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General Introduction

In 1868, J. C. Maxwell’s paper "On Governors” explained the instability of flyball governor
using differential equations. This marked the beginning of mathematical control and
systems theory, which has undergone numerous developments — from classical to modern
— in the last century. New mathematical techniques made it possible to control, more
accurately, significantly more complex dynamical systems. In the first half of the 20th
century, the focus remained on linear time-invariant (LTI) systems and the extensive
work resulted in a rich set of mathematical tools for their analysis and control (e.g.,
root-locus, Bode plot, Nyquist criterion, PID, pole placement). A detailed history of these
developments has been compiled in [4]. However, it also became evident that these methods
cannot necessarily be applied directly to plants where the system, the controller, or both
are nonlinear. Nonlinear control theory required more rigorous mathematical analysis to
justify its conclusions. Since late 50s, nonlinear control has been the topic of hundreds
of publications, numerous monographs and several comprehensive textbooks, such as [46],
[42] and [91]. The major methods include developments in optimal control in the 1950’s
and 1960’s and stochastic, robust and adaptive control in the 1970’s and 1980’s. Among
other innumerable applications, these nonlinear control methods made possible aviation
and space travel, satellite communication, efficient automotive systems and safe and clean
chemical processes.

In spite of these developments during recent years, our increasing technological de-
mands continue to impose challenging and widely varying control problems. These prob-
lems range from aircraft and underwater vehicles to automobiles and space telescopes,
from chemical processes and the environment to manufacturing, robotics and communi-
cation networks. In addition, systems are becoming more complex, while less information

is available about their dynamics. In order to meet these challenges, we need novel ideas
1



GENERAL INTRODUCTION

and interdisciplinary approaches along with further development and refining of existing
methods.

The research conducted in the context of this thesis addresses two distinct, yet equally
important branches of nonlinear control theory: uncertain nonlinear systems and under-

actuated systems. Let us first describe the nature of these two fields.

Nonlinear uncertain systems

Lyapunov’s theory of stability of the motion of systems with a finite number of degrees
of freedom can safely be considered as the foundation of modern nonlinear control theory.
However, in its original form, it is based upon an implicit assumption that the parameters
of the system are fixed and do not change during the motion (within the accuracy of mea-
surements) [62]. On the other hand, nonlinear dynamic physical systems, such as complex
engineering systems, are difficult to characterize and model. In addition, their parame-
ters are hard to estimate and often uncertain. Parametric uncertainty arises from varying
operating conditions and external perturbations that affect the physical characteristics of
systems [87, 89].

In recent years, stabilization of systems with parametric uncertainty has been studied
intensely. In order to achieve true automation, the control should be capable of maintain-
ing the system’s dynamic performance in spite of this uncertainty. In other words, while
developing a system design, provisions need to be made for long life of its practical oper-
ation under the conditions of uncertainty [62]. This needs to be considered during control
design so that the controller counteracts the effect of variations. Specially, finite-time
stabilization of uncertain systems is one of the principle problems studied under nonlinear

control theory.

Underactuated systems

Underactuated systems have fewer control inputs than degrees of freedom and arise in
applications, such as space and undersea robots, mobile robots, flexible robots, walking,
brachiating, and gymnastic robots. The dynamics of these systems may contain feedfor-
ward nonlinearities, non-minimum phase zero dynamics, nonholonomic constraints, and
other properties that place this class of systems at the forefront of research in nonlinear

control [82]. Furthermore, dynamic constraints due to underactuation are often coupled
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with other system constraints, such as mechanical and power limits etc. Many examples of
such systems exist, including among others, underactuated robot manipulators, inverted
pendulums, the Planar Vertical Takeoff and Landing (PVTOL) aircrafts, marine vehicles
and car-type robots.

The class of underactuated systems is rich in both applications and control problems,
and thus too broad to survey. The control of underactuated systems is an open and
interesting problem in controls. Although there are a number of special cases where
underactuated systems have been controlled, there are relatively few general principles [82].
Classical control techniques typically override the dynamics, whereas in underactuated
systems, we need controllers that can take advantage of the dynamics and not cancel
them out. These issues have created a formal class of systems, the underactuated systems,
in which the dynamics of systems are studied carefully in the context of control. Seminal

works, which led to the formalization of these problems, are [10, 66, 92, 9, 52].

Objectives of the Thesis

The two domains of nonlinear control, which form the basis of this thesis, have been de-
scribed briefly. From their nature, it is clear that these problems require specific attention
and consideration. In the first part of this thesis, the focus is on the control and finite
time stabilization of nonlinear uncertain systems. Higher Order Sliding Mode Control, a
popular technique for dealing with uncertain and disturbed system, has been studied and
refined. In the second part of the thesis, the control of underactuated systems is addressed.

A brief overview of the specific problems and our contributions is presented in this section.

Higher order sliding mode control

Sliding mode control (SMC) [89, 83] is a technique that is known for its insensitivity
to parametric uncertainty and external disturbance. This technique is based on applying
discontinuous control on a system which ensures convergence of the output function (sliding
variable) in finite time to a manifold of the state-space, called the sliding manifold [93].
It has been shown in [89, 27, 83|, that if the control forces the system states to remain
on the sliding manifold, then their dynamics are defined by the manifold only, no longer
influenced by parametric variations or disturbances in the system itself. An improved
technique, Higher Order Sliding Mode Control (HOSMC), overcomes certain disadvantages

of classical sliding mode control by acting on a higher time derivative of the sliding variable
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[27]. This reduces unwanted oscillations due to unmodeled dynamics and finite switching
frequency, known as chattering.

Today, many robust and adaptive forms of HOSMC exist in literature, each having its
advantages and disadvantages. However, HOSMC theory lacks in generalized methods for
the proof of its stability. This is specially true for arbitrary order SMC, for orders greater
than two. Our contribution in this field is the development of arbitrary order robust
and adaptive SMC algorithms, using a Lyapunov based approach for proof of stability.
Lyapunov design is a powerful tool for control system design that allows to estimate an
upper bound on convergence time [7]. To the best of our knowledge, this is the first work
on a Lyapunov based approach for arbitrary HOSMC. The proposed adaptive controller
also has significant design improvements as compared to other controllers of this type in
the literature.

The class of robust and adaptive HOSM controllers developed in this thesis are based
on a class of controllers for finite time stabilization of pure integrator chains. Using
this development, a universal homogeneous controller is proposed, based on modifications
introduced in Hong’s controller for finite time stabilization of pure integrator chains [39].
Furthermore, the homogeneity property has also been exploited in order to produce some
important properties in the controllers. Homogeneity control is used to obtain a bounded
controller with minimum amplitude of discontinuity after convergence and a controller
with fixed-time convergence property. It is also demonstrated that for a particular choice
of degree of homogeneity, Levant’s homogeneous controller [55] becomes a particular case
of our universal controller.

The details of these contributions are presented in Part I of the thesis, along with
extensive bibliographical references for highlighting their significance in the context of

contemporary research.

Control of underactuated systems

As mentioned earlier, a wide variety of systems can be categorized as underactuated. The
second part of this thesis is on the control problems related with two underactuated robotic
vehicles: path following of car-type vehicles using target-point and precise tracking control
of surface marine vessels.

The first problem arises in camera based autonomous vehicle guidance, navigation and
control applications . The vehicle is guided on a path by a target point ahead of the

vehicle, within the visual range of the camera [13, 72]. In contemporary literature, larger
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effort has been made on tracking problems. The problem of path following differs from
pure stabilization or tracking problems because a path is defined in space only, not in
time [80, 18, 44]. Therefore it has unique challenges associated to it. Specifically, for
car-type vehicles, the development produces a first order nonlinear non-globally Lipschitz
differential equation that can explode in finite time. In this thesis, it is demonstrated
that this problem is overcome through the application of saturated controls with arbitrary
small amplitude [15]. Saturated controls are also feasible from the point of view of practical

implementation as real controllers are physically limited.

The second problem, precise tracking control of surface marine vessels such as ships
and boats, is often required in critical operations such as support around off-shore oil
rigs [69]. Literature shows that stabilization of this system is impossible with continu-
ous or discontinuous time-invariant state feedback. Furthermore, the underactuated ship
cannot be transformed into a driftless chained system [76]; which means that the con-
trol techniques used for the similar problem of nonholonomic mobile robot control cannot
be applied directly to the underactuated ship control. This has led researchers to pay
particular attention to this problem, as seen in [70, 32, 5, 79, 14].

In this thesis, we have addressed a particular case of the general tracking problem, as
discussed in [23], in which the yaw angle of the tracked trajectory does not admit a limit
as time goes to infinity. Our algorithm is again based on saturated controls which ensure

global asymptotic stability while the amplitudes of the control inputs remain bounded.

As the two problems discussed here differ widely in their structure, their solutions
required separate study and analysis. Therefore, they can be considered as separate con-
tributions, each having its own research context established by its contemporary bibliog-
raphy. These contexts and the details of the contributions are presented in Part II of the

thesis.

Structure of the Thesis

As mentioned before, this report has been divided into two parts, one dealing with Higher
order sliding mode control, and the other with control of underactuated systems. The

complete structure of these parts is presented here.
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Part I : Lyapunov-based Higher Order Sliding Mode Control

Chapter 1 introduces the basic concepts of Sliding Mode and Higher Order Sliding Mode

control.

Chapter 2 presents Lyapunov-based robust and adaptive Sliding Mode Controllers of
arbitrary order, for nonlinear SISO systems with bounded uncertainty. The design of the
robust controller requires that the bounds of uncertainty be known. The main contribution
in this chapter is the Lyapunov-based approach, which is a first for arbitrary order SMC,
to the best of our knowledge. In addition, the gain dynamics of the presented adaptive
controller design are fast in both directions, in comparison with contemporary adaptive
controllers [81, 73, 86]. The practical applicability of these controllers is demonstrated on
a fuel cell system. The controllers have been designed for the net power output optimiza-
tion of the fuel cell, which is achieved by minimizing the internal power consumption of
the fuel cell air-feed compressor. Hardware-in-Loop tests have shown that the robust and
adaptive controllers fulfil this control objective well, in spite of parametric uncertainty in

the fuel cell system.

Chapter 3 deals with the control of homogeneity and the additional properties that can be
produced in a controller through switching homogeneity degree. A homogeneous HOSMC
controller is developed through generalization of an existing finite-time controller for pure
integrator chains [39]. Using this controller it is shown that homogeneity control can re-
sult in a controller whose amplitude of discontinuity can be kept to its minimum possible.
Furthermore, the recently developed “Fixed-Time” stability notion can be achieved by
changing the homogeneity degree. These properties are demonstrated through simulation

examples.

Part II : Control of underactuated systems

Chapter 4 introduces the mathematical tools employed in the thesis, for the control of
underactuated systems. These include the stabilization of perturbed integrator chains,
Input-to-State Stability (ISS) of perturbed double integrators and saturated control.

Chapter 5 is related to the problem of path following of car-type vehicles using target-
point. A global asymptotically stable controller is developed by parameterizing the path
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as a “virtual vehicle”, which is tracked by the actual vehicle. In this way, the path follow-
ing problem is converted into a tracking problem. It has been shown that this problem
requires saturated control in order to avoid the divergence of states in finite time. The
convergence analysis of the controller is based on Lyapunov analysis and bootstrap tech-

nique. The performance of this controller is shown through simulation examples.

Chapter 6 is related to global tracking control of underactuated surface marine vessels
using saturated state feedback control. This chapter treats a specific case, i.e. the yaw an-
gle of the tracked trajectory does not admit a limit as time goes to infinity. The controller
converges the system to the tracked trajectory asymptotically, from any initial point. The
advantage of using saturated controls in this case is that the global asymptotic stability
is ensured while the control inputs remain bounded. Based on the (ISS) concept, it has
been proven that the controller will work with state measurements, as well as with state

observers. The performance has been demonstrated through simulations.

In the end, some concluding remarks and perspectives on expansion of the work are pre-

sented in the chapter Conclusion and perspectives.
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Chapter 1

Sliding Mode and Higher Order Sliding
Mode Control

1.1 Introduction

Nonlinear dynamic physical systems suffer from parametric uncertainty and are difficult to
characterize. Parametric uncertainty arises from varying operating conditions and exter-
nal perturbations that affect the physical characteristics of systems. The variation limits
or the bounds of this uncertainty might be known or unknown. This needs to be con-
sidered during control design so that the controller counteracts the effect of variations
and guarantees performance under different operating conditions. Sliding Mode Control
(SMC) [89, 83] is a well-known method for control of nonlinear systems, renowned for
its insensitivity to parametric uncertainty and external disturbance. This technique is
based on applying discontinuous control on a system which ensures convergence of the
output function (sliding variable) in finite time to a manifold of the state-space, called
the sliding manifold [93]. In practice, SMC suffers from chattering; the phenomenon of
finite-frequency, finite-amplitude oscillations in the output which appear because the high-
frequency switching excites unmodeled dynamics of the closed loop system [90]. Higher
Order Sliding Mode Control (HOSMC) is an effective method for chattering attenuation
[27]. In this method the discontinuous control is applied on a higher time derivative of the
sliding variable, such that not only the sliding variable converges to the origin, but also its
higher time derivatives. As the discontinuous control does not act upon the system input

directly, chattering is automatically reduced.
11



CHAPTER 1. SLIDING MODE AND HIGHER ORDER SLIDING MODE CONTROL

This chapter is an introductory synthesis of the existing notions of SMC and HOSMC.
A general survey of the basic concepts and performance of Sliding Mode is presented.
Then, HOSMC is introduced along with some examples of existing HOSM controllers,
there advantages and disadvantages. In the last part, adaptive first and second order

Sliding Mode Control is introduced and the benefits of adaptive controllers are discussed.

1.2 Sliding Mode Control

The principle of SMC design is to force the state variables of the system to reach a given
manifold (or a surface) of the state-space in finite-time and to stay there. This manifold is
defined by a set of relationships between the state variables of the system, which determine
the desired dynamics of the system. Once the states are on this manifold, provided that
they stay there, the dynamics of the system are completely determined by the surface and
do not depend on the system itself. Thus any perturbation, to which the system may be
subjected, are rejected.

Typically, an SMC controller is designed in two steps

1. a manifold is determined in accordance with the control objective and the desired

static and dynamic properties of the closed loop system,

2. a discontinuous control law is designed for the state trajectories of the system to
reach this surface in finite-time and to stay on it, in spite of external disturbance

and modeling uncertainty.

Consider the nonlinear system, affine in the control, defined in the Brunovsky canonical

form as

X1 = X

(1.1)

Xn v D+elx ) +yx Du,

y = X

where x € X cR" is the state vector with X an open set of R”, and u€ UcR is the control
input with U an open set of R. The term y is a measured smooth output-feedback function.
The nominal system dynamics are represented by w(x, ), a known function defined on X.

The functions ¢(x, ) and y(x,t) defined for x € X, are sufficiently smooth but uncertain.
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System (1.1) can be written in input-output terms as

Y =y@0+9F 0+y(F Du (1.2)

where y = [y y o y("_l)]. We assume that, the functions y(x, £) and ¢(x, t) are bounded

by some positive constants y,, ym and ¢, such that

0<ym=yYX,0D=<ym |ox <. (1.3)

Then we are dealing with the following differential inclusion [89]

Yy ey 0+ -9, @)+ [ymym]u, (1.4)

where ¢ is the limit or bound of parameter uncertainty in the model, due to some possible
simplification, unmodeled dynamics and/or external perturbation. The terms y,, and yy

represent the bounds of the uncertainty in the gain with respect to the controller u.

1.2.1 Design of Sliding Manifold

Let s(x, 1) : XxR" — R be a measured smooth output-feedback function, and we assume
that the control objective is to force s to zero. Here the function s(x,t) is called sliding
variable, and the set

S={xeX|s(x,t)=0} (1.5)

represents a sub-manifold of X of dimension n—1, called the sliding surface.

Definition 1.2.1. [89] There exists an ideal sliding regime on S, if there exists a finite-
time Ts such that all solutions of System (1.1) satisfy the condition s(x,t) =0 for any time
t 2 TS-

In this case, the dynamics of System (1.1) belong to a system of a dimension lower
than the dimension of System (1.1). This autonomous system is called reduced system,
and its dynamics are determined only by the choice of the sliding surface.

For our example (1.1), the control objective is to force the output y to track a reference
signal yrer, which is a sufficiently smooth function. In other words, the objective is to
ensure the convergence of the tracking error e = y — y,er to zero. One of the simplest
sliding manifolds for this case is the hypersurface constructed from linear combination of
the tracking error e and its higher time derivatives. We consider the following sliding
variable

s, ) =e" V41, e D rk Le+ e, (1.6)
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with [;, i=0,---n—2 are positive constants such that the polynomial
PO)=0""1+1,0" 2+ + 1,0+, (1.7)

is Hurwitz. Therefore, after establishment of ideal sliding regime on S, the dynamics of

the reduced system is determine by the stable associate differential equation
e Vi ey yLé+pe=0. (1.8)

As a result, the tracking error e will converge to zero exponentially.

In this section, we determined the dynamics of reduced system presented by the sliding
surface. The next step is to tune a control law u, which forces the state trajectory of
System (1.1) to reach the sliding surface in a finite-time, i.e to force sliding variable s(x, f)

to converge to zero in finite time.

1.2.2 Controller Design

The control law u should be designed in such way that the trajectories of System (1.1)
reach and stay on the sliding surface S in spite of perturbation and uncertainty. It should
be remembered that the sliding variable s(x, ) of Equation (1.6) is null on S. Consider the
dynamics of s(x, t) given as follow
n-2

00,0 €Y 0+ (=4, P1+ [y yaalu+ 2 e~y (1.9)
The controller u should ensure a local attractivity to S in its neighborhood, i.e the trajec-
tory of System (1.1) should be directed to S. A condition of stability of s(x,?) =0, called
condition of attractivity, should be satisfied by the controller. The well-known Lyapunov’s
direct method requires a positive CV radially-unbounded function V(s), called Lyapunov
Function, satisfying V(0) =0 and V(oco) = co. The function V(s) represents a fictitious
energy and give a global information of the System, and its time derivative V gives an
information of the stability of the system. If V(s) is negative for s # 0, then the system is
asymptotically stable.

One of the proposed Lyapunov function is the classical quadratic function
1
V(s) = 532 (1.10)

The function V(s) is clearly positive definite. Its time derivative should be negative to

ensure the convergence of s(x, t) to zero

V=s5<0. (1.11)
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The previous condition (attractivity condition) ensures only the asymptotic convergence of
s. Otherwise, for purpose of finite-time stability, a stronger condition needs to be imposed.
In Classical Sliding Mode, a non-linear condition, called condition of n-attractivity [89], is
used

V=ss<nlsl, n>0. (1.12)

Condition (1.12) is satisfied, if the controller u takes the form
u=-Usign(s), (1.13)

where U is chosen sufficiently large to compensate the perturbation, uncertainty and the
deviation between the system’s dynamics and Sliding variable dynamics. Usually, U is a

sufficiently large constant. In order to satisfy Condition (1.12), U can be tuned as

1
U= max(— (
x€X \Ym

To summarize, we can describe the behavior of system in two steps:

n-2
yio )+ Yy Lel ™V —yi’g}
i=0

+(p+n)). (1.14)

1. Reaching phase: It corresponds to the time t € [0, Ts]. During this phase, the state

trajectory converges to the sliding surface S.

2. Sliding phase: It corresponds to the time interval t € [T, 00], in which the state
trajectories are confined to the sliding surface S. During this phase, the behavior of

the system is entirely determined by the choice of the sliding surface.

In ideal Sliding Mode regime, the requested controller u should be able to switch at
an infinite frequency. This is not possible in real life, due to the delay between the
measurement and the generation of the command. This may cause the system to leave
the sliding surface. Then, once the sign of the control is reversed order, the trajectories
return on this surface and on the other side, and so on. This undesirable phenomena
of oscillation around the sliding surface is called Chattering. One of the most effective
methods to reduce chattering is the use of Higher Order Sliding Mode Control, which will

be addressed in next Section.

1.3 Higher Order Sliding Mode Control

Higher Order Sliding Mode Control (HOSMC) is an effective method for chattering atten-

uation [27]. In this method the discontinuous control is applied on a higher time derivative
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of the sliding variable, such that not only the sliding variable converges to the origin, but
also its higher time derivatives. As the discontinuous control does not act upon the sys-
tem input directly, chattering is automatically reduced. In this section, we will look at the
problem formulation of HOSM and recall some well-known Second Order Sliding Mode

Control algorithms.

1.3.1 Problem Formulation

Let us consider an uncertain nonlinear system:

{ X(0) = fx, 0+ g(x, Du, (1.15)

y(@) =s(x, 1),
where x € R" is the state vector and u € R is the control input. The sliding variable s is

a measured smooth output-feedback function and f(x, ) and g(x, f) are uncertain smooth

functions. Let us recall the definition of relative degree of a system:

Definition 1.3.1. [/2, 58] The relative degree r of System (1.15), with respect to the
output y(t), is the minimum order of time derivatives of the output y(t) in which the control

input u appears explicitly.

It is assumed that the relative degree, r of System (1.15) is globally well defined,
uniform and time invariant [22] and the associated zero dynamics are asymptotically stable.

This means that, for suitable functions ¢(x, t) and ¥(x, t), we obtain

y () = px(0), O +F(x(1), Hu(r). (1.16)

The functions y(x(), £) and @(x(t), £) are assumed to be bounded by positive constants y,,
Ym and @, such that

0<ym<Fx@®),0<ym |px®),]=<p. (1.17)
) dt
Defining s := T ¥; the higher order sliding manifold of degree r is defined as
Sm:{xelR”ls(O):s(l):---:s(r_n:0}. (1.18)
Then Higher Order Sliding Mode is defined as

Definition 1.3.2. There exists an ideal Higher Order Sliding Mode regime of r'™ order
if there exists a finite time Tg such that all solutions of System (1.16) are in S for all
t>Ts.
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T (s s.. s DT, Then (1.18) is

equivalent to z = 0. Since the only available information on @(x,f) and y(x,t) are the

More precisely, let us introduce z = [z] 22 ...z;]

bounds (1.17), it is natural to consider a more general control system instead of System
(1.15), such as

zi = Zzjy1, I=1,---,r—-1,
i i+1 (1.19)

Zy e +y(u,
where the new functions ¢ and y are arbitrary measurable functions that verify the con-
dition

(H) @ ely:=[-¢,9], y®OeL :=[ymym| (1.20)
where @,ym,YMm are positive constants. In consequence, we are in fact dealing with the

differential inclusion

2" € I, +ul,. (1.21)

The objective of designing HOSM controllers for System (1.15), with respect to s, is
equivalent to the stabilization of System (1.21) to the origin, ideally in finite time. Since
these controllers are to be discontinuous feedback laws u = U(z), solutions of (1.21) need

to be understood here in Filippov sense, defined as follows:

Definition 1.3.3. The right hand vector set is enlarged at the discontinuity points of
(1.21) to the convex hull of the set of velocity vectors obtained by approaching z from all

the directions in R", while avoiding zero-measure sets [29].

Another important notion concerning our work is that of Real Sliding Modes, defined

by Levant in [54] as

Definition 1.3.4. [5/] A control algorithm is said to establish real sliding mode of order r
with respect to s when for any local set of initial conditions and for any finite time interval
[t1, t2], there exist constants Ay---A, such that for all t> t;, the following inequalities are
satisfied

Isl<Ay, 181Dy, - s V<A, (1.22)

1.3.2 Examples of Second Order Sliding Mode Controllers

After the introduction to Higher Order Sliding Mode, let us examine some popular Sec-
ond Order Sliding Mode algorithms, the supertwisting, the twisting and the sub-optimal.
Second Order Sliding Mode (SOCM) means that the sliding variable s and it’s first time

derivative § should converge to zero in a finite time.
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1.3.2.1 Supertwisting Algorithm [54, 11]

Supertwisting is a continuous SOSM controller for systems of relative degree 1. It requires
the boundedness of the time derivative of perturbation, i.e. for the system z, = @(t)+y(fu,
the condition |(p| < ¢ needs to be satisfied. Let us introduce ¢ = z, then the control

objective becomes the stabilization of the following differential inclusion.

Z1 € z+[yYm yYMm|u

. Y (1.23)
2 € [-¢, 9]
Supertwisting algorithm is expressed as follows:
t
u = —Kplzlluzsign(zl)—/ K;sign(z)dt, (1.24)
0

where K, and K; are positive constants, chosen as in [11],
Ky=kpVL, Ki=kil,

é (1.25)
L= Y_m’ ki>1, kp> \/—Zki+2\/kl?+2kl-+2.

It should be noted that the structure of Supertwisting algorithm can be considered as a

nonlinear finite time version of the PI Controller.

1.3.2.2 Twisting Algorithm [54)]

The Twisting algorithm is a discontinuous SOSM controller that is generally used for
systems of relative degree 2. The amplitude of this algorithm switch between two values
depending on the quadrant wherein lies the system state.

Considering the following differential inclusion, arising from Equation (1.21),

zZ1 = 22,
N o (1.26)
Z € [-@,@l+ymymlu.
The twisting controller is given as
—Kpysign(z1) if z1z, <0,
U= mSLE ( l) 142 (127)
—KMSigl’l(Zl) if 2122 =0,

where K;;; and Kj; are some positive constants. Twisting algorithm can be written in
another compact form

u=-hsign(z)) - bLsign(z), (1.28)
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where [; and [, satisfy

Lh+b)-¢ > L-DbL)+,

Ymi+1L)—@ Ymh—-L)+¢ (1.29)
Ym(ll - 12) > (P

This algorithm can be considered as a nonlinear robust version of the classical PD con-

troller.

1.3.2.3 Sub-optimal Algorithm [54]

The Sub-optimal algorithm is a discontinuous SOSM controller that is generally used for
systems of relative degree 2, therefore its formulation is similar to that of the twisting

algorithm. The sub-optimal controller is given as

u = Mt)MMSl'gn(zl(t)—Zl(th))
Alt) = 1 it zi(0) =z z1(en), (1.30)
ATz <zi(t),

where f) is the last moment at which zy =0. In order to ensure finite time convergence,

the gains A* and uy; should fulfill the following condition:

PR (0,1]ﬂ(0,3y—m)
Cym )
P 4¢ )

A Ym' 3YmA*yYm

Like twisting, this algorithm can also be considered as a nonlinear robust version of the

(1.31)

uy > max(

classical PD controller.

1.3.3 Arbitrary Order Sliding Mode Controllers

Besides Second Order Sliding Mode controllers, there exist many HOSM controllers that
can be extended to establish sliding mode of any arbitrary order. For example, Laghrouche
et al. [51] have proposed a two part integral sliding mode based control to deal with the
finite time stabilization problem and uncertainty rejection problem separately. Dinuzzo et
al. have proposed another method in [22], where the problem of HOSM has been treated
as Robust Fuller’s problem. Defoort et al. [21] have developed a robust Multi Input
Multi Output (MIMO) HOSM controller, using a constructive algorithm with geometric
homogeneity based finite time stabilization of an integrators chain. Among these, Levant
has presented a method of designing arbitrary order sliding mode controllers for Single

Input Single Output (SISO) systems in [55], which is presented below :
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Theorem 1.3.5. Provided Iy, --,1,_1,M > 0 are chosen sufficiently large in the listed
order, the bounded controller u=—-Msign(d,_1) provides finite-time stability for System
(1.21), where ¢,—; is defined inductively as

Ny o=zl
. (r-i)/d
Ny = (12017 #1200 g gy DT mp
(1.32)
()[)0 = 21,
$i = zin+LiNjsign(pi-1), i=2,---,r—1

with d > r is an arbitrary positive constant.

While this algorithm ensures the finite time convergence, there is a problem in the
choice of parameters I, Iz, -1 and M, since there is no necessary or sufficient condition

based on Lyapunov analysis proposed yet.

1.3.3.1 Homogeneity

At this point, it is important to introduce the notion of homogeneity, which provides an
equivalence between local asymptotic convergence and global finite time convergence. This
property facilitates the design of finite time controllers. Let us first recall some important

definitions concerning homogeneity.

Consider the following time invariant system (1.33):
i=f), fO)=0, zeR (1.33)

Definition 1.3.6. [39] The family of dilations (¥, € >0, are the linear maps defined on
R given by

(5('217'“ ,Zr) = (Eplzlr'” ;eprzr)»
where p=(p1,-++, pr) with the dilation coefficients p; >0, fori=1,---,r.
Definition 1.3.7. [39] The vector field f(z) = (fi(2), ,fr(z))T is homogeneous of degree
x € R with respect to the family of dilation (¥ if, for every ze R and € >0,

. .
fieP z1,- P 2)) =€’ fi(zr, - 2p),  i=1,0,1, €>0.

System (1.33) is called homogeneous, if the vector field f(z) is homogeneous.

The following lemma establishes the equivalence between local and global stability of

homogeneous systems.
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Lemma 1.3.8. Lemma 3.3 [8]. Suppose f is homogeneous with respect to the family of
dilations 8F and 0 is an attractive equilibrium under f. Then, 0 is a globally asymptotically

stable equilibrium under f.

Lemma 1.3.9. Lemma 3.1 [39]. Suppose that System (1.33) is homogeneous of degree k <
0 with respect to the family of dilations 6F, f(z) is continuous and z =0 is its asymptotically

stable equilibrium. Then the equilibrium of system (1.33) is globally finite-time stable.

Remark 1.3.10. The homogeneity concept can be extended for the case of differential
inclusion [57]
ze F(z). (1.34)

The property of finite-time convergence will hold true in this case.

From these lemmas, it is clear that if a closed loop system (with a controller u) is
homogeneous of negative degree, then it is sufficient to prove its local asymptotic stability
to deduce that it is globally finite-time stable. In this regard, let us recall that many
Higher Order Sliding Mode Controllers are homogenous. For example, The closed loop

system with the supertwisting algorithm is homogeneous of degree x = -3 with respect to

1
the family of dilation (1, 5). The twisting algorithm and sub-optimal are also homogeneous
of negative degree. In his recent works [56, 57], homogeneity approach has been used to
demonstrate finite time stabilization of his initial work in [55]. The concept of homogeneity

has been used extensively in Chapter 3 of the thesis.

1.4 Adaptive Sliding Mode Controllers

In the previous section, it was seen that SMC and HOSMC require the uncertainty in the
system to be bounded. In many cases, these bounds need to be known in order to calculate
the gains of the control algorithms. However, the exact identification of uncertainty bounds
is challenging from the physical point of view, as it requires extensive experimentation in
worst case conditions of the system. The case where the bounds on uncertainty exist,
but are unknown, is an interesting problem in the field of arbitrary HOSMC. A simple
solution would be to use overestimated gains, resulting in high amplitude discontinuous
control. In practice, such controllers are not applicable as they lead to a high amplitude

chattering in physical systems. Therefore, a good control strategy is expected to have two
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essential properties (a) non-requirement of the uncertainty bounds and (b) avoidance of

gain overestimation [73].

A more effective method of dealing with uncertain systems with unknown uncertainty
bounds is to employ dynamically adapting the controller gains, such that the controller’s
output amplitude remains just sufficient for compensating the parametric drifts and exter-
nal disturbance. Such adaptive controllers efficiently avoid oscillations due to unnecessarily
large control inputs, while maintaining the robustness property. Huang et al. [41] were
the first to use dynamic gain adaptation in SMC for the problem of unknown uncertainty
bound. They presented an adaptation law for first order SMC, which depends directly
upon the sliding variable; the control gains increase until sliding mode is achieved, and
afterward the gains become constant. This method worked without a-priori knowledge
of uncertainty bounds, however it does not solve the gain overestimation problem. Since
then, many improved adaptive SMC algorithms have been published. Let us review some
of the adaptive sliding mode control algorithms that have been published in contemporary

literature.

1.4.1 Adaptive First Order Sliding Mode Controller [73]

This controller is applicable on systems of relative degree 1. The idea of the algorithm is
to increase the amplitude of the control when the system is far from the sliding manifold,
and to reduce the amplitude when s = 0.

The proposed control law defined as:
u=K(t)sign(s), (1.35)
and the gain K is defined by the following dynamics

) Kl|s|sign(ls|—-€) , K>0or sign(s|—€)>0
e Islsign(|s] gn(lsl (1.36)
0 , K=0and sign(|s|—€) <0

where K is an arbitrary positive constant.

The controller u ensures the convergence of s in finite time to the domain |s| < €, therefore it
establishes real sliding mode. However it does not guarantee that the states would remain
inside the neighborhood after convergence; the states actually overshoot in a known region

around the neighborhood |s| < u, where
¢’ (1.37)
w=1/€2+—. .
Kym
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Due to the presence of the term |s| in the dynamics of adaptation, the gain K has a fast

rate of increase, but a very slow rate of decrease.

1.4.2 Adaptive Supertwisting Controller [81]

This adaptive controller is based on the Supertwisting algorithm. Therefore, it’s control

output is continuous, and defined as follows

t
u = —Kp(t)|z1|“2sign(z1)—/ K;(t)sign(z1)dt, (1.38)
0

where the dynamics of K, and K; are defined as

wl\/%sign(lsl -€) , Kpy>Kpm

K, =
P n » Kp=Kpm (1.39)

Ki = ZaKp

where w1, y1, Kpm, 1 and a are arbitrary positive constants. The controller u ensures the
convergence of s in finite time to the domain |s| < ¢, thereby establishing real sliding mode.
However, as in [73], this algorithm also does not guarantee that the states would remain
inside the neighborhood after convergence; furthermore the region of is not determined.

However, the dynamics of adaptation are fast in both increasing and decreasing directions.

1.4.3 Adaptive Twisting Controller [47]

This adaptive controller, based on the twisting algorithm, was proposed for systems with

relative degree 2. The proposed controller takes the following form
u=-K(t)(sign(z1) +0.5sign(z)) (1.40)

where the gain K(t) is given by

w
V2
: %Sign(N(ZbZz)—e) , K=K,
K= L_2K21+|z1|z2 (1.41)
71 |K—K*3

¢ , K< Kp,

with N(zi, z2) defined by
z2  Z2
N(Zlyzz):_1+_2) (142)
a b
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where a and b are positive constants. The controller aims to ensure the convergence to

the domain which represents an ellipse N(zj,zp) <e€.

where w1, y1, K, €, ¢ are arbitrary positive constants, and K* is a sufficiently large
positive constant.
This algorithm ensures the finite-time convergence of (z;,22) to domain N(z;,22) <€, but
the states remain in a larger domain N(z;,2zp) < u, with u >e. However, there is no

estimation of a bound of p.

Remark 1.4.1. One particular point to be noted in the description of the adaptive SMC
algorithms, is that all of these controllers establish real sliding mode. Effectively, as the
gains are decreased, the perturbation in the system may switch instantly, provoking the
sliding variable to leave zero. Therefore, in the case of adaptive controllers convergence of

sliding variable is can only be ensured to neighborhood of the origin.

1.5 Summary

In this chapter, we recalled the basic concepts of SMC, HOSMC, Homogeneity and Adap-
tive SMC, for the control of uncertain nonlinear systems. Different contemporary al-
gorithms for robust SMC and HOSMC were reviewed and it was shown that HOSMC
controllers can be designed using the concept of homogeneity. While there exists vast lit-
erature on these methods, there are certain problems that still remain to be resolved. One
of the major problems of HOSMC for an order greater than 2 is the tuning of controller
gains, which have so far been done through simulations. While generalized methods, such
as Lyapunov functions, exist for tuning the gains of First and Second Order SMC, to the
best of our knowledge, there are no such methods for the analysis and tuning of arbitrary
sliding mode controllers.

Then, we discussed the case where the bounds of uncertainty may be unknown. It was
shown that adaptive controllers solve this problem effectively, by dynamically adjusting
the controller gains to compensate the uncertainty. However, research in adaptive SMC
controllers has remained limited. In contemporary literature, no adaptive controllers were
found for SMC of orders greater than 2.

These two problems, related to robust and adaptive controllers are the focus of this
part of the thesis. In the following chapter, a Lyapunov-based method is presented for

the design of arbitrary order robust and adaptive sliding mode controllers for uncertain
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nonlinear systems. The problem is formulated as the finite-time stabilization of perturbed
integrator chains, and the solution is based on a class of controllers for the finite-time
stabilization of pure integrator chains.

The results of Chapter 2 are then further elaborated in Chapter 3, in which, the de-
gree of homogeneity of the controllers is used to obtain different useful characteristics. A
generalized arbitrary order SMC algorithm is presented and it has been shown that for
a particular choice of homogeneity degree, Levant’s arbitrary order HOSM controller [55]
becomes a particular case our controller. Then, it has been demonstrated that by control-
ling the homogeneity degree, the properties of bounded control output with amplitude of

discontinuity in zero and fixed time convergence can also be acquired.






Chapter 2

Lyapunov based robust and adaptive
HOSM controllers

As discussed in the previous chapter, Higher Order Sliding Mode Control (HOSMC) is
an effective method for control of uncertain nonlinear systems. This method retains the
disturbance and parameter insensitivity property of classical sliding mode, and also reduces
chattering. The last 15 years have seen outstanding developments in the field of HOSMC.
The important works in robust and adaptive HOSMC were presented in the previous
chapter. It was concluded that there is a lack of general methods for design and tuning
of arbitrary order sliding mode controllers. Furthermore, adaptive controllers for sliding
mode of orders greater than 2 are so far unavailable.

This chapter is based on our contributions in arbitrary order robust and adaptive
HOSMC. We present Lyapunov-based robust and adaptive Higher Order Sliding Mode
Controllers for nonlinear SISO systems with bounded uncertainty. This problem has been
formulated as the stabilization of a chain of integrators with bounded uncertainty. There
are two main contributions in this chapter. First, a Lyapunov-based approach for arbi-
trary HOSMC is developed. The controller establishes higher order sliding mode of any
arbitrary order under the condition that the bounds of the uncertainty are known. The
advantage of our method is that robust HOSM controllers are developed from a class of
finite time controllers for pure chain of integrators. To the best of our knowledge, this is
the first work on a Lyapunov based approach for arbitrary HOSMC. As mentioned in the
previous chapter, Lyapunov design is a powerful tool for control system design that allows

to estimate an upper bound on convergence time [7].
27
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The second contribution in this chapter is the extension of the robust controller to an
adaptive controller for the case where the bounds on the uncertainty are unknown. This
controller aims to converge the states to an arbitrarily small neighborhood of the origin.
The adaptation dynamics are based on a saturation function [15, 49, 50], which results
in rapid increase of gains when the sliding variable and its derivatives are outside the
neighborhood, and rapid decrease when they are inside the neighborhood. The advantage
of this adaptive controller design, compared to other algorithms mentioned before, is that
this controller can be extended to any arbitrary order and the adaptation rates are fast
in both directions. Therefore, the amplitude of the discontinuous control decreases faster
as compared to [73]. However, as in all the cases of adaptive controllers discussed in the
previous section, the proposed adaptive controller also establishes real HOSM.

The practical applicability and performance of the robust and adaptive controllers
demonstrated through an illustrative example a fuel cell system control, which is described

in detail later on.

2.1 Design of robust Higher Order Sliding Mode Controller

Let us recall the problem formulation of HOSMC, presented in Chapter 1. It was estab-
lished that the problem of HOSM control of System (1.15) with respect to s is equivalent
to the finite time stabilization of the auxiliary system (1.21) to the origin, and that the
solutions need to be understood here in Filippov sense due to the discontinuous nature of
the control. In this section, a robust controller is developed for this problem, under the
assumption that the uncertainty bounds ¢, v, yYum are known. This controller has been
derived from a class of Lyapunov-based controllers that guarantee finite time stabilization

of pure chain of integrators, and satisfy certain additional geometric conditions.

2.1.1 Preliminaries

The HOSM controller developed in this section is based on a class of controllers for the
finite time stabilization of pure integrator chains. The pure (unperturbed) integrator chain

is represented as follows:
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Let us recall the theorem:
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Theorem 2.1.1. [7] Consider System (2.1). Suppose there exist a continuous state-
feedback control law u = uy(z), a positive definite C' function Vy defined on a neighborhood
UcR" of the origin and real numbers ¢>0 and 0 < a < 1, such that the following condition
is true for every trajectory z of System (2.1), Vi+cVi%z(1) <0, if z(t) € ﬁ, where Vy is
the time derivative of Vy(z).Then all trajectories of System (2.1) with the feedback ug(z)
which stay in U converge to zero in finite time. If U=R" and V; is radially unbounded,
then System (2.1) with the feedback uy(z) is globally finite time stable with respect to the

origin.

2.1.2 Lyapunov-based Arbitrary HOSM Controller

Based on Theorem 2.1.1, we now present the main result of this section:

Theorem 2.1.2. Consider System (1.15) subject to Hypothesis H1. Then the following
control law establishes Higher Order Sliding Mode with respect to s:

1
u=— (up+@sign(uy)), (2.2)

m

where uy(z) is any state-feedback control law that satisfies the hypotheses of Theorem 2.1.1

and obeys the following additional conditions:

0V1 aVl
Uup <0, and up=0=> =
0z, 0z,

0. (2.3)

Proof of Theorem 2.1.2. As mentioned before, establishment of HOSM with respect to s
for System (1.15) is equivalent to the finite-time stabilization of System (1.21). Let us
consider System (1.21) under the control law u defined in (2.2):

Zl' = zi+1,i:1,...,r—1,
Zr = @tyu (2.4)
Y

—up(z) + Y—(psign(uo(z)) + .
m m

System (2.4) defines a differential inclusion where sign(x) stands for the closed interval
[-1,1] when x =0 and x/|x| otherwise. Since the right-hand side is bounded, closed, convex
and upper semi-continuous w.r.t. z, solutions of the differential inclusion are well-defined
for positive times. The conditions in (3.16) mean that the quantity Z—Zrlsi gn(up) defines
a continuous and non positive function of the time along trajectories of System (2.4). For

up(z(1) # 0 , this is ensured by the first part of (3.16) and the term also converges to zero
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if ugp tends to zero. On the other hand, if ug(z(f)) =0, then the second part of Condition

%
3.16 1t
(3.16) results in 3

sign(up) =0.
-
We next compute the time derivative of the Lyapunov function V; provided by Theorem

2.1.1 along a non trivial trajectory of System (2.4). We obtain:

. =1 6V1 aVl
Vi = —Ziv1+t—(pt+yu
r—laV oV; _.
= Za_;Zi+1+0_; YLUO"‘YL(»DSZgn(uO)-HP
i=1 O%i r\rm "
r_lavl oy o . - (2.5)
< ZEz,-ﬂ+£uo+£ﬂgn(uo)((l’_|‘/’|)
i=1 9%i r ’
r—1 oV oV;
< LG At gy =N

i=1 r

This implies that if a non-trivial trajectory z reaches zero, it must stay there and the zero
function is the unique solution of the differential inclusion (2.4) starting from the origin.
In addition, the Lyapunov function V; strictly decreases along any non trivial trajectory

of (6) and reaches zero in finite time according to (2.5). O

The previous result becomes non empty if controllers satisfying Theorem 2.1.1 and Condi-
tion (3.16) can be identified. It can be verified that the controllers proposed by Hong [39]
and Huang et al. [40] fulfill these conditions. We present Hong’s controller as an example.
Let us denote [a]e = Iala sign(a), Ya€R,0 > 0. Then Hong’s controller [39] is defined as
follows:

Let k<0 and [,---, I, positive real numbers. For z=(zy,---,z;), we define for i =0,...,r—1:

pi=1+({-1k,

2.6
Vo =0, Vis1 = —lis1 Lz 1P = L1 P @m0 (26)

where a; = pi+1/p;, for i =1,...,r, and, for k <0 sufficiently small,
Bo=p2, PBi+Dpiz1=Pp+1>0, i=1,.,r—1.
Consider the positive definite radially unbounded function V;:R" — R* given by
zj
r ﬁ
vi=Y [ Ls1P = v )P s
j=1

Vi1

It has been proved in [39] that for a sufficiently small k, there exist [; >0, i =1,...,r, such

that the control law uy = v, defined above stabilizes System (2.1) in finite time and there
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exists ¢ >0 and 0 < a <1 such that ug and V; fulfill the conditions of Theorem 2.1.1.
Moreover,
A%

AL R L e e TEACS R UM

arlfra
0z, '

(2.7)

(A% (A%
It can be verified that 6_1 up<0 and up=0= 6_1 =0. The feedback law of [39] can be

z z
simplified by choosing all tBi =11in (2.6) as explaingd below:

Proposition 2.1.3. For System (2.1), there exist a sufficiently small k <0 and real
numbers l; >0, such that the control law ug = v, defined below stabilizes System (2.1) in
finite time.

Fori=0,..,r-1,

V=0, vi11= _li+1 I.Zi+l - Vi](1+(l+2)k)/(1+(l+l)k)- (28)

Proof of Proposition 2.1.3. The proof can be developed simply by adapting the proof pre-
sented in [39] to the parameter choice of (2.8). Let A =1+ (r+2)k)/(1+(r+1)k) and f
be the closed-loop vector field obtained by using the feedback (2.8) in (2.1). For each
A >0, the vector field f) is continuous and homogeneous of degree k <0 with respect to
the family of dilations (py,..., pr), where p; =1+ (- 1Dk, i =1,...,7r. Let [;, i=1,...,r be
positive constants such that the polynomial y" + lr(yr_1 + lH(yr‘z .t L(y+h))..) is
Hurwitz. If k=0 the vector field is linear and therefore A = 1. Therefore, there exists
a positive-definite, radially unbounded, Lyapunov function V:R" — R such that LgV is
continuous and negative definite.

Let 4=V1(0,1]) and S = bd 4 = Vfl({l}), where bd A is the boundary of the set 4, i.e.
A={zeR"|V(2)€[0,1]} and S ={ze€R"|V(2) =1}. Then 4 and § are compact since V is
proper. Also, 0¢ .S as V is positive definite. Defining ¢: (0,1] x § — R by ¢(A,z) = L V(2).
Then V is continuous and satisfies ¢p(1,2) <0 for all z€ S, i.e. @{1}x§) < (—00,0). Since S is
compact, by continuity there exists € > 0 such that ¢((1—¢,1] x.5) < (—00,0). It follows that
for A€ (1-¢,1], Ly, V takes negative values on §. Thus, 4 is strictly positively invariant
under fj for every A€ (1—¢,1]. Therefore the origin is global asymptotic stable under fj,
for € (1—¢,1]. Finally, for 1€ (1—¢,1) i.e |k| small enough, by homogeneity, the origin is
globally finite time stable. O
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2.2 Adaptive Controller

Let us now consider that uncertainty bounds y,,, ym and ¢ of System (1.21) are unknown.
As mentioned in Chapter 1, adaptive control is an effective method for this problem. In
the literature, many adaptive algorithms exist for SMC and HOSMC, the most prominent
of which were presented in the previous chapter. It was remarked that no contemporary
work on adaptive HOSMC has been published for orders greater than two (to the best of
our knowledge). In this section, we will extend the robust controller, presented afore, in
order to develop an adaptive arbitrary HOSM controller.

For any a € R, let o(a) be the standard saturation function defined by o(a) =

max(1,al)’
1 1 ([lal-3¢
For e>0, aeR, we define v.(a)= -+ -0 .
2 2 ig
The following controller is proposed:
u="7uy(z) +@sign(uy(z)), (2.9)

where 1y is a homogeneous controller that satisfies the hypotheses of Theorem 2.1.1 and
fulfills Condition (3.16). The adaptive function 7 =« +8|ug(z)| and @(¢) is defined by the
ODE

G1) = kve(Vi(2) — A —ve(V1(2)) |9]",

with the initial condition ¢(0) = 0. The new terms are defined as x, § >0, 7€ (0,1), k>0 and
V1 is a homogeneous Lyapunov function which also satisfies Theorem 2.1.1 and Condition
(3.16). Then the following theorem provides the main result for the adaptive case.
Theorem 2.2.1. Consider System (1.21) under the feedback control law (2.9). Then,
Ve, 3¢’ >0 and 0 < a’' <1 such that the following conditions are satisfied for any initial
condition zg € U

(1) li[rE(i’ngl(z(t)) <e, lirgsotsp Vi(z(0) = A;

(ii) limsup|p|=2d+k (A" */(c1-a)),
t—o0

2 L

- 1 —1 / / 1 —a’ - -a’

where  ©:= — (p+m , A= (81_“ +w®2 1 .
Ym 4y mb 2k

Remark 2.2.2. The second Inequality of (i) of Theorem 2.2.1 is equivalent to Levant’s
concept of real Higher Order Sliding Mode, as defined in the previous chapter. This is
equivalent to practical stability of z1,---,zr. Details on real sliding mode and real HOSM
can be found in Section 2 of [54].
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Proof of Theorem 2.2.1. We first demonstrate that when the system states are in the
domain V7 > g, the controller brings them to the domain Vi < ¢ in finite time. Then, it
is proved that once z reaches the domain V) < ¢, it stays in the domain V; = A for all
consecutive time instances and ¢ is upper-bounded after a sufficiently large time.

We first need the following intermediate result.

Lemma 2.2.3. The function ¢ is non-negative and is defined as long as the trajectory
of z is defined.

Proof. 1t is clear that ¢ is positive in time interval (0, 7), since (fJ(O) =>0. Since ¢ is contin-
uous, if there exists 7; > 0 such that ¢(r1) <0, then there exists a time 179 =0, 79 <71, such
that ¢(r9) =0, and @(r) <0, Vte]Tg,T1].

In this case, V;(z(19)) = 0 otherwise ¢(7o) >0 and ¢ cannot be negative on a right interval at

. . . . €
7o. In that case, there exists a right interval at 7 (still denoted ]79,71]) where V; < 3 and

T1
then ¢ =—[®]">0. We therefore obtain @(71) = /(i)dt> 0, which is a contradiction.  [J
To
We argue by contradiction in order to prove that litminf V1(z(t)) < €. Supposing there
—00
exists f such that Vi(r) > € for every t =7, then according to the dynamics of ¢, we get

¢ =k for t=%. This implies that for >, ¢ is increasing and ¢ > ®. Since we have

. own oy . . .
Vi = 6—Z1z2+...+E()/hfuo+(,0$lgn(u0)]+(P),
W + +6Vr1 +6Vl( + +y6 Lug> +y@sign( )+p)
= —Zp4.+—1U —Ug+KYU u sign(u ,
6z12V6zr06zr 0 TKYUp+YO LUpl +YpsSignlip)+¢
< —cvi- OZI (Y m =Dt +Y mS o> +ymP—),
r
2
%) KYm—l)z A% _ (xym-1) "
= —cVif-|— 1) + - |+ —=—|+ ,
‘n 'azr ¥m (|u0| ZYm6 0z, 47/m6 Ym®
oV -
< —cV'—ym p L(¢p-®) < —cv®
Zr

(2.10)
Then V;(z) converges to zero in finite time, which contradicts the hypothesis. The functions

up and V; are homogeneous, which according to [8], means that

Ac,a' >0:10V1/0z| < V¥, (2.11)
oVi K

where ¢ :{ ‘1/11(a)x . 0_1 Lo = 22 The terms k2 and k) are the respective degrees of ho-
zV1(2)= Zr K1

mogeneity of 0V1/0z, and Vj.
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We suppose now that V; <e. Considering (2.11), let us estimate the overshoot in the

worst case condition with respect to uncertainty. For V;(z(0)) =€ and ¢(0) =0, we get

Vi = —cVE—ync V¥ (9p-9), §=k. (2.12)

a—-a'

< ®, and then

The overshoot A of V; holds for V4 =0 at = Ty;. We get ¢p(Tpy) = D— ¢ -
Ym
_1
o N (- a’)'}/m &2 1-a' '
2k

We now estimate an upper bound of limsup ¢. Consider the case V;(z(0)) = € with V1(z(0)) =
t—o0

0, in this case we have @(0) < ®. For t = Ty, ie., V1 =0, we get ¢(Ty) <D+ P(0) <2d. ¢

Ty < ®/k. An upper bound of A can be estimated as A= (51_

will increase until time Ty where (iJ(Tf) =0 and V1(2(Ty)) = 0. The worst case is calculated
with respect to the boundary of @, using V; < —cV{* and ¢ = k. Here Ty corresponds to
Vi(2(Tf) =0, i.e Ty — Ty = (AY"?)/ (c(1 - @)), which implies that

(1-a)
QTP < P(Tn) + k(T — Tny) =20 +

cl-a)
O

Discussion: The adaptive functions ¥ and ¢ are chosen non-negative and 7 is strictly
positive with a term proportional to |ug|. It satisfies the condition 9 > 0, which is
sufficient to ensure that the states will not diverge, irrespectively of ¢. The second adaptive
function ¢ ensures the convergence of the state to a neighborhood of zero. Its dynamics
can be defined explicitly by: ¢ =k for V; < g, = %(Vl —6/2)—§(£—Vl) |_¢)]77 for g =Vi<e
and ¢ =—|¢]" for ¥} < g These dynamics mean that @ is increasing for V; = ¢, decreasing

for 1 = g, and with indefinite sign for g =V <e.

2.3 Experimental results : PEM Fuel Cell System

The practical applicability of the proposed controllers is demonstrated on the air-feed
system of Polymer Electrolyte Membrane Fuel Cell (PEMFC) System, in which, a moto-
compressor is used to feed air (as a source of oxygen) to the PEMFC’s cathode. The
control problem in this application is to optimize the net power output of the PEMFC
by operating the compressor at its optimal point, thereby reducing the internal power
consumption of the fuel cell. This is achieved by maintaining the oxygen excess ratio in
the cathode at a certain optimal value. Some sliding mode based solutions of this problem

have been published in [48] and [63]. In the first, the oxygen excess ratio is assumed to
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have a static relationship with the compressor flow rate; and the compressor is controlled
using a SOSMC. In the latter, the authors have proposed a dual loop cascade SOSMC
controller. In this method, the outer loop generates the compressor speed reference and
the inner loop forces the motor to follow this reference. This approach is more practical
as both control loops are robust, however its implementation requires different loop rates
for controllers. We have approached this problem by designing third order sliding mode
based oxygen excess ratio controllers, using the proposed techniques. The advantage of our
method in this context, is that the third order extension generates smooth control input,
which results in continuous current control of the moto-compressor. Both the robust and
adaptive controllers are designed for this problem, and validated on a Hardware in Loop
test bench, which consists of a commercial twin screw compressor with inverter drive and
a real-time fuel cell emulation system. The robustness property of the controllers has also

been verified by varying the parameters of the fuel cell emulator to their extreme values.

2.3.1 PEMFC air-feed system model

The dynamic model of a PEMFC air-feed system is as follows [63]:

. C3X1
X1 = au—-x1—-x-c)-— VX1 + X2+ —c11 —¢7(,

C4X1 +CC§CX2 + Cg
. 3X2
X2 = cga—x1—X2— ) - ———————cirVX1+ X2+ — 11,

C4X1 + C5X2 + Cs
. X4 Ciz (213)
X3 = —coxg—cpo||— | —1|+csu,

C11

Xy = C14

x4 \ 612
1+615[(C—4) —1H [(Wep — c16(Xa — X1 — X2 — €2)],
11

u:Iq , C=Istl ch:CZIwcp. (2.14)

The physical quantities that form the state vector x are

T T
X =[xy X2 X3 X41° =[po, PN, Wep Psml”,

where po, and pp, represent the oxygen partial pressure and the nitrogen partial pressure,
respectively. The compressor speed is denoted by w¢p and the supply manifold pressure
by psm- The control input u is the motor current, whereas the fuel cell stack current
{ is considered as measurable input disturbance. The compressor air flow is denoted by
W¢p and it is proportional to the compressor speed. The parameters c¢; are considered as

uncertain constants. These parameters represent the variation/uncertainty of the system’s
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physical parameters, as given in Table 2.1:

C1 = (o1t 601 , Co = Cp2t 562,

C3 = Cop3+ 503 , Cg = Cog Tt 505,

Cc7 = C()7+5C7 , Cg = C()g+503, (2 15)
g = c9+dcg , clo = coot+dcio, .

c13 = co3tbcz , c4 = coiutdcy,

cl9 = cootbcg , c7 = co7t+day,

where cp; and dc¢; are the nominal value and the uncertainty of c¢;, respectively. Complete

details and physical significance of these parameters can be found in [63].

TABLE 2.1: Variations of system parameters

Parameter Variation
Fuel cell temperature (Tf.) +10% in °C
Cathode volume (V,) +5%
Supply manifold volume (V) -10%
Atmospheric temperature (Tasm) +10% in °C
Cathode inlet orifice constant (k¢q,in) +5%

Cathode outlet orifice constant (kcgour) +5%

2.3.2 Control Objective

The oxygen excess ratio can be written as [63].

C19
, = — (K= X1 -x2-C2). (2.16)

A
% ol

The net electrical power is optimized by reducing the consumption of the compressor, i.e.
maintaining the oxygen excess ratio 1o, at its optimal value A, or. Depending upon the
stack current, this optimal value exists between 2 and 2.5 [75]. Conventionally, A¢, rer has
been taken as a fixed value [48, 75]. A more precise method has been presented in [63],

where Ao, rer has been modeled as a function of the stack current:
Aoprer =5x 107803 ~2.87 x 1075¢% +2.23 x 1073¢ + 2.5. (2.17)

Our objective is to force Ag, to follow Ag, rer in finite time.
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2.3.3 Test Bench Description

The experiments have been conducted on a Hardware-In-Loop (HIL) test bench (See
Fig. 2.1), the HIL simulator structure can be seen in Fig.2.2. It consists of a twin screw
compressor and a real time fuel cell emulation system. The twin screw compressor is driven
by a permanent magnet synchronous motor (PMSM). The 3-phase currents of PMSM are
calculated from dg coordinates and supplied by an inverter. The control input Iq, for the
inverter, is generated by the proposed controllers installed in a real time controller. The
measured compressor air flow W, is fed to the real time fuel cell emulation system. The
PEMFC emulator receives the flow rate W, in order to generate the states x;, x2, x4 and

Ao

)

Twinscrew
compressor

| Flow meter

‘ = | Pressure sensor

PMSM
motor

Figure 2.1. Test bench
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Real time fuel cell

Test bench emulation system
Hydf?gm
CompactRIO PEM !ﬂ)‘l/ Anode
Flow plates
\ Cathode
g & I‘? WCP W
= Water/heat
Real Time Oxygen
Controller -‘]
r 3 /;
{x 1- X35 Xy }
{Aol ? IS B }

Figure 2.2. HIL Simulator

2.3.4 Controller design and Experimental Results

The sliding variable is defined as z; = s = 10, — Ao, ref- In our case, the sliding variable s

depends on x1, x; and x4. The first and second time derivative of s are

0 0
S=zp = ——s(x1,%2,x4).%1(x1, X2, X4) + =— (X1, X2, X4).X2(X1, X2, X4)
0x1 axZ

+=—5(x1, X2, X4). X4 (X1, X2, X3, X4),
6x4

0
S=2z3 = Es(xl,xz,x&m)-xl (X1,X2,x4) + Es(xl,xg,x4).x2(x1,x2,x4)
1

+ES'(JC1, X2, X3, X4).X3(X3, X4, U) + ﬁé(xl,xz,xg, X4).X4(X1, X2, X3, X4),
3 4

= Q+yu
where ¢ and y are given in [63] (See Equation (54) of [63], where ¢ and y are denoted by
¢1 and 7y, respectively ).

The control input u appears for the first time, in the second time derivative of s. In
order to obtain a continuous control u, the discontinuous control is applied on the higher
derivative . We get

sO =23 = @+yu+yy,
——
)

where v =1, ® and y are uncertain bounded functions that satisfy

PE[-P,Pl, YE[YmYM (2.18)
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For the PEMFC under consideration, the bounding values of the parameters were deter-
mined through precise physical analyses, as presented as percentage deviations in Table I.

The following numerical values of the uncertainty limits were obtained:

¢®=0.03, ym=5 vym=15.

From here, the control objective becomes equivalent to forcing s and its first and second

time derivatives to zero in finite time, through

@ e -0, @+ [ymymlv. (2.19)

We first develop a 3"%-order SMC robust controller using Equations (2.2) and (2.6). Ac-

cording to Theorem 2, the controller takes the following structure:

v = —his1™,
PR AN R VAL
v = _13[[31ﬁ2 _ LVZ]ﬁz]aslﬁz, (2.20)
voo= ll:i(V3+(,bsign(v3)).
Ym

In this test, the parameters have been tuned to the following values: Iy =5, I, =10, I3=

4-0, ﬁ0=0.8, ﬁl 21.25, ,3222, a 24/5, a2:3/4, as3 22/3, Ym=5, (/_)20.03.

During the tests, the stack current was varied between 150A and 400A, in steps. The
current profile is shown in Fig. 2.3. The performance of the controller in response to the
variation in the Ap, due to these stack current variations, is shown in Fig.2.4. It is clear
that Ao, tracks the desired value A9, ,, successtully, with a response time between 3 and 7
seconds practically. The control input (1) is shown in Fig.2.5, which varies between 0 and
3 A. As the controller establishes third order HOSM, it can be seen that the oscillations

in I, are negligible.
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Figure 2.3. Stack current (A)
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Figure 2.4. Ao, and Ao,,,, versus time (s)
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Figure 2.5.  Quadratic current 15 versus time (s)
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Figure 2.6. Ao, and Ao, ,,, versus time (s)
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Figure 2.7.  Quadratic current 15 versus time (s)
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Figure 2.8. ¢ versus time (s)
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Figure 2.9. 7 versus time (s)

While the uncertainty bounds (y,, @) of the system under consideration are known,
they are very hard to estimate in many cases of fuel cell systems. We will now demonstrate
that the proposed adaptive controller can be applied to overcome this problem. The
3" order SMC adaptive controller is designed using Equations (2.9) and (2.6), under
the assumption that the system parameters are unknown. According to Theorem 3, the

controller has the following structure:
v=u=yvs+@sign(vs), (2.21)

where vs is the same as in Equation (2.20). The controller parameters used in adaptive
case are as follows: [} =5, I =10, I3 =40, By =0.8, B; =1.25 P =2, a; =4/5, a; =
3/4, as3=2/3, k=5, n=0.95, €¢=0.001, ¥ =0.25, § =0.001.

The results of the adaptive controller are shown in Figures 2.6, 2.7, 2.8 and 2.9. Fig.2.6
shows that 1o, converges and remains inside a small and acceptable neighborhood around
the desired value Ag, rer- The control input, I; is shown in Fig.2.7 and the behaviors of
the adaptive parameters ¢ and ¥ are shown in Figures 2.8 and 2.9 respectively. It can be
seen that ¢ increases at each stack current step, and then decreases rapidly after the con-
vergence of the tracking error. As real sliding mode is achieved, small oscillations can be
seen in 7. In general, these results show the effectiveness of both the robust and adaptive

controllers for a wide range of stack current variation, i.e. external perturbation.

In order to validate the robustness of our controllers in dealing with parametric uncer-

tainty, another series of experiments was conducted using the designed controllers (with
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the same controller parameters). The parameters of the PEMFC emulator were varied to
their extreme values, as specified in Table I. The results of the robust controller in these
tests are shown in Figures 2.10 and 2.11. It can be seen that this controller performs as well
as in the previous tests with defined system parameter values. The results of the adaptive
controller are shown in Figures 2.12, 2.13, 2.14 and 2.15. We see again, in Fig. 2.12 a
similar behavior of tracking error as compared to the previous tests. However, the static
value of the quadratic current Fig. (2.13) changes in order to accommodate the emulated
parametric drift. The adaptive gains ¢ and ¥ adapt to counteract the uncertainty, ensur-
ing convergence. These tests demonstrate that both the robust and adaptive controllers

are capable of handling parametric uncertainty, albeit with different mechanisms.

[
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Figure 2.10. Ao, and Ao,,,, versus time (s)
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Figure 2.11.  Quadratic current I; versus time (s)
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Figure 2.12. Ao, and Ao,,,, versus time (s)
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Figure 2.13.  Quadratic current I versus time (s)
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Figure 2.14. @ versus time (s)
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Figure 2.15. 7§ versus time (s)

2.4 Summary

In this chapter, we have presented two arbitrary HOSM controllers for uncertain nonlinear
systems with bounded uncertainty, as represented by System (1.15). The control design
is based on a class of controllers for stabilization of pure integrator chains. The first
controller is robust and its design requires the knowledge of the bounds or limits of system
uncertainty. The second controller is adaptive, therefore its design does not require any
quantitative knowledge of the uncertainty bounds. The latter establishes real HOSM
i.e. forces the states to remain within a region around the origin that depends upon the
uncertainty bounds. It can be noted that convergence of states to a defined neighborhood,
such that they remain inside it, is still an open problem in adaptive control theory.

The effectiveness and practical applicability of the proposed controllers were evaluated
through simulations and experiments. These controllers showed good performance in
simulations, as well as in experiments concerning a practical control problem of a PEMFC
air-feed system. However, the fact that these controllers are unbounded may raise concerns
in certain practical applications. In the next chapter, we will see that certain interesting
properties, including bounded control input, can be achieved by manipulating the degree

of homogeneity of the controllers.






Chapter 3

Lyapunov-Based Homogeneous HOSM

Controller

3.1 Introduction and motivation

In the previous chapter, two Lyapunov-based arbitrary HOSM controllers were devel-
oped for the control of uncertain nonlinear systems, and their performance was evalu-
ated through simulations and experiments. The class of controllers is studied in detail in
this chapter, and a universal homogenous controller is developed through modification of
Hong’s algorithm [39]. It is shown that for a particular choice of the degree of homogeneity,
Levant’s universal controller [55] becomes a particular case of our controller. Furthermore,
the influence of controlling the degree of homogeneity of the controllers is also studied,
in order to identify additional properties that may result in better performance of our
controllers. Namely, the homogeneity degree can be manipulated or controlled to bound
the control input, to minimize the amplitude of discontinuous control after convergence
and to obtain a fixed-time control. In order to elucidate this point, let us consider the

following one-dimensional differential equation:
z=w(z)=—-clz]%, (3.1)

where @ >0, ¢>0 and [2]%:=|z|*sign(z). The term sign(z) is a multi-valued function,
equal to z/|z| if z#0 and [-1,1] if z=0. The degree of homogeneity of Equation (3.1) is
x =a—1 and this system is stable for all ¢>0 and a =0. Depending upon the value of a,

different characteristics can be obtained in the system:
47
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a =0: the convergence to zero occurs in finite-time. The controller w(z) is uniformly

bounded for z€ R but discontinuous at z = 0;

0 < @ < 1: the convergence to zero occurs in finite-time. The controller w(z) is

unbounded and tends to zero as |z| — 0;

a > 1: the convergence to zero is asymptotic, however the convergence time to the
sphere B(0,1) = {z€ R: | z|| < 1} is uniformly bounded by a constant. The controller

w(z) is unbounded.

Based on these observations, we can construct controllers forcing z to converge to zero

in finite-time by changing a:

an unbounded controller obtained by changing x from x; >0 to k2 <0 when z reaches
the sphere B(0,1). This ensures the convergence to zero in finite-time, bounded by a

constant.

a uniformly bounded controller whose amplitude tends to zero as z converges to
zero. This controller is obtained by changing the homogeneity degree from x; = —1

to —1<x,2<0.

The second point is of particular importance as bounded controllers are more practical in
real life cases than unbounded ones. In the case of a perturbed integrator, (3.1) is replaced

by the following differential inclusion:

zeu@ [ymym|+[-9,+¢], (3.2)

where Y, <yp and @ are arbitrary positive constants. This is similar to System (1.21) for

a single integrator In the previous chapter, it was demonstrated that the controller

1
u(z) = — (w(2) + psign(w(2)),

Ym

defined for 0 < a <1, forces z to converge to zero in finite-time, and thereby establishes
HOSM with respect to s for System (1.15). According to the standard comparison principle
[46] the rate of convergence of (3.2) is faster than (3.1). It can be noted that the controller

is valid for 0 <= a < 2.
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3.1.1 Contribution

In this chapter, these observations (related to homogeneous controllers for a single inte-
grator) are extended to the arbitrary sliding mode controllers developed in the previous
chapter. The main focus is to obtain various properties in the controller by changing the
degree of homogeneity. In this regard, a modified form of Hong’s homogeneous controller
[39] is developed, which satisfies the conditions of Theorem 2.1.2 in Chapter 2. A universal
homogeneous HOSMC controller is developed using this modified form, and the effect of

switching its homogeneity degree is studied. This yields three important results:

1. With a particular choice of homogeneity degree, Levant’s well known homogeneous

robust arbitrary HOSM controller [55] is a particular case of our modified controller

2. The amplitude of discontinuous control can be kept to its minimum possible value
after the states have converged, by controlling the homogeneity degree in the neigh-

borhood of zero

3. The recently developed “Fixed-Time” stability notion can be achieved by changing
the homogeneity degree.

3.2 Controller design

Based on the problem formulation introduced in Chapter 1, the homogeneous controller
is developed in two steps. In the first step, the modified form of Hong’s controller [39] for
stabilization of a pure integrator chain is considered. Then, using this modified controller

and the results of Chapter 2, a universal HOSM controller is developed for System (1.15).

3.2.1 Useful definitions, lemmas and theorems

Let us first establish some definitions, which would aid in the statement of our results.

Consider the differential system
2= f(t,2), zeR'. (3.3)

Definition 3.2.1. [74, 7] The equilibrium point z=0 of System (3.3) is said to be locally
finite-time stable in a neighborhood U cR" if (i) it is asymptotically stable in U; (ii) it is
finite-time convergent in U, i.e. for any initial condition zy, z(t,z9) =0,Vt = T(z9), where

T(zg) is called the settling-time function. The equilibrium point z =0 is globally finite-time
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stable if U=R". The equilibrium point is fized-time stable if (i) it is globally finite-time
stable; (ii) the settling-time function is bounded by a constant Tpmayx, i-€. IATmax >0:Vzp €
R", T(20) < Trmax-

Definition 3.2.2. [7/] The set S is said to be globally finite-time attractive for (3.3),
if for any initial condition zg, the trajectory z(t,zo) of (3.3), achieves S in finite-time
T(zg). Moreover, the set S is said to be fized-time attractive for (3.3), if (i) it is globally

finite-time stable; (ii) the settling-time function is bounded by a constant Ty gy
Let us recall the following theorem:

Theorem 3.2.3. /8, 7] Suppose there exists a positive definite C' function V defined on
a neighborhood U c R" of the equilibrium point z =0 and real numbers C >0 and a =0,

such that the following condition is true for every trajectory z of System (3.3),
V+CV%az(1) <0, if z2(0 e U, (3.4)

where V is the time derivative of V(z(1)).

Then all trajectories of System (3.3) which stay in U converge to zero. If U=R" and V
is radially unbounded, then System (3.3) is globally stable with respect to the equilibrium
point z=0.

Depending on the value a, we have different types of convergence: if 0 < a <1, the equilib-
rium point z =0 is finite-time stable ([7]), if @ =1, it is exponentially stable and if a >1
the equilibrium point z =0 is asymptotically stable equilibrium and, for every € >0, the set

B(0,e) ={z€ U: V(z) <€} is fized-time attractive.

Let us now present some further notions related to the concept of homogeneity, which

was introduced in Chapter 1. Consider the time-invariant differential system
z=f(z), zeR'. (3.5)

Definition 3.2.4. [39] A function Q(2) is homogeneous of degree a€R*™ with respect to
the family of dilation (¥ if, for every ze R" and € >0,

Q" 21, €77 2,) =€Qlz1, -+, 21).

Definition 3.2.5. The homogeneous norm Ti(z) for ze R’ is defined by

j=1
c=max(py, -, pr) >0,

i 1/c
ri(z)zri(zl,...yzi):(z|Zj|c/pj) ,
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where T;(€” z1,++-,ePiz;) =€eli(z1,++,2;), €>0.

In this case, the unit sphere S; is given by
Si=1{zeR :Ti(2) =1}.

Lemma 3.2.6 (Lemma 4.2 of [8]). Suppose Q; and Qa are continuous real-valued func-
tions on R", homogeneous with respect to (¥ of degrees dy >0 and dy >0, respectively, and

Q1 is positive definite. Then, for every zeR’,

dp dy
min | [Q1(2)]% =Qy(2) < [Q1(2)]%. (3.6)
{z: (2)=1}

max
{z:Q(2)=1}

Proposition 3.2.7 (Proposition 1 of [77]). Let Q be a positive definite C* function,

0Q
homogeneous of degree a with respect to {¥. Then, for all i=1,---,r; P 1s homogeneous
Zj

of degree (a— p;).

3.2.2 Stabilization of a pure chain of integrator

Consider the following pure integrator chain:

zZi = Zi+1, 1=1,..,r—1,
1 i+1 (3.7)
Zr = U.
The following result guarantees the stabilization of (3.7).

Theorem 3.2.8. Let r be the order of the pure integrator chain given in (3.7). For

kK €[-1/r,1/r], set
pi=l+(-Dx, i=1,-1

and finally let ¢ be a positive constant such that ¢ = max(py,---,pr). Then there exist
constants I; >0, i =1,---,r, independent on x, such that the feedback control law u =
Wy (2) := v, defined inductively by

vp = 0,
—1;Nisign(z; — vi-1), (3.8)

i:l,...’r,

Vi

stabilizes System (3.7), where Nj,i=1,---,r are defined by

Pi+K

Ni= (z |z,~|C’Pf) " (3.9)
j=1

There also exists a homogeneous Lyapunov function Vi(z) for the closed-loop system (3.7)

c+1+x

under u, that satisfies Vi, < —CV, ", for some positive constant C.
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Proof. For 1<i<r, we define

|

w; = w; (21,...,2i-1,8) ds, (3.10)

Vi-1(21,.,2i-1)

wi

N

1

i

|zj|0/pf) sign(z; — vi-1),

<
Nl

£ £
EA U

c
£ 41
pi

< _c
217+ + 1201|712 = Vi |+

I
—_——

It can be seen that W; is positive definite function with respect to v;_; — z;, homogeneous

- ) 1
with respect to & of degree (c+ p;). We introduce W; := Wf’ o so that
Ctpi

, where §; =

all functions W; are homogeneous of the same homogeneity degree (c+1).

Lemma 3.2.9. With the notations above and 1<i<r, there exist positive constants k;,
such that:

W; < ki lwil <. (3.11)

i
Proof. We can get that (Z |z j |C/p i ) is a homogeneous function with respect to &7 of degree
j=1
¢. Then according to Lemma 3.2.6, and for a given «, there exists a constant K; depending

on «, such that

W; < K;(x) (
J

i

|zj|”’?f),

1

where K;(x) = maxW;. Then, the choice of k;, as k;= max ]Ki(K), implies (3.11). O

zZ€S; xe[-1/r1/r

We proceed to prove the theorem by induction on r.
Step 1: Consider z; = u. For any [, >0, taking u = wy(z1) = -1 z11P™'P1 stabilizes the
closed-loop system. The Lyapunov function V; = Wy = Izll”cl(l + ¢) is homogeneous of

degree c+1 and

c+1+k

Vi = —hLlalP=s-mV T, (3.12)

for some constant 1, > 0.
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Step i: Assume that the conclusion holds true till i —1. Define the Lyapunov function
i

Vi by Vi=Visi+ Wi =) Wj. We get

j=1
1 oW, St ov;
y i +p; y i—1
Vi = ) ——zim+wiviW, "+ Vi + (zi = vi-1),
=10z Zi-1
=1 oW, crpyrc _ K=l %
- . 71
= Z ?ZH_] —Lijlw;| "« Wi Ry Vioi+ azl (zi = vi-1),
=1 j i-1
J C+pj+K
i-1 3W: W, —x(i=1) oV (3.13)
i i = ctpy y i-1
< ——Zi+1 — li———W, +Vior+ (zi —vi-1),
j:1 6Z] k'c+p1 Zi—l
1
=1 oW, l; Eek ov;
i i = g i—1
< ) 35, Gt T WS+ Vi + 3a. . (@i vi-1).
j:1 Z]' kf+p1 Zi—l

The fact that W; are homogeneous with respect to ¢ f of degree (c+1) foreachi=1,---,r,
implies that V; are homogeneous of degree (c+1) with respect to ¢¥ as well. In addition,
according to Proposition 3.2.7, V; are homogeneous of degree (c+1—x) with respect to ¢.
Then without loss of generality, the study can be restricted to the unit sphere S;.

By taking I; such that

£ =l ow; Vi
li > 2k max Zit1+ (z; —vi—1) p,Vxe[-1/r1/71], (3.14)
Z€S; j=1 0Zj 5Zl',1
and setting n; := li/Zkim, we get
. i _ ctl+x
. _ . c+1
Vi< ]Z:ln]wj . (3.15)

.
At the final step, all parameters /; are determined, with Vi(2) =V, = )_ W; and
j=1

c+1+k ctl+x

i i
VK(Z) < —]ZZI']]]W] ol < _TIJZZI W] +1 ,

where n:=minn; for i=1,---,r.
According to Lemma 3.2.6, for all x € [-1/r,1/r], we get

c+l+x
i _ctlek 1 i B c+1
c+1 ) i
2 W T z2ren | Y W )
j=1 j=1
which can be seen as a generalization of Jensen’s inequality.
. r—1
Finally we get Vi < —CVH/(CHD) with ¢ =n27en,
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3.2.3 Stabilization of an r-perturbed integrator chain

From the result obtained in Theorem 3.2.8, we now proceed to the stabilization of the
perturbed integrator chain presented in System (1.21). The extension of Theorem 3.2.8
to the case of System (1.21) is based on the following result of [38].

Theorem 3.2.10. [38] Let w(z) and V(z) be respectively, a state-feedback control law
stabilizing System (3.7) and a Lyapunov function for the closed-loop system, which satisfy
the hypotheses of Theorem 3.2.8 and obey the following additional conditions: for every
zeU,

ov ov
—@w(z2) <0, w(z)=0=>—I(2)=0.
0z, 0z,

Then, for arbitrary constants m,n =1, the following control law stabilizes System (1.21):

U(z) = —(@(2) + nPsign(®(2))). (3.16)

m

The function V(z) remains a Lyapunov function for the closed-loop system (1.21) with the
feedback u(z), and satisfies Condition (3.4). If U=R" and V(z) is radially unbounded,
then the closed-loop system (1.21) with the feedback u(z) is globally stable with respect to

the origin.

Proof. This theorem is a generalization of Theorem 2.1.2, presented in previous Chapter,

and can be proven in the same way. O

It can be shown that the controller presented in Theorem 3.2.8 satisfies the conditions

av. oW, I _ ctlix
presented in Theorem 3.2.10 . We calculate —w, = —v, < ——— W, ! <0, and
Zr 0z, ke
r
prix | OVK 0Wr
wx =0=> -1 |lw;| < sign(z;—v,—1)=0= =——=0.
0z, 0z

Remark 3.2.11. It should be noted that this controller is not unique, and all homoge-
neous controllers satisfying the conditions of Theorem 3.2.10 are valid (e.g. [39]).

As indicated in Section 2 of [57], in order to stabilize the uncertain System (1.21) by
a state-feedback controller u = u(z), it is necessary that the controller be discontinuous at

z=0, and satisfy
lim |u(z)| = £ =:Mpnin-
Izl—0 Ym
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3.3 Discussion of Special Cases

In this section, we consider some specific choices of the homogeneity degree, in order
to obtain further results. First, it is shown that for a particular choice of homogeneity
degree, the homogeneous HOSM controller presented in [55] becomes a special case of our
controller. Then, a bounded controller with minimum amplitude M,,;, of discontinuous

control at z =0 is designed. Finally, a controller with fixed-time convergence is synthesized.

3.3.1 Robust Homogeneous Arbitrary HOSM Controller

Let us consider the controller presented in [55].

Proposition 3.3.1. Provided ly,---,1,—1,M >0 are chosen sufficiently large in the listed
order, the bounded controller u=—-Msign(¢pr—1) stabilizes System (1.21) in finite time,
ensuring HOSM w.r.t. s for System (1.15), ¢r_1 is defined inductively as

o
N = lzl 7,
d d _a &

Ni = (|Z1|r+|Z2|771+...+|Zl~|r71+1) ,

AL (3.17)
¢bo = 2z,
¢i = ziz1+IiN;sign(pi),

i=2,-,r—1

with d > 1 is an arbitrary positive constant.

Proof. Consider the functions N; in Equation (3.9). Let us fix the parameters x and ¢ as

follows x = —1/r and c¢=d/r. Then, defining ¢; = z;11 — v;, we find:

-1
N = |zl 7,
d d _a &
N; = (IZ1|r+|z2|r—1+---+|z,~|r—i+1) ,
i=2,-,r. (3.18)
¢o = 2z,
¢i = ziv1+IiNjsign(gpi-1),
i=2,---,r—1.

According to Theorem 3.2.10 and by taking m = n =1, the state-feedback control law for
the stabilization of System (1.21) can be expressed as: u=—(,N,/Kp+@/K;;)sign(pr-1).

It can be seen that this particular choice of parameter x gives N; =1, then for the positive
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constant M defined by

] -
M:= (—r + i),
Ym Ym
the controller u = —Msign(¢p,-1) stabilizes System (1.21) in finite time, ensuring HOSM
w.r.t. s for System (1.15). O

3.3.2 Homogeneous controller with minimum discontinuous control
The amplitude of discontinuous control, in the case of [55], is equal to M = [— + i)

m  Ym
We shall now see that this amplitude can be reduced to its minimum level M,,;, when the

state z tends to zero, by changing the degree of homogeneity.
Proposition 3.3.2. For ke (-1/r,0) and A>0 satisfying

Vkm(ze)lé(Alwk(z)l <1, (3.19)

we define the function

w-1r(2) if Vi(2)>A,
Uk,a(2) = ‘
Wi (2) if Vi(z) < A

1

Then the controller u(z) .= — (Uk,A(z) +(psign(Uk,A(z))) stabilizes System (1.21) in finite
m

time, ensuring HOSM w.r.t. s for System (1.15), and u(z) is bounded with minimum

amplitude of discontinuity My, at z=0.

Proof. Consider the following sets

$1
S,

{zeR w2 = I},
{zeR" : Vi(2) < Al

(3.20)

According to Condition (3.19), we have S = S;. As V_1,,(2) <0,Yz ¢ S,, z will reach S;
and S, successively in finite-time. Once z€8;, Ui a(2) is equal to wi(z), with |wg(2)| < ;.
Therefore, z will stay in S, and converges to zero in finite-time, as Vi(z) <0,Vz ¢ S1,Vz #0.
Eventhough the feedback is discontinuous, there is no chattering regime since the derivative
of Vi is striclty negative in an open neighborhood of the level line Vi (z) = A, regardless of

the value of the feedback. In consequence, the system trajectory crosses transversally the
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level line Vi(z) = A.

Clearly Ui, a(2) tends to zero as z tends to zero. As a result

lim |u(z)l = — =Mpin,
llzl—0 Ym
r lr
VzeR ) ul(z)l <= Mpyin+—.
m

3.3.3 Fixed-time Homogeneous controller

In certain cases, it is required that the controller converges within a fixed interval of time,
irrespective of its initial condition. This can also be achieved by changing the homogeneity

degree.
Proposition 3.3.3. For ke (-1/r,0) and B >0, define

E:= min V_;(2)>0, (3.21)
Vi(2)=B

and the function

w_r(2) if Vi(z)>B,
Uy,B(2) = .
wi(z) if Vi(z)<B.

1

Then the controller u(z) := — (U, p(2) + psign(Uy g(2))) stabilizes System (1.21) in fized-
m

time T < Ty + Ty, ensuring HOSM w.r.t. s for System (1.15). The values of Ty and Ty are

given by
Eai Bt
Ty=—7— Tr=—— (3.22)
==C ==C
c+l1 c+l1

Proof. Note that there is no chattering regime for the same reason as in the previous
proposition. The conclusion follows by integrating the differential equation V =-CV® on

appropriate time intervals. Consider first the following sets

S = {zeR :V_r(2)<E},

(3.23)
S, = {zeR":Vi(z) < B}

According to Condition (3.21), we get that S; € S,. Clearly, z will reach S, in a fixed-time,

bounded by a constant Ty, calculated as follows:

k oo gy L E&
fora=1-——, / —:—C/ dt, then T, = .
c+1 g Ve 0 c_Tle
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When z reaches Sy, i.e. Vi(z) =B, z will converge to zero in a finite-time, bounded by T,

calculated as follows:

k 04V T=T,+Tf Bc_Tkl
fora=1+——, —a=—C/ dt,thean= -
c+1 B 1% Ty ﬁc

3.4 Simulation Results

In this section, we illustrate the performance of our proposed controllers using the following

perturbed triple integrator defined by:
21=22, Z22=23, Z3=@+7YlU,
with ¢ =sin(#) and y =3+ cos(#). Then, we have
Ym=2, ymM=4 ¢=1
The parameters of the controller are chosen as follows:

h=1 k=4 I§="7.
We start first by fixing the parameter x for different values {%,—%,—%}.
For x > 0, Figure 3.1 shows a fast convergence of the states to a neighborhood of zero by an
unbounded controller, otherwise the convergence to zero is asymptotic. For —1/3 <k <0,
the convergence of the states to zero in finite-time is obtained by an unbounded controller
with a minimum amplitude of the discontinuous control at z =0, as shown in Figure 3.2.
The finite-time convergence of the states is also shown in Figure 3.3 for x = —1/3, using a
bounded controller with a large discontinuous control at z=0.
A bounded controller which ensures a minimum discontinuous control amplitude at zero
is shown in Figure 3.4 by switching x in neighborhood of zero, from —1/3 to —1/8.
A fixed-time controller is shown in Figure 3.5. Figure 3.6 shows that the convergence time
will not exceed 8.5 sec for any initial condition. Fixed-time stability is assumed to be

established by the time after which, |z;[, |z2|, |z3| are less than 1 x 1074,

3.5 Summary

In this chapter, further properties of the Lyapunov-based finite-time convergent controllers,
presented in the previous chapter, were discussed in detail. A generalized bounded con-

troller was developed and the influence of homogeneity degree on the nature of control
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Figure 3.6. Convergence time versus initial condition.

was elaborated. It was observed that Levant’s arbitrary HOSM controller [55] is a par-
ticular case of our controller, under a particular choice of the homogeneity degree. It
was also shown that the properties of minimum discontinuity amplitude of the controller
and fixed-time convergence can be obtained by changing the homogeneity degree of the
controller.

This chapter ends the part of this thesis related to HOSM controllers.
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Chapter 4

Preliminary Concepts and introduction to

problems

In this part of the thesis, control problems related to underactuated systems are discussed.
As mentioned in the introduction, the control of under-actuated physical systems, with
more degrees of freedom than control inputs, is a challenging task in nonlinear control
systems [28, 67]. An additional consideration is that in practice, the available control
inputs are also physically constrained or bounded. In this regard, stabilization using
saturated controls [84] appears to be an interesting approach for control of such systems.

In this chapter, we will first review some existing bounded control methods for systems
that can be modeled as integrator chains. The notion of Input-to-State Stability will also
be introduced. Then, we will introduce the two underactuated systems, the control of
which is studied in this thesis. Let us first recall some popular bounded controllers for the

stabilization of pure integrator chain, as present in the contemporary literature.

4.1 Stabilization of Integrator Chain Using Bounded Con-

trol

Bounded or saturated controls have been the subject of many studies, such as [88, 85, 84]
and [36]. In [85], it was demonstrated that stabilization of integrator chains of order greater
than two is not possible with with saturated linear state feedback. Teel [88] introduced

the method of nested saturated controls for integrator chains of higher orders. Sussmann
67
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et al. [85] extended method to null controllable systems of higher orders. Let us review

these two approaches.

4.1.1 Nested bounded controls approach for integrator chains
A pure integrator chain is represented as
xl = X2,
(4.1)
x}’l = M,
Teel [88] introduced a non-linear control law with nested saturation functions in the fol-
lowing form:
u(x) = —saty, (hn(x) + saty, | (hp-1(x) +--- saty, (hy))), (4.2)
where h; is a linear coordinate change and safy, is a linear saturation function. For a
given positive constant M and L with L < M, sat), is an increasing function defined by:
psaty(p) >0 for a real p#0
saty(p) = p when |p|<L

saty(p) =M

The global stability of the integrators chain (4.1) is guaranteed by the application of the
controller u presented in (4.2), with the of linear coordinate change given by:
i il

hp-i = Z

jzomxn—j, (43)

where M; an L; are positives constants which satisfy

1
LisM; < ELHl. (4.4)

4.1.2 Nested bounded controls approach for null controllable systems

Sussmann et al. generalized the control laws with nested saturation functions for global
stabilization linear null controllable system with control constraints [85]. A null control-
lable system is a stabilizable systems with poles of null or negative real part. The controller
u is the sum of saturated functions :

n .
u=Yy "oy (4.5)
=1

1
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1
with 0<e< 7 and o is the standart saturation function with o(y) = sat;(y). The linear

change of coordinate (xy,---,x,) — (¥1,---, ¥n) is given by:
,Vn = hl (x}’l);
y -1 = hZ(x -1, X )’
J’I = hn(xlyx2)""xn))
where
hi(s1) = 1,
ho(s1, s2) = ehy(s1) + hi(s2),
(4.7)

n—1
hy(s1,82,-+,80) € hp_1(81,82,++,Sp—1) + h1 (82,83, -+, S).

Remark 4.1.1. This approach ensures the global asymptotic convergence to zero, however
the rate of convergence becomes slower when the order of the system is increased [64]. This
problem related to the small rate of convergence comes essentially from the presence of
small € [37]. Hably [37] overcomes this problem by proposing a choice of the parameter €,

an upper bound of € as :

€>0ifn=1

€ is the unique solution in (0,1) of the equation €' —2e*> +¢ if n>2

The robustness to the measurement and modeling error is shown in [37] without math-

ematical proof.

4.2 Input-to-State Stability Concept

Input-to-State Stability is a notion often employed for the robustness of closed-loop under-
actuated systems. Before presenting another approach of saturated control, let us revise
this concept.

Consider the system

x=f(t,xu), (4.8)
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where f:[0,00) x R"” x R™ — R is piecewise continuous in ¢ and locally Lipschitz in x
and u. The control input u(#) is piecewise continuous, bounded function of ¢ for all £ = 0.

Suppose that the unforced system
x=f(t,x,u)), (4.9)

has a globally uniformly asymptotically stable equilibrium point at the origin x =0. We

introduce below the input-to-state stability.

Definition 4.2.1. [/6] System (4.8) is said to be input-to-state stable if there exist a
class KL function B and a class K function y such that for any initial state x(ty) and
any bounded input u(t), the solution x(t) exists for all t =ty and satisfies

lx(D1 = BUlx(2)l, £ = to) +)f( sup IIu(r)II). (4.10)

Oh<T=<t

Where the Class X and Class K L function are defined next.

Definition 4.2.2. [/6] A continuous function a:[0,a) — [0,00) is said to be belong to

class K if it is strictly increasing and a(0) =0.

Definition 4.2.3. [/6] A continuous function B :[0,a) x [0,00) — [0,00) is said to be
belong to class K L, if for each fized s, the mapping B(r,s) belongs to class K, with respect
to r and, for each fized r, the mapping B(r,s) is decreasing with respect to s and B(r,s) — 0

as § — oQ.

Let us elucidate this ISS with the following example, as stated in [46] for a linear
time-invariant system

i=Ax+Bu, (4.11)

where A is a Hurwitz matrix, B is a non null arbitrary matrix , and u is a bounded input.

The solution of (4.11) can be written as

t
x(t) = e x (1) +/ e' " Bu(r)dr, (4.12)

)

(t—to)Al “AMt—1to

and use the bound |le | < ke ), for some positive constant k and A. We estimate
the solution by

t
ke M0 x(t0)+ [ ke DB |u(r) | dz,

1
kB

lx (Ol

IA

(4.13)

ke Mi- t")x(to) +

IA

sup [lu(@)l.
=Tt
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kI B
The function ke_Mt_tO)x(to) is a class K function as A is positive, and 1Bl sup [lu(r)| is a
OW=<T=<t
class K L function. Inequality (4.13) guarantees that x will be bounded for u bounded, and
kI Bl

x will converge exponentially to a neighborhood of zero defined by [ x| < limsup || u(t).

4.3 Stabilization of Double Integrator Subject to Input Sat-
uration [15]

We now recall the work of [15] for the stabilization of perturbed double integrator system
using a bounded control. The robustness of this controller is mathematically proved using

ISS. Let us consider the following system

X1 = X2+,

(4.14)
Xp = o(=x1—Xx2+u)+vy,
where o(a) is the standard saturation function defined for any a € R, as follows
o(a)= a 4.15
~ max(1,|al)’ (4.15)
v=(v1,1v7) and u are bounded functions.
Based on the following Lyapunov function for System (4.14) proposed in [15] :
X1 X1+X2
Vix1,x0) = x§+/ O'(S)d8+/ o(s)ds, (4.16)
0 0

it has been proven that: for every e >0, there exists a bounded input v© with [|v© <€
and a compactlly supported input u© such that the trajectory of System (4.14) starting
at (0,0) and associated to w®, vy tends to infinity. However, by following the arguments
of [15] (see in particular the paragraphs 5.3 till 5.5 pages 323 —326), it is easy to obtain
the following result: there exists €y >0 such that for every bounded input v = (v1,0) with

| 1]loo < €0, the following inequality hold true: for every bounded input u,

limsup (|x1] +[%20) < C (lv1 oo + lulloo + 1 ul1Z,), (4.17)

t—00
where C is a universal positive constant and (xp, x2) is a trajectory of System (4.14) asso-
ciated to u and v;.
Equation (4.17) will imply that for sufficiently small vy, u, i.e. [|v1lleo <1 and |ulloo < 1,
we get

limsup (|x1]+ |x2]) < 1, (4.18)

t—oo
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which implies that after a sufficiently large time, we will obtain (|x;|+ |x2]| + u) <1 and

System (4.14) will become

561 = X2+ U, (4 19)
Xo = —X1—X2+U,

which is clearly ISS as we saw in the example presented in the previous section.

Remark 4.3.1. In the studied underactuated systems, the functions v, and u can model
the observation error coming of velocity observer, or some controls which serve to stabilize

other states in the global system

4.4 Two important underactuated systems

In this thesis, we have studied two particular problems related with two different under-
actuated systems: path-following of a car-type robotic vehicle and trajectory tracking of
a surface marine vessel. The development and proofs are established on the stabilization
of perturbed double integrator based on bounded control input, presented in [15] and
recalled in the previous section. In this section these the dynamic models of these two

underactuated systems are introduced and their control problems are formalized.

4.4.1 Car-type robotic vehicle

The first problem, addressed in Chapter 5, is the path following control of a robot car-
type vehicle using target point.This control problem arises from camera-vision applications
[13, 72], where the vehicle is guided by a target point ahead of the vehicle, within the visual
range of the camera [6, 13]. The target point is fixed at a known distance d >0 from the
center of gravity on the axis of the vehicle. The control objective is to drive the vehicle,
such that the target point follows the desired path (as shown in Figure 4.1).

The state equations for the vehicle dynamics are

= Vy cosy,

= V, siny, (4 20)
= Vyx,

R e o=

= Vx po.

These equations represent the vehicle’s motion with a velocity Vy, along the curve

defined by the its geodesic curvature x. The control variable py will be defined later. The
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variable y represents the angle between the abscissa axis and the velocity vector (p, c'])T,

and k represents the geodesic curvature of the driving path.

4.4.1.1 Control Objective

The control problem of path following differs from pure stabilization or tracking problems

because the path, described by its curvature x(.), is defined in space only, not in time.

However, it can be converted into trajectory tracking problem in the following manner:
Let us consider a path I" with geodesic curvature x, whose absolute value is bounded

by Kmax >0, i.e., for all =0, we have
15, ()] < K max- (4.21)

The path I will be parameterized as a vehicle trajectory with a forward velocity u(f) such

that T'(t) = (p, (1), gr (1)) is described by the following state equations

pr = U cosyy,

7 = u sinvy,,

7r v (4.22)
Yy = UKy,

Ky = Upr,

where the variables have the same definitions as in (4.20) and the subscript r is used
to differentiate between the referenc? variables and the actual vehicle variables. The arc
length s of T is given by s(f) = so+ / u(r)dt and the scalar curvature x,(¢) is hence equal
to k7 (s(1). ’

For the target point, the equations for the coordinates p and g are defined as

p =x+dcosvy,

(4.23)
q =y+dsiny,
and their dynamics are
) = Vi cosy—d Vy siny «,
’ v Coswma T s (4.24)
g = V,siny+d Vi cosy x,

The control objective is therefore to force the coordinates of the target point in the

p, q reference, to track p;,g;.
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Reference trajectory

Target point trajectory

Figure 4.1. The reference trajectory, the vehicle and its target point.

4.4.2 Surface marine vessel

The next problem, addressed in Chapter 6, is the precise trajectory tracking of a surface
marine vessel, such as a boat or a ship. The general 6-DOF rigid body model for surface
marine vessels presented in [31] can be reduced by considering surge, sway and yaw motions

only, under the following assumptions [17],

(H1) Heave, roll and pitch motions induced by drift forces of wind, wave and ocean current

are neglected.

(H2) The inertia, added mass and hydrodynamic damping matrices are diagonal.

The aft propeller configuration provides only the surge force 7, and the yaw moment 7.

The kinematic and dynamic equations of the vessel can therefore be written as

= ucos(y)-vsin(y),
y = usin(y)+vcos(y),

1 _
= —vr—au+Tt,

u

{ c (4.25)
v = -—cur-by,
v o= n

F = xuv—dr+1io,
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Figure 4.2. Surface marine vessel

where (x,y) and y are the coordinates and the yaw angle of the vessel in the earth-fixed
frame, and u, v and r denote the surge, sway and yaw velocities respectively. The control
inputs 71 and T, are the normalized expressions of the surge force and yaw moment, given
as 71 = iru and T = irr. The parameters a, b, ¢, d and x are positive constants
that reprr}?alsent the mech,:gical properties of the system, namely the inertia m; > 0 and

hydrodynamic damping d;, where i =1, 2, 3 corresponds to surge, sway and yaw motions

. 1 > m ds
respectively. The constants are defined as follows a=—, b= —, c= —, d = —,
nm ma ma ms3
miy — mniy
ms ’

For control design, the system model (4.25) can be simplified by normalizing the phys-
ical parameters through straightforward variable and time-scale changes. For the sake of

clarity, let us rewrite System (4.25) as follows,

X u
| = By :
b4 v
ORI u u 1| (4.26)
= —DO —I‘AC + T1,
v v v 0
14 = 1 fF=xuv-dr+1y,

where the matrices Dy, Ry and A. are given as

0 cos(y) —sin(y)

) - )

a
0 b sin(y) cos(y)
0 -1/c

Dy =
(4.27)

Ac
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Let us consider the following matrix D, = diag(p,cp), where p is a positive constant to
be chosen later. Then we obtain A; = D;lAch. The time scale s:=dt is introduced in
System (4.26) as well as the linear changes of variables (u(t)/dp, v(t)/dcp) and r(t)/d, still

denoted (u(s), v(s) and r(s) respectively.

After easy computations and by setting := %, T): =22 and D= diag(ald,bld),

— Tl T .
= pdz, 2= 22
the dynamics of the vessel, denoted by (S), is rewritten as follows,

b u
. = RyDp )
¥ v
(R ] u u 1 (4.28)
= -D - rAl +7T1 ’
1% v v 0
W = 1 F=fuv-r+r,.

4.4.2.1 Control Objective

Concerning this system, our objective is tracking control of the presented underactuated
marine vessel by controlling its position and orientation. The vessel is forced to follow a

reference trajectory which is generated by a “virtual vessel”, as follows,

Xre Ure
. = Rv/re Dp 4
Yre Ure
Ure Ure Ure
] = -D —TreAl
(Sre) 1 Vre Ure Ure (429)
1
+ Tl,re»
0
17.Vre = Ire, Tre= ,Burevre_ Tre t T2,re»

where all variables have similar meanings as in System (6.1). Therefore, the control ob-

jective is to converge S to Sye.

4.5 Summary

In this chapter, the notions of ISS and stabilization of double integrator chains using sat-
urated control were established. Then, two underactuated systems and their control prob-
lems were introduced. In the following chapters, these control problems will be addressed

using the notions introduced here. The first chapter is dedicated to the path-following
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problem of a car type robotic vehicle. The second chapter deals with a tracking problem

associated with surface marine vehicles.






Chapter 5

Path Following of Robotic Vehicles

As introduced in the previous chapter, we will now address the problem of path-following

of car-type robotic vehicles, using target-points.

5.1 State-of-the-Art and contributions

In the field of autonomous vehicle guidance, navigation and control, path-following prob-
lem of car-type vehicles is of particular interest. Many contemporary researchers have
published various techniques and strategies for this problem, such as [80, 18, 44, 79, 26, 60].
Among open-loop motion planning techniques, differential flatness approach has been sig-
nificant in motion planning to drive vehicles on Cartesian paths [30, 78]. In feedback
control techniques, larger effort has been made on tracking problems. A backstepping
approach has been presented in the context of tracking in [45]. This approach has also
been used in [61], to develop a controller that is robust against vehicle skidding effects.
Do et al. have further improved upon Jiang’s backstepping method in [24] and [25], by
adding observers to render the controller output-feedback and extending it to tracking and
stabilization for parking problems of a vehicle and introducing dynamic update laws to
compensate for parametric uncertainty and modeling errors. In [1] Aguiar et al. have used
adaptive switched supervisory control combined with a non linear Lyapunov-based control
to ensure the global convergence of the position tracking error to a small neighborhood of
the origin. Bloch and Drakunov [9] have used sliding mode control for the stabilization

and tracking of a nonholonomic dynamic system. This controller is global and ensures
79
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convergence to the neighborhood of the desired trajectory. Lee et al. [53] have proposed a
saturated feedback controller for tracking of a unicycle-type vehicle, using its forward ve-
locity and angular acceleration as control inputs. They have also extended this controller
for application on car-type vehicles.

The problem of path following differs from pure stabilization or tracking problems
because the path, described by its curvature «(.), is defined in space only, not in time.
In this chapter, we have addressed the path following control of a robot car-type vehicle
using target point. This control problem arises from camera-vision applications [13, 72],
where the vehicle is guided by a target point ahead of the vehicle, within the visual range
of the camera [6, 13]. The target point is fixed at a known distance d >0 from the center
of gravity on the axis of the vehicle. The control objective is to drive the vehicle, such
that the target point follows the desired path (as shown in Figure 5.1). This problem has
been addressed in [19] where a local robust path following strategy has been proposed
using target point. Their solution is based on an open loop control based on inversion
of the nominal model, and a closed loop control for stabilization of the resultant system.
The error dynamics have been expressed in the Frénet frame associated to the followed
path. This technique, also discussed in [65], is convenient only when the vehicle is close,

positioned and oriented to the path.

5.1.1 Contribution

In our work, a global asymptotically stable controller is developed by parameterizing the
path as a “virtual vehicle”, which is tracked by the actual vehicle. In this way, the path
following problem is converted into a tracking problem, with two control inputs: the
angular acceleration of the real vehicle and the velocity of the virtual vehicle. The forward
velocity control of the real vehicle is not considered as part of the navigation problem, as
it is controlled by other intelligent control systems in practical applications (for example,
ABS, ESP [68]). It is instead assumed to be a measured state that is strictly positive,
meaning that the vehicle is in continuous forward motion.

It can be noted that if there is no target point, i.e. d =0, then the tracking error model
obtained in this study is identical to [53], in which tracking has been achieved by using
saturation on one control input while the other is unbounded. In our case, the introduction
of the target point at a distance makes the dynamics of the tracking error model more
complicated. Specifically, the development produces a first order nonlinear non-globally

Lipschitz differential equation (see equation (5.8)) that can blow up in finite time. To
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overcome this difficulty, our solution necessitates the application of saturated controls for
both our control inputs with arbitrary small amplitude. Consequently, if both the control
inputs are applied on the real vehicle, then the path following problem developed here
becomes equivalent to the generalization of [53], as tracking problem with a target-point.

The work presented in this chapter is the continuation of [49], in which a unicycle
type vehicle had been considered. However, the arguments of the Lyapunov analysis
used for the convergence proof are significantly more involved than that of [49], due to
the added state of the car type vehicle (essentially an integrator) and the fact that one
must keep track of the small amplitudes of the saturations. Therefore, a positive definite
function V is designed instead of a global Lyapunov function, whose time derivative along
the closed-loop system is strictly negative outside a neighborhood of the origin. The
design of V relies on an asymptotic analysis of a Ricatti equation, which is not needed
in [49]. The convergence to zero is then demonstrated using a bootstrap procedure [59],
i.e., once the system errors converge to a neighborhood, they continue to diminish to a
smaller neighborhood, and ultimately converge asymptotically to the origin. The results so
obtained can be extended to the case where only the position of the reference trajectory is
directly known. One should finally notice that backstepping technics do not apply directly
here (especially for the subsystem (n,¢) defined in Eq.(5.19)) since we need to deal with
(arbitrarily small) bounded inputs and we must perform precise robustness analysis in

order to derive quantitative estimates for several limsup.

5.2 Problem Formulation

Let us recall from Chapter 4, that the vehicle dynamics are represented by

x = V; cosv,

y = V. sinvy,

Yo ey (5.1)
v = Vyx,

Kk = Vi po.

and the path T’ with geodesic curvature x, (|k,(£)| <Kmax) is parameterized as

pr = U cosvyy,

7 = U siny,,

o v (5.2)
Wr = u Kr;

Ky = U Py,
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It can be noticed that V, is not necessarily constant, but simply a continuous function
of time, which verifies the following hypothesis: there exist two positive constants 0 <

Vinin < Vinax, such that for all 1=0
Vinin < Vi (®) = Vinax. (5.3)

The strict positivity of the lower bound is necessary to derive our subsequent results.
For the target point, the equations for the coordinates p and g are defined as
p =x+dcosy,

(5.4)
q =y+dsiny.

We will also suppose throughout that

(H1) dxmax<1.

Remark 5.2.1. The above assumption may be considered as a technical one or a design
constraint for positioning the target point. However, it is reasonable to upper bound the
curvature of the reference path in terms of the distance d. Indeed, tracking a circle of
radius d' < d with a point fived at a distance d in front of a vehicle is impossible. To see
that, one can see that intuitively of rely on equation (5.44) given below. At the light of the

previous example, Hypothesis (H1) is almost optimal.

The dynamics of the target point in a form similar to (5.1) can be obtained by deriving

the precedent equations:

Vi cosy—d V, siny «,

p

] (5.5)
q

Vy siny +d Vi cosvy «,

The curve defined by the target point is traveled at the following speed
va=1\/P?+G>=VeV 1+ (xd)?. (5.6)

Our objective now is to define the dynamics of the target point as those of a car. For
that purpose, we consider 8 as the angle between the abscissa axis and the velocity vector
(1, @) T. One easily gets that

0 =y + arctan(x d), (5.7)

0
then p=vg4cos@), ¢g=rvgsin(0), and the scalar curvature w is defined by w = —.
Va
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Reference trajectory

Target point trajectory

Figure 5.1. The reference trajectory, the vehicle and its target point.

We define the dynamics of w by the new control variable p := w/v; . Deriving equa-
tion (5.7), we obtain

di = V(1 + (kd)®) (1 + kd)®) 2w —x). (5.8)

Hence the dynamics of the target point (p, q) becomes

p = vg4 cosH,
7 = v, sind,
7 ¢ (5.9)
0 = vyw,
W = vgp.
The error between the target point and the reference curve is defined as
ép = P—Pnr
eq = q9—4qr,
7 9= (5.10)
= 6 - Wr;
n = -k
and the error dynamics is given by
ép, = Uq cosO—ucosyy,
é;, = U4 sinf—usiny,,
I ¢ v (5.11)
5 = yd w— Kr u,

=
Il

Va p—Pr U.
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5.3 Control design and Lyapunov Function

In this section, we will present a control law u(ey,e4,¢,n, t) and p(ep,eq,¢,n, 1), such that
the system (5.11) is globally asymptotically stable (GAS for short) w.r.t. origin. Note
that, from the equations (5.6) and (5.8), one recovers the control pg once v; and p are
determined. However, there is an issue of possible blow-up in finite time for x (and thus
for po). Indeed, assuming that one is able to stabilize (5.11) to zero, then the control pg is
obtained by derivating x, which is in turn obtained by solving (5.8), seen as an o.d.e. with
unknown x since w tends to x, asymptotically. Equation (5.8) is of the type x = f(k, )
with the right-hand side f not globally Lipschitz w.r.t. x, hence it is not immediate to
insure global existence of x for all £ =0. We will show later on, that an appropriate choice
of u and p under Hypothesis (H1) solves this problem (see Lemma 5.4.1 below).
The standard saturation function o(x) defined for x € R by

X

= 5.12
79 max(1,[x]) (5:12)
Let us first of all perform a variable change on the control, as follows
u = v (1 +Uu )»
T (5.13)
p = pr(l+u)+uy,

where u;, uy are the new control variables.

Remark 5.3.1. In order to define w, p and to perform the change of inputs variables,
vg must be greater than zero and thus Vi must also be strictly positive. It is therefore not

obvious to proceed as above, if Vy only satisfies (PEC).

With the boundedness of x and Vy, equation (5.6) implies that v, is bounded. If one

insists on having p bounded, then we must assume also that p, is bounded, as

|pr| = Pr,max» (5.14)

where prmax is @ known positive constant.

The system (5.11) is therefore rewritten as

ép, = vq(cosf—cosy,— ujcosy,),
éqg = Uvg(sinf—siny, — wsiny,), (5.15)
- = Va(n—x,up),

n = vqup.
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The bounded controls u; and u, can be expressed in the following form:

Cla('))
Do ("),

“ (5.16)

uz

with sufficiently small gains C; and D. Since x is bounded, v, also remains uniformly
bounded throughout #=0. We can hence change the time scale by considering ds= v, dt.
To keep the notations simple, we would continue to use ¢ for time, and the point for the
derivation with respect to s, like as = f. This has no effect on the control laws since our

design is based on static feedback (w.r.t. the error). The error dynamics hence becomes

ép = cosl—cosy,—ucosyy,
é; = sinf-siny, —u;siny,,
1 (5.17)
= nN—-xru,
77 = U.

Let us perform the following change of variable corresponding to a time-varying rota-

tion in the frame of the reference trajectory

Y1 = ep cosy,+ey sinyy, (5.18)
Y2 = —ep siny,+eq cosy,. '
The system becomes
N = —up+(cos¢—1)+ 1+ uk,ry2,
Vo = sing—({1+u)x,y, (5.19)
é = nN—-xru,
n = U,
where uy, up will be chosen such that (5.19) becomes GAS.
The control variables u; and u, are defined as follows
u = Co(n),
U = —DU(E£+ K C o) (5.20)
2 = D D77 D y2)),

where ki, ky, C1,Cs, D are positive real numbers and o(.) is the standard saturation func-
tion defined in (5.12). Typically, we want to stabilize the system with arbitrarily small

saturation levels C; and D. In conclusion, the final system, noted (X) becomes
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o= —CGo)+(cosé—1)+puys,
- Vo = siné—py, (5.21)
& = n-x.Cio(y),
i o= —Da(%f+%n+%0(yz)),
where
pi=x,(1+Cro(y)) and |ul < Kpmax(1+ Cy). (5.22)

In the following section, it is shown that Global Asymptotic Stability of the system (5.21)
can be achieved by proper selection of Cy, Cs, ki, k».

More precisely, we prove the following theorem, which is the main result of this chapter.

Theorem 5.3.2. Consider a path T with geodesic curvature x; verifying (4.21) for some
Kmax > 0. It is then possible to track asymptotically v with a point fixed at a distance d >0
in front of a vehicle, where dkmax <1, by choosing the control laws uy, uy according to

3
(5.20) with constants ky, ko, Cy,Co, D, which satisfy the following conditions. Set a:= T

1 aCz
ki = ak)®, Co=——, C;=——, 5.23
PO T 0Bk, T 4k, (5:23)
where B is a positive constant larger than 8, D is an arbitrary positive constant, fized

a-priori, and ke is large enough that — < 1.
koD

Proof. The proof of GAS stability of System (5.21) has been carried out as an argument

based on Lyapunov analysis.

The first remark consists in focusing on the last two equations in (X) and we will first
treat the case where there is no saturation on .
In that case, the last two equations in the previous section define a double integrator

system, which shall now be denoted as (S):
{=n+w,
(Sk) (5.24)
=—ki$—kon+ v,

with,

v =-x,Cio (1), (5.25)

Vo = —Coo(y2).
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The system (Sg) can be presented in the matrix form

7Z=AZ+BU, (5.26)

Z:(é),A:( 0 1 ),B:(l 0),U:(V1). (5.27)
n -k -k 0 1 Vo

Since A is Hurwitz, there exists a quadratic form Vi = ZTP.Z, where Py is a positive

where,

definite square matrix, obtained by solving the following Riccati equation
Py
PrA+ATPL+ = (5.28)
L

where, Y is the Ly-gain related to the system (S;). The derivative Vi is given by the

following equation

: PrZ|?
V=2 - 20 o2t (5.29)
Y
L
and verifies
Vi <=1 ZI*+ Y3 |U|I>. (5.30)

The Lyapunov function proposed for the global system (5.21) is

2, .2
Nty

Y +ny2+ k22, (5.31)

V = MVit+k

where M, k;, ky are positive constants to be chosen later in particular to ensure that
V is positive definite function, see Proposition 5.3.6 below. Moreover, a straightforward

computation yields the following:

Proposition 5.3.3. The derivative of the Lyapunov function can be upper bounded as

follows,

V = —M@E+n)-kCyio(y1)-Coyoo (y2) + MY ((Krcla (10))*+ (G0 (J/Z))z)

(5.32)
+k1y2(sing — &) + ki y1(cosé — 1) — unyy +nsing — ko yok,C10 (y1) = ka§pyr + k& sing.

The rest of the argument is divided in two main steps. In the first step, the existence

of appropriate constants M, ki, ko, Cy1,C» is proven, such that V has a positive definite
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quadratic form in all the variables. This means that there exists a bounded region Yy, (for
k, typically large), in the (y;, y2)—plane:
c C
Yi,={(y1, 2 Inl=s 2 lyal = W}, (5.33)
2 2

such that outside this region, the derivative of V along trajectories of (5.21) fulfills the

following inequality

.M C C
VS—3(62+n2)—k171y10(y1)—fyza(yz)- (5.34)

In the second step, a bootstrap-type argument is applied to show the convergence of

trajectories of (5.21) to zero, as t tends to infinity.

These two steps have been achieved in the following manner: the Lj-gain of (Sg),
denoted by Y| is calculated, then Py is estimated for k) tending to infinity. Then ISS
(input-to-state) type bounds are calculated for ¢ and n and the derivative of the Lyapunov
function is estimated outside Yj,, and the argument is concluded. The detailed calculations

have been presented in the following subsections.

5.3.1 Ly-gain Y

Let us study the system (Si), defined in the equation (5.24). We recall that, (Si) can be

presented in the following matrix form

E) [ o 1 el [ro)fn
U] - -k —k n 0 1 v | (5.35)
Z A VA B U

3
Lemma 5.3.4. We will tune ky =20 with k; = 1—6k§, then 1<Yp<1.2.

The proof of Lemma 5.3.4 is given in Appendix.

5.3.2 Estimation of P; for large k,

3
In this section, we take k; = ak% with a= 16 and kp tending to infinity. We will prove the

following two results whose proofs are given in Appendix.
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Lemma 5.3.5. As k, tends to infinity, the positive define matriz Py defined in (5.28)

admits the following asymptotic expansion

pika p>
Pp= s |, (5.36)

sz—z

1
with p; = F;(1 +O(ﬁ))’ 1 <i <3, where the F; are positive constants (only depending on a)
2
s0 that FiF3— F2 >0,
Proposition 5.3.6. For ky large enough and M = Bk, the function V defined in (5.31)

s a positive quadratic form in (&,n,¥1,¥2).

5.3.3 ISS bounds for ¢ and 7

For a real-valued continuous and bounded function f defined on R*, we set

If1*(8) :==sup|f(9)l,
s>t

and

I fI* :=limsup| f(s)].

§—00

3
Lemma 5.3.7. Consider the system (5.35). By tuning k) = 1—6k§ , the ISS bounds of &
and 1 satisfy the following inequalities for t =0,

* 4 4 At
E1" (1) = —|KmaxC1+——Co |+ lle” Zpl,
ez 3k (5.37)
N*(8) <KmaxC1+ ——Co+lle Z|,
3k,

where Zy is the initial condition.

As a consequence, we have, for t =0 large enough,

8 4
|€|*(t) < — | KmaxC1 + —/—Co|,
k2 3k2 (5.38)

|77|* (1) =2KmaxCr+ %CZ-

The proof of the above lemma is given in Appendix.
From the argument of Lemma 5.3.7, other ISS bounds for { and 1 can simply be derived
by considering the system (Sy) defined in (5.24) with the controls v, and v, given in (5.25).
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Lemma 5.3.8. Let (Sk) be the system defined in (5.24) with the controls vi and vy given
in (5.25). Assume that

I 1* <Kmax,  Ny2ll” <1.

Then the bounds (5.38) can be improved as follows: there exists T >0 such that, for every

t>T,

8 4
* <—|C )+ —C 0],
" (1) = % 1yl ();)-23’C2 2| y2l” (£) (5.3
N () <2Cinl* (1) + —Calyal™ (D).
3k,

Proof. The argument is straightforward by replacing C; and C,, which were used to bound

vy and vz in (36) by KpmaxCily1l* () and Colys|* (1). O

For the rest of the chapter, we choose Ci,Cy << 1 so that the limsup of both ¢ and 7

are very small. In the subsequent computations, we can assume with no loss of generality

2 3
that [cos¢—1] S%, |sin¢| <[] and |sing -] sl%.

Proposition 5.3.9. The following inequality holds true
V = —M@E+n)-kCiyio(y)-Coyoo (y2) + MY ((KrC10 (1)) +(Coo (J/z))z)

3 2
+k1|y2||f| N kilyi1¢
3 2

(5.40)

+uny1 +nél = kayax, Cro (y1) — ka&puyr + k&,

5.3.4 Estimation of V for y¢ Yy,

In this subsection, we choose the several parameters so that V verifies (5.34) outside the

region Yg,, for ky large enough. The results are summarized in the next lemma.

Lemma 5.3.10. For the choice of parameters defined in Theorem 5.3.2, there exists ky

large enough and T >0, such that, for every t>T, Eq. (5.34) is verified.

The proof of Lemma 5.3.10 is given in Appendix.
In the rest of the chapter, the symbol C has been used to represent arbitrary constants,

depending only on B.

Remark 5.3.11. Notice that inside Yy,, the term koly1&| cannot be controlled since we

only have for that purpose the term Bko&* + Cyf.



5.3. CONTROL DESIGN AND LYAPUNOV FUNCTION

5.3.5 Final step

. C
Note that outside Yg,, for ¢ large enough, V < o To see that, we proceed as before since
2

As a consequence, every trajectory of (5.21) must reach

. C
either |y;| = P or |y =

k3/2 :
Yi.

, in finite time. Therefore, along every trajectory of (5.21), the value of V is eventually

smaller than V4, the maximal value of V over the set

C C C
ISl < k3’ Inll < k—g, Iyl = k_g’ ly2l = k3/2
By using (41) and Lemma5.3.7, we get
v <&
max — k2 .
We deduce by using again (41) that, along every trajectory of (5.21) and for ¢ large enough
C
2., 2
n+tyas_3-
k

We can then use the improved ISS bounds for ¢ and n obtained in Lemma 5.3.8. In

particular, one gets that, for ¢ large enough,
C . C
NEGE PRSI ] (t)SW,
k; 2

In turn, this new bound for ¢ allows one to shrink the bounded region Yj, outside which

V verifies (5.34). Indeed, one has to satisfy either (39) or (40), which leads to either

[y1l= W or |y2| = k3
Contlnulng the procedure described before, we construct inductively four sequences of
positives numbers y1 ,, Ya.n, ¢n and 1,, n =0, of upper bounds of [y1lI*, ly2l", <1 and
Inl* respectively, such that the following inequalities are verified
YintYon YintYen
k3 k?

2
which are obtained from (5.39), and

én=C , Mn=C

’

Yin+1 = Cén, ,V2 n+l = Ckgfn}/l n

which are, according to (39) and (40), the equations needed to define, at the (n+ 1)-th
step, the bounded region outside which V verifies (5.34). It is simple to prove that, for all

non negative integer n, we have
C
Vin+t1+ YVone1 = ﬁ()’l,n + y2,n)-
2

This immediately yields the convergence to zero of trajectories of (5.21).
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Remark 5.3.12. The bootstrap procedure we have used above is clearly an instance of a

small gain theorem.

5.4 Stabilization of the original system

We have stabilized System (5.21) in case there is no saturation on 7. We will now show
that for every initial condition, the term inside the outer saturation in 1) becomes bounded
by 1 for t sufficiently large (i.e. there exists T >0 such that, for ¢ > T, the thesis holds
true). Thus the last two equations of (5.21) are given by (5.24). To show that, we need
an [SS-type of result on the system

¢=n+Cyd,

(Sk) (5.41)

; ki, k G
=-Do(—=¢{+—n+—db),

n=-Dolpéspnt o)

where d; and d, are amplitude-bounded perturbations which amplitudes are bounded by

constants eventually depending on «,,4¢x. We first perform the linear change of variable

defined by
kot kot

k_l)v k_l)-
A direct computation shows that the dynamics of (X,Y) is given by

_k _ ke
X(t)—Dé( Y(t)—Dn(

. k,C
X=v+22a,
— c (5.42)
V=——0o(X+Y+—2dy).
a D
k. C C 1
Since both —— and 32 are of the magnitude of oD’ these constants can be chosen

arbitrarily small. Then, as a consequence of results presented in section 4.3 pages 71-72,

one gets that there exists C(a) >0 a positive constant only depending on a so that

C
limsup(|X ()| +|Y ()| < %(”dl lloo + ld2ll00). (5.43)
2

t—o0

C 1
Therefore, | X () + Y (£) + Bzdg(t)l becomes strictly less than one for ¢ large enough if %D
2
is small enough.
The following lemma provides bounding conditions on u; and uy that would guarantee

that the differential equation given in (5.8) is defined for all times ¢ = 0.
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Lemma 5.4.1. For kyD large enough, the differential equation in x given by (5.8) is
defined for all times t = 0.

Proof of Lemma 5.4.1 After multiplying (5.8) by x, one can rewrite as follows,

dxk , d|x| .
———— = x| Vi |signx)dn+ (1 - ———=) + (dx,sign(x)—1) | . 5.44
+ @iz gnixldn 1+(1<d)2) ( st (541

The right-hand side of the above inequality is majored by

|K|Vx(d|77|+d7<max_1+ ).

1+ (dx)?
If we can ensure that

dINlleo <1-dKxmax, (5'45)

then this will easily imply that x does not blow up in finite time. Indeed, assuming that
(5.45) holds, then there exists K >0 (only depending on d|nlle and dk;ax) such that the
right-hand side of (5.44) becomes negative for |x| = K. This readily yields that |x| becomes
strictly less than K in finite time and therefore does not blow up in finite time.

We now show that (5.45) holds true with an appropriate choice of the constants ki, k».
Without loss of generality we can assume that £(0) =n(0) =0. In that case, one can replace
the limsup’s in the left-hand side of (5.43) by [[Xlleo + IV lloo. Since kz% can be chosen
arbitrarily small, (5.45) follows.

Remark 5.4.2. The proposed method appears to require global localization of the mobile
robot and the desired trajectory at every sampling instant with respect to the world frame,
which is usually very difficult to obtain in real applications. However, this does not restrict
or limit the application of the presented controller in real life. For erxample, the position
coordinates in (x,y) frame of reference can be obtained by a camera and the angle v (the
direction of vehicle) by a gyroscope. The position of the target point can then be translated
into (p,q) frame of reference given in Equation (5.4). From here, a finite time differentiator
can be used to get p,q, and later on the angle 0. A simple exponential (even homogeneous

finite time) observer can be used to get n as in [35].

Remark 5.4.3. Since the proof of the convergence is using a Lyapunov function which is
strict outside Yx,, the results of Theorem 5.5.2 can easily be extended in case where we have
only direct access to (pr(-), qr()). Note that the gradient of the Lyapunov function is linear
in its argument and thus, if the states are obtained through observers of differentiators, this

will require C;, i =1,2 in (5.34) to be changed with C;+ f;(t), where f;() is the observation or
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estimation error. There exist fized time convergent differentiators such as [2], which ensure
that the derivative converges in fized finite time. On the other hand, if the estimation
or convergence is asymptotic, it has been shown in [15, 35] that if fi,fo tend to zero

exponentially, then the controller will also converge and the proof will not change.

5.5 Simulations

The performance of the presented controller can be seen in the simulation results obtained

using the following parameters:

d=2m, Vy=5 m.s" L.

dX max has been chosen much smaller than 1 in order to emphasize upon significant
initial conditions (in particular, £(0) close to ) so that the resultant illustrations highlight

our claim. The initial conditions imposed upon the error are

ep(0) = e4(0) =10 m, ¢(0) =97/10,

The parameters of the controller was taken as follow:

C;=0.1172, C,=0.5, k; =7500, k=200, D =50.

Figure 5.2 shows the reference trajectory, the target point and vehicle in a 2D co-
ordinate plane. It can be seen that the system converges to the reference trajectory
asymptotically. Once the vehicle converges, the target point and the vehicle follow the
trajectory very closely. The convergence can also be seen in the error graph shown in

figure 5.3, where the initial conditions are also visible.

Figures 5.4 and 5.5 show the control signals u and p respectively. It is clear from these
figures that the controller does not attain extremely large values, and is bounded. This is
an essential property in real systems, which does not result in impossible control signals

when the initial error is very large.



5.5. SIMULATIONS

90 T T T T
SO ............ - : SRTL Shovi ottt ima e .
70f 1
60k i
- L/ : z
SO ............. 'f ............ ~~“Vehicle Target Point
> : : : — Reference
401 : ,
30_v ................................................................................................................... |
20_. .............................................................................................. ]
L B .
O | | |
0 10 20 30 40 50 60 70
X
Figure 5.2. Reference trajectory, of the vehicle and its target point
15 | . .
: : —e
—e
—¢
............................................................................. n i
0000000000000 0000000000000 S S |
T | 0 O S SIS S i
T O S SIS S |
_200 10 20 30 40 50 60

Figure 5.3. Errors ey, e4, ¢ and n



CHAPTER 5. PATH FOLLOWING OF ROBOTIC VEHICLES

80 T | |
70 .
60 n T T T  Jnsasansaer IEPRRRNEURNRNRSRRT _
50 i -
ST e I i
§ F S SO U SUTR i
E 40 ... e .
o} ;
8 T S — R i
30 . e -
DI2 D.‘ZS UIB 1) I35 U.‘A 0 :15 05
20} f
10 OO _
O 1 L | | 1
0 10 20 30 40 50 60
time
Figure 5.4. Control u
60 T | |
40} .
20 PP PP .
a
°
£ 0
o}
O T T T ; :
20k LB _
404 1 1 : ; 1 1 R B8 TR |
0 0.05 0.1 0515 02 025 03 035 0:4 0.45 05
_600 10 20 30 40 50 60
time

Figure 5.5. Control p



5.6. SUMMARY 97

5.6 Summary

In this chapter, we have addressed the problem of path following using a target point
rigidly attached to a car type vehicle, by controlling only the orientation of the vehicle by
its angular acceleration. The main idea was to determine a control law using saturation
which ensures global stabilization in two steps. The proposed Lyapunov function forces
the errors to enter a neighborhood of the origin in finite time. The Lyapunov analysis also
shows that by a bootstrap procedure, this neighborhood contracts asymptotically to zero.

Simulation results illustrate the GAS performance of the controller.






Chapter 6

Tracking of a Underactuated Marine

Vessel

The next problem related to underactuated systems, as introduced in Chapter 4, is the
precise tracking of surface marine vessels. In this chapter, we consider the problem of
tracking control of a 3-DOF vessel model (surge, sway and yaw [31]), working under two

independent actuators capable of generating surge force and yaw moment only.

6.1 State-of-the-art and contribution

Precise tracking control of surface marine vessels (ships and boats) is often required in
critical operations such as support around off-shore oil rigs [69]. It has been shown in
[12, 20, 94] that under Brockett’s necessary condition [12], stabilization of this system
is impossible with continuous or discontinuous time-invariant state feedback. This can
be seen in [34] where the authors developed a continuous time-invariant controller that
achieved global exponential position tracking but the vessel orientation could not be con-
trolled. In addition, it is shown in [76] that the underactuated ship can not be trans-
formed into a driftless chained system; which means that the control techniques used for
the similar problem of nonholonomic mobile robot control cannot be applied directly to
the underactuated ship control. Accordingly, control of underactuated vessels in this con-
figuration has been studied rigorously by contemporary researchers, examples of which are

70, 32, 5, 79, 14].
99
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In [76], the author showed that under discontinuous time-varying feedback, the under-
actuated vessel is strongly accessible and small-time locally controllable at any equilib-
rium. A discontinuous time-invariant controller was proposed which showed exponential
convergence of the vessel towards a desired equilibrium point, under certain hypotheses
imposed on the initial conditions. In [69], a continuous periodic time-varying feedback
controller was presented that locally exponentially stabilizes the system on the desired
equilibrium point by using a global coordinate transformation to render the vessel’s model
homogenous. In [70], a combined integrator backstepping and averaging approach was
used for tracking control, together with the continuous time-varying feedback controller
for position and orientation control. This combined approach, later on used in [71], pro-
vides practical global exponential stability as the vessel converges to a neighborhood of
the desired location or trajectory, the size of which can be chosen arbitrarily small. Jiang
[43] used Lyapunov’s direct method for global tracking under the assumption that the
reference yaw velocity requires persistent excitation condition; therefore implying that a
straight line trajectory could not be tracked. This drawback was overcome in [23] and
[3]. Do et al. [23] proposed a Lyapunov based method and backstepping technique for
stabilization and tracking of underactuated vessel. In this work, conditions were imposed
on the trajectory to transform the tracking problem into dynamic positioning, circular

path tracking, straight line tracking and parking.

6.1.1 Contribution

In this chapter, we address the global tracking control of underactuated vehicles, using
saturated state feedback control. Our work addresses the particular case, that has not
been treated in [23], i.e. the yaw angle of the tracked trajectory does not admit a limit
at time goes to infinity. This research is therefore in the same direction as in [17], where
the author achieved practical stability. Our algorithm provides asymptotic convergence to
the tracked trajectory from any initial point. The advantage of using saturated controls is
that the global asymptotic stability is ensured while the control inputs remain bounded, as
real life actuators are all limited in output, see for instance [36]. The proposed controller
has been proven to work with state measurements, as well as with observers in the case

where all states may not be measured (cf. also [36]).
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6.2 Problem Formulation

As derived in Chapter 4, the dynamics of the vessel, denoted by (S), are as follows,

X u
. = RyDp ’
¥ v
u u u 1
(5)4 = -D —rA +1 , (6.1)
1 v v 0
o=
i = Puv-r+rto.

The goal of this work is tracking control of the presented underactuated marine vessel
by controlling its position and orientation. The vessel is forced to follow a reference

trajectory which is generated by a “virtual vessel”, as follows,

Xre Ure
. = RU/reDP ’
Vre Ure
Ure Ure Ure 1
(Sre) 3 . = =D —TIredy + Tl,re (62)
Ure Ure Ure 0
Yre = Tre
Fre = ,Bure Vre = Tre+T2re»

where all variables have similar meanings as in System (6.1). Tracking control is achieved
by using saturated control inputs and under the assumption that the velocities are bounded
[15, 49]. This assumption holds true physically as resistive drag forces increase as the
velocity increases and therefore the latter cannot increase indefinitely if the control is
bounded. These assumptions are also valid for the reference system and are formalized in

the following manner:
Assumption 6.2.1. There exist constraints on the control inputs such that
711 < Timax, |72] < To,max (6.3)

where T1max and Tamax are known positive constants. The forces 11 e and Tare verify the
same bounds as above and the reference angle ;e does not converge to a finite limit as t

tends towards infinity.

The variable and time-scale change defined in the previous section requires the following

new bounds to be defined for the new control inputs 7, and 72, denoted by 71, max and 72 max
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fl,max fz,max
pd? d?
upon the saturation limits of the control inputs, to be used later on in the control design.

We consider the following condition

respectively: T max = and T2 max =

We use here m; to denote min(a,/2, by).

1,max
a)mq
Note that this condition is always satisfied by an appropriate choice of the parameter p.

C1: (6.4)

<7T2,max-

Our control objective is that (S) follows (Sye). With respect to the frame of reference of

the reference trajectory (Sye), the error system is defined as

ex = COS(Yre)(X— Xre) +SIN(Wre) (¥ — Yre),

ey = —sin(re)(x—Xre) +COSWre) (Y — Yre), (6.5)
ey = U—Uyre, €y =0V — Vpe

ey = YW—Yre, € =T —Tre.

Defining new controllers w,

and Wy, as follows, w) =71 -7y, and Wy := To — T2 e, the

dynamics of system (6.5) becomes

ex

€y

eu

(Se) § =

e =

€x ey . Ure
—TIreAq +Dp +sin(ey)A1D,
ey ev Vre
Ure 7
+(cos(ey)—-1) D, +(Re, — I1ds>) ,
Ure ey
ey ey Ure 1
-D —TIreAl —erAy + w1
ey ey Ure 0
+er )
ey
err

B(uv = urevre) — ey + Wo.

The control objective is to force the error system (S,) to 0, using wy and ;.

6.3 Controller design

We first develop the following intermediate result, concerning the bounds of u, v, r.

Lemma 6.3.1. The variables u, v, r are bounded and satisfy

. T1,max
limsup (v, V)| = ——,
t—o0 2y/army
. (6.6)
. 1,max
limsup|r| < Tomax+ P .
I—oo 2a;my



6.3. CONTROLLER DESIGN 103

Proof. Let us consider

u+ve = u(—aiu+rv+t)+v(-bjv—ru)
2 2
a) T T
s —— -+ L <-mat+vH+ L,
2 26l1 2d1

then deriving the first inequality in (6.6). Similarly, consider the following equation,
ri=—r*—r(t2+Buv) = —r(r + 72 + fuv), from which we derive the second inequality in
(6.6). O

Remark 6.3.2. As the reference trajectory system is similar to the vessel model, it can

be shown that the limits defined in Lemma 6.5.1 are valid for ure, Ure, re as well.

We define a new control variable wy := f(uv — ure vref) + Wo. As the upper bounds of u, v,
Ure and vrer are known according to Lemma 6.3.1 and Remark 6.3.2, we obtain

2

T
limsup B|uv — revyer| < p—max, (6.7)
t—oo a)mq

2

If |wo| < Us, for a positive constant U, one must have Us + 8 Lmax

P < T2,max, Which is
1My
guaranteed by Condition C1. With these preliminaries established, we will now proceed

to fulfill the control objective by using the bounded controls wy; and w,. Let o(.) be the
t

standard saturation function, i.e., o(f) = ————.
max(1,z])

The main result of this work is given

next.

Theorem 6.3.3. If Assumption 6.2.1 and Condition C1 are fulfilled, then for an ap-
propriate choice of constants Uy, p1, &, M, Us, ki, ks, u, the following controller ensures

global asymptotic stability of the tracking error system (Se):

_ ey
wy = -Uo|—]|-p10|Mex+—e,)]|,
U1 ) p (6.8)
(Iq ko—1 )
wy = -Uo|—ey+ erl.
2 2

Proof of Theorem 6.3.3.
We first consider the errors ey and e, and take kj,k» >0 large in the control in-

put wo defined previously. The dynamics of e, and e, in (S.) éy = e, and é, = —e, -
k1 ko—1

Uso|—ey +
U, U,

Lemma 6.3.4. If U, >0 and ky > ko —1 >0, then after a sufficiently large time, the

erl.

saturated control operates in its linear region and the errors ey and e, converge to zero

exponentially.
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Proof. Let us consider the Lyapunov function V,

a k1 kg—l
V= Eer+S erw‘i‘ U2 éer|, (69)
¢ ki—ky+1 k ko —
where S(&) ::/ o(s)ds, and a = % >0. Set z:= —leu,+ 2 er. Then, one has
0 U; Uz 2
V=aeé +0(2)z=-ae—(k—1)0%(2). (6.10)

k-1

. k
Then V <0 for (ey,e;) #(0,0); and after a finite time we obtain Flew + er|<1. The
2 2
dynamics of ey and e, becomes linear, i.e., é, = e, and é, = —kiey — kaer. As ky, k2 >0,

(ey,er) converges exponentially to zero. ]

Lemma 6.3.4 shows that the errors e, and e, converge to zero under the control ws.
We will now consider the errors e, and e,. We choose the constants pg and ¢ such that

a; +¢=pup and by = pucp, implying that { =b1/c—a; and pu>0.

Lemma 6.3.5. Consider the dynamics of e, and e, given in Equation (6.6). If Uy and p

p, then the control wy := -U,0o (%)—P(ﬁ(-),
1

b
on

are chosen as ay > Uy+p and U >
min (al, -
with a1(.) to be chosen later, ensures that e, and e, satisfy the following inequalities:

limsup |l (e, e,)ll < —o=,
t—o0 moa
g(fULl) (6.11)
with @ = infla;+¢& >0, mpy:=min(al/2,by).
t>0 fUﬂ
1

Proof. Notice that @ > 0 since it is trivially the case if £ =0, and otherwise, @ = a; +¢ =
b
=z Then, one has e é, +e,é, = —alei - e% +er(eyVre — eylre) + eyw,. By applying the
c

. . e
control wy, we get eyé, +e,é, < —aje’ — bye’ - Uleua(Fu —peyo1() +Coler|\/e2+e2,
where Cp := Umax + Pmax. According to Lemma 6.3.4, e, tends to zero, i.e., for large f, one

has eyéy +e,v < —[a; +Es(H)] e — bre — peyo1(). Then (6.11) results from the following

inequalit
q Yy p2 O’% ()

euéu+eyl)s—m2(ei+e,2,)+ (6.12)

O

Lemma 6.3.5 proves the convergence of e, and e, to a neighborhood of zero. Since
€y

1

b
a = min (al, —1), one gets that limsup <1, and the controller exits saturation in finite
c

t—o00
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Sey

time and enter its linear region of operation. We get o (—)
1

e
= 5—“, and the dynamics of

1
e, and e, become

éy —ppey+rreey —po1() +ervre—erey,

éy —pcpey —tre€y — erlre+erey.
Define W = (Wy, W) := (ex,ey)T + (eu,e,,)T/p. Then one has the following result.

Lemma 6.3.6. Let W defined previously and the controller wy given in (6.8) with a1(.) =
o(MWy), where M is an arbitrary positive constant. Then W tends to a finite limit W =
©0,Wy)".

Proof. The dynamics of W can be expressed as

. r e u
W = —reAW+—L24; 7 |+sin(ey) AD, | ¢
I €y Ure

e Al e
+0 612,/,|€w| " —Tre— “
B e

v v

1
—L 5 awn) +O(ler| (1+ lCew e ).
o 0
In order to find the limsup of |W/||, we calculate

. u
WTW = sin(e,) W7 AD, - Lwioommwy)
u

+wllo 612//,|€w| " +O0(eN ||,

O(IWI. ey, er|) - EWIU(MWI),

which implies that |[WTW|+ EWlal(MWl) < [W[O(lley,erll). One deduces first that the
time derivative of |W/| is integrable over R; and thus W admits a limit as ¢ tends to
infinity. Therefore, the right-hand side of the previous inequality is integrable over R.
implying the same conclusion for Wyo(MW;). As both Wi and W; are bounded, then
according to Barbalat’s Lemma, W) — 0 as t — co. Consequently W5 tends towards a finite

value W, as t tends to infinity. O

Lemma, 6.3.6 permits us to further improve the result of Lemma 6.3.5, as follows.
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Lemma 6.3.7. If Lemmas 6.3.5 and 6.3.6 hold true, then e, and e, converge to zero

asymptotically.

Proof. From Lemma 6.3.5 and setting G(ey,e,) := (elzl + e,%)/z, Equation (6.12) is rewritten
p?o2(MW1)
a

as G+2myG < . One concludes using Barbalat’s Lemma. O

So far, we have established that the errors ey, e,, e, and e, converge to zero. From
Lemmas 6.3.6 and 6.3.7, we deduce that if W; — 0 and e, — 0, then e, will converge
asymptotically to zero as well. We next address the convergence of the remaining error

variable, e, .

Lemma 6.3.8. If Assumption 6.2.1 is satisfied, then Wo =0 and ey converges asymptot-

ically to zero.

Proof. From Equation (6.13) in Lemma 6.3.6, the dynamics of W can be expressed as
follows, W = —r;e AiW +O(|ey |, le;], Wio (MW))). We define the new variable W as follows,
W :=Ry, W, and the dynamics of W is given by

w

VreA1Ry, W —reRy,, A1W + Ry, O(|ey |, le:|, Wio (MW)))
O(|ey|,lerl, Wio (MWY)).

Since ey and e, converge exponentially to zero and Wyo(MW)) is integrable over Ry,
then ||’W|| is also integrable over R, , which means that W converges to a finite limit wl.
Then, one gets that —W, sin(i//re) and W, cos (ulre) tend to Wll and Wzl respectively, as
t tends to infinity. If Wh # 0, then one easily shows that . converges to a finite limit
by considering whether (W;.), =0 or not. That contradicts Assumption 2 and W must

converge asymptotically to as well as ey ]

It should be noted that the controller presented in Theorem 1 has been designed
under the assumption that all state variables are known. In the next section, the study
is extended to the case where only the position and orientation states of the vessel are

available and the velocities need to be observed.

6.4 Tracking without velocity measurement

In practical cases, only position and orientation feedbacks are available for navigation.

Therefore the only available states of the vessel are x, y, ¥ along with the the complete
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coordinate state set of the virtual vessel to be followed. For such output feedback systems,
the variables u, v,r need to be observed. In this section, we will show that the controller
presented in Theorem 6.3.3 is applicable in this case and the use of observation instead
of measurement does not affect the stability. We suppose that the velocities are obtained
through an observer such as that presented by Fossen and Strand in [33], or a robust
differentiator such as that presented in [16]. In both cases, observation errors converge
exponentially to zero. It can be noted that, when we use a differentiator, the estimated
values (&, 0, 7) of (u,v,r), can be determined according to the following equation (i, T =
D;lR_v,(fc, f/)T and 7 = 1/7, where (X, f/, ﬁ/) are the estimated values of (X, y,v) respectively.
Let us follow the same steps used in the demonstration of stability of system (S,)
with velocity measurement. The observation error related to the velocity are define as
below: f,=u—-1, f,=v—-0 and f, =r—7. As the references are common, the observation
errors can be described in terms of trajectory pursuit errors as f;, = e, — &y, f, = e,—é,, and
fr=er—é;, where, &, =ll—Ue, €y = V—Vye and &, =7 —r,.. We note that the variable x, y,w
are measured and the related observation errors are null. The problem is transformed to
demonstrate the stability of the error system (S.) under control laws w; and ., which
are now based on the observed values.
As in the previous case, we define wy := B (@0 — UreVre) + W2. Then the result of this section

can be stated as the following theorem.

Theorem 6.4.1. If Assumption 6.2.1 and Condition C1 are fulfilled, then for an ap-
propriate choice of constants Uy, p, &, M, U, ki, k2, u, the following controller ensures

global asymptotic stability of the tracking error system (Se):

{éy 1,
wy, = -Uo|—|—-po|Mex+—¢,)]|,
Uy p (6.13)
U (lq +k2—1A)
w = —Ugo|—e erl,
2 2 Us L4 Us r

if in addition the observer errors f,, f, and f; converge asymptotically to zero and are

integrable over R, (i.e., the integrals of their norms over Ry are finite).

Remark 6.4.2. The choice of constants Uy, p, &, M, Us, ki, k, u remain the same as
in the case of Theorem 6.3.3, therefore their expressions and conditions will not be repeated

in this section.

Proof. The proof of Theorem 6.4.1 is largely based upon the proof of Theorem 6.3.3, and
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is developed similarly. We first consider the dynamics of error variables e, and e;:

k k-1
ey=er, ér=—e,—Upo|—ey+——e + fi(0)]|+ fa(D), (6.14)
Us Us

where fl(t)z—%f, and f>(2) = B(uv — ad).
2

Lemma 6.4.3. If fi(t) and fo(t) converge to zero asymptotically, then for some large
positive constants ki and ky, System (6.14) is globally asymptotically stable.

k ko—1
Proof. Consider the Lyapunov function V defined in (6.9). If z:= Ulev,+ 2
2

er, one gets

V = aeé +a(kle +k2_le ) kle' +k2_le'

- rer UZ ’([/ UZ r U2 'l// U2 ri|»

= aer(—e,—Uao(z+ fi)+ fo) (6.15)
k ko—1

+0(2) | — ey + = (—er—Uro(z+ f1)+ fo) |-
Uz 2
a’+b? ki —ky+1
Using the inequality, |ab| < , and taking aUy = ——— >0, we get

U>

. a

V o< —Eef—(kz—l)a(z)a(z+f1)

ko—1
U>

+albe,(0(2)—0(z+ fi)) + gfz2 +

|2l

Using the inequalities |U(Z) —a(z+f1)| < |f1| and o (2)o (z+ f1) = 0 (2) - |f1|, one has

vV o< —gef—(kz—l)az(z)+(k2—1)|f1|

ko—1
U.

+(xU2|er||f1|+gf22+

12|

1
After a sufficiently large time interval T, it is assured that |Us fi| < 5 Vt>T, and

. a
vV o< —gef—(kg—l)az(zno( 2Rl ). (6.16)
From here, we obtain that limsup|e,| =limsup|o(z)| =0. O
t—o00 t—o00

Following the same steps as used in the previous section, we now demonstrate the

convergence of the error variables (ey,ey,ex,ey) of System (S,).

Lemma 6.4.4. Consider the dynamics of e, and e, presented in Equation (6.6). Then,

the control

ey

w1=—U10(€—)—p101(.) (617)
U1

ensures that e, and e, are bounded and again verify the estimate (6.11).
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Proof. The argument exactly follows the line of the argument of Lemma 6.3.5 with the
ey

controller w; written as w := —Ula( +f) —p101(.), where f:= —Uifu converges to
1 1
zero asymptotically and is integrable over Ry, and by using the inequality xo(x+ f) =

xo(x)—|xo(f)l. ]

Similarly, the proof of convergence of W) to zero and W, to a finite limit, presented
in Lemma 6.3.8, holds true and one concludes by showing that the limit of W5 is zero as

well. 0

6.5 Simulations

The performance of the presented controller is illustrated by simulation. We apply the
controller on an example of a monohull vessel, as considered in [23]. The length of this
vessel is 32 m, and a mass of 118 x 10% kg. The parameters of the damping matrices as

given as follow:

di = 215x10°Kgs™!, d» = 97x10°Kgs7},
d; = 802x10*Kgm?s!, m; = 120x10°Kg, (6.18)
my = 1729x10°Kg, m3 = 636x10°Kgm?.

Based on these physical parameters, we find the parameters of System (5.21) as
a=0.179, b=0.561, ¢=0.694, 5=0.126,x =8.32 x 1074, (6.19)

Then, the parameters of the controller and the normalized system (S) are given by

ap = 1421, b, = 4449, d = 0.126
ki = 10, k = 10, U, = 01,

uy = X = Y M o= o1
1 = 2, Y - 4) - 1.

The reference trajectory is generated by considering the surge force and the yaw moment

as constants 7; . =10 and 72, =0.05 with the initial values

(x7¢(0), Yre(0), ¥re(0), tre(0), Ure(0), Tre(0))

=(0 m,0 m,0 rad, Oms™',0 ms™,0 rads™")).
The initial conditions of the vessel are as follows:

(x(O),yre(O)J//(O), u(0), v(0), T(O))
= (50 m,—150 m,% rad, 50ms=',0 ms™1,0 rads_l).
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The reference trajectory and the vessel are shown in a 2D coordinate plane in Figure
6.1.The vessel converges to the reference trajectory asymptotically and similarly for the
position errors graph in Figure 6.2. The orientation error and its derivative also converge
to zero, as seen in Figure 6.4. The convergence of e, and e, is shown in Figure 6.3.
Figures 6.5 and 6.6 show the control signals 7, and 7, respectively and the controllers are
clearly bounded. This is an essential property in real systems, where the control signals

are constrained.

—vessel
reference ||

1200 T 1 T

1000

8001
ool [/ — T
400 |
sook N e — A (S

(0]

_ i i i i i
29 00 -400 -200 0 200 400 600 800
X

Figure 6.1. Reference trajectory and the vessel

6.6 Summary

In this chapter, we have addressed the problem of tracking of an underactuated surface
vessel with only surge force an yaw moment. The proposed controller ensures global
asymptotic tracking of the vessel, following a reference trajectory modeled by a virtual
vessel. It is also shown that the stability of the system is not affected if the state mea-
surements are replaced by observers. The using of saturated inputs is essential as in real
life the actuators have limited output. Simulation results illustrate the performance of the

controller.
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Conclusion and Perspectives

Overview

In this thesis, two nonlinear control problems were studied and contributions were pre-
sented for their solution. The first problem consisted of control of nonlinear uncertain
systems. The second problem was related to control of underactuated systems. Accord-
ingly, the report was divided in two pars

In the first part, higher order sliding mode controllers were studied as a means of
controlling nonlinear systems with parametric uncertainty. After a detailed state-of-the-
art study, the advantages and shortcomings of existing controllers were identified. Then,
Lyapunov-based robust and adaptive arbitrary HOSM controllers were proposed for these
systems. These controllers were designed using a class of controllers for finite-time stabi-
lization of pure integrator chains. The main contributions in this regard are the existence
of a Lyapunov function for control design for both the robust and adaptive controllers
and the development of the first adaptive arbitrary HOSM controller. The performance of
these controllers was demonstrated using a Hardware-in-Loop fuel cell emulation system.
The control problem addressed in this example was the control of the air-feed system of
the fuel cell in order to optimize the net power output. The results showed that both
the robust and adaptive controllers achieved the control objective successfully, and their
output performance was comparable to existing controllers in the contemporary literature.

Then, it was shown that the homogeneity degree of controllers can be manipulated in
order to achieve different characteristics in them. A general form of the controllers was
formulated, based on Hong’s homogeneous finite-time controller [39] for the stabilization of
pure integrator chains. It was observed that for a particular choice of homogeneity degree,

Levant’s arbitrary HOSM controller [55] became a particular case of this general controller.
115
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Then, by switching the homogeneity degree, a bounded controller was developed with
minimum amplitude of discontinuity after convergence. The switching of homogeneity
degree also permitted to design a fixed-time controller.

In the next part, the focus was on the control problems of underactuated systems.
The first problem was the path-following of a car type vehicle, using target-point, rigidly
attached to the vehicle. This was achieved by first transforming the problem of path-
following into that of trajectory tracking, by defining the path curvature as a dynamic
virtual vehicle. Saturated control laws were then developed, which ensured global stabi-
lization. The proposed Lyapunov function forced the errors to enter a neighborhood of the
origin in finite time. The Lyapunov analysis also showed that by a bootstrap procedure,
this neighborhood contracts asymptotically to zero. Simulation results illustrate the GAS
performance of the controller.

The next problem concerned tracking of an underactuated surface marine vessel with
only surge force and yaw moment. Again, the controller design was based on saturated
inputs and definition of the trajectory using a virtual vessel model. The proposed controller
ensured global asymptotic tracking and it was shown that the stability of the system
was not affected if the state measurements are replaced by observers. Simulation results

illustrate the performance of the controller.

Conclusion

This thesis required an in-depth comprehension of nonlinear systems and the problems
associated with specific types of these systems. The scope required simultaneous study of
many different domains in nonlinear control. The results of the developments presented
in the thesis were satisfactory and the significance of the contributions was established in

accordance with the contemporary research work.

Future Research

There are many remained directions in which the research can be explored and improved.

These include:

Generalization of the adaptation techniques for the higher order multi-input-multi-

output systems.
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Development of Lyapunov Based Adaptive HOSM controllers, ensuring real sliding

mode, in which the output converges to a predetermined neighborhood.

Development of HOSM controllers that do not require many differentiators, such as

supertwisting for second order sliding mode.
Development of adaptive observers in the same direction as adaptive controllers.

Application of bounded control to more complex underactuated systems, such as

3DOF Helicopters and submarine robots.

Inclusion of external constraints and disturbance in the study of underactuated sys-
tems, such as wind and waves in the case of ships and wind and road characteristics

in the case of cars.
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Appendices

A  Proof of technical lemmas

A.A Proof of Lemma 5.3.4

The transfer function related to System (5.35) is defined by
G(s)=(sL-A7",
and the Ly-gain is defined by
Y1 =sup,cr0(G(jw)).
where ¢ is the largest singular value of G(jw). Since
S):=G(jo)G* (jw) = 0’ L+ jo (A- AT) + AT A.
We define Y12 as the inverse of the smallest eigenvalue of S(w):

S ki +w® kikz + jo (1+ky)
kiks — jo 1+ k) 1+ K5 +w?

The minimum eigenvalue is equal to

1+k§+kg+2w2_\/(1+kf+k§+zw2)2-4(w2kg+(w2-k1)2)

Amin(w) = >

The minimum of A,,;, with respect to w is equal to

min =

1+ k% + k2 \/(1—kf)2+k§(k§+2+2k§)

2 4
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(20)

(21)

(22)

(23)
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We deduce that

1 1+k2 1 2k 21+ k%) 2
2 _ 2 2.0 2
Yi=o+ T +2J1+( 2+ (52 1 (25)

= —)2 4
2
k1 kg
3 >
If we tune k; = Ekz and kp =20, then 0.93<A,n<1,and 1 <Y <1.2.

A.B Proof of Lemma 5.3.5

By using the Taylor expansion of equation (25), we have the following asymptotic expan-

sion of Y%,
Yi:1+%+ﬁ -
2a°k; 2a°k, ks

0(—), (26)

Then, the Riccati equation proposed in (5.28) takes the following form
Py

S5

p
—+YLA)T(Y—k+YLA) =S, where S=-T+Y2ATA. (27)
L L

As det(S) >0, S is clearly positive definite:

~-1+Y3a*k; Yak;

Yiaky,  -1+Y:(1+k))

)

and we get:
det($) = Y7 k3 (@ k3 (Y] - 1) - 1) - (Y - 1),

and we deduce from (25) the following Taylor expansion for det(S),

1 1 1
det(S) = -Y?k2(1+ = +0[—=]).
et(S) 2 L 2( k% kg )
Then, the Riccati equation (27), takes the form:
xTx=s,
Py .
where X = Y, + YA, and the solution is:
L
Py
XZY—+YLA=R¢\/§, (28)
L

where Ry is a rotation of angle ¢ and V'S is the unique symmetric positive definite matrix
whose square is equal to S. We first estimate V'S and then o.
We clearly have

S=bb" +ye2e2T,
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a 0
where bz( ), 62:( ) and
B 1

Y2ak3 det(S
a= V (YLdk%)z - 1; ﬁ = %r Y= eag )

The asymptotic expansions of the above quantities are

k(1 - ——— + O(—)
a —_—— —
ol ek i 1
_YL 2 1 ’ Y_Z Zkz
1 +0(—) asic
kZ

1 1
1+ 2 + O(F))'
to—m 2 2

2Y7 a%k,
We also need the asymptotic expansions of the eigenvalues of S. Since
a®  ap

af pP+y

)

then,

a’+fP+y+ \/(a2+,62+y)2—4a2y
2

We immediately deduce the following asymptotic expansions for the eigenvalues of S,

A=

1 1
M=a’+p°+0(—=), A=y(1+0(=)). (29)
kZ k2

We use b to denote the unit vector b/||b| and define the angle ¢p so that Ry, e = B,

1
where e = .
0

We have
1-———+0( L )
1 _ C2a2k2 K
Ibl=Yaki(1+ =5 +0G7),  b=| ; % 2, |
2a7ky; kK, —(1+ ——=5+0(-))
aks 2a%k; k;

and

R¢7b = lg[dg + lle,

0 -1
where Ag = and
1 0

1 1
=—(1-——+0(—), lL=0-——+0(=)).
als 2a2K2 (kg)) 2= sae %)
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We then get that R_p,e> = lreo — 1 e;. We can therefore write
R_p,SRy, = Ibl*ere] +YR_g,e2e; Ry,
and deduce that
R_p,SRp, = (IbI* +yI2)ere] +yl5ere; —yhils(ere; +eze)). (30)
Finally, we seek a formula of the type
R_y, \/§R¢b =5 elelT + szegezT —s3(er e2T + egelT), (31)

where the s;’s are positive. A simple identification leads to the equations

Yll I
Tr(vs)

We deduce at once from the asymptotic expansions of the eigenvalues of S obtained in
(29) that

2,2 2 2 2,2 2
sy +s3=1bl”+vylf, S5+ 85 =vl5, $3=

1 1 1
si=IbIA+0(=),  s=yF1+0(5),  s3=0(=). (32)
k2 k2 k2

From the expression Y (A- Al = R¢\/§— \/ER_(!,, we obtain

YL(1+ak§) {

:—Tr(\/g)sin(gb)[ 0 1],

-1 0 -1 0

and we deduce that Y (1+ ak%) =-Tr(Vs) sin(¢), i.e.,

2

C
sin(¢) = —(1 - —2% + O(

2k;

1
k_g))y

v1-2a

where Cp = . It implies that

2

Co Cs
Ry = o 2+ O(—))Idg -(1- ﬁ + O(—))

We now collect the result of the equation (28) and (32) to get,

Py

Y —YLA+R¢R¢b[8161€1 +8262€2 +0(—= ))]R -
L

After a straightforward computation of the expansion of Y, Rg, Ry,, s1 and s, in the

previous equation, we arrive at (5.36).
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A.C Proof of Proposition 5.3.6

2 g2
€
The proof is developed using Young inequality, |né| < % + %’ where € is an arbitrary

positive constant.
First of all, according to Lemma 5.3.5, for large k», the quadratic form Vi (¢,n) satisfies
the following inequality
2 C 2
V(&) = Fikog? 4 28 + By — (&2 4

kz kz k_g) ]

n
Vo F3

for some positive universal constant C > 0. Then, by setting X :=v/k,Fin and Y :=

we obtain
Ve@m=(-x2eo—t2_xyra-Syy
k\G» = - _—— .
k3 VEF; k?
2
Since < 1, the above inequality ensures, for k, large enough, the existence of I >0

153
only dependent of a such that

2

Vel = l(szz +
ko

The previous inequality with M = Bk, and k; = ak% computed in (5.29) implies

ak?
VyLyné&m = 1BkGE + 1P + TZ (Vi +13) = |ny2| - | key2é].

By using Young’s inequality, we get

2 2
n 1)
< gLy 22
12| B 5 * Ip 2
k22 1 y2
|k2y26| = lﬂ—z +ﬁ?

Which implies,

l ak?
&+ ?ﬁﬂz + szf

V=

ak? 1 18k
_2+_)y§+%

2 1B

then for large enough k,, V is a positive quadratic form in (&,n, y1, y2).

A.D Proof of Lemma 5.3.7

The solution of the equation (5.26) is

t
Z(t):/ eIy (s)ds+ e, (33)
0
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where Zj is the initial value of Z for r=0. We start by diagonalization of the matrix A,

whose eigenvalues are equal to

(34)

1 1
with corresponding eigenvectors V, = ( A ) and V_ = ( A ) From here, we obtain
+ -

A=PDP7! where

A 0 1 1
p=|"" p=(v. v )= : (35)
0 A_ Ay A_
We get
Ali-s) 1 A-v1—v2) eI + Ay +vp) 079
¢ Uls)= A A (36)
A=A | Ar Aovr = v2) M9+ A Ay vy + vp) 7Y

The control variables v; and v, are bounded respectively by x ,4,C1 and C, and we obtain

t
that the components of the vector / A9y (s)ds are bounded componentwise by
0

1 C
I (Kmuxcl + _2)
’ 1 IA-I
+ C c (37)
2 2
Cr+——+
e A
3 k 3k
By taking k; = 1—6k§, we get Ay = _ZZ and A_ = —Tz. We can bound the components
of the vector defined in (5.9) by
4 C+ 4 C
— K —
kz max“1 I%kz 2 ' (38)
KmaxC1+ = C2

3k,

Equation (5.37) can be deduced directly from Equations (33) and (38). Moreover, since A

is Hurwitz, we arrive to (5.38).

A.E Proof of Lemma 5.3.10

M
The terms |né| and kp&? are clearly dominated by I(fz +172).
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In (5.40), one has M(YLK,ClU(yl))2 < CM(Cla(yl))Z, which is dominated by %yla(yl)

k
if CBC < %. The latter clearly holds true for k, large enough.
We have M(YLCZU(yz))2 < CM(CZU(yg))Z, which is dominated by Cpy20(y2)/4 if AMCS <

C»/4. The latter is true according to the choice of C, in (5.23).
k1C;
4

C
If |y2| = 1, the second term is in control if ZZ > CkyC; which holds true. Assume now

C
We now turn to the control of the term k,Ci|y.x,0(y1)| by yio(y) + Zzyga(yz).

k1C1

= Ck,C; which

obviously holds true. It remains the case where |y;| < 1. It is immediate to check that the

kC C
quadratic form % yf + IZ y% — CkyCy1y1y2 is definite positive.

that |y2] < 1. In the case where |y;| = 1, the first term is in control if

C
We next consider the term ky|y»||¢ 3. To control it, we first bound |& |2 by F for t large
2

C
enough. In case |y,| = 1, then the term is immediately dominated by ZZI ¥2|. Otherwise,
one has, for k, large enough,
2 2
A

k2 k2

k 3<cC <
11y211¢] ks k;‘

C M
the last two terms being controlled by Izlygl2 + Zéz.

C
Using again the estimate || by F for t large enough, the control of k;|y1llé 1> reduces

to that of kpl|y1é]. It therefore remain to control the latter. This is where we need the

hypothesis that y ¢ Y;,. Assume first that one wants to get the inequality

k1C
14 (). (39)

kalyi6l =

C
This holds true if |y, = 2 On the other hand, if one wants to get the inequality
2

C
kelyiél < 7 ya0 (1), (40)

C
it holds if |y,| = e In any case, outside Yj,, one of the two inequalities (39) or (40)

2
must hold true and Lemma5.3.10 is established.
Finally, with the choice of M = Bk, together with (5.36), it is immediate to verfy that

V is positive definite. Moreover, we get
a 7
ake® + 1+ @k + ) SV S dika® + 0+ dskS (07 + 93, (41)
2 2

for some positive constants a;, d;, 1 <i<3.









Résume :

Les systemes non-linéaires sont si diverses que des outils communs de contréle sont difficiles a développer. La théorie du
contréle non-linéaire nécessite une analyse mathématique rigoureuse pour motiver ses conclusions. Cette these aborde
deux branches distinctes et bien importantes de la théorie du contréle non-linéaire: le contréle des systemes non-linéaires
incertains et le controle des systémes sous-actionnés.

Dans la premiere partie, une classe de controleurs par mode glissant d'ordre supérieur (MGOS) robuste, basée sur
la synthése de Lyapunov, est développée pour le contr6le des systemes non-linéaires incertains. Cette classe de
contrbleurs est basée sur une classe de régulateurs qui stabilisent une pure chaine d’intégrateurs en temps fini, et
nécessite la connaissance a priori des bornes sur les incertitudes du systeme. Puis, afin d’éliminer la dépendance liée a la
connaissance de ces bornes, un controleur par MGOS adaptatif est développé. Dans un deuxieme temps, un contréleur
par MGOS homogéne universel est développé ou il est montré que le degré d’homogénéité peut étre manipulé pour
obtenir des avantages supplémentaires, tels que la bornitude de la commande, la garantie d’'une amplitude minimale de
la discontinuité de la commande et la convergence en temps fixe. Les performances des contréleurs proposés ont été
démontrées par des simulations et a travers des résultats expérimentaux sur un systeme pile a combustible.

Dans la deuxiéme partie de la thése, deux problemes de commande de systéemes sous-actionnés sont étudiés. Le premier
probleme concerne le suivi de chemin global d’un robot mobile avec un point de visée. Le deuxiéme probleme concerne
la poursuite de trajectoire globale d’'un bateau. Ces deux problémes sont de nature distincte, cependant, ils sont soumis
a des contraintes physiques similaires liées a la bornitude de la commande. Ainsi, les contréleurs proposés sont basés
sur l'utilisation de commandes saturées. Des simulations ont été effectuées pour démontrer les performances de ces
controleurs.

Mots clés : Fonction de Lyapunov, mode glissant d’ordre supérieur, commande robuste, commande adaptative, systeme
sous-actionné, saturation, suivi de chemin, poursuite de trajectoire, point de visée.

Abstract:

Nonlinear systems are so diverse that generalized tools for control are difficult to develop. Nonlinear control theory requires
rigorous mathematical analysis to justify its conclusions. This thesis addresses two distinct, yet important branches of
nonlinear control theory: control of uncertain nonlinear systems and control of under-actuated systems.

In the first part, a class of Lyapunov-based robust arbitrary higher order sliding mode (HOSM) controllers is developed
for the control of uncertain nonlinear systems. This class of controllers is based on a class of controllers for finite-time
stabilization of pure integrator chain, and requires the limits of the system uncertainty to be known a-priori. Then, in order
to eliminate the dependence on the knowledge of these limits, an adaptive arbitrary HOSM controller is developed. Using
this new class, a universal homogeneous arbitrary HOSM controller is developed and it is shown that the homogeneity
degree can be manipulated to obtain additional advantages in the proposed controllers, such as bounded control, minimum
amplitude of discontinuous control and fixed time convergence. The performance of the controllers has been demonstrated
through simulations and experiments on a fuel cell system.

In the next part, the control of two under-actuated systems is studied. The first control problem is the global path following
of car-type robotic vehicle, using target-point. The second problem is the precise tracking of surface marine vessels.
Both these problems are distinct in nature; however, they are subjected to similar physical constraints. The solutions
proposed for these control problems use saturated controls, taking into account the physical bounds on the control inputs.
Simulations have been performed to demonstrate the performance of these controllers.

Keywords: Lyapunov method, higher order sliding mode control, robust control, adaptive control, under-actuated system,
saturation, path following, trajectory tracking, target point.
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