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RESUME iii

Résumé

Dans cette these, on étudie diverses propriétés dimensionnelles de la régularité de processus de
diffusions a sauts, solutions d’une classe d’équations différentielles stochastiques a sauts. En
particulier, on décrit la fluctuation de la régularité holdérienne de ces processus et celle de la
dimension locale de la mesure d’occupation qui leur est associée en calculant leur spectre multi-

fractal. La dimension de Hausdorff de I'image et du graphe de ces processus sont aussi calculées.

Dans le dernier chapitre, on utilise une nouvelle notion de dimension dite “de grande échelle”
pour décrire asymptote a l'infini du temps de séjour d’'un mouvement brownien en dimension

1 sous une frontiére glissante.

Mots-clé:

Equations différentielles stochastiques a sauts, Processus de Markov, Régularité locale, Multifrac-
tals, Image et graphe, Dimension de Hausdorff, Dimension de Hausdorff macroscopique, Proces-

sus ponctuel de Poisson.
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ABSTRACT v

Abstract

In this dissertation, we study various dimension properties of the regularity of jump diffusion
processes, solution of a class of stochastic differential equations with jumps. In particular, we de-
scribe the fluctuation of the Holder regularity of these processes and that of the local dimensions
of the associated occupation measure by computing their multifractal spepctra. The Hausdorff

dimension of the range and the graph of these processes are also calculated.

In the last chapter, we use a new notion of “large scale” dimension in order to describe the

asymptotics of the sojourn set of a Brownian motion under moving boundaries.

Keywords:

Stochastic differential equations with jumps, Markov processes, Local regularity, Multifractal
analysis, Range and graph, Hausdorff dimension, Macroscopic Hausdorff dimension, Poisson

point process.
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2 INTRODUCTION

Dans la théorie des probabilités, les processus aléatoires les plus naturels sont partout irréguliers.
Par exemple, le mouvement brownien est continu mais nulle part dérivable. De méme, les proces-
sus de Lévy sautent en général sur un ensemble dense de points; nous verrons d’autres exemples
de processus irréguliers par la suite. Il est donc naturel d’étudier la régularité locale des proces-
sus stochastiques. Un outil pertinent pour décrire la fluctuation de régularité des trajectoires est
lanalyse multifractale. C’est I’approche que nous allons développer dans la majeure partie de

cette thése.

Beaucoup d’auteurs se sont intéressés a la régularité fine du mouvement brownien. Par au-
tosimilarité, la croissance locale du mouvement brownien se comporte en moyenne comme une
fonction racine carrée. Lévy [82] a établi le module de continuité global exact du brownien qui
est effectivement la fonction racine carrée avec une correction logarithmique. Cela établit une
borne supérieure pour la régularité locale. En contrepartie, Paley, Wiener et Zygmund [96] ont
montré que la régularité holdérienne locale ne peut étre supérieure a 1/2. La situation change to-
talement pour les processus de Lévy car la régularité holdérienne dépend du point considéré. En
effet, un subordinateur est différentiable en Lebesgue presque tout point grace a la monotonie
des trajectoires, pourtant il saute sur un ensemble dense de points. En réalité, il y a un con-
tinuum de valeurs possibles pour ’exposant de Holder des trajectoires d’un processus de Lévy.
L’analyse multifractale permet de décrire I'ensemble des comportements locaux possibles d'une
fonction (en particulier un processus de Lévy), et de quantifier la taille (en terme de dimension de
Hausdorff) des ensembles de points ayant un comportement local donné. Mais paradoxalement,
ce type d’étude n’a été mené que pour des classes tres restreintes de processus, desquelles font

partie le mouvement brownien [95, 98], les processus de Lévy [61] et les temps locaux [87].

Il est naturel de s’intéresser a ces questions d’analyse multifractale pour des classes plus générales
de processus, notamment les processus de Markov a sauts. Ces derniers sont 'objet central de
cette these. Nous allons étudier une classe importante de processus de Markov a sauts, appelée
diffusion a sauts, qui est définie trajectoriellement par une équation différentielle stochastique
guidée par un mouvement brownien et une mesure aléatoire de Poisson. Tout comme le proces-
sus de diffusion continue (EDS guidé par un brownien seul) généralise le mouvement brownien,
le processus de diffusion a sauts généralise les processus de Lévy. Ces processus ont eu de nom-
breuses applications en finance (évaluation d’option, modéle de Merton [2, 35]), en physique (dy-
namique de Langevin, diffusion des neutrons dans une liquide [33, 79]), en biologie (coalescence,
évolution d’une population [26, 77]). Les deux premiers chapitres de cette thése sont consacrés d

Panalyse multifractale de diffusion a sauts.

Il y a bien d’autres caractéristiques qui décrivent la rugosité d’un processus.

Une mesure pertinente de la rugosité d’un processus est fournie par la dimension de Hausdorff de
son image et son graphe. Ce type d’étude a été initié par Taylor [111], qui a prouvé que 'image du

mouvement brownien d-dimensionnel admet min{d, 2} pour dimension de Hausdorff, presque



INTRODUCTION 3

surement. Depuis, beaucoup de travaux ont été menés pour déterminer la dimension de I'image
d’un ensemble quelconque par différents types de processus stochastiques : les processus de
Lévy [54, 102], le mouvement brownien fractionnaire [110, 116], ainsi que leurs extensions multi-
paramétres [4, 115]. En pratique, ces quantités ont 'intérét de pouvoir étre estimées rapidement
par ordinateur, donc elles font partie des estimateurs importants pour la statistique des données
financiéres [18, 86, 94]. Dans le Chapitre 3, nous allons étudier la dimension de I'image et du graphe
de la diffusion a sauts de type stable (“stable-like”), introduite par Bass [15]. La dimension de I'image

d’un ensemble quelconque par ces processus est aussi calculée, voir la fin du Chapitre 4.

Une autre fagon de décrire la régularité d’un processus consiste a étudier la mesure d’occupation

qui lui est naturellement associée.

La mesure d’occupation d’un processus X a valeurs dans R?, définie pour tout borélien A C R?

par
t
A) = X,)d
ne(A) /01A< ) ds )

décrit le temps passé par X dans I’ensemble A avant I'instant ¢. C’est 'objet “dual” du processus
X dans le sens suivant : plus la mesure est réguliére, plus le processus est irrégulier. L’existence
de temps locaux (densité d’occupation par rapport a la mesure de Lebesgue) pour le mouve-
ment brownien uni-dimensionnel a été établie par Lévy. En dimension supérieure, la densité
d’occupation brownienne n’existe pas. Dans ce cas, 'outil approprié pour décrire la régularité

locale est la dimension locale de i en tout point = de son support, définie par

o (B, 1))

r—0 Inr

Perkins et Taylor [99] ont prouvé que le mouvement brownien d-dimensionnel (d > 2) admet 2
pour dimension locale en tout point de son support. La situation est & nouveau complétement
différente pour un processus de Lévy. En effet, Hu et Taylor [55] ont découvert que les points typ-
iques de la mesure d’occupation d’un subordinateur «-stable admettent a pour dimension locale,
mais ’ensemble des points dont la dimension locale supérieure (remplacer lim par lim sup dans
la définition) vaut h € [a, 2a] a une dimension de Hausdorff non triviale. Signalons également
que la mesure d’occupation admet I'image de X pour support. Ainsi, ’étude de la dimension
locale de y est utile pour calculer la dimension de 'image de X. Dans le Chapitre 4, nous allons

effectuer ’analyse multifractale de la mesure d’occupation de diffusions a sauts de type stable.

Pour décrire des phénoménes d’échelle des sous-ensembles de I'espace discret (comme Z?), Bar-
low et Taylor [8, 9] ont introduit dans la fin des années 80 une nouvelle dimension fractale qu’ils
ont appellé “dimension de Hausdorff macroscopique”. L’idée est que cette dimension ne dépend

que du comportement asymptotique a I'infini des ensembles.

Il existe également une “dimension de masse” qui est utilisée par exemple en théorie des nombres

et en physique statistique. Des exemples classiques d’ensembles étudiés comprennent la com-



4 INTRODUCTION

posante connexe infinie d’un processus de percolation, I'image d’une marche aléatoire. Cest
l’analogue de la dimension de Minkowski a grande échelle. Intuitivement, si £ C N, la valeur

de cette dimension de masse est le réel positf « tel que
#H{ke E:k<n}~n”

pour tout n suffisament grand.

Signalons que Barlow et Taylor [8] ont construit des exemples pour lesquels la dimension de

Hausdorff macroscopique et la dimension de masse sont différentes.

Tres récemment, Xiao et Zheng [118] ont étudié I'image d’une marche aléatoire dans I’environnement
aléatoire via cette dimension. Georgiou et al. [53] ont établi des résultats sur 'image d’une
marche aléatoire transiente quelconque, résolvant une question de Barlow et Taylor [9]. La di-
mension de Hausdorff macroscopique est utile également dans I’étude des sous-ensembles de R?
: par exemple, Khoshnevisan, Kim et Xiao [71] ont quantifié via cette dimension les hauts pics
spatiaux dans un voisinage de I'infini de la solution d’une équation de la chaleur stochastique

avec un bruit additif (ou multiplicatif).

Le dernier chapitre est consacré a I’étude du temps de séjour d’un mouvement brownien en dimension

1 sous une frontiére glissante. Soit ¢ : RT™ — RT et

E(p) = {t > 0:[Bi| < (1)}

Uchiyama [113] a considéré I’existence de densité supérieure (a I'infini) par rapport a la mesure
de Lebesgue de ces ensembles E(p). Il a démontré des identités remarquables sous I’hypothese
que la frontiére glissante ¢ croit vers I'infini comme une fonction racine carrée avec une correc-
tion logarithmique. On va s’intéresser au temps de séjour du brownien sous des frontiéres qui
croissent beaucoup plus lentement que la fonction racine carrée et on calcule la dimension de
Hausdorff macroscopique et la dimension de masse de ces ensembles de séjour. Cela permet de

quantifier la fluctuation et la récurrence des trajectoires browniennes.

0.1 Notations, définitions et historique

Soit (X;);>0 un processus stochastique 4 valeurs dans RY défini sur un espace probabilisé (2, F, P).
L’étude systématique de la continuité des trajectoires a été initiée par Doob [37, 38]. 1l a été
compris ensuite, a travers de travaux de Lévy [81, 82], Doob [39, 40], Kinney [72], Kolmogorov-
Chentsov [32], que la plupart des processus (par exemple, martingales, processus de Feller et
beaucoup de processus gaussiens) ont des trajectoires continues a droite avec limites a gauche
(cadlag). Notons cependant ’exemple d’un processus dont les trajectoires sont presque surement

nulle part bornées introduit par Maejima [84] et récemment considéré par Balanga [6].
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En 1828, le botaniste écossais Brown a observé le mouvement erratique d’un pollen en suspen-
sion dans une fluide. C’est l'origine du premier processus stochastique en temps continu : le
mouvement brownien. En 1900, Bachelier se sert du mouvement brownien dans la théorie de la
spéculation [5]. Plus tard en 1905, Einstein [47] I’a utilisé pour la théorie cinétique des molécules.
Cependant, c’est Wiener [114] en 1923 qui a fondé I’étude mathématique du mouvement brown-
ien. Son approche est de construire une mesure de probablité qui porte maintenant son nom sur

I'espace des fonctions continues.

La nulle part dérivabilité du brownien peut étre précisée par une notion de régularité locale
entre la continuité et la dérivabilité. La notion naturelle est I'exposant de Holder ponctuel que

I'on rappelle maintenant.

Définition 1. Soittg € RT et f : RT — R localement bornée. On dit que f appartient a C"(ty) s’il
existe des constantes C,§ > 0, un polynéme P de degré au plus | h|, tels que pour toutt € B(to, ),

|£(8) = P(t —to)| < [t —to|".
On définit U'exposant de Hélder de f en tg par
Hi(tg) = sup{h > 0: f € C"(t)}.

Remarque 1. Le polynome P joue le role du développement de Taylor pour les fonctions lisses.

Lorsque Hy(to) < 1, ce polynéme est nécessairement la constante f (o).

Il s’avére que le mouvement brownien n’est pas sensible a 'exposant de Holder ponctuel. En effet,
(82, 96], avec probabilité 1, pour tout t € [0, 1], Hg(t) = 1/2, voir cependant le travail de Orey et
Taylor [95] et celui de Perkins [98] qui ont cherché la fluctuation logarithmique de la régularité
locale du brownien. Mentionnons également la méthode d’anayse harmonique qui consiste a
décomposer X sur une base de Schauder ou sur une base d’ondelettes plus générales pour établir
des résultats fins sur la régularité locale [4, 19, 30]. On peut aussi regarder un interview de

Kahane [64] pour plus d’historique sur le brownien.

Les processus a sauts occupent une place incontournable dans 'ensemble des processus stochas-
tiques. Le premier exemple est le processus de Poisson simple qui est utilisé par Lundberg en
1903 pour modéliser 'arrivée successive des accidents. On rencontre tout de suite des processus

a sauts plus compliqués si on étudie des fonctionnelles trés simples de processus continus. Par
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exemple, le processus de temps de passage d’un brownien
Va>0, To,=inf{t>0:B;>a}

est un processus a sauts. De plus, T fait partie d’une classe trés importante de processus a sauts
: les processus a accroissements indépendants et stationnaires (PAIS), appelés les processus de
Lévy en I’honneur du probabiliste francais Paul Lévy qui a eu une contribution fondatrice dans ce
domaine. En 1934, le travail révolutionnaire de Lévy [81] a caractérisé les processus a accroisse-
ments indépendants en terme d’une diffusion et une composante de saut. Itd [57] a montré en
1942 que la composante de saut peut s’écrire comme une intégrale de Poisson, qui donne la for-
mulation finale de la décomposition de Lévy-Itd énoncée ci-dessous. La représentation de la
fonction caractéristique des PAIS est donnée par Lévy lui-méme [82], puis Khintchine [66]. On

pourra consulter [24, 25, 104] pour des références sur le sujet.

Soit m une mesure sur R%. Le processus ponctuel de Poisson d’intensité 7 est un processus
ponctuel P = (A4, t > 0) a valeurs dans R? tel que pour tout E C R? avec n(E) < +oo0,
le processus de comptage ¢t — #{s < [0,t] : Ay € E} est un processus de Poisson simple

d’intensité 7(E). La mesure aléatoire de Poisson N engendrée par P est la mesure discréte

N(dt,dz) = > dpay.
t:A€RI\{0}

La mesure de Poisson compensée est la mesure signée qui s’écrit
N(ds,dz) = N(ds,dz) — ds @ n(dz).

Théoréme 1. (Lévy [81], Itd [57]) Soit X un processus de Lévy a valeurs dans R%. Alors il existe

une matrice d x d définie positive A, un vecteur b € R?, et une mesure w sur R? vérifiant
/1 A lz|*7(de) < 400

tels que

t ~ ¢
X¢ = AB; + bt + / / x N(ds,dx) + / / xN(ds,dz).
0 Jz|<1 0 Jz|>1

ot B est un mouvement brownien d-dimensionnel, N est une mesure aléatoire de Poisson compensée

d’intensité m(dx) indépendante de B.

Cette décomposition est extrémement utile pour I’étude de la régularité des processus de Lévy.
En effet, Jaffard [61] a fait une analyse fine de la configuration du temps et de la taille des sauts,
qui a conduit a la détermination de I'exposant de Holder Hx (t) pour tout ¢. En particuler, il a

montré que 'exposant de Holder ponctuel d'un processus de Lévy général dépend du point con-
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sidéré et que la fonction ¢ — Hx (t) est partout discontinue. On voit tout de suite que ’analyse

multifractale est le cadre adéquat pour donner des informations organisées de la régularité locale.

Nous allons faire ’analyse multifractale d’une classe de processus plus générale, englobant les

processus de Lévy, qu’on appelle les diffusions a sauts.

Bien que I'idée d’une équation différentielle stochatique (EDS) apparaisse déja dans les travaux
de Langevin [79] et Bernstein [21], la théorie rigoureuse et systématique d’EDS est fondée grace
a des travaux du probabiliste japonais Kiyoshi It6 [58, 59]. L’EDS guidée par un processus de
Lévy apparait déja dans [59].

On appelle diffusion a sauts la solution d’une EDS a sauts définie comme suit. Soit (2, F, (F3), P)
un espace probabilisé filtré qui vérifie les conditions usuelles. Soient B un mouvement brownien
standard d-dimensionnel et P un processus ponctuel de Poisson sur R? définis tous les deux sur
cet espace probabilisé. Notons N la mesure aléatoire de Poisson engendrée par P et N la mesure

compensée. Considérons I’equation suivante (dans R?)
t t t ~
X = Xo +/ 0(Xs—)dBs +/ b(Xs)ds—l—/ G(Xs—,z)N(ds,dz). (2)
0 0 0 Jlz<1

La solution existe s’il y a un processus X adapté a (F;) qui vérifie (2). Il y a unicité trajectorielle si
deux solutions quelconques X et X’ sont indistinguables, c’est-a-dire que P(V¢ > 0, X; = X]) =
1. Les conditions classiques sur les coefficients o, b, G pour que 'unique solution trajectorielle
existe se trouvent dans [59]. Larecherche de conditions optimales pour avoir unicité trajectorielle
reste un domaine trés actif dans I’étude des EDS, voir [16, 50, 51, 83]. L’équation (2) sera l’objet
d’étude central dans cette thése. On s’attend a obtenir U'exposant de Holder encore plus chaotique
que celui des processus de Lévy, vu que la dynamique de diffusion a sauts est plus compliquée, moins

explicite.

Pour décrire la taille des ensembles de singularités d’un processus X, c’est-a-dire les ensembles

de niveau de 'exposant de Holder
Ex(h) = {t>0: Hy(t) = h},

on a besoin de la notion de dimension de Hausdorff. En effet, comme I’a montré Jaffard, les
ensembles de singularités pour un processus de Lévy sont en général denses dans n’importe quel

intervalle. La dimension de Minkowski vaut toujours la méme valeur pour tous les ensembles de
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singularité, donc ne permet pas de distinguer les différentes régularités. On pourrait également

considérer la dimension de packing, mais on va travailler avec la dimension de Hausdorft.

Définition 2. Soient E C R% et 0 < s < d. La mesure de Hausdorff s-dimensionnelle de E est
définie par

—+00 —+00
$(E) = lim Hi(E) = lim i 1 i il <o.
H(B) = lim H5(E) ggrg)lnf{;IQzl ECHQetIQ\_é}

L application s — H®(E) étant décroissante, on définie la dimension de Hausdorff de E par

dimy, F = inf{s : H*(E) = 0} = sup{s: H*(F) = +o0}.

La dimension de Hausdorff permet d’analyser finement des ensembles “compliqués” (comme par
exemple un ensemble de Cantor) dans I'espace euclidien ou un espace métrique plus général. Elle
est la notion centrale dans une branche récente de mathématiques : la géométrie fractale. C’est le
mathématicien franco-américain Benoit Mandelbrot qui a inventé la terminologie “fractal” pour
décrire mathématiquement beaucoup de phénomeénes qui exhibent d’une facon ou d’une autre

des propriétés d’auto-similarité ou de rugosité, voir [48, 85].

L’image, le graphe et la ligne de niveau d’un processus stochastique donnent des classes trés
intéresssantes de fractals aléatoires. Prenons I'image comme un exemple. Le tout premier travail
sur ce sujet est celui de Taylor [111], qui a utilisé la méthode de la théorie potentielle pour calculer
la dimension de I'image du brownien. On a attendu ensuite des années [27, 54, 63, 88, 101] avant
que Pruit [102] établisse la formule de dimension de I'image d’un processus de Lévy général en
terme de sa mesure potentielle. Récemment, Khoshnevisan, Xiao et Zhong [69, 70] ont développé
la théorie potentielle des processus multiparametrés (les processus de Lévy additifs) et 'argument
de co-dimension pour écrire la dimension de I'image d’un processus de Lévy général en terme de
son exposant caractéristique. Comme déja dit, pour étudier 'image de X, sa mesure d’occupation
i joue un role primordial car cette derniére est la mesure naturelle portée par 'image. Le lien
entre la dimension de 'image et la mesure d’occupation est résumé dans le lemme suivant, appelé

le principe de distribution de masse.

Lemme 1. Soit ;1 une mesure finie positive portée par un ensemble £ C R, Supposons que pour

u-presque tout x,
In(u(B(z,1)))

liminf —————2222 > 3.
r—0 Inr

Alorson adimy E > s.

On introduit maintenant le spectre multifractal, connu aussi sous le nom du spectre de singular-

ités.



0.1 NOTATIONS, DEFINITIONS ET HISTORIQUE 9

Définition 3. Le spectre multifractal d’une fonction X est Uapplication
DX h— dimg_[ Ex(h)

pourtouth > 0 ot Ex (h) est I'ensemble iso-holdérien Ex (h) = {t : Hx(t) = h}. Par convention,

En pratique, 'exposant de Holder Hx (-) peut étre une fonction trés erratique (c’est le cas des
processus de Lévy), le calcul de Hx (-) est donc totalement instable numériquement. On désire
plut6t dans ce cas obtenir des informations moins précises, plus qualitatives : quelles sont les
valeurs de h 'exposant Hx (-) peut prendre, et quelle est la dimension de Hausdorff de E'x (h)
? L’analyse multifractale cherche a répondre ces questions. La régularité locale de diffusion a
sauts est encore plus erratique que celle des processus de Lévy, donc 'analyse multifractale reste

une machinerie satisfaisante pour décrire sa régularité locale.

Avec le méme esprit que pour des processus stochastiques, ’analyse multifractale permet de
décrire la régularité locale de mesures aléatoires. La notion de régularité pour des mesures que

nous allons utiliser est la suivante.
Définition 4. Soit ;1 une mesure positive sur R? et x € R?%. La dimension locale supérieure de j en

x est

diifﬂ(/% .f) = lim sup M
r—0 Inr

On définit de facon similaire la dimension locale inférieure de 1 en x

In(p(B(x,7)))

di — liminf
dim(y, z) = lim in nr

Lorsque la dimension locale supérieure et inférieure de y en x coincident et sont égales a h, on dit

que la dimension locale de . en x vaut h, noté par dim(u, x) = h.

L’accent est mis sur la mesure d’occupation de diffusion a sauts dans cette thése.

Définition 5. Le spectre multifractal supérieur de la mesure d’occupation p d’un processus X est
Papplication
d,(-) : h— dimy{z € Supp(p) : dim(u, z) = h}.

On définit de fagon similaire le spectre multifractal inférieur d,(-).

On termine cette section introductive avec un résumé de la théorie de dimensions a grande échelle

récemment développée par Barlow et Taylor [8, 9]. Des modéles discrets en physique statistique
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sont couramment gouvernés par une loi de puissance. L’intention initiale de Barlow et Taylor est
de définir une notion de fractals dans un espace discret, comme par exemple Z¢, a 'aide d’une
nouvelle notion de dimension adaptée, appelée dimension de Hausdorff macroscopique. Ils déter-
minent la dimension de Hausdorff macroscopique de 'image d’une marche alatoire transiente en
terme de la fonction de Green associée [9]. Cette dimension de grande échelle a été étendue dans
[9] aux ensembles quelconques d’un espace continu comme R?. L’idée est de trouver une no-
tion de taille qui ignore la structure locale des ensembles (qui est naturelle si on s’intéresse a des
ensembles dans Z¢), qui en méme temps quantifie le comportement asymptotique a I'infini des

ensembles.

Pour définir la dimension de Hausdorff macroscopique, on a besoin de quelques notations. On
définit des cubes dans R?

Qz,r)={ueR:z; <wu; <z +7r}.
Notons s(Q) = r > 0 la longueur du c6té d’un cube () et introduisons les couronnes
Sp={z eR?: |z] € 271,27}

On considére une sorte de capacité d’ensembles restreinte a toutes les grandes couronnes. Pour

tout E ¢ R% n € Net p > 0, on introduit la quantité

vy (E) = inf{z <S(Qi))p :ENS, C UQi avec s(Q;) > let@; C Sn} )

omn
i=1 =1

Les quantités v (E) ressemblent a la mesure de Hausdorff d’'un ensemble mais les recouvre-
ments sont composés des cubes de taille grande (supérieure a 1). Ceci est fait expres pour que la
structure locale des ensembles n’ait pas d’influences sur cette dimension de grande échelle. En

plus, la contribution de chaque cube est calculée en tenant compte de la couronne repere S,,.

On peut maintenant définir la dimension de Hausdorff macroscopique et les dimensions de masse.

Définition 6. Soit E C R?. La dimension de Hausdorff macroscopique de E est définie par

DimgFE =inf¢ p>0: ZV;‘(E) < 400 ). (3)
n>0

Les dimensions de masse supérieure et inférieure de E sont

log(|E
Dimyy F = lim sup og(1E 0 [0, n]l)
n—+00 logn

log(|E
Dimgy  — lim inf 28UE 107D
n—+00 logn
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Il est clair [8] que pour tout £ C R?,

Afin d’obtenir une borne inférieure de Dimy F, un analogue du principe de distribution de masse

est utile. L’enjeu est de trouver la bonne mesure portée par 'ensemble E.

Lemme 2. Soit E C S,,. Soit ;1 une mesure finie sur R? portée par E. Supposons qu’il existe des

constantes finies positives C' and p, telles que pour tout cube Q(x,r) C S,, avecr > 1,0n a

w(Q(z,r)) < CrP.

Alors
v, (E) > C127mu(S,).

Par la suite, on va présenter les travaux de thése en utilisant toutes les notions mentionnées dans

cette section.

0.2 Présentation des travaux de thése

Rappelons que I’étude principale de cette thése porte sur la solution de EDS (2), appelée un

processus de diffusion a sauts.

Multifractalité de diffusion a sauts

Diverses propriétés de régularité des processus de Lévy ont été étudiées par beaucoup d’auteurs.
Par exemple, Bertoin a considéré la différentiabilité et le taux de croissance local [22, 23]. En
1999, Stéphane Jaffard [61] a établi la nature multifractale des processus de Lévy. Son approche
originale a suscité beaucoup de travaux sur la multifractalité des processus a sauts [6, 10, 12, 43,
44).

Soit X un processus de Lévy a valeurs dans R?, avec triplet (A, b, ) dans sa décomposition de
Lévy-It6. Pour simplifier ’énoncé, on suppose que A = 0. Le cas général peut se traiter facile-

ment une fois que le cas sans diffusion (A = 0) est fait. Soit 8 'indice supérieur de Blumenthal-
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Getoor [28] de X, c’est-a-dire,

g = inf{fy >0: /| - |z "7 (dx) < +oo} .

Le théoréme de Jaffard établit que le spectre multifractal de X s’écrit presque surement,

D(h) = Bh  sihe(0,1/8],

—0o0  sinon.

Le but dans le premier travail de ma theése est d’étudier la structure multifractale des processus

de diffusion a sauts.

Expliquons pourquoi les processus de diffusion a sauts sont plus compliqués que les processus
de Lévy. Pour fixer des idées, on considére le cas uni-dimensionnel et on prend 0 = b = 0
et G(z,z) = Sign(z)|z|'/#®) avec 5(-) une fonction réguliére a valeurs dans [¢,2 — ¢]. Par
convention, on écrit z'/#() = Sign(z)|z|'/#(). La mesure de Poisson N admet 7(dz) = dz/z>

pour intensité. L’équation (2) devient

t ol B
&:%+//zwmwwmw. (4)
0 J-1

Lorsque [ est constante, X est un processus de Lévy. En appliquant la formule d’Itd et un

changement de variable, on observe que le générateur de ce processus de Markov est
1
B(a)du
_ o o /!
£1@) = [ (7t ) = @)~ uf @) U

Ainsi, la dynamique markovienne de X est non homogene en espace. En particulier, I’évolution
du futur proche de X a chaque instant dépend de la position actuelle de X. Ce n’est pas le cas

pour les processus de Lévy. On perd la stationnarité des accroissements.

On considére toujours ’équation (4). Dans un petit voisinage d’un temps de continuité de X
(disons tg), le processus d’indice ¢ — [(X;) est & peu prés une constante, heuristiquement.

Donc X se comporte localement comme
t>ty, Xy= Xy +/ / 2MBX0) N (ds, dz)
to J/—1

qui est un processus de Lévy.

La difficulté est la suivante : il y a une infinité non dénombrable de valeurs 3 (aléatoires) prises
par la fonction t — [3(X}), et surtout, dans un intervalle, il peut y avoir un “grand” saut, tel que

le processus d’indice t — (3(X}) varie brutalement.

Pour s’affranchir de la difficulté, on a introduit une technique de découpage par tranche (“slicing”)
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qui consiste a découper le processus selon la valeur du processus d’indice. Précisément, on écrit

pour tout grand entier m

m—1 t 1 _
Xi=Xo+ ) X["ouX["= /0 /1 MO epan e N(ds, d2).
k=0 -

Plus la valeur de m est grande, plus chaque tranche X™ dans la somme se rapproche intu-
itivement d’un processus de Lévy. L’estimation simultanée des accroissements de ces processus
“tranche” rend possible une estimation pour les accroissements de X. L’exposant de Holder s’en

suit une fois que les accroissements sont bien controlés.

Cette technique est une des contributions importantes dans cette thése. Elle est originale et
peut servir dans I’étude des autres caractéristiques de diffusion a sauts, comme par exemple la
p-variation de ces processus (voir Chapitre 3). Nous pensons qu’elle serait utile afin d’étudier la

régularité des processus de Markov (a sauts) plus généraux.

Le calcul de dimension des ensembles de singularités nécessite des technicités en appliquant un

théoréme de la théorie géométrique de la mesure développé par Barral et Seuret [11].

Dans le Chapitre 1, on montre la multifractalité de diffusion a sauts uni-dimensionnelle sous
certaines hypotheses pour les coefficients o, b, G. Dans le Chapitre 2, on étend le résultat aux
dimensions supérieures, et on relache les hypothéses pour les coefficients et la mesure d’intensité
7 afin d’introduire de I’anisotropie dans le modéle. Pour simplifier la présentation, on n’énonce

le résultat sur le spectre que pour I’équation (4).

Théoréme. Posons

A(h) = sup{ﬁ(Xs):B(Xs)gl/h},

Ymax = sup{B(X;):s >0}
Ymin = inf{ﬂ(Xs) D s> O}.
J = {t!Xt #Xt_}.

Avec probabilité 1, le spectre multifractal de X est

hevy(h) sih <1/ymn eth ¢ (B(X(J))™,
—00 sih > 1/Ymin-

Dx(h) =
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Dx (h)

pente = Ymax

1 A

Le spectre dépend de la trajectoire de X, qui refléte la richesse de la régularité locale de diffu-
sion a sauts. On renvoie le lecteur aux deux premiers chapitres pour des résultats concernant
des diffusions a sauts plus générales. En particulier, des EDS guidées par une grande classe de

processus de Lévy sont considérées.

Dimension de Hausdorff de I'image et du graphe

Depuis les années 80, il y a un intérét particulier pour des processus de Feller dont le générateur
peut s’écrire comme un opérateur pseudo-différentiel [76]. L’approche probabiliste (probleme de
martingale) permet de découvrir des exemples trés intéressants d’opérateurs auxquels on peut
associer un processus de Feller. Richard Bass [15] a introduit en 1988 une classe de processus de
Feller qu’il appelle processus de type stable (“stable-like processes”). L’opérateur associé a ces
processus s’écrit pour une classe de fonctions appropriées

Cy(pdu
£84(w) = [ @) = 1) = upernf @) 20

ou [ est une fonction avec certaine régularité telle que son image est inclue dans [gg, 2 — £¢]. La

constant Cg(, est telle que I'on a

L8 f(@) = F 7 (lEPOFF©) ()

ot F est la transformée de Fourier, 7! son inverse. Donc, cette classe de processus correspond

a Popérateur pseudo-différentiel avec symbole d’ordre variable (¢,z) — |€/°(*). Considérons
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une variante de cet opérateur

1
- o Bl@)du
Lf(x) = / U +) = ) = uf @]
On observe que ces processus admettent une représentation poissonienne qui est le processus de

diffusion a sauts de type stable (4).

Schilling [105] et Schilling, Knopova et Wang [73] ont trouvé des bornes déterministes pour la
dimension de I'image de ces processus. Leur approche est intéressante mais ne conduit pas a une

formule exacte pour la dimension de I'image.

Le but du deuxiéme travail de ma thése est de déterminer la dimension exacte de I'image et du

graphe de diffusion a sauts de type stable au sens de Bass.

La non homogénéité en espace de la dynamique markovienne est toujours la difficulté majeure
dans cette étude. L’approche analytique (analyse de Fourier, calcul fonctionnel) permet de dé-
duire P'estimation uniforme en espace du noyau de “chaleur” pour I'EDP parabolique associée
a lopérateur £. De facon équivalente, elle donne une estimation uniforme en espace pour la
probabilité de transition. Cette estimation n’est pas suffisamment fine pour déduire une formule

exacte pour la dimension de 'image.

L’idée pour s’affranchir de cette difficulté est de bien localiser notre étude la ou la dimension de
I'image est presque atteinte. Pour ce faire, on exploite la nature EDS et 'unicité trajectorielle
du processus de diffusion a sauts (4) pour construire soigneusement un couplage des processus,

solutions d’EDS qui coincident avec (4) en temps court.

Expliquons comment construire le couplage pour obtenir une borne inférieure pour la dimension

de I'image. Posons pour tout a € (0, 2),

t 1 -
X = Xo+ / / 2PV N (ds, dz)
0 J|z|<1

Lorsque a < (X)), 'unicité trajectorielle montre que X et X“ coincident sur un intervalle aléa-
toire non trivial (disons [0, 4]), donc dimy, X[0, 1] est nécessairement supérieure a dimy, X [0, J].
Or, Knopova et al. [73] ont montré que la dimension de 'image de X est bornée inférieurement
par la constante a. La construction simultanée des X® et X implique dimy, X|[0,1] > 8(Xj)
quitte a faire tendre a vers 5(Xp).

Pour montrer que la borne inférieure obtenue est aussi une borne supérieure, la technique de
“couplage en tranche” introduite dans le premier travail s’applique & nouveau. Nous I'utilisons
pour montrer que la p-variation de X est finie pour un p approprié. On conclut avec un lemme
de McKean [88] qui éclaire le lien entre la p-variation et la borne supérieure de dimension de

I'image d’une fonction cadlag.

Signalons que I'approche développée en ci-dessus s’applique aussi au calcul de la dimension du
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graphe de diffusion a sauts de type stable.

Terminons cette partie par nos résultats en dimension quelconque. L’opérateur des processus de

diffusion a sauts de type stable, noté toujours par X, dans R? est

Lo(z) = /Rd [p(@ +u) = p(2) = Ty<ru - V()] %

ou [ est lipschitzienne dont I'image est inclue dans un compact de (0, 2).
Théoréme. 1. Avec probabilité 1,

dimy, (X[0,1]) =d A sup B(X;).
s€[0,1]

2. Deux cas se présentent lorsqu’on consideére la dimension du graphe de X.

(a) Sid > 2, on a presque surement

dimg, (Gr[O,l] (X)) =1v t;(l)pﬂ B(Xy).

(b) Sid =1, on a presque surement

1
dim (Grgy00) =1v (2- L)
o1 SUP;c(0,1] B(Xt)
Ces résultats montrent que, contrairement aux processus de Lévy, les processus de Markov a sauts
d’ordre variable (le symbole de I'opérateur-générateur est d’ordre variable) ont typiquement une

dimension de I'image (et du graphe) qui est aléatoire.

Multifractalité de la mesure d’occupation de diffusion a sauts de type stable

En 1997, Hu et Taylor [55] ont fait I’analyse multifractale de la mesure d’occupation d’un subor-

dinateur a-stable (processus de Lévy stable croissant).

Soit X un subordinateur a-stable avec o €]0,1[ et u* = u{ sa mesure d’occupation sur

I'intervalle du temps [0, 1] définie dans (1). Hu et Taylor ont montré que pour tout 2 € [«, 2],
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presque surement,

_ a(2*—1) sih€|a,20a],

dye(h) =

—00 sinon.

Le but du troisiéme travail de cette these est d’étudier la multifractalité de la mesure d’occupation

du processus de diffusion a sauts de type stable croissant, c’est-a-dire la solution de

t ol
X = / / B N (ds, dz).
0 JO

On considére sa mesure d’occupation 4 sur I'intervalle du temps [0, 1]. Pour calculer la dimension
des ensembles de singularité de y, on doit construire une famille d’ensembles de Cantor sur
lesquels la dimension locale de la mesure d’occupation vaut exactement h, simultanément pour

tout h. L’approche de Hu et Taylor ne s’applique pas dans notre cas pour au moins trois raisons

1. dans [55], le quantificateur “p.s.” placé aprés “V h” indique que I’événement de pleine prob-
abilité dépend de l'indice i qui prend ses valeurs sur un intervalle non trivial ([, 2¢]).
Nous souhaitons obtenir le résultat presque surement pour toutes les valeurs de h en méme

temps, autrement dit, intervertir “V A" et “p.s”.

2. dans [55], au lieu de travailler directement sur I’ensemble “iso”-holdérien, ils considérent
I’ensemble des points ou la dimension locale supérieure de la mesure d’occupation est plus
grande que h

{x :dim(u,z) > h}.

IIs en déduisent le résultat apres avoir estimé la fonction de jauge pour la mesure de Haus-
dorff de ces ensembles. Dans notre cas, la non homogénéité de la dynamique en espace

nous impose de travailler directement sur I’ensemble iso-hdldérien

{x : dim(pu,z) = h}.

3. dans [55], la preuve pour calculer le spectre est réalisée en deux étapes. Dans un premier
temps, Hu et Taylor ont construit des ensembles de temps ¢ pour lesquels la dimension
locale supérieure de u® en X est supérieure ou égale a une valeur donnée (dans [« 2a]).
Ensuite, en utilisant le théoréme classique de dimension uniforme de I'image pour les pro-
cessus stables (ce résultat établit que p.s. pour tout ensemble dans [0, 1], la dimension de
son image par un processus stable vaut la dimension de ’ensemble considéré multipliée
par l'indice de stabilité, voir [24]), ils ont automatiquement le spectre en espace. Pour

la diffusion a sauts de type stable, ’étape deux ne se fait pas automatiquement. On doit
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établir un résultat de dimension uniforme des ensembles par le processus de diffusion a

sauts de type stable.

Les deux premiers points concernent la construction d’ensembles de Cantor. L’idée clé est de
les construire de telle facon que l'on capte la hétérogéneité en temps de diffusion a sauts de
type stable. Pour ce faire, on identifie des configurations de “zero saut” et “double sauts” dans le
processus ponctuel de Poisson et on les utilise avec un poids différent selon echelle du temps,
I’échelle de I’espace et endroit ol on se trouve. Des estimations fines pour le processus ponctuel
de Poisson sont nécessaires. Cette construction bien localisée et hétérogéne pourrait servir pour

étudier la mesure d’occupation des autres processus de Markov a sauts.

Ici on ne présente que le résultat pour le spectre multifractal en espace. Pour plus de résultats
(comme par exemple sur le spectre en temps, le spectre associé a la dimension locale inférieure,

le théoréme de dimension uniforme de I'image), voir Chapitre 4.

Théoréme. Posons
g = {,B(Xt) . Xt, 75 Xt etﬁ(Xt) Z 2,8(Xt,)} U {Q,B(Xt,) . Xt, 7é Xt etﬁ(Xt) Z Qﬁ(Xt,)}
et

04(270‘— ) sih € o, 20),

—00 sinon.

Le spectre multifractal de la mesure d’occupation de diffusion a sauts de type stable croissant s’écrit

presque surement pour tout h ¢ &,

du(h) = sup {ga(h):a € {B(X;): t e RT}}.

Observons que £ = () si, par exemple, I'image de 3(-) est incluse dans [1/2,1 — £¢]. On renvoie

le lecteur au Chapitre 4 pour le spectre en les points exceptionnels h € £.
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Temps de séjour d'un brownien sous des frontiéres glissantes

Je me suis intéressé récemment aux propriétés de séjour du brownien, qui sont bien utiles pour
des applications en finance et en physique. Théoriquement, ’ensemble de séjour du brownien
par rapport a une frontiére glissante procure beaucoup d’informations sur les propriétés trajec-
torielles du brownien. Plus précisément, soit ¢ : R*T — R une fonction croissante, considérons

les ensembles

E°(p) = {t > 0:|By| > o(t)}, (5)
E'(p) ={t>0:|B)] < (1)}, (6)

ou le premier est appelé le séjour brownien a l'extérieur de la frontiére (-) et le second a

Pintérieur de la frontiére. Signalons deux types d’étude particuliérement intéressants.

e Propriétés géometriques de E*(p) et E°(¢p) autour de tg = 0. L’ensemble E°(¢) procure une
description de I'irrégularité du brownien. En effet, si 0 est un point d’accumulation de E°(y),
alors le module de continuité local du mouvement brownien ne peut pas dépasser ¢. En con-

trepartie, £() correspond & un comportement plus régulier.

e Propriétés asymptotiques de ces ensembles a 'infini. Cela correspond au comportement a long
terme du brownien. Par autosimilarité, la croissance du brownien est en moyenne une fonction
racine carrée, qui sert donc de fonction référence pour décrire trajectoriellement la croissance

du brownien. Concrétement,

1. Pensemble E°(yp), lorsque ¢ croit plus vite que la racine carrée, concerne les hauts pics
du brownien. Par exemple, la loi de logarithme itéré de Strassen [109] implique que la

densité supérieure a I'infini de £°(p,) avec ¢, (t) = a(2tInln(t))'/?

est non triviale, pour
tout a € [0,1) et la densité supérieure de E°(p1) est zéro. Signalons que Khoshnevisan,
Kim et Xiao [71] ont prouvé que ’ensemble des hauts pics du brownien dans le cas critique

(C’est-a-dire 'ensemble E%(y1)) a pour une dimension de Hausdorff macroscopique pleine.

2. I'ensemble E?(¢), lorsque ¢ croit moins vite que la racine, concerne la croissance plus
petite que normale du brownien. Uchiyama [113] a établi des bornes pour la densité
supérieure a 'infini de E%(p) ot () = v/t/h(t) avec h prise dans une classe de fonctions

avec croissance au plus logarithmique.

Le but du dernier travail de ma thése est de déterminer la dimension macroscopique du séjour
brownien a 'intérieur d’une frontiére avec croissance beaucoup moins importante que la fonction

racine carrée. Par beaucoup moins importante, on parle des ensembles

Vyel0,1/2, E(y)={t>0:|B] <t}
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Les méthodes pour calculer la dimension macroscopique sont comparables a celles utilisées pour

calculer la dimension de Hausdorff classique.

 Pour majorer la dimension de Hausdorff macroscopique, on doit trouver un recouvrement

économique.

« Pour la minoration, ’enjeu est de bien choisir une mesure portée par 'ensemble considéré

qui vérifie la propriété d’échelle énoncée dans le Lemme 2.

Présentons nos résultats sur la dimension de Hausdorff macroscopique et la dimension de masse

supérieure pour les ensembles E(7).

Théoréme. Presque surement,

1 .
5 sivye|0,1/2),
DimyE(y) = 2 7€ 0,1/2)
1 siy=1/2.
1
Dimyy E(v) = 3 +v  pourtouty € [0,1/2].

Il est remarquable que la dimension de Hausdorff macroscopique des F(+y) est une constante
pour tout v € [0,1/2) et qu’il y a un saut en 1/2. Un ingrédient important dans la preuve
est I'estimation de “hitting probability” qui consiste a estimer la probabilité que le mouvement
brownien touche une frontiére glissante sur un intervalle quelconque. Il est intéressant de voir
que 'ensemble de séjour du brownien montre en quelque sorte la nature multifractale a grande
échelle (en termes de dimension de masse) du mouvement brownien. Ce théoreme donne aussi
une classe d’ensembles naturels pour lesquels la dimension de Hausdorff macroscopique et la

dimension de masse différent.

Pour la majoration (Dimy;), la toute premiére question concerne l'interpretation du “recouvre-
ment économique” dans le cadre de dimension macroscopique du séjour brownien. Le meilleur
recouvrement pour nos ensembles F/(+) n’est ni le plus grand (S,, pour chaque couronne S,,) ni
le plus petit (des intervalles de longueur un dans chaque S,). Placons nous en un point ou le
brownien vaut 0. Supposons qu’il s’agit d’un point ¢y dans la couronne S,,. 1l est connu que le

temps de sortie pour un brownien issu de zéro
0o =1inf{t > 0:|B¢| > a}

vérifie E[o,] = a®. Ainsi, pour sortir la frontiére 27, le temps nécessaire est en moyenne 2277,
En prenant le recouvrement de F () NS, par des intervalles de longueur 2277, on a trouvé la

borne supérieure optimale pour la dimension de Hausdorff macroscopique de E(7), pour tout
v €[0,1/2).
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Pour la minoration (Dimy), on applique le fait que ’ensemble des zéros du brownien
Z={t:B;=0}
(qui est inclus dans tous les E(+)) coincide avec I'image d’un subordinateur 1/2-stable o
R = o]0, +o0],

il suffit de minorer DimyR en considérant la mesure d’occupation de o et de vérifier la propriété
d’échelle dans le Lemme 2 pour cette mesure . Signalons que les propriétés microscopiques (ou
locales) de Z sont connues grace au travail de Taylor-Wendel [112] et celui de Perkins [97] qui
ont considéré la mesure de Hausdorff classique de Z en utilisant les temps locaux du brownien.
En particulier, dimj; Z = 1/2. Nous montrons que la dimension de Hausdorff macroscopique de
Z vaut également 1/2. Ceci doit étre comparé avec un résultat de Khoshnevisan [67] qui prouve

que 'ensemble des temps de visite 4 0 d’une marche aléatoire ¢ de variance finie dans Z*
{neN:¢&, =0}

admet 1/2 pour dimension de Hausdorff macroscopique.

Le calcul de Dimy E(y) est basé a la fois sur une estimation d’un certain type de “hitting prob-
ability”, et une suite d’échelles du temps bien choisie pour pouvoir observer le comportement

désiré. Le premier entraine la borne supérieure et le deuxiéme la borne inférieure.

0.3 Perspectives

Il y a encore beaucoup de questions intéressantes que j’ai envie de traiter, en voici quelques-unes.

« Depuis le travail fondateur de Lamperti [78], beaucoup de propriétés trajectorielles des
processus de Markov positifs auto-similaires (pssMp) ont été découvertes via la transfor-
mée (trajectorielle) de Lamperti qui établit un lien entre un sspMp quelconque et un certain
processus de Lévy sous jacent. Mon objectif est de comprendre le réle de la transformée
de Lamperti pour la régularité locale des processus de Lévy afin d’éffectuer ’analyse mul-

tifractale des pssMp.

« Lamesure d’occupation considérée dans le Chapitre 4 est singuliére par rapport a la mesure
de Lebesgue. Bass [14] a montré I'existence de la densité d’occupation de diffusion a sauts
de type stable sous I'’hypothése que 'image de [3(-) est inclue dans [1 + £,2 — ¢]. Une
étude sur la régularité locale de cette densité d’occupation va améliorer la compréhension

de diffusion a sauts de type stable.
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« La dimension macroscopique semble un outil prometteur pour étudier plusieurs types de

fluctuation des processus stochastiques. je compte travailler sur ce sujet.
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In the theory of probability, the most natural stochastic processes are everywhere irregular. For
example, Brownian motion is continuous but nowhere differentiable ; Lévy processes jump in
general on a dense set of times; we are going to see other examples of irregular processes in the
sequel. So it is natural to study the regularity of stochastic processes. A relevant tool to describe
the fluctuation of regularity of the sample paths is multifractal analysis. This is the approach that

we are going to develop in the majority of this thesis.

Many authors are interested in the fine regularity results of Brownian motion. By self-similarity,
the local growth rate of Brownian motion scales on average like a square root function. Lévy [82]
has established the exact modulus of continuity of Brownian motion which is indeed the square
root function with a logarithmic order correction. This establishes an upper bound for the local
regularity of Brownian motion. On the other hand, Paley, Wiener et Zygmund [96] have shown
that the local Holder regularity can not be be larger than 1/2. The situation is completely dif-
ferent for Lévy processes since the Holder regularity depends on the point under consideration.
Indeed, a subordinator is differentiable for Lebesgue almost every point by monotonicity of the
sample paths, however it jumps on a dense set of points. In fact, there is a continuum of possible
values for the Holder exponent of a general Lévy processs. Multifractal analysis permits to de-
scribe all the possible local behaviors of a function (in particular a Lévy process), and to quantify
the size (in terms of the Hausdorff dimension) of the set of points having a given local behav-
ior. Paradoxically, this kind of study has been investigated only for several restricted classes of

processes, e.g. Brownian motion [95, 98], Lévy processes [61] and local times [87].

It is natural to investigate these questions of multifractal analysis for more general classes of
processes, especially Makov processes with jumps. We are going to study an important class of
Markov processes with jumps, called jump diffusions, which are defined by a stochastic differen-
tial equation driven by a Brownian motion and a Poisson point process. Jump diffusion processes
correspond to Lévy processes in the same way as the continuous diffusion corresponds to Brow-
nian motion. These processes have many applications in finance (option pricing, Merton’s model
[2, 35]), in physics (Langevin’s dynamics, neutron scattering in a liquid [33, 79]), in biologie (coa-
lescence, evolution of a population [26, 77]). In the first two chapters of this thesis, we concentrate

on the multifractal analysis of jump diffusion processes.

There is also other characteristics which can describe the roughness of a process.

A relevant measurement of the roughness of a process is provided by the Hausdorff dimension of
its range and its graph. This type of study is initiated by Taylor [111] who proved that the range
of d-dimensional Brownian motion is min{d, 2} almost surely. Since then, many results have
been obtained on the fractal dimensions for the range of different types of stochastic processes
: Lévy processes [54, 102], fractional Brownian motion [110, 116], and their multi-parameter
extensions [4, 115]. In Chapter 3, we are going to study the Hausdorff dimension of the range and
the graph of stable-like jump diffusions, introduced by Bass [15]. The dimension of the image of an
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arbitrary set by these processes is also studied, see the end of Chapter 4.

The occupation measure of a process provides another way to describe the local regularity of the

process.

Let X be a process taking values in R%. The occupation measure of X is defined for any mea-
surable set A C R? by

() = /0 1A(X,) ds ™)

This measure describes the time spent by X in the set A before time ¢. It is the “dual” object of
the process X in the sense that, more regular is the occupation measure, more irregular is the
process. The existence of local times (occupation density with respect to the Lebesgue measure)
for the one-dimensional Brownian motion is established by Lévy. In higher dimensions, the
occupation density of the Brownian motion does not exist. In such cases, the appropriate tool to

describe the local regularity is the local dimension of p at each point x in its support, defined by

i I((B(,7))

r—0 Inr

Perkins et Taylor [99] have proved that the local dimension of d-dimensional Brownian occu-
pation measure (d > 2) is 2 at every point in its support. The situation is again completely
different for Lévy processes. Indeed, Hu et Taylor [55] have shown that the typical points of
the a-stable occupation measure have local dimension «, but the set of times with upper local
dimension (replace lim by lim sup in the definition) h has non-trivial Hausdorff dimension for
all h € [a, 2c]. Remark that the occupation measure is supported by the range of X. Hence, the
study of local dimensions of p is useful to calculate various fractal dimensions for the range of
X. In the chapter 4, we are going to perform multifractal analysis of the occupation measure of

stable-like jump diffusions.

In order to describe the complexity of sets in discrete space such as Z?, Barlow et Taylor [8, 9]
have introduced in the late 80’s a new notion of fracal dimension, called “macroscopic Hausdorff
dimension”. The idea is that this dimension depends only on some type of asymptotic behavior

at infinity of the sets.

There exists a “mass dimension” which is used for example in number theory and physical statis-
tics. Examples of studied sets include the connected component of a percolation process, the
range of a transient random walk. This is the counterpart of Minkowski dimensions on a large

scale. Intuitively, if £ C N, the value of this mass dimension is the positive real o such that
#{ke E:k<n}~n®

for every large n.

Remark that Barlow et Taylor [8] have constructed examples of sets which have different macro-
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scopic Hausdorff dimension and mass dimension.

Very recently, Xiao et Zheng [118] have studied the range of a random walk in random envi-
ronment via these dimensions. Georgiou et al. [53] have established results on the range of
an arbitrary transient random walk, resolving a question of Barlow et Taylor [9]. The macro-
scopic Hausdorff dimension is also useful in the study of asyptotics (at infinity) of sets in R? :
Khoshnevisan, Kim and Xiao [71] have quantified by this dimension the spatial high peaks (near

infinity) for the solution of stochastic heat equation with additive or multiplicative noise.

The last chapter is devoted to the study of of sojourn times of Brownian motion in dimension one

inside moving boundaries. Let ¢ : RT™ — R* and

E(p) = {t > 0:[Bi| < (1)}

Uchiyama [113] have considered the existence of upper density (at infinity) with respect to the
Lebesgue measure of these sets. He has found remarkable identities for the upper density of E(¢)
under the hypotheses that the moving boundary ¢ grows like a square root function with a loga-
rithmic order correction. We are going to study the Brownian sojourn inside moving boundaries
with growth which is much smaller than the square root function, and we compute the macro-
scopic Hausdorff dimension and the mass dimension of these sojourn sets. This allows to quantify

the fluctuation and the recurrence of Brownian sample paths on a large scale.

Notations, definitions and history

Let (X;)¢>0 be a stochastic process taking values in RY, defined on a probability space (2, F, P).
The systematic study of the continuity of the sample paths of X is initiated by Doob [37, 38].
It is soon understood via the works of Lévy [81, 82], Doob [39, 40], Kinney [72], Kolmogorov-
Chentsov [32], that most of processes (e.g. martingales, Feller processes, many Gaussian pro-
cesses) have right-continuous with left limit (cadlag) sample paths. However, there are examples

of processes with nowhere bounded sample paths studied by Maejima [84] and recently by Bal-
anca [6].

In 1828, Scottish bonatist Brown observed the erratic motion of a pollen suspended in a fluid. It
is the origin of the first stochastic process in continuous time : the Brownian motion. In 1900,
Bachlier applied Brownian motion to the theory of speculation [5]. Later in 1905, Einstein [47]
used it in the kinetic theory of molecules. However, the mathematical investigation of Brownian
motion has been founded upon the seminal work of Wiener [114] in 1923. His approach is to

construct a probability measure which is named after him on the space of continuous functions.
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The nowhere differentiability of Brownian motion can be described more precisely by a notion
of local regularity between continuity and differentiability. The natural choice is the pointwise

Holder exponent that we recall now.

Definition 1. Lettyp € RY and f : R — R locally bounded. We say that f belongs to C"(to) if
there exist constants C, > 0, a polynomial P with order less than h such that for allt € B(ty,0),

[f(t) = P(t = to)| < [t — to]".
We define the Holder exponent of f at ty by
Hi(tg) = sup{h > 0: f € C"(t)}.

Remark 1. The polynomial plays the role of the Taylor expansion for smooth functions. When
H¢(to) < 1, this polynomial is necessarily the constant f(t).

It turns out that the Brownian motion is not sensible to the pointwise Holder exponent. Indeed,
with probability 1, for all t € [0,1], Hg(t) = 1/2, see however the paper by Orey and Taylor
[95] and the one by Perkins [98] which concern the logarithmic fluctuation of the local regularity
of Brownian motion. One can see an interview of Kahane [64] for more history about Brownian
motion. We mention as well harmonic analytical methods in the study of local regularity, which

consist in decompose a process X into a Schauder basis or more general wavelets, see [4, 19, 30].

Jump processes occupy an important place among all the stochastic processes. The first example
is the simple Poisson process which is used by Lundberg in 1903 in order to model the successive
arrival of accidents. One encounters immediately more complicated jump processes if one studies
simple functionals of continuous processes. For example, the process of first passage time of a
Brownian motion

Va>0,T, =inf{t > 0: B; > a}

is a jump process. Furthermore, 7" belongs to a very important class of jump processes : processes
with independent and stationary increments, also called Lévy processes in honor of French prob-
abilist Paul Lévy which has made fundamental contributions in this domain. In 1934, the sem-
inal work of Lévy [81] characterized the processes with independent and stationary increment
in terms of a diffusion and a component of jumps. It6 [57] showed in 1942 that the component
of jumps can be written as a Poisson integral, which gave rise to the final formulation of the
Lévy-Ité decomposition stated below. The representation of the characteristic exponent of Lévy
processes is given by Lévy himself[82], and Khintchine [66]. One can consult [24, 25, 104] for

more references on this subject.
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Let 7 be a measure on R%. The Poisson point process of intensity 7 is a point process P =
(A¢,t > 0) with value in R? such that for each £ C R¢ with 7(FE) < 400, the counting process
t — #{s < [0,t] : As € E} is a simple Poisson process of intensity 7(F). The random Poisson

measure N generated by P is the discrete measure

N(dt,dz)= Y Sua-
tZAtERd\{O}

The compensated Poisson measure is the signed measure
N(ds,dz) = N(ds,dz) — ds @ m(dx).

Theorem 1. (Lévy [81], Ito [57]) Let X be a Lévy process taking values in R%. Then there exist a
d x d positive definite matrix A, a vector b € R%, and a measure m on R? satisfying

/1 A |z|*m(dz) < 400

such that

t _ t
Xt:ABt+bt+/ / xN(ds,da:)—i—/ / xN(ds, dz).
0 Jiz|<1 0 Jz|>1

where B is a d-dimensional Brownian motion, N is a Poisson random measure of intensity m(dx)

independent of B.

This decomposition is extremely useful in the study of local regularity of Lévy processes. In-
deed, Jaffard [61] performed a fine analysis of the configuration of the jumps, which allowed
to determine the Holder exponent Hx (¢) for all ¢. In particular, he showed that the pointwise
Holder exponent of a Lévy process depends on the point under consideration and the mapping
t — Hx(t) is everywhere discontinuous. Thus, multifractal analysis is a relevant framework to

give organized information of the local regularity.

We are going to perform multifractal analysis for a more general class of processes, including

Lévy processes, that we call jump diffusion processes (or jump diffusions for short).

Although the idea of stochastic differential equations (SDE) appeared already in the works of
Langevin [79] and Bernstein [21], the rigorous and systematic study of SDE is founded by the
works of Japanese probabilist Kiyoshi It6 [58, 59]. SDE driven by a Lévy process appeared already

in [59].

We call jump diffusion processes the solution of a SDE with jumps defined as follows. Let (2, F, (F;),P)

be a probability space that satisfies the usual conditions. Let B be a standard Brownian motion
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in R? and P be a Poisson point process in R? defined both on this probability space. Let N be
the Poisson random measure generated by P and N the compensated measure. Consider the

following equation (in R%)
t t t _
Xy :X0+/ 0(Xs—)dBs +/ b(Xs)ds—i-/ G(Xs—,2)N(ds,dz). (8)
0 0 0 Jlz<1

The solution exists if there is a process X adapted to (F;) which verifies (8). The solution is
pathwise unique if two solutions X and X' are indistinguishable, i.e. P(Vt > 0, X; = X}) = 1.
Classical conditions on the coefficients o, b, G for the existence of a unique pathwise solution
are presented in [59]. It is still an active research domain to pursue the optimal conditions for
the pathwise uniqueness, see [16, 50, 51, 83]. The equation (8) is the central object of study in
this thesis. Its solution is expected to have more irregular behaviors than Lévy processes, for its

Markovian dynamic is more complicated, less explicit.

To describe the size of the sets of singularities of a process X, i.e. the level sets of the Holder
exponent

Ex(h) ={t >0: Hx(t) = h},

we need the notion of Hausdorff dimension. Indeed, as is shown by Jaffard [61], the sets of
singularities for a Lévy process are in general dense in an arbitrary non trivial interval. The
Minkowski dimension has the same value for all the sets of singularities, thus does not allow
to distinguish different local behaviors. One can also consider the packing dimensions, but we

work rather with the Hausdorff dimension.

Definition 2. Let E C R? and 0 < s < d. The s-dimensional Hausdorff measure of E is defined
by

+oo “+o0o
H¥(F) = lim H3(E) = éii%inf{z |Qi]° : E C U Q; et |Q;i] < 5}.
=1

6—0 )
i=1

The mapping s — H*(E) being decreasing, one defines the Hausdorff dimension of E by
dimy E = inf{s: H*(E) = 0} = sup{s : H*(F) = +o0}.

The Hausdorff dimension allows to analyse “complicated” sets in a Euclidean space or a more
general metric space. It is the central notion in a recent branch of mathematics : the fractal
geometry. It was Benoit Mandelbrot who invented the terminology “fractal” to describe mathe-
matically many phenomena which exhibit in one way or another the property of selfsimilarity

or roughness, see [48, 85].
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The range, the gragh and the level sets of a stochastic process provide some classes of interest-
ing random fractals. Take the range as an example. The first work on this subject is the one by
Taylor [111], who used potential theoretical methods to compute the Hausdorff dimension of the
range of Brownian motion. One had to wait several years [27, 54, 63, 88, 101] until Pruitt [102]
established the dimension formula for the range of a general Lévy process. Recently, Khosh-
nevisan, Xiao et Zhong [69, 70] developed the potential theory of some multiparameter process
(the so-called additive Lévy process) and used it to give dimension formulas for the range of a
Lévy process in terms of its characteristic exponent. As is said, in order to study the range of X,
its occupation measure u plays a crucial role since the latter is the natural measure supported
by the range of X. The link between the dimension of the range and the occupation measure is

summarized in the following lemma, called the mass distribution principle.

Lemma 1. Let y be a finite positive measure supported by a set E C R%. Assume that for pi-almost

every x,

r—0 Inr

Then one has dimy, E > s.

We introduce now the multifractal spectrum, known also as the spectrum of singularities.

Definition 3. The multifractal spectrum of a fucntion X is the mapping
Dx : h— dimH Ex(h)

forall h > 0 where Ex (h) is the iso-Hélder set Ex(h) = {t : Hx(t) = h}. By convention,
dimy ) = —o0.

In practice, the Holder exponent H x (-) might be a very erratic function (it is the case of Lévy
processes), the computation of Hx (-) is thus very instable, numerically. In such cases, one de-
sires rather to obtain less precise, more qualitative informations : which are the values of h the
exponent mapping Hx (-) can take, and which is the Hausdorff dimension of Ex (h) for all the
possible values of h? The multifractal analysis intends to answer these questions. The local
regularity of jump diffusion processes is even more erratic than that of Lévy processes, so the

multfractal analysis remains a promising framework to describe their local regularity.

In the same spirit as for processes, the multifractal analysis allows to describe the local regularity
of random mesures. The notion of local regularity for measures that we are going to use is the

following.
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Definition 4. Let 1 be a measure on R% and x € RY. The upper local dimension of j1 at x is

dim(p, z) = lim sup M

r—0 Inr

One defines similarly the lower local dimension of i at x

dim(u, x) = lim jnfw

r—0 Inr

When the limit exists, one calls the limit local dimension of p at x, denoted by dim(u, x).

The measure considered in this thesis is the occupation measure of jump diffusion processes.

Definition 5. The upper multifractal spectrum of the occupation measure p of a process X is the

mapping
d,(-) : h— dimy{z € Supp(p) : dim(u, z) = h}.

One defines in a similar way the lower multifractal spectrum d,,(-).

Let us end this introductive section with a short review of the theory of large scale dimensions
recently developed by Barlow and Taylor [8, 9]. Discrete models in statistical physics are of-
ten governed by a power law. The initial intention of Barlow anad Taylor is to define a notion
of fractals in a discrete space, such as 7%, with a new notion of adapted dimension, called the
macroscopic Hausdorff dimension. They determined the macroscopic Hausdorff dimensions of
the range of a transient random walk in terms of the associated Green function [9]. This large
scale dimension can be extended [9] to continuous space such as R?. The idea is to find a notion
of size which ignores the local structure of the sets (this is natural if one considers the subsets of

Z%), which at the same time quantifies the asymptotic behavior at infinity of the sets.

In order to define the macroscopic Hausdorff dimension, one needs some notations. Define cubes
in R?

Q(x,r):{uERd:xi§u1’<$i+r}.

Let s(Q) = r > 0 be the side length of a cube Q. Introduce the annuli
S, ={zeR: |z| € [2"L,2"[}.

Let us consider a sort of capacity of sets restricted to all the large annuli. For every E C R,

n € Nand p > 0, one introduces the quantity

VI(E) = inf{Z <S(§))p :ENS, C U Q; with 5(Q;) > 1and Q; C Sn}.

i=1 =1
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The quantity v, (F) looks like the Hausdorff measure of a set but the covering are composed of
large cubes (with side larger than 1). This is done on purpose such that the local structure of
the sets does not have influence on their large scale dimension. Further, the contribution of each

cube is computed by taking into account the landmark annulus S,,.

We can now define the macroscopic Hausdorff dimension and the mass dimensions.
Definition 6. Let E C R%. The macroscopic Hausdorff dimension of E is defined by
DimyFE =inf< p>0: ZVZ'(E) < 400 ). 9)
n>0

The upper and lower mass dimensions of I/ are

log(|FE
Dimyy E = lim sup og(|E 1[0, n]])
n——+o0o 10g n

Dimyy E = lim inf 28UE 00711

n—+00 logn

It is clear [8] that for all E C RY,

In order to obtain a lower bound for Dimy F, a large scale analog of the mass distribution principle

is useful. The “challenge” is to find a good measure supported by the set F.

Lemma 2. Let E C S,,. Let ju be a measure on R? supported by E. Assume that there exist positive
constants C' and p, such that for every cube Q(x,r) C S,, withr > 1, one has

Q) < Crr.

Then
vy (E) > C™127mu(S,).

In the sequel, we are going to present main results obtained in this thesis by applying all the

notions introduced in this section.

Presentation of the thesis

Recall that the main object of study in this thesis is the solution of the SDE (8), called a jump

diffusion process.
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Multifractality of jump diffusion processes

Various properties of the regularity of Lévy processes have been studied by many authors. For
example, Bertoin considered the differentiability and the local growth rate [22, 23]. In 1999,
Stéphane Jaffard [61] established the multifractal nature of Lévy processes. His approach is orig-

inal and evokes many works on the multifractality of jump processes [6, 10, 12, 43, 44].

Let X be a Lévy process in R%, with triplet (A, b, 7) in its Lévy-Ité6 decomposition. To simplify
the presentaion, one supposes that A = 0. The general case can be treated simply once the the
case without diffusion (A = 0) is done. Let /3 be the upper index of Blumenthal-Getoor [28] of

X, lie.
Bzinf{vzo:/ |z|Tm(dz) < —1—00}.
|z|<1

Jaffard’s theorem establishes that the multifractal spectrum of X is almost surely

Do) = Bh  ifhe0,1/4],

—oo  otherwise.

The purpose in the first work of this thesis is to study the multifractal structure of jump diffusion

processes.

Let us explain why jump diffusion processes are more complicated than Lévy processes. To fix
the ideas, one considers the one-dimensional case and takes ¢ = b = 0 and G(z, z) = z'/8(®)
with (+) alisse function taking values in [¢, 2—¢]. The Poisson measure N has intensity 7(dz) =

dz/z%. The equation (8) becomes

t ol _
Xt:X0+// MBS N (ds, dz). (10)
0 J-1

When f is constant, X is a Lévy process. By applying It6’s formula and a variable change, one

observes that the generator of this Markov process is

1
_ iy o BE)du
£h(@) = [ (@) = £~ ur @)
So, the Markovian dynamic of X is no longer homogeneous in space. In particular, the evolution
of the nearby future of X at each instance depends on the current position of X. This is in sharp
contrast with Lévy processes. The process X has no longer stationary increments. However, the

following observation is important. In a small neighborhood of a continuous time of X (say, ¢o),
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the index process ¢ — [5(X;) is nearly a constant, heuristically. So X behaves locally like
t>ty, X;=Xy +/ / 2MBX0) N (ds, dz)
to J/—1

which is a Lévy process.

The difficulty is the following : there are non-countable infinite (random) values /3 taken by the
function ¢t — [B(X}), and in an interval, there might be a “large” jump, such that the index process

t — B(X}) varies dramatically.

To overcome this difficulty, we introduce a slicing technique which consists in slicing the process

according to the value of the index process. More precisely, we writes for all large integer m

m—1 t pl _
Xe=Xo+ Yy X" ou XM = / / Mg ¢ e piae N (ds, d2).

The larger is the value of 1, the closer to a Lévy process is each X"™*. The simultaneous estimates
for the increments of these sliced processes makes possible an estimate for the increments of X.

The Holder exponent follows once the increments of X are well controlled.

This technique is one of the important contribution of this thesis. It is original and can be useful
to study other characteristics of jump diffusions, e.g. the p-variation of these processes (see
Chapter 3). We believe that it may be useful to study the local regularity of more general Markov

processes with jumps.

The computation of the multifractal spectrum needs further technicalities while applying a the-

orem in geometric measure theory developed by Barral and Seuret [11].

In Chapter 1, we show the multifractality of one dimensional jump diffusion processes with
several conditions on the coefficients o, b, G. In Chapter 2, we extend the results to higher di-
mensions, and we weaken the conditions on the coefficients and the intensity measure 7 to order
to introduce anisotropy in the model. To simplify the presentation, we only state the result on
the spectrum for the SDE (10).

Theorem. Set

Wh) = sup {B(X) : BX,) < 1/m},
Ymax = sup{B(Xs):s >0},
i = inf{B(X,): s >0},

J o= {t: Xy # X}
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With probability 1, the multifractal spectrum of X is

Di(h) = h-y(h) ifh <1/ymn andh & (B(X(J)))",
—00 if h > 1/Ymin-
Dx(h)

slope = Yimax

1 PPl

The spectrum depends on the trajectory of X, which reflects the richness of the local regularity
of jump diffusions. We refer the readers to Chapter 1-2 for more results concerning more general

jump diffusions. In particular, SDEs driven by a large class of Lévy processes are considered.

Hausdorff dimension of the range and the graph

Since the 80’s, there has been a particular interest to study Feller processes whose generator
can be written as a pseudo-differential operator [76]. The probabilistic approach (martingale
problem) allows to discover very interesting operators to which one can associate a Feller pro-
cess. Richard Bass [15] introduced in 1988 a class of Feller processes that he called “stable-like
processes”. The operator corresponding to these processes is written

Cyiydu
£84(w) = [Urle ) = F0) ~ tperns (@) RO

where (3 is a function having certain regularity such that its range is included [¢¢, 2 — ¢}, and

the constant CB(-) is such that one has

L8 f(z) = F (|1 FF(©) ()
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with F the Fourier transform, F~! its inverse. Here (&, z) — |£]%(*) is called the symbol of the

operator LB, Consider a variant of this operator

1

B(x)du

£i@) = [ 1 +1) = 5@ - h @) SO
-1 |ul

One observes that the related processes admit a SDE representation which is the jump diffusion

process (10).

Schilling [105] and Schilling, Knopova and Wang [73] have found deterministic bounds for the
dimension of the range. Their approach is interesting but does not give the exact formula for the

dimenion of the range.

The purpose of the second work of this thesis is to determine the exact dimension of the range

and the graph of jump diffusion processes in the sense of Bass.

The non-homogeneity in space of the Markovian dynamic is always the major difficulty in this
study. The analytic approach (Fourier analysis, functional calculus) allows to obtain uniform in
space estimates of the heat kernel of the parabolic PDE associated with the operator £. Equiva-
lently, one can get uniform in space estimate for the transition probability. These estimates are

not sufficient to deduce exact dimension formula of the range.

The idea to overcome this difficulty is to localize our study to where the dimension of the range
is almost attained. To this end, we explore the SDE nature and pathwise uniqueness of the SDE

(10) to construct a coupling of processes, solutions of SDE which coincide with (10) in short time.

Let us explain how to construct such a coupling which gives a lower bound for the dimension of

the range. Set for all a € (0, 2),

t rl 1 -
X7 =Xo +/ / 2PV N (ds, dz).
0 J-1

When a < [((Xjp), the pathwise uniqueness implies that X and X“ coincide in a non trivial
random interval (say [0, ¢]), thus dimy X0, 1] is necessarily larger than dimy X“[0,4]. But
Knopova et al. [73] established that the dimension of range of X ¢ is larger than the constant a.
The simultaneous construction of X* and X implies dimy X [0, 1] > 5(Xy) by letting a tend to
B(Xo).

To show that the obtained lower bound is actually optimal, the slicing technique introduced in
the first work is applied to show that the p-variation of X is finite for an appropriate p. One
concludes with a lemma by McKean [88] who makes explicit the link between the p-variation

and the upper bound for the dimension of the range of a cadlag function.

We mention that the approach developed above can also be applied to the computation of the

dimension of the graph of stable-like jump diffusions.

Let us end this part by our result in arbitrary dimension. The operator of stable-like jump diffu-
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sions, still denoted by X, in R is

Lo(z) = /Rd [p(z +u) — p(@) = 1y<1u- V()] m’

where [ is a Lipschitz continuous function with range in some compact set of (0, 2).

Theorem. 1. With probability 1,

dimy, (X[0,1]) =d A sup B(X;).
s€[0,1]

2. Two cases may occur when one considers the dimension of the graph of X.

(a) Ifd > 2, one has a.s.

dimy, (Gr[(],l] (X)) =1V t;épl] B(Xe).

(b) Ifd = 1, one has a.s.

1
dimg (Groy00) =1v (2- L)
o1 SUPe0,1] B(Xt)
These results indicate that, in contrast to Lévy processes, the range of Markov processes with
variable-order generator (i.e. the symbol of the operator-generator is of variable order) has typ-

ically a random dimension.

Multifractality of the occupation measure of stable-like jump diffusions

In 1997, Hu et Taylor [55] performed multifractal analysis of the occupation measure of an a-

stable subordinator (an increasing Lévy process).

Let X“ be an a-stable subordinator with o €]0, 1[ and u® = uf' be its occupation measure up
to time 1 defined in (7). Hu and Taylor proved that for all & € [a, 2a], a.s.

_ a(?e — if h € |, 2a],
G |G ifhe ozl

—00 otherwise.
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The purpose of the third work in this thesis is to study the multifractal nature of the occupation

measure of increasing stable-like jump diffusions, i.e. solution to

t ol
X = / / MBX-) N (ds, dz).
0 JO

One considers p its occupation measure up to time 1. To compute the dimension of the set of
singularities of y, one has to construct a family of Cantor sets, each point of which has upper
local dimension h, simultaneously for all ~. The approach of Hu and Taylor can not be applied

to our cases for at least three reasons:

1. In [55], the quantifier “a.s” placed after “V h” indicates that the full probability events de-
pend on the index h which takes its values in a continuum (the non trivial interval [« 2a]).
We intend to obtain almost sure result for all h at the same time, in other words, inter-

change “V h” and “a.s.”.

2. in [55], instead of work directly with the “iso”-Holder sets, they consider the set of points

with upper local dimension larger than A
{x :dim(u, z) > h}.

They estimate then the Hausdorff measure of these sets, which implies dimension estimate
of the “iso”-Holder sets. In our case, the non-homogeneity of the dynamic in space imposes

us to work directly with the “iso”-Holder sets

{z :dim(u,z) = h}.

3. in [55], the proof for the computation of the spectrum is realized in two steps. First, Hu
et Taylor construct the set of times ¢, each of which satisfies dim(u, X) > h with h €
[cr, 2ar]. Second, by applying the classic uniform dimension result for the range of stable
processes (this result states that a.s. for all set in [0, 1], the dimension of its range by stable
processes is the stability parameter multiplied by the dimension of the considered set, see
[24]), they have automatically the space spectrum. For stable-like jump diffusions, the

second step is not automatic, one needs a similar uniform dimension result.

The two first points concern the construction of Cantor sets. The key idea is to construct in
such a way that one captures the heterogeneity in time of stable-like jump diffusions. To this
end, we identify the “zero jump” and “double jump” configurations in the Poisson point process
and use them with different weight according to the time scale, space scale and the position of

the process. Fine estimates for the Poisson point process are necessary. This well-localized and
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heterogeneous construction might be useful to study the occupation measure of other Markov

processes with jumps.

Here we only present the result on the multifractal spectrum in space. For more results, e.g.
time spectrum, spectrum related to the lower local dimension, uniform dimension theorem, see
Chapter 4.

Theorem. Set
E={B(Xt): Xi— # Xy et B(Xy) > 28(X3- )} U{28(X¢—) : Xo— # Xp et B(Xy) > 2B8(Xe-)}
and

a(®-1) ifh€ o, 2a),

—00 otherwise.

ga(h) :=

The multifractal spectrum of the occupation measure of increasing stable-like jump diffusionss is a.s.
forallh ¢ &,

du(h) = sup {ga(h) : a € {B(X;) : t e RT}}.

Observe that & = {) if, for instance, the range of 3(-) is included in [1/2,1 — &¢]. We refer the

readers to Chapter 4 for the spectrum at each exceptional value h € £.

Sojourn of Brownian motion inside moving boundaries

I am recently interested in sojourn properties of the Brownian motion, which is very important

for applications in finance and in physics. Theoretically, the set of Brownian sojourn with respect
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to a moving boundary provides much information on the Brownian paths. More precisely, let

¢ : RT — R™ be an increasing function, consider the sets

E°(@) ={t>0:|By| > o(t)},
Ef ) ={t>0:|B < p(t)},

where the first is called the Brownian sojourn outside a moving boundary, the second inside a

boundary. Let us mention two types of study with particular interests.

e Geometric properties of E'() and E°(¢) around tg = 0. The set £°(¢) provides a description
of the irregularity of Brownian motion. Indeed, if 0 is a point of accumulation of E°(¢), then
the local modulus of continuity of Brownian motion can not be larger than ¢. On the other side,

E(¢) corresponds to a more regular behavior.

e Asymptotic properties of these sets at infinity. This corresponds to the long time behavior of
Brownian motion. By self-similarity, the growth rate of the Brownian motion is on average a
square root function, which is considered as a reference function for typical Brownian growth

rate. Concretely,

1. the set E°(p), when ¢ grows quicker than the square root, concerns the high peaks of the
Brownian motion. For example, the iterated logarithm law of Strassen [109] implies that
the upper density at infinity of F°(p,) with ¢, (t) = a(2t Inln(t))'/? are non trivial, for all
a € [0,1). Let us mention that Khoshnevisan, Kim et Xiao [71] have proved recently that
the set of Brownian high peaks in the critical case, i.e. the set E°((;), has macroscopic

Hausdorff dimension one, even if it has zero upper density.

2. the set E*((p), when ¢ grows slower than the square root, concerns the smaller than normal
growth rate of the Brownian motion. Uchiyama [113] established bounds for the upper
density at infinity of E%(yp) where (t) = /t/h(t) with h taken in a class of functions

with at most logarithmic growth rate.

The purpose of the last work in this thesis is to determine the macroscopic dimension of the
Brownian sojourn inside moving boundaries with growth rate much smaller than the square

root function. By much smaller, we mean the sets

Vye[0,1/2], E(y)={t>0:|B| <t}
The methods of computation of the macroscopic Hausdorff dimension are comparable to those
used to compute the classic Hausdorff dimension.

« Tobound from above the macroscopic Hausdorff dimension, one needs to find an economic

covering,.
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+ To bound from below the dimension, one might choose a measure supported by the in-

volved set, and verifies the scaling condition for this measure stated in Lemma 2.

Let us present our results on the macroscopic Hausdorff dimension and the upper mass dimension
for the sets E(7).

Theorem. With probability one,

i
D) { fy € [0.1/2),
1 ify=1/2.
Dimyy E(7) = % +v forally €[0,1/2].

It is remarkable that the macroscopic Hausdorff dimension of E(v) is a constant for all v €
[0,1/2) and there is a jump at 1/2. An important ingredient in the proof is the estimate of
the “hitting probability” which consists in estimating the probability that the Brownian motion
hits the region inside a moving boundary during any fixed time interval. It is interesting to see
that Brownian sojourn sets, measured by upper mass dimension, form somehow a large scale

multifractal.

To derive the upper bound, the first problem concerns the interpretation of an economic covering
in the framework of the macroscopic dimension for the Brownian sojourn. The best covering for
our sets F/(7y) is neither the largest (S,, for each annulus S,,), nor the smallest (unit interval inside
each S,). Let us localize ourselves to a Brownian zero point. Imagine that it is a point in the

annulus S,. It is known that the exit time for a Brownian motion starting from zero
oo =1inf{t > 0: |B| > a}

satisfies E[o,| = a?. Hence, to escape from the boundary 2"7, the Brownian motion needs in
average 227 unit of times. By taking non overlapping intervals of length 22" as a covering of
E(v) NSy, one can find the optimal upper bound for the macroscopic Hausdorff dimension of
E(y), forally € [0,1/2).

To deduce a lower bound, one applies the fact that the zero set of the Brownian motion
Z={t: B, =0}
(which is included in all the E(7)) coincides with the range of a 1/2-stable subordinator o
R = o]0, +o0.

Thus, it suffices to bound from below DimyR by considering the occupation measure of ¢ and

verifies the scaing property in Lemma 2 for this measure. Let us mention that the microscopic
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(or local) properties of Z is well known thanks to the work of Taylor-Wendel [112] and that of
Perkins [97] who considered the classical Hausdorff measure of Z by using Brownian local times.
In particular, dimy; Z = 1/2. We show that the macroscopic Hausdorff dimension of Z is 1/2
as well. This should be compared with a result of Khoshnevisan [67] who proved that the set of

passage time to zero of a random walk £ with finite variance in Z
{neN:& =0}

has macroscopic Hausdorff dimension 1/2.

The computation of DimyyF/(+y) is based on an estimate of certain type of hitting probability,
and a sequence of well chosen time scales in order to observe the desired sojourn behavior for

the Brownian motion. The first implies the upper bound, and the second the lower bound.

Perspectives

There are many interesting questions that I want to investigate, let us list some of them.

« Since the seminal work by Lamperti [78], many path properties of positive self-similar
Markov processes (pssMp) have been discovered by the (pathwise) Lamperti transform
which establishes a link between a pssMp and certain underling Lévy process. My purpose
is to understand the role of the Lamperti transform to the local regularity of Lévy processes

in order to perform multifractal analysis of pssMp.

+ The occupation measure considered in Chapter 4 is singular with respect to the Lebesgue
measure. Bass [14] showed the existence of the occupation density of stable-like jump
diffusions under the condition that the range of 5(+) is included in [1 + €, 2 — ¢]. It will be

of great interest to study the local regularity of this occupation density.

« The macroscopic dimension seems like a promising tool to study various type of fluctuation

of stochastic processes. I intend to work on this subject.



Chapitre 1

Multifractalité de diffusion a sauts

On étudie la régularité locale et la nature multifractale des trajectoires d’une classe
de diffusion a sauts, solutions d’une classe d’EDS a sauts. Cette classe contient les EDS
guidées par un processus de Lévy et les processus de type stable au sens de Bass. On mon-
tre que M a des propriétés multifractales remarquables, et que son spectre multifractal
est non seulement aléatoire, mais aussi dépend du temps. On explique, notamment en
calculant ses processus tangents, pourquoi les diffusion a sauts comportent localement
comme un processus de Lévy. De nouvelles techniques sont introduites pour étudier ces

processus.

Ce chapitre est basé sur article [120].
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1.1 Introduction

Multifractal properties are now identified as important features of sample paths of stochastic
processes. The variation of the regularity of random measures and processes has been observed
considerably since mid-70’s, e.g. fast and slow points of (fractional) Brownian motion [68, 95,
98], Mandelbrot’s cascades [65], (multifractal time changed) Lévy processes [6, 10, 43, 44, 61],
superprocesses [92, 100], among many other examples. Multifractal analysis turns out to be a
relevant approach to provide organized information about the distribution of singularities and

to describe the roughness of the object under consideration.

The regularity exponent we consider is the pointwise Holder exponent. Let us recall some rele-

vant definitions in this context.

Definition 1.1. Let f € LS. (R), zg € R, h € R* \ N*. The function f belongs to C"(x) if there

loc

exist two positive constants C, M > 0, a polynomial P with degree less than h, such that when
|z — xo| < M,
|f(x) = P(z — 20)| < Clz — ao|".

The pointwise Hélder exponent of f at xq is

Hy(wo) = sup{h > 0: f € C"(x0)}.

We aim at describing the distribution of the singularities of a function, via the computation of its
multifractal spectrum. dim;; stands for the Hausdorff dimension and by convention dimy, ) =

—00, see [48] for more on dimensions.

Definition 1.2. Let f € LS (R). For h > 0, the iso-Holder set is
E¢(h) ={z € R: H¢(z) = h}
and the multifractal spectrum of f is the mapping Dy : R — [0,1] U {—co} defined by

h — Df(h) = dimy_[ Ef(h)
We also define, for any open set A C R, the local spectrum of f on A as

Dy (A, h) = dimy (AN Es(h)). (1.1)

The aforementioned stochastic processes have homogeneous multifractal spectra, meaning that
there is no dependency on the region where the spectra are computed: D;(R™, h) = D¢(A, h),
for all open sets A € R™. Recently, Barral, Fournier, Jaffard and Seuret [12] investigated a specific
example which has multifractal characteristics that change as time passes. So, we also focus in

the pointwise multifractal spectrum at a given point.
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Definition 1.3. Let f € L (R), to € RY, and let I,(to) = [to — 1/n,to + 1/n] for everyn > 1.

loc

The pointwise multifractal spectrum of f at ty is the mapping defined by

> = 1l .

Vh_(), Df(to,h) ngToon(Imh)
The local spectrum D¢ (A, h) on any open set A can be completely recovered from the pointwise
spectrum Dy (to, h), for tg € A, as stated by next Proposition. Hence the pointwise multifractal

spectrum results are finer than the multifractal spectrum results on an interval.

Proposition 1.1 (Proposition 2, [13]). Let f € Lj5.(R). Then for any open interval I = (a,b) C

Ry, foranyh > 0, we have D¢ (I, h) = sup,_; D¢(t, h). Consequently, the mappingt — Dy(t, h)

is upper semi-continuous.

The multifractal analysis of a Lévy process was performed by Jaffard [61].

Theorem 1.1 ([61]). Let (L¢):>0 be a Lévy process of upper index 5 € (0,2), with a non-zero
Brownian component. Almost surely, at every t > 0, the sample path of L has the (deterministic)
pointwise spectrum
ph ifh €10,1/2),
Dr(to,h) =De(h) =49 1 ifh=1/2,
—oo ifh >1/2.

In particular, Lévy processes are homogeneously multifractal.

Examples of stochastic process with varying pointwise spectrum were given in [6, 12, 42]. Here
we deal with a general class of Markov processes, M, defined below by Equation (1.2), called
the jump diffusions. The motivation for the study of these processes is twofold. First, real life
data, particularly in finance, exhibit often jump activities and their characteristics change as time
passes [1, 35]. A method widely used for model selection consist in computing global quantities
of the signal, which are closely related to the multifractal spectrum (the so-called multifractal for-
malism). Second, Cinlar and Jacod [34] showed that any one-dimensional Markov semimartin-
gale has, up to a time change, a SDE representation as (1.2). This large class of processes includes
the stable-like processes constructed by Bass [15] (see also [93]) and stable Lévy-driven SDE
recently studied by Fu-Li [51], Li-Mytnik [83], Fournier [50]. Our main theorems establish the

multifractal properties of these processes.

We work in the probability space (£, §, (§t)¢>0, P) satisfying the usual conditions. The process

M is defined as the solution to the one-dimensional stochastic differential equation with jumps:

t t t ~
= s— s s G s—> , .
My /0 o(Ms_)dB +/0 b(M )ds+/0 /0(071) (Ms—,2)N(dsdz) (1.2)

where:
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« V0 <a<b C(a,b) is the annulus C(a,b) = [-b, —a] U [a, b] \ {0},

« b,0 : R — R are Lipschitz continuous functions,

either |o| is bounded below away from 0, or 0 = 0,
« Bisa (§t)t>0-standard Brownian motion,

« N is a compensated Poisson random measure of intensity dt ® w(dz), with 7(dz) =
10(0,1)(2)dz /2%

The condition we impose on the function G is that it belongs to the following class of admissible

functions.

Definition 1.4. The set G is the set of those functions G : R x C'(0,1) — [—1, 1] satisfying :
1. Symmetry :V (z,y) € R%, Vz € C(0,1),

G(z, z) = sign(2)|G(z,|2|)| and G(z,z)G(y,z) > 0.
2. Asymptotically stable-like : Vx € R,

lim infM exists and denoted by NL
20 log |z| B(z)

3. Lipschitz condition : there exists C > 0 such thatV(x,y) € R%,Vz € C(0,1),

log |G(y, 2)| — log|G(z, 2)|
log |z|

< Clz -yl

4. Boundedness : Range B c (0,2) and for alle > 0, there exists r- > 0 such that for every
z € C(0,7;) and every z,
1
Gz, 2)| < |2|F@r.

The reader should keep in mind that when G € G, one has intuitively
G(x,z) “~” |z|1/5(“”) as z — 0,

for some function E which ranges in [¢,2 — ] for some ¢ > 0. This class includes stable-like

processes and the solutions to the Lévy stable-driven SDE given by

t
M, = / / (M, )dLe
0 Jeo)

with L® an «a-stable Lévy process and g a reasonable function (see Section 1.2.1 for details).
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We introduce the following notation. For the rest of the paper, we set
teRT —s B(t) = BIM()).

The quantity /5(¢) is key: it shall be understood as the local Blumenthal-Getoor index of M at time
t, and governs the local behavior of M at ¢.

We state now the multifractal properties of M. When the diffusion part does not vanish, the

pointwise multifractal spectrum of M takes a simple form, which is the main result of this paper.

Theorem 1.2. Assume that G € G and o # 0. Then, with probability one, for everyt € R, the

pointwise multifractal spectrum of M att is

h-(B(t) vV B(t-))) ifh <1/2,
Dpm(t,h) =141 ifh =1/2,
—00 ifh >1/2.

In particular, if t is a continuous time for M, the formula reduces to Daq(t,h) = h - 5(t) when
h <1/2.

We prove this result in Section 1.7. The case when the diffusion part vanishes will also be entirely
treated in Theorems 1.5 and 1.6 of Section 1.7. It is more complicated to state, since many cases
must be distinguished according to various relationships between ¢, M; and (. The presence of

the Brownian component eliminates these difficulties.

Observe that the pointwise spectrum is linear up to the exponent h = 1/2. Recalling Theorem
1.1, Corollary 1.1 implies that the multifractal spectrum of M looks like that of a Lévy process,
except that the slope of the linear part of the spectrum is random and depends on the interval
on which we compute the spectrum. This remarkable property reflects the fact that the “local

Blumenthal-Getoor” index of a jump diffusion M depends on time.

From the pointwise spectrum of M we deduce its local spectrum.

Corollary 1.1. Assume that G € G, 0 # 0. For I = (a,b) C R, let
Yr = sup {B(s) D s € I}.

With probability one, the local multifractal spectrum of M on I is

Dm(I,h) =141 ifh =1/2,
—oo  ifh>1/2.
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Dm(1,h) D(1,h)
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Figure 1.1: Local multifractal spectrum Da4(I,.) of M in the interval I when o # 0 (left) and
o = 0 (right). The right figure is a representation, since there is a countable number
of small affine parts. When o # 0, the diffusion “hides” the complicated right part of

Dm(1,.).

We can also give the statement for the local multifractal spectrum when the diffusion vanishes
(this is a corollary of Theorems 1.5 and 1.6).
Corollary 1.2. Assume that G € G, 0 = 0 and (H) holds (see Theorem 1.3 below for the definition
of (H)). Let I = (a,b) C R" and
(k) = sup{B(s): s €1, Bs) <1/n},
VI o= inf{ﬁ(s) NS I}.

With probability one, the local multifractal spectrum of M on I is

h-vi(h) ifh <1/3; andh ¢ (B(J)7",
—00 ifh > 1/71.

Dm(Ih) =

Both corollaries are consequences of Proposition 1.1. The difference between the corollaries
follows from the fact that the diffusion has regularity 1/2 at every point, so the complicated part
of the multifractal spectrum (h > 1/2) in Corollary 1.2 disappears (see Figure ??).

Observe that we do not give the value of the spectrum on the countable set (3(.J ))_1. This is
due to the occurrence of various delicate situations depending on the trajectory of M, which are

described in Section 1.7.

In order to compute Dy, we have to investigate the pointwise exponent of the process M at
every point. To state our main result in this direction, let us introduce the Poisson point process

‘P associated with the process M and the notion of the approximation rate by P.

The Poisson random measure IV can be derived from a Lévy process £ with characteristic triplet
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(0,0, m(dz)), meaning that there are no Brownian component and no drift. For all s,¢ € R* and
every Borel set A € B(C(0,1)), denote N([s,t], A) = #{u € [s,t] : AL, € A}. Then, almost

surely, N is a Poisson random measure with intensity dt ® 7(dz). Let
P = (Tn, Zn)n20~ (1.3)
denote the sequence of jump times and jump sizes of £. Then almost surely,

N(dt,dz) = 8, 7,)(dt, dz).

n>1

We can assume that (|Z,,|),en forms a decreasing sequence by rearrangement. Let J := {t €
R* : AM; # 0} be the set of locations of the jumps, where AM; := M; — M;_. Using the
property of Poisson integral,

J={T, :neN}

and for every n € N,

AMz, = G(Mr,_, Zy).

See for instance Section 2.3 of [3] for details.

The approximation rate §; by P describes how close to the jump points 7}, a point ¢ is. Intuitively,

the larger ¢; is, the closer to large jumps ¢ is.

Definition 1.5. The approximation rate oft € R™ by P is defined by

6 == sup{d > 1:|T,, —t| < (Z,)° for infinitely manyn}.
This random approximation rate plays a key role when investigating the pointwise regularity of
M, as stated by the following result.

Theorem 1.3. Let G € G be an admissible function.

1. Assume that o # 0. Then almost surely

Vi d T Hu(t) = M]‘(t) A

—

2. Assume that 0 = 0 and that the following assumption (H) holds:

(a) eitherb € C™(R) and Range 3 C [1,2).

1
(b) orb € C™(R) and z — b(x) := / G(a:,z)g € C*(R).
0

1
Then, almost surely, V't ¢ J, Hypm(t) = 5,800
¢
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This theorem is proved in Section 1.5 and 1.6.

Observe that the terms in the right hand side of (1.2) yield a semimartingale decomposition of

the process M, see [31]. To simplify notations, we write
My =X+ + 24,

where:

¢
o« X = / 0(Ms_) dBs is the diffusion term.
0

t
« Vi = / b(M) ds is the drift term.

0
¢
« Zp = / G(Ms_,z) N(dsdz) is the jump term.
0 Jc(@,)

Let us make additional remarks on our main results:

« The drift part of a jump diffusion is not as simple as that of a Lévy process, which is linear
hence belongs to C°°(R). The regularity of the drift depends on that of M which varies
along time. However, this has no consequence on the statement of Theorem 1.3 because

we are able to prove that the drift is always more regular than M (see Section 1.5).

+ The sum of the diffusion A} and the jump term Z; has, almost surely, everywhere a point-
wise exponent less than 1/2. Indeed, X’ has an exponent everywhere equal to 1/2 (see
Proposition 1.5). When the pointwise exponent of Z; is not equal to 1/2, we use the fact
Hxyiz(t) > Hx(t) N Hz(t) with equality if Hy(t) # Hz(t). When Hy(t) = Hz(t),
equality is not true in general. But it does hold in our context, because the irregularity gen-
erated by jump discontinuities cannot be compensated by a continuous term (see Section
1.6 for details).

+ One key argument in our proof consists in constructing simultaneously with M a family
of martingales (77] )j>1, whose local index does not vary much, such that Z = j PJ plus
a process with only large jumps whose regularity can be controlled. The increments of the
PJ are easier to control, and using this decomposition we are able to estimate the values

of the increments of M on all dyadic intervals, see Proposition 1.8.

This paper is organized as follows. In next Section, first properties of the process M are given.
In Section 3, we determine the pointwise exponent of the diffusion term. In Section 4, we deal
with the pointwise regularity of the jump term. We prove Theorem 1.3 in Sections 1.5-1.6 and we

compute the local spectrum of M in different situations (Theorems 1.2, 1.5 and 1.6) in Section 7.
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We show the existence of tangent processes of the process M in some special cases in Section 8.

Appendices 1 and 2 contain auxiliary results.

Let us mention some extensions. The symmetry assumption in G can certainly be relaxed. One
can also replace the regular intensity measure dz/z? by singular ones, under the condition that
the associated Poisson point process satisfies some good covering properties. Multidimensional
versions of the main theorems can be obtained with extra technicalities. Other dimensional prop-
erties of stochastic processes, such as dimensions of the range, of the graph of M, are important
mathematical properties with application in physics for modeling purposes, and are investigated
in [121]. More generally, the present article opens the way to a systematic multifractal study of
other classes of variable-order Markov processes (in the sense that the symbol of the generator

of the process is of variable order, see [31]).

Let us end this introduction with the following open question. Certain classes of Markov pro-
cesses having a SDE representation are not covered by our main theorem due to the presence
of the variable jump rate. This is the case of continuous state branching processes [51] and of
positive self-similar Markov processes [41]. It would be very interesting to determine their mul-

tifractal structure.

1.2 Properties of M

We comment the assumptions on M, then show the existence of a unique pathwise solution to

(1.2), and that the jump part of the process is a L2-martingale. We also compute its generator.

1.2.1 Comments

Let us comment the assumptions made on the parameters of the problem, especially on the set

G given by Definition 2.3.

The symmetry (part 1.) facilitates some computations and statement of the results. Looked at
from a generator point of view (see Proposition 4.13 and the discussion below it), Part 2. is a
natural extension of the assumption that M is a stable-like process. Parts 3. and 4. in Definition

2.3 ensure the existence of M, and enable us to perform multifractal analysis.

The following specific choice of G € G shows that the class G is general enough to include
interesting examples. We consider the pure jump equations,ie. ¢ = b =0. Letg : R - R
be smooth and bounded below from 0, E : R — R be smooth with its range included in some

compact subset of (0, 2). We take

1

G(z,2) = g(x)z5@.
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IfB=ac (0,2), M is the solution to the Lévy stable-driven SDE

t
M, = / / o(M,_)dLe (1.4)
0 Jo,1)

with L an a-stable Lévy process. Indeed, we remark that the image measure of dz/z? by the
mapping z — z'/® is const - dz/z'*t®. Our main theorem establishes that (1.4) has the same
multifractal nature as an a-stable Lévy process, under the condition that g is also bounded from
above. By a classical localization argument (see for instance Proposition 2.4 in [51]), one can
easily extend the result to unbounded coefficient g. If g is constant, then M is a stable-like

process in the sense of Bass [15]. We clarifiy this point in Section 1.2.3.

It is worth mentioning that the intensity measure can be any stable Lévy measure, i.e. |2| 71 7%dz
with a € (0,2) (in this case, the definition of the set G must be adapted). With a suitable
change of measure for the Poisson integral, it suffices to consider our specific Lévy measure
m(dz) = dz/2>.

1.2.2 Basic properties
Proposition 1.2. The SDE (1.2) has a unique pathwise solution.

By the classical Picard iteration procedure (see e.g. [3] Theorem 6.2.3), it is enough to check that
there are Ky, K1 < 400 such that:

(i) Growth condition: Vz € R,

o () * + Ib(w)\2+/ |G(z,2)* m(dz) < Ko(1 4 2?).
C(0,1)

(ii) Lipschitz condition : V (x,y) € R?,

lo(x) = a(y)|* + [b(z) = b)) + | |G(z,2) — Gly, 2)|* w(dz) < Ki|o — y|*.
C(0,1)

We check both conditions for every G € G in Appendix 1.

Proposition 1.3. The jump term Z is a martingale and there is a strictly positive sequence (o, )n>1

with a, —p—+00 0 such that a.s.,

n—-+o0o

t ~
Z; = lim / / G(Ms_,z) N(dsdz),
0 JC(an,1)
where the convergence is uniform on [0, 1].

Proof. By a classical argument using uniform convergence on every compact set in probability
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of a sequence of L?-martingale, it is enough to show the following (see e.g. Theorem 4.2.3 of

Applebaum [3])
t
Vi >0, / / E[G(M,_, )] ds m(dz) < +oo.
o Jeo

Observe that the fourth property of the functions in G gives that, for any small g > 0, there
exists zp € (0, 1] such that

Vo, ¥zeC(0,2), |Glz,2)| < |22 (15)

Using (1.5) and the uniform boundedness of (G, one obtains that for all ¢ > 0,

/t /0(01 E[G(Ms-, 2)%] dsm(dz)
/ /C(O 20) G(Ms-, 2)’] dsw(dz)-i-/ot /0(2071)E[G(M8—>Z)2] dsm(dz)

d 2e0 2
// (|z|2te0)2 +t/ jgt(zo —|——2><+oo.
C(0,20) C(z0,1) # €0 20

Proposition 1.4. The generator of the process M is

£f(z) = b(x)f'(z) + S0*(x)f"(z)

Proof. Let us denote by t — (X); the quadratic variation process of X. We compute the gen-
erator through It6’s formula (for semimartingales). For every twice continuously differentiable

function f with compact support,

— f(0)
/ f1(M _)dBg +/ fl(M ds+;/0 F1(M,)o? (M) d(B)s
+/0 /CO’1 [f(Ms— + G(M_, 2)) — f(Ms_)] N(dsdz)
t / dz
n /O /C o TMee 5 GUM, ) = F(Mo) = G Mo ) (M)

t

Taking expectation yields E[f(M;)] = f(0) + / E[£f(Ms)] ds, so that the generator of M is
0

indeed £. =
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1.2.3 Relation with stable-like processes

We clarify the relation between our processes in the case ¢ = b = 0 and the symmetric stable-like

processes.

The infinitesimal generator governs the short time behavior of the semi-group of a Markov pro-
cess, hence characterizes the Markov process under consideration. A famous class of Markov

processes consists of symmetric a-stable processes, whose generator is
g = [ 1) = J) s )] [
1,1

with a € (0,2) and this measure controls the density of the jumps. Note that we integrate
on [—1,1] instead of on R, because the number of large jumps, which is a.s. finite, does not
influence the sample path properties outside these points and we do not want to worry about
the integrability of the process. One natural way to enrich the family of the a-stable processes

consists in adding a dependency of the jump measure on the location. Let
s = [ ) - @) s @) Bl b

Assume that Range E C (0,2). The corresponding processes were first constructed by Bass
[15] by solving a martingale problem, and was called stable-like processes. There exist other
constructions by using pseudo-differential operator or Hille-Yosida-Ray theorem, see [31] and

references therein.

Let u = sign(z) |z|1/g(x). This change of variable yields

dz
22

&0 f () = /[—1 1] [f(x - sign(z)\z\ﬁ) — flz) - Sign(z)fzfﬁf/(x)

The class of jump-diffusions M has a jump generator behaving asymptotically like 250, 1

particular, take a Lipschitz continuous function 5 and
G(z,2) = Golz, ) = sign(z)|2| /7@,

satisfying Range 3 C (0,2). Then G € G and we recover 280,

1.3 Pointwise regularity of the diffusion term

Proposition 1.5. With probability one, for everyt > 0, Hy(t) = 3.

By Dambis-Dubins-Swartz theorem, X (which is a local martingale) can be written as a Brow-

nian motion subordinated in time where the subordinated process is a bi-Lipschitz continuous
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function. The Hoélder regularity of Brownian motion can thus be inherited by the martingale in

question. This is somewhat classical, we will include a complete proof in Appendix 2.

Remark 1.1. The condition that o stays away from 0 cannot be dropped. Indeed, when o(M;) = 0,
the process X may gain more regularity at t and the computation of Hx4(t) involves the regularity
ofo(M.) at time .

1.4 Pointwise regularity of the jump term

In the rest of the paper, we restrict our study to the time interval [0, 1], the extension to R™ is

straightforward.

Following Jaffard [61], we introduce a family of limsup sets on which we can control the growth

of the jump part Z. For every § > 1, let

As = limsup B(T,, | Z,|),

n——+oo

where P = (1}, Zy,),,> is the point process (1.3) generating the Poisson measure /N in (1.2). We

first prove a covering property for the system P.

Proposition 1.6. With probability one, [0,1] C A;.

Proof. The Poisson random measure N has intensity ds 7 (dz) where (dz) = dz/z%. Using

Shepp’s theorem [107] (and a reformulated version by Bertoin [22]), it suffices to prove that

S— /01 exp (2/t17r((u, 1))du) dt = 400

But w((u,1)) =u~! — 1, so that S = fl 2t—1-logt) gt — 40, O

It is clear from Proposition 1.6 that a.s., the approximation rate J; by the system of points P

(see Definition 1.5) is well-defined, always greater than 1, and random because it depends on

(Th, Zn)n>1. Another consequence of this proposition is that the set of jumps is dense in [0, 1].

These considerations lead to the the upper bound for the pointwise exponent of the jump term.
1

B(#)dt
This proposition is based on two lemmas. The first is observed by Jaffard [60] which sheds light

Proposition 1.7. With probability one, ¥t € [0,1], Hz(t) <

on the importance of the jump times.

Lemma 1.1 ([60]). Let f : R +— R be a cadlag function discontinuous on a dense set of points , and
lett € R. Let (t,)n>1 be a real sequence converging tot such that, at each ty, |f(t,) — f(tn—)| =
zn > 0. Then

log 2,
H <l f————.
s < it ]
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The second lemma establishes a first link between the pointwise regularity and the approximation

rate.

Lemma 1.2. Forall 6 > 1, almost surely

1

Proof. Recall that almost surely the set of jumps J is
J={te[0,1]: AM; # 0} ={T}, : n € N,}

and thatVn € N,, AZp, = G(Mr,—,Z,). Consider t € As \ J. Necessarily, ¢ is a continuous

time of M and there is an infinite number of n such that
t € B(Ty,|Znl). (1.7)

Applying Lemma 1.1 to the process Z. and the jumps satisfying (1.7), one has

log |G(Mr, —, Zn)|

(0]
Hz(#) < liminf < liminf
R s T S - e A
< lim inf —1108|GMT, - Z4)| ~ log [G(M, Z,)||
n—-4o00 (510g|Zn‘
lim inf
T Slog | Z0]
= Bls g min M = M= G

where we used (1.7) for the second inequality, the Lipschitz condition of G for the last inequality
and the continuity of M at time ¢ for the last equality.

Forallt € J, Hz(t) = 0, which completes the proof. O

Proof of Proposition 1.7 : It follows from Lemma 1.2 that a.s., for all rational number § > 1,
(1.6) holds. Using the monotonicity of § — As and the density of rational numbers in [0, 1], we
deduce that (1.6) holds for all 6 > 1, a.s..

If 0; < 400, thent € As,_., for every e > 0. Hence, Hz(t) < m as a consequence of

Lemma 1.2. Letting € tend to 0, we obtain the result.

If ¢ = +oo, thent € (55, As, meaning that t € B(T, |Z,,|°) for infinitely many integers n,
forall § > 1. We deduce by Lemma 1.2 that Hz(t) < ﬁ, forall 6 > 1, thus Hz(t) = 0, which
completes the proof. 0

Recall that we want to prove that the upper bound that we obtain in Proposition 1.7 is in fact

optimal. Let us first make a useful remark which determines the configuration of the jumps
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around a point ¢. Let ¢ ¢ A; U J. Then there exists a random integer ng, such that
Vn>no, [Tn—t>|Z,). (1.8)

Let s > ¢ sufficiently close to ¢ such that [¢, s] does not contain those 7;, which violate (1.8). It is
possible because the cardinality of such 7, is finite. For each s, there exists a unique integer m

(which depends on s) such that
27l < s —t] < 27

Assume that T}, € [t, 5], then2™™ > |t—s| > |T),—s| > | Z,|’, so that | Z,,| < 27"/ This means

that in an interval of length 27" with one extreme point in the complementary of As U .J, there

is no jump whose corresponding Poisson jump size is larger than 2~/ Therefore, to consider
the increment of our process near such time ¢, we can split the increment of the compensated

Poisson integral Z; — Z; into two parts:

t . t -
/ / G(My—, z) N(dudz) + / / G(My—, z) N(dudz). (1.9)
s JC(0,2=m/%) s Jo(@2-m/81)

The last remark motivates Proposition 1.8. Before stating it, we define the random quantities

?ﬂ::(supﬁ(u)jL:l) and Bﬂz( sup B(u)+2>,

u€ls,t] u€ls,t]£2=—m m
where
s, t] ifs <t, s—=2""t+27™ ifs<t,
[s,t] = 15,7] [s,t] 227" = | ]
[t,s] otherwise, [t —27™ s+ 27™] otherwise.

Proposition 1.8. There exists a finite positive constant C' such that for every d > 1, > 0, and

every integer m > myqg with mg depending only on € et G,

P sup

ls—t|<2—m
$,t€[0,1]

__m ~
93(Pire) / / G(M,_,2) N(dudz)| > 6m? | < Ce™™.
s Jo@2~ %)

Balanca [6] proved a similar result for Lévy processes. Here, the idea is to exploit the martingale
nature of our process and some “freezing” procedure for the local upper index process t — [(t).
Intuitively, in the neighborhood of a continuity point ¢, since 3(t) is also continuous at ¢, one may
say that our process behaves locally like a Lévy process with Blumenthal-Getoor’s index /().
A good way to make explicit this intuition is to cut the index process in the spirit of Lebesgue

integral. Roughly speaking, we decompose the first term of (1.9) as a sum of m processes P/,
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whose local index takes value in [25/m, 2(j +1)/m). When m becomes large, the local behavior

of these processes is comparable with that of some Lévy process, in probability.

Proposition 1.8 brings information about the uniform increment estimate of Z. In contrast with
the Lévy case, it is remarkable that the exponent depends on two parameters: the approximation

rate ¢; and (¢), both random and correlated with M. This observation complicates in the proof.

The proof is decomposed into several lemmas. The following lemma gives an increment estimate

in the first dyadic interval with “frozen” index.

Lemma 1.3. There exists a finite positive constant C such that for each § > 1, > 0, m > mg
(depending only one and G), and j € {0,--- ,m — 1},

P sup 25<2J+2+m5)/m/ / G(Ms_,2)1 B(s—)e| 2 222) N(dsdz) >2m
t<2—m C(0,2— m/é) m’ m
< Qe 2™,
Proof. Let
H](Msf,z) = 26(2j+2Tm€)/mG(M37,2)16(8_)E[ﬁ7w)10(072—m/5)(z),

. t ~
Pl = / / H;(Ms—,2) N(dsdz).
0 Joo,

For every t < 27™, one has

dz
sy 2)?] —ds
//01 )]2’2
:/E
0
t
<2/IE
0

t 2m " )
< C/ E {2m16(8_)6[ﬁ M)Q_T(m—l)} s
0

o dz
me)/m J 2 2
25(2J+2+ )/ 15(5 )E[HJ +2) /c(o g/ G(M877Z) 22] ds

9 @ e T dz| d
0(2j+2+me)/m 2 2j+2 2z B(s—)+e/2 z s
’8(8_)6[#’ ]m ) 0

m’ m

t m 2 _ 2
= C/ ]:E |:2 B} ((2j+2)/m+5 B(S—)+E/2+1)1 (S )6[2] 2]+2):| dS,
0

where we used the property of class G for the first inequality. Hence,

t
// E[H;(M ds<C’/ % du = Ct2™° < C.
0 JC(0,1)

Hence, (t — Ptj )t<o-m is amartingale by Proposition 1.3. One deduces by convexity and Jensen’s
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inequality that ¢ — ¢Pland t — e are positive submartingales. By Doob’s maximal inequal-

ity for positive martingales,

P( sup |77g\ >2m | < P| sup ePf <& | +P| sup eipg < e2m
t<27™ t<2-m t<2-m

< e?m (E [epg—m] +E [efpg—mD .

We now compute E[epéfm] and ]E[e_P;*m}. If these expectations are finite and independent of

the value of m, then the proof is done. We only study the positive submartingales ePl (6*7)1{ can
be studied similarly). By It6’s Formula for compensated Poisson integral,
J ! g Hj(M N
i =1 —I—/ / ePs- (e i(Ms—sz) _ 1) N (dsdz)
o Je,)
t pI Hj(Ms_,z2) dz
+ e's- (e JWMe=2) 1 — Hj(./\/ls_,z)> —ds. (1.10)
0 Jc(o,1) z

Note that for all s € [0, 1], using the property of G € G,

m 1
|H;j(Ms_, 2)] < 26(2.1+2+me)/m\z|5<s—>+e/21|zlg2,m/51 <1.

orel 22)
Then, since |e* — 1 — u| < |u|? for |u| < 1, taking expectation in (1.10) yields

E[eP]

[t ,
=1+E / / ePi- (eHJ'(MS*’Z) —1—-H;j(M,_, z)) dids]
|Jo Jo(o,1) z

[t j 9 dz
<1+E / / ePs-Hj(Ms_, 2) —ds
|Jo Jo(o,1) z

[t - om dz
=14+E /0 /c(o — eP§726<2‘j+2‘+m‘e)/m IB(S_)E[zj 2j+2)G(Ms,, z)2 ds]
t

m’ m Z2

<1+4+2E

P o5 S
e 5*25(%*2*’"5)/’"15(5_)6[23' 2j+2) zB=)+e/2 “dzds|
0

0 m’ m
where we used the definition of the class G. We deduce that

. r t 1 2m _m¢___ 2
E[ept]] <14+ CE / ePa- 25 Fetme)/m Lo ye[2 w)Q 5 (a2 ds]
LJO

ropt R 5 B 5
<1+ CE / ePi-o% (vt 6<s>+€/2+1>15(s—)e[2j zm)ds]

rrt . t .
<1+CE / e7’§2m/5ds] = 1+0/ E[eP* 127/ ds.
L/ 0 0
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By Gronwall’s inequality applied to s — E[epg ], one concludes that

e .

J 2—m 5 So—
E[epzfm] < eJo Cc2m/dds < 6c2m/ 27m - C

Now we can consider the whole jump process.

Lemma 1.4. There exists 0 < C' < +00 such that for each § > 1, > 0, m > mg (depending only
oneand G), andi € {0,--- ,2™ — 1}, one has

sup
t<2—m

Proof. It suffices to show this inequality for the first dyadic interval, namely ¢ = 0. For every j,

m

=z 2m22_ 6(ﬁg’m»<i+1)2*m+g) )

27+t .
/ G(Ms—, z) N(dsdz)
—m 0,2~ m/é)

<

let us introduce the event

4:{sup
t<2-m
A;i=[A4,N< su ,6’(5—)<§ Uf4;Nn4¢ su B(S_)>ﬁ

i = j 532?’” m J SSQ?m ~m ’

Under the event {sups <g-m B(s—) < %J } the compensated Poisson integral in A; is zero, thus

> 2m2“<36’72—m“)} :

/C(ozm/é Z)lﬁ(s—)e[%,%)ﬁ(dsdz)

We have

the first event is a null set. One has

]P’(A ﬂ{sup B(s )>2]}>
s<2—m m
P(Ajm{sigpmﬂ(s—)Jr:lJraZ2j$2+€}>

(i;‘pm / / M 2P p(omyefs 2tz N(dsd2)

Using Lemma 1.3, one concludes that P(A;) < Ce™2™

P(A4;)

> 9m2” STt me/m ) ,

In order to get the increment estimate with “moving” index, we note that

{ sup // G(M,_,z) N(dsdz)
t<2—m 0,2~ m/(S

_+ m
> 2m?2 (5 m+6)} C UAj.

J=1
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One deduces that

sup // N(dsdz)| > 2m?2 5(%2 m ) <Cme ™,
t<2—m 0,2~ m/5

which completes the proof of Lemma 1.4. O

We prove Proposition 1.8, using a classical discretization procedure.

Proof of Proposition 1.8 : We discretize the first term of (1.9) in the time domain. Let s, ¢ € [0, 1]
such that |s — ¢| < 27™. There exists i € {0,---,2" — 1} such that [s,¢] C [(s —1)/2™, (i +
1)/2™], thus

m
99(B+e)

t o~
/ / G(Ms_, z) N(dudz)
s JC(0,2=m/9)

2 77L+t .
/ / M;_,z) N(dsdz)
C(0,2—m/9)

(i—1)27™+¢ -
/ / G(M,_, =) N(dsdz)
( m

<9 (32 m (i+1)2=m sup

t<2—m

+2. 25(62?—1>2*m7i2*’"+6) sup

t<2-m |J(i—1)2— C(0,2—m/%)
Therefore,
sup 2° Bi"ﬁf // G(Ms_, 2) (dudz) >6m? % C

ls—t|<2—m 0,27 m/5

s,t€[0,1]
oam_1 6(5m = P27t
U 9 Jiz=m (i41)2-m ™ sup / G(Ms_,z2) (dsdz) > 2m?
=0 t<g-m C(0,2- m/‘;)

m
S(E?ftwLE) > 6m2

so that by Lemma 1.4, one sees that for every m large enough,
P sup 2
|s—t|<2—m

t ~
// G(Ms—,z) N(dudz)
s JC(0,2—m/%)

5,t€[0,1]

< 2MCme 2 < Ce™™
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1.5 Proof of Theorem 1.3 (ii) jumps without diffusion

Recall that we assume that (#) holds, and in this case, one has

M; = / du+/ / wer 2) N(dudz) = Y, + Z;.
C(0,1)

Case (a) of (H) : b € C°°(R) and Range 3 C [1,2). Under the conditions on b, the drift term )/

does not influence the pointwise regularity of M. This follows from the next Lemma.

Lemma 1.5. Let f,g: R — R and F(- /f

(i) Let g € C°(R) and x € R, then Hyor(x) > Hy(x).
(ii) Ve € R, Hp(x) > Hf($) + 1.

It is a simple exercise to check the lemma. Hence, for every ¢, one has Hy(t) > Hyaq)(t) +1 >
Hp(t) + 1, which yields Haq(t) = Hz(t). Therefore, it is enough to prove that a.s. for every
te 0,1\ J, Hz(t) = 550

The upper bound is obtained by Proposition 1.7, so it remains us to get the lower bound, which

will be deduced from the following property:

Vd>1,Ve >0, almostsurely, Vi ¢ JU As, Hz(t) >

1
S EOF) (1.11)

Indeed, assume that (1.11) holds true. This implies that, almost surely, for all rational pair € > 0
and§ > 1,onehas Hz(t) > W for all points ¢ ¢ JU As. The monotonicity of the mapping
d — Ags yields that if 0’ > 6, (t ¢ As) = (t ¢ As). One deduces that almost surely, for every
d > 1 real, for every rationals 6’ > dand e > 0,if t ¢ J U A, the exponent Hz(t) satisfies
Hz(t) > W Using the density of the rational numbers in R and taking ¢ arbitrarily small
in Q yields that almost surely,

V6> 1 VidJuds Ha(t) 2 s

We deduce the lower bound for Hz(t). Lete’ > 0. If t ¢ J and ¢; < 400, one hast ¢ Agﬁe/ by
the definition of the approximation rate ¢;. hence Hz(t) > W Ift ¢ Jbutd =
then W = 0, the desired inequality is trivial. Letting &’ — 0 yields that a.s., V¢ gé J

Hz(t) 2 550-

Now we prove (1.11). Applying Proposition 1.8 and Borel-Cantelli lemma, on sees that Ve > 0,
vV > 1, almost surely, I3m(w), Vm > m(w),

sup
[s—t|<2—™, 5,t€[0,1]

t“ // G(M._, z) N(dudz)| < 6m>. (1.12)
C(0,2—m/%)
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For every t ¢ .J U As, pick a point s close to ¢ such that |s — ¢ < 27™(“), Hence
27l s —t) <27 (1.13)

for some unique m > m(w), and

< 6m?>

—_——m t .
99(PFte) / / G(My_, z) N(dudz)
s JC(0,2=m/9)

where we used (1.12). Therefore, by (1.13), one has

/ / G(Ma_, =) N(dudz)
t JC(0,2—m/9)

m

6m2275(52?f+8)

IN

IN

2
> (1.14)

where we used the continuity of 8 := 5 o M at t (because B is Lipschitz and M is continuous
at t) and the fact that Bgﬁ < B(t) + ¢ for large m.

6‘5 — t‘ 5(5($+26) (log

|s —t]

Recalling (1.9), in the interval [s,¢] with ¢ ¢ J U As and |s — t| ~ 27", there is no time whose

corresponding jump size is larger than 2~/9. Hence,

t _ t
/ / G(My—,z) N(dudz) = / / G(My_, z) d—jdu. (1.15)
s Jo(@2-m/8 1) s Jo@—m/8 ) z

By the fact that G € G, for every € > 0, there exists z(¢) > 0, such that for all z € C(0, z(¢))
1
and = € [0, 1], one has |G(z, z)| < |z|#@)+<. Hence

! d topxe) 4 g
/ / G(Mu_, Z) —jdu S 2 / / Z,B(u7§+s/2 édu
s JC@27m/0 2(e)) < s Jo—m/é z
t prz(e)
< 2 / / ZB(tIHs d—;du
s J2—m/s z
< Cls— tyQ‘%(WlHa‘l)

1, 1
= Cls—t|' 2T smEwE (1.16)

and

< < C’z(e)_l\s—t\ (1.17)

t
/ / G(M,—, z)d—jdu
s JC(z(e),1) z

t
N
s JC(z(e),1) #
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by the uniform boundedness of G. Combining the estimates (1.14)-(1.17),

’Zt - ZS|
G(M._, z) N(dudz)| + G(M._, z) N(dudz)
C(0,2— m/é) c(2-m/8 1)
dz
G(M._, z) N(dudz) G./\/lu ,2) — du
(0,2~ m/é) C(2—m/8 z z
d
G(My—, )—;du
C(z(e z

1 2 1 1
< 6|s — t|5BDOF2) <log ) +Cls —t|' 3T aEOF +Cz(e) s — t]

|s — ]

2
< 8|3 — t| 5(ﬁ(t1)+2€) log 1
|s — 1]

for s sufficiently close to ¢, where we used the fact that 1 > ﬁ

EOES) and 1 — 1/0 > 0. The

desired lower bound is obtained.

Case (b) of (H): b € C*° and = — b / G(z,z)dz/z* € C*, whenever the integral is
well defined.

If ¢ is such that B(t) > 1, we follow the exact same lines of Case (a) to obtain the exponent.

If t is such that 5(¢) < 1, by continuity, for every u € [t — ¢,t + €| with ¢ sufficiently small,
B(u) < 1. Then we write

Mu_Mtfs = yt €+Z Zt €

Yu
= / ds+/ / s—,2) N(dsdz)
t—e t—e JC(0,1)
= [ bmyds + / / G(M,_, =) N(dsdz)
—e t—e C(O,l)
: _Z,

where b(z) = b(z) — b(z). Using that 3(t) < 1, one easily checks that both integrals in the last
line are well defined for every u € [t — ¢, + €]. Under the conditions we impose on b and b, it

follows that h3;(t) > Haq(t) + 1, always due to Lemma 1.5. Therefore, Hp(t) = Hz(t).

Notice that the upper bound for H z(t) is also an upper bound for H(t) since Lemma 1.1 depends
only on the system of Poisson points 7. We only need to obtain the lower bound for H=(t). By

the same arguments as those developed in case (a), it suffices to prove (1.11) for Z. But for s close
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to ¢, if m is the integer given by (1.13) (since s € [t — ¢, ¢ + ] for m large), one has

t
2, —Z4| = // G(My—,z)N(dudz)
s JC(0,1)
t
= // G(My—, z)N(dudz)
s 0(07277n/5)
t ~
// G(My—,z) N(dudz)
s JC(0,2=m/%)
t
—l—// G(Mu,,z)d—;du
s JC(0,2=m/%) z

= 11+ Is.

IN

We estimate I7 by (1.14). For I, we apply (1.13) to get

2— m/§ d t " 1 L
I, < zﬁ(t)+€/\(1 B(1)/2 —du <C / *7(B(t>+m(176<t))/2* )du
= 2 ;
if___ 1 1 1
< Cls— t|1+6 (ﬁ(t)+aA(1—6(t))/2 1) <Cls— t’1_5+6(ﬁ(t)+6)’
so that
—= 1 1 2 -1y 1
|1Z: — 24| < 6|s—t|5BO+2) ( log | 7 + Cl|s —t| o 3B@+e)
S J—

IN

2
1 1
7|s — ¢|5EOF ( log 7 (1.18)
|s — 1]

which yields (1.11). From this we deduce the desired lower bound.

1.6 Proof of Theorem 1.3 (i) jump with a non-zero diffusion

Along the proof, whenever 3(t) < 1, we focus on a small interval [t — ¢, t + ¢] and study ) and

Z, as we did in the previous section.

Recall that we want to show that almost surely, V¢ ¢ J, Hap(t) =
show that V4§ > 1, Ve > 0, almost surely,

5 l(t) A % It is enough to

B(t) > 1= Hz(t)

1
o(B(t)+e)’ (1'19)
Bt) <1= Hz(t) ;

I(B(t)+e) "

Vit JU A,

AVARLY,

Indeed, assume that (1.19) holds true.
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Then, for every £ > 0, almost surely, V¢ > 1 rational, V¢ ¢ J U A, one has

1
B(t)y>1 = Hz(t)> NEOED)

B
1
and f(1) <1 = Hz(0)2 50—

By the same argument as the one used in the proof of Theorem 1.3 (ii), one can remove the

+

_l’_

(rational) restriction on § and remove ¢. Hence, almost surely, Vo > 1, V¢ ¢ J U As, one has

and f(t) <1 = Hz(t)> B0

Then by the definition of §; and Proposition 1.7 (upper bound for the exponent of the jump part),

one deduces that V¢’ > 0, almost surely one has

B 21 = Gm

< <
Vi T, B -
plt)y <1 = @Tl/)/j(t) §H§(t> < 55(15)-

Letting ¢’ — 0 yields almost surely

. B(t) > 1= Hz(t) mi(t :
B(t) < 1= Hz(t) = 535

~

But almost surely, for every ¢, Hyy(t) = H, Wy = % (use Proposition 1.5 and the facts that
Hy(t) > 1, Hy(t) > 1).

Consider now a time ¢ ¢ .J where the process is continuous. Four cases must be distinguished.

-If3(t) > 1and 5 # 557, then Haq(t) = Hx1y+2(t) = 5 A 550

-IfB(t) > land i = 6tﬁ1(t)’ then by by Lemma 1.1 for M,

—_

L > Ha(t) = Havsyr2(t) > Hary(t) A Hz () = 3 A —
(e

- A
2

~—
[N]
=%
~
=
—~
~
~—

-If3(t) < 1and 5 # 555, then Ha(t) = Hy 35, 2(t) = 5 A 550
-IfB(t) < land L = —L— then

EI0)
L S ) = Hy oo (8) > Hoyposs(8) A Hs() = = A —
27 6(r) = MY T Ay = By R T 0 T 5 (1)
In all cases, if ¢ is not a jump time, H(t) = 1 A m.

Finally, we prove (1.19). Let 6 > 1 and ¢ > 0, and consider t ¢ J U A;.
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-If B(t) > 1, we use (1.14)-(1.17) to get, for s sufficiently close to t,

2
1 1

51— 2%l (g 1Y
.

-If 5(t) < 1, using (1.18) for s close to ¢, one gets

_ 1 1 2
Z0-Z) < T T (log— )
8_

1.7 Computation of the pointwise multifractal spectrum

In this section, we compute the pointwise spectrum of M in all possible settings, i.e. Theorem
1.2 for jumps with diffusion and Theorems 1.5, 1.6 for jumps without diffusion. The main tool
comes from geometric measure theory, the so-called ubiquity theorem, which consists in deter-
mining the Hausdorff dimension of some limsup sets. This theory finds its origin in Diophantine
approximation and the localized version developed by Barral and Seuret [11] is very useful in

studying random objects with varying spectra.

Theorem 1.4 ([11]). Consider a Poisson point process S with intensity dt ® 1260(071)dz/z2. Let
I = (a,b) C [0,1] and f : I — [1,+00) be continuous at everyt € I\C, for some countable set
¢ C [0, 1]. Consider

S(Lf)={tel: &> f()} and S(If)={tel: & =/f(1)}.
We have almost surely for each I = (a,b) C [0, 1] and each f as described above,

dimy, S(I, f) = dimy, S(I, f) = sup{1/f(t) : t € I\C}.

1.7.1 Proof of Theorem 1.2: Pointwise spectrum of M when o # 0

When the diffusion term does exist, the computation of the pointwise spectrum is easier to state.
Fix one point ¢ € R+-. Let

1 1
I’ = [t—,t+} NRT.
mn n

o If h > 1/2, then Dy(t,h) = —o0 by item 1. of Theorem 1.3.
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o If h < 1/2, then

1

But Range 3 C (0,2) so that #(S) > 1, Vs € If'. This yields that dimy, Expq(h) N I} =

sup {hG(s) : s € I}'} by Theorem 1.4. Hence

Dy(t,h) = tim dimy, Eng(h) 0 I = b (8(8) V B(t-)).

n—-+

elf h = 1/2. Forevery h/ < 1/2,let Eh/ = {s e R+:6 > ﬁ(s)} Clearly, for every h/ < 1/2,

Em(K) C Ejy and Theorem 1.4 gives
dimy, Exq(h') = dimy, Ey, forall b < 1/2. (1.20)

Now decompose

= U Exe)np) | UEu/2)n)
h<1/2

<l U (Eh,mp) U Eu/2)n ).

B <1/2
Hence
1= dimy(I7) < |dimy |J (Eh, N It”) V (dimy Exg(1/2) N I7)
h'<1/2
= (h}%rlrk dimy, (Ehr NI )) V (dimy Eamq(1/2) N I7Y)

1
= (G (8(s) 5 € ) v (i Era(1/2 0 1)
where we used the monotonicity of the sets (Eh’)h’<1/2 and (1.20). Since Range 8 C (0,2),
dimy; Eaq(1/2) NI = 1, which yields Dag(t,1/2) = 1.
1.7.2 Definitions and statement of the results when ¢ = 0

When the diffusion does not vanish, it eliminates all the problems we encounter at some specific

points. To deal with all possible situations, we need to introduce some notations. For ¢ € J, we



1.7 COMPUTATION OF THE POINTWISE MULTIFRACTAL SPECTRUM 69

Fcont(cv’%h) ijn,p(ChCQ,Vl,’Yz’h)
slope = v slope = 11

slope = 7o

v

1/~ 0 /v 1/

-~ —

Figure 1.2: Functions Front and Fjjymp

define

n (tt+5], B > B(t-),

I = ) _
[t - t) , otherwise.

Forall t € J, we need the mapping 5" (s) : I}, U {t} — R defined by

B(s) ifs € I7,
B =1 -
P

The map 3! coincides with 3 except at t. Similarly, we set

n . 1 1 n t— 6(8) e e Itn_,
It = [t — ﬁ’t + n] VI At} B (s) = lim AB(u) ifs=t.
Ip Su—t

Throughout this section, we write ¢ € LM (F') to mean that ¢ is a strict local minimum for a

mapping F.

Finally, we introduce two functions Fi.,,; and F,,;, (see Figure 1.2) which correspond to differ-

ent cases of the pointwise spectra.

- For a time ¢ where the process is continuous, we will use

vho ifhe0,1/7),
Fcont(cf}/y h) =5NcC ifh = 1/77

—o00  otherwise.

There will be only three possible values for ¢ (1, 0 and —o0).
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-If ¢ is a jump time for the process, we will use the function F}ym,

(b ifhe[0,1/m),

c1 ifh=1/y,
Fiump(c1,c2,71,72,h) = S o - b ifh € [1/y1,1/79),

2 ifh=1/v9,

—00 otherwise,

\

when 7, > ~2. There will be three possible values for ¢z (1, 0 and —o0) and two for ¢; (1 and
h - 72))-

The several cases in the theorems below correspond to assigning a precise value to the discon-
tinuous points of the pointwise spectrum, and various scenarii may occur, depending on the fact
that ¢ is or not a local minimum for the functions 3** and 3¢~. The reader shall keep in mind

the following heuristics:

if M is continuous at ¢, its pointwise spectrum looks like F,,,

if ¢ is a jump time, the pointwise spectrum looks like /.

Theorem 1.5. Assume that o = 0 and (H) holds (see Theorem 1.3). Then, with probability one,

1. foreveryt ¢ J, the pointwise spectrum of M at time t is given by

t),h) if t ¢ LM(D),
t),h) if te€ LM(B) and 6, =1,
Feont(—00,B(t),h) if t € LM(B) and é; # 1.

(
(

>
<
=
=
|
e““
3
2

2. Assume thatt € J and thatt ¢ LM (8'") U LM (B'"). Define fort € J

Bm(t) = B(t) A B(t—) and Bar(t) = B(t) V B(t—). (1.21)

We have

M(t; 1) = Fjump(L, 1, By (1), Bm(t))-

This theorem covers the most frequent cases, i.e. when ¢ is a continuous time or ¢ is a jump time

and not a strict local minimum for 3 and 5¢~.

Next theorem covers all the "annoying” cases, i.e. when ¢ is a jump time and is a minimum for
at least one of the two functions 3T and 3?~. Observe that this concerns at most a countable

number of times.
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Theorem 1.6. Assume that o = 0 and (#H) holds. Almost surely:
1 Ift ¢ LM(B'), then
D (ta h) =

Fjump(lvovﬁM(t)7Bm(t)7 h) ift € LM(Bt7)7 A/B(t) > 0 and 515 = 17
Fjump(1, =00, Bar(t), B (t), h) ift € LM(B), AB(t) < 0 or 6 # 1.

2. Ift € LM(B'"), then

DM(tv h) =

( IR ), B h) ift ¢ LM(6'),
Fjump(h : 6m<t)707 M(t)aﬂm(t)v h) ift € LM(Bti)aAﬁ(t) > 0: 51& =1
(h+ B (t), —00, Bar(t), Bm(t), h) ift € LM(B'),AB(t) < 0ord; # 1.

When ¢ is a jump time, the behaviors of M on the right hand-side and on the left hand-side
of ¢t may differ a lot. So the pointwise spectrum reflects the superposition of two local behav-
iors, which explains the formulas above. Though not easy to read, these formulas are simple

consequences of these complications that may arise as very special cases.

1.7.3 First part of the proof of Theorems 1.5 and 1.6: the linear parts

We start with an easy lemma.

Lemma 1.6. Assume thato = 0 and (H) holds. Almost surely, for Lebesgue-almost everyt € [0, 1],
haa(t) = 1/B(2).

Proof. Using Theorem 1.3, one sees that for I = (a,b) C [0, 1],
dimy{t € I: Hu(t) = r/B(t)} =dimy{t € I :6; = 1/k}.

Let k € (0,1). We apply Theorem 1.4 to the Poisson system P and the mapping f(t) = 1/k:
this yields directly dimy,{t € I : H\(t) = £/5(t)} = k. Still by Theorem 1.4, one has

dimy{t € I : hp(t) < k/B(1)} = k. (1.22)

Next, let us decompose the interval I as

[= {t €T: Huy(t) = 1/5(15)} U U sn (1.23)

n>1
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where S, :={t €I : Hu(t) < (1—1/n)/5(t)}. For every n > 1, the Lebesgue measure of S,
is zero since it has Hausdorff dimension strictly less than 1, by (1.22). We deduce by (1.23) that
for Lebesgue-a.e. t € I, Hyp(t) = 1//5(¢). Since this holds for any interval (a,b) C [0, 1], the

conclusion follows. O

We only prove the result for t € J. If t is a continuous time for M, the pointwise spectrum at
t is obtained directly since in this case 5(t) = S, (t) = Bar(t). We treat separately three linear

parts of Fjymp.

olf h < m there exists € > 0 such that h < m ButVs e I}, B(s) < Bu(t) +¢/2 by

the cadlag property of the sample paths, which implies

1 Bu(t) +e
h3(s) = Bu(t) +¢e/2

>1

for all s € I]* with n large enough. Theorem 1.4 implies that

1
dimy, Exp(R) NI = dimy {se€ll': 5, =
H M() t H{ t hﬁ(s)}

= sup{hf(s):se '} =h-sup{f(s):s e}

for large n, which yields D (¢, h) = ngr}rloo sup{hB(s):se€ '} =h-(Bu(t)).

olfh € (m, ﬁ(ﬂ) , there exists ¢ > (0 small enough so that A is in the interval (ﬂM (175)_8 ' B é)+€> .

Let us consider separately I;%, and I;* . Forall s € I},

1 < BM(t)—ﬁ
hB(s) = Bu(t) — /2

<1

by the cadlag property of the sample paths, for n large enough. Hence Er(h)NI}, = {S el 165 = ﬁ(s) } =
(), because d5 > 1 almost surely. For all s € I},

L Bmlt)+e

hB(s) = Bm(t) +e/2

which implies by Theorem 1.4 that
dimy Eaq(h) N IJ = dimy Epq(h) N TP = h-sup {B(s) : s € I}" }

for large n. Using the cadlag property of the sample paths, one concludes that D (t,h) =
nll}rfoosup {hB(s):s €I} =h-(Bm(t)).

But Vs € I,

—e°

o If h > 5%@, one can choose € > 0 small enough so that h > W
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B(s) > Bm(t) — ¢ for large n. So,

11
B(s) — 6s8(s)

yields Erq(h) N I* = (). Hence, Daq(t,h) = lim dimy Exq(h) NI = —cc.

n—-+0o

h >

= Hum(s)

1.7.4 Second part of the proof of Theorems 1.5 and 1.6: the points of discontinuities
of Fcont and F}'ump

. . e ) . 1 1
There are two possible discontinuities for F7,,, which are @ and ENOE

oIfh = m we distinguish between two cases.
Case 1:t € LM(BF). Then Vs € I}';, 17 = %? < 1, which implies Exq(h) N I, = 0.

Notice that

no_Jg n . _5M(t>
EM(h)ﬂIt_—{ €I a = }

For every s € I{* , one has

B (t) Bar(t)
() = Bl + 1AG2 &

This ensures that dimy; Erq(h) NI} = sup { ) g e If_}, still by Theorem 1.4. Therefore,
dimy, Epq(h) NI = dimy, Exq(h) N (L UA{t}) = dimy Expq(h) NI,

m (T
which yields Da(t,h) = lim _dimy, Epq(h) NI} = g((t)) =N B(t).
n o M

Case2: t & LM(S'"). In this case, either ¢ is not a local minimum for 3!, or 8" is locally
constant near t. If ¢ is not a local minimum for 3", one can extract a monotone sequence
{sk} C I}, tending to ¢ such that

B(sk) < Bu(t). (1.24)

Since (3 is cadlag and the cardinality of J is at most countable, we can choose s as continuous
points for 5. Let us first compute the pointwise spectrum of M on points s; and deduce the

result by a regularity restriction of the pointwise spectrum.

Fix k > 1 and let p be large enough. For every s € I fk, one has 2 [%S) > 1 by (1.24). Further,

Theorem 1.4 ensures that

dimy Eaq(h) NI = sup {hf(s) : s € IT },
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which yields that D aq(sg, h) = hf3(sy), for every integer k > 1. Hence

1> Da(t, h) = limsup Dag(s, h) > limsup Dag(sg, h) = hBp(t) =1

s—t k—+o00

where we used Proposition 1.1. If 3" is locally constant near t, then Exq(h) NI} = {s €
I 65 = ﬁ(s) = 1} for n large. Applying Lemma 1.6, one deduces that Leb(En(h) N I},) =
Leb(I}',) where Leb denotes the Lebesgue measure, and so dimy (Ear(h) N I},) = 1. One

concludes that

1> Dy(th) = limdimy(Exe(h) N I}) > lim_dimy(Eaa(h) N I7}) = 1.

n

olfh = B%(t): As before, we distinguish two cases.

Case1: t € LM('). ThenVs € I/, one has Bt) 1 which implies that Exq(h) NI = 0.

B(s)
Notice that Epq(h) N 17, = {S eIy 1o, = ﬂgzs)} and that Vs € I, ,
Bm(t) Bm(t)

B(s) < Bu() — MBI -

Hence Eprq(h) NI, = 0, for large n. But

Bag(h)n f) — 1 ) > B and d =1,

0 otherwise.

Hence,

0 if B(t—) > B(t) and §; = 1,
dimy Epq(h) NI = dimy, Epq(h) N {t} = Bt—) > B(t) t
—o00  otherwise,

for large n, which yields

Dty =4 0 D) > BB and & =1,

—oo  otherwise.

Case2: t & LM (B'™). Then, either ¢ is not a local minimum for 3'~, or 3~ is locally constant
near t. If ¢ is not a local minimum for 3'~. By a similar argument as in the second case of the
last situation, we can prove that d(sg, h) = h3(sx) where {sx} C I]" \ J is a strictly monotone
sequence tending to ¢ satisfying 5(s;) < (). Therefore,

1> Da(t, h) =limsup Daq(s, h) > limsup Dag(sk, h) = h(Bn(t)) = 1.

s—t k—+o0
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If 31~ is locally constant near ¢, then Exq(h)NI. = {s € I* : 65 = B/;ZES) = 1} for n large. Still
by Lemma 1.6, one has Leb(E (k) N I{*) = Leb(I{*), which yields dimy, (Epm(h) N I) =1

Hence, 1 > Daq(t, h) > lim,, , o dimy(Epm(R) NI ) =1

1.8 Existence of tangent processes

In order to describe the local structure of stochastic processes which are often rough (not dif-
ferentiable), several authors consider the tangent processes associated with them, see for in-
stance [49]. Precisely, given a stochastic process X and t( a fixed time, one wonders if there
exist two sequences (& )n>1, (rn)n>1 decreasing to zero such that the sequence of process
(rn(Xtg+ant — Xto))p>0 converges in law to some limit process (Y;);>0, and call it, if exists,
a tangent process. On:e observes in Theorem 1.2 and Theorem 1.5 that the pointwise spectrum
of the process M looks like (but not exactly) the spectrum of some Lévy process. Then natural
questions concern the connections between the pointwise spectrum of the process at ¢y and its
tangent process at this point. In the stable-like case, we show the existence of tangent processes
of M, which are some stable Lévy processes. Their spectra coincide with the pointwise spectra
of M at time ¢ except for one value of h. Here, the scaling (7, a,,) must be carefully chosen and

plays an important role.

Throughout this section, the Skorohod space of cadlag functions on [0, 1] is endowed with the
uniform convergence topology. We consider the function Go(z,z) = sign(z)|z|*/?®) with 3

Lipschitz continuous and Range 3 C (0, 2), and the pure jump diffusion

t ~
M = / / Go(M,_, ) N(dsdz).
0 Jowo

Proposition 1.9. Letty > 0 be fixed, conditionally on F3,, the family of processes <%>te[o .

converges in law to a stable Lévy process with Lévy measure (3(to)u™"~(t) du, when oo — 0.

The next lemma gives some moment estimate for M near 0. The second point was proved in
[12], we still prove it for the sake of completeness. Let us introduce the stopping times for every
n>0

Ty :=inf{t > 0: 5(t) > 3(0) +n}.

Lemma 1.7. Letn > 0 be small.
(i) If B(0) > 1, for every~y € (B(0) + 1,2), there exists a constant cy such thatV o > 0,

E[[Manr, "] < cya.

(i) IfB(0) < 1, for everyy € (B(0) + 1,1 A 25(0)), the same moment inequality holds.
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Proof. (i) Since M is a martingale, by Burkholder-Davis-Gundy inequality and the symmetry of

Gy in z, we have

ElManr,["] < E[ sup  |M[7]

0<t<aATy
v/2

IN

cyE

aAT,
/ ! / Go(M._, 2)|2N (dsd=)
0 c(0,1)

AT, 1

CE [ / ' / Go(M,_, ) N(dsdz)}
0 0
alty  rl

= E [/ / |Go(Ms—, 2)|7 dz/z2ds}
0 0

For every s € [0, 7;), one has

IN

1 1 1 -
/ |Go(Mi, 2)|Vdz /2" = / 2776 dz /2 < / |2/ PO+ 4z /2% < 400,
0 0 0
where we used that v > 3(0) + 7. Hence,
alNTy
E[[Manrr, "] < c,E [/0 ds} < ¢y
(ii) For every s € [0, 7)) with 7 small enough, it makes sense to separate the compensated Poisson

measure, i.e. the difference of the Poisson measure and its intensity. Using (a+b)? < ¢, (a”+b7)
for all (a,b) € R?, subadditivity and symmetry, we have

aNTy v
/ / |Go(Ms—, 2)|N(dsdz) ]
0 c(0,1)

QAT
/ n/ |Go(M_, 2)| dz/7%ds
0 c(o,1)

alt, rl
< CE [/ / Go(M,_, =) dz/szs} .
0 0

EHM@/\Tnm < E

+cE

7]
Repeating the arguments of the first point yields the result. O

Lemma 1.8. Let zg be fixed. For ally > 5 (x0), there exist strictly positive constants Cy and § such
that for all x € B(xo,J)

/ |Go(x, z) — Go(zo, 2)|" m(dz) < Cy|z — x0]”.
c(0,1)

It is easy to check Lemma 1.8. Now we prove Proposition 1.9, using the self-similarity of the limit

process and last two lemmas.
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Proof. By the Markov property, it is enough to prove the proposition for ¢y = 0. Let us introduce

t - t -
L= / / Gol0, )N (dsdz), S, = / / Go(0, 2) N (dsdz).
o Jeo 0 Jo(0,100)

Note that £ and S are pure jump Lévy processes whose Lévy measure are 5(0) H —B(0)-1 1c(0,1)d

and 5(0) |z|_f§ (0-142, respectively. As is well known, S is 1/3(0) self-similar, meaning that for

every a > 0, one has -
(a—l/ﬂ(())gat)

t€[0,1] N (St)te[o’l]

in law, see for instance Chapter 3 of Sato [104]. Observe that V4§ > 0,

P ( sup ]a*”g(”)(ﬁat - Sat)\ < 6) > P (N([0,a], D(1,+00)) = 0) = *
0<t<1
—al0 1.

This computation yields that

a_l/E(O) sup |Lot — Sat| = 0
te(0,1]

in probability, when ac — 0. Recall that the self-similarity of S ensures that (a_l/ p (O)Sat)te[o,l]
converges (equals) in law to (S;)c[o,1), thus the process (a‘l/ﬁ(o)ﬁat)te[o,l] converges in law to

(St)teo,1)- To conclude, it remains to prove the following
a_l/E(O)Aa — 0 in probability,

where A, = sup_, ., [M¢ — Lt|. There are two cases.

Case1: /3 (0) > 1. Applying the Burkholder-Davis-Gundy inequality and a subadditivity prop-

erty, one has, for every v € (8(0) + 1, 2),

IEHAW\‘W m

IN

cyE

alNTy
/ / |Go(Ms_, 2) — Go(0, 2)|7 dz/2*ds
0 c(0,1)

IN

| [ M) <, [TEIM, s <
where we used Lemma 1.8 and Lemma 1.7. Hence, for every § > 0, one has

P (a_l/E(O)Aa > 5) <P(ry<a)+P (a_l/E(O)Aa/\Tn > 5) , (1.25)
where lim, o P(7;, < o) = P(7; = 0) = 0 and

P <a*1/5(0)Aamn > 5) < 5*707“//5(0)]EHAMT”|V] < CMQ}*’Y/E(O) -0, (1.26)
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since 253(0) > 2 >~ > 3(0) + 7.

Case2: 3(0) < 1. AsinLemma 1.7, for every s € [0, 7)) with 7) small enough, it makes sense to

separate the compensated Poisson measure. By subadditivity, for every v € (3(0)+n, 1A253(0)),
’Y]

QT v
/ / Go(Mo_, 2) — Go(0, 2)| dz/22ds ]
0 C(0,1)

aAT,
E[[Sars, 1] < E[ 7 160 2) — Gol0,2)| ¥ sz
0 C(0,1)

+c,E

IN

QAT
cE [/ n/ |Go(Ms—, z) — Go(0, z)|” dz/szs]
0 c,1)
aNTy «@
< o E [/ |M;|7 ds] < 07/ E[[Mgpr, "] ds < ey,
0 0

where we used again Lemma 1.8 and Lemma 1.7. Repeating the computations (1.25), (1.26) and
using v € (3(0) + n, 1 A 253(0)) yield the result. O

Appendix 1
Proof of Proposition 1.2 : By the Lipschitz assumption on ¢ and b, it suffices to show that G € G
satisfies those two conditions.

(i) We check the growth condition. We divide the integral into two parts, use (1.5) and the uniform
boundedness of GG to get

5 dz

dz
G(x,2)"— = / Ga:,22+/ G(x,2)" —.
/0(0,1) @22 C(0.20) @22 Clz0.1) @22

< / yz\1+260d§+/ dz
C(O,Zo) z C(Z(),l) z
22€0 1

= Z0 o2 1) = Ky < Ko(1 +a?).
260 20

(i) Let us verify the Lipschitz condition. Let (z,y) € R? with x # y. Assume without loss of
generality that log |G(z, z)| > log |G(y, z)|. By symmetry,

1 2
| j6@a) - GuaP S =2 [ (62 (1- el i) 2
c(0,1 0

) z z
1 9 5 dz
<2 ; |Gz, 2)|"(log |G(2, 2)| —log|G(y, 2)])” —5

2 ! 2 2 dz
<Clo—yf [ 6.2 log ) 5.
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where we used the inequality 1 — e™ < u for all ¥ > 0 and the Lipschitz condition on G € G.
To conclude, it remains to show that this integral is finite and independent of the value of x.
Indeed, still by (1.5) and the uniform boundedness of G,

d d 1 d
/ G, =) (10g =) % / Gy 2P log=) G + [ Gly, 200827 %

20

20 1 d
S/ ]z]1+2502(10gz)2dz+/ (log 2)* =
0 20

20 1
< ¢’ </ 2501z —{—/ P dz>
0 20

20 c1

€0 2 1
< -1)=K;/C< )
<c e + 1+ e <(Zo)1+50 > 1/ +00

Appendix 2

Recall the martingale representation theorem.

Theorem 1.7 (Dambis-Dubins-Swartz, Th. 5.1.6 [103]). Let M be a (F;, P)-continuous local mar-
tingale such that My = 0 and (M) o, = +00. Let

=inf{s > 0: (M)s > t},

then By = Mr, is a (Fr,)-Brownian motion and a.s. Vt € R, My = Byy),.

Proof of Proposition 1.5 : Recall that A} = fo s) dBs is a local martingale starting from 0.

The quadratic variation process of X’

(), = /0 o(M.)? ds,

satisfies (X)o, = oo almost surely, since o stays away from 0 by assumption. Applying Theorem
of Dambis-Dubins-Swartz to X, one can find a standard Brownian motion B on (F,P) such that
as. Vt, Xy = E(X)

e

First computation yields a.s. for every t € RT,Vr > 0, forall u € B(t,r),

clu =] < [(X)u = (X)]

/ C(1+|My|)2ds| < Clu —t|, (1.27)
t

where we used that o stays away from 0 to find the constants ¢, C' € R} .

By the properties of Lévy’s modulus (Theorem 1.2.7 of [103]), for every ¢ > 0, a.s. for every ¢,
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for u sufficiently close to ¢, one has by (1.27)
~ ~ 1 1
Xy = | = [Biay, — Blay,| < C'{{(X)u — (X)]277 < C'lu— 27",

Hence, almost surely, V¢, Hy(t) > % —c.

On the other hand, Dvoretzky [46] proved that, for a standard Brownian motion B, there exists

a constant K > 0, such that almost surely

By — B
Vt, limsup [Brin = Bi|

> K.
h—0t hi/2 =R

Applying Dvoretzky’s Theorem to our Brownian motion B, we get that almost surely for every

t > 0, there exists a positive sequence (hy,),>1 converging to zero such that
1Bixyeshn — Biay,| > K|ha |2 (1.28)

As t — (X)y is a strictly increasing (always by the assumption that o stays away from 0) con-
tinuous function, there exists a sequence (uy,),>1 such that (X); + h,, = (X),,,. By the first
inequality of (1.27),

|| > cluy, — t]. (1.29)

It follows form (1.28) and (1.29) that
(X, = | = [Biay.,, = Bua| = Biaysn, — By, > Kelu— 1'%,

This yields a.s. V¢, Hy(t) < 1/2, and letting € tend to 0 gives the result. O



Chapitre 2

Extension : dimension supérieure et

anisotropie

Dans ce chapitre, on continue I’étude de la régularité locale et la multifractalité des dif-
fusion a sauts. On étend les résultats dans le premier chapitre en dimension supérieure,
et on introduit I’anisotropie qui porte sur les coefficients d’EDS et la mesure d’intensité

de processus ponctuel de Poisson qui apparaissent dans la construction d’EDS.
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In this chapter, we seek to extend the result in [120] in a general setting. In particular, we are
interested in asymmetric, higher dimensional construction. We give two ways to add anisotropy
to the model. The first is achieved by enlarging the class of admissible functions for the coefficient
G. Another way is to allow more general intensity measures for the Poisson point process driving

the SDE. The study of tangent processes is also refined.

2.1 Anisotropic coefficient in R?

2.1.1 Construction

In this section, we construct the process in higher dimension with anisotropic coefficient. We

consider the Markov process which is solution to the following d-dimensional jumping SDE

t 1 _
M = / / / G(Ms_,0,r)N(ds,db,dr). (2.1)
0 Jsi-1Jo

Here, N is aPoisson random measure with intensity A@ a®@my where )\ is Lebesgue measure on R,
« is the uniform probability measure on S¢~! and 7g is a Lévy measure on R with density 7 ~2dr.
The anisotropy comes from the assumptions on G, which is given by the following definition.
The idea is that the jump direction of M is determined by the random Poisson angle 6, the jump
time and jump size are determined by both the Poisson system and the function GG, which exhibits
different asymptotic behavior in different direction . Note C/(a, b) the annulus in R? with radius
0<a<b.

Definition 2.1. The set G@ is the set of those functions G : R x ST=1 x (0,1] — C(0, 1) satisfying
1. Foreveryx € R4, 6 € S

(G(x,0,1),0) = |G(x,0,7)].
2. Asymptotically stable-like :

1 0 1
M converge uniformly to —— asr — 0.
logr B(w,0)

3. Lipschitz condition : there exists C > 0 such that for all (x,y) € R??, for every (0,r) €
ST % (0,1],
log |G(y, 0,7)| —log|G(z,0,r)|
logr

< Clz —yl.

4. Boundedness : Range 3 C (0, 2),

5. Continuity : for allz € R, 0 — B(x, 0) is continuous.
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Clearly, this is a natural extension of the class G in dimension d. We need the technical assump-
tion (5), in order to obtain pointwise regularity of M. Another remark is that the uniform in (2)
can be weakened if we add some “symmetry” on the function G, for example, this is the case if

we assume that for some large j* € N,

2(d=1)% _1

Gz, 0,r)= > 13, (0)G(x,0; ,7)
k=0

where 0+ 1, is the "leftmost” point of the dyadic "cube” X+ 1, C S-1,

We give two simple but important examples in the class G%.

Example 2.1. e Take G(x,0,r) = o(z)r'/P0 with 3 € (0,2) and o Lipschitz continuous
bounded from below and above, then (2.1) becomes the following SDE driven by an isotropic
B-stable Lévy process (Lt)¢>o in RY

t
Xt:/ o(X,s_)dL,
0

* Giveny : R% x S9! s [¢,2 — ¢] which is Lipschitz continuous in the first variable and con-

tinuous in the second. Let G(x,0,r) = /@09, e get the anisotropic stable-like process.

We wrap up main properties of the solution to this SDE in the following proposition.

Proposition 2.1. For every G € GY, there exists a unique pathwise solution for (2.1) which is a

cadlag strong Markov process whose generator writes for every p € CZ(R?),

1 T
- / / (ol + C(a,0,1)) — pla) — Cla,0,7) - Vepla)) 7 ().
sd-1Jo

Moreover, M is a L?-martingale with value in R%.
Proof. 1. As usual, to prove the pathwise uniqueness and existence, we check the growth

condition and the Lipschitz condition. Note 3*(z) := SUPy a1 B(z,6). Lete > 0 be

small, using the fourth item of G,

/ / G(z,0,r ] a(dh) / / rﬂ*(lHE —a(d@)
Sd-1 Sgd—1

< ca(8*)r(e) Fw

and

/ / (z,0,r) |2 d—a(dﬁ) < Ca(Sdil)T(s)*l
Sa=1 Jr(e)
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by uniform boundedness of G. Thus the growth condition is satisfied

1
/ / G, 0.0)P L a(dh) < e < o1 + [2]2).
sd-1 Jo T

Now we check Lipschitz condition. Without loss of generality, we assume |G(x,6,r)| >

|G(y, 0,7)|. Using the property of functions in G¢,

' T
/Sd_l/o G(w,0,7) - Gy, 6,12 5 a(d6)

r2

1 5 dr
- /0 (G(x,0,7) = Gy, 6,1),0)* 5 a(db)

Sd—1

' T
= [ [ 16001~ 60007 & a0

1 2
< / / G, 0,7) (1_elog|G(y,9,r>|—log|G<x,e,r)|> a (d6)
Sé-1.J0 r

1
< [ [ 16600 (g |Gy 0.1)| - og |G (x.0.1)* % (0
si-1Jo

2 ! 2 1o dr
< clx -y |G(x,0,7)|(log =)* — (dB).
sa-1 Jo T T

where log(1/r)?/r? is bounded by cr~2*¢ for any ¢ > 0. The last integral thus can be

bounded from above, independent of x. The Lipschitz condition is proved.

2. The SDE structure (2.1) together with It6’s formula for compensated Poisson integral yields

that, for every ¢ bounded twice continuously differentiable functions in R?

¢ 1 _
o) = 0)+ [ [ [ oM+ Mo 7)) = (M) R(ds, 0, i)

t 1
+ / / / (p(Ms— + G(Ms—,0,7r)) — p(Ms—) — G(Ms—,0,1) - Vio(M;-)) d—g a(dh) ds
o Jsd-1.Jo r

Taking expectation, we get

which yields the result.

3. To prove that M is a L? martingale, it suffices to check that for all ¢,

! ! dr
E {/ / / |G(Ms—,9,r)|2—2 a(dh) ds] < 4o00.
0 Jsia-1.Jo r

which is obvious due to the boundedness assumption on G.
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2.1.2 Decomposition of the Poisson system in R* x R?

As in one dimension, the Poisson measure can be constructed from a Lévy process with charac-
teristic triplet (0,0, @« ® 7). Under the polar parametrization, we write the jump time and jump
size of the corresponding Lévy process as a sequence of triplet (7},, ©,, Ry,), where T;, € [0, 1]
denotes the jump time, ©,, € S%~! denotes the direction which is a vector on the hyper sphere,
R, € (0,1] denotes the jump size. To simplify notations, we will focus on d = 2, in which case
St = [0, 27).

We aim at distinguishing different behavior in different direction. So we decompose the intensity

measure for all j € N

291
AQa®my = Z A® ajp ® o
k=0

where

a;je(df) =1z, (0)a(df) with I, =2m- [k277, (k+1)277)

We decompose the Poisson system as follows : for every (j, k), we note (T4, @{’k, RE®) those
Poisson point such that the angle is in the dyadic interval I; ;. We introduce the limsup sets and

the approximating rate as before

AJ* = tim sup B(TJ*, | R} %)

n—-+o0o

5% =sup{d > 1:t e A}F}.

The idea is that we select those points, which are approximated infinitely often by the Poisson

point lying in some prescribed angle with some rate of approximation, to form the sets Ag’k.

We write the related decomposition for the process M

27 -1

M= MiF
k=0
where

MIF — / / / G(M,_,0,r)N(ds,do, dr).
0 JI;,J0

2.1.3 Regularity

We first estimate the regularity of decomposed processes M7, Note

) = sup B(Mi,0) and  Bip(t) = inf B(My,0).

GEIj’k
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We have the following lemma.

Lemma 2.1. Given G € G%. With probability 1, for everyt € [0,1]\J,

1 1
————— < Hpyiw(t) < ————
57 Bk 1) ’ 5B,k (t)

Proof. 1. Given d > 1. For every t € Ag’k\J | T5k — t] < |R¥'L’k|‘S for infinitely many n, for

those n verifying this inequality, we have

log |G(M i, OF", REY)|
log |T4* — |
log |G(My_, ©7F, RE")|
= §log | R%*
< og|G(My OFF RIY)|  |log |G(M s 64", B | — log|G(Mu, €7, i)
Slog |R%"| o log |R%"| ‘

By second item of class G4, for all £ > 0, the first term is bounded above by

1
§(B(My, 05%) + ¢)

for n large enough. The second term converges to 0 by Lipschitz assumption and the

continuity on the time t. Therefore, applying Jaffard’s jump lemma to M7*, we have

log |G(M.;_,OL" REF jk ik
Hpg5.5(t) < lim inf 8IC My, - ) gliminf1°g|G(Mt’@’?k’R” )
n—+o00 log | T5" —t] n—+00 §log | RG¥|
1 1

< liminf —

W S B M, 07 1 o) — 0Bt )

Letting ¢ — 0, we have

1

By definition of the approximating rate, for alle > 0, ¢ ¢ J,

1
(67" —)B;x(t)

H i (t) <

letting € — 0 yields the desired upper bound.

2. To obtain the lower bound, we use the localization argument in [120]. We cut M’* into
pieces according to its index process t ++ [7F(t), where every piece has a "constant”

index, approximately. Every cut process will be a martingale that behaves like a Lévy pro-
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cess given a certain index parameter. This technique allows to obtain uniform increment

estimates for M7** hence the lower bound for its regularity.

O]

Now the regularity of M follows.

Proposition 2.2. Given G € G%. With probability 1, for everyt € [0,1]\J, for every j € N,

1 1
lim  min ———— < Hy(f) < lim  min ————r
J—=400 0<k<2i—1 5?1 Bk (t) J—r+00 0<k<2i —1 5?7 B k(1)

Proof. Clearly, upper and lower bound coincide due to the continuity of 6 > B (x,6). Recall the

classical property of Holder exponent,
Hypyft) > ma (Hy (t), H, (1)
and the equality holds if H(t) # Hy(t). This together with Lemma 2.1 yields that for all j € N,

1
Ha(t) > min ————.
mlt) = 0<k<2i—1 557’“5]’%@)

The following hierarchical structure

67" = sup{6" s I C i}
Bj’k(t) = sup{Bj/’k/ (t) : Ij',k’ C Ij,k’}

yields that the limit in the lower bound exists.

Now let j be fixed, by virtue of Jaffard’s jump lemma, using the jumps of process M’* which are

jumps of M as well, we get the upper bound 6’%

. Same argument for every k and letting
+ ﬁj,k(t)

j — 400 yields the desired upper bound.
O

2.1.4 Barral-Seuret’s Theorem revisited

Barral-Seuret’s localized ubiquity theorem [11] plays a crucial role in multifractal analysis of
symmetric jump diffusions. As is seen in Proposition 2.2, in the anisotropic setting, one has to
study simultaneously infinite number of Poisson system. We investigate here what we can do

with a generalized version of their theorem.
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The key question related to our problem is to determine the Hausdorff dimension of the set

E;I_{tezzag:...zang(t)}
() {tel:6i=rw}.
1<i<)

where f : RT — (1, 4+00) is a cadlag function, I is an open interval in R™, forevery 1 <i < j <
+00, 8} is the approximating rate at a given time ¢ € [0, 1] by a system of points P? = (¢, %),

n»'n

satisfying the covering property

tim sup Bz, 7%) > [0, 1]
n—+o00
the weak redundancy and fine non-overlapping property, for definition of the latter notions, see

Section 2.2 below. These three properties of a system of point will be referred to as €.

When j = 1, Barral-Seuret’s Theorem asserts that

dim E} ; = su
Pl 1@ f( )

A minor change in the proof of their theorem yields the following stronger assertion.
Theorem 2.1. Suppose that every system of points P satisfies €. Then for every I C R™, one has

dim £S5 = sup ——
M f( )

Proof. Clearly,

dim E$% < dim B} ; = sup ——
Lt P e f( )

When j = 1, the strategy of proving the lower bound of the dimension formula is to construct
simultaneously a family of generalized Cantor set (K ).~ included in the set E}7 ; Which has the
good dimension estimate up to a small € > 0 (achieved via the construction of a family of measure
supported on the family of Cantor sets). The key is that every point in the j-th generation of
the Cantor set has the approximating rate f(t) up to a small constant ¢, which tends to 0 when

J — +o0.

Due to the fact that every system of points P’ is a “good” ubiquitous system, in j-th generation
of the Cantor set, we can select the open intervals which are simultaneously included in union
of B(z!,r%) for 1 < i < j to form the (j + 1)-th generation of the Cantor set. Similarly, we
construct the related measures having the right scaling properties. When j — +o00, every point
in the obtained Cantor set has the approximating rate f(¢) with respect to every system of points

(P%)1<i<+00- We thus obtain the result. O
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2.1.5 Multifractal analysis

As an application of the aforementioned theorem, we derive multifractal spectra for jump dif-
fusions with anisotropic coefficient. The systems in question are P?* for 0 < k < 2/ — 1 and
j € N. We admit for the moment that each system P7* satisfies €, which is checked in the
next section, after recalling the definition of the relevant notions. The key is that the intensity

measure on S is the uniform probability measure.

Multifractal analysis concerns the Hausdorff dimension of the iso-Hoélder sets
E,={tel:Hm(t)=nh}.

By Proposition 2.2, if 5,{ ok — 5, for every couple (7, k), we have

1 1
—— < Hpy#) < lim ————
5,500(t) = m(t) j—+o0 6; maxy Bk (t)

which yields by continuity of § s 3 (x,0),

1

Hpm(t) = 5.890(2)"

recalling that 3%0(t) = SUPyc (0 9m) B(My,6). Hence

; 1
EhD{tEIég’k:(St,h:W}

SO

Without loss of generality, we suppose that I and h are such that ¢t — W%) takes values in
(1, 400) for every t € I, then we can apply Theorem 2.1 to find

, 1
dim E}, > dim {t cl:o" = } = h-sup B%0().
(el =i g =

On the other hand, by Lemma 2.1,

1
FE [:—— <
n C {te 5,690(1) _h}

1
:{tEII(StZM}
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which yields by localized ubiquity theorem

1
dimFE, <dim{tel:6;>—— s =h- 00(4).
m iy < 1m{ S t_hﬁozo(t)} ilelll)ﬁ ()

The extension to general situation is straightforward.

2.2 General intensity measure

Another way to add asymmetry to the model consist in modifying the intensity measure of the

Poisson point process driving the SDE.

In this section, we replace the smooth and symmetric Lévy measure on R?
_ 2 _ d+1
a®m = a(dl) ®dr/r =dz/|z|

by II(dz) which is a Lévy measure on R¢ having nearly the same asymptotic behavior at 0. In
particular, purely discontinuous measure and measures with gap in their support are included.
Recall that C'(a, b) is the annulus in R? with radius 0 < a < b. Let

log, II(C(277~1 277
=% (e - ) and 3 := limsup 3;.
J Jj—+oo

B

Lemma 2.2. 3 defined above relates to the Blumenthal-Getoor index of the Lévy measure I1(dz).

Proof. Recall that Blumenthal-Getoor’s upper index is defined as

B :=inf{y >0: / |z|"TI(dz) < +o0}
c(0,1)
Let € > 0, by definition of 3, 3; < 8 + €/2 for all large j, thus for r small enough

2P+ TI(dz) < 9—i(B+e) L 9ifi < 9—i(B+e) . 9i(B+e/2) _ 277¢/2 < oo,
s > > >

which shows 3 > B The other inequality holds trivially if 8 = 0, so we suppose 3 > 0 (remark
that 8 > 0 if II(RY) = +o00). For every € > 0, there exists (j,,) a subsequence of (j) such that
Bj, = B — ¢ for all n,

B—e (—i—1)(B—¢) . 9jB; (—j—1)(B—¢) . 9j(B—e) _ _
z II(dz) > 2 - 20P5 > 2 -2 = 1=+
/C M COEDS > Z

J Jn

which yields 3 < j. O
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Main result of this section is the following

Proposition 2.3. If 3 = 1 and

limsup(B; — 1)7j < 400 (2.2)
Jj—+oo
then the weak redundancy and the fine non-overlapping property in Barral-Seuret’s Theorem are a.s.

satisfied for the Poisson system P with intensity measure I1.

We will see in the proof that any Poisson system whose Lévy measure has index 8 = 1 (in fact,
it is true for every 8 < 1, but we lost covering property if 8 < 1) satisfies the weak redundancy
condition. Under the mild assumption (2.2) on the measure, which restricts the rate of exceeding
the normal jumps intensity behavior (when there are too many jumps), the non-overlapping
condition is also verified.

’d+1

Trivial example of II is given by = dz/|z|*"", where the related sequence (3;);>11s (1,1,---).

We give other examples. The first one justifies the condition imposed in Theorem 2.1.

Example 2.2. 1. Measure whose support is restricted in some angles in R?
I = ajo ko ® 7o

where o i, (df) =11, (0)a(d0), see Section 2.1.2. Here 3; =1 — j79,f0r every j.

2. Measure with infinite many gaps.

Is(dz) = Z 1C(2—2n—172—2n)(Z)|Z|_d_1dz

neN

3. Purely discontinuous measure.

I3(dz) = ZQ_j 01 (9-5-149-5)(d2)

jEN

where d,, is a Dirac mass on the point x. This should not be confused with the approximating

rate.

Remark 2.1. By the definition of 3, there exists a sequence € ; decreasing to 0 such that ; < 1+¢;
forall j. Enlarging the sequence ¢ if necessary, we also havee; > 1/j forall j.

The pointwise regularity and multifractal spectra of the jump diffusion with symmetric coefficient

remain valid if intensity measure of IV satisfies the conditions in Proposition 2.3.
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2.2.1 Weak redundancy

Let us recall the weak redundancy introduced in Barral-Seuret [11]. We consider a system of
points S = (z,,, I,) in RT x R? satisfying the covering property [0, 1] C lim sup, . B(@n, [ln).
We say that S is weakly redundant if for every j, for every indexset 7; = {n : I, € C(27771,279)},
we can decompose 7; into disjoints index sets (7} )i=1,... N;, such that the balls B(z., |l,|) with

log, N,
n € T;; are disjoints and such that lim,,_, ., %25 — .

To prove that the Poisson system P satisfies almost surely the weak redundancy property, only
8 = 1is needed.

The choice of IV; involves the values of 3;, and will be clear along with the computation. Let us

introduce the events

A;={3te€0,1],{n e T; : t € B(Ty,|Zs|)} > N;}
Ajp={3te Ly, H{neT;:t € B(Ty,|Z,|)} > N;}.

with I;, = [k277, (k + 1)277). Clearly, if weak redundancy is satisfied for a fixed j, then the
complementary of A; is realized. Proving ) | y P(A;) < +o0 together with Borel-Cantelli Lemma
yields the weak redundancy property of P. We have

271 271
P(A;) < S P4 < S P (j:l{ne LT, EIjk}>N)
k=0 k=0

with fjk = Ijx—1 Ul Uk and the convention [; 1 = [;9; = (). In other words,
P(4;) < Y P(N(Ijx x C(27771,277)) > Ny)

k=0

where N (f%k x C(27971,277)) is a Poisson random variable with parameter
AT (I, x C(27771 277)) =3. 279 . 27

note that the parameter is independent of &, hence
(3-27 J+JBJ

P(A) <21 3 e o Z (3 2”]

i>Nj >N
By Stirling’s formula, for all j large enough

JE€ JE
<2JZ(362]> <2JZ<362 7)

i>Nj i>Nj
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Choose N; = 27VEi which satisfies log";ﬁ — 0 and 2751 << N; for j large. Then

2IVEi

< 0 . 9%ile—yE2VT

(3¢ 208\ VI . .
P(A;) < c- 2 ( ) — 29 (3¢ - 29(€i=VE))
! N; ( )

which implies for J large

SRy <227V <0307 0 VY < 0379707 < o,

jzJ jzJ jzJ Jj=J

where we used £; > 1/ for the second inequality. The proof is complete.

2.2.2 Fine non-overlapping properties

Let us first recall the non-overlapping property C in [11]. We say that the Poisson system P
satisfies the fine non-overlapping condition C if a.s. for every d € (1, +00) N Q, for every dyadic
interval U, say, of generation g(U), there exist infinite many j larger than ¢g(U), such that we
have the following : the number of dyadic intervals of generation j in U with the property P(0)
exceeds £(6)2/79Y) where x(8) > 0 is independent of ;.

Recall that a given dyadic interval V' of generation j satisfies P () if there exists ng € 7; with
Ty, € V such that every Poisson point 75, with n € Uy (j)<k<js Tk is not covered by the interval
B(Tyy, | Zny|?). As the value of 1(j) is not involved in the computions below, we do not give its
explicit form, all we need to know is that ¢)(j) < j. Clearly, this property involves not only the

generation j of the Poisson system.

The desired non-overlapping property follows easily by applying Borel-Cantelli Lemma for a
sequence of independent events whose probability have universal lower bound away from 0.

The independence can be achieved by choosing a sequence j, not too close with each other.

The main task is thus to establish a lower bound of probability, uniformly in j. Following Barral-

Fournier-Jaffard-Seuret, it suffices to prove the following lemma.

Lemma 2.3. There exists k1(d) > 0 such that, for every j, the probability that a dyadic interval V/
of generation j satisfies the property P () is larger than k1(0).

Indeed, we consider a smaller event : the proportion of odd dyadic intervals of generation j in
U with property P(d) exceeds £(9) := k1(0)/4 > 0. By odd dyadic interval of generation j, we
mean intervals like [2k - 277, (2k + 1)277) for 2k € [0,27 — 1]. By considering these intervals,
we have a family of independent Bernoulli random variables (1,, (5) holds for ) indexed by all
V odd dyadic interval of generation j. The common Bernoulli parameter is P(P(d) holds for V)

for one fixed, hence for every odd dyadic interval V. The property of binomial random variable
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together with Lemma 2.3 yields that

2i—9(U)—

1 i—g(U i—g(U)—1
P(ZlP(d) holds for v = 1&1(5)23 8 )> 2P Z X 2 Hl 0)2 A
v

where the sum is taken for all V' odd dyadic intervals in U, and (X;) are i.i.d. Bernoulli random
variables of parameter x1(6). The law of large numbers implies that the right-hand side term

converges to 1, hence larger than 1/2 for all j large enough.

Finally, we prove Lemma 2.3. For every V' dyadic interval, say, of generation j, we introduce the

sets
Sy =V xC@271277)and Sy =V x C(2779,27¢0))\ 5y

Denote by (t,, zn) the Poisson points in Sy U §V where the first N (Sy ) points

1<n<N(SyUSy)
correspond to the points in Sy . The property P(9) holds for V' if the Poisson points are config-

ured as follows.
P(P(6) holds for V) > P(N(Sy) = 1 and B(t1,21) N {ta," - ’t1+N(§V)} =10)

Recall that conditioning on the value of a Poisson process up to time ¢, the time of jumps are are
iid. uniformly distributed in the interval [0, ¢]. This, together with the independence between
N(Sy) and N(Sy), yields
P(P(9) holds for V')
>E[P(N(Sv) =1, Bt 20) 0 {ta, 1ty sy} = 01 {11}, N(Sv) ]
P (B(tl, ) N {te, ot vyt = DIN(SY) = 1), {61}, N(Sv ) P(N(Sy) = 1)}
>E[P(B(t1,279) N {ta, - 1ty s, ) = 01N (Sv) = 1), {2}, V(S ) N(Sy) = 1)]

— ¢ 'E [(1 - z—jw—n)N(Sv)}

\_/\_/

which gives by using generating function of Poisson random variable with parameter 277 - 27955

P(P(0) holds for V') > 6_16_27]‘(671)'271?6%5 = e_le_Qjé(ﬁja_l)

_ _ j5(5'571)+ o . limsup-j(5171)+
> e 12" > o L2 = 51(6) > 0

by assumption. The fine non-overlapping property thus holds.
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2.2.3 Regularity

Now we want to deduce the regularity results for SDE driven by N with general intensity mea-

sure. The condition imposed on G is given in the following definition.

Definition 2.2. The set G is the set of those functions G : R% x ST x (0,1] — C(0,1) satisfying
1. Symmetry : For everyx € R%, 0 € S™1, 0y = (1,0,---,0),

(G(,0,1),0) = |G(,0,7)| and G(x,0,7) = Gz, 0. 7)
2. Asymptotically stable-like : for every z € RY, 6 € S41,

lim infw exists and denoted by ;
r—0 logr B(x)

3. Lipschitz condition : there exists C > 0 such that for all (x,y) € R??, for every (0,r) €
Se=1 % (0,1],
log ’G(ya 07 7’)| — log ‘G([E, 97 7“)’

< Clz —y|.
logr

4. Boundedness : Range 5 C (0,2) and for every € > 0, there exists - > 0 such that for every

r € (0,r.), every x and every 0,
1
|G (z,0,7)| < rblorte

gf-l[ means that it is a condition on G in dimension d with respect to the general intensity measure
II.

Remark 2.2. Due to the presence of anisotropy of the intensity measure, we do need symmetric
coefficient G. Recall that the generalized Barral-Seuret Theorem in Section 2.1.4 holds if the sequence
of Poisson system (P*)o<i<-+oo have almost the same ubiquitous property for eachi. Typically, when
II = o ® mp, by piecing out (@%’k)nzl, the sequence {(Tﬂ;’k, R%’k)nzl}ogkgj,l is i.i.d. random
system of points. However, in the general intensity measure setting, one can privilege one angle
without changing the ubiquitous nature of the system (the three properties are verified for the whole

system). It can happen that even the basic covering condition is not satisfied in some angle.

Now we can deduce the pointwise regularity of M. Note §(t) := B(M;). Due to the sym-
metry of G, we do not need to decompose the Poisson system (7,, O, R;,). Introduce A5 =
limsup, . B(Tp, (R,)%) and 6; = sup{d > 1:t € As}.

Proposition 2.4. For every G € G, 11 satisfying the condition of Proposition 2.3.

1. There exists a unique pathwise solution to (2.1).
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2. With probability 1, for all t € [0,1]\J,

1
aB(t)

Hp(t)

Proof. We only clarify several points. The condition (2.2) is neither used to prove the existence
of the unique pathwise solution to (2.1), nor to deduce its regularity. Upper index of the intensity

measure equals 3 = 1 is the key here. Note that the fourth item of G& permits G to have some
1

oscillation under r #(=)+< | changing ¢ to /2 if necessary, every step of the proof can be checked
through. O

Finally, for every G € gi![, II satisfying the condition of Proposition 2.3, the pointwise multifrac-
tal spectra can also be deduced following the methods in [120].
2.3 Tangent processes
In [120], we identify the tangent processes of M with a specific choice for the coefficient
1
Go(z, z) = sign(z)|z[ 7

where Range E C (0,2) and Bis Lipschitz continuous. In this section, we extend it to a class of

admissible functions given in the following definition.

Definition 2.3. The set G} is the set of those functions G : R x C(0,1) — [—1, 1] satisfying :
1. Symmetry : Foreveryz € R, z € C(0,1),
G(z, z) = sign(z)|G(x, |2|)| , sign G(z,z) = sign z.
2. Asymptotically stable-like : Vx € R,

lim infw exists and denoted by ;
20 log | 2| B(z)

3. Lipschitz condition : there exists C > 0 such thatV(z,y) € R%,Vz € C(0,1),

log |G(y, 2)| —log|G(z, 2)|
log ||

< Clz —yl.

4. Boundedness : Range B c (0,2) and for all e > 0, there exists ro > 0 such that for every
z € C(0,7¢) and every x,
_ 1
|Gz, 2)| < [z] P03
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5. Local oscillating restriction : for all zo € R, there exists a positive function e, (z) satisfying
€x0() = O(|x — x0|) such thatV z in a neibourghood of xo ¥V z € C(0, 1),

1 1
2T < |G, )] < [T

Here G} means that it is a condition on G in dimension one used for deriving tangent processes.
Note that we add a strong condition (5). This is necessary due to the fact that tangent processes
are scale invariant and have selfsimilarity (see Falconer). If the function G oscillates too much,

we are not able to prove the existence of the tangent processes.

Main result of this section is the following. Recall that 3(t) := 3(M,).

Proposition 2.5. GivenG € G}. Lettoy > 0, conditionally on F,, the family of processes (%)tem .

converges in law to a stable Lévy process with Lévy measure ﬁ(to)u_l_ﬂ(to) du, when o tends to 0.

To prove the limit theorem in this proposition, we should be able to compare the behavior of G
with that of Gj.

Lemma 2.4. Given G € G} and xo € R. For ally > B(xq), there exist a constant 0 < C, < 400
such that

1
/ Gz, 2) — Golxo, 2)|" mo(dz) < Csl — o,
0

in a neighborhood of x.

Proof. By local oscillating restriction,
1
| 166.2) = Goao. ) ma(a2)
0
1 1 1 1 1 1
< / |2 P@o) e @) — 250 |7 1o (dz) +/ |2 P@0) =220 @ — 250 |7 1 (dz),
0 0

We only bound from above the first integral, the second can be dealt with similarly. Note that

log1
og /z1>

1 1
2 BE0)teag (@) _ 5 B(zg)

1 _ 1 _ 1
— 2B | el Fl@o)texg (@) Blzo)

and
1 1

B(wo) + ea0(x)  Blzo)

with some constant ¢, where we used the decreasing rate of the function €,,. Splitting the integral

< |z — x¢]
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into two parts

e—l/c/|z—z0\
= /
0

1 1 1 v
ol — logl/z
I ::/ 2z F(@o) (el“%”%“”> Py |81/ —1) mo(dz),
e

—1/c! |z —mg)|

y
TF()(dZ),

N S 1
2 Bl@o)teag(z) _ 5 B(zg)

we have for x sufficiently close to xg,

=1/ lz—aq| ) )
Il S / ’2/3(3?0)"'5:80(95) V Z/B(:r()) |’7 Wo(dz)
0

e—l/c'\z—zol 5 , ol -1
</ LT mo(dz) = Cy (ool ) TEOTT
0
<c, e~ ¢ lx—wo| < 07|x — x|
and
1 ol
I < / 2760 (log 1/2) |z — 0| 7(d2)
e—l/c’\:c—x0|
v Lot v
< |z — x| 2P0 T (dz) < Oyl — x|,
0
where we used v > (). The proof of the lemma is complete. t

We need some moment estimate of M near 0. Let us introduce the stopping times
7'% = 1inf{t > 0: 5(t) > B(0) + n/3}.
Tg = inf{t > 0:eo(M;) > n/3}
7';;S = inf{t > 0: | M| > n/3}
and denote 7, = 7'7% A 7'3 A T,,:;’ .
Lemma 2.5. Given G € Qtl.

(i) If B(0) > 1, for everyy € (5(0) + 1, 2), there exists a constant ¢, such that¥ « > 0,

E[| Zanr, "] < cya.

(i) If 5(0) < 1, for every~y € (B(0) +n,1 A 25(0)), the same moment inequality holds.
Here ) is taken to be small enough such that the range of v makes sense.

Proof. (i) M being martingale, by Burkholder-Davis-Gundy inequality, symmetry and subaddi-
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tivity, we have

/2
s, 2)|>N(dsdz)

alTy
E[Mars, '] < E[ sup [M]'] < c,E
0<t<aATy,

C(0,1)

¢,E [/CW"/ G(M—, 2)[" N(dsdz)}
— F UW"/ G(M,_, |7dz/22ds]

Since 7) can be taken arbitrarily small, by oscillating restriction, for every s € [0, 7], one has

IN

1 1 N B 1 -
/ |G(M,_, 2)["dz/2* < / |z| PO Fe0Ms—) *dz < / |z]5(ow>+" dz < +o00
0 0 0

where we used v > ((0) + 7. Hence,
alNTy
E[[Manr,|"] < CVE[/ ds] < eya.
0

(ii) For every s € [0, 7] with 1 small enough, it makes sense to separate the Poisson measure
7]

alTy
/ / |G(M,_, 2)| dz/7%ds

0 c(0,1)

7]
- E alty,  rl N )
< ¢ |G(Ms—, 2)|7dz/z"ds| .
0 0

Repeating the lines at the end of the first point, one gets the result. O

and its compensator. By symmetry and subadditivity, we have

alNTy

E[Manr, "] < E s— 2)| N (dsdz)

C(0,1)

+cE

We only sketch the proof of Proposition 2.5, using the self-similarity of the limit process and last

two lemmas.

Sketch of the proof : As in [120], we introduce

t - t -
L= / / Go(0, 2)N (dsdz), S, = / / Go(0, 2) N (dsdz).
0 Jewo 0 Jo(0,100)

which are Lévy processes whose Lévy measure are 3(0)|z|~#(0)—1 1¢(0,1)dzand 5(0)|z| —BO)-1gy,
respectively. The self-similarity of S permits to compare re-scaled L with S as probability mea-
sure in Skorohod’s space D[0, 1]. On the other hand, Lemma 2.4 permits us to compare re-scaled

M with re-scaled L. So every step of the proof can be checked easily via Lemma 2.4 and 2.5.
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Chapitre 3

Dimension de Hausdorft de I'image et du

graphe de diffusion a sauts de type stable

On détermine la dimension de Hausdorff de I'image d’une classe de processus de Markov
a valeurs dans R?. Cette dimension s’avére étre aléatoire et dépendre de lintervalle
du temps ou on observe I'image. Les techniques développées permettent également de

déduire la formule de dimension pour le graphe de ces processus.

Ce chapitre est basé sur Uarticle [121].
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3.1 Introduction

Let M = {M;,t > 0} be a jump type Markov process taking value in R?, whose generator is
£ola) = [ [pla+ ) = pla) = i V(o)) nle.du),

where n(z, du) is the jump kernel, i.e. a family of Lévy measures on R? indexed by z € R?
satisfying

sup /1 A u? n(z, du) < +oo. (3.1)
rER

- | denotes the usual Euclidean metric in R%. The dependence on z of the jump kernel is

Here,
an important feature because real life data (e.g. financial, geographical and meteorologic data)
which have been modeled by Lévy processes often exhibit different characteristics along time.
Hence modeling with this type of Markov processes can be relevant. When the jump kernel
n(x, du) does not depend on the value of x, M is a Lévy process. Mandelbrot used Lévy model
in [85], the so-called “Lévy flight”, and proposed to find its fractal dimension. The question of
finding the Hausdorff dimension of the range of Lévy processes was answered by Mckean [88],
Blumenthal and Getoor [27, 29] in the symmetric stable case, and Pruitt and Taylor [101], Pruitt
[102] in the general case. We also mention the recent investigations by Khoshnevisan, Xiao and
Zhong [70] and Khoshnevisan and Xiao [69] who proved the dimension formula in terms of
characteristic exponent of a general Lévy process. The reference [117] is a systematic survey on

this subject.

The question adressed in this article is the determination of the Hausdorff dimension of the range

and the graph of sample paths of M.

The sole condition (3.1) on n(x, du) seems too general to get precise results. However, for a large
class of Markov processes where the generator £ restricted on C2°(R?) is a pseudo-differential
operator, Schilling [105] (see also [31]) gave an upper bound for the dimension of the range
of their sample paths. This upper bound appears as an index deduced from the symbol of the
corresponding pseudo-differential operator. Recently, Knopova, Schilling and Wang [73] found
a lower bound for the range of Markov processes whose transition density satisfies an upper
bound in short time uniformly in z. Note that their upper and lower bounds do not coincide in

general.

Our aim in this article is to give sharp dimension formula for the class of stable-like processes in

the sense of Bass [15], whose jump kernel is given by
n(z, du) = B(x)u| =4 P@dy (3.2)

where 3 : R?  (0,2) is a Lipschitz continuous function whose range is included in a compact

set in (0,2). Note n®(z,du) = Cpy) |u|~4=B)dy, and L the corresponding generator, where



3.1 INTRODUCTION 103

Cp(«) is the constant such that

Immediately, the generator of our process is a variable order pseudo-differential operator with
symbol ¢(z,&) = %KW(I). By the assumption on the range of 3, one knows that Cg(.) is
bounded uniformly away from 0 and +o0o. We recall the main features of such processes in
Section 2. In this context, the stochastic process ¢ — (M) plays the role of a local Blumenthal-
Getoor upper index. Loosely speaking, a stable-like process behaves locally like a 5(M;)-stable
process in a small neighbourhood of time ¢, see [120] for a precise interpretation in terms of

tangent processes.

The main result of this article is the following.

Theorem 3.1. Let M be a stable-like process in RY, i.e. a jump-type Markov process whose jump
kernel satisfies (3.2). Then a.s. for every open interval I = (a,b) C R™,

dimy, (M(I)) = d A sup B(M).

sel

Here and after, dimy, E denotes the Hausdorff dimension of the set E.

This result shows that the range of a variable order Markov process typically has a random Haus-

dorff dimension.

Let us comment on the method of proof. We combine the classical methods with the "slicing”
technique introduced in [120] in order to compute the upper bound for the Hausdorff dimension
of the range of stable-like processes. This technique allows to distinguish different local behavior
of M, see Section 3. On the other hand, a coupling argument is used to deduce the lower bound

for the dimension of the range of M.

As a by-product, we are also able to compute the dimension of the graph of stable-like processes.

Theorem 3.2. Let M satisfy the hypotheses in Theorem 3.1. Let Gry(M) = {(t, My) : t € I} be
the graph of M on the interval [ C R,

1. Ifd > 2, then a.s. for every open interval I C R™,

dimy, (GT[(M)) =1V sup S(My).

tel

2. Ifd = 1, then a.s. for every open interval I C R,

dimy, (Gr,(M)) —1v (2 - W) (3.3)
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Jain-Pruitt [63] proved a Hausdorff measure result for the graph of a transient a-stable process,
which implied that the Hausdorff dimension of its graph is a V 1. Recall that a process X is
said to be transient if lim; ., . |X¢| = +o00 and to be recurrent if liminf, ,, |X:| = 0. An
a-stable process is transient if and only if o < d, see for instance [104]. Their result covers all
the a-stable processes in R? with d > 2 and all the one-dimensional a-stable processes with
0 < a < 1. Blumenthal-Getoor [29] treated the recurrent case (necessarily d = 1 and « > 1)
and found that the dimension of the graph of a one-dimensional a-stable process is 2 — é Their
proof was performed by using the knowledge on the law of stable processes, thus seems hard
to generalize. Later, Pruitt and Taylor [101] investigated, among others things, the asymptotic
behavior of the sojourn time of a Lévy process with stable components and related the exact
Hausdorff measure of the graph of such process to these results. We will follow and adapt, when
necessary, the arguments in [101]. Theorem 3.2 generalizes several parts of [29, 63, 101] to the
class of stable-like processes and we obtain the exact value for the dimension of their graph.

Indeed, when the function 3(-) is constant, we recover the classical results.

This paper is organized as follows. We first recall some basic properties of the stable-like pro-
cesses in Section 2. We study the p-variation of M in Section 3 to yield the upper bound for the
dimension of the range of stable-like processes. The lower bound is proved in Section 4 using
a coupling argument. Finally, we deal with the dimension of the graph of M (Theorem 3.2) in

Section 5.

In the whole paper, C'is a positive finite constant independent of the problem, that may change

from line to line.

From now on, we only consider the time interval [0, 1], extension to any interval is straightfor-

ward.

3.2 Preliminaries

Let (Q, F, (F¢),P) be a filtered probability space satisfying the usual conditions. Let A be the
Lebesgue measure on R*, H be the uniform probability measure on S*~! and 7 (dr) = r~2dr on
R*. Denote by N a Poisson random measure on the product space RT x S?~1 x RT adapted to
the filtration (F;) and with intensity A® H ® 7. We denote by N the corresponding compensated
Poisson measure. First we give the Poisson representation of stable-like processes which will be

used in the sequel.

Proposition 3.1. For every Fy-measurable random variable M, there exists a unique pathwise

solution to the stochastic differential equation,

t 1 . t +00
Mt:/\/lo+// /97«1/5(M8>N(ds,d9,dr)+/ // 0rt /P M-I N (ds, do, dr).
0 Jsd-1.Jo 0 JsdJ1 (34)

Furthermore, the solution to (3.4) is a cadlag (F;)-adapted strong Markov process whose generator
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is £ with jump kernel (3.2). We call the solution (M%) if Mo = x a.s. for some z € RY.

Proof. First we show the existence of a unique pathwise solution to

t 1 N
My = Mo + / / / Ort/BMs=) N (ds, d6, dr). (3.5)
0 Jsd-1Jo

Since the number of jumps larger than one for [V is finite in any finite interval almost surely, the
existence of a unique pathwise solution to (3.4) follows by an interlacing procedure as soon as it
holds for (3.5), see e.g. [3, Chapter 6]. To this end, it suffices to check a growth and a Lipschitz
condition, i.e. that there exists C' > 0 such that for all x,y € RY,

1 1
[ [
sa-1 Jo
1 1 1
/ / ‘97«3@) o)
si-1.Jo

see e.g. Chapter 6 of [3]. As the range of () is included in a compact set of (0, 2), there exists

2 dr
72H(de) <C(+ |z

2 dr
ﬁH(da) < Clz —y[?

¢ > 0 such that = — [(x) is uniformly bounded from above by 2 — ¢, so that

1 1
050 L prag) = [ L 0 < o1+ ),
A r 0

r

and the growth condition is thus satisfied.

Let us now consider the Lipschitz condition. Let z,y € RY Without loss of generality, we
assume [(x) > [B(y); then

1 1
/ / 6r1/5@ _ g /8w 9T g gp) / (r1/B@) _ /82 9
sd-1.Jo r 0

r2

1 2
_/ 2/5() (1_60%%)(5&)@0) dr
0

1 N2/ 1 1 \? dr
/() (. _ 1 \oar
</0 o <l°gr) <ﬁ(3:) ﬁ(y)> 2

1
1
< Cla - ylg/ r?/7) (log —)*
0

r2’

where we used the Lipschitz continuity of the function 3. Remark that log(1/7)? < Cr~=° for
2
SupzeRd B(x)

of (z,y). The Lipschitz condition follows.

every 7 € (0,1) where gg = 1( —1). Hence the last integral is finite and independent

Using (3.2) and a change of variable (u = Ort/P@)), the generator of stable-like processes can be

written as

dr
coa) = [ [ (otat ot = ola) e car "0 - V@) G (@0),
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The SDE structure (3.4) together with Itd’s formula for Poisson integral yields that, for every
p € CZ(RY),

(M) =p(Mo) + // / O(M,_ + rt/PMs- ))—cp(/\/ls_)>ﬁ(ds,d9,dr)
gd—1

//S / (M + 00 — (M)

— grt/PMs=) LT p( M, )) dr H(df) ds.
+oo
/ / / O(M_ + 0rt/BMs=)y _ (M, ))N(ds,de,dr)
sd—1

Taking expectation, we get

Elp(My)] = (M) + /O E[Lo(M,)]ds

implying that £ is indeed the generator of M, solution to (3.4). The strong Markov property

follows from the pathwise uniqueness, see for instance [31].

O

We gather useful properties of stable-like processes in the following proposition. For more in-

formation about stable-like processes, we refer to a survey and a paper by Bass [27, 29].

Proposition 3.2. Let M be the solution to (3.4), then

t 1 »
t s / / / Ort/PMs=I N (ds, df, dr)
0 JSsd-1.Jo

is a (F;)-martingale in L?.

1. the process

2. M is a Feller process whose generator is A with domain D(A) D C°(R%), such that A|coo (ray =
L is a pseudo-differential operator with symbol q(x,€) = (8(x)/Ca(x)) €8 ()

Proof. To prove that M is an L?-martingale, it suffices to check that

t ! 2dr
Vi>0, L =E U / / ‘er/B(MS‘)‘ & H(do) ds] < +o0.
0 sd-1 Jo T

Since the range of 3 is included in a compact subset of (0, 2), there exists ¢ > 0 such that (+) is

uniformly bounded above by 2 — €. So one has

|:/ / 2/B(Ms-) dT :| / / 2/(2—¢) d-S’ < 400.
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We refer to Chapter 4 of [31] or [17] for the computation of the symbol of the stable-like pro-

cesses. O

Now let us recall known results on the upper bound [31, 105] and the lower bound [73] for the

dimension of the range of Feller processes.

Theorem 3.3 ([31, 73, 105]). Let (X¢)t>0 be a Feller process with generator (A, D(A)) such that
A|coo ey is a pseudo-differential operator with symbol q(x, &) satisfying |q(x, &) < (1 + 1€1%)
forall x and q(-,0) = 0. Then almost surely, dimy,(X[0,1]) < d A B where

(3.6)

B —infl§>0: lim —rulsle **Packs la(z,m)|
oo T M _ ‘
6100 €1°

Ifin addition the transition density p(t, x,y) of the process X exists and satisfies for some constants
canda € (0,2),
Yo,y eRY te0,1], ptz,y) <ct ¥ (3.7)

then almost surely, dimy,(X[0,1]) > d A a.

Remark 3.1. The existence of the density for stable-like processes was proved by Negoro [93] under
strong assumption on the regularity of 3. Observe that the process M satisfies the condition (3.7)
with o = inf, cga 5(), see [74, Proposition 3.1 and Theorem 5.1] or [75, Chapter 7].

A direct application of Theorem 3.3, Remark 3.1 and Proposition 3.2 to our process M, yields a.s.

dimy, <M([0, 1])) € [d/\ inf B(x),d A sup B(z)]| .

zcRd zERA

3.3 Study of the p-variation of M : upper bound of Theorem 3.1

The aim of this section is to prove that

dimy, (M([O, 1])) < B* Ad, where * = sup [B(My). (3.8)

te(0,1]
We use a slicing procedure for M and the p-variation approach to tackle this problem. The use
of p-variation in deducing an upper bound for the Hausdorff dimension of the range of sample
paths goes back, at least, to Mckean [88]. In this article we apply a Theorem by Lépingle [80] on

the p-variation of semimartingales.
First let us introduce some notations for the p-variation of functions.

Let f : RT — R? be a cadlag function and P be a finite partition of the interval [0, {] deduced
naturally from a family of strictly ordered points (0 = ¢ty < ... < t, = t). Following the
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notations in [80], for any p € (0, 2), let

n—1
Vo(f,P) =D [ f(ti1) = f(t:)[P.
=0

Then the (strong) p-variation of f in the interval [0, ¢] is
Wy(£,10,t]) = sup {V,(f, P) : P finite partition of [0, ¢]} .
We also introduce the quantity corresponding to the jumps of f in the interval [0, ¢],

Sb(j}[o’ﬂ) = j{: \Zﬁf}Vﬁ

0<s<t

where Afs = f(s) — f(s—) and f(s—) = limy, f(2).

Recall that a semimartingale is a process of the form X; = Xo + M; + A;, where X is finite
a.s. and is Fo measurable, M, is a local martingale, and A; is a process whose sample paths have
bounded variation on [0, | for each ¢. Such a process can be written as X; = X7 + X J_the sum
of a continuous part X¢ and a pure jump part X7. Let us state a part of Lépingle’s result (see

Theorem 1 of [80]) which is useful for our purpose.

Theorem 3.4 ([80]). Let X be a semimartingale such that (X¢). = 0. Let p > 0. Then almost
surely,
Sp(X,[0,1]) < 400 = (Vp' > p, Wy(X,[0,1]) < 400).

Following [120], we slice the process M according to the different behavior of the local index
process t — [(M,). This induces a decomposition for the process M. Precisely, for every
m € Ny, we write M. = Mg + ZZL:_OI MEm + M=! where

t 1
hm / / / or1/BMso)q wio N (ds dO dr).
: S ), B(M,_)e[2k 2kt2) ( )

m’ m

and t —+00
0 JSdJ1

From a trajectory point of view, each sliced process behaves exactly the same as M when the
index process takes value in the sliced interval, otherwise it is only a constant process. The pro-
cess M=! is not relevant in the computation of p-variation for M since it is piecewise constant

with finite number of jumps in the unit interval.

Now we are ready to prove (3.8). For each (k, m), we study the p-variation of M*™, then deduce
the finiteness of the p-variation of the whole process M for any p > 8*. The desired inequality
follows by a general argument by Mckean [88] on the relation between Hausdorff dimension of

the range of a function and its p-variation.
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Lemma 3.1. For everym € N, and every k =0, ..., m, almost surely,
Wakgs (MP™ [0, 1]) < +o0.

Proof. The method consists in applying Theorem 3.4 to each M*™ since each of them is a semi-
martingale satisfying ((M*™)¢). = 0. We start with the observation that

S(2k+%)/m(Mk’m) [0,1])
1 1
3y /m s—
:/0 /gd_lfo PRI 5 0, ok /m, 2h2) )N (ds, dB), dr).

Taking expectation, we see that

- 1 1 5 /m d’l"
IE[‘Sy(zic%)/m(/\/lk’ [0, 1])]:/0 /0 E[r(2F+2)/ B(Mk)lﬁ(Ms—)€[2k/m,(2k+2)/m)]dsﬁ

1 1
< / / r(2k+%)/(2k+2)_2 drds < 400,
o Jo

which yields the result by Theorem 3.4. O

Now the finiteness of the p-variation of the whole process M is proved as follows.

Lemma 3.2. Almost surely, for anyp > %,
WP(M7 [07 1]) < +o0.

Proof. Recall that §* is defined in (3.8). Consider the events

.3 %43 N
Ak,m:{ﬂ +—2 - }, Bk,m:{Wﬁ“r%(Mk’ ,[0,1])<+oo}.

m
Since the mapping p — 1y, (1,0,1])<cc 1S non-decreasing, one has
P(Bryn 0 Agn) = P ({ Wakss (MP™,[0,1]) < 00} 1 Ay )

Under Aj | ,i.e. the complementary of A, ,,, MFE™ = 0 by the definition of M*™. Hence By m

is also realized. This inclusion Af, ~C By, yields

P(Bim N AL ) = P(AF, ).

k,m
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Combining the previous two estimates, one obtains
P(Bk,m) = P(Bgm N Agm) + P(Brm N Af )
> P({Waiss (M5, [0,1]) < 400} N Ap ) + P(AF, )
> P(Wares (MP™,]0,1]) < 400) = 1,

where Lemma 3.1 has been used. By Jensen’s inequality (when p > 1) or subadditivity (when
p < 1), forany p € (0,3), n € N, and (a1,...,a,) € R", one has (31, |a;[)P < (nP~1V
1) 3" |ai|P. This yields for any finite partition, every family of cadlag functions f; : [0,1] — R
with¢ =1,...,n, that

(Zf@, P) < Cln.p) Y Valfis P) < Cln,p) Y- Wi, [0,1]),
=1

i=1

where C(n,p) = nP~! V 1. Therefore, since P(B,,) = 1, one has as.
Wy s (M,[0,1]) < C(m, B + = ZWB* 3 (MF™10,1]) < +o00

for every m € N,, which yields the result. O

Proof of (3.8) : Recall the following fact in [88] : if f : [0,1] — R? is a cadlag function with

finite p-variation, then
dimy, ( flo, 1]) <pAd. (3.9)

Now (3.8) follows by combining the fact above and Lemma 3.2. O

3.4 Lower bound of Theorem 3.1

To prove the lower bound, we introduce a suitable coupling of M with a family of processes
whose dimension of the range is known. This coupling is used in the proof of the following

lemma, see (4.2) below.
Lemma 3.3. Let 0 < £y < 1. Almost surely,
dimy, (Mlto,1]) = B(Miy) A d

Proof. Foreachz € RY, denote by P* the law of M. Consider the canonical space (D, D, (D;), X;, P%)

where D is the space of cadlag functions, X is the coordinate process.
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By the Markov property, one has
P(dimg (Mlto, 1]) = B(My,)|Fiy) = 9(My,)
where

g(x) = P*(dimy (X[0,1 = to]) > B(x)) = P(dimy (M*[0, 1 — to]) > 5(x))).

Now one constructs a coupling with the process M*. Let a € (0,2) and 3,(-) = 5(:) V a. For
each ¢ > 0 and any rational number 0 < a < [(z) — 2¢, one introduces the process M*?,
solution to the SDE

t 1 vian ~ t +0o0
Mf’“zﬁ—// /erl/ﬁaws>N(ds,d9,dr)+/// Or'/PeMa2) N (ds, df, dr).
o Jsdi-1 Jo 0 Js?J1
(3.10)

driven by the same Poisson random measure and endowed with the same initial condition, i.e.
P(My* = ME = x) = 1. Existence and pathwise uniqueness of these processes can be proved

as in Proposition 3.1.

Define the stopping times
™ =inf{t > 0: B(M}) < B(x) —e} and 7% =inf{t > 0: (M) < B(z) —€}.
Define also
21 = inf{0 <t <1:N([0,t] x [1,400)) > 1}

By the cadlag property of the sample paths of M*% and M?*, both stopping times are almost
surely strictly positive. Note that 72! is an exponential random variable with finite parameter, it

za 721) /2. The following observation

is also strictly positive almost surely. Set 7 = min(7%, 7
is fundamental :

almost surely, Vt >0, M{, = M. (3.11)

Indeed, for every t > 0, using 7 < 72!, one remarks that the large jump term is identically zero
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before time 7 so that

T
|:’Mt/\7 - tAT

tAT

P/ Ba(MZY) rl/ﬁ(Mi_)> ]\Nf(dsdﬁdr)

Sd—1

2
B 0 0 ]
[ ptAT 1 va . 2
< CE / / / 8 _ gz N(dsd&dr)]
LJO Sd-1.Jo

[ AT 1 xz,a T QdT
_CE / / / P8 _ s 2H(d9)ds]
Sd—1 T

tAT
_CE / / B _ 1/t ‘““"ds]

— CE // ’ ysmEe ) s |2 4 ]

—ds
S C / |Ms/\7' 8/\7‘| d8:|

= C/ |Ms/\7- S/\T‘ ]dsa

where we used the Burkholder-Davis-Gundy inequality for the first inequality and the Lipschitz
condition for the last inequality (see Proposition 3.1 where the existence of pathwise solution for

SDE (3.4) was proved.) Hence, using Gronwall’s Lemma, for every ¢t > 0,
E[IMg., — Minel| =0

This, along with the cadlag property of the sample paths, yields (3.11).
To conclude, applying Theorem 3.3 to the Markov process M™%, we obtain that for each ¢ €
(0, 1],

almost surely,  dimy; M™%([0,¢]) > inf B,(z) Ad>aAd.
z€RY

This full probability set is indexed by ¢ and is non-decreasing as ¢ increases. Hence almost surely,
for all ¢ € (0, 1] and all rational a € (1, 5(z) — 2¢), one has dimy; M*([0,¢]) > a A d. One

deduces that a.s.
dimy; M*([0,1 — to]) > dimy M*([0,7 A (1 — t9)]) = dimgy M®([0,7 A (1 —19)]) > a A d,

where we used (3.11) for the equality and the fact that a.s. 7 > 0 for the last inequality. Letting
a — ((x) — 2¢ along a countable sequence, then letting ¢ — 0, one obtains that

One concludes with P(dimy M([t, 1]) > B(My,)) = E[g(My,)] = 1. O
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Finally, we prove the lower bound in Theorem 3.1.

Proof. Using Lemma 3.3, we have for each ¢y € [0, 1) thata.s. dimy, (M([0,1])) > dimyg; (M([to,1])) >
B(My,) Ad, then as.

dimy, (M([O, 1])) > sup  [B(My)Ad= sup B(My,) Ad,
to€[0,1)NQ to€[0,1]

where we used the cadlag property of the sample paths and the fact that AM; = 0 as. O

3.5 Dimension of the graph of M : proof of Theorem 3.2

3.5.1 Cased>?2

Since a projection never increases the dimension of a subset of R?, projecting the graph on the

time axis then on the space axis yields the announced lower bound for dimension of the graph.

It remains us to prove the other inequality. Recall that * = sup, €0,1] B(My). For every p >
max(1, %) > B* = B* A d, consider the p-variation of the process G(t) = (Id(t), M) in R%+1,
where Id(t) = t. As W,(Id, [0, 1]) < 1 for every p > 1, there exists a constant C' = C(d) such
that

W,(G,[0,1]) < C(1 4+ Wy(M,[0,1])) < +o0.

by Lemma 3.2. Applying (3.9) yields the desired upper bound.

35.2 Cased=1

The proof is split into several parts. The first one gives an upper bound for the upper box dimen-
sion of the graph of M. For the definition of the upper box dimension, see Chapter 3 of [48].

The proof is quite standard, see for instance [94]. We prove it for completeness.

Proposition 3.3. Almost surely,

1
dimg(Grjg11(M)) <max | 1,2 - ———— | .
- sup,; B(Mi)
Proof. If the event {sup, €l0.1] B(M;) < 1} is realized, Lemma 3.2 yields that the process M has
finite variation, a fortiori, the graph process G has finite variation. Hence the dimension of the
graph of M (which is the range of G) is 1 by the projection argument used in Section 3.5.1 and
(3.9). The desired inequality is straightforward.

If {sup, _, B(M;) > 1} is realized, we consider p > sup,_, 3(M;) > 1 and relate the upper box

dimension with the p-variation of the process. Denote the oscillation of the process M in the
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dyadic interval [k277, (k + 1)277] by
Osc(M, 1) := sup{| My — M| : s,t € I}

For every k, Gy, (M) can be covered by at most 2/Osc(M, I 1) + 2 squares of side length
277, The number of squares of generation j required to cover the graph G7(o,11(M) satisfies

20 -1 271
Nj= 3 (P0se(M, Lx) +2) <2 S Wy(M, Lg)v +2-2
k=0 k=0
1
27 1 P .
<P D WM L) | ()77 4202
k=0

S

< 2.2 Dw, (M, [0,1))

for all j large enough, where we used Holder inequality for the second inequality. Therefore,

_ log N; 1
dimp(Gr M) < limsu A —
B( [0,1]( ) < j—mp 0g2 = P
where we used W,,(M, [0, 1]) < oco. Letting p — SUP,c(o.1) B (M) yields the result. O

The rest of this section is devoted to prove the lower bound in Theorem 3.2, i.e.

1
( [0,1] ) SUP, (0.1 B(M,)
To prove it, we give a deterministic lower bound for the dimension of graph. This should be

viewed as an analogue of Theorem 3.3 (the lower bound part) in the graph context.

Proposition 3.4. Denote 3, = inf,cpa 5(x). Almost surely,

. 1
dll’l’l'H (GT[O,I] (M)) 2 1v (2 - /87)
*
We prove this proposition in several steps. First we adapt the ideas in [101] to give tail estimates
for the sojourn time of M. This allows to understand the local behavior of the graph occupation

measure. Then we use a density argument (also called mass distribution principle) to obtain the

lower bound for the Hausdorff dimension of the graph of M.

Following Pruitt-Taylor [101], we define the sojourn time of M in the ball centered at M with

radius a, up to time s as

s
T(a,s):/o 1|M¢—Mo|§adt'
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The main estimate is the following.

Lemma 3.4. Assume that B, > 1 and let C = . Foreverys <1,A>0,a >0,

2
1-1/PBx
P(T(a,s) > )\asl_ﬁ%) < e M

Proof. Recall the canonical space in the proof of Lemma 3.3. Define

S
Tx(a,s) = / 1), Xo|<a dt-
0
The Markov property entails that for any Borel set A C R,
P(T(a,s) € A) = ga(Mo)

where ga(z) = P*(Tx(a,s) € A).

We need to bound from above the exponential moment of the sojourn time. To this end, we study
its n-th moment for all n > 2. For every k € Nand s € R, let

Tp =T(s) = {(t1,...,tx) €[0,8)": 0<t; < - <ty < s}
Using successively the Fubini argument, conditioning and the Markov property of M,

[T(a s)"]

IP’ ﬂ{wt | < a})dt; -
0 0

P

Il
S
—

( {IMy,] < a}) dty - - - dty,
“”(
E

1

1D

IN
s
.

HD

{IMy] <a}, My, — My, | < 2a> dty - dt,

Il
s
—

n

E (m {IMy,| < a}|F, 1) PMtn1 (‘Xt - X, | < 2@)] dty - - - dt,

n!

[ (ﬂ{\Mt | < a}|Fp,_ > EMtn-1[Tx (2a, s — )]] dty - - dtp_y

n—1

sup E*[T (2a, s)]> (n—1)! /F (ﬂ{wt | <a}> dty - dty

rCcR4

\/\
Af\ﬂ\

suﬁgd E*[Tx (2a, s)]) -E[T(a,s)" ).



116 CHAPITRE 3: DIMENSION DE L’'IMAGE ET DU GRAPHE

We iterate this procedure to get

E[T(a,s)"] <n! (sup E*[Tx (2a, s)}) .

zcRd

Thus for all u > 0, the exponential moment of E[7'(a, s)] is bounded from above by

too n
[euT(@:9)] Z 'E a,s) gZ( sup E*[T'x (2a, 8)]) .

Applying Remark 3.1 related to the density estimate (3.7) yields for all z € R¢

E*[Tx(2a,s)] = / PU(|X; — x| < 2a)dt < / 5 2adt < C-as' e
0 0

with C' = ﬁ Finally we choose

1

u =
2sup, pa E*[Tx(2a, s)]

to obtain

_ 1
P(T(a’a S) Z /\CLSI_/B%) S e_U)‘asl Bx E[ uT(a, s)] < 6_%,

O

The following density lemma is useful for our purpose. We refer to Lemma 4 in [112] for a proof.

Lemma 3.5. Suppose that v is a probability measure supported on E C R x R such that for

v-almost every (t, ),

lim sup v([t,t +h] X [z — h,x + h])

< (C < +oo.
h—0 gp(h)

Then )
HP(E) > —
(B) > 2
where H? denotes the Hausdor{f measure related to the jauge function o, i.e. an increasing function
from R to RY with limg o ¢(s) = 0.

Proof of Proposition 3.4 : By the projection argument used before, there is nothing to prove when
B« < 1. We thus assume that 5, > 1. For every m € N,, using Lemma 3.4 witha = s = 27™
and A = m yields

]P)(T(2fm72fm) 2 mzfm(Qfl/ﬁ*)) < e*m/QC'
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We deduce using the Borel-Cantelli Lemma that a.s. for all m large enough,
T(27™,27™) < m2 218,
For all @ small enough, let m be the unique integer such that 2™ < a < 27™. Then

T(a,a) _T@™27™)  m2 G0 “c
(log |a|)a2=1/B« = m2-mE=1/8.) (m + 1)2-(m+1)(2=1/8.) =

where (' is a positive finite constant independent of m. Thus a.s.

T(a,a)
Li i O 3.12
TSP Toglala® 178 = (12
1
Consider the probability measure y, defined by p(A) := / 14(t, M;)dt whose support is the
0

graph Gy 1)(M). Applying the same arguments as for the estimate (3.12), we obtain that for
all fixed to € [0, 1), with the same constant as in (3.12),

lim sup w([to, to + a] x [My, — a, My, + a])

<C S.
e log(1/a)a2~1/5- ="

A Fubini argument yields that a.s.

t,t —
for ;1 — almost every t, lim sup pllt,t +a] x [My — a, My + a]) <C
a—0 log(1/a)a?=1/5
This, together with Lemma 3.5 applied to p, yields the desired lower bound for the dimension of
GT[O,I] (M) 0

Finally we prove Theorem 3.2 when d = 1.

Proof. The proof does not differ much from that of Theorem 3.1, thus we only sketch it. The upper
bound is deduced by Proposition 3.3 since the Hausdorff dimension of a set is always smaller than
its upper box dimension, see [48]. By Proposition 3.4 and the coupling argument used in Section

3.4, we have for every ¢y € [0, 1), almost surely,

. 1
dimy Gryg, (M) > max (1, 2 — m)
0
So we have a.s.
1 1
dimy, ( Gr M))> sup max (1,2 — ———) =max (1,2 — .
2 ( 0,11 ( >> iy N ( 5(Mto)> ( SUP, (o 1 B(Mt))

O]
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3.6 Remarks and open questions

Recall that Blumenthal-Getoor’s approach [29] for determining the dimension of the graph of
a recurrent stable process consists in finding the dimension of the level sets, then recovering
the dimension of the graph by some geometric argument. It would be of great interest if their

method could be generalized to the stable-like case.

One possible extension of this article is the study of dimy; M(F) with E being any Borel set in
R*. In [73], this question was considered and the authors obtained some bounds. The slicing

and coupling argument of the present paper may certainly improve the bounds obtained in [73].

Another direction would be to obtain the Hausdorff measure result of stable-like processes. In
Lemma 3.4 and 3.5, we already see some flavor of it. More precise estimates should be obtained

in this direction.



Chapitre 4

Multifractalité de la mesure
d’occupation de diffusion a sauts de type
stable

Nous allons étudier le comportement local de la mesure d’ocuppation p de diffusion
a satus de type stable M. Cette mesure décrit le temps passé dans un ensemble quel-
conque A C R par ces processus. On calcule le spectre multifractal de i, qui s’avere étre
aléatoire, dépendant des trajectoires. Cette propriété remarquable contraste fortement
les résultats obtenus précedemment (comme par exemple des processus de Lévy), car le
spectre multifractal est en général déterministe presque surement. De plus, I’allure de
ce spectre est originale, qui réflecte la richesse et la diversité de la régularité locale. La
preuve est basée sur de nouvelles méthodes, qui procurent par exemple l’estimation fine
sur la dimension de Hausdorff de certaines configurations de sauts dans le processus

ponctuel de Poisson.

Ce chapitre est basé sur article [106] en collaboration avec Stéphane Seuret.
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4.1 Introduction

The occupation measure of a R%-valued stochastic process (X;);>o describes the time spent by
X in any borelian set A C R?. It is the natural measure supported on the range of the process
X, and plays an important role in describing the different fractal dimensions of the range of X.
Local regularity results for the occupation measure and its density when it exists (often called
local times if X is Markovian) yield considerable information about the path regularity of the

process itself, see the survey article by Geman and Horowitz [52] on this subject.

We describe the local behaviors of this occupation measure via its multifractal analysis. Multi-
fractal analysis is now identified as a fruitful approach to provide organized information on the
fluctuation of the local regularity of functions and measures, see for instance [48, 62]. Its use
in the study of pointwise regularity of stochastic processes and random measures has attracted
much attention in recent years, e.g. (time changed) Lévy processes [6, 10, 43, 44, 61], stochastic
differential equations with jumps [12, 119, 120], the branching measure on the boundary of a
Galton-Watson tree [90, 91], local times of a continuous random tree 7, 20], SPDE [71, 92, 100],

Brownian and stable occupation measure [36, 55, 56, 87, 108], amongst many other references.

In this article, we obtain the almost-sure multifractal spectrum of the occupation measure of
stable-like jump diffusions, which turns out to be random, depending on the trajectory. This
remarkable property is in sharp contrast with the results previously obtained on occupation
measures of other processes (such as Lévy processes), since the multifractal spectrum is usually
deterministic, almost surely. In addition, the shape of this multifractal spectrum is very original,
reflecting the richness and variety of the local behaviors. The proof is based on new methods,
which lead for instance to fine estimates on Hausdorff dimensions of certain jump configurations

in Poisson point processes.

We first introduce the class of processes we focus on.

Definition 4.1. Leteg > 0, and B : R — [, 1 — &¢] be a nowhere constant non-decreasing, Lips-
chitz continuous map. The stable-like processes M are pure jump Markov processes whose generator

can be written as
1
£/ = [ (@ +u) = )BT (1)

Introduced by Bass [15] in the late 80’s by solving a martingale problem, this class of processes
has sample paths whose characteristics change as time passes, which is a relevant feature when
modeling real data (e.g. financial, geographical data). Roughly speaking, the stable-like processes
behave locally like a stable process, but the stability parameter evolves following the current
position of the process, see [12] or [120] for an explanation from the tangent processes point of

view.

Let M = {M,,t € [0,1]} be a stable-like process associated with a given function = — [(x)
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as in Definition 4.1. Our purpose is to describe the local behaviors of the occupation measure of

M defined as
1
p() = [ 1a(Modr (42)
0

It depicts how long M stays in any Borel set A C R. We investigate the possible local dimensions

for i, as well as its multifractal spectrum. Let us recall these notions.

Definition 4.2. Let v be a positive measure on R, whose support is Supp (v) := {x € R: Vr >
0, v(B(xz,7)) > 0}. The upper local dimension of v at the point x € Supp (v) is defined by

— B
dim(v, x) = lim sup w.
10 logr

Similarly, the lower local dimension of v at x is

1 B
dim(v, x) = lim infw.
— 710 logr

When dim(v, ) and dim(v, z) coincide at z;, the common value is denoted by dim(v, x), the local

dimension of v at .

Our aim is to investigate two multifractal spectra of the occupation measure p associated with
stable-like processes, related to these local dimensions. Let dim4, stand for the Hausdorff dimen-
sion in R, with the convention that dimy, () = —oco. The first multifractal spectrum (in space) is

defined as follows.

Definition 4.3. Let O be an open set in R, and v a Borel measure on R. Consider the level sets

L(O,h) ={z € ON Supp(v) : dim(v,z) = h}
JO,h) ={z € ON Supp (v) : dim(v, x) = h}.

= =

The upper and lower multifractal spectrum of v are the mappings

(0, : h = dimy, E, (O, h),
,(0,9) t h— dimy E,(O,h).

2. &l

The famous paper by Hu and Taylor [55] states that for every a-stable subordinator £* whose

occupation measure is denoted by p“, almost surely for all x € Supp p,

dim(u®, r) = o and dim(u®, x) € [, 2a]. (4.3)

It is a classical result [27] that when « € (0, 1), the image of any interval I by £ has Hausdorff
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— h
a
0 2

Figure 4.1: Space upper multifractal spectrum of .

dimension «, almost surely. This implies that the support of u* has Hausdorff dimension «,

almost surely.

With all this in mind, the lower spectrum of u® is trivial: for each open interval O intersecting

« when h = «,
Supp (), one has d,, (O, h) =
—oo  when h # a.

Hu and Taylor also prove that the upper spectrum is much more interesting (see Figure 4.1):

Almost surely, for each open interval O that intersects Supp (u®),

_ o (% - when h € [a, 2q],
dy (O,h) = ga(h) == (-1 _ (4.4)
—00 otherwise.

Our first result gives the possible values for the local dimensions of the occupation measure p

associated with a stable-like process M.

Theorem 4.1. Consider a stable-like process M associated to a non-decreasing mapping 3, as in

Definition 4.1, and the associated occupation measure ji. With probability 1, for every x € Supp (1),
dim(p, 2) = A(x) and dim(p,7) € [B(x), 28(x)).

Hence, the support of the lower spectrum d,, is random, depending on the trajectory of M.

The spacelower multifractal spectrum is then quite easy to understand, since the level set £, (O, h)
contains either one point or is empty, depending on whether h belongs to the closure of the range
of the index process { 3(M;) : M; € O} or not. Theorem 4.1 indicates that the spectrum related
to the upper local dimension dim(y, -) should be more interesting. This is indeed the case, as

resumed in Theorem 4.2. Set

. o (% - when h € [a, 2a),
Ga(h) = ( " )

—00 otherwise.

Note that the only difference between g and g is at the value h = 2¢.
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EO,M(h)

Figure 4.2: Space upper multifractal spectrum of 1 on an open set O. The spectrum (in thick) is
obtained as the supremum of a random countable number of functions of the form
ga(h), for the values a € S(M;_), M; € O. It may happen that there is a hole in
the support of do, (in red in the figure). In this case, the value of do ,, at 3(M;) is
either 0 or —oo.

Definition 4.4. For every monotone cadlag function Y : Rt — R, we denote by S(T) the set of
jumps of 1.

Theorem 4.2. Set the (at most countable) sets of real numbers

& ={B(My) : t € S(M) and B(M;) > 28(M;-)},
& = {26(M;_) : t € S(M) and B(M,) > 28(M,_)},
E=&U&. (4.5)

With probability 1, for every non-trivial open interval O C R, one has

du(07 h) _ 0 if h e {,B(Mt) M € O}, (4.6)

—o0  otherwise,
and for every h € Rt \ &,
d,(O,h) = sup {ga(h) : a € {B(M;) : My € O}}. (4.7)

Remark 4.1. If the range of 3(+) is included in, for example, [1/2,9/10], then the set of exceptional

values £ = () a.s.

First, one shall notice that both spectra are random, depending on the trajectory and on the
interval O. In this sense, d,,(O, -) and d,, (O, ) are inhomogeneous, contrarily to what happens

for the occupation measure p* of a-stable subordinators (the spectra do not depend on O).

One shall interpret the space upper spectrum as the supremum of an infinite number of space

multifractal spectra of "locally a-stable processes” for all values o € {5(M;) : M, € O}. This
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formula finds its origin in the fact that locally, M behaves around each continuous time ¢ as an

a-stable process with o = B(My).

The allure of a typical space upper multifractal spectrum is depicted in Figure 4.2. This shape is

very unusual in the literature.

First, observe that, since 5 and M are increasing maps, when tg € S(M) is a jump time for
M, then the "local” index of M jumps at t( from (M, ) to S(My,), and for t > ¢y, the only
possibility to have d,(O, M;) = B(My,) is when t = t;. Similarly, when ¢t < to, it is not
possible to have d, (O, M;) = 26(My,_).

In particular there may be a "hole” in the support of d, (O, -). Indeed, a quick analysis of the
functions g, (-) shows that this happens when there is a time ¢( such that 3(M;) > 28(M;_),
which occurs with positive probability for functions /(-) satisfying 29 < 1 — &y.

All this explains the set of exceptional points £ in Theorem 4.2. We deal with these exceptional
points in the following theorem, whose statement is rather long but whose proof follows directly

from a careful analysis of the previous results.

Theorem 4.3. With probability 1, for every non-trivial open interval O C R, when h € &, three

cases may occur.
1. h=pB(M;) > 2B8(M;-). IfM; ¢ O, d, (O, h) = —oo, otherwise one has
_ 0 ifdim(u, M,) = h,
4,0, ) = i M)
—oo ifdim(u, My) > h.
2. h=2B(M;_) < B(My). If My— ¢ O,d, (O, h) = —cc, otherwise one has

d (O h) . 0 l.fdiim(,u,,,/\/lt,) = h,
e —oo ifdim(p, M;_) < h.

3. h=B(My) =2B8(M_). If {Ms, M;_} € O, one has

d,(0,h) = 0  ifdim(u, M¢—) = h ordim(p, My) = h,
ulYs —00 lfﬁ(#’Mt—) <h andﬁ(M’Mt) > h.

If only one of My and M;_ belongs to O (say, M;_), one has

_ 0  ifdim(pu, M) = h,
d,(0,h) = ffdimp, Ms-)
—oo ifdim(p, M;_) < h.

If neither M; nor M;_ belongs to O, one has d,,(O,h) = —cc.
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It is also interesting to consider the time multifractal spectrarelated to L% and M, which describes
the variation along time of the Hausdorff dimension of the set of times ¢ such that 4 (or u) has
a local dimension h at x = L§ (or M;). By abuse of language, one says in this case that u (or

1<) has a dimension h at t. For this let us introduce other level sets.
Definition 4.5. For every open set O C [0, 1], set

=t T (O a
E,0(0,h) = {t € O :dim(u*, L) = h},

E,(0,h) = {t € O : dim(u®, M,) = h},

and the similar quantities for lower local dimensions Eza (O, h) and EZ(O, h). The corresponding

time multifractal spectra of u® and p are

—t .=t
dye(O,+)  h = dimy E o (O, h),
—t .=t
d,(0,+) : h— dimy E,(O,h),

and the similar quantities for lower local dimensions.

In the case of a stable subordinator, Hu and Taylor prove that a.s.,

_ 2a/h—1 when h € [a,20],
Z..(0.n) = ot _ } 20/ when 1€ [a, 2] (48)

o —00 otherwise.

This time upper multifractal spectrum is homogeneous, in the sense that it does not depend on the

choice of O. In this article, we also compute the time multifractal spectra of p.

Theorem 4.4. Set the (at most countable) set of real numbers
E' ={B(My) : t € S(M) and B(M;) > 2B(M;_)}.
With probability 1, for every non-trivial open interval O C [0, 1],

£(0.1) = 0  ifhe{BM,):te0} o)

—00  otherwise,

and for every h € &',

d;((’),h):sup {ﬁaa(h) ta € {B(My) :tE(’)}}. (4.10)

Remark 4.2. Note that &' C E. If, for example, the range of 3(+) is included in [1/2,9/10], then

almost surely &' = ().

The first part is trivial. Observe that there is a subtle difference between (4.9) and (4.6), since at
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\\\

—t
d, (O, h)

Figure 4.3: Time upper multifractal spectrum of 14 on an open set O. The spectrum (in thick) is
obtained as the supremum of a random countable number of functions of the form
“%T(h) (drawn using dotted graphs), for the values « € S(M,), t € O.

each jump time ¢ for M, there is no s € R such that My = M,_.

. . . —t
As for the space multifractal spectrum, there is some uncertainty about the value of d,,(O, M)

at the jump times ¢ € S(M), which is dealt with in the following theorem.

Theorem 4.5. With probability 1, for every non-trivial open interval O C R, for every h €
{B(My) : t € S(M)}, writing h = B(My) , one has

d,(O,h)

d,(0,h) = B

The correspondance between (4.4) and (4.8) follows from the fact that for every «-stable subor-

dinator, almost surely for each measurable set E' C [0, 1],
dimy (LY(F)) = a - dimy (E). (4.11)
Up to a countable number of points, writing O = (g, d), one has the equality
ce (ELQ(O,h)) — B ((£2,L£5),h) .
The method developed by Hu and Taylor consists first in proving (4.8), and then in applying (4.11)

to get (4.4).

Following these lines, we start by proving Theorem 4.4. The original methods by Hu and Taylor
do not extend here, and an alternative way to compute the time multifractal spectrum of p is
needed. For this, some scenario leading to the fact that p has exactly an upper local dimension
equal to h at & = M, is identified. More precisely, it will be proved that d,,(O, M;) = h when

t is infinitely many times very closely surrounded by two “large” jump times for the Poisson
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point process involved in the construction of M. Using this property, we build in Section 4.6 a
(random) Cantor set of such times ¢ with the suitable Hausdorff dimension. The difficulty lies in
the fact that the expected Hausdorff dimension is random and depends on the interval we are

working on.

Further, it is natural to look for a uniform dimension formula such as (4.11) for the stable-like
jump diffusion process M. As is pointed out by Hu and Taylor [56] (see also page 94 of [24]),
as long as the Laplace exponent of a general subordinator oscillates at infinity, i.e. it exhibits
different power laws at infinity, one can never expect such an identity to hold. Nevertheless,
using an argument based on coupling and time change, we find upper and lower dimension

bounds for images of sets by stable-like processes.

Theorem 4.6. Almost surely, for every mesurable set E C [0, 1], one has

dimyy M(E) € dimy (E) - | inf B(M(#)). sup B(M(t—))] : (4.12)

tek

Moreover, if the set E satisfies that for every non-trivial subinterval O C [0,1], dimy(E) =
dimy, (E N O), then
dimy M(E) = dimy(E) - sup S(M(t—)).

tek

These results are fine enough for us to deduce Theorem 4.2 from Theorem 4.4, even when the
stability parameter of these processes varies as time passes. Also, this theorem solves partially a

question left open in [121].

Let us end this introduction with a proposition describing the typical behavior of the occupation
measure p. We skip the proof since it can be deduced by adapting the arguments in the proof of

our Theorem 4.7.

Proposition 4.1 (Typical Behavior). With probability 1, one has:

e for Lebesgue-almost every time t € [0, 1], dim(u, M) = B(My).

e for u-almost every point x € R, dim(u, z) = B(x).

The rest of this paper is organized as follows. We start by recalling basic properties of the stable-
like processes in Section 4.2. The local dimensions of the occupation measure (Theorem 4.1) are
studied in Section 4.3. The time spectrum (Theorems 4.4 and 4.5) is obtained in Section 4.4 using
a general result (Theorem 4.7), whose proof is given in Sections 4.5 and 4.6. Finally, the space
spectrum (Theorem 4.2) is dealt with in Section 4.7, together with the dimension of images of

arbitrary sets by stable-like processes (Theorem 4.6).
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4.2 Preliminaries

First of all, stable-like processes admit a Poisson representation which was regularly used to study
path properties of such processes, see for instance [12, 120, 121]. Let us recall this representation

and a coupling associated with it which will be useful for our purposes.

Let N(dt, dz) be a Poisson measure on Rt x R with intensity dt ® dz/z2. Such a measure can be
constructed from a Poisson point process which is the set of jumps of a Lévy process with triplet
(0,0, dz/2?), see for instance Chapter 2 of [3]. We denote F; = o ({N(A) : A € B([0,1] x [0, 4+00))}).

Recall the definition of a stable-like process and formula (4.1). The existence and uniqueness of
such jump diffusion processes is classical and recalled in the next proposition. Observe that by

the substitution u = z/#()(for each fixed x), the generator of a stable-like process is rewritten

as
! 1 dz
,Qf(x):/ (f(x+zﬂ<w))—f(x)> pex (4.13)
0
Proposition 4.2. Let N be as in the last paragraph.
1. There exists a unique cadlag (Fi)ico,1)-adapted solution to
t 1 1
M = / / 2FMu) N (du, dz). (4.14)
0o Jo

Furthermore, M is an increasing strong Markov process with generator £ given by (4.13).

2. Foreverya. € (0,1), we define

t ol
Ly = / / zéN(du,dz). (4.15)
0o Jo

Then for all o € (0,1), {LY,t € [0,1]} is an a-stable subordinator whose jumps larger than

1 are truncated.

Classical arguments based on Gronwall inequality and Picard iteration yield the first item. For a
proof, see Proposition 13 of [12] or Proposition 2.1-2.3 of [120] with some slight modifications.

The second item is standard, see for instance Section 2.3 of [3].

Remark 4.3. Recall that S(Y) is the set of jumps of a monotone cadlag function Y : [0,1] — R*.

Observe that by construction, almost surely, the processes M and the family of Lévy processes
(L£Y)ae(0,1) are purely discontinuous, increasing, with finite variation, and that they jump at the
same times, i.e. S(M) = S(L?).

Next observation is key for the study of the local dimensions of .
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Proposition 4.3. Consider the process M and L for all « € (0,1) introduced in Proposition 4.2.
Almost surely, forall0 < s <t <1,

0< Ef(MS) o Ef(Ms) <My — M, < ‘CtB(Mtf) o Ef(Mtf)

This is intuitively true because we construct simultaneously M and £ such that they jump
at the same times, and the jump size of £* is always larger than £% whenever a > o/. See

Proposition 14 of [12] for a proof.

4.3 Local dimensions of ;1 : Proof of Theorem 4.1

Observe that almost surely, for all « € Q N (0, 1), formula (4.3) is true. This, together with

Proposition 4.3, leads to the local dimension of .

Proof of Theorem 4.1 : Three cases may occur.

1. x = M, with ¢ a continuous time of M. Due to the coupling in their construction (Propo-

sition 4.2), almost surely, for every «, the process £* is also continuous at ¢.

By continuity, for arbitrary rational numbers o, o’ € (0, 1) satisfying o < B(M;) < o/,
there exists a small 6 > 0 such that forall s € (¢t — d,t + ), a < S(M;) < . Using
the occupation measure 4 of the process £%, and applying Proposition 4.3 to £* and L%,

one gets when 7 is small

p (LY = L8 7)) < (Mg — 7, My 7)) < (L8 =7, LE+7))  (4.16)

By formula (4.3) for the lower and upper local dimensions of i, for all small € > 0, almost
surely, one has for r small enough that
log pi* ((£f — 7, L§ + 1))

—e< <2
a—e< log(r) < 2a+e¢,

and the same for o. Hence

log (Mg — r, My + 1)) - log (LY — 7, LY + 7))

log(r) - log(r) za-¢e

and

log p((My — 7, My + 1)) - log u® (L8 —r, LY +7))

< 92/ .
log(r) = log(r) ssere

Therefore, « — £ < dim(p, z) < dim(p, ) < 20/ + €.
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On the other hand, still by formula (4.3), dim(u®’, z) = o/, so there exists a sequence (7+,)
converging to 0 such that
, log ,ua((ﬁfl — 7, LY+ )

o —e< <d +e,
log(r,)

soa—¢e <dim(p,z) <o +e.

Letting ¢ tend to zero and «, o tend to $(M;) with rational values yields S(M;) =
dim(y1, ) < (s, ) < 2B(M).

2. x = M, with t a jump time for M. Observe that in this case p((z — r,z + 1)) =
p((Myg, My + 1)) for r > 0 small enough. For arbitrary rational numbers a < S(M;) <
o/, the inequality (4.16) is straightforward using Proposition 4.3. We follow the same lines

in the first case to obtain the desired result.

3. x = M;_ with ¢ a jump time for M. Now, pu((z — r,z + 1)) = p((Ms— — r, M;_)) for

r > 0 small. Then the proof goes like the previous items.

O
Let us end this Section with the proof of the easier part of Theorem 4.2 : space lower multifractal

spectrum of p.

Proof of Formula (4.6) of Theorem 4.2 : As noticed in Remark 4.3, t — (M) is increasing due to
the monotonicity of M and . Hence each level set of t — (M) contains at most one point.

This means that for each open interval O that intersects Supp (),
E,(O,h) ={z € Supp (1) N O : B(z) = h}
{B(My)}  if h = B(My) for some t with M, € O,

= {f(M;-)} ifh=pB(M,_) for some t with M; € O,
1] ifh & {8(M;): M, € O},

which completes the proof. O

4.4 A general result to get the time spectrum (Theorems 4.4 and 4.5)

Let us present a general result, proved in Sections 4.5 and 4.6. This theorem gives the dimension
of the random set of times ¢ where the local dimension mapping s — dim(u, M) coincides
with a given function. The remarkable feature of this theorem is that it allows to determine

these dimensions for all the monotone cadlag function simultaneously, with probability one.
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Theorem 4.7. For every non-increasing cadlag function Y : [0, 1] — [1, 2] and every open interval
O C [0,1], let us define Y in = inf,co Y (u) and the sets

-t

E(0,7) = {t € O:dim(u, M) = T(t)3(My)},

E,7(0,7) = {t € 0+ dim(u, My) > T())BM) }.

With probability 1, for every non-increasing cadlag function Y : [0,1] — [1,2] and every open
interval O C [0, 1], we have

_ > S 2
dimy, B,,(0,T) = dimy E,, (0, T) = dimy B~ (O, Tin) = -1 (4.17)

min

. ——=t,> . .
The notation £ M (O, Thnin) means that we consider the constant function T = .

4.4.1 Proof for the time upper multifractal spectrum

Let us explain why Theorems 4.1 and 4.7 together imply Theorems 4.4 and 4.5. One wants to

prove formula (4.10), which can be rewritten as

EL(O,h) = sup {2: —1e€[0,1):aec{B(M,):te (’)}} . (4.18)

One combines Theorem 4.1 and Theorem 4.7 with the family of functions {Y"(t) = h/B(M,) :
h > 0}. With probability one, these functions are all cadlag decreasing. Observe that for every

open interval O,

dimy, E,,(0, T") = dimy {t € 0 dim(u, M) = THDBM) |
= dimy, {¢t € O : dim(u, M;) = h}
—t
—d.(0,h).

We prove now that formula (4.17) applied to the family {Y" : » > 0} implies formula (4.18).

Several cases may occur according to the value of h.
o If {1} ¢ T"(O):
1. First case: Forallt € O, T"(t) > 1.

. Ifinf,cp YP(t) > 2, thenforallt € O, Y"(t) > 2. Theorem 4.1 entails EZ((’), Th) =
0. So EL(O, h) = dimy, EZ(O, Th) = —o0, which coincides with (4.18).
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. Ifinf,c T"(t) < 2, consider the entrance time in (1,2) by T"
T =inf{t € O: TP(t) < 2}.

By construction, V¢ € (7,00) N O, Y"(t) € (1,2). By Theorems 4.1 and 4.7, one gets

2

—t —t
d,(0,h) = d,((1,00) N O, h) = infye (roon0 TM(E) !
B 2 SUP, ¢ (7 00)NO B(My)

which coincides with (4.18).

2. Second case: There exists ¢ € O, such that Y"(¢) < 1. Define the passage time of (—oc, 1)
by Y" as
o =inf{t € O:Y"(t) < 1}.

. If o is the left endpoint of O, then for all ¢ € O, Y"(t) < 1. Theorem 4.1 yields
EZ((’), Th) = (). Again, this gives ﬁ;((’), h) = —oo, which coincides with (4.18).

« If o belongs to the open interval O, the proof goes along the same lines as in item 1.

replacing O by (—o0,0) N O.

o If {1} C YT(O): Let ty € O be the unique time such that Y"(ty) = 1, ie. h = B(My,). One
distinguishes different cases according to the behavior of ¢t — M at .

1. If M is continuous at ¢y: 3(M.) is also continuous at t¢. By definition, the entrance time

T satisfies 7 < tg. Theorem 4.7 entails

2
infye (- 10)n0 TH(t)

d,(0,h) = d,((1,t0) N O, h) = _1=1,

which coincides with (4.18).

2. If ty is a jump time for M and S(My—) < h = f(My,) < 25(My,—): Then, us-
ing that Y"(tg) = 1, one deduces that 0 < Y"(tp—) — Y"(ty) < 1, which implies
infic (74000 Y"(t) < 2. The same computation as in item 1. with O replaced by (7,t5)NO

(
yields formula (4.18).

3. If ¢ is a jump time for M and h = B(My,) > 2B8(M;,_): Then T (ty—) > 2, thus
7 = tg. One has

{to}  ifdim(p, My,) = h,

0 otherwise.

E'(0,h) =
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This last formula coincides with the one claimed by Theorem 4.5.

4.4.2 Reduction of the problem

Observing that we have the obvious inclusion EZ((’), T) C EL’Z((’), T) C EZZ(O, Y in ), We

proceed in two parts:

« first, in Section 4.5, we show that

2

dimy, B~ (O, Tin) < o — 1 (4.19)

simultaneously for all T and O.

In order to get (4.19), it is equivalent to show that, almost surely, for each v € [1,2] and

open interval (a,b) C [0, 1] with rational endpoints,

= 72 2
dimy, E; ((a,b),7) <= —1.
Y
We will actually prove that for v € (1, 2), almost surely,
. b2 2
dimy £, ((0,1),7) < 5T 1. (4.20)

The extension to arbitrary a,b € [0,1] N Q and v € {1, 2} is straightforward.

« second, in Section 4.6, we complete the result by proving that

2
Tmin

dimy, E,,(0, 1) > 1 (4.21)

also simultaneously for all T and O, almost surely. It is also enough to get the result for
0 =(0,1).

4.5 Proof of Theorem 4.7 : upper bound

Our aim is to prove (4.20). For notational simplicity, we write EZ’Z ((0,1),7) = E(y). Let us
first observe that the family of sets { E(~),~ € [1, 2]} is non-increasing with respect to ~y. Recall
that v € (1, 2) throughout this section.

The strategy is to find a natural limsup set which covers E ().

For this, we start by pointing out a property satisfied by all points in F(~y). Heuristically, it says
that every ¢t € E(7) is infinitely many times surrounded very closely by two points which are

large jumps of the Poisson point process generating N.
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Proposition 4.4. With probability 1, one has: for eacht € E(v) ande > 0 small, there exists an in-
finite number of integersn > 0 such that N((t — 27", t] x [27/079) 1] > Land N((t,t + 27" x [27/0~9) 1] > 1.
ProofLet t € E(v). This implies that

. log po(My — r, My + 1))
im sup
r—0 10g7“

> - f(My). (4.22)

This equation is interpreted as the fact that the time spent by the process M in the neighborhood
of M; cannot be too large. The most likely way for i to behave like this is that M jumps
into this small neighborhood of M; with a larger than normal jump, and quickly jumps out of
that neighborhood with another big jump. This heuristic idea is made explicit by the following

computations.

Lemma 4.1. Let0 < & <y — 1. Ift € E(), then there exist infinitely many integers n such that

n

Miga-n — M| A My = My_gon| > 27 G705 (4.23)

Proof Let us prove that ¢ satisfies

|Mips — M| N | My — My
sl/(v—¢/5)B(M¢)

lim sup
s—0t

> 1. (4.24)

Assume first that M is continuous at ¢. Assume toward contradiction that for all s > 0 suffi-

ciently Smaﬂ’ Mt+8 — Mt’ S 31/((775/5)ﬁ(Mt)) or ‘Mt — Mt—8| S 31/((775/5)5(/\/“))‘

If ‘Mt—f—s - Mt‘ < 81/((775/5)5('/\/“)), then setting r = M4 — My,

(Mg —r, My +1)) > (Mg, My + 7)) = s > r07/58Mo), (4.25)

The same holds true when |M; — M;_4| < s1/(v=¢/5)B(M:)) We have thus proved that (4.25)
holds for every small by continuity of M at ¢, this contradicts (4.22).

When ¢ is a jump time for M, the proof goes as above using the two obvious remarks : p(M; —
r, My + 1) = u(Mys, My + r) for all small » > 0, and M; — My_g > (M — M;_)/2 which

does not depend on s.

From (4.24) we deduce (4.23). O

Next technical lemma, proved in [120], shows that when (4.23) holds, there are necessarily at
least two “large” jumps around (and very close to) t. Let us recall this lemma, adapted to our

context.

Lemma 4.2 ([120]). Let N stand for the compensated Poisson measure associated with the Poisson
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measure N. There exists a constant C' such that for every § > 1, for all integersn > 1

n t 278 L
P sup 20 nTrom / / 2P0 N (du, dz)| > 6n2 | < Ce™.
s JO

0<s<t<1
[s—t]<27n

Remark 4.4. The formula looks easier than the one in [120] because in our context M is increasing.

When the function (3 is constant, the term 2/n in the previous inequality disappears, see [6].

Recall formula (4.14) of M. Last Lemma allows us to control not exactly the increments of M,
but the increments of the "part of M” constitued by the jumps of size less than 275 . It essentially
entails that these “restricted” increments over any interval of size less than 27" are uniformly

controlled by 9 P, 15-n)¥2M) with large probability.

More precisely, Borel-Cantelli Lemma applied to Lemma 4.2 with § = v — ¢ yields that for all

integers n greater than some n.,_,

t+27" 2_% 1 - _ n
/ / 2P N (du, dz)| < 6n2 -2 00 Han T
t 0

< 2_ (v=e/2)BM,  5—n+t1) )

!/
y—e

t2— "™ 27% 1 dz _L( 1 ,_1)
/ / 2BMu ) duy — < c2 "9 ¢ BM,  p—n)
t 0 z

<9 GIBM o)

On the other hand, for all integers n greater than some other n a direct computation gives

Therefore, for all large n,

o 1
/ / 2P Mu—) N (du, dz)
t 0

th2n 2T TE [ 427" 2 7€ 1 dz
< / / 2P Mu) N (du, dz) +/ / 2P M=) du —
t 0 t 0 z

< 9 O=e/BM, yni1) (4.26)

Similarly, one establishes that

t 277—n45 1 _ n
/ / 2P N (du, dz) <2 07/ amni), (4.27)
t—2—" JO0
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Let us introduce, for every integer n > 1, the process

N t pl
M = / / _ ZVPMSIN(du, dz),
0 Jo2 A=

—__n_
2778

— 1
so that M; = M} + fg 0 2PMu=) N(du, dz).

A direct estimate shows that by right-continuity of M, when n becomes large, one has

3.9 O—/FM, Hontl) 97 Goe/ia)

Recalling formula (4.14), the three inequalities (4.23), (4.26) and (4.27) imply that for an infinite

number of integers n

|Mf+2,n - ﬂﬂ A |/\7? - /\7;1_2,"| > 9 /Myt > 97 Ge/2)B0My) (4.28)

Since M™ (and M) are purely discontinuous and right continuous, this last inequality proves the
existence of at least one time ¢} € (¢t — 27", ¢] and another time t§ € (¢,¢ + 27"] such that M
(and M) has a jump. The desired property on the Poisson measure N follows, and Proposition

4.4 is proved. O

Further, in order to find an upper bound for the dimension of E(+), one constructs a suitable
covering of it. Forn € N*and k =0,...,2" — 1, set
k+1
Lig=[k2"" (k+1)27") and L= |J Ine
l=k—1

One introduces the collection of sets
En(v,€) = {fn,k N (fn,k x [Tﬁ,l}) >9 k=0,...,2"— 1},

which is constituted by the intervals 1, n,k containing at least two jumps for NV of size greater than

277, Finally, one considers the limsup set

E(y,e) = limsup U I (4.29)
nohee T€En(7,¢)

Proposition 4.4 states exactly that () C E(v,¢). So it is enough to find an upper bound for

the Hausdorff dimension of E(+, €). Next lemma estimates the number of intervals contained in
En(v,¢).
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Lemma 4.3. With probability 1, there exists a constant C' such that for alln > 1,

#E,(7,¢) < Cn22"G= Y,

Proof For a fixed “enlarged” dyadic interval ﬁzk the inclusion fnk € E,(v,¢) corresponds to
the event that a Poisson random variable with parameter q,, = 3 - 27" - 27°¢ is larger than 2.

Since q,, — 0 exponentially fast, one has

~

Pn = P(In,k € En(v,€)) = Cn2_n(2_%)v

where C,, is a constant depending on n which stays bounded away from 0 and infinity.

The events {fnvgk € E,(v,¢€) }k>0 being independent, the random variable #{k € {1,...,[2"/3] :

I 31 € En(7,¢)} is Binomial with parameters (|2"/3], p,,). An application of Markov inequal-
ity yields

P (# {kz : fn,gk € En('y,e)} > n2L2”/3Jpn> <n”2
Further, Borel-Cantelli Lemma gives that almost surely, for n sufficiently large,
# {k : fn,3k € En(’Y?g)} < 7’L2 LG/?’Jpn

The same holds for # {k: : fn,3k+1 € En(y, E)} and # {k : fn,3k:+2 € En(y, 5)} One concludes
that for all n € N sufficiently large,

#En (7, ) < 3n%(2"/3]pn,

which proves the claim. 0
Now we are in position to prove the upper bound for the Hausdorff dimension of E(7).

Proof of (4.20) : Let ng be so large that the previous inequalities hold true for all integers n > ny.

Recalling (4.29), one knows that for every ny > ng, the union {,,~,,, Uscp ( )f forms a

’776
covering of E(v, ¢), thus a covering of E(7).

2
Y—e€
than 7). Using the covering just above, one sees that the s-Hausdorff measure of E() is bounded

Let s >

— 1. Fix n > 0 and n; so large that all intervals Te E,, (7, ¢) have a diameter less

above by

HEM) <> S 1< Y onter =Y 2y

n2m fe B (y.c) n2m

which is a convergent series. Therefore, H;(E(v)) = 0 as n; can be chosen arbitrarily large.
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This leads to H*(E(vy)) = 0 for every s > % — 1. We have thus proved almost surely,

2
y—¢€

dimy, (E(7)) < -1

Letting ¢ — 0 yields the desired upper bound. g

4.6 Proof of Theorem 4.7 : lower bound

The aim of this section is to get that with probability one, (4.21) holds with O = (0, 1) for all
non-increasing cadlag function Y : [0, 1] — [1,2].

Recalling the notations in Theorem 4.7, for simplicity, we write
-t
F(T)=E,((0,1),7).

Lete > 0and 0 < b < ¢ be fixed until the end of Section 4.6.7. We construct simultaneously
forall T with 1 4+ 26 < Tyyin < 2 — 2¢ and ¢/ > 0, a random Cantor set C(T,&’) C F(T)
with Hausdorff dimension larger than 2/(Y iy + €’) — 1. The lower bound for the Hausdorff

dimension of F'(T) follows.

We explain how to extend the proof to the functions Y satisfying T pin € [1,2] \ [1 + 2¢,2 — 2¢]

in subsection 4.6.8.

4.6.1 The time scales, and some notations

We aim at constructing Cantor sets inside F'(T'). Recalling Proposition 4.4, some configurations
for the jump points are key in this problem. More precisely, one knows that every point in F'(T)
is infinitely often located in the middle of two large jumps which are really close to each other.

So the Cantor set we are going to construct will focus on these behaviors.

Let us define a (deterministic) sequence of rapidly decreasing positive real numbers. First,

Mo = 10710,

-1
My = 77}:;51 for1 </ </{:=min{l >1:m,<e Mo}

By induction one defines the sequence {7, : n € N*,0 < ¢ < /,} as

Mn,0 = Tn—1,4,,_1>
-1
Nt = 77711';5_1 for1 <?¢<4¢,:=min{l >1:n,,<e ™m0},
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which are our time scales. One also sets

ntn+1 = Tn+1,1

T = "no-

The natural partition of [0, 1] induced by this sequence is denoted by

1

Tni = {Jn,e,k = [knne, (k+ 1)) i k=0,..., LMJ } .

By convention, Jy, o1 = Jp 02 = Jn%[%n]ﬂ = Jn7£,[i]+2 = 0.
One needs the enlarged intervals

k+1

Jn,@,k: U Jn,ﬂ,i~
i=k—1

4.6.2 Zero jump and double jumps configuration

Two types of jump configuration along the scales are of particular interest, since they are the
key properties used to build relevant Cantor sets. Recall that the Poisson random measure IV has
intensity dt ® dz/2>.

Definition 4.6. Foranyn € N*,1 < (¢ </, and~y € [1 + 2¢,2 — 2¢|, define

o~

(V) = {Jn,é,k € Jne: N (Jn,é,k X [n}f zﬂ,n}jg )) = 0} (4.30)

N (Jnerz x W7 /2m00) =1

TE) = Tnok € T :
N <Jn,f,k+2 X [Ui{;/lﬂi{;)) =1

(4.31)

Remark 4.5. The superscript “z” refers to “zero jump” while “d” refers to "double jump”.
Let us start with straightforward observations:

« for (n, ) # (n',{'), the composition (number and position of the intervals) of 77 () and

JZ p(7) are independent thanks to the Poissonian nature of the measure V.
+ The same holds true for the double jump configuration.

« Fixing (n, (), for |k — K| > 3, the events J,,x € J:,(7) and Jypp € J7,(7) are

independent.
« The same holds for J¢,(v) if one assumes that [k — &’| > 5.

« For fixed (n, £, k), the events J,, s, € jj’g(’y) and Jp, o1, € jig(”y) are independent.
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Next probability estimate is fundamental in the sequel.

Lemma 4.4. Foralln e N*,1 </{ < /{,,v€[1+2¢,2—2¢|and J € Tpy,

: (1-122)
Pty =P (J € T7 (7)) = exp <_Cn,é77n7g ’ > (4.32)

22
5

Iney =P (J € jﬁ{e(V)) = Cr My (4.33)

where Cy, o, C! , are constants uniformly (with respect to n, £ and ~) bounded away from 0 and

infinity.

Proof The value of p,, s~ corresponds the probability that a Poisson random variable with param-

eter p = 3ny, ¢ [77711{ Z 1 77;{ Z } equals zero, thus p,, ;, = e7P. On the other hand, each condition

/

in (4.31) relies on the probability that a Poisson variable with parameter q = 77711_[1 7 equals one.

Hence, by independence, g, o, = (% - q)2. The result follows. O

4.6.3 Random trees induced by the zero jump intervals and estimates of the number

of their leaves

In this section, one constructs for a fixed integer n € N* a nested collection of intervals, indexed

by 0 < £ < /. These intervals induce naturally a random tree with height ¢,, 4 1.

One starts with any interval J,, € J, = Jp 0, which is the root of the tree, denoted by 7,0 =
{Jn}. Define by induction, for 1 < ¢ < £,,,

Toe=1J € Tne:J € Ty (y)and J C J for some J € Tne—1}-

One focuses on the J,,-rooted random tree Ty, (Jn) = (Tn0, - -, Tne, ). The number of leaves
of Ty, »(Jp), denoted by |T), 5 (J)|, is the cardinality of 7y, ¢, .

Fact: Every point belonging to the intervals indexed by the leaves of the tree have the remark-
able property that “they do not see” large jump points between the scales 7, and 7,+1. This

observation is made explicit in Lemma 4.9.

Remark 4.6. Observe that we dropped the index ~y in the definition of T, ; to ease the notations,

since these sets will not re-appear in the following sections.

Our goal is to prove the following estimate on the number of leaves of T}, -, (J,,).

Proposition 4.5. With probability one, for every integer n large, for every J, € J,o and v €
[1+ 2,2 — 2¢],

Ty (Jn)| > {QZL"HJ : (4.34)
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The estimate of |T,, ,(J,,)| is divided into several short lemmas.

Lemma 4.5. Foralln € N*, J,, € J, 0 and~y € [1 + 2¢,2 — 2¢], one has

p (m,l > (1 = log(1/mn0)~?) [Z‘EJ anﬁ)

n,
—4 7711,0
>1—3exp ( —log(1/nn,0) Y- pn71,7/2
Tin,1

Proof For any (n, ¢) and for i € {0, 1,2}, set

Toe=1J €Tap:J = Jnpsk+i € Ine: k € N}

By independence (see the observations before Lemma 4.4), for each i € {0, 1,2}, the number of

vertices in 72’1 is binomial with parameter (|{7,,,0/(37n,1) |, Pn,1,7)-

By Chernoff inequality, for every binomial random variable X with parameter (n,p), for any

0 € (0,1), one has
P(X < (1—6)np) < exp(—dnp/2). (4.35)

The result follows applying (4.35) with § = log(1/n,,0) 2 for every i. O

Lemma 4.6. Set a(n, ) = (1 —log(1/nn.e—1)"2%) V]n’é_lJ Pnty-
Tin,¢

Foralln € N*, J, € Jno, v €[1 —26,2—2¢land2 < 0 < {p, as.
P(#Tne > a(n, O)#Tp0-1)
>1—3exp <— log(1/np,e—1)"* <#7;L,e1 {%nj_lJ ) pn,m/2> .

5

Proof Using again the remarks before Lemma 4.4, for every ¢ € {0, 1,2}, the law of the random

variable #7 , conditioning on #7;, o_1 is binomial with parameter (#7,, ;1 V;ﬁ[_ll J s Pn,ty)- Ap-

plying (4.35) gives the estimate. 0

Lemma 4.7. Set

log(l/nnf 1 - ‘
b(n,0)=1-— k)
0 36""[ 51— og(1 /e )7 1L

Foralln € N*, J,, € Jn0 andy € [1 — 2¢,2 — 2¢], one has

Un
P(Wm )| > Ha n z) Hb(n 0).
=1
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Proof One has

gn
P <\Tn,w(Jn)l > Ha(n7€)>
/=1
Un ln—1
>P (|Tn,y(Jn)\ > [ a0, #Tne—1 > [] a(n%))
=1 =1

n—1
> P (|Tn,'y(<]n)‘ > a(n,én)#ﬁhgn_l, #7;1,&1—1 > H a(n7£)> :

(=1

Conditioning on #7,, 4, 1, and using Lemma 4.6 with ¢ = /,,, this probability is greater than

_ ) o
E [E 1—3exp (— log(1/Mn.e,—1) 4#7717&L_1 VZ;; . 1J pn,gn,7/2>
n7 n

#7%,@—1]

x lm,znflznﬁzzl a(n,@]

—4
log(1/Mn.6, 1) a(n,ﬁn)#%,én1> #E,enl]

1 —log(1/1n,e,-1)72)

>E E[1—3exp<—6(
x1

#Toon—1 2T " a(n,@]

ln—1
> b(n, £,) P (#mn_l > I1 a(n,m)

/=1

Iterating this computation yields the desired inequality. g
We are now in position to prove Proposition 4.5.

Proof We are going to prove the following lemma:

Lemma 4.8. For some constant c1, for alln € N* large enough, for every J, € J,0 andy €
[1 4+ 2¢,2 — 2¢], one has

P (ITM(MI > {#’;J) > exp (—crexp (—1,72) ) (4.36)

Proof One combines the estimates in Lemma 4.4 and Lemma 4.7. Let us first estimate Hﬁlzl a(n,?)
for 2 < ¢’ < {,. Observe that for large n, one has

log(1/u,)
£, =1lo _—
Tog(L/o)

1
< log ( - ) /log(1+ &) < 2log(1/mn0).

n,0

) /log(1 + ) < loglog(1/ms,)/ log(1 + &)
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Thus for n large enough,

el

[T —log(1/mme-1)7%)

=1
% %
= exp (Z log (1 - log(l/ﬁn,e—1)2)> > exp <—2 Zlog(l/nn,e—1)2>
=1 =1
> exp (—20'log(1/mn0) %) > exp (—4log(1/mn0) ") > 1/V2. (4.37)

Using the rapid decay of (7, ¢) to zero and the uniform boundedness of C, ¢, one can find a

constant ¢y > 0 such that for all n large enough,

A A 14¢ 14¢

1- 1-
Hpn,é,y = €xp (_ Z Cnaf’r/n,@ ! ) > €xp (_Conn,l ! ) = 1/\/§ (4'38)
=1 =1

Combing (4.37) and (4.38), one concludes that for all large n

A ln
Ha(n,ﬁ) > L .0 J , and in particular, Ha(n,ﬁ) > { I J . (4.39)
=1 2. =1 2141

Now we estimate the other product H§l1 b(n,?). Using (4.37), (4.38) and (4.39), there exists a

constant ¢; > 0 such that for every large n

e (L0 )
o { Yot (1 s () )
(e )

Tin,¢

> exp (—01 exp (—77;%/2)) = exp (—cl exp (—n;€/2)> .

where the fast decay rate of (), ¢) to zero has been used for the third inequality.

These last equations prove exactly (4.36). g

Finally, to prove Proposition 4.5, since the cardinality of 7, is less than 7, !,

P <E|Jn € In |Thy(Jn)| < {Q;ZIJ) < 77771 <1 — exp (—cl exp (_777:8/2>> )
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Using the fast decay of 7, to zero, this is the general term of a convergent series, and the Borel-

Cantelli lemma gives the result. 0

Remark 4.7. Essentially, one needs to keep in mind that the number of leaves of the random tree

Ty ~(Jyn) is the total number of intervals of Jy,+1 inside Jy,, up to a constant factor 1/2.

One finishes this section by proving that every point belonging to a leaf of T), 5 (.J) ”is not close”

to large jumps.

Lemma 4.9. Let J € J,, andr € [Npy1,7,). Assume that T, ,(J) is not empty. Then for each

te T, (J),

" 1/
N(B(t,r) x [ Tow p, 7m00]) g,

Proof For each t € T, ,(.J), denote by J,, ¢(t) the unique interval such that ¢ € J,, ¢(t) for all
0 < ¢ < {,. Denote by ¢y the unique integer such that 1, ¢,+1 < 7 < 1)y, ¢,. By construction of

the random tree T,, ,(.J), one has

~ /1"

n 1/1n rm
N(B(t,r) x [Tl/TJn,O(i),T] Jn,o(t)]) < N(Jn’go (t) x [nn €0+f0<t) J

,0(8)
777717[0 0 ]) = O
Further, all ancestor interval of .J,, ¢,(t) has no large jumps around, in particular,

~ VX5 0wy Y5, o
N (o () X [0, 300 7)) =0

Combining these estimates yields the result. g

4.6.4 Double jumps configuration around the leaves, and key lemma

In the previous section, we have seen that the “zero jump” configuration is quite frequent. The
aim here is to estimate the number of intervals with “double jumps” amongst the leaves of the

trees. To this end, we introduce further some notations. Set

—2/(y+3-271
Moy(3) =y 32,

Definition 4.7. Let Jo € Jy, 0 and Ty, (Jo) be the random tree defined in last subsection. Consider
its leaves that we denote {J/};—1 |1, . (J,)|» Which are intervals of length 1.

The families {F(Jy, 7, m)}m=1,---,LMn(v)/2j are defined as the following disjoint subfamilies of
{1 et T (J0)] ¢

Tpr (Jo)|
F(J =3.J k 0,... [Tny (o)l )
Voo 1) {%wmwmw E{’ ’{5Mn<w>
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Hence, two families 7 (.Jy, v, m) and F(Jy, v, m’) are disjoint and separated by a distance equiv-
alent to ||T,,(Jo)|/Mn(Y)]7n+1, and the intervals belonging to the same F(Jo,y, m) are sep-
arated by the distance at least 47,4 1.

Finally, denote by
D, ={k27":ke€Z,neN}

the n-th generation dyadic numbers. One is ready to prove the key lemma.

Lemma 4.10. The following holds with probability 1: there exists a (random) integer ng such that
foralln > ng, forevery J € J,, everyy € D, N[1+2¢,2—2¢], everya € {0, 1,2, 3}, each family
{F(J,v,m) } =1, My (v)/2] contains at least one interval belonging to Ty +a- 9~ (n+1))y,

Remark that the intervals belonging to F(.J,y,m) come also from the tree T,, ,(.J) associated

with J, so they also enjoy the “zero jump” property.

Proof Fix n a positive integer, J € J, v € Dy N [1 + 26,2 — 2¢],a € {0,1,2,3}.
Recall that 7, = J0 and Jp+1 = Jp s, With the notations of the previous sections.

By Lemma 4.4 and the observations made before this Lemma, there exists a positive finite con-

stant co such that for all n large
P (3m, WJ' € F(Jy+a27" " m), I ¢ Ty (7 + a2

| T ras ) 2 | 52 )

277n+1

My () ey | T
RN _ Mnp(v) | 10
= L 2 (1= oty yta2-n-1) 0 { W"HJ
”7n2
1-—2 2——2 2= 3.0—n—1
4+3.2—n—1 3 +a2—n—1 10 Y+ 3
< nnJrI/ n (1 _ Can+f a > 41 4

-y _
< 77n+1/+3 : 77?1, e€xp (_Czan/]-O)

Remark that 7,11 < e < Nn.t, —1 implies log(1/m,+1) < (1+¢)n, L. The above probability
is thus bounded by above by

2 c
3 1 C2 o 3
M €XP <<W - 1> (L+e)m, — o' ) < N
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On the other hand, by Lemma 4.8 one has

Tin
P(|T —n— <
(o0l < |52 )

<1—exp (—61 eXp(—n;‘g/Q)) < 2y exp(—1, 7).
Thus, P (Elm, VI € FlJym), J & T (v + azfnfl)) < 213. One deduces that
P(3J € T, 3m, VJ' € F(J,y,m), J ¢ Thi(v + a2 1))
<1t 2m = 207
There are less than 2" possible choices for v, and 4 choices for a. Hence,

P(H"y,ﬂa,ﬂj € In, Elm,VJ’ S F<J777m)7 J ¢ j?’il—l—l('-y + a2—n—1))
< 2n+3ni’

which is the general term of a convergent series. An application of Borel-Cantelli Lemma entails
the result. O

4.6.5 Construction of the Cantor sets

We are ready to construct the families of Cantor sets {C(T,¢’) associated with cadlag non-
increasing functions Y : [0,1] — [1 + 2¢,2 — 2¢|, where ¢’ is any positive rational parameter.
These sets are constituted by points which only see those double jump configurations studied

. . . . . 2
before, and their Hausdorff dimension satisfies dimy, C(Y,&") > T — L

Step 1 (localization). For each Y as above and &’ > 0, there exist t.» € (0, 1), 7 > 0 such that
Vit € [ter — reryte + 1], we have T () < Yoin + €.

Let ng be the random integer obtained in Lemma 4.10. We assume that ng is so large that the

conclusions (4.34) of Proposition 4.5 hold, and also that

2¢' [y > Ky - 2™, where Ky = |T(1—) — Y(0)] < +o0.

For every interval J, let Oscy (/) = sup,_, Y(t) — infyc s YT (¢) be the oscillation of T over .J. By

the monotonicity of Y, for each n > ng one has

#{J e Jp:J Clte —re,ta +ro]and Osey(J) > 27" < Ky - 27 (4.40)

Step 2 (Initialization of the Cantor set). One chooses arbitrarily one interval J"° € 7,
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contained in [tos — 7./, tor + ros] such that
Oscy (J™0) < 2770, (4.41)

Set the generation “zero” of the Cantor set as Cp,,(T,&’) = J"0.

Simultaneously, we build a measure vy, by setting v, (J"°) = 1, and vy, is uniformly distributed

on J"0,

Step 3 (Next generation of the Cantor set).

Let us introduce the following notation: for each n € N* and J € J,,, set
n = D,NIl,inf T .
j —max (2,0 (Lt T(0)])

We explain how to get the second generation of intervals Cy,,+1(T,&’) of the Cantor set.

The oscillation restriction (4.41) for T on J™° implies that for every J € [J,,41 contained in J"°,
the quantity T"OH takes necessarily one of the four values {Y"}%,, + a2~ q=0,1,2,3}.

Moreover, applying Lemma 4.10 to J"°, one obtains that for each a € {0, 1,2, 3}, each sub-
family {F(J", Y0, m)},,— Moy (T79,)/2] contains at least one interval J belonging to
T (X750 + a2t

Recalling that Y is non-increasing, the quantities T’}O—H are also non-increasing when J ranges
from left to right. Since there are |M,,(Y"}5%,)/2] disjoint families {F(Jo, Y"%,,m)} which
are organized in increasing order, one deduces that there is a € {0,1,2,3} such that there
exist | My, (Y7)%,)/8] different integers m € {1,..., [ M,,(Y"%,)/2]} for which the family
F(Jo, Y%, m) contains (at least) one interval .J satisfying T’}O—H = T% +a27" ! and
JeJgd (xneth),

Remark that
270 < [ Moy (Y759%,)/8]/2

where we used that Tpyin < 2 —2¢ and J™ C [t/ — 1o, t + 7). Then, applying (4.40) for n =
no + 1, one can choose the first | M, (Y"}%,)/16] intervals J which satisfy Oscy(.J) < 2701

among those already selected in the last paragraph.

Finally, Cy,, (T, &’) is the union of these intervals, which are called the basic intervals of genera-
tion ng+1. Observe that these intervals are separated by a distance larger than 1, / (2M,,, (Y'}%))
(thanks to Borel-Cantelli applied to Lemma 4.5), and they all have their length equal to 7,,,+1.

Simultaneously, one defines a refinement v,,,.1 of the measure v by setting for every Jmo*1

basic interval of C,,11(Y,¢")

1

Vno-l—l(JnOJrl) = Vno(Jno) LM (Tzo )/16J )
no nQ




148 CHAPITRE 4: MULTIFRACTALITE DE LA MESURE D’OCCUPATION

and by saying that v/, 1 is uniformly distributed inside each J™0 1,

Step 4: Induction of the construction of the Cantor set:

Assume that for every i = ng,ng + 1, ..., ng + n, the generation C;(Y, ") has been constructed

and satisfies the following:

1. C;(Y,¢€') is constituted by a finite number of basic disjoint intervals .J¢ belonging to 7;,

2. for every i = ng + 1,...,ng + n, each basic interval J* € C;(Y, ') is included in a unique
basic interval J:=1 € C;_1 (T, &’).

3. for every i = ng,ng + 1,...,ng + n — 1, each basic interval J¢ € C;(Y,¢’) contains
| M;(Y%,)/16] intervals J**! € Ciy1(Y,€’). These intervals are separated by a distance

at least equal to 7;/(2M;(Y");)). Moreover, each J*™! belongs to J | (TZJJ{L )-

4. Each basic interval J® of C;(Y, ¢’) satisfies Oscy (J¢) < 27%,

5. for every i = ng + 1,...,ng + n, v; is a measure supported by the basic intervals J* of
Ci(Y,€’), and if J*~! is the unique interval in C;_1(Y,¢’) such that J* C J*~1, then

1

| M; 1 (Y71))/16]

VZ(JZ) = Vifl(Ji_l)

(4.42)

and v; is uniformly distributed inside each .J*.

We are now able to complete the induction.
For any basic interval J” € C,, (Y, ¢’), applying the same method as in step 3, one finds | M, (Y7,.) /16|

intervals J"! € 74, (Y™F],), also satisfying Oscy (J" 1) < 27 (4D,

Then, Cp4+1(7T, g ) is the union of these intervals, which constitue the basic intervals of genera-
tion n+ 1. By construction, these basic intervals J" ! are separated by at least 1,/ (2M,,(Y™%,)),
(where J" is the “parent” interval of J""1, i.e. the unique basic interval in C,(Y,&’) such that
JntL C J™), and they all have their length equal to 7,4 1.

Simultaneously, the refinement v, of the measure v, is defined by setting, for every J™ is the

“parent” interval of J" 1,

1
[ M (Y7)/16]°

Va1 (J") = v (J7)

and by saying that v/, 1 is uniformly distributed inside each J"*1.

Proposition 4.6. The Cantor set C (Y, ') is defined as

creh= U 7

n>ng JEC,(Y,e’)
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There exists a unique Borel probability measure vy . supported exactly by C(Y',¢’) such that for all

n > ng, the measure vy ./ restricted to the o-algebra generated by {T :no <k <n}isv,.

The proof is immediate, since the step 4. of the construction ensures that the measure is a well-
defined additive set function with total mass 1 on the algebra {7, : » > ng} which generates

the Borel o-algebra, thus extends to a unique probability measure on Borel sets.

Observe that the construction of the family of Cantor sets depends only on Lemma 4.10, which

holds with probability one simultaneously for all functions Y, as desired.

4.6.6 Properties of the Cantor sets

The following proposition is key, since it shows that our construction guarantees that we have

built points in F(Y).

Proposition 4.7. Almost surely, for every non-increasing cadlag function Y : [0,1] — [1 4 2¢,2 —
2¢| and for every small e’ > 0,

C(T,€)\ (S(M)US(T)) C F(Y).

Proof Suppose that t € [0,1] N C(Y,¢’) is a continuous time for M and Y. One wants to prove
that dim(u, M;) = Y (t)3(M,).

We start by bounding dim(jz, M) from below.

By construction, for every n > ng, t is covered by an interval J" & j,fl('rf}n ), a basic interval in

Cn(Y,€’). Since J™ € J(Y",.), property (4.31) entails that t € J" is surri)lfrrlded bylt\¥2 jumps
of the Poisson point process located at . and t2 whose size belong to € [nn/ /2, nn/ 7], and
whose mutual distance is at least 37, and at most 57,,.

1/(Y7%, B(M 1/(Y", B(M
The process M jumps at t. and ¢2, with jump size nn/( nft t}”)), and nn/( nf M)

. Since
the process M is increasing, if J™ is written [kn,,, (k + 1)1, ), both size of jumps at t} and ¢ are
bounded by below by
1
ry = n:]"’B(MU@’—S)Tm)'
Hence, i (B (M, ry)) < 5n,. Applying this when n becomes large, one gets

dim(, M;) > lim sup log (B (Mi, ) > lim sup log 5. _ Y (t)B(My),

n—-+o0o log Tn n—-+oo log Tn

where we used the continuity of M and T at t.

The rest of the proof is dedicated to prove the converse inequality, i.e. dim(u, M;) < T(t) -
(M), which is more delicate.
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Let 1 > 0 be small. Thanks to the continuity of M at ¢, there exists ro > 0 such that ro < 7,

and

/779,
N([t-’f‘o,t"‘TO] X [nné, 7 071]) :07

where J"0 is the unique interval of C),, (T, ¢’) that contains .

Now for any 0 < r < 7(/3, there exists a unique integer n > ng such that 7,11 < r < n,. Let
us call J,,(t) and J,,+1(t) the unique intervals of 7,, and 7,41 that contain ¢.

By construction of the random tree T,,(.J,,(t)), there is no large jump around ¢. More precisely,

by Lemma 4.9,
N <B(t,r) T ! e ]) = 0.

Applying same argument as in Lemma 4.9 to scales between ng and n, together with the fact that

n+1 .. . .
the sequence n — T T () 18 increasing, yields that

1/ "o
N (B x 0 i) <o

One deduces that the increment of M between t — r and ¢ + r has the form

TI/T"}"(”

t+r
My — My —/ / MM N (ds, dz).
t

Denote by m the unique integer such that 2=~ < 2r < 27™. One has

e 27 ) N
Mt+r Mt r X / / zl/ﬂ(MS_)N(dsudz)
t
ter 2™ i "
/ / 2B Ms- )—ds = Ay (r) + Ax(r).
t 0
Applying Lemma 4.2 entails
U s
P sup sup 9V(BM, o m)t+ ) / / 1/6 (Ms— ) (ds,dz) > 6m2
YEDm 0<v<u<l

N[1+2¢,2—2¢] |p—u|<2—™

<C-2M.eT™,

Borel-Cantelli Lemma yields that when m becomes larger than some mg, for every v € D, N
[1+2¢,2—2¢]and [v — u| <27 (with u > v),

,m
~

/ / 1/5 (M- )N(du dz) < 6m22"/<ﬁ(Mu+;7—nm>+2/m) )
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Assume that 7( is so small that 2ry < 270, By our choices for n and m, one has m > n, so

Tn+1

Tna(t) € D By choosing v = Tf}n(t), u=t-+randv =1t —r,one gets

—m
Ai(r) < 6m*2 i) PMeg g —m)+2/m)

< 12(log, (1/47))2(2r) "/ i PMegrpamm)T2/m))
In addition, by continuity of M at ¢, when rg is small enough, one has
T, —Y@)| <e1 and B(Myy,yo-m)+2/m < B(My) + e,

so finally

1
Ai(r) < rOX@OFDEMIFD

On the other hand, recalling the constant €y > 0 in Definition 4.1, an immediate computation

shows that

t4r p2—m/(Y()+er) d
/ / L/BM) e 92
2
t
< 72<r<t>+sl>(<ﬁwn+sl> 1)
- 1/60 —
1 _ 1 +1
< (4r) TOFDEMFED | T
2/60 -2

1
< T(T(t>+2€1)(B(Mt)+51)7

as soon as 7 is small enough.

Combining these estimates, one obtains that for all r < ry,

1
Myyy — My < r TOFEDGEMOTED |

which entails for all 0 < v < My yp, — My_p,

w(B(My,x)) > (YO +321)(B(Me)+er)

One concludes that

dim(, M) < (Y1) + 3e1) (BMy) + e1).

Letting £1 — 0 yields the desired upper bound for dim(u, M). O
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4.6.7 Dimension of C(T,¢’)

Here we prove that dimy, C(Y, &) > 2/(Tyin +€’) — 1.

Lemma 4.11. With probability 1, for every Y in Theorem 4.7 with Ty, € [1 + 2¢,2 — 2¢] and
¢’ > 0, there exists a finite positive constant K~ ./ such that for all B € B([0, 1]),

S
vy o (B) < Ky oo Bl Ton 2 ' (4.43)

Proof Let T and ¢’ > 0 be fixed.

Let B be an open interval in [0, 1] such that |B| < 7.

If BNC(Y,e") =0, (4.43) holds trivially.

If BNC(T,e") # 0, let ny be the largest integer such that B intersects Cy,, (T, £’) in exactly one

basic interval, denoted by J"*.

Denote by 6y, +1(Y,&’, J™) the minimal distance between any two intervals of C,,, +1(Y,&’)

which are contained in J™!. Then | B| contains at most
min (M, (Y4, |B|/0n,+1(T, €', J™))

intervals of generation n; + 1.

In addition, by construction, one has

5n1+1(T’€/’Jn1) > 77711

_ 4.44
= 90, (1) (4.44)

Hence by (4.42), since all the intervals J™*! of generation n; + 1 within J™ have the same

v-mass, one has (using (4.44))

VT7€/(B)
< min (Mm (TT}}H)’ ’B‘/(s’ﬂﬁ-l(’rﬂ 8/7 Jnl)) : Vn1+1(Jn1+l)
oM, (Y7 )\ [ 1 1
< min | M, (T4 ,Bnl‘]l>- .
< ( i (Tgm1), [ Bl Tt 0 kllo My (Yiin + &) My, (Yh)
ni—1 1
<2 — | -n' min(n,,, |B|).
— k];InO Mk(frmln+€/) T]nl (77711 | |)

Due to our choices for the sequence (7, )n>1, when ny is large,

ny—1

1 ny—1 m_l
H m < (Myy—1(Tmin + €))7 < )

k=ng
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so applying the inequality 2 A y < 2°y' =% for s € (0,1) and 0 < z,y < 1 yields
pplying quality y

2 2
2 2———2 2 2
T .o +2e/ _ T .o +2e/ -1 -1
yT’ef(B) < 277n1m‘“+ N '77n11 My min 27 | B| Tmint2<" = = 2| B| Ymint2<"

0

Finally the mass distribution principle applied to the measure vy .-, which is supported by the

Cantor set C(T,€’), allows one to conclude that

2

dlmH C(T,EI) > m —

4.6.8 Extension to Y, € {1,2}

Letting ¢ — 0 along a countable sequence yields that almost surely, for all T with YT, € (1,2),

— 1. 4.4
Tmin ( 5)

It remains to treat the extreme cases.

First case : YTpyin = 1. For each g2 > 0, there exists an open interval O € (0, 1) such that every
t € O satisfies Y(t) > 1 4 2 > 1. Applying (4.45) yields that dimy F'(T) > ﬁ — 1. Letting
€9 — 0 establishes that dimy F'(T) = 1.

Second case : Ty, = 2,i.e. T = 2. In order to prove dimy, F'(Y) > 0, it suffices to show that
there exists almost surely ¢ € (0,1) such that dim(u, M;) = 238(M,;), i.e. F(Y) # 0. To this
end, some changes are needed for the construction of the Cantor set. We only sketch the proof

since it is essentially the same as the one in the precedent sections (with simplification). Set

po = 1/2and p,, = exp(—p, ) foralln > 1,
Nn = pnlog(1/p,) "1 for alln > 0.

Let J,(2) be the set composed of intervals J,, ;, = [kny, (k + 1)n,,) that satisfy

;

-3
N (g2 x |or* (log 2 ) ,1D=1,
-3
N (ngers x | il (log ) ,1} —1, (4.46)

N j\n,k X {p}/z (logan)_g,l}) =0,

It is easy to check that any point ¢ covered by the collection 7, (2) infinitely often satisfy dim(jz, M;) >

23(M;) (necessarily, one has equality thanks to Theorem 4.1). We construct as before, by induc-
tion, the collection C,,(T = 2) of basic intervals and the Cantor set C(T = 2) = (), Cn(T = 2)
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contained in F'(T'). The same arguments as in Lemma 4.4 give a constant C;, uniformly bounded

below and above by 0 and oo such that for any fixed .J,, 1,

1\4
P(Jok € Tn(2)) =Cy - pn (log ,0_> .

Thus one bounds from above the probability that there exists .J,, ;. such that none of the intervals

Jn+1,k contained in J,  belongs to J,,+1(2) by

n

1 1 4 Mn+1
— | 1= Chg1 - pny1 (log ) .
Tin Pn+1

Observe that

1

Pn+1

"n
Mn+1

-3
= Chy1p,°, - (C,Hl)_lp;_sl_1 <log > with Cp 19,2, > 1.

So the probability in question is less than

1 —Cpa1p? -1 _-3p7Y, _ 13
77n e H1Pn—1 S 77n € Pn-1 = nn pn S pn

Borel-Cantelli Lemma implies the existence of a sequence of embedded interval with length tend-
ing to 0 that satisfy (4.46). This justifies that F/(T) # (.

4.7 Space spectrum : proof of Theorem 4.2

4.7.1 A first theorem on dimensions, and the space spectrum

Throughout this section, we set ¢ = ¢, which is defined in (4.1). We are going to prove the

following theorem.

Theorem 4.8. Lete > 0. Denote by P = {(T},, Zy,) }n>1 a Poisson point process that generates the
Poisson measure N (dt, dz) with intensity dt ® dz/z*. Consider the family (4.15) of stable processes
(L) ae(e,1—c)- Also, for every non decreasing cadlag function f : [0,1] — [e,1 — €], consider the

process

t 1
ol = / / 270 N(ds, dz). (4.47)
0 JO

Almost surely, for every set E C [0, 1], for every function f : [0,1] — [e,1 — €], ifa < inf{ f(?) :
t € E}and > sup{f(t) : t € E}, then

dimy, (£%(E)) < dimy, £7(E) < dimy (LP(E)) = gdimH(ﬁ"‘(E)).

Before proving Theorem 4.8 next subsection, let us explain how we deduce the space spectrum
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of the occupation measure.

As mentioned in the introduction, almost surely, for every set E C R, the image of E' by an a-
stable process £* has Hausdorff dimension « dimy, (F). Applying Theorem 4.8 to the function
f(t) = B(My), which is almost surely cadlag, one is now ready to prove Theorem 4.6.

Proof of Theorem 4.6 : 'The first part (the formula (4.12)) is immediate.

For the second part, let £ C [0, 1] be such that for every non-trivial subinterval I C 0, 1],

For every n > 0, there exists an interval I of length less than 1 such that

[ inf BM(®), sup BM(-))]| C [sup BM(1=)) — m,sup BM(1-))].

teENI teENI teE teE

This follows from the cadlag regularity of ¢ — S(M(t)). Hence, applying (4.12) to E N I gives

dimyy M(ENI) e dimy(ENI)- [supﬂ(/\/l(tf)) -1, sup,@(/\/l(tf))}.

tek tek

Since dimyy M(E N I) < dimy M(E) and dimy (E) = dimy(E N I), the result follows by
letting 7 tend to zero. g

One deduces a corollary from Theorem 4.6, which will be used in the proof of Theorem 4.2.

Corollary 4.1. For every open interval I C [0,1] and h > 0, consider the smallest interval Iy C I
(it may be not open or reduced to a point) such that FZ(I, h) = EZ(IO, h). Denote by d(Iy) the
right endpoint of Iy Almost surely, for every open interval I C [0,1] and h > 0, one has

dimy; M (EZ(I, h)) = dimy EL(IO, h)- sup [B(My). (4.48)
telo\d(Io)
with the convention that 0 x (—oo) = 0 and (—00) X (—00) = —o0.

ioof If EL(I ,h) is empty or a singleton, there is nothing to prove. One thus assumes that
E,,(I,h) is neither empty nor a singleton, so /o is a non-trivial interval. One could check the
analysis in the proof of Theorem 4.4 for a construction of Iy. Observe that the left-hand side of
(4.48) is smaller than the right-hand side due to Theorem 4.6. The converse inequality follows by

minimality of Iy and a localization procedure as in the proof of Theorem 4.6. n

Proof of Theorem 4.2 and 4.3 : To deduce the space spectrum, one needs some additional analysis
other than the time spectrum. This is due to the following basic observation : for all t € S(M),
M;_ is not in the range of M, but in the support of p.

When O does not intersect the range of M, the level set E,(O, h) = 0, as is given in Theorem
4.2 and 4.3.
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When O intersects the range of M, by the cadlag property of M, there is a non-trivial interval
O such that

M((0,1)) N O = M(O).

The set O is an open set (a, b) if M enters O continuously, or is a semi-open interval [a, b) if M

enters O with a jump. In any case, M,_ ¢ O and M;, ¢ O because O is open. Observe that

E.(0O,h)

={z € Suppun O :dim(y,r) = h}

={M; € O : dim(u, M;) = R} U{M,;_ € O : t € S(M) and dim(p, M;_) = h}
= M(E,(O.h)) U{M, : t € S(M) N O and dim (1, M,_) = h}

Since the Hausdorff dimension of the second set in the last union is at most 0, one distinguishes

two types of situations according to the value of h.

e Type A. The time level set EL((B, h) # 0, so one ignores the second set in the last union when
computing the Hausdorff dimension of £, (O, h). If #EZ(@, h) = 1 (necessarily h = (M)
for some t € S(M) with B(M;) > 28(M;_)), one has d,,(O, h) = 0 which coincide with the
formula in Theorem 4.3. Otherwise Corollary 4.1 applied to h and O entails the existence of a

minimal Oy (that we can and will suppose open) such that

d,(0,h) = d,(Oo,h) - sup  B(M,)
tG@o\d(@o)

— sup {ga(h)/a ca e {BM,):te (50}} - sup B(M,)

teOy
= sup {ga(h) : 0 € {(3(My) : 1 € Oy} }
= sup {@a(h) To e {B(Mt) 1te 6}}
= sup {ga(h) oS {,B(Mt) : Mt S O}}’

as desired.

e Type B. The time level set
E,(O.h) =0 (4.49)

so one has to consider the set H = {M; : t € S(M) N O and dim(y, M;_) = h} which is
(at most) countable. Compared with the time spectrum, several cases may occur according to
the value of h. Recall that O = [a,b) (when M jumps into O) or (a,b) (when M enters O

continuously). In the following analysis, the case My, ¢ O is trivial. We thus assume that every
My, below belongs to O.

1. (4.49)isdueto2B(My, ) < h < B(My,) withtg € S(M). Forallt > to, dim(pu, M;_) >
B(M;—) > B(My,) > h. Forall t < tg, dim(pu, M;_) < 28(M;_) < 28(My,_) < h. So
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H =0 and d,(O,h) = —o0 as desired.

2. (4.49)is due to the fact that 28 (M, ) < B(My,) = hwithty € S(M)and dim(pu, My,) #
B(My,). As in the last item, H = () as desired.

3. (449)isdue to h = 20(My,—) < B(My,) or h = 25(My,—) = B(My,). As before for all
t # to, one has dim(p, M;_) # h. If dim(u, My, ) = 28(My,_), H = {to}, otherwise
H = (). This coincides with Theorem 4.3.

4. (4.49)isduetoh > 23(M,_). Forallt < b, dim(pu, M;_) < 28(My,—) < 28(Myp_) < h,
hence H = 0, as desired.

5. (4.49) is due to h < B(M,). Recall first that 3(M,) ¢ O. Further, for all ¢ > aq,
dim(p, M) > h. Hence, H = (), as desired.

4.7.2 Proof of Theorem 4.8

We start with a Lemma describing the distribution properties of the Poisson point process P =
{(Tn7 Zn)}nZl-

Lemma 4.12. Foreveryj > 1,let P; = {n: Z, € [27971,277)}. Almost surely, there exist two
positive decreasing sequences (€;)>1 and (1;)j>1 converging to zero such that for every integer J

large enough, one has:
1. 2J(1—EJ) S #PJ S 2J(1+8J)’
2. for every interval I C [0, 1] with length 277,

1<# |J f{neP:T,ery<2’®,
I (14ny)

3. for every interval I C [0, 1] with length 277,

0<# |J{nepr:Thelt <,
j<J/3

4. for every interval I C [0, 1] with length 2=, for every j > J(1 +ny),

#{neP; T, eI} <20te)g=J

Routine computations as in Lemma 4.4 entail Lemma 4.12.
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Let £ C [0,1], a =inf{f(t) : t € E} and 5 = sup{f(t) : t € E'}.

Call E* (resp. Ef, EP) the image of E by L (resp. L7, L£P).

Lemma 4.13. Almost surely, the following holds. With each interval B® such that B* N E“ # 0,
one can associate an interval of the form B* = L([Ty,, Ty,)) such that|B%| < 2|B®| and possibly
a singleton of the form {L*(T,)}, such that

E*N (B*U{LYT,)}) = E* N B°.

The same holds true for every interval B! such that EV n BY # (), which can be replaced by
B/ = LI([T},, T,)) and possibly a singleton.

Proof
Almost surely all the processes £, £? and £/ are strictly increasing and cadlag.
Let B® = [z, 4] be an interval satisfying B* N E* # ().

If ¢ is not of the form £%(T,,), then two cases occur:

. when 2% ¢ £%(E): B* can be replaced by [2/*, y®], where /* = inf(B* N E®), without
altering the covering R®. Since L is increasing and cadlag, 2’ is necessarily the image

of some jump point 7, by L.

« when 2% € L%(E): z® can be written as L*(¢), for some ¢ which is a continuous time
for £. Using the density of the jump points, there exists (T, Z,,) such that T},, < ¢ and
L) — L%(T,,) < |B®|/2. We then choose #'* = L*(Ty,).

In all cases, B is replaced by B'® = ['®, y*], where | B"*| < 3/2|B|.

Similarly, if y* is not of the form £*(T},,—) (i.e. the left limit of £L* at T,, for some jump point
T,), then :

« when y* ¢ L%(E): B'® can be replaced by B¢ = [2/%, ¢'*], where /* = sup(B* N E®),
without altering the covering R®. Since L is increasing and cadlag, y'® is of the form

L*(T,,—) for some jump point T,.

« when y® = £%(T,,) for some jump time 7T},: Then B'® can be replaced by {£*(T,)} U B®,
where B* = [2/*, L*(T,,—)]. Indeed, there is no point of E* between £*(T,,—) and
LTy).

« when y = £(t) for some ¢ which is a continuous time for £¢. Using the same argument
as above, there exists (7},, Zy) such that T,, > t and L*(T},) — L*(t) < |B“|/2. We then
choose y'* = L*(T,,—).
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This proves the claim. g

Observe that the previous Lemma holds almost surely, for every interval B¢, for all «, since
the randomness is only located in the distribution of the Point Poisson process and the strictly

increasing and cadlag properties of the processes, which hold simultaneously almost surely.

Next Lemma establishes that the increment of the process in an interval [ is approximately the

same order as the size of the largest jump in /, uniformly for all / and all the parameters.

Lemma 4.14. With probability one, there exists a non-decreasing function g : [0,1] — R™ with
g(0) = 0, continuous at 0, such that the following holds. Let (Ty,, Zy,) and (T, Zy,) (with
T, < Tp) be two couples of the point Poisson process. Let B = [LY(Ty,), LY(T,—)], B® =
(LA(T,), LP(T,—)] and Bf = [L/(T,), L7 (T —)]. Then when B® = [LY(Tp), L(Ty—)] is
small enough, one has

|Be|*/+a(B) < | BF| < | Be|o/-9(B°D) (4.50)

and
|B%| < |B| <|B|. (4.51)

Proof

The three processes £, £f and £? are almost surely pure jump processes with finite variations.
One deduces that

|B®| = > A (4.52)
PENTLE [T, Tr,)

and the same holds true for | B®| by replacing 1/a by 1/. Similarly,

’Bf’ — Z Z;/f(Tp*).
PENTLE[Tm, Th)

Then (4.51) follows immediately since f is monotone and o < f(t) < 3.

We write B = [T}, Ty,), and consider .J the unique integer such that 2=(/*1) < |T,, - T, | < 277,
We assume that J is so large thate; < (1/(1 —¢) —1)/4 < (1/a—1)/4.

We now make use of Lemma 4.12.

Let (T, Zn) be the point Poisson process in the above sum (4.52) with largest jump Zy. We

write Zy = 27/~. Then one decomposes | B*| into

1B®| = Z)/* + 3 AL > ZYe. (453)
§j<J(14n;):TpeB and peP; i>J(14n;):TpeB and peP;

Call S7 and S5 the two above sums.

Assume that Jy < J/3.
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Observe that since B strictly contains an interval of length 277/~ the left inequality part (2) of
Lemma 4.12 yields that Jy < (J + 1)(1 + ny41).

Since B is contained in an interval of length 27/, one knows that all the jumps other than
(T, Zx) appearing in formula (4.53) are smaller than 2~7//(%_ Hence, the right inequality
in part (2) of Lemma 4.12 yields

Sy < 27177/ (Be),

Similarly, applying part (4) of Lemma 4.12, S5 is bounded by

. , 9J(14+ny)(1+es—1/a)-1
(1+e)9—Jdo—j/a
S < Z PETHITEIE < 93/4(1/a—1) _ |
JzJ(1+ns)

< .27/ el (ltes—1/a)) (4.54)
where C; := MTU—Y Recalling that Jy < .J/3, one gets

|B| < (ZN)l/a + 27/ Ba)=es) 4 o 9 I(A/a—es—ns(1+e;—1/a))

< (ZN)I/a+(ZN)l/(a)fsJN/i%_i_(ZN)3(1/afsJNfnJN(1+sJN71/(175)))'

One concludes that
(Zn)H* < |B*| < (Zn)Y o,

for some € 7, which depends only on €7, and 7, (not on «), is decreasing as a function of € 5,
and 77, , and which tends to zero when Jy tends to infinity. In addition, the fact that (Z) la <
| B| implies that Jxy > —alog, |[BY| > [—¢log, |B|]. Hence &5, < g1(|—¢log, |B“|]),

where g1 (r) = €| |—clog, r|- One can write finally
(Zn)M* < |BY| < (Zy)Y 9B, (4.55)

By construction, this mapping g; is non decreasing with r, and tends to 0 when r tends to 0.

Observe that since € 7, is small (uniformly in «), one also has

(ZN)V* < |BY| < (Zn)Y ), (4.56)

Assume now that Jy > J/3.

All the jumps other than (T, Zy) involved in formula (4.53) are smaller than 2~/~/®_ Hence,

part (2) of Lemma 4.12 yields

Sl S 2JEJ2_JN/(X S 2—(]]\](1/()[—35(]]\])'
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The sum S5 is still bounded by above by (4.54) with J replaced by 3.Jx. One deduces that
|BY < (Zn)V* + (ZN)l/(a)—SEJN + (ZN)?’(l/a_EJN_’?JN(1+5JN_1/(1_5))).

One concludes that [B*| < (Zx)Y* ¥/~ for some &7, which depends only on Jy (not on ),
and which tends to zero when Jy tends to infinity. For the same reasons as above, equation
(4.55) holds true.

Using that (4.55) holds true with ( instead of a (but with the same mapping €), one sees that

B < (ZN)l/ﬁ—m(IBBD < ‘Ba‘a/ﬁ—am(\BﬁD'

In addition, using (4.56) with /3 instead of cv, one has |B?| < (Zx)/?8 < |B¥|*/(2#) We deduce
that ag (| B?|) < (1 — €)g1(|B*|*/28) := g5(|B|), hence

’BB’ < |Ba‘a/ﬁ*(1*5)92(|3a\)_ (4.57)

Similarly, recalling that | B®| and | B?| are small quantities,

\Bﬁ\ > (ZN)I/ﬁ > |Ba|1/(6(1/a—91(|3"|)) > ‘Ba‘a/6+2ﬁg1(|3“|) > |Ba|a/ﬁ+g3(|B"|)' (4.58)

where g3(r) = 2(1—¢)&(r). Finally, (4.57) and (4.58) gives the result, with g(r) = max(g2(r), g3(r)).
O

Observe that one can also write

|B*|*/8+3(B°) < | Bf| < |B*|*/A-3(IB"]) (4.59)

for some mapping g which enjoys the same properties as g.
One can now prove Theorem 4.8.
The following holds almost surely, since it depends only on Lemmas 4.13 and 4.14.
Let us denote by d, = dimy, E%, dg = dimy, E°, dy = dimy E/.
Let s > d, 8/a,and let s = sa/f — (sa/f — da)/2. One has d,, < 5 < sa/f.
By definition of d,,, there exists 7 > 0 such that ’Hi /2 (E%) < 47°. Hence, for some 7/2-covering
R of E%, one has
> BYfF<2
BoeR

First, using 4.13, by slightly modifying the intervals B® € R®, one can replace these intervals
with intervals of the form B* = L%([1},,T},)) (plus at most a countable number of singletons),
satisfying | B®| < 2|B®

, whose union is still covering E/“.



162 CHAPITRE 4: MULTIFRACTALITE DE LA MESURE D’OCCUPATION

Hence, the initial 17/2-covering R can be replaced by an 7n-covering R®, such that one has

> B <

BacRe

Let us choose 7 so small that g(n®/#=9() < Sa/gis_da
Each ball B* is written £L%(B), where B = [T}, T,,). As above, we write B® = £5(B) and
B/ = £7(B), and (4.50) and (4.51) hold true.

Since the balls (B®) form an n-covering of E®, the balls (B?) form a 77 := n®/#~9("_covering
of E”, and the balls (B7) also form a 7j-covering of F/. We denote by R” and R/ these two

coverings. One has

Z ‘Bf‘s S Z ’Bﬁls S Z ’Ba|s(o¢/6—g(|B°‘\))
BfeRf BBERS BeeRe
< Z | Bo|pe/B—(sa/f~da)/2 _ Z |B]° < 1.
BecRe BreRr«

Since R” is an 7j-covering of E, the s-pre-Hausdorff measure of £, H%(Eﬁ ) is less than 1. The
same holds for ’H%(Ef ). This remains true for any sufficiently small 7 > 0, we conclude that
both H*(E/) and H*(E?) less than 1, hence d; and dj are smaller than s. Since this holds for
any s > dq 3/, one gets that max(dy,dg) < dq /.

Next, starting with a -covering of E/ by balls B/, one associates with every ball BY = £/ ([T, T,))
the ball B® = L5([T},, Ty)), the same lines of computation (simply using that |Bf| < |B?))
yields that dy < dg.

The same argument shows that d, < dy.

It remains us to prove the last inequality d,, < dg «/f3. The proof follows exactly the same lines,

we write it without details.

Let s > dg /B, and let s = s/ — (sB/a— dg)/2. Onehas dg < s < s /.

There exists an n-covering R” of E® by intervals of the form B® = £8([T},,T;,)), such that

> B <1

BBcRB

One considers the associated intervals (B*) and (B/), and the natural coverings R® and R/ of

E“ and EY provided by these intervals.
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Let 7 be so small that §(|B”|) < §(n) < Sidfsa/ﬁ, where ¢ is given by (4.59). One has

SOOBE < YD |BY@BHIIBI) < 3 | pBjssla-2sa(B s/

BaeRe BBcRB BBcRB
< N |BApAla(Blada2 = N g < 1
BBcRFA BBcRA

This holds true for any 1 > 0 small enough, so that H*(E%) < 400, hence d, < s. Since this
holds true for any s > dg o/ 3, one gets that d, < dga/p.

One concludes that d, < dy < dg = do3/ 0.

Remark 4.8. It is certainly possible to short-cut the end of the proof, since one knows that o being
fixed, almost surely, for every set E C [0, 1], dimy £L%(F) = adimy (E).

But since we consider all o’s, it was easier to prove all inequalities at once.
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Chapitre 5

Temps de séjour d'un mouvement
brownien uni-dimensionnel sous des

frontieres glissantes

On étudie des propriétés de temps de séjour du mouvement brownien sous des frontiéres
glissantes en utilisant la notion de dimension de grande échelle récemment introduite
par Barlow et Taylor. Le résultat obtenu décrit la taille macroscopique de I’ensemble du
temps ot la croissance du mouvement brownien est beaucoup plus petite que normale

et permet de quantifier la récurrence et la fluctuation du brownien a grande échelle.
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5.1 Introduction

This chapter concerns the sojourn properties of the one-dimensional Brownian motion B with
respect to some moving boundaries. More precisely, for an appropriate function ¢ : Rt — R™,

we consider the sets

E°(p) ={t > 0:[B| > p(t)}, (5.1)
E'(0) ={t>0:|B] < p(t)}. (5.2)

The first is called the set of Brownian sojourn outside the boundary ¢(-) and the second inside

the boundary.

Besides its obvious application in physics and finance, the understanding of these sets in different
scales entails considerable informations on the path properties of Brownian motion. Two types

of study are of particular interest.

e Geometric properties of £°(¢) and E*(p) near tq = 0. The set E°(¢) is related to the irregu-
larity of Brownian motion. Indeed, when 0 is an accumulation point of E°(¢), the local modulus
of continuity at 0 can not be larger than ¢. As a counterpart, the set E?() corresponds to the
regular behavior of Brownian path near zero. Concretely, local asymptotics of the Brownian mo-
tion such as Khintchine’s law of iterated logarithm (LIL for short) might be described in terms
of geometric properties of these sets around 0 with specific choices for (. A natural question is
under which condition on ¢ these sets admit an upper density with respect to Lebesgue measure

(denoted by | - | throughout the chapter), i.e.

> 0.

i/o
o [0 01 0.5]

s—0 S

Uchiyama [113] treats the case ¢(t) = h(t)y/t where h is taken from a whole class of correction
functions (of logarithmic order), and he established density identities ( for £¢) and bounds (for

E°) which are computed from the correction term.

e Geometric properties of these sets at infinity. This is related to the long time behaviors of the

Brownian motion. As the Brownian motion scales like a square root function,

1. the set E°(¢), when ¢ grows faster than square root function, concerns the set of high
peaks of Brownian motion. As is pointed out by Khoshnevisan, Kim and Xiao in [71], one
can adapt Strassen’s LIL [109] for random walks to Brownian motion in order to deduce
upper density (at infinity) identities. More precisely, set ¢~ (t) = v+/2tloglog(1/t) with
~v > 0, one has

E° 1
limsup| (9,) 1[0, 5]l = max <1—exp{—4 (2—1>},0>-
s—+00 s Y
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Observe that v = 1 is critical.

2. the set E((p), when  grows slower than the square root function, concerns the lower than
normal growth of Brownian motion. Uchiyama [113] established upper density bounds for

©(t) = \/t/h(t) with h belonging to a large class of logarithmic order correction functions.

Motivated by the study of Uchiyama [113] and Khoshnevisan, Kim and Xiao [71], we are inter-
ested in the asymptotics around infinity of the sojourn set of Brownian motion inside moving

boundaries with much lower than normal growth. For this, we introduce the sets

Vy€[0,1/2], E(y) = E () with (1) = 01,

and our goal is to estimate the size of these sets for all values of «y. Our main tool for doing this
is the theory of large scale dimensions developped by Barlow and Taylor [8, 9] in the late 80’s,
recently “refreshed” in the work of Xiao and Zheng [118] Georgiou et al. [53], Khoshnevisan et
al. [71].

The initial motivation of Barlow and Taylor was to define a notion of fractals in discrete spaces
such as Z?. This permits to describe the size properties of models in physical statistics, such as
the infinite connected component of a percolation process, the range of a transient random walk
for instance. To this end, they introduced and investigated several notions of dimension which
describe different types of asymptotics of a set around infinity. Each dimension corresponds to an
analogue in large scales of a classical fractal dimension. Among these dimensions, we are going
to use the “macroscopic Hausdorff dimension” and the “mass dimensions”, which are respectly

the analogs of the classical Hausdorff dimension and Minkowski dimensions in large scales.

Let us state our main result. The macroscopic Hausdorff dimension of a set £ C R? is denoted
by Dimy ' and the upper mass dimension by Dimy E. Their definitions are recalled in Section
2.

Theorem 5.1. Almost surely, for all v € [0,1/2],

l .
Dimy E(y) = j v €l0.1/2) (5.3)

ify=1/2

It is quite surprising that the macroscopic Hausdorff dimension of E(7) is constant for all v €

[0,1/2). Further, one notices in the proof below that a.s. the Brownian zero set
Z={t>0:B, =0},

which is a priori thinner than E(0) (hence all the E(+y)’s), also has macroscopic Hausdorff di-
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mension 1/2. The local structure of Z is well understood since the works by Taylor and Wendel
[112] and Perkins [97], who proved Hausdorff measure result for Z using local times. In partic-
ular, the classical Hausdorff dimension of Z is 1/2. Our result gives the large scale structure of
Z and might be compared with an interesting result by Khoshnevisan [67] who states that zero

set of a random walk ¢ with finite variance in Z'
{neN:¢, =0}

has macroscopic Hausdorff dimension 1/2. It is very interesting that the Brownian sojourn sets
E(y), when they are measured by Dimy,, describe somehow the large scale multifractal na-
ture of Brownian motion. Our main theorem also gives a natural example o sets for which the

macroscopic Hausdorff dimension and the upper mass dimension differ.

Our contribution to the formula (5.3) is for all v € [0,1/2). The case v = 1/2 is deduced from
Theorem 2 in [113] where Uchiyama obtained that a.s.

i sup [ 20/2) 0 [0.7]

r+400 r

> 0.

This inequality entails that a.s. DimyE(1/2) = 1 thanks to the following fact proved in [71] :
forany E C R

(lim sup 7‘E No.7]]

> 0) - DimyE = 1.
r4-00 r

As Brownian motion fluctuates, it does return inside the boundary 1., infinitely many times.
In particular, the sets E(y) for v € [0,1/2] are unbounded. Our result allows to quantify the

recurrence and fluctuation properties of Brownian motion at large scales.

This chapter is organized as follows. In Section 2, we recall the definition of large scale dimen-
sions and establish the hitting probability estimate which is the probability that the Brownian
motion hits on a moving boundary inside some arbitrary time interval. The first part of the main
theorem (the macroscopic Hausdoft dimension) is proved in Section 3 and the second part (upper

mass dimension) in Section 4.

Throughout this chapter, ¢, C are generic positive finite constants whose value may change from
line to line. For two family of positive numbers (a(x)) and (b(z)), the equation a(z) < b(x)
means that the ratio a(x)/b(z) is uniformly bounded from below and above by some positive

finite constant.
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5.2 Preliminaries

5.2.1 Macroscopic dimensions

We adopt the notations in [71] that we recall now. Even if we work in one dimension, we still
call the interval Q(z,r) = [z, + r) a cube with southwest corner x and side length r. For a
given cube @), its side lengh is denoted by s(Q).

Define the annuli Vn > 1,8, = 27}, 2" and Sy = [0, 1). Forany set E C R, n € N*, p > 0,

introduce the quantity

v!(E) = inf zm: 5(Qi) p‘EﬁS CGQ- i . ,
p = : " ; with s(Q;) > 1land Q; C S, ¢ .

2n
i=1 i=1
Definition 5.1. Let E C R*. The macroscopic Hausdorff dimension of E is defined as
DimyFE =inf< p > 0: Z vy (E) < +o00p. (5.5)
n>0

The upper and lower mass dimension of E are defined as

In(|[EN|0
Dimyy E = lim sup M7
n—+oo Inn
In(|E
Dimy  E = lim inf 2UE 107D
n—+00 Inn

The macroscopic Hausdorff dimension of a set does not depend on any of its bounded subsets,
since the series in (5.5) converges if and only if its tail series converges. Further, the covering
cubes are chosen to have side larger than 1, which explains why macroscopic Hausdorff dimen-
sions does not rely on the local structure of the underlying set. The same remarks apply valid to

mass dimensions.

It is known [8, 9] that for any set £ C R,

To bound Dimy E from above, one has to find an economic covering of . To find the lower
bound, there is an analog of the mass distribution principle, which is recalled in the following

lemma.

Lemma 5.1. Let E C S,,. Let u be a finite Borel measure on R with support included in E. Suppose
that there exists finite positive constants C' and p, such that for any cube Q(z,r) C Sy, withr > 1,

one has

wQ(z, 7)) < CrP.
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Then
vy (E) > C™127mPu(S,).

5.2.2  Hitting probability estimates of Brownian motion to the moving boundaries

The following estimate is useful when one looks for an appropriate covering of of F(v) with

respect to different large scale dimensions.

Lemma 5.2. Consider a cube Q(a,r) inside Sy, i.e. a € S, anda+1r < 2". Foreach() <~ < 1/2,
define the event

A(n,a,r,y) ={3t € Q(a,r) : |B:| < t7}. (5.6)
One has

2 3 /r\1/2
P(A < 2 on(v—1/2) T )

Let us summarize several basic properties of Brownian motion used in the proof of Lemma 5.2.

For a proof, see for instance [103] or [89].

Lemma 5.3. Let B be a standard Brownian motion.

o Symmetry : (By)t>0 has the same law as (—B¢)¢>o.

Self-similarity : for any A > 0, the law of (\™Y/2By;)s>0 is identical to that of (By)i>0.

* Markov property : for eacht > 0, the process (Byt+n, — Bt)n>0 is independent of o{Bs : 0 <
s < t}, and has the same law as that of (Bp,)n>0

* Reflexion principle : for every x > 0, P(sup,_, , Bt > x) = 2P(B1 > )

Tail probability : for all x > 1, one has

1

exp(—z2/2).
V2w

ﬂ

Proof of Lemma 5.2 : One has
P(A(n, 0,7,7)) < P ( nf B < 2m>
teQ(a,r)

inf |By| < 2"7)
a,r)

=P(|By| < 2") +P <|Ba| > o,
teQ(

=P+ P
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By the self-similarity of B and recalling that a € S,,, one obtains

Py =P(|By| <a"'/?27) < \/ia—l/gw < 2 gnlr/2),
- V7 VA

Using the symmetry of B, one gets

P (Ba >2"7 inf By < 2n7> =P| B, <-2", sup B;>-2"
teQ(a,r)

teQ(a,r)
Thus,

Py < 2P (Ba > 2" inf B, < 2m> _op <Ba > 9" inf (B — Ba) <22 — Ba> .
teQ(a,r) teQ(a,r)

Set X}, = Byyn — By which is a Brownian motion independent of B,. Using successively the
self-similarity, the symmetry and the Markov property at a of B yields

P, <2P <Ba > 2™, 1nf Xh <2™ _ B >

2P (Ba > 2“7,0 inf X, <r —1/2(9my

=2P (B > 2™ sup Xp, >r B )

—2"7)
0<h<1
+00 2 dz
= 2/ Pl sup Xp>r 2(z—2")]e = .
ony (0§h§1 V2ma

inside the integral by 1, one obtains

242 e gy 1
/2 o N— _p (X1 c |:a—1/22n"/’a—1/22n"/ + (r/a)l/Q]) <
ny

( r ) 1/2

T V2w \a '
On the other hand, applying the reflexion principle to X and tail probability of standard Gaussian
variable, one has

One splits the last integral into two parts. On one hand, bounding from above the probability

oo 1/2 iy 22 dx
P (X > 12— 2 ) e 5a
/(2m+r1/2) b= ( ) V2ma
+oo 1
S / (& 2r e 2a
(@rr4r1/2) T2 (2 — 277) /27 V2ma
1 Tooo

(z72n'y)2 d,f 1

- 2 (r>1/2/+°° _<z—§’”>2 dx 1 ( )1/2
— e r — = e T = - .
V27 Jony V2ra V271 \a ony Vorr  2V2r \a
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Therefore, one has established that

rs (2"

Combining the estimates ends the proof. 0

5.3 Proof of Theorem 5.1 : macroscopic Hausdorff dimension

In this section, we aim to prove the dimension formula (5.3). As is said in the introduction, by

Uchiyama’s upper density result [113], it is enough to compute Dimy E'(7y) for all v € [0,1/2).

Let 0 < v < 1/2 be fixed throughout this section. Due to the monotonicity in y of the sets E (),

and the fact that the zero set of Brownian motion
Z={t>0:B,=0} C E0),
we divide the proof of (5.3) into two parts :

DO | =

and DimyZ >

N | —

Dimy E(7) <

Before proving these inequalities, one needs some background on Z that we recall below. Our

standard reference is [25], see also [24].

5.3.1 Facts on the Brownian zero set and 1/2-stable subordinator

It is well known that the Brownian zero set coincides with the range of a 1/2-stable subordina-
tor via the Brownian local times at 0, see [24, 25]. A subordinator ¢ is a Lévy processes with

increasing sample paths. It is said to be 1/2-stable if the Laplace transform of ¢y is e~ ®() with
®(\) = A2, forall A > 0.

The renewal function U (z) is the distribution function of the 0-potential measure of o, i.e.

v = | [ - to<si].

The 0-potential measure of o, denoted by U (dx), characterize the law of ¢ in the sense that its
Laplace transform is 1/®()) for all A > 0. Tauberian theorems provide the relation between the

Laplace exponent ® of a subordinator and its renewal function. Precisely, one has

Ux) = 5 (11 T (5.7)
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see Section 1.3 in [25].

For a general subordinator o, one has the following hitting probability estimate in terms of its
renewal function. It gives bounds for the probability that the range of o touches a deterministic
set A C R. Recall that R = ([0, +00)) is the range of o.

Lemma 5.4 ([25], Lemma 5.5). For every 0 < a < b, one has

U(b) = Ula)
Ulb—a)

U(2b—a)—U(a)
U(b—a)

<P(RN[a,b] #0) <
Next lemma gives a more precise hitting probability estimate for 1/2-stable subordinators.

Lemma 5.5. Let o be a 1/2-stable subordinator and Q(a,r) = [a,a+1) be a cube in some annulus
S,,. One has

6(2)1/2 <P(RNQa,r) #0) < 0(2)1/2.

where c, C' is independent of a, r and n.

Proof. First, applying (5.7) yields

U((a+71)—a)=U(r) > Cr'/2 (5.8)
On the other hand, by the definition of U (x), one obtains

400 +o0 a+2r
UR2(a+7r)—a)—U(a) = /0 P(oy € [a,a + 2r])dt = /0 / p(x)dx dt

where p(z) is the density of oy, given by

t 2
pe(x) = Cme %

As Q(a,r) C Sy, one gets r < a and deduces

+o0 a+2r ¢ 2
U(a—|—2r)—U(a)<C’/ / — e tadrdl
0 a a /2

co [T eteag — o (5.9)
= 7 g3/2 0 € T ql/2e :
The second inequality follows by an application of Lemma 5.4 with b = a 4. Similarly, one gets

by (5.7)
U(r) < Cr1/2,
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andbyr <a

U(a+r)—U(a):/+ooP(ate[a a+r])dt = /+00/ x)dx dt.

+o0 a+2r
> C/ / —75€ 2ada?dt C—rc

By Lemma 5.4 with b = a + r, one gets the first inequality. O

/ (5.10)

One also needs the following tail probability estimate of the occupation measure for subordina-

tors, obtained by Pruitt and Taylor [101].

Lemma 5.6 ([101], Lemma 3.1). Let o be a 1/2-stable subordinator. Define the sojourn time of o in

the cube Q(0, 1),
+o0
T(T‘) = / 15,<rdt.
0

One has for all A > 0,
P(T(r) > AE[T(2r)]) < e 2,

Remark 5.1. Observe that by (5.7) E[T'(2r)] = U(2r) < Cor'/? for0 < Cy < +oo independent
of r.

5.3.2 Proof of Theorem 5.1 : macroscopic Hausdorff dimension
Let v € [0,1/2) and p > 1/2 be fixed. First we show DimyE(7y) < 1/2. Set
Ty = 2" 442%™ fori € {0,..., [2" /22" |}.

Consider the cubes Q(y, ;, 2%™") which form a partitions of S,,. Note that for each of these cubes,

one has
E(y) N Q(xn,iv 22”7) - Q(iUn,i, 22”7)1A(n,mn,i722"77’7)

by the definition of A(n, x,,;,2%"7,v) in Lemma 5.2. Thus,

L2(172'v)nJ 22n7

p
I/Z(E(’)’)) < Z < on ) 1A(n,2,,4,2277 )
=1

By choosing the side length 2277, one observes that the two terms in Lemma 5.2 are of the same

order. Taking expectation in the above inequality, one obtains by Lemma 5.2 that there exists a
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positive finite constant C' such that for all n € N*

E[vy(E(y))] < 20720 220700 P(A(n, 2,1, 2%, )
= 9(=2)(A=p)n  con(v—1/2)

— 09(1/2=7)(1=2p)n

Thus, Fubini Theorem entails E[} . v, (E(7))] < +oc. This proves that DimyE(y) < p
almost surely. Letting p — 1/2 yields the upper bound.

Now one moves to the low bound for Dimy F(y). We are going to prove that DimyZ > 1/2.
Since Vv > 0, E(vy) D Z, we finally deduce that DimyE(y) = 1/2. Recalling that R is the
range of the 1/2-stable subordinator o, by Section 5.3.1, one knows that Dimy Z = DimyR. So
it is enough to prove that DimyR > 1/2.

The natural measure supported by R is the occupation measure y of o, defined for every Borel
set E by

+oo
W(E) = /0 15 (00

Let us prove a scaling property satisfied by u, which enables us to invoke the mass distribution

principle (Lemma 5.1).

Lemma 5.7. Almost surely, there exists an integer ng, such that for alln. > ny, any cube Q(a,r) C
Sy, satisfies

1(Qa,r)) < 2Conr'/?. (5.11)

where Cy is the positive finite constant in Remark 5.1.

Proof. Let n be fixed. For any integer 0 < k <n—1land 0 <i < on—1-k _ 1 denote by Qn ki
the cube with south-west corner x,, 1 ; = 27=1 4 2% and side 2¥. For fixed (n, k), one counts
the number of cubes of type (), 1. ; which violate the scaling property (5.11) (up to a factor 2).
Define the set of “bad” indices

Lk = {i: 1(Qu i) > Con2k/?}.

Note that for i € I, , the cube @), 1 ; should be hit by o, and the sojourn of ¢ in that cube is
longer than Cyn2¥/2. Applying the strong Markov property at the hitting time of the cube Qn. ki

by o, along with the space homogeneity of Lévy processes, one obtains

P(11(Qn 1) > Con2"?) <P(RN Quii # 0)P(T(2F) > Con2/?)
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An application of Lemma 5.5, 5.6 and Remark 5.1 yields
P(u(Qnri) > Con2b/2) < C2k=m)/2¢=n/2,

Therefore, one obtains

n—12n—1-k_1

]

P((Qn i) > Con2¥/?)
=0

n—1
Z #Ink =
k=0
n—1

< C 2n—k2(k—n)/26—n/2

k=0
— CQn/Zefn/2

which is the general term of a convergent series. The Borel-Cantelli Lemma entails that almost

surely, for all n large enough, for all (k, 1),
1(Qn ki) < Con2/2.

Finally, any Q(a,r) C S, with 2% < r < 2#+1 is covered by the union of two consecutive cubes
Qn k> Qn k,i+1 of side 2k thus

1(Q(a, 7)) < 1(Qnki) + 1 Qupir1) < 2000282 < 2Conrt/2.

The last lemma estimates the moments for the occupation measure of ¢ in the annuli.

Lemma 5.8. There exists finite positive constants C1, C}, Co such that for everyn € N*,

C12M? < Elu(S,)] < Cj2m/?
and  E[u(Sn)?] < Cy2™.

Proof. Observe that E[u(S,)] = U(2") — U(2"!) by the definition of the renewal function

U. The first moment estimate follows from (5.9) and (5.13). We focus on the second moment
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estimate. Using successively Fubini Theorem, symmetry and the Markov property of o, one has

—+00 [e%¢)
E[u(S,)?] = /0 /0 Plo, € Sy, 01 € Sy)dt ds
“+oo —+00
= 2/ / P(os € Sp,or € Sp)dtds
0 s

+oo +oo
<9 / / P(os € S,)P(0r_s < 2" \dt ds
0 s

“+oo “+00
2/ P(o, € Sn)ds/ P(o, < 2" 1) du.
0 0

Applying (5.8) and (5.9) entails the result. O

Let us finish the proof. By Paley-Zygmund inequality,

2 2
P (us) 2 5002 ) 2 P (s 2 JEius)) 2 gl > LE o

Further, thanks to the strong Markov property at the hitting times of S,, by ¢ and the monotonic-
ity of o, one knows that the sequence of random variables (44(Sy,))n>0 are independent. Thus, a
variant of Borel-Cantelli Lemma (see Theorem 2.3.8 in [45]) yields that almost surely, for some

sequence N = (ny)x>1 of integers with lower density at least p,
1 I ong/2
One concludes by Lemma 5.1 that almost surely,

Y va(R) > Cot Y Tl Ru(S,) > (2C0) L Y nt = o

n>0 n>0 nenN

Hence DimyR > 1/2, almost surely.

5.4 Proof of Theorem 5.1 : upper mass dimension

Recall that we intend to prove that almost surely, for all v € [0,1/2],

In|E(v) N[0 1
Dimyy E(7) := lim sup n|E(y) N[0, n]| — 4
n—+00 Inn 2

We are going to show that the sojourn time |E(y) N S,| is larger than 2"(1/27) for infinite
many 7, but never exceeds 2(1/2+7%€) for all large n, where ¢ > 0 can be chosen arbitrarily
small. As the underlying sequence of sojourn time are dependent random variables, one needs

the following strong law of large numbers for dependent events, proved in Xiao and Zheng [118].
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Lemma 5.9. [118, Lemma 2.9] Suppose that { A} and {Dy} are two sequences of events adapted

to the same filtration { F};} and are such that for some positive constants p, a and ¢
P(Ags1|Fi) > p on event Dy, and P(DS) < ae™°F.
Then there exists € > 0 such that almost surely,

A 22—1 14,
liminf === > ¢.
n—+o00 n

Let us first prove the upper bound. For each annulus S, consider the unit cubes Q(k, 1) with
integer south-west corner k € S,,. Using those Q(k, 1) inside each S, (0 < p < n) satisfying

the event in Lemma 5.2 as a covering of E(v) N [0, 2"], one has

n  2°—1
E)N02 < D7 Lagkan
p=0 g=2r—1
Taking expectation, one obtains by Lemma 5.2 that for some finite positive constant C,
n
E[[B(7) N [0,2"]) < C ) _2r2r0ml = C2n0/2),

p=0

For p > 1/2 + ~, the first moment Markov inequality yields that for all n € N*,
P(IE(y)n[0,2"]| > 2%) < ¢l e/

which is the general term of a convergent series. Thus, an application of Borel-Cantelli Lemma

gives almost surely, for all n large enough,
[E(v) N[0,2"]] < 2.

Hence, for all m large enough, denote by n the unique integer such that m € &, one gets

In EG) Af0,ml] _ In B 00,27 _
Inm - In 271 “—n-—1

P

Taking lim sup entails Dimyy E(y) < p, almost surely. The desired upper bound follows by
letting p tend to v + 1/2.

Now we prove the lower bound. Let us fix some notations before moving forward. Denote by
(C,C, X,P?) the canonical space of Brownian motion, i.e. C' is the space of continuous functions

from R* to R, C its Borel o-algebra, X the coordinate process and P is the law of Brownian
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motion starting from = € R. Define the super-exponential increasing sequence of integers

n():l,

ng4+1 = 2" for all k € N*.

Set

~

S, =8, U Sn+1 U STH_Q.

Introduce two sequences of events
Ay = {|E(’y) ﬂgnk’ > Kznk(l/Q-i-’Y)} and Dy, = {’B(znk+2)| <y - 2(nk+2)/2} ,

recalling that 2" *2 is the right endpoint of §nk Here K is a universal constant which will be
chosen later.

One observes that Ay, implies |E(y) NS, | > 2"0F1/2) /3 for some n € {ng, nj, + 1, nj, + 2}. As
Ng+1 > Nk + 2, one obtains the desired lower bound for Dimy £(7y) as soon as Ay occurs for
infinite many k, almost surely. To this end, one applies Lemma 5.9 to our { Ay} and {Dy}, and

verifies the conditions on these events.

The condition on { Dy} is easy to check. One has by the self-similarity of Brownian motion, the

tail probability of Gaussian variable, and the rapid increasing rate of {ny} that

2
P(D§) = P(|B1| > ny) < ——==e "2 < e7F,

o nev 2

It remains to check the condition on { Ay }. By the simple Markov property of Brownian motion

at time 212, one has
P(Ap 41| Fr) = g(B(2"?))

where
2nk+1+2_2nk+2

g(z) =P* </

2nk+171_2nk+2

k4111
> p* </ 1|Xt|<t7dt > KQM+1(1/2+7)) .
) <

"k+1_1

1|Xt|§(t+2"k+2)~ydt > 2nk+1(1/2+7)>

Define the z-level set of X

and the stopping time

Thp1 = inf{t € Sy, |+ Xy = x}.

k+1
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One has

Tp1+2"F+1

g(x) > p* (Zm N (Snk+1 U Snk+1+1) 7& @, 1\Xt|§ﬂdt > K2nk+1(1/2+7)>

Tk+1

By the strong Markov property of Brownian motion at 7j1,

2N k+1
g(x) Z P (Zx N (Snk+1 U Snk+1+1) 7é @) P </0 1|Xt\§2(nk+1_1)7dt Z K2nk+1(1/2+’)’)> =

We estimate separately the two terms in the last product. Recall that Z, coincides with the range

of a 1/2-stable subordinator, the hitting probability estimate Lemma 5.5 yields that
Pl(z) > C (5.12)

uniformly for all k. Finally, one observes that uniformly for all 2 € [—ny, - 20%+2)/2 ;.
2(nk+2)/2)

M k41
P]?(x) = P (/ 1|Xz|<2("k+1—1)77x > Kan“‘l(l/Q"W))
0 —
M k41
= (/ 1 x, <ot -2 dt > K2”’“+1(1/2+”)) = D (5.13)
0 —

The sequence {py} will be uniformly controlled from below by the following lemma.

Lemma 5.10. Let
2"k+1
M= /2 1 x, <atmisa -2t

nk+1—1

There exist positive constants C1, Cy, Cy such that

Cian+l(1/2+’Y) > E[M,;] > 012nk+1(1/2+7)

and
E[M;f] < 022nk+1(1+27)

Proof. An application of Fubini theorem and the selfsimilarity of Brownian motion yields the

Py (x)

2

().
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first moment estimate. For the second moment, one establishes as in Lemma 5.8 that

k41 k41

2 2
EY[M?) = / / PO(| X, | < 20m+1727 | X, | < 200127 gs, dt
2nk+171 2nk+171

k41

2 2"k +1
2/ / PO(|X;| < 2(nk+1-2)7 1 X,| < 2(nk+r2)v)d8 dt
omk+171 J

k41

2 2"k +1
2/ / PO(|X,| < 2017 2NPO(| X, | < 2- 201727 duy dt
2"k+171 Jo

IN

2"k+1 Nk+1 21
< 2/ IF’O(‘Xt‘ < 2(nk+1—2)’7)dt Z / PO(‘XM <92. Q(nk+1_2)7)du.
2 i— Y27

np4q —1
Applying the first moment estimate yields the results. O

Applying Paley-Zygmund inequality to p; with K = /2, one obtains that for all £,

E[M)>  C1
AE[M?] — 4Cy

Dk =

Combining this, (5.12) and (5.13), one obtains that : there exists a positive constant p such that
for all &,
P(Ag41|Fi) = g(B2™¥2) > p

on the event Dj. This completes the proof for the lower bound.
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