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Chapter 1

Introduction générale

Dans cette thèse, on s’intéresse à des sytèmes d’espèces en interaction. Ces dynamiques peuvent
modéliser plusieurs phénomènes tels que les mouvements de foules, l’interaction entre espèces bi-
ologiques, la croissance de tumeur, l’aménagement urbain etc. Le point commun entre tous ces
modèles est que les mouvements d’une population sont décrits par l’évolution de sa densité et
non de chaque individu. Ces modèles sont appelés macroscopiques. De plus, dans de nombreux
phénomènes comme les mouvements de foule ou la migration cellulaire, la taille de la population
est fixée et reste inchangée et donc la théorie du transport optimal nous offre un bon outils pour
étudier ces systèmes.

Le problème du transport optimal a été introduit par Monge au 18ème siècle, [95], et consiste à
minimiser l’énergie nécessaire pour transporter une masse de volume donnée vers une autre masse
de même volume. L’exemple classique introduit par Monge consiste à transporter une pile de
sable vers un trou de même volume en minimisant la distance parcourue, c’est à dire, on cherche
une fonction T telle que toute la masse de sable à un point x soit transférée à un point T (x) du
trou, tout en minimisant le déplacement moyen. Ce problème est resté sans réponse pendant de
nombreuses années. En 1942, Kantorovich a proposé un problème relaxé plus facile à resoudre,
[68]. Dans son modèle, la masse au point x peut s’étaler dans le trou et donc on ne recherche plus
une fonction mais un plan de transport. Ce n’est qu’à la fin des année 80 que Brenier a résolu
le problème de Monge pour le coût quadratique [21]. Depuis, la théorie du transport optimal a
connu un regain d’activité avec de nombreuses applications et les livres de Villani, [116, 117], ou
Santambrogio [112], sont des références très complètes sur ce sujet.

Une de ces applications est la résolution d’équations aux dérivées partielles (EDPs). En effet, le
problème de transport optimal pour le coût quadratique défini une distance sur l’espace des mesures
de probabilité et on appelle cette espace muni de cette distance l’espace de Wasserstein. Certaines
équations paraboliques peuvent être interprétées comme des flots de gradient par rapport à cette
distance. Jordan, Kinderlehrer et Otto ont été les premiers à avoir cette idée dans [65]. Dans
cet article, ils montrent que l’équation de Fokker-Planck peut être vue comme le flot de gradient
de l’Entropie et d’une énergie de potentiel dans l’espace de Wasserstein. Cette théorie, appelée
flot gradient dans l’espace de Wasserstein, a été largement developpée ces derniers années pour
montrer l’existence de solutions pour de nombreuses EDPs telles que l’équation des milieux poreux
[98], les équations d’aggrégations [37], des équations paraboliques dégénérées [97, 1], l’équation de
Keller-Segel [18] ou encore des équations du quatrième ordre [86].

Le but de cette thèse est d’étendre cette théorie pour étudier des équations ne provenant pas
de flots gradient dans l’espace de Wasserstein, par exemple, les systèmes de populations avec des
interactions non locales ou encore des équations de transport avec un champ de vecteur n’étant
pas donné par le gradient d’un potentiel. Les interactions qu’on va étudier vont être de plusieurs
natures. Tout d’abord, dans les chapitres 4 et 5, on va s’intéresser à des interactions non locales
sur la vitesse qui peuvent modéliser l’attirance ou la répulsion d’une espèce envers une autre. Le
chapitre 6 est consacré à l’étude de modèle de congestion pour une population comprenant différents
types d’individus. Par exemple, lorsque deux foules se croisent la poulation globale des deux foules
doit satisfaire des contraintes sur le nombre de personnes au mètre carré. Ce type de modèles a
été introduit dans le cas d’une population par Maury, Roudneff-Chupin et Santambrogio [89], et
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4 CHAPTER 1. INTRODUCTION GÉNÉRALE

on va étendre ces résultats à une population divisée en deux groupes (ou plus) ayant chacun un
comportement distinct. Le chapitre 7 étudie des systèmes où la taille des populations, fixée dans
les précédents modèles, peut varier en fonction du comportement des autres espèces. Un exemple
pour illustrer ce phénomène provient des systèmes proie-prédateur avec diffusion. En effet, si on
se place dans le cas de deux espèces, une proie et un prédateur, chacune va avoir une diffusion qui
lui est propre dans l’espace mais elle vont interagir car les prédateurs vont chercher à manger leur
proie pour se nourrir. On appliquera aussi cette méthode pour des équations du type Hele-Shaw
pouvant modèliser la croissance tumorale [102, 101]. Le dernier type d’interactions étudiés provient
d’un modèle de planification urbaine. On considère deux espèces, les habitants et les services. Les
habitants cherchent à se rapprocher des services dans le but de minimiser leur coût de transport et
de plus sont soumis à une congestion car ils ne veulent pas habiter dans un endroit trop peuplé. De
leur coté les services veulent aussi se trouver proches des habitations mais veulent être concentrés
afin de minimiser leur coût de gestion. Ce genre de modèle a été introduit dans le cas statique dans
[25, 31]. Dans le chapitre 8, considérant qu’une ville est en constante évolution, on s’est intéressé
au modèle dynamique et on remarque ici, que l’interaction se situe dans un problème de transport
optimal entre les deux espèces.

Tous les systèmes étudiés sont des extensions de la théorie des flots de gradients dans l’espaces de
Wasserstein. Cette théorie consiste à construire par récurrence une suite de mesures de probabilité,
(ρkh)k ⊂ P2(Ω), de la façon suivante

ρk+1
h ∈ argmin

ρ∈P2(Ω)

1

2h
W 2

2 (ρ, ρ
k
h) + E(ρ), (1.1)

où Ω est un sous-ensemble de R
n, W2 indique la distance de Wasserstein d’ordre 2 sur P2(Ω),

E : P2(Ω) → R est une fonctionnelle donnée et h > 0 est un pas de temps. Ce schéma est appelé
schéma de JKO. D’après [65, 97, 4], on sait que l’interpolation en temps constante par morceaux
va converger vers une solution de l’équation de continuité

∂tρ− div(ρ∇(F ′(ρ) + V )) = 0,

dans le cas où

E(ρ) =
ˆ

Ω

F (ρ) +

ˆ

Ω

V ρ.

Le premier chapitre 3 est basé sur un article en collaboration avec Jean-David Benamou et
Guillaume Carlier. On y propose une nouvelle méthode numérique, nommée ALG2-JKO, pour
résoudre des flots de gradient dans l’espace de Wasserstein en résolvant (1.1) itérativement. La
difficulté dans ce problème réside dans le terme de Wasserstein qui implique de résoudre un prob-
lème de transport optimal, souvent très coûteux à chaque étape. Il existe plusieurs méthodes pour
résoudre ce problèmes.

Notre méthode est basée sur la formulation dynamique de Benamou-Brenier du transport op-
timal,

W 2
2 (ρ0, ρ1) = inf

{
ˆ 1

0

ˆ

Ω

|mt(x)|2
ρt

dxdt : ∂tρt + div(mt) = 0, ρt=0,1 = ρ0, ρ1

}
,

qui est convexe. Elle nous permet donc de proposer une formulation convexe de (1.1) à chaque
étape qu’on résout à l’aide d’une méthode de Lagrangian augmenté en utilisant FreeFem++. Cette
méthode a été testée sur l’équation des milieux poreux. De plus, elle est très maniable et on va
pouvoir l’utiliser dans plusieurs chapitres de la thèse pour illustrer des résultats notamment sur
l’interaction entre espèces (chapitre 4), les mouvements de foules (chapitre 6), les systèmes diffusifs
proie-prédateur (chapitre 7) ou la croissance tumorale (chapitre 7), qui ne proviennent plus de flots
de gradient dans l’espaces de Wasserstein mais qui sont des perturbations de cette méthode.

Les deux chapitres suivants 4 et 5 sont consacrés à l’édude d’existence et d’unicité pour des
équations de continuité du type

∂tρ+ div(ρv[ρ]) = 0, (1.2)
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où le champ de vecteur v[ρ] est le somme d’un terme régulier, qui peut se traiter en utilisant
la méthode des caractéristiques, et d’un terme provenant d’un flot de gradient dans l’espace de
Wasserstein, typiquement une diffusion.

Le chapitre 4 presente un premier résultat d’existence et d’unicité pour une classe de systèmes
paraboliques avec diffusions non linéaires et interactions non locales,

∂ρi −∆Pi(ρi)− div(ρi∇Vi[ρ1, . . . , ρl]) = 0,

avec i ∈ [[1, l]] sur Ω un ouvert de R
n. Dans ce chapitre, le terme régulier est toujours donné

par le gradient d’un potentiel mais ces systèmes ne sont pas des flots de gradient dans l’espace
de Wasserstein produit car les Vi n’ont a priori aucun lien entre eux. Ils peuvent être considérés
comme des perturbations régulières de cette théorie. Pour contourner cette difficulté, Di Francesco
et Fagioli ont introduit, dans le cadre non diffusif, un schéma de JKO semi-implicite [54]. Il consiste
à fixé le poteniel V dans l’énergie de potentiel avec les mesures définies à l’instant précédents, à
chaque étape: On construit des suites (ρki,h) ⊂ P2(Ω) telles que ρ0i,h = ρi,0 et

ρk+1
i,h ∈ argmin

ρ

{
W 2

2 (ρ, ρ
k
i,h) + 2h

(
ˆ

Ω

Fi(ρ) +

ˆ

Ω

Vi[ρ
k
1,h, . . . , ρ

k
l,h]ρ

)}
.

La principale difficultée de ce chapitre est d’obtenir une convergence forte afin de pouvoir passer
à la limite dans le terme de diffusion non linéaire. Pour ce faire, on va utiliser deux méthodes dif-
férentes. La première, sur Rn, est basée sur l’argument de flow interchange introduit par Matthes,
McCann et Savaré [86] pour obtenir de la compacité en espace et sur une extension du lemme
d’Aubin-Lions dûe à Rossi et Savaré [107]. La méthode de flow interchange présente cependant le
désavantage d’utiliser la convexité géodésique de l’Entropie ce qui nous oblige à travailler sur un
domaine convexe. Dans le cas d’un ouvert borné de R

n, on propose une alternative pour obtenir la
compacité en espace. En utilisant les équations d’Euler-Lagrange associés aux problèmes de min-
imisations, on obtient une estimation BV en espace sur une quantité non linéaire de ρi,h. On finit
ce chapitre en donnant un résultat d’unicité qui utilise des arguments de convexité géodésique et
des simulations numériques pour des sytèmes d’espèces en interactions en se servant de l’algorithme
développé chapitre 3.

Comme on l’a vu dans le cas précédent, le champ de vecteur est donné par un gradient. Le
chapitre 5 étend les résultats d’existence et d’unicité à des champs de vecteur généraux réguliers
et est issue d’articles en collaboration avec Guillaume Carlier [35, 33]. C’est à dire, on cherche à
résoudre

∂ρi −∆Pi(ρi)− div(ρiUi[ρ1, . . . , ρl]) = 0.

La première méthode pour obtenir ce résultat est complétement parabolique. On régularise
l’équation (1.2) et on la réécrit de la manière suivante

∂tρ− div(aε(ρ)∇ρ) + b[ρ] · ∇ρ+ c[ρ]ρ = 0,

avec aε(ρ), b[ρ] et c[ρ] appartenant à L∞((0, T )×Ω) et 1/ε > aε(ρ) > ε. On trouve une solution de
l’équation régularisée par une méthode de point fixe puis en utilisant des méthodes classiques en
équation parabolique, on obtient des estimations indépendantes du paramètre ε nous permettant
de passer à la limite dans l’équation. Cette méthode se généralise facilement au cas des systèmes.
De plus, on donne un résultat de contraction H−1 dans le cas où la diffusion n’est pas dégénérée.

Cette méthode, bien que simple, a le désavantage de ne pas être constructive et donc pour
remédier à ce problème, on a, dans un second temps, développé une méthode de splitting dans
l’espace de Wasserstein. L’idée de notre splitting consiste à utiliser la décomposition d’Helmholtz
sur U [ρ] i.e

U [ρ] = −W [ρ] +∇V [ρ],

où W [ρ] est un champ de vecteur à divergence nulle. La partie à divergence nulle va être traitée
par des phases de transport pur et on va utiliser le schéma de JKO semi-implicite développé
chapitre 4 pour gérer le terme gradient. Dans le but de pouvoir appliquer la théorie de DiPerna-
Lions, on va supposer que W vérifie une régularité Sobolev. L’avantage de ce splitting réside
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dans le fait que la phase de transport pur conserve l’énergie interne ce qui va nous permettre de
retrouver facilement les estimations habituelles dans la théorie des flots de gradient dans l’espace
de Wasserstein (estimation sur l’énergie, estimation sur les moments, compacité en temps). De
plus, on propose une méthode générale s’appliquant sur un ouvert de R

n, pas nécessairement
convexe ou borné, pour obtenir la compacité en espace nous permettant d’appliquer le théorème
de Rossi et Savaré [107] afin de retrouver la convergence forte de la suite des solutions discrètes.
On remarque que le théorème d’unicité des solutions démontré au chapitre précédent s’applique à
ce cas. Signalons qu’un schéma de splitting avait déjà été introduit par Meszaros et Santambrogio
dans [94] pour résoudre l’équation de Fokker-Planck munie d’une contrainte de densité ρ 6 1. Leur
méthode consiste à suivre l’équation de Fokker-Planck pendant une durée h puis de projeter par
rapport à la distance de Wasserstein sur l’ensemble des densités inférieure à 1. Notre méthode
permet aussi de contourner une des difficultés listées dans leur article (section 5, variant 3).

La fin du chapitre 5 est dédiée à l’extension de la méthode de splitting dans l’espace de Wasser-
stein pour des coûts plus généraux. On remplace la distance de Wasserstein d’ordre 2 dans le
schéma de JKO par

Wc(ρ, µ) := inf

{
¨

Ω×Ω

c(x− y) dγ(x, y) : γ ∈ Π(ρ, µ)

}
,

où c : Rn → [0,+∞) est une fonction régulière, strictement convexe telle que c(0) = 0 et

α|x|q 6 c(x) 6 β(1 + |x|q),

pour certains α, β > 0 et q > 1. En utilisant cette distance, on veut résoudre

∂tρ− div(ρ∇c∗(F ′(ρ)))− div(ρU [ρ]) = 0,

avec c∗ la transformée de Legendre de c. Sans le champs de vecteur U , ce système a déjà été
étudié par Otto [97] (dans le cas où le coût est donné par c(x) = |x|p) et par Agueh [1] dans le cas
général. Notre méthode consiste à réutiliser le shéma de splitting mais en effectuant la phase de
transport pur avec tout le vecteur U [ρ]. En supposant des bornes par en dessous et au dessus sur
la condition initiale, on arrive à les itérer en temps, nous permettant de controler l’évolution de
l’énergie interne lors de la phase de transport pur.

Le chapitre 6 est consacré à l’étude de systèmes où l’interaction se trouve dans le terme de
diffusion. Ce champ de recherche a connu une grande activité ces dernières années, voir par exemple
[79, 53, 66, 67, 72]. Ici, nous nous interesserons plus à une interaction modélisant la congestion de
deux populations. Les modèles de congestion de foule dans le cadre macroscopique ont été proposés
par Maury, Roudneff-Chupin et Santambrogio [89] dans le cadre d’une population pour modéliser,
par exemple, l’évacuation d’une pièce. Ces modèles consistent à dire que la population suit un
vecteur vitesse, mettons le gradient de la distance à une sortie, et ce vecteur est adapté dans les
zones où la contrainte ρ 6 1 est saturée. Les auteurs prouvent que ce problème a une structure de
flot de gradient dans l’espace de Wasserstein. Plus récemment, Meszaros et Santambrogio dans [94]
ont proposé un modèle de congestion dure où les individus sont soumis à une diffusion brownienne.
Cela revient à montrer l’existence de solution de l’équation

∂tρ−∆ρ− div(ρ∇(V + p)) = 0, ρ 6 1,

avec p un terme de pression satisfaisant

p > 0, and p(1− ρ) = 0.

Une variante naturelle de ce système consiste à considérer deux populations, chacune d’entre
elles ayant son propre potentiel mais étant sujet à une pression commune. Pour une diffusion
linéaire, cela correspond à mettre un bruit brownien sur chaque espèce. La dynamique des mou-
vements de foules à deux espèces s’exprime par





∂tρ1 −∆ρ1 − div(ρ1(∇V1 +∇p)) = 0,
∂tρ2 −∆ρ2 − div(ρ2(∇V2 +∇p)) = 0,
p > 0, ρ1 + ρ2 6 1, p(1− ρ1 − ρ2) = 0.
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Ce système peut être vu comme le flot de gradient pour la distance de Wasserstein produit de

E(ρ1, ρ2) :=
2∑

i=1

ˆ

Ω

(ρi log(ρi) + Viρi) +

ˆ

Ω

χ[0,1](ρ1(x) + ρ2(x)) dx.

Plus généralement, on va étudier l’existence de solutions pour des systèmes de la forme
{
∂tρ1 −∆ρ1 − div(ρ1(∇V1 +∇F ′

m(ρ1 + ρ2))) = 0,
∂tρ2 −∆ρ2 − div(ρ2(∇V2 +∇F ′

m(ρ1 + ρ2))) = 0,

avec pour m ∈ [1,+∞[, Fm : R+ → R définie par

Fm(x) =

{
x log x if m = 1,
xm

m−1 if m > 1.

Ce système est le flot de gradient pour la distance de Wasserstein produit de

E(ρ1, ρ2) :=
2∑

i=1

ˆ

Ω

(ρi log(ρi) + Viρi) +

ˆ

Ω

Fm(ρ1(x) + ρ2(x)) dx.

La difficulté est de passer à la limite dans le terme de diffusion croisée. Pour ce faire, on va
utilisé l’argument de flow interchange pour obtenir des estimations à la fois sur ρi et sur la somme
ρ1+ρ2. À la fin du chapitre, on montrera des simulations numériques faites en utilisant l’algorithme
défini chapitre 3.

Dans les systèmes précédement étudiés, il n’y avait pas de réaction et donc la masse était fixée
ce qui permettait de travailler dans l’espace des mesures de probabilité muni de la distance de
Wasserstein. Dans le chapitre 7, on va s’intéresser au cas des sytèmes de réaction-diffusion où les
populations intéragissent entre elles via le terme de réaction. Ces systèmes apparaissent beaucoup
en biologie, le modèle le plus simple étant les systèmes diffusifs proie-prédateur [96]. L’analyse de
ce type de systèmes est déjà très développée, voir par exemple l’article de Michel Pierre [105] pour
une vue d’ensemble sur le sujet. Dans ce chapitre, nous allons étudier deux façons différentes pour
étendre la méthode des flots de gradient dans l’espace de Wasserstein aux équations de réaction-
diffusion.

La première méthode a été proposée par Kinderlehrer et Walkington dans [70] où ils présentent
un algorithme de splitting pour résoudre les équations du type

∂tρ− div(ρ∇(F ′(ρ) + V )) = f(ρ). (1.3)

Le schéma consiste à introduire une densité intermédiaire où la masse est mise à jour puis
d’utiliser le schéma de JKO en utilisant la densité intermédiaire comme instant précédent: si on se
donne un pas de temps h > 0 et ρkh la solution au temps hk, on commence par construire

ρ̃k+1
h := ρkh + hf(ρkh),

puis on définit ρk+1
h comme le minimum, sur les mesures positives de même masse que ρ̃k+1

h , de

ρ 7→ 1

2h
W 2

2 (ρ, ρ̃
k+1
h ) +

ˆ

(F (ρ) + V ρ).

Petrelli et Tudorascu démontrèrent dans [103] la convergence de ce schéma vers une solution
de (1.3). La démonstration est basée sur un principe du maximum et sur le théorème de Fréchet-
Kolmogorov pour obtenir une convergence forte. Dans la première partie de ce chapitre, section 7.1,
on va étendre ce résultat aux systèmes avec un terme d’interaction dans la réaction en utilisant
le schéma de splitting présenté plus haut. Tout d’abord, on étend le principe du maximum de
Petrelli et Tudorascu au cas des systèmes. La convergence forte est retrouvée en utilisant la
bounded Lipschitz distance pour obtenir de la compacité en temps alors que la compacité en espace
est obtenue à l’aide des équations d’Euler-Lagrange associées aux problèmes de minimisation. La
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fin de cette section est consacrée aux simulations numériques notamment sur des sytèmes proie-
prédateur.

La seconde méthode est basée sur une méthode de splitting sur la distance de Wasserstein-
Fisher-Rao. Cette métrique a été introduit récemment par trois équipes différentes [43, 44, 71, 80,
81]. Elle permet d’étendre la distance de Wasserstein aux mesures positives de masses différentes.
Dans [63], Gallouët et Monsaingeon ont proposé une méthode de splitting pour résoudre les flots de
gradient pour cette métrique. Ils ont remarqué qu’infinitésimalement, la métrique de Wasserstein-
Fisher-Rao devrait être la somme orthogonale de la métrique de Wasserstein et celle de Fisher-Rao.
Cela les a menés naturellement à diviser une étape de minimisation par rapport à la distance de
Wasserstein-Fisher-Rao d’une énergie E en une sous-étape du schéma de JKO pour E et une sous-
étape de minimisation par rapport à la distance de Fischer-Rao définie par

FR(ρ0, ρ1) := 4

ˆ

Ω

∣∣∣∣∣

√
dρ0
dλ

−
√
dρ1
dλ

∣∣∣∣∣

2

dλ,

pour toute mesure de référence λ telle que ρ0 et ρ1 soient absolument continues par rapport à λ.
Dans [63], ils démontrent que les solutions discrètes ainsi créées convergent vers la solution de

∂tρ− div(ρ∇(F ′(ρ) + V )) = −ρ(F ′(ρ) + V ),

si E est de la forme

E(ρ) :=
ˆ

F (ρ) +

ˆ

V ρ.

Une variante naturelle de ce schéma est de minimiser des fonctionnelles différentes pour l’étape
de Wasserstein et l’étape de Fischer-Rao. En collaboration avec Gallouët et Monsaingeon, nous
proposons d’étudier ce type d’équations dans la seconde partie du chapitre 7. Puis on appliquera ce
schéma pour retrouver l’existence de solutions faibles pour des modèles de croissance tumorale et
les simuler numériquement en utlisant l’algorithme du chapitre 3 pour la partie JKO. Ces modèles
ont été étudiés par Perthame, Tang et Vauchelet [102] et permettent de résoudre des équations du
type Hele-Shaw.

Le dernier chapitre 8 étudie un système d’équations paraboliques où l’interaction est donnée
par le potentiel de Kantorovich d’un problème multi-marges entre toutes les populations. Dans le
cadre simple de deux populations, ce modèle a été inspiré d’un article récent de Kinderlehrer, Mon-
saingeon et Xu [69] où ils proposent une approche par flot de gradient dans l’espace de Wasserstein
pour résoudre le système de Poisson-Nernst-Planck





∂tρ− α∆ρm − div(ρ∇(U + ϕ)) = 0,
∂tµ− β∆µm − div(µ∇(V − ϕ)) = 0,
−∆ϕ = ρ− µ.

On s’est intéressé au cas "non linéaire" où ρ et µ sont couplés par l’équation de Monge-Ampère à
la place de l’équation de Poisson,





∂tρ− α∆ρm − div(ρ∇U)− div(ρ∇ϕ) = 0,
∂tµ− β∆µm − div(µ∇V )− div(µ∇ϕc) = 0,
det(I −D2ϕ)µ(Id−∇ϕ) = ρ,

(1.4)

où ϕc est la c-transformée de ϕ, ϕc(x) = supy |x − y|2 − ϕ(y) et |x|2 − ϕ est convexe. Le couple
(ϕ,ϕc) est une paire de potentiel de Kantorovich pour le problème W2(ρ, µ). Ce type de problème
peut apparaître en aménagement urbain. Divers modèles ont été proposés dans le cas statique
par exemple voir [25, 26, 36, 31, 32, 109, 108, 111]. Dans un cas simple, on considère une région
Ω représentant une ville, une densité d’habitants ρ ∈ P(Ω) et une densité de services µ ∈ P(Ω).
Pour atteindre une configuration optimale, (ρ, µ) doit minimiser une fonctionelle E(ρ, µ) modélisant
plusieurs aspects. Tout d’abord, ρ et µ veulent minimiser un coût de transport pour venir des zones
d’habitations aux zones où se trouvent les services. Ce coût peut être modélisé par W 2

2 (ρ, µ). De
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plus, les habitants veulent minimiser un terme de congestion dû au fait que la population ne veut
pas se retrouver dans une zone trop peuplée. Ce terme de congestion est modélisé par

F(ρ) :=

ˆ

Ω

F (ρ),

où F : R+ → R
+ est une fonction continue convexe superlinéaire. Les services, contrairement aux

habitants, cherchent à se concentrer pour augmenter leur efficacité et diminuer les coûts de gestion.
On modélise ce phénomène par la minimisation de

G(ρ) =
¨

Ω×Ω

h(|x− y|) dρ(x)dρ(y),

avec h une fonction croissante. Donc ρ et µ veulent minimiser un coût total donnée par

E(ρ, µ) :=W 2
2 (ρ, µ) + F(ρ) + G(µ).

Partant du principe qu’une ville est en constante évolution, on s’est intéressé au problème dy-
namique c’est à dire au flot de gradient par rapport à la distance de Wasserstein produit de E .
Formellement, le flot de gradient converge vers une solution d’un système de la forme (1.4). Dans
le chapitre 8, on va étudier l’existence des solutions de systèmes plus générales que (1.4), notament
en augmentant le nombre de densités et en supposant que chaque population veut minimiser un
problème de transport avec des coûts qui peuvent être différents. Cette dernière hypothèse est
assez naturelle, par exemple les travailleurs doivent payer l’essence pour se rendre au travail tandis
que les entreprises ne s’en soucient pas. On va montrer l’existence de solutions du système suivant

∂tρi = ∆Pi(ρi) + div(ρi∇ui), ρi|t=0 = ρi,0,

pour tout i ∈ [[1, l]], où ui est un potentiel de Kantorovich associé au problème multi-marges

Wci(ρ1, . . . , ρl) := inf

{
ˆ

Ωl

ci(x1, . . . , xl) dγ(x1, . . . , xl) : γ ∈ Π(ρ1, . . . , ρl)

}
,

où Π(ρ1, . . . , ρl) représente l’ensemble des plans de transport entre ρ1, . . . , ρl. Comme on utilise
des coûts différents pour chaque densité, ce sytème n’est pas un flot de gradient et on va alors
devoir utiliser un schéma de JKO semi-implicite pour le résoudre. On donnera ensuite un résultat
d’unicité basée sur la convexité géodésique des problèmes de transport ainsi que des exemples
de fonctionnelles vérifiant cette hypothése. Dans la dernière partie, nous donnerons quelques
problèmes ouverts qui feront l’objet de recherches ultérieures.
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Chapter 2

Introduction to optimal

transportation and gradient flows

In this thesis, we wish to extend the usual theory of gradient flows in Wasserstain space to treat
systems of parabolic equations with different forms of interaction. These systems appear in various
domain as population dynamics, crowd modelling, tumor growth, urban planning etc. The main
tool comes from the optimal transport theory. We recall here some results about optimal trans-
portation theory and gradient flows theory. We refer to [116, 117, 112] to a detailed exposition of
optimal transport and [4] for gradient flows.

2.1 Optimal transport

2.1.1 Generalities on optimal transport

The optimal transport problem was introduced in 1789 by Gaspard Monge in [95]. The problem is
the following: given a pile of sand and a hole with same volume, we want to fill up the hole with
the sand minimizing a cost function given by the euclidian distance in [95].

In a more mathematical framework, the pile of sand and the hole are represented by two
probability measures ρ and µ defined respectively on complete and separable metric spaces X and
Y . In the sequel, we will often work with probability measures defined on the same subset Ω of Rn.
The cost function is given by a countinuous (or lower semi continuous) map c : X ×Y → [0,+∞).
Then the problem consists in finding a map T : X → Y which pushes ρ to µ i.e T#ρ = µ where
T#ρ is called image measure or push-forward of ρ through T and is defined by

(T#ρ)(A) := ρ(T−1(A)) for every measurable set A,

or
ˆ

Y

φ d(T#ρ) =

ˆ

X

φ ◦ T dρ for every measurable function φ,

such that T solves

(M) inf

{
ˆ

X

c(x, T (x)) dρ(x) : T#ρ = µ

}
. (2.1)

A minimizer of this problem is called optimal transport map. We remark that (2.1) does not
allow splitting of mass. Indeed, all the mass in x has to be send in T (x) due to the constraint
T#ρ = µ.

Moreover, if X,Y are two subsets of Rn and ρ and µ are induced by two densities (dρ(x) =
ρ(x)dx and dµ(y) = µ(y)dy with ρ ∈ L1(X) and µ ∈ L1(Y )) assuming ρ, µ and T smooth and T
injective, we can rewritte, using the change-of-variables formula, the constraint T#ρ = µ as

µ(T (x)) det(DT (x)) = ρ(x). (2.2)

11
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This equation is highly nonlinear and is the main difficulty to prove the existence of a minimizer
in (2.1). Indeed, the usual approach is to take a minimizing sequence (Tk)k and prove a bound
on it to have compactness. If we assume that Y is compact or supp(µ) is compact, then Tk is
bounded in L∞ which implies the weak* convergence in L∞ of the sequances to a limit T . Since c
is assumed lower semi continuous, we have

ˆ

X

c(x, T (x)) dρ(x) 6 lim
k

ˆ

X

c(x, Tk(x)) dρ(x),

however, the weak convergence does not permit to pass to the limit in the nonlinear PDE (2.2),
To overcome this problem, Kantorovich introduced, in 1942 (see [68]), a relaxation of Monge’s

problem allowing the splitting of mass called Monge-Kantorovich problem,

(MK) inf

{
¨

X×Y
c(x, y) dγ(x, y) : γ ∈ Π(ρ, µ)

}
, (2.3)

where Π(ρ, µ) is the set of probability measure on X × Y with marginals ρ and µ,

Π(ρ, µ) :=
{
γ ∈ P(X × Y ) : πx#γ = ρ and πy#γ = µ

}
,

and πx and πy are the projections of X×Y onto X and Y . Elements of Π(ρ, µ) are called transport
plans between ρ and µ. Contrary to the Monge’s problem, the distination of the mass in a point
x is not specify and γ(x, y), for γ ∈ Π(ρ, µ), coresponds to the amount of mass transferred from
x to y and then the mass located in x may split into several parts. This definition generalizes the
constraint for the Monge’s problem. Given a transport map T , we define γT := (Id, T )#ρ and it
is easy to checked that γT is in Π(ρ, µ). This leads directly to

inf(MK) 6 inf(M).

Moreover, Π(ρ, µ) is never empty because ρ⊗µ satisfies all the constraints and is tight so using
Prokhorov theorem and the lower semi continuity of c, we obtain

Theorem 2.1. Let X and Y be complete and separable metric spaces, ρ ∈ P(X), µ ∈ P(Y ) and
c : X × Y → R a lower semi continuous function. Then (MK) admits at least one solution.

Remark 2.2. This result is false for the Monge’s problem: take ρ = δ0, it can not exists a transport
map between ρ and µ if µ is not a single Dirac mass.

Another interesting aspect of the Monge-Kantorovich problem is the fact it is a linear problem
under linear constraints then it is important to study the dual problem in order to exploit relations
between dual and primal. Since, the constraint γ ∈ Π(ρ, µ) can be rewritten

sup
(ϕ,ψ)∈Cb(X)×Cb(Y )

ˆ

X

ϕdρ+

ˆ

Y

ψ dµ−
¨

X×Y
(ϕ(x) + ψ(y)) dγ(x, y) = 0,

we remark that if γ /∈ Π(ρ, µ) the supremum becomes +∞, then the Monge-Kantorovich problem
becomes

min
γ∈M+(X×Y )

(
¨

X×Y
c(x, y) dγ(x, y)

+ sup
(ϕ,ψ)∈Cb(X)×Cb(Y )

ˆ

X

ϕdρ+

ˆ

Y

ψ dµ−
¨

X×Y
(ϕ(x) + ψ(y)) dγ(x, y)

)
.

Assuming we can interchange the infimum and the supremum, we get the dual problem

(D) sup

{
ˆ

X

ϕdρ+

ˆ

Y

ψ dµ : ϕ ∈ Cb(X), ψ ∈ Cb(Y ), ϕ(x) + ψ(y) 6 c(x, y) on X × Y

}
.

(2.4)
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If (D) admits a solution (ϕ, ψ), then ϕ and ψ are called Kantorovich potentials. The existence
of such a functions is not so obvious and comes from the fact that the supremum in (D) can be
taken on ϕ ∈ c − conc(X) with c − conc(X), the set of function f : X → R such there exists
g : Y → R such that f = gc with gc : X → R is the c-transform of g defined by

gc(x) := inf
y∈Y

c(x, y)− g(y).

Theorem 2.3. Problem (D) admits a solution (ϕ,ϕc) where ϕ ∈ c− conc(X).

In fact the inversion "inf-sup" can be made rigorous using Fenchel-Rockafellar theorem (see
[106]), then we have

Theorem 2.4. Let X,Y be complete and separable metric spaces and let c be a lower semi-
continuous nonnegative function on X × Y then

inf(MK) = sup(D).

In addition the constraint on the dual problem is saturated a.e with respect to an optimal transport
plan of (MK).

Until now, we show the existence of solution for the relaxed problem and the dual of this one.
Then we show the equality between (MK) and (D). Now we will come back to the Monge problem.
In the sequel, we focus on the case where X = Y = Ω a subset of Rn and the cost function c is
given by c(x, y) = h(x − y) with h a strictly convex function. In this framework, Brenier (for
h(x) = |x|2 in [21]) and in a more general case Gangbo and McCann (h strictly convex in [64])
prove the existence and uniqueness of an optimal transport map.

Theorem 2.5. Given ρ, µ ∈ P(Ω), such that the transport cost from ρ to µ is not always infinite.
If ρ is absolutely continuous with respect to the Lebesgue measure and ∂Ω is negligible, then the
optimal transport plan of (MK) is unique and is on the form γT = (Id, T )#ρ. Moreover, there
exists a Kantorovich potential ϕ. The potential ϕ and T are linked by

T (x) = x−∇h−1(∇ϕ(x)) a.e.

When the cost is quadratic, c(x, y) = |x− y|2, we recover the result proved by Brenier in [21].
In this case, the map is given by T (x) = x−∇ϕ = ∇u. It is easy to show that u := |x|2 − ϕ is a
convex function using the fact that ϕ is in c− conc(Ω). Moreover, if ρ and µ are two densities with
respect to the Lebesgue measure, then the Brenier’s map ∇u satisfies the Monge-Ampère equation

det(D2u)µ(∇u) = ρ.

This equation is elliptic and highly degenrate. In [27, 28], Caffarelli proved the following result
on the regularity of solution of the Monge-Ampère equation.

Theorem 2.6. Let ρ, µ ∈ C(Ω)0,α (0 < α < 1) be Hölder-continuous functions on Ω, a convex
bounded subset of R

n, which are bounded from above and below by positive constants. Then the
unique Brenier solution u belongs to C2,α(Ω)∩ C1,α(Ω) and u satisfies the Monge-Ampère equation
in the usual sense.

2.1.2 Wasserstein space

In this section, we consider costs of the form c(x − y) = |x − y|p, p > 1, in Ω a subset of Rn. All
the results and more details can be found in [116, 117, 112, 4]. We will used problems introduced
previously to define a distance on the space of probability measures P(Ω). If Ω is unbounded, we
define the set

Pp(Ω) :=
{
ρ ∈ P(Ω) : Mp(ρ) :=

ˆ

Ω

|x|p dρ(x) < +∞
}
,

and we note Pacp (Ω) the subset of Pp(Ω) of probability measures on Ω absolutely continuous
with respect to the Lebesgue measure. We remark that if Ω is bounded Pp(Ω) = P(Ω), for all
p ∈ [1,+∞[. In the rest of the manuscript, since we will often work in P2(Ω), the second moment
M2(ρ) will be denoted M(ρ).
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Definition 2.7. For all ρ, µ ∈ Pp(Ω), the p-th Wasserstein distance between ρ and µ is defined by

Wp(ρ, µ) := inf

{
¨

Ω×Ω

|x− y|p dγ(x, y) : γ ∈ Π(ρ, µ)

}1/p

.

Since ρ, µ ∈ Pp(Ω), the p-th Wasserstein distance is finite then, provided that ρ ∈ Pacp (Ω),
theorem 2.5 gives that W2(ρ, µ) admits a unique transport plan induced by a map T and, if p = 2,
T is the gradient of a convex function.

Note that, since γ is a probability measure, the Hölder inequality implies that for all 1 6 p 6

q < +∞, (
¨

Ω×Ω

|x− y|p dγ(x, y)
)1/p

6

(
¨

Ω×Ω

|x− y|q dγ(x, y)
)1/q

,

which directly implies that Wp(ρ, µ) 6Wq(ρ, µ). In addition if Ω is bounded we obtain the opposite
inequality,

Wq(ρ, µ) 6 diam(Ω)
q−p
q Wp(ρ, µ)

q/p.

Proposition 2.8. The quantity Wp is indeed a distance on Pp(Ω). We called the Wasserstein
space of order p this space endowed with this distance.

The difficulty is to prove the triangle inequality and we need of the next lemma using the
disintegration of measures.

Lemma 2.9. Given two measures γ1 ∈ Π(ρ, ν) and γ2 ∈ Π(ν, µ), there exists a measure γ ∈
P(Ω× Ω× Ω) such that πx,y#γ = γ1, πy,z#γ = γ2.

Proof of the triangle inequality. Let ρ, µ, ν ∈ Pp(Ω), γ1 an optimal transport plan for Wp(ρ, ν)
and γ2 an optimal transport plan for Wp(ν, µ). Applying the previous lemma, there exists γ ∈
P(Ω × Ω × Ω) such that πx,y#γ = γ1, πy,z#γ = γ2. Moreover, πx,z#γ belongs to Π(ρ, µ), then
immediately we get the result from the standard triangle inequality of the Lp distance.

We have already seen that Wp(ρ, µ) is equal to is dual formulation,

Wp(ρ, µ) = sup
ϕ∈c−conc(Ω)

{
ˆ

Ω

ϕdρ+

ˆ

Ω

ϕc dµ

}
.

In the special case where p = 1, ϕc = −ϕ and

W1(ρ, µ) := sup

{
ˆ

Ω

ϕd(ρ− µ) : ϕ ∈ L1(d|ρ− µ|) ∩ Lip1(Ω)
}
,

where Lip1(Ω) is the set of 1-Lipschitz continuous functions. Then we have the following usefull
inequality,

ˆ

Ω

ϕd(ρ− µ) 6 CW1(ρ, µ) 6 CW2(ρ, µ), (2.5)

for all Lipschitz function ϕ.
We have defined a distance on the probability space Pp(Ω), and now, we have to analyse the

convergence in the the Wasserstein space with respect to this distance. We start to state a result
on the stability of optimality

Proposition 2.10. Let (ρk), (µk) ⊂ Pp(Ω) be two sequences narrowly converging to ρ, µ respec-
tively, and γk an optimal transport plan in Wp(ρk, µk) such that Wp(ρk, µk) is bounded. Then (γk)
is narrowly relatively compact in P(Ω × Ω) and any narrow limit point γ is an optimal transport
plan in Wp(ρ, µ) and

Wp(ρ, µ) 6 lim inf
k→+∞

Wp(ρk, µk).

Now, we state the following theorem which gives equivalence between the convergence with
distance Wp and the narrow convergence.
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Theorem 2.11. Pp(Ω) endowed with the p-Wasserstein distance is a separable metric space which
is complete. A set K ⊂ Pp(Ω) is relatively compact iff it is p-uniformly integrable and tight. In
particular, for a given sequence (ρk) ⊂ Pp(Ω) we have

lim
k→+∞

Wp(ρk, ρ) = 0 ⇔
{
ρk narrowly converges to ρ,
Mp(ρk) →Mp(ρ).

In some chapter, we have to work in a product of probability space, Pp(Ω)l. We define the
product distance on Pp(Ω)l by

Wp(ρ,µ) :=

(
l∑

i=1

W p
p (ρi, µi)

)1/p

.

The previous results stated in this section holds for this distance.

2.1.3 Geodesics in Wassertein space and Benamou-Brenier formula

Another important aspect in Wassertein space is the understanding of curves and geodesics with
respect to Wp. In the sequel, we focus on the case of the quadratic cost and we refer to [4, 112] for
more detailed presentation. In this section we will recall the link between absolutely continuous
curves in Wassertein space and solutions of the continuity equation

∂tρ+ div(ρv) = 0.

To do so, we need to recall some definitions from the analysis in metric space.

Definition 2.12. • A curve (ρt)t∈[0,1] in P2(Ω) is said absolutely continuous if there exists
g ∈ L1([0, 1]) such that, for all 0 6 s < t 6 1,

W2(ρs, ρt) 6

ˆ t

s

g(τ) dτ.

• The metric derivative, |
.
ρ |W2

of a curve (ρt)t∈[0,1] in P2(Ω) is defined by

|
.
ρ |W2

(t) := lim
h→0

W2(ρt+h, ρt)

|h| ,

provided the limit exists.

Let us remark that if the curve (ρt)t∈[0,1] in P2(Ω) is a Lipschitz continuous curve then as a
consequence of a result in the same spirit of Rademacher’s theorem, the metric derivative exists
for a.e t ∈ [0, 1] and we can replace g is the definition of absolute continuity by |

.
ρ |W2

. Moreover,
every absolutely continuous curve can be reparametrized in time and become Lipschitz continuous.
Then the previous result holds for every absolutely continuous curve.

Now we can state the theorem of charaterization of absolutely continuous curves in Wasserstein
space.

Theorem 2.13. Let (ρt)t∈[0,1] be an absolutely continuous curve in (P2(Ω),W2). Then for a.e
t ∈ [0, 1], there exists a vector field vt ∈ L2(ρt) such that the continuity equation ∂tρt+div(ρtvt) = 0
is satisfies in the sense of distribution and ‖vt‖L2(ρt) 6 |

.
ρ |W2

(t) for a.e t ∈ [0, 1].
Conversely, if a narrowly continuous curve ρt : [0, 1] → P2(Ω) satisfies the continuity equation

for some vector field vt with ‖vt‖L2(ρt) ∈ L1([0, 1]), then ρt is absolutely continuous and |
.
ρ |W2

(t) 6
‖vt‖L2(ρt), for a.e t ∈ [0, 1].

Now assuming that Ω is a convex subset of Rn, McCann introduced in [93] the McCann inter-
polation between ρ0 and ρ1. It consists in taking γ an optimal transport plan between ρ0 and ρ1
for the 2-Wasserstein distance and define ρt := ((1− t)x+ ty)#γ, for all t ∈ [0, 1]. It is well known
that this interpolation is a constant speed geodesic i.e

W2(ρt, ρs) = (t− s)W2(ρ0, ρ1), for all 0 6 s 6 t 6 1.
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This implies that the Wasserstein space is a geodesic space,

W2(ρ0, ρ1) = min

{
ˆ 1

0

|
.
ρ |W2

(t) dt

}
,

where the minimum is taken on the asolutely continuous curve (ρt)t∈[0,1] such that ρt=0 = ρ0 and
ρt=1 = ρ1.

Then inspired by these results and by problems from the fluid mechanics, in the seminal paper,
[11], Benamou and Brenier introduced a dynamic formulation of the Wassertein distance. This
formulation is called the Benamou-Brenier formula

W 2
2 (ρ0, ρ1) = inf

{
ˆ 1

0

ˆ

Ω

|vt|2 dρtdt : ∂tρt + div(ρtvt) = 0, ρt=0 = ρ0, ρt=1 = ρ1

}
.

Now setting Et = ρtvt, the Benamou-Brenier formula can be rewritten as

W 2
2 (ρ0, ρ1) = inf

{
ˆ 1

0

ˆ

Ω

ψ(dρ/dL, dE/dL)dxdt : ∂tρt + div(Et) = 0, ρt=0 = ρ0, ρt=1 = ρ1

}
,

where ψ : Rn+1 → R∪+∞ is defined by

ψ(r,m) :=





|m|2
r if (r,m) ∈]0,+∞[×R

n,
0 if (r,m) = (0, 0),
+∞ otherwise,

as in [11] and where dσ/dL is the Radon-Nikodym derivative of σ with respect to L|[0,T ]×Ω. The
advantage of this formulation is the convexity with respect to ρ and E. This formulation has been
used in [11] to introduced a numerical scheme based on an augmented Lagrangian method. In
chapter 3, we extend this method to solve numerically gradient flows in Wasserstein space.

2.2 Gradient flow theory in Wasserstein space

Here we recall the general theory on gradient flows and the connection with PDE’s. First we give
the definition in an euclidian setting and how we can extend this in a metric space. This exposition
comes from the textbook of Santambrogio [112] and we refer to the textbook of Ambrosio, Gigli
and Savaré [4] for a complete and detailed reference on the subject.

2.2.1 Gradient flows in metric space

In the euclidian case, given a function F : R
n → R and a point x0 ∈ R

n, we said that a curve x
is a gradient flow of F starting at x0 if at each time x(t) goes in the direction where F decreases
the most. More precisely, x is the solution of the Cauchy problem

{
x′(t) = −∇F(x(t)) t > 0,
x(0) = x0.

(2.6)

If F is C1,1(Rn) then the Cauchy-Lipschitz theory implies that there exists a unique solution.
However, this definition is very rigid because, we need strong assumption on the energy F and we
need a gradient structure on the space.

An interesting remark is that the ODE (2.6) can be seen as the optimality condition of a
minimizing problem. Indeed, given a time step h > 0, using the Euler-implicit scheme of (2.6), we
obtain

xk+1
h − xkh

h
= −∇F(ρk+1

h ),

for all k > 0. xk+1
h is an approximation of the solution of (2.6) at time h(k + 1) and can be seen

as the minimizer of

x 7→ 1

2h
|x− xkh|2 + F(x).
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Then the sequence (xkh)k can be construct by induction, with x0h = x0, under weaker assump-
tion on F (coercivity and lower semi-continuity). Moreover, we know that a piecewise constant
interpolation of this sequence goes to converge to the solution of (2.6), when hց 0.

Another advantage of this interpretation is that it can be easily generalized to metric space
(X, d). Given a time step h > 0, a starting point x0 ∈ X and an energy functional F : X → R,
we define by induction a sequence (xkh)k, by x0h = x0 and for all k > 0,

xk+1
h ∈ argmin

x∈X

1

2h
d(x, xkh)

2 + F(x).

Then we denote xh the piecewise constant interpolation of this sequence,

xh(t) := xk+1
h if t ∈ (kh, (k + 1)h].

De Giorgi introduced in [51] the notion of minimizing movements:

Definition 2.14. A curve x : [0, T ] → X is said to be a Minimizing Movement if there exists
a sequence of time steps hj ց 0 such that the piecewise constant interpolations xhj

uniformly
converge to x on [0, T ].

In the sequel, we will use this definition of minimizing movements for the one of gradient flow in
a metric space. We observe that there exist others definitions for gradient flow which need stronger
assumption on the energy F . In several chapters, we will use the Evolution Variational Inequality
(EVI) which needs convexity assumption on F . The definition is given in chapter 5 and we refer
to [4] for the equivalence of definitions in this case.

2.2.2 Application to Wasserstein space

Since we saw that the Wasserstein space (P2(Ω),W2) is a metric space, we can apply this method
in this space. It is well-known that many parabolic PDEs can be recovered as the gradient flows
of well-chosen functionals. The seminal papers on this subject is due to Jordan, Kinderlehrer
and Otto, see [65], where they proved that the Fokker-Planck equation is the gradient flow in the
Wasserstein space of the energy

E : ρ 7→
ˆ

Rn

ρ log(ρ) +

ˆ

Rn

V ρ.

Their proof is based on the scheme of minimizing movements called JKO scheme in the Wasser-
stein setting: for a time step h > 0, and an initial condition ρ0 ∈ P2(R

n), we define by induction
a sequence (ρkh)k as ρ0h := ρ0 and for all k > 0,

ρk+1
h := argmin

ρ∈P2(Rn)

{
1

2h
W 2

2 (ρ
k
h, ρ) + E(ρ)

}
.

They proved that this sequence is well defined using the control of the Entropy by the second
moment. Then the optimality condition of this problem at step k + 1,

∇ log(ρk+1
h ) +∇V =

∇ϕk+1
h

h
=
I − T k+1

h

h
ρk+1
h − a.e,

where T k+1
h and ϕk+1

h are respectively the optimal transport and a Kantorovich potential associated
to W2(ρ

k+1
h , ρkh). Then, they define a discreet velocity

vk+1
h :=

T k+1
h − I

h
:= −∇ρk+1

h

ρk+1
h

−∇V.

They proved that the constant piecewise interpolations of (ρkh)k and (vk+1
h )k solve

∂tρh + div(ρhvh) = O(h),
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and converge to ρ and v := −∇ρ
ρ −∇V , which imply that

∂tρ = − div(ρv) = ∆ρ+ div(ρ∇V ).

The theory of gradient flows in Wasserstein space has been developped rapidly in the last twenty
years with many applications for example to porous media equation [98], aggregation equation
[37], double degenerate diffusion equations [97], general degenerate parabolic equation [1] etc. The
reference textbook of Ambrosio, Gigli and Savaré gives a very detailed account of this theory.



Chapter 3

An augmented Lagrangian approach

to Wasserstein gradient flows

Taking advantage of the Benamou-Brenier dynamic formulation of optimal transport, we propose
a convex formulation for each step of the JKO scheme for Wasserstein gradient flows which can be
attacked by an augmented Lagrangian method which we call the ALG2-JKO scheme. We test the
algorithm in particular on the porous medium equation. We also consider a semi implicit variant
which enables us to treat nonlocal interactions.

This chapter is based on a joint work with J-D. Benamou and G. Carlier (see [17]) and we will
use this method to illustrate theorical results proved in the other chapters.

3.1 Introduction

It is well-known since the seminal work of Jordan Kinderlehrer and Otto [65] that the Fokker-Planck
equation

∂tρ = ∆ρ+ div(ρ∇V ), ρ|t=0 = ρ0 (3.1)

where the initial condition ρ0 is a probability density may be viewed as the Wasserstein gradient
flow of the (relative) entropy functional

SV (ρ) :=

ˆ

Rd

ρ(x) log
( ρ(x)

e−V (x)

)
dx. (3.2)

More generally, given an internal energy E, a potential V and an interaction potential W ,
evolution equations of the form

∂tρ = div(ρ∇(E′(ρ) + V +W ⋆ ρ)), ρ|t=0 = ρ0 (3.3)

is the Wasserstein gradient flow of the energy

E(ρ) :=
ˆ

Rd

E(ρ(x))dx+

ˆ

Rd

V (x)ρ(x)dx+
1

2

ˆ

Rd ×Rd

W (x− y)ρ(x)ρ(y)dxdy.

For instance, if E(ρ) = 1
m−1ρ

m and V = W = 0 one in particular recovers the porous medium
equation ∂tρ = ∆ρm, see the seminal work of Otto [98]. Convolution terms ∇W ⋆ ρ in 3.3 arise
naturally in aggregation equations [37] and models of granular media [41], [42].

The celebrated Jordan-Kinderlehrer-Otto (henceforth JKO) scheme consists, given a time-step
τ > 0 in constructing inductively, starting from ρ0 a sequence of probability measures ρk by the
implicit Euler scheme:

ρk+1 ∈ argmin
ρ∈P2

{
1

2τ
W 2

2 (ρ, ρ
k) + E(ρ)

}
(3.4)

19
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where P2 denotes the set of probability measures on R
d having finite second moments and W 2

2 is
the squared 2-Wasserstein distance defined for every (ρ, ν) ∈ P2 × P2 by

W2(ρ, ν) := inf
γ∈Π(ρ,ν)

{ ˆ

Rd ×Rd

|x− y|2dγ(x, y)
} 1

2

where Π(µ, ν) is the set of transport plans between ρ and ν i.e. the set of Borel probability measures
on R

d×R
d having µ and ν as marginals. When E = SV is given by 3.2, Jordan, Kinderlehrer and

Otto [65] proved that one recovers the solution of the Fokker-Planck equation 3.1 by letting τ
tend to 0 in the JKO scheme. Similar convergence results hold for the more general equation 3.3
under suitable assumptions on E, V and W . The theory of Wasserstein gradient flows is by now
well-developed and it is detailed in the textbooks of Ambrosio, Gigli and Savaré [4], Villani [116],
[117] and Santambrogio [112].

We remark that the JKO scheme 3.4 is constructive and it is very natural and tempting to
try to apply it for numerical purposes. The positivity, mass conservation and energy dissipation
are inbuilt in the JKO scheme and non trivial to preserve with non-linear finite-difference or finite
volume schemes (see [29] and references therein). Also some JKO gradient flows, like congested
crowd motions [89], cannot be formulated as nonlinear PDEs and the JKO semi-discretisation is
the only numerical option.

A serious difficulty with this approach is in the Wasserstein term which involves solving a costly
optimal transport problem at each step. In dimension one, this is not really an issue since the
optimal transport is essentially a rearrangement problem, and in fact, this 1-D numerical approach
was proposed in the early work of Kinderlehrer and Walkington [70] and was used repeatedly.
See in particular the recent work of Osberger and Matthes [88] for application to fourth-order
evolution PDEs of thin films type. In higher dimensions, the optimisation problem in 3.4 is much
more complicated because the optimal transport is given by Brenier’s map, the gradient of a convex
potential which solves some Monge-Ampère equation.

At least three categories of approaches have been followed to solve 3.4 numerically. A first
"Lagrangian" strategy based on Brenier’s Theorem is to formulate the problem in terms of the
transport map or its potential instead of the density ρ to avoid dealing with the positivity and mass
constraints. It also allows a more consistent discretisation of the mass when the density concentrates
or dilates. This is done for instance in Carrillo and Moll [40] who proposed a Lagrangian scheme,
based on a gradient flow for evolving diffeomorphisms (not necessarily the optimal transport maps)
related to a system of evolution equations which is very nonlinear since it involves cofactors.
Düring, Matthes and Milišić [59] and Osberger and Matthes [87] used a Galerkin discretisation of
the potential. As illustrated in [38], where another Lagrangian method is introduced, a difficulty
with the Lagrangian approach is the construction of a discrete density to be used in the internal
energy. A semi-discrete solution to this problem has been proposed in [9] based on optimal maps,
a discretisation of the Monge-Ampère operator and techniques of computational geometry. This
method is provably convergent and enables one to use of a Newton method. Note that using
monotone finite difference Monge-Ampère solvers as introduced in [16], [15] could be an option but
it does not seem to have been tried.

A second strategy, which is Eulerian, is to use the Monge-Kantorovich linear relaxation of the
Wasserstein distance in 3.4. The size of the discretisation is very limited by the linear programming
approach. However, Peyré [104] recently generalised entropic regularisation techniques that are
computationally efficient in optimal transport [14] to treat JKO gradient flows.

In the present paper we investigate a third approach, also Eulerian, based on replacing the
Wasserstein distance with the Benamou-Brenier formulation [11]. This idea has already been used
in [22], [23], [8], [10] either for JKO steps or in optimisation problems where the Wasserstein distance
intervenes. Our original contribution, initiated in [13] on a general class of optimal transport
problems and variational mean field games [76], is to extend this convex reformulation and its
augmented Lagrangian numerical resolution based on the algorithm ALG2 of Glowinski and Fortin
[61] to solve a succession of problems of the form 3.4, we will call this method ALG2-JKO. We also
show that the method can be adapted to treat systems (which are not necessarily gradient flows)
using the relaxation introduced in [54] by Di Francesco and Fagioli and extended to the diffusive
case in [35].
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The Benamou-Brenier formulation induces an extra time dimension in each of the JKO steps.
The resulting extra cost because of the discretisation of the inner (Benamou-Brenier) time dimen-
sion is usually considered a draw back. In the ALG2-JKO scheme however, since the successive
JKO density time snapshots are close only a very few inner timesteps are needed in practice.
The ALG2 augmented Lagrangian method is very robust, can deal with non-smooth energies but
remains a proximal splitting first order method and converges slowly [99].

The chapter is organized as follows. In section 3.2, we describe the ALG2-JKO scheme. In
section 3.3, we illustrate the algorithm on two examples: the porous medium equation and a model
of crowd motion with diffusion introduced by Santambrogio and Mészáros in [94].

3.2 The ALG2-JKO scheme

Let us consider one step of the JKO scheme 3.4 in the case where the energy E is of the form

E(ρ) :=
ˆ

Rd

E(ρ(x))dx+

ˆ

Rd

V (x)ρ(x)dx

with E a convex internal energy (typical cases being the entropy or a convex power), which corre-
sponds to the time discretization of the PDE:

∂tρ = div(ρ∇(E′(ρ) + V )), ρ|t=0 = ρ0. (3.5)

Our goal is to rewrite 3.4 as a tractable convex problem. To do so, we use the Benamou-Brenier
dynamic formula [11] to rewrite W 2

2 as

W 2
2 (ρ, ν) := inf

{
ˆ 1

0

ˆ

Rd

|mt(x)|2
µt(x)

dxdt : ∂tµ+ div(m) = 0, µ|t=0,1 = ρ, ν

}
(3.6)

which is a convex variational program (it is implicit that the energy above is set to +∞ whenever
µ becomes negative or when µ = 0 and m 6= 0 so that momentum m can be written as m = µv
that is m vanishes where µ does and then |m|2/µ = µ|v|2 is the kinetic energy).

Thanks to 3.6 one can rewrite one step of the JKO scheme 3.4 as the convex minimization:

inf
(µt,mt,µ1=µt(1,.))

1

2τ

ˆ 1

0

ˆ

Rd

|mt(x)|2
µt(x)

dxdt+ E(µ1) (3.7)

subject to the constraints that µ ≥ 0, m = 0 when µ = 0 and the linear constraint

∂tµ+ div(m) = 0, µ|t=0 = ρk. (3.8)

One then recovers ρk+1 = µ1 (and actually even an interpolation (µt)t∈[0,1] between ρk and ρk+1).
Of course we can consider variants, for instance the periodic (in space) case or the case of a

smooth bounded domain Ω of Rd. In the latter case, we have to supplement the PDE 3.5 with the
Neumann boundary condition:

∇(E′(ρ) + V )) · ν = 0, on ∂Ω (3.9)

this amounts to modify 3.7-3.8 as

inf
(µt,mt)

1

2

ˆ 1

0

ˆ

Ω

|mt(x)|2
µt(x)

dxdt+ τE(µ1) (3.10)

subject to the constraints that µ ≥ 0, m = 0 when µ = 0 and the linear constraint

∂tµ+ div(m) = 0, µ|t=0 = ρk, m · ν = 0 on ∂Ω. (3.11)
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3.2.1 Augmented Lagrangian formulation

Convex time-dependent problems like 3.10 subject to a divergence constraint 3.11 appear in various
contexts, they are actually particular cases of deterministic Mean-Field Games (a class of games
with a continuum of players introduced by Lions and Lasry [74], [75]). Such problems can be
solved by Augmented Lagrangian methods, see in particular [13] for applications to Mean-Field
Games, Papadakis, Peyré and Oudet [99] for connections with proximal schemes and Buttazzo,
Jimenez and Oudet [24] for applications to congested transport. We now recall the principle of the
Augmented Lagrangian approach and explain how to use it in the JKO framework.

As was observed by Benamou and Brenier [11] the convex lower semicontinuous 1-homogeneous
function defined for (µ,m) ∈ R×R

d by:

Φ(µ,m) :=





|m|2
2µ , if µ > 0,

0, if µ = 0 and m = 0

+∞, otherwise.

is the support function of the convex set

K := {(a, b) ∈ R
d+1, a+

1

2
|b|2 ≤ 0} (3.12)

i.e.
Φ(µ,m) = sup

(a,b)∈K
{aµ+ b ·m}.

Rewriting 3.10-3.11 in Lagrangian form as

inf
σ=(µ,m,µ1)

{ ˆ 1

0

ˆ

Ω

Φ(µ,m) + τE(µ1)+

sup
φ

{ ˆ

Ω

φ(1, .)µ1 −
ˆ

Ω

φ(0, .)ρk −
ˆ 1

0

ˆ

Ω

(∂tφµ+∇φ ·m)
}}

and then switching the inf and the sup and using the fact that the Legendre transform of Φ is 0
on K and +∞ outside, we formally obtain (see for instance [24] for a rigorous derivation) that the
convex problem 3.10-3.11 is dual to:

inf
φ=φ(t,x)

{
ˆ

Ω

φ(0, .)ρk + τE∗
(
− φ(1, .)

τ

)
: ∂tφ+

1

2
|∇φ|2 ≤ 0} (3.13)

where E∗ is the Legendre tranform of E (extended by +∞ on (−∞, 0]):

E∗(c) := sup
µ≥0

{
ˆ

Ω

((c(x)− V (x))µ(x)− E(µ(x))dx} =

ˆ

Ω

E∗(x, c(x))dx

where, slightly abusing notations, we have set

E∗(x, c) := sup
µ≥0

{
(c− V (x))µ− E(µ)

}
.

We then rewrite the dual as
inf

φ=φ(t,x)
J(φ) := F (φ) +G(Λφ) (3.14)

where

Λφ := (Dφ,−φ(1, .)) = ((∂tφ,∇φ),−φ(1, .)), F (φ) =
ˆ

Ω

φ(0, .)ρk

and for q = (a, b, c)

G(q) =

ˆ 1

0

ˆ

Ω

χK(a, b)dxdt+ τE∗
( c
τ

)
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where χK denotes the indicator function

χK(a, b) =

{
0, if (a, b) ∈ K

+∞, otherwise.

Now the variables σ := (µ,m, µ1) play the role of Lagrange multipliers associated to the constraint
q = Λφ i.e. a = ∂tφ, b = ∇φ and c = −φ(1, .), note in particular that µ1 is a multiplier associated
to the constraint c = −φ(1, .) it coincides with µ(1, .) for the saddle-point but not necessarily along
the iterations of the augmented Lagrangian algorithm below.

The primal-dual extremality relations are formally equivalent to finding a saddle-point of the
Lagrangian

L(φ, q, σ) := F (φ) +G(q) + σ · (Λφ− q), (3.15)

in the sense that (φ, σ) satisfies the optimality conditions of 3.14 and 3.10-3.11 respectively if and
only if

(φ, q, σ) = (φ,Λφ, σ)

is a saddle-point of L. Now for r > 0, we consider the augmented Lagrangian function

Lr(φ, q, σ) := F (φ) +G(q) + σ · (Λφ− q) +
r

2
|Λφ− q|2 (3.16)

where q = (a, b, c), σ = (µ,m, µ1),

σ · (Λφ− q) =

ˆ 1

0

ˆ

Ω

(
µ(t, x)(∂tφ(t, x)− a(t, x)) +m(t, x) · (∇φ(t, x)− b(t, x))

)
dxdt

+

ˆ

Ω

µ1(x)(−φ(1, x)− c(x))dx

and

|Λφ− q|2 =

ˆ 1

0

ˆ

Ω

(|∂tφ(t, x)− a(t, x)|2 + |∇φ(t, x)− b(t, x)|2)dxdt

+

ˆ

Ω

(φ(1, x) + c(x))2dx

and recall (see for instance [61], [62]) that being a saddle-point of L is equivalent to being a
saddle-point of Lr.

The augmented Lagrangian algorithm ALG2 consists, starting from (φ0, q0, σ0) to generate
inductively a sequence (φn, qn, σn) as follows:

• Step 1: minimization with respect to φ:

φn+1 := argmin
φ

{
F (φ) + σn · Λφ+

r

2
|Λφ− qn|2

}
, (3.17)

• Step 2: minimization with respect to q:

qn+1 := argmin
q

{
G(q)− σn · q + r

2
|Λφn+1 − q|2

}
, (3.18)

• Step 3: update the multiplier by the gradient ascent formula

σn+1 = σn + r(Λφn+1 − qn+1). (3.19)

The convergence of ALG2 to a saddle-point is well documented see in particular the general
results of Bertsekas and Eckstein [60] in finite dimensions. We therefore have to understand that
in the problems above, we have already projected the potentials in 3.14 on a finite-dimensional
space of finite-elements and therefore deal with a finite-dimensional problem for which existence
of a saddle-point is rather standard and convergence follows from [60]. Once we have reached a
minimizer σ = (µ,m, µ1) for 3.10-3.11 by ALG2, we recover the density of a single JKO step by
ρk+1 = µ1.
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3.2.2 Details for the three steps

Step 1 corresponds to a linear elliptic problem in t and x,

− r∆t,xφ
n+1 = div

t,x
((µn,mn)− r(an, bn)), in (0, 1)× Ω, (3.20)

together with the boundary conditions

r∂tφ
n+1(0, .) = ρk − µn(0, .) + ran(0, .), (3.21)

r(∂tφ
n+1(1, .) + φn+1(1, .)) = µn1 − µn(1, .) + r(an(1, .)− cn(.)), (3.22)

and

r
∂φn+1

∂ν
+ (mn − rbn) · ν = 0 on ∂Ω. (3.23)

(or periodic boundary conditions if Ω is replaced by the flat torus).
Step 2 splits into two convex pointwise (i.e. for every t and x) minimization subproblems, the

first one (minimization with respect to (a, b)) is a projection problem onto the parabola K:

inf
(a,b)∈K

|Dφn+1(t, x) +
1

r
(µn(t, x),mn(t, x))− (a, b)|2 (3.24)

i.e.

(an+1(t, x), bn+1(t, x)) = PK

(
Dφn+1(t, x) +

1

r
(µn(t, x),mn(t, x))

)

where the projection PK onto K is explicit (see [11] or [99]):

PK(α, β) =

{
(α, β), if (α, β) ∈ K,

(α− λ, β
1+λ ), with λ > 0 root of 3.25 otherwise

where 3.25 is the cubic equation (with a single positive root if (α, β) /∈ K):

α(1 + λ)2 − λ(1 + λ)2 +
1

2
|β|2 = 0. (3.25)

The second subproblem gives the update for c which is obtained by solving for each x ∈ Ω

cn+1(x) = argmin
c∈R

{r
2
|φn+1(1, x)− 1

r
µn1 (x) + c|2 + τE∗

(
x,
c

τ

)}
. (3.26)

Remark 3.1. Given a convex lower semicontinuous function f : R
n → R∪{+∞}, we recall that

the proximal operator of f , proxf is defined by

proxf (y0) := argmin
y∈Rn

{1
2
|y − y0|2 + f(y)

}
, ∀y0 ∈

n

R

so that 3.26 can be rewritten as

cn+1(x) = prox τ
r
E∗(x, .

τ
)

(
− φn+1(1, x) +

1

r
µn1 (x)

)
.

Thanks to the well-known (and actually easy to check) Moreau’s identity

proxf (y) = y − proxf∗(y), (3.27)

we see that it is not necessary to compute E∗ to solve (3.26) if the computation of proxE turns out
to be easier.
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Step 3 is an explicit update which may be detailed as

µn+1 = µn + r(∂tφ
n+1 − an+1), (3.28)

mn+1 = mn + r(∇φn+1 − bn+1), (3.29)

µn+1
1 = µn1 − r(φn+1(1, .) + cn+1(.)). (3.30)

Note that only the minimization with respect to c 3.26 in step 2 depends on the form of the
energy E , we shall give details for this step in each application given in the sequel.

In the discretisation of this algorithm, we use P2 finite elements (in time and space) for φ and
P1 finite elements for σ so that in 3.24, in fact, one has to understand Dφn+1 as its projection
onto P1 finite elements. It was implemented in FreeFeem++1. In practice, a discretization with
32× 32 triangles in space and 4 inner timesteps needs a few hundreds iterations of ALG2 for each
JKO time step. This is a few minutes on a standard laptop. Larger discretizations can be done
using FreeFem mpi version which uses for instance MUMPS parallel linear solver2.

3.3 Applications

We now present two appplications of the ALG2-JKO scheme: the first one deals with the porous
medium equation and the second one with a diffusive model of crowd motion recently introduced
in [94]. In the sequel, all the simulations are made using a discretization 16× 16 in space. We use
8 internal time steps in each JKO step and make sure the ALG2 iterations converge "reasonably"
(a 10−6 tolerance is prescribed in the optimality system). There are 200 JKO steps (τ = 0.01).

3.3.1 Application to the porous medium equation

The porous medium equation

∂tρ = div(ρ∇(
m

m− 1
ρm−1 + V )) = ∆ρm + div(ρ∇V ) (3.31)

corresponds to

E(ρ) :=
1

m− 1
ρm, E(ρ) =

ˆ

Ω

E(ρ) +

ˆ

Ω

ρV.

In this case

E∗(c) =
(m− 1

m

) m
m−1

ˆ

Ω

(
(c(x)− V (x))+

) m
m−1

dx

and then 3.26 consists in a pointwise minimization problem: given x ∈ Ω, setting c = −φn+1(1, x)+
µn
1 (x)
r and V = V (x), we have to solve

inf
c∈R

{1
2
|c− c|2 + θ

(
(c− τV )+

) m
m−1

}
with θ :=

1

rτ
1

m−1

(m− 1

m

) m
m−1

(3.32)

whose solution is

c =

{
c, if c ≤ τV ,

the root in (τV,+∞) of 3.33 otherwise

where 3.33 is the equation

c = c+
θm

m− 1
(c− τV )

1
m−1 . (3.33)

The case of a linear diffusion (Fokker-Planck) corresponds to an entropic internal energy E(ρ) =
ρ log(ρ), in which case by similar computations, one finds c = c(x) by solving

c = c+
1

r
e

c
τ
−V−1. (3.34)

1http://www.freefem.org
2http://mumps.enseeiht.fr/
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The fact that there is a dichotomy for the porous medium case (in contrast with the linear diffusion
case leading to 3.34) corresponds to the finite speed of propagation and support containment in
this case.

Figure 3.1 shows the evolution of the density for m = 3 and V = |x|2
2 . As expected (see [41]),

we converge towards the stationary Barenblatt profile BB(x) = (m−1
2m max(1−|x|2, 0)) 1

m−1 . Figure
3.2 gives quantitative information on the convergence towards the stationary profile, decrease of
energy and conservation of mass (only external JKO time steps kτ are represented here).

t = 0 t = 0.15 t = 0.6 t = 0.9 t = 1.5

Figure 3.1: Density at different time steps for the porous medium equation with a confining potential

Figure 3.2: This simulation shows the time evolution towards the stationary Barenblatt profile for
m = 3. The first curve shows the mass of the density remains within the discretization error to the
constant value (in log scale). The second curve is the L1 distance of the density to the Barenblatt

exact profile BB(x) = (m−1
2m max(1 − |x|2, 0)) 1

m−1 , reached up to discretization error again (in log
scale).The last curve shows the decrease of the difference between the density energy (potential +
entropy) E(ρ) and Barenblatt energy E(BB) in log scale. As expected (see [41], [4]) the decrease
behaves like −2 t down to numerical discretization error.

3.3.2 Application to crowd motions

In [94], Santambrogio and Mészáros considered a model of congested crowd motion with diffusion
which leads to

∂tρ−∆ρ = div(ρ(∇V +∇p)), p ≥ 0, ρ ≤ 1, p(1− ρ) = 0, (3.35)

with no flux boundary condition. In the nondiffusive case (no Laplacian in the left hand side), this
model is due to Maury, Roudneff-Chupin and Santambrogio [89] who made it clear that it has a
gradient flow structure. The diffusive case 3.35, of course also has a gradient flow structure for the
following energy

E(ρ) =
ˆ

Ω

E(ρ(x))dx+

ˆ

Ω

V (x)ρ(x)dx
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with

E(ρ) := ρ log(ρ) + χ[0,1](ρ) =

{
ρ log(ρ), if ρ ∈ [0, 1]

+∞, otherwise.

A direct computation gives

E∗(x, c) = max
( c
τ
− V (x), e

c
τ
−V (x)−1

)

and then, again setting, c = −φn+1(1, x) +
µn
1 (x)
r and V = V (x), 3.26 becomes

min
c

{1
2
|c− c|2 + τ

r
max

( c
τ
− V, e

c
τ
−V−1

)}

whose solution is explicit:

c =

{
c− 1

r , if c ≥ τ(1 + V ) + 1
r ,

the root of 3.34, otherwise.

The alternative in the previous formula somehow corresponds to the pressure p being on/off.
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Figure 3.3: Crowd motion evolution of one species with potential V ((x1, x2)) = 30(((x21)− 1/4)2 +
(x2 + 1/4)2)((x2 − 1/2)2 + x21). The first row represents the evolution under the constraint ρ 6 1
and the second the evolution under the constraint ρ 6 2.

In figure 3.3, we represent the evolution of one species, the potential has three minima (hot
spots where the crowd wants to go) but with two different density constraints. When the density
threshold is higher (second row ρ 6 2) then, at the end, the density is more concentrated around
the three minima of the potential.
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Chapter 4

Drift interactions: Potential case

This chapter presents existence and uniqueness results for a class of parabolic systems with non
linear diffusion and nonlocal interaction. These systems can be viewed as regular perturbations
of Wasserstein gradient flows. Here we extend results known in the periodic case ([35]) to the
whole space or on a smooth bounded domain. Existence is obtained using a semi-implicit Jordan-
Kinderlehrer-Otto scheme and uniqueness follows from a displacement convexity argument.

This work is based on On some non linear evolution systems which are perturbations of Wasser-
stein gradient flows, [73] and numerical simulations come from a joint work with J-D. Benamou
and G. Carlier [17].

4.1 Introduction

In this chapter, we study existence and uniqueness of solutions for systems of the form
{
∂tρi − div(ρi∇(Vi[ρ]))− αi div(ρi∇F ′

i (ρi)) = 0 on R
+ × Ω,

ρi(0, ·) = ρi,0 on Ω,
(4.1)

where i ∈ [[1, l]] (l ∈ N
∗), Ω = R

n or is a bounded set of Rn and ρ := (ρ1, . . . , ρl) is a collection
of densities. Our motivation for this system comes from its appearance in modeling interacting
species.

In the case of ∇(Vi[ρ]) = 0 or Vi[ρ] does not depend on ρ, this system can be seen as a gradient
flow in the product Wasserstein space i.e ∇F ′

i (ρi) can be seen as the first variation of a functional
Fi defined on measures. This theory started with the work of Jordan, Kinderlehrer and Otto in
[65] where they discovered that the Fokker-Planck equation can be seen as the gradient flow of
´

Rn
ρ log ρ +

´

Rn
V ρ. The method that they used to prove this result is often called JKO scheme.

Now, it is well-known that the gradient flow method permits to prove the existence of solution
under very weak assumptions on the initial condition for several evolution equations, such as the
heat equation [65], the porous media equation [97], degenerate parabolic equations [1], Keller-Segel
equation [18]. The general theory of gradient flow has been very much developed and is detailed
in the book of Ambrosio, Gigli and Savaré, [4], which is the main reference in this domain.

However, this method is very restrictive if we want to treat the case of systems with several
interaction potentials. Indeed, Di Francesco and Fagioli show in the first part of [54] that we
have to take the same (or proportional) interaction potentials, of the form V [ρ] = W ∗ ρ for all
densities. They prove an existence/uniqueness result of (4.1) using gradient flow theory in a product
Wasserstein space without diffusion (αi = 0) and with l = 2, V1[ρ1, ρ2] :=W1,1 ∗ ρ1+W1,2 ∗ ρ2 and
V2[ρ1, ρ2] :=W2,2 ∗ρ2+W2,1 ∗ρ1 where W1,2 and W2,1 are proportional. Nevertheless in the second
part of [54], they introduce a new semi-implicit JKO scheme to treat the case where W1,2 and W2,1

are not proportional. In other words, they use the usual JKO scheme freezing the measure in Vi[ρ].

The purpose of this paper is to add a nonlinear diffusion in the system studied in [54]. Unfor-
tunately, this term requires strong convergence to pass to the limit. This can be obtained using
an extension of Aubin-Lions lemma proved by Rossi and Savaré in [107] and recalled in theo-
rem 4.15. This theorem requires separately time-compactness and space-compactness to obtain a

29
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strong convergence in Lm((0, T ) × Ω). The time-compactness follows from classical estimate on
the Wasserstein distance in the JKO scheme. The difficulty is to prove the space-compactness. In
the following, we show this result on the whole space R

n or on a smooth bounded domain. On the
one hand in R

n, we use the powerful flow interchange argument of Matthes, McCann and Savaré
[86] and also used in the work of Di Francesco and Matthes [55]. On the other hand in a bounded
domain, the flow interchange argument is very restrictive because it forces us to work in a convex
domain and to impose some boundary condition on Vi[ρ]. To avoid these assumptions, we establish
a BV estimate to obtain compactness in space and then to find the strong convergence needed.

This chapter is composed of seven sections. In section 4.2, we state our main result, theorem
4.3. Sections 4.3, 4.4 and 4.5 are devoted to prove theorem 4.3. In section 4.3, we introduce
a semi-implict JKO scheme, as in [54], and resulting standard estimates. Then, in section 4.4,
we recall the flow interchange theory developed in [86] and we find a stronger estimate on the
solution’s gradient, which can be done by differentiating the energy along the heat flow. In section
4.5, we establish convergence results and we prove theorem 4.3. Section 4.6 deals with the case
of a bounded domain. In the final section 4.7, we show uniqueness of (4.1) using a displacement
convexity argument.

4.2 Main result

Let l ∈ N
∗ and for all i ∈ [[1, l]], we define Vi : P(Rn)l → C2(Rn) continuous such that:

• For all ρ = (ρ1, . . . , ρl) ∈ P(Rn)l,

Vi[ρ] > 0, (4.2)

• There exists C > 0 such that for all ρ ∈ P(Rn)l,

‖∇(Vi[ρ])‖L∞(Rn) + ‖D2(Vi[ρ])‖L∞(Rn) 6 C, (4.3)

i.e Vi[ρ] and ∇(Vi[ρ]) are Lipschitz functions and the Lipschitz constants do not depend on
the measure.

• There exists C > 0 such that for all ν,σ ∈ P(Rn)l,

‖∇(Vi[ν])−∇(Vi[σ])‖L∞(Rn) 6 CW2(ν,σ). (4.4)

Remark 4.1. The assumption (4.2) can be replaced by Vi[ρ] is bounded by below uniformly in ρ.

Let m > 1, we define the class of functions Hm by

Hm := {x 7→ x log(x)} if m = 1,

and, if m > 1, Hm is the class of strictly convex superlinear functions F : R+ → R which satisfy

F (0) = F ′(0) = 0, F ′′(x) > Cxm−2 and P (x) := xF ′(x)− F (x) 6 C(x+ xm). (4.5)

The two first assumptions imply that if m > 1 and F ∈ Hm then F controls xm.

Before giving a definition of solution of (4.1), we recall that the nonlinear diffusion term can
be rewrite as

div(ρ∇F ′(ρ)) = ∆P (ρ),

where P (x) := xF ′(x)− F (x) is the pressure associated to F .
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Definition 4.2. We say that (ρ1, . . . , ρl) : [0,+∞[→ Pac2 (Rn)l is a weak solution of (4.1) if
for all i ∈ [[1, l]], ρi ∈ C([0, T ],Pac2 (Rn)), Pi(ρi) ∈ L1(]0, T [×R

n) for all T < ∞ and for all
ϕ1, . . . , ϕl ∈ C∞

c ([0,+∞[×R
n),

ˆ +∞

0

ˆ

Rn

[(∂tϕi −∇ϕi · ∇(Vi[ρ])) ρi + αi∆ϕiPi(ρi)] = −
ˆ

Rn

ϕi(0, x)ρi,0(x).

With this definition of solution we have the following result

Theorem 4.3. For all i ∈ [[1, l]], let Fi ∈ Hmi
, with mi > 1, and Vi satisfy (4.2), (4.3) and (4.4).

Let α1, . . . , αl positive constants. If ρi,0 ∈ Pac2 (Rn) satisfy

Fi(ρi,0) + Vi(ρi,0|ρ0) < +∞, (4.6)

with

Fi(ρ) :=
{ ´

Rn
Fi(ρ(x)) dx if ρ≪ Ln,

+∞ otherwise,
and Vi(ρ|µ) :=

ˆ

R

Vi[µ]ρ dx.

then there exist (ρ1, . . . , ρl) : [0,+∞[→ Pac2 (Rn)l, continuous with respect to W2, weak solution of
(4.1).

Remark 4.4. In the following, to simplify the proof, we take αi = 1.

4.3 Semi-implicit JKO scheme

In this section, we introduce the semi-implicit JKO scheme, as [54], and we find the first estimates
as in the usual JKO scheme.

Let h > 0 be a time step, we construct l sequences with the following iterative discrete scheme:
for all i ∈ [[1, l]], ρ0i,h = ρi,0 and for all k > 1, ρki,h minimizes

Ei,h(ρ|ρk−1
h ) :=W 2

2 (ρ, ρ
k−1
i,h ) + 2h

(
Fi(ρ) + Vi(ρ|ρk−1

h )
)
,

on ρ ∈ Pac2 (Rn), with ρk−1
h = (ρk−1

1,h , . . . , ρ
k−1
l,h ).

In the next proposition, we show that all these sequences are well defined. We start to prove
that there are well defined for one step and after in remark 4.6, we extend the result for all k.

Proposition 4.5. Let ρ0 = (ρ1,0, . . . , ρl,0) ∈ Pac2 (Rn)l, there exists a unique ρ1
h = (ρ11,h, . . . , ρ

1
l,h) ∈

Pac2 (Rn)l such that, for all i ∈ [[1, l]],

ρ1i,h = argmin Ei,h(ρ|ρ0
h). (4.7)

Proof. First of all, we distinguish the case mi > 1 from mi = 1.

• If mi > 1, then Ei,h(ρ|µ) > 0, for all ρ, µ1, . . . , µl ∈ Pac2 (Rn). Let ρν be a minimizing
sequence. As Ei,h(ρi,0|ρ0) < +∞ (according to (4.6)), (Ei,h(ρν |ρ0))ν is bounded above. So
there exists C > 0 such that

0 6 Fi(ρν) 6 C and W2(ρν , ρi,0) 6 C.

From the second inequality, it follows that the second moment of ρν is bounded.

• Now if mi = 1, following [65], we obtain

Ei,h(ρ|ρ0
h) >

1

4
M(ρ)− C(1 +M(ρ))α − 1

2
M(ρ0i,h), (4.8)

with some 0 < α < 1. And since x 7→ 1
4x − C(1 + x)α is bounded below, we see that Ei,h is

bounded below.
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Let ρν be a minimizing sequence. Then we have (Fi(ρν))ν bounded above. Indeed, as
Ei,h(ρi,0|ρ0) < +∞, (Ei,h(ρν |ρ0))ν is bounded above and from (4.2) we get,

ˆ

R

Vi[ρ0](x)ρν(x) dx > 0,

so (Fi(ρν))ν is bounded above. According to (4.8), (M(ρν))ν is bounded. Consequently
(Fi(ρν))ν is bounded because Fi(ρ) > −C(1 +M(ρ))α.

In both cases, using Dunford-Pettis’ theorem, we deduce that there exists ρ1i,h ∈ Pac2 (Rn) such
that

ρν ⇀ ρ1i,h weakly in L1(Rn).

It remains to prove that ρ1i,h is a solution for the minimization problem. But since Fi andW 2
2 (·, ρi,0)

are weakly lower semi-continuous in L1(Rn), we have

Ei,h(ρ1i,h|ρ0) 6 lim inf
νր+∞

Ei,h(ρν |ρ0).

To conclude the proof, we show that the minimizer is unique. This follows from the convexity
of Vi(·|ρ0) and ρ ∈ Pac2 (Rn) 7→W 2

2 (ρ, ρ
0
i,h) and the strict convexity of Fi.

Remark 4.6. By induction, proposition 4.5 is still true for all k > 1:
the proof is similar when we take k − 1 instead of 0 and if we notice that for all i,

Fi(ρ1i,h) + Vi(ρ1i,h|ρ1
h) 6 Fi(ρi,0) + Vi(ρi,0|ρ0) + CW2(ρ0,ρ

1
h) 6 C.

The last inequality is obtained from the minimization scheme and from the assumptions (4.2), (4.4)
and (4.6). By induction it becomes, for all k > 2,

Fi(ρk−1
i,h ) + Vi(ρk−1

i,h |ρk−1
h ) 6 Fi(ρi,0) + Vi(ρi,0|ρ0) + C

k−1∑

j=1

W2(ρ
j−1
h ,ρjh) 6 C.

This inequality shows Ei,h(ρk−1
i,h |ρk−1

h ) < +∞ and so we can bound (Fi(ρν))ν in the previous proof.

Thus we proved that sequences (ρki,h)k>0 are well defined for all i ∈ [[1, l]]. Then we define the
interpolation ρi,h : R+ → Pac2 (Rn) by, for all k ∈ N,

ρi,h(t) = ρki,h if t ∈ ((k − 1)h, kh]. (4.9)

The following proposition shows that ρi,h are solutions of a discrete approximation of the system
(4.1).

Proposition 4.7. Let h > 0, for all T > 0, let N such that N = ⌈Th ⌉. Then for all (φ1, . . . , φl) ∈
C∞
c ([0, T )× R

n)l and for all i ∈ [[1, l]],

ˆ T

0

ˆ

Rn

ρi,h(t, x)∂tφi(t, x) dxdt = −h
N−1∑

k=0

ˆ

Rn

Pi(ρ
k+1
i,h (x))∆φi(tk, x) dx

+ h

N−1∑

k=0

ˆ

Rn

∇(Vi[ρ
k
h]) · ∇φi(tk, x)ρk+1

i,h (x) dx

+
N−1∑

k=0

ˆ

Rn ×Rn

R[φi(tk, ·)](x, y)dγki,h(x, y)

−
ˆ

Rn

ρi,0(x)φi(0, x) dx,
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where tk = hk (tN := T ) and γki,h is the optimal transport plan in W2(ρ
k
i,h, ρ

k+1
i,h ). Moreover, R is

defined such that, for all φ ∈ C∞
c ([0, T )× R

n),

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞([0,T )×Rn)|x− y|2.

Proof. We split the proof in two steps. We first compute the first variation of Ei,h(·|ρkh) and then
we integrate in time. In the following, i is fixed in [[1, l]].

• First step: For all k > 0, if γki,h is the optimal transport plan in W2(ρ
k
i,h, ρ

k+1
i,h ) then

ˆ

Rn

ϕi(x)(ρ
k+1
i,h (x)− ρki,h(x)) = h

ˆ

Rn

Pi(ρ
k+1
i,h (x))∆ϕi(x) dx

− h

ˆ

Rn

∇(Vi[ρ
k
h])(x) · ∇ϕi(x)ρk+1

i,h (x) dx

−
ˆ

Rn ×Rn

R[ϕi](x, y)dγ
k
i,h(x, y),

for all ϕi ∈ C∞
c (Rn).

To obtain this equality, we compute the first variation of Ei,h(·|ρkh). Let ξi ∈ C∞
c (Rn,Rn) and

τ > 0 and let Ψτ defined by

∂τΨτ = ξi ◦Ψτ , Ψ0 = Id.

After we perturb ρk+1
i,h by ρτ = (Ψτ )♯ρ

k+1
i,h . According to the definition of ρk+1

i,h , we get

1

τ

(
Ei,h(ρτ |ρkh)− Ei,h(ρk+1

i,h |ρkh)
)
> 0. (4.10)

By standard computations (see for instance [65], [1]) we have

lim sup
τց0

1

τ
(
1

2
W 2

2 (ρτ , ρ
k
i,h)−

1

2
W 2

2 (ρ
k+1
i,h , ρki,h)) 6

ˆ

Rn ×Rn

(y − x) · ξi(y) dγki,h(x, y), (4.11)

where γki,h is the optimal transport plan in W2(ρ
k
i,h, ρ

k+1
i,h ),

lim sup
τց0

1

τ
(Fi(ρτ )−Fi(ρk+1

i,h )) 6 −
ˆ

Rn

Pi(ρ
k+1
i,h (x)) div(ξi(x)) dx, (4.12)

and

lim sup
τց0

1

τ

(
Vi(ρτ |ρkh)− Vi(ρk+1

i,h |ρkh)
)
6

ˆ

Rn

∇(Vi[ρ
k
h])(x) · ξi(x)ρk+1

i,h (x) dx. (4.13)

If we combine (4.10), (4.11), (4.12) and (4.13), we get

ˆ

Rn ×Rn

(y − x) · ξi(y) dγki,h(x, y) + h

ˆ

Rn

∇(Vi[ρ
k
h])(x) · ξi(x)ρk+1

i,h (x) dx

− h

ˆ

Rn

Pi(ρ
k+1
i,h (x)) div(ξi(x)) dx > 0.

And if we replace ξi by −ξi, this inequality becomes an equality.

To conclude this first part, we choose ξi = ∇ϕi and we notice, using Taylor’s expansion, that

ϕi(x)− ϕi(y) = ∇ϕi(y) · (x− y) +R[ϕi](x, y),

with R[ϕi] satisfying

|R[ϕi](x, y)| 6
1

2
‖D2ϕi‖L∞([0,T )×Rn)|x− y|2.
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• Second step: For all (φ1, . . . , φl) ∈ C∞
c ([0, T )×R

n)l, extended, for all i ∈ [[1, l]], by φi(0, ·) on
[−h, 0), then

ˆ T

0

ˆ

Rn

ρi,h(t, x)∂tφi(t, x) dxdt =

N∑

k=0

ˆ tk

tk−1

ˆ

Rn

ρki,h(x)∂tφi(t, x) dxdt

=
N∑

k=0

ˆ

Rn

ρki,h(x)(φi(tk, x)− φi(tk−1, x)) dx

=
N−1∑

k=0

ˆ

Rn

φi(tk, x)(ρ
k
i,h(x)− ρk+1

i,h (x)) dx

−
ˆ

Rn

ρi,0(x)φi(0, x) dx.

Using the first part with ϕi = φi(tk, ·), we get the desired equality.

The last proposition of this section gives usual estimates in gradient flow theory.

Proposition 4.8. For all T < +∞ and for all i ∈ [[1, l]], there exists a constant C < +∞ such
that for all k ∈ N and for all h with kh 6 T and let N = ⌈Th ⌉, we have

M(ρki,h) 6 C, (4.14)

Fi(ρki,h) 6 C, (4.15)
∑N−1
k=0 W

2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 Ch. (4.16)

Proof. The proof combines some techniques used in [65] et [54]. In the following, i is fixed in [[1, l]].
As ρk+1

i,h is optimal and ρki,h is admissible, we have

Ei,h(ρk+1
i,h |ρkh) 6 Ei,h(ρki,h|ρkh).

In other words,

1

2
W 2

2 (ρ
k
i,h, ρ

k+1
i,h ) + h

(
Fi(ρk+1

i,h ) + Vi(ρk+1
i,h |ρkh)

)
6 h

(
Fi(ρki,h) + Vi(ρki,h|ρkh)

)
.

From (4.3), we know that Vi[ρ] is a C-Lipschitz function where C does not depend on the
measure. Hence, because of (??), we have

Vi(ρki,h|ρkh)− Vi(ρk+1
i,h |ρkh) 6 CW2(ρ

k+1
i,h , ρki,h).

Using Young’s inequality, we obtain

Vi(ρki,h|ρkh)− Vi(ρk+1
i,h |ρkh) 6 C2h+

1

4h
W 2

2 (ρ
k+1
i,h , ρki,h).

It yields

1

4
W 2

2 (ρ
k
i,h, ρ

k+1
i,h ) 6 h(Fi(ρki,h)−Fi(ρk+1

i,h )) + C2h2. (4.17)

Summing over k, we can assert that

N−1∑

k=0

1

4
W 2

2 (ρ
k
i,h, ρ

k+1
i,h ) 6 h

(
N−1∑

k=0

(
Fi(ρki,h)−Fi(ρk+1

i,h )
)
+ C2T

)

6 h
(
Fi(ρi,0)−Fi(ρNi,h) + C2T

)
.
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But by assumption, Fi(ρi,0) < +∞ and −Fi(ρ) 6 C(1 +M(ρ))α, with 0 < α < 1, then

N∑

k=1

1

4
W 2

2 (ρ
k
i,h, ρ

k+1
i,h ) 6 h

(
Fi(ρi,0) + C(1 +M(ρNi,h))

α + C2T
)
. (4.18)

Thus we are reduced to prove (4.14). But

M(ρki,h) 6 2W 2
2 (ρ

k
i,h, ρi,0) + 2M(ρi,0)

6 2k
k−1∑

m=0

W 2
2 (ρ

m
i,h, ρ

m+1
i,h ) + 2M(ρi,0)

6 8kh
(
Fi(ρi,0) + C(1 +M(ρki,h))

α + C2T
)
+ 2M(ρi,0)

6 8T
(
Fi(ρi,0) + C(1 +M(ρki,h))

α + C2T
)
+ 2M(ρi,0).

As α < 1, we get (4.14). The second line is obtained with the triangle inequality and Cauchy-
Schwarz inequality while the third line is obtained because of (4.18). So we have poved (4.14) and
(4.16).

To have (4.15), we just have to use (4.17) and to sum. This implies

Fi(ρki,h) 6 Fi(ρi,0) + C2T,

which proves the proposition.

4.4 κ-flows and gradient estimate

Estimates of proposition 4.8 permit to obtain weak convergence in L1 (see proposition 4.13).
Unfortunately, it is not enough to pass to the limit in the nonlinear diffusion term Pi(ρi,h). In
this section, we follow the general strategy developed in [86] and used in [55] and [35] to get an

estimate on the gradient of ρmi/2
i,h . This estimate will be used in proposition 4.14 to have a strong

convergence of ρi,h in Lmi(]0, T [×R
n). In the following, we are only interested by the case where

mi > 1 because if mi = 1, Pi(ρi,h) = ρi,h and the weak convergence is enough to pass to the limit
in proposition 4.7. In the first part of this section, we recall the definition of κ-flows (or contractive
gradient flow) and some results on the dissipation of Fi+Vi then, in the second part, we use these
results with the heat flow to find an estimate on the gradient.

4.4.1 κ-flows

Definition 4.9. A semigroup SΨ : R
+ ×Pac2 (Rn) → Pac2 (Rn) is a κ-flow for the functional

Ψ : Pac2 (Rn) → R∪{+∞} with respect to W2 if, for all ρ ∈ Pac2 (Rn), the curve s 7→ S
s
Ψ[ρ] is

absolutely continuous on R
+, S0

Ψ = Id and satisfies the evolution variational inequality (EVI)

1

2

d+

dσ
|σ=s W 2

2 (S
s
Ψ[ρ], ρ̃) +

κ

2
W 2

2 (S
s
Ψ[ρ], ρ̃) 6 Ψ(ρ̃)−Ψ(Ss

Ψ[ρ]), (4.19)

for all s > 0 and for all ρ̃ ∈ Pac2 (Rn) such that Ψ(ρ̃) < +∞, where

d+

dt
f(t) := lim sup

s→0+

f(t+ s)− f(t)

s
.

In [4], the authors showed that the fact a functional admits a κ-flow is equivalent to λ-
displacement convexity (see section 4.7 for definition).

The next two lemmas give results on the variations of ρki,h along specific κ-flows and are ex-
tracted from [55]. The goal is to use them with the heat flow.
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Lemma 4.10. Let Ψ : Pac2 (Rn) → R∪{+∞} l.s.c on Pac2 (Rn) which possesses a κ-flot SΨ.
Define the dissipation Di,Ψ along SΨ by

Di,Ψ(ρ|µ) := lim sup
sց0

1

s
(Fi(ρ)−Fi(Ss

Ψ[ρ]) + Vi(ρ|µ)− Vi(Ss
Ψ[ρ]|µ))

for all ρ ∈ Pac2 (Rn) and µ ∈ Pac2 (Rn)l.
If ρk−1

i,h et ρki,h are two consecutive steps of the semi-implicit JKO scheme, then

Ψ(ρk−1
i,h )−Ψ(ρki,h) > hDi,Ψ(ρki,h|ρk−1

h ) +
κ

2
W 2

2 (ρ
k
i,h, ρ

k−1
i,h ). (4.20)

Proof. Since the result is trivial if Ψ(ρk−1
i,h ) = +∞, we assume Ψ(ρk−1

i,h ) < +∞.

Thus we can use the EVI inequality (4.19) with ρ := ρki,h and ρ̃ := ρk−1
i,h . We obtain

Ψ(ρk−1
i,h )−Ψ(Ss

Ψ[ρ
k
i,h]) >

1

2

d+

dσ
|σ=s W 2

2 (S
s
Ψ[ρ

k
i,h], ρ

k−1
i,h ) +

κ

2
W 2

2 (S
s
Ψ[ρ

k
i,h], ρ

k−1
i,h ).

By lower semi-continuity of Ψ, we have

Ψ(ρk−1
i,h )−Ψ(ρki,h) > Ψ(ρk−1

i,h )− lim inf
sց0

Ψ(Ss
Ψ[ρ

k
i,h])

> lim sup
sց0

(
Ψ(ρk−1

i,h )−Ψ(Ss
Ψ(ρ

k
i,h))

)

> lim sup
sց0

(
1

2

d+

dσ
|σ=s W 2

2 (S
s
Ψ[ρ

k
i,h], ρ

k−1
i,h )

)

+
κ

2
W 2

2 (ρ
k
i,h, ρ

k−1
i,h ).

The last line is obtained thanks to the W2-continuity of s 7→ S
s
Ψ[ρ

k
i,h] in s = 0. Moreover, the

absolute continuity of s 7→ S
s
Ψ[ρ

k
i,h] implies

lim sup
sց0

(
1

2

d+

dσ
|σ=s W 2

2 (S
s
Ψ[ρ

k
i,h], ρ

k−1
i,h )

)

> lim sup
sց0

1

2s

(
W 2

2 (S
s
Ψ[ρ

k
i,h], ρ

k−1
i,h )−W 2

2 (ρ
k
i,h, ρ

k−1
i,h )

)
.

But since ρki,h minimizes Ei,h(·|ρk−1
h ), we get, for all s > 0,

W 2
2 (S

s
Ψ[ρ

k
i,h], ρ

k−1
i,h )−W 2

2 (ρ
k
i,h, ρ

k−1
i,h ) > 2h

(
Fi(ρki,h)−Fi(Ss

Ψ[ρ
k
i,h])

)

+ 2h
(
Vi(ρki,h|ρk−1

h )− Vi(Ss
Ψ[ρ

k
i,h]|ρk−1

h )
)
.

This concludes the proof.

Corollary 4.11. Under the same hypotheses as in lemma 4.10, let SΨ a κ-flow such that, for
all k ∈ N, the curve s 7→ S

s
Ψ[ρ

k
i,h] lies in L1(Rn). Moreover, assume that s 7→ Fi(S

s
Ψ[ρ

k
i,h]) is

differentiable for s > 0 and is continuous at s = 0 in L1(Rn).

In addition, we assume that the family − d
dσ |σ=s

(
Fi(Sσ

Ψ[ρ
k
i,h]) + Vi(Sσ

Ψ[ρ
k
i,h]|ρk−1

h )
)

is bounded

from below by an integrable function as s goes to 0 and let Ki,Ψ : Pac2 (Rn) 7→] − ∞,+∞] be a
functional such that

lim inf
sց0

(
− d

dσ |σ=s

(
Fi(Sσ

Ψ[ρ
k
i,h]) + Vi(Sσ

Ψ[ρ
k
i,h]|ρk−1

h )
))

> Ki,Ψ(ρ
k
i,h|ρk−1

h ). (4.21)

Then, for all k ∈ N,

Ψ(ρk−1
i,h )−Ψ(ρki,h) > hKi,Ψ(ρ

k
i,h|ρk−1

h ) +
κ

2
W 2

2 (ρ
k
i,h, ρ

k−1
i,h ). (4.22)
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Proof. It is sufficient to show that Di,Ψ(·|ρk−1
h ) is bounded below by Ki,Ψ(·|ρk−1

h ). The proof
is as in corollary 4.3 of [55]. The hypotheses of L1-regularity on Fi(S

s
Ψ[ρ

k
i,h]) imply that s 7→

Fi(Ss
Ψ[ρ

k
i,h]) is differentiable for s > 0 and continuous at s = 0. We have the same regularity for

s 7→ Vi(Ss
Ψ[ρ

k
i,h]|ρk−1

h ). By the fundamental theorem of calculus,

Di,Ψ(ρki,h|ρk−1
h ) = lim sup

sց0

1

s

(
Fi(ρki,h)−Fi(Ss

ψ[ρ
k
i,h])

+Vi(ρki,h|ρk−1
h )− Vi(Ss

Ψ[ρ
k
i,h]|ρk−1

h )
)

= lim sup
sց0

ˆ 1

0

(
− d

dσ |σ=sz

(
Fi(Sσ

Ψ[ρ
k
i,h]) + Vi(Sσ

Ψ[ρ
k
i,h]|ρk−1

h )
))

dz

>

ˆ 1

0

lim inf
sց0

(
− d

dσ |σ=sz

(
Fi(Sσ

Ψ[ρ
k
i,h]) + Vi(Sσ

Ψ[ρ
k
i,h]|ρk−1

h )
))

dz

> Ki,Ψ(ρ
k
i,h|ρk−1

h ).

The last line is obtained by Fatou’s lemma and assumption (4.21). To conclude we apply lemma
4.10.

4.4.2 Gradient estimate

Proposition 4.12. For all i ∈ [[1, l]] such that mi > 1, there exists a constant C which depends
only on ρi,0 such that

‖ρmi/2
i,h ‖L2([0,T ];H1(Rn)) 6 C(1 + T )

for all T > 0.

Before starting the proof of the proposition 4.12, we recall the definition of the Entropy func-
tional ,

E(ρ) =

ˆ

Rn

ρ log ρ, for all ρ ∈ Pac(Rn).

We know that this functional possesses a κ-flow, with κ = 0 which is given by the heat semigroup
(see for instance [49], [65] or [116]). In other words, for a given η0 ∈ Pac2 (Rn), the curve s 7→
η(s) := S

s
E [η0] solves

{
∂sη = ∆η on R

+ × R
n,

η(0) = η0 on R
n,

in the classical sense. η(s) is a positive density for all s > 0 and is continuously differentiable as
a map from R

+ to C∞ ∩ L1(Rn). Moreover, if η0 ∈ Lm(Rn), then η(s) converges to η0 in Lm(Rn)
when sց 0.

Proof. Based on the facts set out above, SE satisfies the hypotheses of the corollary 4.11. We just
have to define a suitable lower bound Ki,E to use it. The spatial regularity of η(s) for all s > 0
allows the following calculations. Thus for all µ ∈ Pac2 (Rn)l, we have

∂s (Fi(Ss
E [η0]) + Vi(Ss

E [η0]|µ))

=

ˆ

Rn

∂sFi(η) dx+

ˆ

Rn

Vi[µ]∂sη(s, x) dx

=

ˆ

Rn

F ′
i (η(s, x))∆η(s, x) dx+

ˆ

Rn

Vi[µ]∆η(s, x) dx

= −
ˆ

Rn

F ′′
i (η(s, x))|∇η(s, x)|2 dx+

ˆ

Rn

∆(Vi[µ])η(s, x) dx.
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According to (4.5), F ′′
i (x) > Cxmi−2 thus

∂s (Fi(Ss
E [η0]) + Vi(Ss

E [η0]|µ))

6 −C
ˆ

Rn

η(s, x)mi−2|∇η(s, x)|2 dx+

ˆ

Rn

∆(Vi[µ])η(s, x) dx

6 −C
ˆ

Rn

|∇η(s, x)mi/2|2 dx+

ˆ

Rn

∆(Vi[µ])η(s, x) dx.

Since (4.3), we obtain a lower bound on the family −∂s (Fi(Ss
E [η0]) + Vi(Ss

E [η0]|µ)). Indeed,

−∂s (Fi(Ss
E [η0]) + Vi(Ss

E [η0]|µ))

> C

ˆ

Rn

|∇η(s, x)mi/2|2 dx−
ˆ

Rn

∆(Vi[µ])η(s, x) dx,

> −C
because ‖Ss

E [η0]‖L1(Rn) = 1.
Then we define

Ki,E(ρ|µ) := C

ˆ

Rn

|∇(ρ(x)mi/2)|2 dx−
ˆ

Rn

∆(V [µ])ρ(x) dx.

We shall now establish that Ki,E satisfies (4.21). First of all, we notice that

lim inf
sց0

(
− d

dσ |σ=s

(Fi(Sσ
E [ρ

k
i,h]) + Vi(Sσ

E [ρ
k
i,h]|ρk−1

h )

)

> lim inf
sց0

(
− d

dσ |σ=s

Fi(Sσ
E [ρ

k
i,h])

)
+ lim inf

sց0

(
− d

dσ |σ=s

Vi(Sσ
E [ρ

k
i,h]|ρk−1

h )

)
. (4.23)

Thanks to the proof of lemma 4.4 and with lemma A.1 of [55], we obtain

lim inf
sց0

(
− d

dσ |σ=s

(Fi(Sσ
E [ρ

k
i,h])

)
> C

ˆ

Rn

|∇(ρki,h(x)
mi/2)|2 dx. (4.24)

Moreover, as S
s
E is continuous in L1(Rn) at s = 0 and according to (4.3),

lim inf
sց0

(
− d

dσ |σ=s

Vi(Sσ
E [ρ

k
i,h]|ρk−1

h )

)
> −
ˆ

Rn

∆(Vi[ρ
k−1
h ])ρki,h(x) dx. (4.25)

The combination of (4.23), (4.24) and (4.25) gives (4.21) for Ki,E . We apply corollary 4.11 and
we get

E(ρk−1
i,h )− E(ρki,h) > hKi,E(ρ

k
i,h|ρk−1

h ). (4.26)

But since ∆(Vi[ρ]) ∈ L∞(Rn) uniformly on ρ (4.3),

Ch

ˆ

Rn

|∇(ρki,h(x)
mi/2)|2 dx 6 E(ρk−1

i,h )− E(ρki,h) + Ch.

Now we sum on k from 1 to N = ⌈Th ⌉

Ch
N∑

k=1

‖∇(ρki,h(x)
mi/2)‖2L2(Rn) 6 E(ρi,0)− E(ρNi,h) + CT. (4.27)

According to [65] and [55], there exists a constant C > 0 and 0 < α < 1 such that for all
ρ ∈ Pac2 (Rn),

−C(1 +M(ρ))α 6 E(ρ) 6 CFi(ρ).
Since for all k, h, M(ρki,h) is bounded, according to (4.14) and the fact that Fi(ρi,0) < +∞ by

(4.6), we have

h

N∑

k=1

‖∇(ρki,h(x)
mi/2)‖2L2(Rn) 6 C(1 + T ).

To conclude the proof, we use (4.5) and (4.15).
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4.5 Passage to the limit

In this section, we establish weak and strong convergences for sequences (ρi,h), in order to pass to
the limit in the discrete system of proposition 4.7.

4.5.1 Weak and strong convergences

The first convergence result is obtained using the estimates on the distance (4.16) and on the
energy Fi (4.15).

Proposition 4.13. Every sequences (hk)k∈N of time steps which tends to 0 contains a subsequence,
non-relabelled, such that ρi,hk

converges, uniformly on compact time intervals, in W2 to a 1
2 -Hölder

function ρi : [0,+∞[→ Pac2 (Rn).

Proof. The estimation on the sum of distances (4.16) gives us for all t, s > 0,

W2(ρi,h(t, ·), ρi,h(s, ·)) 6 C(|t− s|+ h)1/2,

with C independ of h.
According to the proposition 3.3.1 of [4] and using a diagonal argument, at least for a subse-

quence, for all i, ρi,hk
converges uniformly on compact time intervals in W2 to a 1

2 -Hölder function
ρi : [0,+∞[→ P2(R

n). To conclude we show that for all t > 0, ρ(t, ·) ∈ Pac2 (Rn). But as Fi is
superlinear, Dunford-Pettis’ theorem completes the proof.

With the previous proposition, we can pass to the limit in the case mi = 1 because Pi(ρi,h) =
ρi,h and the term ∇(Vi[ρh]) is controlled thanks to the hypothesis (4.4). Unfortunately, it is not
enough to pass to the limit in Pi(ρi,h) when mi > 1. In the next proposition, we use proposition
4.12 to get a stronger convergence.

Proposition 4.14. For all i ∈ [[1, l]] such that mi > 1, ρi,h converges to ρi in Lmi(]0, T [×R
n) and

Pi(ρi,h) converges to Pi(ρi) in L1(]0, T [×R
n), for all T > 0.

The proof of this proposition is obtained by using an extention of Aubin-Lions lemma given by
Rossi and Savaré in [107] (theorem 2) and recalled in [55] (theorem 4.9).

Theorem 4.15 (th. 2 in [107]). On a Banach space X, let be given

• a normal coercive integrand G : X → R
+, i.e, G is l.s.c and its sublevels are relatively

compact in X,

• a pseudo-distance g : X ×X → [0,+∞], i.e, g is l.s.c and

[g(ρ, µ) = 0, ρ, µ ∈ X with G(ρ),G(µ) <∞] ⇒ ρ = µ.

Let U be a set of measurable functions u : ]0, T [→ X with a fixed T > 0. Under the hypotheses
that

sup
u∈U

ˆ T

0

G(u(t)) dt < +∞ and lim
hց0

sup
u∈U

ˆ T−h

0

g(u(t+ h), u(t)) dt = 0, (4.28)

U contains a subsequence (un)n∈N which converges in measure with respect to t ∈]0, T [ to a limit
u⋆ : ]0, T [→ X.

To apply this theorem, we define on X := Lmi(Rn), as in [55], g by

g(ρ, µ) :=

{
W2(ρ, µ) if ρ, µ ∈ P2(R

n),
+∞ otherwise,

and Gi by

Gi(ρ) :=
{

‖ρmi/2‖H1(Rn) +M(ρ) if ρ ∈ Pac2 (Rn) and ρmi/2 ∈ H1(Rn),
+∞ otherwise.

Now, we show that Gi satisfies theorem 4.15 conditions.
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Lemma 4.16. For all i ∈ [[1, l]] such that mi > 1, Gi is l.s.c and its sublevels are relatively compact
in Lmi(Rn).

Proof. The l.s.c of Gi on Lmi(Rn) follows from lemma A.1 in [55]. To complete the proof we have
to show that sublevels Ac := {ρ ∈ Lmi(Rn) | Gi(ρ) 6 c} of Gi are relatively compact in Lmi(Rn).

To do this, we prove that Bc :=
{
η = ρmi/2 | ρ ∈ Ac

}
is relatively compact in L2(Rn) and since

the map j : L2(Rn) → Lmi(Rn), with j(η) = η2/mi , is continuous, Ac = j(Bc) will be relatively
compact in Lmi(Rn).
We want to apply the Fréchet-Kolmogorov theorem to show that Bc is relatively compact in L2(Rn).

• Bc is bounded in L2(Rn): Since η2 = ρmi with Gi(ρ) 6 c, it is straightforward to see
ˆ

Rn

η2 6 c.

• Bc is tight under translations: for every η ∈ Bc and h ∈ R
n we have that

ˆ

Rn

|η(x+ h)− η(x)|2 dx 6 |h|2
ˆ

Rn

∣∣∣∣
ˆ 1

0

|∇η(x+ zh)| dz
∣∣∣∣
2

dx

6 |h|2
ˆ

Rn

|∇η(x)|2 dx 6 c|h|2,

thus the left hand side converges to 0 uniformly on Bc as |h| ց 0.

• Elements of Bc are unifomly decaying at infinity: For all η ∈ Bc and R > 0, we have
ˆ

|x|>R
η2 dx 6

1

R1/n

ˆ

Rn

|x|1/nη1/nmiη2−1/nmi dx.

If we use Hölder inequality with p = 2n and q = 2n
2n−1 , we get

ˆ

|x|>R
η2 dx 6

1

R1/n

(
ˆ

Rn

|x|2η2/mi

)1/2n(ˆ

Rn

η2(2mi−1/n)/mi(2−1/n)

) 2n−1

2n

.

As η2/mi = ρ with Gi(ρ) 6 c, we have
ˆ

Rn

|x|2η2/mi 6 c.

To bound the other term we use the Gagliardo-Nirenberg inequality: for 1 6 q, r 6 +∞, we
have

‖u‖Lp 6 C‖∇u‖αLr‖u‖1−αLq ,

for all 0 < α < 1 and for p given by

1

p
= α

(
1

r
− 1

n

)
+ (1− α)

1

q
.

We choose p = 2(2mi−1/n)
mi(2−1/n) , q = r = 2 and α = mi−1

2(2mi−1/n) (since mi > 1 we have 0 < α < 1)
then we obtain:

ˆ

Rn

η2(2mi−1/n)/mi(2−1/n)
6

(
ˆ

Rn

|∇η|2
)αp/2(ˆ

Rn

η2
)(1−α)p/2

.

but since η = ρmi/2 with Gi(ρ) 6 c, the second term is bounded then
ˆ

|x|>R
η2 dx 6

C

R1/n
→ 0,

as R goes to +∞.
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We conclude thanks to the Fréchet-Kolmogorov theorem.

Proof of the proposition 4.14. We want to apply theorem 4.15 with X := Lmi(Rn), G := Gi, g and
U := {ρi,hk

| k ∈ N}. According to lemma 4.16, Gi satisfies the hypotheses of the theorem. It’s
obvious that it is the same for g. Thus we only have to check conditions for U . The first condition
is satisfied because of (4.14) and proposition 4.12 and the second is satisfied because of (4.16) (the
proof is done in [55] proposition 4.8, for example).

According to theorem 4.15 and using a diagonal argument, there exists a subsequence, not-
relabeled, such that for all i with mi > 1, there exists ρ̃i : ]0, T [→ Lmi(Rn) such that ρi,hk

converges in measure with respect to t in Lmi(Rn) to ρ̃i. Moreover, as ρi,hk
(t) converges in W2 for

all t ∈ [0, T ] to ρi(t) (proposition 4.13) then ρ̃i = ρi. Now since convergence in measure implies a.e
convergence up to a subsequence, we may also assume that ρi,hk

(t) converges strongly in Lmi(Rn)
to ρi(t) t-a.e. Now, thanks to (4.15) and (4.5) we have

ˆ

Rn

ρmi

i,h(t, x) dx 6 CFi(ρi,h(t, ·)) 6 C,

then Lebesgue’s dominated convergence theorem implies that ρi,hk
converges strongly in Lmi(]0, T [×R

n)
to ρi.

To conclude the proof we have to show that Pi(ρi,h) converges to Pi(ρi) in L1(]0, T [×R
n). First

of all, up to a subsequence, we may assume that there exists g ∈ Lmi(]0, T [×R
n) such that

ρi,hk
→ ρi (t, x)-a.e and ρi,hk

6 g (t, x)-a.e.

Thus according to (4.5)

Pi(ρi,hk
) → Pi(ρi) (t, x)-a.e and 0 6 P (ρi,hk

) 6 C(ρi,hk
+ gmi) (t, x)-a.e.

So when we pass to the limit we have (t, x)-a.e

0 6 P (ρi) 6 C(ρi + gmi) ∈ L1(]0, T [×R
n).

Then C(ρi,hk
+ ρi + 2gmi)− |Pi(ρi,hk

)− Pi(ρi)| > 0 and using the a.e convergence of ρi,hk
and

Pi(ρi,hk
),

2CT + 2C

¨

]0,T [×Rn

g(x)mi dxdt

=

¨

]0,T [×Rn

lim inf (C(ρi,hk
+ ρi + 2gmi)− |Pi(ρi,hk

)− Pi(ρi)|)

6 2CT + 2C

¨

]0,T [×Rn

gmi(x) dxdt− lim sup

¨

]0,T [×Rn

|Pi(ρi,hk
)− Pi(ρi)|.

To do these computations, we used that ‖ρi,hk
‖L1(]0,T [×Rn) = ‖ρi‖L1(]0,T [×Rn) = T and Fatou’s

lemma. Since g ∈ Lmi(]0, T [×R
n), we obtain

lim sup

¨

]0,T [×Rn

|Pi(ρi,hk
)− Pi(ρi)| 6 0,

which concludes the proof.

4.5.2 Limit of the discrete system

In this section, we pass to the limit in the discrete system of proposition 4.7. In the following, we
consider φi ∈ C∞

c ([0, T )× R
n) and N = ⌈Th ⌉.

proof of theorem 4.3. We will pass to the limit in all terms in proposition 4.7.
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• Convergence of the remainder term: By definition of R, we have
ˆ

Rn ×Rn

R[φi(tk, ·)](x, y)dγki,h(x, y) 6
1

2
‖∇2φi‖L∞([0,T ]×Rn)W

2
2 (ρ

k
i,h, ρ

k+1
i,h ).

and according to the estimate (4.16), we get
∣∣∣∣∣

N−1∑

k=0

ˆ

Rn ×Rn

R[φi(tk, ·)](x, y)dγki,h(x, y)
∣∣∣∣∣ 6 C

N−1∑

k=0

W 2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 Ch→ 0.

• Convergence of the linear term:

∣∣∣∣∣

ˆ T

0

ˆ

Rn

ρi,h(t, x)∂tφi(t, x) dxdt−
ˆ T

0

ˆ

Rn

ρi(t, x)∂tφi(t, x) dxdt

∣∣∣∣∣

6 CT sup
t∈[0,T ]

W2(ρi,h(t, ·), ρi(t, ·)) → 0,

when hց 0 because of proposition 4.13.

• Convergence of the diffusion term:

∣∣∣∣∣h
N−1∑

k=0

ˆ

Rn

Pi(ρ
k+1
i,h (x)) ·∆φi(tk, x) dx−

ˆ T

0

ˆ

Rn

Pi(ρi(t, x))∆φi(t, x) dxdt

∣∣∣∣∣

6 C(1 + T )‖D3φi‖L∞h+

∣∣∣∣∣

ˆ T

0

ˆ

Rn

(Pi(ρi,h(t, x))− Pi(ρ(t, x)))∆φi(t, x) dxdt

∣∣∣∣∣ .

If mi = 1, the right hand side converges to 0 because of proposition 4.13 and otherwise it
goes to 0 because of proposition 4.14.

• Convergence of the interaction term:
∣∣∣∣∣h

N−1∑

k=0

ˆ

Rn

∇(Vi[ρ
k
h])(x) · ∇φi(tk, x)ρk+1

i,h (x) dx

−
ˆ T

0

ˆ

Rn

∇(Vi[ρ(t, ·)])(x) · ∇φi(t, x)ρi(t, x) dxdt
∣∣∣∣∣

6

∣∣∣∣∣h
N−1∑

k=0

ˆ

Rn

∇(Vi[ρ
k
h])(x) · ∇φi(tk, x)ρk+1

i,h (x) dx

−
N−1∑

k=0

ˆ tk+1

tk

ˆ

Rn

∇(Vi[ρ(t, ·)])(x) · ∇φi(tk, x)ρk+1
i,h (x) dxdt

∣∣∣∣∣

+

∣∣∣∣∣

N−1∑

k=0

ˆ tk+1

tk

ˆ

Rn

∇(Vi[ρ(t, ·)])(x) · (∇φi(tk, x)−∇φi(t, x))ρk+1
i,h (x) dxdt

∣∣∣∣∣

+

∣∣∣∣∣

N−1∑

k=0

ˆ tk+1

tk

ˆ

Rn

∇(Vi[ρ(t, ·)])(x) · ∇φi(t, x)(ρk+1
i,h (x)− ρi(t, x)) dxdt

∣∣∣∣∣
6 J1 + J2 + J3.

– As ρi,h converges weakly L1(]0, T [×R
n) to ρi and (∇(Vi[ρ]) · ∇φi) ∈ L∞([0, T ] × R

n),
then

J3 → 0 as h→ 0.

– For J2, we use the fact that ∇φi is a Lipschitz function and that ∇(Vi[ρ]) is bounded
thanks to (4.3), and then,

J2 6 CT‖D2φi‖L∞([0,T ]×Rn)h→ 0.
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– Using assumption (4.4), we have

J1 6 C‖∇φi‖L∞([0,T ]×Rn)

N−1∑

k=0

ˆ tk+1

tk

W2(ρ
k
h,ρ(t, ·)) dt

Then using triangle inequality and Cauchy-Schwarz inequality, we obtain

J1 6 C‖∇φi‖L∞([0,T ]×Rn)

N−1∑

k=0

ˆ tk+1

tk

(W2(ρ
k
h,ρ

k+1
h ) +W2(ρ

k+1
h ,ρ(t, ·)))

6 C‖∇φi‖L∞([0,T ]×Rn)

(
h
N−1∑

k=0

W2(ρ
k
h,ρ

k+1
h )

+

N−1∑

k=0

ˆ tk+1

tk

W2(ρ
k+1
h ,ρ(t, ·)) dt

)

6 C‖∇φi‖L∞([0,T ]×Rn)

(
T
N−1∑

k=0

W 2
2 (ρ

k
h,ρ

k+1
h )

+

ˆ T

0

W2(ρh(t, ·),ρ(t, ·)) dt
)

According to (4.16), we obtain

T
N−1∑

k=0

W 2
2 (ρ

k
h,ρ

k+1
h ) 6 CTh→ 0

when hց 0. Moreover,
ˆ T

0

W2(ρh(t, ·),ρ(t, ·)) dt 6 T sup
t∈[0,T ]

W2(ρh(t, ·),ρ(t, ·)) → 0,

when h goes to 0, which proves that

J1 → 0 as h→ 0.

If we combine all these convergences, theorem 4.3 is proved.

4.6 The case of a bounded domain Ω

In this section, we work on a smooth bounded domain Ω of Rn and only with one density but, as
in the whole space, the result readily extends to systems. Our aim is to solve (4.1). We remark
that Ω is not taken convex so we can not use the flow interchange argument anymore because
this argument uses the displacement convexity of the Entropy. Moreover since Ω is bounded, the
solution has to satisfy some boundary conditions contrary to the periodic case [35] or in R

n. In
our case, we study (4.1) with no flux boundary condition, which is the natural boundary condition
for gradient flows, i.e we want to solve





∂tρ− div(ρ∇(V [ρ]))−∆P (ρ) = 0 on R
+ × Ω,

(ρ∇(V [ρ]) +∇P (ρ)) · ν = 0 on R
+ ×∂Ω,

ρ(0, ·) = ρ0 on R
n,

(4.29)

where ν is the outward unit normal to ∂Ω.

We say that ρ : [0,+∞[→ Pac(Ω) is a weak solution of (4.29), with F ∈ Hm, if ρ ∈
C([0,+∞[;Pac(Ω)) ∩ Lm(]0, T [×Ω), P (ρ) ∈ L1(]0, T [×Ω), ∇P (ρ) ∈ Mn([0, T ]× Ω) for all T < ∞
and if for all ϕ ∈ C∞

c ([0,+∞[×R
n), we have

ˆ ∞

0

ˆ

Ω

[(∂tϕ−∇ϕ · ∇(V [ρ]))ρ−∇P (ρ) · ∇ϕ] = −
ˆ

Ω

ϕ(0, x)ρ0(x).
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Since test functions are in C∞
c ([0,+∞[×R

n), we do not impose that they vanish on the boundary
of Ω, which give Neumann boundary condition.

Theorem 4.17. Let F ∈ Hm for m > 1 and let V satisfies (4.2), (4.3), (4.4). If we assume that
ρ0 ∈ Pac(Ω) satisfies

F(ρ0) + V(ρ0|ρ0) < +∞, (4.30)

with

F(ρ) :=

{ ´
Ω
F (ρ(x)) dx if ρ≪ Ln|Ω,

+∞ otherwise,
and V(ρ|µ) :=

ˆ

Ω

V[µ]ρ dx.

then (4.29) admits at least one weak solution.

The proof of this theorem is different from the one on R
n because we will not use the flow

interchange argument of Matthes, McCann and Savaré to find strong convergence since Ω is not
assumed convex. First, we will find an a.e equality using the first variation of energies in order to
have a discrete equation, as in proposition 4.7. Then, we will derive a new estimate on the gradient
of some power of ρh from this a.e equality. To conclude, we will use again the refined version of
Aubin-Lions lemma of Rossi and Savaré in [107].

On Ω we can define, with the semi-implicit JKO scheme, the sequence (ρkh)k, where ρkh minimizes

ρ 7→ Eh(ρ|ρk−1
h ) :=

1

2h
W 2

2 (ρ, ρ
k−1
h ) + F(ρ) + V(ρ|ρk−1

h )

on P(Ω). The proof of existence and uniqueness of ρkh is the same as in proposition 4.5. It is even
easier because on a bounded domain F is bounded from below for all m > 1. We find also the same
estimates than in the proposition 4.8 on the functional and the distance (see for example [1],[35]).

Now we will establish a discrete equation satisfied by the piecewise interpolation of the sequence
(ρkh)k defined by, for all k ∈ N,

ρh(t) = ρkh if t ∈ ((k − 1)h, kh].

Proposition 4.18. For every k > 0, we have

(y − Tk(y))ρ
k+1
h + h∇(V [ρkh])ρ

k+1
h + h∇(P (ρk+1

h )) = 0 a.e on Ω, (4.31)

where Tk is the optimal transport map between ρk+1
h and ρkh. Then ρh satisfies

ˆ T

0

ˆ

Ω

ρh(t, x)∂tϕ(t, x) dxdt = h

N−1∑

k=0

ˆ

Ω

∇(V [ρkh])(x) · ∇ϕ(tk, x)ρk+1
h (x) dxdt

+h
N−1∑

k=0

ˆ

Ω

∇P (ρk+1
h (x)) · ∇ϕ(tk, x) dx (4.32)

+
N−1∑

k=0

ˆ

Ω×Ω

R[ϕ(tk, ·)](x, y)dγk(x, y)

−
ˆ

Ω

ρ0(x)ϕ(0, x) dx,

with N =
⌈
T
h

⌉
, for all φ ∈ C∞

c ([0, T )× R
n), γk is the optimal transport plan in W2(ρ

k
h, ρ

k+1
h ) and

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞(R×Rn)|x− y|2.
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Proof. First, we prove the equality (4.31). As in proposition 4.7, taking the first vartiation in the
semi-implicit JKO scheme, we find for all ξ ∈ C∞

c (Ω;Rn),
ˆ

Ω

(y − Tk(y)) · ξ(y)ρk+1
h (y) dy + h

ˆ

Ω

∇(V [ρkh]) · ξρk+1
h − h

ˆ

Ω

P (ρk+1
h ) div(ξ) = 0, (4.33)

where Tk is the optimal transport map between ρk+1
h and ρkh. Now we claim that P (ρk+1

h ) ∈
W 1,1(Ω). Indeed, since F controls xm and P is controlled by xm then (4.15) gives P (ρk+1

h ) ∈ L1(Ω).
Moreover, (4.33) gives

∣∣∣∣
ˆ

Ω

P (ρk+1
h ) div(ξ)

∣∣∣∣ 6

[
ˆ

Ω

|y − Tk(y)|
h

ρk+1
h + C

]
‖ξ‖L∞(Ω)

6

[
W2(ρ

k
h, ρ

k+1
h )

h
+ C

]
‖ξ‖L∞(Ω).

This implies P (ρk+1
h ) ∈ BV (Ω) and ∇P (ρk+1

h ) = ∇V [ρkh]ρ
k+1
h + Id−Tk

h ρk+1
h in Mn(Ω). And, since

∇V [ρkh]ρ
k+1
h + Id−Tk

h ρk+1
h ∈ L1(Ω), we have P (ρk+1

h ) ∈W 1,1(Ω) and (4.31).

Now, we verify that ρh statisfies (4.32). We start to take the scalar product between (4.31) and
∇ϕ with ϕ ∈ C∞

c ([0, T )× R
n), and we find, for all t ∈ [0, T ),

ˆ

Ω

(y − Tk(y)) · ∇ϕ(t, y)ρk+1
h (y) dy

+ h

ˆ

Ω

∇(V [ρkh])(y) · ∇ϕ(t, y)ρk+1
h (y) dy + h

ˆ

Ω

∇(P (ρk+1
h ))(y) · ∇ϕ(t, y) dy = 0. (4.34)

Moreover, if we extend ϕ by ϕ(0, ·) on [−h, 0), then

ˆ T

0

ˆ

Ω

ρh(t, x)∂tϕ(t, x) dxdt =

N∑

k=0

ˆ tk

tk−1

ˆ

Ω

ρkh(x)∂tϕ(t, x) dxdt

=
N∑

k=0

ˆ

Ω

ρkh(x)(ϕ(tk, x)− ϕ(tk−1, x)) dx

=

N−1∑

k=0

ˆ

Ω

ϕ(tk, x)(ρ
k
h(x)− ρk+1

h (x)) dx

−
ˆ

Rn

ρ0(x)ϕ(0, x) dx.

And using the second order Taylor-Lagrange formula, we find
ˆ

Ω×Ω

(ϕ(kh, x)− ϕ(kh, y)) dγk(x, y)

=

ˆ

Ω×Ω

∇ϕ(kh, y) · (x− y) dγk(x, y) +

ˆ

Ω×Ω

R[ϕ(tk, ·)](x, y)dγk(x, y).

This concludes the proof if we sum on k and use (4.34).

Remark 4.19. We remark that equality (4.31) is still true in R
n. Indeed, the first part of the

proof does not depend of the domain and we can use this argument on R
n. This equality will be

used in section 4.7 to obtain uniqueness result.

In the next proposition, we propose an alternative argument to the flow interchange argument
to get an estimate on the gradient of ρh. Differences with the flow interchange argument are that we
do not need to assume the space convexity and boundary condition on ∇V [ρ]. Moreover we do not

obtain exactly the same estimate. Indeed, in proposition 4.12, ∇ρm/2h is bounded in L2((0, T )×R
n)

whereas in the following proposition we establish a bound on ∇ρmh in L1((0, T )×R
n) using (4.31).
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Proposition 4.20. There exists a constant C which does not depend on h such that

‖ρmh ‖L1([0,T ];W 1,1(Ω)) 6 CT

for all T > 0.

Proof. According to (4.31), we have

h

ˆ

Ω

|∇(P (ρk+1
h ))| dx 6 W2(ρ

k
h, ρ

k+1
h ) + hC.

Then if we sum on k from 0 to N − 1, we get

ˆ T

0

ˆ

Ω

|∇(P (ρh))| dxdt 6

N−1∑

k=0

W2(ρ
k
h, ρ

k+1
h ) + TC

6 N

N−1∑

k=0

W 2
2 (ρ

k
h, ρ

k+1
h ) + TC

6 CT,

because of (4.16).
If F (x) = x log(x) then P ′(x) = 1 and if F satisfies (4.5), then F ′′(x) > Cxm−2 and P ′(x) =

xF ′′(x) > Cxm−1. In both cases, we have P ′(x) > Cxm−1 (with m = 1 for x log(x)). So

ˆ T

0

ˆ

Ω

|∇(P (ρh))| dxdt =
ˆ T

0

ˆ

Ω

P ′(ρh)|∇ρh| dxdt

> C

ˆ T

0

ˆ

Ω

ρm−1
h |∇ρh| dxdt = C

ˆ T

0

ˆ

Ω

|∇ρmh | dxdt,

Which proves the proposition.

Now we introduce G : Lm(Ω) → [0,+∞] defined by

G(ρ) :=
{

‖ρm‖BV (Ω) if ρ ∈ Pac(Ω) and ρm ∈ BV (Ω),
+∞ otherwise.

Proposition 4.21. G is lower semi-continuous on Lm(Ω) and its sublevels are relatively compact
in Lm(Ω).

Proof. First we show that G is lower semi-continuous on Lm(Ω). Let ρn be a sequence which
converges strongly to ρ in Lm(Ω) with supn G(ρn) 6 C < +∞. Without loss of generality, we
assume that ρn converges to ρ a.e.
Since C < +∞, the functions ρmn are uniformly bounded in BV (Ω). So we know that ρmn converges
weakly in BV (Ω) to µ. But since Ω is smooth and bounded, the injection of BV (Ω) into L1(Ω) is
compact. We can deduce that µ = ρm and ρmn converges to ρm strongly in L1(Ω). Then by lower
semi-continuity of the BV -norm in L1, we obtain

G(ρ) 6 lim inf
nր+∞

G(ρn).

Now, we have to prove that the sublevels, Ac := {ρ ∈ Lm(Ω) : G(ρ) 6 c}, are relatively
compact in Lm(Ω). Since i : η ∈ L1(Ω) 7→ η1/m ∈ Lm(Ω) is continuous, we just have to prove that
Bc := {η = ρm : ρ ∈ Ac} is relatively compact in L1(Ω). So to conclude the proof, it is enough
to notice that Bc is a bounded subset of BV (Ω) and that the injection of BV (Ω) into L1(Ω) is
compact.

Now we can apply Rossi-Savaré theorem (theorem 4.15) to have the strong convergence in
Lm(]0, T [×Ω) of ρh to ρ and then we find the strong convergence in L1(]0, T [×Ω) of P (ρh) to P (ρ),
for all T > 0, using the fact that P is controlled by xm (4.5) and Krasnoselskii theorem (see [50],
chapter 2).
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Moreover, since
ˆ T

0

ˆ

Ω

|∇(P (ρh))| dxdt 6 CT,

we have
∇(P (ρh))dxdt ⇀ µ in Mn([0, T ]× Ω), (4.35)

i.e
ˆ T

0

ˆ

Ω

ξ · ∇(P (ρh))dxdt→
ˆ T

0

ˆ

Ω

ξ · dµ,

for all ξ ∈ Cb([0, T ] × Ω) (this means that we do not require ξ to vanish on ∂Ω). But since P (ρh)
converges strongly to P (ρ) in L1([0, T ]× Ω), µ = ∇(P (ρ)).

To conclude, we pass to the limit in (4.32) and theorem 4.17 follows.

4.7 Uniqueness of solutions

In this section, we assume that Ω is a convex subset of Rn, not necessarily bounded. Let F an
energy defined on P2(Ω). Let ρ, µ ∈ P2(Ω), we recall that the geodesics for W2 are of the form
ρt := πt#γ, where γ is an optimal transport plan for W2(ρ, µ) and πt(x, y) := (1− t)x+ ty.

F is said displacement convex if

t ∈ [0, 1] 7→ F(ρt) is convex.

It is well known that if F is displacement convex and ∇F ′(ρ) ∈ L2(ρ), then

F(ν)−F(ρ) >

ˆ

Ω

∇F ′(ρ(x)) · (T νρ (x)− x) dρ(x),

for all ν ∈ Pac2 (Ω), where T νρ is the W2-optimal transport map between ρ and ν. In particular, if
∇F ′(ρ) ∈ L2(ρ) and ∇F ′(ν) ∈ L2(ν), then

ˆ

Ω

(∇F ′(ν(T νρ (x))−∇F ′(ρ(x))) · (x− T νρ (x)) dρ(x) 6 0. (4.36)

These results can be seen in the caracterization of the subdifferentiel of λ-geodesic convex fonctional
of [4]. Now we state a general uniqueness argument based on geodesic convexity.

Theorem 4.22. Assume that Vi satisfy (4.3) and (4.4) and Fi such that Fi is displacement
convex. Let ρ1 := (ρ11, . . . , ρ

1
l ) and ρ2 := (ρ21, . . . , ρ

2
l ) two weak solutions of (4.1) or (4.17) with

initial conditions ρ1i (0, ·) = ρ1i,0 and ρ2i (0, ·) = ρ2i,0. If for all T < +∞,

ˆ T

0

l∑

i=1

‖v1i,t‖L2(ρ1i,t)
dt+

ˆ T

0

l∑

i=1

‖v2i,t‖L2(ρ2i,t)
dt < +∞, (4.37)

with, for j ∈ {1, 2},

vji,t := −
∇Pi(ρji,t)
ρji,t

−∇Vi[ρjt ],

then for every t ∈ [0, T ],
W 2

2 (ρ
1
t ,ρ

2
t ) 6 e4CtW 2

2 (ρ
1
0,ρ

2
0).

In particular, we have uniqueness for the Cauchy problems (4.1) and (4.17).

Proof. The proof is a little perturbation of the one of theorem 11.1.4 of [4] and is based on dis-
placement convexity argument and Gronwall’s lemma. Using Theorem 5.24 and Corollary 5.25
from [112], assumption (4.37) guarantees that t 7→ W 2

2 (ρ
1
i,t, ρ

2
i,t) is differentiable for a.e t ∈ (0, T )

with
d

dt
W 2

2 (ρ
1
i,t, ρ

2
i,t) =

ˆ

Ω

(x− T 2
1 (x)) · (v2i,t(T 2

1 (x))− v1i,t(x))ρ
1
i,t(x) dx,
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where T 2
1 is the optimal map between ρ1i,t and ρ2i,t. Now, since Fi is displacement convex and

recalling (4.36), we have
ˆ

Ω

(∇F ′(ρ2i,t(T
2
1 (x))−∇F ′(ρ1i,t(x))) · (x− T 2

1 (x))ρ
1
i,t(x) dx 6 0,

so that, using (4.3)-(4.4) yields

d

dt
W 2

2 (ρ
1
i,t, ρ

2
i,t) 6

ˆ

Ω

(x− T 2
1 (x)) · (∇Vi[ρ2

t ](T
2
1 (x))−∇Vi[ρ1

t ](x))ρ
1
i,t(x) dx

6

ˆ

Ω

(x− T 2
1 (x)) · (∇Vi[ρ2

t ](T
2
1 (x))−∇Vi[ρ2

t ](x))ρ
1
i,t(x) dx

+

ˆ

Ω

(x− T 2
1 (x)) · (∇Vi[ρ2

t ](x)−∇Vi[ρ2
t ](x))ρ

1
i,t(x) dx

6 C

ˆ

Ω

|x− T 2
1 (x)|2ρ1i,t(x) dx

+ C

(
ˆ

Ω

|x− T 2
1 (x)|2ρ1i,t(x) dx

)1/2 l∑

j=1

W2(ρ
1
j,t, ρ

2
j,t)

6 C


W 2

2 (ρ
1
i,t, ρ

2
i,t) +W2(ρ

1
i,t, ρ

2
i,t)

l∑

j=1

W2(ρ
1
j,t, ρ

2
j,t)


 .

Summing over i and using Gronwall’s lemma gives the desired inequality.

Remark 4.23. We say that F : [0,+∞) → R satisfies McCann’s condition if

x ∈ (0,+∞) 7→ xnF (x−n) is convex nonincreasing. (4.38)

McCann showed in [93] that if F satisfies (4.38), then F is displacement convex. Then if for
all i, Fi satisfies McCann’s condition, we have uniqueness in (4.1). Moreover we remark that
F (x) = x log(x) (linear diffusion) and F (x) = 1

m−1x
m,m > 1 (porous medium diffusion) satisfy

this condition.

In the following proposition, we will prove that assumption (4.37) holds if Ω is a smooth bounded
convex subset of Rn or if Ω = R

n.

Proposition 4.24. Let ρ := (ρ1, . . . , ρl) be a weak solution of (4.1) obtained with the previous
semi-implicit JKO scheme. Then ρi satisfies (4.37) for all i ∈ [[1, l]].

Proof. We do not separate the cases where Ω is a bounded set or is R
n. We split the proof in two

parts. First, we show that (4.37) is satisfied by ρi,h defined in (4.9). Then by a l.s.c argument we
will conclude the proof.

• In the first step, we show that ρi,h satisfies

ˆ T

0

ˆ

Ω

|∇F ′
i (ρi,h) +∇Vi[ρh]|2ρi,h dxdt 6 C, (4.39)

where C does not depend of h.

By equality (4.31) and remark 4.19, we have

∇F ′
i (ρ

k+1
i,h ) +∇Vi[ρkh] =

Tk(y)− y

h
ρk+1
i,h − a.e on Ω,

where Tk is the optimal transport map between ρk+1
i,h and ρki,h. Then if we take the square,

multiply by ρk+1
i,h and integrate on Ω, we find

ˆ

Ω

|∇F ′
i (ρ

k+1
i,h ) +∇Vi[ρkh]|2ρk+1

i,h dx =
1

h2
W 2

2 (ρ
k+1
i,h , ρki,h).
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Now using (4.4), we get

|∇F ′
i (ρ

k+1
i,h ) +∇Vi[ρk+1

h ]| 6 |∇F ′
i (ρ

k+1
i,h ) +∇Vi[ρkh]|+ |∇Vi[ρkh]−∇Vi[ρk+1

h ]|
6 |∇F ′

i (ρ
k+1
i,h ) +∇Vi[ρkh]|+ CW2(ρ

k+1
h ,ρkh)

So we have
ˆ

Ω

|∇F ′
i (ρ

k+1
i,h ) +∇Vi[ρk+1

h ]|2ρk+1
i,h dx 6 C

(
1

h2
W 2

2 (ρ
k+1
i,h , ρki,h) +W 2

2 (ρ
k+1
h ,ρkh)

)
.

Then using (4.16), we finally get

ˆ T

0

ˆ

Ω

|∇F ′
i (ρi,h) + ∇Vi[ρh]|2ρi,h dxdt

= h
N−1∑

k=0

ˆ

Ω

|∇F ′
i (ρ

k+1
i,h ) +∇Vi[ρk+1

h ]|2ρk+1
i,h dx

6 C

(
1

h

N−1∑

k=0

W 2
2 (ρ

k+1
i,h , ρki,h) + 1

)

6 C.

• To conclude, we have to pass to the limit in (4.39). First, we claim that ∇Pi(ρi,h) converges
to ∇Pi(ρi) in Mn([0, T ]×Ω). In a bounded set, this has been proved in (4.35). In R

n thanks
to the previous step, we have

ˆ T

0

ˆ

Rn

|∇Pi(ρi,h)|dt =

ˆ T

0

ˆ

Rn

|∇F ′
i (ρi,h)|ρi,h dxdt

6

ˆ T

0

ˆ

Rn

(|∇F ′
i (ρi,h)|2 + 1)ρi,h

6 C,

which gives the result because Pi(ρi,h) strongly converges in L1([0, T ]× R
n) to Pi(ρi).

Let ψ : Rn+1 → R∪{+∞} defined by

ψ(r,m) :=





|m|2
r if (r,m) ∈]0,+∞[×R

n,
0 if (r,m) = (0, 0),
+∞ otherwise,

as in [11]. And define Ψ : M((0, T )× Ω)×Mn((0, T )× Ω) → R∪{+∞}, as in [24], by

Ψ(ρ,E) :=

{
´ T

0

´

Ω
ψ(dρ/dL, dE/dL) dxdt if ρ > 0,

+∞ otherwise,

where dσ/dL is Radon-Nikodym derivative of σ with respect to L|[0,T ]×Ω. We can remark
that since ψ(0,m) = +∞ for any m 6= 0, we have

Ψ(ρ,E) < +∞ ⇒ E ≪ ρ.

With this definition, we can rewrite (4.39) as

Ψ(ρi,h,∇Pi(ρi,h) +∇Vi[ρh]ρi,h) =
ˆ T

0

ˆ

Ω

|∇F ′
i (ρi,h) +∇Vi[ρh]|2ρi,h dxdt 6 C,

which, in particular, implies that ∇Pi(ρi,h) ≪ ρi,h ≪ L|[0,T ]×Ω.
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Moreover, according to [19], Ψ is lower semicontinuous on M([0, T ] × Ω) ×Mn([0, T ] × Ω).
So, it holds

Ψ(ρi,∇Pi(ρi) +∇Vi[ρ]ρi) 6 lim inf
hց0

Ψ(ρi,h,∇Pi(ρi,h) +∇Vi[ρh]ρi,h) 6 C,

which imply ∇Pi(ρi) ≪ ρi ≪ L|[0,T ]×Ω and conclude the proof because

ˆ T

0

ˆ

Ω

∣∣∣∣
∇Pi(ρi)
ρi

+∇Vi[ρ]
∣∣∣∣
2

ρi dxdt =

ˆ T

0

ˆ

Ω

|∇Pi(ρi) +∇Vi[ρ]ρi|2
ρi

dxdt

= Ψ(ρi,∇Pi(ρi) +∇Vi[ρ]ρi)
6 C.

4.8 Numerical simulations

4.8.1 Nonlocal interactions

If we consider a nonlocal interaction term
´

Ω×Ω
W (x, y)ρ(x)ρ(y)dxdy (with W symmetric and

smooth) in the general form of the equation

∂tρ = div(ρ∇(F ′(ρ) + V +W ⋆ ρ)), ρ|t=0 = ρ0, (4.40)

the final term E ,

E(ρ) :=
ˆ

Ω

F (ρ(x))dx+

ˆ

Ω

V (x)ρ(x)dx+

ˆ

Ω×Ω

W (x, y)ρ(x)ρ(y)dxdy,

becomes nonconvex. Therefore, in order to be able to use our Augmented Lagrangian strategy,
we have to modify the JKO scheme in a semi-implicit way by replacing the nonconvex bilinear
term 1

2

´

Ω×Ω
W (x, y)ρ(x)ρ(y)dxdy by the linear one

´

Ω
W (x, y)ρ(x)ρk(y)dxdy. This leads to the

semi-implicit scheme

ρk+1 ∈ argmin
ρ∈P2

{
1

2τ
W 2

2 (ρ, ρ
k) + E(ρ|ρk)

}
(4.41)

where

E(ρ|µ) :=
ˆ

Ω

F (ρ(x))dx+

ˆ

Ω

V (x)ρ(x)dx+

ˆ

Ω×Ω

W (x, y)µ(x)ρ(y)dxdy. (4.42)

The convergence of this scheme to the solution of equation (4.40) has been proved previously. For
each time step, we then have to solve exactly the same type of problems as in section 3.3.1 except
that the potential has to be updated at each step. In figure 4.1, we see final sate starting from a
uniform measure with interaction potential of the form W (x) = |x|a − |x|b.

4.8.2 Systems

Let us take two species for the sake of simplicity and consider the evolution of the densities of these
two species, coupled only through interaction terms:

∂tρ1 = div(ρ1(∇F ′
1(ρ1) +∇U1[ρ1, ρ2])), ∂tρ2 = div(ρ2(∇F ′

2(ρ2) +∇U2[ρ1, ρ2])) (4.43)

with energies F1 and F2 corresponding to independent linear or non linear diffusion terms and
the coupling drift terms given (as in Di Francesco and Fagioli [54]) by convolutions with smooth
kernels and individual potentials V1 and V2:

U1[ρ1, ρ2] = V1 +W11 ⋆ ρ1 +W21 ⋆ ρ2, U2[ρ1, ρ2] = V2 +W12 ⋆ ρ1 +W22 ⋆ ρ2.

The nondiffusive case where F1 = F2 = 0 was studied by Di Francesco and Fagioli [54] (see Zinsl
[118] for extensions to more than two species). Note that 4.43 is not a gradient flow except in the
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Figure 4.1: Ω = (−0.5, 0.5)2, final state, starting from a uniform measure, with potential V = 0,
F (ρ) = 0.01 ∗ (ρ log(ρ)) and interaction potential W (x) = |x|a − |x|b.

particular case where interactions are symmetric i.e. W12 = W21. The semi-implicit JKO scheme
first proposed by Di Francesco and Fagioli in the nondiffusive case consists in defining inductively
ρk1 and ρk2 by

ρk+1
1 = argmin

ρ

1

2τ
W 2

2 (ρ, ρ
k
1) +

ˆ

Ω

F1(ρ(x))dx+

ˆ

Ω

U1[ρ
k
1 , ρ

k
2 ](x)ρ(x)dx (4.44)

and

ρk+1
2 = argmin

ρ

1

2τ
W 2

2 (ρ, ρ
k
2) +

ˆ

Ω

F2(ρ(x))dx+

ˆ

Ω

U2[ρ
k
1 , ρ

k
2 ](x)ρ(x)dx. (4.45)

The convergence of this scheme is established in Di Francesco and Fagioli [54] in the nondiffusive
case and in theorem 4.3 and theorem 4.17 (see [73]) in the diffusive case. Clearly, each independent
subproblem 4.44 and 4.45 can be solved by the ALG2-JKO scheme described in chapter 3 and the
extension to more than two species is direct as shown in the simulations below.

In figure 4.2, we see the evolution of two species which solve (4.43) with F1(ρ) = F2(ρ) =
1
2ρ

3,

V1 = V2 = 0, W11(x) = W21(x) = W22(x) = |x|2
2 and W12(x) = − |x|2

2 . In other words, the first
species is attracted by the second one but the second species is repelled by the first one. Since we
have attractive self-interactions, the two species do not spread too much.

This scheme can treat systems with more than two species. In figure 4.3, we represent the
evolution of three species which run after each other and with linear diffusion. More precisely, the
interaction potentials we use in this example are of the form

Ui[ρ1, ρ2, ρ3] = |x|2 ∗ ρi+1 − |x|2 ∗ ρi−1,

where ρ4 := ρ1 and ρ0 := ρ3.
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Figure 4.2: Evolution of two species where the first one is attracted by the other and the second one
is repelled by the first one. Top row: display of ρ1 + ρ2. Middle row: display of ρ1. Bottom row:
display of ρ2.
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Figure 4.3: Evolution of three species running after each other with linear diffusion. Top row:
display of ρ1 + ρ2 + ρ3. Bottom row: display of ρ1.



Chapter 5

Drift interactions: non potential case

The continuity equation with a density-dependent drift

∂tρ = div(ρv), with v = V [ρ]

is ubiquitous in modeling and arises in a variety of domains such as biology, particle physics,
population dynamics, crowd modelling, opinion formation... It should actually come as no surprise
since it captures the dynamics of a population of particles following the ODE Ẋ = −v(t,X)
where v = V [ρ] depends itself on the density in a way (local, nonlocal, attractive, repulsive etc..)
depending on which phenomena (aggregation, diffusion...) one aims to capture and the type of
applications.

Of course, at this level of generality not much can be said on existence and uniqueness. There
are however two cases which may be treated in a rather systematic way. The first one, is the regular
case where V [ρ] is a smooth vector field whatever the probability measure ρ is, with some uniform
bounds on some of its derivatives and ρ 7→ V [ρ] is Lipschitz in the Wasserstein metric. In this
regular case, existence and uniqueness can be proved by the method of characteristics and suitable
fixed point arguments (see [47] as well as [46], [45] for a different approach with applications to
crowd dynamics). This regular case (a typical example being that of a convolution) is however
rather restrictive and for instance rules out diffusion. The second case where there is a general
theory is theWasserstein gradient flow case. In this case, at least at a formal level, v may be written
as v = ∇ δE

δρ that is the gradient of the first variation of a functional E defined on measures. In their
seminal paper [65], Jordan, Kinderlehrer and Otto discovered that the heat flow is the gradient
flow of the entropy functional E(ρ) =

´

ρ log(ρ) which corresponds to the case v = ∇ρ
ρ . The theory

of Wasserstein gradient flows has been very succesful in addressing a variety of nonlinear evolution
equations such as the porous medium equation [98], aggregation equations [37] or granular media
equations [42]. This powerful theory is presented in a complete and detailed way in the reference
book of Ambrosio, Gigli and Savaré [4].

The purpose of this chapter is a contribution to the following general question: can one hope for
an existence/uniqueness theory in the case where V is the sum of a Wasserstein gradient flow term
and a regular term (not necessarily a gradient). Our motivation for this question actually comes
from systems. For instance, a simple but natural model, for the evolution of two (say) interacting
species is:

∂tρ1 = ν1∆ρ1 + div(ρ1(U11 ⋆ ρ1 + U12 ⋆ ρ2)), (5.1)

∂tρ2 = ν2∆ρ2 + div(ρ2(U21 ⋆ ρ1 + U22 ⋆ ρ2)). (5.2)

If the vector-fields Uij have potentials i.e. Uij = ∇Vij and there is no diffusion i.e. when ν1 =
ν2 = 0, this is exactly the system studied by Di Francesco and Fagioli [54]. As emphasized in [54],
if cross-interactions are symmetric i.e. V12 = V21 (or more generally V12 and V21 are proportional),
this system has a (product) Wasserstein gradient flow structure but this is certainly a restrictive
and often unrealistic assumption in applications. This is why Di Francesco and Fagioli, still taking
advantage of the similarity with Wasserstein gradient flows used a semi-implicit scheme à la Jordan-
Kinderlehrer-Otto to obtain existence and uniqueness results. In [54], there is no diffusion and we

53
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refer to chapter 4 (or [73]) for an extension of the semi-implicit method to the diffusive case. Clearly
the structure of the system (5.1)-(5.2) belongs to the mixed case where drifts can be decomposed
as the sum of a Wasserstein gradient and a regular term. It is worth noting though that the
semi-implicit scheme of [54] cannot cover the case of general (not gradients) vector-fields Uij .

In this chapter, we propose two different methods to overcome this difficulty. The first one is
completly parabolic. For general drifts (not gradients) and possibly with nonlinear diffusion, we
develop some simple arguments in the sequel which give an alternative to mass transport arguments
and that enable us to address regular drifts without a gradient structure. Regularizing the diffusive
term, we first prove the result on the approximated equation using a fixed point argument and
then we find uniform bound with standard parabolic estimate allowing us to pass to the limit on
the parameter. The advantage of this method is to use simple argument from parabolic theory but
it is not constructive.

On the other hand, the second section present a splitting transport-JKO scheme to study
nonlinear diffusion equations (or more generally, systems) with a general density-dependent drift:

∂tρ(t, x)−∆P (ρ(t, x))− div(ρ(t, x)U [ρ(t, .)](x)) = 0, t ≥ 0, x ∈ Ω,

(∇P (ρ) + U [ρ]) · ν = 0 on ∂Ω, ρ|t=0 = ρ0,

where for every probability density ρ, U [ρ] is a-not necessarily potential- vector field, for instance,
in even dimensions, it can mix a gradient and Hamiltonian structures i.e. be of the form ∇V [ρ] +
J∇H[ρ] (where J is the usual symplectic matrix). The potential case where U [ρ] = ∇V [ρ] can be
studied by means of a semi-implicit JKO scheme introduced by Di Francesco and Fagioli [54] in the
nondiffusive case and further developed in chapter 4 (or [73]) for the case of a non linear diffusion.
The idea of our splitting scheme is natural and consists in performing a Helmholtz decomposition
of U [ρ]. We then treat the divergence-free part purely by (continuous in time) transport and the
potential part by the semi-implicit JKO scheme. For the transport steps of the splitting scheme,
we essentially need the divergence-free part to have some Sobolev regularity in x so as to be able
to apply DiPerna-Lions theory, we will also need both the potential and divergence-free part of
ρ 7→ U [ρ] to satisfy some Lipschitz continuity condition with respect to the Wasserstein distance.
One advantage of the constructive splitting method presented here is that the transport steps
by a divergence-free vector field preserve the internal energy, this is one way to overcome some
difficulties discussed in [94] (section 5, variant 3). Moreover, we extend the method to obtain
the strong convergence developped in the bounded case in the previous chapter 4 to handle the
unbounded case which allows us to work in -possibly non convex- unbounded domain.

Another advantage of the splitting method is the extention on more general degenerate diffusion
present in section 5.3. In this section, the drift is handle by a pure transport step (we do not split
the drift using the Helmotz decomposition) and the diffusion comes from a JKO step replacing the
usual 2-Wasserstein distance by a general distance

Wc(ρ, µ) := inf

{
¨

Ω×Ω

c(x, y) dγ(x, y) : γ ∈ Π(ρ, µ)

}
.

Unfortunately, during the pure transport phase, we do not have mass conservation anymore and
then we have to use a maximum/minimum principle to recover usual estimates in the gradient flow
theory.

5.1 Parabolic regularization method

This section is devoted to existence and uniqueness results for some classes of nonlinear diffusion
equations in the presence of a regular drift term. These equations may be viewed as regular pertur-
bations of Wasserstein gradient flows but the drift terms are not necessarily gradients (which makes
it difficult to use Wasserstein gradient flows techniques). We obtain existence by a regularization
procedure and parabolic energy estimates and address the uniqueness issue by an elementary H−1

contraction argument if the diffusion is nondegenerate. Our arguments directly extend to systems
with diagonal nonlinear diffusions which are coupled through regular drifts.
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This section is based on a joint work with G. Carlier, see [35], and is organized as follows. In
section 5.1.1, we give an existence result by a suitable regularization of the diffusion and energy es-
timates. In section 5.1.2, we give an elementary H−1-contraction argument from which uniqueness
follows. Finally, we observe that these arguments easily extend to the case of systems (without
cross-diffusion) in section 5.1.3.

5.1.1 Existence

For the sake of simplicity, we shall work in the periodic in space case so as to avoid boundary issues
and thus take the space variable in the flat torus T

d := R
d /Zd. We then consider the following

nonlinear diffusion equation with a nonlocal drift:

∂tρ−∆(F ′(ρ)) + div(ρU [ρ]) = 0, ρ|t=0 = ρ0, (5.3)

on (0, T ) × T
d. Denoting by H−1(Td) the dual of H1(Td) and by P(Td) the set of probability

measures on T
d, we assume the following regularity on the drift term U [ρ]:

∀ρ ∈ L2 ∩ P(Td), U [ρ] ∈ L∞(Td) and div(U [ρ]) ∈ L∞(Td)

with
sup

ρ∈L2∩P(Td)

{‖U [ρ]‖L∞ + ‖ div(U [ρ])‖L∞} < +∞ (5.4)

and for every R > 0, there exists a modulus ωR such that, for every (ρ, η) ∈ (L2(Td) ∩ P(Td))2

such that ‖ρ‖H−1(Td) ≤ R and ‖η‖H−1(Td) ≤ R, one has

‖U [ρ]− U [η]‖L2(Td) ≤ ωR(‖ρ− η‖H−1(Td)). (5.5)

Examples: Typical examples of velocity fields ρ 7→ U [ρ] that satisfy the above assumptions
(5.4)-(5.5) are those of the form U [ρ](x) =

´

Td B(x, y)ρ(y)dy, in which case (5.4) is satisfied as
soon as B and divxB are bounded. As for (5.5), it holds (with a linear modulus) as soon as

ˆ

Td×Td

|DyB(x, y)|2dxdy < +∞

since in this case

‖U [ρ]− U [η]‖L2(Td) ≤ ‖ρ− η‖H−1(Td)

( ˆ

Td×Td

|B|2 + |DyB|2
) 1

2

.

One can also consider a velocity of the form U [ρ](x) =
´

Td×Td B(x, y, z)ρ(y)dyρ(z)dz, if B ∈
L∞(Td × T

d × T
d), divxB ∈ L∞(Td × T

d × T
d) then (5.4) obviously holds; if, in addition the

constant

C2
B :=

ˆ

Td×Td×Td

(|B|2 + |DyB(x, y, z)|2 + |DzB(x, y, z)|2 + |D2
yzB(x, y, z)|2)dxdydz

is finite then (5.5) follows from

‖U [ρ]− U [η]‖L2(Td) ≤ ‖ρ− η‖H−1(Td)(‖ρ‖H−1(Td) + ‖η‖H−1(Td))CB .

Concerning the diffusion term, we make the following assumptions on F (which are satisfied
whenever F ′(ρ) = ρm with m ≥ 1):

F ∈ C2(R+,R), F (0) = F ′(0) = 0, F is convex, (5.6)

F ′′ is nondecreasing, and for every ρ > 0, F ′′(ρ) > 0 (5.7)

and there is a constant C > 0 such that

F ′(ρ) ≤ C(1 + ρ2 + F (ρ)), ∀ρ ∈ R
+. (5.8)
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Finally, for the initial condition ρ0 we assume that it is a probability density such that

ρ0 ∈ L2(Td), F (ρ0) ∈ L1(Td). (5.9)

A nonnegative weak solution of the PDE

∂tρ−∆(F ′(ρ)) + div(ρU [ρ]) = 0, ρ|t=0 = ρ0. (5.10)

is by definition a function ρ ∈ L2((0, T )× T
d,R+) such that

F ′(ρ) ∈ L2((0, T ), H1(Td))

and
ˆ T

0

ˆ

Td

(−∂tφρ+∇F ′(ρ) · ∇φ− ρU [ρ] · ∇φ) dxdt =
ˆ

Td

φ(0, x)ρ0(x)dx (5.11)

for every φ ∈ C1([0, T ]× T
d) such that φ(T, .) = 0.

Before we proceed to the existence proof, we need some preliminary results. Let us first study
the continuity of the drift term ρ = ρ(t, x) 7→ U [ρ(t, .)](x). It is easy to see that when (5.4) and
(5.5) are satisfied and ρn converges strongly in L2((0, T ) × T

d) (hence in L2((0, T ), H−1(Td))) to
some ρ then U [ρn] converges to U [ρ] in L2((0, T )× T

d), but we wil need a variant in the sequel:

Lemma 5.1. Assume that (5.4) and (5.5) are satisfied. Let ρn be a sequence in L2((0, T ) × T
d)

such that ∂tρ
n ∈ L2((0, T ), H−1(Td)) with

sup
n

‖∂tρn‖L2((0,T ),H−1(Td)) < +∞, (5.12)

and ρ ∈ L2((0, T )×T
d) such that ρn ⇀ ρ in L2((0, T )×T

d), then U [ρn] converges to U [ρ] strongly
in L2((0, T )× T

d).

Proof. First observe that (5.12) implies that for some constant C one has

‖ρn(t, .)− ρn(s, .)‖H−1 ≤ C
√

|t− s|, ∀n, ∀(t, s) ∈ (0, T )2. (5.13)

Let t ∈ (0, T ) and for h ∈ (0, t) define

ρnt,h(x) :=
1

h

ˆ t

t−h
ρn(s, x)ds, ρt,h :=

1

h

ˆ t

t−h
ρ(s, x)ds

thanks to (5.13), we obtain, for every n, t and h:

‖ρn(t, .)− ρnt,h‖H−1 ≤ C
√
h, ‖ρ(t, .)− ρt,h‖H−1 ≤ C

√
h. (5.14)

For fixed h > 0, ρnt,h ⇀ ρt,h in L2(Td) as n→ ∞, and since the imbedding of L2(Td) into H−1(Td)
is compact we also have ‖ρnt,h − ρt,h‖H−1(Td) → 0 as n→ ∞. We then get

‖ρn(t, .)− ρ(t, .)‖H−1 ≤ 2C
√
h+ ‖ρnt,h − ρt,h‖H−1(Td)

from which we deduce that ‖ρn(t, .) − ρ(t, .)‖H−1 tends to 0. Thanks to (5.5), this implies that
‖U [ρn(t, .)]− U [ρ(t, .)]‖L2(Td) tends to 0. The claimed L2 convergence then follows from (5.4) and
Lebesgue’s dominated convergence Theorem.

We now introduce a regularized nonlinearity to approximate (5.10) by a uniformly parabolic
equation as follows. Let ε ∈ (0, 1), let δε and Mε be respectively the smallest ρ for which F ′′(ρ) ≥ ε
and the largest ρ for which F ′′(ρ) ≤ ε−1. Let then Fε be defined by

Fε(ρ) :=





F (δε) + F ′(δε)(ρ− δε) +
ε
2 (ρ− δε)

2 if ρ ∈ [0, δε];

F (ρ) if ρ ∈ [δε,Mε],

F (Mε) + F ′(Mε)(ρ−Mε) +
1
2ε (ρ−Mε)

2 if ρ ≥Mε.

(5.15)
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Clearly, by construction Fε is convex and C2 on R+ with

ε ≤ F ′′
ε ≤ 1

ε
on R

+ (5.16)

and Fε converges pointwise to F since δε and Mε converge respectively to 0 and +∞. In fact, this
approximation also has good Γ-convergence properties:

Lemma 5.2. Let θ ∈ L2((0, T )× T
d,R+), then

lim
ε→0+

ˆ T

0

ˆ

Td

Fε(θ(t, x))dxdt =

ˆ T

0

ˆ

Td

F (θ(t, x))dxdt (5.17)

moreover if θε ∈ L2((0, T )× T
d),R+) weakly converges to θ in ∈ L2((0, T )× T

d), then

lim inf
ε→0+

ˆ T

0

ˆ

Td

Fε(θε(t, x))dxdt ≥
ˆ T

0

ˆ

Td

F (θ(t, x))dxdt (5.18)

Proof. Fatou’s lemma first yields

lim inf
ε→0+

ˆ T

0

ˆ

Td

Fε(θ(t, x))dxdt ≥
ˆ T

0

ˆ

Td

F (θ(t, x))dxdt

on the other hand
ˆ T

0

ˆ

Td

Fε(θ(t, x))dxdt ≤
ˆ T

0

ˆ

Td

F (θ(t, x))dxdt+
ˆ ˆ

{θ≤δε}
(Fε(θ)− F (θ))dxdt

since the second term in the right hand side converges to 0, we easily deduce (5.17). Let us now
assume that θε ∈ L2((0, T )×T

d,R+) weakly converges to θ in ∈ L2((0, T )×T
d). Let γ > 0 (fixed

for the moment) and denote by F γ the function defined by

F γ(ρ) =

{
F (ρ) if ρ ∈ [0, γ],

F (γ) + F ′(γ)(ρ− γ) if ρ ≥ γ

by construction F γ is convex and below F . For ε > 0 small enough so that γ ∈ [δε,Mε], we
similarly define

F γε (ρ) =

{
Fε(ρ) if ρ ∈ [0, γ],

F (γ) + F ′(γ)(ρ− γ) if ρ ≥ γ

so that F γε is convex and coincides with F γ on [δε,+∞). We then have

lim inf
ε→0+

ˆ T

0

ˆ

Td

Fε(θε(t, x))dxdt ≥ lim inf
ε→0+

ˆ T

0

ˆ

Td

F γε (θε(t, x))dxdt

≥ lim inf
ε→0+

ˆ T

0

ˆ

Td

F γ(θε(t, x))dxdt+ lim inf
ε→0+

ˆ ˆ

{θε≤δε}
(Fε(θε)− F (θε))

the second term converges to 0 whereas by weak lower semi-continuity (thanks to the convexity of
F γ) we have

lim inf
ε→0+

ˆ T

0

ˆ

Td

F γ(θε(t, x))dxdt ≥
ˆ T

0

ˆ

Td

F γ(θ(t, x))dxdt,

hence

lim inf
ε→0+

ˆ T

0

ˆ

Td

Fε(θε(t, x))dxdt ≥ sup
γ>0

ˆ T

0

ˆ

Td

F γ(θ(t, x))dxdt

and then (5.18) easily follows from the previous inequality, the fact that F γ converges monotonically
to F and Beppo-Levi’s monotone convergence Theorem.
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Theorem 5.3. Assume (5.4)-(5.5)-(5.6)-(5.7)-(5.8)-(5.9), then (5.10) admits at least one weak
nonnegative solution.

Proof. The proof proceeds in three steps.
Step 1: Regularized equation. We first prove existence of a weak solution to the regularized

equation:
∂tρ

ε −∆(F ′
ε(ρ

ε)) + div(ρεU [ρε]) = 0, ρε|t=0 = ρ0. (5.19)

Let

X := {η ∈ L2((0, T )× T
d,R+) :

ˆ

Td

η(t, x)dx = 1 for a.e. t ∈ (0, T )}

for fixed ε > 0 and η ∈ X, consider the linear parabolic equation in divergence form:

∂tu− div(F ′′
ε (η)∇u) + div(uU [η]) = 0, ut=0 = ρ0 (5.20)

which can be rewritten in nondivergence form as

∂tu− div(aε(η)∇u) + b[η] · ∇u+ c[η]u = 0 (5.21)

where the coefficients aε(η) := F ′′
ε (η), b[η] := U [η] and c[η] := div(U [η]) all belong to L∞((0, T )×

T
d) with aε(η) ≥ ε by (5.16). It follows from standard linear parabolic theory (see e.g. [82])

that (5.21) admits a unique weak solution which we denote u := T ε(η) ∈ L2((0, T ), H1(Td)) ∩
C([0, T ], L2(Td)) with ∂tu ∈ L2((0, T ), H−1(Td)). Obviously, u(t, .) is a probability density for
every t ∈ [0, T ]: it remains nonnegative by the maximum principle and its integral over T

d is
constant in time, in other words T ε(X) ⊂ X. Moreover, multiplying (5.21) by u thanks to (5.4)
and (5.16) there is a constant Cε (independent of η) such that u := T ε(η) satisfies

ˆ T

0

ˆ

Td

(|∇u|2 + u2)dxdt+
ˆ T

0

‖∂tu‖2H−1 ≤ Cε. (5.22)

The bound (5.22) and the Aubin-Lions lemma (see [5], [114]) thus imply that T ε(X) is relatively
compact in L2((0, T ) × T

d). Thanks to (5.5), the continuity of F ′′
ε and Lebesgue’s dominated

convergence theorem, it is easy to check that T ε is continuous with respect to the L2((0, T )× T
d)

norm. Schauder’s fixed-point Theorem then ensures that T ε admits at least one fixed point i.e. a
solution of (5.19) which we from now denote ρε.

Step 2: A priori estimates. We aim now to derive estimates independent of ε on ρε. Let δ > 0
such that δ ∈ (δε,Mε), we then take (ρε−δ)+ as test-function in (5.19) (which is actually licit since
this test-function belongs to L2((0, T ), H1(Td))) integrating between 0 and t ∈ [0, T ] this yields

ˆ t

0

〈∂tρε, (ρε − δ)+〉H−1,H1ds+

ˆ t

0

ˆ

{ρε≥δ}
F ′′
ε (ρ

ε)|∇ρε|2 =

ˆ t

0

ˆ

{ρε≥δ}
ρεU [ρε] · ∇ρε

hence, using Young’s inequality, for every µ > 0

1

2
‖(ρε(t, .)− δ)+‖2L2 − 1

2
‖(ρ0 − δ)+‖2L2 +

ˆ t

0

ˆ

{ρε≥δ}
F ′′
ε (ρ

ε)|∇ρε|2

≤ C
(µ
2

ˆ t

0

ˆ

{ρε≥δ}
|∇ρε|2 + 1

2µ

ˆ t

0

ˆ

{ρε≥δ}
(ρε)2

)

≤ C
(µ
2

ˆ t

0

ˆ

{ρε≥δ}
|∇ρε|2 + 1

µ

ˆ t

0

ˆ

{ρε≥δ}
[(ρε − δ)2+ + δ2]

)

since F ′′
ε (δ) = F ′′(δ) > 0 and F ′′ nondecreasing, we can choose µ small enough so that the first

term in the right hand side is absorbed by the left hand side of the inequality. Gronwall’s lemma
then gives

sup
t∈(0,T )

‖ρε(t, .)‖L2 ≤ C (5.23)
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for a constant C that does not depend on ε. Next we take F ′
ε(ρ

ε) as test-function which similarly
gives:

ˆ

Td

Fε(ρ
ε(t, .))−

ˆ

Td

Fε(ρ0) +

ˆ t

0

ˆ

Td

|∇F ′
ε(ρ

ε)|2 =

ˆ t

0

ˆ

Td

ρεU [ρε] · ∇F ′
ε(ρ

ε)

≤ C
(µ
2

ˆ t

0

ˆ

Td

|∇F ′
ε(ρ

ε)|2 + 1

2µ

ˆ t

0

ˆ

Td

(ρε)2
)

using (5.23) and chosing µ small enough we thus get

sup
t∈[0,T ]

ˆ

Td

Fε(ρε(t, .)) +

ˆ T

0

ˆ

Td

|∇F ′
ε(ρ

ε)|2 ≤ C (5.24)

for a constant C not depending on ε. Next we use (5.8) and (5.23)-(5.24) to deduce that

sup
t∈[0,T ]

ˆ

Td

F ′
ε(ρ

ε) ≤ C (5.25)

together with Poincaré-Wirtinger inequality, using again (5.24), this gives

‖F ′
ε(ρ

ε)‖L2((0,T ),H1(Td)) ≤ C. (5.26)

Step 3: Passing to the limit. Let us set

uε := F ′
ε(ρ

ε), σε := ∇uε − ρεV [ρε] (5.27)

so that (5.19) can be rewritten as

∂tρ
ε = ∆uε − div(ρεU [ρε]) = div(σε), ρε|t=0 = ρ0. (5.28)

We know from the previous step that

‖ρε‖L∞((0,T ),L2(Td)) + ‖σε‖L2((0,T ),L2(Td)) + ‖uε‖L2((0,T ),H1(Td)) ≤ C (5.29)

as well as
‖∂tρε‖L2((0,T ),H−1(Td)) ≤ C. (5.30)

Passing to subsequences if necessary, we may therefore assume that

ρε ⇀ ρ in L2((0, T )× T
d), uε ⇀ u in L2((0, T ), H1(Td)) (5.31)

and thanks to Lemma 5.1, (5.4) and (5.30), we have

σε ⇀ σ := ∇u− ρU [ρ] in L2((0, T )× T
d). (5.32)

Obviously one then has:

∂tρ = div(σ) = ∆u− div(ρU [ρ]), ρ|t=0 = ρ0. (5.33)

So to establish that ρ is a weak nonnegative solution of (5.10), it is enough to prove that u = F ′(ρ).
Thanks to the convexity of F this amounts to prove that

ˆ T

0

ˆ

Td

F (θ(t, x))dxdt ≥
ˆ T

0

ˆ

Td

F (ρ(t, x))dxdt+
ˆ T

0

ˆ

Td

u(θ − ρ)dxdt (5.34)

for every θ ∈ L2((0, T )× T
d,R+). By definition of uε we know that

ˆ T

0

ˆ

Td

Fε(θ(t, x))dxdt ≥
ˆ T

0

ˆ

Td

Fε(ρ
ε(t, x))dxdt+

ˆ T

0

ˆ

Td

uε(θ − ρε)dxdt. (5.35)
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Let us prove that

lim
ε

ˆ T

0

ˆ

Td

uερε =

ˆ T

0

ˆ

Td

uρ. (5.36)

For that purpose, let ψε be the potential defined by

−∆ψε = ρε,

ˆ

Td

ψε = 0, ψε ∈ H1(Td). (5.37)

Thanks to (5.23), we have ψε ∈ L∞((0, T ), H2(Td)) with a bound independendent of ε:

‖∇ψε‖L∞((0,T ),H1(Td)) ≤ C. (5.38)

As for the time derivative of ∇ψε we observe that

−∆(∂tψ
ε) = ∂tρ

ε = div(σε)

so that, thanks to (5.29), we have ∂t∇ψε ∈ L2((0, T )× T
d) and more precisely

‖∂t∇ψε‖L2((0,T )×Td) ≤ ‖σε‖L2((0,T )×Td) ≤ C

this proves that ∇ψε is bounded in H1((0, T )× T
d), hence converges in L2((0, T )× T

d), up to an
extraction if necessary, to ψ given by

−∆ψ = ρ,

ˆ

Td

ψ = 0, ψ ∈ H1(Td). (5.39)

Weak convergence of ∇uε and strong convergence of ∇ψε in L2 then give

lim
ε

ˆ T

0

ˆ

Td

uερε = lim
ε

ˆ T

0

ˆ

Td

∇uε∇ψε

=

ˆ T

0

ˆ

Td

∇u∇ψ =

ˆ T

0

ˆ

Td

uρ

which establishes (5.36). Next, we use Lemma 5.2, letting ε tend to 0+, using (5.36) we obtain
inequality (5.34) which proves that u = F ′(ρ) and so ρ is a weak solution of (5.10), concluding the
proof.

5.1.2 H
−1 contraction and uniqueness

We still assume that the diffusion F and the drift U satisfy (5.4)-(5.5)-(5.6)-(5.7)-(5.8). Given ρ0
and η0 in L2(Td) ∩ P(Td) such that F (ρ0) ∈ L1(Td) and F (η0) ∈ L1(Td), we have found in the
previous section weak solutions ρ and η of the Cauchy problems:

∂tρ−∆(F ′(ρ)) + div(ρU [ρ]) = 0, ρ|t=0 = ρ0, (5.40)

and
∂tη −∆(F ′(η)) + div(ηU [η]) = 0, η|t=0 = η0 (5.41)

such that (recalling (5.23) in the proof of Theorem 5.3) for some R0 > 0

‖ρ‖L∞((0,T ),L2(Td)) ≤ R0, ‖η‖L∞((0,T ),L2(Td)) ≤ R0, (5.42)

as well as
‖∂tρ‖L2((0,T ),H−1(Td)) ≤ R0, ‖∂tη‖L2((0,T ),H−1(Td)) ≤ R0. (5.43)

We then set u := ρ−η (so that u(t, .) has zero mean for a.e. t ∈ (0, T ) and ∂tu ∈ L2((0, T ), H−1(Td))
and our aim is to prove an H−1 contraction estimate, that is some decay estimate on

sup
{ ˆ

Td

u(t, .)ϕ,

ˆ

Td

|∇ϕ|2 ≤ 1,

ˆ

Td

ϕ = 0
}
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slightly abusing notations, we shall denote the previous quantity ‖u(t, .)‖H−1 (actually since u(t, .)
has zero mean, this is indeed an equivalent norm) and thus

‖u(t, .)‖2H−1 =

ˆ

Td

ϕ(t, x)u(t, x)dx

where ϕ(t, .) is the potential of u(t, .) i.e.

−∆ϕ(t, .) = u(t, .),

ˆ

Td

ϕ(t, .) = 0. (5.44)

For this contraction estimate, we need two additional assumptions. The first one is a strong
ellipiticty condition, namely that there exists α > 0 such that

(F ′(s)− F ′(t))(s− t) ≥ α(s− t)2, ∀(s, t) ∈ R
+ × R

+. (5.45)

The second assumption is on the drift U and requires that for every R > 0, there is some CR > 0
such that for all (ρ, η) ∈ (L2(Td) ∩ P(Td))2 such that ‖ρ‖L2(Td) ≤ R and ‖η‖L2(Td) ≤ R, one has

‖U [ρ]− U [η]‖L∞(Td) ≤ CR‖ρ− η‖L2(Td). (5.46)

Note that (5.46) is satisfied for U [ρ](x) =
´

Td B(x, y)ρ(y)dy with B ∈ L∞
x (L2

y) or when
U [ρ](x) =

´

Td B(x, y, z)ρ(y)dyρ(z)dz with B ∈ L∞
x,y(L

2
z). Under these extra assumptions, we

have the following contraction result:

Theorem 5.4. Under the assumptions above there exists a constant λ = λ(α,R0, CR0
, ‖U [ρ]‖L∞)

such that
‖ρ(t, .)− η(t, .)‖H−1 ≤ eλt‖ρ0 − η0‖H−1 , ∀t ∈ (0, T ), (5.47)

so that in particular there is uniqueness for (5.40).

Proof. Again we define u(t, .) = ρ(t, .)−η(t, .) and ϕ(t, .) by (5.44), settingG(t, .) := ρ(t, .)U [ρ(t, .)]−
η(t, .)U [η(t, .)], and defining the potential H(t, .) by:

∆H(t, .) = div(G(t, .)),

ˆ

Td

H(t, .) = 0, (5.48)

we then have

d

dt
‖u(t, .)‖2H−1 = 2〈∂tu(t, .), ϕ(t, .)〉H−1,H1

= 2〈∆(F ′(ρ(t, .))− F ′(η(t, .)))− div(G(t, .)), ϕ(t, .)〉H−1,H1

= −2

ˆ

Td

(F ′(ρ(t, .))− F ′(η(t, .)))u(t, .) + 2

ˆ

Td

H(t, .)u(t, .)

so that, thanks to (5.45), we have

d

dt
‖u(t, .)‖2H−1 ≤ −2α‖u(t, .)‖2L2 + 2‖u(t, .)‖H−1‖H(t, .)‖H1 . (5.49)

But since ‖H(t, .)‖H1 ≤ ‖G(t, .)‖L2 ≤ ‖ρ(t, .) − η(t, .)‖L2‖U [ρ(t, .)]‖L∞ + ‖η(t, .)‖L2‖U [ρ(t, .)] −
U [η(t, .)]‖L∞ , thanks to (5.4), (5.46) and (5.42), we arrive at

‖H(t, .)‖H1 ≤ C‖u(t, .)‖L2 ,

together with (5.49) and Young’s inequality, this gives

d

dt
‖u(t, .)‖2H−1 ≤ −2α‖u(t, .)‖2L2 + 2C‖u(t, .)‖H−1‖u(t, .)‖L2 ≤ C2

2α
‖u(t, .)‖2H−1

from which (5.47) directly follows with λ = C2

4α .
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So far, we have only considered probability distributions as initial conditions, and since the
evolution equation conserves total mass, one may think that the previous argument enables one
to compare two solutions with the same total mass only. In fact, one can also obtain stability,
in a similar ways as above but between solutions ρ and η corresponding to nonnegative initial
conditions ρ0 and η0 not necessarily with the same total mass. Indeed, in this case, set again
u(t, .) := ρ(t, .) − η(t, .) and define by u its integral (note that this is constant in time) as well as
the zero-mean function v = u − u and its potential ϕ by −∆ϕ = v, then computing, as before,
the time derivative of ‖v‖2H−1 = ‖∇ϕ‖L2 , we just have an extra term to take care of, namely
u
´

Td(F
′(ρ(t, .)−F ′(η(t, .)) but this term typically can be bounded by a constant times |u|, thanks

to the uniform in time bounds on ‖ρ(t, .)‖L2 , ‖η(t, .)‖L2 , the energies
´

Td F (ρ(t, .)) and
´

Td F (η(t, .))
and inequality (5.8). Doing so, one arrives easily at

d

dt
‖v(t, .)‖2H−1 ≤ C‖v(t, .)‖2H−1 + C|u|

which, together with Grownwall’s Lemma, gives the H−1 stability estimate

‖u(t, .)− u‖2H−1 ≤ ‖u(0, .)− u‖2H−1eCt + |u|(eCt − 1).

5.1.3 Extension to systems

The previous arguments clearly adapt to systems. More precisely, let us consider the system for
the evolution of l densities ρ := (ρ1, . . . , ρl):

∂tρi −∆(F ′
i (ρi)) + div(ρiUi[ρ]) = 0, ρi|t=0 = ρi,0 (5.50)

on (0,+∞)× T
d. Assuming that each function Fi satisfies (5.6)-(5.7)-(5.8), that the initial condi-

tions are probability densities which satisfy

ρi,0 ∈ L2(Td), Fi(ρi,0) ∈ L1(Td), ∀i = 1, . . . , l, (5.51)

and for every i = 1, . . . , l, the map Vi satisfies

∀ρ ∈ L2(Td)l ∩ P(Td)l, Ui[ρ] ∈ L∞(Td) and div(Ui[ρ]) ∈ L∞(Td)

with
sup

ρ∈L2(Td)l∩P(Td)l
{‖Ui[ρ]‖L∞ + ‖ div(Ui[ρ])‖L∞} < +∞ (5.52)

and for every R > 0, there exists a modulus ωR such that, for every (ρ, η) ∈ L2(Td)l × L2(Td)l

such that ‖ρ‖H−1(Td)l ≤ R and ‖η‖H−1(Td)l ≤ R, one has

‖Vi[ρ]− Vi[η]‖L2(Td) ≤ ωR

( l∑

j=1

‖ρj − ηj‖H−1(Td)

)
. (5.53)

A direct adaptation of the proof of Theorem 5.3 gives

Theorem 5.5. Assume that each function Fi satisfies (5.6)-(5.7)-(5.8), and that (5.51)-(5.52)-
(5.53) are satisfied for i = 1, . . . , l, then (5.50) admits at least one weak solution (ρ1, . . . , ρl) with
each ρi nonnegative.

As for uniqueness, the H−1 contraction argument of section 5.1.2 also easily adapts to systems
of the form (5.50). Provided that there is an α > 0 such that

(F ′
i (s)− F ′

i (t))(s− t) ≥ α(s− t)2, ∀(s, t) ∈ R
+
×R

+
, ∀i = 1, . . . , l, (5.54)

and, for every R > 0, there is some CR > 0 such that for all (ρ, η) ∈ (L2(Td)l ∩P(Td)l)2 such that
‖ρ‖L2(Td)l ≤ R and ‖η‖L2(Td)l ≤ R, one has

‖Ui[ρ]− Ui[η]‖L∞(Td) ≤ CR‖ρ− η‖L2(Td)l , ∀i = 1, . . . , l, (5.55)
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if ρ = (ρ1, . . . , ρl) and η = (η1, . . . ηl) both solve the system (5.50) then exactly as in the proof of
Theorem 5.4 there is some λ such that

‖ρ(t, .)− η(t, .)‖H−1 ≤ eλt‖ρ(0, .)− η(0, .)‖H−1 , ∀t ∈ (0, T ).

In particular, our results apply show well-posedness for systems like (5.1)-(5.2) presented in the
introduction.

5.2 Splitting method in Wasserstein space

We prove an existence result for nonlinear diffusion equations in the presence of a nonlocal density-
dependent drift which is not necessarily potential. The proof is constructive and based on the
Helmholtz decomposition of the drift and a splitting scheme. The splitting scheme combines
transport steps by the divergence-free part of the drift and semi-implicit minimization steps à la
Jordan-Kinderlherer-Otto to deal with the potential part.

This section is based on a joint work with G. Carlier, see [33], and is organized as follows. Section
5.2.1 recalls some results from DiPerna-Lions theory. Section 5.2.2 lists the various assumptions,
explains the splitting scheme and gives the main result. Section 5.2.3 gives estimates on the discrete
sequences of measures obtained by the splitting scheme. Convergence of the scheme as the time
step goes to 0 to a solution of the PDE is proved in section 5.2.4. In the concluding section 5.2.5,
we briefly discuss extension to systems and uniqueness issues.

5.2.1 Flows of weakly differentiable vector fields

We will also need to apply the DiPerna Lions theory [57] in the special case of divergence-free vector
fields. Let W ∈W 1,1

loc (R
n,Rn) be divergence-free div(W ) = 0 and with at most linear growth

|W (x)| 6 C(1 + |x|).

Then there exists a unique flow map X : R+ ×R
n → R

n, X ∈ C(R+, L
1
loc(R

n)) such that

• X(0, .) = id and for a.e. x, t ∈ R+ 7→ X(., x) is a solution of the ODE Ẋ =W (X) i.e.:

X(t, x) = x+

ˆ t

0

W (X(s, x))ds, t ≥ 0,

• X satisfies the group property X(t,X(s, x)) = X(t+ s, x) for a.e. x and every t, s ≥ 0,

• for every X(t, .) preserves the n-dimensional Lebesgue measure.

Moreover given ρ0 ∈ Pac
2 (Rn), ρ(t, .) := X(t, .)#ρ0 = ρ0(X(t, .)−1) is the unique weak solution

of the continuity equation
∂tρ+ div(ρW ) = 0, ρ|t=0 = ρ0, (5.56)

which, since W is divergence-free, can also be rewritten as the transport equation ∂tρ+∇ρ ·W = 0.
If we are given an open subset Ω of Rn with a smooth boundary and which is tangential (in the
sense of traces) to ∂Ω, then the DiPerna-Lions flow X leaves Ω invariant so that if ρ0 ∈ Pac

2 (Ω)
(extended by 0 outside Ω, say), the solution ρt = X(t, .)#ρ0 of (5.56) remains supported in Ω hence
may be viewed as a curve with values in Pac

2 (Ω).

5.2.2 Assumptions and main result

Given a suitable convex nonlinearity F and its associated pressure P (ρ) = ρF ′(ρ) − F (ρ) as well
as a nonlocal drift ρ 7→ U [ρ], our goal is to solve

∂tρ−∆P (ρ)− div(ρU [ρ]) = 0, ρ|t=0 = ρ0, (5.57)
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on (0,+∞) × Ω, where Ω is a smooth domain of R
n (not necessary bounded), in case Ω has a

boundary, the previous equation is supplemented with the no-flux boundary condition (ν denotes
the outer unit normal to ∂Ω):

(∇P (ρ) + U [ρ]ρ) · ν = 0 on ∂Ω. (5.58)

For every ρ ∈ P(Ω), we assume that the Helmholtz decomposition of the vector field U [ρ]:

U [ρ] = −W [ρ] +∇V [ρ], (5.59)

with
∇ ·W [ρ] = 0, W [ρ] · ν = 0 on ∂Ω,

satisfies the following assumptions.

Assumptions on the potential part V :

• ∇V [ρ] ∈ L∞
loc uniformly in ρ i.e for all K ⊂⊂ Ω, there exists C > 0 such that for all ρ ∈ P(Ω),

‖∇V [ρ]‖∞,K 6 C. (5.60)

Note that by Rademacher’s condition, this condition implies that V [ρ] is differentiable a.e.,

• V [ρ] is semi-convex uniformly in ρ i.e there exists C such that for all ρ ∈ P(Ω), for every
y ∈ Ω and every x ∈ Ω, point of differentiability of V [ρ]:

V [ρ](y) > V [ρ](x) + 〈∇V [ρ](x), y − x〉 − C

2
|y − x|2, (5.61)

• there exists C > 0 such that for all ρ ∈ P(Ω), for all x ∈ Ω:

V [ρ](x) > −C(1 + |x|), (5.62)

• ∇V [ρ] ∈ L2(ρ) uniformly in ρ, i.e there exists C > 0 such that for all ρ ∈ P(Ω),
ˆ

Ω

|∇V [ρ]|2 dρ 6 C, (5.63)

• There exists C > 0 such that for all ρ, µ ∈ P(Ω),
ˆ

Ω

|∇V [ρ]−∇V [µ]|2 dρ 6 CW 2
2 (ρ, µ), (5.64)

Assumptions on the divergence-free part W :

• there exists C > 0 such that for all ρ ∈ P(Ω) and

W [ρ] ∈W 1,1
loc (R

n) and |W [ρ](x)| 6 C(1 + |x|), for all x ∈ R
n (5.65)

• There exists C > 0 such that for all ρ, µ ∈ P(Ω),
ˆ

Ω

|W [ρ]−W [µ]|2 dρ 6 CW 2
2 (ρ, µ), (5.66)

Assumptions on the internal energy F and the associated pressure P :
The nonlinear diffusion term is given by a continuous strictly convex superlinear (i.e. F (ρ)/ρ→

+∞ as ρ→ +∞) function F : R+ → R of class C2((0,+∞)) which satisfies

F (0) = 0, and P (ρ) 6 C(ρ+ F (ρ)). (5.67)
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where P (ρ) := ρF ′(ρ)− F (ρ) is the pressure associated to F . Moreover, we define F : P(Ω) → R

by

F(ρ) :=

{ ´
Ω
F (ρ(x)) dx if ρ≪ Ln,

+∞ otherwise.

And we assume that

F(ρ) > −C(1 +M(ρ))α, for all ρ ∈ P(Ω), (5.68)

where α ∈ (0, 1) and M(ρ) :=
´

Ω
|x|2 dρ(x) is the second moment of ρ.

The typical examples of energies we have in mind are F (ρ) := ρ log(ρ), which gives a linear
diffusion driven by the laplacian, and F (ρ) := ρm (m > 1) which corresponds to the porous medium
equation.

A weak solution of (5.57)-(5.58) is a curve ρ : t ∈ (0,+∞) 7→ ρ(t, ·) ∈ Pac
2 (Ω) such that

∇P (ρ) ∈ Mn([0,+∞)× Ω) and

ˆ ∞

0

(
ˆ

Ω

(∂tφρ−∇φ · U [ρ]ρ)dx−
ˆ

Ω

∇φ · d∇P (ρ)
)
dt = −

ˆ

Ω

φ(0, x)ρ0(x) dx, (5.69)

for every φ ∈ C∞
c ([0,+∞)× R

n).
Our main result is the following:

Theorem 5.6. Assume ρ0 ∈ Pac
2 (Ω) such that

F(ρ0) < +∞, (5.70)

then (5.57) admits at least one weak solution.

The proof of this theorem is given in the next sections and is based on the following splitting
scheme that combines pure transport steps by the divergence-free part of the drift U and Wasser-
stein gradient flow steps taking into account the potential V in a semi-implicit way. More precisely,
given a time step h > 0, we construct by induction a sequence ρkh ∈ Pac

2 (Ω) by setting ρ0h = ρ0 and
given ρkh we find ρk+1

h using the following scheme:

• pure transport phase: we introduce an intermediate measure, ρ̃k+1
h (with ρ̃0h = ρ0) defined

by
ρ̃k+1
h = Xk

h(h, ·)#ρkh, (5.71)

where Xk
h is solution of

{
∂tX

k
h =W [ρkh] ◦Xk

h ,
Xk
h(0, ·) = id .

(5.72)

SinceW [ρkh] satisfies (5.65), as recalled in section 5.2.1, DiPerna-Lions theory [57] implies that
Xk
h is well defined. Moreover, since W [ρkh] is divergence-free then Xk

h preserves the Lebesgue
measure and leaves the domain Ω invariant thanks to the fact that W [ρ] is tangential to ∂Ω.

Therefore ρ̃k+1
h = ρkh(X

k
h

−1
) which implies the conservation of the internal energy:

F(ρ̃k+1
h ) =

ˆ

Ω

F (ρkh(X
k
h

−1
(x))) dx

=

ˆ

Ω

F (ρkh(x)) dx = F(ρkh) (5.73)

In addition, we can see ρ̃k+1
h is the value at time h of the solution µ of the continuity equation

{
∂tµ+ div(µW [ρkh]) = 0,
µ|t=0 = ρkh.

(5.74)
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Thanks to these observations, we can easily control the W2-distance between ρ̃k+1
h and ρkh.

Indeed, using Benamou-Brenier formula and (5.65), we obtain

W 2
2 (ρ̃

k+1
h , ρkh) 6 h

ˆ h

0

ˆ

Ω

|W [ρkh]|2 dµtdt

6 Ch

ˆ h

0

ˆ

Ω

(1 + |x|2) dµtdt

6 Ch

ˆ h

0

(1 +M(µt)) dt

Moreover,

d

dt
M(µt) =

ˆ

Ω

|x|2∂tµt

= −
ˆ

Ω

|x|2 div(W [ρkh]µt)

= 2

ˆ

Ω

x ·W [ρkh]µt

6 C(M(µt) + 1).

We obtain the last line using (5.65), Cauchy-Schwarz inequality and Young’s inequality.
Then,

M(µt) 6 C(t+ 1)eCt 6 2CeC for t 6 1,

which implies
W 2

2 (ρ̃
k+1
h , ρkh) 6 Ch2. (5.75)

• semi-implicit JKO scheme: In the second step we use a semi-implict version of the Jordan-
Kinderlehrer-Otto scheme [65], introduced by Di Francesco and Fagioli in [54] and used in
[73], with ρ̃k+1

h being the measure defined in the previous step. More precisely, we select ρk+1
h

as a solution of

inf
ρ∈Pac

2
(Ω)

Eh(ρ|ρ̃k+1
h ) :=W 2

2 (ρ, ρ̃
k+1
h ) + 2h

(
F(ρ) + V(ρ|ρ̃k+1

h )
)
, (5.76)

where

V(ρ|µ) :=
ˆ

Ω

V [µ] dρ.

By standard compactness and lower semicontinuity argument, (5.76) admits at least one
solution (see for example [65, 73]) so the sequence ρkh is well defined (it is even actually
unique by strict convexity of Eh(.|ρ̃k+1

h )).

To summarize, given a time step h > 0, we construct by induction two sequences ρkh and ρ̃kh
with the following splitting scheme: ρ0h = ρ̃0h = ρ0 and for all k > 0,

{
ρ̃k+1
h = Xk

h(h, ·)#ρkh,
ρk+1
h ∈ argminρ∈Pac

2
(Ω)

{
W 2

2 (ρ, ρ̃
k+1
h ) + 2h

(
F(ρ) + V(ρ|ρ̃k+1

h )
)}
.

(5.77)

We finally introduce three different interpolations:

• We denote ρh the usual piecewise constant interpolation of the sequence ρkh

ρh(t, ·) := ρk+1
h if t ∈ (hk, h(k + 1)], (5.78)

• similarly, we interpolate in a piecewise constant way the sequence ρ̃kh:

ρ̃1h(t, ·) := ρ̃k+1
h if t ∈ (hk, h(k + 1)], (5.79)
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• finally, we denote by ρ̃2h the continuous interpolation of ρ̃kh

ρ̃2h(t, ·) := Xk
h(t− hk, ·)#ρkh if t ∈ (hk, h(k + 1)]. (5.80)

We remark that on (hk, h(k+1)], ρ̃2h is the solution on (0, h) of the continuity equation (5.74).

The next two sections are devoted to the proof of theorem 5.57. In section 5.2.3, we derive
various estimates on the sequences generated by the splitting scheme above, in particular thanks to
the Euler-Lagrange equation of the semi-implicit JKO steps. This enables us to pass to the limit
as the time step goes to 0 (the difficult term being of course the nonlinear pressure term) and thus
to conclude the existence proof, this is done in section 5.2.4.

5.2.3 Estimates

Basic a priori estimates

Using the semi-implicit JKO scheme we first obtain the following a priori estimates on ρh, ρ̃1h and
ρ̃2h.

Proposition 5.7. There exists h0 > 0, such that for T > 0, there exists C > 0 such that, for all
h, k, with h ∈ (0, h0) and hk < T , N = ⌈Th ⌉, we have

M(ρkh) 6 C, (5.81)

F(ρkh) 6 C, (5.82)
∑N−1
k=0 W

2
2 (ρ̃

k+1
h , ρk+1

h ) 6 Ch. (5.83)

Proof. Using ρ̃k+1
h as a competitor of ρk+1

h in (5.76), we obtain

1

2h
W 2

2 (ρ
k+1
h , ρ̃k+1

h ) 6 F(ρ̃k+1
h )−F(ρk+1

h ) +

ˆ

Ω

V [ρ̃k+1
h ]

(
ρ̃k+1
h − ρk+1

h

)
. (5.84)

Let γ be the optimal transport plan between ρ̃k+1
h and ρk+1

h . Then we have

ˆ

Ω

V [ρ̃k+1
h ]

(
ρ̃k+1
h − ρk+1

h

)
=

ˆ

Ω

(
V [ρ̃k+1

h ](x)− V [ρ̃k+1
h ](y)

)
dγ(x, y)

=

ˆ

Ω

(
V [ρ̃k+1

h ](x)− V [ρ̃k+1
h ](y) +∇V [ρ̃k+1

h ](x) · (y − x)
)
dγ(x, y)

−
ˆ

Ω

∇V [ρ̃k+1
h ](x) · (y − x) dγ(x, y).

Using (5.61) for the first part and Cauchy-Schwarz inequality and (5.63) for the second part of
the right hand side, we find

ˆ

Ω

V [ρ̃k+1
h ]

(
ρ̃k+1
h − ρk+1

h

)
6

C

2

ˆ

Ω

|x− y|2 γ(x, y) + C
( ˆ

Ω

|x− y|2 γ(x, y)
) 1

2

=
C

2
W 2

2 (ρ̃
k+1
h , ρk+1

h ) + CW2(ρ̃
k+1
h , ρk+1

h ).

Choosing h ≤ h0 ≤ 1
2C and using Young’s inequality

W2(ρ̃
k+1
h , ρk+1

h ) ≤ 1

8hC
W 2

2 (ρ̃
k+1
h , ρk+1

h ) + 2Ch,

(5.84) becomes
1

8h
W 2

2 (ρ
k+1
h , ρ̃k+1

h ) 6 F(ρ̃k+1
h )−F(ρk+1

h ) + Ch.

Now using (5.73), to recover a telescopic sum, and summing over k, we obtain
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N−1∑

k=0

W 2
2 (ρ

k+1
h , ρ̃k+1

h ) 6 8h
(
F(ρ0)−F(ρNh ) + CT

)
,

this inequality and (5.70) imply (5.82). In addition, since the lower bound of F is controlled
by the second moment,

N−1∑

k=0

W 2
2 (ρ

k+1
h , ρ̃k+1

h ) 6 8h
(
F(ρ0) + C(1 +M(ρNh ))α + CT

)
. (5.85)

But, with (5.85) and by standard arguments (see [65, 73]), we deduce that M(ρkh) satisfies
(5.81) and then (5.85), (5.70) and (5.81) give (5.83).

Remark 5.8. Using estimate (5.75) between ρ̃k+1
h and ρkh, and (5.83), we also have

N−1∑

k=0

W 2
2 (ρ

k
h, ρ

k+1
h ) 6 Ch and

N−1∑

k=0

W 2
2 (ρ̃

k
h, ρ̃

k+1
h ) 6 Ch.

Moreover, using (5.73), we have for all t ∈ [0, T ],

F(ρ̃1h(t)),F(ρ̃2h(t)) 6 C and M(ρ̃1h(t)),M(ρ̃2h(t)) 6 C.

Discrete Euler-Lagrange equation and stronger estimates

Let us start with the Euler-Lagrange equation of (5.76).

Proposition 5.9. For all k > 0, we have P (ρk+1
h ) ∈W 1,1(Ω) and

h
(
∇V [ρ̃k+1

h ]ρk+1
h +∇P (ρk+1

h )
)
= −∇ϕk+1

h ρk+1
h a.e, (5.86)

where ϕk+1
h is a Kantorovich potential from ρk+1

h to ρ̃k+1
h (so that its gradient is unique ρk+1

h -a.e.)
for W2.

Proof. The proof is the same as in [1, 73] for example. We start by taking the first variation in
the semi-implicit JKO scheme along the flow of a smooth vector field. Let ξ ∈ C∞

c (Ω;Rn) be given
and Φτ the corresponding flow defined by

∂τΦτ = ξ ◦ Φτ , Φ0 = id .

We define a pertubation of ρk+1
h by ρτ := Φτ#ρ

k+1
h . Then we get

1

τ

(
Eh(ρτ |ρ̃k+1

h )− Eh(ρk+1
h |ρ̃k+1

h )
)
> 0. (5.87)

By standard computations, we have

lim sup
τց0

1

τ
(W 2

2 (ρτ , ρ̃
k+1
h )−W 2

2 (ρ
k+1
h , ρ̃k+1

h )) 6

ˆ

Ω×Ω

(x− y) · ξ(x) dγk+1
h (x, y), (5.88)

with γk+1
h is the W2-optimal transport plan in Π(ρk+1

h , ρ̃k+1
h ) and γk+1

h = (id×T k+1
h )#ρ

k+1
h with

T k+1
h = id−∇ϕk+1

h . Moreover, using (5.67), (5.82) and Lebesgue’s dominated convergence theo-
rem, we obtain

lim sup
τց0

1

τ
(F(ρτ )−F(ρk+1

h )) 6 −
ˆ

Ω

P (ρk+1
h (x)) div(ξ(x)) dx. (5.89)

Finally,

lim sup
τց0

1

τ
(V(ρτ |ρ̃k+1

h )− V(ρk+1
i,h |ρ̃k+1

h )) 6

ˆ

Ω

∇V [ρ̃k+1
h ] · ξρk+1

h dx, (5.90)
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If we combine (5.87), (5.88), (5.89) and (5.90), and if we replace ξ by −ξ, we find that, for all
ξ ∈ C∞

c (Ω;Rn),
ˆ

Ω

∇ϕk+1
h · ξρk+1

h − h

ˆ

Ω

P (ρk+1
h ) div(ξ) + h

ˆ

Ω

∇V [ρ̃k+1
h ] · ξρk+1

h = 0. (5.91)

Now we claim that P (ρk+1
h ) ∈W 1,1(Ω). Indeed, since P is controlled by F thanks to assumption

(5.67), (5.82) gives P (ρk+1
h ) ∈ L1(Ω). Moreover, using (5.91), we obtain

∣∣∣∣
ˆ

Ω

P (ρk+1
h ) div(ξ)

∣∣∣∣ 6
[
ˆ

Ω

|∇ϕkh(y)|
h

ρk+1
h +

ˆ

Ω

|∇V [ρ̃k+1
h ]|ρk+1

h

]
‖ξ‖L∞(Ω).

But using (5.64), (5.63), (5.83) and Cauchy-Schwarz inequality we get
ˆ

Ω

|∇V [ρ̃k+1
h ]|ρk+1

h 6

[
ˆ

Ω

|∇V [ρ̃k+1
h ]−∇V [ρk+1

h ]|ρk+1
h +

ˆ

Ω

|∇V [ρk+1
h ]|ρk+1

h

]

6

[( ˆ

Ω

|∇V [ρ̃k+1
h ]−∇V [ρk+1

h ]|2ρk+1
h

)1/2
+
( ˆ

Ω

|∇V [ρk+1
h ]|2ρk+1

h

)1/2]

6 C
[
W2(ρ̃

k+1
h , ρk+1

h ) + 1
]

6 C.

We thus have
∣∣∣∣
ˆ

Ω

P (ρk+1
h ) div(ξ)

∣∣∣∣ 6
[
W2(ρ̃

k+1
h , ρk+1

h )

h
+ C

]
‖ξ‖L∞(Ω).

This implies P (ρk+1
h ) ∈ BV (Ω) and ∇P (ρk+1

h ) =
(
−∇V [ρ̃k+1

h ]ρk+1
h − ∇ϕk+1

h

h ρk+1
h

)
in Mn(Ω).

In fact, P (ρk+1
h ) is in W 1,1(Ω) because ∇V [ρ̃k+1

h ]ρk+1
h +

∇ϕk
h

h ρk+1
h ∈ L1(Ω) and we have proved

(5.86).

We immediately deduce an L1((0, T ), BV (Ω)) estimate for P (ρh):

Corollary 5.10. For all T > 0, we have

‖P (ρh)‖L1((0,T );W 1,1(Ω)) 6 CT. (5.92)

Proof. If we integrate (5.86), we obtain

h

ˆ

Ω

|∇P (ρk+1
h )| 6W2(ρ

k+1
h , ρ̃k+1

h ) + Ch,

Then we sum from k = 0 to N − 1 and thanks to (5.83), we have
ˆ T

0

ˆ

Ω

|∇P (ρh)| 6 CT.

We conclude thanks to (5.67) and (5.82).

Proposition 5.11. Let h > 0, N ∈ N
∗, T := Nh, tk := hk, for k = 0, · · · , N , then, for every

φ ∈ C∞
c ([0, T )× R

n)

ˆ T

0

ˆ

Ω

ρ̃2h(t, x)(∂tφ(t, x) +W [ρh(t− h)] · ∇φ(t, x)) dxdt = h
N−1∑

k=0

ˆ

Ω

∇P (ρk+1
h (x)) · ∇φ(tk, x) dx

+ h

N−1∑

k=0

ˆ

Ω

∇V [ρ̃k+1
h ] · ∇φ(tk, x)ρk+1

h dx

+

N−1∑

k=0

ˆ

Ω×Ω

R[φ(tk, ·)](x, y)dγk+1
h (x, y)

−
ˆ

Ω

ρ0(x)φ(0, x) dx,
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with, for all φ ∈ C∞
c ([0, T )× R

n),

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞([0,T )×Ω)|x− y|2,

and γk+1
h is the optimal transport plan in Π(ρk+1

h , ρ̃k+1
h ).

Proof. Let ϕ ∈ C∞
c (Rn), multiplying (5.86) by ∇ϕ and integrating on Ω, we obtain

−
ˆ

Ω

∇ϕk+1
h · ∇ϕρk+1

h = h

(
ˆ

Ω

∇P (ρk+1
h ) · ∇ϕ+

ˆ

Ω

∇V [ρ̃k+1
h ] · ∇ϕρk+1

h

)
.

But, we can rewrite the left hand side by

−
ˆ

Ω

∇ϕk+1
h · ∇ϕρk+1

h =

ˆ

Ω×Ω

(y − x) · ∇ϕ(x) dγk+1
h (x, y).

A second-order Taylor-Lagrange formula then gives
ˆ

Ω×Ω

(y − x) · ∇ϕ(x) dγk+1
h =

ˆ

Ω×Ω

(ϕ(y)− ϕ(x)) dγk+1
h (x, y)−

ˆ

Ω×Ω

R[ϕ](x, y)dγk+1
h (x, y)

=

ˆ

Ω

ϕ(ρ̃k+1
h − ρk+1

h )−
ˆ

Ω×Ω

R[ϕ](x, y)dγk+1
h (x, y). (5.93)

Now let φ ∈ C∞
c ([0, T )× R

n), we have

ˆ T

0

ˆ

Ω

ρ̃2h(t, x)(∂tφ(t, x) +W [ρh(t− h)] · ∇φ(t, x)) dxdt

=

N−1∑

k=0

ˆ tk+1

tk

ˆ

Ω

ρkh(x)(∂tφ+W [ρkh] · ∇φ)(t,Xk
h(t− tk, x)) dxdt

But, on [tk, tk+1],

d

dt
[φ(t,Xk

h(t− tk, x))] = (∂tφ+W [ρkh] · ∇φ)(t,Xk
h(t− tk, x)).

Then,

N−1∑

k=0

ˆ tk+1

tk

ˆ

Ω

ρkh(x)(∂tφ+W [ρkh] · ∇φ)(t,Xk
h(t− tk, x)) dxdt

=

N−1∑

k=0

ˆ tk+1

tk

ˆ

Ω

ρkh(x)
d

dt
[φ(t,Xk

h(t− tk, x))] dxdt

=
N−1∑

k=0

ˆ

Ω

ρkh(x)
[
φ(tk+1, X

k
h(h, x))− φ(tk, x)

]
dx

=
N−1∑

k=0

ˆ

Ω

[
φ(tk+1, x)ρ̃

k+1
h (x)− φ(tk, x)ρ

k
h(x)

]
dx

=
N−1∑

k=0

ˆ

Ω

φ(tk+1, x)
(
ρ̃k+1
h (x)− ρk+1

h (x)
)
−
ˆ

Ω

φ(0, x)ρ0(x) dx.

Then the proof is complete by applying (5.93) with ϕ = φ(tk+1, ·).
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5.2.4 Convergence and proof of Theorem 5.6

Weak and strong convergences

Using a refined version of Ascoli theorem (see [4]), estimate (5.83) and remark 5.8 and taking sub-
sequences, if necessary, we have that, for every T < +∞, ρh, ρ̃1h and ρ̃2h converge in L∞((0, T ),W2)
to some respective limits ρ, ρ̃1 and ρ̃2:

sup
t∈[0,T ]

max(W2(ρh(t, .), ρ(t, .)),W2(ρ̃
1
h(t, .), ρ̃

1(t, .)),W2(ρ̃
2
h(t, .), ρ̃

2(t, .))) → 0 as h→ 0.

In fact, these three sequences have to converge to the same limit, ρ. Indeed, for all ϕ ∈ C∞
c ((0, T )×

Ω),

ˆ T

0

ˆ

Ω

ϕ(ρh − ρ̃1h) =
N−1∑

k=0

ˆ tk+1

tk

ˆ

Ω

ϕ(ρk+1
h − ρ̃k+1

h )

6 Ch

N−1∑

k=0

W2(ρ
k+1
h , ρ̃k+1

h )

6 ChN1/2

(
N−1∑

k=0

W 2
2 (ρ

k+1
h , ρ̃k+1

h )

)1/2

6 CT 1/2h,

because of (5.83). With a similar computation, we find that ρh and ρ̃2h converge to the same limit.
We thus have

sup
t∈[0,T ]

max(W2(ρh(t, .), ρ(t, .)),W2(ρ̃
1
h(t, .), ρ(t, .)),W2(ρ̃

2
h(t, .), ρ(t, .))) → 0 as h→ 0. (5.94)

Moreover it is classical to deduce from (5.83) and remark 5.8 an Hölder-like estimate of the
form
W2(ρh(t, .), ρh(s, .)) ≤ C

√
|t− s|+ h from which one deduces that the limit curve ρ actually be-

longs to C1/2((0, T ),W2). This kind of convergence will be enough to pass to the limit in ∇V [ρ̃1h]ρh
and W [ρh]ρ̃

2
h, because of assumptions (5.64) and (5.66), but we will need a stronger convergence

to deal with the nonlinear diffusion term P (ρh). Fo this purpose, we will use an extension of the
Aubin-Lions Lemma due to Rossi and Savaré in [107]:

Theorem 5.12 (th. 2 in [107]). On a Banach space B, let be given

• a normal coercive integrand G : B → R
+, i.e, G is l.s.c and its sublevels are relatively

compact in B,

• a pseudo-distance g : B ×B → [0,+∞], i.e, g is l.s.c and

[g(ρ, µ) = 0, ρ, µ ∈ B with G(ρ),G(µ) <∞] ⇒ ρ = µ.

Let T > 0 and U be a set of measurable functions u : (0, T ) → B. Under the hypotheses that

sup
u∈U

ˆ T

0

G(u(t)) dt < +∞ and lim
hց0

sup
u∈U

ˆ T−h

0

g(u(t+ h), u(t)) dt = 0, (5.95)

U contains a subsequence (un)n∈N which converges (strongly in B) in measure with respect to
t ∈ (0, T ) to a limit u⋆ : (0, T ) → B.

We now apply this theorem to B = L1(Ω), U = {ρh}h, g defined by

g(ρ, µ) :=

{
W2(ρ, µ) if ρ, µ ∈ P2(Ω),
+∞ otherwise,

and G by

G(ρ) :=
{

F(ρ) + ‖P (ρ)‖BV (Ω) +M(ρ) if ρ ∈ Pac2 (Ω), P (ρ) ∈ BV (Ω) and F (ρ) ∈ L1(Ω),
+∞ otherwise.
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Lemma 5.13. G is l.s.c on L1(Ω) and its sublevels are relatively compact in L1(Ω).

Proof. Let us start by proving that sublevels of G are relatively compact in L1(Ω). Let

Ac :=
{
ρ ∈ L1(Ω) : G(ρ) 6 c

}

and (ρk) be a sequence in Ac then P (ρk) is bounded in BV (Ω) thus, up to a subsequence P (ρk)
converges to some Φ in L1

loc(Ω) and a.e.. Since P is continuous, one to one and its inverse is
continuous, ρk converges to ρ := P−1(Φ) a.e.; and, since G(ρk) 6 c and F is superlinear, ρk
is uniformly integrable, using Vitali’s convergence theorem, we obtain that ρk converges to ρ in
L1(K ∩ Ω) for every compact K. To conclude that there is convergence in L1(Ω), we use the fact
that the second momentum of ρk is uniformly bounded:

ˆ

Ω

|ρk − ρ| 6

ˆ

Ω\BR

|x|2
R2

|ρk − ρ|+
ˆ

BR∩Ω

|ρk − ρ|

6
2c

R2
+

ˆ

BR∩Ω

|ρk − ρ|.

The first term in the right hand can be made arbitrary small by choosing R large enough and the
second term converges to zero by L1(BR ∩ Ω)-convergence.

Now we have to show the lower semi-continuity of G on L1(Ω). Let (ρk) be a sequence which
converges strongly to ρ in L1(Ω) with (without loss of generality) supk G(ρk) 6 C < +∞. Without
loss of generality, we can assume that ρk converges to ρ a.e. Since supk G(ρk) 6 C, P (ρk) is
uniformly bounded in BV (Ω) so P (ρk) converges weakly to µ in BV (Ω). Moreover, P (ρk) converges
strongly to µ in L1

loc(Ω). We can conclude that µ = P (ρ) and by lower semi-continuity of F , M
and the BV -norm we have

G(ρ) 6 lim inf
kր+∞

G(ρk).

Thanks to lemma 5.13, to apply theorem 5.12, it remains to verify (5.95). The first condition
of (5.95) is satisfied because of the estimate on the momentum, (5.81), on the internal energy F ,
(5.82) and on the gradient of P (ρh) (5.92). The second condition of (5.95) comes from the estimate
on the distance (5.83) and remark 5.8 (see for example [55] for a detailed proof). Then theorem
5.12 implies that ρh converges in measure with respect to t in L1(Ω) to ρ. Since convergence in
measure implies a.e convergence, up to a subsequence, we may also assume that ρh(t, .) converges
strongly in L1(Ω) to ρ(t, .) for a.e. t. Then Lebesgue’s dominated convergence theorem implies
that ρh converges strongly in L1((0, T )× Ω) to ρ.

Thanks to (5.67) and (5.82) P (ρh) is uniformly bounded in L∞((0, T ), L1(Ω)). In addition, by
corollary 5.10, P (ρh) is uniformly bounded in L1((0, T ),W 1,1(Ω)). Thanks to the Sobolev embed-
ding, we deduce that P (ρh) is uniformly bounded in L∞((0, T ), L1(Ω)) ∩ L1((0, T ), Ln/n−1(Ω)).
To have uniform integrability of P (ρh) both in the time and space variables, the following will be
useful:

Lemma 5.14. Let p > 1, q := 2p−1
p and f ∈ L∞((0, T ), L1(Ω)) ∩ L1((0, T ), Lp(Ω)) then f ∈

Lq((0, T )× Ω) and we have

‖f‖qLq((0,T )×Ω) 6 ‖f‖q−1
L∞

t (L1
x)
‖f‖L1

t (L
p
x).

Proof. Writing
1

q
=

p

2p− 1
= θ +

1− θ

p
, with θ =

p− 1

2p− 1
∈ (0, 1)

and observing that (1− θ)q = 1 and θq = q − 1, the interpolation inequality yields that

‖f‖q
Lq

x
6 ‖f‖q−1

L1
x
‖f‖Lp

x
,



5.2. SPLITTING METHOD IN WASSERSTEIN SPACE 73

since f ∈ L∞((0, T ), L1(Ω)) ∩ L1((0, T ), Lp(Ω)) this implies that f ∈ Lq((0, T )× Ω) and

‖f‖qLq((0,T )×Ω) =

ˆ T

0

‖f‖q
Lq

x
= 6

ˆ T

0

‖f‖q−1
L1

x
‖f‖Lp

x

6 ‖f‖q−1
L∞

t (L1
x)
‖f‖L1

t (L
p
x).

Applying lemma 5.14 we deduce that P (ρh) is uniformly bounded in L(n+1)/n((0, T )×Ω). This
implies that P (ρh) is uniformly integrable and since we know that it converges a.e. to P (ρ), we can
deduce from Vitali’s convergence theorem that P (ρh) converges strongly to P (ρ) in L1

loc((0, T )×Ω).
Thanks to Corollary 5.10 we deduce that ∇P (ρh) converges vaguely to ∇P (ρ) in Mn

loc((0, T )×
Ω). In fact, we have ∇P (ρ) in Mn((0, T ) × Ω) and narrow convergence of ∇P (ρh) to ∇P (ρ),
thanks to Prokhorov Theorem and the following tightness estimate:

Lemma 5.15. The family ∇P (ρh), viewed as vector-valued measures on [0, T ]×Ω, is tight, more
precisely, for every h and every A measurable, A ⊂ Ω

ˆ T

0

ˆ

A

|∇P (ρh)| ≤ C
(
1 +

√
h
)( ˆ T

0

ˆ

A

ρh(t, x)dxdt
)1/2

. (5.96)

Proof. Integrating (5.86) on (0, T ) × A together with Cauchy Schwarz inequality and (5.83), we
get (taking N = ⌈Th ⌉+ 1, say)

ˆ T

0

ˆ

A

|∇P (ρh)| 6
N∑

k=0

ˆ

A

|∇ϕk+1
h |ρk+1

h +

ˆ T

0

ˆ

A

|∇V [ρ̃1h]|ρh

6

N∑

k=0

( ˆ

Ω

|∇ϕk+1
h |2ρk+1

h

)1/2( ˆ

A

ρk+1
h

)1/2
+

ˆ T

0

ˆ

A

|∇V [ρ̃1h]|ρh

6

( N∑

k=0

W 2
2 (ρ̃

k+1
h , ρk+1

h )
)1/2( ˆ T

0

ˆ

A

ρh(t, x)dxdt
)1/2

+

ˆ T

0

ˆ

A

|∇V [ρ̃1h]|ρh

6 C
√
h
( ˆ T

0

ˆ

A

ρh(t, x)dxdt
)1/2

+

ˆ T

0

ˆ

A

|∇V [ρ̃1h]|ρh.

Moreover, with Cauchy Schwarz inequality, (5.63) and (5.64), we also have

ˆ T

0

ˆ

A

|∇V [ρ̃1h]|ρh 6

ˆ T

0

ˆ

A

|∇V [ρh]|ρh +
ˆ T

0

ˆ

A

|∇V [ρ̃1h]−∇V [ρh]|ρh

6 C
(
1 +

√
h
)( ˆ T

0

ˆ

A

ρh(t, x)dxdt
)1/2

which proves (5.96). The tightness of ∇P (ρh) therefore immediately follows from that of ρh and
(5.96).

We can summarize all of this in the next result:

Theorem 5.16. Up to a subsequence ρh converges strongly in L1((0, T ) × Ω), P (ρh) converges
strongly to P (ρ) in L1

loc((0, T )× Ω) and ∇P (ρh) converges to ∇P (ρ) narrowly in M((0, T )× Ω).

End of the proof of theorem 5.57

So we just have to check the convergence in the transport terms, in what follows the test-function
φ belongs again to C∞

c ([0, T )× R
n).
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• term in W : We have to show:

ˆ T

0

ˆ

Ω

ρ̃2h(t, x)W [ρh(t− h)](x) · ∇φ(t, x) dxdt→
ˆ T

0

ˆ

Ω

ρ(t, x)W [ρ(t, ·)](x) · φ(t, x) dxdt.

We first have

ˆ T

0

ˆ

Ω

ρ̃2h(t, x)W [ρh(t− h)](x) · ∇φ(t, x) dxdt =
ˆ T

0

ˆ

Ω

ρ̃2h(t, x)W [ρ̃2h(t)](x) · ∇φ(t, x) dxdt

+

ˆ T

0

ˆ

Ω

ρ̃2h(t, x)(W [ρh(t− h)](x)−W [ρ̃2h(t)](x)) · ∇φ(t, x) dxdt.

The second term in the right hand side goes to zero when h goes to 0. Indeed,

∣∣∣
ˆ T

0

ˆ

Ω

ρ̃2h(t, x)(W [ρh(t− h)](x)−W [ρ̃2h(t)](x)) · ∇φ(t, x) dxdt
∣∣∣

6 C

ˆ T

0

(
ˆ

Ω

ρ̃2h(t, x)|W [ρh(t− h)](x)−W [ρ̃2h(t)(x)]|2 dx
)1/2

dt,

then using (5.66),

∣∣∣
´ T

0

´

Ω
ρ̃2h(t, x)(W [ρh(t− h)](x)−W [ρ̃2h(t)](x)) · ∇φ(t, x) dxdt

∣∣∣

6 C
´ T

0
W2(ρh(t− h), ρ̃2h(t)) dt

6 C
∑N−1
k=0

´ tk+1

tk
W2(ρ

k
h, X

k
h(t− tk)#ρ

k
h) dt

6 CTh,

because of (5.75). Moreover, using (5.64), we get

∣∣∣
ˆ T

0

ˆ

Ω

(ρ̃2h(t, x)W [ρ̃2h(t)](x) · ∇φ(t, x)− ρ(t, x)W [ρ(t)](x) · ∇φ(t, x)) dxdt
∣∣∣

6 C

ˆ T

0

ˆ

Ω

ρ̃2h(t, x)|W [ρ̃2h(t)](x)−W [ρ(t)](x))| dxdt

+
∣∣∣
ˆ T

0

ˆ

Ω

(ρ(t, x)− ρ̃2h(t, x))W [ρ(t)](x) · ∇φ(t, x) dxdt
∣∣∣

6 CT sup
t∈[0,T ]

W2(ρ̃
2
h(t), ρ(t)) +

∣∣∣
ˆ T

0

ˆ

Ω

(ρ(t, x)− ρ̃2h(t, x))W [ρ(t)](x) · ∇φ(t, x) dxdt
∣∣∣

the first term in the right hand-side converges to 0 because of (5.94). As for the second
one, it also converges to 0, because W [ρ] · ∇φ belongs to L∞((0, T )×Ω) and ρ̃2h is uniformly
integrable by remark 5.8 and the superlinearity of F , hence, up to a subsequence it converges
to ρ weakly in L1((0, T )× Ω).

• term in ∇V : We claim that

h
N−1∑

k=0

ˆ

Ω

∇V [ρ̃k+1
h ](x) · ∇φ(tk, x)ρk+1

h dx→
ˆ T

0

ˆ

Ω

∇V [ρ(t, ·)](x) · ∇φ(t, x)ρ(t, x) dxdt.

The proof is the same as the previous one for W , using (5.64), (5.60) and the convergence of
ρh to ρ in L1((0, T )× Ω)) ∩ L∞((0, T ),W2).
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5.2.5 On extension to systems and uniqueness

The splitting transport-JKO scheme described above, can easily be adapted, under suitable as-
sumptions to the case of systems for the evolution of N species coupled by nonlocal drifts:

∂tρi −∆Pi(ρi)− div(ρiUi[ρ1, · · · , ρN ]) = 0, ρi(0, .) = ρi,0, i = 1, · · · , N, (5.97)

where Pi(s) = sF ′
i (s) − Fi(s) is the pressure associated to a strictly convex superlinear func-

tion Fi with corresponding internal energy Fi(ρi) :=
´

Fi(ρi(x))dx. Decomposing each drift
Ui[ρ1, · · · , ρN ] = ∇Vi[ρ1, · · · , ρN ]−Wi[ρ1, · · · , ρN ] with div(Wi[ρ1, · · · , ρN ]) = 0 and under similar
assumptions as in paragraph 5.2.2, one can show, by similar arguments as above, convergence as
h→ 0 to a solution of (5.97) of the following splitting scheme.

Starting form ρ0i,h = ρi,0 and given ρkh = (ρk1,h, · · · ρkN,h) we find ρk+1
h = (ρk+1

1,h , · · · ρk+1
N,h ) by:

• setting ρ̃k+1
i,h = Xk

i,h(h, .)#ρ
k
i,h where

∂tX
k
i,h =Wi[ρ

k
h] ◦Xk

i,h, X
k
i,h(0, ·) = id,

• defining ρ̃k+1
h = (ρ̃k+1

1,h , · · · , ρ̃k+1
N,h ), ρ

k+1
h = (ρk+1

1,h , · · · ρk+1
N,h ) is obtained by the semi-implicit

JKO scheme:

ρk+1
i,h = argmin

ρi∈Pac
2

(Ω)

{
W 2

2 (ρi, ρ̃
k+1
i,h ) + 2h

(
Fi(ρi) +

ˆ

Ω

Vi[ρ̃
k+1
h ]ρi

)}
.

Finally, let us say a few words on uniqueness which we have not addressed here, but which
can be obtained at least in two ways: either by assuming some displacement semiconvexity of the
internal energy and proving some exponential in time contraction estimate on the W2 distance
between two solutions (see section 4.7 or in [54, 73]), or by assuming some nondegeneracy of the
diffusion and establishing some H−1 contraction estimate (see section 5.1.2 or in [35]).

5.3 Remarks on general costs

The first two chapters deal with gradient flows in Wasserstein space endowed with the Wasserstein
distance of order 2. A natural extention is to study gradient flow in probability space endowed
with the Wasserstein distance of order p > 1 or more generally an optimal transport distance with
a general convex cost c. Several works have already considered this approach. The first one is due
to Otto in [97], where he studied the doubly degenerate diffusion equation

∂tρ− div(|∇ρn|p−2∇ρn)) = 0,

with p > 1, n > 0, as the steepest descent of the functional

sign(m− 1)

ˆ

Ω

ρm, with m := n+
p− 2

p− 1
,

with respect to the Wasserstein distance of order p∗, where p∗ is the conjugate of p. In [1], Agueh
generalized this result to more general costs. In this section, we give a slight perturbation of
their result in order to adapt our splitting method to general costs. We will prove existence and
uniqueness of solutions of nonlinear degenerate parabolic equation of the form

∂tρ− div(ρ∇c∗(∇F ′(ρ)))− div(ρU [ρ]) = 0. (5.98)

In the literature, other generalizations have been proposed. Dolbeault, Nazaret and Savaré
introduced in [58] a new class of transport distances between probability measures which are con-
structed in a dynamical way as a generalization of the Benamou-Brenier formula. They introduced
a mobility function m : R+ → R

+ to define

W 2
m,2(ρ0, ρ1) := inf

{
ˆ 1

0

ˆ

Ω

|vt(x)|2m(ρt(x)) dxdt : ∂tρ+ div(m(ρ)v) = 0, ρt=0,1 = µ0, µ1

}
.
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We remark that when m(x) = x, we recover the Benamou-Brenier formula. We refer to
[58, 39, 83, 84, 119] for the analysis of this distance and the study of usual gradient flow with
respect to Wm,2.

One of the difficulties of problem (5.98) is in the passage to the limit in the very nonlinear
term ∇c∗(∇F ′(ρ)). Indeed, following our previous method in section 5.2, we only have a narrow
convergence for the gradient of the pressure associated to F , then stronger estimates will be needed.
Actually, in the porous medium case and using the flow interchange argument we will see in chapter
6 and 7 that is possible to obtain a L2((0, T ), H1(Ω)) estimate for F ′(ρ) := m

m−1ρ
m−1. In addition,

since the vector field U [ρ] is not assumed to be divergence free, we do not have conservation of the
internal energy during the pure transport step, as in the previous section, and then, we have to
find another way to control the energy dissipation during this phase. To deal with these issues, we
assume that the initial condition is bounded from below and above and, in section 5.3.2, we start
to prove a maximum/minimum principle which is a variant of the one proved by Otto in [97] and
generalized to general costs by Agueh in [1]. In this section, we obtain several estimates useful in
section 5.3.3 to prove theorem 5.17.

5.3.1 Assumptions and main result

Our goal is to solve (5.98) on Ω a smooth bounded convex subset of Rn with the usual Neumann
boundary condition

ρ(∇c∗(∇F ′(ρ)) + U [ρ]) · ν = 0 on ∂Ω,

where ν denotes the outer unit normal to ∂Ω.

Assumption on the cost c: We assume that c : R
n → [0,+∞) is a smooth strictly convex

function which satisfies 0 = c(0) < c(x), for all x 6= 0, and there exists α, β > 0, q > 1 such that

α|x|q 6 c(x) 6 β(1 + |x|q), (5.99)

for all x ∈ R
n. We denote c∗ the Legendre transform of the function c, i.e for all z ∈ R

n,

c∗(z) := sup
x∈Rn

x · z − c(x).

As in [1], we denote ch the function define by

ch(x) := c
(x
h

)
.

Assumption on the internal energy F : We assume that F : [0,+∞) → R is a continuous
strictly convex superlinear function of class C2((0,+∞)) which satisfies F (0) = 0 and

The map x ∈ (0,+∞) 7→ xnF ′(x−n) is convex and nonincreasing. (5.100)

As usual, typical examples are functions of the form F (ρ) = ρm (m > 1).

Assumption on the drift U [ρ]:

• There exists C > 0 such that for all ρ ∈ P(Ω),

U [ρ] ∈W 1,∞(Rn), U [ρ] · ν = 0 on ∂Ω and |U [ρ]| 6 C(1 + |x|), for all x ∈ R
n, (5.101)

• There exists C > 0 such that for all ρ, µ ∈ P(Ω),

ˆ

Ω

|U [ρ]− U [µ]|p dρ 6 CW p
p (ρ, µ), (5.102)

for some p > 1.
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A weak solution of (5.98) with Neumann boundary condition is a curve ρ : t ∈ (0,+∞) 7→
Pac(Ω) such that ρ+ 1

ρ ∈ L∞((0, T )×Ω), ∇F ′(ρ) ∈ Lq
∗

((0, T )×Ω), ∇c∗(∇F ′(ρ)) ∈ Lq((0, T )×Ω)

and for all ϕ ∈ C∞
c (R×R

n),
ˆ

R×Rn

(ρ∂tϕ− ρ (∇c∗(∇(F ′(ρ)))− U [ρ]) · ∇ϕ) = −
ˆ

Ω

ρ0(x)ϕ(0, x) dx.

Then our main result is the following:

Theorem 5.17. Assume that ρ ∈ Pac(Ω) satisfies

0 < m 6 ρ0 6M < +∞,

then (5.98) admits at least one weak solution.

The proof of this theorem, given in the next sections, is based on the same kind of splitting
scheme using before. We combine pure transport steps by the drift U and Wasserstein gradient
flow steps to handle the diffusive term. Given a time step h > 0, we construct by induction two
sequences ρkh and ρ̃kh in Pac(Ω) by setting ρ0h = ρ̃0h = ρ0 and using the following scheme:

{
ρ̃k+1
h = Xk

h(h, ·)#ρkh,
ρk+1
h = argminρ∈P(Ω) hWch(ρ̃

k+1
h , ρ) + F(ρ),

(5.103)

where Xk
h is the solution of

{
∂tX

k
h = U [ρkh] ◦Xk

h ,
Xk
h(0, ·) = Id.

(5.104)

Since we assume that U [ρ] satisfies (5.101), the DiPerna-Lions theory implies thatXk
h is well defined

and there exists a constant C > 0 such that for all t ∈ [0, h] and x ∈ R
n,

|Xk
h(t, x)− x| 6 Ch and | det(∇Xk

h(t, x))− 1| 6 Ch. (5.105)

We define two interpolations: the piecewise constant interpolation ρh defined by

ρh(t) := ρk+1
h if t ∈ (hk, h(k + 1)],

and the continuous interpolation during the pure transport phase

ρ̃h(t) := Xk
h(t, ·)#ρkh if t ∈ (0, h].

5.3.2 Maximum/minimum principle and standard estimates

We start this section by proving that sequences are bounded from below and above for all T < +∞.

Proposition 5.18. Let T < +∞ be a fixed time. There exists C > 0 such that, for all k > 0 and
h such that kh 6 T ,

me−CT 6 ρ̃kh, ρ
k
h 6MeCT .

Proof. By definition of ρ̃1h, for all x ∈ Ω,

ρ0(x) = ρ̃1h(X
0
h(h, x)) det(∇X0

h(h, x)).

Then using (5.105), for h small enough, we have

m

1 + Ch
6 ρ̃1h(X

0
h(h, x)) 6

M

1− Ch
,

which implies that
m

1 + Ch
6 ρ̃1h(x) 6

M

1− Ch
.



78 CHAPTER 5. DRIFT INTERACTIONS: NON POTENTIAL CASE

Now we can apply the maximum/minimum principle developped by Otto in [97] and generalized
to general costs by Agueh in [1] to obtain

m

1 + Ch
6 ρ1h(x) 6

M

1− Ch
.

Then by induction, the following holds

m

(1 + Ch)k
6 ρ̃kh(x), ρ

k
h(x) 6

M

(1− Ch)k
,

which gives the desired result.

In the next proposition we recover usual estimates from the gradient flow theory

Proposition 5.19. For all T and for all h, k such that hk 6 T , we have

F(ρkh) 6 CT + F(ρ0), (5.106)

h

N−1∑

k=0

Wch(ρ
k+1
h , ρ̃k+1

h ) 6 C(1 + T ). (5.107)

Proof. To find the first estimate, we use the fact that ρkh is optimal is the minimization problem.
Since ρk−1

h is a competitor we have

F(ρkh) 6 hWch(ρ
k
h, ρ̃

k
h) + F(ρkh) 6 hWch(ρ

k−1
h , ρ̃kh) + F(ρk−1

h ).

But using (5.105),
Wch(ρ

k−1
h , ρ̃kh) 6 C,

then
F(ρkh) 6 Ch+ F(ρk−1

h ),

and by induction we have (5.106). Now we want to prove (5.107). First we remark that using
minimization scheme we have

h
N−1∑

k=0

Wch(ρ
k+1
h , ρ̃k+1

h ) 6

N−1∑

k=0

(F(ρ̃k+1
h )−F(ρk+1

h ))

6

N−1∑

k=0

(F(ρ̃k+1
h )−F(ρkh)) + F(ρ0)−F(ρNh ).

Using the Monge-Ampère equation, we find

F(ρ̃k+1
h )−F(ρkh) 6

ˆ

Ω

F

(
ρkh(x)

det(∇Xk
h(h, x))

)
det(∇Xk

h(h, x))−
ˆ

Ω

F (ρkh)

6

ˆ

Ω

(
F

(
ρkh(x)

det(∇Xk
h(h, x))

)
− F (ρkh)

)
det(∇Xk

h(h, x))−
ˆ

Ω

F (ρkh)(det(∇Xk
h(h, x))− 1)

6 I + J.

For J , since | det(∇Xk
h(h, x))− 1| 6 Ch, we have

J 6 Ch

ˆ

Ω

|F (ρkh)| 6 Ch,

because F(ρkh) is bounded above and below. And for I we will use that for all k, we have

m

(1 + Ch)k
6 ρkh 6

M

(1− Ch)k
,
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according to the proposition 5.18 and since

1

1 + Ch
6

1

det(∇Xk
h(h, x))

6
1

1− Ch
,

we have that ρkh
det(∇Xk

h
(h,x))

and ρkh are in [e−CTm, eCTM ] and since F is C2 it is locally lipschitz

and we get

I 6

ˆ

Ω

∣∣∣∣F
(

ρkh(x)

det(∇Xk
h(h, x))

)
− F (ρkh)

∣∣∣∣ | det(∇X
k
h(h, x))| (5.108)

6 C

ˆ

Ω

∣∣∣∣
1

det(∇Xk
h(h, x))

− 1

∣∣∣∣ | det(∇X
k
h(h, x))|ρkh(x) (5.109)

6 C

ˆ

Ω

| det(∇Xk
h(h, x))− 1|ρkh(x) (5.110)

6 Ch. (5.111)

So if we combine I and J we obtain F(ρ̃k+1
h )−F(ρkh) 6 Ch and the conclusion follows.

A direct consequence is

Corollary 5.20. For all T and for all h, k such that hk 6 T ,

N−1∑

k=0

W q
q (ρ

k+1
h , ρkh) 6 Chq−1.

Proof. First combining (5.99) and (5.107), we have

N−1∑

k=0

W q
q (ρ

k+1
h , ρ̃k+1

h ) 6 C
N−1∑

k=0

hqWch(ρ
k+1
h , ρ̃k+1

h ) 6 Chq−1. (5.112)

By definition of ρ̃k+1
h and (5.105), we obtain

N−1∑

k=0

W q
q (ρ

k
h, ρ̃

k+1
h ) 6

N−1∑

k=0

ˆ

Ω

|Xk
h(h, x)− x|qρkh(x) dx 6 Chq−1. (5.113)

Then the result is proved combining (5.112) and (5.113).

Remark 5.21. We directly obtain that

N−1∑

k=0

W q
q (ρ̃

k+1
h , ρ̃kh) 6 Chq−1,

and
N−1∑

k=0

W 2
2 (ρ

k+1
h , ρ̃k+1

h ) 6 Chα,

with

α =

{
q − 1 if q 6 2,
1 if q > 2.

In the next proposition, we establish the Euler-Lagrange equation for JKO step. We only state
the result and we refer to proposition 2.6 from [1] for the proof.

Proposition 5.22. For all k > 0, ρk+1
h satisfies

ˆ

Ω×Ω

∇c
(
x− y

h

)
· ψ(y) dγk+1

h (x, y) +

ˆ

Ω

P (ρk+1
h (y)) div(ψ(y)) dy = 0,

for all ψ ∈ C∞
c (Ω;Rn), with P (x) := xF ′(x)−F (x) is the pressure associated to F and γk+1

h is the

Wch-optimal transport plan between ρ̃k+1
h and ρk+1

h . Moreover,



80 CHAPTER 5. DRIFT INTERACTIONS: NON POTENTIAL CASE

1. P (ρk+1
h ) ∈W 1,∞(Ω),

2. If T k+1
h is the Wch-optimal transport map between ρk+1

h and ρ̃k+1
h , then

T k+1
h (y)− y

h
= ∇c∗(∇F ′(ρk+1

h )) a.e in Ω. (5.114)

We immediately deduce estimates on ∇c∗(∇F ′(ρh)) and ∇F ′(ρh).

Corollary 5.23. For all T > 0, ∇c∗(∇F ′(ρh)) is bounded in Lq((0, T )×Ω) and F ′(ρh) is bounded
in Lq

∗

((0, T )× Ω).

Proof. Using (5.114) and proposition 5.18, we obtain

ˆ

Ω

|∇c∗(∇F ′(ρk+1
h ))|q 6

1

me−CT

ˆ

Ω

∣∣∣∣∣
T k+1
h (y)− y

h

∣∣∣∣∣

q

ρk+1
h (y) dy

6
1

αme−CT
Wch(ρ

k+1
h , ρ̃k+1

h ),

when we used assumption (5.99). Then summing over k and (5.107), we obtain

ˆ T

0

ˆ

Ω

|∇c∗(∇F ′(ρk+1
h ))|q 6 Ch

N−1∑

N=0

Wch(ρ
k+1
h , ρ̃k+1

h ) 6 C.

To prove that F ′(ρh) is bounded in Lq
∗

((0, T )× Ω), we just have to remark that using (5.99), we
have

C|z|q∗ 6 β + c∗(z) 6 ∇c∗(z) · z 6 1

εq
|∇c∗(z)|q + ε

q∗
|z|q∗ ,

which concludes the proof for ε small enough.

5.3.3 Convergences and conclusion

Convergences Corollary 5.20 and remark 5.21 give 1
q∗ -Hölder estimates on ρh and ρ̃h then using

a refined version of Ascoli theorem, we have that ρh and ρ̃h converge in L∞((0, T ),Wq) to the same
limit ρ.

Moreover, using corollary 5.20, proposition 5.19 and Rossi-Savaré theorem 5.12, we obtain that
ρh strongly converges in L1((0, T )×Ω) to ρ. Then since ρh is bounded in L∞((0, T )×Ω), ρh con-
verges strongly in Lp((0, T ) × Ω) for all p ∈ [1,+∞), F ′(ρh) converges strongly in Lp((0, T ) × Ω)
for all p ∈ [1,+∞) to F ′(ρ). In addition, proposition 5.19 gives that ∇F ′(ρh) converges weakly to
∇F ′(ρ) in Lq

∗

((0, T )× Ω) and ∇c∗(∇F ′(ρh)) converges weakly to σ in Lq((0, T )× Ω).

The next theorem proves that σ = ∇c∗(∇F ′(ρ)) and is due to Agueh in [1].

Theorem 5.24 (Theorem 3.10 from [1]). Assume that F satisfies (5.100), then for all nonnegative
function u ∈ C2

c (R),

lim
hց0

ˆ

R×Ω

ρh∇c∗(∇F ′(ρh)) · ∇F ′(ρh)u(t) dxdt =

ˆ

R×Ω

ρ∇c∗(∇F ′(ρ)) · ∇F ′(ρ)u(t).

Therefore, (div(ρh∇c∗(∇F ′(ρh))) converges weakly to div(ρσ) in C2
c (R×R

n)′ and

div(ρσ) = div(ρ∇c∗(∇F ′(ρ))).

Proof. The proof is based on an argument of geodesic convexity and the Minty’s trick using the
convexity of c∗. We refer to [1] for more details.
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Conclusion For all ϕ ∈ C∞
c ([0,+∞)× Ω), with suppϕ(·, x) ⊂ [0, T ),

ˆ h(k+1)

hk

ˆ

Ω

ρ̃h(t, x)(∂tϕ− U [ρkh]·∇ϕ)(t, x) dxdt

=

ˆ

Ω

ρ̃k+1
h (x)

ˆ h(k+1)

hk

d

dt
[ϕ(t,Xk

h(t, x))] dtdx

=

ˆ

Ω

ρkh(x)
(
ϕ(h(k + 1), Xk

h(h(k + 1), x))− ϕ(hk, x)
)
dx.

Summing over k, (N := ⌈Th ⌉),
ˆ T

0

ˆ

Ω

ρ̃h(t, x)(∂tϕ(t, x)− U [ρh(t− h)](x) · ∇ϕ(t, x)) dxdt

=
N−1∑

k=0

ˆ h(k+1)

hk

ˆ

Ω

ρ̃h(t, x)(∂tϕ− U [ρkh] · ∇ϕ)(t, x) dxdt

=

N−1∑

k=0

ˆ

Ω

ρkh(x)
(
ϕ(h(k + 1), Xk

h(h(k + 1), x))− ϕ(hk, x)
)
dx

=

N−1∑

k=0

ˆ

Ω

ρ̃k+1
h (x) dxϕ(h(k + 1), x) dx−

N−1∑

k=0

ˆ

Ω

ρkh(x) dxϕ(hk, x) dx

=
N−1∑

k=0

ˆ

Ω

(ρ̃k+1
h (x)− ρk+1

h (x))ϕ(hk, x) dx−
ˆ

Ω

ρ0(x)ϕ(0, x) dx.

Combining with (5.22), we conclude that

ˆ T

0

ˆ

Ω

ρ̃h(t, x)(∂tϕ(t, x)− U [ρh(t− h)](x) · ∇ϕ(t, x)) dxdt

=
N−1∑

k=0

ˆ

Ω

∇c∗(∇F ′(ρk+1
h (x))) · ∇ϕ(hk, x) dx−

ˆ

Ω

ρ0(x)ϕ(0, x) dx

+

N−1∑

k=0

ˆ

Ω×Ω

R[ϕ(hk, ·)](x, y) dγk+1
h (x, y),

where

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞([0,T )×Ω)|x− y|2,

and γk+1
h is the optimal transport plan in Π(ρk+1

h , ρ̃k+1
h ).

Remark 5.21 implies directly that

N−1∑

k=0

ˆ

Ω×Ω

R[ϕ(hk, ·)](x, y) dγk+1
h (x, y) → 0,

as hց 0. Then we can pass to the limit in the discreet equation and theorem 5.17 follows.
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Chapter 6

Systems with cross-diffusion

The modelling of crowd behaviour has become a very active field of applied mathematics in recent
years. These models permit to understand many phenomena as cell migration, tumor growth, etc.
Several models already exist to tackle this problem. The first one, microscopic, consists to seeing
a population as a high number of individuals which satisfy ODEs, see for instance [92] and the
second is macroscopic and consists in describing a population by a density ρ satisfying one PDE,
where ρ(t, x) represents the number of individuals in x at time t. In this last framework, different
methods to handle the congestion effect have been proposed. The first one consists in saying that
the motion has to be slower when the density is very high, see for example [47, 46, 45] for a different
approach with applications to crowd dynamics. Another way to modelling the congestion effect is
to use a threshold: the density evolves as we would expect until it touches a maximal level and
then the motion has to be adapted in these regions, see for example [89] for crowd motion model
and [90] for application to dendritic growth. In [91], we can see a comparison between microscopic
and macroscopic models. Recently in [94], Meszaros and Santambrogio proposed a model of hard
congestion where individuals are subject to a Brownian diffusion. This corresponds to modified
Fokker-Planck equation with a constraint on the density.

Since in macroscopic models, we have mass conservation, the theory of optimal transportation
is a very natural tool to attack it. In [89], the authors investigated a model of room evacuation.
They showed that if the velocity field is given by a gradient, say V = ∇D, where D is the distance
to a given target, then the problem has a gradient flow structure in the Wasserstein space and
the velocity field has to be adapted by a pressure field to handle congestion effect. More recently
in [94], a splitting scheme has been introduced to handle velocity fields which are -not necessarily
potential- vector field. The scheme consists in combining steps where the density follows Fokker-
Planck equation and Wasserstein projections over the set of densities which cannot exceed 1.

A natural variant of the model of [94], consists in considering two (or more) populations, each
of whom having its own potential but coupled through the constraint that the total density cannot
exceed 1 and then subject to a common pressure field. Note that variant problems with total
density equal to 1 were treated in [48, 7, 12] and for more general cross-diffusion systems, we refer,
for example, to [79, 53, 66, 67, 72]. For a linear diffusion (corresponding to a Brownian noise on
each species), the two-species crowd dynamic is expressed by the PDEs





∂tρ1 −∆ρ1 − div(ρ1(∇V1 +∇p)) = 0,
∂tρ2 −∆ρ2 − div(ρ2(∇V2 +∇p)) = 0,
p ≥ 0, ρ1 + ρ2 ≤ 1, p(1− ρ1 − ρ2) = 0.

(6.1)

In this chapter, we prove that this system is the gradient flow (for the product Wasserstein
distance) of the energy

E(ρ1, ρ2) :=
2∑

i=1

ˆ

Ω

(ρi log(ρi) + Viρi) +

ˆ

Ω

χ[0,1](ρ1(x) + ρ2(x))dx,

83
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and for a more general energy of the form

E(ρ1, ρ2) := E1(ρ1) + E2(ρ2) + Fm(ρ1 + ρ2)

with

Ei(ρi) :=
ˆ

Ω

(ρi log(ρi) + Viρi), Fm(ρ) :=

ˆ

Ω

Fm(ρ(x))dx,

with Fm define as in (6.4). The gradient flow of E is the following system with a coupling in the
diffusion:

∂tρi = ∆ρi + div(ρi∇(Vi + F ′
m(ρ1 + ρ2))), i = 1, 2. (6.2)

The JKO scheme for this energy then reads

(ρk+1
1 , ρk+1

2 ) = argmin
(ρ1,ρ2)

{ 2∑

i=1

1

2h
W 2

2 (ρi, ρ
k
i ) + E(ρ1, ρ2)

}
(6.3)

which, in the particular case of the linear diffusion crowd motion problem with two species, takes
the form

(ρk+1
1 , ρk+1

2 ) = argmin
ρ1+ρ2≤1

{ 2∑

i=1

(
1

2h
W 2

2 (ρi, ρ
k
i ) +

ˆ

Ω

(ρi log(ρi) + Viρi)

)}
.

This chapter is composed of five sections. In section 6.1, we introduce our assumptions and
we state our main results. In section 6.2, we prove existence of solution of system (6.2). The
key ingredient is the flow interchange argument (see [86, 55, 73] for example or chapter 4) which
gives an estimate on the gradient of ρ1 + ρ2 and on the gradient of ρi. Section 6.3 gives the proof
of existence of solution for system with hard congestion (6.1). In this section we use again the
flow interchange argument to obtain stronger estimates. In section 6.4, we focus on the particular
case where V1 = V2. In this case, we state the convergence when m → +∞ of solution of (6.2)
to solution of (6.1) and we prove a L1-contraction theorem. In the final section 6.5, we present
numerical simulations.

6.1 Assumptions and main results:

Let Ω a convex bounded subset of R
n. For i ∈ {1, 2}, we define Vi : P(Ω) → R the potential

energy associated to Vi ∈W 1,∞(Ω) by

Vi(ρ) :=
ˆ

Ω

Vi(x) dρ(x).

Let m ∈ [1,+∞), we define Fm : R+ → R by

Fm(x) =

{
x log x if m = 1,
xm

m−1 if m > 1.
(6.4)

We remark that Fm is a convex superlinear continuous function. We denote Fm : M(Ω) → R

the internal energy defined by

Fm(ρ) :=

{ ´
Ω
Fm(ρ(x)) dx if ρ≪ L|Ω,

+∞ otherwise,

and the functional F∞ is defined by

F∞(ρ) :=

{
0 if ‖ρ‖∞ 6 1,
+∞ otherwise.

In the following, we focus on the case where the individual diffusion is linear but the proof can
be adpated to deal with individual nonlinear diffusions.
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We say that (ρ1, ρ2) : [0,+∞) → Pac(Ω)2 is a weak solution of (6.2) if for all i ∈ {1, 2} and
for all T < +∞, ρi ∈ C([0, T ],Pac(Ω)), ρi ∈ L∞([0, T ], BV (Ω)), ρi∇F ′

m(ρ1 + ρ2) ∈ L1((0, T )× Ω)
and for all φ ∈ C∞

c ([0,+∞)× R
n),

ˆ +∞

0

ˆ

Ω

(
[ρi∂tφ− (ρi∇Vi + ρi∇F ′

m(ρ1 + ρ2)) ·Dφ] dx−
ˆ

Ω

∇φ · d∇ρi(x)
)

= −
ˆ

Ω

φ(0, x)ρi,0(x) dx.

and we say that (ρ1, ρ2, p) : [0,+∞) → Pac(Ω)2 ×H1(Ω) is a weak solution of (6.1) if for all
i ∈ {1, 2} and for all T < +∞, ρi ∈ C([0, T ],Pac(Ω)), ρi ∈ L∞([0, T ], BV (Ω)), p ∈ L2([0, T ], H1(Ω))
with p > 0, ρ1 + ρ2 6 1 and p(1− ρ1 − ρ2) = 0 a.e. In addition, for all φ ∈ C∞

c ([0,+∞)× R
n),

ˆ +∞

0

ˆ

Ω

(
[ρi∂tφ− (ρi∇Vi + ρi∇p) · ∇φ] dx−

ˆ

Ω

∇φ · dDρi(x)
)

= −
ˆ

Ω

φ(0, x)ρi,0(x) dx.

Main results of this chapter are

Theorem 6.1. Assume that (ρ1,0, ρ2,0) ∈ Pac(Ω)2 satisfy

F1(ρ1,0) + F1(ρ2,0) + Fm(ρ1,0 + ρ2,0) < +∞, (6.5)

then (6.2) admits at least one weak solution.

and

Theorem 6.2. Assume that |Ω| > 2. If (ρ1,0, ρ2,0) ∈ K :=
{
(ρ1, ρ2) ∈ Pac(Ω)2 : ρ1 + ρ2 6 1

}

satisfies
F1(ρ1,0) + F1(ρ2,0) < +∞,

then there exists at least one weak solution of (6.1).

We assume that |Ω| > 2 to be sure that K is not empty or trivial.

Remarks on possible extensions:

1. These models can be generalized to more than two species. Moreover, instead of assumed
that all the densities take the same space, we can generalize to densities evolving under the
constraints on α1ρ1 + α2ρ2. Then system (6.2) becomes

∂tρi = div(ρi∇Vi) + ∆ρi + αi div(ρi∇F ′
m(α1ρ1 + α2ρ2)), i = 1, 2.

and system with hard congestion becomes




∂tρ1 −∆ρ1 − div(ρ1(∇V1 +∇p)) = 0,
∂tρ2 −∆ρ2 − div(ρ2(∇V2 +∇p)) = 0,
p ≥ 0, α1ρ1 + α2ρ2 ≤ 1, p(1− α1ρ1 − α2ρ2) = 0.

2. We can deal with more general velocities. Indeed, using the semi-implicit scheme introduced
in chapter 4 or the splitting method introduced in chapter 5, we can treat vector fields which
depend of the densities and which come not necessarily from a potential. These extensions
allow to treat nonlocal interactions between different species which are subject to a common
congection effect.

6.2 Entropy of the sum

In this section, we prove theorem 6.1 using the implicit JKO scheme, first introduced by Jordan,
Kinderlherer and Otto in [65]. Given a time step h > 0, we construct by induction two sequences
ρk1,h and ρk2,h with the following scheme: ρ0i,h = ρi,0 and for all k > 0,

(ρk+1
1,h , ρ

k+1
2,h ) ∈ argmin

(ρ1,ρ2)∈Pac(Ω)2

{
2∑

i=1

(
W 2

2 (ρi, ρ
k
i,h) + 2h (F1(ρi) + Vi(ρi))

)
+ 2hFm(α1ρ1 + α2ρ2)

}
.(6.6)
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These sequences are well-defined by compactness and l.s.c standard argument. Then we define the
piecewise constant interpolations ρi,h : R+ → Pac(Ω) by

ρi,h(t) := ρk+1
i,h , if t ∈ (kh, (k + 1)h].

In the first part of this section, we prove the convergence of these sequences and then we give
the proof of theorem 6.1.

6.2.1 Estimates and convergences

In this section, we present basic estimates in JKO scheme ([65]) and a stronger one using the flow
interchange argument ([86, 55]).

First, using the minimization scheme, we prove

Proposition 6.3. For all T < +∞ and for all i ∈ [[1, 2]], there exists a constant C < +∞ such
that for all k ∈ N and for all h with kh 6 T and let N = ⌈Th ⌉, we have

F1(ρ
k
i,h) 6 C, (6.7)

Fm(ρk1,h + ρk2,h) 6 C, (6.8)
∑N−1
k=0 W

2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 Ch. (6.9)

Proof. These results are obtained easily taking ρi = ρki,h as competitors in (6.6), see [65].

Using the refined version of Ascoli-Arzelà’s theorem (see [4], proposition 3.3.1), ρi,h converges
to ρi ∈ C1/2([0, T ],Pac(Ω)) in L∞([0, T ],Pac(Ω)).

Remark 6.4. We notice that estimate (6.9) does not depend of m, then the refined version of
Ascoli-Arzelà’s theorem gives

W2(ρi(t), ρi(s)) 6 C|t− s|1/2,

for all t, s 6 T and C which does not depend of m.

But to pass to the limit in the nonlinear diffusive term we have to obtain a strong convergence
so we have to find stronger estimates.

Proposition 6.5. There exists a constant C > 0 such that, for all T > 0,

‖ρ1/21,h ‖L2((0,T ),H1(Ω)) + ‖ρ1/22,h ‖L2((0,T ),H1(Ω)) + ‖(ρ1,h + ρ2,h)
m/2‖L2((0,T ),H1(Ω)) 6 C(1 + T ).(6.10)

Proof. We use the flow interchange argument, introduced in [86], to find a stronger estimate as in
[55, 73]. In other words, we perturb ρk1,h and ρk2,h by the heat flow. Let ηi be the solution of





∂tηi = ∆ηi in (0, T )× Ω,
∇ηi · ν = 0 in (0, T )× ∂Ω,
ηi|t=0 = ρki,h.

(6.11)

The entropy is geodesically convex then the heat flow is a 0-flow of the Entropy F1, [65, 116,
4, 49, 112], i.e

1

2

d+

dσ |σ=s
W 2

2 (η(s), ρ) 6 F1(ρ)−F1(η(s)), (6.12)

for all s > 0 and ρ ∈ Pac
2 (Ω), where

d+

dt
f(t) := lim sup

s→0+

f(t+ s)− f(t)

s
.
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Moreover, using the scheme (6.6), we get

2∑

i=1

1

2

d+

dσ |σ=s
W 2

2 (ηi(s), ρ
k−1
i,h )

> −2h
d+

dσ |σ=s

(
2∑

i=1

1

2
(F1(ηi(s)) + Vi(ηi(s))) + Fm(η1(s) + η2(s))

) (6.13)

Since ηi is smooth, we can easily compute for s > 0

∂s(

2∑

i=1

1

2

(
F1(ηi(s)) +Vi(ηi(s))) + Fm(η1(s) + η2(s)))

=
2∑

i=1

(
ˆ

Ω

∆ηi(s)((1 + log(ηi)) + Vi

)
+

ˆ

Ω

∆(η1 + η2)F
′
m(η1(s) + η2(s))

= −
2∑

i=1

(
ˆ

Ω

|∇ηi(s)|2
ηi(s)

+

ˆ

Ω

∇Vi · ∇ηi
)
−
ˆ

Ω

|∇(η1(s) + η2(s))|2F ′′
m(η1(s) + η2(s)),

(6.14)

But using Young’s inequality,

−
ˆ

Ω

∇Vi · ∇ηi 6

ˆ

Ω

|∇Vi||∇ηi(s)|

6

ˆ

Ω

|∇Vi|η1/2i (s)
|∇ηi(s)|
η
1/2
i (s)

6
1

2

ˆ

Ω

|∇Vi|2ηi(s) +
1

2

|∇ηi(s)|2
ηi(s)

Then, we have

∂s(
2∑

i=1

1

2
(F1(ηi(s)) +Vi(ηi(s))) + Fm(η1(s) + η2(s)))

=
2∑

i=1

(
−1

2

ˆ

Ω

|∇ηi(s)|2
ηi(s)

+

ˆ

Ω

|∇Vi|2ηi(s)
)

−
ˆ

Ω

|∇(η1(s) + η2(s))|2F ′′
m(η1(s) + η2(s)).

By definition of Fm, for m > 1, F ′′
m = mxm−2 for all x > 0. And since Vi ∈W 1,∞(Ω),

∂s(
2∑

i=1

1

2
(F1(ηi(s)) +Vi(ηi(s))) + Fm(η1(s) + η2(s)))

6 C − 1

2

2∑

i=1

ˆ

Ω

|∇ηi(s)1/2|2 −
4

m

ˆ

Ω

|∇(η1(s) + η2(s))
m/2|2.

Using (6.12) and a lower semi-continuity argument,

h
2∑

i=1

ˆ

Ω

|∇(ρki,h)
1/2|2 + 4h

m

ˆ

Ω

|∇(ρk1,h + ρk2,h)
m/2|2 6

2∑

i=1

(
F1(ρ

k−1
i,h )−F1(ρ

k
i,h)
)
+ Ch.

Then if we sum over k, we obtain

‖ρ1/21,h ‖L2((0,T ),H1(Ω)) + ‖ρ1/22,h ‖L2((0,T ),H1(Ω)) + ‖(ρ1,h + ρ2,h)
m/2‖L2((0,T ),H1(Ω)) 6 C(1 + T ).
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Remark 6.6. The bound on ‖ρ1/2i,h ‖L2((0,T ),H1(Ω)) does not depend of m.

Now, let G : L1(Ω) → (−∞,+∞] and g : L1(Ω)× L1(Ω) → [0,+∞] defined by

G(ρ) :=
{

‖ρ1/2‖H1(Ω) if ρ ∈ Pac(Ω) and ρ1/2 ∈ H1(Ω)
+∞ otherwise,

and

g(ρ, µ) :=

{
W2(ρ, µ) if ρ, µ ∈ Pac(Ω)
+∞ otherwise,

G is l.s.c and its sublevels are relatively compact in L1(Ω) (see [55, 73] or lemma 4.16 from
chapter 4) and g is a pseudo-distance. According to (6.9) and (6.10), we have

sup
h61

ˆ T

0

G(ρi,h(t)) dt < +∞, and lim
τց0

sup
h61

ˆ T−τ

0

g(ρi,h(t+ τ), ρi,h(t)) dt = 0,

then applying an extension of the Aubin-Lions lemma proved by Rossi and Savaré in [107] (theorem
2), there exists a subsequence, not-relabeled, such that for i = 1, 2, ρi,h converges in measure with
respect to t in L1(Ω) to ρi. Moreover Lebesgue’s dominated convergence theorem implies that ρi,h
converges strongly in L1((0, T )× Ω) to ρi.

Now we use the same argument to obtain a strong convergence on a nonlinear quantity of
ρ1,h + ρ2,h. We define G by

G(ρ) :=
{

‖ρm/2‖H1(Ω) if ρ ∈ Pac(Ω) and ρm/2 ∈ H1(Ω)
+∞ otherwise,

and g is defined as before. We want to apply theorem 2 of [107] in Lm(Ω) over the sequence
ρ1,h+ρ2,h

2 . Using (6.10), we obtain

sup
h61

ˆ T

0

G(ρi,h(t)) dt < +∞.

Moreover, we know that for all ρ1, ρ2, µ1, µ2 ∈ Pac(Ω),

W 2
2

(
ρ1 + ρ2

2
,
µ1 + µ2

2

)
6

1

2
W 2

2 (ρ1, µ1) +
1

2
W 2

2 (ρ2, µ2).

Indeed, if we note γi an optimal transport plan for W2(ρi, µi), γ = γ1+γ2
2 defines a transport plan

in Π
(
ρ1+ρ2

2 , µ1+µ2

2

)
then

W 2
2

(
ρ1 + ρ2

2
,
µ1 + µ2

2

)
6

ˆ

Ω×Ω

|x− y|2 dγ(x, y)

6
1

2

(
ˆ

Ω×Ω

|x− y|2 dγ1(x, y) +
ˆ

Ω×Ω

|x− y|2 dγ2(x, y)
)

6
1

2
W 2

2 (ρ1, µ1) +
1

2
W 2

2 (ρ2, µ2).

Using (6.9), we obtain

lim
τց0

sup
h61

ˆ T−τ

0

g

(
ρ1,h + ρ2,h

2
(t+ τ),

ρ1,h + ρ2,h
2

(t)

)
dt = 0.

Theorem 2 of [107] and Lebesgue’s dominated convergence theorem imply that ρ1,h+ρ2,h converges
strongly to ρ1+ρ2 in Lm((0, T )×Ω). In addition, Krasnoselskii theorem (see [50], chapter 2) implies
that (ρ1,h + ρ2,h)

m/2 converges to (ρ1 + ρ2)
m/2 in L2((0, T )× Ω).
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6.2.2 Euler-Lagrange equation and proof

In this section, we first give the optimality conditions of (6.6). Instead of using horizontal per-
turbations, ρε = Φε#ρ

k+1
h , as introduced in by Jordan, Kinderlherer and Otto in [65] and used in

previous chapters, we will perturb ρk+1
h with vertical perturbations introduced in [25, 36, 110, 112]

which consist to take ρε = (1 − ε)ρk+1
h + ερ̃, for all ρ̃ ∈ L∞(Ω). Before giving the optimality

conditions of (6.6), we state the following lemma.

Lemma 6.7. For all k > 1, ρki,h > 0 a.e and log(ρki,h) ∈ L1(Ω).

Proof. The proof is the same as lemma 8.6 from [112]. Let ρ̃ = c = 1
|Ω| the uniform density on Ω.

We define ρi,ε as the vertical perturbation of ρk+1
i,h by ρ̃,

ρi,ε := (1− ε)ρk+1
i,h + ερ̃.

Using (ρ1,ε, ρ2,ε) as a competitor in (6.6), we obtain

F1(ρ
k+1
1,h )−F1(ρ1,ε) + F1(ρ

k+1
2,h )−F1(ρ2,ε)

6

2∑

i=1

(
ˆ

Ω

Vi(ρi,ε − ρk+1
i,h ) +

1

2h
W 2

2 (ρi,ε, ρ
k
i,h)−

1

2h
W 2

2 (ρ
k+1
i,h , ρki,h)

)

+ Fm(ρ1,ε + ρ2,ε)−Fm(ρk+1
1,h + ρk+1

2,h ).

We remark that
ˆ

Ω

Vi(ρi,ε − ρk+1
i,h ) 6 Cε,

and using the convexity of 1
2hW

2
2 (·, ρki,h) we obtain

1

2h
W 2

2 (ρi,ε, ρ
k
i,h)−

1

2h
W 2

2 (ρ
k+1
i,h , ρki,h) 6 ε

(
1

2h
W 2

2 (ρ̃, ρ
k
i,h)−

1

2h
W 2

2 (ρ
k+1
i,h , ρki,h)

)
6 Cε.

If m > 1, then since ρ1,ε + ρ2,ε ∈ Lm(Ω) ∩ L1(Ω), by convexity of Fm,

Fm(ρ1,ε + ρ2,ε)−Fm(ρk+1
1,h + ρk+1

2,h ) 6 Cε.

Now we denote Ai and Bi the sets defined by

Ai := {ρk+1
i,h > 0} and Bi := {ρk+1

i,h = 0}.

On Ai, since F1(x) = x log(x) is convex, F1(ρ
k+1
i,h ) − F1(ρi,ε) > (ρk+1

i,h − ρi,ε)F
′
1(ρi,ε) > ε(ρk+1

i,h −
c)(1 + log(c)). And on Bi, F1(ρ

k+1
i,h )− F1(ρi,ε) = −εc log(εc). This implies

−c log(εc)(|B1|+ |B2|) +
2∑

i=1

ˆ

Ai

(ρk+1
i,h − c)(1 + log(ρi,ε)) 6 C. (6.15)

Since −c log(εc) → +∞, when εց 0, we conclude that |B1| = |B2| = 0.
If m = 1, the proof is the same introducing

A := {ρk+1
1,h + ρk+1

2,h > 0} and B := {ρk+1
1,h + ρk+1

2,h = 0}.

Then we prove in both case that ρk+1
i,h > 0 a.e.

Now using (6.15) and the fact that (ρk+1
i,h − c)(1 + log(ρi,ε)) is bounded from below by (ρk+1

i,h −
c)(1 + log(c)) which is in L1 and applying Fatou’s lemma, we obtain

ˆ

Ω

(ρk+1
i,h − c)(1 + log(ρk+1

i,h )) 6 C.

This implies that (ρk+1
i,h − c)(1 + log(ρk+1

i,h )) is L1 and since ρk+1
i,h and ρk+1

i,h log(ρk+1
i,h ) are in L1, we

conclude that log(ρk+1
i,h ) is in L1.
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This lemma is needed to ensure the uniqueness (up to a constant) of the Kantorovich potential in
the transport from ρk+1

i,h and ρki,h and then we can easily compute the first variation of W2(·, ρki,h)
according to proposition 7.17 of [112]. However, this lemma can be skip allowing to deal with
nonlinear diffusion (see example 7.22 from [112]).

Proposition 6.8. For i ∈ {1, 2}, ρk+1
i,h satisfies

∇Viρk+1
i,h +∇ρk+1

i,h +∇F ′
m(ρk+1

1,h + ρk+1
2,h )ρk+1

i,h +
∇ϕk+1

i,h

h
ρk+1
i,h = 0 a.e, (6.16)

where ϕk+1
i,h is the (unique) Kantorovich potential from ρk+1

i,h to ρki,h.

Proof. We prove the result for i = 1 and the proof is the same for i = 2. Define ρ1,ε = ρk+1
1,h +

ε(ρ̃− ρk+1
1,h ), for ρ̃ ∈ L∞(Ω). Using optimality of ρk+1

1,h in (6.6), we obtain

1

ε

(
1

2
W 2

2 (ρ1,ε, ρ
k
1,h)−

1

2
W 2

2 (ρ
k+1
1,h , ρ

k
1,h)

+h
(
Vi(ρ1,ε)− Vi(ρk+1

1,h ) + F1(ρ1,ε)−F1(ρ
k+1
1,h ) + Fm(ρ1,ε + ρk+1

2,h )−Fm(ρk+1
1,h + ρk+1

2,h )
))

> 0.

(6.17)

Lemma 6.7 ensures uniqueness (up to a constant) of the Kantorovich potentiel between ρk+1
1,h

and ρk1,h (proposition 7.18 of [112]). Then applying the proposition 7.17 of [112], the first variation
of the Wasserstein distance exists and

lim sup
εց0

1

ε

(
1

2
W 2

2 (ρ1,ε, ρ
k
1,h)−

1

2
W 2

2 (ρ
k+1
1,h , ρ

k
1,h)

)
6

ˆ

Ω

ϕk+1
1,h d(ρ̃− ρk+1

1,h ), (6.18)

where ϕk+1
i,h is the (unique) Kantorovich potential from ρk+1

i,h to ρki,h. It is clear that

lim
εց0

1

ε

(
V1(ρ1,ε)− V1(ρ

k+1
1,h )

)
=

ˆ

Ω

V1 d(ρ̃− ρk+1
1,h ). (6.19)

Arguing as in the proof of lemma 3.1 of [25], since F1 : x 7→ x log(x) is convex, the monotonicity
of the incremental ratio gives for ε < 1,

|F1(ρ1,ε)− F1(ρ
k+1
1,h )|

ε
6 |F1(ρ

k+1
1,h )− F1(ρ̃)|.

Since F1(ρ
k+1
1,h )− F1(ρ̃) ∈ L1(Ω), Lebesgue’s dominated convergence theorem implies

lim
εց0

1

ε

(
F1(ρ1,ε)−F1(ρ

k+1
1,h )

)
=

ˆ

Ω

(1 + log(ρk+1
1,h )) d(ρ̃− ρk+1

1,h ). (6.20)

With the same argument since Fm is convex,

|Fm(ρ1,ε + ρk+1
2,h )− Fm(ρk+1

1,h + ρk+1
2,h )|

ε
6 |Fm(ρk+1

1,h + ρk+1
2,h )− Fm(ρ̃+ ρk+1

2,h )|.

Then we obtain

lim
εց0

1

ε

(
Fm(ρ1,ε + ρk+1

2,h )−Fm(ρk+1
1,h + ρk+1

2,h )
)
=

ˆ

Ω

F ′
m(ρk+1

1,h + ρk+1
2,h ) d(ρ̃− ρk+1

1,h ). (6.21)

Combining (6.17), (6.18), (6.19), (6.20), (6.21), we obtain, for all ρ̃ ∈ L∞(Ω),

ˆ

Ω

(
ϕk+1
1,h + hV1 + h(1 + log(ρk+1

1,h )) + hF ′
m(ρk+1

1,h + ρk+1
2,h )

)
dρ̃

>

ˆ

Ω

(
ϕk+1
1,h + hV1 + h(1 + log(ρk+1

1,h )) + hF ′
m(ρk+1

1,h + ρk+1
2,h )

)
dρk+1

1,h .
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Applying proposition 7.20 from [112], there exists a constant C such that

ϕk+1
1,h + hV1 + h(1 + log(ρk+1

1,h )) + hF ′
m(ρk+1

1,h + ρk+1
2,h ) = C, ρk+1

1,h − a.e. (6.22)

Since ϕk+1
1,h +hV1 is a Lipschitz function, it is differentiable a.e (Rademacher’s theorem). Moreover

ρk+1
1,h is absolutly continuous with repsect to Lebesgue measure then ϕk+1

1,h is differentiable ρk+1
1,h -a.e

and it is the same for h(1 + log(ρk+1
1,h )) + hF ′

m(ρk+1
1,h + ρk+1

2,h ) because (6.22). Then

∇ϕk+1
1,h + h∇V1 + h∇ log(ρk+1

1,h ) + h∇F ′
m(ρk+1

1,h + ρk+1
2,h ) = 0, ρk+1

1,h − a.e,

which concludes the proof.

A consequence of previous proposition is that ρ1,h and ρ2,h are solutions of a discrete approxi-
mation of system (6.2), see for example proposition 4.18 from chapter 4.

Proposition 6.9. Let h > 0, for all T > 0, let N such that N = ⌊Th ⌋. Then for all (φ1, φ2) ∈
C∞
c ([0, T )× R

n)l and for all i ∈ {1, 2},

ˆ T

0

ˆ

Ω

ρi,h(t, x)∂tφi(t, x) dxdt+

ˆ

Ω

ρi,0(x)φi(0, x) dx = h

N−1∑

k=0

ˆ

Ω

∇Vi(x) · ∇φi(tk, x)ρk+1
i,h (x) dx

+ h
N−1∑

k=0

ˆ

Ω

∇ρk+1
i,h (x) · ∇φi(tk, x) dx+ h

N−1∑

k=0

ˆ

Ω

∇F ′
m(ρk+1

1,h + ρk+1
2,h ) · ∇φi(tk, x)ρk+1

i,h (x) dx

+
N−1∑

k=0

ˆ

Ω×Ω

R[φi(tk, ·)](x, y)dγki,h(x, y)

where tk = hk (tN := T ) and γki,h is the optimal transport plan in W2(ρ
k
i,h, ρ

k+1
i,h ). Moreover, R is

defined such that, for all φ ∈ C∞
c ([0, T )× R

n),

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞([0,T )×Rn)|x− y|2.

Now we prove theorem 6.1.

Proof of theorem 6.1. We have to pass to the limit in all terms in proposition 6.9. The remainder
term converges to 0 using estimate (6.9) and the linear term converges to

ˆ T

0

ˆ

Ω

ρi∂tφi −
ˆ T

0

ˆ

Ω

∇Vi · ∇φiρi,

when h goes to 0 because ρi,h converges to ρi ∈ C([0, T ],Pac(Ω)) in L∞([0, T ],Pac(Ω)).

Moreover since ∇ρi,h = 2ρ
1/2
i,h ∇ρ

1/2
i,h , then ∇ρi,h is bounded in Mn((0, T )× Ω) because propo-

sition (6.10). We conclude that ∇ρi,h converges in Mn((0, T ) × Ω) to Dρi because ρi,h strongly
converges to ρi in L1((0, T )× Ω). This implies that the diffusive linear term converges to

ˆ T

0

ˆ

Ω

∇φi · dDρi.

It remains to study the convergence of the cross diffusion term. First we remark that we can
rewrite ∇F ′

m(ρk+1
1,h + ρk+1

2,h ) by

∇F ′
m(ρk+1

1,h + ρk+1
2,h ) = 2

(ρk+1
1,h + ρk+1

2,h )m/2

ρk+1
1,h + ρk+1

2,h

∇(ρk+1
1,h + ρk+1

2,h )m/2,

then
∇F ′

m(ρk+1
1,h + ρk+1

2,h )ρk+1
i,h = 2G1−m/2(ρ

k+1
1,h , ρ

k+1
2,h )∇(ρk+1

1,h + ρk+1
2,h )m/2,
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with Gα : R+ ×R
+ → R is the continuous function (for α < 1) defined by

Gα(x, y) :=

{ x
(x+y)α if x > 0, y > 0,

0 otherwise.

As m > 1, 1− m
2 < 1 so G1−m/2 is continuous and since, up to a subsequence, ρi,h converges to ρi

a.e, we obtain that G1−m/2(ρ1,h, ρ2,h) converges to G1−m/2(ρ1, ρ2) a.e. Moreover,

∣∣G1−m/2(ρ1,h, ρ2,h)
∣∣ =

∣∣∣∣(ρ1,h + ρ2,h)
m/2 ρ1,h

ρ1,h + ρ2,h

∣∣∣∣ 6 (ρ1,h + ρ2,h)
m/2. (6.23)

We complete the proof if we prove

h
N−1∑

k=0

ˆ

Ω

∇F ′
m(ρk+1

1,h +ρk+1
2,h )·∇φi(tk, x)ρk+1

i,h (x) dx→
ˆ T

0

ˆ

Ω

2G1−m/2(ρ1, ρ2)∇(ρ1+ρ2)
m/2·∇φi dxdt.

∣∣∣∣h
N−1∑

k=0

ˆ

Ω

∇F ′
m(ρk+1

1,h + ρk+1
2,h ) · ∇φi(tk, x)ρk+1

i,h (x) dx

−
ˆ T

0

ˆ

Ω

2G1−m/2(ρ1, ρ2)∇(ρ1 + ρ2)
m/2 · ∇φi dxdt

∣∣∣∣

6

∣∣∣∣h
N−1∑

k=0

ˆ

Ω

∇F ′
m(ρk+1

1,h + ρk+1
2,h )·∇φi(tk, x)ρk+1

i,h (x) dx

−
ˆ T

0

ˆ

Ω

∇F ′
m(ρ1,h + ρ2,h) · ∇φi(t, x)ρi,h(t, x) dxdt

∣∣∣∣

+

∣∣∣∣
ˆ T

0

ˆ

Ω

2G1−m/2(ρ1,h, ρ2,h)∇(ρ1,h + ρ2,h)
m/2 · ∇φi(t, x) dxdt

−
ˆ T

0

ˆ

Ω

2G1−m/2(ρ1, ρ2)∇(ρ1,h + ρ2,h)
m/2 · ∇φi(t, x) dxdt

∣∣∣∣

+

∣∣∣∣
ˆ T

0

ˆ

Ω

2G1−m/2(ρ1, ρ2)∇(ρ1,h+ρ2,h)
m/2 · ∇φi(t, x) dxdt

−
ˆ T

0

ˆ

Ω

2G1−m/2(ρ1, ρ2)∇(ρ1 + ρ2)
m/2 · ∇φi(t, x) dxdt

∣∣∣∣

The first term on the right hand side converges to 0 because ∇φi is Lipschitz and

ˆ T

0

ˆ

Ω

|∇F ′
m(ρ1,h + ρ2,h)|ρi,h 6 C,

where C is a constant that does not depend of h. Indeed since ρ1/2i,h is bounded in L2((0, T ), H1(Ω)),

∇ρi,h = 2ρ
1/2
i,h ∇ρ

1/2
i,h is bounded in L1((0, T )× Ω), then using (6.16) and (6.9) we prove the state-

ment.
The second term is handled using (6.10) and Lebesgue’s dominated convergence theorem.

∣∣∣
´ T

0

´

Ω
(G1−m/2(ρ1,h, ρ2,h)−G1−m/2(ρ1, ρ2))∇(ρ1,h + ρ2,h)

m/2 · ∇φi
∣∣∣

6 ‖∇(ρ1,h + ρ2,h)
m/2‖L2((0,T )×Ω)

(
´ T

0

´

Ω
|G1−m/2(ρ1,h, ρ2,h)−G1−m/2(ρ1, ρ2)|2|∇φi|2

)1/2
.
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‖∇(ρ1,h + ρ2,h)
m/2‖L2((0,T )×Ω) is bounded using (6.10) and G1−m/2(ρ1,h, ρ2,h) converges to

G1−m/2(ρ1, ρ2) a.e. Since (ρ1,h+ ρ2,h)
m/2 converges to (ρ1 + ρ2)

m/2 in L2((0, T )×Ω), there exists
a function g ∈ L2((0, T )× Ω) such that, up to a subsequence,

|(ρ1,h + ρ2,h)
m/2| 6 g.

Then using (6.23),

|G1−m/2(ρ1,h, ρ2,h)−G1−m/2(ρ1, ρ2)|2|∇φi|2 6 4g2‖∇φi‖L∞ ∈ L1((0, T )× Ω).

Lebesgue’s dominated convergence theorem implies that the second term converges to 0 when
h goes to 0.

The third term goes to 0 because ∇(ρ1,h + ρ2,h)
m/2 converges weakly to ∇(ρ1 + ρ2)

m/2 in
L2((0, T )× Ω) and G1−m/2(ρ1, ρ2)∇φi ∈ L2((0, T )× Ω).

6.3 Crowd motion with diffusion for two species

In this section we will prove an existence result for system of Fokker-Planck equations coupled by
hard congestion on the sum. In other word we prove the existence of weak solution in (6.1). This
system can be seen as gradient flow in a Wasserstein product space. Using the Jordan-Kinderlherer-
Otto scheme ([65]), we construct two sequences defined in the following way: Let h > 0 be a time
step, we construct a sequence (ρk1,h, ρ

k
2,h) with (ρ01,h, ρ

0
2,h) = (ρ1,0, ρ2,0) and (ρk+1

1,h , ρ
k+1
2,h ) is a solution

of

inf
(ρ1,ρ2)∈K

2∑

i=1

[
1

2h
W 2

2 (ρi, ρ
k
i,h) + F1(ρi) + Vi(ρi)

]
, (6.24)

where K :=
{
(ρ1, ρ2) ∈ Pac(Ω)2 : ρ1 + ρ2 6 1

}
and |Ω| > 2. The existence of these sequences

is obvious by standard compactness and l.s.c argument. As before, we define the piecewise constant
interpolations ρi,h : R+ → Pac(Ω) by

ρi,h(t) := ρk+1
i,h , if t ∈ (kh, (k + 1)h].

6.3.1 Properties of sequences

Estimates and convergences

Lemma 6.10. Minimizers of (6.24) satisfy ρki,h > 0 a.e. and log(ρki,h) ∈ L1(Ω).

Proof. The proof is the same as in lemma 8.5 from [112] (see also lemma 6.7). Indeed we can use
a constant perturbation ρ̃ because (ρ̃, ρ̃) is admissible in (6.24) (ρ̃+ ρ̃ = 2/|Ω| 6 1).

This lemma will help us because it implies the uniqueness of the pair of Kantorovich potentials
from ρk+1

i,h to ρki,h and then the existence of the first variation of W 2
2 (·, ρki,h) (propositions 7.18 and

7.17 from [112]).

Moreover, standard gradient flow theory implies that for i ∈ {1, 2} and for all k > 0,

ρk1,h + ρk2,h 6 1, F1(ρ
k
i,h) 6 C,

N−1∑

k=0

W 2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 Ch, (6.25)

as in proposition 6.3. Using (6.25) and the refined version of Ascoli-Arzelà’s theorem (see [4],
proposition 3.3.1), ρi,h converges to ρi ∈ C1/2([0, T ],Pac(Ω)) in L∞([0, T ],Pac(Ω)).

In order to obtain an estimate on the gradient, we apply the flow interchange argument as
previously. We keep same notations than in the previous section. We note ηi the heat flow with
initial condition ρki,h. Since the heat flow decreases the L∞-norm, (η1(t), η2(t)), defined in (6.11), is
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admissible for problem (6.24), for all t > 0. Then using the same computations than in proposition
6.5, we obtain

‖ρ1/21,h ‖L2((0,T ),H1(Ω)) + ‖ρ1/22,h ‖L2((0,T ),H1(Ω)) 6 C. (6.26)

With the same argument as in the previous section, we obtain the strong convergence of ρi,h
to ρi in L1((0, T )× Ω).

First variation and pressure associated to K
Lemma 6.11. Let (ρk+1

1,h , ρ
k+1
2,h ) be the unique solution of (6.24). Then for all (ρ1, ρ2) ∈ K,

ˆ

Ω

ψk+1
1 (ρ1 − ρk+1

1,h ) +

ˆ

Ω

ψk+1
2 (ρ2 − ρk+1

2,h ) > 0, (6.27)

where ψk+1
i =

ϕk+1

i,h

h +Vi+1+log(ρk+1
i,h ) and ϕk+1

i,h is the optimal (up to a constant) Kantorovich

potential in W2(ρ
k+1
i,h , ρki,h).

Proof. We refer to the proof of lemma 3.1 from [89].

In the next proposition, we introduce the pressure associated to the constraint K.

Proposition 6.12. There exists pkh > 0 such that for all, k > 1,

∇pkh = −
∇ϕki,h
h

−∇Vi −∇ log(ρki,h), (6.28)

for i = 1, 2 and pkh(1− ρk1,h − ρk2,h) = 0 a.e.

Proof. Before starting, we remark that (6.27) can be rewrite as
ˆ

Ω

ψk1h1 +

ˆ

Ω

ψk2h2 > 0,

for all functions h1, h2 such that

h1 + h2 6
1− ρk1,h − ρk2,h

ε
, hi >

−ρki,h
ε

and
ˆ

Ω

hi = 0, (6.29)

for all ε > 0. Let S := {ρk1,h + ρk2,h = 1} be the set where the constraint is saturated.
First, we choose h2 = 0 on Ω and h1 = 0 on S. Then we have

ˆ

Sc

ψk1h1 > 0.

Since ε is not fixed and ρk1,h > 0 a.e., this implies that there exists a constant C1 such that ψk1 = C1

a.e. on Sc. And using the same argument, with h1 = 0 on Ω and h2 = 0 on S, we find a constant
C2 such that ψk2 = C2 a.e. on Sc.

Since hi satisfy (6.29), we have
ˆ

Ω

(ψk1 − C1)h1 +

ˆ

Ω

(ψk2 − C2)h2 > 0.

Now if we choose h1 = h and h2 = −h on S and we interchange after, we find
ˆ

S

((ψk1 − C1)− (ψk2 − C2))h = 0,

for all h ∈ L∞(Ω). We conclude that (ψk1 − C1) = (ψk2 − C2) = ψ a.e on S. This implies that
ˆ

S

ψ(h1 + h2) > 0.
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But, since h1 + h2 6 0 on S, ψ 6 0 a.e on S. Then we define pkh by

pkh := (C1 − ψk1 )+ = (C2 − ψk2 )+.

We define the piecewise interpolation ph : R+ →W 1,1(Ω) by

ph(t) := pk+1
h , if t ∈ (kh, (k + 1)h].

We remark that ph(t) > 0 and for all t > 0, ph(t)(1− ρ1,h(t)− ρ2,h(t)) = 0 a.e. Moreover, we can
immediately deduce the following estimate on the pressure.

Proposition 6.13. For all T > 0, ph is bounded in L2((0, T ), H1(Ω)).

Proof. First, we prove that ph is bounded in L2((0, T ) × Ω) and then we will conclude using
Poincaré’s inequality. By definition of pk+1

h , we have

ˆ

Ω

|∇pk+1
h |2(ρk+1

1,h + ρk+1
2,h ) =

2∑

i=1

ˆ

Ω

|∇ψi,hhk+1|2ρk+1
i,h

6 C

2∑

i=1



ˆ

Ω

∣∣∣∣∣
∇φk+1

i,h

h

∣∣∣∣∣

2

ρk+1
i,h +

ˆ

Ω

|∇Vi|2ρk+1
i,h +

ˆ

Ω

|∇ρk+1
i,h |2

ρk+1
i,h




6 C
2∑

i=1

(
1

h2
W 2

2 (ρ
k
i,h, ρ

k+1
i,h ) + C + ‖(ρk+1

i,h )1/2‖H1(Ω)

)
,

where the last line is obtained using the fact that ∇Vi ∈ L∞(Ω). Summing the previous inequalities
over k and using (6.25) and (6.26), we obtain that

ˆ T

0

ˆ

Ω

|∇ph(t)|2(ρ1,h(t) + ρ2,h(t)) 6 C.

And since ph(t) = 0 a.e on {ρ1,h(t) + ρ2,h(t) < 1},
ˆ T

0

ˆ

Ω

|∇ph(t)|2 =

ˆ T

0

ˆ

Ω

|∇ph(t)|2(ρ1,h(t) + ρ2,h(t)) 6 C.

We conclude using the same argument as [94]. Using Poincaré’s inequality, since |{ph(t) = 0}| >
|{ρ1,h(t) + ρ2,h(t) < 1}| > |Ω| − 2 > 0, we obtain that ph is bounded in L2((0, T ), H1(Ω)).

Proposition 6.14. Let h > 0, for all T > 0, let N such that N = ⌊Th ⌋. Then for all (φ1, φ2) ∈
C∞
c ([0, T )× R

n)l and for all i ∈ {1, 2},

ˆ T

0

ˆ

Ω

ρi,h(t, x)∂tφi(t, x) dxdt+

ˆ

Ω

ρi,0(x)φi(0, x) dx = h

N−1∑

k=0

ˆ

Ω

∇Vi(x) · ∇φi(tk, x)ρk+1
i,h (x) dx

+ h
N−1∑

k=0

ˆ

Ω

∇ρk+1
i,h (x) · ∇φi(tk, x) dx+ h

N−1∑

k=0

ˆ

Ω

∇pk+1
h · ∇φi(tk, x)ρk+1

i,h (x) dx

+
N−1∑

k=0

ˆ

Ω×Ω

R[φi(tk, ·)](x, y)dγki,h(x, y)

where tk = hk (tN := T ) and γki,h is the optimal transport plan in W2(ρ
k
i,h, ρ

k+1
i,h ). Moreover, R is

defined such that, for all φ ∈ C∞
c ([0, T )× R

n),

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞([0,T )×Rn)|x− y|2.

Proof. We multiply (6.28) by ρk+1
i,h and the proof is the same as in proposition 6.9.
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6.3.2 Proof of theorem 6.2

First, we recall the lemma given in [89, 94] useful to analyse the pressure field.

Lemma 6.15. Let (ph)h>0 be a bounded sequence in L2([0, T ], H1(Ω)) and (ρh)h>0 a sequence
of piecewise constant curves valued in P(Ω) which satisfiy W2(ρh(t), ρh(s)) 6 C

√
t− s− h for all

s < t ∈ [0, T ] and ρh 6 C for a fixed constant C. Suppose that

ph > 0, ph(1− ρh) = 0, ρh 6 1,

and that

ph ⇀ p weakly in L2([0, T ], H1(Ω)) and ρh → ρ uniformly in P(Ω).

Then p(1− ρ) = 0.

We apply this lemma to ρh := ρ1,h + ρ2,h and ph. According to proposition 6.13, ph weakly
converges in L2((0, T )× Ω) to p such that

p > 0, p(1− ρ1 − ρ2) = 0, ρ1 + ρ2 6 1. (6.30)

Moreover, using the estimate on ph, we know that ∇ph weakly converges to ∇p in L2((0, T )×Ω).
Then since ρi,h strongly converges to ρi in L1((0, T ) × Ω) with ρi,h, ρi 6 1, we have ρi,h∇ph
narrowly converges to ρi∇p.

Using the same argument as in the previous section, ∇ρi,h converges in Mn((0, T ) × Ω) and
the other terms, which are linear, in proposition 6.14 converges because of the convergence of ρi,h
in L∞((0, T ),P(Ω)).

Remark 6.16. With a finer analysis, we can prove that ∇ρi,h converges weakly to ∇ρi in L2((0, T )×
Ω). Indeed, if we use again (6.28) and ρk+1

i,h 6 1, we obtain that

|∇ρk+1
i,h |2 6 C

(
|∇ϕk+1

i,h |2

h2
ρk+1
i,h + |∇Vi|2ρk+1

i,h + |∇pk+1
h |2

)
.

Since ∇ph is bounded in L2((0, T )× Ω) and

h
N−1∑

k=0

ˆ

Ω

|∇ϕk+1
i,h |2

h2
ρk+1
i,h 6 C,

because of (6.25), then

‖∇ρi,h‖L2((0,T )×Ω) 6 C.

6.4 Links between these systems and remarks on uniqueness

In this section, we focus on the special case where V1 = V2 = V ∈ W 1,∞(Ω). We denote
(ρ1,m, ρ2,m) and (ρ1,∞, ρ2,∞) solutions of (6.1) and (6.2), respectively. In the following, we prove
that (ρ1,m, ρ2,m) and (ρ1,∞, ρ2,∞) are unique and that (ρ1,m, ρ2,m) converges to (ρ1,∞, ρ2,∞) in L1

when m goes to +∞.
These results are based on the remark that ρ1,m + ρ2,m solves

∂tµ−∆µ− div(µ∇V )− div(µ∇F ′
m(µ)) = 0, (6.31)

with initial condition µ|t=0 = ρ1,0 + ρ2,0. By geodesic convexity of E and Fm, we know that
solution of (6.31) is unique (see, for example, [35] theorem 6.1 and [73] theorem 7.1). In the next
proposition, we give an estimate L2((0, T ), H1(Ω)) of F ′

m(µ) independant of m.

Proposition 6.17. Let µm be the solution of (6.31). Then F ′
m(µm) is bounded independently of

m in L2((0, T ), H1(Ω)), for all T < +∞.
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Proof. We use the flow interchange argument with ∂tν = ∆νm−1 + ε∆ν to obtain a L2 bound of
∇F ′

m(µm). We refer to lemma 7.30 from chapter 7 for the proof of this result. Using the L1-bound
of F ′

m(µm) and the Poincaré-Wirtinger inequality, we conclude the proof.

Proposition 6.17 and an L1-contraction argument yield the following:

Theorem 6.18. For 1 6 m 6 +∞, there is a unique solution of (6.1) ( (6.2) if m = +∞).
Moreover, if (ρ11,m, ρ

1
2,m) and (ρ21,m, ρ

2
2,m) are two solutions of (6.1) ( (6.2) if m = +∞),

‖ρ1i,m(t, ·)− ρ2i,m(t, ·)‖L1(Ω) 6 ‖ρ1i,m(0, ·)− ρ2i,m(0, ·)‖L1(Ω).

Proof. First if m < +∞, since ρ1,m + ρ2,m solves (6.31), then it is unique and according to
proposition 6.17, pm := F ′

m(ρ1,m + ρ2,m) is in L2((0, T ), H1(Ω)). Moreover, if m = +∞, we have
already shown that the pressure p∞ associated to the constraint ρ1,∞ + ρ2,∞ 6 1 in theorem 6.2 is
in L2((0, T ), H1(Ω)). According to [85], we know that (ρ1,∞ + ρ2,∞, p∞) is unique.

Now, we will give the proof of the L1-contraction. We follow the line of [1]. We start to remark
that ρi1,m solves

∂tρ
i
1,m −∆ρi1,m − div(ρi1,m(∇V +∇pm)) = 0,

for all 1 6 m 6 +∞.
We note ΩT := (0, T )× Ω. For δ > 0, define

ζδ := φδ(ρ
1
1,m − ρ21,m),

where

φδ(z) :=





0 if z 6 0,
z
δ if 0 6 z 6 δ,
1 if z > δ.

Using ζδ, or a smooth approximation of ζδ in the equation satisfies by ρ11,m and ρ21,m, we obtain

¨

ΩT

∂t(ρ
1
1,m − ρ21,m)ζδ = −

¨

ΩT

(
(ρ11,m − ρ21,m)(∇V +∇pm) · ∇ζδ +∇(ρ11,m − ρ21,m) · ∇ζδ

)
dxdt.

We introduce ΩδT := ΩT ∩ {0 < ρ11,m − ρ21,m < δ}. Then by definition of ζδ and using Young’s
inequality

¨

ΩT

∂t(ρ
1
1,m − ρ21,m)ζδ

= −1

δ

¨

Ωδ
T

(
(ρ11,m − ρ21,m)(∇V +∇pm) · ∇(ρ11,m − ρ21,m) + |∇(ρ11,m − ρ21,m)|2

)
dxdt

6
1

2δ

¨

Ωδ
T

(ρ11,m − ρ21,m)2|∇V +∇pm|2 dxdt− 1

2δ

¨

Ωδ
T

|∇(ρ11,m − ρ21,m)|2 dxdt

6
1

2
‖∇V +∇pm‖2L2(ΩT )δ → 0,

when δ ց 0.
If we reverse the roles of ρ11,m and ρ21,m, we have

¨

ΩT

∂t(|ρ11,m − ρ21,m|) 6 0,

which concludes the proof.

In the end of this section, we prove that (ρ1,m, ρ2,m) converges to the solution (ρ1,∞, ρ2,∞) of
(6.2) when mր +∞.
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Theorem 6.19. Up to a subsequence, as m → +∞, the solution of (6.1) (ρ1,m, ρ2,m) con-
verges strongly L1((0, T ) × Ω) to (ρ1,∞, ρ2,∞) and pm := F ′

m(ρ1,m + ρ2,m) converges weakly in
L2((0, T ), H1(Ω)) to p∞, where (ρ1,∞, ρ2,∞, p∞) is the solution of (6.2).

Proof. First we prove the convergence of ρi,m. We start noticing that the estimate (6.10) does not
depend of m and then using remark 6.4, we have

‖ρ1/2i,m‖L2((0,T ),H1(Ω)) 6 CT and W2(ρi,m(t), ρi,m(s)) 6 C|t− s|1/2,

for all t, s 6 T and with C independant of m. Then using the Rossi-Savaré theorem we obtain
that ρi,m converges to ρi,∞ in L1((0, T )×Ω). Moreover, proposition 6.17 gives that pm converges
weakly in L2((0, T ), H1(Ω)) to p∞ and obviously pm > 0.

To conclude the proof, by uniqueness of the solution of (6.2), we only have to prove that

ρ1,∞ + ρ2,∞ 6 1 and p∞(1− ρ1,∞ − ρ2,∞) = 0 a.e.

We start to show that ρ1,∞ + ρ2,∞ 6 1. To do that we use the argument of lemma 4.4 from [2].
The estimate (6.8) does not depend of m so we have

ˆ T

0

ˆ

Ω

(ρ1,m + ρ2,m)m 6 (m− 1)C,

and for m > 2,
¨

{ρ1,m+ρ2,m>1}
(ρ1,m + ρ2,m)m dxdt >

¨

{ρ1,m+ρ2,m>1}

m(m− 1)

2
(ρ1,m + ρ2,m − 1)2 dxdt.

Then we obtain
ˆ T

0

ˆ

Ω

(ρ1,m + ρ2,m − 1)2+ dxdt 6
2C

m
→ 0, (6.32)

when m→ +∞, which implies that ρ1,∞ + ρ2,∞ 6 1.
To obtain the second part of the claim, we start to prove

ˆ T

0

ˆ

Ω

pm(1− ρ1,m − ρ2,m) dxdt→
ˆ T

0

ˆ

Ω

p∞(1− ρ1,∞ − ρ2,∞) dxdt.

Indeed we have

∣∣∣∣
ˆ T

0

ˆ

Ω

(
pm(1− ρ1,m − ρ2,m)− p∞(1− ρ1,∞ − ρ2,∞)

)
dxdt

∣∣∣∣

6

∣∣∣∣∣

ˆ T

0

ˆ

Ω

(pm − p∞)(1− ρ1,∞ − ρ2,∞) dxdt

∣∣∣∣∣

+

∣∣∣∣∣

ˆ T

0

ˆ

Ω

pm(ρ1,∞ + ρ2,∞ − ρ1,m − ρ2,m) dxdt

∣∣∣∣∣ .

The first term on the right hand side goes to 0 because pm converges weakly to p∞ in L2((0, T )×
Ω) and 1 − ρ1,∞ − ρ2,∞ ∈ L∞((0, T ) × Ω) ⊂ L2((0, T ) × Ω). To handle the second term, we split
the integral in two parts.

∣∣∣∣
ˆ T

0

ˆ

Ω

pm(ρ1,∞ + ρ2,∞ − ρ1,m − ρ2,m) dxdt

∣∣∣∣

6

∣∣∣∣∣

¨

{ρ1,m+ρ2,m>1}
pm(ρ1,∞ + ρ2,∞ − ρ1,m − ρ2,m) dxdt

∣∣∣∣∣

+

∣∣∣∣∣

¨

{ρ1,m+ρ2,m61}
pm(ρ1,∞ + ρ2,∞ − ρ1,m − ρ2,m) dxdt

∣∣∣∣∣
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Since ρ1,∞ + ρ2,∞ 6 1 and pm > 0,

∣∣∣∣
¨

{ρ1,m+ρ2,m>1}
pm(ρ1,∞ + ρ2,∞ − ρ1,m − ρ2,m) dxdt

∣∣∣∣

6

∣∣∣∣∣

¨

{ρ1,m+ρ2,m>1}
pm(1− ρ1,m − ρ2,m) dxdt

∣∣∣∣∣

6 ‖pm‖1/2L2((0,T )×Ω)

(
ˆ T

0

ˆ

Ω

(ρ1,m + ρ2,m − 1)2+ dxdt

)1/2

6
C

m1/2
→ 0,

because of proposition 6.17 and (6.32). Moreover, on {ρ1,m + ρ2,m 6 1}, pm 6 1, so we obtain

∣∣∣∣∣

¨

{ρ1,m+ρ2,m61}
pm(ρ1,∞ + ρ2,∞ − ρ1,m − ρ2,m) dxdt

∣∣∣∣∣

6 ‖ρ1,∞ − ρ1,m‖L1((0,T )×Ω) + ‖ρ2,∞ − ρ2,m‖L1((0,T )×Ω) → 0,

by L1-convergence. Now, to conclude the proof, since p∞(1 − ρ1,∞ − ρ2,∞) > 0, we just have to
prove that

ˆ T

0

ˆ

Ω

pm(1− ρ1,m − ρ2,m) dxdt→ 0.

And since we already know that
¨

{ρ1,m+ρ2,m>1}
pm(1− ρ1,m − ρ2,m) dxdt→ 0,

we just have to prove that
¨

{ρ1,m+ρ2,m61}
pm(1− ρ1,m − ρ2,m) dxdt→ 0.

Since pm := m
m−1 (ρ1,m + ρ2,m)m−1, we have

0 6

¨

{ρ1,m+ρ2,m61}
pm(1−ρ1,m−ρ2,m) dxdt 6

m

m− 1

(
|Ω|1/m‖ρ1,m + ρ2,m‖m−1

Lm − ‖ρ1,m + ρ2,m‖mLm

)
,

which concludes the proof.

6.5 Simulations

To end this chapter, we propose to use the algorithm presented in chapter 3 to give numerical
simulations. The first system we study is transport equation with porous media congestion,

∂tρi − div(ρi∇F ′
m(α1ρ1 + α2ρ2))− div(ρi∇Vi) = 0, i = 1, 2, (6.33)

which, as we saw, is the gradient flow in Wasserstein space for the energy

E(ρ1, ρ2) :=
ˆ

Ω

V1ρ1 +

ˆ

Ω

V2ρ2 +

ˆ

Ω

Fm(α1ρ1 + α2ρ2).

Arguing as in section 3.2, setting φ = (φ1, φ2), (Dφ1, Dφ2) := (∂tφ1,∇φ1, ∂tφ2,∇φ2), q = (q1, q2) =
(a1, b1, c1, a2, b2, c2), σ = (σ1, σ2) = ((µ1,m1, µ̃1), (µ2,m2, µ̃2)) and defining the convex set K by
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3.12, one can rewrite the discretization of the JKO scheme with E as a saddle-point problem for
the augmented Lagrangian

Lr(φ, q, σ) =

2∑

i=1

ˆ

Ω

φi(0, x)ρ
k
i (x)dx+

2∑

i=1

ˆ

Ω

χK(ai(t, x), bi(t, x))dxdt

+
2∑

i=1

ˆ

Ω

(
(µi,mi) · (Dφi − (ai, bi)) +

r

2
|Dφi − (ai, bi)|2

)
dxdt

+
2∑

i=1

ˆ

Ω

(r
2
|φi(1, x) + ci(x)|2dx− (φi(1, x) + ci(x))µ̃i(x)

)
dx

+ τE∗
(c1
τ
,
c2
τ

)
.

One can then again use ALG2 for this Lagrangian, note that since the coupling between the two

species only appears in term τE∗
(
c1
τ ,

c2
τ

)
, the only significant difference is in the proximal problem

in the variables c = (c1, c2) of the second step of the algorithm. Taking r = 1 for simplicity and
using remark 3.1, we see that the two-populations analogue of 3.26 simply takes the form

(cn+1
1 (x), cn+1

2 (x)) = proxτE∗(x, .
τ
)

(
− φn+1

1 (1, x) + µ̃n1 (x),−φn+1
2 (1, x) + µ̃n2 (x)

)

= (−φn+1
1 (1, x) + µ̃n1 (x),−φn+1

2 (1, x) + µ̃n2 (x)
)

− proxτE(x,.)(−φn+1
1 (1, x) + µ̃n1 (x),−φn+1

2 (1, x) + µ̃n2 (x)
)

Then setting Vi = Vi(x) and ci = −φn+1
i (1, x)+ µ̃ni (x), proxτE(x,.)(c1, c2) is obtained by solving

inf
{ 2∑

i=1

1

2
(ci − ci)

2 + τVici + τFm(α1c1 + α2c2) : ci ≥ 0
}
.

and the solution is given by

proxτE(x,.)(c1, c2) = (c1 − (c1 − τV1 − τα1F
′
m(u))+, c2 − (c2 − τV2 − τα2F

′
m(u))+) ,

where u is the nonnegative root of

c− α1(c1 − τV1)− α2(c2 − τV2) + τ(α1 + α2)F
′
m(c) = 0.

Figure 6.1 represents two populations crossing each over subject to porous media congestion
with α1 = α2 = 1 and m = 50. We remark that the two populations have the same behaviour and
when they cross each over, the density has to spread. In figure 6.2, we study the same behaviour
but subject to the porous medium constraint on ρ1 + 2ρ2. We can see that the population where
the constraint plays a higher role, ρ2, has to deviate in order to let pass ρ1 through.

In the two populations crowd motion model with linear diffusion, proxτE(x,.)(c1, c2) is obtained
by solving

inf
{ 2∑

i=1

1

2
(ci − ci)

2 + τ(ci log(ci) + Vici) : ci ≥ 0, α1c1 + α2c2 ≤ 1
}

whose solution is again quasi explicit. More precisely

proxτE(x,.)(c1, c2) = (φτ (c1 − τV1), φτ (c2 − τV2))

if α1φτ (c1 − τV1) + α2φτ (c2 − τV2) ≤ 1 where φτ (α) is the positive root of

c+ τ(log c+ 1) = α
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and

proxτE(x,.)(c1, c2) =


ψτ

(
c1 − τV1 −

α1

α2
(c2 − τV2)

)
,
1− α1ψτ

(
c1 − τV1 − α1

α2
(c2 − τV2)

)

α2




where ψτ (α) is the root in (0, 1/α1) of
(
1 +

(
α1

α2

)2
)
c+ τ log(c)− τ

α1

α2
log

(
1− α1c

α2

)
= α+

α1

α2
2

,

otherwise. This proximal computation therefore only involves scalar monotone equations and is
therefore not more complicated than what we saw in the case of a single equation.

In figure 6.3, we see two populations which cross each other. When they start to cross each
other at time t = 0.05, we remark that the density of ρ1 and ρ2 decrease and the sum is saturated.
Figure 6.4 represents the same case but in this example the second population is bigger than the
other one, meaning that we can allow twice less people of ρ2 than ρ1 at every space point x. In
figures 6.5 and 6.6, we add a obstacle in the middle. This can be done using a potential with very
high value in this area.
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Figure 6.1: Evolution of two species crossing each other with porous media congestion, m = 50.
Top row: display of ρ1 + ρ2. Bottom row: display of ρ1.
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Figure 6.2: Evolution of two species crossing each other with weighted porous media congestion,
(ρ1+2ρ2)

m, m = 50. Top row: display of ρ1+ρ2. Middle row: display of ρ1. Bottom row: display
of ρ2.
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Figure 6.3: Evolution of two species crossing each other with density constraint. Top row: display
of ρ1 + ρ2. Bottom row: display of ρ1.
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Figure 6.4: Evolution of two species crossing each other with weighted density constraint, ρ1+2ρ2 6

1. Top row: display of ρ1 + ρ2. Middle row: display of ρ1. Bottom row: display of ρ2.
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Figure 6.5: Evolution of two species crossing each other with density constraint and an obstacle.
Top row: display of ρ1 + ρ2. Bottom row: display of ρ1.
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Figure 6.6: Evolution of two species crossing each other with weighted density constraint, ρ1+2ρ2 6

1, and an obstacle. Top row: display of ρ1 + ρ2. Middle row: display of ρ1. Bottom row: display
of ρ2.



104 CHAPTER 6. SYSTEMS WITH CROSS-DIFFUSION



Chapter 7

Nonlinear reaction-diffusion systems

In the previous chapters, we investigated existence of solutions for equations or systems with mass
conservation. Nevertheless in biology, for example for diffusive prey-predator models, this property
may not be satisfied. In this chapter, we study two different methods to extend the Wasserstein
gradient flow to general parabolic equations with reaction terms.

The first one was proposed by Kinderlherer and Walkington in [70]. They presented a numerical
algorithm based on a splitting JKO scheme. Given a time step h and the solution at step hk, ρkh,
they introduced an intermediary step where the mass is updated, ρ̃k+1

h = ρkh + hf(ρkh) and then
they use the usual JKO scheme

ρk+1
h ∈ argmin

ρ,|ρ|=|ρ̃k+1

h
|

{
1

2h
W 2

2 (ρ, ρ̃
k+1
h ) + F(ρ)

}
.

The motivation of this update comes from the equation we want to solve. If we integrate in time
and in space

∂tρ− div

(
ρ∇δF

δρ
(ρ)

)
= f(ρ),

with Neumann boundary condition, ∇ δF
δρ (ρ) · ν = 0 on ∂Ω, between two times t+ h, t, then

ˆ

Ω

ρ(t+ h, x) dx =

ˆ

Ω

ρ(t, x) dx+

ˆ t+h

t

ˆ

Ω

f(ρ(s, x)) dxds,

which implies the formula if we assume that ρ is constant in [t, t+ h).
In [115, 103], Petrelli and Tudorascu proved the convergence of this scheme for general diffusion

problems with drift, diffusion coefficient and forcing term which may be explicitly time dependent.
The proof of the convergence of this scheme is based on a maximum principle and the Fréchet-
Kolmogorov theorem. The first part is an extension of the maximum principle developped by Otto
in [97], to deal with potential terms. The Fréchet-Kolmogorov theorem gives strong convergence
which allows to pass to the limit in the Euler-Lagrange equation.

The advantage of this scheme is that the intermediary step permits to have a good control on
the L∞-bound. In the first part of this chapter, we investigate the case of several species with
interactions in reaction terms. The proof is based on the splitting scheme introduced in [70]. First,
we extend the proof of the maximum principle of Petrelli and Tudorascu to systems. Moreover,
we propose a new method to recover the strong convergence. We use the bounded Lipschitz dis-
tance to obtain time-compactness and the space compactness is recovered using the Euler-Lagrange
equation. Then, the strong convergence is obtained using an extention of Aubin-Lions lemma due
to Rossi and Savaré in [107]. Finally, several extensions of (7.1) are presented and we give some
numerical results based on the augmented Lagrangian method introduced in [17] and presented in
chapter 3.

The second method is based on a splitting method for the Wasserstein-Fisher-Rao metric.
This metric was introduced in [43, 44, 71, 80, 81] by three different teams at the same time.
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It is an extension of the Wasserstein metric allowing for mass variations. In [63], Galloüet and
Monsaingeon proposed a splitting method to solve gradient flows for this metric. They remark that,
infinitesimally, the Wasserstein-Fisher-Rao metric should be the orthogonal sum of the Wasserstein
metric and the Fisher-Rao metric, which leads to a natural splitting scheme to study Wasserstein-
Fisher-Rao gradient flows. For a functional E , they split one-step of minimizing scheme for E
between one substep of JKO scheme with E and one substep of minimizing scheme for E with
respect to the Fisher-Rao metric

FR(ρ0, ρ1) := min
(ρt,rt)∈AFR[ρ0,ρ1]

ˆ 1

0

ˆ

Ω

|rt|2 dρt(x)dt = 4

ˆ

Ω

∣∣∣∣∣

√
dρ0
dλ

−
√
dρ1
dλ

∣∣∣∣∣

2

dλ,

where the admissible set AFR[ρ0, ρ1] is the set of curves t ∈ [0, 1] 7→ (ρt, rt) such that t 7→ ρt is
weakly continuous with values in M+(Ω) with endpoints ρt=0 = ρ0 and ρt=1 = ρ1 and

∂tρt = ρtrt in D′((0, 1)× Ω),

and λ is any reference measure such that ρ0 and ρ1 are both absoltely continuous with respect
to λ. In [63], they proved that discrete solutions constructed using this scheme converge to the
solution of

∂tρ− div(ρ∇(F ′(ρ) + V )) = −ρ(F ′(ρ) + V ),

if

E(ρ) :=
ˆ

F (ρ) +

ˆ

V ρ.

However, this class of equation is very restrictive because there is a strong link between the diffusion
and the reaction since we minimize the same energy at each substep. In the second section of this
chapter, we propose, in collaboration with Galloüet and Monsaingeon, an extension of this method
to treat a larger class of equations where there is not link between the diffusion and the reaction.
Moreover, we apply this method to solve the tumor growth model introduced in [101].

7.1 Variational principle for reaction-diffusion systems

In this work, we investigate existence of solutions to general parabolic systems without cross-
diffusion but with interactions in the reaction terms,

{
∂tρ1 −∆P1(ρ1)− div(ρ1∇V1) = f1(ρ1, ρ2)
∂tρ2 −∆P2(ρ2)− div(ρ2∇V2) = f2(ρ1, ρ2),

(7.1)

on R
+ ×Ω with initial condition, ρi(0, ·) = ρi,0. In the sequel, Ω is an open bounded subset of Rn

and (7.1) is endowed with no flux boundary conditions.
The section is organized as follows. In section 1, we recall some facts on Wasserstein spaces

and we state our main result. Section 2 is devoted to a time-compactness result based on the
maximum principle introduced in [103]. In section 3, we recover the Euler-Lagrange equations and
prove the space-compactness estimate. Then we pass to the limit in section 4 using an extension of
Aubin-Lions lemma. We present in section 5 several extensions of this result and give a uniqueness
argument in section 6. The final section 7 is devoted to numerical simulations.

7.1.1 Preliminaries and main result

Wasserstein space and bounded Lipschitz distance In this paragraph, we recall some re-
sults from optimal transport theory and we refer the reader to the textbooks of Villani [116, 117],
Ambrosio, Gigli and Savaré [4] and Santambrogio [112] for a detailed exposition.

Let Ω be an open bounded subset of Rn, we denote Mm(Ω) the set of nonnegative integrable
functions with mass m. Then the Wasserstein metric of order 2 is defined for all ρ, µ ∈ Mm(Ω) by

W 2
2,m(ρ, µ) := inf

γ∈Πm(ρ,µ)

¨

Ω×Ω

|x− y|2 dγ(x, y),
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where the set of admissible plans is

Πm(ρ, µ) :=
{
γ ∈ Mm(Ω× Ω) : πx#γ = ρ, πy#γ = µ

}
.

We recall also that the 1-Wasserstein distence between ρ, µ ∈Mm(Ω) is given by

W1,m(ρ, µ) := inf
γ∈Πm(ρ,µ)

¨

Ω×Ω

|x− y| dγ(x, y),

and the well-known Kantorovich duality states that W1,m can be also expressed as

W1,m(ρ, µ) := sup

{
ˆ

Ω

ϕd(ρ− µ) : ϕ 1− Lipschitz on Ω

}
.

Since we have to deal with variation of mass, we also introduce the bounded Lipschitz distance
defined by, for all ρ, µ ∈ L1(Ω;R+),

dBL∗(ρ, µ) := sup

{
ˆ

Ω

φ d(ρ− µ) : ‖φ‖L∞(Ω) + ‖φ‖Lip 6 1

}
, (7.2)

where

‖φ‖Lip := sup
x 6=y

|φ(x)− φ(y)|
|x− y| .

We remark that for all ρ, µ ∈ L1(Ω) ∩ L∞(Ω),

dBL∗(ρ, µ) 6 ‖ρ− µ‖L1(Ω) 6 |Ω|‖ρ− µ‖L∞(Ω), (7.3)

and, if ρ and µ have the same mass m, we have

dBL∗(ρ, µ) 6W1(ρ, µ) 6 mW2(ρ, µ). (7.4)

Assumptions and main result The nonlinear diffusion terms are given by continuous strictly
convex superlinear functions Fi : R

+ → R of class C2((0,+∞)) which satisfy Fi(0) = 0 and
define Pi(x) := xF ′

i (x) − Fi(x) as the pressure associated to Fi. Since F ′
i is strictly increasing,

continuous on (0,+∞) and F ′
i ((0,+∞)) = (F ′

i (0),+∞), F ′
i is inversible and (F ′

i )
−1 is increasing

and continuous. In addition, Fi verifies one of the following technical assumptions, for all r large
enough and for all α > 1, β > 0, x, y ∈ R

+, either

αF ′′
i (αr + β)− F ′′

i (r) 6 0 and (Fi)
−1(x+ y) 6 Ai(Fi)

−1(x)(Fi)
−1(y), , (7.5)

where Ai is a positive constant, or

F ′′
i (r) > 1 and αF ′′

i (αr + β)− F ′′
i (r) > 0. (7.6)

Moreover, we assume that Pi is continuous on [0,+∞). Define Fi : M(Ω) → R by

Fi(ρ) :=
{ ´

Ω
Fi(ρ(x)) dx if ρ≪ Ln,

+∞ otherwise.

Typical examples of energies we have in mind are Fi(x) := x log(x), which verifies (7.5) and
gives a linear diffusion driven by the laplacian, and Fi(x) := xm (m > 2), which verifies (7.6) and
gives porous media diffusion.

The reaction terms are given by continuous functions fi : [0,+∞) × [0,+∞) → R such that
there exsits K > 0 such that, for all x1, x2 ∈ [0,+∞),

fi(x1, x2) 6 K(1 + x1 + x2), (7.7)

f1(x1, x2) > −K(1 + x2)x1, f2(x1, x2) > −K(1 + x1)x2. (7.8)
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For example, these assumptions can been verified for model of diffusive prey-predator system
(cf [96]) with the choice

f1(ρ1, ρ2) = A̺
(
1− ̺

K

)
− B̺ρ2

1 + E̺
, and f2(ρ1, ρ2) =

C̺ρ2
1 + E̺

−Dρ2, (7.9)

where ̺ = min(K, ρ1), A,B,C,D,E,K > 0. In this model, ρ1 is the density of preys and ρ2
is the density of predators. Another model is the one of pattern formation in animal coating (cf
[96]) where f1 and f2 are given by

f1(ρ1, ρ2) = A− ρ1 − h(ρ1, ρ2), and f2(ρ1, ρ2) = C(B − ρ2)− h(ρ1, ρ2),

where h(ρ1, ρ2) =
Dρ1ρ2

1+ρ1+Eρ1
.

Remark 7.1. Assumption (7.7) can be replaced by, for all ρ1, ρ2 ∈ L∞(Ω),

fi(ρ1, ρ2) 6 K(1 + ‖ρ1‖L∞(Ω) + ‖ρ2‖L∞(Ω)).

This modification allows to consider nonlocal reaction terms like

fi(ρ1, ρ2) =

ˆ

Ω

Wi,1(x, y)ρ1(y) dy +

ˆ

Ω

Wi,2(x, y)ρ2(y) dy,

with Wi,j > 0 and Wi,j ∈ L∞
x (Ω, Lpy(Ω)).

Definition 7.2. We say that (ρ1, ρ2) : [0,+∞) → L1(Ω,R+)2 is a weak solution of (7.1) if, for
all T < +∞, ρi ∈ L∞((0, T ), L1(Ω)), ∇Pi(ρi) ∈ L2((0, T )×Ω), fi(ρ1, ρ2) ∈ L∞((0, T ), L1(Ω)) and

ˆ ∞

0

ˆ

Ω

∂tφρi −∇φ · ∇Pi(ρi)−∇φ · ∇Viρi + φfi(ρ1, ρ2) dxdt = −
ˆ

Ω

φ(0, x)ρi,0(x) dx, (7.10)

for every φ ∈ C∞
c ([0,+∞)× R

n).

Now we state the main result of this section,

Theorem 7.3. Assume that ρi,0 ∈ L1(Ω,R+) satisfies ‖ρ0,i‖L∞(Ω) 6M0 and Vi ∈W 1,∞(Ω), then
system (7.1) admits at least one weak solution.

The proof of this theorem is given in the next section and is based on a splitting scheme. This
scheme was proposed in [70] by Kinderlehrer and Walkington to present a numerical algorithm to
solve parabolic equations with forcing terms. Then in [115, 103], Petrelli and Tudorascu proved
the convergence of this scheme for one equation with nonnegative forcing term.

Let h a time step, for i ∈ {1, 2}, we define two sequences, (ρki,h)k and (ρ̃ki,h)k such that ρ0i,h =

ρ̃0i,h = ρi,0, and for all k > 0,

{
ρ̃k+1
i,h = ρki,h + hfi(ρ

k
1,h, ρ

k
2,h),

ρk+1
i,h ∈ argminρ∈M

m
k+1
i

1
2hW

2
2,mk+1

(ρ, ρ̃k+1
i,h ) + Fi(ρ) + Vi(ρ), (7.11)

where mk+1
i =

´

Ω
ρ̃k+1
i,h (x) dx. In the sequel, we fixe a time T > 0 and we note tk := hk for all k, h

such that hk 6 T . For h fixed, we note N := ⌊ TN ⌋. Without loss of generality, we can assume that
T = Nh. Then we define the piecewise interpolation ρi,h : R+ → L1(Ω;R+) by

ρi,h(t) := ρk+1
i,h , if t ∈ (hk, h(k + 1)].

7.1.2 Properties of sequences and time compactness

First, we have to prove that the sequences (ρki,h)k and (ρ̃ki,h)k are well defined at least for h small
enough. Let R be defined by R := max

{
‖V1‖L∞(Ω), ‖V2‖L∞(Ω)

}
. In the sequel, we define MT by

MT := max((F1)
−1(F ′

1((2M0 + 4R+ 1)eK̃T ) + 2R), (F2)
−1(F ′

2((2M0 + 4R+ 1)eK̃T ) + 2R)),
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where K̃ = max(K(1 + C̃), 2K) and C̃ = max(C1, C2) with

C2 :=

{
A2(F

′
2)

−1(2R) if F2 satisfies (7.5),
1 if F2 satisfies (7.6),

C1 :=

{
A1(F

′
1)

−1(2R) if F1 satisfies (7.5),
1 if F1 satisfies (7.6).

We start to recall a general maximum principle for the JKO scheme proved in [103].

Lemma 7.4. Let µ ∈ L1(Ω,R+) (µ(Ω) = m) and ρ one minimizer in Mm of

Eh[µ] : ρ 7→ 1

2h
W 2

2,m(ρ, µ) +

ˆ

Ω

(F (ρ) + V ρ),

where F : R
+ → R is a convex continuous function of class C2((0,+∞)) and V ∈ W 1,∞(Ω). If

there exists C > 0 such that µ 6 (F ′)−1(C − V ) then ρ 6 (F ′)−1(C − V ).

Remark 7.5. We remark that (F ′)−1(C − V ) is a steady solution of the equation

∂tρ = ∆P (ρ)− div(ρ∇V ) = div(ρ∇(F ′(ρ) + V ).

Since we have a comparaison principle for this equation, at the continuous level the conclusion of
lemma 7.4 is easy. Lemma 7.4 proves this result at the discrete level.

Proof. This lemma is an adaptation of the one of Otto in [97] and Agueh in [1] to handle the
potential energy and the proof comes from [103]. We note U := (F ′)−1(C − V ). Assume that
E := {ρ > U} has positive measure. Take γ ∈ Π(µ, ρ) to be the optimal transport plan, then
γ(Ec × E) > 0. Indeed, otherwise we have
ˆ

E

U(x) dx <

ˆ

E

ρ(x) dx = γ(Ω× E) = γ(E × E) 6 γ(E × Ω) =

ˆ

E

µ(x) dx 6

ˆ

E

U(x) dx,

which gives a contradiction. Consider ν := 1Ec×Eγ and denote v0 and v1 its marginals. We
remark that v0(E) = v1(E

c) = 0. For ε small enough, we define ρε := ρ + ε(v0 − v1) ∈ Mµ

(because v0(Ω) = γ(Ec × E) = v1(Ω)) and γε by
¨

Ω×Ω

ξ(x, y) dγε(x, y) :=

¨

Ω×Ω

ξ(x, y) dγ(x, y) + ε

¨

Ec×E
[ξ(x, x)− ξ(x, y)] dγ(x, y).

Since γ ∈ Π(µ, ρ) and ν has for marginals v0 and v1, we obtain that γε defines a transport plan
between µ and ρε. We want to prove that ρε verifies

Eh[µ](ρε) < Eh[µ](ρ),

which gives a contradiction by definition of ρ.
We first remark that, by definition of γε,

W 2
2,m(ρε, µ)−W 2

2,m(ρ, µ) 6 −ε
¨

Ec×E
|x− y|2 dγ(x, y) < 0,

because γ(Ec × E) > 0. So we have

Eh[µ](ρε) < Eh[µ](ρ) +
ˆ

Ω

[F (ρε)− F (ρ) + V ρε − V ρ] dx

< Eh[µ](ρ) + β(ε),

where

β(ε) :=

ˆ

Ω

[F (ρ+ ε(v0 − v1))− F (ρ) + εV (v0 − v1)] dx.

To conclude the proof, we have to show that β is negative for ε small enough. We have

β′(0) = −
ˆ

Ω

(v0 − v1)(F
′(ρ) + V ) dx.
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Since F ′ is increasing and v0(E) = v1(E
c) = 0, the decomposition

β′(0) = −
ˆ

E

v1[F
′(ρ)− F ′(U)] dx+

ˆ

Ec

v0[F
′(ρ)− F ′(U)] dx−

ˆ

Ω

(v0 − v1)[V + F ′(U)] dx

shows that β′(0) < 0. Indeed, the last term vanishes because by definition of U , V + F ′(U) = C
and v0 and v1 have the same mass. So β is decreasing for ε small enough and since β(0) = 0, we
can choose ε such that, β(ε) < 0, which gives a contradiction.

Proposition 7.6. For all h 6
1

K(1+MT ) , (ρ
k
i,h)k and (ρ̃ki,h)k are well defined. For all k such that

hk 6 T , ρki,h, ρ̃
k
i,h ∈ L1(Ω,R+) and

‖ρki,h‖L∞(Ω), ‖ρ̃ki,h‖L∞(Ω) 6MT . (7.12)

Proof. We prove by induction that for all k these sequences are well defined and

‖ρki,h‖L∞(Ω), ‖ρ̃ki,h‖L∞(Ω) 6 (F ′
i )

−1(F ′
i (ai,k)− bi +R− Vi), (7.13)

with 



a1,k+1 = (1 +Kh)a1,k +Kh(1 + bk1,2),
a2,k+1 = (1 +Kh)a2,k +Kh(1 + bk2,1),
ai,0 =M0 + bi,

where bi is defined by

bi :=

{
0 if Fi verifies (7.5),
2R if Fi verifies (7.6),

and
bk1,2 = (F ′

2)
−1(F ′

2(a2,k)− b2 + 2R) and bk2,1 = (F ′
1)

−1(F ′
1(a1,k)− b1 + 2R).

First, if k = 0, then if Fi satisfies (7.5),

ρ0i,h = ρ̃0i,h 6M0 6 (F ′
i )

−1(F ′
i (M0) +R− Vi),

because (F ′
i )

−1 is increasing and R− Vi > 0, so we proved the claim with bi = 0. Otherwise, if Fi
satisfies (7.6), then x 7→ F ′

i (x)− x is increasing for x large enough and then

ρ0i,h = ρ̃0i,h 6M0 6 (F ′
i )

−1(F ′
i (M0 + bi)− bi +R− Vi).

Now assume that for k > 0, ρki,h and ρ̃ki,h are well defined and verify (7.13). Let i ∈ {1, 2} and

j ∈ {1, 2} with j 6= i. We first prove that ρ̃k+1
i,h > 0. Using (7.8) and (7.13),

ρ̃k+1
i,h (x) > ρki,h(x)− hK(1 + ρkj,h(x))ρ

k
i,h(x)

> ρki,h(x)(1− hK(1 + (F ′
i )

−1(F ′
i (ai,k)− bi +R− Vi)))

> 0,

because (F ′
i )

−1(F ′
i (ai,k)− bi +R− Vi) 6MT (see at the end of the proof) and h 6

1
K(1+MT ) .

Then using the definition of ρ̃k+1
i,h , (7.7) and (7.13),

ρ̃k+1
i,h (x) 6 (1 +Kh)‖ρki,h‖L∞(Ω) + hK(1 + ‖ρkj,h‖L∞(Ω))

6 (1 +Kh)(F ′
i )

−1(F ′
i (ai,k)− bi +R− Vi) +Kh(1 + (F ′

j)
−1(F ′

j(aj,k)− bj + 2R))

6 (1 +Kh)(F ′
i )

−1(F ′
i (ai,k)− bi +R− Vi) +Kh(1 + bki,j).

It remains to show that

(1+Kh)(F ′
i )

−1(F ′
i (ai,k)−bi+R−Vi)+Kh(1+bki,j) 6 (F ′

i )
−1(F ′

i ((1+Kh)ai,k+Kh(1+b
k
i,j))−bi+R−Vi),
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that is equivalent to prove

F ′
i ((1+Kh)(F

′
i )

−1(F ′
i (ai,k)−bi+R−Vi)+Kh(1+bki,j))−(R−Vi) 6 F ′

i ((1+Kh)ai,k+Kh(1+b
k
i,j))−bi.

To do so, we show that

q : s 7→ F ′
i ((1 +Kh)(F ′

i )
−1(F ′

i (ai,k)− bi + s) +Kh(1 + bki,j))− s

is increasing, if Fi satisfies (7.6), or decreasing, if Fi satisfies (7.5). Since

q′(s) = (1 +Kh)
[
(F ′
i )

−1(F ′
i (ai,k)− bi + s)

]′
F ′′
i ((1 +Kh)(F ′

i )
−1(F ′

i (ai,k)− bi + s) +Kh(1 + bki,j))− 1

= (1 +Kh)F ′′
i ((1 +Kh)r +Kh(1 + bki,j))

1

F ′′
i (r)

− 1,

where r = (F ′
i )

−1(F ′
i (ai,k) − bi + s). Then we obtain the result using assumption (7.5) or (7.6).

Now, if Fi satisfies (7.5), then bi = 0 6 R− Vi and q is decreasing so

q(R− Vi) 6 q(0),

and if Fi satisfies (7.6), then bi = 2R > R− Vi and q is increasing so

q(R− Vi) 6 q(bi),

which implies that
ρ̃k+1
i,h 6 (F ′

i )
−1(F ′

i (ai,k+1)− bi +R− Vi).

Since ρ̃k+1
i,h ∈ L1(Ω;R+), it is well-known that ρk+1

i,h is well defined, see for example [65] or chpter
4. Then using lemma 7.4 we obtain

ρk+1
i,h 6 (F ′

i )
−1(F ′

i (ai,k+1)− bi +R− Vi),

that gives the result.
To conclude the proof, we have to bound ai,k. We remark that,

(F ′
j)

−1(F ′
j(aj,k)− bj + 2R) 6 Cjaj,k,

where

Cj :=

{
Aj(F

′
j)

−1(2R) if Fj satisfies (7.5),
1 if Fj satisfies (7.6),

Then,
ai,k+1 6 (1 + hK)ai,k + hK(1 + Cjaj,k).

If we sum, we obtain

a1,k+1 + a2,k+1 6 (1 + hK(1 + C̃))(a1,k + a2,k) + 2Kh

6 (1 + hK̃)(a1,k + a2,k) + K̃h,

where C̃ = max(C1, C2) and K̃ = max(K(1 + C̃), 2K). Then

a1,k+1 + a2,k+1 6 eK̃T (2M0 + b1 + b2 + 1)− 1 6 eK̃T (2M + 4R+ 1),

which concludes the proof.

In the next lemma, we state an usual estimate in gradient flow theory, [65], and proved in this
case in [103].

Lemma 7.7. There exists a constant C > 0 such that for all h 6
1

K(1+MT ) ,

N∑

k=1

W 2
2,mk

i
(ρki,h, ρ̃

k
i,h) 6 Ch. (7.14)
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Proof. The proof is the same as in [103]. Since ρki,h is optimal in the minimization problem and
ρ̃ki,h is a competitor, we have

W 2
2,mk

i
(ρki,h, ρ̃

k
i,h) 6 2h

(
Fi(ρ̃ki,h)−Fi(ρki,h) + Vi(ρ̃ki,h)− Vi(ρki,h)

)
.

Moreover, Fi is convex then

Fi(ρ̃ki,h) 6 Fi(ρk−1
i,h ) +

ˆ

Ω

F ′
i (ρ̃

k
i,h)hfi(ρ

k−1
1,h , ρ

k−1
2,h )

6 Fi(ρk−1
i,h ) + hF ′

i (MT )K(1 + 2MT )|Ω|,

because F ′
i is increasing and (7.7). Moreover,

Vi(ρ̃ki,h)− Vi(ρki,h) 6 Vi(ρk−1
i,h )− Vi(ρki,h) + hK(1 + 2MT )|Ω|‖Vi‖L∞(Ω).

Then we obtain

W 2
2,mk

i
(ρki,h, ρ̃

k
i,h) 6 2h

(
Fi(ρk−1

i,h ) + Vi(ρk−1
i,h )− (Fi(ρki,h) + Vi(ρki,h)) + Ch

)
.

Summing over k drom 1 to N , we have

N∑

k=1

W 2
2,mk

i
(ρki,h, ρ̃

k
i,h) 6 2h

(
Fi(ρi,0) + Vi(ρi,0)−Fi(ρNi,h)− Vi(ρNi,h) + CT

)
,

which concludes the proof because Fi and Vi are bounded from below and Fi(ρi,0) + Vi is finite
(Fi is continuous on [0,MT ] and Vi ∈ L∞(Ω)).

The next proposition gives a time compactness result on ρi,h.

Proposition 7.8. For i ∈ {1, 2},

lim
τց0

sup
h

ˆ T−τ

0

dBL∗(ρi,h(t+ τ), ρi,h(t)) dt = 0.

Proof. First, using (7.3) and (7.4), we remark that

dBL∗(ρki,h, ρ
k+1
i,h ) 6 dBL∗(ρki,h, ρ̃

k+1
i,h ) + dBL∗(ρ̃k+1

i,h , ρk+1
i,h )

6 C‖ρki,h − ρ̃k+1
i,h ‖L∞(Ω) + Cmk+1

i W2,mk+1
(ρ̃k+1
i,h , ρk+1

i,h ).

Since mk
i 6MT |Ω|, (7.14) and ‖ρki,h − ρ̃k+1

i,h ‖L∞(Ω) = O(h), we obtain

N−1∑

k=0

dBL∗(ρki,h, ρ
k+1
i,h )2 6 Ch. (7.15)

Let τ > 0, for all h 6
1

K(1+MT ) , there exists j, r ∈ N such that τ = jh + γ with γ < h and
(j + 1)h 6 rτ , then
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ˆ T−τ

0

dBL∗(ρi,h(t+ τ), ρi,h(t)) dt

=

ˆ T−τ

0

j−1∑

l=0

dBL∗(ρi,h(t+ (l + 1)h), ρi,h(t+ lh)) dt

+

ˆ T−τ

0

dBL∗(ρi,h(t+ τ), ρi,h(t+ jh)) dt

6

N−j−1∑

k=0

ˆ tk+1

tk

j−1∑

l=0

dBL∗(ρi,h(t+ (l + 1)h), ρi,h(t+ lh)) dt

+

N−j−1∑

k=0

ˆ tk+1

tk+1−γ
dBL∗(ρi,h(t+ τ), ρi,h(t+ jh)) dt

6 h

N−j−1∑

k=0

j−1∑

l=0

dBL∗(ρk+l+2
i,h , ρk+l+1

i,h ) + γ

N−j−1∑

k=0

dBL∗(ρk+j+2
i,h , ρk+j+1

i,h )

6 h

N−j−1∑

k=0

j∑

l=0

dBL∗(ρk+l+2
i,h , ρk+l+1

i,h )

6 h(j + 1)
N−1∑

k=0

dBL∗(ρk+1
i,h , ρki,h)

6 rτN1/2

(
N−1∑

k=0

dBL∗(ρk+1
i,h , ρki,h)

2

)1/2

Then, using (7.15), we obtain

sup
h

ˆ T−τ

0

dBL∗(ρi,h(t+ τ), ρi,h(t)) dt 6 Cτ.

7.1.3 Euler-Lagrange equations and space compactness

Proposition 7.9. For every k > 0, ∇Pi(ρk+1
i,h ) ∈ L2(Ω) and

(y − T k+1
i,h (y))ρk+1

i,h (y) + h∇Pi(ρk+1
i,h (y)) + h∇Viρk+1

i,h = 0 a.e on Ω, (7.16)

where T k+1
i,h is the W2-optimal transport map between ρk+1

i,h and ρ̃k+1
i,h . Then ρi,h satisfies, for all

ζ ∈ C∞
c ([0, T )× Ω),

ˆ T

0

ˆ

Ω

ρi,h∂tζ = h
N−1∑

k=0

ˆ

Ω

(∇Pi(ρk+1
i,h (x)) + ρk+1

i,h (x)∇Vi(x)) · ∇ζ(tk, x) dx

− h
N−1∑

k=0

ˆ

Ω

fi(ρ
k+1
1,h (x), ρk+1

2,h (x))ζ(tk, x) dx (7.17)

+ h

N−1∑

k=0

ˆ

Ω2

R[ζ(tk, ·)](x, y) dγk+1
i,h (x, y)

−
ˆ

Ω

ρi,0(x)ζ(0, x) dx,

where, γk+1
i,h = (Id × T k+1

i,h )#ρ
k+1
i,h is the W2-optimal transport plan between ρk+1

i,h and ρ̃k+1
i,h and

|R[ζ](x, y)| 6 1
2‖D2ζ‖L∞ |x− y|2.
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Proof. The proof is the same as in [65, 1, 103] for example. Let ξ a smooth vector field in C∞
c (Ω,Rn)

and consider Φτ the corresponding flow defined by

∂τΦτ = ξ ◦ Φτ , Φ0 = Id.

We define a pertubation of ρk+1
i,h by ρτ := Φτ#ρ

k+1
i,h . Then we get

1

τ

(
1

2h
(W 2

2,mk+1

i

(ρτ , ρ̃
k+1
i,h )−W 2

2,mk+1

i

(ρk+1
i,h , ρ̃k+1

i,h ))

+Fi(ρτ )−Fi(ρk+1
i,h ) + Vi(ρτ )− Vi(ρk+1

i,h )
)
> 0. (7.18)

By standard computations, we have

lim sup
τց0

1

τ

1

2h
(W 2

2,mk+1

i

(ρτ , ρ̃
k+1
i,h )−W 2

2,mk+1

i

(ρk+1
i,h , ρ̃k+1

i,h ))

6
1

h

ˆ

Ω×Ω

(x− y) · ξ(x) dγk+1
i,h (x, y), (7.19)

with γk+1
i,h is the W2,mk+1

i
-optimal transport plan between ρk+1

i,h and ρ̃k+1
i,h and γk+1

i,h = (Id ×
T k+1
i,h )#ρ

k+1
i,h with T k+1

i,h = Id − ∇ϕk+1
i,h . Moreover, using (7.12) and Lebesgue’s dominated con-

vergence theorem, we obtains

lim sup
τց0

1

τ
(Fi(ρτ )−Fi(ρk+1

i,h )) 6 −
ˆ

Ω

Pi(ρ
k+1
i,h (x)) div(ξ(x)) dx. (7.20)

Finally,

lim sup
τց0

1

τ
(Vi(ρτ )− Vi(ρk+1

i,h )) 6

ˆ

Ω

∇V · ξρk+1
i,h dx. (7.21)

If we combine (7.18), (7.19), (7.20) and (7.21), and if we replace ξ by −ξ, we find, for all
ξ ∈ C∞

c (Ω;Rn),
ˆ

Ω

∇ϕk+1
i,h · ξρk+1

i,h − h

ˆ

Ω

Pi(ρ
k+1
i,h ) div(ξ) + h

ˆ

Ω

∇Vi · ξρk+1
i,h = 0, (7.22)

Now we claim that Pi(ρ
k+1
h ) ∈ H1(Ω). Indeed, since Pi is continuous, (7.12) gives Pi(ρ

k+1
i,h ) ∈

L∞(Ω) ⊂ L2(Ω). Moreover, using (7.22), we obtain

∣∣∣∣
ˆ

Ω

Pi(ρ
k+1
i,h ) div(ξ)

∣∣∣∣ 6
[
M

1/2
T

W2,mk+1

i
(ρk+1
i,h , ρ̃k+1

i,h )

h
+ ‖Vi‖L∞(Ω)MT |Ω|1/2

]
‖ξ‖L2(Ω),

then by duality ∇Pi(ρk+1
i,h ) ∈ L2(Ω) and h∇Pi(ρk+1

i,h ) + h∇Viρk+1
i,h +∇ϕk+1

i,h ρk+1
i,h = 0 a.e on Ω.

For fixed φ ∈ C∞
c (Ω), we integrate (7.16) against ∇φ to obtain

ˆ

Ω

(y−T k+1
i,h (y))·∇φ(y)ρk+1

i,h (y) dy+h

ˆ

Ω

∇Pi(ρk+1
i,h (y))·∇φ(y) dy+h

ˆ

Ω

∇Vi(y)·∇φ(y)ρk+1
i,h (y) dy = 0.

Using Taylor’s expansion,

φ(x)− φ(y) = ∇φ(y) · (x− y) +R[φ](x, y),

where |R[φ](x, y)| 6 C‖D2φ‖L∞ |x− y|2. Then
ˆ

Ω

(y − T k+1
i,h (y)) · ∇φ(y)ρk+1

i,h (y) dy =

ˆ

Ω

(φ(y)− φ(T k+1
i,h (y)))ρk+1

i,h (y) +

ˆ

Ω2

R[φ](x, y) dγk+1
i,h .(7.23)



7.1. VARIATIONAL PRINCIPLE FOR REACTION-DIFFUSION SYSTEMS 115

Let ζ ∈ C∞
c ([0, T )× Ω) and extend ζ by ζ(0, ·) on [−h, 0). Then

ˆ T

0

ˆ

Ω

∂tζ(t, x)ρi,h(t, x) dtdx =
N∑

k=0

ˆ tk

tk−1

ˆ

Ω

∂tζ(t, x)ρ
k
i,h(x) dtdx

=
N∑

k=0

ˆ

Ω

(ζ(tk, x)− ζ(tk−1, x))ρ
k
i,h(x) dx

=

N−1∑

k=0

ˆ

Ω

ζ(tk, x)(ρ
k
i,h(x)− ρk+1

i,h (x)) dx−
ˆ

Ω

ρi,0ζ(0, x) dx

=
N−1∑

k=0

ˆ

Ω

ζ(tk, x)(ρ̃
k+1
i,h (x)− ρk+1

i,h (x)) dx−
ˆ

Ω

ρi,0ζ(0, x) dx

−h
N−1∑

k=0

ˆ

Ω

fi(ρ
k
1,h(x), ρ

k
2,h(x))ζ(tk, x) dx,

and combining with (7.23) and (7.17) concludes the proof.

Corollary 7.10. There exists a constant C which does not depend on h such that

‖Pi(ρi,h)‖L2((0,T ),H1(Ω)) 6 C.

Proof. Since Pi is continuous and ρi,h satisfies (7.12), Pi(ρi,h) ∈ L2((0, T ) × Ω). Moreover, using
(7.16),

ˆ T

0

ˆ

Ω

|∇Pi(ρi,h)|2 = h

N−1∑

k=0

ˆ

Ω

|∇Pi(ρk+1
i,h )|2

=
1

h

N−1∑

k=0

ˆ

Ω

|y − T k+1
i,h |2(ρk+1

i,h )2 + h

N−1∑

k=0

ˆ

Ω

|∇Viρk+1
i,h |2

6 MT
1

h

N−1∑

k=0

W 2
2,mk+1

i

(ρk+1
i,h , ρ̃k+1

i,h ) + ‖Vi‖2L∞(Ω)M
2
T |Ω|T

6 C,

using (7.14).

7.1.4 Convergence

In this section, we prove weak and strong convergence for ρi,h.
First, since ρi,h is bounded in L∞((0, T ) × Ω)), up to a subsequence, ρi,h converges weakly ∗

in L∞((0, T ) × Ω)) to ρi. Unfortunately, this convergence is too weak to pass to the limit in the
nonlinear terms. We improve the convergence using an extension of the Aubin-Lions lemma given
by Rossi and Savaré in [107] (theorem 2).

Theorem 7.11 (th. 2 in [107]). On a Banach space X, let be given

• a normal coercive integrand G : X → R
+, i.e, G is l.s.c and its sublevels are relatively

compact in X,

• a pseudo-distance g : X ×X → [0,+∞], i.e, g is l.s.c and

[g(ρ, µ) = 0, ρ, µ ∈ X with G(ρ),G(µ) <∞] ⇒ ρ = µ.
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Let U be a set of measurable functions u : (0, T ) → X with a fixed T > 0. Under the hypotheses
that

sup
u∈U

ˆ T

0

G(u(t)) dt < +∞ and lim
hց0

sup
u∈U

ˆ T−h

0

g(u(t+ h), u(t)) dt = 0, (7.24)

U contains a subsequence (un)n∈N which converges in measure with respect to t ∈]0, T [ to a limit
u⋆ : ]0, T [→ X.

We apply this theorem in X = L1(Ω), U = {ρi,h | h 6
1

K(1+MT )}, where g is defined by

g(ρ, µ) := dBL∗(ρ, µ) if ρ, µ ∈ L1(Ω)

and Gi by

Gi(ρ) :=
{

Fi(ρ) + ‖Pi(ρ)‖H1(Ω) if ρ ∈ L1(Ω), Pi(ρ) ∈ H1(Ω) and Fi(ρ) ∈ L1(Ω),
+∞ otherwise.

Gi is l.s.c and its sublevels are relatively compact in L1(Ω) (see lemma 5.13 from chapter 5)
and U satisfies (7.24) because of corollary 7.10 and (7.8). Then theorem 7.11 implies that ρi,h
converges in measure with respect to t in L1(Ω) to ρi. Now since convergence in measure implies
a.e convergence up to a subsequence, we may also assume that ρi,h(t) converges strongly in L1(Ω)
to ρi(t) t-a.e. Then Lesbegue’s dominated convergence theorem imply that ρi,h converges strongly
in L1((0, T )× Ω) to ρi and Pi(ρi,h) converges strongly in L1((0, T )× Ω) to Pi(ρi).

Moreover, according to corollary 7.10, ∇Pi(ρi,h) is bounded in L2((0, T ) × Ω) which implies,
with the strong convergence of Pi(ρi,0) to Pi(ρi), that ∇Pi(ρi,h) converges weakly to ∇Pi(ρi) in
L2((0, T )× Ω).

Now we can prove theorem 7.3,

Proof of theorem 7.3. The goal is to pass to the limit in (7.17). The left hand side converges to

ˆ T

0

ˆ

Ω

ρi∂tζ,

because ρi,h converges weakly ∗ to ρi in L∞((0, T ) × Ω) and ∂tζ ∈ L1((0, T ) × Ω). For the same
reason, the potential term converges to

ˆ T

0

ˆ

Ω

∇Vi · ∇ζρi.

Using the definition of R[ζ] and (7.14), the remainder term goes to 0 when h goes to 0. Since
∇Pi(ρi,h) is bounded in L2((0, T )×Ω) and converges weakly to ∇Pi(ρi) in L2((0, T )×Ω), we have

h
N−1∑

k=0

ˆ

Ω

∇Pi(ρk+1
i,h ) · ∇ζ(tk, x) →

ˆ T

0

ˆ

Ω

∇Pi(ρi) · ∇ζ(t, x).

To conclude, since fi is bounded (using (7.7) and (7.12)) and continuous on [0,+∞)× [0,+∞),
by Lebesgue’s dominated convergence theorem, we get

h
N−1∑

k=0

ˆ

Ω

fi(ρ
k
1,h, ρ

k
2,h)ζ(tk, x) →

ˆ T

0

ˆ

Ω

fi(ρ1, ρ2)ζ.

7.1.5 More general cases

In this section, we give a non exhaustive list of possible extensions to theorem 7.1.
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General diffusion problems: As in [103], we can add a drift and impose a dependence in time
for the drift, the diffusion and a dependence in time and space for fi. In other words, we solve

{
∂tρ1 − a1(t)∆P1(ρ1)− div(ρ1∇V1(t, x)) = f1(t, x, ρ1, ρ2)
∂tρ2 − a2(t)∆P2(ρ2)− div(ρ2∇V2(t, x)) = f2(t, x, ρ1, ρ2).

(7.25)

Here the diffusion is given by F̃i(t, x) = ai(t)Fi(x) and P̃i(t, x) = ai(t)(xF
′
i (x) − Fi(x)) is the

pressure at time t associated to F̃i. Since the diffusion and the drift depend on time, Petrelli and
Tudorascu consider times averages for these quantity i.e

F̃ ki,h :=
1

h

ˆ h(k+1)

hk

ai(t) dtFi and V ki,h :=
1

h

ˆ h(k+1)

hk

Vi(t, ·) dt.

Then the functional Si := Fi + Vi that we want to minimize at each step becomes

Ski,h(ρ) :=
1

h

ˆ h(k+1)

hk

ˆ

Ω

(ai(t)Fi(ρ(x)) + Vi(t, x)ρ(x)) dxdt,

and the scheme (7.11) becomes
{

ρ̃k+1
i,h = ρki,h + fki,h(ρ

k
1,h, ρ

k
2,h),

ρk+1
i,h ∈ argminρ∈M

m
k+1
i

1
2hW

2
2,mk+1

i

(ρ, ρ̃k+1
i,h ) + Ski,h(ρ), (7.26)

where fki,h :=
´ h(k+1)

hk
fi(t, ·, ρk1,h, ρk2,h) dt.

To obtain estimates that we have with scheme (7.11), we need to assume uniform estimates on
Vi, Fi and fi as in [103]. We assume that for all T < +∞, there exists CT > 0 such that, for all
t, s 6 T ,

‖Vi(t, ·)‖L∞ + ‖∇Vi(t, ·)‖L∞ 6 CT and ‖∇Vi(t, ·)−∇Vi(s, ·)‖L∞ 6 CT |t− s|.

The diffusion terms Fi : [0,+∞) have to satisfy the same assumptions as before and ai is a
Lipschitz continuous function bounded from below by a positive constant i.e ai(t) > α > 0.

Now, we make the following assumptions on fi : R
+ ×Ω × [0,+∞) × [0,+∞) → R. There

exists K > 0 such that, for all t, x1, x2 ∈ [0,+∞) and x ∈ Ω,

fi(t, x, x1, x2) 6 K(1 + x1 + x2), (7.27)

f1(t, x, x1, x2) > −K(1 + x2)x1, f2(t, x, x1, x2) > −K(1 + x1)x2. (7.28)

Moreover, we assume that fi(t, x, ·, ·) is continuous on [0,+∞)×[0,+∞) and (fi(·, x, x1, x2))(x,x1,x2)

is equicontinuous on [0,+∞) with respect to (x, x1, x2).

There were two main steps in our previous proof. The first one is proposition 7.12 to obtain a
uniform bound on ρi,h. The proof can be extended to this framework and this is again a subcase
of what is done in lemma 2 in [103]. We remark that using this bound, we can obtain the same
type of estimate as in (7.14) and then (7.15) so we have time compactness for the sequence (ρi,h)h.
The second step is space compactness. Since ai is assumed to be bounded from below, we obtain
the same estimate as (7.10) and then we can apply Rossi, Savaré’s theorem 7.11 to retrieve strong
convergence.

Nonlocal drift: Another problem we can think of is when the motion of each species depends
of the others. In other words, we allow interactions in the drift,

{
∂tρ1 −∆P1(ρ1)− div(ρ1∇(V1[ρ1, ρ2])) = f1(t, x, ρ1, ρ2)
∂tρ2 −∆P2(ρ2)− div(ρ2∇(V2[ρ1, ρ2])) = f2(t, x, ρ1, ρ2).

(7.29)

This kind of system appears naturally in a variety of domains such as biology, population
dynamic, etc. Without mass creation, this problem has been study in [35, 73]. The proof of
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existence is based on a semi-implicit JKO scheme introduced by Di Francesco and Fagioli in [54]
to solve the same problem without diffusion. In our case we have to combine the splitting scheme
(7.11) and the semi-implicit JKO scheme. If h > 0 is a fixed time step, we construct (ρki,h)k and
(ρ̃ki,h)k by induction using

{
ρ̃k+1
i,h = ρki,h + hfi(ρ

k
1,h, ρ

k
2,h),

ρk+1
i,h ∈ argminρ∈M

m
k+1
i

1
2hW

2
2,mk+1

(ρ, ρ̃k+1
i,h ) + Fi(ρ) +

´

Ω
Vi[ρ̃

k
1,h, ρ̃

k
2,h]ρ.

(7.30)

Assume that Vi : L1(Ω;R+)2 → C1(Ω) is continuous and verifies, uniformly in ρ1, ρ2 ∈
L1(Ω;R+),

‖Vi[ρ1, ρ2]‖L∞(Ω) + ‖∇(Vi[ρ1, ρ2])‖L∞(Ω) 6 C(‖ρ1‖L1(Ω) + ‖ρ2‖L1(Ω)), (7.31)

and

‖∇(Vi[ρ1, ρ2])−∇(Vi[µ1, µ2])‖L∞(Ω) 6 C(‖ρ1 − µ1‖L1(Ω) + ‖ρ2 − µ2‖L1(Ω)). (7.32)

For example, drifts we have in mind are of the form

Vi[ρ1, ρ2] =Wi,1 ∗ ρ1 +Wi,2 ∗ ρ2,

where the kernels Wi,1 and Wi,2 are in W 1,∞(Ω).

Here, drifts are not supposed bounded so we can not apply directly proposition 7.6 but if we
assume that fi satisfy again (7.28) and (7.27) then

‖ρk+1
i,h ‖L1(Ω) = ‖ρ̃k+1

i,h ‖L1(Ω) 6 ‖ρki,h‖L1(Ω) + hK(1 + ‖ρk1,h‖L1(Ω) + ‖ρk2,h‖L1(Ω)).

Then if we sum on i, and note Ak = ‖ρk1,h‖L1(Ω) + ‖ρk2,h‖L1(Ω), we have

Ak+1 6 (1 + hK)Ak + hK,

which imply for all k, h such that hk 6 T ,

Ak 6 eKTA0 + eKT − 1.

Then ‖Vi[ρ̃k1,h, ρ̃k2,h]‖L∞(Ω) 6 RT and we can apply proposition 7.6. Moreover, estimate (7.14) is
rediscovered using the same argument than in [54] (proposition 4.1) or [73] (proposition 3.4), so
we have time-compactnes. And the rest of the proof does not change.

Unbounded domains: Under some assumptions on the reaction term, we can extend this
result to the whole space. Indeed, if we assume moreover that,

‖fi(x, ρ1, ρ2)‖L1 6 C(‖ρ1‖L∞ + ‖ρ1‖L1 + ‖ρ2‖L∞ + ‖ρ2‖L1), (7.33)

then we control the L1-norm of ρi during the step where the mass is updated and then we recover

dBL∗(ρ̃k+1
i,h , ρki,h) = O(h).

7.1.6 Uniqueness

In this section, we state an L1-contraction result under some restriction on the diffusion, the
reaction terms and assuming some regularity on solutions. The argument comes from [1, 103]. We
assume that Fi satisfies: there exists αi > 0 and βi ∈ (1, 3] such that

(Pi(x)− Pi(y)) · (x− y) > αi|x− y|βi . (7.34)

Moreover, we assume that fi is Lipschitz i.e

|fi(x1, x2)− fi(y1, y2)| 6 Lip(fi)(|x1 − y1|+ |x2 − y2|).

Then, we have
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Theorem 7.12. Assume fi satisfies (7.35) and Fi satisfies (7.34). Then under the assumption of
theorem 7.3, let (ρ1, ρ2) and (µ1, µ2) two solutions of problem (7.1) with initial conditions (ρ1,0, ρ2,0)
and (µ1,0, µ2,0). If ∂tρ1, ∂tρ2, ∂tµ1, ∂tµ2 ∈ L1((0, T )× Ω), then

‖ρ1(t)− µ1(t)‖L1(Ω) + ‖ρ2(t)− µ2(t)‖L1(Ω) 6 eβt
(
‖ρ1,0 − µ1,0‖L1(Ω) + ‖ρ2,0 − µ2,0‖L1(Ω)

)
,

where β := Lip(f1) + Lip(f2). In particular, if (ρ1,0, ρ2,0) = (µ1,0, µ2,0), we have uniqueness.

Proof. We note ΩT := (0, T )× Ω. For δ > 0, define

ζi,δ := φδ(Pi(ρi)− Pi(µi)),

where

φδ(z) :=





0 if z 6 0,
z
δ if 0 6 z 6 δ,
1 if z > δ.

Using ζi,δ, or a smooth approximation of ζi,δ in the equation satisfied by ρi and µi, we obtain

¨

ΩT

∂t(ρi − µi)ζi,δ

= −
¨

ΩT

((ρi − µi)∇Vi · ∇ζi,δ +∇(Pi(ρi)− Pi(µi)) · ∇ζi,δ − (fi(ρ1, ρ2)− fi(µ1, µ2))ζi,δ) dxdt.

We introduce now ΩδT := ΩT ∩{0 < Pi(ρi)−Pi(µi) < δ} and RδT := ΩT ∩{δ 6 Pi(ρi)−Pi(µi)}.
Then by definition of ζi,δ,

¨

ΩT

∂t(ρi − µi)ζi,δ = −1

δ

¨

Ωδ
T

(
(ρi − µi)∇Vi · ∇(Pi(ρi)− Pi(µi)) + |∇(Pi(ρi)− Pi(µi))|2

)
dxdt

+
1

δ

¨

Ωδ
T

(fi(ρ1, ρ2)− fi(µ1, µ2))(Pi(ρi)− Pi(µi)) dxdt

+

¨

Rδ
T

(fi(ρ1, ρ2)− fi(µ1, µ2)) dxdt.

Since solutions of (7.1) are bounded (proposition 7.12), ρ1, ρ2, µ1, µ2 6 MT , and fi satisfies
(7.7),

1

δ

¨

Ωδ
T

(fi(ρ1, ρ2)− fi(µ1, µ2))(Pi(ρi)− Pi(µi)) dxdt 6 2C(1 + 2MT )

¨

Ωδ
T

Pi(ρi)− Pi(µi)

δ

6 2C(1 + 2MT )|ΩδT | → 0,

when δ ց 0. Moreover,

¨

Rδ
T

(fi(ρ1, ρ2)− fi(µ1, µ2)) dxdt 6 Lip(fi)(‖ρ1 − µ1‖L1(ΩT ) + ‖ρ2 − µ2‖L1(ΩT )).

Now, it remains to pass to the limit in the first term in the right-hand side. We first remark,
using (7.34), that

αi|ρi − µi|βi−1
6

(Pi(ρi)− Pi(µi))(ρi − µi)

|ρi − µi|
6 |Pi(ρi)− Pi(µi)| 6 δ
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in ΩδT . Then, using Young’s inequelity,

1

δ

¨

Ωδ
T

(ρi − µi)∇Vi·∇(Pi(ρi)− Pi(µi))

6
1

2δ

¨

Ωδ
T

(‖∇Vi‖L∞(ρi − µi))
2
+

1

2δ
‖∇(Pi(ρi)− Pi(µi))‖2L2(Ωδ

T
)

6 C‖∇Vi‖2L∞δ2/(βi−1)−1|ΩδT |+
1

2δ
‖∇(Pi(ρi)− Pi(µi))‖2L2(Ωδ

T
).

This implies

−1

δ

¨

Ωδ
T

((ρi − µi)∇Vi· ∇(Pi(ρi)− Pi(µi)) + |∇(Pi(ρi)− Pi(µi))|2
)
dxdt

6 C‖∇Vi‖2L∞δ2/(βi−1)−1|ΩδT | −
1

2δ
‖∇(Pi(ρi)− Pi(µi))‖2L2(Ωδ

T
)

6 C‖∇Vi‖2L∞δ2/(βi−1)−1|ΩδT | → 0,

when δ goes to zero. Passing to the limit in δ and noticing that {Pi(ρi)−Pi(µi) > 0} = {ρi−µi > 0},
we obtain

¨

ΩT

∂t(ρi − µi)+ 6 Lip(fi)(‖ρ1 − µ1‖L1(ΩT ) + ‖ρ2 − µ2‖L1(ΩT )).

If we exchange the roles of ρi and µi and we sum inequalities obtained for i = 1 and i = 2, we
have
¨

ΩT

∂t(|ρ1 − µ1|+ |ρ2 − µ2|) 6 (Lip(f1) + Lip(f2))(‖ρ1 − µ1‖L1(ΩT ) + ‖ρ2 − µ2‖L1(ΩT )),

which concludes the proof using Gronwall’s lemma.

Remark 7.13. If Vi = 0, we can dispense from assumption (7.34) in theorem 7.12.

7.1.7 Simulations

In [70], Kinderlherer and Walkington present an numerical scheme to compute the solution of
general parabolic equation in dimension 1. In this section, we present an alternative method to
numerically solve system (7.1) based on the Benamou-Brenier formula, [11] and an augmented
Lagrangian method. We solve the JKO part using the augmented lagrangian algorithm introduced
in chapter 3 (see [17]) and the mass update step is easy because it is just a pointwise sum.

The first application is for the diffusive prey-predator model. We come back to the model of
three species runing after each other studied in chapter 4, figure 4.3 and we add a reaction term
corresponding to the prey-predator model (7.9).

Here we assume that ρi is the predator for ρi+1 and the prey of ρi−1, where ρ4 := ρ1 and
ρ0 := ρ3. Then, the reaction term for ρi is

fi(ρ1, ρ2, ρ3) = Aρi

(
1− ρi

K

)
− Bi−1ρiρi−1

1 + Eρi
+

Biρiρi+1

1 + Eρi+1
− Cρ2,

with B0 = B3. Figure 7.1 represents the evolution of this model with A = 15,K = 1, C = 5 and
Bi = 50 for all i ∈ {1, 2, 3}. Since the interactions are symetric, we observe that the behaviour
of the species are similar. Moreover, we can see starting from time 0.5, the quantities of mass
decreases since the species do not interact (see fourth row from figure 7.1). In figure 7.2, we impose
that one species, ρ3, is a better hunter than the others (B3 = 100) and ρ2 is a bad predator
compared to the others (B2 = 40). In addition, we impose B1 = 60. Since the coefficient B3 for ρ3
is largest one, we can notice that the quantity of mass of ρ3 increases and consequently the mas of
ρ1 decreases.
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Figure 7.1: Evolution of three species running after each other with linear diffusion and symetric
prey-predator interactions. First row: display of ρ1 with mass m1. Second row: display of ρ2 with
mass m2. Third row: display of ρ3 with mass m3. Fourth row: display of ρ1 + ρ2 + ρ3

Another model that we can study numerically is the tumor growth model with elliptic equation
for the nutrient, studied in [102]

{
∂tn−∆nm = nG(c),
−∆c+ αnc = 0,

where n represents the population density of cells and c the nutrients which are diffused in the
tumor. This system is endowed with no flux boundary condition for n and with Dirichlet boundary
condition for nutrients, c = 1 on the boundary. In this context the elliptic model for the nutrients
describes the fact that their diffusion is fast compared to the time scale of cell division.

This system is not covered by the previous theory (from section 7.1) but we can solve easily the
elliptic equation using Freefem++ and use the scheme where at each step, we update the mass by

ñk+1
h = nkh + hnkhG(c

k
h),

where ckh is the solution of
−∆c+ αnkhc = 0.

In figure 7.3, we compute the density of cells and nutrients with

m = 100, G(c) = 200(c− 0.3), α = 4.

We remark that we obtain similar results to [102]. When there are not enough nutrients to feed
the cells and then cells die in the middle of the tumor.
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m1 = 0.031, m1 = 0.054, m1 = 0.110, m1 = 0.145, m1 = 0.173, m1 = 0.181 m1 = 0.117
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m2 = 0.031, m2 = 0.053, m2 = 0.095, m2 = 0.169, m2 = 0.217, m2 = 0.200 m2 = 0.205
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Figure 7.2: Evolution of three species running after each other with linear diffusion and prey-
predator interactions. First row: display of ρ1 with mass m1. Second row: display of ρ2 with mass
m2. Third row: display of ρ3 with mass m3. Fourth row: display of ρ1 + ρ2 + ρ3
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Figure 7.3: Evolution of tumor growth with elliptic model for nutrient. Top row: display of ρ.
Bottom row: display of the density of nutrient n.

7.2 Wasserstein-Fisher-Rao splitting

In this section, we propose to solve parabolic equation of the form

∂tρ− div(ρ∇(F ′
1(ρ) + V1) = −ρ(F ′

2(ρ) + V2), ρt=0 = ρ0, (7.35)

in a bounded domain Ω ⊂ R
n with Neumann boundary condition. This is a work in preparation

in collaboration with Gallouët and Monsaingeon.
This section is organized as follow. In section 7.2.1, we recall some results on the Wasserstein-

Fischer-Rao metric. Section 7.2.2, we extend the result of [63] to solve (7.35) then we apply our
scheme to solve equations coming from tumor growth models in sections 7.2.3 and 7.2.4.
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7.2.1 The Wasserstein-Fischer-Rao metric

Recently, a new optimal transport distance was introduced on the space of positive Radon measures.
This distance was simultaneously introduced by three different teams, [43, 44, 71, 81, 80], and, here,
we call it the Wasserstein-Fischer-Rao metric. We refer to [43, 44, 71, 81, 80] for a more detailed
exposition. The advantage of this distance is that it allows mass variations, contrarily to the
Wasserstein metric.

Definition 7.14. The Wasserstein-Fisher-Rao distance between ρ0, ρ1 ∈ M+(Ω) is

WFR2(ρ0, ρ1) := inf
(ρ,v,r)∈AWFR[ρ0,ρ1]

ˆ 1

0

ˆ

Ω

(|vt(x)|2 + |rt|2) dρt(x)dt,

where the admissible set AWFR[ρ0, ρ1] is the set of curves t ∈ [0, 1] 7→ (ρt, vt, rt) ∈ R
+ ×R

n ×R

such that t 7→ ρt ∈ Cw([0, 1],M+) is weakly continuous, for the narrow convergence of measures,
with endpoints ρ|t=0 = ρ0, ρ|t=1 = ρ1 and the velocity and the reaction v, r ∈ L2((0, 1), L2(ρt))
solve the continuity equation with source

∂tρt + div(ρtvt) = ρtrt.

Comparing (7.14) with the Benamou-Brenier formula and the Fisher-Rao metric, this dynamic
formulation à la Benamou-Brenier [11] shows that the WFR distance can be viewed as an inf-
convolution of the Monge-Kantorovich and Fisher-Rao distances W2, FR. By the results of [43, 44,
80] the infimum in the definition is always a minimum, and the corresponding minimizing curves
t 7→ ρt are of course called geodesics. This distance is a metric in the space of positive Radon
measures and metrizes the narrow convergences of measures. Interestingly, there are other possible
formulations of the distance in terms of static unbalanced optimal transportation, primal-dual
characterizations with relaxed marginals, lifting to probability measures on a cone over Ω, and
duality with subsolutions of Hamilton-Jacobi equations. See also [80, 81] for a related version with
mass penalization.

As an immediate consequence of the definition 7.14 we have a first interplay between the
distances WFR,W2, FR (see [43, 44, 71, 81, 80]):

Proposition 7.15. Let ρ0, ρ1 ∈ M+
2 such that |ρ0| = |ρ1|. Then

WFR2(ρ0, ρ1) ≤W 2
2 (ρ0, ρ1).

Similarly for all µ0, µ1 ∈ M+ (with possibly different masses) there holds

WFR2(µ0, µ1) ≤ FR2(µ0, µ1).

Moreover, there exists the following link between the reaction and the velocity (see [43, 44, 71,
81, 80]).

Proposition 7.16 (Proposition 2.2 from [63]). The definition (7.14) of the WFR distance can be
restricted to the subclass of admissible paths (vt, rt) such that vt = ∇rt.

This connection suggests that we have no hope to treat general reaction-diffusion equation
using a WFR gradient flow. However, this difficulty can be overcome using the splitting scheme
introduced by Gallouët and Monsaingeon in [63] as we will see in the next section.

7.2.2 Existence result for general parabolic equations

In this section, we extend the method introduced in [63] to solve (7.35). We assume that F1 : R →
R is given by F1(x) = x log(x) (which gives a linear diffusion) or F1(x) =

1
m1−1x

m1 , with m1 > 1

(which gives porous media diffusion) and F2 : R → R is given by F2(x) =
1

m2−1x
m2 , with m2 > 1.

In addition, we assume that V1 ∈ W 1,∞(Ω) and V2 ∈ L∞(Ω). We denote E1, E2 : M+ → R the
energy given by

Ei(ρ) := Fi(ρ) + Vi(ρ),
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where

Fi(ρ) :=
{ ´

Ω
Fi(ρ) if ρ≪ L|Ω

+∞ otherwise,
and Vi(ρ) :=

ˆ

Ω

Viρ.

A weak solution of (7.35) is a curve ρ : t ∈ (0,+∞) 7→ ρ(t, ·) ∈ L1(Ω) ∩ L∞(Ω) such that
∇P1(ρ) ∈ L2([0, T ]× Ω), where P1(x) = xF ′

1(x)− F1(x), for all T < +∞, and
ˆ +∞

0

(
ˆ

Ω

(ρ∂tφ−∇V1 · ∇φρ−∇P1(ρ) · ∇φ− ρ(F ′
2(ρ) + V2)φ) dx

)
dt = −

ˆ

Ω

φ(0, x)ρ0(x) dx,

for every φ ∈ C∞
c ([0,+∞)× R

n).

In order to solve (7.35), we introduce the splitting scheme, which comes from [63], and which
consists in splitting one step of the usual minimizing movement method between one substep of
Wasserstein gradient flow and one substep of Fisher-Rao gradient flow. Let h > 0 be a time step,
we construct two sequences (ρkh)k and (ρ

k+1/2
h )k by induction such that ρ0h := ρ0 and for k > 0





ρ
k+1/2
h ∈ argminρ∈M+,|ρ|=|ρk

h
|
{

1
2hW

2
2 (ρ, ρ

k
h) + E1(ρ)

}
,

ρk+1
h ∈ argminρ∈M+

{
1
2hFR

2
2(ρ, ρ

k+1/2
h ) + E2(ρ)

}
.

(7.36)

This scheme is well-posed (see [63]) and we construct two piecewise-constant interpolating
curves

{
ρh(t) = ρk+1

h ,

ρ̃h(t) = ρ
k+1/2
h ,

for all t ∈ ((k − 1)h, kh]. (7.37)

Theorem 7.17. Assume ρ0 ∈ L∞(Ω) then ρh and ρ̃h strongly converge in L1((0, T ) × Ω) to ρ,
where ρ is one weak solution of (7.35).

We remark that the proof of uniqueness used in theorem 7.12 can be used to prove the uniqueness
of (7.35) if we assume that F1 satisfies (7.34).

The difficulty is that we do not have direct control on the total square distance. Indeed,

1

2h

(
W 2

2 (ρ
k
h, ρ

k+1/2
h ) + FR2(ρ

k+1/2
h , ρkh)

)
6 E1(ρkh)− E1(ρk+1/2

h ) + E2(ρk+1/2
h )− E2(ρk+1

h ),

therefore when we sum on k we do not recover a telescopic sum in the right hand side. We therefore
study the dissipation of E1 during the Fisher-Rao step driven by E2 and the dissipation of E2 during
the Wasserstein step driven by E1.

Optimality conditions and maximum principle

We start recalling that the optimality conditions for (7.36) are (see [63])

−∇ϕk+1/2
h

h
ρ
k+1/2
h = ∇P1(ρ

k+1/2
h ) +∇V1ρk+1/2

h a.e, (7.38)

where ϕk+1/2
h is an optimal Kantorovich potential for W2(ρ

k+1/2
h , ρkh), and

(√
ρk+1
h −

√
ρ
k+1/2
h

)√
ρk+1
h = −h

2
ρk+1
h

(
F ′
2(ρ

k+1
h ) + V2

)
a.e. (7.39)

Proposition 7.18. For all h 6 h0 <
1

‖V2‖∞

,

ρ
k+1/2
h (x) = 0 ⇒ ρk+1

h (x) = 0, (7.40)

and there exists C = C(h0, V2) > 0 independant of h, such that

ρk+1
h (x) 6 (1 + Ch)ρ

k+1/2
h (x) a.e. (7.41)
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Proof. Assume that ρk+1
h (x) > 0, otherwise the inequality is trivial. Then (7.39) implies

√
ρk+1
h (x)−

√
ρ
k+1/2
h (x) = −h

√
ρk+1
h (x)(F ′

2(ρ
k+1
h (x)) + V2(x))

6 −hV2(x)
√
ρk+1
h (x),

since F ′
2 > 0. We deduce √

ρk+1
h (x) 6

1

1− h‖V2‖∞

√
ρ
k+1/2
h (x),

and to conclude the proof of (7.41), we remark that

1

(1− h‖V2‖∞)2
6 1 + h

(
2‖V2‖∞ + ‖V2‖2∞
1− h0‖V2‖∞

)
= 1 + C(h0, V2)h.

Then (7.40) follows directly from (7.41).

Remark 7.19. We deduce directly from (7.41) that we have a mass control

∀t ∈ [0, T ], ‖ρh(t, ·)‖L1(Ω), ‖ρ̃h(t, ·)‖L1(Ω) 6 eCT ‖ρ0‖L1(Ω).

Now we can state a maximum principle.

Proposition 7.20. Let T > 0. There exists a constant MT such that for all t ∈ [0, T ],

‖ρh(t)‖∞, ‖ρ̃h(t)‖∞ 6MT .

Proof. The proof is the same as in [115, 103] or proposition 7.6 from section 7.1 because the step
of reaction gives an at most linear estimate by proposition 7.18.

We deduce from this proposition a bound from below for ρk+1
h ,

Corollary 7.21. For h small enough,

ρ
k+1/2
h (x) = 0 ⇔ ρk+1

h (x) = 0, (7.42)

and

(1− Ch)ρ
k+1/2
h (x) 6 ρk+1

h (x) 6 (1 + Ch)ρ
k+1/2
h (x) a.e. (7.43)

Proof. We have already proved ρ
k+1/2
h (x) = 0 ⇔ ρk+1

h (x) = 0 in proposition 7.18. We refer the
reader to proposition 5.1 from [63] for the inverse statement. The proof of (7.43) is the same as
proposition 7.18. Indeed, we assume that ρk+1

h (x) > 0 otherwise the inequality is trivial. Then
(7.39) gives

√
ρk+1
h (x)−

√
ρ
k+1/2
h (x)) = −h

√
ρk+1
h (x)(F ′

2(ρ
k+1
h (x)) + V2(x))

> −h(F ′
2(MT ) + ‖V2‖∞)

√
ρk+1
h (x).

Then the result is proved if h is chosen small enough.

Energy dissipation

In the Wasserstein minimization problem (first line of (7.36)), taking ρ = ρkh, we get

1

2h
W 2

2 (ρ
k+1/2
h , ρkh) 6 F1(ρ

k
h)−F1(ρ

k+1/2
h ) +

ˆ

Ω

V1(ρ
k
h − ρ

k+1/2
h ). (7.44)

Since V1 ∈W 1,∞(Ω) using standard methods from [54, 73], we obtain

1

4h
W 2

2 (ρ
k+1/2
h , ρkh) 6 F1(ρ

k
h)−F1(ρ

k+1/2
h ) + Ch. (7.45)

Here the difficulty is that we do not recover a telescopic sum on the internal energy. The next
proposition gives a control on the dissipation of F1 during the Fisher-Rao step.
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Proposition 7.22. There exists a constant C > 0, such that for all k > 0,

F1(ρ
k+1
h ) 6 F1(ρ

k+1/2
h ) + Ch. (7.46)

Proof. The first case: F1(x) =
1

m1−1x
m1 , with m1 > 1. Since F1 is increasing and using (7.41), we

obtain

F1(ρ
k+1
h )−F1(ρ

k+1/2
h ) 6

1

m1 − 1

ˆ

Ω

((1 + Ch)m1 − 1)(ρ
k+1/2
h )m1

6 Ch|Ω|Mm1

T .

Now if F1(x) = x log(x), we have

F1(ρ
k+1
h ) =

ˆ

{ρk+1

h
6e−1}

ρk+1
h log(ρn+1

h ) +

ˆ

{ρk+1

h
>e−1}

ρk+1
h log(ρk+1

h ).

Since F1 is increasing on {x > e−1} and using (7.41), the second term in the right hand side
becomes

ˆ

{ρk+1

h
>e−1}

ρk+1
h log(ρk+1

h ) 6

ˆ

{ρk+1

h
>e−1}

(1 + Ch)ρ
k+1/2
h log((1 + Ch)ρ

k+1/2
h )

6

ˆ

{ρk+1

h
>e−1}

ρ
k+1/2
h log(ρ

k+1/2
h )

+ Ch

ˆ

{ρk+1

h
>e−1}

ρ
k+1/2
h log(ρ

k+1/2
h )

+ (1 + Ch)

ˆ

{ρk+1

h
>e−1}

ρ
k+1/2
h log(1 + Ch)

6

ˆ

{ρk+1

h
>e−1}

ρ
k+1/2
h log(ρ

k+1/2
h ) + Ch,

because ρk+1/2
h 6MT and log(1 +Ch) 6 Ch. Using the same method with the bound from below

(7.43), we obtain
ˆ

{ρk+1

h
6e−1}

ρk+1
h log(ρk+1

h ) 6

ˆ

{ρk+1

h
6e−1}

ρ
k+1/2
h log(ρ

k+1/2
h ) + Ch.

Then combining these inequalities, we get
ˆ

Ω

ρk+1
h log(ρk+1

h ) 6

ˆ

Ω

ρ
k+1/2
h log(ρ

k+1/2
h ) + Ch.

Remark 7.23. If F1(x) =
1

m1−1x
m1 , then the dissipation (7.46) is still true on R

n. Indeed, since

ρ
k+1/2
h is bounded in L∞(Ω)∩L1(Ω), the Lm1-norm is bounded. Then theorem 7.17 is still true on

R
n. However, if F1(x) = x log(x), we need to have a control on the second moment to bound the

negative part.

Now it is easy to deduce from (7.45) and proposition 7.46 that

N−1∑

k=0

1

2h
W 2

2 (ρ
k+1/2
h , ρkh) 6 F1(ρ0)−F1(ρ

N
h ) + CT, (7.47)

where N = ⌊Th ⌋.
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Now, taking ρ = ρ
k+1/2
h in the second problem in (7.36), we obtain

1

2h
FR2

2(ρ
k+1
h , ρ

k+1/2
h ) 6 F2(ρ

k+1/2
h )−F2(ρ

k+1
h ) +

ˆ

Ω

V2(ρ
k+1/2
h − ρk+1

h ). (7.48)

Using (7.43) and V2 ∈ L∞(Ω), and arguing as in proposition 7.22

ˆ

Ω

V2(ρ
k+1/2
h − ρk+1

h ) 6 ‖V2‖∞Ch, (7.49)

F2(ρ
k+1/2
h )−F2(ρ

k+1
h ) 6 Ch. (7.50)

The proof of the second estimate is the same than the one of the first part of proposition 7.46 and
is still true on R

n. Combining (7.48), (7.49) and (7.50), we immediately deduce that

N−1∑

k=0

1

2h
FR2

2(ρ
k+1/2
h , ρkh) 6 CT, (7.51)

where N = ⌊Th ⌋.

Proposition 7.24. There exists a constant C > 0 such that for all h small enough and k > 0 such
that kh 6 T ,

F1(ρ
k
h),F1(ρ

k+1/2
h ) 6 F1(ρ0) + CT, (7.52)

F2(ρ
k
h),F2(ρ

k+1/2
h ) 6 F2(ρ0) + CT, (7.53)

N−1∑

k=0

WFR2(ρkh, ρ
k+1
h ) 6 h(F1(ρ0) + C(1 + T )). (7.54)

Proof. Proofs of (7.52) and (7.53) are trivial and to prove (7.54) we just remark that (see [63] or
proposition 7.15)

WFR2(ρkh, ρ
k+1
h ) 6 2(FR2

2(ρ
k+1/2
h , ρkh) +W 2

2 (ρ
k+1/2
h , ρkh)),

and use (7.47) and (7.51).

Estimates and convergences

As in [63], we recover the classical 1
2 -Hölder estimate, using (7.54), for all T > t, s > 0,

WFR(ρh(t), ρh(s)) 6 C|t− s+ h|1/2 and WFR(ρ̃h(t), ρ̃h(s)) 6 C|t− s+ h|1/2, (7.55)

and

WFR(ρh(t), ρ̃h(t)) 6 FR(ρh(t), ρ̃h(t)) 6 C
√
h. (7.56)

Then proposition 4.1 from [63] gives that for all T > 0, ρh and ρ̃h converge (up to a subsequence)
to a WFR-continous curve ρ ∈ C1/2([0, T ],M+

WFR) and

sup
t∈[0,T ]

(WFR(ρh(t), ρ(t)) +WFR(ρ̃h(t), ρ(t))) → 0.

Proposition 7.25. For all T > 0, ρh and ρ̃h satisfies

‖P1(ρ̃h)‖L2([0,T ];H1(Ω)) 6 C(1 + T ), (7.57)

Proof. The proof is a consequence of (7.38), (7.47) and proposition 7.20.
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Then using an extention of Aubin-Lions lemma due to Rossi and Savaré in [107] with (7.54)
and (7.57), we obtain that ρ̃h strongly converges to ρ in L1([0, T ]× Ω) (see [73]). Then

‖ρh − ρ‖L1((0,T )×Ω) 6 ‖ρh − ρ̃h‖L1((0,T )×Ω) + ‖ρ̃h − ρ‖L1((0,T )×Ω).

The second term in the right hand side converges to 0 when h tends to 0 by strong convergence in
L1 of ρ̃h and using (7.43), we have

‖ρh − ρ̃h‖L1((0,T )×Ω) 6 Ch,

which implies that ρh strongly converges to ρ in L1([0, T ]×Ω). Moreover, since P1(ρ̃h) is bounded
in L2((0, T ), H1(Ω)), P1(ρ) ∈ L2((0, T ), H1(Ω)).

Then the proof of theorem 7.17 is complete arguing as in [63].

Remark 7.26. Theorem 7.17 can be extend to all F2 ∈ C1([0,+∞)) such that F ′
2 > C, with C ∈ R.

7.2.3 Application to Hele-Shaw equation

In this section we are interested in the equation




∂tρ− div(ρ∇p) = ρ(1− p),
p > 0, p(1− ρ) = 0, ρ 6 1,
ρ|t=0 = ρ0.

(7.58)

on Ω a open convex subset of R
n. This equation is motivated by tumor growth models, see for

example [101, 102]. At least formally, we remark that (7.58) is the Wasserstein-Fisher-Rao gradient
flow for the singular functional

ρ 7→ F∞(ρ)−
ˆ

Ω

ρ,

with,

F∞(ρ) :=

{
0 if ρ 6 1 a.e,
+∞ otherwise.

However, the splitting approach introduced in the previous section does not work in this cas.
Indeed, the scheme would be





ρ
k+1/2
h ∈ argminρ61, |ρ|=|ρk

h
|

1
2hW

2
2 (ρ, ρ

k
h,m)−

´

Ω
ρ,

ρk+1
h ∈ argminρ61

{
1
2hFR

2
2(ρ, ρ

k+1/2
h )−

´

Ω
ρ
}
.

The Wasserstein step conserves the mass so we can drop the mass penalization. As ρkh is smaller
or equal than 1, then the Wasserstein projection step (we minimise the Wasserstein distance on
the convex set of densities less than 1) returns always ρkh and so we do not have any diffusion effect
contrarly to (7.58). Denote by Fm, the functional defined by

Fm(ρ) :=

{ ´
Ω

ρm

m−1 if ρm ∈ L1(Ω),

+∞ otherwise.

Since Fm Γ-converges to F∞, see [20], we approximate F∞ by Fm.

Given a time step h > 0, we construct by induction two sequences, (ρk+1/2
h,m )n and (ρkh,m)k, with

ρ0h,m = ρ0 and for all k > 0,





ρ
k+1/2
h ∈ argmin|ρ|=|ρk

h
|

{
1
2hW

2
2 (ρ, ρ

k
h,m) + Fm(ρ)

}
,

ρk+1
h ∈ argminρ∈M+

{
1
2hFR

2
2(ρ, ρ

k+1/2
h ) + Fm(ρ)−

´

Ω
ρ
}
.

(7.59)
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We define pk+1/2
h,m and pk+1

h,m by

p
k+1/2
h,m :=

m

m− 1
(ρ
k+1/2
h,m )m−1 and pk+1

h,m :=
m

m− 1
(ρk+1
h,m)m−1.

Then we denote ρh,m, ρ̃h,m, ph,m and p̃h,m the piesewise constant interpolations of ρk+1
h,m , ρ

k+1/2
h,m , p

k+1/2
h,m

and pk+1
h,m respectively.

Theorem 7.27. Assume ρ0 ∈ BV (Ω) and ρ0 6 1, then ρh,m and ρ̃h,m strongly converge to ρ∞ in
L1((0, T ) × Ω) when h ց 0 and m ր +∞. Moreover, if mh → 0, then ph,m and p̃h,m converge
weakly to p∞ respectively in L2((0, T ), H1(Ω)) and L2((0, T )× Ω) where (ρ∞, p∞) is a solution of
(7.58).

Estimates and convergences

In this section, we improve some previous estimates from section 7.2.2. The next lemma gives an
explicit L∞-norm.

Lemma 7.28. Assume that ρ0 6 1, then for all t ∈ R
+,

‖ρh,m(t, ·)‖∞, ‖ρ̃h,m(t, ·)‖∞ 6 1.

Proof. Assume that ‖ρkh,m‖∞ 6 1, the maximum principle proved by Otto in [97] implies that

‖ρk+1/2
h,m ‖∞ 6 1. Now, by contradiction, we assume that E := {ρk+1

h,m > 1} has positive Lebesgue
measure. The optimality condition in the Fisher-Rao minimisation, (7.39), gives

√
ρk+1
h,m −

√
ρ
k+1/2
h,m =

h

2

√
ρk+1
h,m

(
1− m

m− 1
(ρk+1
h,m)m−1

)
.

On E, 1 − m
m−1 (ρ

k+1
h,m)m−1 < 0 then ρk+1

h,m < ρ
k+1/2
h,m 6 1 which is absurd. Since ‖ρ0‖∞ 6 1, the

lemma is proved by induction.

Moreover, proposition 7.18 gives, with V2 = −1, that ρk+1
h,m 6 (1 + h)ρ

k+1/2
h,m . We deduce that

for all t,
‖ρh,m(t, ·)‖L1(Ω), ‖ρ̃h,m(t, ·)‖L1(Ω) 6 eT ‖ρ0‖L1(Ω).

Indeed, the Wasserstein part conserves the mass and the Fischer-Rao part is controlled by
ˆ

Ω

ρk+1
h,m 6 (1 + h)

ˆ

Ω

ρ
k+1/2
h,m = (1 + h)

ˆ

Ω

ρkh,m.

By induction,
ˆ

Ω

ρk+1
h,m 6 (1 + h)k

ˆ

Ω

ρ0,

which gives the result.
Then testing (7.59) with ρ = ρkh,m and ρ = ρ

k+1/2
h,m , we obtain, as in [63],

1

2h

(
W 2

2 (ρ
k
h,m, ρ

k+1/2
h,m ) + FR2(ρ

k+1/2
h,m , ρk+1

h,m)
)

6 Fm(ρkh,m)−Fm(ρk+1
h,m) +

ˆ

Ω

(ρ
k+1/2
h,m − ρk+1

h,m).

which implies, using ρk+1
h,m 6 (1 + h)ρ

k+1/2
h,m and the L1-bound on ρk+1/2

h,m ,

1

2h

(
W 2

2 (ρ
k
h,m, ρ

k+1/2
h,m ) + FR2(ρ

k+1/2
h,m , ρk+1

h,m)
)

6 Fm(ρkh,m)−Fm(ρk+1
h,m) + Ch.

Summing over k from 0 to N := ⌊T/h⌋ and using proposition 7.15, we get

N−1∑

k=0

WFR2(ρkh,m, ρ
k+1
h,m) 6 h(Fm(ρ0)−Fm(ρNh,m) + CT ),
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with C a constant independant of m and h. In addition, Fm is nonegative and

Fm(ρ0) 6
1

m− 1

ˆ

Ω

ρ0 6 C,

with C independant of m because ρ0 6 1 and in L1(Ω).
Consequently, we obtain the classical 1

2 -Hölder estimate, for all t, s 6 T ,
{
WFR(ρh,m(t, ·), ρh,m(s, ·)) 6 C|t− s+ h|1/2,
WFR(ρ̃h,m(t, ·), ρ̃h,m(s, ·)) 6 C|t− s+ h|1/2. (7.60)

Lemma 7.29. If ρ0 ∈ BV (Ω),

sup
t∈[0,T ]

{
‖ρh,m(t, ·)‖BV (Ω), ‖ρ̃h,m(t, ·)‖BV (Ω)

}
6 eT ‖ρ0‖BV (Ω).

Proof. The argument follows the lines of proposition 5.1 from [63]. First we remark that using
theorem 1.1 from [52], the BV -norm is nonincreasing during the Wasserstein step,

‖ρk+1/2
h,m ‖BV (Ω) 6 ‖ρkh,m‖BV (Ω).

Now we prove that ρk+1
h,m = R(ρ

k+1/2
h,m ) with R a (1 + h)-Lispchitz function, using the implicit

function theorem. This will prove that

‖ρk+1
h,m‖BV (Ω) 6 (1 + h)‖ρk+1/2

h,m ‖BV (Ω),

see [3], and conclude the proof. We already know from (7.43) that ρk+1/2
h,m and ρk+1

h,m have the same

support. In this support and from (7.39) ρk+1
h,m(x) is solution of

f(ρ, ρ
k+1/2
h,m (x)) = 0 with f(ρ, µ) =

√
ρ

(
1− h

2

(
1− m

m− 1
ρm−1

))
−√

µ.

For µ > 0, the implicit function theorem gives the existence of a C1 map, R, such that the solution,
ρ, of f(ρ, µ) = 0 is given by ρ = R(µ). Moreover,

dR(µ)

dµ
= −∂µf

∂ρf |ρ=R(µ)

=

1
2
√
µ

1
2
√
ρ

(
1− h

2

(
1− m

m−1ρ
m−1

))
+ h

2m
√
ρρm−2

6
ρ

µ
6 1 + h,

Extending R by continuity R(0) = 0, we proved as required that ρk+1
h,m = R(ρ

k+1/2
h,m ) with R a

Lipschitz function with Lipschitz constant 1 + h.

Then Rossi-Savaré theorem [107], using the 1
2 -Hölder estimates (7.60), gives that ρh,m and

ρ̃h,m converges strongly in L1((0, T ) × Ω) to ρ∞. Moreover, since ρh,m and ρ̃h,m are bounded in
L1 ∩ L∞((0, T ) × Ω) and by definition of ph,m and p̃h,m, we obtain that ph,m and p̃h,m converge
weakly in Lq((0, T )×Ω), for every q ∈ [1,+∞], to p∞ and p̃∞. Now we have to show that p∞ = p̃∞.

We start by recalling that ρk+1
h,m 6 (1+ h)ρ

k+1/2
h,m and ρk+1

h,m , ρ̃
k+1
h,m ∈ L1(Ω; [0, 1]). Then, for all t, and

k = ⌊t/h⌋,

ˆ

Ω

|pm,h(t, ·)− p̃m,h(t, ·)| =

ˆ

Ω

m

m− 1
|ρm−1
h,m (t, ·)− ρ̃m−1

h,m (t, ·)|

=

ˆ

Ω

m

m− 1
|(ρk+1

h,m)m−1 − (ρ
k+1/2
h,m )m−1|

6 m

ˆ

Ω

|ρk+1
h,m − ρ

k+1/2
h |

6 m

(
ˆ

Ω

ρ
k+1/2
h,m

)
h = Chm −→ 0,
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since hm→ 0 by assumption. In the next lemma, we improve the convergence of p̃h,m in order to
pass to the limit in the diffusion term.

Lemma 7.30. There exists a constant C, independantof h and m, such that

‖p̃h,m‖L2((0,T ),H1(Ω)) 6 C.

Consequently, up to a subsequence, p̃h,m converges weakly in L2((0, T ), H1(Ω)) to p∞.

Proof. The proof is based on the flow interchange argument developped by Matthes, McCann and
Savaré in [86] and recalled in chapter 4. Let η be the solution of

{
∂tη = ∆ηm−1 + ε∆η,

η(0) = ρ
n+1/2
h .

It is well known, [4], that η is the Wasserstein gradient flow of

G(ρ) :=
ˆ

Ω

ρm−1

m− 2
+ ε

ˆ

Ω

ρ log(ρ).

Since G is geodesically convex, η satisfies the evolution variational inequality (EVI)

1

2

d+

dt |t=s
W 2

2 (η(s), ρ) 6 G(ρ)− G(η(s)),

for all s > 0 and for all ρ ∈ Pac(Ω), where

d+

dt
f(t) := lim sup

s→0+

f(t+ s)− f(t)

s
.

Using the minimization scheme (7.59), we obtain that

1

2

d+

dt |t=s
W 2

2 (η(s), ρ
k
h,m) > −hd

+

dt |t=s
Fm(η(s)).

Since η is smooth, the following calculations are allowed for all s > 0,

∂sFm(η(s)) =

ˆ

Ω

m

m− 1
η(s)m−1(∆η(s)m−1 + ε∆η(s))

= −
ˆ

Ω

m

m− 1
|∇η(s)m−1|2 − ε

ˆ

Ω

mη(s)m−2|∇η(s)|2

6 −
ˆ

Ω

m

m− 1
|∇η(s)m−1|2.

By an easy lower semi-continuity argument, we obtain that

ˆ

Ω

m− 1

m
|∇pk+1/2

h,m |2 =

ˆ

Ω

m

m− 1
|∇(ρ

k+1/2
h,m )m−1|2 6 lim inf

sց0

d+

dt |t=s
Fm(η(s)).

Then we have

h

ˆ

Ω

m− 1

m
|∇pk+1/2

h,m |2 6 Fm−1(ρ
k
h,m)−Fm−1(ρ

k+1/2
h,m )

+ ε

(
ˆ

Ω

ρkh,m log(ρkh,m)−
ˆ

Ω

ρ
k+1/2
h,m log(ρ

k+1/2
h,m )

)
.

Arguing as in proposition 7.46, we have

Fm−1(ρ
k+1
h,m) 6 Fm−1(ρ

k+1/2
h,m ) + Ch,
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with C independant of h and m. Moreover, one step of JKO scheme controls the second moment,
the entropy is bounded and then we can pass to the limit in εց 0:

h

ˆ

Ω

m− 1

m
|∇pk+1/2

h,m |2 6 Fm−1(ρ
k
h,m)−Fm−1(ρ

k+1
h,m) + Ch.

Summing over k gives

ˆ T

0

ˆ

Ω

|∇p̃h,m(t, x)|2 dxdt 6 2Fm−1(ρ0) + CT,

for all T < +∞. And since Fm−1(ρ0) 6 ‖ρ0‖L1(Ω), the result is proved.

Properties of p∞ and conclusion

In the next lemma, we show that p∞ satisfies conditions in (7.58).

Lemma 7.31. The weak limit of p̃h,m, p∞, satisfies

p∞ > 0, p∞ 6 1 and p∞(1− ρ∞) = 0 a.e.,

where ρ∞ is the limit of ρh,m and ρ̃h,m.

Proof. It is obvious that p∞ > 0. Lemma 7.28 with ph,m = m
m−1ρ

m−1
h,m 6

m
m−1 gives that ρ∞ 6 1

and p∞ 6 1 a.e. Now we notice that for (t, x) ∈ (0, T ) × Ω, if ρ∞(t, x) < 1 then ρm−1
h,m (t, x) → 0,

otherwise ρh,m(t, x) → 1. In both cases,

ph,m(t, x)(1− ρh,m(t, x)) =
m

m− 1
ρm−1
h,m (t, x)(1− ρh,m(t, x)) → 0.

Since ph,m(1 − ρh,m) is bounded in L∞((0, T ) × Ω) and converges a.e to 0, using Lebesgue’s
dominated convergence Theorem, we obtain for all ϕ ∈ C∞

c ((0, T )× Ω),

ˆ T

0

ˆ

Ω

ph,m(1− ρh,m)ϕ→ 0.

In addition, since ρh,m strongly converges to ρ∞ in L1((0, T ) × Ω) and ph,m is bounded in
Lq((0, T )× Ω), for all q ∈ [1,+∞], and then converges weakly to p∞ in Lq((0, T )× Ω) we deduce
that

ˆ

Ω

ph,m(1− ρh,m)ϕ→
ˆ

Ω

p∞(1− ρ∞)ϕ,

which proves the lemma.

The end of the proof of theorem 7.27 is as in [63]. We write the Euler-Lagrange equations of
(7.59) and since ρh,m, ρ̃h,m converge strongly in Lq((0, T )×Ω), for all q ∈ [1,+∞), and ph,m,∇p̃h,m
converge weakly in L2((0, T )× Ω) the result is proved.

Numerical simulation

Since the scheme (7.59) is constructive, we can do numerical simulations. We use the algorithm
presented in 3 (or [17]) to solve the Wasserstein step and the Fisher-Rao step is a convex pointwise
minimization problem: for all x ∈ Ω,

ρk+1
h,m(x) = argmin

ρ∈R+

4

∣∣∣∣
√
ρ−

√
ρ
k+1/2
h,m (x)

∣∣∣∣
2

+ 2h

(
ρm

m− 1
− 1

)
.

In figure 7.4, we see the evolution of the approximative solution ρh,m for m = 100 and with a
time step h = 0.005. We remark that the tumor starts to saturate the constraint in its support
and then grows.
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Figure 7.4: Shape of approximative solution ρh,m of equation (7.58) with m = 100, h = 0.005.

7.2.4 Model of tumor growth with nutrient

Now, we want to apply this method to study models of tumor growth with nutriments, see [101],





∂tρ− div(ρ∇p) = ρ ((1− p)(c+ c1)− c2) ,
∂tc−∆c = −ρc,
p > 0, p(1− ρ) = 0, ρ 6 1,
ρ|t=0 = ρ0, c|t=0 = c0,

(7.61)

on Ω a convex bounded subset of Rn and where c1 and c2 are two positive constants. This system
is endowed with Neumann boundary conditions.

We introduce a semi-implicit splitting scheme to solve this problem. We construct four se-
quences ρk+1/2

h,m , ρkh,m, c
k+1/2
h,m and ckh,m such that for all k > 0,





ρ
k+1/2
h,m ∈ argminρ∈M+,|ρ|=|ρk

h,m
|

{
1
2hW

2
2 (ρ, ρ

k
h,m) + Fm(ρ)

}
,

c
k+1/2
h,m ∈ argminc∈M+,|c|=|ck

h,m
|

{
1
2hW

2
2 (c, c

k
h,m) + E(ρ)

}
,

(7.62)

and




ρk+1
h,m ∈ argminρ∈M+

{
1
2hFR

2(ρ, ρ
k+1/2
h ) + E1(ρ|ck+1/2

h,m )
}
,

ck+1
h,m ∈ argminc∈M+

{
1
2hFR

2(c, c
k+1/2
h,m ) + E2(c|ρk+1/2

h,m )
}
,

(7.63)

where E , E1 and E2 are defined as follow,

E(ρ) =
ˆ

Ω

ρ log(ρ),

E1(ρ|c) :=
ˆ

Ω

(
c
k+1/2
h,m + c1

) ρm

m− 1
+

ˆ

Ω

(c2 − c
k+1/2
h,m − c1)ρ,

and

E2(c|ρ) :=
ˆ

Ω

ρc.

These sequences are well-defined and we define pk+1/2
h,m and pk+1

h,m by pk+1/2
h,m := m

m−1 (ρ
k+1/2
h,m )m−1

and pk+1
h,m := m

m−1 (ρ
k+1
h,m)m−1. Then we denote ρh,m, ρ̃h,m, ph,m, p̃h,m, ch,m and c̃h,m and the piece-

wise constant interpolations of ρk+1
h,m , ρ

k+1/2
h,m , pk+1

h,m , p
k+1/2
h,m , ck+1

h,m and ck+1/2
h,m respectively.

Theorem 7.32. Assume ρ0 ∈ BV (Ω) with ρ0 6 1 and c0 ∈ L∞(Ω). Then ρh,m and ρ̃h,m strongly
converge to ρ∞ in L1((0, T ) × Ω) and ch,m and c̃h,m strongly converge to c∞ in L1((0, T ) × Ω)
when h ց 0 and m ր +∞. Moreover, if mh → 0, then ph,m and p̃h,m converge weakly to p∞
respectively in L2((0, T ), H1(Ω)) and L2((0, T )× Ω) where (ρ∞, p∞, c∞) is the solution of (7.61).
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Estimates and convergences

We start by recalling the optimality conditions for the scheme (7.62)-(7.63). The Euler-Lagrange

equations satisfy by ρk+1
h,m and ρk+1/2

h,m are





ρ
k+1/2
h,m ∇pk+1/2

h,m = ∇ϕ
h ρ

k+1/2
h,m ,√

ρk+1
h,m −

√
ρ
k+1/2
h,m = h

2

√
ρk+1
h,m

(
(1− pk+1

h,m)(c
k+1/2
h,m + c1)− c2

)
,

(7.64)

where ϕ is a Kantorovich potential for W2(ρ
k+1/2
h,m , ρkh,m) and





∇ck+1/2
h,m = ∇ψ

h c
k+1/2
h,m ,√

ck+1
h,m −

√
c
k+1/2
h,m = −h

2

√
ck+1
h,mρ

k+1/2
h,m ,

(7.65)

with ψ a Kantorovich potential for W2(c
k+1/2
h,m , ckh,m).

Using the optimality conditions for Fischer-Rao steps, we obtain directly the following estimate
on the L∞ bound.

Lemma 7.33. For all k > 0,

‖ck+1
h,m‖L∞(Ω) 6 ‖ck+1/2

h,m ‖L∞(Ω) 6 ‖ckh,m‖L∞(Ω).

In particular, for all t ∈ R
+,

‖ch,m(t, ·)‖L∞(Ω), ‖c̃h,m(t, ·)‖L∞(Ω) 6 ‖c0‖L∞(Ω).

Moreover,

‖ρh,m(t, ·)‖∞, ‖ρ̃h,m(t, ·)‖∞ 6 1.

Consequently,

ρk+1
h,m 6 (1 + Ch)ρ

k+1/2
h,m .

Proof. The proof of estimates on ch,m and c̃h,m is obvious because one step of Wasserstein gradient

flow with the Entropy decreases the L∞-norm (see [98, 1]) and since the product
√
ck+1
h,mρ

k+1/2
h,m is

nonnegative, the L∞-norm also decreases during the Fischer-Rao step. Moreover the proof for
ρh,m(t, ·) and ρ̃h,m(t, ·) is the same as in lemma 7.28. Now, using the fact that Φ(pk+1

h,m , c
k+1/2
h,m ) :=

(1 − pk+1
h,m)(c

k+1/2
h,m + c1) − c2 is bounded uniformly in k and arguing as in proposition 7.18, we

conclude the proof.

With these bounds it is easy to prove that

Fm(ρk+1
h,m) 6 Fm(ρ

k+1/2
h,m ) + Ch,

E1(ρk+1/2
h,m |ck+1/2

h,m )− E1(ρk+1
h,m |ck+1/2

h,m ) 6 Ch,

E(ck+1
h,m) 6 E(ck+1/2

h,m ) + Ch,

E2(ck+1/2
h,m |ρk+1/2

h,m )− E2(ck+1
h,m |ρk+1/2

h,m ) 6 Ch,

see proposition 7.46. One readily checks that C does not depend on m. Then we obtain the usual
Hölder estimates which imply that ρh,m and ρ̃h,m converge to ρ∞ in L∞([0, T ], L1(Ω)) and ch,m
and c̃h,m converge to c∞ in L∞([0, T ], L1(Ω)). Now we need to improve the convergence of these
sequences. For ρh,m and ρ̃h,m, this follows from

sup
t∈[0,T ]

{
‖ρh,m(t, ·)‖BV (Ω), ‖ρ̃h,m(t, ·)‖BV (Ω)

}
6 eCT ‖ρ0‖BV (Ω).
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The proof is the same as in lemma 7.29. Then the Rossi-Savaré theorem, [107], gives that ρh,m and
ρ̃h,m converges strongly in L1((0, T )×Ω) to ρ∞. Now using the Euler-Lagrange equation satisfied

by c
k+1/2
h,m , we obtain that c̃h,m is bounded in L2((0, T ), H1(Ω)). Using again the Rossi-Savaré

theorem, [107], we find that c̃h,m converges strongly in L1((0, T ) × Ω) to c∞. Now, since ρ1/2h,m is

bounded in L∞(Ω), for ck+1
h,m > (1− h)c

k+1/2
h,m (see the general case (7.43)) which implies that ch,m

converges strongly in L1((0, T )× Ω) to c∞.
To conclude the proof we have to charaterize the limits of pk+1

h,m and p̃k+1
h,m . This can be done

arguing as in the previous section. Moreover, all the nonlinear terms such as ρ̃h,mch,m and
ρh,mΦ(ph,m, c̃h,m), with Φ(p, c) = (1− p)(c+ c1)− c2 converge weakly to ρ∞c∞ and ρ∞Φ(p∞, c∞)
because ρh,m, ρ̃h,m, ch,m and c̃h,m converge strongly and ph,m converge weakly.
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Chapter 8

Systems of PDEs coupled with

multi-marginal problems

Recently, Kinderlehrer, Monsaingeon and Xu proposed in [69] a gradient flow approach to solve
the Poisson-Nernst-Planck system





∂tρ− α∆ρm − div(ρ∇(U + ϕ)) = 0,
∂tµ− β∆µm − div(µ∇(V − ϕ)) = 0,
−∆ϕ = ρ− µ.

This system is used to model ionic transport of sereval interacting species, for example. Inspired
by this work we are interested by a "nonlinear" version where species ρ and µ are coupled with
the Monge-Ampère equation instead of the Poisson equation,





∂tρ− α∆ρm − div(ρ∇U)− div(ρ∇ϕ) = 0,
∂tµ− β∆µm − div(µ∇V )− div(µ∇ϕc) = 0,
det(I −D2ϕ)µ(Id−∇ϕ) = ρ,

(8.1)

where ϕc is the c-transform of ϕ, ϕc(x) = supy |x − y|2 − ϕ(y) and |x|2 − ϕ is convex. This kind
of systems can arise in urban planning. In a series of work [25, 26, 36, 31, 32, 109, 108, 111] (list
non-exhaustive), a static model of urban planning was proposed. A simplified model consists in
considering an urban area region Ω where residents and services given by two probability densities
on Ω, ρ1 and ρ2, want to minimize a quantity, E(ρ1, ρ2), to reach an ideal organization in the city.
The total cost has to take into account a transportation cost between residential areas and service
areas, a congestion effect for residential areas because the population does not want to live in
very crowded area and on the contrary services want to be more concentrated in order to increase
efficiency and decrease management costs. Particularly, the cost functional E can be taken as

E(ρ1, ρ2) =Wc(ρ1, ρ2) + F(ρ1) + G(ρ2), (8.2)

where Wc is the value of an optimal transport problem with the cost c. The cost c can have several
interpretations. For example, people working in services area want to be close to it in order to
decrease car travel. F is an internal energy given by a convex superlinear function F ,

F(ρ) :=

{ ´
Ω
F (ρ(x)) dx if F(ρ) ∈ L1(Ω),

+∞ otherwise.

Since F is superlinear and convex, F can be rewritten as

F(ρ) =

ˆ

Ω

F (ρ)

ρ
ρ,

with ρ 7→ F (ρ)
ρ is a increasing function which can be seen as the unhapiness of a citizen when he

lives in a place where the population density is ρ.

137
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And finally, G is on the form

G(ρ) =
¨

Ω×Ω

h(|x− y|) dρ(x)dρ(y)

with h an increasing function modeling interactions between different services.
Since a city is always in evolution, it seems very natural to look for the gradient flow of E in

the product of Wasserstein spaces. In the case where c is the quadratic cost, formaly we find to
a system of the form (8.2) and ϕ is a Kantorovich potential of W2(ρ1, ρ2) which implies that is
satisfies the Monge-Ampère equation

det(I −D2ϕ)µ(Id−∇ϕ) = ρ.

In this chapter, we propose to investigate a generalization of problem (8.1). We extend to
several species and it is very natural to assume that the cost is different for different populations.
For example, workers have to pay for gas to go to work but firms do not. We will use the semi-
implicit JKO scheme introduced in [54] to deal with these different costs. We remark that in (8.2),
the interaction between densities is only in the transport term and we will see at the end possible
extensions in the case of two sectors in the city.

The organization of the chapter is the following. In section 8.1.2, we explain our problem and
state our main result. Sections 8.2, 8.3 and 8.4 are devoted to the demonstration of the existence
of solutions for our evolution problem. The proof is based on a semi-implicit JKO scheme and
on Rossi-Savaré theorem to obtain strong regularity. Using displacement convexity argument, we
prove a uniqueness result for some class of functionals in section 8.5. In the final section 8.6.2, we
propose some extensions and describe some open problems.

8.1 Preliminaries and main result

8.1.1 Multi-marginal transportation

In this part, we recall some results from the multi-marginal transport theory that we will used in
the sequel. We refer to [100, 56] for a complete survey on this subject. The usual transport optimal
can be extend to several marginals ρ1, . . . , ρl ∈ P(Ω), where Ω is a open bounded domain of Rn.
Let c be a cost function from Ωl to R, we define the multi-marginal transport problem Wc by

Wc(ρ1, . . . , ρl) := inf

{
ˆ

Ωl

c(x1, . . . , xl) dγ(x1, . . . , xl) : γ ∈ Π(ρ1, . . . , ρl)

}
.

The existence of an optimal transport plan is the same as in the usual optimal transport

case. Then, as in the classical 2-marginal case, if we assume that c is continuous on Ω
l
, the dual

formulation holds

Wc(ρ1, . . . , ρl) = sup

{
l∑

i=1

ˆ

Ω

ui(xi) dρi(xi) :
l∑

i=1

ui(xi) 6 c(x1, . . . , xl)

}
.

We called Kantorovich potential any (u1, . . . , ul) optimal for the dual formulation. Any Kan-
torovich potentials u1, . . . , ul are c-conjugate function i.e

ui(xi) = inf



c(x1, ·, xl)−

l∑

j=1,j 6=i
uj(xj), xj ∈ Ω



 , for all i = 1, . . . , l.

For any γ optimal transport plan and (u1, . . . , ul) Kantorovich potential, we get

l∑

i=1

ui(xi) = c(x1, . . . , xl) γ − a.e.

Moreover, if we assume that ρi is absolutely continuous with respect to the Lebesgue measure and
c is differentiable in the i-th variable, then ui are Lipschitz functions and

∇ui(xi) = ∇xi
c(x1, . . . , xl) γ − a.e.
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8.1.2 Assumptions and main result

Let Ω be an open bounded subset of Rn and l ∈ N
∗. For all i ∈ [[1, l]], we define a cost function

ci : Rnl → R continuous on Ω
l
and differentiable with respect to xi such that ∇xi

ci is continuous

on Ω
l
and bounded on Ω

l
.

The multi-marginal interaction energy Wi : P(Ω)l → R is defined by

Wi(ρ1, . . . , ρl) := inf

{
ˆ

Ωl

ci(x1, . . . , xl) dγ(x1, . . . , xl) : γ ∈ Π(ρ1, . . . , ρl)

}
,

where Π(ρ1, . . . , ρl) :=
{
γ ∈ Pac(Ωl) : πi#γ = ρi

}
and πi denotes the canonical projection from

Ωl to Ω.

For all i, let Fi : R+ → R be a strictly convex superlinear function which satisfies

Fi(0) = 0, and Pi(x) 6 C(1 + Fi(x)). (8.3)

where Pi(x) := xF ′
i (x)− Fi(x) is the pressure associated to Fi.

The goal of this paper is to solve the following nonlinear diffusion system with nonlocal inter-
actions:

∂tρi = ∆Pi(ρi) + div(ρi∇ui), ρi|t=0 = ρi,0 (8.4)

on (0,+∞)×Ω, for all i ∈ [[1, l]] where ui is an optimal Kantorovich potential of Wi(ρ1, . . . , ρl), so
that

∇ui(xi) = ∇xi
ci(x1, . . . , xl) λi − a.e.

with λi solving Wi(ρ1, . . . , ρl). Since Ω is a bounded subset of Rn, (8.4) is equipped with natural
Neumann boundary condition on ∂Ω i.e

(∇Pi(ρi) +∇uiρi) · ν = 0 on ∂Ω,

where ν is the outward normal to ∂Ω.

A weak solution of (8.4) is a curve t ∈ (0,+∞) 7→ (ρ1(t), . . . , ρl(t)) ∈ Pac(Ω)l such that
∇Pi(ρi) ∈ Mn((0, T )× Ω), for all T < +∞, and

ˆ +∞

0

(
ˆ

Ω

∂tΦρi dx−
ˆ

Ω

∇Φ · d∇Pi(ρi)−
ˆ

Ωl

∇xi
ci(x1, . . . , xl) · ∇Φ(xi) dλi(x1, . . . , xl)

)
dt

= −
ˆ

Ω

Φ(0, x)ρi,0(x) dx,

for every Φ ∈ C∞
c ([0,+∞)× R

n) and where λi is an optimal transport plan of Wi(ρ1, . . . , ρl).

Since any Kantorovich potential ui of Wi(ρ1, . . . , ρl) satisfies

∇ui(xi) = ∇xi
ci(x1, . . . , xl) λi − a.e,

we remark that
ˆ

Ωl

∇xi
ci(x1, . . . , xl) · ∇Φ(xi) dλi(x1, . . . , xl) =

ˆ

Ω

∇ui(xi) · ·∇Φ(xi) dρi(xi).

Since the left-hand side is linear contrarily to the right-hand side, it is easier to pass to the limit
in λ than in ∇uiρi. That is why we choose this definition for the weak solution of (8.4).

Theorem 8.1. If ρi,0 ∈ Pac(Ω) satisfy

Fi(ρi,0) < +∞, with Fi(ρ) :=
{ ´

Ω
Fi(ρ(x)) dx if ρ≪ Ln,

+∞ otherwise.
(8.5)

Then (8.4) admits at least one weak solution.
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8.2 Semi-implicit JKO scheme

In this section we introduce our semi-implicit JKO scheme and we find the usual estimates.
Let h > 0 be a time step, we construct l sequences with the following iterative discrete scheme: for
all i ∈ [[1, l]], ρ0i,h = ρi,0 and for all k > 0, ρk+1

i,h minimizes

Ei,h(ρ|ρkh) :=W 2
2 (ρ, ρ

k
i,h) + 2h

(
Fi(ρ) +Wk

i (ρ)
)
,

on ρ ∈ Pac(Ω), with Wk
i (ρ) := Wi(ρ

k
1,h, . . . , ρ

k
i−1,h, ρ, ρ

k
i+1,h, . . . , ρ

k
l,h) and ρkh := (ρk1,h, . . . , ρ

k
l,h).

These sequences are well defined (the proof is the same as in the usual JKO scheme because of
the regularity of ci). Now we define the piecewise constant interpolations by, ρi,h(0) = ρi,0 and for
all t > 0,

ρi,h(t) := ρk+1
i,h if t ∈ (hk, h(k + 1)]. (8.6)

In the next proposition, we state usual estimates from JKO scheme.

Proposition 8.2. For all T > 0. There exists C > 0 such that, for all h, k, with hk < T , N = ⌈Th ⌉,
for i ∈ [[1, l]], we have

Fi(ρki,h) 6 C, (8.7)
∑N−1
k=0 W

2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 Ch. (8.8)

Proof. We start to prove (8.8). Since ρk+1
i,h is optimal in the minimization problem and ρki,h is a

competitor, we have

W 2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 2h

(
Fi(ρki,h)−Fi(ρk+1

i,h ) +Wk
i (ρ

k
i,h)−Wk

i (ρ
k+1
i,h )

)
. (8.9)

Let γ the W2-optimal transport plan between ρk+1
i,h and ρki,h and T the W2-optimal transport

map associated to γ i.e γ = (I × T )#ρ
k+1
i,h . Let λ ∈ Π

(
ρk1,h, . . . , ρ

k
i−1,h, ρ

k+1
i,h , ρki+1,h, . . . , ρ

k
l,h

)

optimal for Wi. We introduce λT defined by
ˆ

Ωl

ϕ(x1, . . . , xl) dλT (x1, . . . , xl) :=

ˆ

Ωl

ϕ(x1, . . . , T (xi), . . . , xl) dλ(x1, . . . , xl).

By definition, λT ∈ Π
(
ρk1,h, . . . , ρ

k
i−1,h, ρ

k
i,h, ρ

k
i+1,h, . . . , ρ

k
l,h

)
. Then,

Wk
i (ρ

k
i,h)−Wk

i (ρ
k+1
i,h ) 6

ˆ

Ωl

[ci(x1, . . . , T (xi), . . . , xl)− ci(x1, . . . , xl)] dλ(x1, . . . , xl)

6 ‖∇xi
ci‖L∞

ˆ

Ωl

|T (xi)− xi| dλ(x1, . . . , xl)

6 CW2(ρ
k+1
i,h , ρki,h),

because of the assumption on ∇xi
ci and Cauchy-Schwarz inequality. Then using this inequality in

(8.9) and Young’s inequality, we find

1

2
W 2

2 (ρ
k
i,h, ρ

k+1
i,h ) 6 2h

(
Fi(ρki,h)−Fi(ρk+1

i,h ) + Ch
)
.

Summing over k, we find

N−1∑

k=0

W 2
2 (ρ

k
i,h, ρ

k+1
i,h ) 6 4h

(
N−1∑

k=0

(Fi(ρki,h)−Fi(ρk+1
i,h )) + C2T

)

6 4h
(
Fi(ρi,0)−Fi(ρNi,h) + C2T

)
. (8.10)

Since Ω is bounded, Fi is bounded from below and using the assumption (8.5), we conclude (8.8).
The estimate (8.7) is obvious using (8.10).
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8.3 Discrete system and stronger estimates

The goal of this section is to find the discrete system solved by the piecewise constant interpolations
(8.6) and then we will deduce estimates on the BV-norm of the pressure.

Let λk+1
i,h an optimal transport map for Wi

(
ρk1,h, . . . , ρ

k
i−1,h, ρ

k+1
i,h , ρki+1,h, . . . , ρ

k
l,h

)
and uk+1

i,h is

a Kantorovich potentiel so we have

∇uk+1
i,h (xi) = ∇xi

ci(x1, . . . , xl) λk+1
i,h − a.e. (8.11)

Proposition 8.3. For all i ∈ [[1, l]] and for all k > 0, we have

h
(
∇uk+1

i,h ρk+1
i,h +∇Pi(ρk+1

i,h )
)
= −∇ϕk+1

i,h ρk+1
i,h a.e, (8.12)

where ϕk+1
i,h is the (unique) Kantorovich potential from ρk+1

i,h to ρki,h for W2.

Proof. The proof is similar to chapter 4, proposition 4.18 or section 7 from [73]. We start by
taking the first vartiation in the semi-implicit JKO scheme. Let ξ ∈ C∞

c (Ω;Rn) be given and Φτ
the corresponding flow defined by

∂τΦτ = ξ ◦ Φτ , Φ0 = Id.

We define the pertubation ρτ of ρk+1
i,h by ρτ := Φτ#ρ

k+1
i,h . Then we get

1

τ

(
Ei,h(ρτ |ρkh)− Ei,h(ρk+1

i,h |ρkh)
)
> 0. (8.13)

By standard computations, we have

lim sup
τց0

1

τ
(W 2

2 (ρτ , ρ
k
i,h)−W 2

2 (ρ
k+1
i,h , ρki,h)) 6

ˆ

Ω×Ω

(x− y) · ξ(x) dγk+1
i,h (x, y), (8.14)

with γk+1
i,h is an W2-optimal transport plan in Γ(ρk+1

i,h , ρki,h) and γk+1
i,h = (Id × T k+1

i,h )#ρ
k+1
i,h with

T k+1
i,h = Id−∇ϕk+1

i,h . Moreover, using (8.3), (8.7) and Lebesgue’s dominated convergence theorem,
we obtains

lim sup
τց0

1

τ
(Fi(ρτ )−Fi(ρk+1

i,h )) 6 −
ˆ

Ω

Pi(ρ
k+1
i,h (x)) div(ξ(x)) dx. (8.15)

Finally,

lim sup
τց0

1

τ
(W k

i (ρτ )−W k
i (ρ

k+1
i,h )) 6

ˆ

Ωl

∇xi
ci(x1, . . . , xl) · ξ(xi) dλk+1

i,h (x1, . . . , xl), (8.16)

If we combine (8.11), (8.13), (8.14), (8.15) and (8.16), and replacing ξ by −ξ, we find, for all
ξ ∈ C∞

c (Ω;Rn),
ˆ

Ω

∇ϕk+1
i,h · ξρk+1

i,h − h

ˆ

Ω

Pi(ρ
k+1
i,h ) div(ξ) + h

ˆ

Ω

∇uk+1
i,h · ξρk+1

i,h = 0, (8.17)

Now we claim that Pi(ρ
k+1
i,h ) ∈ W 1,1(Ω). Indeed, since Pi is controled by Fi, (8.7) gives

Pi(ρ
k+1
i,h ) ∈ L1(Ω). Moreover, using (8.17), we obtain

∣∣∣∣
ˆ

Ω

Pi(ρ
k+1
i,h ) div(ξ)

∣∣∣∣ 6
[
ˆ

Ω

|∇ϕki,h(y)|
h

ρk+1
i,h + ‖∇xi

ci‖L∞

]
‖ξ‖L∞(Ω) 6

[
W2(ρ

k
i,h, ρ

k+1
i,h )

h
+ C

]
‖ξ‖L∞(Ω).

By duality, this implies Pi(ρ
k+1
i,h ) ∈ BV (Ω) and ∇Pi(ρk+1

i,h ) =

(
−∇uk+1

i,h ρk+1
i,h − ∇ϕk+1

i,h

h ρk+1
i,h

)
in

Mn(Ω). In fact, Pi(ρ
k+1
i,h ) is in W 1,1(Ω) because ∇uk+1

i,h ρk+1
i,h +

∇ϕk
i,h

h ρk+1
i,h ∈ L1(Ω) and then we

proved (8.12).
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The following proposition shows that (ρ1,h, . . . , ρl,h) is solution of a discrete approximation of
system (8.4).

Proposition 8.4. Let h > 0, for all T > 0, let N such that Nh = T and for all φ ∈ C∞
c ([0, T )×Ω),

then

ˆ T

0

ˆ

Ω

ρi,h(t, x)∂tφ(t, x) dxdt = h

N−1∑

k=0

ˆ

Ω

∇Pi(ρk+1
i,h (x)) · ∇φ(tk, x) dx

+ h
N−1∑

k=0

ˆ

Ωl

∇xi
ci(x1, . . . , xl) · ∇φ(tk, xi) dλk+1

i,h (x1, . . . , xl)

+
N−1∑

k=0

ˆ

Ω×Ω

R[φ(tk, ·)](x, y)dγk+1
i,h (x, y)

−
ˆ

Ω

ρi,0(x)φ(0, x) dx,

with, for all φ ∈ C∞
c ([0, T )× R

n),

|R[φ](x, y)| 6 1

2
‖D2φ‖L∞([0,T )×Ω)|x− y|2,

γk+1
i,h is an optimal transport plan in Γ(ρki,h, ρ

k+1
i,h ).

Proof. This is a consequence of (8.12) (see chapter 4 proposition 4.18 or [73] section 7).

Now we will obtain a stronger estimate to pass to the limit in the nonlinear diffusion.

Proposition 8.5. For all T > 0, we have

‖Pi(ρi,h)‖L1((0,T );W 1,1(Ω)) 6 CT. (8.18)

Proof. If we integrate (8.12), we obtain

h

ˆ

Ω

|∇Pi(ρk+1
i,h )| 6W2(ρ

k
i,h, ρ

k+1
i,h ) + Ch,

Then we sum from k = 0 to N − 1 and thanks to (8.8), we have

ˆ T

0

ˆ

Ω

|∇Pi(ρi,h)| 6 CT.

We conclude thanks to (8.3) and (8.7).

8.4 Convergences and proof of main theorem

8.4.1 Weak and strong convergences

As usual, thanks to (8.8) and a rafined version of Arzelà-Ascoli theorem (see [4]), ρi,h converges to
ρi in L∞([0, T ];Pac(Ω)), for all T > 0.

Unfortunately, we need a strong convergence in order to pass to the limit in the nonlinear
diffusion term. To do that we will apply an extension of Aubin-Lions lemma proved by Rossi and
Savaré (theorem 2 from [107]). We start to introduce Gi : L1(Ω) → (−∞,+∞] defined by

Gi(ρ) :=
{

Fi(ρ) + ‖Pi(ρ)‖BV (Ω) if ρ ∈ Pac(Ω), Fi(ρ) ∈ L1(Ω) and Pi(ρ) ∈ BV (Ω),
+∞ otherwise.

Gi is l.s.c and its sublevels are relatively compact in L1(Ω). The l.s.c comes from the l.s.c
of the BV-norm. Now we have to show that its sublevels are relativly compact in L1(Ω). Let
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Ac :=
{
ρ ∈ L1(Ω) : Gi(ρ) 6 c

}
. Let (ρk)k be a sequence in Ac then Pi(ρk) is bounded in BV (Ω)

thus Pi(ρk) converges to f in L1(Ω), because the injection of BV (Ω) into L1(Ω) is compact. Since
Pi is continuous, one to one and its inverse is continuous, ρk converges to ρ := P−1

i (f) a.e. More-
over, since Gi(ρk) 6 c and Fi is superlinear, using Vitali’s convergence theorem, we obtain that ρk
converges to ρ strongly in L1(Ω).

Assumptions in the Rossi-Savaré theorem are satisfied because of (8.8), (8.7) and (8.18) then
we can apply this theorem in L1(Ω) and we find that, using a diagonal argument, up to a subse-
quence, for all i, ρi,h converges in measure with respect to t in L1(Ω) to ρi. Now since convergence
in measure implies a.e convergence up to a subsequence, we may also assume that ρi,h(t) converges
strongly in L1(Ω) to ρi(t) t-a.e. Then Lesbegue’s dominated convergence theorem implies that ρi,h
converges strongly in L1((0, T )× Ω) to ρi.

Now we want to prove that Pi(ρi,h) converges strongly to Pi(ρi) in L1((0, T ) × Ω). First, we
know that Pi(ρi,h) is uniformly bounded in L∞((0, T ), L1(Ω)), using (8.3), and thanks to (8.18),
we have that Pi(ρi,h) is uniformly bounded in L1((0, T ),W 1,1(Ω)). Then the Sobolev embedding
gives that Pi(ρi,h) is uniformly bounded in L∞((0, T ), L1(Ω)) ∩ L1((0, T ), Ln/n−1(Ω)). We recall
now the lemma giving the uniform integrability of Pi(ρi,h) established in chapter 5 (lemma 5.14):

Lemma 8.6. Let p > 1, q := 2p−1
p and f ∈ L∞((0, T ), L1(Ω)) ∩ L1((0, T ), Lp(Ω)) then f ∈

Lq((0, T )× Ω) and we have

‖f‖qLq((0,T )×Ω) 6 ‖f‖q−1
L∞

t (L1
x)
‖f‖L1

t (L
p
x).

Then, using lemma 8.6, Pi(ρi,h) is uniformly bounded in L(n+1)/n((0, T ) × Ω). This implies
that Pi(ρi,h) is uniformly integrable and Vitali’s convergence theorem gives that Pi(ρi,h) converges
strongly to Pi(ρi) in L1((0, T )× Ω).

Then we can conclude that ∇Pi(ρi,h) converges to ∇Pi(ρi) in Mn((0, T )× Ω).

8.4.2 Convergence of Wi-optimal transport plans

Before treating the convergence to the interaction term, we introduce several notations. We note

λk+1
i,h an optimal transport plan for Wi

(
ρk1,h, . . . , ρ

k
i−1,h, ρ

k+1
i,h , ρki+1,h, . . . , ρ

k
l,h

)
. Then we define the

interpolation λi,h by
λi,h(t) := λki,h if t ∈ (h(k − 1), hk].

We introduce the notation ρ̌ki,h := ρk1,h ⊗ · · · ⊗ ρki−1,h ⊗ ρki+1,h ⊗ · · · ⊗ ρkl,h and we define the
shifted interpolation

ρ̌i,h(t) := ρ̌ki,h if t ∈ (hk, h(k + 1)] and ρ̌i,h(0) := ρ̌i,0 if t = 0.

It is clear that ρ̌i,h narrowly converges to ρ̌i := ρ1⊗· · ·⊗ρi−1, ρi+1⊗· · ·⊗ρl in L∞([0, T ],Pac(Ωl−1)).

To simplify notations, we assume that λi,h(t) ∈ Π
(
ρi,h(t), ρ̌i,h(t)

)
and if we identify λi,h and

T−1λi,h, we can assume that λi,h ∈ P([0, T ]×Ω×Ωl−1). λi,h is tight in P([0, T ]×Ω×Ωl−1) then
narrowly converges to λi in P([0, T ]× Ω× Ωl−1).

Moreover, if we note π1,2, π1,3 the projections from [0, T ]×Ω×Ωl−1 to [0, T ]×Ω and [0, T ]×Ωl−1,
with π1,2(t, x, y) = (t, x) and π1,3(t, x, y) = (t, y), and π1(t, x, y) = t, then we have π1,2

# λi,h =

ρi,h(t)dt, π
1,3
# λi,h = ρ̌i,h(t)dt and π1

#λi,h = T−1L|[0,T ]. If we pass to the limit, since ρi,h(t)dt and

ρ̌i,h(t)dt narrowly converge to ρi(t)dt and ρ̌i(t)dt, then we have π1,2
# λi = ρi(t)dt, π

1,3
# λi = ρ̌i(t)dt

and π1
#λi = T−1L|[0,T ].

Now, using lemma 5.3.2 of [4], we obtain that the disintegration of λi with respect to T−1L|[0,T ],
λi(t), belongs to Π(ρi(t), ρ̌i(t)), t-a.e in [0, T ].

It remains to prove that λi(t) is optimal for Wi (ρ1(t), . . . , ρl(t)). We start to establish an
approximation result for the optimal transport plan between ρi(t) and ρ̌i(t).
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Lemma 8.7. Let λi(t) an optimal transport plan for Wi (ρ1(t), . . . , ρl(t)). There exists a sequence
of transport plans λi,h(t) ∈ Π(ρi,h(t), ρ̌i,h(t)) such that

sup
t∈[0,T ]

W1(λi(t), λi,h(t)) → 0.

Proof. The proof follows the lines of the one of lemma 6.2 in [6]. Let γi(t) ∈ Π(ρi(t), ρi,h(t)) the
optimal transport plan for W2 and let γ̌i(t) ∈ Π(ρ̌i(t), ρ̌i,h(t)) the optimal transport plan for W2.
Let us disintegrate γi(t) and γ̌i(t) as γi(t) = ρi(t)⊗γxi (t) and γ̌i(t) = ρ̌i(t)⊗ γ̌

y
i (t). Now we define

λi,h(t) by

λi,h(t) =

ˆ

Ω×Ω

γxi (t)⊗ γ̌
y
i (t)λi(t, dx, dy).

By construction, λi,h(t) ∈ Π(ρi,h(t), ρ̌i,h(t)). Then we introduce π a transport plan between λi(t)

and λi,h(t) defined by for all ϕ ∈ C(Ω4),

ˆ

Ω4

ϕ(x, y, x′, y′) dπ(x, y, x′, y′) =

ˆ

Ω2

(
ˆ

Ω2

ϕ(x, y, x′, y′) γxi (t, dx
′)γ̌yi (t, dy

′)

)
λi(t, dx, dy).

Since π ∈ Π(λi(t), λi,h(t)) we have

W1(λi(t), λi,h(t)) 6

ˆ

Ω4

(|x− x′|+ |y − y′|) dπ(x, y, x′, y′)

6

ˆ

Ω2

|x− x′|γxi (t, dx′)ρi(t, dx) +
ˆ

Ω2

|y − y′|γ̌yi (t, dy′)ρ̌i(t, dy)

6

ˆ

Ω2

|x− x′|γi(t, dx, dx′) +
ˆ

Ω2

|y − y′|γ̌i(t, dy, dy′)

6 W2(ρi,h(t), ρi(t)) +W2(ρ̌i,h(t), ρ̌i(t)).

Now, using the fact that ρi,h and ρ̌i,h converge in L∞([0, T ],Pac(Ω)) and in L∞([0, T ],Pac(Ωl−1))
to ρi and ρ̌i respectively, we have the result.

In the next proposition, we use the previous lemma to show that λi(t) is optimal for Wi (ρ1(t), . . . , ρl(t))
t-a.e in [0, T ].

Proposition 8.8. For almost every t ∈ [0, T ], λi(t) is optimal for Wi (ρ1(t), . . . , ρl(t)).

Proof. Let λi(t) an optimal transport plan for Wi (ρ1(t), . . . , ρl(t)). First of all, we define λi,h(t)
as in lemma 8.7. Since λi,h is optimal for Wi(ρi,h, ρ̌i,h) and λi,h(t) ∈ Π(ρi,h, ρ̌i,h), we have

ˆ

Ω×Ωl−1

ci(x, y)λi,h(t, dx, dy) >

ˆ

Ω×Ωl−1

ci(x, y)λi,h(t, dx, dy).

So for all nonnegative function ϕ ∈ C∞([0, T ]) we get

ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi,h(t, dx, dy)ϕ(t) dt >

ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi,h(t, dx, dy)ϕ(t) dt.

Since Ω is bounded and according to lemma 8.7,

ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi,h(t, dx, dy)ϕ(t) dt→
ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi(t, dx, dy)ϕ(t) dt.

In addition, since λi,h narrowly converges to λi in P([0, T ]× Ω× Ωl−1), we have

ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi,h(t, dx, dy)ϕ(t) dt→
ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi(t, dx, dy)ϕ(t) dt.
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And then
ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi(t, dx, dy)ϕ(t) dt >

ˆ T

0

ˆ

Ω×Ωl−1

ci(x, y)λi(t, dx, dy)ϕ(t) dt.

The inequality holds for all nonnegative function ϕ ∈ C∞([0, T ]), then we obtain for almost every
t ∈ [0, T ]

Wi (ρ1(t), . . . , ρl(t)) >

ˆ

Ω×Ωl−1

ci(x, y)λi(t, dx, dy),

and the proof is concluded.

8.4.3 Proof of theorem 8.1

In this section, we have to take the limit in the system of proposition 8.4. The linear term (with
time derivative) and the diffusion term converge to the desired result because ρi,h converges to ρi
strongly in L1(]0, T [×Ω) and ∇Pi(ρi,h) converges to ∇Pi(ρi) in Mn([0, T ] × Ω). The remainder
term goes to 0 when h goes to 0 because of (8.8). So we just have to check the convergence of
multi-marginal interaction term. But, since λi,h converges to λi in P([0, T ]× Ωl), we have

h
N−1∑

k=0

ˆ

Ω

∇xi
ci(x1, . . . , xl)·∇φ(tk, xi) dλk+1

i,h (x, y) →
ˆ T

0

ˆ

Ω

∇xi
ci(x1, . . . , xl)·∇φ(t, xi) dλi(t, x, y)dt.

Moreover, λi(t) is an optimal transport plan for Wi(ρ1, . . . , ρl) then for any Kantorovich potential
ui,

∇ui(xi) = ∇xi
ci(x1, . . . , xl) λi(t)− a.e,

which concludes the proof.

8.5 Uniqueness

We will give an uniqueness result based on a displacement convexity argument and some examples
of problem where this condition is satisfied. In the following, Ω is assumed convex.

8.5.1 Displacement convexity in product Wasserstein space

In this section, we will establish several cases where the multi-marginal energy is geodesically
convex in the product Wasserstein space.

Definition 8.9. Let λ ∈ R. A functional W : P(Ω)l → (−∞,+∞] is said λ-geodesically convex
in P(Ω)l if for every i ∈ [[1, l]] and for every couple (µ0

i , µ
1
i ) ∈ P(Ω)2

W(µt1, . . . , µ
t
l) 6 (1− t)W(µ0

1, . . . , µ
0
l ) + tW(µ1

1, . . . , µ
1
l )−

λ

2
t(1− t)W 2

2 ((µ
0
1, . . . , µ

0
l ), (µ

1
1, . . . , µ

1
l )),

where µti is a constant speed geodesic between µ0
i and µ1

i and W2 is the product distance on P(Ω)l.

We say that F : [0,+∞) → R satisfy McCann’s condition if

x ∈ (0,+∞) 7→ xnF (x−n) is convex nonincreasing. (8.19)

McCann showed in [93] that if F satisfy (8.19), then F , defined by

F(ρ) :=

{ ´
Ω
F (ρ) if F (ρ) ∈ L1(Ω),

+∞ otherwise,

is geodesically convex (λ = 0).

Now we will find some examples of multi-marginal energy which are λ-geodesically convex.
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A general classe of functions in 1D: In this paragraph, Ω is a convex bounded subset of R.

Proposition 8.10. Let h : Ω → R be a convex function. The functional W : Pac(Ω)×Pac(Ω) →
R defined by

W(µ, ν) := inf
γ∈Π(µ,ν)

ˆ

Ω×Ω

h(x− y) dγ(x, y),

is geodesically convex in Pac(Ω)× Pac(Ω).

Proof. Let µ0, µ1, ν0, ν1 ∈ Pac(Ω) and let µt and νt be constant speed geodesics between µ0 to µ1

and ν0 to ν1, i.e µt = Tµt #µ0 and νt = T νt #ν0, where Tµt = (1− t)Id+ tTµ, T νt = (1− t)Id+ tT ν

and Tµ and T ν are respectively the optimal maps between µ0 to µ1 and ν0 to ν1.
Let γ0 the optimal transport plan between µ0 and ν0. Since µ0 is absolutely continuous,

γ0 = (Id, S)#µ0 where S is a non decreasing map. We define γt = (Tµt , T
ν
t )#γ0 and we remark

that γ1 = (Tµ, T ν ◦ S)#µ0.
If we take (Tµ(x), T ν ◦S(x)) and (Tµ(x), T ν ◦S(x′)) in the support of γ1 where x, x′ ∈ suppµ0

we have that Tµ(x) < Tµ(x′) imply that x 6 x′ because Tµ is non decreasing and then since T ν ◦S
is the composition of two non decreasing maps, we obtain T ν ◦ S(x) 6 T ν ◦ S(x′). Lemma 2.8 of
[112] gives that γ1 is the optimal transport plan between µ1 and ν1.

Then we have

W(µt, νt) 6

ˆ

Ω×Ω

h(x− y) dγt(x, y)

6

ˆ

Ω×Ω

h(Tµt (x)− T νt (y)) dγ0(x, y)

6 (1− t)

ˆ

Ω×Ω

h(x− y) dγ0(x, y) + t

ˆ

Ω×Ω

h(Tµ(x)− T ν(y)) dγ0(x, y)

6 (1− t)W(µ0, ν0) + tW(µ1, ν1).

Remark 8.11. This result can not be generalized in higher dimension. Indeed, in dimension n > 1,
it is well known that W2(·, σ) is not λ-convex along geodesic on P(Ω) (see example 9.1.5 from [4]).

−W 2

2
in dimension n: In this paragraph, we will show that −W 2

2 is (−2)-geodesically convex
on P(Ω)× P(Ω). We denote Π0(ρ, µ) the set of optimal transport plans for problem W2(ρ, µ).

Proposition 8.12. Let µ1, µ2, µ3, µ4 ∈ P(Ω) and let µ1,2 ∈ Π0(µ2, µ1), µ
3,4 ∈ Π0(µ3, µ4) and

µt,t ∈ Π0(µ
1→2
t , µ3→4

t ), with µ1→2
t = ((1 − t)x2 + tx1)#µ

1,2 and µ3→4
t = ((1 − t)x3 + tx4)#µ

3,4.
Then there exists a plan

µ ∈ Π(µ1,2, µ3,4) ⊂ P(Ω4) such that π1→2,3→4
t #µ = µt,t,

where π1→2,3→4
t (x1, x2, x3, x4) := ((1− t)x2 + tx1, (1− t)x3 + tx4).

Proof. The proof follows the lines of the proof of lemma 7.3.1 in [4]. Let Σt, Σ̃t : Ω2 → Ω2 and
Λt : Ω4 → Ω4 be the homeomorphisms defined by

Σt(x1, x2) := (x1, (1− t)x2 + tx1), Σ̃t(x3, x4) := ((1− t)x3 + tx4, x4),

and
Λt(x1, x2, x3, x4) := (x1, (1− t)x2 + tx1, (1− t)x3 + tx4, x4).

We notice that µ has the desired properties if and only if ν := Λt#µ verifies

π1,2
#ν = Σt#µ

1,2, π2,3
#ν = µt,t and π3,4

#ν = Σ̃t#µ
3,4. (8.20)

Since Σt#µ
1,2 ∈ Π(µ2, µ

1→2
t ), µt,t ∈ Π(µ1→2

t , µ3→4
t ) and Σ̃t#µ

3,4 ∈ Π(µ3→4
t , µ4), gluing lemma

proves that there exists a plan ν ∈ P(Ω4) fulfilling (8.20). In addition, existence of µ is proved
because Λt is inversible.
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Let µ0, ν0, µ1, ν1 ∈ P(Ω), γµ ∈ Π0(µ1, µ0) and γν ∈ Π0(ν0, ν1). We note µt and νt the constant
speed geodesics connecting respectively µ0 to µ1 and ν0 to ν1. Let γt the optimal transport plan
between µt and νt. Proposition 8.20 says that there exists a plan γ such that

γ ∈ Π(γµ, γν) and π1→2,3→4
#γ = γt.

By definition of γ, we have

W 2
2 (µt, νt) =

ˆ

Ω4

|(1− t)x2 + tx1 − (1− t)x3 − tx4|2 dγ(x1, x2, x3, x4)

=

ˆ

Ω4

|(1− t)(x2 − x3) + t(x1 − x4)|2 dγ(x1, x2, x3, x4).

Moreover, the Hilbertian identity

|(1− t)a+ tb|2 = (1− t)|a|2 + t|b|2 − t(1− t)|b− a|2

gives

W 2
2 (µt, νt) = (1− t)

ˆ

Ω4

|x2 − x3|2dγ(x1, x2, x3, x4) + t

ˆ

Ω4

|x1 − x4|2 dγ(x1, x2, x3, x4)

−t(1− t)

ˆ

Ω4

|x2 − x3 − x1 + x4|2dγ(x1, x2, x3, x4).

But, since π2,3
#γ ∈ Π(µ0, ν0) and π1,4

#γ ∈ Π(µ1, ν1), we have

ˆ

Ω4

|x2 − x3|2dγ(x1, x2, x3, x4) > W 2
2 (µ0, ν0),

ˆ

Ω4

|x1 − x4|2 dγ(x1, x2, x3, x4) > W 2
2 (µ1, ν1).

In addition,

ˆ

Ω4

|x2 − x3 − x1 + x4|2dγ(x1, x2, x3, x4) 6 2

[
ˆ

Ω4

|x2 − x1|2 dγ +

ˆ

Ω4

|x4 − x3|2 dγ
]

6 2

[
ˆ

Ω2

|x2 − x1|2 dγµ +

ˆ

Ω2

|x4 − x3|2 dγν
]

6 2
[
W 2

2 (µ0, µ1) +W 2
2 (ν0, ν1)

]

6 2W 2
2 ((µ0, ν0), (µ1, ν1)).

Then, if we combine all these inequalities, we obtain

W 2
2 (µt, νt) > (1− t)W 2

2 (µ0, ν0) + tW 2
2 (µ1, ν1)− 2t(1− t)W 2

2 ((µ0, ν0), (µ1, ν1)). (8.21)

As far we know, the identification of others examples is still an open question.

8.5.2 Uniqueness of solution

For the purpose of this chapter, it is enough to work in Pac(Ω) because diffusion implies that
solutions are absolutely continuous. First, we define the Fréchet subdifferential for W : Pac(Ω)l →
(−∞,+∞] by extending the definition in [4].
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Definition 8.13. Let W : Pac(Ω)l → (−∞,+∞] be a functional and let ξ = (ξ1, . . . , ξl) ∈
L2((µ1, . . . , µl),Ω), i.e

l∑

i=1

ˆ

Ω

|ξi|2µi < +∞.

We say that ξ is in the Fréchet subdifferential ∂W(µ1, . . . , µl) if

lim inf
ν→µ

W(ν)−W(µ)−
∑l
i=1

´

Ω
〈ξi(x), T νiµi

(x)− x〉µi(x) dx
W2(ν,µ)

> 0, (8.22)

where µ := (µ1, . . . , µl) and T νiµi
is the optimal transport map between µi and νi.

In the next proposition, we want to characterize the subdifferential of λ-geodesically convex
functionals.

Proposition 8.14. Let W : Pac(Ω)l → (−∞,+∞] be a λ-geodesically convex functional. Then a
vector ξ ∈ L2(µ,Ω) belongs to the Fréchet subdifferential of W at µ iff

W(ν)−W(µ) >
l∑

i=1

ˆ

Ω

〈ξi(x), T νiµi
(x)− x〉µi(x) dx+

λ

2
W 2

2 (ν,µ), (8.23)

for all ν ∈ Pac(Ω)l. Moreover, if ξ ∈ ∂W(µ) and κ ∈ ∂W(ν) then

l∑

i=1

ˆ

Ω

〈ξi(x)− κi(T
νi
µi
(x)), T νiµi

(x)− x〉µi(x) dx 6 −λW 2
2 (µ,ν). (8.24)

Proof. The proof is the same as in the characterization by Variational inequalities and monotonicity
in [4] p. 231.

Now we can find the following uniqueness result

Theorem 8.15. Assume Fi satisfy (8.19) and Wi is a λi-geodesically convex functional. Let ρ1 :=
(ρ11, . . . , ρ

1
l ) and ρ2 := (ρ21, . . . , ρ

2
l ) two weak solutions of (8.4) with initial conditions ρ1i (0, ·) = ρ1i,0

and ρ2i (0, ·) = ρ2i,0. If for all T < +∞,

ˆ T

0

l∑

i=1

‖v1i,t‖L2(ρ1i,t)
dt+

ˆ T

0

l∑

i=1

‖v2i,t‖L2(ρ2i,t)
dt < +∞, (8.25)

with, for j ∈ {1, 2},
vji,t := −∇F ′

i (ρ
j
i,t)−∇uji ,

then for every t ∈ [0, T ],

W 2
2 (ρ

1
t ,ρ

2
t ) 6 e−(2

∑l
i=1

λi)tW 2
2 (ρ

1
0,ρ

2
0),

Proof. Using theorem 5.24, corollary 5.25 from [112] and assumption (8.25), we obtain

d

dt

(
1

2
W 2

2 (ρ
1
i,t, ρ

2
i,t)

)
=

ˆ

Ω

〈x− Ti,t(x), v
1
i,t(x)− v2i,t(Ti,t(x))〉ρ1i (x) dx,

where Ti,t is the optimal transport map between ρ1i,t and ρ2i,t. Since Fi satisfies McCann’s
condition, we have

ˆ

Ω

〈x− Ti,t(x),∇F ′
i (ρ

2
i,t)(Ti,t(x))−∇F ′

i (ρ
1
i,t(x))〉ρ1i,t(x) dx 6 0,
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In addition, Wi is λi-geodesically convex then (8.24) gives

l∑

i=1

ˆ

Ω

〈∇u1i,t(x)−∇u2i,t(T νiµi
(x)), T νiµi

(x)− x〉ρ1i,t(x) dx 6 −
l∑

i=1

λiW
2
2 (ρ

1
t ,ρ

2
t ).

Then summing over i and combining these inequalities, we obtain

d

dt

(
W 2

2 (ρ
1
t ,ρ

2
t )
)
6 −

(
2

l∑

i=1

λi

)
W 2

2 (ρ
1
t ,ρ

2
t ).

Gronwall’s lemma concludes the proof.

Remark 8.16. Assumption (8.25) in theorem 8.15 is made to ensure the absolute continuity of
W2(ρ

1
i,t, ρ

2
i,t) and it can been checked using (8.12) (see for example proposition 4.24 from chapter

4 or [73]).

8.6 Extensions and open problems

This section is devoted to extensions of this problem and open problems for future work on this
subject.

8.6.1 Urban planning

We will propose some extensions of the previous result with applications to urban planning. In the
introduction of this chapter, we briefly discuss about one model of urban planning where residents,
ρ1, and services, ρ2, want to minimize a cost functional

E(ρ1, ρ2) =Wc(ρ1, ρ2) + F(ρ1) + G(ρ2),

with c : Rn → R is a λ-convex function,

F(ρ) :=

{ ´
Ω
ρ(x)2 dx if F(ρ) ∈ L1(Ω),

+∞ otherwise,

and

G(ρ) = α

¨

Ω×Ω

|x− y|2 dρ(x)dρ(y).

In [25, 26, 109, 108], the authors proved that the functional E admits minimizers (ρ∗1, ρ
∗
2) which

are charatherized by

• ρ∗1 is concentrated on a ball B(x0, rα) ∩ Ω and is given by

ρ∗1(x) =
α

2α+ 1
(r2α − |x− x0|2),

where x0 is the barycentre of both ρ∗1 and ρ∗2,

• ρ∗2 is concentrated on the ball B(x0, rα/(2α + 1)) ∩ Ω and it is the image of ρ∗1 under the
homothety of ratio 1/(2α+ 1) and centre x0.

The first question we have in mind is: Do the solutions given by theorem 8.1 for the energy E
converge to minimizers of E when t goes to +∞ ?

We recall that the gradient flow of energy E is a weak solution, (ρ1, ρ2), of system

{
∂tρ1 −∆ρ21 − div(ρ1∇ϕ) = 0,
∂tρ2 − 2α div(ρ2(| · | ∗ ρ2))− div(ρ2∇ψ) = 0,
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with (ϕ, ψ) is a pair of optimal Kantorovich potentials for Wc(ρ1, ρ2). In dimension n = 1, we
proved that Wc is geodesically convex if c is convex then E is displacement convex in Pac(Ω) ×
Pac(Ω). Moreover, theorem 8.15 gives a contraction principle in the Wasserstein product space for
displacement convex energies which implies that

W2((ρ1(t), ρ2(t)), (ρ
∗
1, ρ

∗
2)) 6 e−λtW2((ρ1(0), ρ2(0)), (ρ

∗
1, ρ

∗
2)).

Then if λ is positive, (ρ1(t), ρ2(t)) converges to minimizers of E when t goes to +∞. In higher
dimension, we can not apply this argument because even if c is λ-convex, a priori Wc is not

geodesically convex. However, in the very simple case for two species where c = |·|2
2 , V1 = V2 = V

and F is the Entropy, then denoting (ρ1, ρ2) solution of
{
∂tρ1 −∆ρ1 − div(ρ1∇V )− div(ρ1∇ϕ1) = 0,
∂tρ2 −∆ρ2 − div(ρ2∇V )− div(ρ2∇ϕ2) = 0,

where ϕ1, ϕ2 are the optimal Kantorovich potential (up to a constant) for W2(ρ1, ρ2), we can use
the same argument that in theorem 8.15 to find the asymptotic behaviour of ρ1 and ρ2. Indeed,

d

dt

(
1

2
W 2

2 (ρ1(t), ρ2(t))

)
6

ˆ

(x− T (x)) · (∇ log(ρ1(x))−∇ log(ρ2(T (x))))ρ1(x) dx

+

ˆ

(x− T (x)) · (∇V (x)−∇V (T (x)))ρ1(x) dx

+

ˆ

(x− T (x)) · (∇ϕ1(x)−∇ϕ2(T (x)))ρ1(x) dx,

where T is the optimal transport map for W2(ρ1, ρ2). We remark that since ρ1 and ρ2 are positive
densities,

∇ϕ2(T (x)) = T (x)− S(T (x)) = T (x)− x = ∇ϕ1(x) a.e,

with S the optimal transport map for W2(ρ2, ρ1). If we assume that V is λ-convex, for some λ > 0,
and using the displacement convexity of the Entropy and the potential energy then we obtain

d

dt

(
1

2
W 2

2 (ρ1(t), ρ2(t))

)
6 −λW 2

2 (ρ1(t), ρ2(t)),

which implies that ρ1(t) and ρ2(t) converge to the same limit, when tր +∞, which is the minimizer
of

ρ 7→
ˆ

ρ log(ρ) +

ˆ

V ρ.

In the previous model, we only focus on one sector, but we can assume that residential areas
and service areas are split in two sectors denoted 1 and 2. This model was proposed in 2008 and
studied in the static case, by Carlier, Ekeland and Rochet [34]. Here we are more interested in the
evolution case. We denote f1 and f2 the densities of firms and w1 and w2 the densities of residents
in these areas. Now the congestion costs is on the all population which implies that the congestion
fonctional is

F(w, f) :=
αw
2

ˆ

(w1 + w2)
2 +

αf
2

ˆ

(f1 + f2)
2,

where w := (w1, w2) and f := (f1, f2) and αw and αf represent positive parameters. Moreover all
residents in sector i want to work or use services from the same sector consequently, w and f have
to minimize

Wc(w, f) := βWc(w1, f1) + βWc(w2, f2).

We have to take into account externalities created by residents and firms, so they have to minimize

G(w, f) :=
2∑

i=1

κi
2

¨

|x− y|2fi(x)fi(y) dxdy +
σi
2

¨

|x− y|2fi(x)(w1(y) + w2(y)) dxdy

+
θ

4

¨

|x− y|2(w1(x) + w2(x))(w1(y) + w2(y)) dxdy,
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where κ1, κ2, θ are positive parameters and σ1 and σ2 can be positive (services) or negative
(polluting industries). Under some assumptions in parameters, this minimizing problem admits at
least one solution. In future, we want to combine arguments developped at chapter 6, to study the
existence of a gradient flow in a Wasserstein product space for the functional F +Wc + G and the
asymptotic convergence.

8.6.2 Entropic regularization

In this section, we present future works on this subject with numerical applications. Indeed, the
computation of the gradient flow of (8.4) can be very challenging because at each time step we
have two solve two transport problems. To deal with this issue, we want to introduce a smoothing
regularization. For simplicity, we restraint ourselves to the case of one density which interacts with
a prescribed measure σ. In other words, (8.4) becomes

ρk+1
h ∈ argmin

1

2h
W 2

2 (ρ, ρ
k
h) + F(ρ) +Wε(ρ, σ),

where Wε is given by

Wε(ρ, σ) := inf
γ∈Π(ρ,σ)

¨

Ω×Ω

|x− y|p
p

dγ(x, y) + ε

¨

Ω×Ω

γ log(γ).

We remark that Wε can be rewritten has the infimum over transport plan of the relative entropy
with respect to a Gibbs measure G(x, y) = exp(−|x− y|p/pε),

Wε(ρ, σ) = inf
γ∈Π(ρ,σ)

H(γ|G),

with

H(γ|G) :=
ˆ

Ω×Ω

γ

G
log
( γ
G

)
dG(x, y).

This problem was introduced by Schrödinger in [113] (see for example [78] for a survey on this
problem). In [77] and more recently in [30] it was proved the following Γ-convergence result

Theorem 8.17. Let ρ, µ ∈ Pp(Rn) with finite entropy, then

Fε : γ 7→
{
˜

Ω×Ω
|x−y|p
p dγ(x, y) + ε

˜

Ω×Ω
γ log(γ) if γ ∈ Π(ρ, µ),

+∞ otherwise,

Γ-converges to

F : γ 7→
{
˜

Ω×Ω
|x−y|p
p dγ(x, y) if γ ∈ Π(ρ, µ),

+∞ otherwise,

with respect to the weak topology on Pp(Rn) i.e

• for any sequence (γε) ⊂ P(Ω× Ω) converging weakly to γ ∈ P(Ω× Ω), we have

lim inf
n→+∞

Fε(γε) > F(γ),

• for any γ ∈ P(Ω× Ω), there exists (γε) ⊂ P(Ω× Ω) converging to γ in P(Ω× Ω) such that

lim sup
n→+∞

Fε(γε) 6 F(γ).

Consequently, a sequence of minimizer of Wε(ρ, µ) converges to an optimal transport plan for
Wp(ρ, µ).
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In [104], Peyré used the entropic regularization to solve gradient flows in Wasserstein space. He
regularized the W2 metric which permit to have a very simple algorithm to solve each JKO step.
In addition, he applied this algorithm to obtain numerical simulations of sytem with two species
interacting with the W2 distance between each others as system (8.1). In a future work, we want
to extend this method to several species and combine this with the Entropy of the sum to solve
numerically the evolution for the two-sectors case as it was introduced in previously.

In our setting, replaced the W p
p (ρ, σ) by Wε(ρ, σ) means that the population ρ wants to reach

σ but is subject to a noise. In the following, we will discuss about future works on gradient flow
of Wε with ε fixed and when ε goes to 0. Our first aim is to prove the convergence of the JKO
scheme for Wε with a fixed ε. One difficulty in the previous proof is the identification of the limit
of optimal transport plans λh for Wε(ρh, σ) as an optimal transport plan for Wε(ρ, σ). To solve
this problem, we would like to prove the following Γ-convergence result:

Conjecture 8.18. If ρn converges to ρ in L1(Ω). We define Gn by

Gn(γ) :=
{

H(γ|G) if γ ∈ Π(ρn, σ),
+∞ otherwise,

and

G(γ) :=
{

H(γ|G) if γ ∈ Π(ρ, σ),
+∞ otherwise,

where G(x, y) = exp(−|x− y|p/pε). Then Gn Γ-converges to G i.e

• for any sequence (γn) ⊂ P(Ω× Ω) converging weakly to γ ∈ P(Ω× Ω), we have

lim inf
n→+∞

Gn(γn|G) > G(γ|G),

• for any γ ∈ P(Ω× Ω), there exists (γn) ⊂ P(Ω× Ω) converging to γ in P(Ω× Ω) such that

lim sup
n→+∞

Gn(γn|G) 6 G(γ|G).

Indeed, if we prove this conjecture, arguing as in proposition 8.8, we obtain the desired result.
The liminf condition is not the issue here and is easy to prove by lower semi-continuity of the
relative entropy. For the limsup condition, we will give a formal proof when ρn and ρ are bounded
from below.

Formal proof. If γ /∈ Π(ρ, σ) then for n large enough, γn /∈ Π(ρn, σ). Then we assume that
γn ∈ Π(ρn, σ) and γ ∈ Π(ρ, σ). Then the liminf inequalities comes directly from the duality
formula of the relative entropy, see lemma 9.4.4 of [4],

H(γ|G) = sup

{
ˆ

Ω×Ω

S dγ −
ˆ

Ω×Ω

(eS − 1) dG : S ∈ Cb(Ω× Ω)

}
.

Now we give a formal proof for the limsup condition. Assume that ρn and ρ are smooth, C0,α(Ω),
and bounded from below. Then the transport map Tn from ρ to ρn is given by the gradient of a
convex function un such that un ∈ C2,α(Ω) and solves the Monge-Ampère equation

ρn(∇un(x)) det(D2un(x)) = ρ(x) for all x,

according to Caffarelli’s regularity theorem 2.6 or [27, 28]. Since ρn converges to ρ a.e, Tn converges
to I a.e. We define γn by γn := (Tn, I)#γ. Then we have

γn(Tn(x), y) det(∇Tn(x)) = γ(x, y).

We obtain
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H(γn|G) =
¨

Ω×Ω

γ(T−1
n (x), y)

det(∇Tn(T−1
n (x)))

log

(
γ(T−1

n (x), y)

G(x, y) det(∇Tn(T−1
n (x)))

)
dxdy

=

¨

Ω×Ω

γ(x, y) log

(
γ(x, y)

G(Tn(x), y) det(∇Tn(x))

)
dxdy

=

¨

Ω×Ω

γ(x, y) log

(
γ(x, y)

G(Tn(x), y)

)
dxdy −

¨

Ω×Ω

γ(x, y) log(det(∇Tn(x))) dxdy.

Since Tn converges a.e to I, we have

lim sup
n→+∞

¨

Ω×Ω

γ(x, y) log

(
γ(x, y)

G(Tn(x), y)

)
dxdy = H(γ|G).

Moreover, at least formally, det(∇Tn(x)) → 1, which implies that

lim sup
n→+∞

(
−
¨

Ω×Ω

γ(x, y) log(det(∇Tn(x))) dxdy
)

= 0.

Then we obtain
lim sup
n→+∞

H(γn|G) 6 H(γ|G).

To conclude, we hope to obtain rigourously this result and there are several others issues as
the regularity of Kantorovich potentials of the regularized problem and their stability with respect
to marginals that we need to understand in order to have an existence result for the entropic
smoothing problem.
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Résumé 

Mots Clés 

Abstract 

Keywords 

Depuis l’article fondateur de Jordan, Kinderlehrer 
et Otto en 1998, il est bien connu qu’une large 
classe d’équations paraboliques peuvent être 
vues comme des flots de gradient dans l’espace 
de Wasserstein. Le but  de cette thèse est 
d’étendre cette théorie à certaines équations et 
systèmes qui n’ont pas exactement une structure 
de flot de gradient. Les interactions étudiées 
sont de différentes natures. Le premier chapitre 
traite des systèmes avec des interactions non 
locales dans la dérive. Nous étudions ensuite 
des systèmes de diffusions croisées s’appliquant 
aux modèles de congestion pour plusieurs 
populations.  Un autre modèle étudié est celui où 
le couplage se trouve dans le terme de réaction 
comme les systèmes proie-prédateur avec 
diffusion ou encore les modèles de croissance 
tumorale. Nous étudierons enfin des systèmes 
de type nouveau où l’interaction est donnée par 
un problème de transport multi-marges. Une 
grande partie de ces problèmes est illustrée de 
simulations numériques. 

Since 1998 and the seminal work of Jordan, 
Kinderlehrer and Otto, it is well known that a 
large class of parabolic equations can be seen 
as gradient flows in the Wasserstein space. 
This thesis is devoted to extensions of this 
theory to equations and systems which do not 
have exactly a gradient flow structure. We study 
different kind of couplings. First, we treat the 
case of nonlocal interactions in the drift. Then, 
we study cross diffusion systems which model 
congestion for several species. We are also 
interested in reaction-diffusion systems as 
diffusive prey-predator systems or tumor growth 
models. Finally, we introduce a new class of 
systems where the interaction is given by a 
multi-marginal transport problem. In many 
cases, we give numerical simulations to 
illustrate our theorical results. 
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