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Abstract

The objective of this thesis is to study the passive control of vibration by a Vibro-
Impact (VI) Nonlinear Energy Sink (NES). Several aspects have been developed: the
influence of parameters on response regimes, the optimization design mechanism under
different excitations, the application to vibration control of nonlinear systems and the
study of two VI NES in parallel.

Firstly, the influence of parameters on response regimes and bifurcation is analytically,
numerically and experimentally studied, respectively. Different bifurcation routes and
chaotic strongly modulated response are presented.

Then, the efficiency of typical response regimes is compared, and its mechanism lays
the foundation for the optimization design of different parameters under different types
of excitation.

Thirdly, the activation characteristic of VI NES is analytically studied and experi-
mentally validated. An optimization design criterion is proposed for the vibration control
of nonlinear system.

Finally, the vibration control by two VI NES in parallel is experimentally studied
with the purpose of efficiency and robustness improvement. The principle of separate
activation of VI NES is observed.

Keywords: Targeted Energy Transfer, Nonlinear Energy Sink (NES), Perturbation
method, Impact damper






Résumé

L’objectif de cette these est d’étudier le controle passif des vibrations avec un absor-
beur non linéaire de type Nonlinear Energy Sink (NES) a Vibro-Impact (VI). Plusieurs
aspects ont été étudiés : l'influence des parametres sur les régimes vibratoires obser-
vés, I'optimisation du design sous différentes excitations, I'application sur des systemes
vibratoires non linéaires et enfin I’étude de deux NES-VI en paralléle.

Tout d’abord, I'influence des parametres de design sur les régimes vibratoires et les bi-
furcations est étudiée de fagon analytique, numérique et expérimentale. Ainsi différentes
bifurcations et des réponses fortement modulées de type chaotique sont présentées.

Ensuite, Defficacité des régimes vibratoires est comparée, le mécanisme ainsi décrit
constitue la base de 'optimisation du design de ’absorbeur face a différents types d’ex-
citation.

Le mécanisme d’activation du NES-VI est étudié analytiquement puis validé expéri-
mentalement. Un critere d’optimisation du design est proposé, puis appliqué sur différents
systemes au comportement vibratoire non linéaire.

Finalement, dans le but d’améliorer 'efficacité et la robustesse, le montage de deux
NES-VI en parallele est étudié expérimentalement. Le principe d’activation séparé est
alors observé.

Mots-clés: Dynamique non linéaire, Nonlinear Energy Sink (NES), Méthode de per-
turbation, Absorbeur a impact
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Introduction

Nowadays, large-scale applications of new materials like composite material, no mat-
ter for the reason of safety, or for the improvement of performance and comfort, can
lead to complicated vibration phenomena. To control excessive vibrations, there exist
different ways, and among them the passive control method is widely applied. Based on
this passive method, a widely used device is Tuned Mass Damper (TMD), but it has
many limitations, e.g., too important mass compared to that of a main system in one
side, and the requirement of a precise tuning in the other side.

Recently, a type of nonlinear energy absorber termed as Nonlinear Energy Sink (NES)
is extensively studied, and it is attached to a main system through nonlinear coupling.
It is observed that the energy of this main system can be irreversibly transferred to
the attached NES, and eventually be dissipated by NES through a series of transient
resonance captures. In addition to these good performances, its mass is smaller than
that of TMD and is easy to integrate as a result. The above phenomenon is termed as
Targeted Energy Transfer (TET) or energy pumping,.

To date, the initial study scope of TET is greatly extended, from linear main systems
with one degree of freedom to nonlinear systems with many degrees of freedom, from NES
with cubic nonlinearity to various other types like piece-wise or impact, and from the
transient excitation to the periodic or random excitation, etc.. With so many researches,
how to understand them and how to apply them are worth studying.

All energy absorbers should be coupled to main systems in a specific way, e.g., a linear
spring for TMD and impacts for Vibro-Impact (VI) NES. Since the energy of a main
system is transferred through this coupling, it plays a central role in the understanding
of the underlying phenomenon, and this role can be viewed from different aspects. For
instance, the ability of efficient TET in a broadband frequency directly depends on this
nonlinear coupling. Another aspect is indirectly reflected by nonlinear normal modes or
response regimes by deeply studying the corresponding Hamiltonian system, which is
decided mainly by the type of nonlinearity. In addition, the interacting force can also be
a useful index for the understanding of the variation of motion.

From the latter two aspects come two typical analytical methods: the study of Hamil-
tonian systems with the presentation of the results around a frequency energy plot and
the study of damped systems with an asymptotic method, with which Slow Invariant
Manifold (SIM) can be obtained for further analysis. The reason why they are important
is that other complicated factors are neglected as many as possible, e.g., the type of out-
side excitation. Applicable for this principle, the interacting force has the potential to

-1 -



Introduction

play an intermediate role for the explanation of the dynamics of a system with different
outside conditions, such as excitation types.

It has been found that the response regime of 1:1 resonance is responsible for efficient
TET. Since the efficiency of TET is so tightly related to response regimes, the study of
TET can be divided into the following two sub-problems: the influences of parameters
on the occurrence of response regimes and the efficiency of different response regimes.
In this way, the role of different parameters that seem so different from their own angles
is the same from the viewpoint of response regimes. More specifically, for optimization
design, the selection of parameters is to make the effective response regimes exist. Since
response regimes can exist for both periodic and transient excitations, the optimiza-
tion design mechanism should be based in the efficiency comparison of typical response
regimes and be explained in the same way. Therefore, if the optimal response regime
for periodic excitation with a single frequency was definite, the optimal mechanism for
periodic excitation with a range of frequency could be explained in the same way.

Then, the following question is: how the optimal response regime is activated. If this
activation is independent of the type of main systems, the optimization design of NES
to control the vibration of a system can be simplified to the following question: how to
activate NES at its best state. In this sense, whether the vibration control of a main
system is effective cannot be assured, but the efficient activation of NES is guaranteed.
Actually, its final role is decided by its relative importance in energy dissipation com-
pared to other factors. Maybe, this conception is not the best in theory, but it could be
applicable and efficient to some extent in practice.

From the above analysis, the following five questions are raised for the study of VI
NES:

e Whether possible and how to establish a common bridge for the understanding of

the dynamics of a same system under different excitations?

e Whether the influence of parameters on the dynamics of a system coupled with
VI NES can be decomposed into the following two sub-problems: the influence of
parameters on the occurrence of response regimes and the efficiency comparison of
response regimes ?

e Whether the optimization design mechanism of parameters under different excita-
tions is the same?

e Whether it is possible to simplify the optimization design of VI NES to control the
vibration of nonlinear systems into the problem of the activation of VI NES at its
best state?

e Whether the addition of VI NES can improve the efficiency and robustness of
TET?

As responses to the above questions, the manuscript of this thesis is composed of five

chapters.

In the first chapter, a general introduction of TET is presented in detail. At first,
the dynamics of structure is presented, especially nonlinear aspects. Then, typical vi-
bration control methods are compared and NES as a recent passive control device is

9.



Introduction

demonstrated. Thirdly, typical tools for the study of nonlinear dynamics are introduced.
Fourthly, the study of NES with cubic nonlinearity is presented to demonstrate general
characteristics of a NES. Finally, the state of the art of vibration absorber by VI, i.e.,
impact damper and VI NES; is introduced in detail and is specially examined from the
viewpoint of TET.

The second chapter is concentrated on the study of the influence of different pa-
rameters on response regimes and their bifurcations. At first, an interacting force is
introduced in the analytical analysis to explain complicated response regimes. Then, ty-
pical response regimes are presented around SIM. Thirdly, the influence of parameters is
analyzed. Finally, different response regimes and bifurcation routes are experimentally
observed.

The next chapter is around the efficiency comparison of different response regimes
and the common optimization design mechanism for different types of excitation. At
first, the efficiency of different response regimes is numerically observed under periodic
and transient excitations, and they are analytically analyzed. Finally, experiments under
periodic excitation with a single frequency, with a range of frequency and under transient
excitation are carried out, respectively. Experimental results agree well with numerical
results and validate the existence of a common criterion for optimization design under
different excitations.

In the fourth chapter, the activation characteristic of VI NES is explored, and the op-
timization design of VI NES to control the vibration of nonlinear systems is also studied.
Firstly, the activation characteristic is analyzed around SIM. As a result, the proportional
activation of VI NES and its same activation for different frequencies can be obtained.
Based on this, an optimization design criterion of VI NES for the vibration control of
nonlinear systems is conceived. Secondly, the above two characteristics are numerically
observed. Then, experimental observations further validate this activation mechanism.
Finally, an application of this optimization design procedure to control chatter during a
turning process is carried out, and numerical results prove its feasibility.

In the fifth and last chapter, another VI NES is added to study the possibility of
efficiency and robustness improvement by the addition of VI NES. Firstly, existing ana-
lytical and numerical results are briefly introduced. Then, experiments under periodic
excitations are carried out, and different response regimes are observed. In addition,
the efficiency of vibration control by different combinations of clearances is compared.
Finally, transient experiments are performed, and the principle of separate activation
is observed. It means the efficiency and robustness improvement for free vibration. Ge-
nerally, the response regime with two impacts per cycle is found tightly related to the
effective control of vibration, no matter under periodic excitation or the transient case.

Finally, a conclusion is addressed. Then, future researches based on the work of this
thesis are presented.






CHAPTER

Dynamics of targeted
energy transfer

The first chapter is dedicated to the presentation of a general background about
the dynamics of structure and the framework of this thesis. Firstly, basic dyna-
mics of structures is introduced. Then, vibration control methods are introduced
and compared. Thirdly, the state of art of NES, especially VI NES, is presented
in detail. Finally, objectives of this thesis are presented.
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Chapter 1 : Dynamics of targeted energy transfer

1.1 Linear and nonlinear systems

In nature, systems can be categorized into two main classes: linear systems and
nonlinear systems.

1.1.1 Principal characteristics of linear systems

Superposition principle is a major characteristic of linear systems. It states that the
net response at a given place and time caused by two or more loads is the sum of the
response which would have been caused by each load individually. So that if input A
produces response X and input B produces response Y, then input (A + B) produces
response (X +Y).

In static, for example, a cause and an effect is proportional, i.e., a stress and a strain
for linear material. In dynamic, the superposition principle is reflected by the linear
modal superposition, i.e., free and forced vibrations can be conveniently expressed as a
linear combination of individual linear motions.

1.1.2 Sources of nonlinearity

Although, studies of linear systems have been mature, linear behavior is an exception
and nonlinearity is generic. Typical resources of nonlinearities are presented as follows
[Kerschen et al., 2006]:

e Geometric nonlinearity: it arises from the potential energy when a structure un-
dergoes large displacements (e.g., pendulum). The relationship between restoring
force and displacement can no longer be approximated as linear for large displace-
ment as in the case of small displacement. These kinds of geometric nonlinearities
are frequently encountered for large deformations of flexible elastic continua such
as beams, plates and shells.

e Nonlinear material: it can be observed when the constitutive law between stresses
and strains is nonlinear (e.g., foams and resilient mounting systems like rubber
isolators) and its dynamics are normally complicated.

e Damping: dry friction effects (bodies in contact, sliding with respect to each other),
hysteric damping and helical wire rope isolators are typical examples. Whether they
should be considered depends on their relative importance.

e Boundary conditions: free surfaces in fluids, vibro-impacts due to loose joints or
contacts with rigid constraints, clearances, imperfectly bonded elastic bodies and
certain external nonlinear body forces. A common characteristic is the little change
of displacement but with a sudden change of velocity at the boundary.

1.1.3 Typical characteristics of nonlinear systems

For nonlinear systems, principles established from linear systems no longer apply and
the following typical nonlinear dynamics is demonstrated:



1.2 Vibration control

e The possibility of multiple, co-existing stable equilibrium positions and each with
its own separate domain of attraction.

e Sudden transitions between stable attractors caused by nonlinear hysteresis phe-
nomenon (i.e., jump) .

e Transitions from regular motions to beating and even chaotic motions, where the
dynamics seems to be unpredictable, irregular and random-like.

e Chaotic explosion (intermittent or strongly modulated), where regular responses
explode into responses with chaotic behavior and introduce a global form of insta-
bility in the dynamics just for a small parameter change.

e Supercritical or subcritical Hopf bifurcation.

e The dimensionality of the dynamics changes when a bifurcation occurs.

1.2 Vibration control

The vibration of a structure should be controlled no matter for the reason of comfort,
stringent performance requirement, or safety. To control vibration, many researches have
been done and many control methods have been developed. These control methods can
be categorized into the following two main classes: passive control and active control.
As to the passive control method, three different energy absorbers will be presented and
compared.

1.2.1 Active control

In the case of active control, an auxiliary device is connected to a main structure
through an actuator to counteract undesirable vibrations as showed in Fig. 1.1. To im-
plement active control method, sensors are needed to collect information about the states
of motion and their signals are fed back to a controller which gives commands to an ac-
tuator.

Generally, this control method can be more effective in the vibration reduction, re-
latively insensitive to outside conditions, and applicable to multi-hazard situations. In
return, its disadvantages are also evident. The cost of installation and maintenance may
be high. In addition, it relies on external power. Therefore, its reliability and stability is

doubtful.

1.2.2 Passive control

When excessive vibration energy is only reduced by its own dynamic properties, it
is normally termed as passive control method. According to its principle of function, it
can be classed into three main categories: energy dissipation (direct method), energy
isolation (base isolation) and energy transfer (indirect method) as displayed in Fig. 1.2.
The principle of energy dissipation is to convert the kinetic energy to heat by increasing
the damping of the structure, e.g., by the use of frictional sliding or deformation of

-8 -
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1.2 Vibration control
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Fig. 1.3 Frequency response function of a main structure without and with TMD.

viscoelastic solids or fluids. For the energy isolation, it consists in isolating the structure
and its components from potential damaging solicitations.

Compared to the above two methods, energy transfer involves a second structure
which is attached to a principle structure and plays the role of attracting and dissipating
excessive energy. The most popular and widely used device is indubitably Tuned Mass
Damper (TMD) which is invented by Frahm in 1911 [Frahm, 1911]. This absorber is
coupled to a main structure by a linear spring and dissipates excessive energy by viscous
damping. It works at its optimal performance when its natural frequency is tuned to that
of a principal structure. One frequency response function of a main structure without and
with optimized TMD is showed in Fig. 1.3. The addition of TMD reduces the resonance
peak at the expense of the occurrence of two other small peaks located at two sides of
the resonance frequency.

The above mentioned characteristics make passive control method relatively less ex-
pensive, robust (e.g., still effective at earthquake) and independent of power supply.
However, the response time may be a little significant. For example, TMD works just at
a little range around natural frequency, and it will become invalid with the variation of
the natural frequency of a main structure because of its aging and damage. In addition,
the attached mass is relatively important compared to that of a main structure, classi-
cally 10%. Considering the above inconvenience, the possibility of other ways of coupling
by means of nonlinearity has been extensively studied recently and will be introduced in
the following part.

1.2.3 Nonlinear Energy Sink

Nonlinear Energy Sink (NES) is a type of energy absorber whose principle of damping
belongs to that of the passive and indirect control method. In the aspect of configuration,

- 10 -
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Direction of motion

Cubic NES Piece-wise NES

VI NES Rotational NES

Fig. 1.4 Schematic representation of different types of NES.

NES is comparable to TMD, i.e.; a small auxiliary mass is attached to a main structure.
However, it is attached to a principal structure through essential nonlinearity. Through
this way of coupling, NES can act as a broadband energy absorber by entering into
resonance at a wide range of frequency. In addition, a substantial characteristic is that
the energy of a main structure is irreversibly transferred into the attached NES and
rapidly dissipated by NES. This process is referred as energy pumping or Targeted Energy
Transfer (TET) [Lee et al., 2008 ; Vakakis et al., 2008].

Compared to TMD, NES has two main advantages. Firstly, the mass of NES is
just several percent of the principal structure and is greatly reduced compared to that
of TMD. Secondly, the essential nonlinearity of NES permits resonance during a large

band of frequency rather than merely the natural frequency of a principal structure as
in the case of TMD.

Theoretically, the type of nonlinearity is not defined clear and can possess many
diverse forms. The first papers are around NES with pure cubic nonlinearity [Gendel-
man et al., 2001 ; Vakakis and Gendelman, 2001]. Later other types of nonlinearity are
studied in detail in the context of NES, e.g., non-smooth NES [Lamarque et al., 2011],
Vibro-Impact (VI) NES [Nucera et al., 2007 ; Nucera et al., 2008 ; Karayannis et al.,
2008 ; Lee et al., 2009 ; Gendelman, 2012 ; Gourc et al., 2015a ; Gendelman and Alloni,
2015 ; Gendelman and Alloni, 2016 ; Pennisi et al., 2016], rotational NES [Gendelman
et al., 2012 ; Sigalov et al., 2012], bi-stable NES [Mattei et al., 2016 ; Benacchio et al.,
2016]. A schematic representation of different NESs studied in literature is demonstrated

- 11 -



1.3 Analysis tools of nonlinear dynamics

in Fig. 1.4. Among them, the cubic NES will be introduced in detail later as an example
to demonstrate TET. Then the state of art for VI NES will be reviewed and the study
of VI NES from the viewpoint of TET is the motivation of this thesis.

1.3 Analysis tools of nonlinear dynamics

Some basic concepts and principal study methods are presented here, no matter used
in the past study of TET or to be used in this thesis.

1.3.1 Nonlinear Normal Mode (NNM)

Linear normal mode is a central conception for linear systems. However, this concept
does not apply any more for nonlinear systems in its original form. NNM has been
introduced by Rosenberg [Rosenberg, 1960] and it has been defined as: an undamped
discrete or continuous system as a synchronous (vibration in-unison) periodic oscillation
where all material points of the system reach their extreme values and pass through
zero simultaneously. More information about this basic concept and its computation can
be consulted in [Kerschen et al., 2009 ; Peeters et al., 2009] and one example of the
application of NNM can be consulted in [Festjens et al., 2014]. Based on NNM, one
main characteristic of TET, i.e., transient and sustained resonance captures, can be well
understood [Lee et al., 2005].

1.3.2 Harmonic Balance Method (HBM)

HBM is used to calculate periodic solutions of nonlinear systems. This technique as-
sumes that the motion is periodic in time and approximates it by means of a finite Fourier
series. HBM has an advantage in the aspect of its application to strongly nonlinear sys-
tems compared to other perturbation methods. Its precision of calculation depends on
the used number of harmonics. However, it cannot obtain any information about the
transient process.

1.3.3 Multiple Scales Method (MSM)

In addition to HBM, there are many other perturbation methods, e.g., averaging
method and MSM. In essence, they are equivalent to each other. Their application is
restricted to the assumption of weak-nonlinearity except HBM. In this way, the derived
analytical solutions of nonlinear systems lie close to those of the corresponding linearized
systems. In this thesis, MSM will be applied.

By MSM, not only the oscillatory solution is developed according to a small parame-
ter, the variable of time is also expressed in the function of many time scales. The method
of multiple scales is widely used in the field of nonlinear dynamics. Many examples of
this method are treated in a book by Nayfeh [Nayfeh, 2011]. These methods mentioned
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above normally are used after reducing the dimension of the problem by changing va-
riables. The method of complexification first introduced by Manevitch [Manevitch, 2001]
allows the reduction of the variables of displacement and velocity into a single complex
variable and therefore decomposes the dynamics of the system into one slow part and
another fast part.

MSM can also be applied to the study of transient dynamics and is a suitable tool
for the understanding of nonlinear TET phenomena. Another advantage is that it can
be used with symbolic manipulation programs, which is essential for its application to
complicated nonlinear systems. It is stated that MSM is the simplest and involves the
least algebra [Nayfeh, 1995].

1.3.4 Non-smooth temporal transformations (NSTTs)

Instead of taking sine and cosine functions as bases in perturbation methods, NSTTs
employs saw-tooth and square wave functions as bases [Pilipchuk, 2002 ; Pilipchuk,
2015]. This technique can be applied to obtain solutions of a discontinuous system such
as systems coupled with VI NES.

1.3.5 Numerical method

Although analytical methods have the ability to provide detailed information about
the influence of parameters on the dynamics of systems, they may become inaccurate
with the increase of nonlinearity and are also limited to systems with low dimensionality.
As the compensation of analytical methods, many useful numerical methods have been
developed. Their key advantage is that they are fairly easy to use and most of them
provide exact solutions to equations of motion. Therefore numerical methods are more
often used to acquire periodic solutions of nonlinear systems and to analyze bifurcations.

About periodic solutions, their stability and basin of attraction can be determined by
a shooting method, whose principle of function is explained in [Nayfeh and Balachandran,
2008]. A continuation method is used to monitor modal lines as one parameter of the
system evolves. A shooting procedure combined with the so-called pseudo-arc length
continuation method is presented in [Peeters et al., 2009]. One asymptotic numerical
method can also be used to accomplish the above goal through the software Manlab
developed by LMA of Marseille [Cochelin and Vergez, 2009]. In addition, other softwares
can also be applied such as AUTO [Doedel et al., 2007] and Matcont [Dhooge et al.,
2003].

1.3.6 Stability and bifurcation analysis

By analytical or/and numerical method, periodic solutions can be obtained. Then its
stability can be analyzed by the following three ways: (a) direct numerical integration
of equations of motion; (b) computing their Floquet multipliers; or (c) studying the

- 13 -



1.4 NES with cubic nonlinearity

topological structure of numerical Poincaré maps. In this way, bifurcation diagrams can
be constructed with respect to control parameters.

1.3.7 Time and frequency analysis

To understand the nonlinear dynamics better, it is necessary to study the variation
of frequency with time. For TET, the frequency probably is not constant, which requires
the use of wavelet transform or Hilbert transform [Hahn, 1996 ; Peng et al., 2005 ; Huang,
2014] rather than Fourier transform which is limited to stationary signal.

1.4 NES with cubic nonlinearity

As mentioned above, the phenomenon about TET is initially studied for the NES with
cubic nonlinearity, and its study is generalized to NES with other forms of nonlinearity
later. The reason why the study of cubic NES is introduced in detail here is twofold.
In one side, its essential characteristics around the concept of TET may still apply for
other types of NES, e.g., VI NES. Moreover, different methods and study branches can
be well demonstrated. In the other side, difficulties and unresolved issues are introduced
and will constitute the objectives of this thesis.

1.4.1 Analytical methods

Two main analytical methods are used during the study of TET, and classed accor-
ding to whether the damping of system is considered. The first work about TET dates
back to 2000 by Vakakis and Gendeleman [Gendelman et al., 2001 ; Vakakis and Gendel-
man, 2001]. When damping is neglected, the underlying Hamiltonian system is studied
and may be a good reference for the corresponding system with week damping. Speci-
fically, a relation between regimes and energy is obtained and presented in a diagram
termed as Frequency Energy Plot (FEP) [Vakakis et al., 2003] as showed in Fig. 1.5.
FEP can be applied to predict the behavior of a system with weak damping as displayed
in Fig. 1.6, in which the motion of this system is projected to FEP. It is found that
there exist different orbits: fundamental orbits, sub-harmonic orbits and special orbits,
which are marked out by black bullets. As a result, three ways of TET are observed:
fundamental TET through 1:1 resonance, subharmonic TET through subharmonic or-
bits and TET initiated by non-linear beating, which corresponds to special orbits. When
a system is perturbed from a state in rest , special orbits may be activated and can
play the role of connecting fundamental orbits. This explains an essential characteristic
of TET, i.e., the irreversible transfer of energy from a principal system to the attached
NES. However, these special orbits cannot be activated except a large enough initial
energy, called energy activation threshold. A more detailed introduction can be referred
in [Lee et al., 2008]. However, the study with this method is based on a relationship
between dynamics and energy. Since energy is composed of two elements: frequency and
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Fig. 1.5 FEP from [Lee et al., 2005].

amplitude. A more refined study about the influence of frequency and amplitude should
be carried out, respectively.

In addition to an activation threshold, the regime with 1:1 resonance is another
important characteristic . Therefore, it is reasonable to study the dynamics of a system
coupled with NES around this important regime. To directly study the system with
week damping, one analytical method has been introduced in [Gendelman, 2004]. This
approach is based on MSM under the hypothesis of 1:1 resonance. Solutions are decoupled
in different time scales. A relationship of motion in a slow time scale is obtained and is
called Slow Invariant Manifold (SIM). The bifurcation of NNM (i.e., deformation of SIM)
is proved to be responsible for TET. In essence, SIM represents an intrinsic characteristic
of the system and will not be influenced by damping and outside excitations. The above
method is also generalized to NES with non-polynomial nonlinearities [Gendelman, 2004].
For different types of NES, different forms of SIM are showed in Fig. 1.7, and each SIM
is related to their own nature.

About the resulting SIM of this method, its implications should be further studied,
and Its relationship to other parameters such as damping and outside excitation should

be also clarified. Moreover, possible common characteristics of SIM for different forms of
NES should also be exploited.
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Fig. 1.7 Different forms of the topological structure of SIM: (a) cubic NES [Gourc
et al., 2014]; (b) piecewise NES [Lamarque et al., 2011]; (¢) VI NES [Gourc et al.,
2015a ; Gendelman and Alloni, 2015]; (d) rotational NES [Sigalov et al., 2012].
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1.4.2 Study under different excitations

NES with cubic nonlinearity under transient, periodic and random excitations has
been extensively studied. The earliest study is concentrated on transient excitation.
For periodic excitation, a special regime called Strongly Modulated Response (SMR)
has been studied [Gendelman et al., 2008]. TET is also studied for quasi-periodic and
random excitations [Starosvetsky and Gendelman, 2011].

As for optimization design, the early studies are dedicated and limited to the study
of the TET phenomenon itself, and the optimization problem is not totally solved. In
[Manevitch et al., 2007a ; Manevitch et al., 2007b], an optimization design of parameters
is accomplished by studying the underlying Hamiltonian system. The concept of Limiting
Phase Trajectories (LPT) is defined and observed related to optimal response regimes.
In [Nguyen and Pernot, 2012], an optimized design criterion is proposed, and parameters
of cubic NES should be selected in order that the initial energy is located a little higher
than that of a so-called first relative maximal point. The efficiency of cubic NES and
TMD is compared under a frequency range around the natural frequency of a main
system in [Starosvetsky and Gendelman, 2008], in which modulated responses seem to
be more efficient than steady state responses. Limited experimental results in [Gourc
et al., 2014] give further proof that the energy of a main system is more reduced when
SMR occurs. To conclude the above non-exhaustive cited studies, the study of TET
under transient and periodic excitation is carried out, separately, and their relationship
is not clear. Therefore, the question is whether there exists some relationship. The same
question can be asked about the optimization design of NES. The above question about
the optimization design under different excitations will constitute one objective of this
thesis.

1.4.3 Applications

Applications can be classed into two categories: to control a linear system around one
resonance frequency, and to control instability and limit cycle. For the initial study of
TET, the main system is supposed to be a linear system, or the equation of system can
be simplified into that of a simple system, regardless the number of degree of freedom
and the type of excitations. In this sense, the equation of motion will be simple to treat
by analytical development or numerical simulation, and it is called classic applications.
Therefore, its main objective is to control the vibration around the interested frequency.
Under this context, TET has been applied to diverse fields. TET in the domain of
acoustics has been studied [Bellet et al., 2010 ; Bellet et al., 2012 ; Mariani et al.,
2011] and an experimental device is displayed in Fig. 1.8. Continuous structures have
also been studied, i.e., supported beam [Georgiades and Vakakis, 2007a ; Avramov and
Gendelman, 2010], tension-compression bar in [Georgiades et al., 2007 ; Panagopoulos
et al., 2007 ; Tsakirtzis et al., 2007] and plate [Georgiades and Vakakis, 2007b].

As for nonlinear systems, the application objective can be classed into two catego-
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Fig. 1.8 An experimental device of NES used in [Bellet et al., 2010].

ries: to control the stable points to the smallest and to increase the attraction domain
of stable points to the largest. In another word, the performance of limit cycles and
their stability should be improved. Around these two objectives, the vibration control of
different nonlinear systems with NES has been studied. In [Gendelman and Bar, 2010],
the application of NES to control the limit cycle of oscillation of Van der Pol has been
researched. Aeroealastic instability control has been studied in [Lee et al., 2007 ; Lee
et al., 2007]. In the domain of machining, the control of chatter with NES has been
studied [Gourc et al., 2015b]. Cubic NES also has been applied to control the vibration
of helicopters [Bergeot et al., 2016]. To improve the robustness of NES, cubic NES in
parallel is studied in [Vaurigaud et al., 2011 ; Savadkoohi et al., 2012].

From the above analysis, the attention of study is transferred to the study of com-
plicated nonlinear systems with NES, which is a usually encountered case in engineering
practice. From the literature, the study of linear and nonlinear systems is normally car-
ried out separately. In fact, the type of nonlinearities is so diverse from the viewpoint of
principal systems. However, the type of recent NES is more limited and its study with
linear system is simpler. Therefore, it will be one objective of this thesis to study the
possible characteristics of NES, regardless of the type of main systems. Meanwhile, the
improvement of robustness by multi-NES will also be studied.
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Fig. 1.9 Different forms of impact damper: (a) one ball; (b) multiple balls in parallel;
(¢) multipile balls in series connection; (d) particle damper.

1.5 VI NES

Although considerable studies about cubic NES are introduced, VI NES is the re-
search subject of this thesis. In this part, its configuration and principle of energy re-
duction is introduced at the first place. Then, the state of art around impact damper
is presented and unresolved problems are also discussed. Finally, the study of VI NES
based on the framework of TET is demonstrated in detail.

1.5.1 Principle of function

Vibration and impact is a common phenomenon in nature and engineering [Ibrahim,
2009 ; Babitsky, 2013]. In most cases, it is detrimental and should be avoided. However,
it has also been applied to control vibration seventy years ago [Lieber and Jensen, 1945]
and a damper termed as acceleration damper is used. In the subsequent researches, it
has been termed as impact damper, and recently as VI NES in the context of TET.

An impact damper is defined as a small object (e.g., a ball) which can move freely
in a clearance of a principal structure, and the small object may be attached to the
principle structure with or without spring as showed in Fig. 1.9(a). Other forms of
impact damper can also exist, such as multiple impact dampers in parallel (Fig. 1.9(b)),
multiple impact dampers in series (Fig. 1.9(c)) and particle damper (Fig. 1.9(d)). The
energy of the principle structure is transferred by impacts and dissipated also by impacts
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or by the friction between them. The most important control mechanism is the exchange
of momentum during collisions. This characteristic is best represented by the regime with
two impacts per cycle, which is known as the fundamental regime of resonance capture
in the context of TET [Lee et al., 2009]. Compared to TMD and cubic NES, it is proved
to respond rapidly once the system is perturbed, and it is also simpler to implement.

1.5.2 Studies of impact damper

Extensively studies have been carried out around impact damper. The following words
can be applied to distinguish different researches: implicated approaches (e.g., theoretical,
numerical and experimental), application domain, the number of impact dampers and
their form of coupling, the form of excitation and the friction, etc. Only the part that
a linear system is coupled with one damper or several dampers in parallel under free
vibration, under excitation with single frequency vibration and a range of frequency is
introduced here. More information in detail can be consulted in [Ibrahim, 2009].

Although different researches have been developed for their own objectives, they can
be categorized into two main categories: bifurcation and optimization design. Of course,
this two objectives may occur together.

The exact analytical solutions of a single particle impact damper and their stability
are obtained by Masri [Masri, 1965 ; Masri and Caughey, 1966]. The stability analysis
defines the domains over which the modulus of all eigenvalues of certain matrix relating
conditions after each of two conservative impacts is less than unity. Later the analytical
study is generalized to the system coupled with n-unit impact damper under periodically
excitation [Masri, 1969 ; Masri, 1970]. It is found that properly designed multiple impact
dampers are more efficient than the case with single unit.

The steady state responses and their stability regions are obtained for an impact pair
under excitation with two ranges of frequency, which are close or away from the natural
frequency of a main system in [Bapat et al., 1983 ; Popplewell et al., 1983]. Later, the same
study is carried out for the excitation with a prescribed periodic displacement [Bapat
and Bapat, 1988]. Except the influence of parameters on response regimes, the influence
of parameters (e.i., mass ratio, coefficient of restitution and clearance) is studied for a
single unit impact damper under free and forced vibrations [Bapat and Sankar, 1985].
The optimized parameters are found to be different under these two different excitation
types. These results are further experimentally validated in [Ema and Marui, 1994].

For transient excitation, the free decay of impact damped oscillations under a wide
range of oscillator amplitude is studied in [Brown, 1988], the starting response regime
with a finite number of impacts per cycle is proved useful in energy reduction.

A design procedure [Popplewell and Liao, 1991] is proposed and the suggested opti-
mum regime is actually corresponding to the minimal point in the SIM obtained in [Gourc
et al., 2015a]. For the results according to this design procedure, there are some discre-
pancy between analytical calculation and numerical results. It probably results from the
negligence of the influence of frequency on the stability.
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By the systematic methods proposed in the papers by Peterka and Blazejczyk [Blazejczyk-
Okolewska, 2001 ; Peterka and Blazejczyk-Okolewska, 2005], different response regimes
and bifurcation types can be explained, such as symmetric and asymmetric two impacts
per cycle, beating and intermittent chaos, and different routes to chaos. In addition, the
dynamics has also been studied with Poincare maps [Sung and Yu, 1992] and Lyapunov
exponential [Yoshitake et al., 2007].

1.5.3 Studies of VI NES

Recently, vibration control by vibro-impact is studied in the frame of TET, and it is
termed as VI NES. The application of VI NES to control seismic induced vibration has
been studied numerically and experimentally by Nucera [Nucera et al., 2007 ; Nucera
et al., 2008] and a VI NES is attached to a main structure by a spring. It has been
observed that VI NES is able to effectively diminish undesirable energy once induced by
seismic. The mechanism of TET has been well demonstrated. The above system is further
studied by Lee [Lee et al., 2009], in which some new tools are proposed as an effort to
study the dynamics in a systematical way. Its underlying Hamiltonian system is studied,
and as a result, a FEP is constructed as for the case of cubic NES. Special orbits as
well as three mechanisms of TET are observed. It is demonstrated that a superior shock
absorption by VI NES is attained for intermediate clearances, small coupling frequencies
and large mass ratios.

With damping, an analytical study with MSM is carried out for a system coupled
with VI NES under transient excitation [Gendelman, 2012]. Then, it is generalized to
the periodic excitation case. SIM is obtained and applied to explain the slow variation
of motion, and it is proved to be a good tool to predict the variation of responses under
both transient and periodic excitations. In addition, SMR are experimentally observed
and explained [Gourc et al., 2015a]. Its chaotic characteristic is explained for the first
time [Gendelman and Alloni, 2015 ; Gendelman and Alloni, 2016].

In the aspect of application, VI NES is applied to quench the chatter of a turning
process [Gourc et al., 2015b]. The analytical study has been carried out and is only
treatable with the simplification of the underlying time-delayed equation. As a result,
the obtained analytical results cannot reliably predict experimental results. As the case of
cubic NES, this difficulty probably exists once VI NES is coupled to complicated systems.
The preliminary experimental results with two-thirds reduction of velocity demonstrate
its effectiveness of energy reduction. However, a feasible and precise design of VI NES to
control vibration of nonlinear systems will be difficult, which will be one of the objectives
of this thesis.

1.5.4 Asymptotic analysis of VI NES

The mechanical model of a LO coupled with a VI NES is showed in Fig. 1.10. VI
NES is attached to a cavity and can move freely during the clearance between VI NES
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Fig. 1.10 Schema of a LLO coupled with a VI NES under periodic excitation.

and LO. The following asymptotic analysis has been developed by E. GOURC [Gourc,
2013] and it lays the analytical foundation of this thesis.
The equation of motion between impacts is described as follows:

d? d d
mlﬁx () + 01%x (t) + kyz (t) = kyxe (t) + Cl%xe (t)
d? (1.1)

mo——=1y (t) =0
2 dtQ?J( )
Vie—yl<b
where z, mq, ¢; and k; are the displacement, mass, damping and stiffness of the LO
respectively. y and my are displacement and mass of VI NES. b represents the length of
the clearance. x. () is the displacement imposed on the base and it will contribute two

parts of force to the LO: the stiffness part and the damping part.
After nondimensionalization, the above equations is simplified:

i+ eNE 4+ x = eGsin Q1 + X\ G cos Q7
€jj =0 (1.2)
Vie—yl <b

The corresponding physical parameters are expressed as follows:

mo 2 k‘l
€= —, Wy = , T = th,
my my r
C1 W
A\ = Ca=2 g==
Mmoo wWo €

where € represents the mass ratio between VI NES and LO. wy denotes the natural an-
gular velocity and fy denotes the natural frequency of LO. 7 represents the dimensionless
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time.

The dots denote differentiation with respect to dimensionless time 7. eG sin {27 and
e2X\1GQ cos Q1 represent the force contribution of displacement and that of velocity of
excitation respectively imposed on LO. The latter term is conserved here to demonstrate
its physical meaning and is neglected during the following analysis because of its small
magnitude.

When |z — y| = b, impacts occur. The relation between after and before impact is
obtained under the hypothesis of the simplified shock theory and the condition of total
momentum conservation:

et =aT, yt=y"
it tet =i ey, d gt = (i —g7), (1.3)
for [z —y| =10

where r is the restitution coefficient and the superscripts + and — indicate time
immediately after and before impact.

It is seen that the velocity before and after impact experiences a sudden change in
its direction and thus results in what is known as non-smooth dynamics. Actually, the
process of the change of velocity is more complex than the used analytical treatment,
but the method used here has been proved simple, useful and effective.

Specifically, three particular techniques have been developed over the years in order
to transform the complicated non-smooth process into smooth ones. These include the
power-law phenomenological modeling, the Zhuravlev and Ivanov non-smooth coordinate
transformations, and the Hertzian contact law [Ibrahim, 2009].

New variables representing the displacement of the center of mass and the internal
displacement of the VI NES are introduced as follows:

v=x+tey, w=x—y (1.4)

Substituting Eq. (1.4) into Egs. (1.2) and (1.3), the equation between impacts in
barycentric coordinate are given as:

V4 ew v+ ew

U+ €N + = eG'sin Q1 + €M\ GQ cos O
1+e 1+e

w + e)\lv tew + vrew = eG'sin Q1 + 20\ GQ cos O (1.5)
1+e 1+e€

Viw| < b

and the impact condition (1.3) is rewritten as:

v = (I wh = w,

+ +

(1.6)
vt =07, W =-—-rw, for|w|=">

From here on, MSM is used to analyze the solution in different orders and time scales.
Multiple scales are introduced in the following form:
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v(T;€) = vo(T0, 715 .. .) + €01 (T0, T1, .. .) + ...
w(T;€) = wo(10, 71, - - .) + €Wy (70, T1,...) + ... (1.7)
Te=¢7, k=0,1,...

A detuning parameter (o) representing the nearness of the forcing frequency €2 to the
simplified natural frequency of the LO is introduced:

Q=1+e0 (1.8)

Substituting Egs. (1.7) and (1.8) into Egs. (1.5), (1.6), equating coefficients of like
power of € and only conserving the first two orders:
order €® between impacts:

ngo + vy = 0 (1 9)
D(Q)wg + vy = 0, V|w0| <b '
order €’ once impacts:
var:vo_, war:wo_, (1.10)
Dovd = Dovy, Dowg = —rDowy, for |wg| = b
order ¢! between impacts:
ngl + v = —2D0D1U0 — )\1D0"U0 — Wy + Vo (1 11)

+G'sin (19 + o11)

For order €', only the term related to LO is conserved and will be used later. Com-
bining the first and second order, the SIM and fixed points could be obtained.

From the analysis of order €°, vy represents an ideal undamped harmonic oscillator
expressed as follow:

Vo :C(Tl)SiH(To+(9(Tl)) (112)

From the standpoint of wy, Eq. 1.9 and Eq. 1.10 represent a harmonically forced im-
pact oscillator with symmetric barrier. For the regime of 1:1 resonance with two impacts
per cycle, its solution can be searched in the following form:

wo = C(7)sin (19 + 0(m1)) + 72rB(T1)H (1o +n(m1)) (1.13)

where II(z) is a non-smooth sawtooth function [Pilipchuk, 2002 ; Pilipchuk, 2015].
This folded function and its derivative are depicted in Fig. 1.11 and are expressed as
follows:

I(z) = arcsin(sinz) M(z) = 4 = sgn(cos z) (1.14)
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Fig. 1.11 Representation of the non-smooth functions II(z) and M (z).

According to Eq. (1.13) and (1.14), impact occurs at Ty = 7/2 — n + jm with j =
0,1,2,.... The impact condition |wg| = b is rewritten with Eq. (1.13) as:

Ccos(n—60)=b—B (1.15)
Rewriting now the inelastic impact condition (1.10) yields:

C(14r)sin (n — 6) = iBu — 1) (1.16)

Combining Egs. (1.15) and (1.16), a relation between B and C' is obtained as follows:

2 41— 7")2 2 2
C :<1+22>B —2bB +0 (1.17)
w2 (1+47r)

To obtain the fixed points, the equation at the next order should be analyzed and
will be presented in the next chapter, and the stability analysis of fixed points can be
accomplished by direct numerical integration of Eqs. (1.9) and (1.10) or by the following
commonly used method.

The characteristic of asymptotic stability is important for the consistency of practical
application of vibro-impact system. A vibro-impact system like a LO coupled with a VI
NES is asymptotically stable if it returns eventually to the original motion after a small
perturbation. The essential idea of the method is to evaluate the propagation of small
errors in difference equations. It can be imagined that the effect of a slight perturbation
of the absolute displacement and velocity of the secondary mass or the main mass, Aw
and Aw, is monitored at subsequent collisions. The perturbation may affect the instants
of some of the later collisions but in a manner consistent with the equations of motion
and periodicity requirements. The accumulated errors can be expressed as follows:
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Fig. 1.12 SIM of VI NES: one stable branch in thick line, two unstable branches in thin
line.
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A subscript like ¢ designates properties at the ith collision. The periodic motion is
asymptotically stable if and only if all the modules of the eigenvalues of matrix {P} are
strictly less than unity [Masri, 1965 ; Masri and Caughey, 1966 ; Bapat et al., 1983]. The
results with the application of the above method are obtained and showed in Fig. 1.12.
The points pl and p2 represent the bifurcation points in which the regime with two
symmetric impacts per cycle loses its stability, specifically the saddle-node bifurcation
for p2 and the symmetric break bifurcation for p1. For the point p0, a grazing bifurcation
occurs and the regime with three impacts per cycle comes into being [Peterka, 2003].

1.6 Objectives and work of this thesis

The presented studies about cubic NES demonstrate the research of TET in different
aspects, and impact damper, as a member of NES in the context of TET, may also be
investigated from this new horizon. Its study state demonstrates that its main limitation
comes from the used analytical methods. The recent study of impact damper around
the name of VI NES highlights some new characteristics. However, its study is not
comprehensive. Therefore, the objective of this thesis is to study VI NES in this new
context of TET. The chapters of this thesis are organized as follows:
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Chapter 1 : Dynamics of targeted energy transfer

The second chapter is dedicated to the study of typical response regimes, and the
influence of parameters on these response regimes and bifurcations around SIM. At first,
different typical response regimes are introduced. Then the influence of parameters on
bifurcations is studied. Finally, different response regimes and bifurcation routes are
experimentally studied.

In the next chapter, the efficiency of different response regimes is compared. The
common optimization design mechanism of VI NES under periodic and transient exci-
tations is studied. Firstly, numerical simulations are carried out to compare efficiency
of different response regimes and parameters. Then, experiments are constructed under
periodic and transient excitations, respectively. Results are applied to compare the effi-
ciency of different response regimes and obtain the optimization design relation between
different types of excitation.

In the fourth chapter, the objective is to explore the activation mechanism of VI
NES and then, to propose an optimization design criterion of VI NES for the vibration
control of nonlinear systems. Firstly, the activation characteristic of VI NES is analyzed
around SIM. Then, an optimization design procedure of VI NES is proposed for vibration
control of nonlinear systems. In the numerical and experimental parts, the activation
characteristic is validated. Finally, a preliminary application to control chatter during a
turning process is carried out.

In the last chapter, a VI NES is added to explore the possibility of efficiency and
robustness improvement. A LO coupled with two VI NES in parallel are experimentally
studied. Different experiments under different excitations are carried out. Different res-
ponse regimes are observed and their contributions to vibration control are compared.
Moreover, the principle of separate activation is studied by transient experiments.
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CHAPTER

Influence of parameters
on response regimes

The objective of this chapter is to study the influence of parameters on response
regimes and bifurcations of a LO coupled with a VI NES. Firstly, the analysis

is developed around SIM. Then, five typical response regimes are demonstrated

by numerical simulations. In addition, the coherence between numerical and

analytical results is analyzed. Thirdly, the influence of different parameters is

investigated around SIM. Finally, different response regimes, bifurcation routes

and SMR are experimentally validated.
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2.1 Theoretical analysis

2.1 Theoretical analysis

There are already many researches about the dynamics of VI NES system, and more
specifically speaking, about response regimes and bifurcations. However, the study is
performed on cases studies, and it is necessary to perform a comprehensive study.

Recently, it is observed that transient resonance capture is important for vibration
control, and its corresponding response regime is that with two impacts per cycle of VI
NES. Therefore, it is natural to put the focus on this regime.

Since the fixed point of this regime can be calculated, it is possible to perform an
analytical study firstly, and with numerical and experimental validation later.

As mentioned in the first chapter, VI NES has been studied in the domain of TET as
a member of NES and MSM has been used as analytical study method. As a result, SIM
and fixed points can be obtained. The following analytical development is a continuation
of the former study [Gourc, 2013].

A typical SIM (Eq. (1.17)) with b = 1 and r = 0.6 is showed in Fig. 2.1, and three
typical points p0, pl and p2 are marked out.

In order to obtain the fixed points and to study the non-stationary motion evolution
on the SIM, Eq. (1.11) at the next order of approximation is analyzed. To identify
terms that produce secular terms, the function of wy is expanded in Fourier series in the
following way:

Wo :C(Tl) sin (7'0 + 9(7’1)) + E (7’1) sin (7'() + C (Tl)) + REC (21)

where RF'C' represents the remaining frequency components except resonance fre-
quency. The component C (77) is decided by the motion of LO and E (7) is totally rela-
ted to the motion of VI NES, and this time, it can be a variable rather than a constant.
In this way, it opens another viewpoint to observe and analyze transient and not-steady
responses. From the standpoint of experiments, F (77) is related to the periodic impact
force, i.e., impact strength and frequency. Therefore, Eq. (2.1) is a more general and
relaxed analytical description of motion compared to former studies, in which only the
response regime with two symmetric impacts per cycle is considered.

Substituting Eqs. (1.12), (1.13) and (2.1) into Eq. (1.11) and eliminating terms that
produce secular terms give:

1 1 1
D,C = —5)\10 — §E sin (©) + §G sin ()

1 1 (2.2)
Din = iGcos(n)/C’— §Ecos(@)/0+a
where
©=(-10
¢ (2.3)
n=or —0

O represents the phase difference related to LO and VI NES. n represents the phase
difference related to LO and outside excitation.

- 30 -



Chapter 2 : Influence of parameters on response regimes

The fixed points can be obtained by equating the right side of Eq. (2.2) to zero and
then combining it with Eq. (1.17). In this way, the fixed points (number and position) can
be obtained. Compared to the classic non-asymptotic method, its function is twofold.
Firstly, its position can be used to judge the type of response regime. Secondly, its
value can be precisely calculated for 1:1 resonance, which may be related to the optimal
response regime. Meanwhile, the corresponding equivalent force E between LO and VI
NES can be used to analyze the complicated performance.

+ unstable branch

0.75+ ® stable branch i

2

Sos o ]

0.25¢ ,

P2

0 Il Il
0 0.5 1 1.5 2
B

Fig. 2.1 SIM of VI NES: two unstable branchs in red, one stable branch in blue and
three critical points p0, pl and p2.

2.2 Response regimes

In this part, a criterion to categorize different response regimes is firstly introduced.
Secondly, typical response regimes by numerical study are showed. Then, an analytical
explanation for the variation of response regimes is carried out. Finally, the influence of
frequency on the variation route of response regimes is studied.

2.2.1 Regime classification criterion

Normally, the frequency ratio is applied to categorize response regimes, e.g., the same
frequency for 1:1 resonance. By this way, the transform from time domain to frequency
domain, e.g., Fourier transform and wavelet transform, is needed to judge the frequency
components and their relationship. And it is the case widely used in the study of cubic
NES. However, the classification for VI NES will be simpler since the impact number
per cycle of the main system is a clear and direct index. In [Peterka, 2003], the regime is
labeled by the quantity z = p/n, where p is the number of impacts and n is the number
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2.2 Response regimes

TABLE 2.1 Parameters of the experiment

Physical Parameters

m 4.168 kg cg 3.02Ns/m
ki 11.47%10° N/m  mq 329

Reduced Parameters
€ 0.76% A 1.80

of excitation periods T" during the considered impact motion period. It is proved to be
rather convenient and will be applied in this thesis.

2.2.2 Variation of response regimes

The experimental identified parameters in Table 5.1 will be used for simulation with
Egs. (1.2) and (1.3). The value related to relative and barycentric motion can be obtained
by Eq. (1.4).

With the variation of the clearance, five different response regimes exist under outside
excitation frequency of 8.5 Hz and they are categorized by the value of z as showed in
Fig. 2.2. The first, second and third column represents the displacement of LO, relative
displacement and projection of motion (i.e., yellow curve) into SIM respectively. z can
be observed from the second column combined with the first column, i.e., the total
occurrence times of the extreme relative displacement value (i.e., b or —b) during one
period of LO. Fig. 2.2(a) is chosen as the representation for all cases with z > 2, in
which z = 3 and z = 4 co-exist. In this case, the time difference between impacts is not
equally distributed as showed in the middle subfigure and the stable projected motion
is located at the right unstable branch of SIM and it is far from the stable blue branch
as showed in the right subfigure. Moreover, the number of impacts increases with the
decrease of clearance, but the impulse strength decreases. Fig. 2.2(b) represents two
asymmetric impacts per cycle with z = 2. The time difference between two impacts are
not the same, the projected motion is closer to the stable blue thick branch. Fig. 2.2(c)
represents two symmetric impacts per cycle with z = 2. It is seen in the right subfigure
that the steady projected motion can be represented by a point in the stable branch of
SIM except the transient process at the beginning. A SMR is presented in Fig. 2.2(d),
the alternative appearance of z = 2 and z < 2 can be seen in the middle and right
subfigures. For the part z = 2, the case with two impacts per cycle occurs and its
variance is governed by the blue stable branch. For the part z < 2, the case with sparse
impacts occurs, its variation law is not known. This irregularity is also demonstrated
by the variation of displacement amplitude of LO in the left subfigure, which reveals
the chaotic characteristic of SMR [Gendelman and Alloni, 2015 ; Gendelman and Alloni,
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Chapter 2 : Influence of parameters on response regimes
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Fig. 2.2 Displacement of LO in the first column, relative displacement in the second co-
lumn and motion of system projected into SIM in the third column for different response
regimes: (a) z > 2; (b) z = 2 and asymmetric; (¢) z = 2 and symmetric; (d) z = 2 and
z < 2 for SMR; (e) z < 2.
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2016]. Fig. 2.2(e) demonstrates loose impact case with z < 2, in which transient 1:1
resonance with continuous two impacts per cycle does not exist. In this area, the response
is irregular. From the variation of impact number and displacement amplitude of LO in
Fig. 2.2, it is seen that the average value of z with long time duration decreases and the
average value of displacement amplitude of LO (z) decreases at the first place and then
increases.

2.2.3 Areas of SIM

From the third column of Fig. 2.2, it is seen that the relative position of motion
projected into SIM varies with the clearance. According to the value of C?, 4 areas can
exist. This law of variation by numerical study can also be analytically obtained and the
result is showed in Fig. 2.3(a).

Z1
z2 I
z4 ]
B
(a)
XS 'S
B B
(b) (c)

Fig. 2.3 Areas of SIM: (a) 4 typical areas; (b) a first case in Z3; (c¢) a second case in Z3.

With the increase of the clearance, one of the fixed point represented by red circle
will move along the SIM from area Z1 with z > 2 to z = 2 through a series of grazing
bifurcation. In area Z2, the regime with two asymmetric impacts per cycle persists until
the critical point between stable blue branch and the right unstable red branch, in which
the double period bifurcation occurs. Then the regime with two symmetric impacts per
cycle occurs. If the above process is continued, there exist two routes. The first case is
showed in Fig. 2.3(b), the two unstable points will approach each other and then disap-
pear. The response regime is SMR demonstrated in Fig. 2.2(d) and the duration time of
transient 1:1 resonance part will decrease with the increase of clearance, which is nume-
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Chapter 2 : Influence of parameters on response regimes

rically observed by an outside excitation frequency 8.5 Hz. Another case is demonstrated
in Fig. 2.3(c) with an outside excitation frequency 8 Hz. Two fixed points exist in the
stable branch and then disappear by collision with each other. During the evolution of
this case, there exist two possible solutions, i.e., two symmetric impacts per cycle and
SMR. The irregular regime in area 4 will appear after the collision of fixed points at
the end of the above two cases with further increase of the clearance. The above ana-
lysis process for the variation of regimes can be applied to other parameters, although
the specific variation route will depend on the specific parameters. In return, different
bifurcations and routes can be explained with the above analysis approach.

2.2.4 Numerical analysis of SMR

Here, a numerical analysis of SMR is performed with Hilbert Transform (HT) and
Wavelet Transform (WT). The time history of response (v &~ x) are firstly showed in
Figs. 2.4 and 2.5.

(a) (b)
0.01 0.05
-0.01 : : : -0.0 : ' :
0 500 1000 1500 2000 0 500 1000 1500 2000
T T
() (d) 10
0.05 10
8 4
20 I Fa
| 4 — , 1
2 ‘; 1
-0.05 : : : — ——
0 500 1000 1500 2000 0.005 0.01 0.015 0.02 0.025 0.03
T B

Fig. 2.4 SMR with b = 0.22,G = 0.02, 2o = 0.02, 2 = 0,30 = 0.06, 3o = 0: (a) displa-
cement of the center of gravity; (b) displacement of VI NES; (c) relative displacement;
(d) projection of motion into SIM.

It is seen that the local maximum value of v is different every time, which is different
from that of NES with cubic nonlinearity. In [Gendelman and Alloni, 2015 ; Gendelman
and Alloni, 2016], this chaotic characteristic is deeply explained, and it will be further
explained in this thesis. The 1:1 transient resonance captures can be observed from the
phase and phase difference between v and y in Fig. 2.5(b). The nearly constant phase
differences demonstrate the resonance capture as showed in a large view in Fig. 2.5(d). In
addition, the slow variation of the phase difference shows the slow variation of response
regime with two impacts per cycle, which corresponds to different stable fixed points of
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2.2 Response regimes

SIM. In Fig. 2.5(e-h), the time history of frequency of v and y is obtained by HT and
WT, respectively. In Fig. 2.5(e-f), the transient noisy that results from impacts should
be excluded to get the true frequency component. The same frequency component is

observed as the case of NES with cubic nonlinearity.
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Fig. 2.5 SMR with b = 0.22,G = 0.02, o = 0.02,2y = 0,99 = 0.06,5p = 0: (a)
envelope of v and y; (b) phase and phase difference; (c-d) enlarged views of (a-b); (e-f)
instantaneous frequency by HT; (g-h) instantaneous frequency by WT.

2.2.5 Transition phenomena and optimization design criteria

From the above analysis, there exist two possible transition routes with two different
transition regions, which are respectively defined as hysteresis region and beat motion.
The former corresponds to the Fig. 2.3(c) in which the response regime is ambiguous
(1:1 resonance or SMR). The latter corresponds to the Fig. 2.3(b) characterized by the
SMR of main system [Peterka, 1996]. Two boundaries can be analytically obtained by
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Chapter 2 : Influence of parameters on response regimes

two bifurcation conditions, i.e., the bifurcation showed in Fig. 2.6(a) and the bifurcation
demonstrated in Fig. 2.6(b). The first one is defined by the contact point between the left
unstable red branch and the stable blue branch and the other condition is obtained by
the collision of the two fixed points. For a frequency bandwidth, the above two transition
regions are obtained and showed in Fig. 2.6(c). Al represents the hysteresis region, which
is numerically validated by co-existence of SMR and 1:1 resonance, which has been
experimentally observed in [Bapat et al., 1983]. A2 represents the beat motion region.
The point P1 represents the singular point in which the continuous transition without
SMR (i.e., no intermittency) exists. From the variation of displacement amplitude of
LO in Fig. 2.2, it is reasonable to assume that the optimal energy dissipation exists
at the point where 1:1 resonance disappears, which is represented by the red cross in
Fig. 2.6(c). Different response regimes in different areas (i.e., Z1, Z2, Z3 and Z4) are also
validated by numerical results and they are represented by the squares, circle and star.
The optimal mechanism will be studied deeper in the next chapter.
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Fig. 2.6 Transition phenomena: (a) saddle-node bifurcation boundary; (b) Hopf bifur-
cation boundary; (c¢) transition regions.

2.3 Influence of parameters

In this part, the influence of different parameters is analyzed in detail. The bifur-
cation with frequency as the control parameter is analyzed and it is important for the
optimization design of system under periodic excitation with a range of frequency, which
will be discussed in the next chapter. The influence of mass ratio and damping on the
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transition process is also discussed. In the last part, the influence of restitution coefficient
is also studied.

2.3.1 Influence of frequency

With the variation of relative value between the amplitude of outside force and clea-
rance (i.e., G/b), the relative position of Frequency Response Function (FRF) of the
main system will vary and it will result in the location change of the projected motion
in the SIM. This phenomenon has been experimentally observed in [Gourc et al., 2015a].
For a fixed G, this relative location will change from area Z1 to Z4 (i.e., from black
thick dotted curve to blue thin curve) with the increase of b as showed in Fig. 2.7. For
any relative location, just some interval of frequency can situate in area Z3 (e.g., red
fine dotted curve and green thick curve), in which the most efficient energy reduction by
TET is possible, no matter in the form of resonance capture by the 1:1 resonance regime
or just one part of the process in resonance capture by SMR. This is the reason why one
optimal designed parameter will not still be optimal for another frequency. The fact is
that the 1:1 resonance regime for all range of frequency is not possible.

Z1
L} L] "= = =

Z2

Z3

z4

(a) (b)

Fig. 2.7 Influence of frequency on the dynamics around SIM: (a) SIM; (b) relative
position of FRF.

Another phenomenon is about possible types of bifurcations and routes during sweep
experiments (e.g., observed in [Yoshitake et al., 2007]). All possible cases can be explained
clearly. For the case of fine blue line in Fig. 2.7(b), there will not exist any route to
irregular response. However, there will be two possible routes for the case represented by
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Chapter 2 : Influence of parameters on response regimes

the thick black dotted line, i.e., the first route can go up along the line as follows: two
symmetric impacts, then two asymmetric impacts, then increase the number of impacts
until total irregular response. The second route can go down along the line in the following
way: two symmetric impacts, then SMR, then decrease of the duration time for the 1:1
resonance part of SMR until total irregular response. The typical cases with fine red
dotted line and thick green line can be a little different but can be explained in the same
way. For the past researches about the parameter optimization for a frequency range
around resonant frequency, different cases have been observed and explained. However,
the study is incomplete and the goal is not clear. From Fig. 2.7, the optimization criterion
is clear and it is just to make the objective bandwidth of frequency locate in the area
73 as wide as possible. Normally, the objective bandwidth of frequency is around the
natural frequency of LO, therefore the case with fine red fine dotted line would be better.

2.3.2 Influence of mass ratio and damping

The SMR projected in SIM is showed in Fig. 2.8(a). More information about the
variation mechanism of the displacement of LLO and relative displacement can be seen
in Fig. 2.2(d). In the stable branch in thick blue curve, the good prediction with a
high correlation between the theoretical blue curve and the numerical green curve is
seen and enlarged in Fig. 2.8(c), which cannot be obtained by the traditional analytical
approach comprehensively summarized in [Ibrahim, 2009]. For the analytical method
firstly developed in [Gendelman, 2012, its objective is to analyze the transient resonance
capture (two impacts per cycle) during free vibration and it is also applied to periodically
forced vibration. Its application requires small magnitude of mass ratio and damping. For
the transition part between non 1:1 resonance and 1:1 resonance as showed in Fig. 2.8(b)
and Fig. 2.8(c), the vertical value difference of every vertical yellow line is decided by the
energy dissipation during impacts related to the mass ratio and the restitution coefficient
(the influence of the restitution coefficient will be explained later) and that of every
horizontal yellow line is decided by the energy dissipation related to the damping of LO.
Large energy reduction resulted from large mass ratio and damping will result in the
failure of this approach, i.e., the prediction of SIM to projected motions, although it
may increase the efficiency of energy reduction.

From Fig. 2.2(d), it is seen that the response is strongly modulated and the local
maxima changes every time, which is defined as chaotic SMR in [Gendelman and Alloni,
2015 ; Gendelman and Alloni, 2016]. To explain its variation trend, the non 1:1 resonance
motion of VI NES should be considered and its average action force on the LO should
be developed in Fourier series. Its small amplitude in Eq. (2.1) reveals the cause for the
increase of the amplitude of main system. This way of treatment is also fairly convenient
to understand experimental results which will be explained in the experimental part.
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Fig. 2.8 SMR projected into SIM: (a) projected motion in green lines; (b) an enlarged
view of transition part; (c) an enlarged view of 1:1 resonance part.

2.3.3 Influence of restitution coefficient

From Eq. (1.17) and Fig. 1.12, there exists a minimal value of C? for the occurrence
of 1:1 resonance. When the restitution of coefficient is varied with the amplitude of LO
(black dotted line) and other parameters fixed, the relative position of SIM will vary as
showed in Fig. 2.9(a).

When r = 1 showed in red fine curve, it will locate in area Z1, in which the impact
number is large but with low impact impulse strength. As a result, the energy dissipation
is not high. With the decrease of r, the transition will follow along the black arrow in
Fig. 2.9(b). When r = 0.2 showed in black thick dotted curve, the impact number will
be low and impact pulse may be large. Globally, it will result in low efficiency. Therefore,
an intermediate value will be optimal and lead to a maximal value of E in Eq. (2.1).

2.4 Experimental results

The objective here is to observe different response regimes with the variation of length
of cavity. Their efficiency is not compared here and will be the objective of next chapter.
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Fig. 2.9 Influence of the restitution coefficient: (a) SIMs with different r; (b) relative
position for different r.

2.4.1 Experimental configuration

The experimental setup is presented in Fig. 2.10(a). It consists of a LO, with an
embedded VI NES. The whole system is embedded on 10kN electrodynamic shaker. The
displacement of the LO as well as the imposed displacement of the shaker are measured
using contact-less laser displacement sensors. The acceleration of the LO is measured by
a accelerometer. A detailed view of the VI NES is presented in Fig. 2.10 (b).

It simply consists of a closed cavity of length d + 2b, where d is the diameter of the
ball and b can be adjusted by a cylinder in the cavity. The cylinder and the other side
cover are made of hardened steel. The parameters of the system have been identified by
performing modal analysis and are summarized in Table 5.1. The excitation frequency
is fixed to 8 Hz.

2.4.2 Bifurcation route

The bifurcation route can be judged in different ways such as that showed by the
variance of response in the columns of Fig. 2.2, but they require the displacement and
velocity of VI NES to be known as a prerequisite, which is not allowed in our laboratory.
Another way is to use a return map of time difference between every two consecutive
impacts [Korsch et al., 2007]. For a limited time of data acquisition with the excitation
period given, the time of impact ¢; can be measured as showed by red stars in right
subfigures of Fig. 2.11(a-f). The acceleration of LO (blue curve) will change abruptly and
then the time differences 6t; between these moments can be calculated. Two neighboring
times 0t; and 0t(;11) can form one point (dt;, dt(;11)), and every two points can constitute
a vector with the first point (6¢;, 6¢(;41y) and the second point (6¢(;41y, 6t(it2))-

With the variation of clearance b, different response regimes have been observed.
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Shaker

(b)

Fig. 2.10 Experimental setup: (a) the global configuration; (b) a detailed view of VI
NES.

All left subfigures in Fig. 2.11(a-f) represent the time difference return map, the yellow
dotted triangle can be expressed by L1: dt, + ét, = T(1/8s) , L2: §t, = T(1/8s)
and L3: 6t, = T(1/8s). The black dotted line can be expressed by L4: 6t, = d6t,. All
right subfigures in Fig. 2.11(a-f) represent a typical sample of the acceleration of LO, in
which the red stars denote the time of impact and the value of acceleration. Fig. 2.11(g)
demonstrates the relative position of every regime in SIM. For b = 0.3 mm, the results
are showed in Fig. 2.11(a), there exist more than 3 impacts during one period, and
the distribution of impact time is also irregular, which maybe chaos and need further
verification. For b = 2.5mm showed in Fig. 2.11(b), there exist three impacts every
period and the impact time distribution is not equal but stable which is illustrated by
the fact that all vector form a triangle, meanwhile all points are inside L1. For b = 4mm
in Fig. 2.11(c), the vector is located at the L1, which means it just exist two impacts
every period. However, the absolute value of acceleration is not equal. For b = 7.5mm
in Fig. 2.11(d), there also exist two impacts per cycle, but this time the absolute value
of acceleration is almost equal. For b = 11.5mm in Fig. 2.11(e), the case of two impact
per cycle and no impact appears alternatively and the duration time of 1:1 resonance is
short and irregular. For b = 20 mm in Fig. 2.11(f), all points is in the right and up side
of L1, it means that two impacts per cycle does not exist during the whole process, i.e.,
transient resonance captures does not exist.

In summary, the relative position in the SIM moves with the increase of clearance
as observed by the study in the last section. The value of acceleration (i.e., impulse
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Fig. 2.11 Route of the variation of regimes: (a) b=0.3 mm with z > 3; (b) b=2.5 mm
with z = 3; (¢) b=4 mm, asymmetric resonance with z = 2; (d) b=7.5 mm, symmetric
resonance with z = 2; (e) b=11.5 mm, SMR and partially with z = 2 ; (f) b=20 mm
with z < 2; (g) location of different regimes in SIM.
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2.4 Experimental results

strength) is small although with many impacts during one period for small clearances.
Then it augments with the two impacts per cycle, and the efficiency of TET is the
largest. A further increase of clearance, instantaneous large value (i.e., strong impulse
strength) can exist, but it cannot persist during the whole process. From the former
analytical analysis, the number and strength of impact impulse will decide the value of
E in Eq. (2.1) directly and it will decide the efficiency of TET, which is validated by the
experimental results here.

2.4.3 TET during SMR

A SMR with b = 15mm is demonstrated in Fig. 2.12, which is characterized by
the intermittency of 1:1 resonance (i.e., two impacts per cycle) and the chaotic stron-
gly modulated amplitude of LO. In Fig. 2.12(a), the acceleration of LO during 55 is
demonstrated by the blue curve and points of the impact moment represented by red
stars illustrate the time and acceleration value of impact moments. The intermittency is
demonstrated by the irregular occurrence and duration time of 1:1 resonance as showed
by the distribution of impact points in Fig. 2.12(a) and also by transient escape in the
return map of time difference showed in Fig. 2.12(b). In Fig. 2.12(c), the black curve
and red curve represent the displacement (mm) of shaker and LO respectively, which is
superimposed with the acceleration of LO. Here, the influence of the amplitude and fre-
quency of impact to the energy reduction is showed by the variation of the amplitude of
LO. The transient resonance captures are seen by two impacts per cycle, in which TET
is possible. In the first equation of Eq. (2.2), the amplitude variation of main system
at the slow time scale is decided only by the amplitude (i.e., E') which is obtained by
Fourier transfer and has the same frequency as that of LO, provided that the damping
of LO and outside excitation are fixed. For the decrease period of the amplitude of LO,
two impacts per cycle and large value of impact impulse strength are required to guaran-
tee the condition of 1:1 resonance and large impact damping as showed in Fig. 2.12(e).
Otherwise, it will increase for not enough dense impacts illustrated in Fig. 2.12(f) or not
big enough impact impulse even with two impacts per cycle as showed in Fig. 2.12(d).
Therefore, although 1:1 resonance (two impacts per cycle) is necessary for TET, their
efficiency is different for different 1:1 resonance regimes as is showed by the difference
of acceleration value for the same 1:1 resonance regime from the above experimental
results and is also analytically represented by different points at the stable blue branch
in Fig. 1.12. Or it is reasonable to suppose that the most efficient case is the one with
not only 1:1 resonance but also the largest impact impulse strength in impact moments
as may be presented by the optimal curve proposed in Fig. 2.6, which will be studied
further in the following chapter.

If we look closely, there exist small peaks of the acceleration during the period defined
as no impacts period as has been used in the analysis. One example is showed for the
time around ¢ = 2.7 s in Fig. 2.12(f). This phenomenon is probably caused by the small
inclination of the LO which results in the location of the ball in one side rather than in

- 44 -



Chapter 2 : Influence of parameters on response regimes

o

Acceleration(g)
o
«s)

-
o

° 1(s) %° 5 0 0.8

(a)

Ly

0 0.5 1 4 45 5
T K —
5 6f i 1
4
41 4+
3
2 2r 2t
: I\
o)}
0 1 R
-1 J =2
_2.
_2 4
-4
-3
i ~4
-4 -Q
-5 _d d
09 1 11 12 13 14 14 16 18 2 22 >4 26 28
1(s) 1(s) 1(s)

(d) (e) ()

Fig. 2.12 TET during SMR: (a) the acceleration of LO; (b) the return map of time
difference; (c) the superposition of the acceleration (blue curve) and the displacement
(red curve) of LO and the displacement of shaker (black curve); (d-f) enlarged views of

(c).
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the middle [Bapat, 1995]. Another problem is that the time difference is not equal for
two consecutive impacts per cycle as has not been predicted by analytical results, which
is possibly caused by the damping between LO and VI NES, the inclination of LO and
the difference of the restitution coefficient at each side [Bapat et al., 1983]. Although
the above two phenomena have not been considered in the analytical study, they do not
influence the above obtained analysis for the dynamics and the TET during the SMR.

2.5 Conclusion

In this chapter, all response regimes are analyzed around the SIM. The influence of
parameters and initial conditions on the dynamics is demonstrated with analytical and
numerical results at the first place. Then, experimental results prove the existence of
different regimes and different bifurcation routes, and TET during SMR is also demons-
trated.

The general equation (i.e., Eq. (2.2)) is not only used to solve fixed points but also
to explain the variation of complicated regimes from free and forced excitations. In
addition, it can explain the complicated amplitude variation of experimental results.
From the viewpoint of interacting force, the analysis method can be generalized since
impact systems are similar, such as impact oscillator and impact damper.

The way to analyze all regimes around SIM provides another viewpoint for several
reasons. Firstly, SIM is strongly related to the TET and the response regimes are inter-
esting in terms of vibration control. Then, the design of all parameters can be analyzed
in the same criterion and it can be described as: to make the suitable response regimes
exist.

Another interesting result is the experimental results about SMR. Except the strongly
irregular characteristic (maybe chaotic), it also demonstrates different efficiency of TET
for different transient regimes. It can be imagined that they are parts of a constantly
varying transient vibration. Therefore, the results here can act as a reference for free
vibration.

Since typical response regimes have been clearly identified, the next objective is to
compare their efficiency in terms of vibration control. It will be presented in the next
chapter.
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CHAPTER

Efficiency comparison
of response regimes

The objective of this chapter is to provide a common optimization design cri-
terion of VI NES for different excitation types. To accomplish this goal, the
efficiency of typical response regimes is compared. Firstly, the efficiency compa-
rison of response regimes is numerically performed under periodic and transient
excitations, and influences of parameters are studied. Then, the optimization

design relationship between different excitations is analyzed. Finally, they are
verified by experimental results.
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