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Résumé

L’objet de cette theése concerne 1’étude des processus de branchement en environ-
nement aléatoire, notés (Z,), qui sont une généralisation du processus de Galton-
Watson, avec une loi de reproduction choisie aléatoirement et de maniere indépen-
dante et identiquement distribuée suivant les générations. Nous considérons le cas
d’un processus sur-critique, avec la condition que chaque individu donne naissance
a au moins un enfant.

Le premier chapitre est consacré a ’étude de ’écart relatif et absolu entre le proces-
sus log Z,, normalisé et la loi normale. Nous établissons un résultat de type Berry-
Esseen ainsi qu'un développement pour des déviations de type Cramér, généralisant
ainsi le théoreme central limite et le principe des déviations modérées pour log Z,
établis précédemment dans la littérature.

Le second chapitre étudie I'asymptotique de la distribution du processus Z, ainsi
que le moment harmonique critique de la limite W de la population normalisée
W, = Z,/E¢Z,. Nous établissons un équivalent de 'asymptotique de la distribu-
tion du processus Z,, et donnons une caractérisation des constantes via une équation
fonctionnelle similaire au cas du processus de Galton-Watson. Dans le cas des proces-
sus de branchement en environnement aléatoire, les résultats améliorent 1’équivalent
asymptotique de la distribution de Z,, établi dans des travaux antérieurs sous nor-
malisation logarithmique, sous la condition que chaque individu donne naissance a
au moins un individu. Nous déterminons aussi la valeur critique pour 'existence du
moment harmonique de W sous des conditions simples d’existence de moments, qui
sont bien plus faibles que les hypotheses imposées dans la littérature, et généralisons
le résultat a Zy = k individus initiaux.

Le troisieme chapitre est consacré a 1’étude de I'asymptotique des moments harmo-
niques d’ordre > 0 de Z,,. Nous établissons un équivalent et donnons une expression
des constantes. Le résultat met en évidence un phénomene de transition de phase,
relié aux transitions de phase des grandes déviations inférieures du processus (Z,).
En application de ce résultat, nous établissons un résultat de grandes déviations
inférieures pour le processus (Z,,) sous des hypoteses plus faibles que celles imposées
dans des travaux précédents. Nous améliorons également la vitesse de convergence
dans un théoreme central limite vérifié par W,, — W, et déterminons ’asymptotique
de la probabilité de grandes déviations pour le ratio Z,1/Z,.
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Abstract

The purpose of this Ph.D. thesis is the study of branching processes in a random
environment, say (Z,), which are a generalization of the Galton-Watson process,
with the reproduction law chosen randomly in each generation in an i.i.d. manner.
We consider the case of a supercritical process, assuming the condition that each
individual gives birth to at least one child.

The first part of this work is devoted to the study of the relative and absolute
distance between the normalized process log Z,, and the normal law. We show a
Berry-Esseen bound and establish a Cramér type large deviation expansion, which
generalize the central limit theorem and the moderate deviation principle establi-
shed for log Z,, in previous studies.

In the second chapter we study the asymptotic of the distribution of Z,, and the
critical value for the existence of harmonic moments of the limit variable W of the
normalized population size W,, = Z,,/E¢Z,,. We give an equivalent of the asymptotic
distribution of Z,, and characterize the constants by a functional relation which is
similar to that obtained for a Galton-Watson process. For a branching process in a
random environment, our result generalizes the equivalent of the asymptotic distri-
bution of Z, established in a previous work in a log-scale, under the condition that
each individual gives birth to at least one child. We also characterize the critical
value for the existence of harmonic moments of the limit variable W under weaker
conditions that in previous studies and generalize this result for processes starting
with Zy = k initial individuals.

The third chapter is devoted to the study of the asymptotic of the harmonic moments
of order r > 0 of Z,,. We show the exact decay rate of the quantity E[Z]|Z, = k] and
give an expression of the limiting constants. The result reveals a phase transition
phenomenon which is linked to the phase transitions in the lower large deviations
established in earlier studies. As an application, we improve a lower large deviation
result for the process (Z,,) under weaker hypothesis than those stated in the litera-
ture. Moreover, we also improve the rate of convergence in a central limit theorem
for W — W, and give the asymptotic of the large deviation for the ratio Z,1/7Z,.
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Chapitre

Introduction

1.1 Remarques historiques

Les processus de branchement en environnement aléatoire (PBEA en abrégé)
sont une généralisation du processus de Galton-Watson, ot la loi de reproduction
est choisie aléatoirement parmi un ensemble de lois, et de maniére i.i.d. suivant les
générations. Ils ont été introduits pour la premiere fois dans Smith et Wilkinson [48]
afin de modéliser la croissance de populations soumises & un environnement. Ces
processus sont encore largement étudiés aujourd’hui, d’une part pour leur intérét et
leurs applications en biologie, mais aussi car leur étude mathématique est extréme-
ment riche, et combine a la fois des aspects sur les processus de branchement et sur
la théorie des fluctuations pour des marches aléatoires indépendantes et identique-
ment distribuées. Les résultats de base sur les processus de branchement en envi-
ronnement aléatoire sont disponibles dans Athreya et Karlin [3,4] et Tanny [49,50].
Dans les régimes critiques et sous-critiques, la population s’éteint presque stirement
et les recherches récentes se sont focalisées sur 'asymptotique de la probabilité de
survie ainsi que sur des théoremes de convergence fonctionnels. Les publications
sont nombreuses, mais on peut se référer entre autre aux récents travaux de Afa-
nasyev, Boinghoff, Kersting, Vatutin [1, 2], Bansaye [9], Bansaye et Vatutin [14],
Boinghoff et Kersting [21], Boinghoff, Dyakonova, Kersting et Vatutin [19], Dyako-
nova et Vatutin [54], Vatutin [52], Vatutin et Zheng [53]. Dans le régime sur-critique,
de nombreux articles ont étudié les grandes déviations, comme dans Bansaye et Be-
restycki [10], Boinghoff et Kersting [20], Bansaye et Boinghoff [11-13], Huang et
Liu [36]. Le cas particulier ou la loi de reproduction est linéaire fractionnaire a été
traité dans Boinghoff [18], Nakashima [44], Kozlov [39,40], avec des résultats généra-
lement plus fins que dans le cas général. Des résultats de statistiques concernant la
convergence de certains estimateurs de la moyenne et de la variance ont été obtenus
dans [25]. Concernant les applications des processus de branchement en environne-
ment aléatoire en biologie cellulaire, on peut se référer au travaux de Bansaye et
Berestycki [10], Bansaye [7,8], Dombry, Mazza et Bansaye [26].

1
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2 CHAPITRE 1. INTRODUCTION

1.2 Description du modele

Un processus de branchement en environnement aléatoire (Z,) est décrit de
la maniere suivante. L’environnement aléatoire est modélisé par une suite & =
(&0, &1, -..) de variables aléatoires indépendantes et identiquement distribuées (i.i.d.)

a valeur dans un espace abstrait =Z. A chaque variable aléatoire &y, &, ... de l'en-
vironnement est associée la fonction génératrice fy, fi,... définie pour tout n € N
par

)= 6t = L p6)r, tEDI &) 20 Ep() =1 (121)

Le processus (Z,)n>0 est alors défini par ’équation de récurrence
Zo=1, Z,1= ZNM, pour n >0, (1.2.2)

ou les variables aléatoires NN, ; (1 < i) représentent le nombre de descendants du
i-eme individu de la génération n, et sont indépendantes du nombre d’individus
Z, présents a la génération n. De plus, conditionnellement a ’environnement &, les
variables aléatoires N,,; (i = 1, 2, ...) sont indépendantes mutuellement avec pour
méme fonction génératrice f,,.

Notons qu’il y a dans ce processus deux types d’aléa :

1. L’aléa dit 'environnemental’, représenté par ’environnement &.
2. L’aléa dit ’démographique’, représenté par la loi de reproduction f.

Ce sont ces deux aléas, partiellement liés, qui font la richesse de ce processus, comme
nous le verrons tout au long de cette these. Notons que dans le cas particulier ou
I’environnement £ est constant, on retrouve le processus de Galton-Watson, ou la
loi de reproduction des individus est identique suivant les générations, de fonction
génératrice f.

Une conséquence immédiate de 1’équation (3.2.2) est la propriété dite de bran-
chement : Pour n > 1et m >0, on a

/A Z m, (1.2.3)

ot les variables aléatoires Z,(;?) (¢ > 1) sont indépendantes de Z,,. De plus, conditio-
nellement a 'environnement &, les variables aléatoires Z,(LZL) (1 > 1) sont i.i.d. avec
pour loi de probabilité P¢ (21} € ) = Prug (Z, € -), ot T™ est l'opérateur de shift
défini par T™(&, &1, ..) = (&my Emtas - - -). Intuitivement, la relation (1.2.3) signifie
que, conditionnellement & Z,, = i, le processus Z, ., a la méme loi (sous P) qu'un
nouveau processus 7, démarrant avec Z, = ¢ individus initiaux.

Dans la suite nous désignons par P¢ la loi conditionellement a ’environnement &,
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1.2. DESCRIPTION DU MODELE 3

et par 7 la loi de I'environnement £. La probabilité P(dz, d§) = P¢(dx)7(d€) est la
loi totale du processus. Les espérances en loi totale et conditionnellement a 1’en-
vironnement § sont notées E et [, respectivement. Nous notons aussi par P, et
E, la probabilité et I’espérance en loi totale du processus démarrant avec Zy = k
individus, avec P; = P et E; = E.

Pour tout n € N, en utilisant (1.2.2) de maniere récursive, la fonction génératrice
des probabilités de Z,, conditionnellement a I’environnement & vaut

Gn(t) = Ee[t?] = foo...0 foa(t), t€]0,1). (1.2.4)

Les variables aléatoires £, &1, . .. étant i.i.d., la fonction génératrice en loi totale Gy,
de Z,, sachant Z, = k vaut

Gra(t) = Eilt"] =E[g}(1)], t€[0,1). (1.25)
Pour n > 0, on définit également
m, = fi(1) = Zzpz(gn) et I, = E:Z, = mo...my_1,
i=0

avec [Iy = 1. La variable aléatoire m,, représente le nombre moyen d’individus de la
génération n sachant I’environnement &.

Comme pour le processus de Galton-Watson, un objet important pour 1’étude
des PBEA est la population normalisée définie par

Zn,
Wo=g n20 (1.2.6)

Nous en résumons ici les propriétés principales. Sous P¢ et sous P, (W),),>0 est une
martingale positive par rapport a la filtration

fn:O'(g,Njﬂ‘,Ogjgn—l,i:].,Q...),

avec, par convention, Fy = o(§). Pour tout n € N, on a EW,, = EW = 1. La
martingale W, est bornée dans L', et donc W = lim,,_,o W,, existe P - presque
stirement, et EW < 1. Sous la condition

Z
E=L log™ Z; < oo, (1.2.7)

mo
la martingale (W,,) converge vers W dans L'(P) (c.f. [50]) et
P(W > 0) =P(Z, — o0)

De plus, d’apres (1.2.3) appliquée & m = 1 et n — 0o, obtient une équation de point
fixe réalisée par la variable W :

W=—> W(), (1.2.8)
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4 CHAPITRE 1. INTRODUCTION

ou les variables aléatoires W (i) (i > 1) sont indépendantes de Z; (sous PP et P¢). De
plus, conditionnellement a Ienvironnement &, les variables aléatoires W (i) (i > 1)
sont i.i.d. de loi P¢(W (i) € -) = Ppe(W € ).

L’étude de la variable limite W est fondamentale, car celle-ci résume la propor-
tion du processus Z, a dévier de son comportement moyen II,, en temps long. Ses
propriétés ont été tres étudiées dans le cas du processus de Galton-Watson (c.f. [5]).
Dans le cas des PBEA, on peut se référer aux travaux de [33,37,41] pour I'existence
des moments positifs d’ordre p, avec poids, et la vitesse de convergence dans LP;
ainsi qu’aux travaux de [34] et [36] pour I’étude des moments harmoniques, nous
renseignant sur son comportement en 0. Notons que sur ce dernier point, un objet
d’importance est la transformée de Laplace conditionnelle de W, définie pour tout
t > 0 par

de(t) = Ee [ ] . (1.2.9)

D’apres (1.2.8) et (1.2.9), on déduit aisément la relation fonctionnelle suivante :

Pe(t) = fo (qbu (720» : (1.2.10)

qui sera utilisée a plusieurs reprises dans ce manuscrit. Notons qu’il reste beaucoup
de questions ouvertes concernant les propriétés de W dans le cas des PBEA. En par-
ticulier, et contrairement au cas du processus de Galton-Watson, on ne sait toujours
pas si W admet une densité.

Un outil également primordial dans I’étude des processus de branchement en
environnement aléatoire est la marche aléatoire associée, définie par

S, =logll,, = ZXZ-, n>1,
i=1

ou les variables aléatoires X; = logm;_; (i > 1) sont i.i.d. d’espérance et de variance
notées respectivement

p=E[X] et o*=E[X —p). (1.2.11)

La marche aléatoire associée représente le comportement exponentiel moyen du pro-
cessus & environnement fixé, puisque E¢Z, = e°. L’impact de l'environnement
& = (&,&1,...) sur le processus Z, se résume donc essentiellement & sa marche
aléatoire associée. Aussi, celle-ci est parfois abusivement appelée ’environnement’.

Les quantités Z,, S, et W,, = 6% synthétisent de maniere pertinente la dyna-
mique du processus Z, :

1. La variable S, est la composante 'marche aléatoire’ du processus, et décrit la
dynamique de ’aléa environnemental.

2. Conditionnellement a I’environnement &, Z,, est la composante ’branchante’
du processus, et décrit la dynamique de I'aléa démographique.
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3. La martingale (W,,) représente les fluctuations du processus Z,, par rapport a
son comportement moyen e,

D’apres les remarques précédentes et en vue de 'étude des grandes déviations a
venir, il est naturel d’introduire le changement de mesure de Cramér pour la marche
aléatoire associée : pour tout A € R, soit P® la nouvelle mesure de probabilité
définie pour toute variable aléatoire F,,-mesurable T,, par

E [eT,]
ENT,) = ————1. 1.2.12
)= ey i
Notons que la définition précédente pourra par la suite s’ écrire 1égerement différem-
ment suivant ce que 'on souhaite étudier. Sous la nouvelle mesure P le processus
(Z,) est toujours un PBEA sur-critique, avec PM(Z; = 0) = 0, et (W,,) reste une
martingale positive qui converge presque stirement vers . De plus, si la condition

Z
EX {1 log* Z,
mo

1-X

A
:]E[ . log+Z11 /E {mé] < 00
Mg

est satisfaite, alors d’apres (1.2.7),

W, - W dans L'(PW). (1.2.13)

Nous allons maintenant traiter le cas particulier linéaire fractionnaire. Un proces-
sus de branchement en environnement aléatoire est dit linéaire fractionnaire lorsque
la loi de reproduction de Z; conditionnellement a ’environnement &, est de la forme

(1 —ag)(1—bo)
bo

po(&o) = ao, pr(&o) = bE, (1.2.14)

ou (ag, by) € [0,1) x (0, 1) est un couple de variables aléatoires dépendant de I’envi-
ronnement &y. Ainsi, la fonction génératrice conditionnelle f, vaut

(1 —ag)(1—bo)t
1 — bot

fo(t) = ao + (1.2.15)

De plus, la moyenne conditionnelle et la marche aléatoire associée s’écrivent

(1 — ao)
(1 —1bg)’
L’intérét de ce cas particulier est que les calculs de la fonction génératrice condi-

tionnelle f,, de Z, sont explicites et s’expriment directement en terme de la marche
aléatoire associée. En effet, pour tout 7 € N, on a (c.f. par exemple [39])

P (Z,=7) = e Zk:énkJrle Sk !
5( n — ]) - 1 2 e—Sn + anl e—5Sk p-s.,
<e—Sn + Zk:() nk+1€—sk) k=0 77k+1

my = X = log my. (1.2.16)
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avec N = f_bgk

Dans le cas ou ag = 0, la loi de reproduction est géométrique de parametre
(1 —bp), et le PBEA est dit géométrique. En particulier on a

e =p1(&) = (1 —bp). (1.2.17)

Les premiers résultats sur les processus de branchement en environnement aléa-
toire concernent les conditions d’extinction du processus. Celles-ci sont sans surprise
principalement dictées par la moyenne de la marche aléatoire associée. On a en effet
le résultat suivant (c.f. [48]) :

1. SiE[X] < 0, le processus est dit sous-critique, et la population s’éteint presque

stirement.

2. Si E[X] = 0, le processus est dit critique, et la population s’éteint presque

stirement.

3. Si E[X] > 0, le processus est dit sur-critique, et sous la condition supplémen-

taire E|log(1 — po(&0))| < o0, on a P(Z, — o0) > 0.
On retrouve la méme classification qu’avec le processus de Galton-Watson, a la
différence notable que la dichotomie ne se fait plus sur le nombre moyen d’enfants
inférieur, égal ou supérieur a 1, mais sur le drift de la marche aléatoire associée.
Le comportement d’'un PBEA n’est ainsi pas aussi intuitif que pour le processus
a environnement constant, puisque la population Z,, peut en moyenne tendre vers
I'infini et s’éteindre presque stirement !

En particulier pour le cas sur-critique, la condition E|log(l — po(&))| < oo
permet d’éviter 'apparition d’environnements "catastrophiques' empéchant ce type
de phénomenes. La probabilité d’extinction p, du processus Z,, démarrant a Zp = 1
individus vaut alors

pe =P (U?:O{Zn = 0}) = nggo T Gl,n(0)7

I'union U® ({Z,, = 0} étant croissante. De (1.2.4) et (1.2.5), on déduit aisément que
la probabilité d’extinction p.(§) conditionellement a I’environnement £ est caracté-
risée par 'équation fonctionnelle (c.f. [48])

pe(g) = fO(pe(Tg))a

ou T est 'opérateur shift défini par T'(&o,&1...) = (§1,& .. .), et alors p. = Ep.(€)
est la probabilité d’extinction du processus en loi totale.

1.3 Etat de l’art - présentation des résultats ré-
cents

Dans cette section nous présentons les résultats majeurs établis pour les processus
de branchement en environnement aléatoire et en lien avec la présente these. La pre-
miere section est consacrée au cas des PBEA critiques et sous-critiques. En seconde
section nous présentons les travaux de la littérature relatifs au cas sur-critique.
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1.3.1 Cas critique et sous-critique

Lorsque le PBEA est sous-critique, le processus s’éteint presque sirement et
de nombreux articles récents ont étudié I'asymptotique de la probabilité de survie
P(Z, > 0) ainsi que le comportement du processus Z,|Z, > 0 conditionné a la
non-extinction. Rappelons que dans le cas du processus de Galton-Watson, 'asymp-
totique de la probabilité de survie vaut

P(Z, > 0) o~ _em”, (1.3.1)

oum = f'(1) désigne la moyenne de la loi de reproduction. Dans le cas du processus
de branchement en environnement aléatoire, la quantité mg = f/'(1) = eX est une
variable aléatoire, et contrairement au processus de Galton-Watson, on observe des
transitions de phase dans I'asymptotique de la probabilité de survie suivant le signe
de la quantité E[Xe*]. De maniére simple et intuitive, cela correspond au fait que,
méme si le processus est globalement sous-critique (E[X] < 1), on peut cependant
avoir certains environnements extrémement favorables (et alors E[XeX] > 0), ce
qui aura pour effet d’augmenter taille de la population sur une génération, et ainsi
retarder 'extinction. Lorsque de tels environnements n’existent pas ou peu (et alors
E[Xe*] < 0), le phénomene précédent ne peut se produire et 'asymptotique de la
probabilité de survie est similaire a celle du processus de Galton-Watson. Précisé-
ment, et sous des hypotheses naturelles d’existence de moments, on a (c.f. [29, Théo-
reme 1.1]) :

1. Si E[XeX] < 0 (cas fortement sous-critique), alors
X n
P(Zy >0) ~ ¢ (Ee¥)", (1.3.2)
avec 0 < ¢; < 1. De plus
JLIQOIP’(ZN =k|Z,>0)=q(k), k>1,
ou
k=1 k=1
2. Si E[XeX] = 0 (cas moyennement sous-critique), alors
P(Z, >0) ~ cmn /2 (Ee*)" (1.3.3)
avec 0 < ¢ < 00. De plus

lim P(Z, =k|Z, > 0)=q(k), k> 1,

n—o0

ou 332, ga(k) = 1.
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3. Si 0 < E[Xe*] < oo (cas faiblement sous-critique). Soit

= Ee?X = inf EetX 1.3.4
v = Ee nf Ee™, (1.3.4)

ou f € [0,1] est la solution de I’équation E [Xeﬁx] = 0. Alors
P(Z, >0) ~ 03n_3/2vg (1.3.5)
avec 0 < c3 < 00. De plus

nli_{go]P(Zn =k|Z,>0)=q(k), k> 1,
ot 332, ga(k) = 1.
Dans le cas ou le processus de branchement est critique, le processus s’éteint
presque stirement, mais la vitesse de convergence devient polynémiale. Dans le cas
du processus de Galton-Watson, on a (c.f. [5])

2
Dans le cas des PBEA, on a (c.f. [51])
P(Z,>0) ~ cn®t(n), (1.3.7)

n—o0

ou c est une constante, a est I’exposant d’attraction d’une loi stable relié a ’envi-
ronnement X, et [(-) une fonction & variation lente.

Expliquons brievement ces résultats et I'idée intuitive de la preuve. Par I'inégalité
de Markov, on a :

P(Zy, > 0[€) = P(Zn > 0, ¥ m < nlé) < exp <m<in Sm> ,
Cette majoration simple donne en fait la bonne vitesse asymptotique, d’ou

P(Z,>0)~cE [exp (min S”)} .
m<n
avec ¢ une constante. Dans le cas critique, la marche aléatoire est récurrente avec
E[X] = 0. Alors la contribution principale de la quantité E [exp (min,,<, )] est
donnée par 1'événement {min,,<, S, = 0}. Dans le cas ou la variance est finie, on a
P (min,<p, Sy = 0) ~ n~Y2 et alors

P(Z, > 0) ~ cn~ V2,

qui est un cas particulier de (1.3.7) qui s’applique a un contexte plus général ot une
transformation de X appartient au domaine d’attraction « € (1, 2] d’une loi stable

(c.t. [51]).
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Dans le cas sous-critique, dans ’esprit de la transformation de Cramér, on aura
par un changement de mesure de parametre 3 :

P(Z,>0) = (E[e™])"Es[e? B(Z, > 0[¢)]

< ()" Bs [exp (min s, - 65, )|

ot le paramétre 3 € (0,1] est optimisé de telle sorte que Kz [exp (minp<n Sp — 5]
ne soit plus d’un ordre exponentiel. Ceci revient donc a choisir 8 de telle sorte que
min (S, . .., S,) —BS, >~ 0 avec une forte probabilité, ce qui arrive lorsque la marche
aléatoire sous la nouvelle probabilité ]f”g est de dérive nulle : I@IgX = 0 avec 8 € (0,1].
Ainsi le paramétre 5 est solution de I’équation

E[Xxe™] =0,

ce qui de maniére équivalente, revient a dire que § réalise infyep 1) E {e)‘X } Ilya
alors trois cas de figure :

1. Iﬁig[X] = 0 avec § < 1. Alors min(Sy,...,S,) — S, est proche de zéro si
et seulement si min(Sy,...,S,) et S, sont proches de zéro. Or, pour une
marche aléatoire centrée et de variance finie, la probabilité de 1’événement
{So,..., 8,1 >0,8, <0} est d’ordre n=3/2. On obtient ainsi ’approximation
suivante :

o 1 —_ ~ _3/2
Es {exp <rWrL1511 Sh 5,1” ~n )

2. I@B[X] = 0 avec § = 1. Alors min(Sy,...,S,) — 85, est proche de zéro si et
seulement si min(Sy, ..., S,) et S, sont proches I'un de 'autre, ce qui implique
que le minimum de la marche se réalise a la fin. Or, pour une marche aléatoire
centrée et de variance finie, la probabilité de 1’événement {Sy,...,S,_1 = S,}
est d’ordre n~/2. Ainsi

- . _ o~ —1)2
Es [exp <rn1?£% Sh Bn)} ~n e

3. E4[X] < 0. La marche est alors de drift négatif, et alors min(Sy, ..., S,) — Sy
est d’ordre constant. Ainsi

&, [exp (min Sy — Bnﬂ ~ const.

L’heuristique précédente explique 'asymptotique de la probabilité de survie dans
le cas critique et sous-critique. Notons qu’a la place de la majoration de Markov,
la démonstration précise utilise la fameuse construction de Geiger (c.f. [28]) afin
d’obtenir une relation exacte entre la probabilité de survie et les termes exponentiels
de la marche aléatoire associée (c.f. [29]).
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1.3.2 Cas sur-critique

Dans le cas ou le processus Z,, est sur-critique, les recherches actuelles se sont
principalement focalisées sur les grandes déviations. Nous détaillons dans la suite
les résultats de la littérature concernant les déviations inférieures et supérieures.

Grandes déviations inférieures

L’étude générale des grandes déviations inférieures, i.e. du comportement asymp-
totique de la probabilité n~!logP (Zn < 66”) avec 0 € (0,E[X]), a été effectuée
dans [10,12,13,36,44]. En particulier le résultat le plus abouti a été obtenu dans [12]
et est détaillé dans les lignes suivantes. Soit

A(N) = log E[e*]

la log-Laplace de X et

A*(0) = ilelg{w - AN}

la transformée de Fenchel-Lengendre de A.
Lorsque P(Z; = 0) > 0, sous des hypotheses naturelles d’existence de moments,
pour tout k > 1 et € (0,E[X]) , on a (c.f. [12, Théoréme 3.1(i)])

: 1 on\ __
lim —— log P, (20 < ™) = 1(0), (1.3.8)

n—oo

avec

1) = inf {tp+(1—t)A* <£t>} (1.3.9)

te(0,1]
(=) + AN st 0<0< 0, (1.3.10)
A*(0) si 0* <0 <E[X], o
olu, pour tout entier j,k > 1,
—l'llIF’Z—' 0 1.3.11
p=—lim — logPi(Z, = j) > (1.3.11)

est une quantité qui est indépendente de 5 et du nombre initial d’individus Zy = k
(c.f. [13]). La transition de phase 0* est la solution de 1’équation

poNE) L N

1.3.1
0% 0<O<E[X] 0 (1.3.12)

De plus, pour 0 < 0%, Uinfimum de (1.3.9) est réalisé en

ty = (1 - ;) . (1.3.13)
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Dans le cas particulier ou le processus est linéaire fractionnaire avec ag > 0, la
fonction de taux I(0) s’écrit (c.f. [12, Corollaire 3.3])

1(6) = min{—0—logE[e~*], A" (0)}

B —0 —logEle X] si 0<6 <07,
—{ A*(0) s 6 <6 <E[X], (1.3.14)
avec
0" = E[X exp(—X)]/E[exp(—X)]. (1.3.15)
Lorsque P(Z; = 0) = 0 et Zy = 1, les résultats (1.3.8) et (1.3.9) restent valides
et ont été initialement établis dans [10]. Dans ce cas, on a p = —logP(Z; = 1).

Lorsque P(Z; = 0) = 0 et Zy = k, les résultats (1.3.8) a (1.3.15) restent valides,
mais les valeurs de p et 6, dépendent alors du nombre initial d’individus k. Ceci a été
étudié dans [12, Théoreme 3.1(ii) et Corollaire 3.3]) mais les énoncés sont incorrects
et seront commentés ultérieurement.

En complément des résultats de grandes déviations inférieures précédents, I’étude
de la trajectoire d'un PBEA général (Z,,) conditionné a réaliser la déviation {Z, <
e} a été effectude dans [10] et est décrite par le théoréme fonctionnel suivant.

Lorsque P(Z; = 0) = 0, sous ’hypothese que les moyennes et variances condition-
nelles E¢[Z;] et E¢[Z7] des lois de reproduction sont uniformément bornées, condi-
tionnellement & {Z, < €}, on a la convergence en probabilité suivante (c.f. [10,
Théoreme 2])

;g;{W%(Zwﬂ/n—fﬂﬂango’ (1.3.16)
avec
0 s 0<t< by,
ﬁ@—{lga_@)g ty<t< 1. (1.3.17)

Lorsque P(Z; = 0) > 0, (1.3.16) et (1.3.17) devraient rester valides sous des
hypothéses de moments similaires a [12, Théoréme 3.1], mais ceci reste a démontrer.

Les résultats précédents s’interpretent qualitativement de la maniere suivante :
pour # € [0*, E[X]), la fonction de taux du processus (Z,) est identique a celle de
la marche aléatoire associée. Un nombre d’individus en dessous du comportement
exponentiel moyen est donc réalisé en temps long par une succession d’événements
défavorables. En d’autres termes, une croissance ’anormalement faible’ du processus
est uniquement diie a 'impact de la stochasticité environnementale. Dans le cas
ou 0 € (0,0%), les déviations inférieures sont réalisées a la fois par la stochasticité
démographique et environnementale : jusqu'a un temps optimal nty, le processus
Z, dévie de son comportement moyen en restant avec un petit nombre d’individus.
Ainsi {Z,;, ~ ’constante’} et la probabilité d’occurence d'un tel événement est
de lordre de e ™97, Ensuite, le processus croit avec une suite d’environnements
défavorables jusqu’a réaliser I'événement {Z, < e}. Le processus réalise alors
Pévénement {en0-t0) < ¢} = {era-to) L e/ (1-%)} dont la probabilité est de
I'ordre de e~"(1=t0)A (")
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La démonstration de (1.3.8) s’appuie sur I’étude toute aussi importante de 'asymp-
totique de la distribution de Z,,. Rappelons que dans le cas du processus de Galton-
Watson, pour tout état j > 1 accessible dans le sens ou il existe un entier [ > 1 tel
que P(Z, = j) > 0, on a (c.f. [5])

avec ¢; une constante strictement positive et ¢ = inf{s € [0, 1], f(s) = s} est le plus
petit point fixe de la fonction génératrice f. Soulignons que cette formule englobe
aussi I’équivalent (1.3.1) du cas sous-critique, puisqu’alors ¢ = 1 et f'(1) = m.
Dans le cas des PBEA sur-critiques, un analogue de (1.3.18) sous normalisation
logarithmique a été établi dans [13] :

Lorsque P(Z; = 0) > 0, pour tout k > 1 et tout état j > 1 accessible dans le sens
ou il existe un entier [ > 1 tel que P(Z; = j|Zy = k) > 0, on a (c.f. [13, Théoreme
2.1])

lim - log (7, = jl2y = k) > —p,
ol p > 0 est défini en (1.3.11). Notons que la constante p est en général non explicite
(ou plutdt non explicitée dans le cas général). Par analogie avec le processus de
Galton-Watson, une conjecture probable serait

p=—logE[f'(q)], (1.3.19)

ou g = ¢q(§) = inf{s € [0,1], fe(s) = s} est le plus petit point fixe aléatoire de la
fonction génératrice aléatoire f. Il s’avere que cette conjecture est fausse en général.
En effet, dans le cas ou la loi de reproduction est linéaire fractionnaire, la constante
p a été explicitée dans [13] et vaut, dans le cas ou ag > 0, (c.f. [13, Corollaire 2.3])

—log E[e ] si E[Xe¥] > 0 (cas moyennement et
p= fortement sur-critiques)
—loginfyso E[e*] si E[XeX] <0 (cas faiblement sur-critique).

(1.3.20)
De plus, toujours dans le cas ou le processus est linéaire fractionnaire, des résul-
tats asymptotiques plus fins ont été obtenus dans [18] pour les cas fortement et
moyennement sur-critiques. On a (c.f. [18, Théoremes 2.1.1 et 2.2.1])

1. Si E[Xe ] > 0 (cas fortement sur-critique),
P(Z, =1) ~v (E[e™])", (1.3.21)
2. Si E[Xe *] = 0 (cas moyennement sur-critique),

P(Zy =1) ~ 0 (Ele™])" 1(n)n~0), (1.3.22)
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ou 0, v, s sont des constantes positives et [(-) désigne une fonction a variations

lentes.

Remarquons la symétrie entre les résultats précédents et ceux relatifs aux proces-
sus de branchement en environnement aléatoire sous-critiques, comme résumé dans
le tableau suivant (d’apres les résultats de [18,18,29,51]).

PBEA général sous-critique

PBEA sur-critique linéaire fractionnaire

fortement sous-critique

fortement sur-critique

EXeX <0

EXeX >0

P(Z, = k) ~ q(k) (Ee¥)"

n

P(Zy = 1) ~ v (E[e])

moyennement sous-critique

moyennement sur-critique

EXeX =0

EXeX =0

P(Zy = k) ~ qa(k)n =2 (Ee)"

P(Z,=1)~0 (E[G*XD” I(n)n~(1-9)

faiblement sous-critique

faiblement sur-critique

EXeX >0

EXeX <0

P(Z, = k) ~ q3(k)en=3/2 infacpo1) (Eekx)n n~tlogP(Z, = k) — —infy5o (]Ee)‘X>

Notons que I'asymptotique exacte de la probabilité P(Z,, = k) dans le cas linéaire
fractionnaire faiblement sur-critique n’est pas encore connue et pourrait constituer
une piste de recherche future. L’asymptotique exacte de la probabilité P(Z, = k)
d’un PBEA sur-critique général reste une question ouverte et complexe.

Grandes déviations supérieures

L’étude des grandes déviations supérieures a été traitée dans [10,11,20, 36, 39)].
Bansaye et Boinghoff ont établi dans [11] un principe des grandes déviations supé-
rieures pour un processus de branchement général (non nécessairement sur-critique).
Dans le cas sur-critique, et sous I’hypothese que la distribution de Z; conditionnelle-
ment a l’environnement ¢ admette une queue lourde d’ordre g € (0, 0o) pour certains
environnements et soit au plus d’ordre § uniformément sur tous les environnements,
on a (c.f. [11, Théoreme 1))

lim —2 log P (Z, > e™) = 4 (0), (1.3.23)

n—oo  n
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UO) = inf {85+ A0 = 5))

= A*(0) sif <0y,
a { BO—0t)+ A (1) sif >0, (1.3.24)

o, A* est la fonction de taux de la marche aléatoire associée, et pour 6 > 6T,
linfimum est réalisé en sy = 0 — 0T, avec

0+ = sup {0 > E[X], (A")(0) < S et A*(0) < o0}

De plus, la trajectoire du processus Z,, conditionné a réaliser la déviation {Z,, > €}
est décrite par le théoreme fonctionnel suivant.

Lorsque P(Z; = 0) = 0 et sous ’hypothese d’absence de queues lourdes E[Z{] <
oo pour tout t > 0, conditionnellement a {Z, > ¢}, on a la convergence en
probabilité suivante (c.f. [10, Théoreme 3])

sup {’10g (Z[nt]) /n— Ht‘} — 0. (1.3.25)

t€[0,1] n—00

Sous les hypotheses plus générales de [11, Théoreme 1], il a été conjecturé dans
[11] que, dans le cas d'un PBEA sur-critique, conditionnellement & {Z, > ¢}, on
a la convergence en probabilité suivante :

sup {‘log (Z[nt}) /n — f@(t)‘} — 0, (1.3.26)

t€[0,1] n—00

avec

fo(t) = 50 + 6t. (1.3.27)

Les résultats précédents s’interpretent qualitativement de la maniére suivante :
pour 6 € (0,07), la fonction de taux est identique & celle de la marche aléatoire as-
sociée. Une croissance anormalement élevée du processus est alors diie uniquement a
une succession d’environnements favorables. Dans le cas ou 0 € (61, 00), les grandes
déviations supérieures sont réalisées a la fois par la stochasticité démographique et
environnementale : dans les premieres générations, un individu donne naissance a
un nombre exponentiel d’individus, et la probabilité de I'événement {Z; > e’} est
de Dordre de e Le processus dévie ensuite linéairement en lien avec environ-
nement et réalise P'événement {5 < ™"} pour rejoindre I'événement {Z, < "},

et la probabilité d’occurence de cet événement est de ordre de e A" (7).

Grandes déviations précises et moments harmoniques

Des résultats plus fins que 'obtention du principe de grandes déviations ont été
obtenus dans des cas particuliers. Il a été démontré dans [39] que, dans le cas ou la
loi de reproduction est la loi géométrique généralisée (i.e. de loi G — 1, avec G une
v.a. de loi géométrique), pour tout 6 € (i, 07), on a (c.f. [39, Théoreme 1))

P(Zy> ™) ~ I(O)P(S, > 0n), (1.3.28)

n—00
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avec

1(6) = T(h(0)) / T OGG,(0),  Glv) = P (Z exp (—8{"™) < v) :
1 =
ou I'() est la fonction Gamma, et h(f) est la solution de I’équation L'(h)/L(h) = 6,
avec L(h) = E[e"X] la transformée de Laplace de X.

L’article [36] considére un processus de branchement sur-critique général et éta-
blit un principe de grandes déviations inférieures et supérieures pour le processus
Z, (c.f. [36, Théoremes 1.2 et 4.1]), sous la condition P(Z; = 0) = 0 et 'hypothese
principale - notée (H) - que les environnements sont uniformément séparés de 1 et
Iinfini :

(H) 36>0et A>A;>1t.q A <my et Y i'p;i(&) <A™ p.s. (1.3.29)

i=1

Dans le cas des grandes déviations inférieures, les résultats de [36, Théoremes 1.2 et
4.1] sont antérieurs et moins aboutis que les résultats de [12], mais leur approche est
intéressante car le principe des grandes déviations découle de I’étude des moments
harmoniques de Z, et de W : pour pour tout ¢t < 0 tel que Ep; < Em/, on a
(c.f. [36, Théoreme 1.3])

lim —- = C(t) € (0,00). 1.3.30

Jim, i = C(1) € (0,09 (1.3.30)

ce qui, d’apres le théoreme de Gértner-Ellis, implique le principe des grandes dévia-
tions.

La preuve repose de maniere cruciale sur ’étude de la valeur critique du moment

harmonique de la variable limite 1. Sous I'hypothese (H), on a, pour tout a > 0,
(c.f. [42, Théoreme 1.4])

EW™® si et seulement si  E[p; (&)mg] < 1.

Une autre conséquence de (1.3.30) est I'obtention d’un principe de déviations mo-
dérées pour le processus log Z,, normalisé. Précisément, sous les hypothéses (H) et
0% = Var(X) < oo, on a (c.f. [36, Théoréme 1.6])

— inf < hminf@log[?(
a’n

z€BO 202 n—00
log Z,, — 2
< limsup Elog]P’ (M € B) < — inf . (1.3.31)

)
n—00 CL%L n zeB 202

log Z,, — nu c B)

Qn

ot 4 = E[X], 0 = Var(X) et B est un ensemble mesurable de R, avec B° et B
désignant respectivement l'intérieur et la fermeture de B.
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La généralisation des résultats de [36] (notamment 1’étude compléte des moments
harmoniques de W et Z,, en relaxant I’hypothese (H)) afin d’obtenir des résultats
plus fins de grandes déviations et déviations modérées a motivé la présente these,
dont les résultats des Chapitres 1,2 et 3 répondent a ces interrogations premieres.

Notons de plus qu’il a été établi dans [36] un TCL pour le processus log Z,
normalisée : sous la condition o < oo on a (c.f. [36, Théoreme 1.8])

log Z,, —
lim P (H < ) _ (), (1.3.32)
n—o0 O'\/ﬁ

ou ®(x) = \/% I e " /2du est la fonction de répartition de la loi normale standard.

1.4 Présentation des résultats de la these

La présente these complete les résultats récemment obtenus dans la littérature,
dans le cas ou le processus est sur-critique. Précisément, et sous I’hypothese princi-
pale que chaque individu de la population donne naissance a au moins un individu,
nous démontrons une succession de résultats asymptotiques plus fins que les équi-
valents logarithmiques obtenus dans les travaux cités précédemment.

Le premier chapitre est consacré a I’étude des déviations modérées pour le proces-
sus Z, et les résultats sont détaillés en Section 1.4.1. Nous établissons un théoreme
de type Berry-Esseen ainsi qu’un résultat de grandes déviations de type Cramér,
c’est-a-dire un développement asymptotique de 1’écart relatif entre le processus Z,,
normalisé et la loi normale.

Le second chapitre est consacré a 1’étude de 'asymptotique de la loi de Z,, ainsi
qu’aux moments harmoniques de la variable limite W, détaillés en Section 1.4.2.
Nous déterminons un équivalent de la probabilité Px(Z, = j) quand n — oo ainsi
que la valeur critique pour laquelle E;x[WW %] < oc.

Le troisieme chapitre étudie le comportement asymptotique des moments harmo-
niques de Z,,, détaillé en Section 1.4.3. En conséquence de cette étude, nous établis-
sons un résultat de grandes déviations inférieures sous des hypotheses plus faibles
que celles imposées dans des travaux ultérieurs. Nous améliorons aussi la vitesse de
convergence dans un théoreme central limite vérifié par W,, — W et établissons un
résultat de grandes déviations vérifié par le ratio Z,.1/Z,.

1.4.1 Borne de Berry-Esseen et grandes déviations de type
Cramér

Dans cette section nous détaillons les résultats du Chapitre 1 consacrés a 1’étude
de l'écart relatif et absolu entre le processus log Z, normalisé et la loi normale

N (0, 1).
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Le premier résulat précise la vitesse de convergence dans le TCL vérifié par
(oy/n)~t (log Z, — nu) et établi dans [36]. Sous les conditions EX? < oo et

14€
E (é) " < o0 avec & > 0, on a (c.f. Chap 1. Théoreme 2.1.1)

mo

sup (1.4.1)

zeR

log Z, — nu
—oZn T~ _ <
]P’( o \x> O(z)| < NG

ou p = E[X], 0 = Var(X) et d(x ~#/2qt désigne la loi normale

)= o=/ e

standard. La méthode utilisée s’appuie sur la décomposition
log Z, = S, + log W, (1.4.2)

ou S5, est la marche aléatoire associée et IV,, une martingale convergente, qui suggere
que les fluctuations de Z,, coincident avec celles de S,,. Les hypotheses du théoréme
imposent que le processus Z, ne dévie pas trop du comportment moyen II,,, ce qui
a pour but d’assurer l'existence des moments logarithmiques de la variable limite
logW et la convergence dans L'(P) de log W, vers logW. Ceci permet alors d’

établir la vitesse de convergence de la loi jointe (k’g f\%w , SZ\_/%“ ), qui peut étre vue

comme une version quantitative de (1.4.2).

Nous avons aussi considéré la méthode de Stein, qui s’adapte tres bien a la
convergence de sommes de variables aléatoires dépendantes telles que (1.4.2). Elle
permet de démontrer une vitesse de convergence en 1/4/n pour la distance de Was-
serstein, sous des hypotheses similaires (c.f. Chap 1. Théoreme 2.5.5). Notons que
I’approche par la méthode de Stein permet aussi d’obtenir la borne de Berry-Esseen
(1.4.1), mais sous ’hypothese plus forte EX3+¢ < oco.

De maniere complémentaire avec le théoreme de type Berry-Esseen pour log Z,,,
nous établissons ensuite un résultat de grandes déviations de type Cramér. Cela
consiste en l'obtention d'un développement asymptotique de 1’écart relatif entre
la loi du processus log Z,, normalisé et la loi normale. Précisément, on étudie le
comportement asymptotique du ratio

P (L UZ%”“ > x)

1—®(x)

avec x = x(n) une quantité qui est croissante avec n. En particulier on s’intéresse a
la zone normale de convergence, c’est a dire 1’ensemble des x = z(n) tel que le ratio
précédent converge vers 1 quand n — oo. Dans le cas d’'une somme de variables
aléatoires i.i.d., le comportement asymptotique de cet écart a été établi par Harald
Cramér dans son article fondateur [23], et a ensuite été généralisé pour des variables
indépendantes par de nombreux auteurs (c.f. par exemple Petrov [46]). Précisément,
soit X1, ..., X, une suite de variables aléatoires i.i.d. d’espérance y et de variance o2,
et S, = X1 +...+ X,,. Sous 'hypothése que la transformée de Laplace L(\) = Ee**
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est définie sur un voisinage de 0, pour 0 < z = o(y/n), on a, quand n — oo,
P (75"’”“ > x) 3 1
ov/n - (Vo[ 1.4.3
- () exp{\/ﬁ (ﬁ)H OV )] 143)

— 32 210 15~3
f(t) _ ’7;”/2 YaY2 . %’t V572 ’74'7;/'722 + 1o £2
67, 245 120,

ou

_— (1.4.4)

est une série entiére convergente pour tout |¢| dans un voisinage de 0, appelée sé-
rie de Cramér, et s’exprime en fonction des coefficients de la série entiere A(\) =

log L(A) = 33721 A", Le coefficient v, = dkd//\\?) ‘)\:0 est appelé cumulant d’ordre k
de la variable aléatoire X. En particulier pour ¥ = 1,2, on a v, = u et 7 = o2
Pour le détail de la construction de la série de Cramér, on pourra se référer a I’Ap-
pendice 2 du Chapitre 1 ou au livre de Petrov [46]. Notons qu’en conséquence du
résultat précédent, on obtient la zone normale de convergence 0 < z = o(n'/%) pour
laquelle I'approximation relative par la loi normale est valide. La preuve du théo-
reme est basée sur le changement de mesure de type Cramér. Le parameétre A est
optimisé de telle sorte que 'approximation par le TCL soit controlée par la borne
de Berry-Esseen sous la nouvelle mesure.

Les idées restent les mémes pour les processus de branchement en environnement
aléatoire, la preuve étant basée sur le changement de mesure (1.2.12) correspondant
a la transformation de Cramér pour la marche aléatoire associée S,,. La différence
notable réside dans le contrdle de loi jointe ( log GZ\%”M, Sg\_/%”“) similaire & 1’établis-
sement de la borne de Berry-Esseen, mais uniformément sur la mesure changée P
définie en (1.2.12). Notons que la preuve nécessite de maniére cruciale 1'existence
de moments harmoniques pour la variable aléatoire limite . Finalement, sous la

condition d’existence de la transformée de Laplace Lx de la marche aléatoire as-

ZI+E

sociée dans un voisinage de zéro, et sous I'hypotese E o < 00, avec € > 0, qui

impose que le processus (Z,) ne dévie pas trop du comportement moyen II,,, pour
0 <z =o0(y/n) et n— oo, ona (cf. Chap 1. Théoréme 2.1.3)

(e ol)] v

(o] v

ou Z(-) est la série de Cramér de la marche aléatoire associée. En conséquence du
résultat précédent, nous obtenons la zone de convergence z = o(n'/®) pour laquelle

et
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'approximation relative par la loi normale reste valide. Pour 0 < x = o(n'/%) et
n — oo, on a (c.f. Chap 1. Corollaire 2.1.4)

P log Zp,—npu > T 1 3
("5 ) _ 1402 (1.4.7)
- o) Vi
et (1 g )
P (lesloznn o g 1+ 23
o\/n
=1 . 1.4.
2(—a) “)( 7/ > 145)

Notons que le développement de Cramér (1.4.5) est plus précis que le principe de
déviations modérées établi dans [36], et est de plus énoncé sous des hypotheses plus
faibles. En effet, soit a,, une suite de réels positifs tels que 2 — 0 et “7% — 00. Alors,

Tan

d’apres le Théoreme 1.6 de [36], sous 'hypothese (1.3.29), on a, pour x, = S et

xr € R fixé,
log Z,, — 2
log P (H N ) - (1.4.9)

Qn

Sous les conditions précédentes (au lieu de la condition (H)), (1.4.5) implique

() -0- o (G () 0 (55

qui est bien plus précis que 1’équivalent (1.4.9).

1.4.2 Asymptotique de la loi de Z,, et moment harmonique
de W

Dans cette section nous détaillons les résultats du Chapitre 2 consacrés a I’asymp-
totique de la probabilité P(Z, = j|Zy = k) quand n — oo dans le cas ou P(Z; =
0) = 0, ainsi qu’a I’étude des moments harmoniques de la variable limite W.

Pour tout k& > 1 et pour tout état accessible j > k dans le sens ou Pr(Z;, = j) > 0
pour un certain [ > 0, on a (c.f. Chap 2. Théoreme 3.2.3 (a))

Pe(Zn=17) ~ Y (1.4.10)

n—oo

avec
et, pour tout j > k, le coefficient ¢;; € (0,400) se définit comme l'unique
solution de I’équation de récurrence

J
Yok = Y Pty 7)arsis (1.4.11)
=k
ou
p(i,j) = P(Z1 = j|Zy = 1), (1.4.12)
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avec la condition gxr = 1 et gx; = 0 pour tout état ¢ non accessible, i.e. Py(Z, =
i) = 0 pour tout [ > 0.

La preuve de (1.4.10) et (1.4.11) est basée sur la propriété de Markov et un
argument simple de monotonicité. De plus, I’équivalent (1.4.10) améliore et compléte
les travaux récents dans le cas des branchements aléatoires. En effet, dans le cas ou
P(Z; =0) =0 et Zy = 1, I'équivalent (1.4.10) améliore et généralise la majoration
P(Z, < j) < n’y} obtenue dans [10, Lemme 7] et la convergence asymptotique
(c.f. [13])

1
— lim —logP(Z, =j) = —log. (1.4.13)

n—oo n,

Notons de plus que, dans le cas ou P(Z; = 0) = 0 et Zy = k, il a été énoncé a
tort dans [13] que

1
— lim —logPy (Z, = j) = —klog:. (1.4.14)

n—oo n,
D’apres (1.4.10), la bonne asymptotique est

1
— lim —logPy (Z, = j) = — log . (1.4.15)

n—oo n,

Idem pour le cas d'un processus de branchement en environnement aléatoire
linéaire fractionnaire, ou la valeur de p en (1.3.20) et établie dans [13, Corollaire 2.3]
n’est valide que dans le cas ag > 0. Dans le cas géométrique ou ag = 0, le facteur k
est manquant dans (1.3.20) et d’apres (1.2.17) et (1.4.15), la valeur correcte est

pr = — log E[e *¥]. (1.4.16)

De plus, dans le cas d’'un PBEA géométrique avec ag = 0 et Zy = 1, ’équivalent
(1.4.10) recouvre I’équation (1.3.21) établie dans [18, Théoremes 2.1.1]). En effet,

d’apres (1.2.17), on a p1(&) = 1/mg, X :=logmg > 1 et E {Xe‘X} > 0. Ainsi le
processus est fortement sur-critique et (1.4.10) devient

P(Zy=1) ~v (Ele™])" =7,
qui coincide avec (1.3.21) avec v = 1.

Décrivons maintenant les résultats obtenus concernant la valeur critique a; pour
I’existence des moments harmoniques de la variable limite W sous Z; = k. Pour
tout a > 0, sous la condition E [mf] < oo pour un certain p > a, on a (c.f. Chap 2.
Théoréme 3.2.1)

EW™" < oo sietseulement si E [plf(&))mg] < 1. (1.4.17)
Ce résultat généralise le Théoreme 1.4 de [36], ou ’équivalence précédente a été

établie dans le cas particulier ou Zy = 1, et avec une hypothese de bornitude (1.3.29)
sur la marche aléatoire associée tres restrictive. En conséquence, on obtient la valeur
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critique ag > 0 pour l'existence des moments harmoniques de la variable limite W,
ou a, > 0 est la solution de 1’équation

Efph(€)ma] = 1. (1.4.18)
Précisément, sous I’hypothese Emg* < oo, on a (c.f. Chap 2. Corollaire 3.2.2)

E,W~* < oo pour a € [0,a),
E,W~* =00 pour a € [ag,o0).

La preuve de (1.4.17) s’effectue en deux étapes : Dans un premier temps nous éta-
blissons l'existence des moments harmoniques de W d’un certain ordre a > 0, en
itérant la relation fonctionnelle
t
Pe(t) = Jo (¢T§ ()) . (1.4.19)
Mo
Dans la seconde étape, I'argument clé de la preuve est basé sur une méthode dé-
veloppée dans [42, Lemme 4.1] afin d’obtenir la décroissance polynémiale exacte
de la transformée de Laplace de W, ¢(t) = Ee™™", quand t — oo, a partir d'une

inéquation de la forme
o(t) < qEo(Yt) + Ct™°, (1.4.20)

avec Y une variable positive. Une telle inéquation est obtenue en itérant la relation
fonctionnelle (1.4.19) d’un processus Z,, démarrant avec Z, = k individus, et en
choisissant k£ suffisamment grand. L’intuition relative a cette idée est la suivante :
D’apres (3.2.2) et I'indépendance des variables aléatoires Ny, (i > 1), la fonction
de Laplace de W sachant Z, = k vaut gb’g(t). Ainsi on peut s’attendre, pour k
suffisamment grand, a ce que la vitesse de décroissance de ¢y (-) soit supérieure a
celle de ¢(-), ce qui nous permet d’obtenir I'inéquation désirée.

En conséquence de ce résultat, on est en mesure de compléter les relations (1.4.10)
et (1.4.11) concernant I'asymptotique de la distribution limite Pyx(Z, = j) avec
(j = k), qui constitue la partie non triviale du Théoreme 3.2.3.

La décroissance des coefficients (gx ;) (j > k) est donnée par la finitude de la
série suivante : soit r; la solution de I’équation

v = Emg ™. (1.4.21)
Alors, pour tout r > r, on a (c.f. Chap 2. Théoreme 3.2.3 (b))
> ik < oo. (1.4.22)
=k

La relation (1.4.22) permet d’assurer la convergence de la suite de fonctions généra-
trices normalisées Gy, de Z, vers une série entiere ();, de rayon de convergence non
nul : pour ¢ € [0,1) et £ > 1, on a (c.f. Chap 2. Théoréme 3.2.3 (c¢))

Grn(t)

— T Qu(t)  (n— o0), (1.4.23)
Tk
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ou G, est la fonction génératrice de Z,, quand Zy = k, définie en (1.2.5), et la série
entiere

Qr(t) = i G it (1.4.24)
=k

admet un rayon de convergence égal a 1. Elle est de plus caractérisée par 1’équation
fonctionnelle (c.f. Chap 2. Théoreme 3.2.3 (d))

PVka(t) = EQk(fO(t))v le [Ov 1)7 (1'4'25)

avec la condition Q(k)(O) = 1. Le comportement asymptotique des coefficients gy ;
donné par (1.4.22) semble étre un résultat nouveau méme pour le processus de
Galton-Watson. Les résultats (1.4.23) — (1.4.25) généralisent ceux obtenus dans le cas
du processus de Galton-Watson (c.f. [5]), avec des différences significatives. En effet,
lorsque 'environnement est aléatoire et non constant, on a, pour k > 2, Gy1(t) =
EfY(t) # GY(t) et ainsi Qn(t) # Q*(t), alors que I'on a la relation Qy(t) = Q*(¢)
pour le processus de Galton-Watson.

Dans la preuve du Théoréeme 3.2.3 (b), la décroissance polynomiale des coeffi-
cients g ; est établie en démontrant que, pour tout r > ry,

00 - ' EkZ;T
Z] qk,; = lim

n
j:k n—oo 7k

< . (1.4.26)

La démonstration de ce résultat nécessite d’étudier (au moins partiellement)
I’asymptotique des moments harmoniques E;Z " d’ordre » > 0 de Z,,, dont 1’étude
exhaustive est détaillée dans la section suivante. Donnons l'idée intuitive de la
convergence (1.4.26). D’apres la relation de récurrence (1.2.2), on a

B [2,0] =B (2] + X B [Z7] Pz =),
Jj=k+1
Pour j assez grand, un phénomene de loi des grands nombres implique que le pro-
cessus Z, suit son comportement moyen, on a alors l'approximation E;[Z,"] =~
(Ema T)n, et ainsi
Ei [Z01) ~ wEx [2,7] + (Emg™)"

Par itération et en posant ¢, = Em", on obtient
n
Ei |Zoth] = p ™ + A, (1.4.27)
=0

Ainsi, suivant les valeurs de r pour lesquelles vy, > ¢, (1 > 1) ou v, < ¢, (1 < 18),
on a Eg[Z7] ~ 4 ou Ei [Z. 7] ~ ¢, le membre de droite de 'équation (1.4.27)
devenant alors une série géométrique de raison (¢, /v%) < 1 si vy > ¢ (r > 1) ou
(v/cr) < 1sivy <c (r<rmrg). Le cas critique v, = ¢, (r = 1) donne Ey [Z,7] ~
nyj, -

L’étude compléte des moments harmoniques E[Z. "] d’ordre r > 0 de Z,, et ses
applications sont détaillées dans la section suivante et au Chapitre 3.
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1.4.3 Asymptotique des moments harmoniques de 7, et grandes
déviations

Dans cette section nous détaillons les résultats du Chapitre 3 consacré a 1’étude
des moments harmoniques E;[Z "] d’ordre r > 0 de Z,,, avec k > 1. L’importance de
cette asymptotique est capitale pour une meilleure compréhension des réles combinés
que jouent le processus de branchement et la marche aléatoire associée. Elle est de
plus fortement reliée aux grandes déviations inférieures.

Le résultat principal ci-dessous détermine ’asymptotique exacte des moments
harmoniques de tout ordre avec une expression des constantes sous forme d’inté-
grales. Supposons P(Z; = 1) > 0. Soit ry la solution de I’équation

Emg™ = v, (1.4.28)
avec
On définit de plus la fonction génératrice "partielle" de Z; sachant Z, = k par

Gra(t) = Gra(t) — yt* = i tP(Z, =7), telo,1). (1.4.30)

j=k+1

rEte

Sous la condition Emgy*™ < +o00, on a (c.f. Chap 3. Théoréme 4.2.1)

Ek [Z_T] 1 o0 Car—1 .
—— — " dt >
o7 = F(r)/o Qr(e™) , si >y,
By [Z77] vt o _ .
—=ns E) [ / G )ttt -
T e T(r) ; k1 (0e(t)) sior=ry, (1.4.31)
Ek [Zir] 1 /OO (T) 1 .
— s — o) (Ot dt, si r <,
(Emar) n—00 F(T) 0 k ( ) k

o I'(r) = [;° 2" te "dz est la fonction Gamma, Qy, est la série entiere définie en
(1.4.24) et ¢\ (t) = E[e7"] est la transformée de Laplace de W sous la mesure

Pg), ol IP’,(:) est une nouvelle mesure de probabilité (dépendant de r) définie, pour
toute variable aléatoire T;, F,-mesurable, par

, Ey [IL,7T,
E" (T, = ’“[CZ] (1.4.32)
avec par convention IPY) =P et EY) = E™. Le résultat (1.4.31) souligne I'existence

de transitions de phase dans la vitesse de convergence des moments harmoniques de
Zn, avec pour valeur critique r, > 0, solution de (1.4.28). Il généralise les résultats de
[45] pour le processus de Galton-Watson. De plus, contrairement au cas du processus
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a environnement constant, la valeur critique r est, en général, différente de la valeur
critique a; concernant ’existence des moments harmoniques de W. En effet, d’apres
(1.4.18), la constante de Schréder ay est solution de I’équation

E [pf(&)mg"] =1, (1.4.33)

qui est en général différente de ry, solution de
E[mo "] = E[p;(&)]. (1.4.34)

Pour le processus de Galton-Watson, les constantes ay et 7y, solutions de I’équation
pEmgt = pfmgr = 1, coincident.

Dans le cas des processus de branchement en environnement aléatoire, 1’ équi-
valent (1.4.31) compleéte et améliore le résultat de [36], ou I'équivalent asymptotique
de Ej [Z,7] est déterminé dans le cas ou k = 1 et r < 1, et sous 'hypothese de
bornitude (1.3.29) plus forte que notre simple condition de moments.

La preuve de ce résultat est nouvelle et plus directe que celle proposée dans [45]
pour le processus de Galton-Watson. L’heuristique (1.4.27) est ici reprise de maniére
plus rigoureuse et en utilisant les résultats du chapitre 2 :

Dans le cas ou r < 1, d’apres le changement de mesure (1.4.32), on a

Ei[Z,"] = EL W, ey,

ott, d’apres (1.4.18), lim,,_oc B W
1, ce qui équivant a r < 7.

Dans le cas ou 7 > ry, on a d’apres (1.4.22)

BZT = Y P = 1) 2, 3 s < .
j=k J=k

Dans le cas ou r = 1, 'équivalent (1.4.31) est démontré en utilisant la propriété
de branchement

Z’VVL
Zn+m = Z Z’r(z i
i=1
ou conditionellement a I’environnement &, pour ¢ > 1, les processus { (z >1):

n > 0} sont des processus de branchement i.i.d. et evoluant sous lenv1ronnement
décalé T™ (&, &1,...) = (&m,&mat,---), et sont de plus indépendants de Z,,. Cette
approche a la fois simple et probabiliste aboutit a I’équation clé

Ey {Z;IJ =%+ i by el

avec ¢, = Emy", et (b;);>0 est une suite croissante bornée. La relation précédente
souligne le role principal joué par les constantes 7 et ¢, dans 'asymptotique des
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moments harmoniques E;[Z, "] de Z,, pour lequel le comportement limite dépend
des cas Vx < ¢, Yk = ¢ €t Y > ¢,.. Soulignons de plus que les arguments clés pré-
cités utilisent les résultats du chapitre 2 concernant la valeur critique du moment
harmonique de W ainsi que 'asymptotique de la probabilité Py(Z, = j) quand
n — oo, avec j =k > 1.

Discutons maintenant de l'expression des constantes obtenues dans (1.4.31).
Dans les cas r > ry et r < 1y, celles-ci généralisent celles obtenues dans [45], dans le
sens ol l'on retrouve l'expression des constantes [45, Théoreme 1] lorsque 'envion-
nement est constant. Pour le cas critique r = ry, en considérant le cas particulier
du processus de Galton-Watson avec Z; = 1 individus initiaux, et en comparant
I'expression obtenue dans (1.4.31) avec celle obtenue dans [45, Théoréme 1], on ob-
tient une nouvelle et élégante identité vérifiée par les fonctions G, Q) et ¢ : rappelons
d’abord que

Gt) = féﬁmzlzk%
k=0

QM) = lim 77"G (),

n—oo

o(t) = Ele™],

et m=E[Zi],y =1 =P(Z, =1) et G(t) = G(t) — ~vt. Alors on a la relation

| Gty tdu= [ Qo(u)udu. (1.4.35)

Cette identité se généralise au cas des PBEA avec Z; = k individus initiaux, et
on a le résultat plus général suivant (c.f. Chap 3. Proposition 4.2.2)

;E@ [ I~ Gk,l(gzsg(u))uf—ldu} —EV [ [ Quetwyatau) . (1430

En conséquence du résultat principal (1.4.31), on démontre un résultat de grandes
déviations inférieures pour le processus Z,. En effet, E[Z}] = E[e}!°8 7] est la trans-
formée de Laplace de log Z,,. D’apres (1.4.31), on obtient

1
lim —log Ex[Z,] = xx(A) =

n—oo n,

A i A€ Dy, 0], (1.4.37)

{ logve if A < A,
ott A(A\) = log Ee*¥ est la log-Laplace de X = logmg. Alors, en utilisant une version
du théoréme de Gértner-Ellis adaptée aux ensembles de la forme {Z,, < e} (c.f. [36,

Lemme 3.1]), sous la condition Em{**® < oo pour un certain € > 0, pour tout k > 1

et tout 6 € (0,E[X]), on a (c.f. Chap 3. Théoreme 4.2.3)

1
lim ——log Py (Zn < 69") = x%(0), (1.4.38)

n—oo n
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ou

Xp(0) = sup{\d — xx(A)}

A<0

—rgf —logye si 0 <6 <6y,
{ AO)  si 6 <6 <E[X], (1.4.39)
ou A* est la transformée de Fenchel-Legendre de A et

La foncion de taux x;(#) s’interprete géométriquement comme la distance maxi-
male entre le graphe de la fonction linéaire Iy : A — 6\ de pente 6 et le graphe de la
fonction x : A — x(A). Etant donné que x(\) = A(\) pour A € [—ry, 0] et est ensuite
constante y(A) = log~y, pour A < —r, on peut aisément décrire les transitions de
phase de x*(#) en fonction des valeurs de la pente € de la fonction lp (c.f. Figures 1,
2, 3 suivantes).

1. Dansle cas ou 0 € (0, E[X]), le maximum supyo{lo(X)—x ()} est atteint pour
A € (=1, 0) tel que X' (Ng) = A'(Ng) = 60, dont la valeur vaut x*(6) = A*(0)
(c.f. Figure 1.).

2. Dans le cas ou # = 6, on obtient la valeur critique pour laquelle 1’équation
A'(X\) = 0, a une unique solution donnée par A = —ry (c.f. Figure 2.).

3. Dans le cas ot 0 € (0,6), le maximum supyo{lo(A) — A(\)} est atteint en
A = —1y, et alors x*(0) = —r0 — log vy, devient linéaire en 6 (c.f. Figure 3.).

Fig. 1,2,3 : Interprétation géométrique de x*(0)

x(\) — X(A) —
A(N)-- A(A)--
lo(N)
—7 Ao —7ry l9k<)\)
X*(0) — A A
X" (O
Hog e Hog v
Fig. 1: 6 € (6x, E[X]) Fig. 2 : 0 =6,
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X(A) —
A(N)--
lo(N)
r
A
X (0)
T1og vk

Fig. 3: 6 € (0,0)

Le résultat (1.4.38) corrige et améliore le Théoreme 3.1 (ii) de [12] dans le cas ou
P(Z; = 0) = 0. De plus, (1.4.39) et (1.4.40) donnent une expression alternative de la
fonction de taux et de la transition de phase. En effet, il est établi dans [12, Théoréme
3.1 (ii)] que, sous les hypotheéses P(Z; = 0) = 0 et E[m{] < oo pour tout > 0, on a

: 1 n
lim ——log Py (2, < ™) = 1(0), (1.4.41)
avec
0 L O A* () s ,
L) = Pk (1 92)—1—9;/& (0F) si0<6 <0y, (1.4.42)
A*(9) si0f <0 <E[X],
0} est I'unique solution de I’équation
pr — A (6F) —  inf pr — A(6) (1.4.43)
05 0<O<E[X] 0
et 1
pr = lim - log Pr(Z, = j). (1.4.44)

Lorsque P(Z; = 0) = 0, il a été établi a tort dans [13] et [12, Théoreme 3.1 (ii)] que
pr = —klogy (ceci a déja été commenté dans la Section 1.4.2 (c.f. (1.4.14))). La
valeur exacte de py est (c.f. Chap. 2, Théoreme 3.2.3)

pr = — log Y. (1.4.45)

Avec la correction précédente, les valeurs critiques 6y et 0 et les fonctions de taux
I;. et xj coincident, c’est a dire

O, =0; et xi(0) =1Ix(0) pourtout 6 € (0,E[X]). (1.4.46)

En effet, d’apres la définition de 6 en (1.4.43), la dérivée de la fonction 6 +— p’“%m
s’annule pour 6 = 6. De plus, par dualité, on a (A*)'(8) = Ay, avec A’'(Ng) = 6. Ainsi,
pour 6 = 67,
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En utilisant la relation A*(0) = A\ — A(\g), on obtient

A(AG) = — Pk,

et ainsi \g = —r et 0 = N(—rg) = by
De plus, d’apes (1.4.47) et les relations A(—ry) = log v, = —py et O = A'(—ry),
on a
—rkﬁk — A(—'f’k) = —T’k@k + pr = A’,;(Gk)

Ainsi, pour tout 8 € (0,0y],

—rpd —logyy = —rpd — A(—rg)
0 0
= — (—rké’k — A(—Tk)) -+ fA(—Tk) — A(—T’k)
Qk ‘9k

6 6
= H*kA (Ok) — (1 - 9k> log Y,

et donc I (0) = x%(0), ce qui démontre (1.4.46). Ainsi, dans le cas ou P(Z; = 0) = 0,
d’aprés (1.4.46) et (1.4.31), (1.4.41) est valide sous 'hypotheése E[mgt ] < oo.

De la méme maniere, ’équivalent (1.4.31) peut s’appliquer & majorer la proba-
bilité d’événements "sous-exponentiels'. Précisément, pour toute suite k,, dite sous-
exponentielle dans le sens ou k,, — oo et k,/exp(fn) — 0 pour # > 0, on a

1
li_}m —log Py (Z,, < ky) = log . (1.4.48)
n o0 n
Ce résultat découle directement de (1.4.31) et de I'inégalité de Markov : pour tout
r > rg, on a (c.f. Chap 3, Corollaire 4.2.5)
= By(Zo = k) < PulZ < k) < E[Z,7]K, < min{yp k], v kn}.
De plus, (1.4.48) corrige lerreur 1imn_m%10g Py (Z, < k,) = klog~y établie dans
[12, Theorem 3.1(ii)] et qui est une conséquence de I'incorrect (1.4.14).
L’inégalité de Markov peut aussi s’appliquer pour démontrer une borne pour les

grandes déviations inférieures précises : pour tout k& > 1, on a (c.f. Chap 3, Corollaire
4.2.6)

e U=0me=A (=) si 0<6 <0y,

Eyl|Z"
P (Zn < 69"> < inf M = neM=Okr=A(=TR) o g = O,
r>0 e@rn

e A O) si O <6 <E[X]

4
La question d’'un équivalent asymptotique des quantités Py (Z,, < k) et Py, (Zn < 69")
est l'objet de travaux en cours.
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Discutons maintenant du cas ot le processus est linéaire fractionnaire avec P(Z; =
0) = 0. Dans ce cas, on a logy, = logE[e "] = A(=k) et donc r, = k, d’ou

. B —kO —logEle *X] si 0<6< Qk,
avec
0, = E[Xe ™ ]/E[e "] (1.4.51)

Les équations (1.4.50) (1.4.51) complétent et corrigent les résultats de [12, Corollaire
3.3]. En effet, le facteur k est manquant dans les équations (1.3.14) et (1.3.15), et
celles-ci ne sont valides que dans le cas ot ay > 0 et k > 1 (car alors p est indépendant
de k), ou dans le cas ot aqp = 0 et k = 1.

En autre conséquence du résultat principal (1.4.31), nous améliorons la vitesse de
convergence dans le théoreme central limite vérifié par W — W, et établi dans [36] :

sous les conditions essinf mﬁl—(f) > 1 et EZ7™ < oo avec € € (0,1], il existe une

constante C' > 0 tel que, pouﬁ tout £ > 1, (c.f. Chap 3. Théoreme 4.2.8)

IL, (W — W) )
su <z —P(x) <CAL,(e/2), 1.4.52
p T ) @) < CAnle/), (1452
ou
Vi SL T >y,
Apn(r) == qnyp st r=ry, (1.4.53)
¢y slr<ry

est la quantité donnant la vitesse asymptotique de E[Z,"]. L’équation (1.4.52)
améliore la vitesse de convergence établie dans [36, Theorem 1.7]. Notons que notre

approche nécessite ’hypothese essinf ™ mo2) 1 qui permet d’assurer que la variance
0

conditionnelle 0,,(§) de W est séparée de 0 uniformément sur tous les environne-
ments £. Cette condition est n’est pas satisfaisante et devrait pouvoir étre relaxée.
Il suffirait de trouver une hypothése convenable permettant d’assurer 'existence de
moments harmoniques pour la variable 0, (§).

Une autre application du résultat principal (1 4.31) concerne le taux de décrois-
sance des grandes déviations pour le ratio R, = "“ . Soit

J
Mn,j = jil Z Nn,i7
=1

ou, conditionellement & ’environnement &, les variables aléatoires N,,; (i = 1,...,7)
sont i.i.d. et avec pour fonction génératrice f,. La quantité M, ; est I'estimateur de
m,, de taille j sous I’environnement &. Pour tout £ > 1, en supposant qu’il existe un
ensemble D C R et des constantes C; > 0 et r > 0 telles que, pour tout 57 > 1,

&

\r

P (Mo, —mo € D) < -, (1.4.54)
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alors il extiste une constante By € (0,00) tel que (c.f. Chap 3. Théoreme 4.2.9)

De plus, s’il existe une constante Cy > 0 tel que

C
P(My,; —mo € D) > —=, (1.4.56)

alors il extiste une constante By € (0,00) tel que (c.f. Chap 3. Théoreme 4.2.9)
P, (Rn —my, € D) > BQAkm(T), (1457)

En particulier on observe des transitions de phase dans le taux de convergence en
fonction des cas r > v, r = Y et v < Y.

Le résultat suivant donne une majoration de la probabilité de grande déviation
de R, —m,, en supposant une hypothese plus naturelle d’existence de moments pour
Z1 — myg. Soit k > 1. Supposons qu’il existe p > 1 tel que E|Z; — my|P < oo. Alors,
il existe une constante positive C, tel que, pour tout k > 1 et a > 0, (c.f. Chap 3.
Théoreme 4.2.10)

CpaPAr,(p—1) si pe(1,2],

CoaAun(p/2)  si p€ (2.50), (459

Pr(|Ry — mp| > a) < {

ou Ay, est défini en (1.4.53).

1.4.4 Enoncé des théorémes et corollaires

Dans cette section nous énongons précisément les résultats principaux de la these
relatifs aux trois chapitres. La numérotation des théoremes fait référence a leur
numérotation dans les différents chapitres.

Chap 1. Borne Berry-Esseen et grandes déviations de type Cramér

Théoréme 2.1.1. Supposons qu’il existe des constantes € > 0 et p > 1 telles que
EX3% < 0o et EWY < co. Alors

P log Z,, — np K%
o\v/n vn'

12 désigne la loi normale standard.

sup <

zeR

< x> — B(2)

ot @(x):\/z_ﬂ/_;e

Théoréme 2.5.5. Supposons qu’il existe € > 0 tel que EX3T¢ < co. Alors

log Z,, — np log Z,, — np C
wl|———— = Eh| —=—— | —E < —,
! ( ov/n 7N> hsel?l-l%v " < ov/n ") vn

ot dy (X, N) désigne la distance de Wasserstein entre la loi de X et la loi normale
N(0,1), définie en (2.5.3) du Chapitre 1.
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Théoreme 2.1.3. Supposons qu’il existe des constantes A\g > 0 et p > 1 telles que
P
EetX < oo et ]Erzn—lO < 00. Alors, pour 0 < x = o(y/n), on a, quand n — oo,

"o () o)

()l () o)

ou Z(-) est la série de Cramér de la marche aléatoire associée S, définie en (1.4.4)
de lintroduction.

et

Corollaire 2.1.4. Sous les hypothéses du Théoréme 2.1.3, on a, pour 0 < x =

o(n'/%) et n — oo,
P log Zn—np > 7 1 3
( o/ ):1+O< +x>

1 —®(x) vn

et

Pl <—a) (140
o(—a) Vi)

Chap 2. Asymptotique de la loi de Z,, et moment harmonique de W

Théoréme 3.2.1. Supposons qu’il existe p > 0 tel que E [ml] < oo. Alors, pour tout

a < (0,p),
E.W ™" < oo siet seulement si E [p’f(ﬁo)mg} <1

Corollaire 3.2.2. Soit a; > 0 la solution de [’équation
E[p1 (&o)mg"] = 1.
Supposons que Emg* < oco. Alors,

ExW=* < oo pour a € [0,ay),
E,W™ =00 pour a € [ay,00).

Théoréme 3.2.3. Supposons P(Z; =1) > 0. Alors :

a) Pour tout k > 1 et pour tout état accessible j > k, i.e. Px(Z, = j) > 0 pour un
certain 1 >0, on a
Py (Zn =3) o WKk

avec
Ve = Pk(Zl = k);
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et les coefficients g ; € (0,+00) peuvent se calculer comme ['unique solution de

[’équation de récurrence

avec

et sous la condition qy; = 1
Py(Z, = i) = 0 pour tout | > 0.

J
Veqr; = Y p(i, 7)ansi,
=k

p(i,j) = P(Z, = j|Zy = 1)

et q; = 0 pour tout état i non accessible, i.e.

b) Supposons qu’il existe e > 0 tel que E[m{*™] < oo, avec ry, la solution de (1.4.28).
Alors, pour tout r > 1, et 7 >k, on a

o0
j=k

En particulier le rayon de convergence de la série entiére

vaut 1.

+oo
Qu(t) = g t’
=k

¢) Pour toutt €[0,1) etk >1, ona

Gunll) 4 0u(t)  (n— o),
Tk

ot Gy, est la fonction génératrice de Z,, sachant Zy =k, définie en (1.2.5).

d) Qi(t) est l'unique série entiére satisfaisant l’équation fonctionnelle

WQr(t) = E[Qr(fo(t))], te€][0,1),

sous la condition Q,(f)(()) = 1.

Chap 3. Moments harmoniques de 7, et grandes déviations

Théoréme 4.2.1. Soit k > 1 et supposons que Em,

Ti+e

e >0, avec i la solution de (1.4.28). Alors

E [Z,7]
T

Ey [Z,7]

n
n7yp

Ey [Z,7]

n—o0

n—o0

n—o0

1
L(r)

/OOO Qre Ht dt,

7_1 r * A r—1
Py [ Gratenrar

Lo eyt

< 400 pour un certain

st T > Tk,

St T =T,

st r < Tk,
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ou C(k,r) € (0,00), I'(r) = J5°x" te *dx est la fonction Gamma, et gzﬁ,(:)(t) =
E,(Cr)e*tw est la transformée de Laplace de W sous la mesure IP’,(J), et Gy est la
fonction génératrice partielle de Z, définie en (1.4.30).

Proposition 4.2.2. Soit r =r;. On a
1 0o _ mo
B0 [ Gratoeyudu) = [ Quloctu)udul
k 0 1

Théoréme 4.2.3. Soit k > 1 et ry la solution de l’équation (1.4.28). On suppose
que Emg™ < 0o pour un certain & > 0. Alors, pour tout 6 € (0,E[X]), on a

lim ! log Py (Z 9”) = x;(0),

n—oo
ot

‘() — —rgf —logve st 0 <6 <0,
- A*(0) si O < 0 <E[X],
avec
Gk = A/(—Tk),
et A(\) = log Ee** est la log-Laplace de X = logmy, et A*(-) est la transformée de
Fenchel-Legendre de A(-).

Corollaire 4.2.5. Supposons que Em{*™ < 400, avec r; la solution de (1.4.28).

Soit k, une suite vérifiant k, — oo et k,/exp(dn) — 0 pour tout 8 > 0 quand
n — o0o. Alors, pour tout k > 1, on a

1
Jim -~ log Py (Zn < kn) = log .

TL+€

Corollaire 4.2.6. Supposons que Emy
Pour tout k> 1, on a

< 400, avec 1y la solution de (1.4.28).

e (=In—AT) 0 < 0 < 6,

E[Z;" '
Py (Zn < ) < in "“6[9];] = ne ) si 0 =0y,
e A0 si 0 <0 <E[X].

Corollaire 4.2.7. Soit Z,, un PBEA géométrique. Supposons qu’il existe € > 0 tel
que E[e*+9)X] < 0o. Alors

lim —— log Py (Z 69”) = x5 (0),

n—0o0

avec

{(0) = —kO —logE[e™*X] si 0 <0 < b,
XilV) = A*(6) si 6, <0< E[X],

et
0, = E[Xe *X]/E[e "]
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TEt+e

< +o0, essinf ™2 mo@) > 1 et EZ2T < o
pour un certain ¢ € (0,1]. Alors il existe une constante C’ > 0 tel que, pour tout

>
]P’k<H n(W = W)<x>—<13(x)

Théoréme 4.2.8. Supposons que Em

sup
TSN

\/—5 (T”f) < CAk,n<€/2)a

ot Ay, est défini en (1.4.53) de l'introduction.

Théoréme 4.2.9. Soit k > 1 et Em{**® < +o0o. Si, pour un sous ensemble D C R,
il existe des constantes C7; > 0 et r > 0 telles que, pour tout j > 1,

&

T

P (Mo ; —mg € D) <

9

alors il existe By € (0,00) tel que pour tout n > 1,
P, (Rn —m, € D) < BlAk,n(r)~

De méme, s’il existe des constantes Cy > 0 et r > 0 telles que, pour tout j > 1,

alors il existe By € (0,00) tel que pour tout n > 1,
P, (Rn —my, € D) = BQAk7n(T).

Théoréme 4.2.10. Soit k > 1 et Em{*™® < 4o00. Supposons qu’il existe p > 1 tel
que E|Z; — my|? < oo. Alors il existe une constante C, > 0 telle que, pour tout
a>0,

CpaipAk,n(p - 1) st pE (172]7

Pyl R — mal > 0) <{ Cpa " Axa(p/2)  si € (2,00)
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Chapitre

Borne de Berry-Esseen et grandes
déviations de type Cramér

Résumé

Soit (Z,) un processus de branchement sur-critique en environnement aléatoire
noté & = (&,). Nous démontrons un théoréme type Berry-Esseen ainsi qu’'un résultat
de grandes déviations de type Cramér pour le processus log Z,, sous la loi totale
P. Nous améliorons aussi certains résultats ultérieurs concernant I'existence de mo-
ments harmoniques pour la variable limite W = lim,,_,o, W,,, ou W,, = Z,,/E¢Z,, est
la population normalisée.

Abstract

Let (Z,) be a supercritical branching process in a random environment £ = (&,).
We establish a Berry-Esseen bound and a Cramér’s type large deviation expansion
for log Z,, under the annealed law P. We also improve some earlier results about the
harmonic moments of the limit variable W = lim,,_,o, W,,, where W,, = Z,,/E¢Z,, is
the normalized population size.

This chapter has been published in
Stochastic Processes and their Applications.
Title : Berry-Essen’s bound and Cramér’s type large deviation expansion for a
branching process in a random environment.
DOI : 10.1016/j.spa.2016.07.014
http ://dx.doi.org/10.1016/j.spa.2016.07.014
It has been written in collaboration with Ion Grama and Quansheng Liu.
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2.1 Introduction and main results

A branching process in a random environment (BPRE) is a natural and impor-
tant generalization of the Galton-Watson process, where the reproduction law varies
according to a random environment indexed by time. It was introduced for the first
time in Smith and Wilkinson [48] to modelize the growth of a population submitted
to an environment. For background concepts and basic results concerning a BPRE
we refer to Athreya and Karlin [3,4]. In the critical and subcritical regimes the
process goes out and the research interest is concentrated mostly on the survival
probability and conditional limit theorems for the branching process, see e.g. Afa-
nasyev, Boinghoff, Kersting and Vatutin [1,2], Vatutin [52], Vatutin and Zheng [53],
and the references therein. In the supercritical case, a great deal of current research
has been focused on large deviation principle, see Bansaye and Berestycki [10], Boin-
ghoff and Kersting [20], Bansaye and Béinghoff [11-13], Huang and Liu [36]. In the
particular case when the offspring distribution is geometric, precise asymptotics can
be found in Kozlov [39], Boinghoff [18], Nakashima [44]. In this article, we com-
plete on these results by giving the Berry-Esseen bound and asymptotics of large
deviations of Cramér’s type for a supercritical BPRE.

A BPRE can be described as follows. The random environment is represented
by a sequence & = (&,&y,...) of independent and identically distributed random
variables (i.i.d. r.v.’s) taking values in an abstract space =. The random variable &,
represents the random environment at time n ; to each realization of £, corresponds
a probability law {p;(&,) : © € N} on N = {0, 1,2,...}, whose probability generating
function is

i=0 1=0
Define the process (Z,),>0 by the relations
Zn
ZO = 1, Zn+1 = Z Nn,ia for n 2 0, (212)
i=1

where N,,; is the number of children of the i-th individual of the generation n.
Conditionally on the environment &, the r.vis N,,; (i =1, 2, ...) are independent of
each other with common probability generating function f,,, and also independent
of Z,.

In the sequel we denote by P¢ the quenched law, i.e. the conditional probability
when the environment £ is given, and by 7 the law of the environment £. Then
P(dx,d¢) = Pe(dx)7(d€) is the total law of the process, called annealed law. The
corresponding quenched and annealed expectations are denoted respectively by [,
and E. We also define, for n > 0,

o0

My, = my,(§) = Zzpz(ﬁn) and II,, = E¢Z, = mg...my_1,
i=0
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2.1. INTRODUCTION AND MAIN RESULTS 37

where m,, represents the average number of children of an individual of generation
n when the environment & is given. Let

Z
Wn:H—:, n >0, (2.1.3)

be the normalized population size. It is well known that the sequence (W), is a
positive martingale both under the quenched law P¢ and under the annealed law P
with respect to the natural filtration

Fo=0(§Nei, 0SkE<n—1,i=12..),

where by convention Fy = o(&). Then the limit W = lim W,, exists P - a.s. and
EW < 1.
An important tool in the study of a BPRE is the associated random walk

where the r.v/s X; =logm;_1 (i > 1) are i.i.d. depending only on the environment
. It turns out that the behavior of the process (Z,) is mainly determined by the
associated random walk which is seen from the decomposition

log Z, = S, + log W,,. (2.1.4)
For the sake of brevity set X = log my,
p=EX and o*=E(X —pu)

We shall assume that the BPRE is supercritical, with p € (0, 00); together with
E|log(1 — po(&0))| < oo this implies that the population size tends to infinity with
positive probability (see [4]). We also assume that the random walk (S,) is non-
degenerate with 0 < 0? < oo in particular this implies that

Throughout the paper, we assume the following condition :

Zilogt Z
1 10g 1<
mo

E 00, (2.1.6)

which implies that the martingale W, converges to W in L'(P) (see e.g. [50]) and

P(W >0)=P(Z, - o0) = lim P(Z, > 0) > 0.

n—oo

Furthermore, we assume in the sequel that each individual has at least one child,
which means that
po=0 P-as. (2.1.7)

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



38 CHAPITRE 2. BORNE BERRY-ESSEEN ET DEVIATIONS DE CRAMER

In particular this implies that the associated random walk has positive increments,
Znp — 0o and W > 0 P - a.s. Throughout the paper, we denote by C' an absolute
constant whose value may differ from line to line.

Our first result is a Berry-Esseen type bound for log Z,,, which holds under the
following additional assumptions :

A1. There exists a constant 0 € (0, 1] such that

EX?" < oo, (2.1.8)
A2. There exists a constant p > 1 such that
Z\P
E (1) < 0. (2.1.9)
mo

Theorem 2.1.1. Under conditions A1 and A2, we have

P log Z,, — nu
o\vn

sup

z€eR nd/2’

< x) — O(x)

where O (x ~P124t is the standard normal distribution function.

— 1 *
= e

Theorem 2.1.1 completes the results of [36] by giving the rate of convergence
in the central limit theorem for log Z,,. The proof of this theorem is based on the
decomposition (2.1.4) and the asymptotic properties of the joint law of (S, log Z,).
In Appendix we also give a bound of the Wasserstein distance and an alternative
proof of Theorem 2.1.1 using Stein’s method under a moment condition slightly
stronger than A1l.

Our next result concerns the asymptotic behavior of the left-tail of the r.v. W.
For the Galton-Watson process this problem is well studied, see e.g. [27] and the
references therein. For a BPRE, some interesting results have been obtained in [34]
and [36]. In particular, for the annealed law, Huang and Liu ( [36], Theorem 1.4) have
found a necessary and sufficient condition for the existence of harmonic moments of
W, under the following hypothesis :

36 >0and A > A; > 1 such that 4; <my and Zz’l”pi(ﬁo) < A s,
i=1
(2.1.10)
However, this hypothesis is very restrictive; it implies in particular that 1 < A; <
mo < A. We will show (see Theorem 2.1.2) the existence of harmonic moments

under the following significantly less restrictive assumption :

A3. The r.v. X = logmg has an exponential moment, i.e. there exists a constant
Ao > 0 such that
Eet® = Emy° < oo. (2.1.11)

Under this hypothesis, since X is a positive random variable, the function \ — Ee**
is finite for all A € (—o0, \g| and is increasing.
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Theorem 2.1.2. Assume condition A3. Let

A0 f P(p1>0)>0
ap = 1—logEm30/long1 Zf (pl ) ’ (2112)
Ao otherwise.
Then, for all a € (0,ap),
EW™ < 0.

Yet, a necessary and sufficient condition for the existence of harmonic moments
of order a > 0 under condition A3 is still an open question.

The previous theorem allows us to obtain a Cramér type large deviation expan-
sion for a BPRE. To state the corresponding result we need more notations. Let L
and A be respectively the moment and cumulant generating function of the random
variable X :

L(\) =EeM = E (m)) (2.1.13)
A(N) =log L(N). (2.1.14)
Then A is analytical for A < Ao and we have A(X) = 322, A", where v, = dkT/,}(O)

is the cumulant of order k of the random variable X. In particular for k = 1,2, we
have 7, = p and v, = 02. We shall use the Cramér’s series of the associated random
walk (S,,)n>0 defined by

_ 2 2 _ 1 1 3
L) = V3 Va2 373t V575 — 10747372 + 1573 .2

= +o. 2.1.15
675> 2473 12075 (31.15)

(see Cramér [23] and Petrov [46]) which converges for |¢| small enough.
Consider the following assumption :

AA4. There exists a constant p > 1 such that

P

Z
E=L < . (2.1.16)
mo

Note that under (2.1.7) condition A4 implies A2. The intuitive meaning of these
conditions is that the process (Z,,) cannot deviate too much from its mean II,,.
The following theorem gives a Cramér’s type large deviation expansion of a

BPRE.

Theorem 2.1.3. Assume conditions A3 and A4. Then, for 0 < z = o(y/n), we
have, as n — o0,

Ll (el e

and

P (bgf;\/i; ~7) — exp {_xs % <_I>} [1 10 (1;;” S (2.1.18)
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As a consequence of this result we obtain a large deviation approximation by the
normal law in the normal zone z = o(n'/%) :

Corollary 2.1.4. Under the assumptions of Theorem 2.1.3, we have for 0 < x =
o(n'/%), as n — oo,

]p(logZﬂ > x) 14 48
ov/n x
=1 — 2.1.1
- o) +O<\/ﬁ> (24:19)
and
p(logZﬂ < _x) 1443
ovn T
=1 . 2.1.2
»(~7) o) 2120

Note that Theorem 2.1.3 is more precise than the moderate deviation principle
established in [36], and, moreover, is stated under weaker assumptions. Indeed, let
a, be a sequence of positive numbers satisfying “* — 0 and % — 00. Then by
Theorem 1.6 of [36], under hypothesis (2.1.10), we have, for z,, = & with fixed
x>0,

log Z,, — 2
log P (M > g;> ~—n, (2.1.21)
a, 2
Using the weaker condition A3 (instead of condition (2.1.10)), Theorem 2.1.3 implies
that

()0 (G () 0 (551

(2.1.22)

which sharpens (2.1.21) without the log-scaling.

The rest of the paper is organized as follows. In Section 2, we prove Theorem
2.1.1. In Section 3, we study the existence of harmonic moments of W and give a
proof of Theorem 2.1.2. Section 4 is devoted to the proof of Theorem 2.1.3.

2.2 The Berry-Essen bound for log 7,

In this section we establish a Berry-Esseen bound for the normalized branching
process
log Z,, — np
ovn
In Section 2.2.1 we give a series of lemmas in order to prove that log W,, converges
toward log W in L!(IP) exponentially fast. With this rate of convergence, we are able
to quantify the convergence of the joint law of the r.v. (k’g UZ\%"“ , SZ:/%“) (see Section
2.2.2, Lemma 2.2.5), which implies Theorem 2.1.1.
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2.2.1 Auxiliary results

The first lemma is a direct consequence of the Marcinkiewicz-Zygmund inequality
(see [22, p. 356]) which will be used several times.

Lemma 2.2.1 ( [43], Lemma 1.4). Let (X;);>1 be a sequence of i.i.d. centered r.v.’s.
Then we have for p € (1,00),

n P P |p ; <

i=1

. (B,VE(X.[")n?2, if p>2,

where B, = 2min {k1/2 keNEk > p/2} is a constant depending only on p (so that
B,=2if1l<p<2)

The second one is a result concerning the exponential rate of convergence of W,
to W in LP(P) from [37], Theorem 1.5.

Lemma 2.2.2. Under A2, there exist two constants C' > 0 and § € (0,1) such that
(E|W, — W[P)'P < Cs™.
The next result concerns the existence of positive moments of the r.v. log W.

Lemma 2.2.3. Assume that E|logmg|?*? < oo, for some p > 1. Then we have, for

all g € (0,p),
E|logW|? < oo and sup E|llogW,|? < cc.
neN

We prove Lemma 2.2.3 by studying the asymptotic behavior of the Laplace
transform of W. Define the quenched and annealed Laplace transform of W by

pe(t) = Eee™™ and  ¢(t) = Ege(t) = Ee ™",
where t > 0. Then by Markov’s inequality, we have for ¢ > 0,
P(W <t™) <eBe™ =e ¢(t). (2.2.2)

Proof of Lemma 2.2.3. By Holder’s inequality, it is enough to prove the assertion of
the lemma for ¢ € (1,p). It is obvious that there exists a constant C' > 0 such that
E|logW|11(W > 1) < CEW < oo. So it remains to show that E|log W|1(W <
1) < oo. By (2.2.2) and the fact that

+oo 1
ElogW|"1(W < 1) = q/ i (logt)* " P(W < t™1)dt, (2.2.3)
1

it is enough to show that, as t — oo,
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It is well-known that ¢¢(t) satisfies the functional relation

Pe(t) = Jo <¢T5 (nio)) : (2.2.4)

where fj is the generating function defined by (2.1.1) and 7™ is the shift operator
defined by T™(&o, &1, ..) = (&n,&nt1,--.) for n > 1. Using (2.2.4) and the fact that

Pre (m0> < 07 ( ) for all k > 2, we obtain

6ct) < ml&ome (=) + (1= pul&)ehe ()
= ore (o) (&) + 0 -mienore (). (229

By iteration, taking into account that ¢, is non-increasing and ¢¢(t) < ¢re(t/myo),
we obtain

se(t) < oo (- >H(p1 &)+ -n@ore (). (220

Taking expectation and using the inequality ¢rm¢(t) < 1, we get

o(t) <E

T (mie) + 0 - mi&ore (i)

=0

Using a simple truncation and the fact that ¢, is non-increasing, we have, for all
A>1,

t

ot < E f[(m (€)+ (1= nE)ome (55) ) 1ML < 47| +B(L, > A7)

3 k)
,_. o

+ P11, > A™).

()

Since T™¢ is independent of (&, ...,&,—1), and the r.v/s pi(&) (i > 0) are i.i.d., we
have

o(t) < [En(eo) + (1~ Epn(&)o ()| + P > A7),

By the dominated convergence theorem and the fact that W is positive with proba-
bility one, we have lim;_,o, ¢(t) = 0. Thus, for any v € (0, 1), there exists a constant
K > 0 such that, for all t > K, we have ¢(t) < . Then for all t > K A", we have

o) (Atfn) < 7. Consequently, for t > KA™,
o(t) < o+ P(I1, > A™), (2.2.7)

where, by (2.1.5),
a=Epi (&) + (1 — Epi(&))y € (0,1). (2.2.8)
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Recall that ¢ = EX and S, = logll,, = > ; X;. Choose A such that log A > pu
and let 6 =log A — u > 0. By Markov’s inequality and Lemma 4.4.1, there exists a
constant C' > 0 such that, for n € N,

P(II, > A") < P (]S, — nu| = nd)
E |30, (X — )

<
= n2ry2p

C

np’

N

Then, by (2.2.7), we get, for n large enough and ¢ > K A",

o(t) < < (2.2.9)

np’

For t > K, define ng = ny(t) = [%} > 0, where [z] stands for the integer part
of x, so that

log(t/K) log(t/K) n
log(A) 1< ng< log(A) and t> KA

Coming back to (2.2.9), with n = ng, we get for t > K,

C(log A)P
(log(t/K))
which proves that E|log W|? < oo for all ¢ € (1,p), (see (2.2.3)). Furthermore, since

z +— |log?(x)|1(z < 1) is a non-negative and convex function for ¢ € (1,p), by
Lemma 2.1 of [36] we have

o(t) < < C(logt)™?,

sup E [log W, | 1(W,, < 1) =E [log W] 1(W < 1).

neN

By a standard truncation we obtain

sup E [logW,,|? < CEW + E [logW|?T(W < 1) < o0, (2.2.10)
neN

which ends the proof of the lemma. O
The next result concerns the exponential speed of convergence of log W, to log W.

Lemma 2.2.4. Assume A2 and there ezists a constant ¢ > 2 such that E|log mg|? <
0o. Then there ezist two constants C > 0 and § € (0,1) such that for alln > 0,

E [log W,, — logW| < Cd§". (2.2.11)
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Proof. From (2.1.2) and (2.1.3) we get the following useful decomposition :

1 2~ /N,,;
Wyt — W, = — <””—1), 2.2.12
- T e (2212)

which reads also

W, _ 1 i( ’“_1) (2.2.13)

W Zn =
By (2.2.15) we have the decomposition
log W, 11 — log W,, = log(1 + n,,), (2.2.14)
with
%ZW;;:_ = nzl( ’“—1> (2.2.15)
Under P¢ the r.v’s === Nni g (1 > 1) are i.i.d., centered and independent of Z,,.

Choose p € (1, 2] such that A2 holds. We first show that
(Elna|") ! < C6, (2.2.16)

for some constants C' > 0 and 0 € (0 1) Applying Lemma 4.4.1 under P, and using
= (i 2 1) and Z,, we get

p

an_l

Eelm|” < 2"Ee [Zl P E

By A2 and the fact that under the probability P, the random variables E¢ [Z} 7]

and [E¢ Zl , we obtain

le — 1’ are independent, and ~* Nl has the same law as

Eln.|? < 2°E ‘1 - 1‘ E[Z)7]. (2.2.17)
mo
We shall give a bound of the harmonic moment EZ}~P. By (2.1.2), using the convexity

of the function x +— 2!~P and the independence between the r.v.’s Z,, and N, (i>1),
we get

E|[Z3%] = E (iNn>1p]

ot (Ew)
E _IE 7 L %Nl P
n Zn

27 B[N

n

= E|Z,7|E|Z27].

N
=

N
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By induction, we obtain
n+1
E [z < (B2i7)"™.
By (2.1.7), we have EZ, ? < 1. So the above inequality (2.2.17) gives (2.2.16) with
1
c=2(E|2 -1} <cands= (E2}7")" < 1.

Now we prove (2.2.11). Let K € (0, 1). Using the decomposition (2.2.14) and a
standard truncation, we have

E[log W1 —logW,| = Ellog(1+mn,)|1(n, = —K) +E|log (1 +n,)| 1(n, < —K)
— A, +B,. (2.2.18)

We first find a bound for A,,. It is obvious that there exists a constant C' > 0 such
that for all x > — K, |In(1 4+ z)| < C|z|. By (2.2.16), we get

A, < CEln,| < C (E|n, )Y < Co™. (2.2.19)

Now we find a bound for B,,. Note that by (2.2.14) and Lemma 2.2.3, we have, for
any 1 € (0,4/2),
sup E|log(1+7n,)|" < oo. (2.2.20)
neN

Let r,s > 1 be such that % + % =1 and r < ¢/2. By Hélder’s inequality, (2.2.20),
Markov’s inequality and (2.2.16), we have

(Elog (1 +1,)[")" P (n, < —K)"/*

CP (|n.| > K)'*

C (Elna)"*

co". (2.2.21)

B,

INCINCIN N

Thus by (2.2.18), (2.2.19) and (2.2.21), there exist two constants C' > 0 and ¢ € (0,1)
such that
E [log Wy41 — log W, | < Co™. (2.2.22)

Using the triangular inequality, we have for all k£ € N,

E [logWyirx —logW,| < C (5n N 5n+k—1>

Letting £k — oo, we get
c .,

which proves Lemma 2.2.4. O]
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2.2.2 Proof of Theorem 2.1.1

We now prove a concentration inequality for the joint law of (S,,log Z,,).

Lemma 2.2.5. Assume A1 and A2. Then for all x € R, we have

log Z, — nu Sp —np C
P Ty, 22— > < —— 2.2.23
( o\vn v ovn x) nd/2 ( )
and
log Z,, — -
p(logZn—mp  Semmn N O (2.2.24)
ovn o\vn nd/2

Before giving the proof of Lemma 2.2.5, let us give some heuristics of the proof,
following Kozlov [39]. By (2.2.15), we can write

Zn an
Whi1 = W, x (an > > . (2.2.25)

i=1 Mn
Since Z, — oo, by the law of large numbers, Z ! ZiZ:nl % is close to 1, and then
W1 /W, is also close to 1 when n is large enough. Therefore we can hope to
replace log W, by log W,,, without losing too much, when m = m(n) is an increasing
subsequence of integers such that m/n — 0. Denote
"X — log W,
Ym,n = Z Na s .

i=m-+1 U\/ﬁ U\/ﬁ

Then, the independence between Y,, ,, and (Y, Vi,) allows us to use a Berry-Esseen
approximation on Y, ,, to get the result.

Y, =Y, and V, = (2.2.26)

Proof of Lemma 2.2.5. We only prove (2.2.23), since the inequality (2.2.24) is ob-
tained in the same way.

Let a, = ﬁ and m = m(n) = {nl/ 2], where [z] stands for the integer part of
x. Let D,,,, = V,, — V,,,. By Markov’s inequality and the exponential convergence of

log W, toward log W in L' (cf. Lemma 2.2.4), we have

E|Dmnl  /nE|[log W, —log W,,|

an o\v/n
< o ' (E|logW, —logW| + E|log W,, — log W)
< O+ Com <206™.

P<|Dm,n| > ay,)

N

Then using a standard truncation and Lemma 2.2.4, there exists 6 € (0, 1) such that

< < Z

P
P(Y,+ Vi, <z+4+a,,Y, >x)+Co™. (2.2.27)
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Now we find a bound for the right-hand side of (2.2.27). Obviously we have the
decomposition
Y, = Y + Yo (2.2.28)

For z € R, let Gppn(z) = P(Yin < ) and G, () = Go . (z). Denote by v, (ds, dt) =
P (Y., € ds,V,, € dt) the joint law of (Y,,, V,,). By conditioning and using the inde-
pendence between Y, ,, and (Y., V;,.), we have
PY,+ Vi, <z+a,Y, >z
= P+ Y+ Vi <z4+ oy, Yo, + Y >2)

= /IP’ (Yon+s+t<ax+ay, Y+ s> ) v,(ds,dt)

— /]1 ) (Gun(® —s —t+ ay) — Gun(x — ) U (ds, dt). (2.2.29)

For the terms Gy, (2 — s —t + ;) and Gy, ,(z — s) we are going to use the normal
approximation with the Berry-Esseen bound. Since (1—317)_1/2 = 1+5+o(z) (x — 0),

we have \/T‘LCLW = (1-2)"Y2 =1+ R,, where 0 < R, < C/y/n and n > 2. Therefore,

we obtain

Grnl(z) =P (_i 1 )i\;ﬁ“ < :17) = Gnm (%) = Gum(z(1+ Ry)).

Furthermore, by the mean value theorem, we have

R,e /2 C
< —
2 /n’
where we have used the fact that the function z — z®'(z) = ze "/2/\/2r attains

its maximum at x = £1. Therefore, by A1 and the Berry-Esseen theorem, we have
for all z € R,

|@(z(1+ R,)) — (2)| < Ry|ad'(z)] < (2.2.30)

G (x) = @(2)] < |Gaem(@(l+ Ry)) — @(z(1 4 Ry))| + [2(2(1 + Ry)) — ()]
< ng2 + C;L < néc/? (2.2.31)
From this and (2.2.29), we get
PY,+Va<z+a,Y,>x)
/11 <) [0 —s —t+ay) = Dw — )| vn(ds,dt) + —75.(22.32)

Using again the mean value theorem and the fact that |®'(z)| < 1, we obtain

|P(x—s—t+a,) —P(x—3s)|=]|—t+a,| <|t|+—. (2.2.33)

Sk
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Moreover, by Lemma 2.2.3 and the definition of v,,, we have

E|log Wi| ]

/|t| (s, ) = =L 8 \\/ﬁ.

Implementing this bound into (2.2.27) gives (2.2.23).

(2.2.34)

]

Therefore, Theorem 2.1.1 is a direct consequence of Lemma 2.2.5 and the Berry-

Esseen theorem for a sum of i.i.d. r.v.s, since we have

p logZ —nu x)

Sp —nu

o\/n o\/n
Sn—n,u x>+P<loan—n,u<x’Sn—n,u>x>
oyn o\/n
log Z. —
_]P)<og 0 nu>x75n nuggj).
o\v/n o\/n

= P

_ IP’(IOgZ —n;z\@S —nu\x>+P<loan—np<x7

av/n

Applying Lemma 2.2.5, one gets

log Z,, — np Sp —nu
7< _ L
‘ED( O'\/ﬁ \.1'> P( O'\/ﬁ

N

)

av/n

d

Theorem 2.1.1 follows from the classical Berry-Esseen inequality for sums of inde-

pendent identically distributed random variables.

2.3 Harmonic moments of W

In this section, we study the existence of harmonic moments of the random

variable W. Section 2.3.1 is devoted to the proof of Theorem 2.1.2. For the needs of

Cramér’s type large deviations, in Section 2.3.2 we shall prove the existence of the
harmonic moments of W under the changed probability measure, which generalizes

the result of Theorem 2.1.2.
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2.3.1 Existence of harmonic moments under P

Following the line of Lemma 2.2.3 we prove Theorem 2.1.2 by studying the
asymptotic behavior of the Laplace transform of W. Actually Theorem 2.1.2 is a
simple consequence of Theorem 2.3.1. Recall that

pe(t) =Eee™ and  ¢(t) = Ede(t) = Ee™™, t>0.

Theorem 2.3.1. Assume condition A3. Let ag > 0 be defined by (2.1.12). Then for
any a € (0,ay), there exists a constant C' > 0 such that for all t > 0,

o(t) < Cte.
In particular EW=* < oo for all a € (0,ap).
Proof. By (2.2.7), we have for A > 1 and t > KA",
o(t) < o™+ P(I1, > A™), (2.3.1)
where
o = Epi(€) + (1 - Epi(§)y € (0,1). (2.32)
Using Markov’s inequality and condition A3, there exists Ay > 0 such that

W EIe (Emge\"
P(IL, > A") < S = ( e

1/X0
Setting A = <]Em°> > 1, we get forany n € Nand t > KA",

é(t) < 2a™. (2.3.3)

Now, for any ¢t > K, define ny = ng(t) = [loig/ f)} > 0, where [z] stands for the
integer part of x, so that

log(t/K)
log A

log(t/K)

—1<n <
1o log A

and t > KA™.

Then, for t > K,
log
H(t) < 207 < 207 (t/K)sa = Cyt ™,
with Cp = 207 K% and a = —% > (. Thus we can choose a constant C' > 0 large

enough such that for all t > 0,
o(t) < Ct™. (2.3.4)

This proves the first inequality of Theorem 2.3.1. The existence of harmonic moments
of W of order s € (0,a) is deduced from (2.3.4) and the fact that

-s _ L +oo s—1
EW -~ = F(S)/O St Ldt,
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where I' is the Gamma function.
Now we prove (ii). By the definition of a, A and «, we have

log

a = —A
01og Emg° — log o

log (Epy + (1 — Ep1)7)
— 0 )
log Emg° — log (Ep; + (1 — Ep1)7)

where v € (0,1) is an arbitrary constant. Since a — ag as v — 0, this concludes the
proof of Theorem 2.3.1. [

2.3.2 Existence of harmonic moments under P,

In this section, we establish a uniform bound for the harmonic moments of W
under the probability measures Py, uniformly in A € [0, Ag].

Let m(x) = E[Z1|& = =] = 232, kpe(z). By A3, for all A < A\, we can define
the conjugate distribution function 7, as

Toa(dz) = T0(dx). (2.3.5)
Note that (2.3.5) is just Cramér’s change of measure for the associated random
walk (S),)n>1. Consider the new branching process in a random environment whose
environment distribution is 7, = T((]E?)I\\]. The corresponding annealed probability and
expectation are denoted by

Pa(dz, d€) = Pe(dx)7a (d€) (23.6)
and E, respectively. Note that, for any JF,-measurable random variable T', we have

Ee T

E\T = ——.

(2.3.7)
It is easily seen that under PPy, the process (Z,) is still a supercritical branching
process in a random environment, which verifies the condition (2.1.7), and that
(Wi )nen is still a non-negative martingale which converges a.s. to W. We shall show
under the additional assumption A4 that there exists a constant a > 0 such that
for all b € (0, a),

sup ExW° < 0.
0<A<Ao

Denote the Laplace transforms of W under P by

Pr(t) = Exge(t) = Exe ™,

where ¢ > 0 and A < Ag. The following theorem gives a bound on ¢, (t) and E W/~
uniformly in A € [0, \o].

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



2.3. HARMONIC MOMENTS OF W 51

Theorem 2.3.2. Assume conditions A3 and A4. Then for Ao small enough, there
exist constants a > 0 and C' > 0 such that for all t > 0,

sup o\(t) < Ct™°.

0<A< g

In particular, we have sup ExW=° < oo for all b € (0,a).
0<A< Ao

For the proof of the previous theorem we need to control the exponential speed
of convergence in L? of W,, to W, uniformly under the class of probability measures

(P/\)og,\ng'

Lemma 2.3.3. Assume that A3 holds for some \g > 0, and A4 holds for some
p € (1,2]. Then for Ao > 0 small enough, there exist constants C' > 0 and oy € (0,1)
such that, for alln > 1,

sup (Ey |W, — W)'/P < Cop.

0<A< g

Proof. Applying Lemma 4.4.1 under E¢ to the decomposition (2.2.12) and using the
]:[:: (1>1), we get

N
B W = Wolt < 2T PEeZ,Ee|

p
2P TI1°P B, ‘ —1
My
Note that under ]P))\, the r.v.s mg,...,m,_1 are ii.d., independent of n%, and n%
has the same law as <-. Thus, takmg expectation Ey, we get
P 1-p Z1 g
Ba [Wost = Wal? < 2 (Bamg ?) Ea |- — 1 (2.3.8)
mo

Recall that mg > 1. Choose Ay > 0 small enough such that p— Ay > 1. By condition
A4, for all 0 < X\ < Ay,

Z 1 ZP ZP
E =—E|— | <E|— ]| < .
A <m0> Em(} (mg_)‘> (mo oo

Since 1 — p + Ay < 0, we have, for all 0 < A < A, EAml P — Eml PHA <

1
Emg 7" < 1. Hence by (2.3.8), for d = (Emg ") P and C =2 ( (%) G 1) <

o0, we have

sup (Ey |[Wipt — WaP)Y? < Co7. (2.3.9)

0<A< g
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Using the triangular inequality, for all £ € N,

sup (]E,\ |”n+k - H/n‘p)l/l’ < C (53 4.+ 6g+k71)
0<A< Ao
C

< — 6
1—26p °

Letting k — oo, we get

C

sup (Ey |W — W, [))"? < 5o, (2.3.10)
0<A< Ao 1— 4o
which concludes the proof of Lemma 2.3.3. n

Now we proceed to prove Theorem 2.3.2.

Proof of Theorem 2.3.2. Let € € (0,1). By a truncation argument, we have for all
A € [0, Ag], and n € N,

oa(t) = Exe ™ [ (W, —W| <L) +1 (W, —W|>e")
< e EBaem ™ £ PL(IW, — W > eM). (2.3.11)

Using Markov’s inequality and Lemma 2.3.3, there exists dp € (0, 1) such that

sup Py\(|W, — W|>¢e") < CpY, (2.3.12)

0<A< g

where 51 = 50/8 <1 fore> 50.

Now we proceed to bound the first term in the right-hand side of (2.3.11). Recall
that L(-) is increasing. Furthermore, since x — e~ is a non-negative and convex
function, we have (see Lemma 2.1 of [36]) that sup,cyEe ™" = Ee=™ = ¢(¢).
Then, again using truncation, we have for all A € [0, A¢], n € N and ¢ > p,

Exe ™n = Eye ™" [1(S, < cn) +1(S, > cn)]
< MMG(t) + Py(S, > cn). (2.3.13)

By the exponential Markov’s inequality, we have for A < \¢/2,

Py(S, >en) < (]E,\e’\X)ne_’\C"
ARV =AN)—AC)

Y

where A(\) = log Ee*® and A(2\) —A(N) —Xc = Ap—Ac+o(N) as A — 0. Since ¢ > p
we can choose \g > 0 small enough, such that for all 0 < A < Ag, A(2A) —A(N) =X <
A —¢)/2 < 0. Thus we have

sup P,(S, > cn) < 57, (2.3.14)

0<A< g
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where 3, = e*#=9/2 < 1. Furthermore by Theorem 2.3.1, for all a € (0, aq), there
exists C' > 0 such that ¢(t) < Ct=® for all ¢ > 0. Thus implementing (2.3.12),
(2.3.13) and (2.3.14) into (2.3.11) leads to

sup ¢x(t) < € (MOt + 87 ) + CBY (2.3.15)

0<A< Ao

—n

Since ¢,(t) is decreasing in t, we have for any t > ¢, = ™",

sup Ga(1) < sup d(ta) < e (0" + 85 ) + CBY (2.3.16)

0<A< g 0<A< )\

Choosing \g > 0 small enough such that 33 = e*°® < 1, we find that there exists
a constant C' > 0 and 8 = max {1, 52, f3} € (0,1) such that, for any ¢t > ™",

sup ¢y(t) < Cp". (2.3.17)

0<A< Ao

The rest of the proof is similar to that of Theorem 2.1.2, starting from (3.3.10). [

2.4 Proof of Cramér’s large deviation expansion

In this section, we prove Theorem 2.1.3. The starting point is the decomposition
(2.1.4). We will show that the Cramér-type large deviation expansion of log Z,
is determined by that of the associated random walk (.S,,). Our proof is based on
Cramér’s change of measure P, defined by (2.3.6). An important step in the approach
is to have a good control of the joint law of the couple (.5, log Z,,) under the changed
measure Py uniformly in A € [0, Ag], for some small \, which is done in Section 2.4.1.
The proof of Theorem 2.1.3 is deferred to Section 2.4.2.

In the sequel we shall use the first three moments of the r.v. X = logm, under
the changed probability measure P) :

Tk \k-1 (2.4.1)

= EX=AN0) =) 0
k=1 '

(k

oy = By (X —m)?=A'(\) =3 & _\k2 (2.4.2)

k
= (k—2)!
pr = EAX —mf, (2.4.3)

with A defined in (2.1.14).
2.4.1 Auxiliary results

In this section we prove a uniform concentration inequality bound for the class
of probability measures (IPy)ocyc,,- First we give uniform bounds for the first three
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moments of X under Py. It is well known that, for )y small enough and for any
A€ [0, o],

la =l S CLA, oa—o| SCoA, [pa— pl S C3, (2.4.4)

where C, Cy, C5 are absolute constants. These bounds allow us to obtain a uniform
rate of convergence for the process (log W,,) under P,.

Lemma 2.4.1. Assume A8 and A4. Then there exists 69 € (0,1) such that
sup E, |log W, —log W| < §(. (2.4.5)

0<A< A0
Proof. The proof is similar to that in Lemma 2.2.4 : it is enough to replace E by E,
and to ensure that all the bounds in that proof still hold uniformly in A € [0, Ag],
for Ao > 0 small enough.
We first prove that for some constants Ay > 0, § € (0,1) and C > 0,

sup (By|n,|")'? < Co7, (2.4.6)

0<A< g
where 7,, is defined in (2.2.15). In fact, we have, for p € (1,2),
Z P T\
L1 (B 7))

Exna|P < 2PEy |— —
myo

By the dominated convergence theorem and the fact that mg > 1, we have EyZ; ? <
EZ, Pm) = EZ; ™" < 1. Thus there exists a Ao > 0 small enough such that
_>

ExZ, 7P <EZ 7Pm) < 1.

By A3 and A4, for some small enough A\ € (0,p — 1] and all A € [0, \g] we have,

7. \P _ ‘ZP ‘ZP ‘Zp
EA<1> :(Emg) "B B2 <EY <

Mo mb mb A Mo
Py 1 1
Therefore, (2.4.6) holds with C' < 2 (E%) " + 1} < oo and 0 < (]ElefpmSO) <
1.
Next we show that
sup sup E,|log(l+mn,)|" < oo, (2.4.7)

neN 0<A<Ao
for all » > 0. It is easily seen that there exists a constant C,. > 0 such that
Ey [logW|" < Cr (E\W=* + E\W) < C, (E\W~*+1). Then, by A3 and Theorem
2.3.2, for all r > 0, we have
sup E,|logW|" < oc. (2.4.8)

0<A< Ao

Thus by (2.2.10) and (2.2.14) we get (2.4.7).
We finally end the proof in the same way as in Lemma 2.2.4, using the uniform
bounds (2.4.7) and (2.4.6). O
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Now we give a control of the joint law of (S,,log Z,) for the convergence to
the distribution function ®([0,z])1(z > 0), z € R, uniformly in A € [0, A¢], where
O([0,z]) = ®(x) — @(0) (recall that & is the distribution function of the standard

normal law).

Lemma 2.4.2. Assume A8 and A4. There exist positive constants C, 1, P2 and
5 € (0,1) such that for any x > 0,

Sn — Npix log Zn — njux C
sup |Py|—F—— <2, ——F 20| —2([0,z])| < —, 2.4.9
Og)\gp)\o A < o/ oa/n (10, z]) 7n ( )
and
Sp — TN log Z,, — npuy
sup Py (2 ¢ g 0T A 5
og,\gpxo A( o/ o/

1
<Clx+ ) e eV | min e’fmﬁ, SV =214
(7 < |

n
(2.4.10)
Proof. Let m = m(n) = [nl/ﬂ, with [z] denoting the integer part of z, and
"X - 1 m
V.= 3 A yA=vy, and V)= og W, (2.4.11)

it ow/n oawn

The proof of (2.4.9) is similar to that of Lemma 2.2.5 with P replaced by Py. The only
difference is that the bounds (2.2.31) and (2.2.34) have to be uniform in A € [0, Ag].
The uniformity in (2.2.31) is ensured by the Berry-Esseen theorem and (2.4.4) which
imply that

C

ﬁa

where G, (z) = Py (Yn’)n < x) The uniformity in (2.2.34) is a consequence of
Lemma 2.4.1. Further details of the proof are left to the reader.

Now we prove (2.4.10). Let D)), , = V,*=V,). By considering the events {|D, | <
2} and {|D;, .| > %} we have

sup | ‘Gﬁm(x) - CD(:L‘)’ < (2.4.12)

)\E[O,)\O

By (Y) < —2,Y) + V)2 20) < Py (Y,j <—n Y 4V > _;’)
+P, (|D,§m| > g) . (2.4.13)

We first find a suitable bound of the first term of the right-hand side of (2.4.13).
Again by decomposing Y} =Y, + Y}, using (2.4.12) and the fact that ®([a,b]) <
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b — a, we have

m

f1(
< /]1<t>";) [@([—‘;—s—t,—x—sDJr\%]u;(ds,dt)
f1(

(t - 323) - \%1 v (ds, dt)

< E, {V,,*Z]l <vn§ > xﬂ + [$+C] P, (Vg > ””)

t> x) P, (Y)" € {—32: — s —t, —x—s]) v (ds, dt)

<

2 n 2

By Markov’s inequality, we have Py (Vm’\ > %) < e~ 37V Moreover, using Holder’s
and Markov’s inequalities, we get by (2.4.8) and the definition of V}, that

1/2 x\ /2 cC =
Bt (v) 2 2)| < @IV e (i 0) < o
A[Vm mZ 5 (BA[VA?) "B (Vi 5 i
Since, by (2.4.4), oy is bounded uniformly in A € [0, Ao], there exists 5; > 0 such
that for any A\ € [0, Ao,

1
Py (VA< —, Y+ VP > —$> < i P 2.4.14
,\<n z, Y+ Vo 5 C’x—l—\/ﬁe ( )
We now search for a suitable bound for the second term of the right-hand side
of (2.4.13). By Holder’s inequality and Theorem 2.3.2, there exist some constants
C>0,a>0and 0 < a < min(1/2,a/2) such that, for all A € [0, Ao] and n € N,
1/2

E\ (S//n )a < (EAWT?Q> 1/2 (]EAWT)_@QQ)I/Q < (E)\WQQ)I/Q (E)\W_Qa) <c

Thus, by Markov’s inequality and (2.4.4), there exists a constant 2 > 0 (inde-
pendent of (A, n,x)) such that, for all A € [0, o],

W\ , W .

< Qe PV, (2.4.15)

Moreover, by Markov and Jensen’s inequalities and Lemma 2.4.1, there exists dy €

(0,1) such that for A € [0, Ao},

P, (|D,§w| > x) < P <|loan—long|1/2 >

21/2p1/4
2 >

V2

< O PP (2.4.16)
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From (2.4.15) and (2.4.16) we have, for any A € [0, \o],

P, (|Df‘nn\ > g) < Cmin (e*'@”‘/ﬁ, 5(‘)/5/2.7:*1/%*1/4) : (2.4.17)

Using (2.4.13), (2.4.14) and (2.4.17), we get (2.4.10) with & = 6)/*. This ends the
proof of the lemma. O

2.4.2 Proof of Theorem 2.1.3

We shall prove only the first assertion, the second one being proved in the same
way.

For 0 < x < 1, the theorem follows from the Berry-Esseen estimate in Theorem
2.1.1. So we assume that 1 < x = o(y/n). Using the change of measure (2.3.7), for
any A € [0, A\g], we have

P <log Lp — Nl

o~ > x) = L(N)"E,\ [6’)‘5"]1(10g Zp — npt > xa\/ﬁ)} :

Denote g log W,
L o SN R V6 - R4

O',\\/ﬁ no O')\\/ﬁ.

Using the decomposition (2.1.4), centering and reducing S,, under Py, we get

p (10an — x)
o\/n

= exp(nA(\) — nuy) Ey le"\”“/ﬁmﬂ (Yn’\ + V>

Y/\

(2.4.18)

)]

where Y} and V) are defined in (2.4.11) and A is defined in (2.1.14). It is well known
that for = = o(y/n) as n — oo, the equation

zoyn =n(uy — w), (2.4.19)

has a unique solution A\(x) which can be expressed as the power series

t V3 0 Va2 — 303 3
AMz) = — 1" — ————t"+ ... (2.4.20
(@) V2 27 6727/2 )
with ¢ = “= (see [46] for details). Choosing A = A (z), it follows that

log Z, — nu B vy R A
P (0\/5 > x) = exp (nA(N) — nuy) Ey {e 1Y +V > ())]
= exp (nA(A) =) I, (2.4.21)
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where
I = By e V™MLY 4+ V) > 0)]
- / e AV (YA L VA S 0)dPy. (2.4.22)
Using the fact that
e VYL — \gyv/n / Y < y)e MV dy
and Fubini’s theorem, we obtain
— down /]R e VIR, (Y <y, Y2+ V2 > 0) dy.
Obviously I = I, + I_, with

I, = ow/n / VIR, (V) <y, Y2+ V) > 0) dy,
0

0
I = \ow/n / eAPVIR, (YA <y, Y2+ V) > 0) dy.
We shall show that

I=L(14+0(\), (2.4.23)
where ~
I = Ao/ / e AVTIG([0, 4])dy. (2.4.24)
0
By Lemma 2.4.2 (i) we get by a straightforward computation that
C
I, — L] < (2.4.25)

NG

By Lemma 2.4.2 (ii), we have

0
I < C)\O')\\/E/ eAUA\/ﬁ|y| l: <|y| + \/1_> 6—31\y|\/ﬁ
— 0o n

T min (e~ PV 5Vl /2 1/4) ]dy_

Recall that, by (2.4.4), o, is bounded for A small enough and, by (2.4.20), we have
A — 0 as n — 00. Then for 0 < ¢ < min(fy, 52), we have Aoy < ¢ for all n large
enough. Thus, by a straightforward calculation and by choosing € > 0 small enough,
it can be seen that

0 1
I < C A\/ﬁ/ <\yy + \/ﬁ) e~ (Br=2) WV gy,

+C )\\/_/ —(B2—e Iylfdy
+C )\\/ﬁ/,l 5\/ﬁ|y|—1/2n—1/4 e° Iy\\/ﬁdy

<

&)
o
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By (2.4.20), we get, as n — o0,

1
I_=o0|—]. 2.4.26
’ (ﬁ) (2:420)
From (2.4.25) and (2.4.26) it follows that

C
I -5 <—. 2.4.27
I-ni< (2.4.27)
The integral I; appears in the proof of the Cramér’s large deviation expansion
theorem for the i.i.d. case. For convenience, we state here some well known results
concerning the asymptotic expansion of the cumulant generating function A(\) and

of the integral I;. For details we refer the reader to Appendix 2 or Petrov [46].

Lemma 2.4.3. Let X be a r.v. such that E[e™X]] < oo for some Ny > 0. For
A€ (=X, \), let AN = logE[eM], uy = N(N) and oy = N'(\). Set p = EX.
Then for 1 < x = o(y/n), A = Ax) solution of (2.4.19) and n large enough, we
have :

(i) the cumulant generating function A(X\) = logE[e*X] satisfies the identity

”i2+n(A(A)—A ) = L (2.4.28)
2 W= mt\n ) =
where Z(t) is the Cramér’s series defined by (2.1.15) ;

(1i) the integral I defined by (2.4.24) satisfies the property that there exist some
positive constants C1,Cy > 0 such that

Cl < )\O’)\\/ﬁll < 02 X (2429)

moreover, the integral I; admits the following asymptotic expansion :

I = exp (f) 1—®(2)] (1 +0 <¢$ﬁ>> . (2.4.30)

Now we can end the proof of Theorem 2.1.3. By (2.4.27), (2.4.29) and (2.4.20),
we have

[=L(1+00\) =1 <1+0<\;’%>>.

Coming back to (2.4.21) and using (2.4.30), we get

P (W > ;c) — exp (5”22 +n(A(N) — Am)> (1— ®(x)) (1 +0 (\fﬁ» .

Then, by (2.4.28), we obtain the desired Cramér’s large deviation expansion

P <1ng”\/%”“ > x) — exp (j;g (\%)) (1—(z)) (1 +0 (\%)) . (2.4.31)

which ends the proof of the first assertion of Theorem 2.1.3.
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2.5 Appendix 1 : Bound for the Wasserstein dis-
tance using Stein’s method

In this section we prove a bound for the Wasserstein’s distance between the

normalized process bgf#"“ and the normal law using Stein’s method, under the

assumption E|X[>™¢ < oo for some £ > 0. Note that it also leads to an alternative
proof of Theorem 2.1.1 under a slightly stronger hypothesis.

2.5.1 Background on Stein’s method

Let us recall briefly some facts on the Stein method to be used in the proofs.
For more details, the reader can consult the excellent reviews [16,47] or the more
complete book [15]. The main idea is to describe the closeness of the law of a r.v.
X to the standard normal law for a large class of distances, using Stein’s operator

Af(w) = f'(w) —wf(w), (2.5.1)

which can be seen as a substitute of the classical Fourier-transform tool. Let H be
an abstract set of measurable functions. For any h € H, assume that fj, is the unique
solution of Stein’s equation :

h(w) = ER(N) = fj(w) — w fu(w), (2.5.2)

N is a random variable with standard normal law N(0,1). The distance d(X,N)
between the law of the random variable X and the normal law N(0,1) can be
expressed in terms of Stein’s expectation EAf,(X). Indeed, substituting w by X in
(2.5.2), taking expectation and the supremum over h € H, we obtain

dy(X,N) :=sup |Eh (X) — ER(N)| = sup EAf,(X). (2.5.3)
heH heH

IfH=Hrg={1(- <x),x € R}, dy is the Kolmogorov distance, denoted dy. Taking
H=Hw=1{h:R >R, |h(z)—h(y)| <|z—yl|}, dy is the well-known Wasserstein
metric (denoted dy ) occurring in many contexts.

The key point is that Stein’s operator A characterizes the standard normal law,
as shown by the following Lemma.
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Lemma 2.5.1 (Characterization of the normal law). A random wvariable Z is of
normal law N (0,1) if and only if BEAf(Z) =0 for all absolutely continuous function
f such that E|f'(Z)| < oo.

By Lemma 2.5.1, it is expected that if the distribution of X is close to the normal
law N(0, 1) in the sense of the distance dy;, then EAf(X) is close to 0 for a large class
of functions f including the solutions f, of Stein’s equation (2.5.2). This permits to
study the convergence of X to the normal law by using only the structure of X and
the qualitative properties of f;,. We will use the following result, where we use the
notation || - || for the infinity norm.

Lemma 2.5.2. For each h € H, Stein’s equation (2.5.2) has a unique bounded
solution (see [47], Lemma 2.5) given by

falw) = ev/? / TP IER(NY — h(t))dt. (2.5.4)
If b is bounded, then || full < y/7/2||h(-) = ¢(R)|| and [[f3]] < 2[[A(-) — (h)H-
If h is absolutely continuous, then || fx| < |h’|| ol < /7 /2|0 and || £/ < 2||R]|.
Remark 2.5.3. If particular for h € Hy, we have ||I'|| < 1 and then Hfh||
Ifill < \/7/2 and || f//|| < 2. In the case when h € Hy, we have || fr]| < \/7/2 cmd

then || fi || < V2.

The next result gives a bound of order n~'/2 of Stein’s expectation of a sum of
iid. r.v’s.

Lemma 2.5.4. Let Xq,...,X,, be a sequence of i.i.d. r.v.’s with p = EX; € R,
= E[X; — p)® < 0o and p = E|X > < co. Define Y, = U—\l/ﬁ i1 (Xg — ). Then
we have

Sup E[f(Ya) — Yafa(Ya)]] < C/v/n, (2.5.5)
Sup E[f4(Ya) = Yafu(Ya)]| < C//n, (2.5.6)

where C is an absolute constant.

Note that from (2.5.3) and (2.5.5) one gets the classical Berry-Esseen theorem.
The proof of Lemma 2.5.4 can be found in [35].

2.5.2 Bound for the Wasserstein distance

In this section we give a bound for the Wasserstein distance obtained by Stein’s
method. Contrary to the case of the Kolmogorov distance, we do not require as-
sumption A2, but we need the following condition slightly stronger than A1l.

B1. There exists a constant € > 0 such that

EX? < o0, (2.5.7)
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Theorem 2.5.5. Under condition B1, we have

log Z,, — np C
d —_— < —. 2.5.8
w (2 ) < 258
2.5.3 Proof of Theorem 2.5.5
In order to simplify the notational burden, let
log W, log Z,, — np

and Y, =

1 n
o\v/n ; ( 2 o\v/n ovn *

By (2.5.3), it is enough to find a suitable bound of Stein’s expectation

B4 (Yn) = Y fu(Yo)ll, (2.5.9)

where h € Hy and f;, is the unique bounded solution of Stein’s equation (2.5.2).
For simplicity, in the following we write f for f,. By the triangular inequality, we
have

B[f' (V) = Yaf V)]l < E[f/(Ya) = Yaf (Ya))] ~
+|E[Ynf( n) - Ynf( n)“ + ‘E[an(yn)” (2'5'10)

By B1 and Lemma 2.2.3, we have sup E |log Wn|3/ ? < 0. Therefore, by the definition

of V,,, we have

[V, /(V.)]] < “jﬂ jﬁ

with C' and absolute constant. Moreover, using the fact that f is a Lipschitz function
with || f'|] < 1, together with Holder’s inequality and Lemma 4.4.1, we get

SUp E|logW,| < (2.5.11)

E[Y, f(Ya) = Yuf (VI < E[Yal [f(Ya) = F(Ya)l]
< IFINE[Ya] [Vall
1 “ 31° 3/212/3
< |E Z:(Xz- — 1) [E [log W,[*/?]
< S(Bg’ E|X, — pf'n®?)"”
C
< ﬁ (2.5.12)
Again, by the triangular inequality, we have
+|E[ ( n) ( w)]l- (2.5.13)
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By Lemma 2.5.2, we have | f”|| < 2. Therefore, f" is a Lipshitz function with
| f"]| <2, and then we get

<
i
Furthermore, since Y,, is a sum of i.i.d. random variables, by Lemma 2.5.4, it follows
that o

E[f'(Y,) =Y f(Yo)]] < NG (2.5.15)

Thus, coming back to (2.5.10) and using the bounds (2.5.11), (2.5.12), (2.5.13),
(2.5.14) and (2.5.15), we get

E[f' (Yo + Vo) = (V)] < 2EV,| < (2.5.14)

S E[f (Vo) = Yo fu (V)] < \%7

which ends the proof of Theorem 2.5.5. U

Note that for the Kolmogorov distance dx the bound (2.5.14) does not hold,
since in this case, h(-) = 1(- < x) is not absolutely continuous, and then f;’ is not
bounded by an absolute constant. So we need to use the following sharper bound
(see [35], Lemma 1.3) : For any real z, w, s, t and h(-) = 1(- < z), we have

[fu(w+s) = flw+ )] < (t+[sh(w+ 1)+ 1z -t <w <z —s)l(s < 1)
+l(z —s<w<z—t)1(s > 1). (2.5.16)
Thus for any h(-) = 1(- < z) € Hy, applying (2.5.16) for w =Y, s =V, and t = 0,
we get

E[f' (Yo + Vo) = F(Y)]l < E(YulVal) +EVL |+ P (Yo + Vo <2,Y, > 2)
+P (Y, + V. >z, Y, <x).

By B1 and Lemma 2.2.3, as for (2.5.11) and (2.5.12), we have E|V,,| < % and
E (V.| Va]) < % From these bounds, assumption A2 and the concentration in-

equalities of Lemma 2.2.5, we have

E[f/ (Yo + V,) — F(Ya)]l < 55 (2.5.17)

Thus, coming back to (2.5.10) and using the bounds (2.5.11), (2.5.12), (2.5.13),
(2.5.15) and (2.5.17), we get

Sup E[f (Vn) — Yo fu (V)] < 5%>

which recovers Theorem 2.1.1 with the assumptions B1 and A2 instead of A1 and
A2
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2.6 Appendix 2 : Proof of Lemma 2.4.3

In this section we prove Lemma 2.4.3. We first prove Part (i). Let u(A) = py — p
and t = . By (2.4.1), the equation (2.4.19) becomes

[e.e]

ot = p(\) = k; e ikl)!Ak—l. (2.6.1)

The previous power series 1(\) = py — p satisfies £(0) = 0 and ¢/(0) = 02 > 0. Thus
for || small enough, the previous equation has a unique solution A = A(¢) which can
be expressed as a power series given by

o b e =37
Vi 273 e

Substituting (2.6.2) in the right-hand side of Ay — A(X) = 122, By AR, we get

4 (2.6.2)

k-1 t v a2 — 33 ’
Mix = AQ) = (- - 22 M)
k;g k! V2 273 6727/2
_ ;s 3_7472—3732,t4+
2 6,3 2473

Using the fact that ¢t = @ we get

_'_
207 Nl 2473 12075/

= P21, (2.6.3)

A)2 — 342 210 1573
O ) A = t3<673 Y2 =395, | 575 — 107 + ’73t2+.“>

where Z(t) is the Cramér’s series defined in (2.1.15). This ends the proof of Part

(i).

Now we prove Part (ii). Recall that

L = )\a)\\/ﬁ/oo e MOV ([0, y])dy. (2.6.4)
0

By an integration by parts, we have

1 00 y2
I = —_/ )\ — ) ay.
1 5= Jo exp( yO')\\/_ 2) Y

Substituting u = Ayoxy/n in I; we find that

1 o0 u?
I = 7/ —U— —— | du. 2.6.5
LT V2ray/noy Jo b ( B 2/\27103) " ( )
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It can be easily seen from (2.6.5) that

1
V2o

By (2.4.4) and (2.6.2), there exists a positive constant a > 0 such that for n large

+o00
Anl < / exp(—u)du < +00. (2.6.6)
0

enough, we have ﬁ < a. Thus we get
1 +o0 9
ol > / exp(—u — au”)du > 0. (2.6.7)
2oy Jo

By (2.6.6), (2.6.7) and (2.4.4), we conclude that for some constants Cy,Cy > 0 and
n large enough,

0<Cy < \Wnl < Cy. (2.6.8)

This is the first conclusion of Part (ii). Now we prove the second conclusion of Part
(ii). We shall show that I; = I5(1 + O(\)), where

1y np) Yty A\ [ e
[2—\/%/0 exp (— > vy dy—EeXp 52 \/ﬁgme dy.
(2.6.9)
As for Iy, it can be easily seen that there exist positive constants C, Cy such that
Cy < M\Wnly < C,. (2.6.10)
1-®(x)

Now we give an estimation of |I; — I5|. Denote the Mill’s ratio by M (x) =

e?*/2 [0 ¢=*/2t. We have the relations

®'(z)

o

Vorl, = M(A\noy),  Vorl,=M ( ”“(A)> . (2.6.11)

By (2.6.11) and the mean value theorem, there exists u € ()\\/ﬁ@\, M) such that

Vor|l — L] < A\/ﬁ@_\/ﬁg(k)| | M (u)| .

Since |[M'(u)| = [uM(u) — 1] < u™? < W, we get from (2.4.4) and (2.6.2) that

C
-l < (2.6.12)

By (2.6.10) and (2.6.12), we have 0 < % < CA. Then coming back to I;, we get

L -1,

2
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Thus, we have

1

L = \/ﬁfg(l—f-O(/\))
= jz—ﬂexp (ngg) ) /;“;) e 2t (14 0(N)

- \/12—7TGXP (”‘;f,% [1 - <I>< ng@))] (1+0().  (2.6.14)

Using (2.4.19) and (2.1.15), we end the proof of the second conclusion of Part (ii).
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Chapitre

Asymptotique de la distribution de Z,, et
moment harmonique critique de W

Résumé

Soit (Z,) un processus de branchement sur-critique en environnement aléa-
toire £. Nous donnons un équivalent de la probabilité P(Z,, = j|Zy = k) lorsque
n — oo, pour tout j > k, sous la condition P(Z; = 0) = 0. Nous déterminons
également la valeur critique du moment harmonique de la variable aléatoire limite

Zn,

W = lim,, oo BiZ.g) SOus une hypothese naturelle d’existence de certains moments.

Abstract

Let (Z,) be a supercritical branching process in an independent and identically
distributed random environment £. We show the exact decay rate of the probability
P(Z, = j|Zy = k) as n — oo, for each j > k, assuming that P(Z; = 0) = 0. We also
determine the critical value for the existence of harmonic moments of the random

Zn,

variable W = lim,,_, B2 under a simple moment condition.

This chapter has been submitted to
Annales de I'Institut Henri Poincaré.
Title : Asymtotic of the distribution and harmonic moments for a supercritical
branching process in a random environement.
It has been written in collaboration with Ton Grama and Quansheng Liu.

67

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



68 CHAPITRE 3. LOI DE Zy ET MOMENTS HARMONIQUES DE W

3.1 Introduction

A branching process in a random environment (BPRE) is a natural and impor-
tant generalisation of the Galton-Watson process, where the reproduction law varies
according to a random environment indexed by time. It was introduced for the first
time in Smith and Wilkinson [48] to modelize the growth of a population submitted
to an environment. For background concepts and basic results concerning a BPRE
we refer to Athreya and Karlin [3,4]. In the critical and subcritical regime the
branching process goes out and the research interest is mostly concentrated on the
survival probability and conditional limit theorems, see e.g. Afanasyev, Boinghoff,
Kersting, Vatutin [1, 2], Vatutin [52], Vatutin and Zheng [53], and the references
therein. In the supercritical case, a great deal of current research has been focused
on large deviations, see Bansaye and Berestycki [10], Bansaye and Boinghoff [11-13],
Béinghoff and Kersting [20], Huang and Liu [36], Nakashima [44]. In the particular
case when the offspring distribution is geometric, precise asymptotics can be found
in Boinghoff [18], Kozlov [39].

An important closely linked issue is the asymptotic behavior of the distribution
of a BPRE (Z,), i.e. the limit of P(Z,, = j|Zy = k) as n — oo, for fixed j > 1 when
the process starts with £ > 1 initial individuals. For the Galton-Watson process, the
asymptotic is well-known and can be found in the book by Athreya [5]. For the need
of the lower large deviation principle of a BPRE, Bansaye and Béinghoff have shown
in [13] that, for any fixed 7 > 1 and k > 1 it holds n™'log P(Z,, = j|Zo = k) — —p
as n — oo, where p > 0 is a constant. This result characterizes the exponential
decrease of the probability P(Z, = j|Zy = k) for the general supercritical case,
when extinction can occur. However, it stands only on a logarithmic scale, and the
constant p is not explicit, except when the reproduction law is fractional linear, for
which p is explicitly computed in [13]. Sharper asymptotic results for the fractional
linear case can be found in [18]. In the present paper, we improve the results of [13]
and extend those of [18] by giving an equivalent of the probability P(Z,, = j|Zy = k)
as n — o0, provided that each individual gives birth to at least one child. These
results are important to understand the asymptotic law of the process, and are
useful to obtain sharper asymptotic large deviation results. We also improve the
result of [36] about the critical value for the harmonic moment of the limit variable
W = lim,_ %.

Let us explain briefly the findings of the paper. Assume that P(Z; = 0) = 0.
From Theorem 3.2.3 of the paper it follows that when Zy = 1,

P(Z,=7) o~ 7" with oy = P(Zy=1) >0, (3.1.1)
where ¢; € (0,400) can be computed as the unique solution of some recurrence
equations; moreover, the generating function Q(t) = 322, ¢;t’ has the radius of
convergence equal to 1 and is characterized by the functional equation

1Q(t) = EQ(fo(t)), te€][0,1), (3.1.2)

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



3.2. MAIN RESULTS 69

where fo(t) = 329°, pi(&)t* is the conditional generating function of Z; given the
environment. These results extend the corresponding results for the Galton-Watson
process (see [5]). They also improve and complete the results in [13] and [18] : it was
proved in [13] that £ logP(Z, = j) — log~, and in [18] that P (Z, = 1) o~ "n
in the fractional linear case.

In the proofs of the above results we make use of Theorem 3.2.1 which shows
that, with my = E¢Z;, we have, for any fixed a > 0,

EW™ < oo ifand only if E[p;(§)mg] < 1, (3.1.3)

under a simple moment condition E [mf] < oo for some p > a, which is much weaker
than the boundedness condition used in [36, Theorem 1.4] (see (3.2.10) below).

For the proof of Theorem 3.2.1 our argument consists of two steps. In the first
step we prove the existence of the harmonic moment of some order a > 0 using the
functional relation (3.3.5). The key argument to approach the critical value is in the
second step, which is based on the method developed in [42, Lemma 4.1] obtaining
the decay rate of the Laplace transform ¢(t) = Ee™™" as t — oo, starting from a
functional inequation of the form

é(t) < qEP(Y'L) + Ct™, (3.1.4)

where Y is a positive random variable. To prove (3.1.4) we use a recursive procedure
for branching processes starting with k£ individuals and choosing k large enough.
The intuition behind this consideration is that as the number of starting individuals
k becomes larger, the decay rate of ¢p(t) = E {e‘tW|ZO = k} as t — oo is higher
which leads to the desired functional inequation.

In the proof of Theorem 3.2.3, the equivalence relation (3.1.1) and the recursive
equations for the limit values (g;) come from simple monotonicity arguments. The
difficulty is to characterize the sequence (g;) by its generating function (). To this
end, we first calculate the radius of convergence of ) by determining the asymptotic
behavior of the normalized harmonic moments EZ, " /7™ as n — oo for some 7 > 0
large enough and by using the fact that >332, j7"¢; = lim, o EZ" /7". We then
show that the functional equation (3.1.2) has a unique solution subject to an initial
condition.

The rest of the paper is organized as follows. The main results, Theorems 3.2.1

and 3.2.3, are presented in Section 3.2. Their proofs are given in Sections 3.3 and
3.4.

3.2 Main results

A BPRE (Z,,) can be described as follows. The random environment is represen-
ted by a sequence £ = (g, &, ...) of independent and identically distributed random
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variables (i.i.d. r.v.s), whose realizations determine the probability generating func-
tions

fn(t) = f(gnat) = ipi(fn)ti7 te [0’ 1]7 pl(gn) 2 0, ij:pl(fn) =1 (3'2'1)

The branching process (Z,),>o is defined by the relations
ZTL
Zo=1, Zyy1=> Nu; for n>0, (3.2.2)
i=1

where N, ; is the number of children of the i-th individual of the generation n.
Conditionally on the environment &, the r.v’s N,,; (i =1, 2, ...) are independent of
each other with common probability generating function f,,, and also independent
of Z,.

In the sequel we denote by P¢ the quenched law, i.e. the conditional probability
when the environment £ is given, and by 7 the law of the environment £. Then
P(dx,d¢) = Pe(dx)7(d€) is the total law of the process, called annealed law. The
corresponding quenched and annealed expectations are denoted respectively by [
and [E. We also denote by P, and Ej the corresponding probability and expectation
starting with k individuals. For n € N, the probability generating function of Z, is

Gn(t) =Et? =E[fyo...0 fu_1(t)] = E[ga(1)], (3.2.3)

where ¢,(t) = foo...o f,_1(t) is the conditional probability generating function
of Z, when the environment ¢ is given. It follows from (3.2.2) that the probability
generating function Gy, of Z,, starting with k individuals is

Ginlt) = Ext” = E [gh(1)] . (3.2.4)
We also define, for n > 0,
my, =m(&,) = Zz’pi(fn) and II,, = E¢Z, = mg...my_1,
i=0

where m,, represents the average number of children of an individual of generation
n when the environment ¢ is given. Let

Zn
Wa=2 n>0, (3.2.5)

be the normalized population size. It is well known that under P¢, as well as under
P, the sequence (W), ),>o is a non-negative martingale with respect to the filtration

Fo=0( Nji,0<j<n—-1i=12..),

where by convention Fy = o(§). Then the limit W = lim,,_,,, W), exists P - a.s. and
EW < 1.

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



3.2. MAIN RESULTS 71
We shall assume that
p = Elogmg € (0, 00),
which implies that the BPRE is supercritical and that
v:=P(Z; =1)€]0,1). (3.2.6)

With the extra condition E|log(1—py(&n))| < oo (see [48]), the population size tends
to infinity with positive probability. We also assume in the whole paper that each
individual gives birth to at least one child, i.e.

po() =0 as. (3.2.7)
Therefore, under the condition
A
E= logt Z, < oo, (3.2.8)
mo

the martingale (W,,) converges to W in L'(P) (see e.g. [50]) and
P(W >0)=P(Z, - ) = 1.
Our first result concerns the harmonic moments of the r.v. W.

Theorem 3.2.1. Assume that there exists a constant p > 0 such that E [m{] < oc.
Then for any a € (0,p),

EW™ <oo if and only if E [p’f(fo)mg} < 1.
From Theorem 3.2.1 we get the following corollary.
Corollary 3.2.2. Let ap > 0 be the solution of the equation
E[p;(&)mg*] = 1. (3.2.9)
Assume that Emg* < co. Then,

ExW=* < oo for a€|0,ag),
ExW=* =00 for a € [ag,0).

The solution aj of the equation (3.2.9) is the critical value for the existence
of harmonic moments of the r.v. W. Note that, when the process starts with one
individual, the critical value a; for the harmonic moments of W has been found in
Theorem 1.4 of [36] under the more restrictive condition

A <mp and D ipi(&) < AT as,, (3.2.10)

=1
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where 6 > 0 and 1 < A; < A are some constants. Theorem 3.2.1 and Corollary 3.2.2
generalize the result of [36], in the sense that we consider k initial individuals rather
than just one and that the boundedness condition (3.2.10) is relaxed to the simple
moment condition E [mf] < oo.

The next result gives an equivalent as n — oo of the probability Py (Z, = j) =
P(Z, = j|Zo = k), with k € N* and j > k, in the case when P(Z; = 1) > 0. The
last condition implies that, for k£ > 1,

= Pi(Z1 = k) = E[p}(&)] > 0. (3.2.11)
Define r; as the solution of the equation
e = Emg ™. (3.2.12)

Theorem 3.2.3. Assume thatP(Z; = 1) > 0. For any k > 1 the following assertions
hold.

a) For any accessible state j > k in the sense that Pr(Z, = j) > 0 for some | > 0,
we have

Py (Zn =3) o WKk (3.2.13)
where g, = 1 and, for j > k, qi; € (0,+00) is the solution of the recurrence
relation ‘

j
Velej = D (i §) i (3.2.14)
i=k
with

p(i, ) =P(Z1 = j|Zo = i)
and qi; = 0 for any non-accessible state i (i.e. Pr(Z, =1i) =0 for alll > 0).

b) Assume that there exists ¢ > 0 such that Emg*"°] < co. Then, for any r > r,

we have 372, 77 "qx,; < 0. In particular, the radius of convergence of the power
series

400
Qrt) = > ar ! (3.2.15)
j=k

is equal to 1.
c) For allt €10,1) and k > 1, we have,

Grn(t)
T

where Gy, is the probability generating function of Z, when Zy = k, defined in
(3.2.4).

d) Qx(t) is the unique power series which verifies the functional equation

wQx(t) = E[Qx(fo(t))], t€]0,1), (3.2.17)
with the condition Q,(f)(O) = 1.

T Qk(t) as n— oo, (3.2.16)
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Part a) improves the bound P (Z, < j) < n/4" obtained in [10] (Lemma 7) for
a BPRE with P(Z; = 0) = 0. Furthermore, Theorem 3.2.3 extends the results of [5]
for the Galton-Watson process, with some significant differences. Indeed, when the
environment is random and non-degenerate, we have, for k > 2, Gy 1(t) = EfF(t) #
G%(t) in general, which implies that Qy(t) # Q*(t), whereas we have the relation
Qr(t) = Q*(t) for the Galton-Watson process.

Theorem 3.2.3 also improves the results of [13] (Theorem 2.1), where it has been
proved that for a general supercritical BPRE

1
lim —logP (Z, =j)=—p <0. (3.2.18)

n—oo n,

Our result is sharper in the case where P (Z; = 0) = 0. Moreover, in the case where
P (Z, = 0) = 0, it has been stated mistakenly in [13] that lim,,_,« + log Py, (Z,, = j) =
klog~, whereas the correct asymptotic is

1
lim —log Py (Z, = j) = log .

n—oo n,

Now we discuss the particular fractional linear case. The reproduction law of a
BPRE is said to be fractional linear if

(1 —ag)(1—bo)

be, (3.2.19)
bo

po(&)) = Qy, pk(fo) =

with generating function f, given by

(1 - CL())(]_ — bg)t
1 —bot ’

fo (t) =ag +
where ag € [0,1), by € (0, 1) are random variables depending on the environment &.
In this case, the mean of the offspring distribution is given by

1—&0
mo = )
07 1 — by

The constant p in (3.2.18) was computed in [13] : with X = logmy,

—logE[e™] if E[Xe *] >0 (intermediately and
p= strongly supercritical case),
—loginfysoEle™*] if E[Xe ¥] <0 (weakly supercritical case).

Moreover, precise asymptotic results for the strongly and intermediately supercritical
case can be found in [18], where the following assertions are proved :

1. if E[Xe*] > 0 (strongly supercritical case),

P(Z,=1)~v (E[e‘X])n;
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2. if E[Xe *] = 0 (intermediately supercritical case),
P(Zy = 1) ~ 0 (Ele™™])" 1(n)n 02,

with 6, v, s positive constants and [(-) a slowly varying function. In the particular
case where ag = 0, Theorem 3.2.3 recovers Theorem 2.1.1 of [18] with p; (&) = 1/my,
X =logmy > 0 and E {X e X } > (. Therefore the process is strongly supercritical
and P(Z, = 1) ~ v (]E[e_X])n = ~". However, since we assume P(Z; = 0) = 0,
our result does not highlight the previous two asymptotic regimes stated in the
particular case when the distribution is fractional linear. The study of the general
case is a challenging problem which still remains open.

3.3 Harmonic moments of W

In this section we prove Theorem 3.2.1. Denote the quenched Laplace transform
of W under the environment & by

d(t) = Ee [ (3:3.1)
and the annealed Laplace transform of W starting with £ individuals by
ok(t) = Ex [0¢(t)] = E [¢f(t)] = Ex [e"]. (3.3.2)

We start with a lemma which gives a lower bound for the harmonic moment of W.

Lemma 3.3.1. Assume that E [m{] < oo for some constant p > 0. For any k > 1,

let
p

1 —logEm}/log;’

with the convention that ay = p if p1(§) = 0 a.s. (so that v, = 0). Then, for all
a € (0, ),

ay (3.3.3)

E, W™ < 0o.
Furthermore, if P(p1(&) = 0) < 1, we have oy, < a1 ; if additionally P (p1(&§) < 1) =

1, then limg_,oo o = p.

Proof. We use the same approach as in [31] where the case k = 1 was treated. Since
W is a positive random variable, it can be easily seen that, for a > 0,

I Y e a
E, W _F(a)/o o (1)t dt, (3.3.4)

where I'(a) = [5°t* 'e~dt is the Gamma function. Moreover, it is well-known that
¢e(t) satisfies the functional relation

oe(t) = fo <¢T§ ( ! )) : (3.3.5)

mo
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where fo(t) = 302, pr(&)tF is the generating function of Z; under &, defined in
(3.2.1). Using (3.3.5) and the fact that ¢}, (mio) D¢ ( ) for all k > 2, we obtain

6e(t) < pr(&)ore () + (L= mE)oe (). (33

Taking the k-th power in (3.3.6), using the binomial expansion and the fact that
0% (L) < ohtt (i) forall i € {0,k — 1}, we get
t Ll
ge(t) = PY(So)dre <mo> + Z Ci p1(&0) (1 = pr(&))F 02+ <t>
< etk (o) + @ -rhienest ()
= e (o) [P0 + (= pheoone ()] (337)

By iteration, this leads to

t
¢g( ) < Tng ( ) H (pl fj p]f(fj))CbT"é <H>> . (3.3.8)
Taking expectation and using the fact that ¢rne(-) < 1, we have

il (st + 1 —hieore ()

Jj=0

on(t) < E

Since ¢¢(-) is non-increasing, using a truncation, we get for all A > 1,

T (sh6) + 0 - pheome ()] + B, > 4

J=0

ou(t) < E

As T"¢ is independent of o (&, ...,&u—1), and the r.v's pi(&) (¢ > 0) are i.i.d., we
obtain

bu(t) < [% + (1= )¢ (2)} + (I, > AY),

where v, = Ep¥ (&) is defined in (3.2.11). By the dominated convergence theorem,
we have lim;_,o, ¢(t) = 0. Thus, for any § € (0, 1), there exists a constant K > 0
such that, for all ¢ > K, we have ¢(t) < ¢. Consequently, for all ¢ > K A", we have

¢ () < 0 and
o(t) < 6" + P(IL, > A™),

where
B=v+(1—)e€(0,1). (3.3.9)
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1
Emé’) /p

Using Markov’s inequality, we have P(II,, > A") < (Emf/AP)". Setting A = ( 3

1, we get for any n € N and t > KA",

or(t) < 28" (3.3.10)

Now, for any t > K, define ng = ny(t) = [lolg(%/f ) } > 0, where [z] stands for the
integer part of x, so that

log(t/K)
log A

log(t/K)

d t> KA™.
log A an

—1 X No x
Then, for t > K,
lo.
Or(t) < 26™ < 257 (t/K) A = Cot ™,
with Cp = 287 K® and o« = —1°85 > (. Thus, we can choose a constant C' > 0 large

T logA
enough, such that, for all ¢ > 0,

or(t) < O (3.3.11)

Furthermore, by the definition of 5, A and «, we have

p
1 —log Emg/log (v + (1 — 7x)0)’

o =

where 0 € (0,1) is an arbitrary constant and v, = Ep¥(&,). When § — 0, we have
a — ag, so that (3.3.11) holds for all & < ay, where «y is defined in (3.3.3). By
(3.3.4) and (3.3.11), we conclude that EW ™ < oo for any a < aj;. Moreover, it is
easily seen that if P(p;(&) = 0) < 1, then ay < gy since Y41 < 7k ; if additionally
P(p1(&) < 1) =1, then limg_,o 7% = 0 so that limy_,. ag = p. O

The following lemma is the key technical tool to study the exact decay rate of
the Laplace transform of the limit variable W.

Lemma 3.3.2 ( [42], Lemma 4.1). Let ¢ : Ry — Ry be a bounded function and let
Y be a positive random variable such that for some constants q € (0,1), a € (0,00),
C>0andty >0 and all t > ty,

o(1) < EG(Y1) + CL.
If qE(Y ™) < 1, then ¢(t) = O(t™?) as t — oc.

Now we proceed to prove Theorem 3.2.1. We first prove the necessity. Assume
that E, W~ < oo for some a > 0. We shall show that Ep¥(&)m@ < 1. Note that the
r.v. W admits the well-known decomposition
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where the r.v/s W(i) (i > 1) are i.i.d. and independant of Z; under P¢, and are also
independent of Z; and £, under P. The conditional probability law of W (i) satisfies
Pe(W (i) € -) = Pre(W € ). Since Pr(Z; > k + 1) > 0, we have

7 @
EW™ > Eymg (Z W(z)) {7z, =k} = Ep’f(fo)mg E, W~ (3.3.12)

=1

which implies that Ep(&)md < 1.

We now prove the sufficiency. Assume that Em} < oo and Epf(&)mg < 1 for
some a € (0,p).

We first consider the case where P(p1(&y) < 1) = 1. We prove that E,WW ™ < oo
by showing that ¢ (t) = O (t_(‘”ra)) as t — oo, for some € > 0. By Lemma 3.3.1,
there exists an integer j > k large enough and a constant C' > 0 such that

0;(t) < Ct~(ae), (3.3.13)

with € > 0 and a 4+ ¢ < p. By (3.3.7), we have
1y < il endint () Lo (2 3.3.14
¢g t) <p (fo)ﬁng mio + ¢T§ Eo . (3.3.14)

Taking the expectation in (3.3.14), using (3.3.2), (3.3.13) and the independence
between &, and T¢, we obtain

640) < E[p{ (€0 ()] + o

= /yj—lE [qf)j_l(Yt)] + Ct_(a+8), (3315)

wherey;_; = E [pi_l (50)} < landY isa positive random variable whose distribution

is determined by
Ely(v)] = —E [ € ()]

Vi1 0

for all bounded and measurable function g. By hypothesis, Epf(&)m& < 1. Then,
by the dominated convergence theorem, there exists € > 0 small enough such that
Epk(&0)mate < 1, and since j — 1 > k, we have Ep] ' (&)mate < Eph(&)ma™e < 1.
Therefore, v; 1 E[Y ~(@*9] < 1 and using (3.3.15) and Lemma 3.3.2, we get ¢; 1 (t) =
O(t~(@+9)) as t — co. By induction, applying (3.3.14) and (3.3.15) to the functions
Gj—2,®j_3, ..., ¢, and using the same argument as in the proof for ¢,_;, we obtain

or(t) = Ot~ @)) as t — oco. (3.3.16)
Therefore, in the case where P(p;(&y) < 1) = 1, we have proved that

Epf(&)ma <1 implies E,W™* < oo. (3.3.17)

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



78 CHAPITRE 3. LOI DE Zy ET MOMENTS HARMONIQUES DE W

Now consider the general case where P(p;(£) < 1) < 1. Denote the distribution
of & by 79 and define a new distribution 7, as

7o(*) = 1o(-[p1(&0) < 1). (3.3.18)
Consider the new branching process whose environment distribution is ¥ = 7®"
instead of 7 = N, The corresponding probability and expectation are denoted by

P(dx,d¢) = Pe(dz)7(d€) and E, respectively. Of course (W,,) is still a martingale
under P. Moreover, the condition E [% log™* Zl} =E {% log* Zl} /P(p1(&) < 1) <

oo implies that W, — W in L'(P). Now we show that E, [W~% < E, [W~¢]. For
0 < < n, denote

Ai,n = {(50,-~;§n—1) | Pl(fjl) = _p1(£]1> =1lforsome0< 1 <...<ji<n—1,
and py (&) < 1forall he{0,...n—11\{j,....ji}}.

Conditioning by the events A;, (i € {0,...,n}) and using the fact that the r.v’s
&, ..., &1 are ii.d., we obtain, for all n € N,

B W] = iEk (W, 4] P (4;)

_ ZEk[

with n = P(p1(§) = 1). Moreover, using (3.2.2), a straightforward computation
leads to the decomposition

“Ain] Cin (1 =)™, (3.3.19)

n—1 1 7 N
W, = H ni, with n>1 and n =— Z iy
i=0

zjlmz

Note that, on the event {p;(&;) = 1} we have n; = 1. Therefore, using (3.3.20) and
the fact that the r.v’s &, ...,&,_1 are i.i.d., we get

Ep W, "|Ain| = Bx W] (3.3.21)

(3.3.20)

a

By the convexity of the function = +— 27 we have sup,; Ex[IW, ] < E,W—°
(see [36] Lemma 2.1). Thus, by (3.3.19) and (3.3.21), we obtain

i W] <Ei W] (3.3.22)
Note that, conditioning by the events {p;(§,) = 1} and {p1(&) < 1}, we have
Ep} (&o)mg = (1 —n)Epy (So)mf +n,

with 1 = P(p1(&) = 1). So the condition Ep§(&)m§ < 1 implies that I['I‘,p1 (&)md < 1.
Then, by (3.3.17) applied under the probability I, and the fact that P(p (&) < 1) =
1, we get E; [W™?] < oo. Therefore, by (3.3.22), it follows that

Epf(&)ma <1 implies E,W™* < oo, (3.3.23)
which ends the proof of Theorem 3.2.1.
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3.4 Asymptotic of the distribution of 7,

In this section we prove Theorem 3.2.3. We start with the proof of part a). For
k>1and j > k, define
P(Z, =j|Zy=k)

agn(J) = o : (3.4.1)
k

with v, = Pr(Z; = k). By the Markov property, we have
Py (Zp1=1J) 2 Py (Z1 = k) Py (Z,, = j) -

n+1

Dividing by ;™" leads to

Akn+1 (]) > ak,n(j)' (3'4'2)

Therefore, by the monotone ratio theorem, we obtain
Jim 1 agn(j) = gr; € R.

We shall prove that gy ; satisfies the properties claimed in the theorem. If j is such
that Py(Z, = j) = 0 for any n > 0, then a;,(j) = 0 for any n > 0, so that
lim,, o @ n(j) = 0 = gqi,;. If there exists [ > 0 such that Py(Z; = j) > 0, then
Qg = ari(j) = Pu(Zi = j) /v, > 0.

Now we show by induction that for all j > k, we have

H(j): su;N) apn(j) = ar(j) < oco.
ne

For j = k, we have ai(k) = 1. Assume that j > k + 1 and that H(7) is true for all
k <1 < 7 — 1. By the total probability formula, we obtain

I Z)) L NSy (Zyy = 2 = i) Y
Aot ” Z;C (Zn41 = Jl ) o

which is equivalent to

[ Zp iy 7))k (1) + vjaen(f) (3.4.3)

with p(i, j) = P(Zy = j|Zy = ©). Using the fact that ay,(j) < arnt1(J), we get by
induction that
j—1

sup i1 (3) (=) < Dl J)ar(i) < oo
ne .

Thus qr; < oo forall 7 > k+1and k > 1. Furthermore, taking the limit as n — oo
in (3.4.3), leads to the following recurrent relation for gy ; :

J
Gk =1, etry = 00w (J = k+1).
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This end the proof of part a) of Theorem 3.2.3.

Now we prove part b) of Theorem 3.2.3. We give a proof that the radius of
convergence of the power series ()5 is equal to 1. The method is new even in the
case of the Galton-Watson process. We start with a lemma.

Lemma 3.4.1. Let k > 1. Assume that P(p1(&) < 1) = 1 and that there exists
e > 0 such that Elm THE] < 00, where 1, is the solution of the equation v, = Emg"*.
Then, for any r > ri, we have

EvZ,"
lim 1

n—o0 f}/k

< 0. (3.4.4)

Proof. By the Markov property,
i [Zy0h] 2 Bi | 2,741 20 = k| Pu(Z = k) = wly [2,7],

which proves that the sequence (Ej[Z,"] /7 )nen is increasing. We show that it
is bounded. For n > 1 and m > 0, we have the following well-known branching
property for Z,

n+m Z nz ) (345)

where, under P, the random variables Z,, (”?) (¢ > 1) are i.i.d., independent of Z,,,
whose conditional probability law satisfies Pg (Z (m) ¢ ) = Pyrme (Z, € -), with T™
the shift operator defined by T (&o, &1, ...) = (§m,&mi, - - -). Intuitively, relation
(3.4.5) shows that, conditionally on Z,, = i, the annealed law of the process Z, .,
is the same as that of a new process Z,, starting with ¢ individuals.

Using (3.4.5) with m = 1, the independence between Z; and ZS? (¢ > 1) and
the fact that E;Z " < Ep1 2, " for all « > k + 1, we have

By [Znﬂ] = Ex { Znial 2y = k} Pr(Zy = k)

+§:E< 1>r21—2 Py(Z1 =)
i=k+1
< uEg [Z }+Ek+l [Zn} (3.4.6)

We shall use the following change of measure : for £ > 1 and r > 0, let P be a
new probability measure determined by

EX[T) = B [11,"T] (3.4.7)

cr
for any F,-measurable random variable T', where ¢, = Emy". By (3.4.7), we obtain

Eir (2] = EXL W, (3.4.8)

T
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with sup,,cy E,(Ql[W;’”] = E,(Ql[W_T] (see [36], Lemma 2.1). Moreover, we have
EM i (&)ms] = Yep1/Emg” < 1 for any r < rgy1. So by Theorem 3.2.1 we get
E,&?l[W*T] = C(r) < oo and then Eyyq [Z,7] < C(r)cl for any r < rp + € < Tgq1.
Coming back to (3.4.6) with r < r; + &, we get by induction that

B [Z,7] < i+ O el (3.4.9)
j=0

Choose r > ry such that ¢, < . Then, we have, as n — oo,

]Ek ZT:T > J
[HJJ <1+—% <C> 14 . (3.4.10)
Tk Tk j=o0 \Vk Ve — Cr

Thus the sequence (Eg[Z, "] /7% )nen is bounded and (3.4.4) holds for any r €
(rg,mx + €). Using the fact that Ej {Z;fl} < Eg [Z;J;l} for any " > r, the result
follows for any r > ry, which ends the proof of the lemma. O]

Remark 3.4.2. From the results stated above, with some additional analysis one
can obtain the equivalent of the harmonic moments EZ." for any r > 0. Howewver, it
is delicate to have an expression of the concerned constant in the equivalence. This
will be considered in a forthcoming paper.

Now we show that the radius of convergence R of the power series Qx(t) =
Dok qr ;7 is equal to 1. Using the fact that > 72k Px (Z, = j) = 1, part a) of Theo-
rem 3.2.3 and the monotone convergence theorem, we have

n—0o0

m 1" Y Pe(Zn =J) = D ary = +o0,
j=k j=k

which proves that R < 1. We prove that R = 1 by showing that Z;;O,’; J "y < 00
for r > 0 large enough. Using part a) of Theorem 3.2.3, the monotone convergence
theorem and Lemma 3.4.1, we have, for any r > ry,

J— -r

i Taky =) 57" lim 1 M = lim T 2" < oo, (3.4.11)
j=k

j:k n—oo fyk n—oo Vk
which proves part b).

Now we prove part c¢) of Theorem 3.2.3. Using part a), the definition of Gy,
and the monotone convergence theorem, we get (3.2.16). To prove the functional
relation (3.2.17), recall that Gy 1(t) = 32, p(k,j)# = Ef§(t). By (3.2.14) and
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Fubini’s theorem, we get

Q) = iiqk p(i, )1(i < §)¥

j=k i=k

- i ki ip(lu ])t]
ik =i

= > ail {fé(t)}
i=k

= E[iQk,ifé(t)]
= E[Qr(fo(1))].

This proves the functional relation (3.2.17).

We now prove that the previous functional relation characterizes the function
Qk. To this end it suffices to show the unicity of the solution of (3.2.17). Assume
that there exists a power series Q(t) = 3220 Grgt? on [0,1) which verifies (3.2.17)
with the initial condition gy; = ¢rr = 1. We first show by induction in n that
QM (0) = 0 for all n € {0,...,k —1}. Since f5(0) = 0 and ~;, € (0,1), by (3.2.17),
we get 7:Q(0) = Q(0), which implies that Q@ (0) = Q(0) = 0. By the induction
hypothesis we have that QU)(0) = 0 for all j € {0,...,n — 1} for some n < k — 1.
We show that Q™ (0) = 0. Using Faa di Bruno’s formula, we have

(G0 )" (1) = z QU (fo#) B (£6"(1), -, £" (1)), (3.4.12)

where B, ; are the Bell polynomials, defined for any 1 < j < n by

B"vj(xb L2y axn—j-i-l)

= & (331)“ <1’72>i2 Taoji |

where the sum is taken over all sequences (iy,...,i,—;+1) of non-negative integers
such that 43 + -+ 4,_j41 = jand 43 + 2l + -+ (n —j + 1)ip_jy1 = n. In
particular B, ,(z1) = z7. Applying (3.4.12) and using the fact that f,(0) = 0,
By (£6(0)) = £57(0)" and QW(0) = 0 for all j € {0,...,n — 1}, we get

(o)™ (0) = QM) (£°0))". (3.4.13)

Then taking the derivative of order n of both sides of (3.2.17) and using (3.4.13),
we obtain that 7,Q™ (0) = Q™ (0)y, for n < k — 1, which implies that Q™ (0) = 0.

Now we show that gy ; = g ; for any j > k + 1. Using Fubini’s theorem, the fact
that fo,..., fn_1 are i.i.d. and iterating (3.2.17), we get

E[Qk(9,(t)] = % Qx(t) and E [Qk(gn@))} = 7R Q(t), (3.4.14)
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where g, (t) = fo_10...0 fo(t). By (3.4.14), for all t € [0,1) and n € N, we have
Qu(t) = Qu(®)] = %" B [Qu(Ga(1) — Qu(ga(1))]|
= i (g5 — r.5)E [G2(0)]

< % Z Qi — Qi1 Gjn(t), (3.4.15)

j=k+1

where G ,,(t) is the generating function of Z,, starting with j individuals. To conclude
the proof of the unicity it is enough to show that

Jim > lgkg — el v "Gin(t) = 0. (3.4.16)
Jj=k+1

We prove (3.4.16) using the Lebesgue dominated convergence theorem. Note
that, by (3.2.16), for all n € N,

7" Cnlt) < Q5(0). (3.4.17)

Therefore, using the fact that v; < v, for all j > k£ + 1, we have

lim v, "G, (t) = lim <%> vj_”Gj’n(t) < lim () Q,(t) =0,

and v, "Gjn(t) < Q;(t). Now we show that 372, ) [qr; — Gr;| Q;(t) < oo for all

€ [0,1). Indeed, by part b) of Theorem 3.2.3, we have >32, qx ;=" < oo for any
r > 1. In particular for a fixed r > ry, there exists a constant C' > 0 such that, for
all j > 1,4 > 7, it holds g;; < C4". Therefore,

Qi) <CY it <CPY (i+4)t<C (2%]’ DAt 2y j”ti> <Gt
i=j i=0 i=0 i=0

Since )y and () are power series whose radii of convergence are equal to 1, we have,
for any t < 1,

S oanQi() <Cr Y aqrgit <oo, and Y Gu;Qs(t) <oo.  (3.4.18)
J=k+1 j=k+1 j=k+1
Using the dominated convergence theorem, we see that
Tim %™ > gk — gl Gin(t) = 0.
j=k+1

Therefore, from (3.4.15) we conclude that Q(t) = Qx(t) for all t € [0,1). This ends
the proof of Theorem 3.2.3.
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Chapitre

Moments harmoniques de Z;, et grandes
déviations

Résumé

Soit (Z,) un processus de branchement sur-critique en environnement aléatoire
¢ indépendant et identiquement distribué. Nous étudions I'asymptotique du mo-
ment harmonique E [Z,"|Zy = k] d’ordre r > 0 quand n — oo. Nous exhibons des
transitions de phase relatives a la valeur critique r; > 0 déterminée par 1’équation
Ept = Emg"™, ott my = 302, kpi et pr. = P(Z, = k[€), sous la condition py = 0.
Contrairement au processus de Galton-Watson, la valeur critique r;, est différente de
la valeur critique du moment harmonique de la variable W = lim,,_,o, Z,,/E(Z,|£).
De plus, celle-ci est reliée aux transitions de phase des déviations inférieures. En
application, nous établissons un résultat de grandes déviations inférieures pour le
processus Z, sous des hypotheses plus faibles que dans des travaux ultérieurs. Nous
améliorons aussi la vitesse de convergence dans un théoréme central limite vérifié
par W — I;Vn, et déterminons une équivalence de la probabilité de grandes déviations

n+1

du ratio 5

Mots clés : Processus de branchement, environnement aléatoire, moments har-
moniques, grandes déviations, théoreme central limite.

Ce chapitre a été soumis a Electronic Journal of Probability. Titre : Harmonic
moments and large deviations for branching processes in a random environment.
Il a été écrit en collaboration avec Ion Grama et Quansheng Liu.
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Abstract

Let (Z,) be a supercritical branching process in an independent and identically
distributed random environment £. We study the asymptotic of the harmonic mo-
ments E[Z7|Zy = k| of order r > 0 as n — oo. We exhibit a phase transition
with the critical value 7, > 0 determined by the equation Ep¥ = Emg"™, where
mo = Ypookpr with p, = P(Z; = k|€), assuming that py = 0. Contrary to the
constant environment case (the Galton-Watson case), this critical value is different
from that for the existence of the harmonic moments of W' = lim,, o Z,/E(Z,|£).
The aforementioned phase transition is linked to that for the rate function of the
lower large deviation for Z,,. As an application, we obtain a lower large deviation
result for Z,, under weaker conditions than in previous works and give a new expres-
sion of the rate function. We also improve an earlier result about the convergence
rate in the central limit theorem for W — W,,, and find an equivalence for the large
deviation probabilities of the ratio Z,,1/Z,.

Key words : Branching processes, random environment, harmonic moments,
large deviations, central limit theorem.

This chapter has been submitted to
Electronic Journal of Probability.
Title : Harmonic moments and large deviations for branching processes in a
random environment.
It has been written in collaboration with Ton Grama and Quansheng Liu.
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4.1 Introduction

A branching process in a random environment (BPRE) is a natural and im-
portant generalisation of the Galton-Watson process, where the reproduction law
varies according to a random environment indexed by time. It was introduced for
the first time in Smith and Wilkinson [48] to modelize the growth of a population
submitted to an environment. For background concepts and basic results concerning
a BPRE we refer to Athreya and Karlin [3,4]. In the critical and subcritical regime
the branching process goes out and the research interest has been mostly concentra-
ted on the survival probability and conditional limit theorems, see e.g. Afanasyev,
Boinghoff, Kersting, Vatutin [1,2], Vatutin [52], Vatutin and Zheng [53], and the re-
ferences therein. In the supercritical case, a great deal of current research has been
focused on large deviations, see e.g. Bansaye and Berestycki [10], Bansaye and Boin-
ghoff [11-13], Boéinghoff and Kersting [20], Huang and Liu [36] and Nakashima [44].
In the particular case when the offspring distribution has a fractional linear genera-
ting function, precise asymptotics can be found in Boinghoff [18] and Kozlov [39].
An important closely linked issue is the asymptotic behavior of the harmonic mo-
ments E[Z7|Zy = k| of the process Z,, starting with Z, = k initial individuals. For
the Galton-Watson process which corresponds to the constant environment case, the
question has been studied exhaustively in Ney and Vidyashankar [45]. For a BPRE,
it has only been partially treated in [36, Theorem 1.3].

In the present paper, we give a complete description of the asymptotic behavior
of the harmonic moments E;[Z "] = E[Z,,"|Zy = k] of the process Z,, starting with
k individuals and assuming that each individual gives birth to at least one offspring
(non-extinction case). As a consequence, we improve the lower large deviation result
for the process Z,, obtained in [12, Theorem 3.1] by relaxing the hypothesis therein.
In the meanwhile we give a new characterization of the rate function in the large
deviation result stated in [12]. We also improve the exponential convergence rate in
the central limit theorem for W —W,, established in [36]. Furthermore, we investigate
the large deviation behavior of the ratio R, = 22+ i.e. the asymptotic of the large
deviation probability P(|R, — m,| > a) for a > 0, where m,, is the expected value
of the number of children of an individual in generation n given the environment &.
For the Galton-Watson process, the quantity R, is the Lotka-Nagaev estimator of
the mean EZ;, whose large deviation probability has been studied in [45].

Let us explain briefly the findings of the paper in the special case when we start
with Zy = 1 individual. Assume that P(Z; = 0) = 0 and P(Z; = 1) > 0. Define r,
as the solution of the equation

Emy"™ =7, (4.1.1)

with
v=P(Z =1). (4.1.2)

From Theorem 4.2.1 we get the following asymptotic behavior of the harmonic mo-
ments E[Z,"] for 7 > 0. Assume that Emy' ™ < oo for some ¢ > 0. Then, we
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have

E|Z

2] — C(r) if r>ry,

,yn n—00
E[Z] .

. £ o=

— —= C@r) if r=m, (4.1.3)

Mg]n — C(r) if r<r,

where C'(r) are positive constants for which we find integral expressions. This shows
that there are three phase transitions in the rate of convergence of the harmonic
moments for the process Z,, with the critical value r;. It generalizes the result
of [45] for the Galton-Watson process. For a BPRE, it completes and improves the
result of [36], where the asymptotic equivalent of the quantity E[Z "] has been
established in the particular case where r < r; and under stronger assumptions.
The proof presented here is new and straightforward compared to that for the
Galton-Watson process given in [45]. Indeed, we prove (4.1.3) starting from the
branching property
Zm
Tsm =S 2 (4.1.4)
i=1

n,g

where conditionally on the environment &, for ¢+ > 1, the sequences of random va-
riables {ZT(:Z) :n > 0} are i.i.d. branching processes with the shifted environment
(&, &1, -.) = (&my)&mat,---), and are also independent of Z,,. This simple idea
leads to the following equation which will play a key role in our arguments :

E|Z.1,) ="+ ; biy" el (4.1.5)

where ¢, = Emg" and (b;),>0 is an increasing and bounded sequence. Such a relation
highlights the main role played by the quantities v and ¢, in the asymptotic study
of E[Z "] whose behavior depends on whether v < ¢, v = ¢, or v > ¢,. Note that
the complete proof of (4.1.3) relies on some recent and important results established
in [30] concerning the critical value for the existence of the harmonic moments of
the r.v. W and the asymptotic behavior of the distribution P(Z,, = j) as n — oo,
with j > 1. For the Galton-Watson process, our approach based on (4.1.5) is much
simpler than that in [45].

Our proof also gives an expression of the limit constants in (4.1.3). For the
Galton-Watson process, it recovers the expressions of [45, Theorem 1] in the cases
where v > ¢, and v < ¢,. In the critical case where r = 7y, the limit constant
obtained in this paper is different to that of [45, Theorem 1], which leads to an
alternative expression of the constant and the following nice identity involving the
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well-known functions G, @) and ¢ : defining

G(t) = itkIP(lek),

Q) = lim A/ "G(E),

n—oo

o(t) = Ele™"],
and denoting m = E[Z,], v = P(Z; = 1) and G(t) = G(t) — ¢, we have

1 0o _ m

- / G((u))u" " du = / Q(b(u))udu. (4.1.6)
v Jo 1

For a BPRE, we will show a generalization of (4.1.6) in Proposition 4.2.2.

As a consequence of Theorem 4.2.1 and of a version of the Gartner-Ellis theorem,
we obtain a lower large deviation result for Z,, under conditions weaker than those
in [12, Theorem 3.1]. Assume that P(Z; = 0) = 0 and Emg'** < oo for some & > 0.
Let

A(N) = log Ee™ (4.1.7)
be the log-Laplace transform of X = logmy and
A*(z) = sup{ Az — A(\)} (4.1.8)
A<0

be the Fenchel-Legendre transform of A(-). Then, for any 6 € (0, E[X]), we have

lim —2 log P (2, < ™) =x"(0) € (0,0), (4.1.9)
n—oo n
where
N - —r10 —log~ if 0 <6 <6y,
X0) = { AO) i 0 <0 < E[X], (4.1.10)
with
0, = N (—ry) € (0,E[X]). (4.1.11)

Equation (4.1.9) improves the result of [12, Theorem 3.1(ii)] in the case when P(Z; =
0) = 0, since it is assumed in [12] that Em{ < oo for all ¢ > 0, whereas we only
require that Em{' " < oo for some ¢ > 0. Moreover, equations (4.1.10) and (4.1.11)
also give new and alternative expressions of the rate function and the critical value.

In fact, it has been proved in [12] that, in the case when P(Z; = 0) =0 and Z, = 1,

1
lim —=log P (Z, < ™) = 1(9) € (0,00), (4.1.12)
n—oo n
with
0 4 O A (pr) ,
1) = p(1 =)+ @A) it 0<0 <0, (4.1.13)
A*(6) if 7 <60 <E[X],
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where p = —log~ and 6] the unique solution on (0, E[X]) of the equation

poAE) oA

4.1.14
07 0<A<E[X] 0 ( )

It follows directly from the relations (4.1.9) to (4.1.14) that 6, = 07 and x*(6) = 1(0)
for all # € (0, E[X]). This fact can also be shown by using simple duality arguments
between A and A*, as will be seen in the next section.

The rest of the paper is organized as follows. In Section 4.2 we give the precise
statements of the main theorems with applications. Section 4.3 is devoted to the
proof of the main results, Theorems 4.2.1 and 4.2.3. The proofs for the applications
are deferred to Section 4.4.

Throughout the paper, we denote by C' an absolute constant whose value may
differ from line to line.

4.2 Main results

A BPRE (Z,,) can be described as follows. The random environment is represen-
ted by a sequence & = (&, &1, ...) of independent and identically distributed random
variables (i.i.d. r.v’s) taking values in an abstract space =, whose realizations deter-
mine the probability generating functions

feu(s) = fals) = X_pi(&)s’, s €0,1], pi(€a) 20, D pil&n) =1.  (4.2.1)
=0 i=0
The BPRE (Z,)n>0 is defined by the relations
Zn
Zo=1, Zy1=> Nu; for n>0, (4.2.2)
i=1

where the random variables N,,; (i = 1,2,...) represent the number of children of
the ¢-th individual of the generation n. Conditionally on the environment &, the r.v.’s
N, (n > 0,7 > 1) are independent of each other, and each N,,; (¢ > 1) has common
probability generating function f,.

In the sequel we denote by P¢ the quenched law, i.e. the conditional probability
when the environment £ is given, and by 7 the law of the environment £. Then
P(dx,df) = Pe(dx)T(dE) is the total law of the process, called annealed law. The
corresponding quenched and annealed expectations are denoted respectively by E
and E. We also denote by P, and E; the corresponding annealed probability and
expectation starting with Z, = k individuals, with P, = P and E; = E. From
(3.2.2), it follows that the probability generating function of Z,, conditionally on the
environment & is given by

gn(t) = EBe[t?] = foo...0 fui(t), 0<t<1, (4.2.3)

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



4.2. MAIN RESULTS 91

Since &, &, ... are i.i.d. r.v’s, we get that the annealed probability generating func-
tion Gy, of Z,, starting with Zy = k individuals is given by

Grn(t) = Ex[t”] = E |gh(1)], 0<t< 1. (4.2.4)

We also define, for n > 0,

o0

m, =m(&,) = Zzpz(ﬁn) and II,, = E¢Z,, = mg...my_1,
i=0

where m,, represents the average number of children of an individual of generation
n when the environment £ is given, and Il = 1 by convention. Let

Zn
Wa=c 020, (4.2.5)

be the normalized population size. It is well known that under the quenched law
P¢, as well as under the annealed law P, the sequence (W,,),>0 is a non-negative
martingale with respect to the filtration

Fo=0(E N, 0<k<n—1,i=1,2..),

where by convention Fy = o(&). Then the limit W = lim W, exists P - a.s. and
EW < 1. We also denote the quenched and annealed Laplace transform of W by

pe(t) = E¢ [e_tw} and ¢(t) =E [e_tw] , fort>0, (4.2.6)

while starting with Z, = 1 individual. For k£ > 1, while starting with Z, = &k
individuals, we have

ok(t) = Ex [ = E[¢f(1)). (4.2.7)
Another important tool in the study of a BPRE is the associated random walk

where the r.v’s X; =logm;_1 (i > 1) are i.i.d. depending only on the environment
&. For the sake of brevity, we set X = logmg and

pw=EX.

We shall consider a supercritical BPRE where p € (0,00), so that under the extra
condition E|log(1 — po(&n))| < oo (see [48]), the population size tends to infinity
with positive probability. For our propose, in fact we will assume in the whole paper
that each individual gives birth to at least one child, i.e.

po(&) =0 a.s. (4.2.8)
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Therefore, under the condition

7

E=logt Z, < oo, (4.2.9)

mo

the martingale (W,,) converges to W in L'(P) (see e.g. [50]) and
P(W >0)=P(Z, - ) =1.

Now we can state the main result of the paper about the asymptotic of the harmonic

moments E[Z. "] of the process (Z,) for r > 0, starting with Z, = k for & > 1.
Define

Yo = Pu(Z1 = k) = E[pi(&)] (4.2.10)
and
Gri(t) = Gpa(t) — wt" = Z tHP(Z (4.2.11)
j=k+1

where G is the generating function of Z; defined in (3.2.4). Let rj be the solution

of the equation
=K [mg™], (4.2.12)

with the convention that 7, = +o0 if p1(§) = 0 a.s. For any r > 0, set

¢ =Emg". (4.2.13)

For any £ > 1 and r > 0, let IP’ be the probability measure (depending on r)
defined, for any F,-measurable r.v. T, by
E. [H_TT]

E\" [T = e (4.2.14)

Set P = P{") and E™ = E{". It is easily seen that under P, the process (Z,) is
still a supercritical branching process in a random environment with P("(Z; = 0) =

0, and (W,,) is still a non-negative martingale which converges a.s. to W. Moreover,
by (3.2.8) and the fact that my > 1, we have

Z Z Z
) | 41 . 1 _r 1 r
E [mo log Zl} =E lmé*’" log 21] /E |mg"] <E [mo log Zl] JE [mg"] < oo,

which implies that
W, =W in LYP"). (4.2.15)

Then we have the following equivalent for the harmonic moments of Z,,. Let

vr,o it T >y,
Apn(r) = qnvg, if r=my, (4.2.16)
cr if r<nryg.

T
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Theorem 4.2.1. Let k > 1 and assume that Em{**® < 400 for some € > 0. Then
we have

F(lr) /Ooo Qre Mt 1dt if 1>y,
. Ek [Zn—r] . L f‘)/_l ) 0o _ 7”— ] B
Jim An(r) C(k,r) = ﬁE {/0 Gra(pe®)tdt|  if r =y,
Lo o) e .
Foy A ifr<n

(4.2.17)
where C(k,r) € (0,00), T'(r) = [;° 2" te *dx is the Gamma function, and gb,(:) (t) =
E\" [e="W] is the Laplace transform of W under P\".

This theorem shows that there is a phase transition in the rate of convergence of
the harmonic moments of Z,, with the critical value 7 > 0 defined by (4.2.12). This
critical value ry is generally different from the the critical value aj for the existence
of the harmonic moment of W. Indeed, as shown in [30, Theorem 2.1] (see Lemma
3.2.1 below), the critical value ay, is determined by

E [pf(&)mi| =1, (4.2.18)

which is in general different from the critical value r; for the harmonic moments of
Z,, determined by (4.2.12), that it

E [p§(&)] = E [my™]. (4.2.19)

This is in contrast with the Galton-Watson process where r, = a5, = r’f, with rq
the solution of the equation pym(' = 1 which coincides with both equations (4.2.18)
and (4.2.19). Theorem 4.2.1 generalizes the result of [45] for the Galton-Watson
process. For a BPRE, it completes and improves Theorem 1.3 of [36], where the
formula (4.2.17) was only proved for £ = 1 and r < ry, and under the following
much stronger boundedness condition : there exist some constants p, ¢y, c; > 1 such
that
co<mp<c and ¢y <my(p) < a.s.,
where mo(p) = Y72, ip;(&). Instead of this boundedness condition, here we only
require the moment assumption E[m{***] < oo for some & > 0.
For the Galton-Watson process with k& = 1 initial individuals, the expression of
the limit constant in the case when r = 7 (up to the constant factor I'(r)) becomes

1 o r—1
L Glotmydu,

whereas it has been proved in [45] that the limit constant is equal to

" Q) du.
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Actually, the above two expressions coincide, as shown by the following result valid
for a general BPRE. Let Q(t) be defined by

Qk(t) = lim Gk’n(t) = iQk,jtj7 t e [0, 1), (4220)

n
e =k

where Gy, is defined by (3.2.4) and the limit exitsts according to [30, Theorem 2.3]
(see Lemma 4.3.2 below).

Proposition 4.2.2. For k > 1 and r = ry, we have

;E@“) [ Grateetwywda] =B | [ Qulocau) . (4221)

As an application of Theorem 4.2.1 we get a large deviation result. Indeed,
E[Z)] = E[e*°¢Zn] is the Laplace transform of log Z,. From Theorem 4.2.1 we
obtain

1 i <
lim ~ log [ 2] = xe(\) = { log i 1A < A, (4.2.22)

n—yoo n, A()\) if A e [)\k; O]
Thus using a version of the Gértner-Ellis theorem adapted to the study of tail
probabilities (see [36, Lemma 3.1]), we get the following lower large deviation result
for the BPRE (Z,,). Recall that A(\) = logEe* is the log-Laplace of X = logmy,
and A*(-) is the Fenchel-Legendre transform of A(-) defined in (4.1.8).

Theorem 4.2.3. Let k > 1 and 1y be the solution of the equation (4.2.12). Assume
that Em{*™ < oo for some ¢ > 0. Then, for any 6 € (0, E[X]), we have

1
Jim - log P (2, < ™) = x;(0) € (0,00), (4.2.23)
where
. —rgf —logve if 0<6 <6y,
) = NG — = : 4.2.24
with
O = N (—ry). (4.2.25)

The value xj(6) can be interpreted geometrically as the maximum distance bet-
ween the graphs of the linear function Iy : A — 6\ with slope 6 and the function
Xk A= Xk(A) defined in (4.2.22). Taking into account the fact that x(A) = A(N)
for A € [—r,0] and x(A) = logv for A < —rg, we can easily describe the phase
transitions of x*(#) depending on the value of the slope 6 of the function [y :

1. in the case when 6 € (0, E[X]), the maximum supyo{ls(A) — x(A)} is attained
for A € (=7, 0) such that x'(Ag) = A'(Ng) = 0, whose value is x*(0) = A*(0)
(see Fig. 1);
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2. the case when 6 = 6, is the critical slope for which the equation A’(\) = 6
has a solution given by A = —ry (see Fig. 2);

3. in the case when 0 € (0,6;), the maximum sup,<y{lg(A) — A(A)} is attained
for A = —r, and then x*(0) = —rif — log v, becomes linear in 6 (see Fig. 3).

Fig. 1,2,3 : Geometrical interpretation of x*(#)

X(A) — X(A) —
AX)--- A(N)--
lo(N)
—7 /\6 —7 l9k<>‘)
X (0) — A A
X (O
e Wlogryk .- “lOg’}/k
Fig. 1: 60 € (0, E[X]) Fig. 2 : 0 = 6,
X(A) —
A(N)--
lo(N)
A
X*(0)
.- Tlog vk

Fig. 3 : 0 € (0,6))

Remark 4.2.4. Theorem 4.2.3 corrects and improves the result of [12, Theorem
3.1(ii)]. Moreover it gives new and alternative expressions of the rate function and
the critical value. Actually it was proved in [12, Theorem 3.1(ii)] that, assuming
P(Z; =0) =0 and Em} < oo for all t > 0, we have

1
lim —=log Py (Z, < ™) = Ix(6) € (0,00), (4.2.26)
n—oo n
where
_ 0\ L O A*(pr) 4 .
Lo = ™ (1 0;;) oM i 0<b< 0 (4.2.27)
A*(0) if 0; <0 <E[X],
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with )
Pr = JLH&O—Elong(Zn =7). (4.2.28)

and 05 the unique solution on (0,E[X]) of the equation

=) = A0)

0% 0<O<E[X] 0 (4.2.29)

It has been stated mistakenly in [13] that pr, = —klog -y, whereas the correct statement
18

pr = —log g, (4.2.30)

according to [30, Theorem 2.3] (see Lemma 4.3.2 below). With this correction, the
two critical values 0y, and 0} and the two rate functions Iy, and X3 coincide, that is

O, =0; and xi(0) = I(0) forall 6 € (0,E[X]). (4.2.31)

Indeed, by the definition of 05, the derivative of the function 0 — %f@ vanishes
for 6 = 0;. Therefore, using the fact that (A*)'(0) = Ay with N'(Ng) = 0, we get, for
0 =6y,

A*(0) = Ngb + py. (4.2.32)

Using the identity A*(0) = \g0 — A(Ng), we obtain
A()\H) = —Pk,
which implies that \g = —ry and then 0 = N (—ry) = O.
Moreover, coming back to (4.2.32) and using the identities A(—ry) = logy, =
—pr and O, = N (—ry), we get
—rké’k — A(—Tk) = —Tkek + Pk = AZ(Hk)

Therefore, for any 0 € [0, 0],

—rpf —logve = —110 — A(—ry)
0 0
= — (—erk — A(—?"k)) + *A(—Tk) — A(—Tk)
Gk ek
0 . 0
= %A (Qk) - (1 - 9k> log v,

so that I,(0) = x5(0), which ends the proof of (4.2.31). From (4.2.31) and Theorem
4.2.1, we see that (4.2.26) is valid assuming only P(Z, = 0) = 0 and E[m{F ] < oo
for some ¢ > 0. Actually when P(Z; = 0) > 0, as shown in [12, Theorem 3.1 ()],
(4.2.26) remains valid with p, = lim,, —% logPy(Z, = j) = p > 0 independent of
k and j.
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Similarly, one can apply Theorem 4.2.1 to get the decay rate of the probability
P(Z, < k), where k, is any sub-exponential sequence in the sense that k, — oo
and k,,/ exp(én) — 0 for every 6 > 0, as stated in the following corollary.

Corollary 4.2.5. Let k > 1 and assume that Em{*** < 400 for some € > 0. Then,
for any sequence k,, > 0 such that k, — oo and k,/exp(fn) — 0 for every 6 > 0,
we have, as n — o0

1
lim —log Py (Z, < k) = log . (4.2.33)

n—oo n,

It was stated mistakenly in [12, Theorem 3.1(ii)] that lim,, % logPy (Z, < k) =
klog . To show (4.2.33), it suffices to note that by Markov’s inequality and Theorem
4.2.1, we have, for any r > ry,

Vi = PulZ, = k) < Pu(Zy < ko) < E[Z,"]K] < min{y7 k], pk]en).

n

The above argument leads to a precise large deviation bound as stated below.

Corollary 4.2.6. Let k > 1 and assume that Em{**® < 400 for some € > 0. Then
we have

eT(=ImmACT) e 0 < 0 < 6,

Ex[Z.7]
on : kl4n 1 —n(—0grr—A(—18)) _
Py (Z, <€) S lnf =00 = ¢ et CAnACnD)p g =g,
e A0 if O <0 <E[X].
(4.2.34)
The question of the exact decay rate of P(Z,, < 69”) will be treated in a forthco-
ming paper.
As an example, let us consider the case where the reproduction law has a frac-
tional linear generating function, that is when

(1 — ao)(l — bo)
bo

po(&) =ao and  pi(&) = by forall k > 1, (4.2.35)

for which the generating function is

(1— a)(1 — bo)t

t:
Jolt) = a0+ =0 5

where ay € [0,1) and by € (0,1) are random variables depending on the environment
&. This case has been examinated by several authors (see e.g. [39,44]). In the case
where ag = 0 (non-extinction), the BPRE is said to be geometric; in this case
X = logmg = —log(1 — by), logv, = logE[e™*X] = A(—k) and 7, = k. Therefore,
we obtain the following explicit version of Theorem 4.2.1 :
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Corollary 4.2.7. Let Z, be a geometric BPRE. For k > 1, assume that there exists
e > 0 such that E[e*+9)X] < co. Then (4.2.23) holds with

. —kO —logE[e *X] if 0 <0 < 64,
Xx(0) { A*(0) if 6, <0< IE[X], (4.2.36)
where
0, = E[Xe *X]/E[e "] (4.2.37)

Corollary 4.2.7 recovers and completes the large deviation result in [12, Corollary
3.3] for a fractional linear BPRE with ag > 0, where (4.1.12) was obtained with

—0 —logE[e™™] if 0<6 <06,
no) = { A*?H)[ | if 9*<< 0 < E[X], (4.2.38)
and
0" = E[Xe ] /Ele . (4.2.39)

In fact the result in [12, Corollary 3.3] was stated without the hypothesis ag > 0,
but when ag = 0, this result is valid only for k£ = 1, as shown by Corollary 4.2.7 (for
k > 2, the factor k is missing in [12, Corollary 3.3]).

As another consequence of Theorem 4.2.1, we improve an earlier result about
the rate of convergence in the central limit theorem for W — W,,. Let

2= g (2 -1)

2
n=0 my,

be the variance of W under P¢ (see e.g. [34]).

Theorem 4.2.8. Assume essinf 0(22 > 1 and EZ7™ < oo for some ¢ € (0,1].
Then there exists a constant C > 0 such that, for all k >

IL, (W —W,)
s < - < CAgn(e/2), 4.2.40
up P (e <o) - 00| < CA(e/D, (240
where ®(x) = W . e~t/2dt is the standard normal distribution function.

Theorem 4.2.8 improves the exponential rate of convergence in [36, Theorem
1.7]. In our approach the assumption essinf mO( mo(2) - 1 is required to ensure that the

quenched variance d (&) of the variable W is a. s separated from 0. This hypothesis
does not seem natural and should be relaxed. One should be able to find a suitable
hypothesis to ensure the existence of harmonic moments for the random variable
Jo0(€), which would be enough for our objective.

As another consequence of Theorem 4.2.1, we give some large deviation results

on the ratio
Zn+1

Zn

R, = (4.2.41)
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toward the conditional mean m,, = > 72 kp(&,). Let
J
Mo =572 Nu (4.2.42)
i=1

be the empirical mean of m,, of size j under the environment &, where the r.v.s
N, (i=1,...,7) are i.i.d. with generating function f,,.

Theorem 4.2.9. Let k > 1. If, for some set D C R, there exist some constants
C1 >0 and r > 0 such that, for all j > 1,

P (M()’j — Moy € D) < ﬁ, (4243)

then there exists a constant By € (0,00) such that for alln > 1,
Py (R, — my € D) < B1Agn(7), (4.2.44)

where Ay (1) is defined in (4.2.16). Similarly, if there exist some constants Cy > 0
and r > 0 such that, for all j > 1,

C
P (My; —mg € D) > —, (4.2.45)

then there exists a constant By € (0,00) such that for alln > 1,
P, (Rn —my, € D) = BQAkﬂl(T). (4246)

This result shows that there exist some phase transitions in the rate of conver-
gence depending on whether the value of r is less than, equal or greater than the
constant ;. The next result gives a bound of the large deviation probability of
R, — m, under a simple moment condition on Z;.

Theorem 4.2.10. Let k > 1. Assume that there exists p > 1 such that E|Z; —my|? <
0o. Then, there exists a positive constant C, such that, for any a > 0,

Cpa P Apn(p—1) if pe(1,2],

Cpa™PApn(p/2) if p € (2,00). (4.2.47)

Pr(|Ry, — mp| > a) < {

4.3 Proof of main theorems

In this section we will prove the main results of this paper, Theorems 4.2.1
and 4.2.3, and the associated result, Proposition 4.2.2. In Section 4.3.1 we present
some auxiliary results concerning the critical value for the existence of the harmonic
moments of the r.v. W and the asymptotic behavior of the asymptotic distriution
Pw(Z, = j) as n — oo, with j > k > 1. In Sections 4.3.2 and 4.3.3 we prove
respectively Theorems 4.2.1 and 4.2.3. The proof of Proposition 4.2.2 is given in
Section 4.3.4 for a Galton-Watson process and in Section 4.3.5 for a general BPRE.
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4.3.1 Auxiliary results

We recall some results to be used in the proofs. The first one concerns the critical
value for the existence of harmonic moments of the r.v. .

Lemma 4.3.1 ( [30], Theorem 2.1). Assume that there exists a constant p > 0 such
that E [mg] < oo. Then for any a € (0,p),

E.W™ < oo if and only if E [p’f(fo)mg} < 1.

The second result is about the asymptotic equivalent of the probability Px(Z, =
j) asn — oo, for any j >k > 1.

Lemma 4.3.2 ( [30], Theorem 2.3). Assume that P(Zy = 1) > 0. For any k > 1 the
following assertions hold.

a) For any accessible state j > k in the sense that Py(Z, = j) > 0 for some | > 0,
we have

Pr(Zn=7) ~ Wk (4.3.1)

n—oo

where g, = 1 and, for j > k, qu; € (0,+00) is the solution of the recurrence
relation

J
Ve = > p(iy 7) i, (4.3.2)
=k

with qx; = 0 for any non-accessible state i (i.e. P(Z; =) =0 for all1 > 0).

b) Assume that there exists € > 0 such that E[mg™°] < co. Then, for any v > 1y,
we have

> i < oo (4.3.3)
j=k

In particular, the radius of convergence of the power series
+oo )
Qr(t) =D qust’ (4.3.4)
j=k

is equal to 1.
c) Forallt €[0,1) and k > 1, we have,

Grn(t)
Vi

where Gy, is the probability generating function of Z, when Zy = k, defined in
(3.2.4).

d) Qx(t) is the unique power series which verifies the functional equation

’Vk:Qk(t) =E [Qk(fo(t))] RS [O’ 1)7 (436)

with the condition Q,gk)(O) = 1.

T Qr(t) as n— oo, (4.3.5)
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4.3.2 Proof of Theorem 4.2.1

In this section we give a proof of the convergence of the normalized harmonic
moments Ex[Z "] /Akn(r) as n — oo, where Ay ,,(r) is defined in (4.2.16).
a) We first consider the case when r < 7y (which corresponds to the case v, < ¢,).
By the change of measure (4.2.14), we obtain
Ex [Z,"] = B [W, e

n T

(4.3.7)

with ¢, = Emg". From (4.2.15) and [36, Lemma 2.1], it follows that the sequence
(IE,(J) [W."]) is increasing and

n

lim EV[W"] = sup EV (W] = EV W], (4.3.8)

n—oo neN

Moreover, for any r < 7, we have 7, < ¢, which implies that E"[p¥(&)mp] =
Y/Emg" < 1. So, by Lemma 4.3.1, we get, for any r < ry,

EN W] < . (4.3.9)
Therefore, coming back to (4.3.7) and using (4.3.8) and (4.3.9), we obtain
Ei [ Z,"| ;" 1 B W] € (0,00). (4.3.10)
n—o0

To give an integral expression of the limit constant C'(k, ), we shall use the following
expression for the inverse of a positive random variable X" : for any » > 0, we have

1 Lo ux v
= — “u" du. 4.3.11
Xr T(r) /0 ©ona (4:3.11)
Then, from (4.3.10), (4.3.11) and Fubini’s theorem, we get
1 o)
—r| .—n (r) r—1
Ex [Zn } c, n_T)OO o0 /0 ¢y (w)u" du, (4.3.12)

which proves (4.2.17) for r < ry.

b) Next we consider the case when r > 7, (which corresponds to the case vy, > ¢,).
Using parts a) and b) of Lemma 4.3.2 and the monotone convergence theorem, it
follows that

lim TL’“[ZH“ b i g 3 k*L%f k)
n—oo f)/k n—oo j:k+1 fyk
= > kg, < . (4.3.13)

j=k+1

Moreover, using (4.3.11) together with Fubini’s theorem and the change of variable
ju =t, we obtain

I 1 . S . ,
—uw),r1d — AT / _ttr_ldt _ T
oy Qe = i e 3 oad
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Therefore, coming back to (4.3.13), we get

lim TEk / Qule~ )" Ldu, (4.3.14)

n—oo

which proves (4.2.17) for r > ry.
¢) Now we consider the case when r = 7, (which corresponds to r = ~;). For
n > 1 and m > 0, we have the following well-known branching property for Z,

T = Z AL (4.3.15)

where the r.v.s Zf:Z) (¢ > 1) are independent of Z,, under P¢ and P. Moreover,
under Pg, for each n > 0, the r.v’s Zfﬁ) (1 > 1) are i.i.d. with the same conditio-
nal probability law P (Z,(L?) € ) = Pyme (Z,, € -), where T™ is the shift operator
defined by T™ (&, &1, -.) = (&my Emias - - -). Intuitively, relation (4.3.15) shows that,

conditionally on Z,, = 1, the annealed law of the process Z,,,, is the same as that of
a new process Z, starting with ¢ individuals. Using (4.3.15) with m = 1, we obtain

Ei [Zy0h] = Ei|Z)] Pk(zlzk)Jrfj Ei (2,7 Pi(Zy =1). (4.3.16)

From (4.3.7), we have E; [Z"] = E" [W "], Substituting this into (4.3.16) and
setting

Z EN W P2y = 4),
i=k+1
we get
Ex[Zy 1] = B[ Z, vk + bac], (4.3.17)

with v, = Pr(Z; = k). Iterating (4.3.17) leads to

Ei |Zp] =9tk +27;j bl (4.3.18)

7=0

Using the fact that r» = r (which corresponds to 7 = ¢,) and dividing (4.3.18) by
v in, we get

Ek [Zn-i-l} L 7—1 n
T + 7’; > b, (4.3.19)

To prove the convergence in (4.3.19) we need to show that lim, .., b, < oco. By
(4.3.8) and the monotone convergence theorem, we have

= lim 1b, = Z EN W P2y = ). (4.3.20)

n—00
i=k+1
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Now we show that b < oo. Using (4.3.15) for m = 0 and Zy = i, with ¢ > k, and the
fact that Z,; > 0 for all 1 < j < 7, we obtain

EilZy ) =E|[(Zug+ -+ Z0i) 7| SE[(Zog + ...+ Zoa) | = ElZ,7]. (4.3.21)
By (4.3.21) and the change of measure (4.3.7), we get, for any i > k + 1,
BT < EZL WL

Then, as in (4.3.8), letting n — oo leads to

EV W < B W, (4.3.22)
Now we shall prove that
EY) W] < oo. (4.3.23)

For this it is enough to verify the condition of Lemma 4.3.1 under the measure E,(f)

defined by (4.2.14) : indeed, for r = r; we have 7y, = ¢,, which implies that

E) k:+1§m _’Yk+_1 :M<1‘
P €o)mi) = g =

This proves (4.3.23). Using (4.3.22) and (4.3.23), we obtain

b= > EPVW IRz =) ELL W] Y BulZi =) < .
i=k+1 J=k+1

Therefore, coming back to (4.3.19), using (4.3.20) and Cesaro’s lemma, we get

Ey [Zﬂl]
lim —L ) EN W PL(Z) = i) < o0, 4.3.24
n=00 n,yn-i-l Vi sz;l ( 1 ) ( )

which proves (4.2.17) for r = ry, with

Ok = Z E W Py(Z, = i).

'71@ i=k+1

We now show an integral expression of the constant C'(k,r). Recall that W admits
the following decomposition

Zo
W => W(), (4.3.25)

j=1
where the r.v’s W(j) (j = 1,2,...) are independent of Z; and mg under P and P.
Moreover, conditionally on the environement &, the r.v’s W(j) (7 = 1,2,...) are

iid. with common law P¢(W(j) € -) = Pe(W € -). With these considerations, it
can be easily seen that

o (8) = B[ (w)] = EO e (u)']. (4.3.26)
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Therefore, using (4.3.11) with r = ry, together with (4.3.26) and Fubini’s theorem,
we obtain

=S EOWIPL(Z =) = E / T e Wy Py(Zy = )
V& %1 ! ’Ykl_‘< ) i ;_1 0 '

- E(”)/ Si(u)u’ " du Py(Z, = i)

’Yk i=k+1

_ r) ]P; r— 1du
fYkF / ZXkJ:rl ¢€ k )

_ LEW { I Gk1(¢5(u))u”1du], (4.3.27)
v L'(7) 0 ’

where Gp1(u) = Gru(u) — yub = 2, w/P(Z) = j). Therefore, using (4.3.24)
and (4.3.27), we get
B |Zo7]

I — / G T‘ld},
tim 5 = B | [ G oo

which ends the proof of Theorem 4.2.1.

4.3.3 Proof of Theorem 4.2.3

In this section we prove Theorem 4.2.3. For convenience, let A\, = —rj. From
Theorem 4.2.1, for any k£ > 1, we have

log v, if A < Ag,
JL”&oglogEk[Z I =x(}) = { A E A€ [y, 0]. (4.3.28)
Thus using a version of the Gartner-Ellis theorem adapted to the study of tail
probabilities (see [36, Lemma 3.1]) and the fact that y,(\) = log7y for all A < A,
we obtain, for all § € (0, E[X]),

1
lim —ﬁPk(Zn < e’ = x*(0), (4.3.29)
with
X5 (0) = sup {\0 — xx(N\)} = max {)\kﬁ — A(Ag), sup {\0 — A()\)}} . (4.3.30)
A<O A <A<O

It is well-known (see e.g. [24, Lemma 2.2.5]) that the function
A*(0) =sup{N — A\)} = { Xl — A(Ng)}, with A'(Ng) =0,
A<O

is non-increasing for 6 € (0, E[X]). Therefore, letting
0 = N (M), (4.3.31)
it follows that :
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1. for any 6 € (0, 6],

Mt = A(Ag) = MO — AAx) = A (0k) = sup {A — A(N)};

AE<ALO
2. for any 0 € [0, ),

A <A<LO0

With these considerations, we get from (4.3.30) that

Xi(0) = { A*(0) if 6 € [0, E[X)), (4.3:32)

which ends the proof of Theorem 4.2.3.

4.3.4 Proof of Proposition 4.2.2 for the Galton-Watson case

In this section we assume that (Z,) is a Galton-Watson process and prove (4.1.6),
which is a particular but simpler case of Proposition 4.2.2.

Proof. First note that for the Galton-Watson case, we have
ym' = 1. (4.3.33)

For convenience, we shall write » = r;. Using the additive property of integration
and the change of variable u = tmF* for k > 0, together with Fubini’s theorem and
the fact that ym” = 1, we obtain

k+1

! /m " o) du

= TG du =

: 1s
T k=0
1
— / r)ktr—ldt
7 k=0
- - / Z R G ((tm*)) L dt. (4.3.34)
1
Since G(t) = G(t) — 4t and G(¢(t)) = é(tm), we obtain, for any k > 0,

VFG(o(tm")) = 4 TFG(o(tm")) — 7P ye(tm”)
= 7RG ((1) —TIG(o(1)). (4.3.35)

By (4.3.35), using a telescoping argument and the fact that limg .. v *G*(t) =
Q(t), we get

Sy HGG(mE) = Q) —16(0) (4.3.36)
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Therefore, coming back to (4.3.34) and using (4.3.36), we have

m

i | Gy tde= [" Qo) du~ [T o tde. (4.337)

Moreover, using the change of variable u = ¢/m and the relations G(¢(t/m)) =
o(t) and ym” =1, we get

1 1 -r m m
- / G(p(w))utdu = " / S(t)"Ldt = / S(4)t L dt.
/0 Y Jo 0
Therefore, since G(u) = G(u) — yu, we obtain
1 ' 5 r—1 1 ! r—1 ! r—1
- / Gl du = - / C(b(u))u " du — / (u)u" " du
v Jo v Jo 0
m 1
= / gzﬁ(u)ur_ldu—/ (u)u"du
0 0
- / " b(w)u " du. (4.3.38)
1
Finally, using (4.3.37), (4.3.38) and the additive property of integration, we obtain
1 oo - m
) / G(p(u))u du = / Q(b(u))udu, (4.3.39)
0 1
which ends the proof of (4.1.6). O

4.3.5 Proof of Proposition 4.2.2

Let k£ > 1. For convenience, let r = r;. Using the additive property of integration,
the change of variable u = tH;‘? for j > 0 and Fubini’s theorem, we have

1 o _ 1 [0 T
%E(” M Gm(gbg(u))ur—ldu} — _—E® ;0 /H j Gk,l(qsf(u))ur—ldu]

Yk

1 O rmy _
— —EM > / Gk,l(gzsf(tﬂj))ﬂgtr—ldt]
Vi j=0"1

_r i]E_(T) [ /1 " Gk71(¢5(tﬂj))ngt”dt} .

Tk =0
(4.3.40)

Recall that ¢¢(tI1;) = g;(¢7ie(t)), where g;(t) = foo...of;_1(t) is a random function
depending on the environment &, ..., &1 and T9¢ = (&, 41, - - .). Then, using the
change of measure (4.2.14), the independence of the environment sequence (§;) and
Fubini’s theorem, we see that

EO) [/17711 éhl(qbg(tnj))]:[;tr_ldt} —E® [/lmf C;jETjg {Gk,l(gj(qujf(t))} t’"—(ld;hl)
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Using the fact that C;’M(t) = Gr1(t) — 1t* and the relations E[Gy.,.(g;(t))] =
Gt (1) and E[gh(2)] = Gis(t), we get

E® [ /1 " R (Gl drsc(t)] t”ldt}
= B9 | [ [Grin(@re(t) - Gry(ome®)] ¢ 7'd| . (43.42)

Moreover, since the environment sequence (&, &,...) is i.i.d., we obtain, for any
720,

E™ {/;nj ¢’ [Gk,j+1(¢T.7'g(t)) — Gk7j(¢Tj§(t))} tr_ldt}
= O e [Gugna(oe®) - Gustoc) e (4343

Therefore, coming back to (4.3.40) and using the fact that ¢, = v (for r = ry)
together with Fubini’s theorem, we obtain

[ Gt _ )

B[ [7 Graloctu)rdu] = B 5

| (4.3.44)
Using a telescoping argument and the assertion that lim; . 1.Gy ;(t) = Qx(t) for
all t € [0,1), we get

Z[Gka#jﬁf( ”—G’Wf(t”] — Qu(e(t) — Grolee(t)

Vi
= Qulge(t)) — ¢E(t). (4.3.45)
Therefore, by (4.3.44) and (4.3.45), we have
1 oo _
~50 [ [ Gualoctuu ]
= 0| [ 1] e [ [T skt
E [/1 Qr(Pe(t))t dt] E [/1 P ()t dt} . (4.3.46)
Moreover, using the identity ¢¢(u) = fo (¢7e(t/mo)), the change of variable ¢t =

u/myg, the independence between & and T¢, the relation 7, = ¢, and Fubini’s
theorem, we get

E®) [/om ¢’§(t)tr—1dt} = EV /o1 fi (chg(U))mS“T_ld“}
rrl
= [[ B [ e ] ]
- EO /o1 ¢ G (fre(u)) “rldu}

= vk_lE(r) [/01 G (¢e(u)) ur_ldu} ) (4.3.47)

Etude asymptotique des processus de branchement sur-critiques en environnement aléatoire Eric Miqueu 2016



108 CHAPITRE 4. MOMENTS HARMONIQUES ET GRANDES DEVIATIONS

Therefore, from the identity Gy (t) = Gy (t) — t* and (4.3.47), it follows that

1 1 1 1 1

—EV | [ Gy du] = B | [ Gualoee)r e ~ 50| [ obeyera]
Yk 0 Vi 0 0

= E™ { /0 h ¢’g(z€)t’”1dt} —E™ [ /O 1 qblg(t)t’"ldt]
= EO { /1 " d)’g(t)trldt}. (4.3.48)

Finally, using (4.3.46) and (4.3.48), we obtain

;E@ [ Gratetwydu| = | [ Qeloctupa e, (4349

which ends the proof of Proposition 4.2.2.

4.4 Applications

In this section we present the proofs of Theorems 4.2.8, 4.2.9 and 4.2.10 as
applications of Theorem 4.2.1. In Section 4.4.1 we give the rate of convergence in
the central limit theorem for W — W,, where we prove Theorem 4.2.8. In Section
4.4.2 we deal with the large deviation results for the ratio R,, = Z,,11/Z,, where we
prove Theorems 4.2.9 and 4.2.10.

4.4.1 Central Limit Theorem for W — W,

In this section we prove Theorem 4.2.8.

Proof of Theorem 4.2.8. 1t is well known that W admits the following decomposi-

tion :
Zn

(W = W,) =>_ (W(i) - 1),

i=1
where under P¢, the random variables W (7) (¢ > 1) are independent of each other
and independent of Z,,, with common distribution P¢ (W (i) € ) = Pyne (W € -). Let

2O=-Y g ("),

2
n=0 ms;,

The r.v. 52 2. (&) is the variance of W under P (see e.g. [34]). Notice that if ¢ =
essinf ™ ) > 1, then 6% (¢) > ¢y — 1 > 0. Therefore, condition EZ7*¢ < oo implies

that, for all k > 1, it holds E; ‘M‘%s C Ry [W — 1177 < oo (see [33]). By the
Berry-Esseen theorem we have for all z € R,

Pt (3% T < ) oW

2+e

Ee [2,°"].

n

W -1

< CEpng

o0
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Taking expectation with Zy = k£ and using Theorem 4.2.1, we get

I, (W — W, W — 1% e/
P, ( \/L(; (T%; < :13) —®(z)| < CEy - Ey | Z,7]
< Chpa(—2/2). (4.4.1)

4.4.2 Large deviation rate for R,

This section is devoted to the proof of Theorems 4.2.9 and 4.2.10. Recall that
M, ; is defined by (4.2.42), where N,,; are i.i.d. with generating function f,, given
the environment ¢ (see Section 4.2).

Proof of Theorem 4.2.9. Since for all n € N, M, ; —m,, has the same law as M, ; —
my, and is independent of Z,,, we obtain

Pk(Rn —-—m, € D) = Z]P)(MnJ —my € D)Pk(Zn = .7)

j>k

S Z =J)

ji=k ‘7

= CiE| n—r] .
The result (4.2.44) follows from Theorem 4.2.1, and (4.2.46) follows similarly. [

Proof of Theorem 4.2.10. We stat with a lemma which is a direct consequence of
the Marcinkiewicz-Zygmund inequality (see [22, p. 356]).

Lemma 4.4.1 ( [43], Lemma 1.4). Let (X;);>1 be a sequence of i.i.d. centered r.v.’s.
Then we have for p € (1,00),

p .
(Bp)pE(|XZ|P)n, Zf 1 <p< 2’
| <

where B, = 2min {k1/2 keNk>p/2 } is a constant depending only on p (so that
B,=2if1l<p<2)

We shall prove Theorem 4.2.10 in the case when p € (1,2]. Using the fact that
M,, ; —my, has the same law as M ; —mg and is independent of Z,,, we obtain after
conditioning

o0

Pi(|R, — my,| > a) = Z (|Mo; — mo| > a)Py(Z, = j). (4.4.3)
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Using (4.2.42) and the fact that, under P¢, the r.v’s No;, —mo (i = 1,...,7) are
i.i.d. centered and with generating function fjy, we get from Lemma 4.4.1 that, for
p€(1,2],

Pe(|Mo; — mo| > a) < a PE¢ My —mol”

Taking expectation, we obtain
BAP
P(|M,; — ma| > a) < (p) JUPE|Zy — mol?.
Therefore, coming back to (4.4.3) and applying Theorem 4.2.1, we get

B\? = .
Pi(|Rn — ma| > a) < (ap) E\Zy — mo? S j PP Za = )
j=k
B p
- (p) E|Zy — mo|"Ey, [227]
a
= Cpa P Agn(p — 1),
with C, = B,E|Z; — mg[P. This ends the proof of Theorem 4.2.10 in the case when
p € (1,2]. The proof in the case p > 2 is obtained in the same way. O
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Conclusion et perspectives

Les processus de branchement en environnement aléatoire sont un modele ma-
thématique encore tres étudié aujourd’hui, de part leur complexité et leur richesse
mathématique, ainsi que la pertinence de leurs applications, en biologie cellulaire
notamment. La présente these améliore et unifie partiellement les résultats obtenus
dans les travaux antérieurs pour un processus de branchement sur-critique en en-
vironnement aléatoire et sous la condition de non-extinction. L’étude des moments
harmoniques de W et Z, ainsi que l'asymptotique de la distribution du proces-
sus Z, nous ont permis d’apporter des résultats plus fins que ceux connus dans la
littérature.

Etant donné que les résultats sur les moments harmoniques de W et de Z, im-
pliquent un résultat de grandes déviations, il serait envisageable de chercher a obtenir
des grandes déviations précises, c¢’est-a-dire sans normalisation logarithmique, dans
I'esprit de Bahadur et Rao [6]. Cette piste d’étude est I'objet d’un travail en cours
avec mes directeurs de these dans le cas des grandes déviations inférieures pour le
processus Z,, mais le cas d’étude des grandes déviations supérieures serait aussi
envisageable.

Une autre perspective de recherche serait de généraliser les résultats de la these
en relaxant I’hypothese P(Z; = 0) = 0. Notamment, la détermination d’un équi-
valent de la probabilité asymptotique P(Z,, = j|Zy = k) constituerait une avancée
considérable. Une premiére étape plus abordable serait d’essayer de déterminer un
équivalent de la probabilité P(Z,, = j|Zy, = k) dans le cas linéaire fractionnaire fai-
blement sur-critique (qui n’a pas été traité dans [18]) afin de mieux comprendre la
dynamique, et enfin essayer d’étendre les résultats au cas d'un PBEA sur-critique gé-
néral. Signalons de plus qu’un analogue de ces résultats existe déja pour le processus
a temps continu (c.f. [17,38]).

Les résultats de cette these pourraient certainement étre aussi utilisés pour ef-
fectuer des statistiques sur ce type de processus, en vue d’éventuelles applications
en biologie. En effet, tres peu de travaux ont été réalisés dans ce sens, mis a part
des résultats concernant la normalité asymptotique de certains estimateurs de la
moyenne ou de la variance (c.f. [25]). Des résultats sur la vitesse de convergence
de ces estimateurs sont envisageables, et les résultats de grandes déviations sur le
processus Z, et le ratio Z,1/Z, devraient pouvoir étre utilisés pour obtenir des
résultats de grandes déviations sur ces différents estimateurs.
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Conclusions and perspectives

A branching process in a random environment is a mathematical model still
studied today, because of their complexity and mathematical richness and relevance
of their applications, especially in cell biology. This thesis improves and partially
unifies the results obtained in previous work for a supercritical branching process in
a random environment under the non-extinction condition. The study of harmonic
moments of W and Z,, and the asymptotic distribution of the process Z,, allowed us
to obtain results which are more precise than those known in the literature.

Since the results of the harmonic moments of W and Z,, imply large deviations
results, it would be possible to seek to obtain more precise large deviations asymp-
totics, that is without the logarithmic normalization in the spirit of Bahadur and
Rao [6]. This study is the subject of ongoing work with my thesis supervisors in the
case of lower large deviations for the process Z,,, but the case study of upper large
deviations could also be envisaged.

Another research perspective would be to generalize the results of the thesis
by relaxing the assumption P(Z; = 0) = 0. In particular, the determination of an
equivalent of the asymptotic probability P(Z, = j|Zy = k) would be a major step
forward. A first affordable step in this direction would be to try to determine the
probability of an equivalent P(Z,, = j|Zy = k) in the case of a weakly supercritical
fractional linear BPRE (which was not treated in [18]) to better understand the
dynamics, and finally try to extend the results to the case of a general supercritical
BPRE. Note further that similar results already exists for continuous time processes
(c.f. [17,38]).

The results of this thesis could certainly also be used to perform statistics on
this type of process, eventually for possible applications in biology. Indeed, very
little work has been done in this direction, apart from the results concerning the
asymptotic normality of some estimators of the mean or the variance (c.f. [25]).
Results on the speed of convergence of these estimators are possible, and the results
of large deviations for the process Z,, and the ratio Z,,1/Z, should be used to obtain
some large deviation results on these different estimators.
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