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+ uu̇ġ0)d&

�

�

�

�

�

�

�

 C

Z

{t}⇥{|r⇤| 3
4 t}⇥S2

|u̇u0|d& + C

Z

{t}⇥{ 1
2 t|r⇤| 3

4 t}⇥S2

|u̇| |u|
1 + |r⇤|d&

 C

Z

{t}⇥{|r⇤| 3
4 t}⇥S2

(|u̇|2 + |u0|2)d&

C+

Z

{t}⇥{|r⇤| 3
4 t}⇥S2

✓

|u̇|2 + u2

(1 + |r⇤|)2
◆

d&

 CE`[u](t) .

|E�[u](t)|  CtE`[u](t) .

t � 1

2E�[u](t2)� 2E�[u](t1)  �
Z

[t1,t2]⇥R⇥S2

(2tµh0u02 � tµV 0h| /ru|2)dx +

1

2

Z

[t1,t2]⇥R⇥S2

tµh000u2

dx

+ C

Z t2

t1

E`[u](t)dt .

h0 > 0 h
r⇤

V 0
=

f

r3
(rf 0 � 2f)

r⇤ hV 0  0 r⇤ = 0

|h000| = 2✏2�|(2� + 1)(✏r⇤)2 � 1|
(1 + (✏r⇤)2)�+2

 2✏2�((2� + 1)(✏r⇤)2 + 2� + 1)

(1 + (✏r⇤)2)�+2

=

2✏2�(2� + 1)

(1 + (✏r⇤)2)�+1

,



1

2

Z

{t}⇥R⇥S2

tµh000u2

d&  ✏2�(2� + 1)

Z

{t}⇥{|r⇤| 3
4 t}⇥S2

tµ
u2

(1 + (✏r⇤)2)�+1

d& ,

t � 1 � � 1

✏2�(2� + 1)

Z

{t}⇥{ 1
2 t|r⇤| 3

4 t}⇥S2

µ
t

(1 + (✏r⇤)2)
u2

(1 + (✏r⇤)2)�
d&  C

Z

{t}⇥{ 1
2 t|r⇤| 3

4 t}⇥S2

t2

r2⇤

u2

(1 + (r⇤)2)
d&

 CE`[u](t) ,

�V 0h

�V 0
Z r⇤

0

1

(1 + y2)�
dy  �V 0h .

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

u2

(1 + (✏r⇤)2)�+1

d&  C

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

✓

(@r⇤u)
2

(1 + (✏r⇤)2)�

�V 0
✓

Z r⇤

0

1

(1 + y2)�
dy

◆

u2

◆

d&

 C

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

(2h0u02 � V 0h| /ru|2)d& ,

µ ⌘ 1 {|r⇤|  1

2

t}
1

2

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

tµh000u2

d&  ✏2�(2� + 1)C

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

(2tµh0u02 � tµV 0h| /ru|2)d& .

✏2 < 1

2�(2�+1)C

2E�[u](t2)� 2E�[u](t1)  �1

2

Z

[t1,t2]⇥R⇥S2

(2tµh0u02 � tµV 0h| /ru|2)dx + C

Z t2

t1

E`[u](t)dt ,

1

2

Z

[t1,t2]⇥R⇥S2

(2tµh0u02 � tµV 0h| /ru|2)dx  �2E�[u](t2) + 2E�[u](t1) + C

Z t2

t1

E`[u](t)dt .



⇥iu i
⇥iu

1

2

Z

[t1,t2]⇥R⇥S2

tµ(2h0| /ru0|2 � V 0h( /�u)2)dx  �2E�[ /ru](t
2

) + 2E�[ /ru](t
1

) + C

Z t2

t1

E`[ /ru](t)dt .

E�[ /ru](t) :=
3

X

i=1

E�[⇥iu](t) ; E`[ /ru](t) :=
3

X

i=1

E`[⇥iu](t) ,

⇥iu
⇥iu i

t � 1

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

t
| /ru|2

(1 + (✏r⇤)2)�+1

d&  C

Z

{t}⇥R⇥S2

tµ(2h0| /ru0|2 � V 0h( /�u)2)d& ,

a � 1 supp(�trap) ✓ [�a/2, a/2] C > 0

r⇤ 2 [�a/2, a/2]

�trap  C
1

(1 + (✏r⇤)2)�+1

,

t � a
Z

{t}⇥R⇥S2

t�trap| /ru|2d& =
Z

{t}⇥{|r⇤| 1
2 t}⇥S2

t�trap| /ru|2d&

 C

Z

{t}⇥{|r⇤| 1
2 t}⇥S2

t
| /ru|2

(1 + (✏r⇤)2)�+1

d& .

a t0 � a

Z

[a,t0]⇥R⇥S2

t�trap| /ru|2dx  C
�

�

�

�2E�[ /ru](t)
�

�

t0

a

�

�

�

+ C

Z t0

a

E`[ /ru](t)dt .

EC[u](t0)  EC[u](a) + C
�

�

�

�2E�[ /ru](t)
�

�

t0

a

�

�

�

+ C

Z t0

a

E`[ /ru](t)dt .

EC[u](t0)  EC[u](a) + C sup

t2[0,t0]
(tE`[ /ru](t)) + C

Z t0

0

E`[ /ru](t)dt .



V > 0 �trap �trap  CV 0  t
2

 1

Z

[t1,t2]⇥R⇥S2

t�trap| /ru|2dx  C

Z

[t1,t2]⇥R⇥S2

V | /ru|2dx  C

Z t2

t1

E[u](t)dt  C

Z t2

t1

EC[u](t)dt .

t
1

� 1

Z

[t1,t2]⇥R⇥S2

t�trap| /ru|2dx  C

Z

[t1,t2]⇥R⇥S2

t2V | /ru|2dx  C

Z t2

t1

EC[u](t)dt .

t
1

, t
2

� 0

EC[u](t2)� EC[u](t1) 
Z

[t1,t2]⇥R⇥S2

t�trap| /ru|2dx  C

Z t2

t1

EC[u](t)dt .

EC[u](t2)  EC[u](t1)ec(t2�t1) ,

t
1

= 0 t
2

= a

EC[u](a)  CEC[u](0) ,

C a u t0 � a

EC[u](t0)  C

 

EC[u](0) + sup

t2[0,t0]
(tE`[ /ru](t)) +

Z t0

0

E`[ /ru](t)dt

!

.

E`[ /ru](t)  CE[

/ru](t) = CE[

/ru](0)

EC[u](t)  C(1 + t)(EC[u](0) + E[

/ru](0)) , t � a .

St = {t} ⇥ ⇥�3

4

t, 3
4

t
⇤ ⇥ S2

E`[ /ru](t) =

Z

St

�| /ru̇|2 + | /ru0|2 + V (

/r · /ru)2
�

d&

=

Z

St

�

(� /
�u̇)u̇+ (� /

�u0
)u0

+ V (� /r /
�u) · /ru

�

d&


✓

Z

St

(

/
�u̇)2d&

◆

1
2
✓

Z

St

u̇2

d&

◆

1
2

+

✓

Z

St

(

/
�u0

)

2

d&

◆

1
2
✓

Z

St

u02
d&

◆

1
2

+

✓

Z

St

V | /r /
�u|2d&

◆

1
2
✓

Z

St

V | /ru|2d&
◆

1
2


 

✓

Z

St

(

/
�

2

u̇)2d&

◆

1
2
✓

Z

St

u̇2

d&

◆

1
2

!

1
2 ✓Z

St

u̇2

d&

◆

1
2



+

 

✓

Z

St

(

/
�

2

u0
)

2

d&

◆

1
2
✓

Z

St

u02
d&

◆

1
2

!

1
2 ✓Z

St

u02
d&

◆

1
2

+

 

✓

Z

St

V | /r /
�

2

u|2d&
◆

1
2
✓

Z

St

V | /ru|2d&
◆

1
2

!

1
2 ✓Z

St

V | /ru|2d&
◆

1
2

=

✓

Z

St

(

/
�

2

u̇)2d&

◆

1
4
✓

Z

St

u̇2

d&

◆

3
4

+

✓

Z

St

(

/
�

2

u0
)

2

d&

◆

1
4
✓

Z

St

u02
d&

◆

3
4

+

✓

Z

St

V | /r /
�

2

u|2d&
◆

1
4
✓

Z

St

V | /ru|2d&
◆

3
4

.

X

k

�

�

�

x
1
4
k y

3
4
k

�

�

�


�

�

�

�

�

X

k

xk

�

�

�

�

�

1
4
�

�

�

�

�

X

k

yk

�

�

�

�

�

3
4

,

E`[ /ru](t)  (E`[ /�
2

u](t))
1
4
(E`[u](t))

3
4 .

E`[ /�
2

u](t)  CE[

/
�

2

u](t) |r⇤| < 3

4

t

t� r⇤
t

>
1

4

;

t+ r⇤
t

>
1

4

,

eC
t2

� 1

64

�

(u̇+ u0
)

2

+ (u̇� u0
)

2

�

+

1

2

(1 +

r2⇤
t2
)| /ru|2V +

e

t2

=

1

32

�

u̇2

+ u02�
+

1

32

V | /ru|2 + (

15

32

+

r2⇤
2t2

)| /ru|2V +

e

t2

� e

32

.

E`[u](t)  C
EC[u](t)

t2
.

E`[ /ru](t)  C
⇣

E[

/
�

2

u](t)
⌘

1
4

✓

EC[u](t)
t2

◆

3
4

.

E`[ /ru](t) t0 � a

EC[u](t0)  C

 

EC[u](0) + sup

t2[a,t0]

 

t
⇣

E[

/
�

2

u](t)
⌘

1
4

✓

EC[u](t)
t2

◆

3
4

!

+

Z t0

a

⇣

E[

/
�

2

u](t)
⌘

1
4

✓

EC[u](t)
t2

◆

3
4

dt

!

,



EC[u](t0)  C

 

EC[u](0) +
⇣

E[

/
�

2

u](0)
⌘

1
4
⇣

EC[u](0) + E[

/ru](0)
⌘

3
4
sup

t2[a,t0]

 

t

✓

1 + t

t2

◆

3
4

!

+

⇣

E[

/
�

2

u](0)
⌘

1
4
⇣

EC[u](0) + E[

/ru](0)
⌘

3
4

Z t0

a

✓

1 + t

t2

◆

3
4

dt

!

,

t � a � 1

✓

1 + t

t2

◆

3
4

 Ct�
3
4 ,

EC[u](t)  C

✓

EC[u](0) + t
1
4

⇣

E[

/
�

2

u](0)
⌘

1
4
⇣

EC[u](0) + E[

/ru](0)
⌘

3
4

◆

.

E[u](t)  E[

/ru](t)  E[

/
�u](t) ,

/
�u

E[

/
�u](t)  E[

/r /
�u](t)  E[

/
�

2

u](t) .

E[

/ru](0) E[

/
�

2

u](0)
t � a

EC[u](t)  C(1 + t
1
4
)

⇣

EC[u](0) + E[

/
�

2

u](0)
⌘

.

E`[ /ru](t)

EC[u](t)  C
⇣

EC[u](0) + E[

/
�

2

u](0)
⌘

,

t � a 0  t  a

EC[u](t)  EC[u](0)eCt  CEC[u](0) .

� r⇤ b � 1 �
a �trap

t0 � b � 1

Z

[b,t0]⇥R⇥S2

t�trap| /ru|2dx  C

 

sup

t2[0,t0]
(tE`[ /ru](t)) +

Z t0

0

E`[ /ru](t)dt

!

.

E`[ /ru](t)  CE[

/ru](t) = CE[

/ru](0)
[b, t0] E`[ /ru](t)

t1/4

t1/4 [b, t0]
� [t

1

, t
2

] = [0, b]



O = {⇥
1

,⇥
2

,⇥
3

} ,

T = {T = @t} [O ,

X = {R = @r⇤} [ T .

F (0,m)

A

|F |2A =

X

Y1,...,Ym2A
|F (Y

1

, . . . , Ym)|2

A F n
B

|F |2A,n,B =

n
X

k=0

X

X1,...,Xk2B

X

Y1,...,Ym2A
|(LXk

. . .LX1F )(Y
1

, . . . , Ym)|2 ,

LX X A
|F |2A,n,B

A

|�
1

| + |�
0

| + |��1

|
(|�

1

|2 + |�
0

|2 + |��1

|2)1/2
|F |X {@✓, 1

sin(✓)
@'} O

X =

1

sin(✓)
@' =

1

sin(✓)
⇥

3

X =

⇢(✓,')

sin(✓)
⇥

3

+

(1� ⇢(✓,'))

cos(✓)
(cos(')⇥

1

� sin(')⇥
2

) ,

0  ⇢  1

(0, 0, 1) ✓ = 0

A
A



F X
LXF F X

d(LXF ) = d(iXdF + diXF ) = diXdF = LX(dF ) = 0 ,

[LX , d] = 0 X

(?↵)ak+1...an =

1

k!
↵a1...ak!a1...an .

↵ k ! n X
[LX , ?] = 0

(LX ? ↵)ak+1...an
=

1

k!
LX (↵a1...ak!a1...an) =

1

k!

�

(LX↵)
a1...ak !a1...an + ↵a1...ak

(LX!)a1...an
�

.

? (LX↵)
LXF X

F

Tab

(0, 2) Tab = T
(ab) raTab = 0

X (X)⇡ab = raXb +rbXa U
N C1 @U
T ⌘ @U ⌧

⌘a⌧a = 1

Z

@U
TabX

b⌘ai⌧d
4x =

Z

U
ra
�

TabX
b
�

d

4x

=

Z

U

�

XbraTab +TabraXb
�

d

4x

=

1

2

Z

U
(X)⇡abT

ab
d

4x .

X
2 F

S

EX [F ](S) =

Z

S

(X T)

]
d

4x .



3 S
⌘S ⌧S

S

EX [F ](S) =

Z

S

TabX
b⌘aSi⌧Sd

4x .

⌘S ⌧S
X

S
X = @t

X

1 1

F (0, 2)

Tab =
1

4

gabF
cdFcd � FacFb

c .

T L N

Tab = T
(ab) , g

abTab = 0 ,

raTab = 0 ,

TabL
aLb

= r�2|�
1

|2 ,
TabL

aN b
= fr�4|�

0

|2 ,
TabN

aN b
= r�2|��1

|2 .

gabTab = Ta
a =

4

4

F cdFcd � FacF
ac

= 0 .

raTab =

1

2

gabFcdraF cd � F c
braFac � FacraF c

b

=

1

2

F acrbFac � F acraFbc .



rbFac = rcFab +raFbc ,

raTab =
1

2

F acrcFab � 1

2

F acraFbc = 0

a c F

|�
1

|2 = (F
02

+ F
12

)

2

+

1

sin(✓)2
(F

03

+ F
13

)

2 ,

|�
0

|2 =

r4

f 2

(F
01

)

2

+

1

sin(✓)2
(F

23

)

2 ,

|��1

|2 = (F
02

� F
12

)

2

+

1

sin(✓)2
(F

03

� F
13

)

2 .

L N X 2 {L,N}

TabX
aXb

= �gcdFacFbdX
aXb ,

T(X,X) = � 1

f
(Fa0X

a
)

2

+

1

f
(Fa1X

a
)

2

+

1

r2
(Fa2X

a
)

2

+

1

r2 sin(✓)2
(Fa3X

a
)

2 ,

F
00

= F
11

= 0 L N

T(L,N)

T(L,N) = T
00

�T
11

,

T
00

=

1

4

fFcdF
cd � F

0cF0

c
=

1

4

fFcdF
cd � fF

0cF
0c ,

T
11

= �1

4

fFcdF
cd

+ fF
1cF

1c ,



T
00

�T
11

= f

✓

1

2

FcdF
cd � F

0cF
0c � F

1cF
1c

◆

= f

 

X

0c<d3

FcdF
cd �

X

c

F
0cF

0c �
X

c

F
1cF

1c

!

= f

 

X

1c<d3

FcdF
cd �

X

c

F
1cF

1c

!

= f

 

X

2c<d3

FcdF
cd � F

10

F 10

!

= f
�

F
23

F 23 � F
10

F 10

�

=

1

f
(F

01

)

2

+

f

r4 sin(✓)2
(F

23

)

2 ,

V

V = ↵@t + �@r⇤ with ↵ � |�| .
L N

V =

✓

↵ + �

2

◆

L+

✓

↵� �

2

◆

N ,

T
V W

T(V,W ) � 0 .

r�2|�
1

|2 = T
00

+ 2T
01

+T
11

,

fr�4|�
0

|2 = T
00

�T
11

,

r�2|��1

|2 = T
00

� 2T
01

+T
11

,



T
00

=

1

4r2

✓

|�
1

|2 + 2f

r2
|�

0

|2 + |��1

|2
◆

,

T
01

=

1

4r2
�|�

1

|2 � |��1

|2� ,

T
11

=

1

4r2

✓

|�
1

|2 � 2f

r2
|�

0

|2 + |��1

|2
◆

.

S = ⌃t = {t}⇥ R⇥ S2

ˆT = f� 1
2@t

ˆT

ET [F ](⌃t) =

Z

⌃t

TabT
b
ˆT ai

ˆTd
4x

=

Z

⌃t

T
00

f� 1
2f

1
2 r2dr⇤d

2!

=

1

4

Z

⌃t

|�
1

|2 + 2f

r2
|�

0

|2 + |��1

|2dr⇤d2! = ET [F ](t) .

T

ET [F ](t) = ET [F ](0) .

F X
X

1

, . . . , Xk

ET [LX1 . . .LXk
F ](t) = ET [LX1 . . .LXk

F ](0) .

⌃t

K = (t2 + r2⇤)@t + 2tr⇤@r⇤ .

u
+

= t+ r⇤ u� = t� r⇤

K =

1

2

(u2

+

L+ u2

�N) .

EK [F ](t) := EK [F ](⌃t)

T
0aKa K

T
0aK

a
=

1

2

�

u2

+

T
0aL

a
+ u2

�T0aN
a
�

=

1

2

�

u2

+

(T
00

+T
01

) + u2

�(T00

�T
01

)

�

=

1

8r2

✓

u2

+

✓

2|�
1

|2 + 2f

r2
|�

0

|2
◆

+ u2

�

✓

2|��1

|2 + 2f

r2
|�

0

|2
◆◆

=

1

4r2

✓

u2

+

|�
1

|2 + (u2

+

+ u2

�)
f

r2
|�

0

|2 + u2

�|��1

|2
◆

.



EK [F ](t) =

Z

⌃t

TabK
b
ˆT ai

ˆTd
4x

=

1

4

Z

⌃t

u2

+

|�
1

|2 + (u2

+

+ u2

�)
f

r2
|�

0

|2 + u2

�|��1

|2dr⇤d2! .

�trap

r⇤ F

EK [F ](t
2

)� EK [F ](t
1

) 
Z

[t1,t2]⇥R⇥S2

t�trap|�0

|2dtdr⇤d2! .

K T [
= fdt R[

= �fdr⇤

Kb = (t2 + r2⇤)Tb + 2tr⇤Rb ,

raKb = Tbra(t
2

+ r2⇤) + (t2 + r2⇤)raTb +Rbra(2tr⇤) + 2tr⇤raRb

= Tb

�

2tf�1Ta � 2r⇤f�1Ra

�

+ (t2 + r2⇤)raTb +Rb

�

2r⇤f�1Ta � 2tf�1Ra

�

+ 2tr⇤raRb

= 2f�1t (TaTb �RaRb) + 2tr⇤raRb + 2f�1r⇤ (TaRb � TbRa) + (t2 + r2⇤)raTb .

T
Ra

rR[
=

⇣

@aRb � ˜

�

c
abRc

⌘

dxa ⌦ dxb

= @r⇤R1

dr2⇤ �
X

a

˜

�

1

aaR1

(dxa
)

2

=

ff 0

2

dt2 � ff 0

2

dr2⇤ +
f

r
d!2

=

f

r
gM + f

✓

f 0

2

� f

r

◆

�

dt2 � dr2⇤
�

.

raRb = r
(aRb)

K⇡ab = 2r
(aKb) = 4f�1t (TaTb �RaRb) + 4tr⇤raRb

= 4f�1t (TaTb �RaRb) + 4tr⇤fr�1gM + 4tr⇤f�1

✓

f 0

2

� f

r

◆

(TaTb �RaRb)

= 4tr⇤fr�1gab + 4f�1t

✓

1 + r⇤

✓

f 0

2

� f

r

◆◆

(TaTb �RaRb) .



T = 1 + r⇤

✓

f 0

2

� f

r

◆

.

K
T

K⇡abT
ab
= 4tr�4T |�

0

|2 .

EK [F ](t
2

)� EK [F ](t
1

) =

Z

[t1,t2]⇥R⇥S2

2t
f

r2
T |�

0

|2dtdr⇤d2! .

�trap

1

↵ = iLF , ↵ = iNF .

�

1

= ↵(M) = ↵✓ +
i

sin(✓)
↵' ,

��1

= ↵( ¯M) = ↵✓ �
i

sin(✓)
↵' .

(

¯M + cot(✓))�
1

= @✓↵✓ +
1

sin(✓)2
@'↵' + cot(✓)↵✓ +

i

sin(✓)
(@✓↵' � @'↵✓) ,

(M + cot(✓))��1

= @✓↵✓ +
1

sin(✓)2
@'↵' + cot(✓)↵✓ �

i

sin(✓)
(@✓↵' � @'↵✓) .

S2

1 t r⇤
r⇤ r⇤

(↵✓)
2

+

1

sin(✓)2
(↵')

2

= (F
02

+ F
12

)

2

+

1

sin(✓)2
(F

03

+ F
13

)

2

= |�
1

|2 ,

(↵✓)
2

+

1

sin(✓)2
(↵')

2

= (F
02

� F
12

)

2

+

1

sin(✓)2
(F

03

� F
13

)

2

= |��1

|2 ,



S2

↵ = ↵✓d✓ + ↵'d' , ↵ = ↵✓d✓ + ↵'d' ,

|↵|2 := gS2
(↵,↵) , |↵|2 := gS2

(↵,↵) ,

|↵|2 = |�
1

|2 , |↵|2 = |��1

|2 .
1

(

¯M + cot(✓))�
1

=

/ra
↵a + i✏ab /ra↵b ,

(M + cot(✓))��1

=

/ra
↵a � i✏ab /ra↵b ,

✏ab S2

✏ab =

1

p|gS2 |"
ab

=

1

sin(✓)
"ab

"ab

�

0

F

F (�

1

,�
0

,��1

)

E[�

0

](t)  C
3

X

i=1

ET [L⇥iF ](t) ,

E[�

2

S2�
0

](t)  C
X

X1,...,X52O
ET [LX1 . . .LX5F ](t) ,

EC[�0

](t)  C
3

X

i=1

(EK [L⇥iF ](t) + ET [L⇥iF ](t)) .

⌃t = {t}⇥ R⇥ S2

ET [F ](t) =
1

4

Z

⌃t

|↵|2 + 2V |�
0

|2 + |↵|2dr⇤d2! .

ET [L⇥iF ](t) L
⇥iF

1 2 � X Y [X, Y ] = 0

Z

(LY iX�)(Z) = LY ((iX�)(Z))� (iX�)(LYZ)

= LY (�(X,Z))� � (X,LYZ)

= (LY �)(X,Z) + �(LYX,Z) + �(X,LYZ)� � (X,LYZ)

= (iXLY �)(Z) .



iL(L⇥iF ) = L
⇥i(iLF ) = L

⇥i↵,

↵
M ¯M ⇥i

[⇥

1

,M ] =

�i cos(')

sin(✓)
M ; [⇥

1

, ¯M ] =

i cos(')

sin(✓)
¯M

[⇥

2

,M ] =

i sin(')

sin(✓)
M ; [⇥

2

, ¯M ] =

�i sin(')

sin(✓)
¯M

[⇥

3

,M ] = 0 ; [⇥

3

, ¯M ] = 0 .

L
⇥iF

1

2

�

V �1

(L
⇥iF )(L,N) + (L

⇥iF )

�

¯M,M
��

=

1

2

⇥i

�

V �1F (L,N) + F
�

¯M,M
��

�1

2

�

F
�L

⇥i
¯M,M

�

+ F
�

¯M,L
⇥iM

��

=

1

2

⇥i

�

V �1F (L,N) + F
�

¯M,M
��

= ⇥i(�0

) .

3

X

i=1

ET [L⇥iF ](t) =
1

4

Z

⌃t

3

X

i=1

�|L
⇥i↵|2 + |L

⇥i↵|2
�

+ 2V | /r�
0

|2dr⇤d2! .

t r⇤ �

0

E[�

0

](t)
1 ↵ ↵

|L�
0

|2 + |N�
0

|2 = | ¯M�
1

+ cot(✓)�
1

|2 + |M��1

+ cot(✓)��1

|2 .

|L�
0

|2 + |N�
0

|2 = 2|@t�0

|2 + 2|@r⇤�0

|2 ,

|( ¯M1 + cot(✓))�
1

|2 + |(M + cot(✓))��1

|2 = (

/ra
↵a)

2

+ (✏ab /ra↵b)
2

+ (

/ra
↵a)

2

+ (✏ab /ra↵b)
2 .

E[�

0

](t) =
1

4

Z

⌃t

(

/ra
↵a)

2

+ (✏ab /ra↵b)
2

+ (

/ra
↵a)

2

+ (✏ab /ra↵b)
2

+ 2V | /r�
0

|2dr⇤d2! .



(

/ra
↵a)

2

+ (✏ab /ra↵b)
2  C

3

X

i=1

|L
⇥i↵|2 ,

(

/ra
↵a)

2

+ (✏ab /ra↵b)
2  C

3

X

i=1

|L
⇥i↵|2 .

↵ ↵

3

X

i=1

|L
⇥i↵|2 = /ra↵b /ra

↵b
+ |↵|2 .

3

X

i=1

|L
⇥i↵|2 =

3

X

i=1

�

⇥

b
i
/rb↵a + ↵b /ra⇥

b
i

� �

⇥

c
i
/rc↵

a
+ ↵c /ra

⇥

c
i

�

=

/rb↵a /rc↵
a

3

X

i=1

⇥

b
i⇥

c
i + 2↵c /rb↵a

3

X

i=1

⇥

b
i
/ra
⇥

c
i + ↵b↵c

3

X

i=1

/ra⇥
b
i
/ra
⇥

c
i .

3

X

i=1

⇥

b
i⇥

c
i = gbcS2 ;

3

X

i=1

⇥

b
i
/ra
⇥

c
i = 0 ;

3

X

i=1

/ra⇥
b
i
/ra
⇥

c
i = gbcS2 ,

/r↵ (!
1

= ✓,!
2

= ')

↵a;b := @b↵a +
S2
�

c
ab↵c ,

(

/ra
↵a)

2

=

�

g11S2↵
1;1

+ g22S2↵
2;2

�

2

,

(✏ab /ra↵b)
2

= g22S2 (↵
1;2

� ↵
2;1

)

2 .

2(a2 + b2) � (a ± b)2 g11S2 = 1

(

/ra
↵a)

2

+ (✏ab /ra↵b)
2  2

⇣

�

g11S2↵
1;1

�

2

+

�

g22S2↵
2;2

�

2

+ g22S2(↵2

1;2

+ ↵2

2;1

)

⌘

= 2

/ra↵b /ra
↵b

 2

3

X

i=1

|L
⇥i↵|2 ,



X

X1,...,X52O
ET [LX1 . . .LX5F ](t) =

1

4

X

X1,...,X52O

Z

⌃t

2V |LX1 . . .LX5�0

|2

+|LX1 . . .LX5↵|2 + |LX1 . . .LX5↵|2dr⇤d2! .

/
�

2

�

0

=

3

X

i,j=1

⇥

2

i⇥
2

j�0

.

ij
�

0

= ⇥

2

i⇥
2

j�0

,
ij
�

0

L2

⇥i
L2

⇥j
F n(a2

1

+ · · · + a2n) 
(a

1

+ . . . a
2

)

2

E
h

/
�

2

�o

i

(t) = E

"

3

X

i,j=1

ij
�

0

#

(t)  C
3

X

i,j=1

E
⇥

ij
�

0

⇤

(t) ,

ij
�

0

E
⇥

ij
�

0

⇤

(t)  C
3

X

k=1

ET [L⇥k
L2

⇥i
L2

⇥j
F ](t) .

i j

3

X

i,j,k=1

ET [L⇥k
L2

⇥i
L2

⇥j
F ](t) 

X

X1,...,X52O
ET [LX1 . . .LX5F ](t) ,

L
⇥iF

EK [L⇥iF ](t) =
1

4

Z

⌃t

u2

+

|L
⇥i↵|2 + u2

�|L⇥i↵|2 + (u2

+

+ u2

�)V |L
⇥i�0

|2dr⇤d2! ,

�

0

EC[�0

](t) =
1

4

Z

⌃t

1

2

�

u2

+

|L�
0

|2 + u2

�|N�0

|2�+ (u2

+

+ u2

�)V | /r�
0

|2dr⇤d2! + E[�

0

](t) ,

|L�
0

|2 = |( ¯M1 + cot(✓))�
1

|2 = (

/ra
↵a)

2

+ (✏ab /ra↵b)
2

|N�
0

|2 = |(M + cot(✓))��1

|2 = (

/ra
↵a)

2

+ (✏ab /ra↵b)
2 ,



Y = T K A

EY [Lk
AF ](t) :=

X

X1,...,Xk2A
EY [LX1 . . .LXk

F ](t) .

F n

Z

[0,+1[⇥R⇥S2

t�trap|�0

|2dtdr⇤d2!  C

 

EK [LOF ](0) +

5

X

k=0

ET [Lk
OF ](0)

!

,

EK [Ln
TF ](t)  C

 

n+1

X

k=0

EK [Lk
TF ](0) +

n+5

X

k=0

ET [Lk
TF ](0)

!

.

�

0

Z

[0,+1[⇥R⇥S2

t�trap|�0

|2dtdr⇤d2! 
Z

[0,+1[⇥R⇥S2

t�trap| /r�0

|2dtdr⇤d2! ,

Z

[0,+1[⇥R⇥S2

t�trap|�0

|2dtdr⇤d2!  C(EC[�0

](0) + E[

/
�

2

�

0

](0)) ,

LX1 . . .LXnF [0, t] Xi 2 T

EK [Ln
TF ](t)� EK [Ln

TF ](0) 
X

X1...Xn2T

Z

[0,t]⇥R⇥S2

t�trap|LX1 . . .LXn�0

|2dtdr⇤d2! ,

⌃t = {t} ⇥ R ⇥ S2

N S



U [0,+1[t⇥Rr⇤ ⇥ S2

✓,'

Z

@U
TabK

b⌘ai⌧d
4x =

1

2

Z

U
(K)⇡abT

ab
d

4x 
Z

[0,+1[⇥R⇥S2

t�trap|�0

|2dtdr⇤d2! .

S

EK [F ](S) =

Z

S

TabK
b⌘ai⌧d

4x  C

 

1

X

k=0

EK [Lk
OF ](0) +

5

X

k=0

ET [Lk
OF ](0)

!

.

t
0

� 0 F
(�

1

,�
0

,��1

)

S
⌃

0

= {0} ⇥ R ⇥ S2

N S t � |r⇤| + t
0

F
O ⌃

0

S X = T = @t t�2

0

C > 0 t
0

, F, (t, r⇤,!), S

ET [F ](S)  t
0

�2C

 

1

X

k=0

EK [Lk
OF ](0) +

5

X

k=0

ET [Lk
OF ](0)

!

.

ET [F ](S)  t�2

0

EK [F ](S)

Tab⌘
a
S(K

b � t2
0

T b
) � 0 ,

Kb � t2
0

T b

t2 + r2⇤ � t2
0

� |2tr⇤| (t� |r⇤|)2 � t2
0

,

S

{St0 ; t0 � 0} t
0

t
0

{St0 : t =

p

1 + r2⇤ + t
0

; t
0

� 0}



F

[r⇤
1

, r⇤
2

] r⇤ C
(r⇤1,r⇤2) > 0

t � 0

Z

{t}⇥(r⇤1,r⇤2)⇥S2

t2|F |2Xdr2⇤d!2  CEK [F ](t)

a = 2max{|r⇤
1

|, |r⇤
2

|} t � a r⇤ 2 [r⇤
1

, r⇤
2

] t � 2|r⇤|

t� r⇤ � 1

2

t ) (t� r⇤)2 � 1

4

t2 ,

t+ r⇤ � 1

2

t ) (t+ r⇤)2 � 1

4

t2 .

t � a

EK [F ](t) =

1

4

Z

⌃t

(t+ r⇤)2|�1

|2 + (t2 + r2⇤)V |�
0

|2 + (t� r⇤)2|��1

|2dr⇤d2!

� C
(r⇤1,r⇤2)

Z

{t}⇥(r⇤1,r⇤2)⇥S2

t2
�|�

1

|2 + |�
0

|2 + |��1

|2� dr⇤d2!

� C
(r⇤1,r⇤2)

Z

{t}⇥(r⇤1,r⇤2)⇥S2

t2|F |2Xdr⇤d2! .

t0 2 [0, a] EK [F ](t0) = 0

(r⇤
1

, r⇤
2

) ⇥ S2 |�
1

(t0)| = |�
0

(t0)| = |��1

(t0)| = 0

F t F 6= 0

EK [F ](t) 6= 0 t

(EK [F ](t))�1

Z

{t}⇥(r⇤1,r⇤2)⇥S2

t2|F |2Xdr⇤d2!

[0, a]



u ¯U U = (a, b) ⇢ R H1

(U)

U

sup

¯U

|u|  CkukH1
(U)

= C

0

B

@

Z

(a,b)

|u|2 + |u0|2ds

1

C

A

1
2

.

u S2

sup

S2

|u|  C

✓

Z

S2

|u|2 + | /ru|2 + | /�u|2d2!

◆

1
2

.

u

H2

(S2

) ⇢ C0

(S2

)

sup

S2

|u|  C

✓

Z

S2

|u|2 + | /r2

u|2d2!

◆

.

| /r2

u|2 = |gijS2gklS2( /r2

u)il( /r2

u)jk|
Z

S2

/
�(| /ru|2)d2! = 0 .

1

2

/
�(| /ru|2) = | /r2

u|2 + (

/ru) · ( /r /
�u) + S2

(

/ru, /ru) ,

S2 � CgS2 C > 0

[r⇤
1

, r⇤
2

] r⇤
C

(r⇤1,r⇤2) > 0 F (�

1

,�
0

,��1

)

t � 0 r⇤ 2 [r⇤
1

, r⇤
2

] ! = (✓,') 2 S2

|�
1

|+ |�
0

|+ |��1

|  C
(r⇤1,r⇤2)t

�1

 

4

X

k=0

EK [Lk
TF ](0) +

8

X

k=0

ET [Lk
TF ](0)

!

.

C [r⇤
1

, r⇤
2

]

@t, @r⇤ , @✓, @' X



Y X LXY rXY t [r⇤
1

, r⇤
2

] ⇥ S2

(@t, @r⇤ , @✓, @') C
[r⇤

1

, r⇤
2

]⇥S2

X

|LRLT1LT2(F (X
1

, X
2

))|  C|F |X,3,T ,

|LRLT1(F (X
1

, X
2

))|  C|F |X,2,T ,

|LR(F (X
1

, X
2

))|  C|F |X,1,T ,

T
1

, T
2

2 T X
1

, X
2

2 X
X

1

, X
2

, X
3

2 X

X
1

(F (X
2

, X
3

)) = (LX1F )(X
2

, X
3

) + F (LX1X2

, X
3

) + F (X
2

,LX1X3

) ,

|X
1

(F (X
2

, X
3

))|  C (|(LX1F )(X
2

, X
3

)|+ |F |X)  C|F |X,1,X .

X
4

2 X X
4

(LX1F )(X
2

, X
3

) LX1F
F

|X
4

X
1

(F (X
2

, X
3

))|  C|F |X,2,X .

n

|LX1 . . .LXk
(F (X, Y ))|  C|F |X,k,X .

k Xi 2 T X, Y 2 X

|LX1 . . .LXk
(F (X, Y ))|  C|F |X,k,T .

X
1

, X
2

, X
3

2 X

X
1

(F (X
2

, X
3

)) = (rX1F )(X
2

, X
3

) + F (rX1X2

, X
3

) + F (X
2

,rX1X3

) ,

T
1

, T
2

2 T LT1LT2 T
3

2 T X
1

2 X
X

2

, X
3

2 X

LT1LT2(T3

(F (X
2

, X
3

))) = LT1LT2((rT3F )(X
2

, X
3

))

+LT1LT2(F (rT3X2

, X
3

)) + LT1LT2(F (X
2

,rT3X3

)) .

|F |X,3,T |F |X,2,T
|LT1LT2((rT3F )(X

2

, X
3

))|  C|F |X,3,T .

|LT1((rT3F )(X
2

, X
3

))|  C|F |X,2,T .

|(rT3F )(X
2

, X
3

)|  C|F |X,1,T .



T
1

, . . . , T
4

2 T

LT1LT2(R(F (T
3

, T
4

))) = LT1LT2((rRF )(T
3

, T
4

))

+LT1LT2(F (rRT3

, T
4

)) + LT1LT2(F (T
3

,rRT4

)) .

(rRF )(T
3

, T
4

) = �(rT3F )(R, T
4

)� (rT4F )(T
3

, R) .

|LT1LT2(R(F (T
3

, T
4

)))|  |LT1LT2((rT3F )(R, T
4

))|+ |LT1LT2((rT4F )(T
3

, R))|+
+|LT1LT2(F (rRT3

, T
4

))|+ |LT1LT2(F (T
3

,rRT4

))| ,

|LT1LT2(R(F (T
3

, T
4

)))|  C|F |X,3,T .

|LT1(R(F (T
3

, T
4

)))|  C|F |X,2,T ,

|R(F (T
3

, T
4

))|  C|F |X,1,T .

{rV, rW} U ⇢ S2

{f� 1
2@t, f

� 1
2@r⇤ , V,W}

X 2 X

f�1

((r@tF )(@t, X)� (rRF )(R,X))� (rV F )(V,X)� (rWF )(W,X) = 0 .

U V W
O S2

S2

U S2

LT1LT2

T
1

, T
2

2 T V W ⇥i

|LT1LT2((rRF )(R,X))|  C|F |X,3,T .

|LT1LT2(R(F (R,X)))|  C|F |X,3,T .

|LT1(R(F (R,X)))|  C|F |X,2,T ,

|R(F (R,X))|  C|F |X,1,T .



X
1

, X
2

2 X

|F (X
1

, X
2

)|2  C

Z

S2

|F (X
1

, X
2

)|2 + | /r(F (X
1

, X
2

))|2 + | /�(F (X
1

, X
2

))|2d2! .

|F (X
1

, X
2

)|2  C

Z

S2

|F (X
1

, X
2

)|2 +
3

X

i=1

�|⇥i(F (X
1

, X
2

))|2 + |⇥2

i (F (X
1

, X
2

))|2� d2!

 C

Z

S2

|F (X
1

, X
2

)|2 +
X

T1,T,22T

�|LT1(F (X
1

, X
2

))|2 + |LT1LT2(F (X
1

, X
2

))|2� d2! .

Z

{t}⇥{r⇤}⇥S2

|LT1LT2(F (X
1

, X
2

))|2d2!  C

Z

{t}⇥(r⇤1,r⇤2)⇥S2

|LT1LT2(F (X
1

, X
2

))|2

+|LT1LT2(R(F (X
1

, X
2

)))|2dr⇤d2! ,
Z

{t}⇥{r⇤}⇥S2

|LT1(F (X
1

, X
2

))|2d2!  C

Z

{t}⇥(r⇤1,r⇤2)⇥S2

|LT1(F (X
1

, X
2

))|2

+|LT1(R(F (X
1

, X
2

)))|2dr⇤d2! ,
Z

{t}⇥{r⇤}⇥S2

|(F (X
1

, X
2

))|2d2!  C

Z

{t}⇥(r⇤1,r⇤2)⇥S2

|(F (X
1

, X
2

))|2 + |(R(F (X
1

, X
2

)))|2dr⇤d2! .

X
1

, X
2

2 X

|F |2X  C

Z

{t}⇥(r⇤1,r⇤2)⇥S2

|F |2X,3,Tdr⇤d2! .

T
1

, . . . , Tk 2 T LT1 . . .LTk
F

LT1 . . .LTk
F

Z

{t}⇥(r⇤1,r⇤2)⇥S2

t2|LT1 . . .LTk
F |2Xdr⇤d2!  CEK [LT1 . . .LTk

F ](t) ,

Ti 2 T k 0 3

Z

{t}⇥(r⇤1,r⇤2)⇥S2

t2|F |2X,3,T  C
3

X

k=0

EK [Lk
TF ](t) ,

|F |2X  Ct�2EK [Lk
TF ](t) ,



M = Rt⇥]0,+1[r⇥S2

✓,'

f ]0,+1[r f

ri 0  r
1

< r
2

< r
3

 +1
f

0 < ri < +1 f(ri) = 0 f 0
(ri) 6= 0

f(r) < 0 r 2]r
1

, r
2

[ f(r) > 0 r 2]r
2

, r
3

[

r
3

f(r) = 1�Cr�1

+O(r�2

) C > 0 k = 1, 2, 3 @kr f(r) =
O(r�k�1

) r ! +1

f

f f









i+

i�

i0

I +

M

I �

r
=

0
ˆM

M

(M , g)

(

ˆM , ĝ)
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ĝ



⌧

T±

t = 0

t = �1
t = +1

H ˆM
H± I ±

⌧ T
Ja = ⌧ bTab

E⌧,⌃0 =

Z

⌃0

⌧aTabd�
b

and E⌧,I ±
=

Z

I ±
⌧aTabd�̂

b .

H
H+ H�

I + I �
ˆ

�

0

⌃

0

ˆM ˆ

�

ˆ

�

0

ˆ

� I + T+

(

ˆ

�

0

) =

ˆ

�|I +



i+

i�

i0i0

I +

I �

T+

T�

�̂0

�̂+

⌃0

�̂+

�̂��̂�

�̂

T±

i+

i�

i0i0

I +

I �

�̂0

�̂+

⌃0

�̂+

�̂��̂�

�̂

I �

I +

i±

i± i
0

H ⌃

0

H

ˆ

� ĝ
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Champs de Maxwell en Espace-temps de Reissner-Nordstrøm-De Sitter : Décroissance et 

Scattering Conforme 

 

Résumé 

Nous étudions les champs de Maxwell à l'extérieur de trous noirs de Reissner-Nordstrom-de Sitter . Nous 
commençons par étudier la géométrie de ces espaces-temps : nous donnons une condition sous laquelle la 
métrique admet trois horizons puis dans ce cadre nous construisons l'extension analytique maximale d'un trou 
noir de Reissner-Nordstrom-de Sitter. Nous donnons ensuite une description générale des champs de Maxwell 
en espace-temps courbe, de leur décomposition en composantes spinorielle ainsi que de leur énergie. La 
première étude analytique établit la décroissance ponctuelle de champs de Maxwell à l'extérieur d'un trou noir 
de Reissner-Nordstrom-de Sitter ainsi que la décroissance uniforme de l'énergie sur un hyperboloïde qui 
s'éloigne dans le futur. Ce chapitre utilise des méthodes de champs de vecteurs (estimations d'énergie 
géométriques) dans l'esprit des travaux de Pieter Blue. Enfin nous construisons une théorie du scattering 
conforme pour les champs de Maxwell à l'extérieur du trou noir. Ceci consiste en la résolution du problème de 
Goursat pour les champs de Maxwell à la frontière isotrope de l'extérieur du trou noir, constituée des horizons 
du trou noir et horizons cosmologiques futurs et passés. Les estimations de décroissance uniforme de l'énergie 
sont cruciales dans cette partie. 

Mots clés :  Mathématiques, Géométrie, Physique mathématique, Relativité générale, Géométrie différentielle, 
Géométrie Conforme, Géométrie Lorentzienne, Analyse, EDP, Décroissance des champs, Trou Noir, Théorie de 
Scattering Conforme. 
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Maxwell Field on the Reissner-Nordstrøm-de Sitter Manifold : Decay and Conformal Scattering 

Abstract :  

We study Maxwell  fields on the exterior of Reissner-Nordstrom-de Sitter black holes. We start by studying the 
geometry of these spacetimes: we give the condition under which the metric admits three horizons and in this 
case we construct the maximal analytic extension of the Reissner-Nordstrom-de Sitter black hole. We then give 
a general description of Maxwell  fields on curves spacetimes, their decomposition into spin components, and 
their energies. The  first result establishes the pointwise decay of the Maxwell field in the exterior of a 
Reissner-Nordstrom-de Sitter black hole, as well as the uniform decay of the energy  flux across a hyperboloid 
that recedes in the future. This chapter uses the vector  fields methods (geometric energy estimates) in the 
spirit of the work of Pieter Blue. Finally, we construct a conformal scattering theory for Maxwell  fields in the 
exterior of the black hole. This amounts to solving the Goursat problem for Maxwell  fields on the null 
boundary of the exterior region, consisting of the future and past black hole and cosmological horizons. The 
uniform decay estimates of the energy are crucial to the construction of the conformal scattering theory. 

Keywords  :  Mathematics, Geometry, Mathematical Physics, General Relativity, Differential Geometry, 
Conformal Geometry, Lorentzian Geometry, Analysis, PDE, Decay of  fields, Black Holes, Conformal Scattering 
Theory. 
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