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0.1 Introduction

Cette these est composée de six chapitres. On commence tout d’abord par un chapitre
intitulé Résultats préliminaires ou on rappelle quelques résultats et définitions classiques
d’analyse fonctionnelle dont on fera usage dans ce travail afin de le rendre plus autonome
et de limiter les renvois systématiques a la littérature. Dans le second chapitre, on s’inté-
resse a un probleme d’évolution non linéaire intervenant en dynamique des populations. Il
est essentiellement motivé par le papier [23] ou il est établi que le probleme (0.2.1) admet
une bonne solution (solution au sens de Bénilan) unique dans I’espace L'. L’objet de ce
chapitre est d’étendre les résultats obtenus dans [23] aux espaces LP, 1 < p < +o0. Dans
le Chapitre 3, on aborde un probléme d’évolution non linéaire obtenu comme perturba-
tion (non linéaire) du probléme considéré dans le Chapitre 2. Il s’agit d’une perturbation
introduite dans le cadre linéaire dans [10, 11]. On montre que le probléme est bien posé
dans une classe d’espaces LP, 1 < p < 400, avec poids. L’analyse porte sur des conditions
aux limites aussi bien locales que non locales. Le Chapitre 4 porte sur les résultats d’exis-
tence pour un probléme non linéaire issu du modele de Lebowitz-Rubinow [39] pour des
longueurs du cycle infinies. Dans le cinquiéme chapitre, on étudie les résultats d’existence
des solutions dans les espaces LP pour une version non linéaire du modele de Rotenberg
[52] lorsque les vitesses de maturation peuvent étre infinie. Le dernier chapitre est consacré
ala+

nalyse spectrale d’un opérateur de transport faisant intervenir des opérateurs de collision
élastiques et inélastiques. Il s’agit d’étendre les résultats obtenus dans [30, 54] pour les
conditions aux limites absorbantes a des conditions aux limites abstraites. On termine ce
chapitre par I’étude de la compacité du reste d’ordre un de la série de Dyson-Phillips pour
des conditions aux limites périodiques.

0.2 Description des résultats du Chapitre 2

Dans ce chapitre, on se propose d’étudier I'existence et I'unicité des solutions du probléme
d’évolution suivant :

g{(t,a,l) = —g'i(t,a,l) +o(a,l, f(t,a,l)),
f(Oaavl) - fO(avl)a (021)

f(tv 0, l) = [Kf(t> K )](l)a

ounl<a<let0<Il <l<lyett e [0,+00). Ce probleme est une version non
linéaire d’un modele linéaire introduit en 1974 par Lebowitz et Rubinow [39] pour décrire
I’évolution d’une population cellulaire. Chaque cellule est distinguée par son age a et sa
longueur du cycle [. La longueur du cycle est une propriété héréditaire, elle représente le
temps entre la naissance et la division des cellules. La constante [ (resp. l2) désigne la
longueur minimale (resp. maximale) du cycle. La fonction f(t,a,l) désigne la densité de
population ayant I’dge a et la longueur du cycle [ & 'instant ¢. La fonction o(-,-,-) est le
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taux de mortalité des cellules dii a des causes autres que la mitose.
A la mitose, les cellules filles et les cellules meres sont reliées par la loi de reproduction
suivante :

f(tv 0, l) = [Kf(t> ) )](l)v (0'2'2)

ou K est un opérateur non linéaire défini sur des espaces des traces appropriés de ’espace
de phase; K est appelé opérateur de transition. Le modeéle linéaire de Lebowitz et Rubinow
[39] a été étudié par de nombreux auteurs pour divers types de conditions aux limites. On
renvoie, en particulier, aux travaux [39, 59, 60, 34]. L’existence et 'unicité de la solution
ainsi que le comportement asymptotique de celle-ci ont été étudié via la théorie des semi-
groupes. D’autre part, dans [23], J. Garcia-Falset a montré que le probléeme (0.2.1) est bien
posé dans l'espace L' pour des condition aux limites locales. Il a établi, en particulier, que
ce probléeme admet une unique bonne solution (solution au sens de Bénilan). Ce chapitre
est motivé par le travail [23] et a pour objet de I’étendre aux espaces LP avec 1 < p < +o0.

On montre que le probleme (0.2.1) admet une bonne solution unique. Puisque que les
espaces LP, 1 < p < 400, admettent la propriété de Radon-Nikodym, la solution obtenue
est une solution faible. De plus, si la donnée initiale appartient au domaine de 'opérateur
Tk (voir Chapitre 2), alors la solution est une solution forte. On montre aussi, modulo
quelques hypotheses supplémentaires, que cette solution forte est globale.

0.3 Description des résultats du chapitre 3

L’objet de ce chapitre est d’étudier 'existence et 'unicité des solutions du probleme sui-
vant :

of

__9f
E(t, a, l) =

2
Y] /o T
+ s /0 k(a,l,a’,l', f(t,a’,1"))da’dl’, (0.3.1)

f(O,a,l) :fO(a7l)v
f(t>0’l) = [Kf(t,',')](l),

ont >0 0<aad <1,0<l <I,I'! <lyet fyestla donnée initiale. Il s’agit d’une
perturbation du probleme (0.2.1) par la quantité

lo U
/ k(a,l,a',U', f(t,a',I"))dd'dl'.
I 0

a la longueur du cycle [ et de 'dge a’ & ’dge a. Comme dans le chapitre 2, K désigne un
opérateur non linéaire modélisant une loi de reproduction non linéaire. La nomenclature
des différents parametres de ’équation est similaire a celle du Chapitre 2. On montre que,
sous des hypotheses raisonnables, le probleme (0.3.1) est bien posé dans certains espaces
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LP avec poids ou 1 < p < oo. Notre analyse porte aussi bien sur des conditions aux
limites locales que non locales. On montre que le probléeme (0.3.1), pour chacune de ces
conditions aux limite, admet une bonne solution unique dans L!. Lorsque p € (1, +00) cette
solution est une solution faible parce que les espaces fonctionnels du probléme admettent
la propriété de Radon-Nikodym. De plus, si la donnée initiale est dans le domaine de
lopérateur T (voir Chapitre 3), alors la solution obtenue est une solution forte.

0.4 Description des résultats du chapitre 4

Dans ce chapitre, on étudie 'existence de solutions pour le probléme aux limites non
linéaire suivant :

A +o0

%(a, )+ o(a,l,¢(a,l)) + Mp(a,l) = /l k(a, L) f(a, ', (a,1"))xala,")dl’, (0.4.1)

ou A est un nombre réel et yq désigne une fonction caractéristique de I’ensemble

Q:={(a,1);0<a<l, 0<l; <l<+o0}.

Pour la signification des différentes variables intervenant dans I’équation (0.4.1), on renvoie
a la description du Chapitre 2. Il s’agit d’une version non linéaire du modele de Lebowitz
et Rubinow [39] étudiée dans les Chapitres 2 et 3. Comme précédemment, a la mitose,
les cellules meres et les cellules filles sont liées par une loi de reproduction non linéaire, a
savoir

$(0,0) = [K9(,)I(0). (0.4.2)
Ici K est évidemment un opérateur non linéaire défini comme dans les Chapitres 2 et 3.

Lorsque le maximum de la longueur du cycle est fini (I3 < 400), ce probleme a été étudié
dans [26] dans les cadres des espaces LP ou 1 < p < co. Il a été montré que le probleme
(0.4.1)-(0.4.2) admet au moins une solution. Les arguments des preuves sont basés sur des
résultats de compacité valides dans les espaces LP pour 1 < p < oo et les théoremes du
point fixe de Schauder et de Krasnosel’skii. Le cas de I’espace L! a été considéré dans [36].
En raison du manque de compacité dans L', les techniques des preuves ont été basées
sur les propriétés spécifiques des sous-ensembles faiblement compacts de L!. L’objectif
principale de ce chapitre est d’étudier 'existence des solutions du probléme (0.4.1)-(0.4.2)
dans I'espace L' lorsque la longueur maximale du cycle est infinie (lo = +00). Les preuves
utilisent des théoremes du point fixe récents établis pour la topologies faible et utilisent
une mesure de non faible compacité spécifique au probleme. On montre que le probléeme
(0.4.1)-(0.4.2) admet au moins une solution dans L([0,1] x [I1, +oc), dadl). On considére
tout d’abord le cas ou o(a,l,1(a,l)) = o(a,l)(a,l) (opérateur de multiplication, ici on
garde pour la fonction de multiplication le méme nom o). Lors de 1’étude du probleme
général (0.4.1)-(0.4.2), on a supposé que 'opérateur K est additif (sinon le probléeme ne
peut pas étre formuler sous la forme d’un probléme du point fixe).
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0.5 Description des résultats du chapitre 5

Le chapitre 5 porte sur I’étude du probléeme aux limites suivant :

0
U5 0) + 0o (0, 0) + M0
“+oo
¢
0

:/ (1, 0,0") f (p 0" p(p, ")) A (0.5.1)
wh“o = K(/l/}‘r‘l)7

ou p € [0,1], v,v" € [0, +00), [g = {0} x [0,+00) et I'y = {1} x [0, +00), ¥y, (resp. ¥y )
désigne la restriction de ¢ a Iy (resp. I'1) et K un opérateur non linéaire d’un espace
fonctionnel approprié défini sur I'; vers un espace similaire défini sur I'g. La variable u
(resp. v) représente le degré de maturation (resp. la vitesse de maturation) des cellules.
La fonction ¥ (u,v) désigne la densité de population ayant le degré de maturation p et la
vitesse de maturation v. Le noyau (u, v, v") f(u, v, ) est le taux de transition des cellules
de la vitesse de maturation v’ a la vitesse de maturation v, tandis que o(u,v,-) désigne
le taux de mortalité des cellules dii a des causes autres que la mitose et A un nombre
complexe.

11 s’agit d’une version non linéaire du modele de Rotenberg introduit dans [52] décrivant la
dynamique d’une population cellulaire. Le modeéle linéaire de Rotenberg [52] a été consi-
déré par de nombreux auteurs pour divers types de conditions aux limites. On renvoie, en
particulier, aux travaux [9, 15, 34, 16]. Le modeéle non linéaire ci-dessus a été tout d’abord
étudié dans [33] dans les espaces LP, 1 < p < 400 lorsque la vitesse de maturation est
finie. Moyennant des résultats de compacité (de type moyennes en vitesses dans le cadre
neutronique). Il a été montré que le probléeme admet au moins une solution. L’analyse est
basée sur les théoremes du point fixe topologiques (théorémes de Schauder et Krasnosel’s-
kii). Les résultats du papier précédent ont été complétés dans [38] ol une analyse de ce
probleme dans l'espace L' a été présentée avec des arguments de preuves complétement
différents.

Lorsque la vitesse de maturation v peut étre infinie, ¢’est-a~dire v € [0, +00), ce probléme a
6té 6tudié dans [12] dans I'espace L. Il a été montré que le probléme (0.5.1) admet au moins
une solution. Les arguments des preuves sont basés sur les propriétés des sous-ensembles
faiblement compacts des espaces L', le fait que ces espaces admettent la propriété de
Dunford-Pettis et des théoréemes du point fixe récents pour la topologie faible dans les
espaces non réflexifs. Le but de ce chapitre est de compléter les résultats obtenus dans [12]
en les généralisants aux espaces LP ou p € (1,400). Moyennant le concept d’opérateurs
réguliers (comme en neutronique), on montre un résultat de compacité pour ce probléme.
Ensuite, en écrivant ce dernier sous la forme d’un probléme du point fixe, on montre, via les
théorémes classiques de Schauder et Krasnosel’skii, que le probleme admet au moins une
solution. On présente aussi des résultats d’existence de solutions positives et des solutions
positives non triviales.
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0.6 Description des résultats du chapitre 6
Dans ce chapitre, on étudie les propriétés spectrales de 'opérateur de transport suivant :

Ampl0) = 0.9 (0,0) = 0w, 0) + [ Ko, v )l (o)

l
J ) / L /
+jzl/SN_1 kd(J:?pJaw)w )QO([L‘,p]w )dw

+ /N ) ke(z, p,w,w")p(z, pw')dw (0.6.1)
V-

otz eNetv=pweV=IxSV"TavecweSN pel = (Pmin, Pmax) €t V C RY,
Q est un sous-ensemble ouvert de RY, (-) une mesure de Radon positive et bornée sur
RN, V le support de pu(-). Il s’agit d’'un opérateur de transport étudié par E. W. Larsen
et P. F. Zweifel dans [30] (voir aussi [54, 53]) pour des conditions aux limites absorbantes
(flux rentrant nul). Il met en jeu des opérateurs de collision plus complexes partiellement
élastiques et inélastiques. La fonction ¢(z, v) représente la densité de probabilité des parti-
cules d'un gaz ayant la position x et la vitesse v. La fonction o(-) est appelée, la fréquence
de collision. Les fonctions ke(-, -, ), ke(,-,-,-) et k4 (-,+,-,+), 5 = 1,--+,1, sont les noyaux des
opérateurs K., K. et K5 = Zé‘:l K g appelés opérateurs de collisions classique, élastiques
et inélastiques respectivement. L’objet de la premiere partie de ce travail est d’étendre les
résultats obtenus dans [30, 54, 53] aux conditions aux limites abstraites. Les conditions
aux bords seront modélisées par un opérateur frontiere abstrait reliant les flux rentrant et
les flux sortant. Il agit comme suit :

Y- = H((p|p+). (0.6.2)

L’ensemble '~ (resp. ['") représente la partie rentrante (resp. sortante) de I'espace des
phases D x V'; ¢p- (resp. ojp+) est la restriction de ¢ sur I'™ (resp. T'") et H désigne
un opérateur linéaire borné d’un espace de fonctions sur I'* convenable vers un espace
similaire I'~.

L’opérateur Ay s’écrit sous la forme Ay = Ty + K ou Ty désigne 'opérateur d’advection
et K lopérateur de collision avec K = K.+ K, + K4. On note que la connaissance du
spectre de Ay est d'une importance fondamentale pour décrire les propriétés de la solution
(lorsqu’elle existe) du probleme de Cauchy gouverné par l'opérateur Ap. Une analyse
détaillée des propriétés spectrales de Popérateur Ay (c’est-a-dire H = 0) est donnée dans
les travaux [30, 54, 53] aussi bien pour le cas stationnaire que pour le probléme d’évolution.

On montre que, si K, est un opérateur régulier, alors K.(A — Ty — Kq — K.)! et (A —
Ty — K4 — K.) 'K, sont des opérateurs compacts dans les espaces LP(Q2 x V,dxdu(v)),
1 < p < oo (voir, Proposition 6.3.1) et 'opérateur K.(A\—Ty —K.—K;) ' K, est faiblement
compact dans L'(Q x V,dzdu(v)) (voir, Proposition 6.3.2). De plus, si A € p(Ty + K. +
K+ K)Np(Tg+ K.+ Kg) telque A\—Ty — K.~ K. —Kg) ' —(A=Tyg — K. — Kq) ! est
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compact, alors on a oess(TH + Ke + Kg) = 0ess (T + K + Ke + Kg) lorsque p € (1, +00)
ol 0s5(U) désigne le spectre essentiel de 'opérateur U (voir le corollaire 6.3.1). On note
que ce résultat est ouvert pour p = 1. Enfin, on montre que o(Ty + K.+ Kqg+ K.)N{\ €
C : Red > =X+ || K, + Ky||} consiste au plus, & des valeurs propres isolées de multiplicité
algébrique finie dans LP(Q x V, dxdu(v)), 1 < p < oo (voir, les Théorémes 6.3.1 et 6.3.2).

La seconde partie de ce travail est consacrée a I’étude de la compacité du reste d’ordre un
de la série de Dyson-Philips du probleme d’évolution

e
L0 = (@ + K)ol
#(0) = o, (0.6.3)
2 ‘Z'i:_ai: ¥ |xi:ai
ou 2 = Hfil(—ai,ai),ai >0,i=1,---, N, est un pavé ouvert de R". On montre que le

reste d’ordre 1, Ry(t), de la série de Dyson-Philips est compact dans les espaces LP(€ x
V,dzdv), (1 < p < 00). Comme conséquence immédiate de ce résultat, on a

1}+K;+K;+Kﬁn —

Cess (et( Oess (et(TPJrKEJrKd)) (0.6.4)

ce qui entraine 1’égalité des types essentiels suivants

Wess (et TrHEetKetKa)y — (  (HTp+KetKa)y, (0.6.5)

L’égalité (0.6.5) joue une role fondamental dans I’analyse du comportement asymptotique
de la solution du probleme de Cauchy (0.6.3).

On termine cette introduction par quelque introductions bibliographique concernant ce
travail.

e Le chapitre 2 est paru dans Mediterranean Journal of Mathematics, 13(4), (2016),
1571-1587.

o Le chapitre 3 est paru dans Acta Mathematica Scientia, 36(5), (2016), 1225-1244.
e Le chapitre 4 est paru dans Nonlinear Analysis, T. M. A, 143, (2016), 1-18.
e Le chapitre 5 est paru dans Applicable Analysis, 95(6), (2016), 1256-1270.



Chapitre

Résultats préliminaires

Le but de ce chapitre est de rappeler quelques résultats et définitions classiques d’analyse
fonctionnelle dont on fera usage dans ce travail. Ceci permettra de rendre le travail plus
autonome et de limiter les renvois systématiques a la littérature.

1.1 Opérateurs accrétifs

Soit (X, |.]]) un espace de Banach muni du crochet
Vz,y € X.

Soit A : D(A) € X — 2% un opérateur multivoque de domaine D(A) := {x € X : Az #
0}. On peut identifier A & son graphe G(4) C X x X ou

G(A) = {(z,y) € X x X tel que y € Ax}.
On dit que (x,y) € A si et seulement si x € D(A) et y € Ax.
Dans tout ce travail, on note par R(A) I'image de 'opérateur A.
Définition 1.1.1. Soit J: X — 2X7 Uapplication de dualité définie par
I(a) = {o" 0" € X*, a*(@) = |lall et o] = 1},
pour tout x € X. En outre, on définit J,(x) par
T@) = {o* 2t € X*, <ayat >= all® et 2] = Jall} = o]l 3(2),

pour tout x € X.
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On note que [+, ]s peut aussi s’exprimer en fonction de J(-) de la maniére suivant :
[z,ys = sup{z"(y) : =" € J(x)}.
e On dit que A est accrétif dans X s’il vérifie 'une des conditions équivalentes suivantes :

(i) pour tout A > 0, la résolvante J;! := (I+AA)~! est une contraction de D(J1) =
R(I + \A) vers D(A);

(ii) pour tout (z,y),(Z,9) € A,on a [z — 2,y — §]s > 0.
e On dit que A est m-accrétif sur X si A est accrétif et R(I + AA) = X, VA > 0.

e Soit w > 0. L’opérateur A est dit w-accrétif (resp. w-m-accrétif) si A + wl est accrétif
(resp. m-accrétif) ou I est opérateur identité dans X.

Proposition 1.1.1. Soit A : D(A) — 2% un opérateur sur X. Les assertions suivantes

sont équivalentes :

— A est un opérateur w-m-accrétif ;

— linégalité [u — v,z — yls > —wl|jx — y|| est satisfaite pour tous x,y € D(A), u € Ax et
vE Ay;

— Pour chaque 0 < X\ < *, la résolvante Jy := (I + XA)~! : R(I + ANA) — D(A) est une

application 1 X —szschztzzenne.

Bonnes Solutions

On considere le probleme de Cauchy suivant :

u'(t) + A(u(t)) 3 (1), t € (0,T),
{ u(0) = zp € D(A), (1.1.1)

ot A est un opérateur accrétif sur X, T'> 0 et f € L'(0,7; X). On utilise la théorie des
semi-groupes non-linéaires pour étudier (1.1.1), ou on considere la discrétisation par le
schéma implicite par rapport a t,

uz—ue i
i A2 S (1.1.2)
ul € D(A), i=1,2,..,n,

€

ott € > 0 et (to,t1,....,tn : f1, ..., f) est une discrétisation telle que

0<t0<t1<...<tn§T, t; —ti—1 <€, T—tnﬁe,

to| < e, ,.,”eXet
€

1.1.3
dt < e. ( )

fZ




Définition 1.1.2. On appelle bonne solution de (1.1.3) toute application ueC(0,T);X)
telle que, pour tout € > 0, il existe u? € D(A) et (to,t1, .. ,t A ) vérifiant (1.1.8) et
L ul) telles que ||u(t) — ul]| < € pour tout t € [t;—1,t;),

pour lesquels (1.1.2) détermine (u,
1=1,2,...,n

On a le résultat suivant (voir [8] ou [6, Corollaire 4.1]) :

Proposition 1.1.2. Si A est w-m-accrétif sur X et ug € D(A), alors le probléme (1.1.1)
admet une bonne solution unique u € C([0,T); X) telle que u(0) = uy.

e Si A est un opérateur accrétif sur X, f, f € LY(0,T; X) et u, @ sont les bonnes solutions

respectives de % + A(u(t)) > f(t) et d— + A(a(t)) 3 f(t), alors (voir, [8])

jt lu(t) = a(®)]l < [u(t) —a(t), f(t) = ()]s dans D'(0,T). (1.1.4)

Solutions intégrales

Définition 1.1.3. On appelle solution intégrale sur [0,T] de l’équation u'(t) + A(u(t)) >
f(t), toute fonction v € C(0,T; X) vérifiant

t
lu(t) — 2| < e Jlu(s) — | +/ e’ f(r) =y ulr) — ldr, (1.1.5)
pour tous (z,y) € A et 0 <s<t<T.

e Si u,v sont des solutions intégrales de u'(t) + A(u(t)) > f(t) et V() + A(v(t)) 2 g(¢t),
respectivement, avec f,g € L'(0,T, X), alors

lut) = v(@®)] < e [lu(0) — v(0)[| + /Ot et |1 £(s) — g(s)|| ds. (1.1.6)

Solutions fortes

Définition 1.1.4. Soient X un espace de Banach et T > 0 un réel donné. Une application
f:[0,T] = X est dite absolument continue, si pour tout € > 0, il existe § > 0 tel que

N N
> (Bi—ai) <& implique > ||f(8i) — flow)llx <e€
i=1 =1

pour toute famille de segments |aq, 1], ..., Jan, By]| de [0,T].

Définition 1.1.5. Une solution forte du probléme (1.1.1) est une fonction u €
Whe(0,T; X), i.e., u est localement absolument continue et dérivable presque partout,
et u/'(t) + A(u(t)) > f(t) pour presque tout t € [0,T].
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On introduit la propriété de Radon-Nikodym portant sur les espaces de Banach.

Définition 1.1.6. On dit qu’un espace de Banach X admet la propriété de Radon-
Nikodym, si toute application f : [0,T] — X absolument continue est différentiable
presque partout sur [0,T].

On rappelle le résultat suivant portant sur l’existence de solutions fortes (voir, par exemple,
[6, Theorem 4.5] ou [8, p. 108]).

Théoréme 1.1.1. Soient X un espace de Banach ayant la propriété de Radon-Nikodym,
A:D(A) C X — 2% un opérateur quasi-m-accrétif et f € BV (0,T;X), i.e., f est une
fonction a variation bornée sur [0,T]. Alors, si zg € D(A), le probléme (1.1.1) admet une
solution forte unique.

Nos résultats reposent aussi sur le théoréme suivant établit dans [6, p. 150].

Théoréme 1.1.2. Soient X est un espace de Banach réflexif, A un opérateur quasi-m-
accrétif dans X et F' : X — X wune application localement Lipschitzienne. Alors, pour
tout yo € D(A), le probléme

{ u'(t) + Au(t) 3 F(u(t))
u(0) = yo

admet une solution forte locale.
En outre , si (—Fu,w) > —alul*+ 8, Yuec X et Vw e Ji(u).

Alors, la solution est globale.

Solutions faibles

Définition 1.1.7. On dit que u € C(0,T; X) est une solution faible du probléme (1.1.1),
s’il existe des suites (up)neny € WH(0,T; X) et (fu)nen € LY(0,T; X) vérifiant les as-
sertions suivantes :

1. ul (t) + Aupn(t) 2 fu(t) pour presque tout t € [0,T], n =1,2,..;

2. limy, o0 [Jun — ull o, = 0;

3. u(0) = x;

4. limy o0 || fn — fll; = 0.

On rappelle aussi le résultat suivant portant sur I'existence des solutions faibles pour les
espaces de Banach ayant la propriété de Radon-Nikodym.

Théoréeme 1.1.3. Si X est un espace de Banach ayant la propriété de Radon-Nikodym.
Alors, le probléeme (1.1.1) admet une solution faible unique qui est la bonne solution de ce
probléeme.



1.2 Opérateurs de type Nemytskii

On rappelle tout d’abord la notion de fonction de Carathéodory qui est & la base de la
définition des opérateurs de type Nemytskii (ou superposition). Pour plus d’informations
sur les opérateurs de Nemytskii, on renvoie le lecteur, par exemple, aux références [3, 4].

Définition 1.2.1. Soit Q un-sous ensemble de RN. On dit qu’une fonction f: QxR — R
est de Carathéodory sur 2 x R si elle vérifie les conditions suivantes

vVt € R, la fonction u — f(u,t) est mesurable sur ;
p.p. enu € Q, la fonction t — f(u,t) est continue sur R.

Si f est une fonction de Carathéodory, on peut définir 'opérateur Ny sur l’ensemble des
fonctions mesurables ¢ : Q) — R par

(NFP)(2) = f(z,¥(2))

pour tout z € Q. L’opérateur Ny est appelé I'opérateur Nemytskii (ou superposition) en-
gendré par f. On rappelle un résultat important de la théorie des opérateurs de Nemytskii
sur les espaces LP, 1 < p < oo, (voir, par exemple, [3, 4]).

Lemme 1.2.1. Soient p € [1,4+00) et f : Q@ x R — R une fonction de Carathéodory.
Si Uopérateur Ny envoie LP(QY) dans LP(SY), alors Ny est continu et envoie les sous-
ensembles bornés dans les sous-ensembles bornés. De plus, il existe une constante n > 0
et une fonction h(-) positive de LP(2) telles que

|f(xz,y)| < h(z)+nly| presque partout en x, pour tout y € R.

Pour la preuve (voir, par exemple, [3, 4]).

1.3 Mesure de non faible compacité

L’objectif de cette section est de faire quelques rappels sur la notion de mesure de non
faible compacité dans les espaces de Banach. Soit B(X) I’ensemble de toutes les parties
non vides bornées de X et W(X) le sous-ensemble de B(X) composé de toutes les parties
faiblement compactes de X.

Définition 1.3.1. Une application p: B(X) — [0, +00) est dite une mesure de non faible
compacité sur X si elle satisfait les conditions suivantes :

1) Siu(M) =0, alors M" € W(X) ;

2) My C My = pu(My) < p(Ms) ;

3) p(co(M)) = p(M);
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4) (M U N) = max(u(M), n(N)).

La famille ker p est appelée le noyau de la mesure de non faible compacité p(-).

On note que p(.) satisfait la propriété suivante :
vl

5) W(M™) = p(M),
ot M" désigne la fermeture de M dans X pour la topologie faible o(X, X*). En effet,
la propriété 5) résulte des inclusions M C M" C @o(M) et les propriétés 2) et 3) de la
définition ci-dessus.
La mesure de non faible compacité u est dite homogene si, pour tout M € B(X), on a

6) p(AM) = [ u(M), VAER
et elle dite sous-additive si elle vérifie

7) w(M+ N) < u(M)+ u(N), VM,N € B(X).

On note que si p(-) est une mesure de non faible compacité sur un espace de Banach (au
sens de la définition 1.3.1). On déduit de 'axiome du maximum 4) la propriété suivante :

8) si (My,)nen est une suite de fermés de B(X) décroissante (au sens de I'inclusion)
telle que limy, 4o (M) = 0, alors intersection My, = (21 M, est non vide et
faiblement compact de X.

1.4 Eléments de la théorie spectrale

Soit X un espace de Banach complexe et A : D(A) C X — X un opérateur linéaire
fermé a domaine dense dans X. On appelle ensemble résolvant de A, I’ensemble

p(A)={A e C;A— A:D(A) — X est bijectif }.

Le spectre de A, 0(A), est le complémentaire de p(A) dans C. On note que si A € p(A),
alors l'inverse

RN A) =(A—A)""
est défini sur tout l’espace X et est borné, R(\, A) est dite la résolvante de A.
On appelle borne spectrale de 'opérateur A, le réel défini par
s(A) :==sup{ReX: A € g(A)}.
Si A est un opérateur borné de X dans lui méme, on appelle rayon spectral de A, le nombre
re(A) = max{|A| : A € 0(A)}.
En fait dans ce cas, le spectre de A est un compact de C.

Soit A un opérateur linéaire fermé a domaine dense dans X . On dit que A est un opérateur
de Fredholm si :



1. a(A) =dim(N(A)) < o0}
2. R(A) est fermé;
3. B(A) = codim(R(A)) < oo

ou R(A) et N(A) sont, respectivement, I'image et le noyau de l'opérateur A. On rap-
pelle que la co-dimension d’un sous-ensemble M d’un espace de Banach est définie par
codim(M) := dim(X/M).

Soit A un opérateur de Fredholm sur X. On appelle indice de A, le nombre i(A4) =
a(A) - B(A) .
On appelle le domaine de Fredholm de A la partie du plan complexe définie par

®4 :={X € C/ A — A est un opérateur de Fredholm sur X}.

Définition 1.4.1. Soit A un opérateur fermé a domaine dense. On définit le spectre
essentiel (au sens de Schechter) de A par

Oess(A) = ﬂ o(A+O),
CeK(X)

ot KC(X) désigne l'idéal des opérateurs compacts sur X .

Enfin, on signale le résultat suivant portant sur la stabilité du spectre essentiel (voir, par
exemple, [48, Theorem 4.7, p. 17]).

Théoréme 1.4.1. Soit A et B deux opérateurs fermés a domaine dense dans X. Sl
existe X € p(A) N p(B) tel que (A — A)~!1 — (XA — B)~! est un opérateur compact, alors

Oess (A) = Oess (B) .

1.5 Le type essentiel

Soient X un espace de Banach et (7'(t));>0 un semi-groupe fortement continu (ou Cp-
semi-groupe) d’opérateurs de £(X) de générateur A (pour la définition et les propriétés
élémentaires , on pourra consulter [19, 49]). Selon le théoreme 2.2 dans [49, p. 4], il existe
M >1et w >0 tel que
|T(t)] < Me™,  pour t€[0,+00). (1.5.1)
On appelle le type du Co-semi-groupe (7'(t))+>0, le réel w défini par
w=inf{weR : IM >1,w >0 tels que 'équation (1.5.1) est satisfaite }.

On note que l'on peut aussi définir le type de (T'(t))i>0 par
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1
w= lim —In||T(t)| .

t—oo t

Lorsque w est le type du Cy-semi-groupe (7'(t))+>0, on a, pour tout t > 0,
r(T(t)) =e“t Vvt >0.
D’apres [58], il existe —00 < wess < w tel que
Tess(T(t)) = e¥esst Wt > 0.

La constante wess s’appelle le type essentiel du Co-semi-groupe (T°(t))¢>o0.

On note que, si wess < w, alors Pensemble {n € o(T'(t)) : |n| > e¥*=s'} est un ensemble
vide ou formé au plus de valeurs propres isolées de multiplicité algébrique fini.

1.6 Perturbations bornées

Soit X un espace de Banach, T un opérateur fermé dans X et K € £(X). Si T engendre
un Cy-semi-groupe (U (t)):>0, alors par le théoreme classique des perturbations bornées de
Phillips [49, Theorem 1.1, p. 76] (voir aussi [19, p. 158]), T+ K engendre un Cy-semi-groupe
(V(t))t>0, donné par la série de Dyson-Phillips :

o0 n—1
V(t)=> Uj=> Uj(t)+ Ru(t), (1.6.1)
7=0 7=0
Uo(t) = U(t), et Uj+1(t) = /Ot Uo(S)KCUj(t — S)dS (] > 0)

La série (1.6.1) converge dans £(X) uniformément sur les intervalles bornés. De plus, le
terme R, (t), appelé le reste d’ordre n de la série, est donné par

n
U(s)K.. KU (s,)KU (t = Y i) dsy...dsy.

i=1

Rt = |
n( ) s1+so2+...+sn<t,5;>0

On présente maintenant le théoreme fondamental suivant qui illustre I'incidence de la com-
pacité d’un reste de la série de Dyson-Phillips sur ’étude du comportement asymptotique.

Théoréme 1.6.1. Soit X un espace de Banach. Avec les mémes notations que ci-dessus,
st un certain reste Ry (t) est compact pour t > tg, alors

Fess(U(1)) = Tess (V (1)), t>0.

En outre, I’ensemble
a(V(#) n{n: [l > e=W}, >0

est formé, au plus, de valeurs propres isolées de multiplicité algébrique finie[55].
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Ce travail a été initié par Jorgen [27] et ensuite I. Vidav [57]. Ce dernier a été le premier
a montrer (sous certaines conditions restrictives) via l'alternative de Fredholm (dite aussi
I’alternative de Gohberg-Shmulyan) que o(V (t)) N {7 : || > e®e=s(1)} consiste, au plus, &
des valeurs propres isolées de multiplicité algébrique finie. Plus tard, le travail de I. Vidav
a ¢été simplifié et amélioré par J. Voigt [58], L. Weis [61] et M. Mokhtar-Kharroubi [46,
Chapter 2] :

Théoréme 1.6.2. On suppose qu’il existe n € N tel que Ry (t) soit compact sur
LP(2), (1 < p < +00). Alors,

Wess(V (1)) = Wess (U (1)), t>0. (1.6.2)

1.7 Continuité en norme et compacité des restes de la série
de Dyson-Phillips

On présente maintenant quelques outils pour ’étude des restes de la série de Dyson Phil-
lips.

Définition 1.7.1. Soient f,g :]0,+oo[— L(X) deux applications fortement continues.
Leur convolution est donnée par

t
f*g(t):XB:U—>/ f(t—s)g(s)xds € L(X), t>0.
0
De plus, pour tout n € N, on note

fI"=fxfxoxf (n fois ).

On note que 'opérateur * est associatif.

La relation entre U, (t) et Ry (t) est donnée dans la proposition suivante (voir [46, Lemme
2.1, p. 14]) :

Proposition 1.7.1. Pour tout n € N*, on a

Un(t) = [UK]" * U(t) et Ra(t) = [UK]" = V(1).

On a aussi le résultat suivant (voir [46, Lemme 2.3]) :
Proposition 1.7.2. Soient f, g :]0,+oo[— L(X) deuz applications fortement continues
et soit 0 < M < +00 :

(i) Si f(t) ou g(t) est compacte pour tout t €]0, M| alors f = g(t) est compacte pour tout
t €]0, M.

(i) Si]0,M[>t — f(t) ou]0,M[>t — g(t) est continue en norme, alors |0, M[> t —
f*g(t) Uest aussi.
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Comme conséquence des propositions 1.7.1 et 1.7.2, on a :

Théoreme 1.7.1. Soit n € N*. Alors
(i) St [UK]™(t) est compact pour tout t > 0, alors U,(t) l'est aussi.
(i) Si0 <t — [UK]"(t) est continue en norme, alors 0 <t — Up(t) est également.

Le résultat suivant lie la régularité de R, (t) a celle du terme U,(t). Le lecteur pourra
consulter, par exemple, les théorémes 2.6 et 2.7 dans [46].

Théoreme 1.7.2. Soit 0 < M < +oc0. Pour tout n € N* on a

(i) Le reste Ry(t) est compact pour tout t €]0, M| si et seulement si Uy(t) est compact
pour tout t €]0, M.

(ii) L’application [0, M[> t — R, (t) € L(X) est continue en norme si et seulement si
10, M[>t— U,(t) € L(X) est aussi continue en norme .

On termine cette section par rappeler le résultat d’interpolation suivant établi dans [20,
Theorem 3.10, p. 57].

Théoréme 1.7.3. Soit
B e ﬂpzlﬁ(Lp(A».

S’il existe 1 < py < oo tel que B soit compact dans LP°(A), alors B est compact dans tout
LP(A), 1 < p < o0.
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Chapitre

A nonlinear age structured model of
population dynamics with inherited
properties

2.1 Introduction

In this chapter we are concerned with existence and uniqueness of solutions to the initial-
boundary value problem

a—f(t,a,l) = —8—f(t, a,l)+o(a,l, f(t,a,l)),
ot da
f(Ovavl) = fO(a7l)a (211)

f(t707l) = [Kf(t,',')](l),
wheret > 0,0 <a<land 0 <] <l < 5.

The linear version of this model was introduced by Lebowitz and Rubinow [39] for modeling
microbial populations. Individual cells are distinguished by the age a and the cells cycle
length {. The function f(¢, a,l) represents the density of population with age a and cell cycle
length [ at time ¢. By cell cycle length we mean the time between cell birth and cell division.
It is an inherent characteristic of cells determined at birth, i.e. the duration of the cycle
from cell birth to cell division is determined at birth. The constant 1 (resp. l2) denotes the
minimum cycle length (resp. the maximum cycle lenght). The function o(-,,-) is the rate
of cell mortality or loss due to causes other than division. Various mathematical aspects
concerning the Cauchy problem : well-posedness (generation results), spectral analysis,
time asymptotic behavior of solution (when it exists) were discussed in many papers (we
refer, for example, to the works [59, 60, 34] and the references therein).
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A nonlinear age structured model of population dynamics with inherited properties

As it was observed by Rotenberg [52], it seems that the linear model is not adequate.
Indeed, the cells under consideration are in contact with a nutrient environment which
is not part of the mathematical formulation. Fluctuations in nutrient concentration and
other density-dependent effects such as contact inhibition of growth make the transition
rates functions of the population density, thus creating a nonlinear problem. On the other
hand, the biological boundary of /1 and [ are fixed and tightly coupled through out mitosis.
The conditions present at the boundaries are felt throughout the system and cannot be
remote. This phenomena suggests that at mitosis the daughter cells and parent cell are
related by a nonlinear reproduction rule.

At mitosis, the daughter and mother cells are related by a nonlinear rule which describes
the boundary conditions. It writes in the shape

f(t70a l) = [Kf(ta ) )](Z)a (2'1'2)

where K stands for a nonlinear operator on suitable trace spaces, called the transition
operator, and is intended to model the transition from mother cycle length to daughter
cycle length covering, in particular, the usual biological models [39, 59, 60, 34].

This work is inspired and motivated by the work [23] where the well-posedness of Problem
(2.1.1)-(2.1.2) was discussed in the space L'. This work is intended to complete the results
obtained in [23]. We prove that Problem (2.1.1)-(2.1.2) has a unique mild solution in LP-
spaces with 1 < p < co. Since these spaces have the Radon-Nikodym property, if the initial
data fp belongs to D(Tk) or D(T}), then this solution is a strong one.

The structure of this chapter is as follows. In the next section we introduce the functional
setting of the problem and the main assumptions. In Section 3 some preparatory lemmas
required in the proof of our results are collected. The main results of this paper are stated
in Section 4. In Theorem 2.4.1 we suppose that 0 < [y and the boundary operator K
is a strict contraction. Under these hypotheses, Problem (2.1.1)-(2.1.2) is well posed on
the spaces X,,. In contrast to the first theorem, in Theorem 2.4.2 we suppose that [ > 0
and K is a Lipschitz operator without any condition on the size of its Lipschitz constant.
Under these conditions we prove that Problem (2.1.1)-(2.1.2) is well-posed in the weighted
spaces X’. Evidently, Theorem 2.4.2 is not valid if /1 = 0.

Note that Problem (2.1.1)-(2.1.2) was considered for nonlocal boundary conditions on LP-
spaces in [56]. A stationary version of this problem was also discussed in [36]. We point out
that the book [50] provides a detailed account for transport equations in Biology where
the mathematical analysis of various kinds of such equations was derived.

2.2 Notations and preliminaries

The main goal of this work is to discuss existence and uniqueness of solution to the
time-dependent problem (2.1.1)-(2.1.2). In order the state our result, we will first fix the
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notations and introduce the functional setting of the problem. Let 1 < p < oo and set
X, = Ly(A, dadl)

where A 1= {(a,l); 0 <a <, 1 <l<lp} with0 < <l <ly < oo. The space X, is
endowed with its natural norm is a Banach space. We denote by Xl} and Xg the boundary

spaces
X, = Lp(I'y, dl), X = Lp(T'y,dl),

where
I :Z{(O,l)ilE(ll,lz)} and Iy :Z{(l,l):lE(ll,ZQ)}.
Let W, be the partial Sobolev space defined by
of
Wp—{feXp.%eXp}.
W, equipped with the norm
of [|[P1/p
_ P 9]
191w, = (171 + |52 ]

p

is a Banach space. For the traces, we shall use the following notations :

{’Yo(f) = Jir, () = £(0,1),
n(f) = fir, (1) = f(L,1).

We recall that it is proved in [34, Lemma 2.1] that, if fir, € X; (resp. fir, € Xg), then
Jir, € Xg (resp. fir, € X;).

One can define the space Wp be the space

W,={f €W, suchthat fi, € X}
Therefore, we have also

Wp ={f €W, suchthat fp,¢c Xg}.

So, any function f € Wp has traces fir, and fjr, belonging to the boundary spaces X;
and Xg, respectively.

As indicated in the introduction, the boundary conditions are modeled by an operator
K defined from Xg into X;. It is a nonlinear reproduction rule relating mother cells to
daughter cells. We suppose that K satisfies the following condition :

— (H1) There exists k > 0 such that, for all u,v € Xg, we have

1K (u) = K(u)]| < & llu =]l

13



A nonlinear age structured model of population dynamics with inherited properties

Let Tk be the operator defined by

TK : D(TK) C Xp — Xp,
f— (@)l = L (a)
D(Tx)={f €W, fir, = K(fir,)}-

Let w be an arbitrary real number satisfying

w > max (0, li In(x)).
1

(k is the constant appearing in the hypothesis (H1)) and define the weighted space X, by

XY = Ly(A, h*dadl).

where the weight function h“(-,-) is given by
h(a,l) = e~ =),

The space X} is endowed with the

11l = (/A 1 h“(a,l)dadl) e (/lf (/Ol Hi h“(a,l)da)dl>1/p

is a Banach space.

Let W)’ be the space defined by

of

W;:{feX;j-a

€ X}
equipped with the norm

p 1/p

s = [+ | 5 |

is a Banach space.

Let us now prove a result similar to that of Lemma 2.2.1 in [34] for the space X;.
Lemma 2.2.1. Let f € W' If fir, € X;, then fir, € Xg and vice versa.

Proof. Let f € W’ such that fir, € XI%. We have

F,1) = £(0,0) +/ L0, 1)da (2.2.1)

14



Now observe that

1 < ew(i—a) e—éw(l—a) e—%w(l—a) < el2we—%w(l—a)

where ¢ is the exponent conjugate of p. Then, applying Holder inequality we get

! af po\1/p
wil —w(l—a
DI 1700+ ([ et 1S (a ) da)
and consequently,
! ) P
£0P < 2[00 + et [t )" da
0
This yields
l2 lo la pl p
/ FLDPdL< 21’[/ |£(0,)|P dl + eplzwz;’/q/ / e~w(i=a) g(a,l) dadl]
5 15} I 0 BCL
af P
< 9P pl2wlp/q “J .
< [H]ﬂp1 o TR 5 XW] < 400
l
Writing Eq. (2.2.1) in the form f(0,1) = f(l,1) — / %(a,l)da and arguing as above we
0
derive the converse. O
Next, we define the space
Wy ={f €Wy suchthat fir, €X}}. (2.2.2)

Clearly, by Lemma 2.2.1, we have
W;J ={feW; suchthat f,€ ng}'

Accordingly, any function f € VNV;,u has traces fir, and fjr, belonging to the boundary
spaces XI} and Xg , respectively.

Let T% be the operator defined by
T% :D(TE) C Xy — X,

f— TR @D = S,

D(TR) ={f €Wy fir, = K(fir,)}.
We close this section by introducing the following hypotheses required below.

— (H2) The function o : A x R — R is a Carathéodory function satisfies the following
condition : there exists ( € L>°(A) such that

’U(G,l,Zl) - U(G,Z,ZQ)‘ < ‘C(aJ)‘ ‘Zl - 22‘ )

where 21, 20 € R.

15



A nonlinear age structured model of population dynamics with inherited properties

— (H3) There exist a function & : A x R — R and two constants & € R and & > 0 such
that
o(a,l,z) =o(a,l,2)z, for all (a,l,2) € A xR,

and B
g <a(al f) <o, forall (a,l) € A, f>0.

Since o(-,-,-) is a Carathéodory function, one can define the Nemytskii operator N, :
Xy — X by
(NUf)(a7 l) = O'(CL, l) f(a) l))

2.3 Preparatory results

In this section we will discuss the m-accretivity of the operator Tk on the space X, and the
w-m-accretivity of T7 on the space X’ where 1 < p < oo. For simplicity, in the remainder
of this paper, we shall identify X; and Xg with the space

Y, = Ly([l1, 1), dl).

Before going further, let us first recall that the function sgn is defined by

1 if r >0,
sgng(r) =<0 ifr=0,
-1 ifr <o,

and the definition of the symbol [-,]s is recalled in Section 1.1 (see also [6, pp. 102-103]).

Lemma 2.3.1. Assume that the transition operator K is a strict contraction with Lipschilz
constant k and 0 < ly. Then Ty is a m-accretive on X,,.

Proof. We first prove that Tk is accretive on X,. Indeed, let ¢1,p2 € D(Tk) and put
¥ = 1 — p2, we have

(Ticlon) — Taelo) bl 2 Wl [ [ 1P~ 2 (o(a)sgmo(w)dadt

1l [ ([ 1op 2 (w(a D )da )
= ||t /l (/0 (yw(a Z)V’)da)dl (2.3.1)

Since ¢1, 2 € D(Tk), the right hand side of (2.3.1) is greater than or equal to

1—
1911,

p /zll2 <‘(901|F2 - @2\F2)(l)‘p B ‘K(@llrz)(l) - K(WW?)(Z)’I))CH'
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Using the fact that K is strictly contractive we conclude that

(1= ) [0l _
>0

Tk (1) — Tr(p2),¥]s > p H<P1|r2 — P21, ||y,

This proves that Tk is accretive on X,.

To complete the proof, it suffices to establish that R(I + Tx) = X, where R(I + Tk)
denotes the range of I + Tk. To this end, for a given function g € X, we seek for a
function ¢ € D(Tk) such that

p+Tkp=g.

Thus, we look for the solution to the equation

ela,l) + gi(a, ) =g(a,l). (2.3.2)

Since Eq. (2.3.2) is linear with respect to the variable a, we obtain the following solution
ola,l) = e %(l) +/ g(s,1)e*ds. (2.3.3)
0

We claim that, if x € Y}, then ¢ € WP, Indeed, simple calculations using the estimate
(la+b])? < 2P(Jal? + |b|") and the Holder inequality imply

la ol a p
||<PH”§2”/ / !x(l)\p+ / e e |g(s,l)|ds) }dadz
<2p/ /\x |pdadl+2p/ / / 5= a|gsz)|ds} dadl
Iy
1
<oy iy +2 [ [ ([ ot 0 ds) ) daat
P i Jo 0

< 2 Ixlly, +2°% llglly

and thus

1

lell, <203 lIxlly, + 202 llgll,

Moreover, the use of (2.3.2) gives
|%e]| =t - e, < i, + e

The last two inequalities imply that ¢ € W/p which proves our claim.

So, in order to complete the proof, it suffices to check that functions belonging to D(Tk)
are in the form (2.3.3) where ¢, = x € Y}. To do so, put

P(a,l) = /Oa g(s,1)e* ds.

17



A nonlinear age structured model of population dynamics with inherited properties

The following condition should be satisfied

SO‘FQ = (e_aX)\Fg + /lzz)|l—‘2‘ (234)

Since ¢ € D(Tk), we have ¢p, = K(¢|r,) and consequently

P (D) = e 'K (oir,) (D) + (yr,) (1) (2.3.5)
Now define the operator P :Y, — Y}, by
Pu)(l) = e 'K (u)(1).

It is easily seen that

|P(ur) = Pluz)lly, < e us — uolly, (2.3.6)
for any u1,us € Y),. Since ek <1, foru,ve Y}f, we have

I(I = Pyu— (I =Pyolly, = (1 —e"x) flu—ully, -

This yields the injectivity of the operator I — P. Next, putting y; = (I — P)u and yy =

(I — P)v, we get

|-yt - P)_1y2Hyp < Ty -y,

which proves the continuity of the operator (I — P)~1.

Our objective now is to check that the operator (I — P) is surjective. Indeed, let g be a
function in Y}, we have to prove that there exists u € Y}, such that (I — P)u = g. To this
end, define the operator 11 : Y, — Y, by II(u) = e 'K (u)(l) + g. It is easy to see that

ITT(w1) = M(uz)lly, < e "k flur —ually,

for any w1, us € Y),. Hence Il is strict contraction. Applying the Banach fixed point theorem
we infer that the equation (I — P)u = g has a unique solution which proves the surjectivity
of (I — P).

Summarizing the steps above we can write

pla,) = (I +Tk) " (9) = e "K(I = P)~ (Wpe,) () +(a. 1) € Wy
This yields that R(I + Tk ) = X, and completes the proof. O

Remark 2.3.1. It follows from (2.3.6) that the result of Lemma 2.3.1 is valid even if
Iy =0.

Lemma 2.3.2. If the hypothesis (H1) is satisfied, then 7% is a w-m-accretive operator on
X,
p
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Proof. We first prove that R(I + A\T%) = X};. Let A € (0,1/w), g € X7 and consider the
equation ¢ + A\T%(¢) = g where ¢ must be sought in D(T%). Arguing as in the proof of
Lemma 2.3.1, we look for a function ¢ satisfying

a ]_ a s—a
ola,l) =e xx(l) + X/ g(s,l)e~ ds. (2.3.7)
0
We break the argument into two steps.

Step 1. Assume that x € Y}, we will show that necessarily ¢ € W;’ . As in the previous
lemma, the use of the estimate (Ja + b])? < 2P(|a|’ 4 |b|) and the Holder inequality leads

to
l2 l a 1 a sS—a
:/ /e_ —) ey () + (X/o eTg(s,l)ds)
< 2p/l2/ w(l=a)
5
! a s_q
+2p/2/ ott-a) / e |g(s,1)|ds) " dad
I |)‘|

=201 +2PJ.

P
dadl

e x|/ dadl

It is clear that

lo
1—/ / ~w(l=a)=P% |y (1 |pdadl</ / )P dadl
11

<~ IxIE,

Further, simple calculations using the fact that w(l — s) > w(a — s) show and that

lo l 1 l P
JS/ / ew(-a) —/ e =% 1g(s,1)|ds) dadl
), (i ), l9(s,0)|ds)
lo [l 1 1 1 1p
< —w(l—a)( _~ / —w(l—s) a / —w(l—s) P P
_/h /e (W( ; e ds) ( ; e lg(s,0)] ds) ) dadl

< /l ” i’p ( / U= g (s, 1) ds)dl
1
= () ot

Hence,

1 Iy 1
Il < 2max (—, ) [, + gl |- (2.3.8)
wPr

Further, it follows from )\(;SD = g — ¢ that
a

‘ O

da |,

1 1
=3 llg=llpw < T Ngllyw + el ) (2.3.9)
o A pw )\( pw pw)
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A nonlinear age structured model of population dynamics with inherited properties

Accordingly, ¢ belongs to W;’ whenever x belongs to Y.

Step 2. Let ¢ be an arbitrary function in D(7%). We shall prove now that ¢ is in the form
(2.3.7) where |, = x. To this end, put

Ya(a,l) = /Oag(s, De > ds.
The following condition should be satisfied
oir, = (€50, + 3 (e, (23.10)

Since ¢ € D(T}), we have ¢, = K(¢p,) and consequently

o) = PR (o)1) + (5 (2, ) (1) (2:3.11)
Now define the operator Py : Y, — Y, by Py (u)(l) = e~ % K (u)(l). It is easily seen that

IPy() = Py(a)lly, < e flus — wslly, (23.12)
for any u1,us € Y),. Since e_lTI/i < 1, we have

10— Pu—(I - Polly, > (1= e %) Ju—olly, Yu,veY,

and therefore the operator I — Py is injective. Next, for u,v € Y}, putting y; = (I — Py)u
and yo = (I — Py\)v, we get
1

H(I —P) 'y — (I =Pyt v ST 1 = w2lly,
P 1—e 3K

which proves the continuity of (I — Py)~!.

Let us now check that (I — Py) is surjective. To do so, let g € Y. We seek for a function
1 _

u € Y, such that (1 —Py)u = XA Let ITy : Y, = Y}, be defined by II)(u) = eTlK(u)(l)—F%g.

Let uy,u2 € Y,. The use of (H1) shows that

sy, -
Iy o) — (), = (e (K () ()~ K(ua) @) dr) P

-
<edklur —uglly, -

By Banach’s fixed point theorem, we infer that Iy has a unique fixed point in Y}, which
is the solution of the equation (I — Py)u = g. Hence the operator (I — P)) is surjective.
Summarizing the steps above we get

pla, 1) = (T + XTR) ™ (9) = e XK (T — P (a)in, () + yn(a 1) € 175
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Accordingly R(I + M%) = X for all A € (0,1/w).

To complete the proof, we have to prove that, the operator T% is w-accretive. To this end,
let 1, p2 be two elements of D(T}) and put ¢ = p1 — 2. Hence we have

T3 (1) = Tiea)s bl = 107 [ 0 ol L (sl o, Ddact

_ Hw!:—p /12 (/Ole_w(l a( (Wyp))(a,l)da)dl

Wl / W) o e
/11 /w\p la)(a,l)dadl)

17
il

2 P _ P
X/ (’901|r2(l) —902|r2(l)‘ —e }@1|r1(l) - @2\r1(l)’ )dl
p I
—wll¥ll,,, -
Since @1, 2 € D(TH), we get
. ISP )
TR (1) = T (p2). ¥l 2 = [l = — (e = 1) lorie, = earn, [
Now, remembering that w satisfies the estimate
1
w > max (0, = In(k)).
1
Since e 1%“kP — 1 < 0, we obtain
[Ti(p1) = T (p2), ¥]s = —w [,
This proves that T% is w-accretive and the proof is complete. a

Lemma 2.3.3. Let 1 < p < +00. Then, D(Tx) " = X, and D(T) " = X¥.

Proof. It is enough to prove that

w

CF(A) CD(Tx)" and CF(A) CD(TR) "

The proof is similar to the first part of the proof of [23, Theorem 3] and so it is omitted.
O

Lemma 2.3.4. If the hypothesis (H2) holds true and N, maps X into itself and X, into
itself. Then there exist two constants C7 > 0 and Cy > 0 such that

21



A nonlinear age structured model of population dynamics with inherited properties

1.

H'/\/’U(fl) _No'(f2>Hp,w < C ||f1 - f?Hp,w’ vfla f2 € X;)

NG (g1) = No(g2)ll, < Cllgr —g2l,. Va1, g2 € Xp.

Proof. Since o(-,-,-) is a Carathéodory function, one can define the Nemytskii operator
Ny Xy — X3 by

Nof)(a,1) = o(a,L, f(a,1)).

It follows from Lemma 1.2.1 that the operator N, is continuous and maps bounded sets
into bounded ones.

Let (f1, f2) € X x X}, we have

Na’(fl) _NU(fQ) = O-(aalmfl) - O'((I,l,fg).

It follows from (H2) that

lo pl
INo(f) = No(Fa) 2, = /l [ @ 0 N1~ N P dact
la pl
-/ /0hW(a,l)|a(a,l,f1(a,l))—g(a717f2(a,l))’pdadl

la l
S/Il /0 hw(a’l)|C(avl)|p|f1(a,l)—fg(a,l)|pdadl
<GP I = Sl

Accordingly,

ING(f1) = No (f2)llp < MI¢lloo 11 = F2llp

where C' = ||¢]|, - This proves (1).

A similar reasoning proves the second estimate. a

2.4 Main results

We are now ready to state the first result of this work.

Theorem 2.4.1. Assume that the condition (H2) holds true and the transition operator
K is a strict contraction and 0 < ly. Then the problem

ot
f(0) = fo € X,

{af(t) + Ti (f(t) = Na(£(2)) (24.1)

has a unique mild solution. In fact, it is a weak solution. Moreover, if fo € D(Tk), then
it is a strong solution.
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Proof. According to Lemmas 2.3.1, the operator Tk is m-accretive on X,,. By Lemma
2.3.4, Ny is ||¢]| .,-Lipschitz continuous on X,,. Hence, the operator Tk — N, is quasi-m-
accretive on X,,. Applying Proposition 1.1.2, we conclude that Problem (2.4.1) has a unique
mild solution. On the other hand, since X, is a Banach space with the Radon-Nikodym
property, applying Theorem 1.1.3 we infer that it is a weak solution on X,. Further, if
fo € D(Tk) = D(Tx — N,), then, by Theorem 1.1.1, this solution is a strong solution. O

Our second result reads as follows :

Theorem 2.4.2. If the assumptions (H1)-(H3) hold true, then the problem

{gf@) +TR(f(1) = No (£(2) (2.4.2)
f(0) = fo e Xy

has a unique mild solution. This mild solution s, in fact, a weak solution. Further, if
fo € D(TF), then it is a strong solution.

Proof. By Lemma 2.3.2, T} is a quasi-m-accretive operator in X ;. It follows from Lemma
2.3.4 that N, : XY — X is a Lipschitzian mapping on X', so %+ is quasi-m-accretive
on X7. The first part of the theorem follows from Proposition 1.1.2. As in the proof of
Theorem 2.4.1, we conclude that this solution is a weak solution because the space X
possesses the Radon-Nikodym property. Moreover, by Theorem 1.1.1, for each fy belonging
to D(T}), it is a strong solution. On the other hand, if the hypothesis (H3) holds true,
f € Xy and g € J1(f), then one can writes

<_Na(f)7g>5 = <_&(7 ) f)f: g>s
l2 l
——lally [ ([ e sang(@)lgl 5, -, ) fda)

This yields
(~No(£):9)s = =811l = —allfll;.

where o : = 7. Now, using Theorem 1.1.2, we conclude that the strong solution is global.
O

Remark 2.4.1. Note that an examination of the proofs of lemmas of Section 3 shows
that Theorems 2.4.1 and 2.4.2 are not valid for infinite cycle length (lo = +00). However,
in contrast to Theorems 2.4.1 (cf. Remark 2.3.1), Theorems 2.4.2 is not valid for null cycle
length (I; = 0).
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Chapitre

Well-posedness of a nonlinear model of
proliferating cell populations with
inherited cycle length

3.1 Introduction

In the works [10, 11], the author discuss the well-posedness and various mathematical
aspects of solution to the Cauchy problem

ot da
f(ov a, l) = fO(aa l)v

{af (t,a,l) = —8—f(t,a,l) —o(a, 1) f(t,a,l) + (Pf)(t a,l), (3.1.1)

where

l U
(Pf)(t,a,1) = / ke d, ) f( ) dddl
15 0

t>0,0<a,d <1,0<1l; <Il,lI' <lyand fy stands for the initial data. The function
f = f(t,a,l) denotes the cell density with respect to cell cycle length [, and age a at time
t, and o(a,l) denotes the rate of cell mortality. By cell cycle length we mean the time
between cell birth and cell division. It is an inherent characteristic of cells determined at
birth, i.e. the duration of the cycle from cell birth to cell division is determined at birth.
The constant [ (resp. l2) denotes the minimum cycle length (resp. the maximum cycle
lenght). The function k(a,l, a’,1") denotes the transition rate at which cells change their cell
cycle length from I’ to [ and their age from a’ to a. The problem (3.1.1) is complemented
with a general biological reproduction rule given by

f(t707l) = (Kf(t7 ) ))(l) (3'1'2)
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where K is a bounded linear operator on suitable function spaces.

lo
In the case where P =0 and (K f(t,-,-))(l) = / r(l, 1) f(t,',1")dl', where r(-,-) is a mea-
I
surable function, we find a model originally introduced by Lebowitz and Rubinow [39] for

modeling proliferating microbial populations. It was extensively studied by many authors
and various mathematical aspects concerning the Cauchy problem : well-posedness (gene-
ration results), spectral analysis, time asymptotic behavior of solution (when it exists) were
discussed in many papers (see, for example, the works [34, 42, 59, 60] and the references
therein).

We point out that the well-posedness of nonlinear initial boundary value problems derived
from Rotenberg model were already discussed in [56, 23] and [1]. However, it seems that
the well-posedness of nonlinear time dependent versions derived from (3.1.1) has not yet
been investigated. The main goal of this chapter is to present and to discuss two nonlinear
versions of the model (3.1.1) in a weighted LP-spaces, 1 < p < oo, on the set Q :=
{(a,1); 0 <a <, 11 <l < ly} where the total cross section o and the transition rate
k are assumed to be nonlinear functions of the total density of population f and, at the
mitosis, daughter and mother cells are related by a nonlinear reproduction rule which
describes constraints at boundaries.

The structure of this chapter is as follows. In the next section we introduce the functional
setting of the problem and the main assumptions. In Section 3.3 we study the initial

functions of the density of population f, and K is a nonlinear operator on suitable trace
spaces modeling the biological rule. Following the same strategy as in the works [23, 56]
for Lebowitz-Rubinow’s model (also see [7] and [24]) we discuss existence and uniqueness
of solutions to Problem (3.3.1). The main result of this section is Theorem 3.3.1 which
asserts that, under reasonable assumptions, Problem (3.3.1) has a unique mild solution
on appropriate weight LP spaces where 1 < p < oco. If p > 1, then this solution is also a
weak solution of the problem. Further, if the initial data belongs to the domain of 7% (see
Section 3.2 for the definition of 7% ), then we obtain a strong solution. Further, we derive
sufficient conditions guaranteeing that Problem (3.3.1) possesses a unique global strong
solution.

Section 3.4 focuses on Problem (3.4.1) where o;(+, -, ) is a nonlinear function of (f)(¢) with

function of the density of population f. Here the boundary conditions are modeled by

l2
f(ta 07 l) = ) k2(l> l/a <f> (t)a f(ta lla l,))dl, + 02(l7 <f> (t)v f(t7 lv l))v
1
where o9(+, -, ) and ka(-,-,-,-) are nonlinear functions of both f(¢,-,-)(l) and (f)(t). After
giving some preparatory results, we state the main result of this section (Theorem 3.4.1).
We establish that under appropriate conditions, the existence of a local weak solution on
weighted LP-spaces with 1 < p < oco. Moreover, if the initial data belongs to the domain
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of T%, then we have a local strong solution and, if further the conditions (A7) is satisfied,
then we get a unique global strong solution. Moreover, we have a unique global weak
solution whenever the initial data does not belong to D(T%). On the other hand, if p = 1,
then Problem 3.4.2 possesses a local mild solution on a weighted L'-space. Our analysis
uses the approach developed for semi-linear evolution equations in [43] (see also [56, 24]).

3.2 Notations and preliminaries

The goal of this section is to first fix the notations and to introduce the functional setting
of the problem. To do so, let 1 < p < oo and set

X, = L, (9, dadl)

where Q :={(a,l); 0<a<l, l; <l<lp}and 0 <l; <ly < oo. The space X, endowed
with its natural norm is a Banach space. We denote by X; and Xg the boundary spaces

X; = L,(T'y,dl), Xg = Ly(To,dl),

where

Iy ::{(O,Z)Zle(h,lg)} and 1) Z:{(Z,Z)ZZE(ll,lg)}.
Let w > 0 be an arbitrary real number and define the weighted space X by

XY = Ly(Q, ho,dadl)

where the weight function hy(+,-) is given by
ho(a,l) = e™w(=9),

The space X} endowed with the norm

Il = ( ] |f<a,l>|Phw<a,z>dadZ)1/p - ( /: [ 15t@nP haa wdadZ)l/p

is a Banach space. Let W}’ be the partial Sobolev space defined by
of

Wy = {f € X,) such that 34 € X7t
The space W}, equipped with the norm
af|P qi/p
_ p et
s = [+ | 5|

is a Banach space.

Let us now recall the following lemma established in [1].
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Lemma 3.2.1. Let f € W If fir, € X;, then fir, € Xg and vice versa.

According to Lemme 3.2.1 in [1], if fir, € XI} (resp. fir, € ng)7 then fir, € XI? (resp.
Jir, € X;). So, we can define the space

Wy ={feW, suchthat [ € X;}
={feW; suchthat f,€ Xg}.

Accordingly, any function f € VAV;,” has traces fir, and fjr, belonging to the boundary
spaces X; and Xg , respectively.

Let T% be the operator defined by
1% :D(T) C Xy — X,
f— @)D = o),
D(Tg)={feWy: fir, = K(fir,)}-

Before going further we shall prove the following lemma which is required below.

Lemma 3.2.2. Let 1 < p < +oo. If f € X}, then f € X' and conversely. In particular
we have

() 1l < 1F1, <7 Wl
l
(ii) |l < et (25 ) 1£ 1o

where q denotes the conjugate exponent of p.

Proof. Let f € X,,. Since [ > a, we have

0= [ [ et @ np doat < [ [ |p(a ) doat = 11

hence f € X}'. Conversely, let f € X)7. One can write
la
£l = | [ et=e 0= f(a P dact
<ewl2/ / “U=0) | f(q, P dadl = €% | f|17,
I

This proves the first assertion and (i).

(ii) It is clear that || f]], —/ / |f(a,l)|dadl < e“’l"’ / / wl=a) | f(a, 1) ]dadl) Now
l
applying Holder’s inequality we get '

l2—l2 1 e gl 1/
||f||1§e°”2(2 q / /e‘w(l_“)|f(a,l)|pdadl> 8
" l2 2 1
< el (25 D)l
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This ends the proof. O

For simplicity, we shall identify X; and Xg with the space
Y, := L,([l1, 2], dl).

Accordingly, the boundary operator K may be viewed as a map from Y}, into itself.

3.3 Local boundary conditions

The goal of this section is to discuss existence and uniqueness results for the following
initial boundary value problem :

8—f(t, a,l) = —a—f(t,a,l) —o(a,l, f(t,a,l))

ot da la '
2
I, /o T
-+ L /0 k(a,l;a7l7f(t7a7l))da dl’ (331)

f(ovav l) = fO(aJ)a
f(t’()’l) = [Kf(t7’)](l)

stands for the initial data and K denote a nonlinear operator from Y, into itself modeling
the transition biological rule.

We now introduce the following hypotheses required below.

— (A1) There exists £ > 0 such that, for all fi, fo € Y}, we have

K (f1) = K(f)ll <rkllfi = fol -

and p € L*>°(Q x Q) such that
|o(a,l,21) —o(a,l, 22)| < [C(a, 1) [21 — 2],
and
‘k(a,l,a’,l’,fl(a’,l’)) — k(a,l,a’,l',fg(a',l’))] < ‘p(a,l,a',l’)] ]fl(a',l’) — fg(a’,l’)] ,

where 21,20 € R, f1, fo € X}

Further, o(-, -, ) is assumed to be a Carathéodory function.

In the remainder of this section, the real w will satisfy the condition

1
E hl(’i))

w > max (0,
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where & is the constant appearing in the hypothesis (Al).
The function o(+,-,-) is assumed to be a Carathéodory function (see Chapter 1), so its
generates a Nemytskii operator N, given by
{Na P XY o XY
(Nof)(a, 1) = o(a,l, f(a,1)).

Let 2B be the operator defined by

B XY s XY,
Fos [ kot a0 dd
151 0
and put
(Spf)la,l) :== (Bf)(a,1) — (Nyf)(a,l).

Now the problem (3.3.1) may be written abstractly as :

{‘Z{(t) FIR(0) = (/1) a2
f(0,a,1) = fo(a,l) € X}

For the sake of completeness, we shall recall the following result established in [1].
Lemma 3.3.1. If the condition (Al) is satisfied, then T§ is a w-m-accretive operator on
XLU

he
Remark 3.3.1. Note that the result of Lemma 3.5.1 holds also true forp = 1 (see Theorem

Lemma 3.3.2. Let p € [1,400) and assume that the condition (Al) is satisfied. Then

w

D(TE) " = XY.

Proof. Tt is enough to prove that C§°(Q) C D(TI“Q)X‘U’J . The proof is similar to that of
Theorem 3 in [23] and then it is omitted. O

Lemma 3.3.3. Let p € [1,+00). If the hypothesis (A2) holds true and N, maps X} into
itself, then there exists a constant C' > 0 such that

18p(#1) = Sp(p2)ll,0 < Cller — @2, Vo1, 2 € X

Proof. For all (¢1,p2) € X x X/, we have

Sp(p1) — Sp(e2) = Bp1) — Blp2) — (No(p1) — No(p2))-
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Using (A2) together with Holder’s inequality we get

lo ol
o@D = Sple@Dl <l | [ ler(@.t) - afa, )| 'l
1
+ Kl ler(aD) = ea(as )
la v ’ ’
lollwe [ e D (@ 1) = gl 1) ddal
i JO
+ Kl lr(aD) = a(a )
wlo C —w(l'—a’)L 1ot 1ot 1 7!
<ol | [ e P lp1(a, 1) — pa(a’, 1) dadl

+ HCH p1(a,l) — wz(a Dl

<ol e[ [ aatar)

lo , 1
(/ / efw(l —a’) |¢1(a/7l/) —(pg(a/,l/)’pda/dl,)p
151 0

+ ¢l so1(a,2) = a(a, )]
w l2
< oo e (5 ) lier = @2l + Il 1@, 1) = wa(a, )]

Next, simple calculations using the estimate (Ja + b|)? < 2P(|a|’ 4 |b]?) lead to

l2 l o
L [ e Bten) o, — Sl o, b dadt < 2 [l e (2) or — alt, [ [ daa
1 1

lo pl
+2 Gl [ [ e i a,) = pala, P dad
1

12\ E+1
l 2
<2[lloliZ e (2)" +ICIE ] ler = w2l

Hence,
P pwlap l% P p %
18(1) = Fo(e2)ll, < 2[llolB €2 (2)" + C1% | ller = e2ll,
< Cller = 2l
h _ p wlp(B\P p 7 .
where C = 2{HpHOOe (5> + ||C||OO] . This proves of Lemma 3.3.3. o

1
Theorem 3.3.1. Let w be an arbitrary real satisfying w > max (O, i ln(n)) and let 1 <
1

p < 00. Assume that the conditions (A1) and (A2) hold true and N, maps X3 into itself.
Then Problem (3.8.2) has a unique mild solution on X, for all fo € Xp. Further, if

€ (1,+00), then this mild solution is in fact a weak solution and it is a strong solution
whenever the initial data fo belongs to D(TE).
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Proof. According to Lemma 3.3.1, Remark 3.3.1 and Lemma 3.3.2, T% is quasi-m-accretive
in X with dense domain. It follows from Lemma 3.3.3 that §) : X7 — X}J is a Lipschitzian
mapping on X7, so T} — §), is also a quasi-m-accretive operator on X};. The first part of
the theorem follows from Proposition 1.1.2 (here the initial data fy is taken in X, because
D(T§) = X, and the fact that any function in X}’ belongs to X, (cf. Lemma 3.2.2)).
We know that, for 1 < p < oo, the space X’ possesses the Radon-Nikodym property, so
by Theorem 1.1.3 we infer that this mild solution is a weak solution on X;. Further, if
fo € D(T}), then the use of Theorem 1.1.1 shows that this weak solution is, in fact, a

strong solution on X} . O

Remark 3.3.2. (a) Recall that it is proved in [1, Lemma 1] that, if 0 < x < 1, then Tk is
a m-accretive on X,,. Accordingly, if (A2) holds true and N, maps X, into itself, then the
conculusion of Theorem 3.3.1 remains valid even if I; = 0 (cf. [1, Theorem 4.1]). Evidently,
in this case we have w = 0. Note also that if £ > 1, then the condition [; > 0 is necessary.

for p =1 and Theorem 4.2 in [1] for p € (1, 4+00).

We have also the following proposition.

Proposition 3.3.1. Let p € [1,400) and let w be as in Theorem 3.5.1. Let f1, fo €
C([0,T], X}) be two mild solutions to Problem (3.8.2) where T' > 0. Given e > 0, there
exists 8> 0 such that if || f1(0) — f2(0)]|,,,, < B, then

11— fallo < e

Proof. It is similar to the proof of Proposition 3.3 in [24], so it is omitted. O

3.4 Nonlocal boundary conditions

In this section we will discuss existence and uniqueness of solutions to the following initial
boundary value problem

g(t,a, )= —%

ot (ta a’l) _Ul(a’lv<f>)f

lo U
+ ki(a,l,d' U, f(t,d',l"))dd dl’,
i Jo i H ) (3.4.1)

f(O,a,l) = fO(la’l)v
f(t707l) = / ) kQ(lv l/a <f>7 f(t, ll? l/))dll + 02(17 <f>7 f(t, L, l))v

I

() = /lf (/Ol f(t,a,l)da)dl.
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nonlinear functions of both the density of population f and (f). Here fy denotes the
initial data.

Before going further, we introduce the following hypotheses required in the sequel.

— (A3) The function oy(-,-,-) is measurable and for any r > 0, there exists A, > 0 such
that
’01(a7 la Zl) - Ul(a7 l? 22)‘ S Al‘ ‘21 - ZQ‘

for all (a,l) € Q, 21,22 € [-r,1].
— (A4) There exist a function o7 : @ x R — R and two constants g; € R and a1 > 0

such that
o, <oi(a,l,z) <71, VY(alz)eQxR.

|k1(a,l,a',l',f1(a’,l')) - kl(aalaalalla f2(a,’l/))| < ‘p(a>laa/7l,)| |f1(a,’l/) - f2(a,al/)| 5

where f1, fo € X} and p € L>(93?).
— (A6) The functions oo(+, -, ) and ka(, -, -, -) are measurable and there exist two constants
C7 > 0 and C5 > 0 such that

jr2(1,m,) = 02(,73,O)| < Ca(ln — il +1¢ — )

and B B
‘kQ(lal/7777C) - k?(lmllaﬁa C)‘ S 02(’77 - 77| + ‘C - <|)

for all (1,') € [l1,1s] % [l1,l2) and 0, 7, ¢, ¢ € R.

— (A7) There exist a function k1 : 92 x R — R and two constants k; € R and ?1 >0
such that

ki(a,l,a 1, 2) = ki(a,1,d',l', %)z, for all (a,l,d’,l',2) € Q* x R,

and _
El < %ﬂa,l,a’,l',z) < ky, for all (a,l,d’,l',2) € 0% x R.

We now define the operator S}D by
(Fp/)(a,1) = (B f)(a, 1) = (Uf)(a,1)

where

{U:X;; — XY,
(UN(a,l) = o1(a, L, ()]

and
1.
B Xy — X,

ly [l
f —>/ ki(a,l,a' U, f(t,a’,I'))da dl.
I 0
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length
Hence, Problem (3.4.1) may be written abstractly as :
of »
5O HTE(f() = Fp(f(1)),
£(0) = fo € X, (3.4.2)

f(t7 0, l) = [Kf(ta ) )](Z)a
where K denotes the following nonlocal boundary operator

K:Y, x X;;’ — Y,
la
(v, /)(1) — K(v, f)(I) = /z ko (LU, (f),v(I))dl" + o2(L, (f), v(1)).

1
In the remainder of this section, the space Y, x X}’ will be equipped with the norm |||,
given by

1/
I, D= [y, + 171 ¥, ) e Yy x X5,

Lemma 3.4.1. Letr > 0 and p € [1,400). If the conditions (A3)-(A6) hold true. Then
there exist two constants Cy > 0 and 9 > 0 such that

(i) ||5h(e1) = Fhw2)|| < Culior = oall, Vs € BEY i= {f € X§ + £, <1} i =
p,w p7
1,2
(it) [ K(vi, 1) — K(vz2, 02)ly, < (v, 01) = (v2, 02) |, V(vi, i) € Yp x X7, i =1, 2.
Proof. (i) For all (1, p2) € BY* x BP¥, we have
Fp(01) = Fpl02) = Bl(p1) — Bl(p2) — (U(1) = U(w2))-
Using (A5) together with Hoélder’s inequality we get

lo 4
B0 =B (pa)| < ol [ [ ler(a'0) = gala 1) delar
1
la v / / ’ /
< ||PHOOBWZ2/ / e _a)%e_w(l —a lo1(d', 1) — o(d’, 1) da’dl!
15 0
l l2 v _ (l'—a/)l
< IIp\Iooe“Q/ / =5 o1 (d 1) — pa(d, 1) dd/dl
15 0

1
< lollo = (B3) " llor = sl
22\ 1
Applying Lemma 3.2.2, we get [{p1) — (¢2)| < o1 — eally < e2(Z5) " llor = ally e
So, a simple calculation using the estimate (|a + b])? < 2P(Ja|’ + |b|”) and (A3)-(A4) gives
[U(p1) = Ulp2) " = |o1(a, 1, {p1)) (01 — 92) + (01(a, 1, (1)) — o1(a, 1, (¢2)))p2/
< 2%|o1(a, 1, (p1)) (01 — @2) P + 27 [(01(a, 1, (1)) — o1(a, L, {2)))p2l”
< 2757 [o1 — al’ + 2PAL [{01) — (@2)I” 02l

B l2 _ l2 P
< 2ol lor = ol + AL (25) " o =l Lial”
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Hence,

[
51

P wlop 22
She1)(a,l) = Fp(e2)(a, )| dadl < 27 [|p|%, 71y |1 — allf,

12 l 12 l
/ / dadl+2p[2pafl’ / / e™90=) | o) — polP dadl
I
13-
+2pAp( 5 )q 2P ||y — <P2pr/ / w(i-a |<p2|pdadl]

2
< 27 |lpll% e [lor — @2l

D
q

_ 15—\
+ 2 (275 + 2202 (2L el | ler - 2llh

lopi2
< 27|lpllee €L ller — @2l

12 l2
et meag (B8 o] oty

and therefore,
[83000) = p(22)]| | < Crller =l

1

13-
where Cy := 2{ pllP, ex2PI5P + 2r5 4 2prpAp< 5 )qe“’l”’} This proves (i).

(ii) Now, we shall show the second estimate. For (vy, ¢1), (v2,p2) € Y, X X}/, we can write
L2 L2 / !/ / / !/ p %

WMM&Q%M@MMMS(K[[!@@L@Mmﬂ»—b@h@%WUmﬂ]ﬂ>
1 1

la 1
([ ot o), 0a(0) = o2(0, (pa). ) )
1
=Ji+ Jo.
Using assumption (A6) together with Lemma 3.2.2(ii), we get

[ a2t ) ~ kot G @] < [ Oallon) = Gl o) — st

1

3-13 .
< (B 5) bese® o - el

l2
+ 02/ o (1) — o (1) .
l1

Applying Hélder’s inequality we get
la 1 la L 1
Joa@) = e <65 ([ @) = @) )" =15 o = waly,
1 1
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length
A simple calculations using the estimate (|a + b|)? < 2P(|alP + [b|P) gives
e B—13\} 1 p
D wla (Y2 17 q _
R < [0 (257) B ller — ool + Ol o~ waly, |
12 _ l P Liq
< 205 (21) B o1 — ol Lo+ 2°CRL T lor — wall,
" l l2 p
< 27Chly mace (2 (2L ) 15,13 ) [ ler — wallh, + lon — el |,
and therefore
Ji <91 |(v1, 1) — (v2, @2,
% wla 12 ll a
where ¥ = 20315 max (e ( 5 ) la, 15 )
On the other hand, using (A6) and the estimate (|a + b|)P < 2P(|a|? + |b|P), we get
la
5 = ["loalts e ni 1) = o201, (), o)
1
l2
< [T 20t (16e0) = (2l + [0a) = w0 )
1
l2 l l2 w P
< 2?0{((( 2 5 )‘1 lo HQDl 902|p,w> —|—|U1(l)—U2(l)|p>dl
I
ppl%_lfgwlzp p p P D
< 0P (Z5) ey o1 = allh, + 2°CF o1 — wallf,
This yields the inequality
l2 12 . %
Jo <201 ((257) e o1 — el + o1 = w2y, )
< Dz [l(v1, 1) — (02, 02)
l2 l2 q wl ;
where ¥ = 2C max(l”( ) e“2,1). Putting ¥ = max(d1,92), we get
K (v1, 1) = K(vz, 02)lly, <001, 1) = (v2,02) . -
This proves (ii). O

Remark 3.4.1. In the following lemma, we will show that Tf is quasi-accretive on X))

1
whenever w > max{0, o In(9)} where ¥ is the constant appearing in Lemma 3.4.1(ii).
1
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Lemma 3.4.2. Let p € [1,400) and let w be an arbitrary real number satisfying w >
max (0, 111 In(9)). If the hypothesis (A6) holds true, then, there exist a constant 6 := d(p) >
0 such that

(i) if p =1, then, for all g1, go € X{, we have

_ oy 1
| =21 (90) — (1= AT @2)||, < =55 191 — 92l

1w

forall X € (0,%) ;
(it) if p € (1,+00), then, for all p1, 2 € D(T}), we have

(T(p1) — T (p2),vs)s = =0 llo1 — @2, -
for some s € Js(p1 — p2) and A € (0, %)
Proof. (i) Define the real 6(1) by §(1) = w + 1 and let g1, g2 € X} be such that
p1 =T +ATE) Hg1), w2= I +XTE) " (g2)-
Hence we have

ler = eally = |1+ AT (1) = (1 4+ ATE) " (00)|

1w

ALe_w(l_a)ngno(gol — po)dadl

IN

+ /Q ewli—a) (g1 — g2)seny(p1 — @2)dadl

lo l a
_ Y |pw(—a) _
)\/ll (/0 %0 ‘e (p1 cpg)‘da>dl
lo l o —w(l—a) lo 1
+>‘/ (/ |1 — w2 (76 3 )da)dH— </ e~w=) | g —gg]d&)dl
A 0 a 15 0

< -\ 1112 (‘gpupg(l) — (,02|F2(l)‘ — e ’901|r1(l) - <P2|r1(l)‘ )dl

IN

+Awller — @2y, + 11 — g2ll1,, -

Since @1, p2 € D(T%), applying Lemma 3.4.1(ii) we get

—wlq

w

1 — wally o, A X {6 K(p1jr,. 1) — K(m\rz,@z)HYl - H901|r2 — P21,

+ w1 — w2l + [lg1 — g2
< M o1 = ol + AWM = 1) [o1p, — warr,

+ w1 — w2l + 1191 — g2ll1, -

1w

Y
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Since ve“ < 1, we get

ler = @ally < A(w+1) ller = @ally + llor = gally,
1

l—A(w

IN

g1 — g2ll; .,
1)

1
m |91 — g2

(ii) Now, we consider the case p € (1,+00) with p > 1. Let o1, w2 € D(T}) be such that
1 # @2 and consider the real 6(p) = w + %. Putting ¢ = ¢1 — 2, we can write

- —w(l—a 1 0
[T3(00) = T (o). wsle = el [ e (o™ o= ()seng (o) . dad

- ||<P!:_p /12 (/l e—wu—a)( 0 (Isol”))(a, l)da>dz
H«pl! </ll2 /“3 |w’p)(a,l)dadl

ae—w(l—a)
_ p(-— -
/l1 /0|<,0\ ( > )(a,l)dadl)

[ '
=222 [ ([ ) = oar, )

p
Since @1, 2 € D(TH), applying Lemma 3.4.1(ii), we get

[Tk (1) = Tk (p2), ¥s]s = —w [l

—w P
— e o, () = por, (O] )l = w gl -

1-p
el

p

W)
YP

K(p1)r,, 01) — K(p2)r,, <P2)Hip - H<,01|r2 — ¥2|1,

1/ .
>~ el = (9767 ) el el

1 P
_ 2 gpo—wh _ 1—p ‘ _
p<19 e 1) el ‘Qpl\Fz P21y,

Since YPe~ @I < 1, we get

(Tier) = TR (o). sl = (w4 ) 19l

= =) el
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Let g € X/ and consider the problem
(I+XTE)f = g.

where f must be sought in € D(T}).
For any A > 0, the solution of Problem (3.4.3) is given

flad) = IR (e DO+ 5 [ gls.)ds.

For a =1, we get

1 1 s
f(lal) = f|F2 = e_XK(fH‘z’f)(l) + X/O eTg(s,l)ds.

(3.4.3)

(3.4.4)

(3.4.5)

In order to write abstractly equations (3.4.4) and (3.4.5), we define the following linear

operators :
A)\ : }/p — YZD
u— (Ayu)(l) = u(l)e x;
By:Y, — X}
u— (Byu)(a,l) :== u(l)e™x;
Cr: Xy — Y,
1 l s—1
9= (o)1) =5 | T gls.0ds
and

Dy: X% — X%
1 a _q
g — (Dyrg)(a,l) = X/ e > g(s,l)ds.
0

For u € Y, we have

l2
Ayul§ —/
[ | » L

which implies

l2
ar< et [C = e ulf,
I P

_a
>\-

A,y < e

Similarly, for u € Y),, we can write

lo l
HB)\UHp L= / / e—w(l—a)
p A 0

A
< 2 ully, .
p

a P l2 ! a
e Ru(l)| dadlg/l /06pr lu(l)[? dadl
1

(3.4.6)
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This yields

1

A ES
1Bl £y, xe) < (5>p (3.4.7)

Next, using Holder’s inequality and the fact that 1 < e¥2e=w(=5) for ¢ € X, we have

l2 1 l s—1 P
p 22
Call, < [ 551 rg<s,z>|ds} di

1

1 [k T 5P
ﬁ/ [(/ds /|gSZ|ds)}dz
1
2 wl?// =) 1g(s, 1) P dsdl

1

lq wlg

AP

IN

| A

g1l

and therefore

wl

er . (3.4.8)

o~
> ‘MQ =

||C/\||L(X;;,Yp) <

In the same way we can write

| Drgls < / / “”1 /esil l9(s. 1) ds]" dad
lo ’
/11/ /]g s,l)|ds dadl
< /12/ /ds);(/ l9(s Z)ypds)%}pdadz
“ Ay Jo 0 0 g

p
ll wlz

=5

A

191170

and consequently

< lyg w2
||D>\||L(X;,X;) =5 (3.4.9)

Now using these operators and the fact that f must satisfy the boundary conditions,
equations (3.4.4) and (3.4.5) may be written in the form

{f = B\K(fr,, f) + Dig,
fir, = ANK(firy, f) + Chg-

Accordingly, (fr,, f) is a solution to the fixed point problem Fj(v,w) = (v,w) on the
product space Y}, x X’ where

Fav,w) = (F§, FR)(v,w) = (4K (v, w) + Crg, BAK(v,0) + Dag). (3.4.10)
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Lemma 3.4.3. If the assumption (A6) holds true. There exists a constant Ay, > 0 such
that, for any A € (0,7p) and g € X}, there exists a function f € D(T}) such that

FHATE(f) = g. (3.4.11)

Proof. As we have seen above, in order to solve Problem (3.4.11), it suffices to prove
that the fixed point problem F(u, f) = (u, f) has a unique solution in Y, x X}’ where the
operator Fy is defined by (3.4.10). To do so, let A, be the real defined by

Ap i= sup {)\ >0: (e_plT1 + ;);19 < 1}

where 9 is the constant given in Lemma 3.4.1(ii).

Let (u1, f1), (u2, f2) € Ypx X} Using Lemma 3.4.1(ii) together with the estimates (3.4.6)-
(3.4.9), we get

[Fx(u1, f1) — Faluz, f2)I7 = [AxK (u1, f1) — AxK(ug, fo) |2+ BAK (u1, f1) — BaK(uz, f2)[|%

<7 K (un, )~ Klug, 2)I2 + 5 K, 1) = Klua, o)

A

< (e*pl71 + »

)ﬁp (ur, fr) — (ug, fo)[? -

This yields

51 A 1
Fa(u, f1) — Fa(ua, f2)ll, < (6_” + §>p19 [(u1, f1) — (uz, f2)|l, -

Taking into acount of the definition of the real ), it is clear that, for each A € (0, ),
the operator F) is then a strict contraction mapping. Applying the fixed point theorem of
Banach we infer that, for such A, Problem (3.4.11) has a unique solution in D(7%). O

Remark 3.4.2. It follows from Lemmas 3.4.2 and 3.4.3 that T} is a quasi-m-accretive
operator in X'. Note also that, in this case, D(T}) is a dense subset of X (see, for
example, [23, 24]).

The main result of this section is the following.

1

T In(9)) and assume that the conditions (A3)-
1

(A6) are satisfied. Then the following hold true.

(i) If p € (1,4+00), then, for each fy € X7, problem (3.4.2) has a local weak solution. If
the initial data fo belongs to D(T), then problem (3.4.2) has a local strong solution.
Assume, further, that (A7) is satisfied, then problem (3.4.2) has a unique global strong
solution for each fo € D(T}) and it is a unique global weak solution if fo ¢ D(T}).

(ii) If p =1, then, for each fo € XY, problem (3.4.2) has a local mild solution.

Theorem 3.4.1. Letr > 0, w > max (0
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Proof. (i) According to Remark 3.4.2, T} is quasi-m-accretive on X It follows from
Lemma 3.4.1 that 311, is locally Lipschitzian on X;’. Hence, the use of the fact that X is
reflexive together with Theorem 1.1.2, implies the existence of a local strong solution f to
(3.4.2) whenever the initial data fy belongs to D(T%).

Next, let fo ¢ D(T%). Since D(T}’) is dense in X}/, there exists a sequence (fn)nen
contained in D(T%) such that f, — fo as n — oo and put M = sup{[|full,, : n =
0, 1,---}. A similar proof to that of Theorem 1.1.2 allows us deduce the existence of real
Ty > 0 such that for each n € N, the problem

{g{@) +TR(F(1) = S (1),
f(O) = fn € X;J’

possesses a unique strong solution, say g¢,, on the interval (0,T7). To prove the existence
of a local weak solution, we have only to check that the sequence (g,)nen is a Cauchy
sequence in the Banach space C'(0, Tas; X};). This follows immediately from (1.1.6).

To discuss the existence of a unique global strong solution to Problem 3.4.2, we assume
that the condition (A7) is satisfied. If g € J1(f), then one can write

(=83(£).9) = (o1(a, 1. () =B (f).g).

=1l ([ ([ e Dsamlollol o () sda)t

1
! l ! v 0 1 ~
~ [T [t ([T et e gy (g) g R ) fdald ) da)
15 0 15 0

= lo l
> oy ||, — ke B | £ 2 /l /0 dadl
1

A AL el
2 Ql Hf”p,w - k;le wi1o2 2 ||f”p’w
This yields to

B 13

2 i —I2 2
(=83(1.9), 2 a1l = a2 £,
2
Z —« Hf”p,wv
— l2 _ l2
where o 1= kje(i=2)2_1 _ 5 = Applying Theorem 1.1.2, we conclude that f is a

global strong solution.

(ii) By hypothesis fo € X{'. Let r > 1 be a real such that [/ fo,, < r —1. Let R be the
function defined on X{’ by

g if ngl,w < r,

— r .
Rlg)=y X 4 if [lgll, ., > .
ol
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We know from Lemmas 3.4.2 and 3.4.3 (see also Remark 3.4.2) that T is w-m-accretive.
The use Lemma 3.4.1(i) together with [22] shows that the function F1(R(-)) is 2C,-
Lipschitz on X¥ where C, is the Lipschitz constant of § on B1* (cf. Lemma 3.4.1(i)).
Consequently, the operator T% — §1(R(+)) is (w+ 2C,.)-m-accretive on X¥ or, equivalently,
T¢ — §1(R(+)) is quasi-accretive on X{. Applying Proposition 1.1.2 we infer that the
problem

{f’(t) +TE(f(1) = S1(R(f(1)))
f(0) = fo,
has a unique mild solution f on XY.

Next, using the fact that D(T}) is dense in X}, we can choose hg € D(T}) such that
||h0 — fOHLUJ < 1/2 It is clear that ho S B%’w. Set Mo = T["é(ho) - C‘{%(R(ho)) = T%(ho) -
T1(ho). The use of (1.1.5) yields

t
[u(t) = holly ., < €F o = folly +/0 0= [0 u(s) — holuds
w 1 .
<e t(HhO_fOHLw'f'aHno”lw (1—6 t))

Accordingly
Hu(t)HLw < ”hOHLW +1<r,

for 0 <t < T, where T, > 0 is suitably chosen. This shows that u(-) is a mild solution to
Problem (3.4.2) in the interval [0, 7y] which completes the proof. 0

Remark 3.4.3. It should be noticed that in the case where the perturbation is trivial
(P = 0), Problem 3.4.1 coincide with Problem (DE)-(DC) in [56]. So, Theorem 3.4.1

extends Theorems 5.5 and 6.5 in [56] to a more general framework.
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Chapitre

On the solutions for a nonlinear boundary
value problem modeling a proliferating cell
population with inherited cycle length

4.1 Introduction

The purpose of this chapter is to establish some existence results for the following nonlinear
integro-differential equation

aw oo /! !/ / / !/
%(a,l) + M(a,l) +o(a,l,(a,l)) = /l k(a, L) fla, U 9 (a, 1)) xal(a, l)dl’,  (4.1.1)

where A is a real number and xq denotes the characteristic function of the set
Q:={(a,1);0<a<l, 0<l; <l<+o0}.

This equation is derived from an age-structured proliferating cell population model with
inherited properties introduced by Lebowitz and Rubinow [39]. The variable [ denotes
the cycle length of individual cells which is the time between cell birth and cell division.
The cell cycle length of individual cells is an inherent characteristic determined at birth.
The variable a is the age of the individual cells. It is defined so that cells born at a = 0
(daughter cells) and divide at a = [ (mother cells). The constant [; is the minimum cycle
length of cells while the maximum cycle length of cells is allowed to be infinite (I3 = +00).
Here 1 (a,l) denotes the density of the population with respect to age a and cell cycle
length [. The function o(-,-,-) is the rate of cells mortality or loss due to causes other than
division, f(-,-,-) is a measurable function from {2 x R into R and (-, -, ) is a measurable
function from RT X [I1,+00) X [l1,+00) into R.
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On the solutions for a nonlinear boundary value problem modeling a proliferating cell
population with inherited cycle length

The model originally proposed by Lebowitz and Rubinow [39] is a linear partial differential
equation, but as observed by Rotenberg [52], it seems that the linear model is not adequate.
Indeed, the cells under consideration are in contact with a nutrient environment which is
not part of the mathematical formulation. Fluctuations in nutrient concentration and
other density-dependent effects such as contact inhibition of growth make the transition
rates functions of the population density, thus creating a nonlinear problem. So the rate
of cell mortality o(+,-,-) and the function f(-,-,-) are assumed to be nonlinear functions
of the density of cells #(+,-). On the other hand, the biological boundary is fixed and
tightly coupled through out mitosis and the conditions present at the boundaries are felt
throughout the system and cannot be remote. This phenomena suggest that at mitosis
daughter cells and parent cells are related by a nonlinear reproduction rule which describes
the boundary conditions. It writes in the shape

¥(0,1) = (Ry)(1,1), (4.1.2)

where R stands for a nonlinear operator which is intended to model the transition from
mother cells of cycle length [ to daughter cells of cycle length [. It covers, in particular,
the usual biological models (cf. [39, 59, 60, 34, 42] and the references therein).

The model (4.1.1)-(4.1.2) has been analyzed in [26] in LP-spaces, 1 < p < oo, in the
case where the maximum cycle length (I3 < +00) is finite. The analysis follows the same
strategy as that used by the second author in [31] in the context of rarefied gas dynamics.
It is based essentially on compactness results established only for 1 < p < oo and uses the
Schauder and Krasnosel’skii fixed point theorems. Due to the lack of compactness in L'-
spaces, this approach fails in the L' context (which is the convenient and natural setting
of the problem because 1(a, ) has the meaning of a density of cells with respect to the age
a and the cells cycle length [). The case of L'-spaces was considered in [36]. The approach
is based on topological methods and uses the specific properties of weakly compact sets
in L'-spaces. Note also that the well-posedness of nonlinear evolution equations derived
from the model of Lebowitz and Rubinow was discussed in the works [56, 23, 1, 2]. The
main purpose of this chapter is to present an existence theory for the boundary value
problem (4.1.1)-(4.1.2) on L!-spaces in the case where the maximum cycle length is infinite
(12 = —|—OO)

The organization of this chapter is as follows. In Section 2 we introduce the functional
setting of the problem and we establish some preliminary results. We recall some facts
from functional analysis and two fixed point theorems established in [35, 37] needed in the
sequel. We also introduce a measure of weak noncompactness adapted to the problem. In
Section 4.3, establish an existence result for the boundary value problem (4.1.1)-(4.1.2)
(cf. Theorem 4.3.1) in the special case where o(a,l,9(a,l)) = o(a,l)(a,l) (o is not re-
labeled) is a multiplication operator. The proof of this result consists in writing problem
(4.1.1)-(4.1.2) as a fixed point problem involving a nonlinear ws-compact operator, depen-
ding on the real A\, G, and we show that it satisfies the hypotheses of Theorem 4.2.1 on
an appropriate subset of L'({). Existence results for the general boundary value problem
(4.1.1)-(4.1.2) (i.e. o(-,+,-) is a nonlinear function of ¥ (-,-)) is the subject of Theorem
4.3.2. In order to transform (4.1.1)-(4.1.2) into a fixed point problem, the additivity of the
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transition operator R (and consequently its linearity because it is continuous) is required.
Under this hypothesis, we first transform (4.1.1)-(4.1.2) into a fixed point problem invol-
ving two nonlinear operators depending on the real number A | say, ©» = F(A)Y + H(A).
Restricting ourselves to an adequate subset of L!(2) we show that F()\) and H()) satisfy
the hypotheses of Theorem 4.2.2.

4.2 Notation and Preliminaries

In this section we fix notations and introduce the functional setting of the problem. Let
X := LY(Q; dadl),

where Q = {(a,0);0 < a < l,l; <1 < 400} with 0 < l; < 400 and denote by Z;
and Z, the boundary spaces, that is, Z; := L! (Fl,dl) and Zy := LY(T;dl) where

1 :=1{(0,0) : 1 € (I1,400)} and 'y := {(I,1) : | € (l1,+0)}. Let W be the partial
Sobolev space defined by

W:{wex %ex}

Let us now prove a result similar to that of Proposition 2.1 in [34] for the space X.

Lemma 4.2.1. Let v € W. If ¢p, € Z1, then ¢, € L2 and vice versa.

Proof. For any 1y € W, we have

W(1,1) = $(0,1) +/ “(a.nyd (4.2.1)

and therefore |¢(1,1)] <

+0o0 +o0
/ !w(l,l)ldag/ | (Ol|dl+

l1 ll

< |llz, +

(a,0)|da. If ¢yr, € Zy, then

)| dadl

Haa“””Hx =

which implies that ¢, € Zo.

l
Writing Eq. (4.2.1) in the form (0,1) = ¢ (l,1) — gw

derive the converse. O

(a,l)da and arguing as above we

In the remainder of this chapter we will use the following space
W= {¢ €W suchthat o, €Z1}={$p €W suchthat ¥, € Zs}.
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For simplicity, we shall identify Z; and Zs with the space
Y = LY([ly, +o0); dl)

We suppose that the transition boundary operator R defined from Y into Y satisfies the
condition

(A1) There exists a > 0 such that

[R(¥1) = R(¥2)lly < alltn — oy for all ¢1,10 €Y.

It is clear that R is continuous. Moreover, for all ) € Y, we have

IRy < alldlly + ROy - (4.2.2)

So, R maps bounded sets of Y into bounded sets of Y.

Now, we will define the operator

Sr:D(Sr) C X — X
b Sn )@ 1) = ~ 22 0,1) ~ ola, Dib(a, ]

with domain -
D(Sr) = {¢ € W such that Y, = R(¢|F2)}
where o(-,-) € L*(2, dadl). In the remainder of this work we set

o = ess-inf{o(a,l), (a,l) € Q}.
We consider the resolvent equation for the operator Sg, (A — Sr)¥ = ¢, where ¢ is a
given function of X, A € R and the unknown 1 must be sought in D(Sgr). For A > —g,
the solution is formally given by
W(a,1) = (0, 1)e Jo OtolsD)ds +/ S Ote (T 5 1) g, (4.2.3)

Accordingly, for a = [, we get

B(L,1) = (0, e JoFolsDlds | / JLOko ) oo s (4.2.4)
The last equation may be written in the form
¥(I,1) = PARy(1,1) + I (4.2.5)

where P stands for the linear operator
l
Y 3 u— (Pyu)(l) :=u(0,l)e” JoOtotsds o Y,
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while IT, is the linear operator given by
l l
X 3 ¢ — (The)(l) = / e~ SO o s ey
0
It is easy to check that P and Il are bounded and

IPAll vy < e OF2, I gexyy < 1

Consider now the equation
u=P\R(u)+ f (4.2.6)

where f is a given function of Y. Let Ay y) be the operator defined by

A()\,f) Y — Y
U —r A()\,f)u = P,\R(u) + f.

l1(A0o)

Since HP>\||£(Y) <e~ , for all u, v €'Y, we have

|45 (@) = Ay (0)]| < ae™OFD flu — v

1
I
on Y and therefore, by the Banach fixed point theorem, Problem (4.2.6) has a unique
solution u = u(A, f). Let J) be the operator defined by

So, for every A > max (0, —o+ — In(«)), the operator A,y 1s a strict contraction mapping

J)\:Y—>Y
f—hfi=u

where u stands for the unique solution of the equation (4.2.6).

1
5}
that the hypothesis (A1) is satisfied. Then Jy is continuous on Y and maps bounded sets
into bounded ones.

Lemma 4.2.2. Let ¢ > 0 and let A € R be such that A > max((, —c+-— In(a)) and assume

Proof. By the definition of Jyx(f), Eq. (4.2.5) may be written in the form

I(f) = PARUA(f)) + f. Hence, for any fi,fo € Y, we have [[Jx(f1) —Ir(f2)lly <
ae (D Iy (f1) - I(f2)lly + Ifi = f2lly - This leads to the estimate

1
[IA(f1) = I (f2)lly = T oo hCio 1fi = fally

which proves the continuity of Jy. Next, putting fo = 0 in last equation we get

1
MA(UDlly < T —ezay Mlly + 192 0)lly (4.2.7)

which proves that Y maps bounded sets into bounded ones. O
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Note that Eq. (4.2.3) may be written as

P = Q\RY(L,1) + Ex(p) (4.2.8)

where ) and Z) are the linear operators given by
Y 5 u— (Quu)(a,1) = u(0,1)e Jo At oy

and u .
X3 p— (Ere)(a,l) = / e Js Ao (5 1)ds € X.
0

One checks readily that, for A > —g, these operators are bounded, positive (in the case
where A € R) and satisfy

1 1

QA £ev ) < PP IEM 2 %) < o

Substituting ¥ (1,1) = JA\IIx(¢) into (4.2.8), we get 1 = Q\RJI\II\(¢) + Zx(¢). This proves
that (A — Sg) is invertible and

(A= Sr)™" = QAR +Ey. (4.2.9)

Remark 4.2.1. (a) It should be noted that for A > g, the operators Py, Q», II\ and Z
are positive in the lattice sense.

(b) Tt is obvious that the operator (A — Sg)~! is continuous on X and maps bounded sets
into bounded ones. This follows from the properties of the operators Py, Q», IIy, =),
R and J,.

Let E be the space defined by
E:=L'(R" x [I},+00), dadl).

Definition 4.2.1. Let k : RT x [l1,+00) x [l1,+00) — R be a measurable function. We
say that k(-,+,-) is an admissible kernel if the linear operator B defined by

B:E—E

o — 7 wlat a1l (4.2.10)
51

1s bounded.

An easy example of admissible kernel is given by k(a,l,l') = 6(a)9()v(l') where 6 €
L®(R*,da), ¥ € L*([l1,+00),dl) and v € L>®([l;, ), dl). Indeed, let ¥ € E, easy calcula-
tions using Fubini’s theorem show that

B < 160 101l 21 0]l oo 121[g -
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This shows that the operator B defined by the kernel x(a,l,1") = 6(a)d(l)v(l') is bounded
and
IBII < 118lloo [0l 21 [0l oo -

In the remainder of this chapter the kernel x(-,-,-) is always assumed to be admissible.

We denote by B the linear operator defined by

B:X—X
+o0 4.2.11
v — k(a, 1,1 xala, D(a,l')dl'. ( )
L
where xq(-, ) denotes the characteristic function of the set Q.

It is clear that B is local in @ € RT. So, it may be viewed as an operator on Y =
LY([l1,+00);dl) depending on a parameter a € RT. We assume that the function B(-) is
strongly measurable, i.e. for every v € Y, the function

RT > a — B(a)u € L(Y)

is measurable and the map R™ 5 a — ||B(a)|| £(v) is essentially bounded. Here £(Y) stands
for the set of all bounded linear operators on Y.

Remark 4.2.2. Let k% (a,l,I') and k™ (a,l,1I") denote the positive part and the negative
part of k(a,l,l’), respectively. We know that

k(a,[,1") = k" (a,1,I") — k™ (a,1,1).

So, we can define the operators BT and B~ by
“+o00o
E>p—Bty(al) := / kT (a,1,1")(a,l')dl’ € E.
1

and

oo / / /
Es e — (B ¢)(a) ::/l ke (a,1,U)b(a, U)dll € E.

It is obvious that BT and B~ are positive linear operators. a

We introduce the following hypothesis :

(A2)  the kernel (-, -) of the operator B satisfies the condition {x(a,-,1), (a,l") € Q}
is a relatively weakly compact subset of Y.

This condition says that B is a regular operator on E (in the sense of regular collision
operators in neutron transport theory (see, for example, [41])). So, arguing as in the work
[41, pp. 1052-1053], one can prove the following result.

Lemma 4.2.3. If the condition (A2) is satisfied, then there exists a sequence (B, )nen of
L(E) such that
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(a) 0 < B, <B for anyn € N;
(b) for each n € N, B,, is dominated by a rank-one operator in L(Y);

We note that Item (b) of Lemma 4.2.3 means that each operator B,, is dominated by an
operator on X which acts as follows

“+o00
o e X —s 0,(1) / o(a, 1)l (4.2.12)
I

where 6, is a non-negative bounded function on [l1, +00) with compact support.
Now we are in a position to prove following result which is fundamental for our purpose.

Proposition 4.2.1. Assume that B satisfies (A1)-(A2) and let X be a real satisfying A >

1
max (¢, —ao + T In(v)), then the operator (A — Sr) !B is weakly compact on X.
1

To prove this proposition we shall make use of the following two results. The first one is
owing to Dieudonné [17, Theorem 4].

Lemma 4.2.4. Let E be a nonempty measurable subset of R? (not necessary bounded). A
bounded subset O of L'(E;dl) is relatively weakly compact in L'(E;dl) if and only if
(a) for any e > 0, there exists 6 > 0 such that p(A) < & implies / |f|dl < e, for all
feo, .
(b) for any e > 0, there exists a compact subset C C E such that / |fldl < e, for
all f € O. 7l

The second one is due to Dodds-Fremlins which was improved afterward by Aliprantis-
Burkinshaw (see, for example, [44, p. 223]). We state this result in the context of L!-spaces.

Lemma 4.2.5. Let ¥ be an arbitrary bounded open subset of R™ and let L'(X) be the
set of all Lebesgque integrable functions on X. If S and T are two positive bounded linear
operators on LY(X) satisfying 0 < S < T and T is weakly compact, then S is weakly
compact too.

Proof of Proposition 4.2.1. Let ¢ > 0 and let A be a real such that A > max((,—a +
1
T In(a)). According to (4.2.9), it suffices to prove the weak compactness of the operators

1

Q\RJ,II\B and =) B. Our first step is to check that II B and =3B are weakly compact
on E. Indeed, according to Lemma 4.2.3 and (4.2.12), it suffices to establish the weak
compactness of I[\B and =3B, where B is an operator defined on E by

B el = [ 00ula, )l

I
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where 6 is non-negative bounded function on [l1, +00) with compact support. Let IT\B may
be written in the form II\B = '\R where R and ') are the two bounded linear operators
given by

R:E;— L'(R*,da)
+oo
{ p— Ro)@ = [ plad) d

and
My: LY(RY,da)— Y
o—s / (Ao (TN () s,

Thus, we claim that 'y is weakly compact. To do so, let O be a bounded subset of
LY(R*, da) and let 1) € O. We first observe that, for all measurable subsets A of [l1, +00),
we have

J D@11 < [l 0 [ 6O

Since 6(-) is a bounded function with compact support, we have
/ (M) (D] dl = 0 as |A] — 0, for any ¢ € O
A

where | A| stands for the Lebesgue measure of A.

Next, let T'> 0 and put C' = [0, T]. Hence, we have
+oo +oo
[ m@ld =[O < g [ 00
[l1,+00)\C T T

—+oc0o
= Wl [ 00X o) (Dl
1

Since 0(1)X[1, 400)(1) < 0(I) and 6(I) is a bounded function on [l1,+00) with com-
pact support, applying the Lebesgue dominated convergence theorem, we infer that
+o00

lim 6(1)dl = 0, and therefore,
T—+oo JT

+00
lim |(Tx)(1)|dl =0, for any ¢ € O.
T—+o0 JT

Now using Lemma 4.2.4, we conclude the weak compactness of the operator II B as an
operator from E into Y.

Arguing as above we prove also the weak compactness of the operator =3B on E.

Since A is a real number, it is clear that IIyB and Z\B are positive and satisfy
0<zZB<ZB and 0<ILB <II,B.

Therefore, the use of Lemma 4.2.5 gives the weak compactness of the operators I, B and
=\B.
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Since @) is linear (then weakly continuous), in order to complete the proof, it suffices to
show the weak compactness of the operator RJ)\II)B. To this end, let O be a bounded
subset of E and put & = II,B(O). We note that U is relatively weakly compact.

Let f € U. Easy calculations using (A1),(4.2.2) and (4.2.7) give

a

IRIHO] < [RO) + a [ INO)] + Ty FO]-

For any measurable subset A of [l1,400), we have

[ RA@ O < [ (RO +a O+ 17— s [ 1011

Since sets consisting of one element are weakly compact and f belongs to U, we get
li RJ D] dl = 0.
Jim [ RBGO)

Next, let T'> 0 and Vf € U, we have

400 +00 o +oo
/T RIS (D] dl < /T (IR(0)] + a[Jx(0)])dl + m/T |f()] dl.

Using the fact that U is relatively weakly compact, we infer that

+oo
lim IRJ5(f)(1)| dl = 0.

T—+o0 JT
Now, applying Lemma 4.2.4, we conclude the weak compactness of the operator RJ )11, B.
This ends the proof. O

In the remainder of this section we shall recall some results required in the proofs of our
existence results.

Definition 4.2.2. Let X be an arbitrary bounded open subset of R™. A function g :
¥ x C — C is said to satisfy the Carathéodory conditions if g(x,y) is measurable in x for
all y € C and is continuous in y for almost all x.

If g satisfies the Carathéodory conditions, then we can define the operator N, on the set
of functions ¢ : ¥ — C by (Nyv)(a,l) = g(a,l,v(a,l)) for every (a,l) € ¥. The operator
Ny is called the Nemytskii (or superposition) operator generated by g. We now quote a
useful result which states a basic fact for the theory of Nemytskii’s operators on L!-spaces
(see, for example, [3, 4]).

Lemma 4.2.6. Assume that f is a Carathéodory function. If Ny : LY(X) — LY(X), then
Ny is continuous and takes bounded sets into bounded sets. Moreover, there is a constant
n > 0 and the function 0 < h(.) € L'(X) such that

|f(z,y)| < h(x)+nly| ae in x, forally e R.
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For the proof we refer to [4].

A Banach space X has the Dunford-Pettis property if, for every sequence (z,), in X
converging weakly to 0 and every sequence (), in X* (the dual space of X) converging
weakly to 0, the sequence (x}(x,,)) converges to 0.

The following result gives a characterization of a Banach spaces with the Dunford-Pettis
property (see, for example, [21, p. 596] )

Lemma 4.2.7. Let X be a Banach space. Then, the following assertions are equivalent.
(a) X has the Dunford-Pettis property.

(b) Every weakly compact operator from X into any Banach space Y maps weakly
compact sets of X into norm compact sets of Y.

A measure of weak noncompactness. We introduce a measure of weak noncompactness
required in the proofs of our results. Let B(E) be the set of all nonempty bounded subsets
of E. We denote by W(E) the subset of B(E) consisting of all weakly compact subsets of
E. Inspired by the works [5, 12], we define the map w : B(E) — [0, +00) by

w(M) =w (M) + wa (M), VM € B(E)
where
wi(M) = limsup sup / |(a,l)|dadl : |D| < e)}
e—0 “ypeM
and

wo(M) =1lim sup sup / /T+OO [v(a,l)] dadl)},

TT' =400 " peM
for every subset M € B(E). Here |D| denotes the Lebesgue measure of D.

Proposition 4.2.2. Let M, My and My be three elements of B(E). Then, the following
properties are satisfied

1. If My C Ma, then w(M;) < w(Ms) ;

w(My U M) = max{w(M1), w(M2)};

W(AM) = |Mw(M) for any A e R;

(M1 + M) < w(My) + w(Ma) ;

(M) =0 if and only if M" € W(E) is the weak closure of M ;
(

(

€

S

co(M)) = w(M) ;
M)

.\I.Q.Q”‘.“.QGN
€

€

w(M).

The proof of this result requires the following Lemma (see, for example, [18, p. 292]).

Lemma 4.2.8. A subset M of L'(X,dv) is weakly compact if and only if M is bounded
and, for any decreasing sequence of measurable subsets (Ey,)n of ¥ such that Np>oE, = 0,
we have

n—+oo J g

lim / f(x)dv(x) =0, uniformly for f € M.
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Proof of Proposition 4.2.2. The proof of the properties (1), (2), (3) and (4) is clear,
we shall prove the following statements

(5) The fact that w(M) = 0 implies M € W(E) is a consequence of Lemma 4.2.4. First,
we suppose that M € W(E). Given by Lemma 4.2.4(a) that w; (M) = 0, it remains to
prove that wa(M) = 0. Let C), = [T, +00) X [Ty, +00) with (T},), be a nondecreasing
sequences such that lim,,— . T}, = +00. It follows from Lemma 4.2.8 that

+oo
lim sup/ / Y(a,l)| dadl = 0.
n—-+oo weEM .

This proves of wy(M) = 0.

(6) Let M € B(E). It is clear that M C co(M), using the property (1), we get w(M) <
w(co(M)), it remains to prove that w(co(M)) < w(M). Let D be a measurable subset of
Q2 such that |D| < e. For ¢ € co(M), there exist (a;)1<i<n With a; > 0 and (¢;)1<i<n with
@i € M such that ;" a; =1 and ¢ = Y ;| a;p;. Clearly,

J,taDldad <3 o [ loitadldadt < 3o sup [ e dad
D i=1 JD '

= sup / lpi(a, )| dadl < sup/ lo(a, )| dadl.

1<i<n JD

Hence,

sup |90 a,l)| dadl < sup/ lp(a,l)| dadl.
YeEco(M) weM JD

This proves of wy(co(M)) < wy(M).

Further, for any 7, 7" > 0, a similar proof as before shows that
+00 +oo  p+oo
sup / T etenldadi < sup [ [T (e, D] dad.
Yeco(M T peM JT" T

Hence, when T and 7" go to +oo, we get wa(co(M)) < wo(M). Accordingly, we have
w(co(M)) < w(M)

which proves that w(co(M)) = w(M).

(7) Since M € M", the use of (1) gives w(M) < w(M").

To prove the converse inequality, using the inclusion M C M~ C ¢o(M) we get w(ﬁw) <

w(eo(M)). Thus, we have only to check that w(M) = w(M). By (1), we have the inequality

w(M) < w(M). Next, for 1p € M, there exists a sequence (1)), such that lir_ir_l Up = .
n—-—+0oo

Hence,

[ ota.0ldadt < [ 0(a1) ~ pula,0)]dadi + [ (e, )] dod
D D D
< 119 = Yule + w1 (),

56



and therefore, for n large enough, we have

“+00 “+00
. _ |
[ /T (a,1)| dadl < wo(M)

Thus, we conclude that wa(M) < way(M). Next, the use of (6) gives w(co(M)) =
w(co(M)) = w(M), which implies w(M") = w(M) and ends the proof of (7).

We conclude this section by recalling the notions of ws-compact and ww-compact operators
and two fixed point theorems related to these operators established in [37, 35] which we
shall use below.

Definition 4.2.3. Let X be a Banach space and let J be an operator from X into itself.

(a) J is said to be ws-compact, if for each weakly convergent sequence (zp)nen of X,
(Jxp)nen has a strongly convergent subsequence.

(b) J is said to be ww-compact, if for each weakly convergent sequence (xy)nen of X,
(Jxp)nen has a weakly convergent subsequence.

Theorem 4.2.1. Let M be a bounded closed convex subset of a Banach space X. If f is
a continuous ws-compact operator and fiM) is relatively weakly compact, then there exists
x € M such that flx) = .

Theorem 4.2.2. Let M be a nonempty closed bounded convex subset of a Banach space
X. Suppose that f : M — X and g : X — X such that :

a) f is continuous and ws-compact ;
b) there exists v € [0,1] such that w(f(S)+ g(9)) < ~yw(S) for all subset S of M ;
¢) g is a strict contraction ;
4) F(M)+ g(M) C M.
Then, there exists z € M such that f(z) + g(z) = z.

4.3 Existence results

Throughout this section the kernel k(-,-,-) is assumed to be admissible in the sense of
Defintion 4.2.2.

In the first part of this section our interest concentrates on existence results for the boun-
dary value problem (4.1.1) in the case where o(a,l,1(a,1)) satisfies the hypothesis

(A3) o(a,l,Y(a,l)) = o(a, )(a,l)  with  o(.,.) € L®(Q;dadl)

(o is not relabeled). The general case will be treated at the end of this section. For this
purpose, we use the notations and the preparatory results presented in Section 4.2.

In the following we need the following hypothesis
(A4) [ satisfies the Carathéodory conditions and the
Nemytskii operator Ny acts from X into itself.

Now we are ready to prove
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Lemma 4.3.1. If (A4) holds true, then Ny is ww-compact.

Proof. Let (¢,,)en be a weakly convergent sequence in X, then Z := {¢,,n € N} is a
relatively weakly compact set of X. According to Lemma 4.2.6, there are a constant n > 0
and function h(-,-) € X (the positive cone of X) such that

[f (2, ¢ on(, Q)] < h(z, Q)+ |n(z, O]

Thus, for any measurable subset A of R x [I1, +00), we have

/ |Nf¢(a,5)ydad15/ \h(a,l)|dadl+77/ (1| dadl
ANQ ANQ

ANQ

and so,

/ INft(a,l)| dadl — 0 as |ANQ| — 0 for any ¢ € Z
ANQ

where |A N 2| denotes the Lebesgue measure of AN .
Further, let (T),)men and (T,)neny be two sequences of real numbers such that

lim 7T,,,T, = 4oo. For any ¢ € Z, we obtain

n,m——+0oo

+oo oo too oo
[ [ Naxat@ dadi < [ [ Iba,Dxala, D] dad

+oo  ptoo
+ 77/ /T [Y(a,l)xa(a,l)| dadl.

Thus, since Z is relatively weakly compact, for any ¢ € Z, we have

“+00 —+o00
lim / IN4(a, ) xa(a, 1)] dadl = 0.
Tm Th

n,m—-+00
Now, applying Lemma 4.2.4, we conclude that N¢(Z) is relatively weakly compact which
ends the proof. O

Let r > 0 and set
B, = {w € X such that |[[¢]ly < r}.

Theorem 4.3.1. Let (Al)-(A4) be satisfied. Then, for each r > 0, there exists a real
Ao > 0 such that, for all real X satisfying X > Ao, the boundary value problem

o = [ @ L) (V)
&ﬁmw+M+UwJWMmD—z; r(a, 1,1 f(a,l' ¢(a,U))dl, (4.3.1)

Y, =R(¥r,), AeR

has at least one solution in B,.

58



1
Proof. Let r > 0 and let € be a real number such that ¢ > max(0, —g + T In(«)). Hence,
1

according to (4.2.9), for any real number A satisfying A > e, the operator (A — Sg) is
invertible and then Problem (4.3.1) may be transformed into the following fixed point
problem

w = GAW% w\Fl = R(wﬂ_‘g)a
where Gy = (A — Sg) "' BA;.
The proof may be derived in four steps.

The continuity of Gy follows immediately from Remark 4.2.1 (b), Lemma 4.2.6 and the
boundedness of B.

We shall now check that, for suitable A, Gy leaves B, invariant. Since f satisfies (A4), then
by Lemma 4.2.6, there exist a constant 77 > 0 and a function 0 < h(-,-) € X such that

|f(a,l,¥(a,l)| < h(a,l)+nlY(a,l)| ae. in (a,l), for all i € X.
Let ¢ € By, it follows from (4.2.2),(4.2.7) and (4.2.9), that

1GAY[|x < [(@ARININBNG) ()l + [[ExBNF) (%)l
=J1 + Jo.

It is clear that

Ji < Nl £ey x) IRUNIZNBN )Y [l
< T BNl + IOy
_ lMllecw) I1Blleex) N7y L alBO)lly + [RO)ly
(1 —aehEtd) (N + o) At+a
1Bl zx) @bl + 1) a||Jx(0)]ly + [R(0)]ly
= (1 — ae i+ (A +0) Ato

and

J2 < 1Exl zx x) 1Bl 2oxy INF Yl

_ 1Bl zx) (IRllx + nr)
= Ao '

This yields

_ e lieta) -1
16l < 1Bl zx) (1Rllx + nr) (oz(l ae~l(Eta)) =1 4 1) Ll BOly + ROy
A X = A + o by +0o
— o\,
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Note that ©(.) is continuous, strictly decreasing and satisfies . 1ir+n ©(t) = 0. Hence, there
—+00

exists A\g > 0 such that ©(\g) < r, and therefore, for any real A such that A > Ay, we have
GA(B,) C By.

The operator Gy is ws-compact. Indeed, let (z,),cn be a weakly converging sequence in
B.. According to Lemma 4.3.1, the set {N¢(zy), n = 0,1, - -} is relatively weakly compact
on X. Since X has the Dunford-Pettis property and the linear operators Iy B and Z)\B
are weakly compact (see the proof of Proposition 4.2.1), applying Lemma 4.2.7, we infer
that the sets {IIN\BN¢(z,), n = 0,1,---} and {ExBN¢(z,), n = 0,1,---} are relatively
compact. Using the continuity of @ RJy, we conclude that {(A — Sg) 'BNf(z,), n =
0,1,---} is relatively compact and therefore Gy is ws-compact.

Let A be such that A > \g and set C) := ¢0(Gx(By)) (the closed convex hull of G(By)). The
set Gy is weakly compact. Indeed, since B, is a closed convex subset of X and Gy (B,) C By,
then Cy C B, and therefore G5(Cy) C Gx(By) C ¢0(G,)(By). Therefore Gy maps Cy into
itself. Moreover, since N;(B;) is a bounded subset of X, according to Proposition 4.2.1,
the set G(By) = [(A — Sr) ' BJN}(B,) is relatively weakly compact. Hence, applying the
Krein-Smulian theorem (see [18, p. 434]), one sees that Cy is weakly compact.

Since G)(Cy) C Cy and C) is weakly compact, we infer that Gy(C)) is relatively weakly

compact. Hence, applying Theorem 4.2.1 to the operator Gy : Cy — Cy, we conclude that
there exists z € Cy C B, such that Gy (z) = z which ends the proof. ]

In the following we shall give two results concerning the existence of positive solutions to
the boundary value problem (4.3.1). Recall that an operator T' from a Banach lattice X
into a Banach lattice Y is said to be positive if T(X*) C Y+ where X (resp. Y ) is the
positive cone of X (resp. Y).

Note that our functional spaces X and Y are Banach lattice spaces. Their positive cones
will be denoted respectively X* and Y*. If r > 0, the set B, stands for B, () X™.

The proof of the following corollary is similar to that of Theorem 4.3.1, it suffices to replace
B, by B;. So, it is omitted.

Corollary 4.3.1. Let the hypotheses (Al)-(A4) be satisfied. If the operators R, B and N
are positive, then, for any r > 0, there exists A\g > 0 such that, for all A > Ao, the problem
(4.3.1) has at least one solution on B .

The following result ensures the existence of nontrivial positive solutions.
Corollary 4.3.2. Let r > 0 and assume the hypotheses of Corollary 4.3.1 are satisfied.
Moreover, if there is p > 0 and 0 # v € B} such that
1. Yo & ker(B) (ker(B) denotes the null space of B),
2. (Nyp)(z,v) > pypo(,v) for all Y € BY,
then there exists X > 0 such that for any A > X there is 1n > 0 such that the problem

9 a1+ Ot @)l d) = [ w0 falv(a, 1))l
8a\* DRl =m o elet E)ies L le, E))et (4.3.2)

Y, = R(Ypn,),
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has at least one solution on * € B satisfying ||v*|| = r.

Proof. It is similar to that of Proposition 3.2 in [36], so it is dropped. O

The remaining part of this section is devoted to the existence of solutions to the following
more general boundary value problem

O ) + Mb(asd) + o(as L, (a, 1)) = /+°° w(a,1,1) fla, ' (a, 1)) dl
8a b b) Y b ll Y bJ b 9 ) (4.3'3)

Yr, = R(Yr,), and AeR.

Remark 4.3.1. In order to transform Problem 4.3.3 to a fixed point problem, the additi-
vity of the transition operator R is required, that is R(u+v) = R(u)+R(v), for all u, v €
Y. However, since R is assumed to be continuous, the additivity of R implies that it is
necessarily linear and therefore R € L(Y).

We need the the following assumptions

(A5) R is a bounded linear transition boundary operator and, for each r > 0, we have

‘U(a’lv¢1(a’ l)) - O'(Cl,l,1!12(a,l))| < |,O((L,l)| le - 7!)2| , for all ¢17¢2 € B,

where p(.,.) € L>(,dadl) and N_, acts from B, into itself.
Note that, according to Lemma 4.2.6, there exists a function 0 < a(.,.) € X and a constant

b > 0 such that for all (a,l) € Q, we have

lo(a,1,¢(a,1)| < ala, 1)+ bl(a,l)|. (4.3.4)

Define the operator Tr by

¥ — Tr(¥)(a,1) = — 22,

{TR : D(TR) C X — X
da

Since the function o(-,-) € L>®(,dadl), the operator Sg is a bounded perturbation of
TR, hence
D(Tr) = D(Sr).

Note that Tr is derived from Sg by putting o(-,-) = 0. It is clear that, since R is linear,
TRg is a closed densely defined linear operator on X. Moreover, simple computations show

1

that the resolvent set p(Tgr) of Tr contains the half-plane IT:={A € R : A > o In(||R|)}.
1

So, for any A € 11, we have

(A —Tr)" = > QRR(PYR)"I + 5, (4.3.5)

n=0
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where P)(\), Q())\, Hg and Eg are bounded linear operators derived from P, @), II, and

1 1
Zy by taking o(-,-) = 0. Their norms are bounded above by e, Y 1 and %

Note also that, for any A > max(0,

W), easy calculations using the bounds of the

linear operators P)(\) Q?\, Hg and E())\ give

H()\ - TR)‘lfHK(X) < %(1 + 1—H|I;R||He“) If|l  for all feX (4.3.6)

where [|R[ = [[R{|zy).-

Remark 4.3.2. It should be noticed that the same arguments as in the proof of Pro-
position 4.2.1 show that if B satisfies the condition (A2), then (A — Tr) !B is a weakly
compact operator on X.

1

Let € > 0 and let A be a real number such that A > ¢ > max (0, l—ln(HRH)) It is clear
1

that Problem (4.3.3) may be written in the form

p=FNY+HNY, =R,

where F(A) := (A — Tr) " 'BN; and H()) := (A — Tr) "'N_,.

We are now in a position to prove the following theorem.

Theorem 4.3.2. Let R be a linear boundary operator and assume that the hypotheses
(A2),(A4) and (A5) are satisfied. Then for any r > 0, there exists \g > 0, such that, for
all X € R satisfying A > Ao, the problem (4.3.3) has at least one solution in By.

Proof. Our proof consists in showing that the operators F(\) and H(A) satisfy the condi-
tions of Theorem 4.2.2. Let ¢ > 0 and let A be a real number such that A\ > \g > ¢ >

1
max (0, o In(||R]])). The continuity of the operators F(\) and H(A) is obvious. The proof
1
will be made in several steps.
The operator F()) is ws-compact. Indeed, let (z,),en be a weakly converging sequence
in By. According Lemma 4.3.1, {N¢(zy,), n = 0,1,---} has a weakly converging subse-
quence which we denote by (N¢(zy,))ken. There exists a subsequence (xp, )ken such that

{N¢(xp,), k = 0,1,---} is relatively weakly compact. Since X has the Dunford-Pettis
property, using Lemma 4.2.7 (b) and the linear operators II{B and Z$B are weakly

compact (see Remark 4.3.2), we infer that the sets {H())\B./\/f(xnk), k= 0,1,---} and
{EOBN (@n, ) k= 0,1,---} are relatively compact. Further, using the continuity of

0 QAR (PIR)", we conclude that {(/\ — Tr) 'BN¢(zn,), k = 0,1, } is relatively
compact. This proves that F()\) is ws-compact.

62



There exists v € [0, 1) such that w(F(X)(M)+H(N)(M)) < yw(M) for all sets M € B(E).
Indeed, let M € B(X) and let E be a measurable subset of ) with finite measure. Using

Lemma 4.2.4 and the estimate (4.3.6), for any ¢ € M, we have

/|]—' (a,1)| dadl = /‘)\ Tr) ™' BN} (¥)(a, l)‘dadl

1Bl £(x) IR||
< 1 )| dadl
= )\ ( 1 o HRH e llE / ‘N a ‘ a
HBHL(X) IRl
< (Hl—HRH p— [/Eh(a,l)dadlm/E|¢(a,l)|dadz]

Since sets consisting in one element are weakly compact, we infer that

B
wi(FO)(M)) < H Hi(x)n(l + H‘;T‘He_lle)wl(M)-

On the other hand, using the estimates (4.3.4) and (4.3.6) and arguing as in the preceding
text, for any ¢ € M, we obtain

/\H (a,1)| dadl = /‘A Tr)™ N_a(w)(a,l)\dadz
< 1(1 4 . |||]|:_$|'|H s / IN_s(¢)(a,l)| dadl

=2
IR _ =
(1+—)[/Ea(a,l)dadl+b/E|¢(a,l)|dadz].

1
D 1— ||R|| ehe

As before, we conclude that
b IR
Next, let v € M and T, T’ > 0. We have
+oo +o0o
/ / (a,1)| dadl = / / (3~ Tr) ™ BN () (a.1)| dadl

1Bl (g IR|| +00

< 1 h(a,l)dadl

S (A ey | M AT
—+o00

+1 TTOO/T [v(a, )| dadl]

and therefore,

B
A FOYM)) < | Hi(w(w - |y|§y|’e—lls>w2(M>'
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For any v € M and T, T’ > 0, similar calculations give

/ /+<>o ¥)(a,l)| dadl = /, / )\ Tr) N_, (qﬂz))(+ )‘dadl
A(1+1_"I1:”HH6_115 / /Tood(a,l)dadl

+ b/TTOO /;oo [(a, )| dad].

<

This implies that
b
A

IR

2(HNOD) < 5 (14 TR

<1+ )WQ(M).

Summarizing the above calculations, we infer that for any bounded subset M of X, we
have

w(FN(M) +HA) (M) = wi (FA) (M) +H(A)(M)) + wa (FA)(M) + HA) (M)

”BHL(E)n"'E IR
< .
= ;) (1+ 1= IR efhs)“’(M)

So, setting A1 := 2(||B|| ;g n+ b) (1 + %), we infer that, for any real A satisfying
A > A, we have

(M)

W(FO)(M) + HO)(M)) < o

which proves our claim.

We shall now check that, for suitable real A, the operator H(\) is a strict contraction.
Indeed, let 91,1 € X and let A be such that A > X\g. Using (A5) and the estimate (4.3.6),
we get

IOV = KOVl < 5 (14 = e ) V- 00) = Ao ()]

||pHoo IR
< 1+ — .
. ( 1-— HRH 6*115) H¢1 wQHX

R
Next, put )\2 = Hp”oo (1 + ﬁ

operator H(\) is a strict contraction on X.

For suitable real numbers A\, we have F(A)(By) + H(\)(By) C (B,). Indeed, let 9, ¢ € By,

we have

). It is clear that, for any A satisfying A > Ao, the

B N(r)+ N'(r
W) + HO) (@l < e DT =)

where N(r) (resp. N'(r)) denotes the upper bound of Ny (resp. N_,) on B,. Set

B N(r)+ N'(r) R
IBllz(x) N(r) ( (1+ IR|| _ ).
1— R ehe

A3 =
r
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It is obvious that, for any real A such that A > A3, we have

IFN @) +HM(p)lIx <

which proves that, for A > A3, F(\)(By) + H(A)(By) C (By).

Let A = max(\o, A1, A2, A3). It is clear that for all A such that A > X, the operators .7:():)
and H(A) satisfy the conditions of Theorem 4.2.2. Accordingly, for all A such that A\ > A,
problem (4.3.3) has at least one solution 1 in B, which concludes the proof. O

Concluding remarks.

1. We did not succeed to prove the analogue of Lemma 4.2.2 for LP-spaces with
p € (1,400). It seems that for a function f belonging to the space {¢p € LP(Q2) :
oy

B € LP(Q) and ¢p, € LP([l1,+o0);dl)}, the trace function fip, does not belong
a

necessary to LP([l;, +00);dl) (in any case we did not succeed to prove this assertion).
So existence results for the problem (4.1.1)-(4.1.2) in LP-spaces are an open problem.

2. Note that Theorems 4.3.1 and 4.3.2 are valid for {; = 0 in the case where the
transition boundary operator R is a strict contraction.

3. In contrast to the works [26, 36] where the parameter A is a complex number, here
A is assumed to be a real number. This restriction is due to the fact that the proof
of Proposition 4.2.1 is based upon Lemma 4.2.5 and uses positivity (in the lattice
sense) arguments. 0
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Chapitre

On a nonlinear version of Rotenberg
model with infinite maturation velocities

5.1 Introduction

In this chapter we are concerned with existence of solutions to the following boundary
value problem

0

w oo / / / !
G2t ) + 0, ) - b 0) = /0 ¢l v, ) F (0 (1, 0')) ' (5.1.1)

where (p,v) € [0,1] x [0, +00). Equation (5.1.1) is a stationary nonlinear version of Ro-
tenberg equation [52] which describes the growth of a cell population where each cell is
distinguished by its degree of maturity p € [0, 1] and its maturation velocity v. The degree
of maturation is defined so that u = 0 at the birth and p = 1 at mitosis, i.e. cells born at
@ = 0 and divide at g = 1. In this model, the function v (u,v) represents the density of
population with the degree of maturation p and the velocity of maturation v. The kernel
C(p,v,0") f(u, v, -) denotes the transition rate. It specifies the transition of cells from the
maturation velocity v" to v while o(u, v, ) denotes the total transition cross section.

We recall that Rotenberg model consists in a linear transport equation where the matu-
ration velocities are finite. The well-posedness of the Cauchy problem governed by this
equation was discussed by many authors (see, for example, [9, 15, 34, 16] and the refe-
rences therein). However, in the Introduction of his paper, Rotenberg pointed out that the
adequate formulation of his model seems to be a nonlinear one. Actually, the cells under
consideration are in contact with a nutrient environment which is not part of the mathe-
matical formulation. Fluctuations in nutrient concentration and other density-dependent
effects such as contact inhibition of growth make the transition rates and the total tran-
sition cross section are functions of the population density, thus creating a nonlinear pro-
blem. On the other hand, the biological boundary at u = 0 and g = 1 are fixed and tightly
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coupled throughout mitosis. The conditions present at the boundaries are felt throughout
the system and cannot be remote. This phenomena suggests that at mitosis daughter cells
and parent cells are related by a nonlinear reproduction law.

In [38] a modified nonlinear stationary version of the Rotenberg model was discussed for
finite maturation velocities. The transition rate and the total cross section were assumed to
depend on the density of population, as in equation (5.1.1), and, at mitosis, the daughter
and mother cells are related by a nonlinear rule which describes the boundary conditions.

It should be noticed that the well posedness of the Cauchy problem governed by the original
Rotenberg’s transport equation was discussed in [9] for infinite maturation velocities, i.e.
v € [0,400). On the other hand, in the work [12], the authors discussed the existence
of solutions on the space L' ([0, 1] x [0, 400); dudv) to the Problem (5.1.1) supplemented
with the following boundary conditions

W =K (') (5.1.2)

where 1" denotes the restriction of 1 to I'; := {i} x [0, 4+00), i = 0,1 and K is a nonlinear
operator from a suitable function space on I'y to a similar one on I'y.

The main purpose of this chapter is to complete the results obtained in [12] by discussing
the existence of solutions to the boundary value problem (5.1.1)-(5.1.2) on the spaces
LP([0,1] x [0,+00); dpudv) where p € (1,400).

The outline of this chapter is as follows. In Section 2 we introduce the functional setting
of the problem and we establish some preliminary results needed in the rest of the paper.
In Section 3 we present our existence results : Theorems 5.3.1 and 5.3.2. Our first result
is established in the case where

(Al) U(M7U7¢<Ma U)) = U(M:’U)I/J(M,U) with U("') € LOO([O’ 1] X [07+00)ad/id”)

(0 is not relabeled) a multiplication operator. The general boundary value problem (5.1.1)-
(5.1.2) (i.e. o(+,-,-) is a nonlinear function of 1) is the object in Theorem 5.3.2. The proof
of Theorem 5.3.2 is rather more complicated and requires the linearity of the transition
operator K. We first transform the problem (5.1.1)-(5.1.2) into a fixed point one involving
two nonlinear operators depending on the parameter \, say, ¥ = J(A\)Y + Z(A)y and we
show that J(A) and Z(\) satisfy the hypotheses of Krasnoselskii’s fixed point theorem.

5.2 Notations and preliminaries

In this section, we fix notations and introduce the functional setting of the problem. Let
1 < p < oo and set
Xy, == L,(2, dpdv),

where Q = [0, 1] x [0, +00). We denote by XS and XZ} the boundary spaces, that is,

XI? = L,({0} x [0, +00),vdv) and X; = Ly({1} x [0, +00), vdv).
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Let W), be the partial Sobolev space defined by

W,, = {¢) € X,, such that vgw € X, and vy € X, }.
w

Note that functions belonging to W,, has traces on the spatial boundary {0} and {1}
belonging to the spaces Xg and Xg, respectively [25]. In the remainder of this chapter we
use the notations ¢°(v) = ¢(0,v) € X)) and ¢'(v) = ¢(1,v) € X].

For simplicity we shall identify XI? and X; with the space
Y, = Ly([0, +00), vdv)
and we denote by Z, the space
Z, = L,([0,400),dv).
Let K be the boundary operator
{K Y, — Y,

(A2) There exists a < 1, such that
IK(f1) = K(f2)ll < allfi = fol| forall fi, f> €Y.
It is clear that K is continuous. Moreover, Vf €Y, we have
KNI < allfll + KO- (5.2.1)

Hence K maps bounded sets of Y, into bounded sets of Y/,.
We define the streaming operator Sk by

Sk : D(Sk) C Xy, — X,

o
¢ — SK(¢)(N7 U) = _’l).aiu(/'l’7 U) - U(Ma U)¢(N) U)

D(Sk) = {1 € W, such that '* = K (')}
where o(-,-) € L>(Q).
We consider the resolvent equation for the operator Sk

A=Sk)v=¢

where ¢ is a given function of X,, A € C and the unknown ¢ must be sought in D(Sk).
Let o be the real defined by

o = ess-inf{o(p,v), (p,v) € Q}.
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On a nonlinear version of Rotenberg model with infinite maturation velocities

For Re\ > —g, the solution is formally given by

R e o A O TR CE X
Accordingly, for p =1, we get

D(1,0) = (0, v)e s Jo Aotsands 1 / WO ro)dr o a (5.2.3)

We describe the formulation (5.2.2) and (5.2.3) by the following operators

Y, —Y
1
u = (Pyu)(v) i= u(v)e™ v Jo OFolsw)ds

Q,\:Yp—>Xp
I
= (Qaw) (1, v) 1= u(v)e v Jo Arolsds,

H)\:Xp—>Yp

L Mo (Tv))dT
o= (hp)w) =1 [ el W OFT TN 1 )iy

and finally

Ex: X, — X,
—_ K Ao (T,v))dr
@ = (Exe) (1, v) ::%/0 e AT L

Let A be a complex number satisfying ReA > —g. For v € Y we have

+00 p 400
HP)\qup :/0 e v ()\+O'(S U))dSU(U> vdv S/O e—%(Re/\—i-g) ]u(v)\pvdv
+o00
< / ()P vdu
0
_ p
— R,

which implies
1Pl g,y < 1.

Similarly, for each u € Y;,, we can write

oo (A to(s v)ds

1@xullk, =

+00
u(v) dudv </ / 5 (ReAT) |y ()P dpdu

= p(Re)\—i-a)/ [u()l vdv
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Accordingly,
1

[p(ReA + o))
Next, for ¢ € X, the use of Holder’s inequality yields

1@ 2 v, x,) <

+Oo ]‘ 1 71 ! o(T,v T p
IMell§, :/ > / e~ JuOratrd (i, v)dp'| vdv
o v lJo
+oo 1 1 1y p/q 1 1—p!
— =5 (Reta) g,/ ——~(ReA+0) / D 7
S/0 vp</0 ¢ d“) (/0 e (', v)] du)vdv
oo 1 1 1 , » ,
S/ *ﬁ/ lp(is0)|” vdp dv
0 Y(ReA+g)a /0
1
= —— llolk,
(ReA +a)s 7
and therefore )
MMl zx, v, € ——
( 2 P) (Re/\-f—g)%

In the same way we can write

+oo rl 1 o1 e
= P _ - 5 | (Ato(rv))dr / /
Huwllxp—/0 /0 o /0 e o p(u', v)dp
too it . —”_“l(Re)\—O—cr) / r/a K —”_“l(Re)\+U) / D
S/O /0 5(/0 e *du) (/0 e v 2 o(u',v)]| dﬂ)dudv
1

p
S (Re)\+g)p HQDHva

P
dpdv

and consequently
1

1EAl2x,x,) < ReA+o’

Thus, equation (5.2.3) may be written as
¢t = PAKY! + . (5.2.4)

Consider now the equation
u= P\K(u)+ f (5.2.5)

where f is a given function of Y). Let Ay ;) be the operator defined by

A()\,f) : Yp — Yp
u — A(/\,f)u = P)\K(u) + f

Since || Pyl zy,) < 1, we have
|40 (@) = Ao @) < 1K @) - K@) < aflu =
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On a nonlinear version of Rotenberg model with infinite maturation velocities

for all u, v € Y. So, for every A such that ReA > —g, the operator A, ) is a contraction
mapping on Y, and therefore, by the Banach fixed point theorem, the problem (5.2.5) has
a unique solution u = u(\, f). Let J be the operator defined by

J)\ : Yp — Yp
f — J,\f =u
where u stands for the unique solution of the equation (5.2.5).

Lemma 5.2.1. Assume that the hypothesis (A2) is satisfied and let A be such that Re\ >
—ao. Then

(1) Jx is continuous on Y, and maps bounded sets into bounded ones.
(2) (X — Sk) is invertible and (A — Sk) ! is given by

(A= Sk) ™" = QAKHII) + Ey. (5.2.6)

(3) (A= Sk)~! is continuous on X, and maps bounded sets into bounded ones.

Proof. (1) Let f € Yy, we have J\(f) = PAK(JA(f)) + f. Let fi, f2 € Yp, then

1505~ B(P)ll, < 2 I~ Loy,

which proves the continuity of Jyx. Next, putting fo = 0 in last equation we get

I5(5) ~ 1O, < —— Il

and therefore )
1ADlly, < —— £y, + 1520y, (5.2.7)

T l-a
which ends the proof of (1).

(2) Since, for ReA > —g, the solution of equation (5.2.3) is given by ! = J\II)(¢), equa-
tion (5.2.2) writes abstractly as 1 = QyK1)! +Z,p. Substituting /! into the expression of
¥ we get b = Q\KJ\IIx() +Zx(p). This proves that (A— Sk ) is invertible and (A— Sg)~*
is given by (5.2.6).

(3) This statement follows from the boundedness of the linear operators Py, Q», IIy, =y
and the properties of the operators K and Jj. O

Let ¢(+,-,-) be a measurable function given by
{g: [0,1] x [0,00) x [0,00) — R
(1,0, 0") — ¢, 0,0).
It defines the following bounded collision operator
B: X, — X,
v [ Gl )a
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It is clear that the operator B is local in u, so it may be regarded as an operator on
Z, depending on a parameter p € [0,1]. We assume that the function B(:) is strongly
measurable, i.e. for each u € Z,,, the function

i e 0.1 = Bluu € L(Z,)

is measurable and the map p € [0,1] — [[B(p)|z(z,) 1s essentially bounded. Here £(Zp)
stands for the set of all bounded linear operators on Z,.

Definition 5.2.1. We say that B is a regular operator on X, if,
a) {B(n) : *p € [0,1]} is a set of collectively compact operators on Z,, i.e.

{B(pv = pel0,1], [lvllz, <1} is relatively compact in Z,.
b) For every v' € Z, ,
{B'(p)v" : p€lo,1], [vllz, <1} is relatively compact in Z,

where B'(p) denotes the dual operator of B(u) and q is the conjugate exponent of p.

We now recall the following useful approximation property of regular collision operators
established in [47]

Lemma 5.2.2. Let 1 < p < +o0. The class of reqular operators on X, is the closure in
the operator norm of the class of collision operators with kernels of the form

(s v,0") = mi(p)8i(v)Bi (V)
el
where n;(-) € L*([0,1],dp), 6;(-) € Z, and B;(-) € Z4 (I is finite and q denotes the
conjugate of p).

Now we are in a position to prove

Lemma 5.2.3. Let 1 < p < +oo and assume that (A2) holds true. If B is a regular
collision operator, then, for any A € C such that Re\ > —a, the operator (A — Sx)~'B is
compact on Xp,.

Proof. Let A\ be such that Re\ > A. We know from (5.2.6) that

(A= Sk) " B=>_ Q:\K(P\K)"II\B + E)\B.

n>0

To prove the compactness of (A — Sk )~ !B, it suffices to show that the operators Iy B and
E\B are compact. Since B is a regular operator, it follows from Lemma 5.2.2 that B can
be approximated, in the uniform topology, by a sequence B,, of finite rank operators on
Z,, which converges, in the operator norm, to B. Accordingly, it suffices to establish the
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On a nonlinear version of Rotenberg model with infinite maturation velocities

result for a finite rank operator, that is ¢, (u,v,v") Zn] (v') where n;(-) €

L>([0,1],du), 6;(-) € Z, and B;(-) € Z, (¢ denotes the ConJugate of p). So, we infer from
the linearity and the stablhty of the compactness by summation that it suffices to prove

the result for an operator B whose kernel is in the form ¢(p,v,v") = n(u) 6(v) B(v') where
n(-) € L>([0,1],du), 6(-) € Z, and B(-) € Z,. Let g € X,,, we have

too 1 1 o(7,v))dr
(WBg)uv) = [ [ =3 L O gy o) dad!
I)\Hg)(lu’a )

where H and |y stand for the bounded operators
H:X,— LP([0,1],dp)
+oo
p— (HR)) = [ ) pl0) dv
{ Ix : LP([0, 1], dp) — Y,

6 it o(r,w))dr
w_>/0 77(:“’)” (’U) e vfM(AJr (rv))d ¢(M) du-

It is then sufficient to check that Iy is compact. This will follow from Theorem 11.6 in [28,
p. 275] if we show that

[ATA

where ¢ denotes the conjugate exponent of p (I is then a Hille-Tamarkin operator) . To
do so, let us first observe that

1 —% f: (Ao (rw))dr

q r
—n(p) 0(v) e du} " vdv < +o0

q

1
1 1 _%/ ()\+O'(T7'U)>d7- 0 q (ReA+o)
[ et oy " <, POF [* cat2amng,

v4

< Inlle, ——0@I*
= T g(Re X + g)vle—b)

which leads to

D
1 q :

1 L (N+o(r,v))dr )P .
[t o) € J < iz, — X 5

dp| < |Inll5 7
Re) + o))

Integrating in v from 0 to 400 we obtain

AT
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1 77(,“4) 9(1}) e v ()H—J(’rv))d‘r

p
q +0o0 p p
dﬂ} q vdv < / 7% % e Pydy
v 0 2




1617
< [Imll% 7
q

(q(ReA + o))

This proves the compactness of the operator 11, B.

A similar reasoning as above allows us to reach the same result for the operator =) B. This
completes the proof. O

5.3 Existence results

In this section our interest concentrates on existence results for the boundary value problem
(1.1)-(1.2) in the case where the function o (-, -, -) satisfies the hypothesis (Al). The general
case will be treated at the end of this section.

Let > be an arbitrary bounded open subset of R™. A function g : > xC — C is said
to satisfy the Carathéodory conditions if g(z,y) is measurable in z for all y € C and is
continuous in y for almost all x.

If g satisfies the Carathéodory conditions, then we can define the operator N, on the set
of functions ¢ : > — C by (Ny¢)(x) = g(z,9(z)) for every x € Y. The operator Nj is
called the Nemytskii (or superposition) operator generated by g. We now quote a useful
result which states a basic fact for the theory of Nemytskii’s operators on LP-spaces (see,
for example, [20] or [3]).

Lemma 5.3.1. Assume that f is Carathéodory function. If Ny : Ly (32) — Ly, (X),
p1, p2 > 1, then Ny is continuous and takes bounded sets into bounded sets.

In the following we suppose that
(A3) f satisfies the Carathéodory conditions and the
Nemytskii operator Ny acts from X, into X,.

Let r be a positive real and set
B, = {1/} € Xp such that [l < r}.

Now we are ready to prove

Theorem 5.3.1. Let p € (1,00) and let B be a regular operator X,. If (A1)-(A3) are
satisfied, then, for every r > 0, there exists a real A\g > 0 such that, for all \ satisfying

Re)\ > Ao, the problem
0 oo
vaj(u,v) + (A + o, 0) (s v) =/ v, ") f (1,0 0 (1, 0")) V',
1L 0
PO = K(¥'),

(5.3.1)

has at least one solution on By.

75



On a nonlinear version of Rotenberg model with infinite maturation velocities

Proof. Let A be a complex number such that ReA > —g. According to Lemma 5.2.1,
(A — Sk) is invertible and then Problem (5.3.1) may be written in the form

¥ = Gr(¥), ¢ = K(4h),
where Gy = (A — SK)*IB./\/f. Let r > 0. It is clear that G is a continuous operator. Since

[ is a Carathéodory function, by Lemma 5.3.1, Ny is bounded on By. So, there exists a
constant Aj(r) such that, for all ¢ € By, ||/\/'f1/1HXp < Ay (r). Taking into account of Lemma

5.2.1 and Egs. (5.2.1),(5.2.7), for any ¢ € By, we have
1GA¥lIx, < I(@AKINDBN)(@)lly, + (ExBNF) ()]l
=1 + Is.
Using the estimates (5.2.1) and (5.2.7), we obtain

I < HQAHﬁ(Yp,xp) "K(JAHABNf)¢||xp

< = IA(BN )y + O,
n [p(Re)\ + Q)]l/p X [p(Re)\ + Q)]%

a [T\l zx, v, 1Bl N llx, e llTO)lly, + KOy,

= (1—a)(p)/?[(ReX + o)/ [p(ReA + o))
1Bl Malx) IO, + KO,
= 1
(1 - a)(p)'/?(ReA + o) [p(ReA + o)]7
and
I < HEA”[;(xp,xp) ”BHL(XP) ||Nf1/’”xp
_ 1Bll£(x,) Ar(r)
(Red + o)
hence
1
o 1Bl g,y Ar () + pF (1= @) [Bll oy M) allLaO)lly, + KOy,
HGAT/’HXP < 1 + 1
p? (1 — a)(ReX + o) [p(ReX +a)]»

= 7(Re))

Clearly, 7(-) is continuous, strictly decreasing and satisfies thf‘:l 7(t) = 0. Hence, there
—+00

exists A\g > 0 such that 7(A\g) < r, and therefore, GyB, C By for ReA > A¢. Since B is
a regular operator, according to Lemma 5.2.3, G, is compact. Now applying Schauder’s
fixed point theorem we get the desired result. a

Our next task is devoted to the existence of positive solutions to the boundary value
problem (5.3.1). First, recall that an operator U from a Banach lattice X into a Banach
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lattice Y is said to be positive if U(X ') C Y where Xt (resp. Y) is the positive cone
of X (resp.Y).

It should be noticed that our functional spaces X,, Y, and Z,, p € (1,400) are Banach
lattices, their positive cone are denoted by X/, Y.\ and Z, respectively. For r > 0, we
denote by By the set B = B, X}.

Proposition 5.3.1. Let the hypotheses (Al)-(A3) be satisfied. If the operators K, B and
Ny are positive, then, for any r > 0, there exists Ao > 0 such that, for all X > Xo, the
problem (5.3.1) has at least one solution on By .

Proof. Let A be a real such that A > max(0, —c). Let f € Y,/ and consider the sequence
in Y, defined by
ugp =0, upt1 = App)(un) = PaKuy, + f.

Using the positivity of P\ K and f one sees, by induction, that u,, € Y,. Moreover, since the
operator A(y ) is a contraction mapping (see Section 2), it follows from the Banach fixed
point theorem that u, converges to Jy(f). Thus J\(f) € Y;{ and therefore J A(Y;{ ) C Y; )
Now taking into account the positivity of the operators @y, II, 25, K and B we infer
that G, is positive too. The remainder of the proof is similar to that of Theorem 3.1, it
suffices to replace By by B, . i

The following result ensures the existence of nontrivial positive solutions.
Proposition 5.3.2. Letr > 0 and assume the hypotheses of Proposition 5.5.1 are satisfied.
Moreover, if there is p > 0 and 0 # g € By such that
1. Yo & ker(B) (ker(B) denotes the null space of B),
2. () (w,v) > pibo(a,v) for all v € By,
then there exists X > 0 such that for any X > X there is 1 > 0 such that the problem

05 ) Ak o 0)b) = [ G 0) £l
au ) ) ) 0 ) 9 ) 9y ) 9 (5.3.2)
P = K@),
has at least one solution on ¢* € B satisfying ||¢*| = r.

Proof. Arguing as in the proofs of Theorems 5.3.1 and Proposition 5.3.1 we infer that
there is a constant A\g > 0 such that, for all A > )\g, the operator G, maps B, into itself.
On the other hand, for A > \g, using the positivity of (A — Sx)~! and B we see that

Gat > p(A — Sk) " By > 0 and (A — So) "' By # 0 for all ¢ € By

Accordingly,
IGx¢|| > p H(A - SK)_IB@ZJOH >0 forall ¢ € BI'."

and consequently
inf { |G|, ¥ € Bf} > 0.
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Hence, for A > Ag, one can define the operator

rGy(¢)
Hx(v) = for all ¢ € B,
W =Gl :
Now, using the same arguments as in the proof of the Theorem 5.3.1, we see that H) has a
r
fixed point ¢* € By satisfying ||¢*|| = r. Putting n = ERIR we get Gy (¢*) = n~1*.
A

Consequently, ¢* € D(Sk) (N By and

o*
ou

“+oo

(1,0) + A+ o) o) = [ Gl o) F ! ()

v

This completes the proof. O

The remainder of this section is devoted to the existence of solutions to the following more
general boundary value problem

oy oo
Gt 0) + M) + (10,011, v)) = | o) f! (e v
1!1|F0 = K(Q’Z)h“l) and A\ e C.
(5.3.3)
When dealing with this problem some technical difficulties arise, so we introduce the

following assumptions

(A4) K is a linear operator from Y, into itself and satisfying || K| < 1.

Moreover, for each r > 0 we have

‘U<M,’U, wl(ﬂa"l}» - O-(l’ll7 vvd@(ﬂ?”))’ < ‘P(,U, U)’ W}l - 1/}2’ (¢17¢2 € BI‘)
where p(-,) € L>(Q, dudv) and N_, acts from B, into itself.

Define the free streaming operator Sx by
SK : 'D(SK) C Xp — Xp
~ 0
¥ — S0, 0) = —0. 5
D(Sk) = {1 € W,, such that ¢° = K (')}

Note that Sk is derived from Sk by taking o(-,-) = 0. It is clear that, since the transition
operator K is linear, Sk is a closed densely linear operator on X, and, by Lemma 5.2.3,
the resolvent set p(Sk) of Sk contains the half-plane T := {\ € C,Re) > 0}. So, for any
A e Y, we have

(o]
(A= Sx) ™ = 3 QU (PYK)™IS + =5,
n=0
where Pf, Qg, Hg and Eg are bounded linear operators derived from Py, @, I, and =) by
1 1
1> 1
(pReX)?  (ReA)s

taking o(-,-) = 0. Their norms are bounded above, respectively, by 1,
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and 1/Re). Let A € C be such that ReA > 0. Note further that, if K satisfies the as-
sumption (A2), then necessarily we have ||K|| < 1. Consequently, for any A € T, these
observations lead to the estimate

= 1 1
H(/\ ~ 9x) 1H5(xp) ~ ReA (1 + pr[l — ||K|H)' (5.3.4)

Theorem 5.3.2. Let p € (1,00) and assume that the hypotheses (A3) and (A4) are satis-
fied. If B is a regular operator on X, then there exists Ao > 0, such that, for all A satisfied
ReX > )Xo, the problem (5.3.3) has at least one solution in By.

Note that the proof of Theorem 5.3.2 consists in writing (5.3.3) as a fixed point problem.
However, in contrast to the proof of Theorem 5.3.1, we can not apply the Schauder fixed
point theorem because the problem (5.3.3) is derived from (5.3.1) as a perturbation by a
non constant Nemytskii operator (then it is not compact on X,). The proof of this result is
based upon a fixed point theorem owing to Krasnosel’skii (see, for example, Theorem 11.B
in [62, p. 501]). It asserts that, if M is a nonempty closed, bounded and convex subset of
a Banach space X and A and B are two maps from M into X such that AM + BM C M,
A is compact and B is a contraction mapping, then A + B has at least one fixed point in
M.

Proof of Theorem 3.2 Let \ a complex number such that ReX > 0. Clearly A € p(Sk),
so Problem (5.3.3) may be written in the form

b=INY+ TNy, =K
where Z(\) := (A — Sg)"'N_, and J()\) := (A — Sk) ' BN;.

Using the fact that B is a regular collision operator and arguing as in the proof of Theorem
5.3.1, we infer that the operator J(\) is compact. Next we check that the operator Z(\)
is a strict contraction mapping. Indeed, let 9,12 € X;,. According to (A4) and (5.3.4) we
have

IZ)%1 = ZO)Wsll = | = i) 7| IN-othr = Mo
1

1
S ]. + 1 N—o’ _N—U )
Rey T HKm)n 1 = Nogtin

Taking into account of the assumption (A4), we get

IN=ot1 = Noota|l < [lpllsg lltbr = ¢2ll,

which leads to

1

IO = T < 120 (14
Pl — K]

Re(X)

Yl = sl
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Set M = [lplloe (14—
. . P [ — || K]
1s a strict contraction mapping.

>. Then, for any \ satisfying ReA > A1, the operator Z(\)

On the other hand, let ¢, p € By, we can write

IZN)e = T2l < |0 = S) ™| {11 Bl As(x) + As(x)}

1 1
< ey U ) P20+ 500}

where Aa(r) (resp. Az(r)) denotes the upper bound of Ny (resp. N_;) on B;. Putting

A :l 1; Ao(r) + As(r) ¢.
) r(1+W_HKH]){HBH 2(r) + Ag(r) |

It is clear that, for any A satisfying ReA > A9, we have ||Z(A\)¢ — T (A\)¢| < r. Thus,
for such A, we have Z(A\)By + J(A)By C By. In conclusion, if we set A\g = max(A1, A2),
then, for A such that Re\ > Ao, the operators Z(\) and J(\) satisfy the hypotheses of

the Krasnosel’skii fixed point theorem. Therefore, for all A € C satisfying ReA > Ao, the
problem (5.3.3) has at least one solution in B;. O
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Chapitre

Théorie spectrale d'un opérateur transport
avec des operateurs de collision élastiques
et inélastiques

6.1 Introduction

Dans ce chapitre, on s’intéresse aux propriétés spectrales de 'opérateur de transport sui-
vant :

Oy

Ago(z,v) = —U.%((L',’U) —o(v)p(z,v) + /V ke(z, v, v")p(x, v")dp(v')

l
J . / o
+jz=:1 /SN,1 kd(x’p]’w’w )SO(.’L’, pPiwW )dw

—I—/N ) ke(z, p,w,w)p(x, pw')dw' (6.1.1)
v

otz €Qetv=pwcV=1TxS""Tavecwec SV pcl:=(pmin,pmax) et VC RN Q
est un sous-ensemble ouvert de R, p(-) une mesure de Radon positive, bornée sur RY de
support V. Il s’agit d'un opérateur de transport étudié par E. W. Larsen et P. F. Zweifel
dans [30] (voir aussi [54, 53]) pour des conditions aux limites absorbantes (flux rentrant
nul). Il met en jeu des opérateurs de collision plus complexes partiellement élastiques et
inélastiques. La fonction ¢(x,v) représente la densité de probabilité des particules d’un
gaz ayant la position x et la vitesse v. La fonction o(-) est appelée, la fréquence de col-
lision. Les fonctions ke(-,-,-), ke(-,-,-,-) et kj(-,-,-,+), 5 = 1,-- -1, sont les noyaux des
opérateurs K., K. et K5 = é‘:l K g appelés opérateurs de collisions classique, élastiques
et inélastiques respectivement. L’objet de la premiere partie de ce travail est d’étendre
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les résultats obtenus dans [30, 54, 53] aux conditions aux limites abstraites couvrant la
plupart des conditions aux limites rencontrées dans la pratique (conditions aux limites pé-
riodiques, réflexions spéculaires, réflexions diffuses et conditions aux limites mixtes). Les
conditions aux bords seront alors modélisées par un opérateur frontiere abstrait reliant le
flux rentrant et le flux sortant. Il agit comme suit :

or- = H(gr+). (6.1.2)

L’ensemble '~ (resp. ['") représente la partie rentrante (resp. sortante) de I'espace des
phases D x V5 ojp- (resp. p+) est la restriction de ¢ sur T'” (resp. I'") et H est un
opérateur linéaire borné d’un espace fonctionnel sur I'"™ vers un espace fonctionnel sur I'".

L’opérateur Ay s’écrit sous la forme Ay = Ty + K ou Ty désigne 'opérateur d’advection
et K Topérateur de collision avec K = K. + K. + K4. On note que la connaissance du
spectre de Ag est d'une importance fondamentale pour décrire les propriétés de la solution
(lorsqu’elle existe) du probleme de Cauchy gouverné par l'opérateur Ap. Une analyse
détaillée des propriétés spectrales de opérateur Ay (c’est-a-dire H = 0) est donnée dans
les travaux [30, 54, 53] aussi bien pour le cas stationnaire que pour le probléme d’évolution.

L’opérateur K. est 'opérateur de collision qui intervient en neutronique, il s’écrit sous la
forme

Kep(x,v) :/Vkc(x,v,v')go(x,v')du(v’).

L’opérateur Ky est appelé I'opérateur de collision inélastique, il est donné par la relation

l l
Kapla.v) = 3. Kio@,v) = 3 [ ke, pj0.)pla, o)
i=1 j=1

ou chaque opérateur Kg(j = 1, -, 1) décrit les collisions lors desquelles une quantité
d’énergie E; est perdue par le neutron se trouvant a la position x avec une vitesse initiale
p; et une vitesse finale p. La vitesse initiale p; est déterminée par

1 1
Ej = EM(pj)2 - QM(P)2»

ou M représente la masse d’'un neutron. Enfin, K. est appelé I'opérateur de collision
élastique. Il est donné par

Kepla,) = [ kel p.w. Yol pud )
Il décrit les collisions ne faisant pas varier 1’énergie cinétique des neutrons, il n’agit qu’a
travers la partie angulaire w de la variable de vitesse.

Ce chapitre est organisé de la facon suivante. Dans la section 6.2, on introduit le cadre
fonctionnel du probleme et on établit quelques résultats préliminaires nécessaires pour
notre analyse. Dans la section 6.3, on montre que, si K. est un opérateur régulier (voir
la définition 6.3.2), alors K.(\ — Ty — Kg — K.)" ' et (A =Ty — Kq — K.) 'K, sont des
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opérateurs compacts dans les espaces LP(Q x V,dxdu(v)), 1 < p < oo (voir, Proposition
6.3.1) et l'opérateur K. (A — Ty — K. — K4) 'K, est faiblement compact dans L'(Q x
V, dzdp(v)) (voir, Proposition 6.3.2). De plus, si A € p(Tg+ K.+ K.+ Kq)Np(Tug+ K.+ Ky)
tel que A\ =Ty — K. — Ko — Kg)™' — (A= Ty — K. — K4)~! est compact, alors on a
Oess(Tr + Ko + Kg) = 0ess(Ty + Ke + K. + Kyg) lorsque p € (1,+00) oll 0.55(U) désigne
le spectre essentiel de 'opérateur U (voir le corollaire 6.3.1). On note que ce résultat est
ouvert lorsque p = 1. Enfin, on montre que o(Ty + K. + Kq+ K.) N {\ € C : ReX >
—X+ |Ke + Kq4||} consiste au plus, a des valeurs propres isolées de multiplicité algébrique
finie dans LP(2 x V, dzdu(v)), 1 < p < oo (voir, les Théorémes 6.3.1 et 6.3.2). La section
6.4 est consacrée a I’étude de la compacité du reste d’ordre un de la série de Dyson-Philips
du probleme d’évolution

dp
%2 0) = (T + K)elo),
#(0) = o, (6.1.3)
¥ ‘wi:—ai: ¥ ‘mi:ai
ou ) = Hi]\il(—ai,ai),ai >0,i=1,---, N, est un pavé ouvert de RY. On montre que le

reste d’ordre 1, R;(t), de la série de Dyson-Philips est compact dans les espaces LP(€) x
V,dzdu(v)), (1 < p < co). Comme conséquence immédiate de ce résultat, on a

TP+KC+K6+Kd)) —

Cess (et( Oess (et(TP"'Kﬂ"'Kd)) (6.1.4)

ce qui entraine 1’égalité des types essentiels suivants

Tp+Kc+Ke+Kd))

Wess (et( = Wegs (et(TerKEJrKd)). (6.1.5)

L’égalité (6.1.5) joue une role fondamental dans I’analyse du comportement asymptotique
(pour les temps grands) de la solution du probleme de Cauchy (6.1.3).

6.2 Notations et préliminaires

Le but de cette section est de rappeler quelques définitions et résultats de base, pour
I’équation du transport des neutrons. Soient  un sous-ensemble ouvert de RV et u(-) une
mesure de Radon positive sur RV tells que 1(0) = 0. On désigne par V le support de la
mesure /(+). On appelle V' l'espace des vitesses. Pour tout (z,v) € Q x V, on définit les
réels t*(z,v) par

t£(z,v) =sup{t > 0,z + sv € 0,0 < s <t} = inf{t > 0,2 + sv ¢ O}

et

7(z,v) ==t (2,v) +t (x,v) pour tout (z,v) € Q x V.

On note par
ry = {(x,v) € 0N x V, vy, > O}
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ou v, représente le vecteur normal unitaire au point z € Q dirigé vers I'extérieur.

Il est clair que, pour tout (x,v) € I'y, on a tT(x,v) > 0 et, dans tous les cas, on a
£t (z,v)v € Ty.

On introduit I’espace fonctionnel suivant :

09— o € 210 Vi)t 2 10 Vet

Il est bien connu que les fonctions de WP ont des traces appartenant a Lfo’zc =
+._

LY (Ty;|v.ve| dyzdp(v)) (voir. M. Cessenat [13] ou [14]) et pas nécessairement a LP»

loc
LP(Ty; |v.vg| dyedu(v)). Toutefois, si p € WP et ¢~ = pp- € LP(I'—; |v.vg| dyadp(v)),
alors o := @ir+ € LP(I'y; [v.vy] dyzdp(v)) et inversement. Il est clair que toute fonction

p de WP admet des traces p~ € LP~ et ot € LP*. En fait, on a I'identité
WP = {cp eWP o~ € Lp’_} = {gp e WP, ot ¢ L””L} C WP,

Pour aborder le probleme, on se place alors dans I'espace WP. Les conditions aux limites
peuvent s’écrire alors de maniere abstraites comme suit :

¢~ =Hp"

ou H : LV — LP~ est un opérateur linéaire borné.
On définit opérateur d’advection Ty par
Ty : D(Ty) C LP(Q2 x V,dzdu(v)) — LP(Q2 x V, dzdu(v))
@ Tple,v) = —0.57 (2,v) = o(v)p(a,v)

ox
D(Ty) = {g& eW, telque ¢~ = H(gpﬂ}

ou la fréquence des collision o(.) satisfait 0 < o(-) € L>®(V) .
Pour le calcul de la résolvante de 'opérateur Ty, on procede comme dans [32]. On considére
I’équation

(A—THW’(%U) - QO(.Z','U) (621)

oll A est un nombre complexe, ¢ une fonction donnée dans LP (Q2x V, dxdp(v)) et I'inconnue
1 doit étre cherchée dans D(T'). On pose

A = p-ess- gg‘f/a(v).
Pour ReX + A > 0, la solution de I'équation (6.2.1) est donnée formellement par
- oo @e) 4 [ ~Ovkens
Y(z,v) =Yz —t (z,v)v,v)e ’ —l—/ e oz — sv,v)ds. (6.2.2)
0
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De plus, pour (z,v) € T'y, (6.2.2) devient
7(z,0)
Yt =y e to)r(@v) —I—/ e~ A to)s o(x — sv,v)ds. (6.2.3)
0

ou 7(x,v) :=t*(x,v) +t (z,v) (comme (x,v) € Ty, t*(x,v) = 0). Pour avoir une formu-
lation abstraite des équations (6.2.2) et (6.2.3), on définit les opérateurs :

My : LP~ — [P, u— Myu = u e~ AFo@) m(@v)
By: LP™ — LP(Q x V,dzdu(v)), u— Byu:= u e Ao@) @) .
Gy LP(Q x V,dzdpu(v)) —s LP+
o — Grp = /OT(%) e~ HoW)s (1 — su,v)ds;
et
On: LP(Q % V, dedu(v)) — LP(Q x V, dzdu(v)),
@ — Crp = /Ot_(ff’v) e~ OHoDs (2 — sv,v)ds.

Un calcul simple utilisant I'inégalité Holder montre que ces opérateurs sont bornés. En fait,

~ 1 ~
les normes de B, et C)\ sont inférieures respectivement a [p(ReA+\)]” 7 et & (ReA+\) ™!
ou ¢ désigne 'exposent conjugué de p. De plus, 'opérateur Myu = [BAu]‘m est une

~ 1
contraction et Gy = [C\¢]ir, est de norme inférieure a [g(ReA + A)] 9.

Remark 6.2.1. On note que, pour A > —X, les opérateurs My, By, G et C) sont positifs
au sens de l'ordre.

En utilisant ces opérateurs et le fait que la fonction ¢ doit satisfaire les conditions aux
bords, I’équation (6.2.3) devient

Pt = MyHY™ + Gyp.

La solution de cette équation est réduite & 'inversibilité de 'opérateur U(\) := I — My H.
En particulier, si [|H| < 1, alors {U ()\)}_1 existe. On peut donc écrire

Ut = U} G (6.2.4)
D’autre part, ’équation (6.2.2) peut s’écrire comme sous la forme
¥ = B\HY™ + Chp.
En substituant (6.2.4) dans cette derniére équation, on obtient
¥ =B\H{UN} ' Grp + Crp.

Ainsi, on a
(A=Tg) ' = BA\H{UN)} 'Ga + ). (6.2.5)

On rappelle le résultat suivant obtenu dans [32].
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Lemme 6.2.1. Soit p € [1,00). Si |[H|| < 1, alors pour tout X tel que ReX > —X, on a

1

A—Ty) Y < ———.
¢ ) ||_Re)\+)\

Dans le reste de cette section, on pose K= K.+ K.
On considere maintenant ’équation

MNp(z,v) — Trp(z,v) — fzp(x,v) = p(x,v) (6.2.6)

ol A est un nombre complexe, ¢ une fonction donnée dans LP (Q2x V, dxdu(v)) et I'inconnue

1 doit étre cherchée dans D(Ty). On note que, pour A € C tel que ReA > —\, X € p(Tx)
et ’équation (6.2.6) s’écrit alors

(A = Tu)[I = (A = Tu) ' KJgb(x,v) = p(a, v). (6.2.7)

Pour inverser Popérateur I — (A — T) 'K, il suffit que |[(A — Ty) || ||K|| < 1 ou encore
ReA > —\+||K||. Pour de telles A, 'opérateur I — (A —Tp) LK est inversible et I'équation
(6.2.7) devient alors

Y(a,0) = 3 (A= Tu) 'K)" (A= Ti) "ol v).

n>0

Ceci montre que A € p(Ty + K) et

A=Tg—K)""=> (AN=Tu) ' K)"(A\=Tu)~". (6.2.8)
n>0
De plus, on a
— _ = ="
I =T = K) T < DN =Ta) MK <Y s
2 2 Ror+ 2
1
= e (6.2.9)
Red+ X — ||K]||
Enfin, on introduit I’hypotheése suivante :
(A1) les fonctions kc(lj )(-, ), 7 = 0,--- 1, apparaissant dans les noyaux des opérateurs
K fi sont positives, mesurables et il existe des constantes M?, j = 0, - - -, 1, telles que

0< ké(x,pj,w,w’) < Mg.
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6.3 Analyse spectrale

Dans le papier [30] par E. W. Larsen et P. F. Zweifel, 'analyse fine des propriétés spectrales
de Vopérateur Ty + K.+ K+ K. a été donnée pour des conditions aux limites absorbantes
(H = 0) dans I'espace L'. Dans [53], cette analyse a été étendue aux espaces LP, p €
[1,+00) en y incluant I’analyse spectrale du probléeme d’évolution. Notre objectif ici est
de compléter cette analyse lorsque le flux rentrant est non nul, c’est-a-dire H # 0.

6.3.1 Cas pe (1,00).

Dans cette sous-section, on va s’interesser au spectre de 'opérateur TH + K + K. dans
Pespace LP(2 x V,dzdu(v)). On rappelle que 'opérateur de collision K. est, en général un
opérateur linéaire borné intégral par rapport aux vitesses de la forme

Kep(z,v) = /ch(x,v,v/)go(x,v')du(v/) (6.3.1)

ou p € LP(Q x V,dxdu(v)) et ke : 2 x V x V — R est une fonction mesurable.

Il est clair que K. est local en x et donc il peut étre regardé comme une application de la
variable x,

x € Q — Ke(z) € LILP(V, du(v)))

Ke(x) : o € LP(V, dpu(v)) — Ke(z)p = /‘/kc(%vav')w(v')du(v')

est borné, i.e.
ess-sup || Ke(2) | 1o (v, dp(y) < 0©-
€S

Définition 6.3.1. Soient X et Y deux espaces normés, B la boule unité fermée de X et
C une partie de L(X,Y). On dit que C est collectivement compact si et seulement si

C(B) = {C(az); CelCxe B} est relativement compact dans'Y.
Dans la suite, on utilise le concept d’opérateurs réguliers introduit par M. M. Kharroubi
([45] ou [47]).

Définition 6.3.2. On dit qu’un opérateur K. de la forme (6.3.1) est régulier sur LP (€ x
V, dzdu(v)) si,

a) {Kq(x) : =z € Q} est un ensemble d’opérateurs collectivement compacts sur
LP(V,du(v)), i.e.

{K.(x)p : 2 €9, 1l o vapey) < 1} est relativement compact dans LP(V,du(v)).
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b) Pour tout ¢ € LI(V,du(v)),

{Kc(z)¢' : €, ng’HLq(V’du(v)) < 1} est relativement compact dans LI(V, du(v))

ol q est lexposant conjugué de p (q = %).

L’intérét des opérateurs de collision réguliers réside dans le fait qu’ils satisfont la propriété
d’approximation suivante.

Lemme 6.3.1. [/7] Les opérateurs de collision réguliers sont la fermeture pour la topologie
uniforme de la classe d’opérateurs dont le noyaux sont de la forme

> (@) fi(0)gi (),

icJ

ot o; € L>®(Q,dx), fi € LP(V,du(v)) et g; € LYV, du(v)) ou q = pp et J est un

ensemble d’indices fini.

On suppose que la mesure pu(-) satisfait ’hypothese

les hyperplans ont zéro pu-mesure, i.e.
(A2) pour chaque e € SV u{v € RV v.e =0} =0
ott SV~1désigne la sphére unité de RV,

On rappelle tout d’abord le résultat suivant obtenu dans [32].

Lemme 6.3.2. Soit Q un sous-ensemble conveze borné de RN et K. un opérateur de
collision régulier sur LP(2 x V,dzdu(v)). Si p € (1,400), |H|| < 1 et p satisfait (A2),
alors les opérateurs K.(\ — Ty)~t et (A —Ty) LK. sont compacts.

On pose
S:={AeC:Rex>-X+|K]}.

On est maintenant en mesure de montrer le résultat suivant :

Proposition 6.3.1. Soit Q un sous-ensemble conveze borné de RN et A € S. On suppose
que la condition (A2) est satisfaite. Si K. est un opérateur de collision régulier, alors les
opérateurs

KiA=Ty —K) ™ et \=Ty — K) 'K,

sont compacts.
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Démonstration. En raison de la propriété de la dualité [K((A\—=Tx —K)" )= (A\=Ty—
K)7'K. et le théoréme 2 dans [18, p. 485], il suffit de montrer le résultat par I’opérateur

KA=Ty—K)' = K.\ =Ty) ™'+ Y Ke(A—Ty) ' K)"(A = Tpy) "
n>1

La compacité de K (A — Ty — K)~! découle du lemme 6.3.2. Ceci termine la preuve. [J

Théoréme 6.3.1. Sous les mémes hypothéses que la proposition 6.3.1, ’ensemble
o(Tg+K+K)NS

consiste, au plus, a des valeurs propres isolées de multiplicité algébrique finie.

Démonstration. Soient ¢ € LP(Q x V,dzdu(v)) et A € C. On considere le probleme
AN=Tyg—K)p=¢ (6.3.2)
ou 1 est la fonction inconnue. Comme K = K+ K., si A€ S, alorson a
=\ =Ty —K)'KJp = (A =Ty — K) .
En tenant compte de (6.2.8), on peut écrire

A=Tyg—K) 'Ke=A—Ty) 'K+ > (A= Ti) ' K)"(\ — Tyy) ' K.

n>1

Soit F' : S — L(LP(Q2 x V,dxdu(v))) la fonction définie par S > A — F(A) = (A —
Ty — K)"'K. € L(LP(2 x V,dzdu(v))). En raison de la proposition 6.3.1, on a F()\) €
K(LP(QXV, dzdu(v))) (IC(LP(QX V,dxdu(v))) Pespace des opérateurs compacts sur LP(£2x
V,dzdu(v))).
En outre, comme [|H|| <1, en utilisant I'estimation (6.2.9), on obtient

15
ReX + X\ — || K|

IEMI <

Comme 7 (F (X)) < ||[F(N)]], il résulte de Pestimation précédente que

lim 7, (F(\) = 0. (6.3.3)

Red—o0

Ceci montre qu’il existe Ao € S assez grand tel que (I — F(\g)) est inversible. En tenant
compte du théoreme de Gohberg-Smul’yan (voir, par exemple, [29, Theorem 11.4] ou [51,
Theorem VI.14]), on déduit que (I — F(\)) est inversible pour tout A € S sauf pour un
sous-ensemble dénombrable D contenu dans S. Ainsi, pour A € S\D, on a

A=Tg—K—-K) '=[1—-F\)] '\=Tyg —K)™".
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Les points de D sont des valeurs propres isolées de multiplicité algébrique finie.
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A XK =X+ 1K)+ K

Corollaire 6.3.1. Sous les mémes hypothéses que le théoréme 6.3.1, on a :

UESS(TH + E\(/) = Uess(TH + f(/—F Kc)

Démonstration. Soit ¢ € LP(Q x V,dxdu(v)) et A € C vérifiant Re\ > X |IK + (K|
On note que le probléeme d’inconnue ¢, (A — Ty — K)p — K.p = 1, peut s’écrit sous la
forme

A=Tyg —K)p — (A= Ty — K) K] = .

En raison de I'équation (6.3.3), il est clair que si Re\ > X+ |K| + | Ke|, on a [|(A—
Ty — K)_chH < 1 et donc l'opérateur A — Ty — K — K, est inversible. On a alors

ATy —K-K) ' '=\=Ty —K) '+ Y (AN=Ty — K) 'K)"(A\ Ty — K) !

n>1
ou encore
ATy —K-K) ' —\=Ty—K) ' =Y (AN=Ty — K) 'K)"(A\ =Ty — K)~ 1.
n>1

En raison de la compacité de (A — Ty — K)'K., lopérateur (A — Ty — K — K¢)™' — (A —
Ty — K)~! est compact, la stabilité du spectre essentiel résulte du théoréme 1.4.1. O

6.3.2 Casp=1.

On se place maintenant dans I'espace L'(Q x V, dxdu(v)). L’'opérateur de collision K. est
un opérateur borné de la forme (6.3.1) définit sur L' (Q x V, dwdu(v)).

On note que dans l'espace L'(Q x V,dxdu(v)), on a une définition alternative pour les
opérateurs réguliers.
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Définition 6.3.3. L’opérateur de collision K. est dit régulier sur L' (2 x V, dzdu(v)), si
les conditions suivantes sont satisfaites :

1. l’ensemble
{ke(z, - 0") : (2,0") € A x V}

est faiblement compact dans L*(V,du(v)) ;
2. lapplication Q> x — K.(z) € L(LY(V,du(v))) satisfait

ess-  sup / | ke(z,v,0") | du(v) < oo.
(z)eQxV JV

On introduit les hypotheses suivantes requises ci-dessous.

(A3) La mesure p satisfait la propriété géométrique suivante

c3
/ M/ xA(tx)dt — 0, lorsque |A] — 0,
c1<z<cg 0

pour chaque ¢; < ¢ < 00 et ¢ < 0o. Par |A| on désigne la mesure de Lebesgue de A et
XA(.) représente la fonction caractéristique de A.

(A4) H est faiblement compact.

On rappelle le résultat suivant obtenu dans [32].

Lemme 6.3.3. Soit Q un sous-ensemble convexe borné de RN et K. un opérateur de
collision régulier sur L*(2 x V,dxdu(v)). Si les conditions (A3) et (Ad) sont satisfaits,
alors Uopérateur K.(\ — Ty ) 'K, est faiblement compact.

On rappelle que S désigne I’ensemble
S:={AeC:Rex>-X+|K]}.
On est en mesure de montrer le résultat suivant :

Proposition 6.3.2. Soit Q un sous-ensemble convexe borné de RN et A € S. On suppose
que les conditions (A3) et (A4) sont satisfaites. St K. est un opérateur de collision régulier,
alors opérateur N

K\—Ty - K) 'K,

est faiblement compact.

Démonstration. Pour tout A € S, on peut écrire

K\ =Ty — K)'Ke = KA = Ty) ' Ke + Y Ko((A = Ty) ' K)"(A — Tyy) "' K.

n>1

En raison du lemme 6.3.3, il suffit de montrer que K.(\ — Ty) 'K, et Kc(lj)(/\ —Ty) 'K,
(j =1,---,1), sont faiblement compacts. On va se contenter de montrer la faible compacité
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de l'opérateur K (A — Ty) 'K,, celle des autres opérateurs se fait de la méme maniere.
Selon I’équation (6.2.5), on a

K.\ —Ty) 'K.=K.B\H(I — M\H) 'GyK. + K.\ —Tp) ' K,.

Comme K.(\ — Tp) 'K, est faiblement compact (voir, [53, Théoréme 5.3.1]), il reste a
montrer la faible compacité de K.By\H (I — MyH) 'G\K,, celle-ci découle de la faible
compacité de H. ]

Théoréme 6.3.2. Sous les mémes hypothéses que la proposition 6.3.2, ’'ensemble
o(Ty + K+ K,)NS

consiste, au plus, a des valeurs propres isolées de multiplicité algébrique finie.

Démonstration. Soit ¢ € L*(Q x V,dzdu(v)) et A € C. On consideére le probléme

A=Ty — K — Kb = o, (6.3.4)

ol ¢ est la fonction inconnue. Comme S C p(Ty + K), on a

[[—\=Tyg —K) 'K =(\—Ty — K) 'o.

Soit F':' S — L(L'(Q x V,dzdu(v))) la fonction définie par S 3 XA = F(A) = (A =Ty —
K)'K, € L(LYQ x V,dzdu(v))). Comme (F(\))? est faiblement compact et 1'espace
LY (2 x V,dxdu(v)) admet la propriété de Dunford-Pettis, il résult de [18, Corollary 13, p.

510] que (F(\)* € K(LY(Q x V, dzdpu(v))) (IC(Ll(Q x V., dzdpu(v))) Pespace des opérateurs

compacts sur L'(Q x V, dxd,u(v))). En outre, en utilisant ’estimation (6.2.9), on obtient

4
Al

4
IEOT < rer 3 —m™

En tenant compte du fait que rg<(F()\))4) < ||[(F(\)|, on déduit de Pestimation précé-
dente que

lim
Red—o0

ro(FO))*)| =0 (6.3.5)

ce qui montre I'opérateur (I — F(\)*)~! existe, pour tout \g € S assez grand. En tenant
compte du théoréme de Gohberg-Smul’yan, on déduit que (I — F'(\)) est inversible pour
tout A € S sauf pour un sous-ensemble dénombrable D contenu dans S. En outre, comme
I—(FO)' =T —-FN){I+F\)+ (F(\)?+ (F(\)3?), d’ot, pour tout A € S\D, on a

(I =FO)™ =T+ FQ) + (FO)* + (FO))T = (FO)H
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Par conséquent, pour tout A € S\D on a :

(A= Ty — K = K) ™' = (I+ F(\) + (FON)? + (FO))(I — (FO)) (A~ Ty —

K) .

Les points de D sont des valeurs propres isolées de multiplicité algébrique finie.

ImM\

| e |

| - :

| K o

e o o

| ) |

| e S
| e |

| e e o |

i e .

—A XK =X+ K]+ (1K

6.4 Probléme d’évolution avec des conditions aux limites

périodiques dans LP(Q x V, dxdv),1 < p < +o0.

Dans cette section, on s’interesse a I’étude du probléme

Oy

i —(z,v,t) — o(v)p(z,v,t) +/ ke(z,v, 0" ) o(x, v t)d'
ox Vv

—(z,v,t) = —v

ot
l .

) i ! ! /

+]; /SN—l kd(x’ Py, W, W )@(xapjw ,t)dw

+ ke(x, p,w,w)o(z, pu’, t)dw'

SN-1

avec la distribution initiale

o(z,v,0) = @o(z,v).
et soumis aux conditions aux limites (périodiques)

‘P(QCaU?t) ’xz:*ai: gO(fL‘,U,t) |xi=aiv

(6.4.1)

(6.4.2)

(6.4.3)
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ou ) = Hi]il(—ai,ai), a; > 0,i=1,---,N, est un pavé ouvert de RYN. L’ensemble V'
désigne 'espace des vitesse admissibles. On rappelle que la fréquence de collision o(-) est
telle que

0<o() e L>®(V,dv), pour toutve V.

Les opérateurs de collisions K., K. et K4 sont linéaires et bornés, i.e.
K, € L(LP(Q x V,dzdv)), Ko, Kqe L(LP(Q x I x SV7L dzpdw)).

On définit 'opérateur d’advection périodique T},

dp

D(T}) = WE,(Q x V, dedv),
{ Tpyo(x,v) = —v.a—x(m,v) —o(v)p(z,v)

ol
WP (2 x V,dzdv) = {go € LP(Q x V,dzdv); v_g%" € LP(Q x V,dxdv) et

per i

2 ‘xi:—ai: 2 ‘xi:aiai - 17 te 7N}

Il est bien connu que 7}, engendre un Cp-semi-groupe. Comme les opérateurs K. + K, et
K.+ K. + K4 sont bornés, par le théoreme de perturbation de Phillips, les opérateurs
T, + Ke + Kq et T, + K. + K. + Ky engendre les semi-groupes (et(TP+K5+Kd))t>O et

t(Tp+Ke+Ket+Kq i
(etTptKe+Ke ))tzo respectivement.

Pour Iétude spectrale du semi-groupe (e!(7 e tKe+Ka)) +>0> On rappelle que
0o n—1
ot (TptKetKet+Kq) _ Z Vi(t) = Z Vi(t) + Ry (t)
i=0 i=0

ou

t
Vo(t) = dBHEAED o Vi (f) = / Vo(s) K. Vi(t — s)ds.
0

Le reste d’ordre n de la série de Dyson-Phillips est donné par
o0
Rn(t) _ Z V;(t) _ [et(Tp+K6+Kd)Kc]n % et(Tp—l-KC—l—KE—I—Kd).
=n

Le but de ce travail est d’établir la compacité du reste d’ordre 1 de la série de Dyson-

Phillips,
Rl (t) — et(Tp+Kc+Ke+Kd) _ 6t(Tp+Ke+Kd)’

On rapppelle que s’il existe n > 1 tel que R, (t) est un opérateur compact, alors on a

t(Tp+Ke+Ke+K, t(Tp+Ke+K,
w (e ( P d)) w S(e ( P d)).
En outre, si R; (t) est compact, alors on a
t(Tp+Kc+Ke+K, t(Tr+Ke+ K,
o (e ( P c e d)) =0 (6 ( P e d))
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On rappelle que K, est un opérateur de collision régulier (voir la section précédente).

L’opérateur de collision élastique K, est défini par

Ko : LP(Q x I x SN=1 dedpdw) — LP(Q x I x SN~ dzdpdw)
(2 —>/ (%, pyw, )Y (z, p,w")du. (6.44)
On introduit I’hypotheése suivante :
(A5) e pour tout ¢ € LP(SV~!, dw), I'ensemble
{éN—l ke(x)pvc“}’w,)w(w,)dw, : (33,,0) € x I? ||w||LP(SN—1,dw) < 1}
est relativement compact dans LP(SN~1, dw);
e pour tout ¢’ € LISV, dw),
{/ ke(z, p,w,w ) (w)dw : (z,p) € Q x I}
gN-1
est relativement compact dans L9(SN1, dw).
Sous I’hypothese (A5), on a :
HKG||£(LP(Q><I><SN—17dxdpdw)) = €s88-  sup HKe(-TaP)Hc(Lp(sN—l,dw))- (6.4.5)
(z,p)eQaxI
ot Ke(w,p):ap e LP(SN1) — ke(z, pyw, w )ih(w)dw'.

SN-1

Dans la suite, on utilise le résultat suivant dt a M. Sbihi [54].

Lemme 6.4.1. Un opérateur de collisions élastiques satisfaisant (Ab) peut étre approché
dans des opérateurs possédant un noyau de la forme

ki (z, p,w,w) Z%:z:,ofZ )gi (W)

e

ot o € L®(Q x I), f; € LP(SN=1) et g; € LI(SVN1) ot q =

d’indices fini.

L 1 et J est un ensemble

On suppose que les noyaux ké(-, ), 7 =1,--,1, satisfont I'hypothese (Al).
Maintenant, on est en mesure de montrer le résultat suivant :

Théoréme 6.4.1. Soit K. un opérateur de collision régulier dans LP(2 x V,dxdv). On
suppose que les hypothéses (A1) et (A5) sont satisfaites. Si pour tout D borné contenu
dans I x SN tel que

lim [ e “@Pdw =0, (6.4.6)

|z| =00 J D

alors, pour tout t > 0, Uopérateur Ry (t) = e!TrtKetKatKe) _ otl(TptKetKa) est compact.
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Avant de montrer ce résultat, on rappelle tout d’abord le développement des fonctions de
L?(Q x V,dzdv) en séries de Fourier. Soit ¢ € LQ(Q x V,dzdv), on peut écrire
k
(pk ZT('E.Z‘
- Y =

kezN

ot @g(+) est le coefficient de Fourier de ¢ d’ordre k, c’est-a-dire

1 .
wr(v) = / e_”rg“vgp(:v,v)dm, veV, kezl.
QVaa

On note tout d’abord que le volume du pavé ) est donnée par
N
Q=2]]a ai>0 i=1---N.

Par convention, on pose

a ai an

N
k
V2a = /10| = T[] vV2a; et — =2 Y (ki eZi=1,--- N).
i=1
La formule de Parseval permet d’écrire

2 2
H‘PHL?(va,dxdv) = Z HSOkHLQ(v,dv)-

kezZN
Le domaine de T}, est alors donné par
1 A
D(T,) = {(x,v) € LAQ x V,dwdv) : p(z,v) = 3 fgom)e”f%-x,
kezN 2a
k 2

> = ven(v < oo},

kezy 1 ¢ L2(Vidv)
Pour tout ¢ € D(T},), Tpp est donné par

Top(e,0) = 3 o (im0 — o(0))gr(w)ems
P V2a a

kezN

D’autre part, I'action du Cp-semi-groupe (Up(t))i>0 sur ¢ € L2(2 x V, dxdv) est donnée
par
Upp(z,v) Z —— (v e”T (z—vt) g=o (v}t (x,v) e QA x V,t>0.
v V2a
keZ
Preuve du Théoréme 6.4.1 D’apres le théoreme 1.7.2(i), il suffit de montrer que pour
tout t > 0,
t
/ elt=) Tyt Ket Ka) ¢ os(TptKetKa) g (6.4.7)
0
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est compact. Comme K, est régulier, il suffit d’établir la preuve pour un opérateur de
collision K. de la forme

Kep(z,v') = a(z) f(v) /Vg(v’)cp(x,v’)dv’ (6.4.8)

ou« € L™(Q) et les fonctions f(-) et g(-) sont positives, continues est & supports compacts.

En tenant compte du théoreme 1.7.3, il suffit de prouver le résultat pour p = 2. On note
que l'opérateur Uy K. est définit par

1 ’ ko, -k
Uo(t)Kep(x,v) := —a(x)f(v) / g’ e o )tcpk(vl e ™Aty ) emat
(t) >keZZN@<> () o0 ) )
ou .
or(v) :/—e_mg'xgp(x,v’)dm, v eV, keZV.
QV2a

Par ailleurs, on peut exprimer (et(TP+K€+Kd))t20 a 'aide de la série de Dyson-Phillips
relativement & (e!77);>0, i.e.

K1 = 3
§=0

ou

Uo(t) — etTo ot Uj+1(t) = /Ot Uo(S)(Ke + Kd)Uj(t — S)ds.

Nous savons aussi que la suite Kc(37_ Uj(t))n converge dans L(L*(Q x V,dxzdv) vers

KqetTrtKetKa) ypiformément borné en t. Il suffit donc de montrer que K, Y=o Uj (t) est
compact pour tous j € N.

Cas 1 j = 0. Dans ce cas, il suffit de montrer la compacité de K .Uy(t) par le théoréme de
Riesz-Fréchet-Kolmogorov, on est amené & montrer que, pour tout B8 C L2(Q x V, dzdv)
est borné. Alors

lim sup [[7pUo(t) K — Uo () K| f2(0) = 0 (6.4.9)
h—0 SDE%

La preuve de 1’égalité (6.4.9) est similaire & celle du théoréme 2.7 dans [40].

Cas 2 j > 1. Dans ce cas, on a

K.Uj = K. [Uy(K. + Kg))” * Uo
= [KCUOKe x* Ug K, + KUK x UgKg + KUy K g %« Uy K, + K UK g * UoKd] x

ot Z = [Up(K.+ Kq)[?~2 * Uy, il suffit de montrer que les opérateurs K. UgK, et K.UyKy
sont compacts. D’abord, on commence de montrer la compacité de 'opérateur K .UyK.. En
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raison du lemme 6.4.1 et 1’équation (6.4.8), opérateur K.UyK, peut se factoriser comme
suit

KUMK, = 6,5(1)

En tenant compte du théoreme 1.7.3, il suffit de démontrer le résultat pour p = 2. On
définit les opérateurs suivants

O1: ¢ € L*(Q) = ar(z) f(v)p(z) € L*(Qx V),

S e L0 118V 5 3 ([, o)l e ),
< [ )Ml (o, )™ € L x 1)
ou
Mylo](p,w) : \ﬁ/ as(x, p)p(z pw)efi”'g‘tdx, weSN Tt pelkezZN. (6.4.10)

11 suffit de montrer la compacité de S(t). D’apres le théoreme de Riesz-Fréchet-Kolmogorov,
on est amené & montrer que, pour tout B C L2(Q x I x SN~ dzdpdw'’) est borné. Alors

lim sup [[7.5(t)¢ — ()@l p2ixry < lim sup sup [7.5(8)[ple — S(@)[plel p2i) = 0

pEDB peDB pel
(6.4.11)
Soit ¢ € B. On pose
w@)i= [ o) Ml (ke ZY).
Un calcul simple montre que
2dp = nt "z ) d ’2d
Sl o =[] (0 7= [ oo o)t o) | dp
1 1 2 } )
< A [ o) Pa)2 = ([ | [ ot photar. poyde| do)2} dp

[ 2
< st laliae o [ (L, ([, ot ar) aw)ap

[
< g el [, ([ @) ([ lote,pol? az)aw)ap

2
_ ”042||Loo(9x1)

2
% HQQHLZ(SJ\’*l) |€2| H@HLQ(QXIXSN*l) :
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Par conséquent,

||a2HL°°(Q 1)
19kl L2y < TX 1921l 2sn—1) VI 0l 2 rxsv-1)
= llazll oo xr) 921l L2 v -1y 1€l L2 (@ 1 sy -1) - (6.4.12)

Par l'identité de Parseval

sup || 7,S(t)[plp — S(t)[p]SDH%Z(Q) B /Q

pel
2
1 , . :
Z 7<ez7r§.h_1)wk sup/ gl(w)[p]f2(w)efa(pw)tefm%.pwtdwemgz dr
kezN V2a pel JSN—1
_ ik b 22 (gt —inE puot g, |
= e — 11 [¢g]" sup g1(w)[plfa(w)e e e dw
keZN et Lo ?

Soit Ny € N. Selon I'inégalité de Cauchy-Schwarz, on a

.k 2 .k 2
S et -1 P sup | [ gr@)lplfat)e et
k pEI SN71
HEY
2
<a s [in(EEn)| S el sup | [ o1 (@)lpLfaw)e= et
|| <N keZN wer?
. T 2 2 2
<4 swp [sin(Gh)| S lsup{ [l @)lpll|fa(w)] de)
| |<n keZN pel = JSTT
2
. T 2 2 2
<4 sup |sin(=—.h Yr|” sup / g1(w dw / fo(w)]” dw
S ) k:‘Z:N' WPsup ([ la@ll o) ([ 1) do)
=4 sup |sin( ——h Z \1/Jk| Cy Hf2||L2 (SV-1)
| &[<No kezZN

ou

Co=sw ([ lon(@pll ).

pel

Maintenant, en utilisant I’équation (6.4.12), on peut écrire

. 2 . 2
> et -1l |wk\2sup‘/ 91(pw) fa(w)e™ 7P eI gy
[£]<, et s
LN 2 2 2 2
< 4“5’111) Sm(§a-h) ”O‘QHLOO(QXI) H92HL2(SN*1) HSOHL?(QXIXSN*) Cy HfQHL?(SN*l)
+1<No
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Comme B est borné, il est clair que lorsque h — 0,

sin(%%.h)) — 0 et donc on obtient

2
lim sup sup =0.

h—0 ,eB perl ’

. 2
elﬂg.h . 1’ |wk‘2

/Sm 01(pw) folw)e o Ptk pot g,

‘SNO
(6.4.13)
On suppose que ¢ k> Np, on a

A 2 2
> femet 1| el sup
pel

|&|=No

/SN,1 91 (W) [p]f2(w)€_g(pw)te_i7rf-pwtdw

2

<4 il sup. ||f2HL2(SN 1) Sup
kezN | &[> pel

/ 7 (w)[p]e—a(pw)te—inf.pwtdw
supp(g1)

En outre, en utilisant I’équation (6.4.12), on peut écrire

2

.k 2 . —irk
> femet - '¢k'28“13\/Sw_lgmw)[p]fz(w)e (Pl e ima Pty
HEX ’
2

< 4/gall7 (SN-1) HaQHLOO QxI) llell? Hf2HL2 sN~1) SUP
p

[ qlple e imita
supp(g1)

Comme Supp g1 est compact et g (w)[ple ?P)tdw est absolument continue par rapport a
dw, I’hypothese 6.4.6 implique que

2

lim  sup Z su =0. (6.4.14)

N0—>OO ’

pl[  gw)lple e T
|>No |£]>No p€el |/supp(g1)

Comme B est borné, en utilisant ’équation (6.4.14), on obtient

emih 1] g

lim sup sup sup Z
N()*)OO ]’LERN (PE‘B pEI ‘k |>N

2
/SN (@)l fa(w)e e STl = 0. (6.4.15)

Ensuite, en tenant compte des équations (6.4.13) et (6.4.15), on déduit que

}lllg%zlelp [0S () = S)ell 25y = 0.

Ceci permet de conclure que K.UyK, est compact.

Pour compléter la démonstration, il suffit d’établir que l'opérateur K .UyK, est compact.
En effet, selon la condition (A1), 'opérateur K4 est borné, en tenant compte du résultat
du cas 7 = 0, on voit que K .Uy est compact et donc 'opérateur K .UyKy est compact sur
L*(Q x V, dzdv).
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Enfin, par interpolation (voir théoréme 1.7.3), e!(TptKetKetKa) _ ot(Tp+Ket+Ka) egt compact
sur LP(Q x V, dzdv) pour tout p € (1,+00). Ceci acheve la démonstration. O

Comme conséquence immédiate du théoréeme 6.4.1, on a :

Corollaire 6.4.1. Si les conditions (A1) et (Ab) sont satisfaites, alors pour toutt > 0 on
0 Oegs (Tt EetEetKa)y — 5 (HTytKetKa)) | B particulier,

(et(Tp+Kc+Ke+Kd)) TP+KE+Kd))‘

t
Wess = Wess (6 (

Remarque finale.

Pour le probléme d’évolution, il reste & traiter le cas de I'espace L'(Q x V, dxdv). 11 s’agit
d’un travail en cours. On pense qu’on a la faible compacité du Reste d’ordre deux de
la série de Dyson-Phillips. Pour les applications et en particulier pour ’analyse du com-
portement asymptotique (pour les grands temps) de la solution du probleme du Cauchy
(6.4.1)-(6.4.3), ce resultat est amplement suffisant car il entraine le fait que le semi-groupe
(et<TP+K<f+Kd))t>O et le semi-groupe (et(Tp+KC+K5+Kd))t>O ont le méme type essentiel.
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Analyse mathématique de quelques équations intervenant en
dynamique des populations et en cinétique des gaz

Résumé Les travaux présentés dans cette theése portent sur l'analyse mathéma-
tique de quelques équations intervenant en dynamique des populations et en cinétique des
gaz. On s’est intéressé tout d’abord a une version non linéaire d’'un modele di a Lebowitz
et Rubinow en 1974 pour décrire une population cellulaire. On a établi des résultats
d’existence et d’unicité aussi bien les solutions au sens de Bénilan que les solutions
fortes du probleme d’évolution correspondant. Cette analyse a été étendue ensuite a
une perturbation de ce modele par un opérateur non linéaire et pour des conditions
aux limites locales et non locales. Cette partie a été complétée par 1’étude des résultats
d’existence des solutions du probleme stationnaire correspondant. Le second volet de
ce travail traite de 'existence des solutions d’une version non linéaire stationnaire d’un
modele dii & Rotenberg en 1983. Le dernier chapitre de ce travail a été consacré a ’analyse
spectrale d’'une équation de transport neutronique faisant intervenir des opérateurs de
collision élastiques et inélastiques. Le probleme d’évolution correspondant ainsi que le
comportement asymptotique (pour les grands temps) de la solution ont été considéré
pour des conditions aux limites périodiques.

Mots-clés Equations d’évolution, opérateur m-accrétif, solusion au sens de Bénilan,
solution forte, opérateur de transport, dynamique des populations.

Mathematical analysis of some equations arising in the
dynamics of populations and the kinetic of gas

Abstract The work presented in this thesis deals with the mathematical analysis
of some equations arising in the dynamics of populations and the kinetic of gas. First, we
focused on a non-linear version of a model introduced by Lebowitz and Rubinow in 1974
to describe a cells population. We discussed the existence and the uniqueness of solutions
of both Bénilan’s solution and strong solutions to the corresponding evolution equation.
This analysis was subsequently extended to a perturbation of this model by a nonlinear
operator for local and non-local boundary conditions. This part was supplemented by the
study of existence of solutions to the corresponding stationary problem. In chapter 5, we
discuss the existence of solutions to a stationary nonlinear version of a model describing
the evolution of a cells population introduced by Rotenberg in 1983. The last chapter of
this work is devoted to the spectral analysis of a neutron transport equation involving
elastic and inelastic collision operators. The corresponding evolution problem as well as
the asymptotic behavior (for large times) of the solution was considered for periodic
boundary conditions.

Keywords Equations of evolution, m-accretive operator, solution in the sense of Bénilan,
strong solution, transport operator, dynamic of populations.
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