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When you are studying any matter, or considering any philosophy, ask yourself only,
what are the facts and what is the truth that the facts bear out.

Never let yourself be diverted either by what you wish to believe, or by what you think
would have beneficent social effects if it were believed.

But look only, and solely, at what are the facts.

— Bertrand Russell
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ABSTRACT

Solvation properties play an important role in chemical and bio-chemical issues. The
molecular density functional theory (MDFT) is one of the frontier numerical methods to
evaluate these properties, in which the solvation free energy functional is minimized for an
arbitrary solute in a periodic cubic solvent box. In this thesis, we work on the evaluation
of the excess term of the free energy functional under the homogeneous reference fluid
(HRF) approximation, which is equivalent to hypernetted-chain (HNC) approximation in
integral equation theory. Two algorithms are proposed: the first one is an extension of a
previously implemented algorithm, which makes it possible to handle full 3D molecular
solvent (depending on three Euler angles) instead of linear solvent (depending on two
angles); the other one is a new algorithm that integrates the molecular Ornstein-Zernike
(OZ) equation treatment of angular convolution into MDFT, which in fact expands the
solvent density and the functional gradient on generalized spherical harmonics (GSHs).
It is shown that the new algorithm is much more rapid than the previous one. Both
algorithms are suitable for arbitrary three-dimensional solute in liquid water, and are
able to predict the solvation free energy and structure of ions and molecules.

RESUME

Les propriétés de solvatation jouent un role important dans les problémes chimiques et
biochimiques. La théorie fonctionnelle de la densité moléculaire (MDFT) est 'une des
méthodes frontieres pour évaluer ces propriétés, dans laquelle une fonction d’énergie libre
de solvatation est minimisée pour un soluté arbitraire dans une boite de solvant cubique
périodique. Dans cette these, nous travaillons sur I’évaluation du terme d’exces de la
fonctionnelle d’énergie libre sous 'approximation du fluide de référence homogene (HRF),
équivalant a 'approximation de la chaine hypernettée (HNC) dans la théorie des équations
intégrales. Deux algorithmes sont proposés : le premier est une extension d’un algorithme
précédent, qui permet de traiter le cas d’un solvant moléculaire & trois dimensions (en
fonction de trois angles d’Euler) au lieu d’un solvant linéaire (selon deux angles) ; L’autre
est un nouvel algorithme qui integre le traitement de la convolution angulaire de I’équation
Ornstein-Zernike (OZ) moléculaire dans MDFT, et en fait développe la densité du solvant
et le gradient fonctionnel en harmoniques sphériques généralisées (GSHs). On montre que
le nouvel algorithme est beaucoup plus rapide que le précédent. Les deux algorithmes
sont appropriés pour des solutés arbitraires tridimensionnels dans I'eau liquide, et pour
prédire 1’énergie libre et la structure de solvatation d’ions et de molécules.
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INTRODUCTION

This thesis aims to develop an original numerical toolkit for physical chemists and struc-
tural biologists based on the molecular density functional theory (MDFT), which makes
it possible to predict the solvation properties of arbitrary molecular objects in arbitrary
molecular solvents (mainly water) efficiently and with microscopic accuracy. The intro-
duction will seek to highlight the objective of this thesis and help explain such topics as
why theorists are interested in the nature of solvation, what are the present computing
trends in solvation simulations, and where our work situates in this frame of solvation
theories.

]_. ]. MODELING OF SOLVENT EFFECTS

Solvation is a fundamental phenomenon in chemistry. The chemical behavior of numer-
ous systems strongly depends on the nature of solvation; for example, this is the case
for the reaction mechanisms in metal-organic reacting centers [1, 2], or pharmaceutical
studies [3-5]. The solvation properties demanded by scientific studies are highly diverse;
they include the free energy of solvation, solubility, concentration, partition coefficient,
saturated vapor pressure, pH value, the 3D solvation structure, etc. Overall, interest in
these solvation properties touches many fields of study such as chemistry and biochem-
istry, as well as pharmaceutical, environmental, and agrochemical industries. Unlike the
well-studied quantum mechanics (QM) for chemical interactions at a microscopic scale,
and the finite element models for macroscopic physical processes, the theories of solvation
lie in-between these description scales and are still under development, owing to the am-
biguous compromise between accuracy and computing cost, and the rapid development
of computer hardware which makes complicated calculations more and more accessible.
In a word, the studies in this domain are quite vibrant.

To change a phenomenon into a model, we must first understand its process. Solvation
is defined as the process of moving a molecule from the gas phase (or vacuum) to a
condensed phase (figure 1.1), which builds a stabilizing interaction with the solute (or
solute moiety, e.g., residues, interfaces, etc.) [6]. Such interactions are mostly classical
interactions, involving electrostatic and van der Waals forces; but there are also additional
specific chemical effects such as hydrogen bond formation, and quantum effects for some
small solvent molecules whose vibrational or rotational energy states are at the same
magnitude as kg7, as well as other effects, etc.

As not all kinds of interactions are important in applications, different models and
methods have been developed according to the usage.

For most of the 20th century, the study of solvation effects has been dominated by
continuum (implicit) models [7, 8], which mostly rely on the continuum dielectric de-
scription of the solvent and are not costly in terms of computation resources. They
provide an accurate way to treat the strong, long-range electrostatic interactions which
dominate many solvation phenomena, but lack detailed information on the first solvation
shell. This information mainly includes the cavity formation energy and solute-solvent
van der Waals interactions, which are often roughly treated by introducing an artificial
form of cavity that links to the form of the solute. The methods for testing electrostatic

1
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INTRODUCTION

initial state

A solute shaped cavity
of vacuum is introduced
into the solvent

The solute charge
density is placed in
the solute cavity

The solute passes
through the vacuum-
liquid interface

final state

e

he solvent molecules
reorient and polarize in
response to the solute
charge density

The solute polarizes in
response to the solvent

The solution progressively nse.
polarization

reaches its final state

Figure 1.1: The solvation process. A thermodynamic system, whose properties only depend on
the initial and final states, can go through different paths. The physical process of
solvation (left path) takes the solute from vacuum into bulk solvent, progressively
passing through the vacuum-liquid interface. Theoretically, the solvation energy is
defined as the energy consumed in such a process. In theoretical studies, the process
can also be decomposed into some artificial unphysical process (right path), involving
the growth of an uncharged solute-sized cavity within the bulk solvent, the transfer of
the solute charge distribution from vacuum into cavity, and the interaction between
the solute and solvent.

interactions include the Generalized Born (GB) approximation or, for better estimates,
Poisson-Boltzmann (PB) calculations. These are widely integrated within QM calculations
by adding extra solvation terms onto the Fock or Kohn-Sham operator [9, 10]. However,
the improper treatment of the first shell, where the microscopic interactions are primar-
ily located, often introduces potentially huge errors in free energy evaluation, especially
for polar solvents (such as water), despite the accuracy that the QM calculation alone
can achieve. Therefore, classical molecular simulations, which describe the individual
solvent molecules explicitly (explicit solvent), particularly the molecular dynamics (MD)
and Monte Carlo method (MC), have become the alternative solution during the last few
decades. They generate trajectories and configurations, and from there estimate free en-
ergy changes by statistical mechanical techniques, such as free energy perturbation (FEP)
theory or thermodynamic integration (TI) [11]. These calculations are very demanding in
computing cost, due to the need for numerous (hundreds or thousands) solvent molecules
to form a realistic model, and an even greater number of configurations (millions) in order
to be statistically significant.

Recently, a third domain of theory to describe solvents based on the statistical mechan-
ics of fluids has been growing rapidly. It mainly involves the integral equation theory
(IET), and the classical density functional theory (¢cDFT) for liquids. These approaches
are capable of giving the molecular nature of the first solvation shell, not by calculating
all the instantaneous micro-states with respect to time, but rather by theoretically inte-
grating over positions and momenta. Therefore, they are orders of magnitude faster than
the simulations done by micro-states.

The integral equation theory focuses on solving the Ornstein-Zernike (OZ) equation
with a specific closure equation [12, 13]. It was initially limited to so-called “simple
liquids” - a system of spherical particles. The extension to molecular fluids, composed of
polyatomic molecules with non-spherical shapes, was done in two different directions. On
the one hand, Chandler and Andersen in 1971 [14] developed the reference interaction site



1.2 SCOPE OF THIS THESIS

model (RISM), which discretizes the distribution and correlation functions into site-site
functions, and solves somewhat phenomenological OZ and closure equations in a matrix
form [15]. On the other hand, Blum [16-18], Fries and Patey [19] extend the OZ equation
into a full molecular form, where the distribution and correlation functions depend on both
position and orientation. In their theory, the orientation part of OZ equation is simplified
by expanding the distribution and correlation functions onto rotational invariants, which
can be expressed in terms of Wigner generalized spherical harmonics.

The classical density functional theory approach deals with inhomogeneous liquids, and
uses the same variation principle and minimization strategy [20-22] as electronic density
functional theory (eDFT) for electron-electron interactions. The latter has received im-
mense success in computational chemistry. Classical DFT gives the solvation free energy
of the grand potential (usually named as free energy for simplification) and the equilib-
rium solvent density by minimizing the free energy functional of the solvent density in the
presence of a given external potential. Borgis and collaborators [23-32] have recently gen-
eralized it into the molecular case, leading to molecular density functional theory (MDFT),
where the solvent density depends on both position and orientation, p(r,€2). The main
theoretical difficulty lies in the definition of well-funded and reliable functionals of the ex-
cess free energy Fexc [p], accounting for the geometric complexity of the solvent molecule.
Some recent research has shown that MDFT is capable of describing linear solvents like
acetonitrile, but still has some caveats for the most complex solvent, water [32]. MDFT
can be proven as mathematically equivalent to the two-component molecular IET, in the
limit that the functional is continuous (grid infinitely fine) and in an infinite system.

The majority of work of all these theories has been focused on water, since it is one
of the most difficult systems to model due to its molecular geometry, unavoidable multi-
body character, quantum effects, and hydrogen bonds, to name a few. The importance
of including instantaneous polarization in potential functions is also an issue [33, 34].
However, since polarizable force fields are not yet in common use, the simulations by
micro-states and the liquid theory which feed on force fields also have their own limits,
compared to the continuum model which can be totally polarizable. The advantages and
disadvantages of each branch of theory are listed in table 1.1.

THEORY SPEED LONG-RANGE FIRST-SHELL POLARIZABLE SOLVENT
Continuum model fast yes no fully
Classical molecular simulations  costly yes yes partially, very costly
Theory of liquids fast yes yes partially

Table 1.1: Solvation theories

]_.2 SCOPE OF THIS THESIS

This thesis aims at developing the theory and the code of MDFT, focusing on the gener-
alization and algorithmic acceleration of the excess free energy functional Fey. evaluation
under homogenous reference fluid (HRF) approximation, which will be discussed in detail
in later chapters.

Chapter I reviews a selection of models and methods to describe solvent effects. It
includes the implicit and explicit models, the basics of liquid-state theory, as well as its
two frontier research domains, MDFT and IET. Some details of the code MDFT, associated
to the MDFT approach, on which all the developments of this thesis are based, are also
included.
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Chapter II presents all the theory developed and newly used in this thesis. Two algo-
rithms for the excess energy functional evaluation under HRF approximation are proposed.
One is an extension of the previous algorithm which could be applied to only linear sol-
vents (or linearized molecular solvents), to a full 3D molecular solvent case; while the
other is a new algorithm that integrates the molecular OZ equation treatment of angu-
lar convolution into MDFT. The solvation properties that the code generates are also
presented, mainly containing the corrections of free energy and solvent structure profiles.

Chapter III reports all the implementation results, which are divided into two aspects:
the “accuracy”, which involves the error evaluations, comparisons between algorithms,
and with IET results; and the “performance”, which evaluates the computing cost, from
the parts of the code to the entire branches.

Chapter IV gives applications to some LJ centers, ions and small molecules. Some

works that remain unachieved are put in the perspectives.



Chapter I

STATE OF THE ART: SOLVATION, MODELS
AND METHODS

This chapter gives a brief review of all the basic concepts and previous work
that this thesis is based on.

In section 2, we begin by introducing the frequent models of solvent in a
simulation, from the simplest implicit continuum model to the most complex
explicit one. The overview of these models then helps to understand the choice
of description scale used in our study, as well as its limits.

Once the model is chosen, all the theories become mathematical problems.
Section 3 reviews some basic concepts of statistical mechanics for liquids (i.e.
theory of liquids), which present some brief formalisms deduced for an atomic
solvent model. Two frontier approaches are introduced with a few deductions:
the classical density functional theory (¢cDFT), and the integral equation the-
ory (IET). A mathematical equivalence between these two theories is also
presented.

The following section 4 gives the extension of the two theories to the molecular
solvent case, i.e. the molecular density functional theory (MDFT) that this
thesis works upon, and the molecular Ornstein-Zernike (MOZ) approach for
IET. The equivalence between these two theories gave us the idea to use the
expansion techniques in IET to serve MDFT.

Section 5 gives some supplementary presentation of the initial code MDFT,
which the development of this thesis is based on.






MODEL OF SOLUTION SYSTEM

Computing models of solvents are broadly divided into two types: those treating the
solvent as a continuous medium (implicit models) and those describing the individual
solvent molecules (explicit models). In the continuum model, the solvent is characterized
by the dielectric constant € and contains an artificially shaped cavity. The explicit models
can have more specific microscopic scales. Within the scope of classical mechanics, the
most detailed (and thus the most expensive) methods involve flexible and polarizable
explicit models, while in computational chemistry, less detailed models often have wider
usage (for example, the proteins are treated in the unity of residues). As the theory
of liquids was initially established for spherical atom-like solvent particles, the model
adopted by such a theory is a rigid entity carrying distributed point charges, characterized
by their position and orientation, i.e. there is no internal movement considered. This
approximation has been proven reasonable [13]. There also exist models in which the
scale lies somewhere between the implicit and explicit models; for example, so-called
coarse-grained models [35], which gather groups of atoms into a single interaction site.

In this section, we will give a brief introduction of the implicit model in order to
facilitate later discussion on solvation free energy corrections. We will then focus on
the rigid solvent models and discuss the limits of such approximations. The flexible and
polarizable models will also be briefly mentioned.

2.1 CONTINUUM SOLVATION MODELS

Continuum models [7-9], which are popular in QM calculations, consider the solvent as
a polarizable medium with dielectric constant e, with the solute M placed in the cavity
within this medium (figure 2.1)

Figure 2.1: Continuum solvent model

According to this model the solvation Gibbs free energy is
AGsolvan;ion = AGcawity + AGdispersion + ACTYelec (2-1)

where AG avity > 0 is the energy needed to create a hole in the medium, and AG gispersion
is the dispersion interaction, which is roughly the van der Waals energy AGyqw < 0
between the solvent and solute. In principle, there may also be a repulsive component,
and the dispersion term is sometimes denoted dispersion/repulsion. AGeee < 0 is the
contribution of electrostatic interactions, introduced by electric charge distribution of M

7

The dielectric
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which polarizes the medium, and the action back of the medium on the molecule (reaction
field).

The initial two terms in eq. (2.1) are linked to the configuration of the first solvation
shell (cavity). The definition of cavity varies from the simplest sphere or ellipsoid to
the ensemble of atomic surfaces defined by the van der Waals radii in the solute. It is
somewhat reasonable to consider the cavity area as proportional to the number of solvent
molecules in the first solvation shell. This number can be calculated as the area passing
through the middle region of first shell solvent. This area, named the solvent-accessible
surface area (SASA) [36, 37], can be calculated by adding the radius of the probe solvent
ball to the solvent excluded surface area (figure 2.2).

Van der Waals
solvent excluded surface

surface (SES)

4
solvent-accessible
surface (SAS)

probe sphere

Figure 2.2: Definition of cavity surfaces. The solvent accessible surface (SAS) traced out by the
center of the probe representing a solvent molecule. The solvent excluded surface (SES)
is the topological boundary of the union of all possible probes that do not overlap with
the molecule.

The energy required to create such a cavity and the stabilization due to van der Waals
interactions between the solute and solvent, assumed to be proportional to the surface
area of the cavity, is expressed as

AGycavity + AGdisperSion = vSsasa + 8 (22)

or parameterized by having a constant & specific for each atom type, with the £ parameters
being determined by fitting to experimental solvation data:

atoms

AGcavity + ACzdispersion = Z fle (23)

The models and methods employed to calculate the electrostatic contribution AGgjec
have varied greatly according to their usage. The sections below list the most common
examples. On another topic, the integration of continuum models into QM calculations
is also a very important field; these developments will not be detailed here as they do not
connect yet to our work. Such kinds of methods are called the self-consistent reaction
field (SCRF) models, which integrate the calculation of the solute-solvent interaction in
addition to that of the solute wave function by an iterative procedure. Some examples
are presented in the list of Gaussian keyword SCRF [38], and the field is well reviewed
by, for example, Tomasi [9, 10] and Jensen [7].

2.1.1 Poisson-Boltzmann methods

The Poisson-Boltzmann equation (PBE) [39] makes it possible to calculate the position-
dependent electrostatic potential Veec(r) in the continuum model, such that the electro-
static component of the free energy can be written as

1
AC;’elec = 5 /drpq(r)v:elec(r) (24>
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where p, is the charge distribution of the solute.
The Maxwell-Gauss equation in SI units convention gives

V- D(r) = pq;()r) (2.5)

where D(r) = ¢9E(r) + P(r) is the electric displacement field, P(r) is the system po-
larization, E(r) the electric field, and €y the vacuum permittivity. D(r) can also be
expressed in terms of the position-dependent dielectric constant e(r), D(r) = e(r)E(r),
which thus gives

V. e(r)B(r) = pq;()‘") (2.6)

or in terms of electrostatic potential:

V() PVaelr)] = 22 (2.7)

This second-order differential equation (2.7) is called the Poisson equation.

This equation cannot be solved analytically for complex geometries (such as a protein).
Therefore it is done numerically using appropriate methods; for example, as mentioned in
the article of Roux and Simonson [40] or Holst [39]. A density functional approach based
on the minimization of the polarization density can also be used to solve this equation
[41, 42].

If the solvent is ionic, the Poisson equation can be modified by taking into account a
(thermal) Boltzmann distribution of ions in the solvent, i.e.,

ptot(r) = pq(r) — 2qnion Sinh(i‘/elec(r)) (28)
kgT
for a salt composed of ions of charge +q and —q and of density n;on. Replacing in eq.
(2.7) leads to the Poisson-Boltzmann Equation:

V- (e(r)VVelee(r)) — 2q;ion sinh <(WZEZEI‘)) = piz) (2.9)

2.1.2  Born / Onsager / Generalized Born models
For simple geometries, the Poisson equation (2.7) can be solved analytically. The simplest

model is a spherical cavity. For a net charge g in a cavity of radius a, the electrostatic
free energy of a medium with a dielectric constant of ¢ is given by the Born formula:

2
AGeec(q) = — 87350 (1 - i) ;La (2.10)

Other similar models include the Onsager model, in which a point dipole (characterized
by the dipole moment p) is put in a spherical cavity. The Kirkwood model refers to a
general multipole expansion in a spherical cavity, while the Kirkwood-Westheimer model
arises for an ellipsoidal cavity. Those simplified models are not fully able to predict the
solvent behavior in many realistic cases [7].

The generalized Born (GB) model is an empirical model based on the superposition
of several net charges in spherical cavities as the Born model describes, with a similar

formula: . .
AGeee = — (1 - 6) 3 q% (2.11)
— L

87T€0 P
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where the function f;; depends on the internuclear distance 7;; between the centers of
atoms ¢ and j and on the Born radii for each pair of atoms a; and a;:

r2.
o 2 i
fij = T — Qidj exp <4aiaj> (2.12)

The key (empirical) point is to be able to attribute an effective Born radius a; to each
atom inside the complex, non-spherical cavity formed by the solute. Once this is accom-
plished, the GB model provides a very fast method, with an overall accuracy comparable
to that of Poisson-Boltzmann calculations. That makes it widely used in computational
structural biology to perform structure optimization and molecular dynamics simulations.

2.2 MODEL POTENTIAL OF EXPLICIT MOLECULES

The model potential frequently used in the theory of liquids is a classical, rigid, pairwise
additive model [12, 13]. It is based on three assumptions.

1. Firstly, the quantum effects should be ignored. It is assumed that the rotational and
transitional motion of solvent particles are continuous and classical, which means
the separation of both transitional and rotational states are largely inferior of kg7
For light molecules, that is not always convincing. Some molecules containing hy-
drogen (e.g. HoO, NH3, and particularly Hs) exhibit obvious quantum effects at low
temperatures in the liquid state. Gaseous HoO and NHjs also need quantum effect
corrections. However, for the liquid of most interest to us, HoO at room tempera-
ture, the contribution of this effect is small enough to be neglected. And obviously,
there should not be any chemical interaction of the solvent with the solute.

2. Secondly, the intramolecular movement (vibration and internal rotation) should
be either independent of transitional and rotational movement or absent. This
rigid molecule approximation assumes that the intermolecular potential U (r", Q)
for N particles only depends on the positions of the N molecular centers r’V =
(r1,r2,...,ry) and on their orientations QY = (Q1,Qs,---,Qy), where Q =
(©,®,Y) represents the Euler angles (figure 2.3). The natural choice for the molec-
ular center is the center of mass. This is, however, arbitrary if only equilibrium

properties are considered.

The rigid approximation is quite realistic for molecules in which the separation
of vibrational states largely exceeds kg1, implying that the molecule stays in its
ground vibrational state. This is the case for many small solvent molecules such as
N, CO4, CgHg, and indeed for the bending and stretching modes of water.

3. Finally, the intermolecular forces have to be assumed as pairwise additive:

U(I'N, QN) = % Z u(rij, Qi, Qj) = Z U(I‘Z‘j, Qi, Qj) (2.13)
1#] 1<j

This means that the model potential only depends on the intermolecular separation
r and on the molecular orientations €21 and €2,. This approximation is quasi-exact
for low density gases, where the contribution of the three and more body terms
decreases rapidly. But for dense fluids, in most of the cases the multi-body potential
cannot be ignored. The complete model potential with higher-order corrections can
be written in the form of

UEY, Q) =D "u(ig) + D uligh)+ > ulijkl) + ... (2.14)

i<j i<j<k i<j<k<l
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Figure 2.3: Euler angles. The basis vectors of the new orientation are obtained by 3 sequential
operations: (1) A rotation ¢ (0 < ¢ < 2m) about the z-axis, bringing the frame of axes
from the initial position S into the position S’ (2) A rotation 6 (0 < 6 < ) about the
y-axis of the frame S’, which is transformed into S” (3) A rotation ¥ (0 < ¢ < 27)
about the z-axis of the frame S”.

where U(Zj) = ’LL(I'Z']', Qi, QJ) and U(ij’) = U(I‘ij, ik, iy Qi, Qj, Qk), etc. The
omission of the three-body and higher-order terms can cause errors, for example, in
surface tension and surface energy calculation [43]. However the higher order terms
are often accounted for by an effective pair potential (measured by experiments or
calculated by simulations), which reduces considerably the computational cost for
simulations, or the degree of theory needed. Such models are presented below, going
from simple to molecular liquids. For the molecular solvent considered in this thesis,
water, most publications have stayed at this two-body level of description.

2.2.1 Interaction of spherical particle

The simplest model of a fluid is the hard sphere model. With d the hard-sphere diameter,
the pair potential is defined as:

u(r) = oo r<d (2.15)

0 r>d

This model is indeed a fundamental reference model in statistical mechanics, and it can
represent some physical systems, such as neutral colloidal suspensions [44]. However, the
absence of attractive force, which precludes the existence of a liquid-gas transition, makes
it too simple for realistic fluids. More realistic neutral particle models, like the Lenard-
Jones (LJ) model, exhibit a potential energy curve that has the same shape as the real
interaction of rare gas, as shown in figure 2.4.

The Lennard-Jones (LJ) interaction gives

ury(r) =4e [(Z) N — (j)j (2.16)

where r is the distance from centre to centre, o is the collision diameter or the particles
separation where u(r) = 0, and € is the well depth of the potential (of unity of energy).
The well minimum occurs at rpin = 21764 and u(rmin) = —e. The parameters o and e
can be extracted from experiments.

11
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Figure 2.4: LJ pair potential. The plot gives the potential energy u(r) versus internuclear distance
r of two particles. At large distances, both attractive and repulsive interactions are
small. As the distance between the atoms decreases, the attractive electron-proton
interactions dominate, and the energy of the system decreases. At the observed bond
distance, the repulsive electron-electron and proton-proton interactions just balance
the attractive interactions, preventing a further decrease in the internuclear distance.
At very short internuclear distances, the repulsive interactions dominate, making the
system less stable than the isolated atoms.

Theoretically, all terms in the multipole series represent attractive contributions to
the potential. The leading term, varying as 7%, describes the quantum dipole-dipole in-
teraction. Higher-order terms represent dipole-quadrupole (r~—%), quadrupole-quadrupole
(r~19) interactions, and so on, but these are negligible compared to 7~%. The short-range
interaction is difficult to define properly, and for the sake of simplicity and numerical
efficiency, it is defined as =12 in the LJ model.

If the spherical particles are charged (as in molten salts), the electrostatic interaction
between them is described by the Coulomb point charge interaction:

4192

uCoul(T) = 47’[’607“ (217)

For such charged simple fluids, the overall pair u(r) is a sum of LJ and Coulomb
interactions. Such decomposition can be extended to molecular fluids in terms of site-site
interactions, which are discussed in the following section.

2.2.2  Site-site interactions

Indeed, a spherical description of interactions is not sufficient to fully describe molecular
fluids. The site-site model is a further extension of atomic models in which the solvent
molecule is represented by a set of discrete interaction sites. The total potential energy
is a sum of spherical interaction potentials:

u(1,2) = DD uas(|rs — rial) (2.18)
a B

where r; is the coordinates of site s in molecule i, uag(r) the interatomic potential energy
of pairs of sites a and [, as discussed above. More specifically, it is generally decomposed
into a Lennard-Jones and a Coulombic contribution:

12 6
. Oap Oap 1 qadp
u(1,2) = >3 Cdeqp <w> —<Qﬂ> . (2.19)
a B T12

712 712
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where 7’?26 = |rog — ria|, €ap and o,p are the site-site LJ parameters and g, the partial
charge on each site. This model is the most commonly adopted, and it will be so in this
thesis for the calculation of external free energy functional.

2.2.3  Multipole and spherical harmonic expansion

To obtain fewer terms in the calculation, the model potential can be presented in conver-
gent series via multipole or spherical harmonic expansion.

For polar liquids, the dipole-dipole interaction should be mainly taken into account.
Thus the model considers dipole-dipole interactions in addition to a spherically symmetric
Lennard-Jones-like potential:

u(1,2) = uo(r) — py - T(r) - py (2.20)

where r is the vector separation of the molecular centers, ug(r) is the spherically symmetric
term discussed above, p; is the dipole moment vector of particle i and T(r) is the dipole-
dipole interaction tensor:

T(r) = V? <%> =3rr/r’ —1/r3 (2.21)

and I is the unit tensor. Note that this model can be made more realistic by including
higher-order electrostatic interactions, such as dipole-quadrupole, quadrupole-quadrupole,
etc. Such a systematic multipolar approach has previously been proposed for water [45].

Alternatively, the intermolecular potential can be expanded onto rotational invariants
in the form:

u(l‘lg, Ql, QQ) = Z u:ﬁ,nl(’r‘lg)q)Lnfl(f‘lz, Ql, Qg) (2.22)
mnluv

L”U”l(f'u,ﬂl,ﬂg) can be expressed in terms of gen-

eralized spherical harmonics (GSHs) [13]. A detailed description of rotational invariant
transform is in appendix F.

where the angular basis functions ®

2.2.4 SPC/E water model

As water cannot be perfectly described by a pair potential (due to multi-body effects,
quantum effects, hydrogen bond, etc.), various models have been developed to fit a max-
imum number of properties. Those models contain several sites, which can be placed
possibly elsewhere than at the center of atoms (figure 2.5). The more sites the model
has, the more precise it can be. There is a great work done by Martin Chaplin [46] to
summarize the most widely used water models.

3 sites

5 sites 6 sites

4 sites

Figure 2.5: Water models

In this thesis, we use the extended simple point charge model (SPC/E) of water [47]
as our solvent model throughout. It is a 3-site model, the electrostatic interaction being

13
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modeled using Coulomb’s Law and the dispersion and repulsion forces using the Lennard-
Jones potential, as described above.

With respect to the original SPC model, the SPC/E model takes into account the
polarization in an implicit and phenomenological way, re-normalizing the dipole of the
effective pair model, and thus increasing the partial charge slightly compared to SPC
(table 2.1; the center of water molecule has been placed at atom O, for convenance). The
SPC/E model gives a better radial distribution function and diffusion constant than the
SPC model. It is the most commonly used model for applications.

MODEL o[A]  e[kJ-mol™!] Iy [A] q1 [qe] a2 [qe] 0 [°]
SPC [48] 3.166 0.650 1.0000 +0.410 -0.8200 109.47
SPC/E [47] 3.166 0.650 1.0000 +0.4238 -0.8476 109.47
experiment [49] - - 0.991 - - 105.5

Table 2.1: Structural parameters of SPC and SPC/E water

2.2.5  Flexible and polarizable models

Up to this point, molecules were considered as rigid bodies. Flexible models give extra
degrees of freedom in vibration and internal rotation. In that case, the interaction po-
tential contains several extra terms, yielding typically five kinds of forces: three for the
direct interactions in addition to the two indirect interactions (LJ and Coulomb).

HUL a el LV N (TP Pv%

V-3 > .

bonds dihedrals 7'7 v

1)’ + > K0 — 0eq)* +

angles

2[1—i—cos(n¢ v) —1—2

i<j

stretch terms bend terms torsional terms non-bonded interactions

Figure 2.6: Interactions in a flexible model

The flexible yielding can deal with the non-rigidity of the solvent, which is partially
polarized owing to the vibrational degrees of freedom (the so-called atomic polarizability).
On the other hand, electronic polarizability (the deformation of the molecule electron
cloud under the action of the external electric field) can be taken into account even in
a rigid model. This polarizability can be described by introducing a modifiable charge
distribution, for example by adding an induced dipole at the molecular center of the
molecule, or even on each of its atomic sites, and by solving the set of induced dipoles
self-consistently. Introducing variable atomic charges is possible too [50]. Optimizing the
induced charges/dipoles has a large computational overhead compared to fixed charges.

Complex models require expensive computing cost, but still can have large fluctuations
due to use of imposed small system size. There is a compromise between the choice of
model and the choice of system size. For this reason, the rigid models are still the most
popular nowadays. On the other hand, computing technologies have greatly developed
compared to the theories themselves, which makes it possible to use more and more precise

models in computation.
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2.3 MODEL OF SOLUTE

The model of solute also has a substantial influence on the predicted energy and struc-
ture of solvation. The solute can eventually be treated by QM calculations in terms
of wave function and electron density. This is the case for the implicit SCRF method,
which for apolar solvents (i.e. toluene) has been proven to work well. There is a clear
mismatch, however, between the very refined description of the solute and the rather
primitive continuous-medium treatment of the solvent. The compromise to have a better
model of solvent or solute is debatable, and should vary according to the applications.
On the other extreme, one never uses a quantum solvent model with an implicit solute;
this would not be profitable even if the solute is of simple geometry (wall). In the case of
molecular solutes, it is consistent to require the solute to have at least the same scale of
description as the solvent. A hierarchy of possible potential models for solutes is described
in figure (2.7).

fixed, charge polarizable
rigid rigi
5—
. . ‘ 5+ . .
implicit all-atom quantic
[ .
fixed charge polarizable ¢ ¢

flexible flexible

e @i
el

Figure 2.7: Hierarchy of solute models

In this thesis, our first step will be to use a rigid molecular model to describe the solute.
This is coherent with IET, which cannot treat the solvent and solute at different scales of
description. Polarizable and/or flexible models of solute, and the coupling of a QM solute
to the molecular solvent, will be described in perspective.

In conclusion, the choice of model for the solute/solvent system is a compromise between
the required precision according to the application, and the computing cost that the
research can afford.
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STATISTICAL MECHANICS OF AToMIC FLUIDS

Statistical mechanics serves to deduce thermodynamic quantities from the Hamiltonian
of any given system. In this section, we present some basic formalism for a classical atom-
like spherical solvent model in grand canonical ensemble (u,V,T'). Firstly, we introduce
the relations between the statistical mechanics and thermodynamic quantities. Then we
change the view to the structure of the solvent. The two theories we use in this thesis,
here referred to as IET and cDFT, as well as their equivalency, are presented with brief
derivations in the following content. The majority of this section is based on the book
by Hansen & McDonald [12, 51|, and the articles and notes of Evans [21, 52, 53]. A very
detailed review is done by Wu et al. [54] to the same purpose, thus here we only introduce
the concepts that will be useful to understand this thesis.

3. ]_ HAMILTONIAN AND ENSEMBLE PROPERTIES

Once we define a spherical solvent model, of which the movement only depends on its
position and momentum (r, p), the instantaneous state (phase point, micro-state) of an N-

particle solvent system is specified by 3N coordinates rN =rq,...,ry and 3N momenta
pY = p1,...,py. The internal energy of particles in a system is characterized by its
Hamiltonian:
Hy(xV,p") = Kn(p") + Vv (™) + VF* (r7) (3.1)
where
N pg
Ky(pY) = = is the kinetic energy;
v (") ; o gy;
V() = Z (Jr; —r;]) +3body + ... is the interatomic potential energy U (r'V);
z<]

VJS,Xt(rN ) = ZVext r;) is the potential energy arising from the interaction of the
i=1
particles with the external field (e.g. a solute).

The grand potential, characteristic thermodynamic state function for the grand canon-
ical ensemble, which depends on the chemical potential u, the volume V and the temper-
ature 7', is linked with the statistical mechanics quantities with the relation:

Qu,V,T)=—kgTln = (3.2)
where
_ X, N _ N N
g = 7h3NN!/drNdee AHN(T.PT) (3.3)
N B‘/int(ri)
_ N o=BVn( €
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3.2 FUNCTIONAL DERIVATIVES AND DISTRIBUTION FUNCTIONS

1
is the grand partition function, with A = (2775 h?/ m) * the de Broglie thermal wave-
length, and

Vint (r5) = 1 — Vet (1) (3.5)
the intrinsic chemical potential.
We can also define the intrinsic free energy:

P = F [ drn()Vos(r)
= Q—i—,uN—/drﬁ(r)Vgxt(r)
— 0+ / e () Ving (r) (3.6)

where F' is the Helmholtz free energy and

n(r) = {o(r)) = <Z 5(r—r1)> (3.7)

i=1

is the density profile of instantaneous density o(r) distribution at equilibrium.
The differential form of Fj; is

5P = —SOT + / drsn(r) Vi (r) (3.8)

with S the entropy.

The internal energy of the solvent contains two contributions, one due to the kinetic
energy of the particles, K N(pN ), and the other linked to the interaction between particles,
Vn(rY). When the fluid is a perfect gas, which means Viy = 0, it can be easily derived
from eq. (3.2-3.5) that Fi, has the following expression:

Fg = kpT / dra(r) [In (A%(r)) —1] (3.9)
When interactions between particles are accounted for, the total expression of Fjy is:
F1int - Ed + Fexc (310)

and the form of Foy. will be detailed in later sections.

3.2 FUNCTIONAL DERIVATIVES AND DISTRIBUTION FUNCTIONS

The structure of the solvent in the grand canonical ensemble can be characterized by its
n-particle density

N eﬁ‘/int(ri)
(3.11)

_ —n) ,—BVi
p(n)(rn) _ ENZ (]\f_n)!/dr( n) ,—BVN(r?) (1:[/\3
=n =1
which means the probability to find n particles in a volume element dr™. In particular, the
probability to find one particle in a volume element is the solvent density p(!)(r) = a(r),
that

/ PV (r)dr = (N) (3.12)

where (N) is the ensemble average of the number of particles, that is to say the average
number of particles at equilibrium. ,0(") (r") becomes p™ if the system is homogeneous. It

can be proven that
6082

5‘/vint(r

=) (3.13)

17

N = [dra(r) is
the number of
particles in
canonical
ensemble, but the
formulae (3.6)
and (8.8) are
also available for
grand canonical
ensemble.
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The corresponding n-particle distribution function is defined as:

(n) (pn

(n)(my _ P (r")
g ) = =y 3.14
") i=1 P(l)(ri) ( )

such that g(™ (r") — 1 when all pairs of particles becomes sufficiently large.

The two-particle pair distribution function (PDF), g(2)(r1,r2), is one of the most im-
portant quantities in the theory of liquids. Its corresponding pair correlation function
(PCF) is defined as:

WP (r1,r2) = g®) (r1,19) — 1 (3.15)
which vanishes when |r; — ro| — oo.
For any If we define the density-density correlation function as:
ensemble.
HP (ry, 1) = p(r1) oM (r2) kP (r1, 1) + p (x1)6 (x1 — 12) (3.16)

which means the correlation [55] between the instantaneous fluctuation of particle density
from its ensemble average, it can be proven that

5422 3p ) (r1)
= BHD(r;,19) = — L1
V(e Vi (rg) ~ PH T rr2) = =55

(3.17)

As an analogue, the direct correlation function (DCF) is defined as the derivative of the
excess free energy functional Fex[p]:

5<5Fexc [p(l)])
D) (p) = _\PlexclP 7])
" (r) 550 (1) (3.18)
5t (ry) 0(BFexc[pV])
2) _ v _ exclP — 3.19
ST S ) T e sy ) 9
S (ry, .. rpq)
(n) _ 1y--+>Tn—1
A" (ry,...,1y) 50 () (3.20)
According to the definition of Fi,, as well as the expression of §Fjy; in eq. (3.8):
5Fmt[p( )] _ 0FalpM)] 5Fexc[,0( )
Vvin -
D) = P = s s
= ln( AW (r )) —cW(r) (3.21)

The functional derivative chain rule leads to

8Vint (1) 5p(1)(r3) _ mt Vint[p (r1)]
/d3 )(r3) 5Vint(r2) B /d ) -BH? (1‘3,1‘2)

= /dr3 l 1(1‘1 d(ry —r3) —c(z)(rl,rg)] -H(z)(rg,,rg)

- (1‘1 - 1‘2) (322)

in addition to the definition of H in eq. (3.16) gives

h(2)(r1, I'Q) = 6(2)(1‘1, I'Q) + / drs (C(2)(I'1, rg)p(l)(r3)h(2)(r3, 1'2)) (323)

which is called the Ornstein-Zernike (OZ) equation.
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3.3 CLASSICAL DENSITY FUNCTIONAL THEORY

The density functional theory is based on two theorems :

1. For a given choice of Viy, T and p, the intrinsic free energy Fiy is a unique functional
of the equilibrium one-particle density 7i(r), expressed by Fin[n].

2. Let n(r) be some arbitrary one-particle microscopic density, and define the grand
potential functional 2[n] as:

_Q[ == 1nt /dI‘TL 1nt (324)
Then the variational principle states that
Q[n] > 2[n] (3.25)

with the equal sign takes at n(r) = f(r). The differentiation of eq. (3.24) with
respect to n(r) gives

[«

Q[n _ 0F[n]
7’L(I‘) n:ﬁ,_ 677,(1‘) n=n

The fact that the right hand vanishes at equilibrium is agreed with eq. (3.8).

— Vine(r) =0 (3.26)

=]

The solvation free energy functional F is defined as the difference between the grand Here the
potential functional of the solution system £2[n] and of the correspondent reference bulk character J is
used for
“free-energy
functional”; it is
a free energy of
grand ensemble,

solvent at equilibrium 2[ng]:
Fln] = 2[n] — 2[no] (3.27)

As the external potential is absent for bulk solvent, we define:

but differs from
Fueln] = Fln) = [ den() Ve r) (328)  setmhott fec
energy F.
= Fi [n] — Fint [ﬁo] — ,u/drAn(r) Zfowever, Zlc?n”
e proven that a

= kpT / drn(r) [In (A%n(r)) = 1] + Fexe [n(r)] (3.29) the free encrgies

become the same

_ 3 _ when the
—kpT / drig [In (A%7) 1] = Fuxe / drAn(r Huctuations in N
and V are
where An(r) = n(r) — ng. negligible [56].
If we write the external free energy Fexc [n(r)] in Taylor expansion around fi:

Fexc [n] = exc +/d exc

/d d 62 exc[ ]
T on( rl)én(rg)

] An(r)

n=ng

An(ry)An(rs) + O(An?)

= Fexe [M0] —kBT/dI'c0 (r)An(r)
kg T (2) 3
_—— dl‘ldI'QCO (1‘1, I'Q)A’I’L(I‘l)ATL(I'Q) + O(An ) (330)
where c(()n) (r) is the corresponding bulk DCF at equilibrium defined in eq. (3.20). Accord-

ing to eq. (3.21):
c(()l)(r) =In (A?’ﬁo) — Bu (3.31)
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we can find

Fint[n] = kBT/dr{ ( (r)) —n(r) +ﬁo} (3.32)

no
_keT / dridrac® (r1,12)An(r1)An(rz) + O(An®)

Therefore, if we define:

Fid[n] = k:BT/dr [n(r) In (n_(r)) —n(r) + ﬂo} (3.33)

no

Fuseln] = BT / dr1drac?) (r1,12) A (r1) An(rs) + O(An?) (3.34)

ext /drn ext (3.35)
the free energy functional can be written as:
‘F[n] = Ent + ‘Fext = JTid + ~F.exc + ]:ext (336)

Up to this point a brilliant approach has been built, in that for a given choice Vi,
T and p, one can obtain the equilibrium density of solvent 7i(r) by minimizing the free
energy functional:

=0 (3.37)

on(r) |, _-
Note that the two terms Fiq[n] and Fexi[n] are physically exact, while the excess term
Fexe|[n], which can be rewritten as:

k: T
fexc[n] S

/drldrgC(rl,rg)An(rl)An(rg) (3.38)
depends on the exact correlation function C(rq,r2) which is a priori unknown.

If we ignore the three-body and higher order terms in eq. (3.34), C(r1,r2) becomes
that of the homogeneous reference fluid, which only depends on the relative distance, i.e.
@ (ry,ry) = ¢(r12), so that

Fexe [n] = — kT /drldrgc(ng)An(rl)An(rg) (3.39)

This was called the homogenous reference fluid (HRF) approximation. The generalization
to a molecular, non-spherical solvent for which orientations matter is described in §4.

3.4 INTEGRAL EQUATION THEORY

Similar to the DFT approach which aims to find the equilibrium solvent density ,0(1) =
7 and the free energy functional F, the integral equation theory (IET) can also give
structural and energetic informations by solving a pair of integral equations of k() (r1,r2)
and 0(2)(1'1, ro) to find the pair distribution function g and the difference of correlation
functions v = h — ¢ which is directly linked to the free energy. One of the relations for h
and c is the OZ equation shown as eq. (3.23). Note that in k-space eq. (3.23) can take
advantage of the convolution properties to give a simple product relation:

(k) = h(k) = c(k) = p (v(k) + c(k)) (k) (3.40)



3.5 EQUIVALENCE BETWEEN CDFT AND IET FOR A DILUTE SOLUTION SYSTEM

The second relation is a closure equation, which can be deduced from eq. (3.37), giving
the minimum density

pW(r1) = o) exp (—BVext(rl) +/d1‘2AP(1)(P2)C(2)(1‘1, r2) + O(AP2)> (3.41)

which gives, for example, when O(Ap?) = 0, one of the simplest closure equations, the
hypernetted-chain HNC approximation:

g9(1,2) =1+ h(1,2) = exp[—Pu(1,2) + h(1,2) — ¢(1,2)] (3.42)

Here u corresponds to Ve in eq. (3.41) when the particles 1 and 2 are respectively the
solute and solvent.
The general form of OZ closure is:

g(1,2) = exp [-fu(l,2) + h(1,2) — c(1,2) + b(1,2)] (3.43)

where the b is the bridge function. Other closures are also possible, such as Percus-
Yevick (PY) approximation (a linear expansion of the second exponential term in HNC)
specifically for systems with short-range forces, or mean-spherical approximation (MSA)
in the limit of low density.

3.5 EQUIVALENCE BETWEEN CDFT AND IET FOR A DILUTE SOLUTION SYSTEM

The generalization of the OZ equation in eq. (3.23) to n components can be written as

hou(1,2) = ¢(1,2) +pr)\/h,\u(1,3)c,,)\(2,3)d3 (3.44)
A

where x,, = N,,/N is the number concentration of species v € [1, n].
For a two-component homogeneous solute-solvent mixture, where the solute (M) is
infinitely diluted in the solvent (S) (zs — 1), the coupled OZ relations are written as

hss(1,2) = ess(1,2) +p/hss(1,3)css(2,3)d3 (3.45)
hent(1,2) = esni(1,2) + p/hss(1,3)cSM(2,3)d3 (3.46)
hnas(1,2) = exs(1,2) +p/hMS(1,3)ch(2,3)d3 (3.47)

I (1,2) = eant(1,2) + p/th(1,3)cSM(2,3)d3 (3.48)

Eq. (3.45) is the OZ equation for bulk solvent. Eqs. (3.46) and (3.47) describe the
correlations between the solute and solvents, which are equivalent. From eq. (3.47) we
can deduce eq. (3.34) for the DFT approach, if we impose O(Ap?) = 0, i.e. the HNC
approximation. And in IET, eq. (3.46) is normally used for two-component solution. Eq.
(3.48) is rarely used. The difficulty to solve such equation lies in finding a proper closure
equation. As the approximations like HNC are already quantitatively far from sufficient
to describe solute-solvent correlation, it becomes very bad for solute-solute.
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APPROACH TO MOLECULAR SOLVENTS

In the case of non-spherical solvents like water, the solvent particle carries a molecu-
lar structure described by a collection of distributed atomic interaction sites (LJ and
Coulombic). The two theories mentioned in the previous section are now formulated in
the molecular picture in which each solvent molecule is considered as a rigid body and
characterized by its position r (e.g. the position of center of mass), and its orientation
Q. In MDFT, the solvent is characterized by an angle-dependent inhomogeneous den-
sity, p(r, Q); in IET, an angle-dependent form of the pair distribution function ¢g(Xi, X3)
(X = (r,)) is proposed, while the molecular OZ equation is expanded on rotational
invariants. The reference interaction site model (RISM) [15], which provides another way
for IET to treat molecular solvents, will not be discussed here for the sake of simplicity.

4:. ]_ MOLECULAR DENSITY FUNCTIONAL THEORY

In molecular density functional theory (MDFT), the free energy functional is rewritten as:
Flp(r, Q)] = 2[p(r, Q)] — £2]po] (4.1)

where 2[pg] is the correspondent reference bulk fluid grand potential at equilibrium.
p(r, ) is the angle-dependent fluid density function, depending on 3 variables for spatial
coordinates r, and also 3 for orientation Q2 = (©,®,¥). In the case of linear solvents,
this number can be reduced to 2, i.e. Q@ = (0, ®). The homogeneous bulk density po is
normalized to ng/ [ d€?, to keep coherent with the relation

/ dQp(r, Q) = / d cos @ADAY p(r, Q) = n(r) (4.2)

which reduces eq. (4.1) to eq. (3.27) in §3.3.
According to the variation principle described in §3.3, the equilibrium density can be
found by minimizing the free energy functional

Flp] = Fialp] + Fext[p] + Fexclp] (4.3)
regarding to p(r, Q): -
U =
op(r, )| ,_, 0 (4.4)

4.1.1 The ideal term

The ideal term Fiq[p] deduced from the particle interaction-free condition is:

Fialpl = kBT/drdﬂ {p(r, ) In (p(t)’oﬂ)> —p(r, ) + Po} (4.5)

The differentiation of Fiq[p] used for the minimization, which will be discussed later,

6Fialp] _ L (P
(5p(r,Q)_kBT1 < Po ) (46)

has the form:
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4.1 MOLECULAR DENSITY FUNCTIONAL THEORY

4.1.2 The external term

The solute, like the solvent, is described in microscopic detail by a molecular non-polarizable
force field involving atomic Lennard-Jones and partial charge parameters, creating at each
point in space an external potential Vey (r, ), containing two components:

Vzaxt(ra Q) = VLJ(I') + Vcoul(r7 Q) (47)
The external potential term calculates the contribution of Viy:
Folp] = / drdQp(r, @)V (r, ) (4.8)

The Lennard-Jones potential is given by:

Viale) = ¥ Yt [(”) - (”“”)6] (19)

7"’U/U TU’U

where u stands for solute, v stands for solvent, €, = \/€u€, and oy = (ou +0y) /2
are the geometric and arithmetic average Lennard-Jones parameters between solute and
solvent, according to the Lorentz-Berthelot mixing rules. r,, is the norm of relative
site-site vector

ry, =r+ R(Q)s, —ry (4.10)

where r, and s, are the coordinates of solute/solvent molecules in the molecular frame,
and R(Q) is the rotation matrix of the Euler angles Q. In cases where the solvent site
wears only one LJ centre, eq. (4.10) reduces to

Ty =T — Ty, (4.11)

which is actually what we use in the code as the solvent is SPC/E water.
The Coulomb interaction is calculated by solving the Poisson equation. The charge
density of the solute is projected onto a space grid r,

pq(r) = qiji/ Ao (4.12)

where g¢;;1 is the charge on the space grid distributed by its nearby point charge as shown
in figure 4.1, and Av is the volume of the unit cube that this point charge situates in.

° ° e, ° ° 000 r'100
o o . 010 ¢ 110
Ty
]
° ° ° rog1 rio1
Tyl »e ro11 ¢ 111

Y

solute site u

° ° ° ° ° 1=0 j=0 k=0
N e 2 P B o L A e
Qijk = 4 —Ag Ay Az

Figure 4.1: Solute charge density projected onto grids

The electrostatic potential created by the charge distribution py(r), V,(r), can thus be
computed using a periodic Poisson Solver. The Poisson equation (2.7)

V2V, (r) = _Palr) (4.13)
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In this thesis we
only work on the

Fexc term.

APPROACH TO MOLECULAR SOLVENTS

gives in Fourier space

()
AR (4.14)

where V, (k) and p,(k) are the Fourier transform of V,(r) and p,(r) respectively. These
two equations provide a fast way to calculate V,(r) from py(r).

The Coulomb potential is expressed as a sum of solvent partial charge contributions at
each grid node:

Coul r, Q ZQU v (415)

where ¢, is the point charge of solvent, and
r, =r+ R(Q)s, (4.16)

is the Cartesian coordinate of a solvent site v; V4 (r,,) is the electrostatic potential, given
by a linear interpolation of the nearby point of V,(r) obtained in the last step from the
Poisson solver.

Another method to calculate Voou (1, ) is direct summation, which gives a non-periodic
external potential, but in the implementation it usually leads to better convergence for
non-spherical molecules. Here we describe its expression, without going into the reason
behind the convergence:

Voulr ) = ¥ 30 () (4.17)

u€Esolute vEsolvent dmeoruy

where 7, is calculated as in eq. (4.10). For this thesis, the direct summation is only used
in the minimization of non-spherical solutes, specifically in the chapters of implementation
and application.

4.1.3 The excess term

As shown in §3.3, we invoke here the HRF approximation which amounts to a second-order
Taylor expansion around the homogeneous fluid at density po:

kT

]:exc [,0] = /drldﬂy(rl, Q)p(rl, Q) (418)

where v is the normalized gradient of the excess functional:

5 Fexc
V(rlvﬂl) 6

/ dI'QdQQAp(I'Q, Qg) (I‘lg, Ql, Qg) (4.19)
which can be related to the solute-solvent 2-component IET with its definition:

s (1,2) = hus(1,2) — ems(1,2) (4.20)

To evaluate the integration [ drodQg for each gradient v(ry, Q1) in eq. (4.19), a total
number of N2 = N2N4 = O(N?) function evaluations (FE) are required, which, with
typically Ny = 643 and Ng = 50 ~ 100, is far too costly for current computing technology.
For this reason, Fourier transform is used to treat the spatial convolution.

A convolution

h(z1) = f(z2) @ g(2) = /f(xg)g(xl — x9)dxs (4.21)

has the property that
Slh(z1)] = 3[f (22)]Slg(z2)] (4.22)
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§ being the Fourier transform operation. As ris = ry —rg, eq. (4.19) is a 3D convolution,
which leads to
5(k, ) = / AQaAp(k, 22)2(k, R, Q) (4.23)

Here we put the hat symbol on the physical quantities to represent the Fourier transform
of their original function.

In eq. (4.23), the integral [drs of eq. (4.19) is transformed into a simple product; only
N, N FE are needed to obtain 4(k, ;) with given Ap(k, £22). To this computational cost
should be added the transform from Ap(r, Q) to Ap(k,€2) and the backward transform
from 4(k, Q) to v(r, Q) which are both of order Ng - O(Ny logy Ny) due to the properties
of Fast Fourier Transform (FFT). The total number of FE is thus reduced from quadratic
complexity O(N2NE) to NyN& + 2Ngq - O(Nylogy Ny ) = O(Nylogy Ny NE). As the total
number of spatial grid N, is of magnitude 10° ~ 106, this procedure, which is mathe-
matically equivalent to the direct evaluation (4.19), offers a great advantage in terms of
computational efficiency (figure A.1 in appendix A).

The angular-dependent DCF of the homogeneous solvent, é(k, 21, Q5), is an input data
which can be obtained from MD or MC simulations. A detailed presentation of the DCFs
used in this thesis is available in appendix B.

4.2 MOLECULAR INTEGRAL EQUATION THEORY

To adapt the IET formalism to non-spherical solvent, Blum [16-18] proposed to expand
the angle-dependent correlation functions F'(X1,Xs) = F(r1,r2, 21, Q2) onto rotational
invariants, such that the OZ equation can be reduced to only a few FE. This theory
is then adopted by Fries & Patey [19], who proposed a numerical solution for full HNC
closure. The test below describes the theory of Blum, but based on the convention of
Fries & Patey, where Messiah’s definition of generalized spherical harmonics (GSHs) is
used. A detailed explication of different conventions of GSH is given in appendix H.

4.2.1  Translational and rotational invariance

If F describes a homogeneous fluid, the translational invariance (r13 = r1 — ry) should be
presented, then the number of independent variables is reduced from 12 to 9:

F(X1,X3) = F(ri2,Q1,Q2) = F(r,t12,Q1,Q2) (4.24)

We can further expand F' on Wigner GSHs of the three orientations; then F' becomes a

sum of an infinite number of projections that depending on r and 8 indices:
oo
! I /4
F(Xh XQ) = Z Z F;Zr};?y’u)\/ (T)Rﬁy(ﬂl)Rg’Lu(QQ)R)\/O(rm) (425)
myn,l=0 | p| <m, |V v <n, |V <I

Assuming that this expansion converges, which is normally the case for correlation
functions, the expansion can be expressed in a limited number of projections. If we also
take into account the rotational invariance by recombining some terms, only r and 5
independent indices are necessary to describe all the projections:

/ V/ )\/

m n |
Y ( )Fg;ﬁ,,w(r) (4.26)
M/,/)\/ /L

The projections F lﬁ”l(r) with a finite order of expansion have much fewer of terms
compared to the angular form in eq. (4.24) with the same precision of description.
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We can define a basis set of rotational invariant as:
mnl a mnl m n ! m
cb,uu (Ql, QQ, I'12) = f Z , , , R (Ql)R (QZ)R}\/()( ) (427)
,LL'V’)\/ /,L 14 )\

where the normalization factor f™ can be any arbitrary non-zero constant, depending
1
only on indices m, n, I. In Blum’s convention, it is taken as [(2m + 1) (2n + 1)]2.
With these definitions, the relation between the projections and the original function
is:
F(X1,X2) = Y ElM(r)@it(Q1, Qo, £12) (4.28)

mnluy
where Fﬁ”l(T) = Fﬂ”l(r)/fm”l.
4.2.2  Blum’s reduction of molecular OZ equation
The molecular Ornstein-Zernike (MOZ) equation is defined as:
(X1, Xs) = h(X1,Xs) — (X1, X)) = # /dxgh(xl,xg)c(xg,XQ) (4.29)

The rotational invariant expansion gives:

C(Xl, Xg) = Z mnl( )(I)mnl(ﬂl, QQ, f‘12) (430)
mnluv
Xl, X2 Z ,ymnl cbmnl(ﬂl, QQ, f'lz) (431)
mnluv
and also in k-space:
ok, 1, Q) = > et (k)P (1, Q. k) (4.32)
mnluv
Ak, QD) = D A (k)P (Q, Qs k) (4.33)
mnluv

The relation between these projections in r and k-space is built by the Hankel transform:

é:fynl(k) = 47! /drr Ji(kr) m"l(r) (4.34)
Al (k) = 4l / dr r2jy (kr)y ™ (r) (4.35)

where j;(kr) are the spherical Bessel functions of order [. Eq. (4.34) and (4.35) are built
in the same purpose as eq. (3.40) in atomic case, where FFT is used. As an analogue to
FFT, the fast Hankel transform is available for such a process.

Note that if function f(X;i,Xz) is real and the molecules processes a symmetry axis
(1) are real, therefore A;’f,”l(k) is real if [ is even, and
pure imaginary if [ is odd. The complete symmetry relations are listed in §F.5.

The MOZ equation based on the rotational invariants fm"l( ) can be found in the
article of Blum [16], but the form is a bit complicated. To provide a simpler form, Blum

defined the y-transform:

Cay, like water, the projections

m+n
~mn m n l AL
C’W’X(k:) = Z ( ) e l(k‘) (4.36)
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m+n
~Amn m n l amn
Vi (k) =D A (k)
I=|m—n)| x —x 0

where we use the apostrophe to represent functions in an intermolecular frame.

The result MOZ equation is:

ni
Vi) = p>0 S (=) [ (k) + & (B)] € (k)

ny vi=—ni

(4.37)

(4.38)

This simple form of MOZ equation reduces the calculation of [dXjs for each (Xi,X3)

in eq. (4.29) to only a sum of terms of ni, v; for each index of projection.

27



CopE MDFT

The code MDFT upon which all the development in this thesis is based is a Fortran 95
sequential code developed by Maximilien Levesque, Daniel Borgis et al. [23-32], which
implements the MDFT theory. It reads the force field (Lennard-Jones and Coulomb
parameters) describing the solute and the solvent as input, as well as necessary parameters
like the temperature 7', number density of solvent ng, etc. It minimizes the functional
and gives the equilibrium density p(r, ), then computes output properties.

5- ]_ SUPERCELL DISCRETIZATION

LyxLyxL, {AS} space is discretized on a regular grid of nfft; x nffty x nffts nodes. The
L, L, L

solute center is at rp = 793, 71/, ;) of the box. If the internal coordinates of solute

r)s, the solute coordinates in the box r = rj; + rp.

Angular grid is discretized with Lebedev (L) quadrature for Q = (©,®), © € [0,7],
® € [0,27], or Gauss-Legendre (GL) quadrature for ® and trapezoidal quadrature for ®.
Y € [0, 7] as we used the code mainly for water, is discretized with trapezoidal quadrature.
The number of each angular dimension is linked to the order of quadrature, mmax, which

is discussed mainly in the chapter of theory.

5 . 2 MINIMIZER L-BFGS-B

The minimizer adopted by MDFT is the L-BFGS-B [57, 58] package version 3.0 writ-
ten in Fortran 77, implementing the limited-memory Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm with constraints of the form [ < z < u to the variable z.

o
The functional F|z;] and the gradient of functional V.F[z;] = 6'—;:(361) are required by

L-BFGS to minimize the functional. It saves the variables z; and gradients of the past m
iterations, which requires a lot of memory.
The functional in MDFT to be minimized is eq. (4.3):

Flpl = Fialp] + Fext[p] + Fexc[p] (5.1)
and its gradient is
5 F|p] <p(r, Q))
———— =kpTIn | ——= | + Voxe(r, 2) + Vext (r, 5.2
5P<I', Q) . " 0o ( ) t( ) ( )

where pg is the angular density of bulk solvent,

ng if atomic, Q=1
po =19 no/4r if linear, Q) = (O, D) (5.3)
no/8n2 if non-linear, Q = (0, d,Y)

such that [dQp(r,Q)/po = n(r)/ng is normalized to 1 when r — oo.
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5.3 TREATMENT TO AVOID UNPHYSICAL DENSITY

5.3 TREATMENT TO AVOID UNPHYSICAL DENSITY

During minimization, the density variable p(r, ) can have unphysical negative numbers,
which also cause the divergence of the minimization. To avoid this phenomenon, a nor-
malized p(r, Q) is used as the variable during the minimization in place of p(r,€2), so
that:

p(r, Q) = pop*(r, Q) (5.4)

According to the definition (5.4), we see:

dp(r, )

b~ 2pop(r, ) (5.5)

Therefore the gradient to feed the L-BFGS minimizer is:

OF O0F dop 17, .2
% — E . % = 2P0S0(I', Q) . [5 111(,0 + ‘/exc + Vvext} (56)

The main structure of the code is shown in figure 5.1.

2) Find equilibrium density
o0 3) Process output \
!

: SF[p™ free ener
% evaluate ]:[(p(l)] and &Ezf"") : ‘ ] & correctl%ns

solute.in } solvent.in

1) Initialize simulation

initialize work arrays

’ minimizer L-BFGS-B ‘
)

pre-calculate reusable data go(i“)

’ solvent structure

|
’ other propertles ‘

[initiali l<o>( Q)] —
initialize r, !
L i . J

[ yes

N S~

Figure 5.1: Main structure of code MDFT

5.4: FAST FOURIER TRANSFORM

The fast Fourier transform (FFT) is used, for example, in the evaluation of excess func-
tional in eq. (4.23); in this thesis, the FFTW3 library [59] is used for implementation,
which performs discrete Fourier Transform (DFT) as defined below:

n—1

YVe=> Xje 2mik/n (forward) (5.7)
=0
n—1 3

Xj=Y Yye2miak/n (backward) (5.8)
k=0

Note that after a forward-backward Fourier transform, the original function is multi-
plied by a normalization factor N, which is the total number of nodes k.

For input function Y3 (k = 0,...,n—1) in real numbers, FFTW3 only outputs elements
kE=0,...,\n/2] ( [n/2] 4+ 1 complex numbers of X are stocked; |n/2] being the floor
function of n/2), with the “Hermitian” symmetry

Y, =Y, (5.9)
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CODE MDFT

used to regenerate elements of k > |n/2]. The resulting X issued from the corresponding
backward transform is purely real.

The definition of FFT can differ in some literature, with the “4” sign in the exponential
of forward transform and “—” sign in the exponential of backward transform. According
to the Hermitian symmetry, we should use the quantities in k-space issued from the
definition with its conjugate form.



Chapter 11

THEORY: HRF APPROXIMATION, FOR
MOLECULAR SOLVENT

This chapter presents a complete theory of the Fey. evaluation under HRF
approximation.

As presented in section 5, to complete the minimization process of MDFT, we
need to evaluate the excess functional

kT

Fexe = — 9

/drldrgdﬂldﬂzAp(rl, Q1)Ap(re, Q2)c(r12, 1, Qo)  (IL1)
as well as its gradient (normalized as dimensionless)

~v(r;, ) = /drgdﬂgAp(rg,Qg)c(rlg,Ql,Qg) (I1.2)
As discussed in §4.1.3, eq. (I1.2) is a 3D convolution, which leads to
(i) = [ Al 22k, D, ) (IL3)

such that the integral [drs in eq. (II.2) is transformed into a simple product
in eq. (I.3), giving a great advantage in terms of computational efficiency for
huge spatial grids.

From the previous work [32], é(k, Q1,3) in eq. (I1.3) is evaluated with a pre-
tabulated intermolecular DCF, &(k, cos 01, cos 2, ¢12), which is appropriate for
linear molecules. Section 6 gives a complete evaluation of é(k, €21, Q2) using
either a full intermolecular DCF &(k, cos 61, cos 02, ¢12,11,1)2) or rotational
invariant projections.

On the other hand, the increased precision of DCF evaluation makes the com-
puting cost of the original algorithm no longer reasonable. Section 7 presents
a new algorithm to treat the angular convolution in eq. (IL.3), which takes ad-
vantage of the rotational invariance by expanding the density variable p(r, )
on Wigner generalized spherical harmonics. In this algorithm, the OZ equa-
tion is largely simplified, and the memory needed for the storage of DCF is no
longer important.

The solvent properties involved in this thesis are presented in section 8 and
organized in two aspects, the energy and the structure. The solvation free
energy corrections and some forms of structure are presented.






ANGULAR INTEGRATION IN EXCESS FUNCTIONAL

As discussed in last chapter, the Fourier transform of the excess functional gradient is:
5k, ) = / A0AD(k, 05)2(k, 21, 22) (6.1)

It should be pointed out that the direct correlation function (DCF), é(k, 21, 22), used
as input data in eq. (6.1) is very memory-costly. In the previous work [23, 32, 60], the
DCF was stocked in the intermolecular form é(k, w1, w2) to take advantage of an economy
of memory, where (w1,ws) = (cos by, cos s, ¢12), and the correspondence of (21,2) to
(w1, ws) is calculated directly in the code. These works adapt well with linear solvents,
but are proven less powerful for molecular solvents such as water. However, in the case
of full Euler angles intermolecular DCF (fig. 6.1),

ek, w1, wa) = é(k, cos by, cos bz, ¢, 11, 12) (6.2)

neither the storage of é(k, 21, Q2) which is definitively impossible, nor the direct cal-
culation of correspondence (€21,€Q2) to (wy,ws) due to the increased complexity and
resulting cost, can be regarded as possible solutions. For instance, with a normal setting
of 643 spatial grid and a Lebedev quadrature of order 2 (14 angles for ® and ®), and
3 Y-angles, even if the DCF is stocked in simple precision (complex number), it takes
64 x 422 x 4bytes x 2 = 3.52GB, and for a Lebedev quadrature of order 5 and corre-
spondingly 5 ¥-angles, it takes 643 x 2502 x 4 bytes x 2 = 131GB. As a normal PC has
only 4 to 16 GB of RAM, this can cause a memory leak.

Therefore, two strategies are developed to treat the full DCF case. The first one is a
direct extension of the previous work, which uses the full intermolecular DCF with a more
complicated angle correspondence pre-tabulated in the beginning of the implementation.
The other calculates the DCF directly from rotational invariant projections. Here we give
a complete discussion of these two strategies.

A

Q| = (O2, P2, V)

7ork lc; (0,9,7%)
0 = (@17@17‘1’1)

(0,0,0)

wa = (02, ¢2,12)
rork

1= (91,¢1a¢1)
P12 = ¢1 — P2

laboratory laboratory frame intermolecular
coordinate system with particle 1 at origin coordinate system
(ku 91792) (k7n) (k7917927¢12uw171/}2)

Figure 6.1: Molecules 1 and 2 in different coordinate systems. The laboratory coordinate system
is the system of our grid with a fixed reference view. When one of the molecules is
considered as the reference, e.g. the solute in the case of p(r,€2), only one £ needs to
be described. For the intermolecular frame, in r-space, the z axis is oriented along the
vector r1g = rg — ry, or in k-space along the vector k. An orientation Q = (0, ®,¥)
in laboratory frame corresponds to w = (6, ¢,) in intermolecular frame.
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6. ]_ USING FULL INTERMOLECULAR DCF

For the full DCF in intermolecular coordinates system, é(k,wi,ws), only 6 variables
are needed instead of 9 for é(k,21,Q2), and the storage is considerably reduced. The
transformation from é(k, Q1, Q2) to é(k,wi,ws) relies on the correspondence w(k, ) =
(cos B, ¢,1), which is here pre-calculated as a table of data.

Finding w from £ amounts to defining the correspondence between the rotation ma-
trices of the two coordinate systems. The rotation matrix Rg that rotates the solvent
molecule from I to its orientation f{g

Rol = Rg (6.3)

can be expressed by 3 rotation operations fhp, f{@, and Ry which rotate along z-y-z axes
(the same convention as defined in Messiah [61] and Gray-Gubbins [13]):

[ Rux Ruy R
Ro=| R, Ry, Ry (6.4)

| Reo Ray R
[ cos® —sin® 0 cos® 0 sin® cosY —sin¥Y 0

= | sin® cosd® O 0 1 0 sin¥ cosY O

0 0 1 —sin® 0 cos® 0 0 1

[ cos®cos@cos¥ —sin®sin¥  — cosPcosO@sin¥ —sin®cos¥  cos Psin®

= | sin®cos®@cos¥Y +cosPsin¥ —sinPcos@sin¥ +cosPcosY sinPsin®
L —sin®cos ¥ sin @ sin ¥ cos ©

As shown in fig. 6.2, the rotation matrix to transform the DCF from the intermolecular
coordinates to laboratory coordinates R., can be written as:

R, = R 'Rq (6.5)
with the rotation matrix related to k vector:

cos O cos @ cosfsin ¢ —sinfy ]
R, = — sin ¢ cos ¢, 0 (6.6)

sin 0 cos ¢,  sinfisin ¢  cosby

Figure 6.2: Rotation matrices Figure 6.3: Rotation to k-frame



6.1 USING FULL INTERMOLECULAR DCF

Here we fix ¢4, = 0. 6}, and ¢, are calculated from Cartesian coordinates (ky, ky, k).
In extreme cases where we cannot define 6 (for [[k| = 0) and ¢ (for k2 + k2 = 0), we
can arbitrarily fix those angles to zero.

A faster way to find the rotation matrix of k, avoiding the evaluation of trigonometric
functions, is shown in figure 6.3, where the matrix can be calculated by the cross products
of basis vectors from z axis and k vector (k = ey):

A

[elll 9/2 eg]:[el e eg]Rk:ﬁk (67)

R T
The two ways to calculate k differ only in the case of k = [ 0 0 —1 } , where one

ﬁ

is the inverse of the other. This is due to the different definitions of ¢ (0 or 7 when k.,

_>
superposes with k,) in the two cases. Tests have shown that it has no influence on the
final result of the excess functional evaluation.
The elements of Ry, can be calculated according to eq. (6.5), which possesses the form:

Uy Vg Wy
Rw — uy Uy wy (68)
Uy Vy Wy

cospcosfcosy —singsiny —cospcoslfsiny —singcosy cos@sin b
= | sin¢cosfcosy 4+ cospsiny —singcosfsiny + cospcosy sinpsind

—sin 6 cos sin 6 sin ¢ cos 6

The angles w are thus found as:

cosd = w,
¢ = arccos(wy/(w? + wi)%) (6.9)
¥ = arccos(—us/(u2 +v2)?)

The resulting angles are between normal intervals, cos € [—1,1], ¢ € [0, 27]. As water
possesses Cg,, symmetry, we take ¢ € [0, 7].

Here the DCF ¢(k, w1, w2) = c(k, cos b1, cos ba, p12,11,12) is stored in a discrete set of
angles for each value of k (typically (8,8,8,8,8) in the case of water, which uses the sym-
metries in §F.5.1 to reduce the number of ¢ and ¢ by two) such that the correspondence
from (Q1,Q2) to (w1, ws) usually falls in between angular grid points of the intermolec-
ular grid. An interpolation can be done at different orders: zeroth order interpolation,
which directly takes the nearest point, or linear interpolation.

6.1.1 Zero-order interpolation of DCF

At this order, for each possible value of k and €2, the corresponding cos# and v which
relate to a single solvent molecule are stored as an index (single precision integer), which
gives the nearest angle in a pre-defined table:

Gcosg = [(cosO+ 1) (neosg/2)] +1
i = mod([(ny /)] ,my) + 1
where | f] is the floor function. For the angle ¢ which relates to two solvent molecules,

the operation ¢ = ¢; — ¢ introduces a double error when integer indices are used, as
shown in figure 6.4.

(6.10)

In the actual implementation, as an integer takes 4 bytes and a real takes 8 bytes, there
is no profit to tabulate ¢ in integer form two times, thus ¢ is stored directly in real.

35



36

w is the weight,

and w s the

angle set.

ANGULAR INTEGRATION IN EXCESS FUNCTIONAL

¢ distribution  ¢9 distribution ¢1 — ¢o distribution

2
1
1 L F 1
0
test O:
3
2
2
) Y ) Y
\ ! \ !
0
test 0.3 test 0.4

Figure 6.4: ¢1 — ¢2 distribution: Test 0.1 is the direct subtraction of ¢ established in the same
way with 8 and v, as shown in the top first schema. Test 0.2 tabulates ¢2 by taking
the nearest point in another manner, as shown in the second schema. In test 0.3-0.4,
all ¢ or only ¢2 is doubled.

6.1.2 Linear interpolation of DCF

At this order, w(k, €2) is stored in double precision. All angles are stored in real number
form, and the corresponding DCF is calculated as

c(w) = woc(wo) +wic(wr) (6.11)
where wg = u and w, = i . Here w is one of the 5 dimensions in @(k, 21, Q) =
w1 — w1 — wo

(cos By, cos by, @, wl,wg) wp and wq are the 2 nearest value points, while other variables
are fixed. If we express the weight for each dimension as w,i%, where 1 = 1,2,3,4,5 is the
ith variable, the total equation with 5 variables is:

Z Z Z Z_ Z_ <Hw cwm,nz,ns,m,ns)) (6.12)

n1=0n9=0n3=0

These two equations are available for both interpolation and extrapolation, where the
latter applies, e.g., for cosf; and cos6s.

An error evaluation of the two strategies of interpolation presented in §6.1.1 and §6.1.2
is shown in appendix C. Results demonstrate that the linear interpolation scheme is
absolutely essential. On the other hand, as seen in eq. (6.12), it is computationally much
more expensive than the simple histogram scheme as it requires 2° = 32 times the number
of operations.

6.2 DIRECT CALCULATION OF DCF FROM ROTATIONAL INVARIANT PROJECTIONS

Another strategy to calculate é(k,2;,€2) is to use the DCF expressed in terms of ro-
tational invariant projections, which takes far less memory than in the intermolecular
function form thanks to their angular independence and symmetric properties.



6.2 DIRECT CALCULATION OF DCF FROM ROTATIONAL INVARIANT PROJECTIONS

6.2.1 Using projections in the form of ézlynl(k)

As described by Blum [16], é(k, €21, Q2) can be expanded as

ok, 1, Q) = > et (k)@n (k, 01, Q) (6.13)

mnluv

where @?V”l(l},ﬂl,ﬂg) are rotational invariants that depend on both the spatial and
angular coordinates of the two particles (detailed in appendix F).

For projections of order nyax = 1 (n,m < 1), the DCF can be expressed in very simple
form. Only 4 projections ¢™™ (k) are independent: &g = 000 = ¢lo, = ¢li2

and 6011 _ —6101

) éA éD
, with the corresponding rotational invariants expressed below both in
laboratory and intermolecular frames:

@O0 _ |

®M = ik - Qy = icosb,

P01 = jk - Qy = icos by

®1M0 = /30, -9, = —\/g(sin 61 sin O3 cos (12 + cos By cos 6)

M2 = 1% [3(k- Q1) (k- Q) — Q- Q] (6.14)

=/ % (2 cos 0 cos B — sin 05 sin 63 cos ¢12)

where the orientations in laboratory frame €2 are here expressed as an orientational vector
Q = (sin® cos P, sin O sin , cos O) in the Cartesian coordinate system.

To express the DCF at higher orders, the number of FE needed for QDZIV”Z(IA{,QLQQ)
becomes huge and the DCF should be calculated in intermolecular frame as indicated

below.
. . . . ~mn
6.2.2  Using projections in the form of ¢, (k)

Compared to the expression of CI)Z"‘V"Z (f{, Q1,Q2) in laboratory frame (eq. (F.2)), its inter-

molecular form has far fewer terms (eq. (F.18)), such that

1

é(k7w17w2) = T—f—l

> P (R)TL(01)ry, (B2)e™ X P2=01m ) emiwremivie(6.15)

mnuvy

where r is the generalized Legendre polynomial, m,n < npax, || < m, |v| < n, and
X € [—min(m,n), min(m,n)}; x = —x.

(), e"X?($) and e~#¥ (1)) can be separately pre-tabulated for each given k, to
avoid repetitive evaluation of each term.

Eq. (6.15) replaces the interpolation of eq. (6.12) by an exact formula, and it requires
the projections cA’Ln:X(k) to be stored in memory rather than the full angular representa-
tion é(k,w1,ws). It also requires the passage from orientations in laboratory frame to

orientations in intermolecular frame, i.e. use of the formulae (6.9) for each k vector.
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Here the
projections

F /ZLJ?X are
defined as in [19].
Eq. (7.1) is
mathematically
identical with
those in [16, 17]
but using

RZ? p= DZ“;,
The difference
between the
conventions of
GSH are listed in
8H.3.

ANGULAR CONVOLUTION, A BETTER ALGORITHM

In previous sections, the spatial convolution in the excess functional gradient is treated
by FFT thanks to the transitional invariance that leads to ris = ry; — ro. However, as
the angular grid is not homogeneous, the relative coordinates of two angles cannot be
simply represented €219 = €21 — €25, therefore for the angles we cannot take advantage
of the convolution property shown in eq. (4.21-4.22). On the other hand, these two-
particle quantities have rotational invariance. As proposed by Blum [16, 17], a rotational
invariant expansion technique is used to reduce the molecular Ornstein-Zernike (MOZ)
equation into smaller irreducible matrix equations (§4.2). Owing to the mathematical
equivalence between IET and DFT approach (§3.5), where eq. (6.1) about the Fourier
transform of the excess functional gradient can be regarded as the MOZ equation, the
formalism of Blum can also be applied to MDFT.

7.]_ ANGULAR CONVOLUTION USING BLUM’S REDUCTION

To build an analogue of the irreducible form of MOZ equation for homogeneous fluid
deduced by Blum (detailed in §4.2)

Tmax n

~lm vA Mln ~nm
IYI/\,u,x(k) = Z Z (_) X+ Ap,)\g,x(k‘i)clyu,x(k) (71)

n=0 v=—n

for the MDFT formalism, a generalized spherical harmonic transform (GSHT) treatment
is proposed by developing the functional gradient 4 and the density p in eq. (6.1) on
Wigner generalized spherical harmonics (GSH):

k Ql Z fm’yuu (Ql) (72)
mpy'p
k 92 Z fTLApy’ R% 1/(92) (73)

1
where 0 < m,n < nmax, [¢/],|ul < mand [V|,|v]| <n. frm=0C2m+1)2 = HRZ",”M
the normalization factor.
The DCF can also be expanded on rotational invariants:

ek, 1, Q) = Y fmfali (k) D (m nol )Rmml)RZV(ﬂz)R&/o(R) (7.4)

/ / /
mnluy 4% wo v A

As GSHs possess orthogonality eq. (H.21) and symmetry eq. (H.15), eq. (6.1) can
be rewritten by (7.2, 7.3, 7.4), which gives (here we omit the detailed demonstration for
simplicity, which is put in appendix D):

Am AT V4 A An m n l N
51,00 = S e (k) Y (-) +pr<k>( o A,)ka) (75)
nlv v\ H v

thus the OZ equation is expanded on GSHs and rotational invariants.
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7.1 ANGULAR CONVOLUTION USING BLUM’S REDUCTION

Note that eq. (7.5) is reducible. Blum’s x-transform [17] defines:

m+n
Amn m n l Ammn
(k)= > & (k) (7.6)
I=|m—n| X —X 0

min(m,n)
AMN, m n l ~Amn
amt(k) = (204+1) Y ( ) < (K) (7.7)

Xx=—min(m,n) x —x 0

Invariants of form £ Wx(k) have a very simple relation with their combined function
F(k,w1,ws2) in the intermolecular coordinate system (see appendix F, eq. (F.26, F.27));
that is how the OZ equation can be reduced. In MDFT, we can also take advantage of

this quantity by defining the projections of 4 and p in the local frame (w; = k=1€2;):

k w1 Z fm7 ( ) (78)

mxp
plk,wz) = 37 ful, (k)R (w2) (7.9)
nxv

and with the rotation formula of GSH (eq. (H.23)), we have

Z% 9 (k) (7.10)

pzz z/ Z Ap Xl’ Rn* lA( Z Ap Xz/ XJFV Rn (R) (711)

Using eq. (7.5), (7.7), (7.10), (7.11) and GSH products relation eq. (H.24) and 3j-
symbol orthogonality eq. (H.7), we deduce that:

Vu(K) =D (=) (k) A, (k) (7.12)

Eq. (7.12) is essential to the new algorithm. It states that, for the terms with the same
index y, the OZ equation is a simple product of matrix:

7 = [(_)xﬂgx} AP, (7.13)

The index y shares the same role with k in the treatment of spatial convolution, where
the recombination of projections on the exponential orthogonal bases gives, for each k, a
simple product form of the OZ equation.

If we consider the solute is the same as the solvent, and take ¢,

CIT:X(IC), eq. (7.12) is mathematically identical to eq. (7.1), as

v, X(kz) in the place of

T (k) = Zfl o (k) Ry () (7.14)

Pl =31 s () B () (7.15)

according to the rotational invariant transform in eq. (F.26). In fact, it can be proven
(with §F.5) that:

~nm A, Mk

clvu,g(k) = c,/w,x(k) (7.16)

The incompatibility in the conjugate is yet to be explained. In the code, when we use the

A

c’;nyrfx(k) issued from IET, we also need to take its conjugate to obtain the same result
as IET. Note that the demonstration from eq. (7.2) to eq. (7.12) does not contain any
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*Only if we do
not need to
calculate

e(k, 21, Q2).

ANGULAR CONVOLUTION, A BETTER ALGORITHM

Mimax 0 1 2 3 4 5
No 1 2 3 4 5 6
Nang (Gauss-Legendre) 1 (1) 18 (6) 75 (45) 196 (84) 405 (225) 726 (330)
Nang (Lebedevx1p) 1(1) 18(6) 70 (42) 182 (78) 342 (190) 550 (250)
Nproj 1(1) 10 (4) 35 (19) 84 (40) 165 (85) 286 (140)
FE for eq. (6.1) 1(1) 324 (36) 5625 (2025) 38416 (7056) 164025 (50625) 527076 (108900)
FE for eq. (7.5) 1(1) 262 (34) 4787 (1459) 36588 (8116) 175989 (47221) 633490 (150566)
FE for eq. (7.12) 1(1)  34(6) 259 (75) 1092 (252) 3333 (877) 8294 (2002)

Table 7.1: Number of FE needed by OZ equation of different form for arbitrary solvent (outside
the parentheses) and solvent possessing Cog, symmetry (inside the parentheses)

incompatibility; it only occurs in comparison with the IET formalism for homogeneous
liquids.

With the approach described above, the integral of the angular part in eq. (6.1) can be
reduced to a sum of a few terms. Table 7.1 shows some parameters linking to computing
cost of different algorithms. It shows that the expansion on GSHs (eq. (7.5)) does not
give any reduction of FE compared to its 6D function form (eq. (6.1))"; but after Blum’s
x-transform, the OZ equation is largely reduced. The fact is that as the treatment of
spatial convolution takes advantage of the transitional invariance ris, the y-transform
makes use of the rotational invariance.

7.2 FAST GENERALIZED SPHERICAL HARMONIC TRANSFORM

The algorithm above for angular convolution takes advantage of the orthogonality and
symmetries of GSHs. To use this algorithm as analogous to the treatment of the convo-
lution with FFT for spatial grids, the transform described in eq. (7.2) and (7.3), here
defined as the generalized spherical harmonic transform (GSHT), a priori should be fast.
This is possible owing to the exponential components in the definition of GSH, that will
be discussed later as the fast generalized spherical harmonic transform (FGSHT).
GSHT provides a forward-backward transform between a general angular function F/(2) =

F(cos®, P, Y) and its projections F7, (||, |u| < m):

m fm Mm%
Fury = ) /dQF(Q)RM,“(Q) (forward) (7.17)
Z fmEp Ry, () (backward) (7.18)
mu'
where {RZ&M(Q)} are the Wigner generalized spherical harmonics (Appendix H), which

form a complete orthogonal set, being defined as:

Ry () =1, (@) W eth¥) (7.19)

7.2.1 Equivalence of order in angular quadratures and projections

Suppose that F(€2) is a polynomial of both cos®, cos® and cos¥ of order n, (n+1
polynomial terms). To completely expand this function as shown in equation (7.18), at
least mmax = n is needed, where myay is the highest order of projections FZZ}M in the
expansion. Note that mpax = n is not always sufficient to completely expand F(€2),
while a discussion of this issue will be given in §10.2.



7.2 FAST GENERALIZED SPHERICAL HARMONIC TRANSFORM

To evaluate exactly the integration in equation (7.17), at least n + 1 for cos @ (Gauss-
Legendre grid), 2n + 1 for ® (equal-spaced grid), 2n + 1 for ¥ (equal-spaced grid) points
of angular grid are needed (c.f. appendix E). In the case of water which possesses a Cy
symmetry F (Y 4 7) = F(¥), only projections of even p are nonzero:

S /d‘I’F(‘I’)eWT = /d(‘l" + 1) F (¥ + m)en ()
= e / d¥F(¥)eY = o F, (7.20)

0 pu=2n+1lneZ
F, = p=zntln (7.21)

F, n=2nneZ

Therefore the function

=Y Fue ¥ (7.22)
“w
can be rewritten as:
F(¥2/2=Y¥)= > Fye ¥ (7.23)
p2=p/2

As |p2| < n/2, F(Y2/2 = Y¥) is a polynomial of cos ¥y of order floor(n/2) = |n/2],
in the forward transform

) 1 .
Fopy=p = / dYF(¥)ert = 3 / A¥oF(¥y/2 = ¥)elt2t2 (7.24)

the total degree cos W5 polynomial in the integrand is 2 [n/2], then 2 [n/2] 4+ 1 points of
Yy (or ¥) are needed.

For further implementation, we take these conclusions, but distinguish the order of
quadrature mpyayx (linked to the angular grid) and the order of projection npyax (linked to
the GSH transform) for numerical reason.

7.2.2 Integration of ®, ¥ using FFT

Here we write eq. (7.17, 7.18) in an explicit way:

Mmax 2Mmax 2 I_mmax /SJ
Filn = 3 8772 Z Wi Zo Y. F(0;,®;, ¥R (0:, @5, ¥) (7.25)
= Jj= k=0
F(©;,®;,¥) = Z fm Z Z FM R (05, @5, ) (7.26)
pn=—m
mod (p,s)=0

where wj is the weight of Gauss-Legendre quadrature (mmpax + 1 points of @;), normalized
to the total angular integration; and s is the molecule rotation symmetry order (MRSO),
s = 1 or 2 according to the symmetry C; of solvent.

To integrate eq. (7.25) in a direct way, (Mmax + 1)(2Mmax + 1)(2 [Mmax/s| +1) =
NeNoy = N FE are needed for each F}! . an overall O(N2%p) process is needed and
vice versa. Therefore, a faster algorithm proposed by Numerical Recipes [62] proposes to
reduce this cost to O(N3 Ny In Noy ~ N*/3) by FFT.

Following this idea, eq. (7.25) can be rewritten as:

Mmax

Fly’lﬁb - Z wir uu MH(G ) (7-27)
=0
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GSHT is able to

treat the case
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where F,,,(0;) is the ®, ¥ integration evaluated using trapezoid (or Gauss-Chebyshef)
quadrature:

2'rnmax 2l_mmax /SJ
F,u/u<@i) = Z Z F(®i7 CDj, Tk)ez(,u/cpfr,u‘f’k) (7_28)
J=0 k=0

2Mmax 2 meax /SJ

= Z Z F(®i7¢j,Tk)627riu,j/(2mmax+1)ezﬂ-iuk/(Qmeax/SJ‘i‘l)

that shares the same formula with an FFT-2D process of (2mmax + 1) (2 [Mmax/$| + 1)
elements.
Similarly, the backward process (7.18) can be rewritten as:

Mmax
F(©,9;,Y,) = me Z Z E R (0,5, %) (7.29)
p=—m  p=-m
mod (p,s)=0
Nmax NMmax Mmax

= > S fnER R (O, @), F))

l:—nmax H=—"Nmax m= max(|u||ﬂ|)

mod (p,s)=0
Mmax NMmax
= Z Z Fy u<® ) 2mip 5/ (2mmax+1) 2mipk /(2| Mmax /5] +1)
*7nmax :u' —Mmax
mod (p,s)=0
with §
F,u',u((’ai) = Z fm w uu(® ) (730)

m=max(|u],|u)

When npmax < Mmax, the double sum in eq. (7.29) is included in the FFT-2D process of
(2mmax + 1) (2 [Mmax/s] + 1) elements. However, if nmax > Mmax, the FFT-2D process
only gives a partial sum of |u/|, || < Mmax, the other terms in eq. (7.29) can only be
calculated by a GSHT process, as Fj,(®;) is not periodic for y/ and p. There can be
further approximations to treat this problem, but for practical usage, we only consider
the case of Nmax < Mmax-

As the angular function F'(€2) is real, and the GSHs possess symmetry of eq. (H.15):

'+ *
R&(Q) = (-1)* “RL%(Q) (7.31)
the symmetry relation between the projections are
'+ *
F/:iu = (-1)* MF/TM (7.32)

Therefore only the projections of g > 0 need to be stocked, which can be calculated
with only these FFTW3 output elements reduced by the Hermitian symmetry (5.9). The
full process of FFTW3-2D real to real transform is illustrated in figure 7.1.

As the output array of FFTW3 is periodic,

eQﬂiuk/n — eQm'(u—n)k/ne%rik — 627ri(u—n)k’/n (733)
the indices p = mmpax + 1, ..., 2mpax actually correspond to 4 = —mpax, ..., —1. Note
that eq. (7.28) and (7.29) do not possess the periodicity of eq. (7.33), only in the domain

of definition of y/ and p some intermediary functions share the same formula with FFT.
Moreover, from eq. (7.28), (7.30) and (7.32), we can verify that

Fuu(©) = F@(®) (7.34)

The latter is used in the code since, according to the definition in eq. (5.7) and (5.8),
F,1,(®) is calculated instead of F,(©).



7.3 OPERATIONAL ALGORITHM

dim 1 in_forward / out_backward (real) in_backward / out_forward (complex)

array index | 1] 2 | 3 | o Jwetlmsd] = Jombaed [ 1] 2[5 [ o Jasd]

cealindex [0 [ 1] 2 | o [ Jst] = fwdow] [0 1] 2] o]

von Lo o walwe =[] [0 5 T2]-Tw]

dim 2 in_forward / out_backward (complex) in_backward / out_forward (complex)

array index ‘ 1 ‘ 2 ‘ 3 ‘ ‘m+1‘m+2‘ ‘Qm 2m+1‘ ‘ 1 ‘ 2 ‘ 3 ‘ .. |m+1 m+2‘ . | 2m 2m+1‘
real index ‘ 0 ‘ 1 ‘ 2 ‘ ‘ m ‘m+1‘ ‘2m—1‘ Qm‘ ‘ 0 ‘ 1 ‘ 2 ‘ ‘ m ‘m+1‘ ‘Qm—l‘ Qm‘
geu [ale s fmofme]  Jomfua] [o [ ]o ] Jm[mfma] [a]

Figure 7.1: Indices arrangement in a complete forward-backward FFT-2D process of m’xm ele-
ments. The DFT of dim 1 (k to p) and dim 2 (j to u’) are done sequentially and wice
versa. Array index is the one used by Fortran array, real index is the one shown in eq.
(5.7) and (5.8), k and j indices shown in the left as well as p and p/ in the right are
those in eq. (7.28) and (7.29). Here m = mmax and m’ = |[mmax/s].

7.3 OPERATIONAL ALGORITHM
As described above, the whole process of v and Fey. functional evaluation proposed by
this algorithm can be concluded as 8 operations:

1. Firstly, the Fourier transform of the density is computed:

Ap(k, Q) = / drAp(r, Q)e~ kT (7.35)
2. Then Ap(k, ) is expanded on GSHs:

A Im . -
B (k) = 27 / AQAH(k, ) RI () (7.36)

Note that these two steps, as with their backward transform, are commutable, which
will be discussed later.

3. Afterwards the projections in k-frame are then rotated into the local coordinate
system along the unit vector k:

AP (k) =" Ap (k)R (k) (7.37)
MI

where the rotation matrix elements RZ}X(IA{) should be calculated directly because
of the huge memory required by its storage. The algorithm by recurrence used to
evaluate R;’%X(f{) in this thesis is detailed in appendix G.

4. Next, computing the OZ equation with Blum’s reduction:

Veu(k) =Y (=1)X el (k)ApY, (k) (7.38)

n,v
5. The v projections are then transformed back to global coordinates system:

Am (k) =y (k)R (k) (7.39)
X
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6. From here the function in angular frame can thus be rebuilt:

'A)’(kvﬂ) = Z fmﬁ/;”tu(k)RZ%M(Q) (7'40)

m,u’

7. Then the inverse Fourier transform of these projections is:
v(r, Q) = /dk’y(k, Q)eirk (7.41)

8. Finally, the functional Fey. is computed by:

Fexe = —kBTT /drdQAp(r,Q)'y(r, Q) (7.42)

7.3.1  Commutativity between operations

As mentioned in the operational algorithm, three types of operations are being done before
and after the OZ equation. They are:

1. Fast Fourier transform for 3-dimensional spatial grid (FFT3D): implemented by
package FFTW3 [59], mathematically leading to no accuracy loss;

2. Fast generalized spherical harmonics transform (FGSHT): has real or complex input,
is exact if F'(Q2) can be given as an expansion of GSHs of order at most mmax;

3. Rotation between laboratory coordinate system and local system linked to vector k
(RotS): can be done for both function and projections. It introduces a minus error
in accuracy at origin and border of the box, which will be discussed in §10.3.3.

Their commutativity is shown in figure 7.2.

f02) = )| | fkQ) = fkw)| [ F09) 1 fk )|

I A Fn 00 | [ F 00 75,00 | [ 7000 B Fli )|
(a) (b) (c)

Figure 7.2: Commutativity of operations. (a) FFT3D and FGSHT; (b) RotS and FGSHT; (c)
FFT3D and RotS.

As shown in figure 7.2, the FFT3D does not depend on the angular part of the function,
and the FGSHT does not depend on the spatial part of the function. The two operations
are commutative.

It can be also proven that the passage from the function f in laboratory frame f (k, Q)
to the projections in local frame f’?ﬂ(k) can be achieved either by a rotation to the
function f(k,wy) in intermolecular frame followed by an GSH expansion as eq. (7.8), or
an GSH expansion that gives the projections f;’?u(k) following by a rotation as eq. (7.10).

However, the rotation from f(r,Q) to f(r,w) depends on the vector r, of which the
information is totally lost after FFT3D. The rotation from f(k, ) to f(k,w) can only
depend on the vector k; they are not the same rotation, therefore non-commutative.
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7.3.2  Reduction by symmetry

A further reduction of computing cost can be made by performing about only half of the
operations, thanks to the symmetric relations between the projections.
In eq. (7.36), Ap(r,€2) is real. With the property of GSH (eq. (H.15)):

R,(Q) = (-)* R () (7.43)

we find
DO () = () D (1) (749

Therefore only the projections of p/ > 0 or p > 0 are needed to generate all information.
When Apy; (r) is transformed into k-space, replacing

Ap (k) = / drApy, (r)e Tk (7.45)
with eq. (7.44) gives
AP (k) = (=) A pp (k) (7.46)

Therefore only the projections of x/ > 0, > 0, or half of k where one of the dimensions
k; > 0 are independent.

In the implementation, it is a natural choice to keep only half of the projections
Apyy,(k), as either the real-to-complex FFT3D (k3 > 0) or the real-to-complex FGSHT
(1 > 0) gives implicitly half of the information. As the OZ equation (7.12) is separable
for each k, but not on u (v in equation), it is more natural to compute half of k, which is
actually the choice in our code. All the rest we should prove is that the 'AyL’}#(k) calculated
from this half of known density is still able to generate all the informations.

The relation deduced from the symmetries of GSH (appendix H):

TZ}M(H) = (- )mﬂ‘ LHM(W —0) (7.47)
RZ,(600) = (=)™ W TR x4+ ¢m—0,~0) (7.48)
= (—)mRZ?E(W +o,m—60,—1) (7.49)
gives that ,
Riio(k) = (=)'Rhi(—k) = ()" R, (k) (7.50)

If we replace eq. (7.5) by eq. (7.46) and (7.50), with symmetry of 3j-symbol (H.6) and
symmetry of ¢ [16]:
gl () = (=)™ gt ) (751)

we have the same symmetry property for 4 as for Ap:
2 "+ Ak
(k) = ()" AL (k) (7.52)

which means the half 477 (k) is sufficient to generate 4(k,€2) or y(r,€2). Thus the OZ
equation can be safely reduced by a factor of two.
We can also find

i (k) = (=) Ryt (k) = (=)™ R, (k) (7.53)
which gives
Ap,xu(k) = ( )m—HH_XA XM (_k) (754)
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) = () (k) (7.55)

If we replaced the OZ equation by these two equations, we can find the symmetries of
é,;T:X(k) in eq. (F.51):
~mn ~A,Mmnx
c/,uu,x(k) = (_)m+n+u+1/ C/ﬁg,x(k) (756)
It should be noted that not exactly half of the points are calculated. If we choose to
calculate half of k, as shown in figure 7.3, where the 2D plan corresponds to two of the
three dimensions in k-space grid, the green points can be generated from the black points
by the symmetries of eq. (7.46), but the red points should be all calculated, of which the
corresponding points are also a red point or even itself. This ever caused a huge problem
in the implementation, as we put Ap7y u(k) and ’S/Z}M(k) in the same array for purposes of
memory. It should be assured that these points are calculated only once.

01 2 3 -2 -1
9090009 OO @ point calculated
1 9000000
N X X X XOXO) @ point generated by symmetry
1 000000
2000000 @ special point
1000000

Figure 7.3: Distribution of points to be calculated according to symmetry in a 2D plan



SOLVATION PROPERTIES

The solvation free energy and solvent structure are the most important properties that
we seek; as shown in previous sections, they can both be obtained by the minimization of
the free energy functional F[p]. Here is a discussion about some corrections needed for
charged solutes and some profiles of structures deduced from the solvent density.

8.]. FREE ENERGY CORRECTION FOR SINGLE IONS

In the calculation of external potential as well as the total solvation free energy, the use of
different conventions can lead to a charge-independent offset, which introduces error for
charged solutes [63-65]. This offset is mainly caused by two sources: (1) resulting from
the use of a finite system size; in our case, it is a system with cubic periodic boundary
conditions, which presents artificial interactions between the ion and its own periodic
copies, as well as between the solvent and the periodic copies of the ion (Type-B); (2)
resulting from the choice of convention for summing up the contributions of solvent charges
to the electrostatic potential in the sample system (Type-C).

8.1.1 Correction of type B

Type B correction should be added for systems with finite size or periodic boundary
conditions, accounting for the error in the solvent polarization:

1 N ¢ Amr <Iﬁ>2 167 <}ﬁ>5
87r50<1 c )L[€+3 L 45 \L

gg is the vacuum permittivity;

AGp = (8.1)

where

e is the solvent permittivity (dielectric constant), here ¢ = 71 for water [47, 66];
q is the solute charge;

L is the box length;

is the ionic radius;

& is the energy per particle in a simple cubic lattice, £ ~ —2.837297 [67].

As Ry is significantly smaller than the size of the computational box, i.e. R; < L,
its quadratic as well as higher order of (R;/L) is considered negligible, thus eq. (8.1)

becomes: )

o=

which has the same form as the Born model in eq. (2.10).

AGp = (8.2)

87['60
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Another way to
evaluate this
error is to make
a numerical
extrapolation of
the inverse of the
boz size (1/L); it
s more accurate,
but demands
much more
calculation.
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v is elsewhere
referred to as the
spheropole
moment [68, 69],
which is the
spherical
component of the
quadrupole
moment, and s
invariant with
respect to
rotations.

SOLVATION PROPERTIES

8.1.2  Correction of type C

Type-C corrections are needed when the systems to be compared use different electrostatic
summation schemes: on the basis of point charges within entire solvent molecules (M
scheme) or on the basis of individual point charges (P scheme), shown in figure 8.1 (c)
and (d), which brings a fixed free energy difference at the boundary.

. >\ outside outside
/ o\./o \
! I
\ /
N 7

inside
(d) - P scheme

inside
(¢c) - M scheme

Figure 8.1: IQ model and summation scheme. (a) The solvent molecule. (b) The equivalent
isotropic quadrupole (IQ) fluid model. (c¢) In the M scheme, one evaluates the Coulom-
bic potential generated by the solvent charges belonging to all molecules within the
boundary. (d) In the P scheme, one evaluates the Coulombic potential generated by
all solvent charges within the boundary.

It can be deduced analytically by considering the solvent as a canonical ensemble under
the orientational disorder limit (ODL) [63], which becomes an isotropic quadrupole (1Q)
fluid, whose solvent molecule (figure 8.1 (b)) possesses the same quadrupole trace

where the quadrupole moment of the solvent molecule can be calculated by its definition
[70]

N
Qij = /Vm'rjp(r)dv = Z q(a)rl(a)r](.a) (8.4)
a=1
It can be shown that the charge density of the solvent located within the boundary of
the sample system vanishes everywhere, except at the boundary in the M scheme, which
results in a uniform normal surface polarization. The correction needed is:

4R}
AGec = —q|1—- ==L AD :
Ge q ( 373 > ODL (8.5)
where A®opr, = (650) " 177, 7 being the solvent number density.
In the same way, when we consider Ry < L, eq. (8.5) becomes
AGc = — (620) "' nyg (8.6)

8 . 2 SOLVATION STRUCTURE

In MDEFT, all the information about solvation structure can be deduced from the solvent
density p(r,Q). Here we present some examples of structure which are used in later
chapters.



8.2 SOLVATION STRUCTURE

8.2.1 Radial and site-site distribution function

When the solvent is homogeneous, the PDF can be reduced to g(ri2), which is sometimes
referred to as the radial distribution function (RDF). However, it can be also used as a key
character of the structure for inhomogeneous fluids, which can be calculated equivalently

= (p(r,f _ Jp(r.2)ds,
g(r) = (p(r,£)) /po = oo [ ds, (8.7)

To do this integration, it is required to transform p(r, ) into spherical coordinates.
But as p(r,2) in the code is a N-point discrete space grid:

as:

p@Z/MWﬁszgmM—m (8.8)

The best way to do the integration is to use a histogram approach.

The grid points are assumed to be homogenous in space, such that the number of points
entering in an arbitrary volume v is proportional to this volume. Obviously the grid of
p(r, 2) satisfies this assumption.

The average value of g(r) between an interval or is

r+or
ors) = {glr)); o = IO (89)

Thus
1 r+or . 1 N 5
g(r;) = (m/r /Sp(r, #)drds, = 50 /'Uz i:Zl,oi (r —r;)dv; (8.10)
where 0v; = 67 - s;; = [, d(r —r;)dv; (as the points are homogeneous).
The total function is N
(’I”‘) — fvi Z’L:l Iold(r_rl)dvl
AT fvi (5(r—ri)dvi

and it becomes necessary to sum up the point values p; in the interval dv = dr - S, and

(8.11)

divide it by the number of points in this interval.

A site-site distribution function is the same type as RDF, but the origin for the calcula-
tion of r is no longer at the center of the solute; instead it is now at the site coordinate r,,
such that the new coordinates are calculated as r' = r — r,,. Calculation of solvent site
outside the solvent center requires more complicated calculations, involving the rotation
of solvent coordinate to Q-frame. It has equivalent information of the structure to the
rotational invariant projections of higher order, the implementation of which we have not
done here.

8.2.2  Radial polarization function

Radial polarization function (RPF) is defined as

p(r) = (P(r) %) /po (8.12)

where P(r) is the polarization P(r) = [dQ€2 - p(r,Q2)/po. It can be calculated in the
same way as g(r).
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8.2.3 Rotational invariant expansion

If the solute is simple, like a spherical ion or little molecule, it is convenient to expand
the density on rotational invariants which possess numerous symmetries:

p(r, Q) /p0 = D pt(r)@mt(0,9Q, 1) (8.13)
mnluy
mn m gn m n l n N
= > ot Z( )RW(Q)RZ_M_mO(rQS.M)
mnluy n L —pH=n

Here the form of CDZ‘V”Z(O, Q, 1) is reduced for the laboratory coordinate system.
The forward transform to obtain the projections is:

ot (r) = [y ( " ) [ deRE, (@) [ a0t )R ()00
n I
(8.15)
Like the RDF and PDF, histogram approach is used in this process to evaluate the
integration [ df to take advantage of the R () in regular spatial space calculated by re-
currence (appendix G). A detailed deductlon for these generalized formulae is in appendix

F.

Note that if the solvent is water, that processes a symmetry axis Co,, the projections

mnl

Pyt (r) are purely real.

8.2.4 FEquivalence between the curves

The relation between these profiles of structure can be proven mathematically.

Firstly, as
N (r, Q) =1 (8.16)

there is only one expansion term in eq. (8.13). The projection is thus

o) = [ dzaSp(r, 2)/p0 = 9(r) (8.17)
Then, according to appendix F we can calculate
N (r, Q) = -2 (8.18)

such that:
[d#P(r) - P
J didg |0 (v, )|

poo () /drdﬂp (r, )05 (r, Q) /po = —

Note that the orthogonality in eq. (F.6) gives [ dfd€2 || P! (r Q)H2 =(@2+1)"" =1
we can find:

poo (1) = —3p(r) (8.20)



Chapter II1

IMPLEMENTATION

The code MDFT developed in this thesis is based on the master branch of Git
project MDFT (https://github.com/maxlevesque/MDFT/), version [Fri Jun
20 19:05:52 2014 +0200]. All the tests of computing performance are run on
POINCARE machines of IDRIS, which involve nodes of kind:

poincare[001-092]: 2 processors Sandy Bridge E5-2670 (2.60GHz, 8 cores per
processor, with 16 cores per node); 32 GB of memory per node.

Machine (32GB)

NUMA Node P#0 (16GB) |

Socket P#0

L3 (20MB) |

\

[L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) |

[L1d (32KB) | [L1d (32KB) | [L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) | [L1d (32KB) |

[L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) |
Core P#0 Core P#1 Core P#2 Core P#3 Core P#4 Core P#5 Core P#6 Core P#T
‘PUP#O‘ ‘PUP#l‘ ‘PUP#Z‘ ‘PUP#:}‘ ‘PUP#AI‘ ‘PUP#S‘ ‘PUP#S‘ ‘PUP#'{‘

NUMA Node P#1 (16GB) |

Socket P#1

‘ L3 (20MB) |

[L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) | [ L2 (256KB) |

[L1a (32KB) | [L1d (32KB) | [L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) | [ L1d (32KB) |

[L1i (32kB) | [ L1i (82KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) | [ L1i (32KB) |
Core P#0 Core P#1 Core P#2 Core P#3 Core P#4 Core P#5 Core P#6 Core P#T
[PU P#s] [PU P#9] [PU P#10] [PU P#11] [PU P#12] [PU P#13] [PU P#14] [PU P#15]

This chapter presents the implementation results of the theories established
in chapter II. Firstly in section 9, we summarize all the possible algorithms
to evaluate y(r, Q) from Ap(r,Q), and name a selection of branches in or-
der to facilitate further discussions. In the following sections, the results are
regrouped into two aspects, the accuracy and performance:

Section 10 examines all the possible accuracy loss in the implementation com-
pared to the theoretical model, which is in a general sense continuous and
infinite. The accuracy loss is mainly due to the discretization of the system:
the finite expansion of GSHT, the effects linking to a discretized grid, as well as
finite size of sample box. The factors linked to these effects are thus analyzed
in order to determine their acceptable minimum number to give a reasonable
result.

Section 11 discusses the computing performance of the code, from subroutines
to entire algorithms. The goal is to show that the new algorithms are much
faster than the old ones, according to the theory, but also to give a detailed
evaluation of timing of all algorithms for further code development.


https://github.com/maxlevesque/MDFT/




ALGORITHMS AND BRANCHES

As discussed in section 5, in code MDFT, we evaluate the functional F|[p] and its gradient
Flp]/dp in each iteration. Figure 9.1 shows a detailed portion of the total MDFT flow
chart in figure 5.1, including the functional evaluation and minimization.

Oﬁ yes O
P20 (1)« minimizer L-BFGS-B H
‘F[@(l)} = O add ]:id to F add ]:ext to ]: add ]:exc to f

> —>
6 Fext SF 6 Fexc SF
add 5000 10 5om add 5000 t0 50w

5?[@(1')] — 0l |add gfgd) to

Figure 9.1: Process “find equilibrium density” in MDFT. After the “initiation” process, the flow
chart begins at the black point. The three terms of functional and their gradients
are then accumulated in order. The process ends at the white point, which then goes
through the “output” process.

As shown in figure 9.1, the three functional terms and their gradients can be both
calculated separately. With the first two terms well presented in section 5, this section
aims to summarize all the algorithms to evaluate the excess functional gradient ~(r, €2)
from Ap(r,Q), knowing that

p(r, Q) = po*(r, Q) (9-1)
RS kT (. R)3(r, ) 92)

and the functional Fuy. can be calculated as:

knT
Fore = "2 / drdQ2Ap(r, Q)7 (r, Q) (9.3)

According to the commutativity of operations (see §7.3.1), the only possible algorithms
to evaluate v(r, Q) from Ap(r, Q) are shown in the figure 9.2. We recall here that Q and

e refer to orientations in the laboratory frame whereas w and f’ refer to orientations

in the intermolecular frame (axis Oz in the direction of k).

Figure 9.2: Possible algorithms for « evaluation

Several branches are built to test and compare between algorithms, which are shown
below in table 9.1. These branches should give numerically the same result in certain
conditions, that will be discussed in later sections.
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54 ALGORITHMS AND BRANCHES

METHOD SUB-METHOD DESCRIPTION THEORY
reference dipole calculate n(r) and P(r) separately Ref [32]
naive standard use ¢/ Zlynx(k) as input DCF §6.2.2
zero-order use ¢(k,wy,ws) and take the nearest point §6.1.1
interpolation use é(k,w1,wsz) with linear interpolation §6.1.2
dipole use &g, éa, ép issued from [71] §6.2.1
nmax1 use &g, Ca, Ep, O issued from [72] §6.2.1
convolution standard algorithm with symmetry reduction §7.3.2
asymim algorithm without symmetry reduction §7.3.2
pure__angular swap FFT and FGSHT 89

Table 9.1: Branch option in MDFT

9.]_ BRANCHES “NAIVE”

Branches naive are the algorithms mentioned in section 6, which go through the path

(6) = (h) = (p)

in figure 9.2, calculating directly 4/(k, Q) from Ap(k, Q) with
5k, ) = / A2 AH(k, 22)2(k, 21, 2,) (9.4)

The DCF in laboratory frame, é(k,$21,€2), is reconstructed from the intermolecu-
lar DCF, é(k,w1,w2), by a pre-established relation w(€21,2). The difference between
branches is the method to calculate é(k, w1, ws). Branch naive_standard uses é’ZTX(k)
as input DCF, and calculates é(k,w1,ws) directly (eq. (6.15)) during the evaluation of
eq. (9.4) with these coefficients. Branch naive_zero-order and naive_interpolation
use a pre-tabulated é(k,w1,w2) as input, either calculated from cA’ZZLX(k) or in another
way. Branch naive_zero-order takes the neatest point of é(k, w1, ws) according to the
pre-established correspondence w(2,22), while naive_interpolation gives a linear in-
terpolation on w. The former is rejected in the implementation due to a lack of precision
(appendix C), thus only naive_standard and naive_interpolation are practically in
use, apart from the ny.x = 1 cases discussed later. For all naive methods, we always
take the nearest point of |/ k|| in CA’Ln:X(k) orin é(k,w1,ws2), i.e. zeroth order interpolation
for k.

It should be noted that although the intermolecular form of DCF (function or projec-
tions) is used in every branch naive, the DCF in laboratory form é(k, 21, 22) needs to
be calculated. To exactly take the path

(0) = (¢) = (4) = (m) = (p)

with (k,w1,ws) numbers of FE for OZ equation, the density variable Ap(k, €2) should be
interpolated on Ap(k,w), which seems not to be a wise choice.



9.2 BRANCHES “CONVOLUTION”

9 . 2 BRANCHES “CONVOLUTION”

The methods convolution, which are developed in the objective of this thesis and detailed
theoretically in section 7, contains three branches.
Branches convolution_asymm and convolution_standard go through the path

(a) = (c) = (f) = (4) = (n) = (q) = (r)

with convolution_asymm using the original algorithm (§7.3) without symmetry reduction
(§7.3.2), i.e. artificially generating all the projections Apl"}u(r) from the projections of y >
0 given implicitly by the real-to-complex FGSHT process; while convolution_standard
takes only the projections p > 0, and calculates the projections in local frame (eq. (7.37))

A (K) = 30 Aps, (k) R, () (95)
w

for all u and k3 > 0, with the symmetry relation (eq. (7.46))

AP (k) = (=)H AP (k) (9.6)

Branch convolution_pure_angular goes through the path

(0) = (d) = (f) = (4) = (n) = (0) = (p)

which swaps the FFT and FGSHT processes. It takes implicitly k3 > 0 from the real-to-
complex FFT process, thus implementing the same number of FE for the OZ equation as
convolution_standard.

Theoretically, convolution_standard should be the fastest convolution method as
its number of FE for FFT process depends on the number of projections ApZ} s which is
smaller than the number of FE for convolution_pure_angular depending on the number

of angles (0, P, 7).

9.3 TESTING BRANCHES FOR Npax = 1

To show the mathematical equivalence between the branches, several testing branches for
Nmax = 1 are built.

Branches naive_dipole and naive_nmax1 go through the path (b) — (h) = (p), cal-
culating &(k, 1, 2) directly with the projections &™™ (k) as shown in §6.2.1, with sepa-
rately the DCF of the references [71] and [72], whose slight difference is shown in §B.3.

Branch reference_dipole uses DCF in [71], which is the original method in MDFT to
calculate Foye via multipole expansion, and is mathematically equivalent to naive_dipole.
In addition with branch convolution_standard that can also use the two DCFs men-
tioned above, a test of validation can be performed, which should in any case be exactly

the same numerically if the same DCF is used.

9.4 OTHER PATHS

Considering the necessity, other paths such as those passing by (k) are only built for local
test usage (c.f. §10.3.2 and §11.3).
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NUMERICAL ACCURACY

Theoretically, if a process is mathematical equivalent to another one (for instance the
different algorithms for Fey. evaluation mentioned previously), the numerical differences
should be always zero, in the perfect condition that all the quantities are continuous
(with infinite points of grid), the basis sets of FFT and FGSHT are complete (infinite
number of k or order of expansion npayx), and the system is border-free (infinite length
of box). However, this is obviously impossible, and the errors due to such effects can
be far from imperceptible within the level of discretization allowed by the computing
capacity nowadays. This section works on all the possible effects and parameters that
have an influence on the accuracy, e.g. the usage of different algorithms, or different
discretizing parameters or convergence criteria. The goal of this study is to determine in
which conditions the errors can be regarded as negligible; it thus gives a global view of
the credibility for the results given by this code.

].Oo ]_ SIGNIFICANT DIGITS AND CURVE RESOLUTION

Before we examine the effects of discretization and limited orders, let us first have a
discussion concerning precision that the code can achieve. The implementation can always
give numbers at machine precision (approximatively 107'3), but not all the digits that
the machine gives have a physical meaning. For example, if the input DCF is at simple
precision (1077), it is not necessary to look at numbers after the 7th decimal in the
functional.

During the minimization of the functional, the convergence of final free energy is con-
trolled by imposed criteria. Two criteria are used in code MDFT: ex is the difference
between the free energies of the last two iterations, and ||projg||., is the norm of the
projected gradient in L-BFGS-B [57, 58]. The minimization is thought to converge if one
of the criteria is met. We use the code implementation to measure how much significant
digits we can obtain with such criteria. As shown in table 10.1, the normal convergence
criteria (well converged) that we use in this thesis can give a free energy at two decimals.
In case of convergence difficulty, as for some molecular solutes, looser criteria can be used.

CRITERIA, WELL CONVERGED LOOSE VERY STRICT
FUNCTIONAL CONVERGED (CHEM. ACCURACY) CONVERGENCE CRITERIA
eF < 0.00001 < 0.001 <0.01 < 0.00000001
lIprojgll . < 0.00001 < 0.0001 < 0.001 < 0.000000001
Fnmax3 (CHy) 27.24(-0.02) 28(-1) 60(-33) 27.21916
Jrmax3 (CH 053 20.560(-0.004) 22(-1) 40(-19) 20.55578
Frmax3 (CHY ) -129.050(-0.002) 128.8(-0.3) -118(-11) -129.05278
Fdirole (11,0) -70.601(-0.003) -70.4(-0.2) -68(-3) -70.60436
Fomax3 (Qy) 21.90(-0.02) 23(-1) 49(-27) 21.88995

Table 10.1: Minimized free energy F (kJ - mol~!) given by different convergence criteria, compar-
ing to those converged with very strict criteria. Test of water SPC/E uses Lebedev
quadrature of mpyax = 1, with dipole DCF; and others use Gauss-Legendre quadrature
with DCF of nmax = 3. All tests are done in a box of L = 24 A, nfft = 72.
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10.2 GENERALIZED SPHERICAL HARMONICS TRANSFORM

Note that although the convergence criteria allow several decimals, if the result is for
chemical usage, it is better to take no decimal or at most only one, as the error of normal
simulations of chemical system is already at 1 to 2 kJ/mol.

The output curves (RDF, RPF, etc.) with respect to r that this code provides, always
pass through a histogram process (§8.2). Therefore, the number of bins (np;,) of the
histogram (which determines dr) can have an influence on the shown results. Implicitly
(without specification) the number of bins is determined by the Rice rule:

Npin = 205 (10.1)

where n is the total number of grid points to be counted. The curves obtained with this
setting are smooth enough for LJ centers and ions, but for non-spherical solutes, npin
seems to be too large in view of the fluctuations of the sample. In figure 10.1, we give an
example of RDF with different resolution parameters for the site O of the Oz molecule. It
is shown that the curves do not vary too much within ny;, to %nbin, and from lnbin, the

3
noise is well avoided.

2.4

1.6 1

gr)
®

0.8 1 ~

0.4 1 —1 2 3 —4 —5—6—7 8
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2 3 4 5 6 7 8 9 10
r [A]

Figure 10.1: RDF of site O in Oy molecule (nmax = 4, L = 24 A, nfft = 72) with different
resolution parameter. The curves take %nbin as number of bins, with ny,;, determined
by the Rice rule, N varying from 1 to 8. The square box on the left is zoomed and
smoothed (with Catmull-Rom spline implicitly used by Excel) in the right box.

10-2 GENERALIZED SPHERICAL HARMONICS TRANSFORM

As discussed in §7.2, a discretized function F(©,®,¥) after a forward-backward GSHT
process (eq. (7.25-7.26))

Mmax 2Mmax 2 meax /SJ

f .
Fily =373 Swi > Y F(0;,®;, YR (0, D5, ¥y) (10.2)
i=0 j=0 k=0

Mmax m m

F(0,9;,%) = > fm >, F' R (O, @, ) (10.3)
m=0 p'=—m p=—m
mod (p,s)=0

only remains the same when:
1. F can be expanded on GSHs of order at most nmax in eq. (10.3), thus it is always

the case that F' is a polynomial of both cos®, cos® and cos¥ of order n, where
N < Nmax;
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2. The order of quadrature mmax used in the GSH expansion in eq. (10.2) should be
larger than the order of the polynomial F', which means n < mpyax;

The two rules are quite evident. It should be also noted that as we do first a forward
then a backward transform, when mpm.x < Nmax, €ven the input function is of order at
most Mmax; the output function is of order ny,x in the presence of Rf} L which is of order
Nmax- 1hat means F' is no longer the same. Therefore, the forward-backward error is also
controlled by the relation between the two discretizing parameters:

3. Mmax = Nmax 18 needed to ensure the absence of accuracy loss.

In reality, the density variable p(r, ) and the gradient v(r, ) that should be expanded
via FGSHT are never a simple polynomial. It is important to understand how much
the choice of muyax and nyax will affect the accuracy, as they are tightly linked to the
performance. Therefore we chose some simple functions below to see what happens when
the function does not meet the three conditions. Note that the FFT process leads to
strictly no accuracy loss (at machine precision, approximatively 10~!3), which means the
FGSHT process will have strictly the same result with the GSHT process. Here we do not
need to distinguish the two.

10.2.1 mpax and nmax of projections

The numerical error tests of a forward-backward GSHT process with different order nax
of GSH and mpya.x of quadrature are shown in table 10.2 for various polynomials; the
absolute error

Eu(Q) = | £*r°(@) — " ()| (10.4)

being defined as the norm of difference in function f(2) after a forward-backward GSHT
process. The maximum absolute error EF*** is the maximum value in F,(€2).

From table 10.2 we can see that for function f(Q2) =1 = Ry, Mmax > 0, Nmax > 0
and Mmax > Nmax give a null difference. Similarly, function f(£2) = cos 3@ = 4 cos® @ —
3cos @ is a polynomial of cos @ of order 3, which can be expanded on R3, and R}, terms;
it should satisfy mmax > Mmax > 3. f(2) = cos3®P is a polynomial of cos® of order 3,
but it cannot be expanded on GSHs. In fact, all the functions in which the order of cos ®
and cos ¥ is greater than cos ® cannot be expanded on a finite number of GSHs. R can
be expanded on itself, and indeed a polynomial of order 3 requiring Mmmax = Mmax = 3.

We can see that all the E"** where mmax < Mmax is are rather large, and fortunately we
use only Mmax 2> Nmax in FGSHT for numerical reasons. Yet the EX* for mmax > Nmax
may not be negligible either, knowing that the values of trigonometric functions are in
between [—1,1]. However, if the greatest portion of the function is a polynomial within
the required order, the extra part does not play a great role, and the total mean error

will not be as significant as seen now.

10.2.2  From p to ~y

In the same way, the maximum absolute error of the density variable p(r, ), which is not
a combination of GSHs, can be huge. It even gives the appearance of unphysical density
p(r,2) < 0 (i.e. Ap(r,Q)/po < —1) at certain points after a forward-backward GSHT
process, as shown in figure 10.2.

Theoretically, we expect this minimum value to approach zero when increasing mmax
Or Mmax. J1his is not exactly the case. That means the order of expansion within the

computing capacity (nmax < 5) is still far from finding a tendency. If we look at the



10.2 GENERALIZED SPHERICAL HARMONICS TRANSFORM

m\n 0 1 2 3 4 5
0 0.00 (0.00)  9.00 (3.00)  34.00 (18.00)  83.00 (39.00)  164.00 (84.00)  285.00 (139.00)
1 0.00 (0.00)  0.00 (0.00) 0.00 (1.67) 4.34 (6.07) 7.06 (13.63) 14.88 (17.30)
2 0.00 (0.00)  0.00 (0.00)  0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 5.65 (2.71)
3 000(0.00) 000(0.00) 000(000) 000(0.00) 0.0 (0.00) 0.00 (0.00)
4 000(0.00) 000(0.00) 000(0.00) 000(0.00)  0.00(0.00)  0.00 (0.00)
5 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
(a) f() =1
m\n 0 1 2 3 4 5
0 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
1 0.96 (0.96) 0.00 (0.00) 0.00 (0.00) 2.56 (6.99) 10.76 (14.15) 13.83 (21.21)
2 0.46 (0.46) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 1.36 (0.50)
3 0.86 (0.86) 0.66 (0.66) 0.66 (0.66) 0.00 (0.00) 0.00 (0.00) 0.66 (0.66)
4 0.99 (0.99) 0.80 (0.80) 0.80 (0.80) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
5 0.83 (0.83) 1.01 (1.01) 1.01 (1.01) 0.00_(0.00) 0.00 (0.00) 0.00 (0.00)
(b) f(2) = cos 30
m\n 0 1 2 3 4 5
0 0.00 (0.00)  9.00 (3.00)  34.00 (18.00)  83.00 (39.00)  164.00 (84.00)  285.00 (139.00)
1 0.00 (0.00)  0.00 (0.00) 0.00 (1.67) 4.34 (6.07) 7.06 (13.63) 14.88 (17.30)
2 1.00 (1.00)  1.00 (1.00) 0.50 (0.50) 1.53 (1.53) 1.15 (1.15) 3.65 (0.89)
3 1.00 (1.00) 1.0 (1.00) 1.00 (1.00) 0.83 (0.83) 1.10 (1.10) 111 (1.11)
4 1.00 (1.00)  1.00 (1.00) 1.00 (1.00) 0.90 (0.90) 0.90 (0.90) 0.69 (0.69)
5 1.00 (1.00)  1.00 (1.00) 1.00 (1.00) 0.94 (0.94) 0.94 (0.94) 0.80 (0.80)
(c) f(2) = cos3P
m\n 0 1 2 3 4 5
0 0.00 (0.00) 5.03 (1.68) 19.01 (10.06) 46.40 (21.80) 91.68 (46.96) - (77.70)
1 0.00 (0.00) 0.00 (0.00) 0.00 (0.51) 1.32 (1.85) 2.15 (4.15) 4.53 (5.26)
2 0.56 (0.56) 0.56 (0.56) 0.07 (0.07) 0.55 (0.55) 0.76 (0.76) 2.05 (1.00)
3 0.47 (0.47) 0.47 (0.47) 0.47 (0.47) 0.00 (0.00) 0.46 (0.46) 0.46 (0.46)
4 0.56 (0.56)  0.56 (0.56) 0.56 (0.56) 0.00 (0.00)  0.00 (0.00) 0.00 (0.00)
5 0.51 (0.51)  0.51 (0.51) 0.51 (0.51) 0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
(d) f(2) = R ()

Table 10.2: Maximum absolute error E** of some function f(€2) introduced by a forward-
backward GSHT process, with s = 1 outside the parentheses and s = 2 inside the
parentheses; s being the MRSO defined in §7.2 concerning the Ca, symmetry. Dif-
ferences that should be theoretically null (at machine precision) are shown in bold

character and double underlined; which are null in fact at machine precision and here
presented with 2 decimals for simpleness.

rotational invariant expansion of p(r,§2), which gives the projections pdr(r) (0 as the
solute is spherical) shown in figure 10.3a, we observe that the first peaks of higher order

projections are still non-negligible.

projection p880

That gives the tendency in figure 10.2. The first
(r) is purely positive, such that the minimum of p is zero; when the more

negative projections are added on to the combined function, this error will go to negative.

The minimum will have a tendency to converge only if the order of projections are above

the current order 5.
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discussed above.
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Note that the
projections fﬁﬁ"l
are purely real if

f is real and p, v
are even numbers.
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Figure 10.2: The minimum value of Ap(r,Q)/po after a forward-backward GSHT process with
respect to nmax. Computed for a 452 grid (L = 25) for a converged density of an
artificial charged LJ center CHZOA.

That means within the computing capacity, we cannot correctly expand the density p
on GSHs. However, in the code MDF'T, the density p is generated by the minimization
process determined by the gradient of energy . Note that 4(k, ) is a convolution
product, where Ap(k, Q) and the DCF é(k, 21,3) can be both expanded on GSHs and
rotational invariants. Therefore, the higher order terms vanish more easily in 4, as they
are the product of higher order terms of Ap(k, Q) and é(k, 1, Q2). We see in figure 10.3b
that the first terms of v are much stronger than the terms of n = 3,4,5. Therefore we
can consider that the expansion of v already converges within ny,a < 5, even nmax < 3.

10.3 COMPARISON BETWEEN BRANCHES

The algorithms mentioned in section 9 should give the same result if the same DCF
is used, on the condition that the error due to discretization is not fatal. The most
direct comparison can be done with the free energy and structure obtained at the end of
minimization. To be more strict, it is also worthwhile to study only the Fex. functional
evaluation during one iteration without minimization, i.e. the process shown in figure 9.2.
In this scope, v(r, ) becomes a better detailed criteria than Fex. to be compared.

METHOD Nmax DCF FREE ENERGY (kJ/mol)
dipole 1 [71] 13.965
naive_dipole 1 [71] 13.965
convolution_standard 1 [71] 13.965
naive_standard 1 [72] 19.224
naive_interpolation 1 [72] 19.434
naive_nmax1 1 [72] 19.225
convolution_standard 1 [72] 19.225
convolution_asymm 1 [72] 19.225
convolution_pure_angular 1 [72] 19.225
naive_standard 3 [72] 26.105
naive_interpolation 3 [72] 26.971
convolution_standard 3 (72] 26.105
convolution_asymm 3 [72] 26.105
convolution_pure_angular 3 [72] 26.105

Table 10.3: Minimized free energy via different branches MDFT of a charged CHIO‘33 LJ center
calculated for a 33% (L = 20A) grid. Gauss-Legendre quadrature is used as @ angle
grid, with mmax = Nmax-
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Figure 10.3: The projections pd (r) and 40 (r) computed for a 453 grid (L = 25) for a converged

density of an artificial charged LJ center CH;{O‘4

10.3.1 Difference in energy evaluation

Illustrated in table 10.3, the different methods listed in table 9.1 and using the same DCF
give nearly the same total free energy at the end of minimization.

In table 10.3, we can see that apart from naive_interpolation, all branches give the
same result if other parameters are fixed. The slight difference due to the interpolation
error is also acceptable (in this case); and the error due to the GSH expansion (difference
between, for instance, naive_standard and convolution_standard) seems to be well
compensated during the minimization. This also supports the conclusion above that in
fact we just need a lower expansion of GSH for v than for Ap.
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The detailed
error value of ~y
here has not been
noted, as it was
regarded as a bug
in the code at
that time, then
the code has since
been modified.
But in fact, the
choice to add
corrections or not
on the even
number grid is
not a matter of
right and wrong.
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10.3.2 A single k-kernel

If we want to compare within one evaluation of Feyx. as shown in figure 9.2, we can first
examine the local paths from Apy; (k) to 4;;, (k) that can be tested independently for a
given k. Referring to figure 10.4, four algorithms are available for such a purpose:

@-é(k, 1, Q2) —

Nk, ) Lela é(k, w1, wa) Yk, Q)
IAPH 1% (k) HA'O Xu % éZLnX 7 xu H 7“ “ (k) |
! R, |

Figure 10.4: A k-kernel

A program to compare each element of 'Ayg}u(k) issued from these four algorithms for
a given Apy; (k) shows that the 4} (k) for the four algorithms are strictly identical, i.e.
the maximum error is at machine precision. This means the final result of energy and
structure is independent to the choice of path inside a k-kernel, if Ap(k, Q) can be fully
expanded on GSHs.

10.3.3 k-border effect

The next step is to test the whole process shown in figure 9.2. Theoretically, if Ap(r, Q)
is generated from a recombination of GSH projections Apgﬁ #(r), all the branches should
give mathematically the same gradient v(r, Q).

Firstly, we compare the three convolution algorithms passing by GSH expansion. For
a 643 grid, nmax = 3, the three algorithms convolution_standard, convolution_asymm,
and convolution_pure_angular give the same Foy. at first sight, but somewhat differ-
ent results when comparing each element of v(r,€2). The perceived difference seems to
decrease when increasing the number of grid points. Moreover, v(r, £2) recombined from
projections fy;’,””(r), which should be purely real as explained in §7.3.2, have a slight imag-
inary part. Surprisingly, for a 653 grid, it gives numerically the same v(r, £2) for all three
algorithms at machine precision. The theory behind this behavior is found to be a special
k-border effect linking to an even number of nodes in any dimension of the grid.

As the symmetry

AP (k) = (=) XA (<) (10.5)

is generated by two symmetries

Apu u(k) = ( ) I+MAAZLZ(_k) (106)
Ry (R) = (<) R, (k) (10.7

For the k points “at border”, i.e. after the FFT where the point having +k; = k"X,
1 =1,2,3, for example for ki,

AP (kK ks) = AP (K, kg, k3) (10.8)

is naturally put in the same array by FFT for the grids of an even number, as shown in
figure 10.5.
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R

Figure 10.5: k-border effect

As FFT possesses periodicity, the symmetry (10.6) can always be respected at the
border. However, as

Ry (k= (=k1, —ka, —k3)) # Ry (K™, —ka, —k3) (10.9)

the symmetries (10.7) and (10.5) are not respected for these points. In the backward
process, if we account for all the ’yL’,LH(k), as

’yﬁu(—z} = (_klv _k27 _k3)) 7é ’yz}u(kinaxv _k27 _k3) (1010)

the symmetry
Vi (k) = (=) Ty (—k) (10.11)

is not totally respected, and this imposes that fy:ﬁu(r) has an imaginary part. This imag-
inary part has been omitted implicitly in the “real to complex” FFT process used in, for
example, FGSHT in convolution_standard, or FFT3D in convolution_pure_angular.
That is to say, we keep only the part of nonnegative k or nonnegative u, supposing that
the part we omit respects the symmetry.

For the purpose that the three algorithm gives the same result, we can artificially impose
at the border:

m max 1 m m
R (k) = 3[Ryt (k) + Ry (k)| (10.12)

where ¢ is the conflict index in figure 10.5. If more than one dimension is in conflict,
this process can be done twice (4 terms for “edges” of the cube) or three times (8 terms
“vertices”). The point k = 0 is different; as it is defined along the z-axes to avoid
underdetermination, it does not respect eq. (10.7) or (10.5), neither. However, this point

for

is proven to be negligible compared to the hundreds of thousands of total points.

10.3.4  Difference in v for “naive” and “convolution” methods

In the same way, we compare the Fey. and 7(r,€2) given by branches naive_standard
and convolution_standard. The Fuy. of these two branches are identical for a 65 and
Nmax = 3 grid, but the elements of v(r, Q) have a difference at order of 1072 to 1073
which seems to be random. A test redone for a 453 grid is shown in figure 10.6.

According to figure 10.6, we can hypothesize that this error depends on the angular
quadrature mmyax. The dependence is natural, as the difference between algorithms naive
and convolution is the treatment of the angular part. There is also a dependence on
L in the k-space, but after FFT it is mixed. The increase of error in the ny.x chart is
unnatural, implying there is still something theoretical that we have missed, or a bug in
the code.

In short, this troublesome difference cannot be yet explained, as the naive methods
do not have a k-border effect linked to symmetry, and in fact we used an odd grid. The
projections 7,/ (r) of these two algorithms seem to be identical (figure 10.7), which is
to say that the global profile of the two should be almost the same, and thus the error
would not be very decisive. Knowing that the difference is even further compensated with
many iterations as shown in table 10.3, we can consider that this slight difference has no
consequence to the final result.

mnl

63

For example, for
a grid 1D, the
FFT having 6
points gives the
values for indices
0,1,2,3,-2,-1, and
the FFT having
7 points gives the
values for
0,1,2,3,-3,-2,-1.



64

NUMERICAL ACCURACY

[kJ/mol]

[kJ/mol]

[kJ/mol]

[kJ/mol]

Figure 10.6: Maximum (blue) and average (red) absolute difference in 4(k, Q) and v(r,2) (nor-
malized with kT po), for tests of: (1) different box length L, with nfft = 65, mmax =
= 2; (2) different number of grid nfft3, with L = 25 A, mumax = Nmax = 2; (3)
= 1 to 4 for Mmax = Nmax with 453 grid (L = 25 A); (4) nmax = 1 to 4 for
Mmax = D with 45% grid (L = 25 A). The test of Mmax = Nmax = 5 with 45% grid
(L = 25 A) is dropped as it takes too long. All the tests uses a converged density
p(r, Q) of an artificial charged LJ center CHIOA, recombined from GSH projections
of corresponding order mmax and nmax.
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10.4: INTRINSIC VARIATION OF FREE ENERGY

The comparison between branches shows that there is no significant difference between the
branches, if other parameters are all fixed. Therefore we are free to study the dependence

on discretizing parameters with one or another algorithm.

Before studying the dependence on expansion order mmpax and npax, we are interested
in the spatial grid dependance, as well as the ¥ grid dependance if it is not automatically

fixed by mmax (figure 10.8), which can have an influence on the tests later.
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Figure 10.7: Comparison of projections 78[}1(1“) for branches “naive_standard” and “convolu-
tion_standard”, computed with a 453 grid (L = 25) for a converged density of

an artificial charged LJ center CHIOA.
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Figure 10.8: Space-grid and ¥ dependence of code MDFT. (a) CHIO'33 using dipole DCF with
nmax = 1, L = 32 A; (b) CH4 using DCF of nyax = 5, L = 32 A, Lebedev quadrature

of order 2 or 3; (c) acetone using dipole DCF, Lebedev quadrature 1 and 1¥ angles,

nfft/L = 2, 3,4, using direct summation; (d) acetone using dipole DCF and Lebedev

quadrature 1 or 2, varying ¥, L = 32 A, nfft = 96.
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Looking at figure 10.8 (a) and (b), we show that the resolution of the spatial grid has
an effect on the calculated free energy. For the charged solute CHZ{O'E‘?’7 the energy has a
tendency to decrease when increasing the resolution of grid (nfft). This decrease does not
link to the border correction mentioned in §8.1, as both the box length and the charge
remain the same for the whole set of tests. From (b) we consider that at least a 3-points
grid in 1 dimension (each direction) per Angstrom is needed to reduce the uncertainty
due to grid resolution. The molecule in Figure (c) is neutral (although dipolar), i.e. it
does not need any border correction neither. We see that the energy also varies with
respect to the box length (with direct summation this time), and has the same tendency
for different resolutions nfft/L. The curves of nfft/L = 3 and nfft/L = 4 do not give
too much difference. Figure (d) fixed the Lebedev quadrature for ® and @, but left
varying the ¥. We can also see a dependence on ¥ which does not completely vanish
when increasing the resolution of angular grid. Since throughout the whole thesis the ¥
is theoretically fixed by the order of the quadrature in ® and &, this remains an issue
requiring further verification. We can roughly conclude that an error around 1-2 kJ/mol
is common for this code. The spatial grid dependence will not be treated in this thesis as
it may come from other terms of the functional.

10.5 SERIES OF CHARGED LJ CENTERS

To validate the method by comparing with IET, as well as to study the dependance on
Mmax and npmax, we firstly chose a series of charged LJ centers, which possess the LJ
parameters of CHy [73], and have a variable charge from -1.0 to 1.0 (table 10.4).

SOLUTE q o [A] € [kJ - mol 1]

CHy -1.0 to 1.0 3.73 1.23

Table 10.4: Parameters of charged CHy4 LJ centers for test usage

10.5.1 Boz length dependance and charge dependance of free energy

As discussed in section 8.1, for single ions, two types of corrections need to be added on
the free energy, which depend on the box length and charge of the ion. To verify these
dependencies, we implement a systematic calculation with variable charge and box length
using 3 different methods, the parameters of which are shown in table 10.5. It should be
noted that the naive_interpolation only used 14 Lebedev and 3 ¥ angles to converge,
which gives exactly the same result with 26 Lebedev and 4 ¥ angles. That means the
naive methods do not need an order of quadrature mmyax to be greater than the order of
DCF nmax-

METHOD SURNAME L nfft/L Mmax Nmax
naive_nmax1 nmax1l_lmn 24 to 60 3 1 (Leb), 3 angles for ¥ 1
naive_interpolation nmaxb__inter 24 to 60 3 2 (Leb), 3 angles for ¥ 5
convolution_standard nmax1__convo 24 to 60 3 1 1

Table 10.5: Methods and parameters for charged CHy series test. Leb is Lebedev quadrature (6
angles of ® and ® for mmax = 1 and 14 for mmax = 2), which is mathematically
equivalent to Gauss-Legendre quadrature but requires only ~2/3 angles.
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Figure 10.9: Free energy (without correction) of charged CHy center (-1.0 to 1.0) with respect to
the box length, for naive_nmax1 method, with 6 angles of Lebedev quadrature angles
for ® and ®, 3 for ¥, DCF of nmax = 1, at 300K.

The collections of the raw results issued directly from the code MDFT are shown in
figure 10.9, 10.10 and 10.11. We can see that the dependence of box length for each
charge is almost linear, except for the charge between [—0.2,0.2] (where grid dependence
dominated compared to other effects). This means the influence of box length is much
greater than the intrinsic variation of result mentioned in 10.4. The charge dependency
of the slopes in these figures is traced in figure 10.12 with respect to g2, square of the
corresponding number charge. A linear regression is done to give the slope in figure 10.12
at 1937.8 kJ-mol~! - A. This slope corresponds to the correction of type-B:

fog ( i) = 1943.2kJ -mol™! - A (10.13)

2
where fg = 21073 Ny / (47e910710) is the electrostatic potential unit so that fg - q?/r is
in [kJ-mol~!].

The intercept values in each of figures 10.9 to 10.11 correspond to the free energy of an
infinite box. The IET results to be compared were obtained using the 1D-HNC formalism
(1 distance, 5 angles) developed by Belloni and collaborators [74]. The calculations were
done with a cut-off distance of Rpax = 102.4A and an additional Born-like correction
of —2.556kgT to obtain the free energy in the infinite system. The difference in free
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Figure 10.10: Free energy (without correction) of charged CHy center (-1.0 to 1.0) with respect
to the box length, for naive_interpolation method, with 14 angles of Lebedev
quadrature angles for @ and ®, 3 for ¥, DCF of npax = 5, at 300K.
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Figure 10.11: Free energy (without correction) of charged CHy center (-1.0 to 1.0) with respect
to the box length, for convolution_standard method, with mpax = Nmax = 1, at
298.15K.
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Figure 10.13: Free energy (extrapolated to infinite box length) of charged CHy compared to IET,
without P-scheme correction

energy between MDFT and IET of the infinite system are given in figure 10.13. The linear

regression is done with all existing points in this figure, and its slope 87.653 kJ - mol~*
corresponds to the correction of type-C:

2
5 fomy = 82104k - mol ! (10.14)

The measured number and the theoretical one are a little different, which can be princi-
pally due to the lack of point at the -1 charge side.

10.5.2  Comparison with IET after corrections

The points in figure 10.13 after correction with eq. (10.14), as well as the difference be-
tween results of mmpmax = Nmax = 5 given by convolution_standard (with L = 24 A,
nfft = 72) using theoretical corrections and IET with infinite corrections (nmax5_ convo)
are shown in figure 10.14. Note that the curves for the same DCF are not perfectly
in agreement with each other, despite what is shown in table 10.3. The fact is that
in “nmax1_lmn”, Lebedev quadrature is used, and in “nmax1_ convo”, Gauss-Legendre
quadrature is used, as we know the different angular grid can have an effect on the energy;
and for nmax = 5, as we have taken by chance the +0.4 as charge in table 10.3, the differ-
ence between the naive_interpolation and convolution_standard results are acciden-
tally small. The troublesome energy shift of about 2 kJ - mol~! between “nmax5_inter”
and IET result is yet to be understood, as well as the dependence on ¢ for “nmax5_ convo”
after correction. But if we look at the free energies without comparing them in figure
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Figure 10.15: Free energy of CHJ series, with all corrections

10.15, we can see that these differences are almost negligible compared to the total energy
they possess, and the curves only differ with different DCFs.

10.5.3 Dependence on Mmax and Nmax

As we see, the free energy of charged CH] series depends a lot on the order of DCF,
Nmax- 10 study systematically the influence of my.x and nyayx, we chose a series of tests
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CHARGE -0.6 0 1
TNmax \Mmax IET = Mmax =5 IET = Mmax =5 IET = Nmax =5
1 -157.48 diverge -163.35 27.33 27.47 27.97  -382.34 -365.89 -379.01
2 -84.32 -87.56 -87.71 27.82 27.94 28.12 -301.74 -298.95 -298.67
3 -66.25 -69.58 -69.70 27.16 27.24 27.50 -294.77 -292.12 -291.87
4 no data -69.41 -69.50 no data 27.85 27.91 no data -289.19 -289.04
5 -66.50 diverge diverge 27.25 27.47 27.47 -291.60 -288.54 -288.54

Table 10.6: Free energy of CHf‘1 series (with corrections) for IET, mmax = Mmax and mmax = 5,
using convolution_standard, with L = 24 A, nfft = 72.
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Figure 10.16: Free energy of CHZ series, with all corrections of IET results and MDFT mpyax = 5,
Nmax = 0,...,9.

with three charges: -0.6, 0, and +1, using convolution_standard, as shown in table
10.6. Three types of energy are listed: the results issued from IET, and the case when
Mmax = Mmax and Mmax = 5. As we said previously the gradient « is smoother than p; it
is worthwhile to study the case when the order of quadrature mpyax for the expansion of
p is larger than the order of DCF npyax used in equation OZ to solve +, in order to save
computing cost.

From table 10.6 we can see that the free energy becomes stable in any case when
Nmax = 3; the free energies are quite in agreement with IET results; and there is almost
no difference between mmax = Nmax and mpax = 5. That means, the quadrature of p
has no influence on the final energy, which is yet comprehensible, as the extra order of
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Figure 10.17: The projections pg’*(r) of some selected charges of CHf‘1 series comparing to IET,

with Mmax = Mmax-

quadrature gives no influence on the functional gradient, and the p used to evaluate the
functional is given by minimization, i.e. without expansion on GSHs.

5, as some of the
points of Mmax = nmax have difficulty converging and if convergence is achieved they
3 to
3 to

A scheme of free energy evaluation with respect to nmax (Mmax =

usually give the same result) is made in figure 10.16. We see that from np.x =
higher order, the curves do not vary a lot. We can conclude that within ny.x >
Nmax = 9, the error in free energy is acceptable.

Some selected projections pgﬁl (r) (0 as solute is spherical) are compared to IET in figure
10.17. We can see that they are well in agreement.

If we compare one charge in one graph with all the nyax, we can determine which 1y
is sufficient to have a good structure of the density p. Figure 10.18 gives the RDFs and
RPFs for the three charges, as well as their zoomed parts, in order to have a clear view of
the differences. Firstly we can see that in most cases, apart from uncharged CH4 and some
Nmax = 1, the curves of mmaxy = 5 and Mmax = Nmax are superposed. That means even
for structures of single ions, extra order of mpyayx is useless. For -0.6, the curves converge
from nmax = 3, and for +1, nyae = 4. For CHy it seems to be a mess, but looking at
the scale of the schema, we consider that it converges from ny.x = 4. To conclude, for
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Figure 10.18: RDF and RPF of some selected charges of CHZ series with different mmax and nmax

CHZ series, we think ny.x = 3 is sufficient for energy, and np.x = 4 is sufficient for the
structure to converge (without considering higher order projections).

10.6 UNCHARGED LJ CENTERS

As there is an energy shift between naive_interpolation and IET results even for un-
charged CHy (figure 10.14), we have calculated some other uncharged LJ centers. Results
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SOLUTE o € dipole 1 2 3 4 5 inter IET
Neon 3.035 0.15432 18.61 18.79 19.03 18.56 18.99 18.86 20.04 18.82
Argon 3.415 1.03931 22.16 22.47 22.86 22.15 22.72 22.39 24.24 22.27
Krypton 3.675 1.4051 25.36 25.76 26.23 25.48 26.14 25.73 27.82 25.49
Xenon 3.975 1.7851 29.68 30.24 30.77 30.13 30.74 30.25 32.66 29.92

Table 10.7: Free energy [kJ-mol_l] of rare gases, for respectively reference_dipole,

convolution_standard with mmyax = Nmax = 1,...,5, and naive_interpolation
with DCF of nmax = 5; o in [A], € in [kJ-mol™!], with L = 24 A, nfft = 72.

in table 10.7 show that this energy shift is common in any uncharged LJ centers; and in
these cases, even npax = 1 can satisfy the requirement of chemical precision.

]_ O . 7 LINEAR SOLUTES

To complete the story of mpyax and nyax convergence, we choose some linear solutes shown
in figure 10.19 and table 10.8. The direct summation method (§4.1.2) is used for Feyt
evaluation, as O9 always diverges with the Poisson method. We can make a hypothesis
that this is because the distance between the charges is too short, as shown in figure
10.19; therefore the interpolation in Fey evaluation can cause divergence. There is a
better version of Poisson solver that is developed in parallel of this code, which has been
reported to have better convergency. We consider that this divergency problem does not
come from the evaluation of Feyc.

(O Lennard-Jones center  « Point charge

Figure 10.19: Test linear solutes

SOLUTE SITE q o [A] € [kJ - mol™1] z [A]

COq [75] 1 0.6512 2.76 0.234 0.000
(20.48 [kJ - mol—1]) 2 -0.3256 3.03 0.67 -1.149
3 -0.3256 3.03 0.67 1.149

O4 [76] 1 0.0 3.1062 0.36 -0.485
(22.05 [kJ - mol—1]) 2 0.0 3.1062 0.36 0.485
3 -2.1 0.00 0.00 -0.200

4 -2.1 0.00 0.00 0.200

5 4.2 0.00 0.00 0.000

Nao 1 -0.5075 3.30 0.30 -0.549

(26.75 [kJ - mol—1]) 2 -0.5075 3.30 0.30 0.549
3 1.0150 0.00 0.00 0.000

Table 10.8: Parameters of test solutes. Reference free energy by IET in parentheses.

Table 10.9 shows the free energy of solute with respect to nmax. We also find that from
Nmax = 3, the free energy seems to converge, and there is almost no difference between
Mmax = 9 and Mmax = Nmax-
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SOLUTE CO5 (20.48) 02 (22.05) N2 (26.75)
TNmax \Mmax Mmax = Mmax Mmax = D Mmax = Nmax Mmax = D Mmax = Nmax Mmax = D
1 11.53 9.61 21.55 21.46 25.11 24.76
2 17.87 17.87 22.35 22.38 26.63 26.63
3 20.33 20.35 21.89 21.96 26.60 26.62
4 20.88 20.88 22.42 22.45 27.10 27.11
5 20.52 20.52 22.07 22.07 26.74 26.74

Table 10.9: Free energy of solutes. Reference free energy by IET in parentheses.

The solvent structures around the various solutes are also compared to IET results,
as this of CO2 shown in figure 10.20. For the projections of m = 0, they are well in
agreement with IET results, but for the projections with m = 2, a factor of normalization
at /3 appears, which seems to have no reason to exist, as the factor normally linked to
mis 2m + 1 or v/2m + 1.
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C02 — 01100 MDFT
—20220 MDFT
— 21100 MDFT
21300 MDFT
— 02200 MDFT
02202 MDFT
= i g —22000 MDFT
——22002 MDFT
22102 MDFT
““““ 00000 IET
"""" 01100 IET
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"""" 21100 IET
"""" 21300 IET
”””” 02200 IET
02202 IET
"""" 22000 IET
"""" 22002 IET
2 3 4 5 6 7 8 9 10 11 12 22102 IET
r[A]

g(r)

Figure 10.20: The projections lel,”l

A, nfft = 72. %nbin is used in order to avoid noise.

(r) of CO2 comparing to IET, with mmpmax = nmax = 5, L = 24

]_ O . 8 FIRST CONCLUSION

From the above results, the following initial conclusions may be drawn:

e MDFT is capable of producing the solvation free energy at chemical precision with
normal convergence criteria (which gives 2 decimals for a specific spatial and angular
grid), which is nearly the same compared to mathematical equivalent IET results
for LJ centers, single ions and linear solutes. The variance of free energy due to
discretization parameters is at chemical precision, i.e. 1 to 2 kJ/mol. To keep this
precision, at least npax = 3 is needed, and the order of quadrature mmpmax has no
influence on the energy and structure if it is larger than npyax. This nyay is far from
sufficient to describe the solvent density p, but sufficient for v. As p is produced by

(0]
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the minimization, its expansion has no influence on the final result. The different
branches produce almost the same result with the same DCF, compared to the error
introduced by spatial grid dependence; while naive_interpolation seems to be
a bit more stable compared to convolution methods in terms of convergence for
negative molecules, but exhibits a small energy shift about 2 kJ/mol for neutral LJ
centers. For charged solutes, the two types of free energy corrections mentioned in
this thesis are needed.

As for structure, MDFT can also produce the same result as IET. It requires about
Nmax = 4 to have a converged curve of g(r) projections. For solutes, we are obliged
to use a looser sampling rate to have a smooth curve; as the spatial grid is cubic, but
not in spherical coordinates as IET. Indeed MDFT has the great advantage to be
generalizable to produce 3D solvent structures for complicated molecules, but IET
is ideal, and much more efficient when giving information about small symmetric
molecules using functions with respect to r.



COMPUTING PERFORMANCE

This section evaluates the computing performance (timing) of the code. Our goal is to
show that the new algorithm of angular convolution is much faster than the old naive one;
the huge amount of simulation during this thesis has proven that it is indeed the case.
The purpose of this section is to substantiate this statement by a proper and systematic
performance evaluation.

In this section, we will evaluate the performance only concerning the Foy. term, knowing
that the two other terms of the functional, the Fjq and Fey contribution, require a
computer time of the same magnitude as the new algorithms for Fey. part. The spatial
and angular grid dependence of the various branches are discussed.

11.1 weer

The FFT, which is used by the spatial convolution and the FGSHT process, play an
important role in the implementation.

1000 S ——
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/
/
/
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T 2 111108 1 4
3
2 :
[
£
—@— real —@— complex N*log2(N)
0.0l +rDr—r—r—+-—-+-r-—Tr-"r-"—"r"-"""rH—"m"" V771 r ooV
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N

Figure 11.1: Timing of FFT for real-to-complex and complex-to-complex processes with respect
to grid number NV

Referring to figure 11.1, the expected dependance on O(N log, N) [62] does not totally
exist, but it appears to be of the same form, depending on the algorithm of FFT [77]. It
should be noted that a grid of prime number is always at one of the peaks in the figure,
which means it can be twice or more times slower than that of a nearby composite number.
Therefore it is better to use an even number grid, for which the k-border correction in
§10.3.3 should absolutely be accounted for. Apart from this, to compare the algorithms
for angular integration involved in this thesis, we are not really interested in computing
performance with respect to the number of spatial grid. However, the ratio of real and
complex FFT timing is important, as illustrated in figure 11.2, where the ratio between

7
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real-to-complex and complex-to-complex FFT processes is measured as 0.54, near the
theoretical ratio 0.5. For example, we may process nangle real to complex FFT, then
Ngpatial /2 complex to complex FGSHT. Or we may process ngpatial real to complex FGSHT,
then npro;/2 complex to complex FFT. This should not give a significant difference if
Nangle ~ Nproj for small nyay. If the ratio is not 1:2, it will have an influence on the choice
of algorithm.

1604 (%) =10.5492280885x - 0.3067934295 .
R2=10.9510133687

real [sec]

0 50 100 150 200 250 300
complex [sec]

Figure 11.2: Timing of real-to-complex FFT processes with respect to its complex-to-complex
process of the same grid number N

11.2 resur

The computing times of GSHT and FGSHT are shown in figure 11.3. There is no reason
to view in detail how much FFT has accelerated the GSHT process, but clearly FGSHT
can be 100 times faster than GSHT. Besides, looking at the influence of the symmetry in
Y on GSHT, s = 1 is on average 5 times longer than s = 2 (s being the MRSO defined in
§7.2). As accuracy tests show that GSHT and FGSHT give exactly the same result, and
as the case Mmmax < Nmax 1S never needed, it is possible to utilize FGSHT in all the cases
to have a faster performance.
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Figure 11.3: Computing time of GSHT and FGSHT (per 10000 times), between parentheses is the
order of symmetry axes s

However, it is important to know the ratio between real and complex FGSHT processes
for the same reason as FFT. It is demonstrated that this number is 0.3 in all cases, and
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it does not depend on Muyax, Mmax Or s. The difference between these two is that the
real one performs real-to-complex FFT for the @, ¥ grid and calculates only slightly more
than half of projections (1 > 0) than the complex one. Theoretically, the ratio should
be greater than 0.5. This could mean there may be an extra process in the complex
one, or it is controlled by the memory. Ultimately, the final result 0.3 means that doing
Nspatial Teal to complex FGSHT should take only 0.6 the time of doing ngpatial /2 complex
to complex FGSHT, which means in convolution_standard we should use less time to
compute FGSHT than in convolution_pure_angular; which is in fact not observed in
the following tests.
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Figure 11.4: Timing of real-to-complex FGSHT processes with respect to its complex-to-complex
process of the same mmax and Nmax, for s =1 and s = 2

]_ ]_ .3 k-KERNEL

As discussed in the previous section, the final result of energy and structure is independent
of the choice of path inside a k-kernel. That means we are free to choose the fastest path.
Path (1) passing directly by é(k,Q1,€Q2) in figure 10.4 has no interest in timing, as the
memory limit does not support such a direct algorithm for the entire k-space. Here we
only compare the paths (2), (3) and (4), which correspond to eq. (6.1), (7.5) and (7.12).

The theoretical predictions for the computing time of OZ equation with myax = Nmax
are listed in table 7.1. If the OZ equation is the most time-consuming part, the observed
result should have the same tendency. Figure 11.5 shows the experimental timing of
the three paths, where path (3) is 100 times longer than (4), corresponding well to the
theoretical value. Path (2) is much longer than path (3) because apart from the OZ
equation, the reading in memory and calculation of the DCF mentioned in §6 also takes
time.

oy

2 -2
) /

2 1E4 * ——3
= IEs -'/ rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr ¥4

mmax=nmax

Figure 11.5: Timing of a k-kernel (log scale)
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]_ ]_.4: ENTIRE ITERATION OF Feoy. EVALUATION

Apart from all the naive methods that will be discussed in §11.4.1, figure 11.6 shows all
the comparable convolution timing data. We can see that convolution_standard is
the fastest algorithm, and OZ equation is not the longest part in the iteration. All the
tests are performed for a L = 24, nfft = 72 grid with 4 series: the three convolution
methods with mpax = Nmax, and convolution_standard with my. = 5, varying nmax-
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Figure 11.6: Entire iteration of Fex. evaluation: timing overall / decomposition of timing for 1
iteration evaluation

11.4.1  “naive” methods and “convolution__pure__angular”

The naive_standard, naive_interpolation, and convolution_pure_angular methods
share the same processes out of the k-kernel. Table 11.1 shows the timing of loop k of
these three methods. It indicates that convolution_pure_angular takes far less time
than the other two methods, of which the loop k takes time on the same order of magnitude
as the rest of the iteration. And once mpax > 2, naive_interpolation is faster than
naive_standard. Note that order 2 of naive_interpolation can give good results for
a DCF of nyax = 5. So in every case of naive methods, naive_interpolation should
be used. This verifies the conclusion of k-kernel test in that the path (4) in figure 10.4 is
the fastest.

Mmax Naive_standard naive_interpolation convo_pure_angular OTHER

1 2.34 4.42 0.26 0.15
2 365.95 209.12 1.09 1.43
3 3295.00 752.70 2.37 1.85
4 too long too long 5.93 6.73
5 too long too long 10.36 7.73

Table 11.1: Timing [sec] of loop k of “naive_standard”, “naive_interpolation” and “convolu-
tion_ pure_angular”, and the rest of iteration
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11.4.2  “convolution__standard” and “convolution_pure angular”

The comparison of convolution_standard and convolution_pure_angular appears in
figure 11.7. Their difference lies in the inversion of FFT and FGSHT. We can see the other
parts are almost identical, but the implementation of FFT is different in terms of time,
because in convolution_standard the number of FE we need for FFT is the number of
projections, and in convolution_pure_angular it is the number of angular grid nodes.
As there are fewer projections than angular nodes, convolution_standard reasonably
takes less time. The stepwise form of the pure_angular curve is due to the grid in ¥,
which requires |mmax /2| points in the case of Cg, symmetry. Projections are less sensitive
to this effect.
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S Sheoneene FFT3D (pure_angular)

—®—— FGSHT (standard)
--3%------ FGSHT (pure_angular)

Ty
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FE S oo OZ (pure_angular)
2] ) -y ——®— other (standard)
1 * -e=e-3k----- other (pure_angular)
0 T T T
1 2 3 4 5
nmax nmax

Figure 11.7: Performance convolution_standard vs convolution_pure_angular

11.4.3  “convolution__standard” and “convolution__asymm”

We compare convolution_standard and convolution_asymm in figure 11.8. The differ-
ence is that standard calculates half of the k’s in the k-loop and asymm calculates all k’s
in the k-loop. They share the same process of FGSHT, while for the processes in a k-loop
(rotM, OZ) asymm always takes longer. Since in asymm we calculate the FFT for all the
projections and in standard we calculate only a half projections with g > 0, the time
consumed by FFT is also different.

—@®—— FFT3D (standard)
------- k=== FFT3D (asymm)
—&—— FGSHT (standard)
""" *------ FGSHT (asymm)

I}
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,,,,,, o= other (asymm)

nmax nmax

Figure 11.8: Performance convolution_standard vs convolution_asymm
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11.4.4 Distinction of Mmmax and Nmax

The comparison of Mypax = Nmax and myax = 5 for convolution_standard is shown
in figure 11.9. We see that the choice of quadrature order mpy.x only affects the FGSHT
process and the reading/storage of density variable (other). The time taken by extra
order mumayx is not cost-free, so as discussed in the last section, it is fully recommended to

use Mmax — Mmax-

—@—— FFT3D (mmax)
------- k------- FFT3D (nmax)
—@&—— FGSHT (mmax)
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"""" >------ other (nmax)

time [sec]

nmax nmax

Figure 11.9: Performance convolution_standard for mmax = Nmax and mmax = 5

]. ]_.5 GLOBAL VIEW OF THE CODE PERFORMANCE

Figure 11.10 gives the timing of the whole F iteration. We can see that the evaluation of
Feoxe is at the same order of magnitude as the other two terms and the same dependency
on angular grid. That means that considering the priority of code optimization, the Feyc
is no longer an absolute bottleneck to the whole process, owing to the new algorithm.

1E+2

1E+1
—M—F _ext
——F_ id
—¥—F _exc

mmax=nmax

Figure 11.10: Timing of the whole F iteration with nfft/L = 72/24 grid (log scale), using
convolution_standard algorithm

In conclusion, we stress that:

e convolution_standard is the fastest algorithm among those that we have tested.
The convolution methods are orders of magnitude faster than naive methods. It
means that we have been able to reduce a complex spatial and angular convolution
process to roughly the same computer cost as a local calculation in both space and
angles, which can be seen as the major accomplishment of this thesis.

e The attempt to fix muyax considerably damages the efficiency; in addition to the
necessity, Mmax = Nmax is absolutely recommended.



Chapter IV

APPLICATIONS

In chapter III, we have studied the numerical accuracy of the code (through
MDFT/HRF approximation) compared to IET. In this chapter, we are inter-
ested in the physical accuracy comparing to MD and experimental results. A
few applications are made for this purpose in section 12, involving some LJ
centers, ions and small molecules. The results are also compared to the dipolar
reference method, which is the method corresponding to nmax = 1 for linear
or pseudo-linear molecules that was fully implemented so far, to show that
this increase of computing cost has made an improvement on the results.






COMPARISON TO MD SIMULATION

In the last chapter, we proved that MDFT is capable of correctly predicting solvation
properties of LJ centers, single ions and linear solutes compared to IET. In this section, we
will compare them to MD and experimental results. All the solutes are optimized with the
fast convolution_standard algorithm, with implicitly L = 24 A, nfft = 72, muymax = Nmax
unless otherwise specified. Comparison to the dipole method is also involved, as we should
justify that the increase of computing cost when going from npgax = 1 t0 Npax > 1 18
counterbalanced by the ability to produce better results.

12. ]_ LJ CENTERS

The RDFs of rare gases calculated in §10.7 are compared to MD in figure 12.1 using
Nmax = 3 to 5. The structures of different n .y is almost identical. Comparing to MD, it
seems that there is no improvement over the dipole method in ref [32] or to calculation
involving cJ0° only [78]. This kind of disagreement in curve shape is regarded as a known

default of HNC (or HRF) approximation.
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Figure 12.1: RDF of rare gases compared to MD result
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We consider that
in a macroscopic
system, the
fluctuation of N
and V are
negligible, and all
kinds of free
energies become
the same. [56]

COMPARISON TO MD SIMULATION

12.2 CHARGED CH,4 SERIES

The comparison between the RDFs obtained from MDFT with MD results for charged
CH, series are shown in figure 12.2. We can see that for positive charges, the complete
Nmax = D gives much better results compared to the dipole method, which itself almost
agrees with MD results. For negative charges, nma.x = 5 gives nearly the same result as
dipole method, while the MD results are more smooth. Still the first peak of the MDFT
results seems to be in the good position. We can conclude that the complete DCF gives
a large improvement for positive charged ions.
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Figure 12.2: RDF of charged CHy4 series compared to MD result

12.3 SOLVATION FREE ENERGY OF SINGLE IONS

From the previous paragraph we can see the RDF for positive ions are in good agreement
with MD results. However, the free energy is more difficult to compare, as there are
several finite-size corrections for single ions, depending on for example box length and
charge; besides, the free energy depends largely on the input LJ parameters of the ions,
which is independent to the method.

Table 12.1 gives from literatures some experimental and MD simulation results of sol-
vation free energy as well as the positions of the first maximum of the RDF for alkali and
halide ions. We can see that the experimental data themselves vary a lot. Furthermore
the LJ parameters for ions in the literature are extremely dispersed. Therefore, we fo-
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cused on a single series of force field parameters for halide anions and alkali cations taken
from ref [79] based on SPC/E water, as shown in table 12.1 and 12.2.

Ton _AqeP (a)  _ppexp(b)  _pqgexe (c) R, d) 4 [A} (e) ¢ kJ - molfl](e) _AGMD (e) Rll\/lD (e)

solv solv solv solv

F- 465 374.5 428.8 2.08 3.434 0.465 430 2.74
Cl~ 340 318.4 304.2 2.36 4.394 0.416 306 3.23
Br— 315 289.5 227.4 2.80 4.834 0.211 279 3.35
I- 275 252.3 240.0 2.89 5.334 0.158 241 3.55
Lit 475 511.0 529.4 3.14 2.874 0.000615 520 1.91
Nat 365 411.5 423.8 2.63 3.814 0.000615 414 2.28
K™ 295 337.2 352.0 3.19 4.534 0.000615 347 2.54
Rb* 275 316.0 329.3 3.37 no data no data no data no data
Cs™ 250 283.8 no data 3.65 5.174 0.000615 300 2.79

Table 12.1: Free energy [kJ-mol~!] and first maximum of ion-water oxygen RDF [A] for alkali
and halide ions from experimental and MD simulation result. (a). Ref [80]. (b). Ref
[81]. (c) Ref [82]. (e) Ref [79] from MD simulation. (d) Ref [83].

Ion o [A]®  ckI-molml(®)  AGMD  ppdirdle  pgnmaxs  pMD - pdipole  pomaxs

solv solv solv
F- 3.434 0.465 -430 -805 -351 2.74 2.71 2.71
Cl— 4.394 0.416 -306 -521 -233 3.23 3.21 3.21
Br— 4.834 0.211 -279 -464 -205 3.35 3.37 3.37
1= 5.334 0.158 -241 -388 -166 3.55 3.54 3.54
Lit 2.874 0.000615 -520 -870 -480 1.91 2.13 2.13
Nat 3.814 0.000615 -414 -742 -412 2.28 2.29 2.38
K+ 4.534 0.000615 -347 -623 -358 2.54 2.54 2.54
Cs™ 5.174 0.000615 -300 -528 -317 2.79 2.79 2.79
LiT 1.374 1.538 -521 -889 -492 1.96 2.13 2.13
Na™ 2.134 1.538 -415 -749 -419 2.34 2.46 2.38
K+ 2.774 1.538 -345 -610 -360 2.68 2.71 2.71
Cs™ 3.334 1.538 -300 -512 -318 2.98 3.04 3.04
Lit 1.474 0.65 -523 -891 -490 1.96 2.13 2.13
Na™ 2.234 0.65 -416 -753 -415 2.33 2.38 2.37
K+ 2.894 0.65 -344 -612 -358 2.65 2.63 2.71
Cs™ 3.434 0.65 -299 -517 -318 2.93 2.96 2.96

Table 12.2: Free energies [kJ-mol~!] and firss RDF maximum [A] of single ions from MDFT
results compared to MD results

The results shows in table 12.2 are calculated with L = 32 A, nfft = 96; and mp.x = 3
to ensure that the Fig and Fey terms calculated by using the DCF at npga.x = 3 or the
dipole DCF are exactly the same. The free energies given by MDFT with ny,x = 3 are not
perfect, but lie in the same order of magnitude as MD. For negative ions, there is always
a shift at ~ 80kJ-mol™! (knowing that the correction of type-C is at 82kJ-mol~! but
we cannot tell what the shift is). For positive ions, the magnitude of free energy is slightly
underestimated with small o, and slightly overestimated for large o. On the other hand,
the free energies given by dipole DCF is too large in magnitude. In contrast, the position
of the first solvation maximum for the three methods do not vary between them (apart
from Li™ which is very small). But if we look at the RDF of charged CHy series, we can
see that npax = 3 still works better. We can conclude that the results in energy with a
DCF at nmax = 3 work better than the dipolar approximation, which is a positive sign
for our developments.
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COMPARISON TO MD SIMULATION

]. 2 . 4: SMALL MOLECULES

MDFT calculations involving some small molecular solutes were also generated to compare
to MD; the chosen solutes are shown in figure 12.3 and defined in table 12.3. Note that
a certain proportion of them have a non-linear, 3-dimensional geometry which could not
be handled by the molecular IET; this shows the advantage of the general 3D-MDFT
approach adopted in this thesis and the new algorithm that we have developed in this
context.

Figure 12.4 gives the site-site RDFs (solute site to water O site) for nma.x = 4, the
dipolar approximation (nmax = 1), and MD for these test solutes. It is shown that in
most of the cases, nmax = 4 does give equivalent or better results than the dipolar order,
apart from the cases of water, and especially SPC/E water. In methanol, the dipole
method diverges. For most solutes, the comparison to MD is far from perfect but can be
qualified as satisfactory in reproducing the - sometimes complex - shape of the RDFs and
the main peaks positions. This statement is especially true for benzene and pyrimidine,
for example. For hydrophobic molecules or molecules with hydrophobic sites (alkanes,
oxygen, nitrogen, ...) one recovers the slight underestimation of the first peak position
and the overestimation of peak height already remarked for rare gases; this is a clear defect
of HNC. The case of molecules giving rise to hydrogen bonds to water (e.g. methanol,
or water in water) is more problematic and subtle. Here the dipolar approximation gives
a first peak for the water oxygen around the O-site that is too high but has the correct
width, whereas nymax = 4 shifts the first peak to higher values and makes it too wide (a
sort of merge of the first and second peak, an effect even clearer for methanol). The H-O
first peak, on the other hand, is at a correct position but underestimated, both for water
and methanol. The tetrahedral order around a water solute is not correctly reproduced,
although the correct balance to get the right structure is subtle and does not appear too
far.

For the purpose of showing the ability of MDFT to calculate 3D solute structure, we
display 3D solvent densities for specific solutes in figure 12.5 and 12.6. Figure 12.6 com-
plements the discussion given just above concerning the expected tetrahedral structure
around a water molecule in water. That structure can indeed be detected for SPC/E wa-
ter and even more so for the TIP4P model. In SPC/E water, there is more density than
expected on the north pole, and this piece of density disappears with the extra charge
added on the TIP4P water.
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Q p
C o
Acetone Acetonitrile Ammonia Benzene
Carbon dioxide Oxygen Ethane Methanol Nitrogen
Propane Pyrimidine Water SPC/E Water TIP4P

Figure 12.3: Test solutes
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SOLUTE SITE q o [A] € [kJ - mol~1] z [A] y [A] z [A]
Acetone [84] CH3 0.062 3.91 0.6694 1.2810 0.7024 -0.0002
C 0.300 3.75 0.4393 0.0101 -0.0872 0.0106

O -0.424 2.96 0.8796 0.0103 -1.3171 -0.0102

CH3 0.062 3.91 0.6694 -1.2813 0.7019 -0.0002

Acetonitrile CH3 0.269 3.6 1.590 0.0000 0.0000 -1.3254
C 0.129 3.4 0.416 0.0000 0.0000 0.1346

N -0.398 3.3 0.416 0.0000 0.0000 1.3046

Ammonia [85] N 0.000 3.4 1.164 0.000000 0.000000 0.000000
X -1.386 0.0 0.000 0.000000 0.000000 -0.156000

H 0.462 0.0 0.000 -0.937790 0.000000 -0.381449

H 0.462 0.0 0.000 0.468895 0.812150 -0.381449

H 0.462 0.0 0.000 0.468895 -0.812150 -0.381449

Benzene [86] ¢ -0.138 1.908 0.35980 1.386 0.000 0.000
(charged) ¢ -0.138 1.908 0.35980 0.693 -1.200 0.000
¢ -0.138 1.908 0.35980 -0.693 -1.200 0.000

¢ -0.138 1.908 0.35980 -1.386 0.000 0.000

¢ -0.138 1.908 0.35980 -0.693 1.200 0.000

¢ -0.138 1.908 0.35980 0.693 1.200 0.000

H 0.138 1.459 0.06276 2.462 0.000 0.000

H 0.138 1.459 0.06276 1.231 -2.132 0.000

H 0.138 1.459 0.06276 -1.231 -2.132 0.000

H 0.138 1.459 0.06276 -2.462 0.000 0.000

H 0.138 1.459 0.06276 -1.231 2.132 0.000

H 0.138 1.459 0.06276 1.231 2.132 0.000

CO2 [75] C 0.6512 2.76 0.234 0.000 0.000 0.000
O -0.3256 3.03 0.67 -1.149 0.000 0.000

O -0.3256 3.03 0.67 1.149 0.000 0.000

04 [76] O 0.0 3.1062 0.36 -0.485 0.000 0.000
O 0.0 3.1062 0.36 0.485 0.000 0.000

X -2.1 0.00 0.00 -0.200 0.000 0.000

X -2.1 0.00 0.00 0.200 0.000 0.000

X 4.2 0.00 0.00 0.000 0.000 0.000

Ethane [84] CHs 0.0 3.775 0.8661 -0.756 0.000 0.000
CHs 0.0 3.775 0.8661 0.756 0.000 0.000

Methanol [87] CHs 0.24746 3.7543 1.0027 -1.42460 0.000000 0.000000
OH -0.67874 3.0300 0.7307 0.00000 0.000000 0.000000

X 0.43128 0.0000 0.0000 0.30035 0.896104 0.000000

N2 N -0.5075 3.30 0.30 -0.549 0.000 0.000
N -0.5075 3.30 0.30 0.549 0.000 0.000

X 1.0150 0.00 0.00 0.000 0.000 0.000

Propane CHs 0.0 3.905 0.732 -1.25 -0.4417 0.0
CHa 0.0 3.905 0.494 0.0 0.4417 0.0

CH3 0.0 3.905 0.732 1.25 -0.4417 0.0

Pyrimidine [84] N -0.490 3.25 0.7113 1.2035 -0.6989 0.0000
N -0.490 3.25 0.7113 -1.2063 -0.6943 0.0000

c?H 0.410 3.75 0.4602 -0.0026 -1.2980 0.0001

C3H 0.245 3.75 0.4602 1.1692 0.6499 -0.0001

Cc*H 0.245 3.75 0.4602 -1.1666 0.6543 -0.0001

C’H 0.080 3.75 0.4602 0.0028 1.3870 0.0001

SPC/E [47] O -0.8476 3.165 0.65 0.000000 0.000000 0.0000000
H 0.4238 0.000 0.00 0.816495 0.000000 0.5773525

H 0.4238 0.000 0.00 -0.816495 0.000000 0.5773525

TIP4P [88] O 0.0000 3.1589 0.775 0.00000 0.00000 0.00000
H 0.5564 0.0000 0.000 0.75695 0.58588 0.00000

H 0.5564 0.0000 0.000 -0.75695 0.58588 0.00000

X -1.1128 0.0000 0.000 0.00000 0.15460 0.00000

Table 12.3: Parameters of test solutes
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2.1 Acetone
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Figure 12.4: Site-O RDF of test solutes, with mmax = nmax = 4, L = 24 A, nfft = 72. %nbin is
used in order to avoid noise.
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Figure 12.4: Site-O RDF of test solutes (continued)
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Figure 12.4: Site-O RDF of test solutes (continued)
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Figure 12.4: Site-O RDF of test solutes (continued)
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Figure 12.5: Volume slice of solvent number density n(r) for pyrimidine

O

(a) SPC/E water (b) TIP4P water

Figure 12.6: Iso-surface of solvent number density n(r) = 2.4 for test water molecules



Chapter V

CONCLUSION AND PERSPECTIVES

In the framework of the molecular density functional theory (MDFT) theory,
this thesis presents a complete study of the excess free energy functional evalu-
ation under the homogeneous reference fluid (HRF) approximation (equivalent
to the hypernetted-chain (HNC) approximation in integral equation language):

kT
fexc - —BT/dI‘ldI‘QdQldQQAp(I‘l,Ql)Ap(I‘Q,Qg)C(I‘m,Ql,QQ) (IVl)

where the orientations span the three Euler angles, @ = (©,®,¥). It gives a
new method to evaluate solvation properties (grand-canonical free energy and
microscopic solvent density) within the framework of liquid-state theory. It
is more complete and accurate compared within the development of molecu-
lar density functional theory (MDFT) presented so far. The approach is yet
limited to rigid molecules and the neglect of three-body correlations.

To complete this work, we conclude all the achievements done in this thesis,
and some unfinished work and related theories remaining due to the time limit.






CONCLUSION

In this thesis, we have firstly improved the original angular integration algorithm devel-
oped previously in the group, which uses FFT to deal with the spatial convolution, and
a direct integration over angles. For practical reasons, this initial approach was limited
to linear or pseudo-linear solvents in order to reduce the number of angular variables. In
this work, it has been extended to deal with arbitrary 3D molecular solvents, which is
mainly about writing out the expression of the more complicated rotation matrix which
corresponds to the 3-Euler-angle case.

A new algorithm by generalized spherical harmonic (GSH) expansion, which aims to
produce the same result as the algorithm mentioned above for molecular solvent but
much faster, is then built for the treatment of the angular convolution part, inspired
by Blum’s y-reduction of the MOZ equation. This algorithm takes advantage of the
rotational invariance, separating the OZ equation in irreducible terms according to a
series of y values; those can be seen as an analogue of the k-vectors in FFT transform
that takes advantage of translational invariance.

Theoretically and practically the new algorithm has been proven much faster than the
previous one, with an acceptable accuracy lost.

The tests that have been performed show that the proposed methods are suitable for
fast and accurate calculations of solvation free energies. The accuracy was assessed by
comparing the results to a mathematical equivalent 1D-integral equation theory (IET)
code for simple (spherical or linear) solutes. For the solvent structure, the relatively loose
cubic spatial grid that has to be adopted in molecular density functional theory (MDFT)
(3-4 points per Angstrom) prevents the theory to produce radial curves that are as smooth
as those produced by IET for simple solutes. But indeed molecular density functional
theory (MDFT) has much more capacity to deal with complex 3D solutes, and produce
the 3D solvent structure on a regular grid.

Compared to MD and/or experimental results, it is shown that the new method works
better in most cases than the previously implemented “dipolar-like” method. Concerning
the solvent structure, the agreement with MD is far from perfect but can be qualified as
satisfactory for solute molecules with limited hydrogen-bonding to the solvent. For small
ions (in particular anions), or H-bonded molecules such as water itself or alcohols, the
HRF/HNC theory has to be improved or corrected. Concerning thermodynamic properties
such as solvation free energies, some small monovalent ions have been tested in this
purpose. In this case we showed that it is very important to account for finite size
effects through two types of corrections: a Madelung correction reminiscent of the Born
correction for spherical systems, scaling as ¢?/L, and a much less intuitive correction
scaling as the ion charge ¢ and accounting for the proper treatment of boundary charges
in periodic systems. The tests need now to be extended to relevant databanks of organic
molecules in order to fully assess the relevance of the method. One can anticipate that
it will require the introduction of ad-hoc pressure corrections, or three-body correction
terms in the functional, in order to compensate for the overly high pressure given by the
HRF/HNC functional, a defect that has been pointed out previously.

In short, the new algorithm is now ready for chemical applications usage. However,
there are still some minor problems needing to be addressed. Firstly, there are some
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slight incompatibilities within the theory and through the implementation, notably the ~
problem and the conjugate form of DCF which is explained as clearly as possible in the

main text. There are also some sign and normalization factor issues of the projections

mnl
[
slight deficiency in the calculation of the external potential, present in the initial version of

the molecular density functional theory (MDFT) code used. Such an issue is not deepened
as this thesis mainly treats the excess Feyx. term of the functional.

The grid dependence of free energy is somewhat worrying; it might be due to a
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Since no work is ever perfect, a great deal of unfinished work and theories linked to this
thesis are presented here for consideration.

14. ]_ REDUCE MEMORY FOOTPRINT IN MDFT

The total CPU time to implement a MDFT minimization using the convolution algo-
rithms is typically 1 to 30 minutes according to the resolution of grid. But the memory
consumed for such a process is typically 1 to 20 GB of RAM. This is mainly due to the
minimizer L-BFGS-B, which firstly needs to store several steps of information during the
iterations, and secondly is in double precision. It is to say that the density variable p(r, €2)
and the gradient also need to be stored in double precision, and if not, as tested, it leads
to divergence. In addition, during the evaluation of the functional, the memory for at
most 3 times p(r, Q) needs to be open simultaneously.

There are two ways to get over this memory limit, and both of them involve modifying
the L-BFGS-B minimizer, which is a “blackbox”, in Fortran 77. The simplest method
is to change the double precision to single in the L-BFGS-B minimizer; this action can
reduce the memory needed by a factor of 2. Another way to completely pass this limit is
to parallelize the code to several nodes using MPI. This requires only to modify the FFT
and L-BFGS-B process, where there is a mixing of variables p(r,€2). A third route would
be to define a minimizer with much less memory requirements.

]_4:.2 SITE-BASED GRID

The IET approach uses intermolecular spherical coordinates, and cannot describe large
molecules. As for MDFT it uses a homogeneous spatial grid, which has the same resolution
near and far from the solute. The caveat of MDFT is that the 3D grid needed should be
relatively fine to produce satisfactory results (typically 3-4 points per Angstrom); for
large solutes this may lead to a very huge number of grid points. A natural idea would
be to use non-uniform grids. One way to think about the construction of the grid is like
in 14.1, a set of spherical grids centered at each solute site. This could be understood
as expanding the density into a set of “atomic-like orbitals”, p(r) = 3 capa(r). Each
“’orbital” could be possibly expanded onto a local basis set, such as spherical harmonics,

pa(r) = 2y m pay (v — R )Y, (0, ).

14.3 THEORIES BEYOND THE HRF APPROXIMATION AND OTHER IMPROVEMENTS

In terms of Fexc, there can still be development beyond the HRF approximation, such as
3-body corrections.

Apart from the Fey. term, still many fields of study remains to be developed in MDFT.
For example, the evaluation of the external potential Viy still poses occasional problems
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Figure 14.1: Site-site grid model

of convergence for molecular solutes and needs to be improved. Note also that the solute
can be made polarizable, so that Ve itself becomes a functional of the solvent density
and varies during the minimization. The polarization can be introduced, for example, by
an extra induced dipole on the solute center or on the solute sites.

]_ 4: . 4 MDFT VIEWER

This thesis originally contained a contribution on visualization. Due to time limitation,
it had to be removed. The Viewer is an important part of the code development; it
provides insightful visualization and easier analysis, and may help to popularize the code.
GaussViewer is a good example.

14.5 APPLICATION TO REAL BIOLOGICAL SYSTEMS, AND ENTROPY

From this thesis we can see that MDFT is presently capable of dealing with small chemical
systems, but it is still far from satisfying for common usage in the domain of bio-chemistry,
or as a solvent model for QM. For example, for real applications, enthalpy and entropy
are also important, as discussed in ref [1]. The properties of [1] cannot be repeated with
QM calculations using simply a continuum model for solvent corrections (research subject
of my university diploma), which cannot reproduce the correct tendency of entropy with
respect to temperature (in DMSO). It is my intention to re-investigate this problem
using the MDFT approach. It is not clear yet how (beyond the estimate by the F;
term), the solvation entropy rather than the free energy can be estimated from the MDFT
calculations.
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BAsics OF ALGORITHM COMPLEXITY

Algorithm complexity is one of the crucial criteria to evaluate the theoretical performance
of the code, as defined below:
Let f and g be two functions defined over the natural numbers IN. We write

f=0(g) (A1)

if there is a strictly positive constant ¢ > 0 such that from a certain number n > ny we
always have |f(n)| < c¢|g(n)|. The O is also called the big-O notation [89], or order of
growth. Figure A.1 shows the growth tendency of some frequent functions. We can see:

O(1) > O(logyn) > O(n) > O(nlogyn) > O(n?) > O(2") > O(n!) (A.2)
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Figure A.1: Function growth

In this thesis, the big-O notation is used to measure algorithm complexity. Other
notations can also be used for the same purpose, such as:

« f=o(g)if f(n)/g(n) = 0,n — o0
o The inverse of big-O notation f = Q(g) if g = O(f)

o The notation f = ®(g) means that both f = O(g) and g = O(f) hold, and we can
also say they are of the same order.

In code development we always search for algorithms with a lower algorithm complexity.
Ideally, the implementation of code matches the model and has the same growth tendency
as its complexity. But in the practical case, overheads and memory delay can also limit
the performance.
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DIRECT CORRELATION FUNCTION OF WATER

The bulk DCF, which is an input for MDFT and does not depend on the solute, can be
extracted from numerical simulations. In this thesis, the SPC/E water is used as a solvent.
Two sources of bulk DCF are used:

1. The DCF at dipolar order (629, ¢110) ¢H2) by Zhao et al. [71] using MD;

2. The complete DCF up to a given order, for instance nya.x = 5, by Puibasset et al.
[72] using MC.

bo ]_ DIPOLE DCF FROM MOLECULAR DYNAMICS SIMULATION

The DCF produced by Zhao et al., namely the dipole DCF, contains three primary rota-
tional invariant projections that correspond to nmax = 1. They are calculated with the
angular dependent PCF in intermolecular frame, h(r,cos 61, cos 02, 11,1, ¢12), which is
directly extracted from MD simulation.

As the primary projections do not depend on the i angles, the intermolecular frame
DCF can be simplified as:

h(r,wi, wa) = h(r, cos b1, cos ba, ¢12) = (h(r, cos b1, cos Oz, Y1, P2, 12))y, 4, (B.1)
and in k-space:

h(k,Qq, Q) = /drd cos 0, A S0 (1 w1, wo) (B.2)

where 6, and ¢, are the orientations in spherical coordinates for r and €2 is in laboratory
coordinate system.
The correlation functions are then projected onto a basis of rotational invariants:

h k) = Rk D, Q)@ (B.3)
with
@00 _
oM =0, -y (B.4)

SN2 =3(k- ) (k- Q) - Q-

and f000 =1, f110 =3 f112 — 3/2 according to the convention of Wertheim and Hansen.
To obtain the DCF, the OZ equation must be solved. It is shown that the isotropic
(nmax = 0) and dipolar (nmax = 1) components are decoupled:
BOOO( k)

£000 k e s — B.5

R hy(k
C+(k) = 2+(A)

1+ §n0h+(k)
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B.2 DCF PROJECTIONS FROM BULK MONTE CARLO SIMULATION

. ~ ho(k)
e-(h) =17 Tnoh_(k) (B7)
where
b (k) = B2(k) + Sh0(k) (B.3)
h_(k) = hM2(k) — AMO(k) (B.9)

and idem. for é.

b.2 DCF PROJECTIONS FROM BULK MONTE CARLO SIMULATION

The complete DCF up to nmax = 5, which is the default DCF used in this thesis, is

mnl

i (r) accumulated from MC simulation [72] by resolving the inverted

calculated from the g
MOZ equation

Iny,(r) = <ln rix Jo (T)CDO/(Q)] CDZ(Q)> + Bu(r) (B.10)
ao’'=1
with the closure

MC MC
r), 7 < Thax

olr) =
T exp [-80(r. Q) 4 T 10 (B ()] @) 7 G

where Iny = v+ b is the cavity function (b the bridge function), « the projection number,
MC

max> g can be obtained

MC

max?
which means HNC closure is enough to cope with long range correlation functions. Note

that the amax’s for different ny.x’s lead to slightly different DCF results according to eq.
(B.10,B.11).
The DCF in k-space is obtained by Hankel transform.

and M is the maximum radius of the MC simulation. Beyond r

by the usual HNC closure, and it is shown that the projections are continuous at r

The convention of rotational invariants adapts those of Blum, which gives, for example,
for nmax = 1:

o0 _ 4
P = k- Oy

P = ik - Qy

0= /30, - Q, (B.12)
P12 = 1% Bk Q1) (k-22) — Q- Q)]

b.3 COMPARISON BETWEEN DCFS

The comparison between the primary projections of the DCFs is given in figure B.1.
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106 DIRECT CORRELATION FUNCTION OF WATER

000 110 112
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0 T .
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Figure B.1: Comparison between the DCF projections of npax = 1 (dipole) from ref [71] and
Nmax = 1,5 from ref [72] (in convention of Wertheim and Hansen)



ERROR EVALUATION OF INTERPOLATION
STRATEGIES FOR DCF IN LOCAL FRAME

The error introduced by the two interpolation orders for a DCF of order npy,x = 1 (for
which the exact DCF can be computed directly; see details later) is shown in figure C.1.

Absolute error is the histogram that counts the number of times that the calculated
DCF gives the corresponding absolute error E! with a resolution of 0.01, in range of [0, 10]:

El =

a

ch —ck‘ (C.1)

where c}; is any element of é(k, 1, Q2) of unity A? calculated as described and ¢y, is the
one calculated directly as the reference.
Log absolute error is treated the same way as E!, with Ef defined as:

Ei =log

ch — ck’ (C.2)
Relative error is defined as:

E} =

r

&, — Ck’ / ekl (C.3)

with resolution of 0.1%, in range of [0, 1].

In all three figures, the 4 curves given by zero-order interpolation do not diverge a
great deal compared with the linear interpolation one. The result of MDFT also shows
that zero-order interpolation gives large energy error with a DCF of npax = 1, and has
convergence problems in certain cases. We conclude that the linear interpolation scheme
is absolutely necessary. On the other hand, as seen in eq. (6.12), it is computationally
much more expensive than the simple histogram scheme, as it requires 2° = 32 times the
number of operations.
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108 ERROR EVALUATION OF INTERPOLATION STRATEGIES FOR DCF IN LOCAL FRAME

1e+06 ‘ ‘
r — Test 0.1 1
— Test 0.2
8e+05 [— Test 0.3|
— Test 0.4
L Test 1 |
6e+05 [ -
2
RZ)
= L 4
L
=
S
4e+05 =
2e+05 [~ -
0 TV bt i) Lai | 1
0 1 2 3 4 5 6 7 3 9 10
Absolute error of ¢ (A *3)
3e+06 ‘ ‘
— Test 0.1
L — Test 0.2 |
Test 0.3
— Test 0.4
Test 1
26406 {— —
2
7
= L 4
L
=
S
1e+06 {— —
0 \ | L
2 - 1 2
Log absolute error (A *3)
5e+06 ‘
r — Test 0.1 1
— Test 0.2
4e+06 — Test 0.3|
— Test 0.4
Test 1 |
3e+06 -
2
7
o .|
L
=
o
2e+06 _
1e+06 -
0 I N \ \ ! t .
0 20 40 60 80 100

Relative error (%)

Figure C.1: Error of finding é(k, 21, 2) by interpolation compared to direct calculation: Test
0.1-0.4 is zero-order interpolation with ¢ tabulated as in figure 6.4. Test 1 is linear
interpolation.



ANGULAR CONVOLUTION USING BLUM’S
REDUCTION

To make an analogue to the FFT treatment for the convolution of spatial part of the
integral, a fast generalized spherical harmonics transform (FGSHT) treatment is proposed
by developing 4 and p in eq. (I1.3)

300, 0) = =57 [ A8k, D)2(k1z, 1, ) (D.1)

on generalized spherical harmonics:

Ak, Q) = Z S (R) R, (1) (D.2)
my/ p

1
where |¢/|,|p] < m and |V'],|v] <n; fm, = (2m + 1)2 is the normalization factor.
The DCF can also be expanded on rotational invariants [16], with the normalization
factors according to Blum’s definition:

ok, 0, 2) = Y fufalil (k) S (m " Z)Rm (Q0) R, () Rl (K)

mnluv w'v' N M/ ZEDN
(D.4)
Replace eq. (D.1) by (D.2, D.3, D.4), as GSHs possess orthogonality [13, 61]
dQs Omon0u 10y
Q)R (Qg) = Y Y D.
8 2 R ( 2)'Rz/ 1/( 2) 2n+ 1 ( 5)
and symmetry
Ry () = (=) Ry, () (D.6)
Eq. (D.1) becomes
Z At (&) R, (€21) (D.7)
mu
AN '+v m n m i
= Z c,uzzl(k') Z ( ) v Apl/ I/(k) , , , R,u’,u(ﬂl)Rl)\’O(k)
mnluv wv' N wov A

As the basis sets are orthogonal,
LM ~mnl v4v m n l ”
'yu’y(k) = Z c;w (k) Z ( ) Apu y(k) ’ Y. R)\’()(k) (DS)
nlv v\ nov

According to Gubbins eq. (A.41-43) and Messiah eq. (C.76):

w)=> R (k)R (Q) (D.9)
7



110 ANGULAR CONVOLUTION USING BLUM’S REDUCTION

Q) => RI(kHRY (w) =Y R (k)R (w) (D.10)
X X

where w = k~1Q. Suppose 4 has rotational invariance, and

Ak, w1) Z frn wu(K)RY (w1) (D.11)

mxp

Compared to (D.2), we have:

Veu( Z At (k) Ry, (k) (D.12)

Idem.

Apy, (k ZAva k)R (k) :ZApXV )XY RY, (R) (D.13)

as the symmetry (D.6).
As there is an equivalence of OZ equation and the gradient -y, we can be inspired by
Blum’s reduction of the OZ equation [17] by proposing

az?l(k):(zm)z(m " l) o (k) (D.14)

X X —x 0

Thus replacing (D.12) by (D.8), gives

7o (k)
AN V' +v m o n ! i, m (1
= Z Zcuul(k) Z( ) o Apl/ I/(k) ( , , , ) Rl)\’O(k) Ru’x(k)
u | nlv v N wov A

= Y Y ( >”+Vpr<k>(”f y Z)RA'O(R)R"L &)  (D.1)

/
nlv wv' N wov A

then with eq. (D.13):

P00 = e X lepXV )Xy, <f<>]

nly wv'X | X!

m n PO
X ( , ) R)\’O(k)R/J/X(k)

/

wovN
— ZAmnl ZAPXV X-H/ (Dlﬁ)

nlv

m n A s
x| > o | BeoR)RE (k)R ()
W' N 1% 14 A -
Gubbins eq. (A.91) gives the symmetry relation:
m n moeN mn A m n 1
> | B (R)RY (k)R (k) = / (D.17)
pox \ VA - x —x 0
Thus with eq. (D.14), eq. (D.16) becomes



ANGULAR CONVOLUTION USING BLUM’S REDUCTION

e = Se e )

nly x'x" X _XH 0
X CAIZZ’LX// (k)A[’)\I;/Z(k)

= D@1 D ()L (R)B, (K)

nv X'x"

m n 1 m n 1
(e ) )

As the 3-j symbols possess the symmetry [61]

m

X

n 1

- 0

m n 1 m n 1 1
=(2l—|—1) Oy 114 Oy t1 o1
;(X// _X// O)(X _X/ 0) XUXEXTX

Eq. (D.18) becomes

Vn(k) =D (=) X (k) AP, (K)

nv

) (D.18)

(D.19)

(D.20)

(D.21)

In this way, the integral of the angular part in eq. (D.1) is reduced to a sum of few

terms.
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EQUIVALENCE OF QUADRATURE-PROJECTION
ORDER

e.l caussian QUADRATURE

Theorem:

Let P,(z) be a nonzero polynomial of degree n, and w(x) a positive weight function so
that

/b 2* P, (z)w(x)dr = 0,(k=0,...,n—1) (E.1)
If {z;} (i = 1,...n) are the zeros of P,(x), then
b n
| f@pe@dr =3 Aif(@) (B2)
@ i=1
with )
A = /a li—i(z)w(z)dx (E.3)

is exact for all polynomials f(x) of degree at most 2n — 1, where {l;} are the usual
Lagrange interpolating polynomials.

Proof:

Assume that f(z) is a polynomial of degree at most 2n — 1. Using long division
f(z) = Py(z)p(x) +r(z) (E.4)

p(x) and r(z) are obtained as polynomials of degree at most n — 1.
By taking {x;} as the zeros of P,(x), we can easily find f(z;) = r(z;),(i = 1,...n),
then

b b
/af(:c)w(x)dx - /Q[Pn(m)p(:c)-i-r(x)]w(m)dx

=0

n

ZPn(:Ui)p(a:i)wi —|—iAir(xi) (E.5)

=1 =1

12

is exact for r(x) of degree at most n — 1 (c.f. Numerical Recipes [62] p.118), and thus
exact for f(z) of degree at most 2n — 1.

e.2 ANGULAR INTEGRATION IN GSHT

To expand a function onto GSHs, as in eq. (7.17), quadrature is needed. Assume that
F(2) is a polynomial of cos ®, cos @ and cos ¥ of order n. As RJ})* (§2) is also a polynomial
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E.2 ANGULAR INTEGRATION IN GSHT

of order n, the total degree of integrand is 2n. It should be noted that the surface area
element is:

dQ = sin OdOIPAY = d cos OdPIY (E.6)

For cos © integration, considering w(z) = 1 and = cos ®, Gauss-Legendre quadrature
should be used. Thus n + 1 points on x should be taken, with {z;} given by Legendre
polynomials Py, 41(z).

1
For @ and ¥ integration, taking w(z) = (1 —22)" 2, the abscissae are given by the
N = n+ 1 roots of the Chebyshev polynomial of the first kind:
_ _ (2i—1)m .
Tn(xz) =cos(Ncosz) = x; = cos {T} , i€l,...,N (E.7)
with weight w; = %, it corresponds to points in ® € [0, 7] regularly distributed. However,
for @ € [0, 27], two times of function evaluation should be calculated:

1 1
[1 f(cosCID)i1 = COszq)dcos@
2 fcos @)D = - [T f(cos(P))dD P € [0, 7]

= (E.8)
JZr f(cos(@))d(P@) = [ f(cos(-@'))dD" @ € [0, 7]

so that

/27T f(cos®)dd = /7T f(cos®)dd = /7r [f(cos(—=P)) — f(cosD)] dD (E.9)
0 0

—T

It corresponds to 2n + 2 points in ® € [0,27] regularly distributed. However, it’s
not the minimal number of points necessary to do the exact integration. Suppose that
CDQ = CD/Q,

/0 f(cos @)dP = /0 f(cos(2®))ddy = /0 {f(2 cos® Py — 1)} d®, (E.10)

As f(2cos? @y — 1) is a polynomial of ® of degree 2n, it’s a polynomial of @5 of degree
4n. Thus only 2n 4 1 points are needed.
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ROTATIONAL INVARIANT EXPANSION

If a function F(X1,Xz2), X; = (r;, ;) has transitional and rotational invariance [16], it
can be expanded as

F(X1,Xg) = > Fir(|roal ) (2, Q. £12) (F.1)

mnluv

where rio = r; — ro according to the transitional invariance, and

oy mn. l m n a
@gjl(nl,m,m) — ol 3 (m " )RM,M(Ql)RV,V(Qg)RlA,O(rlg) (F.2)

W' N /Ll V, )\/

where Ry, is the Wigner generalized spherical harmonics or Wigner D-symbol defined
in the same convention as Messiah [61] (different than Edmonds [90]). f™ can be
any arbitrary non-zero constant [19]. Here we keep the same definition as Blum, where
frnl = fmn =\ am + 1/2n + 1.

Two special cases are adopted in this thesis (as shown in figure 6.1):

1. F(Xy,X3) in laboratory coordinate system with particle 1 at origin (fixed frame);
2. F(X1,X3) in intermolecular coordinate system (local frame).

Their formalism and symmetry properties will be given later.

f. ]_ ORTHOGONALITY OF &

The rotational invariants @ in eq. (F.2) form an orthogonal basis set, as proven below:

(@ | Py) = /dQIdQQdfcpZ;”l(Ql,92,f12)¢:7;;;212*(91,Qg,fu)
m n mz ng o
— fmfnfmgfng Z Z
w'v' N :U'/ ZEDN phvh N, /1’/2 Vé AIQ

x{/ A0 R, (2RI (€)

{/ dQo R, (Q2) R"Q* (Q2) (/drR,\/o F12)R,\/ (1 ))]}

ST RV (VRIS 1D Sl B
W' N wov A pHUENL D) 2

><(Sm,mg 6n,n2 5l,l2 5#,#2 oy VQ(SM, wh 51/’ W 5)\’,/\’2
_ m n | m n
= @+1)" Y A o (F.3)
W\ 1% 1% )\ % 1% )\
X(5m7m2 5n,n2 51712 5#7#2 5,/71,2 (F4)

and using the orthogonality of 3j-symbol [90]
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F.2 ROTATIONAL INVARIANCE OF &

m n m n 1 3
Z( / / )( , , 2):(2l+1) 1(5”2(5)\/1)\/2 <F5)

H/V/ /,L 14 )\/ /.L 1% )\/2
it gives
(@ | @2) = (20 4+ 1) " X Srmina O 0110112 O (F.6)

f02 ROTATIONAL INVARIANCE OF &

In any coordinate system, the value of @m”l remains the same. Here is a partial demon-
stration with the fixed and local frame mentloned above, described in figure 6.1.
Let’s use the definition in eq. (F.2):

q)'uy l<w1,LU2’O) = f ! Z ( B ) Ruuu(wl)Ry//V(wQ)RX/O( ) (F?)

W\ % V” )\”

mn. a mn. m n l m n a
ol (0,9,8) = [0y (u N ) R (0)R™, () Ry () (F.8)

/ /
W' N

The spherical harmonics have property [61, 90]

0) = 3 R ()R, (w1) (F.9)

= R}u(#)Rpu, (w2) (F.10)

V//

R)\'O ZR}\/)\// R)\"O( ) (F].].)
A
SO

(DLnan< ,Q,f‘) = fmnl Z Rm’u(wl)RV”u(w2)R/\”0( )X
W\

m.n l m a n A ~
[ Z ( ’ , )\/ ) RM/MH(I‘)RV/V//(I')RI)\/)\//(I‘)] (Fl?)
u’l/’A’ /.L 1%

According to eq. (4.3.3) in Edmonds [90] or (A.91) in Gray & Gubbins [13]

m n AN T m n |
ZI:X ( Iu/ V/ A/ ) RN M//(I')RV V//( )R}\/)\//( ) = ( M// V” )\” ) (F13)
w'v

where we can also prove

m n l m a n A A m n l
Z ( ’ ’ )\/ ) RUINN(I‘)RMV” (I')Rl)\/)\// (I‘) == ( ” " )\” ) (F14)
wv' N W 12 v

qDZZV”l remains identical in the two cases

mn a mn m n l m
CD/JZ/ l(0797r) = f l Z ( Y Y // ) R/J,”p(wl)RV”I/(wQ)R)\”O(O)
1\ % 14 )\
= O (w1, w2, 0) (F.15)

Therefore, the projections F, ITV"l (r) also remain rotational invariant in these two coor-
dinate systems.
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116 ROTATIONAL INVARIANT EXPANSION

fo3 TRANSFORM IN LOCAL FRAME

In the intermolecular (local) coordinate system, the 2 molecules are both positioned along
the z axis. Using the properties of generalized spherical harmonics [13, 61, 90]:

RZ?N(®,CI>,‘I’) =6y, if @=0=¥Y=0 (F.16)
and of 3j-symbol
(W77 ;>#0<mwf¢+u+x:0 (F.17)
wov

Ot (2, Ry, #12) in eq. (F.2) can be simplified to

mw%wm=2<m“ qﬂW%MM%M) (F.18)
x \x —x 0 -

Thus eq. (F.1) becomes

F(wy,we,r) = Z Fﬁ”l(r)q)m”l(wl,wg,O)
mnluv
= > ERM) > R (w1)RY, (w2) (F.19)
mnluv X X —X 0 -

and the inverse equation is:

F:linl(T) = /dwldeF(wl,wg,T)CIDZTI*(wl,wQ,O)
m en m n 1
= "My X
x \x —x 0
/dwlR;”;(wl)/dnggZ(wg)F(wl,wg,r) (F.20)

The function F(wi,ws,r) and the projections F/7" (r) can be transformed into each
other by 2 simple steps.

Transform between F;];”l(r) and F'})" (1)

Suppose

RGN OEDY ( ’; no )F;j;”l(r) (F.21)

—x 0
Using property of 3j-symbol [61]

/
Z m n m n _ oy (F.22)
v \x —x 0 X —x 0 2i+1

we have as the inverse transform

Frrl(r) = (204 1) Z( no )F’;”:X(r) (F.23)
X
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Thus eq. (F.19) becomes

F(wi,ws,r) = Z (21+1) Z( , n l)F/ZLVnX()X

mnluy X’
Z(m ! )fmf”R (w1) Ry, (w2)
X X —x 0 -

= 2 DS F IR () Ry (2)

mnpuy !

Z(2l+1)(m " Z)(m " l) (F.24)
! X =X 0 x —x O

Z(zz+1)<m " l)<m " l):éx/x (F.25)
! X —x 0 X —-x 0

we have
F(wi,wa,r) = Z F’ZLVHX( )fmf"R;”#(wl)ng(wg) (F.26)
mnuvy
and
F (r) / dwidws F (w1, ws, 1) ™ R (w1) R (w2) (F.27)

Thus eq. (F.26, F.27) can be performed either by fast generalized spherical harmonic
transform (FGSHT), or by being developed into

Flwy,wa,r) = Y Ful () [ g, (00)r, (02)e- X(012=01702)gmimviemiviz - (F.28)
mnuvx

and transformed with FFT-3D.

Rotational invariant transform with FFT-3D

Suppose
F, (r,0s) = ZF’W " (02) (F.29)
then we have
Fwi,wa,r) = Y F',  (r,02) el (01)e —ix¢12 kY1 g2 (F.30)
muvy

The inverse transform should be

F (r) / d(cos 62) /5, (r, )%, (62) (F.31)
In the same way, suppose
FAWX r, 91,02 ZF/MVX T, 02 (01) (F.32)

and the inverse transform
F', o (r,02) /d cos 01) F' jux (7, 01, 02)7%,,(61) (F.33)
then we have

F(r,wi,ws) = Z Fl (1,01, 92)e_ix¢12e_i“wle_i”w2 (F.34)
By

which can be treated as a normal FFT of 3 dimensions.
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ROTATIONAL INVARIANT EXPANSION

fo4: TRANSFORM IN FIXED FRAME

Similarly, in the laboratory coordinate system

m n l

Pp(0,2,8) =) ( ) fm Ry (QRL, ., o(#) (F.35)
n

B —p—n
The rotational invariant does not take advantage of the x transform as p # 0. The
expansion on rotational invariants should be calculated directly.

FEzpansion of F(r,Q) on rotational invariants

The total equation of the forward transform is:

Ertr)y = fm ( e - ) /drRl*” e /dQF Q)R ()

n meomn
(F.36)
Firstly, the FGSHT is performed:
F / A" F(r, Q)R () (F.37)

Then the spherical harmonic transform by histogram should give

Fyia(r) = [ deRSy(8) () (1.35)

As F}(r) values are tabulated in the Cartesian grid, we cannot use a quadrature
approach without interpolation, so the histogram approach is used.
Histogram for a function f gives:

so if we want to compute
1) = [ 6,00 RSy (.9 2) F 2., 2) (F.40)
we just need to propose
f(z,y,2) = Ry (x,y, 2)F(z,y, 2) (F.41)

For complex numbers F]I’;,(r), the real and imaginary parts can be calculated separately.
The rotational matrices Rl)\*o(r) in Cartesian coordinate system can be pre-generated
by recurrence as detailed in appendix G.
Finally, the combination of projections gives:

F,zz”%r):fmz(m no )Fﬁ,f (1) (F.42)

n N )
Rebuilding of F(r,Q) from projections

and the rebuilding of F(r, ) in a certain orientation is as simple as its definition

F(r,2)= Y F,?Z”(T)fmf”Z(m no )Rn (R, o(})  (F.43)

mnluv n A )



F.5 SYMMETRY

fo 5 SYMMETRY

In TET and MDFT, the rotational invariants are used to describe the solvent. It possesses
symmetric rules, introduced by the indistinguishability of the two particles, symmetry

properties of the single particle, and its real number property as a physical quantity.

Here we list all the symmetric rules concerning the 2-molecule system.

F.5.1 Symmetric rules of F(w1,w2) in intermolecular form

mirror

f vertical
I
|
|

— 012

A . A .
T — 0, horizontal inversion

I mirror

Figure F.1: Symmetry operations of a 2-molecule system

As shown in figure F.1, if a function in intermolecular coordinate system F(wi,ws) =
F(cos b1, cos 0, d,11,19) is a physical quantity in r-space, it possesses symmetry rules:

1. Symmetry of vertical mirror (if the molecule possesses a vertical mirror v):
F(01,00,¢,¢1,v2) = F(61,00, =), =1, —¢)2) (F.44)
2. Symmetry of inversion (if the molecules are interchangeable):

F (01,02, 0,v1,12) = F(m — 0,7 — 61, ¢,2,%1) (F.45)

And an additive symmetric rule is owned by particles having

3. Symmetry axe Ca:
F(el, 927 (ba 1/}17 ¢2) = F(elv 027 ¢7 ¢1 + T, ¢2 + 7T) (F46)

F.5.2  Symmetric rules of rotational invariant projections

We can deduce all the symmetries with the definition of F(r,wi,ws) < F'}" (1) in eq.

IJ'V7X

(F.26,F.27), Fint < F/70% i eq. (F.21,F.23), and the definition of Hankel transform:

F‘ﬁ"l(k:) = 47r7jl/d7' r2jl(kr)F$"l(r) (F.47)
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ROTATIONAL INVARIANT EXPANSION

1. With the symmetry of GSH (eq. (H.12)) and the fact that F(r,wi,ws) is real,

Fin (r) = (=) F () (F.48)
Fﬁnl(ﬂ — (_)m+n+l+,u+z/ Féznl* (T‘) (F.49)

As the the spherical Bessel function j;(kr) is real and (zl>* = (=)',

frmnl _ mtn+ut+v frmnlx

Fymnl () = (=)™ fmels (k) (F.50)
Therefore

A, mn . mAn+putv £,mn*

F/uu,x(k) - (_) a F/Hz,x(k) (F51)

2. With the symmetry in eq. (F.45), which adapts to pure solvents, as well as the
symmetry of GSH:

Tgcnu(w —0) = (—)m+“ TXm“(Q) (F.52)
we can find
nm _ m+n+pu+v mn
Fll/u,x(r) - (_) . F/uu,x(r) (F53)
nml _ m+n+u+v pmnl
FV/L (T) - (_) a FMV (T) (F54)

Of course, if the particles 1 and 2 belong to two different species a and 3, the term
on the right refers to the PDF of a5 and the one on the left refers to the PDF of Sa.

3. With Cs, symmetry as water, according to the Co symmetry, u, v is even; then as
the molecule possesses a symmetry of vertical mirror v, with the symmetry in eq.
(F.44),

FIot (r) = F1(r) (F.55)

Hy, X By, X

/’blj?X

which implies that F'})" (r) and F}"(r) are real, and according to eq. (F.47),
F[],ﬁ”l(k) is real if [ is even, and pure imaginary if [ is odd. According to Blum [16],

we also have:

Ept(r) = Fip(r) (F.56)
Flan (1) = F/ iy (1) (F.57)
And in k-space,
Fmel(k) = (=)' Bt (k) (F.58)
Bt (k) = (=)™ B (k) (F.59)



CALCULATION OF ROTATION MATRIX ELEMENTS
RZ”‘M, BY RECURRENCE

R™(Q) = {RZ}X(Q)} is the rotation matrix of dimension (2m + 1) x (2m + 1), defined
in Messiah and other books [13, 61, 90].
In MDFT, evaluation of RZ"%X(IA{) for each m, i/, x and k by its definition:

R (8) = i (6)e % @)

is too costly to be done in iterations; on the other hand, to directly stock the value
of every element is taxing in terms of memory. An algorithm of RZL,(IA{) evaluation by
recurrence described by Choi et al. [91] suggests an acceptable cost during the computa-
tion, by generating the rotation matrix elements from these of lower order to avoid extra
calculation.

g.]_ CASE OF Mpax < 1

According to the definition in eq. (G.1), it is easy to find
Ry, =1 (G.2)

For m = 1, R! (R) depends only on the 3 x 3 orthogonal matrix R that defines the
rotation from the basis vectors of laboratory frame to those of k-frame:

Ry Ry R cos B cos @, —singy sin 6y cos ¢
R=| Ry Ry R. | =/ cosOpsingy cos¢r sinbsin gy (G.3)
R,. Ry. R.. —sin 6y, 0 cos 0y,

The matrix R can be calculated by the cross products of basis vectors as shown in
figure 6.3
| e e |=|e e e |R=R (G4)
The rotation matrix R™ can be separated into the real F* and imaginary G™ parts,
which can be given by the relations

R;nxl = F;r;(/ + iG;rLX/ <G5)
Flil Fllo Flll (Ryy+er) /2 ]%xz/\/5 (Ryy_Rxx) /2
Foy Fo Foo | =| Re/V2 R.. ~R.p/V2 (G-6)
Fy Fiy F} (Ryy — Raz) /2 —Ruz/V2 (Ryy + Ruz) /2
Gh Gio Gil (Ryx - Racy) /2 Ryz/\/i - (Ryaz + R:cy) /2
G(l)l G(l)O Gél = _]%zy/\/E 0 _Jzzy/\/§ (G7)
G%l G%O G%l (Ryz + Rzy) /2 RyZ/\/Q (Rwy - Ryz) /2
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CALCULATION OF ROTATION MATRIX ELEMENTS TZL, BY RECURRENCE

g.2 CASE OF Mpax > 1

Recurrence relation for —-m+1<yx <m-—1

The recurrence relation for —m < y < m, —m+1 < ¥’ < m — 1 between matrix elements
is:

Ry = ap o Rog RIS + 0o Rig R + 07 W RY G R (G8)
where )
— 3
a;nx,:{(m%—xl)(m X/)} (—m+1<x<m—1)
(m+x') (m—=x') (G.9)
(m+XHM+x—Ur
b S mayy)  (rRsxsmed
To separate the real and imaginary parts, suppose
HY(6,5) = FYED = GLGT! (G.10)
K (iy§) = LG+ GLER (G.11)
therefore
F;r;(/ = (J/ZLXIH;Z;(/ (0, 0) + b;nX/H;n_LX/(l, 0) + bTXyX/H;n‘i‘LX/ (—1, 0) (G12)
G;nxl = a;nX/K;;(/ (0, O) + b;nX/K;n_LX/(l, 0) + bTXvXI ;n+17xl(—1, 0) (G13)

In the case of x = +m, certain terms in eq. (G.8) are out of definition. They are
supposed to be zero. Another way is to suppose that

ayyy =0 forx =+m (G.14)
bt =0 forx =Zmandyx =F(m—1)

Recurrence relation for —m+2 < x' <m

For the case X’ = £m that are not covered in eq. (G.8), another recurrence relation
supposes that:

m . .m 1 m—1 m 1 m—1 m 1 m—1
RXX/ = CXX/ROJRXJ(/*l + dXX/Rl»lRX*l,X/*l + dinX/R'lleX'f‘l,X/*l (G15)

F;g(/ = c;nX/HQ?XLl(O, 1) + d;nX/H;nfl’X/,l(l, 1) + dTX:X’ ;(n-‘rl,x’fl(_l? 1) (Glﬁ)
G;(nxl = C;nxl m (0, 1) + dTXnX/K;nfLX/fl(l, 1) + dm )T(n+1,x’71(_17 1) (Gl?)

xXox'—1 =X
with .
m 2(m+x)(m—x) 1°
Cxx’:{ = } (—m+1<x<m-1)
(En + X’)) ((m + X/ 11>) . (G.18)
m+x)(m+x— 2
m o m+2<xy<m-—2
XX &m+yﬂm+y—n} (-mt2<x=<m=2)
and
Ay =0 forx =+m (G.19)

dyt, =0 forxy =+mandy = F(m—1)

which is available for —m +2 < x/ < m.



G.2 CASE OF Mpmax > 1

Symmetries
The symmetries of R allow us to calculate only half of the elements:

Ry = (1™ Rl (G.20)
which gives

Fl, =)™ FL (G.21)
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PROPERTIES OF WIGNER 3J-SYMBOL AND GSH

The properties of Wigner 3j-symbol and Wigner generalized spherical harmonics (GSH,
Wigner D-symbol) play a huge role in the reduction of molecular Ornstein-Zernike equa-
tion as well as finding the relation between rotational invariant projections. Their main
properties, presented in Messiah [61], Gray & Gubbins [13] and Edmonds [90], are listed
here.

ho ]_ PROPERTIES OF WIGNER 3J-SYMBOL

Wigner 3j-symbols are equivalent to Clebsch-Gordon (CG) coefficients multiplied by the
phase factor:

mon :ﬂ<mnuv\lk> (H.1)
Lov =\ V2l+1

and can be calculated with the Racah formula [61].

Reality

The 3j-symbols are real.
m n | _[m n l (H.2)
wovoA wovoA

pw+rv+A=0
(m no ) = 0if are not meet. (H.3)

Selection rules

Im—n|<l<m+n

(triangular inequalities)

Permutation

1. Even permutation

(mnl):(nlm):(lmn) (H.4)
LovoA v A uov

2. Odd permutation
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H.2 PROPERTIES OF GSH

3. Simultaneous change of signs of u, v and A

m n 1 _(_\mAntl m n l
[y () o

e m n m n 1
Yoo 2+ , = OO (H.7)

I=|m—n| A=—1 wovoA WV

i zn: (m n l)(m n l/):(2l+1)_15ll’5>\>\’ (H.8)

pe——mu—n \ H VUV A w v N

Orthogonality

h-z PROPERTIES OF GSH

There are many different definitions of GSH given in lectures. Here we adopt the definition
proposed by Messiah:
R (90) = e~ 0 (0)eHY (H.9)

where TZL/ is the generalized Legendre polynomial (GLP), which is real, and can be
evaluated using the Wigner formula:

i (8) = [(m ) (m— ) (m 4 o) (m — p)1)? x
(=) (cos 0/2)2mHH=R=2 (gip g /2)F K Hh

zi: (m+p/ =)l (m—p—i)lil (i — o/ + p)! (H10)
Symmetries of r7,(6)
() = (=) () (H.11)
rm (0) = (=), (0) (H.12)
() =7, (—6) (H.13)
(04 7) = (=)™ (0) (H.14)
where i = —p.
Symmetries of R, (¢01)
Ry, (600) = (=) " Ri (609)) (FL.15)
Ry (604) = (=) 7" Ry (¢60) (H.16)

R, (600) = (=)™ R (~6,0 + m,0) = (<) R, (6,0 + m,—)  (H17)
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126 PROPERTIES OF WIGNER 3J-SYMBOL AND GSH

Unitarity and orthogonality

ZR (QOV) Ry (0) = by (H.18)
ZR (609) Ry, (600) = 8,00 (H.19)
> R (90U R (8'0'Y") = Spg0 0pp Oy (H.20)
mu'p
1 5mn5 /z/’(s v
5 / d cos 0dpdy R}y, (p0P) R, (¢01)) = # (H.21)

7, (0) in terms of cosf and sin 0

LOIf (=) TF =41, p

» T, (0) s a polynomial of degree m in cos 6.

2. If (=)W = —1, r1,(0)/ sind is a polynomial of degree (m — 1) in cos 6.

Rotation and product
Z R ™ (w1) (H.22)

where w is the result of the successive apphcatlon of wy and wsq in order.
w) = R (k) R, ()
7
Q) = > Ry (kTHRY, (@) = 3 R (k) RY, (w)
X X

(H.23)

Composition relation for GSHs

) (”7 y l,)RZ%<¢9w>Rﬁw<¢9w>R&q<¢e¢)= ("” " l) (H.24)
W'\ wovoA bovoA

ho3 CONVENTION OF GSH

The convention of GSH in books and articles used in this thesis varies depending on the
source. In Messiah [61] and Gray & Gubbins [13], it is defined as in eq. (H.9). In Edmonds
[90], it is defined as:
D (¢0) = e Vdr (0)e™? (H.25)
which can be seen as the inverse rotation matrix of Ry,
In Blum [16, 17], the equation

Dho(60%) = (=) (5 ) Vh(66) (H.20)

is adopted, which means it shares the same definition as Edmonds, where
I, (660) = DI (004) (H.27)
In Fries & Patey [19], the definition of Messiah is used.
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Résumé : Les propriétés de solvatation jouent
un role important dans les problemes chimiques
et biochimiques. La théorie fonctionnelle de la
densité moléculaire (MDFT) est l'une des
méthodes frontieres pour évaluer ces propriétés,
dans laquelle une fonction d'énergie libre de
solvatation est minimisée pour un soluté
arbitraire dans une boite de solvant cubique
périodique. Dans cette thése, nous travaillons

sur ['évaluation du terme d'excés de la
fonctionnelle d’énergie libre sous
I’approximation du fluide de référence

homogene (HRF), équivalent a 1'approximation
de la chaine hypernettée (HNC) dans la théorie
des équations intégrales. Deux algorithmes sont
proposés: le premier est une extension d'un
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cas d'un solvant moléculaire a trois dimensions
(en fonction de trois angles d'Euler) au lieu d'un
solvant linéaire (selon deux angles); L'autre est
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Ornstein-Zernike (OZ) moléculaire dans
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beaucoup plus rapide que le précédent. Les
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Abstract : Solvation properties play an
important role in chemical and bio-chemical
issues. The molecular density functional theory
(MDFT) is one of the frontier numerical
methods to evaluate these properties, in which
the solvation free energy functional is
minimized for an arbitrary solute in a periodic
cubic solvent box. In this thesis, we work on
the evaluation of the excess term of the free
energy functional under the homogeneous
reference fluid (HRF) approximation, which is
equivalent to hypernetted-chain (HNC)
approximation in integral equation theory. Two
algorithms are proposed: the first one is an
extension of a previously implemented

algorithm, which makes it possible to handle
full 3D molecular solvent (depending on three
Euler angles) instead of linear solvent
(depending on two angles); the other one is a
new algorithm that integrates the molecular
Ornstein-Zernike (OZ) equation treatment of
angular convolution into MDFT, which in fact
expands the solvent density and the functional
gradient on generalized spherical harmonics
(GSHs). It is shown that the new algorithm is
much more rapid than the previous one. Both
algorithms are suitable for arbitrary three-
dimensional solute in liquid water, and are able
to predict the solvation free energy and
structure of ions and molecules.
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