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Résume

Dans cette these, nous étudions la dynamique a temps long des solutions des équations
de KdV généralisées (gKdV) critiques et surcritiques pour la masse.

La premiere partie de cette these est consacrée a la construction d’une dynamique
explosive auto-similaire stable pour des équations de gKdV légérement L? surcritique
dans ’espace d’énergie H'. La preuve repose sur le profil auto-similaire construit par H.
Koch. Nous donner une description précise de la formation des singularité pres du temps
d’explosion.

La deuxieme partie est consacrée a la construction de solutions explosive aux équa-
tions de gKdV légerement L? surcritiques avec plusieurs points d’explosion. L’idée clé
est d’envisager des solutions qui se comportent comme une somme de bulles découplée,
chaque bulle se comportent comme un solution auto-similaire explosent en un seul point.
Nous utilisons les argument topologique classique pour s’assurer que chaque bulle ex-
plose en méme temps. Ici, nous avons besoin de données initiales plus grande régularité
pour contrdler la solution entre les différents points d’explosion.

Enfin, dans la troisiéme partie, nous considérons les équations de gKdV L? critiques
avec une perturbation saturée. Dans ce cas, toute solution avec des données initiales dans
H! est toujours globale en le temps et bornée dans H'!. Nous donner une classification
explicite de la dynamique pres du solitons. Sous certaines hypotheses de décroissance,
il n’y a que trois possibilités : (i) la solution converge asymptotiquement vers une onde
solitaire ; (ii) la solution reste dans un petit voisinage de la famille modulée de 1’état fon-
damental, en s’étalant par de temps infiniment grande (Blow down); (iii) la solution quitte
tout petit voisinage de la famille modulée de solitons.

Mots-clefs : gKdV, L?-critique et surcritique, explosion de auto-similaire, formation de
singularités, points d’explosion multiple, perturbation saturée, dynamique pres de soliton,
formule de monotonie.
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Abstract

In this thesis, we deal with the long time dynamics for solutions of the mass critical
and supercritical generalized KdV equations.

The first part of this work is devoted to construct a stable self-similar blow up dynam-
ics for slightly L? supercritical gKdV equations in the energy space H!. The proof relies
on the self-similar profile constructed by H. Koch. We will also give a specific description
of the formation of singularity near the blow up time.

The second part is devoted to construct blow up solutions to the slightly L? supercrit-
ical gKdV equations with multiple blow up points. The key idea is to consider solutions
which behaves like a decoupled sum of bubbles. And each bubble behaves like a self-
similar blow up solutions with a single blow up point. Then we can use a classic topolog-
ical argument to ensure that each bubble blows up at the same time. Here, we require a
higher regularity of the initial data to control the solution between the different blow up
points.

Finally, in the third part, we consider the L? critical gKdV equations with a saturated
perturbation. In this case, any solution with initial data in H' is always global in time
and bounded in H!. We will give a explicit classification of the flow near the ground
states. Under some suitable decay assumptions, there are only three possibilities: (i) the
solution converges asymptotically to a solitary wave; (ii) the solution is always in some
small neighborhood of the modulated family of the ground state, but blows down at infi-
nite time; (iii) the solution leaves any small neighborhood of the modulated family of the
solitons.

Keywords: gKdV, L*-critical and supercritical, self-similar blow-up, formation of singu-
larity, multiple blow up points, saturated perturbation, dynamics near soliton, monotonic-
ity formula
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Chapitre 0

Introduction (version francaise)

0.1 Vue d’ensemble la dynamique asymptotique des
équations de KdV généralisées

0.1.1 Préliminaire

Le objectif de cette these est d’étudier la dynamique asymptotique des équations dis-
persives non-linéaires.

L’ équation dispersive non-linéaire, est une équation qui combine une équation linéaire
avec un comportement dispersif (la solution se désintegre uniformément en temps) et une
non linéarité appropriée. Typiquement, I’équation a la forme suivante :

up = Lu+N(u,Vu,...),
ou N est le terme non linéaire et L est un opérateur linéaire anti-auto-adjoint donné par

F(Lu)(§) = ip(§)Fu(§), p(§) €R.

Ici F est la transformée de Fourier et D% p(&) # 0 pour tout & £ 0. Des exemples typiques
d’équations dispersives non-linéaires sont I’équation de Korteweg-de Vries, 1’équation de
Schrodinger non linéaire, 1’équation de Benjamin-Ono, 1’équation de KP-II etc.

Dans de nombreux cas, le probléme de Cauchy locale est connu. Plus précisément,
pour les données initiales qui se trouvent dans un espace de Banach approprié, on peut
trouver une solution forte unique (locale en temps) a I’équation. De plus, 1’application de
flot est continue.

En notant (7_, 7, ) I'intervalle de temps maximal pour 1’existence d’une solution. Un
probléme intéressant est de comprendre les comportements asymptotiques pres de 7- et
T,. Les comportements asymptotiques typiques sont les suivants :

1. Scattering : la solution globale existe (i.e. T = —oo or T = 4-0), et converge vers
une solution de 1’équation linéaire asymptotiquement ;
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2. Explosion : la solution s’explose en temps fini (i.e. 7— > —oo or Ty < +o0), ou la
solution existe globalement mais a comportements singuliers comme ¢ — oo}

3. Soliton : la solution globale existe et converge asymptotiquement vers une classe
spéciale de solutions (le soi-disant soliton).

Dans le deuxieme et le troisieme cas, nous nous attendons aussi a donner une description
spécifique de la dynamique asymptotique de la solution.

On considere 'un des plus simples cas d’équations dispersives, 1’équation de
Korteweg-de Vries généralisée (gKdV) :

atu+(uxx+u|u|17*1)x:07 (I,X) GRXRa
(0.1.1)
M(O,X) = MO(X)v
avec p > 1.
L’équation d’origine de Korteweg-de Vries,
S+ (e +1u)y =0, (t,x) eRxR, (0.1.2)

apparait dans la physique comme une modele pour le propagation des ondes unidirection-
nelles. La formulation exacte de cette équation vient de Korteweg et de Vries [40]. Cette
équation ainsi que 1’équation de Korteweg-de Vries modifiée :

O+ (U +13) e =0, (1,x) ERxR, (0.1.3)

sont completement intégrables, si on utilise la méthode de scattering inverse (Eckhaus &
Schuur [19], Lax [47] et Miura [80]).

Les équations de KdV généralisées ainsi que les équations de Schrédinger non li-
néaires sont également considérées comme des modeles universels pour le systeme Ha-
miltonien en dimension infinie. A partir de la structure hamiltonienne, on a les deux lois
de conservation suivantes, i.e. la masse et I’énergie L.

M(u(t)) = / (1) = / W2 = M(uo), (0.1.4)
Bu() = [0) = — [l

1 1
= / (@)’ =~ / luo|P ! = E (ug). (0.1.5)

De ces deux lois de conservation, I’espace de Sobolev H! apparait comme 1’espace
d’énergie, de sorte qu’il est I’espace naturel pour étudier les solutions de (0.1.1). La ques-
tion générale est de comprendre le comportement des solutions de (0.1.1) avec les données
initiales ug € H'.

L’existence de la solution locale est bien étudiée, Kato [33] et Ginibre, Tsutsumi [24]
pour la théorie de H* (s > %); Kenig, Ponce et Vega [36] pour la théorie de L? dans le

1. L’équation de KdV (0.1.2) a infiniment beaucoup de lois de conservation pour étre compleétement
intégrable.
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cas p = 5 et la théorie de H® pour p > 5; Strunk [89] pour la théorie de BS o avec p>35;
Bourgain [4] pour les cas périodiques. /

Dans cette these, nous utilisons principalement I’existence locale suivante et les résul-
tats d’unicité :

Proposition 0.1.1 (Localement bien posées dans H U [36]). Pour tout ug € H', il existe
une temps maximal T = T (||u||g1) > O et une solution unique u(t) € C([0,T),H") de
(0.1.1), satisfaisant (0.1.4) et (0.1.5) dans [0,T). De plus, nous avons le critére d’explo-
sion suivant : soit T = +oo soit T < 4o et

li t = +oo.
lim [Ju(r) | 1 =+

Définition 0.1.2. Une solution explosive de (0.1.1) est une solution maximale u(r) €
C([0,T),H"), tel que
lim [[u(t)|| g1 = oo (0.1.6)
t—T

Lorsque le temps maximal d’existence est fini (ou infini respectivement), on dit que la
solution u(t) explose en temps fini (ou temps infini respectivement).

Le probleme de Cauchy a une régle d’échelle standard. Pour tout A > 0,

X
uy (t,x) = ( ) ) (0.1.7)
A 12T \A3A

est une solution de (0.1.1). De plus, la norme H% des données initiales est invariante sous

cette échelle, ou
1 2

O=3 T,
e Si 0, < 0 (ou équivalent p < 5), le probleme de Cauchy (0.1.1) est appelée L>
sous-critique ;
e Sio. =0 (ou p=>5), le probleme de Cauchy (0.1.1) est appelée L? critique ;
e Si 6. >0 (ou p > 5), le probleme de Cauchy (0.1.1) est appelée L? sur-critique.

0.1.2 Stabilité et instabilité des solitons

Il existe une classe spéciale de solutions a (0.1.1) appelée onde solitaire. 1ls sont don-
nés par
u(t,x) = 71 Q, (Ve(x—cr)), (0.1.8)
ou ]
p+1 p=T
(2c0sh2((p — 1)x/2)> '
Ce Q) est aussi appelé [’état fondamental. De [91], Q,, est liée a la meilleure constante
de I'inégalité de Gagliardo-Nirenberg :

/|f|ﬁ+1 <c, (/ ) (/f )M. (0.1.10)

QZ —Qp+ Qp|Qp|p_] =0, Q=

(0.1.9)
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Plus précisément, la constante optimale pour cette inégalité est donnée par

. +1
Cp:J(Qp): min J :p—H7
feH" . f#0 2(1Qpll;2
ou pour tout f € H', f #0,
p=1 pE3
J(f) = loxfll 5 IIFI,3
= - )
LAIE
Dans le cas critique p = 5, on note
0= 0s. (0.1.11)

L’étude du flot pres de ces solitons est cruciale pour la compréhension du compor-
tement asymptotique des solutions de (0.1.1). Par conséquent, la stabilité et la stabilité
asymptotique des solitons deviennent un probléme important.

Définition 0.1.3. On dit que pour ¢ > 0 le soliton

P Qp(Ve(x—ct))

est stable dans H!, si V& > 0, Ja > 0 tel que

Juto — 71 Qp (Ve )1 < 0 =
vt >0, 3x(r)/|lu(t) — 7T Qp(ve - —x()) 1 < & (0.1.12)

Nous disons que la famille de soliton

{cﬁ Qp(Velx—xg—ct))|c > 0,x0 € R}

est asymptotiquement stable dans H', si I > 0 tel que

luo — 7T Qp(Ve )l < 0 =
I oo, x(1)/ u(t,-+x(t))—cé’#Qp(\/§-) ———0, dans H'. (0.1.13)

t—r+oo

Nous rappelons certains résultats connus pour la stabilité des solitons et la stabilité
asymptotique de la famille des solitons :

e Dans le cas p = 2,3,4, il résulte de I’argument variationnel que les solitons sont
stables dans H' (Bona, Souganidis & Strauss [3], Cazenave & Lions [7], Merle &
Vega [78] et Weinstein [93]).

e Dans le cas p = 2,3,4, la famille des solitons est asymptotiquement stable dans
H' (Martel & Merle [51] et Pego & Weinstein [84]).

e Dans le cas L2 critique (i.e. p = 5), Martel & Merle [52] ont prouvé I’instabilité
H' des solitons.
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e Dans le cas L? surcritique (i.e. p > 5), Bona, Souganidis & Strauss [3] prouvent
I’instabilité des solitons dans H' en utilisant I’argument de Grillakis, Shatah &
Strauss [26].

Dans [60], Martel, Merle et Tsai ont prouvé la stabilité et la stabilité asymptotique de
la somme de N solitons dans H' pour le gKdV L? sous-critique. Plus précisément, nous
avons

Théoreme 0.1.1 (Stabilité et stabilité asymptotique de la somme de N solitons). Soient

p=2,3,40< < <. Hexiste 1, Ao, Lo, 0t > Otels que Vug € H' (R) et supposons
qu’il existe L > Lo, o < 0, etx(l) <L e <x2,,

Uy — Z -TQ < cj'—xj>

J
(])2 (J) 1 +L, pourtout j=2,...,N. (0.1.15)

< 0y, (0.1.14)

Soit u(t) la solution correspondante de (0.1.1). Alors il existe x(t),...,xy(t) tel que :
o Stabilité de la somme de N solitons :

1

u(t Z )P 1Q ( c(J). -—xj(t)>

Vi >0, < Ao(0g +e ). (0.1.16)

H!

e Stabilité asymptotique de la somme de N solitons. Il existe 0 < ¢ < --- < C;w

avec
9 — | < Ag(ag+e "),
tel que
N
=Y ()7 lQp(\/ '_xj(t)) =0, 0.1.17)
Jj=1 Lz(x>%cfr°°t)
x(t) = ¢l (0.1.18)

quand t — +oo.

0.1.3 Dynamique explosive des équations de gKdV L? critique
En combinant les résultats de 1’existence locale et des lois de conservation, on obtient :

si p < 5, alors toute les solutions avec H' données initiales sont globales en temps et
bornées dans H'; Si p =35, il est facile de voir que

E(uo) = E(ult)) > %(1 - ( fQ%;)z) .

Dans ce cas, si ||up||;2 < ||Q||;2 alors la solution pour le probleme critique est également
globale en temps et bornée dans H'.
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Alors que pour le probleme critique (p = 5) avec ||ugl|;2 > || Q|| 2, une explosion peut
se produire. L’existence de singularité dans ce cas (en temps fini ou en temps infini) a été
un probléme ouvert .

Dans un contexte analogue, si ’on considere les équations de Schrédinger non li-
néaires focalisante > critiques (NLS) dans la dimension 1,

{i&tu+Au+u\u’4:0’ (,x) e R xR, (0.1.19)

u(0,x) = ug(x) € H'(R),

Il existe des exemples simples de solutions de (0.1.19) qui explose. En effet, le équation
(0.1.19) a les mémes lois de conservation (i.e. (0.1.4) et (0.1.5)) et I’invariance de I’échelle
(1.e. (0.1.7)) comme gKdV critique 2.

Pour uy € H' avec énergie négative et décroissance rapide a I’infini (i.e. xug € L?), la
solution associée explose en temps fini. En effet, nous avons I’identité dite de Virial

d
E/xzuz(t,x) dx < CEy,

Avec C > 0. Cette identité implique I’explosion en temps fini immédiatement.

D’autre part, pour le NLS L? critique on a la transformation pseudo-conformale sui-
vante. Si u(t,x) est une solution a (0.1.19), alors

1 izj_ 1 x
e i o

Il existe une classe spéciale de solution, i.e. la solution périodique, donnée par

u(t,x) = i Q(+/ex),

ou ¢ > 0, et Q est I’état fondamental pour non-linéarité L? critique donnée par (0.1.11).
En appliquant la transformée pseudo-conformale a des solutions de ce type, on obtient
une classe spéciale de solution

l s C X2
S(t,x) = “ _l(t+4t)Q(@)’

12¢

est une solution.

qui explose a ¢t = 0. Cette solution est aussi la solution explosive unique de (1.1.19) avec
une masse minimale aux la symétrie du flux, [69].

En plus de la solution d’explosion zvec an masse minimale, il existe également

d’autres solutions explosive avec un taux de explosion conforme (voir [5]) :

1
l|x ()|l ;2 ~ T quand r — T. (0.1.20)

Tandis que pour la solution de (0.1.19) avec une énergie négative et une masse légere-
ment surcritique,
0 <luoll2 =@z <1,
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Merle et Raphaél démontrent 1’existence et la stabilité d’une dynamique explosive avec
un taux d’explosion de “log-log” :

i 740 [logTIog =) _

= . 0.1.21
=T ||VO|| 2 T—t V21 ( :

Dans le cas de gKdV L? critique, il n’y a pas de transformation pseudo-conforme non
plus d’identité Virial qui puisse nous donner un exemple explicit de solutions explosives.
L’existence d’une solution explosive et la description de la dynamique explosive ont été
développées par Martel et Merle pour des solutions avec une masse légerement surcritique
et une énergie négative, i.e.

102 < lluoll;z < [|Oll2 + ", o < 1 et E(up) <O. (0.1.22)
Plus précisément, nous avons :
Théoreme 0.1.2 (Existence de solutions explosive, [70]). Pour ug € H' avec (0.1.22),

alors la solution associée de gKdV L? critique explose en temps fini ou infini.

Dans ce cas, nous n’avons plus d’informations sur le temps d’explosion et la dyna-
mique explosive. En effet, dans [57, 59], Martel, Merle et Raphaél prouvent que I’explo-
sion en temps fini et en temps infini sont tous possibles. De plus, la dynamique explosive
peut étre stable ou instable.

Théoreme 0.1.3 (Profil de explosion et borne inférieure de la taux d’explosion, [55]).
Pour donnée initiale uy € H' avec

1Qllr2 < lluollz2 < l[Qlz2 + 0", & <1,

si la solution u(t) de (0.1.1) associée explose en temps fini ou en temps infini, alors il
existe A(t), x(t) tels que

ﬂ,%(t)u(t,l(t) -+x(t)) — £Q, dans H' — faible, quandt — T. (0.1.23)
De plus, si T < +oo, alors
: _ a\1/3 — 1o
t11_>n%(T 1) |ux (1) || 2 = +oe. (0.1.24)

Ici, A () ~ ||ux(2)||;2 est le taux d’explosion de (0.1.23). il est impossible d’obtenir
une convergence forte vers Q dans H I du fait de la conservation de la masse (0.1.4). Mais
nous avons une convergence forte dans Hﬁ)c.

Théoréme 0.1.4 (Explosion en temps fini, [53]). Soit ug € H' avec (0.1.22) et

0

/ u(z)(x) dx < —, pour tout xo > 1, (0.1.25)
X>X0 XO

pour quelque constante universelle 0 > 0. Alors la solution u(t) de (0.1.1) associée ex-

plose en temps fini T < +-co. De plus, nous avons la borne supérieure suivante de la vitesse

d’explosion pour une séquence de temps t, — T :

C/
T - tn '

lux(ta) |l 2 < (0.1.26)
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Il existe un grand gap entre la borne inférieure donnée par le théoreme 0.1.3 et la
borne supérieure donnée par le théoreme 0.1.4. Des exemples de solutions explosives
avec différents taux de explosion sont construits dans [59].

Théoreme 0.1.5 (Existence globale pour une solution avec a masse critique et décrois-

sance, [54]). Pour donnée initiale avec a masse critique, i.e. ||ug||;2 = ||Q|| 2, si

C
/ u(%(x) dx < —, pour tout xo > 1, (0.1.27)
X>X0 XO

alors la solution u(t) de (0.1.1) associée est globale pour t > 0, et n’explose pas en temps
infini.

Dans [57, 58, 59], Martel, Merle et Raphaél donnent une étude de la dynamique
asymptotique pres de 1’état fondamental Q.

Plus précisément, considérez 1’ensemble de données initial suivant

Aoy = {uo € Hl‘uo =0+, [|&]y < oo, />oy108§ < 1}7
y
et le L? tube suivant pres de la famille des onde solitaires
1 _
MQ——IQ(X XO) <a*}.
A N Ao e

Théoreme 0.1.6 (Solution explosive avec une masse minimale, [58]). Il existe une solu-
tion S(t,x) € C((0,+o0),H") & (0.1.1) avec une masse minimale ||S(t)||,2 = ||Q||;2, et

192
t

Tor =3 ug EHI‘ inf
Ao>0,x0€R

Alors nous avons :

1Sx () || 72 ~ , quandt — 0. (0.1.28)

De plus, si une solution explosive u(t) dans H' a une masse minimale ||u(t)| ;2 = ||Q||;2,
alors u = S, aux symétries du flot pres.

Théoreme 0.1.7 (Rigidité, [S7]). Pour0 < oy < a* < 1, et ug € Ag,, soit u(t) la solution
correspondante a (0.1.1), et 0 < T < o0 la temps maximal d’existence d’solution. Alors
il n’y a que trois possibilités :

(Blow-up) : Soit la solution u(t) explose en temps fini 0 < T < +o0 avec

L(ug) +o(1)

T_; , E(u0)>0.

(Ol =

De plus, pour tout t < T, u(t) € Ty
(Soliton) : Soit la solution est global, et pout tout t < T = +oo, u(t) € Tg+. De plus, il
existe une constante A > 0 et une C' fonction x(t) telle que

1
A2u(t, Aeo - +x(1)) = Q dans H. ., quand t — +oo,
t
Ao — 1] S 8(atg), x(2) ~ 2 quand t — +oo.
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(Exit) : Soit pour un temps fini 0 < t* < T, u(t*) ¢ Ty+. Et il existe A, > 0, x, € R, tel que
1/2 * *
A 20t A +3x0) = S(2,) | 2 < 8(0w),

ou 6(ay) — 0 quand oy — 0, et T° dépend seulement de o.*.

De plus, la scénarios (Blow-up) et (Exit) sont stables sous une petite perturbation

dans Ag,.

Théoreme 0.1.8 (Régimes explosive exotiques, [59]). Il existe des solutions avec taux de
explosion non générique :

(i) Explosion en temps fini : pour tout v > % il existe une solution u € C((0,Ty],H") de
(0.1.1) explose a t = 0 avec

u()||g1 ~t7Y, quandt— 0". (0.1.29)

(ii) Explosion en temps infini :
1. 1l existe une solution u € C([0,+o0),H') de (0.1.1) explose & +oo avec

lu@)|lp ~ €, quandt— +oo. (0.1.30)

2. Pour tout v > 0, il existe une solution u € C([0,-+o0),H') de (0.1.1) explose & +oo
avec
|lu@)||gr ~t, quandt — +oo. (0.1.31)

Dans [56], Martel, Merle, Nakanishi et Raphaél ont prouvé que les données initiales
en Ag, qui correspondent au régime de Soliton est une variété de seuil de codimension 1
entre (Blow up) et (Exit).

Théoreme 0.1.9 (Variété de seuil de codimension 1). Soit
Aty = {eoe ' flel < ao. |y <1, (0,0 =0},
y

Alors, il existe ag > 0, Bo > 0, et une C' fonction A :
Aéo — <_BOaB0)7

tel que pour tout Yy € Aé;o et a € (—Po, Po), la solution de (0.1.1) correspondant a uy =
(14+a)Q+ v satisfait :

-(Soliton) si a = A() ;

-(Blow up) sia > A(w);

-(Exit) si a < A().

En particulier, soit
_1
Q= {uo eH! |37LQ,x0, tel que uy = A, 2Q(7l,0_1(x—x0)) }

alors il existe un voisinage petit O de Q dans H' N L? (yfrody) et une Cl-variété M C O
de codimension 1, telle que Q C M et pour tout ug € O, la solution assoocieé de (0.1.1)
est dans la régime de (Soliton) si et seulement si ug € M.
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0.2 Principaux résultats de I'auteur

Nous avons vu quelques résultats de la dynamique asymptotique pour le gKdV L?
critique. Dans cette these, I’auteur a considéré le gKdV surcritique avec une non-linéarité
légerement supercritique et le gKdV critique avec une perturbation saturée. L’auteur a
donné une description explicite de la dynamique explosive et la formation de singularité.
Les résultats peuvent étre divisés en trois parties :

La premiere partie concerne le gKdV légerement surcritique. Sur la base de la
construction du profil auto-similaire par Koch [38] et de la technique de gKdV critique
[57], I’auteur a prouvé I’existence d’une dynamique stable avec un taux d’explosion auto-
similare dans ’espace d’énergie H'. On a également donné une description spécifique de
la formation de singularité.

La deuxieme partie est consacrée a la construction d’une solution explosive a gKdV
légerement surcritique avec donnée initiale grande. L’idée clé est d’envisager des solutions
qui se comportent comme une somme de bulles découplée. Et chaque bulle explose en
méme temps. Ceci est fait par un argument topologique standard. Par conséquent, ces
solutions ne sont pas stables dans 1’espace d’énergie H'.

Enfin, dans la troisiéme partie, nous considérons le gKdV critique L? avec une pertur-
bation saturée. Dans ce cas, I’équation a encore une famille de solitons. L’auteur a donné
une classification spécifique de la dynamique asymptotique pres du soliton. Il n’y a que
trois possibilités : (1) la solution converge asymptotiquement vers un soliton; (ii) la so-
lution reste dans un petit voisinage de la variété de solitons, en s’étalant par de temps
infiniment grande (Blow down); (iii) solution quitte tout petit voisinage de la variété de
solitons.

Les résultats mentionnés ci-dessus sont basés sur les travaux suivants de 1’auteur :
e Y. Lan, Stable self-similar blow-up dynamics for slightly L*-supercritical genera-
lized KdV equations. Comm. Math. Phys. 345 (2016), 223-269.
e Y. Lan, Blow-up solutions for L*-supercritical gKdV equations with exactly k
blow-up points, arXiv :1602.08617, soumis.
e Y. Lan, On asymptotic dynamics for L* critical generalized KdV equations with a
saturated perturbation, arXiv :1609.05146, soumis.

0.2.1 Dynamique explosive auto-similaire stable pour la gKdV L>
surcritique.

Dans cette partie, nous considérons le gKdV légerement L? surcritique, i.e. (0.1.1)
avec

5<p<5+498, 0<ok1.

L’existence de solutions explosives dans le cas surcritique est un probléme ouvert.
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Considérons d’abord les équations de NLS L? surcritiques focalisante :

i+ Au+ulP~lu=0, (t,x)€[0,T) xR,
u(0,x) = up(x) € H'(RY),

avec la non linéarité p > 1 + %.

De [29, 77, 87, 88], il existe des solutions radiales qui explosent sur une sphere asymp-
totiquement a la place d’un point d’explosion pour d > 2, p = 5. De [27, 28, 94], il existe
des solutions explosives avec la symétrie cylindrique pour d > 3, p = 3. Et dans [75],
Merle, Raphaél et Szeftel construisent une dynamique explosive auto-similaire stable pour
une non linéarité 1égerement Lz-surcritique, avec des données initiales non radiales en
basse dimension (i.e. d < 5).

Pour le cas légerement surcritique de gKdV, la simulation numérique par Dix et
McKinney [13] suggere qu’il existe des solutions explosives auto-similaires pour les équa-
tions des gKdV surcritiques 2, i.e. une solution de la forme suivante :

lt,0) = — Qb(l’(‘t)), A(r) = /3T —1),

AT (1)

avec b > 0. La solution exacte de ce type a été construite par Koch dans [38] pour des non-
linéarités légerement surcritiques. Mais une telle solution n’est pas dans I’espace Sobolev
critique H°, donc pas dans ’espace d’énergie H', ce qui rend difficile la stabilité de cette
solution auto-similaire. Cependant, nous pouvons choisir une approximation appropriée
du profil auto-similaire exact, ce qui conduit a un résultat similaire a celui des équations
de Schrodinger 1égerement surcritiques, i.e. [75].

Plus précisément, nous avons :

Théoreme 0.2.1 (Existence et stabilité d’une dynamique explosive auto-similaire, [46]).
11 existe un p* > 5 tel que pour tout p € (5,p*), il existe un sous-ensemble ouvert non
vide O, dans H U tel que si ug € O,, alors la solution correspondante de (0.1.1) explose
en temps fini 0 < T < +oo, avec la dynamique suivante : il existe des parametres géomé-
triques (A(t),x(t)) € RL x R et un terme d’erreur €(t) tel que :

1 x—x(t)
u(t,x) = W [Q,+£(1)] (W) (0.2.1)
avec 13(0

&)l < Vp—5, x(t)—x(T), T ~p—>5. (0.2.2)

Théoreéme 0.2.1 est la premiere construction de solutions explosives des équations de
gKdV surcritiques avec des données initiales en H'. Il s’agit d’une dynamique explosive
stable au lieu d’une seule solution explosive. Il est donc différent de la solution auto-
similaire construite par Koch dans [38], bien que la construction dans cet article s’appuie
profondément sur I’article de Koch.

2. Nous savons d’apres le Théoreme 0.1.3 qu’il n’existe pas de solution explosive auto-similaire pour
I’équation de gKdV L? critique.
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La conclusion ici est presque la méme que dans le cas de Schro dinger dans [75]. Mais
nous avons besoin d’une stratégie totalement différente, en raison de la structure distincte
de ces deux équations. En effet, notre stratégie ici est proche de celle de [57] pour gKdV
critique, en raison de la condition légerement surcritique sur la non-linéarité.

Stratégie de la preuve :

Nous commencons par 1’argument de modulation standard pour la solution proche
de I’état fondamental, qui a été développé dans [53, 55, 70] pour gKdV L? critique et
[71, 72,73, 74, 86] pour NLS I? critique. Plus précisément, nous considérons la solution
de la forme suivante :

1 x—x(t)
o) = [y )] (),

ou Q, € H' est une approximation appropriée du profil auto-similaire exact construit
par Koch [38] et (b(t),A(z),x(¢)) sont des paramétres géométriques satisfaisant certaines
conditions d’orthogonalité appropriées pour €.

Ensuite, en utilisant les conditions d’orthogonalité, on obtient 1’estimation de modu-
lation suivante pour les parametres géométriques :

o J
= | ——drt
’ /om) ’
Xs

——1
A

|bs+2(b_b6)b6| S bg+b6||8||Ll2007

As
Tl

2
ELL

ou b, > 0 est une constante universelle qui ne dépend que de p.

On peut donc utiliser un argument de localisation de la loi de conservation d’énergie,
la formule de monotonie développée dans [55, 57] et les estimations inhomogenes de
Strichartz développées dans [23] pour obtenir un bon contrdle sur le terme d’erreur € :

2 _ .7 > 7 ]
< <
/y>1cb6210 & <b, HSHL%OC <bc, |ellps2<be,

pour une constante universelle k € (0, 3).

Enfin, en combinant les estimations de modulation et le contrdle sur le terme d’erreur
€, on obtient :

0<T <+oo, b(t)~be, At)~/3b(T—1t), x(t)— x(T),

qui est le résultat du Théoreme 0.2.1.
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0.2.2 Solutions explosives avec plusieurs points d’explosion

Dans cette partie, nous considérons des solutions explosives avec plusieurs points
d’explosion, ou la motivation est de construire des solutions explosives grandes.

Il y a plusieurs exemples pour une telle construction :
e Merle [65] pour le NLS L? critiques avec taux de explosion conforme ;
e Fan [20] et Planchon, Raphaél [85] pour les NLS L? critiques avec taux de explo-
sion de “log-log”;
o Merle [68] et Merle, Zaag [79] pour les équations de chaleur avec taux d’explosion
d’EDO.

Ces constructions correspondent au cas d’interaction faible, i.e. que I’interaction entre
les bulles ne modifie pas le taux de explosion de chaque bulle. Il existe également quelques
exemples de solution avec des bulles fortement en interaction :

e Martel, Raphaél [62] pour le NLS L? critiques ;

e Cortézar, Del Pino, Musso [10] pour le équations de chaleur énergie-critique dans
domaine ;

e Jendrej [30, 31] pour les équations de la ondes énergie-critique.

Pour le gKdV légérement L? surcritique, dans [46], I’auteur prouve I’existence d’une
dynamique explosive stable ol la singularité se concentre a un certain point fini (voir la
section 1.2.1). Par conséquent, nous avons :

Théoreme 0.2.2 (Solutions avec plusieurs points d’explosion, [44]). Il existe des
constantes universelles p* > 5, ¢ > 0 telles que pour tout p € (5,p*), k € N*, si
2 <k <c|log(p—>5)|, alors pour tout k points distinct par paires : x1,xa,..., X € R,
il existe une solution u(t) de (0.1.1), qui explose en temps fini T < +oo. Et pourt prés de
T, il existe des parametres d’échelle Aj(t) € RT et un terme d’erreur ii(t,x) avec

k 1 X—Xj
u(t,x) =Y — Qp( ’) +i(t,x), (0.2.3)
j=1 AF(I) )Lj(t)
J
oupourtout j=1,....k, aettpresdeT,
2’J3(t) 1—0. 1 ~
L p=s, A a0l < 8(p) 024)

pour une petite constante §(p) avec lim,_,56(p) = 0.

De plus, I’ensemble d’explosion de u(t) est exactement {xy,xs, ..., x;}.

De (0.2.3), on obtient de solutons explosives grandes pour (0.1.1) dans le sens que
lluol| (172 ~ [log(p —5)|, pour p assez proche de 5.

Pour k > 2, 1a solution explosive avec k bubbles est n’est pas stable dans H ! En effet,
nous avons besoin de certaines conditions spéciales (instables) sur les données initiales,
qui peuvent étre obtenues par un argument topologique standard. Un argument similaire
est également utilisé dans [12, 20, 62, 64, 79] pour des solutions explosives avec plusieurs
points d’explosion et [11, 41, 49, 60, 61] pour des solutions avec multi-solitons.
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Stratégie de la preuve :

De [46], il existe une dynamique explosive auto-similaire stable telle que la singularité
se concentre a un certain point fini. Nous pouvons envisager des solutions qui peuvent étre
écrites comme la somme de k& découplé solutions explosives self-similaires. Plus précisé-
ment, nous considérons des solutions de la forme suivante :

k
ummzzyfé—@m(¥ﬁ§5+ﬁmm
T ,
ou Qp, est le profil approximatif auto-similaire défini dans [46], et les parametres
(bj(t),Aj(t),x;(t)) sont choisis pour ajuster certaines conditions d’orthogonalité appro-
priées pour le terme d’erreur . L’idée cruciale ici est de construire une solution de cette

forme telle que chaque bulle
1 x—x;(t)
——O.(1) (—J )
=2 / Ai(t)
I J
Af (1)

se comporte comme une solution explosive auto-similaire construite dans [46]. Nous sa-
vons de [46] que chaque bulle se concentre a un point fini. Nous nous attendons a ce que
ces points (dits emph points d’explosion) soient disjoints et la distance entre ces points
soit suffisamment grande. Dans ce cas, I'interaction entre les différentes bulles est tres
faible.

Ensuite, nous devons nous assurer que le temps d’explosion de chaque bulle est méme.
Cela nécessite une condition supplémentaire sur les données initiales, qui peut €tre obte-
nue par un argument topologique standard. Par conséquent, les solutions explosives avec
plusieurs bulles ne sont pas stables dans H'. Plus précisément, avec une condition ap-
propriée sur les données initiales, on peut supposer que pour tout 1 <i < j < k et tout
t€10,7),

1 l,'(l‘ )

— <
2k+1 ;Lj(l‘)

< 2k+1‘

Ensuite, on peut suivre un argument similaire a [46] pour obtenir les estimations de
modulation. Pour tout j =1,... k,

de' 1

dr 1

o L | < bt e

’dijlj+ i+ a5 %) ‘N el
s+2(b‘] bC)bC Nbc+bc|’8J||leoc7
j

ou

sj:/ot%dl', Ej(t,y):ljpfl(t)ﬁ(hlj(t)y—'_xj(t))'

En utilisant la condition sur k (le nombre de points d’explosion), nous avons des estima-
tions similaires sur le terme d’erreur. Pour tout j =1,... k,

2 _ ¥ 2 5 5
Jowaei<bd el < el <bF.
c y c
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Par conséquent, nous avons pour tous 1 <i < j <k,
0<T <o, bj(t)~be, Ajt)~~/3b(T—1),
xj(t) = x;(T), xi(T) # xj(T).
qui prouve I’existence de solutions explosives avec plusieurs points d’explosion.

Enfin, en utilisant un autre argument topologique (voir [68, Proposition 5.2]), on peut
montrer que les points d’explosion peuvent €tre choisis arbitrairement, qui est exactement
Théoreme 0.2.2.

0.2.3 Dynamique asymptotique pour la gKdV L?-critique avec une
perturbation saturée

Dans cette partie, nous considérons pour la gKdV L? critique avec une perturbation
saturée :

u(0,x) = up(x) € H'(R), (0.2.5)

avecg >Set0 <y 1.

{8tu+(uxx—|—u5 —yulul2N, =0, (t,x)€[0,T) xR,

[’équation a deux lois de conservation, i.e. la masse et I’énergie :
2
M(u(r) = [ ule) =My,

E@(0) =3 [uP 5 [u0'+ L5 [l = o

Nous pouvons voir que la solution de (0.2.5) est toujours globale en temps et bornée
dans H!, 2 partir de la théorie locale [36] et des lois de conservation.

Cette équation a la regle de pseudo-échelle suivante : pour tout Ay > 0, si u(t,x) est
une solution a (0.2.5), alors

1

, (t,%) = Ay 2u(2g 31, Ay 'x), (0.2.6)
est une solution a

v+ (v +v° = A "9 =0,  (t,x) € [0,A,°T) xR,
1
v(0,x) = A, uo(Ay 'x) € H'(R),

avece 5
m= q% > 0. 0.2.7)

La norme L? est invariante par la transformation de (0.2.6).

Il existe encore des solutions d’onde solitaire données par

u(t,x) = A, infmy()vo_l(x—xo) — 2> (t—10)),
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pour tout A9 > 0,75 € R, xo € R avec 4, "y < 1. Ici pour tout 0 < o < 0* < 1, éw est la
solution radiale non négative unique avec décroissance exponentielle a I’EDO suivante :

Q! — Op+ 03 — 00y 0u|? ! =0.

Le but de cette partie est de classer la dynamique de (0.2.5) pres de 1’état fondamental,
lorsque ¥ est suffisamment petite. L'idée principale est que le terme de défocalisation
yu|u|9~! a un effet non linéaire plus faible que le terme de focalisation °. Ainsi, on peut
s’attendre a ce que (0.2.5) ait un comportement de séparation similaire > comme (0.1.1),
lorsque 7 est petit.

Plus précisément, nous fixons une petite constante universelle @* > 0 (pour assurer
I’existence de 1’état fondamental Q), et introduisez le suivant L? tube autour de Qy:

. I ~ - .
7:1*7)/: {MOEHI‘ lnf MO——IQA—m,y(ﬂ> < },
Ag ’ Ao 12

Ao>0,A " y<@* xo€R

et L’ensemble de données initiales

Agyy = {uo € H'\up = Oy + €, ||€0llg1 < o, />Oy108§ < 1},

y

pour certaines constantes universelles 0 < ¢y < o*. Ensuite nous avons :

Théoréme 0.2.3 (Dynamique dans A, y, [45]). Pour tout q > 5, il existe une constante
0<a(q) <1, tel que si 0 <y < o << a*<ar(q), alors pour tout uy € Aoy, La
solution correspondante u(t) a (0.2.5) a un et un seul des comportements suivants :
-(Soliton) : Pour tout t € [0,+c0), u(t) € T+ y. De plus, il existe une constante A €
(0, +o0) et une C' fonction x(t) tel que

léu(t,?ux, ~+x(t)) — émm,y dans H,. ., quandt — +oo; (0.2.8)

t
x(t) ~ 2 quand t — —+oo. (0.2.9)

-(Blow down) : Pour tout t € [0,4), u(t) € T+ y. De plus, il existe deux fonctions de
classe C', A(t) et x(t), telles que
l%(t)u(t,l(t) -+x(t)) = Q dans Hy.., quandt — +oo; (0.2.10)
2 q-3
A(t) ~tadT, x(t) ~tatT) quand t — oo, (0.2.11)
-(Exit) : 1l existe 0 <1y, < +oo tel que u(ty) & Tor y-

1l existe des solutions associées a chaque régime. De plus, le régime (Soliton) et (Exit)
sont stables sous les petites perturbations dans A, y.

3. Voir Théoreme 0.1.7.
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Le comportement de (blow down) ne semble pas apparaitre dans le cas imperturbable
de gKdV critique. Des exemples de solution avec ce type de comportement ont égale-
ment été trouvés par Donninger, Krieger [16] pour les équations d’ondes énergie-critique.
Alors que pour NLS masse-critique, le comportement de (blow down) peut €tre obtenu
comme la transformation pseudo-conforme du régime de log-log *. Cependant, Théoréme
0.2.3 est la premiere fois que ce type de comportement de (blow down) est obtenu dans le
contexte d’une perturbation saturée. De plus, dans Théoreme 0.2.3, nous pouvons démon-
trer (comme le Théoreme 0.1.9) que le régime (blow down) est un seuil de codimension 1
entre deux régimes stable, ce qui est au contraste avec la cas de équations des Schrodinger
non linéaire masse-critique, ou le régime de (blow down) est stable.

Maintenant nous considérons le cas ou Y — 0. Comme nous 1’avons mentionné pré-
cédemment, le terme de défocalisation yu|u|?~! a un effet non linéaire plus faible que
le terme de focalisation . On suppose donc que le régime de seuil (blow down) défini
dans le Théoreme 0.2.3 est une perturbation du régime (Soliton) définie dans le Théoreme
0.1.7.

Plus précisément, nous avons :

Théoreme 0.2.4 (La cas de limite quand y — 0, [45]). Fixons une non-linéarité q > 5, et
choisissons 0 < op < a* < a*(q) comme dans Théoréme 0.2.3. Pour tout uy € Ag,, soit
u(t) la solution correspondante de (0.1.1), et uy(t) la solution correspondante de (0.2.5).
Ensuite nous avons :

1. Siu(t) appartient au régime (Blow up) défini dans le Théoréme 0.1.7, alors il existe
0 < Y(up, 0, 0%, q) K  tel que 0 <y < Y(uo, 0o, &, q), alors uy(t) appartient
au régime (Soliton) défini dans le Théoréme 0.2.3. De plus, il existe des constantes
di =di(ug,q) >0, i = 1,2, tel que

dyTT < <doyi T, 0.2.12)

ou A est la constante définie dans (0.2.8).

2. Si u(t) appartient au régime (Exit) défini dans le Théoréme 0.1.7, alors il existe
0 < y(up, 0, 0%, q) < 0 tel que si 0 <y < y(ug, 0y, 00*,q), alors uy(t) appartient
au régime (Exit) défini dans le Théoreme 0.2.3.

Théoreme 0.2.3 et Théoreme 0.2.4 donnent une description spécifique du comporte-
ment asymptotique de la solution a (0.2.5) avec des données initiales qui conduisent a une
solution explosive pour I’équation non perturbée. Pour autant que nous sachions, c’est
le premier résultat identique de ce type pour les équations dispersives non linéaires. On
peut aussi s’attendre 2 des résultats similaires pour le NLS critique® ou les cas gKdV
légerement surcritiques. Mais ces problemes sont encore completement ouverts.

4. Voir [77, (1.16)] par exemple.
5. Dans [48], Malkin prédit un comportement asymptotique similaire pour la solution au probléme sa-
turé du NLS critique.
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Stratégie de la preuve :

Nous suivons des arguments similaires a ceux de [57]. Nous considérons la solution
de la forme suivante :

1 x—x(t)
u(t,x) = 0 [Op(1)0(r) +€(1)] (W)’

ou

o) = Zaiy

et O, est une solution approximative a I’EDO suivante :

-1y =o.

bAQp.0+ (Q) o~ .o+ D — 900/ Ob.w

On choisit aussi les parameétres A (¢),b(z),x(¢) tel que certaines conditions d’orthogonalité
sont satisfaites.

Les calculs formels montrent que les parametres satisfont au systeme de EDO suivant :

?ﬁ%#+m@z&
A‘S J— S J—
biipot_1=0,

ou cp = ¢o(q) > 0 est une constante universelle et

ro1
S:/Omdf

est le temps redimensionné.

Il est facile de voir que le systeme de EDO a une quantité conservée (la loi de conser-
vation d I’énergie de (0.2.5)) :

b(t) +meo/ (m+2)o(t)

Si Ly > 0, nous avons :

quand t — oo, qui correspond au le régime de (Soliton).

Si Ly = 0, nous avons :

_a=5 2 9-3
b(t) ~—t a1, A(t) ~taT,  x(t) ~tatT,

quand t — oo, qui correspond au le régime de (Blow down).

Si Ly < 0, nous avons :

b(t) = —oo, A(t) — oo,



0.2 Principaux résultats de I’ auteur 19

si t — oo, qui correspond au le régime de (Exit).

Maintenant, nous considérons le plein ansatz. En utilisant un argument similaire a
celui de [57], nous avons :

A
wa’ < llellf +[bl(+ b)), (0.2.13)

et pour tout 0 < 51 < 59 < o0,
2
Ul e Il 52(51) + @%(s1) | B(s52) + 0¥(s2)

S 22s) + 22(51) 22(s2) (0.2.14)

)LZ

51

'(A +mco/(m+2a))>

Nous avons aussi la formule de monotonie sur le terme d’erreur €. Pour tout j = 1,2,
nous avons

F H8||12L11100<b2(b2+a)2)
(,12<j—1>>s HoaG-n ~ 260

ou F est une fonctionnelle bien choisi. En raison de notre choix des conditions d’ortho-
gonalité, F est coercive :
2
~ ||E 1 -
F o lel,

Ensuite, nous pouvons voir la condition de séparation pour ces trois scénarios sui-
vants % :
e (Blow down) : Pour tout 7 € [0, +o0), nous avons

1b(t) +meo/ (m+2) o (t)] < C* <||8(t) I3 +6%()+ a)z(t)). (0.2.15)
o (Exit) : Il existe une #{ < +oo tel que

b(tT)+m00/(m+2)w(tT)S—C*(Hs(t;‘) C+b2(tf)+w2(tf)>. (0.2.16)

I7
Hl

1
o

e (Soliton) : Il existe une ¢] < +oo tel que

b(t}) + meo/ (m+2)o(t7) = C* (||, +525) + (). (©0.2.17)
Ici, C* est une constante universelle grande.

Le comportement exact des parametres peut €tre obtenu par I'intégrant I’EDO ap-
proximative des parametres.

Enfin, il est facile de voir que Théoreme 0.2.4 est une conséquence directe d’une
théorie de H' perturbation modifiée et des conditions de séparation (0.2.15)—(0.2.17).

6. From (0.2.14) et un choix particulier de la constante universelle C*, on peut voir que (0.2.16) et
(0.2.17) ne peuvent pas se produire simultanément.
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Chapter 1

Introduction (English version)

1.1 Overview of the asymptotic dynamics for general-
ized KdV equations

1.1.1 Preliminary

The aim of this thesis is to study the asymptotic dynamics for some nonlinear disper-
sive equations.

By nonlinear dispersive equation we mean an equation which combines a linear equa-
tion with dispersive behavior (the solution decays uniformly in time) and a suitable non-
linearity. Typically, the equation is of the following form:

uy =Lu+N(u,Vu,...),
where N is the nonlinear term and L is an anti-self-adjoint linear operator given by

F(Lu)(§) = ip(6)Fu(§), p(§) €R.

Here F is the Fourier transform and Dé p(&) #0forall & #0.

Typical examples for nonlinear dispersive equations are Korteweg-de Vries equation,
nonlinear Schrodinger equation, Benjamin-Ono equation, KP-II equation and so on.

In many cases, the local wellposedness is known. More precisely, for initial data
which is in a suitable Banach space, we can find a unique strong solution (local in time)
to the equation. Moreover, the map from the initial data to the solution is continuous.

Denote by (7-,T;) the maximal interval of time where the solution is defined. An
interesting problem is to understand the asymptotic behaviors near 7 and 7';. Typical
asymptotic behaviors are the following:

1. Scattering: the solution exists globally (i.e. - = —oo or Ty = +o0), and converges
to a linear solution;

21
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2. Blow-up: the solution breaks down in finite time (i.e. 7_ > —oo or T} < +o0), oOr
the solution exists globally but has some singular behaviors as ¢ — oo;

3. Soliton: the solution exists globally and converges asymptotically to some special
class of solutions (the so called soliton).

In the second and the third case, we also expect to give a specific description of the
asymptotic dynamics of the solution.

So let us consider some special class of nonlinear dispersive equations, i.e. the gener-
alized focusing Korteweg-de Vries equations (gKdV):

{8,u+(uxx+u|u]p_l)x20, (t,x) ER xR, G
u(0,x) = u(x),
with p > 1.
The original Korteweg-de Vries equation,
O+ (up+u?)e =0, (,x) ERxR, (1.1.2)

arises in physics as a model for unidirectional waves motion. The exact formulation of this
equation comes from Korteweg and de Vries [40]. This equation as well as the modified
Korteweg-de Vries equation:

S+ (e +1)y =0, (t,x) eRxR, (1.1.3)

have been studied well for being completely integrable using the method of inverse scat-
tering (see Eckhaus & Schuur [19], Lax [47] and Miura [80]).

The generalized KdV equations as well as the nonlinear Schrodinger equations are
also considered as universal models for Hamiltonian system in infinite dimension. From
Hamiltonian structure, we have the following two conservation laws, i.e. mass and en-

ergy |
M(u(t)) :/Lﬂ(t) _ /ug — M(up), (1.1.4)

Bu() = [0) = — [l

1

1
:5/(axu0)2—m/|uo|p+l — E(u). (1.1.5)

From these two conservation laws, the Sobolev space H! appears as the energy space,
so that it is the natural space to study the solutions to (1.1.1). The general question is to
understand the behavior of the solutions of (1.1.1) with initial data uy € H'.

Local existence in time for solution of (1.1.1) is well studied, Kato [33] and Ginibre,
Tsutsumi [24] for the H® theory (s > %); Kenig, Ponce and Vega [36] for the L? theory in
the case p = 5 and sharp H® theory for p > 5; Strunk [89] for the B _ theory with p > 5;
Bourgain [4] for the periodic cases. 7

In this thesis, we mainly use the following local existence and uniqueness results:

1. The KdV equation (1.1.2) has infinite many conservation laws for being completely integrable.
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Proposition 1.1.1 (Local wellposedness in H ' [36]). Forall uy € H', there exist a max-
imal lifespan T = T (||uo||1) > 0 and a unique solution u(t) € C([0,T),H') of (1.1.1),
satisfying (1.1.4) and (1.1.5) on [0,T). Moreover, we have the following blow-up crite-
rion: either T = +oo or T < +o0 and

lim [|u(t)|| g1 = oo.

t—T

Definition 1.1.2. A blow-up solution to (1.1.1) is a solution u(t) € C([0,T),H"), with
maximal lifespan 0 < 7" < 4o, such that

hmHu( N g1 = +oo. (1.1.6)

t—T

When the maximal lifespan is finite (or infinite respectively), we say the solution u(7)
blows up in finite time (or infinite time respectively).

The Cauchy problem (1.1.1) has a standard scaling rule. For all A > 0,

1 r x
uy (t,x) = —Ap ()ﬁ’?t)’ (1.1.7)

is still a solution of (1.1.1). Moreover the H% norm of the initial data is invariant under

this scaling, where

Gl 2
2 p—1’

e If 6, < 0 (or equivalently p < 5), the Cauchy problem (1.1.1) is called L? subcrit-
ical;

e If 6, =0 (or p =15), the Cauchy problem (1.1.1) is called L? critical;

e If 6. > 0 (or p > 5), the Cauchy problem (1.1.1) is called L? supercritical.

1.1.2 Stability and instability of the solitons

There is a special class of solutions to (1.1.1) called the soliton solutions. They are
given by

u(t,x) :cﬁQp(\/E(x—ct)), (1.1.8)
where

1

p+1

(2cosh2<<p— 1>x/z>>pl'

This Q,, is also called the ground state. From [91], Q,, is related to the best constant of
the Gagliardo-Nirenberg’s inequality:

/|f|P+1<c (/ )p“(/f) . (1.1.10)

Q- Q,+ 2,0, =0, Q,= (1.1.9)
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More precisely, the optimal constant for this inequality is given by

. p+1
Cp=J(Qp)= min J(f)=——0 ,
U gentyo 2(| Q17
where for alleHl,fyéO,
r-t pt3
J(f) = loef 1,2 11,2
i
In the critical case p = 5, we denote by
0=0:s. (1.1.11)

The study of the flow near these solitons is crucial for the understanding of the asymp-
totic behavior of the solutions of (1.1.1). Hence, the stability and asymptotic stability of
the solitons become an important problem.

Definition 1.1.3. We say that for ¢ > 0 the soliton

P Qp(Ve(x—ct))
is stable in H', if V& > 0, o > 0 such that

lup — 71 Qp(Ve )l < oty =
Vi > 0, 3x(t)/[lu(t) — 7T Qp(ve - —x(t)) g < & (1.1.12)

We say that the soliton family

{cﬁ Qp(Velx—xg—ct))|c > 0,x0 € R}

is asymptotically stable in H!, if 30 > 0 such that

o =71 Qp(Ve ) < a0 =
FCooyx(2)/ u(t, +x(t)) —cpr(\/a-) ———0, inH'. (1.1.13)

f—>+oo

We recall some known results for the stability of solitons and asymptotic stability of
the family of solitons:

e In the case p = 2,3,4, it follows from variational argument that the solitons are
stable in H' (see Bona, Souganidis & Strauss [3], Cazenave & Lions [7], Merle &
Vega [78] and Weinstein [93]).

e In the case p = 2,3,4, the family of solitons is asymptotically stable in H' (see
Martel & Merle [51] and Pego & Weinstein [84]).

e In the L? critical case (i.e. p = 5), Martel and Merle [52] proved the H' instability
of the solitons.
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e In the L? supercritical case (i.e. p > 5), Bona, Souganidis and Strauss [3] proved
the H' instability of the solitons using the argument of Grillakis, Shatah and
Strauss [26].

In [60], Martel, Merle and Tsai proved the stability and asymptotic stability of the sum
of N solitons in H'! for subcritical gKdV. More precisely, we have

Theorem 1.1.4 (Asymptotic stability of the sum of N solitons). Let p =2,3,4, 0 < c(l) <
TR c%. There exist Y, Ao, Lo, 0 > 0 such that the following is true: Let ug € H'(R)
and assume that there exist L > Ly, o0 < 0, and x(l) < <K xON, such that

uo—Z(cg)/’%‘Qp< c? ~—x9> )

j=1
N >x)  +L, forall j=2,...,N. (1.1.15)

< o, (1.1.14)
1

Let u(t) be the corresponding solution to (1.1.1). Then there exist xi(t),...,xy(t) such
that:
e Stability of the sum of N decoupled solitons:

) (710, (1 - —0)

o Asymptotic stability of the sum of N solitons. There exist 0 < cf‘x’ << c]‘\,“)o with

Vi >0,

< Ao(og +e ). (1.1.16)
H!

€ =} < Aot 7).

such that
N 1
u(t) = Y (e )71 Qp(y/e) ™ =) S0, (L)
j=1 L2 (x> fsct™1)
Xj(1) = ¢;”, (1.1.18)
ast — oo,

1.1.3 Blow up dynamics for L? critical gKdV

Combining the results of local existence and conservation laws, we have: if p <35,
then every solution with H'! initial data is global in time and bounded in H'; if p =5, it is

easy to see that
w2 \*
E(uw) = E(u(t)) > | (1 (1) ) [0,

Hence, in this case, if ||ug||;2 < ||Q||;2 then the solution for the critical problem is also
global in time and bounded in H'.

While for critical problem (p = 5) with ||ug||;2 > ||Q||;2, blow-up may occur. The
existence of singularity in this case (in either finite time or infinite time) has been a long
standing open problem.
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In an analogous context, if we consider the L? critical focusing nonlinear Schrodinger
equations (NLS) in dimension one,

{i&tu+Au+u|u|4:0a (r.x) ER xR, (1.1.19)

u(0,x) = ug(x) € H'(R),

there are several examples of blow-up solutions to (1.1.19). Indeed, the Cauchy problem
(1.1.19) has the same conservation laws (i.e. (1.1.4) and (1.1.5)) and scaling invariance
(i.e. (1.1.7)) as the L? critical gKdV.

For uy € H' with negative energy and fast decay at infinity (i.e. xug € L?), the corre-
sponding solution will blow up in finite time. Indeed, we have the so-called Virial identity

d
E/xzuz(t,x) dx < CEy,

with C > 0. This identity implies finite time blow up immediately.

On the other hand, for the L? critical NLS, we have the following pseudo-conformal
transform. If u(¢,x) is a solution to (1.1.19), then

is also a solution.

There is a special class of solution, i.e. the periodic solution, given by

u(t,x) = e Q(v/ex),

where ¢ > 0, and Q is the ground state for L? critical nonlinearity given by (1.1.11).
Applying the pseudo-conformal transform to solutions of this type, we obtain a special

class of solution 1

4 s C X2
S(t,x) = c? ’(ﬁm)Q(@),

—=e
t1/2 t

which blows up at # = 0. This solution is also the unique blow-up solution to (1.1.19) with
minimal mass up to the symmetry of the flow, [69].

Besides the minimal mass blow-up solution, there also exist other blow-up solutions
with conformal blow-up rate (see [5]):

1
Hux(t)“LZ ~ T——t ast —T. (1120)

While for solution to (1.1.19) with negative energy and slightly supercritical mass, i.e.
0 <luoll2 =@l < 1,

Merle and Raphaél [71, 72, 73, 74, 86] proved the existence and stability of a blow-up
dynamics with log-log blow-up rate:

\% log|log(T — 1
iy 740l fegllog7—0)

= . 1.1.21
t—T ||VQ||L2 T—1t \/ﬁ ( :
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In the case of L? critical gKdV, there is no pseudo-conformal transform or Virial iden-
tity which can give us explicit example of blow up solutions. The existence of blow-up
solution and description of the blow-up dynamics have been developed by Martel and
Merle for solutions with slightly supercritical mass and negative energy, i.e.

1012 < lluoll 2 < |Qll;2 + &, a* < 1 and E (ug) < 0. (1.1.22)

More precisely, we have:

Theorem 1.1.5 (Existence of blow-up solutions, [70]). For ug € H U with (1.1.22), the
corresponding solution to the critical gKdV will blow up in finite time or infinite time.

In this case, we have no further information on the blow-up time and the the blow-up
dynamics. Indeed, in [57, 59], Martel, Merle and Raphaél prove that blow-up in finite
time and infinite time are both possible. Moreover, the blow-up dynamics may be stable
or unstable.

Theorem 1.1.6 (Blow-up profile and lower bound on blow-up rate, [55]). For initial data
uy € H' with
1212 < lluoll2 < [[Qllz2 + 0, & <1,

if the corresponding solution u(t) blows up in finite time or infinite time, then there exist
A(t), x(t) such that

A2(Ou(t, A(t) - +x(t)) = £Q, weakly in H', ast — T. (1.1.23)
Moreover, if T < +oo, then

1im (T — )"/ ||uy (1) ]| ;2 = +oo. (1.1.24)
t—T

Here, A(f) ~ ||ux(?)||;2 is the blow-up rate of (1.1.23). It is impossible to obtain
strong convergence in H', due to the mass conservation law (1.1.4). But we have strong

convergence in HILC.

Theorem 1.1.7 (Finite time blow-up dynamics, [53]). Suppose the initial data ug € H'
satisfies (1.1.22) and

]
/ ud(x) dx < —» for all xo > 1, (1.1.25)
X>X( XO

for some universal constant @ > 0. Then the corresponding solution u(t) will blow up in
finite time T < +oo. Moreover, we have the following upper bound on the blow-up rate
for a sequence t, — T:

Cl
—1t, ’

e (t0) || 12 < = (1.1.26)

There is a large gap between the lower bound given by Theorem 1.1.6 and the upper
bound given by Theorem 1.1.7. Examples of blow up solutions with different blow up
rates are constructed in [59].
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Theorem 1.1.8 (Global existence for solution with critical mass and decay, [54]). For

initial data with critical mass, i.e. ||ugl|;2 = ||Q|| 2, if we assume that
2 C
up(x)dx < —, for all xo > 1, (1.1.27)
X>X0 XO

then the corresponding solution is global for t > 0, and does not blow up in infinite time.

In [57, 58, 59], Martel, Merle and Raphaél give an extensive study of the asymptotic
dynamics near the ground state Q.

More precisely, consider the following initial data set

A%:{MQEHI

w=0+an, Ly <an [ 0 <1,
y>0
and the following L? tube around the solitary wave family
1 —
u ——lg(ﬂ) <a*}.
A N\ Ao e

Theorem 1.1.9 (Minimal mass blow up solution, [58]). There exists a solution S(t,x) €
C((0,4o0),H") to (1.1.1) with minimal mass ||S(t)||;2 = ||Q|| 2, and

192
l_ Y

Top = {uo EHI‘ inf
Ao>0,x0€R

Then we have:

1S%(t)|| 12 ~ ast — 0. (1.1.28)

Moreover; if an H' blow up solution u(t) has minimal mass ||u(t)||;2 = ||Q||;2, thenu =S
up to the symmetry of the critical gKdV (1.1.1).

Theorem 1.1.10 (Rigidity, [57]). For 0 < ap < o* < 1, and up € Ag,, let u(t) be the
corresponding solution to (1.1.1), and 0 < T < o0 be the maximal lifetime. Then one of
the following scenarios occurs:
(Blow-up): The solution u(t) blows up in finite time 0 < T < o0 with
L(ug) +o(1)

Ju(t) = DA ) 0.
In addition, for allt < T, u(t) € Tyx.
(Soliton): The solution is global, and for all t < T = oo, u(t) € T+ In addition, there
exist a constant Aw > 0 and a C' function x(t) such that

1
A2u(t, deo - 4x(1)) = Q in H. ., ast — +oo,
t
Ao — 1] S 8(0), x(t) ~ 2 ast — oo,
(Exit): For some finite time 0 < t* < T, u(t*) ¢ Tq+. And there exist A, > 0, x, € R, such
that s
120 0(*, A 4x) = S(T°,) [ 2 < 8 (n),
where 8(0gp) — 0 as op — 0, and T* depends only on o*.

Morever, the scenarios (Blow-up) and (Exit) are stable by small perturbation in Ag,.
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Theorem 1.1.11 (Exotic blow-up regimes, [59]). There exist solutions with non generic
blow-up rate:
(i) Blow-up in finite time: for all v > % there exist solution u € C((0,Tp),H") of (1.1.1)
blowing up at t = 0 with
lu(@®)||gp ~t7Y, ast—0". (1.1.29)
(ii) Blow-up in infinite time:
1. There exist solution u € C([0,+o0),H") of (1.1.1) blowing up at 4o with

|u(t)|| g ~ €', ast— +oo. (1.1.30)

2. Forall v >0, there exist solution u € C([0,+o0),H") of (1.1.1) blowing up at +oo
with
lu@)||gr ~1", ast— +oo. (1.1.31)

In [56], Martel, Merle, Nakanishi and Raphaél proved that the initial data in Ag,
which corresponds to the (Soliton) regime is a codimension one threshold submanifold
between (Blow up) and (Exit).

Theorem 1.1.12 (Codimension one threshold manifold). Let
Asy = {eoe ' flel < aa |y <1, (0,0 =0},
y

Then there exist ay >0, By >0, and a C 1 function A:
Aé;o — <_ﬁ07B0)5

such that for all Y € .Aé;o and a € (—Po, Po), the solution of (1.1.1) corresponding to
up = (14 a)Q + 1 satisfies:

-(Soliton) if a = A(p);

-(Blow up) if a > A(Y);

-(Exit) if a < A(p).

In particular, let
_1
Q= {uo € Hl‘Ello,xo, such that ug = A, 2Q(7L()_1(x—x0)) }

then there exists a small neighborhood O of Q in H' N L? (yﬁ_ody) and a codimension one
C! submanifold M of O, such that Q C M and for all uy € O the corresponding solution
of (1.1.1) is in the (Soliton) regime if and only if ug € M.

1.2 Main results by the author

We have reviewed some results of the asymptotic dynamics for the L? critical gKdV. In
this thesis, the author has considered the supercritical gKdV with a slightly supercritical
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nonlinearity and critical gKdV with a saturated perturbation. The author has given an
explicit description of the blow up dynamics and formation of singularity. The results can
be split into three parts:

The first part deals with the slightly supercritical gKdV. Based on the construction of
the exact self-similar profile by Koch [38] and the technique for critical gKdV [57], the
author have proved the existence of a stable blow up dynamics with self-similar rate in
the energy space H', and also have given a specific description of the formation of the
singularity.

The second part is devoted to the construction of blow-up solution to slightly super-
critical gKdV with large initial data. The basic idea is to construct solutions which are
decoupled sums of bubbles. Each of them blows up at the same finite time. This is done
by a standard topological argument. Hence, such solutions are not stable in the energy
space H L

Finally, in the third part, we consider the L? critical gKdV with a saturated perturba-
tion. In this case, the equation still has a family of soliton solutions. The author have
given a specific classification of the asymptotic dynamics near the soliton. There are only
three possibilities: (i) the solution converges asymptotically to a soliton; (ii) the solution
is close to the soliton manifold, but blows down in infinite time; (iii) the solution leaves
any small neighborhood of the soliton manifold.

The results mentioned above are based on the following work by the author:
e Y. Lan, Stable self-similar blow-up dynamics for slightly L*-supercritical general-
ized KdV equations. Comm. Math. Phys. 345 (2016), 223-269.
e Y. Lan, Blow-up solutions for L*-supercritical gKdV equations with exactly k
blow-up points, arXiv:1602.08617, submitted.
e Y. Lan, On asymptotic dynamics for L* critical generalized KdV equations with a
saturated perturbation, arXiv:1609.05146, submitted.

1.2.1 Stable self-similar blow up dynamics for L> supercritical
gKdV

In this part, we consider the slightly L? supercritical gKdV, i.e. (1.1.1) with
5<p<5+49, 0<okl.

The existence of blow up solutions in the supercritical case has been a long standing open
problem.

Let us first consider the focusing L? supercritical NLS equations:

i+ Au+ |ulP~lu=0, (t,x)€0,T) xR,
u(0,x) = up(x) € H'(RY),

with nonlinearity p > 1+ 3.
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From [29, 77, 87, 88], there exist radial solutions which blow up on an asymptotic
blow-up sphere instead of a blow-up point for d > 2, p = 5. From [27, 28, 94], there
exist blow-up solutions with cylindrically symmetry for d > 3, p = 3. And in [75],
Merle, Raphaél and Szeftel construct a stable self-similar blow-up dynamics for slightly
L?-supercritical nonlinearity, with nonradial initial data in low dimensions (i.e. d < 5).

For the slightly supercritical gKdV case, numerical simulation by Dix and McKin-
ney [13] suggests that there are self-similar blow-up solutions to the supercritical gKdV
equations 2 i.e. a solution of the following form:

u(t,x) = lt)Qb(Ax)), A(t) = 3/36(T —1),

AFT( (t

with b > 0. The exact solution of this type has been constructed by Koch in [38] for
slightly supercritical nonlinearities. But such solution is not in the critical Sobolev space
HO%, hence not in the energy space H', which makes it hard to consider the stability of
this self-similar blow-up solution. However, we may choose a suitable approximation of
the exact self-similar profile, which will lead to a similar result as the case of slightly
supercritical Schrodinger equations, i.e. [75].

More precisely, we have:

Theorem 1.2.1 (Existence and stability of a self-similar blow-up dynamics, [46]). There
exists a p* > 5 such that the following holds. For all p € (5, p*), there exists a nonempty
open subset O, in H U such that if uy € O, then the corresponding solution to (1.1.1)
blows up in finite time 0 < T < +-oo, with the following dynamics: there exist geometrical
parameters (A(t),x(t)) € R%. xR and an error term €(t) such that:

Wt 3) = 1 x—x(t)
(t,x) ;L(t)pzl[Qp+8(t)]< 70 > (1.2.1)
with
— A1)
H‘gy(t)HLZ S p_57 X(t) _>X(T)> T —¢ Np—S, (122)

Theorem 1.2.1 is the first construction of blow-up solutions to the supercritical gKdV
equations with initial data in H'. This is a stable blow-up dynamics instead of a single
blow-up solution. So it is different from the self-similar solution constructed by Koch in
[38], though the construction in this paper relies deeply on Koch’s work.

The conclusion here is almost the same as in the Schrodinger case in [75]. But we need
a totally different strategy, due to the distinct structure of these two equations. Indeed, our
strategy here is close to the one in [57] for critical gKdV, due to the slightly supercritical
condition on the nonlinearity.

2. We know from Theorem 1.1.6 that there are no self-similar blow-up solutions for the L>-critical gKdV
equation.
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Strategy of the proof:

We start with the standard modulation argument for solution near the ground state,
which was developed in [53, 55, 70] for L? critical gKdV and [71, 72, 73, 74, 86] for L?
critical NLS. More precisely, we consider solution of the following form:

u(r ) — 1 x—x(t)
(0 Aﬁwwmwﬁfﬁﬂ(l@))

where Q) € H' is a suitable approximation to the exact self-similar profile constructed
by Koch [38], and b(z),A(t),x(t) are geometrical parameters satisfying some suitable
orthogonality conditions for €.

Next, using the orthogonality conditions, we obtain the following modulation estimate
for the geometrical parameters:

|
s:/o —13@) dr,

A X
T+ -1 st el

A A
[bs +2(b—be)be| S 02 +bellell 2

where b, > 0 is a universal constant which depends only on p.

Then, we may use a localization argument of the energy conservation law, the mono-
tonicity formula developed in [55, 57] and the inhomogeneous Strichartz estimates devel-
oped in [23] to get a good control on the error term &€:

2 <bl, et <b2, |ellysn <bE
y>K'b;2170 Y € leoc -7 L2 =Ye s

for some universal constant x € (0, %)

Finally, combining the modulation estimates and the control on the error term €, we
obtain:

0<T < 4o, b(t)~be, Alt)~3b(T 1), x(t)— x(T),

which is the result of Theorem 1.2.1.

1.2.2 Blow-up solutions with multiple blow up points

In this part, we consider blow up solutions with multiple blow up points, where the
motivation is to construct large blow up solutions.

There are several examples for such construction:
e Merle [65] for L? critical NLS with conformal blow up rate;
e Fan [20] and Planchon, Raphaél [85] for L? critical NLS with log-log blow up rate;
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e Merle [68] and Merle, Zaag [79] for nonlinear heat equation with ODE blow up
rate.

These constructions correspond to the weak interaction case, i.e. the interaction be-
tween the bubbles does not change the blow up rate of each bubble. There are also some
examples for solution with strongly interacting bubbles:

e Martel, Raphaél [62] for [? critical NLS:

e Cortazar, Del Pino, Musso [10] for energy critical nonlinear heat equations in
domain;

e Jendrej [30, 31] for focusing energy critical wave equations.

For the slightly L? supercritical gKdV, in [46] the author proves the existence of a sta-
ble blow up dynamics where the singularity concentrates at some finite point (see Section
(1.2.1)). Hence, we have:

Theorem 1.2.2 (Solution with multiple blow up points, [44]). There exist universal con-
stants p* > 5, ¢ > 0 such that for all p € (5,p*), k € NT, if 2 < k < c|log(p —5)|, then
for all k pairwise distinct points x1,X2,...,x; € R, there exists a solution u(t) of (1.1.1),
which blows up in finite time T < +oo. And fort close to T, there exist scaling parameters
Aj(t) € R and an error term i(t,x) with

k 1 X—X;j
u(t,x) =Y — Q,,( ) +i(t,x), (1.2.3)
=LA (1) Aj(t)
J
where forall j=1,... k, andt closeto T,
)L;(t) 1—0. |1~
7, ~P=5 A T la() 2 < 8(p), (1.2.4)

for some small constant &(p) with lim,_,56(p) = 0.

Moreover, the blow-up set of u(t) is exactly {xi,x,...,X;}.

From (1.2.3), we obtain large blow up solutions for (1.1.1) in the sense that
lluol|; (172 ~ [log(p —5)|, for p close enough to 5.

For k > 2, the blow up solution with k bubbles is not stable in H'. Indeed, we require
some special conditions (unstable) on the initial data, which can be obtained by a standard
topological argument. Similar argument is also used in [12, 20, 62, 64, 79] for multiple
bubble blow up solutions, and [11, 41, 49, 60, 61] for multi-soliton solutions.

Strategy of the proof:

From [46], there exists a stable self-similar blow up dynamics such that the singularity
concentrates at some finite point. We can consider solutions which can be written as the
sum of k decoupled self-similar blow up solutions. More precisely, we consider solutions
of the following form:

k
u(t,x) = ;

1
T

JLJ.”% (t)ij(t) ()lj(t)) +ii(t, x),

Aj(t)
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where Q) is the approximate self-similar profile defined in [46], and the parameters
bj(t),A;(t),x;(t) are chosen to adjust some suitable orthogonality conditions for the error
term . The crucial idea here is to construct solution of this form such that each bubble

1 0 (x —x;(t)
2 bi)\ T2 (1)
p-1 J
A7 (1)
behaves like a self-similar blow-up solution constructed in [46]. We know from [46] that
each bubble concentrates at some finite point. We expect these points (so called blow-up
points) are disjoint and the distance between these points is large enough. In this case, the
interaction between different bubbles are very small.

Next, we need to ensure that the blow up time of each bubble is the same. This
requires an additional condition on the initial data, which can be obtained by a standard
topological argument. Hence, the blow-up solutions with multiple bubble are not stable in
H'. More precisely, with some suitable condition on the initial data, we can assume that
forall 1 <i< j<k,andallt €[0,7T),

1 Ai(t)

< < ok,
2k+1 l](t)

Then, we may follow similar argument in [46] to obtain the modulation estimates. For
all j=1,... .k,

dl 1 del

b+ | L =1 < b+ g

dsjlj_{— J dsj)vj ‘N C+|| ]||L12007
% 2WUb:—b bl <b>+b.lle:
d + ( J C) el S b+ C||£j||L2 ’
Sj loc

where C ,
—_— . —_— T] 7 . .
s;= /O e dr, &(t,y) = AT T (0(t, A0y +x,(1)).
Using the condition on k (the number of the blow-up points), we have similar estimates
on the error term. For all j =1,... k,
55
7

7 7

2 2 2 15
Joaos b @R <0 el <BE el <.
c C

Hence, we have for all 1 <i< j <k,
0<T <-+oo, bj(t)~be, Aj(t)~~/3b(T 1),
xj(t) = xj(T),  xi(T) #x;(T).
which proves the existence of blow-up solutions with multiple blow-u points.

Finally, using a second topological argument (see [68, Proposition 5.2]), we can show
that the blow up points can be chosen arbitrarily, which is exactly Theorem 1.2.2.
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1.2.3 Asymptotic dynamics for L? critical gkdV with a saturated
perturbation

In this part, we consider the L? critical gKdV with a saturated perturbation:

u(0,x) = up(x) € H'(R), (1.2.5)

{8tu+(uxx+u5 —yulul =0, (t,x) €[0,T) xR,
withg >5and 0 < y < 1.

The equation has two conservation laws, i.e. the mass and the energy:
M(u(t) = [ (e = Mo

E@(0) =3 [u g [+ 15 [l = Eo

We can see from local theory [36] and the conservation laws that the solution of (1.2.5)
is always global in time and bounded in H'.

This equation has the following pseudo-scaling rule: for all A9 > 0, if u(f,x) is a

solution to (1.2.5), then
1

u, (t,%) = Ag u(Ay°t, Ay '), (1.2.6)
is a solution to
v+ (Vex +v° — QLO_’"}/V|V|‘1*1)X =0, (t,x)€ [0,7L0_3T) x R,
{V(O,x) = g uo(Ag'x) € H'(R),
with
m=——>0. (1.2.7)
The pseudo-scaling rule (1.2.6) leaves the L? norm of the initial data invariant.

There still exists solitary wave solutions given by
u(t,x) = Ag 205 (A5 (x —x0) — A3t — 1))
9 0 AO "y \ M0 0 0 0))s

for all Ap > 0, 7o € R, xo € R with 4,y < 1. Here forall 0 < o < 0* < 1, Q,, is the
unique radial nonnegative solution with exponential decay to the following ODE:

5y~ Gu+ 0%~ 00,|8u! =0,

The aim of this part is to classify the dynamics of (1.2.5) near the ground state, when y
is small enough. The main idea is that the defocusing term yu|u|9~! has weaker nonlinear
effect than the focusing term #°. So, we may expect that (1.2.5) has similar separation
behavior? as (1.1.1), when Y is small.

3. See Theorem 1.1.10.
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More precisell, we fix a small universal constant ®* > 0 (to ensure the existence of
the ground state Q,), and introduce the following L? tube around Qy:
. 1 ~ X—X
7&*7),: {quHl‘ inf MO——IQ)Lm},(—O) <OC*},
20>0,2, " y<w* xpER )LOE 0 Ao 12
e < 1},
0

as well as the initial data set

Aao,'y: {M() EHl

wo =y +en, ol < ao. |

y>
for some universal constants 0 < o < . Then we have:
Theorem 1.2.3 (Dynamics in A, y, [45]). For all g > 5, there exists a constant 0 <
a*(q) < 1, such that if 0 < y < ap < a* < a*(q), then for all uy € Ag,y, the corre-
sponding solution u(t) to (1.2.5) has one and only one of the following behaviors:

~(Soliton): For allt € [0,+o0), u(t) € To+ 5. Moreover, there exist a constant e € (0, +00)
and a C' function x(t) such that

1 ~
Asu(t, Ao - +x(1)) = Qj-my in Hl., ast— +oo; (1.2.8)
t
x(t) ~ 2 @ t — +oo. (1.2.9)

-(Blow down): For all t € [0,+00), u(t) € Tery. Moreover, there exist two C' functions
A(t) and x(t), such that

AZ(Ou(t, A1) -+x(1)) = Q in H.., ast — +oo; (1.2.10)
2 q=3
At) ~tatT, x(t) ~taFT,  ast — +oo, (1.2.11)

-(Exit): There exists a 0 <ty < +oo such that u(ty) & Ta y.

There exist solutions associated to each regime. Moreover, the regime (Soliton) and
(Exit) are stable under small perturbation in Agy, .

The blow down behavior does not seem to appear in the unperturbed case. Examples
of solution with such type of behavior was also found by Donninger, Krieger [16] for
energy critical wave equations. While for mass critical NLS, the blow down behavior can
be obtained as the pseudo-conformal transformation of the log-log regime *. However,
Theorem 1.2.3 is the first time that this type of blow down behavior is obtained in the
context of a saturated perturbation. Furthermore, in Theorem 1.2.3, we can similarly
(as Theorem 1.1.12) prove that the (blow down) regime is a codimension one threshold
between two stable ones, which is in contrast with the mass critical nonlinear Schrédinger
case, where the blow down regime is stable.

Now we consider the case when ¥ — 0. As we mentioned before, the defocusing term
yu|u|?~! has weaker nonlinear effect than the focusing term #°. So the threshold regime
(blow down) defined in Theorem 1.2.3 is expected to be a perturbation of the (Soliton)
regime defined in Theorem 1.1.10.

More precisely, we have:

4. See [77, (1.16)] for example.
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Theorem 1.2.4 (Limiting case as Y — 0, [45]). Let us fix a nonlinearity q > 5, and choose
0<op<a*<a*(q)asinTheorem 1.2.3. For all ug € Ag,, let u(t) be the corresponding
solution of (1.1.1), and uy(t) be the corresponding solution of (1.2.5). Then we have:

1. If u(t) is in the (Blow up) regime defined in Theorem 1.1.10, then there exists
0 < Y(up,00,0*,q) < 0 such that if 0 <y < y(ug, %, ", q), then uy(t) is in
the (Soliton) regime defined in Theorem 1.2.3. Moreover, there exist constants
di =d;i(ug,q) >0, i = 1,2, such that

dyiT < A < dyyiT, (1.2.12)

where A is the constant defined in (1.2.8).

2. If u(t) is in the (Exit) regime defined in Theorem 1.1.10, then there exists 0 <
Y(uo, 0, 00", q) <K 0o such that if 0 <y < y(ug, 0ty, &¢*,q), then uy(t) is in the
(Exit) regime defined in Theorem 1.2.3.

Theorem 1.2.4 together with Theorem 1.2.3 gives a specific description of the asymp-
totic behavior of solution to (1.2.5) with initial data which leads to a blow-up solution for
the unperturbed equation. As far as we know, this is the first identical result of this type
for nonlinear dispersive equations. One may also expect similar results for the critical
NLS?> or the slightly supercritical gKdV cases. But these problems are still completely
open.

Strategy of the proof:

We follow similar arguments as in [57]. We consider solution of the following form:

1 x—x(t)
M(hx)—%[Qb(z),w(z)+€(f)]( 20 ),

where y
o(t) = Am—(t)’

and Q), » is an approximate solution to the following ODE:

bAQp 0+ (00— O+ Dy — ©QDp.0|Op0|? ") =0.

We also choose the parameters A (z),b(t),x(¢) such that some orthogonality conditions are
satisfied.

Formal computations show that the parameters satisfy the following ODE system:

{bs 1212+ cow, = 0,
)’S J— S R
hip=t_1=q,

5. In [48], Malkin predicted a similar asymptotic behavior for the solution to the saturated problem of
critical NLS.
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where ¢y = co(g) > 0 is a universal constant and

t 1 d
= | ——d7
’ /mm
is the rescaled time.

It is easy to see that the ODE system has a conserved quantity (the energy conservation
law of (1.2.5)):
b(t)+mco/(m+2)0(t) 7
22(1) -

If Ly > 0, we have:

2

o 0 () - ()

as t — +oo, which corresponds to the (Soliton) regime.

If Lo = 0, then we have:

_49=3 2 q-3
b(t) ~—t a1, A(t) ~ta T, x(t) ~ 14T,

as t — +oo, which corresponds to the (Blow down) regime.

If Ly < 0, we have:
b(t) — —oo,  A(t) = oo,

as t — oo, which corresponds to the (Exit) regime.

Now we consider the full ansatz. Using similar argument as in [57], we have

A

and for all 0 < 51 < 57 < o0,

‘()L+mco//1(2m+2a)))

A
_s+b’ S lelizy + bl (o-+6), (1.2.13)

52

<||8H12qlloc b2(31)+a)2(s1) bz(sz)—i-wz(SZ)
~ 22(s1) 22(s1) A%(s2)

(1.2.14)

S1

We also have the monotonicity formula on the error term €. For all j = 1,2, we have

F lellf 222+ 0?)
I ‘u ‘ loc < i ,
A26-1 ) A20=1) ~ 220-1)
where F is a well chosen functional. Due to our choice of the orthogonality conditions,

F has the following coercivity:
2
F el

Then, we can see the separation condition for these three scenarios are the following °:

6. From (1.2.14) and a special choice of the universal constant C*, we can see that (1.2.16) and (1.2.17)
cannot happen simultaneously.
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e (Blow down): For all 7 € [0, 4o0), we have
16(¢) +meo/ (m+2) 0 (1) < C* (Hs(t)Hf{llOC T H2(1) + a)z(t)). (1.2.15)
o (Exit): There exists a ] < oo such that
b(1f) +meo/ (m+2) (1) < ~C*(lel) 3 +0() +07()).  (12.16)
e (Soliton): There exists a t{ < 4-oo such that

b(t7) + meo/ (m+2)a(r}) = C*(|le(ei) |2, +b2(1) + @), (1.217)
Here C* is a large universal constant.

The exact behavior of the parameters can be obtained by reintegrating the approximate
ODE of the parameters.

Finally, it is easy to see that Theorem 1.2.4 is a direct consequence of a modified H'
perturbation theory and the separation conditions (1.2.15)—(1.2.17).
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Chapter 2

Stable self-similar blow-up dynamics
for slightly mass supercritical gKdV
equations

2.1 Introduction

2.1.1 Setting of the problem

We consider the following gKdV equations:

p—l =
{9tu+(uxx+ulu\ )x=0, (1,x) €[0,T) xR, 2.1.1)

u(0,%) = up(x) € H' (),
with 1 < p < oo,

From the result of C. E. Kenig, G. Ponce and L. Vega [36] and N. Strunk [89], (2.1.1)
is locally well-posed in H'! and thus for all ug € H', there exists a maximal lifetime
0 < T < +oo and a unique solution u(t,x) € C([0,T),H'(R)) to (2.1.1). Besides, we have
the blow-up criterion: either T = +oo or T < o0 and limy_, 7 ||uy(2)|| ;2 = +oe.

(2.1.1) admits 2 conservation laws, i.e. the mass and energy:
M(u(0)) = [ lu(e,x) Pz = M(u(0))

E(u(t)) = %/|u(t,x)|2dx— ﬁ/|u(t,x)|p+ldx:E(u(0)).

2
For all A > 0, uy (t,x) = A»Tu(A%,Ax) is also a solution which leaves the Sobolev
space H% invariant with the index:

G o (2.1.2)
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We introduce the ground state Q,, which is the unique radial nonnegative function
with exponential decay at infinity to the following equation:

Q- Qp+Q,|Q,[" " =0. (2.1.3)

Qp plays a distinguished role in the analysis. It provides a family of travelling wave
solutions:

u(t,x) = A7 TQ,(A(x— A% —x0)), (A,x0) € R® xR

For p < 5 or equivalently 6. < 0, (2.1.1) is subcritical in L?. The mass and energy
conservation laws imply that the solution is always global and bounded in H'. So a
necessary condition for the occurrence of blow-up is p > 5. For p =5, the blow up
dynamics have been studied in a series of papers of Y. Martel, F. Merle and P. Raphaél in
[50, 52, 53, 54, 55, 57, 58, 59, 70].

2.1.2 On the supercritical problem

Let us first consider the focusing L? supercritical NLS equations:

iOu+Au+ulP~'lu=0, (t,x)€[0,T)xRY,
u(0,x) = up(x) € Hl(Rd),

with nonlinearity p > 1+ 3. From [77, 87, 88], for d > 2, there are radial solutions
which blow up on an asymptotic blow-up sphere instead of a blow-up point. And in [75],
F. Merle, P. Raphaél and J. Szeftel construct a stable self-similar blow-up dynamics for
slightly L?-supercritical nonlinearity, with nonradial initial data in low dimension (i.e.
d <5).

Now let us return to the gKdV equations. In this paper we consider the slightly super-
critical case:
S<p<S5+¢ 0O0<exl.

The explicit description of blow-up dynamics for supercritical gKdV equations is
mostly open. But numerical simulation of D. B. Dix and W. R. McKinney [13] sug-
gests that there are self-similar blow-up solutions to supercritical gKdV equations '. We
can expect a similar result to the slightly supercritical Schrodinger equations, i.e. [75].
More precisely, we expect a blow-up solution of the following form:

u(t,x) ~ ——P(=), () ~ VT =1,
Aryrt A

But here the delicate issue is that the profile P seems not to be provided by the ground
state Q,,. If we explicitly let:

u(tx) = 12Qb(1x ) A = 3T =1), b>0.
Ayt A

1. We know from [55] that there are no self-similar blow-up solutions for the L?-critical gKdV equation.
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Then u solves (2.1.1) if and only if Q(y) solves the following ODE %

bAQy + (Q) — Oy + 03|07~ 1) = 0. (2.1.4)

The exact solutions of (2.1.4) have been exhibited by H. Koch [38], for the slightly
supercritical nonlinearity 5 < p <5+¢€,0 < € < 1. Itis related to an eigenvalue problem,
i.e. forall 5 < p < 5+ ¢, there exists an unique b = b(p) > 0, such that a unique smooth
solution Q to (2.1.4) with zero energy is found. Moreover Q, belongs to H! NLP*!, but
always misses the invariant Sobolev space H% (hence Q), ¢ L?) due to a slowly decaying
tail at the infinity:

1

~Y 1 .
ly[27

Op(y)

This makes our analysis more complicated. Since if we expect some stability results
for a Cauchy problem, we must work in some Cauchy space, i.e. a space in which a
Cauchy theory holds. Here a natural Cauchy space for (2.1.1) is H!, the energy space or
HO the critical space, while Q, is in neither of them. So we cannot use the profile Oy,
directly.

Despite the slowly decaying tail of Qp, we can choose a suitable cut-off of O, as an
approximation, such that it is bounded in L? with exponential decay on the right. We claim
that the approximate self-similar profile generates a stable self-similar blow-up dynamics
for the time dependent problems.

2.1.3 Statement of the result

Theorem 2.1.1 (Existence and stability of a self-similar blow-up dynamics). There exists
a p* > 5 such that for all p € (5, p*), there exist constants 3(p) > 0 and b*(p) > 0 with

lim §(p) =0 (2.1.5)
p—
0<co(p—5)<b*(p) <Co(p—5) (2.1.6)

and a nonempty open subset O, in H U such that the following holds. If uy € O p, then the
corresponding solution to (2.1.1) blows up in finite time 0 < T < +oo, with the following
dynamics : there exist geometrical parameters (A(t),x(t)) € R% x R and an error term
€(t) such that:

1 x—x(t)
u(t,x) = l(t)% [Q,+£(1)] <—/1(t) ) (2.1.7)
with
l&y(®)l2 < 6(p). (2.1.8)

Moreover, we have:

2. See the definition of “A” in Section 1.4.
3. The Cauchy problem (2.1.1) is wellposed in H' and H%, but not in H'.
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1. The blow-up point converges at the blow-up time:
x(t) > x(T)ast — T, (2.1.9)

2. The blow-up speed is self-similar:

At
vre0,7), (1-8(p))v/3b*(p) < sT(_)t < (1+6(p))v/3b*(p).  (2.1.10)
3. The following convergence holds:
2 % .
qu[2,l_26 ), u(t)—u"inllast—T. (2.1.11)

4. The asymptotic profile u* displays the following singular behavior:

1
(1—5@))/92 < o /H(T)|<R|u*|2 < (1+6(p))/Q§. (2.1.12)

. 2 .
for R small enough. In particular, we have for all g > T35,

u* ¢ L1

Remark 2.1.2. Here the meaning of ¢, = 1—2—200 is given by the following Sobolev embed-
ding:
HO% — L1,

That is, the asymptotic profile u* is not in the critical space H%, and the strong conver-
gence (2.1.11) only exists in subcritical Lebesque spaces.

Remark 2.1.3. Tt is easy to see from the L? conservation law that [ |u*|> = [ |ug|?.

Remark 2.1.4. The conclusion here is almost the same to the Schrodinger case in [75]. But
we need a totally differential strategy, due to the different structure of these 2 equations.
Indeed, our strategy here is very close to the one in [57] for critical gKdV. But there are
some significant difference between critical equations and supercritical equations. For
example the singular dynamics for gKdV is located around some point x(¢), which always
goes to infinity in finite time for critical equation*. While in this supercritical case, x(t)
converges to some finite point.

Remark 2.1.5. Theorem 2.1.1 is the first construction of blow-up solutions to the super-
critical gKdV equations with initial data in H'. This is a stable blow-up dynamics instead
of a single blow-up solution. So it is not like the self-similar solution constructed by H.
Koch in [38], though the construction in this paper relies deeply on H. Koch’s work.

Remark 2.1.6. Stable self-similar blow-up dynamics are also obtianed by Donninger [14]
for equivariant wave maps; Donninger [15] for energy supercritical Yang-Mills equations;
Collot-Raphaél-Szeftel [9] for energy supercritical heat equations.

4. This somehow explains why there is no self-similar blow-up solution for critical gKdV with initial
data near soliton.
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2.1.4 Notation

We first introduce the associated scaling generators:
2 /
Af =——f+yf". (2.1.13)
p—1
We denote the L? scalar product by:

(1.9)= [ 1(0)g)dx (2.1.14)
and observe the integration by parts:

(Af,8) = —(f,Ag+20.8). (2.1.15)

Then we let Q,, be the ground state. For p = 5, we simply write Q,, as Q. We introduce
the linearized operators at Q,:

Lf=—f"+f-pQh'f. (2.1.16)
A standard computation leads to:
L(Q;) =0, L(AQ,)=-29,. (2.1.17)
Finally, we denote by §(p) a small positive constant such that:

lim 8(p) = 0. (2.1.18)
p—5

2.1.5 Strategy of the proof

We will give in this subsection a brief insight of the proof of Theorem 2.1.1. We will
first use the self-similar solution constructed by H. Koch in [38], to derive a finite di-
mensional dynamics, which fully describe the blow-up regime. Since we are considering
the slightly supercritical case, it is helpful to view this equation as a perturbation of the
critical equation in some sense. So we can use some critical techniques in our analysis,
though they may have a totally different meaning in the supercritical case.

2.1.5.1 Derivation of the law
We look for a solution to (2.1.1) of the form:

Vo) (x_x(t)), (2.1.19)

u(t,x) =

A()7T

and introduce the rescaled time: 4 |
S

i A
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Then u 1s a solution to (2.1.1) if and only if V}, solves the following equation:

WVp A " -1 X
by—2 — AV, + (V/ =V + V|V IP Y = (2 -1 V. 2.1.20
T b+ (Vy =V +Vu|Vp|P) 1 b ( )

Similar to the Schrodinger case, the self-similar blow-up regime of (2.1.1) corresponds to
the following finite dimensional dynamics:

ds_1 % %:—b, by =0, 2.1.21)

_— = — —_— = 1
dad A A
which, after integrating, leads to finite time blow-up for 5(0) > 0 with:

A(t) = c(up) VT 1.

2.1.5.2 Decomposition of the flow and modulation equations (section 2 and section
3)

From the previous discussing we can see it is significant to find a solution Qj, to (2.1.4),
which is done by H. Koch in [38]. For our analysis, it is better to work with the localized
approximate self-similar profile *:

Op(y) = v(b, p,y) Xo(bey)-

Then we can introduce the geometrical decomposition of the flow:

1 x—x(t)
)= o) ()

where the 3 time dependent parameters are adjusted to ensure suitable orthogonality con-
ditions © for £. The modulation equations of the parameters are:

Ag 3

2 b =00 + el )-

X 5

1= 06 + el 2.1.22)

bs + cpbbe. = O(b? +bellel s )-

Our main task here is to control ||| H which is done by a bootstrap argument ’. If such a

control exists, we will see that (2.1 22) is just a small perturbation of the system (2.1.21),

and has almost the same behavior 5.

5. See detailed discussing in Section 2.2.
6. See (2.2.27).

7. See Proposition 2.2.9.

8. See detailed proof in Section 6.2.
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2.1.5.3 Monotonicity formula (section 4 and section 5)

The key techniques in this paper are the monotonicity of energy and a dispersive con-
trol of HSHHII :
ocC

In supercritical case any critical or subcritical norm of the error term € cannot be
controlled, for example ||€||,2 or even fy>0 €2. This contrasts with the critical case, where
|€||;2 is small. And for the same reason, we can no longer use the L' control of € as
Martel, Merle and Raphaél do in the critical case in [57].

Fortunately, we can still control ||&,||;2. Moreover, the monotonicity of the energy
gives an even better control of the L? norm of €, on the half-line [kB, +oo). Together with
Gagliardo-Nirenberg inequality, we can give a good control of the localized L? norm of &
on the right.

Next, we construct a nonlinear functional:
2 1
7~/ {85‘/’”2‘: —lerolt =g = (p+ ey .

for well chosen functions (y, {), which are exponentially decaying to the left and bounded
on the right. A similar functional was introduced in [57] for the critical equations, but they
have a totally different meaning. Here the key point in this case is that we cannot control
fy>0 €. We need to find a different way to control £ on the right. However, if we choose
¢ such that it is compactly supported on the right, i.e. supp { C (—o0,2B?], for some
large constant B, then for y > 0, only localized L? norm of & appears in F, which can be
controlled by using the monotonicity of energy introduced before.

Moreover, from the choice of the orthogonality conditions, the leading order term of
F 1s coercive:
F~el? .
lelZ,

The most significant technique here is the Lyapounov monotonicity:

dF 1, ., 1
2 <p2. 2.1.2
ds +B”£“Hﬁm S be (2.1.23)

This formula shows that ||&|| u_ (or equivalently F) is almost decreasing with respect to
oC

5 € [0,40). So it is controlled by a small constant (say, b2 73V) if we choose a good initial
data.

2.1.5.4 End of the proof of Theorem 2.1.1

We will see that the monotonicity formula (2.1.23) and modulation equations have
already led to the bootstrap bound on b and |||| u1 - S0 we only need to prove the bound
of ||€|[zro. This is done by working on the original variable with the help of a refined
Strichartz estimate °>. Then we finish the bootstrap argument and the remaining part of
Theorem 2.1.1 is followed by a standard procedure.

9. See Corollary 2.6.2.
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2.2 Description of the blow-up set of initial data

This section is devoted to give a specific description of the open subset O, of the
initial data, which leads to the self-similar blow-up dynamics in Theorem 1.1. The most
important part here is to construct a suitable approximate self-similar profile.

2.2.1 Construction of the approximate self-similar profile

This part follows H. Koch’s work [38]. To avoid misunderstanding, we use a different
notation.

Let us consider a solution u(z,x) of the form:

1 X
u(t,x) = —V - .
(t ) (3(T —t)) 3(p-1) ((3(7‘ _ t)) 3)

Then by a standard computation, u(z,x) is a solution if and only if V (x) satisfies:
AV +V" - (vv|IPTly =o. (2.2.1)

For any constant » > 0, we introduce a change of variable:

2
x=bi(y+b71), v(y) =TIV (y+b7")).
Then (2.2.1) is equivalent to (2.1.4), i.e.
bAv+ (V' — v+ =0. (2.2.2)

The exact solution of (2.2.2) has been studied by H. Koch in [38]. Actually H. Koch gives
a even larger range of solutions.

Proposition 2.2.1 (H. Koch [38]). There exist p* > 5,b* > 0, such that there exist 2
smooth maps: y(b,p) : [0,b%) x [5,p*) = R, v(b,p,y) : [0,b*) x [5,p*) x R = R, such
that the following holds:

1. The self-similar equation:

b((1+y(b,p))v+x) + (" —v+vpP~1y =0, (2.2.3)
(v(b,p,-), Qp(-)) =0, v(b,p,y) > 0. (22.4)
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2. Forall p € [5,p*), there exists a unique b = b(p) € [0,b*) such that:

2
y(b(p),p)=—1+ FEST b(5) =0, (2.2.5)
Moreover,
2
db(p) _ ||Q||§2 >0, 22.6)
dp |,—s Q7
dy ||QpHL1
= = +0(lp—3|) <0, (2.2.7)
9b |,y (p) SHQP“
1
E/IVy(b(p),p, y——/\v ), p:y)|Pdy =0. (2.2.8)

3. v(b,p,") e H' NLPT v(b,p,-) ¢ L? if b > 0 and v(0, p,y) = Q,(y). Moreover, let

wp(b,y) =v(b,p,y) = 2p(y),
then for all k,n € N there holds:

e 3w (1467231 —by)) 17 ify>b1,

wp(b,y)| S S bexp(F[(1-by)¥2 1)) ifb~' >y>0, (2.2.9)
b(1—by)~'77 ify <0,
e (1457231 — by|) 17k ify>b",
(059 v] < 4 [0kay (Hiy(b=2/3(1 — by)) /Hiy(6=2/3)) | if b~ >y >0, (2.2.10)
| yk l}:(bu_b}’)*l*y)!—key if y <0,
where . L[ o 1oy
Hiy(x) = E/o cle 3 do.

Remark 2.2.2. (1) and (2) in Proposition 2.1 correspond to Theorem 3 in [38]. (2.2.9)
corresponds to Proposition 12 in [38]. (2.2.10) corresponds to Proposition 15 in [38] '°.

Remark 2.2.3. In [38], H. Koch gives the following asymptotic behavior of Hiy:
7

1
Hiy(x) = (ﬁ|x|_‘1‘Jrg —F0(|x|_4+g))e§x3/27 as x — —+oo.

together with the fact that 8xHiy = Hiy 1, we have for b1 > y>0:
|0k} (Hiy (b3 (1 — by)) /Hiy(b~/?))]

Senexp (55101 -0) Y= 1]) <,
Hence (2.2.10) reads:
e (140231 —by|) 17 F ify> b,
|05 9p] Sk § /10 i1 >y>0, 22.11)
059 (b(1—by) 1Y) |+ ify <0,

10. Let’s mention that there is a slight problem in the original statement of this estimate in [38] (i.e.
Proposition 15 in [38]). And (2.2.10) is the correct version.
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Now we fix some p € (5, p*), and denote
b.=b(p)~p—5, b=b—b,. (2.2.12)
From now on, we will focus on the case |b| < b..

The exact self-similar solution v is not in L?, which is not good for our analysis. We
need to construct a suitable approximation of v. Fortunately, we observe that though v has
a slowly decaying tail at infinity, it is with a small coefficient:

—1/3bc
e
S asy =+,

V(y) ~ b;]’
MTY asy — —oo,

So it is reasonable to consider a suitable cut-off of v. Choose a smooth cut-off function
X0(y), such that xo(y) = 0if |y| > 2, xo(y) = 1 if |y| < 1. Then we define the approximate
self-similar profile Q(y) as:

Op(y) =v(b,p,y)x(y), (2.2.13)

where X (v) = xo(bcy). We have the following properties of the approximate self-similar
profile:

Lemma 2.2.4 (Properties of the localized profile). Assume that b, is small and |b| < b,
then there holds:

1. Estimates on Qp, for allk € N, g € [1,4o0]:

1050,(y)| Sk e, fory >0, (2.2.14)

|akab(Y)’ Ske +bé+k1[72b;17o] (y), fory<Do, (2.2.15)
1-1

106 —Qplle Sbe 5 (O — Qp)yllz S be- (2.2.16)

Here 1} is the characteristic function of any interval 1.

2. Qyp is an approximate solution to (2.1.4): Let

— @y, = bAQy+(Q) — Qb+ 0s| Q") (2.2.17)
then for k =0, 1:

~ ~ _ 1
%Ifq)b = Cpbbcg)lbe + 0(‘b‘2a§Qb "‘bgl[—Z,—l](bcy) +e 10k 1[1,2] (bd’)),
(2.2.18)
where C,, = Z—Z|b:b. < 0.

3. Energy property of Qp: }
|E(Qp)| S 02 +1B]. (2.2.19)

4. Properties of the first order term with respect to b: let P,(y) = %(y), then

B0 S € 110y (7) + 1y g (0): (22.20)

Furthermore, we have:

1 2
(Pb,Qp)=1—6(/Qp) +0(lp—15]) > 0. (2.2.21)
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Remark 2.2.5. The construction of @y, is based on H. Koch’s work, which seems to be

much more complicated than the one Martel, Merle and Raphaél constructed in [57]. If

we construct the self-similar profile in that way, all the above estimates will also hold,

except the energy property (3). Indeed, for such profile (denoted by @;,), we can only get
(Qb) <b , which is not enough for our analysis '!.

Proof. (1)1s adirect consequence of the asymptotic behavior of v, i.e. (2.2.9) and (2.2.11).
For (2), a standard computation shows that:

~ ~ 2 ~
— O, =—Cpb(be+b)0p —b(y+1— Iﬁ —Cpb)0p+ (byvx’%—vx"’

! a0 .,

+3" 3 — v+ pVP T (P = )+ e 2" VP).
Then (2) follows immediately from (2.2.9), (2.2.11) and the choice of ¥.
For (3), we note that E(v(b., p,-)) = 0, and again from (2.2.9) we obtain:

E(Qp) = E(v(be, p,-))| < |B] + 5.

Finally we prove (4). First, (2.2.20) follows immediately from (2.2.11). For (2.2.21),

we let P(y) = % ‘ po (). From (2.2.11) and continuity,

192y,
)~ PO) = b [ $300p3) 00— PO (1 - 20)
5 bc|y|1[_2bc— 7()]( >+bcl[—2bc‘l,2bc_l](y> +1{|y|>1/bc}(y>7

which yields:
|(Py, Qp) — (P, Qp)| S be = O(|p—5]).

So we only need to show that:

1 2
(P,Qp)=ﬁ</Qp) +0(]p—3|) > 0. (2.2.22)

We consider the Taylor’s expansion of v with respect to b for b — 0" (here we ignore the
assumption |b| << b.). And then keep track of the first order term of b in (2.2.3). Observe
that y(0, p) = = — 1+ O(|p —5|), so we obtain:

(LP) =AQ,+0(p—5))Q,

Taking scalar product with 7 AQ, yields

2
3([80,) +0lp—s0) = ~(trAQ,) - ~(2L(AG,) - 2(.0,)

[a0,= (2-1) fo=(~5+0tr-30) [ @

then (2.2.22) follows, which concludes the proof of the Lemma. [
11. See Remark 2.4.3 for details.

Since
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2.2.2 Description of the blow-up set of initial data

Definition 2.2.6. Fix a small universal constant v > 0 (which will be chosen later). For
p € (5,p*(v)) with p*(v) close enough to 5, we let O, be the set of initial data up € H'
of the form:

1 X — X
10(n) = —5- (@ o) (52
A«Op71 )LO
with parameter (Ag,x0,b0) € R} x R x R, such that:
1. bgis near b.(=b(p) ~ 0. ~p—5>0):
7
|bo — be| < b (2.2.23)
2. Smallness of & in H':
/ &+ (€); < b’ (2.2.24)
3. Condition on the scaling parameter:
0<A <1 (2.2.25)

Remark 2.2.7. It is easy to verify that O, is nonempty. We may choose suitable b, xo, Ao,
and set & = 0.

2.2.3 Setting the bootstrap

Let ug € O, and u(t) be the corresponding solution to (2.1.1) with maximal time
interval [0,7), 0 < T < +oo. By using the regularity u € C([0,T),H") and a standard
modulation theory '>(up to some small perturbations), we can find a 0 < T* < T, such
that for all # € [0,7*), u(z,x) admits a unique decomposition:

1
2
A(e)rt

u(t,x) =

(Qpr) +£(1)) (x ;(’;gt)) (2.2.26)

with geometrical parameters (A(t),x(t),b(t)) € R% x R x R* , which are all C' functions
and the following orthogonality condition holds:

(e(1),Qp) = (e(t),AQ,) = (&(1),yAQ,) = 0. (2.2.27)
Moreover, we may assume that:
6(0)| = |b(0) — b.| < b?, (2.2.28)
/ £2(0)+£7(0) < b°, (2.2.29)
0<A((0)<2. (2.2.30)

12. See Lemma 1 in [53] and Lemma 2.5 in [57].
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Now we state the bootstrap argument. Denote

1
B=b." (2.2.31)
and then choose a smooth function ¢ such that:

e’ fory < —1,
o(y)=<1+y for —k<y<K,
3 fory > 1,
¢'(y) >0forally € R,

(2.2.32)

where 0 < k < 1 is a small universal constant to be chosen later '°. We let @p(y) = (%),
and define the localized Sobolev norm of €:

N(t) = B( / 2(t,)@p(y)dy + / & (t,) wé(y)dy) . (2.2.33)
By continuity, we may assume that on [0,7*), the following a priori bound holds:
- 3
b(r)] <bd", (2.2.34)
N (1) < b+, (2.2.35)
23
le() ][0 < b, (2.2.36)
2
l&yllz2 < be. (2.2.37)
Here we choose s
Po = 5

Remark 2.2.8. From bootstrap assumption (2.2.36), (2.2.37) and Gagliardo-Nirenberg in-
equality, we have for all gg > po,

po((qo+2§ Z(zofpog 14999 —62
2 2 270
ellzoo Sl llEyll5™ " <be ™ .

In particular, for gg = p (note that p is slightly larger than 5) and gy = <o, we have:
3 149
[relr <oz, el <2, (2238)

Moreover, for all ¢ € [0, T*):

yl

/ e2()e 3 SN() +e B2 |e| 2 < B0+ N (1), (2.2.39)

Our main claim is that the above regime is trapped:

13. See in Appendix A.
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Proposition 2.2.9. There holds for allt € [0,T*),

3
§+2V
C I

[b(1)] < b (2.2.40)
N(t) < b}, (2.2.41)
[&(#)[|zro < b, (2.2.42)

&2 < bi | (2.2.43)

and hence we may take T* =T.

The next 3 sections are devoted to derive the dynamical controls of the geometrical
parameters and monotonicity tools, which are the heart of the proof of the bootstrap bound
in Proposition 2.2.9. Then Theorem 2.1.1 is just a simple consequence of Proposition
2.2.9, which will be shown in Section 6.

2.3 Modulation equations

In the framework of the geometrical decomposition (2.2.26), we introduce a new vari-
able: - 0
x—x(t
= dr’ = . 2.3.1

A
Now we use (s,y) instead of the original variables (¢,x), and denote s* = s(7*). Then we
can claim the following properties:

Proposition 2.3.1. The map s € [0,5*) — (A(s),x(s),b(s)) is C' and the following holds:
1. Equation of €: for all s € [0,s),

& — (Le)y+bAe = (ﬁ +b> (AQp + A€) + ()ﬁ — 1) (Op+¢)y

A A (2.3.2)
+ @, —bsP, — (Ry(€))y — (RNL(E))y,
where
D), = —bAQy — (0 — O+ Q7)) (2.3.3)
Ry(e) = p(Q) ' — Qb Me, (2.3.4)
Ri(€) = (e+Qp)|e+Qp" ' — peQ) " — 0F. (2.3.5)
2. Modulation equation:

)Ls % 1
7_{_[96 <bZ+N2, (2.3.6)

Xs 3 1
u 1‘ <bl N, (23.7)
|bs+ cpbbe| < b2 +bN?, (2.3.8)

where c,, is a positive constant with ¢, =2+ O(|p —5|).
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Proof. The proof of (2.3.2) follows from a direct computation and the equation of u(t).
Now we prove (2.3.6)—(2.3.8). Let us differentiate the orthogonality condition (¢,AQ,,) =
(e,yAQp) =0 and use (2.2.38) to obtain:

‘ (% —l—b) (AQp,AQ))

+ ’ (% - 1) (0}, yAQp)

<|(5+5) 100 +| (5 -1) @A) |+ bl 1o

1

b f @ E e o [ ¥) L)) + Lo,

1
5 b\ 2
+b§+ybs\+</eze%) .

<|(5+0)(aenney)

+ ‘ (%— 1)(Q;,,AQ,,>

From (2.2.9), we have for all y € R:
105(¥) = Qo) S bes
which implies:
|(AQp AQp) — (AQp, AQy)| < [0 = Qplli=[A"AQy |1 = O(be).
hence (AQp,AQ,) = ||AQp||i2 + O(b.). Similarly, we have
(0, yAQp) = [IAQpl 72 +0(be),  (AQy,YAQ,) = O(be), (Q},AQ,) = O(b).
Combining these estimates with (2.2.39) we have:

As
7+b‘+

Xs

A

5
—1’ < b2 +|by| + N2 (2.3.9)

Now we differentiate the orthogonality condition (€, Q,) = 0. A similar computation
shows:

|<Pb7 Qp)bs - (CI)b, Ql’)|

AS Xg 2 _bl p _hl %

§0(b0)< 7+b‘+ I—ID‘F/(E e 2 +|e| )‘|‘bc(/8 e 2) (2.3.10)
3 1 A X

_ 2 3 ) s

—O(bc)<bc+/\/z+ ;L+b’+ > 1')

Observe from (2.2.18) and (2.2.21):
(AQb7 Qp) = O(bc‘)v (Q;97 Qp) = O(bc)a
1
(Py, Qp) = EHQpHil +0(lp—5|) >0,

~ ~ _ 1 5 ~
(®p, Qp) = Cpbcb(Qp, Qp) + O(|B* +e %) = =, || Q|12 1bcb + O(B7),
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with &, = § +O(|p—5|) > 0. First, from (2.3.10) we have:

As
—+b'+

5
Ibs] S b2 +0(bo) (N5+ :

Xs
X—ID. (2.3.11)

Injecting (2.3.11) into (2.3.9), we obtain (2.3.6) and (2.3.7). Moreover (2.3.10) implies:

A

b+ cpbeb| = O(be) (bg TN+ z

A
—S+b‘+

L 1‘) (2.3.12)

where ¢, =24 O(|p—5|). Then (2.3.8) follows from (2.3.6), (2.3.7) and (2.3.12), which
concludes the proof of the proposition. [

2.4 Monotonicity of the energy

This section is devoted to derive a control of the L?> norm of €, by the energy con-
servation law and monotonicity. We will first give a control of ||&,||;» on the whole line,
which proves the bootstrap bound (2.2.43). But furthermore, we will show that on the half
line [KB,+e), there is a much better bound for the L? norm of €y, which comes from the
monotonicity of the localized energy 4. Then by Gagliardo-Nirenberg inequality we can
get a good control for the localized L? norm of €.

Lemma 2.4.1. For all s € [0,s%), the following estimates hold:
3
/ eX(s) S b, (2.4.1)
55
/ £ (s) Sbl (2.4.2)
y>KkB
Remark 2.4.2. (2.4.1) is the desired bootstrap bound (2.2.43).

Proof of Lemma 4.1. The first estimate (2.4.1) is a consequence of the energy conserva-
tion law. We write down the energy equality explicitly:

2521 E (1) = 2E(0) + [ (0 - Qy),

‘l‘/g)%—/g(gp)yy—l%/((Qb+£)p+1_QZ+l).

(2.4.3)
From (2.2.35) and (2.3.6), we know for all s € [0,s*)
As
—(1+v)b6§7§—(1—v)bc<0. (2.4.4)

14. See (2.4.14).
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Therefore A(s) is decreasing on [0,s*), then we have:

[ & S 26PN NE o) + B+ b2+ /(@ — Q)

w([fee®) + fter+opie

3
SHET 0P IE@) + [l + [ oflel
y>KkB

+/ QileH/ Q) €]
y|<kB y<—kB

3 b\ 2
sbs”+z<o>2“Gv>\E<uo>r+b3+€B(/ 82”)
y

>kB

1 1 1
3 0 WA
() = (frem) () ey
ly|<xB y<—kB
3
Sb2 T+ 201 E (o).
Here we use the fact that |Q,(y)| < b, if y < —kB, and Q), decays exponentially on the

right.

So it remains to estimate A (0)20=%)|E (ug)|. We let s = 0 in (2.4.3), from the assump-
tion of the initial data, we have:

~ 3
2(0)21 %) |E (up)| S 1E(Qpio))| + [1€(0) |1 S b2 +1B(0)] S b2,

then (2.4.1) follows.
Remark 2.4.3. Here, the global L norm of &, is estimated in terms of E(Qp). If we
choose the profile constructed in [57] instead of the one constructed in [38], we will only

1
get ||&||;2 < bé. This leads to a bad control of the L norm of €, i.e. ||e]|;~ < b%, where

a< % This is not enough for our analysis .

Now we prove (2.4.2). We use a bootstrap argument on [0,7*). We assume that for
allt € [0,T%), we have:

15
/ £5(1) <bZ. (2.4.5)
y>kB
Since this estimate is satisfied for # = 0, we only need to improve this estimate to:
55
/ (1) Sb!  forVe €[0,T%). (2.4.6)
y>kB
To do this we first choose a smooth function 8 such that:
1
0(y) =e Pl for|y| >1, 6(y)> - for|y| <1. (2.4.7)
e

We then define |
o) = [ 806\,

15. See details in (2.6.14).
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where K = [7°0(y)dy'.

Lett € [0,T*) be any fixed time. For all 7 € [0,¢], we denote:

oo 1 (x—x(7) . _Y—KB
0= 5 ) =T

Observe that () < < b2, if y < kB/2, so we have:

A(r)zﬂ—f’c)E(t)

=5 [ (@) +e) 06y~ [ 10+ 10()dy
_ 2 +1 T‘f 2 +1
2 [Lp80- [y (e rionr [ (1@ +10)
L

_/ |8|p+1_ — / |8|p+1
y>XE y<Xf

2

(2.4.8)

Next from (2.2.35), (2.2.36), (2.4.5) and localized Gagliardo-Nirenberg inequality, we
know that (recall pg = %):

LS2 p-Hi_gO 173p—156 55
pot PO+ 3p—15 55
[ erts(flem)™ ([ Le) " e <l as
y>kB y>KkB
ﬁ ) P()1+2 9703
lelemgonm S ( [lem)™ ([ &)™ <67 <bi.
y>KkB

ﬁw\w

(2.4.10)
On the other hand, by Sobolev embedding we can show:
1 3
&l =(y|<xB) SNZ < DE, (2.4.11)
hence
elPtt < |le||P- (/ 82) <b. 2.4.12
Jaoy o < el (], 2) <22 2412
Injecting (2.4.9) and (2.4.12) into (2.4.8) yields:
55 ~
/ €2 <bd + A1) TE(®r). (2.4.13)
y>kB

Therefore, it remains to estimate E (t). We first use Kato’s Localization identity for energy



2.4 Monotonicity of the energy 59

to compute:

d ~ 1 _
EE(T) :_E/(uxx+u’u‘p 1)2gx_/u)2cxgx
_ 1
+p/u’u‘p Zuzgx‘}'i/ugzchxx

_J%y()r)/e’”x(fﬂz—]ﬁl u(2)7*1) 6 (%(1)) dx
(1) 1 1 N (x=x(T)\ , /.
_@A(r)ﬂi’”’c(f)' o (ﬂ\”)( 20 )G(x(r))dx

=I+ I+ 1141V,

where g(x,7) = O(%(1)).
We claim that for some universal constant C > 0, there holds:

d ~ Chb,
EE(T) < A(7)3+20-0) (2414

First I < 0, since g is nondecreasing in x. We then deal with /11 and IV. From (2.3.6)
and (2.3.7) we have:
e

Xt ~

For 111, we use (2.4.10), (2.4.11) and the fact that |6(y)| < e’KT\/E, if y < xB/2 to
estimate:

= ‘ﬁ JiroGe) + gy [+ el o)
< - 4\/—/13 /|”x 7)|%6 %(1))

p+1 . —kyB p+1
Y TCHEI= (n Iy [y S0t [ et

>K‘/

K\f
+ p+1 / p+1)
S (e e [ ol

i Ch)
~ i 1 OP @) + e

(2.4.15)

For 1V, similarly there holds:

IVg\/_)L3 /\x ’_)

C 2 9 ~ Cb?
T)3+2(16L.)/|Y|3y(7) ()’)‘*‘m-

Ch)

l(r)”z(l*"c)

6(%(7)) +




60 Chapter 2

We then divide the integral f|y|8y2(r)9()7) into 2 parts: [, g pand [j; . p<p-

For the first part, we have |y0(7)| < e 5" on this region, hence:

[ bieg@em) <e
|y—xB|>B

For another part, we have |yb.| < 1 on this region, hence:

xvB
= eyz(r) < Ch).

L : y ! 1 20 (=
VBA(1)3+2(1-00) /HBKB yley (7)6(9) < 00V (7) / 5 lux(7) 6 (%(7)).

Collecting the above estimates, we obtain:

Ch?

1 ~
< m/mx(rnz@(x(rmm. (2.4.16)

Finally, we estimate /1:
C —1 20/
1< e smiay | @+ Qal" 6 () + (@) o0
C 2 (=
—|——/ u,(7)|°0" (%(t
ST | DL ()

=1 +1I,.

For the first term 1y, we divide the integral into 2 parts [,/ and [, 5/, as before, to
obtain:

C - _ _ _
< ey [ 0O (el 16 el G 0 (e 104))

C Kf
< e Vel [ g8 e ¥ [, (@)
p=1y % p—1 d
+ [ NPl / (ler1 +¢2) y)

C 9
\/_l( )3+2 (1—0¢) (H ||L°° y> K'B y +b )
Then from (2.4.10), (2.4.11) and the fact that:

2 2
e (T S/ (7T +/ € < by,
/y>K'B/2 y( ) KB>y>KkB/2 y( ) y>kB Y ¢

[\
—~~
Q
N—
A
S
w

we obtain: N
2 == 3 _ 9
el sy [y, 60 S 00T x2S B

hence
Cbh)

Ih = A(r)32(-0)

(2.4.17)
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For the second term /15, from the definition of 6, we have |6”| < 6, hence:

1
11 <—/ ()20 (%(1)). 2.4.18
) < 100v/BA3(7) |ux(7)]76 (%(7)) ( )

Collecting (2.4.15), (2.4.16), (2.4.17) and (2.4.18), we obtain (2.4.14).

Observe that for f > 3 there holds:

L ) 2
/0 P ‘2/0 WA ey =Tt (2.4.19)

Integrating (2.4.14) from O to ¢ yields:
A ()2 07%E (1) < A(1)> 179 E(0) +b% < 2(0)21 =) E(0) 4 b}
< [180)+ (@), POG) + 5

< [ 1@ POy + gy (0) [ + b
S

(2.4.20)

where we use the assumption on the initial data, i.e. (2.2.29). Then (2.4.6) follows from
(2.4.13) and (2.4.20), which completes the proof of Lemma 4.1. [

Remark 2.4.4. From (2.4.2) and Localized Gagliardo-Nirenberg inequality, we have the
following L™ estimate of &:

Po ﬁ 2 ﬁ % 2
€l =By S /181 /y>,<38y < b <12, (2.4.21)

which is important in the derivation of the second monotonicity formula in the next sec-
tion.

2.5 The second monotonicity formula

This section is devoted to derive a second monotonicity tool for €, which is the key
technique to our analysis. It is a Lyapunov functional based on a suitable localized Hamil-
tonian which is somehow similar to that of [57]. But here, due to the super-criticality, we
cannot estimate the L? norm of & even on the half-line (1/b.,+o0). We need to cut it off
while this will generate some new terms to be controlled. But these new terms will be
controlled by using the monotonicity of the energy introduced in the previous section.

Pointwise monotonicity: Recall from (2.32), the definition of ¢. We let y, 1 be another
2 smooth functions such that:

e’ fory< —1,
y(y) = Y y' >0, (2.5.1)
1 fory> —«x,

I fory<l, p
= <0. 252
nw) {o fory>2, TS (252)
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Here, we observe that y(—k) = @(—k) + k, and y(y) = ¢(y) for all y < —1, so we may
assume in addition:

o(y) S w(y) < (1+3x)9(y), forally < —k. (2.5.3)

Remark 2.5.1. It is easy to check that for every % > Kk > 0, such y and ¢ exist.

1
Now, recall B = b, *°. We let

va0) = W(5), ms0) =n(5), () = gams.

and then define the following Lyapunov functional for €:

2
}':/{8 I//B+82<:B——(|8—|—Q Pl (p+ D@Dyl (254

Our main goal here is the following monotonicity formula of F:

Proposition 2.5.2 (The second monotonicity formula). There exists a universal constant
W > 0 such that for all s € [0,s*), the following holds:

1. Lyapunov control:
7
ds]—"Jru/ & +€%)p S b2 (2.5.5)

2. Coercivity of F:
7 7
N -2 <FSN+DE. (2.5.6)

Remark 2.5.3. The proof of Proposition 2.5.2 is almost parallel to that of Proposition 3.1
in [57]. But since we have a control of the global L? norm of € (consequently the L* norm
of €) , some part of the proof will be easier.

Proof of Proposition 2.5.2. We will prove (2.5.5) and (2.5.6) in several steps:

Step 1 Algebraic computation of F A direct computation shows:

d
2T =2 [ vale)se, +e{ eta - vil(e+ Qe+ sl - 0f]}

2 / Ws(Qu)s [(e+0p)|e+ 0yl — 07 — pe@? ']
:fl +f2 +f37

where

fi= 2/ (ss— &Ae) { — (wBg)y + €88 — W [(e+ Q) e+ 0p” ' — O] }

QL/AS (WBE)y +€CB—‘VB[(8+Qb)|8+Qb|p I_Qp]}

fi= _2/‘//3 Op)s[(e+0p)|e+QplP " — 0F — pe0l '],
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We claim that the following estimates hold for some universal constant py > 0:

1
f1< —uo/(8y2+ez)(pg+Cb§, (2.5.7)
7
fi< % (€2+€2)@h+CbZ, fork=2,3. (2.5.8)

It is obvious that (2.5.5) follows from (2.5.7) and (2.5.8).

In step 2 - step 5, we will prove (2.5.7) and (2.5.8). Observe that the definition of ¢,
v and (g imply:

for Vy € (—oo, k], [@"[+[@"[ ]|+ ¥+ V[ +]y] S @' S o, (2.5.9)
3np fory> B,

(p=10 for B < y < B?, (2.5.10)
¢y  fory<B.

We will use these properties several times during the proof.

Step 2 Control of f;. We give the proof of (2.5.7) by using the equation (2.3.2) in the
following form:

A

&= FAe=(—gy+e—(e+Q)le+ Q| +0f),
)'S S
+ (7 —i—b)AQb—i- (% — 1) (Qp +€)y—bsPy+Bp, (2.5.11)
where 30
®y = ~bAQ, — (0}~ 0+ Q). Py="5".

Injecting (2.5.11) into the definition of f yields:

fi=fin+fiz+fiztfiatfis

with
fia :2/(_£yy+8_(8+Qb)’£+Qb|p1+Qll:)y{ — (wBg)y
+els—Wp[(e+0p)le+ Q|7 —QZ}},
fiz :2(%+b) [a0{ = wsl(e+ule+0ul" ~ OF] - (vaey), + e},
fa=2(5 1) [@+er{ - wle+ o+~ 0]
_<WBSy)y+8CB}>
fia= —ZbS/Pb{ — (vs&)y +€Cp—ya[(e+0p)|e+ 0y 1 = 0OF] },
fis=2 [ @] = (yuey), el — wsl(e+ Qe+ 0ol — 0} }.
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Term f1 1: Let us integrate by parts to obtain a more manageable formula 16,

fii :2/[—8yy+£—(e+Qb)]8+Qb!”1+Q5]y(—wgey+s(gg—w3))

+2/[—8yy+e—(e+Qb)|8+Qb\p1+Qﬂy
X [—&yt+e—(E+Qp)e+0" " +0)] v

We compute these terms separately. First we integrate by parts to obtain:

2 [+l [~ whe +e(Go— v)] = —z{/wgejy
v EGG a3+ [ GG vh) - G- w) |
and
—2/[(Qb+s)!Qb+e|”I—Qé’]y(CB—wB)e
=2 [ (G ) (@), [(e+ Cn)le+ Ol — 0 — peQ)

2
— (G —wp)[|Qy+elPT =00 — (p+1)eQ)]

p+1
2 (G- ) [le+ Qe+ 0, -0}l

Next by direct expansion:

/[(8+Qb)|€+Qb|p_l—Qﬂy%sy:
P/Vfllsgy{(Qb)y[|Qb+€|p_l -0 +|Qb+e|1"1sy}.
Finally,
2/[—eyy+8—(8+Qb)|e+Qb!”_1+QZ]y

X [—ey+e—(e+Qp)le+0u" " + 0 s
— [wh[-en+e-(e+0)le+ 0l +0f)7

— [wi{[-erre—(e+ Qe+ Ol "+ 0f) - [-e,+ el
- [ bl + e

— [w{l-erte—(e+Onler Ol + 01" - (-6, + e}
| b rae+ [ - v

16. See a similar computation in the proof of Proposition 3.1 in [57].
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We collect all the above computations and obtain the following:

fia == [ [Bvheh+ (36 +vh—vi)e + (G- &€’

o f [Erel o

p+1
+2 [ [(e+0)le+0ul" — 0 — pe0) ] (o), (Ve Go)

+2p [ e (@10 +el ~ 0 +1s+el" e}

—/ll/fe{ [—eyw+e—((e+0p)e+ 0P " - Qﬁ)}z— [—Syy+€]2}
=(f1,)~+ )"+ (fin)7,

—eQ) —e((e+0Qp)e+ 0P " — QZ’)} (Cs— )

where (f} 1)<~ correspond to the integration on y < —kB, |y| < kB and y > kB, re-
spectively.

In the region y > kB, we have y = v’ = 0. From (2.4.2), (2.4.9) and (2.4.21), we
have:

[ BhE BTkt i~ v )€ (G~ G

S| &5+3 e < bt + Ble||2-
[ L8 g Lo S S Bl o

7
< BbY+ b <b2.

Together with

p+1 A+l
/y>KB|:|£+Qb| Qb _8Q£_8((8+Qb)|£+Qb|p—l_Qi)](gé_%)

p+1
] - Po(p++23) 2(P+1;2po) B )
< P+ pP— < Po 2 _kB .
S [ T IO S el el oy e Flel?
< b?
and
- -1
/>B[(8+Qb)|8+Qb\p '~ 07— peQl 1(0p)y (W — Cp)
y>K
[yl A
<8 ([ @t rem) i
y>kB
we obtain:

7

(fr.1)” Sbe. (2.5.12)
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n __

In the region |y| < kB, {g(y) = @p(y) = 1 +y/B and yp(y) = 1. In particular, ' = yp =
0. We obtain:

1
1 le+0p|Pt —0rF

M= 383—|—82+2[
(i) B |y|<KB{ Y p+l

_SQZ_S((8+Qb)|8+Qb|p_1_Qz)]
+2[(e+Qp)|e+QpP " — 0 —PSQIZ_I}Y(Qb)y}
S {3e§+sz—pQ§‘182+p( 1)yQ, Q5 %e 2}+R( ),

B Jly|<xB

Re) =5 [ A -plor = 0p e plo- (00,07 - 0,0y e

e+ 0Pt —oPt!
R e

~2¢((e+0s)le+ 0l — 0 — pea] ')
. 1) 5
+2 [(84‘ Op)|e+0plP~! — 0 — peQl ™" — %EZQZ Z}Y(Qb)y}-

We claim the following localized Virial estimate to obtain a coercivity result:

Lemma 2.5.4 (Localized Virial estimate !7). There exists By > 100 and p; > 0 such that
if B> By, then:

- —lg2 I P22
/y<;<3<38y+8 —pQy el +p(p—1)yQ,Qp %€’

\y\
> g2+ ¢?) /
A /|y|<'<B( ! B

Since f|y|>1<B£ e 5y < blo we have for some i > 0:

/ (3 +2—pQh ' +p(p—1)yQ,Qp %) 2o | (&7 +€%) b’
lyl<xB lyl<xB

Using a similar strategy we have:

(o) e[ e+l
ly|<xB ly|<xB

(Cctlel [ (e+ed)

1
< - 82+82 /‘

R(e)| S

&~ -

IS

17. See proof in [57] (Lemma 3.4 & Lemma A.2).
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Collecting the above estimates, we obtain for some uz > 0:
7
(f1.1)7 < —us/ (& + &%) pp +Che. (2.5.13)
ly|<xB

For the region y < —«xB, we have {p(y) = @p(y) and yp ~ @p. Hence, we immediately

have:
" < /
/ 15 <
/ | //I| 1 /
y<—kB NBZ <— K'B

From Lemma 2.2.4, we know that for y < —kB, |Q,(y)| < b and |Q) (y)| < b2. Recall

| /\

8 q)Bv

| /\

T -
0.

1
that we have ||€||;~ < bZ, then we can estimate:

1
/ ll8+Qb|p“ —-oht
<—KB

O oo (e ol o 0] (G- v

<[ (e tvior e g s ot el [ e

y<—kB y<—kB

1 2 ./
N & ,
00 /y<,<3 s

/ [(e+Qp)le+0u|"" — 0f — pe0h™"](Qb)y (W — C5)

Similarly, we have:

[ gwet@lener —of I ies el s}

-2 — -1 —
S [ (Iee@,0) 71+ le(@), el +leh |+ €llel” ) o
o

— -1
S lellh [ (e ved)op
y<—kB

1
< - 82 82 /
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and

/y<—;<3%{ [—ep+e—((e+ Qe+ 0 _QZ)}Z_ [_Syy+8]2}

~1 2 p—1 >
§/< - <|88ny§ |+ eyl + €70 [ +1eQy| + el p+|8yy|8|p‘>‘lf§
<

_ 1
< (B2 4 |le||PSt / €2 +e — e2 +e
~ ( c + ” HL ) y<fKB( yy+ )WB+ 100 < KB( yy+ )‘I’

+100/ 0 + |le|2 2/ 2y,
y<—kB y<—kB

1 7
< - 82 / 82 / b2 .
Therefore we obtain:
7
(fi1)™ <~ /< B(ey2+ez)<pg+0bg (2.5.14)
y<—K

for some 4 > 0. From (2.5.12), (2.5.13), (2.5.14) and the following estimate:

1 1
2 AN 2 2
& +E7)Q 5—/ & +—= €
/y>KB( J ) B Jy>«B > B KkB<y<2B?

4 2 3
Sch +B||8HL°°(y>KB) SJ bC y

we obtain for some iy > 0,
7
fin = —uo/(e§+sz)<p{9+Cb3. (2.5.15)

Term f1: We first rewrite fi »:

fip= 2(% +b) /(A(Qb - Qp)){ — (wBgy)y+ €03
—yB[(e+Qp)le+0pP " - OF] } + fi2,

where

fir=2 IS
% /AQ,,[— (WB)yey + (1 — yp)&yy]

(f b)/ AQ{ (1= wp)[(e+0y)le+ 017"~ 0f] }
(7‘_

)/AQP[(HQb)IHQb!Pl —0)—peQy ! + i,

)/AQp (WB&))y + €8s — yp[(e+0p)le+ Op|"~ 1_Qp]}

(3
{3+

-2
fia=2 <7s )/AQP(_gyy+SCB—PQ§_18)

Ts )/AQP(Lg)—Z(%—I—b)/8(1_CB)AQP'
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In conclusion, we have:

) [ -0 { - (wse), +ets
~wi[(e+0p)le+ s~ 0F] }
—|—2(As —|—b) /AQP[—(WB)ySy"f—(l_WB)SW}

As _ _
—2(7+b)/AQp[<e+Qb>|e+Qb|P o pey]

We know from the orthogonality condition (2.2.27) that:
/ AQ,(Le) = (£,LAQ,) = —2(&,Q,) = 0

Again from the orthogonality condition (£,yAQ,) = 0, we can estimate:

- /AQPS(I—CB—F%))‘

7
Se e~ < b

[ Qe -t

For the next term, we first integrate by parts to remove all the derivatives on €, then we
divide the integral into 2 parts, fy <« and fy>;<B- For the first part we use Cauchy-Schwarz
inequality, (2.2.9) and (2.2.11). While for the second part we use the fact that Q;, decays
exponentially on the right. So we have:

( +b)/AQb—Qp{ w[(e+0s)le+0pl" " — O)] — (¥Bey)y +Cn}

= (5 +0) [ (A=A - wal(e+0ule+ 0~ +eta)

— |(AQy—AQ,) v e) ‘
< (o3 eat) (oo [ vattelvlemys [ e el vleln)
y<KB

3 1 > % % KB
(o) (o) ([ ) e )
y<kB y<kB

3 2 N z 2 2N : z
5chZ/(ey+e>¢B+ch /(ey+s>¢3 + b3

Ho

7
2 2N\ A 2
< Jo00 / (& TE)OHChE.
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For the following 2 terms, we first integrate by parts again to remove the derivatives
on €. Then we use the fact that yp = 1 on [—kB, +o0) and

(AQ))" ()| +AQ, ()| S e % ()

for y < —KB, to obtain:

and

S

(ls +b) /AQp[— (ws)y8 + (1~ ¥p)ey |

(f +b) / {[AQy(1 - )] e+ [AQy(wa),] e}

1

b2 + N2 / EPANE
. y<—kB s .

Mo
1000

Sl
| —

(€24 €2) g} Ch?
y (pB+ c

‘(%ﬂ)) [22, {0 -+ e+ ol —Qﬁ}‘

3 K
S (bg+/v%) [ (el+ler)e By
y<—K

1
5 2k
< (bE- +/\/5> (/ Bez(p{g) e %0
y<—k

Ho

A _ ~
(7+b) /AQp[(£+Qb)|£+Qb|” '— Qb —peop]

7
2 2\ o/ 2
Sm (8y+8 )(PB+Cbg

Finally, by the same strategy we have :

A _ - 1o
(TJFb) /AQP[(E‘i‘Qb)’S‘f'Qb’p '—0) —peQ) ' +pe(0) ' - O 1)}'

3 K
(bg +N%) (/ e20h+ b\ +e_2§H8HLm>
y<KkB

(€2 + &%)} Ch?
Y Op+CoO¢.

The collection of the above estimates shows that:

|f12

Ho 2, L2\ 3
< m/(sy + &%) pp+ChZ. (2.5.16)
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Term fi 3: We use the identity:

[ws{(@),[(e+0n)le+ sl 0f ~ peg) ]
+8y[(8+Qb)|8+Qb!p71—QZ]}
/ ysdy [0+l = 0" — (p+ 1)eQ]]

/WB 0y + &P =00 — (p+1)eQ!]

and a similar computation (as we do for term f] ») to rewrite fj 3

2 < p
fiz= —(% - 1) /I/IB[\Qb+g\P+1 —Qf“ —(p+1)eQ}]

f— ) (s — Qp+8)y(— Ve, — Ve +285)

(f _ ) EVYp [Q (Qb)y - Q§71<QP)Y]
—€e(1-¢p)].

(5
(3

+2( 5 - ) pLE— e, + (1 - yi)eyy

For the first term, we use the bootstrap assumption A/ < b? to estimate

<XI )/WB 0p+elP™! =) — (p+1)eQ)]

3 % / +1 | 2p—1
< (v rat) fvater+erer

For the second term, we first integrate by parts to remove the derivatives of €, then we
use Cauchy-Schwarz inequality, (2.2.9) and (2.2.11) to estimate fy <« and use (2.4.21) to
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estimate [, p as before:

‘ (% N 1) /(Qb —Qp)y(— Wpey — Wpey +€8B)

5 K.
< (bg +Ni) (bCBNi +eZgH8HLw>

< Mo
= 1000

Xs
‘ (% - 1) /Sy(_ ey — Yy + €8p)

5 1 1
< <bc2' +N2) </(£y2+s )(pB+B2 /Bz<y<23282)

Ho 2, L2\ :
Sm (&) +€7)@p+Cbé.

(€2 4 %) g; Ch?
y (pB+ CH

For the next term, we can estimate similarly by dividing the integral into 2 parts:

‘ (XI - 1) / eys[0) " (Qh)y— Q51 (Q)))]

5 K
< (bZ. +N%) (beBN2 + e % €| =)

Ho

7
<— [(e2+€e)pp+Ch2.

For the last term, we use the cancellation LQ;,:O and the orthogonality condition
(8,yQ),) = (,AQ) — I%Qp) = 0 to estimate:

<——1)/Q Wésy+(1—w3)syy—g(1_§3)]

— ( )/Q vpe, + (1 _WB)Syy_g(l"'_%_cB)]

3 K K
< (bg +Ni) (e N2 e 5 le]| )

Ko

7
2 AP 2
< Jo00 | (& TE)9BTCbE.

In conclusion, we have:
7
f13] < 100 (& +€*)@p +CbZ. (2.5.17)
Term fi 4: Recall that

f14=—2b; /Pb (wsey)y+€Cp— Wa[(e+ Qp)|€+ 0[P 1—Qp]}
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We estimate after integration by parts to remove the derivatives of € and then divide the
integral into 2 parts as before:

/Pb(_<‘l’38y)y+8c3) = ‘/((Pb)ygy‘l’B""ngCB)

N

| (eriga+le®lvn)+ [ e ¥(lel+ls))
y<kB y>kB

1

1
so( [ reien) v B( [ e el)
y<kB y>kB
7
<BNZ+b?.

For the nonlinear term, the same strategy shows:

‘/Pbll/B[(HQb)!EﬂLQb!pI—QZ} 5/\Pb\llfB(Qg_1!8\+’8|p)

1
2
so( [, e0) +e Flellr
y<kB

7
< BN 4bZ.

Recall from (2.3.8) we have:
5
Iby| < b2 +bN7.

Then we obtain:

7
|fral < %/(s§+ez)¢g+0b3. (2.5.18)

Term f} 5: Recall from (2.2.18) we have for k =0, I:

N 1
|05y < belB]|0f Qp| +b21 |y _1j(bey) + €~ 05 1y 5y (bey)

So after integration by parts, we have:

/‘Pb(—(WBEy)y+8CB) /(<I>b)yl//B€y+/<I>b£CB

sbz/(Qb+yabe\)(rewa|+|ecB|)+b§/y (leyws|+|e¢sl)

~—b7 !
__1
te 10b¢./ 71|£wa\+]8CB|
y~be
5 1 __ 1
SbEBN2 +e 5 (|le]| 1= + [|&y | 12)

Ho 2 2N ]
< .
< 1000/<8y + &%)+ Ch§

Here we use the fact that |ywg(y)|+ [E5()| < e e <bl forally € [-2b. 1, —b 1.
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The nonlinear term can be similarly estimated as before:

[@sle+nle+ ol oflys < [ I@slvs(lel +10f el)

— __1 —
sof et rleryys e [ (20! + el v
y~=b¢ Y~be
5 _
b0 [ 0p(1eQ) |+ lel”) i
Ho

;
2 2\ 2
< 1000 (& +€7)pp+Ch;.

Thus we have shown that:

1
|fi5] < %/(8y2+82)(pg+€b3. (2.5.19)

Step 3 Control of f,. Recall that:

fo=2% [ ne] ~ (we)y + et wil(e+ Qe +ul ' —0f) )

We first claim the following identities:
1
/As(wgey)y = —(1-0,) /eyzy/B + E/yw,’gsyz, (2.5.20)

/Ae(eCB) = —60/82CB — %/y%sz, (2.5.21)

/AewB [(e+0p)le+0p"" = Of]

1 3 )
vl (if v —wa) 10 +elP™ =0 —(p+1)eg))  (2522)

_/WBAQb[(e+Qb)|e+Qb|”“ —0p - peQl'].

We can see (2.5.20) and (2.5.21) are easily obtained by integrating by parts. While for
(2.5.22), we have the following computation:

/A (e+0p)Wa[(e+Qp)le+0p" ' — 07

-5

+/y +01) s [(e-+ Q)€ + 0ol — O]

1//3 ]8+Qb!”“ p+] — Q)]

_ 2
1/WB [le+0p|P T - Q‘Dle (p+1)8QZ}+p/l//BeQ§ l(pTlQb)“LA

with
A= /Y(€+ Q) ws[(e+Qp)le+0p|” ' — 0]



2.5 The second monotonicity formula

75

Then we use the following identity:

[le+0pP =00 —(p+1)e0]

= (p+1)(e+ Q) [(e+Qp)|e+QpP ™ = 0] — p(p+ 1)eQ, 07!

to compute:

A= lﬁ/WB[Is + 0" = 0) " = (p+ e} —p/WBSQi,Q‘Zl
o [ e+ 0t - 0 (p+ e
—p/WBeQZ_l(yQ2)~
Collecting all the above computation, we have:
[ e+ 0n)wsl(e+0)le+ s~ 0f]
[ (B ) s et = 05— (p+ 10

+P/ wpeQl ' (AQy),

which is just (2.5.22).

Now we can use (2.5.20)—(2.5.22) to estimate fj . Since
A
TS ~ _bc < O,
we can drop the negative term to obtain:

2%//\8(—1[/38)), <0

and

b? / e*Cp+ b, YQpe + b, / yn282>
0<y<B

1
<C <ch e2Qp+b2 / 82)
y<kB KkB<y<2B?

1
2 2 ./ 2
S C<bc /y<1<B£ (pB+ H£||L°°(y>KB)>

< Mo

(e24€%) L Ch?
= 7000 ) \& TE )BT

For the nonlinear term we divide the integral into 3 parts:

/ASWB[(8+Qb)|8+Qb|p_1 — Q) =m~4+m~+m”,
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where m=, m™~ and m~ correspond to the integration on y < —kB, |y| < kB and y > kB

respectively. For y > kB, we have:
ol [ (ep et bl
Next for |y| < kB, we can estimate:
oIS [ e e S [ (e eoh

Finally, for y < —xB, we have |Qp| + |AQp| < b on this region. Together with ||€||z= <

1
bZ, we obtain:

+1 _
|5 (el 2 el +oellel) [ (vl + i)

5
< Bb? < bZ.

Therefore, we obtain:

As _ Mo 7
T/AEWB[(E‘f‘Qb)’e—f—Qb’p IS m/(sszrez)(ngrbg,

hence

A
2 < 1‘5’—6 (& +€*)pp +ChbZ. (2.5.23)

Step 4 Control of f3. First from (3.8)

5
’(Qb)ﬂ = |bst\ 5 bczbe‘_

Recalling that P, decays exponentially on the right, we have:

% )4 2 — kB 2
lsee ([ wllelr+ed) +e F el
y<kB

Ho 2, o2\ 3
Sm (& +€7)pp+Ch; .

Collecting (2.5.15)—(2.5.24), we conclude the proof of (2.5.7) and (2.5.8).

(2.5.24)

Step 5 Coercivity of F. As before we divide the integral into 2 parts, 7 < and F~, which
correspond to the integration on y < kB and y > kB respectively.

_1
For the upper bound of F, recall that B = b, %, we have for y > kB,

[y[
77| < / (2+]e|rt! + 823 + e2
y>KkB KkB<y<2B?

1
o4

8 p2(le2 8 -
S be+ Bl (yskp) S b+ D!

[N

<b
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And for y < kB, we have:

FUS [ (e +lel )y
y<KkB

B/ 8 + &)y <N.
y<KkB

Then the upper bound follows.

For the lower bound, we rewrite F:

]::/ 82W3+€2CB—PWBQ”_182 —P/II/B(Q‘DI—Q”_I)E2

( 1)

/ Vi |[0s+ " — O — (p+ eg) - B 0p e

First, we have:

— kB 1 A
‘/WB(QZ Lo gpl)e? gbCB/ e2Qp+e" 0 ||e||2e < b2N +b2.
y<kB

For the nonlinear term, we use similar technique as before to estimate:

1
|/WB ‘Qb+8‘p+1 Qp+1 (P+1)8Qb <P+ )Qp 1 2:|

_xB
< [ el v o ey [ el e B el
y<KkB y>KkB

1 7
< BN +b¢.
Finally, we claim there exists a constant 0 < K < 1 independent of b (recall k appears in

the definition of the weight function ¢) such that the following holds for some universal
constant v; > 0:

/(8 v+ e2lp— pyEQh~ le?) > N — bS, (2.5.25)

Then the lower bound follows immediately. We leave the proof of (2.5.25) in Appendix
A.

This concludes the proof of Proposition 2.5.2. [

2.6 Existence and stability of a self-similar dynamics

2.6.1 Closing the bootstrap

In this section, we will compete the proof of Proposition 2.2.9.
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Step 1 Dynamical trapping on b.

We first prove the dynamical trapping of b, i.e. (2.2.34). Suppose for some s¢ € [0,s5%),
~ 3
we have b(sg) > b? +2v. By the choice of the initial data, i.e. (2.28), we can find some
- 3.5 - -
s1 € [0,s0) such that b(s;) = b3+2v and b(s) > b2 3V for all s € [s1,s0), then by(s;) > 0.
From (2.2.35) and (2.3.8), we have:

= +3v

by(s1) < —cpb(s1)be+be 33V

b2+ > 1 p2 TV <o, 2.6.1)

if b, is small enough (or equivalently p*(v) is close enough to 5) such that by < 1. We
get a contradiction. The opposite bound is similar.

Step 2 Pointwise bound of the localized Sobolev norm of €.

The bootstrap bound (2.2.41) is a consequence of the monotonicity formula which we
proved in the last section. We argue again by contradiction and assume that there exists
52 € (0,5*) s.t. N(s2) > b3+8V. By continuity and the choice of initial data, i.e. (2.29),
we can find s3 € (0,s;) such that for all s € [s3,s2], N'(s) > b1 and N (s3) = b2T10V.
Then we have for all s € [s3,57]:

1 3454+10v 7
/(gyz( )+ ( ))‘PB Bbf-HOv by 2 > b2,

provided that v is chosen small enough (say v = Wloo)' From (2.5.5), we know d.F /ds <0
on [s3,s2], which yields F(s3) > F(s2). Thus (2.5.6) leads to:

7 7 7 1 7
I b2 < N(sp) — b2 < Flsg) < Fls3) < N(sz) + b2 = b2 4 b2,

~Y

This is a contradiction since b} < 1. Therefore we conclude the proof of (2.2.41).

Step 3 LP0 control of €.

For the L”9 norm of €, it is more convenient to work with the original variables. Con-
sider the decomposition (see (2.2.26)):

— x)+i(t,x) = 1 A
) = 05(1,8) +16.) = s O+ s )

By rescaling, it is sufficient to prove for all # € [0, T™):

b3
a(t)|| o < —5— (2.6.2)
A)P TR

Po

To prove this, we write down the equation of & and use a refined Strichartz estimate for
the Airy equations. Indeed, the equation of i is:

O+ ity = —E — (f(@))
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with

_ (A (s N\ ][, x—x()
57@3%{ Po bl (z“’)AQ” (A 1)Q”K" 20) )
f(@) = (Qs+i1)| Qs+l — Q5] Qs|P !,

where ®,, is defined in (3.3).

Now we state the result of D. Foschi in [23] about the inhomogeneous Strichartz esti-
mates:

Proposition 2.6.1 (D. Foschi, Theorem 1.4 of [23]). Consider a family of linear operators
U(t): H— L)Z(, t € R, where H is a Hilbert space. Suppose the following properties of
U(t) hold:
1. ForallteR he H:
1Tl < NPla-

2. There exists a constant 6 > 0, such that for all f € Ly NL% and t,s € R, there
holds:

1
06U Pl S 1= g

We say a pair (q,r) € [2, —1—00]2 is o-acceptable if and only if they satisfy:

L 2o<% - 1) or (q,r) = (+0,2).

7

Consider 0 < ¢ < 1 and 2 6-acceptable pairs: (q;,r;), i = 1,2, such that the scaling rule
is satisfied:
1 o 1 o
—+—+—+—=0.
q1 r q2 rn

Then we have the following inhomogeneous Strichartz estimates:

Here, we can use Proposition 6.1 to derive a refined Strichartz estimate for the Airy

equations with zero initial data. Let U(t) = 1}g 4o (t)e”" % then by the theory of oscilla-

tory integral, we have '%:

<

S HF|!L?/2L;;~ (2.6.3)

/s UG F)ds

'Ly

1
IU@OA]2 <[kl [U@R- S WHhHu, for vt 7 0.

Therefore, the following refined Strichartz estimates hold for Airy equations with zero
initial data:

18. See Page 13—-15 in [39].
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Corollary 2.6.2 (Refined Strichartz estimates). For all %—acceptable pairs (q1,r1) and

(q2,72), if they satisfy:
1 1 1 -

1
+ + A
q 3r1 g2 3rp 3
then there holds:

t
/ e (1=9)9% (h(s,-))ds
0

Now we fix V¢ € [0,7*), and choose

< ||h S 2.64
o Sl HL?ngg (2.6.4)

1 1 1 po—2 O
1, )= +°°7 0)y _:__57 - = a0
(91,11) = (o2, po) o po q2 3pp 3

with 8 > 0 to be chosen later. It is easy to check (g;, r;) satisfy the conditions in Corollary
6.2. Then we have the following estimate on [0, ¢]:

7] < €_ta)? i(0 o0 + €l » o+ i I
Il a0 = e @O o+ HL[qoz,z]sz @), Ly L (2.6.5)
=I1+11+111
We let 6 = § — %(: 15), then by Sobolev embedding:
< —103 [~ 1 bgo
IS e (@0) || poo = ———1€O)lgeon < 2 _ 1 (2.6.6)
(0.1] ).«(O) p—1" pg (t) p—1" pg

For 11, from (2.2.18), (2.2.34), (2.2.35), (2.3.6), (2.3.7) and (2.3.8), there holds for all
T € [0,1]:

1 A X
IO 5 = |~ @bt (G40 )220 (5 -1) i |
Le o A(n) Tt L2
< ! A1) N Ve
Sy (A :
1+L-§
P
A(T)2+p—l+r2
From (2.4.19) we obtain:
+1
" b“’%_a g i bpé)To_%é b%,?
115/(6—21) dt| $————~=—"—5—. (2.6.7)
O My AP AT
Finally we deal with I11. For all T € [0,7], there holds:
1
0))x||, 0, = 3T € elP~1—of ,
1F@)s] 4 PR (@ +e)Qy+el” ' = 0f) ||
1 _1 _
L — 4 ) r=1y 2.6.8
N?L(T)2+p21+r12<”8be I+ llestel” ] (265

+[[e(@)y10bl 2y + l(@slel? ;)
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We estimate these terms separately. First from (2.2.36), (2.2.37) and (2.2.38) we have:

pl 3
< el <2,

Hg(Qb)y
3
Heylel”*lHLrg < HEyHLzHSHU(H) <b,

where
1 1 1

o 21
Next, by using the bootstrap bound (2.2.35), (2.2.37) and the decay property of Qj, we
have:

—1
Hngi ”L/

"2
1

o
"
_ (/ B|8y‘r2Qr2p 1 / |£y|r2Qr2P 1 +/ |8y|r2QV2P 1)

S Hg)’HLZHQb“Lrp o 1957115 3y T €011 221 <) 1 Q51155
< bZ.
The same estimate holds for ||8(Qb)y|Q;,|1”*2||L,/2

Injecting all the above estimates into (2.6.8) yields:

By a similar argument we have:

11 < (2.6.9)

l\)

x(r)v "
Injecting (2.6.6), (2.6.7) and (2.6.9) into (2.6.5), we obtain (2.6.2), provided that & is small
enough (since % > 17—5 > %).

This concludes the proof of Proposition 2.2.9 (Recall we have proved (2.2.43) in
Lemma 4.1).

2.6.2 Proof of Theorem 2.1.1

We are now in position to prove Theorem 2.1.1.

Pick a v > 0 small enough and a p € (5, p*(v)). Forall uy € O,, we choose b*(p) = b,
and denote u(t) the corresponding solution to the Cauchy problem (2.1.1) with maximal
lifetime 7. Proposition 2.2.9 implies that u(z) satisfies the geometrical decomposition
introduced in Section 2 on [0,7):

1 x—x(t)
u(ax)—lwz_l(was(r))( )
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and the bounds in Proposition 2.2.9 hold on [0,7). From (2.4.1), we have (2.1.7) and
(2.1.8).

Step 1 Finite time blow-up and self-similar rate.
From (2.3.6) we have:
vie[0,T), (1—v*)b, < —-LA%< (14+Vv?)b,. (2.6.10)
Integrating it from O to ¢ yields:

2 1,3 A3(0)
Vi€ [0,T), (1—v )bt < gl (0) and hence T < < oo

~ 3b.(1—v?)
So the solution blows up in finite time. From H' Cauchy theory we have:
ux()||j2 = +ocast = T,

which implies A () — 0 as t — T. We thus integrate (2.6.10) from 7 to T to obtain:

A3t
Vi€ [0,T], (1—v?)b(T —1)< 3( ) < (14 V)b (T —1),
which implies (2.1.10).
Step 2 Convergence of the blow-up point.
From (2.3.7) we have:
1 |xg|  1+v?
=37 = 2

Thus from (2.1.10), we get:
T T 1+ v? A(0
JAEY) <A o
0 0 ((1 3

and then (2.1.9) follows.

Step 3 Strong convergence in L.

Fix a g € [Z,ﬁ), andlet 0 < t<Tand 0 <t <T—1,let ur(t) =u(t+7) and

ve(t') =uc(t') —u(t') forall ' € [t,T — 7). Then v, satisfies:

OV + OpxVe = (u]u\p_l —uf\uflp_l)x.

Let 01 = % - é, and chose ¢ and 7, such that (+e0,¢) and (g, 7) satisfy the conditions in
Corollary 2.6.2. Then we have:
1
p—1 _ p—1
= e @0
1 ~1 -1
S rhee ((1@oliz + leslzz) (1015 + gl )
1

™ 2tgtitoi—o’
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where

) ro
Since 0] < 0, and A(t) ~ {/3b.(T —t), we conclude:

(”|”|IFl —”r|”r’p71)

4 /

X L)y;

LE’T,T)

~! 1
T 1 q Fi
t A(I/) +yTFt01—0c

Oc—0

(T—1t) 3 b 50, a8t T, uniformly in 7.

A
PR

N
q?\l)l —

Remark 2.6.3. Here we can see the case g = g, (i.e. 01 = 0,) will lead to a logarithm on
the upper bound of the critical norm, therefore the strong convergence can’t exist in the
critical space.

Next from the refined Strichartz estimate (2.6.4) and Sobolev embedding we have:

< el ' : i) 26.11)
Il s S el + [ (o - es

We claim (2.6.11) implies that u(z) is a Cauchy sequence in L7 as t — T. Indeed, for all
€ > 0, we can choose a f¢ close enough to 7', such that:

~/ 1
T 1 q = €
</ ( p 11 ) dﬂ) q S 5 7
te /'L(t’) +5 7010 Co

where Cy is the implicit constant in (2.6.11). From H! Cauchy theory ie. u(t) €
c(]o, T),H"), there exists a 7o = To(te) € (0,T —t¢), such that for all 0 < 7 < 1,

£

te)llgor < —.
[vete)llgn < 56

Choose a 1y < T such that T —ty < Typ. Then for all t1,2, € (t9,T), t; < to, let T =1, — ;.
From the above discussion, we have:

lue(2) —u(e)llze = ve(t)lie < Ivell 1o <,

7’7.')

which means u(7) is a Cauchy sequence in L as t — T. Hence, we have proven (2.1.11).

Step 4 Singular behavior of the asymptotic profile.
Finally, we give the proof of (2.1.12). Let

21

A=b.?, R(t)=AA(7)forallte[t,T), (2.6.12)
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where 7 is a fixed time close enough to 7. Then we choose a smooth cut-off function %,
with x(y) =0if |[y| > 2, x(y) = 1 if |y| < 1. Denote

-1 )

Then by Kato’s localized identity for mass, we can estimate:

A o |- [ [ @0sas 225 o
(/ (P + D) + s /x( )i
1

R(t)

Sth) A (7)2-20 (/‘ e+0p) ‘ +!8+Qbyl’+1> R(t)2\|u(r)||%m
1 1 1 1

S xR Rae A 19l +llellz)
1 1 1 1

< + .

~ R(I) ( )2 20, R(l‘)z ﬂ,(f)l_zcﬂ‘

Since u(t) converges to u* in L? as T — T, we can integrate the above inequality from ¢
to T (with respect to 7) and use the fact that (which follows from (4.4)):

T dr 7) C2A(r)3 P
for B < 3, z /b), ()P 2dr_bc(3—ﬁ)
to obtain:

1 x—x(T) ¥12 x—x(T)\ »

o (R )= (i >”<t)‘
< 1 /T drt n 1 /T drt (2.6.13)
NAL(DF20 J; A(T)220 T A2A(1)2F20 J, A(t)1 20

1 _ 1,20
S'bCA_bC

On the other hand we have from the geometrical decomposition (2.2.26):

)L(tl)zcc /x (x ;ezcz()m) u(r)?
:/x l<y+M)]|Qb+8|2dy.

A A(t)
From the properties of x(¢) and A (¢), we know that:

(2.6.14)

x(t)—x(T) 1
——}L (l‘) ~ b_c <L A.



2.6 Existence and stability of a self-similar dynamics 85

Together with Lemma 2.2.4 and (2.2.38) we have:

1 —x(T w4
[x Z(y+%)1825fxuguzwgbgﬁ <bP, @6l
/x Ly X0 =X 0,12 — (14 &(p /yQ 2. (2.6.16)
AV ’ g o

with 8y(p) — 0 as p — 5. Injecting (2.6.14)—(2.6.16) into (2.6.13), yields:

R(;z%/X(X;;(Ct()ﬂ)|”*|2:A%/|Qp|2(1+5(p))+0(ng0)
1+6 /|Qp|2

with lim,,_,56(p) =0. Lett — T, i.e. R(t) — 0, then (2.1.12) follows.

Finally, it is immediately seen from (2.1.12) that:
u' ¢ Ll%%c,

which concludes the proof of Theorem 2.1.1.
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Chapter 3

Blow up solutions for slightly mass
supercritical gKdV equations with
multiple blow up points

3.1 Introduction

3.1.1 Setting of the problem

We consider the following gKdV equations:

p—l =
{atl/l+ (Mxx+M|M| )x Oa (tvx) € [O’T) X R’ (3-1-1)

u(O,x) = MO(x> < HI(R)a
with 1 < p < oo,

From the result of C. E. Kenig, G. Ponce and L. Vega [36] and N. Strunk [89], (3.1.1)
is locally well-posed in H' and thus for all uy € H', there exists a maximal lifetime
0 < T < +o0 and a unique solution u(¢,x) € C([0,T),H' (R)) to (3.1.1). Besides, we have
the blow-up criterion: either T = +oo or T < o0 and lim,_,7 ||uy(2)|| ;2 = +-ee.

(3.1.1) admits two conservation laws, i.e. the mass and energy:

M(u(e)) = [ Jule.5) P dx = M(u(0),
1 ) 1
E = - PH Ax=E .
W(0) =3 [ utt0P dx=— [late. ) dv = E@0)
Forall A > 0, uy (t,x) = l%u(l%,;tx) is also a solution. Moreover, the H% norm
of the initial data with the index:

O, == (3.1.2)
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is invariant under this scaling.

We introduce the ground state Q,, which is the unique radial nonnegative function
with exponential decay at infinity to the following equation:

Q- Qp+Q,|Q,[" " =0. (3.1.3)

Qp plays a distinguished role in the analysis. It provides a family of travelling wave
solutions: ,
u(t,x) = A7 1Q,(A(x— A% —x0)), (A,x0) €R% xR,

For p < 5 or equivalently o, < 0, (3.1.1) is called L? subcritical. The mass and energy
conservation laws imply that the solution is always global and bounded in H'.

For p =5, the solution is called [? critical. From variation arguments [91], we know
that if ||ugl|;2 < || Qs|;2, then the solution to (3.1.1) is always global and bounded in H'.

While for [jug||;2 > ||Qs]| 2, blow up may occurs. The blow up dynamics for solution
with slightly supercritical mass:

1951122 < lluollz2 < [1Qsll2+ o (3.1.4)

has been developed in a series paper of Martel and Merle [53, 54, 55, 70]. In particular,
they obtain the existence of blow up solutions with negative energy, and the classification
of the ground state Qs as the unique global attractor for blow up solutions in H'.

In [56, 57, 58, 59], Martel, Merle, Nakanishi and Raphaél, give a comprehensive study
of the asymptotic dynamics near the ground state: classification of the flow near soliton;
existence of the minimal mass blow up solutions; exotic blow up regime; condimension 1
threshold manifold for unstable regime.

3.1.2 On the supercritical problems

Let us consider the focusing L? supercritical nonlinear Schrdinger equations (NLS)
i8,u—|—Au—|—u|u|p11:0;1 (t,x) €[0,T) x R, (NLS)
u(0,x) =up(x) € H' (R?),

with 1 —1—3 < p < +oo. The blow up dynamics for supercritical NLS is mostly open.
Only until recently, a few special examples are known. From [77, 87, 88], there exist
blow-up solutions with log-log blow up rate for p =5 and d > 2 with radial initial data.
From [28, 94], there exist blow-up solutions with cylindrically symmetry blowing up at
log-log blow up rate for p = 3 and d > 3. In cite In [75], Merle, Raphaél and Szeftel
construct a stable self-similar blow up dynamics for slightly supercritical nonlinearity in
low dimensions (i.e. d < 5).

For supercritical gKdV equations the existence of blow up solution in energy space H'
has been a long standing open problem. Numerical simulation [13] suggests the existence
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of self-similar blow up solution in the slightly L? supercritical case ' , where a self similar
solution is a solution of the following form:

1 X
u(t,x) ~ —V ;
(t:%) [3b(T —1)]3%-D b( ¥ 3b(T—t))

where b > 0. Direct computation shows that V}, should be a solution to the following
ODE %

DAV + (Vi =V, + V| V[P 1) = 0. (3.1.5)

The exact solution of (3.1.5) in slightly supercritical case has been constructed by H.
Koch [38]. It is related to an eigenvalue problem, i.e. for all p > 5 close enough to 5,
there exists a unique b = b(p) > 0 such that a unique solution Vj, to (3.1.5) can be found.
Hence, this V}, leads to a self-similar blow up solution to (3.1.1) directly.

But unfortunately, the exact solution V}, constructed in [38], has a slowly decaying tail:

Thus, V,, belongs to LP*' N H!, but always misses the critical Sobolev space H%
(hence L?), which makes it impossible to obtain a stability result for the exact self-similar
blow up solution. Since, for typical Cauchy problem like (3.1.1), we can only expect a
stability result in a Cauchy space, i.e. a space where local wellposedness holds. In our
case, natural Cauchy spaces are the critical Sobolev space H% and the energy space H'
from [36], while V}, is not in neither of them. Hence, we cannot use the profile V}, directly.

Despite the slowly decaying tail of V},, we can choose a suitable cut-off of V}, as an
approximation, such that it is bounded in L? with exponential decay on the right. Based on
this approximate self-similar profile, Lan [46] has construct a stable self-similar blow-up
dynamics for slightly L? supercritical gKdV:

Theorem 3.1.1 (Existence and stability of a self-similar blow-up dynamics). There exists
a p* > 5 such that for all p € (5, p*), there exist constants 8(p) > 0 and b*(p) > 0 with

tim 5(p) =0 (3.1.6)
472 5
(p—=5)+0(lp—5|"),asp—5 (3.1.7)

T

and a nonempty open subset O, in H Usuch that the following holds. If uy € O p» then the
corresponding solution to (3.1.1) blows up in finite time 0 < T < +oo, with the following
dynamics: there exist geometrical parameters (A(t),x(t)) € R%. xR and an error term

&(t) such that:
1

u(t,x) = —
A(r)r1

(Q,+e(1)] (’%) (3.1.8)

1. From [55], there is no self-similar blow up solutions for L? critical gKdV with slightly supercritical
mass.
2. See Section 1.6 for the definition of “A”.
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with
l&y(®)]l2 < 8(p). (3.1.9)

Moreover, we have:

1. The blow-up point converges at the blow-up time:

x(t) = x(T)ast — T, (3.1.10)

2. The blow-up speed is self-similar:

Vi e[0,T), (1-8(p))3/3b*(p) < 3Mt) < (148(p))V/3b*(p). (3.1.11)

T—1t

3. The following convergence holds:

Vg € [2, ), u(t)—>u"inliast—T. (3.1.12)

1-20,

4. The asymptotic profile u* displays the following singular behavior:

(1—5(19))/92 = I%A—xm

|<R|u*|2 < (1+6(p))/Q§,. (3.1.13)

. 2 .
Jor R small enough. In particular, we have for all ¢ > =5 o

u* ¢ L9

3.1.3 Blow up solution with multiple blow up points

The existence of large blow up solution is mostly open. One way to construct such
solution is to consider blow up solutions with multiple blow up points. There are several
examples:

e Merle [65] for L2 critical NLS with conformal blow up rate;
e Planchon, Raphaél [85] and Fan [20] for L? critical NLS with log-log blow up rate;
e Merle [68] and Merle, Zaag [79] for nonlinear heat equation with ODE blow up
rate.
Such constructions correspond to the weak interaction case, i.e. the interaction between
the bubbles does not change the blow up rate of each bubble. There are also some exam-
ples for strongly interacting bubbles:
e Martel, Raphaél [62] for [? critical NLS:
e Cortdzar, Del Pino, Musso [10] for energy critical nonlinear heat equations in
domain;
e Jendrej [31, 30] for focusing energy critical wave equations.

The goal of this paper is to construct blow up solutions for slightly supercritical gKdV
with multiple bubbles, and each bubble concentrates at a finite point. First, we need to
give the definition of the blow up point for solution to (3.1.1).
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Definition 3.1.2. Let u(¢) be a solution of (3.1.1), which blows up in finite time 7. The
blow-up set of u(t) is the set of all the points z such that:

1
liminf () / 2
i (imint i [ ) > 5 [ @3

Remark 3.1.3. From the definition, the blow-up set is “invariant” under the symmetry of
the equation. More precisely, consider a solution u(z) of (3.1.1), which blows-up in finite
time 7 with blow-up set B. Then for all Ay > 0, xg € R,

_ 1 I xX—Xp
M(l’,X) 2 < ’ ) 9
W

is still a solution to (3.1.1), which blows up in finite time 7 = lg T. Moreover, its blow-up
set is exactly:

B = {Aox+xo|x € B}.

Remark 3.1.4. For all solution u(r) mentioned in Theorem 3.1.1, we can see from the
proof of (3.1.13) in [46],

1
limsup lim / u(t)|> < 8(p), forall zg # x(T),
plim o [ WP <5(0) o #x(T)

R—0 I~

1
R20: /XX(T)<R|U(I)!2~/QZ, for R small enough.

Therefore, the blow up set of u(z) is exactly {x(T)}.

3.1.4 Statement of the main theorem

Theorem 3.1.5 (Main Theorem). There exist universal constants p* > 5, ¢ > 0 such that
forall p € (5,p%), ke NT, if2 <k < c|log(p—15)|,
X1,X2,...,Xx € R, there exists a solution u(t) of (3.1.1), which blows up in finite time
T < +oo. And fort close to T, there exist scaling parameters A;(t) € R™ and an error
term ii(t,x) with

k x—xj -
u(t,x) = Z —0Q, +i(t,x), (3.1.14)
== Aj(t)
A7 (1)
where forall j=1,...,k, andt closeto T,
A} (1) 5(p)
J ~ p
T —¢ P_S, ||ux(t)||L2 S Ao A ( )1 o.’ (3115)
for some small constant 6(p) with lim,_,508(p) = 0. Hence the blow-up rate is self-
similar: KQ|
12
[lux(£)]] 2 ~ T Byt (3.1.16)
[(p=35)(T —1)]

fortclosetoT.

Moreover, the blow-up set of u(t) is exactly {x1,x2,...,X;}.
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Comments on Theorem 3.1.5:

1. Large blow up solutions. For solutions constructed in Theorem 3.1.5, we know from
the proof of Theorem 3.1.5 that |[ug||zsc ~ k||Qp||ze. For p close enough to 5, c|log(p —
5)| is large, thus we prove the existence of blow up solutions with large initial data (i.e.
the critical Lebesgue norm is comparable to |log(p — 5)|) for slightly supercritical gKdV
equations.

2. Higher regularity for multiple bubble blow up solutions. We will see in Section
3.1 that the solutions constructed in Theorem 3.1.5 are actually in H 2 when k > 2. This
condition helps us to control the error term between the blow-up points 3. But for solution
with one bubble, Theorem 3.1.1 implies that u(¢) € H? may not hold.

3. Instability of multiple bubble blow up solutions. For k > 2, the blow up solution
with k bubbles is not expected to be stable in H 2 Indeed, we need some special conditions
(unstable) on the initial data. These conditions are obtained by a standard topological
argument. Similar argument is also used in [12, 20, 62, 68, 79] for multiple bubble blow
up solutions, [11, 41, 49, 60, 61] for multi-soliton solutions.

4. Blow up speed. The blow up solution constructed in Theorem 3.1.5 corresponds to
the weak interaction case, i.e. the blow up speed is still self-similar, same as the single
bubble case. The existence of blow up solution to supercritical gKdV with blow up rate
other than self-similar still remains open.

3.1.5 Outline of the proof

The main idea in this paper is to construct a solution which behaves like a decoupled
sum of k self-similar blow-up solutions constructed in Theorem 3.1.1. To do this, we
start with a nonempty open subset of initial data U4 , C H 2, consisting of H? functions
which can be written as a decoupled sum of bubbles. Then we establish the geometrical
decomposition and the modulation estimates for the corresponding solutions just like what
we do in [46]. Next we use a topological argument to show that there exists a nonempty
subset Oy , C Uy p, such that the corresponding solution has exactly k blow-up points.
Here for technical reasons, we have to assume that the distance between the blow-up
points is large. Finally, by another topological argument and a standard argument of
scaling, we can show that the blow-up points can be chosen arbitrarily. To be specific, we
have the following steps:

3.1.5.1 Geometrical decomposition and modulation estimate (Section 2)

We start with initial data which can be written as a decoupled sum of bubbles plus a
small error term, i.e.

koo X—X;
i) = X, 50, (520 o),
j=1 ;Lp(;l j,0

3. See the proof of (3.3.11).
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where Q,, is the self-similar profile constructed in [46]. Moreover, we assume that

min > p 100, 3.1.17
1<17é1]<k |Xl 0= xj 0| ( )

where b, is some universal constant with b, ~ p —5 > 0.

We then apply the standard argument of implicit function theory to establish the fol-
lowing geometrical decomposition on some time interval [0, 7*):

k x—x,-(t) .

with some orthogonality conditions on the error term .

Following from similar argumetns as in [46] and [57], we can show the following
modulation estimates hold:

1 dA; 1 dx;
TdT]‘Lb % ds, = 1‘ §b§+||sj||Hlloc, (3.1.19)
J
db; 3
is, (bj —be)be| < bé +bell€jlly (3.1.20)

”:/om‘”’ £(t,) = A (1, 4,0y +x,0)),

for all 1 < j <k, as along as the geometrical decomposition (3.1.18) holds.

3.1.5.2 Construction of the initial data set (Section 2)

To control the error term €;, we introduce some a priori estimates *. Suppose T* is
the maximal time for which these estimates hold. We expect that these estimates can be
improved on [0,7%) so that they actually hold on [0,7), where T is the maximal lifespan.
But this argument only works for initial data in an infinite subset Oy , C Uy ,. Here Oy ),
contains H? functions of the following form:

X—X1,0 1 X—= x]O)
U 7 ( 2‘170 >+Z (}L* )lebj,’o< ALO + iy ( )

j=2

b

with

Ao = Fi(bo, Xo, 19, A1 0) > 0,
1.0 = Fi—1(bo,Xo, o, A1.,0, A4 9) > 0,

7(2*70 = FZ(bO,fO,ZZO,Al,OaA;O, .. 7)“1:,0) >0

4. See (3.2.34)—(3.2.40) for details.
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Here {F j}lj‘-zz are some continuous functions constructed by a classic topological argu-
5
ment ~.

Moreover, for all ug € Ok,p7 we have forall 1 <i,j<k,t€[0,T")
Ai(t) ~ A;(t),

which ensures that the solution will blow up in finite time, and has exactly k blow-up
points.

3.1.5.3 Estimates on £; by using monotonicity tools (Section 3).

In Section 3, we will derive some crucial control of the error term g;, forall 1 < j <k.
More precisely, for all 6 i€ [O,s’;),

) 5
/1<B<y<b20 (gj(sj))y SIZE 3.1.21)

7

d Koz
—Fi+=|¢&; < b 3.1.22
de ]+BH JHH]LCN CH ( )
where K, 1 > 0 are some universal constants, B = b, 1/20 is a large constant and

2
JT’:/[(‘c’f')g""BJ“?JZCB—Im(|€j+QbJ-|p+l—QZJA+ —(p+1)e;0) ) s/,

for some well chosen weight function (yp, {p).

The derivation of these estimates follows from almost the same strategy and compu-
tation as in [46, Section 4, Section 5], which is developed originally in [55] and [57]. The
key observation is that the interaction of the bubbles:

1 x—x;(t)
;L-p%l(t) ij([) ( lj(t) )7

J

is extremely small due to the assumption of (3.1.17). For all j =1,...,k, we may ignore
the bubbles with an index other than j, due to the choice of the weigh function. Then the
estimate of the error term is exactly the same to the single blow-up point case.

There are only two different things. One is that we need the H? assumption to estimate
€; on the interval between the blow-up points (clearly, there is no such interval in the single
blow-up point case). The other one is that the error term i behaves like a sum of k error
terms introduced in [46]. So if & is too large, we cannot obtain the smallness of any global
norm’ of € ;. That’s why we need to add a restriction on k.

5. See Lemma 3.2.11 for more details.
6. See Section 2.3 for the definition of s}f.
7. For example, (3.2.54) and (3.2.55).
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3.1.5.4 End of the proof of Theorem 3.1.5 (Section 4 and Section 5).

Following from similar argument as in [46, Section 6.1], the modulation estimates
(3.1.19), (3.1.20) and the estimates on the error term obtained in Section 3, we can see
that for uy € Oy p, the corresponding solution blows up in finite time 7. We will also
see that the translation parameters {x;(¢),...,x;(¢)} converge to k pairwise distinct points
{x1(T),...,xx(T)} as t — T. Moreover, the blow-up set is exactly {x(T),...,x(T)}.

Hence, we have already constructed solutions blow-up in finite time with exactly k
blow-up points, where the distance between the blow-up points is large ®. Then we can
show that Theorem 3.1.5 follows from Proposition 3.2.16 by standard arguments.

Indeed for k given pairwise distinct points {xi,...,x;}, we first assume that the dis-
tance between them is large enough, i.e.

min |xl~ —x]'| Z b;lZO.
1<i#j<k

Based on the following two facts

1. the blow-up points are continuously depend on the initial data in Oy ,, (due to the
continuity of the functions F;, j = 2,...,k);

2. the blow-up points are not too far away from the the translation parameters, i.e.

(0) —x;(T)| S bt 12
gj?‘;(k|xj(0) xj(T)| < b, (3.1.23)

we can construct blow-up solutions whose blow-up set is exactly the set of these k points
by a topological argument °(different from the one that is used to construct the set Ok p)-

While for arbitrarily given k pairwise distinct points, from Remark 3.1.3, we may use
an argument of scaling to reduce to the case where the distance between the points is
large. Thus, we conclude the proof of Theorem 3.1.5.

3.1.6 Notations

We first introduce the scaling generator:

2
Af=—"=f+yf" (3.1.24)
p

We denote the L? scalar product by:

(1.9)= [ 7(0)gl)dx (3.125)
and observe the integration by parts:

(Af,g) = —(f,Ag+20c8). (3.1.26)

8. See (3.2.52) for more details.
9. See Lemma 3.5.1 for more details.
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Then we let Q,, be the ground state. For p =5, we simply write Q,, as Q. We introduce
the linearized operators at Q,:

Lf=—f"+f-pQh'f. (3.1.27)

A standard computation leads to:

L(Q)) =0, L(AQ,)=-20Q,. (3.1.28)
We also denote by
1
= T5nn 1.2
Y= 1000 ~ (3.1.29)

a small universal constant.

Next, we denote by A < B (A > B), if there exists a universal constant ' C > 0 such
that

1
A<CBA> EB). (3.1.30)

Finally, we denote by d(p) a small positive constant such that:

lim §(p) = 0. (3.1.31)
p—5
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3.2 Modulation estimate and topological argument

3.2.1 Self-similar profile

Let us first recall the properties of the self-similar profile Q) constructed in [46]:

Proposition 3.2.1 (H. Koch, [38]). There exists p* > 5, b* > 0 and 2 smooth maps:
y(b,p): [0,b*) x [5,p*) = R, v(b,p,y) : [0,b%) x [5,p*) x R — R, such that the following
holds:

1. The self-similar equation:

b((1+7y(b,p))v+x) + (/" —v+ypP~1y =0, (3.2.1)
(v(b,p,),Qp(1) =0, v(b,p,y) >0. (3.2.2)

10. In this paper, “universal constant” means a constant which does not depend on p and k.
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2. Forall p € [5,p*), there exists a unique b = b(p) € [0,b*) such that:

2
1(b(p):p) = =1+ ——, b(5)=0, (3.2.3)
Moreover,
db(p)| Q.  4r?
dp |,_s Q2 T @24
Y ||Qp||L1
= = +0 —5|) <0, 325
1
E/Ivy(b(p),p, y——/| ),p,)|Pdy = 0. (3.2.6)

3. v(b,p,") e H' NLPTL v(b,p,-) ¢ L if b > 0 and v(0, p,y) = Q,(y). Moreover, let

Wp(b7y> = V(b,p,y) - Qp(y)a

then for all k,n € N there holds:

e (1467231 —by|) "7 ify>b!,

wp(b,y)| S S bexp(F[(1-by)>2—1))  ifb~' >y>0, (3.2.7)
b(1—by) 77 ify <0,
(14072 by) T iy > b7,
059V S e 1o iFo<y<bl (3.2.8)

1050 (b(1—by) " Y) |+ ify<0.

For p* > p > 5 fixed, we denote by b, = b(p) ~ p—5. We choose a smooth cut-off
function J, such that y(y) =0 if |y| > 2, x(v) = 1 if |y| < 1. We define the localized
profile as follows:

Op(y) =v(b,p,y) x(bcy).

Then Q;, has the following properties:

Lemma 3.2.2 (Properties of the localized profile). Assume that b, is small and |b| < b,
then there holds:

1. Estimates on Qp, forall { €N, g € [1,+o0]|:

10£0,()| Se e, fory>0, (3.2.9)

195060 e € b 1.y (v), fory <0, (32.10)
1-1

106 — Qplles Sbe 5 Qb — Qplyllrz S be- (3.2.11)

Here 1 is the characteristic function of any interval 1.
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2. Qp is an approximate self-similar profile: Let

— @y, =bAQ,+ (0 — O+ Op| 0|7, (3.2.12)

then for { =0,1:

~ ~ 1
4@y, = Cpbb 9y Qp + O(IB1*0} Qp + b1 15 1) (bey) + € T 1y (bey)),
(3.2.13)
where C, = le_Z|b:b. <0.

3. Energy property of Qp:
[E(Qp)| < b72+1D]. (3.2.14)

4. Properties of the first order term with respect to b: let P,(y) = %(y), then
[P S € 10103 (9) + 11 g (0): (3.2.15)

Furthermore, we have:

1 2
(Pb,Qp):E</Qp) +0(p—5|) > 0. (3.2.16)

3.2.2 Geometrical decomposition

We first give definition of the open subset Uy , such that the corresponding solution
has at least one blow-up point.

Definition 3.2.3. Let p* > 5 and close enough to 5, for all p € (5,p*) we define U ), as
the set of all ug satisfying the following conditions:

1. Geometrical decomposition:

k 1 X—=Xi0 -
up(x) = Z —5 O, 1 + i (x). (3.2.17)
i=1 )’.pfl : 1,0
1,0
2. bj is near b:
bjo—be| <b. (3.2.18)

3. Conditions on the scaling parameters:

0<Ajo<l, (3.2.19)
1 A@() k . .
o < 20 < 2% foralli#j. (3.2.20)

4. Distance between the blow-up points:

|xio—xj0| > b;lOO’ for all i # j. (3.2.21)
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5. H? smallness on the error term:

lldig|| g2 < b2° (3.2.22)

Remark 3.2.4. Tt is easy to check that U , is nonempty and open.

Remark 3.2.5. We will see in the next section why the assumption U4, , C H 2 is necessary
for k > 2.

Now we can introduce the classical geometrical decomposition. From a standard in-
verse function argument 11 we know that for all ug € Uy p, there exist a t* > 0 and geo-
metrical parameters A;(t), b;(t), x;(¢), such that the corresponding solution u(z) satisfies
the following for all 7 € [0,7*):

1. Geometrical decomposition:

=X

L
i=1 2,1 P

<x_x"(t)) S+t ). (3.2.23)

2. Orthogonality condition:
(8]'([), Qp) - (gj(t)aAQp) = <8j(t)vyAQp) = 07 for all ] = 17 U 7k7 (3224)

where O, is the ground state and

2
—T

gj(t,y) = A;(0)7Ta(t, A;(t)y +x;(1)).

3. Estimates on the parameters at the initial time: for all i # j,

0<A;(0) < (3.2.25)
240 _ M(0) _ 311 0
’ 3.2.26
30 " A40) S 240 (3.2.26)
|6 (0) — be| < b, (3.2.27)
x:(0) —x;(0)| > b %, (3.2.28)
&5 0) o172+ || (£5(0))y] | 1 < B (3.2.29)

4. Continuity of the parameters: Consider ug , € Uy, p, uo, — g in H ! Let u,(t) be
the solution of (3.1.1) with initial data ug, and A;,(t), bja(t), xja(t), fa(t,x) be
the corresponding geometrical parameters and error terms. Suppose there exists
a t{ > 0 such that the geometrical decomposition for all u,(¢) and u(¢) hold on
0,£]), then for all 0 < <], we have:

Hm (A (1), bjn(t),xjn(t),d,(t)) = (Aj(2),b;(1),x;(t),d(t)).  (3.2.30)

n—r—+oo

Next, we want to define the localized H! norm of € ;. We first denote:

_1
= b, O, (3.2.31)

11. See Lemma 1 in [53] and Lemma 2.5 in [57].
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and choose a smooth weight function ¢ such that:

e ify<—I,
p(y)=q+y if —x<y<k,

. (3.2.32)
3 ify>1.
¢’ >0forally € R,
where K is a small universal positive constant which will be chosen later.
Then we define the following localized H' norm:
Ni(t) = / ((g)); +€7) Pp (3.2.33)

where @p(y) = ¢(y/B).

Let us consider the maximal time 7* such that the geometrical decomposition (3.2.23),
orthogonality condition (3.2.24) and the following a priori estimates hold in [0,7*):

0 < A(r) <3, (3.2.34)
1 Ai(t) k+2
) 2t 3.2.35
2k+2 < (1) < ) ( )
3
bj(t) —be| < b2, (3.2.36)
xi(t) —x;(t)| > b0, forall i # j, (3.2.37)
23
& (t) || < b, (3.2.38)
2
(&), ]| - < b2, (3.2.39)
Ni(t) < b3, (3.2.40)

where v > 0 is a small universal constant to be chosen later, and

5
po=7-

2
Remark 3.2.6. It is easy to see from (3.2.25)—(3.2.29) and the continuity of the flow that
T > 0.

Remark 3.2.7. Our goal is to improve these estimates in [0,7*). Then from a stan-
dard bootstrap argument, these estimates actually hold on [0,7), where T is the max-
imal life span. Indeed, following from similar argument as in [46], we can improve
(3.2.34) and (3.2.36)—(3.2.40). But to improve the bound (3.2.35), we need to assume
that uy € O, C Uy p, where Oy, is an infinite subset of U ,. This subset can be con-
structed by a topological argument.

Remark 3.2.8. From (3.2.38), (3.2.39) and Gagliardo-Nirenberg’s inequality, we have for
all go > po,t € [0,T"),

149¢)—62

1€(t) |20 < be M (3.2.41)
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3.2.3 Modulation estimate

In this subsection, we will prove the modulation estimates for the geometrical param-

eters on [0,7*) by using the a priori estimates (3.2.34)—(3.2.40). We first introduce a
rescaled coordinate (s;,y) forall j=1,... k:

. t 1 _X—Xj(t)
“f"/oW‘”’ T

Let

* r 1
= dar.
/ /0 Aj(t)?
Now we can state the modulation estimates:

Proposition 3.2.9. Forall j=1,...,k, the following properties hold for all s; € [O,s}f):
1. Equation of €;:
1 d)Cj

j 1 dﬂ,j
ds; (Lej)y —bjAg;+ (A_,d_s, +b,~) (AQy; + Ag)) + <7L_,d_s, — 1) (Qn, +€))y

(3.2.42)

By, = by, — (O, — 0y, + 0}’
1 _
Ro,(e) = p(Q} " = 5 N)e;

k /s 21 Ai-+xi—x\17
RNL(Sj): |:8j—|—2(7].)‘” le(%>:|
i=1 1 1
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2. Modulation estimates:

1dlj 1

S <N 3.2.43

Adej—i_JNC_F‘/\/’]’ ( )
— 1< p? 2 3.2.44
ldej ’N C+/\/'], ( )
db;

‘d—]+cpbb <b3+bf\/2 (3.2.45)
Sj

where c, =2+ O(|p—5]) > 0.

Proof. The proof of this proposition is almost the same as Proposition 3.1 in [46]. The
only difference here is that we need to deal with some terms like

Aiodx;—x; Ai-+xi—x; Aitxi—x;
o, (M XN p (AT TN g (AN A (3.2.46)
: Ai ' Ai : Ai
fori # j.
We consider for example the following term

AN
> (%) [ejQZi 1(%)] - (3.247)
y

i=1,i#j
Since Qp, is supported in [— 2b-1,2b71], if y belongs to the support of

Aj-+xj—x;
p—1 J i
o (),

then we have

Xi — _ l 1 )u
2b < < 2b,
/1] PP z, t+ A
From (3.2.35) and (3.2.37), we know that if i # j,
Xi—Xj :|:2b_1 A’ > b_70 2b;12k+2 > b;l()’
Aj Aj

provided that 10% < b, Y/% for some small universal constant v > 0. Since
be~p—5,
this is implied by the condition
k < c[log(p—5)|,

if we choose
\% 1

810g10 _ 80001og 10 ~

CcC =

Since we are considering a scalar product of (3.2.47) and some functions with expo-
nential decay (i.e. Qp, AQ,, yAQ)), these terms can be controlled by

k
1
Y 10%exp(——b, ") <5,
= 10 ¢
=17 ]

provided that 10k < b, v/ 4. Then we conclude the proof. ]



3.2 Modulation estimate and topological argument 103

3.2.4 First topological argument

In this subsection we will find a nonempty subset O , C Uy ,, such that the corre-
sponding scaling parameters (i.e. A;(¢)) are comparable to each other.

Proposition 3.2.10. There exists a nonempty subset Oy, C Uy p, which contains infinite
many elements, such that for all solution u(t) with initial data in Oy p, the corresponding
scaling parameters Aj(t) satisfy:

S
N

i\ 7
i(t) < 2K forallt € [0,T*) and 1 < i,j < k. (3.2.48)

Proof. We first claim the following lemma:

Lemma 3.2.11. For all ty € [0,T*), 1 <i# j <k if Ai(to)/Aj(to) > %), then for all
t € [to, T"), we have:

l,'(t) 10

> —.

j(t) ~ 9

Proof of Lemma 3.2.11. The proof of (3.2.49) is a consequence of the a priori assump-
tion (3.2.34)—(3.2.40) and the modulation estimates. Indeed, from (3.2.36), (3.2.40) and
(3.2.43), we have:

(3.2.49)

>

99 , 101
—mbc > (A«]);)VJ > —mbc.

Then we can compute the derivative of A;/A; with respect to t:

d (i) _ (A)idj— Ak
dt Aj ljz

<i(_99bckj+101bcﬂt,-)

A7\ 10047~ 10027

_ b [ 99 101/ :
S AAZL 100 100\ A;) |

d (A be [ 10199 (4’
dt\2x;) = 2AF| 100 T 100\ ;) |

The above two inequalities show that if for some time 7y € [0, 7*), we have

Similarly, we have:

li(l‘()) 1
>
Aj(t()) — 9’

then we have:
d (A
dt\ A j

Hence, the lemma follows from a simple argument. [

t=ty
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For convenience we introduce the following notations:

1. i{) = (),1’0, cen ,7Lk70), Z;O = (bho, cen ,bk70), )_C)o = ()CL(), Ce ,xk7o), and

=AY

O kol X —Xi0 -
F()L(),b(),X(),M()):Z 2 Qbﬁ() A"O, -l—u()()C),

)

2. Let C be the set of (%,BO,X’O, fip) such that (3.2.18)—(3.2.22) hold (or equivalently
F (Ao, bo,Xo, o) € U, p).

3. For ¢ =1,...,k, we let Cy be the set of (io,zo,fo,ﬁo) such that (3.2.18)—(3.2.22)
hold with (3.2.20) replaced by

1 A0 ke
— < 2 gkl
21 S 7o

Clearly, we have C;, C Cy_; C,...,C C; = C. Proposition 3.2.10 is a simple consequence
of the following lemma

Lemma 3.2.12. For all 2 < ¢ < k there exist continuous functions Fy:
RY x R¥ x H2 x REFT SRy

(bo, X0, 00, A1.,0, Ae41,05- - - Ak0) = Fy(bo, Xo, 0, 21,0, Ae11,05- - -5 Ac0),

such that for all 2 < j < k and (ll,o,l_,-+170,...,ﬂ,kp,go,)_c'o,ﬂo), if there exist
)»2,0, ... ,Aj,o > 0 such that

(A1,0,242,0, - - -» Ak,0, Do, Xo, 1lp) € Cj,

then the following holds:
I (M0, A3 gs-- > A 00 Aj1.05- - Ao, Bo, o, i) € Ci, where

)»;0 = Fj(bo,fo, Ifto,llyo,lﬁl’o, e ,7%()) > 0,

* 7T = ~ *
1.0 = Fj-1(bo, X0, 10, 41,0, A7 0, Aj 1,05 - Ako) > 0,

7(;70 = Fz(_b’o,)_c’o,lzo,ll’o,l;o, R l;OaA‘j—O—l,m R JLk,O) > 0.
2. Let u(t) be the solution of (3.1.1) with initial data
up = F<A‘1,O7AQ*’()7 cee 72‘;’07z‘j+1,07 cee 7)“/(,07307)?07”70)7

and {A;(t) i.‘zl be the corresponding scaling parameters, then for all t € [0,T*),
1 <iy,ip < J, we have

L ()
T =7,

§2k+1.

~—
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Proof. We will prove Lemma 3.2.12 by induction on j. We first prove Lemma 3.2.12 for
j=2.

Consider (410,23, .. ,7Lk70,l;o,)?o, fip) such that there exists A g > 0 such that
(A1,0,42,0, - - - » Ax,0, b0, Xo, o) € Ca.

We denote by S5, the set of all A, ¢ such that (_)LO,BO,X'O, iip) € Cy. Clearly S is a nonempty
interval. Next we define the following sets:

S5 ={A20 € S»|The solution u() with initial data F(Aq, by, Xo, o),

1
satisfies A, (19) /A1 (1) < TEsE for some 7y € [0,77).},

S5 ={A2,0 € S2|The solution u(r) with initial data F(ioj)o,)_c’o, i),
satisfies Ay (g) /A1 (fg) > 25+, for some 19 € [0,7%).}.

For these two sets, we have the following observations:

1. S5 and S5 are both contained in S, and open. Here the openness comes from
(3.2.30).

2. S5 NS5 is empty. This is a direct corollary of Lemma 3.2.11.

3. 85 #82, 85 #8,. Since if S5 = S5, then from the definition of C; and C,, we may
always find some A, o € S, such that

Ao
— > 2.
Ao
Then from (3.2.26), we have
A(0) 2 " 127() 10
7L] (O) 3 7L]7() 9"
then from Lemma 3.2.11, we have for all ¢ € [0,T*),
A
2(t) 10
A (1) 9

which leads to a contradiction. Similarly, we have S5 # S».

Since S, is a nonempty interval (i.e. connected), the above observations imply that
S>/(S5 US5 ) is not empty. On the other hand, it is easy to check that if § > 0 is small
enough, then (infS, + &) € S5. So we have infS, /(S5 USS) € $»/(S5 US3). We then
choose .

Fz(bo,)_c'(), IZ(),?LL(),)G?(), e 7)~k,0) = insz/(Sz< USZ>).

From Lemma 3.2.11 and (3.2.30), we know that F5 is continuous.
Next (if K > 3), suppose for all 2 < j < jo—1 (3 < jo < k), Lemma 3.2.12 holds, i.e.

there exists a continuous function F, ..., Fj, such that for all

(11,072']'4—1,03 s 7A’k,07b075€’07ﬁ0)7
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if there exist A2 9,...,A; o > 0 such that
(210,420, - - -, Ao, bo, X, lg) € Cj,
then the following holds:

1. (11,0312*,07 s 7)”;07Aj+1,07 cee 72‘k707b07)_607ﬁ0> € Cl, where

Ajo = Fj(bo,Xo,i0,A1,0,Aj+1,0;- -, A40) >0,

* 7 — ~ *
1.0 = Fj—1(bo,Xo,1i0, 41,0, A7 0, Aj1,05 -+, Ako) > 0,

)L,ZO = Fz(bo,fo,ﬁo,ll,o,l;’o, - aﬂ‘;07lj+1,07 ... 7)~k,0) > 0.
2. Let u(z) be the solution of (3.1.1) with initial data
Up = F<A'l,07)'2*707 ce 7)';70’2']4-1,07 cee 7A'k,07b07)_507ﬁ0)7

and {A;(t)}*_, be the corresponding scaling parameters, then for all € [0,7*),

1 <iy,ip < j, we have
1 Ai (1)

<

2k+1 — A’iz (l')

Now for j = jo, we consider all (A1,0,4j,+1,0,-- -, A0, bo, Xo, fip), such that there exist
220, Aj,,0 > 0, such that

S 2k+1 )

(M,0,42,05 - - -5 Ak,0, b0, X0, iHp) € Cj,.

We similarly denote by S, the set of all A, o such that there exist A5 ,...,Aj,—1,0 >0
such that
(A1,0,42,0, -+ Ak 0, b0, X0, o) € Cjy—1-

It is easy to see from the definition of C;,—1 and C, that §; is an interval and not empty.
Moreover, from the induction hypothesis, for all A;, o € S;,, we have:

* * 7T - o~
(210,420 -5 A5, —1.0sAjg.05 - - - » Ax,05 Do, X0, Tlp) € Ci,
where
* 7 o o~
io—1.0 = Fjg—1(bo, X0, 10, 21,0, Ajo 0, - - - s Aro) > 0,

* 7T = o~ *
io—2.0 = Fjo—2(bo, X0, 10, A1.0, A}, _1 0, 4jo.0,- - A4,0) > 0,
* 7T -~ * *
)lq70 = Fz(bo,Xo,uo,lLo,)ﬂ&O, . 7)“j0—1,07)“j0,0’ ... 7Ak,0) > 0.

Next we define Sfo be the set of all A, ¢ € S}, such that the solution u(z) with initial
data
Uy = F()\'I,Oa A2*707 e 72’;0—19’ )L’jo,()? e 7)‘k,07b07)_507 1’70)7
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satisfies A, (to) /iy (t0) < 1/2%+1, for some 1 € [0,T*) and some i € {1,...,jo— 1}.

Similarly, we define Sj>0 be the set of all 4;,0 € S, such that the solution u(t) with
initial data

Uy = (Alo A207 < ]O 1O;A'jo,()?"'7;Lk.,07b07)_607120)7

satisfies A, (to) /Ay (t0) > 2%+, for some 1 € [0,T*) and some i € {1,...,jo— 1}.

We have the same observations:

1. S5 and S} are both contained in S, and open.

2. 85 NS5 is empty. Otherwise, there exist Aj,0 € Sy, i1,i2 € {1,...,jo — 1}

fh € [0 T*) such that A«jo(to)/lil (l‘o) > 2k+l, )ujo(l‘o)/)uiz(to) < 1/2k+1. Then we
have )u,l(to) /i, (to) < 1/2%%2) which is a contradiction due to the choice of

22 000 jo 1,0
3..55 = # Sy S]?O # S}, Suppose we have Sfo = §,. From our induction hypothesis,
we know for all i1,i; € {1, jo+1,...,k},

1 Ail,O <2k+1—j0‘

2k+1,j0 A‘iz,o

Choose 4,0 > 0, such that
Ajpo = (272710 — 8) g 0,

where ip € {1,jo+1,...,k}, Aigo = minjey jot1,.. k) A0, and 6 > 0 is a small
enough constant. Then for all i1,i € {1, jo,...,k}, we have

1 Aio
2kH1=(jo=1) ™ 240

< ok+1=(jo=1)

So there exist A2, ...,A4j,—1,0 such that
(AM1,0,40,--54j5=1,0: 40,05 - - - s Ak 0, Do, X0, fl0) € Cjo—1,
or equivalently A, o € Sj (= S ,)- From our induction hypothesis, we know that
(2’1072207 X ]O 1Oaﬂ‘jo,()?'"7)L’k,07b07)_607ﬁ0) €C17
where

* 7 - o~
Aji—1.0 = Fjg—1(bo, X0, 10, 11,0, Ajo.0,- - - Aio) > 0,

* 7T = o~ *
=20 = Fjo—2(bo, X0, 10, A1.0, 25,1 05 Ajo.05- - Ak0) >0

* 7 = o~ * *
A3 0 = F2(bo, X0, 50, 21.,0,A30,- - - Ay 1,05 Ajg.05 - -+ Ak0) > 0
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But on the other hand, we have:

Ay _ A0, Fig0

. 9
— > 2k+17(]0*1) _ 5 27k*1+j0 >z
Mo Ao Ao ( )

57

if 0 is small enough. From (3.2.26), we know that

2,00 2 Ao 610
20) "3 o 579

where {A,(¢)}£_, are the scaling parameters of solution u() with initial data

* * 7 o o~
uo :F(A‘l,()a)lqpv"'7)’]'0—17072’]'0,03"'7A‘k,07b07x07u0)-

By Lemma 3.2.11, we reach a contradiction. The proof of Sj>o # S, is the same.

Therefore, S, /(S5 US7) is not empty. Then we only need to choose

FjO (BO’)_C’O’L’ZO’}LLO’A’J'O—H,O? s 7/lk-,0) = ll'lfSJO/(S]<() USJ>0);

which ends the argument of the induction and concludes the proof of the Lemma. U

Now we turn back to the proof of Proposition 3.2.10. Let us consider Z)o, Xo, tip, A1 o
such that there exist A g, ..., Ax o > 0 with

(M.0,A20, -5 k0, b0,%0,10) € Ck.

Then we define Oy, be the set of all H 2 functions in the following form:

Upg = F(A‘l,07%)(707 oo 7)“]:O7b07-¥07 ﬁO)a
where

Ao = Fi(bo,Xo, 119, A1 0) > 0,
Ai—1.0 = Fi—1(bo,Xo, i, 1,0, At 9) > O,

A3 0 = F>(bo, X0, 110, 41,0, A5 0, - - Alg) >0

It is easy to see that Oy , contains infinite many elements.

On the other hand, the choice of {4 ;0}]]‘.:2 implies that the scaling parameters of
solution u(¢) with initial data in Oy , satisfy:

Ai(t)
j(t

for all 1 <, j < k. This concludes the proof of Proposition 3.2.10. ]

S S 2k+17

1
2k+1

>
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Remark 3.2.13. From the construction of the subset Ok, p» 1f one can show that the func-
tions F; (j =2,...,k) are actually in C I then the subset O, p has a codimension of k — 1
in H2. But this seems to be nontrivial.

Remark 3.2.14. From the proof of Lemma 3.2.12, the choice of 7Lj*70 (j=2,...,k) may

not be unique '?. Here in Lemma 3.2.12, we basically chose the “infimum” of all possible
QL*O, which ensures that the functions F; are all continues. This argument is crucial to
show that the blow-up points depend contlnuously on the initial data.

For this nonempty subset Oy ,, the most important feature is that for uy € Qy ,, the
estimates (3.2.34)—(3.2.40) can be improved on [0,7*). Hence from Remark 3.2.7, we
have T* = T. More precisely, we have:

Proposition 3.2.15. If ug € Oy, then the following estimates hold on [0,T*):

0<Aj(r) <2 (3.2.50)
7 < <2t 251
=S A0) =7 (3.2.51)
xi(t) —xj ()| > b, forall i # j, (3.2.52)
32v
bj(t) —be| <be ™, (3.2.53)
13
[€i(t)llzro < bég, (3.2.54)
(&), ll,2 < bi, (3.2.55)
Nij(t) < b3, (3.2.56)

From a standard bootstrap argument, we know that 7* =T. i.e. the estimates (3.2.50)—
(3.2.56) hold for all 7 € [0,T). Then following from similar arguments as in [46, Section
6], we have:

Proposition 3.2.16. For all uy € Oy j, we have:

1. Finite time blow-up with self-similar rate: We have T < +oo, and for all j =
l,....,kandt €0,T):

o

F(0)

T—1t

3(1—V)be < <3(1+V)be. (3.2.57)

2. The translation parameters converge to pairwise distinct points: For all j =

1,....k
xj(t) = xj(T),ast =T, (3.2.58)
1
% (0) =x;(T)| S b (3.2.59)
xi(T) #x;(T) forall 1 <i# j<k. (3.2.60)

12. The set Sj,/(S}, US} ) may contains more than one element.
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3. Convergence in subcritical Lebesgue spaces: for all g € |2, pT_l),
u(t) > u*inL9. (3.2.61)

4. For R small enough, we have:

2 | £ 2 2
0-80) [ G < g [ WP<O480) [ G2e)

lim sup
R—0

*|2
RZGC /|X—Z<R|u | S 5(p), for allz§§ {xl(T),...,xk(T)}, (3.2.63)

which implies that the blow-up set of u(t) is exactly {x;(T),...,xx(T)}.
5. The map from Oy , to R¥:
ug — (x1 (T),...,Xk(T)) (3264)
is continuous under the topology of H' and RX.

Remark 3.2.17. Proposition 3.2.16 implies that for all ug € Oy ), the corresponding solu-
tion will blow up in finite time with self-similar rate, and has exactly k blow-up points.

3.3 Monotonicity tools and estimates on the error term

In this section, we will derive some crucial estimates on the error tern €;, which imply
the bootstrap bounds (3.2.55) and (3.2.56) immediately. Such estimates are similar to
[46, Lemma 4.1, Proposition 5.2], and are the continuation of the monotonicity formula
developed in [55] and [57].

3.3.1 Monotonicity of the energy.

In this subsection we will give a control of ||(€;),|/;2 and || (ej)y||L2(bfzo>y>KB), which
implies the bootstrap bound (3.2.55). These estimates provide a good control of the L™
norm of €; on the right.

Proposition 3.3.1. Forall j=1,...,k the following estimates hold for all s; € [0, sj)
3.y
/(%’(sj'))i <bE?, (3.3.1)
J (e1(s); b7 (3:32)
€(s; : 3.
KkB<y<bg 20 SN Ty~ e

Proof. The proof of (3.3.1) is a consequence of the energy conservation law. Indeed, we
have:

k (s 2(1-o0;)
2 (o) s ) =26+ X () [(@nien

2
et [ (@rey —art,

(3.3.3)
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where )

2t =1 () ()

For the terms appear in the above summation, their supports are pairwise disjoint. So

we have:
D= g (B g (e st steny)

k 3 LY
Z 6T (|b; — be| +53) < 10°p2 T < b2 2.

| A

Here we use the fact that 10F < b, v/4 . The rest terms can be estimated similarly like what
we do in [46] '3, thus we conclude the proof of (3.3.1).

The proof of (3.3.2) is quite different from the single blow-up point case. We first
choose 2 smooth functions 6 and 7, such that & > 0, 6(y) = ¢~ Pl for |[y| > 1 and n(y) =
fory<1,n(y)=e?fory>2.

We introduce the following notations:
Y00 dy — kB
LUy )ay . YK
o(y) = Sz 5y KB
J228()dy VB
Wp(y) = ©()N (5y).

Then we assume that for allz € [0,7), j € {1,...,k},

2 15
/ [€(t,y)]"¥B(y)dy < bZ . (3.3.4)
y>KkB
Since this estimate is satisfied for # = 0, so we only need to improve this estimate to:
2 35
/ [&j(t.)] " ¥B(y)dy S b (33.5)
y>KkB

To do this, we fix 7 € [0,7*). For 7 € [0,7], we introduce the localized energy:

E(n)= [ (%qu(f)lz—pillu(fﬂp“)‘l‘g()%’:)ﬂ) dx.

A direct computation shows:
2j(0) 1 E(r)

1
=3 [ (@)t )t My——/lQb &7 W (y) dy + O(b2)
_xVB
2 o=t [ (1) i0n)

_xvB
[ (@ Prion )= [ et ey —em S [ et -2,
Y>3 y>5 y<5
(3.3.6)

13. See details in the first part of Section 4 in [46].
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where we use the fact that Wp(y) < e *VB/4ify < kB /2.

Next, we have:

2(p+1-pg)

2
Po / eho
e

L>(y>«kB)

po+2

[ €7 < (e ) F I 20) T
2

For y > kB, we have the following estimate:

+2

P _rors P 1
l&j(t,)] 2 T (B20%) W =m0 | < |lg;(t,y)| = TIn(b20y)2

o0 P n/(bZOy/)
2 [l B YD 4
y 2
1
2

too Po 1
< ] [ et aa e tay] +

n(b2%")

0 ')’
5||e,-||;,,0( /M(ej)in(bzoy/)dy) +blo||gj||L,,o+z( / (n(y’>> dy/)

173
< bt

<l

Y

where we use (3.2.38), (3.2.41), (3.3.4) and the basic fact that 1(b2’y) < 2%¥3(y) for
y > kB. Combining the above 2 estimates, we have (recall that pg = % and p is slightly
larger than 5):

55

11 173p—156 55
/ P e She T < b (33.7)
>k

On the other hand, from Sobolev embedding and (3.2.40), we have:
+1 p+1 9
/1<B/2<y< B|€j|p Yp < ||£||H1 (KB/2<y<KkB) = <b;. (3.3.8)

Injecting (3.3.7) and (3.3.8) into (3.3.6), we have:

55

Lo 807 ST 4 202 E)

Now it remains to estimate A; (t)2(1=%)E(¢). To do this, we first use the Kato’s local-
ized identities for the energy to compute the derivative of E(7):

%E(T) :_%/(”xx+ulu|”_l>2gx_/”fxgx
+p/ulul”_2u§gx+%/u§gxxx
3 ] Glu@P - e ey (A ax
30/ G =i ) (S B ()
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where

We claim there exists a universal constant C such that for all T € [0,1],

62
iva Cb/

We denote by
X — 1 X—Xj(’[,') . zox—xj(r)
8l ’T)_\/Elj(r)e(\/mjm KB)”(”C 4;(7) >
_ b x—x;(7) . x—x;(1)
el W)@(mj-(r) e ) (2

1 x—xj(1) 0X —x;(7)

83(x,7) = (VB ) ”(\/E;Lj(f)_KB)n(bg W>

Then we have

b20
g§=281+82, gxxx_g3:0<—c >
(VBA(1))’

So we can rewrite (3.3.9) as following:

d ~
TE(D) =1+ T+ IV 4V,

where
1 _
I'=— [ (e +uful? l)zgz_/u)zcx&»
_ 1
II:p/”|u|p Zujzcg2+§/u)2c(gxxx_g3)v

I = —x (%) / <%|ux(‘c)|2— m|u(f)|p+l)g2(x, 7)dx,

W =@ [ (Gl oF - (o) (x;ff;))gxx, 7).

5 [ st ulul? P~ [
_ 1
+p/u|u|” Zufg1+5/u§g3

~x(0) [ (%mmﬁ—pi1|u<r>|P+‘)g1<x,r>,dx

~(0) [ (GluF — (o) ()‘;(—’“T()’”)gwx,r)dx.

V =
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It is easy to estimate V by following the same argument as in [46, Section 4]. From the
properties of 1 (i.e. exponential decay on the right), we know that on the support of g,
and g, — g3, the following term is negligible:

¥ e ()

Together with (3.2.39), (3.2.40), (3.2.41) and (3.2.44) we have:

62
‘1[{ <b—go ploo (|g.|p—1(8.)2+(8.)2) <L
~ ),j(r)3+2(1_"6) c J J7y 1yr ) = lj(f)3+2(1—oc)’

20

62
b2 x Cb.
c 100 p+1 e
111 | 5—(T)4+z(1 ) [b +/ &7 + |¢jl )] = Aj()3ra(i-a)”

While for IV we have g <0, A, <0, and on the support of g, (x—x;(7))/A;(7) > 0. So

we have:
—zf(r)/(%mx(r)ﬁ) (x;:§;)>g2(x,1)dx§0.

Moreover, from (3.2.43) and the choice of 11 we have:

)Mr) [ rt (5 e oyas
b,

S s P G B )y
J
be .
S m /y’>KB yg(fay,)’p—'—ln(bgoyl) 100 oy’
J
Cby
S (e

where the last inequality follows from the same argument which is used to estimate
(3.3.7). Thus we obtain:

62
v < Cb/
- lj(r)”z(l*"v) ’

Finally, we deal with /. First of all, we have

b20 ) 5 b20 5 blo
< e ) < be o
IS A;(t) (/(uxx+|u| )) S L@ /uxx+lj(f)3+z(l_cc), (3.3.11)

where we use the fact that

3p+1

/|u|2p () /<|e, )|2P+ié(2((;)>pl IQb,»(r>|2")

10% b4

< < .
%(‘L’)Hz(l_av) ;Lj(r)2+2(1—cc)
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While for [u2,_, we can use pseudo-conservation law to estimate. Precisely, we have the

following estimate for all 7y € [0, 7]:

d _ -
T Ba(®) S [ )+ [l ),

where s
Ex(w) = [ (v0) =% [ulul” ! (s0)
It is easy to prove (3.3.12) by integrating by parts.

Now we assume the following a priori estimate for all 7y € [0, T]:

: b*
/uxx<T0) = lj(TO)z—i_z(l_GC).

Then Sobolev embedding implies that:

—2—v
bc

;Lj(fo)%Jrz(l—cc)’

1 1
[Jx(T0) = < Nt (T0) | 2l (T0) [ 2 S

where we use the fact that
b—v /4
C

2 < __c
/Mx(fo) ~ )Lj(TO)Z(l_GC) ’

From (3.3.12) and (3.3.13) we obtain

d 2p—3 2 3 —4 2
e CORSY U 1 sl R ey

b;6710v

< .
~ lj(fo)5+2(1—oc)

Note that for > 3,

o ] , 2
/0 Aj(t)P s be(B—3)Aj(0)P—3

We have:
—7—10v
bC

;Lj(ro)2+2(1—cc)'

EQ(T()) 5 EQ(O) +

The conditions on the initial data lead to:

<
2O 3 opai-a = 3m)ane

Together with
b- 10v
C

21 1p—1 <
/ux‘u| (TO) ~ lj(fo)%‘z(l_oc)’

(3.3.12)

(3.3.13)
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we have for all 7y € [0, 7],
b—7—10v
C

2
/Mxx(TO) < Aj(10)2+2(1—cc)'

From a standard bootstrap argument (if v is small enough), we have shown that

b710v

/I/lxx(f)z = m

Injecting this into (3.3.11) we get
blO
< - ¢
I's lj(r)”z(l*"c) ’
which concludes the proof of (3.3.10), hence the proof of (3.3.5) and (3.3.2). ]

The main goal of this subsection is to control the L norm of €; on the right, i.e.

Corollary 3.3.2. The following L™ control hold for all t € [0,T*):
1)l =105y ) S B2 (33.14)

Proof. Let 1o be a smooth function with no(y) =1 for y < 1, no(y) = 0 for y > 2. Let
f() = €j(y)no(b!%). Applying the localized Gagliardo-Nirenberg inequality to f, we
have

_Po

n+2 +2
£l =8y < 1F 1120 |rfy||£2*y>KB>

2 2
72 s P0+2
< el (I! M+ (Bl 7) )

< p2.

~ 7C

3.3.2 Monotonicity formula

In this subsection, we will derive a monotonicity formula for the localized Sobolev
norm of €;, which will imply the bootstrap bound (3.2.56) immediately and is important
in the derivation of the asymptotic dynamics of the flow. This formula here is almost the
same to the one in [46]. Such monotonicity tools were introduced originally in [55] and
[57] for critical gKdV.

Recall from (2.32), the definition of ¢@. We let v, 1y be 2 other smooth functions such
that:

e’ fory< —1,
w(y) = ’ y' >0, (3.3.15)
1 fory> —k,

1 fory<l, p
= <0. 3.3.16
Mo(y) {0 fory > 2, Mo < ( )
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Here, we observe that y(—x) = ¢(—k) + k, and y(y) = @(y) for all y < —1, so we may
assume in addition:

o(y) <wy(y) <(143x)¢(y), forally < —x. (3.3.17)
Remark 3.3.3. It is easy to check that for every % > Kk > 0, such y and ¢ exist.

1

Now, recall B= b, ®. We let
_ w2 10 _ y
vB(Y) = w(Z)mo(bey),  CB(Y) = @sNo( 53 ).
and then define the following Lyapunov functional for &;:
2
F. :/ )2 N =
= [ (e et 2

Our main goal here is the following monotonicity formula for F;:

(lej+0p "' =0~ (p+ De; 0 )y | (3.3.18)

Proposition 3.3.4 (The second monotonicity formula). There exists a universal constant
u>0and0< k< % such that forall j=1,...,k s; € [O,ij), the following holds:

1. Lyapunov control:
d - )2 ) ol < 3
=Tt | (&) +(8))°) o S b (3.3.19)
j
2. Coercivity of F: there exists a universal constant k > 0 such that

7 7
Nj—b2 SFi<SNi+be. (3.3.20)

Remark 3.3.5. The bootstrap bound (3.2.56) follows immediately from (3.3.19), (3.3.20)
and Grownwell’s inequality.

Proof. The proof of Proposition 3.3.4 is exactly the same to the one in [46, Section 5].
The idea is that the error term €; has been “localized” to the support of Oy, due to our
choice of the weight functions. Then the estimate is exactly the same to the single blow-up
point case.

The only difference here is that we add a cut-off on the right of yp. This will lead to
some additional terms on the right hand side of (3.3.19). But if we check the proof of [46,
Proposition 5.1], we will see these additional terms can always be bounded by

b0 [ (€35, M B )

and hence bounded by 5!°. [

3.4 Existence of blow-up solutions with exactly k blow-
up points

This section is devoted to prove Proposition 3.2.15 and Proposition 3.2.16. Hence for
all up € O ), the corresponding solution has exactly k blow-up points.
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3.4.1 Closing the bootstrap

In this subsection we will finish the bootstrap argument and finally prove Proposition
3.2.15.

Proof of Proposition 3.2.15. The bounds (3.2.50)—(3.2.53) are consequences of the mod-
ulation estimates (3.2.43)—(3.2.45). Indeed, (3.2.50) follows from the fact that 0 <
A;(0) < 2 and that A;() is decreasing. (3.2.51) is just the definition of Oy . For (3.2.52),
we have

3
While for (3.2.53), suppose for some s € (O,s;‘.), we have b(s; ) > b, +b§+2v, By
the choice of the initial data, i.e. (3.2.27), we can find some s;; € [0,sj0) such that

3,5 3,5
b(sj1) = be+b2 2" and b(sj) > be+b2 2" for all s; € [sj,1,5)0). Then by,(s;1) > 0.
From (3.2.40) and (3.2.45), we have:
5 5,5v 5
by;(sj1) < —cp(b(sj,l) —bc)bc+b§+3v = —cpbc2+ 2 +b§+3v <0, (3.4.1)

if b, is small enough such that bY < 1. We get a contradiction. The opposite bound is
similar.

The proof of (3.2.54)—(3.2.56) is parallel to the one for the single blow-up point case
in [46], using the similar monotonicity tools developed in the previous section. ]

3.4.2 Proof of Proposition 3.2.16

First we prove the finite time blow-up and self-similar result, i.e. (3.2.57). From
Proposition 3.2.15 and (3.2.43), we know for all t € [0,T), j € {1,...,k},

(1=v)be < —(A))iA} < (14 V)b (3.4.2)
Integrating (3.4.2) from 0 to t we know that for all j € {1,... k},
L3 A;(0)

Vt € [07T), (1 — V)bcl < § i (O) and hence 7' < m < 0. (3.4.3)

So the solution blows up in finite time. Then from local Cauchy theory, we know
limy_,7 ||ux(t)]|;2 = +oo. But we know from the geometrical decomposition:

k
1
[ (2) ][ 12 ~ ;W
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Combining with (3.2.51), we have for all j € {1,... k},

lim 4;(1) = 0.

t—T

We then integrate (3.4.2) from ¢ to T to obtain:

3
Vi€ [0,T), (1—v)be(T —1) < 113@

< (1+v)be(T —1),

which implies (3.2.57).
While for (3.2.59), from (3.2.44), (3.2.25) and (3.4.3), we have forall j =1,... k,

0 | < oo g < Todr _ (7T dt <T2/3<1
x:(0) —x; Xi)e.|ds; — —.
| ]( ) J( )’N/O |( .])S_/| J ~ 0 A«J(t) N/O 3 bL(T—l') ~ bi/:” Nbc

The proof of (3.2.58)—(3.2.63) is exactly the same to the one in [46, Section 6.2].

Finally, for (3.2.64), from (3.2.30) and Lemma 3.2.12, we only need to show that the
blow-up time is continuous with respect to the initial data in Oy ,. More precisely, we
have:

Lemma 3.4.1. Consider {MO,n},j:l C Ok, ug € Oy p, such that ugy, converges to ug in
H' as n — +oo. Let u,(t), u(t) be the corresponding solutions to (3.1.1), and Ty, T be the
corresponding blow-up times, then we have

Iim 7,=T.

n——+too

Proof. First of all, from a classical argument of continuity with respect to the initial data
(i.e. the perturbation theory 14), we obtain:

liminf7, > T. (3.4.4)

n— oo

On the other hand, for all d > 0, there exists n(6) > 0, such that if n > n(9), u,(T — 0)
exists. Integrating (3.4.2) from T — 6 to T, we have

T,<T—§ AT =3)
R TE R T

where A4 ,(¢) is the j-th scaling parameter of the solution u,(r). Let n — oo, we will
obtain:

li T,<T—§ l;(T_6)<T 26

1msu — 0+ +20.

o = 3(1—V)be =

Then let 6 — 0, we have limsup,_, 4o In < T, which concludes the proof of the lemma.

]

Therefore, we finish the proof of (3.2.64) and hence the proof of Proposition 3.2.16.

14. See for example Lemma 2.4 in [58].
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3.5 Proof of Theorem 3.1.5 by Brouwer’s theorem

In this section, we will prove Theorem 3.1.5. Actually, Proposition 3.2.16 has already
given the existence of solutions with exactly k£ blow-up points. And here we will use
another topological argument to show that the blow-up points can be chosen arbitrarily.

Given any k points {x1,...,x;}, we want to find a solution whose blow-up set is exactly
{x1 goee ,Xk}.

Step 1. First, we show that if
i — x| > b 120, for all i # j, (3.5.1)

then there exists a solution u(t) satisfying (3.1.14) and (3.1.15), whose blow-up set is
exactly {xy,...,xz).

For j=1,....k, weletl; = [x; — b, x;+b_’]. Then for all x;p € I;, we have
xi, 0 —Xiy0| > b2 ', for all iy # iy
Next, we choose suitable A1 9, b10,...,bro > 0 and iip € H 2 such that for all

(X1,05---5Xk0) €1 X -+ X I,

there exist (A2,0,...,Ak0) such that conditions (3.2.18)—(3.2.22) is satisfied for 15

Then, we can consider the solution u(¢) with initial data

uy = F(ll,()azﬁ*,m e 71’]:?0777)07207 IZO)?

where 10

Ao = Fi(bo, %o, ii0, A1 0) > 0,
A«:O — E(_b»O%X:O’IZO’)’l?O’Alil,O’ .. 72,]::0) > O7 for 1= 27. . ’k_ 1

Then from Proposition 3.2.16, it is easy to check that u(r) satisfies (3.1.14) and (3.1.15),
and the blow-up set of u(t) is {x|(T),...,x(T)}. Therefore we have constructed a map
MfromD=1; x --- kato]Rk, i.e.

M(XL(), NN ,xk70) = (XI(T), N ,xk(T)).

From (3.2.64) and the fact that F; is continuous for all j = 2,...,k, it is easy to see that
the map M is continuous.

15. We mention here that this is possible due to the assumption (3.5.1).
16. Here, Fj, j =2,...,k are the continuous functions defined in Lemma 3.2.12.
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Now we claim there exists a (x1.9,...,X¢0) € D such that
M(x1,0,- -, Xk0) = (X1, .., Xx). (3.5.2)
From the construction of geometrical decomposition (i.e. the argument of implicit

function theorem), we have
xi0 —xi(0)] < 1,

foralli =1,..., k. Together with (3.2.59), we have for all i € {1,... k},
xi0 —xi(T)| < b2 (3.5.3)

We then introduce the following topological lemma, which is a corollary of the
Brouwer’s fixed point theorem, [6].

Lemma 3.5.1. Let f be a continuous map from R¥ to R¥, and T, = [—r, r]k C R* be a cube
centered at 0, for some r > 0. Suppose we have for all y € 9T,
f) =yl <n (3.5.4)

then there exists a yo € T, such that f(yg) = 0.

Proof of Lemma 3.5.1. Suppose for all y € T, f(y) # 0. Then we can define a map g from
T, to dT, as following:

g(y) =dT,N{tf(y)|t > 0}.

It is easy to check that g is well-defined and continuous. The assumption (3.5.4) ensures
that for all y € d7,, and r € [0, 1], we have

tg(y)+(1=1)y #0,
which implies that g|57, is homotopic to Idy7. . Indeed we can consider the following map:
G: [0,1] xdT, — 9T,
(#,%) = T, N {s[tg(y) + (1 =1)y]|s > 0}.

It is easy to check that G is well-defined and continuous. Moreover, we have G(0,y) =y,
G(1,y) = g(y), for all y € dT,. Thus g|57, is homotopic to Idy7 .

Then the homeomorphism of the homology groups induced by g (i.e. g.: H.(T,) —
H,(dT,)) is surjective. But this is a contradiction, since Hy_1(7,) = 0, Hy_1(9T,) = Z.
Therefore, we conclude the proof of Lemma 3.5.1. [

Now we apply Lemma 3.5.1 to f = M, and T, = D with r = b_3. From (3.5.3), we can
see that condition (3.5.4) is satisfied. Then we obtain (3.5.2), which concludes the proof
of Theorem 3.1.5 under the assumption of (3.5.1).

Step 2. Now for arbitrarily k pairwise distinct points {x1,...,x;}, choose A > 0, such that

min [Ax; — Ax;j| > b %0
I<ij<k
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Now from the above arguments, there exists a solution v(z) blowing up in finite time

T, < +oo, whose blow-up set is {Axy,...,Ax;}. Moreover, for ¢ close to T,, there exist
Aj(t) and ¥(z,x) such that

v(t,x)zzk: = Qp<x_&xj)+\7(t,x),

=19 - Ajy(1)
Fagte N
A7, (1)
=5, A0) () 2 < 8(p).

Then we let ,
u(t,x) = A7 Tv(23, Ax),

Itis easy to see from Remark 3.1.3 that u(¢) is a solution to (3.1.1) blowing up in finite time

T, = AT, < +oo. And its blow-up set is exactly {xi,...,x;}. Moreover, u(t) satisfies
(3.1.14) and (3.1.15) with

lj,v(&sl‘) £

Ai(t) = 7 i(t,x) = &,ﬁl \7(&3t,&x), for all 7 close to T, = A °T,.

Therefore, we conclude the proof of Theorem 3.1.5.



Chapter 4

On asymptotic dynamics for mass
critical gKdV equation with a satu-

rated perturbation

4.1 Introduction

4.1.1 Setting of the problem
Let us consider the following Cauchy problem:

Out (e + 1 —yululi=1), =0, (t,x) €[0,T) xR,
u(0,x) = up(x) € H'(R),

withg >5and 0 < y < 1.

The equation has two conservation laws, i.e. the mass and the energy:

M(u(r) = [ ule) =My,

E@(0) =3 [uP 5 [u0'+ L5 [l = o

(gKdV,)

We can see that the solution of (gKdV,) is always global in time and bounded in H I
First of all, (ngVY) is locally wellposed in H I due to [33, 36], i.e. for any ug € H L

there exists a unique strong solution in C([0,T),H"), with either T = 40 or T < o0
and lim,_,7 ||u(¢)]|;2 = +oe. Since ¥ > 0, ¢ > 5, the mass and energy conservation laws

ensure that for all ¢ € [0,T),
4
lux(t)lI72 < |Eol +7 77 Mo < +oo,
s0 T = +oo and u(t) is always bounded in H'.

123
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This equation does not have a standard scaling rule, but has the following pseudo-
scaling rule: for all A9 > 0, if u(z,x) is a solution to (gKdV,), then

1

u, (t,%) = Ag u(Ayt, Ay 'x), (4.1.1)
is a solution to
v+ (e + v = A "9 =0, (t,x) € [0,4,°T) xR,
{v(O,x) =2 (g 'x) € H'(R),
with g5

=—>0. 4.1.2
m 5 > ( )

The pseudo-scaling rule (4.1.1) leaves the L? norm of the initial data invariant.

There is a special class of solutions. We first introduce the ground state Q, for 0 <
W < ®* < 1, which is the unique radial nonnegative solution with exponential decay to
the following ODE !:

Q! — Qu+ Q3 — 0Qp| ol ! =0.

Then for all A9 > 0, 1o € R, xp € R with A,y < @*, the following is a solution to
(ngVy):

u(t,x) = )MO_EQ)L(;my(/lo_l(X—XO) — 25>t —10)).

A solution of this type is called a solitary wave solution.

4.1.2 On the critical problem with saturated perturbation

The saturated perturbation was first introduced for the nonlinear Schrédinger (NLS):

idu+Au+g(|u)u=0, (t,x)€[0,T) xR (NLS)

In many applications, the leading order approximation of the nonlinearity, g(s), is the
power nonlinearity, i.e. g(s) = £s°. For example, g(s) = s, leads to the focusing cubic
NLS equation, which appears in many contexts.

But such approximation may lead to nonphysical predictions. For example, from [21,
73, 75, 90], for NLS with critical or supercritical focusing nonlinearities (i.e. g(s) = s°
with od > 2), blow up may occur. However, this contradicts with the experiments in the
optical settings [32], which shows that there is no “singularity” and the solution always
remains bounded.

One way to correct this model is to replace the power nonlinearities by saturated non-
linearities. A typical example? is g(s) = s — ys°+9, with § > 0, y > 0. Similar as
(gKdV,), in this case any H ! solution to (NLS) is global in time and bounded in H'.

1. The existence of such Qg was proved in [2, Section 6], but, in this paper we will give an alternative
proof for the existence.
2. See [25, 63] for other kind of saturated perturbations.



4.1 Introduction 125

On the other hand, the saturated perturbation is also related to the problem of contin-
uation after blow up time. This kind of problems arising in physics is poorly understood
even at a formal level. One approach is to consider the solution u¢(z) to the following
critical NLS with saturated perturbation:

i0pu+ Au+ |uliu—elulfu=0, (t,x)€[0,T)xRY,
u(0,x) = ug(x) € H' (RY),

where 4/d < g <4/(d—2). Suppose the solution u(z) to the unperturbed NLS (i.e. € =0)
with initial data ug, blows up in finite time 7" < +oo. Then, it is easy to see that for all
€ > 0, ug(t) exists globally in time and for all r < T,

lim ue () = u(r), in H'.

£e—0

Now, we may consider the following limit:

limug(t), t>T,
e—0

to see whether the limiting function exists and in what sense it satisfies the critical NLS.
Such construction for blow up solutions using the Virial identity was given by Merle
[66]. Alternative way to construct the approximate solution u. () can also be found in
[64, 67, 76]. But, this only remains for very special cases. General constructions of this
type are mostly open. In all cases, the asymptotic behavior of the approximate solution
ug(t) is crucial in the analysis.

Therefore, the asymptotic dynamics of dispersive equations with a saturated perturba-
tion becomes a natural question.

4.1.3 Results for L? critical gKdV equations

Let us recall some results for the following L? critical gKdV equations:

5\
{8,u+(uxx+u )x=0, (r,x)€[0,T)xR, (eKdV)

u(0,x) = ug(x) € H'(R).

This equation is [? critical, since for all A > 0,
R T e |
uy (t,x) =A 2u(At,A™ x),

is still a solution to (gKdV) and ||uy ||;2 = ||ul|;2-

There is a special class of solutions i.e. the solitary waves, which is given by

u(t.x) = 1 Q(x—xo_i?)Z(t—to))’
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with

_ 3 % "o S
Q(X) - (COSh2(2x>) ) Q Q+Q _O

The function Q is called the ground state.

From variational arguments [91], we know that if ||ug]|;2 < ||Q||;2, then the solution
to (gKdV) is global in time and bounded in H', while for ||ugl|;> > ||Q||;2, blow up may
occurs. The blow up dynamics for solution with slightly supercritical mass:

Q2 < lluoll2 < [|Qll2 + o (4.1.3)

has been developed in a series paper of Martel and Merle [53, 54, 55, 70]. In particular,
they prove the existence of blow up solutions with negative energy, and give a specific
description of the blow up dynamics and the formation of singularity.

In [57, 58, 59], Martel, Merle and Raphaél give a exclusive study of the asymptotic
dynamics near the ground state Q.

More precisely, consider the following initial data set

A%:{MOEHI

w=0+an Ly <ao [ 0 <1},
y>0

<oc*}.
LZ

Theorem 4.1.1. For 0 < oy < a* < 1, and uy € Ag,, let u(t) be the corresponding
solution to (gKdV), and 0 < T < +oo be the maximal lifetime. Then one of the following
scenarios occurs:

(Blow up): The solution u(t) blows up in finite time 0 < T < oo with

and the following L? tube around the solitary wave family

1 X — X0
PN

Tor = {uo EHl‘ inf
Ao>0.x0€R

Then we have:

lu(@) || g1 = w 0(uo) > 0.

In addition, for allt < T, u(t) € Ag,.
(Soliton): The solution is global, and for all t < T = oo, u(t) € Ag,y- In addition, there
exist a constant Aw > 0 and a C' function x(t) such that
1
A2u(t, deo - 4x(1)) = Q in H. ., ast — +oo,
t
Ao — 1] S 8(00), x(f) ~ 720 48 t — +oo.

(Exit): For some finite time 0 < t* < T, u(t*) ¢ Tq-.

Morever, the scenarios (Blow up) and (Exit) are stable by small perturbation in Ag,.
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In [56], Martel, Merle, Nakanishi and Raphaél proved that the initial data in Ag,
which corresponds to the (Soliton) regime is a codimension one threshold submanifold
between (Blow up) and (Exit).

Theorem 4.1.2. Let
Aty = {eoe 'l <aa. |y <1, (0,0 =0},
y

Then there exist &y >0, By >0, and a C 1 function A:
Ag, = (—Bo. o)

such that for all ¥ € .Aé;o and a € [—Po, Pol, the solution of (gKdV) corresponding to
uo = (1+a)Q+ 7y satisfies:

-(Soliton) ifa =A();

(Blow up) if a > A(1);

(Exit) if a < A(}0).

In particular, let
_1
Q= {uo € Hl‘ﬂﬂo,xo, such that ug = A, 2Q(?L()*l()c—x())) }

then there exists a small neighborhood O of Q in H' N L? (yiody) and a codimension one
C! submanifold M of O, such that Q C M and for all uy € O the corresponding solution
of (gKdV) is in the (Soliton) regime if and only if uy € M.

4.1.4 Statement of the main result

The aim of this paper is to classify the dynamics of (gKdV, ) near the ground state Q
for (gKdV), when ¥ is small enough. The main idea is that the defocusing term yu/|u|~!
has weaker nonlinear effect than the focusing term . So, we may expect that (gKdV,)
has similar separation behavior as (gKdV), when ¥ is small.

More precisely, we fix a small universal constant ®@* > 0 (to ensure the existence of
the ground state Q,), and then introduce the following L? tube around Qy:

1 X —Xo .
MO__]Ql(;l?zY(T) <o }
A v

Theorem 4.1.3 (Dynamics in Agy,). For all g > 5, there exists a constant 0 < a*(gq) < 1,
such that if 0 < y < ap < o < a*(q), then for all ug € Ag,, the corresponding solution
u(t) to (gKdV,) has one and only one of the following behaviors:

~(Soliton): For allt € [0,+00), u(t) € To+ y. Moreover, there exist a constant Ae € (0, +00)
and a C" function x(t) such that

Tory = {uo cH'| inf
Ao>0,A5 " y<w* xo€R

Then we have:

1
Asu(t, Ao - +x(1)) = Qj Zmy in H_, ast — +oo; (4.1.4)

t
x(t) ~ 2 @ t — oo (4.1.5)
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-(Blow down): For all t € [0,+o0), u(t) € Tery. Moreover; there exist two C' functions
A(t) and x(t), such that

2

AZ(Ou(t, M(t)-+x(t)) — Q in Hi.., ast — +oo; (4.1.6)
A(f) ~ 17T,

-3
x(t) ~ tzﬁ, ast — +oo, 4.1.7)
-(Exit): There exists a 0 <ty < oo such that u(ty) & Ta y-

There exist solutions associated to each regime. Moreover, the regime (Soliton) and
(Exit) are stable under small perturbation in Agy, .

Comments on Theorem 4.1.3:

1. Classification of the flow near ground state. Theorem 4.1.3 gives a detailed descrip-
tion of the flow near the ground state Qy of (gKdV, ). This kind of problems has attracted
considerable attention especially for the dispersive equations. For example, Nakanishi
and Schlag [81, 82, 83] for Klein-Gordon and mass supercritical nonlinear Schrédinger
equations; Merle-Raphaél [22, 71, 72, 73, 74, 86] and Merle-Raphaél-Szeftel [76] for
mass critical nonlinear Schrédinger equations; Martel-Merle-Raphaél [57, 58] for L? crit-
ical gKdV equations; Kenig-Merle [34] and Duyckaerts-Merle [18] for energy-critical
nonlinear Schrodinger equations; Kenig-Merle [35], Duyckaerts-Merle [17] and Krieger-
Nakanishi-Schlag [42, 43] for energy-critical wave equations; Collot-Merle-Raphaél [8]
for energy critical nonlinear heat equations. Note that the fact that the regime (blow down)
near the ground state is a codimension one threshold submanifold of initial data in A,
could be proved similarly as in [56].

2. Asymptotic stability of solitons for (gKdV,). Since the (Soliton) regime is open,
Theorem 4.1.3 also implies the asymptotic stability of the soliton Qy for (gKdV,) under
some suitable decay assumption. Recall that from [52], the soliton Q for the unperturbed
critical gKdV equation is not stable in H!.

3. Blow down behaviors. Theorem 4.1.3 shows that a saturated perturbation may
lead to some chaotic behaviors (i.e. the blow down behaviors), which does not seem to
appear in the unperturbed case. Examples for solution with a blow down behavior was
also found by Donninger, Krieger [16] for energy critical wave equations. While for mass
critical NLS, the blow down behavior can be obtained as the pseudo-conformal transfor-
mation of the log-log regime 3. However, Theorem 4.1.3 is the first time that this type of
blow down behavior is obtained in the context of a saturated perturbation. Furthermore,
in Theorem 4.1.3, the (blow down) regime is a codimension one threshold between two
stable ones, which is in contrast with the mass critical nonlinear Schrddinger case, where
the blow down regime is stable.

Now we consider the case when ¥ — 0. As we mentioned before, the defocusing term
yu|u|9~! has weaker nonlinear effect than the focusing term #°. So the results in Theorem
4.1.3 are expected to be a perturbation of the one in Theorem 4.1.1.

More precisely, we have:

3. See [76, (1.16)] for example.



4.1 Introduction 129

Theorem 4.1.4. Let us fix a nonlinearity g > 5, and choose 0 < oy < o* < a*(q) as in
Theorem 4.1.3. For all ug € Ag,, let u(t) be the corresponding solution of (gKdV), and
uy(t) be the corresponding solution of (gKdV,). Then we have:

1. If u(t) is in the (Blow up) regime defined in Theorem 4.1.1, then there exists 0 <
Y(ug, 0, 0¢*,q) < g such that if 0 <y < y(ug, 0ty, &¢*,q), then uy(t) is in the
(Soliton) regime defined in Theorem 4.1.3. Moreover, there exist constants d; =
di(ug,q) >0, i = 1,2, such that

A YT < e < doyi T, 4.1.8)

where A is the constant defined in (4.1.4).

2. If u(t) is in the (Exit) regime defined in Theorem 4.1.1, then there exists 0 <
Y(uog, 0, 06", q) < g such that if 0 <y < y(ug, 0ty, &¢*,q), then uy(t) is in the
(Exit) regime defined in Theorem 4.1.3.

Remark 4.1.5. We can see from Theorem 4.1.4 that (ngVy) is a perturbation of (gKdV)
as ¥ — 0: the (Soliton) regime of (gKdV,) “converges” to the (Blow up) regime of
(gKdV), and the (Exit) regime “converges” to the (Exit) regime of (gKdV).

Remark 4.1.6. Theorem 4.1.4 is the first result of this type for nonlinear dispersive equa-
tions. One may also expect similar results for the critical NLS # or the slightly supercritical
gKdV cases. But they are still completely open.

4.1.5 Notation

For0 < o < 0" < 1, we let Q, be the unique nonnegative radial solution with expo-
nential decay to the following ODE:

o~ Qo+ —0Qp|Q0l"™" =0. (4.1.9)

For simplicity, we denote by Q = Q. Recall that we have:

o= ()

We also introduce the linearized operator at Q,:

Lof = —f"+f~5Q0f +40|Qu|*"'f.
Similarly, we denote by L = Ly.

Next, we introduce the scaling operator:

1
Af=3f+yf.

4. In [48], Malkin predicted a similar asymptotic behavior for the solution to the saturated problem of
critical NLS.
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Then, for a given small constant o*, we denote by §(a*) a generic small constant
with
lim §(a*)=0.
o*—0

Finally, we denote the L? scalar product by

(1.0) = [ Fx)g(0)dx

4.1.6 Outline of the proof

4.1.6.1 Decomposition of the flow

We are searching for solutions of the following form:

u(t,x) ~ ;Qb(t),w(t) (X;L(tgt))

A(t)?
_rods 1A x5
O=gma - a=h

which lead to the modified self-similar equation:
bAQGh.0+ (Q) 0~ Cbo+ O) i — ©0b0| Qb0 ") =0. (4.1.10)
Formal computations show that » and @ must satisfy the following condition:
bs+2b> + com; = 0,
where ¢y = co(g) > 0 is a universal constant.

Combining all the above, we get the following formal finite dimensional system:
ds _ 1 A _ s
a=a 1= b=l (4.1.11)
bs+2b* + cow; =0, ® = ;.
By standard computations, it is easy to see that (4.1.11) has the following behavior. Let
_ b(0) mcoy
- A%(0)  (m+2)AmF2(0)

Ly

We have:
1. If Ly > 0, then

2

b(1) =0, Mr)%<%>"’% xmw(%yﬂt’

as t — +oo, which corresponds to the (Soliton) regime.
2. If Ly =0, then
b(t) =0, A(t) = +oo, x(t) = oo,
as t — +oo, which corresponds to the (Blow down) regime.
3. If Ly <0, then
b(t) = —oo, A(t) — oo,
as t — +oo, which corresponds to the (Exit) regime.
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4.1.6.2 Modulation theory

Our first step is to find a solution to (4.1.10). But for our analysis, it is enough to
consider a suitable approximation ”:

0h0(y) = Qo(y) +bx (1P y)Po(y).

As long as the solution remains in 7o+ y, we can introduce the following geometrical
decomposition:
1 x—x(1) )
u(t) = + &t }
0= [@men +<0] (7

with @(¢) = y/A(¢)", and the error term satisfies some orthogonality conditions. Then
the equation of the parameters are roughly speaking of the following form:

A«s d.]] 2 2 dJ2 2
TAb="2+0(lelF ). bet 267 +ecown = — 2 +O(ellzy ).

with
| <
% el + [ lel

Therefore, a L' control on the right is needed, otherwise J; will perturb the formal
system (4.1.11).

4.1.6.3 Monotonicity Formula

Our next step is to derive a control for |/&|| g - Similar to [57], we introduce the
ocC
following nonlinear functional:

F~ / (we) + @e” —5e°Qp ¥+ q0e*|0p 0T W),
for some well-chosen weight functions (y, @), which decay exponentially to the left,

and grow polynomially on the right. We will see from the choice of the orthogonality
condition that the leading quadratic term of F is coercive:

2
F2 el -

Most importantly, we have the following monotonicity formula:

2
a(FN el oy
ds\2% ) T TaE T

for j =0, 1. This formula is crucial in all three cases.

5. See Section 2.1 for more details.
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4.1.6.4 Rigidity

The selection of the dynamics depends on:

1. For all ¢,
nico

m—+2

'b(r>+ o()| S e, +b70)+o?(0)

2. Forsome t{ < T = +oo,

* mco * 2 2 2
b(t1)+m—+2a)(t1)>> ||8(t)||Hltc+b (1) + o= (1).

3. Forsome t{ < T = +oo,

* mcg * 2 2 2
~bltf) — T (i) > 20, + 50+ 020)

We will see that in the first case we have for all ¢,
(1) ~ (1) > (),

And in the second case we have
(1) > b(1)] > e()], .

fort >t; > t] as long as u(¢) remains in 7¢+ ,. While in the third case, we have
~b(t) > (r) > (1)

for t >t} as long as u(t) remains in 7q+ y. Then reintegrating the modulation equations,
we will see that these three cases correspond to the (Blow down), (Soliton) and (Exit)
regimes respectively.

Moreover, the condition on b(#]) and @(#]) which determines the (Soliton) and (Exit)
regimes is an open condition to the initial data due to the continuity of the flow. On the
other hand, it is easy to construct solutions, which belongs to the (Soliton) and (Exit)
regime respectively. Since, the initial data set 4, is connected, we can see that there
exist solutions corresponding to the (Blow down) regime.

4.1.6.5 Proof of Theorem 4.1.4
The proof of Theorem 4.1.4 is based on the fact that the separation condition for

(gKdV,) is close to the separation condition for (gKdV), when y — 0. Then Theorem
4.1.4 follows immediately from a modified H! perturbation theory .
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6. See [37, Theorem 3.1] for the standard L2 perturbation theory.



4.2 Nonlinear profile and decomposition of the flow 133

4.2 Nonlinear profile and decomposition of the flow

In this section we will introduce the nonlinear profile and the geometrical decomposi-
tion similar to the one in [57], which turns out to lead to the desired rigidity dynamics.

4.2.1 Structure of the linearized operator L,

Denote by ) the set of smooth function f such that for all £k € N, there exist ry > 0,
Cy > 0, with
05 ()] < Cul(1+ [y]) ke,

Let us first recall some results about the linearized operator L.
Lemma 4.2.1 (Properties of L, [52], [57], [92]). The self-adjoint operator L in L? has the
following properties:

1. Eigenfunction: LQ® = —80Q3, LQ' = 0, kerL = {aQ'|a € R}.

2. Scaling: L(AQ) = —20Q.

3. For any function f € L? orthogonal to (', there exist a unique g € H> such that
Lg = f with (g,Q") = 0. Moreover, if f is even (or respectively odd), then g is even
(or respectively odd).

4. If f € L? such that Lf € Y, then f € Y.

5. Coercivity: Forall f € H', if (f,0%) = (f,Q') =0, then (Lf,f) > (f,f). More-
over, there exists a Ky > 0 such that forall f € H 1

1
(L1.1) 2 Wl Fl = o |10+ (7. AQP +(7.AQ)).

Proposition 4.2.2 (Nonlocalized profiles, [57]). There exist a unique function P with P’ €
Y, such that:

1 y
1Py =0, lim Py)=3 [0 IPOIS € fory>0. (4.2.1)
1 2
20 -5([e). ®o)-o 422

Now for the ground state Qg and the linearized operator L, we have the following
properties:
Lemma 4.2.3. For 0 < o < 0* < 1, we have:

1. Null space: kerLy = {aQ),|a € R}.

2. Pseudo-scaling rule: Ly(AQgp) = —2Q¢ + q;zsa)QZ).

3. For any function f € L? orthogonal to Q,,, there exist a unique g € H 2 such that
Leg = f with (g,9Q,) = 0. Moreover, if f is even (or respectively odd), then g is
even (or respectively odd).
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4. If f € L? such that L f € Y, then f € ).
5. Let Zw - aa%, then Z(D € y, and La)Za) - _Q(D|Qw’q71.
6. Coercivity: There exists a Ky > 0 such that for all f € H',

1
(Lot )2 ®llfli = [ (1 Qo) +(£,AQw)* + (7AQw)’ .

Proof. (1) follows from the arguments in [92]. (2) follows from direct computation. (3)
is a direct corollary of (1). While for (4), from standard elliptic theory, we know that f is
smooth and bounded. So we have Lf € )/, from Lemma 4.2.1, we have f € ).

Now we turn to the proof of (5). Differentiating the equation (4.1.9), we obtain
LoZp = —Qp| Q|9 !. Since Qy|Qw|?~! € Y, if we can show that Z, € L2, then we
have Z, € ). To do this, we introduce the following map:

F:H’XR— L2 (u,0)— —u"+u—u’+ ouu|?",

where He2 (respectively Lg) is the Banach space consists of all H? (respectively L?) func-
tions which are even. Since H?(R) is continuously embedded into L”(R), the map F is
well-defined.

We claim that there exists a small @* > 0, such that if 0 < @ < ®*, then there exist a
unique u(®) € H2, such that F (u(®),®) = 0. Since we have F(Q,0) = 0, from implicit
function theory, we only remains to show that the Fréchet derivative with respect to u, i.e.

‘3—5 00 € L(H?,L2) is invertible and continuous. But it is easy to see that
oF _z
(00

which is invertible and continuous due to (3) of Lemma 4.2.1. Hence, we obtain the
existence of such u(®). Moreover, since F is continuously differentiable with respect

to both u and ®. So we have u(®) is continuously differentiable with respect to @. In
particular, we have g—g‘) € H?. But from the uniqueness of u(®), we must have u(®) = Q.

As a consequence, we have Zy, = aa%“’ = g—g) € HZ which concludes the proof of (5).

Finally, (6) follows immediately from a some perturbation of (5) of Lemma 4.2.1. We
then finish the proof of Lemma 4.2.3.

]

Proposition 4.2.4. For 0 < ® < ©* < 1, there exist a smooth function Py with Pj, € Y,
such that:

/ : 1
y—r—oo 2

1 2
(Po, Qw) =0, (PwaQw):E(/Q) +F(w), (4.2.4)



4.2 Nonlinear profile and decomposition of the flow 135

where F is a C' function with F(0) = 0. Moreover there exist constants Cy,C1, ..., inde-

pendent of @, such that

9Py -y
|Po(y)| + %( y)| < Coe 2, forally >0, (4.2.5)
dP,
|Po(y)| + %( y)| < Co, forally € R, (4.2.6)
Iyl

|05Py(y)| < Cre™ 2 forallk € Ny, y € R. 4.2.7)

Proof. The proof of Proposmon 4.2.4 is almost parallel to Proposition 4.2.2. We look for
solution of the form Py, = f +°°AQw The function y — f e AQ is bounded and

decays exponentially as y — +oo. Then, P solves (4.2.3) if and only if Py solves

~ oo !
(Lwa)/ - AQw + (La) AQw) - R/a)a

y
where

oo o0
Ry = (AQw)/—5Qﬁ)/ AQw+qw|Qw’ql/ AQy.
y y
Note that Ry € ). Since (AQp,Qw) = 0 and LpQy, = 0, we have (Rp, Q) =

—( ;Qw) = 0. Then from Lemma 4.2.3, there exists a unique Py € Y, orthogonal to
such that Lg Py = Rw Then Py = P,y — f+ AQy, satisfies (4.2.3) with (P, Q,,) =

and limy , o Pp(y) = 5 f Qw. Moreover, we have

2/ngw — —/(Lwa)AQw+O /AQw " AQy+0(0)

(e v fo) v

Flo)= o001 [ 0)

Next we claim that aP T € Y. Let us differentiate the equation La,Pa, =R, to get

Let

then F(0) = 0.

9P, OR _ ) )
Lo (a_a(:) =~ 2020QuPu+4(9—1)0Z0 Q0| Qul* *Po+4|Qul" ' Po. (42.8)

Since Z, € ), it is easy to check that aR‘” € ). So Lemma 4.2.3 implies that aP To € Y.

Now it only remains to prove (4.2.5)—(4.2.7). But from [2, Section 6], there exist
constants M, Mj, ..., independent of w, such that forall k € N, y € R,

k _2

105 Qo (y)| < Mye™ 5.
Together with (4.2.8) and the construction of P, we obtain (4.2.5)—(4.2.7). It is easy to
see that (4.2.5)—(4.2.7) also implies that F € C'. Then we conclude the proof of Lemma
4.2.3. [
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Now, we proceed to a simple localization of the profile to avoid the nontrivial tail on
the left. Let ¥ be a smooth function with0 <y <1, %' >0, x(y)=1ify> —1, x(y) =0
ify<—2. Wefixa

B=-. (4.2.9)
And define the localized profile:

1) = 2(61Py),  Opo(y) = Qo +bxs(y)Pu (). (4.2.10)

Lemma 4.2.5 (Localized Profiles). For |b| <b* < 1,0 < 0 < @* < 1, there holds:
1. Estimates on Qp: Forally e R, k € N,

|
106,00)| S € P [b] (1150 (16/Py) +e72), (4.2.11)

_ _ bl
105 0p,0 )| S e P+ [ble™2 +1b]"*P1 5y (|bIPy), (4.2.12)

where 1; denotes the characteristic function of the interval 1.
2. Equation of Qp,,: Let

¥ 0 =bA0p o+ (00— Obo+Qo— 000l00l").  4.2.13)
Then, forall y € R,

1
—Pho =b* ((10QuPy)y +APo) = 3b° (1= 2)Po

_bl
+ O<]b\1+ﬁ1[_2’_”(1b|ﬁy) b2 (0 + [bl)e ) 4.2.14)
Moreover, we have
198500 S b1y (BIPy) + b7 3. (42.15)
3. Mass and energy properties of Qp -
/in— (/Qﬁ,+2b/Pa,Qw) < b2 B, (4.2.16)
[E(Qp.0)| < 0|+ o. 4.2.17)

Proof. The proof of (1) follows immediately from the definition of Q, , and Proposition
4.2.4. For (2), let us expand Qp, ¢y = Qo + bXs Py in the expression of ¥}, 4, using the fact
that
Qi — Qo+ Qo — 0|0 =0, (LoPo) = AQq,
we have:
~Wp0 =b(1 - xp)AQ0

+b(%"Po +3%5 Py + 2X5Pt — XbPo + 51 QuPo — 40X Qol "' Po)

+ 5 (109323 P3), + Pohzs + 23P

+ 571005, 73 Pa)y + b (5QuXiPay )y + b (X3 P2y

- (D((Qa) +b)xpP0)| Qo +b%wa|q71 — Qo Qw’qil - qbXwa|Qw’ql>y-
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We keep track of all terms up to b%. Then (4.2.14) and (4.2.15) follow from the construc-
tion of the profile Q) .

Finally, for (3), we have
ez sl P
Then (4.2.16) follows from
/Qi,w:/Q%o'i'Zb/%waQw-i-bz/X}%P(%'
While for (4.2.17), since E(Qg) = O(®), we have:
[E(Qb,0)| < 16|+ |E(Qo)| S |+ @,

which conludes the proof of Lemma 4.2.5. [

4.2.2 Geometrical decomposition and modulation estimates

In this paper we consider H! solution to (gKdV,) a priori in the modulates tube Tory
of functions near the soliton manifold. More precisely, we have

Lemma 4.2.6. Assume that there exist (A1(t),x1(t)) € ((}//w*)l/m,+°°) X R and & (t)
such that for all t € [0,1y), the solution u(t) to (gKdV,) satisfies

u(t,x) = L [Qoy) +&1(1)] (x;x'@), (4.2.18)
A2 () 1(¢)
with, Vt € [0,10),
o () + e ()]l < k< 1, (4.2.19)
where
Y
Y= 200

Then we have
1. There exist continuous functions (A(t),x(t),b(t)) € (0,+o0) x R?, such that for all

t 6 [07 to):
1
e(t,y) =A2()ult,A(t)y+x(t)) — Qp(r),0() (4.2.20)

satisfies the orthogonality conditions:

(&(1), Qo)) = (€(t), AQu () = (€(1),yAQu (1)) =0, (4.2.21)
where

_ 7
(1) )
Moreover,
A (1)

o(t)+||e()|| 2 +1|b(t)|+ |1 - < 0(k), (4.2.22)

A1)
1€(0) ][ < S(l[€1(0)[[g1)- (4.2.23)
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2. The parameters and error term depend continuously on the initial data. Consider-
ing a family of solutions u,(t), with ug , € Ay, and ug , — ug in H' asn— +co.
Let (Ay(t),bn(t),x,(t),€4(t)) be the corresponding geometrical parameters and
error terms of u,(t). Suppose the geometrical decomposition of u,(t) and u(t)
hold on [0, Tp) for some Ty > 0. Then for all t € [0, Tp], we have:

(A1), B ()50 (1), E0(1)) 25 (A0, b(e) (), £(2) ). (4.2.24)

as n — +oo,

Remark 4.2.7. Lemma 4.2.6 is a standard consequence of the implicit function theory. We
refer to [53, 55, 57] for detailed proof.

Remark 4.2.8. The smallness of @(z) ensures that Qo) and Op(s),w(r) are both well de-
fined.

4.2.3 Modulation Equation

In the frame work of Lemma 4.2.6, we introduce the rescaled variables (s,y)

X

y:

—x(1) /’ 1

= | ——dr. 4.2.25
1 T h T (22
Then, we have the following properties:

Proposition 4.2.9. Assume for all t € [0,1y),
__3bl
o(0)+ () + [ ede T dy < 4.2.26)
for some small universal constant k > 0. Then the functions (A(s),x(s),b(s)) are all C!

and the following holds
1. Equation of €: For all s € [0,s),

& — (Lw€)y+bAe = (% ‘H’) (AQp.o+Ag) + ()% - 1) (Ob.0+E)y

aQb, &Qb
~bs abw O a@w + W0 — (Ry(€))y — (RNL(E))y, (42.27)
where
Yy0 = —bA0p o — (QZ,w —Obo+ Q1577a) - wa.,a)|Qb7(o|q_1)/, (4.2.28)

Ry(€) =5(0} o — Q)€ —q0(|0h 0|7 " — Q0|7 e, (4.2.29)
RL(E) = (64 0p0)’ =505 0E — Qo — O[(E+ Opw) €+ Op o'
- qg‘Qb,w -1 Qb,w’Qb,w q—l] . (4.2.30)
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2. Estimate induced by the conservation laws: for s € [0,sg), there holds:

lelhs S 1ol +0 +| [ - @231)
”i‘{!iz < %(a)+\b|+/e el}5> + ”/{,’7,|—:12+2+|E0|- (4.2.32)
3. H' modulation equation: for all s € [0,sp),
%4—[)’4— ’%_1' < (/g e_lly0>é+|b|(w+|b|), (4.233)
by + @] < (@+ b)) (/e2e—%)é+|b| tfereh @23

4. L' control on the right: Assume the uniformly L' control on the right: Nt € [0,70)

/y e £ 8(x). (4.2.35)

then the quantities J| and J, below are well-defined. Moreover, we have
(a) Law of A: let

4 y
PO = (rop | A0 ni(s) = (e(s).pu). (42.36)

where Q is the ground state for (gKdV). Then we have:

Ag 1A
7+b—2(( ) +§IJ1)‘

1

N 2
(/826_1}0> + b

Iyl

< (0+ b)) + / g2e 1. (4.237)

(b) Law of b: let

B 16 ( 1 B
P ={ror (HAQH T ) 81, 4238)
D(s) = (£(s),p).

where P was introduced in Proposition 4.2.2. Then we have

bs +2b* + 0,G' () +b((J2) + %i Jz)

N/s e~ 10 1 (o + || )12 (4.2.39)

where G € C* with G(0) = 0, G'(0) = ¢ > 0, for some universal constant co.
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(c) Law of %: let

p=4pi+pr e, J(s)=(g(s),p), (4.2.40)
then we have:
d (b b 1 Ay o,G' (o)
d—(ﬁ) +ﬁ(fs+ﬁf LY ‘
1 _bl
S (/eze 0 4 (0 + ]b\)bz). (4.2.41)

Remark 4.2.10. The proof of Proposition 4.2.9 follows almost the same procedure as [57,

Lemma 2.7]. It is important that there is no a priori assumption on the upper bound of

A(t). This fact ensures that Proposition 4.2.9 can be used in all the 3 regimes ’.

Proof. Proof of (1): Equation (4.2.27) follows by direct computation from the equation
of u(t).

Proof of (2): We write down the mass conservation law:

/Qi7w—/Q2+/82+2(8,Qb,w) =/u3—/Q2. (4.2.42)

From (4.2.16) and the orthogonality condition (4.2.21), we have
< bisor b Pl 3 [

then (4.2.31) follows from 8 = %.

Similarly, we use the energy conservation law and (4.2.17) to obtain:

1
2A2Ey =2E(Qp.0) —Q/S(Qb,w)nyr/"?y2 - 5/ [(Op0+€)°— 0h o)

2
+C[% [|Qb,a)+£|qul - |Qb,w’q+l}
=0(b|+0)+ [ &2 [ ¢[(@r0~ Qul+(0]0 —~ )
1
+0(0s.0/00|" " = QolQol" )] = 3 [ [(Cr0+8)" ~ 0) 0~ 6603 o]
2
' q—fl 100+ €l =10h0l """ — (g+1)80p,0|0.0l" ']

We estimate all terms in the above identity. By the definition of O, ,, we have:

‘ /3 {(Qb,(u - Q(o)yy + (Qi,w - QZ)) + w(Qb7a)|Qb,w|q_l - Qw| Qw|q_l)}

1
1\ 2
Si( fere ) s | e
—2|b|~B<y<0

7. We will see in Section 4 that we can’t expect any (finite) upper bound on the scaling parameter A (7)
in both (Blow down) and (Exit) case.
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For the nonlinear term, we use Gagliardo-Nirenberg’s inequality to estimate:

g/ezgﬁ,+/e6+]b\/ez

' / [(Qb,w + 8)6 - Qg,a) o 68Q159,w]

bl
< /82e 0+ [b] + [|e]| 2 1 &l172

and

‘(D/ [|Qb,w+8’q+1 - |Qb,a) —(g+ 1)8Qb,w’Qb,a) B ]

byl
oo+ fere e flem)

S+ [ e e Loel el
sl
<Ib!+/ e 4 2L T

Collecting all the estimates above, we obtain (4.2.32).

Proof of (3): Let us differentiate the orthogonality conditions

(£(t), AQqp()) = (£(t),yAQqp()) =0.

Note that J
$(£7AQ(O) - (8S7AQCO) + wS(SJAZa))a

where Zy = 9dQp/dm € ). So we have:

‘ (& N b) (.Lo(AQw))| | (%
A 1AQw |12, ! 1AQulI%

1
S(& ’%—1‘+Ib\)x<w+!b\+(/eze—u’é)2>

+

(1) - eelatsh0u)

A

Iyl
+’bS’+‘ws’+/82€_ly°+/£ 10—|—/|8\qe T0

For the nonlinear term, we use Sobolev embedding and the a priori smallness (4.2.26):

+b‘+

3yl

ly| _ 3l _
lee™ - < llee T3 5 [ (@67 +eR)e T < 1,
to estimate
5 ol Wl 3Ly q—2 2 _ bl
e 10 + [ [g|te <(H£e Y13 1 lee |02 ) [ @243

Here we use the basic fact that ¢ > 5.

—

For w,, we have

W, = —mw% =mwb—mo (% + b) (4.2.44)
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The above estimates imply that

1
A/S 2
7+b‘+

Iyl

2
%— 1’ < (o +|b])|b] + |bs| + (/sze_l> ) (4.2.45)

and

_I_

(»g ) 1) | (€.Lo(¥AQw))

As (€,Lp(AQw)")
2 _|_b —
‘ ( > A 1AQuw%,

A 1A Qo 17,

1
bl \ 2
(Joc)

Next, let us differentiate the relation (8, Qu) = 0. Then we use the following facts:
LpQ, =0, (Quw,AQw) = (Quw, Q) =0, (¢,AQg) = 0, the nondegeneracy (P, Q) >
0, and (4.2.14), (4.2.15), (4.2.44) to obtain:

Xs

——1

)

bl 2 As
by <( 0+ |b]+ /86 S) )« (|
/ 20— (4.2.47)

|y

S (@ +1b|) +/82e‘0. (4.2.46)

+o|+

A
1

(/s%‘m) +|b|| +

Combining (4.2.44), (4.2.45) and (4.2.47), we get (4.2.33) and (4.2.34).

+ (@ +b])

Proof of (4): Firstly, we claim the following sharp equation:

p 16b AP, , ,
by +2b* 4+ 0,G'(0) — TE L(!AQHQZ) (¢,L(AQ)) +20(¢,PQ*Q )1
L2
—0<b2(w+|b| +/s e m) (4.2.48)

To prove this, we take the scalar product of (4.2.27) with Q. We keep track of all terms
up to b2,

First, from (4.2.14), we have

(Ph.0, Qo) = —b*((10P5Q3))y + APy, Qo) + O(b*(|b] + )
= —b*((10P*Q%), + AP,Q) + O(b*(|b| + ®))

=~ ol + 00 (bl + ). (4.2.49)
where for the last step use the following computation:
(AP,Q) = —(P.AQ) = —(P,(LP)") = (P.(P" = P+5Q"P))
=(PP"—P)+ IO/Q o'P?,

and from Proposition 4.2.2, we obtain:

((10P*Q), + AP, Q) —1 Jim_ P’ = —\|Q||§1.
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Next, from Proposition 4.2.4, we have:

aQb,w

b Qw) = bs((Xp +ﬁyx1/))P(Dv Qo) = bs(Py, Qw) + O(blo)

(b
by 2 10
= 1eleli +F(@)b; +0(b), (4.2.50)

where F is the C! function introduced in Proposition 4.2.4. From Lemma 4.2.3, we have

1
(Zo,Qw) = Z(szw,AQw)—l—O 2/ (AQw) Q0| Qw|T™ 1+0( )

_q-1 g+1
_4(q+1)/\gwy 1+ 0(w) > 0.

Then from (4.2.34), we have:

d 19|90l
e )

= w,G' (@ )+0(b2(w+|b| —l-/s e 10) (4.2.51)
with G(®) = 1 (]| Qul[?, — [|QI|%,). Itis easy to check G(0) =0, G € C', and

G'(0) = (Zo, Qa,)‘ > 0.

®w=0 - 4
Next, from Proposition 4.2.4 we have:

1

bl 2
(ot & 0ul 5 [ e 1) 1(Ql. Qul +17h. Qul +0
which together with (4.2.33) implies that

(51) ot en0u)| s@ b+ [l w2

For the small linear term, we have:

1
bl 2
/Rb(e)Q’w _ 20b/Psz)Q'w£ +1bl(o+ |b|)0</8261)
>
Iy
:20b/PQ3Q’s+yb\(co+\b|)0(/ezefo> . (4.2.53)
Since the nonlinear term can be estimated with the help of (4.2.43), we then have:

20+ 0,G' () 16
b T T Hw) <1+H<w>><fQ>2[‘

- o(bz(w+|b|)+/eze—fb),

AQh.0: Qo) (% + b) T 20b(8,PQ3Q')}
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where 16
From (4.2.46) we have
A\ (e LAQ))| ( 2 ) -
’(/x +b) o | S @+ le) /s et ) 1l +/s e 1.

Moreover, we have
(AQb 0, Qo) — (AP, Q)| S '+ [b(AP,Q) — b(APy, Qo)| S [bl(@+ [b]).

‘We then conclude that

2b2—|—605(~;/(60) _ 16D (AP, Q) / 3/
b )~ T AWNTOR LIl 00 + 0.0
= 0(b2(a)+ |b|)+/82e—36>. (4.2.54)

Finally, since H € C', H (0) =0, it is to check that the following function

6(w) = /“’ G (x)

o 1+H(x)
satisfies G € C2, G(0) = 0, G'(0) = co > 0. Then, (4.2.54) implies (4.2.48) immediately.

Now, we turn to the proof of (4.2.37), (4.2.39) and (4.2.41). For all f € ), independent
of 5, (g, /7. f) is well defined due to (4.2.35). Moreover, we have:

d y ls y ls Y
%(8’/wf) =—(&,Lof)+ <7+b) (Avaw’/wf> —|—7(A8,/Mf)
X 8Qb,w aQb,w Y
(5 e (2 aB
+ (\Pb’a”/_yoo) + (Rb(og) +RNL(8>7f)'

Using (4.2.33), (4.2.34), (4.2.43) and Proposition 4.2.4, we have:

4o ) s (o) L) (5 e
_%%(8,/_:]@) +0<(\b\+w>[(/8281 )D

+0((|b|+w)!b|)+0</e2e'i‘3). (4.2.55)

<

(=

-Proof of (4.2.37): We apply (4.2.55) to f = AQ, using the following fact

LAQ = 20, (AQ, / LAQ) —2 ( / Q)z, (Q’, / :AQ> ~o,
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to obtain:

0 ()

0((|b!+a))K/s e m) +|b11+/ezefb>.

Then (4.2.37) follows immediately from the orthogonality condition (4.2.21).

-Proof of (4.2.39): We apply (4.2.55) to f = pj}. Then from Lemma 4.2.1 and Propo-
sition 4.2.2, we have:

(AQ,p2) = 162((AP’Q)AQ+P—1/Q,A) (32) <AQ/ AQ)

(JO)*\AQ]|2 J0)?
- %[(AR Q)+ (AQ,P)] + (HIQQHU ( / AQ) =0,
0.0~ Fon (ﬁﬁZHQL)Z <AQ>’+P',Q) ~8(0}.0).
Next, from

L(P') = (LP)' +20Q'Q°P = AQ +200'Q°P,
and the orthogonality condition (&,AQ) = 0, we have

16 (AP, Q) / iy /
€169 = g (=4 gl a0V +7] ) -ste.ted

__16 { (AP,Q)
(/O LIIAQIZ
Injecting all the above estimates into (4.2.55) with f = pj}, we obtain:

16 [(AR 0)
(S 2)* LIAQIZ

0((]19\ + o) [(/s%'ﬁ&') % + yb\] —I—/EzerO). (4.2.56)

Then (4.2.39) follows from (4.2.48) and (4.2.56).
-Proof of (4.2.41): From (4.2.37) and (4.2.41),

d(bY bt Wik
ds\A2) A2 A2\ A

1h 1 2b
:_ﬁ[(h) +27LJ2} 12

y

(8,L(AQ)’)+2O(£,PQ3Q’)} —1-0(60)(/82610)%,

1 A

() = — @mes+m@fﬁgﬂ———h

21

[2(]1) +
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which is exactly (4.2.41).
Finally, it is easy to check that limy_, 1. 0 (y) = 0, which implies that p € . O

4.3 Monotonicity formula

In this section, we will introduce the monotonicity tools developed in [55] and [57].
This is the key technical argument of the analysis for solution near the soliton.

4.3.1 Pointwise monotonicity

Let (¢i)i=12, ¥ € C*(R) be such that:

e, fory < —1,
0i(y) =< 1+y, for _% <y< %, ¢'(y) >0, forally € R, 4.3.1)
yi, fory > 2,
. fory< —1
p(y) = IS TN W) >0, forally € R, (4.3.2)
1, fory > —5,

Let B > 100 be a large universal constant to be chosen later. We then define the following
weight function:

—w(? () =of2
v (y) = W(B), 0i5(y) <p(B), (4.3.3)
and the following weighted Sobolev norm of &:
Nio) = [ (62w + 600000 ) dn i=12 @34
Nioels) = [ (s,)0lp0)dv, i =1.2. (43.5)

Then we have the following monotonicity:

Proposition 4.3.1 (Monotonicity formula). There exist universal constants i > 0, B =
B(g) > 100 and 0 < k < 1, such that the following holds. Let u(t) be a solution of
(ngVy) satisfying (4.2.19) on [0,1o], and hence the geometrical decomposition (4.2.20)
holds on [0,1p). Let so = s(to), and assume the following a priori bounds hold for all
s €0, s0):

(H1) Scaling invariant bounds:

0(s) + [b(s)] + Na(s) + [l£(s) 2 + 0(s) [ (s < i (43.6)
(H2) Bounds related to H 1 scaling:

o(s) + [b(s)| +Na(s)
A%(s)

<K; 4.3.7)
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(H3) L?* weighted bound on the right:

10,2 1
/y>0y e°(s,y)dy < 50(1 + —Alo(s)> : (4.3.8)

We define the Lyapounov functionals for (i, j) € {1,2}? as following:

1
]:i,j:/(g)%IVB‘{’(l‘f‘ji,j)gz(PhB_§WB[(Qb,w+8)6_Qg,w—68QZ7w}

20

b 22 (Or €1~ [h0l"* ~ 4+ DeOrolnalt Tva), (439

with® . ‘
Jij=(1—Jy) 202, (4.3.10)

Then the following estimates hold on [0, so):

1. Scaling invariant Lyapounov control: fori=1,2,
dFij
d—;+u/(8y2+82)(p{73 <p b*(w* +b?). (4.3.11)

2. H! scaling Lyapounov control: fori=1,2,

d(Fia\ K [, 2,2 b2 (2 + b?)
3( 22 ) +ﬁ/(€y HE)PpSE s (4.3.12)

3. Coercivity and pointwise bounds: there holds for all (i, j) € {1,2}?,

Ni SFij SN, (4.3.13)
1
il +TJijl SN3 - (4.3.14)

Remark 4.3.2. The proof of Proposition 4.3.1 is almost the same to [57, Proposition 3.1].
The only difference here is the additional terms involving ®.

Remark 4.3.3. Similar as Proposition 4.2.9, we do not assume any a priori control on the
upper bound of A (s) so that the monotonicity formula can be used in all the 3 cases.

Remark 4.3.4. As mentioned in [57, Proposition 3.1], the weight function y decays faster
than ¢@; on the left. As a result, > and J;,j do not control i eyz(plf’B (See [57, Remark 3.5]
for more details).

Proof of Proposition 4.3.1. The proof of (4.3.13) and (4.3.14) is exactly the same as [57,
Proposition 3.1]. We only need to prove (4.3.11) and (4.3.12). To do this, we compute
directly to obtain that for all (i, j) € {1,2},

o Fij
Azw—l)(wgl)) — ittt s (4.3.15)

8. Recall that J; was defined in (4.2.36).
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where

fi=2 / (8s - %M) (— (wBE)y+€Qip — WBAy o(€)),

As
fr= 2/ (es — 7A£> £J:,i0iB,

/Ae (Wsey)y+ (1+ T; j)€Pi g — WBAp o (€))
. As
(s [ @i =20~ D5 Fi,
Ja= —2/WB(Qb,a))s [Ab,w - SEQZ‘;,(» +qw8|vaw|q_l]’

20
fs= q+31 (1060 + €| —10p o™ —(g+1)

Mpo(€) = (Qpo+€)’— Q) p— O(Qpw+8)Qhotel! + 00w Qhol’"

_1] VB,

Our goal is to show that for some 1y > 0,

ifl < —uo/ <(82+82)(pi/73+€3yl[/é) +Ch* (0* +b?), (4.3.16)

f"—10

((s2 +e2) g p+ syzyupg) +Ch*(w* +b?), fork=2,3,4,5. (4.3.17)

The following properties will be used several times in this paper °:

" )|+ 19! )|+ " )|+ v D)+ vy)| S @ S @i, forally e R, (4.3.18)

1
Pl (w() + W' ())) S ¢ ~ @, forall y € (—eo, o1t (4.3.19)
Mioe SMajoc SN1 SN, /82(P1,de S M jocs (4.3.20)
/ y2e2(s) < (1 +;>NS (s). (4.3.21)
>0 ~ 11970(S) 2.loc

Control of f. First, we rewrite f| using the equation of € in the following form:

Xs 20, 20,
+ (I - 1) (Op,0 +€)y—bs 8bw — @ 8a)w +%¥ 0, (4.3.22)

where —W, = bAQy.0 + (QF  — Obo+ Q) , — ~1),. This yields:

fi=ha+fia+fiz+fiatfis,

9. See [57, Section 3] for more details.
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with
Jia 22/ (—&yt+e—Ap0(€)),(— (WE)y + €915 — VA0 (€)),
As
fip2 =2(7 +b) /AQb,w( — (¥BE)y + €0i8 — VBAy 0 (€)),

fi3=2 (% - 1) /(Qb ® +8)y< — (WBEy)y +€Qip — V/BAb,w(g))7

(D a (O]
f14_—2/( s 0, + O 8QZ) )(—(V/Bgy)y‘*’g(PLB_lI/BAb,co<8))a

fis —2/‘1‘1; o(— (WBE)y+ 08— WAy 0(€)).

For the term fi ;, we integrate by parts to obtain a more manageable formula:

fia =2 [ (=t = An.a(e))y (6 +£ — Bo0lE) Vi
+2/ —&y+&— Ay 0(€))y(—Ype +€(Pp — Yp)).
We compute these terms separately. First, we have
2 [ (~e+ &~ Bro(e)y (8 + &~ Br.0(E) Vs
_/V/é(—syy+s—Ab7w(8))2
—/‘lfé [—&y+&—Apo(e)] — (—&y+e)° /‘l’f? —&y+e)
—-| [vated +2ed 42005 i)
—/‘lflls (& +€—Apo(e)]*— (—&y+€)).
Next, we integrate by parts to obtain

—2/Abw y(Qis— )€

(916 — vB) ([(Qp.o+€)° — 0, , — 6€0Q} ] — 6€[(Qp0+€)° — O ,])

2 / 08— V5)(Qb )y [(Qvo+€)° — Q) — 5601 ]

20 -
+—q+1/((Pi,B—‘l/B)/<[|Qb7(o+€|q+l—|Qb7w|q+1—(6]+1)£Qb7w|Qb7w|q 1

- ((] + 1)8 [(Qb,w + 8)‘Qb,co + 8|qi1 - Qb,w|Qb,m’qil}>
+20 [ (01~ ¥5)(@s.0),[(ro+€)|0ro + €l

— Qb,(o|Qb,a>|q_1 - q8|Qb,ao|q_1 3
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and

2/(—eyy +8),(—Vhe,+ £(Pis— Vi)

=—2[/V/B v [ (3ot 3ve- 3w
+/ ( ¢ — V) _%((PB—V/B)W) :

Finally, by direct expansion, we have

/(Ab,w(8)>y‘/’1/98y
=5 [ whe((@h.0) [(Qh0+8)* — 0 o] +,(Qh0+0)")
~40 [ Ve, (@0 [100.0+ 1~ ~1s0l""] +8|0s0 + 7).
Collecting all the estimates above, we have
fia =1+,

where

/{3%@ +(3¢] 5+ v — wi el + (9] s — @'h) €]

Opo+ € _Q w_68Q ® 4 /
_2/{( b )° 6b’ b, —8[(Qb,w+8)5_QZ,w]}((pﬂB_lI/B)

2 [(Qh.0+)° = 0o~ 50} 0)(Qh.0) (Vi ~ 010)
+10 [ e, ((Qh.0)s [(@ro+ ) = 0h o] + 60+ €)°)

~ [ill-gn+ - Mol ~ (~&y +2))
=h+h+L+1i+1s,

and

=20 / [IQbm +e| 00| " — (g4 1)€0h.0|Op.0| T
g+1

—€[(Ob0+€)|0pw+ el — Qb,w!Qb,w\ql]] (0ip—Wg)
=20 [ [(@ro+©) G0+ el"" = 0r0l0hol

—4€10b0l" ' (Qb.0)y(WB — ¢i5)
290 [ Ve, (@50, (100 + €7 = 1050l '] +8|0r0+ el ).
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For I, k =1,2,3,4, we can use the same strategy as in [57, Proposition 3.1] to obtain:

4
Y I < —ul/ (syzyq/g+ey2<p;73+ez<p,.’73) +Ch, (4.3.23)
k=1

for some universal constant @y > 0.

While for I5, we have:
|Is] S/llfz'a(|€yy|+|8|+|8|5+w|8|q)(|8|5+w|8|q+IQb@SI)
M1
< o J@ e rcw)( [Goevit [evira? [lefv; ).

— 100
(4.3.24)
Using the following weighted Sobolev bound introduced in [70, Lemma 6] and [57,

Proposition 3.1]:
2 (¢'5)°
Je#folal . < el [ ebota [ 2% )

< 3(K)/(8y2+82)(p,~/737 (4.3.25)
and the hypothesis (H1), we have:
M
[ B oV S 100y, s, [ 2005 < 25 [(€h+ v, (4326)
[evs 1t [ 5500 [ +eaias ( [edvn) %) SNCEED)
and

1 _ 1 -3 -5
W [lePryy s 0?le(wp) I [ 1P S wPlle(wp) i lelfs e I
2
<) [+ eels ([ ent) (4328)

where we use the fact that @||&, |75 < k for the last inequality.

From ((1//’)%)” < ¢/ and (H1), we have

(/Eyz(‘l/é)éyz(_ ggyy(.,,g)hr%/ > (i) )2
N/ /le/B+< ‘PIB)

< 8(k) / (63, vp+ €0 p). (4.3.29)

Injecting (4.3.26)—(4.3.29) into (4.3.24), we have:

5| < l;—(l) ( / W+ / (e +ey2)<p,-’73) . (4.3.30)
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Now, we turn to the estimate of 71. We write /I in the following form:
NETINES I
where 11~ correspond to the integration on y < — and y>— respectlvely

For IT<, using the fact that yj ~ (q)w) for y < —3, we have:
IS o( [ (el +10nalt ' tst / (105l + 21900
y<—73 y<—3
~1 -2 -1 ~1
vo [ walel (Il 1000l el el + al10s ol
-2

o [ olsllelr e+ [ vh(edletr ! +lallel”))

H 21 e2)o!
+500 y<77(8 +£y)(pl,B'

We use (H1)-(H3) and Gagliardo-Nirenberg’s inequality to estimate these terms sepa-
rately. First, we have

o [ lel" gty S 0lle(9]p) - [ lel*

q=5 q-1
sof [& [ +edais) (Il el )

q+3

slelp)( ) " @Dy
S 8() [ (e )9l

and

o [ lefals 5 0lle(0la) L et (ota) sl

S w(/ez)i(/@ +eDois ) lellF el
S8(x) [(e+ &)l

From v’ < (¢!)? and (4.3.29), we also have:
— 2 _
o [viellel™" S o) Nl [ ey
< @l lel?( [+ ewn'?) [ e

N 6(K)/(82+8y2)¢,-’,3+ (/eyz(llffe)l/z)2
o0 [ it [+ s
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and

w/wg]sy]]gw—l < w}|g2(%)1/4”%mH8y(wé)%||L2H’8,q—4HL2
< <wHeyH2”z>He||z"z*2(/ (82+8y2>(w£;)1/2> (/ Sf%f”)z
<6(0) [+ ed)lat ( / ef(ww) f

2
Uy 2, 22 2 1/2
< i J1e+ ot ([ v )

M1
< %< 8§y%+/(82+8y2)¢1{73>'
In conclusion, we have

=| < %( syzyl//f;-l—/(sz-l—ef)go{ﬁ). (4.3.31)

For 117, we know that y =0 for y > —g. Using Sobolev Embedding, we have
2
€12 yo ) S lelzngyllEvl g g) SAB T,

Thus, we have

i1z o( [Sost [©@oreon) <as00) [ty @332
Combining (4.3.23), (4.3.30), (4.3.31) and (4.3.32), we have

fii < —Ho / (62 +€2) gl 5+ Cb*, (4.3.33)
for some universal constant py > 0.
Now, let us deal with fi 5, it is easy to see that
fra=T+11,

where

As
=2 (7 +b) /AQb,w (= (wBg))y +€0i5 — VB[(Opw +€)° — 0} o))

~ As _ —
I1=2w (7 —I—b) /AQb,wWB((Qb,w—f—SHQb,a) + |1 1_ Op.0 QZ@ID

The term / can be estimated by the same argument as in [57, Propostion 3.1]. Thus,

we have 19
Ho

500

10. There is a slightly difference between the estimate of (A;/A + b) in this paper and in [57, Lemma
2.7], so there is an additional term i.e. ®?b* on the right hand side of this inequality.

1] < (2 +€)) 9] g+ Ch* (w* + 7).
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While for 11 , we have

~ A
I <ol =+
5 e|5

‘ 71 + / le|yp).
Using (4.2.33) and the strategy for fi 1, we have

Similar argument can be applied to fi x, kK = 3,4,5. Together with (4.3.33), we conclude
the proof of (4.3.16).

Control of f,. For f,, we integrate by parts, using (4.3.22) to get

As
f2=27; [ €9in [( —&yte—Apo(€)),+ (7 +b)AQb,w

Xs aQ 0
+(1_1)(Qb,w+8>y_bs azw_ws abw‘f‘wbw}

We integrate by parts, estimating all terms like we did for f;. Together with

1
| Tiil S I S N7 S 8(x),

we have

2 < 8(k) /(82 + &) p+ b (0 +b). (4.3.34)
Control of f3. Recall that

/Ae (wBgy)y+(14+ T j)epip— II/BAbm(g))
. As
+($,j)s/¢i,38 —2(j— 1)7]:1‘71"

Integrating by parts !!, we have
f=1+I11,

where
Ag . /
:7/ [(2—2( —1))WB—)"I’B]82
___/[2 2(j—1)yp— y%][Qbm+8) wa 68wa]
+27s/l[/BAQb [(Qb,a)"‘r‘e) _Qb,a)_ngb,(o}

As A
HT)s [ Sow= 2043 [yelse ~2- 030+ ) [,

11. See [57, Proposition 3.1, Step 5] and [46, (5.22)] for more details.
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and

20 A q+3 . g+1
1 = iA [(——2(1—1)) WB_YVIZ?} X [|Qb,(o+8|

q—1
- ’Qb,w AR (g+ l)ng,w’Qb,wlqil}

g1 _q8|Qb,a)|q_l]-

As -
B 2(07 / VBAQ) [(Qb,a) + 8) |Qb,a) + 8|q - Qb,a)’Qbm

Similarly, we can use the same strategy as in [57, Proposition 3.1] to estimate /. So
we have:

1] < 8(x) / (€2 +€2) gl p + b2(0 + 7).

While for /1, from

q+3 )
we have
A
11| 5 0|7 / ([ + el + %) o .

Using |A;/A| < 0(x) and the strategy for f; 1, we have:
15 806) [(€2+ )0l

In conclusion, we have

£ < 8(x) /(s2 +€2)@] 5+ b2 (02 + b?). (4.3.35)

Control of f;. From (4.2.4) and (4.3.12), we have

aQb,w aQb,a)

1
TXb0 2 )<
= 0| < (@0+ D) (bl + Njoe) S 3(5)

|(Qb,a>)s| 5 |bs| +|ws|

Using the Sobolev bounds (4.3.25) and the strategy for f 1, we have

1 5800 [ (etr+ ef+ )00

< 5(1<)< / v+ / (82+8y2)g0,~’73). (4.3.36)

Control of f5. From (4.2.33) we know that

A

|os| = mo 1

S 6(x).
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Thus, the Sobolev bounds (4.3.25) and the strategy for f; ;, we have
1515 8(x) [ (el + )
< 8(k) ( €0 Vg +/(£2 +8y2)goi’,3) : (4.3.37)

Combining (4.3.34)—(4.3.37), we conclude the proof of (4.3.17), hence the proof of
Proposition 4.3.1. O

4.3.2 Dynamical control of the tail on the right

In order to close the bootstrap bound (H3), we need the dynamical control of the L?
tail on the right introduced in [57]. More precisely, we choose a smooth function

0, fory <0, p
= >0.
(PIO(Y) {y](), fory > 1, P10 =

Then we have

Lemma 4.3.5 (Dynamical control of the tail on the right, [57]). Under the assumption of
Proposition 4.3.1, there holds:

1 d
W%(Alo/(PloEz) S M joe + b7 (4.3.38)

Proof. The proof of Lemma 4.3.5 is exactly the same as [57, Lemma 3.7]. We omit the
proof here. [

4.4 Rigidity of the dynamics in A,, and proof of Theo-
rem4.1.3

In this section we will classify the behavior of any solution with initial data in Ag,,
which directly implies Theorem 4.1.3. To begin, we define

t* = sup{0 < t < +oo|for all #' € [0,7], u(t') € Tar 4} (4.4.1)

Assume 0 < Y < op < a* < 1, then the condition on the initial data, i.e. up € Ag, implies
t* > 0.

Next, by Lemma 4.2.6, u(t) admits the following geometrical decomposition on [0,7*]:

u(t,x) = [O(1)0(r) +€(1)] (x ;(tgt)>

A2 (1)
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The condition ug € Ag, implies:
@(0) + [|€(0)[| 1 + @(0)[|&,(0) (|72 + [6(0)[ + |1 = A(0)| < 8(w), (4.4.2)
/ V062(0)dy < 2. (4.423)

y>0

Using Holder’s inequality, we have:

N>2(0) < 6(o). (4.4.4)
Then let us fix a 0 < Kk < 1 as in Proposition 4.2.9 and 4.3.1, and define

t** = sup{0 < ¢ < t*|(H1), (H2) and (H3) hold for all ¢ € [0,7]}. (4.4.5)

Note that from (4.4.2)—(4.4.4), we have t** > 0. Let s* = s(t*), s™* = s(t™), s7 = s(¢]).

4.4.1 Consequence of the monotonicity formula

We derive some crucial estimates from the monotonicity formula introduced in Section

3.
Lemma 4.4.1. We have the following:

1. Almost monotonicity of the localized Sobolev norm. There exists a universal con-

stant Ky > 1, such that fori = 1,2 and 0 < 51 < 55 < s*, there holds:

Ni(s2)+ [ [ (&253) +€2(5.3) 01 0) s

SKO{M@M sup [b(s)+ sup w%)],

SE[s1,82] SE[s1,82]

Ni(s2) 21

(4.4.6)

22(52) + ) [(/ (g7 +€%) (s)(p{,3> +b%(5) (|b(s)] +a)(s))} ds

Ni(s1) | [b(s1) + @*(s1) | b*(s2) + @*(s2)
§K°<12<s1>+[ 2 2% D

2. Control of b and @. For all 0 < 51 < sy < 5™, there holds:

o)+ [ B ds SNi(s1) + ols) + sup [bis)

S€[s1,952]

(4.4.7)

(4.4.8)

3. Control of %. Let ¢ = -5G'(0) > 0, where G is the C* function introduced in

m+2

(4.2.39). Then there exists a universal constant K\ > 1 such that for all 0 < s1 <

s < s**, there holds:

A(s2) A%(s1)

NI(SI) bz(sl)—l-(oz(sl) bz(Sz)—}—COz(Sz)
S’ﬁ(wsl)* 260 22w )

‘b(SQ)—FCl(D(Sz) b(S])—l-Cla)(sl)

(4.4.9)
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4. Refined control of M. Let Ay(s) = A(s)(1 —J1(s))?. Then there exists a universal
constant Ky > 1 such that for all s € 0,5,

‘ (A0)s
Ao

' <K [/\/1 T (1b] + @) (N + |b|)]. (4.4.10)

Proof. Proof of (4.4.6) and (4.4.8). From (4.2.48), we have:

d
%G(a)) +b* < —bs+CMN Joc-

Integrating from s; to s, we have

Gla(s2) + | I”b%s / fM,]oc+G<w<s1>>+|b<s2>—b<s1>|

< [ Nisoe +G(0(s1)) + sup [b(s)

51 s€[s1,87]

Since G(®) ~ ®, we then obtain (4.4.8).

Next, from the monotonicity formula (4.3.11) and (4.3.13) we obtain:

N+ [ [ (€(09) + €0.9)) ol () s

SNi(s1)+| sup b (s)+ sup @? /b2 (4.4.11)

SE[s1,52] SE[s1,52]

Combining (4.4.8) and (4.4.11), we obtain (4.4.6).
Proof of (4.4.7). First, from (4.2.48) and (4.2.34), we have

2 b el [blby— @G (@)|b]+ CN o + (k)b
2/ ﬁﬁ/ - 72

52 2 M 1oc + @b? 52 |p|?
+0(/ 01—2) +5(;<)/ |;L—|2 (4.4.12)
S1 S1 S1

Recall that @ = lm Then from (4.2.33) we have:

szw_bZ__ S2&a)_b+/52a)_b &+b
s A2y AAZ T A2\ A
1 52 w 52 (l)bz 52 Nl loc
< - - 0t
Sl (AZ) ot [ vo( [T

52 a) 2 @b?
m+2/ +9(x) 51 ye

szM,loc b( )—I—(gz(sl) bz(Sz)—l—a)z(sz)
+O( 51 A2 + )“Z(Sl) + )VZ(S2) ) (4.4.13)

1b|b|

- 2 A2
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From (4.2.48) and (4.2.34), we have:

2 52 m 2 /
/s1 ﬁ(_bS)S/sl ﬁ{(ﬂﬁ)b + oG ((0)+C(M)N1Joc}
m\ [2ob® [ 0,06 (0)
= <2+E) s ?—i_/ﬂ (7/60)2/’"
52 Nl,loc bz(sl)+w2(sl) b2(52)+w2(52>
rol [ P )
From (4.2.33) and (4.2.34) again, we have:
[ @00(@)|_ Mo —M(ais)
st (v/@)2m P ~ A%(s1)

(4.4.14)

(4.4.15)

where ®
M((D) :/ x1+2/mG/(x) dx ~ a)2+2/m.
0
Therefore, combining (4.4.13)—(4.4.15), we have
2 wb> _(2+m/10 52 b?
< o(x -
/Sl A? _( m+2 * ( )) s A?

+0< 2 M} Joc . {bZ(sl) + 0%(s1) . b2(s7) + a)Z(sz)} ) |

Y 22(s1) 22(s) (4.4.16)

Taking k > 0 small enough, from (4.4.12) and (4.4.16) we have

[PROHA ¢ [N [P0) 020 | P+
S1 AZ ~ S1 AZ lz(sl) 2,2(52)

Now, integrating the monotonicity formula (4.3.12), we have:

v [, (@ ) o
Ni(s1) 2 b2 (s) (@(s) + [b(s)])
S A2(s1) +6(x) /Sl A2(s)
which implies (4.4.7) immediately.

(4.4.17)

ds,

Proof of (4.4.9). The proof of (4.4.9) based on integrating the equation of %, ie.

1
(4.2.41). More precisely, from (4.2.33), (4.2.41) and the fact that |J| < Nfloc (recall that
J given by (4.2.40) is a well localized L? scalar product), we have:

b oG (o) b b o,G' (o)
'(ﬁ)+T “\az) taht T

| -

50(

2(N1,10c+<w+|b|>b2>).

>



160 Chapter 4

We integrate this estimate in time using (4.4.7) to get

b 52 52 (DSG/((D) N(S]) bz(S1>+(02(S1) bz(S2)—|-(D2(Sz)
[WJ} et 5121<s1>+{ 26 T )

(4.4.18)

1
Note that |¢/ — 1| < 2|J| < N?,.... Together with (4.4.7), we have
~ Y"1 loc

b Ky b 52 52
], i
S1

_ % 52+0(N1(s1) n bz(sl)—l—(l)z(sl) +b2(82)—|-(02(52)

260 As) 22(s2)

) . (4419

S1

1
Next, from (4.2.34), (4.4.7) and |J| S N}, we have

~Y

A\ / 32 2 2 2

2 a)s(iz(a))(ej_l)‘ </ (b*+ o ))Lbz +N1,10c
S1 S1

< Nils) | Ps)+@%(s1) | b (s2) + @ (52)

~ A%(s1) A2(s1) A(s2)

Finally, recall @ = y/A™, so we have:

2 G (0) 2 0,6 (0) X(o)
/Sl A _/Sl (y/@)m A2

(4.4.20)

52

)
51

where

@) = — /0 " 2ImG (x) dx.

Recall that G is the C? function introduced in (4.2.39). We then have ¥ € C? and ¢| =

¥'(0) = ;,255G'(0) > 0. Hence, we have
2 oG (0)  col]? ®*(s1)  @%(s2)
R =5 *0(;@(“) ) ) (@420

Combining (4.4.18)—(4.4.21), we conclude the proof of (4.4.9).
Proof of (4.4.10). From (4.3.14), we have
1
1| sl <800,

thus we obtain from (4.2.37):

‘ (o)
%o

1_1J1 {(1—5)%%—2@1)3] _

N/ £2e 10 4+ (|| + @) (N +|b]).

This concludes the proof of (4.4.10), hence the proof of Lemma 4.4.1. ]

Ji
1-J;

+o| =] :
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4.4.2 Rigidity dynamics in A,
In this part, we will give a specific classification for the asymptotic behavior of solu-
tion with initial data in Ag,.
We first introduce the separation time #;":
t; =0, if [b(0) + c1®(0)| > C*(N;1(0) +b*(0) + w*(0)),
tf =sup {0 <t <t*[forallt € [0,1],
b(t') +c10()| < C (M) + B2 () + 02(¢')) } otherwise,  (4.4.22)
where !2
C* = 100(K; + KoK3) > 0. (4.4.23)
Then we have:

Proposition 4.4.2 (Rigidity Dynamics). There exist universal constants 0 < v < 0 <K
o* < 1 and C* > 1 such that the following holds. Let uy € Aq,, and u(t) be the corre-
sponding solution to (gKdV,). Then we have:

(1) The following trichotomy holds:
o (Blow down): Ift] =1t*, thent{ =t* =T = o0 with,

|b(t)| +Na(t) =0, ast— oo, (4.4.24)

w

q—

A(t) th%l, x(t) ~tetT, ast — Hoo. (4.4.25)
o (Exit): Ift; <t* with
b(1}) +cro(tf) < —C* (M (1) +0°(1]) + 0*(1))),

then t* < T = +oo. In particular,

1 _
inf u(t*) — —1Q,1—my<ﬂ> —a* (4.4.26)
20>0,2, " y<w* xo€R l()j 0 Ao 12
Moreover, we have
Ca*)
b(t") < —C(a*) <0, A(t")> > 1. (4.4.27)
() < —C(ar") )2 S

o (Soliton): Ift] <t* with
b(t}) +cr1o(1]) > C* (N (5]) + b7 (1) + 0 (1])),
then t* = T = +oo. Moreover, we have:
No(t)+|b(t)| =0, ast— oo, (4.4.28)

A(t) = (140(1)), x(r) = -

= M(Ho(l)), ast — oo, (4.4.29)

for some Ao € (0, +c0).

12. Recall that Ky, K1, K; and ¢; were introduced in Lemma 4.4.1.
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(2) All of the three scenarios introduced in (1) are known to occur. Moreover, the initial
data sets which lead to the (Soliton) and (Exit) case are open in Ag, (under the topology
of H' N L2 (yVay)).

Remark 4.4.3. It is easy to see Proposition 4.4.2 implies Theorem 4.1.3 immediately.

Remark 4.4.4. The constant C* chosen here is not sharp. We can replace it by some
slightly different ones.

Proof of Proposition 4.4.2:

1. The blow down case.
Assume that rj =, i.e. for all z € [0,1%],

b(t) +c10(t)] < C* (N (1) +b* (1) + 0*(1)). (4.4.30)

We claim that t** = ¢*, i.e. the bootstrap assumptions (H1), (H2) and (H3) hold on
[0,7%].

Indeed, we claim that for all s € [0, 5"),

@(s) +[b(s)| +[e(s) |2 +Na(s) S 6(0), (4.4.31)
A(s) > g, (4.4.32)
/ y10%2(s)dy < 5. (4.4.33)

y>0

Then choosing a*, ¢, ¥ such that 0 < ¥ < o < oF < K, we can see that (4.4.31)—
(4.4.33) imply t** = ¢* immediately.

First, from (4.4.30) we have: for all s € [0,5*),

b(s) < 4C*N(s) — |b(s)], (4.4.34)
1b(s)| S Ni(s)+ o(s), (4.4.35)
o(s) SNi(s) + |b(s)]. (4.4.36)

Then we apply (4.4.34) and (4.4.36) to (4.4.10) to obtain:

(A0)s

22 2 —b—Ni = Clo-+ (N + )

> —5C*Ni +|b| — &(x)[b]
2 =M.

Integrating this from s; to s, for some 0 < 51 < s, < s**, and using (4.4.6), we have:

A(s:) > %l(sl). 4.4.37)
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In particular, we know from (4.4.2) that for all s € [0, 5")

9 4
> — > —. 4.
A(s) > 1OQL(O) >3 (4.4.38)
By our choice of ¥, we have
Y
_ < m < . 4.
o(s) = ) S 2"y < 6(ap) (4.4.39)

Next, from (4.4.4), (4.4.6) and (4.4.35), we have for all s € [0,s*")

Na(s) SN (0)+ sup N5 (s)+ sup @(s),

s'€(0,s] s'€[0,s]
which together with (4.4.35) implies that
[b(s)|+Na(s) < 8(n),
for all s € [0,5™). Then from (4.2.31) and the condition on the initial data, we obtain
le(s)lz2 S 6(an)- (4.4.40)

From (4.2.32) and the condition on the initial data, we have

le(s)II72 les(s)175"
) 22 Ry

Since ||&,(0)||;2 < 6(0p), A(0) ~ 1, from a standard bootstrap argument, we have:

2
a2 _

) S )

Thus, we have

€ ”
OO <1 S < 5(aw). @)

Finally, let us integrate (4.3.38) from O to s, using (4.4.3), (4.4.6), (4.4.8), (4.4.37) and
(4.4.38) to obtain

10 AIO
/(P108 dy_ 210(s) /‘PIOE dy-l-C/ 210(5) (Nl oc(s) +%(s")) ds’

< 3+c/0 (Misoe(s) +B2(s))) s’ §3+5(1<) <5

We therefore conclude the proof of (4.4.31)—(4.4.33), and obtain t** = ¢*. Since 0 <
oy < o, the estimate (4.4.31) implies that t** =t* =T = oo,

Now we claim that A (f) — oo as t — 0. Let

o
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From (4.2.34), (4.4.6), (4.4.8) and (4.4.36) we have:

| o= [Cods S [ (Naoels) +52(5))ds <+
ey S s 2
0 mdt :/0 @ (S)dS 5 /() (N2,loc(s) +b (s))ds < o0,
This leads to A (1) — +o0 as t — oo, or equivalently lim;_, . 0(7) = 0.
Next, we claim that S = +oeo. Otherwise, b(s),®(s) € L'([0,5)). Applying this to
(4.4.10), we obtain:
(o)

Ao

But since Ag(s) — 400 as s — S, we have:

[l () o

as 0y — 0, which leads to a contradiction.

L([0,5)).

Now we can prove (4.4.24) and (4.4.25). To do this, we claim that for all s € [0, 4-0),
S
2™ (s) N (s) + /0 AT () (€2(5') + E2(')) @5 pds’ S 1. (4.4.42)

From (4.3.11) we have:

1 d

A" ds

(/1"%1) < u/ €7 +€))9) g+ O0(b* + 0*b*) — m’}l Fal. (4.4.43)

From (4.2.33), (4.3.13), (4.3.21) and (4.4.38), we have

(1+ o (S)>N2910c+/8 WB]

SP48() [ (€2 +6D)0h 5

As

F

(|b| +N12]0c)

Injecting this into (4.4.43) and integrating from O to s, using (4.4.35) and (4.4.36), we
have,

A" (s)Na(s) + / A )+ €2()) @b s’
N//l’" §)ds +8(x /xm N () ds
<7/ s)ds + 8 (x //xm I (s') ds
gy/o P(s)) ds+61</07tms W) ds'

Together with (4.4.8), we obtain (4.4.42).
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Since A(s) — oo as s — oo, we have

No(s) SAT™(s) >0 ass— oo

Now, using (4.4.10), (4.4.30) and (4.4.35), we have

’—%—i—clw’ < ’—(;Z); —l—b’ +|b+cr0|
<N+ B+ @ + (b + @) (N + b))
SN +6(k)o.

Multiplying the above inequality by A" and integrating from O to s, we obtain
N 1 N 1 S
—C / AN+ 15 < / (Ao A1 < C / AN + 2195,
0 0 0
From (4.4.42) and |1 — A /4| < 8(k), we obtain
AM(s) ~s, ass— +oo.

We then have,

m+3 g+1

N
t(s):/ A3(s)ds ~sm =505, ass— +oo,
0

which implies
2
A(t) ~ta+T,  ast — +oo.
Next, from (4.4.30) and (4.4.35), we have
b(t) — 0, ast— Hoo.

Finally, integrating (4.2.33), we obtain:

q—3

x(t) ~ a1, ast — oo,
which concludes the proof of (4.4.24) and (4.4.25).
2. The Exit case.

Assume t] < t* with

b(r}) +c10(17) < ~C* (M (1) + 07 (17) + 0*(17)).

(4.4.44)

(4.4.45)

First of all, following the same procedure as in the (Blow down) case, we have for all

s €10,s7],
@(s) +[b(s)| + |&(s) |2 + @(s)[[ & (s)[[72 + Nas) < 6(aw),
4
A’(S) 2 g:

/ y10%2(s)dy < 5.
y>0

(4.4.46)
(4.4.47)

(4.4.48)
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In particular, we have ] <t** <t*. Now, we claim t** =1* < T = +oo.

To prove this, we use a standard bootstrap argument by improving (H1), (H2) and
(H3) on [t],**]. Let
b(t}) + c10(17)
A2(1})
It is easy to see that |[£*| < (o). Now we observe from (4.4.9) that for all s € [s7,5™"),

0F = < 0.

b*(s) + ®*(s) _ b(s)+cro(s) ¢ b?(s) + @ (s)
200 —C* < < —+C"————=
26 - A%y 2 T2
which implies
—b(s) Z w(s) >0, (4.4.49)
i n00) _ b(s) _ &
3 —-C < < —=<0. 4.4.50
22(s) ~22(s) =3 ° (44.50)
We then observe from (4.4.10) and (4.4.49) that,
Ao
(AO)S Z _Nl,loca
which after integration, yields the almost monotonicity:
1
Vs] <s1<s <5, A(s2) > 19—0/1(51) > 5 (4.4.51)
So we obtain for all s € [s7,s™),
o(s)+ 2. <y < 5(a0)
AZ(S) ~ ~ *

Together with (4.4.7) and (4.4.50), we have for all s € [s7,s™),

b(s Na(s

which improves (H2) if we choose 0 < k. Next, Using the same strategy as in the (Blow
down) case, we have for all s € [sik,s**),

/(p1082(s) dy <T.

Then, (H3) is improved. We now only remains to improve (H1). Since for all # € [t{,1*),
u(t) € To+ 4. Following the argument in Lemma 4.2.6, we have for all r € [0,%), |b(t)| S
o(a*). By (4.2.31), (4.4.6), and (4.4.49), we have for all s € [s],s™"),

@(s)+lle(s)ll 2 +Na(s) S 6(a”).
Now, following from the same argument as we did for (4.4.41), we have:

o(s)[|&(s)[]72 < 6 (o)
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Then (H1) is improved, due to our choice of the universal constant, i.e. ¢* < k.
In conclusion, we have proved ¢** =t*.

Proof of t* < T = +oco. We claim that (Exit) occurs in finite time ¢t* < +oo. Dividing
(4.4.10) by A2, and use (4.4.49) to estimate on [t],1*)

_g _ /\%00 < (A): < —3£*+CA%.
Integrating from ] to £, we get
0% ( t—t1 ¢ / Nlloc () <3| —11) +Co t:/\/;téoc
i i
From (4.4.51), we have
[ = [ AN SA6) [ N 5 80720
Thus, for all # € [¢],1*),
i(\f*!(f—ff)ﬂ%o(ff)) S A1) <46 —17) + Ao (17))-
Next, from (4.4.49), we have for all ¢ € [t],1),
10016171 1) + Aafe}))? < bl8) < L (61— ) + Do)

100

If t* = T = o0, then the above estimate leads to b(¢) — —oo as t — +oo, which contradicts
with the fact that |b(r)| < 8(a*) for all ¢ € [t],¢*). Thus, we have t* < T = +oo.

Finally, since 0 < t* < 4o, by the definition of t*, we must have —b(¢*) > C(a*) > 0.
While from (4.4.49), we have

o 1B < Clo)
M2 3760 * 5(o)

which concludes the proof of (4.4.26) and (4.4.27).

> 1,

3. The Soliton case.

Assume ] < t* with

b(1}) +cro(t]) > C* (N (i) + b2 (1]) + 0*(t})) > 0. (4.4.52)
Similar to the (Exit) case, we have for all s € [0, sﬂ,
@(s)+ [b(s)| + [le(s) |2 + o (s)[|&y(s)[[72 + Na(s) S 6(), (4.4.53)
A(s) = g, (4.4.54)
y10%2(s)dy < 5. (4.4.55)

y>0
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But here, we can’t directly prove that ** = ¢* as we did in the (Exit) case. The main
difficulty is that we lack some control on the upper bound of A (#{), which makes it hard to
improve the bootstrap assumption (H2) and (H3). However, we will see that the bootstrap
assumption (H2) and (H3) is related to the scaling symmetry of the problem. If we use
the pseudo-scaling rule (4.1.1) on [¢],*) to rescale A(z) to 1, then we can get the desired
result. Roughly speaking, on [¢],#*], the bootstrap assumption (H2) and (H3) should be
replaced by some other suitable assumptions (H2)" and (H3)'.

More precisely, we introduce the following change of coordinates. For all ¢ € [¢],1%),
let

_ot—ty _ x—x(t) _ y . t' =t

s B kAN VA S "1 (4.4.56)
23(7) ) T am@y T B
(7, %) = A2u(A3 ()T + 11, A () T+ x(t]) ). (4.4.57)

Then, from the pseudo-scaling rule (4.1.1), i(7,%) is a solution to the following Cauchy
problem:

0, (7% €[0,7) xR,

Osii + (itxz + @ —Wlu!‘f Ns=0, (7
(4.4.58)
{ %) € H\(R).

1(0,%) = Op(rr), () (X) + (7, %
Moreover, for all 7 € [0,7*) we define:

3/4%\F * =
B(7y) = (%)), 2(0) = S B ) - o

X(A2 ()i +17) —x(17)
A7) '

(4.4.59)

b(f) = b(A3 (1) +17), X(F) = (4.4.60)

Then, from (4.2.20), it is easy to check that

6.9 = 7030 00 +20) (3 )

with:
((5), Qa(s)) = (E(3),AQa(5)) = (€(5),7AQs(5)) = 0.

where (§,7) are the scaling invariant variables:

§= [ = dt, y=-—=—°,
o 30 YT A0
We then introduce the weighted Sobolev norms:
X6 = [ (69w05)+ 2650005 ) a5 @461)

Nitoe(s) = / E2(5,9) 0! 3(3) dy, (4.4.62)

where @; p and yp are the weight functions introduced in Section 3.
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From now on, for all 7 € [0,7), we let t = A3(¢])7 + ;. In this setting, we have
§(f) = s(t) — s%. Since the pseudo-scaling rule (4.1.1) is L? invariant, we have

U(f) € Tary <= u(t) € Tary,

which yields
7 =sup{0 <7 < +oolforall ' € [0,7], i(t') € Ta 7}

Next, let k¥ > 0 be the universal constant introduced in Proposition 4.2.9, Proposi-
tion 4.3.1 and Lemma 4.4.1. We then define the following bootstrap assumptions for the
rescaled solution (7, x). For all § € [0,5(7)):

(H1)" Scaling invariant bounds:

®(5) + b(5)| +N2(5) + [E(9) ] 2 + D) 1 &(5) 72 < K (4.4.63)

(H2)' Bounds related to H' scaling:

®(5) +[5(5)| + Na(s) _

223 <K (4.4.64)
(H3)' L? weighted bound on the right:
/y_>o)710 (s, y)dy<50<1+/1101( )> (4.4.65)
We define 7** as following:
7 =sup{0 < F < F*|(H1)’, (H2)' and (H3)' hold for all ' € [0,7]}. (4.4.66)
Our goal here is to prove that = " = +oo, which gives us the desired asymptotic
behaviors 3. Let §* = 5(7*), 5* ( *). Since

A(0) =1, %(0) =0, b(0) = b(r}), ®(0) = w(r7), £(0,7) = £(t],7), YV, (4.4.67)
we know from (4.4.53)—(4.4.55), that §** > 0.

On the other hand, on [0,5**), all conditions of Proposition 4.2.9, Proposition 4.3.1,
Lemma 4.3.5 and Lemma 4.4.1 are satisfied for i(7, x). Repeating the same procedure, we
have

Lemma 4.4.5 (Estimates for the rescaled solution). For all § € [0,5*) or equivalently

NS [sl,sl + §%), all estimates of Proposition 4.2.9, Proposition 4.3.1, Lemma 4.3.5 and
Lemma 4.4.1 hold with

(t,x,u,7,A(t),b(t),x(t), (), €(1),s,y)
replaced by .
(7,%,a,7,A(F),b(7),%(7), ®(7),&(7),3,5)-
13. Since A(t) 2 1, we know that (H1) is equivalent to ( 1), (H2) is weaker than (H2)’, while (H3) is
stronger than (H3)'. It is hard to determine whether t** = A3(¢])7** + ¢} holds.
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Remark 4.4.6. For simplicity, we skip the statement of these similar estimates for ii. We
also refer to the equation number of the corresponding inequality for u(¢), when we need
to use these estimates for (7).

Now we are in a position to prove ** = f* = +oo. We first define

o 0, if [5(0)| < 155¢1®(0),
2 sup{0 <7 <7 |forallt’ € [0,7], |b(')| > tfgc1®(t')}, otherwise.

Our first observation is that #; < *. Otherwise, since #; = * > ** > 0, we have for
all 7 € [0,7), b(r) # 0.

If b(0) > 0, we claim that 7* = f; =" = +oo. To prove this, we need to improve
(H1)', (H2)" and (H3)' on [0,7**]. Indeed, from the definition of 7;, we have

0< @) <b(F). (4.4.68)
for all 7 € [0,7**). Applying this to (4.4.10), we have:

(j:;())s_ < —b+ O(./T/‘z,loc) + S(K)|l_)|

Integrating this from O to 7 using (4.4.6) and the fact that A (0) = 1, we obtain the almost
monotonicity:

(4.4.69)

99 b*(5)+ @*(5) _ b(3)+c1@(5) _ 101 b?(3) + @*(3)
— V0 —K Z < — < 0+ K —Lr——t, 4470
000 T Ae C 0 ake) 1000 VT (3470
where _( ) )
=~ b0)+c@(0) .
0< V= 12—(0) = b(ll)+C1C()(t1) 5 6((1())
Together with (4.4.68), we have for all § € [0,5),
b(s) o) _
— ~0F<$ = <pr<$ . 4.4.71

Then from (4.4.69), (4.4.6) and (4.4.7), we have for all § € [0,5),
Na(5)
A%(3)

Then, from (4.2.31), (4.4.53) and following fact

< (o). Na(5)+6(5) +15(5)| SAAS)F +8(0) < 8ow).  (44T)

i1(0,%) = Qp(11),0(7) (X) + (1], %),
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we know that

JE(9)l: < en) +| [ #0) -
< 8(00) + el 2+ 16U + 02 (1))
So(a). (4.4.73)

Now, from (4.2.32) and (4.4.72), we have:

O 1a56)1f = 7 g % Slan+ (A ) FEGO)

where E(ii(0)) is the energy of the Cauchy problem (4.4.58), i.e.
1[5 1 [ 6 v / _ 1
—— [#0)— = [ @)+ —"— [|a0)*

a(0,8) = A2 (¢ (e}, A ()5 + x(2])),

from the energy conservation law of (gKdV,) and the condition on the initial data, we
have _
2 E((0))
(17)
Thus, for all § € [0,5), we have
— — N2 (= 1+%
o(5)[1&(5)[I72 < 6(a0) + (@) I&5(S)I72) 2.
From (4.4.53) and (4.4.67), we have
@(0)[|&(0)[|72 = o (s1) & (s1)lI72 < 6 (),

then a standard bootstrap argument leads to:

a(3)[&(5) |72 < 6(00), (4.4.74)

Since

‘ PR E))] = [ Eol < 8(c).

for all 5 € [0,5).
Finally, integrating (4.3.38), using (4.4.6) and (4.4.69) we obtain:

9E(5.5) AIO 0)
/%O(y)gzw (5) /(PIO (0.3) dy+)uo /’110 (N 110c +57)
1 0oy [Fv gy < 3H8(K)
- 110( 5) {5“7’1 (0 )/0 (NMijoc +b )} < () (4.4.75)

Combining (4.4.71)—(4.4.75), we conclude that 7* = 7*. Since all H' solution of (4.4.58)
is global in time, we must have ** = f* = +oo, provided that oy < o*. Now we inject
(4.4.71) into (4.4.10) to obtain:
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Integrating in time, we have for all 7 € [0, +-o0)

e* C t_-/T/’l,loc'

0<Ao() SAO0) =5 +C | =3

From (4.4.69) and (4.4.6) we have

I_Nl,loc
0 A2

which implies that the solution blows up in finite time. This is a contradiction.

Now we consider the other case b(0) < 0. We claim again that 7; = 7

= /SZ<T)N1,IOC(T) drt 5 /sﬁl,loc(r)df S/ 5(1()7
0 0

It is also done by improving the 3 bootstrap assumptions. First, we know from (4.4.9),
(4.4.52) and (4.4.67) that (4.4.70) still holds in this case. And the definition of £ implies

that _ o
0<£7*§—_b(s N_a)(s)‘
A2(5)  A(35)
Then we apply the fact that 0 < @ < —b to (4.4.10) to obtain:

To)s . B
(Ai'ij Z _Eb - O(NZ,IOC)~
Integrating in time we have:
VO <5 <5 <5, A5) > %i( 1) > g,
which yields for all § € [0,5),
. a3 <p<
— 0 .
From (4.4.76), (4.4.6) and (4.4.7), we get
No(5)+|b(s
W) +1b(5) |+ T2 PO < 5

(G

Using the same argument as we did for (4.4.73)—(4.4.75), we have

1EG) Iz < 6(c0),  @(5)[|&(5)II7> < 6(0 /</>1o8 5)dy <17.

(4.4.76)

(4.4.77)

(4.4.78)

(4.4.79)

(4.4.80)

Combining (4.4.78)—(4.4.80), we conclude that f** = * = +oc0. But from (4.4.76), we

have ) ,
—b~®(5) 2 yre2 (£F)m2 > 0.

On the other hand, from (4.4.8), we have

/ b (s ds' < 1.

0

(4.4.81)
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The above 2 estimates imply that

oo ] J
§F = - T < oo,
/0 A3(1)

which leads to A(7,) — oo as n — oo, for some sequence 7, — oo, or equivalently
lim,,_, 4o @(f,) = 0. This contradicts with (4.4.81).

In conclusion, we have proved that 75 < r* with

b)) < 155100)

Let 55 = 5(7; ). Repeating the same procedure as before, we have for all § € [0, 53],

@(5) + b(5)| + |8 (§)||L2+w( 3)|1&(3 )||Tz + N2 (5) S 8(on), (4.4.82)
5)+ b +N
I
/y_>0y10 2( 5)dy < 7(1 + G )) (4.4.84)

In particular, we have #; < <¢*. Similarly, we need to improve the 3 bootstrap

assumptions on [ ,7**) to obtain 7** = * = oo

First, it is easy to see that (4.4.70) holds on [§5,5*). So the definition of §; yields 14

- <= 4.
%0 < T Swl (4.4.85)
which implies
— 2 - 2
* O\ mi2 * \ w2
3<£_) i gﬂ(g_) - (4.4.86)
10\ ey A2(s5) ~ 10\ 17
Next, we let % 101
Cl_m01<ch Cz—mc1>cl,
Then, we learn from (4.4.70) that for all § € [55,5),
ilc N ~(c 720 1 m2(s
99 < b(s)_%—Cza)(s) o _a)( ) +0<b (sz—i—a) (s)>
100 e 102 26
H1000 0 00 5 (|H0 1000 00 )
A%(3) 10022(s) A%(3) A%(3)

which implies 1° )
Qg* < b(3) +Coi(5)  c1 @(3)

! “ols). 4.4.87
005 126 20072(5) (4.4.87)

14. Recall that ¢; = G'(0) > 0, where G is the C? function introduced in (4.2.39).
15. Here we use the fact that |1 — (A /40)| < /1] < 6(k).
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where B
s Y
§)==——.
R HIC
Injecting (4.4.10) into (4.4.87), using (4.4.7) and the fact that 1°
b(3) +Cran (5
QERCLIGINY
A5 (5)
we have

fg*<101<_ (A0)s Czwo ) 1 ( +C2(00( ))_ c1 @(3)
)

50 ~100 103 100 200 A2(3)

101K, N1 (3) ‘ +Czwo @o('
100 /'Lz (%) _OZ(S—) ’
ot/ (A i (3) +Czd>o<s‘> c1 @(3)
=100 s—) 100 22(5) 300 22(5)
101KoK> (N 1(0 ) 2(0) + @%(0)) ‘B(@ +C@(3)| | | @(3)
- S il n
100 g(o o) 2o |Rel)
101 (Ao)s  Co@o(5)\  51KoK, (N1(0)+5%(0) + @*(0))
3100<_ N A6) > 50 22(0) (4:489)
From (4.4.52) and (4.4.67), we have
. B(0)+c1®(0) N1(0)+b*(0) + @*(0))
=~ 120) > 100(K; + KoK2) 722(0)
So (4.4.88) implies that for all § € [55,5"),
1/ 1 1NTE 9
Similar to (4.4.87), we have
515 _ b3 +Cian(5) | c1 (5 ‘Z’(S_)ﬂLCz@o(S_)
500 = 23 (5) 200 22(5) oK) 22(3) ’ (1490

which leads to
5199 ( (Ro)s | Cian(5) L (b(3)+Ci@(3) | 1 @(3)
o 2m - T ) ) mo
99K> N1 (5) b(5) +Cran(3)
100 73(5) _S(K)Q ‘

16. This is a direct consequence of (4.4.87).
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and

+ =

51@*>101(—(%)5 Cl(I)oEs'))_ 1 (B(s-)+c1cz)o(5)> c1 @(3)

i _ = + =
50 7100 /13 Oz(s) 100 )Lg(s') 200 AOZ (%)
101K, Ny (5) 5() ‘B(E) +Co@ (3) N @ (5)
100 25(3) A5 (3) c®)1)
Using the same strategy as (4.4.88), and discussing the sign of L@O() , we have:

o (s)

1/1 N\ 1
5(1_5)5+C1Y<Z_g) _l_oz (4.4.91)

Then we need following basic lemma:

Lemma 4.4.7. Let F: [0,x0) — (0,+o0) be a C! function. Let v > 0, L > 0 be 2 positive
constants. Then we have:

1. Ifforall x € [0,xp)
Fx+F1+V 2 L,

then for all x € [0,xp),
F(x) > min(F(0),L7v).

2. Ifforall x € [0,xp)
F+F'"™ <L,

then for all x € [0,xp),
F(x) < max(F(0),LTv).

It is easy to prove Lemma 4.4.7 by standard ODE theory. Now we apply Lemma 4.4.7
to (4.4.89) and (4.4.91) on [53,5°*), using (4.4.86) to obtain

— 2 — 2
o0 [/ /* \ mt2 1 10 /* \ m+2
< , 4.4.92
101 (cw) ST S (cw?) (452

for all § € [55,5). This also implies that for all § € [5},5),

®(3) ~ 7z (P2 S 8(ap),

< 5(0p). (4.4.93)

From (4.4.87) and (4.4.90), we have

b(5) + Caa(3) 49@ b(5) + C1ax(3)

= = <20,
102(5) — 50 loz(s_) N
together with (4.4.93), we have
B(‘ST) 7% T/= 2 Ty S
o | ST B 800 B £ 7 () S 8(a0) (4.4.99)
5
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Again, from the mass conservation law (4.2.31), energy conservation law (4.2.32) and the
=k —**)

almost monotonicity (4.4.6), (4.4.7), we have for all § € [,

!l

N
22(

)
)

()2 + @ (5) 1 &5(3) 172 +N2(5) + S 6(ao). (4.4.95)

il

Finally, we learn from (4.4.92), that for all §5 < 3§ < § <§*

() =G

Then for all § € [§;,5**), we integrate (4.3.38) from 57 to § to obtain:

A10(5%) C
/§010 y)dy < Alo(sz) /(PIO (53,9) 110( 5 J; llo(ﬁl loc +b7)
A0 () I
< G ><7<1+)LIO(§5 )+ C/ (N1 10c +5°)
28(1-1—11;( )) +8(k) <30( /11;( )) (4.4.96)

Combining (4.4.93)—(4.4.96), we have improved (H1)’, (H2)' and (H3)', hence 7** =
* = +oo. This also implies that t* = 4. Now it is sufficient to prove the following

b(D)|+N2(T) =0, A7) = A € (0,400),

as f — +oo. First of all, from (4.4.92), we know that

~+oo
=5 = - dt = +oo.

0 A3(7)

Then we claim that bsb € L'((0,40)). Indeed, from (4.2.48), we have
T = = [y
|bbs + @G (®)b| < b +/£‘2e_10 e L'((0,+)).

From (4.2.33), we have:

@S-G’((D)B:m@G’(@)BZ+0<@‘B<%+B> D = 0(132+/é2ef).

The above 2 estimates imply that

Together with
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we conclude that l_a(t_) — 0, as f — +oo. Next, We use (4.2.48) again to obtain:
- _ 51
b+ 66 (@) B+ [ eL!(0,4+)).
Thus, we have
oo
/O (5 +G(@))s(s')|ds < +oo.

We then know that b(7) + G(®(7)) has a limit as f — +oo. Since lim;_, . b(f) = 0, we
obtain that G(@®(7)) has a limit as 7 — 4. On the other hand, we have G'(0) > 0,
@(f) < 1, so there exists a constant @, > 0, such that

lim @) = @ ~ 77 (0F) 752,
f—too
or equivalently
1

Tim A() = A ~ (CE’_') "

F—oo 0*
Let
F — b(ﬁ)_'—clw(tik) >0
A '
Recall that
. y _ . o w AAIET+1)
V=" =b)+tao(), A= . .
)L (tl) (1 (1) () QL(Z‘])
We obtain 1
: _ cry\ ™z
tETwl(t) = Ao ( T ) . 4.4.97)

Next, the inequality (4.4.6) implies the existence of a sequence §, such that
Ni(5) S / (8%(5n) + & (50)) @25 — 0, as n — oo,
where lim,,_; ;  §, = +o0. Using the monotonicity (4.4.11), we have
N1(5) — 0, as § — oo
Together with (4.3.21) and (4.4.92), we obtain
N(f) — 0, as T — +oo,

which implies that
No(t) = 0, as 1t — oo,

Finally, from (4.2.33), we have:
A2 ()x,(t) ~ 1, as t — +oo,
which after integration implies

t
x(t) ~ 220 a8t oo,

We then conclude the proof of (4.4.28) and (4.4.29), hence the proof of the first part of
Proposition 4.4.2.
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4. Nonemptiness and stability.

Now we give the proof of the second part of Proposition 4.4.2.

