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Abstract

Two and three-body scattering problems are of crucial relevance in atomic physics as
they allow to describe different atomic collision processes. Nowadays, the two-body cases
can be solved with any degree of numerical accuracy. Scattering problem involving three
charged particles are notoriously difficult but something similar —though to a lesser extent-
can be stated.

The aim of this work is to contribute to the understanding of three-body Coulomb
scattering problems from an analytical point of view. This is not only of fundamental
interest, it is also useful to better master numerical approaches that are being developed
within the collision community. To achieve this aim we propose to approximate
scattering solutions with expansions on sets of appropriate functions having closed form.
In so doing, we develop a number of related mathematical tools involving Coulomb
functions, homogeneous and non-homogeneous second order differential equations, and
hypergeometric functions in one and two variables.

First we deal with the two-body radial Coulomb wave functions, and review their
main properties. We extend known results to give in closed form the Laguerre expansions
coefficients of the irregular solutions, and establish a new connection between the
coefficients corresponding to the regular solution and Meixner-Pollaczek polynomials.
This relation allows us to obtain an orthogonality and closure relation for these coefficients
considering the charge as a variable.

Then we explore two-variable hypergeometric functions. For some of them, such as
Appell and confluent Horn functions, we find closed form for the derivatives with respect
to their parameters.

We also study a particular set of two-body Generalized Sturmian functions constructed
with a Hulthén generating potential. Contrary to the usual case in which Sturmian
functions are numerically constructed, the Hulthén Sturmian functions can be given in
closed form. Their mathematical properties can thus be analytically studied providing a

unique tool to investigate scattering problems.



2 Abstract

Next, we introduce a novel set of functions that we name Quasi-Sturmian functions.
They constitute an alternative set of functions, given in closed form, to expand the sought
after solution of two- and three-body scattering processes. Quasi-Sturmian functions
are solutions of a non-homogeneous second order Schrodinger-like differential equation
and have, by construction, the appropriate asymptotic behavior. We present different
analytic expressions and explore their mathematical properties, linking and justifying the
developed mathematical tools described above.

Finally we use the studied Hulthén Sturmian and Quasi-Sturmian functions to solve
some particular two- and three-body scattering problems. The efficiency of these sets of

functions is illustrated by comparing our results with those obtained by other methods.



Resumen

Los problemas de dispersién de particulas, como son los de dos y tres cuerpos, tienen
una relevancia crucial en fisica atémica, pues permiten describir diversos procesos de
colisiones. Hoy en dia, los casos de dos cuerpos pueden ser resueltos con el grado de
precisién numérica que se desee. Los problemas de dispersion de tres particulas cargadas
son notoriamente mas dificiles pero ain asi algo similar, aunque en menor medida, puede
establecerse.

El objetivo de este trabajo es contribuir a la comprensién de procesos Coulombianos
de dispersion de tres cuerpos desde un punto de vista analitico. Esto no solo es
de fundamental interés, sino que también es util para dominar mejor los enfoques
numéricos que se actualmente se desarrollan dentro de la comunidad de colisiones
atémicas. Para lograr este objetivo, proponemos aproximar la solucién del problema
con desarrollos en series de funciones adecuadas y expresables analiticamente. Al hacer
esto, desarrollamos una serie de herramientas matematicas relacionadas con funciones
Coulombianas, ecuaciones diferenciales de segundo orden homogéneas y no homogéneas,
y funciones hipergeométricas en una y dos variables.

En primer lugar, trabajamos con las funciones de onda Coulombianas radiales y
revisamos sus principales propiedades. Asi, extendemos los resultados conocidos para
dar expresiones analiticas de los coeficientes asociados al desarrollo, en serie de funciones
de tipo Laguerre, de las funciones Coulombianas irregulares. También establecemos una
nueva conexion entre los coeficientes asociados al desarrollo de la funcién Coulombiana
regular y los polinomios de Meixner-Pollaczek. Esta relacién nos permite deducir
propiedades de ortogonalidad y clausura para estos coeficientes al considerar la carga
como variable.

Luego, estudiamos las funciones hipergeométricas de dos variables. Para algunas de
ellas, como las funciones de Appell o las confluentes de Horn, presentamos expresiones
analiticas de sus derivadas respecto de sus parametros.

También estudiamos un conjunto particular de funciones Sturmianas Generalizadas



4 Resumen

de dos cuerpos construidas considerando como potencial generador el potencial de
Hulthén. Contrariamente al caso habitual, en el que las funciones Sturmianas se
construyen numéricamente, las funciones Sturmianas de Hulthén poseen forma analitica.
Sus propiedades matematicas pueden ser analiticamente estudiadas proporcionando
una herramienta tunica para comprender y analizar los problemas de dispersién y sus
soluciones.

Ademas, proponemos un nuevo conjunto de funciones a las que llamamos funciones
Quasi-Sturmianas. FEstas funciones se presentan como una alternativa para expandir
la solucién buscada en procesos de dispersion de dos y tres cuerpos. Se definen
como soluciones de una ecuacion diferencial de tipo-Schrodinger, no homogénea. Por
construccion, incluyen un comportamiento asintético adecuado para resolver problemas
de dispersion. Presentamos diferentes expresiones analiticas y exploramos sus propiedades
matematicas, vinculando y justificando los desarrollos realizados previamente.

Para finalizar, utilizamos las funciones estudiadas (Sturmianas de Hulthén y
Quasi-Sturmianas) en la resolucién de problemas particulares de dos y tres cuerpos.
La eficacia de estas funciones se ilustra comparando los resultados obtenidos con datos

provenientes de la aplicacion de otras metodologias.



Résumé

Les problemes de diffusion de particules, a deux et a trois corps, ont une importance
cruciale en physique atomique, car ils servent a décrire différents processus de collisions.
Actuellement, le cas de deux corps peut étre résolu avec une précision numérique désirée.
Les problemes de diffusion a trois particules chargées sont connus pour étre bien plus
difficiles mais une déclaration similaire peut étre affirmée.

L’objectif de ce travail est de contribuer, d’un point de vue analytique, a la
compréhension des processus de diffusion Coulombiens a trois corps. Ceci a non seulement
un intéréet fondamental, mais est également utile pour mieux maitriser les approches
numériques en cours d’élaboration au sein de la communauté de collisions atomiques.
Pour atteindre cet objectif, nous proposons d’approcher la solution du probleme avec des
développements en séries sur des ensembles de fonctions appropriées et possédant une
expression analytique. Nous avons ainsi développé un nombre d’outils mathématiques
faisant intervenir des fonctions Coulombiennes, des équations différentielles de second
ordre homogenes et non-homogenes, et des fonctions hypergéométriques a une et a deux
variables.

Tout d’abord, nous traitons les fonctions d’onde Coulombiennes radiales et rappelons
leurs principales propriétés. Nous étendons certains résultats connus en donnant, pour
les fonctions Coulombiennes irrégulieres, des expressions analytiques pour les coefficients
associés au développement en série avec des fonctions de type Laguerre. Nous établissons
également une nouvelle connexion entre les coefficients associés au développement de la
fonction Coulombienne réguliere et les polynomes de Meixner-Pollaczek. Cette relation
nous permet de déduire des propriétés d’orthogonalité et de fermeture de ces coefficients
en considérant la charge comme variable.

Ensuite, nous étudions les fonctions hypergéométriques a deux variables. Pour
certaines d’entre elles, comme celles d’Appell ou les fonctions confluentes de Horn, nous
présentons des expressions analytiques de leurs dérivées par rapport a leurs parametres.

Nous étudions également un ensemble particulier de fonctions Sturmiennes
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Généralisées a deux corps, construites en considérant le potentiel Hulthén comme potentiel
générateur. Contrairement au cas habituel, dans lequel les fonctions Sturmiennes
sont construites numériquement, les fonctions Sturmiennes de Hulthén possedent une
expression analytique. Leurs propriétés mathématiques peuvent ainsi étre étudiées,
fournissant un outil unique pour comprendre et analyser des problemes de diffusion.

En outre, nous proposons un nouvel ensemble de fonctions que nous appelons
fonctions Quasi-Sturmiennes. Ces fonctions, également présentées sous forme analytique,
sont proposées comme une alternative pour développer la solution de problemes de
diffusion a deux et a trois corps. Elles sont définies comme des solutions d’une
équation différentielle de type Schrodinger, non-homogene, et par construction possedent
un comportement asymptotique approprié. Nous présentons différentes expressions
analytiques en explorant leurs propriétés mathématiques, reliant et justifiant ainsi les
développements mathématiques décrits précédemment.

Enfin, nous utilisons les fonctions étudiées (Sturmiennes de Hulthén et
Quasi-Sturmiennes) pour résoudre certains problemes a deux et a trois corps. L’efficacité
de ces fonctions est illustrée en comparant les résultats avec ceux obtenus par 'application

d’autres méthodologies.



Abstract for general public

Two and three-body scattering problems are of crucial relevance in atomic physics as
they allow one to describe different atomic collision processes. The aim of this thesis is
to contribute to the understanding of three-body Coulomb scattering problems from an
analytical (mathematical) point of view.

The kind of scattering processes we are interested in here may be sketched as follows.
An electron approaches an atom or a molecule, and interacts within a reaction zone. It is
then scattered and some of the target electrons may be ejected leaving behind a positive
ion. These outgoing electrons enter an asymptotic region where the behavior of the
particles is known. While such scattering processes can be measured experimentally, we
focus here on a theoretical analysis within Quantum Mechanics. The collision dynamics
is described by a many-particle wave function that satisfies a Schrodinger equation
with particular boundary conditions. This is a difficult mathematical problem that
can be tackled only with numerical methods. Most of them use basis functions, the
choice of which is decisive for the efficiency of computations. This thesis focusses on
the construction of appropriate basis functions, and a number of related mathematical
properties.

One important theoretical issue for time-independent three-body scattering problems
is how to impose the correct asymptotic behavior to the wave function. Many spectral
methods use two-body basis functions that generally do not possess the correct behavior
at large distances. One exception are Generalized Sturmian functions, defined as to take
into account the interactions of the problem, thus making them an efficient basis set. We
present and study here an alternative set of functions, expressible in closed form, to be
used for the description of two- and three-body scattering processes.

We begin this thesis by dealing with two-body radial Coulomb wave functions,
reviewing their main properties and extending known results. We provide in closed
form a particular expansion of the irregular solutions, and establish a new connection

between the coefficients of a series expansion of the regular solution and Meixner-Pollaczek
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polynomials.

Then we explore two-variable hypergeometric functions. For some of them, such as
Appell and confluent Horn functions, we find closed form for the derivatives with respect
to their parameters.

We also study a particular set of two-body Generalized Sturmian functions: the
Hulthén Sturmian functions. Contrary to the usual case in which Sturmian functions
are numerically constructed, the Hulthén Sturmian functions can be given in closed form.
Their mathematical properties can thus be analytically studied providing a unique tool
to investigate scattering problems.

Next, we introduce a novel set of functions: the Quasi-Sturmian functions. They
constitute an alternative set of functions, also given in closed form, to expand the sought
after solution of two- and three-body scattering processes. Quasi-Sturmian functions
are solutions of a non-homogeneous second order Schrodinger-like differential equation
and have, by construction, an appropriate asymptotic behavior. We present different
analytic expressions and explore their mathematical properties, linking and justifying the
developed mathematical tools described above.

Finally we use the studied Hulthén Sturmian and Quasi-Sturmian functions to solve
some particular two- and three-body scattering problems. The efficiency of these sets of

functions is illustrated by comparing our results with those obtained by other methods.



Résumé de these vulgarisé pour le

grand public

Les problemes de diffusion a deux et a trois corps sont d'une importance cruciale en
physique atomique car ils permettent de décrire différents processus de collision atomique.
L’objectif de cette these est de contribuer a la compréhension des problemes de diffusion
Coulombiennes a trois corps d’un point de vue analytique (mathématique).

Le genre de processus de diffusion qui nous intéresse peut étre esquissé de la maniere
suivante. Un électron s’approche d’un atome ou d’une molécule et interagit a 'intérieur
d’une zone de réaction. Il est alors diffusé, et certains des électrons de la cible peuvent étre
éjectés en laissant derriere eux un ion positif. Les électrons sortants entrent alors dans une
région asymptotique ou le comportement des particules est connu. Bien que ces processus
de diffusion puissent étre mesurés expérimentalement, nous nous concentrerons ici sur une
analyse théorique dans le cadre de la mécanique quantique. La dynamique de collision
est décrite par une fonction d’onde a plusieurs particules qui satisfait a une équation
de Schrodinger avec des conditions aux limites particulieres. Il s’agit d’un probleme
mathématique difficile qui ne peut étre abordé que par des méthodes numériques. La
plupart d’entre elles utilise des fonctions de base dont le choix est décisif pour 'efficacité
des calculs. Cette these porte sur la construction de fonctions de base appropriées et sur
un certain nombre de propriétés mathématiques liées a ces fonctions.

Un point théorique important pour les problemes de diffusion a trois corps est de
savoir comment imposer a la fonction d’onde le comportement asymptotique correct.
De nombreuses méthodes spectrales utilisent des fonctions de base a deux corps qui ne
possedent généralement pas le bon comportement a grandes distances. Une exception
est donnée par les fonctions Sturmiennes Généralisés, définies en tenant compte des
interactions du probleme ce qui rend efficace la base. Nous présentons et étudions ici
un ensemble alternatif de fonctions, exprimées sous forme analytique, qui peuvent étre

utilisées pour décrire des processus de diffusion a deux et a trois corps.
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Tout d’abord, nous traitons les fonctions d’onde Coulombiennes radiales et rappelons
leurs principales propriétés. Nous étendons certains résultats connus en donnant, pour les
fonctions Coulombiennes irrégulieres, un développement en série particulier, et établissons
également une nouvelle connexion entre les coefficients associés au développement de la
fonction Coulombienne réguliere et les polynomes de Meixner-Pollaczek.

Ensuite, nous étudions les fonctions hypergéométriques a deux variables. Pour
certaines d’entre elles, comme celles d’Appell ou les fonctions confluentes de Horn, nous
présentons des expressions analytiques de leurs dérivées par rapport a leurs parametres.

Nous étudions également un ensemble particulier de fonctions Sturmiennes
Généralisées a deux corps, construites en considérant le potentiel Hulthén comme potentiel
générateur. Contrairement au cas habituel, dans lequel les fonctions Sturmiennes
sont construites numériquement, les fonctions Sturmiennes de Hulthén possedent une
expression analytique. Leurs propriétés mathématiques peuvent ainsi étre étudiées,
fournissant un outil unique pour comprendre et analyser des problemes de diffusion.

En outre, nous proposons un nouvel ensemble de fonctions que nous appelons
fonctions Quasi-Sturmiennes. Ces fonctions, également présentées sous forme analytique,
sont proposées comme une alternative pour développer la solution de problemes de
diffusion & deux et a trois corps. Elles sont définies comme des solutions d’une
équation différentielle de type Schrodinger, non-homogene, et par construction possedent
un comportement asymptotique approprié. Nous présentons différentes expressions
analytiques en explorant leurs propriétés mathématiques, reliant et justifiant ainsi les
développements mathématiques décrits précédemment.

Enfin, nous utilisons les fonctions étudiées (Sturmiennes de Hulthén et
Quasi-Sturmiennes) pour résoudre certains probléemes a deux et a trois corps. L’efficacité
de ces fonctions est illustrée en comparant les résultats avec ceux obtenus par 'application

d’autres méthodologies.



Introduction

The use of basis functions to describe certain atomic and molecular processes is a
standard strategy in Quantum Mechanics. It provides a theoretical approach to problems
for which, in most cases, the analytical solution is not available. A very well known
example is provided by the wave functions associated to the bound states of the hydrogen
atom. These wave functions are given in terms of the energy and angular momentum
eigenfunctions [1].

Scattering processes cannot be treated as easily as bound state problems, i.e. as an
eigenvalue problem [2; 3]. Also, except for a few two-body problems, the solution is not
known in closed form. In general, one can propose to expand the solution in terms of
basis functions, but in this case it is not so clear which is the most appropriate one.

The methods that use basis functions to approximate the solution of a differential
equation are known as spectral methods [4]. The J-matrix [5-8|, the convergent close
coupling [9-11], the exterior complex scaling [12-14], the configuration-interaction [15, 16]
and the Sturmian methods [17-19] are examples of spectral methods used to describe
different scattering problems. Basis functions are selected through mathematical or
numerical considerations. A very important aspect to be considered when choosing a
set of functions to represent the scattering solution is the expected asymptotic behavior
of the wave function.

In bound states, the domain of the wave functions is a bounded region outside of which
they asymptotically vanish. In contrast, for continuum states the domain is not bounded,
hence their behavior cannot be neglected at large distances. For two charged particles,
scattering problems can generally be solved and the asymptotic behavior properly imposed
to the solution. For three charged particles, obtaining the correct asymptotic behavior of
the resulting wave function has become a great challenge since the contributions of Rudge
[20] and Peterkop [21]. These authors made a first description of the asymptotic form of
the scattering solution (see also [22]). Later Kadyrov and co-workers extended the study

of the asymptotic region and the behavior of the scattered wave [23-25].

11
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Generalized Sturmian Functions [26, 27] are one example of basis functions defined
taking into account the behavior of the particles at large values of the radial variable.
They are constructed as the solutions of a Sturm-Liouville problem [2, 28] including
some of the interactions of the problem under consideration (through an adequate choice
of the so-called auxiliary potential and generating potential) and imposing as asymptotic
condition the expected behavior of the scattering solution (up to a constant). Generalized
Sturmian functions form an orthogonal and complete set of basis functions. Also they
proved to be a computationally efficient basis set, as shown in the treatment of a the large
variety of processes and systems (see references in [27]).

In most practical cases, Generalized Sturmian functions are obtained numerically, so
it is not possible to study their particular properties following analytical procedures.
Moreover, all the radial integrals that appear when solving scattering problems must be
performed numerically. When one takes the Hulthén potential as the generating and/or
the auxiliary potential, however, the resulting basis functions can be given in closed form
[29]. Thus, their mathematical properties can be investigated and some integrals can be
analytically solved.

The main purpose of this thesis work is to study basis functions convenient to represent
the solution of two-body scattering problems in spherical coordinates and three-body
problems using hyperspherical coordinates. We are interested in functions that can be
given in closed form and include an appropriate asymptotic behavior. Thus, we can
analytically explore the mathematical aspects and properties of these functions in the
context of scattering processes.

We not only study the Hulthén Sturmian functions, which are very appropriate to
solve some particular two-body scattering problems, but also, and as a central subject of
this work, we introduce an alternative set of functions, that we name Quasi-Sturmian
functions.  They are defined as solutions of a non-homogeneous Schrodinger-like
differential equation which, as in the case of Generalized Sturmian functions, includes
some interactions of the problem and imposes an appropriate scattering behavior.

A disadvantage, compared to Generalized Sturmian functions, is that we do not
have an orthogonality property for these functions. On the other hand, contrary to
Generalized Sturmian functions, they can be presented in closed form for the case of
Coulomb interactions. As a consequence it is possible to give analytical expressions for
the matrix elements when solving two- and three-body scattering problems. Thus, these
Quasi-Sturmian functions are helpful in studying the analytical properties of three-body

wave functions, and also allow to improve convergence in numerical calculations.
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In addition, the motivation of proposing a set of functions in closed form to
study three-body scattering problems led us to review and study other functions, like
Coulomb wave functions and two variable hypergeometric functions, which appeared while
characterizing the Quasi-Sturmian functions.

At this point it is clear that the results of our research can be presented in two
parts. A first one, more mathematical, in which we introduce and study the mathematical
properties of Hulthén Sturmian functions, the proposed Quasi-Sturmian functions and
other functions related to them. And a second one, related to a particular subject of
Quantum Mechanics, in which we state the two- and three-body scattering problems and
investigate their solution by using the functions proposed in the first part.

We start by introducing the one-variable functions that constitute the base of all
constructions in the following chapters: Slater-type orbitals, Laguerre-type functions,
Coulomb wave functions and Coulomb Green’s functions. We review the main
properties of Coulomb wave functions and analyse their series representation in terms
of Laguerre-type functions; we present, as a novelty, the analytical expressions of the
coefficients h*) and ¢, corresponding to the series expansion of the irregular Coulomb
wave functions. Another contribution related to this subject is the connection we establish
between the coefficients s, associated to the regular Coulomb wave function and the
Meixner-Pollaczek polynomials when considering the charge as a variable. The interest
in series representations in terms of Laguerre-type functions is related to the fact that
this strategy separates some parameters (charge and energy for example, appearing only
in the coefficients) from the variable. Thus, the study of the parameters of the function
reduces to the analysis of these coefficients.

The second chapter is dedicated to the study of two-variable hypergeometric functions
in terms of their parameters. In particular we are interested in Appell functions [30].
Following the methodology exposed in [31], we present in closed form the derivatives of
these functions with respect to their parameters. These results are part of a more extensive
contribution [32] where the derivatives of eight two variable hypergeometric series with
respect to their parameters are presented.

In the third chapter we review the definition and properties of Generalized Sturmian
functions. In particular we study the Hulthén Sturmian functions for which analytical
expressions can be found. The results we present here constitute the first part of a
contribution in which we study the mathematical properties of these functions, and we
show how to implement them to solve different two-body scattering problems [33].

The final chapter of the mathematical part is dedicated to study in detail the proposed
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Quasi-Sturmian functions. In particular we analyse two different driven terms in the
differential equation defining these functions: the two cases for which we can provide in
closed form the Quasi-Sturmian functions. Hence, an analytical study of their properties
and relations can be performed. In the last section of this chapter we investigate these
functions considering one of the parameters involved as a variable. These kind of two
variable Quasi-Sturmian functions is proposed in the last chapter to describe the coupling
of the radial and angular variables appearing in three-body scattering problems.

Part of the results involving these new functions can be found in reference [34], in
which we introduced the two sets of one-dimensional Quasi-Sturmian functions, presenting
different analytical representations and their asymptotic behavior, and using them to solve
a two-body scattering problem.

Quasi-Sturmian functions are also studied in reference [35], where the authors
introduce and implement a set of Quasi-Sturmian functions to solve three-body scattering
problems in parabolic coordinates.

As mentioned, in the second part of this work (the two last chapters) we present a
general description of two- and three-body scattering problems, and the methodology
used to approximate the solution in terms of Generalized Sturmian functions and
Quasi-Sturmian functions.

First we analyse two-body scattering problems. Two different approaches are
presented. The first one, using Generalized Sturmian functions, with the particular
implementation of the Hulthén Sturmian functions to solve the scattering of a particle first
by a Hulthén and then by a Yukawa potential. These two illustrations complete our study
of Generalized Sturmian functions presented in reference [33]. The second approach uses
Quasi-Sturmian functions to represent the scattering solution. As a particular example,
we solve the problem of a particle under the influence of a combined attractive Coulomb
potential plus a Yukawa potential (this example was published in reference [34]).

The last chapter is dedicated to the three-body case. We begin by introducing
hyperspherical coordinates [36, 37]. The advantage of these coordinate system is that
the asymptotic behavior of the scattering wave function, and consequently the behavior
of Quasi-Sturmian functions, takes a simpler analytical form. As a particular case we
describe the S-wave model (usually referred to as Temkin-Poet model [38, 39]) in which
only the s-wave contribution of the two outgoing electrons’ interaction is retained. This
model serves as a test bed as it contains most of the physical and mathematical difficulties
of the full problem and, at the same time, makes manipulations easier [40].

Finally, we conclude with a review of the results and contributions, and present some
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perspectives for our future work.
All numerical calculations and figures presented throughout this work were performed

with the software MATHEMATICA [41], Also, unless otherwise indicated, we consider

the indices in summations running from 0 to oco.



16




Chapter 1

Coulomb Hamiltonian and Coulomb

wave functions

1.1 Slater-type orbitals and Laguerre-type functions

Forn e NU{0}, ¢, B € R, ¢, 5 > 0, we introduce the following functions:

o Slater-type orbital

o Ol Byr) = et (1.1)
o Laguerre-type functions
O (0, B;7) = Nyge P (26r) 1 L (267) (1.2a)
1
— e P (28r) T Fy(—n, 20 + 2;20r). (1.2b)

N, T(20+2)

This last definition includes a normalization factor

n!
g/ S — 1.
TR+ 24 n) (13)

and the associated Laguerre polynomials L& [42-44], or alternatively, the confluent
hypergeometric function of the first kind 1F; [42, 45, 46]. This hypergeometric function
can be expressed as (b #0,—1,—-2,...)

(a)n 2

1Fi(a,b;2) = zn: o), ;r: (1.4)

17
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where (a),, is the Pochhammer symbol [47, 48]
(@) =ala+1)...(a+n—-1)

also expressible, for aw # 0, —1, —2..., in terms of the Gamma functions [42]

~ I'(a+n)
@ = Ty

As a consequence of the Pochhammer’s property

(—n); =0 Vn,jeN, j>n,

the series representations for ;Fj(—n,2¢ + 2;20r) is actually a finite sum.

Laguerre-type functions can be given in terms of Slater-type orbitals

On (€, B51) =Y cn 0500, Bi ),
=0

_ 1 (28)+7 (—n);
T N T@0+2) jl(20+2),

(1.5a)

(1.5b)

(1.6)

Thus,

(1.7a)

(1.7b)

Laguerre-type functions are the solutions of a Sturm-Liouville problem [2, 49, 50],

&
dr2’™
oL (¢, B;0) = 0,

PL(L, Bym) "X 0.

(6,5;7’) - €<£+1> - 2ﬁ<€+1+n) _'_62 ¢£(£767T) :07

r2 r

Therefore they satisfy an orthogonality and a closure relation,

00 1
| op(e8im) < k(e By dr =
1
> (L Bir) o O (L, By2) = 8(ry — 72).
In addition, they obey a three-terms recurrence relation

n+1 20+1+n—pr)

Nn,[

204+1+n
anl,f

or (0, Bir) = oE(l, B;r) oF_ (€, B;r)

NnJrl,Z

(1.8a)

(1.9a)

(1.9b)

(1.10)
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setting, for n = 0, N_1, = 1, ¢*; = 0. This relation is a direct consequence of the
three-terms recurrence relation satisfied by associated Laguerre polynomials [43].

In Figure 1.1 we present three Laguerre-type functions taking ¢ = 1, § = 1.1, and
the indices n = 3 (full line), n = 7 (line with dots) and n = 12 (dashed line). We can
observe the polynomial behavior in the inner region (r < R, for appropriate R,) and

corroborate the boundary conditions (1.8b) and (1.8¢c).

®n"(1,B;r)

-— n=12

0 5 10 15 20 25 30 35

r
Figure 1.1: Laguerre-type functions corresponding to n = 3 (full line), n = 7 (line

with dots) and n =12 (dashed line). In all three cases we took £ =1 and B =1.1.

1.1.1 Series expansions and integrals
Series expansion in terms of Laguerre-type functions

Throughout this thesis we study functions which are directly or somehow related to
the Schrédinger equation. It means that they include, besides position variables, also
the physical parameters involved in the dynamics of a quantum system: the mass p, the
charge Z, the angular momentum ¢ and the energy £ = g

Any of these one variable functions can be expressed in a generalized Fourier expansion
2, 49-51]

F(Zp kir) =) an ¢ (4, Bir) (1.11a)

since Laguerre-type functions, solutions of a Sturm-Liouville problem, form an orthogonal

and complete basis set. The coefficients a,, are given by

_/ L(¢, B;r) f(Z €, k) dr (1.11D)
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We consider generally the J parameter as independent of the ones involved in the
system under study. Thus, except for the angular momentum ¢, the other parameters
appear only in the coefficients a, of the series expansion. We have therefore a
representation that separates Z, u, k from the variable r, and the study of a function
f in terms of these parameters is reduced to the analysis of the coefficients a,. For this
reason we present, for most of the functions studied, their coefficients in closed form.
For example, in Section 1.2.2 we will show that the coefficients corresponding to the
sine-like Coulomb wave function are orthogonal polynomials when considering the charge
as a variable.

The importance of separating out the parameters, and the particular interest in the
charge Z, will be clarified in Chapter 6. The point is that in three-body problems
the position variables are coupled, and to solve this difficulty we use functions (the
Quasi-Sturmian functions introduced in Section 4.3.7) including one of the angular
variables into a parametric Coulomb charge. Other strategies may be proposed to deal
with this coupling, requiring the treatment of one function’s variables as parameters of
other function.

Another advantage of separating the parameters from the variables is that it facilitates
the calculation of integrals with respect to the variable r (something necessary to solve the
Schrodinger equation); indeed, a number of integrals involving Laguerre-type functions

are available in reference textbooks.

Integrals involving Laguerre-type functions

In what follows, we perform two radial integrals appearing repeatedly in scattering
problems.

The first one is called overlap integral,

Dy = / T L Bir) 1 (L, By ) dr (1.12a)
0
To calculate it we first rewrite (1.10) as

l
0L Bir) = = ok i)

Naoe 2041401
Nn—l,é 26 r

: - 0, B;r).
Nowre 28 7 0merl607)

(bﬁfl(ev 6; T) -
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1
Multiplying by — ¢% (¢, 3;7), integrating from r = 0 to infinity, and using the orthogonal
r

relation (1.9a), we obtain

{+1+n Nyoy 20+14+n N,¢ n+1
Vpn=—"——"0pn — : Opn_1— — ——— 0y iy 1.12b
or equivalently, in terms of p,
(+1+4p Npi1o0204+2+0p Ny, 10 D
Dy = ———— 0y — —2= Optin — ——= = 1. 1.12
2 3 P, N, 23 p+1, N,: 28 p—1, ( c)

Another interesting integral is the analogous to (1.9a) but with different ¢ parameters

for each function,

[T 0 50) 6 s B

(1:2) ]‘ (26)€m+ép+2
Nyty N D20, + 2) (20, + 2)

% / 6—267’ T,fm'i‘fp‘i‘l 1F1(—’I’L, 20 + 2, 267") 1F1(—q, 20 + 27 QBT) dr
0

(B.7) Ll + Ly +2)
— F E Em 27_ . ,2£ 2’2€m 2’1’1
Nyt Nos, T(20, + 2) T(26,, + 2) S (ly + b + 2, —q, =1, 20, + n )

2.4 (0, + b + 2)

Ny, Nog, T(20, + 2) T(26,, + 2)
y z": (b + bm +2);(=0)
(26, +2); 4!

Jj=0

LoFy ()4l + 24 5, =1, 200, + 2; 1) (1.13)

The function F; appearing in an intermediate step of the previous calculation is one of
the Appell hypergeometric functions [30, 46, 52]. Some properties and its derivatives with
respect to the parameters are presented in Chapter 2. The function 5[} is the Gauss
hypergeometric function [42, 43, 46] for which we have, if |z| < 1 and ¢ # 0,—1, -2, ...,
the series representation

(a), (), ="

oFy (a,b, ¢ 2) = Z("T% (1.14)

For the particular value z = 1, and Re (¢ —a — b) > 0, we have

F'e)l(c—a—10)
I(c—a)l'(c—10b)’

oFi(a,b,c;1) = (1.15)



22 1.1. Slater-type orbitals and Laguerre-type functions

so that the integral (1.13) becomes

[ 0y, 55) ~ 6Kl i)
0 r

 Nuge,, Ty + Ly +2) i Uy + b +2)(—q);
N, n!T(20, +2) = (20, +2); j!

(b — Ly — )n. (1.16)

J

1.1.2 Matrix representation for the Coulomb Hamiltonian

operator

In Chapter 5 we will study the scattering of a particle by a radial potential V. The
Schrodinger equation describing this process (using atomic units) includes a reduced radial
Hamiltonian operator

H,=T,+V(r), (1.17)

where T, is the reduced radial kinetic energy operator,

1 d? 1
G U S C o) (1.18)
241 dr? 2pur?

(reduced here means that the scattering wave function is divided by 7).
For the particular case of a Coulomb interaction between two particles of charges z1, 2o,

the potential is V(r) = F1%2 and we label
r

1 d2 E(E + 1) 2172
HS = — — 1.19
’ 2 dr? * 2ur? N r (1.19)
the radial Coulomb Hamiltonian operator.
Yamani and Fishman [7] showed that the matrix representation of [HS — E] in terms

of not-normalized Laguerre-type functions
90n<)\ T) — ()\ T)éJrl efAr/2LiZ+1<)\ T)

is a tridiagonal matrix J (called J-matrix). The elements of this matrix are given by the
integral
Jon = [ m(Ar) [HE = Bl gu(Ar) dr.
0

Remark 1.1.1. In a general way, an operator [O] has a matrix representation in terms

of two set of functions {¢,(w)}, {¢n(w)}, n € NU{0} and a weight function w(w), with
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elements given by
O = [ w() 0lw) [O) puw)

Here w represents the set of involved variables, 2 is the domain associated to these
variables, and df) the corresponding differential.

For further implementations, we give the expressions of the matrix elements J,, ,, for
an arbitrary p (the mentioned authors have taken p = 1) and using our normalized

Laguerre-type functions. Let Z = 2,2, and k? = 2uFE. Setting, for n = 0,1,2, ..

*)

1, it n=0,
A, = 2 2 1.20a
No, (B +/<;)(2€+1+n)’ £ nso, (1.20a)
Nn—l,é 4#6
2 12
B.(Z) = 2uZpB+ (8 QMZ)(£+1+H)7 (1.200)

and using the properties of Laguerre-type functions (1.8), (1.9a), (1.10) and (1.12b), we

obtain

| k8 (S — ] ok, pir) dr
0
- An+15p,n+1 + Bn<Z) 5p,n + An 5p,n71- (121)

1.2 Coulomb wave functions

Solutions of the Coulomb equation
[HE — E|Uc(, k;r) =0 (1.22)

where k* = 2uF and E > 0, are known as Coulomb wave functions [3, 42, 53]. As
these continuum functions describe the scattering of a particle by a Coulomb potential,
it is usual to consider a pair of independent solutions F'®), G(© with sine-like (s) and
cosine-like (c) asymptotic behavior, or equivalently two solutions H*) having incoming
(=) / outgoing (+) behavior at large distances. The function F*) is the only one regular
at the origin.

Analytical expressions for Coulomb wave functions can be given in terms of confluent

hypergeometric functions of the first and second kind ;F}, U or, equivalently, in terms
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of Whittaker functions M, /2, Wy /2 [42, 45]. In Appendix A we present Whittaker
functions and give detailed calculations of some integrals involving them.
We set

n(Z) = %, (1.23a)

ocl,Z) = Arg[l'({ + 1 +in(2))], (1.23b)
+1 i .

Vo) = = I o 252)” e, (1.23¢)

NG () = e3n2) gilret)~5] (1.23d)

The element 7 is usually called Sommerfeld parameter (it measures the strength of the

Coulomb interaction for a given energy) and o¢ is the Coulomb phase shift. The solution

Nea(l
FO (0, k;r) = G ZZ)(”I in(2) 64+ 1 (2ikr)
= No(O)r™ e ™™ (R (041 —in(Z), 20+ 2; 2ikr), (1.24a)

is a real function, is regular at the origin and has a sine-like asymptotic behavior,

FOWU k;0) = 0, (1.24b)
FOW k) "2 sin |kr —n(Z) In(2kr) — g£+00(£, 7)| . (1.24c)

The solution
Gl ;1) = iNc(0) My iz 041 (2ikr) + NG (0 Wiz 041 (2ikr) (1.25a)

is also a real function, is irregular at the origin and has a cosine-like asymptotic behavior,
GO, k) "2 cos ki — n(Z) In(2kr) — ge +oo(t,2)| . (1.25b)

Combining these two functions it is possible to give another pair of independent

solutions H™*), H() having outgoing (+) or incoming (—) wave asymptotic behavior,

S k) =GO k) £i FO 0 k). (1.26)
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This pair of solutions simplify to

HO (k) = NEO W00 (=2ikr), (1.27a)
HOC k1) = NGO W,yiz),042 2ikr) = [HO( k)] (1.27b)

they are complex functions, both irregular at r = 0, and for » — oo behave as

H(:I:) (E, k’, 7") r—=00 6:l:i[lm’fn(Z) ln(2kr)fgf+oc(Z,Z)]' (128)

The following relations between the Coulomb wave functions exist

H® (0 ksr) — HOW ks )

FOWU k;r) = 5 : (1.29a)
B (0. k- ) (. k-
GO ) = 2 (6, k3 7) ; AT k), (1.29b)

1.2.1 Series representation in terms of Laguerre-type functions

We mentioned previously our particular interest in expressing functions as series
expansions (1.11) in terms of Laguerre-type functions. In this subsection we review the
results known for the sine-like Coulomb wave function and then extend the study to the
other solutions providing closed form expressions for the coefficients (1.11b) corresponding
to the series representation of H™*) and G(©.

For the sine-like Coulomb wave function F() the coefficients, indicated by s, have
been presented and studied by Yamani and Fishman [7]. Their explicit form according to

our notation is

/+1
) e IOLR (S = in(2), 204 21 - ) (130

5 = (_1)nNC(£) ( 20

Nn,é 62 + kQ
where we have introduced the parameter

L Bk
B =ik’

¢ = Arg(w). (1.31)

The tridiagonal matrix associated to [HS — E|] introduced by Yamani and Fishman

[7] and rewritten in (1.21), is equivalent to a three-terms recurrence relation for the
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coefficients s,,. To show this, we replace the series representation
FO k) an (1.32)

into the Coulomb differential equation (1.22), multiply both sides from the left by
oL (¢, 8;r), and integrate over 7, to find

/ an (¢, 3;7) [HE = E| ¢(¢, B 7) dr
= su [ k(6 8:) [HO — B] 956, 5ir) dr = 0. (133)
m 0
Now, using result (1.21), we obtain

Z Sn [An-l—l 5p,n+1 + Bn(Z) 5p,n + An 5p,n—1] = 07

with A, and B,, defined by (1.20). This expression gives us the three-terms recurrence

relation
Api1Sni1 + Bu(Z) sp+ Aysp1 =0, n>0, (1.34)

setting, for n = 0, s_; = 0. Thus, once we know the first element of the sequence (i.e., s¢)
one can find all the coefficients s,, of expansion (1.32). For this reason we give its explicit

form

Ne(0) 26 \*"'" .o
Noe \B%+ k? “
No i

So —

(1.35)

l+1
\F(£+1+m(2))|e%n(Z)wm<z>< APk ) |

/82+k2

Remark 1.2.1. The recurrence relation can be also derived from the contiguous relations
that Gauss hypergeometric functions satisfy [42, 43, 46]. In the deduction presented above,
we made explicit the interchange of the series and the integral. For the irregular Coulomb
functions this interchange is no longer valid.

We now turn to the series representation (1.11a) of functions H®) and G(©) which
are irregular at the origin. Since Laguerre-type functions are regular at the origin such

expansions are convergent to zero at that point. Moreover, the fact that ¢ is an integer
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in physical problems makes calculations more complicated. We start by performing the
integral

&) (0) :/0 oL, Bir) - L H® (0, k) dr (1.36)

to obtain a Laguerre expansion of the incoming/outgoing Coulomb wave H®). The

resulting series

HS (0 k) = Zhi> oE(C, Byr)

converges pointwise to H™®) for » > 0, and as a consequence of the regularity of
the Laguerre-type functions at » = 0 we have H® = 0. We made explicit the ¢
parameter dependence in the coefficients h(*) because particular attention must be paid
for non-negative integer values of 2¢ + 1.

When dealing with Coulomb problems the angular momentum ¢ is a non-negative
integer. In this case the corresponding Whittaker function appearing in the definition
of H®) given by formula (1.27), involves a limit process as described in Appendix A.
For the calculation of the coefficients h(*), that is to say the integral (1.36), one needs to

consider, separately, the following two cases. For 20 +1 ¢ N U {0},

WO = RO [ 0ul57) 5 Wiy (2kr) dr
A5  NS(O= 2i NS (0) 28 B\
T S0 \T(trim2) TN, Tl 2 (20) <_%>
1 , 28 2ik
X B_ikFQ <1,—n, —+in(Z2),20 4+ 2, —2¢; ﬁ—ik’_ﬁ—ik)}’
(1.37)

where Fj is one of the Appell hypergeometric functions studied in Chapter 2. For
20+ 1 € NU {0}, we calculate a limit process,

D () = lim ACH (0 + e).

and use (A.10), to end up with much more cumbersome coefficients,
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N(Jr)(g) 8. ¢
r20+1) i’f (=l +in(Z)),
IF'(t+1+in(2))

yloFi(—n,q+ 1,20 4+ 2; x)

q=0 (—2£)q
(_1)2£+1y2€+1 oo yq
{+1 (2 = Fi(—n, 20+ 2 20+ 2:
+ F(—g—Fi?](Z)) (;)( + ‘HTI( ))q q! { 2 1( n, +2+4q, + ,3:)

X [P(g+1) = Log (y) —(l+1+q+in(2))]

L1|20+2,—n+1,—qg+1
nx n— 1 ) ) ) % %
20+32,20+3
(1) 1,1|204+2,—n+1,20+3+¢q
+(20+2+¢q) 203 ST, T

20+3(2,20+3
(1.38)

Here ¢ is the digamma function [42, 46], 2@§1) is a generalized Kampé de Fériet
hypergeometric function [defined in (2.2), when studying two variable hypergeometric
functions] and we have introduced

23 2ik

xrT = —— [

s—ik YT Tk

Making use of the expression (1.37) found for the first case we present in Figure 1.2

the real (left panel) and imaginary (right panel) parts of an approximation

N
HY (6 k) =Y hSH ke, 8;r) (1.39)
n=0

of the outgoing Coulomb wave function H*). We compare the results obtained taking
N = 25 (full line) and N = 35 (line with dots) with the function H*) (dashed line) given
by formula (1.27). As expected, the more Laguerre functions we use, the more accurate

is the approximation of H*), and the range of accuracy increases.
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25¢ ; 2,50 ‘ ‘ ‘
— N=25 — N=25
g 2.0
- 2'0: —e— N=35 —— N=35
;F‘: 1.57| — —  Re(HY(,k;r) = 15 - ImHY(kn)
:: 1.0F N r A f“ 1.0 /\ /\ 5%
T I\ I\ I\ ’.;.Y ! \ I \ /
% 05 A AR U T e | fy by
T L eedeesdonid L) T L dveedioesionand,
E 0.0 A ‘\ I, t 3 0.0 oo prenedeser
0.5/ Vi) N T s ARV
ooy (WA VAR Y
-1.0; -1.00
0 5 10 15 20 25 30 0 5 10 15 20 25 30

r r
Figure 1.2: Real (left panel) and imaginary (right panel) parts of an approzimation
H](\;L) of the Coulomb wave function H), taking N = 25 (full line) and N = 35
(line with dots). We have fized Z = —1, p =1, k =1.23, £ = 0.3 and § = 4.

Using the series representation (2.4) of Appell function F; and the contiguous relations
of Gauss hypergeometric functions [42, 43, 46], one can establish a sort of relation between
three consecutive coefficients h(Y). Contrary to the one satisfied by s,, the relation for
h{F) is not homogeneous; moreover, the resulting extra term is not simple. The fact that
the recurrence relation for s,, in no longer valid for A" is connected with Remark 1.2.1:
the series and the integral interchange performed with coefficients s,, in (1.33) can not be
done with the expansion of H).

Although the coefficients hgf), n > 0, cannot be deduced from the first one hgﬂ in
a simple manner, we present the expressions of héﬂ just to show how they simplify. For

20+ 1¢ NU{0} one finds

A7) A7 (H) ¢
Oy No (O 20iNc(0) | 26Noe (B
ho (6) = sin[r(2¢ 4 1)] {F(—E +in(2)) B —ik < zk)
1 , 2ik
X w o F (1, —+in(Z), —2¢; _ﬁ — zk>} ,
and for 20+ 1 € NU {0} it becomes
() gy — N B\ 28 ree+1) & (AL+m(2), ,
ho ' (6) = No™ () No. (EZ) B—ik | T({+1+in(Z)) qzo (—20),
1'(‘(__1; :,i,g;(;)) qi(f +1+4 in(Z))q‘Z—j [(qg+1) —Log (y) —(l+1+4q+ in(Z))]} :

The coefficients h{)(¢) corresponding to the expansion of H(7) are easily deduced by

conjugation

(=)

n

(0) = [rP(0)].
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From the relation (1.29) between the Coulomb wave functions, we obtain

RSP0 = ()

a 2i ’

AP (0) + h(0)
2 b)

(1.40a)

Sn

cn(l) =

(1.40D)

where we set c,(f) for the expansion coefficients of G(°). Relation (1.40b) allows us
to deduce an expression for the c¢,(¢) elements without performing the corresponding
integrals. As in the case of the coefficients h{*)(¢) a distinction must be made depending
on the value of 2¢+1 (the irregular Whittaker function appearing in the definition (1.25a) is
responsible for this situation). Clearly, to derive an expression for the case 2¢+1 € NU{0}
is really difficult, therefore we are not presenting it here. For 2/ + 1 ¢ N U {0} the

coefficients take the form

2 . .
cn(l) = ST 1)] { — ™D sinh[rn(Z)] + sin®(nl)] s,,
7 B ez?) 1 B\ 1
TN+ 1+ in(2)] T2l + 2T (—20) (E) 5 — ik
2 2ik
x F (1, —n,—{+in(Z),20 + 2, =24, 3 —Bik’ _ﬁ _Z zk)} )

1.2.2 Connection with orthogonal polynomials

The three-terms recurrence relation (1.34) satisfied by coefficients s, can be related to
generalized Pollaczek [44, 46, 54] or Meixner-Pollaczek [55, 56] polynomials, depending
on the element we consider as the variable. The connection with Pollaczek polynomials
was established and deeply investigated by different authors [7, 57, 59, 60]. In this section
we first review previous findings and then we present a novel interpretation of the s,
coefficients relating them to Meixner-Pollaczek polynomials.

It is convenient to multiply (1.34) by

App
Ny (B + k?)

to obtain the equivalent relation

[ 2007 (_52—k2
/82+k2 62+k2

Sn—1
—(204+1+n .
( )Nn—l,ﬁ

(n+1) )(ﬁﬂm)} on

Nn—i—l,ﬁ Nn,ﬁ

(1.41)
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Now we define a new coeflicient

Sn/Nn,Z o NO,Z S_n

b, = = , 1.42
SO/NO,Z Nn,e S0 ( )
for which we have
b_1 =0, (1.43a)
by =1, (1.43b)
2187 B2 — k2
(n+1)bpy1 =2 {—m <_52+k2> (€+1+n)} b, — (20 +1+n)b,—1. (1.43¢c)

Generalized Pollaczek polynomials

Generalized Pollaczek polynomials P> form a set of orthogonal polynomials [44, 46, 54]

characterized by the recurrence relation

P (z;a,b) =0, (1.44a)
Py(z;a,b) =1, (1.44D)
(n+ )P (z;a,b) = 2[b+ (n + A+ a)z] Po(x;a,b) — (n — 1+ 2X\) Py (2;a,b) (1.44c)

where
x=cosf, 0 (0,m), a > b, A>—1. (1.45)

In closed form they are given by a product of a complex exponential and a Gauss
hypergeometric function o Fi,
(2\)n

PMz;a,b) = — ey By (—n, A +it, 20 1 — e 720, (1.46)
n!

with
_acosf+b  ar+b

N sin 6 V1—22

Notice that the variable x = cos 6 appears not only in the argument of the hypergeometric

function but also in its second parameter.

The orthogonality property

1 I'(2A +n)
Al Al e -\
/_1 P (x;a,b) P (z;a,b) wp(z) de = A0+ 1+ a) Omun (1.47a)
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is satisfied, with weight function

wpl(z) = %6(29_”)'5(2 §in )21 [T (A + if) 2 (1.47D)

When studying the J-Matrix method different authors [7, 57-59] have investigated the

relation between generalized Pollaczek polynomials and the coefficients s,, associated to

the expansion of the sine-like Coulomb wave function. Comparing (1.43) with (1.44) and
identifying

A 4 g

B B p? + k2

the two recurrence relations coincide. The quantity ¢ is related to the Sommerfeld

a A=0+1, r=

(1.48)

parameter 7 defined by formula (1.23a),

t=-n(2)

For b, to be a generalized Pollaczek polynomial, the restrictions (1.45) must be
satisfied. Since the parameters a, b must be independent of the variable, we must consider
w, Z, B as fixed values, and then we have k as the (implicit) variable and to have the
complete x domain it suffices to take £ > 0. The condition on A is verified for ¢ > —2.
Finally, as we are considering p, 8 fixed and positive, the conditions on a and b impose
Z > 0. It means that the coefficients s,, are related to generalized Pollaczek polynomials
only for repulsive Coulomb potentials.

Thus, for u, Z,8 >0, £ > —2 and k € (0, +00) we have
b, = P, (z;a,D),

or equivalently, using (1.42),

Noge < B -k uz MZ>
Sp = =g P — S, — 1.49a
Noj 04n /82 + kQ 6 /B ( )
. N ; ‘
146) P so @ oy (<0 0+ 1= in(Z),20+ 21— e 7). (1.49b)
n,l

Let us notice that, for 5,k > 0 and 6 € (0,7),

62_1{72
_62+k’2

28k

COSGI —m
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and then

"BIE T Btik

2 2 ;
w Bk 2Bk B — ik
T TErR T

In (1.31) we have introduced a parameter w related to the previous identity,

Then (1.49b) can be rewritten as

N ; '
Sp = NO% so(—1)" e ™ oy (—n, 0+ 1 —in(Z),20+2;1 — €QZC> ’ (1.50)
n,l

which is equivalent to expression (1.30).

With this particular choice of the variable and the parameters, the weight function
(1.47b) becomes

1 —mn(Z —i2n(Z 4Bk
wplk) = ey n(><ﬁ2+k2
(1.35) T(20+2) 62+k282

T gk 0

) T(C+1—in(2))

(1.51)

and, from (1.49a), the orthogonality property (1.47a) in terms of the coefficients s, =
sn(k) reads
1 m

7(1]{;: 5mn7
B + k2 48(0+1+n)+4uzZ ™

[ salwy sl

for ¢ > =2, B, u, Z > 0.

Remark 1.2.2. We have seen that for the case of an attractive Coulomb potential (Z <
0), the restriction a > |b| fails and the coefficients s, are no longer related to Pollaczek
polynomials. Yamani and Reinhardt [57] proposed a new set of polynomials that they
called “attractive Coulomb-Pollaczek” polynomials. Ten years later, Bank and Ismail [60]
presented a complete study of these polynomials and their properties. In both attractive
and repulsive cases, the charge Z is considered as a parameter and the momentum k (or
the energy E through the relation 2uE = k?) is the implicit polynomial variable.

|
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Remark 1.2.3. The choice of the parameters (1.48) is not unique, but it can be shown

that other choices lead to equivalent expressions of the same polynomials.

|
Meixner-Pollaczek polynomials
Meixner-Pollaczek polynomials [55, 56] are orthogonal polynomials defined by
A (2)‘)n ind . —2i0
Pi(x;0) = —— "2k} (—n, A4z, 22X 1 — e ). (1.52a)
n!
for
x € R, 0 € (0,m), A > 0. (1.52b)

Let us remark that the variable x is only present in the second parameter of the

hypergeometric function. The recurrence relation characterizing these polynomials is

P (z;0) =0, (1.53a)
P (x;0) =1, (1.53b)
(n+ )P (2;0) =2 [xsinf + (n+ ) cos 0] P (z;0) — (n+ 2\ — 1) Py, (2;6). (1.53c)

The orthogonality property requires a weight function
wy(z) = eP=TD(N + ix) 2 (1.54)

thus . (o)
/ P2 (2 0) P (& 0wy () dr = 22 1)

—o0 B 7T(2 sin @) p! ™"

Now we compare (1.43) and (1.53). Setting

(1.55)

. Z
and w as in (1.31), we find
B - . 28k
COS(TF — C) = 62 k27 Sln(ﬂ' — C) = m

and we conclude that, taking § = 7 — (, relation (1.43) for the coefficients b,, becomes the

one characterizing Meixner-Pollaczek polynomials.



Chapter 1. Coulomb Hamiltonian and Coulomb wave functions 35

From (1.52b) we have the restrictions

0> —1,
20k
e (0,mr) = sinf =sin(r— ()= ﬁ > 0,
n(Z) e R.
Thus for ¢ > —1, u, 8,k > 0 and Z € R we find
by = Py (—n(Z); 7 — )
or equivalently, using (1.42),
Ny,
e o= s BN (n(Z)im = Q) (1.56a)
0,0
(1.52a) Noy

N, (—1)"e ™o F (—n, 0+ 1 —in(Z),20+2;1 — *<) . (1.56b)
Even if we finally arrive at the same expression found in (1.50), this constitutes an
alternative interpretation for the s,, coefficients as functions of the charge Z € R, including
both attractive and repulsive Coulomb potentials in the same family.
Moreover, these “charge” functions satisfy two interesting properties. First of all, an
orthogonality property consequence of the orthogonality known for the Meixner-Pollaczek
polynomials. Rewritten in terms of the parameters of the Coulomb problem, the weight

function (1.54) becomes

wy(Z) = w_Q”'(Z)e_”"(Z)\F(ﬁ +1— in(Z))\2
(1.35) B2+ K2\,
= 41T°(2 2

and, from (1.56a) and the orthogonality property (1.55), we obtain an orthogonality

relation for the coefficients s, = s,(7),

+oo wk
/ (2) s(2) 42 = 5 G (1.57)

taking ¢ > —1, B,u,k > 0. Second, as a consequence of their relation with
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Meixner-Pollaczek polynomials, these coefficients form a complete basis set. Thus,

> $0(Z1)s0(Zs) = W—ké(Zl Zs). (1.58)

In Figure 1.3, we plot as a function of the charge Z, three coefficients s,: n = 2 (full

line), n = 3 (dashed line) and n = 4 (line with dots). Notice the polynomial behavior of

43

these coefficients in an “ inner” region |Z| < Z,, for an appropriate Z,,, and the fact that

they vanish in the “asymptotic” region |Z| > Z,,.

0.6 T T
0.4

0.2

sn(Z)

0.0f

-0.2

-0.4]

Figure 1.83: Plot of three consecutive coefficients s, as a function of the charge Z.
We take n = 2 (full line), n = 3 (dashed line) and n = 4 (line with dots). The

values of the parameters are p = 1.7,k =1.25,£ = 1.3 and 5 = 2.4.

This novel interpretation of the coefficients as orthogonal functions with the charge
as the variable invites us to explore the sine-like Coulomb wave function in terms of the
charge. The closure relations (1.9b) and (1.58) allow us to perform the following integrals
over Z for the regular Coulomb wave function. The first one gives a completeness relation

with respect to the radial variable,

00 1
/ F(s)(Z,€7/{;’7’1)T—F(s)<Z7£,]€7T2)dZ

12 L [ sl 2) 6K 55 Y 5n(2) k(0. Birz) 42
(1.57) W_k L . L oL .
- 2'u %:(bm(gvﬁurl) r ¢m<€7ﬁvr2)
A0 7K S — 1), (1.592)
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while the second one establishes the same relation when considering the charge as the

variable,

/OOF (Za, 0. ksm) L PO (Zy, 0, k1) dr
0

132 1
(:)/ZSn(Zl> fﬁ'r’;Zsm 657“)
120 S s (25 2)
58 Tk
(1:58) ;T—M 5(Zy — Zy). (1.59b)

These integrals were deduced in [61] in a different context, where the authors proposed
to consider a set {5, ¢(x)},er of charge Coulomb Sturmian functions that happen to be

regular Coulomb wave functions with the charge as the index.

Remark 1.2.4. The integral (1.59b) can not be performed using (B.7) because one of

the conditions required is not satisfied.

|
1.3 The Coulomb Green’s functions
The Coulomb Green’s functions are solutions of
[HE — E| Ge(t;r,0") = 6(r —17), (1.60)

with particular boundary conditions.

Different analytical expressions have been presented for these functions in both
coordinate and momentum space [62-65]. Series expansions in terms of Coulomb Sturmian
and Generalized Sturmian functions have also been proposed [66—69).

We are interested here in solutions which are regular at » = 0 and have incoming or
outgoing wave asymptotic behavior (r — 00). The Coulomb Green’s function, in this
case, can be expressed as the product of the two independent solutions (1.24) and (1.27)

of the corresponding homogeneous equation,

wl'(l+1+in(2))
Tk @)

G5 (0 r, ') = Mzin(z); e41/2(F2ikr ) Wein(2); e41/2(F2ikrs ).

(1.61)
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Hostler [63] studied this expression and deduced an alternative representation,

GE (0 v, ) = 2#\/7’—7“’/00 dy eFikrr’) cosh(y) {coth (%)TFM(Z) Log1(F2ikN/r 1/ sinh(y)),
’ (1.62)

where Iy, 1 is a Bessel function [42].
It is possible to give a series representation of Go also in terms of Laguerre-type

functions,

Q E r,r') ngq €, B;r) qbé(ﬁ,ﬁ;r’). (1.63)

The coefficients g(i) are formally given by

gn,q / / —¢ (€, B;r) ¢5(€,ﬁ;r')géi)(€;r,r’) dr dr’, (1.64)

and, independently of the boundary conditions, they satisfy a recurrence relation
consequence of the tridiagonal matrix representation (1.21) of the operator [HE — ]
in terms of Laguerre-type functions. Replacing the series (1.63) in (1.60), multiplying by
the left both sides of the equation by

1 1
and integrating over r and 7/, we obtain
An-‘,—l In+1,q + Bn(Z) In.q + An On—1,q = 5n,qa (165)

where A,, and B,, are given by formulas (1.20), and for n = 0 we take g_,, = 0.

Taking ;1 = 1 and using not-normalized Laguerre-type functions, the previous relation
reduces to the one given by Heller in reference [62], a paper in which the author also
deduced a closed form for the coefficients gT(Lqu) corresponding to the Coulomb Green’s

function having outgoing asymptotic behavior. The analogous expression for a general p

and our normalized ¢ is
2 ~
g =E g, R (1.66)

k < n> ?

where n. = min(n, ¢), n~ = max(n, q). Clearly, we have the symmetry property

9n = Yo

The elements s,, are the coefficients (1.30) of the series expansion of the Coulomb wave
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function having sine-like asymptotic behavior, and

S (52+k2)z D((+1£ip(Z)) €379 &) (—w)*rD
" Ny 45k T(l+1+in(2))] TU+2+nEin(2))
X oF (=0 +£in(Z),n+1,0+24+n+in(2);w??). (1.67)

These are the coefficients of the series representation of a function
H®) (¢, 8;r) Zh L, B;r) (1.68)

solution of the boundary value problem

- 1
[HE — B] A, 5:r) = b~ 6L, i), (1.699)
=)(¢,8;0) =0, (1.69D)
(&) (g’ B, O) =00 e:l:i[kr—n(Z)ln(ri)—gﬁ-‘rac(Z,Z)] ) (169(3)

The constant b is chosen to obtain the proposed asymptotic behavior. The coefficients
h&) were presented by Yamani and Fishman [7], and then studied by Broad [58, 59],
considering p = 1 and using not-normalized Laguerre-type functions. They also obtained
a recurrence relation for ﬁﬁbi) by replacing (1.68) in (1.69a), multiplying both sides by ¢
and integrating over r. Making use of (1.21), for the case of a general u and taking our

normalized Laguerre-type functions, the recurrence relation reads

AR 4 Bo(2) h§E = b, (1.70a)
Apit BB 4 BU(Z2) RS + AR =0, n>1, (1.70Db)

Notice that, except for the first two elements, this is exactly the relation found for the
coefficients s,, of the Laguerre representation of the sine-like Coulomb wave function (1.34).
In Chapter 4 we will see that H® happens to be one of the Quasi-Sturmian functions

we study in this thesis, and we shall present different analytical expressions for it.

1.4 Chapter summary

In this chapter we have presented and reviewed some properties of the functions

constituting the base of our further investigations.
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First we have introduced Slater-type orbitals and Laguerre-type functions, commonly
used as basis sets to represent wave functions in the context of scattering problems. Here
we will use them to generate the Quasi-Sturmian functions we will study in Chapter 4.
The matrix representation of the Coulomb Hamiltonian operator in terms of Laguerre-type
functions is tridiagonal, and this property originates the J-Matrix method [5-8]. In our
work, this feature will be responsible for the recurrence relations we will deduce for the
Quasi-Sturmian functions.

Then, we have presented the Coulomb wave functions and Coulomb Green’s functions,
reviewing their definition and some of their properties. For the sine-like Coulomb wave
function, we have referred to the analytical expression of the coefficients s,,, introduced by
Yamani and Fishman [7], corresponding to the series expansion in terms of Laguerre-type
functions. We pointed out the three-term recurrence relation they satisfy, consequence of
the tridiagonal matrix form of the Coulomb Hamiltonian operator. We have also examined
the existing relation between s, and Pollaczek polynomials, and have extended known
results. On one side, we have contributed with analytical expressions for the coefficients
of the Laguerre expansion of the irregular solutions of the Coulomb Hamiltonian, G( and
H® and we have observed that the known recurrence relation for s, is no longer valid
for the new coefficients. On the other, we have established a novel relation between the
coefficients s,, and Meixner-Pollaczek polynomials. This connection came from considering
the charge as the variable, and it allowed us to explore new properties of these coefficients,

finding an orthogonality and a closure relation with respect to the charge.



Chapter 2

Two variables hypergeometric

functions

Since they appear throughout the thesis work, we have developed a special interest in
hypergeometric functions in one and two variables. For example, in the previous chapter
we have expressed Coulomb wave functions in terms of one variable hypergeometric
functions M and W (Whittaker’s functions). We have also found that the expressions
of the series expansions coefficients of irregular Coulomb wave functions involve a two
variable hypergeometric function F, (Appell’s function). In the next chapter, we will
see that Hulthén Sturmian functions are expressed in terms of Gauss hypergeometric
functions, and that some related matrix elements involve two variable hypergeometric
functions. In Chapter 4, the starting point of our investigation on Quasi-Sturmian
functions is the solution of a non-homogeneous differential equation that happens to be a
two variable hypergeometric function, noted @), The latter is a Kampé de Fériet function
that appears also when performing the derivative of the confluent hypergeometric function
1 Fy with respect to its parameters [70].

Furthermore, we have mentioned in Section 1.1.1 that in some cases it may be
important to know the behavior of a function with respect to its parameters rather
than the variables. In the case of one variable hypergeometric functions ,Fj, a detailed
mathematical study of their derivatives with respect to their parameters was presented
in references [31, 70, 71]. Such derivatives were expressed in terms of two variable
hypergeometric functions which happened to be closely related to the solution of Coulomb
scattering problems [14, 72-75]. Although we do not go deeper in this subject here,
several generating functions for angular Quasi-Sturmian functions can be derived from

Appell functions. This fact adds interest to explore their derivatives with respect to the

41
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parameters. In this chapter, we extend and generalize the methodology presented in
references [31, 70, 71]; we provide formulas to calculate the derivatives of two variables
hypergeometric functions with respect to their parameters.

Starting with the four Appell hypergeometric functions F, Fy, F3 and Fy [30, 46, 76],
we describe the procedure and give the expressions for their first derivative with respect
to each of the parameters involved. This procedure makes use of series expansions in
terms of Gauss hypergeometric functions, and then exploits the expressions presented in
reference [31]. This will provide us, in most cases, with a systematic way of writing the
nth derivatives with respect to the parameters in terms of generalized Kampé de Fériet
functions, noted 26)5"’, whose definition and properties were presented in reference [31].
An extension to some other two variables hypergeometric series is also briefly outlined.
The results presented in this chapter are part of a manuscript submitted for publication
(32].

We assume hereafter that all variables and parameters are complex numbers. Also,
unless otherwise indicated, in all summations the index runs from 0 to co.

Let us first recall some results of reference [31] which we shall need below. Consider
the series representation (1.14) of the Gauss hypergeometric function oF}(a, b, ¢; 2); it is
assumed that |z| < 1, and that c is neither zero nor a negative integer. The derivatives

with respect to the parameters a or ¢ of the function 5 F (a, b, ¢; z) can be written as

d b 1,1la,a+ 1,0+ 1

—oFi(a,b,c;2) = ia—g@gl) | 2,2, (2.1a)
da a c a+12,c+1

d b 1,1lc,a+1,0+1

—oFi(a,b,c;2) = —fa—g@f) | 2,z |, (2.1b)
de cc ct12,c+1

where 2®§1) stands for a two-variables Kampé de Fériet function [30] defined as

o [ arazlbrbacbs _ 3~ @n(@)a 0 Gl 2 2o

3 215 22

2 .
c1|dy, do o (€1)m (d)min(d2)min m! nl

Since oFi(a,b,c;z) = 9Fi(b,a,c; z), the derivative with respect to b may be obtained

by interchanging a and b in (2.1a).
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2.1 Derivative of Appell hypergeometric functions

with respect to their parameters

The Appell hypergeometric functions are two-variable (say, 2; and z,) functions
extensively studied from their mathematical point of view. Amongst their known
properties one finds compact expressions for the derivatives with respect to z; and/or
2.

In some cases one may be interested, instead of the variables, in one parameter of the
function, say a. Then one should consider the study of Appell functions as one variable
functions of this parameter o. The derivatives with respect to such parameter become an
important tool since they allow, for example, to write a Taylor expansion around a given

value «p.

2.1.1 Function F

For presentation convenience we shall start with the Appell F5 function which is defined

by the two-variable series

) (01)m(b2)y, 27 25
Fy(a,by, by, 1,095 21, 20) = Z ( )<;r >( zi )< 2) ﬁ ;2', |z1| + |22| < 1, (2.3)
m,n 1)m\t2)n < T

where we assume that ¢; and cy are neither zero nor negative integers. One may also

express the Fy function as a series about z; = 0, for fixed 2z,

a)r(b 2k
Fy(a, by, ba, ¢, ¢05 21, 22) = Z M o1 (a+ K, by, co; 20) k_l

D ap ! (2.4)

Using the derivatives of the Gauss hypergeometric function with respect to its second

(respectively third) parameter (i.e., relations (2.1a), respectively (2.1b)), we find

d—b2F2<a7 b17b27cl7c2; 217’22)

1).(b 1,1)by, by + 1a+ k41 k
:ZQEZ—(G+ Jelbu)e 0" ot ; 22, 22 %
% (e by + 1|2, ¢5 + 1 :

(b2 + Dman (b)x (Dm(b2)m (1) @A (2.5a)

"kl m! nl’

S (a+1)
=2 — a m4+n
Yoy o T ) i (€2 + Dmen (1) (b + L)
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FQ(G, bla b2701702; 21, 22)

dCQ

b 1)(b 1,1lcg,a+k+ 1,05+ 1 k

=T a—22 > @t Delbr)e ,0(" 2 i ; %2, 22 %

G (c1)k o+ 1|2,c0+ 1 :
@ by (b2 + Dm0k (Dmlea)m oy 21 25" 24
=— 2y —5 @+ 1)k+min 1)n—— —.
22 %n( it (2)mtn(C2 4+ Dsn (¢1)r (€2 + 1)im (Dn gy ol Tl

(2.5b)
In each case, the second equality is obtained by using the identity
(a+k) a(a+1), '

Thus the derivative of the Appell function is expressed either as an infinite series of
functions 2@§1> or, equivalently, as a triple infinite summation.

Making use of the symmetry relation
F2<a7 b17 b27 C1, C2; 21, 22) == F2<a7 b27 b17 Co, C1;5 29, Zl)

we have similar expressions for the derivatives with respect to b; and ¢; where in the
above one interchanges (z1, by, ¢1) with (22, b, ca).

Next, we consider the derivative with respect to the parameter a which appears in
the numerator of the series (2.3) with combined index m + n or, alternatively, in a more
cumbersome manner in expansion (2.4). For this case we use a different approach, based

on the derivative of the Pochhammer symbol [47, 48]

d mincl o
%(CL)ner = (a)nerW}(a +n+ m) - 7/’(“)] = <a>n+m l;) PR

the second equality coming from the recurrence relation of the digamma function

1 1 1
+o = Yz +1)

w<z+n>:z+n—1+z+n—2 z+1

[equation (6.3.6) of [42]]. Note that for n = m = 0 this derivative is obviously zero. It is

convenient to split the sum in two parts,

)i = (@ | 5 — 5
dg " /mm T A ndm = a+k k:0a+m+k'
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The derivative of Iy with respect to a can therefore be written as

iF2(a,bl,b2,Cl702;21,22)
n m-+1 m
-3 Efiziz —z o e 3 r@’;)k
e M e e £ e

where for the second equality we shifted the index m (respectively n), and we made use

of relation (2.6). Using then the rearrangement series technique [77]

(o] P o o
> > Blk,p)=>" > Blk,p+k), (2.7)
p=0 k=0 p=0 k=0
we obtain two separate triple infinite summations
iF(ab b, €1, Ca; 21, 22)
da2717271727172
by (b + D (W (@)y oy (b2)n 27 2" 25
=<1 +1 n+m 1 m 71
e 2 O D e B (@t D) o) Bl
(b2 + Dtk (@) (b1)m 2y 25 2"
(1 (Dn Tl ml

by
—1—2—2 a+1)pim
%umf )*M@ﬁﬂnmmMAMJMM (¢1)m

and each of this triple summations can also be expressed as single series of 2@( functions

2.1.2 Function F)

We now turn to the F; function which is defined as

(@)rsn(01)m (b2)n 21" 25
m! n!’

121 < 1, |20] < 1, (2.8)

Fi(a,by,bo, c;21,20) = Z

m,n (C)m+n

and we assume that c is neither zero nor a negative integer. As a series around the z; = 0

point, for fixed 2, one has

k
Fi(a, by, by, 21, 2) = Z (O 2F1(a+k by, ¢+ k; 22)% (2.9)
k
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Using expression (2.1a) we get

d
d—bQFl(a'a bla b27c; 21, 22)
a a-+1),(b 1,1]bg, b+ 1,a+ k +1 Sk
:ZZ_ZWZGP 22, % k:_l'
¢ (et by 4112, ¢+ k+1 :
a a+ Dirmen (ba + 1)t 1) (62) 2k o
—y — Z( )k++ (2 )Jr (1)k() (2) ()n_'i'_Q" (2.10)
¢ k.m,n <C+ 1)k+m+n (2)m+n (b2 + 1)m k! m! n!

and similarly for the derivative with respect to by by interchanging (z1,b;) with (zg, b),
since

Fi(a,bi,by,¢; 21, 22) = Fi(a, b, by, c; 22, 21).

For the derivative with respect to the first parameter a and ¢, we first use the identity

Fy(a,by, by, coa;21,2) = (1 — 2) ™2 Fy (bha — by, by, c; 21, L)

1-— 29
from which
21 b2 21
Fi(a,by,by,c;21,20) = <—> F <b1+b2,a,b2707b1+52;21,1——) . (2.11)
29 22

Then, applying the expressions (2.5) found previously for Fy, one easily finds

—F1<a7 b1, ba,c; 21722)

da
b
2 d
:<ﬂ> — I <bl+b27a7b27c7bl+b2;2171_ﬂ)
2 da %)

:<g>b2 ., b1+b22 (b + b+ Di(ba)i 1 (l_ﬁ)k

29 c ’ (b1 + b2) k! 29
y 2®§1) L1la,a+ 1,1+ b+ 1+k . (2.120)
a+1]2,c+1
- (Z_>b a 2 bt e DS T
X %(1%% <1—z—;>k %;—5: (2.12b)
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d
_Fl(a'7 bla b27 C; 21, 22)

de
bo d
:<§> d_F2 (bl+b27a7b27cab1+b272171_§)
2 2
_ <ﬂ>b2 . (b1+b2)az(bl+b2+1> k(02) <1__)’f
29 ! c2 - (b1 + b2)k k! 29
< oW L1le,by +bo+1+ka+1 L
21 y <1y #~1
c+1)2,c+1
b
21 2 (b1 —+ bg) a ((1, + 1)m+n (bZ)k
=—|— 79— by + by + Ditman
<Z2> ' c? k:%;n( ' ? )IH " <2>m+n(c+ 1)m+n (bl +b2>k

o Dm(@m 4y 1 \" A A
(c+1)m (Dn g (1_2_2) ml nl’
2.1.3 Function Fj}

Next, we consider the F3 function which is defined as

a1)m(a2)n(b1)m(b2), 27" 25
F3(ay, az,b1,bs,¢; 21, 22) = Z (@) ((20)) (B (be) ni‘ 2,7 21| < 1,]20] < 1, (2.13)
m,n m+n

and assume that c is neither zero nor a negative integer. Using the series around the

z1 = 0 point, for fixed 25,

k
23
Fy(a1, az,b1,b2,¢; 21, 22) Z i 2F1(a2,52,0+k? 2’2) K
k k
and following the same procedure (i.e., using result (2.1a)) we obtain
d—F?,(alaaQablaanC 21, 22)
a2
b b k 1, 1]as, a0 + 1,060 + 1
:ZQ_QZ (a1)k(11)k % LoD |az, as 2 o
¢ 5 (e+1)y K as+1)2,c+k+1
b 1 as + Dman(bo + 1)ian D) (a2)m 2k oo
222_2 Z ( 2 ) + ( 2 ) + (al)k(bl)k< ) ( 2) (l)n_lli'_Q'
C k,m,n (C —+ 1)k+m+n (2)m+n (CL2 + 1)m ]{f m: 1!

Since as and by play a similar role in the definition of F3, the derivative with respect to

b is the same as the above by simply interchanging a, with by. Moreover, since

F3(a1>a27b17b2>c§ 2’1,2’2) = F3(a27a17b2>b170§ 2’2,2’1)
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the derivative with respect to a; (and similarly to b;) are the above by interchanging
(Zl, ai, bl) with (222, as, bQ)
For the derivative with respect to ¢, the calculation is longer, as ¢ appears with an

index m 4 n in (2.13). In this case we must use

d 1 I |
_ — _ + E———
de (¢)nam (€)ntm lg) c+k lg) c+m+k

and proceed as with the derivative with respect to a of function F5.

2.1.4 Function F}

Finally, the Appell function F} is defined as

Q) man (D) man 27 2%
Fya,bycr,c0521,20) = Z%ﬁﬁ, IVl + V= <1,  (2.14)

where we assume that ¢; and ¢, are neither zero nor a negative integer. Alternatively, as

a series around the z; = 0 point, for fixed 25, one has

a)p(b 2k
F4<CL, b, C1, Co; 21722) = Z ( )k< )k 2F1<CL + /{?,b—'— k,CQ; Zg) —1'
3 (Cl>k k!
Applying result (2.1b) one easily finds
d_CQF4(a’ b, c1,¢9; 21, 22)
ab a—+ (b4 1), 2¢ L1eg,a+k+1,0+k+1
S RISV T
€ % (c1)k : co+ 112,041
ab 1 1
= — 29— a~+ Ditmin(d+ Ditmin
’ C% k§n< >k+ i ( >k+ " (2)m+n(02 + 1)m+n (Cl)k
(Dm(ca)m 2F 2y 2y

(c2+ 1) ( )"E m! nl’

and a similar expression for the derivative with respect to c;, by interchanging (z1,cp)
with (29, cg), since

F4(a’7 b, c1, o5 21, 2'2) = F4(CL7 b, ca, c1; 22721)-

For the derivative with respect to a (and similarly with respect to b, by permutation),
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the calculation is longer, as a appears with an index m + n in (2.14). We can proceed
as with the derivative with respect to a of function Fy, and we end up with two triple

infinite summations.

2.2 nth derivative and properties

Similarly to the case of the first derivatives of the Gaussian hypergeometric function
oI for which one introduces a two-variable 2(9&1) function, for the nth derivative it is

convenient to introduce a hypergeometric function in n + 1 variables [31]

(n) ar, g, ..., 0ng1| 01,02, .0 bygo
203 321y ey Bntl

Cl,...,Cn‘dl,dQ

D S 3 R o L
mi

Mn+1 (Cl)ﬂn (CQ)MH-MQ B (Cn)ml—i-mg—i—...—l—mn
X (bn+2)m1+m2+...+mn+1 Zinl ZgnQ Ce ZZLJ?ILI (2 15)
(dl)m1+n’L2+...+mn+1 (d2)m1+m2+...+mn+1 m1!m2! e anrl!

In terms of these new functions (which are also Kampé de Fériet functions [31]), the nth

derivatives of the Gaussian hypergeometric function with respect to the parameters read

n

d
——2Fi(a,b,¢2)

da™
b 1.1,....1la,a+1,...,a4+n,b+n
:()"z" 2@@ | 2,2 |, (2.16a)
(), a+1,...,a+n|n+1,c+n
dn
% 2F1(a'7 ba G, Z)
| ab " 1,1,...,1lc,e,...,c,a+ 1,0+ 1
— (-1)" =Lz, | 2.,z |. (2.16b)
cc c+1,...,c+1|2,c+1

Thus, applying the same procedure as described in the previous section, the nth derivative
of the Appell functions with respect to their parameters are given by n + 2 infinite
summations. In most cases, they can be obtained straightforwardly, and expressed as
a single sum of these QGYL) functions. However, for the derivatives of I, (respectively F3

or Fy) with respect to a (respectively, ¢ or a), the generalization of the results to nth
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order is not as compact.

For example, from (2.9) one immediately finds

dn
—Fl(a' bla b27c 21722)

dby

n+k (b1) Zl
<9 Z k!
n—f—k

(n) L1, by, e+ 1,...;00+n,a+n+k
X 204 3R2y ey 22
bo+1,....00+nln+1l,c+n+k

To obtain the nth derivative of I} with respect to a or ¢ it is convenient to use relation

(2.11). Thus, for example for the parameter a we have

dn
—Fl(a' bla b27c 21722)

dan
b n
= <ﬁ) d—FZ <b1+52,a,b2,0,b1+bz;2171—i)
29 da™

22

_ (ﬁ)bQ Z (b1 + b2) ik (b2)k <l_ﬂ>k
Z9 Cn b1+b2) k! Z9

k

(n) L,1,... 1la,a+1,...;a+n,by +by+n+k
XQ@ TRy .5 R
a+1l,...;a+n|n+1,c+n

The 2 © gn)

functions follow some recurrence relations and possess alternative series

representations [31], which may be useful in certain cases. For n = 1, for example

a17a2‘b17b27b3
2@9) EARE)
Cl‘d17d2
a b b b
IZ ( 1)<m1)( 1)(7;1)( 2)(d )( Do ! 3F2 (ag, by +my, by +my;dy + my, dy + my; 2)
mi 1 2

b b3 Z
—Z (b2) 1y (B5),m,

) (d ) 2 '4F3 (a1>b1752+m2,b3+m2’01’d1+m2’d2+m2’21)
2

Thus the derivatives of the Appell functions with respect to the parameters can be written

in alternative forms which may result to be more practical. For example, for the F}
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function we have

d
d—bl F1<a7 b17 b27c; 217’22)

o (@t Dpgm (D (b1)m 25 2"
e % (c+ Drym (ba)s

(2)y k! m!
X sFy(1,b0+14+mya+1+k+m24+m,c+1+k+m;z)

S (@+ Diim (Wb + Dy 25 2"
= — b —_—
. ¢ k,m (C+ 1)k+m ( Q)k

(2)m k! m!

X 4F3(L by, by +1+mya+14+k+mb+1,24+m,c+1+k+m;z).
It is also possible to express such derivative in terms of Gauss hypergeometric functions

d—l)1F1<a’ b1, b, c; 21722)

# a Z (a + l)m—l—n(bl + 1)m+n (bl)m mn
C m,n (C + 1)m+n(2)m+n (bl + l)m !

X oFi(a+14+m+n,by,c+1+m+n;z). (2.17)

2F1

dby dby
(2.17) could be used together with relation (2.1a). One obtains straightforwardly a double

As a consequence, if one should be interested in mixed derivatives such as , relation

infinite summation of 2@9) functions or, alternatively, a quadruple infinite summation.

Remark 2.2.1. In some subcases one may easily recover previously published results. As
an example, consider the derivative with respect to a of the Fj function in the case z; = 2zo;
by inspection of result (2.12a), only the & = 0 term survives in the summation and the
derivative is given as a single 2@51) function. At the same time, the Appell function F} is

known to reduce to a Gauss hypergeometric function,
Fi(a, by, by, ¢ 21,21) = 2F1(a, by + bo, ¢; 21),
so that the derivative
L b (a, b, b )= L Ri(aby o+ by )
—Fi(a C;2,21) = — a c; 2
g L 1\@: 015 02, ¢ 215 21 7g 211\@ 00+ 02,621

is also directly provided by (2.1a) as presented in reference [31]. The results obviously

coincide.
|
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2.3 Extension to other two-variables hypergeometric

series

Following the procedure presented in the previous sections the derivatives with respect to
the parameters of other two variables Horn hypergeometric series [46, 52] can be studied.
The idea is to first express them as a single sum of 3 F; (possibly 1 [, or even , F,) functions,
and then apply the expressions for the derivative of these one variable hypergeometric
functions in terms of Kampé de Fériet functions.

Amongst Horn functions, we are particularly interested in the two variable confluent
hypergeometric series ®; [52] since it appears in one of the representations of the Slater
Quasi-Sturmian functions studied in Chapter 4 [see equation (4.15)]. The function &,

has the following alternative representations

) tn (b)) 27 20
Oy (a, b, c; 21, z2) :Z ()(C)inf) ﬁ FQ!’ |21 < 1 (2.18a)
=> EZ;" %QFl(a—irn, b,c+n;z) (2.18b)
m b m T
:Z%%lﬂ(a—l—m,cjtm; Z9). (2.18¢)

From the series (2.18b) one can obtain the nth derivative with respect to the b parameter
applying directly formula (2.16a). The derivative with respect to a presents the same
difficulty found when calculating the derivative with respect to the first parameter of the
Appell F, function, while the situation with the parameter ¢ is equivalent to the one
found with the fifth parameter of the Appell F; function. Thus they can be calculated
proceeding as described in those two cases.

For the confluent hypergeometric series ¥, one has the equivalent expressions

\Ijl(aa b, 017023Z1,22) :Z ﬁ W m, ‘21‘ <1 (2.19&)
m,n 1 m 2 n . .
) (b)) 2
- - ( )Clgrj ﬁlFH(CL‘i‘m,CQ;Zz) (219b)
a)y, 24
:; ((02))n ﬁzFl(ajLn, b,c1;21). (2.19¢)

If one is interested in its derivative with respect to the parameter ¢, one can use the series

representation (2.19b) in terms of the confluent hypergeometric function |F; whose nth
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derivative was presented in reference [31]. But if one needs the derivative with respect to
b or ¢; it is more convenient to calculate them from the series (2.19¢) applying (2.16a)
or (2.16b). Once again, the derivative with respect to a can be calculated as done in the
case of the derivative with respect to the first parameter of the F;, function.

More details on the nth derivative of these, and other, two variable hypergeometric

series can be found in [32].

2.4 Chapter summary

We have studied the derivatives to any order n, with respect to their parameters, of the
four Appell hypergeometric functions. They can be written as n + 2 infinite summations.
To perform these derivatives we have expressed the Appell functions in terms of single
series of one variable Gauss hypergeometric functions. Then, we took advantage of the
compact expressions, obtained previously with a differential equation approach [31], for
their nth derivatives with respect to parameters. Hence, for most parameters, the nth
derivatives can be easily written as single sums of a generalized multivariable Kampé de
Fériet function, noted ,0".

For the parameters that could not be treated following this strategy, we have performed
the first derivative of the function by derivating the corresponding Pochhammer symbol
and making some algebraic manipulations. These cases can not be easily generalized to
the nth order.

The methodology presented, which makes part of a more extensive study [32], can
be extended — in the same systematic way — to the study of the derivative with respect
to their parameters of other two variable, or three variable, hypergeometric functions.
The starting point is to express such series as a sum of oF} (possibly | F, or even ,[})
functions, and then apply the expressions presented in [31, 70, 71] for the derivatives of
these one-variable hypergeometric functions with respect to their parameters. We have
illustrated this idea in the last section of this chapter, for the case of Horn hypergeometric

series ®; and V.
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Chapter 3
Generalized Sturmian functions

In this chapter we briefly introduce Generalized Sturmian functions and their main
properties. We analyse the particular case of Hulthén Sturmian functions because they can
be given in closed form, so that integrals related to scattering problems can be analytically
solved. The results presented in this chapter, together with the implementation displayed

in Section 5.2, are part of a published work [33].

3.1 General considerations

Generalized Sturmian functions [26, 27] form a set of basis functions (index n) used to
expand the solution of different bound and scattering problems. For the two-body case,

they are defined as the solution of the Schrodinger-like differential equation

[T+ Vo(r) — E]Sne(r) = =X Vy(r) Spu(r), (3.1)

1 d%2 | (441
where T, = —gnare éMQ ,

and the parameters i, £ appearing in this kinetic operator can
be conveniently chosen to coincide with the reduced mass and the angular momentum,
and F is the energy of the problem under consideration. The functions V, and V, are
called auxiliary and generating potential respectively. Usually V), is a short-range potential
which means that there exist R € R such that

V,(r) ~0, Vr>R.

Together with two appropriate boundary conditions, equation (3.1) becomes a

Sturm-Liouville problem [2, 28, 49, 50], with eigenvalues A, ,. The eigenfunctions S,

25
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form then a complete basis set with the closure relation
ZSn,Z<T1) Vg<T’1) Smg('f’g) = Vn 5(7’1 — TQ), (32)
and they satisfy an orthogonality relation

[ S0alr) Vi) S dr = Vi G, (3.3a)
0

where

Vv, = /0 T S t(1) V() Suelr) (3.3b)

As usual for the Schrodinger equation, the boundary conditions for Sturmian functions
are imposed at the origin and in the asymptotic region (r > R) where the generating

potential vanishes. The first one is
In the region r > R the equation for Generalized Sturmian functions becomes

[Ty + Va(r) — E]S,0(r) = 0, (3.5)

5

and is independent of the index n; thus all functions S, , describe, in the asymptotic
region, the behavior of a particle of energy E moving under the influence of a potential
V, [see Figure 3.2] . For an auxiliary potential also vanishing in the asymptotic region,
i.e. V,(r) = 0 in equation (3.5), the solutions S, , represent then a free particle in this

region and have the following asymptotic form,

Sne(T) X e k= \ —2uk, if £ <0,
SE() "X e k= \luE,  HE>0,

Here we introduce the notation S,(jz) to make explicit the incoming (—) or outgoing (+)

wave behavior at large values of r.

For an auxiliary potential including a Coulomb term plus a short-range potential,

equation (3.5) becomes the Coulomb equation (1.22). Thus the behavior of the S, ,
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functions coincides with the one of the Coulomb wave functions introduced in Section
1.2.

Remark 3.1.1. As explained in reference [26], the asymptotic behavior is reached once
the generating potential vanishes (say at » = R). Thus, independently of the index n, all
functions S, , have the same asymptotic behavior (up to a complex constant that may
depend on n). In other words, these functions are not linearly independent in the region
r > R. We will see in the following chapter that this is not the case with our proposed
Laguerre and Slater Quasi-Sturmian function @),, each of which is constructed with a
different generating potential that vanishes farther of the origin as the index n increases.

Remark 3.1.2. Notice that for positive energies Generalized Sturmian functions are
complex functions. Nevertheless, properties (3.2) and (3.3) remain valid without taking
the complex conjugated of one of the basis functions because they are general properties

of Sturm-Liouville theory.

|
3.2 The Hulthén Sturmian functions
The Hulthén potential [29], a particular case of Eckart’s potential, is defined as
e_g
V(r) =vo ——=, (3.6)
l—e@

where a > 0, vy < 0 are fixed real parameters. It is a short-range potential that behaves

as a Coulomb potential near the origin (taking vy = #.%) and decreases exponentially for
large values of r.

For ¢ = 0, Hulthén Sturmian functions can be given in closed form. Taking

_r
e «a

Va(r) =0, Vy(r) = vy P (3.7)
—e
the differential equation (3.1) defining them becomes

1 & € « (+)
—ﬂ W -+ )‘n,O 'Ug m —F Sn,O (T) =0 (38&)
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and we consider the outgoing scattering boundary conditions

We now make brief a review of the procedure presented in [29] to find the solution of

the eigenvalue problem. First we perform a change of variable

and propose
S (@) = Ny &= y(a). (3.9)

We introduce a normalization coefficient N in such a way that the closure relation (3.2)
holds; its analytical expression is given below. With this proposal, one obtains an equation
for the function y(z)

2

d d
{x(l — x)@ + [1 — 2ika — (1 — Qika)x]% — 2ua*v, )\mo} y(x) =0,

which is a Gauss hypergeometric differential equation, whose general form is

d2

(1l — :L’)de

+[C—(A+B+1)x]%—AB y(x) = 0.

Its solution, regular at the origin, is the Gauss hypergeometric function y(x) =
2F1(A, B, C; x),and therefore,

S(J[))(r) = N,f et o By (A, B,C; 675) )

n,

The parameter C = 1 — 2ika can be immediately identified, while for A and B we

have the system

A+ B = —2ika,
(3.10)

AB = 2ua’v, Ay p,

whose solution is

A = —ikoa £ io/k? + 2pv, Ao, B = —ika Fiay/k? 4 2pvg Ay, 0. (3.11)
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The asymptotic condition is clearly verified since
S () TR NS et (3.12)

The condition of regularity at » = 0 is responsible for the discretization of the eigenvalues.

At r = 0 we have
re)r¢c—-A-nB)

rc-ArcC-as)
which implies that either C — A= —mor C — B=-m, m=20,1,2,.... With the first

option,

0= QFl(A,B,C; 1) =

A=m+1—- 2ika
Codem — (3.13)
B=—-(m+1)

while the other option (C—B = —m) interchanges the roles of A and B. Setting m+1 = n,
and taking into account that oFi(A, B,C;x) = oF(B, A,C;x), in both cases we finally

obtain the same result for the Hulthén Sturmian functions, namely

S,(:O)('r) = N9 e*, Ry (—n,n — 2ikar, 1 — 2ikay; e’g) , n=1223,... (3.14a)
n . _r\q
— NS eikr Z (_n)q (TL - 2@]{30[)(1 (6 a) ) (314b)
" = (1 —2ika), q!

The eigenvalues result from equating (3.11) with (3.13),

n(n — 2ika)
2ua’v,

Ao = — (3.15)

The Hulthén Sturmian functions S,(JB) were displayed in reference [26] as an example
of Sturmian functions having outgoing boundary condition. The authors took advantage
of the analytical expressions of these functions and their eigenvalues to illustrate the
efficiency of the numerical method proposed to generate Generalized Sturmian functions.

In Figure 3.1 we plot the real part (full line) and imaginary part (line with dots) of
a Hulthén Sturmian function taking n =5, k = 0.9, v, = =3, o = 1. The corresponding
generating Hulthén potential is shown with a dashed line.

In Figure 3.2 we plot the real part of normalized Hulthén Sturmian functions

S0 = 1558 )
: NSO

n
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for three different indices: n = 3 (full line), n = 8 (line with dots) and n = 15 (line with
diamonds). The dashed line corresponds to the real part of the outgoing wave e*” that

characterizes the asymptotic behavior.

10—
—— Re[Sno™(r)]

,?_:’ Gw%— — = V4r)

0 5 10 15 20
r
Figure 3.1: Real and imaginary parts (full line and line with dots respectively)

of a Hulthén Sturmian function with outgoing scattering condition. We fit n =
5 k=0.9, vg= -3, « = 1. The dashed line corresponds to the generating Hulthén

potential.

1.0} — n=3
< o —* n=8
x —— n=15
|"? 0. — = Re[e'"]
© -0.5
14 :

-1.0;

Figure 3.2: Real part of gii_o) for different values of n and parameters k = 1.2, vy =

—1.8, o = 3. The dashed line represents the real part of the asymptotic behavior
eikr‘

As mentioned in Remark 3.1.1, these plots illustrate the fact that in the region where
the generating potential vanishes all Sturmian functions reach an asymptotic behavior,

unique up to a complex constant depending on the index n.
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Remark 3.2.1. The hypergeometric function appearing in the expression of Hulthén

Sturmian functions is related to a Jacobi polynomial P [42] taking the parameters

a = —2ika, b= —1 and the variable z = 1 — 2z, © = e~ =. Hence, we have the equivalent
form |
S (r) = NS — 1 ¢ikr p(=2ika=1)(] _ 9.~ 7)), (3.16)

As indicated at the beginning of this section, we choose the magnitude N° such that
the functions generate the closure relation (3.2). To find its value we start from the

following relation for the Jacobi polynomials [7§]

nlla+b+2n+ 1 '(a+b+n+1 " u
I It ) pei () PO ()
— Fa+n+1)Tb+n+1)

=27 (1 ) (1) E(1—y) E(14y) 26(e —y) (3.17)
valid for z,y € (—1,1) and Re(a), Re(b) > —1. Setting
1‘21—26_%, y:l—QG—%’

and using (3.16) we find

2

n!(2n — 2ika)l'(n — 2ika
( T ) S8 () 85 (r)

2 I(n+1—2ika)T'(n)

n

(1 —2ika),
N2 nl

=2(1—¢ a)2(l—e )2 §(—2e = +2¢ =), (3.18)

Now we make use of some properties of Dirac delta § that can be found in §15 of [79]

or in [80]. The Dirac delta satisfies

3(fia)) = 3 25

for z,, such that f(z,) =0, f'(z,) # 0. Taking f(r;) = =2~ + 2¢~«, we have

f(T’Q):O <~ To =17,

m

1) = 2,
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Then, using §(x) = 6(—x),

From the property
h(z)o(x — xo) = h(xo)d(xz — x0),

and taking h(rs) = (1 — e~ 2 )2 we find

N [—=

S(ri—rs) = (1—e @)

N [—=

(1—e ) 5(ry —13).

Combining these two results, and using the recurrence property of the Gamma function,

identity (3.18) becomes

n(2n — 2ika) [ (1 — 2ika),]? l—e o
; n — 2ika { NS n! S (1) Sy (r2) = e 3 O = 12),

or, equivalently, in terms of the Hulthén potential (3.7)

2

2n — 2k
n (2n — 2ika) S () V(1) S () = (1 — 7).

(n — 2ika) vy,

(1 = 2ika),
N3 n!

>

n

By comparing with the closure relation (3.2) we immediately deduce

1 — 2ika) 2n (n — ika)
ns = . : 19
" n! \/a vy (n — 2ika) (3.19)

As a consequence of this choice for the normalization coefficient N~ we can assert that
the integral (3.3) related to the orthogonality property happens to be V,, = 1. To show
it we start from the closure relation (3.2) for the ¢ = 0 Hulthén Sturmian functions S,(:[)).

We multiply both sides of this identity by S,(;f ())(Tl) and integrate over the r; variable,
S50 [ S ) V) Sy dry = [T S0 8 — ) din

The integral on the left vanishes for all n # m and equals V,, for n = m. On the other

hand, the integral on the right equals S,(,I ()](7“2). Then

S (r2) Vi = S5H3(r2), ¥ 1,
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from which we conclude that V,, = 1.

Remark 3.2.2. Notice that the initial formula (3.17) requires Re(b) > —1, which is not
satisfied in the present situation (we took b = —1). Generally in textbooks one finds
for Jacobi polynomials the condition Re(a), Re(b) > —1, even when it is not necessary
(but it suffices). One example is the orthogonality relation. Clearly in the situation we
are studying, as a consequence of the orthogonality property satisfied by the Hulthén
Sturmian functions (3.3) and their relation with Jacobi polynomials (3.16), the Jacobi
polynomials P{~2*=1(1 — 2¢~%) are indeed orthogonal.

To illustrate the validity of the result V,, = 1, we performed numerically the integral

(3.3b) for various n values. The V}, values obtained for two sets of parameters are presented
in Table 3.1.

Parameters: a =1,v, = -1,k = 1.2 Parameters: a = 2,v, = =18,k = 1.7
no V=[5 dr (S ()2 V() no Va= [T dr [SED (P V()

1 1. 1 1.

3 1. 3 1

8 1. 8 1.4+ 8.21272 x 10764

16 0.999993 + 1.16476 x 107°4 16 1.4+ 1.34232 x 10744

Table 3.1: Verification of the assertion Vi, =1 for two different set of parameters.

Remark 3.2.3. If we take the auxiliary potential also as a Hulthén potential

T

e a

1—e @

V. (r) = v,

I

equation (3.1) defining the Sturmian functions becomes

_r

1 . g
[_ﬂ = (”_ n An,o) v - cc E} S () =o0. (3.20)

— e «a

Clearly the eigenfunctions are exactly the Hulthén Sturmian functions (3.14), but now
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the eigenvalues are shifted

Xn,O - )\7%0 - . (321)

3.3 Integrals involving Hulthén Sturmian functions

When dealing with two- and three-body scattering problems different integrals are
generally needed.

The overlap integral
| sS0e) simyar

is not convergent but we can perform, using (3.14b), the following integral,

lim [ e ,(f)(r) S,(:)(r) dr

e—01 Jo
= N°N? Z Z - 2“‘7‘?‘) (=m)p (W - Qik'@)p lim “e_w dr
q= Op 0 1 - QZk&)qq (1 - 22]§I()é)pp. e—0* Jo
_ NSNS ZZ — 2zka) (=m), (m — Qik'oz)p o @22)
q=0p=0 QZkOé) (1= 2ika),p! q+p—2ika
Writing
1 — (_2ik3a)Q+p
q+p—2ika  (=2ika) (1 — 2ika)q,’
we obtain

lim > e_E’"Sﬁ:B) (1) Sm,o(r) dr

e—01T Jo

—2tka:  —n,n — 2tka; —m,m — 2ikaq;

1,1, (3.23)
1 — 2ika : 1 — 2ika; 1 — 2ikay;

where the two variable hypergeometric function F} 11::12;;12 has the series representation [52]

1:2;2
Fl:l;l

E: 01; 02;

D: Ay, By; Ay, B ]
Ty, T2

_ )g (A2)p(B2)p (D)gp 21 73
Z )g (C2)p  (E)gup ¢! P!

(3.24)
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The next two integrals include Laguerre-type functions ¢ and they will be useful in
a three-body scattering model problem we present in Chapter 6. Using the polynomial
expression (3.14b) for the Hulthén Sturmian functions and definition (1.2a) in the integral
formula (B.4), one finds

[T a8 5 B0y ar
NS T(U+2=p) o= (—n); (n — 2ika); 260 t42-p
_ (25)1) Z J J (a )
(8

_qu:ﬁ I'(2¢ +2) = (1 —2ika); j! —ik) +j
2
><2F1<—q,£+2—p,2£+2 (5—6’5i)+]> (3.25)

where the Gauss hypergeometric function reduces to a polynomial of order q.

In addition, using the Taylor series for the Hulthén potential
_ryst+l
r) =, Z (e a) (3.26)
and again formulas (3.14b) and (B.4), one obtains

| ok an) v, S ar
NP T(l+2) v, Z — 2ika);
Nqu I'(20+2) 2p 1 — 2@]{;0[)]]'

26a 2 . 2B
% zs:<a(ﬁ—ik)+j+s+l> = <_q’£+2’2€+2’ a(ﬁ—z’k)+j+s+1>'
(3.27)
sin(z)

Finally we perform an integral involving a spherical Bessel function jo(z) =
[42]. Expressing the sine function in terms of complex exponential functions, making a

change of variable z = e~ and using (3.14a), the mathematical integral (B.5) yields

EN?
S krjo(kr)dr = L 3.28
/. ) (1) o) dr = —5 (3.28)
Remark 3.3.1. Even if we have shown that for the particular choice of the coefficient

N9 we obtain

Vg€ «
Vo = [ SEA0) 722 S0 =

this integral can be analytically performed. The procedure is described in [33] and the
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resulting expression is

1 - 2ika)
an — NS NS Ay ( s
: VT 2 (2 — 2ika),

S

Lo | 1 —2itka+s: —n,n—2ika; —m,m — 2ika;
X Fy1h L1 (3.29)
2 —2ika+ s : 1 — 2ika; 1 — 2ika;

where F111212 is given by formula (3.24).

3.4 Chapter summary

This chapter was dedicated to introducing Generalized Sturmian functions. They are
generated from a Sturm-Liouville problem with appropriate boundary conditions, making
them an efficient basis set to describe two-body problems. These orthogonal basis set is
usually obtained numerically.

We present in this chapter a particular case in which Generalized Sturmian functions
can be presented in closed form: using a Hulthén potential as generating potential. Besides
reviewing the deduction of these functions, we contribute with analytical expressions for
their normalization constant and some related integrals involving them, usually appearing
in scattering problems. The results presented here constitute the first part of reference
[33], a paper in which we studied these functions from an analytical and numerical point of
view, and used them to solve two-body scattering problems. The implementation of these
functions, not only in two- but also in three-body scattering problems, will be presented

in the last two chapters of this thesis.



Chapter 4
Quasi-Sturmian functions

Quasi-Sturmian functions constitute our proposal as an alternative set of functions
useful to describe two- and three-body scattering problems. Like Generalized Sturmian
functions, they are constructed to possess an appropriate asymptotic behavior and, in
some very interesting cases, they present the great advantage of having closed form
expressions. In this chapter we introduce Quasi-Sturmian functions and study their

properties. Part of the results presented here can be found in reference [34].

4.1 Definition and general characteristics

We name Quasi-Sturmian functions the solutions of the non-homogeneous differential

equation

[Tr +Va(r) = E]Qu(r) = V(1) bn(r). (4.1)

where n € NU {0}, and the operator T, is given in (1.18).

This Schrodinger-like radial equation is similar to the one defining Generalized
Sturmian functions (3.1): it has the same left hand side, but a completely different right
hand side (hereafter referred to as driven term). Rather than the eigenvalues multiplied
by the eigenfunctions, we have some chosen functions ¢,. This is the reason for calling
the solutions (), Quasi-Sturmian functions. We maintain the notation V, and V, used to
define Generalized Sturmian functions: V, may be considered as an auxiliary potential,
but V, is no longer responsible for generating the set of functions @),. That role will be
played by the driven functions ¢,,.

If in the driven term we have a set of linearly independent functions {¢,}, n =0,1,2...,

then the resulting Quasi-Sturmian functions are also linearly independent. To prove

67
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it, suppose there exists one Quasi-Sturmian function that can be expressed as a linear

combination of other Quasi-Sturmian functions,

M
Qum(r) = Z a; Qn, (7).
i=0
Now, from the definition (4.1) we have

[Tr + Va(r) — E]Qu(r) = Vo(r)dm(1),

and, on the other hand,

[Ty + Va(r) — E] ZO a; Qn, (1) = ;ai V(1) n, (7).

Thus we find .
(bm(T) = Z a; ¢nz <T>7
i=0

which is an absurd if functions ¢, are linearly independent. As a consequence,
Quasi-Sturmian functions are linearly independent if functions ¢,, are so.

In order to provide Quasi-Sturmian functions in closed form and study their properties,
we must choose in (4.1) appropriate driven functions ¢, as well as potentials V, and V.

For the driven term we propose two different functions ¢,: the Slater-type orbitals
379 and the Laguerre-type functions ¢X both introduced in Section 1.1. Since we wish
to use Quasi-Sturmian functions to describe scattering problems, we consider hereafter
the case £ > 0.

For V, we take a Coulomb potential corresponding to a charge Zgg, and V, is the

weight function associated to Laguerre-type functions,

Notice that with this auxiliary potential, and considering £ > 0, the homogeneous

equation associated to (4.1) is the Coulomb equation (1.22) described in Section 1.2.
Contrary to the usual situation for Generalized Sturmian functions, V, is no longer

a short range potential, but the whole driven term is still of short range. Indeed, as a

consequence of the decaying exponential factor appearing in both Slater-type orbitals and
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Laguerre-type functions, the two driven terms we are considering

LT ) and L Oh(L i) (12)

vanish in the region r > R,,, for some n-dependent value R, > 0. In other words, in the
asymptotic region (R, 00), the differential equation (4.1) becomes the Coulomb equation,
and the Quasi-Sturmian solution @),, behaves proportionally to a Coulomb wave function.
In particular, we are interested in solutions regular at the origin and with the incoming
(—) or outgoing (+) wave behavior (1.28). Summarizing, the Quasi-Sturmian functions

we present in this chapter are solutions of the boundary value problem

Z 1
T+ 22 5] = Lo (430
Q5(0) =0, (4.3b)
QSL:I:) (T‘) T—00 st e:l:i[krfn(ZQS)1n(2kr)+ac(Z,ZQS)7%Z] ' (43C)

The parameters n and o¢ were defined in (1.23a) and (1.23b) respectively.

The asymptotic coefficients Q% depend on the index n and on the parameters
appearing in the equation, i.e., ¢, E and Zgg. For both driven terms (4.2) we are able to
express Q% in closed form and show their independence of the (1) sign. Moreover these
coefficients happen to be real numbers.

An interesting thing to notice is that since the driven terms we are considering are
real functions, the imaginary part of the Quasi-Sturmian solution is actually one of the
Coulomb wave functions with charge Z = Zgg. Taking into account the imposed boundary
conditions (4.3b) and (4.3c) together with the fact that the asymptotic coefficients Q% are
real, the imaginary part of any of the Quasi-Sturmian functions differs from the sine-like

Coulomb wave function by a real factor. Specifically
Im [QF (L, B5)] = £ QR FO(L k), (4.4)

where the function F(*) is defined in (1.24). This will be illustrated in Figure 4.2 for
the case of a Slater-type orbital in the driven term and in Figure 4.4 for the case of a

Laguerre-type function.
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In addition, we have Q) = [Qﬁr)r. Then, from (4.4) we immediately deduce

1

F(S)@v k;,r) - 24 Qas

Q7€ Bim) = QID(E i) (4.5)
This is valid for any n € NU {0}, which means that the way to express F*) in terms of

the set of functions {Qﬁﬁ, Q,(f)}n:m,g,,_ is not unique.

Remark 4.1.1. The range R, of the driven terms (4.2) depends on n through the power
r™, as illustrated in Figure 1.1 for the case of Laguerre-type functions. As indicated in
Remark 3.1.1, the situation is therefore very different from that of Generalized Sturmian
functions since the latter are related to a unique generating potential and thus to a unique
range. Quasi-Sturmian functions (specifically their real part) are not all proportional to
the same asymptotic function in a fixed region (R, o0) as it was the case with Generalized
Sturmian functions. As mentioned, they reach their asymptotic behavior at gradually
larger R,, values, thus forming a linearly independent set in (0,00). We will come back
to this characteristic when describing Figure 4.2 and Figure 4.4.

|

Remark 4.1.2. Taking ¢,(r) = ¢%(¢, 8;r) and n = 0 in (4.3) one obtains the boundary
value problem (1.69), introduced in the context of Coulomb Green’s functions. Its solution
is H&), except for a factor in the asymptotic behavior amplitude.

In virtue of relation (1.7),

o5 (0, B;ir) = coo b3 (L, B ),

the solutions QgTO(i) and Qg(i), resulting from taking Slater-type orbitals and

Laguerre-type functions, respectively, as driven term in (4.3a), satisfy
STO(x L(x as 1
coo Qo " Bir) = Qe Byr) = QFHM(L, B ). (4.6)

Hence, our Quasi-Sturmian functions Q(*) can be viewed as a generalization to any index n
of the function H®) proposed by Yamani and Fishman [7] (and further by Broad [58, 59])
to be used in the J-Matrix method. Moreover, the constant b appearing in equation (1.69)

happens to be
1

b= ——.
ans
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Remark 4.1.3. Having a real functions as driven term in the Quasi-Sturmian problem
(4.3) has another consequence: combining Quasi-Sturmian functions with incoming (+)
and outgoing (-) wave behavior we can provide Quasi-Sturmian functions with cosine-like

asymptotic behavior.

QUYL Bir) = = [QD(L, Bir) + QL. Bsm)] .

DO | —

Remark 4.1.4. The functions ¢57° and ¢~ can be used to expand more general functions

f. Suppose we are interested in solving the non-homogeneous equation
Z
Tr+7 — E|F(r)= f(r).

As explained in reference [75], it suffices to express, for example
1 L
F(r) = =S a0kt B,
to deduce directly the solution
F(r) = a, Q0 (€, ;1) (4.7)

taking Z as the charge of each Quasi-Sturmian function. Alternatively, one can express
f in terms of ¢579 and obtain a solution F given by (4.7) with Q579 replacing QL)

4.2 Slater Quasi-Sturmian functions

Slater Quasi-Sturmian functions are solutions of the differential equation (4.3a) with a
Slater-type orbital ¢37¢ in the driven term together with boundary conditions (4.3b) and
(4.3c). We denote them as QSTO).

In the following subsections we describe two different ways to obtain Q570)

in
closed form. The first one consists in expressing this function as a combination of one
particular solution of the non-homogeneous equation and a solution of the corresponding
homogeneous equation. The second one makes use of the Coulomb Green’s function

introduced in Section 1.3.
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4.2.1 A particular solution for the differential equation

We can express the solution Q579#) as the sum of two functions: a solution of the
homogeneous equation plus a particular solution of the non-homogeneous equation. This
is,

QTN Bir) = AP @ (1) + 0 (r), (4.8)

n

where A*) is a convenient coefficient, and the labels H and P stand for “homogeneous”
and “particular”.
Since we are interested in solutions regular at the origin, for the solution of the

homogeneous equation the only option is to take the sine-like Coulomb wave function,
) (1) = FO (0, k),

whose explicit form and asymptotic behavior are given by (1.24) with Z = Zyg.
A particular solution of the non-homogeneous equation (4.3a), presented in reference
[75], reads

2u 4
(I)(P) - tkr  l+n+2
M == nairatn ¢ "

n+1,1120424+n,0+24+n+in(Z
<« oW | 1(Zas) L —(B + ik) r, —2ikr
£+2+n+i77(ZQs)|2+n,2£+3+n

(4.9)

where O is a two variables Kampé de Fériet hypergeometric function [30],

@(1) ai, o ‘ b17 b2 ST, T _ Z (al)m (a/2)n (bl)m (b2)m+n "L{n "L‘gn (4]_0)

c1ldy,dy mn (c1)m  (d1)min (d2)min m! n!

It has been introduced and discussed in connection with the derivatives of regular confluent
hypergeometric functions with respect to their parameters [70]. Later, in references [72,
75], this function appeared in the context of two-body Coulomb problems with sources.
In these two works, as well as in reference [73], the authors presented different expressions
for ©M | the study of its convergence, and the form of its asymptotic behavior in the case
of two-body problems.

Let us notice that at » = 0 we have ®)(0) = 0. Since the chosen homogeneous

(H)

solution @) is also regular at the origin, condition (4.3b) is satisfied for the Slater
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Quasi-Sturmian functions QSTO).

The procedure to choose the adequate AF) value in order to obtain the desired

asymptotic behavior (4.3c) is presented in reference [72]. Setting

k
JF = oF, (n F 1,204 2+ n, 0+ 2+ n+in(Zgs); %) , (4.11a)
1
fo=12F1], (4.11b)
0, = Arg(2F1 ), (4.11c)
(1)n (204 2), Jn
Nsource n,é =2 5 4.11d
ar = kr —n(Zos) In (2kr) — ge +oc(l, Zos), (4.11e)
ay = —g(Q +n)+oc(l+1+n,Zgs) — 0, —oc(l, Zgs), (4.11f)
one obtains, for the case we are studying, the coefficient
A®) = 44 N, yree(n, £)eTi2,
and the asymptotic behavior of Slater Quasi-Sturmian functions reads
Qi Bir) T Noguree(n, £) cos(az) .
Thus, we have an expression for the asymptotic coefficient
Q5T08 — N uree(n, €) cos(as), (4.12)

which, as mentioned in the general characteristics, happens to be a real number

independent of the (%) sign.

4.2.2 The solution using the Coulomb Green’s function

The solution of the boundary value problem (4.3a) with a Slater-type orbital in the driven
term can be obtained also through the Coulomb Green’s function introduced in Section
1.2. In this case the resulting expression satisfies automatically the boundary conditions

because they are imposed to the Green’s function. Formally we have

QST pir) = [T GG v 1) L 6O iy ar (113
0
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Using expression (1.62), performing a change of variables and after some intermediate

steps, one finds the integral representation

QSO (¢, gy = A D et o

(B F ik)~+!
1 : A A
X / 21 — 2)EmZes) (1 — yF ) FZas) 2Bk By (20 + 2: X)) de,
0
(4.14a)
k
where w = ng Zk was introduced in (1.31), and
—1
1—2)(1 — w*! i
x = ML =20 ZwTR)(BF k) (4.14D)

z

The confluent hypergeometric function appearing in (4.14a) is actually a polynomial

i (-n,204 2, X) = zn: (2;:;);”! <_r(1 —2)(1 _j z)(ﬁﬂFz’k)) |

q=0

With this expression the integration over the variable z can be directly performed using

(B.3). Taking into account the properties of the Pochhammer symbol one finally obtains

QTN (L, ;)
_ 20(20 + 2),,n! P
T BFik (1 in(Zes)en ¢ (4.15)
i (0 +1+1in(Zgs))p [r (B F ik)]?
p=0 (20+2), p!

x O (n—p+1,—p—L+in(Zgs),n+2+L+in(Zgs);w* ,r(B+ik)), (4.16)

in terms of one of the Horn’s two-variable series ®; [52]. We introduced this function
when studying the derivatives of two variable hypergeometric functions with respect to
their parameters [see formula (2.18a)]. Making use of its series representation (2.18c), the

Slater Quasi-Sturmian function becomes
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20(20 4+ 2),, n! _
STO(+) 6’ r) = : : 7,(—}—16 Br
Q"0 B5T) = B R (01 1 & in(Zgs)

z”: L+ 1+ in(Zgs))p [r(B T ik)]”

=0 (20+2), p!
% Z (n—p+ 1)q<_p —(+ in<ZQS>)q w*a
e EnZas)y 4

X 1Fi(n—p+1+qn+2+0+in(Zgs)+q;r(B8+ik)). (4.17)

Even if we have already found an expression for the asymptotic coefficient [see formula
(4.12)], it is possible to give an equivalent one deduced from the asymptotic behavior of
the confluent hypergeometric function [42] appearing in (4.17). After some algebraic

simplifications, one finds the expected behavior (4.3c) with the coefficient

+1
STOas _  —in(Zgs) ,—~51(Zqs) 7M<2£+2)" N(l+1=+in(Z ( 2h )
o mtas) =500 FEET S D 1 £ i Zos))| gy g
X oFy (—n, 0+ 1+1in(Zgs), 20+ 2,1 —w™ 1), (4.18)

which is independent of the 4+ choice. To verify that it is in fact a real number it suffices
to note that w™™Zes) is real and to use one of the linear transformation formulas for the

Gauss hypergeometric function [formula (15.3.4) in reference [42]] to find that

[(B—ik) ™o Fy (=0, £+ 1 +in(Zgs), 20+ 2,1 —w )]
= (B —ik) "o Fy (—n, 0+ 1+ in(Zgs), 20+ 21 —w™ ).

The equivalence between expressions (4.12) and (4.18) can be deduced by expressing the

cosine function as a combination of complex exponentials.

4.2.3 Series representation in terms of Laguerre-Type functions

It is possible to give the analytic form of the coefficients
o0 1
al) = [ drog(t, 5ir) = QRO (r)
0 r

corresponding to the series representation of QST9®)(r) in terms of Laguerre-type

functions,
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Q'O () = 2 aiy ¢y (4, Bir).
q
From (4.17) and using (B.7) we obtain

S _2HT(20+2) Ny (20 +2), (20 +2),, n!
n,g (26)@4—1 q[ (6 + Zk)n—f—l(g +1+ ”}(ZQS))n
=~ (C+1+in(Zgs))p (BF ik’
: z;) p! ( 2p3 )
« 3 (=n+p+1); (= —pEin(Zes)); w*
- (C+2+nxin(Zgs)); J!

J

+ ik
x Fy <2€—|—2+p,—q,n—p—|—j+1,2£+2,£—|—2+n—|—jiin(ZQS);l,L>.

20
An algebraic manipulation of this expression leads to the equivalent form

4 2uI (204 2) Ny, (204 2),n!
™ (2B)4 ¢ (BFik)"H L+ 1+in(Zgs))n
" z”: (¢ +1+in(Zgs))p (ﬁ - ik)” zq: (—9)s(26+2+p)s

o p! 23 = (204 2), 8!

x F (n—p+1,—€—piin(ZQs),2€+2—|—p+3,€—|—2+nii77(ZQS);w,

B+ ik

26 )7
where we have finite sums instead of full series. Once again we end up with expressions
involving two of the Appell functions studied in Chapter 2. Other representations
in terms of the more familiar Gaussian hypergeometric function can be obtained using

alternative formulations for the two variable hypergeometric functions Fj or F.

Remark 4.2.1. The coefficients

) = [T okt i) S 80(r)

corresponding to the Laguerre expansion of the particular solution (4.9) can also be given
in closed form. Starting with some of the representations presented in reference [75] for the
function © one obtains different expressions in terms of Appell functions. The resulting
formulas are not easy to manipulate, neither numerically nor analytically. However they
may be of interest if one wants to study ®(") in terms of its parameters, as explained in
Section 1.1.1.
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4.2.4 Illustration

Let us illustrate numerically some of the obtained results. We have calculated, using the
integral representation (4.14a), Slater Quasi-Sturmian functions for several n values, and

for the following values of the parameters
ZQS:—I,,uzl,k:1.1,£:0,6:().8.

Figure 4.1 shows the result for n = 3, together with the corresponding driven term of
1

the differential equation defining this function, i.e., — ¢57(¢, B;r) [see equation (4.3a)].
r

The plot illustrates that, as mentioned at the beginning of the chapter, Quasi-Sturmian

functions reach their asymptotic behavior once the driven term vanishes.

= |
Qo
x|
B2 — Re[@, MG
S | —e— Im[Q,S™°¥(1,6:n)]

. == e "B

-4
0 5 10 15 20 25 30

r
Figure 4.1: Real and imaginary parts of a Slater Quasi-Sturmian function QETOH)

taking n = 3 and Zgs = =1, p = 1,k = 11,4 = 0, B = 0.8. The dashed line
represents the corresponding driven term r~! (ﬁﬁTo(ﬁ, B;r).

In Figure 4.2 (left panel) we plot the real part of the “normalized” Slater

Quasi-Sturmian functions

Q5T (4. gy = qulms QSTOW (1, B 1) (4.19)

for two different values of the index n. The expected asymptotic behavior, given by

fas (’I") _ e:ti[krfn(ZQS) 1n(2kr)+ac(Z,ZQS)f%Z] ’ (420)

is also shown. Clearly, as n increases, the asymptotic behavior is gradually reached, an
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attribute mentioned in Remark 4.1.1. The plot presented in the right panel corresponds

to the imaginary part of the same QST0(+). It illustrates identity (4.4): the imaginary

part coincides with the sine-like Coulomb wave function F®) with charge Z = 29s-

27\ L B e B B B A L A —
= oz?/,\/\ ARAAAN | =
S TWY VUV VAV S
¥ o-2r z
o —_—n =2 E
% —e— N =4 "’: K
o~ . Relfw(n] IS 45
&_67 E "
0 10 20 20 20
' r

Figure 4.2: Left panel: real part of QST0(+ defined by (4.19), for n = 2 (solid
line) and n = 4 (line with dots). The dashed line represents the real part of fqs,

defined by (4.20). Right panel: imaginary part of QiToH) for n = 2 (diamonds)
and n =4 (dots). The full line corresponds to F) with Z = Zgs- In both cases we
take Zgs = -1, pn=1,k=11,{=0, 8=0.8.

4.3 Laguerre Quasi-Sturmian functions

Laguerre Quasi-Sturmian functions are solutions of the differential equation (4.3a) for
the particular case of a Laguerre-type function as driven term, together with boundary
conditions (4.3b) and (4.3c). We denote these Laguerre Quasi-Sturmian solutions as
Q).

As a consequence of the relation between Slater-type orbitals and Laguerre-type
functions established in (1.7), the functions Q%) are a linear finite combination of Slater
Quasi-Sturmian functions. This is a particular case of the situation described in Remark
4.1.4. Thus, we have a first closed form for the functions QX*) and the corresponding

asymptotic coefficients, in terms of Slater Quasi-Sturmian functions
QEH (1, 8;r) ch] Q5O H (e, 1), (4.21a)

Qﬁas _ Z Cﬁ,j Q;STO@S’ (421b)
=0

with ¢} ; defined in (1.7b). Using expression (4.18) we can perform the second sum to
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obtain

Qlas — %“ S (4.22)

where s,, defined in (1.30), are the coefficients associated to the Laguerre expansion of
the regular Coulomb wave function.

In terms of the Green’s function, we have the following alternative representation

QL&) (0, 8:7) / G (0; 7, 1) 1/ SL(0, B; ") dr. (4.23)

From (1.62), after some algebraic manipulations, one finds

2:“ Nné 2 1 -
QL(:I: /¢ 6 Qﬁ + Br
(0.5:r) =242 (281)
y / 2)EEn(Zas) (1 — ¥l ) EFin(Zas) (] — 5 i+l )
+1
ez(B:l:ik:)r LiZJrl (1 — Z)(]' — W Z) 257, dz. (424>
1—2z—wtlz

4.3.1 Series representation in terms of Laguerre-type functions

The coefficients of the series expansion

QLI (L, Byr)y =" alt) o0, 8;r) (4.25)

q

are given by

of = Aw¢%a5nvl@“ﬂwwh
(423 / / —<b Eﬁr)gc (ﬁr'r’) ¢(€Br)d’rdr

This is exactly the expression for the coefficients 91(13,2) of the series representation of the

Green’s function given by formulas (1.64), (1.66). Then, we have found

QLEE (¢, By Z I or) (4.26a)
:?“ i)Zs] Z RS oL (¢, B;r). (4.26)

j=n+1
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Notice that for n = 0 (4.26b) yields
> 2u
) = sy 3T 05 (e i) = s AL ir)

which is the proportionality relation (4.6) established in Remark 4.1.2.
In addition, from (4.26a) and (1.63) we find the following relation between Coulomb

Green’s functions and Laguerre Quasi-Sturmian functions,

Q E r,r') ZQL (0, B;r) ol (e, ;). (4.27)

4.3.2 Illustration

We have calculated, using the integral formula (4.24), several Laguerre Quasi-Sturmian
functions with different n values and parameters. In Figure 4.3 we show their real and

imaginary parts. Clearly, the Quasi-Sturmian functions achieve their asymptotic behavior

1
when the driven term —¢L (¢, 3;7) (dashed line) vanishes.
r

1-0 T T T T FT T T T
[ — Rel@,"“80] 1.0- — Re[@,"“(5n] |
—— Im[Q," (1,61 T —— Im[Q,-*(,6:1)]
= 05 -- r‘1¢L(IBr) o ::l - - g0
S IENTAN g o5
LARM MMM
PRI
-05 |

10 15 20 25 30 oH“10“”20“”30“”40

r r
Figure 4.3: Real (solid line) and imaginary (line with dots) part of two different
Laguerre Quasi-Sturmian function. Left panel: n=0,{=1, 3 =08, p =1, Zgg =
-2,k =1.25. Right panel: n =9, =2, =14, un=1, Zgs = -1, k =0.8. The
dashed line represents the corresponding generating Laguerre-type driven term.

Figure 4.4 corresponds to the real and imaginary parts of “normalized” outgoing

Laguerre Quasi-Sturmian functions

Qi) = QLGS@L (¢, 8;7)

for Zgs = -1, p=1, k=13, ¢ =2, 8= 1.1. The left panel shows the real part of @i( )



Chapter 4. Quasi-Sturmian functions 81

taking n = 2, n = 11 and n = 16. We can observe how the asymptotic behavior of the real
part is gradually reached as n increases, as explained in Remark 4.1.1. In the right panel
we compare the imaginary part of @i(ﬂ with the regular Coulomb wave function F®).
This plot illustrates the fact that imaginary part of Quasi-Sturmian functions coincides

(up to a real factor) with the sine-like Coulomb wave function [identity (4.4)].

250
2.0 ¢ n=2

£ e n=11
1.5 — F9(kr)

SAAANANS
3 *JUVUUV

;
r

Figure 4.4: Left panel: real part of @ﬁ(ﬂ (¢, B;7) for n =2 (line with dots), n = 11

(full line) and n = 16 (dashed line). Right panel: imaginary part of @ﬁ(ﬂ (¢, B;7)

for n =2 (diamonds) and n = 11 (dots). The full line corresponds to the Coulomb

wave function F(s)(&k;r). In both cases we take Zgs = —1, p =1,k =13, =

2, 8=11.

Im[Q,-(1,8;1)]

Re[Q, " (1,811

0

4.3.3 Integrals involving Laguerre Quasi-Sturmian functions

In this section we calculate analytically four integrals involving Laguerre Quasi-Sturmian
functions. These kind of integrals usually appear in scattering problems as we will see in

the last two chapters of this thesis. The key to perform the calculation is the use of the

Laguerre expansion (4.26a).

We start with

[ erte s QL g = Sl [ ol s Lot g

= g%, (4.28)

Next, we introduce the notation Qﬁ,ﬂl for the the Quasi-Sturmian functions with an ¢

parameter depending on an index m, ¢ = ¢,,. And we perform
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[ 68 50) QL s i)
= X [T bty i) ot i) ar
(1.16) L', + 4, +2)

m N, (ly+ Ly +2)(—q);
P Zm
Ny, (20, + 2) 28: " jz% (20, +2); j!

(U = Ly — J)s-

(4.29)

Now, for the case where the weight function is not present we cannot use the orthogonality

relation of the Laguerre-type functions, and we have

| s QEE e iy ar
DY i R AT
J

(1120) :I:) (+1+ q Nq-i—l,é 2042+ q Nq 1,0 q
- Z n,j 5 5(1+1,J‘ - 5q 1,7
j 6 Nqﬁ 26 Nqé 26

€+1+q (:I:)_Nq+1€2£+2+q (£) Nq_Lgi (£)

_ . 4.30
B gn,q qu 26 9n q+1 Nq,é 26 gn,q—l ( )
Finally, the integral of two Quasi-Sturmian functions yields
o0 1
| Q) - QP g dr
0 r
I 1
_/ Zg (b e B T ; ngl E /B T)
Z 9 9 (4.31)

Clearly, we are interchanging series and integrals without proving that the property
can actually be applied. For this reason, we have performed some numerical verifications
by comparing the results obtained by direct integration with the analytical expressions we
found. For the first and third integrals [formula (4.28) and (4.30)], the comparison showed
an excellent agreement. The fourth one [formula (4.31)] will be tested in Section 4.3.7,
because this integral happens to be related to the derivative with respect to one of the
parameters of the Laguerre Quasi-Sturmian functions. The numerical comparison for the
second integral [formula (4.29)] is presented in Table 4.1 for outgoing Quasi-Sturmian

functions and the following values of the parameters: Z = -2, u=1, k =1.8, § = 2.6.
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The table compares, for different (¢,, ¢, ¢,,,n) values, the results obtained by numerically

performing the integral with those of the corresponding analytical double series, noted

Yo, gitmn-
o g b o [T OE(l, Bir) QL (U, B ) dir Yo, gitmn
55 5 75 2 —0.00264972 + 0.0054675 ¢ —0.00264956 + 0.0054675 ¢
11.5 8 195 11 0.000203239 — 0.00397045 ¢ 0.00020364 — 0.0039705 ¢
135 12 75 18 —0.0305365 — 0.0306694 ¢ —0.0305365 — 0.0306694 ¢
21.5 19 295 15 0.0105045 + 0.00941789 % 0.0105272 + 0.00965439 %

Table 4.1: Numerical verification of identity (4.29) for different indices £y, q, Uy, n,
and parameters Z = =2 u=1, k=18, § = 2.6.

For all cases considered, the identity (4.29) is well satisfied. The small difference
appearing in the last line of the table is related to the fact that the integrand becomes

very oscillating, causing an increase of the numerical error.

4.3.4 Recurrence relations

From the recurrence relation (1.65) established for the coefficients g, ,, and taking Z =
Zgs, one can deduce a relation for the Laguerre Quasi-Sturmian functions. Multiplying

both sides of (1.65) by gbé and making a formal summation over ¢ we obtain

Ans1 Zgnﬂq(b (4, B;r) + Bn(Zgs) Zgn)¢ (4, B;r)
_'_A Zgn 1q E /B T Zdn,q(bg(gaﬁ;r)a

where A,, and B, are given by formula (1.20). According to (4.26a), the series on the left
hand side corresponds to Laguerre Quasi-Sturmian functions while the series on the right

hand side reduces to ¢~. Hence, we have

A1 Q5 (6, Br) + Bu(Zas) QEENE, B5m) + A Qu5) (4, Bir) = o1 (0, By (4.32)
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taking, for the case n = 0, Q ) = 0. As an alternative to the integral (4.24) or series
(4.26) representations, the recurrence formula (4.32) may be useful to generate numerically

a large number of Laguerre Quasi-Sturmian functions.

4.3.5 The Christoffel-Darboux formula

For orthogonal polynomials p, with weight function w defined on the interval [a, b], one
has the Christoffel-Darboux formula (Theorem 5.2.4 in [43])

z":pk(x)pk(y) _ G Poni(B)pn(y) = Pria (y)pn ()

k=0 D, Ap+1 (SL’ - y)hn ’

b
where ay, is the leading coefficient of py, and hy = / pi(z) w(x) dz.
a
Such general result is a consequence of the recurrence relation these polynomials
satisfy. For Laguerre Quasi-Sturmian functions we found a non-homogeneous recurrence

relation so we can expect an analogous formulation. Indeed, it is possible to express

Quit (6, Bi1) QUL Bima) — Quid (€, Bim2) QUD€ B; ) (4.33)

as a combination of the first n Laguerre Quasi-Sturmian. To do so, we first rewrite relation

(4.32) as

>—%Zfi5)@ﬁ<ﬂ<e,ﬁ;r>— L QED i), (43)

R0 B
(bn( ﬁ AnJrl

L(£) (. B r) =
Qn+1 ( 757 ) An+1

and then replace Q{:ﬁ) in (4.33)

QEA (e, Bm)@ B, Bi72) — QriH (0, B m2) QED (¢, By m1)

- A—H (@6 Br) QD (€ B 72) = 1/ (£ B r) Q9 (€ B )]
+ AA—ZI {Q (0, B5m1) QL Byra) — Qﬁ(i)(&ﬁ%@)Qﬁ(j)(f,ﬁ;rl)} '

The second term on the right hand side has the same form of the initial one, so we can

use again (4.34) now to replace QX and find
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QMMEﬁHNQﬂ@ﬁTﬂ QEE (1, B m0) Q) (¢4, B; 1)
(60, ;1) QED(L, By 1) — GE(L, Bym0) QX (¢, By11)]

An+1
An
" Apta {AL [¢"’1<€’ﬁ;rl) Qﬁ(—ji)@aﬁ;?b) — Gy (4, B572) QL(i (¢, B; 7’1)}
+ A2 [QED (0, 55m) QU 0, — QES (i) QS 0 i)

Again we obtain a term on which we can apply (4.34). Repeating the procedure n — 2

more times we finally find

QA (0, ;7)) QEE(€, B; 1) — QI (€, B;72) QEH) (¢, Byy)

= 3 [0 B ) QI Bi) — 61 5) QEE )] (435)

An+1 j=0

Consequences of this formula

From the asymptotic behavior of Quasi-Sturmian functions [formulas (4.3¢c) and (4.22)]
and of Laguerre-type functions [formula (1.8¢)], for large values of 75 the left hand side of

equation (4.35) becomes

Q) (0, B;m) QEE(€, B;72) — QI (€, 8;72) QEH) (¢, Byy)

o % {antl (€, 3;71) 8 — Sny1 QrLL(i) (faﬁ;rl)} eﬂ[kmin(ZQS)ln(%TQHJC(Z’ZQS%%Z],

while for the right hand side we find

0;(0 B;11) QYL Bira) — GE (0, Bi15) QFF (L, By

127500 2_N¢] (6 /8 Tl) s e:l:i[krg—n(ZQs)ln(Qk rg)—l—ac(ﬁ,ZQs)—%ﬁ] )

The 5 — oo limit of both sides of identity (4.35) yields therefore

Z $; ¢ (4.36)

n+1S noj=

QT (€ 8ir) = QI Bir) +

n
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If we repeatedly apply this identity on itself we obtain, in a first step,

QLA (1, Byr) = 2L QEE) (¢, 8 )

n—1
Sn41
J 07, B;r sj 97 (€, B;r)
Asnsnljzo An+1 njzoj
and finally

Qu (€, Bir) = T QE Bir) + 3 Dy o1 (0 B, (4.37a)

0 j=0

" 1

D! =5s,.18; _ 4.37b
’ B pzj Ap+1 Spr1Sp ( )

The coefficients s, and A,, as well as the Laguerre-type functions ¢, are quite easy
to evaluate. In Chapter 1 we have shown that s, and ¢L are related to orthogonal
polynomials. Hence formula (4.37) provides probably the simplest form to evaluate any
Laguerre Quasi-Sturmian function Q%) once we have QL)

Result (4.37) has itself another consequence. Using the series representation (4.26b),
the left hand side of (4.37a) can be expressed as

Qi B r) n+1zs] (€, B;7) + snﬂzh oL, B; )

Jj=n+1

while the right hand side reads
0

anZh Eﬁr ZD" (0, B;r)

n

h* S]Z }QS]L(&&T)JF%STH% i R ok, Bsr).

p+1 Sp+1 Sp j=n+1

Equating these two expressions we obtain

n+1 ZSJ (bL e B T - SnJrlZ sz ¢f(€7/ﬁvr>7

Apt1 Spy1 SJ

and, due to the linear independence of the Laguerre-type functions, we find a relation for
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the coefficients s,,, ﬁsli),

. k " 1
B s p B g = s s g e EE——— '
PR T T A sy sy /

/N
N

If 5 = n, this identity simplifies to

k

ngi) Sp — il(:t) Sn =35 a1
A " ! 20 A

(4.38)

which is a formula introduced by Heller in reference [62]. Hence, relation (4.38) constitutes

a generalization of such identity to any combination of indices n, j.

4.3.6 Laguerre Quasi-Sturmian functions and Coulomb wave

functions

It is possible to provide a relation between the sine-like Coulomb wave function F*)

introduced in Section 1.2 and QL. Using the series representation (1.32) for F'(*)

the recurrence relations (4.32) and (1.34) for Quasi-Sturmian function and coefficients s,

respectively, and taking Z = Zgg, we deduce

FO k) 122 S s, bt B

@32 lim {SOBO( ) L(i (¢, B; )*SoAle(i)(&ﬁ;T)

N—oo

N
+Z%[H@Wwﬁm+mwm%W@m

+ A, Q¢ B; )}}
= lim {SOBO(Z) L) (gﬁr)‘FSlAlQo (AB;T)

N—oo
N-1
+ Z Sn+1 An+1 Qﬁ(i) (Ev Ba T)
n=1
N—+1

b3 s B2 QB + 3 st AuQEO( B )}
n=1

n=1

Thus, using (1.34), we finally obtain

FO(k;r) = Tim Ay [s0 QD (6 8;7) = snin QE®(€, 85m)]

n—o0

(4.39)
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To illustrate this result we plot in Figure 4.5 the exact sine-like Coulomb wave

function F©) and its approximation
FY (0 k) = Anga [sv QNG Bir) = s Q1T (L, B5)] (4.40)

in terms of outgoing Laguerre Quasi-Sturmian functions. As expected, an increment on

N improves the quality and extends the radial range of the approximation F' ]sf ),

2.5¢ ‘

b — N=25
2.0 o No3s |
1.5 == Fkr |

Fn®(1,k;r)

= A AR AAL
| VVVVW'\

40

\s

r
Figure 4.5: Plot ofF](Vs), defined in (4.40), as a function of r, using N = 25 (full line)
and N = 35 (line with dots). The dashed line corresponds to the regular Coulomb
wave function F) . Parameters: 7 = —1, p=1, k=125 =2, § =0.8.

4.3.7 Quasi-Sturmian functions with a variable charge

In order to use the functions Q=) to describe three-body scattering problems we present
and study in this section a generalization of Laguerre Quasi-Sturmian functions. We no
longer consider the charge Zgg as a fixed parameter but as a function C=C (ws) of a set
of variables ws. This situation of having a variable charge in a Coulomb potential appears
when studying three-body scattering problems in hyperspherical coordinates, where ws
represents collectively the five angular variables of the coordinate system [see Chapter
6]. A great advantage of these angular-dependent Quasi-Sturmian functions is that their
asymptotic behavior may be chosen to match that of three-body scattering wave functions
described by Peterkop [21].

Hereafter, we present Laguerre Quasi-Sturmian functions with a general variable
charge C and replace the radial variable r by the hyperradial variable p (used in

hyperpherical coordinates). The boundary value problem defining these functions is
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1 & (t+1) Clws) . 1
[ — —E (:t) . = — L s 44]_
2Mdp2 + 2[up2 + P Qn (&B,W&p) pgbn(gaﬁap)a ( a)
QS (¢, B,ws; 0) = 0, (4.41D)
QB L, B,ws; p) TZ° Q% (ws) o ti[kp=n(C(ws)) In(2kp) +oc (6.0(ws) - 5] (4.41c)

forn e NU{0}, Z € R, u, E € Rt and £ € R U {0}. The parameters n and o¢ were set
in (1.23a) and (1.23b) respectively.

Clearly, analytical expressions for these Quasi-Sturmian functions and all related
properties can be obtained simply by replacing Zgs with the ws-dependent charge C
in the formulas presented for the Laguerre Quasi-Sturmian functions Q%*). The integral

representation (4.24) becomes

2 N, )
QLE (0, B, ws; p) = L (28)H1 P

B F ik
/ dz (1 — z)tin C(w5))(1 ot Z)zzpm(é(wg))(l e
+1
% ez(ﬁzl:ik)p Liﬁ-{—l (1 — Z)<1 — W Z) 2/8p : (442)
1—2z—w*tlz

and the closed form for the asymptotic coefficient Q%** can be obtained from (4.22). The

series representation (4.26a) in terms of Laguerre-type functions reads now
erzl(i) (67/67(*}57 Zgnj E /8 ) (443)

with gffj) defined by (1.66) but taking Z = C(ws) in the expressions for s, and h(*)

(£)

n; satisfy the pseudo-recurrence relation (1.65),

These ws-dependent coefficients g

Ant1 gﬁzﬂ,j(%) + B, (C(ws)) g,(f;) (ws) + Ay 91(1%)1,]'(%) = On,g- (4.44a)

As an immediate consequence, relation (4.32) becomes

A1 QEE (0, 8,ws; p) + Ba(C(ws)) QXF) (€, B, ws; p)
+ A, QR (L, Bows; p) = 6E(0, B;p)  (4.44D)

taking again, for the case n = 0, Qf(li) = 0.
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Illustration

In order to present some illustrations of these Quasi-Sturmian functions, we introduce

Z —1 A T
— ——, for O<a< —,
COS & sin «v 4
Cla) = . (4.45)
A Z —1 T T
— - — , for — <a<—.
CoS «v sin «v 4 2

For the moment, the function C' has no particular meaning, but in Chapter 6 we will
see that this is the variable charge corresponding to an approximation (the first term in
a multipolar expansion) of the three-body Coulomb potential.

Using the integral representation (4.42) and taking as variable charge the function
C, we present in Figure 4.6 a plot of the real part of two a-dependent Laguerre
Quasi-Sturmian function Q) = QL) (¢, 3 a;p). The plot is presented in spherical

coordinates ( 71 = pcosa, ry = psina).

70.00
{

{~005Re[Qut )]
‘f -0.10

/=015

- —20

" Joo
./  Re[Q;*")
Y -0.5

Figure 4.6: Real part of two a-dependent Laguerre Quasi-Sturmian function Q,I{(Jr)
as functions of spherical coordinates (r1,12) for n =0 (left panel) and n =7 (right
panel). In both cases we fired ¢ =1, =08, u=1, Z =2, k=1.25.

In Figure 4.7 we plot, as a function of «, the real and imaginary parts of two different

coefficients g,(;;]) calculated using formula (1.66) with the function C' instead of Z. We
'3
the function C' is not defined at these points. Also, for increasing values of the indices

observe that these coefficients are regular at the end points of the interval (0,%) even if

the coefficients oscillate more and the oscillations accumulate near the end points of the

domain.
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Figure 4.7: Real (solid line) and imaginary (dashed line) parts of
as a function of a: n =3, ¢ =8 (left panel) and n = 12,q = 9 (right panel).
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We take Z =2, u=1,k=12{0=1,6=1.7.
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Figure 4.8: Panels (a) and (b): the full line represents the real and imaginary parts

(respectively) of an a-dependent Quasi-Sturmian function Q,I{(+) as a function of p,
fixing « = Z. The dashed line corresponds to the real and imaginary parts of its

1-

asymptotic behavior (4.3c). Panels (c) and (d) represent the same functions, but for
a = {5. In all cases we taken =5, 0=2,3=09, u=1,2Z=2,k=1.1.
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Finally we focus on the asymptotic behavior of the a-dependent Quasi-Sturmian
functions. We present in Figure 4.8 two radial sections of the function with fixed index
n = 5. Panels (a) and (b) show, with solid line, the real and imaginary parts, respectively,
of QX*) as a function of p and taking o = T as a constant. The dashed line corresponds
to the real [panel (a)] and imaginary [panel (b)] parts of the asymptotic behavior (4.3¢c),

calculated taking Zgs = C g . Panels (c) and (d) present similar information but

T
for a fixed a = T We clearly observe that for a a value close to the end points, the
function C increases in magnitude, and the asymptotic behavior (4.3c) is reached at larger

hyperradial distances.

Derivatives with respect to «

For the variable charge C' defined by (4.45) we can explore the derivatives with respect

to a of the coefficients g,(:;) and of the Quasi-Sturmian Q).

From the series representation (4.43) we immediately obtain

0 > [d
e OB = 32 | o} i) (1.46)

and from the pseudo-recurrence relations (4.44a) and (4.44b) we find

d () d () d ()
An+1£ Inyrj(a) + Bn((j(&))% Gnj (@) + An% In1i()
d ()
— - | 0] @, )
A 2 QED (0, 8,0 p) + Bal(Cl) 2 QEO(0, B, 00) + A2 QEE (0, B..v; )
n 304 n+1 ) My n 304 n ) My Ly naa n—1 ) My Ly
d
. {@ c<a>} QYO B aip)  (44Th)

for A, and B, defined in (1.20).
A very interesting relation can be deduced following simple manipulations. Let us take
the derivative with respect to « of both sides of the differential equation (4.41a) defining

the a-dependent Quasi-Sturmian functions,

1 & ((+1) Cla) o
—— _ gl L@ .
2'u dp2 T 2up2 + ) } aaQn (&570@0)
__ |4 1 re '
daC(a)}an (€, 5, 05 p). (4.48)
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On the other hand we take the differential equation (4.41a) for an index j, multiply both
sides by
9 (@)

n7.]

da

and perform a formal summation over j to obtain

_ {ic(a)

———+ +

L@ (+1) Cla) d
2udp? " 2pp? p _E} {__Cm

) f:g,s,%’<a>@f<*><e,/3,a;p>

- di } Zg 07 (€ Bip). (4.49)

From (4.43) we find that the right hand side is identical to that of equation (4.48): (4.48)
and (4.49) are then the same differential equation. Supposing further that the solutions

of both satisfy the same boundary conditions, we obtain

0 d s
Dy = - {@ma)} z 02 (0)QE (1. .01 p) (4.50a)
4.43 d

Besides, a series representation in terms of a basis set is unique. Thus equations (4.46)
and (4.50b) imply

950 = = | 0| S @) (451)

Finally, using relation (4.31), we obtain

1

d d 00
T Ghp (@ )——{@ )/0 fo’(&ﬁ,a;p);Qﬁ,ﬂ(é,ﬁ,a;p)dp. (4.52)

This is not a formal proof, but we can verify this assertion numerically. For the values
of the parameters Z =2, u=1,k=1.5,¢ =1, § = 2.4 and the indices p =5 and n = 2,

we evaluate numerically the o dependent quantities

o0 1
tnty(e) = [~ Q. 5,0:0) - QEV(E, 5, 0:) dp,

d — g5 (a)
da
Dery (o) = -

daC( a)
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and measure the relative error through

_ | Derypn(a) — Inty, ()
Epnler) = Der,, () '

The obtained results are presented in Table 4.2. Clearly identity (4.52) is verified. We
notice that the relative error &, ,, increases for values of o approaching the end points of
the interval (O, g) This is due to the fact that near these end points the coefficients
gz(j;) concentrate most of their oscillations, as observed in Figure 4.7. We can also verify
that, as expected, the symmetry of the function C' with respect to a = g is present in

these expressions.

a Int, () Der, () Epnla)

27T_O -0.00554295 - 0.0146246 1 -0.00543316 - 0.0146222 1 0.00704029

171'_0 0.150919 + 0.0727451 i 0.150011 + 0.0729142 1  0.00553815
Z —0.001  -0.172925 + 0.0528128 1  -0.172526 4 0.05274951 0.00223454
% 4+ 0.001  -0.172925 + 0.0528128 1  -0.172526 + 0.05274951 0.00223454

Table 4.2: Verification of identity (4.52) for different values of o and parameters
p=5n=2Z=2pu=1k=15/,=1,8=24.

d

Remark 4.3.1. Notice that even if d—C(a) is not defined for a = %, the limit for o — %
Q@

of the ratio Der(a) exists. This is a consequence of the symmetry of the functions C' and

+)

955 (o) with respect to a = Z

4.4 Chapter summary

We have defined and studied Quasi-Sturmian functions. These functions, like Generalized
Sturmian functions, are useful to describe two- and three-body scattering solutions
because they can be constructed with an appropriate asymptotic behavior.

When considering the auxiliary potential as a Coulomb potential, and Slater-type

orbitals or Laguerre-type functions as driven functions, Quasi-Sturmian functions can be
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given in closed form.

To start, different analytical expressions for one variable Quasi-Sturmian functions
and their asymptotic behavior have been presented. This allowed us to study them
from an analytical point of view, something we cannot do with most of Generalized
Sturmian functions, which are numerically generated. We have explored the mathematical
properties of Laguerre Quasi-Sturmian functions, establishing different useful relations
between them and Laguerre-type functions. Most noteworthy is the pseudo-recurrence
relation they satisfy. We have also shown that Laguerre and Slater Quasi-Sturmian
functions are generalizations to any index n, of a particular function introduced by Yamani
and Fishman to be used in the J-Matrix method.

Next, we have considered Quasi-Sturmian functions with a variable charge. Their
advantage is that their asymptotic behavior can be chosen to coincide, in a hyperspherical
framework, with the one expected in three-body scattering solutions.  Analytical
expressions for them, their asymptotic behavior and their derivative with respect to an
angular parameter were given.

Some of the results exposed in this chapter can be found in reference [34], where we
have made a first presentation of one variable Quasi-Sturmian functions and we have used
them to solve a two-body scattering problem. The application to three-body scattering

problems will be discussed in Chapter 6.
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Chapter 5
Two-body scattering problems

In this chapter we show how to deal with two-body scattering problems using, as basis
sets, Generalized Sturmian functions and Quasi-Sturmian functions. Atomic units are

used throughout the chapter.

5.1 Statement of the problem

2
The dynamics of a particle of mass p and energy £ = 70 > 0, under the influence of

a general potential V', for a given angular momentum ¢, is described by the Schrodinger

equation (time-independent non-relativistic case) [3, 81]
[T+ V —E|V=0. (5.1)
In spherical coordinates the kinetic energy T takes de form

1 0 0 1
T=— —(r? = L2
212 Or (r 8r> + 2ur?

where L? is the angular momentum operator, whose eigenfunctions are the spherical

harmonics Y;" [2, 28],

L2V, (0, ) = (L + 1) Y(6, ). (5.2)

For a central potential V' = V(r) equation (5.1) becomes separable. Then, for fixed ¢, m,

one proposes
1 m
W(r) = BV (0, )

97
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to obtain, using the angular equation (5.2), the reduced radial equation
H, — E]®(r) =0, (5.3)

where the reduced Hamiltonian operator H, = T, + V was introduced in (1.17).
Throughout the following sections we will focus on the solutions of the radial differential
equation (5.3).

For scattering problems, we denote &) and ®® the solution of the initial equation
(5.1) and the reduced equation (5.3) respectively. The symbol (%) indicates the chosen

incoming (—) or outgoing (+) asymptotic wave behavior. The separation into initial ®

(£)

plus scattering solution ®;

O (r) = @o(r) + L (1), (5.4)

S

is generally proposed. The potential V' is also conveniently separated,
V(r) = Vo(r) 4+ Vi(r), (5.5)
where V; is the potential associated to the initial state @&,
[Te + Vo(r) — E] o(r) =0, (5.6)

and V] is the scattering potential. Replacing (5.4) and (5.5) into (5.1) one gets the

following non-homogeneous differential equation for ()
H, — E]2{D(r) = F(r), (5.7)

where we set F(r) = —=Vi(r)Py(r).

To solve the equation, we express its solution in terms of a set of basis functions {¢, },
O (r) = > anpn(r). (5.8)

After inserting (5.8) into (5.7), we multiply by the left both sides of the equation with
appropriate functions ¢, and a weight function w, and finally integrate over the interval

(0,+00). Thus we construct a matrix equation

O-a=h. (5.9a)
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The solution of this system is a vector a whose components are the coefficients a,,. The
matrix O is the matrix representation of the Schrodinger operator describing the problem

[see Remark 1.1.1]. Its elements O, ,, are

Oun = [~ Zalr)u(r) [He = El (v dr, (5.9b)

and the components b, of the vector b are given by

by = — /0 G (N w(F) Vi) ®o(r) dr. (5.9¢)

If the basis set {,} is orthonormal with weight function w, these coefficients correspond
to a generalized Fourier expansion of F'(r) = —Vi(r)®q(r).

The boundary conditions depend on the particular problem to be solved. For example,
when V' behaves as a Coulomb potential = at large distances and V; is a short range

potential, the boundary conditions, for a given angular momentum ¢, become

dH)(0) =0, (5.10a)
q)(i) (T’) =00 Ae:l:i[krfn(Z) 1n(2kr)fgé+oc(Z,Z)]’ (510b)

coinciding, up to a constant, with the asymptotic behavior of the Coulomb wave functions
H®) given in (1.28). The constant A is proportional to the transition amplitude for a
given ¢. If V is of short range, the asymptotic boundary condition (5.10b) simplifies to

e this situation is illustrated in the next two sections.

Remark 5.1.1. If the basis functions ¢, used in (5.8) to represent the scattering solution,
(+)

behave in the asymptotic region proportionally to the expected behavior of ®{/, it is
straightforward to extract an expression for the transition amplitude. For example, in
case of an expected Coulomb behavior at large distances as in (5.10b), if we take basis
functions satisfying

Q0n<r> r—00 An e:l:i[krfn(Z) In(2kr)— S L+oc(¢,2)]

)

we immediately deduce that

A= Z%-An-
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5.2 Implementation of Generalized Sturmian

functions

One possibility is to use Generalized Sturmian functions as basis functions. Their general
description was presented in Chapter 3, and the results shown in this section form the
second part of reference [33].

Taking ¢, (r) = S,(jz) (r), the proposed solution (5.8) reads
() = Xan 57 (1), (5.11)

Upon replacement in (5.7), and taking into account the differential equation (3.1) satisfied

by the Generalized Sturmian functions, we find
S @[V (1) = Va(r) = Me Vo (1) () = F(r). (5.12)

If we further choose the auxiliary potential V, to be the interaction potential V|
only the generating potential remains on the left hand side of the equation. Taking
Qq(r) = Séj)(r) and w(r) =1 1in (5.9), the matrix O becomes a diagonal matrix. Then
the coefficients a,, are

1
TN 1
tin )\mgvn bn’ (5 3&)
where
+oo
Vn :/0 Sr(jz)("’) Vy(r) SS?('/’) dr, (5.13b)
+oo (+) +00 )
by = /0 S ) Fr)dr=— [ S Vi(r)@o(r) dr. (5.13¢)

5.2.1 Scattering of a particle by a Hulthén potential

Let us consider the scattering of a particle under the influence of a Hulthén potential (3.6)
and take only the angular momentum ¢ = 0. As initial state we consider a free particle,

hence L
P —— (5.14a)
l—e =

V=0, Vi) =V()=v

and

Oo(r) = kr jo(kr) = sin(kr), (5.14b)
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where jj is a spherical Bessel function. For outgoing wave behavior, the non-homogeneous

equation (5.7) becomes

1 d? e e a
-2 — _El W (r) = — _d 5.15
2'u dT2 + Vo 1 —e & sc (T) Vo 1 _ ez 0<T)7 ( )

and as boundary conditions we require

dH(0) =0, (5.16a)
O (r) " At (5.16b)

Since these boundary conditions are exactly those of the Hulthén Sturmian functions
presented in Section 3.2, it is natural to express the scattering solution as a combination
of them, in particular, we may use the functions S,(;EO) introduced in Remark 3.2.3, so

that the scattering solution becomes
O (r) = a, S5 (r). (5.17)
n=1
Taking as auxiliary potential the Hulthén potential (5.14a), i.e. V, = V, we are in the

situation described after equation (5.12). Thus we obtain from (5.13) the coefficients

L e e . kNS
Vo Sy(:)) (T) % Sin(k"f‘) dr (3:28) _1}(]7:1’
AnoVa ° | I—eme 20 Ano Ano

where N2 is given by (3.19) and V,, = 1 [see paragraph following formula (3.19)]. Since

v, = Vg, the eigenvalues j\n,o, given by (3.21), become

- ) — 2ka
R = Ao — 1 31D _nln = 2kai)

2pa?v,
and the scattering solution reads

wk & (VD) . R
O (r) = — 2 r; R ey Fy (—n,n —2kai, 1 — 2kaise a) .

Finally, as explained in Remark 5.1.1, taking the limit » — oo we deduce the

scattering transition amplitude A for the collision process. From

_’Uok’ - (NS)2 ikr

O () TR
(r) 21 = Ano(Ano — 1)

sc
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we obtain
v b (N3)?

B 2,u n—1 )\n,0<)\n,0 — 1) '

In reference [33] we have presented the value found for a particular choice of the

A:

physical parameters and compared it successfully with the result obtained by using an

independent numerical procedure.

5.2.2 Scattering of a particle by a Yukawa potential
As another application we study the outgoing solution of

—Qar

e

[ L& " plot) = o) (5.18)

2udrr v

which describes, again for ¢ = 0, the scattering of a particle by a Yukawa potential

Vi(r) = —eiar- (5.19)

r

The boundary conditions are those of the previous case [formulas (5.16)].
As in the previous example, we take for the initial state @ a free particle (5.14b), so
that

Vo =0, Vi(r)=V(r)=—

The proposed solution ®(f) takes the form (5.17), where, this time, we use as basis
functions, Hulthén Sturmian functions with auxiliary potential V, = 0..

Since we are not choosing the auxiliary potential coinciding with the interaction
potential, the matrix associated to the Schrodinger operator of this problem is not
diagonal. Then the coefficients a,, cannot be calculated using (5.13); they are solution of

the matrix equation (5.9) with

Oun= = [ S5OV S0)dr = duodi (5.200)
0

Do (r) dr, (5.20b)

where we have taken w = 1.
In reference [33] we have solved the scattering problem by setting the values of the

parameters « = @ =1, vo = —1, p =1, F = 0.5, £ = 0. The integrals (5.20) had to be
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numerically performed. We needed 60 terms in the expansion (5.17) to reproduce with a
very good accuracy the scattering solution obtained by an independent numerical method.
However, we also showed that 20 basis functions basically provide a good approximation
of the solution.

According to Remark 5.1.1, the ¢ = 0 transition amplitude, calculated with N terms,

takes the form N
AN =3N"q, NJ.
n=1

With the first 20 terms of this series we obtained A®? = (0.389994 + 0.7884514, while
taking 60 terms we found A9 = 0.4085 4 0.7869:.

5.3 Scattering solution in terms of Quasi-Sturmian

functions

Similarly, but as an alternative, to Generalized Sturmian functions, we propose to express

the solution of the general scattering equation (5.7)
O (r) =Y a, Q) (L, i), (5.21)

in terms of the Quasi-Sturmian functions presented in Chapter 4, with u, £ and E given
by the problem one wants to solve.

Consider first the functions Q(*) satisfying the differential equation (4.1). We apply
the operator [H, — E] to one of them to find

Hy — BJQI(€, B:7) = Voo (1) + [=Valr) + V()] Q5 (¢, B ).

Taking V, =V and V, equal to the weight function w of an orthonormal basis set {¢,},
the matrix O associated to the operator [H, — E], introduced in (5.9b), becomes the
identity for ¢, (r) = ¢,(r). Thus, the coefficients a,, in (5.21) coincide with the generalized
Fourier coefficients b, given by (5.9¢), associated to F(r) = —Vi(r)®q(r). This option
looks attractive. However, in the general case, Quasi-Sturmian functions are not known
in closed form, so that no further analytical considerations can be made.

Alternatively, we may use the Laguerre Quasi-Sturmian functions studied in Section
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4.3. In this case, using (4.3a), we obtain
L(+) Ly Zqs L(+)
H, — E]Q, (L, 8;7) = ;%(575;7“) Ll s Vi(r)| Q. (L, 8;7).

Choosing ¢, = <;5qL and w = 1 in (5.9), taking into account the orthogonality property
(1.9a) of Laguerre-type functions, and using the series expansion (4.26a), the matrix

elements O, ,, and the components b, become

Ogn = O — Zgs 955 + /0 h PE(C, B;r) V(r) QL) (¢, B; 1) dr, (5.22a)
by = —/OOO Oy (L, B;m)Vi(r)®o(r) dr. (5.22b)

5.3.1 A particular two-body problem

To illustrate the efficiency of the proposed Quasi-Sturmian functions, we consider the
scattering of a particle in a combined attractive Coulomb potential Vj plus a Yukawa

potential V7,

Vor)=— (212 <0), (5.23a)

Vi(r) = — (a,b € R, a,b>0). (5.23b)

We propose as initial solution ®, the regular Coulomb wave function F®) given by (1.24)
that satisfies equation (1.22).

The scattering problem reads

b 670,7‘

1 d? E(f + 1) 2129 be "
v - —EB|0o® ()= —— FO(¢,k; 5.24
2” dT‘Q + 2,&7"2 + r r sc (T) r ( ) vy T)u ( a)
o2 (0) =0, (5.24b)
(I)g:cl:) (T) r—00 A ezl:i[kr—n(zlzg) In(2kr)— S 44oc(¢,2122)] ) (524C)

The following results have been presented in Section V of reference [34], where we
have compared the solutions obtained with different numerical techniques. First, using a
finite difference method, we have constructed a set of numerical Quasi-Sturmian functions,
taking as generating potential the total potential V, = V{ + Vi and considering ¢,(r) =
gqu (¢, B;r). This choice led us to the trivial solution a,, = b, described at the beginning of
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Section 5.3. Second, and for convergence rate comparisons, we have solved the problem
using Generalized Sturmian functions (also numerically generated). Finally, we have

employed the analytical Laguerre Quasi-Sturmian functions provided in Section 4.3.

Numerical Quasi-Sturmian functions
A linear system of equation as the one given by (5.9) was solved considering a set
of Quasi-Sturmian functions numerically generated with a finite difference technique.

Choosing the auxiliary potential to be the total potential

Va(r) = 22 _ be_ar,

r r

1
and taking Vy(r) = =, @q(r) = ¢X(¢,3;7) and w(r) = 1, the coefficients a,, in (5.21)
r

coincide with b, in (5.9¢), and can be given in closed form

70,7‘

FO, kyr)dr

b= oh (6, Bir)

( _8) ch(E) ( 26 )f-l—l (a—ﬂ—zk)" <a+6—2k’)m(2122)
- Noe  \(a+B)? +k? a+pB—ik) \a+pB+ik
, 4Pk1
X2“(‘“f+1+“ﬂ%@%%+2*"7r@?rﬁﬁ)'

(5.25)

Analytical Laguerre Quasi-Sturmian functions

A set of Laguerre Quasi-Sturmian functions was also used to represent the scattering
solution. We fixed the parameter Zgg of the Quasi-Sturmian functions as the charge of
the problem, Zgps = z122. Once again we took Vy(r) = %, Qg = <;5§ and w = 1, so that
the coefficients b, [formula (5.9¢)] are those of the previous case, i.e., (5.25). The matrix

elements O, ,,, given by formula (5.22a), are also analytical,

70,7"

OW:@m—A<#M@w QL(&&HW
b ngﬁ/ HEB:r) S 040, i)
(B:9) 5o b ( 2/8 >2€+2i g(:l:)i( a )‘H‘j
P N T(20+2) \a+28 = 7" Nje\a+28

2
X o <—q, —7j; 20+ 2; (%) ) . (5.26)
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For the particular choice 28 = a, the hypergeometric function simplifies [see equation
(1.15)], and we obtain

bN,, [1\F2e > 204+2+7), (1)
Ogn = Ogn — — 2 (—) Zg(i’—( 244 <—> (5.27)

¢ \2 P N, 2

Fixing
b=10, a=13, z1ze=-2, u=1, k=1, (=0,

taking f = 2a and truncating the summation in (5.26) at 7 = 300, only 15 Quasi-Sturmian
functions were needed to approximate the scattering solution while 30 Generalized
Sturmian functions were necessary to achieve the same accuracy. A comparison of
the solutions obtained with different numerical techniques, as well as details of the
computations, were presented in reference [34].

In Figure 5.1 we plot the real and imaginary parts of the approximated scattering

solution

N
NI () =3 a, QED(¢, B; 1),
n=0

obtained by using expressions (5.25) and (5.26) to find the coefficients a,, and the
integral representation (4.24) to generate the Quasi-Sturmian functions QX*). The full
line represents ®¥*) taking 8 = 2a and using 21 basis functions (N = 20). The dots
correspond to taking 23 = a, N = 30, and using formula (5.27) for the matrix elements.
In this case more basis functions were needed to obtain a convergent series in (5.21),
meaning that this choice of the parameter [ is by far not optimal. This can also be
observed through Figure 5.2, where we plot the modulus of coefficients a,, as a function
of n, for the two situations considered: 8 = 2a (dots) and 25 = a (diamonds). In the first
case the coefficients become negligible for n > 15 while in the second case the coefficients
can not be neglected up to n = 55. We conclude that, even if the analytical expression

simplifies considerably, the choice 25 = a leads to a much slower convergence rate.
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Figure 5.1: Real (left panel) and imaginary (right panel) parts of @é\é(ﬂ as a function
of r, taking B = 2a with N = 20 and 28 = a with N = 30. Parameters: b =10, a =
1.3, z120=-2, u=1, k=1, £=0.
20" B=2a |
1.5/ © 2p=a
<
— 1.0 [ o’“"‘o ]
i R .,
* .0
0.57 .0‘ 7
P4 s “0,
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n
Figure 5.2: Modulus of the coefficients a, as a function of n obtained for the
approximated scattering solution @é\é(ﬂ corresponding to b = 10, a = 1.3, 2120 =
-2, u=1, k=1, £ =0. The dots are obtained when considering 8 = 2a and the
diamonds correspond to taking 20 = a.
5.4 Chapter Summary
We described the procedure to solve a general two-body scattering problem by using, first,

Generalized Sturmian functions and then, Quasi-Sturmian functions.

We have solved three different problems expanding the scattering solutions in terms

of Hulthén Sturmian functions and Laguerre Quasi-Sturmian functions. Clearly, the fact

that the basis functions have an appropriate asymptotic behavior represents a serious

convergence advantage.
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For a Coulomb plus Yukawa potential, the scattering problem was solved implementing
a set of numerically generated Generalized Sturmian functions, as well as numerical and
analytical Laguerre Quasi-Sturmian functions. All basis functions considered had the
desired asymptotic behavior. For this particular problem, Quasi-Sturmian functions were
the most efficient. Interestingly, for the analytical Quasi-Sturmian functions we were able
to give in closed form the matrix elements and the components of the vector involved
in the linear system to be solved. In this case, we have also tested the influence of the
parameter controlling the spatial extension of the driven terms. We noted that even if
a certain choice of the value of the parameter simplifies the expression of the matrix
elements, the solution obtained was not optimal as it required many more functions in
comparison to other choices of this parameter.

The results involving Hulthén Sturmian functions complete the second part of reference

[33], while those related to Quasi-Sturmian functions were presented in reference [34].



Chapter 6
Three-body scattering problems

This chapter is dedicated to the study of three-body scattering problems by using different
variants of Quasi-Sturmian functions as basis sets. We propose to use hyperspherical

coordinates, and focus on the Temkin-Poet model problem. Atomic units are used.

6.1 Hyperspherical coordinates

In the laboratory reference frame, nine variables are needed to describe the motion of
three particles: three variables to represent the motion of the center of mass and six
variables to represent the internal motion.

Let p; be the position of each particle of the system and m; its mass, ¢ = 1,2,3. The

Jacobi vectors r;; y Ry ;; are defined as follows

¢ 1y is the vector with starting point p; and endpoint p;,

o Ryi; is the vector starting at the center of mass of the subsystem {p;, p;}, and
ending at pg.

For example, fixing k = 1, j = 2, ¢ = 3 we obtain the following picture.

mso

Figure 6.1: A pair of Jacobi vectors.

109
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For fixed i, j, k, the normalization of the Jacobi vectors r;;, Ry ;; is given by

o\ 1/2 1/2
X = <@> Tij, Xk = (i) Ry.ij,
H Hij

my Mo msa

where

= and =
Hig mi+mj . mi + Mo + M3

are the reduced mass of the subsystem {m;, m;} and the reduced mass of the hole system
{m1, mo, m3}, respectively.

Leaving aside the motion of the center of mass, in the 6-dimensional space we define
the hyperspherical coordinates [see formula (12.3.88) in reference [2], or references [36,
37]], consisting in one radial and five angular variables. The radial variable (named
hyperradius) is defined by

p=a;+ X} (6.1)

and does not depend of the choice of i, j, k.

There are different ways to choose the angular coordinates [36], each of which gives an
alternative coupling scheme of angular momenta and, as a consequence, to an alternative
representation of the Schrodinger equation describing the three particles dynamics. We
are going to consider the asymmetric hyperangular parametrization for which one of the

angular variables is

: (6.2)

o = arctan

and the others are the polar angles 0y, , ¢x,, 0x,, ¢x, defining the orientations X, and
X, of the Jacobi vectors in the center of mass reference frame. It is usual to indicate

collectively the five angular variables by
Ws = (Oé, exka ngk’ 9X}H @Xk)
From (6.1) and (6.2) we have

T = pcosa, (6.3a)

Xy = psina. (6.3b)

Let us fix k=1, j = 2, ¢« = 3. In the present work we consider m3 much heavier than
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my and ma, so that the reduced masses simplify

1= /M1 My, H32 = Ma,

the center of mass for the subsystem {rs,r3} coincides with ps and the Jacobi vectors

scheme (Figure 6.1) transforms to the following one:

ms

Figure 6.2: Jacobi vectors for ms > max(mq, ms).

In addition, for the case of two electrons and

a nucleus we have m; = my = 1 and

To r------

X1 = I39, Xi =R 3. |

s

1

. . !

Renaming r3s = ry, r3; = re, we obtain for \a !
this particular case 0 = r

Figure 6.3: Relation between the
6.4 spherical coordinates (r1,r2) and the

ri=r =1 = PCOS
1 32 1 1% ) hyperspheﬂcal pasr (P7 a)'

Ty = Ry 30 = X; = psina. (6.4Db)

6.1.1 The Coulomb potential for three charged particles

In spherical coordinates the Coulomb interaction between three particles of charges

4,21, 29 18

21 A Z9 Z Z1 29

V(ry,re) = (6.5)

)
T ) |I'1 — I
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while in hyperspherical coordinates, and for m; = mgy = 1, it becomes [2, 19, 37, 83]

A A
Vi(p,ws) = o z2' + ,.Zl =
pcosa  psina  p \/1 — sin(2ar) cos 09
_ Clws) (6.6)
p

naming 65 the angle between r; and ry. The explicit form of the “charge” C can be found
in reference [19].

For the last term in the spherical representation (6.5) we have the well known
series expansion [50] in terms of Legendre polynomials P, [43] (known as the multipole

expansion)

1 > 1 "
— Z—(T—<) P,(cos ),

v — 1y B n=0 > \T>

where ro = min(ry, rp), r~ = max(rqy,re).

As a first approach to the three-body scattering problem, it is usual to consider a
model, known as Temkin-Poet model [38-40]. Tt results from keeping only the first term
in the previous series, instead of the full Coulomb potential (6.5). The model potential

in spherical coordinates reads

A Z
V(ri,ra) ~ a + = + leQa

T1 T2 rs

while in hyperspherical coordinates, for m; = mg = 1 thus using (6.4), it becomes

Vp,a) ~ @, (6.7a)

21 %2

7
for 0 <a< —
, for a<g

cos()
Cla) = al | l + B(a), Bla)= . (6.7b)

cosa  sln o
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For the two-electron case, z; = 2z = —1 and
Z -1 Z s
— ——, for O0<a<—,
cosa  sina 4
Cla) (6.7¢)
Z Z -1 s s
— - — , for —<a<-—.
CoSs v sin « 4 2
Hereafter we assume Z > 0. Notice that C' is a continuous function in (O, g) At the
endpoints a = 0 and a = 7,

lim C(a) = lim C(a) = —o0,
a—0T a%%i

which reflects the so-called electron-nucleus cusps (r; = 0 or ro = 0). In addition we have
T
a symmetry with respect to a = —,

4
Cla)=C(2~a). o0<a<l (6.8)
2 4
The derivative
(Z—1)sinae  Zcosa T
- 5 ——, for 0 <a < —
d Ccos® « sin” « 4
T Cla) = (6.9)
Z sin « Z — 1) cos« s s
+ fi <a<
— or — <a<-—
cos? a sinfa 4 2
: : ™ : o T+
is not defined in a = 1 but the one-sided limits for « — — exist,
, (Z —1)sina  Zcosa
aliglf T cos?a + sinfa V2, (6.102)
4
Z si Z —1
lim —2° L= QCOSO‘ 5 (6.10b)
a—It  COST o sin” o

The discontinuity at o = 7 does not exist in the real potential (6.5); it is an artifice that
appears in the Temkin-Poet truncation of the multipole expansion.
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6.1.2 The kinetic energy

In the hyperspherical coordinates system, the kinetic energy for a general reduced mass
p reads [2, 19, 37]

2
1[10 .0 A%]. 6.11)

T, =—— | =22
P 2 lp‘”) op" o

Ais is the grand orbital angular momentum operator [2, 19] given by

1 0 0 j2 12
A2 = ——(sin2a 0052a—>+ L

sin? a cos? a dav O« cos2a  sin®a

with j? and 12 the rotational and centrifugal angular momentum operators. The

eigenfunctions of Ais are the hyperspherical harmonics y;”“;;f”, and satisfy
AL, VX5 (ws) = MA+ W5 (ws)- (6.12)
They can be expressed in closed form [36, 82]

Ve ws) = Hge(@) Y™ (%) Y™ (Xa).
Here Y/"s are spherical harmonics [2, 3], and H, ;, are given in terms of Jacobi
polynomials P{®?)

Hy jo(0) = Ny s cos™ ™12 () sin* 12 () PSSRV (cos(20)

where N, ;¢ is a normalization constant.

As mentioned, we are interested here in the Temkin-Poet model. This problem is also
called S-wave model problem [83] because it coincides with the situation of performing a
spherical average of the interelectronic term 1/715, thus keeping only the s-wave (¢ = j =

0). In this case, the grand orbital angular momentum reduces to

1 0 0
A2 = — — [ sin? *(a)=— 6.1
“ sin?(a) cos?(a) Oa <sm (@) cos™() 0&) ’ (6.13a)
and the kinetic energy for the model problem becomes
1 [1 0 0 1 1 0 0
Too=— |—== |p° = — — | sin? 2 —)} 6.13b
P 24 {p‘”) op (p 8p> * p? sin?(a) cos?(a) O (Sm () cos (a)ﬁa ( )

The eigenfunctions of A2 simplify to Jacobi polynomials P{®* usually expressed in
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terms of Gauss hypergeometric functions [2, 40],

Qo) = % PTSI%’%) (1 — 2sin? a)
4(m + 17)71

3
= 7 o Fy (—m,m+2, §,sin2 oz) .

The identity 15.1.16 of [42],

sin[2(a — 1)z]
(a —1)sin(2z)’

3 .
o F1 (a, 2—a, 5 sin? z) =
allows one to give a simpler expression

2 sin[2(m + 1)q] '

Q,(a) = — 6.14
(@) VT sina cos a (6.14)
These orthogonal eigenfunctions satisfy
A2 Q) = 2m(2m + 4)Q,, (), (6.15a)
/5 da () Q) cos® a sin? a = 6y, - (6.15b)
0

6.2 The Schrodinger equation

In hyperspherical coordinates the Schrodinger equation for a three-body scattering

problem reads
[Hyws — B (p,w5) = 0. (6.16)

Here F = E; + F is the total energy of the system, and H,,,, = T, ., + V. The kinetic
energy T, .. was introduced in (6.11), and from now on, we are going to consider V as
the Coulomb potential given by formula (6.6).

As proposed in (5.4) for two-body scattering problems, we decompose the solution
U®) as the sum

g (/)7 w5) = ‘I’O(P, Ws) + ‘I’gf)(/)a Ws)a (6-17)

where W, is the initial state solution corresponding to a potential V),

[T s + Volp,ws) — E]¥o(p,ws) = 0. (6.18)
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Then, setting V; =V — Vj, from equation (6.16) we find a non-homogeneous Schrodinger

equation for the scattering function ()
[Tpws +Vp,ws) — E]‘I’gf) (p,ws) = =Vi(p,ws)¥o(p, ws). (6.19a)
The boundary conditions associated to this equation are [20, 21, 83]

W (0,ws) =0, (6.19b)
+i[K p—1(C(ws)) In(2K p)+oc (¢,0(ws))—0 5]

PIE ’

e

TH (p,ws) "7 Aws) (6.19¢)
where A is proportional to the scattering amplitude, K is the hyperspherical momentum
related to the total energy of the system by K2 = 2uF, and n(C/(ws)) is the Sommerfeld
parameter associated with the angular dependent charge C.

Considering a Temkin-Poet model, with kinetic energy T,, given by (6.13b) and

potential V' as in (6.7), the non-homogeneous Schrédinger equation (6.19a) becomes
[Tpva + V(pa a) - E] \I/g:ti:) (p7 a) = F(pv a)a (620)

for a general driven term F'(p, «). To reduce this equation we express

) (p, )

P () =
sc (p’OZ) p5/2 cosa sina’

(6.21)

as to simplify the action of the grand orbital angular momentum (6.15), and then of the

kinetic energy (6.13b),

H)(p, a) 1 0>

2___sc 1) =— 4] o) 6.22

@ p5/2 cos o sin v P2 cosa sina | Da? + s (P @), (6:222)
19 9 o) 1 9 151
10 (0 _Pllpa) |2 e (), (6.22b)
p° Op Op) p°/?2 cosa sinae pP/2cosa sina [0p?2 4 p?

dH) (p, a 1 1702 1 02 1
Tpa G ) == 5 {— + = a5+ 520 (0 ).
p°/2 cos a sin pP2cosa sina 2u [0p?  p? Da? 4 p?

(6.22¢)
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Consequently, the Schrédinger equation (6.20) becomes

1 1[0 1 0 1 C(a)
5+ 555 ) - Bl e®(p.a) = F(p.a).
(6.23)
In order to simplify the writing we name H,, the reduced Coulomb Hamiltonian
1 /0* 10 1 C
o =~ <—+— )— L Gla), (6.24)
: 2u \9p2 ' p?0a? 8112 0

With this, and from (6.19¢) and (6.21), the reduced three-body scattering problem reads

[H,. — E] ) (p,a) = p**cosa sina F(p, ), (6.252)
o (0,0) =0, (6.25h)
o) (p, ) P A cosa sina eFilKrn(C(@) n@Kp)+oc(t.C(a)~5] (6.25¢)

6.3 The scattering wave function

To represent the solution of three-body problems several coordinates systems and
expansions on different basis sets have been proposed in the literature. First, the
basis should be chosen appropriately according to whether one is dealing with bound
or continuum states. Second, the way the variables are coupled dictates the efficiency of
a basis and, at the same time, the difficulty of its implementation. Hereafter, we consider
only hyperspherical coordinates and focus on scattering problems.

The simplest expansion is to consider
\II Pa WS Z fn gl/ CU5

which treats the angular and the hyperradial variables separately. This strategy is
attractive from an implementation point of view, but it is known to be inadequate
for non-separable differential equations such as the Schrodinger equation describing
three-body scattering problems. Nevertheless, such a proposal have been considered in
many studies [40, 83-88]. In particular, different Temkin-Poet model problems have been

solved by expressing
Synlp)
¥ (p.0) = 3 2 0, )

m,n
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using the Jacobi polynomials €2,, given by (6.14), as angular basis functions, and
hyperradial functions S,(ni% such as Generalized Sturmian functions [40, 83, 84].

Other approaches, like those presented in references [19, 82, 89, 90], couple in a
parametric form the angular and radial variables. To do it, the Schrodinger equation

is expressed as

_110 50 AL + 2019 C(ws)
2u p® dp" Op p?

—FE \I/g:)(pa w5) =0.

To describe the angular part of the equation a set of Generalized Sturmian functions Q,
is constructed by solving

[AZ. = A +4)] Q,(ws) = =249, C(ws) L (ws),
thus relating the radial variable with the eigenvalues p, of this problem () is an external
fixed parameter). In references [19, 82, 90], the authors have solved scattering problems

by generating hyperradial Generalized Sturmian functions Sg;\), to finally represent the

solution as

S53(p) =
lllg:ct) (pv WS) = 67;\/2 QV(WS)'
sv P

An important aspect to bare in mind is the asymptotic behavior of the scattering
solution. We already explained, in the previous chapter, that a good strategy is to use
basis functions including the expected behavior of the solution, as it was the case, for
two-body problems, of Generalized Sturmian functions and Quasi-Sturmian functions.

For the three-body case, the Quasi-Sturmian functions presented in Section 4.3.7
possess this characteristic, as one can see by comparing (4.41c) with (6.19¢). Hence, one

may conclude that functions

1 L m;,m
Phrn(pr0) =~ @ L, B ) V3 ws) (6.26)

constitute an interesting option to represent the scattering solution. Applying the
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Schrodinger operator to one of them we obtain

1 L mj,m
[Hp,ws - E] W Qn(i) (fQS, B, ws; /)) y)\,j,é Z<W5)

“4.41a)y 1 (1 mim
= 5n ;6255(5@5,5;/))%,;7/(%)

1 {EQS(EQS +1)—-15

} QL) (Lgs, B,ws; p) Y32} (ws)

 2up? 4
1 L mj,m
- 5 A%, [ QL s, s ) T ()] | (6.27)

The application of the angular operator is by far not trivial and we do not go further
in providing the resulting expression. Taking the limit p — oo, the three terms between
braces go to zero faster than p~!, indicating that the functions @%,)1 given by (6.26) may be
considered as approximated solutions of the Schrodinger equation (6.16) in the asymptotic
region (p > R).

Another advantage of representing the scattering solution in terms of functions having
the appropriate asymptotic behavior is that it facilitates the extraction of the transition
amplitude, as explained in Remark 5.1.1.

For the Temkin-Poet model problem we investigate here, we present three different
representations of the scattering solution using Quasi-Sturmian functions: one considering
separate variables and separate indices, a second one coupling the indices of the basis
functions and a third one coupling the variables by using Quasi-Sturmian functions with
a variable charge.

First we describe the general strategy to solve the equation, which is an extension of
the procedure implemented in Section 5.1 for two-body scattering problems. We express

®&) in terms of a general set of basis functions {¢,.,}

) (p,a) =Y tmn Pmn(p; ). (6.28)

m,n

Inserting this double series into (6.25a), then multiplying, for each p and ¢, both sides of

the equation by appropriate functions w and ¢, ,, and finally integrating over the domain
s
O<oz<§, 0<p<oo,

we find a linear system O -a = b for the unknown a,,,. The elements O, ., and b,
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forming the matrix O and the vector b respectively, are

bpgy = / / @) Bpa(p, ) p°/? cosa sina F(p, o) dp da, (6.29a)

Opgsmn = / / @) @p.q(py ) [Hpo — E] omn(p, o) dpda. (6.29b)

The matrix O is what we called in Remark 1.1.1 the matrix representation of the
operator [H, , — EJ.

Next we must choose the functions ¢,,,. The angular part of the scattering equation
includes the grand orbital angular momentum whose eigenfunctions are given by (6.15).

The eigenfunctions of the reduced form of this operator [see (6.22a)],

H,.(a) = cos(a) sin(a) 2, () 614 %sin[Z(m+1)a], (6.30)

are used hereafter to represent the angular part of the scattering solution. They satisfy

H,.(0) = H,, (g) —0, (6.31a)
/OW/Q H,(a) Hy (o) dae = 6, (6.31b)
ddT; H, (o) = —4(m +1)? H, (). (6.31c)

The hyperradial terms of the Schréodinger equation (6.23) are similar to the radial ones
in the differential equation defining the Quasi-Sturmian functions [see (4.3a)]. Thus we
propose to use incoming (—)/outgoing (+) Laguerre Quasi-Sturmian functions to describe
the radial behavior of the scattering solution.

Now, as mentioned above, we explore three different possibilities with functions ¢y, ,

n (6.28) associated to three variants of the Quasi-Sturmian functions;

A, pnalp.a) = QS () Hu(o),
B. 0un(p, @) = QS (s p) Hinl),
C. Pumnlp, ) = QP (as p) Hon(0v).
In each case, we present the resulting elements O, 4.1, and b, , defined in (6.29), as well

as the asymptotic form of the obtained scattering solution.

Hereafter, the parameters pu, F and K are the reduced mass, the total energy and
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momentum of the scattering problem (K? = 2uF).

A. Separated variables

We first propose
@m,n(ﬂu Oé) = Qﬁ &) (67 57 p)Hm(Oé)

Each QL ®) is the solution of the boundary value problem

1 &  ((+1)  Zgs L 1
- 4 + - F n(i) 0,B;p) == oE(L, B; p), 6.33a
YRR p Qn' (¢, B85 p) s (4,85 p) (6.33a)
QL) (0, :0) =0, (6.33b)
QLE(L,B;p) P QLas HlKp-nZasin@Kp)toc(tZas) L 5] (6.33¢)

where the asymptotic coefficient QX% is given by (4.22). ¢, Zgs and [ are real
parameters that can be conveniently fixed, and the corresponding Sommerfeld parameter

n and phase shift o¢ are defined by (1.23a) and (1.23b), respectively.

The linear system

Let us apply [H, , — E] to one of these ¢, , functions. In a first step we have

[prz - E] ‘Pm,n(pa Oz)

_ 1 (o L) (. 3.
o ol®g gy L O 1 C@)] sy s,
QU0.5:0) G555 Hnl) + |~ + = | QED(E, B p) Ha)

Now taking into account (6.33a) and (6.31c) we obtain

[Hp,a - E] Spm,n(pa Oz)

1 16(m+1)2—(20+1)% 1
= G0, 5 p) (o) + HU LR Qree, gy (o)
+31C(0) = Zos) QUL Bip) Hao). (6.34)

Choosing
U}(p,Oz) =P @Ihq(pva) :gqu(gaﬁvp) Hp(a)a
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the components b, , in (6.29a) are

/ / H, () F(p,a)p”? cos a sin avdp de, (6.35)

and the matrix elements (6.29b) become

Opmn= [ [ 6t0.5:9) <>¢<w> (@) dp o
+16(m+1 (20+1 // L(4, B p) ();QL(i(fﬁ) (0)dpda

b [P [T OHE5:0) Hf0) [0(0) — Zas] QED (0 52 p) Hinl) dpde.— (6:36)

Each of these three two-dimensional integrals can be expressed as the product of a
radial and an angular integral. In the first two, the angular part reduces to a Kronecker
delta 9, ., because of the orthogonality property (6.31b). The angular integral involving
the C' function is performed in (B.12), and the radial integrals were solved in previous

chapters. Setting

1) = [ ok sk B p)dp
(1.12b) €+1+n5 Ny 2€+1+n5 Ny n+15
- B " Nawe 28 " Nuwwe 2877
we obtain for the first integral
/ / L(0, B; p)OE (L, B; p) () Hoyn(0r) dp dv = 63 14D, (6.372)
For the second integral we use (4.28) to find
[F ] ok QL (¢, 8; p) Hy(a) Hy(a) dpda = g5 6,n. (6.37h)

To perform the third integral we separate the radial part, calculated in (4.30),

19 = [T ok 50 QLS B p) dp

C+1+q ) Negpe20+24q (4 No-10 ¢ o
/B gn,q Nq,é 26 gn,qul qu Qﬁ nq 1
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and the angular part, calculated in (B.12). For m and p having the same parity we find

= /0 ® C(a) Hy(a) Ho(a) da
8 L ;sin (2 = 1)7]
- ey 8 el

+7Z > 251 (6.37c)

j=Ip—m|+1

P2 cos [(25 — 1)E] — 1}

and the integral vanishes in all other cases. The third integral is thus given by

L7 kB9 QL 0) [C(0) ~ Zos] Hyl0) Hy(a)dp da
=10 I — Z55 I3 6, (6.37d)

Collecting (6.37a), (6.37b) and (6.37d) we arrive to a closed form for the matrix

elements O gm.n,

1 1)2 — (2 1)2

7n q7n p7m

Op,q;m,n = ([(513 +

The asymptotic behavior

Using (6.33c) the asymptotic behavior of the scattering solution (6.28) reads

@i(a’p> p—00 e:l:i[Kp—n(ZQs)1n(2Kp)+JC(€,ZQS)—Z g] Z A Hm<a> Qﬁas.

Comparing this result with the expected asymptotic behavior of the reduced scattering
wave function (6.25¢), we find that it is not possible to extract an analytical expression

for the amplitude A,.

B. Laguerre Quasi-Sturmian depending on n and m

Instead of the previous QX&) for which the parameter ¢ takes any non-negative real
value, we can choose the value of ¢ = ¢,,, for each m = 0,1,2, ..., in such a way that the

second term in (6.34) vanishes. This is,

16(m+1)2— (20, +1)*=0 = {l,=2m+ —. (6.39)
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Thus we have an alternative approximation of the reduced scattering solution
o) (p Zaan ', B; p) Hin(cv),

where Q7 (+) is the incoming (—)/outgoing (4) solution of

1 d? €m<€m -+ 1) ZQS

~5. 77 i (£ (b, B; 6.40
2/~Ld/)2 + 2/1/)2 + P an ( ms B ) ¢n( maﬁap)a ( a)
Q5 (b, 8;0) = 0, (6.40b)
QL (£) (Em’ 67 ) pTLOO QLaS e:ti[Kp*n(ZQs)ln(QKp)+0'C(£m,ZQS)7Zm %] (64OC)

where 7 and o¢ are defined in (1.23a) and (1.23b) while Zgg and 8 can be conveniently
fixed.

The linear system
If we apply the operator [H,, — E] to one of these functions

P, @) = Q) (b, B; p) Hin(c)
we obtain

L 1 :I:)

Hpo — E] omnlp, o) = ;cbn(fm,ﬁ;p)Hm(a) s [C(a) = Zas| Qi) (b B p) Hin ().
In this case it is convenient to choose
wp,a) =1, Gp(p, ) = 67 6y, B p) Hy(e)

so the matrix elements (6.29b) become

Opaman = |7 [ 600 5:0) Hyfe) 5 65l 539) Hola) dpda

7 ek <>§[C<a>—zQs]@L o B: ) i) dp o,
(6.41)
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while the components b, , read

/ / or(ly, B p H, () F(p,a)p®? cos a sin avdp do. (6.42)

The first integral in (6.41) reduces to a product of two Kronecker delta. Only for m = p
the angular integral does not vanish, so that we have, for the radial integral, ¢,, = ¢, and
we can apply thereafter the orthogonality property (1.9a), satisfied by Laguerre-type

functions:

3 [ 1
L7 O 8:0) % 6, ) Hiyf) Honl) dpde
3 o0 1
= ([ @) Halayda ) ([ 086 B 0) S 680 5:0)dp) = By (643
The second integral in (6.41) can be separated into two terms, one of them being

s ([ Hyl) o) da ) ([ 086 5:0) - Q6559 dp) 2V = Zos 9215,

Again, we have m = p (otherwise the angular integral vanishes), then ¢, = ¢,, and then

we can use result (4.28). To perform the other term,

// DL (4. B p @“i (6, 52 9) C(0) Hyl) Ho(a)dpda

we narne

Tams = /OOOW%,BJ 0¥ (b, B: p) dp

(1.16)  Nag, Dby + b +2) zq: (p + b +2)(—q); («
Not, s'T(26,+2) = (26, +2); ! "

- Ep - j)s
and use the series representation of the Laguerre Quasi-Sturmian functions (4.26a) to find
I i = /0 oF €y, B; ) L) (L p) dp
- Zg [ 5k B:0) 5 M B dp
= Z gﬁ)
s=0
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Then, using (B.12) we obtain
[ [ 000, 5:5) 5 QEE 6 5:) L) Hif) Hladpde =T, 11

with I{*) defined in (6.37c). We finally have an analytical expression for the elements of

the linear system (6.29),

Op.gimn = [511 n = 2Qs g(i)} Op,m + Z(Q) ](4) (6.44)

The asymptotic behavior

As in the previous case, we can deduce an expression for the asymptotic behavior of
the scattering solution by using the asymptotic form of the proposed Quasi-Sturmian

functions (6.40c). We find,

O (o, p) FL° eFilKpnZas) mCK) > Hp () Q2% eloctn,2os)—tm 5]

m,n

)

and, again, we cannot obtain an analytical expression for the amplitude A, introduced
n (6.25¢).

C. Coupled variables

Another option for the functions ¢,,, is to consider

Prmn(py ) = QL N, B, 05 p) H(e). (6.45)

where the Quasi-Sturmian functions QX ) depend on both variables, p and «. They are

solution of (6.33a) but now with the angular function C' instead of Zgg,

1 & (+1) )

T dp? - Bl Q" 4
2u dp? + 212 + p QL B,z p) = Gb (4, B; p), (6.46a)
Q. B, 0;0) =0, (6.46b)
Qﬁ(i)@’ﬁ’a;p) poo QL3 () oEi[Ep—n(C(e))n(2K p)+oc(t.C(@) - 5] (6.46¢)

where QL% is defined in (4.22). The « variable appears as a parameter of these

coupled Quasi-Sturmian functions, a particular situation studied in Section 4.3.7. The
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Sommerfeld parameter 7 [formula (1.23a)] and o¢ [formula (1.23b)] now depend on «

through the function C'; £ and [ can be conveniently fixed.

The linear system

We apply the reduced Schrodinger operator to one of these ¢,,, functions,

H,. — E] Q,%)(¢,8,a; p) Hu(a)

Ao L org g ) 1) - % QLH(L, B, 0 p) Hynav)
P pp?
1 07 L
— QM)QW [Qn(i)<€7/87a;p) Hm(oz)} . (6.47)

Choosing
w(p,a) =P @Ihq(pva) :gqu(gaﬁvp) Hp(a)a

the components b, , given in (6.29a) coincide with the ones obtained in the first case when

considering separate variables [i.e. equation (6.35)], while the matrix elements become

B // L(¢, B: p)SL(L, B: p)H, () Hyn(a) dp da
2”1 CEEAE [ [ 6010650 5 Qe 5.059) Hiyo) Hla) dp

/ | ek <>§—[@£<i><f,ﬁ,a;p>Hm<a>]dpda. (6.48)

The first integral was already calculated in (6.37a), obtaining d,, (glg To perform the
integrals involving Quasi-Sturmian functions we use their expansion (4.43) in terms of
Laguerre-type functions. Taking into account the orthogonality property of Laguerre-type

functions (1.9a) we find

A ¢5<e,5;p>%@ﬁ<i><w,asp> Hy(a) Hyn(e) dp da

-/ T Hy(a) Ho(a) ¢ (@) da,  (6.49)

[ ke 25 Hy (@) 3 [QF (. 5, p) H(a)] dp o

_ /O_ H(a) ;j 05 (@) Honl)] dov. (6.50)
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Applying the technique of integration by parts we obtain for this last integral,

[ ) 2 [0 o) do

= Sy = A+ D [ 942 (@) Hy(a) Hulo) da (6.51)

NIE]

where Sp, 4., is the jump parameter (B.19).

Collecting the previous results, the matrix elements O, 4., », are given by

1
Op,q;m,n - [q(,172 5p7m_ﬂ P,q;m,n
16(p+1)2— (20 +1)% /3
+2 >8u< : /0 Hy(a) Hy(a) g5 (a) da. (6.52)

In this case we do not have fully analytical expressions for these elements; the integral

over a must be performed numerically.

The asymptotic behavior

Using the asymptotic behavior of these coupled Quasi-Sturmian functions [formula

(6.46¢)], the asymptotic form of the scattering solution reads
(I):I:( ») PR0 i i[ K p—n(C(e))In(2kp)+oc (6,C(a))—L 5 Zamn QLas( )
where QL% — given by (4.22) with Zggs replaced by the function C' — depend on a.

Comparing this expression with the form of the expected behavior (6.25¢) we can provide

an expression for A,. From formulas (6.30) and (4.22) we obtain

Aa - Zamn m QLas< )

cos o sina ;=

6.4 An analytically solvable model problem

In references [83, 84] the authors have proposed to study a s-wave model problem

consisting of equation (6.20) with the Coulomb interaction potential (6.7) replaced by

Vi) ==

)
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for which the Schrodinger equation becomes separable in hyperspherical coordinates. As

driven term they took, for Re(s) > 1 and t > —1,

f(pra) = e P, (sin(p cos ) sinh(?sina) N sin(p‘sina) sinh(p cos oz)) (6.53)
2 p COS (v psina psin o p COS (v
which has the following series expansion in terms of H, [83],
F(p0) = ——— 3" e p* o (a) (6.54a)
’ cosasina &~ " e '
-1)"+1
R Vi (Vi ) (6.54b)

8(n+1)22n (3) nl

Note that only even values of n contribute, reflecting the driven term symmetry with
respect to a = 7, i. e. with respect to r; and ry.
The model problem consisted in searching the outgoing solution to the differential

equation

1 0 1 o 1
2u0p?  2up?da?  8up?

C

+ 2 —E|[dW(p,a)=p"? cosa sina f(p,a) (6.55)
p

with boundary conditions

®(D(0,0) =0 (6.564)

D (p,a) " A, cos o sin o e[ Kp=n(©)los(2Kp) o (60)~£5] (6.56b)

This model problem, although apparently simple, contains some of the difficulties of the
real problem. The Coulombic potential — is simple in hyperspherical coordinates but does
couple the r; and ry spherical coordinates. The driven term also couples the hyperspherical
coordinates. In reference [83] the authors gave analytical expression for the solution of
the model problem and of the scattering amplitude A,

In order to test the efficiency of Quasi-Sturmian functions, we propose here to solve
this problem by considering two alternative representations of the hyperradial part of the
scattering solution. First, we take the Hulthén Sturmian functions S,(;B) introduced in
Section 3.2. As a second approach, we use the functions Qﬁ:; ) (€, B; p) presented in

Section 6.3.B. In both cases the angular part is dealt with functions H,,.
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Hulthén Sturmian functions

Starting with the Hulthén Sturmian functions S( 0, We express

s+ Z as, . Sui (p) Hi(c). (6.57)

Applying [H, , — E] to one of the elements S,(:O) (p) Hy (), we use (3.8a) to obtain

w0 () Hin(c), (6.58)

. 3
where we set, for convenience, v,, = 2m + 7 The parameters vo and a are the ones

included in the Hulthén potential (3.6), and A, is the eigenvalue (3.15) associated to

S,

To seize the orthogonality property of the Sturmian functions we should take
Opq(ps ) = ng]) (p)Hy(a) and w = 1. We prefer, however, to use Laguerre-type functions
for the radial part of ¢, 4, a choice that allows us to analytically solve the three integrals
involved in the Hamiltonian matrix elements (integrals performed in Section 3.3). Thus,

we take

w(p,a) =1, @pqlp,a) = ¢qL(£> B p) Hp(a),

and we name

hoo= [T ekesi) —— 5B dp
327 N7 1 T({+2) i 2zka Z( 2Ba )”2
- NE28T(20+2) = 1—22ka ~\a(B—ik)+j+s+1
2ﬁa
Fi(—q.0+2,20+2;
2 1( GET e ’a(ﬁ—z’k)+j+s+1>’

o0 1
L= [T ,S,*o’<p>dp

3.25, N T(0) i 2zka)( 26a )f
- NE r(2£+2 = 1—2zka)ﬂ' a(B —ik) +j

208a
X o Fy (—%57 20 + 2; a(ﬁ—’ﬁ> ;
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and

o0 1
o= ¢5<e,ﬁ;p>—s,sfo’<p>dp

3.25) N2 D(l+ i n—22/<;a)< 26a )"H
- NETQ+2) = (1-2ika); 5! \a(B—ik)+

2Ba
X oFy | — ,€+1,2£+2;f).
: ( ! a(B —ik) +
Taking into account the orthogonality property (6.31b) satisfied by H,,, we obtain the

matrix elements for the linear system (6.29)

U (U + 1)

Op,gman = <_)\n,OVO I + o

L+C 13) Sy (6.59)

The components of the vector b have also closed form. Using the series expansion (6.54)

for the driven term, and the orthogonality property (6.31b), we find

// bq(, By p) Hy(or) f(p a),o5/2(:osasinadpda

(B 23) VT (= 1)P+1] 1 (28)4+1 ( 9)
(2 b
2
X2F1< q’2p+t+£+_%+2 fﬁ) (6.60)

The coefficients aim in (6.57) result from numerically solving the system O -a% =b .

Laguerre Quasi-Sturmian functions

Now we propose the alternative representation

L ZaanL<+ (U B: p) Hn () (6.61)

3
using the functions introduced in Section 6.3.B, with ¢, = v,, = 2m + 2 We choose
the charge of the Quasi-Sturmian functions as the charge of the model problem, Zgs = C,
so that

[, — EJQED (6, B ) Honlo) = % Hin(0)6L (b, B ). (6.62)

Taking
w(p,a) =1, Gpqlp,a) = ¢5(€paﬂ§P)Hp(a)
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the matrix O, whose elements are given by (6.29b), is the identity matrix as a consequence
of the orthogonality property satisfied by functions H,, and ¢Z. Then the coefficients
a® . coincide with the components of the vector b given by formula (6.60). Replacing

m,n

3
l,=2p+ 3 the coefficients simplify

o _ VTl=Dr+1] 1 (28)%+3
e T S+ 1) 2p+ 1) Nyo D(Ap+5) (s + B)Wwior [{p+6+1)
><2F1< q,4p+ 6 +1t,4p + 5; iﬁﬁ) (6.63)

Taking the particular value g = s, the hypergeometric function simplifies

(1.15) (_t - 1)q

Fi(—q,4p+t+6,4p+5;1 AL

and this expression vanishes for ¢ > ¢t + 1. As a consequence, for § = s, the first t 4 2
Quasi-Sturmian functions exactly solve the radial part of the equation. In this case the

coeflicients read

W@ - VTIEDP AL Ng, Pldp+t+6) (=t —1),

N . 6.64
Psa 8(p+1)(2p+1)! q! (28)2p+t+% ( )

Taking into account the asymptotic behavior of Q,(j[ ), given in (6.40c), we obtain
q)Q (+) {ZGQ QL aSH ( )} [Kp—n(c)ln(2Kp)+<fc(fm,C)—fm %] (6.65)

The expression between braces is the expected amplitude A, of the scattering solution’s

asymptotic behavior (6.56b).
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Tllustration

To perform the following calculations, we fix uy =1, C =—-1, E=0.5, s=2, andt =0,

which are the values chosen by the authors in reference [83]. And we set

=S (+
T (p,0) = P2 WS D (p, a)
1
- (I)fc(Jr) (p7 Oé), (666&)
COS (@ S1In &
T+
T2 (p, ) = p2 W2 (p, )
1
S — AT N 6.66b
SC p
COS (¢ S1In &

where ®5(+) and ®% () are given by (6.57) and (6.61), respectively.
As mentioned, for f = s = 2, only ¢ + 2 = 2 Quasi-Sturmian functions (n = 0,1) are

necessary to exactly express the radial part of the solution,

VT (=)™ + 1] T(4m +6)
) =3 +[§) (Q)m n 1])! Q1m0

x [VAMT5 Quis) (b, B:0) = Qi) (b, B:0)] Hula). (6.67)

Taking the limit p — co we obtain

2 (p, )
proo 7 (=)™ +1] /T(4m + 6)
M (m+1)(2m+ 1) 24m+10

m

VIS QL — Qb e Hm<a>}

% i[KP=n(OW2Kp)+0c (b C)~tm ] (6.68)

and the expression between braces is the amplitude A, of the asymptotic wave (6.56b).

Let us define
1
A = | el
cos & sin av
% VT (1) +1] /T(4m +6)
(m+1)(2m+ 1) 24m+10

m=0

2

[VAm +5 QL ¢* — QL ¢*] Hy(a)| . (6.69)

As a first illustration we present, in Figure 6.4, the real part (left panel) and the
modulus (right panel) of ﬁ?c(ﬂ in spherical coordinates (r1,73). We consider = s = 2,

and use expression (6.67) to evaluate the function, with four angular basis functions
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(m =0,2,4,6). The calculated scattering wave function matches perfectly the analytical
solution found in reference [83].

In Figure 6.5 we plot different angular sections of |T?C(Jr)|2 evaluated from (6.67)
for increasing values of the hyperradial variable: py = 60 (line with dots) and py = 150
(dashed line). We observe that, as expected, for increasing values of p, the different

sections approach the asymptotic value )Agf )2 given by (6.69) with M = 6 (full line).

Figure 6.4: Real part (left panel) and modulus (right panel) of T?c“ as functions

of (r1,r2) and taking f =s=2. We fir pu=1,C =—-1,E =0.5,t =0.
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e
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a(a.u.)
Figure 6.5: Different angular sections of @SQC(JF)|2 for M =6, 8 =5 =2, u=
1,Z0gs =C=—-1,E =0.5,t =0. We fized as values of the radial variable: py = 60
(line with dots) and pg = 150 (dashed line). The full line correspond to |AM|? given
by (6.69).
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03; ,‘ ‘ | [\l‘,"i = N =35
i \ It / \
; \ I \ ;‘\ N=45
\ , ‘ —— Re[q’sca(+)]

ap =77/4

Re[tpscs(+)(psa0)]

p(a.u.)
Figure 6.6: Real part of @i(ﬂ, for a fired ag = 7, using four angular basis functions
and different numbers N of radial terms. We take 5 =8, p=1,C = -1, E =0.5,t =

0,s =2,a =2,vog = —1. The dashed line corresponds to the real part of —SQC(+) for

8 =2

) taking § = 1.2 (arbitrary value) to

We also tested the approximated solution @SQC(JF
show that even in this case Quasi-Sturmian functions are better than Sturmian functions.
We needed only seven radial Quasi-Sturmian functions in (6.61) and four angular basis
functions (M = 6) to find convergence in the series.

Using Hulthén Sturmian functions, we can not approach the scattering solution for
values of p greater than R = 10 because of the asymptotic behavior of S,(:O), as explained
in Remark 3.1.1. Not only these basis functions do not possess the appropriate behavior
to describe the scattering solution in the asymptotic region, but also all Hulthén Sturmian
functions reach their asymptotic behavior (the same behavior for all of them) at the same
value p = R determined by the generating potential. Thus, they do not represent the
scattering wave function in the region p > R. This can be observed in Figure 6.6, where
we plot a radial section of W;SCH 7. We consider the first 35 (full line, noted
N = 35) and 45 (line with dots, noted N = 45) radial terms. The full line corresponds to

the same section calculated with @?c“

), fixing oy =

) taking 8 = s = 2, i.e. using formula (6.67).

6.5 Chapter summary

We have presented the general form of three-body scattering problems using
hyperspherical coordinates. In particular, we focused on the s-wave approach and

described the procedure to approximate its solution.
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Three different combinations of Laguerre Quasi-Sturmian functions (for the
hyperradial part) and Jacobi polynomials (for the angular part) were proposed to represent
the solution. In the first two cases we proposed purely radial Quasi-Sturmian functions,
and we were able to give the matrix elements in closed form. The third option involved a
set of Quasi-Sturmian functions which include the angular variable as a parameter, so that
they are not purely radial functions. This coupling of the variables produces the desired
asymptotic behavior for three-body scattering problems in hyperspherical coordinates. In
this case, however, we could not solve analytically all integrals appearing in the matrix
elements.

To illustrate the efficiency of these functions we have solved the analytically solvable

model problem proposed in references [83] and [84].
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Throughout this work we have studied the mathematical properties of different functions
that appear when describing scattering processes. We have proposed a novel set of radial
or hyperradial functions, named Quasi-Sturmian functions, which may be considered an
interesting alternative to expand the scattering solution. Their advantages are illustrated
through their implementation in solving some particular two- and three-body scattering
problems.

In the first part of this work we have introduced and developed the mathematical tools
to be used in the second part dedicated to the study of scattering processes.

We started by presenting some basic functions (Slater-type orbitals, Laguerre-type
functions, Coulomb wave functions and Coulomb Green’s function) and their important
properties needed in the rest of the work. In particular we have focused on their Laguerre
expansion. As an extension of the known result for sine-like Coulomb wave functions,
we have presented in closed form the coefficients of the other solutions of the radial
Coulomb equation. Going further in the investigation of these coefficients, we have
established that, when considering the charge as a variable, the coefficients of the sine-like
Coulomb wave function are related to the Meixner-Pollaczek polynomials. Thus, all known
properties of these polynomials can be extended to them, as we have shown by deducing
an orthogonality and closure relation.

We have also studied two-variable hypergeometric functions. Specifically, we have
extended to these functions a known strategy used to obtain the derivatives of one-variable
hypergeometric functions with respect to their parameters. We have provided analytical
expressions for the derivatives of the four Appell functions Fi, Fy, F3, Fy with respect
to their parameters, explaining how to generalize the results to other two-variable
hypergeometric series.

Generalized Sturmian functions were also presented, with a particular analysis of
Hulthén Sturmian functions. We took advantage of the analyticity of the latter to

derive various expressions which complement those given in standard collision theory

137
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and mathematical physics books.

As one of the main contributions of this work, we have presented a set of functions
useful to approximate scattering solutions: the Quasi-Sturmian functions. They can be
considered as an alternative to Generalized Sturmian functions, and also a generalization
of the J-matrix solutions. Indeed, only the case of an n = 0 Laguerre-type function as
driven term is presented in the literature; here, we have given the solution for any n and
also for Slater-type orbitals as driven term.

Two remarkable features of these functions are their asymptotic behavior, which is
proportional to the expected behavior of the scattered wave, and the fact that they can be
expressed in closed form. Furthermore, their link with Laguerre-type functions (through
the differential equation they satisfy) allowed us to establish very interesting relations
and properties; in some cases, when the deduction of a formula was not quite rigorous,
the obtained mathematical expressions were numerically validated. Moreover, since
Laguerre-type functions can be used to expand any general function, a scattering solution
may be approximated by a combination of the proposed Quasi-Sturmian functions.
The analyticity of these functions and their properties resulted very helpful to perform
analytically different integrals (matrix elements) appearing in scattering problems.

In the second part of this work we have employed the Hulthén Sturmian functions and
Quasi-Sturmian functions to solve two- and three-body scattering problems.

For the two-body case we have presented the general formulation of the problem in
spherical coordinates and the strategy to find an approximation of the scattering solution
in terms of our proposed functions.

To illustrate the efficiency of Generalized Sturmian functions, we have applied them
to describe the scattering produced by a Hulthén and a Yukawa potential. For the
Hulthén case we obtained in closed form the approximated solution and the corresponding
transition amplitude. Analytical results were verified numerically with an independent
numerical procedure. For the scattering by a Yukawa potential, our numerical application
achieved a more than fair agreement, using a relatively low number of basis elements, with
the solution obtained with another numerical method. The efficiency is related to the
built-in correct asymptotic behavior of each basis element and to the appropriate choice
of the generating potential range.

We have also solved the scattering of a particle under the influence of a combined
potential (Coulomb + Yukawa). When expressing the solution with Laguerre
Quasi-Sturmian functions we found that with 15 terms the scattering solution was already

converged, while it took 30 Generalized Sturmian functions (numerically constructed)
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to achieve the same accuracy. This illustrates the great efficiency of Quasi-Sturmian
functions in two-body scattering problems, an efficiency inherent to the way they are
constructed.

To describe three-body scattering processes we have proposed the use of hyperspherical
coordinates since, in such coordinate system, the asymptotic form of the scattered wave
takes a simpler expression. We have analysed a Temkin-Poet model for which only the
hyperradial and one angular variables survive. We have proposed different variants of
Laguerre Quasi-Sturmian functions to describe the hyperradial part of the scattering
solution, while the angular part was dealt with Jacobi polynomials. One of the options,
however, includes the angular variable in a parametric form in the Quasi-Sturmian
function; these two variable functions include a coupling of its variables, a coupling
that also occurs in the Schrodinger equation. We have presented, in close form, most
of the integrals appearing in the matrix system. To test the efficiency of the proposed
Quasi-Sturmian functions we have solved a Coulomb three-body model problem, finding
that with a few terms a good approximation of the scattering wave function is obtained.

The next step in this direction is to use the proposed two-variable Quasi-Sturmian
functions to solve a ionization Temkin-Poet model problem and corroborate that the
asymptotic behavior these functions present is an advantage compared to other basis
functions. Moreover, it is planned to extend the study of Quasi-Sturmian functions to
include the dependence on the five angular hyperspherical variables. The knowledge of
their properties may allow us to develop a strategy to implement such functions in solving
three-body scattering problem with the full Coulomb potential.

Another subject to explore is the possibility of constructing angular Quasi-Sturmian
functions from the linear or bilinear generating functions for Jacobi polynomials, many

of which are Appell functions Fj.



140 6.5. Chapter summary




Appendix A

Whittaker functions

The Whittaker functions M, «(z), W, u(z) are defined [42, 45]
)2 2

z 1 1

M,u(2) =55 P <%—X71+M;Z> , (A.la)
z ltu 1

Wy u(z) = e iU (% —x, 1+ z) : (A.1b)

where 1F; and U are Confluent hypergeometric functions of first and second kind
respectively.

Whittaker functions appear as solutions of the Coulomb problem. In this context we
have the following relation between y, p, 2 and the parameters and variable describing
the Coulomb problem, i.e. the Sommerfeld parameter n defined in (1.23a), the angular

momentum ¢, the momentum £ and the radial variable r:

20+ 1
x = £in(2), gz—; 2 = +2ikr.

With these Coulomb parameters, W, » takes the form [equation (18a), Section 2, of [45]]

W, (£2ikr) = T M iniz) 20 (F2ikr) My gy e (£2ikr)
in(z), 251 R ) = G o 1] L(—(Fin(2)) T+ 1Fi2)
(A.2)
where 1
MX7§<'Z) = mMX%(Z).

These expressions for Mﬂn(z)iL;l and Wiin(Z),% are not correct if 20 +1 € NU {0}.

141



142

Nevertheless the limit for 2/ + 1 approaching a non-negative integer number exists. Thus,
to obtain the explicit form of W, 2),21 When 20+1 € NU{0} a limit must be performed

Buchholz [45] solved the limit applying 'Hopital’s rule.
In order to find the coefficients h(*) of the series expansion of the Coulomb wave H*)

in terms of Laguerre-type functions, in Chapter 1 we need to perform

190 = /0 dn(l, B; ) Wpiniz e (F2ikr) dr. (A4)

The rest of this appendix is dedicated to I‘(,[J,r ),
For the case 2041 ¢ NU {0}, the definitions of the Laguerre-type function ¢, (¢, 5;r)

(1.2) and of the Whittaker function (A.2), give

(26)£+1 T
N, o T'(20+2) sin[m(20 + 1)]
y (—22]{:)@“1
(—C+in(Z)) (20 +2)
X /OO e~ B2l By (—n, 20 4 2, 287) 1 FL (0 + 1 4 in(Z), 20 + 2; —2ikr) dr
0
(—2ik)~*
T+ 1+ in(2)) T(—20)
X /OO e~ BRI By (—n, 20 + 2;287) \Fy(—€ 4 in(Z), —20; —2ikr) dr}
0

(B.7)__ (28)™ m
N T(20+2) sin[m(2¢ + 1)]

[(+) (0) =

X (—2ik)™ Fy (2042, —n 0+ 1+ in(Z),20+ 2,20 + 2; 2, y)
T(—(+in(2)) (B — ik)2+2 "2 » 1, ), ; T, Y

(—2ik)~*
T+ 1+ in(2) T (=20) (5 — ik)

Fy(1,—n,—C+in(Z2),20+ 2, —2€;x,y)}

where we have introduced

23 2k
ik VT TRk

Tr =

Alternative expressions can be obtained if we apply (B.6) to the first Appell’s F,

function or use the series representation (2.4) of F, in terms of Gauss’s hypergeometric
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functions. For example, we find a formulation involving the coefficients s,, given in (1.30)

() () — L ~
Ly (6) = D(¢+1+1in(Z)) sin[r(2¢ +1)]

- AT(H)
y { 2i NS (¢0)

T(—+in(2)) ™"

2p CAY .
—— | 5 (1,—n,—/L Z),20 4 2, =24,
TN TRI+2) T (—20)(3 — ik) < zk) 2 (L=n, =0+ in(Z), 2042, "”’”}
(A.5)
where ﬁg” (¢) is defined in (1.23d).
For the case 20 +1 € NU {0} we should calculate
> 1. :
/0 gbn(ga /8’ T) ; 11_{% W—in(Z),Z—f—e—f—% (—211{37“) dT, (AGa)
but we solve instead
Hpy —1
Iy’ (0) .—11_{% Iw (€ + €)
R 1 .
= 11_{% 0 ¢n(€7 67 T) ; W—in(Z),Z—f—e—f—% (-2@]{37“) dr. (A6b)

It is convenient to use the equivalent form (A.5) for Iy (¢),

__ e " (~2ik) "
TN, T(20+2) sin[r(20+ 1)) (B—ik) T+ 1+ in(Z)) (L + in(2))

q

. x
% {_<1 _ l,)nyzul ZF(E +1+in(2)+ q)% o) (—n, —q,20 + 2; m)
7 !

+ ij(l)q F<_lf<t§;(f;)+ Q)Z—T 2Py (—n, 1+ q,20+2; x)} (A7)

thus we must perform
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@ 2B
hy (6) = N, T(20 +2)

(b+e€)
« Tim T (—2ik)~

—0 sin[r(2(0+¢e)+1)] (B—ik)T({l+e+1+in(Z))T (= +¢€) +in(Z))
x {—(1 — )Rt i T(0+e+1+in(Z) + q)@;—? o F) (—n, —q,2(0+ €) + 2; %)

+Z €+e)+m7(Z)+Q)y_q2Fl(_n1+q, 2(0+¢€) + 2; x)} (A.8)

2(0+¢€)+q) ¢

The following artifices are needed.

1. A split of the second series with a transformation on one of the 5 F; function

> L(—l—e+in(Z)+q)y?
1 — oFi (—n, 1+ q,20 4+ 2+ 2;x
(Iz:%( Ja [(—20—2+q) q° (= )

2 (-0 —e+in(Z)+ a
= > (1), ( (_2€_277€(+)q> q>%2F1( n,1+q,20 + 2¢+ 2;x)

q=0
—l—e+in(Z) +q) y*
+ = oF (-, 14+ q,20 + 2 + 2;x
q§+1 [(=20—2¢+q) ¢ 21 (= )
2 ,
Q=q—20-1 D(— — e+ in(Z) +q) y*
= 1 — oFi (—n, 1+ q,20 4+ 2+ 2;x
qz:%( Ja [(—20—2c+q) q'° (= )
I'(¢— 1 r 1) @
+(1_x)ny2€+1z (Z €+ +“7( )+Q) (Q+ )?/_‘
=0 I'(Q+1—2e) Q!

X oF} (—n,2€—Q,2€+26+2;L1).
x_

2. From TI'(1—2)['(z) = sinz:rz) and  sin[r(a+ 1)] = —sin(ra) we obtain
7r
=-I(1—-20—-2e)(20+ 2 A9
sin[m(2¢ + 2 + 1)] ( (20 +2¢) (A.9)
and then
L D(=l—e+in(Z ‘
lim T ( e+ in )+q)y—2F1( n,1+q,20 + 2¢ + 2; x)

=0 sin[m(2¢ + 2¢ + 1)] Z<1)q (=20 —-2+q) ¢

o W @y o o

q :

=T+ 1)I'(—l+in(Z
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Collecting these two results, the limit (A.8) becomes

ST P ) A ) B Gl )
MF(2€+2) B—ik T(+1+in(Z))
XZ 54—@27}( ))qZ—TQFl(—n,1+q,2€+2;x)

"oarn (o

_ 20+1
TN Tt poa LAY
. m 1
X lim —— .
=0 sin[m(20+2¢)|] Tl +e+1+in(2) (- —e+in(2))
X{_yzezr(€+e+1+in( _'2F( n,—q, 20 + 2e + 2; —1)
q=0 :

Ll —et1+m(Z) +q)Tlg+ 1)y’ x
) Fi(—n2e—q 2042 +2,— )}
* (g +1-26) q'“( m2e—q 2+ 2+ )

The next step consists in performing the Taylor series (about € = 0). For hypergeometric
functions o F; we use the results presented in [31] so that the two variable hypergeometric
function 2@§1) appears (see Chapter 2). The calculations are rather simple and will be
omitted here. The closed form obtained for the integral in the case of a non-negative

integer value of 2¢ + 1 is finally

(+) 1 A

) = N T (zf) v
20+ 1) 22’5 (—0+in),

D(C+1+1n) = (—20),
y%-‘,—l 00 y

— (€+Z77 z_:€+1+277 vl

Yy o Fi(—n,q+ 1,20+ 2; x)

x { 2Py (~n. 20+ 244,20+ 20) [(g + 1) — Log (y) — (¢ + 1+ ¢ + in)]

nx

(1) 1,1|12042,—n+1,—q+1
_i_i
4(0+1)2

—q(1 — )" 50, S
2043(2,20+3

W L2042 -n+1,2043 4
+(20+2+4+q) 20, [T, T

20+ 32,20+ 3

where 1) is the digamma function.
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Remark A.0.1. In the deduction of the previous expression we have made an interchange
between an integral an a limit process without looking at the conditions for this to be
valid [equations (A.6) ]. To show that it can be done, we compare the value obtained
with a numerical calculation of the integral (A.6a) with that found using the analytical
expression (A.10).

For ¢ = 1 we use expression (A.10) to evaluate I‘(,[J,r )(6), formula (A.5) to calculate

II(,IJ,r ) (¢ + ¢€), and define a relative error

L0 - L0+ )
S T

In Table A.1 we give the values obtained for I ‘(,[}L )(E +¢) and the relative error with respect

to I ‘(,[}L )(E). As expected, the error decreases for decreasing values of e.

€ Iw(£+ 6) RS(E)

0.1 4.13629 — 0.331863:  0.290127

0.01  3.28478 — 0.324967:  0.0255764

0.001  3.21059 — 0.324081:  0.0025261

0.0001  3.20327 — 0.32399:  0.000252297

Table A.1: Different values of II(,I}L)(K + €) given by formula (A.5) for e approaching

0 and the relative error with respect to the value of I‘(,[J,r) (¢) calculated using (A.10).
Parameters: Z=—-1, u=1,k=12,=38,£=1,n=6.



Appendix B
Formulas and Integrals

In the first section of this appendix we present the formulas and integrals we use repeatedly
throughout the six chapters of this thesis and the second part of this appendix. Most of
them can be found in the book of I. S. Gradshteyn and I. M. Ryzhik [92], and the last
two are given in a paper of N. Saad and R. Hall [91].

In the second section we perform a number of integrals appearing in the different

chapters of this work.

B.1 Useful formulas and integrals

From I. S. Gradshteyn and I. M. Ryzhik [92]

2.539.4

/ COSINT 53 cos{(2k — Dz} tan (g)} (B.1)

sin x = 2k -1

2.539.8

[t ar =23y I o (T4 5)] B2)

3.385 For ReA >0, Rev > 0 and |arg(1l — 3)| < m,
1
/ 21— (1 = Br) e do = By, )@y (v, 0, A+ v; 8,—p)  (B.3)
0

where B is the Beta function [42] and ®; is one of the Horn’s hypergeometric series
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[see (2.18a) and [52]].

Remark B.1.1. This formula has been modified form the one appearing in reference

[92] to coincide with the definition of ®; given in (2.18a).

7.414.7 For Re(B) > —1, Re(s) > 0,

_T(B+1)T(a+n+1)

LR (- La+1;s™!

/ Tt tPL2(t) dt
0
(B.4)

7.512.2 For n =0,1,2,..., Re(p) > 0, and Re(f —v) >n —1,

() T(p)T(B—=v+1)T(y—p+n)
Py+n)T(y=p)T(B=7+p+1)
(B.5)

1
/ xp_l(l — x)ﬁ_v_" o F1(—n, B,v;x) dx =
0

From N. Saad and R. Hall [91]

© An identity for Appel F,

1

Fy(d '.d, d; =
2( , @, 4, a, axay) (1—.1‘)0’(

e (et ) @

o For Re(d) > 0 and |k| + |K'| < |h|,

00 k K
/0 drrte ™ \Fy(a,b;kr) (Fy(d V k'r) = —~ F, (d, a,a’, bl 7 E) (B.7)

B.2 Integrals related to scattering problems

1. The following two integrals appear when solving the scattering of a particle under

the influence of a combined Coulomb plus Yukawa potential [see Section 5.3.1]:
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—ar

F®) (0, k;r)

/0°° dr (0, B )

1

- STy N0 o

X / dr e (@HF=IRIr Q26060 By (20 + 2;287) (Fy (€4 1 + i, 20 4 2; —2ikr)
0

. 1 I'(2¢ + 2
Bn__ 1 Ne(0) (28) (at (5 _j;k)>2é+2

N, T(20+ 2)
x Iy <2€+2,—n,€+ 1+in, 20+ 2,20 + 2;

23 2ik
a+ﬁ—z’k’_a+5—z’k)
(B.6) Ne(?) (2B)¢+1 a—B—ik\" (a+p+ik) T

Nne (a+ 5 —ik)?+2 <a—|—ﬁ—ik> <a+ﬁ—ik>

X of

46k
n, 0+ 1+1in,20 4 2; L)

N ) B
0 () sy (e
A (- )

X oF) n,{+1+41in,20 + 2;

and

—a

| dr okt 8ir) — ok(t. v

(26>2€+2
T NN D20+ 2)

X /0 dr e~ @20y 20L B (—q, 20 4 2; 267) 1 Fy (—j, 20 4 2; 203r)

(B.7) 1 r'2e+2)

= Novarer o P e
203 203 )

a+28 a+23

(B_.G) 1 ( 26 )%-1-2 ( a >Q+j
Nyt Ny T(20+2) \a+28 a+ 28

2

x Iy <2€+2,—q, —7,20+ 2,20 + 2;

2. The integral

(ME]

/0 Cla) Hy(a) Hy(a) da

appears in the matrix elements of a three-body problem if we consider the basis functions
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as a product of one radial and one angular function [formula (6.37c¢)]. Here C'(a) and

H,,(a) are given by formulas (6.7b) and (6.30), respectively.
To perform the integral we first express
4 .
H,(a)Hy, () == sin[2(p + 1)a] sin[2(m + 1)a]
T

=2 {cos[2(p — m)a] — cos[2(p-+ m + 2)a]}

Now observing that

™

C (g - a) =C(a), and H, (5 - a) = (—1)"H,(«a),

we conclude that if m and p have different parity the integral vanishes, while if they have

the same parity

C(o) Hy(or) Hpy (o) dox
vy {_Z —1 _ A }{COS[Z(p — m)a] — cos[Z(p +m + 2)&] }da . (BIO)

COS (v sin «

We separately calculate

(A)

/% cos[2(p — m)a] — cos[2(p + m + 2)a] o

ENE]

(B.2) {2 lp_zm(_glpmk W + (=" In {tan (% * %)} H_

o
4

p+m—+2 :
_ p+m~+2—k Sln[<2k B 1)&] __1\pt+m+2 I g
{ — "+ (-1) ln{tan<4+2)} O

’ kz::l =) 2k — 1

Notice that for p, m having the same parity, |[p — m| and p + m are even, and then

the previous integral simplifies

T cos[2(p —m)a] — cos[2(p + m + 2)q] p+m+2 . sin[(%zl)”]
/ do=2 Y (L
0 cos & A ok — 1

(B.11a)
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(B)

sin o sin o

/% {cos[Q(P—m)a] _ COS[2(p+m+2)a]} do

s

b o B ()]}

e s e (3]

s
4

0

p+m+2 k-7 1
— 2 3 cos| - -1 (B.11b)
k=|p—m|+1 2k —1

With (B.11a) and (B.11b), we get the result for (B.10): for m,p having the same parity

we have

/O * C(a) Hy(a) Ho(a) da

H
-2 /f{cosp(p—m)cﬂ—cos[2<p+m+2>a1}{—z_1‘ . }da
8

COS ¥ S &

ptm+2 sm[(% ) P2 og[ERlT) g
{(Z—l) > o=k +7 Z : } (B.12)

2k -1

k=|p—m|+1 k=|p—m|+1 2k =1

and otherwise this integral vanishes.

3. We now perform an integral related to the matrix elements of a three-body problem

for which the basis functions couple the angular variable [formula (6.51)],

/0% Hp(a)aa [g((ﬁl)( )Hm(a)} dox. (B.13)

Special care is required here because the function C', and thus the function gé’jjl) given

by (1.66) with Z replaced by C, is not defined at the endpoints of the interval A =

(0, %) Nevertheless the limit of the integrand at these two points exists, so integral

(6.49) converges over A. In addition, the derivative of C' is not defined at o = %, then

integral (6.50) must be calculated with a limit process,

/0% Hp(a)a_ [géi)(a)Hm(a)} da = lim pr(a)% [gc(ﬁn)(a)Hm(a)} da

da? b—»1-Jo
3 * L
+ lim Hp(a)@ [gévn)(a)Hm(a)} da. (B.14)

b=t Jp
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With the technique of integration by parts we obtain a primitive for these integrals

/Hp(a)% [gﬁ)( )Hm(a)} da
0

= () [0 @ ()] — [ S Hy(a) 2= (gl (o) Hin()] do
- Hp<a>§ [gg§><a>Hm< >} - gg,n><a>Hm<a>a%Hp<a>
+ [ gt2) ai;H (a) do
020 Hp<a>§ [gg ,2<a>Hm<a>} - ggﬂ;><a>Hm<a>a%Hp<a>
A(p+1)? [ g(0) Hu(o) Hy(0) da (B.15)
and then
i [ Efe) g o) (@] do

(6.31a)

~4(p+1)? / ' ggﬂ;z (@) H(@)Hy () da.
0 )
The derivative of Hy(«) is a continuous function in a = u then, changing the limit

notation, we find

62
li H
balrﬂn’ 0 A da?

=t (5) i () L Hyl)

—A(p+1)? /f 93 () () Hy(a) da. (B.162)

(947 (@) Hun(a)] da

+a1_i>r£7 H,(« )g[gén)( )Hm<a)]

_r
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T
Repeating the same procedure for the integral over the interval (b, 5) we obtain

tim [ Hyfo) 2 [0 (0) Ho(0)] do
o2 (5) 10 (F) gtten| = im0 5% @) (o)
—4(p+ 17 [ g8 (@) Hula)Hy(a) da (B.16b)

Collecting results (B.16a) and (B.16b) in (B.14), we find

[ () 5 03 (0) Hiofo0)] d

(g @) H()] ~ 4+ 12 [ 9 (0) i) Hyfo) do

— lim, Hy(0) 2 [042)(0) H(0)] — 4(p-+ 1) [ 3(0) Hi0) () da

Cl{*)4 4

= lim Hy(a)

CV*)Z

= Sy — A0+ 1 [ 642)(0) Hy(a) Honfa) do (B.17)

where we define the jump quantity S, g.mn as

0 0
Spama= I Hyfa); - o @) Hnfa)] ~ m Hyfa)o

(947 (@) Hu(a)] . (B.18)

7r
Noticing that H,,(a) and g{)(a) are continuous functions at o = T and

9 (4

U«
50 Jon ()

T
is not continuous at oo = 1 but one-sided limits exist [see (6.10)], this jump can be written

as
: 9 @ () 9
Sy = i Hyfo) (GLaf20) ) Hue) + lim Hyfa) o2(0) (50 Holo)
) 0 0
- Jim_Hyo) (5ro @) Hulo) = lim, Hy(e)of2(o ) (55 (@)

15 5) o (k)1 (o)
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Now, taking into account that

(T I 0 (4 o d (4
4
and
. 0, if p is odd,
Hp <_) - 2 P . .
4 —(—1)2, if p is even,

8 m 0
—(—1)# lim —gé,in) (), if m, p are even,
Spagmm =191 " ai” Oa (B.19)
0, otherwise.
4.  Another integral we need to solve corresponds to the Laguerre expansion of the

driven term considered in the three-body model problem studied in Section 6.4 [formula
(6.60)],

/ / O¥ (L, B; p) Hy(ax ) f(p, @) p*? cos o sin a dp dov
for H,, ¢f and f defined in (6.30), (1.2) and (6.53) respectively. We use the series

representation of f given in [83],

oo
H,
Oé) — 2 : bn efapp2n+t n(Oé)
n—0 COS &¥ s1n &

VAl
8(n+1)22n (3) nl (B.21)

(B.20)

First we remark that, as a consequence of the property [42]

r (z + %) [(z) =2 /7 T(22)

we find
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and thus the coefficients b, have the alternative simpler expression

VT [(=1)" +1] (B.22)

"8+ 1) 2n+ 1)

Now, using the series expansion of f given in (B.20) the two-dimensional integral reduces

to a sum of products of one-dimensional integrals,

/0% /OOO OL(C,, B; p) Hy(e) f(p, a)p? cos v sin v dp dov
g (/% p(a) Hn(a) doz) (/0 Or Ly, Byp) e RS dp)

The integral over a gives a Kronecker delta 9, ,, while the integral over p with n = p reads

/0 SL(ly, Bip) e PR dp
N Ly co a+5
_ (2@2(;“”% /0 . 26p (QBp)ep+2p+t+ L2£p+1(26p)

06,42, (8 9
Nq,fp q' (a n 5)2p+t+€p+% T 2p +t+ ep + 5

9 28

(B.4)

Then, using (B.22) for the coefficients b,, we finally obtain

/ / fp,ﬁ H,() f(p, a)p®?cos a sinadp da

_ VAl 1 (26)!
8(p+1)(2p+ 1)! Ny, F(% +2) (a+ B)HHts

9
F<2p+t+€p+§)

2
><2F1< 0. 2p+t+10, + 20, + 2; fﬁ> (B.23)
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