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Résumé

Beaucoup de phénomenes physiques sont modélisés par des équations aux dé-
rivées partielles, la discrétisation de ces équations conduit souvent a des systemes
dynamiques (continus ou discrets) dépendant d’un vecteur de contrdle dont le choix
permet de stabiliser le systtme dynamique. Comme ces probleémes sont, dans la pra-
tique, de grandes tailles, il est intéressant de les étudier via un autre probléme dérivé
réduit et plus proche du modele initial.

Dans cette thése, on introduit et on étudie de nouvelles méthodes basées sur
les processus de type Krylov rationnel afin d’extraire un modele réduit proche du
modele original. Des applications numériques seront faites a partir de problemes
pratiques.

Apres un premier chapitre consacré au rappel de quelques outils mathématiques,
on s’intéresse aux méthodes basées sur le processus d’ Arnoldi rationnel par blocs
pour réduire la taille d’un systeme dynamique de type Multi-Input/Multi-Output
(MIMO). On propose une sélection adaptative de choix de certains parametres qui
sont cruciaux pour I’efficacité de la méthode. On introduit aussi un nouvel algo-
rithme adaptatif de type Arnoldi rationnel par blocs afin de fournir une nouvelle
relation de type Arnoldi.

Dans la deuxieéme partie de ce travail, on introduit la méthode d’ Arnoldi ration-
nelle globale, comme alternative de la méthode d’ Arnoldi rationnel par blocs. On
définit la projection au sens global, et on applique cette méthode pour approcher les
fonctions de transfert.

Dans la troisieéme partie, on s’intéresse a la méthode d’ Arnoldi étendue (qui est
un cas particulier de la méthode d’Arnoldi rationnelle) dans les deux cas (global
et par blocs), on donnera quelques nouvelles propriétés algébriques qui sont appli-

quées aux problemes des moments.

X



Résumé X

On considere dans la quatrieme partie la méthode de troncature balancée pour
la réduction de modele. Ce procédé consiste a résoudre deux grandes équations
algébriques de Lyapunov lorsque le systeme est stable ou a résoudre deux équations
de Riccati lorsque le systeme est instable. Comme ces équations sont de grandes
tailles, on va appliquer la méthode de Krylov rationnel par blocs pour approcher la
solution de ces équations.

Le travail de cette these sera cloturé par une nouvelle idée, dans laquelle on
définit un nouvel espace sous le nom de sous espace de Krylov rationnel étendu. On
introduit la méthode de Krylov rationnelle étendue qui sera utilisée pour la réduction

du modele.



Abstract

Many physical phenomena are modeled by PDEs. The discretization of these
equations often leads to dynamical systems (continuous or discrete) depending on a
control vector whose choice can stabilize the dynamical system. As these problems
are, in practice, of a large size, it is interesting to study the problem through another
one which is reduced and close to the original model.

In this thesis, we develop and study new methods based on rational Krylov-
based processes for model reduction techniques in large-scale Multi-Input Multi-
Output (MIMO) linear time invariant dynamical systems.

In Chapter 2 the methods are based on the rational block Arnoldi process to
reduce the size of a dynamical system through its transfer function. We provide
an adaptive selection choice of shifts that are crucial for the effectiveness of the
method. We also introduce a new adaptive Arnoldi-like rational block algorithm to
provide a new type of Arnoldi’s relationship.

In Chapter 3, we develop the new rational global Arnoldi method which is consi-
dered as an alternative to the rational block Arnoldi process. We define the projec-
tion in the global sense, and apply this method to extract reduced order models that
are close to the large original ones. Some new properties and applications are also
presented.

In Chapter 4 of this thesis, we consider the extended block and global Arnoldi
methods. We give some new algebraic properties and use them for approaching
the firt moments and Markov parameters in moment matching methods for model
reduction techniques.

In Chapter 5, we consider the method of balanced truncation for model reduc-
tion. This process is based on the solutions of two major algebraic equations : Lya-

punov equations when the system is stable or Riccati equations when the system is

X1



Abstract xii

unstable. Since these equations are of large sizes, we will apply the rational block
Arnoldi method for solving these equations.

In Chapter 6, we introduce a new method based on a new subspace called the
extended-rational Krylov subspace. We introduce the extended-rational Krylov me-

thod which will be used for model reduction in large-scale dynamical systems.



Introduction

0.0.1 Introduction

De nombreux phénomenes physiques, souvent décrits par des systemes d’équa-
tions aux dérivées partielles, sont modélisés par des systemes dynamiques linéaires
invariants dans le temps (" Linear time Invariant" LTI ). Ces derniers peuvent prendre

la forme d’une équation différentielle algébrique du type

{i(t) = Az(t)+ Bu(t) 0

y(t) = Cux(t),
ou A € RV, B, CT € R™P, z(t) € R" le vecteur d’état, u(t) € R le vecteur de
sortie et y(t) € RP le vecteur d’entré du systeme (1).

Ces modeles sont obtenus aussi soit par discrétisation (€léments finis, diffé-
rences finies...) des équations aux dérivées partielles en variables spatiales, soit a
partir d’une linéarisation d’un systeme non-linéaire.

Le systtme dynamique linéaire LTI est beaucoup utilisé dans le domaine du
contrdle, de la simulation et de 1’'ingénierie. Cependant, ces types de systemes qui
sont dérivés en général des problemes réels sont souvent trop compliqués a étudier
et a traiter méme avec la grande puissance des machines dont on dispose actuelle-
ment en raison du grand nombre de variables d’état.

Les stratégies habituellement mises en place visent a remplacer le systeme ori-
ginel par un systeme de taille réduite. Ce modele réduit doit conserver autant que
possible les propriétés du modele dont il dérive. Le but donc est de donner un mo-

dele sous cette forme

{ Em(t) = Apam(t)+ By ult) )
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tels que A,, € R™™, B,,, CT € R™*? et x,,(t), ym(t) € R™, avec m < n, tout

en respectant ces conditions

1. Lerreur (et/ou le résidu) entre le modele approché et celui a partir duquel il

est construit doit étre petite.

2. Le modele approché doit conserver les propriétés les plus pertinentes du sys-

téme original.

3. L’algorithme de calcul doit €tre rapide et robuste.

Plusieurs approches ont été utilisées comme 1’approximation de type Padé [30, 80],
"balanced truncation" [70], "optimal Hankel norm" [35,36] et les méthodes de sous
espaces de Krylov [24,25, 32, 52]. Ces dernieres sont des méthodes de projection
et ont joué un rdle central dans les réductions des modeles de grandes tailles ; voir
[9,21,33].

Le sous espace de Krylov standard est défini par
Km(A, B) = Range{B, AB, ..., A" ' B}.

En projetant les matrices du systeme sur cet espace, il est possible d’obtenir un
systeme réduit suffisamment précis de taille inférieure.

D’autres variantes, jugées préférables [16,27,28,32,34] ont été analysées. La
plus générale est donnée par les sous espaces de Krylov rationnels définis par

m
K,.(A, B) = Range{B, (A — s21)"'B, ..., [ [(A — s;I) "' B}, (3)
i=1
ou Sa, . .., Sy, sont des nombres complexes choisis.

La méthode de sous-espaces de Krylov rationnels a été introduite par Ruhe [74]
pour résoudre les problemes de valeurs propres, puis utilisée pour la construction
des techniques de réduction de modeles [37] dans laquelle le choix de certains pa-
rametres “shifts’ est crucial pour la qualité de I’approximation. Dans la réduction de
modele, le role des sous espaces de Krylov rationnels est un peu différent, car ils
sont particulierement bien adaptés pour I’approximation de la fonction de transfert
sur I’axe imaginaire.

En effet I’espace de Krylov rationnel est reconnu comme un outil puissant dans
les techniques de réduction de 1’ordre de modele pour les systemes dynamiques
linéaires. Cependant, son succes a €té entravé par quelques problemes, comme le

choix de shifts qui sont utilisés pour construire 1’espace, ainsi que, des identités
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connues sous le nom de relations d’Arnoldi ont été utilisées pour des majorations
d’erreurs, des calculs de normes de résidus, des tests d’arrét et pour effectuer une
analyse des perturbations.

Les sous-espaces de Krylov rationnels ont été utilisés aussi dans des autres ap-
plications comme 1’approximation de fonctions de matrices. Dans un tel contexte le
but est d’approcher d’une maniere efficace I’action de f(M) sur un vecteur v o f
est une fonction scalaire et M/ € C™*". Ces types de problemes apparaissent dans de
nombreuse applications comme la résolution des équations aux dérivées partielles
ainsi qu’en théorie de contrdle et en physique des particules [50]. Cette these peut
étre considérée comme une €tude d’un cas particulier de fonctions de matrices ou
f estune fonction rationnelle. Des travaux sur 1’utilisation des méthodes basées sur
les sous-espaces de Krylov rationnels ont été publiés dans la these de Giittel [43] et
son papier [44].

Une autre alternative qui permet d’approcher un systeme de grande taille est la
méthode POD (Proper orthogonal decomposition). L’objectif principal de cette mé-
thode est I’extraction d’informations de 1’espace a partir d’un ensemble de données
collectées sur un intervalle de temps et dans un domaine spatial. Ce qui revient donc
a obtenir une base optimale de faible dimension pour représenter des données ex-
périmentales ou de simulation ayant initialement une tres grande dimension. Cette
base peut étre obtenue en calculant un ensemble des espaces propres. La base de di-
mension réduite peut donc étre utilisée pour formuler des modeles de taille réduite,
par exemple des modeles décrivant des fluides complexes. Plus précisément POD
décompose un champ fluctuant donné «'(x,t) en un systeme orthogonal de mode

spacials u;(x) aux quels correspondent des coefficients temporels a;(t)

u(z,t) =) ai(t)u(z).

i=1
La méthode POD fournit non seulement des bases orthogonales de vecteurs propres
mais elle permet également une mesure quantitative de I’importance relative de cha-
cun de ces vecteurs. Cet aspect de la méthode la rend tres utile dans 1’analyse,
I’identification et la réduction des systemes dynamiques. La version discrete de la
méthode POD est la méthode de décomposition en valeurs singulieres SVD. Cette
méthode est beaucoup utilisée en mécanique de fluides et en turbulence et en géné-
rale a des systemes non linéaires. Par contre I’implémentation de cette méthode peut

étre tres coliteuse en termes de temps et de place mémoire. Pour plus des détails sur
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cette méthode le lecteur peut se référer aux articles suivants [14, 20, 22, 86] et [8]
pour une comparaison entre cette méthode a celles de type sous-espaces de Krylov.

Le but de cette these est d’exploiter les méthodes de projection sur les sous es-
paces de Krylov rationnels afin de produire des modeles d’ordre réduit en respectant
les conditions mentionnées auparavant.

Cette these comporte six chapitres. Le premier chapitre est une introduction
générale aux systemes dynamiques ol 1’on présentera les notions fondamentales
utiles.

Dans le deuxieme chapitre, on considere le processus d’ Arnoldi par blocs pour
approcher les systemes dynamiques linéaires de types MIMO (multi input multi
output). On présentera aussi un algorithme d’Arnoldi rationnel par blocs modifié
et on établira des nouvelles relations de type Arnoldi rationnel par blocs qui seront
utiles pour la majoration en norme de I’erreur de la fonction de transfert. Un choix
approprié€ de shifts sera aussi proposé dans ce chapitre.

Une autre alternative au processus d’Arnoldi par blocs a été beaucoup utilisée
sous le nom d’algorithme d’Arnoldi global pour résoudre les systemes linéaires
multiples et ensuite pour les équations du Lyapunov, Sylvester ou Riccati.

Dans le troisieme chapitre, on proposera un algorithme adaptatif dit Arnoldi global
rationnel et cela dans deux cas classique et modifié, afin de I’appliquer pour la
réduction de modeles. On s’intéressera aussi aux questions relatives aux choix des
shifts et aux relations de types Arnoldi. Ce travail sera étendu au cas bi-Arnoldi
rationnel dont le but d’approcher le systeme dynamique d’une maniere plus efficace.

Dans le quatrieme chapitre, on étudiera la méthode d’Arnoldi étendue. Théo-
riquement, les sous espaces de Krylov étendus sont des cas particuliers des sous
espaces de Krylov rationnel en alternant les shifts entre zéro et I’infini. La mé-
thode d’Arnoldi étendue est considérée comme un outil puissant pour la réduction
d’ordre de modeles; de plus elle présente 1’avantage de ne pas nécessiter le calcul
de shifts. Le but de ce travail est de donner de nouvelles propriétés algébriques de
I’algorithme d’Arnoldi étendu globale et par blocs. Ces propriétés seront utilisées
pour montrer qu’un certain nombre de moments et de parametres de Markov de la
fonction de transfert approchée coincident avec ceux d’origine.

Dans le cinquiéme chapitre, on considerera la méthode de troncature balancée
pour la réduction de modeles dynamique LTI dans le cas de systtmes MIMO. La
méthode nécessite la résolution de deux équations matricielles couplées de Lyapu-

nov lorsque le systeme est stable ou de Riccati lorsque le systeme est instable. En
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utilisant la méthode d’ Arnoldi rationnelle par blocs, on montre comment approcher
les solutions de ces équations tout en établissant une écriture simplifiée de résidu.
Les solutions approchées sont obtenues sous une forme factorisée et seront utilisées
pour construire un modele d’ordre réduit.

Dans le dernier chapitre de cette thése, on s’intéresse encore a la réduction de
I’ordre de modeles par les méthodes de projection, en introduisant une nouvelle
méthode qui sera appliquée a la réduction de la fonction de transfert. L’idée générale
de cette méthode est de fournir un nouvel espace de Krylov plus riche que le sous
espace de Krylov rationnel et le sous espace de Krylov étendu. Cette idée vient de
I’absence d’informations sur la matrice A pour le sous espace de Krylov rationnel.
A cette fin, on introduit le sous espace de Krylov rationnel étendu, dans lequel on

projette le probleme afin de réduire son ordre.

0.0.2 Motivation

Dans cette sous section on va donner quelques exemples d’applications dans les-
quelles les systemes dynamiques a grande échelle se posent. Ces types de systemes
peuvent étre utilisés pour la simulation, la prédiction de futur comportement et pour

le controle. Pour plus d’exemples voir [7, 78].

Réacteurs chimiques : Controle de la température des réactifs

L’exemple suivant est le systeme qui apparait lors de I’optimisation de la tem-
pérature (chauffage/refroidissement) d’un écoulement fluide dans un tube. L’ appli-
cation potentielle serait la régulation de la température d’entrée de certains réactifs

dans un réacteur chimique. Les équations du modele sont :

X
a@t —kAX +0.VX = 0 sur 2
X = X, sur I,
0X
% = U(U - X) sur 1—‘heatl U FheatQ
0X
. =0 sur ' u

Ici €2 désigne le domaine rectangulaire représenté sur la figure 1.

Le flux entrant I';, est du coté gauche du domaine, et le flux sortant I',,; est a la
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Time=2 Surface: Temperatura (] Arrow: [u_cc, v_cc] [m/s] Max: 370,666
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FIGURE 1 — Le domaine §2 : une coupure transversale en 2 dimensions d’un flux de

liquide a I’intérieur d’un tube rond.

frontiere droite. Nous pouvons nous limiter a ce domaine a 2 dimensions en as-
sumant une symétrie rotationnelle ce qui est équivalent a assumer un écoulement
non-turbulent. Les matrices tests ont été crées en utilisant le logiciel COMSOL4
multi-physique, leurs dimensions est 1090.
Le systeme est doté d’une seule entrée appliquée aux limites supérieures et infé-
rieures vu sa symétrie rotationnelle. Les trois données de sortie correspondent a la
température du 1’écoulement du flux a la sortie. Notons que pour ce cas nous avons
un domaine convexe nous permettant d’évaluer en des points les sorties.

Puisque une discrétisation par éléments finis de 1’espace a été utilisée ici, le

modele semi-discret s’écrit sous la forme :

Mi = Az+ Bu
y = Cu.
En décomposant M en M = M My ce systeme peut €tre transformé sous la forme

standard comme (1).

Systeme vibrationnel/systéme acoustique

Considérons un pare-prise (d’une voiture) soumis a une accélération. Le pro-
bléme consiste a calculer le bruit généré en des points en dehors de la fenétre de
la voiture. Le premier pas dans la résolution de ce probleme est I’EDP décrivant
la déformation du pare-prise constitué d’un matériau donné. La discrétisation par

éléments finis donne 7564 nceuds (3 couches de 60 x 30 éléments), pour un matériau
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constitué de verre avec un module de Young égale a 7.10” N/m?, une densité de
2490 kg/m? et un facteur de poisson de 0.23. Ces paramétres aident a déterminer
expérimentalement les coefficients du modele élément fini. Enfin le pare-prise subit
une force en un point donné et 1’objectif est donc de calculer le déplacement de ce
point. Le probleme discrétisé a une dimension de 22 692. Notons que cet exemple

mene a une équation du second ordre de type

e d
M X (8) + CLX() + KX(1) = f(b),

ou X est la position, =X est la vitesse du pare-prise au point choisi. M, C et K

> dt
sont respectivement la masse, I’amortissement et les matrices de raideur. Comme

ce systeme est de second ordre, sa complexité est supérieure (45 384 états).

Traquer une tempéte dans I’océan pacifique

Le probleme consiste a étudier la sensibilité de I’équilibre de 1’atmosphere face
aux perturbations. En particulier, nous souhaitons déterminer la perturbation ini-
tiale qui génere la plus grande perturbation dans un intervalle de temps spécifié.
Ces perturbations sont gouvernées par les équations de ORR-Sommerfield. En sup-
posant des perturbations harmoniques de la vitesse du vent de la forme ®(x,y,t) =
é(y,t)e**, ona

9p(y, t) Lo Poy.t) | 1 (P9(y,t)
% Ad(y,t) = —iky—p 5 F <ay2

y? Re
ou R désigne le nombre de Reynolds. La discrétisation en variable y mene a I’en-

—Ko(y.1))

semble des ODEs suivant :

do(t) ;- .
—= = Agp(t A e R,

On suppose que ce systeme est influencé par les perturbations, en particulier on
suppose que (i) les entrées aléatoires affectent toutes les variables qgl et (i1) toutes
ces variables sont observables. Le systeme discrétisé est donc un systeme linéaire

ayant méme nombre d’entrée m, des vecteurs d’état n, et des sorties p. i.e,

All,
I,| 0

] = m=p=n.

Des modeles ainsi décrits sont utilisés pour traquer les tempétes dans les moyennes

altitudes de I’océan pacifique [29].






CHAPITRE 1

INTRODUCTION AUX SYSTEMES
DYNAMIQUES

Dans ce chapitre on exposera quelques définitions et propriétés importantes des
systemes dynamiques linéaires. Plus précisément on s’intéressera aux bases de la
théorie du systeme dynamique invariant par le temps. On rappelle la fonction de
transfert et les moments qui jouent un role important dans la réduction de modele.
Ensuite on définira les Gramains de contrdlabilité et d’observabilité en rappelant
les résultats les plus importants. La derniere section sera consacrée aux différentes

normes utilisées. Pour plus de détails voir les références [7, 79].

1.1 Systemes dynamiques linéaires

Un systeme dynamique linéaire continu peut étre exprimé sous forme d’une
équation différentielle algébrique :
{ B(t) = A(t)x(t) + B(t) u(t) 0
y(t) = C@)x(t) + D) u(t).
Le systeme (1.1) s’obtient a partir d’un modele linéaire ou d’une linéarisation d’un
systeme non-linéaire. Lorsque les coefficients matriciels (A(t), B(t), C(t), D(t))
dans (1.1) ne dépendent pas du temps ou ne varient pas beaucoup sur des périodes
du temps, alors on peut les remplacer par des coefficients constants, ce qui donne

lieu a un systeéme dynamique invariant en temps ("Linear time Invariant" LTI )

{j:(t) = Ax(t) + Bu(t) (1.2)

y(t) = Cua(t) + Dull),
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ou A e R, B, CT € R, z(t) € R" le vecteur d’état, u(t) € R le vecteur de
sortie et y(t) € R? le vecteur d’entrée du systeme (1.2). Le systeme est dit mono-
entrée/mono-sortie si p = 1, et multi-entrées/multi-sorties ou multi-variable sinon.
On utilisera les abréviations anglaises SISO (single-input/single-output) pour le cas
mono-entrée/mono-sortie et MIMO (multi-input/multi-output) pour le cas multi-

entrées/multi-sorties. Un systeme dynamique LTI peut étre noté aussi comme

Al B
C

Tout au long de cette these, on ne considere que les systemes LTI. Cette derniere

Y= . (1.3)

description du systeme linéaire est appelée description interne, elle utilise a la fois
le vecteur d’entrée u(t) et le vecteur d’état x(t) pour le vecteur de sortie y(¢). Une
autre caractérisation du systeme linéaire sous le nom de description externe peut

étre écrite comme suit
+o00
y(t) = hoku = / h(t — 7)u(r)dr, (1.4)

ol h(t) est noté "Kernel" ou "weighting pattern” du systeme 3. La fonction A(t)
est appelée "impulse response” quand u(t) = §(t) la fonction Delta de Dirac, et
dans ce cas la y(t) = h(t). Notons que tout systeme LTI peut étre représenté par
une convolution avec un choix convenable de h(¢). Cette derniere description ne fait
intervenir que le vecteur d’entrée u(t) pour le vecteur de sortie y(t) et cela via la
fonction h(t) qui dépend bien évidemment des coefficients matriciels (A, B, C, D).

Par exemple la fonction "impulse response"” du systeme stable LTI (1.2) est

o) _{ Cexp(At)B + Dé(t), t >0 05

0, t <O.

1.2 Fonctions de transfert et Moments

1.2.1 Fonction de transfert

On considere le systeme dynamique LTI (1.2). Une fagon classique de relier
I’entrée et la sortie est d’utiliser une fonction de transfert du systeéme précédent LTI.

Pour cela on aura besoin de la transformée de Laplace

L)) = [ e ptyat
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Si on I’applique a (1.2), on obtient
sX(s) = AX(s)+BU(s)
Y(s) = CX(s)+ DU(s),
ot X(s), Y(s) et U(s) sont les transformées de Laplace des x(t), y(t) et u(t) res-

pectivement. Si on élimine X (s) dans les deux équations précédentes, on obtient

I’un des concepts les plus importants de la théorie des systemes linéaires :
F(s)=C(sl,—A) ™" B+D. (1.6)

La fonction F'(s) est appelée la fonction de transfert du systeme (1.2). Cette fonc-
tion de transfert relie 1’entrée et la sortie par Y (s) = F(s) U(s) dans le domaine
des fréquences. On rappelle que la plupart des techniques de réduction de modeles

sont basées sur cette fonction de transfert; [10, 30,32, 38].

Dans la suite, on rappelle la notion de deux systemes (LTI) équivalents.
A
C

A|B B
Définition 1.1 Deux systemes LTI : ‘ et — | sont dits équivalents
c|p D

s’ils ont la méme fonction de transfert, i.e.,

F(s)=C(sI,— A 'B+D=C(sl,—A) ™' B+D=F(s).
11 est facile de voir que pour toute matrice non singuliere 7' € R™*", les deux sys-
TAT | T7'B AlB

cr | D C|D
systeme dans le domaine de fréquences est d’obtenir plusieurs systemes équivalents

temes et

sont équivalents. L’intérét de définir le

qui nous donnent la liberté de choisir la version la plus stable. Sous cette transfor-
mation, la relation qui relie les vecteurs d’états est définie par z(t) = T'z(t).

La résolution de (1.2) avec une condition initiale zo = z(to) donne
x@)::exp@4@~—t@)x0+—A¢exp@4@——TDZ%MT)dT
0
Ainsi, le vecteur de sortie y(t) dans le domaine de temps s’écrit
y(t) = Coxp(Alt — to))to + C [ exp(Alt — 7)) Bu(r)dr.  (17)

to

En comparant cette derniere avec celle dans le domaine de fréquences
Y(s)=F(s)U(s) = (C(sI, — A B)U(s),

on voit que I’écriture dans le domaine de fréquences est bien plus simple.
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1.2.2 Moments d’une fonction de transfert

Dans la réduction de modeles de grande échelle, les méthodes basées sur les
moments et/ou les parametres de Markov sont parmi les questions développées dans
ce manuscrit.

La fonction de transfert peut étre développée en série de Taylor au voisinage d’un

point sy € C, ce qui donne
F(s) = mo(s0) — m(s0)(s — s0) + ...+ (=1)n;(s0)(s — s0) + ...

tels que

nj(s0) = C (so L, — A)~UTV B, vj>0.

Le coefficient matriciel 7;(so) s’appelle le j-eme moment du systeme (1.2) en sy,
pour 5 > 0.
Dans le cas particulier ou sy = oo, la fonction de transfert F' peut se développer en

série de Laurent comme suit

F(s) = iC’ (I, — f)_l B = i Zf(:)m(oo) 57" avec 1;(00) = C A" B.
Rappelons que dans ce cas, les coefficients matriciels 7;(co) s’appellent : para-
metres de Markov de F'. Plusieurs méthodes de réduction de modeles ont pour but
de traiter le probleme des moments et plus particulierement les méthodes de type
projection sur les espaces de Krylov [34,48,49] utilisent largement cette approche.
La question principale dans le probleme des moments est de construire un modele

I

d’ordre réduit (A,,, By, Cy,) tel que les [ premiers moments (ﬁj(so))j:t de la fonc-

tion de transfert réduite
Fu(s) = lo(s0) — M1 (s0)(s — so) + ...+ (=1)"7;(s0) (s — s0)” + ...

et ceux de F' coincident i.e.

nj(so) =n;(s0), Jj=0,...,0—1

Méme question pour les parametres de Markov, i.e. so = o0.
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1.3 Concepts fondamentaux

1.3.1 Stabilité, controlabilité et observabilité

On remarque que dans la formule définissant la fonction de transfert, la matrice
D ne joue pas un rdle important. Dans la suite on prendra D = 0. Ainsi le systeme
LTI s’écrit
b(t) = Ax(t)+ Bu(t
{x() #(t) + Bu(t) 18
y(t) = Calt)

~

Définition 1.2 (Stabilité)

Une matrice A est dite stable si AN(A) C C_ i.e., les parties réelles des valeurs

Al|B
propres de A sont toutes négatives. Un systeme LTI= [?‘—] est dit stable si la

matrice A est stable.
Onnote C_ := {s € C;réel(s) < 0}.

Définition 1.3 Une fonction a valeur matricielle F(s) € C"" (s € C) est dite
réelle positive si ces trois conditions sont satisfaites :

1. Tous les éléments de F(s) sont analytiques pour s € C,,

2. F(s) € R™™ pour (s > 0),

3. F(s) + F*(s) > 0 pour s € C,.

Onnote C, := {s € C;réel(s) > 0}.

Définition 1.4 (Passivité)
Un systeme LTI stable est dit passive si sa fonction de transfert est réelle positive,
ie, F(s)+ F*(s) > 0 pours € C,.

Définition 1.5 (Controlabilité)
Un systeme est dit controlable si a partir d’un état initial nul, tout état peut étre
atteint via un contréle convenable, i.e., étant donné z € R", si x(tg) = 0 alors il

existe u(t) tel que x(t) = z.

Une condition nécessaire et suffisante pour la contrdlabilité est donnée par
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Proposition 1.1 Un systéme LTI définie par (t) = A x(t)+ B u(t) est controlable

si et seulement si
rank([B, AB, A’B, ..., A" 'B]) = n.

Définition 1.6 (Observabilité)

Al B
Un systéme LTI = {?‘—] est dit observable lorsque u(t) = 0, y(t) est alors

déterminé uniquement par x(t).

D’une maniere équivalente, la proposition suivante donne une condition nécessaire

et suffisante pour I’observabilité

Al|B
Proposition 1.2 Un systeme LTI [?‘—} est observable si et seulement si

C
CA
rank( ) ) =n.

CAnfl

1.3.2 Les Gramians de controlabilité et d’observabilité
On suppose que le systeme dynamique LTI est stable.
Définition 1.7 Le Gramian de contrélabilité associé au systeme LTI (1.8) est définit

par

j / ¢ABBT e dt, (1.9)
0

et le Gramian d’observabilité est définit par
0= / AT CT et dt. (1.10)
0

En appliquant la formule de Parseval sur ces dernieres relations, on obtient les

nouvelles écritures des Gramians :

P - /Oo(jwl ~ A)'BBT (jwl — A7) dw,
0

= /oo(jw] —ANTICTOGwI — A)dw.
0
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Les fonctions de contrdlabilité et d’observabilité sont des fonctions d’état du sys-
teme. La fonction de contrdlabilité traduit I’énergie nécessaire pour atteindre un cer-
tain état a partir des conditions initiales définies alors que la fonction observabilité
traduit I’énergie de sortie pour un état initial donné et une entrée nulle. Elles per-
mettent de caractériser I’importance relative de différents états. Sous les hypotheses
que A est asymptotiquement stable, i.e A\;(A) € C_ (le demi-plan gauche ouvert)
et que X est minimal (les paires (A,B) et (C,A) soient, respectivement, contrdlables
et observables), les P et () sont définis positifs et forment les solutions des deux

équations de Lyapunov

AP+ PA"T + BBT = 0, (1.11)
ATQ+QA+CTC = 0. (1.12)

On considere le nouveau systeme dynamique LTI

TAT | T7'B
cr | D

: (1.13)

ou 7' est une matrice non singuliere. Les deux Gramians de contrdlabilité et obser-

vabilité P et Q s’écrivent

p — /OoetABéTetAT
O )

AT AT A LA
= / et ¢ Ce,
0

R

ot A=T71AT, B=T"'Bet C = CT. 1l est facile de voir que
P=T7'PT~", e Q=T'QT.

On remarque que les Gramians correspondant aux deux systemes équivalents LTI ne

sont pas similaires, mais la similarité est préservée pour le produit de deux Gramians

PO=T"'PQT, QP=TTQPT .
Pour discuter des résultats généraux sur les équations de Lyapunov, on définit I’équa-

tion de Sylvester

FX+XG+H=0. (1.14)
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L’équation matricielle de Sylvester et de Lyapunov ont joué un rdle clé dans de
nombreuses applications telles que le contrdle et la théorie de la communication et
les problemes de réduction de modeles [25, 83] comme la méthode de "Balanced
truncation" qui nécessite la résolution de (1.11) et (1.12) pour obtenir P et @), et
dans d’autres applications comme le filtrage et la restauration d’images.

L’ équation matricielle (1.14) peut €tre reformulée comme le systeme linéaire

(Lo F+G"®1,)X = H,
ol ® dénote le produit de Kronecker matriciel ( pour deux matrices M et N, [M ®
NJ;; = [M;; ® NJ; ;) et M le vecteur obtenu en stockant les vecteurs colonnes de
M dans une unique colonne.
1l est facile d’établir que les valeurs propres de I, ® F' + G ® I,, sont \; + 17, ol
Ni € A(F), n; € A(G), et A(.) est le spectre d’une matrice carrée.
Cette derniere écriture nous donne une condition nécessaire et suffisante pour que

I’équation (1.14) ait une solution unique; cette condition est \; + 1; # 0 pour tout
Ni€ ANA)etp; e A(B),i=1,....nj=1,...,s.

Théoreme 1.1 L’équation de Sylvester (1.14) admet une unique solution si et seule-

ment si les spectres des matrices G et —F sont disjoint, i.e., A(F) N A(—G) = .

Cette derniere condition nous assure I’existence et I’unicité de la solution de I’équa-
tion (1.14) sans en donner une écriture explicite. Sous une hypothese plus forte, la

proposition suivante nous donne une écriture explicite de la solution

Proposition 1.3 Si les matrices F' et G sont stables, alors I’équation (1.14) a pour
unique solution la matrice
X = / - e!f Hel®
0

Lorsque la taille du probleme est petite ou moyenne, on peut utiliser la méthode
de Bartels-Stewart [11]. L’idée est de calculer la décomposition de Schur des deux
coefficients matriciels F' et GG et de transformer 1’équation (1.14) en une équation
équivalente en utilisant la structure triangulaire des matrices de Schur.

L’algorithme de Bartels-Stewart [11] est décrit comme ce qui suit :

1. Calculer les formes de Schur: F = U'RU et G = VSV T avec R et S sont

des matrices triangulaires supérieures ;
2. Résoudre RY + Y S +U'CV = 0;
3. Calculer X =UY VT,
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1.4 Différentes normes des systemes dynamiques

Le but de ce paragraphe est de rappeler les différentes normes pour les systemes
dynamiques et la fonction de transfert. Ces normes seront utilisées pour déterminer

I’erreur entre le modele original et le modele approché.

1.4.1 Lanorme H,
Définition 1.8 La norme H, de la fonction de transfert F(s) est définie par :
9 1 oo CNT oy
1F()7, = o / trace[F(iw) ' F(iw)]dw,
T J—o00
oit i est le nombre complexe i? = —1.

On considere la réponse impulsive g(t) = L71[F(s)] = CeAB ou L est la trans-

formée de Laplace. On a alors

En utilisant la relation de Parseval, on obtient

/Ooo tracelg(t) " g(t)]dt = 217r

La norme 5 peut €tre exprimée comme

/_O:O trace[F(iw) " F(iw)]dw.

IFOI, = [ tracelg(t) g(e).

Si on remplace ¢(t) par son écriture, on obtient

IF ()3, = trace {BT(/OOO etATCTC’etAdt)B}

Par conséquent, la norme H, peut étre calculée comme suit

1F Il = trace(B'QB),

ou () est le Gramian d’observabilité défini en (1.10).
En supposant que la matrice A est stable, le Gramian d’observabilité peut étre cal-

culé en résolvant la seconde équation matricielle de Lyapunov (1.12).
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On note que de maniere similaire, la norme H, peut étre calculée en utilisant le
Gramian de controlabilité défini par (1.9). Dans ce cas, la norme Ho peut s’écrire

comme

|F ()3, = trace(CPCT).

Le but de la réduction de modele est de produire un modele réduit de petite dimen-
sion m tel que I’erreur entre les sorties y(t) — y,,,(t) soit petite. Différentes mesures
des choix d’approximation et de différentes classes d’entrées conduisent aux diffé-
rents modeles de réduction.

Si on veut minimiser

max|y(t) = ym(t)];

pour toutes les entrées u avec une énergie bornée, i.e,

/Oo|u(t)\2dt <1,
0

alors on a

217r /Ooo (Y(z’w) - Ym(iw))ei”tdw‘

< 1/°° 1Y (i) — Vi (i) de.

- 2n )
Comme Y (s) — Y,,(s) = (F(s) — Fu(s))U(s), il en résulte que

max|y(t) —ym(t)] = max

! [ W) — Yialiw)lde = 217T/_°:0|F(M) By (i) || U (i) o

o)
< (50 [ Irt - muw)Pdwf(217r / °;|u<t>|2dt)é

( ! [ 1F ) - Fm(z’w)|2dw>é —F = Byl

21 J oo

IA

1.4.2 Lanorme H
Dans cette partie, on rappelle la norme H ., pour une fonction de transfert.
Définition 1.9 La norme H, de la fonction de transfert F est définie comme
IFOlree = SUD T (F(ic0)),

Ol Typqy désigne la plus grande valeur singuliere.
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Pour approcher la norme ., dans la pratique, on choisit un ensemble de fréquences

Oy = {wi,ws, ..., wy} eton cherche

SUP  Omaz (F(jwr)) = ()[4
1<k<N

1.4.3 La norme de Hankel

Les valeurs singulieres de Hankel pour un systeme dynamique stable LTI sont

les racines carrées de produit de Gramians de contrdlabilité et d’observabilité :
0i(F) = 0i(%) = VAi(PQ),
ou P et () sont les Gramians de systeme dynamique LTI dénoté par X.

Définition 1.10 La norme de Hankel pour un systeme dynamique stable LTI est

donnée par
IF Ol = maxo,(F).






CHAPITRE 2

RATIONAL BLOCK ARNOLDI
METHODS FOR MODEL REDUCTION
IN LARGE-SCALE MIMO
DYNAMICAL SYSTEMS

2.1 Introduction

Let us consider a linear time-invariant (LTI) multi-input and multi-output (MIMO)

system described by the state-space equations

{:'c(t) = Ax(t) + Bu(t) 2.1)

y(t) = Cux(t),

where z(t) € R"™ denotes the state vector and u(t), y(t) € RP are the input and
output vectors respectively of the (LTI) system (2.1). The matrix A € R™ " is
assumed to be large and sparse, and B, CT € R™*? are tall matrices with p < n.
For single-input single-output (SISO) systems, the matrices B and C' are vectors
(i.ep=1).

The linear time invariant system (2.1) arises in simulations of dynamical systems
where partial differential equations are involved and the matrices A and B which
are generated by the discretization of these equations are often very large. In many
cases, the large state-space dimension (or order) n of the system (2.1) makes the

simulations very difficult. Therefore, it is necessary to seek for a lower order model

21
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whose behaviour is close to the original :
{ i) = Apmzm(t) + Bpu(t)
Ym(t) = Cmam(t),

such that A,, € R™™, B,,, CL € R™? x,.(t), yn(t) € R™, and m < n, while

m

(2.2)

maintaining the most relevant properties of the original system (2.1).

Many existing model order reduction methods such as Padé approximation [37,80],
balanced truncation [70], optimal Hankel norm [35,36] and Krylov subspace based
methods In particular the Arnoldi algorithm [24, 25,32, 52] take advantage of the
sparsity of the large-scale model and have been extensively used for large problems ;
see [9,32,48].

When using block Krylov subspaces, one projects the system matrices of the origi-
nal problem onto the subspace K,,(A, B) = Range{B, AB, ..., A" ' B} genera-
ted by the columns of the matrices B, AB, ..., A" !B and try to get a sufficiently
accurate reduced system with a moderate space dimension.

In this work, we will consider the rational block Krylov subspace which is a sub-

space of R" generated by the columns of the matrices B, (A—s2I)™'B, ..., [] (A—
=2
s;1)"' B, where s,, . . ., 5,, are some selected complex shifts. The original large pro-

blem is projected onto this block Krylov subspace to get a new low order dynamical
system close in some sense to the initial one. The rational Krylov subspace proce-
dure was originally proposed by Ruhe [74] in the context of approximating inter-
ior eigenvalues and has been used during the last years for model order reduction;
see [37]. The selection of good shifts is a crucial issue for the quality of the approxi-
mation. The use of rational Krylov spaces is recognized as a powerful tool within
model order reduction techniques for linear dynamical systems, however, its success
has been hindered by the lack of a parameter-free procedure, which would effecti-
vely generate the sequence of shifts used to build the space. Major efforts have been
devoted to this question in the recent years ; see for example [27,28,32,34,45,64].
In the context of H,-optimality reduction, an interesting attempt to provide an auto-
matic selection has been proposed recently in [41]. However, the computational and
memory costs of this approach have not been fully assessed. We also mention the
early contribution due to Grimme [37] for determining a sequence of shifts. Ano-
ther approach has been recently developed in [28] to generate these parameters. In
this work, we propose an adaptive computation of the shifts for building the rational

space by minimizing, at each iteration of the process, some matrix norms. We will
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derive some theoretical results such as upper bounds for the norm of the error on
the transfer function. Some numerical tests will be provided in order to compare our
approach with other existing methods.

This chapter is organized as follow : In Section 2, we introduce the rational
block Arnoldi and give some new algebraic relations. Section 3 is devoted to the
selection of the shifts that are used in the construction of rational Krylov subspaces
and we give an error bound for the norm of the error on the transfer function. A new
modified rational block Arnoldi is proposed in Section 4 and some new Arnoldi-
like relations are proposed. The last section is devoted to some numerical tests and
comparisons to some well known model order reduction methods.

We will use the following notations : the 2-norm of a vector or of a matrix will be

denoted by || . || and 1, is the identity matrix of dimension p x p.

2.2 The rational block Arnoldi method

In this section we will describe the rational block Arnoldi algorithm for compu-
ting an orthonormal basis of the rational block Krylov subspace defined for a given

matrix B € R"*P as

K,.(A, B) = Range{B, (A — soI)'B, ..., ﬁ(A —s,1)"'B}. (2.3)

=2
The rational block Arnoldi algorithm generates a sequence of n x p blocks
{V1,...,V,} whose columns form an orthonormal basis of the rational block Kry-

lov subspace K,,,(A, B). The algorithm is described as follows

Algorithm 2.1 The Rational Block Arnoldi Algorithm

— Input: A € R™", B € R"P and a fixed integer m.
— Compute V; = QR(B), V; = [V4].
— Forj=1,....m—1

1. ‘,7}_;,_1 = (A — Sj—l-II)_l‘/j-

2. Orthogonalization step :

Fori=1,2,...,5
Hi,j = ViijJrl;
‘7j+1 = ‘7j+1 — ViH;;;

End For
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The Rational Block Arnoldi Algorithm - Part 2
3. QR(Vi1) = Vi Hyp .
4. Vi = [Vjv Vj+1]-
— End For.

The shifts s,, ..., s, will be chosen a priori or a posteriori during the process
and this will be explained later. After m steps, the rational block Arnoldi algorithm
generates a block matrix V,,, = [V4,...,V,,] € R™ whose columns form an
orthonormal basis of the rational block Krylov subspace K,,(A, B) and an upper
(m + 1)p x mp block Hessenberg matrix H,,, whose blocks H; ; are defined by Al-
gorithm 2.1. The mp x mp upper block Hessenberg matrix #,, is obtained from #,,,
by deleting its last p-rows. In the sequel we will also use the restriction matrix 7,
defined by 7, := V; AV,,. We first give some new algebraic relations generalising

the well known Arnoldi-like relation given for the classical case.

Proposition 2.1 Let V,,, H,, and H,, be the matrices generated by the rational
block Arnoldi algorithm and let S,, be the diagonal matrix diag(sely, . .., Smi1l,)
where {ss, ..., Smy1} denotes the set of shifts used in the algorithm. Then we have

the following relation
Tm = V;Avm = ([mp + HmSm — V;Avm+1Hm+1ymE;)H;l,
where EY, = [0,,...,0,, L] = (e}, ® I,).

Proof After m steps of the rational block Arnoldi algorithm, we have

41
(A—Sj_,_l]n)_l‘/j = ZV;H%J fO’f’j = 1,...,m
i=1
then
j+1 j+1
V= A(Z ViHi,j) _SjJrl(Z ViHi,j> forj=1,....,m.

i=1 i=1
This gives the following relation
Vm = A(Vm_;,_lﬂm) - (Vm-i-lﬁm)sma

which can also be written as

Vm - A(VmHm + Vm-&-le-i-l,mE:;z) - (VmHm + Vm—‘rle‘i‘lymE’;)Sm'
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Multiplying the last equality on the left by V; and using the fact that the blocks

Vi,..., Vinq1 are orthonormal, we get the identity
Iy = T Ho + V), AV i Hypia i By — Hin S
Finally, we can deduce the relation
Tm = ([mp + HinSm — V;AVmHHmH,mE;z)H;lla

which ends the proof.

We can also state the following result

Proposition 2.2 Under the same assumptions as in Proposition 2.1, we have
AV =V Ton = (In = ViV ) AVeit Hi o By Ho + Vit Ho1m By S Hoy,
Proof As stated in the previous proposition, we have

Vi = AV Hm + Vinrr HinimEr) — (Vi Hon + Vinsr Hin 1 m £ S
Hence, we can write

AVmHm = Vm - AVm—i—le—i-l,mE:n + Vm%msm + Vm—i—le—&-LmE;,Sm
= Vm<]mp + Hmsm) - Avm—&-le-‘rl,mE; + Vm—&-le-l—l,mE:;Sm'

Using Proposition 2.1, we obtain the following relation

AVmHm - Vm(TmHm + V:nAVm—l—le—l—l,mE:n) - Avm+1Hm+1,mE:n
+ VerleJrl,mE:»LSm
= VmeHm - (In - va;)AVm—Q—le—&-l,mE; + Vm—l—le—&-l,mE:lSm-

Therefore

AV = VT — (I = Vo Vi) AV Hyia m B H + Vit Hi1 i B S 1

2.3 An adaptive computation of the shifts

In this section, we will see some a posteriori and a priori procedures for se-
lecting good shifts used during the construction of the rational block Arnoldi basis.

This is a crucial problem when using rational Krylov subspace methods.
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2.3.1 Ana priori selection of the shifts

We briefly describe an a priori way for selecting the complex shifts. This tech-
nique was introduced by Penzl [73] and implemented in the routine 1p_para of
the library LYAPACK [72]. The parameters are selected by solving the following

min-max problem; see [73, 84, 85] for more details.

. | (A= pn) oo (A=) |
- = 2.4
{817 52, ) Sl} arg {yl,MQT-{ll;«ll}e(C— <)\€O’ | ()\ ‘I’ Nl) (/\ + Ml) | 7 ( )

where o(A) denotes the spectrum of the matrix A.

As we generally are unable to compute the spectrum of the matrix A, the classi-
cal approach is to cover it by a domain {2 C C_ and then to solve the minimax
problem with respect to €2. In [72,73], a heuristic procedure was proposed to find
"sub-optimal" parameters. This technique first generates a discrete set which ap-
proximates the spectrum o (A) using a pair of Arnoldi processes. The first one acts
on the matrix A and generates k. Ritz values which tend to approximate the eigen-
values far from the origin. The second process, acting on the matrix A~!, generates
k_ Ritz values whose inverses are close to the origin. The set of shift parameters
is then chosen as a subset of these Ritz values. This procedure is widely used in
the ADI-type methods for solving large scale matrix equations such as Lyapunov or

Sylvester matrix equations ; see for example [12,17]

2.3.2 A new adaptive selection of the shifts

In this subsection we propose an adaptive technique for computing the shifts
that are used to build the rational Krylov subspace. This procedure automatically
generates the sequence of shifts during the construction of the rational Arnoldi sub-
spaces.

A classical way of relating the input to the output is to use the transfer function (or
impulse response in the time domain) of the LTI system (2.1). Indeed, applying the

Laplace transform
L) = [ e f(eyde

to the dynamical system (2.1), we obtain

Y

{SX(S) = AX(s)+BU(s)
Y(s) = CX(s)
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where X (s), Y (s) and U(s) are the Laplace transforms of x(¢), y(t) and u(t), res-

pectively. Eliminating X (s) in the previous two equations, we get

where
H(s)=C(sI,—A)"B. (2.5)

The rational function H (s) is called the transfer function of the system (2.1). We re-
call that most model order reduction techniques, for example the moment-matching
approaches, are based on the approximation of this transfer function; see [10, 32,
38]. If the number of state variables is very large, it would be very difficult to use
the full system for simulation or run-on-time control. So it is reasonable to look for
lower order models that approximate the behavior of the original models. This will
be done by approximating the transfer function (2.5).
Let us write H(s) = C' X where X € R™*? is the solution of the matrix linear
system

(s, — A)X = B. (2.6)

In order to approximate the transfer function A, we will look for approximations
of the solution X of the multiple linear system (2.6). Let X,,, denotes the approxi-
mate solution obtained by the Galerkin projection method onto the rational Krylov

subspace K,,,(A, B). This approximate solution is given by

X = V(8L — Ton) V5B,
where 7, = V! AV,,, hence the transfer function H is approximated by the low
order transfer function corresponding to the projected low order dynamical system
and given by
Hp(8) = CVp(sLnp — Ton) "' Vi, B,

which can be written as
Hm(s) = CVm(SIm - Tm)_lea (27)

where C,,, = C'V,,, and B,,, =V}, B.

In the sequel, we will give an expression for the norm of the error H(s) — H,,(s),
which will be used for the selection of our shift parameters. First, we recall the norm
H o for a matrix-valued function

| H|loo = Suﬂg Omaz(H (iy)).

ye
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Indeed we have :

H(s)— Hpy(s) = CX—-CX,
= C(sl,— A 'B-CX,
= C(sl, — A)7'B — (sI, — A)X,,].

By applying the norm described above, we obtain
1H(s) = Hu(s)l| < IC(sTn = A) [ Tnlloc

where I',,, = B — (sI,, — A)X,,. So, one way for selecting a new shift, is to choose

those that allows us to reach ||, ||.. Hence, our new shift s,,,,; will be chosen as

Sma1 = {8 € R: 0oz (Tn(is)) = |00 }- (2.8)

As we will see in the numerical tests, this simple procedure gives good results.

2.3.3 An error expression for the transfer function

In the following proposition we give an upper bound for the 2-norm of the error
H(s) — Hp(s).

Proposition 2.3 Let H be the transfer function defined in (2.5) and let H,, be its

, we have the following upper

approximation. Then, under the conditions || A|| < |s
bound :

H(s)— Hp(s) = C(sly — A7 = (In = ViVi) AV Hyir m B2 H
+ Vi1 Hu1m B S | (I — To) ™' Vi B

And
|C Hing | (TA] 1S D1 H,

1
VH(s) — Ho(s)]< L5t = 7 V281

(Is| = IA[)
Proof We have :
H(s)— Hn(s) = C(sl, — A) B~ Co(slpp — To) B
= O(sl, — A)'B - CV,u(slpy — To) ' Vi B
= C(sl, — A)'[B = (sI, = A)Vu(slp — Tra) V5, B]
= C(sl, — A" [B = (sVn — AV (sLonp — Twn) "'V, B].
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Using Proposition 2.2, we obtain

H(s) — Hp(s)=C(sl, — A)'[B—= (Vi — VT
+ (L =V VAV Ho i B2 M)
— Vi1 Hps1m B S M) (81 — Ton) "' Vi B
= C(sl, — A)7'[B = (Vi — Vi) (8L — Ta) "' V5 B
— (e = VoV AViis Hy i i 5 H = Vit Hit m B2y S M)
X (8lypp — Ton) Vi B]
= C(sl, — A)7'[B=VViB — ((In — Vi Vi) AV Hop m EL H,
— Vst Ho1m B S ) (8L — Ton) ™' Vi B

As B is in the rationa Krylov subspace (2.3), then we have V,,,V;; B = B. This gives

the following expression

H(s)— Hp(s) = C(sly — A7 = (In = ViVi) AV Hyir m B2 H
+ Vi1 Hurm B S | (I — To) ™' Vi B

By applying the 2-norm we obtain
1H(s) = Hu(s)l < C(sLy — A)~"|| {H(In ~ VYo ) AVt o B3, 1 |
Vit Horran B S M | % (3L — Toa) V3Bl

Therefore , as || A||< |s| we obtain

cl
(15T~ 141)
Voot Hontn B Sl || (T = Tor) V3Bl

|H(s) ~ Ha(s)]| < 11T = ViV) Vs Horn B |

furthermore as 7,, — V,,,V}, is an orthogonal projection and ||V,,,11||= 1, we get

Ol Homs 1 [ UHAN 1S DI ||

_ S |
|H(s) — Hp(s)]| < (IsI = 14D

(5Imp = Ton) Vi BII-

2.4 A modified rational block Arnoldi algorithm

In this section, we describe a generalization of the rational Krylov subspace, al-

lowing some shifts to be equal to infinity. At each step 7+ 1, the algorithm computes
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anew block Vj 1 = (A — s;,11) "'V if 5,41 is finite and V; ; = AV if 5,41 = co.

The modified rational Arnoldi algorithm is summarized as follows

Algorithm 2.2 Modified Rational Arnoldi Algorithm

— Input: A € R"™", B € R"P, m.
— Compute V; = QR(B), V; = [V4].
— Forj=1,....m—1

(A—=s5110)7'V, if sjp1 # 00; sy by using (2.8).

1. Set Vi, =
o { AV, if Sjy1 =00

2. Orthogonalization step :
Fori=1,2,...,J
Hij =V, Vi
‘7j+1 = ‘7j+1 — Villi;
End For
3. QR(Vin1) = Vi Hiy.
4. Vi = [Vjv Vj+1]-
— End For.

The idea of including infinity as a possible interpolation point could be conside-
red as a generalization of the extended block Arnoldi algorithm [46, 81]. This new
version also allows one to obtain new simple Arnoldi-like relations that could be
used when deriving for example error bounds or residual error expressions and per-
turbation analysis. Using the modified rational Arnoldi algorithm, we can state the

following simple Arnoldi-like relations

Proposition 2.4 LetS = {s5,...,5,} C CandV,, = [V1,. .., Vypyy] € RP¥XmH0P
as generated by running Algorithm 2.2 for one extra interpolation point at s, 1 =

00. Then the following Arnoldi-like equations are satisfied

Avm = Vm+1Tm
= Vme+Vm+1Nma

where T, = Vi 1 AV, Ton = Vi, AV, and Ny, = Vi AV,
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Proof From Algorithm 2.2, it easy to see that the following relations are satisfied
Range([V,, AVy,]) = Range(Vii1), and V) Vi1 = Loty
Let us now prove that
Range(AV,,) C Range(Vy1)-

Indeed, after m — 1 iterations of the rational Arnoldi algorithm, the proof of Propo-

sition 2.1 gives us
Vm—l - A(Vm—le—1+VmHm,m—1E;_1)_(Vm—le—l+VmHm,m—1E:;L_1)Sm—17
then

Avm—l = Vm_lﬂ;bl_l - AVmHm,m—lE;—lH;nl—l
+ (Vm—le—l + VmHm,m—lE;m_l)Sm—lHy_nl_l'

Using the fact that Range(AV,,) C Range(Vy+1), itis clear that Range(AV,,—1) C
Range(Vin+1), and Range(AV,,) C Range(V,,+1). Therefore we have

Avm = Vm+1Tm> (29)

for some matrix 7T ,,. Since V,,;; is orthonormal, multiplying (2.9) on the left by

Vi, we get T = Vi AV, We can also see that
AV = Vi Ly, + Vi1 Niy, (2.10)
for some matrices L£,,, and N,,. Therefore, multiplying (2.10) on the left by V! gives
Ly =Tn =V AV,
and multiplying (2.10) by V7 | we get
Ny =V, 1AV,

This completes the proof.
In the next proposition, we give a new expression of the error H(s) — H,,(s) which
could be used to compute a new upper bound for the norm of the error on the transfer

function.
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Proposition 2.5 Under the hypothesis of Proposition 2.4 , we have the following

relation
H(s) — Hp(s) = C(sl, — A) "WV 1 Now(8Lnp — Ton) V5 B, (2.11)

and we also have the upper bounds for the norm of the error given by

C
) -t < A |'|'AHHNmu|r<sfmp—Tm>W;;BH 1
[CIHIBIA] 1
L 2.13
5[ — 1] 1(sLmp = Ton) " |I- (2.13)
Proof
H(s) — Hy(s) = C(sl, — A)™'B — Cp(slyp — Trn) ' B
= C(sl,—A)'B-CV, ( —To) Vi B
= C(sl, — A)'[B—(sI, — )Vm(sl — Tn) V5, B]
= C(sl, — A)7'[B = (sVn — AVn)(sLnp — Tmn) "' Vi, B].

We use the result of Proposition 2.4 and we obtain
H(s) — Hy(s) = O(sl, —A)™"
X [B= (Vi — Vi Ton — Vint1Nim) (8L — Trn) "' Vi, B]
= C(sl, — A)7'[B=VuViB + Vi1 Nop(81y — To) "' Vi Bl

Using the fact that B is in the rational block Krylov subspace K,,,(A, B), it follows
that

H(s) — Hp(s) = C(sl, — A Vi1 Nyw(slny — Trn) "'V B

The relations (2.12) are easily derived from the preceding relation.

2.5 Numerical experiments

In this section, we give some numerical examples to show the effectiveness of
rational block Arnoldi method with our adaptive choice of shifts denoted by ARAM.
We compared to the rational block Arnoldi method RAM with a priori choice of shifts
using the Matlab function 1p_para [72], the iterative rational Krylov algorithm
IRKA method proposed in [41] and with the method RKSM introduced in [28]. All
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TABLE 2.1 — Information for the test problems.

Matrix A | Sizen | ||Al|F cond(A)

fdm 2500 | 2.9996e+005 | 1.0235e+003
fom 1006 | 1.8283e+04 | 1000

beam 348 5.6430e+003 | 3.7420e+007
CDplayer | 120 2.3095e+05 | 1.8149e+04

the experiments were performed on a 1.3GHz Intel Core i5 laptop with 8Gb of
RAM. The algorithms were coded in Matlab R2010a. For all the tests, we set B =
C" = rand(n, p). We used various benchmark matrices as reported in Table 2.1.
We first compared our proposed ARAM method , with the Rational Arnoldi Me-
thod RAM for wich we used an priori choice of shifts calculated by the routine
1p_para from [72]. In the first experiment, we considered the fom model and
we compared ARAM and the rational block Arnoldi when using the shifts compu-

ted via 1p_para with m = 8 and 16. In the second experiment, we compared

Hfio)
3

Il Hijeo) - H_tiea) Il

Il Hijeo) -

FIGURE 2.1 — The fom model : Comparison of ARAM and RAM with 1p_para. The
EITOT O s (H (iw) — H,p, (iw)) for w € [1,10%] with m = 8 (left) and m = 16 (right)
(p=3).

the performances of ARAM and IRKA for the f£dm model. In Figure 2.2, we plot-
ted the curve corresponding to the errors for the norm of the transfer functions
for the method IRKA and ARAM. For this experiment, we considered the fdm mo-
del from Table 2.1 where the matrix A is of dimension n = 2500. The algorithm
IRKA starts with a set of parameters chosen randomly as suggested in [41]. We also

compared the performance of ARAM to the recent rational Krylov subspace method
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IHie] - H (i) 1l

. . . . . . . . . .
10’ 10! 10 10° 10t 10 10° 0 10° 0 0t 10t 10° o°
frequancy o frequancy o

FIGURE 2.2 — The £dm model : Comparison of ARAM and IRKA. The error
Omaz(H (iw) — Hy,(iw)) for w € [1,10°] with m = 8 (left) and m = 16 (right).

1 0’ 0* 10° 10 10° 10° 1 10’ 10° 10° 10t 10° 10°
frequency o frequancy o

FIGURE 2.3 — The CDplayer model. Comparison of ARAM and RKSM. The error
Omaz (H (iw) — Hp,(iw)) for w € [1,10%] with m = 8 (left) and m = 16 (right).

RKSM developed in [28] for SISO systems (p = 1). In this example we consider the
CDplayer model. The method RKSM starts with the two input shifts : s(()o) = 1071
and 3(()1) = 800 + i5.10* as suggested in [28] and the obtained results are shown in
Figure 2.3.

For our last experiment, we considered the adaptive rational Arnoldi algorithm
with the modified version as described in Algorithm 2. This algorithm will be named
Modified Adaptive Rational Block Arnoldi Method MARAM. As a test model, we used
the beam model from Table 2.1 and we set m = 5 and p = 3. The plots in Figure 2.4
show the original system o,,,,(H (iw)) and its approximation .. (H,,(iw)) (left

plot), and the associated exact error 0., (H (iw) — H,,(iw)) for w € [1,10°].
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exact 10
103 RS — —— approximated

; . . i . ; ; ; i i
i’ 10! 0 i 10t 1* i’ 1ot ' 0 o 10* 10° 10
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FIGURE 2.4 — The beam model : Left : ||H(iw)||2 and it’s approximation
| H,, (iw) ||2. Right : the exact error || H (iw) — H,, (iw) |2 for w € [1, 10°] withm = 5
and p = 3.

2.6 Conclusion

In the present chapter, we considered new projection methods for model re-
duction in large scale linear dynamical systems. The proposed methods are Krylov
subspace type methods based on the rational block Arnoldi algorithm. We proposed
a new procedure for selecting good parameter shifts needed in the proposed rational
algorithm and we also give some new algebraic relations. A modified version of
the rational block Arnoldi algorithm was also proposed and new simple Arnoldi-
like relations were developed. The numerical results show that the method is very

attractive for sparse problems.






CHAPITRE 3

GLOBAL RATIONAL ARNOLDI
METHOD FOR MODEL REDUCTION

3.1 Introduction

Consider the multi-input multi-output (MIMO) linear time-invariant (LTI) sys-

tem described by the state-space equations

{r(t) = Ax(t) + Bu(t) 3.1)

y(t) = Cult),
where x(t) € R" denotes the state vector and u(t), y(t) € RP? respectively denote
the input and output vectors of the system (3.1), where the dimension 7 of the state-
space is called the order of the system (3.1). The matrix A € R™*" is assumed to be
large and sparse, and B, CT € R"*?.

This class of systems arise in many modeling or control design of linear pro-
blems (power grids, heat transfer etc) or as a linearization of a nonlinear model. In
many applications, the order n of such systems is too large to allow a simulation of
the modeled physical problem. It is then necessary to derive an approximate model

from the original system
Tm(t) = Apxm(
Ym(t) = Cpxn(t

such as A, € R™™ B, CL € R™P, z,.(t), ym(t) € R™, and m < n, while

preserving the most relevant properties and the structure of the original system (3.1)

(3.2)

such as stability, passivity, moments matching etc.
Many existing model reduction methods such as Padé approximation [30, 80],

balanced truncation [69, 70], optimal Hankel norm [35, 36], Krylov projection me-

37
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thods, and in particular the Arnoldi algorithm [24,25,32,48,49,52,67], exploit the
sparsity of the large-scale model and have been extensively used for model reduc-
tion of large-scale systems; see [9,21,33]. Amongst all listed methods, let us focus
on the standard global Krylov subspace projection method. The projection space
is defined as the matrix Krylov subspace K,,,(A4, B) = span{B, AB, ..., A" !B}
generated by the the matrices B, AB, ..., A™ ! B. By projecting the initial model
(3.1) onto the global Krylov subspace /C,,(A, B), it is possible to obtain a suffi-
ciently accurate reduced system with a moderate space dimension. Unfortunately,
this method tends to create reduced order models that poorly approximate some fre-
quency dynamics.

In this chapter, we will consider the rational global Krylov subspace defined by

m

K, (4, B) =span{B, (A —s;I)'B,.... [[(A—sI)"'B} CR™, (3.3)
=2
where s9, ..., s, are some selected complex parameters. The rational Krylov me-

thod (with s = 1) was originally proposed by Ruhe [74] in the context of approxi-
mating interior eigenvalues of large matrices and is now widely used in model re-
duction. Indeed, the projection onto rational Krylov subspaces is particularly well
suited for approximating the behavior of the transfer function on the imaginary
axis [37]. The accuracy of reduced order models can be greatly improved by using
this class of subspaces and it is now recognized as a powerful tool within model re-
duction of linear dynamical systems. Many efforts have been done to compute good
shift parameters, see [27, 28, 32,34, 41,42, 45, 64]. Nevertheless, rational Krylov
methods still suffer from some issues that are summarized below.
e The selection of good shifts is crucial for the quality of the approximation. The
success of rational Krylov methods has been hindered by the lack of a parameter-
free procedure, which would effectively generate the sequence of shifts used to build
the space. Therefore a key issue is the construction of a set of shifts.
e As for any Krylov subspace method, a set of identities known as the Arnoldi rela-
tions are satisfied and are used to compute error bounds, residuals, stop tests and to
perform perturbation analysis. In the case of rational Krylov subspaces, some rela-
tions have been established in the literature ; see [27, 76]. However these identities
are much more complex in the rational case when compared to the standard Arnoldi
equations.

The contributions of this chapter are the design of a modified rational global

Arnoldi algorithm, its applications to the model order reduction of large scale sys-
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tems and some results regarding the issues discussed above. We will develop a new
modified version of the rational global Arnoldi method and its two-sided version
allowing us to obtain good low order reduced system and develop new Arnoldi like
relations. We also give some adaptive shift selections in order to approach efficiently
the initial transfer function by a low order one.

The present chapter is organized as follows. Section 2 is a review of some back-
ground results on the linear algebra tools that will be used throughout this work. In
Section 3, we propose a modified version of the global rational Arnoldi algorithm
and propose some new Arnoldi relations. These results are then applied to model
order reduction, addressing in particular the issue of shifts selection and error analy-
sis on the transfer function. In Section 4, we propose a two-sided projection method
based on the bi-orthonormal modified global Arnoldi algorithm. Some numerical
tests are performed in Section 5 in order to illustrate the performances of those new

approaches.

3.2 Preliminaries

In this section, we review some notations and definitions which are used throu-
ghout this chapter. For two matrices X and Y in R"*?, we define the Frobenius
inner product (X, Y)r = Tr(X "Y") where Tr(X "Y") denotes the trace of the square
matrix X Y. The associated Frobenius norm is given by ||Y||; = Tr(Y7Y)z. A
sequence Vi, Vs, ..., V,, of elements of R"*? is said to be F'—orthonormal if it is
orthonormal with respect to the inner product (. ,.)p, i.e., (V;,V;)p = 6, ;. For
Y € R"™P, we denote by vec(Y) the vector of R™ obtained by stocking the co-
lumns of Y. For two matrices X and Y, X ® Y = [z, ;Y] denotes the Kronecker
product of the matrices X and Y. In the sequel, we give some properties of the

Kronecker product.
. Ao B)"=AT®B".
2. (A® B)(C® D)= (AC ® BD).
3. If A and B are non singular matrices of size n x n and p X p respectively,
then the np x np matrix A ® B is non singular and (A® B)™!' = A~'@ B~1.
4. vec(A)vec(B)=Tr(A' B).
Definition 3.1 [/8] Let A = [Ay,...,As] and B = [By,..., Bj| be matrices of

dimension n X sp and n X lp, respectively, where A; and B; are in R"*P. Then the
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s x I matrix A" o B is defined by :

St x>

Remark 3.1 The following relations were established in [18].

~

The matrix A = [Ay, ..., A, is F—orthonormal if and only if AT o A = I..
2. Forall X € R™P, we have X' o X = || X||%.

3. (DA)ToB=A"o(D"B).

4. ATo(B(L®1,)) = (A" o B)L.

5. AT o Bllr < |AllFlIBlF.

3.3 The rational global Arnoldi algorithm

The global Krylov method was first proposed in [54] for solving linear equa-
tions with multiple right hand sides and Lyapunov equations; see also [48, 60].
Applications to model order reduction are studied in [16,21,48]. It is known to be
more efficient than block Arnoldi algorithm for model reduction [16]. Unfortuna-
tely, up to the authors’ knowledge, the existing literature does not provide simple
Arnoldi-type relations and as a consequence there are no results on the error of the
approximation by a reduced-order model obtained by projecting a dynamical linear
system onto a global rational Krylov space.

Let A € R"™", B € R"P, m be a fixed integer and s, ...,Ss,, are chosen

complex numbers. We define the global rational Krylov subspace as follows

Kn(A,B) = span{B, (A —s,I)"'B,..., [[(A - s,I)"'B}. (3.4)
i=2
It is the subspace spanned by the matrices B, (A—so1) ' B, ... . [["y(A—s,I) ' B.
Let the n X mp block matrix K,,, = [B (A—s2I)"'B ... [1",(A—s,I)"'B], then
m J
Z€Kn(AB) & Z=aB+)Y o;[[(A-s;I)'B, a;, j=1,...,m,
=2 =2

& Z=Knpla®l,), a=(a1,...,00,)" €R™,

We now describe the rational global Arnoldi algorithm for computing an F-orthonormal

basis of the rational global Krylov subspace (3.4).
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Algorithm 3.1 The Rational Global Arnoldi (RGA) Algorithm

— Input: A € R"", B € R"*? and a fixed integer m.

— Compute Vi = B/||B||r, V1 = [V4].

— Forj=1,....m—1
L Vip = (A= s D)1
2. Orthogonalization step :
Fori=1,2,...,5
hij; = Vi, Vj+1>;
Vier = Vi = hisVis
End For
3. hjiry = [IViallr.
4. Vipr = Vir /by
5. Vi =V, Vil
— End For.

The shifts ss, ..., s,, are chosen a priori or adaptively during the process. The se-

lection of shifts will be addressed later. In Algorithm 3.1, we compute a set of

F—orthonormal block vectors {V3, ..., V,,} i.e.
A
where V,,, is the n xmp matrix V,, = [V4, ..., V;,,] and an (m-+1) xm upper Hessen-

berg matrix H,, whose nonzero entries are the /; ; elements defined in Algorithm
3.1. The m x m upper Hessenberg matrix H,, is obtained from H,, by deleting its

last row. We now state some new algebraic relations derived from Algorithm 3.1.

Proposition 3.1 Let us consider the matrices V,,, H,, and H,, as defined by the
rational global Arnoldi algorithm assuming that H,, is nonsingular. Let D,,, be the
m x m diagonal matrix diag(sa, ..., Sm11) where {sa, ..., S;i1} IS the set of shifts

used in the algorithm. Then we have the following relations
T = [Im + Hu Dy, — hini1m(VE © AV e, | H, (3.5)

And
AV = V(T @ L) + hingr I (H,,' @ 1), (3.6)
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where 1,y = [Via (VL 0 AVii)eh) @ I + Viur EL S, — AVy 1 EL
and S, = Dy, ® I,

Proof After m steps of the rational global Arnoldi algorithm, we have
j+1
(A—Sj+1ln)_1‘/j = Zhld‘/l fOTj = 1,...,m
i=1
then
j+1 j+1
‘/j = A(Z hz’]‘/z) — Sj"‘l(Z hl,j‘/l) fO’f’j = 17 e, M.
i=1

=1

We can then notice that

Vi = AVt (Hpn © 1)) — (Vi1 (Hin © 1)) S, (3.7)
which can also be written as
Vi = AV (Hin @ L) + hngt i Vi1 B ) = (Vi (Hin @ 1) + Bty Vi1 B ) S

where EL = [0,,...,0,,1,] = (el & I,).
Applying the ¢ product on the left by VI to the last equality and using the dia-
mond and Kronecker properties described in Section 1, we get the following identity

as a consequence of the fact that the blocks Vi, ..., V,,; are F—orthonormal
L=V o AV, Hyy + hins1m(VE 0 AVi)e) — Hy Dy,
Denoting 7, = Vn: o AV,,, we can deduce the relation
Tow = (I + Hy Dy, — b1 (Vi © AVii)en ) H b

which proves the relation (3.5).

From the relation (3.7), we get

AVu(Hyp @ 1) = Vi — hyp1 m AV ED + V0 (H,, @ 1)S,,

+ hm—l—l,mvm—l—lEg;Sm (38)
= Vm(Imp + (Hm & [p)Sm) - hm+1,mAVm+lEg;
+ hm—i—l,me—i-lEZ;Sm' (39)

Then, using (3.5) we obtain

Lp 4 (Hin ® 1)S = (T + b1V © AVing)e), ) © 1,
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Replacing the latter in (3.9), we have

AVm(Hm X [p) = Vm((TmHm + herl,m(VEr; % Avm+1)€;rn) ® [p)
- hm+1,mAVm+1E3,; + hm+1,mvm+1E7’1;L‘Sm~

Therefore

AVy(Hp @ 1) = Vio(Ton ® L) (H ® 1) + By [Vie (VE 0 AViir e, @ 1,
+ Vi1 EnSm — AV EL].

Finally, we have

AV =Va(Ta @ 1) + Jmsim | (V(VE 0 AVinia)en) © Iy + Vit ER S,

— AV BL| X (Hn @ 1),

which proves (3.6) and ends the proof.

3.4 The modified adaptive rational global Arnoldi
method

The relations of Proposition 3.1 known as the Arnoldi relations are useful for
establishing error or residual bounds and perturbation analysis. In the SISO case,
similar identities have been already stated in the literature in the rational case [27,
28,76], however they are far from simple compared to the standard Arnoldi case.
The main contribution of this section is to propose some simpler rational global
Arnoldi relations. For this purpose, we need to define a generalization of the rational
global Krylov subspace, allowing some shifts to be equal to infinity. At each step
7 + 1, The Modified Rational Global Arnoldi Algorithm 3.2 generates a new block
Vigr = (A — s;041) 7'V if 5,41 is finite and V4, = AV if 5,41 = oc.

The adaptive modified rational global Arnoldi algorithm is summarized as follows
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Algorithm 3.2 The Modified Adaptive Rational Global Arnoldi ( MARGA ) Algo-

rithm

— Input: A € R"", B € R"*? and a fixed integer m.

— Compute Vi = B/||B||r, V1 = [V4].

— Forj=1,....m
1. Choose the next shift s, by using (3.20) .

(A= sjaD)'Vj, if sjp # o0

2. Set Vg =
7 { A‘/J, Zf Sj+1 = 0

3. Orthogonalization step :
Fori=1,2,...,J
hij = (Vi Viga)rs
Vir = Vigr — hiVis
End For

4 hjpy = Vialle

5. Vier = Vigr/hjsa e

6. Vi1 = [Vj, Vil
— End For.

The idea of including infinity as a possible interpolation point could also be consi-
dered as a generalization of the extended block Arnoldi algorithm [46, 81]. Using
this modified version of the global rational Arnoldi algorithm, we can state the fol-

lowing Arnoldi relations.

Proposition 3.2 LetS = {sy,...,5,} C Cand V1 = [Vi, ..., Viny1] € RP¥m4DP
be generated by Algorithm 3.2 for one extra interpolation point at S,, 1 = Q.

Then the following Arnoldi-like relations are satisfied

AV, = Vouu(Tm® L) (3.10)
= V(T ® L) + Vi1 (N @ 1), (3.11)

where T, =V, 10 AV, Ty = V), 0 AV, and Ny, = V) 0 AV,
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Proof From Algorithm 3.2, we have
Span{Vi, ..., Vi, AV} = Span{Vi,..., Vypir}, and V! i1 © Vg1 = Iimg1).-
First we need to prove that
Span{AVy, ..., AV} € Span{Vi,..., Vi1 }-

Indeed, after m — 1 iterations of the rational Arnoldi algorithm, the proof of Propo-

sition 3.1 gives us
AV i(Hp 1 ®@1L) = Vot — hpm 1 AV EL |
+ Voot (Hino1 @ L)Smet + hinn1 Vin B 1St
Therefore

AVm—l — Vm 1(H_ 1®]) Avm((hm,m—legq—lH_l )®]p>

m—1
Vot St ® L)+ Via((hmossmela HL) ©11).

Using the fact that AV, € Span{V1,..., Vii1}s
it is clear that Span{AVi, ..., AV, 1} C Span{V1,..., Vi1 }s
and Span{AVy, ..., AV} C Span{Vi,..., V1)
Therefore we have

AV = Vi1 (T ® 1), (3.12)
for some matrix I',,,. Since V]| ¢ V,uy1 = (m+1), applying the left o product by
VI to (3.12), we get

= VTH o AV

We can also notice that

AV = Vou(T @ L) + Vi1 (N @ L), (3.13)

for some matrices I',, and NN,,, Hence, applying the left o product by VI ., to (3.13),
we get
L = Ton =V, © AV,
and applying the left o product by V! na1 10 (3.13), we have
N,=V a1 © AV, (3.14)

which completes the proof.
Next, we will show how to apply these algorithms to obtain reduced model

order dynamical systems. This will be done by approximating the transfer function

corresponding to the original dynamical system.
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3.5 Model reduction, transfer functions and adaptive

selection of the shifts

3.5.1 The reduced model

The main purpose of this section is the computation of a reduced order model
(3.2) approaching the original model (3.1) by using rational global Krylov subspace
techniques. We also propose an adaptive technique for computing the shifts that are
used to build the rational global Krylov subspace. This procedure automatically ge-
nerates the sequence of shifts during the construction of the rational global Arnoldi
subspaces. We recall the linear time-invariant (LTI) multi-input and multi-output
(MIMO) system (3.1)

{j;(t) = Ax(t) + Bu(t) (3.15)

y(t) = Cua(t).

A classical way of relating the input to output is to use the transfer function (or
impulse response in the time domain) of the LTI system (3.1). Indeed, applying the

Laplace transform
L) = [ e fpyat.

to the dynamical system (3.1), we obtain the relation

Y

{SX(S) = AX(s)+BU(s)
Y(s) = CX(s)

where X (s), Y(s) and U(s) are the Laplace transforms of x(t), y(t) and u(t), res-

pectively. Eliminating X (s) in the previous two equations, we get

where the function H is given by
H(s)=C(sl,— A)"B. (3.16)

The rational function H (s) is called the transfer function of the system (3.1). We re-
call that most model order reduction techniques, for example the moment-matching
approaches, are based on the approximation of this transfer function ; for more de-

tails, see [10, 32, 38] and the references therein. If the number of state variables is
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very large, it would be very difficult to use the full system for simulation or run-
on-time control. So it is necessary to look for lower order models that approximate
the behavior of the original models. This will be done by approximating the transfer
function (3.16).

Let us write H(s) = C' X where X € R™*? is the solution of the matrix linear

system (assumed to be nonsingular)
(s, — A)X = B. (3.17)

In order to approximate the transfer function H, we will look for approximations
of the solution X of the multiple linear system (3.17). Let X,,, denote the approxi-
mate solution obtained by the projection method onto the rational Krylov subspace

K..(A, B). This approximate solution is written as the product
X = V(Y ® L). (3.18)

Enforcing the orthogonality constraint R,,, Lz KC,,,(A, B), where R,, is the residual
R,, = B — (sI — A)X,, corresponding to the approximate solution X, we get

VIo[B— (s —A)X,,] =0,

and then
V; oB — Vn—g <& [(SI - A>Vm(ym ® Ip)] =0.

Using a property of the ¢-product (Remark 3.1) and the fact that B = || B||¢V;, we
obtain
[Vr—lr—z © (SI - A>Vm]ym = HBHFeb

where e; = [1,0,...,0]T € R™ Denoting 7,,, = V| ¢ AV,,, we obtain
(Slm - Tm)ym = ”BHFelv

which yields
Ym = (I = Tua) ' | Bl per.

Replacing the last identity in (3.18), we obtain
X = Vin[((sLin — Tm)_lHBHFel) ® L),
and using the Kronecker product’s properties, we get

X = Vil (8Lnp — Trn @ Ip)_lnBHFEl)]’
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where E; = e; ® I,,. We can therefore express the approximate transfer function as
H,(s) = C X,y = CV0ul((sLyp — T @ L) || Bl P L))
This suggests that the reduced order model to (3.1) can be expressed as
Tm(t) = Amam(t)+ Byu(t)
{ Ym(t) = Cpan(t).

where A, = T, ® I, € R™*"™_ B, = ||B|pE, € R™*? and C,,, = CV,, €
RP>*™P_ Moreover, the transfer function of the previous reduced order model is given

by
H(s) = Cp (8 Ly — An) ™' B (3.19)

3.5.2 Criterion-selections of the shift parameters

In the sequel, we will give expressions for the norm of the error H(s) — H,(s),
at the iteration j, that will be used for the selection of our shift parameters. First, let

us recall the H ., norm of a matrix-valued function

[1H |oc = SUp 0maa(H (iy)).

yeR

Noticing that

H(s)— Hj(s) = CX —CX;,
= CO(sl,— A)'B - CX;
= CO(sl, — A)7'[B — (sI, — A)X]],
we obtain
1H (5) = Hj(s)lloo < IC(sLn = A) ™ loolITjlloc

where I'; = B — (s, — A) X;. This suggests selecting each step a new shift in order

to reach ||I';|| . Hence, our new shift s;; will be chosen such that

Omaz(Lj(is541)) = Sup Omaz(L5(1y)) = [T co- (3.20)

ye

As we will see in the numerical tests, this simple procedure gives good results.
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3.6 A modified two-sided global rational Arnoldi
method

In this section, we will define a new two-sided global rational method which is

based on an oblique projection considering the two rational global Krylov subspaces

Km(A, B) = Span{B, (A — s21)"'B,..., [[(A — s;I)""'B}, (3.21)
=2
and
Kin(AT,CT) = Span{C", (A — s 1) TC", .., T[(A—sI)"TCT}. (3.22)
=2

Let{V1,...,V,,} and {Wy, ..., W,,} denote the F'—orthonormal bases of C,,(A, B)
and KC,,, (AT, CT) respectively, generated by the Modified Rational Global Arnoldi
Algorithm 3.2 for one extra interpolation point at s,,1; = 0o. Let us define the two
n X mp matrices V,, = [V4,..., V] and W, = [W4, ..., W,,]. In the sequel, for
both global Krylov subspace (3.21) and (3.22), we still consider the same bases and

same matrices as defined above.

Weset Z,, =W, ((Vn: oWn) Tt ® Ip), and using the diamond product proper-

ties, we get
V56 Zn = Vo (Wal(Vh o Wa) " @ L)| = UL o W) (Vo W)™ = I,
Therefore, we can state the following relation
Zl oV, =V oZ, =1,

Projection operators play an important role in numerical linear algebra, particularly
in iterative methods for solving various matrix problems. These projections have
been defined for classical and block Krylov subspaces, however, in the global Kry-
lov case, it is still an open question up to the authors’ knowledge. In the sequel, we

define the projection operator onto the global Krylov subspace.

Definition 3.2 Let V,, be the n x mp matrix V,,, = [Vi, ..., V,,] whose blocks form
an F-orthonormal basis of the rational global Krylov subspace K,,(A, B), and let L
be the subspace spanned by the columns of the n X mp matrix Z,, = [Z1, ..., Zy].

We define the projector P onto KC,,(A, B) and orthogonal to the subspace L by :

P(M)=Vu((Z),0M)®1,); YM € R™. (3.23)
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Our aim here is to use this projector to define a new reduced-order system with the
corresponding transfer function that should approach the transfer function (3.16).

Let X, in (3.18) denote the approximate solution obtained by the projection method
onto the rational Krylov subspace /C,,(A, B). By following the same technique as
in Section 3.5, where we impose that R,, 1 r £, where R,,, = B — (sI — A)X,,

denotes the residue of the system (3.17), i.e.
Z!lo[B— (s —A) X, =0.

We define the approximate transfer function by

Hp(8) = OV (slnp — Y @ 1) ' ((Z2,, 0 B) @ L), (3.24)
where Y, = Z! o AV,,..
Proposition 3.3 Let us consider Z,, as described above, D,, = W, o V,, and M
an n X p matrix, then we have

Zl oM =D, (W} oM). (3.25)
Proof We have
.
ZioM=(M"0Z,)" = |M o (Wa((VioWa) ' ®1,))

= [MTOW VIoW,,)™ r
= W, 0V H(W,) o M)
= D} (W) o M).

Proposition 3.4 Let {V,..., V1) and {W1,... , W11} generated by running
the modified rational global Arnoldi algorithm 3.2 (for one extra interpolation point
at s,,11 = 00) on the two subpaces K,,,(A, B) and KC,,(AT, CT), respectively. Then

the following equation is satisfied
AV =V (D) Ar) @ 1) + (I = P) (Vi1 (N @ 1)),

where A,, = W o AV,, and P is the projector given by (3.23).
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Proof From Proposition 3.2, we have
AV, = V(T @ 1) + Vi1 (N @ 1) (3.26)
Multiplying on the left by 1V, and using the diamond product property, we obtain

W o AV, = W] oV,) T + WV, 0 V1) Non,s

Am Dm

and
T = D YA, — DXV, 0 Vi) N

Replacing this last relation in (3.26), we have
AVs = V| (D A) © I, — (DR W] 0 Vi) Ni) © L] 4 Viia (N @ 1)
= V(D7 A0) © 1) = V(DR W] 0 Vi )Na) ) © 1,
+ Vi1 (N ® ).
From Proposition 3.3 and the diamond property, we get
DAW,! oVii )N = (2] Vi) Nin
= Z,, 0 (Vi1 (N ® 1)),
therefore
Vi DR WL 0 Vi )N) @1, = Vo ZL 0 (Ve (Na @ 1)) ©1,
= PV (N ®1,)).
which yields
AV =V (D)} AR) @ 1) + (I = P)(Vingr (N ® 1))

In the next proposition, we give a new expression of the error H(s) — H,,(s) which
could be used to compute a new upper bound for the norm of the error on the transfer

function.

Proposition 3.5 Let H be the transfer function defined in (3.16) and let H,, be its
approximation obtained by applying the oblique projection, as defined in (3.24).
Then the following relation is satisfied
H(s) = Hu(s) = C(sl, —A) (I = P)(Vinr1(Nn ® 1))
X (8Inp — Yon @ L)Y Bl|re1 @ . (3.27)
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Proof We have
H(s) — Hp(s)=C(sl, — A)'B = CVpu(slp — Yo ® I,) (2,0 B) ® 1))

= C(sl, — A)7'[B = (sI, = AV (slp — Vi @ L,) ' ((Z,,0 B) @ 1,))]

= CO(sl, — A)"'Rp(s),
where Rp(s) = B — (s, — A)Vu(shny — Yo ® 1) (2, 0 B) ® 1,,).
Using Proposition 3.4, we obtain
Rp(s) = B—(sl, — AVu(slpy— Y ®1,) " ((Z,),0B)®1,)
= B— (Vi — AVp)(8Lpp — Y ® 1) ' ((2,, 0 B) ® 1)

(3.28)

= B— [V — V(D) Aw) ® 1) — (Id — P)(Ving1 (N @ 1))

X (8hypy — Y @ 1,) 7 ((2,, 0 B) @ L,).
Proposition 3.3 gives us
D;'A, =D XW! o AV,) =2 o AV, =
therefore
Rp(s) = B— [Va(slnp — Y ®1,) — (Id — P)(Vips1(Ni ® 1))]

X ($hpp — Y @ 1) ((Z2,,0 B)® 1)

= B-Vu((Z,,0B)®1,)+ (Id— P)(Vis1(Npn ® 1))
($Inp — Yo @ L) (2, © B) ® I,).

X

Notice that, since B belongs to the Krylov subspace KC,,,(A, B), we have
Viu((Z,,0B)®1,) = P(B) =B

Therefore, we can write

Rp(s) = (I - P)(Verl(Nm ® Ip)><SImp e Ip)%((Z; ©B)® [p)'

It can also be noticed that
(210 B)® I, = |Bllr(Z], 0 Vi) ® I, = || Bllres ® I,
which gives us the following
Rg(s) = (I = P)(Vint1(Niw @ 1)) (8Iinp — Yo @ L) V|| Bl rer @ I,

By replacing the last relationship in (3.28), we finish the proof.
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3.7 Numerical experiments

In this section, we report some numerical examples on some benchmark mo-
dels. We considered the Modified Adaptive Rational Global Arnoldi (MARGA) me-
thod and and its two-sided version. This latter will be compared with the Iterative
Rational Krylov Algorithm (IRKA) [41].

All the experiments were performed on a 1.3GHz Intel Core i5 laptop with 8Gb of
RAM. The algorithms were coded in Matlab R2010a and we used various bench-

mark models reported in Table 3.1.

TABLE 3.1 — Test problems.

Matrix A Sizen | ||AllF cond(A)

fdm 40.000 | 3.6118e+007 | 2.4608e+004
Chplayer | 120 2.3095e+05 | 1.8149e+04
iss 270 2.0594e+004 | 9.6800e+003

Example 1. For the first experiment, we considered the CDplayer model. This
model has a small dimension but, as it is a difficult model, it is always taken as a
benchmark example. The plots in Figure 3.1 show the o-plots : 0,4, (H (iw)) and
its approximation o, (H,,(iw)) (left plot). In the right-part of this figure, we also
plotted the error-norm o,,q, (H (iw) — H,,(iw)) for w € [1073,103] with m = 10
and p = 2. The entries of the matrices B and C' were random values uniformly
distributed on [0, 1].

Example 2. In this example, we considered the well known iss model. As in
the preceding example, we plotted in the left-side of Figure 3.2, the singular values
O maz(H (iw)) for the original transfer function and its approximation o, (H,, (iw)).
The error 0,4, (H (iw) — H,,(iw)) is plotted on the right side of Figure 3.2 versus
the frequencies w € [1073,10%] with m = 10 and p = 2. The matix B and C' are

those of the model.

Example 3. For this experiment, we considered the £dm model from Table 3.1
with a large dimension n = 40.000 and p = 5. We plotted the H ., norm of the
error ||H — H,,||~ versus the number m of iterations. The entries of the matrices B
and C' were random values uniformly distributed on [0, 1]. The results are given in

Figure 3.3.



3.7. NUMERICAL EXPERIMENTS

54

— — —exact
approximated

frequency o

FIGURE 3.1 — The CDplayer model
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: The original system || H (iw)||> and it’s ap-
proximation || H,,(iw)||2 (left plot) and the error 0,4, (H (iw) — H,, (iw)) (right plot)
for w € [1073,10%] with m = 10 and p=2.

[l H(w) = H_(@) ],

. . .
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frequency o

FIGURE 3.2 — The iss model : The original system ||H (iw)||s and it’s approxi-
mation || H,,(iw)||2 (left plot) and the error ;4. (H (iw) — H,,(iw)) (right plot) for
w € [1073,10%] with m = 10 and p = 2.

Example 4. In the last example, we compared the two side MARGAM with the block

iterative rational Krylov algorithm IRKA method [41]. For this experiment, we

considered the CDplayer model. In Figure 4, we plotted the error norms of the

transfer functions with two values of m : m = 10 (left) and m = 20 (right), with

p = 2. In this figure, we plotted the errors 0,4, (H (w) — H,,(w) for MARGA (so-

lid line) and TRKA (dotted line). As observed from Figure 4, MARGA returns good

results.
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FIGURE 3.3 — The H, error norms ||H — H,,||« versus the number m of iterations
for the £dm model with p = 5.

10 T T T T T 10

MARGA
== —1RkA
- |

. . . . . .
10° 107 10° 10° 10 10 10 10° 10° 10
frequency o frequency

FIGURE 3.4 — The CDplayer model : Comparison of (two side) MARGA and
TRKA. The error 0,4 (H (iw) — H,,(iw)) for w € [1073,10%] with m = 10 (left)
and m = 20 (right) (p=2).

3.8 Conclusion

In this chapter, we considered MIMO dynamical systems and we developed new
global methods to get low order dynamical systems by projecting the initial large-
scale dynamical systems onto a low dimensional space. We develop new modified
adaptive rational global Arnoldi method and its two side version to get such a pro-
jectors. New Arnoldi like relations were also given generalizing the classical well
known Arnoldi relations. Using upper bounds for the norm of error between the
initial transfer function and its approximation, obtained from the proposed projec-
tions, we proposed some shifts selection techniques to get good approximations on

a large frequency domain. The numerical experiments on some benchmark models
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show the effectiveness of the proposed approaches.



CHAPITRE 4

ON SOME PROPERTIES OF THE
EXTENDED BLOCK AND GLOBAL
ARNOLDI METHODS WITH
APPLICATIONS TO MODEL
REDUCTION

4.1 Introduction

The extended Arnoldi method was first proposed by Druskin and Knizhnerman
in [26] for functions of matrices in the symmetric, large and sparse case. The method
was then generalized to the nonsymmetric case by Simoncini in [81] and applied
for solving large-scale Lyapunov matrix equations [62, 81] with low rank right-
hand sides. In [46], the extended block Arnoldi method was used for computing ap-
proximate solutions to large scale continuous-time algebraic Riccati equations while
in [47] the extended global Arnoldi method was defined and used for solving large
Sylvester matrix equations. If A € R"*" is nonsingular, v € R"™ and m is a fixed
integer, the classical extended Arnoldi Krylov subspace K,,(A,v), is the subspace
of R" spanned by the vectors A~ v, ..., A 2v, A~ v, v, Av, A%v,..., A" 1o,
A convergence analysis of the extended Krylov subspace was recently developed
in [62] where new general estimates for the convergence rate were obtained with
real nonsymmetric and nonsingular matrices A.

For V' € R™ ", the extended block Krylov subspace K,,(A, V) is the subspace

of R™ spanned by the columns of the matrices A*V, k = —m,...,m — 1. This

57
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subspace is denoted by
Kn(A,V) = Range{ A" V..., AV, AT VV, AV, A2V, A" V)

The subspace K,,,(A, V) is the sum of the simple extended Krylov subspaces
Kn(A, V@), i=1,... rwhere V1 is the i-th column of the matrix V. Notice that
Z € K,(A, V) means that

m—1
Z = Z AV, where Q; e R i = —m,...m — 1.

1=—m

On the other hand, the extended matrix or global Krylov subspace KC,,(A, V) C
R™*" is the subspace of matrices in R"*" spanned by A*V, k = —m,...,m — 1,

1.e.,

Kn(A,V) = spanf ATV, AP VAT VVAV APV AV

m—1
and hence Z € K, (A, V)iff Z = > a;A'V, a; €R.

In this work, we give some new algebraic properties of the extended block and
the extended global Arnoldi algorithms. The new properties use algebraic relations
with the matrix A~!. These new relations could be used in moment matching tech-
niques for model reduction in large scale Multiple Input Multiple Output (MIMO)
dynamical systems. In particular, we will show that some moments of the original
transfer function are matched when using the approximated transfer function. The
advantage of the extended block or global methods is the fact that they allow to
approximate the original transfer functions in the low frequency range as well as in
the hight frequency one.

This chapter is organized as follows. In Section 2, we recall the extended block and
global Arnoldi algorithms and give some new algebraic properties. The application
of these methods to model order reduction is considered in Section 3. We show how
to apply the extended block and global Arnoldi processes to dynamical MIMO sys-
tems to obtain low order models such that the Markov parameters and the moments
of the original transfer function are approximated by the ones of the projected trans-
fer function. The last section is devoted to some numerical experiments.
Preliminaries and notations We review some notations and definitions that will
be used throughout this chapter. For two matrices Y and Z in R™*", we define the
Frobenius inner product (Y, Z)r = Tr(YT Z) where Tr(Y? Z) denotes the trace

of the square matrix Y7 Z. The associated Frobenius norm is given by ||Y||r =
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Tr(YTY)2. A system {Vi,Va,...,V,,} of elements of R™" is said to be F—
orthonormal if it is orthonormal with respect to the inner product (. ,.)g, i.e.,
(Vi,Vi)p = 6;;. For Y € R™", we denote by vec(Y') the vector of R™ obtai-
ned by stacking the columns of Y. For two matrices A and B, A ® B = [a, ; B]
denotes the Kronecker product of the matrices A and B. In the sequel, we give some

properties of the Kronecker product assuming that all the sizes are in agreement.
1. (Ao B)T = AT @ BT,
2. (A® B)(C® D)= (AC ® BD).

3. If A and B are non singular matrices of size n x n and p X p respectively,
then the np x np matrix A® B is non singular and (A® B)™! = A~ '@ B~

4. vec(A)T vec(B) = Tr(AT B).

Definition 4.1 Ler A = [A,,..., A, and B = [By, ..., B)] be matrices of dimen-
sion n X gp and n X lp, respectively, where A; and B; (i =1,...,q¢; j=1,...,1)
are n X p. Then the q x | matrix AT o B is defined by :

=Y x>

Remark 4.1 The following relations were established in [18].
1. The matrix A = [Ay, ..., A, is F—orthonormal if and only if AT o A = I,
2. Forall X € R™?, we have X* o X = || X||3.
3. (DAY o B= AT o (DT B).
4. ATo(B(L®1,)) = (AT+B) L.
5. |AT o Bl[r < |All¢||BllF.

In the next proposition, we recall the global QR (gQR) factorisation of an n x kr

matrix Z.
Proposition 4.1 [/8] Let Z = [ Zyy Loy ooy Ly } be an n x kr matrix with
Z; € R™7 i =1,...,k. Then, the matrix Z can be factored as
Z=0Q(R®1,),
where Q = [Q1, . .., Q] is an n x kr F-orthonormal matrix satisfying QT ¢ Q = I,

and R is an upper triangular matrix of dimension k X k.
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4.2 Some algebraic properties on the extended block

and global Arnoldi processes

4.2.1 The block case

The extended block Arnoldi algorithm generates a sequence of blocks {V, ..., V2 }
of size n x 2r such that their columns form an orthonormal basis of the extended
block Krylov subspace K,,,(A, V). The algorithm is defined as follows [46,81].

Algorithm 4.1 The extended block Arnoldi algorithm

e Inputs: A e R™™ V € R"™" m.

e Compute [V, A] = QR([V, A7 V]), V, = [V}P].

e Forj=1,....m
1. Set ij(l) : first 7 columns of V; ij@) : second r columns of V.
~ b(1) 411 /b2
2. V= [AV/Y Ay
3. Orthogonalize ‘N/Jbﬂ with respect to to VY, ..., V% to get V}, . i.e.,

fori=1,2,...,5
Hy = (V)" Vi
Vi = Vi — VP B
end for

4. [V}‘bﬂa Hf+1,j] = QR(‘N/ijrl)-
5. Vi = [V, V2l
End For.

The blocks V,,, = [VP,V2,..., V2] with V;* € R™**" have their columns mu-

tually orthogonal provided that none of the upper triangular matrices H Jb +1,; arerank
deficient.
Hence, after m steps, Algorithm 4.1 builds an orthonormal basis V,,, of the extended
block Krylov subspace K, (A, V') and a upper block Hessenberg matrix H,,, whose
non zero blocks are the H? ;. Note that each submatrix H?; (1 < i < j < m) is of
order 2r.

Let T}, = (V)" AV) € R*" and T,, = [I},] € R*™"™*™" be the restriction of
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the matrix A to the extended Krylov subspace K,,(A4, V), i.e.,
T,. = VL AV,,.

It is shown in [81] that T,, is also upper block Hessenberg with 2r x 2r blocks.
Moreover, a recursion is derived to compute T,,, from H,, without requiring matrix-
vector products with A. For more details, on how to compute T,, from H,,,, we refer
to [81]. We note that for large problems, the inverse of the matrix A is not computed
explicitly and in this case we can use iterative solvers with preconditioners to solve

linear systems with A. Next, we give the extended block Arnoldi relations

AVm — Vm+1 va
= VT + Vi T B

m+1,m ~m>

where T,,, = VI | AV,,, and E,;, = [Oax2(m—1)r, L2-]" is the matrix of the last 2r
columns of the 2mr x 2mr identity matrix I5,,,.. We will also consider the matrix
defined as

L,=VI AV,

Notice that we can check that the matrix L,, = [Lf]] is also an upper block Hes-

senberg matrix. Moreover, the sub-matrices L? 114 € R?**2"are such that the r first

b

columns are zero. Hence, L is partitioned under the form

m+1,m
0 Lb(1,2)
b . r m+1,m
Lyiim= 0, L%Qﬁ)m 4.1)

In the sequel, we give some new properties that would be useful for building model

order reduction for large scale dynamical systems defined by (4.19).

Proposition 4.2 Assume that m steps of Algorithm 4.1 have been run and let L,,, =

vi 11 A7V, then we have the following relations

A_l Vm — Vm_;’_l Em
= V,L,+ Vi, L] EL. (4.2)

m+1,m —~m
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Proof As V.1 = [V,,,, V.’ . |], we have

Lnin = Vo A7 Vo
VLAY, VAV
Vol ATV VRLL ATV L
_ Lo VL ATV L _
Vil ATV VRLL ATV

Now, since L, 1s an upper block Hessenberg matrix, we also have

(Vo) AV = 1 B

m+1,m “~m>
and so the upper block Hessenberg matrix L,, can be expressed as

L
LY ET

m+1,m ~m

m

Using the fact that A7'K,,(A, V) C K,,41(A,V) and V,,,;; is orthogonal, it fol-
lows that there exists an upper block Hessenberg matrix L such that A~'V,, =
Vims1 L. Then, VI, A™'V,, = L, which shows that L = L,,. Hence, we obtain

AV, =V, L=V, L,=V,L,+V’ L EL

m+1,m ~m>

which completes the proof.

Now using (4.1) and the fact that V2 | = [V;L(i)l, V:L(f)l] the relation (4.2) becomes

A_l Vm = Vm IL’m + [OnX(mel)ra anm(i)l L%iﬁl?m + Vrzg)l Ll;r(jfl),m]

Next, to show how to compute the columns of the matrix L,, without using A~1,

we have to give some notations :

— Let [V, A7V] = VA be the QR decomposition of [V, A~1V] which can be

written as
Ag A
V,A"'V] = VPA = [Vlb(l)7 Vlb(Q)] 1,1 12 4.3)
0 Agp
— Fork =1,...,m, let’s partition the lower triangular matrix H} +1, under the
form

b(1,1 b(1,2
Hk(+1,l)c Hkgrl,l)g}

b
Hyiyg = [ 0 22
k+1,k
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The following result enables us to compute L,, directly from the columns of the

upper block Hessenberg matrix HH,,, obtained from Algorithm 4.1.

Proposition 4.3 Let L,,, and H,, be the upper block Hessenberg matrices defined

earlier. Then we have the following relations
L,é = [51 Ao +e AZ,Q] (A1,1)_1, 4.4)

andfork =1,....,m

L,, o = H,, ey, 4.5)

and

L N
g ]er%_l) HSD @)

2(m—k)rx2kr

L, €ap41 = <52k—1 —

where €; = e; ® I, and the e;’s are the vectors of the canonical basis.

Proof To prove (4.4), we start from the QR decomposition of [V, A~1V] given in
4.3):
v, A_lv] = [Vlb(l) Aiq, V1b(1) Ao+ V1b(2) Ag o]

Then, if A, ; is nonsingular, we obtain
ATV = A7V AT = [P A 4+ VP A AL

Then we get (4.4) by pre-multiplying the above equality on the left by V2 41 and
using the facts that V| Vlb(“ =(e;®1,)=¢fori=1,2and V] , A~} Vlb(l) —
Em (61 X Ir) = Em 51-

To prove (4.5) and (4.6), we notice that for £ > 1, V}, = [ka(l), ka@)] e Rx?r

and from Algorithm 4.1, we have
Vi = [AVIY AT VO] VG, (G, o, 4.7)

and
Vier Hia g, = Vi (4.8)
Using the relations (4.7) and (4.8), we obtain
AT ka@) = vkbﬂ ex+ Vi Hi ey = ka+1 Hllc)+1,k €y + Vi Hy €

= Vi Hy eo.
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Now, multiplying on the left by V7, we get
VTTnH AT V;gb@) = szﬂ Vi1 H, €2k,

hence,

Dy 1yr

VLAV, 8y = [ ] Hy, €2t

O2(m—k)yrx2(k+1)r

and so

_ H _
]Lm ng = g = Hm g21{7
0o

m—k)rx2kr
which gives the relation (4.5).
Now, for the even blocks, we multiply (4.7) on the left by A~ and we consider only

the first r-columns of each block. We obtain the following relation
ATV =2 AT Y H e
Notice that since V}%,; = Vi, HY,, ., we also have
kaJ(r11 = Vk+1 HZ$11k7

where H 25:11,1 is the first 7 x r block of the upper 2r x 2r triangular matrix H? ke

Then if H, 25311,1 1s nonsingular, we obtain
ATV = ATTVEY (D = (B = AT Vi H B ) ()
Multiplying from the left by V7, ,, we get
Vi ATV = (Vi VY = Vi AT Ve e ) ()T

and then

~ T ~ T -1
Lyt €opr1 = (Vm+1 Vg1 €2p—1 — Vm+1 ATV,

IZkr ~
Hy, €951
02(m—k:)7‘>< 2kr

Lo, _ _
2 Hy, eax—1 (HZ(ﬁfZ) !
O2(m—k)r><2kr

b(1,1)\—
(HS D)™

= (ngl - Em
Ly

= | €1 — Hy, €21 (Hi(ﬁfi)’l,
O2(m—k)rx2kr

which gives the second relation (4.6).

X
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4.2.2 The global case

The extended global Arnoldi process was first described in [47]. The algorithm

1s summarized as follows

Algorithm 4.2 The extended global Arnoldi algorithm

e Inputs: A € R™™, V € R™", m.
e Compute [V, Q] = gQR([V, A~'V]), (global QR decomposition) V; = [V/].
e Forj=1,....m

1. Set ng M. first  columns of V7 ng ) . second 7 columns of V7.

2. VI, =[AveY Ay,

J
3. F-Orthogonalize ng_H with respect to V/, ..., V{ to get V7, i.e.,
fort =1,2,...,J
HY; = (V)9 o ‘7jg+1§
Vi =Vi, =V (Hz‘g,j ®1);

J J
end for

4. [Vﬁua H]g+l,j] = QQR(Vﬂl)-
5. Vi = [Vjv ‘/jg+1]'
End For.

We point out that if the upper 2 x 2 triangular matrices H Jg 41, U =1....,m)
are full rank, Algorithm 4.2 constructs an n X 2mr F'-orthonormal matrix V,, =
(VE, ..., V9] with V € R™?" (i = 1,...,m) and a 2(m + 1) x 2m upper block
Hessenberg matrix H,, = [HY;| = [h,q] with H}; € R¥?fori =1,....,m+1,
j=1,....mand h,, € Rforp=1,...,2(m+1),¢g=1,...,2m.

Now, setting 7}, = VAT o (A V7) € R**? fori,j = 1,...,m and introducing

the matrices

T = V5o (AVy) = [T4] and T, = V5, 0 (AVn),

a recursive relation was given in [47] allowing the computation of 7, without re-

quiring additional matrix-vector products with A. Moreover, it was also shown that
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after m steps of Algorithm 4.2, we have

AVm = Vm+1 (Tm ® Ir)
= V(T @ L) + Vi1 (T & @ 1),

where L = [Oax2(n-1), I] is the matrix of the last 2 rows of the 2m x 2m identity
matrix Io,,.

Now, as for the block case seen in the previous subsection, we consider the matrix
L, = [L?;] = [l,4] defined by

L =VE o (A71V,),

where L{; € R** fori,j = 1,...,m and l,, € R for p,q = 1,...,2m. We
mention that it can be easily verified that the matrix £,, is a 2m x 2m upper block
Hessenberg matrix and that the sub-matrices L}, ; € R2%2 are such that the first
column is zero. So, the sub-matrix LY, +1,m 18 such that Iy, 11 9m 2 = lomi22m—2 =

0, 1.e.,

0 lomti2om } (4.9)

0 lomt22m

g —
Lm+1,m - |:

In order to build order model reduction for large scale dynamical systems, we give

some new properties of the extended global Arnoldi process.

Proposition 4.4 Assume that m steps of Algorithm 4.2 have been run and let L,, =

\Z4 1 A7MV,,, then we have the following relations

A_l Vm = Vm-i-l ('Cm ® Ir)
= V(L@ L)+ Vi (Lim & @ 1) (4.10)

The proof is similar to the one given for Proposition 4.2.
Notice that since V2, = [V,2 (H, Ve (ﬂ], then by using (4.9), the Arnoldi relation

(4.10) becomes
Ail Vm = Vm £m + [OnX(Qm—l)a l2m+1,2m Vn%(-lg + l2m+2,2m Vn%(ﬂ]

Now, in order to update progressively the columns of the matrix £,, without inver-

ting A or solving linear systems with A, we recall some elementary results :



4.2. SOME ALGEBRAIC PROPERTIES ON THE EXTENDED BLOCK AND
GLOBAL ARNOLDI PROCESSES 67

— Let [V, A7'V] = V{ (' ® I,) be the global QR decomposition of [V, A~!V]

which can be written as

[V, A_IV] =VI(I®I)= [Vlg(l)7 Vlg(2)] 1,1 V1,2 ‘
0 722
— For k = 1,...,m, let us partition the lower triangular matrix H},, , under

the form

o - hokt126—1 hoks1,2k
1k = :
0 hok42,2k

As in the block case, the following result enables us to compute L,,, directly from
the columns of the upper block Hessenberg matrix H,, obtained from Algorithm
4.1.

Proposition 4.5 Let L,, = [l.1,...,l.om| and H,, = [h.1, ..., h.2m) be the upper

block Hessenberg matrices defined earlier. Then we have the following relations

li=(nz2e1+722€2) /7.1,

and for k = 1,...,m, we have

log1 = <€2k—1 -

where the e;’s are the vectors of the canonical basis.

Lok = Pk 4.11)

and B
Ly

H, €2k:—1> /hok+1 2k,

2(m—k)x2k

The proof can be obtained in a similar way as the one for Proposition 4.3 in the
block case.
The results of the previous two subsections are used to prove other properties in the
next section which is devoted to the application of the extended block and global
Arnoldi methods to obtain reduced order models in large scale dynamical systems.
As we will see, the methods allow one to approximate low and high frequencies of
the corresponding transfer function at the same time.

Next, we give some properties that are used to show that the first m moments of

the transfer function F' are matched.
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Proposition 4.6 Let V,, = [V ..., V?] L, := VI A=V, be respectively the
matrix and the upper block Hessenberg matrix defined in the extended block Arnoldi
process and let By = [I5,,0q,, . .. 7027~]T. Then for j = 0...,m — 1, we have the

following relation
AV, E =V, L7 E,, (4.12)

and
T,'E; =L,E;, j=1,...,m— 1. (4.13)

Proof The relation (4.12) can be derived directly by multiplying relation (4.2) from
the left by A=/*! and from the right by E;. Then we obtain

ATV, E =V, LB+ Y Ay rb L ELICE,.

m+1,m ~“m—m
i=1

Now, as IL,, is an upper block Hessenberg matrix, it follows that EZ I/ E, = 0,
foryj=1,...,m—1.

To prove the relation (4.13), we multiply (4.2) from the right by [£;, and then we get
AW, E; =V, L,E;, for j=1,...,m—1.

Since, V,, is orthogonal, pre-multiplying the above equality by VI A, we get E; =
T,, L, E; for j =1,...,m — 1 and finally we obtain (4.13), if we assume that T,,
is nonsingular.

Next, we establish a similar result for the extended global Arnoldi process.
Proposition 4.7 Let V,, = [V,..., V4], L, .= VI o (A71V,,) be respectively
the matrix and the upper block Hessenberg matrix defined by the extended global
Arnoldi process and let &, = [I5,0s, . . ., 02]T. Then for j = 1...,m — 1, we have

the following relation

A7V Er =AY, (&6 ® 1) =V, (L], & ® 1), (4.14)
andforj =1,...,m — 1 we have
Tl & = L& (4.15)

Proof Pre-multiplying (4.10) by A~7"! and using the properties of the Kronecker
product we get
ATV =V (L, @ L)+ Y ATV (L ER LT ® 1)

i=1
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Post-multiplying the above equality by (£; ® I,.), we obtain
A7V,E, = A7V, (6 ®1,)

j
= V(L ERL)+Y AV (LS W ERLITE ® 1),

i=1

= V(L & ®1,).

In the last equality, we used the fact that L L1~ £, = 0 since L,, is an upper block
Hessenberg matrix. Using again the properties of the ® and ¢ products, the proof of

the second relation (4.15) can be derived in a similar fashion to that of (4.13).

Next, we give a general result that is satisfied by upper Hessenberg matrices.
This result will be used when establishing moment matching properties for the block

and global Arnoldi processes.

Proposition 4.8 Let T' = (1} ;) and L = (L; ;) be two upper block Hessenberg

matrices with blocks T; ;, L; ; € R™" fori,j5 = 1,...,m and suppose that
TE; =LE;, for j=1,....m—1 (4.16)
where E; = [0,,...,0,,1,,0,,... ,0,]%, is the mr x r matrix whose columns are

the column j, ..., 7+ r of the identity matrix I,,.. Then
TFE, = L*Ey, for k=1,...,m—1. (4.17)

Proof For k = 1,...,m — 1, we denote by Ti(”;-) and LE? the (4, j)-th block of T*,

Lk respectively, 1.e.,

TF = (T(’“)) and LF = (L(k-)).

i,9 i,J
Since 7" and L are upper block Hessenberg matrices, we can easily verify that
T =L =0, for i>j+k (4.18)

Now, we proceed by inductionon k € {1,2,...,m — 1}.
We first remark that the property is verified for & = 1 and we suppose that the
property is valid for k € {1,...,m — 2}.
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Obviously, we have

T'E, =T (T'E,) = T(L'E,) =

and thanks to (4.18) and (4.16), we have L

t=1,...,mandp=1,...,m — 1. So,

k)

and since L,

4.3 Application for model reduction techniques

k+1
T+E1: p=1

k)
p,1

= 0, for p = m, we finally get

— Lk-‘rl ]El-

=0, forp = mand T}}) = L) for

We consider the following Linear Time Independent (LTI) dynamical system

©(t) = Az(t)+ Bu(t),
y(t) = Ca),

(4.19)

where z(t) € R™ is the state vector, u(t), y(t) € R" are the input and the output

vectors of the system (4.19), respectively. The matrices B, C? are in R"*" and



4.3. APPLICATION FOR MODEL REDUCTION TECHNIQUES 71

A € R™" is assumed to be large and sparse. The transfer function of the original

system (4.19) is given as
F(s)=C(sI,— A" B, (4.20)

In many applications, the dimension n of the system (4.19) is large which makes
the computations infeasible in terms of execution time and memory. Then the goal

of model reduction problems is to produce a low-order system of the form

{j;m(t) = Ap 2 (t) + By u(t)

4.21)

where A,, € RP*? B,,, CT € RP*", The basic technique is to project the system’s
state space of dimension n onto a space of lower dimension p < n, in such a
way that the reduced-order model preserves the important properties of the original
system like stability and passivity and such that the output y,, is close to the output

y of the original system. The associated low-order transfer function is denoted by
Fo(s)=Cy (s, — Ap) ™ B

There are two well known sets of model reduction methods for MIMO systems
which are currently in use, SVD based methods and Krylov (moment matching) ba-
sed methods ; see [35,40] and the references therein. One of the most common ap-
proach of the first category is the so-called balanced reduced order model which was
introduced by Moore [70]. Krylov subspace methods have been extensively used for
SISO (the case r = 1) and MIMO dynamical systems; see [19,26-28,34,41,48,82]
and the references therein. Unfortunately the standard version of these methods
builds reduced order models that poorly approximate low and high frequency dyna-
mics at the same time. In order to address this problem, we consider the extended
Arnoldi process associated to the matrices A and A~!. The transfer function F re-
lates the Laplace transform of the output vector to that of the input vector. For that
reason, it is called the transfer function matrix of the system. Each entry F; ;(s) is
a rational function representing the transfer function between the ¢-th input and the
j-th output, all other inputs being set equal to zero.

The rational function F' can be expressed as a sum of a Taylor series around (s = 00)

in the following form

1 A 1 & : :
F(s)=-C(,—=)"'B= B > M;s™", with M; = C A'B.
=0

S S
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Recall that the matrix coefficients M; are called the Markov parameters of F'. Now
applying the extended block Arnoldi process to the pair (A, B), we can verify that

the original transfer function F' can be approximated by
Fm(s) = Cm (5 Loy — Tm)_l Bmv

where T,, = VI AV,,, C,, = CV,, and B,, = V! B. This reduced transfer
function is related to the low-order dynamical system (4.21) with A,, = T,,.
Similarly, if m iterations of the extended global Arnoldi algorithm are applied to

the pair (A, B), then we can approximate F’ by
]:m(s) - Cm (3 IQmT - (Tm ® ]r))_l Bm7

where 7, = VI o (AV,,), C,, = C VY, and B, = VI o B = || B||r (™ ®1,). In
this case, the reduced transfer function is related to the low-order dynamical system
@421 with A,, =T, ® I,.

The developments of [F,,, and F,,, around s = oo give the following expressions

w |

oo
> mbs™ withm! = C,, T, B,

=0

]Fm(s) =

and
1 = . .
Fm(s) =— me s~ withmi =Cp, (T, ® L)' By
S =0

In this case, one can show that the first m Markov parameters are matched, i.e. in
the block case
My=m? i=0,...,m—1,

(R

and in the global case

— 9
M;=mj, 1=0,...,m—1.

Now, the development of the Neumann series of F' around s = 0 gives the following

expression

F(s)=Y_ My, s
i=0
The matrix coefficients M; are called the moments of F and they are given by

M;=—-CA7B,j=1,2,....
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By considering the Taylor series of [F,,, and ,,, , we get the following expansion of
F,, around s =0
Fpn(s) = ml, s, withm!=—C,,T,'B,,
i=0
while for F,,,, we get
F(s) =>_mi, s, withm! = —Cp (Trn @ 1) By
=0

As for the Markov parameters, the following result shows that the first 7 moments
resulting from the Newman series of the transfer function /' around s = 0 are also
matched either by those of [F,,, when using the extended block Arnoldi process or

by those of F,,, when using the extended global Arnoldi process.

Proposition 4.9 Let MJ and ?ﬁ;’ be the matrix moments given by the Newman ex-

pansions of ' and IF,,,, respectively around s = 0. Then we have

]\Zzﬁ?, for 7=0,... m—1.

Proof The equality is verified for ;7 = 0. For j > 1, we obtain

Aiy

= CATVP =CAIV,,E,

Therefore, using the result of Proposition 4.6, we get

A
0 |-

On the other hand, applying Proposition 4.8 to the upper Hessenberg matrices L,,

M;=CV,1i E,

and T, !, we get
LB, =T, E; j=0,....,m—1

Aia
0

= OV, TVl B=C,,T,’B,,

and this gives for j =1,... ,m — 1

M; = CV,T, VI VP

_ =b
— mj.

Now, using the extended global Arnoldi process, we can also state the following

result
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Proposition 4.10 Let ]\z and mg be the matrix moments given by the Newman

expansions of ' and F,,, respectively around s = 0. Then we have
]\Afj:ﬁg for j=0,...,m—1.

77

Proof The equality is verified for 7 = 0. For 7 > 1, we obtain

71,1
ol

M; = CA7B

V1,1

= CATV =CA7V,E,

Therefore, using the result of Proposition 4.7, we get

7,1
ol

Now, similarly to the block case, applying proposition 4.8 to £,,, and 7,1, we also

71,1
0

T1,1
0

Y11

M; =CV,, (L], & ®1,)

have £J & =T, 7 & forj =0,...,m — 1 and so we get

Mj - CVm (ijj 81 ® Ir)

”(1)’1] = OV (T ®L)(E®I)

= CVn(T7 ® L) (V, 0 V)

= CVu(T, ®1,) (VEO(W
= CVn(T,"®1,) (Vo B)

= Cn T’ B, =m.

J

)

We would like to mention here that these moment matching results don’t in-
fluence the extended Arnoldi algorithms themselves but just to clarify for example
why the extended block and global Arnoldi algorithms allow us to match some mo-
ments and Markov parameters of transfer functions. This will be shown with some

numerical experiments in the next section.
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4.4 Numerical tests

In this section, we give some experimental results to show the effectiveness of
the proposed approaches. All the experiments were performed on a computer of
Intel Core 15 at 1.3GHz and 8GB of RAM. The algorithms were coded in Matlab
R2010a. We used different known benchmark models listed in Table 4.1.

TABLE 4.1 — Test matrices

Matrix A size n |Al|F | cond(A)
FOM 1006 1.82e+04 | 1000
RAIL5177 | 5177 5.64e+03 | 3.74e+07
CDhplayer | 120 2.31e+05 | 1.81e+04

Eady 598 1.26e+02 | 5.37e+02
MNA3 4863 2.11e+05 | 1.81e+08
Flow 9669 2.54e+04 | 1.61e+07
FDM 160000 | 2.87e+08 | 9.79e+04

The matrices for the benchmark problems CDplayer, FOM, Eady, MNA3 were
obtained from NICONET [68] while the matrices for the Flow and RAIL5177
models are from the Oberwolfach collection'. Some informations on these ma-
trices are reported in Table 4.1. For the FDM model, the corresponding matrix A is

obtained from the finite difference discretization of the operator

La(w) = Bu = fle.) G~ gle.)G, ~ o)

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions
with

flxy) = sin(z+2y),

glz,y) = e,

Mry) = w+y,
and the matrices B and C of sizes n x r and r X n, respectively, where random ma-
trices with entries uniformly distributed in [0, 1]. The number of inner grid points in

each direction was ny = 400 and the dimension of A is n = nj.

1. Oberwolfach model reduction benchmark collection, 2003.

http ://www.imtek.de/simulation/benchmark
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We notice that in all the figures of Example 1, the parameter m denotes the maxi-
mal iteration number for extended block Arnoldi, extended global Arnoldi and for
IRKA algorithms. When using balanced truncation, the number m denotes also the
maximal iteration number for convergence of the extended block Arnoldi algorithm
when applied for solving the coupled Lyapunov equations. We also notice that for
the results presented in our plots, the dimension of the reduced models are 2mr for
extended block and global Arnoldi methods and also for balanced truncation while
for IRKA, the reduced models are of dimension mr. For Example 2, the sizes of the

obtained reduced-order models are given in Table 4.2.

Example 1. In the first experiment, we considered the models CDplayer and
FOM. Although the matrices of these models have small sizes they are usually consi-
dered as benchmark examples. The plots of Figure 4.1 show the norms of the errors
| F(iw) — Fy, (iw) || for the extended block (dashed), extended global (solid) and the
balanced-truncation (dashed-dotted) methods with w € [107°, 10°]. We denote here
that the balanced truncation method needs the solution of two low-rank right hand
sides Lyapunov matrix equations that we solved by using the extended block Ar-
noldi method [81] and we stopped the iterations when the norm of the residual was
less than 1078, Figure 4.1 shows that the three methods return similar results with
an advantage, in the right plots of this figure, for balanced truncation for medium
frequencies. However, balanced-trucation is generally more expensive as compared
to the two other methods.

For the second experiment, we considered the models RAT1.5177 and MNA3 given
in Table 4.1. In Figure 4.2, we plotted the norms of the errors || F'(iw) — F,(iw)||2
for the extended block (dashed), extended global (solid) and the balanced-truncation
(dashed-dotted) methods with w € [1075, 10°].

As can be seen from Figure 4.2, the three methods work well for small and high fre-
quencies with a little advantage for the extended block and global Arnoldi methods
for high fregencies.

The plots in Figure 4.3, represent the norms of the errors || F'(iw) — F,,(iw)]|2 cor-
responding to the extended block and global Arnoldi methods and to the balanced-
truncation method for the models : the Eady model with m = 10 and » = 3 and

the F1ow model with m = 15 and r = 3 for the frequencies w € [107°,10°].
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FIGURE 4.1 — The norms of the errors || F'(iw) — F,(iw)]|2 for the extended block
(dashed), extended global (solid) and the balanced-truncation (dashed-dotted) me-

thods with w € [107°,10°]. Left the CDplayer model with m = 10 and r = 2.
Right : the FOM model with m = 15, r = 3.
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FIGURE 4.2 — The norm of the errors || F'(iw) — F,(iw)||2 for the extended block
(dashed), extended global (solid) and the balanced-truncation (dashed-dotted) me-
thods. Left : the RAIL5177 model with m = 40 and » = 2. Right : the MNA3

model with m = 12 and r = 3.

In the last experiment of Example 1, we compared the extended block and global

Arnoldi methods with the well known IRKA method [41] using the CDplayer
model. In the left side of Figure 4.4, we plotted the error norms while the right part

of this figure shows the sigma plots for the three methods. As shown in this figure,

the two Arnoldi based methods return good results.

Example 2. For this example, we compared the obtained H,, error-norms ||F' —

Foullz..» the execution times and the reduced space dimensions for the extended
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FIGURE 4.3 — The norm of the errors || F'(iw) — F,(iw)||2 for the extended block
(dashed), extended global (solid) and the balanced-truncation (dashed-dotted) me-
thods with w € [107°, 10°]. Left : the F1ow model with m = 15 and r = 3. Right :

the Eady model with m = 10 and r» = 3.
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FIGURE 4.4 — The CDplayer model. Left : The error norms || F'(iw) — F,(iw)||2
for the extended-block (dashed), extended-global (solid) and IRKA (dashed-dotted)
methods with w € [107°,10°]. Right : Sigma plots for the three methods. We used
m = 15, r = 2 for the two extended Arnoldi methods and m = 30, r = 2 for IRKA.

block and global Arnoldi algorithms with those obtained by the balanced-truncation
method in which the two coupled low-rank right hand sides Lyapunov matrix equa-
tions were solved by the extended block Arnoldi algorithm. For the latter method,
the inner iterations were stopped when the norm of the residual was less than 1078
and the obtained approximate solution was given as a product of a matrix with a low
rank with its transpose. We considered three models : FDM with n = 160000 and

r = 5, the flow—meter model with n = 9669 and r = 3, and the MNA3 model
with n = 4863 and r = 4.
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TABLE 4.2 — The H, error-norms || F'— F,,|| .., execution times and reduced space
dimensions for extended block, extended global and balanced-truncation methods

with the frequencies w € [107°, 107?]

Model / Method Bl-Extended Gl-Extended B-Truncation
F'DM,

n = 160000, r = 5

H_.-Error norms 2.5 x 107 4.6 x 1074 6.5 x 1074
Times in seconds 88 92 364

Space dimension 100 104 120

Flow,

n = 9669, r =3

H_.-Error norms 2.6 x 107* 3.9 x 107 1.5 x 1076
Times in seconds 1.9 2.1 4.5

Space dimension 180 190 220

MNA3,

n =4863,r =4

H_.-Error norms 2.6 x 1076 3.9 x 1076 2.4 x 1077
Times in seconds 8.1 8.6 14.8

Space dimension 300 320 360

The results of Table 4.2 show that the cost of balanced truncation method is gene-
rally higher than the cost of the extended block or global Arnoldi methods. However
some of the obtained H ., norms are good when using the balanced truncation me-
thod.

4.5 Conclusion

In this chapter, we considered the extended block and global Arnoldi methods.
We gave some new algebraic properties of these two algorithms. We also showed
how these properties could be used in moment maching methods for model re-
duction in large-scale dynamical systems. The proposed numerical results on some
Benchmark models, show that the extended block and global Arnoldi algorithms

are efficient. Generally, the two methods return similar results. One advantage of
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the extended global Arnoldi is the fact that a break-down cannot occur which may

be the case for the extended block Arnoldi algorithm.



CHAPITRE 5

BALANCED
TRUNCATION-RATIONAL KRYLOV
METHODS FOR MODEL REDUCTION

IN LARGE SCALE DYNAMICAL
SYSTEMS

5.1 Introduction

Consider the following linear time invariant (LTI) dynamical system
2'(t) = Ax(t) + Bu(t); x(ty) = xo

y(t) = Cx(t)

where z(t) € R™, u(t) € R", y(t) € R, A € R*™*", B € R"™" and C € R¥*"

with r, s < n. The vector z is called the state vector and it belongs to the state

(LTI) { (5.1)

space. The vector u is the input (or the control) vector and y(t) is the output (to
be measured). If s = r = 1, then the LTI dynamical system (5.1) is called Single-
Input Single-Output (SISO) and is called Multiple-Input Multiple-Output (MIMO)
otherwise. The control problem consists in acting on the input vector u(t) so that
the output vector y(¢) has a desirable time trajectory and modifying the input w(t)
according to the output y(¢) which is observed or to the state z(t) is called feedback.
The LTI dynamical system (5.1) can also be denoted as

A|B
c|o0

81

(LTT) = . (5.2)
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In many applications, such as circuit simulation, or time dependent PDE control
problems, the dimension n of the dynamical system (5.2) is quite large, while the
number of inputs and outputs is small r, s < n. In these large-scale settings, the
system dimension makes the computation infeasible due to memory, time limita-
tions and ill-conditioning. The goal is to produce a low dimensional system that has
similar response characteristics as the original system with lower storage require-
ments and evaluation times.

The reduced order dynamical system can be stated as follows
x (1) = Apxm(t) + Bru(t)
Ym(t) = Cnim (1)

where z,,(t) € R™, y,,(t) € R®, A,, € R™™, B € R™*" and C,, € R**™ with

m < n. The system (5.3) is also represented as

(LTI),, { (5.3)

A | B

LTI) =
(LTD),, C,l 0

(5.4)

The reduced order dynamical system (5.3) should be constructed such that

— The output y,,(t) of the reduced system approaches the output y(¢) of the

original system.

— Some properties of the original system such as passivity and stability (if pos-

sible) are preserved.

— The computation methods are robust and efficient.

One of the most known reduction model techniques is the Balanced Model Re-
duction first introduced by Mullis and Roberts [71] and later in the systems and
control literature by Moore [70]. When applied to stable systems, Lyapunov balan-
ced reduction preserves stability and provides a bound for the approximation error.
For small-to-medium scale problems, Lyapunov balancing can be implemented effi-
ciently. However, for large-scale settings, exact balancing is expensive to implement
because it requires dense matrix factorizations and results in a computational com-
plexity of O(n?) and a storage requirement of O(n?), see [7, 13,40]. For large pro-
blems, direct methods could not be applied and then Krylov-based [39, 52, 55, 56]
or ADI-based methods [13, 72] are required to compute these Gramians that are
given in factored forms which allows to save memory. Besides the Lyapunov ba-
lancing method, other types of balancing exist such as stochastic balancing, boun-

ded real balancing, positive real balancing, LQG balancing and frequency weighted
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balancing requiring the solution of continuous time algebraic Riccati equations;
see [31,71].

5.2 Lyapunov-balanced truncation

In the sequel we assume that the initial system is stable which means that A is a

stable matrix (all its eigenvalues are in the left open part of the complex plane) .

5.2.1 The transfer function

The state space representation is usually referred to an internal representation
of a dynamical system because it involves the state variables x which are internal
variables of the system. The input/output representation, also called external repre-
sentation, is obtained by eliminating the state vector, between the state equation and
the output equation with zero initial conditions.

To get the frequency domain description we apply the Laplace transform

Ly = [ fteat
0
to the state equation (5.1), and we get

{ sX(s) = AX(s) + BU(s)
Y(s) =CX(s),

where X (s) = L(z(t)) and U(s) = L(u(t)). Therefore
X (s) = (s — A)'BU(s),
and by substituting X (s) in the output equation of (5.1), we get
Y(s) = F(s) U(s), 55)
with
F(s)=C(sI — A)'B. (5.6)

The rational function F'(s) is called the transfer function related to the dy-
namical system (5.1). The elements of this function are real rational functions. The
transfer function F'(.) is stable if its poles lie in the open left-half plane C~.

We recall that two LTI systems %‘% and { g ﬁ } are called equivalent if
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they have the same transfer function. It is easy to verify that for any nonsingular

n x n matrix 7', the LTI system
TAT | T7'B
cr | o

A|B
is equivalent to the LTI system [F‘T] . Therefore, if the main concern is the

output under some specific inputs, we have many choices of the state-space des-

cription. The choice of the matrix 7' is very important and the states are connected
by the relation z(t) = TZ(t).

5.2.2 Controllability and Observability Gramians
We assume that the LTI dynamical system is stable.

Definition 5.1 The controllability Gramian associated to the LTI system (5.1) is
defined as
pP= / ¢ABBT A gt
0
and the observability Gramian is defined by
0= / AT Tt
Jo
By using the Parseval relation, we obtain the following expressions of the Gramians
+oo
P = / (jwI — A)'BBT (jwl — A7) duw,

—00

+o0
Q = /_ (jwl — ATYICTC(jwl — A)Ldw,

The two Gramians are the uniques solutions of the following coupled Lyapunov

matrix equations
AP+ PA" + BBT =0, (5.7)

and
ATQ+QA+CTC =0. (5.8)

We will see later that the product P() plays an important role in model reduction.

Consider the new equivalent LTI dynamical system

—

T-LAT \ T-1B
(LTI) =

cr | o
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where 7' is a nonsingular matrix. Then the associated controllability and observabi-

lity Gramians P, and @ are expressed as

P= / ABBT A gt and Q= / ethaTaetgdt,
0 0
where A = T~'AT, B = T~'B and C = CT. Hence, we obtain
P=7'PT T and Q=T7QT. (5.9)

These last relations show that the Gramians of two equivalent LTI systems are not
similar. However, the similarity is preserved for the product of the controllability

and observability Gramians and we have

PQ =T 'PQT.

5.2.3 Lyapunov balanced truncation

A well known model reduction scheme called Lyapunov-Balanced Truncation
was first introduced by Mullis and Roberts [71] and later in the systems and control
by Moore and Glover; see [35,70]. We assume here that the LTI system is stable,
controllable and observable (in this case we call it also stable and minimal). Then
the controllability and observability Gramians are unique positive definite. The
concept of balanced truncation is to transform the original LTI system to an equi-
valent one in which the states that are difficult to reach are also difficult to observe.
This reduces to finding a nonsingular matrix 7" such that the new Gramians P and

@ given by (5.9) are such that
P =Q = diag(o,...,0,)
where o; is the i-th Hankel singular value of the LTI system; i.e.

o; = \/)\l(PQ)

Let us see how to obtain the matrix 7. Consider the Cholesky decompositions of
the Gramians P and () :

P=LL", Q=L,L,, (5.10)
and consider also the singular value decomposition of L.’ L, as

LTL,=7Z%Y7T, (5.11)
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where Z and Y are unitary n X n matrices and Y is a diagonal matrix containing

the singular values. Let 7" be the matrix defined by
T =L2Z%"?, (5.12)
then it can be easily verified that
P=Q=1,

where X is also the diagonal matrix whose elements are the Hankel singular va-
lues \/m since PQ) is similar to PQ. There are other possible ways for the
construction of the matrix 7'. It was remarked by Glover [35] that the balanced
transformation is not unique but unique up to a nonsingular transformation.

As the concept of balancing has the property that the states which are difficult to
reach are also difficult to observe, then, a reduced model is obtained by truncating
the states which have this property, i.e., those which correspond to small Hankel

singular values o;. We have the following theorem

Theorem 5.1 [7] Assume that the LTI dynamical system (5.1) is stable and mini-

mal and has the following balanced realization

An A | By
(LTI) = | Ay Axn | B |,
G G o0

with P = Q = diag(%,,, im), Y, = diag(oy,...,0m) and ¥, =
diag(Omi1, -, 0n).

Then, the reduced order model is represented by
An | By
Ci | O

1F() = Fn(lle < 2(0mir + ... +00).

(LTI), =

m Y

is stable and we have

The preceding theorem shows that if the neglected singular values 0,11, . . ., 0, are
small, then the reduced order LTI system is close to the original one.

Let us see now see how to construct the low order model (LTT), . We set

Wi = LY, 2V and V,, = L2, %, (5.13)
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where ¥, = diag(oy,...,0,) and Z,, and Y,, correspond to the leading m co-
lumns of the matrices Z and Y given by the singular value decomposition (5.11).

The matrices of the reduced LTI system

— A, | B
(LTI),, = ,
Cnl| O
are given by
Ay =WEAV,,, B, = W.LB and C,, = CV,,. (5.14)

Notice that VmWZ; is an oblique projector, ﬁWm =V, 2m and @Vm =W, 2m.
The use of Cholesky factors in the Gramians P and () is not applicable for large-
scale problems. Instead, and as we will see later, one can compute low rank approxi-
mations of P and () in factored forms and use them to construct an approximate
Lyapunov-balanced truncation model.

Let Z B and C be the following matrices

. A 0 - B _
A:(OAm>,B:<Bm>,C:<C Co ). (5.15)

Then, the Gramians corresponding to the error dynamical system

— A|B
- (42)

are the solutions of the following Lyapunov matrix equations
AP+PAT+BB"=0 and ATQ+QA+CTC =0.
Therefore, the Hankel norm of the error can be expressed as

1E(s) = Fon()ll = V Amaa(PQ).

We notice that other model reduction techniques such as the Cross-Gramian me-
thod [7] requires the solution of large Sylvester matrix equations to construct the
reduced order model. Next, we apply the rational block Arnoldi algorithm for sol-
ving large Lyapunov (or in general large Sylvester) matrix equations that are used in

the construction of reduced order models using the balanced truncation techniques.
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5.3 The rational block Arnoldi method for solving

large Sylvester matrix equations

Consider the following Sylvester matrix equation
AX+ XD+ EF" =0, (5.16)

where A € R™"™ and D € RP*P are large and sparse stable matrices. We assume
that £ € R™*", and F' € RP*" are of full rank r, with r < n, p.

The Bartels-Stewart algorithm [11] is the standard and widely used direct me-
thod for the solution of Sylvester equations of small to moderate size. Therefore,
this direct method is unsuitable when either one of the matrices A or D is of me-
dium size or large and sparse. For medium and large coefficient matrices, iterative
schemes have to be used. Krylov-type subspace methods such as those based on the
Arnoldi process [39, 55, 56, 81] are attractive if the matrices are sparse and if no
information about the spectra of A and D is available. The Smith method [72] and
the alternating directional implicit (in short ADI) iterations could also be applied if
a spectral information about A and D is given. Note that, ADI iterations allow fas-
ter convergence if sub-optimal shifts to A and D can be effectively computed and
linear systems with shifted coefficient matrices are solved effectively at low cost.
Here, we will use a method based on the rational Krylov subspace.

Let us first recall the following rational block Krylov subspaces

K,.(A, E) = Range{E, (A — s,I)'E, ..., ﬁ(A — s 1) E}, (5.17)
=2
and
K,.(D", F) = Range{F, (D' — 5,I)7'F,..., ﬁ(DT —50)7'F},  (5.18)
=2
where the shift-parameters s; and s;,7 = 2, ..., m are generated during the construc-

tion of the process are selected a posteriori. In our numerical tests, we used two stra-
tegies : the first one is an priori selection from Lyapack [68] and the second strategy
consists in selecting, at each iteration, a new shift s,,,; which is used to compute
a new basis vector. For the second case, we used the adaptive selection descibed in
Chapter 2.

The rational block Arnoldi algorithm for the pair (A, V') where V' € R™*" is sum-

marized as follows.
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Algorithm 5.1 The Rational block Arnoldi Algorithm (RBA)

— Input: A€ R,V € R"™" and a fixed integer m.
— Compute V; = QR(V), V; = [V4].
— Forj=1,....m—1

L Vip = (A= s D)7

2. Orthogonalization step :

Fori=1,2,...,J
H;j =V Vi
‘7j+1 = ‘7j+1 — Vil ;;
End For
3. QR(Vi1) = Vi Hiy.
4. Vj-i—l = [Vj7 ‘/j-i-l]-

— End For.

After m steps, the rational block Arnoldi algorithm generates a block matrix V,, =
Vi,..., V] € R™™ whose columns form an orthonormal basis of the rational
block Krylov subspace K,,(A, V') and an upper (m + 1)r x mr block Hessenberg
matrix H 4, whose blocks H,
block Hessenberg matrix H 4, is obtained from H 4 ,,, by deleting its last r-rows.

When applied to the pairs (A, E) and (DT, F'), the rational block Arnoldi algorithm
constructs a system of matrices {V4,...,V,,} and {Wy,..., W,,} forming two or-
thonormal bases of the rational block Krylov subspaces K,,(A, E) and K,,,(DT, F),

respectively. Let

are defined by Algorithm 5.1. The mr x mr upper

Tam =VEAV,  Tom=WLD"W,, (5.19)
where V,,, = [V4,...,V,,] and W,,, = [W4,...,W,,]. The matrices T4, and Tp

could be obtained directly from H 4 ,, and Hp ,,,, respectively ; see Chapter refCha-

pitre2 as follows
7;1,m = (Imp + HA,mSm - V:nAvm-l-lHréLJrl,mE:z)%Z,lm?

and S, = diag(szl,, ..., Smi1l.),and EL = [0,,...,0,,I,] = (el @ I,).
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From Algorithm 5.1, we can deduce the following relations
AV = Vi Tam — PamHp iy m B Han + Vst Hiy 1 EL S Hoab,,  (5.20)

where
Dy = (In =V Vi ) AV (5.21)

We also have

DTWm = WmTD,m_(I)D,mHD ETHB}m‘i‘WerlHD ETSmHB}m, (522)

m+1m—m m+1m*~m

where
Opm = (L — W, ) DT Ws1, (5.23)

and S,, = diag(351,, ..., 8mul,).

We have ETS,, = (el ® I.)(D,, ® I,.) where D,,, = diag(ss, - .., Sm+1), and then
ETS, = (el Dy @1,) = sy (el @ 1,) = 8,01 ET ,and ELS,, = 5,1 ET.
Using the relations given in (5.20) and (5.22), we get

AVm = an,m + (sm—i-lvm—i-l - q)A,m)H?L+17mEZ;HZ}ma (524)
and

D"W,, = Wi Tom + GmsitWani1 — o) HY oy B HD - (5.25)

When applying Krylov based methods for solving the Sylvester matrix equation

(5.16), one seeks for a low rank approximate solution of the form
X = Vi VWP,
such that the following Galerkin condition is satisfied
VIR(X )W, = 0, (5.26)
where R(X,,) is the residual corresponding to the approximation X, and given by
R(Xp) = AX,, + XD + EFT. (5.27)
Therefore, replacing X,,, by V,, Y,, WYL in (5.26), we obtain

VEAV, Vo WIW,, + VIV, Y WEDW,, + VEEFTW,, = 0.
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We get the following low-dimensional Sylvester matrix equation
Tamdm + VnThm + VEE)YWEF)T = 0. (5.28)

Now, as [Vi, R] = QR(FE) and [Wy,S] = QR(F) (the QR factorisation of the

matrices V; and W, respectively), we have
VIE=VIVIR=FER e W.F=W!'WS=ES,

with £} = e; ® I,. The Sylvester matrix equation (5.28) will be solved by a direct
method such as the Bartels-Stewart algorithm [11]. In the next theorem, we give a
computational expression for the norm of the residual without computing the ap-
proximate solution which is given only at the end of the process and in a factored

form.

Theorem 5.2 LetV,, = [Vi,..., V| and W, = [Wy, ..., W,,] the matrices whose
columns form bases of the rational Krylov subspaces given by (5.17) and (5.18),
respectively. Let X,, = V,,YWI be the approximate solution of the Sylvester

matrix equation (5.16), then the residual norm is given as follows

0 I
IR = (SIS, T = L ]

where S, and Sy are the 2 x 2 upper triangular matrices obtained from the QR

decomposition of the matrices

Ur = VoD Hph EnHE 1 SmtVinss — ® ]
and
U2 - [megHzanmHﬁail,m §m+1Wm+1 - (I)D,m} :
The quantities @ 4 ,,, and @, ., are given by the expressions (5.21) and (5.23), res-
pectively.
Proof We have

R(X,) = AX, + X,D+EFT



5.3. THE RATIONAL BLOCK ARNOLDI METHOD FOR SOLVING LARGE
SYLVESTER MATRIX EQUATIONS 92

Replacing AV,, and WZ D by (5.24) and (5.25), respectively, we get

R(Xm> = [an,m + (5m+lvm+1 - (I)A,m)H;:Jrl,mEg;HE,lm] yng;
~ _ T
+ mem [WmTD,m + (Sm+1Wm+l - (I)D,m)Hr[rz)+1,mErz;LHD,lm] + EFT

- an,mymwg,; + (Sm-‘rlvm-i-l - q)A,m)Hné—&—l,mEZsz,lmyman;
+ VD ThWE + VY Hoh B HE Bt W — 08 )

+ EFT.

Using the fact that )/, solves the low dimentional Sylvester equation (5.28), it fol-

lows that

R(Xpn) = (Sms1Vims1 — Pam) Hip sy B oo Vi Wik

m+1m—m

+ VAV Hp B HY L G W — @5 )

m+1m

0 I,
= VML ELHD sm+1vm+1—<1>,4,m}[ ]

I, o

X

A Ta/—1 T

Herl,mEmHA,myme
z T T
Sm+1Wm+1 - CI)D,m

= UJUL.

Therefore, using the ()R factorizations of U; = @151 and U, = @252, the result

follows. The following result shows that &, is an exact solution of a perturbed

Sylvester matrix equation.

Proposition 5.1 The approximate solution X,, = V,,J,, WL solves the following

perturbed Sylvester matrix equation
[A = Apm| X + X |D — Ap ] + EFT =0,

where
A TA/—1 T
AA,m = (Sm—i-lvm—H - (I)A,m)Hm-f—LmEmHA,me?
and

AD,m = WmHl_lmEmHDT (§m+1W7Z:+1 - q)g,m)

m+1,m

Proof Multiplying equation (5.28) from the left by V,,, and from the right by WT,
and using the relations (5.24) and (5.25), the result follows.
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An important issue when dealing with high dimensional problems is the storage
that requires a large amount of memory. In order to save memory, we can give the
approximation X, in a factored form. Let ),, = UXVT be the SVD of V., where
Y is the matrix of the singular values of )/, sorted in decreasing order; U and V are
unitary matrices. We choose a tolerance dtol and define ﬁl and Vl the matrices of
the first { columns of U and V corresponding to the [ singular values of magnitude
greater than dtol.

Setting Y, = diag[oy, ..., 0], we get the approximation ), ~ ﬁlif/lT (which is
the best [-rank approximation of )/,,).

Then we have the low rank approximation
X, ~ Z2(zZIHT, (5.29)

with Z4 = V,,U,5}"* and Z2 = W,, Vi3, ”*.

Remark 5.1 When considering the Lyapunov balanced truncation method, we have
seen that one has to compute the Gramians P and () by solving the two coupled
Lyapunov matrix equations (5.7) and (5.8), respectively. For large problems, these
Gramians are computed by using the rational block Arnoldi algorithm and given in
factored form P ~ ZpZp® with Q ~ ZQZQT. These factorizations are then used

instead of Cholesky factors to build the balanced truncation reduced order model.

The rational block Arnoldi algorithm for solving large-scale Sylvester matrix equa-

tions is given as follows

5.4 The Riccati-balanced truncation method

5.4.1 The LQG-Riccati method for model reduction

In this subsection, we assume that the original system is no longer stable and
present a reduced order model method called the Linear Quadratic Gaussian (LQG)
balanced truncation method; see [31,71]. The basic idea of (LQG) balanced trun-
cation is to replace the Lyapunov Gramians P and () used for the classical balanced
truncation for stable systems by the stabilizing solutions of the dual Kalman Fil-

tering Algebraic Riccati Equation (FARE) and Continuous-time Algebraic Riccati
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Algorithm 5.2 The rational block Arnoldi algorithm for Sylvester equations
(RBAS)

— Input: A € R™", D e RP*P, F € R™™", F € RP*",

— Choose €, My and dtol.
— Form =1,2,..., Mnax

1. Apply the rational block Arnoldi algorithm to the pairs (A, E') and
(DT, F) to get Vi, Wi, Tam and Tp .

2. Solve for ), the low dimensional Sylvester equation (5.28) and com-
pute the residual norm ||R(X,,)||> using Theorem 5.2.
If [R(X.)||2 < e, stop.

— End

— Compute Zﬁm and Zﬂemax to get &, from (5.29) in a factored form.

max

Equation (CARE) defined as follows
AP+ PAT — PCT"CP+ BB" =0, (FARE) (5.30)

and
ATQ + QA - QBBTQ +C"C =0. (CARE) (5.31)

Assuming that the classical conditions of controllability and detectability are sa-
tisfied, let P, and (), be the stabilizing and positive semidefinite solutions of the
matrix Riccati equations (FARE) and (CARE), respectively which means that the
eigenvalues of the closed loops A — P,.CTC and AT — Q. BB lie in the open left
half plane C~. It is known [31] that, as for the classical balanced truncation, the
eigenvalues of the product P, (), are invariant quantities under any state coordinate

transformation Z(¢) = T'z(¢) where T is a nonsingular n x n matrix and we have
PrQy =TP.QT7"

The Riccati Gramians P, and (), are then used as we explained in Subsection 4.2,
to construct the model reduction in the same way as when using balanced trunca-
tion via the Lyapunov Gramians obtained by solving two coupled Lyapunov matrix

equations. Here those Lyapunov Gramians are replaced by the Riccati ones : P, and

Q-
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As we mentioned earlier, the solutions P, and (), have usually low numerical
rank and could then be approximated by low rank factorizations P, ~ Z,,Z! and
Q. ~ YmYnf where the matrix factors Y,,, and Z,,, have low ranks. As in the classi-
cal Lyapunov balanced truncation method, the factors Y,, and Z,, could be used to
consruct the (LQG)-balanced truncation reduced order model.

Next, we show how to construct low rank approximate solutions to algebraic Riccati

equations (5.30) and (5.31) by using the rational block Arnoldi process.

5.4.2 The rational block Arnoldi for continuous-time algebraic

Riccati equations

Consider the continuous-time algebraic Riccati equation
ATX + XA - XBBTX +CTC =0, (5.32)

where A € R"*" is nonsingular, B € R"*" and C' € R"*". The matrices B and C
are assumed to be of full rank with r» < n.

Riccati equations play a fundamental role in many other areas such as control, fil-
ter design theory, differential equations and robust control problems. For historical
developments, applications and importance of algebraic Riccati equations, we refer
to [5,15,23,46,57,58,63] and the references therein.

Under the hypotheses : the pair (A, B) is stabilizable (i.e., 3 a matrix .S such that
A — BS is stable) and the pair (C, A) is detectable (i.e., (AT, CT) stabilizable),
equation (5.32) has a unique symmetric positive semidefinite and stabilizing solu-
tion.

To extract low rank approximate solutions to the continuous-time algebraic Riccati
equation (5.32), we project the initial problem onto the rational block Krylov sub-
space K,,(AT, CT). Applying the Rational block Arnoldi process (Algorithm 5.1)
to the pair (A7, CT') gives us an orthonormal basis {Vi, ..., V,,} of K,, (AT, CT).

We consider low-rank approximate solutions that have the form
X = Vin Vi Vi (5.33)

where V,, = [V4, ..., V,,] and ), € RZmrx2mr,
From now on, the matrix 7,, is defined by 7,,, = VL AT V,,.
Setting R,,(X,,) = ATX,, + X,,A — X, BBTX,, + CTC and using the Galerkin
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condition VTR, (X, )W = 0, we get the low-dimensional continuous-time alge-

braic Riccati equation
T Yo+ Y Tyt = Yon B Bl Yo + €, Gy = 0, (5.34)

where B,, = VB, Crn = CV,,. We assume that the projected algebraic Riccati
equation (5.34) has a unique symmetric positive semidefinite and stabilizing solu-
tion ),,. This solution can be obtained by a standard direct method such as the
Schur method [65].

Proposition 5.2 Let V,, = [Vi,...,V,,] whose columns form an orthonormal basis
of the rational block Krylov subspace K,,(AT,CT). Let X,;, = VinYm V5 the ap-
proximate solution given by (5.33) and let R,,(X,,,) be the corresponding residual.
Then

p. 0 I
[Rn(X)llz = 1975 [l T = [] } , (5.35)
r O

where S is the 2 x 2 upper triangular matrix obtained from the () R decomposition

of

U= VuVuHiT, Bl SmitVinit — @ ar ] (5.36)

m+1,m

Proof The proof is similar to the one given for Theorem 5.2.

Remark 5.2 The approximate solution X,,, could also be approximated here as a
product of two matrices of low ranks. Consider the eigendecomposition of the matrix
Vm = U DUT where D is the diagonal matrix of the eigenvalues of the symmetric
and positive semi-definite solution ), sorted in decreasing order. Let U, be the
matrix of the first | columns of U corresponding to the | eigenvalues of magnitude

greater than some tolerance toler. We obtain the truncated eigendecomposition
Vo & [7; D; UZT where D; = diag[Ay, ..., \]. Setting Z,, =V, (7; Dll/z, we get

X, ~ Z,2". (5.37)

As we have seen earlier for, the factor Z,, is used to build the low order (LQG)

balanced truncation model.

The Rational block Arnoldi algorithm for computing low rank approximate so-
lutions to the continuous-time algebraic Riccati equation (5.32) is described as fol-

lows
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Algorithm 5.3 The rational block Arnoldi algorithm for CAREs (RBA-CARE)

— Input: A € R™", B e R™", C € R™",
— Choose €, myax and toler.
— Form=1,2,..., mna
1. Apply the rational block Arnoldi algorithm to the pairs (A”, C7) to get
V., and the block Hessenberg matrix 7,,..

2. Solve for ), the low dimensional CARE (5.34) and compute the resi-
dual norm || R(X,,)||2 using Theorem 5.2.
If [R(X.)||2 < €, stop.

— End

— Compute Z,, to get &, from (5.32) in a factored form.

max max

5.5 Numerical experiments

In this section, we give some experimental results to show the effectiveness of
the proposed approaches. The experiments were performed on a computer of Intel
Core 15 at 1.3GHz and 8GB of RAM. The algorithms were coded in Matlab R2010a

and we used different known benchmark models listed in Table 5.1.

TABLE 5.1 — Test matrices

Matrix A size n |A||l F cond(A)
FOM 1006 | 1.8283e+04 | 1006
CDhplayer | 120 2.3095e+05 | 1.8149e+04
Flow 9669 2.5438e+04 | 1.6193e+07
FDM 90.000 | 1.56e+08 7.8768e+04

The matrices for the benchmark problems CDplayer, FOM were obtained from
NICONET [68] while the matrices for the F1ow model were obtained from the
discretization of a 2D convective thermal flow problem (flow meter model v0.5)

from the Oberwolfach collection '. Some information on these matrices is reported

1. Oberwolfach model reduction benchmark collection, 2003.

http ://www.imtek.de/simulation/benchmark
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in Table 5.1. For the FDM model, the corresponding matrix A is obtained from the

centered finite difference discretization of the operator

0 0
La(u) = Au — f(z, y)£ —g(z, y)az — h(z,y)u,

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions

with
flz,y) = sin(z +2y),
g(z,y) = e™ 1Y,
h(z,y) = r+y,

and the matrices B and C' were random matrices with entries uniformly distributed
in [0, 1]. The number of inner grid points in each direction was ny = 300 and the

dimension of A isn = n?.

Example 1. In the first experiment, we considered the models CDplayer and
FOM. For the FOM model B and C' are random matrices. Although the matrices of
these models have small sizes they are usually considered as benchmark examples.
In Figure 5.1 we plotted the maximum singular values of the exact (solid) and ap-
proximated (dashed) transfer functions for the CDplayer (left) with a space di-
mension of m = 25 and the FOM model (right) with a space dimension of m = 20.

For the two models we used s = r = 2.

FIGURE 5.1 — The maximum singular values for the balanced-rational block Arnoldi
(solid) and IRKA (dashed) with w € [107°,10°|. Left the CDplayer model with
r = s = 2. Right : the FOM model with s = r = 2.

The plots of Figure 5.2 show the norms of the errors for the balanced-rational block
Arnoldi (solid) and IRKA (dashed) withw € [107°, 10°] for CDplayer (left figure)
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and FOM (right figure). The used sizes of the reduced order dynamical systems are
m = 30 for the CDplayer model and m = 40 for the FOM model.

— — —IRKA

—— Balanced-BAR
) i
1

FIGURE 5.2 — The norms of the errors for the balanced-rational block Arnoldi (so-
lid) and IRKA (dashed) with w € [107°,10°]. Left the CDplayer model with
r = s = 2. Right : the FOM model withr = s = 2.

Example 2. For this example, we compared the performances of the balanced Ra-
tional block Arnoldi and the IRKA algorithms. In Table 5.2, we reported the H,
norm of the errors, the size of the reduced order system and the execution times.
As seen from this table, IRKA has difficulties for large-scale problems and cannot
converge within the maximum of 300 seconds. The H., norm of the errors was

computed for the frequencies : w € [107°, 10°].

TABLE 5.2 — The H ., of the transfert function errors, the size of the reduced order

system and the execution times for Rational balanced-truncation and IRKA methods

Model / Method Rational-Balanced IRKA
FDM, n = 90.000, p = 3, dim = 80,

‘H - -error norms 2.5107? —
Times in seconds 109 > 300
Flow,n = 9669, p = 3, dim = 100

‘H o -error norms 2.610°6 ——
Times in seconds 13.5 > 300
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5.6 Conclusion

In this chapter, we proposed a new method based on the rational block Arnoldi
algorithm to compute low rank approximate solutions to large Sylvester (or Lya-
punov) and continuous-time algebraic Riccati equations having low rank right-hand
sides. These approximate solutions are given in factored forms and are used to build
reduced order models that approximate the original large-scale dynamical linear
system. We showed how the obtained approximate Gramians could be used in the
balanced truncation method. We gave some theoretical results and present numeri-

cal experiments on some benchmark examples.



CHAPITRE 6

THE EXTENDED-RATIONAL
KRYLOV METHOD

In this chapter we introduce a new method that will be used for reducing the
transfer function and can be extended to approach the solutions of Sylvester and
Riccati equations.

The general idea of this method is to provide a new Krylov subspace that is richer
than the rational Krylov subspace as well as the extended Krylov subspace [66,
67]. This idea comes from the lack of information on the matrix A when using
rational Krylov subspace. That is why, we introduce a new method that we name

the extended-rational Krylov method.

6.1 A new Krylov subspace method

In this section we introduce the extended-rational Krylov subspace and the
extended-rational Arnoldi algorithm, an algorithm used to build an orthonormal
basis of this subspace.

For A € R™" and V € R™**, the extended-rational Krylov subspace is the sub-

space of R" spanned by the columns of the matrices A*V, k = 0,...,m — 1 and

(A= s )"V, (A= s1]) " H(A—soI)"' V..., ][(A— s;I)~" V. This subspace is
=1

denoted by
K7(A,V) = Range{[[(A— s:) "' V,..., (A= si) ' V,V,AV, ... A"V},
=1

where so, ..., s, are some selected complex parameters.

As in all projection methods we have to extract an orthonormal basis of the extended-

101
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rational Krylov subspace where the projection occurs. To get that, we introduce the
extended-rational Arnoldi algorithm based on the Gram-Schmidt orthogonalization
process.

Starting with the pair {V, (A — s;I)"!V} and by adding two vectors at a time,
one multiplied by A and the other one by (A — s;I)~'V at each iteration, the
extended-rational Arnoldi algorithm generates a sequence of blocks {V;,...,V,,}
of size n X 2s such that their columns form an orthonormal basis of the extended-

rational Krylov subspace K¢ (A, V). The algorithm is defined as follows.

Algorithm 6.1 The extended-rational block Arnoldi algorithm

e Inputs: A€ R, V e R"™ {s1,...,5,} C Candm.
e Compute [Vi,A] = QR([V, (A — s:1)"'V]), Vy = [V4].
e Forj=1,...,m
1. Set V}(l) : first s columns of Vj; Vj@) : second s columns of V.

2. Vi = [AVY (A= 5,1 V).

j
3. Orthogonalize ‘N/jﬂ with respect to Vi, ..., V; to get Vj 4, i.e,
fori=1,2,...,5
Hi,j = (Vi)T ‘7j+1;
Vjﬂ = ‘7j+1 - ViH;;;
end for

4. [Vig1, Hiprj] = QR(Vji1).
5. Vi = [V, Vil
End For.

The matrix V,,, = [V}, Vs, ..., V,,] with V; € R™ 2% have their columns mutually
orthogonal provided that none of the upper triangular matrices ;. ; are rank defi-
cient.

Hence, after m steps, Algorithm 6.1 builds an orthonormal basis V,,, of the extended-
rational Krylov subspace K¢ (A, V') and an upper block Hessenberg matrix H,,
whose non zero blocks are the H; ;’s. Note that each submatrix H; ; (1 <1 < j <
m) is of order 2s.

LetT;; = (Vi))T AV, € R*** and T,, = [T;;] € R*™*?™s be the restriction of
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the matrix A to the extended Krylov subspace K¢ (A, V), i.e.,
T,. = VL AV,,.

The matrix T,, is of great importance for the model reduction by the projection
methods. When we manipulate big size models, the direct calculus of the matrix
T,,, has an elevated cost.

In the sequel, we propose a recursion to compute T, from H,, without requiring
matrix-vector products with A and extra inner products of long block-vectors.

First, we have to give some notations :

— Let [V, (511 — A)~'V] = V1A be the QR decomposition of [V, (s; 1 — A)~'V]

which can be written as

A A
[V7 (31[ - A)il‘/] = ‘/1/\ = [‘/1(1)7 ‘/'1(2)} 1,1 1,2 (61)
0 Agp
— PFork =1,...,m, let’s partition the lower triangular matrix Hy; ; under the

form
Hyy1 = [Hl&i)k H’%E;’“} :
0 Hyv
In following, we will provide a technique to compute T,, directly from the columns

of the upper block Hessenberg matrix H,,, obtained from Algorithm 6.1.

Proposition 6.1 Let T,, and H,, be the upper block Hessenberg matrices defined
earlier. Then we have the following relations :
fork=1,....m

_ H, —
T,, €ak—1 = = H,, eap—1, (6.2)
2(m—k)sx2ks

_ Is, A _

T, es = | s1 ? - T, e1Mo—e€er A (A2,2)71, (6.3)
02ms><23 A2,2

and
_ — Tk _
Terl €2k+2 = s, o — H, éax,
02(m—k’)s><2ks

— Tt Eop1 HYD — é@) (HED) ™ (6.4)

where ¢; = e; ® I and the e;’s are the vectors of the canonical basis.
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Proof First, we notice that for k > 1, Vj, = [V, V;¥] € R"*2* and from Algo-

rithm 6.1, we have
Virr = [AVY (il — A7 VD) = Vi Hy, [Eo_1, Eoi), (6.5)

and
Vierit Hip = Vir1. (6.6)

Using the relations (6.5) and (6.6), we obtain

A Vk(l) — ‘7]€+1 gl -+ Vk Hk‘ 52]671 = Vk‘+1 Hk-+1,k- gl + Vk‘ Hk 52’6*1

= Vi1 Hy o1
Now, multiplying on the left by V7, we get
VI A Vk(l) =V o Vi Hy €1,

hence

I2(k+1)s

Vi AV, g = { ] Hy €2x-1,

2(m—k)sx2(k+1)s
and so

_ H, —

Ty €21 = = H,, €2k-1,

02(m—k)s><2ks
which gives the relation (6.2).
To prove (6.3), we start from the QR decomposition of [V, (s;I — A)~'V] given in
6.1)
[V, (s1] — A)~'V] = [‘/1(1) Aig, ‘/1(1) Aio + V1(2) Ags).

Then
(s1] — A)ilv = Vl(l) Ao+ ‘/1(2) Ags.

Now, multiplying on the left by (s;1 — A), we get

A
V=si [V VP = AV A — AV Ay,
2,2
Since V' = Vl(l) Ay 1, we have
A

AV? Mgy = 1V — AV A — VY Ay

2,2
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Hence, if A, is nonsingular, we get (6.3) by pre-multiplying the above equality
on the left by VZ | and using the facts that V2, V" = (e; @ I,) = & and
VI LAV =T, (e; @ 1) = Ty & fori =1, 2.

Now, in order to prove (6.4), we use the relations (6.5) and (6.6) and we get
(sl = A)TVE = Vi &+ V Hy &y,
= Vig1 Hppp €2 + Vi Hy, ey
Multiplying on the left by (s,/ — A), we have
Vk(z) = S [Vk+1 Hiq1 €2+ V Hy, 52k] — AV Hyq €2 — AV H, €9y,

Since
AVipr Hipr e = AV B, + AV, BED,

we deduce the following relations

AV,f_?1 H,gj)k = [ Vir1 Hysrp €2 + Vi Hy €] — AV, Hy &,
1) (12 2
— AV HG - K
= 5, Vi1 Hy, éap, — AV, Hy, €, — Avk(ﬂ ngﬁ)k - Vk(z)-

Finally, multiplying on the left by VI |, we get

~ I k s =
T k42 = | Sk 20k Hy, ear, —
Oy

m—k)sx2(k+1)s

Ty

] H, eax,

2(m—k)sx2ks

~ 1,2 ~ 2,2) \—
— Ty a4t ng+1?k - €2k> (ngﬂ?lc) '

= (Ska €ak —

292) \_
X (ng-f—l?k;) L

Ty

_ _ 12  ~
Hy €ax — Tont1 €21 Hy 7 — €ok
2(m—k)sx2ks

Which ends the proof.

Remark 6.1 Note that in the previous proposition, the matrix T,, has a block Hes-

senberg form.

As for any Krylov subspace method, a set of identities known as the Arnoldi rela-
tions are satisfied and are used to compute error bounds, residuals, stop tests and to

perform the perturbation analysis. In the case of rational Krylov subspaces, some
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relations have been established in the literature; see [28, 64, 76]. However those
identities are much more complex in the rational case when compared to the stan-

dard Arnoldi equations.

Proposition 6.2 Assume that m steps of Algorithm 6.1 have been run and let T,, =

vz 11 AV, Then we have the following relations
A Vm = Vm+1 Tm
= Vm r]Fm + Vm+1 Tm+1,m E% (67)

Proof In order to prove the above proposition, we have first to show that
AKS(A,V) TS, (A, V).

Set V =[VM . V] e R, where V*) denotes the k-th column of V.

Forj=1,...,mand k=1,...,s, we have
J J
AJ[A =D VvE = J[(A—sI)tAV®

i=1 i=1

Thus A [[/_1(A — s;) ' V®) € K (A, V). It is easy to show that for j =
L,...,mandk=1,...,s, A(AV®) = Ay ®) e Ker (A V).

Hence, there exists a matrix 7" such that

Multiplying by V,,; on the left, we obtain 7" = T,,. Since T,, is a Hessenberg

matrix, it can be decomposed as follows
AV, =V, Ty, + Vit Ton1,m B

Remark 6.2 (Choice of shifts)

It is known that the rational Krylov subspace methods requires some parameters
(shifts) to build the subspace, and a good selection of this shifts is crucial for the
quality of the approximation. The choice of these parameters is still an open ques-
tion for the extended-rational Krylov methods. We mention that in this work we will

preserve the same choice used in the second chapter.
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6.2 Model reduction, transfer function

The main purpose of this section is the computation of a reduced model order
of a linear dynamical system by using the extended-rational Krylov subspace tech-
niques.

We recall the linear time-invariant (LTI) multi-input and multi-output (MIMO) dy-

namical system

{ #(t) = Awx(t)+ Bu(t) (6.8)

y(t) = Cux().
where z(t) € R™ is the state vector, u(t), y(t) € R" are the input and the output
vectors of the system, respectively. The matrices B, C7T are in R"*" and A € R™*"
is assumed to be large and sparse. The transfer function associated to the above
system is given by
F(s)=C(sI,— A" B, (6.9)

We recall that most of the model order reduction techniques, for example the moment-
matching approaches, are based on the approximation of this transfer function; for
more details, see [10, 32, 38] and the references therein. If the number of state va-
riables is very large, it would be very difficult to use the full system for simulation
or run-on-time control. So it is necessary to look for lower order models that ap-
proximate the behavior of the original models.

By applying the Galerkin projection method on the extended-rational Krylov

K¢ (A, V), we verify that the original transfer function I’ can be approximated by
Fm(s) = Om (8 [2ms - Tm)_l Bma

where T,, = V! AV,,,C,, =CV,, and B,, = V. B.

6.3 Numerical examples

In this section, we give some experimental results to show the effectiveness of
the proposed approache. All the experiments were performed on a computer of In-
tel Core 15 of 1.3GHz and 8GB of RAM. The algorithms were coded in Matlab
R2010a. We used some known benchmark models listed in Table 6.1.
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TABLE 6.1 — Test matrices

Matrix A size n Al F cond(A)
CDplayer | 120 2.3095e+05 | 1.8149e+04
Flow 9669 | 2.5438e+04 | 1.6193e+07

The matrices for the benchmark problems CDplayer was obtained from NICO-
NET [68] while the matrices for the F1ow model was obtained from the discreti-
zation of a 2D convective thermal flow problem ( flow meter model v0.5) from the
Oberwolfach collection !.

To put the contribution of the extended-rational Krylov method in perspective,
we will compare it with two methods, the first is a comparison with the rational Kry-
lov subspace method and the second with the extended Krylov subspace method.
We mention that for the first comparison the same approach was used for the choice
of shifts for both methods.

To simplify the notation, we will use the following abbreviations, ERKM for the
extended-rational Krylov method, RKM for the Rational Krylov method and EKM
for the Extended Krylov method.

Experiment 1. In the first experiment, we considered the CDplayer model. Al-
though the matrices of this model have small size they are usually considered as
benchmark example. For B and C, we used the matrices of the model. Their size is
n x 2. In Figure 6.1, we plotted the error norm || F(iw) — F,,(iw)|| for the rational
Krylov and extended-rational Krylov methods for w € [107%,10°] with m = 10
(left) and m = 20 (right).

Experiment 2. The second experiment is a comparison between ERKM and EKM

methods both used for the Flow model. The matrices B and C'" were random ma-
trices with entries uniformly distributed in [0, 1] and they are of size n x 3. In Fi-
gure 6.2, we plotted the error norm || F(iw) — F,(iw)||2 for the both methods for
w € [1071,10°] with m = 15 (left) and m = 30 (right).

1. Oberwolfach model reduction benchmark collection, 2003.

http ://www.imtek.de/simulation/benchmark
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FIGURE 6.1 — The CDplayer model. The norms of the errors for the rational
Krylov (dashed) and extended-rational Krylov (solid) methods for w € [107!,10]

with m = 10 (left) and m = 20 (right).
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FIGURE 6.2 — The F1ow model. The norms of the errors for the extended Krylov
(dashed) and extended-rational Krylov (solid) methods for w € [107!,105] with
m = 15 (left) and m = 30 (right).

6.4 Conclusion

In the present chapter, we considered a new projection method for model re-

duction in large scale linear dynamical systems. The proposed method is a Krylov

subspace type method based on the new Krylov subspace : the extended-rational

Krylov subspace. We proposed a new algorithm to build an orthonormal basis of

this subspace. New simple Arnoldi-like relations in the extended-rational case were

also proposed. The proposed numerical results on some Benchmark models, show

that the extended-rational Krylov method is usefull in the model reduction.
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Conclusion and perspectives

In this thesis, we are interested to projection methods on rational Krylov sub-
spaces for model reduction in large scale dynamical systems. We have developed
the block and global Arnoldi methods based on the rational block and the global
Arnoldi algorithms. A modified versions of the rational Arnoldi algorithms were
also proposed and it was used (for the global case) for the two-side projection in
order to improve the approximation of the reduced model to the original one. New
algebraic relations were also given generalizing classical Arnoldi-like relations and
used to establish upper bounds on the error’s norm of the difference between the
initial transfer function and its approximation.

A crucial question for projection methods based on rational Krylov subspaces
is the choice of shifts. We proposed some shifts selection techniques needed in the
proposed rational algorithms.

We are also interested to the extended block and global Arnoldi methods. Theo-
retically, the extended Krylov subspace is a particular case of the rational Krylov
subspace obtained by alternating shifts between zero and infinity. We gave some
new algebraic properties and used them for approaching the first moments and Mar-
kov parameters in moment matching methods for model reduction techniques.

Afterwards, we considered the balanced truncation method. To this purpose we
applied the rational block Arnoldi algorithm to compute low rank approximate solu-
tions to large Sylvester (or Lyapunov) and continuous-time algebraic Riccati equa-
tions having low rank right-hand sides.

Eventually, we proposed a new method based on a new subspace called the
extended-rational Krylov subspace. We introduced the extended-rational Krylov
method which will be used for model reduction in large-scale dynamical systems.

Among the advantages of this technique, a projection method based on a new Kry-
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lov subspace richer than the known ones and some simple algebraic relations inde-
pendant from the shifts choice.

With these works realised in the area of model reduction, there still be other
issues to treat.

First, despite the choice of shifts that have been proposed in this thesis and their
effectiveness in the numerical tests, we are not yet satisfied and we seek to improve
these choices to approach the original model on the entire frequency range in a more
effective manner.

Second, a work related to the last chapter is envisaged to do. In this work we will
apply the extended-rational Krylov method to approach the solutions of Sylvester
and Riccati equations and use the techniques of balanced truncation based on the
latter method to produce a reduced model that approaches the initial one.

In the end, we will try to apply the techniques described in this thesis to more

general matrix functions, such as the exponential function.
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