical limit.

4.3.2 Phonon reflection on the mirror

By MD-based phonon wave-packet (WP) method [Han et al. (2014)], we com-
puted the energy transmission coefficient α(ω, ξ) for the Si:Ge interference mir-
ror, for transverse and longitudinal waves. To compute α(ω, ξ), we excited a
3D Gaussian wave packet centered at the frequency ω and wave vector k in the
reciprocal space and at r0 in the real space, with the spatial width (coherence
length) ξ. The WP generation was performed by assigning the displacement
for the atom i:

ui = Aei(k)ei[k·(ri−r0)−ωt]e−[ri−r0−vgt]2/4ξ2
, (4.1)

where A is the wave amplitude, ei(k) is the phonon polarization vector, vg is
the phonon group velocity at the WP center frequency ω. The WP energy
transmission coefficient α(ω, ξ) is defined as the ratio between the energy car-
ried by the transmitted and initial wave packets, which are centered at the
given phonon mode (ω,k) with the spatial extent ξ. It is determined by the
convolution of the transmission coefficient for the plane wave αpw = α(ω,∞),
described in Ref. [Han et al. (2014)], with a Gaussian WP in frequency domain
with the full width at half maximum (FWHM) ∆ω = vg/(2ξ):

α(ω, ξ) =

∫ ωmax

−ωmax

αpw(ω′)e−
(ω−ω′)2

2∆ω2
dω′

∆ω
√

2π
. (4.2)

We have confirmed that the phonon modes, trapped in the capacitor after
the cooling, correspond to the antiresonance modes of the IPM, as shown in
Fig. 4.4(a) and (b). Therefore the capacitor phonons, initially excited by the ex-
ternal thermal or optical pumping, will experience linewidth narrowing during
the cooling and concentrate at the transverse and longitudinal modes, with ω1

and ω2 eigenfrequencies respectively, since the interference mirrors totally re-
flect the antiresonance-mode phonons but allow the other phonons to transmit.

4.3.3 Phonon localization

The interference cavity carries out significant phonon confinement through the
two-path interference in the IPMs. For a quantitative measure of phonon con-
finement, we introduce the Relative Phonon Participation Number (RPPN) N :
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Figure 4.4: (a) and (b): Spectra of the energy transmission coefficient α(ω, ξ)
through interference mirror obtained by MD simulations for phonon WPs with dif-
ferent coherence lengths ξ in Eq. (4.1) and incidence angles θ. Transmission of
normally incident WP (θ = π

2 ) with long coherence length ξ = 100λc (plane-wave
approximation, red circles) and with short coherence length ξ = 8λc (yellow circles) in
comparison with the convolution of the plane-wave transmission spectrum αpw(ω) with
a frequency-domain Gaussian WP (green curve) with longitudinal (a) and transverse
(b) polarization. (c): Transmission of the oblique-incident WP (θ < π

2 ) at the an-
tiresonances ω = ω1,2 for transverse (T) and longitudinal (L) polarizations. Relative
phonon participation number (RPPN) N (ω), Eq. (2), in a mirror-free Si sample (d)
and in a capacitor formed by two IPMs (e).
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(
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)]2
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where Ei
(k
ω

)
, the mean kinetic energy of atom i for a normal mode

(k
ω

)
defined

by the wave vector k and the frequency ω, can be found from the correspond-
ing eigenvector εi(k), N is the total atom number in the system. N ∈ [0, 1]
measures the fraction of atoms participating in the normal vibration mode

(k
ω

)
,

cf. Ref. [Bell and Dean (1970)]. Figs. 4.4(d) and (e) present a comparison be-
tween the computed N (ω) in a mirror-free Si sample and in a capacitor formed
by two IPMs. Most of the modes in the spectral range ω/2π ∈ [0, 8]THz are
propagative since N & 0.5 is characteristic for the typical extended phonon
modes in a perfect crystal [Bell and Dean (1970)]. But in the the sample
with two atomic-scale interference mirrors, confined modes with very low N (ω)
(< 0.1) are observed at ω1/2π = 3.51 THz and ω2/2π = 6.3 THz, which cor-
respond exactly to the transverse and longitudinal antiresonance frequencies of
the mirrors. These plots demonstrate the strong effect of an extremely small
amount of Ge atoms, ∼ 0.7%, on the phonon confinement and explains the
origin of the ultra-compactness of the proposed interference phonon cavity. We
note that N

(k
ω

)
also describes phonon correlations in the system: It is the

frequency-domain classical counterpart of the inverse time-domain second or-
der phonon-phonon correlation function 1/g

(2)
ph = 〈b†b〉2/〈b†b†bb〉 [Kabuss et al.

(2012); Kepesidis et al. (2013)], where b† and b are the creation and annihila-
tion operators of the vibrational modes, in the quantum-mechanical description
of phonon confinement and correlations in the considered interference cavity.

The two-color regime of the capacitor originates from the different depen-
dence of the transmission coefficient α(ω, ξ, θ) on the WP incidence angle θ
for the transverse and longitudinal phonons at their respective antiresonances
ω = ω1, ω2, as shown in Fig. 4.4(c). By modeling the oblique incidence of
the WP (with θ < π

2 ), we found that αT (ω2, ξ, θ) > αL(ω1, ξ, θ) for the same
θ, indicating that the resonant transverse phonon has a higher transmittance
through the mirror than the longitudinal counterpart. Therefore, for a rela-
tively large aspect ratio (p ≈ 1), the transverse modes with relatively large
incident angles are more susceptible to transmit through the mirrors. Hence
after the cooling process, only the longitudinal modes remain in the capacitor,
cf. Fig. 2(a) and 2(c). While for a small aspect ratio, p � 1, when the sys-
tem becomes effectively one-dimensional, both the transverse and longitudinal
resonance vibrational modes are confined in the nanocapacitor, cf. Fig. 2(b)
and 2(d). The two-color operation may pave the stage for the (double-) single
phonon source, which is crucial for quantum phonon computing.

The confining effect of acoustic modes could also be found in the sub-THz
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acoustic nanocavity [Trigo et al. (2002); Huynh et al. (2006)] placed between
two Bragg reflectors (BRs). The nanocavity mode corresponds to the Fabry-
Pérot (FP) resonance in the inhibited bandgap background of the surrounding
BR’s [Trigo et al. (2002); Lanzillotti-Kimura et al. (2007)]. Such FP mode
gives rise to the total transmission peak lying inside the wide phonon bandgap,
which can be identified as a “resonance tunneling”. In the present paper, the
proposed interference phononic capacitor has several major differences and thus
novelties in comparison with the acoustic nanocavity placed between two Bragg
reflectors:

• BRs are made of a stack of semiconductor layers of several dozens of nm
of total thickness, while the proposed interference mirrors in the inter-
ference capacitor require only single atomic planes. The strong phonon-
confining capability of such interference phonon mirrors, as demonstrated
in Fig. 4.4(c) and (d) in the paper, enables potential realization of the
ultra-compact nanophononic devices.

• While the frequency of the FP mode inside the bandgap is well defined,
its wavevector k is a complex number, making it difficult to define the
wavelength λ of the evanescent cavity mode. The interference cavity
phonons are, in contrast, lattice vibrational eigenmodes with well defined
wave vector k and group velocity vg(k, ω) in the phonon passband thus
enabling coherent phonon emission (phonon lasing) from the interference
cavity.

• The FP mode in the acoustic cavity has a relatively short lifetime (∼ a few
nanoseconds) due to its evanescent-wave nature, while the interference
cavity phonons can be stored for more than hundreds of nanoseconds.
Thus the proposed interference cavity can be considered as a mono- or
duo-chromatic phonon reservoir.

To understand better the generation mechanism of the capacitor phonons, we
studied the evolution of lattice dynamics in the nanocapacitor after its exci-
tation in the form of phonon WP. We demonstrate through the mapping of
the power spectral density of atomic kinetic energy in the capacitor, shown in
Fig. 4.5, that the Gaussian phononWP, initially centered at (ω,k), finally trans-
forms intomonochromatic standing wave composed of the two plane waves with
the same frequency ω and opposite wave vectors ±k along the normal to the
mirrors. Between the free side surfaces of the capacitor, a standing wave with
the wavelength λ = 2Lcx of the sinusoidal envelope is formed. All the other
frequency components leak out from the capacitor and are absorbed by viscous
material at the two ends of the capacitor. In practice, the pump-probe optical
technique [Huynh et al. (2006); Lanzillotti-Kimura et al. (2007)] can be used
to excite the capacitor phonons, and the considered WP excitation mimics this
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Figure 4.5: Power spectral density of atomic kinetic energy in the capacitor after
excitation of the transverse (a) and longitudinal (b) phonon WP as a function of time
delay t. The peaks centered at ω1,2 demonstrate a continuous linewidth narrowing as
a function of t. At t = 5ns, the widths narrow down to ∆ω1/2π = 1.2×10−3 THz and
∆ω2/2π = 1.5 × 10−3 THz, which correspond to the cavity Q factors of Q1 = 2916
and Q2 = 4208, respectively. Gaussian fit of the capacitor phonon peaks to measure
FWHM ∆ω at t = 5ns for the transverse (c) and longitudinal (d) modes.

technique.

Another possibility to store coherent phonos in the interference capacitor is to
implement a local excitation of the capacitor in the form of phonon wave packet.
Atomic kinetic energy Ek in the initial 3D phonon WP is shown in Fig. 4.6 in
a cutting plane (a) and in nanocapacitor (b). The final coherent standing-wave
phonons with well defined wave-vectors ±k and wavelength λc confined in the
capacitor are shown in a cutting plane in Fig. 4.6(c) and in 3D structure in
Fig. 4.6(d). Here several cutting planes in the capacitor are shown to allow for
an internal view of phonon energy distribution. Lighter areas present higher
Ek.



72 4.3. RESULTS AND DISCUSSIONS

Figure 4.6: Atomic kinetic energy Ek in the nanocapacitor. Initial 3D phonon wave
packet in a cutting plane (a) and in nanocapacitor (b). The final coherent standing-
wave phonons with well defined wave-vectors ±k and wavelength λc confined in the
capacitor in a cutting plane (c) and in 3D structure (d). Panels show the atomic
displacements along the x and z directions in the initial WP (a) and in final standing
wave (c).

4.3.4 Controllabe phonon emission

We now turn to the controllable emission of the coherent phonons from the
capacitor, which can also be considered as discharging of the phonon reservoir.
Figure 4.7 shows the shift of the interference antiresonance spectral loci for
transverse and longitudinal phonons caused by the uniaxial stress σzz, applied
in the 〈001〉 direction to the interference cavity as shown in Fig. 4.1(b). The
resulting strain ε produces the change in the local force constants between Ge
and Si atoms in the mirrors, which shifts the antiresonance frequencies ω1,2 of
the capacitor, according to the value of the Grüneisen parameter of Si. Through
such a mechanism, we are able to emit coherent phonons by applying tunable
reversible uniaxial stress at the tips of the device The stored coherent phonons
are emitted from the capacitor with the group velocity vgz(ω, kz) = ∂ω/∂kz of
the phonon mode. Once the external stress is released, the phonon emission is
switched off due to the recovery of the interference mirrors back to the origi-
nal antiresonance frequencies. Therefore, the directional and coherent phonon
emission from the interference cavity, which can be considered as phonon las-
ing [Vahala et al. (2009); Mahboob et al. (2013)], is flexibly switched by the
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Figure 4.7: Shift of interference antiresonance spectral loci caused by tunable strain ε
in the capacitor. Antiresonance frequency shifts for longitudinal (a) and transverse (b)
plane waves, normally incident on interference mirror. Interference cavity is exposed
to the uniaxial strain ε in the 〈001〉 direction. Negative strain ε < 0, corresponding to a
compression of the cavity, results in a blue shift of mirror’s antiresonance frequencies
in accordance with positiveness of the Grüneisen parameter. In a similar manner,
positive strain red-shifts antiresonance frequencies.

external stress. According to Fig. 4.2, the two-color phonon lasing of both
transverse and longitudinal coherent lattice waves can be realized from the
dual-mode nanocapacitor. The swift discharging of the nanocapacitor enables
promising applications in phonon computing and nanoscale memories.
The phonon capacitor may be a new component for constructing and controlling
macroscopic artificial quantum systems based on sound. The swift discharging
of the nanocapacitor and the two-color phonon emission may also be relevant
for quantum computing applications: to inhibit decoherence and to yield single
phonons. Moreover, phonons from the nanocapacitor are easily coupled with
optical and electronic systems, which enables the phonon capacitor to play a
potential role in a hybrid quantum computing architecture. It is noteworthy in
this connection that high sensitivity of phonon interference antiresonance to the
applied forces and deformations makes it possible to use the nanocavity also as
a nano-detector of atomic-scale displacements and strains in the surrounding
material, like single molecule can be used as a detector of nanomechanical
motion [Puller et al. (2013); Tian et al. (2014)].

4.4 Conclusions

In conclusion, we introduce a novel ultra-compact interference cavity for coher-
ent phonons formed by high-finesse interference mirrors based on atomic-scale
semiconductor metamaterials. Through MD simulations We show that the
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nanocavity stores monochromatic THz lattice waves, which can be used for the
phonon lasing - the emission of coherent phonons. Either one- or two-color
phonon lasing can be realized depending on the geometry of the nanodevice.
Coherent phonon storage can be achieved by cooling the nanocavity initially
thermalized at room temperature or by the pump-probe technique. The con-
fined modes can be released from the nanocavity by applying tunable reversible
stress which results in the emission of coherent THz acoustic beams.



Chapter 5

Harmonic Phonon Interferences
Reduce Heat Conduction

We investigate the role of two-path destructive phonon interference in-
duced by long-range interatomic forces on the thermal conductance and
conductivity of a silicon-germanium alloy by atomistic calculations. The
thermal conductance across a germanium atomic plane in the silicon
lattice is substantially reduced by the destructive interference of the
nearest-neighbour phonon path with a direct path bypassing the defect
atoms. Such an interference causes a fivefold reduction in the lattice
thermal conductivity in a SiGe alloy at room temperature. We demon-
strate the predominant role of harmonic phonon interferences in gov-
erning the thermal conductivity of solids by suppressing the inelastic
scattering processes at low temperature. Such interferences provide a
“harmonic resistive” mechanism to explain and control heat conduction
through the coherent behaviours of phonons in solids.

5.1 Introduction

Destructive interference between waves traversing laterally-inhomogeneous in-
terface can result in their total reflection. For instance, the enhanced electro-
magnetic reflection found in metafilms embedded with asymmetrical split-ring
arrays [Fedotov et al. (2007)] and in stereometamaterials [Liu et al. (2009)]
has offered the prospect of a multitude of applications as quantum optics [Al-
tewischer et al. (2002)] and negative refraction [García-Meca et al. (2009)].
As another example of destructive interference in optics, two-photon interfer-
ence can result in a total cancellation of the photon output because of the
coalescence of the two single photons, which was first observed by Hong et al.
[Hong et al. (1987)]. This interference effect occurs because two possible pho-
ton paths interfere destructively, which produces the famous Hong-Ou-Mandel
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(HOM) dip in the detection probability of the output photons. The HOM dip
has since been demonstrated in both the optical [Beugnon et al. (2006); Santori
et al. (2002)] and microwave [Wang et al. (2012)] regime. Similar destructive
interference effect which results in the total reflection can be also realized in an
acoustic system [Fellay et al. (1997); Kosevich (1997)].

For sound waves, the enhanced acoustic reflection was first described in Ref.Fellay,
Gagel, Maschke, Virlouvet, and Khater (1997) and Ref.Kosevich (1997) inde-
pendently. Ref.Fellay, Gagel, Maschke, Virlouvet, and Khater (1997) drew an
analogy between electron and phonon scattering and calculated the phonon
transmission with an asymmetric profile through a one-dimensional oscilla-
tor chains connected in parallel. Ref.Kosevich (1997) interpreted the anoma-
lous reflection of an acoustic wave by a two-dimensional crystal defect. as
the destructive interference between two phonon paths: through the nearest-
neighbour bonds and through the non-nearest-neighbour bonds which couple
directly atomic layers adjacent to the defect plane. Phonon interference antires-
onances can be advantageous in manipulating the thermal transport in nano-
materials. A better understanding of phonon dynamics is crucial in improving
the thermoelectric efficiency. The figure of merit zT for thermoelectric conver-
sion efficiency can be expressed as zT = σS2T/κ, where S, T , σ, and κ are the
Seebeck coefficient, temperature, electrical, and thermal conductivities, respec-
tively. Thus, a low thermal conductivity is favorable for good thermoelectric
performance. Recent efforts concentrated on reducing the thermal conductiv-
ity κ via nanostructured materials with superlattices [Chowdhury et al. (2009);
Kim et al. (2006)] and embedded nanoparticles [Mingo et al. (2009); Pernot
et al. (2010); Chen et al. (2013)]. Reducing κ is often achieved by enhancing
phonon scattering rate and thus diminishing the mean free path (MFP), which
belongs to a particle description. Nevertheless, the role of destructive phonon-
wave interferences remains to be well understood in the tailoring of thermal
transport in a wave picture. Recently, coherent phonon scattering has been ob-
served in semiconductor superlattices with high interface qualities [Luckyanova
et al. (2012); Ravichandran et al. (2014)]. A phononic metamaterial that al-
lows for manipulating and confining the flow of thermal energy at the atomic
scale was proposed by exploiting the two-path phonon interference on the in-
ternal interfaces embedded with defect-atom arrays [Han et al. (2014); Han
et al. (2015)].

Here, we investigate the role of two-path destructive phonon interference in-
duced by long-range interatomic forces on the thermal conductance and ther-
mal conductivity of a SiGe alloy by atomistic calculations. The thermal con-
ductance across a Si atomic metaplane entirely substituted with Ge atoms is
strongly reduced due to the destructive interference of the nearest-neighbour
Si-Ge phonon path with a direct Si-Si path bypassing the Ge atoms. Such a
destructive interference causes a fivefold reduction of the lattice thermal con-
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ductivity of a Si0.5Ge0.5 alloy. The thermal conductivity is overcompensated
by the increase of the Grüneisen parameters at the Brillouin zone center, in
spite of the enhanced acoustic phonon group velocities. Lattice dynamics anal-
ysis shows a strong localization due to the phonon interference. The harmonic
phonon interferences persist to dominate the behaviour of the thermal conduc-
tivity of the alloy at the low temperature of 100 K where the inelastic scattering
processes are substantially suppressed.

5.2 Atomistic Scheme

The atomistic scheme of two-path phonon interference is illustrated in the insets
of Fig. 5.1. In most lattices where the atoms are mainly coupled to each other
through the nearest-neighbour bonds, the propagation path of phonon is re-
stricted to the host-guest atom bonds when encountering an impurity atom. An
additional phonon path becomes available when considering the second-nearest-
neighbor bonds between the host atoms on the two sides of the impurity atom
in addition to the first path through the nearest-neighbor bonds linking the host
and adjacent impurity atoms, as shown in Fig. 5.1. Destructive interferences
will emerge due to the opening of the second phonon path that couples directly
crystal layers adjacent to the defect atoms. We first investigate the intriguing
role of such phonon interferences in the interfacial thermal conductance by using
molecular dynamics (MD) modeling of the transmission of phonon wave-packets
(WP) propagating in a silicon (Si) host lattice through a defect atomic plane of
germanium (Ge), as shown in inset (i) of Fig. 5.1. Such WP modeling provide
the per-phonon-mode energy transmission coefficient [Han et al. (2015)]. The
spatial width l (coherence length) of the WP is taken much larger than the
wavelength λc of the WP central frequency, corresponding to the plane-wave
approximation [Han et al. (2014)]. The MD simulations were performed with
the LAMMPS code package [Plimpton (1995)]. The covalent Si:Si/Ge:Ge/Si:Ge
interactions are modeled by the Stillinger-Weber (SW) potential [Stillinger and
Weber (1985b)].

5.3 Results and Discussions

5.3.1 Harmonic force constants determination from density func-
tional perturbation theory (DFPT) calculations

We calculate the harmonic interatomic force constants (IFCs) of silicon and
silicon-germanium alloy from density functional perturbation theory (DFPT)
calculations. DFPT calculations were carried out using the quantum chemistry
DFT code Quantum ESPRESSO [Giannozzi et al. (2009)]. The calculation was
conducted for a 2 × 2 × 2 supercells of bulk silicon, germanium and a Si0.5Ge0.5
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(a)

(b)

Figure 5.1: (a) Spectral transmission coefficients α(ω, ρ) predicted by MD simula-
tions (open circles) of a Si host crystal with a single atomic layer of Ge atoms and by
Green’s Function calculations of an equivalent quasi-1D model (solid lines). Only the
longitudinal polarization is shown for the MD prediction. (b) Thermal conductance
G(ρ) versus the relative strength of the second nearest-neighbour bond ρ at T = 300 K.
Inset (i): host silicon lattice with a single 〈001〉 atomic layer of guest Ge atoms. In-
set (ii): quasi-1D tight-binding model which incorporates the second nearest-neighbour
bonds C11 bypassing the nearest-neighbour bonds C12 between the host atom with mass
m1 and the guest atom with mass m2. The host atoms are coupled through the nearest-
neighbour bonds C0. Black (red) sticks represent the NN (second NN) bonds. The
region inside the red dashed rectangle is the scattering region.
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containing 64 atoms by the plane-wave basis method implemented in the Quan-
tum Espresso package. We adopted both generalized gradient approxima-
tion (GGA) for the exchange-correlation functional to study pseudopotential-
dependent phonon properties. The parameterizations of Perdew-Burke-Ernzerhof
were selected for GGA. The cutoff energies for plane-wave expansion was set
to 60 Rydberg (≈ 816 eV) for GGA. A Monkhorst-Pack k-point grid of 4 × 4
× 4 was used to achieve the desired accuracy. Constraints due to translational
invariance and other symmetries were employed to identify the minimum num-
ber of independent IFCs that needed to be computed. We have set the range of
harmonic IFCs to fice nearest neighbor shells. This results in 17 independent
harmonic IFCs. The IFCs were fitted with the ALAMODE package [Tadano
et al. (2014)].

5.3.2 Phonon transmission

The spectral transmission coefficients α(ω, ρ) retrieved from MD simulations
of a Si host crystal with a single atomic layer of Ge atoms are illustrated in
Fig. 5.1(a). ρ is defined as the ratio of the second nearest-neighbour (NN) force
constant C11 of Si atoms and the first-NN force constant C12 between Si and
Ge atoms, ρ = C11/C12. ρ measures the relative strength of the second NN
interaction versus the NN force. Our Density Functional Perturbation Theory
(DFPT) calculations show that ρ ≈ 5.7% in natural SiGe alloys where the
nearest neighbour (NN) bond is C12 = 3.21 eV/Å2 (3.51 eV/Å2) for the Si-Si
(Si-Ge) atom pair, and the second-NN bond strength is C11 = 0.187 eV/Å2

(0.192 eV/Å2) for the Si-Si (Ge-Ge) pair. Empirical SW potential reproduces
relatively precise NN bonds but its second NN bonds are negligible. When
a single phonon path is available for phonons crossing the Ge atomic plane,
i.e. ρ = 0, the transmission coefficient α(ω, ρ = 0) monotonously decays as
frequency increases with α(ω = 0) = 1 and α(ω = ωmax) = 0. A relatively
weak second NN interaction ρ = 0.16 reduces the transmission on the whole
spectrum but the effect is especially strong at short wavelengths α(ω ≥ 15
THz) ≈ 0. Such a remarkable drop in the transmission coefficient is due to the
destructive interference between the two phonon paths: through the nearest-
neighbor Si-Ge bonds and through the non-nearest-neighbor Si-Si bonds which
couple directly atomic layers adjacent to the defect plane. For a larger ρ = 0.28,
a total reflection antiresonance emerges α(ω = 13 THz) = 0 followed by a
local transmission maximum. When ρ further strengthens, the total reflection
shifts to longer wavelengths and the local maximum finally becomes a total
transmission.

Fig. 5.1(b) shows the thermal conductance G versus ρ at T = 300 K. G(ρ) is
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calculated by following the Landauer-like formalism

G(ρ) =

∫ ∑
ν

~ωqv
g,⊥
q α(ω, ρ)

∂

∂T
nBE(q, T )

dk
(2π)3

, (5.1)

q denotes the phonon mode (k, ν) where k is the wave vector and ν is the
phonon polarization. vg,⊥q is the group velocity component perpendicular to the
Ge atomic plane. nBE = [exp(~ωq/kBT )−1]−1 is the Bose-Einstein distribution
of phonons, where T refers to the mean temperature of the system, kB and ~
represent the Boltzmann and the reduced Planck’s constants, respectively. The
thermal conductance G first decreases as the second phonon path strengthens,
since the opening of the second phonon path through the second NN bonds C11

interferes destructively with the first path through the NN bonds C12, which
induces a maximum reduction in G of 33% at ρ = 0.28. G then starts to
increase as the second NN bond further strengthens, due to the raised phonon
transmission at high frequencies, c.f. Fig. 5.1(a). The destructive interference
is compensated by the very strong second phonon path at large ρ. To further
understand the phonon antiresonances caused by the interference between two
phonon channels, we use an equivalent tight-binding model of a monatomic
quasi-1D lattice of coupled harmonic oscillators, depicted in the inset (ii) of
Fig. 5.1. The interatomic bonds could be adjusted to the same as in the Si-Ge
system to allow for a direct comparison. The phonon transmission is calculated
by atomistic Green’s Function (AGF) and the thermal conductance can be
obtained by following the Landauer-Büttiker formula:

G =

∫ ωmax

0
Ξ(ω)

∂

∂T
nBE~ω

dω

2π
(5.2)

where ω and ωmax are the energy and the Debye frequencies. The transmission
Ξ(ω) is obtained from a nonequilibrium Green’s function approach Mingo and
Yang (2003). as Tr[ΓLGsΓRG

+
s ]. The advanced and retarded Green functions

G+
s and Gs can be deduced from Gs =

[
(ω + i∆)2I −Ks − ΣL − ΣR

]−1 where
∆ is an infinitesimal imaginary part that maintains the causality of the Green’s
function and ΣL = KabgLK

†
ab, ΣR = KabgRK

†
ab are the self-energies of the

left and right leads. the “†” exponent indicating the Hermitian conjugation.
The leads refer to the host lattice of semi-infinite chains. Finally, gL and gR
refer to the surface Green’s functions of the left and the right leads, while Ks

and Kab are the force constant matrices derived from the potential, for the
scattering region and between neighboring leads, respectively (see inset (ii) of
Fig. 5.1). The expression of the transmission also includes ΓL = i(ΣL−Σ+

L ) and
ΓR = i(ΣR −Σ+

R). As shown in Fig. 5.1(a), the AGF prediction of the phonon
transmission from the quasi-1D model agrees relatively well with that of the
longitudinal phonons transmission from MD simulations in a Si-Ge lattice.

In the quasi-1D tight-binding model of the Fig. 5.1, the self-coupling matrix of
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Figure 5.2: Thermal conductivity κ of bulk Si at 300 K (red open circles ) and
Si0.5Ge0.5 alloy at 100 K (dark red squares) and at 300 K (blue solid circles) versus
the relative strength of the second phonon path ρ. For the Si0.5Ge0.5 alloy, the thermal
conductivities were obtained by averaging five different random atomic distributions.
Our first-principle calculations show that natural SiGe alloys has ρ ≈ 5.7%.

the scattering region Ks writes,

Ks =


C0+C11+C12

m1
− C12√

m1m2
−C11
m1

− C12√
m2m1

2C12
m2

− C12√
m2m1

−C11
m1

− C12√
m1m2

C0+C11+C12
m1

 ,

The matrix KL
ab coupling the scattering region to the left lead writes,

KL
ab =

(
− C0
m0

0 0
)
,

The matrix KR
ab coupling the scattering region to the right lead writes,

KR
ab =

(
0 0 − C0

m0

)
,

In the calculations, the NN bonds in the host lead C0 equals to that in the
scattering region C12.

5.3.3 Alloy thermal conductivity

To demonstrate the effect of the two-path phonon interference on the lattice
thermal conductivity of a bulk system, we calculated the thermal conductivity
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Figure 5.3: Diatomic 1D model which incorporates the second nearest-neighbour
(NN) bonds C11 and C22 bypassing the nearest-neighbour bonds C12 between the host
atom with mass m1 and the guest atom with mass m2. The host atoms are coupled
through the NN bonds C12. The region inside the red dashed rectangle refers to the
primitive cell.

κ of bulk Si and a Si0.5Ge0.5 alloy versus the relative second-NN interaction ρ
following the Green-Kubo technique in MD simulations, as shown in Fig. 5.2.
Similar to the thermal conductance G, κ experiences a transition with a local
minimum around ρ = 0.28. Surprisingly, even for a bulk Si crystal without
any impurity, we observe a reduction of κ by one orders of magnitude from 115
Wm-1K-1 down to 12 Wm-1K-1 due to the openning and strengthening of the
second phonon path. In the Si0.5Ge0.5 alloy, both the second-NN force constant
C11 between Si atoms and those between Ge atoms C22 are taken into account
in the MD simulation. By introducing nonnegligible second-NN bonds, the MD
simulations show that the thermal conductivity of Si0.5Ge0.5 alloys is reduced
below the experimental alloy limit of κ ≈ 7.14 Wm-1K-1 [Wang et al. (2008)].

5.3.4 Phonon spectrum of of the diatomic 1D chain and the
SiGe alloy

To understand the extraoridinarily low thermal conductivity due to the phonon
interferences, we investigate the lattice dynamics of the Si0.5Ge0.5 crystal. The
Si0.5Ge0.5 crystal has a zinc-blende lattice where one atom of the primitive
unit cell is Si and the other is Ge. This Si0.5Ge0.5 crystal has a one-to-one
correspondance with a 1D tight-binding model of diatomic chain of alternating
Si and Ge atoms.

The diatomic 1D model which incorporates the second nearest-neighbour (NN)
bonds is depicted in Fig. 5.3. The self-coupling matrix of the primitive cell Ks
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writes,

Ks =

(
2(C11+C12)

m1
− C12√

m1m2

− C12√
m2m1

2(C22+C12)
m2

)
,

The matrix KL
ab coupling the scattering region to the left lead writes,

KL
ab =

(
−C11
m1

− C12√
m1m2

0 −C22
m2

)
,

The matrix KR
ab coupling the scattering region to the right lead writes,

KR
ab =

(
−C11
m1

0

− C12√
m1m2

−C22
m2

)
= KL†

ab ,

Then the dynamical matrix of the chain writes,

D(k) = Ks +KL
abe
−ika0 +KR

abe
ika0 ,

where k is the wave vector along the chain axis and a0 is the length of the unit
cell.
At the Brillouin zone center where k = 0, the dynamical matrix reduces to

D(k = 0) = 2C12

(
1/m1 −1/

√
(m1m2)

−1/
√

(m2m1) 1/m2

)
At the Brillouin zone edge where k = π/0, the dynamical matrix reduces to

D(k = π/a0) =

(
2C12+4C11)

m1
0

0 2C12+4C22)
m1

)

Therefore, the frequency of the longitudinal acoustic branch ωLA
max ∝

√
2C12 + 4C22

and that of the longitudinal optical branch ωLO
max ∝

√
2C12 + 4C11.

Fig. 5.4(a) and (b) compare the phonon dispersions of the Si0.5Ge0.5 crystal
without and with strong non-nearest neighbour interactions. The strong second
phonon path raises the phonon frequencies at the Brillouin zone edges and thus
enhances the group velocities of these phonon modes, especially the acoustic
ones. In fact, an analytical calculation shows that at the Brillouin zone bound-
ary, the frequency of the longitudinal acoustic branch ωLA

max ∝
√

2C12 + 4C22

and that of the longitudinal optical branch ωLO
max ∝

√
2C12 + 4C11, as shown

in Fig. 5.4 (a) and (b). C22 is the second NN bond between Ge atoms and
C22 = C11 since Si and Ge can be considered as isotopes as a first approxi-
mation. It is clear that the major heat carriers, that are the transverse and
longitudinal acoustic phonons, show larger group velocities for ρ = 0.28 than
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Figure 5.4: Phonon band structure ω − k in the 〈001〉 direction of a Si0.5Ge0.5
crystal for different relative strengths of the second phonon path: (a) ρ = 0 (b) ρ = 0.28
corresponding to the minimum thermal conductivity. The letters “T, L, A, O” represent
transverse, longitudinal, acoustic and optical modes, respectively. For example, “TA”
denotes the transverse acoustic phonon branch. Black dotted-dashed curves are phonon
dispersion of a diatomic lattice of alternating Si and Ge atoms, where only longitudinal
modes are present. Mode-dependent Grüneisen parameters γq of the same Si0.5Ge0.5
crystal for (c) ρ = 0 (d) ρ = 0.28. Open circles and lines from the two different
methods. Experimentally measured Grüneisen parameters on the Brillouin zone edge
and center are for comparison.
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those for ρ = 0. One may then question why a Si0.5Ge0.5 crystal with the
opening of the second phonon path between the non-nearest neighbours would
turn out to be an inefficient thermal conductors. The answer lies in the strong
phonon localization due to resonant scattering and large anharmonicity asso-
ciated with the longitudinal acoustic (LA) mode, making the mean free path
significantly shorter.

The Grüneisen parameter γq associated with each vibrational mode can be
obtained with

γq = − 1

6ω2
q

∑
ijk

∑
αβγ

εq∗iα ε
q
jβ√

MiMj

rγkΨαβγ
ijk eiq·rj (5.3)

where Ψαβγ
ijk is the third-order force constant and εqiα is the component α asso-

ciated eigenvector ε for atom i. Mi is the mass of atom i, and ri is the vector
locating its position. The results are summarized in Fig. 5.4(c) and (d). γq
can also be obtained from its definition by using differentiation of the phonon
band structure:

γq = − V
ωq

∂ωq

∂V
. (5.4)

By prescribing ρ = 0.28, the phonon group velocity vLA(k = Γ) at the Brillouin
zone center increases by 85% compared to the one at ρ = 0, whereas the mode
Grüneisen parameter γLA(k = Γ) increases by 490% showing a large anhar-
monicity characterized by γ = 4.51 for ρ = 0.28 when compared to γ = 0.92
for ρ = 0. The thermal conductivity κ can be approximated as [Tritt (2004)]
κ =

∑
k,ν ~ωq (vgq)

2
τq

∂
∂T nBE(ωq, T ), where the relaxation time τq of a phonon

mode q is inversely proportional to the square of its associated Grüneisen con-
stant, that is τq ∝ 1/γ2

q. The enhancement in vg is overcompensated by that
in γq for acoustic phonons in the vicinity of the Brillouin zone center. The
contribution of optical phonons to the variation of κ remains negligible due to
their low group velocities in the range ρ ∈ [0, 0.3] in spite of their large anhar-
monicity. These observations yield a first explanation on the reduction of the
thermal conductivity κ in Fig. 5.2. Our findings are in line with recent works
on the low thermal conductivities of rocksalt IV-VI compounds due to strong
anharmonic scattering of the transverse optical phonons [Shiga et al. (2012);
Shiga et al. (2014); Lee et al. (2014)].

5.3.5 Anharmonic relaxation time

The anharmonic phonon lifetimes τ in the in Si0.5Ge0.5 crystal are shown in
Fig. 5.5 for the relative second-NN interactions ρ = 0, 0.16, 0.28. The lifetime
due to phonon-phonon scattering is related to the imaginary part of the phonon
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Figure 5.5: Relative Phonon Participation Number (RPPN) Ei (qω) of Si0.5Ge0.5
crystals with relative second-NN interactions (a) ρ = 0, (b) ρ = 0.16, (c)ρ = 0.28. (d)
Anharmonic phonon lifetimes τ(ω) in Si0.5Ge0.5 crystal for different relative second-
NN interactions ρ. The band shift is consistent with the phonon dispersion in Fig. 5.4.
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self-energy [Debernardi et al. (1995); Wallace (1998); Lindsay et al. (2012)],

1/τq = 2Γq (5.5)

where

Γq =
∑
q′q′′

~π
16

∫∫
BZ

∣∣Ψqq′q′′
∣∣∆qq′q′′

× [(nq′ + nq′′ + 1)δ(ωq − ωq′ − ωq′′)

+ 2(nq′ − nq′′)δ(ωq − ωq′ + ωq′′)dq′dq′′] (5.6)

where Ψqq′q′′ is the three-phonon matrix. nq is the equilibrium occupation
number for mode q. The delta functions in wave vectors and in frequency
ensure the momentum selection rules q + q = q′′ + G for the fusion processes
and the energy conservation ∆ = ωq − ωq′ ± ωq′′ . The three-phonon matrix
Ψqq′q′′ is given by

Ψqq′q′′ =
∑
ijk

∑
αβγ

εqiαε
q′
jβε

q′′
kγ√

MiMjMk
√
ωqωq′ωq′′

×Ψαβγ
ijk eiq·ri+iq′·rj iq′′·rk (5.7)

As ρ increases in the range ρ ∈ [0, 0.3], a strong reduction in τ is observed,
especially for the acoustic phonons with long wavelengths. This indicates that
the phonon interferences due to the opening of the additional phonon path
through second-NN interactions can strengthen the anharmonic processes of
phonon scattering and severely constrains the phonon propagation.
We note that the strong lattice anharmonicity is not a necessary condition to the
low thermal conductivity of solids. Such a claim can be justified by extracting
the thermal conductivity κ of Si0.5Ge0.5 alloys versus different second-NN bond
strengths ρ in molecular dynamics simulations at the temperature T = 100
K, as shown in Fig. 5.2. At such a low temperature, a local minimum in κ is
however observed in conditions where group velocities, which are not signifi-
cantly temperature dependent, are increased and inelastic scattering processes
are substantially suppressed compared to the case at of T = 300 K. This di-
rectly demonstrates the predominant role of harmonic phonon interferences in
the thermal conductivity of solids despite largely weakened anharmonicity.

The two-path phonon interference carries out significant phonon localization.
For a quantitative measure of phonon confinement, we introduce the Relative
Phonon Participation Number (RPPN) N :

N (qω) =

(
N∑
i=1

Ei (qω)

)2

/N

N∑
i=1

[Ei (qω)]2, (5.8)
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where Ei
(q
ω

)
, the mean kinetic energy of atom i for a normal mode

(q
ω

)
defined

by the wave vector q and the frequency ω, can be found from the correspond-
ing eigenvector εi(q), N is the total atom number in the system. N ∈ [0, 1]
measures the fraction of atoms participating in the normal vibration mode

(q
ω

)
,

cf. Ref. [Bell and Dean (1970)]. Figs. 5.5(a), (b) and (c) present a comparison
between the computed N (ω) in a Si0.5Ge0.5 crystal with the strengths of the
second phonon path ρ = 0, 0.16, 0.28. In the Si0.5Ge0.5 crystal without the sec-
ond phonon path, as shown in Fig. 5.5(a), the modes in most spectral range are
propagative since N & 0.5 is characteristic of typical extended phonon modes
in a perfect crystal [Bell and Dean (1970)]. But in the crystals with nonnegligi-
ble second NN bonds, confined modes with very low N (ω) (< 0.2) are observed
between 5.1 THz and 7.3 THz. These results demonstrate the strong effect of
the two-path phonon interference, ρ ≤ 0.28, on the phonon confinement and
explains the origin of the low thermal conductivity in a crystal with a relatively
weak second phonon path.

5.4 Conclusions

In conclusion, we investigate the role of two-path destructive phonon interfer-
ence induced by long-range interatomic forces on the thermal conductance and
conductivity of a silicon-germanium alloy. We provide a “harmonic resistive”
mechanism to explain the low thermal conductivity of crystals incorporating
long-range interatomic forces with the destructive interferences between multi-
ple phonon paths, in addition to the previous explanation of strong anharmonic
scattering due to the softening of the optical phonon bands [Shiga et al. (2012);
Shiga et al. (2014); Li et al. (2014); Lee et al. (2014)]. Such interferences of-
fer a new departure in the control of heat conduction through the coherent
behaviours of phonons in solids.



Chapter 6

Conclusions and Perspectives

6.1 Conclusions

With a combination of methods including molecular dynamics, phonon Green’s
function, lattice dynamics, and density functional theory calculations, we have
investigated the wave interference of phonons on the nanoscale heat conduction.
The main conclusions of this thesis are as follows:

• we provide a comprehensive modeling of atomic-scale phononic metama-
terial for the control of heat conduction by exploiting the two-path inter-
ference phonon antiresonances. Thermal phonons crossing crystal plane
partially filled with resonance defect atoms can undergo complete reflec-
tion caused by destructive phonon interference. Such patterned atomic
planes can be considered as high-finesse atomic-scale interference phonon
metamirrors. Interference phonon antiresonances are not deteriorated by
the aperiodicity in the defect-atom distribution and the anharmonicity of
interatomic bonds. The width of the antiresonance dip provides a mea-
sure of the coherence length of the phonon wave packet. And, finally, we
would like to emphasize that strong resonance reflection of electromag-
netic waves, which has been observed in metafilms partially filled with
asymmetrical split-ring arrays, in stereometamaterials, in flexible meta-
surfaces and in microwave metamirrors, can also be interpreted as inter-
ference photon antiresonance in an optically transparent plane, partially
filled with subwavelength plasmonic or microwave resonating structures.

• we introduce a novel ultra-compact interference cavity for coherent phonons
formed by high-finesse interference mirrors based on atomic-scale semi-
conductor metamaterials. Through MD simulations We show that the
nanocavity stores monochromatic THz lattice waves, which can be used
for the phonon lasing - the emission of coherent phonons. Either one-
or two-color phonon lasing can be realized depending on the geometry
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of the nanodevice. Coherent phonon storage can be achieved by cooling
the nanocavity initially thermalized at room temperature or by the pump-
probe technique. The confined modes can be released from the nanocavity
by applying tunable reversible stress which results in the emission of co-
herent THz acoustic beams.

• We investigate the role of two-path destructive phonon interference in-
duced by long-range interatomic forces on the thermal conductance and
conductivity of a silicon-germanium alloy. We provide a “harmonic re-
sistive” mechanism to explain the low thermal conductivity of crystals
incorporating long-range interatomic forces with the destructive interfer-
ences between multiple phonon paths, in addition to the previous expla-
nation of strong anharmonic scattering due to the softening of the optical
phonon bands. Such interferences offer a new departure in the control of
heat conduction through the coherent behaviours of phonons in solids.

6.2 Perspectives

Two perspectives of this thesis could be pursued:

• Phonon interferences might be used to explain the low thermal conduc-
tivity of polar materials where the interatomic forces are predominantly
long range Coulomb ones. The electrostatic force with respect to the in-
teratomic distance r by following a r−2 decay, yielding a relatively strong
second nearest neighbor force which is one fourth of the nearest neighbor
one. Such an investigation could be achieved by artificially controlling
the potential cutoff of the Coulomb force field.

• Phonon interference could play an important role in the thermal transport
through molecular junctions in which a single molecule or a whole self-
assembled monolayer (SAM) is sandwiched between solid state electrodes
has been proposed as very promising candidates for thermoelectric ap-
plications. Depending on the scheme of conjugation in the molecule, the
electron transmission through the junction may be less affected compared
to the phonon counterpart. The tuning of the thermal conductance due
to phonon interferences via chemical modifications could be important for
thermoelectric applications of molecular junctions.
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