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Résumé

Ce manuscrit se compose de deux parties indépendantes.

La premiere partie de cette these étudie les structures de Clifford paires. Pour une
variété riemannienne munie d’une structure de Clifford paire, nous introduisons ’espace
de twisteurs en généralisant la construction d’un tel espace dans le cas d’une variété
quaternion-hermitienne. Nous construisons une structure presque-complexe sur ’espace
de twisteurs et considérons son intégrabilité lorsque la structure de Clifford est parallele.
Dans certains cas, nous pouvons aussi le fournir d’'une métrique kéhlerienne ou, corre-
spondant & une structure presque-complexe alternative, d’une métrique “nearly Kéahler”.
Dans un second temps, nous introduisons une structure appelée Clifford-Weyl sur une
variété conforme. Il s’agit d’une structure de Clifford paire qui est parallele par rapport
au produit tensoriel d’'une connexion métrique sur le fibré de Clifford et une connexion
de Weyl. Nous démontrons que la connexion de Weyl est fermée sauf dans certains cas
génériques de basse dimension oll nous arrivons a décrire des exemples explicites ou les
structures de Clifford-Weyl sont non-fermées.

La seconde partie de cette theése étudie des résonances quantiques. Au-dessus d’une variété
assymptotiquement hyperbolique paire, nous considérons le laplacien de Lichnerowicz agis-
sant sur les sections du fibré des formes multilinéaires symétriques. Lorsqu’il s’agit de
formes bilinéaires symétriques, nous obtenons une extension méromorphe de la résolvante
dudit laplacien a I’ensemble du plan complexe si la variété est Einstein. Cela définit les
résonances quantiques pour ce laplacien. Pour les formes multinéaires symétriques en
général, une telle extension méromorphe est possible si la variété est convexe-cocompacte.
Dans les deux cas, nous devons restreindre le laplacien aux sections qui sont de trace et de
divergence nulles. Nous utilisons ce deuxieme résultat afin d’établir une correspondance
classique-quantique pour les variétés hyperboliques convexes-cocompactes. La correspon-
dance identifie le spectre du flot géodésique (les résonances de Ruelle) avec les spectres des
laplaciens agissant sur les tenseurs symétriques qui sont de trace et de divergence nulles
(les résonances quantiques).



Abstract

We study independently even Clifford structures on Riemannian manifolds and quantum
resonances on asymptotically hyperbolic manifolds.

In the first part of this thesis, we study even Clifford structures. First, we introduce
the twistor space of a Riemannian manifold with an even Clifford structure. This notion
generalises the twistor space of quaternion-Hermitian manifolds. We construct almost
complex structures on the twistor space and check their integrability when the even Clif-
ford structure is parallel. In some cases we give Kéhler and nearly-Ké&hler metrics to
these spaces. Second, we introduce the concept of a Clifford-Weyl structure on a con-
formal manifold. This consists of an even Clifford structure parallel with respect to the
tensor product of a metric connection on the Cifford bundle and a Weyl structure on the
manifold. We show that the Weyl structure is necessarily closed except for some “generic”
low-dimensional instances, where explicit examples of non-closed Clifford-Weyl structures
are constructed.

In the second part of this thesis, we study quantum resonances. First, we consider the
Lichnerowicz Laplacian acting on symmetric 2-tensors on manifolds with an even Rie-
mannian conformally compact Einstein metric. The resolvent of the Laplacian, upon
restriction to trace-free, divergence-free tensors, is shown to have a meromorphic contin-
uation to the complex plane. This defines quantum resonances for this Laplacian. For
higher rank symmetric tensors, a similar result is proved for convex cocompact quotients
of hyperbolic space. Second, we apply this result to establish a direct classical-quantum
correspondence on convex cocompact hyperbolic manifolds. The correspondence identifies
the spectrum of the geodesic flow with the spectrum of the Laplacian acting on trace-free,
divergence-free symmetric tensors. This extends the correspondence previously obtained
for cocompact quotients.
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1. Introduction

1.1 Even Clifford Structures

The first part of this thesis considers even Clifford structures, recently introduced by Moroianu and
Semmelmann [MS11]. In this thesis, we construct a twistor space for Riemannian manifolds carrying
such a structure, this is joint work with Gerardo Arizmendi. Next, we consider the conformal nature
inherent in the original definition of even Clifford structures, this is joint work with Andrei Moroianu.

We briefly introduce the setting, with precise notions given in Chapter 2. On a Riemannian
manifold (M, g) with a (locally defined) oriented Euclidean vector bundle (E,h), an even Clifford
bundle is the added data of an algebra bundle morphism

¢ : CI°(E,h) — End(TM)

from the even Clifford bundle of (E, k) into endomorphisms of the tangent bundle of the manifold.
Moreover, this Clifford morphism, is demanded to send the subbundle A’E C CIO(E,h) into the
the subbundle of skew endomorphisms End™ (TM). The structure is parallel if the bundle map is
parallel with respect to a metric connection V¥ of E coupled to the Levi-Civita connection V. The
classification of Riemannian manifolds carrying a parallel rank Clifford structure found in [MS11] is
recalled in Section 2.2.

This (parallel) structure may be considered as a generalisation of quaternion-Kéhler geometry
(rather than hyper-Kéhler geometry). Indeed in the general setting, if we assume F is of rank r and
denote by {& }1<i<, a local orthonormal frame for (E, h), then the bundle morphism provides locally
defined almost complex structures

Jij =&+ &) € End” TM,  J% =1ty

vy

where - denotes Clifford multiplication. Restricting to rank r = 3, we obtain a 3-dimensional subbun-
dle of End TM spanned by {Jij}ngng where the almost complex structures Jio, Ji3, Jog play the
respective roles of the locally defined almost complex structures I, J, K present in almost Hermitian
geometry. The quaternion relationship I oJ = K in this case is a consequence of the Clifford algebra,
in particular

(61-&) - (§1-&)=—(&1-&) (§&2-&)=6-&

and the fact that ¢ is an algebra morphism. That the globally defined subbundle span{I,J, K}
of End TM be preserved by the Levi-Civita connection is precisely the condition that the Clifford
morphism be parallel with respect to a connection on F which is metric.

Even Clifford structures are in some sense dual to spin structures on manifolds. If (M, g) is a
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Riemannian manifold with spin structure, then the spin structure provides the spinor bundle which
is a representation space for the even Clifford algebra. For even Clifford structures, it is rather the
tangent bundle that plays the role of the representation space for the Clifford algebra of the auxiliary
bundle . A nice illustration of this duality appears in Section 4.4 when considering conformal
manifolds of dimension 8 and rank 8 Euclidean bundles.

We refer to the original article [MS11] for alternative approaches to the concept of Clifford struc-
tures on Riemannian manifolds previously considered in the literature. Since the publication of
[MS11], several articles have recently appeared on this topic. An alternative definition of even Clif-
ford structures, as structure group reductions is given by Arizmendi, Garcia-Pulido, and Herrera
[AGH16, AH15]. These authors have considered even Clifford structures with large automorphism
groups with Santana [AHS16]. They have also obtained rigidity and vanishing results [GH16]. Mo-
roianu and Pilca have begun a classification of homogeneous even Clifford structures [MP13], and
Parton, Picinni, and Vuletescu have considered relations with symmetric spaces and the Severi vari-
eties. [PP15, PPV15].

Twistors

The notion of a twistor space was first introduced by Penrose in [Pen77]. Following the ideas of
Penrose, the twistor construction for a 4-dimensional Riemannian manifold was developed by Atiyah,
Hitchin, and Singer [AHS78]. This was later generalised for even dimensional manifolds by O’Brian
and Rawnsley [OR85]. The twistor space Z of an even dimensional Riemannian manifold M admits
a natural almost complex structure, and it is well known that such a twistor space is complex if
and only if the manifold is self-dual for dim(M) = 4 and locally conformally flat for dim(M) > 6
[AHS78, OR85]. A converse theorem (the so called reverse Penrose construction) in dimension 4 has
been used to construct half-conformally flat Einstein manifolds.

Before continuing to other generalisations, we recall the twistor space construction in the setting
of an oriented Riemannian manifold (M4, g), details of which may be found in Besse [Bes08]. One
observes that the Hodge #-operation acts on 2-forms as an involution and thus may be used to
decompose 2-forms into self-dual and anti-self-dual forms. The twistor space 7 : Z — M is then
taken to be the unit sphere bundle of the 3-dimensional real vector bundle of anti-self-dual forms. The
fibres are thus 2-spheres. Using the metric, one identifies 2-forms and skew-adjoint endomorphisms
of the tangent bundle. Next, the Levi-Civita connection splits the tangent bundle of Z such that
TZ =V + H where V = ker(m,) is the tangent bundle along the fibres and H identifies, at each
point, with the tangent space on the base manifold below via 7. As each point of the twistor space is
a complex structure on the tangent space below, one may partly define the complex structure on H.
The remainder of the definition, defining the complex structure on V, is possible after identifying the
fibres with CP!. Distinct from this construction is the notion that the manifold is half-conformally
flat, a condition on the decomposition of the Weyl tensor also involving the Hodge *-operation. It is
under precisely this hypothesis that one may show that the almost complex structure of the twistor
space is integrable.

In another generalisation, the twistor space Z of quaternion-Kéhler manifolds was defined in
[Sal82]. This is an S2-bundle of pointwise Hermitian structures compatible with the quaternionic
structure. It is well known that this bundle admits two almost complex structures J and j , one of
which is always integrable and the other is never integrable [ES83]. Moreover, the manifold Z admits
two Einstein metrics h and h such that (Z, 7, h) is Kihler-Einstein [BB82, Sal82] and (Z, 7, k) is
nearly Kahler [AGI9S].

In [Fri01], the twistor space was defined in the context of weak Spin(9) structures on 16-dimensional



1.1. Even Clifford Structures

Riemannian manifolds, which correspond to rank 9 even Clifford structures [MS11]. Additionally, this
twistor construction was studied for R'®, which carries a parallel flat even Clifford structure, the Cay-
ley plane F4/Spin(9), which carries a parallel non-flat even Clifford structure, and S' x S'3, which
carries a non-parallel even Clifford structure. In the first two cases, the twistor space admits a Kéhler
metric and in the last case the twistor space is a complex manifold which does not admit a Ké&hler
metric.

We generalise these constructions to even Clifford structures of arbitrary rank r > 3, noting that
ranks 3 and 9 constitute two of the aforementioned constructions. In this context, the S2-fibre of
pointwise Hermitian structures present in the quaternion-Kéahler setting is replaced with 6‘:}(2, ), the
Grassmannian of oriented 2-planes in R". The twistor space admits an almost complex strucutre.
Indeed, the Levi-Civita connection splits the tangent bundle of the twistor space into horizontal and
vertical subbundles, and Clifford multiplication provides the action of the almost complex structure
J on the vertical subbundle. In the spirit of [BB82], we prove

Theorem 1. Let M be a Riemannian manifold of dimension n # 8 carrying a parallel even Clifford
structure of rank r > 4, then the almost complex structure J on Z is integrable.

Analogous to theorems in [Sal82] and [AGI98] we also prove

Theorem 2. The twistor space (Z,J) of a Riemannian manifold of dimension n # 8 with a parallel
even Clifford structure of rank r > 4 and Ric > 0 admits a Kdhler metric.

By appealing to the classification of parallel even Clifford structures recalled in Chapter 2, the
these theorems may be summarised by the following tables.

| r| M | dim(M) | fibreof Z | type of Z |
3 and 4 | QK manifold 4k S? complex, Kahler if Ric > 0
4 | My x My, M; QK | 4(nq1 + na) S? x §? complex, Kéhler if Ric(M;) > 0
5| QK 8 Sp(2)/U(2) complex if locally symmetric
6 | Kéhler 8 U(4) / U(2) x U(2) | complex if Bochner tensor =0
7 | Spin(7) holonomy 8 Gr(2,7) not complex
8 | Riemannian 8 SO(8)/U(4) complex if Weyl tensor =0

Table 1: Twistor spaces for low rank and dimension 8

T ‘ M ‘ dim(M) ‘ fibre of Z ‘ type of Z
5| Sp(k+2)/(Sp(k) x Sp(2)) | 8k, k>2 Sp(2)/U(2) Kéhler
6 | SU(k+4)/S(U(k) x (4)) 8k, k>2 | U4)/U(2) x U(2) | Kéhler
8 | SO(k +8)/(SO(k) x SO(8)) | 8k, k> 2 SO(8)/U(4) Kéhler
9 | F4/Spin(9) 16 Gr(2,9) Kahler
10 | Eg/(Spin(10) - U(1)) 32 Gr(2,10) Kiihler
12 | E7/(Spin(12) - SU(2)) 64 Gr(2,12) Kihler
16 | Eg/Spin™(16) 128 Gr(2,16) Kiihler
arbitrary ‘ C1° representation ‘ dk ‘ Gr(2,7) ‘ Kéahler

Table 2: Twistor spaces for higher rank

For the non-compact dual spaces of these symmetric spaces, the twistor space is only complex as
the negative curvature obstructs the construction of an appropriate metric on the fibres. Above, d,
denotes the dimension of the irreducible representations of C1°.
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Finally, an observation of Nagy [Nag02] in the setting of Riemannian submersions with totally
geodesic fibres provides a slick way of defining an alternative almost complex structure which is not
integrable, and a metric providing a nearly Kéahler geometry.

Theorem 3. The twistor space Z of a Riemannian manifold with a parallel even Clifford structure
of rank r > 3 and Ric > 0, admits an almost complex structure J and a metric h such that (Z, j h)

is nearly Kahler.

Clifford-Weyl structures

Recall the setting of an even Clifford structure as a Riemannian manifold (M, g) carrying a (locally
defined) Euclidean vector bundle (E, h) together an algebra bundle map ¢ : C1°(E, h) — End(TM)
mapping A%2E into the bundle of skew-symmetric endomorphisms End™ (TM). As End™ (TM) de-
pends only on the conformal structure of g, even Clifford structures may be considered more naturally
defined on conformal, rather than Riemannian, manifolds.

Studying even Clifford structures on Riemannian manifolds becomes natural when we demand
the Clifford morphism ¢ to be parallel with respect to certain connections. Indeed given a metric
connection V¥ on E. the Riemmanian structure of the base manifold naturally demands that ¢ be
parallel with respect to this connection coupled with the Levi-Civita connection.

On a conformal manifold, where no distinguished connection exists on the tangent bundle, we
may consider Weyl connections (which are in one-to-one correspondence with covariant derivatives
of the weight bundle of the manifold). We introduce in Defintion 4.1 the notion of a Clifford-Weyl
structure on a conformal manifold (M, ¢) to be the tuple (E, h, p, V¥ D) where (E, h, ¢) satisfy the
conditions of an even Clifford structure and, now, the metric connection V¥ along with the choice
of a Weyl connection D provide the coupled connection VF ® D with respect to which the Clifford
morphism is parallel.

Immediately the natural question to ask is under what conditions does this problem locally reduce
to a problem in Riemannian geometry, i.e. under what conditions is D closed? We show that there
are six instances (called generic) where the presence of a Clifford-Weyl structure need not force the
Weyl connection to be closed, and that in all other cases (called non-generic), the associated Weyl
structure of a Clifford-Weyl structure is automatically closed. More precisely, in the non-generic
setting we prove

Theorem 4. Suppose a conformal manifold of dimension n carries a rank r > 2 Clifford-Weyl
structure such that (n,r) is different from (2,2), (4,2), (4,3), (4,4) and (8,8). Then the associated
Weyl connection is closed. The same conclusion holds if (n,r) = (8,4), provided that the restriction
of the Clifford morphism ¢ to A*E is not injective.

The proof of this theorem is performed in three stages. The first case when r = 2 is a standard
result in Hermitian geometry. It is presented explicitly in Proposition 4.2. This proposition turns out
to be useful as it inspires the beginning of the proof of the theorem in the large rank setting r» > 5.
In this large rank setting, the proof shows a similarity to techniques present in the proof of [MS11,
Proposition 2.10]. (The statement of this proposition is announced in this thesis as Proposition 2.7.)
We progressively develop restrictions on the curvature of the Weyl connection until a trick using
the skew-symmetry of the Hermitian structures J;; forces the curvature to both commute and anti-
commute with these Hermitian structures. Finally one needs to deal with the remaining ranks r = 3, 4.
The rank 3 setting corresponds to Hermitian Weyl geometry where the statement is standard [Orn01].
A proof using the Kraines form may be relatively easily extended to the rank 4 setting using knowledge
of the irreducible representations of the relative Clifford algebras.
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The cases excluded by this theorem are somehow generic, and they are treated in

Theorem 5. (i) Let D be a Weyl structure on an oriented conformal manifold (M, c) of dimension
2, 4 or 8. Then (M,c) carries a Clifford-Weyl structure of rank r = 2 forn =2, r =3 or
r=4 forn=4 and r =8 for n =8, whose associated Weyl structure is D.

(i1) Let D be a Weyl structure on a conformal manifold (M™,c). Then there exists a Clifford-Weyl
structure of rank 2 on (M, c) with associated Weyl structure D if and only if D preserves a
complex structure compatible with c. If n = 4, every complex structure J compatible with c is

preserved by a unique Weyl structure D7, which is closed if and only if J is locally conformally
Kahler.

(iii) Let D be a Weyl structure on a conformal manifold (M3, c). Then there exists a Clifford-
Weyl structure of rank 4 whose Clifford morphism ¢ : CI°(E, h) — End(TM) is injective upon
restriction to A2E, if and only if D is the adapted Weyl structure of a conformal product
structure on (M, ¢) with 4-dimensional factors (cf. [BM11]).

The proof of this theorem, given in Section 4.4, is constructive, showing in each of these cases
that there are examples of Clifford-Weyl structures with non-closed associated Weyl structures.

1.2 Asymptotically Hyperbolic Manifolds

The second part of this thesis is principally an analysis of quantum resonances on asymptotically
hyperbolic manifolds. A consequence of this analysis is a correspondence between quantum resonances
and Ruelle resonances on convex cocompact quotients of hyperbolic space.

More generally, the mathematical study of scattering resonances encompasses several areas of
research as explained in the recent survey article by Zworski [Zwol7]. As mentioned in that article,
scattering resonances generalise eigenvalues to systems where energy can dissipate or scatter to infin-
ity. They appear under different names in a variety of settings: as quantum resonances in quantum
scattering theory; in obstacle scattering as scattering poles; in general relativity, the resonant states
associated with gravitational waves are quasi-normal modes; and as Ruelle resonances in the presence
of an Anosov flow.

Quantum resonances

The geometric setting of asymptotically hyperbolic manifolds (X, g), modelled on convex cocom-
pact quotients of hyperbolic space, dates to work of Mazzeo and Melrose [Maz88, MMS87| from a
spectral-theory perspective, and to work of Fefferman and Graham [FG85] from a conformal geom-
etry perspective. Introducing a spectral parameter A € C, we consider the (positive) Laplacian on
functions A giving the operator

n? 2
A—T 4+ A
where dim(X) = n+ 1. For ReX > %, this operator has an inverse on L?(X), written
2 _
RA:(A*%*F)P) 1

and an immediate question is posed: (under what conditions) does this operator extend meromorphi-
cally beyond Re A = 4 and eventually to C? Such a meromorphic extension then implicitly defines
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quantum resonances as the poles of said extension. The meromorphic extension with finite rank poles

of the resolvent of the Laplacian on functions is obtained in [MMS87] excluding certain exceptional

1
S—5 3
totically hyperbolic manifolds by introducing a notion of evenness, Guillarmou [Gui05] provides the

points in C. Precisely, the set of exceptional points i N. Refining the definition of asymp-
meromorphic extension to all of C and shows that for such an extension, said evenness is essential.
Indeed, in the same article, examples are given where the extension of the resolvent contains essential
singularities at the points —% — % — Np. A first hint at the importance of this evenness property
appears in the work of Guillopé and Zworski [GZ95] which provides the meromorphic extension to
all of C when the geometry at infinity is strictly that of convex cocompact hyperbolic manifolds.
By shifting viewpoint and studying a Fredholm problem, rather than using Melrose’s pseudodiffer-
ential calculus on manifolds with corners, Vasy [Vasl3a, Vas13b] is also able to recover the result of
[Gui05] detailing the meromorphic extension. This technique is presented in a very accessible article
of Zworski [Zwol6] in a microlocal language (non-semiclassical). This alternative method is more
appropriate when one considers vector bundles. Effectively contained in [Vasl13a], the meromorphic
extension is explicitly obtained in [Vasl7] for the resolvent of the Hodge Laplacian upon restriction
to coclosed forms (or excluding top forms, for closed forms). Such a restriction is natural in light of
works in a conformal setting [AG11, BG05], i.e. the boundary of the asymptotic space. In fact, from
the conformal geometry viewpoint, Vasy’s method of placing the asympotically hyperbolic manifold
in an ambient manifold equipped with a Lorentzian metric is very much in the spirit of both the

tractor calculus [BEG94] as well as the ambient metric construction [FG12].

This thesis will be interested in defining quantum resonances for symmetric tensors (of the cotan-
gent bundle), rather than functions, above the asymptotically hyperbolic space (X, g). Here the
natural operator is the Lichnerowicz Laplacian [HMS16] which differs from the rough Laplacian via
a zeroth order curvature correction. There are several reasons why such resonances are interesting.
With knowledge of the asymptotics of the resolvent of the Laplacian on functions, it is possible to
construct the Poisson operator, the Scattering operator, and study in a conformal setting, the GJMS
operators and the @-curvature of Branson [DGHO08, Chapters 5,6]. Simply from a geometric point
of view, it should be particularly interesting to extend these results and constructions to the case
of symmetric 2-cotensors above a conformal manifold which would then be related to metrics on
the extended “bulk” Poincaré-Einstein manifold. Again considering symmetric 2-cotensors, the Lich-
nerowicz Lapalcian plays a fundamental role in problems involving deformations of metrics and their
Ricci tensors [Biq00, Del99, GLI1] as well as to linearised gravity [Wan09]. Spectral analysis of the
Lichnerowicz Laplacian [Del02, Del07] as well as the desire to build a scattering operator emphasise
the importance of considering this Laplacian acting on more general spaces than that of L? sections.
From the viewpoint of gravitational waves, the recent work [BVW15] studies decay rates of solutions
to the wave equation (acting on the trivial bundle) on Minkowski space with metrics similar to the
ambient metric present in this thesis. It is very natural to consider this problem on symmetric 2-
cotensors acted upon by the Lichnerowicz d’Alembertian. These motivations will not be addressed in
this thesis. Another reason is that the meromorphic extension of the resolvent of the Laplacian acting
on symmetric tensors is a key ingredient for relating Ruelle resonances and quantum resonances in
the setting of convex cocompact hyperbolic manifolds. This correspondence will be addressed later
in this introduction.

We now turn our attention to the contents of Chapters 5 and 6. What follows is the five theorems
related to quantum resonances and an outline of their proof.

Let X be a compact manifold with boundary Y = dX. That (X, g) is asymptotically hyperbolic
means that, locally near Y in X, there exists a chart [0,£), x Y such that on (0,¢) x Y, the metric
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g takes the form

dp* +h

where h is a family of Riemannian metrics on Y, depending smoothly on p € [0,¢). That g is even
means that h has a Taylor series about p = 0 in which only even powers of p appear. Above X, we
consider the set of symmetric cotensors of rank m, denoting this vector bundle £(™) = Sym™T*X.
On symmetric tensors, there exist two common Laplacians. The (positive) rough Laplacian V*V
and the Lichnerowicz Laplacian A, originally defined on 2-cotensors [Lic61], but easily extendible
to arbitrary degree [HMS16]. On functions, these two Laplacians coincide, on one forms, the Lich-
nerowicz Laplacian agrees with the Hodge Laplacian, and in general, for symmetric m-cotensors, the
Lichnerowicz Laplacian differs from the rough Laplacian by a zeroth order curvature operator

A =V*"V+q(R).

We construct the Lorentzian cone M = R x X with metric n = —ds ® ds + s?g (and call s the
Lorentzian scale). Pulling £(™) back to M we naturally see £(™) as a subbundle of the bundle of all
symmetric cotensors of rank m above M, this larger bundle is denoted F = Sym”T*M. On F we
consider the Lichnerowicz d’Alembertian [J. Up to symmetric powers of % we may identify F with
the direct sum of £®) = Sym*T*X for all k < m. Indeed by denoting £ = D, E®) the bundle of
all symmetric tensors above X of rank not greater than m, we are able to pull back sections of this
bundle and see them as sections of F:

s C®(X;E) = C°(M; F).

A long calculation gives the structure of the Lichnerowicz d’Alembertian with respect to this identifi-
cation. It is seen that s? 0 decomposes as the Lichnerowicz Laplacian A acting on each subbundle of
E®) for 0 < k < m however these fibres are coupled via off-diagonal terms consisting of the symmetric
differential d and its adjoint, the divergence 6. (There are also less important couplings due to the
trace A and its adjoint L.) Also present in the diagonal are terms involving s, and (sds)?. By
conjugating by s~ 2T we obtain an operator

Q=V'V+(s9,)+D+G

where D is of first order consisting of the symmetric differential and the divergence, while G is a
smooth endomorphism on F. By appealing to the b-calculus of Melrose [Mel93], we can push this
operator acting on F above M to a family of operators (holomorphic in the complex variable \)
acting on £ above X of the form

O =V'V+ XN +D+gG

where D is of first order consisting of the symmetric differential and the divergence, while G is a
smooth endomorphism on £. Explicitly, in matrix notation writing

u(m)
. ueC®(X;E),u® e c®(X; M)

u =

O
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the operator Q) takes the following form

A2 —cp —LA 2y 1d —bpobm 1L ]
—2bm-10 O
b1 A
—boby L
0 2bg d
I “bobt A —2bp5 A+ A2—cy—LA
for constants
bo=vVm—Fk, =" 4mn+2k+1)—k(2n+3k—1)

and operators: A the Lichnerowicz Laplacian; ¢ the divergence; d the symmetric differential; A the
trace; L the adjoint of the trace. (The operator Q) naively does not appear self-adjoint for A € iR
since ¢ is the adjoint of d. The sign discrepancy is due to the Lorentzian signature of 7. The operator
is indeed self-adjoint for A € iR as detailed in Proposition 6.24.) This family of operators has the
following meromorphic family of inverses.

Theorem 6. Let (X" g) be even asymptotically hyperbolic. Then the inverse of
Qx acting on L2(X;E)

written Q;l has a meromorphic continuation from Re A > 1 to C,

Oy CX(X:8) = PMET D p O (X EW)
k=0

with finite rank poles.

In order to demonstrate Theorem 6, Vasy’s technique is to consider a slightly larger manifold X,
as well as the ambient space M, = RT x X,. Using two key tricks near the boundary Y = dX: the
evenness property allows us to introduce the coordinate p = p? and twisting the Lorentzian scale with
the boundary defining function gives (what is termed the Euclidean scale) ¢t = s/p, it is seen that the
ambient metric 7 may be extended non-degenerately past Rt x Y to M,. This is the main content
of Chapter 5. On Sym”T*M, we construct analogous to Q, an operator P replacing appearances
of s by t which, on M is easily related to Q. Again the b-calculus provides a family of operators P
on @Y, Sym*T* X, above X.. Section 6.5 shows precisely how this family of operators fits into a
Fredholm framework giving a meromorphic inverse, and very quickly also provides Theorem 6.

Consider u € C>(X;&). Although the trace operator A acting on each subbundle £*) gives
a notion of u being trace-free, it is more natural to consider the ambient trace operator from F,
denoted A, (Subsection 6.1). Pulling u back to M, we have 7ju € C°°(M;F) and we may consider
the condition that 7iu € ker A,. Avoiding extra notation for this subbundle of £ (consisting of
symmetric tensors above X which are trace-free with respect to the ambient trace operator A,) we
will simply refer to its sections using the notation

C*(X;&) Nker(A, or})
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On this subbundle, the operator Q) takes the following form

A+ XN —c, 2,1 d

—2bp—1 6 O
O .

—2by 6 A+A2—d |

with the modified constants
cr,=cr—(m—k)(m—Fk—1).
Note that if u = u(™ € C>=(X;£™) then u € ker A if and only if 7¥u € ker A,,. Again, a similar

meromorphic extension of the inverse may be obtained.

Theorem 7. Let (X"T1 g) be even asymptotically hyperbolic. Then the inverse of
O acting on L2(X;E) Nker(A, o)

written Q;l has a meromorphic continuation from Re A > 1 to C,
0! 02 (X; &) Nker(A, oml) — prte—m (@ p~FCe (X €(k))> Nker(A, omy)
k=0

with finite rank poles.

In order to uncouple the Lichnerowicz Laplacian acting on £™ and obtain the desired meromor-
phic extension of the resolvent, we need to restrict further from simply trace-free tensors to trace-free
divergence-free tensors. Equivalently, we must be able to commute the Lichnerowicz Laplacian with
both the trace operator and the divergence operator. The first commutation is always possible giving
the preceding structure of Q, however, unlike in the setting of differential forms (where the Hodge
Laplacian always commutes with the divergence), such a commutation on symmetric tensors depends
on the geometry of (X,g). For m = 2 the condition is that the Ricci tensor be parallel, while for
m > 3, the manifold must be locally isomorphic to hyperbolic space.

Theorem 8. Let (X"T1 g) be even asymptotically hyperbolic and Einstein. Then the inverse of

n(n — 8)

A*4

+ X2 acting on L*(X;E@) Nker A Nkerd
written Ry has a meromorphic continuation from Re A > 1 to C,

Ry : CP(X;E@) Nker ANkerd — p* 220

even

(X;E@) Nker ANkerd

with finite rank poles.
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Theorem 9. Let (X"t g) be a convex cocompact quotient of H" 1. Then the inverse of

n? —4m(n +m — 2)
4

A — + A% acting on L*(X;E™) Nker A Nker §

written Ry has a meromorphic continuation from Re A > 1 to C,

Ry : C(X;EM™) Nker ANker§ — p*FE-"C2

even

(X; ™)) Nker ANkerd
with finite rank poles.

Note that on H"t!, the difference between the Lichnerowicz Laplacian and the rough Laplacian
is ¢(R) = —m(n +m — 1). Thus by introducing a spectral parameter s = A + 5 (not to be confused
with the Lorentzian scale), the previous operator A — ¢, + A? may be equivalently written

V'V —s(n—s)—m

in the spirit of [DFG15].
A semiclassical analysis of this problem provides high energy estimates which are useful in the
setting of analysis of gravitational waves.

Theorem 10. Suppose that X is an even asymptotically hyperbolic manifold which is non-trapping.
Then the meromorphic continuation, written Q;\l of the inverse of Qx initially acting on L?(X;&)
has non-trapping estimates holding in every strip |ReA| < C,|ImA| > 0: for s > 1 +C

|pr—3tm gt f||HfM_1(X;5> < C|/\|71pr)\*%#*mfszHl‘rlil(X;g).

If X is furthermore Einstein, then restricting to symmetric 2-cotensors, the meromorphic continuation
R of the inverse of

indtially acting on L*(X; £®))Nker A Nker & has non-trapping estimates holding in every strip | Re \| <
C,|ImA| > 0: for s> 1+ C

lp 2Ry Fllrs s oxeen < C|)\|_1||/’_A_%f“Hf;|il(X:E(Q’)'

Classical-Quantum correspondence

An application of these meromorphic extensions is given in Chapter 7.

On a closed hyperbolic surface, Selberg’s trace formula [Sel56] establishes a connection between
eigenvalues of the Laplacian (on functions) and closed geodesics via the Selberg zeta function. In the
convex cocompact setting this result is established by Patterson and Perry [PP01] where quantum
resonances play the role of eigenvalues. Although these results indicate a correspondence between
classical and quantum phenomena, it is the result of Faure and Tsujii [FT13, Proposition 4.1] that
establishes a direct link between eigenvalues of the Laplacian on a closed hyperbolic surface and
Ruelle resonances of the generator of the geodesic flow on the unit tangent bundle. In the convex
cocompact setting, the link between quantum resonances and Ruelle resonances has recently been
established by Guillarmou, Hilgert, and Weich [GHW16].

10
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The result of [FT13] on closed hyperbolic surfaces has been extended to closed hyperbolic man-
ifolds of arbitrary dimension by Dyatlov, Faure, and Guillarmou [DFG15]. Interestingly, in this
higher dimensional setting, the correspondence is no longer simply between Ruelle resonances and
the spectrum of the Laplacian acting on functions, but rather the spectrums of the Laplacian acting
on symmetric tensors (precisely, those tensors which are trace-free and divergence-free).

Chapter 7 establishes this correspondence in the convex cocompact setting (for manifolds of di-
mension at least 3). We detail this theorem and sketch its resolution.

Let X be a convex cocompact quotient of hyperbolic space of H"™! (with n > 2) supplied with
the hyperbolic metric. Let A denote the generator of the geodesic flow (a tangent vector field on the
unit tangent bundle SX). The construction of Ruelle resonances for the operator A + X by Faure
and Sjostrand [FS11] when the base manifold is compact has been extended to the open setting
by Dyatlov and Guillarmou [DG16] and applies in this current setting. Specifically, for Re A > 0,
the operator A + X is invertible as an operator on L? sections and admits a meromorphic extension
Rao(A) : CX(SX) — D'(SX) with poles of finite rank. The poles being the Ruelle resonances.
So let A\g € C be a pole of the resolvent R4 (). Necessarily, we have Re A\g < 0. Due to certain
restrictions on the Poisson isomorphism of [DFG15] we impose the constraint that Ao & —% — %NO. In
this introduction we will assume for simplicity that the pole of R 4 o(A) at Ag is simple and consider an
associated Ruelle resonant state, u € D'(SX). Such resonant states are characterised by the equation
(A + Xo)u = 0 subject to a wave front condition on u detailed in Section 7.2. We write

u € Res 4 (Ao).

A non-trivial idea contained in [DFG15] is the construction of horosphere operators that generalise
the horocycle vector fields present for hyperbolic surfaces. Specifically, we note that the tangent
bundle TX over X may be pulled back to a bundle over SX which decomposes canonically into a
line bundle spanned by A and the perpendicular n-dimensional bundle denoted £. By [DFG15], there
exists a differential operator

d_: C>®(5X;Sym™E) — C*=(SX;Sym™ 1)

which may be morally thought of as a symmetric differential along the negative horospheres. More-
over, this operator enjoys the commutation relation

[A,d_] = —d_

where it is easy to extend the vector field A to a first-order differential operator on the tensor bundle
E. As (tensor valued) Ruelle resonances are also restricted to Re A < 0, this commutation relation
implies the existence of m € Ny such that v := (d_)™u # 0 and d_ v = 0. Moreover, (A+Xo+m)v =0
As the vector bundle £ carries a natural metric, we have a notion of a trace operator A and its adjoint
L acting on Sym™¢&. We may thus decompose v into trace-free components

—

m
2

[

Lk p(m=2k) v(m=2k) e D'(SX; Sym™ 2 E) Nker(A) Nker(A 4 X + m).
k=0

<
I

Integrating over the fibres of SX — X allows v(™~2%) to be pushed to a symmetric (m — 2k)-tensor

11
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on X
@ =2k) = g (M 2R) C®(X; Symm_ZkT*X).
and the properties of the Poisson transform imply that
@28 ¢ ker(V*V + (Ao + m)(n + Ao +m) — (m — 2k))

In fact, it is also trace-free, divergence-free, and satisfies precise asymptotics at the boundary.
Lemma 7.12 gives a classification of quantum resonant states from which we conclude that ¢(™—2)
is indeed a quantum resonant state associated with the resonance Ag + m + n. We write

go(m*%) € Resp y—ok (Ao +m +n).

Thanks to properties of the Poisson operator (mostly detailed in [DFG15]) this path may be
reversed and we obtain an isomorphism between quantum resonances and Ruelle resonances. Two
aspects of the proof render the isomorphism considerably labour intensive. First, one needs to deal
with inverting the horosphere operators. Second, one needs to consider the possibility that the Ruelle
resonance is not a simple pole, but rather, there may exist generalised Ruelle resonant states.

Theorem 11. Let X = I'\H"*! be a smooth oriented convex cocompact hyperbolic manifold, and
Ao € C\(—35 — %NO). There exists a vector space linear isomorphism between Ruelle generalised
resonant states

Res 4 o(Ao)

and the following space of quantum generalised resonant states

L%
@ é Resp y—ok(Xo +m +n).

meNy k=0

12
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This chapter is structured as follows. Section 2.1 recalls the classification of even Clifford algebras.
The standard reference for such algebras is [LM89]. Section 2.2 introduces even Clifford structures
and states the classification found in [MS11].

2.1 Clifford Algebras

Consider R” endowed with its canonical positive definite inner product, and denote by {&;}1<i<, the
standard orthonormal basis. Let Cl,. denote the Clifford algebra. One may define this algebra as the
quotient of the tensor algebra of R” by the ideal generated by elements of the form v ® v + |v|? for
v € R". There is then a natural embedding of R” in Cl, and the Clifford algebra is generated by all
products of the orthonormal basis subject to the relations

&&+E & =26, forl1<ij<r

Here, - denotes Clifford multiplication. The Zs-grading of the tensor algebra of R” descends to the
Clifford algebra giving it a Zs-grading and provides the even Clifford algebra denoted by Clg. (There
is an algebra isomorphism between 012 and Cl,_1.) The spin group Spin(r) C Clg is

Spin(r) :={v1 ... v |[v € R",|v| =1,k € 2N}
and has Lie algebra
spin(r) :=span{& & | 1 <i<j<n}~so(r)~ A*R".

Clifford algebras may be explicitly described as matrix algebras over R, C, or H [LM89, Section
1.4]. We announce this description for even Clifford algebras. Let d, denote the dimension of an
irreducible representation of Clg and denote by &, the number of distinct irreducible representations.

r mod 8 ‘ Clg ‘ d, ‘ & ‘
2 C(Ld,) 28 | 1
3 H(1d,) 27 | 1
4 H(3d,) ® H(3d,) | 22 | 2
5 H(id,) 27 | 1
6 C(3d,) 23 | 1
7 R(d,) 277 | 1
8 R(d,) ®R(d,) |27 | 2
9 R(d,) 277 | 1

13
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Table 3: Representations of even Clifford algebras

An attractive and explicit realisation of such algebras which is geared toward problems involving
even Clifford structures is developed in an article by Arizmendi and Herrera [AH15]. Following
this article, we let A, denote the irreducible representations of Clg for r Z 0 mod 4 and by Ari
the two inequivalent irreducible representations in the case r = 0 mod 4. The classification of
Clifford algebras implies that the representations are complex for r = 2,6 mod 8 and quaternionic
for r = 3,4,5 mod 8.

In preperation of even Clifford structures on manifolds, we consider a possible embedding

) spin(r) — so(n)
7 &-& = Ji

subject to the constraint that ij = —1 under the identification so(n) ~ End™ (R™). We consider
separately the cases where Cl? has one or two inequivalent irreducible representations. If r Z 0
mod 4 then the requirement that Jizj = —1 forces the following decomposition

R" = @*A, = A, @ R

for some k € N. Alternatively, if r = 0 mod 4 then the requirement that ij = —1 forces the following
decomposition

R" = (A} @ RF) @ (A7 @ R*-)

for some k4 € Ny with at least one of k4 non-zero. In particular we obtain a restriction on the possible
values of n. Specifically, if r 2 0 mod 4 then n = d,.k and if r =0 mod 4 then n = d,.(ky + k_).

2.2 Even Clifford Structures

Let (M™,g) be a Riemannian manifold with Levi-Civita connection V. Consider an oriented rank
r Euclidean bundle (F,h) which provides the Clifford bundle CI(E,h) over M. When working
locally, we denote by {e; }1<i<n a local orthonormal frame for TM and by {;}1<i<, a local oriented
orthonormal frame for (E,h).

The definition of a Clifford structure, as defined in [MS11] but of which we will not make use,
then requires the further existence of a non-vanishing algebra bundle morphism, termed a Clifford
morphism,

¢ : CI(E, h) — End(TM)

which maps E into the bundle of skew-symmetric endomorphisms End™ (TM). We mention this
construction as, unlike for the even structures that are of interest in this thesis, there is a clear
requirement that E be globally defined and not merely a projective bundle.

We recall the notion of a projective bundle. We begin by remarking that isomorphism classes of
oriented Euclidean rank r vector bundles (E, h) are in one-to-one correspondence with isomorphism
classes of principal SO(k)-bundles P over M. Metric covariant derivatives on F are then identified

14
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with principal SO(k)-connections on P. We recall that the projective special orthogonal group is

k if k£ is odd
PSO(k) = {SO( ) if kiso

SO(k)/{£l;} if k is even
and use the preceding one-to-one correspondence to motivate

Definition 2.1. A locally defined oriented Fuclidean rank r wvector bundle over M is a principal
PSO(r)-bundle over M.

The terminology is justified by the fact that the structure group of a principal PSO(r)-bundle
can be reduced to SO(r) over any contractible open neighborhood U of M, and thus gives rise to an
oriented Euclidean rank r vector bundle over U.

If E is a locally defined oriented Euclidean rank r vector bundle over M and p : PSO(k) — SO(NV)
is a group morphism, one obtains a rank N oriented Euclidean vector bundle p(E) over M by enlarging
the structure group of E to SO(N) and considering the associated vector bundle. In particular,
since the even-dimensional tensor powers of the standard representation of SO(r) on R" descend to
PSO(r), the even tensor powers of a locally defined oriented Euclidean vector bundle are globally
defined vector bundles. And in our case, such a locally defined vector bundle leads to the globally
defined even Clifford bundle C1°(E, h).

We can give the definition of even Clifford structures on Riemannian manifolds, which have been
introduced in [MS11].

Definition 2.2. A rank r > 2 even Clifford structure on a Riemannian manifold (M™,g) is an
oriented, locally defined, rank r Euclidean bundle (E,h) over M together with a non-vanishing
algebra, bundle morphism, called a Clifford morphism, ¢ : CI°(E, h) — End(TM) which maps
A’E c CI°(E, h) to the bundle of skew-symmetric endomorphisms End™ (TM).

Remark 2.3. For r even, this definition corresponds to what [MS11, Remark 2.5] terms projective
even Clifford structures.

Definition 2.4. An even Clifford structure (M, g, E, h, ), is called parallel if there exists a metric
connection VE on (E,h) such that ¢ is connection preserving with respect to VE and the Levi-Civita
connection V of (M, g).

Explicitly, the even Clifford structure is parallel if, for every tangent vector X € TM and section
o of CI'(E, h), that

o(VR0o) = Vxp(o).

An alternative and natural setting is to consider homogeneous (rather than parallel) even Clifford
structures on homogeneous spaces [MP13].

Definition 2.5. A parallel even Clifford structure (E,h,V¥ @), is called flat if the connection VF
18 flat.

These definitions contain several geometries and provides a general framework to study them. For
rank 2, an even Clifford structure provides an almost Hermitian structure (and vice versa) and it is
parallel if and only if the corresponding almost Hermitian structure establishes a Kéhler structure.
For rank 3, an even Clifford structure provides a quaternion-Hermitian structure (and vice versa)

15
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and it is parallel if and only if the quaternion-Hermitian structure establishes a quaternion-Kéahler
strucutre.

The principal result of [MS11] is a complete classification of manifolds carrying parallel even
Clifford structures. Before announcing this classification we state two preliminary results [MSI11,
Lemma 2.4, Proposition 2.10] which are often appealed to in this thesis. Our convention is that (-, -)
denotes minus the trace of the product of two endomorphisms.

Lemma 2.6. [MS11] Let (E,h,¢) be a rank r even Clifford structure and let {&}1<i<r be a local
orthonormal frame on E. The local endomorphisms J;j := p(&; - &) € End(TM) are skew-symmetric
for i # j and satisfy

Ji =—1r, M foralll <i<r,

Jij = —Jji and ij =—1p,a foralli#j,

Jij o Jik = Jji for all i, 5,k mutually distinct,
Jij o Ji = Jgi o Jyj for alli,j,k,l mutually distinct.

Moreover, if r # 4, then
(Jijy Jrt) = 0, unlessit =j k=1lori=k#j=lori=1#k=}.

O

Proposition 2.7. [MS11] Consider a complete simply connected Riemannian manifold (M™, g) and
suppose it carries a parellel non-flat even Clifford structure (E,h, V¥ ) of rank r > 3. Then the
following holds:

(i) If r = 4 then (M, g) is a Riemannian product of two quaternion-Kahler manifolds.
(1) If r #4 and n # 8 then
(a) The curvature of VE, viewed as a map from A*M to End™ (E) ~ A%E is a non-zero

constant times the metric adjoint of the Clifford morphism .

(b) M is Finstein with non-vanishing scalar curvature and has irreducible holonomy.
(iti) If r # 4 and n = 8, then (a) implies (b).

O

The list of complete simply connected Riemannian manifolds M carrying a parallel rank r even

Clifford structure is given in the tables below. For the sake of simplicity, the non-compact duals of the

compact symmetric spaces have been omitted. As in the previous section, d, denotes the dimension

of the irreducible representations of Clg. In Table 5, the non-compact duals of the compact symmetric
spaces have been omitted.

r| M ‘ dimension of M
2 | Kahler 2k, k> 1
3 and 4 | hyper-Kahler 4k, k>1
4 | reducible hyper-Kéhler | 4(ny +n_), ny >1
arbitrary 018 representation space multiple of d,.

Table 4: Manifolds with a flat even Clifford structure
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’ r ‘ M ‘ dimension of M

2 | Kahler 2k, k>1
3 | quaternion-Ké&hler (QK) 4k, k>1
4 | product of two QK manifolds dny +n_),ne >1
5| QK 8
6 | Kéhler 8
7 | Spin(7) holonomy 8
8 | Riemannian 8
5 | Sp(k+2)/Sp(k) x Sp(2) 8k, k>2
6 | SUE+4)/S(U(k) x U(4)) 8k, k>2
8 | SO(k + 8)/SO(k) x SO(8) 8k, k>2
9 OP? = F4/Spin(9) 16

10 | (C ® O)P? = Eg/Spin(10) - U(1) 32

12 | (H® O)P? = E;/Spin(12) - SU(2) 64

16 | (0 ® O)P? = Eg/Spin™ (16) 128

Table 5: Manifolds with a parallel non-flat even Clifford structure

17




18

Chapter 2. Even Clifford Structures



3. Twistor Spaces

This chapter is structured as follows. Section 3.1 explains the construction of the twistor space of
Riemannian manifolds with even Clifford structures and their almost complex structures. Section 3.2
checks the integrability of the almost complex structure and constructs in the appropriate cases, a
Kahler metric on the twistor space. Section 3.3 provides an alternative almost complex structure on
the twistor space leading to a nearly Kéhler structure.

3.1 Twistor Space of an Even Clifford Structure

Let (M™, g) be a manifold with an even Clifford structure (E, h, ¢). Given x € M, let {¢;}1<i<, be an
orthonormal basis for the fibre E; and define J;; := ¢(§; - ;) where - denotes Clifford multiplication.
For each x we consider the subspace Z, of End(T,M) where

ch = J = Z (lijJij J2 = _1T1.Ma A eER

1<i<j<r

and define the twistor space of the even Clifford structure to be the disjoint union

7 = |_| Ze.

xeM

We will denote by 7 the projection onto M. This is a bundle of pointwise orthogonal complex
structures. For a parallel Clg structure this coincides with the definition of the twistor space of a
quaternion-Kahler manifold, where the fibre is homeomorphic to S2. It is not hard to see that for
a 012 structure the fibre of the twistor space is homeomorphic to S? x S?, which corresponds to the
isomorphism between Spin(4) and Spin(3) x Spin(3). In general the fibre at each point is isomorphic
to @(2, r), the Grassmannian of oriented 2-planes in R”, as we see from

Lemma 3.1. Let A € spin(r) C 012, then A% = —1 if and only if there exist vi,vs € R” orthonormal
vectors such that A = vy - vg.

Proof. Let A € spin(r) C CIY and {&}1<i<, an orthornormal basis for R”, then under a change of
basis, we can suppose that A = ZE{ a;€9i_1 - £2;. The condition A2 = —1 yields the equations

L]
a? =1, aia; =0, (i < j).
i=1
The solutions of these equations are the r-tuples (£1,0,...,0), (0,+1,0,...,0), ..., (0,...,£1).

Therefore A = +&5; 1 - &9 for some 1 < i < ng Conversely, if A = vy - vo with v; and vy
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orthonormal, then A% = vy - v - v1 - v2 = —viv3 = —1, which proves the assertion. O

Remark 3.2. Another way to prove this is by using that an element A in A?2R” is decomposable if
and only if AN A =0.

Consider (Tr(Q,r) as a Hermitian-symmetric space. Its complex structure can be given using
Clifford multiplication. Let z € Gr(2,r), which for a suitable frame can be written as z = § A&y =
&1 - €. The tangent space T,Gr(2,r) can be identified with

Span{gi'gj |i€{1,2},j€{3,...77’}}: {Zas§1'£s+ﬁs£2'€s

5=3

o, Bs ER}-

The complex structure is then given by .J.(v) := z - v.

The Levi-Civita connection on M induces a connection on Z. For each S € Z, the connection gives
a splitting TgZ = Vg @® Hg where Vg = ker(m,) is isomorphic to Tﬂ(S)E}Vr(Z, r), the isomorphism given
by the differential of the Clifford map, and Hg, the horizontal subspace, is isomorphic to Tr(g)M.
We recall the usual construction of almost complex structures on Z. Given U € Vg and X € Hg we
define

JU + X)g = J(U) + n7 (ST (X))

where J(U) := @, Jp; 1 (U) = SU.
This construction is inspired by the low rank setting. Indeed for r = 4,5 we have:

e 1 = 3: In this case this is the construction of the almost complex structure for quaternion-Kahler
manifolds, so (Z,J) is a complex manifold, see [BB82, Sal82].

e 7 = 4: In this case the manifold is locally a product of two quaternion-Kéhler manifolds [MS11].
Moreover Gr(2,4) is isomorphic to S2 x S? as Kihler manifolds, so in this case the twistor space
is the product of the twistor spaces of two quaternion-Kéhler manifolds. In particular, it is a
complex manifold.

From now on, we will suppose that (M, g) carries a parallel even Clifford structure of rank r > 5.
We treat the 8-dimensional case first. In this case, the rank should be 5,6,7 or 8 and the following
holds:

e r = 5: In this case the manifold is known to be quaternion-Ké&hler in the case of positive
curvature [MS11]. The twistor space has fibre isomorphic to Sp(2)/U(2) and has been considered
in [Bur90]. The twistor space is complex exactly when M is locally symmetric, hence locally
isometric to either quaternionic projective space or to C’}Vr(27 6) = Gre(2,4).

e r = 6: In this case the manifold is known to be Kéahler [MS11]. The twistor space has fibre
Gr(2,6) and has been considered in [OR85, Bur90]. The twistor is complex exactly when the
Bochner tensor of M vanishes.

e 7 = T: In this case the manifold has Spin(7) holonomy. The twistor space has fiber SO(7)/SO(5) x
SO(2). According to [Bur90], the twistor space in this case is never complex.

e r = 8: In this case the manifold is Riemannian. The twistor fibre is isomorphic to SO(8)/U(4)
which is the usual fibre of the twistor space defined for even dimensional Riemannian manifolds.
As mentioned in the introduction, the twistor space is complex if and only if M is conformally
flat.
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3.2. Integrability of Almost Complex Structure

3.2 Integrability of Almost Complex Structure
We will now assume that n # 8.

Lemma 3.3. Let M be a Riemannian manifold of dimension n # 8 carrying a parallel even Clifford
structure of rank v > 4, then for every S € Z and X,Y € Tr(5)M, the curvature R, of the Levi-Civita
connection satisfies

Rsx,sy,S) — S[Rsx,yv,S] — S[Rx,sv, 5] — [Rx,y,S] =0.

Proof. Tt suffices to prove the proposition for S = Jyo. If the parallel even Clifford structure is flat
then the manifold is flat [MS11, Theorem 2.9]. So Rxy = 0 for all X, Y € T, M. If the parallel
even Clifford structure is not flat and n # 8, then the proof of Proposition 2.7, explicitly [MS11,
Equation (15)], implies the existence of a non-zero constant s such that

Rxy.Jizl =Y g(JaX, V)2 — g(Ja X, V) .
5§>2
Using the properties of the endomorphisms J;; in Lemma 2.6, specifically, J;; o J;, = Jj, for 4,7,k
mutually distinct, the result follows upon summing the following four calculations.

Rynx.navs Ji2l =6 —g(JaX,Y)J2 + g(JX,Y) ]

5>2

—JoRonxy, Ji2l = £ —9(J2X,Y)Ja + 9(Ja X, Y) o

s>2
—Ji2[Rx sy Ji2] = £ Y —g(JX,Y) T + g(Ja X, V)]s
s>2
~Rxy,Ji2l = 6 —9(Ja X, Y) e + 9(Jea X, V) J 1 m
s>2

Theorem 1. Let M be a Riemannian manifold of dimension n # 8 carrying a parallel even Clifford
structure of rank r > 4, then the almost complex structure J on Z is integrable.

Proof. We proceed as in 14.68 of [Bes08]. For an arbitrary vector field W, we let V(W) denote the
vertical part of W and H(W) the horizontal part of W. Let N be the Nijenhuis tensor of J. Let
U and V be vertical vector fields and X and Y basic horizontal vector fields.

Let us first check that N7 (U,V) = 0. Since U and V are vertical, J(U) and J(V) are also
vertical vector fields. Thus Ny (U,V) = N;(U,V) = 0, since J is a complex structure.

Now we will check that N7 (X,U) = 0. From the two facts that the horizontal transport of the
horizontal distribution respects .J, and that [X, U] is vertical if U is, we obtain [X, JU] = J[X,U].
This reduces the Nijenhuis tensor to N7 (X,U) = J([J(X),U]) — [T (X), T (U)]. The vertical part
of this vanishes by noting that both terms in V([J(X), J(U)]) = J(V[J(X),U]) are tensorial in X.
Finally, for the horizontal part of N7(X,U) observe first that 7. ([J(X),U]) = —Um.X from which
we obtain

(T[T (X),U)) = m(TH[T (X),U))
= m(m T[T (X), U))
=-SUn.X
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Chapter 3. Twistor Spaces

By the same reasoning

h
S
>
2
S
i

~JU)m. X
=-SUn.X

and so Ny (X,U) =0.

Finally, we check that N7(X,Y) = 0. This is done by considering the horizontal and vertical
components separately. For the horizontal component, we consider S in Z with 7(S) = x as a section,
also denoted S, of Z about = and demand that V.S = 0 at x. This gives a local almost complex
structure on a neighborhood of x which has an associated Nijenhuis tensor Ng. A direct calculation
gives agreement, on the neighbourhood of z, between the two Nijenhuis tensors considered, explicitly,

T (N7 (X,Y)s) = Ns(m(X), m(Y)).

The tensor Ng is then seen to vanish at x as V is torsion-free and, at x, VS vanishes. Studying the
vertical component one recalls O’Neill’s formulas for Riemannian submersions [Bes08, Chapter 9]. In
particular, V[X,Y]:(s) = —[Rx, x,x.v,S], which implies V(N7(X,Y)) = 0 precisely by Lemma 3.3.

O

Theorem 2. The twistor space (Z,J) of a Riemannian manifold of dimension n # 8 with a parallel
even Clifford structure of rank r > 4 and Ric > 0 admits a Kdhler metric.

Proof. In this case the manifold (M, g) is Einstein with Ric = k(n/4 + 2r — 4) by Proposition 2.7.
Using the condition that Ric > 0, we choose a metric h on Z such that 7 is a Riemannian submersion
with totally geodesic fibres isometric to (A}}(Q,r) with Kéhler metric and Ric = 2rk, so that the
collection {.J;;} forms a mutually orthogonal frame and ||J;;||* = 1/k. Let U and V be vertical vector
fields and X and Y basic horizontal vector fields. The theorem follows a similar argument to that
given in 14.81 of [Bes08]. We consider separately the four cases coming from (VgJ)F where E,| F
may be horizontal or vertical.

First we show VyJ = 0. Restricting to its action on a vertical field, we immediately get
(VuJ)V =0 as the fibre is Kéhler and totally geodesic. In order to prove (Vi J)X = 0, it suffices
to consider only the horizontal component (again as the fibres are totally geodesic). By appropriately
choosing a local orthonormal frame for E, we may assume that S = Jis and U = A\Jg; with s > 2.
The Koszul formula and the relationship between the vertical component of the Lie bracket and the
curvature mentioned in the previous proof give, at .S,

2h(VyX,Y) = —h([X,Y],U)
= M([Rr, x5 v J12], Js1)-

Recalling Equation 3.2 we deduce h(Vy X,Y) = 7%A9(J527T*X7 m,.Y"). Using this result, 7.(Vy X)s =
_%)\JSQW*X, we obtain

ﬂ*(ijX)S = _%JIQAJSQW*X
= %Uﬂ'*X.

Similarly, one proves that

(VoI X) = U X,

22



3.2. Integrability of Almost Complex Structure

from which we conclude 7, ((VyJ)X) =

Second, we show VxJ = 0. Recall O’Neill’s A tensor
AgF :=VVygHF + HVygVF

where E and F are arbitrary vectors. We show, as an initial calculation, that Ax(JY) = J(AxY)
and J(AxU) = Ax(JU). In our situation we note the following decomposition into horizontal and
vertical components

VxU =VVxU+ AxU
VxY = AxY + HV Y.

By [Bes08, Proposition 9.24], we have AxY = 7V[X Y]soat S = Jio, weget AxY = — [R,T X,m.YJ12]
and the claim that Ax (JY) = J(AxY) is equivalent to

Rx’ .y, J12) = Ji2[Rxt y7, Ji2]

where, for the sake of notation, we have denoted X’ = 7, X and Y’ = 7,Y. Equation 3.2 gives the
result as

Ji2[Rxr v, Ji2] = Jia( Zg 1 XY T2 — g(Je2 X', Y') 1)

s>2

=kY_ —g(JaX" Y )Ja - g(Ja X' Y') e

5>2

and similarly

R siayrs Jia] = 6 g(Ja X', J12Y ") Je2 — g(Je2 X', J1aY') T
s>2

= kY —9(JaX"Y) o — g(Ja X', Y') .
s>2

For the second claim, we use the skew symmetry of A, h(AxY,U) = —h(Y, AxU) to obtain

WITAxU,Y) = h(U, Ax JY)
= WMAxJU,Y).

Therefore J(AxU) = Ax(JU).

We apply this result to (VxJ)U where

(VxI)U =Vx(JU) - IVxU
=VVx(JU)+ AxJU — JVVxU — JAxU
=VVx(JU) - JVVxU

Taking the inner product of each term with V' and studying the respective Koszul formulas gives the
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Chapter 3. Twistor Spaces

result that (VxJ)U = 0. By a similar calculation for (VxJ)Y,
(ij)y == HVX(jY) — jHVXY

As this is horizontal we may use a similar idea to that presented in the preceding proof. Specifically,
we consider S € Z with = w(S) as a section over a neighborhood of  with V.S = 0 at . Studying
the appropriate Koszul formulas one concludes that, at x,

(VxT)Y = (Vo x97m.Y.
The result now follows since, at x,

(VxT)Y =71, (V. x(S1,.Y) — SV, xm.Y)
=7, ((Va, xS)m.Y) = 0. O

A summary of these results is given in Tables 1 and 2 found in the introduction to this thesis.

3.3 Nearly Kahler Structure

A nearly Kéhler manifold is an almost Hermitian manifold (Z, J , E) with the property that, for all
tangent vectors X, we have (VxJ)X = 0 where V is the Levi-Civita connection of (Z, h).

We use the following observation of Nagy [Nag02] to construct nearly Kéhler metrics on the twistor
space. Consider a Riemannian submersion with totally geodesic fibres

F—=(Z,h)—-M

and let TZ = V @ H be the corresponding splitting of TZ. Suppose that Z admits a complex
structure J compatible with h and preserving V and H such that (Z,J,h) is a Kédhler manifold.
Consider now the Riemannian metric on Z defined by

h =

~ %h onV xV
h onHxH

The metric i admits a compatible almost complex structure J given by

j:: {—J onV
J on H

The next proposition is proved in [Nag02].

Proposition 3.4. [Nag02] The manifold (Z, 7, ) is nearly Kdhler.

As a corollary, we obtain

Theorem 3. The twistor space Z of a Riemannian manifold with a parallel even Clifford structure
of rank r > 3 and Ric > 0, admits an almost complex structure J and a metric h such that (Z,J, h)
is nearly Kahler.
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3.3. Nearly Kéhler Structure

O

In our case, using the definition of the almost complex structure, one can easily check that this
almost complex structure is never integrable.

We conclude by pointing out that even though a classification of parallel even Clifford structures
was given in [MS11], and one can try to deal with each of these cases separately, our approach does not
rely on this classification (except for dimension 8 in which the curvature condition is not automatically
satisfied). Furthermore, the constructions above can be studied in a more general context. One could
check integrability conditions of these twistor spaces for manifolds with non parallel even Clifford
structures, as in [Fri01]. In fact, in order for the twistor space to be complex, Lemma 3.3 should be
satisfied for every S in the twistor space. One nice example is given by S! x S'5, which admits a non
parallel Clg structure but its twistor space is a complex manifold which cannot be Kahler since its
first Betti number is odd.
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4. Clifford Structures on Conformal
Manifolds

The chapter is organised as follows. Section 4.1 recalls several notions of even Clifford structures,
defines Clifford-Weyl structures and introduces the required differential and algebraic objects from
differential and conformal geometry. It finishes with a toy problem from Hermitian geometry which
inspires the beginning of the proof of Theorem 4 (and provides the proof for the case n > 4, r = 2).
Section 4.2 establishes Theorem 4 for large rank r» > 5 structures and Section 4.3 establishes the
theorem in the remaining low rank setting. Section 4.4 considers the generic cases of Theorem 5
and shows that in each of these cases there are examples of Clifford-Weyl structures with non-closed
associated Weyl structures.

4.1 Clifford-Weyl Structures

Consider a Riemannian manifold (M™, g) equipped with an even Clifford structure (E, h, ¢). Recall
that the Clifford morphism ¢ : C1°(E, h) — End(TM) is required to send A2E < CI°(E, h) to the
bundle of skew-symmetric endomorphisms End™ (TM). As End™ (TM) is invariant under a conformal
change of the metric g, the notion of an even Clifford structure extends directly to the setting of a
conformal manifold (M, ¢). In the setting of a conformal manifold, where no distinguished connection
(on the tangent bundle) is present, the condition of parallelism is transferred by considering Weyl
connections giving what we term Clifford-Weyl structures.

Definition 4.1. A rank r > 2 Clifford-Weyl structure on a conformal manifold (M™,c), is a tuple
(E,h,,VE D) where

e (E,h) is an oriented locally defined rank r Fuclidean bundle;
e ©:CI°(E,h) — End(TM) is an algebra bundle morphism sending A*E to End™ (TM);
o V¥ is a metric connection on E;

e D is a Weyl connection on (M,c),
such that o, seen as a section of C1°(E, h)* @ End(TM), is parallel with respect to VF @ D.

Let (E, h,¢, V¥, D) be a rank r Clifford-Weyl structure on a conformal manifold (M", ¢) and let
L denote the weight bundle of M (the real line bundle associated with the principal bundle of frames
via the representation | det |'/™ of GL(n;R), cf. [BM11, Section 2]).

Consider a metric g in the conformal class ¢. Associated with g we have the Levi-Civita connection
V as well as the gauge ¢ (a section of L) and Lee form 6 defined respectively by

c=g® > Di=60¢.
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Chapter 4. Clifford Structures on Conformal Manifolds

This gives the useful formula Dg = —26 ® g. Independent of the choice of metric in the conformal
class, we have the Faraday form F' = d6f. The Weyl structure D is closed if and only if D is locally
the Levi-Civita connection of a metric in the conformal class. This is equivalent to F' = 0.

Let {& }1<i<r be a local oriented orthonormal frame for (E,h). We introduce the collection of
connection coefficients and the curvature two-forms

vEE = Znij ®&, RPEG= Zwij ® &,

(with w;j = dnij + >, Mik Ankj), and define endomorphisms J;; := ¢(&; - ;) where - denotes Clifford
multiplication. As in the original setting of even Clifford structures, it is the fact that ¢ is an algebra
bundle morphism mapping A2F into End ™ (T M), that implies that the endomorphisms .J;; are locally
defined almost Hermitian structures on M for i # j. Moreover, for mutually distinct indices 1, j, k
we have

(& &) (& &) =8 & =—(& &) (& - &)

and thus J;; anticommutes with J;;. In particular, this shows (similar to the final statement in
Lemma 2.6 but without the restriction on r # 4) that

where (-, -) denotes, as usual, minus the trace of the product of two endomorphisms.
Let {e; }1<i<n denote a local orthonormal frame for (TM, g). For each J;; with i # j, we obtain
an associated non-degenerate two-form €2;;:

Qi () = g(Jij ).

(In the process of establishing (4.3), as well in the the rank r = 4 case, the calculations are simplified
by summing indiscriminately over subscripts, for this we define Q;; := 0.) Using the natural scalar
product on the bundle of exterior forms induced by g, we obtain the Lefschetz-type operators for

i F

Lij = QuA, Ay =L =13 Jijlea) s€a .

a=1

For later use, notice that by the usual identification using the metric g of A?(T*M) with End ™ (TM),
the Lefschetz operator A;; acting on A?(T*M) (with ¢ # j) is identified with §(J;;,-) acting on
End™ (TM).

We finish this section with a toy problem: That when r = 2 and n > 4, the Weyl connection is
closed. This is a standard fact in Hermitian geometry, but the proof below contains, at embryonic
state, the main ideas of the proof of Theorem 4 which for convenience we now recall.

Theorem 4. Suppose a conformal manifold of dimension n carries a rank r > 2 Clifford-Weyl
structure such that (n,r) is different from (2,2), (4,2), (4,3), (4,4) and (8,8). Then the associated
Weyl connection is closed. The same conclusion holds if (n,r) = (8,4), provided that the restriction
of the Clifford morphism ¢ to A2E is not injective.

Proof. Proposition 4.2 for r = 2 and n > 4. Section 4.2 for > 5. Section 4.3 for r = 3, 4. O
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Proposition 4.2. Suppose a conformal manifold of dimension n > 4 carries a Clifford-Weyl structure
of rank r = 2. Then the associated Weyl connection is closed.

Proof. With the notation established in this section, we choose as before a metric g in the conformal
class and drop the superfluous subscripts on Ji2 and Qq5. First, the fact that ¢ is V¥ ® D-parallel
implies

DJ = D(p(& - &) = p(VE(& - &))

and as
VP &) =1 ®&) L+ & - (ma®&) = —(ma +n21)lawen =0,
we conclude J is parallel with respect to D. Differentiating €2 with respect to the Weyl connection
(D(,) = (Dg)(J-,-) +9(DJ-,-)

and using the formulae DJ = 0 and Dg = —260 ® g gives D) = —20 ® {2 which upon extracting the
totally antisymmetric part yields

dQ=-201N0.
Differentiating this equation gives
0=d’Q=-2FAQ—-40A0AQ

and as () is non-degenerate with n > 4, the equation F' A Q = 0 forces F = 0. O

4.2 Large Rank Clifford-Weyl Structures

For this section suppose that (E,h,p, VZ D) is a rank r Clifford-Weyl structure on a conformal
manifold (M™, ¢), with r > 5. The structure of C1? forces the dimension of the manifold to be a
multiple of 8. Apart from the generic situation n = 8, r = 8, which will be treated later on, we will
show that the Weyl connection is closed.

As in the previous section, we consider an arbitrary Riemannian metric g in the conformal class
c. Then (E,h) is an even Clifford structure, and we may build Lefschetz-type operators as well as
identify A%(T*M) with End™ (TM).

The connection coefficients give for all ¢ # j
VEE &) =D i ® (& &)+ ® (& - &)

K
= Z Mki @ (& - §5) — Mg @ (€ - &)

k#i,j

and as the even Clifford structure is parallel,

DJ;; = Z NMei @ Jij — My @ T
k#i,j

29
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Differentiating €2;; with respect to the Weyl connection
(DQ45)(-, ) = (Dg)(Jij+, ) + g(DJij0, )
and using the previous formula as well as the fundamental formula Dg = —26 ® g provides

DQ; = —20 @ ;5 + Z Mi ® Qg — NMiej & Q-
k#i,j

Taking the totally antisymmetric part of this equation (and recalling €;; := 0) gives

inj = 20N Qij + Z’r]m‘ A ij — Miej N Qi
k

Differentiating this equation and replacing appearances of d{);; (as well as d Qx; and d ;) using
this same equation yields

2F/\Qij = Z (29/\77;“'/\ij + d ng; /\ij —T]m‘/\koj) — {Z <—>]}

2
= Z (dnki A Qg *nki/\z (ﬁek A gy — ngj /\ng)> —{i+ 5}
k ¢
:Z (dnki+znk£/\nli) A —{i < j}
k ¢

where {i <> j} corresponds to the previously displayed term with indices ¢ and j interchanged. The
previous equation simplifies upon introducing the curvature two-forms w;; of V¥ into

2F A Qij = Zwki AN ij — Wgj N Qi
k

Writing this using the Lefschetz-type operators establishes, for all i # j,

2 Lij F = Z ij Wi — L]“‘ Wk - (42)
k

Assuming i # j, we apply A;; to (4.2). Calculating A;; applied to the left hand side of (4.2) is
aided by the s[(2) structure of the Lefschetz-type operators. Specifically 2[A;;,L;;]F = (n —4)F and
L;; (2 A;; F) identifies, as an endomorphism, with (J;;, F')J;;. In order to calculate A;; applied to the
right hand side of (4.2), we note that the sum in (4.2) may be taken over k # ¢, j and we write

Aij = % Z Jij(ea) J€q I
(recall that {e;}1<i<n denotes a local orthonormal frame for (T M, g)). This gives, for k # 1, j,

2Aij ij Wk = Z Jij (ea) a (ij(ea) N Wi + ij N wki(ea)>

The summands in the previous display consist of four terms, the first of which vanishes because of
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(4.1). Developing the remaining three terms gives

20 Lijwg = Z —Qj(ea) A (wii 0 Jij)(eq) + (s 0 Jij)(€a) A wrileq) + (Jij, Wri) ;-

Testing against two tangent vectors shows

Y —glea) A (wii 0 Tig)(ea) = wiil T, ) + wril-, Jin-)

a

Z(ij o Jij)(eq) N wiilea) = wii(Jik-s ) + wii(-, Jik-)

a

which, viewed as endomorphisms via the metric, are each precisely [Ji;,wk;]. Therefore, for i, j, k
distinct,

Aij Ly wii = [Jri, wii] + 5 (Jij, wei) Qi
which establishes, for i # j,

(n—4)F + (J;;, F)Q;; = Z [Jrir wri] + [Tigr wig] + 5 (Jijr wii) Qs — 3 (Jij, wig ). (4.3)
k#i,j

Working with (4.3), we apply 2A;j,2Aq,2Agp for a,b different from ¢,j. For 2A;; applied to
(4.3) we remark that (J;;, J;;) = n while J;; is orthogonal to Jy; and Jy, for 4, j, k distinct hence

(2n —4)(Jy, F) = Z (Jigs [Tri» wril) + (Jigs [Trg, wis])

k+#i,j
= Z ([Jig, Iril, W) + ([Jijs Jrjls wrs)
k+#i,j
establishing
(2n —4)(Ji;, F) =2 Z (Jkjr wii) = (Jhi> s (4.4)
ki,

For 2 A;, applied to (4.3), we remark that (J;q, Jri) = —ndgx for k # ¢,j and importantly, as r > 5,
the terms involving (Jiq, Ji;) vanish by Lemma 2.6. Therefore

(n—4)(Jia, F) = 5(Jij,Waj) + Z ([Jias Jril, wii) + ([Jia Jrj)s W)
ki)

where

> (i Teilswri) = D> (Tka = Jaks ki) = 2> _(Tha, i)

k#i,j ki, j k#j

and since J;, commutes with Ji; for k # 7, j except when k = a,

Z (Jia> ksl wis) = ([Jias Jajl, Waj) = —2(Jij; Waj)
ki,j
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establishing

(n = 4)(Jia, F) = (5 = 2)(Jijs Wag) + 2D {Jrarwhri), (4.5)
k#j

For 2 A, applied to (4.3), we again use the large rank hypothesis » > 5. Indeed, due to this condition,
for k # 4, 7, terms involving (Jup, Ji;) and (Jyup, Jk;) vanish. So

(n—4)(Jap, F') = Z ([Jabs Trils wri) + ([Jabs Jkjls Wi
ki)

Z ([ab, Jkils wii) + ([Jabs k], wij)
ke{a,b}

and developing the four terms from the summation in the preceding display establishes

(’ﬂ — 4)<Jaba F> = Z(Jbi,wai> — 2<Jai; wM) -+ 2<ij, waj> — 2<Jaja wbj>. (46)

Armed with the preceding numbered equations, we may establish the orthogonality between J;;
and F. From (4.6), by collecting the first two terms, and collecting the second two terms, we see that
(Jpi,Wai) — (Jai, wp:) is independent of 7 so

(n —4)(Jab, ') = 4 Jpi, wai) — 4(Jai, i)
Summing the previous display over i # a,b and changing the notation of indices a, b, — i, j, k gives

(r—2)(n—4)(Ji, F) =4 Z (Jhjs W) — (i, Wiy )-
k#i,j

Comparing this equation with (4.4) provides the constraint
(T - 2)(71 - 4)<J1J,F> = 2(271 - 4)<J1J,F>

whence (J;;, F) = 0 unless 4(2n —4) = 2(r — 2)(n —4). As r > 5 and n is a multiple of 8, the only
obstructive case is the generic case n = 8, r = 8, which was excluded. Therefore

(Jij, F) =0 Vi#j
Updating (4.5) and (4.6) using this orthogonality, we obtain a pair symmetry from (4.6)
(Jiaswja) = (Jja, Wia), Y 4, 7, a distinct. (4.7
which, upon switching the variables j,a in (4.5), provides

(2 = 5 )(Jia,Wja) = —2(Jaj, Wai) + ZZ<ka7Wki>7
%

giving

(2= ) (Jiaswja) = Y _(Jikswjn), Vi, j,a distinct. (4.8)
k
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Therefore if n = 8, the sum on the right hand side vanishes, while if n # 8, (Jiq,wj,) is independent
of a # i, j hence

(2 = ){Jiaswja) = (r = 2)(Jia, Wja)

and so J;q is orthogonal to wjq. It thus turns out that the sum Zk(Jik, wjk> vanishes no matter what
the dimension n is.

As a penultimate result, we remark that upon summation over j # ¢ (for i fixed), the final two
terms of (4.3) vanish:

Z Z <Jij,w;€i>ka — (Jij,wkj).]ki =0. (4.9)

J#i \k#i,j

In fact, the previous display naturally splits into two collections of summations, each collection
vanishing independently as we now show. The first collection of summations in (4.9) may be written
as the sum over j, k both different from 7 and from each-other:

Z Z (Jij,wri)Jij | = Z (Jijrwhi) Jij
AL \k#ij j ki
J#k

which thus vanishes as (J;;,ws;) is symmetric in j, k due to (4.7) while J;j, is antisymmetric in j, k.
Considering the second collection of summations in (4.9), we rearrange the summation,

Z Z<Jijawkj>Jki :Z Z<Jijawkj>c]ki

J#i \k#i,j Jj#i \ k#i
ZZ Z<Jijawkj> Iri

k#i \ i
= Z Z(Jijawkj> I

k#i,5 J

and by the remark following (4.8), the preceding display vanishes and provides (4.9).

We may now establish the result. By defining S; := >, [Jki, wii|, (4.3) now reads

(n—4)F = 8+ S; = 2T, wi] + 5 D (Jijswni) kg — (Jig whs) Thi-
ki)

Keeping 4 fixed and summing over j # 4, making use of (4.9), we obtain

(r—1)(n—4)F =Y (Si+S; — 2[Jij,ws;])
I

= (T—4>Si+ZSj
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which implies (as r # 4) that S; is independent of ¢ and proportional to F:
(r=1)(n—4)F =2(r — 2)5;.
Equation (4.3) thus develops to

2(n—4)

p— F = A[J;j,wij| — Z (Jijswri) Jij — (Jijs W) i

k#i,j

Commuting F' with J;; we see that

2(n—4
%FJU = A(JijwijJij + wij) — Z (Jijs wri) ki + (Jigs W) i
oy
2(n—4
%%‘F = —d(wij + Jijwij i) + > (Tijswrid Tni + (Jij, i) -
k#i,j

Therefore F' anticommutes with J;; for every i # j. By taking some k different from both ¢ and j we
get that F' commutes with J;Jj, = Jij. Hence F' = 0, thus proving Theorem 4 when the rank of the
Clifford-Weyl structure is at least 5.

4.3 Low Rank Clifford-Weyl Structures

We consider now the remaining cases from Theorem 4.

That D is closed for r = 3 and n > 8 is a standard result in quaternion Hermitian Weyl geometry
(or locally conformally quaternion Kéhler geometry) [Orn01]. We present a proof which can also be
adapted to the case r = 4.

Define Q := Q2, + Q3; + Q32; to be the fundamental four-form (or Kraines form) of quaternion
Hermitian geometry. By (4.2), which continues to hold for r = 3, we obtain

Q%Q A F = %912 A\ 913 74\ w32 — %le A ng A w31

and cyclically commuting (1,2, 3) gives two similar equations. Upon summation, cancellations give
QAF =0 and, as the fundamental four-form is well-known to be non-degenerate (and n # 4), F = 0.
(Alternatively, if one follows the derivation of (4.2), one obtains similar equations for d §2;; in terms
of the connection coefficients 7;; which result in the equation d Q = —40 AQ). Differentiating a second
time gives QA F =0.)

Finally, if (E,h,VE, ) is a rank 4 Clifford-Weyl structure and n > 8, let us consider A &
End(TM) to be the image under ¢ of the volume element of E. From the properties of ¢, A is a
symmetric involution, hence the tangent bundle splits into a direct sum TM = T+ & T~ of the £1
eigenspaces of A. If either TF or T~ are of dimension zero, then the rank 4 even Clifford structure
is effectively a rank 3 even Clifford structure and the result follows from the previous paragraph. We
may thus assume the decomposition of TM is non-trivial. In particular ¢ is injective upon restriction
to A2E, so we only need to consider the case n > 12.

We construct quaternionic structures on 7T+

J5 = F1(J1a £ Jog), J3 = Fi(J13 F Joa), J3 = Fi(Ji2 £ J34)
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which vanish upon restriction to 7F. We may thus define two four-forms Q1 € A*(T*)* as in the
case of quaternion Hermitian geometry and set 2 = Q, + Q_. We decompose the exterior algebra
A*M = &(AP(TH)* @ AY(T™)*) and say that elements of AP(TT)* @ AI(T~)* are of type (p,q). The
decomposition of A2M enables us to write F = F + F,, + F_ where F, F,,, F_ are respectively
of type (2,0), (1,1), (0,2). Using this we calculate Q A F' (whose 6 pieces are of distinct type).
Meanwhile, we remark that

Q:%ZQ?J‘:%ZQ?J'
2,7

1<j
and via (4.2), which continues to hold for r = 4,

Q?j/\F:%ZQij/\Qik /\wkj—Qij/\ij N Wi
k

Summing over ¢, j the second term in the previous sum, ), ik Q5 A Qi Awi; may be written, under

a permutation i, j, k — k, i, 7, as the first term ) Qi A Q4 A wy; hence

.3,k
QAF =0.

Since they have different types, each of the six terms in the expansion of Q A F' also individually
vanish. As M is at least 12-dimensional with both subbundles T* being non-trivial, we deduce from
Q_AF,=0and Q  AF_ =0 that Fx = 0. And as one of the subbundles 7% has rank larger than
4 (say T") then F,, =0 (from Q4 A F,, =0).

This finishes the proof of Theorem 4 when the rank of the Clifford-Weyl structure is 3 or 4.

4.4 Generic Cases

In this final section we prove Theorem 5 and, in the process, show examples of Clifford-Weyl structures
with non-closed associated Weyl covariant derivatives.

Theorem 5. (i) Let D be a Weyl structure on an oriented conformal manifold (M, c) of dimension
2, 4 or 8. Then (M,c) carries a Clifford-Weyl structure of rank r = 2 forn =2, r =3 or
r=4 forn=4 and r =8 for n = 8, whose associated Weyl structure is D.

(ii) Let D be a Weyl structure on a conformal manifold (M™,c). Then there exists a Clifford-Weyl
structure of rank 2 on (M,c) with associated Weyl structure D if and only if D preserves a
complex structure compatible with c¢. If n = 4, every complex structure J compatible with c is

preserved by a unique Weyl structure DY, which is closed if and only if J is locally conformally
Kdhler.

(iii) Let D be a Weyl structure on a conformal manifold (M®,c). Then there exists a Clifford-
Weyl structure of rank 4 whose Clifford morphism ¢ : CI°(E, h) — End(TM) is injective upon
restriction to A2E, if and only if D is the adapted Weyl structure of a conformal product
structure on (M, c) with 4-dimensional factors (cf. [BM11]).

Proof. (i) If M has dimension 2, we define (F, h) to be the trivial rank 2 Euclidean vector bundle with
trivial flat connection V¥, and ¢ : A2E — End™ (TM) by (& A &) = J, where &1, &, is an oriented
orthonormal frame of E and J is the rotation in TM by 7/2 in the positive direction determined by
c. Since DJ =0, (E, h,p, V¥, D) is a rank 2 Clifford-Weyl structure.
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Chapter 4. Clifford Structures on Conformal Manifolds

If M has dimension 4, we define E := AT M ® L? (the bundle of self-dual two-forms of conformal
weight 0), VE to be the covariant derivative induced by D on E and h to be the canonical scalar
product induced by ¢ on E. Since A2M ® L? is canonically isomorphic to End™ (TM), E is in
fact a rank 3 sub-bundle of the bundle of skew-symmetric endomorphisms of M. Moreover, since
E is oriented, the metric h provides an identification of A2E with F, and thus a map ¢ : A2E —
End™(TM). It is straightforward to check that this map extends to an algebra morphism from
CI°(E, h) to End(TM) which is tautologically parallel with respect to VZ @ D, thus defining a rank
3 Clifford-Weyl structure.

Moreover, every rank 3 Clifford-Weyl structure (E,h,VE ¢, D) determines in a tautological way
a rank 4 Clifford-Weyl structure (E h,VE 3, D) where E = E ® R with induced metric & and
connection VE, and ¢ is defined on A2E ~ A2E @& F by ¢ = ¢ on A2E and ¢ = @ o x on F, where *
denotes the Hodge isomorphism * : E — A2E

If M has dimension 8, we define E = X§ M (the bundle of real half-spinors of conformal weight 0,
cf. [BHM*15]) and V¥ and h to be the covariant derivative and the scalar product induced on E by
D and c. Of course, if M is not spin, E is only locally defined, but A2E is always globally defined.
We consider the map ¢ : A2E — End ™ (TM) defined by

Y AP) =X > — Zh ei- X 1), 0) e — h(v,0) X

where £ is a local section of L and {e;}1<i<n is a local frame of TM satisfying c(e;, ;) = £*;;. The
map ¢ is tautologically parallel with respect to V¥ @ D. Moreover, ¢ extends to an algebra morphism
from C1°(E, h) to End(TM). Indeed, in order to check the universality property for the even Clifford
algebra [MS11, Lemma A.1], consider local sections ¢, ¢ and £ of E such that ¢ is orthogonal to ¢
and £ and h(¢,¢) = 1. Then {¢~'e; ¢ }1<i<y is a local orthonormal basis of the zero-weight half-spin
bundle X5 M (whose metric is also denoted by h) and thus

[p( A @) o (v NEIX) = h(0 e X -9,€) o(¥ A ¢)(ei)

'Mw

s
Il
-

h(02e; - X -, )L %e; - e -1, d) ¢

@
<
I

-

Il
:M"’

oo

= h(€2X - e -+ 20 2c(e;, X ), )h(E2e; b, e; - @) e;

h({2X - Eej-)e;

Il
Mm :

—p(END)X) — (g, €) X
P NEX) — (e, §) X

This shows that (E, h, ¢, V¥, D) is a rank 8 Clifford-Weyl structure on M.

(#9) With any Clifford-Weyl structure of rank 2 on M one can associate the image, J, of the
volume form of E through the Clifford morphism ¢. Clearly J is an almost complex structure on M
compatible with ¢ and D-parallel. On the other hand, every almost complex structure preserved by
a torsion-free connection is integrable.

Conversely, if D is a Weyl structure on (M, ¢) and J is a D-parallel Hermitian structure, we define
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as before a rank 2 Clifford-Weyl structure on M by taking (E, h) to be the trivial rank 2 Euclidean
vector bundle with trivial flat connection V¥, and ¢ : A2E — End ™ (TM) defined by the fact that it
maps the volume form of E onto J.

For the second point, recall that on 4-dimensional conformal manifolds, every complex structure
J compatible with the conformal structure is preserved by a unique Weyl covariant derivative D (see
e.g. the proof of [BM11, Lemma 5.7]) which is closed if and only if (J, ¢) is locally conformally Kéhler.

(iii) If (B, h,p,VE D) is a Clifford-Weyl structure of rank 4 with ¢ injective on A2E on an
8-dimensional conformal manifold (M, ¢), then the image of the volume form of E through ¢ is a D-
parallel involution of TM whose eigenbundles are 4-dimensional D-parallel distributions. By [BM11,
Theorem 4.3], (M, ¢) has a conformal product structure defined by these two distributions.

Conversely, every conformal product structure on (M,c) with 4-dimensional distributions 7%
defines a unique Weyl connexion D (called the adapted Weyl structure in [BM11, Definition 4.4])
such that the splitting TM = T% @ T~ is D-parallel. We obtain in this way a structure group
reduction from CO(8) to G := CO(8)N(CO(4) x CO(4)), that is, a G-principal bundle P over M and
a connection induced by D on P. Since CO(4) = R* x (Spin(3) xz/2z Spin(3)), the projections from
R* x (Spin(3) x Spin(3)) to the second and third factors respectively define group morphisms ¢; and
iy from CO(4) to SO(3). Let E denote the (locally defined) rank 4 Euclidean vector bundle over M
associated with P via the group morphism #; x i, from G to SO(3) x SO(3) = PSO(4), and let V¥
denote the induced covariant derivative. By construction, A2E is globally defined, and isomorphic
to the weightless bundle (AT (T%) ® L=2) @ (A~ (T~) ® L=2). The composition of this isomorphism
with the canonical inclusion in AT(TM) ® L~2 = End™ (TM) yields as before a Clifford morphism,
which is V¥ @ D-parallel by naturality of the construction.

Examples of conformal products with non-closed adapted Weyl structures can be easily con-
structed. Take (M1, ¢1) and (Ma, g2) two 4-dimensional Riemannian manifolds and let M = My x My
with conformal class ¢ = [ef g, 4 go] where f is any smooth map on M. Then the adapted Weyl struc-
ture of this conformal product structure is closed if and only if there exist functions f; on M; such
that f = 7¥(f1) + 75(f2) where m; : M — M, are the canonical projections (see [BM11, Section 6.1]
for details). O
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5. Asymptotically Hyperbolic Manifolds

This chapter is structured as follows. Section 5.1 recalls the model geometry of hyperbolic space as a
submanifold in Minkowski space. It is worth mentioning as it provides a clear geometric motivation
for the construction of the ambient space as well as the Minkowski and Euclidean scales. Section 5.2
introduces properly asymptotically hyperbolic spaces. Finally, Section 5.3 describes the construction
of the two (families of) differential operators Q) and P, when considering functions. This section
does not make reference to any ambient operators however it is useful to have the primary calculations
of [Vas13b] recorded in a notation consistent with this thesis.

5.1 Model Geometry

Let RL"+1 be Minkowski space with the Lorentzian metric

n+1
n = —dxd + Z da?
i=1

and set M. to be Minkowski space minus the closure of the backward light cone. The metric gives
the Minkowski distance function, denoted 72, on R'"*! from the origin:

n+1
) =~ 3 o
i=1

Hyperbolic space X = H"*! is then identified with the (connected) hypersurface
X :={zeR"™" | p*(z) = -1,z >0}

and is given the metric g induced by the restriction of . The boundary at infinity of hyperbolic
space, i.e. the sphere Y = S", is identified with the (connected) submanifold

Y= {zeR" | n*(z) = 0,20 = 1}

which, as an aside, inherits the standard metric, denoted h, by restriction of 7. For completeness we
introduce de Sitter space dS™*! as the hypersurface

dsntl .= {x e RLnHL | nz(x) = 1}.
We define the forward light cone

M :={z e RV | p*(z) < 0,29 > 0}
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Chapter 5. Asymptotically Hyperbolic Manifolds

and note the decomposition M = R} x X via the identification
RY x X 3 (s,2) = s -z € X.
In these coordinates, the metric 1 restricted to M takes the form
n=—ds®ds+s’g

and we refer to s as the Minkowski scale. We define X, to be the subset of the (n+1)-sphere contained
in M,

X, = {x e Rb L

n+1
2 _
in =129 > \/%}

=0

and note that the ambient space M, is diffeomorphic to R:‘ X X, via the identification
R x X, 3 (t,x) = t-x € M,.

We refer to t as the Euclidean scale. The dilations induced by the Euclidean scale allow the following
identification

X, ~XUY Uudsrt!.

5.2 Asymptotically Hyperbolic Manifolds

We now properly introduce the geometric structure of even asymptotically hyperbolic spaces. Let
(X, g) be a Riemannian manifold of dimension n + 1 which is even asymptotically hyperbolic [Gui05,
Definition 1.2] with boundary at infinity denoted Y. We recall the definition of evenness.

Definition 5.1. Let (X, g) be an asymptotically hyperbolic manifold. We say that g is even if there
exists a boundary defining function p and a family of tensors (ha;)ien, on Y = 0X such, for all N,
one has the following decomposition of g near Y
N
¢*(p29) — d?‘2 + thrm + O(T2N+2)

=0

where ¢ is the diffeomorphism induced by the flow ¢, of the gradient grad 2, (p) :

y 0,1)xY — ¢([0,1)xY)CX
' (ry) = &(y)

We define X? := (X U X)/Y to be the topological double of X. (For a slicker definition, we
stray ever so slightly from the model geometry.) From the diffeomorphism ¢ we initially construct
a C™ atlas on X? by noting that Y C X? is contained in an open set U? := (U_ UU,)/Y with
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5.2. Asymptotically Hyperbolic Manifolds

Uyt := ¢([0,1) x Y) and we declare this set to be C* diffeomorphic to (—1,1) x ¥ via

(-1,1)xY ~ U?

d-u(y) €U-, ift <0
(ty) — {¢+t(y)eU+, ift>0

Charts on the interior of X in X complete the atlas on X2,

We want to consider the boundary defining function p as a function from X2 to [—1, 1] such that
X may be identified with {p > 0}. Using the previous chart for U? ~ (—1,1) x Y we initially set

p:{ (-L,L1)xY — (-1,1)

(ry) = r

and extend p to a continuous function on X? by demanding that p be constant on X2\U?. In order to
ensure smoothness at 9U?2 we deform p smoothly on the two subsets (—1, —1+¢) xY and (1—¢,1)xY
of U?. This achieves our goal. We now define the function p on X? by declaring

=—p?, ifp<
peX? = [—1,1]: K 2'07 ?p_O
p=p ifp>0

Remark 5.2. Although we have performed a deformation of p near U2 we will continue to think of
p and p as coordinates for the first factor of U2 = (—1,1) x Y (if we wanted to be correct, in what
follows we would replace (—1,1) with (—1+¢,1 —¢) but this is cumbersome and we prefer to free up
the variable €). Of course, only the coordinates (u,y) provide a smooth chart for X2 near Y.

We now weaken the atlas on X2 near Y. By the previous remark, we may think of ;1 as coordinates
for the first factor of U? and we thus demand that the C* atlas is with respect to this coordinate
rather than p (as was the case for the initial atlas). It is now the case that on X2, only u (and not
p) is a smooth function.

Smooth functions

We define the set C22, (X) to be the subset of functions in C°°(X) which are extensible to C>(X?2)
and whose extension is invariant with respect to the natural involution on X?2. (For example, the
restriction of pu to X. However such an invariant extension would of course not give the function u
previously constructed due to a sign discrepency.) We remark that €' (X), the subset of functions
in C°°(X) which vanish to all orders at Y, injects naturally into C°°(X?) and may be identified with
the subset of C°°(X?) whose elements vanish on {p < 0}.

Such constructions may also readily be extended to the setting of vector bundles above X by

using a local basis near Y of such a vector bundle which smoothly extends across Y.
Definition 5.3. We denote by X, the following extension of X
X, :={pu>-1} c X?

by S the hypersurface {u = —1} C X, and by X, the open submanifold {y > —1} C X, such that
0X.s=S.
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We construct two product manifolds M = R x X and M, = R x X.. We supply M with the
Lorentzian cone metric

n:=—ds®ds + s°g

and explain how this structure may be smoothly extended to M..

Using the even neighbourhod at infinity U := (0,1),, XY we remark that, on R} xU, the Lorentzian
metric takes the form

d d h
4p 1%
where h has a smooth Taylor expansion about p = 0 by the evenness hypothesis. Upon the change

of variables t = s/p with ¢ € RT, the metric, on ]Rj' x U takes the form
n=—pdt®dt — 3t(dp @ dt + dt ® dp) + t°h
or, in a slightly more attractive convention,

2 = B (L)2 — L4t gyt (5.1)
From this display we see that, by extending h to a family of Riemannian metrics on Y parametrised
smoothly by u € (—1,1), we can extend 7 smoothly onto the chart R;” x U? C M,. We do this,
thus furnishing M, with a Lorentzian metric. As in the model geometry we refer to s (which is only
defined on M) as the Minkowski scale, and to ¢ (which is defined on M, ) as the Euclidean scale.

From (5.1), the measure associated with =21 on U? is % dx where dx = %du dvolp. On U, we
have dx = p”“dvolg, hence dx extends smoothly to a measure on X,, also denoted dx, and which
agrees with dvol, on X\U.

A comment on notation in the literature

The idea of considering an ambient space is present in several works. As such, there are several
differing notations scattered throughout the literature. We note below two such notations (up to
constant factors).

The ambient metric approach of Fefferman and Graham to conformal geometry has notations
established in [FG12]. The microlocal approach to resonances of Vasy has notations established in
[Vasl7]. The in vogue style of using p to denote a boundary defining function has lead to the following
notational compromise for this thesis:

Thesis [FG12] [Vasl7]
Conformal boundary defining function p r x

Projective boundary defining function
Lorentzian scale

Euclidean scale

Riemannian metric

Ambient metric

IS Q@ + »n T
I @ T 3\ x=

P
s
t
g
]
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5.3 Vasy’s Construction for Functions

With the notation established from the previous section, denote by A the positive Laplacian acting
on functions on the asymptotically even hyperbolic manifold (X, g). Define the operator

Q) = A — 2 4+ )% € Diff?(X)

for A € C. We restrict our attention to the (non-even) collar neighbourhood near infinity (0,1), x
Y. On this coordinate patch, with local coordinates {y'}1<;<n for Y, we introduce the endomor-
phism p~2B € C, (X;End(T*Y)) by setting Bdy® := >k 2(h™1)4 (pd,hjk)dy" so that tr, B =
355 3(h 1) (pdphis) € p*Coven(X). On this neighbourhood, the operator Qy takes the following

form
Oy = —(pd,)? + (n — try, B)pd, + p* Ay, — %2 + A2

with Ay, the Laplacian of (Y, h) (dependent on the parameter p). Conjugating this operator by p**+%
provides

pATE QM E = —(p8, + A+ L)% 4 (n— try, B) (09, + A+ 2) + pPAy, — B2+ N2
—(p@,)Z — (trh B+ 2)\)/)8,) + pQAh — Atry, B.

Introducing the projective boundary defining function p = p? whence 219, = pd,, this conjugated
operator takes the form

10, M%J’% = —4(p0,)? — 2(try, B+ 2\)ud, + uAy — Atry, B

and it is from this display that we may divide out (from the left) a factor of p providing the operator
P. It takes the form

Py = /fgfzfl O u%+% = 74u5‘Z —4X0, + Ay + Ay
where the final term is explicitly
Ay = —40,, — 2tr, B0, — M\ ttry, B

and this final term is (evenly) smooth on X because tr, B € uC,_ (X).

The even structure of P, allows it to be extended to an operator on X, using the extension of
the metric A described in the previous section. The operator is no longer everywhere an elliptic
operator. Indeed, on the extension X.\X, it becomes a hyperbolic operator. Of course, this is only
the beginning of a long story; the necessary PDE analysis for this operator is performed in [Vas13b]
while the extension of such analysis pertinent to the setting of this thesis is performed in Section 6.5.
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6. Quantum Resonances for Symmetric
Tensors

The chapter is structured as follows. Section 6.1 recalls the aspects of symmetric tensors as detailed
in Appendix A and establishes several relationships between symmetric tensors when working relative
to the Lorentzian and Euclidean scales. Section 6.2 recalls standard notions from microlocal analysis
and explicits several notions from the b-calculus framework adapted to vector bundles. Section 6.3
contains the bulk of the calculations of this chapter, relating Q and Q with the Lichnerowicz Lapla-
cian. Sections 6.4 and 6.5 introduce the operators P and P and provide the desired meromorphic
inverse. Section 6.6 establishes the four theorems. Section 6.7 details the particular case of symmetric
cotensors of rank m = 2. It is useful to gain insight into this problem via this low rank setting, and it
is hoped that the presentation of this case will aid the reader particularly during Sections 6.3 and 6.6.
Finally, Section 6.8 announces the high energy estimates one would obtain if the microlocal analysis

performed in Section 6.5 was performed using semiclassical notions.

6.1 Symmetric Tensors

This section recalls the necessary algebraic aspects of symmetric tensors as detailed in Appendix A

and considers also a Lorentzian analogue.

A single fibre

Let E be a vector space of dimension n + 1 equipped with an inner product g and let {e;}o<i<n be
an orthonormal basis for £. In this chapter we will distinguish between vectors and covectors; let
{e'}o<i<n be the corresponding duall basis for E*. We denote by SymkE* the k-fold symmetric tensor
product of E*. The symmetric product - provides a map from Sym*E* x SymklE* to Symk+klE*.
The inner product takes the form g = 13" e’-e’. The inner product induces an inner product
on Sym”* E* which in this chapter will be denoted (-,-). For u € E*, the metric adjoint of the linear
map u- : Sym*E* — Sym**t1E* is the contraction u_ : Sym*T'E* — Sym*E*. Contraction and
multiplication with the metric g define two additional linear maps A : Sym*E* — Sym*~2E* and
L : Sym"E* — Sym*™?E*. which are adjoint to each other. They are referred to as Lefschetz-type
operators. Recall the notation 7% for sequences (whose terms are integers between 0 and n) of length
k. We set eK = ef1. . ke eQFE* for K =ky ...k € o".

Let F be the vector space R x E equipped with the standard Lorentzian inner product —f® f+g
where f is the canonical vector in R*. The previous constructions have obvious counterparts on F
which will not be detailed. (For this subsection, we write (-, ) for the Lorentzian inner product on
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Sym™F*.) The decomposition of F' provides a decomposition of Sym™ F*:

Sym™F* = @ak fmk . Sym* E*, ap ‘= ———
P \ (m—k)!

and we write

m
u= Zak frky ) u € Sym™F*, u®) € Sym*E*.
k=0

The choice of the normalising constant ay, is chosen so that (u,v)r = Y o (=1)™ % (u®) »(*)) There
is a simple relationship between the terms u(*) in this decomposition of u when u is trace-free.

Lemma 6.1. Let Ap and A denote the Lefschetz-type trace operators obtained from the inner products
on F and E respectively. For u € Sym™ F* in the kernel of Ap, we have

A u(k) = —bkfgbkflu(kim

where w =Y -, arpf™Fu® for u® e SymFE* and constants by == v/m — k.

Proof. Beginning with Ar f™ % = (m — k)(m — k — 1) f™*=2 we obtain

Ap (ak fmok u(k)) = appo/(m—k)m —k — 1) fm 2 0B fogp fmh oA u®,

Therefore, as u € ker Ap, equating powers of f in the resulting formula for

Ap (i ag fmF- UW)

k=0

gives

ar ™ Au® g/ m =k 2)(m —k+ D)t = 0, =

Vector bundles

These constructions are naturally extended to vector bundles above manifolds. We include this
subsection in order to announce our notations and conventions. Consider M and X (with similar
constructions for M, and X.). We denote

Fi=Sym™T*M, E® .=sym*T*X, &£:=ar, W,

If we want to make precise that F consists of rank m symmetric cotensors, we will write (™). The
Minkowski scale gives the decomposition M = R} x X and we denote by 7 the projection onto the
second factor 7 : M — X. (Remark that on M this gives the same map as the projection 7 : M, — X,
using the Euclidean scale M, = RS x X,.) This enables £*) to be pulled back to a bundle over M
which we will also denote by £*).

Given u € C*°(M; F), we decompose u in the following way

m
u = Zak (%)mfk k) u®) e 0= (M; W) (6.1)
k=0
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6.1. Symmetric Tensors

—1/2

where ay, is the previously introduced constant ((m — k)!) . We say that such a decomposition is

relative to the Minkowski scale.

For a fixed value of s, say sg, there is an identification of the corresponding subset of M with X
via the map m,—y,. We will thus reuse 7 for the following map

e Cx(M;F) = CO*(X58)
$=80 w= Z?:O a (%)m—k _u(k) — ZZL:O 7T|s:sou(k)

and in order to map from C*(X;E) to C*°(M;F), taking into account the Minkowski scale, we
introduce

™

.. 2 (X;8) — C®(M;7F)
s - = EZL:O u(k) — Z;cn:O a (@)m—k . 71_*u(k)

S

On M we have two useful metrics. First, s~2n which takes the model form of the metric on F
introduced in the previous subsection

2

s =—4(L) +g.

o=

Second, we have the metric  which is geometrically advantageous as it gives the Lorentzian cone
metric on M. Notationally we will distinguish the two constructions by decorating the Lefschetz-type
operators with a subscript of the particular metric used. A similar decoration will be used for the
two inner products on F. There are two useful relationships. First,

Ag—2pu = s* Ay u, ueF (6.2)
and second,
(u, V) g-2, = 8> (u, )y, u,v € F (6.3)

On X, when the metric g is used, no such decoration will be added. We can however make use of the
metric s~2n by appealing to 7*. We introduce (-,-)s on C®(X;&) by declaring

(U, v) s = (T5u, TyV) 52y, u,v € C°(X;€).

Note that such a definition does not depend on the value of s € Rt at which point the inner product
on F is applied. With this inner product given, and the measure dvol, previously introduced, we
obtain the notion of L? sections and define

LE(Xa 5) = LQ(Xa dVOlg; 87 <'7 >9)
whose inner product is provided by

(u,v)s ::/ (u,v) dvolg, u,v € CF(X;E).
b

On X., we define L? sections with respect to the measure dz,

Lf(Xe; €)= LQ(Xe7 dz; €, (-, )t).
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Chapter 6. Quantum Resonances for Symmetric Tensors

On X, the necessary correspondences between the constructions using the Lorentzian and Euclidean
scales are given in the following lemma.

Lemma 6.2. There exists J € C*°(X;End &) such that

mau = Ty Ju, u € C(X;€)

whose entries are homogeneous polynomials of degree at most m in %p, upper triangular in the sense

that J(E(ko)) C EBZL,%E(’C), and whose diagonal entries are the identity. Moreover,
(u,v)s = p*™(Ju, Jv)y, u,v € C°(X;€).
Finally,
L2(X;€) = p5 = TL2(X;€).

Proof. As t = s/p, the differentials are related by

hence by the binomial expansion

m—k
Qr(42)™ ) = 37 g ()R () g ()T ),
7=0

where u®) € C®(X;E£®). This defines the endomorphism .J by declaring

m—k

TJu® — Z (m;k)&(%)j cuR)
=0

The second claim is direct from s~2n = p~2t~27, hence on F, where the inner product requires m
applications of the inverse metric, (-,)s-2, = p*"(-,-)4-2,. The final claim follows from the second
claim and the previously remarked correspondence, dz = p"*2dvol,,. O

Smooth tensors which are even

We explicit the notion of even sections C2S,, (X; (™). Such sections may be characterised as smooth
sections of Sym™T* X, (over X.) restricted to tensors over X (using the smooth structure defined by
p.) Near the boundary at infinity, we recall the sets U = (0,1),xY C X and U? = (—1,1),xY C X..
A smooth base for T*X, on U? is given by {du, dy'}1<;<n where {y'}1<i<, are local coordinates on
Y. Now du = 2pdp so a given u € C2, (X;£™)) may be written, near 9X, as

even

w=>" 3" unlpdp)" ey, € O (0):
k=0 Keark

6.2 b-Calculus and Microlocal Analysis

This section introduces the necessary b-calculus formalism on symmetric cotensors. The standard
reference is [Mel93], in particular we make much use of Chapters 2 and 5. We also recall some now
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6.2. b-Calculus and Microlocal Analysis

standard ideas from microlocal analysis.

b-calculus

For convenience we will only work on M = R} x X rather than on both M and M,. We define M
to be the closure of M seen as a submanifold of Ry x X with its usual topology. Then

M=MUX

where X is naturally identified with the boundary OM = {s = 0}‘.

We let {e; }o<i<n denote a (local) holonomic frame for TX and {e’}o<;<, its dual frame for T*X.
The Lie algebra of b-vector fields consists of smooth vector fields on M tangent to the boundary
X. Tt is thus generated by {sds,e;}. This provides the smooth vector bundle PTM. The dual
bundle, bT*M, has basis {%, e'}. This dual bundle is used to construct the b-symmetric bundle of
m-cotensors, denoted " F. On the interior of M, this bundle is canonically isomorphic to F.

An operator Q belongs to Diff? (M;End P F) if, relative to a frame generated by {%,ei} the
operator Q may be written as a matrix

Q= [Qi,j]

whose coefficients Q; ; belong to Difff (M). That is, if Q, ; may be written

Q= Z Gij ko (305) O

k,lal<p

for smooth functions ¢; j x,« € C>®(M).

Operators in Diff} (M; End b F) provide indicial families of operators belonging to Diff? (X; End ).
In order to define this mapping we recall the operator ms—s, defined in the previous section for s € R¥.
This family of maps clearly has an extension to M giving

Tomsy : C°(M;PF) = C®(X;E)
where sg € [0,00). The indicial family mapping (with respect to the Minkowski scale s)
I, : Diff?(M; End *F) — O(C; Diff?(X; End £)).
is defined by
L(Q,\) (u) = me=o (s/\ Qs (W;‘u)) , u € CP(X;€).

When the scale s is understood, we will use the convention of removing the bold font from such an
operator and write

Q:IS(Q;')y QA:Ia(Q7>\)

Remark 6.3. This definition effectively does three things. First, if Q is written as a matrix, relative
to the decomposition established by the Minkowski scale (6.1), then Q will take the same form but
without the appearances of ak(‘%—:)m*k -
5 =0. (These two results are due to the appearance of ms—g.) Finally, due to the conjugation by s*,

Next, the functions ¢; jr,« are frozen to their values at
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Chapter 6. Quantum Resonances for Symmetric Tensors

all appearances of sds in Q are replaced by the complex parameter —\.

Remark 6.4. The choice to conjugate by s~ is to ensure that the subsequent operators (in particular
P) acting on L? sections, have physical domains corresponding to Re A > 1. If one is convinced that

A

the convention ought to be conjugation by s* rather than s~ one can kill two birds with one stone:

Considering the model geometry, which motivates the viewpoint of hyperbolic space “at infinity”
inside the forward light cone of compactified Minkowski space, it would be somewhat more natural
to introduce the coordinate § = s~ on M, then construct the closure of M as a submanifold of
R; x X. The indicial family would then by constructed via a conjugation of 5* and appearances of
505 = —sd, would be replaced by A. For this chapter, the aesthetics of such a choice are outweighed
by the superfluous introduction of two dual variables, one for each of s and t.

The b-operators we consider are somewhat simpler than the previous definition in that the coef-
ficients g; j ko do not depend on s (in the correct basis).

Definition 6.5. A b-operator Q € Difff (M; F) is b-trivial if, for all sg € R,
L(QA) (1) = Ty (2 Qs (m0w)) . we O%(X:6).

One advantage of this property is that self-adjointness of Q easily implies self-adjointness of Qy
for A € iR.

Lemma 6.6. Suppose Q is b-trivial and formally self-adjoint relative to the inner product
(U, v) -2, = / (u, v) -2, L dvoly, u,v € CF(M;F).
M

Then, the indicial family Q 1is, upon restriction to X € iR, formally self-adjoint relative to the inner
product

(u,v)s = / (u, v)s dvolg, u,v € CX(X;E).
X
Moreover, for all A, Q3 = Q_5.

Proof. We prove only the first claim. That Q} = Q_5 for all A follows by the same reasoning making
the obvious changes in the second display provided below. Let ) be a smooth function on R} with
compact support (away from s = 0) and with unit mass [, ¢ % = 1. Let u,v € C*(X;E). The
b-triviality provides

(Q)\U,U)S :/ (QAU,U)U/’%
R+
= (s* Qs *rtu, YTLV) -2
For X\ € ¢R this develops as

(Qru,v)s = (miu, s Qs Mmiv),-2
= (7lu, s Q S_)\ﬂ':v)s—zn + (mfu, [s* Qs P|TEv) 52y

= (u, Qx\v)s + (mhu, [s)‘ Qsﬂ\,w]ﬂ':v)sfzn
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6.2. b-Calculus and Microlocal Analysis

where the last line has again used the b-triviality. Thus we require
(w3, [ Q5™ YlTv)ymny = 0 (6.4)

Consider Q as a matrix Q = [Q, ;] with respect to a basis in which

z]]

Q= Z Gij ko (505) O

k,lal<p

for ¢; j k.o € C°°(X). The key is to note that we may write

Qs MUl = > Kijka(s0.)F00 (6.5)

k,|al<p—1

for smooth functions (which depend on \) k; j k.o € C°°(X) such that every term in each k; j i o is
smoothly divisible by some non-zero integer sd,-derivative of ¥. Factoring out these appearances and
integrating over R* in (6.4) causes, by the fundamental theorem of calculus, the problematic term
to vanish. The factorisation claim involving the functions x; j i, follows directly from the following
calculation. First

[3/\ Qi,j 3_/\71#] = Z Qiyj,k,a[(sas - A)kang]

k,|a|<p

Z ijk,al(80s — /\)’“,1/)]33
k,|a|<p
E>1

and for k > 1,
k
[(s0, = 2% 6] = 3 () (=N 1(504)", v
=1
ke
=22 (DN () (s0)m ) (s0:)
=1 m=1
which, due to the appearance of (s0s)™ gives (6.5) with the desired structure. O

Remark 6.7. The use of dvol, is unimportant, the result holds for any measure on X given such a
measure also appears as dvol, does in the inner product on M.

We finish this subsection by remarking the effect that the scale (Minkowski or Euclidean) has on
the indicial family.

Lemma 6.8. For Q € Diff} (M; b]:), the indicial families obtained using the scales s and t are related
by

L(Q.\) = p* T L(Q, N Jp

with J presented in Lemma 6.2.

Proof. Lemma 6.2 provides 7% = 7} o J. Dual to this equation, m,—¢9 = J~! o m;—g. Combining these
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Chapter 6. Quantum Resonances for Symmetric Tensors

observations gives the result

L(Q,\) (u) = me—p (s* Qs (miu))
= J 'm0 (0 QM (7] Ju))
=M QN (Jp ). O

Microlocal analysis

We recall standard objects in microlocal analysis (the necessary information is given in [Zwol6] for
pseudodifferential operators acting on the trivial bundle, here we merely indicate the small changes
that occur when acting on a vector bundle). Using the open manifold X.;, we will assume that
L?(X.; ) provides a notion of sections above X.s with Sobolev regularity s, denoted H*(X,s; &),
with norm || - || g+ (see Subsection 6.5 for subtleties arising due to the boundary S) . Let ¢ denote the
coefficients of a covector relative to some local base for T* X, such that we may define the Japanese
bracket (¢). We denote by

\I/;D

scal

(Xes;End €) € UP(X,y; End €)

the space of properly supported pseudo-differential operators of order p acting on £ and which have

a
scal

scalar principal symbol. For A € U2 (X s; End &) such a symbol is written

o(A) € S (T*X.\0)/S* 1 (T* X, \0; End ).

For such operators, it continues to hold that, for B € ¥°_ (X,s;End€&),

scal
0(AB) = 0(A)o(B) € ST (T*X,,\0)/S* T~ 1(T* X ,\0; End £)
however now, as lower order terms are not required to be diagonal,
o([A, B])) € S***=H(T*X_,\0; End £)/S**=2(T* X, \0; End £)

In the case that A € ¥*(X,,) C W2 (Xcs; End &) we get 0(55[A, B]) = 5H,(p)(0(A)) where H,(p) is
the Hamiltonian vector field associated with o(B). Exactly as in the case that £ is the trivial bundle,
associated with the operator A are the notions of the wave front set WF(A) and the characteristic
variety Char(A).

There are two radial estimates used in the analysis of P (the family of operators introduced in
Section 6.4) in order to prove Proposition 6.35. The analysis is performed in [Vasl3a, Section 2.4] for
functions with an alternative description given in [DZ16, E.5.2]. We will follow the second approach
and translate the results into a (non semiclassical) setting adapted to vector bundles. For this, and to
follow closely the referenced works, we introduce [DZ16, Subsection E.1.2] the radially compactified
cotangent bundle T* X, and projection map & : T*X.s\0 — 0T*X.,. Consider P € U? (X s;End &)

scal
with real principal symbol ¢(P) and Hamiltonian vector field H,(p). Write P in the following way
P=ReP+ilmP

for

PHPT g (Xes; End E), mp=L="F

Re P = 2 scal

€ U (X, ;End€).

7
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6.3. The Laplacian, the d’Alembertian and the Operator Q

In the sense of [DZ16, Definition E.52], let 'y and T'_ be a source and a sink of o(P) respectively.
Suppose that (¢()'~7H,p) vanishes on I'y. Then

Lemma 6.9. Let s satisfy the following threshold condition on Ty that
()" P(o(Im P) + (s + 52)H,(py log(C))  is negative definite.

Then for all By € W°(X,s) with WF(I—B;)NT'y = @, there exists A € W°(X,,) with Char(A)NT, =
@ such that for any u € C°(Xcs;E) (and any N large enough)

|Aul[ s < C(|BiPul| grs—v+1 + ||uf| g-~).
Lemma 6.10. Let s satisfy the following threshold condition on I _
()" P(o(Im P) + (s + 52)H,(py log(C))  is negative definite.

Then for all By € $°(X,,) with WF(I — B;)NT_ = @, there exists A, B € V°(X,,) with Char(A) N
I'_ =@ and WEF(B)NT'_ = @ such that for any u € C°(X;s;E) (and any N large enough)

[Aul g < C(|Bullgs + | BiPullge-vtr + [[ullz-n)-

Remark 6.11. There are two trivial but important points to make. First, a source for P is a sink for — P
(and similarly a sink for P is a source for —P). Second, we have assumed P has real principal symbol
therefore, when considering its adjoint P*, we have H,(p+) = H,(p). Less trivially, by approximation
[DZ16, Lemma E.47], these results do not need to assume u € C°(X5;E). In Lemma 6.9, if s > §
with § satisfying the threshold condition and v € H®(X.4;E) then the inequality holds (on the
condition that the right hand side is finite). Similarly in Lemma 6.10, if u is a distribution such
that the right hand side of the inequality is well defined, then so too is the left hand side, and the
inequality holds.

6.3 The Laplacian, the d’Alembertian and the Operator Q

This section shows the relationship between the Laplacian on (X, g) and the d’Alembertian on (M, 7).

We first recall several differential operators as detailed in Appendix A using the Levi-Civita
connection V of g extended to all associated vector bundles associated with the principal orthonormal
frame bundle. The symmetrisation of the covariant derivative is the symmetric differential

d: C®(X;EMY o 0 (X; £k +D)
and its formal adjoint is the divergence

§:C®(X;EWY 5 c°(X; D),
The rough Laplacian on this space is

VIV O (X;EW) - 0 (X;EW)

where V* is the formal adjoint of V : C%°(X;E®)) — C=(X; T*X ® £()). Recall V*V = —troVoV
where tr is a trace operator on T*X @ T*X obtained from g and extended to T*X @ T*X @ £). The
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Lichnerowicz Laplacian uses the Riemann curvature tensor R giving the curvature endomorphism
q(R) : E® — gk
The Lichnerowicz Laplacian, hereafter simply referred to as the Laplacian, is

C>(X;ER)

AL O EW
' (V*V +¢(R))u

—
u

We decompose symmetric k-cotensors using the symmetrised basis elements:

u= Z uge”, ue C®(X;EM) ugk € C°(X).
Useful formulae for the preceding operators thus far introduced are given in

Lemma 6.12. Let u € C™(X;EM). At a point in X about which {e;}o<i<n are normal coordinates

and which give dual coordinates {e'}o<i<n, the trace is

Au = Z Z Z gkrkpuKe{kpﬁ,krﬁ}K,

Ked* k€K kpe{k,—}K
the symmetric differential is
n
VK
du= E g eiugel 7K
Kegk i=0

the divergence is

Su = — Z Z igikreiuk_e{krﬂ}}(’

Kegok kr€K i=0

the rough Laplacian is

ViVu = Z zn: <_gijei€juK€K+ Z zn:gqu(Vqu;)e{kr—ﬂ}K>

Kego/k 1,j=0 k.cK =0

where the connection coefficients are given locally by V.,e* = _E?:o Ffjej. Finally, (at a point
using normal coordinates), the Riemann curvature takes the form

n
¢ _ ¢k ¢ _ ¢ ¢
Reje; € = — E Rijke™s Ry = Vel — Ve, Iy
k=0

Similar in vein to the commutations relations of (A.1) we have the following two useful results,
the second of which originates from [Lic61, Section 10].

Lemma 6.13. Let u € C*(X, E(k)) The Laplacian commutes with the Lefschetz-type trace operator

[A,Ajlu=0
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6.3. The Laplacian, the d’Alembertian and the Operator Q

and commutes with the divergence under the following conditions

k=01,
[0,Alu=0 if { k=2 and X is Ricci parallel,
k>3 and X is locally isomorphic to H* 1.

Proof. The first result is very standard. As the metric is parallel, the Riemann curvature tensor
(acting as a derivation on £(*)) commutes with L hence

[L,q(R)]u = Z (Le? se' s—e? se' JL) Re, e, u
i,j=0

and developing the second term with the aid of the commutation formula [e? 4, L] = 2¢’ - provides

[L,¢(R)]u = —2(e e’ s+e Je' ) Re, e, u

0

4]

I

—2(ed €' 448 et el ) Reje; u
0

,J

which vanishes due to the skew-symmetry of the Riemann curvature tensor. By duality, [A, ¢(R)] =
0. Now using the commutation relations (A.1) and the following characterisation of the Laplacian
[HMS16, Proposition 6.2]

A=6d—dds+2qR)
provides the commutation of A with A.

The second result is more involved as a demonstration via a direct calculation (however as these
statements are well known, we only sketch said calculations). For k = 0,1 the Laplacian and diver-
gence agree with Hodge Laplacian and the adjoint of the exterior derivative. We will thus assume
X is Ricci parallel (and k > 2). We break the calculation into two parts studying [§, V*V] and
[6,¢(R)]. As usual, we use a frame {e;}o<i<n for TX with dual frame {€’}o<;<,, and calculate at a
point about which the connection coefficients vanish. We act on u = uge € C°(X;E®). That
the Ricci tensor is parallel implies, by the (second) Bianchi identity, _, VeeRijek = 0. This ob-
seryation is repeatedly used. Also, the Ricci endomorphism may be written Zz j Ric] ¢’ @ e; with
Ric] = Zk,z g“(veifie = Ve, 7).

Consider [0, V*V]. Calculating simply § V*V gives

(5V*v = — Zk ek _ Vek(—trzi’j ei ® Vei(ej & VEj))
- Zi,j,k gijek Ve, Ve, VEj - Zi,j,k,é gif(VEk Fgf) et VGJ'

with a similar calculation for V*V ¢. Combining these results and commuting V., with V., V., gives

[0,V*V] = Ziﬁj’kgijek A[Ver; Ve, Ve, ] = > (Rice’) 4 Ve,
== ik 97e* {Ve,,Re, e} — > (Rice?) 5V,
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Chapter 6. Quantum Resonances for Symmetric Tensors

where {-,} is the anticommutator. After a tedious calculation, we obtain

6, V*V]u =Y (Rice’) 1 Ve,u+2(R,V,u) (6.6)

i

where (R, V,u) is shorthand for the unwieldy term

R V u Z Z Z Rikrkpj(veiuK)e{kp_)j’k"_)}K.

ij kr€K kpe{k,—}K

For completeness we outline this calculation

097 Ve Rey e fu= =30 5 S e (Ve RS Jurc el sether 1K
. L
= =23 o kex R (Ve uk el sethrmilK

where the anticommutator has been removed using ), VelRijek = 0. Developing the final term in
the preceding display gives

{k,—j}K gl {kr—}K

=gt + Xk e by i g eI

6_16

which after a little rearrangement of dummy indices and using the algebraic symmetries of the Rie-
mann curvature tensor gives

=2 ige g€’ {Ve, Re, e, tu=2%,(Rice’) sVeu+2(R, V,u)
upon subtraction of Y, (Rice) 1 V,u, this provides (6.6).
Consider [, ¢(R)]. Similar to the previous calculations we obtain

[0, 9(R)] =3 % —eF el e iV, Re, e, +e7 €' JRe, , (€7 1 V,,)
=ik el e 1e¥ JRe,e;r Ver] — 99F€ 1V e, Rey e, +€7 € (Re, e, €F) 5V,

After an even more tedious calculation treating each of the three terms in the previous display, we
obtain

[57(](R)}u = —[(S,V*V]U - (V7R7 u) (67)
where (V, R, u) represents the even more unwieldy term

V R, u Z Z glks (VEE Rikﬂ%j)uKe{kS—n',kp—)j,kr—)}K.

2,5,4 kreK
kpe{k,.ﬁ}K
kse{kp—.kr—}K

Again, we sketch the calculation. One of the three terms is easy to calculate directly giving
Dok el e J(Re, e, €¥) Ve, u=—(R,V,u).
Another term is also relatively easy, again using the trick that >, V., Rijek. =0,

- Z”k g'tet 4V, Re; e, u=—>;(Ric e") uVe,u— (R, V,u)
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The involved step is treating >, ; el e se¥ J[Re, e;, Ve, ). We first obtain

Zi,j,é e el et J[Reixej ) vEé]u = Zi,k,é,m Zk,.eK([Rjikrmv vetz]uK) el et set selkromiK

and it is important to realise that whenever the index ¢ contracts with m (or ¢ or j), the resulting
sum vanishes (as ), V, Rl-jek = 0). Similarly, if ¢ and m are contracted then, as Ricci is parallel, the
resulting sum vanishes. Expanding the final part of the previous display (and letting terms(g‘™, g™)
denote any terms involving g‘™ or g"™) gives

el et et elkrmom}K § : gékpe] et etkpomikr =} K + terms(gem)
kpe{kr—}K
_ Z gt ks glks iy —moke S EK | gopg(gfm gim)
kpe{kr—}K

kse{kp— kr—}1K

and after a little rearrangement of dummy indices, this gives
Zl}jxf e/l et J[Rezij Ve, Ju=—(V,R,u)

whence (6.7) is obtained.

Combining (6.6) with (6.7) gives [0, Alu = —(V,R, u). For symmetric tensors of rank two, such a
summation (over ki, kp, ks) does not arrive so such a term instantly vanishes and the result follows.
For tensors of higher rank, one needs the Riemann curvature to be parallel. This is assured in the
constant curvature setting of H™t1. O

The objects thus far introduced in this section all have natural analogues in the Lorentzian setting
on (M, n). We denote by MV the Levi-Civita connection of 7 extended to all associated vector bundles
and ¥R the Riemann curvature tensor of 7. We let d,, and d,, denote the symmetric differential and
the divergence with respect to 7. Finally we let ?V*™V denote the rough d’Alembertian and O the
(Lichnerowicz) d’Alembertian both constructed with respect to the metric 7.

Minkowski scale and the operator Q

We define the first of our two main operators.

Definition 6.14. The second-order differential operator Q € Difo(M;End F) is the following con-
jugation of the d’Alembertian:

o. [ c=onr ~ =)
' u > sz mP2Ogm Iy

Lemma 6.15. The differential operator Q is formally self-adjoint with respect to the inner product
(U, v) -2, = / (U, v) -2y, %dvolg, u,v € CF(M; F).
M
Proof. The d’Alembertian is self-adjoint with respect to the following inner product

(u,v)y = / (u,v)y dvoly,, u,v € CF(M;F).
M
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The two inner products on F are related via (6.3). Tracking the effects of the conjugations by
powers of s on [ as well as the multiplication by s? in order to obtain Q implies self-adjointness
when using the inner product (-,-);-2, with the measure s’(”“)dvoln which gives the result as
dvol,) = s"+242dvol,. O

Lemma 6.16. The operator Q commutes with the Lefschetz-type trace operator s’gAs_zn,
[s7%Ag-2,, Qlu =0, u e C®(M;F).
Proof. The Lorentzian analogue of Lemma 6.13 is that the d’Alembertian commutes with A,
[A,, O] =0.

This operator is related to our standard Lefschetz-type operator A;-2, via (6.2). The result is now
a direct calculation. For clarity we denote differential operators with a superscript (m) to indicate
that they act on symmetric cotensors of rank m. In particular, on C*°(M;F) we have

5_2As*2n Q(m) = 52 A S%_m"'Q D(m) S—%+m

= g2gz—mt2(m=2) g—5+m Ay
— gz~ (m=2)+2(m=2) ;—F+(m—2) 2 A,
m—2 -2
= Q( v )S AS—ZT]. D

The rest of this subsection is dedicated to proving

Proposition 6.17. For u € C*(M;F) decomposed relative to the Minkowski scale (6.1), the conju-
gated d’Alembertian Q is given by

g (2)" 2 (= bebggr L)ul®+
a1 (2)mF1 (20, d)u(k)—i—
Qayg (%)m_k-u(k) =ar (&)"F . (A+(s0) —LA)u(k)—i—
g1 (L) R (=261 5 )ulk
ap—2 ()" FF2 (b _oby 1A)U(

with constants

e ="+ m(n+ 2k + 1) — k(2n + 3k — 1).

Consequently, relative to this scale, there exist D € Diff'(M;End F) and G € C*(M;End F) inde-
pendent of s such that

Q=V'V+(s0,)>+D+G

Proof. The result will follow from Lemmas 6.19 and 6.20. The conjugation by s~2%™ is chosen so
that the term (s0s + % —m)? in Lemma 6.19 becomes simply (s9;)>. O
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6.3. The Laplacian, the d’Alembertian and the Operator Q

Proposition 6.17 is a direct calculation which we present in the rest of this subsection. To begin
we announce the following lemma whose proof need not be detailed.

Lemma 6.18. In the Minkowski scale, with {e;}o<i<n @ local holonomic frame on (X, g) with dual
frame {e'}o<i<n such that g = Zij gijei ®@ e, the connection ™V acts in the following manner:

M _ ds M ds __ n )
Vo, S T T s Ve, 2 s _Zj:ogwe]a
M ; M  ds j
V.o.e' = —¢, Ve, el = 5?% + Ve

This lemma provides the following two important formulae for the symmetrised basis
MG o, (d) k- K = o)k (K (6.5)
and
(deymht <—(m— k)gz‘je{_)j}K) +
M, (d)mk. el = (deym=k . (‘ Dok ek F?"e{krﬁj}lf) + (6.9)

(%)m—lﬁl (Ek cx 0 e{k —>}K)

where the second result is a consequence of

= g 6;”% el VejeK
kyeK

and we recall that the connection coefficients were introduced in Lemma 6.12. We split the calculation
of the d’Alembertian into two calculations, treating the rough d’Alembertian separately from the

curvature endomorphism.

Lemma 6.19. For u € C®(M;F) decomposed relative to the Minkowski scale (6.1), the rough
d’Alembertian is given by

Af42 (%)mik72 ( bkbk+1 L )u( )+
Ap+1 (%)m7k71 (Qbkd)
MMy g, (%)m_k u® = qp (%)m_k (V*V—i- s50s + 2 2 —m)? — Ek)u(k)—i—
ap—1 (42)mRH (= 2by 15)
ap—2 (22)" R (= by _objy A)

with modified constants

& = 4+ m(n+ 2k + 1) — k(n + 2k).

Proof. 1t suffices to consider a single term uK(%)m_k -eX and we will ignore the normalising con-



Chapter 6. Quantum Resonances for Symmetric Tensors

stants aj, until the final step. Upon a first application of ¥V we obtain a section of T*M @ F

Mg () E K — sduic s @ (L)mH . oK
turd @MV, (&)™)
+ 3 euge © (L)mh . K
+ 3 uket @ MV, ()mk. ek,
Using (6.8) and (6.9) to develop the terms involving V5. and V., we group the result in terms
of symmetric powers of %. In order to handle the equations we write

MGug(doym=k . e =[1]+[2]+[3]+[4] (6.10)

where

=—-(m—k)>,; Uk gije' @ (%)mfk*l elIH K

(3] = (0, — myurc @ (£2)mF e

= euke’ @ (L)mh el 3 ugel @ (L)mhL S, Tirelkemid i,
==Y uke @ (L)LY ke girethr =K,

Taking the second derivative, we calculate at a point about which {e; }o<i<n are normal coordinates.
Of course, we only need to keep track of terms which are not subsequently killed upon applying the
trace tr,, (which, as the notation suggests, is the trace map on T*M @ T*M built using the metric

n)-

. Considering the first term in (6.10), applying M Vo, provides only terms in the kernel of tr,
and applying M Ve, gives

S, el ® Mvw = —(m—k) Zi,jl €gU,Kgij€£ Qe ® (%)m—k—l Lel=iK
—(m—k)> . uggijet @ et @ Mv,, ((%)m’k’1 -el=HE) 4 kertr,
and we immediately apply tr, to get

752(131‘7] OMV) J— (m _ k)(%)mfkfl . (Z,L BiUKe{*)i}K)
+ (m— kyu ¥, MV, ((L2)mhot L eloadK).

S

The first term of the preceding display reduces to the symmetric differential (m—k) (%)™ %=1 . d(uxek)
by Lemma 6.12. The second term of the preceding display is calculated with the aid of (6.9) and
remembering that the connection coefficients cancel at the point of interest. Specifically

MVGJ‘ ((%)m—k—l 'e{_ﬁ}K) = (%)m—k—z : (_ Zl(m — k- 1)gije{_”'v—>j}K) +

(deym=h . (55:61{ ek 5?6{%3‘,19,,.%}1{) )

Observe that . > r Jfre{_’j’kr_’}K = keX. Using Lemma 6.12 again this time to recover L, the
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6.3. The Laplacian, the d’Alembertian and the Operator Q

result is

)m—k—Q (=(m—k)(m—k—1)L) ugef+
)m*kfl ~((m —k)d) ugel+

)m—k (_(m_k)(n+l+k))uKeK

(
(

= (tr, oM V)[1] = (

R

. Considering the second term in (6.10) is much simpler. A second application of M7 provides

MV: (805 —m —1)(s0s — m))ur L @ 2 @ (d)ym=F. K

— (80s —m)ug Zgijei e ® (%)m_k e +kertr, .
,J

and the desired result is
—s?(try, OMV) = (L)m=F . ((s9s — m +n)(s0s — m)) uxe”,

. Considering the third term in (6.10) is somewhat similar to the first term in that V.
provides only terms in the kernel of tr,,. Remembering that at the point of interest, the connection
coefficients vanish, applying MVej gives

2 ® Mvej =3, ejeiuxe @e' ® (deym=k. K
+ 20 eiugel @ e’ ® MVej ((de)m=k.eK)
=Y euret @t @ ()R (Veel“fj“) elthr=3}K 4 ker tr,

and we immediately apply tr, to recover the rough Laplacian from the first and third terms in the
previous display

—s2(tr, oMV)[3] = (L) V*V (uge)
= i 07 eurMVe, ((£)77F - eX)

while the second term in the previous display is first treated using (6.9) and then Lemma 6.12 to
recover the symmetric differential and the divergence

_ Zi,j gijez'uKJ\/IVej ((%)m—k . eK) = Z’i,jl gijeiuK(m — k)(%)m—k—l . ggje{_’E}K
g B N
+ 309 eup (L)ymTRTLN 0y ethr I K
= (m — k)(%)mfkfl ‘d(uKeK)

— () Sluce).
The result is

)R (o — k) d) ugce® +
)m—k . (v*v) uKeK—i-

)mkarl . (7 5) uKeK.

(
—52(tr, oMV)[3] = (
(

w[ w8 el

. Considering finally the fourth term in (6.10) we immediately remove the sum over ¢ using the
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Chapter 6. Quantum Resonances for Symmetric Tensors

Kronecker delta. Again ™ Vo, provides only terms in the kernel of tr,, and applying M Ve, gives

e ® MVei = =i Yk ek Ciuke © ek @ (dE)m=kH celkr—=}K
— 2 Y er uxe' @ ® M., ((Lymhtt.etbr=3K) 4 kertry, .

and we immediately apply tr, to get

—82(trn OMV) _ (%)m—kﬂ . (Zz ZkrngikreiuKe{kr%}K)
+ Zz ZkTEK g““"uKMVei ((%)mflwl»l . e{k,.a}K)

The first term provides the divergence — (%)™ ~*+1.§(uxeX) while the second term is treated using
(6.9) and then Lemma 6.12 to recover a multiple of uxe® and a term involving A

i Yk ex 9 urM Ve, ((%)mfk+1 .e{k,ﬂﬁ}K>
—(m — k4 1)(L)ymF. S Shcx gk gigel ik
— (dsym= k+2 ek S T ghrkpe{kp— ) K
= —k(m —k+1)(£)" " uge®

_(d?)m k+2~A(UK€K).

The result is

dsym=k (—k(m —k+1)) uxe+
()4 (= ) e+

%)m_k“ (=A) ugek.

Upon summation of these four terms coming from (6.10) we obtain

()" (=(m = k) (m — k= L) uP+
()"0 2(m = k) d)u+

2 My My (deym= = (L)"F (V'Y + (305 + 5 —m)® — &) uP+
(doym=htt (—2k §) ul®)+
(L) 72 (k= 1) A)u®

with constant ¢, as announced in the proposition. The final step is to reintroduce the normalisation

)mkl

constants ag. Treating, for example, the term containing ( amounts to observing

a,;il(m —k)ag =+/(m —k)
This completes the demonstration. O

Lemma 6.20. For u € C®(M;F) decomposed relative to the Minkowski scale (6.1), the curvature
endomorphism acts diagonally with respect to the Minkowski scale and is given by

s2q(MR)u(k) =(¢(R)+k(n+k—1)—LA) u®)

k .

Proof. We need only concern ourselves with the effect of ¢(R) on (deym=Fk.eK Tt is easy to see from
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6.3. The Laplacian, the d’Alembertian and the Operator Q

Lemma 6.18 that MRsas,ei is the zero endomorphism, that MRe,hej % =0, and that n(MRe,hej e, %) =

0. Therefore we need only calculate the effect of ¢(*R) on e’. The non-trivial information of R is
encoded in the following equation:

MRijke = g;e0F — giﬁf + Rijkl .
We extend MR%@]. to £®) giving

MRe,;,ej el = Re,e; e+ Z (5;”91'2 - 5;“9]'@) elkr= 0K
kreK
Calculating the interior product requires the metric, in particular
s?e' 1y MRe, e, = € MR, e,
where _, uses the metric 7 to identify TM with T*M. Consequently calculating
Z (szei n MRei,ej e — et Rei,ej eK)
i

gives

> D (5?9%—5?%@) gletrK 1 N giknelhb ke K
Poheek kpe{kr—}K

Applying > j el - to the preceding display provides s?q(R) — ¢(R). Splitting the calculation into
four terms, the results are

2l 2keK el '5?7'9i£gw€{kr_>}K =k(n+1)e,
i) kex @ <617 gjegilelhroHE = ek
j kr i T —
Zi,j ZkrEK Zk,,e{kr—qK el-d; Gieg™Frelkr =k 2K — p( — 1)k

i sk ik {kp—s kr 0} K K
_ J. g e _
Zi,j E}c,,‘eK kae{k:,,,ﬁ}K el 0;"gjeg" et =—LAe™.

Upon summation of these four terms, the proof is complete. O

Proposition 6.21. Suppose u € C®°(M;F), decomposed relative to the Minkowski scale (6.1), is

trace-free with respect to the trace operator Ag—2,. Then the conjugated d’Alembertian Q is given by

n-
Ap+1 ( s)m7k71 . (Qbk d)u(k)—i—

Qak (%)m—k _u(k) = ay ( s)m—k . (A + (885)2 _ C;C )u(k)+
ap_1 ( s)m—k+1 . (_ 2bk—1 (S)U(k)

m‘&' m‘& m‘&

with constants ay, by announced in Proposition 6.17 and the modified constants
cr,=cr—(m—k)(m—Fk-—1).

Proof. This follows directly from the structure of Q given in Proposition 6.17 and the condition that
Au® = —by_sb,_1u*=2) coming from Lemma 6.1. O
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Chapter 6. Quantum Resonances for Symmetric Tensors

The indicial family of Q

Definition 6.22. Denote by Q the indicial family of the operator Q € DiH%(M; F) relative to the
Minkowsk: scale s.

Q =1,(Q; \) € Diff*(X;€).

The previous section introduced Q as a differential operator on F above M however, from the
structure of Q given as announced in Proposition 6.17, it is clear that the operator extends to M.
Moreover by the same proposition we immediately get the structure of Q.

Proposition 6.23. Foru=> ", u®) € C>(X; ), the operator Q is given by

(-
(2by d Julk
Qxu® (A+)\2—ck—LA)u(k)+
(— 2bk—18)uP+
(= br—2br—1A)u (k)

with constants
b, = vm —k, ck:”72+m(n+2k+1)—k;(2n+3k—1).
Consequently, there exist D € Diff'(X;End€) and G € C*(X;End &) independent of \ such that
AU=V'V+X+D+gG

Proposition 6.24. The family of differential operators Q is, upon restriction to A € iR, a family of
formally self-adjoint operators with respect to the inner product

(u,v)sz/ > (=)™, o)) dvol,,
X k=0

where u =Y 1o u®, v ="3"" 0 for u®) oK) € 0 (X;EW)). Moreover, for all A, Q3 = Q_5.

Proof. Lemmas 6.6 and 6.15. O

The operator Q preserves the subbundle FNker A;-2, by Lemma 6.16. As 7} is algebraic, we may
consider it as a map from & over X to F over M. We thus obtain the subbundle £Nker(A -2, o7}) over
X; symmetric tensors above X which are trace-free with respect to the ambient trace operator Ay-2,,.
It thus follows that @ may also be considered a family of differential operators on this subbundle and

we obtain
Proposition 6.25. For u= ;" u®) € C*°(X;€) Nker(A -2, o), the operator Q is given by

(20, d)u®+
u® = (A + X~ )u+
(= 2by—1 6 )u®.
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6.4. The Operator P and its Indicial Family

6.4 The Operator P and its Indicial Family

This section introduces the operator P on M, and its indicial family P on X, and similar results
to those presented for Q and Q are given. The relationship between these two constructions is also
detailed.

Euclidean scale

The manifold M, = Rj‘ x X, has been equipped with the Lorentzian metric n which agrees with the
Lorentzian cone metric put on M. Recalling the smooth chart U = (0,1), xY C X C X, the metric,
on R} x U takes the form of (5.1) and we may assume that this is the form of 1 on the larger chart
R, x U? where U? = (—1,1),, x Y. For later use we record the behaviour of V.

Lemma 6.26. On the chart R} x (=1,1), x Y with {e;}1<i<n a local holonomic frame on'Y with

dual frame {ei}lgign such that h = Zl j hijei®ej, the connection MV acts in the following manner:

M. dt _ M., dt _
vtatT — Y% Vc')“? - 07
M. _ M. _ dt
Vig,dp = —dp, Vo, dp=—F,
MeVig,e’ = —¢, Mg, e = —3hY (3uhyr)e",

and

]\/fevei% = _(6Mhij)€j’
NIEV@id:u = 72((1 - :ua#)hij)ej7
Mg, ol = —§74t — Lpik (@, hy)dp + YV, el

Motivated by the structure of Q from the previous section we define the second of a our two main
operators

Definition 6.27. The second-order differential operator P € DiffZ(Me;]-') is the following conjuga-
tion of the d’Alembertian:

P C®(M;F) — C®(MF)
: u = {ETmT2Op—%tmy,

Note that on M C M, there is a trivial correspondence between P and Q,
P= p7%+m72 ngfm
and that, since p = 1 on X\U, we have equality P = Q on M\(R* x U).

Lemma 6.28. The operator P € Diffz(Me;]:) naturally extends to an operator P € Diff%(E; b]:)
and is b-trivial.

Proof. The important point is to verify that at 4 = 0, P fits into the b-calculus framework. This
is reasonably clear from Lemma 6.26. Indeed, the Lie algebra of b-vector fields is generated by
{t0:,0,,e;} where {e;}1<i<n is a local holonomic frame on Y, while the b-cotangent bundle has
basis {4, dp, e’} with {e'}1<i<, the dual frame on T*Y. Lemma 6.26 thus shows that **V is a
b-connection. Taking the trace using 1 and then multiplying by ¢2 is equivalent to taking the trace
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with ¢~25 whose structure (5.1) indicates it is a b-metric. Therefore t2 M V*MeV is a b-differential
operator. That ¢2 Mez*Mexg ig b-trivial is also immediate from Lemma 6.26 and the structure of
t=2y. A similar line of reasoning for q(Me R) (which uses one application of the inverse of the metric
n) shows that ¢2[J is also a b-differential operator. The final conjugation by powers of ¢ preserves
the b-structure (and its b-triviality) as it merely conjugates appearances of td;. This implies the
result. O

Lemma 6.29. The differential operator P is formally self-adjoint with respect to the inner product

nt

(u,v)-2y, :/ (u,v)y-2, Hda, u,v € C°(Me; F).

e

Proof. By the correspondence between P and Q on M\ (R x U) and Lemma 6.15, it suffices to verify
this claim when u, v are supported on R;” x U2. The d’Alembertian is self-adjoint with respect to the
following inner product

(u,v)y = / (u,v), dvoly,, u,v € O (R x U F).

e

The two inner products on the fibres of F are related via the Euclidean scale analog of (6.3). Tracking
the effects of the conjugations by powers of ¢t on O as well as the multiplication by ¢? in order to
obtain P implies self-adjointness when using the inner product (-, -);-2, with the measure t~"~2dvol,,.
As detn = —1t*"*2 det h we have

1f_”_2dv0177 = %%d,u dvoly,. O

The indicial family of P

Definition 6.30. Denote by P the indicial family of the operator P € Diff%(E; b}') relative to the
Euclidean scale t.

Py =1,(P; )\) € Diff*(X,; £).

Lemma 6.8 gives the following proposition (whose final statement follows as p is constant on
X\U).

Proposition 6.31. On X C X, the indicial family operators P and Q are related by
7))\ — p—A—%+m—2J Q/\ J—lp)\—i-g—m
with J presented in Lemma 6.2. Moreover, on X\U, we have equality P = Q.

Proposition 6.32. The family of differential operators P is, upon restriction to A € iR, a family of
formally self-adjoint operators with respect to the inner product

(u,v); = / (u, vy de, u,v € CF(Xe; E).

e

Moreover, for all A, Py =P_5.
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6.5. Microlocal Analysis

6.5 Microlocal Analysis

This section constructs an inverse to the family P introduced in the preceding section. This is done
by first showing that the family is a family of Fredholm operators and then by considering a Cauchy
problem which provides an inverse for Re A > 1. In [Vasl13b, Zwo16], the procedure is described for
functions, rather than symmetric tensors. We are required to alter only minor details in order to
apply the technique to symmetric tensors.

Function spaces

From Subsection 6.1, we have the space of L? sections L?(X,; ). This defines H{ (X.; &), the space
of (locally) H® sections for s € R. For all notions of Sobolev regularity, we will only use the Euclidean
scale; we thus need not decorate these spaces with a subscript t.

As is standard, we denote by C™(X,,: £) the set of smooth sections which are extensible to smooth
sections over X, and whose support is contained in X.;. And by C°(X,s; &) all smooth sections
which are smoothly extensible to X,.

Following [Hor07, Appendix B.2] we obtain, for s € R, the Sobolev spaces

H*(X5:€E) and H*(X,:E)

which are, respectively, the set of elements in Hj (X.;€) supported by X, and the space of re-
strictions to X, of H{ (X;E). Then H*(X.,; &) gets its norm directly from that of H (X.;E)

while the norm of an element in H*(X,,;&) is that obtained by taking the infimum of the norms of

all permissible extensions of the element which have compact support in X.. (Such norms will be
denoted, for simplicity, by || - || ;- and || - ||7.. Furthermore, if an object is supported away from S,
these norms correspond and we may simply write || - || g=.)

The inner product (-,-); gives the L? pairing

() C®(Xes;: §) X C®°(X 53 E) = C

which extends by density [Hor07, Theorem B.2.1] to a pairing between the spaces H~%(X,; ) and
H?*(X.,; &) providing the identification of dual spaces

(H*(Xes; €))" ~ H*(Xesi€),  s€R. (6.11)
Definition 6.33. For s € R, let X* and Y? be the following two spaces

y? :ﬁS(Xcs§g)a
X ={u:ueY' , Puecy '}

These spaces come with the standard norms, in particular,

ye + | Pul

[[ull e = l[ul yeo1,  UWE XS

Remark 6.34. Tt will be seen that A does not appear in the principal symbol of P, it is thus unim-
portant to explicit with respect to what value of A the preceding norm is taken as all such norms are

equivalent.

When restricting to U? C X, we will let {e; }1<i<, denote an orthonormal frame for (Y, h) (which
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depends on p € (—1,1)) and by {e'}1<i<, its dual frame. The frames are completed to frames for
TU? and T*U? by including 0, and dp respectively. A dual vector will take the notation

Edp + Zmei € T*U. (6.12)
i=0

The following subsection proves the following two propositions.
Proposition 6.35. For fixed s, the family of operators
P:xs -yt
is Fredholm for Re A > % — 5.

Proof. Lemmas 6.38 and 6.39. O

Proposition 6.36. For fized s, the Fredholm operator Py : X° — Y5~ are Fredholm of index 0 for
ReA > m+ % — s and it has a meromorphic inverse

Py
with poles of finite rank.

Proof. Lemmas 6.40 and 6.41. O

Proofs of Propositions 6.35 and 6.36

On R} x U?, the inverse of the metric 7 takes the form
= —2t0, - 0, + 200, - O + W
which implies to highest order for 2 Mev*Mey  that
2 M Moy = —4002 + 4t0,0,, + Ay + Diff' (R x U? End F)

where Aj, may be considered the rough Laplacian on (Y, k). Considering P, conjugation by ¢~ +™
replaces t9; by (t0; — § +m) and we can absorb the newly created term 4(—% +m)d,, into Diff! (R} x
U?;End F). Also, the curvature term is of order zero so

P = —4,0 4 40,0, + Ap + A

for some A € Diﬂ’l(Rj x U%;End F). This structure of P immediately gives the structure of P to
highest order. Keeping track of the term 4¢0;0,, for the moment, we write

P = —4pd;, — 420, + Ap + Ax. (6.13)

where Ay € Diff' (U?; End £) is the indicial family of A. The most obvious conclusion we draw from
such a presentation of P is that P is a family of elliptic operators on U? N {y > 0} and a family of
strictly hyperbolic operators for {y < 0} (with respect to the level sets {u = constant}). Of course
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6.5. Microlocal Analysis

the ellipticity extends to all of X. The principal symbol on U? is also immediately recognisable as
o(P) = 4u€” + [n?

using the notation from (6.12) and |n|> = >, n?. And on U2, the Hamiltonian vector field associated
with o(P) is
Hg(p) = 8;@8“ — 45285 + H|TI|2'

The strategy to obtain a Fredholm problem is to combine standard results for elliptic and hyper-
bolic operators with some analysis performed at the junction Y = {u = 0}. The analysis was first
presented in [Vasl3a, Section 4.4]. It turns out the dynamics of interest are those of radial sources
and sinks [DZ16, Definition E.52]. The original radial estimates of Melrose [Mel94] on asymptoti-
cally Euclidean spaces have been adapted to functions on asymptotically hyperbolic spaces by Vasy
[Vas13a]. Indeed, to see that such dynamics are relevant for P, consider o(P) and H,p) given in

the preceding displays. Define the characteristic variety ¥ C T*X,,\0 which is contained in T*U. As
(t,9,0,m) € 3, we may split ¥ =X UX_ given by Xy = XN {££ > 0}. At Y remark that

SOTHU = {(0,9,6,0) : € # 0} € N'Y
and recalling the projection x : T*U\0 — dT*U define
Iy =x(XZ4nY), T'_=x(E_NY).

In [Vas13b, Section 3.2], it is shown that T'y are respectively a source and a sink for o(P). In order
to apply Lemmas 6.9 and 6.10, we introduce the principal symbol of the imaginary part of P. By
Remark 6.11, Hypy = Hy(p~) and by Proposition 6.32, PY = P_j5 hence o(ImP) = —o(ImP").
Also, by a direct calculation using the structure of H,p,

(€+n) "Hypylog(é+n) =F4, onTy. (6.14)
In fact Proposition 6.32 along with (6.13) gives more precisely

Pr—Px Ay — A5

ImPy = T 4i(Re X)0, + 57

however as A is first order, Ay may be written as the sum of a first order operator independent of A
and a zeroth order operator (which may depend on \). Therefore

o(ImPy) = —4Re A& (6.15)

Bringing this altogether in preparation for the proof of Proposition 6.35 we have

Lemma 6.37. For P, 'y is a source, while I'_ is a source for —P. In both situations, the threshold
condition, when working on H*(X.s; &), is satisfied if

8>—Re/\—|—%.

For P*, T'_ is a sink, while Ty is a sink for —P*. In both situations, the threshold condition, when
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working on H®(X.s; ), is satisfied if
5§ <ReA+ %

Proof. We explain the first result, all others are similar after taking into account Remark 6.11. On
'y, by (6.14) and (6.15),

(€ +m) 7 o(ImP) + (s — 3)Ho(p) log(€ + ) = ~4(Re A+ 5 — 3).

For this to be negative definite requires precisely that s > — Re A + % O

Lemma 6.38. Restricting to s > —Re A+ %, the operators Py : X% — Y~ have finite dimensional
kernels.

Proof. Tt suffices to obtain an estimate, for u € X'*, of the form
ullg. < C (I Pxullge + [[Yullg-~).

for some v supported on {x > —%} and such that ¢ = 1 near {x > —5 +¢}. This is done by writing
u = (Y_ + 1o + 14 )u with the supports of ¥_, g, respectively contained in {u < —e},{|u| <
2¢},{u > €}. The estimate for ¥ u is due to ellipticity of P. The estimate for )_u is due to
hyperbolicity which allows us to reduce to the estimate for ¥gu:

[¥—ullg. < C(IPrullge— + [¢oula:)-

The estimate for ¥yu is obtained by microlocalising. Away from X, ellipticity gives the result, while
near Y, propagation of singularities implies that the norms can be controlled by I'.. The high
regularity results for I'y and I'_ from Lemma 6.9 are applicable as these are sources for P and — P
respectively. Lemma 6.37 ensures that the threshold conditions are satisfied (by hypothesis of this
proposition). The desired estimate is obtained. O]

Lemma 6.39. Restricting to s > —Re A+ %, the operators Py : X% — Y~ have finite dimensional
cokernels.

Proof. To show that the range is of finite codimension we study the adjoint operator P*. By (6.11)
the dual space of H*" (X&) is H'5(X,y: £) and the dimension of the kernel of P* equals the
dimension of the cokernel of P. It suffices to obtain an estimate of the form

ve H' (X&) Nker P* = [[u]lga_s < Clltbv -

with ¢ as defined in the previous proof. Again, we use the partition v = (¥_ + o+ 14 )v. Again, the
estimate for ¥ v is due to ellipticity of P*. This time, the estimates for ¢_v are immediate due to
hyperbolicity and the requirement at .S that v vanish to all orders which implies that v = 0 on { < 0}.
The estimate for v is obtained by microlocalising. (Away from Char(P), the result is obtained by
ellipticity.) The low regularity results for I'_ and '} from Lemma 6.10 are applicable as these are
sinks for P* and — P* respectively. Lemma 6.37 ensures that the threshold conditions are satisfied.
Therefore there exists A, B € ¥°(X,,) with Char(4) NIy = @ and WF(B) NT'+ = @ such that
| Ao gi-s < C(||Bvov|| gi-s +[|v]| g-~). Asv =0on {u < 0} and is smooth (by ellipticity of P*)
on {p > 0}, we have WF(Btgv) N Char(P*) = & so microellipticty gives || Byov||gi-s < C||¢v|lg-n~.
The desired estimate is obtained. O
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Lemma 6.40. For Py with A € R acting on H*(X.s;E), the kernel of Py is trivial for A > 1.

Proof. Consider u € ker Py. By the estimate obtained in Lemma 6.38, u € C*(X,,; £). Restricting
our attention to {u > 0}, Proposition 6.31 gives

p—A—g—‘rm—QJ Q)\ J—lpA-i-%—mu =0
so defining @ = J 1 p* 2 "™y we get Q) @ = 0. Or by Proposition 6.23,
(V*V+ A 4+D+G)a=0.

Now D may be bounded (up to a constant) by V (and G by a constant as the curvature is bounded
on X) so we can find C independent of A such that

[(Qxa, a)s| > CTH[VallZ + (3 = O)|lall2

and taking A > +/C shows @ = 0 on {p > 0}. By smoothness, u vanishes on {y > 0} (and so too do
all its derivates on Y). Standard hyperbolic estimates give the desired result u = 0 if we can show a
type of unique continuation result that v =0 on {p > —¢}.

To this end we work on U? and consider P written in the following form
P = —,uaZ + Ay + By

for By = —4X\d, +Ay € Diff (U% End €). Let (-,-)5; on T*Y @€ denote the coupling of the metrics h
on T*Y with (-, -); on €. For ease of presentation, we will assume throughout this demonstration that
all objects are real-valued. Consider u,v € C2°(U?% €) (and we may assume suppu C (—1,0] x Y)
then we have the following formula

<YVu, YVv>h7t = (Apu,v)y + div

where div denotes any term which is of divergence nature on Y, hence vanishes upon integrating over
Y (using dvoly). Indeed such an equation is obtained by considering f € C*°(Y") and calculating, at
some value u,

/ (Y'Vu, Y Vo), fdvoly, = / VU, V(o)) e — CVu, YV @v) dvoly,
Y Y

= / ((Apu,v)¢ + div) f dvoly,
Y
where the second term was dealt with in the following way:
/(YVu,YVf®v>h7tdvolh :/ > ("Ve,u,v) trn(e! @ YV f) dvoly
Y Y 5

= / YV*(ZO/VQU, v)et) f dvoly,.
v

With this formula established we define, for given w,

H(p) = |ul(Ou, Buu)e + "V, " V) + (u,u),
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and on { < 0} (using v = 9,u in the previously established formula)

—0uH = —2(Pu,0yu)s + ((2Bx — 0,)u, 0, u)y + div — H.

where H has the same structure as H but with appearances of h (used to construct the various inner
products) replaced by its Lie derivative, L5, h. Recall that suppu C (—1,0] x Y and u is smooth,
hence 8Yu = 0 at {u = 0} for all N. Continuing to work on {x < 0},

=Bl H) + |l div
= = N[~V H = 2|u| 7V Re(Pxw, Guu); + || "N ((2Bx — 9x)u, dpu)e — |ul =N H.

Now suppose that u € ker Py. Fix § > 0 small and let 0 < € < §. We take the previous display and
insert it into the operator f:; fY ... dudvoly. The first term on the left hand side of the previous
display is treated with the fundamental theorem of calculus, the second term vanishes due to the
appearance of fy div dvol,. We claim the right hand side is negative for large N. Indeed the second
term vanishes as u is assumed in the kernel of P,. Considering the third term, ((28x — 0x)u, 0, u)q
is quadratic in u, ¥ Vu, and 8,u hence for N large enough, it may be bounded by N|u|~'H, thus
the third term’s potential positivity may be absorbed by the negativity of the first term. The fourth
term may be treated in a similar manner upon consideration of the Taylor expansion of h at Y. We
obtain

5*N/ H(—6) dvoly, ge*N/ H(—¢) dvoly,.
Y Y

As u is smooth and vanishes to all orders at u = 0, we may bound [, H(—¢)dvol, by C|u|* on
[—¢,0] for arbitrarily large K. We can obtain a similar bound for fy H(—¢€) dvoly,. In particular, for
K > N. This produces

N / H(—8) dvoly, < Ce ™ NHE
Y

and letting ¢ — 07 shows [|, H(—0) dvol;, = 0 hence H(—0) = 0. Doing this for all § less than the
original § gives H = 0 near 0. Hence d,,u and V¥ u vanish and u = 0 near 0. This suffices to conclude
the proof. O

Lemma 6.41. For P} with A € R acting on H'~%(X,s; &), the kernel of P is trivial for X > 1.

Proof. Take A satisfying the threshold condition and consider v € ker P}. Hyperbolicity, as used
in Lemma 6.39, implies v = 0 on {g < 0}, and that v is smooth on X due to ellipticity. The
strategy given in Lemma 6.39 implies v € H?(X,; &) for all 5 < X + % which with A > n implies v
is continuous. By the same logic, again by taking A sufficiently large, we may assume v is regular
INCoo (X E). Meanwhile, direct

N
enough to conclude 9, v even

v = 0 for N < %A. Equivalently, v x € p
calculations on C*°(X; &) give

pNV*Vp N = V*V — N2 — N(Alogp) + 2NV g,
pNdp N =d-N%.
pNép_Nz(H—N%J
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where Alogp =n— (3 > k' pd,hij) € n— p*CSS,

even

(X;E). Also for @ € C2°(X;E) we have
NV 0,0, = N [ [ul0, (2520 ) | < CN

So consider the difference operator (Qy —N? + 2NV ,5,) — p™¥ Q) p~ acting on @ € C°(X;&). All
terms are of order NV and of differential order 0. Similar to the previous proof (and using the preceding
remark in order to treat the term involving NV ,5,) we may obtain

(0™ Qx p~Na, a)s| = CTH[ValZ + (A = N? = ON) a2

and provided N > C, the final term in the preceding display may be written with coefficient A\ —2N?2.
Set N = |1A] with A > 2C. So that

(0™ Qup~Na,a)s| > C7H|ValZ + 322l
Considering the Hilbert space {w € L(X;€&) : B(w,w) < oo} with B(w,w) = ||[pY Qx p~Nw||? < oo,
the previous inequality shows that w — (w, f )s is a linear functional for fe L?(X;€&) so by the Riesz

representation theorem, there exists @ € L2(X;&) with (p™ Qx p~Nw, @), = (w, f)s for all w. To
show v vanishes on X, it suffices to show (f,v); =0 for all f € C°(X;E). Let f € CX(X;E) and

f=p a2 N f e 02(X5€)
Then the preceding argument gives % € L2(X; &) such that p=% Q) pNi = f hence Py u = f where
u=Jp i N € pTIM LR (X )

(the inclusion is a consequence of Lemma 6.2). This gives u enough regularity to perform the following
pairing which provides the desired result

(f,v)e = (Pau,v): = (u, Pyv)e = (u,0); = 0. 0

6.6 Proofs of Theorems 6, 7, 8, and 9

Theorem 6. Let (X"T1 g) be even asymptotically hyperbolic. Then the inverse of
Oy acting on L2(X;E)

written Q;l has a meromorphic continuation from Re A > 1 to C,
Q! C(X;€) m@p O (X ER)

with finite rank poles.

Proof. Proposition 6.31 gives
Q =J )\Jr" m—+2 P)\p 7%+mJ

By Propositions 6.35 and 6.36, there is a meromorphic family P~! on C mapping C>®°(X;€&) to
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C*®(X,s;E). Hence an extension of Q™' from Re A > 1 to all of C as a meromorphic family is given
by

Q;l _ J—lpk-i-%—nLrX 7);1 p—)\—%+7n—2J
where rx is the restriction of sections above X, to sections above X. The previous display implies
Q' CX(X;8) = pM T O,

even

(X;€)

and for f € C®(X;E), we may write near 9X
N m k
OV fly = w2t E YN ) A, aY € O ([0,1) x Vi Sym TY)

The proof of Lemma 6.2 shows that the part of J (or J~1) which sends EF) to EFHP) for 0 < p < m—k
is, up to a constant, (%”)p. Therefore,

k
Q! fly e nrtiTE (%) - P (dn)* " CZen((0,1) x Y3 Sym‘T"Y)

hence on X,

which is contained in p*tz—™ D, p kO (X;EM). ]

Remark 6.42. Suppose that, for f € C"’O(X ;£), it were possible to write in the preceeding proof that
near 0X

even (U? g(m) )

Q;l f‘U - p"+%*mJ*1@(m)’ am ¢ o=
then as J~! acts as the identity upon restriction to £, we would obtain

Q;l f c p)\Jr%fmcoo (Y7g(m))

even

This will be useful for the asymptotics given in Theorems 8 and 9.
Theorem 7. Let (X"T1 g) be even asymptotically hyperbolic. Then the inverse of
O acting on L2(X;E) Nker(A, or?)

written Q~ has a meromorphic continuation from ReA > 1 to C,
itten Q3" I ph tinuat ReA> 1t C

0! O (X;E) Nker(A, oml) — prte—m (@ p~*FCe (X 5“”)) Nker(A, omy)
k=0

with finite rank poles.
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Proof. The meromorphic inverse of Q) is precisely that given in the preceding proof
Q;l — J—l )\+%—mrx P;lp—)\—%—‘rm—QJ.

All we must check is, given f € C®°(X;E) N ker(Ag-2,
indeed trace-free with respect to the ambient trace operator. To this end, we first lift the equation

o¥), that the resulting section u = Q;l fis

9 u = f to an equation on M involving Q giving
Qs (nfu) =7k f.

We apply A,-2,, to obtain an equation on F(m=2)  Using the hypothesis Ag—2,7; f = 0and Lemma 6.16
to commute s_QAsfz,7 with Q gives

s?25* Qs s A -2y (Thu) = 0.

Freezing this differential equation at s = 0 with ws—¢ to obtain the indicial family of Q provides the
equation

L(Q, A+ 2)ms—oA g2, (mu) = 0.
Section 6.5 ensures that for Re A > 1, this operator has trival kernel hence
To—0Ns—2, (Tiu) =0

and u € ker(A4-2, o) as required. O

n

We are finally in a position to consider the original problem of proving Theorems 8 and 9. We
prove these theorems simulaneously.

Theorem 8. Let (X"t g) be even asymptotically hyperbolic and Einstein. Then the inverse of

n(n — 8)

A_4

+ A2 acting on L*(X;E®) Nker ANkerd
written Ry has a meromorphic continuation from Re A > 1 to C,

Ry: C¥(X;E@)Nker ANkerd — pr 3720

even

(X;E@) Nker ANkerd

with finite rank poles.

Theorem 9. Let (X"T! g) be a convexr cocompact quotient of H"1. Then the inverse of

n? —4m(n+m —2)

A 4

+ X2 acting on L*(X;E™)) Nker A Nker d

written Ry has a meromorphic continuation from Re A > 1 to C,
Ry : CX(X;EM) Nker ANkerd — p*TE~™C2 (X;E™) Nker ANker§

even

with finite rank poles.
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Proof. Let
feC®(X;EM™) Nker ANkerd

and define, using Theorem 6,

u=Y uM =071 f  u®epMETmROR (XEW).
k=0

Note that the growth near X of u(®*) and 6 u*) may be controlled by the size of Re A hence for
Re A > 1 we may assume that they are sections of L2(X;E®) and L2(X;E®*~1) respectively. We
claim, for ReA > 1 and |Im A| < 1, that

u=u™ e ptEmee (X;E®) Nker ANkerd
at which point the equation Q) u = f decouples giving
(A+ XN —cp)u=f

and by uniqueness of the L? inverse of the Laplacian, we have the formula, for ReA > 1 and
[Im )| <« 1,

(A + )\2 — Cm)_1 = J_1p>‘+%_mrrx ’]);1 p—)\—%-‘rm—QJ.

with the right hand side giving the meromorphic extension of the resolvent announced in the theorems.

To this end take Re A > 1 and |Im A| < 1. By Theorem 7, we deduce w is trace-free with respect
to the ambient trace operator thus Q) takes the form detailed in Proposition 6.25. We begin by
remarking, that while working on L2(X;£®) if R(Ak) is any operator of the form (A + A2 + O(1))~!
(which has order O(|A|=2), then the operator dRE\k) 0 has norm of order O(1). We define RE\O) =
(A+ 22 —cp)"tand for 0 < k <m,

R = (A F A% =+ 4m—k+1)dRyTY 5)_1 .
The component of Qyu = f in £© reads,
(A + 22— )u® =2¢/msuV
hence u(?) = 2\/7n72£\0) du™. The component of Qyu = f in €M) now reads,
(A+ X% —cf + 4deE\O) NHu® =2¢/m —15u®
hence uY = 2v/m — 1 ’Rg\l) s u®. Continuing, we obtain on &™),
(A+ A% —cpp +4dRUY S)u™ = .

Applying the divergence, we recall Lemma 6.13. For this, we must assume that if m = 2 then X has
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parallel Ricci curvature, and if m > 3 then X is locally isomorphic to H"*!. We obtain,
(A+ A% —cp +45dRD) 5 0™ = 0.

Again, § dRE\m_l) has norm of order O(1) so we may invert this equation and deduce that § u(™ = 0.
This implies, for all k£ < m,

u® = 2v/m — kR §uF 1 = 0.

Therefore u = u(™). By Remark 6.42, u € p*3-mC>

even

(X;E()). By Theorem 7, u € ker A. And
as previously mentioned w € ker . This completes the proof. O

6.7 Symmetric Cotensors of Rank 2
This section details the results announced in Sections 6.3 and 6.6 for rank 2 symmetric cotensors. In

this low rank, writing the action of the d’Alembertian, or its conjugation Q, on F = Sym>T*M is
tractable.

The operator QQ for 2-cotensors

Using the decomposition given by the Minkowksi scale, we write

o)
w=[ 1 E SR || w0 | we R F)u® e 02 EW)
O

The change of basis matrix J takes the form

dp . 1 cdpy2
1 P ﬁ(p)

J=10 1 2%/3-
0 0 1

Propositions 6.17 and 6.21 become

Proposition 6.43. For u € C*®(M;F) decomposed relative to the Minkowski scale (6.1), the conju-
gated d’Alembertian Q is given by

A+ (805)2 —ca — LA 2d —V2L u(?
Qu=[1 2. L&) } 25 A+ (s9,)2 — 1 2v/2d e
—V2A —24/26 A+ (505)% — co u(©
with constants
c=gnn—8), a=;0*+16),  co=;(n*+8n+8).
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If, furthermore, u is trace-free with respect to the trace operator A2, then Au® = /20O and
A+ (505)% — ¢ 2d 0 u?
Qu=[1 . L(d) ] 2§ A+ (s05)? — ¢, 2v2d ney
0 —2v26 A+ (505)% — ¢ u(®)

with modified constants

/ /o /1 2
¢y = Ca, ¢ =a, co = z7(n” +8n).

The indicial family of Q for 2-cotensors

Propositions 6.23 and 6.25 become

Proposition 6.44. For u = Zi:o u®) € C®(X; &) the operator Q is given by

A+X—cy—LA 2d V2L u?
O\u = —26 A+)X2—¢ 2v/2d u®
—V2A —2v/26 A+ X —¢ u(©)

and if, furthermore, u € ker(Ag-2, o %) then

A+ 22— 2d 0 u(?
Q\u= —25 A+X—¢  2V2d ulV)
0 -2v25  A+X—¢) u(®

with previously announced constants.

Illustration of proof for 2-cotensors

Let f € C°(X;E®) Nker ANkerd and define

uD | =g Ml prl yTAE g

S O =

Take ReA > 1 and |Im A\| < 1. By Theorem 6
u® e prre—2=2hore (X;EW)
and by Proposition 6.31, @) u = f. Theorem 7 forces
e

A2, (u(2) +ds g4 L (%)Q.U(O)) =0

hence Au® = —y/2u(®. And Q) u = f reads explicitly

A4+ —c 2d 0 u(? f
—26 A+ X —¢ 2v/2d u® | =10
0 —2/26 A+ )\ — ¢ u(©® 0
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Introducing the resolvents ’RE\O) and Rf\l) provides
A+X—cy+4dRV s 0 0 u® f
-25 A+X2—c¢; +8dRY 6 0 u | =10
0 —2V/26 A+ XN~ ul® 0

and applying § assuming that X is Einstein provides the homogeneous equation

A+A2—cy+46dRY 0 0 Su® 0]
~25 A+X—c¢; +85dRY 0 su® | =10
0 —2v/24 A+X2 - Su® 0

The lower triangular nature of this system implies § u(*) = 0 for all k. Hence the system Qyu = f
collapses. So u(® and u(" vanish and by Remark 6.42,

A2 -2 ~oo
2 Oeven

u=u? ep (X; €M)

giving (A + A2 — c2)u = f.

6.8 High Energy Estimates of Theorem 10

This chapter shows the meromorphic continuation of the resolvent of the Laplacian on symmetric ten-
sors using microlocal techniques. This direction means one does not talk about introducing complex
absorbers but rather studies the problem on a manifold with boundary. If one were to follow more
closely the track established by Vasy, one obtains semiclassical estimates. We state these estimates.

On X, whose smooth structure at infinity is the even structure given by p rather than p, we have
the semiclassical spaces H} _, (X;&).

Theorem 10. Suppose that X is an even asymptotically hyperbolic manifold which is non-trapping.
Then the meromorphic continuation, written Q;l of the inverse of Qx initially acting on L?(X;€)
has non-trapping estimates holding in every strip |[Re A| < C,|ImA| > 0: for s > 4 +C

073 Q3 Fllry ey < O 0 32 ey

If X is furthermore Einstein, then restricting to symmetric 2-cotensors, the meromorphic continuation
R of the inverse of

n(n — 8)

)\2
1 +

A —

indtially acting on L?(X; £®)Nker A Nker & has non-trapping estimates holding in every strip | Re \| <
C,|ImA| > 0: for s> 14 C

||P7)\7%+2 R f“H\sMﬂ(X;S(?)) < C|)‘|71”pi/\i%fHHIS/\ilz(X?5(2>)'
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7. A Quantum-Classical Correspondence

This chapter is structured as follows. Section 7.1 reconsiders hyperbolic space. As this chapter
considers strictly the constant curvature case, we introduce numerous objects not present in the
setting of asymptotically hyperbolic manifolds, in particular its isometry group. All these objects are
present in the original article showing a quantum-classical correspondence [DFG15] however notation
has been significantly altered to be consistent both with this thesis and with a more Lie theoretic
notation. Section 7.2 recalls a key result providing a definition of Ruelle resonances in open systems
[DG16]. It also recalls the band structure of Ruelle resonances due to the Lie algebra commutation
relations. Section 7.3 reproves a result on inversion of horosphere operators present in [DFG15,
Lemma 4.2]. Proposition 7.10 restates this inversion emphasising the polynomial structure which
allows the inversion result to be used in the presence of Jordan blocks. Section 7.4 defines quantum
resonances as poles of the meromorphic inverse of the Laplacian obtained in the preceding chapter.
Crucially, this section characterises in Lemma 7.12 the asymptotic structure of generalised quantum
resonant states. It is an adaption of [GHW16, Proposition 4.1] however it also requires a subtle
application of the structure of the operator Q) introduced in the previous chapter in order to deal
with issues surrounding the divergence-free requirement of tensor valued resonant states. Section 7.5
introduces the appropriate boundary distributions and shows that the Poisson operator remains an
isomorphism in the convex cocompact setting. Finally, Section 7.6 provides the proof of Theorem 11.

7.1 Hyperbolic Space

We recall the hyperbolic space as a submanifold of Minkowski space, introducing structures present
in this constant curvature case. Enumerate the canonical basis of RU"*1 by ey, ... e, and provide
RY™+1 with the indefinite inner product

n+1
(z,y) == —woyo + Z TiYi-
i=1
Hyperbolic space, H**!, a submanifold of RV"*1, is

H*"*! = {2z e R} ! | (z,2) = —1,20 > 0}

supplied with the Riemannian metric, g, induced from restriction of (-,-) and Levi-Civita connection
V. The unit tangent bundle is

SH”+1 = {(l’,g) |l’ S Hn+1,€ S Rl’n+17 <§a§> = 1’ <£L’,€> = 0}
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Define the projection
mg : SH™™ — H" ™ (2,6) —
and denote by

SH"+ —  SHn !
ot (z,§) +— (xcosht+ sinht,xsinht + £ cosht)

the geodesic flow for t € R with generator denoted A. That is,

zg) (5? )

The tangent space TSH"*! at (x,¢) may be written
Ty SHM = { (v, ve) € (R | (2,0,) = (€, v¢) = {r,ve) + {6, v2) = 0}
It has a smooth decomposition, invariant under @,
TSH**' = E" @ E* @ E*
where

E" 46y = { (ve,ve) | (v, ve) € span{(§,z)}},
E®(16) = { (v, —v) | (z,v) = ({,v) = 0},
E" e = {(v,v)] (z,0) = (&) =0}

are respectively called the neutral, stable, unstable bundles (of ¢:.). (The latter two also being
tangent to the positive and negative horospheres.) The dual space has a similar decomposition

T*SH7L+1 _ E*n @ E*s @ E*u

where E*" E*S E*" are respectively the dual spaces to E™, E*, E*. (They are the neutral, stable,
unstable bundles of ¢*,.) Explicitly

E™ 4,6y = { (va, ve) | (va,v¢) € span{(&,x)}},
£ (z,€) _{(UU)|< > <=>_O}=
E*u(w,é) = {(U’ _U) | < > < > = O}

so we have canonical identifications
E™ ~ E"™ ~ span{A}, E* ~ E*, E* ~ F°.

Consider the pullback bundle 75 TH" ™! — SH"*! equipped with the pullback metric, also denoted
g. Define

E:={(z,&v) € SH™ ! x T,H"+ | (€,v) =0}
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and
F = {(x,f,v) e SH"t! x T,H"t!| v e span{g}}
so that
s TH"H =€ F.

Appealing to Appendix A, we obtain the bundles Sym™&* above SH™*! and Lefschetz-type operators
L,A.
There are canonical identifications from & to both F® and E*, which we denote by 6:

0p:&— E°:

0_:& — E“: ei(z’g)(v) = (v, Fv).

Isometry group

The group SO(1,7n + 1) of linear transformations of R»™*! preserving (-,-) provides the group
G :=8S0¢(1,n + 1),

the connected component in SO(1,n+ 1) of the identity. Denote by -z, multiplication of z € Rt +!
by v € G. Denote by Ej; is the elementary matrix such that E;je; = e;0;, and define the following
matrices

Rij = Eij — Ej;, Py, = Eox + Exo

for 1 <i,j,k <n+ 1. The Lie algebra, g, of G is then identified with
g==t+p
where
b= span{R;; hi<ij<nt1 ™ S0n41, p = span{ P f1<k<n+i1-
An alternative description of g may be obtained by defining
A:=P,1, NE:=P,+R,s
for 1 <k <n. Then
g=m+at+ng+n_
where a := span{A} and
m = span{R;; }1<i j<n = §0p, ny = Span{N;it}lgkén-

The matrices introduced enjoy the following commutator relations, for 1 <i,57 <n

[A, Nf] = £N7*, [N, N;] =0, [N;',N>] = 246;; + 2Ry,
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while

[Rij, A]=0,  [Rij,Nit] = N;"6j — N 6.

Remark 7.1. If we define a* := p/a whence a* ~ {Px}1<k<n then we may obtain identifications
Gi:aL—>ni:Pk»—>N,f.

Elements of the Lie algebra g are identified with left invariant vector fields on GG. The Lie algebras
£, m give Lie groups K, M considered subgroups of G. Now G acts transitively on both H"**! and
SH"*+! and the respective isotropy groups, for eg € H**! and (eg,e,411) € SH" L, are precisely K
and M. Define projections

kG = H" =y e,
G — SH iy = (v e0,7 - eny1)-
As A commutes with M, it descends to a vector field on SH"*! via 7s,. It agrees with the generator
of the geodesic flow justifying the notation. Similarly, the spans of {N; }1<x<, and {N, }1<r<, are

each stable under commutation with M and via 7, are respectively identified with the stable and
unstable subbundles £*, E*

Equivariant sections

It is clear that distributions on SH™*! may be considered as distributions on G which are annihilated
by M. We denote such distributions

D'(G)/m:={ueD'(G)| Riju=0,1<i,j<n}.
This is true for more general sections, in particular we have

Lemma 7.2. Sections D'(SH"™1; Sym™E*) are equivalent to equivariant sections

D' (G; Sym™R™)/m ::{ Z UK e

Keag™

k
Rij’U,K = Z (u{k[—ﬂ}Kéjk‘[ — u{kg—m'}K(Sikg) ,1 S i,j S n} .
=1

Proof. 1t suffices to consider the case m = 1. Demanding that uw = Y ;_, uxey corresponds to a
section of £* requires precisely that

0= Riju = Z(R”uk)ek + uk(Rijek)

x>~
Il
—

I
NE

(Rijuk)ek + ug(eidjn — €;0ik)

=~
Il
—

for 1 <4,j < n. Applying ey 1 to this equation recovers R;jur = w0 — u;0ik. O]

A similar statement may be made for other (not necessarily symmetric) tensor bundles of £.
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Differential operators on &

We introduce several operators on (sections of tensor bundles of) £. As £ may be viewed as a
subbundle of R1"*1 above SH"*!, let V2 denote the induced connection (upon projection onto &
of the flat connection on R1"*1). Now

vt DI (SH T £) — D (SH T T SH ™ @ £)

however if we restrict to differentiating in either only the stable or only the unstable bundles E¢, E*,
via composition with 61, we obtain horosphere operators Vi := Vgit and in general we obtain

Vi : D'(SH™; @™MEY) — D' (SH'; @ HE™).

Symmetrising this operator we get the (positive and negative) horosphere symmetric derivatives and
their divergences

ds : D/(SH™ L Sym™E*) — D' (SH" L Sym™ &),
61 : D'(SH™ L, Sym™te*) — D'(SH™ !, Sym™E™),
as well as the horophere Laplacians Ay := [d4,d4].

Considering these operators acting on equivariant sections of the corresponding vector bundles we
have
n
Vi=) e ® Ly+: D'(G;@™R")/m — D'(G; @™ HR") /m
i=1

where L is the Lie derivative. (The appearance of merely the Lie derivative is because V. uses Vat
and Nfe; = —(eg + eny1)di; ¢ R” for 1 <i,j < n.) Similarly

de = ep-Lyr, Oda=—Y eralys, Ap=-Y Lyilys
k=1 k=1 k=1
on D'(G; Sym™R") /m.

Continuing to consider equivariant sections we note that £ acts as a first order differential
operator D'(G; Sym™R™)/m due to the commutator relations (A commutes with M). As Ae; = 0,
there will be no ambiguity in denoting this operator simply A. From the perspective of sections
directly on Sym™& we have

A= (75V) 4 : D/ (SH™ L Sym™E*) — D'(SH™ T, Sym™E*)
since g« A = £ at (z,&) € SH* L.

There are numerous useful relations between these operators. On D’(SH"*1) the operators (Vi)™
and (d4)™ agree since [Nii, Nji] = 0. As in Appendix A, there are commutation relations with the
Lefschetz-type operators

[A,04] =0=[L,dy], [A,dy] = —264, [L,01] =2dy.
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Moreover, these operators have simple commutation relations with A

[A,dy] = £dyg, [A,04] =+04, [A,Ay] = £2A,.

Several operators on hyperbolic space

The metric on TH™*! allows the standard constructions from Appendix A. We obtain the rough
Laplacian

V*V : COO(H"+1; Sym™T*H" 1) — COO(H"+1; Sym™T*H" 1)

which will be more convenient in this chapter than the Lichnerowicz Laplacian, however we record
that on H"*!, the curvature operator takes the constant value ¢(R) = —m(n+m—1). The divergence

is
§ : C°(H™ ™ Sym™ T*H™ 1) — C*°(H™; Sym™ " T*H"+1)

and we continue to use the notation L, A for the Lefschetz-type operators.

Conformal boundary

Hyperbolic space is projectively compact, and we identify the boundary of its compactification with
the forward light cone

{tty) [teRT,ye S} C RV
Now z 4 £ belongs to this light cone for (z,&) € SH™™! and this defines maps
o, : SH ™ - RT, By : SH" - s™,
by declaring
rE£§=Px(z,8)(1, Bi(x,)).
The Poisson kernel is

H*H xS* — R*
P .
(z,y) = —(z,e0+y)

which permits the definition of

£, H" ! x §"  —  SH"+!
= (2,y) — (2. Fz+ P(z,y)(eo +))

This gives an inverse to Bi(z,-) in the sense that By(x,&+(z,v)) = v (implying that By is a

submersion). Moreover,

(I):t(xvle:(x’y» = P(‘Ta y)

86



7.1. Hyperbolic Space

The isometry group G acts on conformal infinity. There are maps
T:GxS"— R, U:GxS"— 8",
defined by
7 (Ly) =Ty (y) (L, Uy (y))-
Useful formulae are
Aod, =+d,, NE@4 ompr) =0, By = lim w50,
and
Bi(y- (2,8) =Uy(B:(2,€)),  Qx(y-(2,6)) = T5(Bx(2,£)) 2+ (,8).
We introduce the map

il feo 7 TuenieoS"
v = v+ (v,eg)eg — (v, Y)Yy

which isometrically identifies £, ¢) with Tp, (5,¢)S™. It has an inverse

Ti_li TBi(w’g)Sn — 5(%5)
¢ = (+H{Gz)(z+g)

and the adjoint of 74 is denoted 7+ *. Restricting our attention to 7— we note the following equivari-
ance under G

(Tfy‘(m,g))il (Uw*\B,(a;,g)(O) = WW‘ ((7(1,5))1 (C))

for ¢ € Tp+(;,)S". The identification offered by 7_ permits a second important identification of
distributions in the kernel of both A and V_ with boundary distributions. Define the operator

o . DEHETTISY) o DI(SHEmE)
o w = (&M(r*)).wo B_

which restricts to a linear isomorphism
Q_ : D'(S™; Symy'T*S") — D'(SH"™*; Sym{"*) Nker ANker V_.
Moreover, suppose we define
u:=(®_)*Q w, AeC,weD(S";Sym]'T*S"),
then u enjoys the following equivariance property for v € G

(’y*(q),)/\Q,w) (z,8) (771, s 777m) = (q)*)?m,g) ((T’Y)/\—i_mU:w)Bi(Lg) (7_77717 ce 77—777m)
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where 1; € £, ¢)- So v*u = u if and only if, for y € S",

Urw(y) =Ty (y)  "w(y).

Upper half-space model

Hyperbolic space is diffeomorphic to the upper half-space model U**! := Rt x R®. We take its
closure Un+1 by considering U1 c R"*!. Using coordinates = (p,y) for p € R*, y € R™ the
metric takes the form

_dp*+h
="
where h is now the standard metric on R”™.
In this model of hyperbolic space, the map 7-! has been explicitly calculated in [GMP10,

Appendix A] under the guise of parallel transport in the O-calculus of Melrose. For y’ € R™,
= (p,y) € U"TL we write ¢ :=¢_(2,9') and r := y — 3. Then

-1 TyR* = Eae
T Oy, — p (;gi:zj %p + 20 (5ij - %) ayj)

Therefore 7*dy; = p~'dy; if = 0 and in general, for fixed 3 and variable x,

mrdy; = p~t | bpdp + Zbijdyj (7.1)

J=1

for b, bij e Cx (Un+1).

even

The Poisson kernel reads (continuing to use the notation from the previous paragraph)

P(z,y) = (1+ [yl*)

_r
p2—|-7“2

and so p~1P(z,7) is even in p and, for fixed ¢/, is smooth on Un*+! away from x = (0,y').

Convex cocompact quotients

Consider a discrete subgroup I" of G = SO¢(1, n+ 1) which does not contain elliptic elements. Denote
by Kr the limit set of I'. Via the compactification H?+1 = H"*+! U S", the limit set is the the set
of accumulation points of an arbitrary I'-orbit, and is a closed subset of S™. The hyperbolic convex
hull of all geodesics in H™*! whose two endpoints both belong to Kt is termed the convex hull. The
quotient of the convex hull by I" gives the convex core of I'\H"*!, that is, the smallest convex subset
of I'\H"*! containing all closed geodesics of I'\H"™!. The group T is called convex cocompact if its
associated convex core is compact.

Let T’ be convex cocompact and define X := I'\H"! denoting the canonical projection by 7 :
H"*! — X. Then SX = I'\SH"*! (with canonical projection also denoted by 7r). The constructions
of the previous subsections descend to constructions on X and SX.

Furthermore, denote by Qr C S™ the discontinuity set of I'. Then Qr = S?"\Kr and X =
[\ (H"** U Qr). Denote by dr the Hausdorff dimension of the limit set Kr.
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We introduce the outgoing tail Ky C SX as
Ky = (BZ' (Kr))

and remark that this may be interpreted as the set of points (z,£) € SX such that mg(p:(z,€)) does
not tend to X as t — —oo.
Using the outgoing tail, we define the following restriction of the unstable dual bundle

B} = B .

7.2 Ruelle Resonances

The operator A acts on Sym™E&* above SX. For A € C with Re A > 0, the operator (A + A) has an
inverse acting on L?(SX;Sym™&*). By [DG16], this inverse admits a meromorphic extension to C
as a family of bounded operators

Ram(A) : C2(SX;Sym™E*) — D'(SX; Sym™E™).
Near a pole Ag, called a Ruelle resonance (of tensor order m), the resolvent may be expressed as

R R R |V
RamN) =RED N+ > e Am

Jj=1

where the image of the finite rank projector Hi“fm is called the space of generalised Ruelle resonant
states (of tensor order m). It is denoted

Res 4 ,, (o) := Im ( iﬁm)
= {u € D'(SX;Sym™E") ‘supp(u) CK*, WF(u) C B}, (A+ Ao)7 o)y = 0}
We filter this space by declaring
Res’y . (Ao) == {u € Res 4 ,,,(Ao) | (A+ Xo)/u=0}
saying that such states are of Jordan order (at most) j. Then
ReSA,m(/\o) = szlResz’m()\o)
and the space of Ruelle resonant states is Reskm(/\o).

Band structure

*

Consider now A acting on Sym’£*. Let Ag be a Ruelle resonance (of tensor order 0) and consider
(a non-zero) u € Resy g(Ao). As Ruelle resonances (of arbitrary tensor order) are contained in
{A € C| Re A <0}, the commutator relation [A,d_] = —d_ implies that there exists m € Ny such

that (d_)™u # 0 and (d_)™*u = 0. We say that u is in the m'™ band. Precisely, we define

Vi (No) = {u € Resiw(/\o) u € ker(d_)m+1}
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The m' band may then be considered the quotient V7 (Ao)/Vi | (Xo) whence

Reslh o(00) = @D (Via()/Vi1 (M) ) - (7.2)

meNy

The extent to which this band may be identified with Ruelle resonances of tensor order m is contained
in

Proposition 7.3. Consider \g € C, a Ruelle resonance with Re \g < —1. Consider also m € N such
that Re A\g + m < 0. Further, exclude the case m even with A\g +m = 0. Under these assumptions,
we obtain the following short exact sequence

0 — Vi) — Vi) AN Resz;’m()\o+m)ﬂkerv_ — 0

Proof. Denote by W7, (Ao + m) the third space in the sequence Resﬂﬁm (Ao +m)Nker V_. The non-
trivial step is showing surjectivity of (d_)™. We decompose W (Ao +m) into eigenspaces of L A. In
particular we denote

ng,k()\o +m) = Wi (A +m)Nker(LA—2k(n+2m — 2k — 2))

(An element of this space may be written L* w(™=2F) for «(m=2k) ¢ W/ __ (\g+m)Nker A.) There
exist differential operators (linear of order m)

Ki : W) (A +m) = Vi ()

such that (d_)™ o K = Py,—ok k(A) where P,,_op x = Py is the polynomial from Proposition 7.10

k T
Pr(A) =28 ml(r)? (A +r 45— 1)(=24+ (n = 25)) [[(A=n—j+2)
j=1 j=1

As Wﬁk()\o + m) is finite dimensional, it suffices to show injectivity of (d_)™ o K}, which we do by
induction on j. Consider j = 1 in which case (d_)™ o Kj = Pk x(—(Xo +m)) on W (Ao +m)
which is non-zero by the conditions imposed on Ay and by Corollary 7.11. Consider now

we Wi, (Ao +m) Nker((d-)™ o Ky).

By considering again a decomposition of the form u = Zf& L" u(m=2k) "then the fact that (d_)" oK,
is a polynomial in A, implies that it commutes with (4 + A9 + m) hence

(A+Xo +m)ul™=2P) e WIi=1 (Xg+m) Nker ANker((d_)" o Ky)

which by the inductive hypothesis forces u € ker(A + Ag + m) and the case j = 1 now implies
u=0. O

Proposition 7.4. Consider \g € —2N\(—% — iNy), a Ruelle resonance and set m := —Xo. Then
Res’y ,,(0) Nker V_ =0

so in this case also, there is trivially a short exact sequence as in Proposition 7.3.
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Proof. 1t suffices to prove the statement for j = 1. Suppose u € Resim (0) N ker V_ non-zero and
decompose u =: LF u(m=2k) for 4(m=2k) ¢ Resilymi%(O) Nker ANker V_. Consider first «(?). This is
a Ruelle resonant state (of tensor order 0) on SX but by [DG16] the real part of a Ruelle resonance
of tensor order 0 is not greater than or — n < 0. Considering the other components of u, define
@m=2k) .= 75 u(m=2K) for m — 2k # 0. By Proposition 7.15 this is an isomorphism

Tow Resi)mfzk(O) Nker ANkerV_ — ReslA’mf%(n).

From [DS10, Lemma 8.2] and the discussion preceding [DFG15, Lemma 6.1] the L? spectrum of
V*V acting on Sym' 2*T*X (for m — 2k # 0) is bounded below by (n + m — 2k — 1). However
©(m=2K) ¢ ker(V*V — (m — 2k)) and by Lemma 7.12, p(™~2%) € [2(X; Sym{*~2*T* X)) so this forces
@m=2k) =0 asm —2k <n+m—2k—1. 0

To finish this section, we consider the decomposition of the set of vector-valued generalised reso-
nant states considered in this subsection into eigenspaces of L A. Then

L2
Res); ,,(Ao +m) Nker V_ = @ L* (Resihm_%()\o + m) Nker A Nker V,) (7.3)
k=0

as A commutes with the Lefschetz-type operators, and the condition ker V_ is conserved (which may
be concluded from considering the form of V_ acting on D'(G; Sym™R")/m).

7.3 Inverting Horosphere Operators

This section recalculates in notation consistent with this thesis the result of [DFG15, Subsection 4.3].
The key result is the polynomial A presented in Proposition 7.10 which has been used in the proof
of Proposition 7.3.

In this chapter all appearances of A,R,-j,N,;IE are to be interpreted as Lie derivatives. Define
R:=73", e ej 1 R;j so that on D' (SH"1; Sym™E) we have R = m(n +m —2) — LA. As a warm
up exercise, we have

Lemma 7.5. On D'(SH"*L; Sym{'E) Nker V_ we have
d_do; =2m(A—n—m+2)
Proof. Performing the calculation on D'(G; Sym{'R™) subject to the necessary conditions,
A6, =3 (e N7 )(—e; 5N
4,J
= Z ei-e; J(*N;_Ni_ +2A0;; — 2R;j)
4,J
= (214267 c €4 J) — 2R
=2m(A—n—m+2). O

Developing this calculation into a more useful result, we have
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Lemma 7.6. On D'(SH"*L; Sym('E) Nker V_ we have, for 1 <k <m
d_(0 ) =2k(m—k+ D) " A-—n—m+Ek+1)

Proof. We perform the calculation on v = ) ,, uprens € D'(G; Symg'R™) subject to the necessary
conditions. First,

d_(6,)u = Z HZ eﬂJN UMEM

ied,]V[Edm (=1joedt
= (—1)* > (N7 Njun)ei-esaen
i€, JeAk Meod™
m! _
= () —— > (N, Njury)er

Cied Jedm—k Jeak

and similarly (to obtain the final equation displayed in this proof)

_ _ m)!
(5+)k 111, — (_1)k 1 — i E (Ngu”c)eu
(m + 1)
icd Jeagd™m—Fk Ceak—1

Continuing the antepreceding display, we commute N, past Njf (note N; ury = 0 since u € ker V_)

> N Njuy= Y > NE[N;, N INfura;s
Jeglk 0<a<k Acoe jeod ,BeddP
a+1+B:=k
and with [N, N. +] —2A0;;+2R;; we develop in two steps the preceding display. For terms involving

A, we use the relation [4, N;f] = N, to commute A to the right. The commutation relation implies
[A, N}t] = BN hence

AbijNfurajp = Nj (A+ B)dijurass

For terms involving R;; we again commute I;; to the right

Z RijNfurajp = Z (N Rij + Z bes Rzg,Nbe}NbHI bﬁ> UTA;B

jeo , BEAP jEA , BEAP
= +p + . + + .
- Z (NBRU + Z Nblu.bg,l(éjblNi 5zbeN )Nle b;;) UTA;B
jed ,BeP =1
Z Nf (Rij — Boij)urajs
Bew/B

where the final line is obtained by remarking > ., dp,urajp = 0 as u € ker A, and by switching

Jsbe
indices 7, by in the summation of the term involving d;, V. ;r . We also note here that, as u € ker A we

may write

Z RijujD = (TL +m — 2) Z UiD

jEof \DEM—1 Degfm—1

which is used in obtaining the third line in the following display. The principal calculation thus
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continues (using also that > o, , 2(k —1—«a) = k(k — 1) in order to obtain the third line)

m!
d-(6) u= (1) ——= Z Z Nip (2(A+2P)bi; — 2Ri;) urajpeir

(m —k)!
0<a<k 4 jco Tcag™ ",
a+1+8:=k Ac™ Bew?

_ m!
= (_1)7€ 1m Z Z 2Ng ((A + Q(k —-1- a))éij — Rij)ujlce”
T 0<a<k i,jEA
Ieg{m—]’“,Ceg{k‘l
m!
= (,1)k71m Z QkNé: (A+(k*1)f(n+m72))u”06”
: i€,
Iead™ F Ceat?!
=2%k(m—k) 0 ) Y A-—n—-—m+k+1u. O

The previous lemma provides upon induction

Lemma 7.7. On D'(SH"*L; Sym{'E) Nker V_ we have

m

(d-)™(04)™ = 2™ (m1)? H(A —n—j+2)

In order to treat symmetric tensors which are not purely trace-free we include

Lemma 7.8. On D'(SH"*!) Nker(V_ o (d_)") we have,

(d_) A4 = (r+2)(r+ 1)L (2(A Fr)(—24+n—2)— LA)(d,)T

Proof. We perform the calculation on v € D'(G) subject to the necessary conditions (in particular
R;;u = 0) and reproduce verbatim the beginning of [DFG15, Lemma 4.4]. First,

(d) A u=— Z (NgNjfu)ex
icol \ Kea/mt2
== Z ([[NI;,le],N;r]u)eK

i€ , Kead ™2

since [N, N;fJu = 0 as u € ker(V_ o (d_)"). We now calculate [N, N;"] precisely as in [DFG15,
Lemma 4.4] however we take this opportunity to introduce a notation which will be advantageous for
the presentation of this proof. We write

- — + — . p—
Nklukz—l[Nke’Ni ]Nk£+l~~~kr+2 _' NK N];H[N];,Nf]
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with the natural extension to other situations. The calculation now reads

r+2
[NK’N 7QZNK|N —>A6kﬂ Rkﬂ

:22( N,y (A+ - r—2)6kﬂ—Ng\NwﬁRW>

r4+2
N{ICEH}K((A—Fg_T_Q)(Sk@i _Rk” ;1 N ke%}K‘N7 — ik, N, 75k(k N>
s={+ ks s

=

r+2 r+2
=2 <N{_€_>}K((A +l0—r— 2)51%1' — Rkﬂ) — Z 6iksN{_kS—>}K — 6klksN{_kg—>,kS—>i}K>
s=0+1

r+2
N{ikgﬁ}]{((A - (T + 1))6kfi - szi) + ;1 5k2ksNi{kg~)7k54)}K>
s=Lf+

and

S A~ (r 4 1))8k,i — Rigis N1 = —(n — 2)N;:
i€

So, upon setting v := (A — (r + 1) — (n — 2))u, the principal calculation reads
r+2 r+2
r+2 _ — - +
(d-) * Aju=2 Z Z <[N{kz_>}K7N1;:]U+ Z Z Okyk, [Ni{kg_),ks%}KvNi ]u) €K
Kco/m+2 0=1 i€ol s=0+1

and we calculate in two steps considering separately terms involving u,v. For v,

r+2 r+2r+2
2 g g Jvex =2 Ve
{k@—>}K’ kz {k@—>}K -
Keam+2 (=1 Kear+e (=1 s=1 Nigg 7= 2A% kg +2R0s1

S

considering terms involving A and Ry_j, seperately. We shift A to the left (and use the observation
+2
that r(r +1) = TZZ:LS# 1)

r+2 r+2
3D DD DTN L e R D DI DR AR
ksk
Keg/rt2 4,s=1 ‘£ Keg/rt2{,s=1
s#L s
=(r+2)(r+1)L(-2)(24+7r) >  Nyver

Red™
= (r+2)(r + 1) L(=2)(24 + r)(d_)"v
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We shift Ry, to the right

r+2 r+2 r42

> D = > 2.2 M vex
{k}g—)}K’N —)Rk k[ {ke—ks— 1K N;pﬁNl;ékékp_Nk_z(skskp

Keag/rt2 {,s=1 Keag/rm+2 £,s=1 p=s+1
s#£L s#£l  pFHL

r+2 r42

Z Z Z (N{_ke—>,kp—>}K6k€kP _N{_ks*vkp_)}Kékskp) vex

Keag/r+2 £,5=1 p=s+1

s#l  pF#L
r+2 r42
=> > (1-1Ld)"w
£,s=1p=s+1
s#l  p#EL

=0

Ultimately, shifting the appearances of A in the definition of v to the left,

r+2
2 > MIN heoyic Nt lver = (r+2)(r + 1) L(=2) (24 + r)(d-)"
Keag/r+2 (=1

= (r+2)(r+1)L ((—2)(2A +r)(A—n+ 1)) (d_)"u

Considering the term not involving v in (d_)""2A, u we have

r4+2
2y > Gk, [Ntk sy Ni Juere = (r +2)(r + 1) L > [N N uer
icod Keadmt2 l,s=1 i€  REAT
s>L

and we split the calculation of 3 [Nz, N;'Juer into three parts:

— ATt
Z [N, N, Juer = —2nA(d u—i—Z R|N 25, At2R,,, UER
i€l ,REAT
Moving A to the left

> Z inl N 20,1 A ueR——ZZ > (A+0ON

i€of  REAT (=1 (=1 Res/”
=—r(244+r+1)(d-)"u
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Moving R,,; to the right

Z Z Nix Ny, —2R,,; YR = 2 Z Z Nifro—1r

i€l , REYT £=1 icd ReEAT L,s=1
s>L

T
=2 E E N, ‘ UER
Hre o RN N 8y =N 81,

i€ , Red T U,s=1
s>l

=r(r—1)(d_)u—2 Z Z Niitre—sro—syrOrer. UCR

i€a/ ,REAT L,s=1
s>l

_ _ UER
Ny —[Rrpi, N

(r—1)(d)u+Lr(r—1)A_(d_)"u
(r—=1)(d-)"u—LAd-)"u

|
<

I
=

where in the last line we use

Ad)uw = Z eiae; s Njuer
i€e/ ,RER

T
Z Z €i 1N Ly RUCr )R
i€o/ REAT 1=1

I
Z Z Nz‘i{rg—>,7'sA}Rue{TzH,TsH}R

icd REAT L,s=1
s#L

=—r(r— 1)A,(d,)r_2u

Ultimately, the term not involving v in (d_)"*2A, u reads
r+2

- +
2 E : § : Okek, [Ni{keﬁ,ksﬁ}K’Ni Juex
icol  Keadmt2 £,s=1

s>
- (r+2)(r+1)L(—2nA—r(2A+r+1)+r(r— 1) —LA)(d,)”"u

—(r+2)(r+1)L ( A +r) — 1 — LA)(d,)Tu
The principal calculation thus terminates
(d_)*2Au = (r+2)(r+1)L ((72)(2/1 F ) A—n+1)—24(n+71)—7— LA)(d_)Tu

:(r+2)(r+1)L(2(A+r)(—2A+n—2)—LA)(d_)Tu O
The previous lemma provides upon induction using [A, L] = 2n + 4 deg.

Lemma 7.9. On D'(SH"!) Nker(Ao(d_)"+?*) Nker(V_ o (d_)"+2*) we have,
k
(do)TR(AR =25 (r + 2k) LF JJ(A+ 7+ — 1) (=24 + (n — 2j))(d_)"

Jj=1

with the interpretation that the product takes the value 1 if k= 0.
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7.4. Quantum Resonances

Applying first Lemma 7.7 and second Lemma 7.9 provides

Proposition 7.10. Consideru € D'(SH"*'; Sym™&)Nker(V_) decomposed such thatu = 3", L* u®)
for u®) € D' (SH™ ', Sym{E) Nker(V_) with r := m — 2k. On u®),

(do) 2R (A L))" =LF Pi(A)

where P, 1, (A) is the following polynomial

k T
Prp(A) =2 ml () [TA+r 45— 1)(-24+ (n—2j)) [[(A-=n—j+2)

j=1

The following corollary is slightly weaker than what one could say by distinguishing cases depen-
dent on the parity of n however it is sufficient for the correspondence.

Corollary 7.11. Consider A € C with A ¢ —%5 — %NO and Re A < —1. Consider also m € N such that

ReA+m < 0. Then for r,k € Ny such that m = r + 2k, the value of the polynomial Py j;(—(A +m))
is non zero except in the single situation m € 2N, r =0, k=3, A +m = 0.

Proof. We need to ensure that A\ 4+ m does not belong to any of the following sets

Sy ={r,r+1,...;r+k—1},
Soi={-5+1,-5+2,...,—5 +k},
Sy ={-n—-r+2,-n—r+3,...,—n+1}

So if Im A # 0 then such an exclusion is guaranteed hence the only possible problematic situations are
when A € {5 + %, —% +1,...,—1}. Considering S1, as A +m < 0, the only problematic situation
is the one announced in the corollary when A +m = r = 0 (forcing m to be even). The set Sy poses

no problem as A > —3 and m > k. Similarly S3 poses no problem as A > —n. O

7.4 Quantum Resonances

The rough Laplacian V*V acts on Sym™T*X. For s € C with s > 1, the operator V*V —s(n—s)—m
has an inverse acting on L?(X;Sym™T*X). We introduce the short-hand

A = (V*V = s(n —s) —m).

Note that V*V commutes with both the trace A and divergence § operators. By Theorem 9, the
inverse of V*V — s(n — s) — m, written Ra ,(s), admits, upon restriction to the kernels of both A
and §, a meromorphic extension from Res > 1 to C as a family of bounded operators

Ram(s): CF(X;Sym{'T*X) Nkerd — p* "Co (X;Sym{'T*X) Nkerd.

(Here p is an even boundary defining function providing the conformal compactification X.) Near a
pole sg, called a quantum resonance, the resolvent may be written

J(o) fow =1 TT%0
g) = ROl (¢ (V*V — so(n — s9) —m)? HA,m
RA,m( ) = RA,m( ) + Z (s(n - 5) — SO(TL - 50))j

j=1
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where the image of the finite rank projector H/\A‘)’m is called the space of generalised quantum resonant
states (of tensor order m)

Resp ,(50) := Im( Z”m) .
We filter this space by declaring
ResjA’m(so) :={ ¢ € Resp ,(50) | (V*V = s9(n—s9) —m) ¢ =0}
saying that such states are of Jordan order (at most) j. Then
Resa ,,(80) = szlResjA’m(so)

and the space of quantum resonant states is ReslA’m(so).

Vasy’s operator

We require an asymptotic description of states in Resp ,,,(s0). For this we use aspects of the con-
struction of the meromorphic continuation of the resolvent. To this end, we recall several aspects of
its proof given in the previous chapter.

Consider the Lorentzian cone M := R} x X with Lorentzian metric n = —ds ® ds + s%g. (In our
setting where X is a quotient of hyperbolic space, this cone is Minkowski space locally.) Symmetric
tensors decompose

m
Sym™T*M = @ak (%)m_k -Sym*T* X, ay ‘= ———
P v (m—k)!

and the (Lichnerowicz) d’Alembertian O acts on symmetric m-tensors. A particular conjugation by
s of 520 behaves nicely relative to the preceding decomposition giving the operator

n__

Q:=s2 mP20s M = V'V 4 (50,)> + D + G

for a first order differential operator D + G on Sym™T*M. (Above s0s is considered a Lie derivative
and, along with V*V | acts diagonally on each factor (%)mf}c -Sym*T*X .) The b-calculus of Melrose
permits this operator to be pushed to a family of operators, denoted Qy, (holomorphic in the complex
variable \) acting on EBZLOSyka*X above X which takes the form

O =V'V+ XN +D+gG

for a first order differential operator D+G. (A more precise description of D+ G will be given shortly.
Also, we will ultimately set s := A+ 5 to return to the conventions present in this chapter.)

Convex cocompact quotients of hyperbolic space are asymptotically even hyperbolic. So consider
a boundary defining function, p, for the conformal compactification X. Near Y := 90X, say on
U :=(0,1), x Y, the metric may be written

dp? +h
:T

where h is a family of Riemannian metrics on Y smoothly parametrised by p € [0,1) whose Taylor
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7.4. Quantum Resonances

expansion at p = 0 contains only even powers of p. Again consider the Lorentzian cone M = R x X
with metric 7. The metric  degenerates at p = 0 however under the change of coordinates

t:=s/p, wi=p?

the metric takes the following form on R} x (0,£2), x Y
n=—pdt®dt — 3t(dp ® dt + dt ®@ dp) + t*h.

We extend the manifold X to a slightly larger manifold X, := ((—1,0], xY)UX and use x to provide
a smooth structure explained precisely in Section 5.2. Moreover 7 is extended to M, := R} x X,
by extending h to a family of Riemannian metrics on Y smoothly parametrised by p € (—1,1). We
now follow the recipe given in the preceding paragraph. The Lichnerowicz d’Alembertian [J acts on
symmetric m-tensors above M,. Conjugating ¢? J provides

P:=tz 2z tm

The b-calculus pushes this operator to a family of operators (holomorphic in the complex variable
A), termed “Vasy’s operator” and denoted

P, € Diff?(X,; & ,Sym"T* X,).
On U, the two families are related
P)\ — pf)\7%+m72j QA J*lp)ri’%*m

for J € C*(X ;End(@’,}ZOSyka*X )) whose entries are homogeneous polynomials in % -, upper
triangular in the sense that J (SymkoT*X ) C Drlk, Symk T*X, and whose diagonal entries are the
identity.

There are meromorphic inverses for the operators P, and Q). We denote respectively these
meromorphic inverses by

Rpm(A) 1 CF(Xe; @ SymF T* X, ) — C°(X,; ®FSym* T* X,)
and

Raum(N) : O (X & Sym" T"X) = M E-m e p=2K 025, (X; Sym T X).

We do not need a complete description of the precise form of Q). With respect to the extent to
which we require a precise description, we note its form upon restriction to Sym{ T*X.

V*V + A2 — o _ m 00 mrpsk oo m *
Q>\|Syn16“T*X = 9§ * ] : O (X; Symg' T* X)) — O™ (X; @, Symg T* X)

which upon setting s := A + 5 provides

V*V —s(n—s)—m
-24

Q

s—4 ‘
2 ISym{*T* X
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Chapter 7. A Quantum-Classical Correspondence

In a similar spirit we record that

1

Hop.,,_ symrex = [ 0

— 3

Lemma 7.12. For sg € C with so # 5, generalised quantum resonant states Resi m(S0) are precisely
identified with

j—1
{(p € @ P (log p)F €2 (X; Sym{' T*X) | ¢ € ker(V*V — so(n — s9) —m)’ Nker (5} .

k=0

Proof. That a generalised resonant state has the prescribed form is reasonably direct. Indeed given
¢ € Im (HSA"m) there exists ¢ € C°(X;Symg'T*X) (which is divergence-free) such that ¢ =
Ress, (Ram(s)¥). By Theorem 9, we may write

Ram(s)p = p* "W, € kerd

for U a meromorphic family taking values in C22, (X;Sym{'T*X). Supposing the specific Jordan
order of ¢ to be j < J(sg), equivalently Aﬁ,o Yo #0and ¢ € ker Ag’o, implies ¥ has a pole of order j
at sg. Expanding p*~™ and W, in Taylor and Laurent series about sy respectively gives

j—1 (s — s0)F i gk
Ram(s)y = (Pso_m Z(log P)kT +O((s = s0)’ ) <\I’H01 Z (s — s0) )
k=0 ’ k=

with WH! (a holomorphic family) and W) taking values in C°, (X;Sym{'T*X). Extracting the

even

residue gives the result that
pE (@f;é p*o "™ (log p)k C° (X Sym(’]"T*X)) Nkerd .

For the converse statement we initially follow [GHW16, Proposition 4.1]. Suppose ¢ € ker A?;O
trace-free, divergence-free, and takes the required asymptotic form. We may suppose .Az.o_l w # 0.
Set

e = Ago_l p € poTmCe (X;Symy'T*X) Nkerd.

even

For k € {2,...,7}, there exist polynomials py; such that upon defining

k—1
©®) = (n — 2s0)F ! Ag_k) 0+ Zpk,l(n —2s0) Ag_k'm ¢ € ker ANkerd
=1
we satisfy the condition, for k € {1,...,5},
Ag, %) — (n — 250) 1 4 k=2 — ¢ (7.4)

(with the understanding that 00 = (=1 = 0). Note that such a condition appears upon demanding

Asps = O((s — So)j)’ Ps = Z ‘P(k)(s - 30)k71
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7.4. Quantum Resonances

Define
j k—1 ,
P, = Z <I>(k)(s — So)k_l, k) .— p_s"+m Z 7(_1(2;“) w(k_e).
k=1 =0

We claim that

k) e o

oven (X5 Symg' T* X).
As @) a priori belongs in the space @5~} (log p)! C2%,,(X; Sym{"T* X), it suffices to observe that

Poy—n ®F) € O, (X; @), _; Sym" T*X)

even

where

—24

—_

1 de. A,
p273507% (D(k) _ [ 0 P ‘| p*80+m [ 0 ‘| psofmq)(k:)‘

We perform the required calculation in the collar neighbourhood U = (0,1), xY where the metric is of
the form g = p~2(dp?+h) and with a frame {dy’}1<;<,, for T*Y. Define p=?B € C2%,,(X; End(T*Y))

by Bdy' := 2k 5(h™1)(pd,hji)dy"® and extend it to p~2B € C,,,(X; End(T*X)) as a derivation

with Bdp := 0. The Laplacian, on functions, takes the form
A= —(pd,)? + p*Ap + (n — try, B)pd,. (7.5)
We calculate p? Pso—z &), The first tedious step is

p—so+m AS(} pSO_m(I)(k)

_sgtm — (—log p)* (k—0)
=p " (A = so(n = so) —m) ¥
=0 ’

k-1

= psotm 7 ((—log p) Asy o0 —2tr, (V(— log p)* ® Vap(k_é)) + (A(—log p)e)cp(k_e))
=0

_ —sotm — 1 ¢ (k—0) ¢ (k—0) 0o (k—b)

p il ((—1ogp) Agg o7 = 21trg (V(—logp) ® Vo ) + (A(=1logp)*) ¢ )

=0 "

and we split this calculation up further into three parts. Treating the first part with (7.4),

K‘
>_-

pfsoer ( lzlg P) Aso Sa(k‘ff)

0
_ 7so+mz IOgP ( ,QSO)SD(ka),CP(ka))

=(n-— 280)@(k D _ pk=2),

o~
Il
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Treating the second part directly

psotm z_: % (—2 trg (V(— logp)’ ® Vgo(k_é)>)
e S (9, 000)

l—1 —1
—s m g P — - logp —
— o+ E 2Vp6 ( 1)) QD(k 8)) _9 (Vpap( (g = 1))' > (p(k £)
— 2p—so+mvp8p (pSO_m(b(k_l)) + 2@(16—2)

= 2"V 5, (p*’"cb(’“*l)) 4 2500*D) 4 22,

Treating the third part with (7.5)

,so+m Z E —logp ) (k—£)

 (—U(L=1)(=logp) 2 + (trn B —n)l(—log p) ") 70
0
= (trp, B — n)CIJ(k D pk=2),
Combining these calculations provides
p=oN Ay, p0 70 = (try, B + 2vapappim)q’(k71)-
The second tedious step in calculating p? Psy—z ®®) is (recall =9 € ker§)

p750+m(72 §)p50+m(1)(1€)

k—1
S B, (9 o)

_ —logp)t! _
_ so+m __odp (k—2)
=0 Z (—1)! ( 2y )
_ _odp (k 1)

= 2p_|<I>

Combing the two previous calculations provides

1 de. 20V 09 p~™ + try, B

(k—1)
0 1 —2%) J @

which may be developed upon analysing the following term

(pmvpappfm _dp  dp J) pk—1)

ra

Recall the asymptotic structure of tensors which are evenly smooth at infinity described at the end
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7.5. Boundary Distributions and the Poisson Operator

of Subsection 6.1. Writing

pED=53"%" o f“L Y (pdp)m—dy", @ﬁfgl) € C*(X),
=0 Legrt

and remarking Vo, pdp = 2pdp and V9, dy* = (1 + B)dy" gives

(pmvpapp‘m —d2.4 J) o1

= (=m+pd, +2(m — )+ (L+ B) — (m—0)) Y @7 (pdp)™ " dy"
Lea/t
= (pd, + B)(I)(k_l)

where pd, is to be interpreted as a Lie derivative. This finally establishes that

2p0, + 2B + tr), B
PP Py @) = [ Y _9dp
P

k-1

which by induction on k produces the desired claim that ®*) ¢ C2°_(X;Sym™T*X).

even

We extend ®*) smoothly onto compactly supported sections over X, and apply Rpm(s—2) to
'Psfg q)s. On X,

O, = Rpm(s — 2)Py_n B,

—s+m n AS s—m
=p + JRQ,m(Sz)[_Qélp D

whence upon unpacking the definition of ®, and the expansion of p**™ in s about s implies

s+ O((s = 50)’) = Ram(s = §)(s = 50)’¥s

for 1 a holomorphic family taking values in CS%,, (X; @M, = SymmT* ). Considering the term at

order (s — s0)?~! provides that ¢ is in the image of HQ 2. As o) € C°°(X;Sym{'T*X) Nkerd
and

Im( Z’m) = (H ) (X Sym{'T*X) N ker &

we deduce that ¢ is in the image of [[X,,. Therefore A% o0 is also in said image for k < j
whence the definition of ¢*) provides the desired result that ¢ is in the image of HSAD’m. O

7.5 Boundary Distributions and the Poisson Operator

Define Bd,, () to be the following set of boundary distributions

Bd,,(\) := {w € D'(S™; Symg"T*S™) ’supp w) C Kr, Ujw(y) = T,Y(y)_’\_mw(y) foryel,ye S”}
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Then for Ay € C a resonance,
T (Resh,m()\o) NkerANkerV_) = (2_)*Q_ (Bd,n(\o)) -

The Poisson operator is defined via integration of the fibres of 7g : SH*t! — H"*!. For u €
D' (SH"H; @™mE*) we define, for x € H" !,

roa)@):= [ @ o)is(o)

where integration of elements of ®™E* is performed by embedding them in @ T*H"*!. For A € C,
the Poisson operator may be now defined as

[0k (Hn+1; SymgLT*Hn-i_l)
TOx (((I),)A Q,OJ)

{ D'(S™; Symy'T*S") —
P :

W =
There is a useful change of variables which allows the integral to be performed on the boundary S™.

Specifically, upon introducing the Poisson kernel, we may write
Py w(r) = / Pla, )" (877 e ) ) w(n) dS(y) (7.6)

for £ =¢- (xvy)

Asymptotics of the Poisson operator

We start by recalling a weak expansion detailed in [DFG15, Lemma 6.8]. For this we appeal to the
diffeomorphism ¢ used in Defintion 5.1. That is, take p an even boundary defining function and
giving ¢ : [0,€) x S" — H"*! the diffeomorphism induced by the flow of the gradient grad . (p). By
implicitly using ¢ we identify a neighbourhood of the boundary of H"+! with [0,¢), x S™. Given
U € C°(S™; Sym™TS™) we define for p small

V(py) == (@7 (e ) ¥(Y)
for z = (p,y) and {- = {_(7,y).

Lemma 7.13. [DFG15] Let w € D'(S™; Sym™T*S™) and A € C\(—% — 3No). For eachy € S", there

ezists a neighbourhood U, C H"+1 of y and an even boundary defining function p such that for any
U e C(S™; Sym™TS™) with support contained in U, NS™ and giving 1 € C*°((0,&) x S™; Sym™TS")
as above, there exists Fy € C..([0,€)) such that

even

p F_(p) + p" A Fy(p), AE-2+N;

w)(psy), P (ps S(y) =
/n (Pxw)(p,y),¥(p,y)) dS(y) {p—AF_(p)+p"+>‘log(p)F+(p), Ae-m N,

where dS is the measure obtained from the metric p*g restricted to S™. Moreover, if w and ¥ have
disjoint supports, then the expansion may be written

{p”“ﬂ(p), A -Z+N;
P log(p)Fi(p) + Fi(p)), A€ -5 +N,
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for F € C%.,([0,¢€)).

even

O

Remark 7.14. The evenness is a consequence of the even expansions of the Bessel functions appearing
in the proof. The additional conclusion when w and ¥ have distinct supports is due to Equation 6.31 in
the proof as well as the final equation displayed in the proof. In particular, the differential operators
(rather than pseudo-differential operators) which appear do not enlarge the supports of w and W.
Finally, if w and ¥ have supports with non-trivial intersection, then F_(0) # 0.

Proposition 7.15. For A € C\(—-§ — fNo) the pushforward map mo. : D'(SX;Sym™E*) —
D'(X; Sym™T*X) restricts to a linear isomorphism of complex vector spaces

Mo - Resil’m()\o) NkerANkerV_ — ResjA’m(/\o +n).

Proof. Consider u®) € Resim()\o) Nker ANker V_ for 1 < k < j such that (A + \g)u®) = —uF=1
and (A + )\o)u(l) = 0. We may suppose that u(®) % 0. We lift these generalised resonant states to
a@*) .= mru®) whose supports are contained in 7T1:1(K+). Define
e") = o, a0,
¥

®) — o™,

Now 1) is a quantum resonance. Indeed, the distribution v := (®_)~*4() is annihilated
by A (as well as both A and V_) so there exists w®) € Bd,,(\o) such that a(*) = (®_)*Q_w™
The properties of the Poisson transformation imply that ¢(1) = Py, @ is trace-free, divergence-
free and in the kernel of (A — so(n — s9) — m) for sg := Ag + n. The same statement is true for
o) Considering the alternative definition for the Poisson operator (7.6), as well as the upper half-
space model, we recall the structure of ®™7_* from (7.1) and that p~'P(x,y) is smooth except at

= (0,y). Since w™ has support contained in Kt disjoint from Qr (and X = T'\(X U Qr)) we
conclude that (1) € p*o—mC (X;Sym™T*X). This is the characterisation of quantum resonances

given in Lemma 7.12. Therefore, as claimed, ¢(!) is a quantum resonance.

We now show that ¢*) is a generalised quantum resonant. Define

k
B T Y ) —logq’ (0
=1
Then a direct calculation shows A9(*) = 0 and, since d_ ®_ = 0, it also follows that V_o*) = 0.

So let w®) € D/(S™; Sym{" T*S") with Q_w*®) := v(*) and note supp(w®) C K. Rewriting a*) in
terms of 5,

k
k) = (@) Z log ‘I’ 5O
=1

and observing that

0Py = o, (@) (log @)@ w®)
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we obtain

k (k—2) (0)
0
59 = mgui® =3 O TPaw

2" (k1)

Taylor expanding (A + A(n + \) —m) Px(w®*=9) = 0 about Ao implies

aif) P, w®E=0 I P, w®E=0 3&2—2) P w0 B

(A +Ao(n+Ao) —m) ! (@2 +0) P Ty,

By introducing (again) sg := Ao + n, we deduce that
(A = so(n— s9) —m)e®) = —(259 — n)e*—H — k=2

with the interpretation that ¢(® = @(-1 = 0. By injectivity of the Poisson operator, ¢*) # 0. A
similar expansion for § Py(w®*~9) = 0 implies 6 »*) = 0. Recalling the definition of the Poisson
operator involving the Poisson kernel, we have 9 P(z,y)" T = P(x,y)* (log P(z,y))* and so, as
with the case of ), we conclude

") e e po ™ (log p)" CZX,

even

(X;Sym{'T* X).

and so it is a generalised quantum resonance p¥) € Res’&m(/\o + n) by Lemma 7.12.

In order to show surjectivity of mo,, consider @) € ResjAﬂn(so) for sg := \g+n and define ¢*) for
1<k<jby W = Aglo—’“ ol € Resl&m()\o +n) (recalling the definition A; := (A — s(n —s) —m)).
We may assume 1) # 0. By modifying ¢(®) via linear terms in ¢*) with 1 < ¢ < k, we may assume

(A = so(n — s9) —m)p®) = —(2s9 — n)pF~1 — pk=2),
We lift these modified states from SX to SH"*! defining ¢¥) := 7iip®) which also satisfy the
preceding display.

We now prove by induction on 1 < k < j that there exist w®) € D/(S™; Sym{'T*S") with
supp(w®) C K such that

k

(k—£) ¢
20 — W and  Urw® = (1) o Z 1OgT (=logTy)" " )
=1

For k = 1, this states that for 1) € ReslAym(so)7 there exists w™) € Bd,,(\o) with mip) = Py, w.
To demonstrate this statement we remark that ¢(!) is tempered on H"*?, (the proof follows ad
verbum [GHW16, Lemma 4.2]), so the surjectivity of the Poisson transform [DFG15, Corollary 7.6]
provides w(® € D'(S™; Sym{' T*S™) such that 1) = Py, w. The equivariance property demanded
of w® under T is satisfied as (1) = 7r1’i<p(1) It remains to confirm that supp(w¥)) Cc Kr. By
Lemma 7.12, we have the asymptotics (1) € p®o~"C, (X;Sym™T*X) and so, by Remark 7.14, it
is only possible for the weak expansion of Lemma 7.13 to hold for arbitrary ¥ € C°°(Qp; Sym™T*S")
if supp(w®) C K.

For the general situation £ > 1 consider
k=1 o(k—£) ¢
MCPRCCESS P w®
(k=0

=1
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7.6. Proof of Theorem 11

which is in the kernel of A, by a direct calculation. This gives, by the usual argument, a wk) ¢
D'(S"; Sym{'T*S™) with supp(w®)) € Kt such that ¢*) = P, w®) and establishes the first desired
equation. Now consider (v* — 1)¢®). As (v* — 1)) = 0 and v* o Py = Py o((T. MU, the
induction hypothesis gives

k—1
* (k) _ _ )\0+m IOgT % k—t

=1

alternatively as 1/*) = P w®), the equivariance of P, implies
(7" = Dy =Py, (T U7 = Dw®).

From these two equations and the injectivity of the Poisson operator, we obtain the desired equivari-
ance property for Uj:w(k).

We now may reproduce in reverse the beginning of the injectivity direction of this proof. Consider
the following elements of D’(SH"*!; Symg'£*)

k
o) = Q_w(k) and ) :7 )\o Z IOg@ (@)
=1

Then @®) is annihilated by V_. The equivariance property of w(®) implies that (A + )\o)ﬂ(k) =

a*=1_ that (A + Xg)aY =0, and that v*a®) = @*). So these distributions project down giving
u(k) € D’(SX7 Sym('€*). By the support properties of w®) | the support of u¥) is contained in K,.
Finally, elliptic regularity implies that the wave front sets of u(*) are contained in the annihilators
of both E™ and E* hence in E*| Ky = E7 . This is the characterisation of Ruelle resonances so the
equality mo,u® = p(*) implies surjectivity of the Poisson operator. O

7.6 Proof of Theorem 11

Theorem 11. Let X = I'\H"*! be a smooth oriented convex cocompact hyperbolic manifold, and
Ao € C\(—-35 — 7N0) There exists a vector space linear isomorphism between Ruelle generalised
resonant states

Res 4 0(Ao)

and the following space of quantum generalised resonant states

%]

@ @ Resp ok (Ao +m +n).

mENy k=0
Proof. Generalised Ruelle resonant states are filtered by Jordan order

J(Xo)
Resy(Ao) = @ (ReSAO()\O)/ReSAO(AO)>

j=1
J(Xo)

= U Resil’o()\o).

j=1
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Chapter 7. A Quantum-Classical Correspondence

Generalised Ruelle resonant states of Jordan order j, are filtered into bands via (7.2)
Res)y o(20) = @D (Vin(0)/ VA s (00) -
m&ENy

Each band m of Jordan order j is identified via Proposition 7.3 (and Proposition 7.4) with vector-
valued generalised resonant states for the geodesic flow which are in the kernel of the unstable horo-
sphere operator.

(do)™ V4 (X0)/VA 1 (Mo) = Res?y (Ao +m) Nker V_.
These generalised resonant states are decomposed via (7.3) according to their trace
. L5 ‘
Res) ,,,(Ao +m) Nker V_ = @ L* (Resﬂxymf%()\o + m) Nker A Nker V_) :
k=0

Generalised resonant states of the geodesic flow which are in the kernels of the unstable horosphere
operator and the trace operator are identified via Proposition 7.15 with generalised resonant states
of the Laplacian acting on symmetric tensors

Tos - Resj_Xym_%()\o +m)NkerANkerV_ — ResjAvm_%()\o +m+n). O

Remark 7.16. As the proof of Theorem 11 shows, the isomorphism restricts to isomorphisms respect-
ing the Jordan order of the generalised resonant states.
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A. Symmetric Tensors

This appendix recalls some conventions for symmetric tensors on a vector space and some differential
operators on Riemannian manifolds. It follows conventions established in [HMS16].

A.1 Linear Algebra

Let E be a vector space of dimension n 4+ 1 equipped with an inner product g. Use g to identify
E with its dual space. Let {e;}o<i<n be an orthonormal basis. We denote by Sym™E the m-fold
symmetric tensor product of E. Elements are symmetrised tensor products

Up e Uy i= Zug(1)®...®u0(m), u; € B
oell,,

where II,,, is the permutation group of {1,...,m}. By linearity, this extends the operation - to a map
from Sym™FE x Symm/E to Symerm/E. Define SymFE := P, c,
deg : SymFE — SymFE by declaring deg u = mu for v € Sym™FE.

Sym™FE and introduce the map

Some notation for finite sequences will be necessary for many calculations presented in this thesis.
For a fixed positive integer m, denote by 27" the space of all sequences K =k ...k, with0 < k,. < n.
We write {k, — j}K for the result of replacing the 7" element of K by j. If j is not present, this
implies we remove the r'" element from K, while if k, is not present, this implies we add j to K to
obtain the sequence jK. This notation extends to replacing multiple indices at once. For example,
{k, —,k, —}K indicates we first remove the 7! element from K and then remove the p'" element
from {k, —}K. We set

€K i=€p, ... e €Sym"E, K=k .. k,ca™.

The inner product takes the form g = %E?:o e; - €;, equivalently g = %Z?:o eii. For u € E we
write u™ to denote the symmetric product of m copies of u. The inner product induces an inner
product on Sym™ FE, also denoted by g, defined by

gur oo Uy U1 e Uy) i = Z 9(u1,V5(1)) - - - (U, Vo (m) ), ui,v; € E.
o€lly,

For u € E, the metric adjoint of the linear map w- : Sym™FE — Sym™ "' E is the contraction
w2 : Sym™ ™ E — Sym™E defined by

(wav)(wy, ..., Wy) = V(U W1, ...y Win )y u,w; € B,v e Sym™E.
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Appendix A. Symmetric Tensors

Contraction and multiplication with the metric g define two additional linear maps:

A Sym™FE — Sym™ *FE
' u o= > e au

and

L. Sym™E — Sym™™E
' u o= >t et

which are adjoint to each other. As the notation is motivated by standard notation from complex
geometry, we will refer to these two operators as Lefschetz-type operators. Denote by

Sym{'E := ker (A : Sym™E — Symmsz)

the space of trace-free symmetric tensors of degree m.

There are several algebraic commutator relations between the operators thus far introduced:
[A,L| =2(n+1) +4deg, [deg,L]=2L, [deg,A]=—2A.
and for v € F,
[u,A]=0=[u-,L], [ws,L]=2u-, [u,A]=-2u_.

Also, deg = Y7 e; - €; 0.

We have the decomposition

—

3

SymmE (S mm ZkE)

k=

and the operator L A preserves this decomposition. Indeed for u € Sym(’)n*%E7

k
LALFu =Y LML AL u
(=1
k

—ZLZ (2(n41) + 4deg) LF "y

k

(Z (n+1)+4(m —2€)>Lk
/=1
=2k(n+2m — 2k — 1)LF

Therefore on Sym™ FE we have the identification

L* Sym** E = ker (L A —2k(n + 2m — 2k — 1) : Sym™E — Sym™E).
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A.2. Differential Geometry

An alternative dimension for the vector space

If the dimension of the vector space is n, then our convention is that an orthonormal basis is {e; }1<i<n
(it is enumerated from ¢ = 1 rather than ¢ = 0). Of course, this implies that when considering
sequences, /™ denotes the space of all sequences K = ky...k,, with 1 <k, <n.

Homogeneous polynomials

Symmetric tensors may be identified with homogeneous polynomials via the metric. Denote by

Pol™(E) the space of homogeneous polynomials of degree m on E and define Pol(E) := €D, <y, Pol™ (E).
To a given u € Sym™ (F), we associate a homogeneous polynomial Pu such that
n
Pu(x) := g(u,z™), x = Zaziei.
i=1
Let 9,, denote the partial derivative in the direction e; and by Apgg) = — Y1, 82, the flat

Laplacian. Then as e; 1 = 0,, o P, we have
A = _APOI(E) O P

In conclusion, symmetric tensors of degree m which are trace-free correspond to polynomials homo-
geneous of degree m which are harmonic.

A.2 Differential Geometry

Let (X, g) be a Riemannian manifold of dimension n + 1 and denote by V the Levi-Civita connec-
tion. Identify the tangent bundle TX with the cotangent bundle T*X and let {e;}o<i<n be a local
orthonormal frame.

Let the symmetrisation of the covariant derivative, called the symmetric differential, be denoted
4 C>®(X;Sym™TX) — C=(X;Sym™"TX)
. u = g6 Veu
and, by ¢, its formal adjoint, called the divergence:

5_{ C=(X;Sym™ ' TX) —  C%(X;Sym™TX)
' u =

n
- Zi:o e 1Ve,u

The two first-order operators behave nicely with L and A giving the following commutation relations
[HMS16, Equation 8:

[A,0]=0=[L,d], [A,d=-24§, [L,d=2d. (A1)
The rough Laplacian is denoted by V*V:

v C®(X;Sym™TX) — C®(X;Sym™TX)
' u — V*Vu
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Appendix A. Symmetric Tensors

where V* is the formal adjoint of V : C°°(X;Sym™TX) — C*°(X;TX ® Sym™TX). Equivalently
V*Vu = (—troVoV)(u), u € C®(X;Sym™TX)

where tr : C°(X; TX®TX) — C*(X) is a trace operator obtained from ¢ by declaring tr(e; ®e;) =
d;; and is then extended to tr : C®°(X;TX ® TX ® Sym™TX) — C*°(X;Sym™TX). For the
Lichnerowicz Laplacian, we introduce the Riemann curvature tensor which will be denoted by R:

Rupw = [V, VyJw — Vi yw, u,v,w € C°(X;TX)

and is extended to all tensor bundles as a derivation. On Sym™TX we introduce the following
curvature endomorphism which is denoted by ¢(R):

n
qR)u = Z ej-€i 1Re; e, U, u € Sym™TX.
i,5=0

The Lichnerowicz Laplacian is denoted by A:

A.{ C=(X;Sym™TX) — C%(X;Sym™TX)
' u =

(V*V +¢R))u
For local computations, we decompose symmetric m-tensors using the symmetrised basis elements:

u= Z UKeK, u € C®(X;Sym"TX),ux € C(X).
Keam
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Résumé

Ce manuscrit se compose de deux parties indépendantes.

La premiére partie de cette thése étudie les structures de
Clifford paires. Pour une variété riemannienne munie d'une
structure de Clifford paire, nous introduisons |'espace de twisteurs
en généralisant la construction d'un tel espace dans le cas d'une
variété quaternion-hermitienne.
ture presque-complexe sur |'espace de twisteurs et considérons
son intégrabilité lorsque la structure de Clifford est parallele.
Dans certains cas, nous pouvons aussi le fournir d'une métrique
kahlerienne ou, correspondant a une structure presque-complexe
alternative, d'une métrique ‘“nearly Kahler”. Dans un second
temps, nous introduisons une structure appelée Clifford-Weyl sur
une variété conforme. |l s’agit d'une structure de Clifford paire
qui est parallele par rapport au produit tensoriel d’'une connex-
ion métrique sur le fibré de Clifford et une connexion de Weyl.
Nous démontrons que la connexion de Weyl est fermée sauf dans
certains cas génériques de basse dimension ou nous arrivons a
décrire des exemples explicites ou les structures de Clifford-Weyl
sont non-fermées.

La seconde partie de cette these étudie des résonances quan-
tiques. Au-dessus d'une variété assymptotiquement hyperbolique
paire, nous considérons le laplacien de Lichnerowicz agissant
sur les sections du fibré des formes multilinéaires symétriques.
Lorsqu'il s'agit de formes bilinéaires symétriques, nous obtenons
une extension méromorphe de la résolvante dudit laplacien a
I'ensemble du plan complexe si la variété est Einstein. Cela
définit les résonances quantiques pour ce laplacien. Pour les
formes multinéaires symétriques en général, une telle extension
méromorphe est possible si la variété est convexe-cocompacte.
Dans les deux cas, nous devons restreindre le laplacien aux sec-
tions qui sont de trace et de divergence nulles. Nous util-
isons ce deuxieme résultat afin d’'établir une correspondance
classique-quantique pour les variétés hyperboliques convexes-
cocompactes. La correspondance identifie le spectre du flot
géodésique (les résonances de Ruelle) avec les spectres des lapla-
ciens agissant sur les tenseurs symétriques qui sont de trace et
de divergence nulles (les résonances quantiques).

Nous construisons une struc-

Mots clés

Structures de Clifford paires, Espaces de twisteurs, Connexions
de Weyl, Variétés assymptotiquement hyperboliques, Laplacien
de Lichnerowicz, Résonances quantiques et de Ruelle

Abstract

We study independently even Clifford structures on Riemannian
manifolds and quantum resonances on asymptotically hyperbolic
manifolds.

In the first part of this thesis, we study even Clifford struc-
tures. First, we introduce the twistor space of a Riemannian
manifold with an even Clifford structure. This notion generalises
the twistor space of quaternion-Hermitian manifolds. We con-
struct almost complex structures on the twistor space and check
their integrability when the even Clifford structure is parallel. In
some cases we give Kahler and nearly-K&hler metrics to these
spaces. Second, we introduce the concept of a Clifford-Weyl
structure on a conformal manifold. This consists of an even
Clifford structure parallel with respect to the tensor product of
a metric connection on the Cifford bundle and a Weyl structure
on the manifold. We show that the Weyl structure is necessar-
ily closed except for some “generic’ low-dimensional instances,
where explicit examples of non-closed Clifford-Weyl structures
are constructed.

In the second part of this thesis, we study quantum reso-
nances. First, we consider the Lichnerowicz Laplacian acting on
symmetric 2-tensors on manifolds with an even Riemannian con-
formally compact Einstein metric. The resolvent of the Lapla-
cian, upon restriction to trace-free, divergence-free tensors, is
shown to have a meromorphic continuation to the complex plane.
This defines quantum resonances for this Laplacian. For higher
rank symmetric tensors, a similar result is proved for convex co-
compact quotients of hyperbolic space. Second, we apply this
result to establish a direct classical-quantum correspondence on
convex cocompact hyperbolic manifolds. The correspondence
identifies the spectrum of the geodesic flow with the spectrum
of the Laplacian acting on trace-free, divergence-free symmetric
tensors. This extends the correspondence previously obtained for
cocompact quotients.
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Even Clifford Structures, Twistor Spaces, Weyl Connections,
Assymptotically Hyperbolic Manifolds, Lichnerowicz Laplacian,
Quantum and Ruelle Resonances,
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