
HAL Id: tel-01561802
https://theses.hal.science/tel-01561802

Submitted on 13 Jul 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Semantics of Strategy Logic
Patrick Gardy

To cite this version:
Patrick Gardy. Semantics of Strategy Logic. Computer science. Université Paris Saclay (COmUE),
2017. English. �NNT : 2017SACLN022�. �tel-01561802�

https://theses.hal.science/tel-01561802
https://hal.archives-ouvertes.fr


◆◆❚✿ ✷✵✶✼❙❆❈▲◆✵✷✷

❚❤ès❡ ❞❡ ❉♦❝t♦r❛t
❞❡ ❧✬❯♥✐✈❡rs✐té P❛r✐s✲❙❛❝❧❛②

♣ré♣❛ré❡ à ❧✬➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡
❞❡ ❈❛❝❤❛♥ ✭➱❝♦❧❡ ♥♦r♠❛❧❡ s✉♣ér✐❡✉r❡ P❛r✐s✲❙❛❝❧❛②✮

➱❝♦❧❡ ❉♦❝t♦r❛❧❡ ◆◦✺✽✵
❙❝✐❡♥❝❡s ❡t t❡❝❤♥♦❧♦❣✐❡s ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❡t ❞❡ ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥

❙♣é❝✐❛❧✐té✿ ✐♥❢♦r♠❛t✐q✉❡

♣❛r✿

P❛tr✐❝❦ ●❛r❞②

❙❡♠❛♥t✐❝s ♦❢ ❙tr❛t❡❣② ▲♦❣✐❝

❚❤ès❡ ♣rés❡♥té❡ ❡t s♦✉t❡♥✉❡ à ❈❛❝❤❛♥✱ ❧❡ ✶✷ ❏✉✐♥ ✷✵✶✼ ❞❡✈❛♥t ❧❡ ❥✉r② ❝♦♠♣♦sé ❞❡ ✿

❋r❛♥❝❡s❝♦ ❇❊▲❆❘❉■◆❊▲▲■ ▼❛îtr❡ ❞❡ ❝♦♥❢ér❡♥❝❡s ❊①❛♠✐♥❛t❡✉r
❯♥✐✈❡rs✐té ❊✈r②✲❱❛❧✲❞✬❊ss♦♥♥❡

P❛tr✐❝✐❛ ❇❖❯❨❊❘ ❉✐r❡❝tr✐❝❡ ❞❡ r❡❝❤❡r❝❤❡ ❈♦✲❉✐r❡❝tr✐❝❡ ❞❡ t❤ès❡
❈◆❘❙

❚❤♦♠❛s ❇❘■❍❆❨❊ ❈❤❛r❣é ❞❡ ❝♦✉rs ❘❛♣♣♦rt❡✉r
❯♥✐✈❡rs✐té ❞❡ ▼♦♥s

❈➔t➔❧✐♥ ❉■▼❆ Pr♦❢❡ss❡✉r ❊①❛♠✐♥❛t❡✉r
❯♥✐✈❡rs✐té P❛r✐s✲❊st ❈rét❡✐❧

◆✐❝♦❧❛s ▼❆❘❑❊❨ ❉✐r❡❝t❡✉r ❞❡ r❡❝❤❡r❝❤❡ ❈♦✲❞✐r❡❝t❡✉r ❞❡ t❤ès❡
❈◆❘❙

❆♥✐❡❧❧♦ ▼❯❘❆◆❖ ❆ss♦❝✐❛t❡ Pr♦❢❡ss♦r ❘❛♣♣♦rt❡✉r
❯♥✐✈❡rs✐tà ❞✐ ◆❛♣♦❧✐ ❋❡❞❡r✐❝♦ ■■

❙♦♣❤✐❡ P■◆❈❍■◆❆❚ Pr♦❢❡ss❡✉r ❊①❛♠✐♥❛t❡✉r
✭♣rés✐❞❡♥t❡ ❞✉ ❥✉r②✮ ❯♥✐✈❡rs✐té ❘❡♥♥❡s ■

❲♦r❦ s✉♣♣♦rt❡❞ ❜② t❤❡ ❊❘❈ ♣r♦❥❡❝t ❊◗✉❛❧■❙
❞♦♥❡ ❛s ❛ P❤❉ st✉❞❡♥t ❢♦r t❤❡ ❈◆❘❙
✐♥ t❤❡ ▲❛❜♦r❛t♦✐r❡ ❙♣é❝✐✜❝❛t✐♦♥ ❡t ❱ér✐✜❝❛t✐♦♥✱ ❯▼❘ ✽✻✹✸ ❞✉ ❈◆❘❙



✷



❈♦♥t❡♥ts

■♥tr♦❞✉❝t✐♦♥ ✼

■ ❙tr❛t❡❣② ▲♦❣✐❝ ✶✺

✶ ❙t❛t❡ ♦❢ t❤❡ ❛rt ✶✼
✶✳✶ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ❝❧♦s❡❞ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✶✳✶ ω✲r❡❣✉❧❛r ❛✉t♦♠❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✶✳✶✳✷ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ♦♥ tr❛♥s✐t✐♦♥ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✷ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ♦♣❡♥ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✷✳✶ ▼✉❧t✐✲❛❣❡♥ts ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✷✳✷ ❋♦r♠❛❧✐s♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✸ ❈♦♠♠✐t♠❡♥t ✐ss✉❡s ✐♥ ♠✉❧t✐✲❛❣❡♥ts ❧♦❣✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✶✳✹ ❘❡✈♦❝❛t✐♦♥ ✐ss✉❡s ✐♥ ♠✉❧t✐✲❛❣❡♥ts ❧♦❣✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✶✳✺ ❙tr❛t❡❣② ▲♦❣✐❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✺✳✶ ❙tr❛t❡❣② tr❛♥s❧❛t✐♦♥s✱ ✈❛❧✉❛t✐♦♥s ❛♥❞ ✈❛❧✉❛t✐♦♥s tr❛♥s❧❛t✐♦♥s ✳ ✳ ✳ ✸✸
✶✳✺✳✷ ❙tr❛t❡❣② ▲♦❣✐❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✶✳✺✳✸ ❚❤❡ ♥❡st❡❞ ❛♥❞ ❜♦♦❧❡❛♥ ❣♦❛❧ ❢r❛❣♠❡♥ts ❙▲❬◆●❪ ❛♥❞ ❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✸✻
✶✳✺✳✹ ❊①❛♠♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✶✳✺✳✺ ❊①♣r❡ss✐✈❡♥❡ss ♦❢ ❙▲ ❢r❛❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✻ ❙✉♠♠❛r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷ ❈♦♠♣❧❡①✐t② ♦❢ ❙▲ ✹✶
✷✳✶ ❙▲ ✉♣♣❡r ❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✷✳✷ ❉❛t❛ ❝♦♠♣❧❡①✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✷✳✸ ❆ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✸✳✶ ❙▲ ❧♦✇❡r ❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✷✳✸✳✷ ❙▲❬❇●❪ ❧♦✇❡r ❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✷✳❆ ❆♥♥❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸ ❋❧♦❛t✐♥❣ str❛t❡❣② ❧♦❣✐❝ ✻✶
✸✳✶ ❉❡✜♥✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✸✳✷ ❯♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❙▲❬◆●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✸✳✸ ❉❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❘✲❋❙▲❬◆●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸



✸✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹ ◗✉❛♥t✐t❛t✐✈❡ ❙tr❛t❡❣② ▲♦❣✐❝ ✽✶
✹✳✶ ❲✐t❤ ❝♦✉♥t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✹✳✶✳✶ ❆❞❞✐♥❣ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts t♦ ❙▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
✹✳✶✳✷ P❡r✐♦❞✐❝✐t② ♦❢ ✶❝❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✹✳✶✳✸ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✶❝❙▲❬❇●❪✿ ▼❙❖(ωω, <) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✹✳✷ ❲✐t❤ ❡♥❡r❣✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
✹✳✷✳✶ ❆❞❞✐♥❣ ❡♥❡r❣② ❝♦♥str❛✐♥ts t♦ ❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
✹✳✷✳✷ ▼♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ ❡❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✹✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✹✳❆ ❆♥♥❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

■■ ❚❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠ ✐♥ ❙▲❬❇●❪ ✶✵✾

✺ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠ ✶✶✶
✺✳✶ ❆ ♣❛rt✐❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✺✳✷ ❋♦r♠❛❧ ❢r❛♠❡✇♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✺✳✷✳✶ ▼❛♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✺✳✷✳✷ ❙❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✷✳✸ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ❜♦t❤ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡ ❄ ✳ ✶✶✼
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✺✳✺✳✶ M(S, ∅) ❛♥❞M(∅, ∅) ❝♦✐♥❝✐❞❡ ♦♥ ❙▲❬❈●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺
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✻ ❯♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ✶✸✺
✻✳✶ ❊①t❡♥❞✐♥❣ t❤❡ ❝✉rr❡♥t ❢r❛♠❡✇♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻
✻✳✷ ❚❤❡ ♥❡❣❛t✐♦♥ ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

✻✳✷✳✶ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ❜♦t❤ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡ ❄ ✳ ✶✹✵
✻✳✷✳✷ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ❜♦t❤ ❢❛✐❧ t♦ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡ ❄ ✳ ✳ ✳ ✶✹✸
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✻✳❈ ❆♥♥❡① ❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

✼ ❚❤❡ ❙▲❬❊●❪ ❢r❛❣♠❡♥t ✶✻✶
✼✳✶ ❙❡♠✐✲st❛❜❧❡ s❡ts ❛♥❞ ❙▲❬❊●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
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❈♦♥❝❧✉s✐♦♥ ✶✽✼

❇✐❜❧✐♦❣r❛♣❤② ✶✾✶

■♥❞❡① ✶✾✻

●❧♦ss❛r② ✶✾✾

❘és✉♠é ❙✉❜st❡♥t✐❡❧ ✭s❤♦rt s✉♠♠❛r② ✐♥ ❢r❡♥❝❤✮ ✷✵✸

✺



✻



■♥tr♦❞✉❝t✐♦♥

❆✉t♦♠❛t❡❞ ✈❡r✐✜❝❛t✐♦♥ ❛♥❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣

❈♦♠♣✉t❡r✐s❡❞ ❛♥❞ ❡❧❡❝tr♦♥✐❝ s②st❡♠s ❛r❡ ♥♦✇ ♣❛rt ♦❢ ♦✉r ❡✈❡r② ❞❛② ❧✐❢❡✿ ❛❞♠✐♥✐str❛t✐♦♥✱
❝♦♠♠❡r❝❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❡❞✉❝❛t✐♦♥✱ ❡♥❡r❣②✱ ❤❡❛❧t❤✱ ♠❡❞✐❛ ♦r tr❛♥s♣♦rt❛t✐♦♥✳ ❚❤❡ ❡✈❡r
✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s ❣♦❡s ✐♥ ♣❛✐r ✇✐t❤ ❛♥ ❡✈❡r ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢
❝❤❛❧❧❡♥❣❡s✳ ❆♠♦♥❣ t❤❡ ♠♦st ❢❛♠♦✉s ♦♥❡s ✇❡ ✜♥❞ ❝r②♣t♦❣r❛♣❤②✱ ♣r✐✈❛❝②✱ ❜✉❣s ❛♥❞ ❞❡s✐❣♥
✢❛✇s✳ ❊rr♦rs ✐♥ ❝r✐t✐❝❛❧ s②st❡♠s ✭s✉❝❤ ❛s ✐♥ ❛❡r♦♥❛✉t✐❝✱ ❜❛♥❦✐♥❣✱ ❡♥❡r❣②✱ ❤❡❛❧t❤ ❛♥❞
✇❡❛♣♦♥r②✮ ❤❛✈❡ ❛ ❤❡❛✈② ❤✉♠❛♥ ♦r ❡❝♦♥♦♠✐❝ ❝♦st ❛♥❞ ❡✈❡r② ♥❡✇ ♦♥❡ ❤❛s ♠❛❞❡ s♦❢t✇❛r❡
✈❡r✐✜❝❛t✐♦♥ ♠♦r❡ ❛♥❞ ♠♦r❡ ❡ss❡♥t✐❛❧✳ ❆♠♦♥❣ ❤✉♥❞r❡❞s ♦❢ ❢❛✉❧t② s♦❢t✇❛r❡s ✇❡ ❤✐❣❤❧✐❣❤t
❢♦✉r✿

• ❚❤❡ ❚❤❡r❛❝✲✷✺ ❛❝❝✐❞❡♥t ✇❛s ❛♠♦♥❣ t❤❡ ✜rst ❢❛✐❧✉r❡s t♦ ❣❛✐♥ ♣✉❜❧✐❝ ❛tt❡♥t✐♦♥✳ ❚❤❡r❛❝✲
✷✺ ✇❛s ❛ r❛❞✐❛t✐♦♥ t❤❡r❛♣② ♠❛❝❤✐♥❡ ✉s❡❞ ✐♥ t❤❡ ✶✾✽✵✬s t♦ tr❡❛t ❝❛♥❝❡r ✐♥ ❈❛♥❛❞❛
❛♥❞ t❤❡ ❯❙❆✳ ❇❡t✇❡❡♥ ✶✾✽✺ ❛♥❞ ✶✾✽✼✱ ❛ ♣r♦❣r❛♠♠✐♥❣ ❡rr♦r ❝❛✉s❡❞ ♠✉❧t✐♣❧❡ ♣❛✲
t✐❡♥ts t♦ r❡❝❡✐✈❡ ♠❛ss✐✈❡ ♦✈❡r❞♦s❡ ♦❢ r❛❞✐❛t✐♦♥✳ ❚❤❡s❡ ♦✈❡r❞♦s❡s r❡s✉❧t❡❞ ✐♥ ♠✉❧t✐♣❧❡
❞❡❛t❤s ❛♥❞ ❛ ❞❡❣r❛❞❛t✐♦♥ ♦❢ s♦♠❡ ♣❛t✐❡♥ts✬ ❝♦♥❞✐t✐♦♥✳ ▲❡✈❡s♦♥ ❛♥❞ ❚✉r♥❡r ❞❡t❛✐❧
t❤❡✐r ✜♥❞✐♥❣ ❛❜♦✉t t❤❡ ✐♥❝✐❞❡♥t ✐♥ ❬✸✷❪✳

• ❆r✐❛♥❡ ✺ ✇❛s ❛ r♦❝❦❡t ❧❛✉♥❝❤❡r ❞❡✈❡❧♦♣❡❞ ❜② t❤❡ ❊❙❆ ✭❊✉r♦♣❡❛♥ ❙♣❛❝❡ ❆❣❡♥❝②✮✳
❉✉r✐♥❣ ✐ts ✜rst t❡st ✢✐❣❤t ✐♥ ✶✾✾✻✱ t❤❡ r♦❝❦❡t ✇❛s ♣r❡♠❛t✉r❡❧② t❡r♠✐♥❛t❡❞ ❞✉❡ t♦ ❛♥
✐♥t❡❣❡r✲♦✈❡r✢♦✇ ❡rr♦r✳ ❚❤❡ ❈◆❊❙ ❝♦♠♠✐ss✐♦♥ ❝❤❛r❣❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❝❝✐❞❡♥t
♠❛❞❡ t❤❡✐r ❝♦♥❝❧✉s✐♦♥ ❛✈❛✐❧❛❜❧❡ ❬✸✹❪✱ ✇❡ q✉♦t❡ ✐ts ❝♦♥❝❧✉s✐♦♥✳

❚❤❡ ❢❛✐❧✉r❡ ♦❢ t❤❡ ❆r✐❛♥❡ ✺✵✶ ✇❛s ❝❛✉s❡❞ ❜② t❤❡ ❝♦♠♣❧❡t❡ ❧♦ss ♦❢ ❣✉✐❞❛♥❝❡
❛♥❞ ❛❧t✐t✉❞❡ ✐♥❢♦r♠❛t✐♦♥ ✸✼ s❡❝♦♥❞s ❛❢t❡r st❛rt ♦❢ t❤❡ ♠❛✐♥ ❡♥❣✐♥❡ ✐❣♥✐t✐♦♥
s❡q✉❡♥❝❡ ✭✸✵ s❡❝♦♥❞s ❛❢t❡r ❧✐❢t✲♦✛✮✳ ❚❤✐s ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✇❛s ❞✉❡ t♦
s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❞❡s✐❣♥ ❡rr♦rs ✐♥ t❤❡ s♦❢t✇❛r❡ ♦❢ t❤❡ ✐♥❡rt✐❛❧ r❡❢❡r❡♥❝❡
s②st❡♠✳

❚❤❡ ❡①t❡♥s✐✈❡ r❡✈✐❡✇s ❛♥❞ t❡sts ❝❛rr✐❡❞ ♦✉t ❞✉r✐♥❣ t❤❡ ❆r✐❛♥❡ ✺ ❉❡✈❡❧✲
♦♣♠❡♥t Pr♦❣r❛♠ ❞✐❞ ♥♦t ✐♥❝❧✉❞❡ ❛❞❡q✉❛t❡ ❛♥❛❧②s✐s ❛♥❞ t❡st✐♥❣ ♦❢ t❤❡
✐♥❡rt✐❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦r ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ✢✐❣❤t ❝♦♥tr♦❧ s②st❡♠✱ ✇❤✐❝❤
❝♦✉❧❞ ❤❛✈❡ ❞❡t❡❝t❡❞ t❤❡ ♣♦t❡♥t✐❛❧ ❢❛✐❧✉r❡✳

❚❤❡② ❛❧s♦ s✉❣❣❡st t♦✿

✼



✽

❖r❣❛♥✐s❡✱ ❢♦r ❡❛❝❤ ✐t❡♠ ♦❢ ❡q✉✐♣♠❡♥t ✐♥❝♦r♣♦r❛t✐♥❣ s♦❢t✇❛r❡✱ ❛ s♣❡❝✐✜❝
s♦❢t✇❛r❡ q✉❛❧✐✜❝❛t✐♦♥ r❡✈✐❡✇✳ ❚❤❡ ■♥❞✉str✐❛❧ ❆r❝❤✐t❡❝t s❤❛❧❧ t❛❦❡ ♣❛rt ✐♥
t❤❡s❡ r❡✈✐❡✇s ❛♥❞ r❡♣♦rt ♦♥ ❝♦♠♣❧❡t❡ s②st❡♠ t❡st✐♥❣ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡
❡q✉✐♣♠❡♥t✳
. . .

❘❡✈✐❡✇ ❛❧❧ ✢✐❣❤t s♦❢t✇❛r❡ ✭✐♥❝❧✉❞✐♥❣ ❡♠❜❡❞❞❡❞ s♦❢t✇❛r❡✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✲
✉❧❛r ✿ ■❞❡♥t✐❢② ❛❧❧ ✐♠♣❧✐❝✐t ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ❜② t❤❡ ❝♦❞❡ ❛♥❞ ✐ts ❥✉st✐✜✲
❝❛t✐♦♥ ❞♦❝✉♠❡♥ts ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ q✉❛♥t✐t✐❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❡q✉✐♣♠❡♥t✳
❈❤❡❝❦ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛❣❛✐♥st t❤❡ r❡str✐❝t✐♦♥s ♦♥ ✉s❡ ♦❢ t❤❡ ❡q✉✐♣♠❡♥t✳
❱❡r✐❢② t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s t❛❦❡♥ ❜② ❛♥② ✐♥t❡r♥❛❧ ♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈❛r✐✲
❛❜❧❡s ✐♥ t❤❡ s♦❢t✇❛r❡✳ ❙♦❧✉t✐♦♥s t♦ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠s ✐♥ t❤❡ ♦♥✲❜♦❛r❞
❝♦♠♣✉t❡r s♦❢t✇❛r❡✱ ♣❛②✐♥❣ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ ♦♥✲❜♦❛r❞ ❝♦♠♣✉t❡r
s✇✐t❝❤ ♦✈❡r✱ s❤❛❧❧ ❜❡ ♣r♦♣♦s❡❞ ❜② t❤❡ ♣r♦❥❡❝t t❡❛♠ ❛♥❞ r❡✈✐❡✇❡❞ ❜② ❛
❣r♦✉♣ ♦❢ ❡①t❡r♥❛❧ ❡①♣❡rts✱ ✇❤♦ s❤❛❧❧ r❡♣♦rt t♦ t❤❡ ♦♥✲❜♦❛r❞ ❝♦♠♣✉t❡r
◗✉❛❧✐✜❝❛t✐♦♥ ❇♦❛r❞✳
. . .

❙❡t ✉♣ ❛ t❡❛♠ t❤❛t ✇✐❧❧ ♣r❡♣❛r❡ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r q✉❛❧✐❢②✐♥❣ s♦❢t✇❛r❡✱
♣r♦♣♦s❡ str✐♥❣❡♥t r✉❧❡s ❢♦r ❝♦♥✜r♠✐♥❣ s✉❝❤ q✉❛❧✐✜❝❛t✐♦♥✱ ❛♥❞ ❛s❝❡rt❛✐♥
t❤❛t s♣❡❝✐✜❝❛t✐♦♥✱ ✈❡r✐✜❝❛t✐♦♥ ❛♥❞ t❡st✐♥❣ ♦❢ s♦❢t✇❛r❡ ❛r❡ ♦❢ ❛ ❝♦♥s✐st❡♥t❧②
❤✐❣❤ q✉❛❧✐t② ✐♥ t❤❡ ❆r✐❛♥❡ ✺ ♣r♦❣r❛♠✳ ■♥❝❧✉❞✐♥❣ ❡①t❡r♥❛❧ ❘❆▼❙ ❬❡❞✐t♦r✬s
♥♦t❡✿ ❘❡❧✐❛❜✐❧✐t②✱ ❆✈❛✐❧❛❜✐❧✐t②✱ ▼❛✐♥t❛✐♥❛❜✐❧✐t② ❛♥❞ ❙❛❢❡t②❪ ❡①♣❡rts ✐s t♦
❜❡ ❝♦♥s✐❞❡r❡❞✳

• ■♥ ✷✵✵✹ ❛ ❜❧❛❝❦♦✉t ♦❝❝✉rs ♦♥ ♥♦rt❤✲❡❛st r❡❣✐♦♥s ♦❢ t❤❡ ♥♦rt❤ ❛♠❡r✐❝❛♥ s✉❜✲❝♦♥t✐♥❡♥t✳
❆ s✐♠♣❧❡ ❜❧❛❝❦♦✉t ❝❛s❝❛❞❡❞ ✐♥t♦ ❛ ♠❛ss✐✈❡ ❛♥❞ ❣❡♥❡r❛❧✐s❡❞ ♣♦✇❡r ♦✉t❛❣❡ ❞✉❡ t♦ ❛
s♦❢t✇❛r❡ ❜✉❣ ✐♥ t❤❡ ❛❧❛r♠ s②st❡♠✳ ❚❤❡ ❯❙❆✲❈❛♥❛❞❛ ♣♦✇❡r s②st❡♠ ♦✉t❛❣❡ t❛s❦
❢♦r❝❡ ✐♥ ✐ts ♦✣❝✐❛❧ r❡♣♦rt ❬✷✷❪ ❞r❛✇s t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡❝♦♠♠❡♥❞❛t✐♦♥s✳

❉❡✈❡❧♦♣ ❛♥❞ ❞❡♣❧♦② ■❚ ♠❛♥❛❣❡♠❡♥t ♣r♦❝❡❞✉r❡s✿ ❈❆s✬ ❛♥❞ ❘❈s✬ ■❚ ❛♥❞
❊▼❙ s✉♣♣♦rt ♣❡rs♦♥♥❡❧ s❤♦✉❧❞ ❞❡✈❡❧♦♣ ♣r♦❝❡❞✉r❡s ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t✱
t❡st✐♥❣✱ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❡❝❤♥♦❧♦❣② r❡❧❛t❡❞ t♦ ❊▼❙
❛✉t♦♠❛t✐♦♥ s②st❡♠s ❛♥❞ ❛❧s♦ ❞❡✜♥❡ ❛♥❞ ❝♦♠♠✉♥✐❝❛t❡ ✐♥❢♦r♠❛t✐♦♥ s❡❝✉✲
r✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ r❡q✉✐r❡♠❡♥ts t♦ ✈❡♥❞♦rs ♦♥ ❛ ❝♦♥t✐♥✉✐♥❣ ❜❛s✐s
. . .

■♠♣❧❡♠❡♥t ❝♦♥tr♦❧s t♦ ♠❛♥❛❣❡ s②st❡♠ ❤❡❛❧t❤✱ ♥❡t✇♦r❦ ♠♦♥✐t♦r✐♥❣✱ ❛♥❞
✐♥❝✐❞❡♥t ♠❛♥❛❣❡♠❡♥t✿ ■❚ ❛♥❞ ❊▼❙ s✉♣♣♦rt ♣❡rs♦♥♥❡❧ s❤♦✉❧❞ ✐♠♣❧❡♠❡♥t
t❡❝❤♥✐❝❛❧ ❝♦♥tr♦❧s t♦ ❞❡t❡❝t✱ r❡s♣♦♥❞ t♦✱ ❛♥❞ r❡❝♦✈❡r ❢r♦♠ s②st❡♠ ❛♥❞
♥❡t✇♦r❦ ♣r♦❜❧❡♠s✳ ●r✐❞ ♦♣❡r❛t♦rs✱ ❞✐s♣❛t❝❤❡rs✱ ❛♥❞ ■❚ ❛♥❞ ❊▼❙ s✉♣♣♦rt
♣❡rs♦♥♥❡❧ s❤♦✉❧❞ ❜❡ ♣r♦✈✐❞❡❞ t❤❡ t♦♦❧s ❛♥❞ tr❛✐♥✐♥❣ t♦ ❡♥s✉r❡ t❤❛t t❤❡
❤❡❛❧t❤ ♦❢ ■❚ s②st❡♠s ✐s ♠♦♥✐t♦r❡❞ ❛♥❞ ♠❛✐♥t❛✐♥❡❞✳

❚❤❡ ✇✐s❤ ❢♦r ❜❡tt❡r r❡❧✐❛❜✐❧✐t② ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ♦♥❡ ♦❢ t❤❡✐r ✐♥st✐t✉t✐♦♥❛❧ r❡❝♦♠✲
♠❡♥❞❛t✐♦♥s✿

❉❖❊ ❬❡❞✐t♦r✬s ♥♦t❡✿ ❯✳❙✳❆ ❉❡♣❛rt♠❡♥t ♦❢ ❊♥❡r❣②❪ s❤♦✉❧❞ ❡①♣❛♥❞ ✐ts



✾

r❡s❡❛r❝❤ ❛❣❡♥❞❛✱ ❛♥❞ ❝♦♥s✉❧t ❢r❡q✉❡♥t❧② ✇✐t❤ ❈♦♥❣r❡ss✱ ❋❊❘❈✱ ◆❊❘❈✱
st❛t❡ r❡❣✉❧❛t♦rs✱ ❈❛♥❛❞✐❛♥ ❛✉t❤♦r✐t✐❡s✱ ✉♥✐✈❡rs✐t✐❡s✱ ❛♥❞ t❤❡ ✐♥❞✉str② ✐♥
♣❧❛♥♥✐♥❣ ❛♥❞ ❡①❡❝✉t✐♥❣ t❤✐s ❛❣❡♥❞❛✳
. . .

▼♦r❡ ✐♥✈❡st♠❡♥t ✐♥ r❡s❡❛r❝❤ ✐s ♥❡❡❞❡❞ t♦ ✐♠♣r♦✈❡ ❣r✐❞ r❡❧✐❛❜✐❧✐t②✱ ✇✐t❤ ♣❛r✲
t✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ ✐♠♣r♦✈✐♥❣ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ t♦♦❧s ❢♦r s②st❡♠ ♠♦♥✲
✐t♦r✐♥❣ ❛♥❞ ♠❛♥❛❣❡♠❡♥t✳ ❘❡s❡❛r❝❤ ♦♥ r❡❧✐❛❜✐❧✐t② ✐ss✉❡s ❛♥❞ r❡❧✐❛❜✐❧✐t②✲
r❡❧❛t❡❞ t❡❝❤♥♦❧♦❣✐❡s ❤❛s ❛ ❧❛r❣❡ ♣✉❜❧✐❝✲✐♥t❡r❡st ❝♦♠♣♦♥❡♥t✱ ❛♥❞ ❣♦✈❡r♥✲
♠❡♥t s✉♣♣♦rt ✐s ❝r✉❝✐❛❧✳
. . . ✳
❙t✉❞② ♦❢ ❛✐r tr❛✣❝ ❝♦♥tr♦❧✱ t❤❡ ❛✐r❧✐♥❡ ✐♥❞✉str②✱ ❛♥❞ ♦t❤❡r r❡❧❡✈❛♥t ✐♥✲
❞✉str✐❡s ❢♦r ♣r❛❝t✐❝❡s ❛♥❞ ✐❞❡❛s t❤❛t ❝♦✉❧❞ r❡❞✉❝❡ t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ t❤❡
❡❧❡❝tr✐❝✐t② ✐♥❞✉str② ❛♥❞ ✐ts r❡❧✐❛❜✐❧✐t② ♠❛♥❛❣❡rs t♦ ❤✉♠❛♥ ❡rr♦r✳

❚❤❡ ♠❡♥t✐♦♥ ♦❢ t❤❡ ❛✐r tr❛✣❝ ❝♦♥tr♦❧ ❛♥❞ ❛✐r❧✐♥❡ ✐♥❞✉str② ✐s ♥♦t ✇✐t❤♦✉t ✐♠♣♦rt❛♥❝❡✳
❆❡r♦♥❛✉t✐❝s ❛♥❞ s♣❛❝❡ r❡❧❛t❡❞ ✐♥❞✉str✐❡s ❤❛✈❡ ❜❡❡♥ t❤❡ ❧❡❛❞✐♥❣ ❢♦r❝❡ ✐♥ r❡s❡❛r❝❤ ♦♥
s♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥ ❢♦r ♠❛♥② ②❡❛rs✳ ❚❤❡ ❥♦✐♥t t❛s❦ ❢♦r❝❡ ❜❡❧✐❡✈❡s r❡s✉❧ts ❞❡✈❡❧✲
♦♣❡❞ ❢♦r ❛❡r♦♥❛✉t✐❝s ♠❛② tr❛♥s❢❡r t♦ t❤❡ ❡♥❡r❣② s❡❝t♦r✱ ❛♥ ♦♣✐♥✐♦♥ s❤❛r❡❞ ❜② ♠♦st
♣❡♦♣❧❡ ✐♥ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♠♠✉♥✐t② t❤❛t ❧❡❛❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ q✉❛♥t✐t❛t✐✈❡
✈❡r✐✜❝❛t✐♦♥ ❛t t❤❡ t✉r♥ ♦❢ t❤❡ ♥❡✇ ♠✐❧❧❡♥♥✐✉♠✳

• ❲❡ ✜♥✐s❤ ♦♥ ❛ ♠♦r❡ r❡❝❡♥t ❝❛s❡✿ t❤❡ ❊①♦▼❛rs ❙❝❤✐❛♣❛r❡❧❧✐✳ ❙❝❤✐❛♣❛r❡❧❧✐ ❊❉▼
❧❛♥❞❡r ✇❛s ❛ s♦♥❞❡ ✐♥ t❤❡ ❊①♦▼❛rs ♠✐ss✐♦♥ ♦❢ t❤❡ ❊❙❆ ✭❊✉r♦♣❡❛♥ ❙♣❛❝❡ ❆❣❡♥❝②✮
❛♥❞ ❘❖❙❈❖❙▼❖❙ ✭❘✉ss✐❛♥ ❙♣❛❝❡ Pr♦❣r❛♠♠✮✳ ❚❤❡ s♦♥❞❡ ✇❛s s✉♣♣♦s❡❞ t♦ ❧❛♥❞
✐♥ ❛ ♣❧❛✐♥ ♦❢ ▼❛rs ♦♥ ✶✾ ❖❝t♦❜❡r ✷✵✶✻✳ ❙❝❤✐❛♣❛r❡❧❧✐ ❤♦✇❡✈❡r ❝r❛s❤❡❞ ♦♥ t❤❡ s✉r❢❛❝❡
♦❢ ▼❛rs ❞✉❡ t♦ ❛ s♦❢t✇❛r❡ ♠❛❧❢✉♥❝t✐♦♥✳ ❚❤❡ ❢✉❧❧ ✐♥✈❡st✐❣❛t✐♦♥ ✇✐❧❧ ❜❡ ❝♦♥❞✉❝t❡❞
❡❛r❧② ✷✵✶✼ ❜✉t ❛ ♣r❡❧✐♠✐♥❛r② r❡♣♦rt ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ■♥❡rt✐❛❧ ▼❡❛s✉r❡♠❡♥t ❯♥✐t
✭■▼❯✮ ✇♦r❦❡❞ ❛ s❡❝♦♥❞ ❧♦♥❣❡r t❤❛♥ ❡①♣❡❝t❡❞✳ ❲❤❡♥ ♠❡r❣❡❞ ✐♥t♦ t❤❡ s②st❡♠✱ t❤❡
❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥s ♠❛❞❡ ❙❝❤✐❛♣❛r❡❧❧✐ ❜❡❧✐❡✈❡ ✐ts ❛❧t✐t✉❞❡ ✇❛s ♥❡❣❛t✐✈❡ ✇❤✐❝❤
t❤❡♥ ❝❛✉s❡❞ ❛♥ ❡❛r❧② r❡❧❡❛s❡ ♦❢ t❤❡ ♣❛r❛❝❤✉t❡✳

❈❤❡❝❦✐♥❣ ❢♦r ❜✉❣s ❛♥❞ ✉♥✇❛♥t❡❞ ❜❡❤❛✈✐♦✉r ✐s ✉s✉❛❧❧② ❞♦♥❡ ✐♥ ♦♥❡ ♦❢ t❤r❡❡ ✇❛②s✿
t❡st✐♥❣ ❢♦r ❡rr♦r ✭❜② ❣❡♥❡r❛t✐♥❣ ❛♥ ❛❞❡q✉❛t❡ ❜❛tt❡r② ♦❢ t❡sts t♦ r✉♥ ♦♥ t❤❡ s♦❢t✇❛r❡✮✱
❝❤❡❝❦✐♥❣ ❢♦r ♣r♦♦❢ ♦❢ ❝♦rr❡❝t♥❡ss ✭✜♥❞✐♥❣ ❛ ❢♦r♠❛❧✴♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ t❤❛t t❤❡r❡ ❝❛♥♥♦t
❜❡ ❡rr♦rs ✇✐t❤✐♥ t❤❡ s♦❢t✇❛r❡✬s ❝♦❞❡✮ ❛♥❞ ❡①♣❧♦r✐♥❣ ❛❧❧ t❤❡ ♣♦t❡♥t✐❛❧ ❡①❡❝✉t✐♦♥s ♦❢ t❤❡
s②st❡♠✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❡①❝❧✉s✐✈❡❧② ❢♦❝✉s ♦♥ t❤❡ ❧❛tt❡r t❡❝❤♥✐q✉❡✳

❈❤❡❝❦✐♥❣ ❢♦r ❛ ♣r♦♦❢ ♦❢ ❝♦rr❡❝t ❜❡❤❛✈✐♦✉r t❤r♦✉❣❤ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛❧❧ ♣♦t❡♥t✐❛❧
❡①❡❝✉t✐♦♥s ❝❛♥ ✉s✉❛❧❧② ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t✇♦ q✉❡st✐♦♥s✿ ✏❍♦✇ ❞♦ ■ ✇❛♥t ♠② s②st❡♠ t♦
❜❡❤❛✈❡ ❄✑ ✭s♣❡❝✐✜❝❛t✐♦♥✮ ❛♥❞ ✏❉♦❡s ♠② s②st❡♠ ❜❡❤❛✈❡ ❛s ❡①♣❡❝t❡❞❄✑ ✭♠♦❞❡❧ ❝❤❡❝❦✐♥❣✮✳
❚❤✐s t✇♦✲st❡♣ ♠❡t❤♦❞ ❡✈✐❞❡♥t❧② r❡q✉✐r❡s ❛ ❝♦♠♠♦♥ ❢r❛♠❡✇♦r❦ ❛❜❧❡ t♦ ❤❛♥❞❧❡ ♠✉❧t✐♣❧❡
♣r♦❜❧❡♠s ❛t ♦♥❝❡ ❛♥❞ r❡s✉❧t❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥✿ ♠❡t❤♦❞s ✇♦r❦✲
✐♥❣ ❢♦r ❝❧❛ss❡s ♦❢ s②st❡♠s ❛♥❞ s❡t ♦❢ ♣r♦♣❡rt✐❡s r❡s♣❡❝t✐♥❣ ❛ ♣r❡❞❡t❡r♠✐♥❡❞ ❢♦r♠❛❧✐s♠✳
❈❤❡❝❦✐♥❣ ❢♦r ❛ ❣✐✈❡♥ ♣r♦♣❡rt② t♦ ❤♦❧❞ ♦♥ ❛ ❣✐✈❡♥ s②st❡♠ ❝❛♥ t❤❡♥ ❜❡ ❞♦♥❡ ❜②✿

✶✳ ❙♣❡❝✐❢②✐♥❣ t❤❡ s②st❡♠ ✐♥ ❛ ♠♦❞❡❧ ✭❛ ❢♦r♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✮✳
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❙②st❡♠ Pr♦♣❡rt②

❛

❜
❝

❞

❡
▼♦❞❡❧

❋ (a ∧● b) ∨ c❯ a

❋♦r♠✉❧❛

❘❡s✉❧t

▼♦❞❡❧ ❛❜str❛❝t✐♦♥ ▲♦❣✐❝❛❧ ❛❜str❛❝t✐♦♥

❈❤❡❝❦✐♥❣ ♣r♦❝❡❞✉r❡

❋✐❣✉r❡ ✶✿ ▼♦❞❡❧ ❝❤❡❝❦✐♥❣

✷✳ ❙♣❡❝✐❢②✐♥❣ t❤❡ ♣r♦♣❡rt② ✐♥ ❛ ❦♥♦✇♥ ❢♦r♠❛❧✐s♠ ✭❛ ❝♦♥❞✐t✐♦♥ t♦ ✈❛❧✐❞❛t❡ ♦r ❞✐s❛♣♣r♦✈❡
❛♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✮✳

✸✳ ❈❤❡❝❦✐♥❣ t❤❡ ♣r♦♣❡rt② ❡①♣r❡ss❡❞ ❛❞❡q✉❛t❡❧② ✐♥ t❤❡ ❝❤♦s❡♥ ❢♦r♠❛❧✐s♠ ♦♥t♦ t❤❡
♠♦❞❡❧✳ ❲❡ ✜♥❞ ❤❡r❡ t❤❡ ✉s✉❛❧ q✉❡st✐♦♥s ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✳

✹✳ ❚r❛♥s♣♦s✐♥❣ t❤❡ ❛♥s✇❡r ❢r♦♠ t❤❡ ❢♦r♠❛❧ ♠❡t❤♦❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s st❡♣ t♦ ♦✉r s②st❡♠
❛♥❞ ♣r♦♣❡rt②✳

❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤❡ ✐❞❡❛✳ ❚❤❡ ♠♦❞❡❧ ❛❜str❛❝t✐♦♥ ♦♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ t❤❡ ✜❣✉r❡ r❡♣r❡s❡♥ts
t❤❡ ✜rst st❡♣✱ t❤❡ ❧♦❣✐❝❛❧ ❛❜str❛❝t✐♦♥ ♦♥ t❤❡ r✐❣❤t ♣❛rt ♠✐rr♦rs t❤❡ s❡❝♦♥❞ ♣♦✐♥t ❛♥❞ t❤❡
❝❤❡❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ❛t t❤❡ ❜♦tt♦♠ r❡♣r❡s❡♥ts t❤❡ ❧❛st t✇♦ st❡♣s✳

❙♣❡❝✐✜❝❛t✐♦♥s ❢♦r ❝❧♦s❡❞ s②st❡♠s

❆ ❝❧♦s❡❞ s②st❡♠ ✐s ❡✐t❤❡r ❛♥ ❡❧❡❝tr♦♥✐❝ ❝♦♠♣♦♥❡♥t ♦r ❛ s♦❢t✇❛r❡ t❤❛t ❞♦❡s ♥♦t r❡❝❡✐✈❡
♥♦r ❛❧t❡r ✐ts ❡♥✈✐r♦♥♠❡♥t ♣❛st t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❙✐♠♣❧❡ ❡①❛♠♣❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
♣r♦❣r❛♠s ❝❛❧❝✉❧❛t✐♥❣ st❛♥❞❛r❞ ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s✿ t❤❡ ♣r♦❣r❛♠ ❧♦♦❦s ❛t t❤❡ ❡♥tr②✱
❞♦❡s s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ r❡t✉r♥s t❤❡ r❡s✉❧t✳ ❇② ♦♣♣♦s✐t✐♦♥✱ ❛♥ ♦♣❡♥ s②st❡♠ ✐♥t❡r❛❝ts
❛♥❞ ✐s ✐♥✢✉❡♥❝❡❞ ❜② ✐ts ❡♥✈✐r♦♥♠❡♥t✳ ❆♥② ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡ ♠♦❞✐❢②✐♥❣ ✐ts ❜❡❤❛✈✐♦✉r ❜❛s❡❞
♦♥ t❤❡ s✉rr♦✉♥❞✐♥❣ ❛t♠♦s♣❤❡r✐❝ ❝♦♥❞✐t✐♦♥s ✐s✱ ❞❡ ❢❛❝t♦✱ ❛♥ ♦♣❡♥ s②st❡♠✳



✶✶

❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❝❧♦s❡❞ s②st❡♠s ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❧❛st ✜❢t② ②❡❛rs✳
◆✉♠❡r♦✉s ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ r❡♣r❡s❡♥t ❝❧♦s❡❞ s②st❡♠ ✐♥ ❛ ❢♦r♠❛❧ ✇❛②✿ ❣r❛♣❤s✱
tr❛♥s✐t✐♦♥ s②st❡♠s✱ P❡tr✐✲♥❡ts. . . ❀ s✐♠✐❧❛r❧②✱ ♠✉❧t✐♣❧❡ ❢♦r♠❛❧✐s♠s ❤❛✈❡ ❜❡❡♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❡❛❝❤ ♦❢ t❤❡s❡ ♠♦❞❡❧s✳ ❚♦ ❡①♣r❡ss ❝♦♠♣❧❡① ♣r♦♣❡rt✐❡s✱ r❡s❡❛r❝❤❡rs ♦❢t❡♥ r❡❧② ♦♥ ❧♦❣✐❝s ✿
❛ s❡t ♦❢ ♣r♦♣❡rt✐❡s t❤❛t ❝❛♥ ❛❧❧ ❜❡ ❜✉✐❧t ❜② ❢♦❧❧♦✇✐♥❣ s♦♠❡ ❝♦♠♠♦♥ r✉❧❡s✳ ❚❡♠♣♦r❛❧
❧♦❣✐❝s ❡①t❡♥❞ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝s ✇✐t❤ ♠♦❞❛❧✐t✐❡s ✐♥ ♦r❞❡r t♦ s♣❡❝✐❢② s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢
❡①❡❝✉t✐♦♥s ♦❢ t❤❡ ♣r♦❣r❛♠s✳ ❲✐t❤ t❡♠♣♦r❛❧ ❧♦❣✐❝s✱ ♦♥❡ ❝❛♥ ❡①♣r❡ss ♣r♦♣❡rt✐❡s ❧✐❦❡ t❤❡
♦♥❡ ♦❢ ❋✐❣✉r❡ ✷ ✭✇✐t❤ ❛♥ ❛❞❛♣t❡❞ s②♥t❛① t♦ ♠❛❦❡ t❤❡ ❢♦r♠✉❧❛ r❡❛❞❛❜❧❡✮✳

❊
1
( ❋ p

2
∧
3
● p′

4
)





❚❤❡r❡ ❡①✐sts ❛♥ ❡①❡❝✉t✐♦♥
1

t❤❛t ✇✐❧❧ ❡✈❡♥t✉❛❧❧② s❛t✐s❢② p
2

❛♥❞
3

t❤❛t✱ ❛t ❡✈❡r② st❡♣✱ s❛t✐s✜❡s p′
4

❋✐❣✉r❡ ✷✿ ❆ t❡♠♣♦r❛❧ ❢♦r♠✉❧❛ ❢♦r ❝❧♦s❡❞ s②st❡♠s✳

❋♦r♠✉❧❛s ❢♦r ❝❧♦s❡❞ s②st❡♠s ❛r❡ t♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ♦♥ tr❛♥s✐t✐♦♥ s②st❡♠s✱ ✐✳❡✳ ❞✐r❡❝t❡❞
❣r❛♣❤s ❧❛❜❡❧❧❡❞ ✇✐t❤ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤r❡❡
♥♦♥✲❞✐s❥♦✐♥t ❢❛♠✐❧✐❡s✿ ❜r❛♥❝❤✐♥❣ t✐♠❡ ❧♦❣✐❝s ✭s❡❡ ❈❚▲ ❬✶✻❪✮✱ ❧✐♥❡❛r t✐♠❡ ❧♦❣✐❝s ✭❧✐❦❡ ▲❚▲
❬✹✹❪✮ ❛♥❞ ✜①❡❞✲♣♦✐♥t ♠♦❞❛❧ ❧♦❣✐❝s ✭s✉❝❤ ❛s t❤❡ µ✲❝❛❧❝✉❧✉s ▲µ✱ s❡❡ ❬✺✼❪✮✳ ❚❤❡ ❧✐♥❡❛r t✐♠❡
❧♦❣✐❝s t❛r❣❡t ❛ s✐♥❣❧❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇❤✐❧❡ t❤❡ ❜r❛♥❝❤✐♥❣ t✐♠❡ ❧♦❣✐❝s ❢♦❝✉s ♦♥
♠✉❧t✐♣❧❡ ❡①❡❝✉t✐♦♥s ✇✐t❤✱ ✉s✉❛❧❧②✱ s✐♠♣❧❡r ♦❜❥❡❝t✐✈❡s✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠❜✐♥❡ ❜♦t❤
❛s♣❡❝ts ✭❛s ✐♥ ❈❚▲∗ ❬✶✻❪✮✳ ❚❤❡ ✜①❡❞✲♣♦✐♥t ♠♦❞❛❧ ❧♦❣✐❝s ❛r❡✱ ❛s t❤❡ ♥❛♠❡ s✉❣❣❡st✱ ❜❛s❡❞
♦♥ ✜①❡❞✲♣♦✐♥t ♦♣❡r❛t♦r✳

❙♣❡❝✐✜❝❛t✐♦♥ ❢♦r ♦♣❡♥ s②st❡♠s

❖♣❡♥ s②st❡♠s ❛r❡ s♦❢t✇❛r❡ ♦r ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s t❤❛t r❡❝❡✐✈❡ ✐♥❢♦r♠❛t✐♦♥s ❛♥❞ ✐♥t❡r❛❝t
✇✐t❤ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t✳ ■♥ ❝❧♦s❡❞ s②st❡♠s✱ ❢♦r♠✉❧❛s ❡①♣r❡ss ♣r♦♣❡rt✐❡s ♦❢ ♣❛t❤s ♦r s❡ts
♦❢ ♣❛t❤s ✭❢♦r ✐♥st❛♥❝❡✱ ♦♥❡ ❝❛♥ s❛② t❤❛t ❛❧❧ ❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r❡ s❛❢❡✮ ✳ ❲✐t❤
♠✉❧t✐♣❧❡ ❛❣❡♥ts✱ ❡❛❝❤ ❛❣❡♥t ❤❛s ❛ s♣❡❝✐✜❝ ❜❡❤❛✈✐♦✉r ✭♦r str❛t❡❣②✮ ❛♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ✐s
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛s❤✲✉♣ ♦❢ ❛❧❧ str❛t❡❣✐❡s✳ ❲❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❡♥✈✐r♦♥♠❡♥t ❜② ❛♥
❛❣❡♥t ♦❢ t❤❡ s②st❡♠✱ ✇❤♦s❡ ❜❡❤❛✈✐♦✉r ❝❛♥ ❜❡ ❡rr❛t✐❝✳ ▲♦❣✐❝s ❤❛✈❡ t❤❡♥ t♦ ✐♥t❡❣r❛t❡ t❤❡s❡
❛❣❡♥ts ✐♥ t❤❡✐r s②♥t❛①✳ ❲❡ ❣✐✈❡ ✐♥ ❋✐❣✉r❡ ✸ ❛♥ ❛❞❛♣t❛t✐♦♥ t♦ ♦♣❡♥ s②st❡♠s ♦❢ t❤❡ ❢♦r♠✉❧❛
❣✐✈❡♥ ✐♥ t❤❡ ❝❧♦s❡❞✲s②st❡♠ s❡❝t✐♦♥✱ C r❡♣r❡s❡♥ts ❛ ❝♦❛❧✐t✐♦♥✱ ✐✳❡✳ ❛ s❡t ♦❢ ❛❣❡♥ts✳

❆❧♠♦st ♥♦♥❡ ♦❢ t❤❡ ♠♦❞❡❧s ❢♦r ❝❧♦s❡❞ s②st❡♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ ♠♦❞❡❧ ♦♣❡♥ s②st❡♠s❀
s❡✈❡r❛❧ ❢♦r♠❛❧✐s♠s ❤❛✈❡ t❤❡r❡❢♦r❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡ ✉s✉❛❧ ♠♦❞❡❧s ❢♦r ♦♣❡♥ s②st❡♠s
❛r❡ t✉r♥✲❜❛s❡❞ ❛♥❞ ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡s✱ ❜♦t❤ ❛❞❛♣t❡❞ ❢r♦♠ tr❛♥s✐t✐♦♥ s②st❡♠s t♦
✐♥t❡❣r❛t❡ t❤❡ ♣♦ss✐❜❧❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❛❣❡♥ts✳ ❙✐♠✐❧❛r❧②✱ ♠❛♥② ❧♦❣✐❝ ❢♦r♠❛❧✐s♠s ✉s❡❞
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❚❤❡r❡ ❡①✐st str❛t❡❣✐❡s ❢♦r t❤❡ ❛❣❡♥ts ♦❢ C s✉❝❤ t❤❛t
1

♥♦ ♠❛tt❡r t❤❡ str❛t❡❣✐❡s ♦❢ t❤❡ ♦t❤❡r ❛❣❡♥ts✱
1

t❤❡ r❡s✉❧t✐♥❣ ♣❛t❤ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② s❛t✐s❢② p
2

❛♥❞
3

❛t ❡✈❡r② st❡♣✱ s❛t✐s❢② p′
4

❋✐❣✉r❡ ✸✿ ❆♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛ ♦❢ ❋✐❣✉r❡ ✷ t♦ ♦♣❡♥ s②st❡♠s✳

t♦ s♣❡❝✐❢② ❝❧♦s❡❞ s②st❡♠s ♣r♦♣❡rt✐❡s ❤❛✈❡ ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ✇♦r❦ ♦♥ ♦♣❡♥ s②st❡♠s✳ ❖✈❡r
t❤❡ ②❡❛rs✱ t❤❡ ❈❚▲ ❛♥❞ ❈❚▲∗ t❡♠♣♦r❛❧ ❧♦❣✐❝s ❤❛✈❡ ❜❡❡♥ ❛❞❛♣t❡❞ r❡s♣❡❝t✐✈❡❧② ❛s ❆❚▲ ❛♥❞
❆❚▲∗ ❛♥❞ t❤❡ µ✲❝❛❧❝✉❧✉s ▲µ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥❞ ✐♥ ❛♥ ❛❧t❡r♥❛t✐♥❣ ✈❡rs✐♦♥ ❆▲µ✳ ✭s❡❡ ❬✷❪✮✳

▼✉❧t✐♣❧❡ ❛❣❡♥ts ✇✐t❤ ♠✉❧t✐♣❧❡ ♦❜❥❡❝t✐✈❡s

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ♠♦✈❡ ❛✇❛② ❢r♦♠ t❤❡ tr❛❞✐t✐♦♥❛❧ ✇♦r❦s ♦♥ ♦♣❡♥ s②st❡♠s ✇❤❡r❡ ❛ ❞❡✈✐❝❡
✐s r❡s♣♦♥❞✐♥❣ t♦ ✐ts ❡♥✈✐r♦♥♠❡♥t t♦ st✉❞② ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♣r♦♣❡rt✐❡s ♦♥ ♠✉❧t✐✲❛❣❡♥t s②s✲
t❡♠s✳ ❆♥ ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ s✐♠✉❧❛t✐♦♥ s♦❢t✇❛r❡s✿ ✇❡ ♠❛② ✇✐s❤ t♦ st✉❞② ❞✐✛❡r❡♥t
s✐♠✉❧❛t✐♦♥s ❛♥❞ ❝❤❡❝❦ ✇❤✐❝❤ ♣r♦♣❡rt✐❡s t❤❡② s❤❛r❡ ❛♥❞ ✇❤❛t ❞✐✛❡r❡♥t✐❛t❡s t❤❡♠ ❢r♦♠ ♦♥❡
❛♥♦t❤❡r✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ♠❛② s❤❛r❡ s♦♠❡ ❝♦♠♠♦♥ ❜❡❤❛✈✐♦✉rs ✭❢r♦♠ ❛❣❡♥ts ✇✐t❤ ✜①❡❞
str❛t❡❣✐❡s✮ ✇❤✐❧❡ ❞✐✛❡r✐♥❣ ✐♥ s♦♠❡ ♦t❤❡rs ✭❛❣❡♥ts r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡♥✈✐r♦♥♠❡♥t✮✳

▼❛♥② ❞✐✣❝✉❧t✐❡s ❛r✐s❡ ✇❤❡♥ t❤❡ ❣♦❛❧ ♦❢ ❛♥ ❛❣❡♥t ❞❡♣❡♥❞s ❢r♦♠ t❤❡ ❜❡❤❛✈✐♦✉r✱ ❛♥❞
t❤❡r❡❢♦r❡ t❤❡ ❣♦❛❧s✱ ♦❢ ♦t❤❡r ❛❣❡♥ts✳ ▼♦st t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ t♦ ❤❛♥❞❧❡ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡
s♣❡❝✐✜❝❛t✐♦♥s ✉s✉❛❧❧② ✇♦r❦ ❜② ❛ss✉♠✐♥❣ t❤❡ ✇♦rst ❜❡❤❛✈✐♦✉r ♣♦ss✐❜❧❡ ❢r♦♠ t❤❡ ❡♥✈✐r♦♥✲
♠❡♥t ❛♥❞ ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ ❢♦r ✐t✳ ❚❤✐s ❤♦✇❡✈❡r ❝❛♥♥♦t ❜❡ ❞♦♥❡ ✐♥ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡
s♣❡❝✐✜❝❛t✐♦♥s ❛s t❤❡ ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦✉r ❢♦r ❛♥ ♦❜❥❡❝t✐✈❡ ♠❛② ♥♦t ❜❡ ♦♣t✐♠❛❧ ❢♦r ❛♥♦t❤❡r
♦♥❡✳ ❚❤❡ q✉❡st✐♦♥ t❤❡♥ ♠♦✈❡s ♦♥ ❛s❦✐♥❣ ✐❢ ❛♥ ❛❣❡♥t ❤❛s ❛ ❜❡❤❛✈✐♦✉r ✇♦r❦✐♥❣ ❢♦r ❛❧❧ ✐ts
♦❜❥❡❝t✐✈❡s ✇❤✐❧❡ ♥♦t ❞✐sr✉♣t✐♥❣ t❤❡ ♦t❤❡rs✳

❖❢t❡♥ t❤❡ s②st❡♠ ❛s❦s ❢♦r ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡s✿ ❡✈❡r②♦♥❡ ♠✉st ❜❡ ❛❜❧❡ t♦
s❛t✐s❢② ✐ts ❞❡s✐r❡s✳ ❈♦♥❥✉♥❝t✐♦♥s ❛r❡ r❡❧❛t✐✈❡❧② ❡❛s② t♦ ❤❛♥❞❧❡✱ s❡❡ ❬✹❪ ❢♦r ❡①❛♠♣❧❡ ✇❤❡r❡
❣♦❛❧s ❛r❡ ♠❛❞❡ ❢r♦♠ ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❛ ▲❚▲ ❛♥❞ ❡♥❡r❣② ❝♦♥str❛✐♥ts✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱
t❤❡ ❞✐✣❝✉❧t② r✐s❡s ❞r❛st✐❝❛❧❧② ✇❤❡♥ ✇❡ ♠♦✈❡ ❛✇❛② ❢r♦♠ ❝♦♥❥✉♥❝t✐♦♥s t♦ ♠♦r❡ ❝♦♠♣❧❡①
❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♦❜❥❡❝t✐✈❡s✳ ❚❤❡ ✇❛② t❤❡ ❞✐✛❡r❡♥t ❣♦❛❧s ♦❢ ❛ s②st❡♠ ❧✐♠✐t ❡❛❝❤
❛❣❡♥t ❜❡❤❛✈✐♦✉r ✇✐❧❧ ❜❡ t❤❡ ❤❡❛rt ♦❢ t❤✐s t❤❡s✐s✳



✶✸

❖✉t❧✐♥❡

❚❤✐s t❤❡s✐s ❢♦❝✉s ♦♥ ❛ s✐♥❣✉❧❛r ❢♦r♠❛❧✐s♠ ❛❞❛♣t❡❞ t♦ ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s ✇✐t❤ ♠✉❧t✐♣❧❡
♦❜❥❡❝t✐✈❡s✿ t❤❡ ❙tr❛t❡❣② ▲♦❣✐❝ ❙▲✳ ❲❡ ♠❛✐♥❧② ✇♦r❦ ♦♥ t✇♦ ✐ss✉❡s✿

• ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✱ ✐✳❡✳ ❛❧❣♦r✐t❤♠s t❤❛t t❛❦❡ ❛s ✐♥♣✉t ❛
❢♦r♠✉❧❛ φ ✐♥ ❙▲ ❛♥❞ ❛ ♠✉❧t✐✲❛❣❡♥t s②st❡♠ G✱ ❛♥❞ ✜♥❞ ✐❢ φ ❤♦❧❞s ♦♥ G✳

• t❤❡ s❡♠❛♥t✐❝s ♦❢ ❙▲✳

■♥ t❤❡ ✜rst ❝❤❛♣t❡r✱ ✇❡ ❞♦ ❛ s✉r✈❡② ♦❢ t❤❡ ❡①✐st✐♥❣ ❢♦r♠❛❧✐s♠s ❢♦r ♠✉❧t✐✲❛❣❡♥t s②st❡♠s✳
❆t t❤❡ ❡♥❞ ♦❢ t❤❡ s✉r✈❡②✱ ✇❡ ♣r❡s❡♥t ❙▲ ❛♥❞ ✐ts ♠❛✐♥ ❢r❛❣♠❡♥ts ✭❛♠♦♥❣ ✇❤✐❝❤ ❙▲❬❇●❪✮✳
❲❡ ❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r✳ ❲❡ ❛❧s♦ ♦✉t❧✐♥❡
s♦♠❡ ❝♦♠♣❧❡①✐t② r❡s✉❧ts s✉rr♦✉♥❞✐♥❣ ❙▲✱ ❛♠♦♥❣ ✇❤✐❝❤ ✇❡ ✜♥❞ t✇♦ ♦❢ ✐♠♣♦rt❛♥❝❡✿ t❤❡
❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ❢♦r ❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐♥ ❬✸✾❪ ❜② ▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞
❱❛r❞✐✱ ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✇❡ ❞❡✈❡❧♦♣❡❞ ❢♦r ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❞❡t❛✐❧s✱ str❛t❡❣✐❡s ✇✐t❤✐♥ ❙▲ ❛r❡ q✉❛♥t✐✜❡❞ ❛s ✜rst✲♦r❞❡r ✈❛r✐❛❜❧❡s
❜❡❢♦r❡ ❜❡✐♥❣ ❛ss✐❣♥❡❞ t♦ t❤❡ ❛❣❡♥ts ♦❢ t❤❡ s②st❡♠✳ ❙tr❛t❡❣② tr❛♥s❧❛t✐♦♥s ❛❧❧♦✇ ✉s t♦ ♠♦✈❡
str❛t❡❣✐❡s ❛❧♦♥❣ ❛ ❤✐st♦r② ρ✳ ❙✐♠✐❧❛r❧②✱ ❛ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥ tr❛♥s❧❛t❡ ❛ s❡t ♦❢ str❛t❡❣✐❡s
❛❧♦♥❣ ρ✳ ❙▲ s❡♠❛♥t✐❝s tr❛♥s❧❛t❡ ♥♦t ♦♥❧② str❛t❡❣✐❡s ❛ss✐❣♥❡❞ t♦ s♦♠❡ ❛❣❡♥ts ❜✉t ❛❧s♦ t❤❡
str❛t❡❣✐❡s st♦r❡❞ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ❤❛✈❡ ②❡t t♦ ❜❡ ❛ss✐❣♥❡❞ t♦ s♦♠❡♦♥❡✳ ■♥ t❤❡ t❤✐r❞
❝❤❛♣t❡r✱ ✇❡ st✉❞② ❙▲ ✉♥❞❡r ❛ ♥❡✇ ♥♦t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥ ✇❤❡r❡ ♦♥❧② str❛t❡❣✐❡s
❛ss✐❣♥❡❞ t♦ ❛❣❡♥ts ❛r❡ s❤✐❢t❡❞ ❛❧♦♥❣ ρ✳ ❲❡ ❝❛❧❧ t❤❡s❡ ♥❡✇ tr❛♥s❧❛t✐♦♥s ✢♦❛t✐♥❣✱ t❤❡② ❣✐✈❡
❛ ♥❡✇ s❡♠❛♥t✐❝ ❋❙▲ ✭❋❧♦❛t✐♥❣ ❙tr❛t❡❣② ▲♦❣✐❝✮ t♦ ❙▲✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❢♦r♠❛❧❧② ❋❙▲✱ ✇❡
❤✐❣❤❧✐❣❤t t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❡①♣r❡ss✐✈❡♥❡ss ✇✐t❤ ❙▲ ❛♥❞ st✉❞② ✐♥ ❞❡t❛✐❧s ✐ts ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
❝♦♠♣❧❡①✐t②✳

❚❤❡ ❢♦✉rt❤ ❝❤❛♣t❡r ❢♦❝✉s❡s ♦♥ ❡①t❡♥❞✐♥❣ ❙▲ ✇✐t❤ q✉❛♥t✐t❛t✐✈❡ ❝♦♥str❛✐♥ts✳ ❚❤❡r❡ ❡①✐st
♠✉❧t✐♣❧❡ ❦✐♥❞s ♦❢ ❝♦♥str❛✐♥ts✱ ✇❡ ❢♦❝✉s ♦♥ t✇♦ ♦❢ t❤❡♠✿ t❤❡ ♦♥❡s t❤❛t ❝❛♥ ❡①♣r❡ss ❡q✉❛❧✐t②
❛♥❞ ♣❡r✐♦❞✐❝✐t② ✭✇❡ ❝❛❧❧ t❤❡♠ ♦♥❡✲❝♦✉♥t❡r ❝♦♥str❛✐♥ts✮✱ ❛♥❞ t❤❡ ♦♥❡s ✉s✐♥❣ ✉♣✇❛r❞✲❝❧♦s❡❞
s❡ts ✭❡♥❡r❣② ❝♦♥str❛✐♥ts✮✳

❙▲ ✐s ❛ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ❧♦❣✐❝ ❛♥❞ ✭❛s t❤❡ ♥❛♠❡ s✉❣❣❡sts✮ ❝❛♥ ❤❛♥❞❧❡ ♠✉❧t✐♣❧❡ ♦❜❥❡❝t✐✈❡s
❛t ♦♥❝❡✳ ❚❤❡s❡ ♦❜❥❡❝t✐✈❡s ♠❛② s♣r❡❛❞ ❛❧♦♥❣ ❞✐✛❡r❡♥t ♣❛t❤s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠✉❧t✐♣❧❡
❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✸✾❪ ❤✐❣❤❧✐❣❤t❡❞ ❛♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ♦❢ ❙▲✿
t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ str❛t❡❣② xb ♦♥ ❛ ❣✐✈❡♥ ❤✐st♦r② ρ ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥♦t❤❡r
str❛t❡❣② xa ♠❛❞❡ ♦♥ ❛♥♦t❤❡r ❤✐st♦r② π✳ ❲❡ s❛② t❤❡r❡ ✐s ❛ s✐❞❡ ❞❡♣❡♥❞❡♥❝② ♦❢ xb ♦♥
xa✳ ❚❤❡② ❛❧s♦ ✇♦♥❞❡r ✇❤❡♥ ❛♥❞ ✇❤② t❤❡s❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♣♣❡❛r✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s
t❤❡s✐s ✭❝❤❛♣t❡rs ✜✈❡ t♦ s❡✈❡♥✮ ✐s ❞❡✈♦t❡❞ t♦ t❤✐s q✉❡st✐♦♥✱ ♦❢t❡♥ r❡❢❡rr❡❞ ❛s t❤❡ ❞❡♣❡♥❞❡♥❝②
♣r♦❜❧❡♠✳ ❈❤❛♣t❡r ✜✈❡ ✐♥tr♦❞✉❝❡s t❤❡ ♣r♦❜❧❡♠✱ ♠❛♣s t❤❡ ❞✐✛❡r❡♥t ❞❡♣❡♥❞❡♥❝✐❡s ❛♥❞ st✉❞②
t❤❡ ✐♠♣❛❝ts ♦❢ ❡❛❝❤ ❞❡♣❡♥❞❡♥❝②✳ ❈❤❛♣t❡r s✐① ♣✉rs✉❡s t❤✐s st✉❞② ❜② ❛❞❞✐♥❣ ❛ ♥❡✇ t②♣❡
♦❢ ❞❡♣❡♥❞❡♥❝② t♦ ❜②♣❛ss t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦r❞❡r ♦♥ ♣r❡✜①❡s ♦❢ t❤❡ ❝✉rr❡♥t ❤✐st♦r②✳ ❚❤❡
s❡✈❡♥ ✭❛♥❞ ❧❛st✮ ❝❤❛♣t❡r ❢♦❝✉s❡s ♦♥ ❛ ♣r♦♠✐s✐♥❣ ❢r❛❣♠❡♥t ♦❢ ❙▲✳

1 2

3

4

5 6 7

❋✐❣✉r❡ ✹✿ ❘❡❛❞✐♥❣ ♦r❞❡r✳

❋✐❣✉r❡ ✹ ❤✐❣❤❧✐❣❤ts t❤❡ ❞✐✛❡r❡♥t r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡
❝❤❛♣t❡rs✳ ❆♥ ❛rr♦✇ ❢r♦♠ ❝❤❛♣t❡r a t♦ ❝❤❛♣t❡r b ♠❡❛♥s t❤❛t
♥♦t✐♦♥s ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡r a ❛r❡ ✉s❡❞ ✐♥ ❝❤❛♣t❡r b✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✭❝❤❛♣t❡rs ✜✈❡ t♦
s❡✈❡♥✮ ♠✉st ❜❡ r❡❛❞ ❧✐♥❡❛r❧②✳
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❙tr❛t❡❣② ▲♦❣✐❝

✶✺





❈❤❛♣t❡r ✶

❙t❛t❡ ♦❢ t❤❡ ❛rt

❲❡ ♣r❡s❡♥t ❤❡r❡ ❛ s✉r✈❡② ♦♥ ❞✐✛❡r❡♥t ❢♦r♠❛❧✐s♠s ❢♦r ♠✉❧t✐✲❛❣❡♥t s②st❡♠s✳ ❚❤✐s s❡ts t❤❡
❝♦♥t❡①t ✐♥ ✇❤✐❝❤ ❙tr❛t❡❣② ▲♦❣✐❝ ✭t❤❡ s✉❜❥❡❝t ♦❢ t❤✐s t❤❡s✐s✮ ❡♠❡r❣❡❞✳ ❲❡ st❛rt ✇✐t❤ ❛ ❜r✐❡❢
✐♥tr♦❞✉❝t✐♦♥ t♦ t❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ❝❧♦s❡❞ s②st❡♠s✿ ω✲r❡❣✉❧❛r ❛✉t♦♠❛t❛✱ ❈❚▲✱ ▲❚▲✱ ❈❚▲∗

❛♥❞ ▲µ✳ ◆❡①t✱ ✇❡ ❞✐s❝✉ss t❤❡ ✜rst ❢♦r♠❛❧✐s♠s ❢♦r ♦♣❡♥ s②st❡♠s✱ ♥❛♠❡❧② ω✲r❡❣✉❧❛r ✇✐♥♥✐♥❣
❝♦♥❞✐t✐♦♥s✱ ❆❚▲✱ ❆❚▲∗ ❛♥❞ ❆▲µ✳ ❚❤❡s❡ ❧♦❣✐❝s s✉✛❡r ❢r♦♠ ❛ ❧❛❝❦ ♦❢ ❡①♣r❡ss✐✈❡♥❡ss ❞✉❡ t♦
t✇♦ s❡✈❡r❡ ❞r❛✇❜❛❝❦s✿ ❢♦r❝❡❞ ❝♦♠♠✐t♠❡♥t ❛♥❞ ❢♦r❝❡❞ ❞✐s❝❛r❞✳ ❲❡ ❡①♣❧❛✐♥ ❡❛❝❤ ♣r♦❜❧❡♠
❛♥❞ ❞❡t❛✐❧ s♦♠❡ ♣♦ss✐❜❧❡ ❛♥s✇❡rs ✭●▲✱ ❈❆❚▲✱ ❇❙■▲ ❢♦r t❤❡ ✜rst ❛♥❞ ■❆❚▲✱ ❆❚▲sc✱ ◗▲µ ❢♦r
t❤❡ s❡❝♦♥❞✮✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❙tr❛t❡❣② ▲♦❣✐❝ ❙▲ ❛♥❞ ♣♦s✐t✐♦♥ ✐t ✐♥ t❤❡ ❝♦♥st❡❧❧❛t✐♦♥
♦❢ ❛❧❧ t❤❡ ❢♦r♠❛❧✐s♠s ❢♦r ♠✉❧t✐✲❛❣❡♥t s②st❡♠s✳

✶✳✶ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ❝❧♦s❡❞ s②st❡♠s

✶✳✶✳✶ ω✲r❡❣✉❧❛r ❛✉t♦♠❛t❛

❲❡ ❜r✐❡✢② ❞✐s❝✉ss ω✲r❡❣✉❧❛r ❛✉t♦♠❛t❛✳ ❚❤♦✉❣❤ ♥♦t ❛ ❧♦❣✐❝ ♣❡r s❛②✱ ω✲r❡❣✉❧❛r ❛✉t♦♠❛t❛
❝❛♥ ❛❧s♦ ❡①♣r❡ss t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡ ❡①✐sts ♠❛♥② ❦✐♥❞s✿ ❇ü❝❤✐✱ ❝♦✲❇ü❝❤✐✱ ♣❛r✐t②✱
❘❛❜✐♥✱ ❙tr❡❡t✱ ▼✉❧❧❡r. . . ❲❡ ❤♦✇❡✈❡r ♦♥❧② ♣r❡s❡♥t ❇ü❝❤✐ ❛♥❞ ♣❛r✐t② ❛✉t♦♠❛t❛✱ t❤❡ ♦♥❡s
✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❉❡✜♥✐t✐♦♥ ✶✳✶ ✭❆✉t♦♠❛t♦♥✮✳
❆♥ ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡ A := 〈❙,Σ,∆, s0〉 ✇❤❡r❡ ❙ ✐s t❤❡ st❛t❡ s♣❛❝❡✱ Σ t❤❡ ✐♥♣✉t ❛❧♣❤❛❜❡t✱
∆ : ❙× Σ→ 2❙ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ s0 t❤❡ ✐♥✐t✐❛❧ st❛t❡✳

❆♥ ❛✉t♦♠❛t♦♥ ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝ ✇❤❡♥❡✈❡r |∆(s, ξ)| = 1 ❢♦r ❛♥② s ∈ ❙
❛♥❞ ❛♥② ξ ∈ Σ✳ ❆ ✇♦r❞ ♦✈❡r Σ ✐s ❛ ✭✜♥✐t❡ ♦r ✐♥✜♥✐t❡✮ s❡q✉❡♥❝❡ w := (wi)i≤L ✇❤❡r❡
L ∈ N ∪ {∞} ❛♥❞ wi ∈ Σ✳ ❆ ♣❛t❤ ✐♥ ❛♥ ❛✉t♦♠❛t♦♥ N ✐s ❛ s❡q✉❡♥❝❡ (si)i∈N ♦❢ st❛t❡s✳
❲❡ s❛② t❤❛t ❛ ✇♦r❞ w ♦✈❡r Σ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ ♣❛t❤ π := (si)i∈N ♦❢ ❛♥ ❛✉t♦♠❛t♦♥ N
✉s✐♥❣ Σ ❛s ✐ts ✐♥♣✉t ❛❧♣❤❛❜❡t ✇❤❡♥❡✈❡r si+1 ∈ ∆(si, wi) ❢♦r ❛♥② i < L✳ ❋♦r ❛♥② ♣❛t❤ π
✐♥ ❛ ❛✉t♦♠❛t♦♥ N ✱ ✇❡ ✇r✐t❡ ■♥❢(π) ❢♦r t❤❡ s❡t ♦❢ st❛t❡s t❤❛t ❛♣♣❡❛r ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢
t✐♠❡s ✐♥ π✳

✶✼
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❇ü❝❤✐ ❝♦♥❞✐t✐♦♥ ❆ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡ N := 〈A,Ω〉 ♠❛❞❡ ♦❢ ❛♥ ❛✉t♦♠❛t♦♥
A := 〈❙,Σ,∆, s0〉 ❛♥❞ ❛ s❡t Ω ⊂ ❙ ♦❢ st❛t❡s✳ ❆ ✇♦r❞ w ♦✈❡r Σ ✐s ❛❝❝❡♣t❡❞ ❜② N ✇❤❡♥❡✈❡r
t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ π ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ w ❛♥❞

■♥❢(π) ∩ Ω 6= ∅

P❛r✐t② ❝♦♥❞✐t✐♦♥s ❆ ♣❛r✐t② ❛✉t♦♠❛t♦♥ D ✐s ❛❧s♦ ❛ t✉♣❧❡ N := 〈A,Ω〉 ❜✉t ❤❡r❡ Ω ✐s ❛
♠❛♣♣✐♥❣ ❙ → N ❛ss✐❣♥✐♥❣ ❛♥ ✐♥t❡❣❡r t♦ ❡❛❝❤ st❛t❡✳ ❆ ✇♦r❞ w ♦✈❡r Σ ✐s ❛❝❝❡♣t❡❞ ❜② D
✇❤❡♥❡✈❡r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ π ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ w ❢♦r ✇❤✐❝❤ t❤❡ ♠❛①✐♠❛❧ ♣❛r✐t② ✈✐s✐t❡❞
✐♥✜♥✐t❡❧② ♦❢t❡♥ ✐s ❡✈❡♥✱ ✐✳❡✳

∃i ∈ 2N

{
∃s ∈ ■♥❢(π) ✇✐t❤ Ω(s) = i

∀j > i, ∀s ∈ ■♥❢(π) ✇❡ ❤❛✈❡ Ω(s) 6= j

❇♦t❤ ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ❜❡❝♦♠❡ ✉s❡❢✉❧ ♦♥ ♠✉❧t✐♣❧❡ ♦❝❝❛s✐♦♥s ✐♥ t❤✐s t❤❡s✐s✱ ♠❛✐♥❧② ❜❡❝❛✉s❡
♦❢ ❚❤❡♦r❡♠ ✶✳✸ ✭♣❛❣❡ ✷✵✮ ❧✐♥❦✐♥❣ ▲❚▲ ❢♦r♠✉❧❛s t♦ t❤❡s❡ ❛✉t♦♠❛t❛✳

✶✳✶✳✷ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ♦♥ tr❛♥s✐t✐♦♥ s②st❡♠s

❚r❛♥s✐t✐♦♥ ❙②st❡♠s

❚r❛♥s✐t✐♦♥ s②st❡♠s ❛r❡ st❛♥❞❛r❞ t♦ r❡♣r❡s❡♥t t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❝❧♦s❡❞ s②st❡♠s✳

❉❡✜♥✐t✐♦♥ ✶✳✷ ✭❚r❛♥s✐t✐♦♥ s②st❡♠✮✳
❆ tr❛♥s✐t✐♦♥ s②st❡♠ ✐s ❛ t✉♣❧❡ ST := 〈❆P, ❙, →֒, ❧❛❜❡❧s, s0〉 ✇❤❡r❡ ❆P ✐s ❛ s❡t ♦❢ ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s✱ ❙ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s✱ →֒ ⊆ ❙×❙ ✐s ❛ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✱ ❧❛❜❡❧s : ❙→ 2❆P

✐s ❛ ❧❛❜❡❧❧✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ s0 ∈ ❙ t❤❡ ✐♥✐t✐❛❧ st❛t❡✳

❚❤❡r❡ ❡①✐sts ♠❛♥② ♦t❤❡r ♠♦❞❡❧s✱ tr❛♥s✐t✐♦♥s s②st❡♠s ❛r❡ ❤♦✇❡✈❡r t❤❡ st❛♥❞❛r❞ ♦♥❡
❢♦r ❝❤❡❝❦✐♥❣ t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♣♦t❡♥t✐❛❧ ❡①❡❝✉t✐♦♥s✳ ❚❤❡② ❛❧s♦ ❛r❡ s✉✣❝✐❡♥t ❢♦r t❤❡
t❤r❡❡ ♠❛✐♥ ❝❧♦s❡❞✲s②st❡♠ t❡♠♣♦r❛❧ ❧♦❣✐❝s ❈❚▲✱ ▲❚▲ ❛♥❞ ▲µ✳

❲❡ ♠♦❞❡❧ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞ s②st❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❜② ❛ ♣❛t❤ ✐♥ ✐ts
❛ss♦❝✐❛t❡❞ tr❛♥s✐t✐♦♥ s②st❡♠✳ ❆ ♣❛t❤ ✐♥ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ST := 〈❆P, ❙, →֒, ❧❛❜❡❧s, s0〉
✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ (si)i∈N ✇❤❡r❡ ❢♦r ❛♥② i ∈ N si ∈ ❙ ❛♥❞ (si, si+1) ∈→֒✳ ❲❡ ✉s❡
t❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥s π(i) t♦ r❡❢❡r t♦ t❤❡ ith ❡❧❡♠❡♥t ♦❢ ❛ ♣❛t❤ π ❛♥❞ ❢♦r ❛♥② s ∈ ❙ ✇❡
❞❡♥♦t❡ ❜② P❛t❤s t❤❡ s❡t ♦❢ ❛❧❧ ♣❛t❤s ✐♥ ST st❛rt✐♥❣ ❢r♦♠ s✳

❇r❛♥❝❤✐♥❣ t✐♠❡ ❧♦❣✐❝✿ ❈❚▲

❚❤❡ ✜rst ❢♦r♠❛❧✐s♠ ✇❡ ✐♥tr♦❞✉❝❡ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ tr❡❡ ❧♦❣✐❝ ❈❚▲✳ ■t ✇❛s ❞❡s✐❣♥❡❞ ✐♥
✶✾✽✷ ❜② ❈❧❛r❦❡ ❛♥❞ ❊♠❡rs♦♥ ❬✶✻❪ t♦ s②♥t❤❡t✐③❡ s②♥❝❤r♦♥✐③❛t✐♦♥ s❦❡❧❡t♦♥s✱ ❛♥ ❛❜str❛❝t✐♦♥
♦❢ ❝♦♥❝✉rr❡♥t ♣r♦❣r❛♠s✳ ■ts ❢♦r♠✉❧❛s ❛r❡ ❜✉✐❧t ✉♣♦♥ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

❈❚▲ ∋ φ ::= p | φ ∨ φ | ¬φ | ❊❳φ | ❆❳φ | φ❊❯φ | φ❆❯φ



✶✾

❈❚▲ ❢♦r♠✉❧❛s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t ❛ st❛t❡ s ♦❢ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ST ✳ ■ts s❛t✐s❢❛❝t✐♦♥
r❡❧❛t✐♦♥ |= ✐s ❜♦♦❧❡❛♥✱ ♠❡❛♥✐♥❣ t❤❛t ✐t ❡✐t❤❡r ❡✈❛❧✉❛t❡s t♦ tr✉❡ ✭t❤❛t ✇❡ ✇r✐t❡ ⊤✮ ✐❢ t❤❡
❢♦r♠✉❧❛ ❤♦❧❞s ♦♥ t❤❡ tr❛♥s✐t✐♦♥ s②st❡♠ ♦r ❢❛❧s❡ ✭✇r✐tt❡♥ ⊥✮ ✐❢ ✐t ❞♦❡s ♥♦t✳ ❲❡ ❞❡✜♥❡ ✐t
✐♥❞✉❝t✐✈❡❧② ❛♥❞ st❛rt ✇✐t❤ t❤❡ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥s✿

ST , s |= φ ∨ φ′ ⇔ ST , s |= φ ♦r ST , s |= φ′

ST , s |= ¬φ ⇔ ST , s 6|= φ

❚❤❡ ∨ ❛♥❞ ¬ ♦♣❡r❛t♦rs ❛r❡ t❤❡ st❛♥❞❛r❞ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs ❢r♦♠ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝ ✇✐t❤
s❡♠❛♥t✐❝s ❛❞❛♣t❡❞ t♦ ❈❚▲✳ ❲❡ ❝❛♥ r❡tr✐❡✈❡ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ∧ ✇✐t❤ t❤❡ st❛♥❞❛r❞ tr❛♥s✲
❧❛t✐♦♥ φ ∧ φ′ = ¬(¬φ ∨ ¬φ′)✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✉♥✐✈❡rs❛❧ tr✉❡ ⊤ ✇✐t❤✐♥ t❤❡ ❧♦❣✐❝ ❜②
⊤ := p∨¬p ❛♥❞ t❤❡ ✉♥✐✈❡rs❛❧ ❢❛❧s❡ ⊥ ❜② ⊥ := ¬ ⊤✳ ❚❤❡ ♦t❤❡r ♦♣❡r❛t♦rs✬ s❡♠❛♥t✐❝s ♦❜❡②
t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

ST , s |= p ⇔ p ∈ ❧❛❜❡❧s(s)

ST , s |= ❊❳φ ⇔ ∃s′ ∈ ❙ ✇✐t❤ (s, s′) ∈→֒ ❛♥❞ ST , s′ |= φ

ST , s |= ❆❳φ ⇔ ∀s′ ∈ ❙ s✳t✳ (s, s′) ∈→֒ ✐t ❤♦❧❞s ST , s′ |= φ

ST , s |= φ′❊❯φ ⇔ ∃ρ ∈ P❛t❤s ∃i ∈ N ✇✐t❤ ST , ρ(i) |= φ

❛♥❞ ∀j ≤ i ✐t ❤♦❧❞s ST , ρ(j) |= φ′

ST , s |= φ′❆❯φ ⇔ ∀ρ ∈ P❛t❤s ∃i ∈ N ✇✐t❤ ST , ρ(i) |= φ

❛♥❞ ∀j ≤ i ✐t ❤♦❧❞s ST , ρ(j) |= φ′

s0

s1

p1

s2

s3

p2

❋✐❣✉r❡ ✶✳✶✿ ❆ tr❛♥s✐t✐♦♥
s②st❡♠

❈❚▲ ✐s ❛ ❜r❛♥❝❤✐♥❣✲t✐♠❡ ❧♦❣✐❝✱ ♠❡❛♥✐♥❣ ✐t ♠❛② ❡①♣r❡ss ♣r♦♣✲
❡rt✐❡s ❛❜♦✉t ♠✉❧t✐♣❧❡ ❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❋♦r ❡①❛♠♣❧❡ t❤❡
❢♦r♠✉❧❛ ❊❳ p1 ∧ (⊤❊❯ p2) ❡①♣r❡ss❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜rst
❡①❡❝✉t✐♦♥ t❤❛t ✇✐❧❧ ❧❡❛❞ ✐♥ ♦♥❡ st❡♣ t♦ ❛ st❛t❡ ❧❛❜❡❧❧❡❞ ❜② p1
❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡❝♦♥❞ ❡①❡❝✉t✐♦♥ ✭♣♦t❡♥t✐❛❧❧② t❤❡ s❛♠❡
❛s t❤❡ ✜rst ♦♥❡✮ t❤❛t ✇✐❧❧ ❡✈❡♥t✉❛❧❧② s❡❡ ❛ st❛t❡ ❧❛❜❡❧❧❡❞ ❜② p2✳
❚❤❡ ❢♦r♠✉❧❛ ❤♦❧❞s ❢r♦♠ s0 ♦♥ t❤❡ tr❛♥s✐t✐♦♥ s②st❡♠ ❞❡♣✐❝t❡❞ ♦♥
❋✐❣✉r❡ ✶✳✶✳

❙✐♥❝❡ ❛♥② t❡♠♣♦r❛❧ ♠♦❞❛❧✐t② r❡q✉✐r❡s ❛ ❢r❡s❤ q✉❛♥t✐✜❝❛t✐♦♥
♦✈❡r ♣❛t❤s✱ t❤❡ ❧♦❣✐❝ ✐s ❛❝t✉❛❧❧② ♥♦t ✈❡r② ❡①♣r❡ss✐✈❡✳ ❋♦r ❡①❛♠✲
♣❧❡✱ ✇❡ ❝❛♥♥♦t ❡①♣r❡ss t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡①❡❝✉t✐♦♥ t❤❛t s❡❡s
✐♥✜♥✐t❡❧② ♦❢t❡♥ t✇♦ ❞✐✛❡r❡♥t ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❬✷✶❪✳ ❚♦ ❣❡t ♠♦r❡ ♣r❡❝✐s❡ ♣r♦♣❡rt✐❡s
❛❜♦✉t t❤❡ ♣❛t❤ ✇✐t❤✐♥ ❛ tr❛♥s✐t✐♦♥ s②st❡♠✱ ✇❡ ♥❡❡❞ ❛♥♦t❤❡r ❢♦r♠❛❧✐s♠✳

▲✐♥❡❛r t✐♠❡ ❧♦❣✐❝✿ ▲❚▲

■♥tr♦❞✉❝❡❞ ✐♥ ✶✾✼✼ ❜② P♥✉❡❧✐ ❬✹✹❪✱ ▲❚▲ ✭❢♦r ❧✐♥❡❛r✲t✐♠❡ t❡♠♣♦r❛❧ ❧♦❣✐❝✮ ❤❛s ♥♦ ❜r❛♥❝❤✐♥❣
❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ❢♦❝✉s❡s ♦♥ ❛ s✐♥❣❧❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ■♥ ❝♦♠♣❡♥s❛t✐♦♥✱ ✐t ♠❛②
❡①♣r❡ss ♠♦r❡ ❝♦♠♣❧❡① ♣❛t❤ ♣r♦♣❡rt✐❡s t❤❛♥ ❈❚▲✳ ●✐✈❡♥ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✱
✐ts ❢♦r♠✉❧❛s ♦❜❡② t❤❡ s②♥t❛①

▲❚▲ ∋ φ ::= p | φ ∨ φ | ¬φ | ❳φ | φ❯φ
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❯♥❧✐❦❡ ❈❚▲✱ ▲❚▲ ❢♦r♠✉❧❛s ❛r❡ ❡✈❛❧✉❛t❡❞ r❡❧❛t✐✈❡❧② t♦ ❛ ♣❛t❤ ρ ❛♥❞ ❛ ♣♦s✐t✐♦♥ i ♦❢ ρ✳
❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❈❚▲✱ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡
♦t❤❡r ♦♣❡r❛t♦rs ❛r❡ ❞❡✜♥❡❞ ❜②✿

ST , ρ, i |= p ⇔ p ∈ ❧❛❜❡❧s(ρ(i))

ST , ρ, i |= ❳φ ⇔ ST , ρ, i+ 1 |= φ

ST , ρ, i |= φ′❯φ ⇔ ∃i′ ∈ N ✇✐t❤ ST , ρ, i′ |= φ

❛♥❞ ∀j ≤ i′ ✐t ❤♦❧❞s ST , ρ, j |= φ′

❚❤❡ ❯ ♦♣❡r❛t♦r ✐s r❡❢❡rr❡❞ t♦ ❛s ✏❯♥t✐❧✑ ❛♥❞ t❤❡ ❳ ♦♣❡r❛t♦r ✐s ❝❛❧❧❡❞ ✏◆❡①t✑✳ ❲❡ ✇✐❧❧
❛❧s♦ r❡❢❡r t♦ t❤❡ t✇♦ ♦❢ t❤❡♠ ❛s t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs✳ ❋r♦♠ t❤❡ ❯ ♦♣❡r❛t♦r ✇❡ ❝❛♥ ❜✉✐❧❞
t❤r❡❡ ♦t❤❡r t❡♠♣♦r❛❧ ♠♦❞❛❧✐t✐❡s✿ t❤❡ ✏❋✉t✉r❡✑ ♦♣❡r❛t♦r ❋✱ t❤❡ ✏❘❡❧❡❛s❡✑ ♦♣❡r❛t♦r ❘ ❛♥❞
t❤❡ ✏●❧♦❜❛❧✑ ♦♣❡r❛t♦r ●✳

❋φ := ⊤❯φ φ❘φ′ := ¬(¬φ❯¬φ′) ●φ := ¬❋¬φ

❚❤❡ ♣♦t❡♥t✐❛❧ ♥❡st✐♥❣ ♦❢ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ❛♥❞ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs ❛❧❧♦✇s ❢♦r ♠♦r❡
❝♦♠♣❧❡① ♣r♦♣❡rt✐❡s t❤❛♥ t❤❡ ♦♥❡s ♦❢ ❈❚▲✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦r♠✉❧❛ ● (❋ p ∧ ❋ p′) ❡①✲
♣r❡ss❡s t❤❛t t❤❡ ♣❛t❤ ❡✈❛❧✉❛t❡❞ s❡❡s t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s p ❛♥❞ p′ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r
♦❢ t✐♠❡s✳ ❚❤✐s ❝❛♥♥♦t ❜❡ ❞♦♥❡ ✐♥ ❈❚▲ ❬✷✶❪✳ ❚❤❡r❡ ❛❧s♦ ❡①✐sts ❛ str♦♥❣ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥
▲❚▲ ❢♦r♠✉❧❛s ❛♥❞ ❜♦t❤ ❇ü❝❤✐ ❛♥❞ ♣❛r✐t② ❛✉t♦♠❛t❛✶✳

❚❤❡♦r❡♠ ✶✳✸ ✭●❡rt❤✱ P❡❧❡❞✱ ❱❛r❞✐ ❛♥❞ ❲♦❧♣❡r ❬✷✹❪ ♣❧✉s P✐t❡r♠❛♥ ❬✹✸❪✮✳
❋♦r ❛♥② ▲❚▲ ❢♦r♠✉❧❛ φ ♦✈❡r ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✱ t❤❡r❡ ❡①✐sts ❛ ❇ü❝❤✐ ❛✉✲
t♦♠❛t♦♥ Nφ ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r✐t② ❛✉t♦♠❛t♦♥ Dφ ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t 2❆P s✉❝❤ t❤❛t ❢♦r
❛♥② ✇♦r❞ w ♦✈❡r 2❆P t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t

• w ✭✈✐❡✇❡❞ ❛s ❛ ♣❛t❤✮ s❛t✐s✜❡s φ

• w ✐s ❛❝❝❡♣t❡❞ ❜② Nφ

• w ✐s ❛❝❝❡♣t❡❞ ❜② Dφ

▼❡r❣✐♥❣ ❈❚▲ ❛♥❞ ▲❚▲✿ ❈❚▲∗

❲❡ ❝❛♥ ♠❡r❣❡ ▲❚▲ ❛♥❞ ❈❚▲ t♦ ❣❡t ❛ ❧♦❣✐❝ ❝❛♣❛❜❧❡ ♦❢ r❡❛s♦♥✐♥❣ ♦♥ ♠✉❧t✐♣❧❡ ♣❛t❤s ✇❤❡r❡
❡❛❝❤ r❡q✉✐r❡♠❡♥t ✐s ❛♥ ▲❚▲ ❢♦r♠✉❧❛✳ ❈❚▲∗ ❝♦♠❜✐♥❡s t❤❡ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ♦❢ ▲❚▲ ✇✐t❤
t❤❡ ♣❛t❤s q✉❛♥t✐✜❡rs ♦❢ ❈❚▲ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✳

❈❚▲∗ ∋ φ ::= p | φ ∨ φ | ¬ φ | ❊ϕ | ❆ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ❳ϕ | ϕ❯ϕ | φ

✶❚❤❡r❡ ❡①✐sts ♠❛♥② ♣❛♣❡rs ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ▲❚▲ t♦ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✿ ❬✷✸❪✱ ❬✹✾❪ ❛♥❞ ❬✻✵❪ ❢♦r
❡①❛♠♣❧❡✳
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❲❡ ❝❛♥ s❡❡ ❛ s❡♣❛r❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❣r❛♠♠❛r✳ ❚❤❡ φ✲t②♣❡ ❢♦r♠✉❧❛s ❞❡r✐✈❡ ❢r♦♠ ❈❚▲✳
❚❤❡② ❛r❡ ❡✈❛❧✉❛t❡❞ r❡❧❛t✐✈❡❧② t♦ ❛ st❛t❡ s ♦❢ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ST s♦ ✇❡ r❡❢❡r t♦ t❤❡♠
❛s st❛t❡ ❢♦r♠✉❧❛s✳ ❚❤❡② ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠❛♥t✐❝s

ST , s |= p ⇔ p ∈ ❧❛❜❡❧s(s)

ST , s |= ❊ϕ ⇔ ∃ρ ∈ P❛t❤s ✇✐t❤ ST , ρ, 0 |= ϕ

ST , s |= ❆ϕ ⇔ ∀ρ ∈ P❛t❤s ✐t ❤♦❧❞s ST , ρ, 0 |= ϕ

❚❤❡ ϕ✲t②♣❡ ❢♦r♠✉❧❛s ❞❡r✐✈❡ ❢r♦♠ ▲❚▲ ❛♥❞ ❛r❡ ❛❜♦✉t ❛ ♣❛t❤ ♣r♦♣❡rt②✱ ✇❡ ❝❛❧❧ t❤❡♠ ♣❛t❤
❢♦r♠✉❧❛s✳ ❚❤❡② ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠❛♥t✐❝s✿

ST , ρ, i |= ❳ϕ ⇔ ST , ρ, i+ 1 |= ϕ

ST , ρ, i |= ϕ′❯ϕ ⇔ ∃i′ ∈ N ✇✐t❤ ST , ρ, i′ |= ϕ

❛♥❞ ∀j ≤ i′ ✐t ❤♦❧❞s ST , ρ, j |= ϕ′

ST , ρ, i |= φ ⇔ ST , ρ(i) |= φ

❈♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ❆(❋ p1)∧ ❊(● (❋ p2))✱ ✐t tr❛♥s❧❛t❡s t♦ ✏❆❧❧ ♣❛t❤s ✇✐❧❧ ❡✈❡♥t✉❛❧❧②
r❡❛❝❤ ❛ st❛t❡ ❧❛❜❡❧❧❡❞ ❜② p1 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ t❤❛t s❡❡s p2 ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢
t✐♠❡s✑✳ ❲❡ r❡tr✐❡✈❡ t❤❡ ❜r❛♥❝❤✐♥❣ ❛s♣❡❝ts ♦❢ ❈❚▲ ✭✇✐t❤ t✇♦ ♣r♦♣❡rt✐❡s ❛❜♦✉t t✇♦ ❞✐st✐♥❝t
♣❛t❤s✮ ❛♥❞ t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ ▲❚▲ ✭✇✐t❤ t❤❡ ✐♠❜r✐❝❛t✐♦♥ ♦❢ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs✮✳

❋✐①✲♣♦✐♥t ❧♦❣✐❝s✿ ▲µ

❖t❤❡r ❦✐♥❞s ♦❢ ❢♦r♠❛❧✐s♠s ❛r❡ ♣♦ss✐❜❧❡✳ ❆♠♦♥❣ t❤❡ ♠♦st ❢❛♠♦✉s✱ ✇❡ ✜♥❞ ✜①✲♣♦✐♥t ❧♦❣✲
✐❝s ❛♥❞ t❤❡ µ✲❝❛❧❝✉❧✉s✳ ❚❤❡ µ✲❝❛❧❝✉❧✉s ✭▲µ ❢♦r s❤♦rt✮ ❡①t❡♥❞s ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝ ✇✐t❤
✏❧❡❛st✑ ❛♥❞ ✏❣r❡❛t❡st✑ ✜①✲♣♦✐♥t ♦♣❡r❛t♦rs✳ ▲µ ❢♦r♠✉❧❛s ❛r❡ ❜✉✐❧❞ ✉♣♦♥ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✱ t❤❡② ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

▲µ ∋ φ ::= p | Z | φ ∨ φ | ¬φ | [a]. φ | µZ. φ

✇✐t❤ p ∈ ❆P ❛♥❞ Z ∈ V ❀ ❝♦♥s✐❞❡r✐♥❣ ❛ ❢♦r♠✉❧❛ µZ. φ✱ ❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ Z ✐♥ φ ♠✉st
❜❡ ♣♦s✐t✐✈❡ ✭✐✳❡✳ ✉♥❞❡r ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐♦♥s✮✳

❚❤❡ ❢♦r♠✉❧❛s ✐♥ ▲µ ❛r❡ ❡✈❛❧✉❛t❡❞ r❡❧❛t✐✈❡❧② t♦ tr❛♥s✐t✐♦♥ s②st❡♠s ❡♥r✐❝❤❡❞ ❜② ❛❝t✐♦♥s✱
✐✳❡✳ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ST = 〈❆P, ❙,❆❝t, →֒, ❧❛❜❡❧s, s0〉 ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ s❡t ❆❝t ♦❢ ♥❡✇
❡❧❡♠❡♥ts ✭t❤❡ ❛❝t✐♦♥s✮ ❛♥❞ ✇❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ →֒: ❙×❆❝t→ ❙ ✐s ❞❡t❡r♠✐♥✐st✐❝
❛♥❞ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛❝t✐♦♥s✳ ❯♥❧✐❦❡ ❈❚▲✱ ▲❚▲ ♦r ❈❚▲∗✱ ✐ts s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ J·K
❝♦♠♣✉t❡s ❛ ❢✉♥❝t✐♦♥ J·K : φ → 2❙ r❡t✉r♥✐♥❣ ❛ s❡t ♦❢ st❛t❡s ✐♥st❡❛❞ ♦❢ ❛ tr✉t❤ ✈❛❧✉❡✳ ■t ✐s
❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② r❡❧❛t✐✈❡❧② t♦ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ χ : V → 2❙ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ V ❜②

JpKχ := {s ∈ ❙ | p ∈ ❧❛❜❡❧s(s)}

JZKχ := {s ∈ ❙ | s ∈ χ(Z)}

Jφ ∨ φ′Kχ := JφKχ ∪ Jφ′Kχ
J¬φKχ := ❙\JφKχ

J[a]. φKχ := {s ∈ ❙ | ∀s′ ∈ ❙, ✐❢ (s, a, s′) ∈→֒ t❤❡♥ s′ ∈ JφKχ}
JµZ. φKχ :=

⋂
{T ⊆ ❙ | JφKχ[Z/T ] ⊆ T}
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✇✐t❤ [Z/T ] ♠❡❛♥✐♥❣ t❤❛t ✇❡ s✉❜st✐t✉t❡ ❡✈❡r② Z ❜② T ✳
❚❤❡ ♦♣❡r❛t♦r µZ. φ ✐s t❤❡ ❧❡❛st ✜①✲♣♦✐♥t✳ ▲✐❦❡✇✐s❡ t♦ t❤❡ ♦t❤❡r t❡♠♣♦r❛❧ ❧♦❣✐❝s ✇❡

❝❛♥ r❡tr✐❡✈❡ t❤❡ ∧ ♦♣❡r❛t♦r ✉s✐♥❣ ∨ ❛♥❞ ¬✳ ❲❡ ❝❛♥ ❛❧s♦ ❣❡t t✇♦ ♦t❤❡r ♠♦❞❛❧✐t✐❡s νZ.φ
❛♥❞ 〈a〉φ r❡s♣❡❝t✐✈❡❧② ❞✉❛❧ ♦❢ µZ. φ ✭♠❛❦✐♥❣ ✐t t❤❡ ❣r❡❛t❡st ✜①✲♣♦✐♥t✮ ❛♥❞ [a]. φ✳

〈a〉φ := ¬[a]. ¬φ νZ. φ := ¬µZ. φ[Z/¬Z]

✶✳✷ ❚❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ♦♣❡♥ s②st❡♠s

❆s ✇❡ ♠♦✈❡ t♦ ♦♣❡♥ s②st❡♠s✱ ✇❡ ♥❡❡❞ t♦ ✉♣❞❛t❡ ❜♦t❤ t❤❡ ♠♦❞❡❧s ❛♥❞ t❤❡ ❢♦r♠❛❧✐s♠s✳

✶✳✷✳✶ ▼✉❧t✐✲❛❣❡♥ts ♠♦❞❡❧s

❈♦♥❝✉rr❡♥t ❛♥❞ t✉r♥✲❜❛s❡❞ ❣❛♠❡ str✉❝t✉r❡s

❈♦♥❝✉rr❡♥t✷ ❛♥❞ t✉r♥✲❜❛s❡❞ ❣❛♠❡s ❛r❡ t❤❡ ✉s✉❛❧ ♠♦❞❡❧s ✉s❡❞ ❢♦r ♦♣❡♥ ❛♥❞ ♠✉❧t✐✲❛❣❡♥t
s②st❡♠s✳

❉❡✜♥✐t✐♦♥ ✶✳✹ ✭❈♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡✮✳
❆ ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡ ✭❈●❙ ❢♦r s❤♦rt✮ ✐s ❛ t✉♣❧❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉
✇❤❡r❡ ❆P ✐s ❛ ♥♦♥✲❡♠♣t② ❛♥❞ ✜♥✐t❡ s❡t ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥✱ ❆❣t ✐s ❛ ♥♦♥✲❡♠♣t② ❛♥❞
✜♥✐t❡ s❡t ♦❢ ❛❣❡♥ts✱ ◗ ✐s ❛ ♥♦♥✲❡♠♣t② ❛♥❞ ✜♥✐t❡ s❡t ♦❢ st❛t❡s✱ ❆❝t ✐s ❛ ♥♦♥✲❡♠♣t② s❡t ♦❢
❛❝t✐♦♥s✱ ∆ : ◗ × ❆❝t❆❣t → ◗ ✐s ❛ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❧❛❜❡❧s : ◗ → 2❆P ✐s ❛ ❧❛❜❡❧❧✐♥❣
❢✉♥❝t✐♦♥✳

■♥t✉✐t✐✈❡❧②✱ t❤❡ st❛t❡ s♣❛❝❡ ◗ ♦❢ ❛ ❈●❙ r❡♣r❡s❡♥ts t❤❡ ❞✐✛❡r❡♥t st❛t✉s ♦❢ t❤❡ s②st❡♠ ❛♥❞
t❤❡ ❛❣❡♥ts r❡♣r❡s❡♥t ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ❛❝t✐♦♥s t❤❡♥ ❡①♣r❡ss t❤❡ ♣♦ss✐❜❧❡
✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❛❣❡♥ts✳ ❋✐♥❛❧❧② t❤❡ ❧❛❜❡❧❧✐♥❣ ❛❞❞s s♦♠❡ ❛t♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥s✱ ✐♥
♣❛rt✐❝✉❧❛r t❤❡ ❜✐ts ♥❡❡❞❡❞ t♦ s♣❡❝✐❢② t❤❡ ❣♦♦❞ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠✳

❘❡♠❛r❦ ✶✳✺✳ ■♥ s♦♠❡ ✇♦r❦s ❛♥ ✐♥✐t✐❛❧ st❛t❡ ✐s ❛❞❞❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❈●❙✳ ■♥ t❤✐s
t❤❡s✐s✱ ✇❡ ❞❡❛❧ ✇✐t❤ ♠✉❧t✐♣❧❡ ♦❜❥❡❝t✐✈❡s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❊❛❝❤ ♦❜❥❡❝t✐✈❡ ♠❛② ❜❡ ❡✈❛❧✉❛t❡❞
❛t ❛ ❞✐✛❡r❡♥t st❛t❡ ❢r♦♠ t❤❡ ♦t❤❡rs✱ ❤❡♥❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥✐t✐❛❧ st❛t❡ ✐s ♥♦t ♣❛rt✐❝✉❧❛r❧②
r❡❧❡✈❛♥t ❤❡r❡ ❛♥❞ ✇♦✉❧❞ ♦♥❧② ❡①t❡♥❞ ♥♦t❛t✐♦♥s✳ ❋♦r t❤❡s❡s r❡❛s♦♥s✱ ✇❡ ♦♠✐t ✐t ✐♥ ♦✉r
❞❡✜♥✐t✐♦♥ ♦❢ ❈●❙✳

❘❡♠❛r❦ ✶✳✻✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❈●❙✱ t❤❡ ❛❝t✐♦♥ s❡t ✐s ❝♦♠♠♦♥ t♦ ❛❧❧ ❛❣❡♥ts✳ ❍♦✇❡✈❡r✱
✇❤❡♥ ❜✉✐❧❞✐♥❣ ❛ ❈●❙✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ♦♥ ♠✉❧t✐♣❧❡ ♦❝❝❛s✐♦♥s t♦ ❛ss✐❣♥ ❛ ❣✐✈❡♥ ❛❝t✐♦♥ a1 t♦ ❛
❣✐✈❡♥ ❛❣❡♥t A1✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❣✐✈✐♥❣ ❛ ✜①❡❞ ❜❡❤❛✈✐♦✉r ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥s ♦❢ a1 ✇✐t❤
t❤❡ ♦t❤❡r ❛❣❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ♦✉r ❣❛♠❡ s✉❝❤ t❤❛t ✭✇✐t❤✐♥ t❤❡ tr❛♥s✐t✐♦♥
❢✉♥❝t✐♦♥✮ ❛❧❧ t❤❡ ❛❣❡♥ts ❜✉t A1 ✐♥t❡r❛❝t ✇✐t❤ a1 ❛s t❤❡② ✇♦✉❧❞ ✇✐t❤ ❛♥♦t❤❡r ❛❝t✐♦♥ a2✳ ❚❤✐s
✇❛②✱ ❛♥ ❛❣❡♥t ❞✐✛❡r❡♥t ❢r♦♠ A1 ❤❛s ♥♦ ✉s❡ ❢♦r a1✱ ❤❡ ❝❛♥ ❛❧✇❛②s ♣❧❛② a2 ❡q✉✐✈❛❧❡♥t❧②✳
❲❡ t❤❡♥ r❡❢❡r t♦ a1 ❛s ❛♥ ❛❝t✐♦♥ ❡①❝❧✉s✐✈❡ t♦ ❛❣❡♥t A1✳

✷❚❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥❝✉rr❡♥❝② ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ✉s✉❛❧❧② r❡❢❡rs t♦ t❤❡ ❛❜✐❧✐t② t♦ ❞❡❝♦♠♣♦s❡ ❛ s②st❡♠
✐♥t♦ ❝♦♠♣♦♥❡♥ts ✇❤♦s❡ ❡①❡❝✉t✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛♥② ♦r❞❡r✿ s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝♦♥❝✉rr❡♥❝② r❡❧❛t❡❞
♣r♦❜❧❡♠s ✐♥ P❡tr✐ ♥❡ts ❬✶✾❪✳ ❲❤✐❧❡ ❝♦♥❝✉rr❡♥t ❣❛♠❡s ❛❧❧♦✇ ❛ ❝❡rt❛✐♥ ❢♦r♠ ♦❢ ❝♦♥❝✉rr❡♥❝②✱ t❤❡② ❛r❡ ♠♦r❡
♦❢t❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ s♦♠❡ ♥♦t✐♦♥ ♦❢ s✐♠✉❧t❛♥❡✐t②✳
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❆ s❡❝♦♥❞ ♠♦❞❡❧ ❝❛❧❧❡❞ t✉r♥✲❜❛s❡❞ ❣❛♠❡ str✉❝t✉r❡s✱ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ r❡str✐❝t✐♦♥ ♦❢
❈●❙✱ ✇❤❡r❡ ❡❛❝❤ st❛t❡ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ s✐♥❣❧❡ ❛❣❡♥t✳ ❚✉r♥✲❜❛s❡❞ ❣❛♠❡ str✉❝t✉r❡s ❛r❡
s✐♠♣❧❡r ❛♥❞ ♠♦r❡ ✐♥t✉✐t✐✈❡ t❤❛♥ t❤❡✐r ❝♦♥❝✉rr❡♥t ❝♦✉♥t❡r✲♣❛rts ❜✉t ♠❛② s♦♠❡t✐♠❡s ❧❛❝❦
❡①♣r❡ss✐✈❡♥❡ss✳ ❋♦r ❡①❛♠♣❧❡ t❤❡② ❝❛♥♥♦t ❝♦♥✈❡② ❛♥② ♥♦t✐♦♥ ♦❢ s✐♠✉❧t❛♥❡✐t② ❝♦♥❝❡r♥✐♥❣
t❤❡ ❝❤♦✐❝❡s ♦❢ t❤❡ ❛❣❡♥ts✳

❉❡✜♥✐t✐♦♥ ✶✳✼ ✭❚✉r♥✲❜❛s❡❞ ❣❛♠❡ str✉❝t✉r❡✮✳
❆ t✉r♥✲❜❛s❡❞ ❣❛♠❡ str✉❝t✉r❡ ✐s ❛ ❈●❙ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ✇❤❡r❡ ❢♦r ❡❛❝❤
st❛t❡ q ∈ ◗ t❤❡r❡ ❡①✐sts ❛♥ ❛❣❡♥t A s✉❝❤ t❤❛t

∀m,m′ ∈ ❆❝t❆❣t\{A} ∀a ∈ ❆❝t ∆(q,m ∪ {A→ a}) = ∆(q,m′ ∪ {A→ a})

❚❤❡ ❛❣❡♥t A ✐s t❤❡♥ ❝❛❧❧❡❞ t❤❡ ♦✇♥❡r ♦❢ q✳

❍✐st♦r✐❡s✱ ♣❛t❤s ❛♥❞ str❛t❡❣✐❡s

❚♦ s✐♠✉❧❛t❡ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ❛ ♣❡❜❜❧❡ ✐s ♣❧❛❝❡❞ ♦♥ t❤❡ st❛t❡ r❡♣r❡s❡♥t✐♥❣
t❤❡ ✐♥✐t✐❛❧ st❛t✉s ♦❢ t❤❡ s②st❡♠✳ ❆t t✐♠❡ t ❡❛❝❤ ❛❣❡♥t ♣❧❛②s ❛♥ ❛❝t✐♦♥✱ t❤❡ r❡s✉❧t✐♥❣ s❡t
♦❢ ❛❝t✐♦♥s✱ s♦♠❡t✐♠❡s r❡❢❡rr❡❞ ❛s ❛ ❞❡❝✐s✐♦♥✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣❡❜❜❧❡✬s ❝✉rr❡♥t st❛t❡
❞❡t❡r♠✐♥❡ ❛ ♥❡✇ st❛t❡ ❢♦r t❤❡ ♣❡❜❜❧❡ t❤r♦✉❣❤ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢
st❛t❡s ✈✐s✐t❡❞ ❜② t❤❡ ♣❡❜❜❧❡ ❛s t✐♠❡ ♣❛ss❡s ❞❡t❡r♠✐♥❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳

❉❡✜♥✐t✐♦♥ ✶✳✽ ✭❍✐st♦r② ❛♥❞ ♣❛t❤s✮✳
❆ ❤✐st♦r② ✐♥ ❛ ❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ✐s ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ (qi)i≤L ✭L ∈ N✮
♦❢ st❛t❡s s✉❝❤ t❤❛t ❢♦r ❛♥② i < L t❤❡r❡ ❡①✐sts d ∈ ❆❝t❆❣t s✉❝❤ t❤❛t ∆(qi, d) = qi+1✳

❆ ♣❛t❤ ✐♥ G ✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ (qi)i∈N ♦❢ st❛t❡s s✉❝❤ t❤❛t ❢♦r ❛♥② i ∈ N t❤❡r❡ ❡①✐sts
d ∈ ❆❝t❆❣t s✉❝❤ t❤❛t ∆(qi, d) = qi+1✳

◆♦t❡ t❤❛t ❛ ❤✐st♦r② ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞✳ ❆ ♣❛t❤ r❡♣r❡s❡♥ts ❛♥ ❡①❡❝✉✲
t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭r✉♥♥✐♥❣ ❢♦r❡✈❡r✮ ✇❤✐❧❡ ❛ ❤✐st♦r② ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛♥
❡①❡❝✉t✐♦♥ t❤❛t ❤❛s ②❡t t♦ ❜❡ ❝♦♠♣❧❡t❡❞✳ ❲❡ ❞❡♥♦t❡ ❜② ❍✐stG ❛♥❞ P❛t❤G r❡s♣❡❝t✐✈❡❧② t❤❡
s❡ts ♦❢ ❤✐st♦r✐❡s ❛♥❞ ♣❛t❤s ♦❢ G✳ ❋♦r ❛♥② ❤✐st♦r② ρ✱ ✇❡ ❛❧s♦ ✇r✐t❡ ❧st(ρ) ❢♦r t❤❡ ❧❛st st❛t❡
♦❢ ρ✳ ❋✐♥❛❧❧②✱ ❣✐✈❡♥ ❡✐t❤❡r ❛ ❤✐st♦r② ♦r ❛ ♣❛t❤ ρ := (qi)i<L ✭✇✐t❤ L ∈ N ∪ {∞}✮ ❛♥❞ ❛♥
✐♥t❡❣❡r j < L✱ ✇❡ ✇r✐t❡ ρ≤j ❢♦r t❤❡ ✜♥✐t❡ ♣r❡✜① (qi)i≤j ♦❢ ρ ❛♥❞ ρ(j) ❢♦r t❤❡ ❡❧❡♠❡♥t qj✳
❆s ✐s ❝✉st♦♠❛r②✱ t❤❡ s✐♥❣✉❧❛r ❛♥❞ ❣❡♥❡r❛❧✐s❡❞ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❤✐st♦r✐❡s ✇✐❧❧ r❡s♣❡❝t✐✈❡❧②
❜❡ ❞❡♥♦t❡❞ ❜② t❤❡ s②♠❜♦❧s ρ · ρ′ ❛♥❞ Πi∈I(ρi)✳

❲❡ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ str❛t❡❣② t♦ ♠♦❞❡❧ t❤❡ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❛❣❡♥ts✳ ■♥ t❤✐s
t❤❡s✐s✱ str❛t❡❣✐❡s ✇✐❧❧ ❜❡ ✇✐t❤ ✐♥✜♥✐t❡ ♠❡♠♦r② ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝✱ ♠❡❛♥✐♥❣ ♥♦ ♠❡♠♦r②
r❡str✐❝t✐♦♥ ❜✉t ♥♦ r❛♥❞♦♠♥❡ss✳

❉❡✜♥✐t✐♦♥ ✶✳✾ ✭❙tr❛t❡❣②✮✳
❆ str❛t❡❣② ✐♥ ❛ ❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ✐s ❛ ✭♣♦t❡♥t✐❛❧❧② ♣❛rt✐❛❧✮ ❢✉♥❝t✐♦♥
δ : ❍✐stG → ❆❝t t❛❦✐♥❣ ❛ ❤✐st♦r② ❛♥❞ r❡t✉r♥✐♥❣ ❛♥ ❛❝t✐♦♥✳

❲❡ ✇r✐t❡ ❙tr❛tG ❢♦r t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦♥ G✳ ❆ str❛t❡❣② ✐s ♦❢t❡♥ r❡❧✐❛♥t ♦♥ ❛ s♠❛❧❧
s✉❜s❡t ♦❢ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥s ❝❛rr✐❡❞ ❜② t❤❡ ❤✐st♦r② ✐♥ ✐♥♣✉t✳ ❋♦r ❡①❛♠♣❧❡ ✐t ♠❛② ❧♦♦❦



✷✹

♦♥❧② ❛t t❤❡ ❧❛st st❛t❡ ♦❢ t❤❡ ❤✐st♦r②✱ t❤❡ r❡❛❝t✐✈❡ s②♥t❤❡s✐s ❝♦♠♠✉♥✐t② ✭❛♥♦t❤❡r ♥❛♠❡ ❢♦r
♣❡♦♣❧❡ ✇♦r❦✐♥❣ ✇✐t❤ s②st❡♠s r❡❛❝t✐♥❣ t♦ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t✮ ❝❛❧❧ s✉❝❤ str❛t❡❣✐❡s ♣♦s✐t✐♦♥❛❧
❛s t❤❡② ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❡❜❜❧❡✳ ❋♦r r❡❛s♦♥ t❤❛t ✇✐❧❧ ❜❡❝♦♠❡ ♦❜✈✐♦✉s
✐♥ ❈❤❛♣t❡r ✸✱ str❛t❡❣✐❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛❧❧ ❤✐st♦r✐❡s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❛♥② st❛rt✐♥❣ st❛t❡✳

❲❡ r❡❢❡r ❛s ❛ ❝♦♥t❡①t t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ ❛ str❛t❡❣② t♦ ❡❛❝❤ ❛❣❡♥t✳ ❋♦r♠❛❧❧②✱ ❛ ❝♦♥t❡①t
✐s ❛ ❢✉♥❝t✐♦♥ χ : ❆❣t→ ❙tr❛tG ✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ ❣❛♠❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✵ ✭❖✉t❝♦♠❡✮✳
▲❡t G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❜❡ ❛ ❣❛♠❡✱ q ♦♥❡ ♦❢ ✐ts st❛t❡s ❛♥❞ χ ❛ ❝♦♥t❡①t✳ ❚❤❡
♦✉t❝♦♠❡ ♦✉t(χ, q) := (qi)i∈N∗ ♦❢ χ ❢r♦♠ q ✐s t❤❡ ✉♥✐q✉❡ ♣❛t❤ ✇❤❡r❡ q1 = q ❛♥❞ ∀i ∈ N

∗✱
qi+1 = ∆(qi, di) ✇❤❡r❡ di ∈ ❆❝t❆❣t ✐s t❤❡ ❢✉♥❝t✐♦♥ ❛ss✐❣♥✐♥❣ ❛♥ ❛❝t✐♦♥ t♦ ❡❛❝❤ ❛❣❡♥t ❜②
❢♦❧❧♦✇✐♥❣ χ ♦♥ ❤✐st♦r② (qi′)i′<i✳

❊①❛♠♣❧❡

■♥ ✷✵✵✺✱ t❤❡ t❤r❡❡ ❢r❡♥❝❤ ♠♦❜✐❧❡ ♦♣❡r❛t♦rs ❖r❛♥❣❡✱ ❙❋❘ ❛♥❞ ❇♦✉②❣✉❡s✲t❡❧❡❝♦♠ ✇❡r❡
❢♦✉♥❞ ❣✉✐❧t② ♦❢ ✜①❡❞✲♣r✐❝❡ ❢r❛✉❞ ❛♥❞ r❡s♣❡❝t✐✈❡❧② ✜♥❡❞ ❢♦r ✷✷✵✱ ✷✺✻ ❛♥❞ ✺✽ ♠✐❧❧✐♦♥s ❡✉r♦s✳
❚❤❡ ✜①❡❞ ♣r✐❝❡ ❢r❛✉❞ ✭❋P❋ ❢♦r s❤♦rt✮ ❝♦♥s✐sts ✐♥ ♠✉❧t✐♣❧❡ ❝♦♠♣❛♥✐❡s ❛❣r❡❡✐♥❣ t♦ ❢r❡❡③❡
t❤❡✐r ♣r♦❞✉❝ts✬ ♣r✐❝❡s✱ ♠❛❦✐♥❣ t❤❡ ❝♦♥❝✉rr❡♥❝② ✭✐♥ t❤❡ ❡❝♦♥♦♠✐❝ s❡♥s❡✮ ❞✐s❛♣♣❡❛r✳ ■♥
♠♦st ❝♦✉♥tr✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❋r❛♥❝❡✱ t❤✐s ♣r❛❝t✐❝❡ ✐s ✐❧❧❡❣❛❧✳ ❲❡ ♣r❡s❡♥t s♦♠❡ ♦❢ t❤❡ ♥♦t✐♦♥s
❞❡✈❡❧♦♣❡❞ ❛❜♦✈❡ t❤r♦✉❣❤ ❛ ♥❛✐✈❡ ♠♦❞❡❧ ❢♦r t❤❡ ❋P❋ ❛♣♣❧✐❡❞ t♦ t✇♦ ♦❢ t❤❡ t❤r❡❡ ♦♣❡r❛t♦rs
✭❢♦r s✐♠♣❧✐❝✐t②✮✱ ❢♦r ❡①❛♠♣❧❡ ❖r❛♥❣❡ ❛♥❞ ❙❋❘✳

❲❡ ♠♦❞❡❧ t❤❡ ❋P❋ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈●❙ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ✇❤❡r❡

• ❚❤❡ ❛❣❡♥ts ❛r❡ t❤❡ t✇♦ ♦♣❡r❛t♦rs ❖r❛♥❣❡ ❛♥❞ ❙❋❘✳

• ❆♥ ♦♣❡r❛t♦r ❝❛♥ ❡✐t❤❡r ♣✉s❤ ❛ ♥❡✇ ♦✛❡r ♦♥ t❤❡ ♠❛r❦❡t✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ccr
❛❝t✐♦♥✱ ♦r st❛② ✐❞❧❡✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ frz ❛❝t✐♦♥✳ ❚❤❡ s❡t ♦❢ ❛❝t✐♦♥s t❤❡♥ ❝♦♥s✐sts
♦❢ ❆❝t := {ccr, frz}✳

• ❚❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s r❡♣r❡s❡♥t ❡❛❝❤ ❝♦♠♣❛♥② ♣♦❧✐❝② r❡❣❛r❞✐♥❣ ❛♥② r❡❞✉❝t✐♦♥ ♦❢
✐ts ♣r✐❝❡s✳ ❚❤❡ s❡t ❆P ✐s ♠❛❞❡ ♦❢ ❢♦✉r ♣r♦♣♦s✐t✐♦♥s pOfrz✱ p

S
frz✱ p

O
ccr ❛♥❞ pSccr✳ ❚❤❡

♣r♦♣♦s✐t✐♦♥ pAB r❡♣r❡s❡♥ts t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♠♣❛♥② A ❤❛s ❛❞♦♣t❡❞ t❤❡ ♣♦❧✐❝② B✳

• ❚❤❡ st❛t❡ s♣❛❝❡ ◗ ✐s ❝♦♠♣♦s❡❞ ♦❢ ♦♥❧② ❢♦✉r st❛t❡s✱ ❡❛❝❤ r❡♣r❡s❡♥t✐♥❣ ❛ ♣♦t❡♥t✐❛❧
st❛t✉s ♦❢ ♦✉r t✇♦ ♦♣❡r❛t♦rs ♠♦❜✐❧❡ ♠❛r❦❡t✳ ❋♦r♠❛❧❧②✱ ✇❡ s❡t ◗ := {q⋆,∗ | ⋆, ∗ ∈
{frz, ccr}}✳ ❚❤❡ st❛t❡ qfrz,ccr ❢♦r ❡①❛♠♣❧❡ t❡❧❧ ✉s t❤❛t ❖r❛♥❣❡ ✐s ♥♦t tr②✐♥❣ t♦
❧♦✇❡r ✐ts ♣r✐❝❡s ✇❤✐❧❡ ❙❋❘ ✐s✳ ❙✉❝❤ s✐t✉❛t✐♦♥ ✐s ♣r❡❢❡r❛❜❧❡ ❢♦r ❙❋❘ ❛♥❞ ✉♥❞❡s✐r❛❜❧❡
❢♦r ❖r❛♥❣❡✱ ❛s ✐t ✇✐❧❧ ❧♦s❡ ❝❧✐❡♥ts ✐♥ ❜❡♥❡✜ts t♦ ✐ts ❝♦♥❝✉rr❡♥t✳ ❖❜✈✐♦✉s❧②✱ ♠❛♥②
♣❛r❛♠❡t❡rs ❝♦♠❡ ✐♥t♦ ♣❧❛② ❜❡❢♦r❡ ❡♥❣❛❣✐♥❣ ♥❡✇ ♦✛❡rs ✐♥ t❤❡ ♠♦❜✐❧❡ ♠❛r❦❡t❀ ❜✉t ❢♦r
❛❧❧ ♣✉r♣♦s❡s ✐♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛t ❛♥② t✐♠❡ ❡✐t❤❡r ♦❢ t❤❡ ❝♦♠♣❛♥✐❡s
♠❛②✱ ✐❢ ✐t ✇✐s❤❡s✱ ❧♦✇❡r ✐ts ♣r✐❝❡✳

• ❆ st❛t❡ q⋆,∗ ✭✇✐t❤ ⋆, ∗ ∈ {frz, ccr}✮ ✐s ❧❛❜❡❧❧❡❞ ❜② {pO⋆ p
S
∗ }✳
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qccr, ccrqfrz, ccr

qccr, frzqfrz, frz

(frz, ccr)

(ccr, ccr)

(ccr, frz)

(frz, frz)

(ccr, ccr)

(ccr, frz)

(frz, ccr)

(frz, frz)
(frz, frz)

(ccr, ccr)

(ccr, ccr)

(ccr, frz)

(frz, ccr)

(frz, frz)

(ccr, frz)
(frz, ccr)

❋✐❣✉r❡ ✶✳✷✿ ❚❤❡ ❣❛♠❡ G r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠♦❜✐❧❡ ♦♣❡r❛t♦r ♠❛r❦❡t

• ❚❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ∆ ✐s r❛t❤❡r ✐♥t✉✐t✐✈❡✱ ✐t s✐♠♣❧② ✉♣❞❛t❡s ❛♥② ❝❤❛♥❣❡ ♦❢ ♠✐♥❞
♦❢ t❤❡ ♦♣❡r❛t♦rs✳ ❆s ♦❢t❡♥✱ t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ✐s t❡❞✐♦✉s✱ ✇❡ r❡❢r❛✐♥ ❢r♦♠ ❣✐✈✐♥❣
✐t ❛♥❞ r❡❢❡r t♦ ❋✐❣✉r❡ ✶✳✷✳

❖✉r ✐♥✐t✐❛❧ st❛t❡ ✭❛t t✐♠❡ t = 1✮ ✐s qccr,ccr✱ ❛s ✇❡ ❛ss✉♠❡ ❜♦t❤ ❝♦♠♣❛♥✐❡s t♦ ❜❡ ✐♥
❝♦♥❝✉rr❡♥❝❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❡♥❛r✐♦✿ ❛t t✐♠❡
t = 2 t❤r♦✉❣❤ ❛ s❤❛❞② ♠❡❡t✐♥❣✱ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❜♦t❤ ❝♦♠♣❛♥✐❡s ❣❛t❤❡r ❛♥❞ ❛❣r❡❡ t♦
❢r❡❡③❡ t❤❡✐r ♣r✐❝❡s ❢r♦♠ t❤❡ t✐♠❡ t = 3✳ ❆t t✐♠❡ t = 4✱ r❡❣✉❧❛t♦r② ❛✉t❤♦r✐t✐❡s ❝❛t❝❤ t❤❡
s✉❜t❡r❢✉❣❡✳ ❖r❛♥❣❡✱ ❢❡❛r❢✉❧ ♦❢ ❤❡❛✈② s❛♥❝t✐♦♥s ✐♠♠❡❞✐❛t❡❧② ✐ss✉❡s ♥❡✇ ♦✛❡rs ✇✐t❤ ❧♦✇❡r
♣r✐❝❡s ✇❤✐❧❡ ❙❋❘ ✇❛✐ts ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t = 5 t♦ ❞♦ s♦✳ ❚❤❡ ✇❤♦❧❡ s✐t✉❛t✐♦♥ ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣❛t❤✿

t = 1

qccr,ccr.

2

qccr,ccr.

3

qfrz,frz.

4

qfrz,frz.

5

qccr,frz.

6

qccr,ccr. . . .

■♥✐t✐❛❧ st❛t❡ ❋P❋ ❝❛✉❣❤t

■♥st❡❛❞ ♦❢ ❛ s❤❛❞② ♠❡❡t✐♥❣✱ ❖r❛♥❣❡ ❝❛♥ ❜✉✐❧❞ ❛ str❛t❡❣② δO tr②✐♥❣ t♦ ♦❜t❛✐♥ ❛ t❛❝✐t
❢♦r♠ ♦❢ ✜①❡❞✲♣r✐❝❡ ♠❛r❦❡t✳ ❚❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦✉r✿ ✐❢ ❙❋❘ ❤❛s ♥♦t ♣r♦✈✐❞❡❞ ❛♥②
♥❡✇ ♦✛❡r ❢♦r t❤❡ ❧❛st t✇♦ t✐♠❡✲✉♥✐ts t❤❡♥ ❖r❛♥❣❡ ♣♦st♣♦♥❡s ❛♥② ♣❧❛♥ r❡❞✉❝✐♥❣ ✐ts ♣r✐❝❡s❀
✐❢ ❙❋❘ ❤❛s ♣✉t ❛ ♥❡✇ ♦✛❡r t♦ ❛ttr❛❝t ❝✉st♦♠❡rs ✐♥ t❤❡ ❧❛st t✇♦ t✐♠❡✲✉♥✐ts t❤❡♥ ❖r❛♥❣❡
♣✉s❤❡s ❢♦r✇❛r❞ ❛ ❝♦♥❝✉rr❡♥t ❛♥s✇❡r✳ ❚❤✐s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ δO str❛t❡❣②✿
♦♥ ❛ ❤✐st♦r② ρ := (qi)i≤L ♦❢ ❧❡♥❣t❤ L✱
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• ✐❢ ❡✐t❤❡r q(L− 1) ♦r q(L) ❤❛s t❤❡ ♣r♦♣♦s✐t✐♦♥ pSccr ✐t ♠❡❛♥s t❤❛t ❙❋❘ ❤❛s ♣✉t ❛ ❧♦✇
♣r✐❝❡ ♦✛❡r ❛♥❞ ❖r❛♥❣❡ ♠✉st ❞♦ t❤❡ s❛♠❡ s♦ δO(ρ) = ccr✳

• ✐❢ ♥❡✐t❤❡r q(L− 1) ♥♦r q(L) ❤❛s pSccr✱ ❖r❛♥❣❡ ✇✐❧❧ tr② t♦ ❝r❡❛t❡ ❛ t❛❝✐t ❢r♦③❡♥ ♠❛r❦❡t
❛♥❞ ♣♦st♣♦♥❡ ✐ts ♥❡✇ ❞❡❛❧s✱ s♦ δO(ρ) = frz✳

◆♦✇✱ ❝♦♥s✐❞❡r ❛ s❡❝♦♥❞ str❛t❡❣② δS ❢♦r ❙❋❘ t❤❛t ♣✉ts ❛ ♥❡✇ ♦✛❡r ❡✈❡r② 4 t✐♠❡✲✉♥✐t✳ ❚❤❡
❝♦♥t❡①t ✇❤❡r❡ ❖r❛♥❣❡ ♣❧❛②s ❛❧♦♥❣ δO ❛♥❞ ❙❋❘ ♣❧❛②s ❛❧♦♥❣ δS ✇✐❧❧ ♣r♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥✜♥✐t❡ ♦✉t❝♦♠❡

t = 1

qccr,ccr.

2

qccr,frz.

3

qccr,frz.

4

qfrz,frz.

5

qfrz,ccr.

6

qccr,frz.

7

qccr,frz. . . .

■♥✐t✐❛❧❧②

❜♦t❤ ❤❛✈❡

♥❡✇ ♦✛❡rs

❖r❛♥❣❡ ❝❤❡❝❦s t❤❡ ❧❛st 2 st❛t❡s ❛♥❞ ❛❝ts ❛❝❝♦r❞✐♥❣❧②

❙❋❘ ✇❛✐ts 3 t✐♠❡✲✉♥✐t ❜❡❢♦r❡ ♥❡✇ ♦✛❡r

✶✳✷✳✷ ❋♦r♠❛❧✐s♠s

ω✲r❡❣✉❧❛r ❝♦♥❞✐t✐♦♥s

❲❡ ❜r✐❡✢② ❞✐s❝✉ss ❤♦✇ t❤❡ ω✲r❡❣✉❧❛r ❝♦♥❞✐t✐♦♥s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❢♦r
❈●❙✳ ❈♦♥s✐❞❡r ❛ ❈●❙ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉✳ ▲✐❦❡✇✐s❡ t♦ ✇♦r❞s✱ ❢♦r ❛♥② ❤✐st♦r②
ρ ∈ ❍✐stG ✇❡ ✇r✐t❡ ■♥❢(ρ) ❢♦r t❤❡ s❡t ♦❢ st❛t❡s t❤❛t ❛♣♣❡❛r ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ✐♥ ρ✳

❆ ❇ü❝❤✐ ❝♦♥❞✐t✐♦♥ ♦✈❡r G ✐s ❛ s❡t Ω ⊆ S ♦❢ st❛t❡s✳ ❲❡ t❤❡♥ s❛② t❤❛t ❛ ❝♦❛❧✐t✐♦♥
C ⊆ ❆❣t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ Ω ❢r♦♠ ❛ st❛t❡ qini ✐♥ G ✇❤❡♥ t❤❡r❡ ❡①✐st str❛t❡❣✐❡s ❢♦r
❡❛❝❤ ♠❡♠❜❡r ♦❢ C s✉❝❤ t❤❛t ♥♦ ♠❛tt❡r t❤❡ ♦t❤❡r ❛❣❡♥ts✬ str❛t❡❣✐❡s✱ t❤❡ r❡s✉❧t✐♥❣ ♦✉t❝♦♠❡
ρ st❛rt✐♥❣ ❢r♦♠ qini s❛t✐s✜❡s

■♥❢(ρ) ∩ Ω 6= ∅

❆ ♣❛r✐t② ❝♦♥❞✐t✐♦♥ ♦✈❡r ❛ ❈●❙ G ✐s ❛ ♠❛♣♣✐♥❣ Ω : ◗ → N ❛ss✐❣♥✐♥❣ ❛♥ ✐♥t❡❣❡r t♦
❡❛❝❤ st❛t❡✳ ❆ ❝♦❛❧✐t✐♦♥ C ⊆ ❆❣t ❝❛♥ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ Ω ❢r♦♠ ❛ st❛t❡ qini ✇❤❡♥ t❤❡r❡
❡①✐sts str❛t❡❣✐❡s ❢♦r ❡❛❝❤ ♠❡♠❜❡r ♦❢ C s✉❝❤ t❤❛t ♥♦ ♠❛tt❡r t❤❡ ♦t❤❡r ❛❣❡♥ts✬ str❛t❡❣✐❡s✱
t❤❡ r❡s✉❧t✐♥❣ ♦✉t❝♦♠❡ ρ st❛rt✐♥❣ ❢r♦♠ qini s❛t✐s✜❡s

∃i ∈ 2N.

{
∃q ∈ ■♥❢(ρ) ✇✐t❤ Ω(q) = i

∀q ∈ ■♥❢(ρ) ✇❡ ❤❛✈❡ Ω(q) ≥ i
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❚❤❡ ❛❧t❡r♥❛t✐♥❣ t✐♠❡ t❡♠♣♦r❛❧ ❧♦❣✐❝s ❆❚▲ ❛♥❞ ❆❚▲∗

❚❤❡r❡ ❛r❡ t❤r❡❡ ❜❛s✐❝ ❧♦❣✐❝s ❢♦r ♦♣❡♥ s②st❡♠s✿ ❆❚▲✱ ❆❚▲∗ ❛♥❞ ❆▲µ ✭❛❧s♦ ❝❛❧❧❡❞ ❆▼❈ ✐♥ ❬✷❪✱
✇❡ ❤♦✇❡✈❡r r❡❜r❛♥❞ ✐t ✐♥ ❆▲µ t♦ ♣❛✐r ✇✐t❤ t❤❡ s②♠❜♦❧ ▲µ ❢♦r t❤❡ µ✲❝❛❧❝✉❧✉s✮✳ ❲❡ st❛rt
✇✐t❤ t❤❡ ❡❛s✐❡st ♦♥❡s ❆❚▲ ❛♥❞ ❆❚▲∗✳ Pr♦♣♦s❡❞ ❜② ❆❧✉r✱ ❍❡♥③✐♥❣❡r ❛♥❞ ❑✉♣❢❡r♠❛♥ ✐♥
✷✵✵✷ ❬✷❪ t❤❡② ❝❛♥ ❜❡ s❡❡♥ ❢♦r ❛❧❧ ♣✉r♣♦s❡s ❛s t❤❡ ❛❞❛♣t❛t✐♦♥s ♦❢ ❈❚▲ ❛♥❞ ❈❚▲∗ t♦ ♦♣❡♥
s②st❡♠s✳ ❆❚▲∗ ❢♦r♠✉❧❛s ❛r❡ ❜✉✐❧❞ ✉♣♦♥ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❛ s❡t ❆❣t ♦❢
❛❣❡♥ts t❤r♦✉❣❤ t❤❡ ❣r❛♠♠❛r

❆❚▲∗ ∋ φ ::= p | φ ∨ φ | ¬φ | 〈〈C〉〉ϕ ✇✐t❤ C ⊆ ❆❣t

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ❳ϕ | ϕ❯ϕ | φ

❲❡ r❡tr✐❡✈❡ t❤❡ ♥❡①t ✭❳✮ ❛♥❞ ✉♥t✐❧ ✭❯✮ ♦♣❡r❛t♦rs ❢r♦♠ ▲❚▲ ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥ st❛t❡ ❛♥❞ ♣❛t❤ ❢♦r♠✉❧❛s ♦❢ ❈❚▲∗✳ ■ts s❡♠❛♥t✐❝s ❛r❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② ❡①❝❡♣t ❢♦r t❤❡
q✉❛♥t✐✜❡rs 〈〈C〉〉ϕ✳ ❚♦ ❡❛s❡ t❤❡ r❡❛❞✐♥❣✱ ❛♥❞ ❜❡❝❛✉s❡ ❆❚▲∗ ✐s ♥♦t ❛t t❤❡ ❤❡❛rt ♦❢ t❤✐s
t❤❡s✐s✱ ✇❡ ♦♥❧② ❣✐✈❡ ❛♥ ✐♥❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐✜❡rs s❡♠❛♥t✐❝s✳

ST , s |= 〈〈C〉〉ϕ ⇔





❚❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ str❛t❡❣✐❡s ❢♦r t❤❡ ❛❣❡♥ts ♦❢ C s♦
t❤❛t✱ ❣✐✈❡♥ ❛♥② s❡t ♦❢ str❛t❡❣✐❡s ❢♦r t❤❡ ❛❣❡♥ts ♦❢
❆❣t\C, t❤❡ r❡s✉❧t✐♥❣ ♦✉t❝♦♠❡ ρ s❛t✐s✜❡s ST , ρ |= ϕ

❚❤❡ ❧♦❣✐❝ ❆❚▲ ✐s t❤❡ ❢r❛❣♠❡♥t ♦❢ ❆❚▲∗ ♦❜t❛✐♥❡❞ ❜② r❡str✐❝t✐♥❣ t❤❡ ❣r❛♠♠❛r ♦❢ ♣❛t❤
❢♦r♠✉❧❛s t♦ ϕ ::= ¬φ | ❳φ | φ❯φ✳ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦r♠✉❧❛ 〈〈{A1, A2}〉〉❋ p ✐s ✐♥ ❆❚▲
❛♥❞ ❡①♣r❡ss❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str❛t❡❣② ❢♦r t❤❡ ❝♦❛❧✐t✐♦♥ ♦❢ A1 ❛♥❞ A2 t❤❛t ♣r♦❞✉❝❡s ✭♥♦
♠❛tt❡r t❤❡ ♦t❤❡r ❛❣❡♥ts str❛t❡❣✐❡s✮ ❛♥ ♦✉t❝♦♠❡ t❤❛t ✇✐❧❧ ❡✈❡♥t✉❛❧❧② s❡❡ p✳

❆▲µ ❛♥ ❛❧t❡r♥❛t✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ µ✲❝❛❧❝✉❧✉s

❆❧✉r✱ ❍❡♥③✐♥❣❡r ❛♥❞ ❑✉♣❢❡r♠❛♥ ❛❧s♦ ♣r♦♣♦s❡❞ ✐♥ ❬✷❪ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ µ✲❝❛❧❝✉❧✉s ▲µ
t♦ ✇♦r❦ ♦♥ ❈●❙✳ ❚❤❡② ❝❛❧❧ ✐t t❤❡ ❛❧t❡r♥❛t✐♥❣ µ✲❝❛❧❝✉❧✉s ❆▲µ✳ ❆❧s♦ ❛ ✜①✲♣♦✐♥t ❧♦❣✐❝✱ ✐t
❢♦❧❧♦✇s t❤❡ s②♥t❛① ♦❢ ▲µ✳ ❉❡✜♥❡❞ r❡❧❛t✐✈❡❧② t♦ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥✱ ❛ s❡t ❆❣t
♦❢ ❛❣❡♥ts ❛♥❞ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✱ ✐ts s②♥t❛① ✐s ❞✐❝t❛❝t❡❞ ❜② t❤❡ r✉❧❡s ❜❡❧♦✇✳

❆▲µ ∋ φ ::= p | Z | φ ∨ φ | ¬φ | 〈〈C〉〉φ | µZ. φ

❚❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ J·K ❢♦r ❆▲µ ❢♦r♠✉❧❛s ✐s st✐❧❧ ❞❡✜♥❡❞ r❡❧❛t✐✈❡❧② t♦ ❛♥ ✐♥t❡r♣r❡✲
t❛t✐♦♥ χ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ J·K : φ → 2❙✳ ❆❧❧ ♦♣❡r❛t♦rs ❜✉t 〈〈C〉〉φ ❤❛✈❡
t❤❡ s❛♠❡ s❡♠❛♥t✐❝s ❛s ✐♥ ▲µ✳ ❚❤❡ ♥❡✇ ♦♣❡r❛t♦r s❡♠❛♥t✐❝s ❛r❡ ❞❡✜♥❡❞ ❜②

J〈〈C〉〉φKχ := {s ∈ ❙ |





t❤❡r❡ ❡①✐sts ❛♥ ❛❝t✐♦♥ aA ❢♦r ❡❛❝❤ ❛❣❡♥t A ∈ C
s✉❝❤ t❤❛t ❛❣❛✐♥st ❛♥② ♦t❤❡r ❛❝t✐♦♥s aB ♦❢ t❤❡
❛❣❡♥ts B ∈ ❆❣t\C, t❤❡ st❛t❡
∆(q, (A1 → aA1 , . . . , B1 → aB1 , . . . ))

❜❡❧♦♥❣s ✐♥ JφKχ

}



✷✽

∧

〈〈C〉〉

J❆❣t\CK

ψ1

〈〈C〉〉

J❆❣t\CK

ψ2

◆♦ ❝♦♠♠♦♥

❜❡❤❛✈✐♦✉r
q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r

❛ ❝♦❛❧✐t✐♦♥ C ⊂ ❆❣t

✐♠♣❧✐❝✐t ✉♥✐✈❡rs❛❧ q✉❛♥✲

t✐✜❝❛t✐♦♥ ♦✈❡r ❆❣t\C

t❡♠♣♦r❛❧

♣r♦♣❡rt②

∧

〈〈C〉〉

J❆❣t\CK

ψ1

J❆❣t\CK

ψ2

❈♦♠♠♦♥ str❛t❡❣②

❢♦r ❜♦t❤ ❜r❛♥❝❤❡s

❋✐❣✉r❡ ✶✳✸✿ ❖♥ t❤❡ r✐❣❤t ❛♥ ❆❚▲ ❢♦r♠✉❧❛ ❛♥❞ ♦♥ t❤❡ ❧❡❢t ✇❤❛t ❝❛♥♥♦t ❜❡ ❞♦♥❡ ♥❡✐t❤❡r ✐♥
ω✲r❡❣✉❧❛r ❝♦♥❞✐t✐♦♥s ♥♦r ✐♥ ❛♥② ❆❚▲✱ ❆❚▲∗ ♦r ❆▲µ✳

✶✳✸ ❈♦♠♠✐t♠❡♥t ✐ss✉❡s ✐♥ ♠✉❧t✐✲❛❣❡♥ts ❧♦❣✐❝s

■♥ t❤❡ ❢♦r♠❛❧✐s♠s ❢♦r ❝❧♦s❡❞ s②st❡♠s✱ t♦ s✐♠✉❧❛t❡ ♣♦t❡♥t✐❛❧ ❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✇❡ ✉s❡
q✉❛♥t✐✜❝❛t✐♦♥s ♦✈❡r t❤❡ ♣♦t❡♥t✐❛❧ ♣❛t❤s ✐♥ t❤❡ ♠♦❞❡❧✳ ❚❤❡s❡ ♣❛t❤ q✉❛♥t✐✜❝❛t✐♦♥s✱ ❡✐t❤❡r
✐♠♣❧✐❝✐t ❛s ✐♥ ▲❚▲ ♦r ❡①♣❧✐❝✐t ❛s ✐♥ ❈❚▲✱ ❛r❡ ♦❢ t✇♦ ❢♦r♠s✿ ✏✐s t❤❡r❡ ❛ ♣❛t❤ s✉❝❤ t❤❛t. . . ✑ ❛♥❞
✏❢♦r ❛❧❧ ♣❛t❤s ✐t ❤♦❧❞s. . . ✑✳ ■♥ t❤❡ ❢♦r♠❛❧✐s♠ ❢♦r ♦♣❡♥ s②st❡♠s✱ t❤❡ ♣❛t❤ q✉❛♥t✐✜❝❛t✐♦♥s ❛r❡
r❡♣❧❛❝❡❞ ❜② str❛t❡❣② q✉❛♥t✐✜❝❛t✐♦♥s ✭✏✐s t❤❡r❡ ❛ str❛t❡❣② ❢♦r ❝♦❛❧✐t✐♦♥ C s✉❝❤ t❤❛t. . . ✑✮✳ ■♥
❛❧❧ t❤❡ ♦♣❡♥✲s②st❡♠ ❢♦r♠❛❧✐s♠s ❞❡✜♥❡❞ ❛❜♦✈❡✱ ❛❢t❡r ❡❛❝❤ str❛t❡❣② q✉❛♥t✐✜❝❛t✐♦♥ t❤❡r❡ ❛r❡
♦t❤❡r ✐♠♣❧✐❝✐t str❛t❡❣② q✉❛♥t✐✜❝❛t✐♦♥s ♠❛❦✐♥❣ ❛❧❧ ♣r♦♣❡rt✐❡s ❡①♣r❡ss✐❜❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠

❆r❡ t❤❡r❡ str❛t❡❣✐❡s ✭❛❝t✐♦♥s ❢♦r ❆▲µ✮ ❢♦r ❛❣❡♥ts A1, . . . s✉❝❤ t❤❛t ❢♦r ❛❧❧
str❛t❡❣✐❡s ✭❛❝t✐♦♥s ❢♦r ❆▲µ✮ ❢♦r ❛❣❡♥ts B1, . . . t❤❡ r❡s✉❧t✐♥❣ ♦✉t❝♦♠❡ s❛t✐s✜❡s
s♦♠❡ t❡♠♣♦r❛❧ ♣r♦♣❡rt② ❄

❚❤✐s ♠❛❦❡s t❤❡ ❜r❛♥❝❤✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❆❚▲✱ ❆❚▲∗ ❛♥❞ ❆▲µ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♦❢
❈❚▲✱ ❈❚▲∗ ❛♥❞ ▲µ✿ ❛ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢♦r♠✉❧❛s✱ ❡❛❝❤ ❛❜♦✉t ❛ ❣✐✈❡♥ ♦✉t❝♦♠❡✳ ❚❤❡
❞✐✛❡r❡♥t ❜r❛♥❝❤❡s ❤❛✈❡ ♥♦t❤✐♥❣ ✐♥ ❝♦♠♠♦♥✿ ❛♥ ❛❣❡♥t ♠❛② ❛❝t ✐♥ ❛ ✇❛② ✐♥ ♦♥❡ ❜r❛♥❝❤
❛♥❞ ❝♦♠♣❧❡t❡❧② ❝❤❛♥❣❡ ✐ts ❜❡❤❛✈✐♦✉r ✐♥ ❛♥♦t❤❡r✳ ❚❤✐s ✐♥❛❜✐❧✐t② ❢♦r ❞✐✛❡r❡♥t ❜r❛♥❝❤❡s ♦❢
❛ ❢♦r♠✉❧❛ t♦ s❤❛r❡ s♦♠❡ ❝♦♠♠♦♥ ❜❡❤❛✈✐♦✉r ✐s ✇❤❛t ✇❡ ❝❛❧❧ t❤❡ ❝♦♠♠✐t♠❡♥t ✐ss✉❡✱ ❡❛❝❤
str❛t❡❣② ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ q✉❛♥t✐✜❝❛t✐♦♥ ✐s ❝♦♠♠✐tt❡❞ t♦ ❛ s✐♥❣❧❡ t❡♠♣♦r❛❧ ♦❜❥❡❝t✐✈❡✳
❋✐❣✉r❡ ✶✳✸ ✐❧❧✉str❛t❡s t❤❡ ✐ss✉❡✿ ♦♥ t❤❡ ❧❡❢t ✇❡ ❝❛♥ s❡❡ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❆❚▲ ❛♥❞ ♦♥ t❤❡
r✐❣❤t ❛ ♣r♦♣❡rt② ♥♦t ❡①♣r❡ss✐❜❧❡ ✇✐t❤ ✇❤❛t ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ s♦ ❢❛r✳ ❲❡ ♣r❡s❡♥t ❜❡❧♦✇
s♦♠❡ ♥❡✇ ❢♦r♠❛❧✐s♠s t♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✳

●▲

❆ ✜rst ✇❛② t♦ ❜②♣❛ss t❤❡ ❝♦♠♠✐t♠❡♥t ✐ss✉❡ ✐s t♦ ❛❞❞ ❜r❛♥❝❤✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❡①✐st❡♥t✐❛❧
❛♥❞ ✭✐♠♣❧✐❝✐t✮ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥s✱ ❧✐❦❡ ✐♥ t❤❡ r✐❣❤t ♣❛rt ♦❢ ❋✐❣✉r❡ ✶✳✸✳ ❚❤✐s ✇❛s t❤❡
❛♣♣r♦❛❝❤ ❝❤♦s❡♥ ❜② ❆❧✉r✱ ❍❡♥③✐♥❣❡r ❛♥❞ ❑✉♣❢❡r♠❛♥ ✐♥ ❬✷❪ ❢♦r t❤❡✐r ❣❛♠❡ ❧♦❣✐❝ ●▲✳ ●▲
❢♦r♠✉❧❛s ❛r❡ ❜✉✐❧❞ ❜② ❛ t❤r❡❡ st❡♣s s②♥t❛①✿ st❛t❡ ❢♦r♠✉❧❛s φ✱ tr❡❡ ❢♦r♠✉❧❛s ψ ❛♥❞ ♣❛t❤



✷✾

❢♦r♠✉❧❛s ϕ✳

●▲ ∋ φ ::= p | ¬φ | φ ∨ φ | 〈C〉ψ ✇✐t❤ C ⊆ ❆❣t

ψ ::= ¬ψ | ψ ∨ ψ | ❊ϕ

ϕ ::= φ | ¬ϕ | ϕ ∨ ϕ | ❳ϕ | ϕ ❯ϕ

❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s
♦❢ ❛❧❧ t❤❡ ❧♦❣✐❝s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r❡s❡♥t❡❞✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ ❝♦♥t❡①t ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥
❛ss♦❝✐❛t✐♥❣ str❛t❡❣✐❡s ✇✐t❤ ❛❣❡♥ts✳ ❚❤❡ 〈C〉ψ ♦♣❡r❛t♦r✸ ✐s ❛♥ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ❢♦r
t❤❡ ❛❣❡♥ts ✐♥ t❤❡ ❝♦❛❧✐t✐♦♥ C t❤❛t s❡ts ❛ ❝♦♥t❡①t ❢♦r tr❡❡ ❢♦r♠✉❧❛s✳ ❚♦ ❞❡✜♥❡ ❡①♣❧✐❝✐t❧②
❛ ❝♦♥t❡①t χ ✐♥ ✇❤✐❝❤ ❛♥ ❛❣❡♥t A ❢♦❧❧♦✇s ❛ str❛t❡❣② δ ✇❤✐❧❡ ❛♥♦t❤❡r ❛❣❡♥t B ❢♦❧❧♦✇s δ′✱
✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ χ := {A → δ;B → δ′}✳ ❚❤❡♥✱ t❤❡ ♦♣❡r❛t♦r 〈C〉ψ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
s❡♠❛♥t✐❝s✿

G, q |= 〈C〉ψ ⇔

{
∃δ1 . . . δ|C| ∈ ❙tr❛tG ✇✐t❤ G, q |={A1→δ1,...,A|C|→δ|C|} ψ

✇❤❡r❡ A1, . . . A|C| ❛r❡ t❤❡ ❛❣❡♥ts ♦❢ C

❚r❡❡ ❢♦r♠✉❧❛s ❛r❡ ❞❡✜♥❡❞ r❡❧❛t✐✈❡❧② t♦ t❤❡ ✉♥✇✐♥❞✐♥❣ ♦❢ t❤❡ ❣❛♠❡✳ ❆♥ ✉♥✇✐♥❞✐♥❣ ♦❢ ❛
❣❛♠❡ G ❢r♦♠ ❛ st❛t❡ q ✐s t❤❡ ✐♥✜♥✐t❡ tr❡❡ TG ♦❜t❛✐♥❡❞ ✇✐t❤ q ❛t t❤❡ r♦♦t ❛♥❞ ✇❤❡r❡ t❤❡
❝❤✐❧❞r❡♥ ♦❢ ❛ ♥♦❞❡ ❛r❡ ✐ts s✉❝❝❡ss♦rs✳ ❚❤❡ ❊ϕ ♦♣❡r❛t♦r ✐s ❛♥ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥
♦✈❡r t❤❡ ♣❛t❤s ✐♥ TG✳

G, q |= ❊ϕ ⇔ ∃ρ ∈ P❛t❤TG ❝♦❤❡r❡♥t ✇✐t❤ χ ✇✐t❤ G, ρ |= ϕ

P❛t❤ ❢♦r♠✉❧❛s✬ s❡♠❛♥t✐❝s ❛r❡ ❞❡✜♥❡❞ r❡❧❛t✐✈❡❧② t♦ ❛ ♣❛t❤ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ▲❚▲✳

❇❙■▲

❆♥♦t❤❡r ❛♣♣r♦❛❝❤ t♦ t❤❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ♣r♦♣♦s❡❞ ❜② ❲❛♥❣✱ ❍✉❛♥❣ ❛♥❞ ❨✉ ✐♥
✷✵✶✶ ✇✐t❤ t❤❡✐r ❜❛s✐❝ str❛t❡❣② ✐♥t❡r❛❝t✐♦♥ ❧♦❣✐❝ ❇❙■▲ ❬✻✸❪✱ ✐s t♦ ❛❞❞ ❛♥ ♦♣❡r❛t♦r 〈+C〉
t♦ ❡①t❡♥❞ t❤❡ ❝✉rr❡♥t ❝♦♥t❡①t✳ ❇❙■▲ ❛❧s♦ ❞❡❝♦♠♣♦s❡s ✐ts ❣r❛♠♠❛r ✐♥ t❤r❡❡ ♣❛rts✿ st❛t❡
❢♦r♠✉❧❛s φ✱ ❜r❛♥❝❤✐♥❣ ❢♦r♠✉❧❛s ψ ❛♥❞ ♣❛t❤ ❢♦r♠✉❧❛s ϕ✳

❇❙■▲ ∋ φ ::= p | ¬φ | φ ∨ φ | 〈C〉ψ ✇✐t❤ C ⊆ ❆❣t

ψ ::= ¬ψ | ψ ∨ ψ | 〈+C〉ψ | ϕ

ϕ ::= ❳φ | φ❯φ

❆s ✐♥ ●▲✱ st❛t❡ ❢♦r♠✉❧❛s ❞❡✜♥❡ ❛♥ ✐♥✐t✐❛❧ ❝♦♥t❡①t❀ ❤♦✇❡✈❡r ❜r❛♥❝❤✐♥❣ ❢♦r♠✉❧❛s ❛r❡
✉s❡❞ t♦ ❜r❛♥❝❤ ♣r♦♣❡rt✐❡s ✉♣♦♥ t❤❡ ❝✉rr❡♥t ❝♦♥t❡①t ♦r t♦ r❡✜♥❡ ✐t✳

G, q |= 〈C〉ψ ⇔ ∃δ1 . . . δ|C| ∈ ❙tr❛tG ✇✐t❤ G, q |={A1→δ1,...,A|C|→δ|C|} ψ

G, q |=χ 〈+C〉ψ ⇔ ∃δ1 . . . δ|C| ∈ ❙tr❛tG ✇✐t❤ G, q |=χ[A1→δ1,...,A|C|→δ|C|] ψ

G, q |=χ ϕ ⇔ ∀ρ ∈ P❛t❤G ❝♦❤❡r❡♥t ✇✐t❤ χ, ✐t ❤♦❧❞s G, ρ |= ϕ

✸❚❤❡ s②♠❜♦❧ 〈〈C〉〉ψ ✐s ❢♦r t❤❡ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❣❡♥ts ✐♥ C ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♠♣❧✐❝✐t
✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ ❆❣t\C✳ ❲❤❡♥ ✇❡ ✇✐s❤ t♦ ❛✈♦✐❞ t❤❡ ✐♠♣❧✐❝✐t ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥✱ ❛s ✐♥
●▲✱ ✇❡ ✉s❡ t❤❡ s②♠❜♦❧ 〈C〉ψ✳



✸✵

❚❤❡ ❢♦r♠✉❧❛ ♦♥ t❤❡ r✐❣❤t ♦❢ ❋✐❣✉r❡ ✶✳✸ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❇❙■▲ ❜②

〈C〉





¬〈+❆❣t\C〉¬ψ1

∧

¬〈+❆❣t\C〉¬ψ2

❈❆❚▲✱ ❛ ✈❡rs✐♦♥ ♦❢ ❆❚▲ ✇✐t❤ ❡✛❡❝t✐✈❡ ❝♦♠♠✐t♠❡♥t

❆ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ t❤❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s t♦ tr❡❛t t❤❡ str❛t❡❣✐❡s ✐♥ ❛♥ ❡①♣❧✐❝✐t
♠❛♥♥❡r r❛t❤❡r t❤❛♥ t❤r♦✉❣❤ t❤❡ s❝♦♣❡ ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s✳ ❋♦r t❤✐s✱ t❤❡ ❧♦❣✐❝ ❈❆❚▲✱
❞❡✈❡❧♦♣❡❞ ❜② ✈❛♥ ❞❡r ❍♦❡❦✱ ❏❛♠r♦❣❛ ❛♥❞ ❲♦♦❧❞r✐❞❣❡ ✐♥ ✷✵✵✺ ❬✺✾❪ ❡①t❡♥❞s ❆❚▲ ❜② ❛❞❞✐♥❣
❛♥ ♦♣❡r❛t♦r C(δ, A)φ t♦ ❛ss✐❣♥ ❛ str❛t❡❣② δ t♦ t❤❡ ❛❣❡♥t A✳ ❚❤❡ str❛t❡❣② δ ✐s ♥♦t t❤❡
r❡s✉❧ts ♦❢ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ❜✉t r❛t❤❡r ❤❛s t♦ ❜❡ ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ❜② t❤❡ ❝♦♥t❡①t✳

❈❆❚▲ ∋ φ ::=

{
p | φ ∨ φ | ¬φ | 〈+C〉●φ | 〈+C〉❳φ | 〈+C〉❋φ

〈+C〉φ❯φ | 〈+C〉φ❘φ | C(δ, A)φ A ∈ ❆❣t

❆t t❤❡ ❜❡❣✐♥♥✐♥❣ t❤❡ ❝♦♥t❡①t ✐s ❡♠♣t②✳ ❚❤❡ 〈+C〉φ♥φ ❛♥❞ 〈+C〉♦φ t②♣❡ ❢♦r♠✉❧❛s
✭❢♦r ♥ ∈ {❯ ,❘ } ❛♥❞ ♦ ∈ {❳ ,❋● }✮ ❛❝t ❛s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ 〈+C〉 ♦♣❡r❛t♦r ❢r♦♠
❇❙■▲ ❡①t❡♥❞✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♥t❡①t ❛♥❞ ♦❢ ▲❚▲ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ✭❋✱❯✱●✱❳ ❛♥❞ ❘✮✳
❚❤❡ ♥❡✇ ♦♣❡r❛t♦r C(δ, A)φ ♦❜❡②s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠❛♥t✐❝s

G, q |=χ C(δ, A)φ ⇔ G, q |=χ∪{A→δ} ψ

◆♦t❡ t❤❛t ✉♥❧✐❦❡ ♠♦st ❧♦❣✐❝s✱ ❈❆❚▲ ❢♦r♠✉❧❛s ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ r❡❧❛t✐✈❡❧② t♦ s♦♠❡ str❛t❡✲
❣✐❡s ❣✐✈❡♥ ❛s ♣❛r❛♠❡t❡rs✳ ❈❆❚▲ ❛❧❣♦r✐t❤♠s t❤❡♥ ✇♦r❦ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s s✉❝❤ ❛s ✏t❤❡
str❛t❡❣✐❡s ✉s❡❞ ❛r❡ ♣♦s✐t✐♦♥❛❧✑ ♦r ✏t❤❡ str❛t❡❣✐❡s ✉s❡❞ ❤❛✈❡ ❛ ♠❡♠♦r② ♦❢ s✐③❡ λ✑✳

✶✳✹ ❘❡✈♦❝❛t✐♦♥ ✐ss✉❡s ✐♥ ♠✉❧t✐✲❛❣❡♥ts ❧♦❣✐❝s

q1

p

q2 p′

q3 ∅

1, 1
2, 0
2, 2

1, 0
1, 2
2, 1

0, ⋆

❋✐❣✉r❡ ✶✳✹✿ ❆ ❈●❙ ✇✐t❤ t✇♦
❛❣❡♥ts A ❛♥❞ B✱ ✇✐t❤ t❤r❡❡ ❛❝✲
t✐♦♥s 0✱ 1 ❛♥❞ 2✱ ❛♥❞ ✇❤❡r❡ q1
s❡r✈❡s ❛s ✐♥✐t✐❛❧ st❛t❡✳

❲❡ ❤❛✈❡ s❡❡♥ t❤r♦✉❣❤ t❤❡ ❝♦♠♠✐t♠❡♥t ✐ss✉❡ t❤❛t
✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ♦♣❡♥ s②st❡♠s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❜r❛♥❝❤
❢♦r♠✉❧❛s ✐♥ ❛ ♠♦r❡ r❡✜♥❡❞ ✇❛② t❤❛♥ ✇✐t❤ ❝❧♦s❡❞ s②s✲
t❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♠❛② ❢♦r❝❡ s♦♠❡ s❤❛r❡❞ ❜❡✲
❤❛✈✐♦✉r ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t s✐♠✉❧❛t✐♦♥s✳ ❆ s♦♠❡✇❤❛t
s✐♠✐❧❛r ♣r♦❜❧❡♠ ♦❝❝✉rs ❧✐♥❡❛r❧②✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣r♦❜❧❡♠✱ ✇❡ ❡①t❡♥❞ ❛♥ ❡①❛♠♣❧❡
♣r♦♣♦s❡❞ ❜② ❆❣♦t♥❡s✱ ●♦r❛♥❦♦ ❛♥❞ ❏❛♠r♦❣❛ ✐♥ ❬✶❪✳
❈♦♥s✐❞❡r t❤❡ ❈●❙ ♦❢ ❋✐❣✉r❡ ✶✳✹ ✇✐t❤ t✇♦ ❛❣❡♥ts A
❛♥❞ B ❛♥❞ ❛♥ ❛❝t✐♦♥ s❡t {0, 1, 2} ❝♦♠♠♦♥ t♦ ❜♦t❤
❛❣❡♥ts✳ ❲❡ ✇✐s❤ t♦ ❡①♣r❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②

❆❣❡♥t A ❤❛s ❛ ❜❡❤❛✈✐♦✉r t❤❛t ❛❧✇❛②s
s❡❡s p✱ ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ❝❤♦✐❝❡s ♦❢ B
❛r❡✱ ❜✉t ♠❛② ❛t ❡✈❡r② ♠♦♠❡♥t ❞❡❝✐❞❡ t♦
❣♦ t♦ p′✳



✸✶

❚❤❡ ✐♥t✉✐t✐✈❡ ✇❛② t♦ ❡①♣r❡ss t❤✐s ✐♥ ❆❚▲ ✐s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

φ := 〈〈A〉〉 ● (p ∧ 〈〈A〉〉❋ p′)

❚❤❡ ♣r♦♣❡rt② ✐s ❤♦✇❡✈❡r ❛♠❜✐❣✉♦✉s✿ s❤♦✉❧❞ ✇❡ r❡q✉❛♥t✐❢② t❤❡ str❛t❡❣② ♦❢ B ✇❤❡♥ A
st❛rts t♦ ❞❡✈✐❛t❡ t♦✇❛r❞s p′❄ ❋♦r♠✉❧❛ φ ✇♦r❦s ♦♥❧② ✐❢ B ✐s s✉♣♣♦s❡❞ t♦ r❡q✉❛♥t✐❢② ✐ts
str❛t❡❣②✱ ✐♥ t❤✐s ❝❛s❡ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥ ❛♥❞ φ ❞♦❡s ♥♦t ❤♦❧❞ ♦♥ t❤❡ ❈●❙ ♦❢ ❋✐❣✉r❡ ✶✳✹✳
■❢ ✇❡ ✇✐s❤ t♦ ♣r❡s❡r✈❡ t❤❡ str❛t❡❣② B ❤❛s ❝❤♦s❡♥✱ t❤❡ ♣r♦♣❡rt② s❤♦✉❧❞ ❤♦❧❞ ♦♥ t❤❡ ❣❛♠❡✳
■♥❞❡❡❞✱ t❤❡ str❛t❡❣② ♦❢ ❛❣❡♥t B ✐s ✜①❡❞ ❛♥❞ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥t❡①t✱ t❤❡r❡❢♦r❡
✇❤❡♥ A r❡q✉❛♥t✐✜❡s ✐ts str❛t❡❣② ✐t ♠❛② ❛ss✉♠❡ ❦♥♦✇❧❡❞❣❡ ♦❢ B str❛t❡❣②✳ ❍♦✇❡✈❡r φ ❞♦❡s
♥♦t ❤♦❧❞ ♦♥ t❤❡ ❣❛♠❡ ❛♥❞ t❤❡r❡❢♦r❡ ❢❛✐❧s t♦ ❝❛♣t✉r❡ t❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✳ ❲❡ ♥❡❡❞ ❛
♠♦r❡ ❡①♣r❡ss✐✈❡ ❢♦r♠❛❧✐s♠ t❤❛♥ ❆❚▲✳ ■♥ ❢❛❝t ♥♦♥❡ ♦❢ t❤❡ ❧♦❣✐❝s ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ s♦ ❢❛r
✭❆❚▲✱ ❆❚▲∗✱ ❇❙■▲✱ ❈❆❚▲✱ ❆▲µ✮ ❝❛♥ ♠❛♥❛❣❡ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡r❡ ❡①✐st s♦♠❡ s♦❧✉t✐♦♥s ❜✉t
t❤❡② ❛r❡ ❛❧❧ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❣❛♠❡ ✭✇❤✐❝❤ ✇❡ ♣✉r♣♦s❡❧② ❦❡♣t s✐♠♣❧❡✮✳

❚❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡ ❝♦♠❡s ❢r♦♠ t❤❡ ✐♥❝❛♣❛❜✐❧✐t② ❢♦r ❛♥ ❛❣❡♥t ✭A✮ t♦
r❡✈♦❦❡ ✐ts str❛t❡❣② ✇✐t❤♦✉t ❢♦r❝✐♥❣ ♦t❤❡r ❛❣❡♥ts ✭B✮ t♦ ❞♦ t❤❡ s❛♠❡✳ ❚❤❡ ✐♥❝❛♣❛❜✐❧✐t② t♦
r❡q✉❛♥t✐❢② t❤❡ str❛t❡❣✐❡s ❢♦r s♦♠❡ ♦❢ t❤❡ ❛❣❡♥ts ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❝✉rr❡♥t str❛t❡❣✐❡s ❢♦r
t❤❡ ♦t❤❡r ❛❣❡♥ts ✐s ✇❤❛t ✇❡ ❝❛❧❧ t❤❡ r❡✈♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ✇❤❛t ✇❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s
s❡❝t✐♦♥✳

❆❚▲ ✇✐t❤ ✐rr❡✈♦❝❛❜❧❡ str❛t❡❣✐❡s

❖♥❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡✈♦❝❛t✐♦♥ ✐ss✉❡s ✐s t♦ ❢♦r❝❡ ❡✈❡r② ❛❣❡♥t ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ t♦
❦❡❡♣ ✐ts str❛t❡❣② ✇❤❡♥ ❛ ♥❡st❡❞ q✉❛♥t✐✜❝❛t✐♦♥ ♦❝❝✉rs✳ ❚❤✐s ✐s ✇❤❛t ❆❣♦t♥❡s✱ ●♦r❛♥❦♦
❛♥❞ ❏❛♠r♦❣❛ ❞✐❞ ✐♥ ✷✵✵✼ ❬✶❪ ✇✐t❤ t❤❡✐r ✐rr❡✈♦❝❛❜❧❡ ✈❡rs✐♦♥ ■❆❚▲ ♦❢ ❆❚▲✳ ❚❤❡ ❣r❛♠♠❛r ♦❢
■❆❚▲ ✐s t❤❡ s❛♠❡ ❛s ❆❚▲✿

■❆❚▲ ∋ φ ::= p | φ ∨ φ | ¬φ | 〈〈C〉〉ϕ

ϕ ::= ❳φ | φ❯φ

❋♦r♠✉❧❛s ✐♥ ■❆❚▲ ❛r❡ ❡✈❛❧✉❛t❡❞ r❡❧❛t✐✈❡❧② t♦ ❛ ❝♦♥t❡①t χ ✐♥✐t✐❛❧❧② ❡♠♣t② ✭❜❡❢♦r❡ t❤❡ ✜rst
q✉❛♥t✐✜❡r✮ ❛♥❞ t❤❛t ❣r♦✇s ✇✐t❤ ❡❛❝❤ q✉❛♥t✐✜❡r✳ ❈♦♠♣❛r❡❞ t♦ ❆❚▲✱ ♦♥❧② t❤❡ s❡♠❛♥t✐❝s ♦❢
t❤❡ 〈〈C〉〉ϕ ♦♣❡r❛t♦r ✐s ♠♦❞✐✜❡❞✳

G, q |=χ 〈〈C〉〉ϕ ⇔





∃δ1, . . . δλ ∈ ❙tr❛tG s✉❝❤ t❤❛t ❢♦r ❛♥② str❛t❡❣✐❡s ❢♦r t❤❡
❛❣❡♥ts ♦❢ ❆❣t\C t❤❡ r❡s✉❧t✐♥❣ ❝♦♥t❡①t ✇✐t❤ χ s❛t✐s✜❡s
G, q |=χ∪{A1→δ1,...Aλ→δλ} ϕ.

✇❤❡r❡ A1, . . . Aλ ❛r❡ t❤❡ ❛❣❡♥ts ♦❢ C t❤❛t ❤❛✈❡ ②❡t t♦ ❜❡ ❛ss✐❣♥❡❞ ❛ str❛t❡❣② ✐♥ χ ✭♠❡❛♥✐♥❣
Ai 6∈ ❞♦♠(χ)✮✳ ❚❤❡ ❝♦♥t❡①t χ ❝❛♥ ♦♥❧② ❜❡ r❡✜♥❡❞ ❜② ❛ q✉❛♥t✐✜❡r✳

❆❚▲ ✇✐t❤ str❛t❡❣② ❝♦♥t❡①t

❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s r❡✜♥❡❞ ❜② ❇r✐❤❛②❡✱ ❉❛ ❈♦st❛✱ ▲❛r♦✉ss✐♥✐❡ ❛♥❞ ▼❛r❦❡② ✐♥ ✷✵✵✾ ❬✶✵❪
✇❤❡r❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥t❡①t ✇❛s ♣✉s❤❡❞ ❢✉rt❤❡r ❜② ❡①♣❧✐❝✐t❧② ❛❞❞✐♥❣ ❛ ♦♣❡r❛t♦r 〉〉C〈〈φ t♦
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r❡✈♦❦❡ t❤❡ str❛t❡❣✐❡s ❛ss✐❣♥❡❞ t♦ t❤❡ ❛❣❡♥ts ♦❢ ❛ ❝♦❛❧✐t✐♦♥ C✳ ❋♦r♠❛❧❧②✱ t❤❡② ❞❡✜♥❡ ❛ ❧♦❣✐❝
❆❚▲sc ❜❛s❡❞ ✉♣♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

❆❚▲sc ∋ φ ::= p | φ ∨ φ | ¬φ | 〉〉C〈〈φ | 〈〈C〉〉ϕ ✇✐t❤ C ⊆ ❆❣t

ϕ ::= φ | ϕ ∨ ϕ | ¬ϕ | ❳ϕ | ϕ❯ϕ

❚❤❡ s❡♠❛♥t✐❝s ❛r❡ s♦♠❡✇❤❛t s✐♠✐❧❛r t♦ ■❆❚▲ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ t❤❛t ✭❧✐❦❡ ❆❚▲ ❛♥❞
❆❚▲∗✮ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r ❛ ❝♦❛❧✐t✐♦♥ C r❡❧❛t✐✈❡❧② t♦ ❛ ❝♦♥t❡①t χ ❛❧s♦ r❡q✉❛♥t✐✜❡s t❤❡
str❛t❡❣✐❡s ♦❢ ❞♦♠(χ) ∩ C✿

G, q |=χ 〈〈C〉〉ϕ ⇔





∃δ1, . . . δ|C| ∈ ❙tr❛tG s✉❝❤ t❤❛t ❢♦r ❛♥② str❛t❡❣② ❢♦r t❤❡
❛❣❡♥ts ♦❢ ❆❣t\(C ∪ ❞♦♠(χ))t❤❡ r❡s✉❧t✐♥❣ ❝♦♥t❡①t ✇✐t❤
χ s❛t✐s✜❡s G, q |=χ|❆❣t\C∪{A1→δ1,...A|C|→δ|C|} ϕ.

◆♦t❡ t❤❛t t❤❡ str❛t❡❣✐❡s ❢r♦♠ ✐♠♣❧✐❝✐t ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥s ❞♦ ♥♦t ♦✈❡rr✐❞❡ t❤❡ str❛t❡✲
❣✐❡s ✐♥ χ✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ♥❡✇ ♦♣❡r❛t♦r 〉〉C〈〈φ r❡❧❡❛s❡ t❤❡ str❛t❡❣✐❡s ❛ss✐❣♥❡❞ t♦ C✿

G, q |=χ〉〉C〈〈φ ⇔ G, q |=χ|❆❣t\C
φ

❚❤❡ q✉❛♥t✐✜❡❞ µ✲❝❛❧❝✉❧✉s ◗▲µ

■♥ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✇❛②✱ t❤❡ q✉❛♥t✐✜❡❞ µ✲❝❛❧❝✉❧✉s ◗▲µ ❛❧s♦ s♦❧✈❡s t❤❡ r❡✈♦❝❛t✐♦♥
♣r♦❜❧❡♠✳ ❉❡✈❡❧♦♣❡❞ ✐♥ ✷✵✵✸ ❬✹✽❪✱ ❘✐❡❞✇❡❣ ❛♥❞ P✐♥❝❤✐♥❛t ✐❞❡❛ ✇❛s t♦ ❛❞❞ q✉❛♥t✐✜❝❛t✐♦♥s
♦✈❡r ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s t♦ t❤❡ µ✲❝❛❧❝✉❧✉s✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s ✇❛s ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ✶✾✽✸ ❬✺✸❪ ❜② ❙✐st❧❛ ❢♦r ▲❚▲ ✭s❡❡ ❛❧s♦ ❬✺✹❪✮✳ ❚❤❡
❣r❛♠♠❛r ♦❢ ◗▲µ ❢♦❧❧♦✇s t❤❡ ♦♥❡ ♦❢ ▲µ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ❜❧♦❝❦ ✭✇✐t❤
❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs✮ ❜❡❢♦r❡ t❤❡ ▲µ ❢♦r♠✉❧❛✳

◗▲µ ∋ φ ::= ∃pφ | ¬φ | φ ∨ φ | ϕ

▲µ ∋ ϕ ::= p | Z | ϕ ∨ ϕ | ¬ϕ | [a]. ϕ | νZ. ϕ

◗▲µ ✭❧✐❦❡ ▲µ✮ ❢♦r♠✉❧❛s ❛r❡ ✐♥t❡r♣r❡t❡❞ ♦♥ tr❛♥s✐t✐♦♥s s②st❡♠s r❡❧❛t✐✈❡❧② t♦ ❛♥ ✐♥t❡r✲
♣r❡t❛t✐♦♥ χ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ φ ❧❛②❡r s❡♠❛♥t✐❝s ❛r❡ s✉❝❤ t❤❛t

T S, s |=χ ∃p. φ ⇔





❚❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥ s②st❡♠ T Sp s✉❝❤ t❤❛t
T Sp, s |=χ φ ✇❤❡r❡ T Sp ✐s ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ✇✐t❤
t❤❡ s❛♠❡ st❛t❡ s♣❛❝❡ ❛♥❞ tr❛♥s✐t✐♦♥s ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✇❤❡r❡
p′ ∈ ❧❛❜❡❧sT S(s)⇔ p′ ∈ ❧❛❜❡❧sT Sp(s) ❢♦r ❛♥② p

′ ∈ ❆P\{p}

❲❤✐❧❡ ❞❡✜♥❡❞ ♦✈❡r tr❛♥s✐t✐♦♥ s②st❡♠s✱ t❤❡ q✉❛♥t✐✜❡❞ µ✲❝❛❧❝✉❧✉s ❝❛♥ ♠♦❞❡❧ ❈●❙ t❤r♦✉❣❤
t❤❡ ✉s❡ ♦❢ ♣r♦♣♦s✐t✐♦♥ q✉❛♥t✐✜❝❛t✐♦♥s✳ ◗▲µ ✐s ❛❧s♦ ❛ s✉♣❡rs❡t ♦❢ ◗❈❚▲∗ ✭❈❚▲∗ ❡①t❡♥❞❡❞
✇✐t❤ q✉❛♥t✐✜❝❛t✐♦♥s ♦✈❡r t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✮ ❛♥❞ ◗❈❚▲∗ ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❬✸✶❪
t♦ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐✈❡ ♣♦✇❡r s✐♠✐❧❛r t♦ ❆❚▲sc✳ ❙♦✱ ❜② tr❛♥s✐t✐✈✐t②✱ ◗▲µ ✐s ♠♦r❡ ❡①♣r❡s✲
s✐✈❡ t❤❛♥ ❆❚▲sc✳ ❆s s❛✐❞ ❜❡❢♦r❡✱ ❆❚▲sc ✐s ❛♥ ❛♥s✇❡r t♦ ❜♦t❤ t❤❡ ❝♦♠♠✐t♠❡♥t ❛♥❞ t❤❡
r❡✈♦❝❛t✐♦♥ ♣r♦❜❧❡♠s s♦ ◗▲µ ❤❛s t❤❡ s❛♠❡ ❛♥s✇❡r t♦ t❤❡s❡ ♣r♦❜❧❡♠s✳
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✶✳✺ ❙tr❛t❡❣② ▲♦❣✐❝

❙tr❛t❡❣② ▲♦❣✐❝ ✭❙▲ ❢♦r s❤♦rt✮ ✐s ❛♥♦t❤❡r ❢♦r♠❛❧✐s♠ ❢♦r ❡①♣r❡ss✐♥❣ t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ♦♥
♠✉❧t✐✲❛❣❡♥t s②st❡♠s✳ ❲❤✐❧❡ ♦✛❡r✐♥❣ ❛♥♦t❤❡r ✇❛② t♦ s♦❧✈❡ t❤❡ ❝♦♠♠✐t♠❡♥t ❛♥❞ r❡✈♦❝❛t✐♦♥
♣r♦❜❧❡♠s✱ ❙▲ ✐♥♥♦✈❛t❡s ❜② tr❡❛t✐♥❣ t❤❡ str❛t❡❣✐❡s ❛s ✜rst✲♦r❞❡r ✈❛r✐❛❜❧❡s ✭✐♥ t❤❡ s♣✐r✐t ♦❢
t❤❡ ✜rst✲♦r❞❡r ❧♦❣✐❝ ❋❖ ❬✸✸❪✮✳

❆ ✜rst ✈❡rs✐♦♥ ♦❢ ❙▲ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❬✶✺❪ ❜② ❈❤❛tt❡r❥❡❡✱ ❍❡♥③✐♥❣❡r ❛♥❞ P✐t❡r♠❛♥✳ ■♥
t❤✐s t❤❡s✐s✱ ✇❡ ❝❛❧❧ ✐t ❈❍P✲❙▲✳ ❈❍P✲❙▲ ✐s ❛♥ ❛♥s✇❡r t♦ t❤❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ s✐♠✐❧❛r
t♦ ❇❙■▲✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣♦ss✐❜✐❧✐t② t♦ ♥❡st t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ❧✐❦❡ ▲❚▲ ❢♦r♠✉❧❛s
✐♥st❡❛❞ ♦❢ ❛ s✐♥❣❧❡ ♦♣❡r❛t♦r✳ ❈❍P✲❙▲ ✇❛s t❤❡♥ ❡①t❡♥❞❡❞ ❜② ▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐
❛♥❞ ❱❛r❞✐ ❬✸✾❪✳ ❲❡ ❝❛❧❧ ❙tr❛t❡❣② ▲♦❣✐❝ ✭❙▲✮ t❤✐s s❡❝♦♥❞ ✈❡rs✐♦♥✳ ❋♦r ♠♦st ♣✉r♣♦s❡s
❈❍P✲❙▲ ✐s ✭✐♥ s♣✐r✐t ❜✉t ♥♦t ❢♦r♠❛❧❧②✮ ❛♥♦t❤❡r ❢♦r♠ ♦❢ ❇❙■▲✹✳ ❋♦r t❤✐s r❡❛s♦♥ ✇❡ ♦♥❧②
❣✐✈❡ t❤❡ s②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❡♥❤❛♥❝❡❞ ✈❡rs✐♦♥✳

✶✳✺✳✶ ❙tr❛t❡❣② tr❛♥s❧❛t✐♦♥s✱ ✈❛❧✉❛t✐♦♥s ❛♥❞ ✈❛❧✉❛t✐♦♥s tr❛♥s❧❛✲
t✐♦♥s

❇❡❢♦r❡ ❢♦r♠❛❧❧② ❞❡✜♥✐♥❣ ❙▲ ✇❡ ♥❡❡❞ s♦♠❡ ♥❡✇ ♥♦t✐♦♥s t♦ ♠❛♥✐♣✉❧❛t❡ str❛t❡❣✐❡s✳ ❆s
❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✶✱ t♦ s✐♠✉❧❛t❡ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇✐t❤✐♥ ❛ ❣❛♠❡✱ t❤❡
❛❣❡♥ts ❢♦r❝❡ ❛ ♣❡❜❜❧❡ t♦ ♠♦✈❡ ❛❧♦♥❣ t❤❡ st❛t❡s ❛♥❞ t❤❡ ♣❛t❤ ♦❢ t❤❡ ♣❡❜❜❧❡ ❞❡s❝r✐❜❡s ❛♥
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ❆❢t❡r t t✐♠❡ ✉♥✐ts✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ st❛t❡s ✈✐s✐t❡❞ ❜② t❤❡ ♣❡❜❜❧❡
❞❡✜♥❡s ❛ ❤✐st♦r② ρ ❛♥❞ t❤❡ str❛t❡❣✐❡s ✉s❡❞ ❜② t❤❡ ❛❣❡♥ts ♠❛❦❡ t❤❡✐r ❝❤♦✐❝❡s ❛t t✐♠❡ t
❜❛s❡❞ ♦♥ ρ✳ ❚♦ ❤❛♥❞❧❡ ✇✐t❤ ❡❛s❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ str❛t❡❣② ❛❧♦♥❣ ❛ ❤✐st♦r②✱ ✇❡ ✉s❡ t❤❡
♥♦t✐♦♥ ♦❢ str❛t❡❣② tr❛♥s❧❛t✐♦♥s✺✳

❉❡✜♥✐t✐♦♥ ✶✳✶✶ ✭❙tr❛t❡❣② tr❛♥s❧❛t✐♦♥✮✳
❋♦r ❛ ❤✐st♦r② ρ ❛♥❞ ❛ str❛t❡❣② δ ❜♦t❤ ♦♥ ❛ ❝♦♠♠♦♥ ❣❛♠❡ G✱ ✇❡ ❝❛❧❧ t❤❡ tr❛♥s❧❛t✐♦♥ δ−→ρ ♦❢
δ ❛❧♦♥❣ ρ t❤❡ ♣❛rt✐❛❧❧② ❞❡✜♥❡❞ str❛t❡❣②

δ−→ρ (ρ
′) := δ(ρ.ρ′) ❢♦r ❛♥② ❤✐st♦r② ρ′ st❛rt✐♥❣ ✐♥ ❛ s✉❝❝❡ss♦r ♦❢ ❧st(ρ)

❆ ♣❛rt✐❝✉❧❛r✐t② ♦❢ ❙▲ ✐s t♦ tr❡❛t str❛t❡❣✐❡s ❛s ✜rst✲♦r❞❡r ❡❧❡♠❡♥ts✳ ❋♦r t❤✐s✱ str❛t❡❣✐❡s
❛r❡ st♦r❡❞ ✐♥ ✈❛r✐❛❜❧❡s ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ t❤❡ ✜rst✲♦r❞❡r ❧♦❣✐❝✳ ❋♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱
✇❡ ✜① ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✶✷ ✭❱❛❧✉❛t✐♦♥✮✳
❆ ✈❛❧✉❛t✐♦♥ χ ♦✈❡r ❛ s❡t ❆❣t ♦❢ ❛❣❡♥ts ❛♥❞ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥
χ : ❆❣t ∪ V 7→ ❙tr❛tG✳

■♥t✉✐t✐✈❡❧②✱ t❤❡ str❛t❡❣✐❡s st♦r❡❞ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t t❤❡ ❜❡❤❛✈✐♦✉rs ✉♥❞❡r ❝♦♥✲
s✐❞❡r❛t✐♦♥ ✇❤✐❧❡ t❤❡ str❛t❡❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❛❣❡♥t r❡♣r❡s❡♥ts ✐ts ❡✛❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ ✐s ♥♦t❤✐♥❣ ♠♦r❡ t❤❛♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝♦♥t❡①ts t♦ ❤❛♥❞❧❡ ✈❛r✐❛❜❧❡s✳
❲❡ ❝❛♥ t❤❡♥ ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ str❛t❡❣② tr❛♥s❧❛t✐♦♥ t♦ ✈❛❧✉❛t✐♦♥s✳

✹❈❍P✲❙▲ ✇❛s t❤❡ ✜rst ♦♥❡✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ✷✵✵✼✱ ✇❤✐❧❡ ❇❙■▲ ❞❛t❡❞ ❢r♦♠ ✷✵✶✶✳ ❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢
❇❙■▲ ✐s ❤♦✇❡✈❡r ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❈❍P✲❙▲✱ ♠❛❦✐♥❣ ✐t ❡❛s✐❡r t♦ ✉s❡ ✐♥ ♣r❛❝t✐❝❡✳

✺❚❤❡ str❛t❡❣② tr❛♥s❧❛t✐♦♥ ♦❢ δ ❛❧♦♥❣ ❛ ❤✐st♦r② ρ ✐s ❛ s✐♠✐❧❛r ❝♦♥❝❡♣t t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ ♦❢ str❛t❡❣②
✐♥❞✉❝❡❞ ❜② ❛♥♦t❤❡r str❛t❡❣② ✐♥ ❛ s✉❜✲tr❡❡ ♦♥ ❣❛♠❡s ♣❧❛②❡❞ ♦♥ tr❡❡s ❬✹✷❪✳



✸✹

❉❡✜♥✐t✐♦♥ ✶✳✶✸ ✭❱❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥✮✳
●✐✈❡♥ ❛ ❣❛♠❡ G✱ ❛ ✈❛❧✉❛t✐♦♥ χ ♦✈❡r ❆❣t ❛♥❞ V ✇❤❡r❡ ❆❣t ✐s t❤❡ s❡t ♦❢ ❛❣❡♥ts ♦❢ ❛ ❣❛♠❡
G✱ ❛♥❞ ❛ ❤✐st♦r② ρ ∈ ❍✐stG✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥ χ−→ρ ❜②

∀x ∈ (❆❣t ∪ V) ∩ ❞♦♠(χ) χ−→ρ (x) := χ(x)−→ρ

❙♦♠❡t✐♠❡s✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t s♦♠❡ s♣❡❝✐✜❝ ❝❤♦✐❝❡s✳ ❲❡ ❞❡✜♥❡ t❤❡
♥♦t✐♦♥ ♦❢ ♠♦✈❡ ✈❡❝t♦r t♦ ♠♦❞❡❧ ❛ str❛t❡❣② ❝❤♦✐❝❡s ❛t ❛ ❣✐✈❡♥ t✐♠❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✹ ✭▼♦✈❡ ✈❡❝t♦r✮✳
❆ ♠♦✈❡ ✈❡❝t♦r ♦✈❡r ❛ s❡t ❉ ⊆ ❆❣t ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ m : ❉ 7→ ❆❝t ♠❛♣♣✐♥❣ ❡❛❝❤
❡❧❡♠❡♥t ♦❢ t❤❡ ❞♦♠❛✐♥ t♦ ❛♥ ❛❝t✐♦♥❀ ✐❢ ❉ = ❆❣t ✇❡ s✐♠♣❧② r❡❢❡r t♦ m ❛s ❛ ♠♦✈❡ ✈❡❝t♦r
❛♥❞ ♦♠✐t ✐ts ❞♦♠❛✐♥✳

❲❤❡♥ ❆❣t ⊆ ❞♦♠(χ)✱ ❡❛❝❤ ❛❣❡♥t ❤❛s ❛♥ ❛ss✐❣♥❡❞ ❜❡❤❛✈✐♦✉r✳ ❋r♦♠ ❛ ❣❛♠❡ G✱ ♦♥❡ ♦❢
✐ts st❛t❡s q ❛♥❞ ❛ ✈❛❧✉❛t✐♦♥ χ ✇✐t❤ ❆❣t ⊆ ❞♦♠(χ)✱ ✇❡ ❝❛♥ ❧❛✉♥❝❤ ❛ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❣❡t ❛♥
♦✉t❝♦♠❡✳ ❲❡ ✉♣❞❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♦✉t❝♦♠❡ ✭❞❡✜♥❡❞ ♣❛❣❡ ✷✹✮ t♦ ✇♦r❦ ✇✐t❤ ✈❛❧✉❛t✐♦♥s

❉❡✜♥✐t✐♦♥ ✶✳✶✺ ✭❖✉t❝♦♠❡✮✳
❋✐① ❛ ❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉✱ ♦♥❡ ♦❢ ✐ts st❛t❡s q ❛♥❞ ❛ ✈❛❧✉❛t✐♦♥ χ ✇✐t❤
❆❣t ⊆ ❞♦♠(χ)✳ ❲❡ ❞❡✜♥❡ t❤❡ ♦✉t❝♦♠❡ ♦✉t(χ, q) := (qi)i∈N ♦❢ χ ❢r♦♠ q ❜② t❤❡ ✉♥✐q✉❡ ♣❛t❤
✇❤❡r❡

• q0 = q

• ∀i ∈ N✱ qi+1 = ∆(qi, di) ✇❤❡r❡ di ∈ ❆❝t❆❣t ✐s t❤❡ ♠♦✈❡ ✈❡❝t♦r ❞❡✜♥❡❞ ❢♦r ❛❧❧ ❛❣❡♥t
A ∈ ❆❣t ❜② di(A) := χ(A)((qj)j≤i)✳

✶✳✺✳✷ ❙tr❛t❡❣② ▲♦❣✐❝

❲❡ ❛r❡ ✜♥❛❧❧② r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ ❧♦❣✐❝ ❛t t❤❡ ❤❡❛rt ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳ ❙▲ ✐s ❜✉✐❧t ✉♣♦♥
❛ s❡t ❆❣t ♦❢ ❛❣❡♥ts✱ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✳ ❙▲ ❢♦r♠✉❧❛s
❛r❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

❙▲ ∋ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p

✇❤❡r❡ x ∈ V ✐s ❛ ✈❛r✐❛❜❧❡✱ A ∈ ❆❣t ✐s ❛♥ ❛❣❡♥t ❛♥❞ p ∈ ❆P ✐s ❛♥ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥✳
❚❤❡ ♦♣❡r❛t♦r ❛ss✐❣♥(A, x) ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛♥ ❛ss✐❣♥♠❡♥t ♦❢ x t♦ A ✇❤✐❧❡ ✇❡

r❡tr✐❡✈❡ s♦♠❡ ❢♦r♠ ♦❢ str❛t❡❣② q✉❛♥t✐✜❝❛t✐♦♥ ✐♥ t❤❡ ∃x ♦♣❡r❛t♦r✳ ❚❤❡ ✉♥t✐❧ ✭❯ ✮ ❛♥❞ ♥❡①t
✭❳ ✮ ♦♣❡r❛t♦rs ❛r❡ s✐♠✐❧❛r t♦ t❤❡✐r ❡♣♦♥②♠♦✉s ♣❛rts ✐♥ ▲❚▲✳

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❙▲ ✇❡ ♥❡❡❞ s❡✈❡r❛❧ ✐♥t❡r♠❡❞✐❛r② ♥♦t✐♦♥s✳ ❚❤❡
♥♦t❛t✐♦♥ ❢r❡❡(φ) r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ❢r❡❡ ❛❣❡♥ts ❛♥❞ ✈❛r✐❛❜❧❡s ♦❢ ❛ ❢♦r♠✉❧❛ φ t❤❛t ❤❛✈❡
②❡t t♦ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ str❛t❡❣② ❜❡❢♦r❡ φ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞✳ ■t ✐s ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧②
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❛s ❢♦❧❧♦✇s✱

❢r❡❡(p) = ∅ ❢♦r ❛❧❧ p ∈ ❆P ❢r❡❡(❳φ) = ❆❣t ∪ ❢r❡❡(φ)

❢r❡❡(¬φ) = ❢r❡❡(φ) ❢r❡❡(φ❯ψ) = ❆❣t ∪ ❢r❡❡(φ) ∪ ❢r❡❡(ψ)

❢r❡❡(φ ∨ ψ) = ❢r❡❡(φ) ∪ ❢r❡❡(ψ) ❢r❡❡(∃x. φ) = ❢r❡❡(φ) \ {x}

❢r❡❡(❛ss✐❣♥(A, x). φ) =

{
❢r❡❡(φ) ✐❢ A /∈ ❢r❡❡(φ)

(❢r❡❡(φ) ∪ {x}) \ {A} ♦t❤❡r✇✐s❡

❲❡ t❤❡♥ s❛② t❤❛t φ ✐s ❝❧♦s❡❞ ✇❤❡♥❡✈❡r ❢r❡❡(φ) = ∅✳

◆♦t❛t✐♦♥s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❢♦r♠❛❧✐t②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ ❢♦r ✉♣❞❛t✐♥❣ ❛ ✈❛❧✉❛✲
t✐♦♥✳ ❋♦r ❛ ✈❛❧✉❛t✐♦♥ χ ♦♥ ❛ ❣❛♠❡ G✱ ❛ ✈❛r✐❛❜❧❡ x ❛♥❞ ❛ str❛t❡❣② s ♦♥ G✱ t❤❡ ♥♦t❛t✐♦♥
χ[x 7→s] r❡♣r❡s❡♥ts t❤❡ ✭✉♥✐q✉❡✮ ✈❛❧✉❛t✐♦♥ ✇❤❡r❡

• ❢♦r ❛♥② x′ 6= x s✉❝❤ t❤❛t x′ ∈ ❞♦♠(χ)✱ ✇❡ ❤❛✈❡ χ[x 7→s](x
′) = χ(x′)

• ❢♦r ❛♥② x′ 6= x s✉❝❤ t❤❛t x′ 6∈ ❞♦♠(χ)✱ ✇❡ ❤❛✈❡ x′ 6∈ ❞♦♠(χ[x 7→s])

• χ[x 7→s](x) = s

❋♦r♠✉❧❛s ♦❢ ❙▲ ❛r❡ ❡✈❛❧✉❛t❡❞ ♦♥ ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❛t
❛ st❛t❡ q ✇✐t❤ r❡s♣❡❝t t♦ ❛ ✈❛❧✉❛t✐♦♥ χ ✇❤❡r❡ t❤❡ s❡ts ♦❢ ❛❣❡♥ts ❛♥❞ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s
♦❢ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ❣❛♠❡ ❝♦✐♥❝✐❞❡✳

G, q |=χ p ⇔ p ∈ ❧❛❜❡❧s(q)

G, q |=χ φ ∨ φ
′ ⇔ G, q |=χ φ ♦r G, q |=χ φ

′

G, q |=χ ¬φ ⇔ G, q 6|=χ φ

■❢ ❢r❡❡(φ) \ {x} ⊆ ❞♦♠(χ)✱ t❤❡♥

G, q |=χ ∃x.φ ⇔ ∃δ ∈ ❙tr❛tG s✉❝❤ t❤❛t G, q |=χ[x 7→δ] φ

❆❞❞✐t✐♦♥❛❧❧②✱ ❣✐✈❡♥ A ∈ ❆❣t✱ ✐❢ (❢r❡❡(φ) \ {A}) ∪ {x} ⊆ ❞♦♠(χ) t❤❡♥

G, q |=χ ❛ss✐❣♥(A, x).φ ⇔ G, q |=χ[A 7→χ(x)] φ

■❢ ❆❣t ∪ ❢r❡❡(φ) ∪ ❢r❡❡(ψ) ⊆ ❞♦♠(χ) t❤❡♥ χ ♣r♦❞✉❝❡s ❛ ✉♥✐q✉❡ ♦✉t❝♦♠❡ π ❢r♦♠ q✱ ✐✳❡✳
π := ♦✉t(χ, q) ✭❛s ❡①♣❧❛✐♥❡❞ ♣❛❣❡ ✸✹✮✳ ❲❡ ❝❛♥ tr❛♥s❧❛t❡ t❤❡ ✈❛❧✉❛t✐♦♥ χ ❜❛s❡❞ ♦♥ t❤✐s
♦✉t❝♦♠❡✿ ❢♦r ❛♥② ✐♥t❡❣❡r j✱ ✇❡ ✇r✐t❡ χ−→

j
❢♦r χ−−→π≤j

✳ ❲❡ t❤❡♥ ❧❡t

G, q |=χ ❳φ ⇔ G, ♦✉t(χ, q)(1) |=χ−→
1
φ

G, q |=χ φ❯φ′ ⇔ ∃k ∈ N. G, ♦✉t(χ, q)(k) |=χ−→
k
φ′ ❛♥❞

∀j ∈ N. 0 ≤ j < k ⇒ G, ♦✉t(χ, q)(j) |=χ−→
j
φ

❆s ✐♥ ▲❚▲ ✇❡ ✉s❡ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥s ⊤ ❢♦r t❤❡ ✉♥✐✈❡rs❛❧ tr✉❡✱ ⊥ ❢♦r t❤❡ ✉♥✐✈❡rs❛❧ ❢❛❧s❡✱
❋φ ❢♦r t❤❡ ❢✉t✉r❡ ♦♣❡r❛t♦r ✭⊤Uφ✮ ❛♥❞ ●φ ❢♦r t❤❡ ❛❧✇❛②s ♦♣❡r❛t♦r ✭¬❋¬φ✮✳ ❲❡ ❛❧s♦
✇r✐t❡ ∀x.φ ❢♦r t❤❡ ✉♥✐✈❡rs❛❧ str❛t❡❣② q✉❛♥t✐✜❝❛t✐♦♥ ✭¬∃x.¬φ✮✳
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✶✳✺✳✸ ❚❤❡ ♥❡st❡❞ ❛♥❞ ❜♦♦❧❡❛♥ ❣♦❛❧ ❢r❛❣♠❡♥ts ❙▲❬◆●❪ ❛♥❞ ❙▲❬❇●❪

▲✐❦❡ ♦❢t❡♥ ✐♥ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛♥❞ ❝♦♠♣❧❡①✐t② r❡❧❛t❡❞ ♣r♦❜❧❡♠s✱ ❛ ❤✐❣❤ ❡①♣r❡ss✐✈❡♥❡ss
✐♥❞✉❝❡s s❡r✐♦✉s ❞r❛✇❜❛❝❦s✳ ❙▲ ❣r❛♠♠❛t✐❝❛❧❧② ❛❧❧♦✇s ♠❛♥② t❤✐♥❣s ✿

• t❤❡ ❝❛♣❛❝✐t② t♦ ❤❛♥❞❧❡ ♠✉❧t✐♣❧❡ ♦❜❥❡❝t✐✈❡s ❛t ♦♥❝❡✿

∀x.∀y.∃x′.
((

❛ss✐❣♥(A1, x).❛ss✐❣♥(A2, y)❋ p1) ∨ (❛ss✐❣♥(A1, x
′).❛ss✐❣♥(A2, y)❋ p2

))

✇❤❡r❡ ❆❣t = {A1, A2} ❛♥❞ ❆P = {p1, p2}

• ♠✉❧t✐♣❧❡ ❛❣❡♥ts ♠❛② s❤❛r❡ ❝♦♠♠♦♥ str❛t❡❣✐❡s✿ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✱ t❤❡ str❛t❡❣②
z ✐s ❛ss✐❣♥❡❞ t♦ ❜♦t❤ A1 ❛♥❞ A2✳

∀y.∀x.∃z.
((

❛ss✐❣♥(A1, x).❛ss✐❣♥(A2, z)❋ p1
)
∨
(
❛ss✐❣♥(A1, z).❛ss✐❣♥(A2, y)❋ p2

))

• t❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❞❡✜♥❡ ❛ str❛t❡❣② ♠✐❞✇❛② t❤r♦✉❣❤ t❤❡ s✐♠✉❧❛t✐♦♥✿

∀x.∃y. ❛ss✐❣♥(A1, x).❛ss✐❣♥(A2, y)❋
(
p1 ∧ ∃x

′❛ss✐❣♥(A1, x
′)❋ p2

)

❋♦r t❤✐s r❡❛s♦♥✱ ♦♥❡ ♠❛② ✇✐s❤ t♦ r❡str✐❝t ❙▲ t♦ s✐♠♣❧✐❢② ❜♦t❤ ❛❧❣♦r✐t❤♠s ❛♥❞ r❡❛s♦♥✐♥❣✳
❖♥❡ ✇❛②✱ ♣r♦♣♦s❡❞ ✐♥ ❬✸✾❪✱ ✐s t♦ str❡❛♠❧✐♥❡ t❤❡ ❢♦r♠✉❧❛s ❜② ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❣♦❛❧s✳
❆ ❣♦❛❧ ✐s ❛ s✉❜✲❢♦r♠✉❧❛ ❝♦♠♣♦s❡❞ ♦❢ ❛♥ ❛ss✐❣♥♠❡♥t ❢♦❧❧♦✇❡❞ ❜② ❛ t❡♠♣♦r❛❧ ♦❜❥❡❝t✐✈❡
❡①♣r❡ss❡❞ ✇✐t❤ ▲❚▲ ♦♣❡r❛t♦rs ♦r ♦t❤❡r ✭♥❡st❡❞✮ ❣♦❛❧s✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝r❡❛t❡ ❛ ❢r❛❣♠❡♥t
❙▲❬◆●❪ ♦❢ ❙▲ t❤❛t ❞♦❡s ♥♦t ❛❧❧♦✇ ♣❛rt✐❛❧ r❡✲q✉❛♥t✐✜❝❛t✐♦♥s ♦♥❝❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❤❛s st❛rt❡❞✱
❛❧❧♦✇✐♥❣ ❢♦r ❛ ❝❧❡❛r s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ♦♥ ♦♥❡ s✐❞❡ ❛♥❞ t❤❡ ❛ss✐❣♥♠❡♥ts ❛♥❞
t❤❡ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ♦♥ t❤❡ ♦t❤❡r s✐❞❡✳

❚❤❡ ❙▲❬◆●❪ ❢r❛❣♠❡♥t

❆ ❢♦r♠✉❧❛ ✇✐❧❧ ❜❡ ✐♥ ❙▲❬◆●❪ ✇❤❡♥❡✈❡r ✇❡ ❝❛♥ r❡❣r♦✉♣ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ✐♥ ❜❧♦❝❦s ✐♥
s✉❝❤ ❛ ✇❛② t❤❛t ❛♥② ♥❡✇ ❜❧♦❝❦ ♠❛r❦s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛✳ ❆s ❛
❝♦✉♥t❡r✲❡①❛♠♣❧❡✱ t❛❦❡ t❤❡ ❢♦r♠✉❧❛ ❜❡❧♦✇

∀x.∃y. ❛ss✐❣♥(A1, x).❛ss✐❣♥(A2, y)❋
(
p1 ∧ ∃x

′❛ss✐❣♥(A1, x
′)❋ p2

)

❚❤❡r❡ ❛r❡ t✇♦ ❜❧♦❝❦s ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s✿ ∀x.∃y ❛♥❞ ∃x′❀ t❤❡ s✉❜✲❢♦r♠✉❧❛

∃x′❛ss✐❣♥(A1, x
′)❋ p2

✐s ♥♦t ❝❧♦s❡❞ ✭t❤❡ ❛❣❡♥t A2 ✐s ❢r❡❡✮ t❤❡r❡❢♦r❡ t❤❡ s❡❝♦♥❞ ❜❧♦❝❦ ✐s ♣❛rt✐❛❧ ❛♥❞ t❤❡ ♦✈❡r❛❧❧
❢♦r♠✉❧❛ ✇✐❧❧ ♥♦t ❜❡ ✐♥ ❙▲❬◆●❪✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❣r❛♠♠❛r ♦❢ ❙▲❬◆●❪✱ ✇❡ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✢❛t♥❡ss✳ ❆ ❧♦❣✐❝ ✇✐❧❧ ❜❡
❝❛❧❧❡❞ ✢❛t ✇❤❡♥ ✐t ❞♦❡s ♥♦t ❛❧❧♦✇ ❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛s✳ ❲❡ ✜rst ❞❡✜♥❡ t❤❡ ✢❛t ❢r❛❣♠❡♥t
❙▲❬◆●❪♭ ♦❢ ❙▲❬◆●❪ ❜❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♠♠❛r✳
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❘❡♠❛r❦ ✶✳✶✻✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❛❧❧ ♣✉r♣♦s❡s ✐♥ t❤✐s t❤❡s✐s✱ ❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛s ❛r❡
s❡❡♥ ❛s ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✿ ❣✐✈❡♥ ❛ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts st❛t❡ q✱ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ φ
❡✐t❤❡r ❡✈❛❧✉❛t❡ t♦ tr✉❡ ♦r ❢❛❧s❡ ♦♥ q ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❛t✐♦♥✳ ❲❡ ❝❛♥ t❤❡♥
❝r❡❛t❡ ❛ ♥❡✇ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ pφ ❛♥❞ ❧❛❜❡❧ t❤❡ st❛t❡s ♦❢ t❤❡ ❣❛♠❡ ✇✐t❤ pφ ✇❤❡♥❡✈❡r φ
❤♦❧❞s tr✉❡✳ ▼♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛❧❣♦r✐t❤♠s t❤❡♥ ♠❛② ♣r♦❝❡❡❞ ✐♥❞✉❝t✐✈❡❧② ❜② s♦❧✈✐♥❣ t❤❡ ❞❡❡♣❡st
❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛ φ✱ ❧❛❜❡❧❧✐♥❣ ❛❝❝♦r❞✐♥❣❧② t❤❡ ❣❛♠❡ ✇✐t❤ ❛ ♥❡✇ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ pφ ❛♥❞
r❡♣❧❛❝✐♥❣ φ ✐♥ t❤❡ ♠❛✐♥ ❢♦r♠✉❧❛ ❜② pφ✳ ▼❡♠❜❡rs ♦❢ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♠♠✉♥✐t② ❢r❡q✉❡♥t❧②
❛ss✐♠✐❧❛t❡ ❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛s ✐♥ t❤❡✐r ❧♦❣✐❝s ✇✐t❤ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✱ ✇❡ s✐♠♣❧② ❝♦♥t✐♥✉❡
t❤✐s tr❡♥❞✳

❉❡✜♥✐t✐♦♥ ✶✳✶✼ ✭◆❡st❡❞ ❣♦❛❧s str❛t❡❣② ❧♦❣✐❝✱ ❙▲❬◆●❪✮✳
❋❧❛t ♥❡st❡❞ ❣♦❛❧ ❢♦r♠✉❧❛s ❛r❡ ❜✉✐❧❞ ✉♣♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

❙▲❬◆●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | β

✇❤❡r❡ x ∈ V ✐s ❛ ✈❛r✐❛❜❧❡✱ A ∈ ❆❣t ✐s ❛♥ ❛❣❡♥t ❛♥❞ p ∈ ❆P ✐s ❛♥ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥✳
❙▲❬◆●❪ ✭♥♦♥ ✢❛t ❧♦❣✐❝✮ ❛❧❧♦✇s ❝❧♦s❡❞ ❙▲❬◆●❪ ❢♦r♠✉❧❛s ✐♥ ✐ts ❣r❛♠♠❛r ❛t t❤❡ ❛t♦♠✐❝

♣r♦♣♦s✐t✐♦♥ ❧❡✈❡❧ ✭✐✳❡✳ ✐♥ ϕ✲t②♣❡ ❢♦r♠✉❧❛s✮✳

❲❡ ❝❛♥ ♥♦✇ ❝❧❡❛r❧② s❡❡ s♦♠❡ ♥♦t✐♦♥ ♦❢ ❣♦❛❧ ❛♣♣❡❛r✐♥❣ ✐♥ ❙▲❬◆●❪✿ t❤❡ β t②♣❡ s✉❜✲
❢♦r♠✉❧❛s✳ ❆ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ♦❢ ❙▲❬◆●❪ ✐s t❤❡♥ ❛ ❜❧♦❝❦ ♦❢ q✉❛♥t✐✜❝❛t✐♦♥ ❢♦❧❧♦✇❡❞ ❜② ❛
❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣♦❛❧s ✭✇✐t❤ ♣♦t❡♥t✐❛❧❧② s♦♠❡ ♥❡st❡❞ ❣♦❛❧s ✇✐t❤✐♥✮✳

❚❤❡ ❙▲❬❇●❪ ❢r❛❣♠❡♥t

❘❡❝❡♥t❧② ❛♥♦t❤❡r ❢r❛❣♠❡♥t ❝❛❧❧❡❞ ❙▲❬❇●❪ ❤❛s ❣❛✐♥❡❞ ✐♠♣♦rt❛♥❝❡✳ ■t ❢✉rt❤❡r r❡str✐❝ts
❙▲❬◆●❪ ❜② ❢♦r❜✐❞❞✐♥❣ ❛ss✐❣♥♠❡♥ts ♣❛st t❤❡ st❛rt ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ ❡♥s✉r✐♥❣ t❤❛t ❡❛❝❤
❛❣❡♥t ❦❡❡♣s t♦ ✐ts ✐♥✐t✐❛❧ str❛t❡❣②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❙▲❬❇●❪ ❛✐♠s ❛t ❝r❡❛t✐♥❣ ❢♦r♠✉❧❛s ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿ ℘ξ(βiϕi)i≤n ✇❤❡r❡ ℘ ✐s ❛ ❜❧♦❝❦ ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s✱ ξ ✐s ❛ ❜♦♦❧❡❛♥
❝♦♠❜✐♥❛t✐♦♥ ❛♥❞ ❢♦r ❛❧❧ i ≤ n✱ βi ✐s ❛ ❜❧♦❝❦ ♦❢ ❛ss✐❣♥♠❡♥ts ✇❤✐❧❡ ϕi ✐s ❛ ▲❚▲ ❢♦r♠✉❧❛✳

❉❡✜♥✐t✐♦♥ ✶✳✶✽ ✭❇♦♦❧❡❛♥ ❣♦❛❧ str❛t❡❣② ❧♦❣✐❝✱ ❙▲❬❇●❪✮✳
❚❤❡ ✢❛t ❜♦♦❧❡❛♥ ❣♦❛❧ ❢r❛❣♠❡♥t ❙▲❬❇●❪♭ ❤❛s t❤❡ ❣r❛♠♠❛r

❙▲❬❇●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p

❚❤❡ ♥♦♥✲✢❛t ❢r❛❣♠❡♥t ❙▲❬❇●❪ ❛❧❧♦✇s ❝❧♦s❡❞ ❙▲❬❇●❪ ❢♦r♠✉❧❛s ✐♥ ✐ts ❣r❛♠♠❛r ❛t t❤❡
❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ ❧❡✈❡❧ ✭✐✳❡✳ ✐♥ ϕ✲t②♣❡ ❢♦r♠✉❧❛s✮✳
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❋✉rt❤❡r r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ✭ξ t②♣❡ ❢♦r♠✉❧❛s✮ ❛r❡ ♣♦ss✐❜❧❡✳ ❆s
✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ❛ ❞❡❡♣❡r ❧♦♦❦ ✐♥t♦ t❤❡ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥s ②✐❡❧❞s ✐♥t❡r❡st✐♥❣ r❡s✉❧ts✳
❆♠♦♥❣ t❤❡ ♣♦ss✐❜❧❡ r❡str✐❝t✐♦♥s✱ ✇❡ ✐❞❡♥t✐❢② t❤r❡❡ ♠❛❥♦r ♦♥❡s✳

• ❙▲❬✶●❪✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✽❪✱ r❡str✐❝ts ❙▲❬❇●❪ t♦ ❛ ✉♥✐q✉❡ ❣♦❛❧✳ ✭❚❤❡ ✢❛t ❢r❛❣♠❡♥t ♦❢✮
❙▲❬✶●❪ ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❣r❛♠♠❛r ♦❢ ❙▲❬❇●❪ ❜② s❦✐♣♣✐♥❣ t❤❡ ξ ❧✐♥❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
ξ t②♣❡ s✉❜✲❢♦r♠✉❧❛s ♠✉st ❛✈♦✐❞ ❛♥② ❜♦♦❧❡❛♥ ♦♣❡r❛t♦r ✐✳❡✳ ♠✉st ❜❡ ♦❢ ❢♦r♠ ξ ::= β

• ❙▲❬❈●❪✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✵❪✱ ✐s t❤❡ ❢r❛❣♠❡♥t ✇❤❡r❡ ♦♥❧② ❝♦♥❥✉♥❝t✐♦♥s ♦❢ ❣♦❛❧s ❛r❡
❛❧❧♦✇❡❞✳ ❋♦r♠❛❧❧②✱ ✭t❤❡ ✢❛t ❢r❛❣♠❡♥t ♦❢✮ ❙▲❬❈●❪ ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❣r❛♠♠❛r ♦❢
❙▲❬❇●❪ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ❜❡❧♦✇ ♦♥ t❤❡ ξ✬s t②♣❡ s✉❜✲❢♦r♠✉❧❛s ξ ::= ξ ∧ ξ | β

• ❙✐♠✐❧❛r❧②✱ ❙▲❬❉●❪ ♦♥❧② ❛❧❧♦✇s ❞✐s❥✉♥❝t✐♦♥s ♦❢ ❣♦❛❧s✱ ✐✳❡✳ ξ ::= ξ ∨ ξ | β✳

✶✳✺✳✹ ❊①❛♠♣❧❡s

❲❡ ❣✐✈❡ t✇♦ ❡①❛♠♣❧❡s t♦ ✐❧❧✉str❛t❡ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ ❙▲ ❛♥❞ ♦❢ ✐ts ❢r❛❣♠❡♥ts✳

◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❚❤❡ ✜rst ❡①❛♠♣❧❡ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣✉r❡ ✭q✉❛❧✐t❛t✐✈❡✮ ◆❛s❤
❡q✉✐❧✐❜r✐✉♠ ✭✇✐t❤ ▲❚▲ ♦❜❥❡❝t✐✈❡s (ϕi)1≤i≤n✮ ❛♥❞ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❬✸✾❪✳ ■t ✇♦r❦s ♥♦ ♠❛tt❡r
t❤❡ ❣❛♠❡ ❛♥❞ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❙▲❬❇●❪ ❛s

∃x1, . . . xn. ∀y1, . . . , yn.
∧

1≤i≤n

❛ss✐❣♥(Aj, xj)j 6=i
(
❛ss✐❣♥(Ai, yi)ϕi ⇒ ❛ss✐❣♥(Ai, xi)ϕi

)
,

✇❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t② ✇❡ ♠❡r❣❡ n str❛t❡❣② ❛ss✐❣♥♠❡♥ts ✐♥t♦ ❛ s✐♥❣❧❡ ♦♥❡✳
■♥ s✉❝❤ ❛ ❢♦r♠✉❧❛✱ (xi)1≤i≤n ✐s t❤❡ str❛t❡❣② ♣r♦✜❧❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r✱ ❛♥❞ (yi)1≤i≤n ❛r❡
✐♥t❡♥❞❡❞ t♦ ❜❡ t❤❡ ♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ ❛❣❡♥ts✳ ❚❤❡ ❢♦r♠✉❧❛ st❛t❡s t❤❛t ✐❢ s♦♠❡
❛❣❡♥t ❝❛♥ ❝❤❛♥❣❡ ❤✐s str❛t❡❣② ❛♥❞ ❛❝❤✐❡✈❡ ❤✐s ❣♦❛❧✱ t❤❡♥ ❤✐s ❣♦❛❧ ✐s ❛❧r❡❛❞② ♠❡t ✐♥ t❤❡
♦r✐❣✐♥❛❧ str❛t❡❣② ♣r♦✜❧❡✱ t❤✉s ♠❛❦✐♥❣ s❛✐❞ str❛t❡❣② ♣r♦✜❧❡ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

❉♦♠✐♥❛t✐♥❣ str❛t❡❣✐❡s ❈♦♥s✐❞❡r ❛ ❈●❙ G ✇✐t❤ t✇♦ ❛❣❡♥ts A ❛♥❞ B✳ ❲❡ s❛② t❤❛t ❛
str❛t❡❣② δ ✐s ❞♦♠✐♥❛t✐♥❣ ❛♥♦t❤❡r str❛t❡❣② δ′ r❡❧❛t✐✈❡❧② t♦ ❛♥ ❛❣❡♥t A ❛♥❞ ❛♥ ♦❜❥❡❝t✐✈❡ ϕ
✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❜❡❤❛✈✐♦✉r ❢♦r B ❢♦r ✇❤✐❝❤ δ′ ❧❡❛❞s t♦ ϕ ❜✉t δ ❞♦❡s ♥♦t✳

❋✐① ❛ ✈❛❧✉❛t✐♦♥ χ t❤❛t st♦r❡s ❛ str❛t❡❣② δ ✐♥ ❛ ✈❛r✐❛❜❧❡ x1✿

χ := {x1 → δ}

❚❤❡♥ δ ✐s ❞♦♠✐♥❛t✐♥❣ ❛♥② ♦t❤❡r str❛t❡❣② ❢♦r ❛❣❡♥t A r❡❧❛t✐✈❡❧② t♦ ϕ ✇❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛ ❤♦❧❞s tr✉❡ ♦♥ G r❡❧❛t✐✈❡❧② t♦ t❤❡ ✈❛❧✉❛t✐♦♥ χ

∀x2.
(
∃x3. ❛ss✐❣♥(A, x3). ❛ss✐❣♥(B, x2). ϕ

)
⇒

(
❛ss✐❣♥(A, x1). ❛ss✐❣♥(B, x2). ϕ

)
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✶✳✺✳✺ ❊①♣r❡ss✐✈❡♥❡ss ♦❢ ❙▲ ❢r❛❣♠❡♥ts

❊①❝❧✉❞✐♥❣ ❙▲❬✶●❪✱ ❛❧❧ ❢r❛❣♠❡♥ts ❛❧❧♦✇s t✇♦ ❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ t♦ s❤❛r❡ s♦♠❡ ❝♦♠✲
♠♦♥ ❜❡❤❛✈✐♦✉r✳ ❋♦r ✐♥st❛♥❝❡✱ t❛❦❡ t❤❡ ❙▲❬❈●❪ ❢♦r♠✉❧❛

∃x1. ∀x2. ∀x3. (❛ss✐❣♥(A, x1).❛ss✐❣♥(B, x2)❋ p ∧ ❛ss✐❣♥(A, x1).❛ss✐❣♥(B, x3)❋ p
′)

❚❤❡ str❛t❡❣② st♦r❡❞ ✐♥ x1 ✐s ❝♦♠♠♦♥ t♦ A ✐♥ ❜♦t❤ ❣♦❛❧s ✭❛ss✐❣♥(A, x1).❛ss✐❣♥(B, x2)❋ p
❛♥❞ ❛ss✐❣♥(A, x1).❛ss✐❣♥(B, x3)❋ p

′✮✳ ❚❤✐s ✇❛②✱ ❛❧❧ ❢r❛❣♠❡♥ts ❜✉t ❙▲❬✶●❪ ♦✛❡r ❛ s♦❧✉t✐♦♥
t♦ t❤❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❙▲❬✶●❪ ❢♦❝✉s❡s ♦♥ ❛ s✐♥❣❧❡ ❡①❡❝✉t✐♦♥
♦❢ t❤❡ s②st❡♠❀ t❤❡r❡❢♦r❡✱ t❤❡ ❝♦♠♠✐t♠❡♥t ✐ss✉❡ ❞♦❡s ♥♦t ❛♣♣❧② ✭❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡✮ ✐♥
❙▲❬✶●❪✳

❖♥❧② t❤❡ ❢✉❧❧ ❧♦❣✐❝ ❙▲ ♣❡r♠✐ts ♣❛rt✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ✇✐t❤✐♥ ❛♥ ♦✉t❝♦♠❡✳ t❤❡ ❢r❛❣♠❡♥t
❙▲❬◆●❪ ❛❧❧♦✇s ❢♦r t❤❡ ❣♦❛❧s t♦ ❝❤❛♥❣❡❀ t❤❡r❡❢♦r❡ ❛ ♣❧❛②❡r ❝❛♥ ❝❤❛♥❣❡ ✐ts str❛t❡❣②✱ ❜✉t ♦♥❧②
❛♠♦♥❣ t❤❡ ♦♥❡ q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ t❤❡ st❛rt ♦❢ t❤❡ ❡①❡❝✉t✐♦♥✳ ■♥ ❛❧❧ t❤❡ ♦t❤❡r ❢r❛❣♠❡♥ts✱
✐♥ ❡❛❝❤ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ❛♥ ❛❣❡♥t ♠✉st st✐❝❦ t♦ ✐ts ❛ss✐❣♥❡❞ str❛t❡❣② ✭✇❤✐❝❤ ❞♦❡s
♥♦t ♣r❡✈❡♥t ❛♥ ❛❣❡♥t t♦ ❤❛✈❡ t✇♦ ❞✐✛❡r❡♥t str❛t❡❣✐❡s ✐♥ t✇♦ ❞✐✛❡r❡♥t ❡①❡❝✉t✐♦♥s✮✳ ❚❤✐s
✇❛②✱ ❙▲ ♣r♦✈✐❞❡s ❛ ❝♦♠♣❧❡t❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡✈♦❝❛t✐♦♥ ✐ss✉❡ ❛♥❞ ❙▲❬◆●❪ ♦♥❧② ❛ ♣❛rt✐❛❧
❛♥s✇❡r✳ ❚❤❡ ♦t❤❡r ❢r❛❣♠❡♥ts ❞♦ ♥♦t t♦✉❝❤ t❤❡ ✐ss✉❡✳

✶✳✻ ❙✉♠♠❛r②

❲❡ s✉♠ ✉♣ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❧♦❣✐❝s ✐♥ ❋✐❣✉r❡ ✶✳✺✳ ❆ s♦❧✐❞ ❛rr♦✇ L→ L′

❞❡♥♦t❡s t❤❛t L′ ✐s ❛t ❧❡❛st ❛s ❡①♣r❡ss✐✈❡ ❛s L✱ ✐✳❡✳ ❢♦r ❛♥② ❢♦r♠✉❧❛ φ ∈ L ✇❡ ❝❛♥ ✜♥❞ ❛♥
❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛ φ′ ∈ L′ ✐♥ t❤❡ s❡♥s❡ t❤❛t

❋♦r ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡ G ❛♥❞ ❛♥② st❛t❡ q ♦❢ G G, q |= φ ⇔ G, q |= φ′

❆ ❞❛s❤❡❞ ❛rr♦✇ L 99K L′ ❞❡♥♦t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ r❡❞✉❝t✐♦♥ ❢r♦♠ L t♦ L′✱
✐✳❡ t❤❡r❡ ✐s ❛ tr❛♥s❢♦r♠❛t✐♦♥ T t❛❦✐♥❣ ❛s ✐♥♣✉t ❛ ❢♦r♠✉❧❛ φ ∈ L✱ ❛ ♠♦❞❡❧M ❛❞❛♣t❡❞ t♦
L ❛♥❞ ♦♥❡ ♦❢ ✐ts st❛t❡✱ ❛♥❞ r❡t✉r♥✐♥❣ ❛ ❢♦r♠✉❧❛ φ′ ♦❢ L′✱ ❛ ♠♦❞❡❧M′ ❛❞❛♣t❡❞ t♦ L′ ❛♥❞
❛ st❛t❡ q′ ♦❢M′ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ♦❢ φ ❛♥❞M s✉❝❤ t❤❛t

M, q |= φ ⇔ M′, q′ |= φ′

❚❤❡r❡ ❛r❡ ❛❧s♦ ❛ ❢❡✇ r❡s✉❧ts ❞✐st✐♥❣✉✐s❤✐♥❣ t❤❡ ❧♦❣✐❝s t❤❛t ❞♦ ♥♦t ❛♣♣❡❛r ♦♥ ❋✐❣✉r❡ ✶✳✺✳
❋✐rst✱ ✐♥ ❬✷❪ ✐t ✇❛s ♣r♦✈❡❞ t❤❛t ●▲ ✐s ♥♦t ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ ❆▲µ✳ ❋♦r ❡①❛♠♣❧❡✱ ●▲
❝❛♥♥♦t ❡①♣r❡ss t❤❛t ❛❧❧ ❡✈❡♥ st❛t❡s ❛❧♦♥❣ ❛ ♣❛t❤ ❛r❡ ❧❛❜❡❧❡❞ p ✇✐t❤♦✉t ✐♠♣♦s✐♥❣ s♦♠❡
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♦❞❞ st❛t❡s ✇❤✐❧❡ ❆▲µ ❝❛♥✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✶✵❪ ♣r♦✈❡❞ t❤❛t ❆▲µ ✐s ♥♦t
♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ ❆❚▲sc✳ ■♥ ♣❛rt✐❝✉❧❛r ❆▲µ ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❛❧t❡r♥❛t✐♥❣✲
❜✐s✐♠✐❧❛r ♠♦❞❡❧s ✇❤✐❧❡ ❆❚▲sc ❝❛♥✻✳ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦✱ ✇❡ ❣❡t t❤❛t ❆▲µ ❤❛s ❛ ✈❡r②
❞✐st✐♥❝t ❡①♣r❡ss✐✈❡ ♣♦✇❡r ❝♦♠♣❛r❡❞ t♦ ❡✐t❤❡r ●▲ ♦r ❆❚▲sc✳

✻❆ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ tr❛♥s✐t✐♦♥ s②st❡♠s t❤❛t ❛ss♦❝✐❛t❡ s②st❡♠s t❤❛t ❜❡❤❛✈❡
s✐♠✐❧❛r❧②✳ ❲❡ ❞♦ ♥♦t ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❜✐s✐♠✉❧❛t✐♦♥ ✭♥♦r t❤❡ ♦♥❡ ♦❢ ❛❧t❡r♥❛t✐♥❣✲❜✐s✐♠✉❧❛t✐♦♥✮
❛♥❞ r❡❢❡r t♦ ❬✸✻❪ ❛♥❞ ❬✺✺❪ ❢♦r s✉r✈❡②s✳
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❈❤❛♣t❡r ✷

❈♦♠♣❧❡①✐t② ♦❢ ❙▲

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❣♦ ♦✈❡r t❤❡ ❝♦♠♣❧❡①✐t② r❡s✉❧ts ❦♥♦✇♥ ♦♥ ❙▲✳ ■♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✲
✇♦r❦ ♦❢ ❙▲✱ t✇♦ q✉❡st✐♦♥s ❝♦♠❡ ♦❢ ✐♥t❡r❡st✿ t❤❡ ✜rst ♦♥❡✱ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠✱ ❛s❦s
❢♦r ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❝❤❡❝❦ ✐❢ t❤❡r❡ ✐s s♦♠❡ ❣❛♠❡ ♦♥ ✇❤✐❝❤ ❛ ❢♦r♠✉❧❛ ❣✐✈❡♥ ✐♥ ✐♥♣✉t ✐s s❛t✐s✲
✜❛❜❧❡ ♦r ✐❢ t❤❡ ❢♦r♠✉❧❛ ✐s str✉❝t✉r❛❧❧② ✐♥❝♦❤❡r❡♥t❀ t❤❡ s❡❝♦♥❞✱ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✱
❛s❦s ❢♦r ❛♥ ❛❧❣♦r✐t❤♠ t❛❦✐♥❣ ❛s ✐♥♣✉ts ❛ ❢♦r♠✉❧❛ ❛♥❞ ❛ ❣❛♠❡ t❤❛t r❡t✉r♥s ✇❤❡t❤❡r t❤❡
❢♦r♠✉❧❛ ❤♦❧❞s ♦♥ t❤❡ ❣❛♠❡✳ ❲❡ ❞❡✜♥❡ ❢♦r♠❛❧❧② ❜♦t❤ ♣r♦❜❧❡♠s t❤♦✉❣❤ ✇❡ ✇✐❧❧ ♠♦st❧②
❢♦❝✉s ♦♥ t❤❡ s❡❝♦♥❞ ♦♥❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❙❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠✮✳
❚❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❣✐❝ L ❛s❦ ❢♦r ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t t❛❦❡s ❛s ✐♥♣✉t ❛ ❢♦r♠✉❧❛
φ ∈ L ❛♥❞ r❡t✉r♥s ✇❤❡t❤❡r t❤❡r❡ ✐s s♦♠❡ ❈●❙ G s✉❝❤ t❤❛t φ ❤♦❧❞s ♦♥ G✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ✭▼♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✮✳
❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❣✐❝ L ❛s❦s ❢♦r ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t t❛❦❡s ❛s ✐♥♣✉t ❛
❢♦r♠✉❧❛ φ ∈ L ❛♥❞ ❛ ❈●❙ G✱ ❛♥❞ r❡t✉r♥s ✇❤❡t❤❡r φ ❤♦❧❞s ♦♥ G✳

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ✇❤✐❝❤ ❝♦♠♣❧❡①✐t② ❝❧❛ss t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛♥❞ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜✲
❧❡♠s ❜❡❧♦♥❣✳ ❲❡ ❞♦ ♥♦t ❞❡✜♥❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss❡s ❛♥❞ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ ❬✸✱ ✺✷❪✳
❲❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✳ ❲❡ ❤♦✇❡✈❡r r❡❝❛❧❧ t❤❡ ❡①✐st✐♥❣ r❡s✉❧ts
❛❜♦✉t t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❙▲✱ ✐ts s✉❜✲❧♦❣✐❝s ❛♥❞ ❛ ❢❡✇ ♦t❤❡r ❣❛♠❡✲r❡❧❛t❡❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✳

■♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ♦♥ tr❛♥s✐t✐♦♥ s②st❡♠s✱ ▲❚▲ ❝❛♥ ❡❛s✐❧② ❜❡ ❛❞❛♣t❡❞ t♦ ❣❛♠❡s✿ ❝❛♥
❛♥ ❛❣❡♥t ❡♥❢♦r❝❡ t❤❛t t❤❡ ♦✉t❝♦♠❡ s❛t✐s✜❡s t❤❡ ▲❚▲ ❢♦r♠✉❧❛ ♥♦ ♠❛tt❡r t❤❡ ❞❡❝✐s✐♦♥s ♦❢
t❤❡ ♦t❤❡r ❛❣❡♥ts❄ P♥✉❡❧✐ ❛♥❞ ❘♦s♥❡r ❢♦✉♥❞ ✐♥ ✶✾✽✾ ❬✹✺❪ t❤❛t ▲❚▲ ♦♥ ❣❛♠❡s ❛❞♠✐ts ❛
2 ✲EXPTIME✲❝♦♠♣❧❡t❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ❚❤✐s r❡s✉❧t ✇❛s ❛♣♣❧✐❡❞ ✐♥ ❬✷❪ t♦ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✸ ✭❆❧✉r✱ ❍❡♥③✐♥❣❡r ❛♥❞ ❑✉♣❢❡r♠❛♥ ❬✷❪✮✳
❆❚▲∗ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛♥❞ s❛t✐s✜❛❜✐❧✐t② ❛r❡ ❜♦t❤ 2 ✲EXPTIME✲❝♦♠♣❧❡t❡✳

❖t❤❡r t❡❝❤♥✐q✉❡s ✇❡r❡ ❛♣♣❧✐❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❙▲❬✶●❪ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠✳ ❚❤❡ r❡s✉❧t
✐s ❤♦✇❡✈❡r s✐♠✐❧❛r✱ ❛s s❤♦✇♥ ❜② t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❙▲❬✶●❪ s❛t✐s✜❛❜✐❧✐t② ✐s
♥♦t ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ❆❚▲∗ ♦r ▲❚▲ ✭♦♥ ❣❛♠❡s✮✳

✹✶



✹✷

❚❤❡♦r❡♠ ✷✳✹ ✭▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ ❬✸✽❪✮✳
❙▲❬✶●❪ s❛t✐s✜❛❜✐❧✐t② ✐s 2 ✲EXPTIME✲❝♦♠♣❧❡t❡✳

❲❤✐❧❡ t❤❡r❡ ✐s ♥♦ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❙▲❬❇●❪ s❛t✐s✜❛❜✐❧✐t②✱ ✐t ❝❛♥
❡❛s✐❧② ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠s ❢♦r ♦t❤❡r ❧♦❣✐❝s✳
◗❈❚▲ ❬✶✽❪ ✐s ❛ t❡♠♣♦r❛❧ ❧♦❣✐❝ ✇❤♦s❡ ❡①♣r❡ss✐✈❡♥❡ss ✐s s✐♠✐❧❛r ✐♥ ♠❛♥② ✇❛② t♦ t❤❛t ♦❢
❙▲❬❇●❪ ✭✐t ✐s ❛❧s♦ ✈❡r② s✐♠✐❧❛r t♦ ❆❚▲sc ❡①♣r❡ss✐✈❡♥❡ss✮✳ ◗❈❚▲ s❛t✐s✜❛❜✐❧✐t② ❝❛♥ ❜❡ r❡❞✉❝❡
t♦ ❙▲❬❇●❪ s❛t✐s✜❛❜✐❧✐t② r❡❧❛t✐✈❡❧② ❡❛s✐❧②✳ ■♥ ❬✸✵❪ ◗❈❚▲ s❛t✐s✜❛❜✐❧✐t② ✇❛s ♣r♦✈❡♥ ✉♥❞❡❝✐❞✲
❛❜❧❡✱ ✇❡ ❝❛♥ t❤❡♥ ✉s❡ t❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ◗❈❚▲ t♦ ❙▲❬❇●❪ t♦ ❣❡t t❤❡ s❛♠❡ ✉♥❞❡❝✐❞❛❜✐❧✐t②
❢♦r ❙▲❬❇●❪✳ ❉✉❡ t♦ ✐ts ❤✐❣❤ ❡①♣r❡ss✐✈❡♥❡ss✱ t❤✐s r❡s✉❧t ✐s ♥♦t ❛ s✉r♣r✐s❡✳ ❆s s❤♦✇ ❜②
❚❤❡♦r❡♠ ✷✳✹✱ ✇❡ r❡❣❛✐♥ ❞❡❝✐❞❛❜✐❧✐t② ✐♥ t❤❡ ❙▲❬✶●❪ ❢r❛❣♠❡♥t✳

❚❤❡♦r❡♠ ✷✳✺✳ ❙▲❬❇●❪ ✭❛♥❞ t❤❡r❡❢♦r❡ ❙▲✮ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡

❋♦r t❤❡ r❡st ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❙▲ ❛♥❞ ✐ts
s✉❜✲❧♦❣✐❝s✳

✷✳✶ ❙▲ ✉♣♣❡r ❜♦✉♥❞

■♥ ❬✸✾❪✱ ▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ ❞❡✈❡❧♦♣❡❞ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❙▲ ♠♦❞❡❧ ❝❤❡❝❦✲
✐♥❣✳

❚❤❡♦r❡♠ ✷✳✻ ✭▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ ❬✸✾❪✮✳
❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❙▲ ✐s ✐♥ NONELEMENTARY ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡ ♦❢
t❤❡ ❢♦r♠✉❧❛✳ ■t ✐s ✐♥ (k + 1 )✲EXPTIME ❢♦r ❙▲❬◆●❪ ❢♦r♠✉❧❛s ✇✐t❤ k ♦r ❧❡ss q✉❛♥t✐✜❡r
❛❧t❡r♥❛t✐♦♥s✳

❚❤❡ ❛❧❣♦r✐t❤♠ ❛❝ts ✐♥ ❛ ❢❛s❤✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧t ❢♦r ▼❙❖
♦♥ ✐♥✜♥✐t❡ ❜✐♥❛r② tr❡❡s ✭❛❧s♦ ❦♥♦✇♥ ❛s ❙✷❙✮✳ ❚❤❡ ♣r♦♦❢ ♣r❡s❡♥t❡❞ ✐♥ ❬✺✻❪ ❜✉✐❧❞s ❛ ❇ü❝❤✐
tr❡❡ ❛✉t♦♠❛t♦♥ ❜② ✐t❡r❛t✐♦♥ ♦♥ t❤❡ ❢♦r♠✉❧❛✳ ❚❤❡ ❡♠♣t✐♥❡ss ♦❢ t❤❡ ✜♥❛❧ ❛✉t♦♠❛t♦♥ ✐s t❤❡♥
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ▼❙❖ ❢♦r♠✉❧❛ ♦♥ t❤❡ ✐♥✜♥✐t❡ ❜✐♥❛r② tr❡❡✳ ❋♦r ❙▲ ♠♦❞❡❧
❝❤❡❝❦✐♥❣✱ t❤❡ ♣r♦♦❢ ❛❧s♦ ♣r♦❝❡❡❞s ❜② ❜✉✐❧❞✐♥❣ ❛♥ ❛✉t♦♠❛t♦♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❢♦r♠✉❧❛
❛♥❞ ❜② s♦❧✈✐♥❣ t❤❡ ❡♠♣t✐♥❡ss ♣r♦❜❧❡♠ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ❛t t❤❡ ❧❛st st❡♣✳ ❚❤❡ ❇ü❝❤✐ tr❡❡
❛✉t♦♠❛t♦♥ ✐s ❤♦✇❡✈❡r r❡♣❧❛❝❡❞ ❜② ❛♥ ❛❧t❡r♥❛t✐♥❣ ♣❛r✐t② tr❡❡ ❛✉t♦♠❛t♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s
r❛t❤❡r ❧♦♥❣✱ ✇❡ t❤❡r❡❢♦r❡ ♣r♦✈✐❞❡ ♦♥❧② ❛ s❦❡t❝❤ ♦❢ ✐t✳ ❚❤❡ ❝✉r✐♦✉s r❡❛❞❡r ♠❛② r❡❢❡r t♦ t❤❡
♦r✐❣✐♥❛❧ ♣❛♣❡r ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳
❲❡ st❛rt ✇✐t❤ t✇♦ ❞❡✜♥✐t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❆ tr❡❡ ♦✈❡r t❤❡ st❛t❡ s♣❛❝❡ ◗ ✐s ❛ t✉♣❧❡ T := 〈❚,❊〉 ✇❤❡r❡ ❚ ⊆ ◗∗ ✐s
t❤❡ s❡t ♦❢ ♥♦❞❡s ✭✇✐t❤ ❡❛❝❤ ♥♦❞❡ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦✈❡r ◗✮❀ ❊ : ❚ → 2❚ ✐s ❛ tr❛♥s✐t✐♦♥
❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❛♥② t, t′ ∈ ❚✱ ✐❢ t′ ∈ ❊(t) t❤❡♥ |t′| = |t|+ 1❀

❆ Σ✲❧❛❜❡❧❧❡❞ tr❡❡ T ✐s ❛ t✉♣❧❡ T := 〈Σ,❚,❊, ❧❛❜❡❧s〉 ✇❤❡r❡ 〈❚,❊〉 ✐s ❛ tr❡❡✱ Σ ✐s t❤❡
✐♥♣✉t ❛❧♣❤❛❜❡t ❛♥❞ ❧❛❜❡❧s : ❚→ Σ ✐s ❛ ❧❛❜❡❧❧✐♥❣ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t✐♥❣ ❛♥ ✐♥♣✉t s②♠❜♦❧ ✇✐t❤
❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡✳



✹✸

❛

❜
❝

✭✵✱✶✮

✭✶✱✵✮
✭✶✱✵✮

✭✶✱✶✮
✭✵✱✵✮

✭✵✱✶✮

✭⋆✱⋆✮

✭✵✱✵✮

✭✶✱✶✮

❛

❜ ❝

❛ ❝ ❜

χ(x1)(a) = 0
χ(x2)(a) = 1

x1 → 0
x2 → 1

χ(x1)(ab) = 0
χ(x2)(ab) = 0

x1 → 1
x2 → 0

χ(x1)(ac) = 0
χ(x2)(ac) = 1
χ(x1)(abc) = 1
χ(x2)(abc) = 1

x1 → 0
x2 → 1

x1 → 1
x2 → 1

❋✐❣✉r❡ ✷✳✶✿ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛ ✈❛❧✉❛t✐♦♥ χ ♦♥ ❛ ❣❛♠❡ G✱ ❛♥❞ ❛ ❧❛❜❡❧❧❡❞ ✉♥✇✐♥❞✐♥❣
♦❢ G✳

❉❡✜♥✐t✐♦♥ ✷✳✽✳ ❚❤❡ ✉♥✇✐♥❞✐♥❣ ♦❢ ❛ ❈●❙ G = 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ✐s ❛♥ ✭✉♥❧❛✲
❜❡❧❧❡❞✮ tr❡❡ T := 〈❚,❊〉 ✇❤❡r❡ ❚ ✐s ❜✉✐❧t ✉♣♦♥ t❤❡ st❛t❡ s♣❛❝❡ ◗ ♦❢ G ❛♥❞ s✉❝❤ t❤❛t ❢♦r
❛♥② t ∈ ❚✱

t.q′ ∈ ❊(t) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts d ∈ ❆❝t❆❣t s✉❝❤ t❤❛t ∆(❧st(t), d) = q′

❈♦♥s✐❞❡r ❛ ❙▲ ❢♦r♠✉❧❛ φ✱ ❛ ❣❛♠❡ G✱ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❛ ✈❛❧✉❛t✐♦♥ χ ♦✈❡r G ❛♥❞
V ✳ ❲❡ ❧❡t T ❜❡ t❤❡ ✐♥✜♥✐t❡ tr❡❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✉♥✇✐♥❞✐♥❣ ♦❢ G✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ χ ❝❛♥
❜❡ ♣✉t ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❛ ❧❛❜❡❧❧✐♥❣ ♦❢ T ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t ❆❝t❆❣t✱ ✇❤❡r❡ t❤❡ ❧❛❜❡❧
♦❢ ❛ st❛t❡ q ✐♥ ❛ ❜r❛♥❝❤ t ♦❢ T r❡♣r❡s❡♥ts t❤❡ ❛❝t✐♦♥ ❝❤♦✐❝❡s ♦❢ χ(t) ✇❤❡♥ t ✐s ✈✐❡✇❡❞ ❛s ❛
❤✐st♦r② ♦❢ G✳ ❋✐❣✉r❡ ✷✳✶ ✐❧❧✉str❛t❡s t❤❡ ✐❞❡❛✳

❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ♦❢ ❙▲ ✉s❡s t❤✐s ✐❞❡❛ t♦ ❜✉✐❧❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❛❧t❡r♥❛t✐♥❣
♣❛r✐t② tr❡❡ ❛✉t♦♠❛t♦♥ ❜② ❛ ❜♦tt♦♠✲✉♣ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❢♦r♠✉❧❛✳ ❆t st❡♣ φ′ ✭❢♦r ❛ s✉❜✲
❢♦r♠✉❧❛ φ′ ♦❢ φ✮✱ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s ❛♥ ❛✉t♦♠❛t♦♥Nφ′ ❜❛s❡❞ ♦♥ φ′ ♦✇♥ s✉❜✲❢♦r♠✉❧❛s✳
❚❤✐s ❛✉t♦♠❛t♦♥ Nφ′ ❡♥❝♦❞❡s t❤❡ ❣❛♠❡ G ❜② ❛❝❝❡♣t✐♥❣ ♦♥❧② ✉♥✇✐♥❞✐♥❣s ♦❢ G ❛♥❞ ♦❜❡②s
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✷✳✾✳ ❋♦r ❛♥② ✈❛❧✉❛t✐♦♥ χ ✇✐t❤ ❞♦♠(χ) = ❢r❡❡(φ′)✱ ✇r✐t✐♥❣ T❞♦♠(χ) ❢♦r t❤❡

❧❛❜❡❧❧❡❞ tr❡❡ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ χ ✭✇✐t❤ ❆❝t❞♦♠(χ) t❤❡ s❡t ♦❢ ❧❛❜❡❧s✮✱ t❤❡♥

G, qini |=χ φ
′ ⇔ T❞♦♠(χ) ∈ L(Nφ′)

❙✉❜✲❢♦r♠✉❧❛s ♠❛❞❡ ♦❢ ❛♥ ▲❚▲ ♦♣❡r❛t♦r ❛r❡ ❤❛♥❞❧❡❞ ✉s✐♥❣ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✱ ❢♦r ❡①✲
❛♠♣❧❡ t❤❡ φ1❯φ2 ♦♣❡r❛t♦r ✉s❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ φ2∨ (φ1∧❳ (φ1❯φ2))✳ ❆ s✉❜✲❢♦r♠✉❧❛
φ′ = ❛ss✐❣♥(A, x). φ′′ st❛rt✐♥❣ ✇✐t❤ ❛♥ ❛ss✐❣♥♠❡♥t s✐♠♣❧② ♠♦❞✐✜❡s t❤❡ ❛✉t♦♠❛t♦♥ Nφ′′ ♦❢
φ′′ ❜✉✐❧t ❛t ♣r❡✈✐♦✉s st❡♣s ❜② ✉♣❞❛t✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❛ss✐❣♥(A, x)✳
❆ s✉❜✲❢♦r♠✉❧❛ φ′ = ∃x. φ′′ ♣r♦❝❡❡❞s ❜② ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ Nφ′′ ❛✉t♦♠❛t♦♥✳ ❚❤❡r❡ r❡✲
♠❛✐♥s t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs✳ ❚❤❡ ∨ ❛♥❞ ¬ ♦♣❡r❛t♦rs ❛r❡ ❤❛♥❞❧❡❞ t❤r♦✉❣❤
t❤❡ st❛♥❞❛r❞ ✉♥✐♦♥ ❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛✉t♦♠❛t❛✳ ❋✐♥❛❧❧②✱ t❤❡ ¬ ♦♣❡r❛t♦r ✐s ❤❛♥❞❧❡❞
t❤r♦✉❣❤ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣❛r✐t② tr❡❡ ❛✉t♦♠❛t❛ ✇✐t❤ ❛ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡ ✭❛❧s♦ ❞❡✈❡❧✲
♦♣❡❞ ✐♥ ❬✹✸❪✮✳ ❚❤❡♥✱ ❛t t❤❡ ❧❛st st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ✇❡ ❣❡t ❛ ♣❛r✐t② tr❡❡ ❛✉t♦♠❛t♦♥ Nφ
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s✉❝❤ t❤❛t
G, qini |= φ ⇔ ∃T ∈ Tree∅ s✳t T ∈ L(Nφ)

✇❤❡r❡ Tree∅ ✐s t❤❡ s❡t ♦❢ ✉♥✇✐♥❞✐♥❣s ♦❢ G✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡s ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣
st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s t♦ s♦❧✈❡ t❤❡ ❡♠♣t✐♥❡ss ♦❢ tr❡❡ ❛✉t♦♠❛t❛ ✐♥ t✐♠❡ ab✱ ✇❤❡r❡ a ✐s t❤❡
♥✉♠❜❡r ♦❢ st❛t❡ ♦❢ Nφ ❛♥❞ b ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡①❡s✳ ❆♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✾❪✳

❚❤❡ ❛❧❣♦r✐t❤♠ ♦✈❡r ❙▲❬◆●❪✿ ❚❤❡ ✜rst ♦♣❡r❛t♦r ♦❢ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❝❛♥ ♦♥❧② ❜❡ ❡✐t❤❡r
❛ q✉❛♥t✐✜❝❛t✐♦♥ ♦r ❛♥ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ ✭♦t❤❡r✇✐s❡ t❤❡ ❢♦r♠✉❧❛ ❤❛s s♦♠❡ ❢r❡❡ ✈❛r✐❛❜❧❡ ♦r
❢r❡❡ ❛❣❡♥t ♦r ✐s ♥♦t s②♥t❛❝t✐❝❛❧❧② ✐♥ ❙▲❬◆●❪✮✳ ❚❤❡ ❧❛st ♣♦ss✐❜✐❧✐t② ♠❛❦❡s φ tr✐✈✐❛❧ ❛♥❞ ✇❡
s❡t ✐t ❛s✐❞❡✳ ■❢ φ st❛rts ❜② ❛ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❢♦r
✐ts ♥❡❣❛t✐♦♥ ¬φ ❛♥❞ r❡✈❡rs❡ t❤❡ r❡s✉❧t t♦ ❣❡t φ✬s ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛ss✉♠❡
✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t φ ✐s ♦❢ ❢♦r♠ φ = ∃x. φ′✳ ❚❤✐s ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ❛t
t❤❡ st❛rt ❛❧❧♦✇s ✉s t♦ st♦♣ t❤❡ ✐♥❞✉❝t✐♦♥ t❤❡ st❡♣ ❜❡❢♦r❡ φ ❛♥❞ ❣❡t ❛♥ ❛✉t♦♠❛t♦♥ Nφ′

G, qini |= φ ⇔ G, qini |= ∃x. φ
′ ⇔ ∃T ∈ Tree{x} s✳t T ∈ L(Nφ′)

❚❤❡ ❛✉t♦♠❛t❛ ❜✉✐❧t ❛t t❤❡ ✐♥✐t✐❛❧ st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❡ ♦❢ s✐③❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡
❢♦r♠✉❧❛ ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❣❛♠❡✳ ❋♦r s✉❜✲❢♦r♠✉❧❛s st❛rt✐♥❣ ❜② ❛❧❧ ❜✉t ❛ ¬φ′ ♦♣❡r❛t♦r✱
t❤❡ ❛✉t♦♠❛t♦♥ ❜✉✐❧t ❛t st❡♣ α ✐s ♦❢ s✐③❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❛✉t♦♠❛t❛ ❜✉✐❧❞ ❛t st❡♣s ❧❡ss t❤❛♥
α✳ ❚❤❡ ♦♥❧② st❡♣ ✇❤❡r❡ t❤❡ ❛✉t♦♠❛t♦♥ ✐♥❝r❡❛s❡s ✐♥ ❛ ♥♦♥ ♣♦❧②♥♦♠✐❛❧ ❢❛❝t♦r ❝♦♠♣❛r❡❞
t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❛✉t♦♠❛t❛ ♣r❡✈✐♦✉s❧② ❜✉✐❧t ✐s ❢♦r s✉❜✲❢♦r♠✉❧❛s st❛rt✐♥❣ ✇✐t❤ t❤❡ ¬φ′

♦♣❡r❛t♦r✳ ❚❤❡♥✱ t❤❡ ❜✉✐❧❞✲✉♣ ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ♦❢ φ′✳
❯s✐♥❣ t❤❡ ∨ ❛♥❞ ∧ ♦♣❡r❛t♦r ✇❡ ♠❛② ♠♦❞✐❢② ❛♥② ❙▲❬◆●❪ ❢♦r♠✉❧❛ t♦ ♣✉s❤ t❤❡ ♥❡❣❛t✐♦♥

❡✐t❤❡r ❜❡t✇❡❡♥ q✉❛♥t✐✜❡rs ♦r ❛t t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✬ ❧❡✈❡❧✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥
❢♦r t❤❡ ♠♦❞✐✜❡❞ ❢♦r♠✉❧❛ t❤❡♥ ❣r♦✇s ♦♥❧② t❤r♦✉❣❤ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥ ❛♥❞ ✇❡ r❡tr✐❡✈❡
t❤❡ ❝♦♠♣❧❡①✐t② r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✷✳✻ ❢♦r ❙▲❬◆●❪✳

✷✳✷ ❉❛t❛ ❝♦♠♣❧❡①✐t②

❚❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t② ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ❝♦♠♣❧❡①✐t② r❡❧❛t✐✈❡ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❣❛♠❡
❣✐✈❡♥ ❛s ✐♥♣✉t✳ ■♥ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r ❙▲ ❡①♣♦s❡❞ ❛❜♦✈❡✱ t❤❡ s✐③❡ ♦❢ t❤❡
♣❛r✐t② tr❡❡ ❛✉t♦♠❛t♦♥ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❣❛♠❡ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ ❡❛❝❤
q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥✳ ❚❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t② ✐s t❤❡r❡❢♦r❡ ❛ t♦✇❡r ♦❢ ❡①♣♦♥❡♥t✐❛❧s ♦❢ ❤❡✐❣❤t
❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ❛♥❞ ✜♥❛❧ ❡①♣♦♥❡♥t ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡
♦❢ t❤❡ ❣❛♠❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✵✳
❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ❚♦✇❡r : N× N → N ❜② ✐♥❞✉❝t✐♦♥✳ ■♥✐t✐❛❧❧② ❚♦✇❡r(a, 0) := a ✇❤✐❧❡
❚♦✇❡r(a, b+1) := 2❚♦✇❡r(a,b) ❛t t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣✳ ❚❤✐s ❡♥❝♦❞❡s t♦✇❡rs ♦❢ ❡①♣♦♥❡♥t✐❛❧s ♦❢

t❤❡ ❢♦r♠ 22
..
.a

✳

❚♦ ❜❡ ♣r❡❝✐s❡✱ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ❙▲ ❞❛t❛ ❝♦♠♣❧❡①✐t② ✭❢♦r t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✲
✐♥❣ ♣r♦❜❧❡♠✮ ✐s ❚♦✇❡r(k, P (|G|)) ✇✐t❤ k t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ❛♥❞ P ❛
♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✸✾❪ ♠❛❞❡ ❛ ❝❛❧❝✉❧❛t✐♦♥ ❡rr♦r ❛♥❞ ❝❧❛✐♠❡❞ ❛ ❞❛t❛ ❝♦♠♣❧❡①✐t②



✹✺

✐♥ PTIME ❢♦r t❤❡✐r ❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛❧❣♦r✐t❤♠✱ t❤❡ ❛❧❣♦r✐t❤♠ ❤♦✇❡✈❡r ♣r♦✈✐❞❡s ♦♥❧② ❛
NONELEMENTARY ❞❛t❛ ❝♦♠♣❧❡①✐t②✳

❚❤❡♦r❡♠ ✷✳✶✶✳ ❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❞❛t❛ ❝♦♠♣❧❡①✐t② ✐s ✐♥ NONELEMENTARY✳

❲✐t❤ t❤✐s r❡❝t✐✜❝❛t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❛ ♣r♦♦❢ ♦❢ ❤❛r❞♥❡ss ❢♦r t❤❡ ❞❛t❛ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢
❙▲❬❇●❪ ✭❤❡♥❝❡ ❛❧s♦ ❙▲✮✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t② ♦❢ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s
PH✲❤❛r❞✭❛s ✐♥ ❤❛r❞ ❢♦r ❡❛❝❤ ❧❡✈❡❧ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❤✐❡r❛r❝❤②✮✳

❚❤❡♦r❡♠ ✷✳✶✷✳ ❚❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t② ♦❢ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s PH✲❤❛r❞✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t ✐s ❤❛r❞ ❢♦r ❡❛❝❤ ❧❡✈❡❧ ♦❢ t❤❡ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛s ❤✐❡r❛r❝❤②✱ ❚❤❡♦✲
r❡♠ ✷✳✶✷ ✇✐❧❧ ❢♦❧❧♦✇✳ ❙▲ ❡①♣r❡ss✐✈❡♥❡ss ✐♥ ❣❡♥❡r❛❧ ✐s ❤❡❛✈✐❧② ❧✐♥❦❡❞ t♦ ◗❈❚▲ ❡①♣r❡ss✐✈❡♥❡ss
❛♥❞ ✐ts ❞❛t❛ ❝♦♠♣❧❡①✐t② ✐s ❦♥♦✇♥ t♦ ❜❡ PH✲❤❛r❞✳ ❲❡ ❝♦✉❧❞ ❤❛✈❡ ✇♦r❦❡❞ ❜② ❛ r❡❞✉❝t✐♦♥
❢r♦♠ ◗❈❚▲ t♦✇❛r❞s ❙▲ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶✷✳ ❲❡ ✐♥st❡❛❞ ♦♣t ❢♦r ❛ ♠♦r❡ ❞✐r❡❝t ✭❛♥❞
s❤♦rt❡r✮ ❛♣♣r♦❛❝❤✱ ❜② ❛ r❡❞✉❝t✐♦♥ t♦✇❛r❞s t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r q✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥
❢♦r♠✉❧❛s✳

◗✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛s

❉❡✜♥✐t✐♦♥ ✷✳✶✸ ✭◗✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛s ✐♥ ❝♦♥❥✉♥❝t✐✈❡ ♥♦r♠❛❧ ❢♦r♠✮✳
❋✐① ❛♥ ✐♥✜♥✐t❡ s❡t V = {v1, . . . } ♦❢ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s✳ ❆ q✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥ ✐♥
❝♦♥❥✉♥❝t✐✈❡ ♥♦r♠❛❧ ❢♦r♠ ♦✈❡r V ✐s ❛ ❢♦r♠✉❧❛ ❜✉✐❧❞ ✉♣♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

❈◆❋✲❙❆❚ ∋ φ ::= ∃v φ | ∀v. φ | ζ ✇❤❡r❡ v ✐s ❛♥② ✈❛r✐❛❜❧❡ ♦❢ V .

ζ ::= ζ ∧ ζ | η

η ::= η ∨ η | ψ

ψ ::= v | ¬v

❲❡ r❡✉s❡ st❛♥❞❛r❞ ✈♦❝❛❜✉❧❛r②✿ ψ t②♣❡ ❢♦r♠✉❧❛s ❛r❡ ❝❛❧❧❡❞ ❧✐t❡r❛❧s✱ η ❢♦r♠✉❧❛s ❛r❡
❝❛❧❧❡❞ ❝❧❛✉s❡s ❛♥❞ ζ ❢♦r♠✉❧❛s ❛r❡ ❝❛❧❧❡❞ ❝♦♥❥✉♥❝t✐♦♥s✳ ◗✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛s ♦✈❡r ❛
s❡t V ♦❢ ✈❛r✐❛❜❧❡s ❛r❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛ ✭♣❛rt✐❛❧✮ ✐♥t❡r♣r❡t❛t✐♦♥ int : V → {⊤,⊥} ❛♥❞ ❛r❡
tr✉❡ ✇❤❡♥ int ❡✈❛❧✉❛t❡s φ t♦ ⊤✳ ●✐✈❡♥ ❛ ♣r❡✲❡①✐st❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ int✱ t❤❡ ∃v φ ♦♣❡r❛t♦r
❛s❦s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ int′ ❛❣r❡❡✐♥❣ ✇✐t❤ int ♦♥ ❛♥② ✈❛r✐❛❜❧❡ ❞✐✛❡r❡♥t
❢r♦♠ v s✉❝❤ t❤❛t int′ ❡✈❛❧✉❛t❡s φ t♦ ⊤✳ ❚❤❡ ∀v. φ ♦♣❡r❛t♦r ❛s❦s ❢♦r ❡❛❝❤ ✐♥t❡r♣r❡t❛t✐♦♥
int′ ❛❣r❡❡✐♥❣ ✇✐t❤ int ♦♥ ❛❧❧ ✈❛r✐❛❜❧❡s ❞✐✛❡r❡♥t ❢r♦♠ v t♦ ❜❡ s♦ int′ ❡✈❛❧✉❛t❡s φ t♦ tr✉❡✳
❖✈❡r ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ int ♦❢ ❞♦♠❛✐♥ V ✱ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs ❛r❡ st❛♥❞❛r❞✳

❋♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ❢♦r♠✉❧❛s ✇✐t❤ k q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ♦r ❧❡ss✱ st❛rt✐♥❣ ❜②
❛ ❜❧♦❝❦ ♦❢ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥s ❛♥❞ ✇❤❡r❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ q✉❛♥t✐✜❡❞✱ ❢♦r♠ t❤❡ s❡t
ΣSAT
k ♦❢ ❢♦r♠✉❧❛s✳ ❚❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❛ ❢♦r♠✉❧❛ φ ∈ ΣSAT

k ❛s❦s ✇❤❡t❤❡r φ
❡✈❛❧✉❛t❡ t♦ ⊤ ❢r♦♠ t❤❡ ❡♠♣t② ❛❧t❡r♥❛t✐♦♥❀ t❤✐s ♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ t♦ ❜❡ ❝♦♠♣❧❡t❡ ❢♦r ΣP

k

✭t❤❡ k ❡①✐st❡♥t✐❛❧ ❧❡✈❡❧ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❤✐❡r❛r❝❤②✮✳

ΣP
1 ❤❛r❞♥❡ss ♦❢ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣

▲❡♠♠❛ ✷✳✶✹✳ ❙▲❬❇●❪ ✭❛♥❞ t❤✉s ❙▲❬◆●❪ ❛♥❞ ❙▲✮ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡
♦❢ t❤❡ ❣❛♠❡ ✐s ΣP

1 ✲❤❛r❞✳



✹✻

Pr♦♦❢✳ ❲❡ ✜rst ❞❡✜♥❡ ❛ ❢♦r♠✉❧❛ φ ✭✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❛♥② ΣP
1 ❢♦r♠✉❧❛✮ ♦♥ t❤❡ s❡ts ❆P :=

{plit, pvar, ok, no} ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❆❣t := {∧∧ , ∨∨ , lrlr , } ♦❢ ❛❣❡♥ts✿

φ :=∃x.∃w← [.∃w 7→.∀y.∀z.∀y∧.∃z∨.





❛ss✐❣♥(∧∧ , y; ∨∨ , z; lrlr , w 7→; , x)❋ plit

∧

❛ss✐❣♥(∧∧ , y; ∨∨ , z; lrlr , w← [; , x)❋ pvar

∧(
❛ss✐❣♥(∧∧ , y∧; ∨∨ , z∨; lrlr , w← [; , x)❋ ok

⇔ ❛ss✐❣♥(∧∧ , y∧; ∨∨ , z∨; lrlr , w 7→; , x)❋ ok
)

❋✐① ❛ ❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥ Φ := ∃v1 . . . ∃vn.
∧
i≤I

∨
j≤J li,j ✇✐t❤ I, J t✇♦ s❡ts ♦❢ ✐♥t❡❣❡rs

❛♥❞ ✇❤❡r❡ li,j ✐s ❛ ❧✐t❡r❛❧ ❜✉✐❧❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s {v1, . . . , vn}✳ ❋r♦♠ Φ✱ ✇❡ ❞❡r✐✈❡ ❛ ❝♦♥✲
❝✉rr❡♥t ❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✷✳ ❆P ❛♥❞ ❆❣t ❛r❡
t❤❡ s❛♠❡ ❛s ✐♥ φ✳

• ❚❤❡ st❛t❡ s♣❛❝❡ ◗ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛♥ ✐♥✐t✐❛❧ st❛t❡ qini✱ ♦❢ t❤r❡❡ st❛t❡s ✭ok, no, vari✮
♣❡r ✈❛r✐❛❜❧❡ ✐♥ {v1 . . . , vn} ❛♥❞ ♦❢ ♦♥❡ st❛t❡ liti,j ♣❡r ❧✐t❡r❛❧ li,j ♦❢ Φ✳

• ❚❤❡ ❛❣❡♥t lrlr ❤❛s t✇♦ ❛❝t✐♦♥s {7→,←[}✳ ∧∧ ❤❛s I ❛❝t✐♦♥s✿ 1, . . . , I ❛♥❞ ∨∨ ❤❛s J
❛❝t✐♦♥s✿ 1, . . . , J ✳ ❋✐♥❛❧❧② ❤❛s t✇♦ ❛❝t✐♦♥s✿ aok✱ ano✳

• ❖♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ qini✱ ∆ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❝t✐♦♥s ♦❢ lrlr , ∧∧ ❛♥❞ ∨∨ ✳ ❚❤❡ ❛❣❡♥t lrlr
❞❡❝✐❞❡ ✐❢ ✇❡ ❣♦ t♦ t❤❡ ❧❡❢t ✭t♦ t❤❡ ✈❛r✐❛❜❧❡ st❛t❡s ✇✐t❤ t❤❡ ❛❝t✐♦♥←[✮ ♦r r✐❣❤t ✭t♦ t❤❡
❧✐t❡r❛❧ st❛t❡s ✇✐t❤ t❤❡ ❛❝t✐♦♥ 7→✮ ♣❛rt ♦❢ t❤❡ ❣❛♠❡ ❛s ✐♥ ❋✐❣✉r❡ ✷✳✷✳ ■❢ lrlr ❝❤♦♦s❡s
❧❡❢t✱ ∆ ❣♦❡s ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ t♦ t❤❡ st❛t❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ ♣r❡s❡♥t ✐♥
li,j❀ ✐❢ lrlr ❣♦❡s t♦ t❤❡ r✐❣❤t✱ ∆ ❣♦❡s t♦ t❤❡ liti,j ❧✐t❡r❛❧ st❛t❡✳

❖♥ ❛ ✈❛r✐❛❜❧❡ st❛t❡ vari✱ t❤❡ ❞❡❝✐s✐♦♥ ✐s ❞♦♥❡ ❜② ✇❤♦ ❝❛♥ ♣❧❛② aok t♦ ❣♦ t♦ t❤❡
ok st❛t❡ ❛♥❞ ano t♦ ❣♦ t♦ t❤❡ no st❛t❡✳

• ❚❤❡ ✈❛r✐❛❜❧❡ st❛t❡s ❛r❡ ❧❛❜❡❧❧❡❞ ❜② pvar ✇❤✐❧❡ t❤❡ ❧✐t❡r❛❧ st❛t❡s ❛r❡ ❧❛❜❡❧❧❡❞ ✇✐t❤ t❤❡
❝♦♠♠♦♥ ♣r♦♣♦s✐t✐♦♥ plit✳ ❲❡ ❛❧s♦ ❧❛❜❡❧ t❤❡ ok st❛t❡s ✇✐t❤ ❛♥ ❡♣♦♥②♠♦✉s ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥ ❛♥❞ ❞♦ t❤❡ s❛♠❡ ❢♦r t❤❡ no st❛t❡s✳ ❋✐♥❛❧❧② ❢♦r ❛♥② i, j ✇❡ ❧❛❜❡❧ t❤❡ st❛t❡
liti,j ❜② ok ✐❢ li,j ✐s ❛ ✈❛r✐❛❜❧❡ ✐♥ Φ ❛♥❞ ❜② no ✐❢ li,j ✐s t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡✳

❲❡ ♥♦✇ ❤❛✈❡ t❤❡ ❣❛♠❡ ❛♥❞ t❤❡ ❢♦r♠✉❧❛✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡
r❡❞✉❝t✐♦♥✱ ✐✳❡✳

Φ ❡✈❛❧✉❛t❡s t♦ ⊤ ⇔ G, qini |= φ

Pr♦♦❢ ♦❢ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ❆ss✉♠❡ t❤❡r❡ ✐s ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ int t❤❛t
❡✈❛❧✉❛t❡s Φ t♦ ⊤✱ ✇❡ ♠✉st ♣r♦✈❡ t❤❛t G, qini |= φ✳ ❲❡ ❞❡✜♥❡ ❛ str❛t❡❣② δint ❢♦r
❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❝❤♦✐❝❡s ♦❢ int✿ ♦♥ vari✱ δint ♣❧❛②s t♦ ok ✐❢ int(vi) = ⊤ ❛♥❞ t♦ no ✐❢
int(vi) = ⊥✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ t✇♦ str❛t❡❣✐❡s δ← [ ❛♥❞ δ 7→ ❢♦r lrlr t❤❛t ♣❧❛② r❡s♣❡❝t✐✈❡❧② t❤❡
❛❝t✐♦♥ ←[ ❛♥❞ t❤❡ ❛❝t✐♦♥ 7→✳ ❲r✐t❡

χ := {x→ δint;w← [ → δ← [;w 7→ → δ 7→}
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qini

var1

✳✳✳

vari

✳✳✳

varn

{(← [, i, j)} ✇✐t❤

li,j ∈ {v1,¬v1}

{(← [, i, j)} ✇✐t❤

li,j ∈ {vn,¬vn}

♦❦

♥♦

♦❦

♥♦

♦❦

♥♦

lit1,1

✳✳✳

liti,j

✳✳✳

litI,J

( 7→, 1, 1)

( 7→, I, J)

❧❛❜❡❧❧❡❞ pvar ❧❛❜❡❧❧❡❞ plit

❧❛❜❡❧❧❡❞ ok ✐❢ l1,1 ✐s ❛ ✈❛r✐❛❜❧❡ ❛♥❞

no ✐❢ l1,1 ✐s ❛ ♥❡❣❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡

❋✐❣✉r❡ ✷✳✷✿ ●❛♠❡ G ✉s❡❞ ✐♥ ❧❡♠♠❛ ✷✳✶✹✬s ♣r♦♦❢✳ ◆♦t ❛❧❧ ❛❝t✐♦♥s ❛♣♣❡❛r ♦♥ t❤❡ ✜❣✉r❡✳

❚r✐✈✐❛❧❧②✱ ✇❡ ❣❡t

G, qini |=χ ∀y.∀z.∀y∧.∃z∨.





❛ss✐❣♥(∧∧ , y; ∨∨ , z; lrlr , w 7→; , x)❋ plit

∧

❛ss✐❣♥(∧∧ , y; ∨∨ , z; lrlr , w← [; , x)❋ pvar

✭✷✳✶✮

◆♦✇✱ ❜❡❝❛✉s❡ int ✐s ❛ ✇♦r❦✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r Φ✱ ❢♦r ❛♥② i ∈ I t❤❡r❡ ❡①✐sts s♦♠❡
✐♥t❡❣❡r j(i) ∈ J ❞❡♣❡♥❞✐♥❣ ♦♥ i ✲t❤❛t ✇❡ s❤♦rt❡♥ t♦ j ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❤❡♥ i ✐s ❝❧❡❛r ♦❢
❝♦♥t❡①t✲ s✉❝❤ t❤❛t int ❡✈❛❧✉❛t❡s li,j t♦ ⊤✳ ❋✐① ❛♥② str❛t❡❣② δ∧ ❢♦r ∧∧ ❛♥❞ ✇r✐t❡ i ❢♦r t❤❡
❛❝t✐♦♥ ♣❧❛②❡❞ ❜② δ∧ ♦♥ qini✳ ❲❡ ❧❡t δ∨ ❜❡ t❤❡ str❛t❡❣② ❢♦r ∨∨ t❤❛t ♣❧❛②s j(i) ❛♥❞ ✇r✐t❡

χ′ := χ ∪ {y∧ → δ∧; y∨ → δ∨}

❚❤❡ ❛ss✐❣♥♠❡♥t ❛ss✐❣♥(∧∧ , y∧; ∨∨ , z∨; lrlr , w 7→; , x) ❛♣♣❧✐❡❞ t♦ χ′ ♣r♦❞✉❝❡s ❛♥ ♦✉t❝♦♠❡
t❤❛t ❣♦❡s t♦ t❤❡ ❧✐t❡r❛❧ st❛t❡ liti,j ✇❤✐❧❡ ❛ss✐❣♥(∧∧ , y∧; ∨∨ , z∨; lrlr , w← [; , x) ❛♣♣❧✐❡❞ t♦ χ′

♣r♦❞✉❝❡s ❛♥ ♦✉t❝♦♠❡ t♦ t❤❡ ✈❛r✐❛❜❧❡ st❛t❡ var(i, j)✱ ✇❤❡r❡ var(i, j) ✐s t❤❡ ✈❛r✐❛❜❧❡ ♣r❡s❡♥t
✐♥ li,j✳ ❚❤✐s ♠❡❛♥s t❤❛t

• ❡✐t❤❡r li,j = v(i, j)✿ t❤❡♥ ok ∈ ❧❛❜❡❧s(liti,j)✳ ❆s int ❡✈❛❧✉❛t❡s li,j t♦ ⊤ ❛♥❞ li,j =
v(i, j)✱ int ❡✈❛❧✉❛t❡s v(i, j) t♦ ⊤ ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ δint✱ δint(var(i, j)) = ok✳

• ♦r li,j = ¬x(i, j)✿ t❤❡♥ no ∈ ❧❛❜❡❧s(liti,j)✳ ▼♦r❡♦✈❡r int ❡✈❛❧✉❛t❡s li,j t♦ ⊤ ❤❡♥❝❡ int
❡✈❛❧✉❛t❡s v(i, j) t♦ ⊥ ❛♥❞ δint(var(i, j)) = no✳

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡❧♦✇ ❤♦❧❞s✳

❛ss✐❣♥(∧∧ , y∧; ∨∨ , z∨; lrlr , w← [; , x). ❋ ok

⇔ ❛ss✐❣♥(∧∧ , y∧; ∨∨ , z∨; lrlr , w 7→; , x). ❋ ok
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❈♦♠❜✐♥✐♥❣ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❋♦r♠✉❧❛ ✭✷✳✶✮✱ ✇❡ ❣❡t t❤❛t ✐❢ Φ ✐s s❛t✐s✜❛❜❧❡ t❤❡♥
G, qini |= φ✳

Pr♦♦❢ ♦❢ r✐❣❤t✲t♦✲❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ◆♦✇✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ✇♦r❦✐♥❣ str❛t❡❣② δint
❛♥❞ t❤❛t ❢♦r ❛♥② δ∧ ✇❡ ❝❛♥ ✜♥❞ ❛ ✇♦r❦✐♥❣ str❛t❡❣② δ∨✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥
int t❤❛t ❡✈❛❧✉❛t❡s tr✉❡ ♦♥ Φ✳ ❚♦ ✜♥❞ t❤❡ ✇♦r❦✐♥❣ ❧✐t❡r❛❧✱ ❣✐✈❡♥ i ∈ I✱ ✇❡ ❛ss✐❣♥ t❤❡
str❛t❡❣② t❤❛t ♣❧❛②s j t♦ y∧✳ ❲❡ ❝❛♥ t❤❡♥ ✉s❡ t❤❡ ❤②♣♦t❤❡s✐s t♦ ✜♥❞ ❛ ❛♥s✇❡r str❛t❡❣② δ∨
❛♥❞ ❞❡❞✉❝❡ ❢r♦♠ ✐t ❛♥ ✐♥t❡❣❡r j t❤❛t ❡♥s✉r❡s li,j t♦ ❜❡ ❡✈❛❧✉❛t❡❞ t♦ ⊤ ❜② int✳ ■♥ t❤❡ ❡♥❞✱
✐❢ G, qini |= φ✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s✉✐t❛❜❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ int t❤❛t ❡✈❛❧✉❛t❡s Ψ t♦ ⊤✳

❲❡ ❣❡t t❤❛t G, qini |= φ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✇❡ ❝❛♥ ✜♥❞ ❛ s✉✐t❛❜❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ int t❤❛t
❡✈❛❧✉❛t❡s Ψ t♦ ⊤✳ ❚❤✐s ❡♥s✉r❡s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡❞✉❝t✐♦♥✳ ❙❆❚ ❜❡✐♥❣ NP ✲❤❛r❞ ❛♥❞
t❤❡ ❙▲❬❇●❪ ❢♦r♠✉❧❛ ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ❈◆❋✲❙❆❚ ❢♦r♠✉❧❛✱ t❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t②
♦❢ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♠✉st ❛❧s♦ ❜❡ NP✲❤❛r❞✳

❚❤❡ s❛♠❡ ✐❞❡❛ ✉s❡❞ t♦ ♣r♦✈❡ ▲❡♠♠❛ ✷✳✶✹ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡①t❡♥❞ ✐t t♦ t❤❡ ✇❤♦❧❡
♣♦❧②♥♦♠✐❛❧ ❤✐❡r❛r❝❤②✳

❚❤❡♦r❡♠ ✷✳✶✷✳ ❚❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t② ♦❢ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s PH✲❤❛r❞✳

✷✳✸ ❆ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ❙▲❬❇●❪

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❙▲❬❇●❪ ✐s ❚♦✇❡r✲❤❛r❞
✭t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss ❚♦✇❡r ✐s t❤❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ♦❢ ❝♦♠♣❧❡①✐t② ❜♦✉♥❞❡❞ ❜② ❛ t♦✇❡r
♦❢ ❡①♣♦♥❡♥t✐❛❧s✱ ✇❤♦s❡ ❤❡✐❣❤t ✐s ❛♥ ❡❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ❬✺✵❪✮✳ ❲❡ ❛❝t✉❛❧❧②
♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ✭t❤❡ ✢❛t ❢r❛❣♠❡♥t✮ ❙▲❬❇●❪♭✱ ❝❧♦s✐♥❣ ❛ q✉❡st✐♦♥ ❧❡❢t ♦♣❡♥ ✐♥ ❬✸✾❪✳ ❚❤❡
♣r♦♦❢ ✐s ❛♥ ❡①t❡♥❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✼❪✳

❚❤❡♦r❡♠ ✷✳✶✺✳ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s ❚♦✇❡r✲❤❛r❞✳

❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ❜② ❡♥❝♦❞✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ◗▲❚▲ ✐♥t♦ t❤❡ ♠♦❞❡❧
❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❙▲❬❇●❪✳ ◗▲❚▲ ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ▲❚▲ ✇✐t❤ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r
❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❬✺✸❪✿ ❢♦r♠✉❧❛s ✐♥ ◗▲❚▲ ❛r❡ ♦❢ t❤❡ ❢♦r♠ Φ = ∀p1∃p2 . . . ∀pn−1∃pn. ϕ
✇❤❡r❡ ϕ ✐s ✐♥ ▲❚▲✳ ◆♦t✐❝❡ t❤❛t ✇❡ ♦♥❧② ❝♦♥s✐❞❡r str✐❝t❧② ❛❧t❡r♥❛t✐♥❣ ❢♦r♠✉❧❛s ❢♦r t❤❡
s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳ ❋♦r♠✉❧❛ ∃p. ϕ ❤♦❧❞s tr✉❡
♦✈❡r ❛ ✇♦r❞ w : N → 2❆P ✐❢ t❤❡r❡ ❡①✐sts ❛ ✇♦r❞ w′ : N → 2❆P ✇✐t❤ w′(i) ∩ (❆P \ {p}) =
w(i) ∩ (❆P \ {p}) ❛♥❞ w′ |= ϕ ❢♦r ❛❧❧ i✳ ❯♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✳ ✇❡
t❤❡♥ s❛② t❤❛t Φ ✐s s❛t✐s✜❛❜❧❡ ✐❢ t❤❡r❡ ✐s ❛ ✇♦r❞ ♦♥ ✇❤✐❝❤ Φ ❤♦❧❞s✳

❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ Φ := ∀p1∃p2 ● (p1 ⇔ ❳ p2)✳ ❋♦r♠✉❧❛ Φ ✐s s❛t✲
✐s✜❛❜❧❡✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❛♥② ✇♦r❞ w : N→ 2❆P r❡s✉❧t✐♥❣ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥
♦✈❡r p1✳ ❉❡✜♥❡ w′ : N→ 2❆P s✉❝❤ t❤❛t ❢♦r ❛♥② i ∈ N✱ p1 ∈ w(i) ✐❢ ❛♥❞ ♦♥❧② ✐❢ p1 ∈ w′(i)
❛♥❞ ✭✐❢ i ≥ 1✮ p2 ∈ w′(i) ✐❢ ❛♥❞ ♦♥❧② ✐❢ p2 ∈ w(i−1)✳ ❚❤❡ ✇♦r❞ w′ s❛t✐s✜❡s ● (p1 ⇔ ❳ p2)✱
t❤❡r❡❢♦r❡ t❤❡ ✇♦r❞ w s❛t✐s✜❡s ∃p2 ● (p1 ⇔ ❳ p2) ❛♥❞ Φ ✐s s❛t✐s✜❛❜❧❡✳
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■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t s❛t✐s✜❛❜✐❧✐t② ♦❢ ◗▲❚▲ ✐s ❚♦✇❡r✲❝♦♠♣❧❡t❡ ❬✺✹❪✳ ❲❡ r❡❞✉❝❡ t❤❡
s❛t✐s✜❛❜✐❧✐t② ♦❢ ◗▲❚▲ ✐♥t♦ ❛ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ ✐♥✈♦❧✈✐♥❣ n+4
❛❣❡♥ts ✭✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐✜❡rs ✐♥ t❤❡ ◗▲❚▲ ❢♦r♠✉❧❛✮✱ ❛♥❞ t❤r❡❡ ❛❞❞✐t✐♦♥❛❧
q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s✳

✷✳✸✳✶ ❙▲ ❧♦✇❡r ❜♦✉♥❞

❇❡❢♦r❡ ❞❡✈❡❧♦♣✐♥❣ t❤✐s t❡❝❤♥✐❝❛❧ ❡♥❝♦❞✐♥❣✱ ✇❡ ✜rst ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ r❡❞✉❝t✐♦♥ t♦
❙▲✱ ✇❤✐❝❤ ❛❧r❡❛❞② ❝♦♥t❛✐♥s ♠♦st ♦❢ t❤❡ ✐♥t✉✐t✐♦♥s ♦❢ ♦✉r r❡❞✉❝t✐♦♥ ❢r♦♠ ◗▲❚▲ t♦ ❙▲❬❇●❪✳

s

a1

a2

p1

¬p1

¬p2

p2

❋✐❣✉r❡ ✷✳✸✿ ❚❤❡ ✸✲❛❣❡♥t t✉r♥✲
❜❛s❡❞ ❣❛♠❡ ❢♦r t❤❡ r❡❞✉❝t✐♦♥ t♦
❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣

❈♦♥s✐❞❡r t❤❡ ◗▲❚▲ ❢♦r♠✉❧❛

Φ = ∀p1.∃p2. ● (p2⇔❳ p1).

❚♦ s♦❧✈❡ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ♦❢ t❤✐s ❢♦r♠✉❧❛ ✈✐❛
❙▲✱ ✇❡ ✉s❡ t❤❡ t❤r❡❡✲❛❣❡♥t t✉r♥✲❜❛s❡❞ ❣❛♠❡ ❞❡♣✐❝t❡❞
♦♥ ❋✐❣✉r❡ ✷✳✸✳ ■♥ t❤❛t ❣❛♠❡✱ ❆❣❡♥t Gold ❝♦♥tr♦❧s t❤❡
●♦❧❞ st❛t❡ s✱ ✇❤✐❧❡ ❆❣❡♥ts Orange ❛♥❞ Red ❝♦♥tr♦❧
t❤❡ sq✉❛r❡ st❛t❡s a1 ❛♥❞ a2✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐① ❛ str❛t✲
❡❣② ♦❢ ❆❣❡♥t Orange✿ t❤✐s str❛t❡❣② ✇✐❧❧ ❜❡ ❡✈❛❧✉❛t❡❞
♦♥❧② ✐♥ ❖r❛♥❣❡ st❛t❡ a1✱ ❤❡♥❝❡ ❛❢t❡r ❤✐st♦r✐❡s ♦❢ t❤❡
❢♦r♠ sn ·a1✳ ❍❡♥❝❡ ❛ str❛t❡❣② ♦❢ ❆❣❡♥t Orange ❝❛♥ ❜❡
s❡❡♥ ❛s ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❡❛❝❤ ✐♥t❡❣❡r n ❛ ✈❛❧✉❡ ❢♦r p1✳
■♥ ♦t❤❡r ✇♦r❞s✱ ❛ str❛t❡❣② ❢♦r ❆❣❡♥t Orange ❞❡✜♥❡s

❛ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ t✐♠❡ ❧✐♥❡ ✇✐t❤ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ p1✳ ❙✐♠✐❧❛r❧② ❢♦r ❆❣❡♥t Red ❛♥❞
♣r♦♣♦s✐t✐♦♥ p2✳

■t r❡♠❛✐♥s t♦ ✉s❡ t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r ❡♥❝♦❞✐♥❣ ♦✉r ◗▲❚▲ ❢♦r♠✉❧❛✳ ❲❡ ❤❛✈❡ t♦ ❡①✲
♣r❡ss t❤❛t ❢♦r ❛♥② str❛t❡❣② δOrange ♦❢ ❆❣❡♥t Orange✱ t❤❡r❡ ✐s ❛ str❛t❡❣② δRed ♦❢ ❆❣❡♥t Red
✉♥❞❡r ✇❤✐❝❤✱ ❛t ❡❛❝❤ st❡♣ ❛❧♦♥❣ t❤❡ ♣❛t❤ t❤❛t st❛②s ✐♥ s ❢♦r❡✈❡r✱ ❆❣❡♥t Gold ❝❛♥ ❡♥❢♦r❝❡
❳ 2p2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤❡ ❝❛♥ ❡♥❢♦r❝❡ ❳ 2p1 ♦♥❡ st❡♣ ❧❛t❡r✳ ■♥ t❤❡ ❡♥❞✱ t❤❡ ❢♦r♠✉❧❛ r❡❛❞s ❛s
❢♦❧❧♦✇s✿

∀x1. ❛ss✐❣♥(Orange, x1). ∃x2. ❛ss✐❣♥(Red, x2). ∃x3. ❛ss✐❣♥(Gold, x3).

●





ss ∧ ∃x3. ❛ss✐❣♥(Gold, x3). ❳
2 p2p2

⇔

❳ (∃x3. ❛ss✐❣♥(Gold, x3). ❳
2 p1p1 )

✭✷✳✷✮

❖♥❡ ♠❛② ♥♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt② ✐s ♥♦t ✐♥ ❙▲❬❇●❪✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ s✉❜✲❢♦r♠✉❧❛
∃x3. ❛ss✐❣♥(Gold, x3). ❳

2 p2p2 ✐s ♥♦t ❝❧♦s❡❞✳

✷✳✸✳✷ ❙▲❬❇●❪ ❧♦✇❡r ❜♦✉♥❞

❲❡ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❝♦♥str✉❝t✐♦♥✱ r❡✜♥✐♥❣ t❤❡ ✐❞❡❛s ❛❜♦✈❡✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ◗▲❚▲ s❛t✐s✲
✜❛❜✐❧✐t② t♦ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳



✺✵

ϕ, p1, p2

ϕ, p1,¬p2

ϕ,¬p1, p2

ϕ,¬p1,¬p2 ¬ϕ, p1, p2¬ϕ, p1,¬p2

¬ϕ,¬p1, p2¬ϕ,¬p1,¬p2

p1, p2

p1,¬p2 ¬p1
, p2

¬p1,¬p2

p1,
¬p2

p1, p2

¬p1,¬p2

¬p1, p2

p1, p2
p1,¬p2

¬p1
, p2

¬p1,¬p2
p1,
¬p2

p1, p2

¬p1,¬p2
¬p1, p2

¬p1, p2

¬p1,¬p2

p1, p2

p1,¬p2

❋✐❣✉r❡ ✷✳✹✿ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❢♦r ● (p2⇔❳ p1)

❘❡✜♥✐♥❣ ❙▲ ❧♦✇❡r ❜♦✉♥❞

■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✇❡ t❛❦❡ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ❢♦r ❡♥❝♦❞✐♥❣ t❤❡ ▲❚▲ ❢♦r♠✉❧❛✱ s✐♥❝❡ ♦✉r
t❡❝❤♥✐q✉❡ ♦❢ ❡♥❝♦❞✐♥❣ p2 ✇✐t❤ ∃x3. ❛ss✐❣♥(Gold, x3).❳ 2 p2p2 ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❣❡tt✐♥❣
❛ ❢♦r♠✉❧❛ ✐♥ ❙▲❬❇●❪✳ ■♥st❡❛❞✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❡♥❝♦❞✐♥❣ t❤❡ ❢♦r♠✉❧❛❀
❛♥♦t❤❡r ❛❣❡♥t✱ s❛② ❆❣❡♥t Oak✱ ✇✐❧❧ ❜❡ ✐♥ ❝❤❛r❣❡ ♦❢ s❡❧❡❝t✐♥❣ st❛t❡s ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥
❛t ❡❛❝❤ st❡♣✳ ❯s✐♥❣ t❤❡ s❛♠❡ tr✐❝❦ ❛s ❛❜♦✈❡ ✐♥ t❤❡ ❣❛♠❡ str✉❝t✉r❡ ♦♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✷✳✺✱
❛ str❛t❡❣② ❢♦r ❆❣❡♥t Oak ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠❛♣♣✐♥❣ ❢r♦♠ N t♦ st❛t❡s ♦❢ t❤❡ ❇ü❝❤✐
❛✉t♦♠❛t♦♥✳ ❖✉r ❢♦r♠✉❧❛ ✇✐❧❧ ❡♥s✉r❡ t❤❛t t❤✐s s❡q✉❡♥❝❡ ♦❢ st❛t❡s ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤
t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s s❡❧❡❝t❡❞ ❜② t❤❡ sq✉❛r❡ ❛❣❡♥ts ✐♥ st❛t❡s ai✱ ❛♥❞ t❤❛t ✐t ❢♦r♠s ❛♥
❛❝❝❡♣t✐♥❣ r✉♥ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✳

s

a1

a2

p1

¬p1

¬p2

p2
b

ϕ, p1, p2

ϕ,¬p1, p2

ϕ, p1,¬p2

ϕ,¬p1,¬p2

¬ϕ, p1, p2

¬ϕ,¬p1, p2

¬ϕ, p1,¬p2

¬ϕ,¬p1,¬p2

α

β1 β2

γ

δ

❋✐❣✉r❡ ✷✳✺✿ ❚❤❡ ❝♦♥❝✉rr❡♥t ❣❛♠❡ ❢♦r t❤❡ r❡❞✉❝t✐♦♥ t♦ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳

❋♦r ♦✉r ❡①❛♠♣❧❡✱ ❛♥ ❡✐❣❤t✲st❛t❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✭▲❚▲ ♣❛rt ♦❢
t❤❡✮ ◗▲❚▲ ❢♦r♠✉❧❛ ✐s ❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✷✳✹✳ ◆♦t✐❝❡ t❤❛t s♠❛❧❧❡r ❛✉t♦♠❛t❛ ❡①✐st ❢♦r t❤✐s
♣r♦♣❡rt② ✭❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦✉r st❛t❡s ♦♥ t❤❡ r✐❣❤t ❝♦✉❧❞ ❜❡ ♠❡r❣❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ♦♥❡✮✱
❜✉t ❢♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s ✐♥ ♦✉r ❝♦♥str✉❝t✐♦♥✱ ✇❡ r❡q✉✐r❡ t❤❛t ❡❛❝❤ st❛t❡ ♦❢ t❤❡ ❇ü❝❤✐
❛✉t♦♠❛t♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✐♥❣❧❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✱ ❤❡♥❝❡ t❤❡ ♥✉♠❜❡r
♦❢ st❛t❡s ♠✉st ❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ 2|❆P|✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❛✉❣♠❡♥t ♦✉r ❣❛♠❡ str✉❝t✉r❡ ♦❢
❋✐❣✉r❡ ✷✳✸ ✇✐t❤ ❡✐❣❤t ❡①tr❛ st❛t❡s✱ ❛s ❞❡♣✐❝t❡❞ ♦♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✷✳✺✳ ❆❣❛✐♥✱ ❛ str❛t❡❣②
♦❢ ❆❣❡♥t Oak ✭❝♦♥tr♦❧❧✐♥❣ st❛t❡ b✮ ❞❡✜♥❡s ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✳



✺✶

(s, α, γ)k

∃δCyan∞
γ

∀δGreen α βl

∃δGreeni α βi
∃δCyan=

γ δ
∃δGreen+ α βl′

∃δCyan+
γ δ

∃δGreen❛❝❝ α βl′′

∃δGold❇ü❝❤✐ s b
∃δGold❆P s al

❋✐❣✉r❡ ✷✳✻✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ str❛t❡❣✐❡s s❡❧❡❝t❡❞ ❜② Ψ❛✉① ♦♥ ❤✐st♦r② (s, α, γ)k✳

■t t❤❡♥ r❡♠❛✐♥s t♦ ✏s②♥❝❤r♦♥✐s❡✑ t❤❡ r✉♥ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ✇✐t❤ t❤❡ ✈❛❧✉❛t✐♦♥s
♦❢ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✱ s❡❧❡❝t❡❞ ❜② t❤❡ ❛❣❡♥ts ❝♦♥tr♦❧❧✐♥❣ t❤❡ sq✉❛r❡ st❛t❡s✳ ❚❤✐s
✐s ❛❝❤✐❡✈❡❞ ❜② t❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❣❛♠❡ ✇❡ ❥✉st ❜✉✐❧t ✇✐t❤ t✇♦ ❡①tr❛ ♦♥❡✲❛❣❡♥t
str✉❝t✉r❡s✱ ❛s ❞❡♣✐❝t❡❞ ♦♥ t❤❡ r✐❣❤t ♦❢ ❋✐❣✉r❡ ✷✳✺✳ ❚❤❡ ♣r♦❞✉❝t ❣✐✈❡s r✐s❡ t♦ ❛ ❝♦♥❝✉rr❡♥t
❣❛♠❡✱ ✇❤❡r❡ ♦♥❡ tr❛♥s✐t✐♦♥ ✐s t❛❦❡♥ s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ t❤❡ ♠❛✐♥ str✉❝t✉r❡ ❛♥❞ ✐♥ t❤❡
❖❧✐✈❡●r❡❡♥ ❛♥❞ ❇❧✉❡●r❡❡♥ str✉❝t✉r❡s✳ ■♥ t❤✐s ♣r♦❞✉❝t✱ ❛s ❧♦♥❣ ❛s ❆❣❡♥t Gold r❡♠❛✐♥s
✐♥ s ❛♥❞ ❆❣❡♥t Green r❡♠❛✐♥s ✐♥ α✱ ❛ str❛t❡❣② ♦❢ ❆❣❡♥t Cyan ✭❝♦♥tr♦❧❧✐♥❣ st❛t❡ γ✮ ❡✐t❤❡r
r❡♠❛✐♥s ✐♥ γ ❢♦r❡✈❡r✱ ♦r ✐t ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ ✈❛❧✉❡ n ∈ N✳ ❙✐♠✐❧❛r❧②✱ ❛s ❧♦♥❣
❛s ❆❣❡♥t Gold r❡♠❛✐♥s ✐♥ s ❛♥❞ ❆❣❡♥t Cyan r❡♠❛✐♥s ✐♥ γ✱ ❛ str❛t❡❣② ♦❢ ❆❣❡♥t Green
✭❝♦♥tr♦❧❧✐♥❣ st❛t❡ α✮ ❡✐t❤❡r ❧♦♦♣s ❢♦r❡✈❡r ✐♥ α✱ ♦r ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛
♣❛✐r (k, pl)✱ ✇❤❡r❡ k ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❡ ❧♦♦♣ ♦✈❡r α ✐s t❛❦❡♥ ❜❡❢♦r❡ ❡♥t❡r✐♥❣
st❛t❡ βl ❝♦rr❡s♣♦♥❞✐♥❣ t♦ pl ∈ ❆P✳

❖✉r ❝♦♥str✉❝t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ st❡♣s✿

• ✜rst✱ ✇✐t❤ ❛♥② str❛t❡❣② ♦❢ ❆❣❡♥t Green ✭❝❤❛r❛❝t❡r✐s❡❞ ❜② (k, pl) ❢♦r t❤❡ ✐♥t❡r❡st✐♥❣
❝❛s❡s✮✱ ✇❡ ❛ss♦❝✐❛t❡ ❛✉①✐❧✐❛r② str❛t❡❣✐❡s ♦❢ ❆❣❡♥ts Gold✱ Green ❛♥❞ Cyan s❛t✐s❢②✐♥❣
❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s✱ t❤❛t ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜② ❛♥ ❙▲❬❇●❪ ❢♦r♠✉❧❛ Ψ❛✉①✳ ❋✐❣✉r❡ ✷✳✻
s❤♦✉❧❞ ❤❡❧♣ ✈✐s✉❛❧✐s✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ str❛t❡❣✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ str❛t❡❣✐❡s δCyan+ ✱ δGold+

❛♥❞ δGreen+ ❝❤❛r❛❝t❡r✐s❡ ♣♦s✐t✐♦♥ k+ 1 ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r ❝❤❡❝❦✐♥❣ tr❛♥s✐t✐♦♥s
♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✮✱ ✇❤✐❧❡ δGold❇ü❝❤✐ ❛♥❞ δ

Gold
❆P ❛r❡ ❆❣❡♥t Gold str❛t❡❣✐❡s t❤❛t ❣♦

❡✐t❤❡r t♦ t❤❡ ❇ü❝❤✐ ♣❛rt ♦r t♦ t❤❡ ♣r♦♣♦s✐t✐♦♥ ♣❛rt ♦❢ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ❣❛♠❡✳

• ❚❤❡♥✱ ✉s✐♥❣ t❤♦s❡ str❛t❡❣✐❡s✱ ✇❡ ✇r✐t❡ ❛♥♦t❤❡r ❙▲❬❇●❪ ❢♦r♠✉❧❛ t♦ ❡♥❢♦r❝❡ t❤❛t t❤❡
tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❛r❡ ❝♦rr❡❝t❧② ❛♣♣❧✐❡❞✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✈❛❧✉❛t✐♦♥s
♦❢ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s s❡❧❡❝t❡❞ ✐♥ t❤❡ sq✉❛r❡ st❛t❡s✱ ❛♥❞ t❤❛t ❛♥ ❛❝❝❡♣t✐♥❣ st❛t❡
✐s ✈✐s✐t❡❞ ✐♥✜♥✐t❡❧② ♠❛♥② t✐♠❡s✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ str✉❝t✉r❡ GΦ ❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✷✳✺ ✐s r❡❛❞✐❧② ❡①t❡♥❞❡❞ t♦
❛♥② ♥✉♠❜❡r ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✱ ❛♥❞ t♦ ❛♥② ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇
✇❡ ❜✉✐❧❞ ♦✉r ❙▲❬❇●❪ ❢♦r♠✉❧❛ r❡♣❧❛❝✐♥❣ ❋♦r♠✉❧❛ ✭✷✳✷✮✱ ❛♥❞ ❡♥s✉r✐♥❣ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r
r❡❞✉❝t✐♦♥✳



✺✷

❙♣❡❝✐❢②✐♥❣ ❛✉①✐❧✐❛r② str❛t❡❣✐❡s

❲❡ ❜❡❣✐♥ ✇✐t❤ s✐♠♣❧❡ ❝♦♥str✉❝t✐♦♥s t♦ s❡❧❡❝t s♣❡❝✐✜❝ str❛t❡❣✐❡s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡
❝❤♦✐❝❡ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s ♣r♦♦❢✱ ✇❡ ♥❛♠❡
str❛t❡❣② ✈❛r✐❛❜❧❡s ❛❢t❡r t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❛❣❡♥t ✇❤♦ ✇✐❧❧ ❜❡ ❛ss✐❣♥❡❞ t❤❛t str❛t❡❣②❀ ❢♦r
✐♥st❛♥❝❡✱ δCyan∞ ✭t❤❛t ✇❡ ✉s❡ ❜❡❧♦✇✮ ✐s t❤❡ str❛t❡❣② ♦❢ ❆❣❡♥t Cyan t❤❛t ❛❧✇❛②s ♣❧❛②s t♦ γ✳
❖✉r ❛ss✐❣♥♠❡♥t ♦♣❡r❛t♦r ✇✐❧❧ t❤✉s t❛❦❡ ♦♥❧② ❛ str❛t❡❣② ❛s ❛r❣✉♠❡♥t✱ ❛s t❤❡ ❛ss♦❝✐❛t❡❞
❛❣❡♥t ✇✐❧❧ ❜❡ ❝❧❡❛r ❢r♦♠ t❤❡ ♥❛♠❡ ♦❢ t❤❡ str❛t❡❣②✳ ❆❧s♦✱ ❛❣❡♥ts ✇✐t❤ ♥♦ ❛ss✐❣♥❡❞ str❛t❡❣✐❡s
♠❛② ❤❛✈❡ ❛♥② str❛t❡❣②✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ Ψ❛✉① ✐♥ t❤❡ s❡q✉❡❧✱ ✐♥ ✇❤✐❝❤
✇❡ ✇r✐t❡ β ❛s ❛ s❤♦rt❤❛♥❞ ❢♦r

∨
pi∈❆P

βi✿

∀δGreen. ∃δCyan∞ . ∃(δGreeni )pi∈❆P. ∃δ
Cyan
= . ∃δGreen+ . ∃δCyan+ . ∃δGreen❛❝❝ . ∃δGold❇ü❝❤✐.

∃δGold❆P . ∃δGold+ . ∃δGoldacc . ∀δ
Gold
∀ . ∀δGreen∀ .

❛ss✐❣♥(δGold∀ , δGreen∀ , δCyan∞ ). ● (¬δ) ✭ϕ1✮
∧

❛ss✐❣♥(δGold❇ü❝❤✐, δ
Green, δCyan∞ ).

[
● (α ∧ s) ∨ (α ∧ s)❯ (β ∧ b)

]
✭ϕ2✮

∧
❛ss✐❣♥(δGold+ , δGreen+ , δCyan∞ ).

[
● (α ∧ s) ∨ (α ∧ s)❯ (β ∧ b)

]
✭ϕ3✮

∧
❛ss✐❣♥(δGoldacc , δ

Green
❛❝❝ , δCyan∞ ).

[
● (α ∧ s) ∨ (α ∧ s)❯ (β ∧ b)

]
✭ϕ4✮

∧
❛ss✐❣♥(δGold❆P , δGreen, δCyan∞ ).

[
● (α ∧ s) ∨ (α ∧ s)❯ (

∨
pi∈❆P

βi ∧ ai)
]

✭ϕ5✮

∧
❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green, δCyan= ). ● (β⇔ δ) ✭ϕ6✮
∧ ∧

pi∈❆P

[
❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green
i , δCyan= ). ● (βi⇔ δ) ∧

∧
pj 6=pi

●¬βj
]

✭ϕ7✮
∧

❛ss✐❣♥(δGold❇ü❝❤✐, δ
Green, δCyan∞ ). ❋ β ⇒





❛ss✐❣♥(δGold+ , δGreen+ , δCyan∞ ). ❋ β

∧

❛ss✐❣♥(δGold❇ü❝❤✐, δ
Green
+ , δCyan= ). ❋ (δ ∧ ¬β)

✭ϕ8✮
∧

❛ss✐❣♥(δGold❇ü❝❤✐, δ
Green, δCyan∞ ). ❋ β ⇒





❛ss✐❣♥(δGoldacc , δ
Green
❛❝❝ , δCyan∞ ). ❋ β

∧

❛ss✐❣♥(δGold❇ü❝❤✐, δ
Green
❛❝❝ , δCyan= ). ❋ (δ ∧ ¬β)

✭ϕ9✮

∧
❛ss✐❣♥(δGold+ , δGreen+ , δCyan+ ). ● (¬s⇔ β⇔ δ) ✭ϕ10✮

∧ ([
❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green
∀ , δCyan= ). ❋ (δ ∧ α)

]
⇒

[
❛ss✐❣♥(δGold+ , δGreen∀ , δCyan+ ). α❯ δ

])
✭ϕ11✮

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t❤✐s ❢♦r♠✉❧❛ ❤♦❧❞s tr✉❡ ✐♥ t❤❡ ♣r♦❞✉❝t ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✷✳✺✱



✺✸

✇❤✐❝❤❡✈❡r str❛t❡❣✐❡s ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ sq✉❛r❡ ❛❣❡♥ts ❛♥❞ t♦ ❆❣❡♥t Oak✳ ❆❝t✉❛❧❧②✱
✐t ♦♥❧② ❛ss♦❝✐❛t❡s✱ ✇✐t❤ ❡❛❝❤ str❛t❡❣② δGreen ✭q✉❛♥t✐✜❡❞ ✉♥✐✈❡rs❛❧❧② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢
t❤❡ ❢♦r♠✉❧❛✮ ❛ s❡t ♦❢ str❛t❡❣✐❡s t❤❛t ✏s②♥❝❤r♦♥✐③❡✑ ✇✐t❤ δGreen✿

✭✐✮ str❛t❡❣② δCyan∞ ❛❧✇❛②s ♣❧❛②s t♦ γ✱ ✇❤❛t❡✈❡r t❤❡ ❤✐st♦r② ♦❢ t❤❡ ❣❛♠❡ ✭❋♦r♠✉❧❛ ✭ϕ1✮✮❀

✭✐✐✮ str❛t❡❣② δGold❇ü❝❤✐ ♠✉st ❜❡ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ρ ♦❢ t❤❡ ❢♦r♠ (s, α, γ)j✱ ✐t ❤♦❧❞s δGold❇ü❝❤✐(ρ) = s
❛s ❧♦♥❣ ❛s δGreen(ρ) = α✱ ❛♥❞ δGold❇ü❝❤✐(ρ) = b ✇❤❡♥ ✭✐❢ ❡✈❡r✮ δGreen(ρ) 6= α ✭❋♦r✲
♠✉❧❛ ✭ϕ2✮✮❀

✭✐✐✐✮ ✇✐t❤ s✐♠✐❧❛r ✐❞❡❛s✱ str❛t❡❣② δGold+ ♠✉st ❜❡ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ρ ♦❢ t❤❡ ❢♦r♠ (s, α, γ)j✱
✐t ❤♦❧❞s δGold+ (ρ) = s ❛s ❧♦♥❣ ❛s δGreen+ (ρ) = α✱ ❛♥❞ δGold+ (ρ) = b ✇❤❡♥ ✭✐❢ ❡✈❡r✮
δGreen+ (ρ) 6= α ✭❋♦r♠✉❧❛ ✭ϕ3✮✮❀

✭✐✈✮ ❛❧s♦✱ str❛t❡❣② δGoldacc ♠✉st ❜❡ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ρ ♦❢ t❤❡ ❢♦r♠ (s, α, γ)j✱ ✐t ❤♦❧❞s
δGoldacc (ρ) = s ❛s ❧♦♥❣ ❛s δGreen❛❝❝ (ρ) = α✱ ❛♥❞ δGoldacc (ρ) = b ✇❤❡♥ ✭✐❢ ❡✈❡r✮ δGreen❛❝❝ (ρ) 6= α
✭❋♦r♠✉❧❛ ✭ϕ4✮✮❀

✭✈✮ s✐♠✐❧❛r❧②✱ str❛t❡❣② δGold❆P (ρ) = s ✇❤❡♥ δGreen(ρ) = α✱ ❛♥❞ δGold❆P (ρ) = ai ✇❤❡♥ ✭✐❢ ❡✈❡r✮
δGreen(ρ) = βi ✭❋♦r♠✉❧❛ ✭ϕ5✮✮❀

✭✈✐✮ s✐♠✐❧❛r❧②✱ str❛t❡❣② δCyan= (ρ) = γ ❛s ❧♦♥❣ ❛s δGreen(ρ) = α✱ ❛♥❞ δCyan= (ρ) = δ ✇❤❡♥
✭✐❢ ❡✈❡r✮ δGreen(ρ) = βi ❢♦r s♦♠❡ i ✭❋♦r♠✉❧❛ ✭ϕ6✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✐t❡♠ ✭✐✐✮✮❀

✭✈✐✐✮ ✉s✐♥❣ s✐♠✐❧❛r ✐❞❡❛s✱ ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡ t❤❛t δGreeni (ρ) = α ❛s ❧♦♥❣ ❛s δCyan= (ρ) = γ✱
❛♥❞ δGreeni (ρ) = βi ✇❤❡♥ ✭✐❢ ❡✈❡r✮ δCyan= (ρ) = δ ✭❋♦r♠✉❧❛ ✭ϕ7✮✮✳ ❈♦♠❜✐♥✐♥❣ t❤✐s
✇✐t❤ ✐t❡♠ ✭✈✐✮✱ ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡ t❤❛t δGreeni (ρ) = α ❛s ❧♦♥❣ ❛s δGreen(ρ) = γ✱ ❛♥❞
δGreeni (ρ) = βi ✇❤❡♥ ✭✐❢ ❡✈❡r✮ δGreen(ρ) 6= α❀

✭✈✐✐✐✮ ✐❢ δGreen(ρ) = βi ❢♦r s♦♠❡ ρ = (s, α, γ)j ❛♥❞ ❢♦r s♦♠❡ i✱ t❤❡♥ δGreen+ (ρ′) = βl ❢♦r
s♦♠❡ ρ′ = (s, α, γ)k ❛♥❞ s♦♠❡ l✳ ▼♦r❡♦✈❡r✱ t❤❡ ❧❛st ♣❛rt ♦❢ ❋♦r♠✉❧❛ ✭ϕ8✮ ✐♠♣♦s❡s
t❤❛t k > j❀

✭✐①✮ str❛t❡❣② δGreen❛❝❝ s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ❛❜♦✈❡ ✭♣♦ss✐❜❧② ❢♦r ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡
♦❢ k✮ ✭❋♦r♠✉❧❛ ✭ϕ9✮✮❀

✭①✮ str❛t❡❣② δCyan+ (ρ) = γ ❛s ❧♦♥❣ ❛s δGreen+ (ρ) = α✱ ❛♥❞ δCyan+ (ρ) = δ ✇❤❡♥ ✭✐❢ ❡✈❡r✮
δGreen+ (ρ) = βi ❢♦r s♦♠❡ i ✭❋♦r♠✉❧❛ ✭ϕ10✮✮✳ ❙✐♠✐❧❛r❧②✱ str❛t❡❣② δGold+ (ρ) = s ❛s ❧♦♥❣
❛s δGreen+ (ρ) = α✱ ❛♥❞ δGold+ (ρ) = ¬α ✇❤❡♥ ✭✐❢ ❡✈❡r✮ δGreen+ (ρ) = βi ❢♦r s♦♠❡ i❀

✭①✐✮ ✜♥❛❧❧②✱ ❋♦r♠✉❧❛ ✭ϕ11✮ ✐♠♣♦s❡s t❤❛t δCyan+ ♣❧❛②s δ ✭❢♦r t❤❡ ✜rst t✐♠❡✮ ❡①❛❝t❧② ♦♥❡ st❡♣
❛❢t❡r δGreen ❤❛s ♣❧❛②❡❞ β ✭❢♦r t❤❡ ✜rst t✐♠❡✮✳ ❚❤✐s ❛❧s♦ ✐♠♣♦s❡s t❤❡ s❛♠❡ ♣r♦♣❡rt②
❢♦r t❤❡ ✜rst t✐♠❡ ❛t ✇❤✐❝❤ δGreen+ ♣❧❛②s βl✳ ❇② ✐t❡♠ ✭✈✐✐✐✮ ✇❡ ❦♥♦✇ t❤❛t δCyan+ ♣❧❛②s δ
✭❢♦r t❤❡ ✜rst t✐♠❡✮ ❛❢t❡r δGreen✳ ❆ss✉♠❡ δCyan+ ♣❧❛②s t♦ δ ♦♥ (s, α, γ)k ❢♦r t❤❡ ✜rst
t✐♠❡ ❛♥❞ δGreen ♣❧❛②s t♦ ❛ βi ♦♥ (s, α, γ)j✳ ❚❛❦❡ ❢♦r δGreen∀ t❤❡ str❛t❡❣② ♣❧❛②✐♥❣ t♦
βi ❢♦r t❤❡ ✜rst t✐♠❡ ❛❢t❡r (s, α, γ)j+1✱ t❤❡♥ t❤❡ ✜rst ❢♦r♠✉❧❛ ❤♦❧❞s✳ ■❢ k 6= j + 1 t❤❡
s❡❝♦♥❞ ❢♦r♠✉❧❛ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥❞ ♥❡✐t❤❡r ❞♦❡s ❋♦r♠✉❧❛ ✭ϕ11✮✳
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❋✐❣✉r❡ ✷✳✻ ♣❛❣❡ ✺✶ s✉♠♠❛r✐s❡s t❤❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② t❤❡ ❢♦r♠✉❧❛s ❛❜♦✈❡ ♦♥ t❤❡
s❡❧❡❝t❡❞ str❛t❡❣✐❡s✳

❊♥❢♦r❝✐♥❣ ❝♦rr❡❝t tr❛♥s✐t✐♦♥s

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ s✐♠✉❧❛t✐♦♥✳ ❲❡ ❧♦♦❦ ❢♦r ❛ str❛t❡❣② ♦❢ ❆❣❡♥t Oak
t❤❛t ✇✐❧❧ ♠✐♠✐❝ t❤❡ r✉♥ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s s❡❧❡❝t❡❞ ❜② t❤❡ sq✉❛r❡ ❛❣❡♥ts A1 t♦ An✳ ❲❡ ❛❧s♦ r❡q✉✐r❡ t❤❛t t❤❡ r✉♥ ♦❢ t❤❡
❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❜❡ ❛❝❝❡♣t✐♥❣✳

❚❤❡ ❢♦r♠✉❧❛ Ψ ❡♥❢♦r❝✐♥❣ t❤❡s❡ ❝♦♥str❛✐♥ts ✐s ❛s ❢♦❧❧♦✇s ✶✱ ✇✐t❤ Q t❤❡ st❛t❡ s♣❛❝❡ ♦❢
t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❛♥❞ qini ✐ts ✐♥✐t✐❛❧ st❛t❡ ✿

∀δA1 . ∃δA2 . . . . ∀δAn−1 . ∃δAn . ∃δOak. ❛ss✐❣♥(δA1 , δA2 , . . . , δAn−1 , δAn , δOak, δCyan∞ ). Ψ❛✉①∧

pi,pj∈❆P

∧

q∈Q

(❛ss✐❣♥(δGold❇ü❝❤✐, δ
Green
i )❋ q)⇔(❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green
j )❋ q) ✭ϕ12✮

∧
❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green)(❳ b⇒ ❳ 2qini) ✭ϕ13✮
∧
∧q∈Q ❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green). ❋ q ⇒
∨

q′∈s✉❝❝(q)

❛ss✐❣♥(δGold+ , δGreen+ ). ❋ q′ ✭ϕ14✮

∧
❛ss✐❣♥(δGoldacc , δ

Green
❛❝❝ ).

∨

q∈accept(Q)

❋ q ✭ϕ15✮

∧
∧pi∈❆P

((
❛ss✐❣♥(δGold❆P , δGreen). ❋¬pi

)
⇒

(
❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green).
∨

q∈Q|pi /∈❧❛❜❡❧sq

❋ q
))

✭ϕ16✮

∧ ∧

pi∈❆P

((
❛ss✐❣♥(δGold❆P , δGreen). ❋ pi

)
⇒

(
❛ss✐❣♥(δGold❇ü❝❤✐, δ

Green).
∨

q∈Q|pi∈❧❛❜❡❧sq

❋ q
))

✭ϕ17✮

❲❡ ♥♦✇ ❛♥❛❧②③❡ ❢♦r♠✉❧❛ Ψ✿

✭①✐✐✮ ❋♦r♠✉❧❛ ✭ϕ12✮ r❡q✉✐r❡s t❤❛t str❛t❡❣② δOak r❡t✉r♥s t❤❡ s❛♠❡ ♠♦✈❡ ❛❢t❡r ❛♥② ❤✐st♦r②
♦❢ t❤❡ ❢♦r♠ (s, α, γ)k(b, βi, γ)✱ ✇❤✐❝❤❡✈❡r βi ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞ ❜② δGreen❀

✭①✐✐✐✮ ❋♦r♠✉❧❛ ✭ϕ13✮ ❡♥s✉r❡s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐♥ t❤❡ r✉♥ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥✳ ❚❤❡
✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ δGreen ❢♦r❝❡ δOak t♦ ♣r❡✈❡♥t✐✈❡❧② ❝❤♦s❡ t❤❡ ❛♣♣r♦♣r✐❛t❡
st❛t❡ ✇❤✐❧❡ ✐t❡♠s ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭①✐✐✮ ❡♥s✉r❡ t❤❛t t❤❡ ♦✉t❝♦♠❡ ✐s ♦❢ t❤❡ ❝♦rr❡❝t s❤❛♣❡
❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❡♥❝♦❞✐♥❣✱ ♥❛♠❡❧② (s, α, γ)j(b, βi, γ) ❢♦r s♦♠❡ i❀

✭①✐✈✮ ■t❡♠s ✭✐✐✐✮✱ ✭①✮ ❛♥❞ ✭①✐✮ ❡♥s✉r❡ t❤❛t t❤❡ ♦✉t❝♦♠❡ ♦❢ δGold+ ✱ δGreen+ ❛♥❞ δCyan∞ ❧♦♦♣s ♦♥❡
♠♦r❡ t✐♠❡ ♦♥ (s, α, γ) t❤❛♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ δGold❇ü❝❤✐✱ δ

Green ❛♥❞ δCyan∞ ✳ ❋♦r♠✉❧❛ ✭ϕ14✮

✶❲❡ ♥♦t✐❝❡ t❤❛t Ψ ✐s ♥♦t s②♥t❛❝t✐❝❛❧❧② ✐♥ ❙▲❬❇●❪✱ ❛s s♦♠❡ ❛ss✐❣♥♠❡♥ts ❛♣♣❡❛r ❜❡❢♦r❡ q✉❛♥t✐✜❝❛t✐♦♥s
✐♥ Ψaux✳ ❍♦✇❡✈❡r✱ q✉❛♥t✐✜❡rs ✐♥ Ψaux ❝♦✉❧❞ ❜❡ ♠♦✈❡❞ ❜❡❢♦r❡ t❤❡ ❛ss✐❣♥♠❡♥ts ♦❢ Ψ✳
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t❤❡♥ ❛❞❞✐t✐♦♥❛❧❧② r❡q✉✐r❡s t❤❛t t✇♦ ❝♦♥s❡❝✉t✐✈❡ st❛t❡s ♦❢ t❤❡ r✉♥ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉✲
t♦♠❛t♦♥ ✐♥❞❡❡❞ ❝♦rr❡s♣♦♥❞ t♦ ❛ tr❛♥s✐t✐♦♥✳

✭①✈✮ ❙✐♠✐❧❛r❧②✱ ✐t❡♠s ✭✐✈✮ ❛♥❞ ✭✐①✮ ❡♥s✉r❡ t❤❛t t❤❡ ♦✉t❝♦♠❡ ♦❢ δGoldacc δGreen❛❝❝ ❛♥❞ δCyan∞ ❧♦♦♣s
♠♦r❡ t✐♠❡ ♦♥ (s, α, γ) t❤❛♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ δGold❇ü❝❤✐✱ δ

Green ❛♥❞ δCyan∞ ✳ ❋♦r♠✉❧❛ ✭ϕ15✮
t❤❡♥ st❛t❡s t❤❛t ❢♦r ❛♥② ♣♦s✐t✐♦♥ ✭s❡❧❡❝t❡❞ ❜② δGreen✮✱ t❤❡r❡ ❡①✐sts ❛ ❧❛t❡r ♣♦s✐t✐♦♥
✭❣✐✈❡♥ ❜② δGreen❛❝❝ ✮ ❛t ✇❤✐❝❤ t❤❡ r✉♥ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ✈✐s✐ts ❛♥ ❛❝❝❡♣t✐♥❣ st❛t❡✳

✭①✈✐✮ ■t❡♠s ✭✐✐✮ ❛♥❞ ✭✈✮ ❡♥s✉r❡ t❤❛t δGold❆P ❛♥❞ δGold❇ü❝❤✐ ❧♦♦♣ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ♦♥
(s, α, γ)✳ ❋♦r♠✉❧❛s ✭ϕ16✮ ❛♥❞ ✭ϕ17✮ t❤❡♥ ❝♦♥str❛✐♥ t❤❡ st❛t❡ ♦❢ t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥
t♦ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s s❡❧❡❝t❡❞✳ ❇❡❝❛✉s❡ ♦❢ t❤❡
✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r δGreen✱ t❤✐s ♣r♦♣❡rt② ✇✐❧❧ ❜❡ ❡♥❢♦r❝❡❞ ❛t ❛❧❧ ♣♦s✐t✐♦♥s
❛♥❞ ❢♦r ❛❧❧ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s❀

❈♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✳ ❋♦r t❤✐s ✇❡ ❡st❛❜❧✐s❤ ❛ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡ ❜❡t✇❡❡♥ ✇♦r❞s ♦✈❡r 2❆P ❛♥❞ ✈❛❧✉❛t✐♦♥s ♦❢ ❞♦♠❛✐♥ {δA1 , . . . , δAn}✳ ❚❤❡ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡ ❢♦❧❧♦✇s t❤❡ ✐❞❡❛ ❞❡s❝r✐❜❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✿ ❛ ✇♦r❞ w : N→ 2❆P ✐s ✐♥
❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ✈❛❧✉❛t✐♦♥ χw ✇❤❡r❡

∀k ∈ N ∀1 ≤ i ≤ n pi ∈ w(k) ⇔ χw
(
δAi

(
(s, α, γ)k.(ai, βi, γ)

))
= pi

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇r✐t❡ Ψno❆P ❢♦r t❤❡ s✉❜✲❢♦r♠✉❧❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❛rt ♦❢ Ψ
✇✐t❤♦✉t t❤❡ q✉❛♥t✐✜❡rs ❝♦❞✐♥❣ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ∀δA1 . ∃δA2 . . . . ∀δAn−1 . ∃δAn ✳ ❲❡
❛❧s♦ ❞❡♥♦t❡ Φ▲❚▲ t❤❡ ▲❚▲ ♣❛rt ♦❢ t❤❡ ◗▲❚▲ ❢♦r♠✉❧❛ Φ✳ ❚❤❡ ❧❡♠♠❛s ❜❡❧♦✇ st❛t❡ t❤❡
❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ t✇♦ st❡♣s✳ ❚❤❡✐r ♣r♦♦❢s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡
❛♥♥❡① ✭♣❛❣❡ ✺✽✮✱ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

▲❡♠♠❛ ✷✳✶✻✳ ❆ ✇♦r❞ w s❛t✐s✜❡s Φ▲❚▲ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G, (s, α, γ) |=χw
Ψno❆P ✇✐t❤ χw t❤❡

✈❛❧✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ w✳

▲❡♠♠❛ ✷✳✶✼✳ ❋♦r♠✉❧❛ Φ ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❋♦r♠✉❧❛ Ψ ❤♦❧❞s tr✉❡ ✐♥ st❛t❡ (s, α, γ)
♦❢ t❤❡ ❣❛♠❡ GΦ✳

❚❤❡ ▲❡♠♠❛ ✷✳✶✻ ❤❛♥❞❧❡s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❜❡t✇❡❡♥ ✇♦r❞s ❛♥❞ ✈❛❧✉❛t✐♦♥s✳ ■♥ ❛ st❛♥❞❛r❞ ❢❛s❤✐♦♥✱ t❤❡
▲❡♠♠❛ ✷✳✶✼ ❡①t❡♥❞s ▲❡♠♠❛ ✷✳✶✻ ❜② t❛❦✐♥❣ ❝❛r❡ ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ♦✈❡r t❤❡ ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s✳ ■t ❛❧s♦ ♣r♦✈❡s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡❞✉❝t✐♦♥ ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✷✳✶✺✳

❈❧♦s✐♥❣ r❡♠❛r❦s

❙▲❬❇●❪ ❛♥❞ s❡✈❡r❛❧ ♦t❤❡r ❢r❛❣♠❡♥ts ✇❡r❡ ❞❡✜♥❡❞ ✐♥ ❬✹✵✱ ✹✶❪ ✇✐t❤ t❤❡ ❛✐♠ ♦❢ ❣❡tt✐♥❣ ♠♦r❡
tr❛❝t❛❜❧❡ ❢r❛❣♠❡♥ts ♦❢ ❙▲✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛✉t❤♦rs ❛❞✈♦❝❛t❡ ❢♦r t❤❡ r❡str✐❝t✐♦♥ t♦ ❜❡✲
❤❛✈✐♦✉r❛❧ str❛t❡❣✐❡s✿ t❤✐s ❢♦r❜✐❞s str❛t❡❣✐❡s t❤❛t ♣r❡s❝r✐❜❡ ❛❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦❢ ✇❤❛t ♦t❤❡r
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str❛t❡❣✐❡s ✇♦✉❧❞ ♣r❡s❝r✐❜❡ ❧❛t❡r ♦♥✱ ♦r ❛❢t❡r ❞✐✛❡r❡♥t ❤✐st♦r✐❡s✳ ◆♦♥✲❜❡❤❛✈✐♦✉r❛❧ str❛t❡✲
❣✐❡s ❛r❡ t❤✉s ❝❧❛✐♠❡❞ t♦ ❤❛✈❡ ❧✐♠✐t❡❞ ✐♥t❡r❡st ✐♥ ♣r❛❝t✐❝❡❀ ♠♦r❡♦✈❡r✱ t❤❡② ❛r❡ s✉s♣❡❝t❡❞
♦❢ ❜❡✐♥❣ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♥♦♥✲❡❧❡♠❡♥t❛r② ❝♦♠♣❧❡①✐t② ♦❢ ❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ❖✉r ❤❛r❞✲
♥❡ss r❡s✉❧t str❡♥❣t❤❡♥s t❤❡ ❧❛tt❡r ❝❧❛✐♠✱ ❛s ❙▲❬❇●❪ ✐s ❦♥♦✇♥ ❢♦r ♥♦t ❤❛✈✐♥❣ ❜❡❤❛✈✐♦✉r❛❧
str❛t❡❣✐❡s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ ✇✐❧❧ st✉❞② ❜❡❤❛✈✐♦✉r❛❧ str❛t❡❣✐❡s ❛♥❞ ♠♦r❡
❣❡♥❡r❛❧❧② ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ ❙▲❬❇●❪✳

|=φ
p1 p1 p1

p2 p2

❲❡ ❤❛❞ t♦ r❡❧② ♦♥ ❛ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ✐♥st❡❛❞ ♦❢
❞✐r❡❝t❧② ✉s✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ▲❚▲ ❢♦r♠✉❧❛ ❞✐r❡❝t❧② ✐♥ t❤❡
❙▲❬❇●❪ ❢♦r♠✉❧❛✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t♦ ❡✈❛❧✉❛t❡
t❤❡ ❢♦r♠✉❧❛ ♥♦t ♦♥ ❛ r❡❛❧ ♣❛t❤ ♦❢ ♦✉r ❣❛♠❡ str✉❝t✉r❡✱
❜✉t ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ ✏✉♥✐♦♥s✑ ♦❢ st❛t❡s✳ ❚❤❡ ✜❣✉r❡ ♦♥
t❤❡ r✐❣❤t r❡♣r❡s❡♥ts t❤✐s s✐t✉❛t✐♦♥ ❢♦r t❤❡ ❣❛♠❡ str✉❝✲
t✉r❡ ♦❢ ❋✐❣✉r❡ ✷✳✸✿ t❤❡ ♣❛t❤ ♦♥ ✇❤✐❝❤ t❤❡ ▲❚▲ ❢♦r♠✉❧❛
✐s ❡✈❛❧✉❛t❡❞ ✐s ❣✐✈❡♥ ❜② t❤❡ ♦r❛♥❣❡ ❛♥❞ r❡❞ ❝✐r❝❧❡ st❛t❡s✱ ✇❤✐❝❤ ❞❡✜♥❡ t❤❡ ✈❛❧✉❛t✐♦♥s ❢♦r p1
❛♥❞ p2✳

✷✳✹ ❈♦♥❝❧✉s✐♦♥

▼♦❞❡❧ ❈❤❡❝❦✐♥❣ ❙❛t✐s✜❛❜✐❧✐t②
❋♦r♠✉❧❛ ❉❛t❛ ❋♦r♠✉❧❛

❙▲
❯♣♣❡r ❇♦✉♥❞ NONELEMENTARY ❬✸✾❪

❯◆❉❊❈■❉❆❇▲❊

▲♦✇❡r ❇♦✉♥❞ TOWER PH✲❤❛r❞

❙▲❬◆●❪
❛♥❞

❙▲❬❇●❪

❯♣♣❡r ❇♦✉♥❞
■♥ (k + 1 )✲EXPTIME ❢♦r

k q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ❬✸✾❪

▲♦✇❡r ❇♦✉♥❞ TOWER PH✲❤❛r❞

❙▲❬✶●❪
❯♣♣❡r ❇♦✉♥❞ 2 ✲EXPTIME✲❝♦♠♣❧❡t❡ ❬✸✽❪

✭PTIME✲❝♦♠♣❧❡t❡ ❢♦r t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❞❛t❛ ❝♦♠♣❧❡①✐t②✮▲♦✇❡r ❇♦✉♥❞

❚❛❜❧❡ ✷✳✶✿ ❈♦♠♣❧❡①✐t✐❡s ♦❢ ❙▲ ❛♥❞ ✐ts ❢r❛❣♠❡♥ts✳

❲❡ ❝❛♥ s❡❡ ♦♥ ❚❛❜❧❡ ✷✳✶ t❤❛t ❙▲❬◆●❪ ❛♥❞ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❝♦♠♣❧❡①✐t✐❡s ❛r❡
❤✐❣❤ ✇❤✐❧❡ t❤❡ s❛t✐s✜❛❜✐❧✐t✐❡s ❛r❡ ♦✉tr✐❣❤t ✉♥❞❡❝✐❞❛❜❧❡✳ ❚❤❡ TOWER ❧♦✇❡r ❜♦✉♥❞ ✇❡
❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✷ ❢♦r ❙▲❬❇●❪ ♣r♦✈❡s t❤❛t ✇❡ ❝❛♥♥♦t ❞♦ ♠✉❝❤ ❜❡tt❡r✳ ■t ✇♦✉❧❞
❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝❧♦s❡ t❤❡ ❣❛♣ ✐♥ t❤❡ ❞❛t❛ ❝♦♠♣❧❡①✐t② ❜❡t✇❡❡♥ t❤❡ NONELEMENTARY

✉♣♣❡r ❜♦✉♥❞ ❛♥❞ t❤❡ PH ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡ ❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛❧❣♦r✐t❤♠ ♣r♦❝❡❡❞s ❜② ❛
❜♦tt♦♠ ✉♣ ✐♥❞✉❝t✐♦♥ ✉s✐♥❣ t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ❣❛♠❡ ✐♥ t❤❡ ❜❛s✐❝ ❝❛s❡❀ t❤❡r❡ ♠❛② ❡①✐sts
❛ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ❛❧❣♦r✐t❤♠ t❤❛t ♣r♦❝❡❡❞ ✇✐t❤♦✉t ✉s✐♥❣ t❤❡ ❣❛♠❡ ✐♥ t❤❡
❜❛s✐❝ ❝❛s❡✳

❚♦ r❡❣❛✐♥ ❛ ❞❡❝❡♥t ❝♦♠♣❧❡①✐t② ✭✐❢ ✇❡ ♠❛② ❝❛❧❧ 2 ✲EXPTIME ❞❡❝❡♥t✮✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥
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✐s t♦ ❤❡❛✈✐❧② r❡str✐❝t t❤❡ ❧♦❣✐❝✳ ❙❛t✐s✜❛❜✐❧✐t② ♦❢ ❙▲❬✶●❪✱ t❤❡ ❢r❛❣♠❡♥t ✇✐t❤ ❛ ✉♥✐q✉❡ ♦❜✲
❥❡❝t✐✈❡✱ ✐s 2 ✲EXPTIME✲❝♦♠♣❧❡t❡✳ ❲❤✐❧❡ ♥❡✈❡r ♣r♦✈❡❞ ❢♦r♠❛❧❧②✱ t❤❡ t❡❝❤♥✐❝s ❞❡✈❡❧♦♣❡❞ ❜②
▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ ✐♥ ❬✸✽❪ ❢♦r t❤❡ s❛t✐s✜❛❜❧✐t② ♣r♦❜❧❡♠ ♠❛② ❜❡ ❛❞❛♣t❡❞
t♦ ❣❡t ❛ 2 ✲EXPTIME ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♣r♦✈✐❞❡ ♦✉r
♦✇♥ ❛❧❣♦r✐t❤♠ ✐♥ ❈❤❛♣t❡r ✺✳
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✷✳❆ ❆♥♥❡①

▲❡♠♠❛ ✷✳✶✻✳ ❆ ✇♦r❞ w s❛t✐s✜❡s Φ▲❚▲ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G, (s, α, γ) |=χw
Ψno❆P ✇✐t❤ χw t❤❡

✈❛❧✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ w✳

Pr♦♦❢✳ ❲r✐t❡ w := (wj)j∈N ❢♦r t❤❡ ✇♦r❞ w : N → 2AP ✱ N ❢♦r t❤❡ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥
❛ss♦❝✐❛t❡ ✇✐t❤ Φ▲❚▲ ❛♥❞ ∆N ❢♦r ✐ts tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✳

Pr♦♦❢ ♦❢ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ❆ss✉♠❡ t❤❛t w ∈ L(N )✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤
π ✐♥ N ✇✐t♥❡ss❡s t❤❛t w ✐s ❛❝❝❡♣t❡❞ ❜② N ✱ ✐✳❡✳ π(1) ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ N ✱ π ∈ L(N )
❛♥❞

∀j ∈ N ∆N (π(j), w(j)) = π(j + 1) ✭✷✳✸✮

❲❡ ❞❡✜♥❡ ❛ str❛t❡❣② δOak ❢♦r ❆❣❡♥t Oak✳ ❋♦r ❛♥② k✱ ✇❡ s❡t

δOak((s, α, γ)j) := π(j)

❲❡ ❝❛♥ t❤❡♥ ❢♦❧❧♦✇ t❤❡ ❝❤♦✐❝❡s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✷ t♦ ❝♦♠♣❧❡t❡ χw ✐♥t♦ ❛
❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ χ t❤❛t s❛t✐s✜❡s t❤❡ ❣♦❛❧s ♦❢ Ψ❆✉①✳ ■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t χ s❛t✐s✜❡s
t❤❡ ❋♦r♠✉❧❛s ✭ϕ12✮ t♦ ✭ϕ17✮✳ ❋♦r♠✉❧❛ ✭ϕ12✮ ❤♦❧❞s ❞❡ ❢❛❝t♦ ❜② t❤❡ ❝❤♦✐❝❡s ♠❛❞❡ ✐♥ Ψ❆✉①✳ π
✐s✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛ ♣r♦♣❡r ♣❛t❤ ♦❢ N s♦ ❜② ✐t❡♠s ✭①✐✐✐✮ ❛♥❞ ✭①✐✈✮✱ ❋♦r♠✉❧❛s ✭ϕ13✮ ❛♥❞ ✭ϕ14✮
♠✉st ❤♦❧❞✳ ❙✐♠✐❧❛r❧②✱ ❛s π ✐s ❛❝❝❡♣t✐♥❣ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ ✐t❡♠ ✭①✈✮✱ ❋♦r♠✉❧❛ ϕ15 ♠✉st ❛❧s♦
❤♦❧❞✳ ❋✐♥❛❧❧②✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ δOak ❛♥❞ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ✐t❡♠ ✭①✈✐✮✱ ❋♦r♠✉❧❛s ✭ϕ16✮
❛♥❞ ✭ϕ17✮ ♠✉st ❜❡ tr✉❡✳

Pr♦♦❢ ♦❢ r✐❣❤t✲t♦✲❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ❋♦r t❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t
w 6∈ L(N )✱ ❛♥❞ t♦✇❛r❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇❡ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t

G, (s, α, γ) |=χw
Ψno❆P ✭✷✳✹✮

❋✐① ❛ str❛t❡❣② δOak ❢♦r ❆❣❡♥t Oak ❛♥❞ ❧❡t χ ❜❡ ❛ ❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠
t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s t❤❛t ❡①t❡♥❞ χw ❛♥❞ ✉s❡ δOak✳ ❋✐rst✱ ❛s ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✷✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛❧❧ str❛t❡❣✐❡s ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✐♥ Ψ❆✉① ✐s ✐♠♣♦s❡❞
❜② t❤❡ ❣♦❛❧s ✇✐t❤✐♥ Ψ❆✉① ❛♥❞ t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ✇✐t❤✐♥ Ψ❆✉① ✭♥❛♠❡❧②
δGreen✱ δGold∀ ❛♥❞ δGreen∀ ✮✳ ■❢ t❤❡ str❛t❡❣✐❡s ♦❢ χ ❞♦ ♥♦t ❢♦❧❧♦✇ t❤❡ r✉❧❡s ✐♠♣♦s❡❞ ❜② Ψ❆✉①

❛♥❞ χ(δGreen)✱ χ(δGold∀ ) ❛♥❞ χ(δGreen∀ ) t❤❡♥ t❤❡r❡ ♠✉st ❡①✐st s♦♠❡ ❣♦❛❧ ✐♥ Ψ❆✉① t❤❛t ❞♦❡s
♥♦t ❤♦❧❞✳ ❚❤✐s ♠❡❛♥s t❤❛t Ψno❆P ❞♦❡s ♥♦t ❤♦❧❞ ❡✐t❤❡r ❛♥❞ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤
❋♦r♠✉❧❛ ✭✷✳✹✮✳ ❙♦ ❢♦r t❤❡ r❡st ♦❢ t❤❡ r✐❣❤t✲t♦✲❧❡❢t ✐♠♣❧✐❝❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t χ ✐s ✇♦r❦✐♥❣
❢♦r t❤❡ ❣♦❛❧s ♦❢ Ψ❆✉①✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥✱ t❤❡ str❛t❡❣② δOak ❞❡s❝r✐❜❡s ❛ s❡q✉❡♥❝❡ ♦❢
st❛t❡ (πj)j∈N ✐♥ N t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②

δOak((s, α, γ)j) = π(j)

■t❡♠s ✭①✐✐✐✮ ❛♥❞ ✭①✐✈✮ ❡♥s✉r❡ t❤❛t π ✐s ❛ ♣r♦♣❡r ♣❛t❤✱ st❛rt✐♥❣ ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ qini
♦❢ N ✳ ■t❡♠s ✭①✈✮ ♠❛❦❡s s✉r❡ π ✐s ❛❝❝❡♣t❡❞ ❜② N ✳ ❋✐♥❛❧❧②✱ ✐t❡♠ ✭①✈✐✮ ❡st❛❜❧✐s❤❡s ❛



✺✾

❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✇♦r❞ w ❛♥❞ t❤❡ ♣❛t❤ π✳ ❈♦♠❜✐♥✐♥❣ ✐t❡♠s ✭①✐✐✐✮ t♦ ✭①✈✐✮✱ ✇❡
❣❡t t❤❛t w ✐s ❛❝❝❡♣t❡❞ ❜② N ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ✇❡ ♠❛❞❡ ❛t t❤❡ st❛rt ♦❢
t❤❡ ✐♠♣❧✐❝❛t✐♦♥✳ ❙♦ t❤❡ ❤②♣♦t❤❡s✐s w 6∈ L(N ) ❛♥❞ t❤❡ ❋♦r♠✉❧❛ ✭✷✳✹✮ ❛r❡ ❝♦♥tr❛❞✐❝t♦r②
❛♥❞ t❤❡ r✐❣❤t t♦ ❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ♠✉st ❤♦❧❞✳

▲❡♠♠❛ ✷✳✶✼✳ ❋♦r♠✉❧❛ Φ ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❋♦r♠✉❧❛ Ψ ❤♦❧❞s tr✉❡ ✐♥ st❛t❡ (s, α, γ)
♦❢ t❤❡ ❣❛♠❡ GΦ✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳ ❋♦r t❤✐s ♣r♦♦❢ ✇❡
✇r✐t❡ Ψi ❢♦r t❤❡ ❢♦r♠✉❧❛ ❝♦♥s✐st✐♥❣ ♦❢ Ψ ✇✐t❤♦✉t t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ∀δA1 , . . . Qi−1δ

Ai−1

❛♥❞ Φi ❢♦r t❤❡ s✉❜✲❢♦r♠✉❧❛ ♦❢ Φ t❤❛t ✇✐t❤❞r❛✇s t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ∀p1, . . . , Qi−1pi−1✳
❚❤❡ ✐♥❞✉❝t✐♦♥ ❛✐♠s t♦ ♣r♦✈❡ t❤❛t

w s❛t✐s✜❡s Φi ⇔ GΦ, (s, α, γ) |=χw
Ψi ✭✷✳✺✮

✇❤❡r❡ w : N → 2p1,...,pi−1 ✐s ❛ ✇♦r❞✱ χw ✐s t❤❡ ✈❛❧✉❛t✐♦♥ ❛ss♦❝✐❛t❡ ✇✐t❤ w ❛s ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✷✳✸✳✷✱ ❛♥❞ ✇✐t❤ i r❛♥❣✐♥❣ ❢r♦♠ n t♦ 0✳

❚❤❡ ✐♥✐t✐❛❧ ❝❛s❡ ✭i = n✱ Φi = Φ▲❚▲ ❛♥❞Ψi = Ψno❆P✮ ❤❛s ❛❧r❡❛❞② ❜❡ ❞♦♥❡ ❜② ▲❡♠♠❛ ✷✳✶✻
❛♥❞ ♦♥❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❝❛s❡ r❡♠❛✐♥s✳ ❋♦r t❤❡ ith st❡♣✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❋♦r✲
♠✉❧❛ ✭✷✳✺✮ ❤♦❧❞s ❢♦r i + 1✳❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t Qi = ∃✱ t❤❡ ❝❛s❡
Qi = ∀ ✐s s✐♠✐❧❛r✳ ❋✐rst✱ ❝♦♥s✐❞❡r ❛ ✇♦r❞ w ❛♥❞ ❛ss✉♠❡ t❤❛t w s❛t✐s✜❡s Φi✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛ ❢✉♥❝t✐♦♥ wi : N→ {pi, ∅} s✉❝❤ t❤❛t w′ := w∪wi s❛t✐s✜❡s Φi−1✳ ❚❤❡♥ ❜② ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s✱ GΦ, (s, α, γ) |=χw′ Ψi✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ str❛t❡❣② ✭χw′(δAi)✮ t❤❛t
❡①t❡♥❞s χw ✐♥ χ′ ❛♥❞ s✉❝❤ t❤❛t GΦ, (s, α, γ) |=χ′ Ψi✳ ❲❡ ❣❡t t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ith st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✳ ❚❤❡ r✐❣❤t✲t♦✲❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ✇♦r❦s s✐♠✐❧❛r❧②✱ ❛♥❞ ✇❡ ✉s❡ t❤❡
✇♦r❦✐♥❣ str❛t❡❣② δAi t♦ ❝r❡❛t❡ ❛ ✇♦r❞ wi : N → {pi, ∅} ❤❛♥❞❧✐♥❣ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥
pi✳ ❍❛✈✐♥❣ ❜♦t❤ ✐♠♣❧✐❝❛t✐♦♥s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ ❋♦r♠✉❧❛ ✭✷✳✺✮ ❤♦❧❞s✳ ❲❡
❝❛♥ t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❡ ✐♥❞✉❝t✐♦♥✳ ❚❤❡ ❝❛s❡ ✇✐t❤ i = 0 ❣✐✈❡s ✉s t❤❡ ❧❡♠♠❛✳



✻✵



❈❤❛♣t❡r ✸

❋❧♦❛t✐♥❣ str❛t❡❣② ❧♦❣✐❝

❈♦♥s✐❞❡r ❛ ♥❡t✇♦r❦ ♦❢ s❡✈❡r❛❧ ❝❧✐❡♥ts✱ ✇❤♦ ♠❛② ❛s❦ ❛ ❝❡♥tr❛❧ s❡r✈❡r ❢♦r ❛❝❝❡ss t♦ ❛ s❤❛r❡❞
r❡s♦✉r❝❡✳ ❖♥❡ ✭♦r s❡✈❡r❛❧✮ ✉s❡r✭s✮ ❝❛♥ t✉r♥ t❤❡ ❝❧✐❡♥ts ♦♥ ❛♥❞ ♦✛✱ ❛♥❞ ✇❤❡♥ t✉r♥❡❞ ♦♥✱
❡❛❝❤ ❝❧✐❡♥t t❤❡♥ r❡q✉❡sts ❛❝❝❡ss t♦ t❤❡ r❡s♦✉r❝❡✳ ❚❤❡ s❡r✈❡r t❤❡♥ ❤❛s t✇♦ ♦❜❥❡❝t✐✈❡s✿ ♦♥❡
✐s t♦ ❡♥❢♦r❝❡ t❤❛t ♥♦ t✇♦ ❝❧✐❡♥ts ❛❝❝❡ss t❤❡ r❡s♦✉r❝❡ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✇❤❛t❡✈❡r t❤❡ ❝❧✐❡♥ts
❞♦❀ t❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐s t❤❛t t❤❡ ❝❧✐❡♥ts ♠✉st ❤❛✈❡ ❛ str❛t❡❣② t❤❛t ❡❛❝❤ ♦❢ t❤❡♠ ❝❛♥
❛♣♣❧② ✇❤❡♥ t✉r♥❡❞ ♦♥✱ ❛♥❞ t❤❛t ❡♥s✉r❡s ❛❝❝❡ss t♦ t❤❡ r❡s♦✉r❝❡ ✭❜② ❝♦❧❧❛❜♦r❛t✐♥❣ ✇✐t❤
t❤❡ s❡r✈❡r✮✳ ❚❤✐s✱ ✐♥ ❙▲ ✭✇✐t❤ ❛❞❛♣t❡❞ s②♥t❛① t♦ ♠❛❦❡ t❤❡ ❢♦r♠✉❧❛ r❡❛❞❛❜❧❡✮✱ ✇♦✉❧❞ ❜❡
✇r✐tt❡♥

∃δs❡r✈❡r. ∃δ❝❧✐❡♥t. ✐❢ s❡r✈❡r ❛♣♣❧✐❡s δs❡r✈❡r t❤❡♥
[
( ❛❧✇❛②s ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥)

∧ ( ❛❧✇❛②s ✭ ✐❢ ❝❧✐❡♥t ❛♣♣❧✐❡s δ❝❧✐❡♥t t❤❡♥ ❡✈❡♥t✉❛❧❧② ❛❝❝❡ss ✮.)
]

■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥ ❛ss✐❣♥❡❞✱ t❤❡ str❛t❡❣② δ❝❧✐❡♥t s❤♦✉❧❞ st❛rt ♦♥ ❛♥ ❡♠♣t② ❤✐st♦r② ❛s ✐t
❤❛s ♥♦ ❦♥♦✇❧❡❞❣❡ ♦❢ r❡q✉❡sts ♠❛❞❡ ❜② t❤❡ ♦t❤❡r ✉s❡rs t♦ t❤❡ s❡r✈❡r❀ ❤♦✇❡✈❡r ✐♥ ❙▲ t❤❡
❤✐st♦r② ♦❢ ❛ str❛t❡❣② ✐s ♣r❡s❡r✈❡❞ ❢r♦♠ t❤❡ ♠♦♠❡♥t ♦❢ ✐ts q✉❛♥t✐✜❝❛t✐♦♥✳ ❙▲ ✐s ❧✐♠✐t❡❞
✐♥ ✐ts ❡①♣r❡ss✐✈❡♥❡ss ❜② ✐ts s❡♠❛♥t✐❝s ❢♦r❝✐♥❣ str❛t❡❣✐❡s t♦ r❡t❛✐♥ t❤❡ ❤✐st♦r② ❢r♦♠ t❤❡
♠♦♠❡♥t t❤❡② ✇❡r❡ q✉❛♥t✐✜❡❞✳

❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s s❡♠❛♥t✐❝ ❝❤♦✐❝❡ ❤❛s ❜❡❡♥ ✉♥❞❡r✲❝♦♥s✐❞❡r❡❞ ✐♥ ❛❧❧ ❙▲ r❡❧❛t❡❞ ♣❛✲
♣❡rs✳ ❲❡ ❝❛♥ ✐♥❞❡❡❞ ♣r♦♣♦s❡ ❛ s❡❝♦♥❞ s❡♠❛♥t✐❝s ♠❛❦✐♥❣ ❛♥♦t❤❡r ❝❤♦✐❝❡✱ ✇❤❡r❡ t❤❡ ❝❧✐❡♥t
❤❛s ♥♦ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❤✐st♦r② ♣r✐♦r t♦ ❜❡✐♥❣ ❛ss✐❣♥❡❞ ❛ str❛t❡❣②✳ ❇♦t❤ s❡♠❛♥t✐❝s
❛r❡ ✐♥t❡r❡st✐♥❣ ❜✉t t❤❡② ♠♦❞❡❧ ❞✐✛❡r❡♥t ♣❤❡♥♦♠❡♥♦♥s❀ ❛s ✇❡ ✇✐❧❧ s❡❡ t❤❡ s❡♠❛♥t✐❝s ❛❧s♦
❤❛s ❛♥ ❤❡❛✈② ✐♠♣❛❝t ♦♥ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✳

❲❡ ♣r♦♣♦s❡ ❛ ❢r❛♠❡✇♦r❦ t♦ ❤❛♥❞❧❡ t❤✐s ✐ss✉❡ ❛♥❞ st✉❞② ✐ts ❛❧❣♦r✐t❤♠✐❝ ♣♦ss✐❜✐❧✐t✐❡s
❛♥❞ ❧✐♠✐t❛t✐♦♥s✳ ❲❡ st❛rt ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥
❛♥❞ r❡✇♦r❦✐♥❣ ❙▲ s❡♠❛♥t✐❝s ✐♥t♦ ❛ ♥❡✇ ❧♦❣✐❝ ❋❙▲ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
s❡♠❛♥t✐❝❛❧ s✉❜t❧❡t②✳ ❲❡ t❤❡♥ ❢♦❝✉s ♦♥ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡
s❤♦✇ t❤❛t ❋❙▲❬◆●❪ ✭t❤❡ ♥❡st❡❞ ❣♦❛❧ ❢r❛❣♠❡♥t ♦❢ ❋❙▲✮ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ✇❤✐❧❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✸
✇❡ ❤✐❣❤❧✐❣❤t ❛ ❞❡❝✐❞❛❜❧❡ ❢r❛❣♠❡♥t ❋❘✲❋❙▲❬◆●❪ ✇❤♦s❡ ❡①♣r❡ss✐✈❡♥❡ss ✐s ❜❡t✇❡❡♥ ❙▲❬❇●❪
❛♥❞ ❋❙▲❬◆●❪✳

✻✶



✻✷

q

q✬

ρ

st❛rts ✇✐t❤
❤✐st♦r② δ(ρ)

q

q✬

ρ

st❛rts ✇✐t❤
❤✐st♦r② δ(q′)

✏∃x✑

δ ✐s st♦r❡❞

✐♥ ✈❛r✐❛❜❧❡ x

✏❛ss✐❣♥(A, x)✑
δ ✐s ❛ss✐❣♥❡❞ ❢r♦♠

x t♦ ❛❣❡♥t A

✐♥ ❙tr❛t❡❣② ▲♦❣✐❝ ✐♥ ❋❧♦❛t✐♥❣ ❙tr❛t❡❣② ▲♦❣✐❝

❋✐❣✉r❡ ✸✳✶✿ ❙tr❛t❡❣② ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ❤✐st♦r② ✐♥ ❙tr❛t❡❣② ▲♦❣✐❝ ❛♥❞ ❋❧♦❛t✐♥❣ ❙tr❛t❡❣②
▲♦❣✐❝✳

✸✳✶ ❉❡✜♥✐t✐♦♥

❖♥❡ ✇❛② t♦ s♦❧✈❡ t❤❡ ✐ss✉❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s t♦ tr❛♥s❧❛t❡✶ ♦♥❧② t❤❡ str❛t❡❣✐❡s ♦❢ t❤❡
❛❣❡♥ts ❜✉t ♥♦t t❤❡ ♦♥❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ✇❛② ✇❡ ❡♥s✉r❡ t❤❛t ✇❤❡♥ ❛♥ ❛❣❡♥t ✐s
❛ss✐❣♥❡❞ ❛ str❛t❡❣② st♦r❡❞ ✐♥ ❛ ✈❛r✐❛❜❧❡ ♠✐❞✇❛② t❤r♦✉❣❤ t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ s❛✐❞ str❛t❡❣②
❤❛s ♥♦ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❤✐st♦r②✳ ❋✐❣✉r❡ ✸✳✶ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥❝❡♣t✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭❋❧♦❛t✐♥❣ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥s✮✳
●✐✈❡♥ ❛ ✈❛❧✉❛t✐♦♥ χ ♦✈❡r ❛ ❣❛♠❡ G✱ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s V ❛♥❞ ❛ ❤✐st♦r② ρ ✐♥ G✱ ✇❡ ❞❡✜♥❡
t❤❡ ✢♦❛t✐♥❣ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥ χ ρ

−→
❜②

∀x ∈ ❆❣t ∩ ❞♦♠(χ), χ ρ
−→
(x) := χ(x)−→ρ

∀x ∈ V ∩ ❞♦♠(χ), χ ρ
−→
(x) := χ(x)

❚❤❡ ✢♦❛t✐♥❣ str❛t❡❣② ❧♦❣✐❝ ❋❙▲ ♦❜❡② t❤❡ s❛♠❡ ❣r❛♠♠❛r ❛s ❙▲✿

❋❙▲ ∋ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p

❜✉t t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ❛♥❞ q✉❛♥t✐✜❝❛t✐♦♥s ❛r❡ ♠♦❞✐✜❡❞✳
❋✐rst❧②✱ ✇❡ ✇❛♥t t❤❡ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs t♦ ✉s❡ ✢♦❛t✐♥❣ tr❛♥s❧❛t✐♦♥s✳ ❋✐① ❛ ✈❛❧✉❛t✐♦♥

χ ✇✐t❤ ❆❣t ∪ ❢r❡❡(φ) ∪ ❢r❡❡(φ′) ⊆ ❞♦♠(χ)❀ ❛s ❜❡❢♦r❡ χ ♣r♦❞✉❝❡s ❛ ✉♥✐q✉❡ ♦✉t❝♦♠❡ ρ✳ ❲❡
✇r✐t❡ χ j

−→
❢♦r χρ≤j

−−→
❛♥❞ ❧❡t

G, q |=χ ❳φ ⇔ G, q |=χ 1
−→
φ

G, q |=χ φ
′❯φ ⇔ ∃k ∈ N.

{
G, q |=χ k

−→

∀j ∈ N. 0 ≤ j < k ⇒ G, q |=χ j
−→

φ′

❙❡❝♦♥❞❧②✱ ❛ str❛t❡❣② ✐s ♥♦t ❜♦✉♥❞ t♦ ✐ts ❤✐st♦r② ❛♥❞ t❤❡r❡❢♦r❡ ♥♦t ❜♦✉♥❞ t♦ ✐ts ✐♥✐t✐❛❧
st❛t❡✿ ✐t ♠❛② ❜❡ q✉❛♥t✐✜❡❞ ♦♥ ❛ st❛t❡ q0 ❛♥❞ ❛♣♣❧✐❡❞ ❛t st❛t❡ q1✱ ❛♥❞ t❤✉s ♠✉st ❜❡

✶✏❚r❛♥s❧❛t❡✑ ❛s ✐♥ str❛t❡❣② tr❛♥s❧❛t✐♦♥✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✺✳✶✳



✻✸

❞❡✜♥❡❞ ♦♥ s✉✣①❡s ♦❢ q0 ❜✉t ❛❧s♦ ♦♥ s✉✣①❡s ♦❢ q1✳ ❚♦ ♠❛✐♥t❛✐♥ ❛ r✐❣♦r♦✉s ❞❡✜♥✐t✐♦♥ ♦❢
❋❙▲✬s s❡♠❛♥t✐❝s✱ ✇❡ ❛❞❛♣t t❤❡ s❡♠❛♥t✐❝s ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s t♦ ❛❞❞ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦♥t♦
t❤❡ ❤✐st♦r②✷✳ ■❢ ❢r❡❡(φ) \ {x} ⊆ ❞♦♠(χ)✱ t❤❡♥

G, q |=χ ∃x.φ ⇔ ∃δ ∈ ❙tr❛tG s✉❝❤ t❤❛t G, q |=χ[x 7→δ−→q ] φ

❲❡ ❝❛❧❧ ❋❙▲❬◆●❪ t❤❡ ❢r❛❣♠❡♥t ♦❢ ❋❙▲ ✉s✐♥❣ t❤❡ s❛♠❡ ❣r❛♠♠❛r ❛s ❙▲❬◆●❪✱ ✇❡ r❡❝❛❧❧
t❤❡ ❣r❛♠♠❛r ♦❢ t❤❡ ✢❛t ❢r❛❣♠❡♥t✿

❋❙▲❬◆●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ψ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | β

❙▲❋❙▲

❙▲❬◆●❪❋❙▲❬◆●❪

❙▲❬❇●❪

❋❧♦❛t✐♥❣

tr❛♥s❧❛t✐♦♥s

❯s✉❛❧

tr❛♥s❧❛t✐♦♥s

❚r❛♥s❧❛t✐♦♥s ♦❢ t❤❡ str❛t❡❣✐❡s st♦r❡❞
✐♥ ✈❛r✐❛❜❧❡s ❞♦♥✬t ♠❛tt❡r

❋✐❣✉r❡ ✸✳✷✿ ❚❤❡ t✇♦ s❡♠❛♥t✐❝s✳

❚❤❡ t✇♦ s❡♠❛♥t✐❝s ✭✇✐t❤ ✉s✉❛❧ ✈❛❧✉❛t✐♦♥ tr❛♥s✲
❧❛t✐♦♥ ♦r ✇✐t❤ ✢♦❛t✐♥❣ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥✮ ❝♦✐♥✲
❝✐❞❡ ✐♥ ❙▲❬❇●❪✳ ❲❡ r❡❝❛❧❧ t❤❛t ❙▲❬❇●❪ ❢♦r♠✉❧❛s ❛r❡
♠❛❞❡ ❜② ❛ s❡r✐❡s ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s ❢♦❧❧♦✇❡❞ ❜② ❛
❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣♦❛❧s ✭❛ss✐❣♥♠❡♥t ❢♦❧❧♦✇❡❞
❜② ▲❚▲ ♦♣❡r❛t♦rs✮ ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ ❛ss✐❣♥♠❡♥t
♣♦ss✐❜❧❡ ❛❢t❡r t❤❡ ✜rst t❡♠♣♦r❛❧ ♦♣❡r❛t♦r ♦✉ts✐❞❡ ♦❢
❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛s✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ ❛♣♣❧②✲
✐♥❣ ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❇●❪ t♦ ❛ ❣❛♠❡ G ❢r♦♠ ❛ st❛t❡
qini✱ t❤❡ str❛t❡❣✐❡s ✉s❡❞ ✐♥ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ ❛r❡ ❛❧❧
❛ss✐❣♥❡❞ ♦♥ qini✳ ❚❤❡ str❛t❡❣✐❡s st♦r❡❞ ✐♥ t❤❡ ✈❛r✐✲
❛❜❧❡s ❛r❡ ♥❡✈❡r ❛ss✐❣♥❡❞ ♦✉ts✐❞❡ qini ❛♥❞ ✇❤❡t❤❡r ✇❡
tr❛♥s❧❛t❡ t❤❡♠ ✭❛s t❤❡ ✉s✉❛❧ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥✮
♦r ♥♦t ✭❛s ✐♥ t❤❡ ✢♦❛t✐♥❣ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥✮ ❞♦❡s
♥♦t ♠❛tt❡r✱ s❡❡ ❋✐❣✉r❡ ✸✳✷✳

❈❧✐❡♥t✴❙❡r✈❡r ✐♥t❡r❛❝t✐♦♥✳ ❲❡ r❡t✉r♥ t♦ t❤❡
❡①❛♠♣❧❡ ❣✐✈❡♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❈♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ✭st✐❧❧ ✇✐t❤ ❛♥
❛❞❛♣t❡❞ s②♥t❛① t♦ ♠❛❦❡ t❤❡ ❢♦r♠✉❧❛ r❡❛❞❛❜❧❡✮

∃δs❡r✈❡r. ∃δ❝❧✐❡♥t. ✐❢ s❡r✈❡r ❛♣♣❧✐❡s δs❡r✈❡r t❤❡♥
[
( ❛❧✇❛②s ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥)

∧ ( ❛❧✇❛②s ✭ ✐❢ ❝❧✐❡♥t ❛♣♣❧✐❡s δ❝❧✐❡♥t t❤❡♥ ❡✈❡♥t✉❛❧❧② ❛❝❝❡ss ✮.)
]

❜✉t ✇✐t❤✐♥ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❋❙▲✳ ❲❤❡♥ t❤❡ ❝❧✐❡♥t ❝♦♥♥❡❝ts t♦ t❤❡ s❡r✈❡r✱ ✐✳❡✳ ✇❤❡♥ δ❝❧✐❡♥t
✐s ❛♣♣❧✐❡❞✱ ❤❡ ❤❛s ♥♦ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛❝t✐♦♥s ♦❢ t❤❡ s❡r✈❡r ✭❛s δ❝❧✐❡♥t ❤❛s t❤❡
❝✉rr❡♥t st❛t❡ ❢♦r ❤✐st♦r②✮✳ ❋❙▲✬s s❡♠❛♥t✐❝s t❤❡r❡❢♦r❡ s❡❡♠ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❛♥s✇❡r t♦ t❤❡
♣r♦❜❧❡♠ ❡①♣♦s❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤✐s ❝❤❛♣t❡r✳

✷❚❤✐s ✐s ❛ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧✳ ❆ str❛t❡❣② ✉s✉❛❧❧② st❛rts ♦♥ t❤❡ ❡♠♣t② ❤✐st♦r② ε ❛♥❞ ✐s ❞❡✜♥❡❞ ✭❛t ❛ ♠❡t❛
❧❡✈❡❧✮ r❡❧❛t✐✈❡❧② t♦ ❛♥ ✐♥✐t✐❛❧ st❛t❡✳ ❲❡ ❥✉st ♠❛❦❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❛♣♣❡❛r ❝❧❡❛r❧② ✐♥ t❤❡ ❤✐st♦r②✳ ■♥ ❋❙▲
str❛t❡❣✐❡s ❛r❡ ♥❡✈❡r ❡✈❛❧✉❛t❡❞ ♦♥ ε✳
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✸✳✷ ❯♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❙▲❬◆●❪

❚❤❡ ❤✐❣❤ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡s❡ ♥❡✇ s❡♠❛♥t✐❝s ✐♠♣❧✐❡s ❛♥ ✉♥❞❡❝✐❞❛❜❧❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
♦❢ ❋❙▲✳ ■♥ ❬✽❪✱ ✇❡ ♣r♦✈❡❞ ❋❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ t♦ ❜❡ ✉♥❞❡❝✐❞❛❜❧❡ ❍❡r❡✱ ✇❡ ✐♠♣r♦✈❡ t❤❡
♣r♦♦❢ t♦ ✇♦r❦ ✐♥ ❋❙▲❬◆●❪ ❛♥❞ ❢♦r ❢♦r♠✉❧❛s ✇✐t❤ ❛ s✐♥❣❧❡ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✷✳ ❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❝❧♦s❡❞ ❋❙▲❬◆●❪ ❢♦r♠✉❧❛s ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

Pr♦♦❢✳ ❲❡ ❞♦ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ t✇♦✲❝♦✉♥t❡r ❛✉✲
t♦♠❛t❛✱ ❦♥♦✇♥ t♦ ❜❡ ✉♥❞❡❝✐❞❛❜❧❡ t♦ ❋❙▲❬◆●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳

❉❡t❡r♠✐♥✐st✐❝ t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t❛

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❆ ❞❡t❡r♠✐♥✐st✐❝ t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡ M = 〈❙,❊, s0, sh〉
✇❤❡r❡ ❙ ✐s t❤❡ st❛t❡ s♣❛❝❡✱ s0 ✐s ❛♥ ✐♥✐t✐❛❧ st❛t❡ ♦❢ ◗M ❛♥❞ sh ∈ ◗M ✐s ❛ ❤❛❧t✐♥❣ st❛t❡✳
❊ : ❙→ {❝1, ❝2}×{❙∪❙×❙} ✐s t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚r❛♥s✐t✐♦♥s ♦❢ ❢♦r♠ ❊(s) = (❝, s′)
✐♥❝r❡♠❡♥t t❤❡ ❝♦✉♥t❡r ❝ ❛♥❞ ❣♦ t♦ s′✱ ✇❤✐❧❡ tr❛♥s✐t✐♦♥s ♦❢ ❢♦r♠ ❊(s) = (❝, s′, s′′) ❡✐t❤❡r ❣♦
t♦ s′ ✐❢ t❤❡ ❝♦✉♥t❡r ❝ ❡q✉❛❧s 0 ♦r ❞❡❝r❡♠❡♥t ❝ ❛♥❞ ❣♦ t♦ s′′ ✐❢ ❝ > 0✳

❆ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢M ✐s ❛ tr✐♣❧❡ (s, c1, c2) ∈ ❙×N×N✱ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
❜❡✐♥❣ (s0, 0, 0)✳ ❆ ❤✐st♦r② ✐s t❤❡♥ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ❢♦❧❧♦✇s t❤❡ r✉❧❡s
♦❢ ❊✱ ✇❤✐❧❡ ❛ ♣❛t❤ ✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡✱ ❛❧s♦ ❢♦❧❧♦✇✐♥❣ t❤❡ r✉❧❡s ♦❢ ❊✳

❚❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ❢♦r t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t❛ t❛❦❡s ❛s ✐♥♣✉t ❛♥ ❛✉t♦♠❛t♦♥M ❛♥❞
❛s❦s ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥M t❤❛t ❡✈❡♥t✉❛❧❧② r❡❛❝❤❡s t❤❡ ❤❛❧t✐♥❣ st❛t❡✳

❚❤❡♦r❡♠ ✸✳✹✳ ✭▼✐♥s❦② ❬✸✼❪✮
❚❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ❢♦r t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t❛ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

❚❤❡ r❡❞✉❝t✐♦♥

▲❡t M = 〈❙,❊, s0, sh〉 ❜❡ ❛ t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t♦♥✳ ❲❡ st❛rt ❜② ❜✉✐❧❞✐♥❣ ❛ t✉r♥✲❜❛s❡❞
❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❜❡❢♦r❡ ❡①♣❧❛✐♥✐♥❣ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ♦✉r r❡❞✉❝t✐♦♥✳

• ❚❤❡r❡ ❛r❡ t✇♦ ❛❣❡♥ts ✐♥ ❆❣t✿ ❉❡❝✐❞❡r ✭r❡♣r❡s❡♥t❡❞ ❜❡❧♦✇ ✐♥ t❤❡ st❛t❡s✮ ❛♥❞
❈❤❡❝❦❡r ✭r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ st❛t❡s✮✳

• ❚❤❡ s❡t ♦❢ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ✐s ❆P := {pmain, phalt}∪{ps | s ∈ ❙}∪
⋃
j∈{1,2}{p

j
⊥, p

j , pj }✳

• ❚❤❡ st❛t❡ s♣❛❝❡ ✐s ◗ :=
⋃
s∈❙{s , s } ∪

⋃
j∈{1,2}{g

j , gj , gj⊥}✱ ✇✐t❤ t✇♦ st❛t❡s ♣❡r
❡❧❡♠❡♥t ♦❢ ❙ ✭✇❡ ✇✐❧❧ ❝❛❧❧ t❤❡♠ t❤❡ ♠❛✐♥ st❛t❡s✮ ❛♥❞ ♦♥❡ ❣❛❞❣❡t ♣❡r ❝♦✉♥t❡r✱ ❡❛❝❤
❤❛✈✐♥❣ t❤r❡❡ st❛t❡s✳

• ❋♦r ❡❛❝❤ s ∈ S✱ t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ s t♦ s ❀ ❢r♦♠ s t♦ gj ❢♦r ❛♥② j ∈ [1, 2]❀
❛♥❞ ❢r♦♠ s t♦ s′ ✇❤❡♥❡✈❡r E(s) = (❝j, s

′) ♦r E(s) = (❝j, s
′, s′′) ❢♦r s♦♠❡ j ∈ {1, 2}

❛♥❞ s♦♠❡ s′′ ∈ ❙✳

❲❡ ❛❧s♦ ❛❞❞ tr❛♥s✐t✐♦♥s ✐♥s✐❞❡ t❤❡ ❣❛❞❣❡ts✿ ❢r♦♠ gj t♦ gj ✱ ❢r♦♠ gj t♦ gj ✱ ❢r♦♠

gj t♦ gj⊥✱ ❢r♦♠ gj t♦ gj⊥ ❛♥❞ ❛ ❧♦♦♣ ♦✈❡r gj⊥ ❢♦r ❛♥② j ∈ [1, 2]✳ ❙❡❡ ❋✐❣✉r❡ ✸✳✸
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s s

s′ s′

s′′ s′′ ♠❛✐♥
st❛t❡s

g1g1

g1⊥

❝♦✉♥t❡r✭1✮

g2 g2

g2⊥

❝♦✉♥t❡r✭2✮

❋✐❣✉r❡ ✸✳✸✿ ❚❤❡ ❣❛♠❡ G✳

• ❲❡ ❧❛❜❡❧ ❡❛❝❤ ♠❛✐♥ sq✉❛r❡ st❛t❡ s ✭❢♦r s ∈ ❙✮ ✇✐t❤ ps ❛♥❞ ❡❛❝❤ ♠❛✐♥ st❛t❡ ✇✐t❤
pmain✳ ▼♦r❡♦✈❡r ❜♦t❤ ❝♦♣✐❡s ✭ ❛♥❞ ✮ ♦❢ t❤❡ ❤❛❧t✐♥❣ st❛t❡ sh ♦❢M ❛r❡ ❧❛❜❡❧❧❡❞
✇✐t❤ phalt✳ ❋✐♥❛❧❧②✱ ✇❡ ❧❛❜❡❧ t❤❡ t❤r❡❡ st❛t❡s ♦❢ ❡❛❝❤ ❣❛❞❣❡t ✇✐t❤ ❛♥ ❡♣♦♥②♠♦✉s
♣r♦♣♦s✐t✐♦♥✳

• ❲❡ ❛❧s♦ ✐❞❡♥t✐❢② ❛♥ ✐♥✐t✐❛❧ st❛t❡ ❢♦r G✿ qini ✐s t❤❡ ❝♦♣② ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ s0 ♦❢
M✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s ❢♦r ❉❡❝✐❞❡r ✭ ✮ t♦ r❡❝r❡❛t❡ ❛♥ ❛❝❝❡♣t✐♥❣ ♣❛t❤ ♦❢ M ✐♥ t❤❡ ✏♠❛✐♥
♣❛rt✑ ♦❢ G ❛♥❞ ❢♦r ❈❤❡❝❦❡r ✭ ✮ t♦ ❝❤❡❝❦ ❢♦r ❛♥② ❡rr♦r✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❧✐❡s ✐♥ t❤❡
❝♦✉♥t❡rs ✉♣❞❛t❡s✿ ❢♦r t❤✐s t❛s❦ ✇❡ ✇✐❧❧ ✏st♦r❡✑ ❛ ❝♦✉♥t❡r ✐♥t♦ ❛ str❛t❡❣② ❛♥❞ ❝❤❡❝❦ ✐t
❧❛t❡r ♦♥ t♦ ❡♥s✉r❡ ♣r♦♣❡r ✐♥❝r❡♠❡♥t❛t✐♦♥✴❞❡❝r❡♠❡♥t❛t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧② ❣✐✈❡♥ ❛ ♣❛t❤
ρ = ρ1.ρ2 . . . ✐♥ M ✇❡ ❛ss♦❝✐❛t❡ ❛ str❛t❡❣② δmain ❢♦r ❉❡❝✐❞❡r t❤❛t ✇✐❧❧ tr② t♦ ❝r❡❛t❡ t❤❡
♣❛t❤ π := ρ1 .ρ1 ρ2 .ρ2 . . . ❛♥❞ ❡♥❝♦❞❡ t❤❡ ✜rst ✭r❡s♣✳ s❡❝♦♥❞✮ ❝♦✉♥t❡r ❛t st❡♣ j t❤r♦✉❣❤

t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ✐t ❧♦♦♣s ♦♥ g1 .g1 ✭r❡s♣✳ g2 .g2 ✮ ❛❢t❡r ❤✐st♦r② ρ1 .ρ1 . . . ρj .g1
(
r❡s♣✳

ρ1 .ρ1 . . . ρj .g2
)
✳ ❋♦r t❤✐s ❡♥❝♦❞✐♥❣ t♦ ✇♦r❦✱ ✇❡ ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t δmain s❛t✐s✜❡s t❤❡

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦✉♥t❡r✱ ❞❡❛❧s ❝♦rr❡❝t❧② ✇✐t❤ t❤❡ ③❡r♦✲t❡st ❡❞❣❡s ❛♥❞ ✉♣❞❛t❡s t❤❡
❝♦✉♥t❡rs ❝♦rr❡❝t❧②✳

❚❤❡ ❢♦r♠✉❧❛

❇❡❢♦r❡ ❣♦✐♥❣ ✐♥t♦ ❞❡t❛✐❧s✱ ✇❡ ❣✐✈❡ t❤❡ ♠❛✐♥ ❢♦r♠✉❧❛ s♦ t❤❡ r❡❛❞❡r ❝❛♥ s❡❡ t❤❡ ♦r❞❡r ✐♥ t❤❡
q✉❛♥t✐✜❝❛t✐♦♥s✳

φ := ∃xmain.∃x∞.∃x→g1 .∃x→g2 .∃x
,

loop .∀xCount.

{
ψcode ∧ ψinit ∧ ψzero

∧ψAccept ∧ ψUpdate

❊❛❝❤ s✉❜✲❢♦r♠✉❧❛ s❡r✈❡s ❛ s♣❡❝✐✜❝ ♣✉r♣♦s❡ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❜❡❧♦✇ ✇✐t❤
s♦♠❡ ❝♦♠♠❡♥ts ❜❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥✳ ❲✐t❤✐♥ t❤❡ ♥❛♠❡ ♦❢ ❡❛❝❤



✻✻

✈❛r✐❛❜❧❡ ✇❡ ♠❛❦❡ ♦❜✈✐♦✉s t❤❡ ✐♥t❡♥❞❡❞ ❛❣❡♥t✳ ❚❤❡ xloop ✈❛r✐❛❜❧❡ ✇✐❧❧ ❜❡ ❛ss✐❣♥❡❞ t♦ ❜♦t❤
❛❣❡♥ts✱ ❛s ❛❧❧♦✇❡❞ ❜② ❋❙▲ s②♥t❛①✳ ■t s✐♠♣❧✐✜❡s t❤❡ ❢♦r♠✉❧❛ ❛♥❞ ❛✈♦✐❞s ❛❞❞✐♥❣ ❛♥♦t❤❡r
✈❛r✐❛❜❧❡✱ t❤❡ r❡s✉❧t ❤♦✇❡✈❡r st✐❧❧ ❤♦❧❞s ✐❢ ✇❡ ❢♦r❜✐❞ str❛t❡❣② s❤❛r✐♥❣ ❜❡t✇❡❡♥ t✇♦ ❛❣❡♥ts✳
❚♦ s❤♦rt❡♥ t❤❡ ❢♦r♠✉❧❛s✱ ✇❡ ❛❜❜r❡✈✐❛t❡ ✏❉❡❝✐❞❡r✑ t♦ ✏❉❡❝✑ ❛♥❞ ✏❈❤❡❝❦❡r✑ t♦ ✏❈❤❡✑✳

Pr❡❧✐♠✐♥❛r② ✇♦r❦

❲❡ st❛rt ❜② s♦♠❡ ♣r❡❧✐♠✐♥❛r② ✇♦r❦✳ ❚❤❡ ❢♦r♠✉❧❛ ψcode ❡♥s✉r❡s t❤❛t ❛♥② r❡❛❧✐s❛t✐♦♥ ♦❢
∃x∞ ♠✉st ❛❧✇❛②s ♣❧❛② t♦ t❤❡ ♠❛✐♥ st❛t❡s ❛♥❞ t❤❛t ❛♥② r❡❛❧✐s❛t✐♦♥ ♦❢ ∃x→gj ❢r♦♠ t❤❡ s
st❛t❡s ♠✉st ♣❧❛② t♦ gj ✳ ❋♦r♠❛❧❧②✱ ψcode := ψ1

code ∧ ψ
2
code ∧ ψ

3
code ✇✐t❤

ψ1
code := ❛ss✐❣♥(Dec, xmain;Che, x∞).● pmain

ψ2
code := ❛ss✐❣♥(Dec, xmain;Che, x∞).●

[
(
∨

s∈❙

ps )⇒ ❛ss✐❣♥(Che, x→g1)❳ g1
]

ψ3
code := ❛ss✐❣♥(Dec, xmain;Che, x∞).●

[
(
∨

s∈❙

ps )⇒ ❛ss✐❣♥(Che, x→g2)❳ g2
]

❚r✐✈✐❛❧❧②✱ ✇❡ ❤❛✈❡

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ●✐✈❡♥ ❢♦✉r str❛t❡❣✐❡s δmain✱ δ∞✱ δ→g1 ❛♥❞ δ→g2✱ ✇❡ ❤❛✈❡ t❤❛t

G, qini |=
{xmain→δmain; x∞→δ∞ ; x

→g1
→δ

→g1
; x

→g2
→δ

→g2
}

∧

∈[1;3]

ψcode

✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦✉t❝♦♠❡ ♦❢ δmain ❛♥❞ δ∞ ❢♦❧❧♦✇s t❤❡ ♠❛✐♥ st❛t❡s ❛♥❞ ❢♦r j ∈ {1, 2} ❛♥❞

❛♥② s st❛t❡ ✭s ∈ ❙✮✱ δ→gj ♦♥ ❤✐st♦r② s ♣❧❛②s t♦ gj✳

❈♦♥s✐❞❡r ❛ str❛t❡❣② δmain ✐♥t❡♥❞❡❞ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ xmain✳ ■t ❞❡✜♥❡s ❛ ✭✉♥✐q✉❡✮ s❡✲
q✉❡♥❝❡ (si, ci1, c

i
2)i∈N ♦❢ (❙×N∪{∞}×N∪{∞})N ✇❤❡r❡ si = δmain(s

1 .s1 . . . si−1) ❛♥❞ ❢♦r

j ∈ {1, 2}✱ cij ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ δmain ❧♦♦♣s ♦♥ gj .gj ❛❢t❡r ❤✐st♦r② s1 .s1 . . . si .gj ✳
❲❡ ✉s❡ t❤❡ s❡q✉❡♥❝❡ t♦ ❡♥❝♦❞❡ t❤❡ ❝♦✉♥t❡r ✈❛❧✉❡s✳

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

❲❡ ❞❡✜♥❡ t❤❡ ❢♦r♠✉❧❛ ψinit ❜❡❧♦✇ t♦ ❡♥s✉r❡ t❤❛t ❜♦t❤ ❝♦✉♥t❡rs ❛r❡ ✐♥✐t✐❛❧✐s❡❞ t♦ ③❡r♦✳

ψinit :=
∧

j∈{1,2}

❛ss✐❣♥(Dec, xmain;Che, x→gj).❳
2gj⊥

Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ ❋✐① ❢♦✉r str❛t❡❣✐❡s δmain✱ δ∞✱ δ→g1 ❛♥❞ δ→g2 s✉❝❤ t❤❛t t❤❡② s❛t✐s❢②
∧
∈[1;3] ψ


code✳ ❲r✐t❡ (si, ci1, c

i
2)i∈N ❢♦r t❤❡ s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ δmain ❛♥❞ δ∞ ✐♥ (❙ ×

N ∪ {∞} × N ∪ {∞})N✳ ❚❤❡♥

G, qini |=
{xmain→δmain; x∞→δ∞ ; x

→g1
→δ

→g1
; x

→g2
→δ

→g2
}
ψinit ⇔ c11 = c12 = 0.



✻✼

Pr♦♦❢✳ ❆ss✉♠❡

G, qini |=
{xmain→δmain; x∞→δ∞ ; x

→g1
→δ

→g1
; x

→g2
→δ

→g2
}
ψinit ✭✸✳✶✮

❇❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✺✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ {xmain → δmain; x→g1 → δ→g1} st❛rts ❛s
qini.g

1 ✱ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ ❋♦r♠✉❧❛ ✭✸✳✶✮✱ ✐t ❝♦♥t✐♥✉❡s ❛s qini.g1 .g1⊥ ❛♥❞ t❤❡r❡❢♦r❡ c11 = 0✳
❚❤❡ s❛♠❡ ✐❞❡❛ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s❤♦✇ t❤❛t c12 = 0✳ ❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✐s s✐♠✐❧❛r✿ ✐❢
❋♦r♠✉❧❛ ✭✸✳✶✮ ❞♦❡s ♥♦t ❤♦❧❞✱ t❤❡♥ c11 6= 0 ♦r c12 6= 0✳

❚❤❡ ③❡r♦ t❡sts

❲❡ ❞❡✜♥❡ t❤❡ ❢♦r♠✉❧❛ ψzero ❜❡❧♦✇✳ ■ts r♦❧❡ ✐s t♦ ❡♥s✉r❡s t❤❛t ✇❤❡♥❡✈❡r t❤❡ ♦✉t❝♦♠❡ ♦❢
{Dec, xmain; Che, x∞} t❛❦❡s ❛ ③❡r♦✲t❡st ❡❞❣❡ ♦♥ ❝♦✉♥t❡r ✶ ✭r❡s♣✳ ✷✮ ❜❡t✇❡❡♥ st❡♣ i ❛♥❞
i + 1✱ δmain ❡♥❝♦❞❡s ❛t st❡♣ i t❤❡ ✈❛❧✉❡ 0 ♦♥ t❤❡ ❣❛❞❣❡t ✶✭r❡s♣✳ ✷✮✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡
❝♦✉♥t❡r ❡♥❝♦❞❡❞ ❛t st❡♣ i+ 1 ✐s 0 ✇✐❧❧ ❜❡ ❡♥s✉r❡❞ ✐♥ t❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥✴❞❡❝r❡♠❡♥t❛t✐♦♥
st❡♣ ❧❛t❡r ♦♥✳

ψzero :=
∧

j,s,s′ s.t.
j∈{1,2}

E(s)=(❝j ,s
′,s′′)

❛ss✐❣♥(Dec, xmain;Che, x∞). ●

{
(ps ∧❳

2ps′ )⇒

❛ss✐❣♥(Che, x→gj)(❳ gj ∧❳ 2gj⊥)

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❋✐① ❢♦✉r str❛t❡❣✐❡s δmain✱ δ∞✱ δ→g1 ❛♥❞ δ→g2 s✉❝❤ t❤❛t t❤❡② s❛t✐s❢②∧
∈[1;3] ψ


code✳ ❲r✐t❡ (si, ci1, c

i
2)i∈N ❢♦r ✐ts ❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡ ✐♥ (❙×N∪{∞}×N∪{∞})N✳

❚❤❡♥

G, qini |=
{xmain→δmain; x∞→δ∞ ; x

→g1
→δ

→g1
; x

→g2
→δ

→g2
}
ψzero

⇔ ∀i ∈ N ∀j ∈ {1, 2} ∀s′′ ∈ ❙ ❊(si) = (❝j, s
i+1, s′′)⇒ cij = 0

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t

G, qini |=
{xmain→δmain; x∞→δ∞ ; x

→g1
→δ

→g1
; x

→g2
→δ

→g2
}
ψzero ✭✸✳✷✮

❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts s′′ ∈ ❙✱ i ∈ N ❛♥❞ j ∈ {1, 2} ✇✐t❤ ❊(si) = (❝j, s
i+1, s′′)✳ ❆❢t❡r 2i

st❡♣s✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ {δmain; δ∞} ✇✐❧❧ s❛t✐s❢② (ps ∧❳
2ps′ )✳ ❚❤✐s ♠❡❛♥s✱ ❜② ❋♦r♠✉❧❛ ✭✸✳✷✮✱

t❤❛t ❛t st❡♣ 2i✱ ✐t ♠✉st ❛❧s♦ s❛t✐s❢② ❛ss✐❣♥(Che, x→gj)(❳ gj ∧❳ 2gj⊥) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
cij = 0 ❜② ❞❡✜♥✐t✐♦♥ ♦❢ cij✳

❚❤❡ ❝♦♥✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ✐s ❞♦♥❡ s✐♠✐❧❛r❧② ❜② ❛ss✉♠✐♥❣ t❤❛t ❋♦r♠✉❧❛ ✭✸✳✷✮ ❞♦❡s ♥♦t
❤♦❧❞ ❛♥❞ ❞❡❞✉❝✐♥❣ s♦♠❡ i✱ j ❛♥❞ s′′ s✉❝❤ t❤❛t ❊(si) = (❝j, s

i+1, s′′) ❛♥❞ cij 6= 0✳



✻✽

❚❤❡ ♣❛t❤ ❡♥❝♦❞❡❞ r❡❛❝❤❡s t❤❡ ❤❛❧t✐♥❣ st❛t❡ ✐♥ M

❲❡ s❡t
ψAccept := ❛ss✐❣♥(Dec, xmain;Che, x∞).❋ phalt

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤✉s ♦♠✐tt❡❞✳

Pr♦♣♦s✐t✐♦♥ ✸✳✽✳ ❋✐① t✇♦ str❛t❡❣✐❡s δmain ❛♥❞ δ∞✱ ❛♥❞ ✇r✐t❡ (si, ci1, c
i
2)i∈N ❢♦r t❤❡ ❛ss♦✲

❝✐❛t❡❞ s❡q✉❡♥❝❡ ♦❢ δmain ❛♥❞ δ∞✳

G, qini |=
{xmain→δmain; x∞→δ∞ }

ψAccept ⇔ ∃i ∈ N phalt ∈ ❧❛❜❡❧s(si)

❙t♦r✐♥❣ ❝♦✉♥t❡r ✈❛❧✉❡s ✇✐t❤✐♥ str❛t❡❣✐❡s

❚♦ ❝❤❡❝❦ t❤❡ ❝♦✉♥t❡r ✉♣❞❛t❡s✱ ✇❡ st♦r❡ t❤❡♠ ✇✐t❤✐♥ ❛ str❛t❡❣② ✉s✐♥❣ t❤❡ s♣❡❝✐✜❝✐t② ♦❢
❋❙▲❬◆●❪✳ ❋✐rst✱ ❢♦r j ∈ {1, 2} ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡♥ ❢♦r♠✉❧❛

ψjEgal := ❛ss✐❣♥(Che, x→gj).❳ ❛ss✐❣♥(Che, xCount).❋





gj

∧❳ gj⊥

∧❛ss✐❣♥(Dec, x ,
loop )

{
❳¬gj⊥
∧❳ 2gj⊥

❲❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t✇♦ str❛t❡❣✐❡s δmain ❛♥❞ δCount✱ ✐♥t❡♥❞❡❞ r❡s♣❡❝t✐✈❡❧②
❢♦r t❤❡ ✈❛r✐❛❜❧❡s xmain ❛♥❞ xCount✱ ❧♦♦♣ r❡s♣❡❝t✐✈❡❧② ♦♥ gj ❛♥❞ gj ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ❋✐① i ∈ N✱ j ∈ {1, 2} ❛♥❞ ❛ ❤✐st♦r② ρ t❤❛t tr❛✈❡❧s t❤r♦✉❣❤ t❤❡ ♠❛✐♥

st❛t❡s ❛♥❞ ✜♥✐s❤❡s ✐♥ ❛ ps st❛t❡s✳ ❋✐① ❛♥② ❢♦✉r str❛t❡❣✐❡s δmain✱ δ∞✱ δCount ❛♥❞ δ ,
loop

✇❤❡r❡ δ ,
loop ❛❧✇❛②s ♣❧❛②s ❢r♦♠ gj t♦ gj ✳ ❲r✐t❡ (si, ci1, c

i
2)i∈N ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡

♦❢ δmain ❛♥❞ δ∞✳ ▲❡t

χ := {Dec→ δmain; Che→ δ∞; xCount → δCount; x
,

loop → δ ,
loop }

❚❤❡♥

G, gj |=χ ρ
−→

ψjEgal ⇔ δCount ❧♦♦♣s c
|ρ|
j t✐♠❡s ♦♥ gj

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t δCount ❧♦♦♣s c
|ρ|
j t✐♠❡s ♦♥ gj ✳ ❚❤❡♥✱ r❡✉s✐♥❣ t❤❡ χ ρ

−→
♥♦t❛t✐♦♥ ❢♦r t❤❡

✢♦❛t✐♥❣ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ {Dec → δCount; Che → (δmain)ρ.gj

−−−→

} ❢r♦♠

gj ✇✐❧❧ ❧♦♦♣ c|ρ|j t✐♠❡s ♦♥ gj .gj ❜❡❢♦r❡ s❡❡✐♥❣ gj t❤❡♥ gj⊥ ✭❛s δmain st♦♣s ❧♦♦♣✐♥❣ ❛❢t❡r

c
|ρ|
j t✐♠❡s✮✳ ❍❡♥❝❡

G, gj |=χ ρ
−→

❛ss✐❣♥(Che, x→gj).❳
(
❛ss✐❣♥(Che, xCount).❋ (gj ∧❳ gj⊥)

)
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▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❛ss✐❣♥ δ ,
loop t♦ x ,

loop ❛❢t❡r |ρ| st❡♣s t❤❡♥✱ ❜❡❝❛✉s❡ δCount ✐s ❛❧s♦ ❞♦♥❡

❧♦♦♣✐♥❣ ❛♥❞ ❦❡❡♣s ✐ts ❤✐st♦r②✱ δCount ✇✐❧❧ s❡♥❞ t❤❡ ♦✉t❝♦♠❡ t♦ gj⊥✳ ❍❡♥❝❡

G, gj |=χ ρ
−→

ψjEgal

❛♥❞ t❤❡ ⇐ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✾ ❤♦❧❞s✳ ❚❤❡ ♦t❤❡r ✇❛② ✐s s✐♠✐❧❛r ❛♥❞ Pr♦♣♦s✐✲
t✐♦♥ ✸✳✾ ♠✉st ❤♦❧❞✳

❚❡st ❢♦r ✐♥❝r❡♠❡♥t❛t✐♦♥ ❛♥❞ ❞❡❝r❡♠❡♥t❛t✐♦♥

❯s✐♥❣ ❢♦r♠✉❧❛s s✐♠✐❧❛r t♦ ψjEgal✱ ✇❡ ❝❛♥ t❡st ✐❢ t❤❡ str❛t❡❣② st♦r❡❞ ✐♥ xCount ❧♦♦♣s ♦♥❡

♠♦r❡ ♦r ♦♥❡ ❧❡ss t✐♠❡ t❤❛♥ t❤❡ ♦♥❡ st♦r❡❞ ✐♥ xmain✳

ψjInc := ❛ss✐❣♥(Che, x→gj). ❳ ❛ss✐❣♥(Che, xCount). ❋





gj ∧❳ gj⊥

∧❛ss✐❣♥(Dec, x ,
loop ).

{
❳ 3¬gj⊥
∧ ❳ 4gj⊥

ψjDec := ❛ss✐❣♥(Che, x→gj). ❳ ❛ss✐❣♥(Che, xCount). ❋





gj ∧❳ gj⊥

∧❛ss✐❣♥(Che, x ,
loop ).

{
❳ 2¬gj⊥
∧ ❳ 3gj⊥

❙✐♠✐❧❛r❧② t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✾✱ ✇❡ ❣❡t

Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✳ ❋✐① i ∈ N✱ j ∈ {1, 2} ❛♥❞ ❛ ❤✐st♦r② ρ t❤❛t tr❛✈❡❧s t❤r♦✉❣❤ t❤❡ ♠❛✐♥

st❛t❡s ❛♥❞ ✜♥✐s❤❡s ✐♥ ❛ ps st❛t❡s✳ ❋✐① ❛♥② ❢♦✉r str❛t❡❣✐❡s δmain✱ δ∞✱ δCount ❛♥❞ δ ,
loop

✇❤❡r❡ δ ,
loop ❛❧✇❛②s ♣❧❛②s ❢r♦♠ gj t♦ gj ❛♥❞ ❢r♦♠ gj t♦ gj ✳ ❲r✐t❡ (si, ci1, c

i
2)i∈N ❢♦r t❤❡

❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡ ♦❢ δmain ❛♥❞

χ := {Dec→ δmain; Che→ δ∞; xCount → δCount; x
,

loop → δ ,
loop }

❚❤❡♥

G, gj |=χ ρ
−→

ψjInc ⇔ δCount ❧♦♦♣s c
|ρ|
j + 1 t✐♠❡s ♦♥ gj

G, gj |=χ ρ
−→

ψjDec ⇔ δCount ❧♦♦♣s c
|ρ|
j − 1 t✐♠❡s ♦♥ gj

❯♣❞❛t✐♥❣ ❝♦✉♥t❡r ✈❛❧✉❡s

❯s✐♥❣ t❤❡ ✇♦r❦ ❞♦♥❡ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ♥♦✇ s♣❡❝✐❢② t❤❡ ❢♦r♠✉❧❛ ❡♥❝♦❞✐♥❣ ♣r♦♣❡r ❝♦✉♥t❡rs
✉♣❞❛t❡s✳

ψUpdate :=
∧

j∈{1,2}

❛ss✐❣♥(Dec, xmain;Che, x∞).● (ψ= ∧ ψ+ ∧ ψ−)



✼✵

▲♦♦♣ ci1 t✐♠❡s

▲♦♦♣ ci1 t✐♠❡s

▲♦♦♣ ci+1
1 t✐♠❡s

▲♦♦♣ ci1 t✐♠❡s

◆✉♠❜❡r ♦❢ st❡♣s i i+ 2

ρ❖✉t❝♦♠❡ ♦❢ δmain, δ∞
s s s′

δmain ♦♥ ❤✐st♦r② ρ.s

�

δCount ♦♥ ❡♠♣t② ❤✐st♦r②

δmain
♦♥ ❤✐st♦r② ρ.s .s .s′

δCount ♦♥ ❡♠♣t② ❤✐st♦r②

�

❋✐❣✉r❡ ✸✳✹✿ ❚❡st✐♥❣ ❢♦r ❛♥ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ✜rst ❝♦✉♥t❡r ❛t st❡♣ i✳

✇❤❡r❡

ψ+ :=
∧

s,s′|❊(s)=(❝j ,s′)

(ps ∧❳
2ps′ )⇒ ψjEgal ⇒ ❳ 2ψjInc

ψ= :=
∧

s,s′|❊(s)=(❝j ,s′)

(ps ∧❳
2ps′ )⇒ ψjEgal ⇒ ❳ 2ψjEgal

ψ− :=
∧

s,s′|❊(s)=(❝j ,s′)

(ps ∧❳
2ps′ )⇒ ψjEgal ⇒ ❳ 2ψjDec

❋✐❣✉r❡ ✸✳✹ ✐❧❧✉str❛t❡s t❤❡ ✐❞❡❛✳ δCount ❧♦♦♣s t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ✇❤❡♥ ❛ss✐❣♥❡❞
❛❢t❡r ❤✐st♦r② ρ.s ❛♥❞ ❛❢t❡r ❤✐st♦r② ρ.s .s .s′ ✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ✢♦❛t✐♥❣ s❡♠❛♥t✐❝s ♦❢

❋❙▲ ❛♥❞ ✐s ♥♦t tr✉❡ ✐♥ ❙▲✳ ❚❤❡ str❛t❡❣② δCount ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❜❡r
♦❢ t✐♠❡s δmain ❧♦♦♣s ❛❢t❡r ❤✐st♦r② ρ.s ❛♥❞ ❛❢t❡r ❤✐st♦r② ρ.s .s .s′ ✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥
❛❧❧♦✇s ✉s t♦ ❝❤❡❝❦ ❢♦r ♣r♦♣❡r ✉♣❞❛t❡ ♦❢ ❛ ❝♦✉♥t❡r ✈❛❧✉❡s✳

❈♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥

❚❤✐s t❡r♠✐♥❛t❡s t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛r② ❢♦r♠✉❧❛s✳ ❯s✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥s
♣r♦✈✐❞❡❞ ✐♥ ❡❛❝❤ ♣❛rt✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇♦r❦✐♥❣
str❛t❡❣② δmain ✐♥ G ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛❝❝❡♣t✐♥❣ ♣❛t❤ ✐♥M✳ ❚❤✐s ✐s ❞♦♥❡ t❤r♦✉❣❤
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ ❚❤❡r❡ ✐s ❛♥ ❛❝❝❡♣t✐♥❣ ♣❛t❤ ✐♥M ✐❢ ❛♥❞ ♦♥❧② ✐❢ G, qini |= φ

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡r❡ ✐s ❛♥ ❛❝❝❡♣t✐♥❣ ♣❛t❤ (qi, ci1, c
i
2)i∈N✳ ▲❡t δmain ❜❡ ❛ str❛t❡❣② ✇✐t❤

❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡ (qi, ci1, c
i
2)i∈N ✭✐♥t❡♥❞❡❞ ❢♦r xmain✮✳ ▲❡t ❛❧s♦ δ∞✱ δ→g1 ✱ δ→g2 ❛♥❞ δ ,

loop

❜❡ ❢♦✉r str❛t❡❣✐❡s s✉❝❤ t❤❛t
G, qini |=χ ψcode

✇❤❡r❡

χ := {xmain → δmain; x∞ → δ∞; x→g1 → δ→g1 ; x→g2 → δ→g2 ; x
,

loop → δ ,
loop }
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❚❤❡♥✱ ❜❡❝❛✉s❡ (qi, ci1, c
i
2)i∈N ✐s ❛♥ ❛❝❝❡♣t✐♥❣ ♣❛t❤ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✺✱ ✸✳✻✱

✸✳✼✱ ✸✳✽✱ ✸✳✾ ❛♥❞ ✸✳✶✵✱ ✇❡ ❤❛✈❡ t❤❛t

G, qini |=χ ψinit ∧ ψzero ∧ ψAccept ∧ ψUpdate

❋♦r t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✱ ❛ss✉♠❡ t❤❡r❡ ✐s ♥♦ ❛❝❝❡♣t✐♥❣ ♣❛t❤ ❛♥❞ ✜① ❛♥② ✜✈❡ str❛t❡✲
❣✐❡s δmain✱ δ∞✱ δ→g1 ✱ δ→g2 ❛♥❞ δ ,

loop ✳ ❲r✐t❡

χ := {xmain → δmain; x∞ → δ∞; x→g1 → δ→g1 ; x→g2 → δ→g2 ; x
,

loop → δ ,
loop }

■❢ G, qini 6|=χ ψCode✱ tr✐✈✐❛❧❧② G, qini 6|=χ ψCode∧ψinit∧ψzero∧ψAccept∧ψUpdate✳ ❙♦ ✇❡ ❛ss✉♠❡
G, qini |=χ ψCode✳

▲❡t (qi, ci1, c
i
2)i∈N ❜❡ t❤❡ s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ δmain✳ ❇② ❤②♣♦t❤❡s✐s✱ (qi, ci1, c

i
2)i∈N

❝❛♥♥♦t ❜❡ ❛♥ ❛❝❝❡♣t✐♥❣ ♣❛t❤✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

• ❋✐rst ♣♦ss✐❜✐❧✐t②✱ ✐t ✐s ❛ ♣❛t❤ ❜✉t ✐t ❞♦❡s ♥♦t r❡❛❝❤ ❛♥ ❛❝❝❡♣t✐♥❣ st❛t❡✳ ■♥ t❤✐s ❝❛s❡✱
❜② Pr♦♣♦s✐t✐♦♥ ✸✳✽✱ G, qini 6|=χ ψAccept✳

• ❙❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✱ (qi, ci1, c
i
2)i∈N ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛ ✈❛❧✐❞ ♣❛t❤✳

✕ ■❢ ✐t ❢❛✐❧s ❛ ③❡r♦ t❡st t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✼ ✇❡ ❤❛✈❡ t❤❛t G, qini 6|=χ ψzero✳

✕ ■❢ ✐t ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ♣r♦♣❡r ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❝♦✉♥t❡rs✱ t❤❡♥ ❜② Pr♦♣♦s✐✲
t✐♦♥ ✸✳✻ ✇❡ ❤❛✈❡ t❤❛t G, qini 6|=χ ψinit✳

✕ ■❢ ✐t ❢❛✐❧s t♦ ✉♣❞❛t❡ ♦♥❡ ♦❢ t❤❡ ❝♦✉♥t❡rs✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥s ✸✳✾ ❛♥❞ ✸✳✶✵ ✇❡
❤❛✈❡ t❤❛t G, qini 6|=χ ψUpdate✳

■♥ ❛♥② ❝❛s❡✱ δmain ✐s ♥♦t ❛♥ ❛❞❡q✉❛t❡ str❛t❡❣② ❛♥❞ t❤❡r❡❢♦r❡ G, qini |= φ✳

❚❤✐s ❧❛st ♣r♦♣♦s✐t✐♦♥ ♣r♦✈❡s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡❞✉❝t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ❣✐✈❡s ✉s
❚❤❡♦r❡♠ ✸✳✷✳

✸✳✸ ❉❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❘✲❋❙▲❬◆●❪

❚❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❙▲❬◆●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❝♦♠❡s ❢r♦♠ t❤❡ ❛❜✐❧✐t② t♦ ❝♦♠♣❛r❡ str❛t❡❣②
❝❤♦✐❝❡s ♦♥ ♠✉❧t✐♣❧❡ ❤✐st♦r✐❡s✳ ❖♥❡ ✇❛② t♦ ❣❛✐♥ ❞❡❝✐❞❛❜✐❧✐t② ♦♥ ❛ ❢r❛❣♠❡♥t ♦❢ ❋❙▲ ✐s t♦
❢♦r❝❡ ❛ r❡❛ss✐❣♥♠❡♥t ♦❢ ❛❧❧ ❛❣❡♥ts✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ❝♦♠♣❛r✐s♦♥ ♦❢ str❛t❡❣✐❡s ❝❛♥ ♦♥❧②
❜❡ ❞♦♥❡ ♦♥ ❛ ❝♦♠♠♦♥ ❤✐st♦r②✿ ❛s ✇❡ r❡❛ss✐❣♥ ❛❧❧ t❤❡ ❛❣❡♥ts ❛t ❡✈❡r② r❡❛ss✐❣♥♠❡♥t✱ ❛♥②
t✇♦ ❛❣❡♥ts ❛t ❛♥② ♠♦♠❡♥t ✐♥ t❤❡ ❣❛♠❡ ❛♥❞ ♦♥ ❛♥② ❜r❛♥❝❤ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✇✐❧❧ ❛❧✇❛②s
s❤❛r❡ ❛ ❝♦♠♠♦♥ ❤✐st♦r②✳ ❋✐❣✉r❡ ✸✳✺ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡s✳ ❲✐t❤ ❋❙▲ ✇❡ ❝❛♥ ❝♦rr❡❧❛t❡
t❤❡ ❝❤♦✐❝❡s ♦❢ ❛ str❛t❡❣② ♦♥ t❤❡ ♦r❛♥❣❡ ❤✐st♦r② ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦♥ t❤❡ r❡❞ ❤✐st♦r② ❜②
❝❤❡❝❦✐♥❣ t❤❡ ♦✉t❝♦♠❡ t❤❡② ♣r♦❞✉❝❡s ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛♥ ❛♥♥❡① str❛t❡❣② ♦♥ ❛ ✜①❡❞
❤✐st♦r② ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❣♦❧❞ ❛rr♦✇ ♦♥ ✜①❡❞ ❤✐st♦r② q✮✳ ■♥ ❙▲ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t✇♦
str❛t❡❣✐❡s ❤❛♣♣❡♥s ♦♥ t❤❡ s❛♠❡ ❤✐st♦r② ❤❡♥❝❡ ✇❡ ❝❛♥♥♦t ❝♦♠♣❛r❡ t❤❡ ❝❤♦✐❝❡s ♠❛❞❡ ❜② ❛
str❛t❡❣② ♦♥ t❤❡ ♦r❛♥❣❡ ❛♥❞ r❡❞ ❤✐st♦r✐❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ ❢r❛❣♠❡♥t ❋❘✲❋❙▲❬◆●❪
❜❡t✇❡❡♥ ❋❙▲❬◆●❪ ❛♥❞ ❋❙▲❬❇●❪ ✭✇❤✐❝❤ ✇❡ r❡❝❛❧❧ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❙▲❬❇●❪✮ ❛♥❞ ♣r♦✈❡ t❤❛t ✐ts
♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s ❞❡❝✐❞❛❜❧❡✳
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q0

q

q

q

❲❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡

❝❤♦✐❝❡s ♦♥ t❤❡ ✲✲ ❛♥❞ ✲✲

❤✐st♦r✐❡s ❜② ❝♦♠♣❛r✐♥❣

❜♦t❤ ♦✉t❝♦♠❡s ✇✐t❤

t❤❡ ✲✲ ❝❤♦✐❝❡ ♦♥ q

q0

q

q

q

❲❡ ❝❛♥♥♦t ❝♦♠♣❛r❡ ✇❤❡♥

✇❡ r❡❛ss✐❣♥ ❡✈❡r② ❛❣❡♥t✳

❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❛♥♥❡①

str❛t❡❣② ♠✉st ❤❛♣♣❡♥ ♦♥ t❤❡

s❛♠❡ ❤✐st♦r②

❋❙▲❬◆●❪ ❋❘✲❋❙▲❬◆●❪
q0

q

q

q0

q

q

❋✐❣✉r❡ ✸✳✺✿ ❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❋❙▲❬◆●❪ ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ❋❘✲❋❙▲❬◆●❪ ✭♦♥ t❤❡ r✐❣❤t✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶✷ ✭❋❙▲❬◆●❪ ✇✐t❤ ❢✉❧❧ r❡❛ss✐❣♥♠❡♥ts✿ ❋❘✲❋❙▲❬◆●❪✮✳
❆ ✢❛t ❋❘✲❋❙▲❬◆●❪ ❢♦r♠✉❧❛ ♦✈❡r ❛ s❡t ♦❢ ❛❣❡♥ts ❆❣t := {A1, . . . Aλ} ❛♥❞ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s
V := {x1, . . . } ♦❜❡② t❤❡ ❣r❛♠♠❛r

❋❘✲❋❙▲❬◆●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A1, x1; . . . ;Aλ, xλ).ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | β

✇❤❡r❡ x, x1, . . . , xλ ❛r❡ ✈❛r✐❛❜❧❡s ✐♥ V✳

❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t② ❛♥❞ ❜❡❝❛✉s❡ ❛♥② ❛ss✐❣♥♠❡♥t ♠✉st r❡❛ss✐❣♥ ❛❧❧ t❤❡ ❛❣❡♥ts✱
✇❡ r❡❣r♦✉♣ t❤❡ ❛ss✐❣♥() ♦♣❡r❛t♦rs t♦ ✇♦r❦ ♦♥ ❛❧❧ ❛❣❡♥ts ❛t ♦♥❝❡✳ ❆s ✉s✉❛❧✱ t❤❡ ♥♦♥ ✢❛t
❢r❛❣♠❡♥t ❛❧❧♦✇s ❝❧♦s❡❞ ❢♦r♠✉❧❛s ❛t t❤❡ s❛♠❡ ❧❡✈❡❧ ❛s ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳ ❚❤❡ s❡♠❛♥t✐❝s
❢♦❧❧♦✇ t❤❡ ♦♥❡s ♦❢ ❋❙▲ ❛♥❞ ❋❙▲❬◆●❪✳

❈♦♥s✐❞❡r t❤❡ t✇♦ ❝❧♦s❡❞ ❢♦r♠✉❧❛s ❜❡❧♦✇ ✇❤❡r❡ A ❛♥❞ B ❛r❡ t✇♦ ❛❣❡♥ts✿

φ1 :=∃x1.∀x2.∃x3. ❛ss✐❣♥(A, x1;B, x2).
(
❋ p ∧ ❛ss✐❣♥(B, x3)●¬p

)

φ2 :=∃x1.∀x2.∃x3. ❛ss✐❣♥(A, x1;B, x2).
(
❋ p ∧ ❛ss✐❣♥(A, x1;B, x3).●¬p

)

■♥ φ1✱ ✇❡ ❝❛♥ s❡❡ t✇♦ ❣♦❛❧s✿ ❛ st❛♥❞❛r❞ ❣♦❛❧ ❛ss✐❣♥(A, x1;B, x2).
(
❋ p∧❛ss✐❣♥(B, x3).●¬p

)

❛♥❞ ❛ ♥❡st❡❞ ❣♦❛❧ ❛ss✐❣♥(B, x3).●¬p ✇✐t❤✐♥ t❤❡ st❛♥❞❛r❞ ♦♥❡✳ ❋♦r♠✉❧❛ φ1 ✐s ♥♦t ✐♥
❋❘✲❋❙▲❬◆●❪ ❜❡❝❛✉s❡ ❛ss✐❣♥(B, x3).●¬p ❞♦❡s ♥♦t r❡❛ss✐❣♥ t❤❡ str❛t❡❣② ♦❢ ❛❣❡♥t A✳ ❚❤❡
str❛t❡❣✐❡s ♦❢ ❛❣❡♥ts A ❛♥❞ B ❛r❡ r✉♥♥✐♥❣ ♦♥ ❞✐✛❡r❡♥t ❤✐st♦r✐❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ φ2 ✐s
✐♥ ❋❘✲❋❙▲❬◆●❪✱ t❤❡ ♥❡st❡❞ ❣♦❛❧ ❛ss✐❣♥(A, x1;B, x3).●¬p r❡❛ss✐❣♥s ❡✈❡r② ❛❣❡♥t ❛♥❞ t❤❡✐r
❤✐st♦r✐❡s r✉♥ ♦♥ t❤❡ s❛♠❡ ❤✐st♦r②✳ ❚❤✐s ❝♦♠♠♦♥ ❤✐st♦r② ♠❛❦❡s ❛❧❧ t❤❡ ❞✐✛❡r❡♥❝❡✳

❚❤❡♦r❡♠ ✸✳✶✸✳ ❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❝❧♦s❡❞ ❢♦r♠✉❧❛s ♦❢ ✭t❤❡ ✢❛t ❢r❛❣♠❡♥t✮

❋❘✲❋❙▲❬◆●❪♭ ✇✐t❤ k ❛❧t❡r♥❛t✐♦♥s ✐s ✐♥ (k + 2 )✲EXPTIME✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ❛ r❡❞✉❝t✐♦♥ t♦ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✱ ❦♥♦✇♥ t♦ ❜❡ ❞❡❝✐❞❛❜❧❡
✭s❡❡ ❈❤❛♣t❡r ✷✮✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❧✐❢t t❤❡ ✢♦❛t✐♥❣ ❢✉❧❧② r❡❛ss✐❣♥❡❞ ♥❡st❡❞ ❣♦❛❧s ✐♥t♦ t❤❡
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❣❛♠❡ ✐♥ ♦r❞❡r t♦ ❣❡t s♦♠❡t❤✐♥❣ ❜❡❧♦♥❣✐♥❣ t♦ ❙▲❬❇●❪✳ ❲❡ ❝❛♥ t❤❡♥ ❝❤❡❝❦ t❤❡ ♥❡✇ ❢♦r♠✉❧❛
t❤r♦✉❣❤ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❝❡♥tr❛❧ ✐❞❡❛ ❛t t❤❡ ❤❡❛rt ♦❢ ❋❘✲❋❙▲❬◆●❪
❝❛♥ ❜❡ ❡①♣r❡ss❡❞ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✶✹✳ ❋✐① ❛ ❣❛♠❡ H✱ ❛ ❣♦❛❧ ψ ✐♥ ❋❘✲❋❙▲❬◆●❪ ✭❤❡♥❝❡ st❛rt✐♥❣ ❜② ❛ ❢✉❧❧ r❡❛s✲
s✐❣♥♠❡♥t✮ ❛♥❞ ❛ ✈❛❧✉❛t✐♦♥ χ ✐♥ H ✇✐t❤ ❢r❡❡(ψ) ⊆ ❞♦♠(χ)✳ ❚❤❡♥✱ ❢♦r ❛♥② ❤✐st♦r② π ✐♥
H✱

H, ❧st(π) |=χπ
−→
ψ ⇔ H, ❧st(π) |=χ ψ

❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❋❙▲ ✇❤❡r❡ ❛❧❧ ❛❣❡♥ts ❛r❡ r❡❛ss✐❣♥❡❞ ❛ ♥❡✇
str❛t❡❣② ♦♥ ❡♠♣t② ❤✐st♦r②✱ ❛♥❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ str❛t❡❣✐❡s ✉s❡❞ ❜② t❤❡ ❛❣❡♥ts ❛t
st❡♣ i ❛❧❧ s❤❛r❡ ❛ ❝♦♠♠♦♥ ❤✐st♦r②✳ ❚❤❡ ❧❡♠♠❛ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ♥❡st❡❞ ❣♦❛❧s ♦❢ ❋❙▲❬◆●❪✱
✇❤❡r❡ t❤❡r❡ ♠❛② ❜❡ t✇♦ str❛t❡❣✐❡s ❛ss✐❣♥❡❞ t♦ t✇♦ ❞✐✛❡r❡♥t ❛❣❡♥ts t❤❛t ♣r♦❣r❡ss ❜❛s❡❞
♦♥ ❞✐✛❡r❡♥t ❤✐st♦r✐❡s ✭❛ ✜rst str❛t❡❣② ❛ss✐❣♥❡❞ t♦ ❛♥ ❛❣❡♥t ❛t s♦♠❡ ♣r❡✈✐♦✉s ♣♦✐♥t ✇✐t❤ ❛
♥♦♥✲❡♠♣t② ❤✐st♦r② ❛♥❞ ❛ ♥❡✇❧② ❛ss✐❣♥❡❞ str❛t❡❣② t❤❛t ❤❛s ♥♦ ❤✐st♦r②✮✳

❈♦♥s✐❞❡r ❛ ❣❛♠❡ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❛♥❞ ❛♥ ✐♥✐t✐❛❧ st❛t❡ qini ♦❢ ◗✳ ❈♦♥✲
s✐❞❡r ❛❧s♦ ❛ ❋❘✲❋❙▲❬◆●❪♭ ❢♦r♠✉❧❛ φ := ℘ξ(ψd,i)d∈[1;D] i∈[1;λd] ✇✐t❤ ℘ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ♣r❡✜①✱
✇✐t❤ ξ ❛ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣♦❛❧s ✇❤❡r❡ ❡✈❡r② ♥❡st❡❞ ❣♦❛❧ ✐s ❢✉❧❧② r❡❛ss✐❣♥❡❞✱ ✇✐t❤
D ∈ N t❤❡ ♠❛①✐♠❛❧ ❞❡♣t❤✸ ♦❢ t❤❡ ♥❡st❡❞ ❣♦❛❧s ♦❢ φ✱ ✇✐t❤ λd t❤❡ ♥✉♠❜❡r ♦❢ ❣♦❛❧s ❛t
❞❡♣t❤ d✱ ❛♥❞ ✇✐t❤ ψ{d,1}, . . . , ψ{d,λd} t❤❡ ❧✐st ♦❢ ❣♦❛❧s ❛t ❞❡♣t❤ d✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ t❤❡
❢♦r♠✉❧❛ ❜❡❧♦✇ ♦♥ t✇♦ ❛❣❡♥ts A ❛♥❞ B✿

∃x1. ∀x2. ∃x3. ∀x4





❛ss✐❣♥(A, x1;B, x2).





❋ p1∧

❛ss✐❣♥(A, x3;B, x4).

{
❋ p2∨

❛ss✐❣♥(A, x1;B, x2).❋ p1

❛ss✐❣♥(A, x1;B, x4).●¬p3

t❤❡ ♠❛①✐♠❛❧ ❞❡♣t❤ ♦❢ t❤❡ ♥❡st❡❞ ❣♦❛❧s ✐s t❤r❡❡❀ ❡❛❝❤ s✉❜✲❢♦r♠✉❧❛ st❛rt✐♥❣ ❜② ❛♥ ❛ss✐❣♥♠❡♥t
✐s ❛ ♥❡✇ ❣♦❛❧✳ ❆t ❞❡♣t❤ t❤r❡❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❣♦❛❧ ❛ss✐❣♥(A, x1;B, x2)❋ p1✳ ❆t ❞❡♣t❤ t✇♦
t❤❡r❡ ✐s ❛❧s♦ ❛ ✉♥✐q✉❡ ❣♦❛❧ ❛ss✐❣♥(A, x3;B, x4)❋ p2 ∨ (❛ss✐❣♥(A, x1;B, x2)❋ p1)✳ ❆t ❞❡♣t❤
♦♥❡ t❤❡r❡ ❛r❡ t✇♦ ❣♦❛❧s✿

❛ss✐❣♥(A, x1;B, x2).
(
❋ p1 ∧

(
❛ss✐❣♥(A, x3;B, x4).(❋ p2 ∨ ❛ss✐❣♥(A, x1;B, x2).❋ p1)

))

❛ss✐❣♥(A, x1;B, x4).●¬p3

❇✉✐❧❞✐♥❣ t❤❡ ❣❛♠❡

❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ ❛ ❣❛♠❡ H := 〈❆PH,❆❣tH,◗H,❆❝tH,∆H, ❧❛❜❡❧sH〉 ❛s ❢♦❧❧♦✇s

• ❆❣tH := ❆❣t ∪ {Dec}✳ ❚❤❡ ❛❣❡♥ts ♦❢ H ❛r❡ t❤❡ ❛❣❡♥ts ♦❢ G ♣❧✉s ❛ ❉❡❝✐❞❡r ❛❣❡♥t
Dec✳

✸❚❤❡ ❞❡♣t❤ ♦❢ r❡❛ss✐❣♥♠❡♥t ♦❢ ❛ ❣♦❛❧ ψ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✭❢✉❧❧✮ r❡❛ss✐❣♥♠❡♥ts ❝♦♥t❛✐♥✐♥❣ ψ✳ ❆ ❣♦❛❧ ψ
❛♣♣❡❛r✐♥❣ ❥✉st ❛❢t❡r t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ❜❧♦❝❦ ✐s ❛t ❞❡♣t❤ 1 ✇❤✐❧❡ ❛ ♥❡st❡❞ ❣♦❛❧ ψ′ ✇✐t❤✐♥ ψ ✐s ❛t ❞❡♣t❤ 2✳



✼✹

G, f1 ❝♦♣②

. . .

G, fΛ ❝♦♣②

qHini

qini

q1

q2

qini

q1

q2

aq1,f1 aqini,f1

aq2,f1
aq1,fΛ

aqini,fΛ aq2,fΛ

❋✐❣✉r❡ ✸✳✻✿ ❚❤❡ ❣❛♠❡ H ✇❤❡r❡ Λ = ◗× {(d, i) | d ≤ D, i ≤ λd}

• ◗H := {qHini} ∪ {q
f | q ∈ ◗, f ∈ {0, 1}◗×{(d,i)|d≤D, i≤λd}} ✿ t❤❡ st❛t❡ s♣❛❝❡ ✐s ♠❛❞❡

♦❢ ♦♥❡ ✐♥✐t✐❛❧ st❛t❡ qHini ❛♥❞ ♦❢ {0, 1}◗×{(d,i)|d≤D, i≤λd} ❝♦♣✐❡s ♦❢ ◗✳

• ❆❝tH := ❆❝t ∪ {aq,f | q ∈ ◗, f ∈ {0, 1}◗×{(d,i)|d≤D, i≤λd}}✳ ❚❤❡ ❛❝t✐♦♥s ♦❢ G ✭❆❝t✮
❛r❡ ❛❝❝❡ss✐❜❧❡ t♦ ❛♥② ♥♦♥✲❞❡❝✐❞❡r ❛❣❡♥t✳ ❲❡ ❛❧s♦ ❛❞❞ ❛♥ ❛❝t✐♦♥ ❢♦r ❡❛❝❤ ❝♦✉♣❧❡
(q, f) ∈ ◗× {0, 1}◗×{(d,i)|d≤D, i≤λd}✱ ❛❧❧ ❡①❝❧✉s✐✈❡ t♦ t❤❡ ❞❡❝✐❞❡r ❛❣❡♥t✳

• ∆H := ✿ ■♥ qHini✱ ♦♥❧② Dec ♣❧❛②s ❛♥❞ ♦♥❧② t❤❡ aq,f ✬s ❛❝t✐♦♥s ❛r❡ ❛❝t✐✈❛t❡❞✳ ■❢ ❉❡❝✐❞❡r
♣❧❛②s aq,f t❤❡ ❣❛♠❡ ♠♦✈❡s t♦ t❤❡ q st❛t❡ ✇✐t❤✐♥ t❤❡ f ❝♦♣② ♦❢ ◗✳ ❲✐t❤✐♥ ❛ ❝♦♣② ♦❢
◗✱ t❤❡ aq,f ❛❝t✐♦♥s ❛r❡ ❞❡❛❝t✐✈❛t❡❞ ❛♥❞ ∆H ❢♦❧❧♦✇s ∆ ✭t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ G✮✳

• ❧❛❜❡❧sH ✿ ❋♦r ❛♥② f ∈ {0, 1}◗×{(d,i)|d≤D, i≤λd} ❛♥❞ ❛♥② st❛t❡ qf ♦❢ t❤❡ f ❝♦♣②✱ ✇❡
❧❛❜❡❧ qf ❛s q ✐♥ G ❛♥❞ ❛❞❞ t❤❡ ❧❛❜❡❧s pf ❛♥❞ pq✳ ❋♦r ❡①❛♠♣❧❡✱ ❣✐✈❡♥ q ∈ ◗ ❛♥❞
f ∈ {0, 1}◗×{(d,i)|d≤D, i≤λd}✱ ✇❡ ❤❛✈❡ ❧❛❜❡❧sH(q

f ) = ❧❛❜❡❧s(q) ∪ {pf , pq}✳

❋✐❣✉r❡ ✸✳✻ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥str✉❝t✐♦♥✳ ■t r❡♠❛✐♥s t♦ s♣❡❝✐❢② t❤❡ ❢♦r♠✉❧❛ ✇❡ ✉s❡ ❛♥❞ t♦
♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡❞✉❝t✐♦♥✳

❙♣❡❝✐❢②✐♥❣ t❤❡ ❢♦r♠✉❧❛

❚❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ ♦✉r r❡❞✉❝t✐♦♥ ✐s t♦ tr❛♥s❢❡r t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♥❡st❡❞ ❣♦❛❧ t♦ t❤❡
❝❤♦✐❝❡ ♦❢ ❛ ❝♦♣② ♦❢ ◗✳ ❚❤❡♥✱ ✉s✐♥❣ ▲❡♠♠❛ ✸✳✶✹✱ ✇❡ ❝❛♥ ❡♥❢♦r❝❡ t❤❡ ❝♦rr❡❝t ❝❤♦✐❝❡ ✇✐t❤
❛♥ ❙▲❬❇●❪ ❢♦r♠✉❧❛✳

❚❤❡ ❢♦r♠✉❧❛ φH ♦❢ ♦✉r r❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②

φH := ℘. ∃xDecCopy.Πq∈◗(∃x
Dec
→q )





❛ss✐❣♥(Dec, xDecCopy).❳




ξ
[∨

f |f(d,i)=1 pf/ψd,i

]
2≤d≤D, i≤λd

∧ pqini

∧
∧
∈[1;2] ψ


code

✇❤❡r❡ Πq∈◗(∃x
Dec
→q ) r❡♣r❡s❡♥ts ❛ s❡q✉❡♥❝❡ ♦❢ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡rs✱ ♦♥❡ ♣❡r st❛t❡ ♦❢ ◗✳

❚❤❡ s✉❜✲❢♦r♠✉❧❛
∧
∈[1;2] ψ


code tr❛♥s❢❡rs t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♥❡st❡❞ ❣♦❛❧ t❤r♦✉❣❤ t❤❡ ❝❤♦✐❝❡



✼✺

♦❢ ✇❤✐❝❤ ❝♦♣② ♦❢ ◗ t❤❡ str❛t❡❣② ♦❢ xDecCopy ♠✉st ❣♦✳ ❲❡ ❞❡✜♥❡ t❤❡♠ ❢♦r♠❛❧❧② ❜❡❧♦✇✱ ✇❤❡r❡
β ✐s ❛♥② ❛ss✐❣♥♠❡♥t ♣r❡s❡♥t ✐♥ φ✳ ❇② t❤❡ ♥❛t✉r❡ ♦❢ H✱ ✇❤✐❝❤ ❛ss✐❣♥♠❡♥t β ✐s ❝❤♦s❡♥ ❞♦❡s
♥♦t ♠❛tt❡r✱ ✐t ✐s ❥✉st ❛ t❡❝❤♥✐❝❛❧✐t② t♦ ❛ss✐❣♥ ❛ str❛t❡❣② t♦ ❡❛❝❤ ❛❣❡♥t✳

ψ1
code :=





∧
q∈◗ ❛ss✐❣♥(Dec, x

Dec
→q ).❳ pq

∧
∧
f∈{0,1}◗×{(d,i)|d≤D, i≤λd}

{
❛ss✐❣♥(Dec, xDecCopy).β❳ pf

⇒ ❛ss✐❣♥(Dec, xDec→q ).β❳ pf

ψ2
code :=

∧

(q,d,i)|q∈◗, d≤D, i≤λd





❛ss✐❣♥(Dec, xDec→q ).❳ψd,i

⇔

❛ss✐❣♥(Dec, xDecCopy).❳
∨
f |f(q,d,i)=1 pf

❈♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥

❲❡ st❛rt ❜② ❛ ♣✉r❡❧② t❡❝❤♥✐❝❛❧ ♣r♦♣♦s✐t✐♦♥ ✇❤♦s❡ ♣r♦♦❢ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ψ1

code✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✺✳ ▲❡t χ ❜❡ ❛ ✈❛❧✉❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ φH✳ ❚❤❡♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t

• ❢♦r ❛♥② q ∈ ◗✱ χ(xDec→q )(q
H
ini) ♣❧❛②s t♦ q ✐♥ t❤❡ f ❝♦♣② ♦❢ ◗ ❛♥❞ χ(xDecCopy)(q

H
ini) ♣❧❛②s

t♦ t❤❡ ❝♦♣② ♦❢ qini ✐♥ t❤❡ f ❝♦♣② ♦❢ ◗✳

• G, qHini |=χ ψ
1
code

❚❤❡ str❛t❡❣② st♦r❡❞ ✐♥ xDecCopy ♠✉st ❝❤♦♦s❡ ❛ ❝♦♣② ♦❢ t❤❡ ❣❛♠❡✳ ❲❤✐❝❤ ❝♦♣② ✐t ❝❤♦♦s❡s
❞❡✜♥❡s ❛ ❢✉♥❝t✐♦♥ f t❛❦✐♥❣ ❛s ✐♥♣✉t ❛ st❛t❡ q ❛♥❞ t❤❡ ✐♥❞❡①❡s d ❛♥❞ i r❡♣r❡s❡♥t✐♥❣ ❛ ❣♦❛❧✱
❛♥❞ r❡t✉r♥✐♥❣ ❛ tr✉t❤ ✈❛❧✉❡✳

❲❡ ✇r✐t❡ ❱❛r(℘) ❢♦r t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r✐♥❣ ✐♥ ℘✳ ❋♦r ❛ ❤✐st♦r② ρ ✐♥ G✱ ✇❡
❞❡✜♥❡ ρf ❛s t❤❡ ❤✐st♦r② ✐♥ H ✇❤❡r❡ ρf (i) ✐s t❤❡ ❝♦♣② ♦❢ t❤❡ ρ(i) st❛t❡ ✐♥ t❤❡ f ❝♦♣② ♦❢ ◗✳
❋♦r ❛ ✈❛❧✉❛t✐♦♥ X ✐♥ G ♦❢ ❞♦♠❛✐♥ ❞♦♠(X) = ❱❛r(℘)✱ ✇❡ ❞❡✜♥❡ ❛ ✈❛❧✉❛t✐♦♥ XH ♦❢ ❞♦♠❛✐♥
❞♦♠(XH) = ❱❛r(℘) ✐♥ H ❛♥❞ ✇❤❡r❡ ❢♦r ❛♥② x ∈ ❱❛r(℘) ❛♥❞ ❛♥② ❤✐st♦r② ρ ✐♥ G

XH(x)(qHini.ρ
f ) := X(x)(ρ)

❚r✐✈✐❛❧❧②✱ XH ✐s ❛ ♣r♦♣❡r❧② ❞❡✜♥❡❞ ✈❛❧✉❛t✐♦♥✳ ❲❡ ❝❛♥ t❤❡♥ ♣r♦✈❡ t❤❡ ♠❛✐♥ st❡♣ ✐♥ t❤❡
❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡❞✉❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✻✳ ❋✐① ❛ ✈❛❧✉❛t✐♦♥ X ✐♥ G ♦❢ ❞♦♠❛✐♥ ❞♦♠(X) = ❱❛r(℘)✳ ❚❤❡♥ ✇❡ ❤❛✈❡
G, qini |=X ξ(ψd,i)d∈[1;D] i∈[1;λd] ✐❢ ❛♥❞ ♦♥❧② ✐❢

H, qHini |=XH ∃xDecCopy.Πq∈◗(∃x
Dec
→q )





❛ss✐❣♥(Dec, xDecCopy). ❳




ξ
[∨

f |f(d,i)=1 pf/ψd,i

]
2≤d≤D
1≤i≤λd

∧ pqini

∧
∧
∈[1;2] ψ


code



✼✻

Pr♦♦❢✳ ❆ss✉♠❡ G, qini |=X ξ(ψd,i)d∈[1;D] i∈[1;λd]✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ X ❛ ❢✉♥❝t✐♦♥ f ∈ {0, 1}◗×{(d,i)|d≤D, i≤λd}

s✉❝❤ t❤❛t
f(q, d, i) = 1 ⇔ G, q |=X ψd,i ✭✸✳✸✮

❲❡ ❞❡✜♥❡ δDecCopy t♦ ♣❧❛② aqini,f ✱ ✐✳❡✳ t♦ ❣♦ t♦ t❤❡ ❝♦♣② ♦❢ qini ✐♥ t❤❡ f ❝♦♣② ♦❢ ◗✳ ❲❡ ❛❧s♦
s❡t δDec→q t♦ ♣❧❛② aq,f ❢♦r ❛♥② q ∈ ◗✳ ❋✐♥❛❧❧② ✇❡ ✇r✐t❡ χ ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥

χ := X ∪ {xDecCopy → δDecCopy} ∪
⋃

q∈◗

{xDec→q → δDec→q }

❖✉r ❝❤♦✐❝❡s ♣❧✉s Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ❣✐✈❡s

H, qHini |=χ ψ
1
code ✭✸✳✹✮

▼♦r❡♦✈❡r✱ ❛❣❛✐♥ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ XH ❛♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ χ✱

H, qHini |=χ ❛ss✐❣♥(Dec, xDec→q )❳ψd,i ⇔ G, q |=X ψd,i

⇔ f(q, d, i) = 1 (❜② ❋♦r♠✉❧❛ 3.3)

s♦
H, qHini |=χ ψ

2
code ✭✸✳✺✮

❋✐♥❛❧❧②✱ t❤❡ ❤②♣♦t❤❡s✐s G, qini |=X ξ(ψd,i)d∈[1;D] i∈[1;λd] ❣✐✈❡s

H, qHini |=χ ❛ss✐❣♥(Dec, xDecCopy). ❳ pqini
∧ ξ

[ ∨

f |f(d,i)=1

pf/ψd,i

]
2≤d≤D, i≤λd

✭✸✳✻✮

❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❋♦r♠✉❧❛s ✭✸✳✹✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮ ❣✐✈❡s t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✇❛② ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✸✳✶✻✳

❈♦♥✈❡rs❡❧②✱ t❤❡ r✐❣❤t✲t♦✲❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ✐s s♦♠❡✇❤❛t s✐♠✐❧❛r✳ ❆ss✉♠❡ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ t♦ ❤♦❧❞ ❛♥❞ ❧❡t X ❜❡ ❛♥② ✈❛❧✉❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡r♣❧❛②
✇✐t❤✐♥ ℘✳ ❲r✐t❡ χ ❢♦r ❛ ✇♦r❦✐♥❣ ✈❛❧✉❛t✐♦♥ t❤❛t ❡①t❡♥❞s X ❜② ❣✐✈✐♥❣ str❛t❡❣✐❡s t♦ xDecChoice

❛♥❞ t❤❡ xDec→q ✬s ✈❛r✐❛❜❧❡s✳ ❲r✐t❡ f ❢♦r t❤❡ ❝♦♣② ❝❤♦s❡♥ ❜② χ(xDecChoice)(q
H
ini)✳ ❇❡❝❛✉s❡ ♦❢ ψ

1
code

❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺✱ t❤❡ ❝❤♦✐❝❡s ♦❢ xDec→q ❛r❡ s❡t t♦ ♣❧❛② t♦ q ✐♥ t❤❡ f ❝♦♣② ♦❢ ◗✳ ❚❤❡♥
❜❡❝❛✉s❡ ψ2 ❛♥❞ ψ3 ❤♦❧❞✱

H, qHini |=χ ❛ss✐❣♥(Dec, xDec→q )❳ψd,i ⇔ f(q, d, i) = 1

◆♦✇✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ XH✱

G, q |=χ ψd,i ⇔ f(q, d, i) = 1

❤❡♥❝❡

G, q |=χ ψd,i ⇔ H, qHini |=χ ❛ss✐❣♥(Dec, xDec→q )❳ψd,i

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ t❤❡ ❤②♣♦t❤❡s✐s

H, qHini |=χ ❛ss✐❣♥(Dec, xDecCopy). ❳ (pqini
∧ ξ

[ ∨

f |f(d,i)=1

pf/ψd,i

]
2≤d≤D, i≤λd

)

✇❡ ❣❡t t❤❛t G, qini |=X ξ(ψd,i)d∈[1;D] i∈[1;λd]✳
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■t r❡♠❛✐♥s t♦ ❤❛♥❞❧❡ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ✇✐t❤✐♥ ℘✳ ❲❡ ✇✐❧❧ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ❜✉t
✜rst ✇❡ ♥❡❡❞ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❲❡ ✇r✐t❡ ℘ := (Qixi)1≤i≤l ✇❤❡r❡ Qi ∈ {∃, ∀} ❛♥❞✱ ❢♦r ❛♥②
j ≤ l✱ ✇❡ ❞❡✜♥❡ φ≥j ❛s t❤❡ s✉❜✲❢♦r♠✉❧❛s ♦❢ φ ✇✐t❤♦✉t Q1x1 . . . Qj−1xj−1✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✼✳ ❋♦r ❛♥② 1 ≤ j ≤ l + 1 ❛♥❞ ❛♥② ✈❛❧✉❛t✐♦♥ X<j ♦✈❡r ❞♦♠(X<j) :=
{x1, . . . , xj−1}✱ ✇❡ ❤❛✈❡

G, qini |=X<j
φ≥j ⇔ H, qHini |=XH

<j
φH≥j

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ j✳ ❚❤❡ ✐♥✐t✐❛❧ st❡♣ ✭j = l + 1✮ ✇❛s ❞♦♥❡ ✐♥ Pr♦♣♦s✐✲
t✐♦♥ ✸✳✶✻✳ ❙♦ ♦♥❧② t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ✭1 ≤ j ≤ l✮ r❡♠❛✐♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t ❜② ✐♥❞✉❝t✐♦♥
✇❡ ❤❛✈❡

G, qini |=X<j+1
φ≥j+1 ⇔ H, qHini |=XH

<j+1
φH≥j+1 ✭✸✳✼✮

❛♥❞ ❛✐♠ t♦ ♣r♦✈❡ t❤❛t G, qini |=X<j
φ≥j ⇔ H, qHini |=XH

<j
φH≥j✳

❲❡ tr❡❛t t❤❡ ❝❛s❡ ✇❤❡r❡ Qj = ∃✱ t❤❡ ❝❛s❡ ✇✐t❤ Qj = ∀ ✐s s✐♠✐❧❛r✳ ❋♦r t❤❡ ❧❡❢t✲t♦✲r✐❣❤t
✐♠♣❧✐❝❛t✐♦♥✱ ❛ss✉♠❡ t❤❛t G, qini |=X<j

φ≥j❀ t❤❡♥ t❤❡r❡ ✐s δj s✉❝❤ t❤❛t G, qini |=X<j∪{xj→δj}

φ≥j+1 ❛♥❞ t❤❡r❡❢♦r❡✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✕❋♦r♠✉❧❛ ✭✸✳✼✮✕✱ ✇❡ ❣❡t

H, qHini |=XH
<j∪{xj→δ

H
j }
φH≥j

✇✐t❤ δHj (x)(q
H
ini.ρf ) := δHj (x)(ρ) ❢♦r ❛♥② ❤✐st♦r② ρ ✐♥ G✳ ❲❡ ❝❛♥ t❤❡♥ ✐♥❢❡r

H, qHini |=XH
<j
∃xj. φ

H
≥j+1

❛♥❞ H, qHini |=XH
<j
φH≥j

❚❤❡ r✐❣❤t t♦ ❧❡❢t ✇❛② ✐s s✐♠✐❧❛r ❤❡♥❝❡ ♦♠✐tt❡❞✳ ■♥ t❤❡ ❡♥❞ ✇❡ ❣❡t t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣
❛♥❞✱ ❜② ✐♥❞✉❝t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✼✳

❲❡ ❝❛♥ t❤❡♥ ❞❡❞✉❝❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡❞✉❝t✐♦♥ ✭❡①♣r❡ss❡❞ ❜② t❤❡ ♣r♦♣♦s✐t✐♦♥
❜❡❧♦✇✮ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶✼ ❛♣♣❧✐❡❞ t♦ j = 1✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✳
G, qini |= φ ⇔ H, qHini |= φH

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✷ ❢♦r ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇♦r❦s
✐♥ t✐♠❡ (k + 1 )✲EXPTIME ❢♦r ❢♦r♠✉❧❛s ✇✐t❤ k ❛❧t❡r♥❛t✐♦♥s ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✻ ♣❛❣❡ ✹✷✮✳
❚❤❡ s✐③❡ ♦❢ t❤❡ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φH ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ G ✭t❤❡ ♦r✐❣✐♥❛❧ ❣❛♠❡✮✱ ✐♥
t❤❡ ♠❛①✐♠❛❧ ❞❡♣t❤ ♦❢ φ ❛♥❞ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡st❡❞ ❣♦❛❧s ✐♥ φ❀ t❤❡ ♦t❤❡rs ♣❛r❛♠❡t❡rs ❛r❡
♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ φ✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ s♦❧✈❡ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ ❋❘✲❋❙▲❬◆●❪♭

❢♦r♠✉❧❛s ✇✐t❤ k ❛❧t❡r♥❛t✐♦♥s ✐♥ (k + 2 )✲EXPTIME✱ ♦♥❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦r❡ t❤❛♥ ❙▲❬❇●❪✳

❲❡ r❡❝❛❧❧ t❤❛t ❙▲❬❇●❪ ✐s ❛ ❢r❛❣♠❡♥t ♦❢ ❋❘✲❋❙▲❬◆●❪✳ ❙♦✱ ✇✐t❤ t❤❡ ❤❛r❞♥❡ss ♣r♦♦❢s
❞❡✈❡❧♦♣❡❞ ❢♦r ❙▲❬❇●❪ ✐♥ ❙❡❝t✐♦♥s ✷✳✷ ❛♥❞ ✷✳✸✱ ✇❡ ❝❛♥♥♦t ❤♦♣❡ ❢♦r ❛ ❢✉♥❞❛♠❡♥t❛❧❧② ❜❡tt❡r
❝♦♠♣❧❡①✐t②✳ ❆t ❜❡st ✇❡ ❝❛♥ r❡❞✉❝❡ ✐t ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧ s♦ t❤❛t ❋❘✲❋❙▲❬◆●❪ ✉♣♣❡r ❜♦✉♥❞
♠❛t❝❤❡s t❤❡ ♦♥❡ ❦♥♦✇♥ ❢♦r ❙▲❬❇●❪✳ ◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✸✳✶✸ ❝❛♥ ❜❡ tr✐✈✐❛❧❧② ❡①t❡♥❞ t♦ t❤❡
♥♦♥ ✢❛t ❢r❛❣♠❡♥t ❜② ✉s✐♥❣ ❛ ❧❛❜❡❧❧✐♥❣ ❛❧❣♦r✐t❤♠ ✭❛ ❧❛ ❈❚▲✮ ❛♥❞ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✸✳✶✸
✐♥ ❛♥ ✐♥❞✉❝t✐✈❡ ❢❛s❤✐♦♥✳ ❍❡♥❝❡

❚❤❡♦r❡♠ ✸✳✶✾✳ ❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ ❋❘✲❋❙▲❬◆●❪ ✇✐t❤ ❢♦r♠✉❧❛ ♦❢ k ❛❧t❡r♥❛t✐♦♥s ✐s ✐♥
(k + 2 )✲EXPTIME✳



✼✽

❙▲❋❙▲

❙▲❬◆●❪❋❙▲❬◆●❪

❋❘✲❋❙▲❬◆●❪

❙▲❬❇●❪

❋❧♦❛t✐♥❣

tr❛♥s❧❛t✐♦♥s

❯s✉❛❧

tr❛♥s❧❛t✐♦♥s

❚r❛♥s❧❛t✐♦♥s ♦❢ t❤❡ str❛t❡❣✐❡s st♦r❡❞
✐♥ ✈❛r✐❛❜❧❡s ❞♦♥✬t ♠❛tt❡r

∈ NONELEMENTARY ❬✸✾❪

∈ NONELEMENTARY ❬✸✾❪

❬✸✾❪ NONELEMENTARY ∋

NONELEMENTARY ∋

❯♥❞❡❝✐❞❛❜❧❡

❯♥❞❡❝✐❞❛❜❧❡

❋✐❣✉r❡ ✸✳✼✿ ■♥❝❧✉s✐♦♥ ❣r❛♣❤ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t s❡♠❛♥t✐❝ ❝❤♦✐❝❡s ❛♥❞ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
❝♦♠♣❧❡①✐t②✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥

❖✈❡r❛❧❧ ✈✐❡✇✿ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ❤✐❣❤❧✐❣❤t❡❞ ❛♥ ✐♠♣♦rt❛♥t s✉❜t❧❡t② ♦❢ ❙▲ s❡♠❛♥✲
t✐❝s r❡❧❛t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥✳ ❲❡ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ❛ ♥❡✇
✈❛r✐❛♥t ❋❙▲ ♦❢ ❙▲ t❤❛t t❛❝❦❧❡s t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r♦❜❧❡♠✳ ❋❙▲ ❤❛s t❤❡ s❛♠❡ ❣r❛♠♠❛r
❛s ❙▲✱ ♦♥❧② t❤❡ ♥♦t✐♦♥s ♦❢ ✈❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥s ❛♥❞ str❛t❡❣✐❡s ❛r❡ ❛❞❛♣t❡❞✳ ❋❙▲ ❛♥❞ ❙▲
❝♦✐♥❝✐❞❡ ♦♥ t❤❡✐r ❝♦♠♠♦♥ ❢r❛❣♠❡♥t ❙▲❬❇●❪✳ ❲❡ t❤❡♥ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ t❤❛t ❋❙▲❬◆●❪
✭t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ ❙▲❬◆●❪ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❋❙▲✮ ❛❞♠✐ts ❛♥ ✉♥❞❡❝✐❞❛❜❧❡ ♠♦❞❡❧
❝❤❡❝❦✐♥❣✳ ❆s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ❞❡❝✐❞❛❜✐❧✐t② ❝❛♥ ❜❡ r❡❣❛✐♥❡❞ ✇❤❡♥ ❢♦r❝✐♥❣ t❤❡ r❡❛s✲
s✐❣♥♠❡♥t t♦ ❜❡ t♦t❛❧❀ ❢♦r t❤✐s ✇❡ ❞❡✜♥❡❞ ❛ ❢r❛❣♠❡♥t ❋❘✲❋❙▲❬◆●❪ ♦❢ ❋❙▲✳ ❋✐❣✉r❡ ✸✳✼ s✉♠s
✉♣ ♦✉r ✇♦r❦✳

❖♥ ❛ ♠♦r❡ r❡✜♥❡❞ ❧❡✈❡❧✿ ❚❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❙▲❬◆●❪ ❤♦❧❞s ❢♦r t❤❡ s❡t ♦❢ ❢♦r✲
♠✉❧❛s ✇✐t❤ ♦♥❡ q✉❛♥t✐✜❡r✲❛❧t❡r♥❛t✐♦♥ ❛♥❞ ❢♦r ❣❛♠❡s ✇✐t❤ ♦♥❧② t✇♦ ❛❣❡♥ts✳ ❖✉ts✐❞❡ ♦❢
❋❘✲❋❙▲❬◆●❪ ❞❡❝✐❞❛❜✐❧✐t②✱ r❡❣❛✐♥✐♥❣ ❞❡❝✐❞❛❜✐❧✐t② t❛❦❡s ✉s ❛✇❛② ❢r♦♠ t❤❡ ❢r❛♠❡✇♦r❦ ❞❡✜♥❡❞
❜② ❙▲ ❛♥❞ r❡❧❛t❡❞ ❧♦❣✐❝s✳ ❋♦r ❡①❛♠♣❧❡ ✇❡ ♠❛② ❧♦♦❦ ❛t ❢♦r♠✉❧❛s ✇✐t❤♦✉t q✉❛♥t✐✜❡r ❛❧t❡r✲
♥❛t✐♦♥ ❜✉t t❤✐s ❡ss❡♥t✐❛❧❧② t❛❦❡s ✉s ❛✇❛② ❢r♦♠ ❝❧♦s❡❞ s②st❡♠s✳ ■♥❞❡❡❞✱ ✇❤✐❧❡ ✇♦r❦✐♥❣ ✇✐t❤
♦♥❡ q✉❛♥t✐✜❡r✲❛❧t❡r♥❛t✐♦♥ ❢♦r♠✉❧❛s ❞♦❡s ♥♦t t❡❝❤♥✐❝❛❧❧② t❛❦❡ ✉s ❛✇❛② ❢r♦♠ ♠✉❧t✐✲❛❣❡♥t
❈●❙✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞r❛✇ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ ❡①✐st✐♥❣ r❡s✉❧ts ❢♦r ❝❧♦s❡❞ s②st❡♠s ❛♥❞ ❢r♦♠
❛✉t♦♠❛t❛ t❤❡♦r②✳ ❲❡ ❜❡❧✐❡✈❡ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ t♦ ❜❡ ❞❡❝✐❞❛❜❧❡ t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ❣✐✈❡
❛ ❢♦r♠❛❧ ♣r♦♦❢✳

❆ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ❛❧❧♦✇❡❞ t♦ r❡❛ss✐❣♥ t❤❡✐r
str❛t❡❣✐❡s✳ ■♥ t❤❡ ✉♥❞❡❝✐❞❛❜❧❡ ❋❙▲ ❛♥❞ ❋❙▲❬◆●❪✱ ❛♥② s✉❜s❡t ♦❢ ❆❣t ♠❛② r❡❛ss✐❣♥ ✐ts
str❛t❡❣✐❡s❀ ✐♥ t❤❡ ❞❡❝✐❞❛❜❧❡ ❋❘✲❋❙▲❬◆●❪✱ ❛❧❧ ❛❣❡♥ts ❛r❡ ❢♦r❝❡❞ t♦ r❡❛ss✐❣♥✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢
✉♥❞❡❝✐❞❛❜✐❧✐t② ❢♦r ❋❙▲❬◆●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✱ ❜♦t❤ ❛❣❡♥ts r❡❛ss✐❣♥ t❤❡✐r str❛t❡❣✐❡s✱ ✐t ♠❛②
❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ❛❜♦✉t t❤❡ ❞❡❝✐❞❛❜✐❧✐t② st❛t✉s ♦❢ ❋❙▲ ✇❤❡r❡ ♦♥❧② ❛ s✐♥❣❧❡ ❛❣❡♥t
✐s ❛❧❧♦✇❡❞ t♦ ❞♦ s♦✳ ❚❤❡ ❡ss❡♥❝❡ ♦❢ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♣r♦♦❢ ❡①♣❧❛✐♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣



✼✾

♦❢ ❙❡❝t✐♦♥ ✸✳✸ ❛♥❞ ♦♥ ❋✐❣✉r❡ ✸✳✺ ✭♣❛❣❡ ✼✷✮ ✐s st✐❧❧ ♣♦ss✐❜❧❡ ✐❢ ❛ s✐♥❣❧❡ ❛❣❡♥t ✐s ❛❧❧♦✇❡❞
r❡❛ss✐❣♥♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ ❣❛❞❣❡t ✉s❡❞ t♦ ♣r♦✈❡ ❙▲❬◆●❪ ✉♥❞❡❝✐❞❛❜✐❧✐t② ✐♥ ❙❡❝t✐♦♥ ✸✳✷
♥❡❡❞s ❜♦t❤ ❛❣❡♥ts t♦ r❡❛ss✐❣♥ t❤❡✐r str❛t❡❣✐❡s✿ t♦ ❝❤❡❝❦ ❢♦r ♣r♦♣❡r ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢
t❤❡ ❝♦✉♥t❡rs✱ t❤❡ ❛❣❡♥t Dec ♥❡❡❞s t♦ ❜❡ r❡❛ss✐❣♥❡❞ ✇❤✐❧❡ ❢♦r t❤❡ ❞❡❝r❡♠❡♥t❛t✐♦♥✱ ✐t ✐s
t❤❡ ❛❣❡♥t Che ✇❤♦ ♥❡❡❞s r❡❛ss✐❣♥♠❡♥t✳ ❚♦r♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❛r❣✉♠❡♥ts✱ ✇❡ ❞♦ ♥♦t
❝♦♥❥❡❝t✉r❡ ♦♥❡ ✇❛② ♦r t❤❡ ♦t❤❡r ♦♥ t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❋❙▲❬◆●❪ ✇❤❡r❡ ❛ s✐♥❣❧❡ ❛❣❡♥t ✐s
❛❧❧♦✇❡❞ t♦ r❡❛ss✐❣♥ ✐ts str❛t❡❣✐❡s✳
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❈❤❛♣t❡r ✹

◗✉❛♥t✐t❛t✐✈❡ ❙tr❛t❡❣② ▲♦❣✐❝

▼❛♥② ❝♦♠♣✉t❡r✐s❡❞ s②st❡♠s ❤❛✈❡ ✐♥t❡r♥❛❧ q✉❛♥t✐t❛t✐✈❡ ❛s♣❡❝ts✿ s②st❡♠s ♠❛♥❛❣✐♥❣ ❡♥❡r❣②
❣r✐❞s✱ ❝♦♠♣✉t❡r s♦❢t✇❛r❡s ✇✐t❤ ❧♦♦♣s. . . ❚❤❡ st❛♥❞❛r❞ ✭q✉❛❧✐t❛t✐✈❡✮ ❢♦r♠❛❧✐s♠s ✉s✉❛❧❧②
❢❛✐❧ t♦ ♠♦❞❡❧ ♣r♦♣❡r❧② s✉❝❤ s②st❡♠s✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♠♠✉♥✐t② t❤❡r❡❢♦r❡ ❞❡✈❡❧♦♣❡❞
❛❞❛♣t❛t✐♦♥s ♦❢ ❡①✐st✐♥❣ ❢♦r♠❛❧✐s♠s t♦ ❤❛♥❞❧❡ q✉❛♥t✐t❛t✐✈❡ ❛s♣❡❝ts✳ ❙♦ ❢❛r✱ ❛❧❧ ♦✉r r❡s✉❧ts
❤❛✈❡ ❜❡❡♥ ♦♥ ❈●❙✱ ❤❡♥❝❡ q✉❛❧✐t❛t✐✈❡✳ ❲❡ t❛❦❡ ❛ ❧♦♦❦ ❛t ✇❤❛t ❝❛♥ ❜❡ ❞♦♥❡ t♦ ❛❞❛♣t ❙▲
❛♥❞ ✐ts s✉❜✲❧♦❣✐❝s t♦ ❡①♣r❡ss q✉❛♥t✐t❛t✐✈❡ ❝♦♥str❛✐♥ts✳

◗✉❛♥t✐t❛t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ♦♣❡♥ s②st❡♠s ✐s ❛ ✇❡❧❧✲st✉❞✐❡❞ ❞♦♠❛✐♥ ✇✐t❤ ♠❛♥② ❜r❛♥❝❤❡s✳
❆♠♦♥❣ t❤❡ ♠♦st ❢❛♠♦✉s ♦♥❡s✱ ✇❡ ✜♥❞ ❡♥❡r❣② ❣❛♠❡s ❬✶✸✱ ✶✹❪✱ ♠❡❛♥✲♣❛②♦✛ ❣❛♠❡s ❬✻✹✱ ✶✹❪✱
❛❧t❡r♥❛t✐♥❣✲❱❆❙❙ ❬✹✻❪✱ ❝♦✉♥t❡r✲❣❛♠❡s ❬✺❪✱ ♣✉s❤❞♦✇♥✲❣❛♠❡s ❬✻✷❪✱ t✐♠❡❞ ❣❛♠❡s ❬✻❪ ❛♥❞ ❤②✲
❜r✐❞ ❣❛♠❡s ❬✷✼❪✳ ❊❛❝❤ ♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ t②♣❡ ♦❢ q✉❛♥t✐t❛t✐✈❡ s②st❡♠s✱ t♦ ✇❤✐❝❤ ✇❡
♦❢t❡♥ ❛❞❞ ♦t❤❡r ❝♦♥❞✐t✐♦♥s ✭✐♠♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥✱ ♣r♦❜❛❜✐❧✐st✐❝ ❡❞❣❡s. . . ✮✳ ❖❢t❡♥ ❛♥ ❛❧✲
❣♦r✐t❤♠ ✇♦r❦✐♥❣ ❢♦r ♦♥❡ ♠♦❞❡❧ ❢❛✐❧s ✐♥ ❛♥♦t❤❡r✳ ❋♦r t❤✐s r❡❛s♦♥ t❤❡r❡ ✐s ❛ ❧❛r❣❡ ✭t♦♦ ❧❛r❣❡✱
s♦♠❡ ♠❛② s❛②✮ ♥✉♠❜❡r ♦❢ ❛❧❣♦r✐t❤♠s✱ ❡❛❝❤ ❛❞❛♣t❡❞ t♦ ❛ ❞✐✛❡r❡♥t ♠♦❞❡❧ r❡♣r❡s❡♥t✐♥❣ ❛
❞✐✛❡r❡♥t t②♣❡ ♦❢ q✉❛♥t✐t❛t✐✈❡ ♦♣❡♥ s②st❡♠s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦❝✉s ♦♥ t✇♦ ♦❢ t❤❡♠✿ ❡♥❡r❣② ❣❛♠❡s ❛♥❞ ❝♦✉♥t❡r ❣❛♠❡s✳ ❋♦r ❡❛❝❤
♠♦❞❡❧✱ ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥✱ ✉♣❞❛t❡ t❤❡ ♠♦❞❡❧✱ ❛❞❞ ❛❞❡q✉❛t❡ ❝♦♥str❛✐♥ts t♦ t❤❡
❧♦❣✐❝✱ ❞✐s❝✉ss t❤❡ ❝❤♦✐❝❡s ✇❡ ♠❛❞❡ ❛♥❞ ♣r♦✈✐❞❡ s♦♠❡ ❝♦♠♣❧❡①✐t② r❡s✉❧ts✳

✹✳✶ ❲✐t❤ ❝♦✉♥t❡rs

❈♦✉♥t❡rs ❛r❡ ♦♠♥✐♣r❡s❡♥t ✐♥ ♣r♦❣r❛♠♠✐♥❣✱ ❡✈❡♥ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r✲
♠✉❧❛s✳ ■♥❞❡❡❞✱ ❡✈❡r② ❧♦♦♣ ✐s ❤❛♥❞❧❡❞ t❤r♦✉❣❤ ❛ ❝♦✉♥t❡r ✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✺❪✮ ❛♥❞ ✐t ✐s
t❤❡r❡❢♦r❡ ♥♦t s✉r♣r✐s✐♥❣ t♦ ✜♥❞ ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ♦♥ s②st❡♠s ✇✐t❤ ❝♦✉♥t❡rs ❬✺✱ ✺✶❪✳ ❚❤❡
✉s✉❛❧ ❢r❛♠❡✇♦r❦ ❝♦♥s✐sts ✐♥ ❛❞❞✐♥❣ ✇❡✐❣❤ts ♦♥ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ✭❜❡ ✐t ❛ ❣r❛♣❤
♦r ❛♥ ❛✉t♦♠❛t♦♥✮✳ ❈♦✉♥t❡r ❝♦♥str❛✐♥ts ❛r❡ t❤❡♥ ❛♣♣❡♥❞❡❞ ❡✐t❤❡r ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ♦❢ t❤❡
♠♦❞❡❧ ✭❛s ✇✐t❤ ③❡r♦✲t❡st ❡❞❣❡s ✐♥ ❝♦✉♥t❡r ❛✉t♦♠❛t❛✮ ♦r ✐♥ t❤❡ ❢♦r♠❛❧✐s♠ ❢♦r t❤❡ ♣r♦♣✲
❡rt✐❡s ✭❛s ✐♥ ✇❡✐❣❤t❡❞ ▼❙❖✱ s❡❡ ❬✷✵❪✮✳ ❋✐❣✉r❡ ✹✳✶ s❤♦✇s t❤❡ ✐❞❡❛ ✇✐t❤ ❛ ▲❚▲ ❢♦r♠✉❧❛
❛♥❞ ❛ t✇♦✲❝♦✉♥t❡r ❝♦♥str❛✐♥t (3, 2) ≤ (c1, c2)✳ ❍❡r❡ ✇❡ ❛❞♦♣t t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤✱ ♥♦t❡

✽✶
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♥❡✈❡rt❤❡❧❡ss t❤❛t ✐♥ ❙▲ ❜♦t❤ ❛r❡ ❡q✉✐✈❛❧❡♥t✶✳

p

p′
(1,−1)

(0, 0)

(0, 1)
(1, 1)

(−1,−1)

❋ p ∧●
(
p′ ⇒ (3, 2) ≤ (c1, c2)

)

p

p′
(1,−1)

(0, 0)

(0, 1)

(−1,−1)

(3, 2) ≤ (c1, c2)

(1, 1)

(3, 2) 6≤ (c1, c2)

❋ p

❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ t✇♦ ✇❛②s t♦ ✇♦r❦ ✇✐t❤ q✉❛♥t✐t❛t✐✈❡ ❝♦♥str❛✐♥ts✿ ♦♥ t❤❡ ❧❡❢t✱ ❝♦♥str❛✐♥ts
❛r❡ ♦♥ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ ♦♥ t❤❡ r✐❣❤t✱ ❝♦♥str❛✐♥ts ❛r❡ ♦♥ t❤❡ ❣❛♠❡✳

▼❛♥② t❤✐♥❣s ❛r❡ ❦♥♦✇♥ ❢♦r ❝❧♦s❡❞ s②st❡♠s ✇✐t❤ ❝♦✉♥t❡rs✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤
♦♣❡♥ s②st❡♠s✱ t❤❡r❡ ❡①✐st ❢❡✇❡r r❡s✉❧ts ❛♥❞ ♠❛♥② q✉❡st✐♦♥s r❡♠❛✐♥ ♦♣❡♥✳ ❲❡ ❤✐❣❤❧✐❣❤t
t❤❡ t❤r❡❡ ♠♦st ✐♠♣♦rt❛♥t r❡s✉❧ts ❢♦r ♦✉r ✇♦r❦✳ ❋✐rst✱ r❡❛❝❤❛❜✐❧✐t② ✐♥ ❝♦✉♥t❡r ❣❛♠❡s
✇✐t❤ t✇♦ ❛❣❡♥ts ✐s ✉♥❞❡❝✐❞❛❜❧❡❀ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ t✇♦✲❝♦✉♥t❡r
♠❛❝❤✐♥❡s ❬✸✼❪✳ ❙❡❝♦♥❞✱ ❛s s❤♦✇♥ ❜② ❙❡rr❡ ✐♥ ❬✺✶❪✱ r❡❛❝❤❛❜✐❧✐t②✱ ❇ü❝❤✐ ❛♥❞ ♣❛r✐t② ❝♦♥❞✐t✐♦♥s
❛r❡ PSPACE✲❝♦♠♣❧❡t❡ ✐♥ ♦♥❡✲❝♦✉♥t❡r ❣❛♠❡s✳ ❋✐♥❛❧❧②✱ ❆❚▲∗ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇❛s s❤♦✇♥ t♦
❜❡ 2 ✲EXPTIME✲❝♦♠♣❧❡t❡ ✐♥ ❬✻✶❪✳

❲❡ ✜rst ❛❞❛♣t ♦✉r ❢r❛♠❡✇♦r❦ ❜② ❞❡✜♥✐♥❣ ✇❡✐❣❤t❡❞ ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡s ❛♥❞
❜② ❡①t❡♥❞✐♥❣ ❙▲ ✇✐t❤ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts✳ ❚❤❡♥✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✷ ✇❡ ♣r♦✈❡ ❛ ♣❡r✐♦❞✐❝✐t②
r❡s✉❧t ❢♦r t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✳ ❋✐♥❛❧❧② ✇❡ st✉❞② ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✸ t❤❡ ❡①♣r❡ss✐✈❡♥❡ss
♦❢ ❙▲ ✇✐t❤ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts t❤r♦✉❣❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ▼❙❖ t❤❡♦r② ♦♥ ♦r❞✐♥❛❧s✳

✹✳✶✳✶ ❆❞❞✐♥❣ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts t♦ ❙▲

❆❞❞✐♥❣ ✇❡✐❣❤ts t♦ ❈●❙

❉❡✜♥✐t✐♦♥ ✹✳✶ ✭❲❡✐❣❤t❡❞ ❈♦♥❝✉rr❡♥t ●❛♠❡ ❙tr✉❝t✉r❡ ✇✐t❤ ✇❡✐❣❤ts✿ WCGS✮✳
❆♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❲❡✐❣❤t❡❞ ❈♦♥❝✉rr❡♥t ●❛♠❡ ❙tr✉❝t✉r❡ ✭n✲W❈●❙✮ ✐s ❛ t✉♣❧❡ G :=
〈❆P,❆❣t,◗,❆❝t,∆,❲❡✐❣❤ts, ❧❛❜❡❧s〉 ✇❤❡r❡ ❆P✱ ❆❣t✱ ◗✱ ❆❝t✱ ∆✱ ❛♥❞ ❧❛❜❡❧s r❡♣r❡s❡♥ts t❤❡
s❛♠❡ ♥♦t✐♦♥s ❛s ✐♥ ✭q✉❛❧✐t❛t✐✈❡✮ ❈●❙✱ ❛♥❞ ✇❤❡r❡ ❲❡✐❣❤ts : ◗× ❆❝t❆❣t → {−1, 0, 1}n ✐s ❛
❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s n ✐♥t❡❣❡rs ✭❝❛❧❧❡❞ ✇❡✐❣❤ts✮ t♦ ❡❛❝❤ tr❛♥s✐t✐♦♥ ♦❢ ∆✳

❆ ❲❡✐❣❤t❡❞ ❈♦♥❝✉rr❡♥t ●❛♠❡ ❙tr✉❝t✉r❡ ✭WCGS✮ ✐s ❛♥ n✲W❈●❙ ❢♦r s♦♠❡ str✐❝t❧②
♣♦s✐t✐✈❡ ✐♥t❡❣❡r n✳

✶■♥ t❤❡ s❡♥s ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❝♦♥str❛✐♥ts ♦♥ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡
♠♦❞❡❧ t♦✇❛r❞ t❤❡ ♦♥❡ ✇✐t❤ ❝♦♥str❛✐♥ts ♦♥t♦ t❤❡ ❧♦❣✐❝ ❢♦r♠❛❧✐s♠✱ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ❲❡ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛
♣r♦♦❢ ❤♦✇❡✈❡r✳
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❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦♦❢s✱ ✇❡ ❝❤♦s❡ t♦ ✉s❡ ♦♥❧② 0✱ −1 ❛♥❞ 1 ✇❡✐❣❤ts✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ❛❧s♦
❝❤♦s❡♥ ✇❡✐❣❤ts ✐♥ Z✳ ❈❤♦♦s✐♥❣ Z ❛♥❞ ❡♥❝♦❞✐♥❣ t❤❡ ✇❡✐❣❤ts ✐♥ ❜✐♥❛r② ♠❛② ❤♦✇❡✈❡r ❛✛❡❝t
t❤❡ ❝♦♠♣❧❡①✐t② ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢❛❝t♦r✳ ❍❛❛s❡✱ ❑r❡✉t③❡r✱ ❖✉❛❦♥✐♥❡ ❛♥❞ ❲♦rr❡❧❧ st✉❞✐❡❞
t❤✐s q✉❡st✐♦♥ ✐♥ ❬✷✻❪ ❢♦r ♦♥❡✲❝♦✉♥t❡r ❛✉t♦♠❛t❛✳

❇❡s✐❞❡ ❈●❙✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❛❞❛♣t t❤❡ ♥♦t✐♦♥s ✇❡ ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❋♦r ❛♥
n✲W❈●❙ str✉❝t✉r❡ G✱ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ ♣❛✐r (q, c) ∈ ◗ × N

n ♦❢ ❛ st❛t❡ ❛♥❞ ❛ t✉♣❧❡ ♦❢
n ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ❆ ❤✐st♦r② ✭r❡s♣✳ ♣❛t❤✮ ✐s ❛ s❡q✉❡♥❝❡ (qi, ci)i<L ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s
✇❤❡r❡ L ∈ N ✭r❡s♣✳ L = ∞✮✱ ❢♦r ❛♥② i ≤ L ✭r❡s♣✳ i ∈ N✮ ci ∈ N

n ❛♥❞ s✉❝❤ t❤❛t ❢♦r
❛♥② i < L − 1 ✭r❡s♣✳ i ∈ N✮ qi+1 = ∆(qi,mi)✱ ❛♥❞ ci+1 = ci + ❲❡✐❣❤ts(qi,mi) ❢♦r s♦♠❡
mi ∈ ❆❝t❆❣t✳ ❆❧❧ ♦t❤❡r ♥♦t✐♦♥s ❛r❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ♦♥❡s ♦❢ ❈❤❛♣t❡r ✶✱ ✉s✐♥❣ t❤❡
♥❡✇ ♥♦t✐♦♥s ♦❢ ❤✐st♦r✐❡s ❛♥❞ ♣❛t❤s✳

❘❡♠❛r❦ ✹✳✷✳ ❋♦r t❤❡ s❛❦❡ ♦❢ tr❛❞✐t✐♦♥✱ ✇❡ ❛s❦ ❢♦r ❛❧❧ ✇❡✐❣❤ts t♦ st❛② ❛❜♦✈❡ 0✳ ❆❧t❤♦✉❣❤
t❤❡r❡ ♠❛② ❡①✐sts r❡s✉❧ts t❤❛t ❛r❡ ✐♠♣❛❝t❡❞ ❜② s✉❝❤ r❡str✐❝t✐♦♥ ❬✹✼❪✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡
♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❡r✐♦❞✐❝✐t② r❡s✉❧t
✭❚❤❡♦r❡♠ ✹✳✼✮ ♦❢ ❙❡❝t✐♦♥ ✹✳✶✳✷ st✐❧❧ ❤♦❧❞s ❛♥❞ ♦♥❡ ❝❛♥ ♣r♦✈❡ ❛ s✐♠✐❧❛r t❤❡♦r❡♠ ❢♦r ♥❡❣❛t✐✈❡
✈❛❧✉❡s✳

❆❞❞✐♥❣ ❝♦♥str❛✐♥ts t♦ ❙▲

■♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ✇❡✐❣❤ts ♦♥ ❈●❙✱ ✇❡ ❡①t❡♥❞ ❙▲ ❜② ❛❧❧♦✇✐♥❣ ✐t t♦
❡①♣r❡ss ♥✉♠❡r✐❝❛❧ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✇❡✐❣❤ts✳

❉❡✜♥✐t✐♦♥ ✹✳✸ ✭❈♦✉♥t❡r ❈♦♥str❛✐♥ts✮✳
❆ ❝♦✉♥t❡r ❝♦♥str❛✐♥t ♦♥ n ✇❡✐❣❤ts ✐s ❛ s✉❜s❡t ❙ ♦❢ Nn ♠❛❞❡ ♦❢ ❛ ✭✜♥✐t❡✮ ✉♥✐♦♥ ♦❢ ♣❡r✐♦❞✐❝
s❡ts ♦❢ ✐♥t❡❣❡rs✿ s❡ts ♦❢ t❤❡ ❢♦r♠ a + b · Nn ❢♦r ❛ ✜①❡❞ ✐♥✐t✐❛❧ t❤r❡s❤♦❧❞ ✈❡❝t♦r a ❛♥❞ ❛
♣❡r✐♦❞ ✈❡❝t♦r b✱ ❜♦t❤ ✐♥ N

n✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ❛❧❧♦✇s ✉s t♦ ❡①♣r❡ss st❛♥❞❛r❞ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts ❧✐❦❡
cnt ≤ (4, 5, 2) ✭❜② t❛❦✐♥❣ b = (0, . . . , 0)✮ ❜✉t ❛❧s♦ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❝♦♥str❛✐♥ts✷✳

❉❡✜♥✐t✐♦♥ ✹✳✹ ✭❙tr❛t❡❣② ❧♦❣✐❝ ✇✐t❤ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts✿ ❝❙▲✮✳
❚❤❡ ❧♦❣✐❝ ❝❙▲ ✐s ❜✉✐❧t ✉♣♦♥ ❛ ♥✉♠❜❡r n ♦❢ ✇❡✐❣❤ts✱ ❛ s❡t ❆❣t ♦❢ ❛❣❡♥ts✱ ❛ s❡t ❆P ♦❢
❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✳ ■ts ❢♦r♠✉❧❛s ❛r❡ str✉❝t✉r❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❣r❛♠♠❛r✿

❝❙▲ ∈ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p | ❝♥t ∈ ❙

✇✐t❤ x ∈ V ❛ ✈❛r✐❛❜❧❡✱ A ∈ ❆❣t ❛♥ ❛❣❡♥t ❛♥❞ p ∈ ❆P ❛♥ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥✱ ❛♥❞ ✇❤❡r❡ ❙
✐s ❛ ❝♦✉♥t❡r ❝♦♥str❛✐♥t ♦♥ n ✇❡✐❣❤ts✳

❚❤❡ ♥♦t✐♦♥s ♦❢ ❢r❡❡ ❛❣❡♥ts ❛♥❞ ✈❛r✐❛❜❧❡s ❢♦r ❝❙▲ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❙▲✱ ✇✐t❤ t❤❡
❛❞❞✐t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥

❢r❡❡(❝♥t ∈ ❙) = ∅ ❢♦r ❛❧❧ ❝♦✉♥t❡r ❝♦♥str❛✐♥t ❙

✷❚❤❡ ♥♦t✐♦♥ ♦❢ ♣❡r✐♦❞ ✉s❡❞ ❤❡r❡ ✭♥✉♠❡r✐❝❛❧ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✇❡✐❣❤ts✮ ✐s t♦ ❜❡ ❞✐ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
♦♥❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✶✳✷ ✭r❡❧❛t❡❞ t♦ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✮✳ ❚❤❡r❡ ✐s s♦♠❡
❞❡❣r❡❡ ♦❢ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜✉t t❤❡ t✇♦ ♥♦t✐♦♥s ❛r❡ ❝❧❡❛r❧② ❞✐st✐♥❝t✳
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❋♦r♠✉❧❛s ♦❢ ❝❙▲ ❜❛s❡❞ ♦♥ n ✇❡✐❣❤ts ❛r❡ ❡✈❛❧✉❛t❡❞ ♦♥ ❛♥ n✲W❈●❙ str✉❝t✉r❡ G✱ ❛t ❛
❝♦♥✜❣✉r❛t✐♦♥ (q, c) ♦❢ G ❛♥❞ r❡❧❛t✐✈❡❧② t♦ ❛ ✈❛❧✉❛t✐♦♥ χ✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛❧❧ ❜✉t t❤❡
❝♥t ∈ ❙ ♦♣❡r❛t♦r ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❙▲✱ ✉s✐♥❣ t❤❡ st❛t❡ q ❛♥❞ t❤❡ ✉♣❞❛t❡❞ ♥♦t✐♦♥s ♦❢
❤✐st♦r✐❡s ❛♥❞ ♣❛t❤s✳ ❚❤❡ ❝♥t ∈ ❙ ♦♣❡r❛t♦r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠❛♥t✐❝ r✉❧❡✿

G, (q, c) |=χ ❝♥t ∈ ❙ ⇔ c ∈ ❙

❊①❛♠♣❧❡ ✹✳✺✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ✷✲WCGS ✇✐t❤ ❛♥ ✉♥✐q✉❡ ♣❧❛②❡r A ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ t❤❡ ❧❡❢t
♦❢ ❋✐❣✉r❡ ✹✳✶✳ ▲❡t φ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❙▲ ❢♦r♠✉❧❛✿

φ := ∃x. ❛ss✐❣♥(A, x)❋ p ∧●
(
p′ ⇒ (3, 2) ≤ (c1, c2)

)

❖♥ ❝❛♥ s❡❡ t❤❛t st❛rt✐♥❣ ❢r♦♠ t❤❡ ♥♦❞❡ ❛t t❤❡ ❜♦tt♦♠✱ φ ❞♦❡s ♥♦t ❤♦❧❞ ♦♥ t❤❡ ❣❛♠❡✳
■♥❞❡❡❞✱ ✇❤✐❧❡ ❛ p ❧❛❜❡❧❧❡❞ st❛t❡ p ❝❛♥ ❜❡ ❡✈❡♥t✉❛❧❧② r❡❛❝❤❡❞✱ t❤❡ ♣❛t❤ ♠✉st ♣❛ss t❤r♦✉❣❤
t❤❡ p′ ❧❛❜❡❧❧❡❞ st❛t❡ ❛♥❞ ✐ts ❝♦✉♥t❡r ✇✐❧❧ ❜❡ 0✳ ❍❡♥❝❡ t❤❡ s❡❝♦♥❞ ❝♦♥❥✉♥❝t ✇✐❧❧ ♥♦t ❜❡
s❛t✐s✜❡❞ ❛♥❞ φ ✇✐❧❧ ♥♦t ❤♦❧❞✳

❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❝❙▲ ✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ♦♥❡ ❢♦r ❙▲ ✭s❡❡ ❈❤❛♣✲
t❡r ✷ ❢♦r ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥✮✳ ❙✐♥❝❡ ▼✐♥s❦②✬s r❡s✉❧t ❬✸✼❪✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t r❡❛❝❤❛❜✐❧✐t②
✐♥ t✇♦✲❝♦✉♥t❡r ♠❛❝❤✐♥❡s ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❛♥❞ t❤❡r❡❢♦r❡ s♦ ✐s t❤❡ r❡❛❝❤❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐♥
n✲W❈●❙ ✇❤❡r❡ n ≥ 2 ✭s❡❡ ❬✾❪ ❢♦r ♠♦r❡ r❡s✉❧ts ♦♥ r❡❛❝❤❛❜✐❧✐t② ✐♥ ❝♦✉♥t❡r ❣❛♠❡s t❤❛t ❦❡❡♣
✇❡✐❣❤ts ❛❜♦✈❡ 0✮✳

❚❤❡♦r❡♠ ✹✳✻✳ ❝❙▲ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦✈❡r WCGS ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❝❙▲ ❝❛♥♥♦t ❤❛✈❡ ❛ ❞❡❝✐❞❛❜❧❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇✐t❤♦✉t r❡str✐❝t✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ✇❡✐❣❤ts✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧t ❢❛✐❧s ✇❤❡♥ ❛✉t♦♠❛t❛
❤❛✈❡ ♦♥❧② ❛ s✐♥❣❧❡ ❝♦✉♥t❡r✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ❢♦❝✉s ♦♥ ❣❛♠❡s ✇✐t❤ ❛ ✉♥✐q✉❡ ✇❡✐❣❤t✳
❲❡ ❝❛❧❧ ❛ 1✲W❈●❙ ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡ ✇✐t❤ ♦♥❡ ✇❡✐❣❤t ❛♥❞ ✶❝❙▲ t❤❡ ❢r❛❣♠❡♥t
♦❢ ❝❙▲ ❜✉✐❧t ✉s✐♥❣ ❛ s✐♥❣❧❡ ✇❡✐❣❤t✳ ❋✐♥❛❧❧②✱ ✇❡ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❙▲ ❛♥❞ ❛❧❧ ✐ts
❢r❛❣♠❡♥ts ✇✐t❤ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts ♦♥ ❛ s✐♥❣❧❡ ✇❡✐❣❤t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✭✢❛t✮ ❢r❛❣♠❡♥t
✶❝❙▲❬❇●❪♭ ❛♥❛❧♦❣✉❡ ♦❢ ❙▲❬❇●❪♭ ❢♦❧❧♦✇s t❤❡ ❣r❛♠♠❛r✿

✶❝❙▲❬❇●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | ❝♥t ∈ ❙

❆s ✉s✉❛❧✱ t❤❡ ❢✉❧❧ ❢r❛❣♠❡♥t ✶❝❙▲❬❇●❪ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❧❧♦✇✐♥❣ ❝❧♦s❡❞ ✶❝❙▲❬❇●❪ ❢♦r♠✉❧❛s ❛t
t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳ ❲❡ ❝❛❧❧ ✶❝▲❚▲ t❤❡ s❡t ♦❢ ❢♦r♠✉❧❛s ♦❢ t②♣❡ ϕ ✐♥ t❤❡
❣r❛♠♠❛r ♦❢ ✶❝❙▲❬❇●❪♭✳

✹✳✶✳✷ P❡r✐♦❞✐❝✐t② ♦❢ ✶❝❙▲❬❇●❪

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❛ ♣❡r✐♦❞✐❝✐t② ♣r♦♣❡rt② ❢♦r ✶❝❙▲❬❇●❪✳ ❲❡ r❡❝❛❧❧ t❤❛t ❚♦✇❡r ✐s t❤❡
❢✉♥❝t✐♦♥ ❚♦✇❡r : N× N→ N t❛❦✐♥❣ t✇♦ ❡♥tr✐❡s a, b ❛♥❞ r❡t✉r♥✐♥❣ t❤❡ ✐♥t❡❣❡r ❡q✉❛❧s t♦ ❛
t♦✇❡r ♦❢ ❡①♣♦♥❡♥t✐❛❧s ♦❢ ❤❡✐❣❤t b ❛♥❞ ✈❛❧✉❡ a✱ s❡❡ ♣❛❣❡ ✹✹ ❢♦r t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥✳



✽✺

❚❤❡♦r❡♠ ✹✳✼✳ ▲❡t G ❜❡ ❛ 1✲W❈●❙✱ ❛♥❞ φ ❜❡ ❛ ✶❝❙▲❬❇●❪ ❢♦r♠✉❧❛✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
❛ t❤r❡s❤♦❧❞ ∆ ≥ 0 ❛♥❞ ❛ ♣❡r✐♦❞ Λ ≥ 0 ❢♦r t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ φ ♦✈❡r G✳ ❚❤❛t ✐s✱ ❢♦r
❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ (q, c) ♦❢ G ✇✐t❤ c ≥ ∆✱ ❢♦r ❡✈❡r② k ∈ N✱ G, (q, c) |= φ ✐❢ ❛♥❞ ♦♥❧② ✐❢
G, (q, c+ k · Λ) |= φ✳

❋✉rt❤❡r♠♦r❡ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r ∆+ Λ ✐s ❜♦✉♥❞❡❞ ❜②

❚♦✇❡r
(

max
θ∈❙✉❜❋♦r♠(φ)

nθ, max
θ∈❙✉❜❋♦r♠(φ)

kθ + 1
)|◗|·22|φ|

✇❤❡r❡ ◗ ✐s t❤❡ st❛t❡ s♣❛❝❡ ♦❢ G✱ ❙✉❜❋♦r♠(φ) ✐s t❤❡ s❡t ♦❢ ✶❝❙▲❬❇●❪ s✉❜✲❢♦r♠✉❧❛s ♦❢ φ✱ kθ ✐s
t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ✐♥ θ✱ ❛♥❞ nθ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❛ss✐❣♥♠❡♥ts
✉s❡❞ ✐♥ θ✳

❆ r❡s✉❧t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✼ s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞✿ ●ö❧❧❡r ❛♥❞ ▲♦❤r❡②
s❤♦✇❡❞ ✐♥ ❬✷✺❪ t❤❛t ❈❚▲ ❛❞♠✐ts ❡①♣♦♥❡♥t✐❛❧ t❤r❡s❤♦❧❞s ❛♥❞ ♣❡r✐♦❞s✱ ✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t
✐s ♠❛❞❡ ♦❢ t❤❡ ❧❡❢t ✐♠❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ❊ · ❯ · ♦♣❡r❛t♦rs✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♠♠✉♥✐t②
✉s✉❛❧❧② ❢♦❝✉s❡s ♦♥ ❝♦♠♣❧❡①✐t② r❡s✉❧ts ❜✉t r❛r❡❧② ♦♥ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡s✱ t❤❡r❡❢♦r❡ ♣❡r✐♦❞✐❝
♣r♦♣❡rt✐❡s ❛r❡ ✉♥✉s✉❛❧✸✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤✐s ♣r♦♣❡rt② ❢♦r t❤❡ ✢❛t ❢r❛❣♠❡♥t ✶❝❙▲❬❇●❪♭✱ ❛♥❞ t❤❡♥ ❡①t❡♥❞ ✐t t♦
t❤❡ ❢✉❧❧ ✶❝❙▲❬❇●❪✳ ❚♦ ❦❡❡♣ t❤❡ ♣r♦♦❢ r❡❛❞❛❜❧❡ ✇❡ ♠♦✈❡❞ t❤❡ ♣r♦♦❢ ♦❢ s♦♠❡ ✐♥t❡r♠❡❞✐❛r②
r❡s✉❧ts t♦ t❤❡ ❛♥♥❡① ✭♣❛❣❡ ✶✵✻✮ ❛♥❞ r❡♣❧❛❝❡ ✐t ✇✐t❤ ❛ s❦❡t❝❤✳ ❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s
❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✼✳

❚❤❡ ✢❛t ❢r❛❣♠❡♥t ✶❝❙▲❬❇●❪♭

❲❡ ✜① ❛ 1✲W❈●❙ G ❛♥❞ ❛ ❢♦r♠✉❧❛ φ := Q1x1 . . . Qkxk. ξ(βiϕi)1≤i≤n ✐♥ ✶❝❙▲❬❇●❪♭✱ ✇❤❡r❡
❢♦r ❡✈❡r② 1 ≤ j ≤ k✱ ✇❡ ❤❛✈❡ Qj ∈ {∃, ∀} ✭❛ss✉♠✐♥❣ q✉❛♥t✐✜❡rs str✐❝t❧② ❛❧t❡r♥❛t❡✮✱ ξ ✐s ❛
❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ♦✈❡r n ❛t♦♠s✱ ❛♥❞ ❢♦r ❡✈❡r② 1 ≤ i ≤ n✱ βi ✐s ❛ ❝♦♠♣❧❡t❡ ❛ss✐❣♥♠❡♥t ❢♦r
t❤❡ ❛❣❡♥ts✬ str❛t❡❣✐❡s✱ ❛♥❞ ϕi ✐s ❛ ✶❝▲❚▲ ❢♦r♠✉❧❛✳ ❲❡ ✇r✐t❡ ▼ ❢♦r t❤❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t
❛♣♣❡❛r✐♥❣ ✐♥ ♦♥❡ ♦❢ t❤❡ ✜♥✐t❡ s❡ts ❞❡s❝r✐❜✐♥❣ ❛ ❝♦✉♥t❡r ❝♦♥str❛✐♥t ❙ ❛♣♣❡❛r✐♥❣ ✐♥ φ✳

❋♦r ❡✈❡r② 1 ≤ i ≤ n✱ ✇❡ ❧❡t Di ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ✭♦♥❡ ❝♦✉♥t❡r✮ ♣❛r✐t② ❛✉t♦♠❛t♦♥
t❤❛t r❡❝♦❣♥✐s❡s ❢♦r♠✉❧❛ ϕi✳ ❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ▲❚▲ t♦ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r✐t② ❛✉t♦♠❛t❛
❝♦♥str✉❝t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✸ ✭♣❛❣❡ ✷✵✮ ✐♥ ✇❤✐❝❤ q✉❛♥t✐t❛t✐✈❡ ❝♦♥str❛✐♥ts ❛r❡ s❡❡♥ ❛s ❛t♦♠s✳
❆ r✉♥ ♦❢ G ✐s r❡❛❞ ✐♥ ❛ st❛♥❞❛r❞ ✇❛②✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ t❤❛t q✉❛♥t✐t❛t✐✈❡
❝♦♥str❛✐♥ts ❧❛❜❡❧❧✐♥❣ ❛ st❛t❡ s❤♦✉❧❞ ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ❝♦✉♥t❡r ✈❛❧✉❡ ✇❤❡♥ t❤❡ st❛t❡ ✐s
tr❛✈❡rs❡❞ ✭❛ st❛t❡ ❝❛♥ ❜❡ ❧❛❜❡❧❧❡❞ ❜② ❛ ❝♦♥str❛✐♥t ❝♥t ∈ ❙✱ ✇✐t❤ ❙ ❛r❜✐tr❛r✐❧② ❝♦♠♣❧❡①✖
✐t ❞♦❡s ♥♦t ✐♠♣❛❝t t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥✮✳

❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ❜② s❤♦✇✐♥❣ t❤❛t✱ ❛❜♦✈❡ s♦♠❡ t❤r❡s❤♦❧❞✱ t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ φ
✐s ♣❡r✐♦❞✐❝ ✇✳r✳t✳ ❝♦✉♥t❡r ✈❛❧✉❡s✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ❞❡✜♥❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦✈❡r

✸❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♠♠✉♥✐t② s♦❧✈❡s t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ q✉❛♥t✐t❛t✐✈❡ t❡♠♣♦r❛❧ ❧♦❣✐❝s ❛❧♠♦st ❡①❝❧✉✲
s✐✈❡❧② ❜② ❛ r❡❞✉❝t✐♦♥ t♦ t❤❡ ❡♠♣t✐♥❡ss ♦❢ ❛ ❣✐✈❡♥ ❛✉t♦♠❛t❛✳ ❚❤❡ ♣❡r✐♦❞✐❝✐t② ♣r♦♣❡rt✐❡s ❛r❡ t❤❡♥ ❤✐❞❞❡♥
✇✐t❤✐♥ t❤❡ ❛❧❣♦r✐t❤♠ s♦❧✈✐♥❣ t❤❡ ❡♠♣t✐♥❡ss ♦❢ t❤❡ ❛✉t♦♠❛t❛✳ ❖♥ ❛ ♣❡rs♦♥❛❧ ♥♦t❡✱ ■ ❜❡❧✐❡✈❡ t❤❛t ✇♦r❦✐♥❣
❡①❝❧✉s✐✈❡❧② ✇✐t❤ ❛✉t♦♠❛t❛ t❡❝❤♥✐q✉❡s ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❢✉❧❧② ✉♥❞❡rst❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢
t❤❡ q✉❛♥t✐t❛t✐✈❡ ❧♦❣✐❝s✳ ❲❤✐❧❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✼ ✉s❡s ♦❢ ❛✉t♦♠❛t❛✱ t❤❡✐r r♦❧❡s ❛r❡ r❡❞✉❝❡❞ t♦
tr❛♥s❢♦r♠✐♥❣ t❤❡ ▲❚▲ ❣♦❛❧s ✐♥ ♣❛r✐t② ❝♦♥❞✐t✐♦♥s✳
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❝♦✉♥t❡r ✈❛❧✉❡s t❤❛t ❣❡♥❡r❛t❡s ✐❞❡♥t✐❝❛❧ str❛t❡❣✐❝ ♣♦ss✐❜✐❧✐t✐❡s ✭✐♥ ❛ s❡♥s❡ t❤❛t ✇✐❧❧ ❜❡ ♠❛❞❡
❝❧❡❛r ❧❛t❡r ♦♥✮✳

❉❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❋✐① ❛ ❝♦♥✜❣✉r❛t✐♦♥ γ = (q, c) ✐♥ G✱ ♣✐❝❦ ❢♦r
❡✈❡r② 1 ≤ i ≤ n ❛ st❛t❡ di ✐♥ t❤❡ ❛✉t♦♠❛t♦♥ Di✱ ❛♥❞ ❞❡✜♥❡ t❤❡ t✉♣❧❡ D = (d1, . . . , dn)✳ ❋♦r
❡✈❡r② ✈❛❧✉❛t✐♦♥ χk ❢♦r ✈❛r✐❛❜❧❡s {x1, . . . , xk}✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧❡✈❡❧✲0 ✐❞❡♥t✐✜❡r ■❞χk

(γ,D) ❛s✿

■❞χk
(γ,D) :=

{
i
∣∣ 1 ≤ i ≤ n ❛♥❞ ♦✉t(βi(χk), γ) ✐s ❛❝❝❡♣t❡❞ ❜② Di ❢r♦♠ di

}

✇❤❡r❡ βi(χk) ✐s t❤❡ ✈❛❧✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❛ss✐❣♥✐♥❣ ❛ str❛t❡❣② ❢r♦♠ χk t♦ ❡❛❝❤ ❛❣❡♥t
✐♥ ❆❣t ❢♦❧❧♦✇✐♥❣ βi✳

❆ss✉♠✐♥❣ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❧❡✈❡❧✲(k − j + 1) ✐❞❡♥t✐✜❡rs ■❞χj+1
(γ,D) ❢♦r ❡✈❡r② ♣❛rt✐❛❧

✈❛❧✉❛t✐♦♥ χj+1 ❢♦r ✈❛r✐❛❜❧❡s {x1, . . . , xj+1}✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧❡✈❡❧✲(k− j) ✐❞❡♥t✐✜❡r ■❞χj
(γ,D)

❢♦r ❡✈❡r② ♣❛rt✐❛❧ ✈❛❧✉❛t✐♦♥ χj ❢♦r ✈❛r✐❛❜❧❡s {x1, . . . , xj} ❛s ❢♦❧❧♦✇s✿

■❞χj
(γ,D) :=

{
■❞χj+1

(γ,D)
∣∣ χj+1 ✐s ❛ ✈❛❧✉❛t✐♦♥ ❢♦r {x1, . . . , xj+1} t❤❛t ❡①t❡♥❞s χj

}
.

❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❧❡✈❡❧✲k ✐❞❡♥t✐✜❡r ❢♦r ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ γ = (q, c) ❛♥❞ ❡✈❡r② D✱
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡♠♣t② ✈❛❧✉❛t✐♦♥✳ ■t s♦♠❡❤♦✇ ❝♦♥t❛✐♥s ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
✇❤❛t ❦✐♥❞s ♦❢ str❛t❡❣✐❡s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❣❛♠❡ ✭t❤✐s ✐s ❛ ❤✐❡r❛r❝❤✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ s❡t✱
✇❤✐❝❤ ❝♦♥t❛✐♥s ❛❧❧ ❧❡✈❡❧✲j ✐❞❡♥t✐✜❡rs ❢♦r j < k✮✳

❲❡ ✇✐❧❧ ✜rst ❣✐✈❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐❞❡♥t✐✜❡rs✱ ✇❤✐❝❤ ✇✐❧❧ ❤❡❧♣
✉♥❞❡rst❛♥❞ ❤♦✇ ✐t ❝❛♥ ❜❡ ✉s❡❞❀ ✇❡ t❤❡♥ ❝♦✉♥t ❤♦✇ ♠❛♥② ✈❛❧✉❡s t❤❡ ❧❡✈❡❧✲k ✐❞❡♥t✐✜❡r ❝❛♥
t❛❦❡✱ ❢r♦♠ ✇❤✐❝❤ ♦✉r ♣❡r✐♦❞ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞✳

❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❲❡ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦❧❡❛♥ ♣r♦♣❡rt②✿

P
q,D
0 (χk, χ

′
k)(c, c

′) : ✭tr✉t❤ ✈❛❧✉❡ ♦❢✮ ■❞χk
((q, c), D) = ■❞χ′

k
((q, c′), D)

❛♥❞ ❢♦r ❡✈❡r② 0 ≤ j < k✱

P
q,D
k−j(χj, χ

′
j)(c, c

′) :

{
∀vj+1. ∃v

′
j+1. P

q,D
k−j−1(χj ∪ {vj+1}, χ

′
j ∪ {v

′
j+1})(c, c

′) ❛♥❞

∀v′j+1. ∃vj+1. P
q,D
k−j−1(χj ∪ {vj+1}, χ

′
j ∪ {v

′
j+1})(c, c

′)

❚❤✐s ♣r♦♣❡rt② r❡❛❞s ❛ ❜✐t ❧✐❦❡ ❛♥ ❛❧t❡r♥❛t✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ c ❛♥❞ c′✳ ■t ❛❧❧♦✇s
t♦ ❝❤❛r❛❝t❡r✐③❡ ❡q✉✐✈❛❧❡♥t ❝♦♥✜❣✉r❛t✐♦♥s ✇✳r✳t✳ t❤❡ ✐❞❡♥t✐✜❡r ♣r❡❞✐❝❛t❡✳

▲❡♠♠❛ ✹✳✽✳ ❋✐① s♦♠❡ 0 ≤ j ≤ k ❛♥❞ s♦♠❡ ♣❛rt✐❛❧ ✈❛❧✉❛t✐♦♥s χj ❛♥❞ χ′j ❢♦r ✈❛r✐❛❜❧❡s
{x1, . . . , xj} ❢r♦♠ (q, c) ❛♥❞ (q, c′)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛✲
❧❡♥t✿

• ■❞χj
((q, c), D) = ■❞χ′

j
((q, c′), D)

• P
q,D
k−j(χj, χ

′
j)(c, c

′)
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Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ 0 ≤ j ≤ k✱ st❛rt✐♥❣ ❢r♦♠ j = k✱ ✇❤❡r❡
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♣r❡❝✐s❡❧② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥✳

❆ss✉♠❡ ■❞χj
((q, c), D) = ■❞χ′

j
((q, c′), D) ❢♦r s♦♠❡ 0 ≤ j < k✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✐t ♠❡❛♥s

t❤❛t ❢♦r ❡✈❡r② ❡①t❡♥❞❡❞ ✈❛❧✉❛t✐♦♥ χj+1 ♦❢ χj✱ t❤❡r❡ ❡①✐sts ❛♥ ❡①t❡♥❞❡❞ ✈❛❧✉❛t✐♦♥ χ′j+1 ♦❢ χ
′
j

✭❛♥❞ ❝♦♥✈❡rs❡❧②✮ s✉❝❤ t❤❛t ■❞χj+1
((q, c), D) = ■❞χ′

j+1
((q, c′), D)✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱

✐t ❤♦❧❞s P
q,D
k−j−1(χj+1, χ

′
j+1)(c, c

′)✳ ❙✐♥❝❡ t❤✐s ❤♦❧❞s ❢♦r ❛❧❧ ❛♣♣r♦♣r✐❛t❡ q✉❛♥t✐✜❝❛t✐♦♥s✱
✇❡ ❣❡t t❤❛t Pq,Dk−j(χj, χ

′
j)(c, c

′) ❤♦❧❞s ❛s ✇❡❧❧✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s s✐♠✐❧❛r✳

▲❡t P ❜❡ t❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ♦❢ ❛❧❧ t❤❡ ♣❡r✐♦❞s ❛♣♣❡❛r✐♥❣ ✐♥ ♣❡r✐♦❞✐❝ ❝♦♥str❛✐♥ts
✉s❡❞ ✐♥ ❢♦r♠✉❧❛ φ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❝♦✉♥t❡r ✈❛❧✉❡s✿

c ∼ c′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ c = c′ mod P ❛♥❞ ∀D. ∀q. ■❞∅((q, c), D) = ■❞∅((q, c
′), D).

❈♦♠❜✐♥❛t♦r✐❝s✳ ●✐✈❡♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ (q, c) ❛♥❞ ❛ t✉♣❧❡ D✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡
✈❛❧✉❡s ❢♦r t❤❡ ❧❡✈❡❧✲0 ✐❞❡♥t✐✜❡r ✐s ❚♦✇❡r(n, 1)✱ ❛♥❞ ❢♦r t❤❡ ❧❡✈❡❧✲j ✐❞❡♥t✐✜❡r ✐t ✐s ❚♦✇❡r(n, j+
1)✳ ❍❡♥❝❡✱ t❤❡ ♥✉♠❜❡r ✐♥❞∼ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ t❤❡ r❡❧❛t✐♦♥ ∼ s❛t✐s✜❡s

✐♥❞∼ ≤ P · (❚♦✇❡r(n, k + 1))

(
|◗|·

∏
1≤i≤n 22

|ϕi|
)
≤ P · (❚♦✇❡r(n, k + 1))

(
|◗|·22

|φ|
)

✇✐t❤ |◗| t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ✐♥ G✳ ❲❡ ❧❡t ▼ = ▼ + ✐♥❞∼ + 1✳ ❇② t❤❡ ♣✐❣❡♦♥✲❤♦❧❡
♣r✐♥❝✐♣❧❡✱ t❤❡r❡ ♠✉st ❡①✐st ▼ < ∆ < ∆′ ≤ ▼ s✉❝❤ t❤❛t ∆ ∼ ∆′✳

P❡r✐♦❞✐❝✐t② ♣r♦♣❡rt② ❲❡ ❞❡✜♥❡ Λ = ∆′ −∆✱ ❛♥❞ ♥♦✇ ♣r♦✈❡ t❤❛t Λ ✐s ❛ ♣❡r✐♦❞ ❢♦r φ
❢♦r ❝♦✉♥t❡r ✈❛❧✉❡s ❧❛r❣❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ∆✳ ❆ss✉♠❡ t❤❛t γ = (q, c) ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥
s✉❝❤ t❤❛t c ≥ ∆✱ ❛♥❞ ❞❡✜♥❡ γ′ = (q, c+Λ) ✭♥♦t❡ t❤❛t c+ Λ ≥ ∆′✮✳ ❲❡ s❤♦✇ t❤❛t G, γ |= φ
✐❢ ❛♥❞ ♦♥❧② ✐❢ G, γ′ |= φ✳

◆♦t❛t✐♦♥s✳ ❋♦r t❤❡ r❡st ♦❢ t❤✐s ♣r♦♦❢✱ ✇❡ ✜① t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

✶✳ ✐❢ ρ ✐s ❛ r✉♥ st❛rt✐♥❣ ✇✐t❤ ❝♦✉♥t❡r ✈❛❧✉❡ a > c✱ t❤❡♥ ❡✐t❤❡r t❤❡ ❝♦✉♥t❡r ❛❧✇❛②s
r❡♠❛✐♥s str✐❝t❧② ❛❜♦✈❡ c ❛❧♦♥❣ ρ ✭✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ s❛② t❤❛t ρ ✐s ❢✉❧❧② ❛❜♦✈❡ c✮✱ ♦r
✐t ❡✈❡♥t✉❛❧❧② ❤✐ts ✈❛❧✉❡ c✱ ❛♥❞ ✇❡ ❞❡✜♥❡ ρ%c ❢♦r t❤❡ s♠❛❧❧❡st ♣r❡✜① ♦❢ ρ s✉❝❤ t❤❛t
❧st(ρ%c) ❤❛s ❝♦✉♥t❡r ✈❛❧✉❡ c❀

✷✳ ❧❡t ρ ❜❡ ❛ r✉♥ t❤❛t ✐s ❢✉❧❧② ❛❜♦✈❡ ▼✱ ❛♥❞ ❧❡t c ❜❡ t❤❡ ❧❡❛st ❝♦✉♥t❡r ✈❛❧✉❡ ❛♣♣❡❛r✐♥❣
✐♥ ρ✳ ❋♦r ❡✈❡r② ν ≥ ▼ − c✱ ✇❡ ✇r✐t❡ Shiftν(ρ) ❢♦r t❤❡ r✉♥ ρ′ ♦❜t❛✐♥❡❞ ❢r♦♠ ρ ❜②
s❤✐❢t✐♥❣ t❤❡ ❝♦✉♥t❡r ✈❛❧✉❡ ❜② ν✳ ■t ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ r✉♥ s✐♥❝❡ t❤❡ ❝♦✉♥t❡r ✈❛❧✉❡s
❛❧♦♥❣ ρ′ ❛r❡ ❛❧s♦ ❛❧❧ ❛❜♦✈❡ ▼ ❤❡♥❝❡ ❛❜♦✈❡ ✵✳

✸✳ ✐❢ D ✐s ❛ t✉♣❧❡ ♦❢ st❛t❡s ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛✉t♦♠❛t❛ (Di)1≤i≤n✱ ❛♥❞ ✐❢ ρ ✐s ❛ ✜♥✐t❡
r✉♥ ♦❢ G t❤❛t ✐s ❢✉❧❧② ❛❜♦✈❡ ▼✱ t❤❡♥ ✇❡ ✇r✐t❡ D+ρ ❢♦r t❤❡ ✐♠❛❣❡ ♦❢ D ❛❢t❡r r❡❛❞✐♥❣ ρ✳

❲❡ ✜rst s❤♦✇ ❛♥ ❡❛s② r❡s✉❧t✿

▲❡♠♠❛ ✹✳✾✳ ▲❡t ρ ❜❡ ❛ ✜♥✐t❡ r✉♥✱ ❛♥❞ ρ′ = Shift+Λ(ρ)✳ ▲❡t D ❜❡ ❛ t✉♣❧❡ ♦❢ st❛t❡s ♦❢
t❤❡ ❛✉t♦♠❛t❛ (Di)1≤i≤n✳ ❚❤❡♥✱ ρ ✐s ❢✉❧❧② ❛❜♦✈❡ ∆ ✐✛ ρ′ ✐s ❢✉❧❧② ❛❜♦✈❡ ∆′✳ ■♥ ❝❛s❡ ❜♦t❤
❝♦♥❞✐t✐♦♥s ❛r❡ ✇r♦♥❣✱ ✐t ❤♦❧❞s t❤❛t ρ′%∆′ = Shift+Λ(ρ%∆)✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤❡ ✜rst ❝❛s❡✱
D+ρ = D+ρ′ ✇❤❡r❡❛s ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ D+ρ%∆

= D+ρ′
%∆′

✳



✽✽

Pr♦♦❢✳ ❚❤❡ t✇♦ ✜rst ♣r♦♣❡rt✐❡s ❛r❡ ♦❜✈✐♦✉s ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Shift+Λ ✭s✐♥❝❡ ∆′ = ∆+ Λ✮✳
❙✐♥❝❡ ∆ > ▼✱ ❛❧❧ ❝♦✉♥t❡r ✈❛❧✉❡s ❛❧♦♥❣ ❜♦t❤ ❤✐st♦r✐❡s ❛r❡ ❧❛r❣❡r t❤❛♥ ▼✱ ❛♥❞ ❤❡♥❝❡✱

t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s ❛❧♦♥❣ ρ ❛♥❞ ρ′ s❛t✐s❢② t❤❡ s❛♠❡ ♥♦♥✲♠♦❞✉❧♦ ❝♦✉♥t❡r
❝♦♥str❛✐♥ts✳ ❚❤❡ ♣❡r✐♦❞ Λ ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ P✱ t❤❡ ❧❝♠ ♦❢ ❛❧❧ t❤❡ ♣❡r✐♦❞s✱ ❤❡♥❝❡ t✇♦
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s ❛❧♦♥❣ ρ ❛♥❞ ρ′ ❛❧s♦ s❛t✐s❢② t❤❡ s❛♠❡ ♠♦❞✉❧♦ ❝♦♥str❛✐♥ts✳
❋✐♥❛❧❧②✱ ❛❧❧ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t❧② s❛t✐s✜❡❞ ❛t t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦s✐t✐♦♥s
❛❧♦♥❣ ρ ❛♥❞ ρ′✳ ❋✐① 1 ≤ i ≤ n✳ ❙✐♥❝❡ Di ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts✱ ✇❡
❣❡t t❤❡ ❧❛st r❡s✉❧ts✳

▲❡t 0 ≤ j ≤ k✳ ❲❡ ❛ss✉♠❡ t❤❛t χj ❛♥❞ χ′j ❛r❡ t✇♦ ✈❛❧✉❛t✐♦♥s ❢♦r {x1, . . . , xj}✱ ❛♥❞ D
✐s ❛ t✉♣❧❡ ♦❢ st❛t❡s ♦❢ t❤❡ Di✬s✳ ❲❡ ✇r✐t❡ RD,j

(γ,γ′)(χj, χ
′
j) ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r

❛♥② r✉♥ ρ ❢r♦♠ γ✿

✭✐✮ ✐❢ ρ ✐s ❢✉❧❧② ❛❜♦✈❡ ∆ ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ ρ′ = Shift+Λ(ρ)✱ ✇❤✐❝❤ st❛rts ❢r♦♠ γ′✱ ✐s ❢✉❧❧②
❛❜♦✈❡ ∆′✮✱ t❤❡♥ ❢♦r ❡✈❡r② 1 ≤ g ≤ j✱ χj(xg)(ρ) = χ′j(xg)(ρ

′)❀

✭✐✐✮ ✐❢ ρ ✐s ♥♦t ❢✉❧❧② ❛❜♦✈❡ ∆ ✭❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ ρ′ = Shift+Λ(ρ) ✐s ♥♦t ❢✉❧❧② ❛❜♦✈❡ ∆′✮✱ t❤❡♥
✇❡ ❞❡❝♦♠♣♦s❡ ρ ✭r❡s♣✳ ρ′✮ ✇✳r✳t✳ ∆ ✭r❡s♣✳ ∆′✮ ❛♥❞ ✇r✐t❡ ρ = ρ%∆ ·ρ ❛♥❞ ρ′ = ρ′%∆′ ·ρ′✳
❚❤❡♥✿

■❞χj−−→ρ%∆
(❧st(ρ%∆), D̃) = ■❞χ′

j
−−−→
ρ′
%∆′

(❧st(ρ′%∆′), D̃)

✇✐t❤ D̃ = D+ρ%∆
= D+ρ′

%∆′
✳ ❘❡❝❛❧❧ t❤❛t χj−−→ρ%∆

s❤✐❢ts ❛❧❧ str❛t❡❣✐❡s ✐♥ ✈❛❧✉❛t✐♦♥ χj
❛❢t❡r t❤❡ ♣r❡✜① ρ%∆ ✭t❤❛t ✐s✱ χj ✐s t❤❡ str❛t❡❣② s✉❝❤ t❤❛t χj−−→ρ%∆

(π) = χj(ρ%∆ · π) ❢♦r
❡✈❡r② π✮✳

❲❡ ❝❛♥ s❡❡ ✐♥ t❤❡ R ♣r♦♣❡rt② ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ P ♣r♦♣❡rt②✳ ❲❡ ❝❛♥ t❤❡♥ ❣❡t ❛ r❡s✉❧t
s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✹✳✽ ❢♦r R✳

▲❡♠♠❛ ✹✳✶✵✳ ❋✐① 0 ≤ j < k✱ ❛♥❞ ❛ss✉♠❡ t❤❛t RD,j
(γ,γ′)(χj, χ

′
j) ❤♦❧❞s tr✉❡✳ ❚❤❡♥✿

✶✳ ❢♦r ❡✈❡r② str❛t❡❣② v ❢♦r xj+1 ❢r♦♠ γ✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ str❛t❡❣② T (v) ❢♦r xj+1 ❢r♦♠ γ′

s✉❝❤ t❤❛t RD,j+1
(γ,γ′) (χj ∪ {v}, χ

′
j ∪ {T (v)}) ❤♦❧❞s tr✉❡❀

✷✳ ❢♦r ❡✈❡r② str❛t❡❣② v′ ❢♦r xj+1 ❢r♦♠ γ′✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ str❛t❡❣② T −1(v′) ❢♦r xj+1

❢r♦♠ γ s✉❝❤ t❤❛t RD,j+1
(γ,γ′) (χj ∪ {T

−1(v′)}, χ′j ∪ {v
′}) ❤♦❧❞s tr✉❡✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ❚❤❡ ✐❞❡❛ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❡✐t❤❡r ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✭✐✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐❞❡♥t✐❝❛❧
✭❜✉t s❤✐❢t❡❞✮ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞❀ ♦r ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✭✐✐✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐❞❡♥t✐❝❛❧
✭❜✉t s❤✐❢t❡❞✮ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✉♥t✐❧ ❝♦✉♥t❡r ✈❛❧✉❡ ∆ ✭r❡s♣✳ ∆′✮ ✐s ❤✐t✱ t❤❡♥ t❤❡
❡q✉❛❧✐t② ♦❢ ✐❞❡♥t✐✜❡rs ❛❧❧♦✇s t♦ ❛♣♣❧② ❡q✉✐✈❛❧❡♥t str❛t❡❣✐❡s✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ✐❧❧✉str❛t❡❞
✐♥ ❋✐❣✉r❡ ✹✳✷✳

❲❡ ✉s❡ t❤✐s ❧❡♠♠❛ t♦ tr❛♥s❢❡r ❛ ♣r♦♦❢ t❤❛t γ |=∅ φ t♦ ❛ ♣r♦♦❢ t❤❛t γ′ |=∅ φ✳ ❲❡ ❞❡✲
❝♦♠♣♦s❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐♥t♦ t✇♦ ❧❡♠♠❛s✿
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∆′

∆
Λ

•
γ

•
γ′ = ShiftΛ(γ)

Λ

•

•
✐❞❡♥t✐❝❛❧ ✭❜✉t s❤✐❢t❡❞✮ str❛t❡❣✐❡s

❡q✉✐✈❛❧❡♥t str❛t❡❣✐❡s ✭∆ ∼ ∆′✮

❋✐❣✉r❡ ✹✳✷✿ ❈♦♥str✉❝t✐♦♥ ✐♥ ▲❡♠♠❛ ✹✳✶✵ ✭❝❛s❡ ✭✐✐✮✮

▲❡♠♠❛ ✹✳✶✶✳ ❋✐① D0 ❢♦r t❤❡ t✉♣❧❡ ♦❢ ✐♥✐t✐❛❧ st❛t❡s ♦❢ t❤❡ Di✬s✳ ❆ss✉♠❡ t❤❛t RD0,k
(γ,γ′)(χ, χ

′)

❤♦❧❞s ✭❢♦r ❢✉❧❧ ✈❛❧✉❛t✐♦♥s χ ❛♥❞ χ′✮✳ ▲❡t 1 ≤ i ≤ n✱ ❛♥❞ ✇r✐t❡ ρ = ♦✉t(βi(χ), γ) ❛♥❞
ρ′ = ♦✉t(βi(χ

′), γ′)✳ ❚❤❡♥ ρ |= ϕi ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ′ |= ϕi✳ ■♥ ♣❛rt✐❝✉❧❛r✱ γ |=χ ξ(βiϕi)1≤i≤n
✐❢ ❛♥❞ ♦♥❧② ✐❢ γ′ |=χ′ ξ(βiϕi)1≤i≤n✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ❆s ❧♦♥❣ ❛s r✉♥s ❛r❡ ❛❜♦✈❡ ∆ ✭r❡s♣✳ ∆′✮ t❤❡② ✈✐s✐t st❛t❡s t❤❛t s❛t✐s❢② ❡①✲
❛❝t❧② t❤❡ s❛♠❡ ❛t♦♠✐❝ ♣r♦♣❡rt✐❡s ✭❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts✮✱ ❤❡♥❝❡
t❤❡② ♣r♦❣r❡ss ✐♥ ❡❛❝❤ Di ❛❧♦♥❣ t❤❡ s❛♠❡ r✉♥✳ ❲❤❡♥ ✈❛❧✉❡ ∆ ✭r❡s♣✳ ∆′✮ ✐s ❤✐t✱ t❤❡② ❛r❡
❣❡♥❡r❛t❡❞ ❜② str❛t❡❣✐❡s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ❧❡✈❡❧✲0 ✐❞❡♥t✐✜❡rs✱ ✇❤✐❝❤ ♣r❡❝✐s❡❧② ♠❡❛♥s t❤❡②
❛r❡ ❡q✉✐✈❛❧❡♥t❧② ❛❝❝❡♣t❡❞ ❜② ❡❛❝❤ Di✳ ❍❡♥❝❡ ❜♦t❤ ♦✉t❝♦♠❡s s❛t✐s❢② t❤❡ s❛♠❡ ❢♦r♠✉❧❛s ϕi
✉♥❞❡r t❤❡ ✈❛❧✉❛t✐♦♥ βi(χ) ✭r❡s♣✳ βi(χ′)✮✳

❲❡ ✜♥❛❧❧② s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ✈❛❧✉❛✲
t✐♦♥✱ ❛♥❞ ❜② ♥♦t✐❝✐♥❣ t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ∆ ∼ ∆′ ♣r❡❝✐s❡❧② ✐♠♣❧✐❡s t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♣❡rt②
❛t ❧❡✈❡❧ 0 ✭✐✳❡ R

D0,0
(γ,γ′)(∅, ∅)✮✳

▲❡♠♠❛ ✹✳✶✷✳ γ |=∅ φ ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ′ |=∅ φ✳

❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✿

❈♦r♦❧❧❛r② ✹✳✶✸✳ Λ ✐s ❛ ♣❡r✐♦❞ ❢♦r t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ φ ❢♦r ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ❝♦✉♥t❡r
✈❛❧✉❡s ❧❛r❣❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ∆✳

❋✉rt❤❡r♠♦r❡✱ ∆+ Λ ✐s ❜♦✉♥❞❡❞ ❜② ▼+ P · (❚♦✇❡r(n, k + 1))|◗|·
∏

1≤i≤ 22
|φ|

+ 1✳

❘❡♠❛r❦ ✹✳✶✹✳ ◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❡r✐♦❞✱ t❤♦✉❣❤ ❡✛❡❝t✐✈❡ ✭❛ ♣❡✲
r✐♦❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ tr✉t❤ ♦❢ ✐❞❡♥t✐✜❡r ♣r❡❞✐❝❛t❡s✮✱ ❞♦❡s ♥♦t ❛❧❧♦✇ ❢♦r
❛♥ ❛❧❣♦r✐t❤♠ t♦ ❞❡❝✐❞❡ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✳ ❖♥❡ ♣♦ss✐❜❧❡ ✐❞❡❛ t♦ ❧✐❢t t❤❛t ♣❡r✐✲
♦❞✐❝✐t② r❡s✉❧t t♦ ❛♥ ❡✛❡❝t✐✈❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❜❡ t♦ ❜♦✉♥❞ t❤❡ ❝♦✉♥t❡r ✈❛❧✉❡s❀ ❤♦✇❡✈❡r
t❤✐♥❣s ❛r❡ ♥♦t s♦ ❡❛s②✳ ■♥ ❋✐❣✉r❡ ✹✳✷✱ ❡q✉✐✈❛❧❡♥t str❛t❡❣✐❡s ❢r♦♠ ∆ ❛♥❞ ∆′ ♠✐❣❤t ❣❡♥❡r❛t❡
r✉♥s ✇✐t❤ ✭❧❛t❡r ♦♥✮ ❝♦✉♥t❡r ✈❛❧✉❡s ❧❛r❣❡r t❤❛♥ ∆ ♦r ∆′ ✭❞❡s♣✐t❡ t❤❡ ✜❧❧❡❞ r❡♣r❡s❡♥t❛t✐♦♥s
st❛②✐♥❣ ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞s✱ ❝♦✉♥t❡r ✈❛❧✉❡s ♦❢ ❡q✉✐✈❛❧❡♥t str❛t❡❣✐❡s ❛r❡ ♥♦t ❜♦✉♥❞❡❞✮✳ ❚❤❡

❞❡❝✐❞❛❜✐❧✐t② st❛t✉s ♦❢ ✶❝❙▲❬❇●❪♭ ✭❛♥❞ ♦❢ ✶❝❙▲❬❇●❪✮ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ r❡♠❛✐♥s ♦♣❡♥✳



✾✵

❊①t❡♥s✐♦♥ t♦ ✶❝❙▲❬❇●❪

❲❡ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞✐❝✐t② ❛♥❛❧②s✐s t♦ t❤❡ ❢✉❧❧ ❧♦❣✐❝ ✶❝❙▲❬❇●❪✳
▲❡t φ ❜❡ ❛ ✜①❡❞ ❢♦r♠✉❧❛ ♦❢ ✶❝❙▲❬❇●❪

φ := Q1x1 . . . Qkxk · ξ(βiϕi)1≤i≤n

✇✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s t❤❛♥ t❤❡ ♦♥❡s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ❜✉t
♥♦✇ ϕi ❝❛♥ ✉s❡ ❝❧♦s❡❞ ❢♦r♠✉❧❛s ♦❢ ✶❝❙▲❬❇●❪ ❛s s✉❜✲❢♦r♠✉❧❛s✳

▲❡t Ψφ ❜❡ t❤❡ s❡t ♦❢ ❝❧♦s❡❞ s✉❜✲❢♦r♠✉❧❛s ♦❢ ✶❝❙▲❬❇●❪ t❤❛t ❛♣♣❡❛r ❞✐r❡❝t❧② ✉♥❞❡r t❤❡
s❝♦♣❡ ♦❢ s♦♠❡ ϕi✳ ❲❡ ✇✐❧❧ r❡♣❧❛❝❡ s✉❜✲❢♦r♠✉❧❛s ♦❢ Ψφ ❜② ♦t❤❡r ❢♦r♠✉❧❛s ✐♥✈♦❧✈✐♥❣ ♦♥❧②
✭♥❡✇✮ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts✳ P✐❝❦ ψ ∈ Ψφ✳ ▲❡t ∆ψ ❛♥❞ Λψ ❜❡ t❤❡
t❤r❡s❤♦❧❞ ❛♥❞ t❤❡ ♣❡r✐♦❞ ♠❡♥t✐♦♥❡❞ ✐♥ ❈♦r♦❧❧❛r② ✹✳✶✸ ❢♦r ψ✳ ❋♦r ❡✈❡r② ❧♦❝❛t✐♦♥ q ♦❢ t❤❡
❣❛♠❡✱ t❤❡ s❡t ♦❢ ❝♦✉♥t❡r ✈❛❧✉❡s c s✉❝❤ t❤❛t (q, c) |= ψ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ✉♥✐♦♥ ❙ψq ♦❢
❛ ✜♥✐t❡ ✭♥♦♥ ♣❡r✐♦❞✐❝✮ s❡t ❢♦r t❤❡ ✈❛❧✉❡s s♠❛❧❧❡r t❤❛♥ ∆ψ ❛♥❞ ♦❢ ❛ ♣❡r✐♦❞✐❝ s❡t Λψ ❢♦r t❤❡
✈❛❧✉❡s ❛❜♦✈❡ ∆ψ✳ ◆♦t❡ t❤❛t ✇❡ ❦♥♦✇ s✉❝❤ ❛ s❡t ❡①✐sts✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡r❡ ✐s ✭❢♦r ♥♦✇✮
♥♦ ❡✛❡❝t✐✈❡ ♣r♦❝❡❞✉r❡ t♦ ❡①♣r❡ss ✐t✳ ❚❤❡ s✐③❡ ♦❢ ❙ψq ✐s 1 ✭✇❡ ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❝♦♠♣❧❡①✐t② ♦❢ ✇r✐t✐♥❣ t❤❡ ♣r❡❝✐s❡ s❡ts ✉s❡❞ ✐♥ t❤❡ ❝♦♥str❛✐♥t✮✳ ❊①♣❛♥❞ t❤❡ s❡t ♦❢ ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s ❆P ✇✐t❤ ❛♥ ❡①tr❛ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ ❢♦r ❡❛❝❤ ❧♦❝❛t✐♦♥✱ s❛② pq ❢♦r ❧♦❝❛t✐♦♥ q✱
✇❤✐❝❤ ❤♦❧❞s ♦♥❧② ❛t ❧♦❝❛t✐♦♥ q✳ ❋♦r ❡✈❡r② ψ ∈ Ψφ✱ r❡♣❧❛❝❡ t❤❛t ♦❝❝✉rr❡♥❝❡ ♦❢ ψ ✐♥ φ

❜② ❢♦r♠✉❧❛
∧
q∈L pq → (❝♥t ∈ ❙ψq )✳ ❚❤✐s ❞❡✜♥❡s ❢♦r♠✉❧❛ φ′✱ ✇❤✐❝❤ ✐s ♥♦✇ ❛ ✶❝❙▲❬❇●❪♭

❢♦r♠✉❧❛✱ ❛♥❞ ❤♦❧❞s ❡q✉✐✈❛❧❡♥t❧② ✭✇✳r✳t✳ φ✮ ❢r♦♠ ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ G✳ ❚❤❡ s✐③❡ ♦❢ φ′ ✐s
t❤❛t ♦❢ φ✳ ❲❡ ❛♣♣❧② t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ❛♥❞ ❣❡t ❛ ♣r♦♦❢ ♦❢ ♣❡r✐♦❞✐❝✐t②
♦❢ t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ❢♦r φ′✱ ❤❡♥❝❡ ❢♦r φ✳

■t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ ❜♦✉♥❞s ♦♥ t❤❡ ♦✈❡r❛❧❧ ♣❡r✐♦❞ Λφ ❛♥❞ t❤r❡s❤♦❧❞∆φ✳ ❚❤❡ ♠♦❞✉❧♦
❝♦♥str❛✐♥ts ✐♥ φ′ ✐♥✈♦❧✈❡ ♣❡r✐♦❞s Λψ ✭ψ ∈ Ψφ✮✱ ❛♥❞ t❤❡ ❝♦♥st❛♥ts ✉s❡❞ ❛r❡ ❜♦✉♥❞❡❞ ❜②
∆ψ✳ ❙♦ t❤❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t ▼φ′ ❛♣♣❡❛r✐♥❣ ✐♥ φ′ ✐s ❜♦✉♥❞❡❞ ❜② max(maxψ∈Ψ(∆ψ),▼φ)
✇❤❡r❡ ▼φ ✐s t❤❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t ✉s❡❞ ✐♥ φ✱ ❛♥❞ t❤❡ ❧✳❝✳♠ Pφ′ ♦❢ t❤❡ ♣❡r✐♦❞s ❛♣♣❡❛r✐♥❣
✐♥ φ′ ✐s t❤❡ ❧✳❝✳♠✳ ♦❢ t❤❡ ♣❡r✐♦❞s ✉s❡❞ ✐♥ φ ✭❝❛❧❧ ✐t Pφ✮ ❛♥❞ ♦❢ t❤❡ Λψ✬s ✭❢♦r ψ ∈ Ψφ✮✿ ❤❡♥❝❡
Pφ′ ≤ Pφ ·maxψ∈Ψφ

(Λψ)
|φ| ❍❡♥❝❡ ❢♦r ❢♦r♠✉❧❛ φ′✱ ✇❡ ❣❡t

∆φ′ + Λφ′ ≤ ▼φ′ + Pφ′ · ❚♦✇❡r(nφ, kφ + 1)|◗|·2
2|φ

′|

+ 1

❲❡ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r ∆φ + Λφ✱ ✇❤❡r❡ ωΨφ
= maxψ∈Ψφ

ωψ✿

ωφ ≈ ωΨφ
+▼

|φ|
φ · (max

ψ∈Ψφ

Λψ)
|φ| · ❚♦✇❡r(nφ, kφ + 1)|◗|·2

2|φ|

≈ ▼
|φ|
φ · ω

|φ|
Ψφ
· ❚♦✇❡r(nφ, kφ + 1)|◗|·2

2|φ|

❯s✐♥❣ ♥♦t❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✼✱ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❜♦✉♥❞❡❞ ❜②

❚♦✇❡r
(

max
θ∈❙✉❜❋♦r♠(φ)

nθ, max
θ∈❙✉❜❋♦r♠(φ)

kθ + 1
)|◗|·22|φ|

.



✾✶

❘❡♠❛r❦ ✹✳✶✺✳ ◆♦t❡ t❤❛t t❤✐s ♣r♦♦❢ ✐s ♥♦♥✲❝♦♥str✉❝t✐✈❡✱ ❡✈❡♥ ❢♦r t❤❡ ♣❡r✐♦❞ ❛♥❞ t❤❡
t❤r❡s❤♦❧❞✱ s✐♥❝❡ ✐t r❡❧✐❡s ♦♥ t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ s✉❜✲❢♦r♠✉❧❛s✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❦♥♦✇
❤♦✇ t♦ ❞♦✳ ❲❡ ❝❛♥ ♥❡✈❡rt❤❡❧❡ss ❡✛❡❝t✐✈❡❧② ❝♦♠♣✉t❡ ❛ t❤r❡s❤♦❧❞ ❛♥❞ ❛ ♣❡r✐♦❞ ❜② t❛❦✐♥❣ t❤❡
❧✳❝✳♠✳ ♦❢ ❛❧❧ t❤❡ ✐♥t❡❣❡rs ✉♣ t♦ t❤❡ ❜♦✉♥❞ ♦✈❡r t❤❡ ♣❡r✐♦❞ ❛♥❞ t❤r❡s❤♦❧❞ ❣✐✈❡♥ ✐♥ t❤✐s ♣r♦♦❢✳
❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦❢ ✶❝❙▲❬❇●❪ ✭❛♥❞ ✐ts ❡✛❡❝t✐✈✐t②✮ r❡♠❛✐♥s ❛♥ ✐♠♣♦rt❛♥t ♦♣❡♥
♣r♦❜❧❡♠✳

✹✳✶✳✸ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✶❝❙▲❬❇●❪✿ ▼❙❖(ωω, <)

❆s s❛✐❞ ❜❡❢♦r❡✱ ✇❤✐❧❡ ✇❡ ❤❛✈❡ ❛ ♣❡r✐♦❞✐❝✐t② ♣r♦♣❡rt②✱ ✇❡ ❝❛♥♥♦t ❞❡r✐✈❡ ❛ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
❛❧❣♦r✐t❤♠ ❢♦r ✶❝❙▲❬❇●❪✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ❡①✐sts ❛♥❞
✇♦r❦s ✐♥ ✏r❡❛s♦♥❛❜❧❡✑ t✐♠❡ ❛♥❞ ✇❡ ✉s❡ t❤✐s t♦ ✐♠♣r♦✈❡ t❤❡ ✈❛❧✐❞✐t② ♣r♦❜❧❡♠ ♦❢ ▼❙❖
♦✈❡r (ωω, <)✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s s❤♦✇♥ t♦ ❜❡ ❞❡❝✐❞❛❜❧❡ ✐♥ ❬✶✷❪ ✉s✐♥❣ ❛✉t♦♠❛t❛ ♦✈❡r ❧✐♥❡❛r
♦r❞❡r✐♥❣s✱ ❜✉t t❤✐s r❡q✉✐r❡s ❝♦♠♣❧❡♠❡♥t✐♥❣ t❤♦s❡ ❛✉t♦♠❛t❛✱ ✇❤✐❝❤ ❤❛s ❞♦✉❜❧②✲❡①♣♦♥❡♥t✐❛❧
❝♦♠♣❧❡①✐t② ❍❡♥❝❡ ❣❧♦❜❛❧❧② t❤❡ ✈❛❧✐❞✐t② ♣r♦❜❧❡♠ ♦❢ ▼❙❖ ♦✈❡r (ωω, <) ❝❛♥ ❜❡ ❞❡❝✐❞❡❞ ✐♥
t✐♠❡ ❚♦✇❡r(|φ|, 2k + c)✱ ✇❤❡r❡ φ ✐s t❤❡ ▼❙❖ ❢♦r♠✉❧❛✱ k ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐♦♥s ✐♥
t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ♦❢ φ ❛♥❞ c ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❖t❤❡r ❛❧❣♦r✐t❤♠s ❛r❡ ❦♥♦✇♥ ❢♦r
▼❙❖ ♦✈❡r (ωi, <)✱ r✉♥♥✐♥❣ ✐♥ t✐♠❡ ❚♦✇❡r(|φ|, k + c)✱ s❡❡ ❬✶✶❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❍♦✇❡✈❡r✱
❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✶✶❪✱ t❤❡ t❡❝❤♥✐q✉❡ t❤❡② ❡♠♣❧♦②✱ ❜❛s❡❞ ♦♥ tr❡❡ ❛✉t♦♠❛t❛✱ ❝❛♥♥♦t ❡①t❡♥❞
t♦ (ωω, <)✱ s✐♥❝❡ ✐t ✇♦✉❧❞ ❝♦♥tr❛❞✐❝t t❤❡ ❢❛❝t t❤❛t ❛♥② tr❡❡✲❛✉t♦♠❛t✐❝ ♦r❞✐♥❛❧ ✐s ❧❡ss t❤❛♥
ωω

ω

✳
❲❡ ♣r♦♣♦s❡ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ✈❛❧✐❞✐t② ♣r♦❜❧❡♠ ♦❢ ▼❙❖ ♦✈❡r (ωω, <) t♦✇❛r❞ t❤❡

♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦❢ ✶❝❙▲❬❇●❪ ♦✈❡r 1✲W❈●❙✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛♥② ❛❧❣♦r✐t❤♠ ❢♦r
✶❝❙▲❬❇●❪✬s ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇♦r❦✐♥❣ ✐♥ t✐♠❡ ❚♦✇❡r(|φ|, k+c) ✇❤❡r❡ φ ✐s ❛♥ ❙▲❬❇●❪ ❢♦r♠✉❧❛✱
k ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐♦♥s ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s ✐♥ φ ❛♥❞ c ✐s ❛♥② ❝♦♥st❛♥t✱ ✇✐❧❧ ✐♠♣r♦✈❡
t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ✈❛❧✐❞✐t② ♣r♦❜❧❡♠ ♦❢ ▼❙❖ ♦✈❡r (ωω, <)✳ ❚❤❡ ♣❡r✐♦❞✐❝✐t② ♣r♦♣❡rt② ♦❢
❙❡❝t✐♦♥ ✹✳✶✳✷ ♠❛❦❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛❧❣♦r✐t❤♠ ❢♦r ✶❝❙▲❬❇●❪ ✈❡r② ❧✐❦❡❧② ❛♥❞ ✇❡ ❤❛✈❡
❣♦♦❞ ❤♦♣❡ ♦❢ ✜♥❞✐♥❣ ✐t ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡✳

❆ ♥♦t❡ ♦♥ ♦r❞✐♥❛❧s

❲❡ ❛ss✉♠❡ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ♦r❞✐♥❛❧s ❛♥❞ r❡❢❡r t♦ ❬✷✽❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳ ❆♥ ♦r❞✐♥❛❧
✐s ❛ ✇❡❧❧✲♦r❞❡r❡❞ s❡t✳ ■t ✐s ❡✐t❤❡r 0 ✭♦r ∅✮✱ ♦r t❤❡ s✉❝❝❡ss♦r ♦❢ ❛♥ ♦r❞✐♥❛❧ α✱ ✇❤✐❝❤ ✇❡ ✇r✐t❡
α + 1✱ ♦r ❛ ❧✐♠✐t ♦r❞✐♥❛❧✳ ❚❤❡ ✜rst ❧✐♠✐t ♦r❞✐♥❛❧✱ ❞❡♥♦t❡❞ ω✱ ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s❡t ♦❢
♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❋♦r ❛♥② t✇♦ ♦r❞✐♥❛❧s α ❛♥❞ β✱ ✐t ❤♦❧❞s t❤❛t α < β ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ β✳
❆❧s♦✱ ❛♥② ♦r❞✐♥❛❧ α ✐s ❡q✉❛❧ t♦ {β | β < α}✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ωω✱
❛♥❞ ✇❡ ✇✐❧❧ ✇r✐t❡ ❡q✉✐✈❛❧❡♥t❧② α ∈ ωω ♦r α < ωω✳

❚❤❡ ❈❛♥t♦r ♥♦r♠❛❧ ❢♦r♠ ♦❢ ♦r❞✐♥❛❧s ✇✳r✳t✳ ω ❬✷✽❪ ❛❧❧♦✇s t♦ ✭❛❜✉s✐✈❡❧②✮✹ ✇r✐t❡ ❛♥②
♦r❞✐♥❛❧ ∅ < α < ωω ✐♥ ❛ ✉♥✐q✉❡ ✇❛② ❛s ❛ s✉♠

α = ωpnp + ωp−1np−1 + · · ·+ ω1n1 + n0

✇❤❡r❡ p ❛♥❞ ❛❧❧ t❤❡ ni✬s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✱ ❛♥❞ np ✐s ♣♦s✐t✐✈❡✳ ❇② ❡①t❡♥s✐♦♥✱
✇❡ ✇r✐t❡ ∅ = 0✱ ✭t❤❛t ✐s✱ p = 0 ❛♥❞ n0 = 0✮✳ ■♥ t❤❡ ❛❜♦✈❡ ✇r✐t✐♥❣✱ ✇❡ ❝❛❧❧ p t❤❡ ❞❡❣r❡❡

✹❚❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❢♦r♠ ✇♦✉❧❞ r❡♠♦✈❡ t❡r♠s ✇❤❡r❡ ni = 0✳



✾✷

♦❢ α ❛♥❞ ✇r✐t❡ deg(α) = p✳ ❲❡ t❤❡♥ ✇r✐t❡ cnf(α) ❢♦r t❤❡ t✉♣❧❡ (ndeg(α), . . . , n0) ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤✐s ✇r✐t✐♥❣✳

❚❤✐s ✇r✐t✐♥❣ ❞♦❡s ♥♦t ❛❧❧♦✇ ❢♦r ❡❛s② ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t✇♦ ♦r❞✐♥❛❧s
✭✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ♥❡❡❞ ✐♥ t❤❡ s❡q✉❡❧✮✱ ❜✉t ✐t ❛❧❧♦✇s t♦ ✈❡r② ❡❛s✐❧② ❝♦♠♣❛r❡ t✇♦ ♦r❞✐♥❛❧s✳
■♥❞❡❡❞✱ ❣✐✈❡♥ α, β ∈ ωω✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ α < β ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♦♥❡ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

• deg(α) < deg(β)✱ ♦r

• deg(α) = deg(β) ❛♥❞ cnf(α) <❧❡① cnf(β) ✇❤❡r❡ <❧❡① ✐s t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✱ ✇✐t❤
st❛♥❞❛r❞ ♦r❞❡r ♦✈❡r t❤❡ ✐♥t❡❣❡rs✳

▼❙❖ ♦✈❡r ♦r❞✐♥❛❧s

❚❤❡ ❧♦❣✐❝ ▼❙❖ ✐s ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❛s ❢♦❧❧♦✇s✿

▼❙❖ ∋ Φ ::= (x < y) | X(x) | ¬Φ | Φ ∨ Φ | ∃X · Φ | ∃x · Φ

✇❤❡r❡ x, y ❛r❡ ✜rst✲♦r❞❡r ✈❛r✐❛❜❧❡s ✭r❛♥❣✐♥❣ ♦✈❡r ❡❧❡♠❡♥ts✮ ❛♥❞ X ✐s ❛ s❡❝♦♥❞✲♦r❞❡r ✈❛r✐✲
❛❜❧❡ ✭r❛♥❣✐♥❣ ♦✈❡r s❡ts ♦❢ ❡❧❡♠❡♥ts✮✳ ▲❡t Φ ❜❡ ❛♥ ▼❙❖ ❢♦r♠✉❧❛✳ ❆ ✈❛r✐❛❜❧❡ x ✭r❡s♣✳ X✮ ✐s
❢r❡❡ ✐♥ Φ ✇❤❡♥❡✈❡r ✐t ✐s ♥♦t ✉♥❞❡r t❤❡ s❝♦♣❡ ♦❢ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛♥t✐✜❝❛t✐♦♥✳ ❚❤❡ ❢♦r✲
♠✉❧❛ ✐s ❝❧♦s❡❞ ✇❤❡♥❡✈❡r ✐t ❤❛s ♥♦ ❢r❡❡ ✈❛r✐❛❜❧❡✳ ■t ✐s t❤❡♥ ❛❧s♦ ❝❛❧❧❡❞ ❛ s❡♥t❡♥❝❡✳

▲❡t Φ(X1, . . . , Xk, x1, . . . , xl) ❜❡ ❛♥ ▼❙❖ ❢♦r♠✉❧❛ ✇✐t❤ ❢r❡❡ s❡❝♦♥❞✲♦r❞❡r ✈❛r✐❛❜❧❡s
X1, . . . , Xk ❛♥❞ ❢r❡❡ ✜rst✲♦r❞❡r ✈❛r✐❛❜❧❡s x1, . . . , xl✳ ■♥ ♦✉r ❝♦♥t❡①t✱ ✐t ✐s ✐♥t❡r♣r❡t❡❞ ♦✈❡r
❛ t✉♣❧❡ (P1, . . . , Pk, a1, . . . al)✱ ✇❤❡r❡ Pi ⊆ ωω ❛♥❞ aj ∈ ωω✱ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ✐♥❞✉❝t✐✈❡
s❡♠❛♥t✐❝s✿

• (α1, α2) |= (x1 < x2) ✐❢ ❛♥❞ ♦♥❧② ✐❢ α1 < α2❀

• (P, α) |= X(x) ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ P ❀

• (P1, . . . , Pk, a1, . . . al) |= ∃x·Φ(X1, . . . , Xk, x1, . . . , xl, x) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s a ∈ ωω

s✉❝❤ t❤❛t (P1, . . . , Pk, a1, . . . al, a) |= Φ(X1, . . . , Xk, x1, . . . , xl, x)❀

• (P1, . . . , Pk, a1, . . . al) |= ∃X · Φ(X1, . . . , Xk, X, x1, . . . , xl) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s
P ⊆ ωω s✉❝❤ t❤❛t (P1, . . . , Pk, P, a1, . . . al, a) |= Φ(X1, . . . , Xk, X, x1, . . . , xl)❀

• ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥s ❤❛✈❡ t❤❡✐r st❛♥❞❛r❞ s❡♠❛♥t✐❝s✳

❚❤❡ ✈❛❧✐❞✐t② ♣r♦❜❧❡♠

●✐✈❡♥ ❛ s❡♥t❡♥❝❡ Φ ✐♥ ▼❙❖✱ t❤❡ ✈❛❧✐❞✐t② ♣r♦❜❧❡♠ ❛s❦s ✇❤❡t❤❡r Φ ✐s tr✉❡ ♦✈❡r (ωω, <)✳
❲❡ r❡❝❛❧❧ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✈❛❧✐❞✐t② ♦❢ ▼❙❖ ♦✈❡r (ωω, <) ✇♦r❦✐♥❣ ✐♥
t✐♠❡ ❚♦✇❡r(|φ|, 2k + c) ✇❤❡r❡ φ ✐s t❤❡ ▼❙❖ ❢♦r♠✉❧❛✱ k ✐s t❤❡ ❛❧t❡r♥❛t✐♦♥ ❤❡✐❣❤t ♦❢ t❤❡
❢♦r♠✉❧❛ ❛♥❞ c ✐s ❛ ❝♦♥st❛♥t❀ ✐t ✇❛s s❤♦✇♥ ✉s✐♥❣ ❛✉t♦♠❛t❛ ♦✈❡r ❧✐♥❡❛r ♦r❞❡r✐♥❣s ❬✶✷❪✳
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❚❤❡♦r❡♠ ✹✳✶✻✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ✶❝❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
♣r♦❜❧❡♠ ✇♦r❦✐♥❣ ✐♥ t✐♠❡ ❚♦✇❡r(|φ|, k + c) ❢♦r ❛ ❢♦r♠✉❧❛ φ ✇✐t❤ k ❛❧t❡r♥❛t✐♦♥s ♦❢ q✉❛♥✲
t✐✜❝❛t✐♦♥s✱ ❢♦r s♦♠❡ ✜①❡❞ ❝♦♥st❛♥t c✳ ❚❤❡♥ t❤❡ ❧♦❣✐❝ ▼❙❖ ♦✈❡r (ωω, <) ❝❛♥ ❜❡ ❞❡❝✐❞❡❞
✐♥ t✐♠❡ ❚♦✇❡r(|Φ|, k + c) ❢♦r ❛ ❢♦r♠✉❧❛ Φ ✇✐t❤ ❛❧t❡r♥❛t✐♦♥✲❤❡✐❣❤t k ❛♥❞ ✇❤❡r❡ c ✐s t❤❡
❝♦♥st❛♥t ♦❢ t❤❡ ✶❝❙▲❬❇●❪✬s ❛❧❣♦r✐t❤♠✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✉s❡s ❛ r❡❞✉❝t✐♦♥ t♦ ✶❝❙▲❬❇●❪ ♦✈❡r ❛ ✜①❡❞ ❣❛♠❡✳ ▼❛♥② ❡❧❡♠❡♥ts ❛r❡
s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠ ✷✳✶✺ ✭♣❛❣❡ ✹✽✮✳ ▲❡t

Φ := Q1X1 . . . QhXh. Qh+1xh+1 . . . Qh+lxh+l. Ψ(X1, . . . , Xh, xh+1, . . . , xh+l)

❜❡ ❛ s❡♥t❡♥❝❡ ♦❢ ▼❙❖ ✐♥ ♣r❡♥❡① ♥♦r♠❛❧ ❢♦r♠✳ ❋♦r ❡✈❡r② i✱ ✇❡ ❤❛✈❡ Qi ∈ {∃, ∀}✳ ❚❤❡ Xi

❛r❡ s❡❝♦♥❞✲♦r❞❡r ✈❛r✐❛❜❧❡s✱ ✇❤❡r❡❛s t❤❡ xi ❛r❡ ✜rst✲♦r❞❡r ✈❛r✐❛❜❧❡s❀ t❤❡ Xi ❛♥❞ t❤❡ xi ❛r❡
t❤❡ ♦♥❧② ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ Ψ✳

❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣ ❛ ✜①❡❞ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢♦r✲
♠✉❧❛ Φ✮ ❛♥❞ ❛ ❢♦r♠✉❧❛ φ s✉❝❤ t❤❛t G |= φ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Φ ✐s tr✉❡ ♦✈❡r ωω✳

❚❤❡ ❣❛♠❡ G ❤❛s t❤r❡❡ ❛❣❡♥ts Decider ✭❉❡❝✮✱ Follower ✭❋♦❧✮ ❛♥❞ SecondOrder ✭❙❖✮✳
■t ✐s t❤❡ ❝♦♥❝✉rr❡♥t ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ❣r❛♣❤s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✳ ❚❤❛t ✐s✱ ❛ st❛t❡ ♦❢ G
✐s ❛ ♣❛✐r (x, y) ✇✐t❤ x ∈ {a, b, c,D, ♥♦, ②❡s} ❛♥❞ y ∈ {a′, b′, c′, d′}✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥❝✉rr❡♥t
♠♦✈❡ ❢r♦♠ (x, y) t♦ (x′, y′) ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ❛ ♠♦✈❡ ❢r♦♠ x t♦ x′ ✐♥ t❤❡ ❧❡❢t ❛r❡♥❛ ❛♥❞ ❛
♠♦✈❡ ❢r♦♠ y t♦ y′ ✐♥ t❤❡ r✐❣❤t ❛r❡♥❛❀ ❛❝t✐♦♥s ❛r❡ ❣✐✈❡♥ t♦ t❤❡ ❛❣❡♥t t♦ ✇❤✐❝❤ ❜❡❧♦♥❣s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡r❡ ✐s ❛ ❝♦♥❝✉rr❡♥t ♠♦✈❡ ❢r♦♠ (a, a′) t♦ (b, d′) ✇❤♦s❡
✜rst ❛❝t✐♦♥ ❜❡❧♦♥❣s t♦ ❆❣❡♥t ❉❡❝ ❛♥❞ s❡❝♦♥❞ ❛❝t✐♦♥ t♦ ❆❣❡♥t ❋♦❧✳ ❚❤❡ ✇❡✐❣❤ts ✐♥ G ✐s
t❛❦❡♥ ❢r♦♠ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛r❡♥❛✳

c a b

D
②❡s

♥♦

−1

0

−1

0−11

0

0
00

0

0

c′ a′ b′

d′

❋✐❣✉r❡ ✹✳✸✿ ●❛♠❡ G ✐s t❤❡ ❝♦♥❝✉rr❡♥t ♣r♦❞✉❝t ♦❢ t❤❡s❡ t✇♦ ❛r❡♥❛s

❆♥ ♦r❞✐♥❛❧ α ∈ ωω ✇✐❧❧ ❜❡ ❡♥❝♦❞❡❞ ❜② t❤❡ ✜♥✐t❡ ♦✉t❝♦♠❡

ρα = (c, c′)p+2(a, a′)(b, b′)np(a, a′)(b, b′)np−1 . . . (a, a′)(b, b′)n0(D, d′)

✇❤❡r❡ p = deg(α) ❛♥❞ cnf(α) = (np, . . . , n0)✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥ ❢♦r ❡♥❝♦❞✐♥❣ ∅ ✐s t♦ ✉s❡ t❤❡
✜♥✐t❡ ♦✉t❝♦♠❡ ρ∅ = (c, c′)2(a, a′)(D, d′)✳ ❙t❛rt✐♥❣ ❢r♦♠ ✇❡✐❣❤t 0✱ ✇❡ r❡❛❧✐③❡ t❤❛t✱ ❛❧♦♥❣ ρα✱
t❤❡ ✇❡✐❣❤t ✐s p+1 ❥✉st ❜❡❢♦r❡ ❧❡❛✈✐♥❣ (c, c′)✱ ❛♥❞ ✐s ❜❛❝❦ t♦ 0 ✇❤❡♥ r❡❛❝❤✐♥❣ (D, d′)✳ ❆♥ ✐♥✲
✜♥✐t❡ ♦✉t❝♦♠❡ ρ ✐s s❛✐❞ t♦ ❡♥❝♦❞❡ ❛♥ ♦r❞✐♥❛❧ α ✇❤❡♥❡✈❡r ρα ✐s ❛ ♣r❡✜① ♦❢ ρ ✭✐♥❞❡♣❡♥❞❡♥t❧②
♦❢ ✇❤❛t ❤❛♣♣❡♥s ❛❢t❡r ρα✮✳



✾✹

❲❡ ❞❡✜♥❡ t❤❡ ✇✐♥♥✐♥❣ ❝♦♥❞✐t✐♦♥ Ω♦r❞ ❛s ❢♦❧❧♦✇s✿ ❛ r✉♥ ✐♥ G ✐s ✐♥ Ω♦r❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✶✳ ✐t st❛rts ✐♥ (c, c′) ✇✐t❤ ✇❡✐❣❤t 0

✷✳ ✐t ✈✐s✐ts (c, c′) ❛t ❧❡❛st t✇✐❝❡

✸✳ ✐t ✈✐s✐ts ♦♥❧② st❛t❡s ✐♥ {(a, a′), (b, b′), (c, c′)} ✉♥t✐❧ r❡❛❝❤✐♥❣ (D, d′)

✹✳ ✇❤❡♥ ✐t r❡❛❝❤❡s (D, d′)✱ t❤❡ ✇❡✐❣❤t ✐s 0

✺✳ ✐❢ t❤❡ ✇❡✐❣❤t ✇❤❡♥ r❡❛❝❤✐♥❣ (a, a′) ❢♦r t❤❡ ✜rst t✐♠❡ ✐s ♣♦s✐t✐✈❡✱ t❤❡♥ ✐t s❤♦✉❧❞
✈✐s✐t (b, b′) ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r✳

❚❤✐s ✇✐♥♥✐♥❣ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ✶❝▲❚▲ ❛s ❢♦❧❧♦✇s✿

ψΩ :=





(c, c′) ∧ ❝♥t ∈ {0} ∧❳ (c, c′)

∧
(
(a, a′) ∨ (b, b′) ∨ (c, c′)

)
❯

(
(D, d′) ∧ ❝♥t ∈ {0}

)

∧ (c, c′)❯
(
(a, a′) ∧

(
❝♥t ∈ {0} ∨❳ (b, b′)

))

▲❡♠♠❛ ✹✳✶✼✳ ▲❡t σ = (σ❉❡❝, σ❋♦❧, σ❙❖) ❜❡ ❛ ✈❛❧✉❛t✐♦♥ ❣✐✈✐♥❣ ❛ str❛t❡❣② t♦ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡
❛❣❡♥ts✱ ❛♥❞ ρ ❜❡ ✐ts ✉♥✐q✉❡ ♦✉t❝♦♠❡✳ ❚❤❡♥ ρ ❜❡❧♦♥❣s t♦ Ω♦r❞ ✭♦r ❡q✉✐✈❛❧❡♥t❧② s❛t✐s✜❡s ψΩ✮
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❡♥❝♦❞❡s ❛♥ ♦r❞✐♥❛❧ α✳ ❚❤❡ ✈❛❧✉❡ α ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ str❛t❡❣② σ❙❖✱
❛♥❞ ✇❡ t❤❡♥ s❛② t❤❛t (σ❉❡❝, σ❋♦❧) ❡♥❝♦❞❡s ♦r❞✐♥❛❧ α✳✺

Pr♦♦❢✳ ▲❡t ρ ❜❡ t❤❡ ✐♥✜♥✐t❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ (σ❉❡❝, σ❋♦❧, σ❙❖) ❢r♦♠ (c, c′)✳

• ❆ss✉♠❡ ρ |= ψΩ✳ ❚❤❡♥✱ ❥✉st ❧♦♦❦✐♥❣ ❛t t❤❡ ❞✐s❝r❡t❡ ♣❛rt ♦❢ ❢♦r♠✉❧❛ ψΩ✱ ✇❡ ❣❡t t❤❛t

ρ ∈ (c, c′)2(c, c′)∗(a, a′)
(
(a, a′) + (b, b′)

)∗
(D, d′)

(
(♥♦, d′)ω + (②❡s, d′)ω

)

◆♦✇✱ ✐❢ p+2 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ (c, c′) ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ρ✱ t❤❡ ✇❡✐❣❤t ❜❡❢♦r❡
t❤❡ ✜rst ✈✐s✐t t♦ (a, a′) ✐s p + 1✱ ❛♥❞ t❤❡♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ (a, a′) ✐s p + 1
s✐♥❝❡ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ✇❡✐❣❤t ♠✉st ❜❡ 0 ✇❤❡♥ r❡❛❝❤✐♥❣ (D, d′)✳ ❙♦ ✇❡ ❝❛♥ ✇r✐t❡✿

ρ = (c, c′)p+2(a, a′)(b, b′)np(a, a′)(b, b′)np−1(a, a′) . . . (a, a′)(b, b′)n0(D′, d)ρ′

❢♦r s♦♠❡ s✉✣① ρ′ ∈ {(♥♦, d′)ω, (②❡s, d′)ω} ❛♥❞ ✐♥t❡❣❡rs np, . . . , n0✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢
p > 0 t❤❡♥✱ ❜② t❤❡ ✜❢t❤ ♣♦✐♥t ✐♥ ψΩ✬s ❞❡✜♥✐t✐♦♥✱ np > 0✳ ■❢ np > 0✱ t❤❡♥ ✐t
✐♠♣❧✐❡s t❤❛t ρ ❡♥❝♦❞❡s t❤❡ ✭✉♥✐q✉❡✮ ♦r❞✐♥❛❧ ∅ < α < ωω ✇✐t❤ deg(α) = p ❛♥❞
cnf(α) = (np, . . . , n0)✳ ■❢ np = 0 ✭✐♥ ✇❤✐❝❤ ❝❛s❡ p = 0 ❛s ✇❡❧❧✮✱ ρ ❡♥❝♦❞❡s ∅✳

◆♦t❡ t❤❛t t❤❡ str❛t❡❣② σ❙❖ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ❛❜♦✈❡ ♣r❡✜① ♦❢ ρ✱ ❛♥❞ ❤❡♥❝❡ ♦♥
t❤❡ ♦r❞✐♥❛❧ ❜❡✐♥❣ ❡♥❝♦❞❡❞✳

• ❆ss✉♠❡ ρ ❡♥❝♦❞❡s ❛♥ ♦r❞✐♥❛❧ α✳ ❚❤❡♥ ❢♦r♠✉❧❛ ψΩ ♦❜✈✐♦✉s❧② ❤♦❧❞s ❛❧♦♥❣ ρ✳

✺❙♦♠❡❤♦✇ t❤♦s❡ t✇♦ str❛t❡❣✐❡s ❛❣r❡❡ ♦♥ ✏♣❧❛②✐♥❣ α✑✳



✾✺

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ✇r✐t❡ (σ❉❡❝α , σ❋♦❧α ) ❢♦r ❛ ♣❛✐r ♦❢ str❛t❡❣✐❡s t❤❛t ❡♥❝♦❞❡s ♦r❞✐♥❛❧ α✳
❆❧❧ t❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡s❡ str❛t❡❣✐❡s✳

❲❡ ♥♦✇ s❤♦✇ ❤♦✇ ✇❡ ❝♦♠♣❛r❡ t✇♦ ♦r❞✐♥❛❧s ❜② ♣❧❛②✐♥❣ t❤❡ str❛t❡❣✐❡s ♦❢ t❤❡ t✇♦
❞✐✛❡r❡♥t ♦r❞✐♥❛❧s✱ ❛s ❢♦❧❧♦✇s✿

▲❡♠♠❛ ✹✳✶✽✳ ❋✐① t✇♦ ♦r❞✐♥❛❧s α, β ∈ ωω✱ ❛♥❞ ❧❡t σ❙❖ ❜❡ ❛ str❛t❡❣② ♦❢ ❛❣❡♥t ❙❖✳ ▲❡t ρ
❜❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ (σ❉❡❝α , σ❋♦❧β , σ❙❖) ❢r♦♠ (c, c′) ❛♥❞ ❞❡✜♥❡ ψ1✱ ψ2 ❛♥❞ ψ3 t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❚▲
❢♦r♠✉❧❛s

ψ1 := (
∨

i∈{a,b,c}

(i, i′))❯ (a, b′) ψ2 := (c, c′)❯ (a, a′) ψ3 := (c, c′)❯ (a, c′)

• ❆ss✉♠❡ deg(α) = deg(β)✳ ❚❤❡♥ α < β ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ s❛t✐s✜❡s ψ1❀

• ❋✉rt❤❡r♠♦r❡ deg(α) = deg(β) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ s❛t✐s✜❡s ψ2✳

• ❙✐♠✐❧❛r❧②✱ deg(α) < deg(β) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ s❛t✐s✜❡s ψ3

• ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ α < β ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ s❛t✐s✜❡s ψ< := ψ3 ∨ (ψ2 ∧ ψ1)✳

Pr♦♦❢✳ ❙✐♥❝❡ (σ❉❡❝α , σ❋♦❧α ) ✭r❡s♣✳ (σ❉❡❝β , σ❋♦❧β )✮ ❡♥❝♦❞❡s α ✭r❡s♣✳ β✮✱ ✐t ❤♦❧❞s t❤❛t t❤❡ ♦✉t❝♦♠❡
♦❢ (σ❉❡❝α , σ❋♦❧α , σ❙❖) ✭r❡s♣✳ (σ❉❡❝β , σ❋♦❧β , σ❙❖)✮ s❛t✐s✜❡s ψΩ✳

◆♦✇✱ ✐❢ deg(α) = deg(β)
❞❡❢
= δ✱ t❤❡♥ t❤❡ t✇♦ str❛t❡❣✐❡s t♦❣❡t❤❡r ❣❡♥❡r❛t❡ (c, c′)δ+1(a, a′)✳

◆♦✇✱ ❛s ❧♦♥❣ ❛s cnf(α) ❛♥❞ cnf(β) ❛❣r❡❡✱ t❤❡② ❣❡♥❡r❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❡❝t❡❞ ♦✉t✲
❝♦♠❡✳ ❚❤❡ ✜rst t✐♠❡ t❤❡② ❞✐s❛❣r❡❡✱ ✐t ✇✐❧❧ ❧❡❛❞ ❡✐t❤❡r t♦ (a, b′) ✭✐♥ ❝❛s❡ cnf(α) < cnf(β)✮
♦r t♦ (a′, b)✳ ❚❤✐s ♣❛r❛❣r❛♣❤ ❛❧❧♦✇s t♦ ✐♥❢❡r t❤❡ ✈❛r✐♦✉s ♣r♦♣❡rt✐❡s ♦❢ ❧❡♠♠❛ ✹✳✶✽✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ❡♥❝♦❞❡ s❡ts ♦❢ ♦r❞✐♥❛❧s ✭❢♦r s❡❝♦♥❞✲♦r❞❡r ✈❛r✐❛❜❧❡s ✐♥ t❤❡
❧♦❣✐❝✮✳ ■t ✇✐❧❧ ❜❡ t❤❡ r♦❧❡ ♦❢ ❆❣❡♥t ❙❖✱ ✇❤✐❝❤ s❤♦✉❧❞ ♣❧❛② ❢r♦♠ st❛t❡ D t♦ ②❡s ✭r❡s♣✳ ♥♦✮
✇❤❡♥❡✈❡r t❤❡ ♦r❞✐♥❛❧ ♣❧❛②❡❞ s♦ ❢❛r ✐s ✭r❡s♣✳ ✐s ♥♦t✮ ✐♥ t❤❡ ❡♥❝♦❞❡❞ s❡t✳ ▲❡t A ⊆ ωω ❜❡ ❛
s❡t ♦❢ ♦r❞✐♥❛❧s ❛♥❞ σ❙❖A ❜❡ ❛ str❛t❡❣② ♦❢ ❆❣❡♥t ❙❖✳ ❲❡ s❛② t❤❛t t❤✐s str❛t❡❣② ❡♥❝♦❞❡s A
✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ σ❙❖A (ρα) = ②❡s ✐❢ α ∈ A ❛♥❞ σ❙❖A (ρα) = ♥♦ ✐❢ α /∈ A ✭t❤❡
✈❛❧✉❡ ♦❢ σ❙❖A (ρ) ✇❤❡♥ ρ /∈ {ρα | α ∈ ω

ω} ✐s ✐rr❡❧❡✈❛♥t✮✳ ❚❤❡r❡ ✐s ♥♦t ❛ ✉♥✐q✉❡ ❡♥❝♦❞✐♥❣
♦❢ ❡✈❡r② s❡❝♦♥❞✲♦r❞❡r s❡t✱ ❜✉t ❛ ❢❛♠✐❧② ♦❢ s✉❝❤ ❡♥❝♦❞✐♥❣s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛♥② ❝❤♦✐❝❡ t❤❛t
s❛t✐s✜❡s t❤❡ ❛❜♦✈❡ ✇✐❧❧ ❜❡ ❝♦rr❡❝t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞✿

▲❡♠♠❛ ✹✳✶✾✳ ▲❡t A ⊆ ωω✱ ❛♥❞ σ❙❖A ❜❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ str❛t❡❣② ❢♦r ❆❣❡♥t ❙❖✳ ▲❡t
α ∈ ωω ❛♥❞ ρ ❜❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ (σ❉❡❝α , σ❋♦❧α , σ❙❖)✳ ❚❤❡♥✱ α ∈ A ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ s❛t✐s✜❡s

t❤❡ ❢♦r♠✉❧❛ ψ❙❖
❞❡❢
= ❋ ②❡s✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ tr❛♥s❢♦r♠ t❤❡ ▼❙❖ ❢♦r♠✉❧❛ ✐♥t♦ ❛ ✶❝❙▲❬❇●❪ ❢♦r♠✉❧❛

Φ = Q1X1 . . . QhXh. Qh+1xh+1 . . . Qh+lxh+l. Ψ(X1, . . . , Xh, xh+1, . . . , xh+l)

❲❡ ✜rst ❢♦❝✉s ♦♥ t❤❡ ❜❧♦❝❦ ♦❢ q✉❛♥t✐✜❡rs✱ ❛♥❞ t❤❡♥ ♦♥ t❤❡ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛ Ψ✳
❲❡ ❞❡✜♥❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ T ❛s ❢♦❧❧♦✇s✿

• T (∃Xi) = ∃τ
❙❖
i ✭✐t ✇✐❧❧ ❧❛t❡r ❜❡ ❛ss✐❣♥❡❞ t♦ ❆❣❡♥t ❙❖✮



✾✻

• T (∀Xi) = ∀τ
❙❖
i ✭✐t ✇✐❧❧ ❧❛t❡r ❜❡ ❛ss✐❣♥❡❞ t♦ ❆❣❡♥t ❙❖✮

• T (∃xi) = ∃τ
❉❡❝
i ∃τ❋♦❧i ✭str❛t❡❣② τ❉❡❝i ✇✐❧❧ ❧❛t❡r ❜❡ ❛ss✐❣♥❡❞ t♦ ❆❣❡♥t ❉❡❝ ❛♥❞ str❛t❡❣②

τ❋♦❧i t♦ ❆❣❡♥t ❋♦❧✮

• T (∀xi) = ∀τ
❉❡❝
i ∀τ❋♦❧i ✭str❛t❡❣② τ❉❡❝i ✇✐❧❧ ❧❛t❡r ❜❡ ❛ss✐❣♥❡❞ t♦ ❆❣❡♥t ❉❡❝ ❛♥❞ str❛t❡❣②

τ❋♦❧i t♦ ❆❣❡♥t ❋♦❧✮

• T (Qv Qv′) = T (Qv) T (Q′v′) ✇❤❡r❡ Q,Q′ ❛r❡ ❡①✐st❡♥t✐❛❧ ♦r ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛✲
t✐♦♥s✱ ❛♥❞ v, v′ ❛r❡ ✜rst✲♦r❞❡r ♦r s❡❝♦♥❞✲♦r❞❡r ✈❛r✐❛❜❧❡s✳

❲❡ ✇✐❧❧ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t str❛t❡❣✐❡s τ❉❡❝i ❛♥❞ τ❋♦❧i ❞♦ ❛❝t✉❛❧❧② ❡♥❝♦❞❡ ♦r❞✐♥❛❧s✱ ❛♥❞
t❤❛t τ❉❡❝i ❛♥❞ τ❋♦❧i ❛❣r❡❡ ✇❤❡♥ q✉❛♥t✐❢②✐♥❣ ❡①✐st❡♥t✐❛❧❧②✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t♦ r❡str✐❝t t❤❡
✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥s ❜❧♦❝❦s s✉❝❤ ❛s ∀τ❉❡❝i ∀τ❋♦❧i ✐♥ T t♦ ❛❝t✉❛❧❧② ❡♥❝♦❞❡ ❛ ❝♦♠♠♦♥
♦r❞✐♥❛❧✳ ❋♦r t❤❛t✱ ✇❡ ❞❡✜♥❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✱ ❛ss✉♠✐♥❣ t❤❛t I∃ ✭r❡s♣ I∀✮ ✐s t❤❡
s✉❜s❡t ♦❢ ✐♥❞✐❝❡s i ✐♥ {1, . . . , l} s✉❝❤ t❤❛t ✈❛r✐❛❜❧❡ xi ✐s ❡①✐st❡♥t✐❛❧❧② ✭r❡s♣✳ ✉♥✐✈❡rs❛❧❧②✮
q✉❛♥t✐✜❡❞ ✐♥ Φ✿

κ⋆ =
∧

i∈I⋆

❛ss✐❣♥(❉❡❝, τ❉❡❝i ;❋♦❧, τ❋♦❧i ) ψΩ ✭✇✐t❤ ⋆ ∈ {∃, ∀}✮✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ T t♦ t❤❡ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛Ψ(X1, . . . , Xh, x1, . . . , xl)✳
❲❡ ♣r♦❝❡❡❞ ✐♥❞✉❝t✐✈❡❧② ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❛s ❢♦❧❧♦✇s✿

• T (Ψ1 ∨Ψ2) = T (Ψ1) ∨ T (Ψ2)

• T (¬Ψ) = ¬T (Ψ)

• T (Xi(xj)) = ❛ss✐❣♥(❉❡❝, τ❉❡❝j ;❋♦❧, τ❋♦❧j ; ❙❖, τ❙❖i ) ψ❙❖

• T (xi < xj) = ❛ss✐❣♥(❉❡❝, τ❉❡❝i ;❋♦❧, τ❋♦❧j ) ψ<

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ T (Φ) ❛s ❢♦❧❧♦✇s✿

T (Φ) := T (Q1X1 . . . QhXhQh+1xh+1 . . . Qh+lxh+l)

{
κ∃ ∧

κ∀ ⇒ T (Ψ(X1, . . . , Xh, xh+1, . . . , xh+l))

▲❡♠♠❛ ✹✳✷✵✳ ▲❡t ((c, c′), 0) ❜❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ G✳ ❚❤❡ s❡♥t❡♥❝❡ Φ ✐s tr✉❡ ✐❢
❛♥❞ ♦♥❧② ✐❢ G, ((c, c′), 0) |= T (Φ)✳

Pr♦♦❢✳ ■♥ t❤✐s ♣r♦♦❢✱ ❢♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✱ ✐♥st❡❛❞ ♦❢ ✇r✐t✐♥❣ G, ((c, c′), 0) |=χ θ
✭❛s ❣✐✈❡♥ ❜② t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❧♦❣✐❝✮✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ ✐♠♣❧✐❝✐t❧② G ❛♥❞ ((c, c′), 0)✱ ❛♥❞
s✐♠♣❧② ✇r✐t❡ χ |= θ✳

▲❡t A1, . . . , Ah ❛♥❞ ah+1, . . . , ah+l ❜❡ r❡❛❧✐s❛t✐♦♥s ❢♦r t❤❡ s❡❝♦♥❞✲♦r❞❡r ❛♥❞ ✜rst✲♦r❞❡r
✈❛r✐❛❜❧❡s ✭♦✈❡r ωω✮✳ ❲❡ ✜rst ♥♦t✐❝❡✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✼✱ t❤❛t✿

(σ❙❖A1
, . . . , σ❙❖Ah

, σ❉❡❝ah+1
, σ❋♦❧ah+1

, . . . , σ❉❡❝ah+l
, σ❋♦❧ah+l

) |= κ∃ ∧ κ∀



✾✼

❆❧s♦✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✹✳✶✽ ❛♥❞ ✹✳✶✾ t❤❛t✿

(A1, . . . , Ah, ah+1, . . . , ah+l) |= Ψ ✐✛

(σ❙❖A1
, . . . , σ❙❖Ah

, σ❉❡❝ah+1
, σ❋♦❧ah+1

, . . . , σ❉❡❝ah+l
, σ❋♦❧ah+l

) |= T (Ψ(X1, . . . , Xh, xh+1, . . . , xh+l)) ✭✹✳✶✮

❋♦r ❛ s✉❜s❡t I ′ ⊆ {h+ 1, . . . , h+ l}✱ ✇❡ ✇r✐t❡ κI
′

⋆ ✭⋆ ∈ {∃, ∀}✮ ❢♦r t❤❡ ❢♦r♠✉❧❛

κI
′

⋆ =
∧

i∈I⋆∩I′

❛ss✐❣♥(❉❡❝, τ❉❡❝i ;❋♦❧, τ❋♦❧i ) ψΩ

◆♦t❛t✐♦♥s✳ ❚♦ s✐♠♣❧✐❢② r❡❛❞✐♥❣✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

• (A[1,h], a[h+1,h+j]) ❢♦r t❤❡ r❡❛❧✐s❛t✐♦♥ ♣r♦✜❧❡ (A1, . . . , Ah, ah+1, . . . , ah+j)

• (σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j]

) ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥ (σ❙❖A1
, . . . , σ❙❖Ah

, σ❉❡❝ah+1
, σ❋♦❧ah+1

, . . . σ❉❡❝ah+j
, σ❋♦❧ah+j

)

• Q[h+j+1,h+l]x[h+j+1,h+l] ❢♦r t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ Qh+j+1xh+j+1 . . . Qh+lxh+l

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ ❜② ❛ ❞♦✇♥✇❛r❞ ✐♥❞✉❝t✐♦♥ ♦♥ j ✭0 ≤ j ≤ l✮ t❤❛t ❢♦r ❛❧❧ r❡❛❧✐s❛t✐♦♥s
A1, . . . , Ah ❢♦r t❤❡ s❡❝♦♥❞✲♦r❞❡r ✈❛r✐❛❜❧❡s ❛♥❞ ah+1, . . . , ah+j ❢♦r t❤❡ j ✜rst ✜rst✲♦r❞❡r
✈❛r✐❛❜❧❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

(A[1,h], a[h+1,h+j]) |= Qh+j+1xh+j+1 . . . Qh+lxh+l Ψ ✐✛

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j]

) |= T (Qh+j+1xh+j+1 . . . Qh+lxh+l)

{
κ≥h+j+1
∃ ∧

κ≥h+j+1
∀ ⇒ T (Ψ)

✭✹✳✷✮

❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ s❤♦✇s t❤❡ ❝❛s❡ j = l t❤r♦✉❣❤ ❋♦r♠✉❧❛ ✭✹✳✶✮✳ ❲❡ ✜①
0 < j ≤ l ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❡①♣r❡ss❡❞ ✐♥ ❋♦r♠✉❧❛ ✭✹✳✷✮ t♦ ❤♦❧❞ ❢♦r j✳ ❲❡ ✇✐❧❧
s❤♦✇ ✐t ❢♦r j − 1✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t✇♦ ❝❛s❡s✿

• ❈❛s❡ Qh+j = ∃✳ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ❜❡❧♦✇ ❤♦❧❞s

(A[1,h], a[h+1,h+j−1]) |= ∃xh+jQ[h+j+1,h+l]x[h+j+1,h+l] Ψ

▲❡t ah+j ❜❡ ❛ r❡❛❧✐s❛t✐♦♥ ♦❢ xh+j s✉❝❤ t❤❛t

(A[1,h], a[h+1,h+j−1], ah+j) |= Q[h+j+1,h+l]x[h+j+1,h+l] Ψ

❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ t❤✐s ✐♠♣❧✐❡s✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j]

) |= T (Q[h+j+1,h+l]x[h+j+1,h+l])
(
κ≥h+j+1
∃ ∧

(
κ≥h+j+1
∀ ⇒ T (Ψ)

))

❍❡♥❝❡✱ ❜② ❛ss✐❣♥✐♥❣ σ❉❡❝ah+j
✭r❡s♣✳ σ❋♦❧ah+j

✮ t♦ τ❉❡❝h+j ✭r❡s♣✳ τ
❋♦❧
h+j✮✱ ✇❡ ❣❡t✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

) |= ∃τ❉❡❝h+j∃τ
❋♦❧
h+jT (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)



✾✽

s✐♥❝❡ t❤♦s❡ str❛t❡❣✐❡s ♣r♦♣❡r❧② ❡♥❝♦❞❡ ❛♥ ♦r❞✐♥❛❧ ah+j ✭❤❡♥❝❡ t❤❡ ♣❛rt ♦❢ κ∃ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ xh+j ❤♦❧❞s tr✉❡ ✉♥❞❡r t❤❛t ❛ss✐❣♥♠❡♥t✮✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

) |= ∃τ❉❡❝h+j∃τ
❋♦❧
h+jT (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

❚❤❡r❡ ❡①✐st ❛ss✐❣♥♠❡♥ts η❉❡❝ ❛♥❞ η❋♦❧ ❢♦r τ❉❡❝h+j ❛♥❞ τ
❋♦❧
h+j s✉❝❤ t❤❛t✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

, η❉❡❝, η❋♦❧) |= T (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

◆♦✇✱ ❞✉❡ t♦ ❢♦r♠✉❧❛ κ≥h+j∃ ✭▲❡♠♠❛ ✹✳✶✼✮✱ ✐t ❤♦❧❞s t❤❛t t❤❡r❡ ✐s ❛♥ ♦r❞✐♥❛❧ ah+j
s✉❝❤ t❤❛t η❉❡❝ ❛♥❞ η❋♦❧ ❡♥❝♦❞❡ ah+j✳ ❲❡ ❝❛♥ t❤❡♥ r❡✇r✐t❡✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j]

) |= T (Q[h+j+1,h+l]x[h+j+1,h+l])
(
κ≥h+j+1
∃ ∧

(
κ≥h+j+1
∀ ⇒ T (Ψ)

))

❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✇❡ ❣❡t✿

(A[1,h], a[h+1,h+j]) |= Q[h+j+1,h+l]x[h+j+1,h+l] Ψ

❍❡♥❝❡✿
(A[1,h], a[h+1,h+j−1]) |= ∃xh+jQ[h+j+1,h+l]x[h+j+1,h+l] Ψ

• ❈❛s❡ Qh+l = ∀✳ ❋✐rst ❛ss✉♠❡ t❤❛t

(A[1,h], a[h+1,h+j−1]) |= ∀xh+jQ[h+j+1,h+l]x[h+j+1,h+l] Ψ ✭✹✳✸✮

❛♥❞ t♦✇❛r❞ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

) 6|= ∀τ❉❡❝h+j∀τ
❋♦❧
h+jT (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

❚❤✐s ♠❡❛♥s t❤❡r❡ ❡①✐sts r❡❛❧✐s❛t✐♦♥s η❉❡❝ ❛♥❞ η❋♦❧ ❢♦r τ❉❡❝h+j ❛♥❞ τ
❋♦❧
h+j s✉❝❤ t❤❛t

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

, η❉❡❝, η❋♦❧) 6|= T (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

❲❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t✇♦ ❝❛s❡s✿

✕ ❈❛s❡ (η❉❡❝, η❋♦❧) |= κ
{h+j}
∀ ✳ ❚❤✐s ♣❛✐r ♦❢ str❛t❡❣② ❡♥❝♦❞❡s ❛♥ ♦r❞✐♥❛❧ ah+j✳ ❉✉❡

t♦ ❛ss✉♠♣t✐♦♥ ✭✹✳✸✮✱ ✐t ❤♦❧❞s t❤❛t✿

(A[1,h], a[h+1,h+j−1], ah+j) |= Q[h+j+1,h+l]x[h+j+1,h+l] Ψ



✾✾

❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❣❡t✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j]

) |= T (Q[h+j+1,h+l]x[h+j+1,h+l])
(
κ≥h+j+1
∃ ∧

(
κ≥h+j+1
∀ ⇒ T (Ψ)

))

✇❤✐❝❤ ✐♠♣❧✐❡s

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

, η❉❡❝, η❋♦❧) |= T (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

❈♦♥tr❛❞✐❝t✐♦♥✳

✕ ❈❛s❡ (η❉❡❝, η❋♦❧) 6|= κ
{h+j}
∀ ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

, η❉❡❝, η❋♦❧) 6|= T (Q[h+j+1,h+l]x[h+j+1,h+l]) (κ
≥h+j
∃ )

✇❤✐❝❤ ✐s ♠❡❛♥✐♥❣❧❡ss s✐♥❝❡ ✇❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❡♥❝♦❞✐♥❣s ♦❢ ♦r❞✐♥❛❧s✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ✇❛s ✇r♦♥❣✱ ❤❡♥❝❡✿

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

) |= ∀τ❉❡❝h+j∀τ
❋♦❧
h+jT (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

❆ss✉♠❡ ♥♦✇ t❤❛t

(σ❙❖A[1,h]
, σ❉❡❝,❋♦❧a[h+1,h+j−1]

) |= ∀τ❉❡❝h+j∀τ
❋♦❧
h+jT (Q[h+j+1,h+l]x[h+j+1,h+l])

{
κ≥h+j∃ ∧

κ≥h+j∀ ⇒ T (Ψ)

❚❤✐s ❤♦❧❞s ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ τ❉❡❝h+j ❛♥❞ τ❋♦❧h+j ❡♥❝♦❞❡ ❛♥ ❛r❜✐tr❛r② ♦r❞✐♥❛❧✱ ✇❤✐❝❤
❛❧❧♦✇s t♦ ❝♦♥❝❧✉❞❡ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳

●❡tt✐♥❣ r✐❞ ♦❢ s❡❝♦♥❞✲♦r❞❡r q✉❛♥t✐✜❝❛t✐♦♥s ✐s ♠❛❞❡ ✉s✐♥❣ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ str❛t❡❣✐❡s
♦❢ ❆❣❡♥t ❙❖ ❛♥❞ ❛ss✐❣♥♠❡♥ts ♦❢ s❡❝♦♥❞✲♦r❞❡r ✈❛r✐❛❜❧❡s ✭▲❡♠♠❛ ✹✳✶✾✮✳ ❚❤✐s ❝♦♥❝❧✉❞❡s
t❤❡ ♣r♦♦❢✳

❇② t❤✐s r❡❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ▼❙❖(ωω, <) ✈❛❧✐❞✐t② ♣r♦❜❧❡♠
❢r♦♠ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ✶❝❙▲❬❇●❪✬s ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ❚❤❡ s✐③❡ ♦❢ ❢♦r♠✉❧❛ T (Φ) ✐s ❧✐♥❡❛r ✐♥ t❤❡
s✐③❡ ♦❢ Φ✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐♦♥s ✐s ✐❞❡♥t✐❝❛❧✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✇♦r❦s
✐♥ t✐♠❡ ❚♦✇❡r(|φ|, k + c) ❢♦r ❛ ✶❝❙▲❬❇●❪ ❢♦r♠✉❧❛ φ ✇✐t❤ k ❛❧t❡r♥❛t✐♦♥s ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s
✭❛♥❞ c ❛ ✜①❡❞ ❝♦♥st❛♥t✮ ✇✐❧❧ ❣✐✈❡ ❛ ♣r♦❝❡❞✉r❡ ✐♥ ❚♦✇❡r(|Φ|, k + c) ❢♦r ❛ ▼❙❖ ❢♦r♠✉❧❛ Φ
✇✐t❤ k ❛❧t❡r♥❛t✐♦♥s ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✻✳

❘❡♠❛r❦ ✹✳✷✶✳ ❚❤❡ ❝✉rr❡♥t ❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t ❡①t❡♥❞ t♦ ♦r❞✐♥❛❧s ❤✐❣❤❡r t❤❛♥ ωω s✐♥❝❡
t❤❡r❡ ✐s ♥♦ ❈❛♥t♦r ♥♦r♠❛❧ ❢♦r♠ ❜❛s❡❞ ♦♥ ω ❢♦r ❧❛r❣❡r ♦r❞✐♥❛❧s✳
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✹✳✷ ❲✐t❤ ❡♥❡r❣✐❡s

■♥ ▼✐♥s❦②✬s ♣r♦♦❢ ♦❢ ✉♥❞❡❝✐❞❛❜✐❧✐t② ❢♦r r❡❛❝❤❛❜✐❧✐t② ✐♥ t✇♦✲❝♦✉♥t❡r ♠❛❝❤✐♥❡s✱ t✇♦ ❛s♣❡❝ts
❛♣♣❡❛r ❡ss❡♥t✐❛❧✿ ❤❛✈✐♥❣ ❛t ❧❡❛st t✇♦ ❝♦✉♥t❡rs ❛♥❞ ❜❡✐♥❣ ❛❜❧❡ t♦ t❡st ❡q✉❛❧✐t② ♦❢ ❡❛❝❤
❝♦✉♥t❡r ✇✐t❤ 0✳ ❚♦ ❣❡t ❛r♦✉♥❞ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t②✱ ✇❡ ❤❛✈❡ t✇♦ ♠❛✐♥ ♣♦ss✐❜✐❧✐t✐❡s✿ ✇♦r❦✐♥❣
✇✐t❤ ❛ s✐♥❣❧❡ ✇❡✐❣❤t ♦r s✐♠♣❧✐❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ✇❤✐❝❤ ❛r❡ ❛❧❧♦✇❡❞✳ ■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡
st✉❞✐❡❞ t❤❡ ✜rst ♦♣t✐♦♥✱ ✇❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❊♥❡r❣② ❝♦♥str❛✐♥ts ❛r❡ ❛ ✇❡❛❦❡r
❢♦r♠ ♦❢ q✉❛♥t✐t❛t✐✈❡ ❛ss❡rt✐♦♥s✱ t❤❡ ✐❞❡❛ ✐s s✐♠✐❧❛r t♦ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts ❛s ✐t ✇♦r❦s ♦♥
✇❡✐❣❤t❡❞ ❣❛♠❡s ❜✉t ❧✐♠✐ts t❤❡ ❝♦♥str❛✐♥ts t♦ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡ts ❛♥❞ t❤❡✐r ❝♦♠♣❧❡♠❡♥ts✻✳

■♥ ❝♦♥tr❛st ✇✐t❤ ❝♦✉♥t❡rs✱ r❡❛❝❤❛❜✐❧✐t② ✭♦r ♦❜❥❡❝t✐✈❡s ❝❤❛r❛❝t❡r✐s❡❞ t❤r♦✉❣❤ ω✲r❡❣✉❧❛r
❝♦♥❞✐t✐♦♥s✮ ✐s ❞❡❝✐❞❛❜❧❡ ✐♥ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❡♥❡r❣② ❣❛♠❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛♥
❛❞❛♣t❛t✐♦♥ ♦❢ ❙▲ ✇✐t❤ ❡♥❡r❣② ❛ss❡rt✐♦♥s ❛♥❞ ♣r♦✈❡ ✐ts ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
t♦ ❜❡ ✉♥❞❡❝✐❞❛❜❧❡✳

✹✳✷✳✶ ❆❞❞✐♥❣ ❡♥❡r❣② ❝♦♥str❛✐♥ts t♦ ❙▲❬❇●❪

❲❡ r❡✉s❡ WCGS ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✶✮ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❡♥❡r❣② ❛ss❡rt✐♦♥s❀ ✐♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ❦❡❡♣ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛t❤ t❤❛t ❢♦r❜✐❞ str✐❝t❧② ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✼✳ ❲❡ st❛rt ❜②
❞❡✜♥✐♥❣ ❡♥❡r❣② ❝♦♥str❛✐♥ts ❢♦r♠❛❧❧②✳ ❋♦r t❤✐s✱ ✇❡ r❡❝❛❧❧ t❤❛t ❛♥ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡t ❙ ♦❢ Nn

✐s ❛ s❡t s✉❝❤ t❤❛t ✐❢ (s1, . . . , sn) ∈ ❙ t❤❡♥ (s1+i1, . . . , sn+in) ∈ ❙ ❢♦r ❛♥② (i1, . . . , in) ∈ N
n✳

❉❡✜♥✐t✐♦♥ ✹✳✷✷ ✭❊♥❡r❣② ❈♦♥str❛✐♥ts✮✳
❆♥ ❡♥❡r❣② ❝♦♥str❛✐♥t ♦♥ n ✇❡✐❣❤ts ✐s ❛♥ ✉♣✇❛r❞✲❝❧♦s❡❞ s✉❜s❡t ❙ ♦❢ Nn✳

❇② t❛❦✐♥❣ ❙ = N
n ✇❡ r❡tr✐❡✈❡ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛❧❧ ✇❡✐❣❤ts s❤♦✉❧❞ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡✳

❲❡ ❝❛♥ ♥♦✇ ✉♣❞❛t❡ ❙▲ ✇✐t❤ t❤❡ ♥❡✇ ❝♦♥str❛✐♥ts✳

❉❡✜♥✐t✐♦♥ ✹✳✷✸ ✭❙tr❛t❡❣② ❧♦❣✐❝ ✇✐t❤ ❡♥❡r❣✐❡s✿ ❡❙▲✮✳
❚❤❡ ❧♦❣✐❝ ❡❙▲ ✐s ❜✉✐❧t ✉♣♦♥ ❛ ❞✐♠❡♥s✐♦♥ n✱ ❛ s❡t ❆❣t ♦❢ ❛❣❡♥ts✱ ❛ s❡t ❆P ♦❢ ❛t♦♠✐❝
♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❛ s❡t V ♦❢ ✈❛r✐❛❜❧❡s✳ ■ts ❢♦r♠✉❧❛s ❛r❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ♦♥ ❛ n✲W❈●❙
✉s✐♥❣ ❆❣t ❛♥❞ ❆P r❡s♣❡❝t✐✈❡❧② ❛s t❤❡✐r s❡t ♦❢ ❛❣❡♥ts ❛♥❞ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳ ❚❤❡ ❡❙▲
❢♦r♠✉❧❛s ❛r❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

❡❙▲ ∈ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p | ❝♥t ∈ ❙

✇✐t❤ ❙ ❛♥ ❡♥❡r❣② ❝♦♥str❛✐♥t✱ p ❛♥ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥✱ x ❛ ✈❛r✐❛❜❧❡ ♦❢ V ❛♥❞ A ❛♥ ❛❣❡♥t
♦❢ ❆❣t✳

❲❡ r❡❝❛❧❧ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❝♥t ∈ ❙ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐s ✉♥❝❤❛♥❣❡❞ ❢r♦♠ t❤❡ ♦♥❡
✉s❡❞ ❢♦r ❝❙▲ ✭❙▲ ✇✐t❤ ❝♦✉♥t❡rs ❝♦♥str❛✐♥ts✮✿

G, (q, c) |=χ ❝♥t ∈ ❙ ⇔ c ∈ ❙

✻▼❛♥② ♦❢ t❤❡ ✇♦r❦s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❬✹✱ ✶✹✱ ✶✸❪✮ ✉s❡ ❝♦♥str❛✐♥ts ❢♦r❜✐❞❞✐♥❣ ❛♥② ♦❢ t❤❡ ✇❡✐❣❤ts t♦
❜❡❝♦♠❡ ♥❡❣❛t✐✈❡✳ ❲❡ ❝❛♥ ❤♦✇❡✈❡r ❜❡ ♠♦r❡ ❧✐❜❡r❛❧ ❛♥❞ ❛s❦ ❢♦r t❤❡ ✇❡✐❣❤ts t♦ ❜❡❧♦♥❣ t♦ ✉♣✇❛r❞✲❝❧♦s❡❞
s❡ts ♦r ❝♦♠♣❧❡♠❡♥ts ♦❢ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡ts ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❡st❛❜❧✐s❤ ♣♦❧②♥♦♠✐❛❧
r❡❞✉❝t✐♦♥s ❢r♦♠ ♦♥❡ ❢r❛♠❡✇♦r❦ t♦ t❤❡ ♦t❤❡r✳

✼❍♦✇❡✈❡r✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤✐s ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ r❡s✉❧ts ❞❡✈❡❧♦♣❡❞ ❜❡❧♦✇✳
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❘❡♠❛r❦ ✹✳✷✹✳ ❲❡ ❞r❛✇ ❛ ♣❛r❛❧❧❡❧ ❜❡t✇❡❡♥ ❡♥❡r❣② ❝♦♥str❛✐♥ts✱ ❡❙▲❬❇●❪ ❛♥❞ ❡♥❡r❣② ❣❛♠❡s
✐♥ t❤❡ s❡♥s❡ t❤❛t ✇❡ ❛✐♠ t♦ ❦❡❡♣ ❛❧❧ t❤❡ ❡♥❡r❣✐❡s ❛❜♦✈❡ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ✐♥ ❛❧❧ ♦✉r ❣♦❛❧s✳
❚❤✐s t②♣❡ ♦❢ ❝♦♥str❛✐♥ts ✇❡r❡ t❤❡ ✜rst ♦♥❡s st✉❞✐❡❞ ✐♥ ❡♥❡r❣② ❣❛♠❡s✳ ❘❡s❡❛r❝❤ ❛r♦✉♥❞
❡♥❡r❣② ❣❛♠❡s ❤❛s s✐♥❝❡ t❤❡♥ ♠♦✈❡❞ t♦✇❛r❞s ♠♦r❡ ❝♦♠♣❧❡① q✉❡st✐♦♥s ✭♣❛r❛♠❡t❡rs✱ ❝♦st
♠✐♥✐♠✐s❛t✐♦♥. . . ✮✳ ❚❤❡ ♣❛r❛❧❧❡❧ ✇✐t❤ ❡♥❡r❣② ❣❛♠❡s ❤♦✇❡✈❡r st♦♣s t❤❡r❡ ❛♥❞ ✐t ✐s ✉♥❝❧❡❛r
✇❤❡t❤❡r t❤❡ ♠♦r❡ ❛❞✈❛♥❝❡❞ q✉❡st✐♦♥s ♠❛❦❡ s❡♥s❡ ✇❤❡♥ ❝♦✉♣❧❡❞ ✇✐t❤ ❙▲✳

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✭✢❛t✮ ❛♥❛❧♦❣✉❡ ❡❙▲❬❇●❪♭ ♦❢ ❙▲❬❇●❪♭ ❜②

❡❙▲❬❇●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∧ ξ | ξ ∨ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | ❝♥t ∈ ❙

❲❡ ❣❡t ❡❙▲❬❈●❪♭✱ t❤❡ ❡♥r✐❝❤❡❞ ✈❡rs✐♦♥ ♦❢ ❙▲❬❈●❪♭✱ ❜② t❛❦✐♥❣ t❤❡ ❣r❛♠♠❛r ♦❢ ❡❙▲❬❇●❪ ❛♥❞
r❡str❛✐♥✐♥❣ ξ✲t②♣❡ ❢♦r♠✉❧❛s t♦ ξ ::= ξ ∧ ξ | β✳ ❆s ❛❧✇❛②s✱ t❤❡ ❢✉❧❧ ❢r❛❣♠❡♥ts ❛❧❧♦✇ ❝❧♦s❡❞
❢♦r♠✉❧❛s ❛t t❤❡ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✬ ❧❡✈❡❧✳

✹✳✷✳✷ ▼♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ ❡❙▲❬❇●❪

❆s r❡❛❝❤❛❜✐❧✐t② ✐s ❞❡❝✐❞❛❜❧❡ ✐♥ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❡♥❡r❣② ❣❛♠❡s ✭s❡❡ ❬✶✹❪ ❢♦r ❛♥ ❛❧❣♦✲
r✐t❤♠✮✱ ✇❡ ❤♦♣❡❞ t❤❛t ❡❙▲❬❇●❪ ✇♦✉❧❞ ❜❡ ❞❡❝✐❞❛❜❧❡✳ ❚❤❡ t❤❡♦r❡♠ ❜❡❧♦✇ ♣r♦✈❡s t❤❛t ✇❡
✇❡r❡ ✇r♦♥❣ ❛♥❞ s❤♦✇s t❤❛t t❤❡ ❝♦♥❥✉♥❝t✐✈❡ ❢r❛❣♠❡♥t ❡❙▲❬❈●❪ ✐s ❛❧r❡❛❞② s✉✣❝✐❡♥t t♦ ❣❡t
✉♥❞❡❝✐❞❛❜✐❧✐t②✳

❚❤❡♦r❡♠ ✹✳✷✺✳ ❚❤❡ ❡❙▲❬❈●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦✈❡r ✷✲WCGS ✐s ✉♥❞❡❝✐❞❛❜❧❡

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ t✇♦✲
❝♦✉♥t❡r ❛✉t♦♠❛t❛✳ ❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ❜❡❧♦✇ ❛♥❞ r❡♠✐♥❞ t❤❡ r❡❛❞❡r t❤❛t t❤❡ ❤❛❧t✐♥❣
♣r♦❜❧❡♠ ❢♦r t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t❛ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ✭▼✐♥s❦② ❬✸✼❪✮✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❆ ❞❡t❡r♠✐♥✐st✐❝ t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡ M = 〈❙,❊, s0, sh〉
✇❤❡r❡ ❙ ✐s t❤❡ st❛t❡ s♣❛❝❡✱ s0 ✐s ❛♥ ✐♥✐t✐❛❧ st❛t❡ ♦❢ ◗M ❛♥❞ sh ∈ ◗M ✐s ❛ ❤❛❧t✐♥❣ st❛t❡✳
❊ : ❙→ {❝1, ❝2}×{❙∪❙×❙} ✐s t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚r❛♥s✐t✐♦♥s ♦❢ ❢♦r♠ ❊(s) = (❝, s′)
✐♥❝r❡♠❡♥t t❤❡ ❝♦✉♥t❡r ❝ ❛♥❞ ❣♦ t♦ s′✱ ✇❤✐❧❡ tr❛♥s✐t✐♦♥s ♦❢ ❢♦r♠ ❊(s) = (❝, s′, s′′) ❡✐t❤❡r ❣♦
t♦ s′ ✐❢ t❤❡ ❝♦✉♥t❡r ❝ ❡q✉❛❧s 0 ♦r ❞❡❝r❡♠❡♥t ❝ ❛♥❞ ❣♦ t♦ s′′ ✐❢ ❝ > 0✳

❋✐① ❛ t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t♦♥M := 〈❙,❊, s0, sh〉 ✇✐t❤ t✇♦ ❝♦✉♥t❡rs ❝1 ❛♥❞ ❝2✳ ❲✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡M t♦ ❤❛✈❡ ♥♦ s❡❧❢ ❧♦♦♣✳

❇✉✐❧❞✐♥❣ t❤❡ ❣❛♠❡

❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ ❛ ✷✲WCGS G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉✳ ❋✐❣✉r❡ ✹✳✹ ✐❧❧✉str❛t❡s t❤❡
❝♦♥str✉❝t✐♦♥✳ ❋♦r♠❛❧❧②✱ ✇❡ s❡t

• ❚❤❡r❡ ❛r❡ t✇♦ ❛❣❡♥ts Decider ✭❉❡❝✮ ❛♥❞ Checker ✭❈❤❡✮ ✐♥ ❆❣t✳
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q

q2 q3

M

❂✵
❃✵

q1check

q1check
G

q

q2 q3

(⋆, a1check)

(⋆, a2check)

(a=0, await)

(a>0, await)

❋✐❣✉r❡ ✹✳✹✿ ❚❤❡ t✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t♦♥M ♦♥ t❤❡ ❧❡❢t ❛♥❞ t❤❡ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ♦♥ t❤❡
r✐❣❤t✳

• ❚❤❡ st❛t❡ s♣❛❝❡ ◗ ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❙ ♣❧✉s ✷ ♥❡✇ st❛t❡s✿ q1check ❛♥❞ q2check✳

• ❚❤❡ ❛❝t✐♦♥s s❡t ❆❝t ✐s ♠❛❞❡ ♦❢ ✜✈❡ ❛❝t✐♦♥s✿ a>0✱ a=0✱ await✱ a1check ❛♥❞ a2check✳ ❚❤❡
✜rst t✇♦ ❛❝t✐♦♥s ❜❡❧♦♥❣ t♦ ❆❣❡♥t ❉❡❝ ❛♥❞ t❤❡ ❧❛st t❤r❡❡ t♦ ❆❣❡♥t ❈❤❡✳

• ❚❤❡r❡ ✐s ♥♦ tr❛♥s✐t✐♦♥ ❢r♦♠ q1Check ❛♥❞ q2Check✳ ❋♦r q ∈ ❙ ❛♥❞ ❛ ♠♦✈❡ ✈❡❝t♦r m :
❆❝t❆❣t✱ ∆(q,m) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✕ ✐❢ ❈❤❡ ♣❧❛②s a1check✱ r❡s♣✳ a
2
check✱ t❤❡♥ ∆(q,m) := q1check✱ r❡s♣✳ ∆(q,m) := q2check✳

✕ ✐❢ ❈❤❡ ♣❧❛②s await t❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ tr❛♥s✐t✐♦♥ ❧❡❛✈✐♥❣ q ✭✇❤❡♥ ✈✐❡✇✐♥❣ q
❛s ❛ st❛t❡ ♦❢M✮

∗ ✐❢ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ ❊(q) = (❝, q′)✱ ♠❡❛♥✐♥❣ ✐t ✐s ❛♥ ✐♥❝r❡♠❡♥t✐♥❣ ❡❞❣❡ ♦♥
❝♦✉♥t❡r ❝✱ t❤❡♥ ✇❡ s❡t ∆(q,m) := q′✳
∗ ✐❢ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ ❊(q) = (❝, q′, q′′)✱ ♠❡❛♥✐♥❣ ✐t ✐s ❛ ③❡r♦ t❡st ♦r ❞❡❝r❡♠❡♥✲
t❛t✐♦♥ ♦♥ ❝♦✉♥t❡r ❝✱ t❤❡♥ ❡✐t❤❡r ❉❡❝ ♣❧❛②s a=0 ❛♥❞ ✇❡ s❡t ∆(q,m) := q′ ♦r
❉❡❝ ♣❧❛②s a>0 t❤❡♥ ✇❡ s❡t ∆(q,m) := q′′✳

• ❚❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ✐♥ G ❢♦❧❧♦✇ t❤❡ ✇❡✐❣❤ts ♦❢M✳ ❲❡ ❛❧s♦ ❝r❡❛t❡ ❛ ✇❡✐❣❤t
(−1, 0)✱ r❡s♣✳ (0,−1)✱ ♦♥ t❤❡ ❡❞❣❡s ❣♦✐♥❣ t♦ q1check✱ r❡s♣✳ q

2
check✳

• ❲❡ ❧❛❜❡❧ t❤❡ st❛t❡s ♦❢ G t❤❛t ❛r❡ ❛❝❝❡♣t✐♥❣ ✐♥ M ❜② ❛♥ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥ pacc✳
q1check ❛♥❞ q2check ❛r❡ r❡s♣❡❝t✐✈❡❧② ❧❛❜❡❧❧❡❞ ❜② p1check ❛♥❞ p2check✳ ❲❡ ❧❛❜❡❧ ❡❛❝❤ st❛t❡
♦❢ ❙ ❜② ❛♥ ❡♣♦♥②♠♦✉s ♣r♦♣♦s✐t✐♦♥✱ ❢♦r ❡①❛♠♣❧❡ ❛ st❛t❡ q ✇✐❧❧ ❜❡ ❧❛❜❡❧❧❡❞ pq✳ ❋♦r
❛♥② ❝♦✉♥t❡r ❝ ❛♥❞ ❛♥② tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ❊(q) = (❝, q′)✱ ✇❡ ❧❛❜❡❧ ❜♦t❤ q ❛♥❞ q′

❜② p❊(q)=(❝,q′)✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥② tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ❊(q) = (❝, q′, q′′)✱ ✇❡ ❧❛❜❡❧ q✱
q′ ❛♥❞ q′′ ❜② p❊(q)=(❝,q′,q′′)✳

• ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ qini t♦ t❛❧❦ ❛❜♦✉t t❤❡ st❛rt✐♥❣ st❛t❡ s0 ♦❢M ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
G✽✳

✽❚❤✐s ✐s ♠♦st❧② ❛ q✉❡st✐♦♥ ♦❢ t❡r♠✐♥♦❧♦❣②✿ ❞♦ ✇❡ s❡❡ t❤❡ st❛t❡s ♦❢ M ✐♥ G ❛s ❝♦♣✐❡s ♦r ❛s t❤❡ s❛♠❡
❡♥t✐t②❄ ❚♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥ ❛♥❞ t♦ ♠❛❦❡ ❝❧❡❛r ✇❤✐❝❤ str✉❝t✉r❡ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥✱ ✇❡ ❝❤♦♦s❡ t❤❡ ✜rst
♦♣t✐♦♥ ❛♥❞ ✉s❡ t❤❡ qini ♥♦t❛t✐♦♥✳ ❋♦r t❤❡ ♣❛rt✐s❛♥s ♦❢ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤✱ ❢♦r ❛❧❧ ♣✉r♣♦s❡s s0 = qini✳
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❇✉✐❧❞✐♥❣ t❤❡ ❢♦r♠✉❧❛

■t r❡♠❛✐♥s t♦ s♣❡❝✐❢② ❛♥ ❡❙▲❬❈●❪ ❢♦r♠✉❧❛ t♦ ❝♦♠♣❧❡t❡ t❤❡ r❡❞✉❝t✐♦♥✳ ❲❡ ❣✐✈❡ t❤❡ ✜✲
♥❛❧ ❢♦r♠✉❧❛ s♦ t❤❡ r❡❛❞❡r ❝❛♥ ❣❡t ❛ ❣❡♥❡r❛❧ ✐❞❡❛ ❜❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡
r❡❞✉❝t✐♦♥✳

φ := ∃x1. ∀x2. ψ1 ∧ ψ2 ∧ ψ3

✇❤❡r❡

ψ1 := ❛ss✐❣♥(❉❡❝, x1;❈❤❡, x2). ● (¬p1check ∧ ¬p
2
check)⇒ ❋ pacc

ψ2 := ❛ss✐❣♥(❉❡❝, x1;❈❤❡, x2). ●
∧

q,q,′,q′′∈❙





pq ∧ p❊(q)=(❝1,q′,q′′)

∧ ❳ (pq
′′
∧ p❊(q)=(❝1,q′,q′′))

∧ ❳ 2p1check



⇒ ❝♥t ∈ N\{0} × N

pq ∧ p❊(q)=(❝2,q′,q′′)

∧ ❳ (pq
′′
∧ p❊(q)=(❝2,q′,q′′))

∧ ❳ 2p2check



⇒ ❝♥t ∈ N× N\{0}

ψ3 := ❛ss✐❣♥(❉❡❝, x1;❈❤❡, x2).





¬❋





pq ∧ p❊(q)=(❝1,q′,q′′)

∧ ❳ (pq
′
∧ p❊(q)=(❝1,q′,q′′))

∧ ❳ 2p1check ∧ ❝♥t ∈ N\{0} × N

∧

¬❋





pq ∧ p❊(q)=(❝2,q′,q′′)

∧ ❳ (pq
′
∧ p❊(q)=(❝2,q′,q′′))

∧ ❳ 2p2check ∧ ❝♥t ∈ N× N\{0}

❈♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥

❈♦♥s✐❞❡r ❛ str❛t❡❣② δ❉❡❝ ❢♦r ❉❡❝✳ ❲❡ ❛ss♦❝✐❛t❡ ✇✐t❤ δ❉❡❝ ❛ s❡q✉❡♥❝❡ ρ := (qi, c
i
1, c

i
2)i∈N

✇✐t❤ ci1, c
i
2 ∈ Z ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ G ❞❡✜♥❡❞ ❜② qi+1 = δ❉❡❝(ρ≤i) ❛♥❞ ✇❤❡r❡ t❤❡ ✈❛❧✉❡s

ci+1
1 ❛♥❞ ci+1

2 ❛r❡ ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ✇❡✐❣❤ts ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ qi t♦ qi+1 ✭❞✉❡
t♦ t❤❡ ❞❡t❡r♠✐♥✐s♠ ♦❢ M✱ t❤❡r❡ ❝❛♥ ♦♥❧② ❜❡ ♦♥❡ tr❛♥s✐t✐♦♥ ❢r♦♠ qi t♦ qi+1✮✳ ◆♦t❡ t❤❛t
δ❉❡❝ ❞♦❡s ♥♦t ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ t✇♦ ♥❡✇ st❛t❡s✱ ✐t ♦♥❧② ❞❡❝✐❞❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❤♦✐❝❡s
♦✛❡r❡❞ ❜② t❤❡ ❜r❛♥❝❤✐♥❣ ✭t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❛ ③❡r♦ t❡st ✐♥M✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
s❡q✉❡♥❝❡ ρ ❛❧✇❛②s st❛②s ✐♥ t❤❡ ❝♦♣② ♦❢M✱ t❤❡r❡❢♦r❡ δ❉❡❝(ρ≤i) ✐s ❛❧✇❛②s ❞❡✜♥❡❞ ❛♥❞ ρ ✐s
♣r♦♣❡r❧② ❞❡✜♥❡❞✳ ◆♦t❡ t❤❛t ✐t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t δ❉❡❝ ❞♦❡s ♥♦t ❢♦❧❧♦✇ ③❡r♦ t❡sts✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✐❢ ❛ ✈❛❧✉❡ ci1 ✭♦r ci2✮ ✐s ✐♥ Z− N t❤❡♥ ρ ✐s ♥♦t ❛ ✭✇❡❧❧✲❞❡✜♥❡❞✮ ♣❛t❤✳

❇❡❝❛✉s❡ ρ ♥❡✈❡r r❡❛❝❤❡s q1check ❛♥❞ q
2
check✱ ✇❡ ❝❛♥ s❡❡ ✐t ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s

✐♥M✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❜❡❧♦✇ ❝❤❛r❛❝t❡r✐s❡s ✇❤❡♥ ρ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣r♦♣❡r ♣❛t❤ ✐♥M✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✻✳ ❚❤❡ s❡q✉❡♥❝❡ ρ ✐s t❤❡ ✉♥✐q✉❡ ♣❛t❤ ✐♥M ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛♥② str❛t❡❣②
δ❈❤❡✱ ✐t ❤♦❧❞s {❉❡❝→ δ❉❡❝; ❈❤❡→ δ❈❤❡} s❛t✐s✜❡s ψ2 ❛♥❞ ψ3
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Pr♦♦❢✳ ❋✐rst✱ ❛ss✉♠❡ t❤❛t ρ ✐s t❤❡ ♣r♦♣❡r ♣❛t❤ ✐♥M✱ ♠❡❛♥✐♥❣ ρ t❛❦❡s t❤❡ ③❡r♦✲t❡st ❡❞❣❡s
❛♣♣r♦♣r✐❛t❡❧②✿

∀j ∈ {1, 2} ∀i ∈ N

[
❊(qi) = (❝j, qi+1, q

′′) ❢♦r s♦♠❡ q′′ ∈ ❙
]
⇒ ci = 0 ✭✹✳✹✮

∀j ∈ {1, 2} ∀i ∈ N

[
❊(qi) = (❝j, q

′, qi+1) ❢♦r s♦♠❡ q′ ∈ ❙
]
⇒ ci > 0 ✭✹✳✺✮

❚❤❡♥✱ ❢♦r ❛♥② str❛t❡❣② δ❈❤❡ ❛♥❞ ✇r✐t✐♥❣ χ := {x1 → δ❉❡❝; x2 → δ❈❤❡}✱ ✐t ❤♦❧❞s

G, (qini, (0, 0)) |=χ ψ2 ∧ ψ3 ✭✹✳✻✮

■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❛♥ ✐♥t❡❣❡r i ✇❤❡r❡ ❛ ③❡r♦ t❡st ❊(qi) = (❝j, qi+1, q
′′) ♦❝❝✉rs ♦♥ ❝♦✉♥t❡r j✳

■❢ δ❈❤❡ ♣❧❛②s t♦ pjcheck ❛❢t❡r i + 1 st❡♣s✱ ❜❡❝❛✉s❡ t❤❡ ③❡r♦ ❡❞❣❡s ❛r❡ t❛❦❡♥ ❛❝❝♦r❞✐♥❣❧②✱ ✇❡
♠✉st ❤❛✈❡ cji = 0 ❛♥❞ t❤❡r❡❢♦r❡ η ❝❛♥ ♦♥❧② r❡❛❝❤ pjcheck ❛t st❡♣ i + 2 ✇✐t❤ ❛ ♥✉❧❧ ✈❛❧✉❡
✐♥ t❤❡ j ❝♦✉♥t❡r ❛♥❞ ❢♦r♠✉❧❛ ψ3 ♠✉st ❤♦❧❞ ❛t st❡♣ i✳ ❆❧s♦✱ ❳ (pq

′′
∧ p❊(q)=(❝2,q′,q′′)) ✐s ♥♦t

✈❡r✐✜❡❞ ❛♥❞ ψ2 tr✐✈✐❛❧❧② ❤♦❧❞s✱ ❤❡♥❝❡ ❋♦r♠✉❧❛ ✭✹✳✻✮ ✐s s❛t✐s✜❡❞ ❛t st❡♣ i✳ ■❢ ρ(i+ 1) = q′′✱
✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✐♥✈❡rs❡ r❡❛s♦♥✐♥❣ ❛♥❞ ❋♦r♠✉❧❛ ✭✹✳✻✮ st✐❧❧ ❤♦❧❞s ❛t st❡♣ i✳

◆♦✇✱ ❛ss✉♠❡ t❤❛t ρ ✐s ♥♦t ❛ ♣r♦♣❡r ♣❛t❤ ♦❢M✳ ❆s s❛✐❞ ❜❡❢♦r❡✱ ρ ❛❧✇❛②s st❛②s ✇✐t❤✐♥
t❤❡ ❝♦♣② ♦❢ M ❛♥❞ ♥❡✈❡r r❡❛❝❤❡s q1check ❛♥❞ q2check✳ ❙♦✱ t❤❡ ✜rst ❝♦♠♣♦♥❡♥ts ♦❢ ❡❛❝❤
❡❧❡♠❡♥t ♦❢ ρ ❢♦r♠ ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s ✐♥ M✳ ❚❤❡ ♦♥❧② ✇❛② ❢♦r ρ ♥♦t t♦ ❜❡ ❛ ♣❛t❤
✐s t♦ ✇r♦♥❣❧② ♠❛♥❛❣❡ t❤❡ ❝♦✉♥t❡r✱ ✐✳❡✳ ❛♥ ❡rr♦r ✐♥ t❤❡ ❞❡❝✐s✐♦♥s ♦❢ δ❉❡❝✳ ❲❡ tr❡❛t t❤❡
❝❛s❡ ✇❤❡r❡ ρ ✇❡♥t ❜② t❤❡ ♥♦♥✲③❡r♦ ✜rst ❝♦✉♥t❡r tr❛♥s✐t✐♦♥ ✇✐t❤ ❛ ♥✉❧❧ ✜rst ❝♦✉♥t❡r✱ t❤❡
✐♥✈❡rs❡ ❝❛s❡ ❛♥❞ t❤❡ ♦♥❡s ✇✐t❤ t❤❡ s❡❝♦♥❞ ❝♦✉♥t❡r ❛r❡ s✐♠✐❧❛r✳ ❚❤❡r❡ ✐s i0 ∈ N s✉❝❤ t❤❛t
❊(qi0) = (❝1, q

′, qi0+1) ❢♦r s♦♠❡ q′ ∈ ❙ ❛♥❞ ✇✐t❤ c1i (❝1) = 0✳ ❚❤❡ ♣❛t❤ ρ ✐s ♦❢ t❤❡ ❢♦r♠
✭❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜rst ❝♦✉♥t❡r✮

(q1, 1, 1) . . . (qi0 , 1, c
2
i0
).(qi0+1, 0, ⋆).(q

1
Check, 0, ⋆) . . .

s♦ G, (qini, 0, 0) 6|=χ ψ3 ❛♥❞ G, (qini, 0, 0) 6|=χ ψ2 ∧ ψ3✳ ❚❤✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s
♣❛r❛❣r❛♣❤ ❣✐✈❡s ✉s Pr♦♣♦s✐t✐♦♥ ✹✳✷✻✳

■t r❡♠❛✐♥s t♦ ❝❤❛r❛❝t❡r✐s❡ ✇❤❡♥ ρ ✐s ❛❝❝❡♣t✐♥❣✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❜❡❧♦✇✳
❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❤❡♥❝❡ ♦♠✐tt❡❞✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✼✳ ❋✐① t✇♦ str❛t❡❣✐❡s δ❉❡❝ ❛♥❞ δ❈❤❡ s✉❝❤ t❤❛t✱ ✇r✐t✐♥❣ χ := {x1 →
δ❉❡❝; x2 → δ❈❤❡}✱ ✐t ❤♦❧❞s

G, (qini, (0, 0)) |=χ ψ2 ∧ ψ3 ∧ ❛ss✐❣♥(❉❡❝, x1;❈❤❡, x2). ● (¬p1check ∧ ¬p
2
check)

❲r✐t❡ ρ ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ δ❉❡❝✱ t❤❡♥ ρ s❡❡s ❛♥ ❛❝❝❡♣t✐♥❣
st❛t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G, (qini, (0, 0)) |=χ ψ1✳

❋r♦♠ t❤❡r❡✱ ❜② ❝♦♠❜✐♥✐♥❣ Pr♦♣♦s✐t✐♦♥s ✹✳✷✻ ❛♥❞ ✹✳✷✼✱ ✇❡ ❣❡t t❤❛t

❚❤❡ ✉♥✐q✉❡ ♣❛t❤ ✐♥M ✐s ❛❝❝❡♣t✐♥❣ ⇔

{
❚❤❡r❡ ❡①✐sts ❛ str❛t❡❣② δ❉❡❝ s✉❝❤ t❤❛t
G, (qini, (0, 0)) |={x1→δ❉❡❝} ∀x2. ψ1 ∧ ψ2 ∧ ψ3

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✺✳
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❘❡♠❛r❦ ✹✳✷✽✳ ❚❤❡ ❣❛♠❡ ✉s❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✷✺ ✐s ❝♦♥❝✉rr❡♥t✳ ❚❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s ♦♥
✇❡✐❣❤t❡❞ t✉r♥✲❜❛s❡❞ ❣❛♠❡s✳ ❚❤❡ ♣r♦♦❢ ✇♦✉❧❞ ❥✉st ❞❡❝♦♠♣♦s❡ s❡q✉❡♥t✐❛❧❧② t❤❡ ❝❤♦✐❝❡s ♦❢
❈❤❡ ❛♥❞ ❉❡❝ ❜② ❛❞❞✐♥❣ s♦♠❡ ❡①tr❛ st❛t❡s✳

❚❤❡♦r❡♠ ✹✳✷✺ ❞♦❡s ♥♦t r❡❧② ♦♥ ❝♦♠♣❧❡① ♥✉♠❡r✐❝❛❧ ❝♦♥str❛✐♥ts✿ ❡❛❝❤ ❝♦♥str❛✐♥t ❛s❦s ❢♦r
♦♥❡ ♦❢ t❤❡ ❡♥❡r❣✐❡s t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❣❡t ❛♥ ✉♥❞❡❝✐❞❛❜❧❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣
♣r♦❜❧❡♠ ❢♦r ❡❙▲❬❈●❪✳ ❚❤❡ r❡s✉❧t ❤♦❧❞✐♥❣ ❢♦r WCGS ✇✐t❤ ♦♥❧② t✇♦ ❛❣❡♥ts s❤♦✇s t❤❛t t❤❡r❡
✐s ❧✐tt❧❡ ❤♦♣❡ t♦ r❡❣❛✐♥ ❞❡❝✐❞❛❜✐❧✐t② ✇✐t❤♦✉t r❡str❛✐♥✐♥❣ ♦✉rs❡❧✈❡s t♦ ❛ ✉♥✐q✉❡ ✇❡✐❣❤t ♦r
❣♦✐♥❣ ❢♦r WCGS ✇✐t❤ ♦♥❡ ❛❣❡♥t ✭✇❤✐❝❤ ❜r✐♥❣s ✉s ❜❛❝❦ t♦ ❝❧♦s❡❞ s②st❡♠s✮✳ ❋♦r t❤❡ ♠♦❞❡❧
❝❤❡❝❦✐♥❣ ♦✈❡r WCGS ✇✐t❤ ❛ s✐♥❣❧❡ ✇❡✐❣❤t✱ ✇❡ ❜❡❧✐❡✈❡ ❡❙▲❬❇●❪ t♦ ❜❡ ❞❡❝✐❞❛❜❧❡✳ ❊♥❡r❣②
❝♦♥str❛✐♥ts ❛r❡ ✭❜② ❞❡✜♥✐t✐♦♥✮ str✐❝t❧② ❧❡ss ❡①♣r❡ss✐✈❡ t❤❛♥ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts ❛♥❞✱ ❛s s❛✐❞
✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ❜❡❧✐❡✈❡ ✶❝❙▲❬❇●❪ ✭t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❙▲❬❇●❪ ✇✐t❤ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts
♦♥ WCGS ✇✐t❤ ❛ s✐♥❣❧❡ ✇❡✐❣❤t✮ t♦ ❜❡ ❞❡❝✐❞❛❜❧❡✳

❖♥❡ ♣♦ss✐❜✐❧✐t② ✐s t♦ ❢♦r❝❡ ❡♥❡r❣② ❝♦♥str❛✐♥ts t♦ ❛♣♣❡❛r ✉♥❞❡r t❤❡ s❝♦♣❡ ♦❢ ❛♥ ❡✈❡♥
♥✉♠❜❡r ♦❢ ♥❡❣❛t✐♦♥✱ st✐❧❧ ❛❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts ♦♥ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡ts ❜✉t ❢♦r❜✐❞❞✐♥❣ t❤❡✐r
♥❡❣❛t✐♦♥s✳ ❲✐t❤♦✉t t❤❡ ❝♦♠♣❧❡♠❡♥ts ♦❢ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡ts✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✭✉s✐♥❣ t❤❡
t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✷✺✮ t❤❛t ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ (q, 0, c2) ❛♥❞
(q, c1, 0) t❛❦❡ t❤❡ ③❡r♦✲t❡st ❡❞❣❡s ♣r♦♣❡r❧②✳ ❲❡ ❤♦✇❡✈❡r ❝❛♥♥♦t ❡♥❢♦r❝❡ ♣r♦♣❡r ❜❡❤❛✈✐♦✉r
❢♦r ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ♦t❤❡r ❢♦r♠s ✇✐t❤♦✉t t❤❡ ❝♦♠♣❧❡♠❡♥ts ♦❢ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡ts✳ ❲❤❛t
❤❛♣♣❡♥s t♦ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ ❡❙▲❬❈●❪ ✐s t❤❡♥ ✉♥❝❧❡❛r ❛♥❞ ✇♦rt❤ ✐♥✈❡st✐❣❛t✐♥❣✳

✹✳✸ ❈♦♥❝❧✉s✐♦♥

▲✐❦❡ ♠♦st t❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s✱ ❙▲ ❝❛♥ ❜❡ ❡♥r✐❝❤❡❞ ✇✐t❤ q✉❛♥t✐t❛t✐✈❡
❝♦♥str❛✐♥ts✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ❝❛♥ ❜❡ ♦❢ ♠❛♥② ❦✐♥❞s✳ ❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t✇♦ ✈❡rs✐♦♥s✿
♦♥❡ ✇✐t❤ ❝♦✉♥t❡r ❝♦♥str❛✐♥ts ✭❝❙▲✮ ❛♥❞ t❤❡ ♦t❤❡r ✇✐t❤ ❡♥❡r❣② ❝♦♥str❛✐♥ts ✭❡❙▲✮✳

❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ ❝❙▲ ♦♥ WCGS ✇✐t❤ ♠♦r❡ t❤❛♥ t✇♦ ❝♦✉♥t❡rs ✐s tr✐✈✐❛❧❧② ✉♥❞❡✲
❝✐❞❛❜❧❡✳ ❲❡ tr✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✷ t♦ ❣❡t ❛ ❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧t ❢♦r ❝❙▲ ♦♥ 1✲W❈●❙ ✭WCGS

✇✐t❤ ❛ s✐♥❣❧❡ ❝♦✉♥t❡r✮ ❜✉t ❢❛✐❧❡❞ t♦ ❞❡s✐❣♥ ❛♥ ❛❧❣♦r✐t❤♠✳ ❲❡ ❤♦✇❡✈❡r ♠❛♥❛❣❡❞ t♦ ♣r♦✈❡
❛ ♣❡r✐♦❞✐❝✐t② ♣r♦♣❡rt② ❢♦r t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✳ ❚❤✐s ❣✐✈❡s ✉s ❤♦♣❡ t♦ ✜♥❞ ✐♥ t❤❡ ♥❡❛r
❢✉t✉r❡ ❛ ✇♦r❦✐♥❣ ❛❧❣♦r✐t❤♠✳

❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✸ ❛ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❝❙▲ ♦♥ 1✲W❈●❙ ❜②
❢♦r❣✐♥❣ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ▼❙❖ ♦♥ ♦r❞✐♥❛❧s✳ ❲❤✐❧❡ t❤❡ ❧❛❝❦ ♦❢ ❛❧❣♦r✐t❤♠ ❢♦r ❝❙▲
♠❛❦❡s t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦♥❧② t❤❡♦r❡t✐❝❛❧✱ ✐t ❤✐❣❤❧✐❣❤ts t❤❡ ❧❛r❣❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢
❝❙▲✱ ❡✈❡♥ ♦♥ 1✲W❈●❙✿ ✇✐t❤♦✉t ♠✉❝❤ ❞✐✣❝✉❧t②✱ ❝❙▲ ❝❛♥ ❡♥❝♦❞❡ ✇❡❧❧✲♦r❞❡r❡❞ s❡ts✱ ❛♥❞
❡s♣❡❝✐❛❧❧② ωω ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ t❤r♦✉❣❤ tr❡❡ ❛✉t♦♠❛t❛✳

❲✐t❤ t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ r❡❛❝❤❛❜✐❧✐t② ✐♥ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❡♥❡r❣② ❣❛♠❡s✱ ✇❡ ❤❛❞ ❤♦♣❡
t❤❛t t❤❡ ❡❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ✇♦✉❧❞ ❜❡ ❞❡❝✐❞❛❜❧❡✳ ❖✉r ❛s♣✐r❛t✐♦♥s ❤♦✇❡✈❡r
❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷ ✇❤❡♥ ✇❡ ❢♦✉♥❞ ❡❙▲❬❈●❪ ✭t❤❡ ❝♦♥❥✉♥❝t✐✈❡ ❢r❛❣♠❡♥t ♦❢ ❡❙▲❬❇●❪✮ t♦
❜❡ ✉♥❞❡❝✐❞❛❜❧❡✳ ■t s❡❡♠s t❤❛t ♥♦t ♠✉❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r ❡❙▲ ❛♥❞ ✐ts ❡①♣r❡ss✐✈❡♥❡ss ✐s t♦♦
♣♦✇❡r❢✉❧ t♦ ❡✈❡r r❡❣❛✐♥ ❞❡❝✐❞❛❜✐❧✐t②✳ ❚❤❡ ♦♥❧② t❤r❡❡ ♦♣t✐♦♥s ✇♦✉❧❞ ❜❡ t♦ r❡str✐❝t ♦✉rs❡❧✈❡s
t♦ ❛ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡ ✭s♦♠❡ ❡❙▲❬✶●❪ t②♣❡ ♦❢ ❧♦❣✐❝✮✱ t♦ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❛ s✐♥❣❧❡ ✇❡✐❣❤t
♦r t♦ ❢♦r❝❡ ❡♥❡r❣② ❝♦♥str❛✐♥ts t♦ ❜❡ ✉♥❞❡r ❛ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐♦♥ ✭✐✳❡✳ ❢♦r❜✐❞❞✐♥❣ t❤❡
❝♦♠♣❧❡♠❡♥ts ♦❢ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡ts✮✳
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✹✳❆ ❆♥♥❡①

❲❡ ❣✐✈❡ t❤❡ ❢✉❧❧ ♣r♦♦❢ ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛r② r❡s✉❧ts ✭▲❡♠♠❛ ✹✳✶✵✱ ▲❡♠♠❛ ✹✳✶✶ ❛♥❞ ▲❡♠♠❛ ✹✳✶✷✮
✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ♣❡r✐♦❞✐❝✐t② t❤❡♦r❡♠ ♦❢ ❙❡❝t✐♦♥ ✹✳✶✳✷ ✭♣❛❣❡ ✽✺✮ ✇❤✐❝❤ ✇❡ r❡❝❛❧❧ ❜❡❧♦✇

❚❤❡♦r❡♠ ✹✳✼✳ ▲❡t G ❜❡ ❛ 1✲W❈●❙✱ ❛♥❞ φ ❜❡ ❛ ✶❝❙▲❬❇●❪ ❢♦r♠✉❧❛✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
❛ t❤r❡s❤♦❧❞ ∆ ≥ 0 ❛♥❞ ❛ ♣❡r✐♦❞ Λ ≥ 0 ❢♦r t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ φ ♦✈❡r G✳ ❚❤❛t ✐s✱ ❢♦r
❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ (q, c) ♦❢ G ✇✐t❤ c ≥ ∆✱ ❢♦r ❡✈❡r② k ∈ N✱ G, (q, c) |= φ ✐❢ ❛♥❞ ♦♥❧② ✐❢
G, (q, c+ k · Λ) |= φ✳

❋✉rt❤❡r♠♦r❡ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r ∆+ Λ ✐s ❜♦✉♥❞❡❞ ❜②

❚♦✇❡r
(

max
θ∈❙✉❜❋♦r♠(φ)

nθ, max
θ∈❙✉❜❋♦r♠(φ)

kθ + 1
)|◗|·22|φ|

✇❤❡r❡ ◗ ✐s t❤❡ st❛t❡ s♣❛❝❡ ♦❢ G✱ ❙✉❜❋♦r♠(φ) ✐s t❤❡ s❡t ♦❢ ✶❝❙▲❬❇●❪ s✉❜✲❢♦r♠✉❧❛s ♦❢ φ✱ kθ ✐s
t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ✐♥ θ✱ ❛♥❞ nθ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❛ss✐❣♥♠❡♥ts
✉s❡❞ ✐♥ θ✳

▲❡♠♠❛ ✹✳✶✵✳ ❋✐① 0 ≤ j < k✱ ❛♥❞ ❛ss✉♠❡ t❤❛t RD,j
(γ,γ′)(χj, χ

′
j) ❤♦❧❞s tr✉❡✳ ❚❤❡♥✿

✶✳ ❢♦r ❡✈❡r② str❛t❡❣② v ❢♦r xj+1 ❢r♦♠ γ✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ str❛t❡❣② T (v) ❢♦r xj+1 ❢r♦♠ γ′

s✉❝❤ t❤❛t RD,j+1
(γ,γ′) (χj ∪ {v}, χ

′
j ∪ {T (v)}) ❤♦❧❞s tr✉❡❀

✷✳ ❢♦r ❡✈❡r② str❛t❡❣② v′ ❢♦r xj+1 ❢r♦♠ γ′✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ str❛t❡❣② T −1(v′) ❢♦r xj+1

❢r♦♠ γ s✉❝❤ t❤❛t RD,j+1
(γ,γ′) (χj ∪ {T

−1(v′)}, χ′j ∪ {v
′}) ❤♦❧❞s tr✉❡✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ ✜rst ♣r♦♣❡rt②✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ✐s ♣r♦✈❡♥ s✐♠✐❧❛r❧② ❜② r❡♣❧❛❝✐♥❣
Shift−Λ ✇✐t❤ Shift+Λ✳

❲❡ ✜① ❛ ♥❡✇ str❛t❡❣② v ❢♦r ✈❛r✐❛❜❧❡ xj+1 ❢r♦♠ γ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❧✐❢t❡❞ str❛t❡❣② T (v)
❢♦r ✈❛r✐❛❜❧❡ xj+1 ✭✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛❞❞ t♦ ✈❛❧✉❛t✐♦♥ χ′j✮ ❢r♦♠ γ′ ❛s ❢♦❧❧♦✇s✿

• ❢♦r ❡✈❡r② ✭✜♥✐t❡✮ ρ′ ❢r♦♠ γ′ t❤❛t ✐s ❛ ♣r❡✜① ❛❧♦♥❣ ✇❤✐❝❤ t❤❡ ❝♦✉♥t❡r ✐s ❛❧✇❛②s ❧❛r❣❡r
t❤❛♥ ∆′✱ ✇❡ ❞❡✜♥❡ T (v)(ρ′) = v(ρ)✱ ✇❤❡r❡ ρ = Shift−Λ(ρ

′) ✭♥♦t❡ t❤❛t ✐♥ t❤❛t ❝❛s❡✱
t❤❡ ❝♦✉♥t❡r ✐s ❛❧✇❛②s ❧❛r❣❡r t❤❛♥ ∆ ❛❧♦♥❣ ρ✱ ❛♥❞ ρ st❛rts ❛t ❝♦♥✜❣✉r❛t✐♦♥ γ✮✱ s♦
t❤✐s ✐s ✇❡❧❧✲❞❡✜♥❡❞❀

• ✐❢ ρ′ ❤✐ts ✈❛❧✉❡ ∆′✱ t❤❡♥ ❞❡❝♦♠♣♦s❡ ρ′ ✇✳r✳t✳ ∆′ ❛s ρ′%∆′ · ρ′✳ ❙✐♠✐❧❛r❧②✱ ❞❡❝♦♠♣♦s❡
ρ = Shift−Λ(ρ

′) ✇✳r✳t✳ ∆✱ ②✐❡❧❞✐♥❣ ρ = ρ%∆ · ρ✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t ρ%∆ =
Shift−Λ(ρ

′
%∆′)✳ ❇② ❤②♣♦t❤❡s✐s✱ ✐t ❤♦❧❞s

■❞χj−−→ρ%∆
(❧st(ρ%∆), D̃) = ■❞χ′

j
−−−→
ρ′
%∆′

(❧st(ρ′%∆′), D̃))

✭✇✐t❤ D̃ = D+ρ%∆
= D+ρ′

%∆′
✮✳

❇② ▲❡♠♠❛ ✹✳✽ ✇❡ ✜♥❞ ❛ str❛t❡❣② v′ ❢r♦♠ ❧st(ρ′%∆′) ❢♦r ✈❛r✐❛❜❧❡ xj+1 s✉❝❤ t❤❛t

■❞(χj∪{v})−−→ρ%∆
(❧st(ρ%∆), D̃) = ■❞χ′

j−−→ρ%∆
∪{v′}(❧st(ρ

′
%∆′), D̃).

❲❡ t❤❡♥ ❞❡✜♥❡ T (v)(ρ′) = v′(ρ′)✳ ❚❤❡ ♣r♦♣❡rt② R
D,j+1
(γ,γ′) (χj∪{v}, χ

′
j∪{T (v)}) ❤♦❧❞s✳
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❚❤❡ ❝♦♥str✉❝t✐♦♥ ♠❛❞❡ ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✳

∆′

∆
Λ

•
γ

•
γ′= ShiftΛ(γ)

Λ

•

•
✐❞❡♥t✐❝❛❧ ✭❜✉t s❤✐❢t❡❞✮ str❛t❡❣✐❡s

❡q✉✐✈❛❧❡♥t str❛t❡❣✐❡s ✭∆ ∼ ∆′✮

❋✐❣✉r❡ ✹✳✺✿ ❈♦♥str✉❝t✐♦♥ ✐♥ ▲❡♠♠❛ ✹✳✶✵ ✭❝❛s❡ ✭✐✐✮✮

▲❡♠♠❛ ✹✳✶✶✳ ❋✐① D0 ❢♦r t❤❡ t✉♣❧❡ ♦❢ ✐♥✐t✐❛❧ st❛t❡s ♦❢ t❤❡ Di✬s✳ ❆ss✉♠❡ t❤❛t RD0,k
(γ,γ′)(χ, χ

′)

❤♦❧❞s ✭❢♦r ❢✉❧❧ ✈❛❧✉❛t✐♦♥s χ ❛♥❞ χ′✮✳ ▲❡t 1 ≤ i ≤ n✱ ❛♥❞ ✇r✐t❡ ρ = ♦✉t(βi(χ), γ) ❛♥❞
ρ′ = ♦✉t(βi(χ

′), γ′)✳ ❚❤❡♥ ρ |= ϕi ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ′ |= ϕi✳ ■♥ ♣❛rt✐❝✉❧❛r✱ γ |=χ ξ(βiϕi)1≤i≤n
✐❢ ❛♥❞ ♦♥❧② ✐❢ γ′ |=χ′ ξ(βiϕi)1≤i≤n✳

Pr♦♦❢✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t✇♦ ❝❛s❡s✿

• ❆ss✉♠❡ t❤❛t ρ ✐s ❢✉❧❧② ❛❜♦✈❡ ∆✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦♣❡rt② R
D0,k
(γ,γ′)(χ, χ

′)✱ ✐t ❤♦❧❞s
t❤❛t ρ′ = Shift+Λ(ρ)✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✾ t♦ ❛❧❧ ♣r❡✜①❡s ♦❢ ρ ❛♥❞ ρ′ ✭✇❤✐❝❤ ❛r❡ ❛❧❧
❛❜♦✈❡ ∆✱ r❡s♣✳ ∆′✮✱ ✇❡ ❣❡t t❤❛t t❤❡② ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣❛t❤s ✐♥ ❛❧❧ ❛✉t♦♠❛t❛ Di✬s✱
❤❡♥❝❡ ❢♦r ❡❛❝❤ 1 ≤ i ≤ n✱ ρ |= ψi ✐✛ ρ′ |= ψi✳

• ❆ss✉♠❡ t❤❛t ρ ✐s ♥♦t ❢✉❧❧② ❛❜♦✈❡ ∆✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦♣❡rt② R
D0,k
(γ,γ′)(χ, χ

′)✱
ρ′ ✐s ♥♦t ❢✉❧❧② ❛❜♦✈❡ ❡✐t❤❡r✱ ❛♥❞ ρ′%∆′ = Shift+Λ(ρ%∆)✳ ❆❧s♦✱

■❞χ−−→ρ%∆
(❧st(ρ%∆), D) = ■❞χ′−−−→

ρ′
%∆′

(❧st(ρ′%∆′), D)

✇✐t❤ D = D0
+ρ%∆

= D0
+ρ′

%∆′
✭❜② ▲❡♠♠❛ ✹✳✾✮✳

❚❤❡r❡ ❡①✐sts s♦♠❡ ❧♦❝❛t✐♦♥ q̂ s✉❝❤ t❤❛t ❧st(ρ%∆) = (q̂,∆) ❛♥❞ ❧st(ρ′%∆′) = (q̂,∆′)✱
❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐❞✱ t❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② 1 ≤ i ≤ n✱ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✕ ρ = ♦✉t
(
βi(χ−−→ρ%∆

), (q̂,∆)
)
✐s ❛❝❝❡♣t❡❞ ❜② Di ❢r♦♠ di

✕ ρ′ = ♦✉t
(
β′i(χ

′−−−→
ρ′

%∆′
), (q̂,∆′)

)
✐s ❛❝❝❡♣t❡❞ ❜② Di ❢r♦♠ di

❲❡ ❝♦♥❝❧✉❞❡ ❜② ♥♦t✐❝✐♥❣ t❤❛t ρ = ρ%∆ · ρ ❛♥❞ ρ′ = ρ′%∆′ · ρ′✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❡q✉✐✈❛✲
❧❡♥t❧② ❛❝❝❡♣t❡❞ ♦r r❡❥❡❝t❡❞ ❜② ❡❛❝❤ ♦❢ t❤❡ Di✳



✶✵✽

▲❡♠♠❛ ✹✳✶✷✳ γ |=∅ φ ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ′ |=∅ φ✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② 0 ≤ j ≤ k✱ ✇❡ ✇r✐t❡ φj = Qj+1xj+1 . . . Qlxl ξ(βiψi)1≤i≤n✳
❲❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ✐❢ χj ❛♥❞ χ′j ❛r❡ ✈❛❧✉❛t✐♦♥s s✉❝❤ t❤❛t RD0,j

(γ,γ′)(χj, χ
′
j) ❤♦❧❞s✱

t❤❡♥ γ |=χj
φj ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ′ |=χ′

j
φj✳

❚❤✐s ❤♦❧❞s ❢♦r ❢✉❧❧ ✈❛❧✉❛t✐♦♥s χk ❛♥❞ χ′k ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✶✳ ❆ss✉♠❡ ✐t ❤♦❧❞s ❛t
r❛♥❦ j + 1 ✇✐t❤ 1 ≤ j < k❀ ✇❡ s❤♦✇ ✐t ❢♦r j✳ ❆ss✉♠❡ χj ❛♥❞ χ′j ❛r❡ ✈❛❧✉❛t✐♦♥s s✉❝❤ t❤❛t

R
D0,j
(γ,γ′)(χj, χ

′
j) ❤♦❧❞s ❛♥❞ γ |=χj

φj✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

• ❈❛s❡ Qj+1 = ∃✳ P✐❝❦ ❛ str❛t❡❣② vj+1 ❢♦r ✈❛r✐❛❜❧❡ xj+1 s✉❝❤ t❤❛t γ |=χj∪{vj+1} φj+1✳

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✵✱ ❝❤♦♦s❡ str❛t❡❣② v′j+1 s✉❝❤ t❤❛t R
D0,j+1
(γ,γ′) (χj ∪ {vj+1}, χ

′
j ∪

{v′j+1}) ❤♦❧❞s✳ ❆♣♣❧②✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t γ′ |=χ′
j∪{v

′
j+1}

φj+1✳

• ❈❛s❡ Qj+1 = ∀✳ P✐❝❦ ❛ str❛t❡❣② v′j+1 ❢♦r ✈❛r✐❛❜❧❡ xj+1 ❢r♦♠ γ′✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✵✱

❝❤♦♦s❡ str❛t❡❣② vj+1 s✉❝❤ t❤❛t R
D0,j+1
(γ,γ′) (χj ∪ {vj+1}, χ

′
j ∪ {v

′
j+1}) ❤♦❧❞s✳ ❆♣♣❧②✐♥❣

t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t γ′ |=χ′
j∪{v

′
j+1}

φj+1 ✐✛ γ |=χj∪{vj+1} φj+1✳
❚❤❡ ❧❛st r❡❧❛t✐♦♥ ✐s ✈❛❧✐❞✱ ❤❡♥❝❡ γ′ |=χ′

j∪{v
′
j+1}

φj+1✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② ♥♦t✐❝✐♥❣ t❤❛t RD0,0
(γ,γ′)(∅, ∅) ❤♦❧❞s s✐♥❝❡ ∆ ∼ ∆′✳
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❚❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠ ✐♥ ❙▲❬❇●❪
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❈❤❛♣t❡r ✺

■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝②

♣r♦❜❧❡♠

■♥ t❤❡ q✉❛♥t✐✜❡rs✬ s❡♠❛♥t✐❝s✱ t❤❡ str❛t❡❣② ❛ss✐❣♥❡❞ t♦ ❛ ✈❛r✐❛❜❧❡ x ♦♥ ❛ ❤✐st♦r② ρ ❞❡♣❡♥❞s
♦♥ ❛❧❧ t❤❡ ♦t❤❡r str❛t❡❣✐❡s q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ ✐t ✐♥ t❤❡✐r ❡♥t✐r❡t②✳ ❚❤❡s❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡
r❛t❤❡r ✉♥✉s✉❛❧✱ ♠❛❦❡ t❤❡ s❡♠❛♥t✐❝ ♦❢ t❤❡ q✉❛♥t✐✜❡rs ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡ ❛♥❞ ♣r❡✈❡♥t ✉s
❢r♦♠ ♠❛❦✐♥❣ ❧♦❝❛❧ ❞❡❝✐s✐♦♥s✳ ❚❤❡ ❡①❛♠♣❧❡ ❜❡❧♦✇ ✐❧❧✉str❛t❡s t❤❡ ✐ss✉❡✳

❋✐① t✇♦ ❛❣❡♥ts ❛♥❞ ✱ t✇♦ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s p1 ❛♥❞ p2 ❛♥❞ ❢♦✉r ✈❛r✐❛❜❧❡s xA ✱
xB ✱ yA ❛♥❞ yB ✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ G ♦♥ ❋✐❣✉r❡ ✺✳✶✳ ❲❡ ❞❡✜♥❡ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ0

❜❡❧♦✇✳

qini

a b

p1 p2 p1 p2

❋✐❣✉r❡ ✺✳✶✿ ❆ ❣❛♠❡ G✳

φ0 := ∀xA .∀yA .∃xB .∃yB .





(
❛ss✐❣♥( , xA ; , yA )❋ p1

⇔ ❛ss✐❣♥( , xB ; , yB )❋ p2
)

∧

❛ss✐❣♥( , xB ; , yB )❋ b

φ1

❖♥❡ ❝❛♥ s❡❡ t❤❛t ✉s✐♥❣ t❤❡ ✐♥t✉✐t✐✈❡ s❡♠❛♥t✐❝ ❣✐✈❡♥ ✐♥ ❈❤❛♣t❡r ✶✱ φ0 ❤♦❧❞s ♦♥ G ❢r♦♠ qini✳
❋♦r ❡①❛♠♣❧❡✱ ✉s✐♥❣ t❤❡ ♥❛♠❡ ♦❢ ❛ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ str❛t❡❣② ❛ss✐❣♥❡❞ t♦ ✐t✱ ✐❢ xA (qini) = a

❛♥❞ yA (qini.a) = p2 t❤❡♥ ✇❡ ❝❛♥ s❡t xB (qini) = b ❛♥❞ yB (qini.b) = p1✳ ❚❤❡ ♦✉t❝♦♠❡ ♦❢
{xA , yA } ❞♦❡s ♥♦t s❡❡ p1 s♦ t❤❡ ✜rst ❣♦❛❧ ✐s ♥♦t s❛t✐s✜❡❞ ❛♥❞ t❤❡ ♦✉t❝♦♠❡ ♦❢ {xB , yB }
❡✈❡♥t✉❛❧❧② s❡❡s b ❜✉t ♥♦t p2 s♦ t❤❡ s❡❝♦♥❞ ❣♦❛❧ ✐s ♥♦t s❛t✐s✜❡❞ ❜✉t t❤❡ t❤✐r❞ ✐s✳ ❚❤✐s ♠❛❦❡s
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✜rst t✇♦ ❣♦❛❧s ❤♦❧❞ ❛s ✇❡❧❧ ❛s t❤❡ t❤✐r❞ ❣♦❛❧✱ s❛t✐s❢②✐♥❣ φ1✳
◆♦✇✱ ❛ss✉♠❡ xA (qini) = a ❛♥❞ yA (qini.a) = p1✱ ✇❡ ❝❛♥ t❛❦❡ xB (qini) = b ❛♥❞ yB (qini.b) =
p2✳ ❯♥❧✐❦❡ ♣r❡✈✐♦✉s❧②✱ ❛❧❧ t❤r❡❡ ❣♦❛❧s ❛r❡ s❛t✐s✜❡❞ ❛♥❞ ❜♦t❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ t❤❡
❝♦♥❥✉♥❝t✐♦♥ ❤♦❧❞✱ ♠❛❦✐♥❣ φ1 tr✉❡✳ ❆ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡ ✇❤❡♥ xA (qini) = b✳
■♥ t❤❡ ❡♥❞✱ t❤❡ ♦✈❡r❛❧❧ ❢♦r♠✉❧❛ φ0 ✐s s❛t✐s✜❡❞ ❜② G✳

■♥ t❤❡ r❡❛s♦♥✐♥❣ ❛❜♦✈❡✱ ♦♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ yB ♦♥ t❤❡ ❤✐st♦r② qini.b

❞❡♣❡♥❞s ♦♥ ✇❤❛t yA ❞❡❝✐❞❡❞ t♦ ♣❧❛② ♦♥ qini.a✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❤♦✐❝❡ ♦❢ yB ♦♥ ❛ ❤✐st♦r②

✶✶✶



✶✶✷

∀xA

p1

∀yA

p1

❄

∃xB ∃yB

p2p1
❄

❞❡♣❡♥❞❡♥❝② ♦♥ ❛

❞✐✛❡r❡♥t ❤✐st♦r②

❋✐❣✉r❡ ✺✳✷✿ ❉❡♣❡♥❞❡♥❝✐❡s ❢r♦♠ t❤❡ ❡①✐st❡♥t✐❛❧ ✈❛r✐❛❜❧❡ yB ♦♥ t❤❡ ✉♥✐✈❡rs❛❧ ✈❛r✐❛❜❧❡ yA ✳

❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ yA ♦♥ ❛♥♦t❤❡r ❤✐st♦r②✳ ❋✐❣✉r❡ ✺✳✷ ✐❧❧✉str❛t❡s t❤❡ s✐t✉❛t✐♦♥✿ t❤❡r❡
✐s ❛♥ ✉♥♥❛t✉r❛❧ ✐♥✢✉❡♥❝❡ ♦❢ yA ♦♥ yB ✳ ■♥❞❡❡❞✱ ✐♥ s♦♠❡ ♣r❛❝t✐❝❛❧ ❝❛s❡s✱ t❤❡ str❛t❡❣② yA ❝❛♥
❜❡ ♦♥❧② ♣❛rt✐❛❧❧② r❡✈❡❛❧❡❞ ❛♥❞ ✇❡ ♠❛② t❤❡r❡❢♦r❡ ✇✐s❤ ♥♦t ♦♥❧② t❤❛t yB ❡①✐sts ❜✉t ❛❧s♦ t♦
❜✉✐❧❞ ✐t ✉s✐♥❣ ❛ ❧✐♠✐t❡❞ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ yA ✳ ❋✐♥❞✐♥❣ ✇❤❡♥ t❤❡s❡ ❞❡♣❡♥❞❡♥❝✐❡s
❛♣♣❡❛r ✐s ✇❤❛t ▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ r❡❢❡r ❛s ✜♥❞✐♥❣ ❡❧❡♠❡♥t❛r② ✇✐t♥❡ss❡s
✐♥ ❬✸✾❪✳

❈♦♥s✐❞❡r ❛ ❢♦r♠✉❧❛ φ := Q1x1, . . . Qlxl. ξ(βjϕj)1≤j≤n✳ ❆ str❛t❡❣② δ st♦r❡❞ ✐♥ ❛ ✈❛r✐❛❜❧❡
xj ✐s s❛✐❞ ❧♦❝❛❧ ✇❤❡♥ ✐t ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❝✉rr❡♥t ❤✐st♦r② ❛♥❞ t❤❡ ❝❤♦✐❝❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s
q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ xj ♦♥ s❛✐❞ ❤✐st♦r②✳ ❚❤❡ q✉❡st✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② ✇✐t♥❡ss❡s ❢♦r♠❛❧❧② ❛s❦s
✇❤✐❝❤ ❙▲❬❇●❪ ❢♦r♠✉❧❛s ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ♦♥❧② str❛t❡❣✐❡s ✇✐t❤ ❧♦❝❛❧ ❝❤♦✐❝❡s ❢♦r t❤❡
❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s✶✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❛✐♠ t♦ ✜♥❞ ❢♦r♠✉❧❛s ✇❤❡r❡ t❤❡
s✐t✉❛t✐♦♥ ✐❧❧✉str❛t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳✷ ❞♦❡s ♥♦t ❤❛♣♣❡♥✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛ ❧❛②♦✉t ♦❢ t❤❡ s✐t✉❛t✐♦♥✱ ♣r♦♣♦s❡ ❛ ❢r❛♠❡✇♦r❦ ✭❛❞❛♣t❡❞
❢r♦♠ ❬✸✾❪✮ ❛♥❞ ❤✐❣❤❧✐❣❤t ❛ ❢❡✇ r❡s✉❧ts✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② ✇✐t♥❡ss
❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✾❪ ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r ❛ t❤♦r♦✉❣❤ st✉❞② ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥ ❧❛t❡r ❝❤❛♣t❡rs✱
✇❡ ✇✐❧❧ st✉❞② t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠ ✐♥ ❛ ❜r♦❛❞❡r s❡♥s❡✳

✺✳✶ ❆ ♣❛rt✐❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s

❲❡ st❛rt ❜② ❢♦r♠❛❧❧② ❞❡✜♥✐♥❣ t❤❡ ♥♦t✐♦♥s ❛t t❤❡ ❤❡❛rt ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠✳ ●✐✈❡♥
❛ ❤✐st♦r② ρ = (qi)i≤L ✇❤❡r❡ L ∈ N✱ ✇❡ r❡❝❛❧❧ t❤❛t ❛ ♣r❡✜① ♦❢ ρ ✐s ❛ ❤✐st♦r② ♦❢ t❤❡ ❢♦r♠
ρ′ := (qi)i≤L′ ✇❤❡r❡ L′ < L✳ ❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❛t ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ρ ✐s ❛♥② ❤✐st♦r② ♦❢ t❤❡
❢♦r♠ ρ′′ := (qi)i<L′′ ✇❤❡r❡ L′′ > L✳ ❲❡ ✇r✐t❡ Pr❡❢≤ρ ❢♦r t❤❡ s❡t ♦❢ ❛❧❧ ♣r❡✜①❡s ♦❢ ρ ✐♥❝❧✉❞✐♥❣
ρ ❛♥❞ Pr❡❢<ρ ❢♦r t❤❡ s❡t ♦❢ str✐❝t ♣r❡✜①❡s ♦❢ ρ✳ ❲❡ ❛❧s♦ r❡❣r♦✉♣ ❛❧❧ t❤❡ ♦t❤❡r ❤✐st♦r✐❡s
✇✐t❤✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ❤✐st♦r②✿

❉❡✜♥✐t✐♦♥ ✺✳✶ ✭❈♦✉♥t❡r✲❢❛❝t✉❛❧ ❤✐st♦r②✮✳
●✐✈❡♥ t✇♦ ❞✐✛❡r❡♥t ❤✐st♦r✐❡s ρ ❛♥❞ π✱ ✇❡ s❛② t❤❛t π ✐s ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ♦❢ ρ ✇❤❡♥❡✈❡r π
✐s ♥❡✐t❤❡r ❛ ♣r❡✜① ♥♦r ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ρ✳

✶■♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✾❪✱ t❤❡ ❛✉t❤♦rs ❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❛ ❞✐✛❡r❡♥t ♠❛♥♥❡r t❤r♦✉❣❤ t❤❡ ✉s❡
♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❛♥❞ r❡✜♥❡ t❤❡✐r ✐❞❡❛ ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ❧❛t❡r ♦♥✳
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∀ x1
▲♦❝❛❧

❞❡♣❡♥❞❡♥❝✐❡s

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

∀ x1
❙✐❞❡

❞❡♣❡♥❞❡♥❝✐❡s

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

∀ x1
❋✉t✉r❡

❞❡♣❡♥❞❡♥❝✐❡s

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

∃ x2

❋✐❣✉r❡ ✺✳✹✿ ❚❤❡ t❤r❡❡ ❦✐♥❞s ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s

❲❡ ❤✐❣❤❧✐❣❤t t❤r❡❡ ❦✐♥❞s ♦❢ ♣♦ss✐❜❧❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♥❞ ❡①♣❧♦r❡ t❤❡✐r ✉s❛❣❡ t♦ ♠♦❞❡❧
♦♣❡♥ ❛♥❞ ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s✳ ▼♦r❡ ❦✐♥❞s ❛r❡ ♣♦ss✐❜❧❡✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ♦♥❡s
✇❡ ❜❡❧✐❡✈❡ ❛r❡ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣✳

qini

p∅

(1, 0)

(0, 1)

(0, 0)

(1, 1)

❋✐❣✉r❡ ✺✳✸✿ ❆ ❣❛♠❡ G ✇✐t❤ t✇♦
❛❣❡♥ts ❛♥❞ t✇♦ ❛❝t✐♦♥s ✭0 ❛♥❞
1✮

❚❤❡ ✜rst ❦✐♥❞ ✐s ❝❛❧❧❡❞ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ✿ ✐t ❤❛♣♣❡♥s
✇❤❡♥ ❛ str❛t❡❣② y ♦♥ ❛ ❤✐st♦r② ρ r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡ ♦❢
t❤❡ ❝❤♦✐❝❡s ❢r♦♠ str❛t❡❣✐❡s q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ y ♦♥ ♣r❡✜①❡s
♦❢ ρ ♦r ♦♥ ρ ✐ts❡❧❢✳ ▲♦❝❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ r❛t❤❡r ❝♦♠♠♦♥
✇✐t❤ ❈●❙✱ t❤❡② ♦r❞❡r ✇❤♦ ❤❛s ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t ✇✐t❤✐♥
❛ st❛t❡ ♦r ❛ ❤✐st♦r②✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❣❛♠❡ ♦❢
❋✐❣✉r❡ ✺✳✸ ✇✐t❤ t✇♦ ❛❝t✐♦♥s 0 ❛♥❞ 1✱ ❛♥❞ t✇♦ ❛❣❡♥ts A
❛♥❞ B✳ ❋r♦♠ qini✱ A ❛✐♠s t♦ r❡❛❝❤ ❛ p✲❧❛❜❡❧❧❡❞ st❛t❡
✇❤✐❧❡ B tr✐❡s t♦ ❛✈♦✐❞ ✐t✳ ❚❤❡ ❛❣❡♥t ✇❤♦ ❛♥♥♦✉♥❝❡s ❤✐s
str❛t❡❣② ✜rst ❧♦s❡s✿ ✐❢ A t❛❧❦s ✜rst✱ B ♠❛② ♣❧❛② t❤❡ s❛♠❡
❛❝t✐♦♥ ❛s A✱ ❢♦r❝✐♥❣ ❛ tr❛♥s✐t✐♦♥ t♦✇❛r❞s t❤❡ st❛t❡ ♥♦t
❧❛❜❡❧❧❡❞ ❜② p✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ B ✐s t❤❡ ✜rst ♥♦t✐❢②✐♥❣ ❤✐s ❝❤♦✐❝❡✱ A ❝❛♥ ❝❤♦♦s❡ t❤❡
♦♣♣♦s✐t❡ ❛❝t✐♦♥✱ ❡♥s✉r✐♥❣ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ r❡s✉❧ts ✐♥ t❤❡ p✲❧❛❜❡❧❧❡❞ st❛t❡✳ ❲❤✐❝❤ ❛❣❡♥t
✭♦r ✐♥ ❙▲❬❇●❪ ✇❤✐❝❤ str❛t❡❣②✮ ❞✐s❝❧♦s❡s ❤✐s ❝❤♦✐❝❡ ✜rst ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② ❝❤♦♦s✐♥❣ ❛♥
❛♣♣r♦♣r✐❛t❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦r❞❡r✱ t❤✉s ❝r❡❛t✐♥❣ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝✐❡s✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t✱
❞✉❡ t♦ t❤❡ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥✱ ❙▲❬❇●❪ ✐s ♥♦t t❤❡ ❜❡st ❧♦❣✐❝ t♦ ❞❡❛❧ ✇✐t❤ s✐♠✉❧t❛♥❡♦✉s
❞❡❝✐s✐♦♥ ♠❛❦✐♥❣s✳
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❚❤❡ s❡❝♦♥❞ ❦✐♥❞ ♦❢ ❞❡♣❡♥❞❡♥❝② ✐s t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✿
❛ str❛t❡❣② ♦♥ ❛ ❣✐✈❡♥ ❤✐st♦r② t❤❛t ❞❡♣❡♥❞s ♦♥ ❝❤♦✐❝❡s ♠❛❞❡ ❜② ♣r❡✈✐♦✉s❧② q✉❛♥t✐✜❡❞
str❛t❡❣✐❡s ♦♥ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ❤✐st♦r✐❡s✳ ❲❡ ❝❛❧❧ ✐t s✐❞❡ ❞❡♣❡♥❞❡♥❝②✳ ❙✉❝❤ ❞❡♣❡♥❞❡♥❝✐❡s
♠❛② r❡♣r❡s❡♥t s♦♠❡ ❦♥♦✇❧❡❞❣❡ ❢r♦♠ ♦♥❡ ❝♦♠♣♦♥❡♥t ❜❡❤❛✈✐♦✉r ✭✐♥ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ♣❧❛②s✮
t❤❛t ✐s ❛❝❝❡ss✐❜❧❡ t♦ ❛♥♦t❤❡r ❝♦♠♣♦♥❡♥t ✭t❤❡ ♣❧❛② ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✮✳ ❚❤❡② ♠❛② ❛❧s♦
r❡♣r❡s❡♥t s♦♠❡ ✇❡❛❦ ❢♦r♠ ♦❢ ❝♦♥❝✉rr❡♥❝② ✭❛ s✐❞❡ t❤r❡❛❞ ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ❜❡❢♦r❡ t❤❡
❝✉rr❡♥t ♦♥❡ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❛ss✉♠❡ s♦♠❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ❤♦✇ s✉❝❤ t❤r❡❛❞ ✇❡♥t✮✱
❜✉t t❤❡r❡ ❡①✐st ❜❡tt❡r ♠♦❞❡❧s ❢♦r t❤✐s✳ ■♥ ♠♦st ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s✱ t❤❡s❡ ❞❡♣❡♥❞❡♥❝✐❡s
❝❛♥♥♦t ❤❛♣♣❡♥ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡s❡ s②st❡♠s ❝❛♥♥♦t ❜❡ ♠♦❞❡❧❧❡❞ t❤r♦✉❣❤ ❈●❙ ❛♥❞ ❙▲❬❇●❪
❢♦r♠✉❧❛s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛✐♥ ✐♥t❡r❡st ✐♥ st✉❞②✐♥❣ t❤❡s❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐s t♦ ❦♥♦✇ ✇❤❡♥
t❤❡② ❛♣♣❡❛r t♦ ❡①♣❛♥❞ t❤❡ ❝❧❛ss ♦❢ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s t❤❛t ❝❛♥ ❡✛❡❝t✐✈❡❧② ❜❡ s♦❧✈❡❞
t❤r♦✉❣❤ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ■t ♠❛② ❛❧s♦ ❣✐✈❡ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✐♥tr✐♥s✐❝
❞✐✣❝✉❧t② ♦❢ ❝❡rt❛✐♥ ❢♦r♠✉❧❛s✳

❚❤❡ t❤✐r❞ ❦✐♥❞ ♦❢ ❞❡♣❡♥❞❡♥❝② ✐s ✇❤❡♥ ❛♥ ❡①✐st❡♥t✐❛❧ str❛t❡❣② y ♦♥ ❤✐st♦r② π ❞❡♣❡♥❞s
♦♥ t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ❜② ❛ ♣r❡✈✐♦✉s❧② q✉❛♥t✐✜❡❞ str❛t❡❣② x ♦♥ ❛♥ ❡①t❡♥s✐♦♥ π.π′ ♦❢ π✱ ✇❡
❝❛❧❧ ✐t ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝②✳ ❋✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s✱ ❧✐❦❡ ❧♦❝❛❧ ♦♥❡s✱ r❡♣r❡s❡♥t s♦♠❡ ❦♥♦✇❧❡❞❣❡
❛❝❝❡ss✐❜❧❡ t♦ ❛♥ ❛❣❡♥t ❛t ❛ ❣✐✈❡♥ t✐♠❡✱ ❤❡r❡ ❛❜♦✉t ❢✉t✉r❡ ❞❡❝✐s✐♦♥✳ ❚❤❡② ♠❛② ❛♣♣❡❛r
✇❤❡♥ t❤❡ s②st❡♠ ✇❡ ❛✐♠ t♦ ♠♦❞❡❧ ❤❛s s♦♠❡ ✐♥tr✐♥s✐❝ ❧✐♠✐t❛t✐♦♥s✱ ♦r ✇❤❡♥ t❤❡r❡ ❛r❡ s♦♠❡
❢♦r♠❛❧ ❛♥❞ ♣r❡❞❡t❡r♠✐♥❡❞ ♣r♦t♦❝♦❧s ✐♥t❡rs♣❡rs❡❞ ✐♥ t❤❡ s②st❡♠✳ ▼♦r❡ ♦❢t❡♥ t❤❛♥ ♥♦t ❛♥❞
✉♥❧✐❦❡ ❧♦❝❛❧ ✐♥✢✉❡♥❝❡s✱ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❛ ❜✉r❞❡♥ ♣r❡✈❡♥t✐♥❣ ♠❛♥② ♣r♦❜❧❡♠s t♦
❜❡ s♦❧✈❡❞ t❤r♦✉❣❤ ❙▲❬❇●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❝❡❞✉r❡✳ ❯♥❢♦rt✉♥❛t❡❧② ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡②
❛♣♣❡❛r ❢r❡q✉❡♥t❧②✳ ❚❤❡s❡ t❤r❡❡ ❦✐♥❞s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✹✳

✺✳✷ ❋♦r♠❛❧ ❢r❛♠❡✇♦r❦

❆ ❢r❛♠❡✇♦r❦ ♣r♦♣♦s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ✐ss✉❡ ✐s t♦ r❡♣r❡s❡♥t t❤❡ ❡①✐st❡♥t✐❛❧ ❝❤♦✐❝❡s
t❤r♦✉❣❤ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts t❤❛t ✇❡ ❝❛❧❧ ♠❛♣s✳ ❲❡ r❡❞✐s❝♦✈❡r ❛♥❞ ❡①t❡♥❞ t❤❡ ❝♦♥❝❡♣t
♦❢ ❞❡♣❡♥❞❡♥❝❡ ♠❛♣s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✽✱ ✸✾❪ ✐♥t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❛❞❛♣t❡❞ t♦ t❤❡
t❤r❡❡ ❦✐♥❞s ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s ✇❡ ❤✐❣❤❧✐❣❤t❡❞ ❜❡❢♦r❡✳ ❚❤❡ ✐❞❡❛ ✐s s✐♠✐❧❛r t♦ t❤❡ ❙❦♦❧❡♠✐s❛t✐♦♥
♦❢ ✜rst✲♦r❞❡r ❢♦r♠✉❧❛s ❬✶✼❪✿ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s ❛s ❢✉♥❝t✐♦♥s
♦❢ t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✏t❤❡r❡ ❡①✐sts ❛ str❛t❡❣② s✉❝❤ t❤❛t
❢♦r ❛❧❧ str❛t❡❣②. . . ✱ ✐t ❤♦❧❞s ξ✑ ✇❤❡r❡ ξ ✐s ❛ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣♦❛❧s ✐s tr❛♥s❢♦r♠❡❞ ✐♥
✏t❤❡r❡ ❡①✐sts ❛ ♠❛♣ s❛t✐s❢②✐♥❣ ξ✑✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② ❛❞❡q✉❛t❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♠❛♣s
t♦ ♠♦❞❡❧ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s✳

❈❤♦♦s✐♥❣ t♦ ✇♦r❦ ✇✐t❤ ❞❡♣❡♥❞❡♥❝❡ ♠❛♣s ❛❧❧♦✇s ✉s t♦ tr❡❛t t❤❡ str❛t❡❣② q✉❛♥t✐✜❝❛t✐♦♥s
❛s ❛ ❜❧♦❝✱ ✐♥ ❛ s♦♠❡✇❤❛t ❣❧♦❜❛❧ ❢❛s❤✐♦♥✳ ❖t❤❡r ❢r❛♠❡✇♦r❦s ❛r❡ ♣♦ss✐❜❧❡ ❛♥❞ ✇❡ ❝♦✉❧❞
❤❛✈❡ ✇♦r❦❡❞ ✇✐t❤ ♦♥❡ s✐♠✐❧❛r t♦ ✇❤❛t ✇❡ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✶ t♦ ❞❡✜♥❡ ❙▲❀ ❤♦✇❡✈❡r s✉❝❤
❢r❛♠❡✇♦r❦ ❝♦♥✈❡②s t❤❡ ✐❞❡❛ t❤❛t str❛t❡❣✐❡s ❛r❡ ✐♥❞✐✈✐❞✉❛❧ ❡❧❡♠❡♥ts ❛♥❞ ❞♦❡s ♥♦t s✐♠♣❧✐❢②
t❤❡ ♥♦t❛t✐♦♥s✳

❚r❡❛t✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠ ❢♦r t❤❡ ❢✉❧❧ ❙▲❬❇●❪ ❣r❡❛t❧② ❝♦♠♣❧❡①✐✜❡s ❞❡✜♥✐t✐♦♥s❀
✇❡ t❤❡r❡❢♦r❡ ❢♦❝✉s ❡①❝❧✉s✐✈❡❧② ♦♥ ✭t❤❡ ✢❛t ❢r❛❣♠❡♥t✮ ❙▲❬❇●❪♭ ❛♥❞ r❡❝❛❧❧ ✐ts ❣r❛♠♠❛r ❜❡❧♦✇✳
❚♦ ❡❛s❡ t❤❡ r❡❛❞✐♥❣ ♦❢ ❈❤❛♣t❡rs ✺ t♦ ✼✱ ✇❡ r❡♠♦✈❡ t❤❡ ✢❛t s②♠❜♦❧✳



✶✶✺

❙▲❬❇●❪ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p

❆s ✇❡ ❤❛✈❡ s❡❡♥ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ❈❤❛♣t❡r ✶✱ ❛❧❧ ❙▲❬❇●❪ ❢♦r♠✉❧❛s ❤❛✈❡ t❤❡✐r q✉❛♥✲
t✐✜❝❛t✐♦♥s ❣r♦✉♣❡❞ t♦❣❡t❤❡r ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✷

φ := (Qixi)i≤l ξ
(
βjϕj

)
j≤n

✇❤❡r❡ ❢♦r ❛♥② i ≤ l✱ Qi ∈ {∃, ∀} ❛♥❞ xi ∈ V ✭✇✐t❤ xi 6= xi′ ❢♦r ❛♥② i 6= i′✮✱ ξ ✐s ❛ ❜♦♦❧❡❛♥
❝♦♠❜✐♥❛t✐♦♥✱ ❢♦r ❛♥② j ≤ n✱ βj ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛ss✐❣♥♠❡♥ts ❛♥❞ ϕj ✐s ❛♥ ▲❚▲ ❢♦r♠✉❧❛
♦✈❡r ❆P✳ ❲❡ ✇r✐t❡ ℘ := (Qixi)1≤i≤l ❛♥❞✱ t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t V = {xi | 1 ≤ i ≤ l}✳ ❲❡ ❛❧s♦ ✇r✐t❡ V∀ := {xi | Qi = ∀} ❛♥❞
V∃ := {xi | Qi = ∃} r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ ✉♥✐✈❡rs❛❧❧② ❛♥❞ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s
♦❢ ℘✳

✺✳✷✳✶ ▼❛♣s

❲❡ r❡❢❡r t♦ ❛ ❢✉♥❝t✐♦♥ θ ❛s ❛ ℘✲♠❛♣ ✭♦r s✐♠♣❧② ♠❛♣ ✇❤❡♥ ℘ ✐s ❝❧❡❛r ♦❢ ❝♦♥t❡①t✮ ✐❢ ✐t ✐s ♦❢
❢♦r♠

θ : (❍✐st→ ❆❝t)V
∀

→ (❍✐st→ ❆❝t)V ♦r ❡q✉✐✈❛❧❡♥t❧② θ : (V∀ → ❙tr❛t)→ (V → ❙tr❛t)

❛♥❞ s❛t✐s✜❡s θ(w)(xi)(ρ) = w(xi)(ρ) ❢♦r ❛♥② w : (❍✐st→ ❆❝t)V
∀
✱ ❛♥② ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞

✈❛r✐❛❜❧❡ xi ∈ V∀ ❛♥❞ ❛♥② ❤✐st♦r② ρ✳ ❆ ♠❛♣ t❤❡r❡❢♦r❡ ❞❡✜♥❡s t❤❡ str❛t❡❣✐❡s ❡①✐st❡♥t✐❛❧❧②
q✉❛♥t✐✜❡❞ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s✳

❲❡ ❝❛♥ ❢♦r❝✐❜❧② r❡♠♦✈❡ ❝❡rt❛✐♥ ✐♥✢✉❡♥❝❡s ❜② ❛♣♣❧②✐♥❣ ❛❞❡q✉❛t❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡
♠❛♣s✳ ▲♦❝❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❛❧❧♦✇❡❞ ✐♥ ❛❧❧ ❝❛s❡s✿ t❤❡ ✉s❡ ♦❢ ❈●❙ ♠❛❦❡s ✐t ♠❛♥❞❛t♦r②
t♦ ❤❛♥❞❧❡ ✇❤♦ ❤❛s ✇❤✐❝❤ ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤✐♥ ❛ st❛t❡ ❛♥❞✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✱ ♥♦t
♠✉❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❈●❙ ✇✐t❤♦✉t t❤❡♠✳ ❲❡ ❞❡✜♥❡ t✇♦ ♣❛r❛♠❡t❡rs✿ S, F r❡s♣❡❝t✐✈❡❧② ❢♦r
t❤❡ s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❲❡ ❝❛♥ t❤❡♥ ❞r❛✇ ❢♦✉r s✉❜✲t②♣❡s ♦❢ ♠❛♣s ❜② ❝❤♦♦s✐♥❣
♣❛r❛♠❡t❡rs ❛♠♦♥❣ S ❛♥❞ F ✿ {M(♠,♥) | ♠ ∈ {∅, S}, ♥ ∈ {∅, F}} ✇❤❡r❡ ❛ M(♠,♥)
♠❛♣ ❤❛s t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥✿

∀ρ ∈ ❍✐st, ∀xi ∈ V

∀w1, w2 : (V
∀ → ❙tr❛t)

}(
C(Local) ∧ C(♠) ∧ C(♥)

)
⇒

(
θ(w1)(xi)(ρ) = θ(w2)(xi)(ρ)

)

✇✐t❤
✷❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❡ ✈❛r✐❛❜❧❡s t♦ ❜❡ ✉s❡❞ ✐♥ ❛t ♠♦st ❛ s✐♥❣❧❡ q✉❛♥t✐✜❝❛t✐♦♥✳ ❲❡

❢✉rt❤❡r ❛ss✉♠❡ t❤❡♠ t♦ ❜❡ ♦r❞❡r❡❞✿ x1 ✐s q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ x2 ✇❤✐❝❤ ✐s ✐ts❡❧❢ q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ x3 ❛♥❞ s♦
♦♥✳



✶✶✻

• C(∅)✿ ❡♠♣t② ❝♦♥❞✐t✐♦♥ ✭❛❧✇❛②s s❛t✐s✜❡❞✮

• C(Local)✿ w1 ❛♥❞ w2 ❝♦✐♥❝✐❞❡ ♦♥ V∀ ∩ [x1; xi−1] ❛♥❞ ♦♥ ρ✱ ✐✳❡✳
∀y ∈ V∀ ∩ [x1; xi−1]. ∀µ ≤ ρ w1(y)(µ) = w2(y)(µ)

• C(S)✿ w1 ❛♥❞ w2 ❝♦✐♥❝✐❞❡ ♦♥ V∀ ∩ [x1; xi−1] ❛♥❞ ♦♥ s✐❞❡ ❤✐st♦r✐❡s ♦❢ ρ ✭s✐❞❡✮✱ ✐✳❡✳
∀y ∈ V∀ ∩ [x1; xi−1]. ∀µ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ♦❢ ρ w1(y)(µ) = w2(y)(µ)

• C(F )✿ w1 ❛♥❞ w2 ❝♦✐♥❝✐❞❡ ♦♥ V∀ ∩ [x1; xi−1] ❛♥❞ ♦♥ ❡①t❡♥s✐♦♥s ♦❢ ρ ✭❢✉t✉r❡✮✱ ✐✳❡✳
∀y ∈ V∀ ∩ [x1; xi−1]. ∀µ ❡①t❡♥s✐♦♥ ♦❢ ρ w1(y)(µ) = w2(y)(µ)

❚❤❡ ❝❛s❡ ♦❢M(S, F ) ♠❛♣s ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❜② ❛s❦✐♥❣ t❤❛t ❢♦r ❛♥② xi ∈ V ❛♥❞ ❛♥②
t✇♦ ✈❛❧✉❛t✐♦♥s w1, w2 : (V

∀ → ❙tr❛t) t❤❛t ❝♦✐♥❝✐❞❡ ♦♥ ✈❛r✐❛❜❧❡s (xi′)i′<i✱ ✐t ❤♦❧❞s t❤❛t
θ(w1)(xi) = θ(w2)(xi)✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❈❤❛♣t❡r ✶ t❤❡♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛M(S, F ) ♠❛♣✳

❚❤❡ ❢r❛♠❡✇♦r❦ ♠❛② s❡❡♠ t❡❝❤♥✐❝❛❧ ❜✉t ✐s r❛t❤❡r ✐♥t✉✐t✐✈❡ ✇❤❡♥ r❡❢❡rr✐♥❣ t♦ ❋✐❣✉r❡ ✺✳✹✳
❇② ❞❡✜♥✐t✐♦♥✱ ❛M(S, ∅) ♦rM(∅, F ) ♠❛♣ ✇✐❧❧ ❛❧s♦ ❜❡ ♦❢ t②♣❡M(S, F ) ❛♥❞ ❛ ❝❛r❞✐♥❛❧✐t②
❛r❣✉♠❡♥t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡s❡ ✐♥❝❧✉s✐♦♥s ❛r❡ str✐❝t✸✳

❊①❛♠♣❧❡ ✺✳✷✳ ❆ M(S, F ) ♠❛♣ θ ❢♦r ❛ ❢♦r♠✉❧❛ ∀x1.∃x2.∀x3.∃x4. ζ ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t
♠❛♣s ♣❛✐rs ♦❢ str❛t❡❣✐❡s ✭❢♦r ✉♥✐✈❡rs❛❧❧②✲q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s x1 ❛♥❞ x3✮ t♦ ♣❛✐rs ♦❢ str❛t❡✲
❣✐❡s ✭❢♦r ❡①✐st❡♥t✐❛❧❧②✲q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s x2 ❛♥❞ x4✮ ❛♥❞ t❤❛t r❡s♣❡❝ts t❤❡ ♦r❞❡r ♦❢ q✉❛♥✲
t✐✜❡rs✿ ❤❡r❡ x2 ✐s ♦♥❧② ❛❧❧♦✇❡❞ t♦ ❞❡♣❡♥❞ ♦♥ x1✱ ❜✉t ♠❛② ❞❡♣❡♥❞ ♦♥ ✐ts ❡♥t✐r❡t②✳

❊①❛♠♣❧❡ ✺✳✸✳ ❆M(∅, ∅) ♠❛♣ θ ❢♦r ∀x1.∃x2.∀x3.∃x4. ζ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♠❛❦✐♥❣
❧♦❝❛❧ ❝❤♦✐❝❡s✳ ❚❤❡ str❛t❡❣② st♦r❡❞ ✐♥ x2 ♦♥ ❛ ❤✐st♦r② π ♠❛② ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢
x1 ♦♥ π ❛♥❞ ✐ts ♣r❡✜①❡s✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❝❤♦✐❝❡ ♦❢ x4 ♦♥ π ♠❛② ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s
♦❢ x1 ❛♥❞ x3 ♦♥ π ❛♥❞ ✐ts ♣r❡✜①❡s✳

✺✳✷✳✷ ❙❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s

❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❢♦✉r s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s (|=M(♠,♥))♠∈{∅,S}, ♥∈{∅,F} ✉s✐♥❣ t❤❡ ❝♦♥❝❡♣t
♦❢ ♠❛♣s✳ ❋✐rst✱ ❝♦♥s✐❞❡r ❛ ♠❛♣ θ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ w : (V∀ → ❙tr❛t)✳ ❚❤❡ ✐♠❛❣❡ θ(w)
♦❢ θ ❜② w ❞❡✜♥❡s ❛ ✈❛❧✉❛t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤❡♥ ✇r✐t✐♥❣ |=θ(w)✱ ✇❡ s✐♠♣❧② ♠❡❛♥
t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ✭|=χ✮ ♦❢ ❈❤❛♣t❡r ✶ ♦♥ ✈❛❧✉❛t✐♦♥ θ(w)✳ ❚♦ ❞❡✜♥❡ t❤❡ ❢♦✉r ♥❡✇
s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s✱ ✇❡ tr❡❛t t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ❛s ❜❧♦❝❦s ❛♥❞ ❣✐✈❡♥ ❛ ✭❝❧♦s❡❞✮ ❙▲❬❇●❪
❢♦r♠✉❧❛ (Qixi)i≤l ξ

(
βjϕj

)
j≤n

✱ ✇❡ s❡t

G, q |=M(♠,♥) (Qixi)i≤l ξ
(
βjϕj

)
j≤n

⇔





∃θ ∈M(♠,♥)

∀w : (V∀ → ❙tr❛t)

G, q |=θ(w) ξ
(
βjϕj

)
j≤n

❋♦r ❛ ✜①❡❞ ❣❛♠❡ G ❛♥❞ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ := (Qixi)i≤l ξ
(
βjϕj

)
j≤n

✱ ❛ M(♠,♥) ♠❛♣
θ r❡❧❛t✐✈❡ t♦ (Qixi)i≤l ❢♦r s♦♠❡ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs ♠,♥ ✐s ❝❛❧❧❡❞ ❛M(♠,♥) ✇✐t♥❡ss ♦❢ φ

✸❊q✉✐✈❛❧❡♥t❧②✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛M(S, F ) ♠❛♣ t❤❛t ✐s ♥♦tM(S, ∅)✳



✶✶✼

❤♦❧❞✐♥❣ tr✉❡ ♦♥ G ✇❤❡♥❡✈❡r

∀w : (V∀ → ❙tr❛t) G, q |=θ(w) ξ
(
βjϕj

)
j≤n

❚❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ |=M(S,F ) t❤❡♥ r❡❞❡✜♥❡s t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ |= ♦❢ ❈❤❛♣✲
t❡r ✶ ✐♥ t❡r♠s ♦❢ ♠❛♣s✳ ❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ |=M(S,F ) ❛♥❞ |= ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇♦r❦
❞♦♥❡ ❜② ▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ ✐♥ ❬✸✾❪ ✭t❤♦✉❣❤ ✇❡ ❢♦r♠❛❧✐s❡ ✐t s❧✐❣❤t❧② ❞✐❢✲
❢❡r❡♥t❧②✮✳

❘❡♠❛r❦ ✺✳✹✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ♦♥❧② t❤❡ q✉❛♥t✐✜❡r ♦♣❡r❛t♦rs ❤❛✈❡ ♠✉❧t✐♣❧❡
♣♦ss✐❜❧❡ s❡♠❛♥t✐❝s✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❛ss✐❣♥♠❡♥ts✱ ♦❢ t❤❡ ❜♦♦❧❡❛♥ ❛♥❞ ♦❢ t❡♠♣♦r❛❧
♦♣❡r❛t♦rs ❛r❡ ✉♥❝❤❛♥❣❡❞✳

✺✳✷✳✸ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ❜♦t❤ ❤♦❧❞ ♦♥ ❛
❣❛♠❡ ❄

◆♦t❛t✐♦♥s✳ ❲❡ ✇r✐t❡ Qi := ∀ ✐❢ Qi = ∃ ❛♥❞ Qi := ∃ ✐❢ Qi = ∀✳ ●✐✈❡♥ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛
φ = (Qixi)i≤l ξ(βjϕj)j≤n✱ ✇❡ t❤❡♥ ❞❡✜♥❡ ¬φ := (Qixi)i≤l ¬ξ(βjϕj)j≤n✳

❚❤❡ ✉s❡ ♦❢ ♠❛♣s t♦ ❞❡✜♥❡ t❤❡ ❢♦✉r r❡❧❛t✐♦♥s ✭|=M(♠,♥)✱ ✇✐t❤ ♠ ∈ {∅, S} ❛♥❞ ♥ ∈
{∅, F}✮ ❛❧❧♦✇s ✉s t♦ ♣r♦♣❡r❧② ♠♦♥✐t♦r t❤❡ ❞✐✛❡r❡♥t ✐♥✢✉❡♥❝❡s✳ ❚❤❡r❡ ✐s ❤♦✇❡✈❡r ❛ ❞r❛✇✲
❜❛❝❦✿ ❝♦♥s✐❞❡r ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ = (Qixi)i≤lξ(βjϕj)j≤n ❛♥❞ t✇♦ ♣❛r❛♠❡t❡rs ♠,♥ r❡✲
s♣❡❝t✐✈❡❧② ✐♥ {∅, S} ❛♥❞ {∅, F}❀ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ ♥♦t❤✐♥❣ ♣r❡✈❡♥ts φ ❛♥❞ ¬φ t♦ ❜♦t❤
❤♦❧❞ ♦♥ ❛ ❣❛♠❡✳ ■♥❞❡❡❞✱ t❤❡r❡ ♠❛② ✇❡❧❧ ❜❡ t✇♦ M(♠,♥) ♠❛♣s θ r❡❧❛t✐✈❡ t♦ (Qixi)i≤l
❛♥❞ θ r❡❧❛t✐✈❡ t♦ (Qixi)i≤l s✉❝❤ t❤❛t

∀w : (V∀ → ❙tr❛t) G, q |=θ(w) ξ
(
βjϕj

)
j≤n

∀w : (V∃ → ❙tr❛t) G, q |=θ(w) ¬ξ
(
βjϕj

)
j≤n

❚❤❡ t❤❡♦r❡♠ ❜❡❧♦✇ s❤♦✇s t❤❛t t❤✐s ❝❛♥♥♦t ❤❛♣♣❡♥✳

❚❤❡♦r❡♠ ✺✳✺✳ ❋♦r ❛♥② ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛♥② ❣❛♠❡ G✱ ❛♥② ✐♥✐t✐❛❧ st❛t❡ qini ❛♥❞ ❛♥②
t✇♦ ♣❛r❛♠❡t❡rs ♠,♥ r❡s♣❡❝t✐✈❡❧② ✐♥ {∅, S} ❛♥❞ {∅, F}✱ ✐t ❤♦❧❞s t❤❛t

G, qini |=
M(♠,♥) φ ⇒ G, qini 6|=

M(♠,♥) ¬φ

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ♦r✐❣✐♥❛❧ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ |= ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❇② ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ¬ ♦♣❡r❛t♦r✱ ✐❢ G, qini |= φ ❤♦❧❞s✱ t❤❡♥ G, qini 6|= ¬φ✳ ❆s s❛✐❞ ❜❡❢♦r❡✱ |= ❝♦rr❡s♣♦♥❞s
t♦ |=M(S,F ) ❛♥❞ t❤❡r❡❢♦r❡

G, qini |=
M(S,F ) φ ⇒ G, qini 6|=

M(S,F ) ¬φ ✭✺✳✶✮

❚♦✇❛r❞ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t ❚❤❡♦r❡♠ ✺✳✺ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡r❡ ♠✉st ❡①✐st t✇♦
♣❛r❛♠❡t❡rs ♠ ∈ {∅, S} ❛♥❞ ♥ ∈ {∅, F} s✉❝❤ t❤❛t

G, qini |=
M(♠,♥) φ ❛♥❞ G, qini |=

M(♠,♥) ¬φ ✭✺✳✷✮



✶✶✽

∃x1
θ(x1)

◆♦ ✐♥✢✉❡♥❝❡

∀x2
θ(x2)

❖♥❧② x1
✐♠♣❛❝ts

x2

∃x3
θ(x3)

❖♥❧② x2
✐♠♣❛❝ts

x3

∀x4
θ(x4)

❇♦t❤ x1 ❛♥❞

x3 ✐♠♣❛❝t x4

❲❡ ❣❡t χ(x1) t❤❡♥✱ ✉s✐♥❣ χ(x1)✱ ✇❡ ❝r❡❛t❡ χ(x2) . . .

❋✐❣✉r❡ ✺✳✺✿ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ❚❤❡♦r❡♠ ✺✳✺ ❢♦r φ := ∃x1.∀x2.∃x3.∀x4. ξ
(
βjϕj

)
j≤n

✳

◆♦✇✱ ❛M(♠,♥) ♠❛♣ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛M(S, F ) ♠❛♣✱ ❤❡♥❝❡

G, qini |=
M(♠,♥) φ ❛♥❞ G, qini |=

M(♠,♥) ¬φ

⇓ ⇓

G, qini |=
M(S,F ) φ ❛♥❞ G, qini |=

M(S,F ) ¬φ

❚❤❡ ❧❛st ❧✐♥❡ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✺✳✶✮✱ t❤❡r❡❢♦r❡ ❊q✉❛t✐♦♥ ✭✺✳✷✮ ♠✉st ❜❡
❢❛❧s❡ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✺ ♠✉st ❤♦❧❞✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ✇❛②✱ ♠♦r❡ ✐♥t✉✐t✐✈❡✱ t♦ ✉♥❞❡rst❛♥❞ ❚❤❡♦r❡♠ ✺✳✺✳ ❈♦♥s✐❞❡r ❛ ❢♦r♠✉❧❛
φ := (Qixi)i≤l ξ

(
βjϕj

)
j≤n

❛♥❞ s✉♣♣♦s❡ t❤❛t ❜♦t❤ G, qini |=M(♠,♥) φ ❛♥❞ G, qini |=M(♠,♥)

¬φ✳ ❚❤❡♥ t❤❡r❡ ❛r❡ t✇♦ M(♠,♥) ♠❛♣s θ ❛♥❞ θ r❡❧❛t✐✈❡ r❡s♣❡❝t✐✈❡❧② t♦ (Qixi)i≤l ❛♥❞
(Qixi)i≤l ✇✐t♥❡ss✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❛t G, qini |=M(♠,♥) φ ❛♥❞ G, qini |=M(♠,♥) ¬φ✱ ✐✳❡✳

∀w : (V∀ → ❙tr❛t) G, q |=θ(w) ξ
(
βjϕj

)
j≤n

❛♥❞ ∀w : (V∃ → ❙tr❛t) G, q |=θ(w) ¬ξ
(
βjϕj

)
j≤n

❲❡ ❝❛♥ t❤❡♥ ❝♦♥❢r♦♥t θ ❛♥❞ θ t♦ ❣❡t ❛ ✈❛❧✉❛t✐♦♥ χ ♦❢ ❞♦♠❛✐♥ ❞♦♠(χ) = {xi | i ≤ l}
s✉❝❤ t❤❛t θ(χ|V∀) = χ ❛♥❞ θ(χ|V∃) = χ✳ ❚❤✐s ♠❡❛♥s t❤❛t χ ♠✉st s❛t✐s❢② ❜♦t❤ ξ

(
βjϕj

)
j≤n

❛♥❞ ¬ξ
(
βjϕj

)
j≤n

✱ t❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ✭❘❡♠❛r❦ ✺✳✹✮✳ ❆♥ ✐♥t✉✐t✐♦♥ ♦❢ t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❋✐❣✉r❡ ✺✳✺✳ ❚❤✐s ✐❞❡❛ ♦❢ ❝♦♥❢r♦♥t✐♥❣ ♠❛♣s ❢♦r ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ✇✐❧❧ ❜❡
♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ✐♥ ❧❛t❡r ❝❤❛♣t❡rs✳

✺✳✷✳✹ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ❜♦t❤ ❢❛✐❧ t♦ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡ ❄

❖♥❡ ❝❛♥ ❛❧s♦ ✇♦♥❞❡r ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ ❢♦r ♥❡✐t❤❡r ❛ ❢♦r♠✉❧❛ ♥♦r ✐ts ♥❡❣❛t✐♦♥ t♦ ❤♦❧❞ ♦♥ ❛
❣❛♠❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ |= ❛♥❞ |=M(S,F ) ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✻✳ ❋♦r ❛♥② ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛♥② ❣❛♠❡ G ❛♥❞ ❛♥② ✐♥✐t✐❛❧ st❛t❡ qini✱ ✐t
❤♦❧❞s t❤❛t

G, qini 6|=
M(S,F ) φ ⇒ G, qini |=

M(S,F ) ¬φ



✶✶✾

qini

A

p1 p2

B

p1 p2

qini

A

p1 ∅

p2

❋✐❣✉r❡ ✺✳✻✿ ❚❤❡ ❣❛♠❡s ♦❢ ▲❡♠♠❛ ✺✳✼ ♦♥ t❤❡ ❧❡❢t ❛♥❞ ♦❢ ▲❡♠♠❛ ✺✳✽ ♦♥ t❤❡ r✐❣❤t✳

❚❤❡ s✐t✉❛t✐♦♥ ✐s ❤♦✇❡✈❡r ♠♦r❡ ❝♦♠♣❧❡① ❢♦r t❤❡ ♦t❤❡r t❤r❡❡ r❡❧❛t✐♦♥s✱ ❛s ✐❧❧✉str❛t❡❞ ❜②
t❤❡ t✇♦ ❧❡♠♠❛s ❜❡❧♦✇✳

▲❡♠♠❛ ✺✳✼✳ ❚❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛ ❣❛♠❡ G ❛♥❞ ❛♥ ✐♥✐t✐❛❧ st❛t❡ qini s✉❝❤
t❤❛t ❢♦r ❛♥② ♥ ∈ {∅, F}✱ ✐t ❤♦❧❞s t❤❛t

G, qini 6|=
M(∅,♥) φ ❛♥❞ G, qini 6|=

M(∅,♥) ¬φ

Pr♦♦❢✳ ❋✐① ❛ ♣❛r❛♠❡t❡r ♥ ∈ {∅, F}✳ ❈♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ❜❡❧♦✇ ❛♥❞ t❤❡ ♦♥❡✲♣❧❛②❡r ❣❛♠❡
♦♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✺✳✻✳

φ := ∀x.∃y





❛ss✐❣♥( , x). ❋ p1 ⇔ ❛ss✐❣♥( , y). ❋ p1

∧

❛ss✐❣♥( , y). ❋B

❲❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❛t G, qini 6|=M(∅,♥) φ✳ ❚r✐✈✐❛❧❧②✱ t❤❡ str❛t❡❣② y(qini) ♠✉st ♣❧❛② t♦
B ❢♦r φ t♦ ❜❡ s❛t✐s✜❡❞✳ ◆♦✇✱ ✐❢ x(qini) ♣❧❛②s t♦ A✱ t❤❡ str❛t❡❣② y ♥❡❡❞s s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s
♦❢ x(qini.A) t♦ ♣❧❛② ❛❞❡q✉❛t❡❧② ♦♥ qini.B✱ ❛♥❞ t❤✐s ❞❡♣❡♥❞❡♥❝② ✐s ♥♦t ❛❧❧♦✇❡❞ ✐♥M(∅,♥)
♠❛♣s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ G, qini 6|=M(∅,♥) ¬φ✳ ■♥❞❡❡❞✱ ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ x ✇❡ ❝❛♥
✜♥❞ ❛ str❛t❡❣② y s✉❝❤ t❤❛t φ ❤♦❧❞s✳ ❙♦ ✇❤❛t❡✈❡r t❤❡M(∅,♥) ♠❛♣ θ ❢♦r ¬φ✱ t❤❡r❡ ✇✐❧❧
❛❧✇❛②s ❡①✐st ❛ ❢✉♥❝t✐♦♥ w s✉❝❤ t❤❛t θ(w) ❢❛✐❧s t♦ s❛t✐s❢② t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❡q✉✐✈❛❧❡♥❝❡s
♦❢ ❣♦❛❧s✳

▲❡♠♠❛ ✺✳✽✳ ❚❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛ ❣❛♠❡ G ❛♥❞ ❛♥ ✐♥✐t✐❛❧ st❛t❡ qini s✉❝❤
t❤❛t ❢♦r ❛♥② ♠ ∈ {∅, S}✱ ✐t ❤♦❧❞s

G, qini 6|=
M(♠,∅) φ ❛♥❞ G, qini 6|=

M(♠,∅) ¬φ

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✇♦r❦s ✐♥ ❛ ❢❛s❤✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✺✳✼✱ t❤✐s t✐♠❡
✉s✐♥❣ t❤❡ ❣❛♠❡ ♦♥ t❤❡ r✐❣❤t ♦❢ ❋✐❣✉r❡ ✺✳✻ ❛♥❞ t❤❡ ❢♦r♠✉❧❛ ❜❡❧♦✇✳

φ := ∀x.∃y. (❛ss✐❣♥( , x). ❋ p1 ⇔ ❛ss✐❣♥( , y). ❋ p2)



✶✷✵

M(S, F )

M(∅, F )M(S, ∅)

M(∅, ∅)

■❢ ❛ ❢♦r♠✉❧❛ ❢❛✐❧s t♦ ❤♦❧❞ ♦♥ ❛

❣❛♠❡✱ ✐ts ♥❡❣❛t✐♦♥ ♠✉st ❤♦❧❞✳

❇♦t❤ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥

❝❛♥ ❢❛✐❧ t♦ ❤♦❧❞ ♦♥ t❤❡ s❛♠❡ ❣❛♠❡✳

❚❤✐s s✐t✉❛t✐♦♥ ✭✇❤❡r❡
♥❡✐t❤❡r ❛ ❢♦r♠✉❧❛ ♥♦r
✐ts ♥❡❣❛t✐♦♥ ❤♦❧❞✮ ♦❝❝✉rs
✇❤❡♥❡✈❡r ❛♥ ❡①✐st❡♥t✐❛❧
str❛t❡❣② ❝❛♥ ♠❛❦❡ ❛ ❧✉❝❦②
❣✉❡ss ✐♥ ♦r❞❡r t♦ s✉❝❝❡ss✲
❢✉❧❧② s❛t✐s❢② t❤❡ ❢♦r♠✉❧❛
❜✉t ❧❛❝❦s s♦♠❡ ❞❡♣❡♥❞❡♥✲
❝✐❡s ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡
s✉❝❝❡ss✳

✺✳✷✳✺ ❲❤❛t ❞♦ t❤❡s❡ r❡❧❛t✐♦♥s r❡♣r❡s❡♥t ❄

❚❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ r❛✐s❡s ❛♥ ♦❜✈✐♦✉s q✉❡st✐♦♥✿ ❛r❡ t❤❡ r❡❧❛t✐♦♥s ♣♦♦r❧② ❞❡✜♥❡❞ ❄ ❲❡
r❡❝❛❧❧ t❤❛t

G, q |=M(♠,♥) (Qixi)i≤l ξ
(
βjϕj

)
j≤n

⇔





∃θ ∈M(♠,♥)

∀w : (V∀ → ❙tr❛t)

G, q |=θ(w) ξ
(
βjϕj

)
j≤n

❚❤✐s ❞❡✜♥✐t✐♦♥ ❡♥t❛✐❧s t✇♦ ✐♠♣♦rt❛♥t t❤✐♥❣s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ♦❜✈✐♦✉s✱ t❤❡ ❡①✐st❡♥t✐❛❧❧②
q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ❛r❡ ❛❧❧♦✇❡❞ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❣✐✈❡♥ ❜② t❤❡ ♣❛r❛♠❡t❡rs ♠ ❛♥❞ ♥✳
❙❡❝♦♥❞✱ t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ❛r❡ ❛❧❧♦✇❡❞ ❛ ❝♦♠♣❧❡t❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡
♠❛♣ t❤r♦✉❣❤ t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r w✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❛ q✉❛♥t✐✜❝❛t✐♦♥ ❜❧♦❝❦
∀x1 ∃x2✳ ■♥ t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✱ t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r t❤❡ ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ❢♦r♠ (❍✐st → ❆❝t){x1} ❝r❡❛t❡s ❛♥ ♦♠♥✐s❝✐❡♥❝❡ ♦❢ x1 ❛❜♦✉t t❤❡ ✇❛② x2 ✇✐❧❧ ❛♥s✇❡r x1
❝❤♦✐❝❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ x1 ❤❛s ❦♥♦✇❧❡❞❣❡ t❤❛t ✏■❢ x1 ♣❧❛②s s✉❝❤ t❤❛t. . . ✱ t❤❡♥ x2 ✇✐❧❧
♣❧❛② s✉❝❤ t❤❛t. . . ✑✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t x2 st✐❧❧ ❞❡♣❡♥❞s ♦♥ x1✳

■♥ t❤✐s ❝❤❛♣t❡r ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣s✱ ✐t ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ♥♦t t♦ ♦✈❡r✐♥t❡r♣r❡t ✇❤❛t ❛
❢♦r♠✉❧❛ ❤♦❧❞✐♥❣ ♦♥t♦ ❛ ❣❛♠❡ ♠❡❛♥s ❢♦r ❛ ❣✐✈❡♥ r❡❧❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✏G, qini |=M(∅,F )

(Qixi)i≤lξ(βjϕj)j≤n✑ st❛t❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜❡❤❛✈✐♦✉r ❢♦r t❤❡ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞
str❛t❡❣✐❡s ♦❢ (Qixi)i≤l t❤❛t ✉s❡s ♦♥❧② ✭❧♦❝❛❧ ❛♥❞✮ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♥❞ t❤❛t s❛t✐s✜❡s
ξ(βjϕj)j≤n ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ♣❧❛②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✏G, qini |=M(∅,F ) (Qixi)i≤l¬ξ(βjϕj)j≤n✑ ❞♦❡s ♥♦t ♠❡❛♥s t❤❛t t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞
str❛t❡❣✐❡s ♦❢ (Qixi)i≤l ❤❛✈❡ ❛♥ ✭♦♠♥✐s❝✐❡♥t✮ ❛♥s✇❡r ❢♦r ❛❧❧ M(∅, F ) ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
❡①✐st❡♥t✐❛❧❧② str❛t❡❣✐❡s✳ ■t st❛t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛M(∅, F ) ❜❡❤❛✈✐♦✉r ❢♦r t❤❡ ✉♥✐✈❡rs❛❧❧②
q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ♦❢ (Qixi)i≤l t♦ ❛✈♦✐❞ ξ(βjϕj)j≤n ❛❣❛✐♥st ❛❧❧ ✭♦♠♥✐s❝✐❡♥t✮ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣② ♦❢ (Qixi)i≤l✳ ❚❤❡ s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛
r❡✈❡rs❡s t❤❡ r♦❧❡s ♦❢ t❤❡ q✉❛♥t✐✜❡rs ❜✉t ❛❧s♦ t❤❡ ❦♥♦✇❧❡❞❣❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡♠✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ s②♥t❛❝t✐❝ ❛♥❞ s❡♠❛♥t✐❝ ♥❡❣❛t✐♦♥s ❞✐✛❡r ❛♥❞ ❣✐✈❡s ✉s r❡s✉❧ts s✉❝❤ ❛s t❤❡
♦♥❡s ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳✹✳

❚♦ ❝♦♣❡ ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ♥❡✐t❤❡r ❛ ❢♦r♠✉❧❛ ♥♦r ✐ts s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ t♦ ❤♦❧❞✱
✐t ✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❛t ✐♥♣✉ts ❛r❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ✜rst ❞✐♠❡♥s✐♦♥ ✐s t❤❡
q✉❛♥t✐✜❝❛t✐♦♥ ❜❧♦❝❦ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐s t❤❡ s❡t ♦❢ ❞❡♣❡♥❞❡♥❝② ♣❛r❛♠❡t❡rs ✭∅, S, F ✮✳ ❲❤❛t
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❛ ♥❡❣❛t✐♦♥ ♠❡❛♥s ✐s t❤❡r❡❢♦r❡ ❛♠❜✐❣✉♦✉s✿ s❤♦✉❧❞ ✇❡ ❝♦♥s✐❞❡r ♥❡❣❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐✜❡rs✱
♥❡❣❛t✐♦♥ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦r ♥❡❣❛t✐♦♥ ♦❢ ❜♦t❤❄ ❲❡ ♦♣t ❢♦r t❤❡ ✜rst ♦♣t✐♦♥✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇❡ ❝❤♦♦s❡ t♦ ❣✐✈❡ t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡
♠❛♣ t♦ ❡❝❤♦ t❤❡ ✐♠♣❧✐❝✐t ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ✐♥ ❆❚▲∗✳ ❚❤✐s ❝❤♦✐❝❡ ✐s r❡♠✐♥✐s❝❡♥t
♦❢ t❤❡ ✭✉s✉❛❧❧② ✐♠♣❧✐❝✐t✮ ♦♠♥✐s❝✐❡♥❝❡ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐♥ ✇♦rst✲❝❛s❡ ❛♥❛❧②s✐s ♦❢ ♦♣❡♥✲
s②st❡♠s✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ✐s ❛❞❛♣t❡❞ t♦ ♦✉r ❣♦❛❧✱ ❛ ✇♦rst✲❝❛s❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ♠✉❧t✐✲❛❣❡♥ts
s②st❡♠s✱ ❜✉t ❛❧s♦ ✐♥❝♦♠♣❧❡t❡✳ ❖t❤❡r ❛♣♣r♦❛❝❤❡s ❛r❡ ♣♦ss✐❜❧❡❀ ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡
❛❞❞ ♦t❤❡r ♣❛r❛♠❡t❡rs t♦ ❤❛♥❞❧❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ str❛t❡❣✐❡s✳ ■♥ s✉❝❤ ❛
❢r❛♠❡✇♦r❦✱ t❤❡ ♥❡❣❛t✐♦♥ ✇♦✉❧❞ ❜❡ ♦♥ ❜♦t❤ t❤❡ q✉❛♥t✐✜❡rs ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs✳

✺✳✸ ◆❛rr♦✇✐♥❣ ❙▲❬❇●❪

❚❤❡ s✉❜❥❡❝t ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s ✇❛s st✉❞✐❡❞ ✐♥ ❬✹✵✱ ✹✶❪❀ t❤❡ ❛✉t❤♦rs s❤♦✇❡❞ t❤❛t s✐❞❡ ❛♥❞
❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ ❙▲❬❇●❪ ❢♦r♠✉❧❛s ❜❛s❡❞ ♦♥ ❝♦♥❥✉♥❝t✐♦♥s ❛♥❞
❞✐s❥✉♥❝t✐♦♥s ♦❢ ❣♦❛❧s✳ ❚❤❡② ❤♦✇❡✈❡r ❢♦r❣♦t t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡
t❤❛t str❛t❡❣✐❡s ❤❛✈❡ ♦♥ ♣r❡✜①❡s ♦❢ t❤❡ ❝✉rr❡♥t ❤✐st♦r②✹✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r ♦♥✱ t❤✐s
✐♠♣❛❝ts s✐❣♥✐✜❝❛♥t❧② t❤❡ r❡s✉❧ts✳ ❚❤❡ ✐❞❡❛s ❛♥❞ ✇❛②s ♦❢ r❡str✐❝t✐♥❣ ❙▲❬❇●❪♭ ❤♦✇❡✈❡r
❧♦♦❦ ♣r♦♠✐s✐♥❣✳ ❚❤❡② ✐♥tr♦❞✉❝❡❞ ❢♦✉r ❢r❛❣♠❡♥ts ♦❢ ❙▲❬❇●❪ ❜② r❡str✐❝t✐♥❣ t❤❡ ❜♦♦❧❡❛♥
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣♦❛❧s ❛❢t❡r t❤❡ q✉❛♥t✐✜❡rs ❜❧♦❝❦✳

• ❙▲❬✶●❪✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✽❪✱ r❡str✐❝t ❙▲❬❇●❪ t♦ ❛ ✉♥✐q✉❡ ❣♦❛❧✳ ✭❚❤❡ ✢❛t ❢r❛❣♠❡♥t✮
❙▲❬✶●❪♭ ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❣r❛♠♠❛r ♦❢ ❙▲❬❇●❪♭ ❜② s❦✐♣♣✐♥❣ t❤❡ ξ ❧✐♥❡✳ ▼♦r❡ ♣r❡✲
❝✐s❡❧②✱ ξ✬s t②♣❡ s✉❜✲❢♦r♠✉❧❛s ♠✉st ❛✈♦✐❞ ❛♥② ❜♦♦❧❡❛♥ ♦♣❡r❛t♦r✱ ✐✳❡✳ ♠✉st ❜❡ ♦❢ ❢♦r♠
ξ ::= β✳

❙▲❬✶●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= β

β ::= ❛ss✐❣♥(A, x). β | ϕ

ϕ ::= ¬ϕ | ϕ ∨ ϕ | ❳ϕ | ϕ❯ϕ | p

• ❙▲❬❈●❪✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✵❪✱ ✐s t❤❡ ❢r❛❣♠❡♥t ✇❤❡r❡ ♦♥❧② ❝♦♥❥✉♥❝t✐♦♥s ♦❢ ❣♦❛❧s ❛r❡
❛❧❧♦✇❡❞✳ ❋♦r♠❛❧❧②✱ ✭t❤❡ ✢❛t ❢r❛❣♠❡♥t✮ ❙▲❬❈●❪♭ ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❣r❛♠♠❛r ♦❢
❙▲❬❇●❪♭ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ❜❡❧♦✇ ♦♥ t❤❡ ξ✬s t②♣❡ s✉❜✲❢♦r♠✉❧❛s ξ ::= ξ ∧ ξ | β✳

• ❙✐♠✐❧❛r❧②✱ ❙▲❬❉●❪ ♦♥❧② ❛❧❧♦✇s ❞✐s❥✉♥❝t✐♦♥s ♦❢ ❣♦❛❧s✱ ✐✳❡✳ ξ ::= ξ ∨ ξ | β✳

• ❙▲❬❈●❪ ❛♥❞ ❙▲❬❉●❪ ❤❛✈❡ ❜❡❡♥ ❢✉rt❤❡r ❡①t❡♥❞❡❞ ✐♥t♦ ❙▲❬❆●❪ ❬✹✶❪✱ ✇❤❡r❡ ❧✐♠✐t❡❞
❛❧t❡r♥❛t✐♦♥ ♦❢ ❣♦❛❧s ❛r❡ ❛❧❧♦✇❡❞✳ ❋♦r♠❛❧❧②✱ ✭t❤❡ ✢❛t ❢r❛❣♠❡♥t ♦❢✮ t❤✐s ❧♦❣✐❝ ✐s ❞❡✜♥❡❞

✹▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ str❛t❡❣② x ♦♥ ❛ ❤✐st♦r② ρ ❞♦❡s ♥♦t ❤❛✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t str❛t❡❣✐❡s q✉❛♥t✐✜❡❞
❛❢t❡r x ♣❧❛②❡❞ ♦♥ ♣r❡✜①❡s ♦❢ ρ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t x(ρ) ❞♦❡s ♥♦t ❤❛✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤✐❝❤ ❣♦❛❧s ❛r❡ st✐❧❧
❛❝t✐✈❡ ♦♥ ρ ❛♥❞ ✇❤✐❝❤ ❣♦❛❧s ❤❛✈❡ ❞❡✈✐❛t❡❞ ♦♥ ♦t❤❡r ❤✐st♦r✐❡s✳



✶✷✷

❛s ❢♦❧❧♦✇s✿

❙▲❬❆●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∧ β | ξ ∨ β | β

β ::= ❛ss✐❣♥(A, x). β | ϕ

ϕ ::= ¬ϕ | ϕ ∨ ϕ | ❳ϕ | ϕ❯ϕ | p

◆♦t✐❝❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✭t❤❛t ✇❡ r❡❝❛❧❧ ❜❡❧♦✇✮ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐s❡ q✉❛❧✐t❛t✐✈❡ ◆❛s❤
❡q✉✐❧✐❜r✐✉♠ ✐♥ ❙❡❝t✐♦♥ ✶✳✺✳✹ ✐s ♥♦t ✭s②♥t❛❝t✐❝❛❧❧②✮ ✐♥ ❙▲❬❆●❪✳ ■♥❞❡❡❞✱ ✐ts ❜♦♦❧❡❛♥ ❝♦♠❜✐✲
♥❛t✐♦♥ ♦❢ ❣♦❛❧s ✐s ❛ ❝♦♥❥✉♥❝t✐♦♥s ♦❢ ✐♠♣❧✐❝❛t✐♦♥ ✭✐✳❡✳ ❛ ❝♦♥❥✉♥❝t✐♦♥s ♦❢ ❞✐s❥✉♥❝t✐♦♥s✮ ❛♥❞
t❤❡r❡❢♦r❡ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ❧✐♥❡❛r❧②✱ ❛s r❡q✉✐r❡❞ ✐♥ ❙▲❬❆●❪✳

∃x1, . . . xn. ∀y1, . . . , yn.
∧

1≤i≤n

❛ss✐❣♥(Aj, xj)j 6=i
(
❛ss✐❣♥(Ai, yi)ϕi ⇒ ❛ss✐❣♥(Ai, xi)ϕi

)
,

✺✳✹ ◆❡❡❞❡❞ ❞❡♣❡♥❞❡♥❝✐❡s

❆s ❡①♣♦s❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ t❤❡r❡ ❛r❡ ✉♥♥❛t✉r❛❧ ❛♥❞ ✉♥❡①♣❡❝t❡❞
❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ str❛t❡❣✐❡s ✐♥ t❤❡ s❛♠❡ q✉❛♥t✐✜❡r ❜❧♦❝❦ ♦❢ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛✳ ■♥
t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❝❛s❡s ✇❤❡r❡ ❝❡rt❛✐♥ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ s❛t✐s❢②
❙▲❬❇●❪ ❢♦r♠✉❧❛s✳ ❋♦r t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥t ❧♦❣✐❝s ❡①♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ❛♥❞
♣r♦✈❡ t❤❛t t❤❡ ❢♦✉r s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s ❛r❡ ❞✐st✐♥❝t ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r ✇✐t❤ r❡s♣❡❝t t♦
t❤❡s❡ ❧♦❣✐❝s✳ ❲❡ ✇✐❧❧ ❛❧s♦ s❡❡ ❧❛t❡r ❝❛s❡s ✇❤❡r❡ ✇❡ ❝❛♥ s✉♣♣r❡ss s♦♠❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s✳

✺✳✹✳✶ ❋✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s

❲❡ st❛rt ❜② s❤♦✇✐♥❣ t❤❛t s♦♠❡ ❢♦r♠✉❧❛s r❡q✉✐r❡ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s t♦ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡
❝♦♥❞✐t✐♦♥ ❢♦r t❤❡♠ t♦ ❛♣♣❡❛r ✐s r❛t❤❡r t❤✐♥ ❛s ❡✈❡♥ t❤❡ ♠♦st s✐♠♣❧❡ ❢♦r♠✉❧❛s ❤❛✈❡ t❤❡♠✳

▲❡♠♠❛ ✺✳✾✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❉●❪✱ ❛ t✉r♥✲❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t

• G, qini 6|=
M(∅,∅) φ ❛♥❞ G, qini |=

M(∅,F ) φ

• G, qini 6|=
M(S,∅) φ ❛♥❞ G, qini |=

M(S,F ) φ

Pr♦♦❢✳ ❚❛❦❡ t❤❡ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✺✳✼❛ ♦♥ t✇♦ ❛❣❡♥ts ❛♥❞ ✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

φ := ∀y.∃xA.∀xB





❛ss✐❣♥( , y; , xA). ❋ p1

∨

❛ss✐❣♥( , y; , xB). ❋ p2

❋✐rst✱ ♥♦t❡ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ φ ❛♥❞ G✱ ♥♦ s✐❞❡ ❞❡♣❡♥❞❡♥❝② ✐s ♣♦ss✐❜❧❡✳ ■♥❞❡❡❞✱
♦♥❧② t❤❡ ✈❛r✐❛❜❧❡ xA ✐s ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ❛♥❞ ♠❛② ❤❛✈❡ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ xA ✐s
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❤♦✇❡✈❡r ♦♥❧② r❡❧❡✈❛♥t ♦♥ t❤❡ st❛t❡ qini✱ ❛♥❞ ❞✉❡ t♦ t❤❡ ❛❝②❝❧✐❝ ♥❛t✉r❡ ♦❢ G✱ qini ❝❛♥ ♦♥❧②
❛♣♣❡❛r ❛t t❤❡ r♦♦t ♦❢ ❛ ❤✐st♦r②✳ ❆t t❤❡ r♦♦t t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ♣❧❛② ❛♥❞
t❤❡r❡❢♦r❡ ♥♦ s✐❞❡ ❞❡♣❡♥❞❡♥❝②✳

❚❛❦❡ ♠ ∈ {∅, S}✱ ✇❡ st❛rt ❜② ♣r♦✈✐♥❣ G, q |=M(♠,F ) φ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢M(♠, F )✱ xA
❤❛s ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t y ✇♦✉❧❞ ♣❧❛② ♦♥ s✉✣①❡s ❛❢t❡r qini✳ ❙♦✱ ✐❢ y ❣♦❡s ❢r♦♠ a t♦ p1 t❤❡♥
xA ❣♦❡s ❢r♦♠ qini t♦ a ❛♥❞ t❤❡ ✜rst ❣♦❛❧ ✐s s❛t✐s✜❡❞✱ ♠❛❦✐♥❣ φ ❤♦❧❞✳ ■❢ y ❣♦❡s ❢r♦♠ a t♦
p2 ❛♥❞ ❢r♦♠ b t♦ p1✱ xA ❣♦❡s ❢r♦♠ qini t♦ b ❛♥❞ t❤❡ ✜rst ❣♦❛❧ ✐s s❛t✐s✜❡❞✳ ❚❤❡r❡ r❡♠❛✐♥s
t❤❡ ❧❛st ❝❛s❡ ✇❤❡r❡ y ❣♦❡s ❢r♦♠ ❜♦t❤ a ❛♥❞ b t♦ p2✱ t❤❡♥ ♥♦ ♠❛tt❡r t❤❡ ✉♥✐✈❡rs❛❧ ❝❤♦✐❝❡
♦❢ xB✱ t❤❡ s❡❝♦♥❞ ❣♦❛❧ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❛♥❞ φ ✇✐❧❧ ❤♦❧❞ tr✉❡ ✭✇❡ ❝❛♥ t❛❦❡ ❛♥② ❝❤♦✐❝❡ ❢♦r
xA✮✳

◆❡①t ✐♥ ♦r❞❡r ✐s t♦ ♣r♦✈❡ t❤❛t G, qini 6|=M(♠,∅) φ✳ ❆s ♥♦ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝② ✐s ♣❡r♠✐tt❡❞✱
xA ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ❦♥♦✇❧❡❞❣❡ ♦❢ y ❝❤♦✐❝❡s✳ ■❢ xA ❞❡❝✐❞❡s t♦ ♣❧❛② ❢r♦♠ qini t♦ a✱ t❤❡♥
❢♦r y ❣♦✐♥❣ ❢r♦♠ a t♦ p2 ❛♥❞ ❢r♦♠ b t♦ p1 ❛♥❞ xB ❣♦✐♥❣ t♦ b✱ ♥❡✐t❤❡r ♦❜❥❡❝t✐✈❡ ✇✐❧❧ ❜❡
s❛t✐s✜❡❞❀ ✐❢ xA ❞❡❝✐❞❡s t♦ ♣❧❛② ❢r♦♠ qini t♦ b t❤❡♥ ❢♦r y ❣♦✐♥❣ ❢r♦♠ a t♦ p1 ❛♥❞ ❢r♦♠ b t♦
p2 ❛♥❞ xB ❣♦✐♥❣ t♦ a✱ ❛❣❛✐♥ ♥❡✐t❤❡r ♦❜❥❡❝t✐✈❡ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳ ❙♦ t❤❡ ❝❤♦✐❝❡ ♦❢ xA ♦♥ qini
♥❡❡❞s ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t y ♣❧❛②s ♦♥ s✉✣①❡s ❛❢t❡r qini ❛♥❞ G, qini 6|=M(♠,∅) φ✳

qini

a

b

p1

p2

✭❛✮ ❆ t✉r♥✲❜❛s❡❞ ❣❛♠❡ ✇✐t❤ t✇♦ ❛❣❡♥ts✳

qini

a

b

p1

p2

✭❜✮ ❆♥♦t❤❡r t✉r♥✲❜❛s❡❞ ❣❛♠❡ ❜✉t ✇✐t❤
t❤r❡❡ ❛❣❡♥ts✳

❋✐❣✉r❡ ✺✳✼✿ ❉✐✛❡r❡♥t ❣❛♠❡s ✉s❡❞ ✐♥ ▲❡♠♠❛s ✺✳✾✱ ✺✳✶✵ ❛♥❞ ✺✳✶✷

▲❡♠♠❛ ✺✳✶✵✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❈●❪✱ ❛ t✉r♥ ❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t

• G, qini 6|=
M(S,∅) φ ❛♥❞ G, qini |=

M(S,F ) φ

• G, qini 6|=
M(∅,F ) φ ❛♥❞ G, qini |=

M(S,F ) φ

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ ♦♥ ❋✐❣✉r❡ ✺✳✼❜ ✇✐t❤ t❤r❡❡ ❛❣❡♥ts ✱ ❛♥❞ ✱ ❛♥❞ t❤❡
❙▲❬❈●❪ ❢♦r♠✉❧❛

φ := ∀y.∃z.∃xA.∃xB





❛ss✐❣♥( , y; , xA; , z). ❋ p1

∧

❛ss✐❣♥( , y; , xB; , z). ❋ p2

❲❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❛t G, qini |=M(S,F ) φ✳ ◆♦t❡ t❤❛t ❛s ❜♦t❤ ❢✉t✉r❡ ❛♥❞ s✐❞❡ ❞❡♣❡♥✲
❞❡♥❝✐❡s ❛r❡ ❛❧❧♦✇❡❞✱ ❜♦t❤ xA ❛♥❞ xB ❜✉t ❛❧s♦ z ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡s ♦❢ y(qini.a)✳ ■❢
y(qini.a) = p1 t❤❡♥ ✇❡ s❡t xA(qini) := a✱ xB(qini) := b ❛♥❞ z(qini.b) := p2✱ ✐♥ t❤❡ ❡♥❞ ❜♦t❤
❣♦❛❧s ❛r❡ s❛t✐s✜❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ y(qini.a) = p2✱ ✇❡ s❡t xA(qini) := b✱ xB(qini) := a
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qini

p1

p2

(0, 0, ⋆)

(1, 1, ⋆)

a

p1

p2

(0, 1, ⋆)

(1, 0, ⋆)

(⋆, ⋆, 1)

(⋆, ⋆, 0)

❋✐❣✉r❡ ✺✳✽✿ ❆ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ✇❤❡r❡ ❆❣t := {AA , BB , } ❛♥❞ ❆❝t = {0, 1}✳

❛♥❞ z(qini.b) := p1✳ ❆❣❛✐♥ ❜♦t❤ ❣♦❛❧s ❛r❡ s❛t✐s✜❡❞✳ ❋r♦♠ t❤✐s ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ M(S, F )
✇✐t♥❡ss ♦❢ G, qini |=M(S,F ) φ✳

❲❡ t❤❡♥ ♣r♦✈❡ t❤❛t G, qini 6|=M(S,∅) φ✳ ❚❤✐s t✐♠❡✱ xA ❛♥❞ xB ❝❛♥♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
✈❛❧✉❡ ♦❢ y(qini.a)❀ ♦♥❧② z ❝❛♥✳ ❋✐rst ✐❢ xA(qini) = xB(qini)✱ ♦♥❡ ♦❢ t❤❡ ❣♦❛❧s ✇✐❧❧ ♥♦t
❜❡ s❛t✐s✜❡❞ ✭♥♦ ♠❛tt❡r y ❛♥❞ z✮✳ ◆♦✇✱ ✐❢ xA(qini) = a ❛♥❞ xB(qini) = b t❤❡♥ ❤❛✈✐♥❣
y(qini.a) = p2 ♠❡❛♥s t❤❛t t❤❡ ✜rst ❣♦❛❧ ❞♦❡s ♥♦t ❤♦❧❞✳ ❋✐♥❛❧❧②✱ ✐❢ xA(qini) = b ❛♥❞
xB(qini) = a✱ ❢♦r y(qini.a) = p1✱ t❤❡ s❡❝♦♥❞ ❣♦❛❧ ✇✐❧❧ ♥♦t ❤♦❧❞✳ ❚❤✐s ❡♥s✉r❡s t❤❛t xA ❛♥❞
xB ♥❡❡❞ ❦♥♦✇❧❡❞❣❡ ❢♦r qini ♦♥ ✇❤❛t y ♣❧❛②s ♦♥ qini.a ❛♥❞ t❤❡r❡❢♦r❡ G, qini 6|=M(S,∅) φ ❛♥❞
t❤❡ ✜rst ♣♦✐♥t ♦❢ ▲❡♠♠❛ ✺✳✶✵ ❤♦❧❞s✳

❲❡ s❤♦✇ ♥♦✇ t❤❛t G, qini 6|=M(∅,F ) φ✳ ❍❡r❡✱ xA ❛♥❞ xB ♠❛② ❞❡♣❡♥❞ ♦♥ y ❜✉t z ♠❛②
♥♦t✳ ❆ss✉♠✐♥❣ z(qini.b) = p1 t❤❡♥ ✐❢ y(qini.a) = p1✱ t❤❡ s❡❝♦♥❞ ❣♦❛❧ ❝❛♥♥♦t ❤♦❧❞ ♥♦ ♠❛tt❡r
xA ❛♥❞ xB✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ z(qini.b) = p2 t❤❡♥ ✇✐t❤ y(qini.a) = p2✱ ✇❡ ❣❡t t❤❛t t❤❡
✜rst ❣♦❛❧ ❝❛♥♥♦t ❤♦❧❞✳ ❍❡♥❝❡✱ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♠❛♥❞❛t♦r② ❛♥❞ G, qini 6|=M(∅,F ) φ✳
❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ G, qini |=M(S,F ) φ ✭♣r♦✈❡❞ ❢♦r t❤❡ ✜rst ♣♦✐♥t✮ ❣✐✈❡s ✉s t❤❡ s❡❝♦♥❞
♣♦✐♥t ♦❢ ▲❡♠♠❛ ✺✳✶✵✳

▲❡♠♠❛ ✺✳✶✶✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❈●❪✱ ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t G, qini 6|=

M(∅,∅) φ ❛♥❞ G, qini |=
M(∅,F ) φ✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ ♦♥ ❋✐❣✉r❡ ✺✳✽ ✇✐t❤ t❤r❡❡ ❛❣❡♥ts AA ✱ BB ❛♥❞ ✱ ❛♥❞ t✇♦ ❛❝t✐♦♥s
1 ❛♥❞ 0✳ ❆❣❡♥ts AA ❛♥❞ BB ♣❧❛② ❝♦♥❝✉rr❡♥t❧② ✐♥ st❛t❡ qini ✇❤✐❧❡ ❛❣❡♥t ❝♦♥tr♦❧s t❤❡
❝✐r❝❧❡ st❛t❡✳ ❈♦♥s✐❞❡r ❛❧s♦ t❤❡ ❙▲❬❈●❪ ❢♦r♠✉❧❛

φ := ∀y.∃xA.∃xB1 .∃x
B
2





❛ss✐❣♥(AA , xA; BB , xB1 ; , y). ❋ p1

∧

❛ss✐❣♥(AA , xA; BB , xB2 ; , y). ❋ p2

❲❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❛t G, qini |=M(∅,F ) φ✳ ❆s ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❛❧❧♦✇❡❞✱
❦♥♦✇❧❡❞❣❡ ♦❢ y(qini.a) ❝❛♥ ❜❡ ❛ss✉♠❡❞ ✇❤❡♥ ❜✉✐❧❞✐♥❣ xA, xB1 , x

B
2 ✳ ■❢ y(qini.a) = 1✱ t❤❡♥

✇❡ s❡t xA(qini) = 1✱ xB1 (qini) = 0 ❛♥❞ xB2 (qini) = 1✳ ❚❤❡ ✜rst ❣♦❛❧ ❣♦❡s t♦ a ❛♥❞ p1
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❣♦❡s t♦ p2 t❤✉s ♠❛❦✐♥❣ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ❤♦❧❞s✳ ■❢ y(qini.a) = 0✱ ✇❡ s❡t
xA(qini) := 0✱ xB1 (qini) := 0 ❛♥❞ xB2 (qini) := 1✳ ❚❤❡ ✜rst ❣♦❛❧ ❣♦❡s t♦ p1 ❛♥❞ t❤❡ s❡❝♦♥❞ t♦
a ❛♥❞ p2✳ ❲❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ❜② y✱ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ ❤❡♥❝❡ ✇❡ ❤❛✈❡ ❛M(∅, F )
✇✐t♥❡ss t❤❛t G, qini |=M(∅,F ) φ✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t G, qini 6|=M(∅,∅) φ✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❆ss✉♠❡
t❤❡r❡ ✐s ❛M(∅, ∅) ♠❛♣ ∆ ✇✐t♥❡ss✐♥❣ φ ♦♥ G✳ ❇② ♥❛t✉r❡ ♦❢ ∆✱ ∆(xA) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
y ❝❤♦✐❝❡s✳ ■❢ xA(qini) = 1 t❤❡♥ ✇✐t❤ y(qini.a) = 0 t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❡♥s✉r❡ t❤❡ ✜rst ❣♦❛❧✳
❙✐♠✐❧❛r❧②✱ ✐❢ xA(qini) = 0 t❤❡♥ ✇✐t❤ y(qini.a) = 1 ✇❡ ❝❛♥♥♦t ❡♥s✉r❡ t❤❡ s❡❝♦♥❞ ❣♦❛❧✳ ❙♦
t❤❡ ❤②♣♦t❤❡s✐s ♠✉st ❜❡ ❢❛❧s❡ ❛♥❞ G, qini 6|=M(∅,∅) φ✳



✶✷✺

✺✳✹✳✷ ❙✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s

❲❡ t❤❡♥ t❛❝❦❧❡ t❤❡ ❝❛s❡s ✇❤❡r❡ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♥❡❡❞❡❞✳

▲❡♠♠❛ ✺✳✶✷✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❉●❪✱ ❛ t✉r♥✲❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t

• G, qini 6|=
M(∅,∅) φ ❛♥❞ G, qini |=

M(S,∅) φ

• G, qini 6|=
M(∅,F ) φ ❛♥❞ G, qini |=

M(S,F ) φ

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✺✳✼❜ ❛♥❞ t❤❡ ❢♦r♠✉❧❛

φ := ∀y.∃z.∀xA.∀xB





❛ss✐❣♥( , xA; , y; , z)❋ p1

∨

❛ss✐❣♥( , xB; , y; , z)❋ p2

❋✐rst✱ ♥♦t❡ t❤❛t ✐♥ ❋✐❣✉r❡ ✺✳✼❜ ❛♥❞ φ t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s❀ ❤❡♥❝❡ ♣r♦✈✐♥❣
t❤❡ ✜rst ♣♦✐♥t ✇✐❧❧ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧② t❤❡ s❡❝♦♥❞✳ ❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❛t G, qini |=M(S,∅)

φ✳ ❙✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❛❧❧♦✇❡❞✱ ❤❡♥❝❡ z ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ y✳ ■❢ y(qini.a) = p1✱
t❤❡♥ ✇❡ s❡t z(qini.b) := p1❀ ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ xA✱ t❤❡ ✜rst ❣♦❛❧ ❤♦❧❞s✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐❢ y(qini.a) = p2✱ ✇❡ s❡t z(qini.b) := p2 ❛♥❞ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ xB✱ t❤❡ s❡❝✲
♦♥❞ ❣♦❛❧ ❤♦❧❞s✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♠❜✐♥❡ t❤❡s❡ t✇♦ ❝❛s❡s t♦ ❜✉✐❧❞ ❛ M(S, ∅) ✇✐t♥❡ss t❤❛t
G, qini |=

M(S,∅) φ✳
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t G, qini 6|=M(∅,∅) φ✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ z ❝❛♥♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡

❝❤♦✐❝❡s ♦❢ y✳ ❆ss✉♠❡ z(qini.b) = p1 t❤❡♥ ❢♦r y(qini.a) = p2✱ xA(qini) = a ❛♥❞ xB(qini) = b✱
♥❡✐t❤❡r ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s ❤♦❧❞s✳ ❙✐♠✐❧❛r❧②✱ ✐❢ z(qini.b) = p2 t❤❡♥ ✇✐t❤ y(qini.a) = p1✱
xA(qini) = b ❛♥❞ xB(qini) = a✱ ♥❡✐t❤❡r ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s ❤♦❧❞s✳ ❚❤✐s ♠❡❛♥s t❤❛t z ♥❡❡❞s
❦♥♦✇❧❡❞❣❡ ♦❢ y ❝❤♦✐❝❡s ❛♥❞ t❤❛t G, qini 6|=M(∅,∅) φ✳

✺✳✺ ❘❡♠♦✈❛❜❧❡ ❞❡♣❡♥❞❡♥❝✐❡s

✺✳✺✳✶ M(S, ∅) ❛♥❞ M(∅, ∅) ❝♦✐♥❝✐❞❡ ♦♥ ❙▲❬❈●❪

▲❡♠♠❛ ✺✳✶✷ s❤♦✇s t❤❛t t❤❡r❡ ❛r❡ s♦♠❡ ❙▲❬❉●❪ ❢♦r♠✉❧❛s ♦♥ ✇❤✐❝❤ ❛❞❡q✉❛t❡ ❜❡❤❛✈✐♦✉rs
♠✉st r❡❧② ♦♥ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❚❤❡ ❝❛s❡ ♦❢ ❙▲❬❈●❪ ✐s ❤♦✇❡✈❡r ❞✐✛❡r❡♥t✳

❚❤❡♦r❡♠ ✺✳✶✸✳ ❋♦r ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ G✱ ❛♥② st❛t❡ qini ♦❢ G ❛♥❞ ❛♥② ❢♦r♠✉❧❛ φ ∈
❙▲❬❈●❪✱

G, qini |=
M(S,∅) φ ⇔ G, qini |=

M(∅,∅) φ

Pr♦♦❢✳ ❋✐① ❛♥② ❣❛♠❡ G✱ ❛♥② st❛t❡ qini ♦❢ G ❛♥❞ ❛♥② ❙▲❬❈●❪ ❢♦r♠✉❧❛ φ ♦❢ t❤❡ ❢♦r♠

φ := (Qixi)i≤l
∧

j≤n

βjϕj



✶✷✻

✇✐t❤ Qixi ❛ q✉❛♥t✐✜❝❛t✐♦♥✱ βj ❛♥ ❛ss✐❣♥♠❡♥t ❛♥❞ ϕj ❛♥ ▲❚▲ ❢♦r♠✉❧❛✳ ❆ss✉♠✐♥❣ t❤❛t
G, qini |=

M(S,∅) φ✱ t❤❡r❡ ❡①✐sts ∆ ❛M(S, ∅) ✇✐t♥❡ss ♦❢ φ ❤♦❧❞✐♥❣ ♦♥ G ❢r♦♠ qini✱ ✐✳❡✳

∀w : (❍✐stG → ❆❝t)V
∀

G, qini |=∆(w)

∧

j≤n

βjϕj ✭✺✳✸✮

❲❡ ❝r❡❛t❡ ❛ M(∅, ∅) ♠❛♣ ∆′ ❛♥❞ ♣r♦✈❡ ✐t ✐s ❛ M(∅, ∅) ✇✐t♥❡ss ♦❢ φ ♦♥ G✳ ❋♦r t❤✐s✱
❝❤♦♦s❡ ❛♥② ✜①❡❞ ❢✉♥❝t✐♦♥ w0 : (❍✐stG → ❆❝t)V

∀
✳ ●✐✈❡♥ ❛♥♦t❤❡r ❢✉♥❝t✐♦♥ w′ : (❍✐stG →

❆❝t)V
∀
❛♥❞ ❛ ❤✐st♦r② ρ✱ ✇❡ ✇r✐t❡ w′0 ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ❡q✉❛❧ t♦ w′ ♦♥ ρ ❛♥❞ ✐ts ♣r❡✜①❡s ❛♥❞

❡q✉❛❧ t♦ w0 ❡❧s❡✇❤❡r❡ ✭✐✳❡ ♦♥ ❡①t❡♥s✐♦♥s ❛♥❞ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ❤✐st♦r✐❡s ♦❢ ρ✮✳ ❲❡ t❤❡♥ s❡t✱
❢♦r ❛♥② ✈❛r✐❛❜❧❡ xi ∈ V ✱

∆′(w′)(xj)(ρ) := ∆(w′0)(xj)(ρ)

∆′ ✐s ✐♥❞❡❡❞ ❛ M(∅, ∅) ♠❛♣✿ ♦♥ ❛ ❤✐st♦r② ρ✱ ✇❡ ✜①❡❞ ✉♥✐✈❡rs❛❧ ❝❤♦✐❝❡s ♦♥ ❝♦✉♥t❡r✲
❢❛❝t✉❛❧ ❤✐st♦r✐❡s ♦❢ ρ t♦ ❜❡ ✏❛s ✐♥✑ w0 ❜❡❢♦r❡ ✉s✐♥❣ ∆ ✭♦♥ ✐♥♣✉t ♠❛❞❡ ♦❢ w′, xj, ρ✱ t❤❡
✈❛❧✉❡s ♦❢ w′ ♦♥ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ♣❧❛② ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ w′0✮ ❤❡♥❝❡ ✇❡ ❞♦
♥♦t ✐♠♣♦rt t❤❡ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❢r♦♠ ∆✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ∆′ ✐s ❛ ✇✐t♥❡ss ❢♦r G, qini |=M(∅,∅) φ✳ ❚♦✇❛r❞ ❛ ❝♦♥tr❛✲
❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ w1 : (❍✐stG → ❆❝t)V

∀

s✉❝❤ t❤❛t G, qini 6|=∆′(w1)

∧
j≤n βjϕj✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡r❡ ✐s s♦♠❡ j0 ∈ [1, . . . n] s✉❝❤

t❤❛t G, qini 6|=∆′(w1) βj0ϕj0 ✳ ▲❡t πj0 := ♦✉t(βj0(∆
′(w1)), qini) ❜❡ t❤❡ ♦✉t❝♦♠❡ ♦❜t❛✐♥❡❞

✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❛ss✐❣♥♠❡♥ts ♦❢ βj0 t♦ t❤❡ ✈❛❧✉❛t✐♦♥ ∆′(w1)✳ ❲❡ ❜✉✐❧❞ ❛♥♦t❤❡r ❢✉♥❝✲
t✐♦♥ w2 : (❍✐stG → ❆❝t)V

∀
❡q✉❛❧ t♦ w1 ✭❢♦r ❛♥② ✈❛r✐❛❜❧❡✮ ♦♥ ❛♥② ♣r❡✜① ♦❢ πj0 ❛♥❞

❡q✉❛❧ t♦ w0 ♦♥ ❛♥② ♦t❤❡r ❤✐st♦r②✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❛♥② ♣r❡✜① πpj0 ♦❢ πj0 ✇❡ ❤❛✈❡
t❤❛t ∆′(w1)(xi)(π

p
j0
) = ∆(w2)(xi)(π

p
j0
) ❤❡♥❝❡ πj0 ✐s ❛❧s♦ ❡q✉❛❧ t♦ ♦✉t(βj0(∆(w2)), qini)✱

t❤❡ ♦✉t❝♦♠❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ βj0 ♦♥ ∆(w2)✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t
G, qini 6|=∆(w2) βj0ϕj0 t❤✉s G, qini 6|=∆(w2)

∧
j≤n βjϕj ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ❋♦r✲

♠✉❧❛ ✭✺✳✸✮✳ ❙♦✱ ∆′ ✐s ❛ M(∅, ∅) ✇✐t♥❡ss ♦❢ φ ♦♥ G ❛♥❞ t❤❡r❡❢♦r❡ G, qini |=M(∅,∅) φ ❛♥❞
❚❤❡♦r❡♠ ✺✳✶✸ ❤♦❧❞s✳

✺✳✺✳✷ ❚❤❡ ❝❛s❡ ♦❢ ❙▲❬✶●❪

❙▲❬✶●❪ ❢♦r♠✉❧❛s ❛r❡ ✐♥ ♠❛♥② ✇❛②s s✐♠✐❧❛r t♦ ❆❚▲∗✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❛r❡ t❤❡ ❛❜✐❧✐t②
t♦ s❤❛r❡ str❛t❡❣✐❡s ❛♠♦♥❣ ♠✉❧t✐♣❧❡ ❛❣❡♥ts ❛♥❞ ❤❛✈✐♥❣ ♠✉❧t✐♣❧❡ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ✭❛s
♦♣♣♦s❡❞ t♦ ♦♥❧② ♦♥❡ ✐♥ ❆❚▲∗✮✳ ❚❤❡ ❛❜✐❧✐t② t♦ s❤❛r❡ str❛t❡❣✐❡s ❞♦❡s ♥♦t ❛♠♦✉♥t t♦ ♠✉❝❤✿
✇❡ ❝❛♥ ❛❧✇❛②s ♠❡r❣❡ ❛❣❡♥ts s❤❛r✐♥❣ ❛ ❝♦♠♠♦♥ str❛t❡❣② ✐♥ ❛ ♥❡✇ ❣❛♠❡✱ s❧✐❣❤t❧② ♠♦❞✐❢②
t❤❡ ❢♦r♠✉❧❛ t♦ s✉♣♣r❡ss t❤❡ str❛t❡❣②✲s❤❛r✐♥❣ ❛s♣❡❝ts✱ t❤❡♥ s♦❧✈❡ t❤❡ ♥❡✇ ❣❛♠❡ ✇✐t❤ t❤❡
♠♦❞✐✜❡❞ ❢♦r♠✉❧❛ ✐♥ ♦r❞❡r t♦ ❞❡❞✉❝❡ ✇❤❡t❤❡r t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛ ❤♦❧❞s ♦♥ t❤❡ ♦r✐❣✐♥❛❧
❣❛♠❡✺✳ ❚❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡rs ♦❢ ❜♦t❤ ❧♦❣✐❝s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t❤♦✉❣❤ ♥♦t ❡q✉❛❧✱ ❛♥❞
❛❧❧♦✇✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥ ❞♦❡s ♥♦t s❡❡♠ t♦ ✐♠♣❛❝t t❤❡ ❝♦♠♣❧❡①✐t②
r❡s✉❧ts ✭t❤♦✉❣❤ t❤❡r❡ ♠❛② ❜❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ r❡✜♥❡❞ ❝♦♠♣❧❡①✐t②✮✳ ❋♦r ❡①❛♠♣❧❡✱ ❙▲❬✶●❪

✺❚❤❡ ❢❛❝t t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ ♦♥❡ ❣♦❛❧ ✐s ❡ss❡♥t✐❛❧ ❛s ✐t ♠❡❛♥s t❤❛t ✇✐t❤✐♥ ❛ ❢♦r♠✉❧❛✱ ❛♥ ❛❣❡♥t ❝❛♥ ♦♥❧②
❤❛✈❡ ♦♥❡ str❛t❡❣② ✭♦r ♠♦r❡ ♣r❡❝✐s❡❧② ♦♥❧② ♦♥❡ str❛t❡❣② t❤❛t ✐s ♥♦t ♦✈❡rr✐❞❞❡♥ ❜② s♦♠❡ ♦t❤❡r str❛t❡❣②✮✳
❲✐t❤ ♠✉❧t✐♣❧❡ ❣♦❛❧s✱ t✇♦ ❛❣❡♥ts ♠❛② s❤❛r❡ str❛t❡❣✐❡s ✇✐t❤✐♥ ♦♥❡ ❣♦❛❧ ❜✉t ♥♦t ✇✐t❤✐♥ t❤❡ ♦t❤❡r✱ t❤❡♥ t❤❡
❝♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❝♦❧❧❛♣s❡s✳
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s❛t✐s✜❛❜✐❧✐t② ✇❛s ♣r♦✈❡♥ 2 ✲EXPTIME✲❝♦♠♣❧❡t❡ ✐♥ ❬✸✽❪✱ t❤❡ s❛♠❡ ❛s ❆❚▲∗ s❛t✐s✜❛❜✐❧✐t②
✭r❡❧❛t✐✈❡❧② t♦ t❤❡ |= s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ✕s❡❡ ❙❡❝t✐♦♥ ✺✳✷✕ t❤❡ |=M(S,F )

s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✮✳
❲❡ ♣r♦✈❡ t❤❛t✱ ❛s ❢♦r✻ ❆❚▲∗✱ t♦ ❜✉✐❧❞ ❛ ❝♦rr❡❝t ❜❡❤❛✈✐♦✉r ❢♦r ❛ ❙▲❬✶●❪ ❢♦r♠✉❧❛ ✇❡ ❞♦

♥♦t ♥❡❡❞ ❛♥② s✐❞❡ ♦r ❢✉t✉r❡ ✐♥❢♦r♠❛t✐♦♥✳ ❉✉❡ t♦ t❤❡ s✐♠✐❧❛r ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ ❙▲❬✶●❪
❛♥❞ ❆❚▲∗✱ t❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✳ ❋♦r t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ❛❞❛♣t❡❞ t♦
t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ t❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✽❪ ❛♥❞ ✉s❡❞ t♦ s♦❧✈❡ ❙▲❬✶●❪
s❛t✐s✜❛❜✐❧✐t②✳ ❲❡ ❤♦✇❡✈❡r ❝❤♦s❡ t♦ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ♣r♦♦❢✿ t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ✇✐❧❧
❜❡❝♦♠❡ ✉s❡❢✉❧ ❧❛t❡r ♦♥✳

❚❤❡♦r❡♠ ✺✳✶✹✳ ❋♦r ❛♥② ❙▲❬✶●❪ ❢♦r♠✉❧❛ φ✱ ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ❛♥❞ ❛♥② st❛t❡ qini ♦❢
G✱

∀♠ ∈ {∅, S} ∀♥ ∈ {∅, F} G, qini |=
M(∅,∅) φ ⇔ G, qini |=

M(♠,♥) φ

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡ qini ❛♥❞ ❧❡t φ := (Qixi)i≤l βϕ ❜❡ ❛ ❙▲❬✶●❪
❢♦r♠✉❧❛ ✇❤❡r❡ Qi ✐s ❛ q✉❛♥t✐✜❝❛t✐♦♥ ❛♥❞ βϕ ❢♦r♠s ❛ ❣♦❛❧ ✇✐t❤ β ❛ t♦t❛❧ ❛ss✐❣♥♠❡♥t ❛♥❞
ϕ ❛♥ ▲❚▲ ♦❜❥❡❝t✐✈❡✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡✿

G, qini |=
M(S,F ) φ ⇔ G, qini |=

M(∅,∅) φ ✭✺✳✹✮

❚❤❡ ♦t❤❡r ❝❛s❡s ✇✐❧❧ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ ✐t✿ ❡q✉✐✈❛❧❡♥❝❡s ✐♥✈♦❧✈✐♥❣ ♦t❤❡r ❦✐♥❞ ♦❢ ♠❛♣s ❝❛♥
❛❧❧ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❊q✉✐✈❛❧❡♥❝❡ ✭✺✳✹✮ s✐♠♣❧② ❜② s❡❡✐♥❣ ❛ M(♠,♥) ♠❛♣ ❛s ❛ M(S, F )
♠❛♣✱ t❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ❛❜♦✈❡✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ ✇❡ ❤❛✈❡ t❤❡ r✐❣❤t✲t♦✲
❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ❢♦r ❢r❡❡✱ ❤❡♥❝❡ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✶✹ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t
✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❊q✉✐✈❛❧❡♥❝❡ ✭✺✳✹✮✳

❙♣❡❝✐❢②✐♥❣ ❛ t✉r♥✲❜❛s❡❞ ♣❛r✐t② ❣❛♠❡ H

❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ s♦♠❡ s♣❡❝✐✜❝ t✉r♥✲❜❛s❡❞ ❛r❡♥❛s t❤❛t ✐♥ s♦♠❡ ✇❛② ✇✐❧❧ ✏✢❛tt❡♥✑ t❤❡
❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛✳ ❋✐❣✉r❡ ✺✳✾ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥str✉❝t✐♦♥✳ ❋✐rst✱ r❡❧❛t✐✈❡❧② t♦ G ❛♥❞ φ
✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✉r♥✲❜❛s❡❞ ✜♥✐t❡ tr❡❡✲❧✐❦❡ ❛r❡♥❛✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❝❧✉st❡r ✿

• t❤❡r❡ ❛r❡ t✇♦ ♣❧❛②❡rs P∃ ❛♥❞ P∀✳

• t❤❡ s❡t ♦❢ st❛t❡s ✐s Scluster := {m ∈ ❆❝t∗ | 0 ≤ |m| ≤ l}✱ t❤❡r❡❜② ❞❡✜♥✐♥❣ ❛ tr❡❡ ♦❢
❞❡♣t❤ l + 1 ✇✐t❤ ❞✐r❡❝t✐♦♥s ❆❝t✳ ❆ st❛t❡ m ✐♥ Scluster ✇✐t❤ |m| < l ❜❡❧♦♥❣s t♦ P∃ ✐❢
❛♥❞ ♦♥❧② ✐❢ Q|m|+1 = ∃✳ ❚♦ ✇❤♦♠ t❤❡ st❛t❡s ✇✐t❤ |m| = l ❜❡❧♦♥❣ ❞♦❡s ♥♦t ♠❛tt❡r✳

• t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ ❡❛❝❤ m ♦❢ s✐③❡ str✐❝t❧② ❧❡ss t❤❛♥ l t♦ ❛❧❧ m ·a ❢♦r ❛❧❧ a ∈ ❆❝t✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡♠♣t② ✇♦r❞ ε ∈ Scluster ✐s t❤❡ st❛rt✐♥❣ ♥♦❞❡ ♦❢ t❤❡ ❝❧✉st❡r✱ ❛♥❞ ✐t
❤❛s ♥♦ ✐♥❝♦♠✐♥❣ tr❛♥s✐t✐♦♥s✱ ✇❤✐❧❡ ❛❧❧ ✇♦r❞s ♦❢ ❧❡♥❣t❤ l ❤❛✈❡ ♥♦ ♦✉t❣♦✐♥❣ tr❛♥s✐t✐♦♥s❀

❆ ❧❡❛❢ ✐♥ s✉❝❤ ❛ ❝❧✉st❡r r❡♣r❡s❡♥ts ❛ ♠♦✈❡ ✈❡❝t♦r ♦❢ ❞♦♠❛✐♥ V = {xi | 1 ≤ i ≤ l}✿ t❤❡
❧❡❛❢ m r❡♣r❡s❡♥ts t❤❡ ♠♦✈❡ ✈❡❝t♦r m ✇❤❡r❡ m(xi) = m(i)✳

✻❚❤❡r❡ ❡①✐sts ♥♦ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ ✐t ❜✉t ✐t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❛❧❣♦r✐t❤♠ ❢♦r ❆❚▲∗ ♠♦❞❡❧
❝❤❡❝❦✐♥❣✳
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❚✇♦ ❛❝t✐♦♥s a ❛♥❞ b

φ := ∃x1. ∀x2. ∃x3. βϕ
©✿ ∃ q✉❛♥t✐✜❝❛t✐♦♥ ❛♥❞ �✿ ∀ q✉❛♥t✐✜❝❛t✐♦♥

ε

a b

aa ab ba bb

aaa aab aba abb baa bab bba bbb

❝❧✉st❡r

❚r❛♥s✐t✐♦♥

♦❢ t❤❡

♦r✐❣✐♥❛❧

❣❛♠❡

❋✐❣✉r❡ ✺✳✾✿ ❖♥ t❤❡ ❧❡❢t✿ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❝❧✉st❡r✳ ❖♥ t❤❡ r✐❣❤t✿ t❤❡ ♦✈❡r❛❧❧ s❤❛♣❡ ♦❢ H✳

❲❡ ❞❡♥♦t❡ ❜② D ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r✐t② ❛✉t♦♠❛t♦♥ ♦✈❡r 2❆P ❛ss♦❝✐❛t❡❞ ✇✐t❤ ϕ✳ ❲❡
❛❧s♦ ✇r✐t❡ dini ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ D✳ ❲❡ ❧❡t s✉❝❝(d, q) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t✐♥❣
✇✐t❤ ❡❛❝❤ d ∈ D ✐ts s✉❝❝❡ss♦r ✉♣♦♥ r❡❛❞✐♥❣ t❤❡ ❧❛❜❡❧❧✐♥❣ ❧❛❜❡❧s(q) ✇❤❡r❡ q ✐s ❛ st❛t❡ ♦❢ G✳
❯s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❝❧✉st❡rs✱ ✇❡ ❞❡✜♥❡ ❛ t✉r♥✲❜❛s❡❞ ♣❛r✐t② ❣❛♠❡ H ❛s ❢♦❧❧♦✇s✿

• t❤❡ ♣❧❛②❡rs ❛r❡ t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✿ P∃, P∀✳

• ❢♦r ❡❛❝❤ st❛t❡ q ♦❢ G ❛♥❞ ❡❛❝❤ st❛t❡ d ♦❢ D✱ H ❝♦♥t❛✐♥s ❛ ❝♦♣② ♦❢ ❛ ❝❧✉st❡r ✇❤✐❝❤
✇❡ ❝❛❧❧ t❤❡ (q, d) ❝❧✉st❡r✳ ❋♦r ❛♥② m ∈ ❆❝t∗ ✇✐t❤ |m| ≤ l✱ ✇❡ r❡❢❡r t♦ t❤❡ st❛t❡ m ♦❢
t❤❡ (q, d) ❝❧✉st❡r ❛s t❤❡ (q, d,m) st❛t❡✳

• t❤❡ tr❛♥s✐t✐♦♥s ✐♥ H ❛r❡ ♦❢ t✇♦ t②♣❡s✿

✕ ✐♥t❡r♥❛❧ tr❛♥s✐t✐♦♥s ✐♥ t❤❡ ❝❧✉st❡rs ❛r❡ ♣r❡s❡r✈❡❞❀

✕ ❝♦♥s✐❞❡r ❛ st❛t❡ (q, d,m) ✇❤❡r❡ m ✐s ❛ ❧❡❛❢✳ ■❢ t❤❡r❡ ❡①✐sts ❛ st❛t❡ q′ s✉❝❤ t❤❛t
q′ = ∆(q,mβ) ✇❤❡r❡ mβ : ❆❣t → ❆❝t ✐s t❤❡ ♠♦✈❡ ✈❡❝t♦r ♦✈❡r ❆❣t ❞❡✜♥❡❞ ❜②
mβ(A) = m(i−1) ✇❤❡r❡ xi = β(A) ✭✐✳❡✳ ❛♣♣❧②✐♥❣ t❤❡ ❝❤♦✐❝❡s ♦❢ m ❛❝❝♦r❞✐♥❣ t♦
β ✐♥ G ❧❡❛❞s ❢r♦♠ q t♦ q′✮✱ t❤❡♥ ✇❡ ❛❞❞ ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ (q, d,m) t♦ (q′, d′, ε)
✇❤❡r❡ d′ = s✉❝❝(d, q′)✳

• t❤❡ s❡t ♦❢ ♣r✐♦r✐t✐❡s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ D ❛♥❞ ❡❛❝❤ (q, d,m) st❛t❡ ❤❛s t❤❡ s❛♠❡
♣r✐♦r✐t② ❛s d✳

❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♣❛t❤s ✐♥ G ❛♥❞ ✐♥ H

❚❤❡r❡ ✐s ♥♦t ❛ ❝❧❡❛r ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❤✐st♦r✐❡s ✐♥ H ❛♥❞ t❤❡ ♦♥❡s ✐♥
G✱ ❤♦✇❡✈❡r t❤❡r❡ ❡①✐sts ♥❡✈❡rt❤❡❧❡ss s♦♠❡ ❞❡❣r❡❡ ♦❢ ❝♦♥♥❡❝t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥
♦❢ ❧❛♥❡s ❜❡❢♦r❡ ❣♦✐♥❣ ✐♥t♦ t❤❡ ❞❡t❛✐❧s✳

❉❡✜♥✐t✐♦♥ ✺✳✶✺✳ ❆ ❧❛♥❡ ✐♥ G ✐s ❛ t✉♣❧❡ (ρ, u, i, t) ♠❛❞❡ ♦❢ ❛ ❤✐st♦r② ρ := (qj)j≤a ✭❢♦r
s♦♠❡ ✐♥t❡❣❡r a✮❀ ❛ ❢✉♥❝t✐♦♥ u : V × Pr❡❢<ρ → ❆❝t❀ ❛♥ ✐♥t❡❣❡r i ∈ [0; l]❀ ❛ ❢✉♥❝t✐♦♥
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t : [x1; xi]→ ❆❝t ✭✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t = ∅ ✐❢ i = 0✮❀ ❛♥❞ s✉❝❤ t❤❛t

∀j < a T (qj, β(mj)) = qj+1

{
✇❤❡r❡ mj : V → ❆❝t ✐s t❤❡ ♠♦✈❡ ✈❡❝t♦r ♦✈❡r V

✇✐t❤ mj(x) := u(x)(ρ≤j)

❲❡ ❝❛♥ ❜✉✐❧❞ ❛ ♦♥❡✲t♦✲♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ HtoGpth ❜❡t✇❡❡♥ ❤✐st♦r✐❡s ✐♥ H ❛♥❞ ❧❛♥❡s ✐♥
G✳ ❖♥ ❛ ❤✐st♦r② π ✐♥ H✱ ♦❢ s❤❛♣❡

π := Πj<a(Π0≤i≤l(qj, dj,mj,i)).Π0≤i≤b(qa, da,ma,i)

♦❢ ❧❡♥❣t❤ a.(l + 1) + b ✇✐t❤ 0 ≤ b < l + 1✱ ✇❡ ❞❡✜♥❡ HtoGpth(π) ❜②

HtoGpth(π) := ((qj)j≤a, u, b, t)

✇✐t❤ u : V × Pr❡❢<ρ → ❆❝t

∀a′ < a (xi, (qj)j≤a′) 7→ mj,i

t : V ∩ [x1; xb] → ❆❝t

∀i ≤ b xi 7→ ma,i

❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ HtoGpth ✐s ❝❧❡❛r❧② ✐♥❥❡❝t✐✈❡ ✭t✇♦ ❞✐✛❡r❡♥t ❤✐st♦r✐❡s ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ t✇♦
❞✐✛❡r❡♥t ❧❛♥❡s✮✱ ❜✉t ❛❧s♦ s✉r❥❡❝t✐✈❡✳ ❚♦ ♣r♦✈❡ ✐t✱ ✇❡ ❜✉✐❧❞ t❤❡ r❡❝✐♣r♦❝❛❧ ❢✉♥❝t✐♦♥ GtoHpth✿
❢r♦♠ ❛ ❧❛♥❡ ((qj)j≤a, u, i, t)✱ ✇❡ s❡t GtoHpth((qj)j≤a, u, i, t) := π ✇❤❡r❡ π ✐s ❛ ❤✐st♦r② ✐♥ H
♦❢ ❧❡♥❣t❤ a.(l + 1) + |❞♦♠(t)|+ 1 ♦❢ s❤❛♣❡

π := Πj<a

(
Π0≤i≤l

(
qj, dj, u(xi, (qj′)j′≤j)

))
.Π0≤i≤b

(
qa, da, t(xi, (qj)j≤a)

)

✇❤❡r❡ dj ✐s t❤❡ ✈❡❝t♦r ♦❢ st❛t❡s r❡❛❝❤❛❜❧❡ t❤r♦✉❣❤ (qj′)j′≤j
❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡❞ ♦♥ ❧❛♥❡s ✭s❡❡ t❤❡✐r ❞❡✜♥✐t✐♦♥✮✱ ✇❡ ❣❡t

t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ❝❧✉st❡rs ♦❢ GtoHpth((qj)j≤a, u, i, t) ❛r❡ ✈❛❧✐❞ r❡❧❛t✐✈❡❧② t♦ t❤❡
tr❛♥s✐t✐♦♥ t❛❜❧❡ ♦❢H✳ GtoHpth((qj)j≤a, u, i, t) ✐s t❤❡r❡❢♦r❡ ❛ ✈❛❧✐❞ ❤✐st♦r② ✐♥H ❛♥❞ GtoHpth

✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t

∀π ∈ ❍✐stH GtoHpth(HtoGpth(π)) = π

❛♥❞ ❞❡❞✉❝❡ t❤❛t GtoHpth ✐s t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ♦❢ HtoGpth❀ t❤❡r❡❢♦r❡

Pr♦♣♦s✐t✐♦♥ ✺✳✶✻✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ HtoGpth ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❧❛♥❡s ♦❢ G ❛♥❞ ❤✐st♦✲
r✐❡s ✐♥ H✱ ❛♥❞ GtoHpth ✐s ✐ts ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥✳

❊①t❡♥❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ str❛t❡❣✐❡s

❲❡ ❝❛♥ ✉s❡ t❤❡ HtoGpth ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ ❞❡s❝r✐❜❡ ❛♥♦t❤❡r ❝♦rr❡s♣♦♥❞❡♥❝❡ HtoG ❜❡✲
t✇❡❡♥ ♣♦s✐t✐♦♥❛❧ str❛t❡❣✐❡s ❢♦r P∃ ✐♥ H ❛♥❞ M(∅, ∅) ♠❛♣s ✐♥ G✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ ♠❛♣
θ ✐s ❛ ❢✉♥❝t✐♦♥ (❍✐stG → ❆❝t)V

∀
→ (❍✐stG → ❆❝t)V t❛❦✐♥❣ t❤r❡❡ ✐♥♣✉ts✿ ❛ ❢✉♥❝t✐♦♥

w : (❍✐stG → ❆❝t)V
∀
✱ ❛ ✈❛r✐❛❜❧❡ xi ❛♥❞ ❛ ❤✐st♦r② π✳ ❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❛t ✐❢ Qj = ∀✱ t❤❡♥

θ(w)(xi)(ρ) = w(xi)(ρ)✱ ❤❡♥❝❡ ✇❡ ✇✐❧❧ ♦♥❧② ❞❡✜♥❡ HtoG ❢♦r t❤❡ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞
✈❛r✐❛❜❧❡s✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ♥❛t✉r❡ ♦❢ M(∅, ∅) ♠❛♣s ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✮✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❛
✈❛r✐❛❜❧❡ xi ❢♦r t❤❡ s❡❝♦♥❞ ❛r❣✉♠❡♥t ♦❢ θ✱ t❤❡ ✜rst ❡♥tr② ♦❢ θ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦ ❛ ❢✉♥❝t✐♦♥
♦❢ t②♣❡ w : Pr❡❢≤ρ × V

∀ ∩ [x1; xi]→ ❆❝t✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ HtoG✳
❋♦r♠❛❧❧②✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ HtoG t❛❦❡s ❛s ✐♥♣✉t ❛ ♣♦s✐t✐♦♥❛❧ str❛t❡❣② δ ❢♦r ♣❧❛②❡r P∃ ✐♥

H ❛♥❞ r❡t✉r♥s ❛M(∅, ∅) ♠❛♣✳ ❚❤❡ ✈❛❧✉❡ ♦❢ HtoG(δ)(w)(xi)(π) ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥✿
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• ✐♥✐t✐❛❧ st❡♣ ✭❡♠♣t② ❤✐st♦r②✮✿

✕ ✐♥✐t✐❛❧ st❡♣ ✭x1 ❛ss✉♠✐♥❣ x1 ∈ V
∃✮✿ ❲❡ s❡t HtoG(δ)(w)(x1)(ε) = δ(ε)✳

✕ ✐♥❞✉❝t✐♦♥ st❡♣ ✭xi ❛ss✉♠✐♥❣ xi ∈ V
∃✮✿ ❆s t❤❡ ❤✐st♦r② ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡

❛r❡ ✜①❡❞✱ t❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ ♣❛rt ♦❢ t❤❡ ✐♥♣✉t ❢♦r t❤❡ ♠❛♣ ✇❡ ❛r❡ ❜✉✐❧❞✐♥❣ ✐s
❛ ❢✉♥❝t✐♦♥ w : {ε} × (V∀ ∩ [x1; xi−1]) → ❆❝t✳ ❋r♦♠ xi ❛♥❞ w ✇❡ ❝r❡❛t❡ ❛

❢✉♥❝t✐♦♥ ti,w : [x1; xi−1] → ❆❝t t❤❛t ❛ss♦❝✐❛t❡s t♦ x ∈ V∀ t❤❡ ❛❝t✐♦♥ w(x)(ε)
❛♥❞ t♦ x ∈ V∃ t❤❡ ❛❝t✐♦♥ θ(w)(x)(ε)✳ ❲❡ ❝❛♥ t❤❡♥ ❝r❡❛t❡ t❤❡ ❧❛♥❡ lanei,w =
(ε, ∅, i− 1, ti,w) ❛♥❞ ❞❡✜♥❡

HtoG(δ)(w)(xi)(ε) := δ(GtoHpth(lanei,w))

• ✐♥❞✉❝t✐♦♥ st❡♣ ✭♥♦♥ ❡♠♣t② ❤✐st♦r②✮✿ ✇❡ ✇♦r❦ ♦♥ ❛ ❤✐st♦r② π ❛ss✉♠✐♥❣ ✇❡ ❤❛✈❡
❞❡✜♥❡ HtoG(δ) ♦♥ ♣r❡✜①❡s ♦❢ π✳ ▲✐❦❡ ❜❡❢♦r❡✱ t❤❡ ❤✐st♦r② ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡ ❛r❡ ✜①❡❞
❛♥❞ t❤❡ ♦♥❧② ❝❤❛♥❣✐♥❣ ♣❛rt ♦❢ t❤❡ ✐♥♣✉t ✐s ❛ ❢✉♥❝t✐♦♥ w ♦❢ t②♣❡ Pr❡❢≤ρ × (V∀ ∩
[x1; xi−1])→ ❆❝t✳

✕ ✐♥✐t✐❛❧ st❡♣ ✭x1 ❛ss✉♠✐♥❣ x1 ∈ V
∃✮✿ ❲❡ s❡t HtoG(δ)(w)(x1)(π) = δ(q)

✇❤❡r❡ q = (❧st(π), dπ, ε) ✐s t❤❡ st❛t❡ ♦❢ H ✇✐t❤ dπ t❤❡ st❛t❡ r❡❛❝❤❡❞ ❜② π ✐♥ D
✭t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r✐t② ❛✉t♦♠❛t♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣♦❛❧ ♦❢ φ✮✳

✕ ✐♥❞✉❝t✐♦♥ st❡♣ ✭xi ❛ss✉♠✐♥❣ xi ∈ V
∃✮✿ ❋r♦♠ xi ❛♥❞ w✱ ✇❡ ❝r❡❛t❡ ❛ ❢✉♥❝t✐♦♥

ti,w : V ∩ [x1; xi−1] → ❆❝t ✇❤❡r❡ ti,w ❛ss♦❝✐❛t❡ t♦ x ∈ V∀ t❤❡ ❛❝t✐♦♥ w(x) ❛♥❞
t♦ x ∈ V∃ t❤❡ ❛❝t✐♦♥ θ(w)(x)(π)✳ ❲❡ ❝❛♥ t❤❡♥ ❝r❡❛t❡ t❤❡ ❧❛♥❡ lanei,w =
(π, ∅, i− 1, ti,w) ❛♥❞ ❞❡✜♥❡

HtoG(δ)(w)(xi)(π) := δ(GtoHpth(lanei,w))

❇❡❝❛✉s❡ δ ✐s ♣♦s✐t✐♦♥❛❧✱ ❢❡❡❞✐♥❣ t❤❡ ❡♠♣t② ❢✉♥❝t✐♦♥ ✐♥ lanei,w ❢♦r t❤❡ s❡❝♦♥❞
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥♣✉t ✐s ✇✐t❤♦✉t ❝♦♥s❡q✉❡♥❝❡✳ ■♥❞❡❡❞✱ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t
♦❢ lanei,w ✐♥ GtoHpth(lanei,w) ♦♥❧② ❞❡s❝r✐❜❡s t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ♦♥ π ✉♥t✐❧ t❤❡
❧❛st st❛t❡ ❛♥❞ t❤❡s❡ ❛❝t✐♦♥s ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡s ✭❜❡❝❛✉s❡ δ ✐s ♣♦s✐t✐♦♥❛❧✮✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✱ ✇❡ ❣❡t ❛ ♠❛♣ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥ ❤❛s ♥♦ s✐❞❡ ♥♦r ❢✉t✉r❡
❞❡♣❡♥❞❡♥❝②✳ ❋✐❣✉r❡ ✺✳✶✵ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥str✉❝t✐♦♥✳

❈♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢

❚❤❡ ✇✐♥♥❡r ♦❢ t❤❡ ♣❛r✐t② ❣❛♠❡ H ❣✐✈❡s ✉s ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t G✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✳ ❆ss✉♠❡ t❤❛t P∃ ✐s ✇✐♥♥✐♥❣ ✐♥ H ❛♥❞ ❧❡t δ ❜❡ ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣
str❛t❡❣②✱ t❤❡♥ t❤❡M(∅, ∅) ♠❛♣ HtoG(δ) ✐s ❛ ✇✐t♥❡ss t❤❛t G, qini |=

M(∅,∅) φ✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t P∃ ✐s ✇✐♥♥✐♥❣ ✐♥ H✳ ❚♦✇❛r❞ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ ❢✉rt❤❡r t❤❛t
HtoG(δ) ✐s ♥♦t ❛ ✇✐t♥❡ss ♦❢ G, qini |=M(∅,∅) φ❀ t❤❡♥

❚❤❡r❡ ✐s w0 : (❍✐stG → ❆❝t)V
∀

s✉❝❤ t❤❛t G, qini 6|=
M(∅,∅)
HtoG(δ)(w0)

βϕ ✭✺✳✺✮
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ε

qini

a b

aa ab ba bb

aaa aab aba abb baa bab bba bbb

ε

q2

a b

aa ab ba bb

aaa aab aba abb baa bab bba bbb

ε

q3

a b

aa ab ba bb

aaa aab aba abb baa bab bba bbb

P❛rt ♦❢ G

qini

q2

q3

aba

bba

❚❤❡ ✐♥♣✉t ✐s (w, x3, qini.q2.q3) ✇✐t❤
w : (❍✐stG → ❆❝t)V

∀
s✉❝❤ t❤❛t

w(x2)(ε) = b
w(x2)(qini.q2) = b
w(x2)(qini.q2.q3) = a

❋r♦♠ HtoG(δ) ♦♥ ♣r❡✜①❡s
♦❢ qini, q2.q3✱ ✇❡ ❜✉✐❧❞ ❛ ❧❛♥❡
lane = (qini.q2.q3, u, 2, t)

δ(GtoHpth(lane))

HtoG(δ)(w)(x3)(qini.q2.q3) = δ(GtoHpth(lane))

u

t

❖♥ H ❖♥ G

❋✐❣✉r❡ ✺✳✶✵✿ ❋r♦♠ H t♦ G ♦♥ t❤❡ ❢♦r♠✉❧❛ ∃x1. ∀x2. ∃x3. ❛ss✐❣♥(A1, x1;A2, x2;A3, x3) ϕ0✳

❲❡ ✉s❡ w0 t♦ ❜✉✐❧❞ ❛ str❛t❡❣② δ ❢♦r P∀ ✐♥ H✳ ●✐✈❡♥ ❛ ❤✐st♦r② ρ ✐♥ H ♦❢ t❤❡ ❢♦r♠

ρ := Πj<a(Π0≤i≤l(qj, dj,mj,i)).Π0≤i≤b(qa, da,ma,i)

✇❡ ❞❡✜♥❡ π = Πj≤a(qj) ❛♥❞ s❡t δ(ρ) := w0(xb+1)(η)✳
❲r✐t❡ η = (qj)j∈N ❢♦r t❤❡ ♦✉t❝♦♠❡ ♦❢ β(HtoG(δ)(w0)) ✐♥ G✳ ❚❤❡♥✱ ❜② ❝♦♥str✉❝t✐♦♥

♦❢ δ✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ δ ❛♥❞ δ ✐♥ H ✇✐❧❧ ♣❛ss t❤r♦✉❣❤ t❤❡ ❝❧✉st❡rs (qj, dj)j∈N✱ ✇✐t❤ dj t❤❡
st❛t❡ r❡❛❝❤❡❞ ❜② (qj′)j′≤j ✐♥ t❤❡ ❛✉t♦♠❛t♦♥ D ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▲❚▲ ❢♦r♠✉❧❛ ϕ✳ ◆♦✇✱
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❜❡❝❛✉s❡ ♦❢ ❋♦r♠✉❧❛ ✭✺✳✺✮✱ ✇❡ ❣❡t t❤❛t η ❞♦❡s ♥♦t s❛t✐s❢② ϕ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♦✉t❝♦♠❡ ♦❢
δ ❛♥❞ δ ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ♣❛r✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ δ ❜❡✐♥❣ t❤❡
✇✐♥♥✐♥❣ str❛t❡❣② ♦❢ P∃✳ ■♥ t❤❡ ❡♥❞✱ HtoG(δ) ♠✉st ❜❡ ❛ ✇✐t♥❡ss t❤❛t G, qini |=M(∅,∅) φ✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✺✳✹✮✱ t❤❛t ✇❡
r❡❝❛❧❧ ❜❡❧♦✇

G, qini |=
M(S,F ) φ ⇔ G, qini |=

M(∅,∅) φ ✭✺✳✹✮

❲❡ ❛ss✉♠❡ t❤❛t G, qini |=M(S,F ) φ✳ ❚✉r♥✲❜❛s❡❞ ♣❛r✐t② ❣❛♠❡s ❛r❡ ♣♦s✐t✐♦♥❛❧❧② ❞❡t❡r✲
♠✐♥❡❞✱ ♠❡❛♥✐♥❣ t❤❛t ♦♥❡ ♦❢ t❤❡ ♣❧❛②❡rs ✐s ✇✐♥♥✐♥❣ ❛♥❞ t❤❛t t❤✐s ♣❧❛②❡r ❤❛s ❛ ♣♦s✐t✐♦♥❛❧
✇✐♥♥✐♥❣ str❛t❡❣②✳ ❋✐rst ♦❢ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✱ P∃ ✐s ✇✐♥♥✐♥❣✳ ❲❡ t❤❡♥ ❧❡t δ ❜❡ ❤✐s ♣♦s✐t✐♦♥❛❧
✇✐♥♥✐♥❣ str❛t❡❣②✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✱ HtoG(δ) ✐s ❛ ✇✐t♥❡ss t❤❛t G, qini |=M(∅,∅) φ ❛♥❞
t❤❡r❡❢♦r❡ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✺✳✹✮ ♠✉st ❤♦❧❞✳ ❙❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✱ P∀
✐s ✇✐♥♥✐♥❣✳ ❚❤❡♥ ✇❡ ❞♦ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ✇✐t❤ P∀ ❛♥❞ ¬φ ❛s ✇❡ ❞✐❞ ✇✐t❤ P∃ ❛♥❞ φ✳
❲❡ ❣❡t t❤❛t G, qini |=M(∅,∅) ¬φ✱ t❤❡r❡❢♦r❡ G, qini |=M(S,F ) ¬φ✳ ◆♦✇ ❝♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤
❚❤❡♦r❡♠ ✺✳✺✱ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❤②♣♦t❤❡s✐s G, qini |=M(S,F ) φ✳ ❚❤❡r❡❢♦r❡ P∀
❝❛♥♥♦t ❜❡ ✇✐♥♥✐♥❣ ❛♥❞ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✺✳✹✮ ♠✉st ❤♦❧❞✳

❆s s❛✐❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ r✐❣❤t✲t♦✲❧❡❢t ✐♠♣❧✐❝❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❞❡✜♥✐t✐♦♥
❛♥❞ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✺✳✹✮ ✇❡ ❞❡❞✉❝❡ ❚❤❡♦r❡♠ ✺✳✶✹✳

❈♦r♦❧❧❛r② ✺✳✶✽✳ ❙▲❬✶●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s 2 ✲EXPTIME✲❝♦♠♣❧❡t❡ ❢♦r ❛♥② ♦❢ t❤❡ ❢♦✉r
s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s ✭|=M(♠,♥) ✇✐t❤ ♠ ∈ {∅, S} ❛♥❞ ♥ ∈ {∅, F}✮✳

Pr♦♦❢✳ ●✐✈❡♥ ❛ ❢♦r♠✉❧❛ φ✱ ✇❡ ❝❛♥ ❜✉✐❧❞ t❤❡ ♣❛r✐t② ❣❛♠❡ H ✐♥ t✐♠❡ 22
|P (φ)|

❢♦r s♦♠❡
♣♦❧②♥♦♠✐❛❧ P ✳ ❚❤❡ ❣❛♠❡ H ❤❛s 22

|P (φ)|
× |G| st❛t❡s ❛♥❞ 2Q(|φ|) ✐♥❞❡①❡s ❢♦r s♦♠❡ ♦t❤❡r

♣♦❧②♥♦♠✐❛❧ Q✳ ■t ❝❛♥ t❤❡♥ ❜❡ s♦❧✈❡❞ ✐♥ t✐♠❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ❛♥❞
❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡①❡s ❬✺✻❪ ✇❤✐❝❤ ❣✐✈❡s ✉s ❛ 2 ✲EXPTIME ❛❧❣♦r✐t❤♠✳

✺✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤✐❣❤❧✐❣❤t❡❞ ♣r♦❜❧❡♠s ❛❜♦✉t ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ ❙▲❬❇●❪✱ ♣r♦♣♦s❡❞ ❛ ❢r❛♠❡✲
✇♦r❦ t♦ st✉❞② t❤❡♠ ❛♥❞ ♣r❡s❡♥t❡❞ ❛ ❢❡✇ r❡s✉❧ts✳ ❚❤❡ ✇♦r❦ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r
❞r❛✇s s✐♠✐❧❛r✐t✐❡s ✐♥ s♣✐r✐t ✇✐t❤ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡✲❢r✐❡♥❞❧② ❧♦❣✐❝ ❬✸✺❪ ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡
❧♦❣✐❝ ❬✺✽❪ ✭t✇♦ ❡①t❡♥s✐♦♥s ♦❢ ❋❖ t♦ ❤❛♥❞❧❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠s✮✳ ❚❤❡ t❡♠♣♦r❛❧ ❛s♣❡❝ts
♦❢ ❙▲❬❇●❪ ❤♦✇❡✈❡r ♣✉s❤❡❞ ✉s t♦✇❛r❞ ❛ ❞✐✛❡r❡♥t ❢r❛♠❡✇♦r❦✳

❆s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✶✱ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♥❡❡❞❡❞ ❡✈❡♥ ❢♦r s✐♠♣❧❡ ❙▲❬❈●❪ ♦r
❙▲❬❉●❪ ❢♦r♠✉❧❛s✳ ❚❤❡ ❝❛s❡ ♦❢ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐s ❤♦✇❡✈❡r ❞✐✛❡r❡♥t ❛♥❞ ✇❡ ❝❛♥ r❡♠♦✈❡
s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ✇❤❡♥ ✇❡ ❢♦r❜✐❞ ❢✉t✉r❡ ♦♥❡s ✇✐t❤ ❙▲❬❈●❪ ❢♦r♠✉❧❛s✳ ❆ ❝♦♠♣✐❧❛t✐♦♥ ♦❢
♦✉r r❡s✉❧ts ♦❜t❛✐♥❡❞ s♦ ❢❛r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✶✳
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|=M(S,F )

|=M(S,∅) |=M(∅,F )

|=M(∅,∅)

6= ❙▲❬❈●❪ ✭❧❡♠ ✺✳✶✵✮
6= ❙▲❬❉●❪ ✭❧❡♠ ✺✳✾✮
= ❙▲❬✶●❪ ✭t❤♠ ✺✳✶✹✮

6= ❙▲❬❈●❪ ✭❧❡♠ ✺✳✶✵✮
6= ❙▲❬❉●❪ ✭❧❡♠ ✺✳✶✷✮
= ❙▲❬✶●❪ ✭t❤♠ ✺✳✶✹✮

= ❙▲❬❈●❪ ✭t❤♠ ✺✳✶✸✮
6= ❙▲❬❉●❪ ✭❧❡♠ ✺✳✶✷✮

6= ❙▲❬❈●❪ ✭❧❡♠ ✺✳✶✶✮∗

6= ❙▲❬❉●❪ ✭❧❡♠ ✺✳✾✮
= ❙▲❬✶●❪ ✭t❤♠ ✺✳✶✹✮

∗ : ❖♥❧② ♦♥ ❝♦♥❝✉rr❡♥t ❣❛♠❡s
❯♥❦♥♦✇♥ ♦♥ t✉r♥✲❜❛s❡❞ ❣❛♠❡s

❋✐❣✉r❡ ✺✳✶✶✿ ❚❤❡ ✐♥❝❧✉s✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ❢♦✉r s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s✳



✶✸✹



❈❤❛♣t❡r ✻

❯♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s

❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❢♦r♠✉❧❛s ♦✉ts✐❞❡ ❙▲❬✶●❪✱ ✇❡
❝❛♥ r❡♠♦✈❡ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ ❛ s✐♥❣❧❡ ❝❛s❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♥❡❡❞❡❞✳ ❚❤❡
♣r♦♦❢s ♦❢ ▲❡♠♠❛s ✺✳✾✱ ✺✳✶✵ ❛♥❞ ✺✳✶✶ ✭♣❛❣❡s ✶✷✷ t♦ ✶✷✹✮ ❧❡❛✈❡ ✉s ❧✐tt❧❡ ❤♦♣❡ t♦ ✐♠♣r♦✈❡
♦✉r r❡s✉❧ts✿ t❤❡ q✉❛♥t✐✜❡r ❜❧♦❝❦ ✐s s✐♠♣❧❡ ✭✷ ❛❧t❡r♥❛t✐♦♥s ❛t ♠♦st✮✱ t❤❡ ❣♦❛❧s ❛r❡ tr✐✈✐❛❧
✭r❡❛❝❤❛❜✐❧✐t②✮✱ t❤❡ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ✐s ❛ s✐♠♣❧❡ ❞✐s❥✉♥❝t✐♦♥ ♦❢ t✇♦ ❡❧❡♠❡♥ts ❛♥❞ t❤❡
❣❛♠❡s ❛r❡ t✉r♥✲❜❛s❡❞ ✭✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ▲❡♠♠❛ ✺✳✶✶✮✳

◆♦♥❡t❤❡❧❡ss✱ ❚❤❡♦r❡♠ ✺✳✶✸ ✭st❛t✐♥❣ t❤❛t |=M(S,∅) ❛♥❞ |=M(∅,∅) ❛r❡ ❡q✉✐✈❛❧❡♥t ♦♥ ❙▲❬❈●❪✮
s✉❣❣❡sts t❤❛t s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❡❛s✐❡r t♦ r❡♠♦✈❡ t❤❛♥ ❢✉t✉r❡ ♦♥❡s✳ ▼♦r❡♦✈❡r✱ ✐♥
▲❡♠♠❛ ✺✳✶✷ ✭s❤♦✇✐♥❣ t❤❛t |=M(S,∅) ❛♥❞ |=M(∅,∅) ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t ♦♥ ❙▲❬❉●❪✮✱ t❤❡r❡
❡①✐sts ❛ ♣♦t❡♥t✐❛❧ ✐♠♣r♦✈❡♠❡♥t✳ ❲❡ r❡❝❛❧❧ t❤❡ ❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛ ♦♥ ❋✐❣✉r❡ ✻✳✶✳

qini

a

b

p1

p2

φ := ∀y.∃z.∀xA.∀xB.





❛ss✐❣♥( , xA; , y; , z)❋ p1

∨

❛ss✐❣♥( , xB; , y; , z)❋ p2

❋✐❣✉r❡ ✻✳✶✿ ❚❤❡ ❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛ ♦❢ ▲❡♠♠❛ ✺✳✶✷✬s ♣r♦♦❢✳

❈♦♥s✐❞❡r ❛ ✈❛❧✉❛t✐♦♥ χ ✇❤❡r❡ t❤❡ str❛t❡❣✐❡s δy✱ δz✱ δxA ❛♥❞ δxB ❛r❡ ❛ss✐❣♥❡❞ r❡s♣❡❝t✐✈❡❧②
t♦ t❤❡ ✈❛r✐❛❜❧❡s y✱ z✱ xA ❛♥❞ xB✳ ■♥ t❤❡ ♣r♦♦❢✱ δz ♠✉st r❡❧② ♦♥ t❤❡ ❝❤♦✐❝❡s ♦❢ δy(qini.a)
❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ❦♥♦✇ ✇❤✐❝❤ ❣♦❛❧ ✇✐❧❧ r❡❛❝❤ qini.b✳ ❚❤✐s ✐♥❝❛♣❛❝✐t② ❢♦r ❛ str❛t❡❣② t♦
❦♥♦✇ ✇❤✐❝❤ ❣♦❛❧ ✐s ❛❝t✐✈❡ ✇❤❡♥ ♠❛❦✐♥❣ ❛ ❝❤♦✐❝❡ ✐s ♥♦t ✇✐t❤♦✉t ❝♦♥s❡q✉❡♥❝❡s✳ ■❢ ✇❡ ❛❞❞
t♦ δz t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✭t❤r♦✉❣❤ s♦♠❡ s♦rt ♦❢ ❜❧❛❝❦ ❜♦①✴♦r❛❝❧❡✮ ❛❜♦✉t t❤❡ ❝❤♦✐❝❡s ♦❢ xA
❛♥❞ xB✱ t❤❡ ❢♦r♠✉❧❛ ❜❡❝♦♠❡s tr✉❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡
q✉❛♥t✐✜❝❛t✐♦♥ ♦r❞❡r ❛♥❞ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❢♦r♠✉❧❛ ❛s

∀y.∀xA.∀xB.∃z





❛ss✐❣♥( , xA; , y; , z)❋ p1

∨

❛ss✐❣♥( , xB; , y; , z)❋ p2

❚❤❡r❡ ❛r❡ ❤♦✇❡✈❡r ❝❛s❡s ✇❤❡r❡ ✇❡ ❝♦✉❧❞ ✇❛♥t t♦ ❛❞❞ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❜✉t ❝❛♥♥♦t

✶✸✺



✶✸✻

r❡✇r✐t❡ t❤❡ ❢♦r♠✉❧❛✳ ❋♦r ❡①❛♠♣❧❡ t❛❦❡ t❤❡ ❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛ ♦❢ ❋✐❣✉r❡ ✻✳✷✳ ❖♥❡ ❝❛♥ s❡❡
t❤❛t

• t❤❡ ❢♦r♠✉❧❛ φ ❞♦❡s ♥♦t ❤♦❧❞ ✭❢♦r ❛❧❧ ❢♦✉r s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s |=M(S,∅)✱ |=M(S,F )✱
|=M(∅,F ) ❛♥❞ |=M(∅,∅)✮✳

• t❤❡ ❢♦r♠✉❧❛ ✐s st✐❧❧ ❢❛❧s❡ ❢♦r |=M(S,∅) ✇❤❡♥ ✇❡ ❛❞❞ ❛♥ ✭✐♥t✉✐t✐✈❡ ❛♥❞ ✐♥❢♦r♠❛❧✮ ♥♦t✐♦♥
♦❢ ♦r❛❝❧❡ ❣✐✈✐♥❣ t♦ y t❤❡ ❝❤♦✐❝❡s ♦❢ xA(qini) ❛♥❞ xB(qini)✳

• t❤❡ ♠♦❞✐✜❡❞ ❢♦r♠✉❧❛ ✇✐t❤ q✉❛♥t✐✜❡rs ∀xA. ∀xB. ∃y✱ ✇❤❡r❡ ∃y ✐s ♠♦✈❡❞ ❛t t❤❡ ❡♥❞ ♦❢
t❤❡ q✉❛♥t✐✜❡r ❜❧♦❝❦✱ ✐s ❤♦✇❡✈❡r tr✉❡ ❢♦r |=M(S,∅)✳ ❚❤✐s ✐s ❞✉❡ t♦ y ❤❛✈✐♥❣ ❦♥♦✇❧❡❞❣❡
♦❢ xA(qini.a) ❛♥❞ xB(qini.a)✳

qini

a

b p1

p2
φ := ∃y.∀xA.∀xB









❛ss✐❣♥( , xA; , y)❳ a

⇔

❛ss✐❣♥( , xB; , y)❳ a

∨



❛ss✐❣♥( , xA; , y)❋ p2

⇔

❛ss✐❣♥( , xB; , y)❋ p2

❋✐❣✉r❡ ✻✳✷✿ ❆ ❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛ ✇❤❡r❡ ✇❡ ❝❛♥♥♦t r❡♦r❞❡r t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s

❘❡✇r✐t✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❛❞❞s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t♦ y t❤❛♥ ✇❤❛t ✇❡ ✇❛♥t✳ ❚❤❡ q✉❛♥t✐✜❝❛t✐♦♥
♦r❞❡r ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t❡♠♣♦r❛❧✐t② t❤❛t ❛ str❛t❡❣② ❤❛s r❡❧❛t✐✈❡❧② t♦ t❤❡ ❣❛♠❡✿
xA ❛♥❞ xB ❛r❡ ♥♦t ♦♥❧② ✐♥t❡r❡st✐♥❣ ♦♥ qini ❜✉t ❛❧s♦ ♦♥ qini.a✱ ❛♥❞ ♠♦❞✐❢②✐♥❣ t❤❡ ♦r❞❡r ♦❢
t❤❡ q✉❛♥t✐✜❡rs ♠❡❛♥s ♠♦❞✐❢②✐♥❣ t❤❡ ♦r❞❡r ♦♥ ❜♦t❤ qini ❛♥❞ qini.a✳ ❚❤❡r❡❢♦r❡✱ r❡♦r❞❡r✐♥❣
t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ✐s ♥♦t ❛ s✉✣❝✐❡♥t s♦❧✉t✐♦♥✳

❋♦r ❛ str❛t❡❣② δ tr②✐♥❣ t♦ ♠❛❦❡ ❛ ❝❤♦✐❝❡ ♦♥ ❛ ❤✐st♦r② ρ✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✇❤✐❝❤
❣♦❛❧s ❛r❡ st✐❧❧ ❛❝t✐✈❡ ♦♥ ρ ❝❛♥ ❜❡ ❛❞❞❡❞ ❜② ♠❛❦✐♥❣ ❛✈❛✐❧❛❜❧❡ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ❜② ❛❧❧
t❤❡ ❛❝t✐✈❡ str❛t❡❣✐❡s ♦♥ ♣r❡✜①❡s ♦❢ ρ✳ ❚❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r ❡①♣❧♦r❡s t❤✐s ✐❞❡❛❀ ❢♦r t❤✐s
✇❡ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s ❢r❛♠❡✇♦r❦ ❛♥❞ ✜♥❞ ✇❤❡♥ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ ❛
s✐♠✐❧❛r ❢❛s❤✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳

✻✳✶ ❊①t❡♥❞✐♥❣ t❤❡ ❝✉rr❡♥t ❢r❛♠❡✇♦r❦

❲❡ ♣r♦❝❡❡❞ ❜② ❛❞❞✐♥❣ ❛ ♥❡✇ ❦✐♥❞ ♦❢ ✐♥✢✉❡♥❝❡✿ ✉♥♦r❞❡r❡❞ ♣r❡✜① ✶✳ ■t ❛♣♣❡❛rs ✇❤❡♥ ❛
str❛t❡❣② y ♦♥ ❤✐st♦r② π ✇✐s❤❡s t♦ ❤❛✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❝❤♦✐❝❡s ♠❛❞❡ ♦♥ ❛♥② str✐❝t
♣r❡✜① ♦❢ π ❜② str❛t❡❣✐❡s q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ y ❜✉t ❛❧s♦ ❢r♦♠ str❛t❡❣✐❡s q✉❛♥t✐✜❡❞ ❛❢t❡r y✳

✶✏❯♥♦r❞❡r❡❞ ♣r❡✜①✑ ❛s ✇❡ ❛❞❞ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ str❛t❡❣✐❡s ♦♥ ❛❧❧ ♣r❡✜①❡s ♦❢ t❤❡ ❝✉rr❡♥t ❤✐st♦r② ✱
♥♦ ♠❛tt❡r t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s



✶✸✼

❘❡♠❛r❦ ✻✳✶✳ ❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ❜② ❛❧❧ str❛t❡❣✐❡s ♦♥ ♣r❡✜①❡s ♦❢ t❤❡
❝✉rr❡♥t ❤✐st♦r② π ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛❞❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t ✇❤✐❝❤ ♦❜❥❡❝t✐✈❡s ❛r❡ ♦♥ π ❛♥❞
✇❤✐❝❤ ♦♥❡s ❤❛✈❡ ❞❡✈✐❛t❡❞ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❛ ❢✉❧❧ ✈❛❧✉❛t✐♦♥
χ ❛♥❞ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ✳ ❲✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ χ|Pr❡❢<ρ

✱ ❢♦r ❡❛❝❤ ❛ss✐❣♥♠❡♥t β ✇❡ ❝❛♥
❝❤❡❝❦ ❜② ❛ st❡♣ ❜② st❡♣ ♣r♦❝❡❞✉r❡ t❤❛t π ✐s ❛ ♣r❡✜① ♦❢ ♦✉t(β(χ), π(1))✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t
✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ ♦❜❥❡❝t✐✈❡s t❤❛t ❞❡✈✐❛t❡❞ ✐s ♥♦t ❦♥♦✇♥ ✭s❡❡ ❋✐❣✉r❡ ✻✳✸✮✳

❊①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r

❝♦♠♠♦♥ t♦ ❛❧❧ ❝♦♠♣♦♥❡♥ts

P♦ss✐❜❧❡ ❢❛✐❧✉r❡ C1

P♦ss✐❜❧❡ ❢❛✐❧✉r❡ C2

❈♦rr❡❝t✐♦♥ C3

❋✐❣✉r❡ ✻✳✸✿ ❚❤❡ ❝♦♠♣♦♥❡♥t C3 ❤❛s ❦♥♦✇❧❡❞❣❡ ♦❢ C1 ❛♥❞ C2 ❢❛✐❧✉r❡s ❛♥❞ ❛❝ts ❛❝❝♦r❞✐♥❣❧②✳

■♥ ❛ ✇❛②✱ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ♠❛❦❡ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡ ❣❛♠❡ ♠♦r❡ ✐♠♣♦r✲
t❛♥t t❤❛♥ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✿ ❛s ✇❡ ♠♦✈❡ t❤r♦✉❣❤ t❤❡ ❣❛♠❡✱ ❦♥♦✇❧❡❞❣❡
♦❢ ♣r❡✈✐♦✉s st❡♣s ♠✉st ❜❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡✐r ❡♥t✐r❡t② ✭✇❤❛t❡✈❡r t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥✲
t✐✜❝❛t✐♦♥s✮ t♦ t❤❡ s②st❡♠ s♦ ✐t ❝❛♥ ♠❛❦❡ ✐ts ❝❤♦✐❝❡✳ ❚❤✐s ❛❞❞s ✉♣ t♦ s✐❞❡ ❛♥❞ ❢✉t✉r❡
❞❡♣❡♥❞❡♥❝✐❡s✳

❲❡ ✉♣❞❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♠❛♣s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ❲❡ r❡✉s❡ t❤❡ ♥♦t❛t✐♦♥s ℘ ❢♦r
t❤❡ ❜❧♦❝❦ ♦❢ q✉❛♥t✐✜❡rs ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ V ❢♦r t❤❡ ✈❛r✐❛❜❧❡s ♦❢ ℘✱ V∀ ❢♦r t❤❡ ✈❛r✐❛❜❧❡s
♦❢ V ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ✐♥ ℘ ❛♥❞ V∃ ❢♦r t❤❡ ♦♥❡s ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞✳ ❲❡ r❡❝❛❧❧
t❤❛t ❛ ℘✲♠❛♣ ✭♦r s✐♠♣❧② ♠❛♣ ✇❤❡♥ ℘ ✐s ❝❧❡❛r ♦❢ ❝♦♥t❡①t✮ ✐s ❛ ❢✉♥❝t✐♦♥

θ : (❍✐st→ ❆❝t)V
∀

→ (❍✐st→ ❆❝t)V ♦r ❡q✉✐✈❛❧❡♥t❧② θ : (V∀ → ❙tr❛t)→ (V → ❙tr❛t)

✇✐t❤ θ(w)(xi)(ρ) = w(xi)(ρ) ❢♦r ❛♥② w : (❍✐st → ❆❝t)V
∀
✱ ❛♥② ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞

✈❛r✐❛❜❧❡ xi ∈ V∀ ❛♥❞ ❛♥② ❤✐st♦r② ρ✳
❆s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ ❝❛♥ ❢♦r❝✐❜❧② r❡♠♦✈❡ s♦♠❡ ❣✐✈❡♥ ❞❡♣❡♥❞❡♥❝✐❡s ❜② ❛♣♣❧②✐♥❣

r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♠❛♣s✳ ❲❡ r❡✉s❡ t❤❡ ❢♦✉r ❝♦♥❞✐t✐♦♥s C(Local)✱ C(∅)✱ C(S) ❛♥❞ C(F )
❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ❛♥❞ ❞❡✜♥❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♦♥❡ C(P ) ❢♦r ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥✲
❝✐❡s✳

• C(∅)✿ ❡♠♣t② ❝♦♥❞✐t✐♦♥ ✭❛❧✇❛②s s❛t✐s✜❡❞✮

• C(Local)✿ w1 ❛♥❞ w2 ❝♦✐♥❝✐❞❡ ♦♥ V∀ ∩ [x1; xi−1] ❛♥❞ ♦♥ ρ✱ ✐✳❡✳
∀y ∈ V∀ ∩ [x1; xi−1]. ∀µ ≤ ρ w1(y)(µ) = w2(y)(µ)

• C(S)✿ w1 ❛♥❞ w2 ❝♦✐♥❝✐❞❡ ♦♥ V∀ ∩ [x1; xi−1] ❛♥❞ ♦♥ s✐❞❡ ❤✐st♦r✐❡s ♦❢ ρ ✭s✐❞❡✮✱ ✐✳❡✳
∀y ∈ V∀ ∩ [x1; xi−1]. ∀µ ❝♦✉♥t❡r✲❢❛❝t✉❛❧ ♦❢ ρ w1(y)(µ) = w2(y)(µ)

• C(F )✿ w1 ❛♥❞ w2 ❝♦✐♥❝✐❞❡ ♦♥ V∀ ∩ [x1; xi−1] ❛♥❞ ♦♥ ❡①t❡♥s✐♦♥s ♦❢ ρ ✭❢✉t✉r❡✮✱ ✐✳❡✳
∀y ∈ V∀ ∩ [x1; xi−1]. ∀µ ❡①t❡♥s✐♦♥ ♦❢ ρ w1(y)(µ) = w2(y)(µ)
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♣r❡✜①❡s
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♣ q

∃ x2

♣ q
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❋✐❣✉r❡ ✻✳✹✿ ❚❤❡ ❢♦✉r ❦✐♥❞s ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s



✶✸✾

• C(P )✿ θ(w1) ❛♥❞ θ(w2) ❝♦✐♥❝✐❞❡ ♦♥ str✐❝t ♣r❡✜①❡s ♦❢ ρ ✭✉♥♦r❞❡r❡❞ ♣r❡✜①✮✱ ✐✳❡✳
∀µ < ρ. ∀y ∈ V θ(w1)(y)(µ) = θ(w2)(y)(µ)

❲❡ ❝❛♥ r❡❞❡✜♥❡ t❤❡ t②♣❡ ♦❢ ♠❛♣s ♦❢ ❙❡❝t✐♦♥ ✺✳✷✱ t♦ ✇❤✐❝❤ ✇❡ ❛❞❞ t❤❡ ♣❛r❛♠❡t❡r P t♦
s✐❣♥✐❢② t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✳ ❋♦r♠❛❧❧② ❛M(♠,♥, P ) ♠❛♣ ✐s ❛
♠❛♣ s✉❝❤ t❤❛t

∀ρ ∈ ❍✐st, ∀xi ∈ V

∀w1, w2 : (V
∀ → ❙tr❛t)

} ( C(Local) ∧ C(♠)
∧ C(♥) ∧ C(P )

)
⇒ θ(w1)(xi)(ρ) = θ(w2)(xi)(ρ)

❚♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥✱ ✇❡ ❛❧s♦ r❡♥❛♠❡ t❤❡ ❢♦✉r ♠❛♣s (M(♠,♥))♠∈{∅,S},♥∈{∅,F} ♦❢ ❙❡❝✲
t✐♦♥ ✺✳✷ ❜② (M(♠,♥, ∅))♠∈{∅,S},♥∈{∅,F} t♦ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❧❛❝❦ ♦❢ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡✲
♣❡♥❞❡♥❝✐❡s✳

❚❤❡ ♥❡✇ ❝♦♥❞✐t✐♦♥ t♦ ❤❛♥❞❧❡ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s

∀µ < ρ. ∀y ∈ V θ(w1)(y)(µ) = θ(w2)(y)(µ)

✐s ❛ ❢♦r♠❛❧ ✇❛② t♦ ✐♥❞✐❝❛t❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t ❛❧❧ str❛t❡❣✐❡s ♣❧❛②❡❞ ♦♥ ♣r❡✜①❡s ♦❢ ρ✿
✉♣♦♥ t✇♦ ❡♥tr✐❡s w1, w2✱ t❤❡ ❝❤♦✐❝❡s ♦❢ ❛♥ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣② xj ❝❛♥ ❞✐✛❡r
❜❡t✇❡❡♥ θ(w1)(xj)(ρ) ❛♥❞ θ(w2)(xj)(ρ) ♦♥❧② ✐❢ ❛t s♦♠❡ ♣r❡✜① µ ♦❢ ρ✱ θ(w1) ❛♥❞ θ(w2) ❣✐✈❡
t✇♦ ❞✐✛❡r❡♥t ♦✉t♣✉ts✳

❆s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ♣❡r ❦✐♥❞ ♦❢ ♠❛♣✳ ●✐✈❡♥
❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ (Qixi)i≤l ξ

(
βjϕj

)
j≤n

✐♥ ❙▲❬❇●❪✱ ✇❡ s❡t

G, q |=M(♠,♥,♣) (Qixi)i≤l ξ
(
βjϕj

)
j≤n

⇔





∃θ ∈M(♠,♥,♣)

∀w : (V∀ → ❙tr❛tV)

G, q |=θ(w) ξ
(
βjϕj

)
j≤n

❆ ♥♦t❡ ♦♥ ♦t❤❡r ❢r❛♠❡✇♦r❦s

■♥ ❙❡❝t✐♦♥ ✺✳✷✳✺✱ ✇❡ ❡①♣❧❛✐♥❡❞ ✇❤② ✇❡ ❝❤♦s❡ t♦ ✉s❡ ♠❛♣s✳ ❆♥♦t❤❡r r❡❛s♦♥ ❢♦r ♠❛♣s
✐s t❤❛t t❤❡② ♥❛t✉r❛❧❧② ❛❞❛♣t t♦ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛❝t✐♦♥s ♦♥ t❤❡ ♣❛t❤s✳ ❚❤✐s ✐s ♥♦t t❤❡
❝❛s❡ ♦❢ ❛❧❧ ❢r❛♠❡✇♦r❦s❀ ❝♦♥s✐❞❡r ♦♥❡ ✇❤❡r❡ t❤❡ ✉♥✐✈❡rs❛❧ ❛♥❞ ❡①✐st❡♥t✐❛❧ str❛t❡❣✐❡s ❛r❡
tr❡❛t❡❞ ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r ✭❛s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❡♠❛♥t✐❝ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✶✮✳ ❚❤✐s
❢r❛♠❡✇♦r❦ ❝♦✉❧❞ ♥♦t ❤❛♥❞❧❡ ♠♦r❡ t❤❛♥ ♦♥❡ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥ ✇✐t❤♦✉t r✉♥♥✐♥❣ ✐♥t♦
❛ ♣❛r❛❞♦①✳ ❋✐❣✉r❡ ✻✳✺ ♣r❡s❡♥ts t❤❡ ♣r♦❜❧❡♠✿ t♦ ❞❡✜♥❡ x2(qini.a) ✇❡ ♥❡❡❞ x1(qini.a.p)✱ t♦
❞❡✜♥❡ x1(qini.a.p) ✇❡ ♥❡❡❞ x4(qini.a) t❤✉s ❛❧s♦ x3(qini.a) ❛♥❞ x2(qini.a)❀ ✇❡ ❧♦♦♣ ✐♥❞❡✜♥✐t❡❧②✳
❚❤✐s ✐s ❞✉❡ t♦ t❤❡ t✇♦ t✐♠❡❧✐♥❡s✿ ❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛✳ ❚❤❡ ❢r❛♠❡✇♦r❦ t❤❡r❡❢♦r❡ ♠✉st ❢♦❧❧♦✇
♦♥❡ ♦❢ t❤r❡❡ ♦♣t✐♦♥s✿

• t❤❡ ✉♥✐✈❡rs❛❧ str❛t❡❣✐❡s ❛r❡ ♥♦t tr❡❛t❡❞ ❡q✉❛❧❧② t♦ t❤❡ ❡①✐st❡♥t✐❛❧ ♦♥❡s✳

• ♣r✐✈✐❧❡❣❡ t❤❡ t✐♠❡❧✐♥❡ ♦❢ q✉❛♥t✐✜❝❛t✐♦♥s✿ ✐♥ ❝❛s❡ ♦❢ ❧♦♦♣✱ s✉♣♣r❡ss ✉♥♦r❞❡r❡❞ ♣r❡✜①
❞❡♣❡♥❞❡♥❝✐❡s

• ♣r✐✈✐❧❡❣❡ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡ ❣❛♠❡✿ ✐♥ ❝❛s❡ ♦❢ ❧♦♦♣✱ s✉♣♣r❡ss s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥✲
❞❡♥❝✐❡s✳
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✉♥♦r❞❡r❡❞ ♣r❡✜①

❋✐❣✉r❡ ✻✳✺✿ ❲❤② ❝❛♥✬t ❜♦t❤ ✉♥✐✈❡rs❛❧ ❛♥❞ ❡①✐st❡♥t✐❛❧ str❛t❡❣✐❡s ❜❡ tr❡❛t❡❞ ❡q✉❛❧❧② ✇❤❡♥
♠❛❦✐♥❣ ❛✈❛✐❧❛❜❧❡ ❛❧❧ t❤❡ ❛❝t✐♦♥s✳

❖✉r ❢r❛♠❡✇♦r❦ ✭♠❛♣s✮ ❢♦❧❧♦✇ t❤❡ ✜rst ❝❤♦✐❝❡✿ t❤❡ ✉♥✐✈❡rs❛❧ str❛t❡❣✐❡s ❛r❡ ❛❧❧ q✉❛♥t✐✜❡❞
❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛s ❛ ❜❧♦❝✳ ■♥ ❋✐❣✉r❡ ✻✳✺✱ ✇❡ ❛s❦ ❢♦r ❛ ♠❛♣ θ t❤❛t r❡❝❡✐✈❡ ❜♦t❤ x1 ❛♥❞
x3 ❛t t❤❡ s❛♠❡ t✐♠❡❀ t❤❡ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ♦❢ x3 ♦♥ x2 ❞✐s❛♣♣❡❛rs t❤✉s ❜r❡❛❦✐♥❣ t❤❡ ❧♦♦♣✳

✻✳✷ ❚❤❡ ♥❡❣❛t✐♦♥ ♣r♦❜❧❡♠

✻✳✷✳✶ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ❜♦t❤ ❤♦❧❞ ♦♥ ❛
❣❛♠❡ ❄

qini

q2 q3

p1 p2 p3 p4

❋✐❣✉r❡ ✻✳✻✿ ❆ ❣❛♠❡ G

❙✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜♦t❤ ❢♦❧❧♦✇ t❤❡ ♦r❞❡r ♦❢ q✉❛♥✲
t✐✜❝❛t✐♦♥s ❛♥❞ ♦✈❡rr✐❞❡ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡ ❣❛♠❡ ✭♦♠♥✐✲
s❝✐❡♥❝❡ ❛❜♦✉t t❤❡ ❢✉t✉r❡✮❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✉♥♦r❞❡r❡❞
♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ❢♦❧❧♦✇ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡ ❣❛♠❡ ❜✉t
♦✈❡rr✐❞❡ ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ✭♦♥❝❡
❛❣❛✐♥ s❡❡ ❋✐❣✉r❡ ✻✳✹✮✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ✭❛❜♦✉t ✇❤✐❝❤ t✐♠❡❧✐♥❡
t♦ ♦✈❡rr✐❞❡✮ ❜❡t✇❡❡♥ s✐❞❡✴❢✉t✉r❡ ❛♥❞ ✉♥♦r❞❡r❡❞ ♣r❡✜① ✐♥✲
✢✉❡♥❝❡s ✐s ♥♦t ✇✐t❤♦✉t ❝♦♥s❡q✉❡♥❝❡s✳ ❲❡ ✜♥❞ ♦✉rs❡❧✈❡s ✐♥
❛ s✐t✉❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ❛❧♦♥❣ ❙❡❝t✐♦♥s ✺✳✷✳✹
❛♥❞ ✺✳✷✳✺ ✭♣❛❣❡s ✶✶✽ ❛♥❞ ✶✷✵✮✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♦❞❞ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ✭s②♥t❛❝t✐❝✮ ♥❡❣❛✲
t✐♦♥ r❡s✉❧ts ❢r♦♠ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✐♥♣✉ts ✭✐♥ t❤❡ q✉❛♥t✐✜❡r ❜❧♦❝❦ ❛♥❞ ✐♥ t❤❡
❞❡♣❡♥❞❡♥❝② ♣❛r❛♠❡t❡rs✮✳

▲❡♠♠❛ ✻✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❣❛♠❡ G✱ ❛ st❛t❡ q ♦❢ G ❛♥❞ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ s✉❝❤ t❤❛t

G, qini |=
M(S,F,P ) φ ❛♥❞ G, qini |=

M(S,F,P ) ¬φ

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ t✉r♥✲❜❛s❡❞ ❣❛♠❡ ♦♥ ❋✐❣✉r❡ ✻✳✻ ✇✐t❤ t✇♦ ❛❣❡♥ts ❛♥❞ ✱ ❛♥❞ φ
t❤❡ ❙▲❬❇●❪ ❢♦r♠✉❧❛ ❜❡❧♦✇✳

φ := ∀x1.∃y1.∃y2.∃x2





❛ss✐❣♥( , y1; , x1)❋ p2 ⇒ ❛ss✐❣♥( , y2; , x2)❋ p1

∧

❛ss✐❣♥( , y1; , x1)❋ p3 ⇒ ❛ss✐❣♥( , y2; , x2)❋ p4
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ r❡❣r♦✉♣ t❤❡ ❢♦✉r q✉❛♥t✐✜❝❛t✐♦♥s ✐♥ t❤❡ ✉s✉❛❧ ♥♦t❛t✐♦♥ ℘✳ ❲❡ ❛❧s♦
✇r✐t❡ ψ1 ❢♦r t❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥ ❛♥❞ ψ2 ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t

∃θ ∈M(S, F, P ) ∀w : (❍✐stG → ❆❝t)V
∀

G, qini |=θ(w) ψ1 ∧ ψ2 ✭✻✳✶✮

❈♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ w : (❍✐stG → ❆❝t){x1} ❛s ✐♥♣✉t✳ ❚♦ ❜✉✐❧❞ θ✱ ✇❡ ❞❡❝♦♠♣♦s❡ ❜②
❝❛s❡s ❜❛s❡❞ ✉♣♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ x1 ♦♥ t❤❡ ❤✐st♦r② qini.q2✳

• ■❢ w(x1)(qini.q2) = p2 t❤❡♥ ❜♦t❤ y1(qini) ❛♥❞ y2(qini) ♣❧❛② t♦ q2 ✇❤✐❧❡ x2(qini.q2) ♣❧❛②s
t♦ p1✳ ❚❤✐s ❡♥s✉r❡s t❤❛t t❤❡ ♦✉t❝♦♠❡s ♦❢ { → x1; → y1} ❛♥❞ { → x2; →
y2} ✇✐❧❧ r❡s♣❡❝t✐✈❡❧② s❡❡ p2 ❛♥❞ p1✱ ❡♥s✉r✐♥❣ G, qini |=θ(w) ψ1 ∧ ψ2✳ ◆♦t❡ t❤❛t y1 ❛♥❞
y2 ✉s❡ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s t♦ ❣❛t❤❡r ❦♥♦✇❧❡❞❣❡ ♦❢ w(x1)(qini.q2)✳

• ■❢ w(x1)(qini.q2) = p3 t❤❡♥ y1(qini) ♣❧❛②s t♦ q2✱ y2(qini) ♣❧❛② t♦ q3 ❛♥❞ x2(qini.q3)
♣❧❛②s t♦ p4✳ ❚❤❡ ♦✉t❝♦♠❡s ♦❢ { → x1; → y1} ❛♥❞ { → x2; →
y2} ✇✐❧❧ r❡s♣❡❝t✐✈❡❧② s❡❡ p3 ❛♥❞ p4✱ ❡♥s✉r✐♥❣ G, qini |=θ(w) ψ1 ∧ ψ2✳ ❇❡s✐❞❡ ❢✉t✉r❡
❞❡♣❡♥❞❡♥❝✐❡s ❢r♦♠ y1 ❛♥❞ y2 ♦♥ w(x1)(qini.q2)✱ ✇❡ ❛❧s♦ ❤❛✈❡ ❛ s✐❞❡ ❞❡♣❡♥❞❡♥❝② ❢r♦♠
x2 ♦♥ w(x1)(qini.q2)✳

• ■❢ w(x1)(qini.q2) = p1 t❤❡♥ ♥♦ ♠❛tt❡r ✇❤❛t x2, y1, y2 ♣❧❛②✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ { →
x1; → y1} ✇✐❧❧ s❡❡ ♥❡✐t❤❡r p2 ♥♦r p3✱ ❡♥s✉r✐♥❣ G, qini |=θ(w) ψ1 ∧ ψ2✳

❲❡ ❝❛♥ t❤❡♥ ♠❡r❣❡ ❛❧❧ t❤r❡❡ ❝❛s❡s ✐♥t♦ ❛ s✐♥❣❧❡M(S, F, ∅) ♠❛♣ t♦ ❡♥s✉r❡ t❤❛t ✭✻✳✶✮
❤♦❧❞s✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t✱ ✇r✐t✐♥❣ ℘ := ∃x1. ∀y1. ∀y2. ∀x2✱

∃θ ∈M(S, F, P ) ∀w : (❍✐stG → ❆❝t){y1,y2,x2} G, qini |=θ(w) ¬ψ1 ∨ ¬ψ2 ✭✻✳✷✮

❆s ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛M(S, F, P ) ♠❛♣✱ t♦ ❞❡❝✐❞❡ t❤❡ ❛❝t✐♦♥ ♦❢ x1 ♦♥ qini.q2 ♦r qini.q3✱
✇❡ ♠❛② ❛ss✉♠❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t y1, y2 ♣❧❛②❡❞ ♦♥ qini✳ ❆❣❛✐♥ ✇❡ ♣r♦❝❡❡❞ ❜② ❝❛s❡s✳

• ■❢ y2 ♣❧❛②s t♦ q2 t❤❡♥ x1(qini.q2) = x1(qini.q3) := p3✱ t❤✐s ♠❛❦❡s t❤❡ ♦✉t❝♦♠❡ ♦❢
{ → x1; → y1} s❡❡ p3 ✇❤✐❧❡ t❤❡ ❝❤♦✐❝❡s ♦❢ y2 ❡♥s✉r❡ t❤❛t { → x2; → y2}
✇✐❧❧ ♥♦t s❡❡ p4 t❤✉s G, qini |=θ(w) ¬ψ1 ∨ ¬ψ2✳

• ❙✐♠✐❧❛r❧②✱ ✐❢ y2 ♣❧❛②s t♦ q3 t❤❡♥ ❝❤♦♦s✐♥❣ x1(qini.q2) = x1(qini.q3) = p2 ❡♥s✉r❡s
G, qini |=θ(w) ¬ψ1 ∨ ¬ψ2✳

❆❣❛✐♥✱ ♠❡r❣✐♥❣ t❤❡ ❝❛s❡s ✐♥t♦ ❛ s✐♥❣❧❡M(∅, ∅, P ) ♠❛♣ ✇❡ ❣❡t t❤❛t ✭✻✳✷✮ ❤♦❧❞s✳

■♥ ❛ s❡♥s❡✱ t❤❡ ✜rst ❛♠♦♥❣ {x1} ❛♥❞ {x2, y1, y2} t♦ ❞❡❝❧❛r❡ ✐ts ❝❤♦✐❝❡s ✇✐❧❧ ❧♦s❡✳ ■♥ t❤❡
s♣✐r✐t ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳✹✱ ▲❡♠♠❛ ✻✳✷ s❤♦✇s t❤❛t ✇❤❛t ✇❡ ❝♦✉❧❞ ❡①♣❡❝t t♦ ❜❡ t❤❡ s②♥t❛❝t✐❝
♥❡❣❛t✐♦♥ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❡♠❛♥t✐❝ ♥❡❣❛t✐♦♥✳ ❚❤✐s ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ ❛
❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ r❛✐s❡s ❛♥ ♦❜✈✐♦✉s q✉❡st✐♦♥✿ ❢♦r ✇❤✐❝❤ ❢♦r♠✉❧❛s φ ∈ ❙▲❬❇●❪ ❝❛♥
✇❡ ❡♥s✉r❡ t❤❛t✱ ✇❤❛t❡✈❡r t❤❡ ❣❛♠❡ G✱

G, qini |=
M(♠,♥,♣) (Qixi)i≤l ξ(βjϕj)j≤n ⇒ G, qini 6|=

M(♠,♥,♣) (Qixi)i≤l ¬ξ(βjϕj)j≤n
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✇❤❡r❡ ♠ ∈ {∅, S}✱ ♥ ∈ {∅, F} ❛♥❞ ♣ ∈ {∅, P}❄
❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ t❤✐s ✐s ❛❧r❡❛❞② t❤❡ ❝❛s❡ ❢♦r M(∅, ∅, ∅)✱ M(∅, F, ∅)✱

M(S, ∅, ∅) ❛♥❞ M(S, F, ∅)✳ ❚❤❡ t✇♦ ❧❡♠♠❛s ❛♥❞ t❤❡♦r❡♠ ❜❡❧♦✇ ❝♦♠♣❧❡t❡ t❤❡ ❛♥s✇❡r✳
❲❡ ♣r♦✈✐❞❡ ♦♥❧② ❛ s❦❡t❝❤ ♦❢ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✸ ❛♥❞ ♠♦✈❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✹ ✐♥
❛♥♥❡① ✻✳❆ ✭♣❛❣❡ ✶✺✸✮✳

▲❡♠♠❛ ✻✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡s qini ❛♥❞ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ s✉❝❤
t❤❛t

G, qini |=
M(∅,F,P ) φ ❛♥❞ G, qini |=

M(∅,F,P ) ¬φ

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ t❛❦✐♥❣ t❤❡ ❢♦r♠✉❧❛ φ ❞❡✜♥❡❞ ❜❡❧♦✇ ❛♥❞ ✉s❡ ✐t ♦✈❡r
t❤❡ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✺✳✼❛ ✭♣❛❣❡ ✶✷✸✮✳

φ := ∀y. ∃xA. ∀xB.
(
❛ss✐❣♥( , y; , xA). ❋ p1 ∨ ❛ss✐❣♥( , y; , xB). ❋ p2

)

❚❤❡♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❜✉✐❧❞ t✇♦ ✇✐t♥❡ss❡s t♦ ❡♥s✉r❡ t❤❛t ❜♦t❤ G, qini |=M(∅,F,P ) φ ❛♥❞
G, qini |=

M(∅,F,P ) ¬φ✳

▲❡♠♠❛ ✻✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡s qini ❛♥❞ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ s✉❝❤
t❤❛t

G, qini |=
M(S,∅,P ) φ ❛♥❞ G, qini |=

M(S,∅,P ) ¬φ

◆♦t❡ t❤❛t ✇❤✐❧❡ ❜♦t❤ ▲❡♠♠❛s ✻✳✸ ❛♥❞ ✻✳✹ ✐♠♣❧② ▲❡♠♠❛ ✻✳✷✱ ▲❡♠♠❛ ✻✳✷ ❤❛s t❤❡ ♠❡r✐t
♦❢ ✉s✐♥❣ ❛❧❧ t❤r❡❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ |=M(S,F,P ) s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ♦♥
|=M(S,F,P ) ✐s ♥♦t ❛ ❣✐♠♠✐❝❦ ❤❡r✐t❛❣❡ ❢r♦♠ t❤❡ ♦t❤❡r r❡❧❛t✐♦♥s✳

❚❤❡♦r❡♠ ✻✳✺✳ ❋♦r ❛♥② ❣❛♠❡ G✱ ❛♥② ✐♥✐t✐❛❧ st❛t❡ qini✱ ❛♥② ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ✐t ❤♦❧❞s

G, qini |=
M(∅,∅,P ) φ ⇒ G, qini 6|=

M(∅,∅,P ) ¬φ

Pr♦♦❢✳ ❚❤❡ ✐❞❡❛✱ s✐♠✐❧❛r❧② t♦ ✇❤❛t ✇❡ ❡①♣❧❛✐♥❡❞ ❛❢t❡r ❚❤❡♦r❡♠ ✺✳✺ ✭♣❛❣❡ ✶✶✼✮✱ ✐s t♦
❛ss✉♠❡ t❤❛t ❜♦t❤ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ❤♦❧❞ ♦♥ t❤❡ s❛♠❡ ❣❛♠❡ ❢r♦♠ t❤❡ s❛♠❡
st❛t❡✱ t♦ ❞❡❞✉❝❡ t✇♦ ✇✐t♥❡ss❡s ❛♥❞ t♦ ❝♦♥❢r♦♥t t❤❡♠✳ ❚❤❡ ♦♥❧② ❝❤❛♥❣❡ ❧✐❡s ✐♥ t❤❡ ✇❛②
✇❡ ❝♦♥❢r♦♥t t❤❡ ♠❛♣s ❛s t❤❡✐r ♥❛t✉r❡ ❤❛s ❝❤❛♥❣❡❞✳ ❋✐rst✱ ✇❡ ✇r✐t❡ V := {xi | i ≤ n}✱
V∃ := {xi | Qi = ∃} ❛♥❞ V∀ := {xi | Qi = ∀}✳ ◆♦✇✱ ❛ss✉♠❡ t❤❛t ❜♦t❤ ❢♦r♠✉❧❛s ❜❡❧♦✇
❤♦❧❞✿

G, qini |=
M(∅,∅,P ) (Qixi)i≤l ξ(βjϕj)j≤n and G, qini |=

M(∅,∅,P ) (Qixi)i≤l ¬ξ(βjϕj)j≤n

❲❡ t❤❡♥ ❤❛✈❡ t✇♦M(∅, ∅, P ) ♠❛♣s θ ❛♥❞ θ s✉❝❤ t❤❛t

∀w : (❍✐stG → ❆❝t)V
∀

G, qini |=θ(w) ξ(βjϕj)j≤n ✭✻✳✸✮

∀w : (❍✐stG → ❆❝t)V
∃

G, qini |=θ(w) ¬ξ(βjϕj)j≤n ✭✻✳✹✮

❲❡ ❝♦♥❢r♦♥t θ ✇✐t❤ θ t♦ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✿ ✇❡ ❜✉✐❧❞ ❛ ✈❛❧✉❛t✐♦♥ χ ♦❢ ❞♦♠❛✐♥ V
✐♥❞✉❝t✐✈❡❧② ✭❋✐❣✉r❡ ✻✳✼ ❣✐✈❡s ❛♥ ✐♥t✉✐t✐♦♥✮✿



✶✹✸

θ(x1) : (❍✐stG → ❆❝t) θ(x2) θ(x3) θ(x4)

. . .

❇✉✐❧❞✐♥❣ t❤❡ ✈❛❧✉❛t✐♦♥ χ

❋✐❣✉r❡ ✻✳✼✿ ❍♦✇ t♦ ❝♦♥❢r♦♥t θ ❛♥❞ θ✱ t✇♦M(∅, ∅, P ) ♠❛♣s

• ❝♦♥s✐❞❡r t❤❡ ❡♠♣t② ❤✐st♦r② ε✳ ❋♦r ❛♥② xi ∈ V ❛♥❞ ❤❛✈✐♥❣ ❜✉✐❧❞ χ ♦♥ ε ❢♦r ❛♥② xi′
✇❤❡r❡ i′ < i✱ t❤❡♥

✕ ✐❢ xi ∈ V∃✱ ✇❡ s❡t χ(xi)(ε) := θ(
⋃
i′<i χ|ε and xi′ )(xi)(ε)

✕ ✐❢ xi ∈ V∀✱ ✇❡ s❡t χ(xi)(ε) := θ(
⋃
i′<i χ|ε and xi′ )(xi)(ε)

❇❡❝❛✉s❡ θ ❛♥❞ θ ❛r❡M(∅, ∅, P )♠❛♣s✱ ❢❡❡❞✐♥❣ t❤❡♠ ✇✐t❤
⋃
i′<i χ|ε and xi′ ✐s s✉✣❝✐❡♥t✳

• ❝♦♥s✐❞❡r ❛ ❤✐st♦r② ρ ✇❤❡r❡ χ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ♦♥ ❛♥② ♣r❡✜① ♦❢ ρ✱ ❢♦r ❛♥② x ∈ V
❛♥❞ ❛♥② ♣r❡✜① ρ′ ♦❢ ρ✳ ❋♦r ❛ ✈❛r✐❛❜❧❡ xi ∈ V ✱ ❤❛✈✐♥❣ ❜✉✐❧❞ χ ♦♥ ρ ❢♦r ❛♥② xi′ ✇❤❡r❡
i′ < i✱ t❤❡♥ ✇❡ ❞❡✜♥❡ χρ,i t♦ ❜❡ t❤❡ ✈❛❧✉❛t✐♦♥

χ≤(ρ,i) := χ|Pr❡❢<ρ
∪

⋃

i′<i

χ(xi′)(ρ)

✕ ✐❢ xi ∈ V∃✱ ✇❡ t❤❡♥ s❡t χ(xi)(ρ) := θ(χ≤(ρ,i))(xi)(ρ)

✕ ✐❢ xi ∈ V∀✱ ✇❡ t❤❡♥ s❡t χ(xi)(ρ) := θ(χ≤(ρ,i))(xi)(ρ)

❆❣❛✐♥✱ ❜❡❝❛✉s❡ θ ❛♥❞ θ ❛r❡ M(∅, ∅, P ) ♠❛♣s✱ ❢❡❡❞✐♥❣ t❤❡♠ ❛ ♣❛rt✐❛❧ ✜rst ❡♥tr② ✐s
s✉✣❝✐❡♥t✳

◆♦✇✱ ❜② ❝♦♥str✉❝t✐♦♥✱ θ(χ|V∀) = θ(χ|V∃) = χ✳ ❚❤❡♥✱ ❜② ❋♦r♠✉❧❛s ✭✻✳✸✮ ❛♥❞ ✭✻✳✹✮✱ ✇❡
❤❛✈❡ ❜♦t❤ G, qini |=χ ξ(βjϕj)j≤n ❛♥❞ G, qini |=χ ¬ξ(βjϕj)j≤n ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✻✳✷✳✷ ❈❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ❜♦t❤ ❢❛✐❧ t♦ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡
❄

❚❤❡ t❤r❡❡ ❧❡♠♠❛s ❜❡❧♦✇ ♦✉t❧✐♥❡ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r ❜♦t❤ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ t♦
❢❛✐❧ ♦♥ ❛ ❣❛♠❡ r❡❧❛t✐✈❡❧② t♦ t❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s ✇✐t❤ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✳
❚❤❡ s✐t✉❛t✐♦♥ ✐s ❛❦✐♥ t♦ ❈❤❛♣t❡r ✺✳

▲❡♠♠❛ ✻✳✻✳ ❚❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛ ❣❛♠❡ G ❛♥❞ ❛♥ ✐♥✐t✐❛❧ st❛t❡ qini s✉❝❤
t❤❛t ❢♦r ❛♥② ♥ ∈ {∅, F}✱ ✐t ❤♦❧❞s t❤❛t

G, qini 6|=
M(∅,♥,P ) φ ❛♥❞ G, qini 6|=

M(∅,♥,P ) ¬φ
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Pr♦♦❢✳ ❙✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✺✳✼ ✭♣❛❣❡ ✶✶✾✮✱ s❛♠❡ ❣❛♠❡ ❛♥❞ s❛♠❡ ❢♦r♠✉❧❛✳

▲❡♠♠❛ ✻✳✼✳ ❚❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛ ❣❛♠❡ G ❛♥❞ ❛♥ ✐♥✐t✐❛❧ st❛t❡ qini s✉❝❤
t❤❛t ❢♦r ❛♥② ♠ ∈ {∅, S}✱ ✐t ❤♦❧❞s t❤❛t

G, qini 6|=
M(♠,∅,P ) φ ❛♥❞ G, qini 6|=

M(♠,∅,P ) ¬φ

Pr♦♦❢✳ ❙✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✺✳✽ ✭♣❛❣❡ ✶✶✾✮✱ s❛♠❡ ❣❛♠❡ ❛♥❞ s❛♠❡ ❢♦r♠✉❧❛✳

▲❡♠♠❛ ✻✳✽✳ ❋♦r ❛♥② ❢♦r♠✉❧❛ φ ✐♥ ❙▲❬❇●❪✱ ❛♥② ❣❛♠❡ G ❛♥❞ ❛♥② ✐♥✐t✐❛❧ st❛t❡ qini✱

G, qini 6|=
M(S,F,P ) φ ⇒ G, qini |=

M(S,F,P ) ¬φ

Pr♦♦❢✳ ❉✉❡ t♦ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ |=M(S,F,∅) ❛♥❞ |= ✭t❤❡ ♦r✐❣✐♥❛❧ r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ✐♥
❈❤❛♣t❡r ✶✮✱ ❛t ❧❡❛st ♦♥❡ ♦❢ φ ❛♥❞ ¬φ ♠✉st ❤♦❧❞ ♦♥ G r❡❧❛t✐✈❡❧② t♦ |=M(S,F,∅)✳ ❚❤❡ ♦♥❡
t❤❛t ❤♦❧❞s ❢♦r |=M(S,F,∅) ❛❧s♦ ❤♦❧❞s ❢♦r |=M(S,F,P )✳

✻✳✸ ◆❡❡❞❡❞ ❛♥❞ ❛✈♦✐❞❛❜❧❡ ❞❡♣❡♥❞❡♥❝✐❡s

❲❡ st❛rt ❜② ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✺✳✾ ✭♣❛❣❡ ✶✷✷✮ ✐♥ ❙❡❝t✐♦♥ ✺✳✹ t♦ t❤❡ ❝❛s❡ ✇✐t❤
✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t ❜❡❧♦✇ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢
▲❡♠♠❛ ✺✳✾✱ ✇❡ s✐♠♣❧② ❛❞❞ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ❝❛♥♥♦t
♣❧❛② ❛ r♦❧❡✳

▲❡♠♠❛ ✻✳✾✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❉●❪✱ ❛ t✉r♥✲❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t

• G, qini 6|=
M(∅,∅,P ) φ ❛♥❞ G, qini |=

M(∅,F,P ) φ

• G, qini 6|=
M(S,∅,P ) φ ❛♥❞ G, qini |=

M(S,F,P ) φ

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❛❞❛♣t t❤❡ ✜rst ♣❛rt ♦❢ ▲❡♠♠❛ ✺✳✶✵ ✭♣❛❣❡ ✶✷✸✮ t♦ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥s
✇✐t❤ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✳ ❍♦✇❡✈❡r t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ▲❡♠♠❛ ✺✳✶✵ ❝❛♥♥♦t ❜❡
❛❞❛♣t❡❞ t♦ ✇♦r❦ ✇✐t❤ |=M(∅,F,P ) ❛♥❞ |=M(S,F,P )✿ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ❝❛♥ r❡♣❧❛❝❡
t❤❡ r♦❧❡ ♦❢ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s t❤✉s ♠❛❦✐♥❣ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ♥♦♥ ❡ss❡♥t✐❛❧✷✳ ❘❡✉s✐♥❣ t❤❡
❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛ ♦❢ ▲❡♠♠❛ ✺✳✶✵✬s ♣r♦♦❢✱ ✇❡ ❣❡t G, qini |=M(∅,F,P ) φ✳

▲❡♠♠❛ ✻✳✶✵✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❈●❪✱ ❛ t✉r♥ ❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t

G, qini 6|=
M(S,∅,P ) φ ❛♥❞ G, qini |=

M(S,F,P ) φ

✷P❛❣❡ ✶✷✸✱ t❤❡ str❛t❡❣✐❡s xA ❛♥❞ xB ❞✐s♣❛t❝❤ ♦♥❡ ❣♦❛❧ ♦♥ qini.a ❛♥❞ t❤❡ ♦t❤❡r ♦♥ qini.b ❜❛s❡❞ ♦♥ t❤❡
❝❤♦✐❝❡s ♦❢ y s✉❝❤ t❤❛t t❤❡ ❣♦❛❧ ♣❛ss✐♥❣ t❤r♦✉❣❤ qini.a ✐s s❛t✐s✜❡❞✳ ■♥ ❈❤❛♣t❡r ✺✱ t❤❡ str❛t❡❣② z ✉s❡❞ s✐❞❡
❞❡♣❡♥❞❡♥❝② t♦ ♣❧❛② t❤❡ ♦♣♣♦s✐t❡ ♦❢ y ❛♥❞ s❛t✐s❢② t❤❡ ❣♦❛❧ ♣❛ss✐♥❣ t❤r♦✉❣❤ qini.b✳ ❲✐t❤ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡
❛❝t✐♦♥s ♣❧❛②❡❞ ♦♥ qini✱ t❤❡ str❛t❡❣② z ❦♥♦✇s t❤❡ ❣♦❛❧ ❛❝t✐✈❡ ♦♥ qini.b ❛♥❞ t❤✉s ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❝❤♦✐❝❡ ♦❢
y ✇✐t❤♦✉t s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳
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❚❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛ ✺✳✶✶ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✶✸ ✭♣❛❣❡ ✶✷✹ ❛♥❞ ✶✷✺✮ ❛❧s♦ ❡①t❡♥❞ t♦
✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✱ ❤❡♥❝❡✿

▲❡♠♠❛ ✻✳✶✶✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❈●❪✱ ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t G, qini 6|=

M(∅,∅,P ) φ ❛♥❞ G, qini |=
M(∅,F,P ) φ✳

❚❤❡♦r❡♠ ✻✳✶✷✳ ❋♦r ❛♥② ❢♦r♠✉❧❛ φ ∈ ❙▲❬❈●❪✱ ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ❛♥❞ ❛♥② st❛t❡ qini
♦❢ G✱

G, qini |=
M(S,∅,P ) φ ⇒ G, qini |=

M(∅,∅,P ) φ

❲✐t❤ ♠❡t❤♦❞s ❛♥❞ ♠♦❞❡❧s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♦❢ ❙❡❝t✐♦♥ ✺✳✹✱ ✇❡ st✉❞② t❤❡ r❡♠❛✐♥✐♥❣
❝❛s❡s✳

qini

a

b

p1

p2

✭❛✮ ❆ t✉r♥✲❜❛s❡❞ ❣❛♠❡ ✇✐t❤ t✇♦ ❛❣❡♥ts✳

qini

a

b

p1

p2

✭❜✮ ❆♥♦t❤❡r t✉r♥✲❜❛s❡❞ ❣❛♠❡✳

❋✐❣✉r❡ ✻✳✽✿ ❚❤❡ ❣❛♠❡s ✉s❡❞ ✐♥ ▲❡♠♠❛s ✻✳✶✸ ❛♥❞ ✻✳✶✹✳

▲❡♠♠❛ ✻✳✶✸✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❈●❪✱ ❛ t✉r♥✲❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t ❢♦r ❛❧❧ ♠ ∈ {∅, S} ❛♥❞ ❛❧❧ ♥ ∈ {∅, F} ✐t ❤♦❧❞s G, qini 6|=

M(♠,♥,∅) φ ❛♥❞
G, qini |=

M(♠,♥,P ) φ✳

Pr♦♦❢✳ ❚❛❦❡ t❤❡ ❣❛♠❡ G ♦❢ ❋✐❣✉r❡ ✻✳✽❛ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

φ := ∃y.∀xA.∃xB





❛ss✐❣♥( , y; , xA). ❋ p1

∧

❛ss✐❣♥( , y; , xB). ❋ p2

❇② ❝♦♥str✉❝t✐♦♥ ♦❢ φ ❛♥❞ G✱ ♥♦ s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♥❡❡❞❡❞ ❤❡♥❝❡ ✇❡ tr❡❛t
❛❧❧ ✐t❡♠s ❛t ♦♥❝❡✳ ❚❛❦❡ ♠ ∈ {∅, S} ❛♥❞ ♥ ∈ {∅, F}✳ ❲❡ ♣r♦✈❡ G, qini |=M(♠,♥,P ) φ✳ ❆s
✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❛❧❧♦✇❡❞✱ y(qini.a) ❛♥❞ y(qini.b) ♠❛② ❛ss✉♠❡ ❦♥♦✇❧❡❞❣❡
♦❢ ✇❤❛t xA ♣❧❛②❡❞ ♦♥ qini✳ ■❢ xA(qini) = a t❤❡♥ ✇❡ s❡t xB(qini) = b ✭xB ❤❛✈✐♥❣ ❛
❧♦❝❛❧ ✐♥✢✉❡♥❝❡ ❢r♦♠ xA✮✱ y(qini.a) = p1 ❛♥❞ y(qini.b) = p2✳ ❖♥❡ ❝❛♥ t❤❡♥ s❡❡ t❤❛t ❜♦t❤
♦❜❥❡❝t✐✈❡s ❤♦❧❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ xA(qini) = b✱ ✇❡ s❡t xB(qini) = a✱ y(qini.a) = p2
❛♥❞ y(qini.b) = p1❀ ❛❣❛✐♥ ❜♦t❤ ❣♦❛❧s ✇✐❧❧ ❤♦❧❞✳ ❲❡ ❝❛♥ t❤❡♥ ❜✉✐❧❞ ❛ M(♠,♥, P ) ♠❛♣
✇✐t♥❡ss✐♥❣ t❤❛t G, qini |=M(♠,♥,P ) φ✳

◆♦✇✱ ✐❢ φ ✇❛s t♦ ❛❞♠✐t ❛M(♠,♥, ∅) ♠❛♣ ❛s ✇✐t♥❡ss✱ t❤❡♥ ✇❤✐❝❤ str❛t❡❣② y ♣r❡s❝r✐❜❡s
✐♥ a ✭r❡s♣✳ ✐♥ b✮ ✇♦✉❧❞ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ xA✳ ■❢ y(qini.a) = y(qini.b) t❤❡♥ tr✐✈✐❛❧❧②
♦♥❡ ♦❢ t❤❡ t✇♦ ❣♦❛❧s ✇✐❧❧ ♥♦t ❜❡ s❛t✐s✜❡❞✳ ■❢ y(qini.a) = p1 t❤❡♥ ❢♦r xA(qini) = b✱ t❤❡ ✜rst
❣♦❛❧ ✐s ♥♦t s❛t✐s✜❡❞✳ ❋✐♥❛❧❧②✱ ✐❢ y(qini.a) = p2 ❛♥❞ y(qini.b) = p1 t❤❡♥ ❢♦r xA(qini) = a✱ t❤❡
✜rst ❣♦❛❧ ✐s ♥♦t s❛t✐s✜❡❞✳ ❙♦ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ♣r❡✜①❡s ❢♦r str❛t❡❣✐❡s q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ ✐s
r❡q✉✐r❡❞ t♦ ❜✉✐❧❞ ❛♥ ❛❞❡q✉❛t❡ y✳
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▲❡♠♠❛ ✻✳✶✹✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❉●❪✱ ❛ t✉r♥✲❜❛s❡❞ ❣❛♠❡ G ❛♥❞ ♦♥❡ ♦❢ ✐ts
st❛t❡s qini s✉❝❤ t❤❛t ❢♦r ❛♥② ♠ ∈ {∅, S} ❛♥❞ ❛♥② ♥ ∈ {∅, F}✱ ✐t ❤♦❧❞s G, qini 6|=

M(♠,♥,∅) φ
❛♥❞ G, qini |=

M(♠,♥,P ) φ✳

Pr♦♦❢✳ ❚❛❦❡ t❤❡ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✻✳✽❜ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

φ := ∃y.∀xA.∀xB.∀z





❛ss✐❣♥( , y; , xA; , z). ❋ p1

∨

❛ss✐❣♥( , y; , xB; , z). ❋ p2

❆❣❛✐♥✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ φ ❛♥❞ G✱ ♥♦ s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♣♦ss✐❜❧❡ ❤❡♥❝❡
✇❡ ❞♦ ❛❧❧ ✐t❡♠s ❛t ♦♥❝❡✿ ✜① ♠ ∈ {∅, S} ❛♥❞ ♥ ∈ {∅, F}✳ ❲❡ st❛rt ❜② s❤♦✇✐♥❣ t❤❛t
G, qini |=

M(♠,♥,P )✳ ❚♦ ❜✉✐❧❞ ❛ str❛t❡❣② ♦♥ qini.a✱ y ❤❛s ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t xA ❛♥❞ xB
♣❧❛②❡❞ ♦♥ t❤❡ ♣r❡✜① qini✱ ✐❢ xA(qini) = xB(qini) = a t❤❡♥ ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ y✱ ♦♥❡ ♦❢
t❤❡ ❣♦❛❧s ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳ ❙✐♠✐❧❛r❧②✱ ✐❢ xA(qini) = xB(qini) = b t❤❡♥ ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡
♦❢ z✱ ♦♥❡ ♦❢ t❤❡ ❣♦❛❧s ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳ ❚✇♦ ❝❛s❡s r❡♠❛✐♥✱ t❤❡ ✜rst ✐s ✇❤❡♥ xA(qini) = a
❛♥❞ xB(qini) = b✱ t❤❡♥ ❜② t❛❦✐♥❣ y(qini.a) ♣❧❛②✐♥❣ t♦ p1 t❤❡ ✜rst ❣♦❛❧ ✇✐❧❧ ❜❡ ❛❝❤✐❡✈❡❞❀
t❤❡ s❡❝♦♥❞ ✐s ✇❤❡♥ xA(qini) = b ❛♥❞ xB(qini) = a t❤❡♥ t❛❦✐♥❣ y(qini.a) = p2 ❡♥s✉r❡s t❤❡
s❡❝♦♥❞ ♦❜❥❡❝t✐✈❡✳ ❍❡♥❝❡ G, qini |=M(♠,♥,P )✳

◆❡①t ✐♥ ♦r❞❡r ✐s t♦ s❤♦✇ t❤❛t G, qini 6|=M(♠,♥,∅)✳ ❚♦ ❜✉✐❧❞ y ♦♥ qini.a✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡
❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❝❤♦✐❝❡s ♦❢ xA ❛♥❞ xB✳ ❆ss✉♠❡ ✇❡ s❡t y(qini.a) = p1 t❤❡♥ xA ❝❛♥ ♣❧❛②
t♦ b✱ xB t♦ a ❛♥❞ z t♦ p2 ❛♥❞ ♥❡✐t❤❡r ♦❢ t❤❡ ❣♦❛❧s ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✐❢ y(qini.a) = p2 t❤❡♥ xA ❝❛♥ ♣❧❛② t♦ a✱ xB t♦ b ❛♥❞ z t♦ p1 ❛♥❞✱ ❛❣❛✐♥✱ ♥❡✐t❤❡r ♦❢ t❤❡
❣♦❛❧s ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳ ❍❡♥❝❡ G, qini 6|=M(♠,♥,∅) ❛♥❞ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ♣r❡✜①❡s ✐s ♥❡❡❞❡❞
t♦ ❡♥s✉r❡ φ✳

✻✳✹ ▼♦✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥s t❤r♦✉❣❤ t❤❡ t✇♦ t✐♠❡❧✐♥❡s

❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s t♦ t❤❡ s✐❞❡ ❛♥❞ ❢✉t✉r❡ ♦♥❡s ❣✐✈❡s r✐s❡ t♦
♦r✐❣✐♥❛❧ s✐t✉❛t✐♦♥s✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✇✐t❤ t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇✱ ✇❡ ❝❛♥ ✉s❡ t❤❡♠ t♦ ♣❛ss
✐♥❢♦r♠❛t✐♦♥s t❤❛t ♦♥❡ ❢♦r♠❡r❧② t❤♦✉❣❤t t♦ ❜❡ ✐♥❛❝❝❡ss✐❜❧❡✳

❚❤❡♦r❡♠ ✻✳✶✺✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡s qini ❛♥❞ ❛ ❙▲❬❉●❪
❢♦r♠✉❧❛ φ s✉❝❤ t❤❛t

• G, qini 6|=
M(∅,∅,P ) φ ❛♥❞ G, qini |=

M(S,∅,P ) φ✳

• G, qini 6|=
M(∅,F,P ) φ ❛♥❞ G, qini |=

M(S,F,P ) φ✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ G ♦❢ ❋✐❣✉r❡ ✻✳✾ ✇✐t❤ 6 ❛❣❡♥ts ✱ 11 ✱ 22 ✱ ✱ 11 ❛♥❞ 22 ✳
❊❛❝❤ ❛❣❡♥t ❝❛♥ ♦♥❧② ✐♥✢✉❡♥❝❡ t❤❡ st❛t❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✐ts ♥❛♠❡✱ ❢♦r ❡①❛♠♣❧❡ 11 ❛♥❞ 22
❛r❡ t❤❡ ♦♥❧② ❛❣❡♥ts ❤❛✈✐♥❣ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ st❛t❡ ♥❛♠❡❞ c✳ ❚♦ ❡❛s❡ t❤❡ r❡❛❞✐♥❣ ✇❡
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qinia

p1

∅

b c

∅

p2

0 1

0, 0

1, 1

0, 1

1, 0

0

1

0, 0

1, 1

0, 1

1, 0

❋✐❣✉r❡ ✻✳✾✿ ❆ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G✳

♦♥❧② r❡♣r❡s❡♥t❡❞ t❤❡ ❛❝t✐♦♥s ♦❢ t❤❡ ❛❝t✐✈❡ ❛❣❡♥ts ♦♥ t❤❡ tr❛♥s✐t✐♦♥s✳ ❲❡ ❞❡✜♥❡ ❛ ❙▲❬❉●❪
❢♦r♠✉❧❛

φ := ∃xp1. ∃xp2. ∃x1 . ∀x2 . ∃x1 . ∀x2 . ∃x



❛ss✐❣♥( , xp1; 11 , x1 ; 22 , x2 ; , x ; 11 , x1 ; 22 , x2 ).❋ p1

∨

❛ss✐❣♥( , xp2; 11 , x1 ; 22 , x2 ; , x ; 11 , x1 ; 22 , x2 ).❋ p2

❋♦r t❤❡ ✜rst ♣♦✐♥t✱ ❚❛❜❧❡ ✻✳✶❛ ✐♥❞✉❝❡s ❛M(S, ∅, P ) ✇✐t♥❡ss ♦❢ G, qini |=M(S,∅,P ) φ ❛♥❞
❚❛❜❧❡ ✻✳✶❜ ♣r♦✈❡s t❤❛t G, qini 6|=M(∅,∅,P ) φ✳ ❚❤❡ ✜rst t❛❜❧❡ ❣✐✈❡s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡❛❝❤
❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣② ✭♦♥ t❤❡ st❛t❡ ✐t ✐s ❛❝t✐✈❡ ♦♥✮ ❜❛s❡❞ ✉♣♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢
t❤❡ t✇♦ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ✭x2 ❛♥❞ x2 ✮✳ ❲❡ ❛❧s♦ ✐♥❞✐❝❛t❡ t❤❡ ❦♥♦✇❧❡❞❣❡
♦❢ ❡❛❝❤ str❛t❡❣② ♦♥ t❤❡ r✐❣❤t✳ ❚❛❜❧❡ ✻✳✶❜ ❞♦❡s ❛ ❝❛s❡✲❜②✲❝❛s❡ ❛♥❛❧②s✐s t♦ s❤♦✇ t❤❛t✱
✇❤❛t❡✈❡r t❤❡M(∅, ∅, P ) ♠❛♣ ❝❤♦s❡♥✱ ✐t ❝❛♥♥♦t ❜❡ ❛ ✇✐t♥❡ss ♦❢ φ ❤♦❧❞✐♥❣ ♦♥ G ❢r♦♠ qini
❢♦r |=M(∅,∅,P )✳

❲❡ ❝❛♥ ❣❡t t❤❡ s❡❝♦♥❞ ♣♦✐♥t s✐♠♣❧② ❜② ♥♦t✐❝✐♥❣ t❤❛t ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ♠❛② ♦♥❧② ✐♥✲
t❡r✈❡♥❡ ❢♦r x ❜✉t ❞♦ ♥♦t ♠♦❞✐❢② t❤❡ r❡s✉❧ts✱ ❤❡♥❝❡ G, qini |=M(S,F,P ) φ ❛♥❞ G, qini 6|=M(∅,F,P )

φ✳

■♥t✉✐t✐✈❡❧②✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺ s❤♦✇s t❤❛t ✇❡ ❝❛♥ ♣❛ss t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛
✉♥✐✈❡rs❛❧ ✈❛r✐❛❜❧❡ x2 t♦ ❛♥ ❡①✐st❡♥t✐❛❧ ✈❛r✐❛❜❧❡ x1 ♦♥ t❤❡ s❛♠❡ ❤✐st♦r②✱ ❞❡s♣✐t❡ x1 ❜❡✐♥❣
q✉❛♥t✐✜❡❞ ❜❡❢♦r❡ x2 ✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ ❤❛✈✐♥❣ ❛ st❛t❡ c ♣r✐✈✐❧❡❣✐♥❣ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡
❣❛♠❡ ❛♥❞ t❤❡ st❛t❡s a, b ♣r✐✈✐❧❡❣✐♥❣ t❤❡ t✐♠❡❧✐♥❡ ♦❢ t❤❡ q✉❛♥t✐✜❡rs✳ ❋✐❣✉r❡ ✻✳✶✵ ✐❧❧✉str❛t❡s
t❤❡ r❡❛s♦♥✐♥❣✿ t❤❡ ❝❤♦✐❝❡ ♦❢ x2 ✐s ♣❛ss❡❞ t♦ x ✉s✐♥❣ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ✭❜② t❤❡ t✐♠❡❧✐♥❡
♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✮✱ t❤❡♥ t♦ x1 ✉s✐♥❣ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ✭❜② t❤❡ t✐♠❡❧✐♥❡
♦❢ t❤❡ ❣❛♠❡✮✱ ♥❡①t t♦ x2 ✉s✐♥❣ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ✭✐❢ x2 r❡❢✉s❡s t♦ ❝❛rr② t❤❡ ❝❤♦✐❝❡ ♦❢
x2 ✱ t❤❡ ❢♦r♠✉❧❛ ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✮✱ ❛♥❞ ❜❛❝❦ t♦ x1 ✉s✐♥❣ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ✭❜② t❤❡
t✐♠❡❧✐♥❡ ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✮✳

❲❡ ✉s❡ t❤❡ ❛❝t✐♦♥s ✐♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ b t♦ c t♦ ❤✐❞❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t x2 ✳ ❲❡
❝♦✉❧❞ ❤❛✈❡ ❛❧s♦ ♣❛ss❡❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✉s✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡s ✐♥st❡❛❞ ♦❢ t❤❡ ❛❝t✐♦♥s✱ ❤❡♥❝❡
❚❤❡♦r❡♠ ✻✳✶✺ st✐❧❧ ❤♦❧❞s ❢♦r t✉r♥✲❜❛s❡❞ ❣❛♠❡s✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❛❞❞ ❛ ♥❡✇ ❣♦❛❧ ψadd t❤❛t
❝❛rr✐❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ b t♦ c✿ ✐❢ ψadd ❣♦❡s ❢r♦♠ b t♦ c✱ t❤✐s ♠❡❛♥s x2 (qini.a) = 1

❛♥❞ ✐❢ ✐t ❣♦❡s ❢r♦♠ b t♦ s♦♠❡ ♥❡✇ st❛t❡ ❜r❛♥❝❤✐♥❣ ❢r♦♠ b✱ ✐t ♠❡❛♥s x2 (qini.a) = 0✳ ■♥ ❛
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✶✹✾

qini

a∃x1 . ∀x2 b ∃x

c ∃x1 . ∀x2

❙✐❞❡

❙✐❞❡

Pr❡✜①

❋✐❣✉r❡ ✻✳✶✵✿ ■❞❡❛ ❜❡❤✐♥❞ ❚❤❡♦r❡♠ ✻✳✶✺

❜r♦❛❞❡r s❡♥s❡✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ✭❛❞❞✐♥❣ t❤❡ ❢✉❧❧ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s✮ ❞♦❡s ♥♦t
✐♠♣❛❝t t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺✱ ❛s ❧♦♥❣ ❛s ❛ str❛t❡❣② ❝❛♥ ❦♥♦✇ ✇❤✐❝❤ ❣♦❛❧s ❛r❡ ❛❝t✐✈❡
♦♥ t❤❡ ❝✉rr❡♥t ❤✐st♦r②✳

❚❤✐s ♣❛ss✐♥❣ ♦❢ ✐♥❢♦r♠❛t✐♦♥s ✉s✐♥❣ ❜♦t❤ t✐♠❡❧✐♥❡s ✭♦❢ t❤❡ ❣❛♠❡ ❛♥❞ t❤❡ q✉❛♥t✐✜❡rs✮
❝❛♥ ❛❧s♦ ❜❡ ❞♦♥❡ ✇❤❡♥ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❣♦❛❧✳ ❚❤❡ ✐❞❡❛ ♦❢ ❚❤❡♦r❡♠s ✻✳✶✻ ❛♥❞ ✻✳✶✼ ✭❜❡❧♦✇✮
❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺ ❛♥❞ ✇❡ ♠♦✈❡ t❤❡ ♣r♦♦❢s t♦ ❛♥♥❡①❡s ✻✳❇ ❛♥❞ ✻✳❈
✭♣❛❣❡s ✶✺✻ ❛♥❞ ✶✺✽✮✳

❚❤❡♦r❡♠ ✻✳✶✻✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡s qini ❛♥❞ ❛ ❙▲❬✶●❪
❢♦r♠✉❧❛ φ s✉❝❤ t❤❛t G, qini 6|=

M(∅,F,P ) φ ❛♥❞ G, qini |=
M(S,F,P ) φ✳

❚❤❡♦r❡♠ ✻✳✶✼✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬✶●❪ ❛♥❞ ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡ G
s✉❝❤ t❤❛t

• G, qini 6|=
M(∅,F,∅) φ ❛♥❞ G, qini |=

M(∅,F,P ) φ

• G, qini 6|=
M(∅,∅,P ) φ ❛♥❞ G, qini |=

M(∅,F,P ) φ

• G, qini 6|=
M(S,F,∅) φ ❛♥❞ G, qini |=

M(S,F,P ) φ

• G, qini 6|=
M(S,∅,P ) φ ❛♥❞ G, qini |=

M(S,F,P ) φ

❚❤❡ ❤♦♣❡ ✇❡ ❤❛❞ t♦ s✉♣♣r❡ss s♦♠❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ✭❜② ❛❞❞✐♥❣ ✉♥♦r❞❡r❡❞ ♣r❡✲
✜① ❞❡♣❡♥❞❡♥❝✐❡s✮ ❞✐❡s ✇✐t❤ t❤❡♦r❡♠s ✻✳✶✺✱ ✻✳✶✻ ❛♥❞ ✻✳✶✼✳ ❚❤❡♦r❡♠s ✻✳✶✻ ❛♥❞ ✻✳✶✼ ❛r❡
♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣✿ t❤❡② s❤♦✇ t❤❛t ❡✈❡♥ ❢♦r ❛ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡✱ ❛❞❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ♦♥ ❛ ❤✐st♦r② ❣✐✈❡s r✐s❡ t♦ s♦♠❡ ✉♥❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r✳ ❚❤✐s
❝♦♠❢♦rts ✉s ✐♥ t❤❡ ✐❞❡❛ t❤❛t ❢✉t✉r❡ ❛♥❞ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ❛ ❤❛ss❧❡✿ ♠❛❦✐♥❣ t❤❡ ❛❝✲
t✐♦♥s ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ❛✈❛✐❧❛❜❧❡ ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t ♦❢ ❜②♣❛ss✐♥❣ q✉❛♥t✐✜❝❛t✐♦♥ ♦r❞❡r✳ ◆♦t❡
t❤❛t ❚❤❡♦r❡♠s ✻✳✶✻ ❛♥❞ ✻✳✶✼ ❝❛♥♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ ▲❚▲ ❛s ✇❡ ♥❡❡❞ ♠♦r❡ t❤❛♥ ♦♥❡ q✉❛♥✲
t✐✜❡r ❛❧t❡r♥❛t✐♦♥✳ ❚❤❡② ❝❛♥ ❤♦✇❡✈❡r ❜❡ ❛❞❛♣t❡❞ ❢♦r ♦t❤❡r ❧♦❣✐❝s✿ ❇❙■▲✱ ❈❆❚▲✱ ❆❚▲sc
❛♥❞ ❈❍P✲❙▲ ✭t❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ ❙▲✱ s❡❡ ❬✶✺❪✮✳ ❚❤❡ ♣r♦♦❢s ✉s❡ t❤❡ s❛♠❡ ❣❛♠❡s ❛s ❚❤❡✲
♦r❡♠s ✻✳✶✻ ❛♥❞ ✻✳✶✼ ❜✉t ❛❞❛♣t t❤❡ ❢♦r♠✉❧❛s t♦ t❤❡ s②♥t❛① ♦❢ t❤❡s❡ ❧♦❣✐❝s✳ ❈♦♥❝❡r♥✐♥❣
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t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠s ✻✳✶✺✱ ✻✳✶✻ ❛♥❞ ✻✳✶✼ ♠❡❛♥s t❤❛t
❛❞❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❤✐st♦r② ✐s ♥♦t ❡♥♦✉❣❤ t♦ s✉♣♣r❡ss t❤❡ ✐♠♣❛❝t ♦❢ s✐❞❡ ❛♥❞
❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s✳

✻✳✺ ❆❞❞✐t✐♦♥❛❧ r❡s✉❧ts ♦♥ ❙▲❬✶●❪

❚❤❡♦r❡♠ ✻✳✶✽✳ ❋♦r ❛♥② ❙▲❬✶●❪ ❢♦r♠✉❧❛ φ✱ ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ❛♥❞ ❛♥② st❛t❡ qini ♦❢
G✱

G, qini |=
M(∅,∅,P ) φ ⇔ G, qini |=

M(∅,∅,∅) φ

Pr♦♦❢✳ ❚❤❡ r✐❣❤t✲t♦✲❧❡❢t ♣❛rt ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡❢t✲
t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ✐s ❢♦r t❤❡ ♠♦st ♣❛rt s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✹ ✭♣❛❣❡ ✶✷✼✮✳
❲❡ ❜✉✐❧❞ t❤❡ s❛♠❡ ❣❛♠❡ H ❛♥❞ ❞r❛✇ t❤❡ s❛♠❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s✳ ❲❡ ♦♥❧② ❝❤❛♥❣❡ t❤❡
♣❛r❛❣r❛♣❤ ✏❈♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✑✳ ❲❡ r❡❝❛❧❧ Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✱ ✇❤✐❝❤ ✐s t❤❡ r❡s✉❧t ✇❡ ❣❡t
❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✳ ❆ss✉♠❡ t❤❛t P∃ ✐s ✇✐♥♥✐♥❣ ✐♥ H ❛♥❞ ❧❡t δ ❜❡ ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣
str❛t❡❣②✱ t❤❡♥ t❤❡M(∅, ∅) ♠❛♣ HtoG(δ) ✐s ❛ ✇✐t♥❡ss t❤❛t G, qini |=

M(∅,∅) φ✳

❲❡ ❛ss✉♠❡ t❤❛t G, qini |=M(∅,∅,P ) φ✳ ❚✉r♥✲❜❛s❡❞ ♣❛r✐t② ❣❛♠❡ ❛r❡ ♣♦s✐t✐♦♥❛❧❧② ❞❡t❡r✲
♠✐♥❡❞✱ ♠❡❛♥✐♥❣ t❤❛t ♦♥❡ ♦❢ t❤❡ ♣❧❛②❡r ❤❛s ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣ str❛t❡❣②✳ ❋✐rst ♦❢ t✇♦
♣♦ss✐❜✐❧✐t✐❡s✱ P∃ ✐s ✇✐♥♥✐♥❣✳ ❲❡ t❤❡♥ ❧❡t δ ❜❡ ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r P∃✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✱ HtoG(δ) ✐s ❛ ✇✐t♥❡ss ♦❢ G, qini |=M(∅,∅,∅) φ ❛♥❞ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛✲
t✐♦♥ ❤♦❧❞s✳ ❙❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✱ P∀ ✐s ✇✐♥♥✐♥❣✳ ❚❤❡♥✱ ✇❡ ❞♦ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ✇✐t❤ P∀ ❛♥❞
¬φ ❛s ✇❡ ❞✐❞ ✇✐t❤ P∃ ❛♥❞ φ✱ ✇❡ ❣❡t G, qini |=M(∅,∅,∅) ¬φ ❛♥❞ t❤❡r❡❢♦r❡ G, qini |=M(∅,∅,P ) ¬φ✳
◆♦✇ ❝♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ❚❤❡♦r❡♠ ✻✳✺ ✭♣❛❣❡ ✶✹✷✮✱ ✇❡ ❣❡t t❤❛t G, qini 6|=M(∅,∅,P ) φ ✇❤✐❝❤ ✐s
✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❤②♣♦t❤❡s✐s ♠❛❞❡ ❛t t❤❡ st❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡r❡❢♦r❡ P∀ ❝❛♥♥♦t
❜❡ ✇✐♥♥✐♥❣ ✐♥ H ❛♥❞ t❤❡ ❧❡❢t✲t♦✲r✐❣❤t ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♠✉st ❤♦❧❞✳

■♥ ❛ s✐♠✐❧❛r ✈❡✐♥ t♦ ❈♦r♦❧❧❛r② ✺✳✶✽ ✭♣❛❣❡ ✶✸✷✮✱ ✇❡ ❣❡t

❈♦r♦❧❧❛r② ✻✳✶✾✳ ❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❙▲❬✶●❪ ❢♦r♠✉❧❛s r❡❧❛t✐✈❡❧② t♦ t❤❡ |=M(∅,∅,P )

s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ✐s 2 ✲EXPTIME✲❝♦♠♣❧❡t❡✳

❚❤❡♦r❡♠ ✻✳✷✵✳ ❋♦r ❛♥② ❙▲❬✶●❪ ❢♦r♠✉❧❛ φ✱ ❛♥② ❝♦♥❝✉rr❡♥t ❣❛♠❡ G ❛♥❞ ❛♥② st❛t❡ qini ♦❢
G✱

G, qini |=
M(S,∅,∅) φ ⇔ G, qini |=

M(S,∅,P ) φ

Pr♦♦❢✳ G, qini |=
M(S,∅,∅) φ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G, qini |=M(∅,∅,∅) φ ✭❚❤❡♦r❡♠ ✺✳✶✸✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

G, qini |=
M(∅,∅,P ) φ ✭❚❤❡♦r❡♠ ✻✳✶✽✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G, qini |=M(S,∅,P ) φ ✭❚❤❡♦r❡♠ ✻✳✶✷✮✳

✻✳✻ ❈♦♥❝❧✉s✐♦♥

P✉s❤❡❞ ❜② t❤❡ ❞✐s❛♣♣♦✐♥t✐♥❣ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✺✱ ✇❡ ❡①t❡♥❞❡❞ t❤❡ ❢r❛♠❡✇♦r❦✿ ❛ str❛t❡❣②
δ ❝❤♦♦s✐♥❣ ❛♥ ❛❝t✐♦♥ ♦♥ ❛ ❤✐st♦r② ρ ❤❛s ❛❝❝❡ss t♦ ❛❧❧ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ❜② ❛❧❧ t❤❡ str❛t❡✲
❣✐❡s ♦♥ str✐❝t ♣r❡✜①❡s ♦❢ ρ ✭✇❡ ❝❛❧❧ t❤✐s ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✉♥♦r❞❡r❡❞ ♣r❡✜①✮✳ ■♥ t❤✐s
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M(S, F, P )

M(∅, F, P )M(S, ∅, P )M(S, F, ∅)

M(S, ∅, ∅) M(∅, F, ∅) M(∅, ∅, P )

M(∅, ∅, ∅) ❚✐♠❡❧✐♥❡ ♦❢ t❤❡ ❣❛♠❡✳

❆❧❧♦✇ ❜♦t❤ t✐♠❡❧✐♥❡s✳

❚✐♠❡❧✐♥❡ ♦❢ t❤❡

q✉❛♥t✐✜❝❛t✐♦♥s✳

❋✐❣✉r❡ ✻✳✶✶✿ ❲❤✐❝❤ ♠❛♣s ❢♦❧❧♦✇ ✇❤✐❝❤ t✐♠❡❧✐♥❡✳

❢r❛♠❡✇♦r❦✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ✇✐t❤ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥✲
❞❡♥❝✐❡s ❣✐✈❡s r✐s❡ t♦ s♦♠❡ ✉♥❡①♣❡❝t❡❞ r❡s✉❧ts✿ ❝❡rt❛✐♥ ❞❡♣❡♥❞❡♥❝✐❡s ❝❛♥♥♦t ❜❡ s✉♣♣r❡ss❡❞
✐♥ ❙▲❬✶●❪✱ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ❝❛♥ ❜♦t❤ ❤♦❧❞ ♦♥t♦ t❤❡ ❣❛♠❡ ✭s❡❡ ❋✐❣✉r❡s ✻✳✶✶
❛♥❞ ✻✳✶✷✮✳ ❲❤✐❧❡ t❤❡ ❢r❛♠❡✇♦r❦ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ ✭❛♥❞ ✉♥❞❡rst❛♥❞❛❜❧❡✮✱ t❤❡ r❡s✉❧t ✐s
st✐❧❧ s✉r♣r✐s✐♥❣ ❜❡❝❛✉s❡✱ ✐♥ ❡ss❡♥❝❡✱ ✇❡ ❥✉st ♠❛❞❡ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ❡❛r❧✐❡r ❛✈❛✐❧❛❜❧❡ ✐♥
t❤❡✐r ❡♥t✐r❡t② t♦ t❤❡ str❛t❡❣✐❡s✳ ❯❧t✐♠❛t❡❧②✱ ❛❞❞✐♥❣ ❛❧❧ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ♦♥ t❤❡ ♣r❡✜① ♦❢
t❤❡ ❝✉rr❡♥t ❤✐st♦r② ❞♦❡s ♥♦t ❤❡❧♣ ✉s r❡♠♦✈❡ s♦♠❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❖✉r r❡s✉❧ts ❛r❡
s✉♠♠❡❞ ✉♣ ♦♥ ❋✐❣✉r❡ ✻✳✶✸✳

M(S, F, P )

M(∅, F, P )M(S, ∅, P )M(S, F, ∅)

M(S, ∅, ∅) M(∅, F, ∅) M(∅, ∅, P )

M(∅, ∅, ∅)

❇♦t❤ ❛ ❢♦r♠✉❧❛ ❛♥❞

✐ts ♥❡❣❛t✐♦♥ ♠❛② ❤♦❧❞

♦♥ t❤❡ s❛♠❡ ❣❛♠❡✳

■❢ ❛ ❢♦r♠✉❧❛ ❤♦❧❞s ♦♥ ❛

❣❛♠❡✱ ✐ts ♥❡❣❛t✐♦♥ ❞♦❡s ♥♦t✳

■❢ ❛ ❢♦r♠✉❧❛ ❢❛✐❧ t♦
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✐ts ♥❡❣❛t✐♦♥ ❝❛♥ ❢❛✐❧ t♦

❤♦❧❞ ♦♥ t❤❡ s❛♠❡ ❣❛♠❡✳

❋✐❣✉r❡ ✻✳✶✷✿ ❲❤❡♥ ❝❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ✭s②♥t❛❝t✐❝✮ ♥❡❣❛t✐♦♥ ❤♦❧❞ ❜♦t❤ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡❄
❲❤❡♥ ❝❛♥ ❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ✭s②♥t❛❝t✐❝✮ ♥❡❣❛t✐♦♥ ❤♦❧❞ ❜♦t❤ ❢❛✐❧ t♦ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡❄
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✶✺✸

✻✳❆ ❆♥♥❡① ❆

▲❡♠♠❛ ✻✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡s qini ❛♥❞ ❛ ❙▲❬❇●❪ ❢♦r♠✉❧❛ φ s✉❝❤
t❤❛t

G, qini |=
M(S,∅,P ) φ ❛♥❞ G, qini |=

M(S,∅,P ) ¬φ

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✉r♥✲❜❛s❡❞ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✻✳✶✹ ❛♥❞ t❤❡ st❛t❡ qini ❛s st❛rt❡r✳
❚❤❡ ❣❛♠❡ ❤❛s ❢♦✉r ❛❣❡♥ts , , , ❛♥❞ ✱ ❛♥❞ s✐① ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s
p1, p2, p3, p4, p5, p6✳ ❙❡❝♦♥❞✱ ✇❡ ❞❡✜♥❡ φ

φ :=∀x2. ∀x4. ∀x5. ∃x1. ∃x3. ∃x6. ∃z1. ∃y1. ∀v5. ∃v6. ∀w2. ∃w3. ∀z4. φ
′

✇✐t❤ φ′ :=





ψ1⇔ψ5

∨

ψ5⇔ψ6 ∧ ψ2⇔ψ3 ∧





ψ1⇔ψ4

∨

ψ3⇔ψ4

qini

A

C p4

p1 ∅

B

p2 p3

D

p5 p6

❋✐❣✉r❡ ✻✳✶✹✿ ●❛♠❡ ♦❢ ▲❡♠♠❛ ✻✳✹✳
❛♥❞

ψ1 := ❛ss✐❣♥( , x1; , z1; , y1; , w2; , v5)Fp1

ψ2 := ❛ss✐❣♥( , x2; , z1; , y1; , w2; , v5)Fp2

ψ3 := ❛ss✐❣♥( , x3; , z1; , y1; , w3; , v5)Fp3

ψ4 := ❛ss✐❣♥( , x4; , z4; , y1; , w2; , v5)Fp4

ψ5 := ❛ss✐❣♥( , x5; , z1; , y1; , w2; , v5)Fp5

ψ6 := ❛ss✐❣♥( , x6; , z1; , y1; , w2; , v6)Fp6

❆ ✇✐t♥❡ss t❤❛t G, qini |=M(S,∅,P ) (Qixi)i≤l ξ(βjϕj)j≤n ❝❛♥ ❜❡ ❞❡r✐✈❛t❡❞ ❢r♦♠ ❋✐❣✉r❡ ✻✳✶✺
❛♥❞ ❛ ✇✐t♥❡ss t❤❛t G, qini |=M(S,∅,P ) (Qixi)i≤l ¬ξ(βjϕj)j≤n ❝❛♥ ❜❡ ❞❡r✐✈❛t❡❞ ❢r♦♠ ❋✐❣✲
✉r❡ ✻✳✶✻✳ ❲❡ ♣r❡s❡♥t t❤❡ ✈❛r✐❛❜❧❡s ❢♦❧❧♦✇✐♥❣ t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✳ ❆♥ ❡①✐st❡♥✲
t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡ t❤❡♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛r✐❛❜❧❡s ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ♦♥ t❤❡ ❧❡❢t
✭✇✐t❤ ❛♥ ❡①❝❡♣t✐♦♥ ♦❢ y1(qini.A.C) ✐♥ t❤❡ ✜rst t❛❜❧❡ ✇❤✐❝❤ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ z4(qini.A)✮✳
❲❡ ❤❛✈❡ ❛❧s♦ ♠❛❞❡ t❤❡ ❞✐✛❡r❡♥t ❞❡♣❡♥❞❡♥❝✐❡s ❛♣♣❡❛r ✐♥ r❡❞ ✐♥ ❜♦t❤ ✜❣✉r❡s✳
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✻✳❇ ❆♥♥❡① ❇

❚❤❡♦r❡♠ ✻✳✶✻✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G✱ ♦♥❡ ♦❢ ✐ts st❛t❡s qini ❛♥❞ ❛ ❙▲❬✶●❪
❢♦r♠✉❧❛ φ s✉❝❤ t❤❛t G, qini 6|=

M(∅,F,P ) φ ❛♥❞ G, qini |=
M(S,F,P ) φ✳

Pr♦♦❢✳ ❚❤❡ ✐❞❡❛ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺✳ ❈♦♥s✐❞❡r
♦♥❝❡ ❛❣❛✐♥ t❤❡ ❣❛♠❡ G ♦❢ ❋✐❣✉r❡ ✻✳✾ t❤❛t ✇❡ r❡❝❛❧❧ ♦♥ ❋✐❣✉r❡ ✻✳✶✼ ✇✐t❤ 6 ❛❣❡♥ts ✱ 11 ✱
22 ✱ ✱ 11 ❛♥❞ 22 ✳ ❲❡ r❡❝❛❧❧ t❤❛t ❡❛❝❤ ❛❣❡♥t ❝❛♥ ♦♥❧② ✐♥✢✉❡♥❝❡ t❤❡ st❛t❡ r❡♣r❡s❡♥t❡❞
✐♥ ✐ts ♥❛♠❡✱ ❢♦r ❡①❛♠♣❧❡ 11 ❛♥❞ 22 ❛r❡ t❤❡ ♦♥❧② ❛❣❡♥ts ❤❛✈✐♥❣ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ st❛t❡
c✳ ❲❡ ❞❡✜♥❡ ❛ ❙▲❬✶●❪ ❢♦r♠✉❧❛

φ := ∃x1 . ∀x2 . ∃x1 . ∀x2 . ∃x . ∃x .

❛ss✐❣♥( , x ; 11 , x1 ; 22 , x2 ; , x ; 11 , x1 ; 22 , x2 ). ❋ (p1 ∨ p2)

❆s ✇❡ ❞✐❞ ✐♥ ❚❤❡♦r❡♠ ✻✳✶✺✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ t❤r♦✉❣❤ t✇♦ ❚❛❜❧❡s✿ ✻✳✷❛ ❛♥❞ ✻✳✷❜✳
❖♥ t❤❡ ✜rst ♦♥❡✱ ✇❡ ❞❡t❛✐❧ ❤♦✇ t♦ ❜✉✐❧❞ ❛ ✇✐t♥❡ss θ ❜② s♣❡❝✐❢②✐♥❣ θ(w) ✐♥ ❢✉♥❝t✐♦♥ ♦❢ w❀
✇❡ ❣✐✈❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦♥ t❤❡ r✐❣❤t ❛♥❞ t❤❡ r❡s✉❧t ❛t t❤❡ ❜♦tt♦♠✳ ❖♥ t❤❡ s❡❝♦♥❞ t❛❜❧❡✱
✇❡ ❞♦ ❛ ❝❛s❡ ❛♥❛❧②s✐s t♦ ♣r♦✈❡ t❤❛t G, qini 6|=M(∅,F,P ) φ❀ ❛❣❛✐♥ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛❧❧♦✇❡❞
❛♣♣❡❛r ♦♥ t❤❡ r✐❣❤t ❛♥❞ t❤❡ r❡s✉❧t✱ ❝❛s❡ ❜② ❝❛s❡✱ ❛t t❤❡ ❜♦tt♦♠✳

qinia

p1

∅

b c

∅

p2

0 1

0, 0

1, 1

0, 1

1, 0

0

1

0, 0

1, 1

0, 1

1, 0

❋✐❣✉r❡ ✻✳✶✼✿ ❚❤❡ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✻✳✾ ✉s❡❞ ✐♥ ❚❤❡♦r❡♠s ✻✳✶✺ ❛♥❞ ✻✳✶✻✳

◆♦t❡ t❤❛t x ✉s❡s ❛ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝②✱ ❤❡♥❝❡ ❚❤❡♦r❡♠ ✻✳✶✻ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞
t♦ t❤❡ ❝❛s❡ ♦❢ |=M(S,∅,P ) ❛♥❞ |=M(∅,∅,P )✳ ❚❤❡♦r❡♠ ✻✳✶✷ ❡✈❡♥ s❤♦✇❡❞ t❤❛t |=M(S,∅,P ) ❛♥❞
|=M(∅,∅,P ) ❛r❡ ❡q✉✐✈❛❧❡♥t✳
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✶✺✽

✻✳❈ ❆♥♥❡① ❈

❚❤❡♦r❡♠ ✻✳✶✼✳ ❚❤❡r❡ ❡①✐st ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬✶●❪ ❛♥❞ ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡ G
s✉❝❤ t❤❛t

• G, qini 6|=
M(∅,F,∅) φ ❛♥❞ G, qini |=

M(∅,F,P ) φ

• G, qini 6|=
M(∅,∅,P ) φ ❛♥❞ G, qini |=

M(∅,F,P ) φ

• G, qini 6|=
M(S,F,∅) φ ❛♥❞ G, qini |=

M(S,F,P ) φ

• G, qini 6|=
M(S,∅,P ) φ ❛♥❞ G, qini |=

M(S,F,P ) φ

qini

b1p

b2p

c

d p

e p

f

⋆, ⋆, 0, 0

⋆, ⋆, 1, 1

⋆, ⋆, 1, 0

⋆, ⋆, 0, 1

1, 0, ⋆, ⋆

0, 1, ⋆, ⋆

1, 1, ⋆, ⋆

0, 0, ⋆, ⋆

❋✐❣✉r❡ ✻✳✶✽✿ ❚❤❡ ❣❛♠❡ G ✉s❡❞ ✐♥ ❚❤❡♦r❡♠ ✻✳✶✼✬s ♣r♦♦❢✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ ♦❢ ❋✐❣✉r❡ ✻✳✶✽ ✇✐t❤ ❢♦✉r ❛❣❡♥ts 11 ✱ 22 ✱ 11 ❛♥❞ 22 ✱ ❛♥❞ t✇♦
❛❝t✐♦♥s 0✱ 1✳ ❲❡ ❞❡✜♥❡ ❛ ❙▲❬✶●❪ ❢♦r♠✉❧❛ φ

φ := ∃x1. ∀x2. ∃x3. ∀x4. ❛ss✐❣♥( 11 , x3; 22 , x4; 11 , x1; 22 , x2)❋ p

Pr♦✈✐♥❣ G, qini |=
M(∅,F,P ) φ✿ ❚♦ ❞♦ s♦ ✇❡ s♣❡❝✐❢② ❛M(∅, F, P ) ✇✐t♥❡ss✿

• ❚♦ s♣❡❝✐❢② x3(qini) ✇❡ ♠❛② ❛ss✉♠❡ ❦♥♦✇❧❡❞❣❡ ♦❢ x2 ♦♥ qini.c t❤r♦✉❣❤ t❤❡ ❢✉t✉r❡
❞❡♣❡♥❞❡♥❝✐❡s✳ ❲❡ t❤❡♥ ❝❛♥ s❡t x3(qini) = 1− x2(qini.c)✳

• ❚♦ s♣❡❝✐❢② x1(qini.c) ✇❡ ♠❛② ❛ss✉♠❡ ❦♥♦✇❧❡❞❣❡ ♦❢ x3/x4 ♦♥ qini t❤r♦✉❣❤ t❤❡ ✉♥✲
♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✳ ❲❡ s✐♠♣❧② s❡t x1(qini.c) = 1− x4(qini)✳

❋r♦♠ t❤✐s ✇❡ ❝❛♥ ❣❡t ❛ ❝♦❤❡r❡♥t M(∅, F, P ) ♠❛♣ θ✳ ■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ ✐❢ ✐t ✐s ❛♥
❛♣♣r♦♣r✐❛t❡ ✇✐t♥❡ss✱ ❢♦r t❤✐s ✇❡ r❡❢❡r t♦ ❚❛❜❧❡ ✻✳✸✳

x1(qini.c) x2(qini.c) x3(qini) x4(qini) ❘❡s✉❧t
1 0 1 0 ♦❦ ✭d✮
0 0 1 1 ♦❦ ✭b2✮
1 1 0 0 ♦❦ ✭b1✮
0 1 0 1 ♦❦ ✭e✮

❚❛❜❧❡ ✻✳✸✿ ❈❤❡❝❦✐♥❣ ✐❢ θ ✐s ❛ ✇✐t♥❡ss ♦❢ φ



✶✺✾

Pr♦✈✐♥❣ G, qini 6|=
M(∅,∅,P ) φ✿ ■❢ ✇❡ ❢♦r❜✐❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s✱ x3(qini) ♠❛② ♥♦t r❡❧②

♦♥ ❛♥② ❦♥♦✇❧❡❞❣❡ t♦ ♠❛❦❡ ✐ts ❝❤♦✐❝❡✳ ❆ss✉♠❡ t❤❛t ②♦✉ ❤❛✈❡ θ ❛ M(∅, ∅, P ) ♠❛♣ ✇✐t❤
θ(w)(x3)(qini) = 1 ♥♦ ♠❛tt❡r w✳ θ ❤❛s t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

• ❡✐t❤❡r θ(w)(x1)(qini.c) = 1 ❢♦r w✬s ✇✐t❤ w(x4)(qini) = 0✳ ❚❤❡♥ ❢♦r w0 ✇✐t❤ w0(x4)(qini) =
0 ❜✉t ❛❧s♦ w0(x2)(qini.c) = 1✱ θ(w0) ✇✐❧❧ ❧❡❛❞ t❤❡ ❣♦❛❧ t♦ f ❛♥❞ ❢❛✐❧✳

• ♦r θ(w)(x1)(qini.c) = 0 ❢♦r w✬s ✇✐t❤ w(x4)(qini) = 0✳ ❚❤❡♥ t❛❦✐♥❣ w0 ✇✐t❤ w0(x4)(qini) =
0 ❜✉t ❛❧s♦ w0(x2)(qini.c) = 0 ❛❧s♦ ❧❡❛❞s θ(w0) t♦ f ❛♥❞ ❢❛✐❧✳

■♥ ❡✐t❤❡r ❝❛s❡s✱ θ ✐s ♥♦t ❛ ✇✐t♥❡ss✳ ❚❤❡ ❝❛s❡ ✇✐t❤ θ(w)(x3)(qini) = 0 ✐s s✐♠✐❧❛r✳ ■♥ t❤❡
❡♥❞✱ G, qini 6|=M(∅,∅,P ) φ

Pr♦✈✐♥❣ G, qini 6|=
M(∅,F,∅) φ✿ ■❢ ✇❡ ❢♦r❜✐❞ ✉♥♦r❞❡r❡❞ ♣r❡✜①❡s ❞❡♣❡♥❞❡♥❝✐❡s✱ x1(qini.c)

♠❛② ♥♦t r❡❧✐❡s ♦♥ ✇❤❛t ❤❛s ❜❡❡♥ ♣❧❛②❡❞ ♦♥ qini✳ ❈♦♥s✐❞❡r ❛ M(∅, F, ∅) ♠❛♣ θ✳ ❊✐t❤❡r
θ(w)(x1)(qini.c) = 1 ♦r θ(w)(x1)(qini.c) = 0✱ ♥♦ ♠❛tt❡r w✳ ❚❛❦❡ t❤❡ ✜rst ❝❛s❡✱ ❛❣❛✐♥ ✇❡
❞❡❝♦♠♣♦s❡ ❜② ❝❛s❡s✿

• ❡✐t❤❡r θ(w)(x3)(qini) = 1 ❢♦r w✬s ✇✐t❤ w(x2)(qini.c) = 1✳ ❚❤❡♥ ❢♦r w0 ✇✐t❤ w0(x2)(qini.c) =
1 ❛♥❞ w0(x4)(qini) = 0✱ θ(w0) ❧❡❛❞s t♦ f

• ♦r θ(w)(x3)(qini) = 0 ❢♦r w✬s ✇✐t❤ w(x2)(qini.c) = 1✳ ❚❤❡♥ ❢♦r w0 ✇✐t❤ w0(x2)(qini.c) =
1 ❛♥❞ w0(x4)(qini) = 1✱ θ(w0) ❛❧s♦ ❧❡❛❞s t♦ f ✳

■♥ ❜♦t❤ ❝❛s❡s ✇❡ ♥❡❡❞ t❤❡ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s t♦ s❛t✐s❢② φ✳

◆♦t✐❝❡ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ❣❛♠❡ t❤❡r❡ ❝❛♥♥♦t ❜❡ s✐❞❡ ❞❡♣❡♥✲
❞❡♥❝✐❡s✳ ❙♦✱ ❢r♦♠ t❤❡ t❤r❡❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤s ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ ❛❧❧ t❤❡ ♣♦✐♥ts ♦❢
t❤❡ t❤❡♦r❡♠✳



✶✻✵



❈❤❛♣t❡r ✼

❚❤❡ ❙▲❬❊●❪ ❢r❛❣♠❡♥t

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ❛❞❞✐♥❣ ❛❧❧ t❤❡ ❛❝t✐♦♥s ♦♥ t❤❡ ❤✐st♦r② ✭✈✐❛
✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✮ ❧❡❛❞s t♦ ✉♥❡①♣❡❝t❡❞ ❝♦♥s❡q✉❡♥❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥
♦✈❡rr✐❞❡ t❤❡ ♦r❞❡r ♦❢ q✉❛♥t✐✜❝❛t✐♦♥ ❧♦❝❛❧❧② ❜② ✉s✐♥❣ t❤❡ s✐❞❡ ♦r ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥
❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❛❝t✐♦♥s ♠❛❞❡ ❛✈❛✐❧❛❜❧❡❀ t❤✐s ❝❛♥ ❡✈❡♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❙▲❬✶●❪ ❢♦r♠✉❧❛s✳
❚❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❢❡❧❧ s❤♦rt✿ ✇❡ ✇❛♥t❡❞ t♦ s✉♣♣r❡ss s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜② ❛❞❞✐♥❣ t❤❡
❛❝t✐♦♥s ♣❧❛②❡❞ ♦♥t♦ t❤❡ ❤✐st♦r✐❡s ✶✱ ❜✉t ✐♥ t❤❡ ❡♥❞ t❤✐s ❝❛♥♥♦t ❜❡ ❞♦♥❡✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ s❤♦✇ ❛ str♦♥❣ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❜✐❧✐t② t♦ s❛t✐s❢② ❛ ❢♦r♠✉❧❛
φ ✇✐t❤♦✉t s✐❞❡ ♦r ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ❜♦t❤ φ ❛♥❞ ¬φ t♦ ❤♦❧❞ ♦♥
❛ ❣❛♠❡✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❞❡✜♥❡ ❛ ❢r❛❣♠❡♥t ❙▲❬❊●❪ ♦❢ ❙▲❬❇●❪ ❢♦r ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠ ❤♦❧❞s✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t ❙▲❬❊●❪ ✐s ♠❛①✐♠❛❧ ❢♦r ❚❤❡♦r❡♠ ✼✳✶✳

❚❤❡♦r❡♠ ✼✳✶✳ ❈♦♥s✐❞❡r ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❊●❪✱ ❛ ❣❛♠❡ G✱ ❛ st❛t❡ qini ♦❢ G ❛♥❞ t✇♦
♣❛r❛♠❡t❡rs ♠ ∈ {∅, S} ❛♥❞ ♥ ∈ {∅, F}✳ ■❢ G, qini |=

M(♠,♥,P ) φ ❛♥❞ G, qini 6|=
M(♠,♥,P ) ¬φ

t❤❡♥ G, qini |=
M(∅,∅,P ) φ✳

❆ ♠♦r❡ ❢❛s❤✐♦♥❛❜❧❡ ✇❛② t♦ st❛t❡ ❚❤❡♦r❡♠ ✼✳✶ ✐s t♦ s❛② t❤❛t ✇❤❡♥ ❛ ❢♦r♠✉❧❛ φ ∈
❙▲❬❊●❪ ❤♦❧❞s ❛♥❞ ✐ts s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ❞♦❡s ♥♦t✱ ✇❡ ❝❛♥ r❡♠♦✈❡ ❜♦t❤ s✐❞❡ ❛♥❞ ❢✉t✉r❡
❞❡♣❡♥❞❡♥❝✐❡s✳ ❆ ♥❛✐✈❡ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ ❛ss✉♠❡ t❤❛t ✐❢ G, qini 6|=M(∅,∅,P ) φ✱ t❤❡♥
G, qini |=

M(∅,∅,P ) ¬φ ❛♥❞ t❤❡r❡❢♦r❡ G, qini |=M(♠,♥,P ) ¬φ✳ ❍♦✇❡✈❡r ❢r♦♠ G, qini 6|=M(∅,∅,P ) φ✱
✇❡ ❝❛♥♥♦t ❞❡❞✉❝❡ G, qini |=M(∅,∅,P ) ¬φ❀ ✐♥❞❡❡❞✱ ✇❡ ♠❛② ❜❡ ✐♥ ♦♥❡ ♦❢ t❤♦s❡ ❝❛s❡s ✇❤❡r❡
♥❡✐t❤❡r φ ♥♦r ¬φ ❤♦❧❞ ♦♥ G ❢♦r |=M(∅,∅,P )✳ ❍❡♥❝❡ ❚❤❡♦r❡♠ ✼✳✶ ✐s ♥♦t tr✐✈✐❛❧✳

❚❤❡♦r❡♠ ✼✳✶ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ ❛s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ❜♦t❤
❛ ❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ t♦ ❤♦❧❞ ❛♥❞ t❤❡ ❝❛♣❛❝✐t② t♦ r❡♠♦✈❡ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❚❤❡r❡
❛r❡ ❝❛s❡s ✇❤❡r❡ ❜♦t❤ φ ❛♥❞ ¬φ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡ ❢♦r |=M(S,∅,P ) ❛♥❞ ✇❤❡r❡ ✇❡ ❝❛♥ r❡♠♦✈❡
s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ❢r♦♠ ♦♥❡ ♦❢ t❤❡ t✇♦✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r t❤❡ ❣❛♠❡ ✭t❤❛t ✇❡ r❡❢❡r t♦ ❛s G
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮ ❛♥❞ ❢♦r♠✉❧❛ ✭r❡❢❡rr❡❞ t♦ ❛s φ✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺ ✭♣❛❣❡ ✶✹✻✮✳
❲❡ ❤❛✈❡ G, qini |=M(S,∅,P ) φ ✭❛s ♣r♦✈❡♥ ✐♥ t❤❡ ♣r♦♦❢✮ ❛♥❞ G, qini |=M(∅,∅,P ) ¬φ ✭t❤✐s ❝❛♥
❡❛s✐❧② ❜❡ ❝❤❡❝❦❡❞✮✳

✶❋♦r♠❛❧❧② ✇❡ ✉s❡ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s ❜✉t ❛s ❡①♣❧❛✐♥❡❞ ❞✉r✐♥❣ ❈❤❛♣t❡r ✻✱ t❤❡ ❢r❛♠❡✇♦r❦
✐s ❡q✉✐✈❛❧❡♥t t♦ ❛❞❞✐♥❣ ❛❧❧ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ❜❡❢♦r❡ ♦♥ t❤❡ ❤✐st♦r✐❡s✳

✶✻✶
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✼✳✶ ❙❡♠✐✲st❛❜❧❡ s❡ts ❛♥❞ ❙▲❬❊●❪

❇❡❢♦r❡ ❞❡✜♥✐♥❣ ♦✉r ❧♦❣✐❝✱ ✇❡ ✜rst ✜① s♦♠❡ ♥♦t❛t✐♦♥s✿ ❢♦r n ∈ N✱ ✇❡ ❧❡t {0, 1}n ❜❡ t❤❡ s❡t
♦❢ ♠❛♣♣✐♥❣s ❢r♦♠ [1, n] t♦ {0, 1}✳ ❲❡ ✇r✐t❡ 0n ✭♦r 0 ✐❢ t❤❡ s✐③❡ n ✐s ❝❧❡❛r✮ ❢♦r t❤❡ ❢✉♥❝t✐♦♥
t❤❛t ♠❛♣s ❛❧❧ ✐♥t❡❣❡rs ✐♥ [1, n] t♦ 0✱ ❛♥❞ 1

n ✭♦r 1✮ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s [1, n] t♦ 1✳
❋♦r f ∈ {0, 1}n ❛♥❞ k ≤ n✱ f[1,k] ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ f t♦ [1, k]✳ ❚❤❡ s✐③❡ ♦❢ f ∈ {0, 1}n

✐s ❞❡✜♥❡❞ ❛s |f | =
∑

1≤i≤n f(i)✳ ❋♦r t✇♦ ❡❧❡♠❡♥ts f ❛♥❞ g ♦❢ {0, 1}n✱ ✇❡ ✇r✐t❡ f ≤ g
✇❤❡♥❡✈❡r f(i) = 1 ✐♠♣❧✐❡s g(i) = 1 ❢♦r ❛❧❧ i ∈ [1, n]✳ ●✐✈❡♥ Bn ⊆ {0, 1}n✱ ✇❡ ✇r✐t❡
↑Bn = {g ∈ {0, 1}n | ∃f ∈ Bn. f ≤ g}✳ ❆ s❡t F n ⊆ {0, 1}n ✐s ✉♣✇❛r❞ ❝❧♦s❡❞ ✐❢ F n = ↑F n✳
❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs✿

f : i 7→ 1− f(i) f f g : i 7→ min{f(i), g(i)} f g g : i 7→ max{f(i), g(i)}.

❆s ❛ ✇❛② t♦ t♦ ❣❡t t❤❡ r❡❛❞❡r ❛❝❝✉st♦♠❡❞ t♦ t❤❡s❡ t❤r❡❡ ♦♣❡r❛t♦rs✱ ✇❡ st❛rt ✇✐t❤ ❛
s✐♠♣❧❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✼✳✷✳ ❋♦r ❛♥② f, g, s ∈ {0, 1}n✱ (f f s) ∨ (g f s) = (f f s) ∨ (g f s)✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r s♦♠❡ 1 ≤ i ≤ n✱ t❤❡♥

(f f s) ∨ (g f s)(i) = 1 ⇔ (f f s) ∨ (g f s)(i) = 1

⇔ s(i) = 1⇒ f(i) = 0 ❛♥❞ s(i) = 0⇒ g(i) = 0

⇔ s(i) = 1⇒ f(i) = 1 ❛♥❞ s(i) = 0⇒ g(i) = 1

⇔ (f f s) ∨ (g f s)(i) = 1

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❙▲❬❊●❪✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ s❡♠✐✲st❛❜❧❡ s✉❜s❡t ♦❢ {0, 1}n✿

❉❡✜♥✐t✐♦♥ ✼✳✸✳ ❆ s❡t F n ⊆ {0, 1}n ✐s s❡♠✐✲st❛❜❧❡ ✐❢ ❢♦r ❛♥② f ❛♥❞ g ✐♥ F n✱ ✐t ❤♦❧❞s t❤❛t

∀s ∈ {0, 1}n (f f s)g (g f s) ∈ F n ♦r (g f s)g (f f s) ∈ F n.

❊①❛♠♣❧❡ ✼✳✹✳ ❖❜✈✐♦✉s❧②✱ {0, 1}n ✐s s❡♠✐✲st❛❜❧❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡♠♣t② s❡t✳ ❋♦r n = 2✱
t❤❡ s❡t {〈0, 1〉, 〈1, 0〉} ✐s ❡❛s✐❧② s❡❡♥ ♥♦t t♦ ❜❡ s❡♠✐✲st❛❜❧❡✿ t❛❦✐♥❣ f = 〈0, 1〉 ❛♥❞ g = 〈1, 0〉
✇✐t❤ s = 〈1, 0〉✱ ✇❡ ❣❡t (f f s)g (gf s) = 〈0, 0〉 ❛♥❞ (gf s)g (f f s) = 〈1, 1〉✳ ❙✐♠✐❧❛r❧②✱
{〈0, 0〉, 〈1, 1〉} ✐s ♥♦t s❡♠✐✲st❛❜❧❡✳ ■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ t❤❛t ❛♥② ♦t❤❡r s✉❜s❡t ♦❢ {0, 1}2 ✐s
s❡♠✐✲st❛❜❧❡✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❙▲❬❊●❪✳ ❆s ❢♦r ❙▲❬❇●❪ ❛♥❞ ✐ts ❢r❛❣♠❡♥ts✱ ✇❡ ❢♦❝✉s ♦♥ ✐ts ✢❛t ❢r❛❣♠❡♥t✱
✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❙▲❬❊●❪ ∋ φ ::= ∀x.φ | ∃x.φ | ξ

ξ ::= F n((βi)1≤i≤n)

β ::= ❛ss✐❣♥(A, x). β | ϕ

ϕ ::= ¬ϕ | ϕ ∨ ϕ | ❳ϕ | ϕ❯ϕ | p
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✇❤❡r❡ p r❛♥❣❡s ♦✈❡r ❆P✱ n r❛♥❣❡s ♦✈❡r N ❛♥❞ ❢♦r ❡❛❝❤ n✱ F n r❛♥❣❡s ♦✈❡r ❛ s❡t Fn ♦❢
s❡♠✐✲st❛❜❧❡ s✉❜s❡ts ♦❢ {0, 1}n✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ F n ♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ❛s

G, q |=χ F
n((βi)i≤n) ⇔ ∃f ∈ F n ✇❤❡r❡ f(i) = 1 ✐✛ G, q |=χ βi

◆♦t✐❝❡ t❤❛t ✐❢ F n ✇♦✉❧❞ r❛♥❣❡ ♦✈❡r ❛❧❧ s✉❜s❡ts ♦❢ {0, 1}n✱ t❤❡♥ t❤✐s ❞❡✜♥✐t✐♦♥ ✇♦✉❧❞
❡①❛❝t❧② ❝♦rr❡s♣♦♥❞ t♦ ❙▲❬❇●❪✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❝❛s❡ ✇❤❡r❡ F n = {1n} ❝♦rr❡s♣♦♥❞s t♦ ❙▲❬❈●❪✱
✇❤✐❧❡ F n = {0, 1}n \ {0n} ❣✐✈❡s r✐s❡ t♦ ❙▲❬❉●❪✳ ❇♦t❤ {1n} ❛♥❞ {0, 1}n \ {0n} ❛r❡ s❡♠✐✲
st❛❜❧❡✱ ❤❡♥❝❡ ❙▲❬❈●❪ ⊆ ❙▲❬❊●❪ ❛♥❞ ❙▲❬❉●❪ ⊆ ❙▲❬❊●❪✳

❊①❛♠♣❧❡ ✼✳✺✳ ❈♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ♦❢ ❊①❛♠♣❧❡ ✶✳✺✳✹ ❡①♣r❡ss✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ◆❛s❤
❡q✉✐❧✐❜r✐✉♠✳ ❋♦r t✇♦ ❛❣❡♥ts✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∃x1.∃x2.∀y1.∀y2





(❛ss✐❣♥(A1, y1;A2, x2).ϕ1)⇒ (❛ss✐❣♥(A1, x1;A2, x2).ϕ1)

∧

(❛ss✐❣♥(A1, x1;A2, y2).ϕ2)⇒ (❛ss✐❣♥(A1, x1;A2, x2).ϕ2)

✭✼✳✶✮

❚❤✐s ❢♦r♠✉❧❛ ❤❛s ❢♦✉r ❣♦❛❧s✱ ❛♥❞ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡t

F 4 = {〈1, 1, 1, 1〉, 〈0, 1, 1, 1〉, 〈1, 1, 0, 1〉, 〈0, 1, 0, 1〉, 〈0, 0, 1, 1〉, 〈1, 1, 0, 0〉,

〈0, 0, 0, 1〉, 〈0, 1, 0, 0〉, 〈0, 0, 0, 0〉}

❚❛❦✐♥❣ f = 〈1, 1, 0, 0〉 ❛♥❞ g = 〈0, 0, 1, 1〉✱ ✇✐t❤ s = 〈1, 0, 1, 0〉 ✇❡ ❤❛✈❡ (f f s)g (gf s) =
〈1, 0, 0, 1〉 ❛♥❞ (g f s)g (f f s) = 〈0, 1, 1, 0〉✱ ✇❤✐❝❤ ❛r❡ ♥♦t ✐♥ F 4✳ ❍❡♥❝❡ ❋♦r♠✉❧❛ ✭✼✳✶✮
✐s ♥♦t s②♥t❛❝t✐❝❛❧❧② ✐♥ ❙▲❬❊●❪✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ❝❛♥♥♦t
❜❡ ❡①♣r❡ss❡❞ ✐♥ ❙▲❬❊●❪✳

✼✳✷ ❊①♣r❡ss✐✈❡♥❡ss ♦❢ ❙▲❬❊●❪

❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐✈❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ ❙▲❬❊●❪ ✇✳r✳t t❤❡ ✭✢❛t✮ ❢r❛❣♠❡♥t ❙▲❬❆●❪
♦❢ ❙▲❬❇●❪✱ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳ ❚♦ t❤✐s ❛✐♠✱ ♣✐❝❦ φ ∈ ❙▲❬❇●❪ ✇✐t❤ n ❣♦❛❧s✱ ❛♥❞ ✇r✐t❡
φ = ℘. ξ(ψi)1≤i≤n✱ ✇❤❡r❡ ℘ ✐s t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♣❛rt✱ ❛♥❞ ξ ✐s ❛ ❜♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
t❤❡ ❣♦❛❧s (ψi)1≤i≤n✳ ❲❡ ❞❡✜♥❡

F n
ξ = {f ∈ {0, 1}n | ξ(f) ❡✈❛❧✉❛t❡s t♦ tr✉❡}.

Pr♦♣♦s✐t✐♦♥ ✼✳✻✳ ❋♦r ❛♥② ❢♦r♠✉❧❛ φ ∈ ❙▲❬❆●❪ ✇✐t❤ n ❣♦❛❧s✱ F n
ξ ✐s s❡♠✐✲st❛❜❧❡✳

Pr♦♦❢✳ ❚❛❦❡ φ ∈ ❙▲❬❆●❪ ✇✐t❤ n ❣♦❛❧s✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❙▲❬❆●❪✱ t❤❡ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ ξ ♦❢ φ
♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✇❛②s✿

ξ(xi)1≤i≤n = ξ′((xi)1≤i≤n−1) ∧ xn

ξ(xi)1≤i≤n = ξ′((xi)1≤i≤n−1) ∨ xn
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❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s✿

F n
ξ = {f | f(n) = 1 ❛♥❞ f[1,n−1] ∈ F n−1

ξ′ } ✭✼✳✷✮

F n
ξ = {f | f(n) = 1} ∪ {g | g(n) = 0 ❛♥❞ g[1,n−1] ∈ F n−1

ξ′ } ✭✼✳✸✮

❇② ✐♥❞✉❝t✐♦♥ ♦♥ n✱ ✇❡ ♣r♦✈❡ t❤❛t s✉❝❤ s❡ts ❛r❡ s❡♠✐✲st❛❜❧❡✳ ❚❤❡ ❜❛s❡ ❝❛s❡✱ ❢♦r n = 1✱ ✐s
tr✐✈✐❛❧✳ ◆♦✇✱ ❛ss✉♠❡ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ✉♣ t♦ st❡♣ n−1✱ ❛♥❞ ♣✐❝❦ ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❆●❪
✇✐t❤ n ❣♦❛❧s ✭❢♦r n ≥ 2✮✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ξ = ξ′((xi)1≤i≤n−1)∧ xn✳ ❚❤❡♥
F n
ξ = {f | f(n) = 1 ❛♥❞ f[1,n] = F n−1

ξ′ }✱ ❛♥❞ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s F n−1
ξ′ ✐s s❡♠✐✲st❛❜❧❡✳

P✐❝❦ ❛♥② t✇♦ ❡❧❡♠❡♥ts f ❛♥❞ g ✐♥ F n
ξ ✱ ❛♥❞ ❛♥② s ∈ {0, 1}n✳ ▲❡t s′ = s[1,n−1] ∈ {0, 1}

n−1✱
f ′ = f[1,n−1] ❛♥❞ g′ = g[1,n−1]✳ ❙✐♥❝❡ f(n) = g(n) = 1✱ ✇❡ ❤❛✈❡ [(f f s) g (g f s)](1) =
[(g f s)g (f f s)](1) = 1✳ ▼♦r❡♦✈❡r✱ [(f f s)g (g f s)][1,n−1] = (f ′ f s′)g (g′ f s′)✱ ❛♥❞
[(g f s)g (f f s)][1,n−1] = (g′ f s′)g (f ′ f s′)✳ ❙✐♥❝❡ F n−1

ξ′ ✐s s❡♠✐✲st❛❜❧❡✱ ✐t ❝♦♥t❛✐♥s ♦♥❡
♦❢ t❤❡s❡ t✇♦ ❡❧❡♠❡♥ts✱ s♦ t❤❛t ♦♥❡ ♦❢ (f f s)g (g f s) ❛♥❞ (g f s)g (f f s) ✐s ✐♥ F n

ξ ✳
❚❤❡ ❝❛s❡ ✇❤❡r❡ ξ = ξ′((xi)1≤i≤n−1) ∨ xn r❡❧✐❡s ♦♥ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✿ ❛ss✉♠✐♥❣ t❤❛t

F n−1
ξ′ ✐s s❡♠✐✲st❛❜❧❡✱ ✇❡ ♣✐❝❦ t✇♦ ❡❧❡♠❡♥ts f ❛♥❞ g ✐♥ F n

ξ ✱ ❛♥❞ s ∈ {0, 1}n✳ ■♥ ❝❛s❡
f(n) = 1 ♦r g(n) = 1✱ t❤❡♥ ♦♥❡ ♦❢ (f fs)g (gfs) ❛♥❞ (gfs)g (f fs) t❛❦❡s ✈❛❧✉❡ 1 ✐♥ n✱
❛♥❞ t❤✉s ❜❡❧♦♥❣s t♦ F n

ξ ✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢ ❝♦♥❥✉♥❝t✐✈❡
❢♦r♠✉❧❛s✳

■t ❢♦❧❧♦✇s t❤❛t ❛♥② ❢♦r♠✉❧❛ ✐♥ ❙▲❬❆●❪ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢♦r♠✉❧❛ ✐♥ ❙▲❬❊●❪✳ ❖♥❡ ❝❛♥
✇♦♥❞❡r ✐❢ t❤❡ ❝♦♥✈❡rs❡ tr❛♥s❧❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✱ ✇❤✐❝❤ ✇♦✉❧❞ ♠❡❛♥ t❤❛t ❙▲❬❊●❪ ❛♥❞ ❙▲❬❆●❪
✇♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r✳ ❚❤❡ ❛♥s✇❡r ✐s ♥❡❣❛t✐✈❡✿

Pr♦♣♦s✐t✐♦♥ ✼✳✼✳ ❋✐① n = 3 ❛♥❞ ❧❡t Hn = {〈1, 1, 1〉, 〈1, 1, 0〉, 〈1, 0, 1〉, 〈0, 1, 1〉}✳ ❚❤❡♥ Hn

✐s s❡♠✐✲st❛❜❧❡✱ ❛♥❞ ❢♦r ❛♥② ❢♦r♠✉❧❛ φ = ℘. ξ(ψi)1≤i≤n ✐♥ ❙▲❬❆●❪✱ ✇❡ ❤❛✈❡ F n
ξ 6= Hn✳

Pr♦♦❢✳ ❚❤❛t Hn ✐s s❡♠✐✲st❛❜❧❡ ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ❜r✉t❡ ❢♦r❝❡✳ ◆♦✇✱ ❢♦r ❛♥② ❢♦r♠✉❧❛ φ =
℘ξ ✐♥ ❙▲❬❆●❪✱ ξ(x1, x2, x3) ♠✉st ❜❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ❢♦r♠s✿

ξ′(x1, x2) ∧ x3 ξ′(x1, x2) ∧ ¬x3

ξ′(x1, x2) ∨ x3 ξ′(x1, x2) ∨ ¬x3

❆❣❛✐♥✱ ✐t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ❝❛♥ ❣✐✈❡ r✐s❡ t♦ ❡①❛❝t❧② Hn✿ ❢♦r
✐♥st❛♥❝❡✱ ✐♥ t❤❡ ✜rst ❝❛s❡✱ 〈1, 1, 0〉 ✇♦✉❧❞ ♥♦t ❜❡❧♦♥❣ t♦ F n

ξ ✱ ✇❤✐❧❡ t❤❡ ❧❛st ❝❛s❡ ✇♦✉❧❞
❛❧❧♦✇ 〈0, 0, 0〉 t♦ ❜❡ ✐♥ Hn✳

✼✳✸ Pr♦♣❡rt✐❡s ♦❢ ❙▲❬❊●❪

❲❡ ❡①❤✐❜✐t s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ s❡♠✐✲st❛❜❧❡ s❡ts ♦❢ ✈❛❧✉❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t
s❡♠✐✲st❛❜❧❡ s❡ts ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ ❜② ✢✐♣♣✐♥❣ ❜✐ts ✐♥t♦ ❛♥ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡t✳ ❲❡ ✜① ❛♥
✐♥❞❡① n ❢♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✳



✶✻✺

✼✳✸✳✶ ❈❧♦s✉r❡ ✉♥❞❡r ❜✐t ✢✐♣♣✐♥❣

❋✐① ❛ ✈❡❝t♦r b ∈ {0, 1}n✳ ❲❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥ ✢✐♣b : {0, 1}
n → {0, 1}n t❤❛t ♠❛♣s ❛♥②

✈❡❝t♦r f t♦ (f f b) g (f f b)✳ ■♥ ♦t❤❡r t❡r♠s✱ ✢✐♣b ✢✐♣s t❤❡ i✲t❤ ❜✐t ♦❢ ✐ts ❛r❣✉♠❡♥t ✐❢
bi = 0✱ ❛♥❞ ❦❡❡♣s t❤✐s ❜✐t ✉♥❝❤❛♥❣❡❞ ✐❢ bi = 1✳ ◆♦t✐❝❡ t❤❛t ✢✐♣b ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ {0, 1}n✳
◆♦t✐❝❡ ❛❧s♦ t❤❛t ✢✐♣

0
(f) = f ❛♥❞ ✢✐♣f (f) = 1 ❢♦r ❛❧❧ f ∈ {0, 1}n✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ✢✐♣♣✐♥❣ ❜✐ts ♣r❡s❡r✈❡s s❡♠✐✲st❛❜✐❧✐t②✳ ❚❤✐s ✐s ❛ ♥❛t✉r❛❧
♣r♦♣❡rt② ❢♦r ♦✉r ❧♦❣✐❝✱ s✐♥❝❡ ✢✐♣♣✐♥❣ ❜✐ts ❝♦rr❡s♣♦♥❞s t♦ ♥❡❣❛t✐♥❣ ❣♦❛❧s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r
b ∈ {0, 1}n✱ ♦♣❡♥ ❢♦r♠✉❧❛s F n((βi. ϕi)1≤i≤n) ❛♥❞ ✢✐♣b(F

n)((βi. ϕ
′
i)1≤i≤n)✱ ✇❤❡r❡ ϕ

′
i = ϕi

✐❢ b(i) = 1 ❛♥❞ ϕ′i = ¬ϕi ✐❢ b(i) = 0✱ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

▲❡♠♠❛ ✼✳✽✳ ■❢ F n ⊆ {0, 1}n ✐s s❡♠✐✲st❛❜❧❡✱ t❤❡♥ s♦ ✐s ✢✐♣b(F
n)✳

Pr♦♦❢✳ ❲❡ ❛ss✉♠❡ t❤❛t F n ✐s s❡♠✐✲st❛❜❧❡✳ ❚❛❦❡ f ′ = ✢✐♣b(f) ❛♥❞ g
′ = ✢✐♣b(g) ✐♥ ✢✐♣b(F

n)✱
❛♥❞ s ∈ {0, 1}n✳ ❚❤❡♥

(f ′ f s)g (g′ f s) =
(
((f f b)g (f f b))f s

)
g
(
((g f b)g (g f b))f s

)

= (((f f s)g (g f s))f b)g
(
((f f s)g (g f s))f b

)

❲r✐t❡ α = (f f s)g (g f s) ❛♥❞ β = (f f s)g (g f s)✳ ❇② ▲❡♠♠❛ ✼✳✷✱ β = α✳ ❲❡ t❤❡♥
❤❛✈❡

(f ′ f s)g (g′ f s) = (α f b)g
(
α f b

)

= ✢✐♣b(α). ✭✼✳✹✮

❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❜❡✐♥❣ ✈❛❧✐❞ ❢♦r ❛♥② f ❛♥❞ g✱ ✇❡ ❛❧s♦ ❤❛✈❡

(g′ f s)g (f ′ f s) = (γ f b)g
(
γ f b

)

= ✢✐♣b(γ) ✭✼✳✺✮

✇✐t❤ γ = (gf s)g (f f s)✳ ❇② ❤②♣♦t❤❡s✐s✱ ❛t ❧❡❛st ♦♥❡ ♦❢ α ❛♥❞ γ ❜❡❧♦♥❣s t♦ F n✱ s♦ t❤❛t
❛❧s♦ ❛t ❧❡❛st ♦♥❡ ♦❢ (f ′ f s)g (g′ f s) ❛♥❞ (g′ f s)g (f ′ f s) ❜❡❧♦♥❣s t♦ ✢✐♣b(F

n)✳

❈♦r♦❧❧❛r② ✼✳✾✳ F n ✐s s❡♠✐✲st❛❜❧❡ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ ✐ts ❝♦♠♣❧❡♠❡♥t ✐s✳

Pr♦♦❢✳ ❆ss✉♠❡ F n ✐s ♥♦t s❡♠✐✲st❛❜❧❡✱ ❛♥❞ ♣✐❝❦ f ❛♥❞ g ✐♥ F n ❛♥❞ s ∈ {0, 1}n s✉❝❤ t❤❛t
♥♦♥❡ ♦❢ α = (f f s)g (g f s) ❛♥❞ γ = (g f s)g (f f s) ❛r❡ ✐♥ F n✳ ■t ❝❛♥♥♦t ❜❡ t❤❡ ❝❛s❡
t❤❛t g = f ✱ ❛s t❤✐s ✇♦✉❧❞ ✐♠♣❧② α = f ∈ F n✳ ❍❡♥❝❡ α 6= γ✳ ❲❡ ❝❧❛✐♠ t❤❛t α ❛♥❞ γ ❛r❡
♦✉r ✇✐t♥❡ss❡s ❢♦r s❤♦✇✐♥❣ t❤❛t t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ F n ✐s ♥♦t s❡♠✐✲st❛❜❧❡✿ ❜♦t❤ ♦❢ t❤❡♠
❜❡❧♦♥❣ t♦ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ F n✱ ❛♥❞ (α f s) g (γ f s) ❝❛♥ ❜❡ s❡❡♥ t♦ ❡q✉❛❧ f ✱ ❤❡♥❝❡ ✐t
✐s ♥♦t ✐♥ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ F n✳ ❙✐♠✐❧❛r❧② ❢♦r (γ f s)g (α f s) = g✳

✼✳✸✳✷ ❚r❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ ✉♣✇❛r❞✲❝❧♦s❡❞ s❡t

▲❡♠♠❛ ✼✳✶✵✳ ■❢ F n ⊆ {0, 1}n ✐s s❡♠✐✲st❛❜❧❡✱ t❤❡♥ ❢♦r ❛♥② s ∈ {0, 1}n ❛♥❞ ❛♥② ♥♦♥✲❡♠♣t②
s✉❜s❡t Hn ♦❢ F n✱ ✐t ❤♦❧❞s t❤❛t

∃f ∈ Hn. ∀g ∈ Hn. (f f s)g (g f s) ∈ F n.



✶✻✻

Pr♦♦❢✳ ❋♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st s ∈ {0, 1}n ❛♥❞ Hn ⊆ F n s✉❝❤ t❤❛t✱
❢♦r ❛♥② f ∈ Hn✱ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t g ∈ Hn ❢♦r ✇❤✐❝❤ (f f s)g (g f s) /∈ F n✳ ❚❤❡♥ t❤❡r❡
♠✉st ❡①✐st ❛ ♠✐♥✐♠❛❧ ✐♥t❡❣❡r 2 ≤ λ ≤ |Hn| ❛♥❞ λ ❡❧❡♠❡♥ts {fi | 1 ≤ i ≤ λ} ♦❢ Hn s✉❝❤
t❤❛t

∀1 ≤ i ≤ λ− 1 (fi f s)g (fi+1 f s) 6∈ F n ❛♥❞ (fλ f s)g (f1 f s) 6∈ F n.

❇② ❈♦r♦❧❧❛r② ✼✳✾✱ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ F n ✐s s❡♠✐✲st❛❜❧❡✳ ❍❡♥❝❡✱ ❝♦♥s✐❞❡r✐♥❣ (fλ−1 f s) g
(fλ f s) ❛♥❞ (fλ f s)g (f1 f s)✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✈❡❝t♦rs ✐s ♥♦t ✐♥ F n✿

(
[(fλ−1 f s)g (fλ f s)]f s

)
g
(
[(fλ f s)g (f1 f s)]f s

)
(
[(fλ f s)g (f1 f s)]f s

)
g
(
[(fλ−1 f s)g (fλ f s)]f s

)

❚❤❡ s❡❝♦♥❞ ❡①♣r❡ss✐♦♥ ❡q✉❛❧s fλ✱ ✇❤✐❝❤ ✐s ✐♥ F n✳ ❍❡♥❝❡ ✇❡ ❣❡t t❤❛t (fλ−1 f s)g (f1 f s)
✐s ♥♦t ✐♥ F n✱ ❝♦♥tr❛❞✐❝t✐♥❣ ♠✐♥✐♠❛❧✐t② ♦❢ λ✳

▲❡♠♠❛ ✼✳✶✶✳ ❋♦r ❛♥② s❡♠✐✲st❛❜❧❡ s❡t F n✱ t❤❡r❡ ❡①✐sts B ∈ {0, 1}n s✉❝❤ t❤❛t ✢✐♣B(F
n)

✐s ✉♣✇❛r❞ ❝❧♦s❡❞✳

Pr♦♦❢✳ ❚❤❡ ❧❡♠♠❛ tr✐✈✐❛❧❧② ❤♦❧❞s ❢♦r F n = ∅ t❤✉s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ F n t♦ ❜❡
♥♦♥✲❡♠♣t②✳ ❋♦r 1 ≤ i ≤ n✱ ❧❡t si ∈ {0, 1}n ❜❡ t❤❡ ✈❡❝t♦r s✉❝❤ t❤❛t si(j) = 1 ✐❢✱ ❛♥❞
♦♥❧② ✐❢✱ j = i✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✼✳✶✵✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛♥② i✱ t❤❡r❡ ❡①✐sts s♦♠❡ fi ∈ F n

s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ F n✱ ✐t ❤♦❧❞s

(fi f si)g (f f si) ∈ F
n. ✭✼✳✻✮

❲❡ ✜① s✉❝❤ ❛ ❢❛♠✐❧② (fi)i≤n t❤❡♥ ❞❡✜♥❡ g ∈ {0, 1}n ❛s g =
b

1≤i≤n(fifsi)✱ ✐✳❡✳ g(i) = fi(i)
❢♦r ❛❧❧ 1 ≤ i ≤ n✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛♥② ❡❧❡♠❡♥t ♦❢ F n ❛♥❞ ❛♣♣❧②✐♥❣ ❊q✉❛t✐♦♥ ✭✼✳✻✮ ✐t❡r❛t✐✈❡❧②
❢♦r ❡❛❝❤ i✱ ✇❡ ❣❡t t❤❛t g ∈ F n✳ ❙✐♥❝❡ g f si = fi f si✱ ✇❡ ❛❧s♦ ❤❛✈❡

∀f ∈ F n (g f si)g (f f si) ∈ F
n

❇② ❊q✉❛t✐♦♥ ✭✼✳✺✮✱ s✐♥❝❡ ✢✐♣g(g) = 1✱ ✇❡ ❣❡t

∀f ∈ F n (1f si)g (✢✐♣g(f)f si) ∈ ✢✐♣g(F
n). ✭✼✳✼✮

◆♦✇✱ ❛ss✉♠❡ t❤❛t ✢✐♣g(F
n) ✐s ♥♦t ✉♣✇❛r❞ ❝❧♦s❡❞✿ t❤❡♥ t❤❡r❡ ❡①✐st ❡❧❡♠❡♥ts f ∈ F n ❛♥❞

h /∈ F n s✉❝❤ t❤❛t ✢✐♣g(f)(i) = 1⇒ ✢✐♣g(h)(i) = 1 ❢♦r ❛❧❧ i✳ ❙t❛rt✐♥❣ ❢r♦♠ f ❛♥❞ ✐t❡r❛t✐✈❡❧②
❛♣♣❧②✐♥❣ ❊q✉❛t✐♦♥ ✭✼✳✼✮ ❢♦r t❤♦s❡ i ❢♦r ✇❤✐❝❤ ✢✐♣g(h)(i) = 1 ❛♥❞ ✢✐♣g(f)(i) = 0✱ ✇❡ ❣❡t
t❤❛t ✢✐♣g(h) ∈ ✢✐♣g(F

n) ❛♥❞ h ∈ F n✳ ❍❡♥❝❡ ✢✐♣g(F
n) ♠✉st ❜❡ ✉♣✇❛r❞ ❝❧♦s❡❞✳

❘❡♠❛r❦ ✼✳✶✷✳ ◆♦t✐❝❡ t❤❛t ❜❡✐♥❣ ✉♣✇❛r❞ ❝❧♦s❡❞ ✐s ♥♦t ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❜❡✐♥❣
s❡♠✐✲st❛❜❧❡✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ s❡t F n = ↑{〈0, 0, 1, 1〉; 〈1, 1, 0, 0〉}✳ ❚❤❡♥ F n ✐s
♥♦t s❡♠✐✲st❛❜❧❡✿ t❛❦✐♥❣ f = 〈0, 0, 1, 1〉 ❛♥❞ g = 〈1, 1, 0, 0〉✱ ❛♥❞ s = {1, 0, 0, 1}✱ ✇❡ ❣❡t
(f f s)g (g f s) = 〈0, 1, 0, 1〉 /∈ F n ❛♥❞ (g f s)g (f f s) = 〈1, 0, 1, 0〉 /∈ F n✳



✶✻✼

✼✳✸✳✸ ❖r❞❡r✐♥❣ {0, 1}n

❈♦♥s✐❞❡r F n ⊆ {0, 1}n ❛♥❞ s ∈ {0, 1}n✱ ❢♦r ❛♥② h ∈ {0, 1}n✱ ✇❡ ❞❡✜♥❡

F
n(h, s) := {h′ ∈ {0, 1}n | (hf s)g (h′ f s) ∈ F n}

❛♥❞✱ ✇r✐t✐♥❣ F n ❢♦r t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ F n✱

Fn(h, s) := {h′ ∈ {0, 1}n | (hf s)g (h′ f s) ∈ F n}

❚r✐✈✐❛❧❧② F
n(h, s)

⋂
Fn(h, s) = ∅ ❛♥❞ F

n(h, s)
⋃
Fn(h, s) = {0, 1}n✳ ■❢ F n ✐s ❛ s❡♠✐✲

st❛❜❧❡ s❡t✱ t❤❡♥ t❤❡ ❢❛♠✐❧② (Fn(h, s))h∈{0,1}n ♦❜❡②s ❝❡rt❛✐♥ ♣r♦♣❡rt✐❡s✿

▲❡♠♠❛ ✼✳✶✸✳ ❋✐① ❛ s❡♠✐✲st❛❜❧❡ s❡t F n ❛♥❞ s ∈ {0, 1}n✳ ❋♦r ❛♥② h1, h2 ∈ {0, 1}
n✱ ❡✐t❤❡r

F
n(h1, s) ⊆ F

n(h2, s) ♦r F
n(h2, s) ⊆ F

n(h1, s)✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ t✇♦ r❡❧❛t✐♦♥s ❞♦ ♥♦t ❤♦❧❞✿ t❤❡r❡ ❛r❡ h′1 ∈ F
n(h1, s)\F

n(h2, s) ❛♥❞
h′2 ∈ F

n(h2, s)\F
n(h1, s)✳ ❲❡ t❤❡♥ ❤❛✈❡✿

(h1 f s)g (h′1 f s) ∈ F n (h2 f s)g (h′1 f s) 6∈ F n

(h2 f s)g (h′2 f s) ∈ F n (h1 f s)g (h2 f s) 6∈ F n

◆♦✇ ❝♦♥s✐❞❡r (h1 f s)g (h′1 f s)✱ (h2 f s)g (h′2 f s) ❛♥❞ s✳ ❆s F n ✐s s❡♠✐✲st❛❜❧❡✱ ♦♥❡
♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦rs ✐s ✐♥ F n ✿

(
(h1 f s)g (h′1 f s)f s

)
g
(
(h2 f s)g (h′2 f s)f s

)
(
(h2 f s)g (h′2 f s)f s

)
g
(
(h1 f s)g (h′1 f s)f s

)

❚❤❡ ✜rst ✈❡❝t♦r ✐s ❡q✉❛❧ t♦ (h1 f s)g (h′2 f s) ❛♥❞ t❤❡ s❡❝♦♥❞ t♦ (h2 f s)g (h′1 f s) ❛♥❞
❜♦t❤ ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ✐♥ F n✱ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

●✐✈❡♥ ❛ s❡♠✐✲st❛❜❧❡ s❡t F n ❛♥❞ s ∈ {0, 1}n ✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥ ♦❢
▲❡♠♠❛ ✼✳✶✸ t♦ ❞❡✜♥❡s ❛ q✉❛s✐✲♦r❞❡r r❡❧❛t✐♦♥ �F

n

s ♦✈❡r t❤❡ ❡❧❡♠❡♥ts ♦❢ {0, 1}n✳

❉❡✜♥✐t✐♦♥ ✼✳✶✹✳ ❋✐① F n s❡♠✐✲st❛❜❧❡ ❛♥❞ s ∈ {0, 1}n✳ ❲❡ ❞❡✜♥❡ �F
n

s ⊆ {0, 1}
n×{0, 1}n

s♦ t❤❛t h1 �
Fn

s h2 ✐✛ F
n(h1, s) ⊆ F

n(h2, s)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ h1 �
Fn

1
h2 ✇❤❡♥❡✈❡r ❡✐t❤❡r

h1 ∈ F n ♦r h2 ∈ F
n✳

❚♦ ❡❛s❡ t❤❡ r❡❛❞✐♥❣✱ ✇❤❡♥❡✈❡r F n ✐s ❝❧❡❛r ❢r♦♠ ❝♦♥t❡①t✱ ✇❡ ✇r✐t❡ �s ✐♥st❡❛❞ ♦❢ �F
n

s ✳
❘❡✢❡①✐✈❡♥❡ss ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ �s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡✢❡①✐✈❡♥❡ss ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ t❤❡
✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥ ⊆✳ ❲❡ ✉s❡ t❤❡ ✉s✉❛❧ ♥♦t❛t✐♦♥s ≺s,�s,≻s ❛♥❞ =s r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡
str✐❝t✱ t❤❡ ✐♥✈❡rs❡✱ t❤❡ str✐❝t ♦❢ t❤❡ ✐♥✈❡rs❡ q✉❛s✐ ♦r❞❡rs ❛♥❞ t❤❡ ❡q✉❛❧✐t② ✉♣ t♦ q✉❛s✐✲♦r❞❡r✱
❛❧❧ ❞❡r✐✈❡❞ ❢r♦♠ �s✳ ■♥t✉✐t✐✈❡❧②✱ �s ♦r❞❡rs t❤❡ ❡❧❡♠❡♥ts ♦❢ {0, 1}n ❜❛s❡❞ ♦♥ ❤♦✇ ✏❡❛s②✑
✐t ✐s t♦ ❝♦♠♣❧❡t❡ t❤❡✐r r❡str✐❝t✐♦♥ t♦ s s♦ t❤❛t t❤❡ ❝♦♠♣❧❡t✐♦♥ ❜❡❧♦♥❣s t♦ F n✳ ❋✐❣✉r❡ ✼✳✶
s❤♦✇s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❤✐❧❡ ❋✐❣✉r❡ ✼✳✷ ❣✐✈❡s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t✇♦ ♦r❞❡rs✳
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(0, 0, 0)

(0, 1, 0) (0, 0, 1)(1, 0, 0)

(1, 1, 0) (1, 0, 1) (0, 1, 1)

(1, 1, 1)
F 3

■❢

{
(0, ⋆, ⋆) ≺(1,0,0) (1, ⋆, ⋆) ❛♥❞

((⋆, 1, 1)f (0, 1, 1))g ((0, ⋆, ⋆)f (1, 0, 0)) ∈ Fn

t❤❡♥ ((⋆, 1, 1)f (0, 1, 1))g ((1, ⋆, ⋆)f (1, 0, 0)) ∈ Fn

❋✐❣✉r❡ ✼✳✶✿ ▲✐♥❦ ❜❡t✇❡❡♥ t❤❡ F n(h, s)✬s s❡ts ❛♥❞ t❤❡ ♦r❞❡rs✳

(0, 0, 0)

(0, 1, 0) (0, 0, 1)(1, 0, 0)

(1, 1, 0) (1, 0, 1) (0, 1, 1)

(1, 1, 1)
F 3 �(1,0,0)

(1, ⋆, ⋆)

(0, ⋆, ⋆) ●
r❡❛t❡r

�(1,1,0)

(1, 1, ⋆) =(1,1,0) (1, 0, ⋆)

(0, 1, ⋆)

(0, 0, ⋆)

(0, 0, 0)

(0, 1, 0) (0, 0, 1)(1, 0, 0)

(1, 1, 0) (1, 0, 1) (0, 1, 1)

(1, 1, 1)

❋✐❣✉r❡ ✼✳✷✿ ❆♥ ✐❧❧✉str❛t✐♦♥ ✇✐t❤ F 3 := {〈1, 1, 1〉; 〈1, 1, 0〉; 〈1, 0, 1〉; 〈0, 1, 1〉; 〈1, 0, 0〉} ♦❢ t❤❡
♦r❞❡rs �(1,0,0) ❛♥❞ �(1,1,0)✳

❘❡♠❛r❦ ✼✳✶✺✳ ❚♦ ❛✈♦✐❞ ♥❡✇ ♥♦t❛t✐♦♥s✱ ✇❡ ❞❡✜♥❡❞ �s ♦✈❡r {0, 1}n × {0, 1}n ❜✉t ♦♥❧②
t❤❡ ✐♥❞❡①❡s ♦♥ ✇❤✐❝❤ s t❛❦❡s ✈❛❧✉❡ 1 ❛r❡ ♦❢ ✐♥t❡r❡st✿ ❣✐✈❡♥ h1, h2 ∈ {0, 1}

n s✉❝❤ t❤❛t
(f1 f s) = (f2 f s)✱ ✇❡ ❤❛✈❡ F(f1, s) = F(f2, s) ❛♥❞ f1 =s f2✳ ❚❤❡ ❢❛❝t t❤❛t ❛❧❧ ♦r❞❡rs
❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♣r♦❞✉❝t s❡t {0, 1}n × {0, 1}n ❛❧❧♦✇s ✉s t♦ ❡❛s✐❧② ❝♦♠♣❛r❡ ❡❧❡♠❡♥ts ♦❢
{0, 1}n ♦♥ ♠✉❧t✐♣❧❡ ♦r❞❡rs✳ ❚❤❡ ♦t❤❡r ♦♣t✐♦♥ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ t♦ ✇♦r❦ ✇✐t❤ ♦r❞❡r ♦✈❡r
{0, 1}|s|×{0, 1}|s|❀ ✇❡ ✇♦✉❧❞ t❤❡♥ ❤❛✈❡ ♥❡❡❞ s♦♠❡ ♥❡✇ ♦♣❡r❛t✐♦♥s t♦ ♥❛✈✐❣❛t❡ ❜❡t✇❡❡♥ t❤❡
s❡ts {0, 1}|s| ❛♥❞ {0, 1}n✳

▲❡♠♠❛ ✼✳✶✻✳ ●✐✈❡♥ ❛ s❡♠✐✲st❛❜❧❡ s❡t F n✱ s1, s2 ∈ {0, 1}
n s✉❝❤ t❤❛t s1 f s2 = 0 ❛♥❞

f, g ∈ {0, 1}n s✉❝❤ t❤❛t f �s1 g ❛♥❞ f �s2 g✳ ❚❤❡♥ f �s1gs2 g✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ f �s1 g ❛♥❞ f �s2 g✱ ✇❡ ❤❛✈❡

∀i ∈ {1, 2} ∀h ∈ {0, 1}n (f f si)g (hf si) ∈ F
n ⇒ (g f si)g (hf si) ∈ F

n ✭✼✳✽✮

❈♦♥s✐❞❡r h′ ∈ {0, 1}n s✉❝❤ t❤❛t α := (f f (s1g s2))g (h′f (s1 g s2)) ✐s ✐♥ F n✳ ❉❡✜♥❡ t❤❡
❡❧❡♠❡♥t h := α f s2✱ t❤❡♥ (f f s2) g (h f s2) = (f f (s1 g s2)) g (h′ f (s1 g s2)) ∈ F

n✳
❯s✐♥❣ ✭✼✳✽✮ ✇✐t❤ s2 ❛♥❞ ❤✱ ✇❡ ❣❡t β := (g f s2)g (hf s2)✳ ❆s s1 f s2 = 0✱ ✇❡ ❝❛♥ ✇r✐t❡
β = (f f s1)g (g f s2)g (h′ f (s1 g s2)) ∈ F

n✳
◆♦✇ ❝♦♥s✐❞❡r h = βfs1✱ ✇❡ ❤❛✈❡ (ffs1)g(hfs1) = β ∈ F n✳ ❯s✐♥❣ ✭✼✳✽✮ ✇✐t❤ s1 ❛♥❞

❤✱ ✇❡ ❣❡t (gf (s1 g s2))g (h′f (s1 g s2)) ∈ F
n✳ ❚❤❡r❡❢♦r❡ Fn(f, s1 g s2) ⊆ F

n(g, s1 g s2)
❛♥❞ f �s1gs2 g✳
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✼✳✹ ❙✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ ❙▲❬❊●❪

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✱ ✇❤✐❝❤ ✇❡ r❡❝❛❧❧ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✼✳✶✳ ❈♦♥s✐❞❡r ❛ ❢♦r♠✉❧❛ φ ∈ ❙▲❬❊●❪✱ ❛ ❣❛♠❡ G✱ ❛ st❛t❡ qini ♦❢ G ❛♥❞ t✇♦
♣❛r❛♠❡t❡rs ♠ ∈ {∅, S} ❛♥❞ ♥ ∈ {∅, F}✳ ■❢ G, qini |=

M(♠,♥,P ) φ ❛♥❞ G, qini 6|=
M(♠,♥,P ) ¬φ

t❤❡♥ G, qini |=
M(∅,∅,P ) φ✳

❲❡ ✜① ❛ ❝♦♥❝✉rr❡♥t ❣❛♠❡ G = 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❛♥❞ ❝♦♥s✐❞❡r ❛ ❝❧♦s❡❞ ❙▲❬❊●❪
❢♦r♠✉❧❛

φ := (Qixi)1≤i≤l. F
n((βjϕj)1≤j≤n)

✇❤❡r❡ ❢♦r ❛♥② 1 ≤ i ≤ l✱ Qi ∈ {∃, ∀}✱ ❛♥❞ ❢♦r ❛♥② 1 ≤ j ≤ n✱ βj : ❆❣t→ {xj | 1 ≤ j ≤ l} ✐s
❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ❛♥❞ ϕj ✐s ❛ ▲❚▲ ❢♦r♠✉❧❛✳ ❲❡ ❛❧s♦ ✇r✐t❡ V := {xi | 1 ≤ i ≤ l}✱ V∀ := {xi |
Qi = ∀} ❛♥❞ V∃ := {xi | Qi = ∃}✳ ❋✐♥❛❧❧②✱ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛s ✼✳✽ ❛♥❞ ✼✳✶✶✱ ✇❡ ❛ss✉♠❡
t❤❛t F n ✐s ✉♣✇❛r❞ ❝❧♦s❡❞ ✭❡✈❡♥ ✐❢ ✐t ♠❡❛♥s ♥❡❣❛t✐♥❣ s♦♠❡ ♦❢ t❤❡ ▲❚▲ ♦❜❥❡❝t✐✈❡s✮✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢

❚❤❡ ♣r♦♦❢ ✐s q✉✐t❡ ❧♦♥❣ ❛♥❞ t❡❝❤♥✐❝❛❧✱ t❤❡r❡❢♦r❡ ✇❡ ✜rst s❦❡t❝❤ ✐t t♦ ❣✐✈❡ ✐ts ✐♥t✉✐t✐♦♥
t♦ t❤❡ r❡❛❞❡r✳ ❚❤❡ ✐❞❡❛ ❛t t❤❡ ❤❡❛rt ♦❢ ♦✉r ♣r♦♦❢ ✐s t❤❛t✱ ✇❤❡♥ ♠❛❦✐♥❣ ❛ ❞❡❝✐s✐♦♥ ❢♦r
❛♥ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡ xi ♦♥ ❛ ❤✐st♦r② ρ✱ ✇❡ ❤❛✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤✐❝❤ ❣♦❛❧s
❛r❡ st✐❧❧ ❛❝t✐✈❡ ♦♥ ρ ✭❛s ♦♣♣♦s❡❞ t♦ ✇❤✐❝❤ ♦♥❡s ❤❛✈❡ ❞❡✈✐❛t❡❞✮ t❤r♦✉❣❤ t❤❡ ✉♥♦r❞❡r❡❞
♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✳ ❲❡ t❤❡♥ r❡♣r❡s❡♥t t❤❡ s❡t ♦❢ ❣♦❛❧s ❡♥❛❜❧❡❞ ♦♥ ρ ✭❛❝❝♦r❞✐♥❣ t♦ ❛
❣✐✈❡♥ ❝♦♥t❡①t✮ ❜② ❛♥ ❡❧❡♠❡♥t s ♦❢ {0, 1}n ❛♥❞ ✉s❡ t❤❡ q✉❛s✐✲♦r❞❡r �s t♦ ❣❡t ❛ ❝❧❡❛r ❝✉t
❤✐❡r❛r❝❤② ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ r❡s✉❧ts✳ ❚❤✐s ✇❛②✱ ✇❤❡♥ ♠❛❦✐♥❣ ❛ ❞❡❝✐s✐♦♥ ❢♦r xj ♦♥ ρ✱ ✇❡ ❤❛✈❡
❛ s❡t ♦❢ ♦r❞❡r❡❞ ♣♦t❡♥t✐❛❧ r❡s✉❧ts ❛♥❞ ❥✉st ❛❝t t♦ ❛❝❤✐❡✈❡ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢

✶✳ ❲❡ ❞❡✜♥❡ ❛ s❡t {Ds,h | s, h ∈ {0, 1}
n} ♦❢ ♣❛r✐t② ❛✉t♦♠❛t❛✳ ●✐✈❡♥ ❛ ♣❛t❤ ρ✱ ✇❡ ❝❛♥

❛ss♦❝✐❛t❡ ❛♥ ❡❧❡♠❡♥t k ∈ {0, 1}n s✉❝❤ t❤❛t k(i) = 1 ✐✛ ρ s❛t✐s❢② ϕi✳ ❆♥ ❛✉t♦♠❛t♦♥
Ds,h ❛❝❝❡♣ts ❛ ♣❛t❤ ρ ✐✛ h �s k✳ ❚❤❡ ✐♥t✉✐t✐✈❡ ✐❞❡❛ ✐s t❤❛t Ds,h ❛❝❝❡♣ts ❛ ♣❛t❤ ρ ✐❢
❛♥❞ ♦♥❧② ✐❢ ρ ♣r♦❞✉❝❡s ❛ r❡s✉❧t ❛t ❧❡❛st ❛s ❣♦♦❞ ❛s h r❡❧❛t✐✈❡❧② t♦ �s✳

✷✳ ❯s✐♥❣ t❤❡s❡ ❛✉t♦♠❛t❛✱ ✇❡ ❞❡✜♥❡ t✇♦ ♥❡✇ s❡ts ♦❢ ♦♣❡r❛t♦rs✿ Γstickd,s,h ❛♥❞ Γsepd,s,Υ ❢♦r s, h ∈
{0, 1}n ❛♥❞ s♦♠❡ ♣❛r❛♠❡t❡rs d,Υ t❤❛t ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r ♦♥✳ ❚❤❡ Γstick ♦♣❡r❛t♦rs
❛r❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ t❤❡ {Ds,h}s,h∈{0,1}n ❛✉t♦♠❛t❛ ✇❤✐❧❡ t❤❡ Γsepd,s,Υ ♦♣❡r❛t♦rs ❤❛♥❞❧❡
t❤❡ ❥✉♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t Γstick ♦♣❡r❛t♦rs✳ ❚❤❡ ♦♣❡r❛t♦rs ❛r❡ ❡ss❡♥t✐❛❧
t♦ t❤❡ st❡♣ ❜❡❧♦✇❀ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ t❡❝❤♥✐❝❛❧ ♣r♦♦❢✱ t❤❡② ❛r❡ ❤♦✇❡✈❡r r❛t❤❡r
t❡❝❤♥✐❝❛❧ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥♥♦t ♣r♦✈✐❞❡ ♠✉❝❤ ✐♥t✉✐t✐♦♥ ❛❜♦✉t t❤❡♠✳

✸✳ ❲❡ ❤✐❣❤❧✐❣❤t s♦♠❡ s♣❡❝✐✜❝ ❡❧❡♠❡♥ts bq,d,s ♦❢ {0, 1}n ✇❤❡r❡ q ✐s ❛ st❛t❡ ♦❢ G✱ d
r❡♣r❡s❡♥ts s♦♠❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❤✐st♦r② ❛♥❞ s ✐s ❛ s❡t ♦❢ ❛❝t✐✈❡ ❣♦❛❧s✳ ❆ bq,d,s
❡❧❡♠❡♥t r❡♣r❡s❡♥ts t❤❡ ❜❡st ✇❡ ❝❛♥ ❤♦♣❡ t♦ ❛❝❤✐❡✈❡ r❡❧❛t✐✈❡❧② t♦�s ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r



✶✼✵

❛ ❤✐st♦r② ρ ✜♥✐s❤✐♥❣ ✐♥ q✱ ❝❛rr②✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ d ❛♥❞ ✇❤❡r❡ s r❡♣r❡s❡♥ts t❤❡
s❡t ♦❢ ❛❝t✐✈❡ ❣♦❛❧s ♦♥ ρ✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ b ❡❧❡♠❡♥ts ✐s ❞♦♥❡ ✐♥❞✉❝t✐✈❡❧② ❜❛s❡❞ ♦♥ t❤❡ s✐③❡ ♦❢ s✿ ✇❡
st❛rt ✇✐t❤ |s| = 1 t♦✇❛r❞ |s| = n ❛♥❞ ✉s❡ t❤❡ ❡❧❡♠❡♥ts ❞❡✜♥❡❞ ❛t ♣r❡✈✐♦✉s st❡♣s
t♦ ❞❡❝✐❞❡ ✐❢ ✇❡ s❤♦✉❧❞ ❦❡❡♣ t❤❡ ❣♦❛❧s ❛❝t✐✈❡ ✐♥ s t♦❣❡t❤❡r ♦r ✐❢ ✇❡ s❤♦✉❧❞ s❡♣❛r❛t❡
t❤❡♠ ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r✳

✹✳ ❲❡ t❤❡♥ ♣r♦❞✉❝❡ t✇♦M(∅, ∅, P ) ♠❛♣s θ ❛♥❞ θ✳ ❯s✐♥❣ t❤❡ b ❡❧❡♠❡♥ts ❜✉✐❧t ❛t t❤❡
♣r❡✈✐♦✉s st❡♣✱ t❤❡ ♠❛♣ θ ❞❡❞✉❝❡s ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② ✐♥ ♦r❞❡r t♦ s❛t✐s❢② φ✳ θ ✐s ✐♥
s♦♠❡ ✇❛② ✭♠❛❞❡ ❝❧❡❛r ✇✐t❤✐♥ t❤❡ t❡❝❤♥✐❝❛❧ ♣r♦♦❢✮ ❛♥ ♦♣t✐♠❛❧ ♠❛♣ ❢♦r φ✳ ❙✐♠✐❧❛r❧②✱
θ ✐s t❤❡ ❜❡st ♠❛♣ t♦ ❛✈♦✐❞ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ φ✳

✺✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✼✳✶✼✳ ❚❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❛t✐♦♥ χ ♦❢ ❞♦♠❛✐♥ V s✉❝❤ t❤❛t θ(χ|V∀) = χ ❛♥❞

θ(χ|V∃) = χ✳ ▼♦r❡♦✈❡r χ s❛t✐s✜❡s

G, qini |=χ ΓFn ⇒ ∀w : (❍✐stG → ❆❝t)V
∀

G, qini |=θ(w) F
n(βjϕj)1≤j≤n

G, qini |=χ ¬ΓFn ⇒ ∀w : (❍✐stG → ❆❝t)V
∃

G, qini |=θ(w) F
n(βjϕj)1≤j≤n

❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② ❛ s✐♠♣❧❡ r❡❛s♦♥✐♥❣ t♦ ❣❡t ❚❤❡♦r❡♠ ✼✳✶✳ ❆ss✉♠❡ t❤❛t G, qini |=M(♠,♥,P )

φ ❛♥❞ G, qini 6|=M(♠,♥,P ) ¬φ✳ ■❢ G, qini |=χ ¬ΓFn ✱ t❤❡♥ ❜② t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢
▲❡♠♠❛ ✼✳✶✼✱ θ ✇♦✉❧❞ ❜❡ ❛ ✇✐t♥❡ss t❤❛t G, qini |=M(∅,∅,P ) ¬φ ❛♥❞ ✐t ✇♦✉❧❞ ❤♦❧❞ t❤❛t
G, qini |=

M(♠,♥,P ) ¬φ✳ ❙♦ G, qini |=χ ΓFn ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✶✼ ♦♥❝❡ ❛❣❛✐♥✱ ✇❡ ❣❡t
t❤❛t θ ✐s ❛ ✇✐t♥❡ss t❤❛t G, qini |=M(∅,∅,P ) φ✳

✼✳✹✳✶ ❆✉t♦♠❛t❛

❲❡ ❜✉✐❧❞ ❛ ❧❛r❣❡ s❡t ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r✐t② ✇♦r❞ ❛✉t♦♠❛t❛ ♦✈❡r 2❆P✳ ❋♦r s ∈ {0, 1}n ❛♥❞
h ∈ {0, 1}n✱ ✇❡ ❧❡t Ds,h ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r✐t② ❛✉t♦♠❛t♦♥ ❛❝❝❡♣t✐♥❣ ❡①❛❝t❧② t❤❡ ✇♦r❞s
♦✈❡r 2❆P ❛❧♦♥❣ ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✷ ❤♦❧❞s✿

∨

k∈{0,1}n

h �s k

∧

j s✳t✳
(kfs)(j)=1

ϕj. ✭✼✳✾✮

✇❤❡r❡ ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦✈❡r ❛♥ ❡♠♣t② s❡t ✭✐✳❡✳✱ ✐❢ (k f s)(j) = 0 ❢♦r ❛❧❧ j✮ ✐s tr✉❡✳ ❆s ❛♥
❡①❛♠♣❧❡✱ t❛❦❡ s ∈ {0, 1}n ✇✐t❤ |s| = 1✱ ✇r✐t✐♥❣ j ❢♦r t❤❡ ✐♥❞❡① ✇❤❡r❡ s(j) = 1✱ ❢♦r ❛♥②
h ∈ {0, 1}n ✇❡ ❣❡t t❤❛t Ds,h ✐s ✉♥✐✈❡rs❛❧ ✐✛ t❤❡r❡ ✐s k �s h ✇✐t❤ k(j) = 0❀ ♦t❤❡r✇✐s❡
Ds,h ❛❝❝❡♣ts t❤❡ s❡t ♦❢ ✇♦r❞s ♦✈❡r 2❆P ❛❧♦♥❣ ✇❤✐❝❤ ϕj ❤♦❧❞s✳

✷▲✐❦❡✇✐s❡ t♦ ❙❡❝t✐♦♥ ✼✳✸✳✸✱ t♦ r❡t❛✐♥ ❛ r✐❣♦r♦✉s ❞❡✜♥✐t✐♦♥ ❛♥❞ ❛✈♦✐❞ t♦♦ ♠❛♥② ♥♦t❛t✐♦♥s ✇❡ ✉s❡
k ∈ {0, 1}n ❞❡s♣✐t❡ k ❜❡✐♥❣ ✐♥ ❡ss❡♥❝❡ ❛♥ ❡❧❡♠❡♥t ♦❢ {0, 1}|s|✿ ✐♥❞❡❡❞ k ♦♥❧② ♠❛tt❡rs ✐♥ ❋♦r♠✉❧❛ ✭✼✳✾✮ ♦♥
t❤❡ ✐♥❞❡①❡s j ✇❤❡r❡ s(j) = 1✱ t❤❡r❡❢♦r❡ ♦♥❧② ♦♥ |s| ✐♥❞❡①❡s✳
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❲r✐t❡ D = {Ds,h | s ∈ {0, 1}
n, h ∈ {0, 1}n} ❢♦r t❤❡ s❡t ♦❢ ❛✉t♦♠❛t❛ ❥✉st ❞❡✜♥❡❞✳ ❆

✈❡❝t♦r ♦❢ st❛t❡s ♦❢ D ✐s ❛ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❡❛❝❤ ❛✉t♦♠❛t♦♥ D ∈ D ♦♥❡ ♦❢ ✐ts
st❛t❡s✳ ❲❡ ✇r✐t❡ ❱❙ ❢♦r t❤❡ s❡t ♦❢ ❛❧❧ ✈❡❝t♦rs ♦❢ st❛t❡s ♦❢ D✳ ▲❡t d ❜❡ ❛ ✈❡❝t♦r ♦❢ st❛t❡s
♦❢ D ❛♥❞ ❧❡t q ❜❡ ❛ st❛t❡ ♦❢ G✳ ❲❡ s❡t s✉❝❝(d, q) t♦ ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❡❛❝❤
D ∈ D t❤❡ s✉❝❝❡ss♦r ♦❢ d(D) ✉♣♦♥ r❡❛❞✐♥❣ t❤❡ ❧❛❜❡❧❧✐♥❣ ❧❛❜❡❧s(q) ♦❢ q❀ ✇❡ ❛❧s♦ ❡①t❡♥❞
s✉❝❝ t♦ t❛❦❡ ❛♥ ✐♥♣✉t (d, ρ) ❛♥❞ t♦ r❡t✉r♥ t❤❡ st❛t❡ r❡❛❝❤❛❜❧❡ ❜② ρ ❢r♦♠ d✳ ❆s ✉s✉❛❧✱
❛ ♣❛t❤ (qi)i∈N ✐♥ G ✐s ❛❝❝❡♣t❡❞ ❜② ❛♥ ❛✉t♦♠❛t♦♥ D ♦❢ D ✇❤❡♥❡✈❡r ✐ts ❧❛❜❡❧s s❡q✉❡♥❝❡
(❧❛❜❡❧s(qi))i∈N ✐s ❛❝❝❡♣t❡❞ ❜② D✳ ❲❡ ✉s❡ t❤❡ ❝✉st♦♠❛r② ♥♦t❛t✐♦♥ L(D) ❢♦r t❤❡ s❡t ♦❢ ✇♦r❞s
❛❝❝❡♣t❡❞ ❜② ❛♥ ❛✉t♦♠❛t♦♥ D✳ ❋✐♥❛❧❧② ✇❡ ❞❡♥♦t❡ ❜② L(Dd

s,h) t❤❡ s❡t ♦❢ ✇♦r❞s t❤❛t ❛r❡
❛❝❝❡♣t❡❞ ❜② Ds,h st❛rt✐♥❣ ❢r♦♠ t❤❡ st❛t❡ d(Ds,h)✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✽✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ❢♦r ❛♥② s ∈ {0, 1}n ✿

✶✳ ❢♦r ❛♥② h1, h2 ∈ {0, 1}
n ✇❤❡r❡ h1 �s h2✱ ✇❡ ❤❛✈❡ L(Ds,h1) ⊇ L(Ds,h2)✳

✷✳ Ds,0 ✐s ✉♥✐✈❡rs❛❧✳

✸✳ ❢♦r ❛♥② h ∈ F n✱ D1,h ❛❝❝❡♣ts t❤❡ ✇♦r❞s s❛t✐s❢②✐♥❣
∨
f∈Fn

∧
j s✳t✳ f(j)=1 ϕj✳

Pr♦♦❢✳ ❚❤❡ ✜rst ❛♥❞ t❤✐r❞ ♣♦✐♥ts ❛r❡ ✐♠♠❡❞✐❛t❡✳ ■♥ ❋♦r♠✉❧❛ ✭✼✳✾✮ ❛♣♣❧✐❡❞ t♦ h = 0✱ t❛❦❡
k = 0 ✐♥ t❤❡ ❞✐s❥✉♥❝t✐♦♥❀ t❤❡♥ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ✐s ❡♠♣t② t❤✉s tr✐✈✐❛❧❧② tr✉❡ ❛♥❞ t❤❡r❡❢♦r❡
Ds,0 ❛❝❝❡♣ts ❛♥② ✇♦r❞ ♦✈❡r 2AP ✳

✼✳✹✳✷ ❙✉♣❡r✈✐s✐♥❣ ❣♦❛❧s ❣♦✐♥❣ ♦♥ ❞✐✛❡r❡♥t ♣❛t❤s

❯s✐♥❣ t❤❡ ❛✉t♦♠❛t❛ ✐♥D✱ ✇❡ ❞❡✜♥❡ t✇♦ ♥❡✇ ❢❛♠✐❧✐❡s ♦❢ t❡♠♣♦r❛❧ ♦♣❡r❛t♦rs ❢♦r t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✼✳✶✳ ❚❤❡✐r s❡♠❛♥t✐❝s ❞✐✛❡r ❢r♦♠ t❤❡ ✉♥t✐❧ ❛♥❞ ♥❡①t ♦♣❡r❛t♦rs✿ t❤❡② ❛r❡ r❡❧❛t✐✈❡
t♦ t❤❡ ✈❛❧✉❡s ♦❢ ❛ ✈❛❧✉❛t✐♦♥ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ ❛r❡ ♥♦t ❛s❦✐♥❣ t♦ ❛ss✐❣♥ ❛ str❛t❡❣② t♦
❡❛❝❤ ❛❣❡♥t✳ ❚❤❡ ✜rst ❢❛♠✐❧② ♦❢ ♦♣❡r❛t♦rs s✐♠♣❧② tr❛♥s❢❡rs t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❛✉t♦♠❛t❛
♦❢ D ♦♥t♦ ❛♥ ♦♣❡r❛t♦r ❢♦r ❛ ❧❛t❡r ✉s❛❣❡✳ ❋♦r ❛♥② d ∈ ❱❙ ❛♥❞ ❛♥② t✇♦ s, h ✐♥ {0, 1}n✱ t❤❡
♣❛r✐t② ♦♣❡r❛t♦r Γstickd,s,h ♦❜❡②s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠❛♥t✐❝s✸✿ ❣✐✈❡♥ ❛ ❝♦♥t❡①t χ ✇✐t❤ V ⊆ ❞♦♠(χ)
❛♥❞ ❛ st❛t❡ q ♦❢ G✱

G, q |=χ Γstickd,s,h ⇔
∃ ρ ✐♥✜♥✐t❡ ✐♥
G ❢r♦♠ q ✇✐t❤





∀j ≤ n, s(j) = 1⇒ ♦✉t(βj(χ), q) = ρ

ρ ∈ L(Dd
s,h)

■♥t✉✐t✐✈❡❧②✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❛ss✐❣♥♠❡♥ts ❡♥❛❜❧❡❞ ❜② s ♠✉st ❢♦❧❧♦✇ ❛ ❝♦♠♠♦♥ ♣❛t❤ t❤❛t
✐s ❛❝❝❡♣t❡❞ ❜② Dd

s,h✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ♦❢ ❙▲❬❊●❪ ✭♦r ❙▲❬❇●❪ ♠♦r❡ ❣❡♥❡r❛❧❧②✮ ❧✐❡s ✐♥ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡
❞✐✛❡r❡♥t ❣♦❛❧s ❛❧♦♥❣ ❞✐✛❡r❡♥t ❤✐st♦r✐❡s✳ ❚❤❡ s❡❝♦♥❞ ❜❛t❝❤ ♦❢ ♦♣❡r❛t♦rs ♠✉st t❛❝❦❧❡ t❤✐s
❞✐✣❝✉❧t② ❜✉t ❜❡❢♦r❡ ❞❡✜♥✐♥❣ t❤❡♠✱ ✇❡ ♥❡❡❞ s♦♠❡ ❢♦r♠❛❧✐s♠ ✭✇❡ r❡❝❛❧❧ t❤❛t ◗ ✐s t❤❡ s❡t
♦❢ st❛t❡s ♦❢ G ❛♥❞ ❱❙ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ✈❡❝t♦rs ♦❢ st❛t❡s ♦❢ D✮✿

✸❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❞✐✛❡r❡♥t ♠❛♣s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡rs ✺ ❛♥❞ ✻ ❛r❡ ❢♦r ✜♥❞✐♥❣ s✉✐t❛❜❧❡ ❜❡❤❛✈✐♦✉r
❢♦r t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛ ❝♦♠♠♦♥ s❡♠❛♥t✐❝s t♦ ❛❧❧ t❡♠♣♦r❛❧ ❛♥❞ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs✱
t❤❡r❡❢♦r❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ✭|=✮ ❢♦r t❤❡ Γstick ♦♣❡r❛t♦rs✳
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πj := ♦✉t(βj(χ), q)
♦✉t❝♦♠❡ ♦❢ βj(χ) ❢r♦♠ q

q, s = (1, 0, 1)

ρ = π1 = π3

∈ L(Dd
s,h)

G, q |=χ Γstickd,s,h

πj := ♦✉t(βj(χ), q)
♦✉t❝♦♠❡ ♦❢
βj(χ) ❢r♦♠ q

q2q1

q✱ s = (1, 1, 1)

ρ

G, q |=χ Γsepd,s,Υ ✇✐t❤
Υ ∋ τ = {(〈0, 1, 0〉, q1, d1) ; (〈1, 0, 1〉, q2, d2)}

π1, π3π2
✶ st❡♣

❋✐❣✉r❡ ✼✳✸✿ ❚❤❡ Γstick ❛♥❞ Γsep ♦♣❡r❛t♦rs✳

❉❡✜♥✐t✐♦♥ ✼✳✶✾✳ ❆ ♣❛rt✐t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t s ∈ {0, 1}n ✐s ❛ s❡t {sκ | 1 ≤ κ < λ} ♦❢ t✇♦
♦r ♠♦r❡ ❡❧❡♠❡♥ts ♦❢ {0, 1}n ✇✐t❤ s1 g . . .g sλ = s ❛♥❞ ✇❤❡r❡ ❢♦r ❛♥② t✇♦ κ 6= κ′ ❛♥❞ ❛♥②
j ≤ n ✇❡ ❤❛✈❡ sκ(j) = 1⇒ sκ′(j) = 0✳

❆♥ ❡①t❡♥❞❡❞ ♣❛rt✐t✐♦♥ ♦❢ s ✐s ❛ s❡t τ := {(sκ, qκ, dκ) ∈ {0, 1}
n × ◗ × ❱❙ | 1 ≤ κ ≤

λ , λ ≥ 2} ✇✐t❤ (sκ)κ≤λ ❛ ♣❛rt✐t✐♦♥ ♦❢ s✳

◆♦t❡ t❤❛t ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ♥♦♥tr✐✈✐❛❧ ♣❛rt✐t✐♦♥s✳ ❲❡ ✇r✐t❡ P❛rt(s) ❢♦r t❤❡ s❡t ♦❢ ❛❧❧
❡①t❡♥❞❡❞ ♣❛rt✐t✐♦♥s ♦❢ s✳ ■❢ |s| =≤ 1✱ t❤❡♥ P❛rt(s) = ∅✳ ❋♦r ❛♥② d ∈ ❱❙✱ ❛♥② s ✐♥ {0, 1}n

❛♥❞ ❛♥② s❡t ♦❢ ♣❛rt✐t✐♦♥s Υ ♦❢ s✱ t❤❡ ❝♦♥❞✐t✐♦♥ Γsepd,s,Υ ❧♦♦❦s ❢♦r t❤❡ ❛ss✐❣♥♠❡♥ts ❡♥❛❜❧❡❞
❜② s t♦ ❛❧❧ ❢♦❧❧♦✇ ❛ ❝♦♠♠♦♥ ❤✐st♦r② ρ ❢♦r s♦♠❡ t✐♠❡ t❤❡♥ ♣❛rt✐t✐♦♥ t❤❡♠s❡❧✈❡s ❛❝❝♦r❞✐♥❣
t♦ s♦♠❡ ♣❛rt✐t✐♦♥ ✐♥ Υ✳ ■ts s❡♠❛♥t✐❝s ❛r❡ ❞❡✜♥❡❞ ✉♣♦♥ ❛ ❝♦♥t❡①t χ ✇✐t❤ V ⊆ ❞♦♠(χ) ❛♥❞
❛ st❛t❡ q ♦❢ G ❜② t❤❡ ❢♦r♠✉❧❛ ❜❡❧♦✇✳ ❋✐❣✉r❡ ✼✳✸ ❣✐✈❡s ❛♥ ✐♥t✉✐t✐♦♥ ♦♥ ❜♦t❤ ♦♣❡r❛t♦rs✳

G, q |=χ Γsepd,s,Υ ⇔

∃τ ∈ Υ. ∃ρ
✜♥✐t❡ ❤✐st♦r②
✐♥ G ❢r♦♠ q
s✉❝❤ t❤❛t





∀j ≤ n,

s(j) = 1⇒ ρ ∈ Pr❡❢<♦✉t(βj(χ),q)

∀κ ≤ |τ |, ∀j ≤ n,

sκ(j) = 1⇒ qκ = ∆(❧st(ρ),mj) ✇✐t❤
∀A ∈ ❆❣t, mj(A) := χ(βj(A), ρ)

∀κ ≤ |τ |, ❛♣♣❧②✐♥❣ s✉❝❝ ✐♥❞✉❝t✐✈❡❧②
❢r♦♠ d ♦♥ t❤❡ ♣❛t❤ ρ.qκ ❧❡❛❞s t♦ dκ

✼✳✹✳✸ ❋✐♥❞✐♥❣ ♦♣t✐♠❛❧ ❡❧❡♠❡♥ts

❇② ❛♥ ✐♥❞✉❝t✐♦♥ ♦♥ |s| r❛♥❣✐♥❣ ❢r♦♠ 1 t♦ n✱

✶✳ ❢♦r ❡✈❡r② s ✇✐t❤ |s| = α✱ ❡✈❡r② h ∈ {0, 1}n ❛♥❞ ❡✈❡r② d ∈ ❱❙✱ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇
t❡♠♣♦r❛❧ ♦♣❡r❛t♦r Γd,s,h ❜❛s❡❞ ♦♥ t❤❡ Γstick ❛♥❞ Γsep ♦♣❡r❛t♦rs✳

❚❤❡ Γstick✬s ♦♣❡r❛t♦rs ❤❛♥❞❧❡ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ ❣♦❛❧s st❛② ♦♥ t❤❡ s❛♠❡ ♣❛t❤❀ t❤❡
Γsep✬s ♦♣❡r❛t♦rs ❤❛♥❞❧❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❣♦❛❧s s♣❧✐t ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳ ❚❤❡
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♦♣❡r❛t♦r Γd,s,h ✇✐❧❧ r❡❣r♦✉♣ ❜♦t❤ ♣♦ss✐❜✐❧✐t✐❡s ❛♥❞ ❛s❦ t❤❛t st❛rt✐♥❣ ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥
d✱ t❤❡ ❣♦❛❧s ♦❢ s ❞♦ ❛t ❧❡❛st ❛s ❣♦♦❞ ❛s h ❢♦r �s✳

✷✳ ❢♦r ❡✈❡r② s ✇✐t❤ |s| = α✱ ❡✈❡r② d ∈ ❱❙ ❛♥❞ ❡✈❡r② st❛t❡ q ♦❢ G✱ ✇❡ ❞❡✜♥❡ ❛♥ ❡❧❡♠❡♥t
bq,d,s ♦❢ {0, 1}n✳

❚❤❡ bq,d,s ❡❧❡♠❡♥t ❝❛rr✐❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❤✐❣❤❡st h ∈ {0, 1}n ♣♦ss✐❜❧❡ ❢♦r
�s s♦ t❤❛t t❤❡ ♦♣❡r❛t♦r Γd,s,h ✐s s❛t✐s✜❡❞✳

✸✳ ✐❢ α 6= n✱ ❢♦r ❛❧❧ s ∈ {0, 1}n ✇✐t❤ |s| = α + 1 ❛♥❞ ❛❧❧ τ ∈ P❛rt(s)✱ ✇❡ ❞❡✜♥❡ ②❡t
❛♥♦t❤❡r ❡❧❡♠❡♥t cs,τ ♦❢ {0, 1}n✳

❚❤❡ c✬s ❡❧❡♠❡♥ts ❝❛rr② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♣r❡✈✐♦✉s st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠
♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ {0, 1}n✳ P❛st t❤❡ ✐♥✐t✐❛❧ st❡♣✱ cs,τ ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ b✬s
❡❧❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠ b⋆,⋆,s✳

❚❤✐s ✐♥❞✉❝t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝♦♥❞❡♥s❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜❡st ❝♦✉rs❡ ♣♦ss✐❜❧❡ ✐♥
t❤❡ ❢♦r♠ ♦❢ ❡❧❡♠❡♥ts ♦❢ {0, 1}n✿ t❤❡ b✬s ❛♥❞ c✬s ❡❧❡♠❡♥ts✳ ❚❤❡s❡s ❡❧❡♠❡♥ts ✇✐❧❧ t❤❡♥ ❜❡
✉s❡❞ t♦ ❜✉✐❧❞ ❛♥ ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦✉r ✐♥ ❧❛t❡r s❡❝t✐♦♥s✳

■♥✐t✐❛❧ st❡♣ ✭α = 1✮

✶✳ ❋♦r ❛♥② d ∈ ❱❙ ❛♥❞ ❛♥② t✇♦ s, h ♦❢ {0, 1}n ✇✐t❤ |s| = 1 ✇❡ s❡t Γd,s,h := Γstickd,s,h✳

✷✳ ❋♦r ❛♥② st❛t❡ q ♦❢ G✱ ❛♥② d ∈ ❱❙ ❛♥❞ ❛♥② s ∈ {0, 1}n ✇✐t❤ |s| = 1✱ t❤❡r❡ ✐s ❛
♠❛①✐♠❛❧ ❡❧❡♠❡♥t bq,d,s ∈ {0, 1}n ❢♦r t❤❡ ♦r❞❡r �s s✉❝❤ t❤❛t

G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,bq,d,s ✭✼✳✶✵✮

❇② Pr♦♣♦s✐t✐♦♥ ✼✳✶✽✱ Dd
s,0 ✐s ✉♥✐✈❡rs❛❧❀ t❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ χ✱

G, q |=χ Γd,s,0✳ ❚❤✐s tr✐✈✐❛❧❧② ✐♠♣❧✐❡s t❤❛t ❛♥②M(∅, ∅, P ) ♠❛♣ ∆ ✐s ❛ ✇✐t♥❡ss t❤❛t
❋♦r♠✉❧❛ ✭✼✳✶✵✮ ❤♦❧❞s ❢♦r bq,d,s = 0✳ ❙♦ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ♦❢ {0, 1}n t♦
✜❧❧ t❤❡ r♦❧❡ ♦❢ bq,d,s ❢♦r ❋♦r♠✉❧❛ ✭✼✳✶✵✮ ❛♥❞✱ ❜❡❝❛✉s❡ �s ✐s ❛ t♦t❛❧ q✉❛s✐ ♦r❞❡r✱ t❤❡r❡
♠✉st ❡①✐st ❛ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥✐❝✐t② ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ✿ ✐❢
h1 =s h2 t❤❡♥ L(Ds,h1) = L(Ds,h2) t❤✉s Γd,s,h1 = Γd,s,h2 ❛♥❞

G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h1 ⇔ G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h2

❈❤❛r❛❝t❡r✐s❛t✐♦♥ bq,d,s ∈ {0, 1}
n ✐s ❛♥ ❡❧❡♠❡♥t s✉❝❤ t❤❛t

✭❛✮ G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,bq,d,s

✭❜✮ ❢♦r ❛♥② h ∈ {0, 1}n ✇✐t❤ bq,d,s ≺s h✱ ✇❡ ❤❛✈❡ G, q 6|=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h

✸✳ ❋✐① s♦♠❡ s ∈ {0, 1}n ✇✐t❤ |s| = 2 ❛♥❞ ❛♥ ❡①t❡♥❞❡❞ ♣❛rt✐t✐♦♥ τ := {(sκ, qκ, dκ) | 1 ≤
κ ≤ 2} ♦❢ s✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ τ ✱ ❢♦r ❛♥② κ ≤ 2 ✇❡ ❤❛✈❡ |sκ| < |s| = 2 ✐✳❡✳ |sκ| = 1
t❤✉s bqκ,dκ,sκ ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ❥✉st ❜❡❢♦r❡✳ ❲❡ ❞❡✜♥❡ cs,τ ❜②

cs,τ = (s1 f bq1,d1,s1)g (s2 f bq2,d2,s2)
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❚❤❡ ♣❛rt✐t✐♦♥ τ ♠♦❞❡❧s ❛ ♣♦ss✐❜❧❡ ✇❛② ❢♦r t❤❡ ❣♦❛❧s t♦ s♣❧✐t❀ cs,τ t❤❡♥ r❡❣r♦✉♣s t❤❡ b
❡❧❡♠❡♥ts ❛❞❡q✉❛t❡ t♦ τ ✐♥ ❛ s✐♥❣❧❡ ❡❧❡♠❡♥t ♦❢ {0, 1}n✳ ❊r❣♦ cs,τ ❝❛rr✐❡s ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ❜❡st t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❥✉st ❛❢t❡r t❤❡ ❣♦❛❧s s♣❧✐t ❛❧♦♥❣ τ ✳ ❚❤❡ cs,τ
❜❡❧♦♥❣✐♥❣ t♦ {0, 1}n✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ ✐t t♦ ♦t❤❡r ❡❧❡♠❡♥ts ♦❢ {0, 1}n ❝❛rr②✐♥❣ ♦t❤❡r
✐♥❢♦r♠❛t✐♦♥ ✉s✐♥❣ t❤❡ q✉❛s✐✲♦r❞❡rs ♦❢ ❙❡❝t✐♦♥ ✼✳✸✳✸✳ ❯s✐♥❣ t❤❡s❡ ❝♦♠♣❛r✐s♦♥s✱ ✇❡
✇✐❧❧ t❤❡♥ ❞❡❞✉❝❡ ❛♥ ♦♣t✐♠❛❧ ❛♣♣r♦❛❝❤✳

■♥❞✉❝t✐♦♥ st❡♣ ✭1 < α ≤ n✮

❚❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ✐s s❧✐❣❤t❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✳

✶✳ ❋♦r ❛♥② d ∈ ❱❙ ❛♥❞ ❛♥② t✇♦ s, h ♦❢ {0, 1}n ✇✐t❤ |s| = α✱ ✇❡ ❞❡✜♥❡ ❛♥ ♦♣❡r❛t♦r Γd,s,h
❜②

Γd,s,h = Γstickd,s,h ∨ Γsepd,s,Υ ✇❤❡r❡ Υ := {τ ∈ P❛rt(s) | h �s cs,τ}

❲❡ r❡❝❛❧❧ t❤❛t cs,τ ✇❛s ❞❡✜♥❡❞ ❛t t❤❡ ♣r❡✈✐♦✉s st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✳ ❋✐❣✉r❡ ✼✳✹
❣✐✈❡s ❛♥ ✐♥t✉✐t✐♦♥✳

✷✳ ❆s ❜❡❢♦r❡✱ ❢♦r ❛♥② q✱ ❛♥② d ∈ ❱❙ ❛♥❞ ❛♥② s ∈ {0, 1}n ✇✐t❤ |s| = α✱ t❤❡r❡ ✐s ❛
♠❛①✐♠❛❧ ❡❧❡♠❡♥t bq,d,s ∈ {0, 1}n ❢♦r t❤❡ ♦r❞❡r �s s✉❝❤ t❤❛t

G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,bq,d,s ✭✼✳✶✶✮

❙✐♠✐❧❛r❧② t♦ t❤❡ ✐♥✐t✐❛❧ st❡♣✱ ✇❡ s❤♦✇ t❤❛t s✉❝❤ ❛♥ ❡❧❡♠❡♥t bq,d,s ❡①✐sts ❜② ♣r♦✈✐♥❣
t❤❛t ❋♦r♠✉❧❛ ✭✼✳✶✶✮ ❤♦❧❞s ❢♦r bq,d,s = 0✳ F n ✐s ✉♣✇❛r❞ ❝❧♦s❡❞ s♦ 0 ✐s ❛ ♠✐♥✐♠❛❧
❡❧❡♠❡♥t ♦❢ �s ✭♥♦ ♠❛tt❡r s✮ ❛♥❞ ❢♦r ❛♥② τ ∈ P❛rt(s)✱ 0 �s cs,τ ✳ ◆♦✇✱ ❝♦♥s✐❞❡r
❛♥② ❣✐✈❡♥ ❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ χ✳ ❋✐rst ♦❢ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿ ❛❢t❡r s♦♠❡ ✜♥✐t❡ ❤✐st♦r②
ρ✱ χ s♣❧✐ts t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ ❣♦❛❧s ❡♥❛❜❧❡❞ ❜② s ✐♥t♦ ❞✐✛❡r❡♥t ♣❛t❤s ❢♦❧❧♦✇✐♥❣ ❛
♣❛rt✐t✐♦♥ τ0✱ t❤❡♥ ✇❡ ❣❡t

G, q |=χ Γsepd,s,Υ ❢♦r Υ := {τ ∈ P❛rt(s) | 0 �s cs,τ} = P❛rt(s)

❙❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✿ ❛❧❧ t❤❡ ♦✉t❝♦♠❡s ✭❡♥❛❜❧❡❞ ❜② s✮ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ✐♥✜♥✐t❡ ♣❛t❤✳
Ds,0 ✐s ✉♥✐✈❡rs❛❧ ✭Pr♦♣♦s✐t✐♦♥ ✼✳✶✽✮ s♦ ✇❡ ❣❡t G, q |=χ Γstickd,s,0✳ ❚❤✐s ♠❡❛♥s t❤❛t✱
✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡ ♦❢ χ✱ ✐t ❤♦❧❞s t❤❛t G, q |=χ Γd,s,0✳ ❍❡♥❝❡✱ ❛s ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝❛s❡✱
❛♥② M(∅, ∅, P ) ♠❛♣ ✐s ❛ ✇✐t♥❡ss t❤❛t ❋♦r♠✉❧❛ ✭✼✳✶✶✮ ❤♦❧❞s ❢♦r Γd,s,0✳ ❆s ❢♦r t❤❡
✐♥✐t✐❛❧ st❡♣✱ ✉♥✐❝✐t② ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ✿ ✐❢ h1 =s h2 t❤❡♥ L(Ds,h1) = L(Ds,h2) t❤✉s
Γstickd,s,h1

= Γstickd,s,h2
❛♥❞ h1 �s cs,τ ✐✛ h2 �s cs,τ ✱ s♦

G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h1 ⇔ G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h2

❈❤❛r❛❝t❡r✐s❛t✐♦♥ bq,d,s ∈ {0, 1}
n ✐s ❛♥ ❡❧❡♠❡♥t s✉❝❤ t❤❛t

✭❛✮ G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,bq,d,s

✭❜✮ ❢♦r ❛♥② h ∈ {0, 1}n ✇✐t❤ bq,d,s ≺s h✱ ✇❡ ❤❛✈❡ G, q 6|=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h
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qini

q

❆ ❤②♣♦t❤❡t✐❝❛❧ ❤✐s✲

t♦r② ❧❡❛❞✐♥❣ t♦ q ✐♥

G ❛♥❞ d ✐♥ D

ρ′Dd
s,h ∋

❖r
q1
s1

q2
s2

ρ′
q

ρ′

|= Γd1,s1,b1 |= Γd2,s2,b2

❚❤❡ ❣♦❛❧s ψj ✇✐t❤

s(j) = 1 s❡♣❛r❛t❡

❛❝❝♦r❞✐♥❣ t♦ ❛

♣❛rt✐t✐♦♥ τ ♠❛❞❡

♦❢ (s1, q1, d1) ❛♥❞

(s2, q2, d2)

|= Γstickd,s,h |= Γsepd,s,h ✐❢ h �s (b1 f s1)g (b2 f s2)

|= Γd,s,h ✐✛ ❡✐t❤❡r |= Γstickd,s,h ♦r |= Γsepd,s,h

❋✐❣✉r❡ ✼✳✹✿ ❚❤❡ Γd,s,h ♦♣❡r❛t♦r

✸✳ ■♥ t❤❡ ❝❛s❡ ♦❢ α < n✱ ✜① s♦♠❡ s ∈ {0, 1}n ✇✐t❤ |s| = α+1 ❛♥❞ ❛♥ ❡①t❡♥❞❡❞ ♣❛rt✐t✐♦♥
τ := {(sκ, qκ, dκ) | 1 ≤ κ ≤ λ , λ ≥ 2} ♦❢ s✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ τ ✱ ❢♦r ❛♥② κ ≤ λ ✇❡
❤❛✈❡ |sκ| < |s| = α+1✱ ❛♥❞ t❤❡ ❡❧❡♠❡♥t bqκ,dκ,sκ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ♦♥ ♣r❡✈✐♦✉s st❡♣s
♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ cs,τ ❜②

cs,τ = (s1 f bq1,d1,s1)g . . .g (sλ f bqλ,dλ,sλ)

■♥t❡r♠❡❞✐❛r② r❡s✉❧ts

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ r❡s✉❧ts ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❡❧❡♠❡♥ts ❞❡✜♥❡❞ ♣r❡✈✐♦✉s❧②✳

▲❡♠♠❛ ✼✳✷✵✳ ❋♦r ❛♥② st❛t❡ q✱ ❛♥② d ∈ ❱❙ ❛♥❞ ❛♥② s ∈ {0, 1}n✱ t❤❡r❡ ✐s ❛ M(∅, ∅, P )
♠❛♣ ̺q,d,s ❢♦r (Qixi)1≤i≤l ✇✐t♥❡ss✐♥❣ t❤❛t

G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,bq,d,s

❚❤❡r❡ ✐s ❛♥♦t❤❡rM(∅, ∅, P ) ♠❛♣ ̺q,d,s ❢♦r (Qixi)1≤i≤l ✇✐t♥❡ss✐♥❣ t❤❛t

G, q |=M(∅,∅,P ) (Qixi)1≤i≤l
∧

bq,d,s≺sh

¬Γd,s,h

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ♣❛rt ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ b✬s
❡❧❡♠❡♥ts✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ b✬s ❡❧❡♠❡♥ts ✇✐t❤ ❚❤❡♦r❡♠ ✻✳✺ ❣✐✈❡s ✉s t❤❡
s❡❝♦♥❞ ♣❛rt✳

❲❡ ❛❧s♦ ❤✐❣❤❧✐❣❤t ❛ ♣❡❝✉❧✐❛r Γ ♦♣❡r❛t♦r ✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ s❡t ❜② φ✳ ■♥ t❤❡ ❜✐❣
✐♥❞✉❝t✐♦♥✱ ✇❡ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜♦t❤ t❤❡ Γ✬s ♦♣❡r❛t♦rs✱ t❤❡ b✬s ❡❧❡♠❡♥ts ❛♥❞ t❤❡ c✬s
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❡❧❡♠❡♥ts✳ ■♥ ❛ ✇❛②✱ ΓFn ✐s ✇❤❛t ✇❡ ✜♥❞ ❛t t❤❡ ✈❡r② t♦♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t ❢♦r
❛♥② t✇♦ f, f ′ ∈ F n✱ ✇❡ ❤❛✈❡ f =1 f

′ ❛♥❞ t❤✉s L(D1,f ) = L(D1,f ′)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
Γstick ♦♣❡r❛t♦rs✱ ❢♦r d ∈ ❱❙✱ Γstickd,1,f = Γstickd,1,f ′ ✳ ❲❡ t❤❡♥ s❡t

ΓstickFn = Γstickdini,1,f
❛♥❞ ΓFn = ΓstickFn ∨ Γsepdini,1,ΥFn

✇❤❡r❡ f ✐s ❛♥② ❡❧❡♠❡♥t ✐♥ F n✱ dini ✐s t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r ♦❢ st❛t❡s ❛♥❞ ✇✐t❤ ΥFn := {τ ∈
P❛rt(1) | c1,τ ∈ F

n}✳ ❚❤✉s t❤❡ ♦♣❡r❛t♦r ΓFn ✐s t❤❡ ❡❧❡♠❡♥t ♦❢ t❤❡ Γ ❢❛♠✐❧② ♦❢ ♦♣❡r❛t♦rs
✇❤❡r❡ d ✐s t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r ♦❢ st❛t❡✱ s = 1 ❛♥❞ h ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ F n✳

❚❤❡ s❛♠❡ ✇❛② ✇❡ ❤✐❣❤❧✐❣❤t❡❞ ΓFn ✐♥ t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ Γ✬s ♦♣❡r❛t♦rs✱ ✇❡ ❤✐❣❤❧✐❣❤t
t✇♦M(∅, ∅, P ) ♠❛♣s ̺1 ❛♥❞ ̺1✳ ❚❤❡ ♠❛♣ ̺1 ❝♦rr❡s♣♦♥❞s t♦ ̺qini,dini,1 ✇❤✐❧❡ t❤❡ ♠❛♣ ̺1
❝♦rr❡s♣♦♥❞s t♦ ̺qini,dini,1✳

▲❡♠♠❛ ✼✳✷✶✳ ■❢ G, qini |=
M(∅,∅,P ) (Qixi)1≤i≤l ΓFn✱ t❤❡♥ ̺1 ✇✐t♥❡ss t❤❛t G, qini |=

M(∅,∅,P )

(Qixi)1≤i≤lΓFn✳ ■❢ G, qini 6|=
M(∅,∅,P ) (Qixi)1≤i≤l ΓFn✱ t❤❡♥ ̺1 ✇✐t♥❡ss t❤❛t G, qini |=

M(∅,∅,P )

(Qixi)1≤i≤l¬ΓFn✳

Pr♦♦❢✳ ❚❤❡ ✜rst ❝❛s❡ ✐s ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✼✳✷✵✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❛s✲
s✉♠❡ t❤❛t G, qini 6|=M(∅,∅,P ) (Qixi)1≤i≤l ΓFn ❀ t❤✐s ✐♠♣❧✐❡s t❤❛t bqini,dini,1 6∈ F n✳ ❲❡ ❝❛♥
t❤❡♥ ❛♣♣❧② ▲❡♠♠❛ ✼✳✷✵ t♦ ❛♥ ❡❧❡♠❡♥t f ∈ F n t♦ ❣❡t t❤❛t ̺1 ✇✐t♥❡ss❡s G, q |=M(∅,∅,P )

(Qixi)1≤i≤l¬Γd,s,f ✳ ◆♦✇ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ΓFn t❤✐s ♠❡❛♥s t❤❛t ̺1 ❛❧s♦ ✇✐t♥❡ss❡s G, qini |=M(∅,∅,P )

(Qixi)1≤i≤l¬ΓFn ✳

✼✳✹✳✹ ❆ss❡♠❜❧✐♥❣ ♦♣t✐♠❛❧M(∅, ∅, P ) ♠❛♣s

❍❛✈✐♥❣ ❞♦♥❡ t❤✐s ♣r❡❧✐♠✐♥❛r② ✇♦r❦✱ ✇❡ ♠❛② ♥♦✇ ❜✉✐❧❞ t✇♦M(∅, ∅, P ) ♠❛♣s θ ❛♥❞ θ t♦
❞❡✜♥❡ ❛ ❜❡❤❛✈✐♦✉r r❡s♣❡❝t✐✈❡❧② ❢♦r (Qixi)1≤i≤l ❛♥❞ (Qixi)1≤i≤l✳ ❚❤❡② ❛r❡ ♦♣t✐♠❛❧ ✭✐♥ ❛
s❡♥s❡ t❤❛t ✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛r ❧❛t❡r✮ r❡s♣❡❝t✐✈❡❧② ❢♦r F n((βjϕj)1≤j≤n) ❛♥❞ F n((βjϕj)1≤j≤n)✳
❚♦ ❞❡✜♥❡ t❤❡ t✇♦ ♠❛♣s✱ ✇❡ st❛rt ♦♥ t❤❡ r♦♦t ❛♥❞ ♣r♦❣r❡ss ✐♥❞✉❝t✐✈❡❧② ❛❧♦♥❣ t❤❡ ❤✐st♦r✐❡s✳
●✐✈❡♥ ❛ ❤✐st♦r② ρ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ w : (❍✐st → ❆❝t)V

∀
✱ ✇❡ ❝❛♥ ❦♥♦✇ ✇❤✐❝❤ ❣♦❛❧ ✐s st✐❧❧

❢♦❧❧♦✇✐♥❣ ρ✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ θ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ♦♥ str✐❝t ♣r❡✜①❡s ♦❢ ρ✱ ✇❡ s❛② t❤❛t ❛ ❣♦❛❧
ψj := βjϕj ✐s ❛❝t✐✈❡ ♦♥ ρ ✇✳r✳t θ(w) ✇❤❡♥❡✈❡r

∀i < |ρ|, ∆(ρ(i),mi) = ρ(i+ 1)

{
✇✐t❤ mi : ❆❣t→ ❆❝t ✐s ❞❡✜♥❡❞ ❜②
∀A ∈ ❆❣t, mi(A) := θ(w)(βj(A))(ρ≤i)

❯♥❞❡r t❤❡s❡ ❝✐r❝✉♠st❛♥❝❡s✱ ✇❡ ❞❡♥♦t❡ ❜② sρ,θ(w) ∈ {0, 1}n t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t s✉❝❤ t❤❛t
sρ,θ(w)(j) = 1 ✐✛ βj ✐s ❛❝t✐✈❡ ♦♥ ρ ✇✳r✳t θ(w)✳

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ θ ✐s t♦ ❝♦♠❜✐♥❡ t♦❣❡t❤❡r t❤❡ ♠❛♣s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛s ✼✳✷✵ ❛♥❞ ✼✳✷✶✳
❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ θ t❤❛t ❛✐♠s t♦ s❛t✐s❢② (Qixi)i≤l F

n(βjϕj)j≤n✳

• ■❢ xi ∈ V∀✱ ✇❡ ♠✉st s❡t θ(w)(xi)(ρ) := w(xi)(ρ) ✇❤❛t❡✈❡r t❤❡ ✐♥♣✉ts w : (❍✐st →
❆❝t)V

∀
❛♥❞ ρ ∈ ❍✐st ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♠❛♣s ✭♦❢ ❛♥② ❦✐♥❞✮✳
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• ■❢ xi ∈ V∃✱ ✇❡ ✉s❡ t❤❡ ♠❛♣s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛s ✼✳✷✵ ❛♥❞ ✼✳✷✶✳ ❈♦♥s✐❞❡r ❛ ❤✐st♦r② ρ✱
❛ ❢✉♥❝t✐♦♥ w : (❍✐st→ ❆❝t)V

∀
❛♥❞ ❛ ✈❛r✐❛❜❧❡ xi ∈ V s✉❝❤ t❤❛t θ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ♦♥

str✐❝t ♣r❡✜①❡s ♦❢ ρ✳ ❚❤❡♥✱ θ ❜❡✐♥❣ ❛❧r❡❛❞② ❞❡✜♥❡❞ ♦♥ str✐❝t ♣r❡✜①❡s ♦❢ ρ ❛♥❞ ❤❛✈✐♥❣
✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝✐❡s✱ ✇❡ ❝❛♥ ❦♥♦✇ t❤❡ ❛❝t✐✈❡ ❣♦❛❧s ♦♥ ρ ❢♦r θ(w)✱ ❛♥❞ ✇❡
r❡♣r❡s❡♥t t❤❡♠ ❜② ❛♥ ❡❧❡♠❡♥t sρ,θ(w) ♦❢ {0, 1}n✳ ❲❡ ❞❡❝♦♠♣♦s❡ ρ ✐♥ t✇♦ ♣❛rts ρ1
❛♥❞ ρ2 ✭ρ = ρ1.ρ2✮ s✉❝❤ t❤❛t ρ2 r❡♣r❡s❡♥ts t❤❡ ♣❛rt ♦❢ ρ t❤❛t ✐s ❢♦❧❧♦✇❡❞ ❜② ❡①❛❝t❧②
t❤❡ ❣♦❛❧s ♦❢ sρ,θ(w)✱ ✐✳❡✳ ρ1 ✐s t❤❡ ♠❛①✐♠❛❧ ♣r❡✜① s✉❝❤ t❤❛t sρ1,θ(w) 6= sρ,θ(w)✳

✕ ❋✐rst ♦❢ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿ sρ,θ(w) = 1 ❛♥❞ ρ1 = ε✳ ❚❤❡♥ θ ❢♦❧❧♦✇s t❤❡ ♠❛♣ ̺1
♦❢ ▲❡♠♠❛ ✼✳✷✶ ❛♥❞ ✇❡ s❡t θ(w)(xi)(ε) := ̺1(w)(xi)(ε)✳

✕ ❙❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✿ sρ,θ(w) 6= 1 ❛♥❞ ρ1 ✐s ♥♦t ❡♠♣t②✳ ❚❤❡ ♠❛♣ θ t❤❡♥ r❡❣r♦✉♣s
t❤❡ ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ ♦❢ ρ1 ✐♥ t❤❡ ✈❡❝t♦r ♦❢ st❛t❡ dρ1 := s✉❝❝(dini, ρ1) ♦❢
D✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ θ ♦♥ ρ t❤❡♥ ❢♦❧❧♦✇s t❤❡ ♠❛♣s ♦❢ ▲❡♠♠❛ ✼✳✷✵✱ ♠❡❛♥✐♥❣
t❤❛t ✇❡ s❡t θ(w)(xi)(ρ) := ̺❧st(ρ1),dρ1 ,sρ,u

(w−→ρ1)(xi)(ρ2)✳

❍❛✈✐♥❣ ❞❡✜♥❡❞ θ✱ ✇❡ ♣r♦❝❡❡❞ s✐♠✐❧❛r❧② t♦ ❞❡✜♥❡ θ✱ ❛M(∅, ∅, P ) ♠❛♣ tr②✐♥❣ t♦ ❡♥s✉r❡
F n(βjϕj)j≤n✳

• ■❢ xi ∈ V∃✱ ✇❡ ♠✉st s❡t θ(w)(xi)(ρ) := w(xi)(ρ) ✇❤❛t❡✈❡r t❤❡ ✐♥♣✉ts w : (❍✐st →
❆❝t)V

∃
❛♥❞ ρ ∈ ❍✐st ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♠❛♣s✳

• ■❢ xi ∈ V∀✱ ❝♦♥s✐❞❡r ❛ ❤✐st♦r② ρ✱ ❛ ❢✉♥❝t✐♦♥ w : (❍✐st → ❆❝t)V
∃
❛♥❞ ❛ ✈❛r✐❛❜❧❡

xi ∈ V s✉❝❤ t❤❛t θ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ♦♥ str✐❝t ♣r❡✜①❡s ♦❢ ρ✳ ❲❡ ♣r♦❝❡❡❞ ❛❣❛✐♥
❜② ❞❡❝♦♠♣♦s✐♥❣ ρ ✐♥ t✇♦ ♣❛rts ρ1 ❛♥❞ ρ2 s✉❝❤ t❤❛t ρ1 ✐s t❤❡ ♠❛①✐♠❛❧ ♣r❡✜① ✇✐t❤
sρ1,θ(w) 6= sρ,θ(w)✳

✕ ✐❢ sρ,θ(w) = 1 ❛♥❞ ρ1 ✐s ❡♠♣t②✱ ✇❡ s❡t θ(w)(xi)(ε) := ̺1(w)(xi)(ε)✳

✕ ✐❢ sρ,θ(w) 6= 1 ❛♥❞ ρ1 ✐s ♥♦♥✲❡♠♣t②✱ ✇❡ s❡t θ(w)(xi)(ρ) := ̺❧st(ρ1),dρ1 ,sρ,u
(w−→ρ1)(xi)(ρ2)

✇✐t❤ dρ1 = s✉❝❝(dini, ρ1)✳

✼✳✹✳✺ ❖♣t✐♠❛❧✐t② ♦❢ θ ❛♥❞ θ

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♦♥❧② ♦♥❡ ♦❢ φ ❛♥❞ ¬φ ❝❛♥ ❤♦❧❞ ♦♥ G ✉♥❞❡rM(♠,♥, P ) ♠❛♣s✱
θ ✐s ✐♥ ❛ s❡♥s❡ ❛♥ ♦♣t✐♠❛❧ ♠❛♣ ❢♦r F n(βjϕj)1≤j≤n ✇❤✐❧❡ θ ✐s ♦♣t✐♠❛❧ ❢♦r F n(βjϕj)1≤j≤n✳
❚❤❡ ❧❡♠♠❛ ❜❡❧♦✇ ❢♦r♠❛❧✐s❡s t❤✐s ♦♣t✐♠❛❧✐t② ♣r♦♣❡rt② ❛♥❞ ❝❤❛r❛❝t❡r✐s❡s ✇❤❡♥ θ ❝❛♥ ❡♥s✉r❡
F n(βjϕj)1≤j≤n ❛♥❞ ✇❤❡♥ θ ❝❛♥ ❡♥s✉r❡ F n(βjϕj)1≤j≤n✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡
❛♥♥❡① ✼✳❆ ✭♣❛❣❡ ✶✽✷✮✳

▲❡♠♠❛ ✼✳✶✼✳ ❚❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❛t✐♦♥ χ ♦❢ ❞♦♠❛✐♥ V s✉❝❤ t❤❛t θ(χ|V∀) = χ ❛♥❞

θ(χ|V∃) = χ✳ ▼♦r❡♦✈❡r χ s❛t✐s✜❡s

G, qini |=χ ΓFn ⇒ ∀w : (❍✐stG → ❆❝t)V
∀

G, qini |=θ(w) F
n(βjϕj)1≤j≤n

G, qini |=χ ¬ΓFn ⇒ ∀w : (❍✐stG → ❆❝t)V
∃

G, qini |=θ(w) F
n(βjϕj)1≤j≤n
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❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✶✳ ❆ss✉♠❡ t❤❛t G, qini |=M(♠,♥,P ) φ ❛♥❞ G, qini 6|=M(♠,♥,P )

¬φ✳ ■❢ G, qini |=χ ¬ΓFn ✱ t❤❡♥ ❜② t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ▲❡♠♠❛ ✼✳✶✼✱ θ ✇♦✉❧❞ ❜❡ ❛ ✇✐t♥❡ss
t❤❛t G, qini |=M(∅,∅,P ) ¬φ ❛♥❞ ✐t ✇♦✉❧❞ ❤♦❧❞ t❤❛t G, qini |=M(♠,♥,P ) ¬φ✳ ❙♦ G, qini |=χ ΓFn

❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✶✼ ♦♥❝❡ ❛❣❛✐♥✱ ✇❡ ❣❡t t❤❛t θ ✐s ❛ ✇✐t♥❡ss t❤❛t G, qini |=M(∅,∅,P ) φ✳
❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳

✼✳✹✳✻ ❈❧♦s✐♥❣ r❡♠❛r❦s ♦♥ ❙▲❬❊●❪ ❝♦♠♣❧❡①✐t②

❋r♦♠ ♦✉r ✇♦r❦✱ ✇❡ ❝❛♥ ❛❧s♦ ❞❡❞✉❝❡ ❛ 2 ✲EXPTIME ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢
❙▲❬❊●❪ r❡❧❛t✐✈❡❧② t♦ |=M(∅,∅,P )✳

❚❤❡♦r❡♠ ✼✳✷✷✳ ❚❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❙▲❬❊●❪ ❢♦r♠✉❧❛s r❡❧❛t✐✈❡❧② t♦ t❤❡ |=M(∅,∅,P )

s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ✐s 2 ✲EXPTIME✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❲❡ r❡✉s❡ t❤❡ ♥♦t❛t✐♦♥s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶ ✭❙❡❝t✐♦♥s ✼✳✹✳✶ t♦ ✼✳✹✳✺✮✳ ❚❤❡
♣r♦♦❢ ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣ ❛ ♣r♦❝❡❞✉r❡ t♦ ❝❤❡❝❦ ✐❢ G, qini |=χ ΓFn ❤♦❧❞s❀ ✇❡ ❝❛♥ t❤❡♥
❞❡❞✉❝❡ ✐❢ G, qini |=M(∅,∅,P ) φ ❤♦❧❞s ❜② ✉s✐♥❣ ▲❡♠♠❛ ✼✳✶✼✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ❣✐✈❡♥ ✐♥ t❤❡
❛♥♥❡① ✼✳❇ ✭♣❛❣❡ ✶✽✺✮✳

▲❡♠♠❛ ✼✳✷✸✳ ❈♦♥s✐❞❡r s ✐♥ {0, 1}n ❛♥❞ ❛ss✉♠❡ t❤❛t ✇❡ ❦♥♦✇ t❤❡ ✈❛❧✉❡s ♦❢ ❛❧❧ bq′,d′,s′
❢♦r ❛❧❧ s′ ∈ {0, 1}n ✇✐t❤ |s′| < |s|✱ q′ ∈ ◗ ❛♥❞ d′ ∈ ❱❙✳ ❲❡ t❤❡♥ ❤❛✈❡ ❛ 2 ✲EXPTIME

❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s

• t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ G, q |=M(∅,∅,P ) (Qixi)1≤i≤lΓd,s,h ❢♦r ❛♥② q ∈ ◗✱ d ∈ ❱❙ ❛♥❞
h ∈ {0, 1}n✳

• t❤❡ ✈❛❧✉❡ ♦❢ bq,d,s ❢♦r ❛♥② d ∈ ❱❙ ❛♥❞ q ∈ ◗✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛♥❞✐❞❛t❡s ✐♥ {0, 1}n ❢♦r bq,d,s
❛♥❞ ❝❤♦♦s✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ❢♦r �s✳ ❊❛❝❤ ❝❛♥❞✐❞❛t❡ ✐s ❝❤❡❝❦❡❞ ❜② ❜✉✐❧❞✐♥❣ ❛♥❞ s♦❧✈✐♥❣ ❛
♣❛r✐t② ❣❛♠❡ ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛s ❞❡✈❡❧♦♣❡❞ ❢♦r ❚❤❡♦r❡♠s ✺✳✶✹ ❛♥❞ ✻✳✺ ✭♣❛❣❡s ✶✷✼ ❛♥❞ ✶✹✷✮✳

❚❤❡ ♦♣❡r❛t♦r ΓFn ✐s ❞❡✜♥❡❞ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ✭s❡❡ ❙❡❝t✐♦♥ ✼✳✹✳✸✮ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧
Γ✬s ♦♣❡r❛t♦rs ❜❛s❡❞ ♦♥ t❤❡ b✬s ❡❧❡♠❡♥ts✳ ❲❡ ❝❛♥ t❤❡♥ ✉s❡ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ▲❡♠♠❛ ✼✳✷✸
t♦ ❜✉✐❧❞ t❤❡ b✬s ❡❧❡♠❡♥ts✱ ❞❡✜♥❡ ΓF

n

✱ ❝❤❡❝❦ t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ G, qini |=χ ΓFn ❛♥❞ ❞❡❞✉❝❡
✐❢ G, qini |=M(∅,∅,P ) φ✳

■♥ t❤❡ ❡♥❞✱ ✇❡ ♥❡❡❞ t♦ ❜✉✐❧❞ ❛♥❞ s♦❧✈❡ ❛t ♠♦st 2n.|Q|.2n.2
|φ|

♣❛r✐t② ❣❛♠❡s✳ ❚❤❡ st❛t❡
s♣❛❝❡ ♦❢ ❡❛❝❤ ❣❛♠❡ ✐s ♦❢ s✐③❡ t✇♦ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ ♣♦❧②♥♦♠✐❛❧
✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❣❛♠❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡①❡s ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦r♠✉❧❛✳
❯s✐♥❣ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s t♦ s♦❧✈❡ ♣❛r✐t② ❣❛♠❡ ✇❡ r❡tr✐❡✈❡ ❛ 2 ✲EXPTIME ❛❧❣♦r✐t❤♠ ❢♦r
▲❡♠♠❛ ✼✳✷✸ ❛♥❞ ❢♦r ❙▲❬❊●❪ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ r❡❧❛t✐✈❡❧② t♦ |=M(∅,∅,P )✳ ❲❡ ❝❛♥ ❞❡r✐✈❡ ❛
♠❛t❝❤✐♥❣ ❧♦✇❡r ❜♦✉♥❞ ❢r♦♠ t❤❡ 2 ✲EXPTIME ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❆❚▲∗ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳



✶✼✾

qini

qt qu

qt1p1 qt2p2 qu1p1 qu2p2

❋✐❣✉r❡ ✼✳✺✿ ❚❤❡ t✇♦✲❛❣❡♥ts t✉r♥✲❜❛s❡❞ ❣❛♠❡ G

✼✳✺ ▼❛①✐♠❛❧✐t② ♦❢ ❙▲❬❊●❪

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ❙▲❬❊●❪ ✐s✱ ✐♥ ❛ s❡♥s❡✱ t❤❡ ♠❛①✐♠❛❧ ❢r❛❣♠❡♥t ♦❢ ❙▲❬❇●❪
♣♦ss✐❜❧❡ ❢♦r t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✼✳✶✿ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ F n ✐s ♥♦t s❡♠✐✲st❛❜❧❡✱ ✇❡ ❝❛♥
❜✉✐❧❞ ❛ ❢♦r♠✉❧❛ t❤❛t ❤♦❧❞s tr✉❡ ✐♥ ❛ ❣✐✈❡♥ ❣❛♠❡ ❢♦r |=M(S,∅,P )✱ ✇❤❡r❡ ✐ts ♥❡❣❛t✐♦♥ ❞♦❡s
♥♦t ❤♦❧❞ ❢♦r |=M(S,∅,P ) ❜✉t ✇❤❡r❡ ✇❡ ❝❛♥♥♦t r❡♠♦✈❡ s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳

❚❤❡♦r❡♠ ✼✳✷✹✳ ❋♦r ❛♥② n ∈ N
∗ ❛♥❞ ❛♥② ♥♦♥✲s❡♠✐✲st❛❜❧❡ s❡t F n t❤❡r❡ ❡①✐sts ❛ ❙▲❬❇●❪

❢♦r♠✉❧❛ φ ❜✉✐❧t ♦♥ F n✱ ❛ ❣❛♠❡ G ❛♥❞ ❛ st❛t❡ qini ♦❢ G s✉❝❤ t❤❛t

G, qini |=
M(S,∅,P ) φ ❛♥❞ G, qini 6|=

M(S,∅,P ) ¬φ ❛♥❞ G, qini 6|=
M(∅,∅,P ) φ

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ t✇♦✲❛❣❡♥ts ❣❛♠❡ G ❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✼✳✺ ✇✐t❤ t✇♦ ❛❣❡♥ts
❛♥❞ ✳ ▲❡t F n ❜❡ ❛ ♥♦♥✲s❡♠✐✲st❛❜❧❡ s❡t ♦✈❡r {0, 1}n✳ ❚❤❡♥ t❤❡r❡ ♠✉st ❡①✐st f1, f2 ∈ F n✱
❛♥❞ s ∈ {0, 1}n✱ s✉❝❤ t❤❛t (f1 f s)g (f2 f s) /∈ F n ❛♥❞ (f2f s)g (f1f s) /∈ F

n✳ ❲❡ t❤❡♥
❧❡t

φ := ∀yt ∀yu ∀xt ∃xu · F
n(β1ϕ1, . . . , βnϕn)

✇❤❡r❡

βi =

{
❛ss✐❣♥( , yt ; , xt ) ✐❢ s(i) = 1

❛ss✐❣♥( , yu ; , xu ) ✐❢ s(i) = 0

❛♥❞

ϕi =





❋ p1 ∨ ❋ p2 ✐❢ f1(i) = f2(i) = 1
❋ p1 ✐❢ f1(i) = 1 ❛♥❞ f2(i) = 0
❋ p2 ✐❢ f1(i) = 0 ❛♥❞ f2(i) = 1
❢❛❧s❡ ✐❢ f1(i) = f2(i) = 0

■t ✐s ♥♦t ❤❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

▲❡♠♠❛ ✼✳✷✺✳ ▲❡t ρ ❜❡ ❛ ♠❛①✐♠❛❧ r✉♥ ♦❢ G ❢r♦♠ qini✳ ▲❡t k ∈ {1, 2} ❜❡ s✉❝❤ t❤❛t ρ
✈✐s✐ts ❛ st❛t❡ ❧❛❜❡❧❧❡❞ ✇✐t❤ pk✳ ❚❤❡♥ ❢♦r ❛♥② 1 ≤ i ≤ n✱ ✇❡ ❤❛✈❡ ρ |= ϕi ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
fk(i) = 1✳

❲❡ ♦❜t❛✐♥

Pr♦♣♦s✐t✐♦♥ ✼✳✷✻✳ G, qini |=
M(S,∅,P ) φ



✶✽✵

Pr♦♦❢✳ ▲❡t σt ❜❡ ❛ str❛t❡❣② ❢♦r yt ✱ ❛♥❞ ❧❡t σu ❢♦r yu ✳ ▲❡t τt ❜❡ ❛ str❛t❡❣② ❢♦r xt ✳ ◆♦t❡
t❤❛t ♦♥❧② t❤❡ ✈❛❧✉❡ τt(qini · σt(qini)) ✐s ✐♠♣♦rt❛♥t ❢♦r φ s✐♥❝❡ xt ✐s ♦♥❧② ❛♣♣❧✐❡❞ ❥♦✐♥t❧②
✇✐t❤ yt ✳ ▲❡t k ∈ {1, 2} ❜❡ s✉❝❤ t❤❛t t❤❡ st❛t❡ r❡❛❝❤❡❞ ❜② ❛♣♣❧②✐♥❣ τt(qini · σt(qini)) ✐s
❧❛❜❡❧❧❡❞ ✇✐t❤ pk✳

❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ str❛t❡❣② τu ❢♦r xu ❜② τu(qini.qu) = quk ❛♥❞ τu(qini.qt) = qtk✳ ◆♦t❡
t❤❛t t❤❡r❡ ✐s ❛ ♣♦t❡♥t✐❛❧ s✐❞❡ ❞❡♣❡♥❞❡♥❝② ♦❢ str❛t❡❣② τu ✇✳r✳t✳ τt✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t✱ ✐❢ χ
✐s s✉❝❤ t❤❛t

χ(yt ) = σt χ(yu ) = σu χ(xt ) = τt χ(xu ) = τu

t❤❡♥✿
G, qini |=χ F

n(β1ϕ1, . . . , βnϕn)

❋✐① ❛♥ ✐♥t❡❣❡r 1 ≤ i ≤ n✳ ▲❡t ⋆ ❜❡ t ✐❢ s(i) = 1 ❛♥❞ u ♦t❤❡r✇✐s❡✳ ❚❤❡ ♦✉t❝♦♠❡ ρi ♦❢ { 7→
σ⋆, 7→ τ⋆} ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❜✐♥❞✐♥❣ ℘i✮ ✐s qiniq⋆q⋆k✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✼✳✷✺✱ ✇❡ ❣❡t
t❤❛t ρi |= φi ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ fk(i) = 1✳ ❚❤✐s s❤♦✇s t❤❛t F n(β1ϕ1, . . . , βnϕn) ✐s tr✉❡✱ ✇❤✐❝❤
❝♦♥❝❧✉❞❡s ♦✉r ♣r♦♦❢✹✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛❜♦✈❡✱ s❛t✐s❢❛❝t✐♦♥ ♦❢ φ ✐♥ G ❢r♦♠ qini ✉s❡s str❛t❡❣✐❡s ✇✐t❤
s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ r❡q✉✐r❡❞✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✼✳ G, qini 6|=
M(∅,∅,P ) φ

Pr♦♦❢✳ ❚♦✇❛r❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t φ ✐s s❛t✐s✜❡❞ ✐♥ G ❢r♦♠ qini ✉s✐♥❣ ♦♥❧②
str❛t❡❣✐❡s ✇✐t❤♦✉t s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✳

❲❡ ❧❡t σt ✭r❡s♣✳ σu✮ ❜❡ t❤❡ str❛t❡❣② t❤❛t ♠❛♣s ❤✐st♦r② qini t♦ qt ✭r❡s♣✳ qu✮✳ ❲❡ ✜①
str❛t❡❣② τt s✉❝❤ t❤❛t τt(qini · qt) = qt1✳ ❚❤❡r❡ ✐s ❛ str❛t❡❣② τu ✭✇✐t❤♦✉t s✐❞❡ ❞❡♣❡♥❞❡♥❝✐❡s✮
s✉❝❤ t❤❛t

G, qini |=χ F
n(β1ϕ1, . . . , βnϕn)

✇❤❡r❡ χ ♠❛♣s yt t♦ σt✱ y t♦ σu✱ xt t♦ τt ❛♥❞ xu t♦ τu✳
❙✐♥❝❡ xu ✐s ♦♥❧② ❥♦✐♥t❧② ❛♣♣❧✐❡❞ ✇✐t❤ yu ✱ t❤❡ ♦♥❧② ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t τu ✐s

✐ts ✈❛❧✉❡ ♦♥ ❤✐st♦r② qiniσu(qini) = qiniqu✳ ❇❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ s✐❞❡ ❞❡♣❡♥❞❡♥❝②✱ t❤✐s ✈❛❧✉❡
✐s ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ τt(qiniqt) = τt(qiniσt(qini))✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇r✐t✐♥❣ χ′ ❢♦r t❤❡
❝♦♥t❡①t ♦❜t❛✐♥❡❞ ❢r♦♠ χ ❜② r❡♣❧❛❝✐♥❣ χ(yt ) = τt ✇✐t❤ τ ′t ✱ ✇❤❡r❡ τ

′
t(qiniqt) = qt2✱ ✇❡ ❛❧s♦

❤❛✈❡
G, qini |=χ′ F n(β1ϕ1, . . . , βnϕn)

▲❡t v ❛♥❞ v′ ❜❡ t❤❡ ❡❧❡♠❡♥ts ✐♥ {0, 1}n r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❣♦❛❧s (β1ϕ1, . . . , βnϕn)
✉♥❞❡r χ ❛♥❞ χ′✳ ❚❤❡♥ v ❛♥❞ v′ ❛r❡ ✐♥ F n✳ ❍♦✇❡✈❡r✿

• ■❢ τu(qiniqu) = qu1✱ t❤❡♥ v′ = (f1 f s)g (f2 f s)✳

• ■❢ τt(qiniqt) = qt2✱ t❤❡♥ v = (f1 f s)g (f2 f s)✳

■♥ ❜♦t❤ ❝❛s❡s✱ ❜② ❤②♣♦t❤❡s✐s✱ t❤✐s ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ F n✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✹◆♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ✉♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝② ❛♥❞ ✇❡ ❝♦✉❧❞ ❤❛✈❡ s❤♦✇♥ G, qini |=
M(S,∅,∅) φ✳



✶✽✶

❖♥❧② ♦♥❡ ♣♦✐♥t r❡♠❛✐♥s✱

Pr♦♣♦s✐t✐♦♥ ✼✳✷✽✳ G, qini 6|=
M(S,∅,P ) ¬φ

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛M(S, ∅, P ) ♠❛♣ θ ♦✈❡r ∃yt ∃yu ∃xt ∀xu ✳ ❋✐① ❛ ❢✉♥❝t✐♦♥ w : (❍✐st →

❆❝t)xu ❛♥❞ ✇r✐t❡ ρ ❢♦r t❤❡ ♦✉t❝♦♠❡ ♦❢ { → θ(w)(yt ); → θ(w)(xt )}✳ ❚❤❡ ❝❤♦✐❝❡s
♦❢ θ ♦♥ yt ✱ yu ❛♥❞ xt ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ xu ✱ t❤❡r❡❢♦r❡ ρ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ w✳ ▲❡t
k ∈ {1, 2} ❜❡ s✉❝❤ t❤❛t ρ ✈✐s✐ts ❛ st❛t❡ ❧❛❜❡❧❧❡❞ pk ❛♥❞ ✇r✐t❡ wk ❢♦r t❤❡ ❢✉♥❝t✐♦♥ s✉❝❤
t❤❛t wk(xu )(qini.qt) = qtk ❛♥❞ wk(xu )(qini.qu) = qtk✳ ❚❤❡♥ t❤❡ ❡❧❡♠❡♥t v ✐♥ {0, 1}n

r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ (β1ϕ1, . . . βnϕn) ✉♥❞❡r θ(wk) ❝❛♥ ❡✐t❤❡r ❜❡

v = (f1 f s)g (f1 f s) = f1

♦r v = (f2 f s)g (f2 f s) = f2

❛♥❞ ❜♦t❤ ❛r❡ ✐♥ F n✳ ❚❤❡r❡❢♦r❡✱ θ ✐s ♥♦t ❛ ✇✐t♥❡ss ♦❢ G, qini |=M(S,∅,P ) ¬φ ❛♥❞ G, qini 6|=M(S,∅,P )

¬φ

❲✐t❤ Pr♦♣♦s✐t✐♦♥s ✼✳✷✻✱ ✼✳✷✼ ❛♥❞ ✼✳✷✽ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✷✹✳

✼✳✻ ❈♦♥❝❧✉s✐♦♥

❚❤❡♦r❡♠ ✼✳✶ s❤♦✇s t❤❛t ❢♦r ❛♥② ❢♦r♠✉❧❛ φ ∈ ❙▲❬❊●❪✱ ✇❤❡♥ ❛❧❧♦✇✐♥❣ ✉♥♦r❞❡r❡❞ ♣r❡✜①
❞❡♣❡♥❞❡♥❝✐❡s ❛♥❞ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t φ ❤♦❧❞s ❜✉t ¬φ ❞♦❡s ♥♦t✱ ✇❡ ❝❛♥ r❡♠♦✈❡
s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❲❡ ❤❛✈❡ ❛❧s♦ s❡❡♥ t❤❛t t❤✐s r❡s✉❧t ✐s t❤❡ ❜❡st ✇❡ ❝❛♥
❞♦✳ ■t ✇♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✜♥❞ ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ ❜♦t❤ ❛
❢♦r♠✉❧❛ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ ❤♦❧❞ ♦♥ ❛ ❣❛♠❡✳ ❯s✐♥❣ t❤✐s ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❛♥❞ ❚❤❡♦r❡♠ ✼✳✶✱
✇❡ ❝♦✉❧❞ t❤❡♥ ♦❜t❛✐♥ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ✐♥♣✉ts ✭❣❛♠❡ ❛♥❞ ❢♦r♠✉❧❛✮ ♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ r❡♠♦✈❡
t❤❡ s✐❞❡ ❛♥❞ ❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❚❤✐s ❝❧❛ss ✇♦✉❧❞ ❛❧s♦ ❛❞♠✐t ❛ 2 ✲EXPTIME✲❝♦♠♣❧❡t❡
♠♦❞❡❧ ❝❤❡❝❦✐♥❣✿ ❛❧❧ t❤❡ st❡♣s ✐♥ ❚❤❡♦r❡♠ ✼✳✶ ❛r❡ ❝♦♥str✉❝t✐✈❡ ❛♥❞ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥
❣✐✈❡s ❛♥ ❛❧❣♦r✐t❤♠ 2 ✲EXPTIME ✐♥ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ PTIME ✐♥ t❤❡ ❣❛♠❡ ❢♦r t❤❡ |=M(∅,∅,P )

s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✼✳✹✳✻✮✳
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✼✳❆ ❆♥♥❡① ❆

▲❡♠♠❛ ✼✳✶✼✳ ❚❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❛t✐♦♥ χ ♦❢ ❞♦♠❛✐♥ V s✉❝❤ t❤❛t θ(χ|V∀) = χ ❛♥❞

θ(χ|V∃) = χ✳ ▼♦r❡♦✈❡r χ s❛t✐s✜❡s

G, qini |=χ ΓFn ⇒ ∀w : (❍✐stG → ❆❝t)V
∀

G, qini |=θ(w) F
n(βjϕj)1≤j≤n

G, qini |=χ ¬ΓFn ⇒ ∀w : (❍✐stG → ❆❝t)V
∃

G, qini |=θ(w) F
n(βjϕj)1≤j≤n

Pr♦♦❢✳ ❇♦t❤ θ ❛♥❞ θ ❛r❡M(∅, ∅, P ) ♠❛♣s✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛♣♣❧② t❤❡ t❡❝❤♥✐q✉❡ ✉s❡❞ ✐♥
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✺ t♦ ❣❡t ❛ ✈❛❧✉❛t✐♦♥ χ s✉❝❤ t❤❛t θ(χ|V∀) = χ ❛♥❞ θ(χ|V∃) = χ✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ t✇♦ ✐♠♣❧✐❝❛t✐♦♥s✱ ✇❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❡ ✜rst ♦♥❡✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ❛ss✉♠❡ t❤❛t

G, qini |=χ ΓFn ✭✼✳✶✷✮

❲❡ ✜rst ✜① s♦♠❡ ♥♦t❛t✐♦♥s s♣❡❝✐✜❝ t♦ t❤✐s ♣r♦♦❢ t❤❡♥ ♣r♦✈❡ s♦♠❡ ✐♥t❡r♠❡❞✐❛r② r❡s✉❧ts✳

◆♦t❛t✐♦♥s✳ ❋♦r ❛ ✜①❡❞ ♣❛r❛♠❡t❡r w : (❍✐stG → ❆❝t)V
∀
✱

• ✇❡ ❝❛❧❧ πwj t❤❡ ♦✉t❝♦♠❡ ♦✉t(βj(θ(w)), qini)✳

• ✇❡ s❡t fw t♦ ❜❡ t❤❡ {0, 1}n ❡❧❡♠❡♥t s✉❝❤ t❤❛t fw(j) = 1 ✐✛ πwj s❛t✐s❢② ϕj✳

• ❧✐❦❡✇✐s❡ t♦ ✇❤❡♥ ✇❡ ❞❡✜♥❡❞ θ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✳✹✱ ❢♦r ❛♥② ❤✐st♦r② ρ ✇❡ ❝❛❧❧ sρ,w t❤❡
{0, 1}n ❡❧❡♠❡♥t s✉❝❤ t❤❛t sρ,w(j) = 1 ✐✛ ♦✉t(βj(θ(w)), qini) ❢♦❧❧♦✇s ρ✳

• ✜♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ R
w ⊆ {0, 1}n × ❍✐stG✱ t❤❡ r❡❧❛t✐♦♥ s✉❝❤ t❤❛t (s, ρ) ∈ R

w ✐❢ ❛♥❞
♦♥❧② ✐❢ s = sρ,w ❛♥❞ ρ ✐s ♠✐♥✐♠❛❧ ✭♠❡❛♥✐♥❣ ❢♦r ❛♥② ♣r❡✜① ρ′ ♦❢ ρ✱ (s, ρ′) 6∈ R

w✮✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✾✳ ❋♦r ❛♥② w : (❍✐stG → ❆❝t)V
∀
✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ✐t

❤♦❧❞s
∀s ∈ {0, 1}n. ∀ρ ∈ ❍✐stG. (s, ρ) ∈ R

w ⇒ b❧st(ρ),dρ,s �s f
w

✇❤❡r❡ dρ := s✉❝❝(dini, ρ) ✭t❤❡ ✈❡❝t♦r ♦❢ st❛t❡s ❛❝❝❡ss✐❜❧❡ ❜② ρ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r ♦❢
st❛t❡s✮✳

Pr♦♦❢✳ ❋✐① s♦♠❡ w : (❍✐stG → ❆❝t)V
∀
✱ ✇❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ s✐③❡ ♦❢ s ❢r♦♠ 1 t♦

n✳

❚❤❡ ✐♥✐t✐❛❧ ❝❛s❡ ✭|s| = 1✮ ❈♦♥s✐❞❡r ❛♥② ❤✐st♦r② ρ s✉❝❤ t❤❛t (s, ρ) ∈ R
w✳ ❆s |s| = 1 ❛♥❞

(s, ρ) ∈ R
w✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❣♦❛❧✱ s❛② βj0ϕj0 ✱ ❢♦❧❧♦✇✐♥❣ ρ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ θ✱ πj0 = ρ.η

✇❤❡r❡ η ✐s t❤❡ ♦✉t❝♦♠❡✺ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ βj0
(
̺❧st(ρ),dρ,s(w−→ρ )

)
st❛rt✐♥❣ ✐♥ ❧st(ρ)✳

◆♦t❡ t❤❛t ❜❡❝❛✉s❡ |s| = 1✱ Γdρ,s,b❧st(ρ),dρ,s = Γstickdρ,s,b❧st(ρ),dρ,s
✳ ❚❤❡ ♠❛♣ ̺❧st(ρ),dρ,s ✐s ❛

M(∅, ∅, P ) ✇✐t♥❡ss t❤❛t G, qini |=M(∅,∅,P ) (Qixi)1≤i≤lΓdρ,s,b❧st(ρ),dρ,s ✱ t❤❡r❡❢♦r❡ ✐t ❛❧s♦ ✇✐t✲
♥❡ss❡s t❤❛t G, qini |=M(∅,∅,P ) (Qixi)1≤i≤lΓ

stick
dρ,s,b❧st(ρ),dρ,s

✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ Γstick ♦♣❡r❛t♦rs✱

✺✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛r❜❛r✐❝ ✇❛②✿ ♦✉t(βj0(̺❧st(ρ),dρ,s(w−→ρ )), ❧st(ρ))
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t❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧❧ ✐ts ♦✉t❝♦♠❡s ❛r❡ ❛❝❝❡♣t❡❞ ❜② t❤❡ ❛✉t♦♠❛t♦♥ Ddρ
s,b❧st(ρ),dρ,s

❀ ✐♥ ♣❛rt✐❝✉❧❛r✱

η ✐s ❛❝❝❡♣t❡❞ ❜② Ddρ
s,b❧st(ρ),dρ,s

✳

❚❤❡ ❛✉t♦♠❛t♦♥ Ddρ
s,b❧st(ρ),dρ,s

❛❝❝❡♣ts ♣❛t❤s ✇❤✐❝❤ ❣✐✈❡ ❜❡tt❡r r❡s✉❧ts ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡s
(βjϕj)j|s(j)=1 t❤❛♥ b❧st(ρ),dρ,s✳ ■♥ ♦✉r ❝❛s❡ t❤✐s ♠❡❛♥s t❤❛t fw ❞♦❡s ❜❡tt❡r t❤❛♥ b❧st(ρ),dρ,s ❢♦r
s✱ ✐✳❡✳ b❧st(ρ),dρ,s �s f

w✳

❚❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ✭|s| = α✮ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ Pr♦♣♦s✐t✐♦♥ ✼✳✷✾ ❤♦❧❞s ❢♦r ❡❧❡♠❡♥ts
s ♦❢ s✐③❡ |s| < α✳ ❈♦♥s✐❞❡r ❢♦r t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ❛ ❤✐st♦r② ρ s✉❝❤ t❤❛t (s, ρ) ∈ R

w✳

• ❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛ ❝♦♠♠♦♥ ✭✐♥✜♥✐t❡✮ ♣❛t❤ η s✉❝❤ t❤❛t ❢♦r ❛♥② j ✇✐t❤ s(j) = 1✱
πj = ρ.η✱ ✐✳❡✳ ❛❧❧ ❣♦❛❧s ❡♥❛❜❧❡❞ ❜② s ❛❧✇❛②s ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣❛t❤ ρ.η✳ ❲❡ t❤❡♥ ❛♣♣❧②
t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❞♦♥❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝❛s❡ ❛♥❞ ❞❡❞✉❝❡ b❧st(ρ),dρ,s �s f

w✳

• ❖r✱ s♦♠❡✇❤❡r❡ ❛❢t❡r ρ✱ t❤❡ ❣♦❛❧s ❡♥❛❜❧❡❞ ❜② s s♣❧✐t t❤❡♠s❡❧✈❡s ❛❧♦♥❣ s♦♠❡ ❡①t❡♥❞❡❞
♣❛rt✐t✐♦♥ τ = (sκ, qκ, dκ)κ≤λ✳ ❲❡ ❝❛❧❧ η t❤❡ ❤✐st♦r② ❢r♦♠ t❤❡ ❧❛st st❛t❡ ♦❢ ρ t♦ t❤❡
♣♦✐♥t ✇❤❡r❡ t❤❡ ❣♦❛❧s s♣❧✐t ❢r♦♠ ❡❛❝❤ ♦t❤❡r❀ ❢♦r♠❛❧❧② η ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣
βj
(
̺❧st(ρ),dρ,s(w−→ρ )

)
✇❤❡r❡ j ✐s s✉❝❤ t❤❛t s(j) = 1✳

❲❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ ❢♦r cs,τ ❢r♦♠ ❙❡❝t✐♦♥ ✼✳✹✳✸

cs,τ = (s1 f bq1,d1,s1)g . . .g (sλ f bqλ,dλ,sλ)

❚❤❡ ♠❛♣ ̺❧st(ρ),dρ,s ✇✐t♥❡ss❡s t❤❛t G, ❧st(ρ) |=M(∅,∅,P ) Γd,s,b❧st(ρ),dρ,s ✱ t❤❡r❡❢♦r❡ η ♠❛②
r❡❛❝❤ ♦♥❧② ❛ ♣❛rt✐t✐♦♥ τ s✉❝❤ t❤❛t

b❧st(ρ),dρ,s �s cs,τ ✭✼✳✶✸✮

❋♦r ❛♥② κ ≤ λ ✇❡ ❤❛✈❡ (sκ, ρ.η.qκ) ∈ R
w✱ ❛♥❞ ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✇❡ ❣❡t

sκ f bqκ,dκ,sκ �sκ f
w ✭✼✳✶✹✮

s♦✱ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✶✻ ✭♣❛❣❡ ✶✻✽✮ r❡♣❡❛t❡❞❧② ♦♥ t❤❡ (sκ)κ≤λ ❛♥❞ ■♥❡q✉❛❧✐t② ✼✳✶✹✱ ✇❡
♦❜t❛✐♥

s1 f bq1,d1,s1 �s1 f
w

⇒ (s1 f bq1,d1,s1)g (s2 f bq2,d2,s2) �s1gs2 f
w

. . .

⇒ (s1 f bq1,d1,s1)g . . .g (sλ f bqλ,dλ,sλ) �s1g...gsλ f
w

⇒ cs,τ �s f
w

❈♦♠❜✐♥❡❞ ✇✐t❤ ■♥❡q✉❛❧✐t② ✼✳✶✸✱ ✇❡ ❣❡t b❧st(ρ),dρ,s �s cs,τ �s f
w✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✾✳
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Pr♦♣♦s✐t✐♦♥ ✼✳✸✵✳ bqini,dini,1 ∈ F
n

Pr♦♦❢✳ ❚♦✇❛r❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t bqini,dini,1 ∈ F
n✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

bqini,dini,1 ❡❧❡♠❡♥t✻✱ G, qini 6|=M(∅,∅,P ) (Qixi)1≤i≤l ΓFn ✳ ❆♣♣❧②✐♥❣ t❤✐s t♦ ▲❡♠♠❛ ✼✳✷✶✱ ✇❡
❤❛✈❡ t❤❛t t❤❡ ♠❛♣ ̺1 ✭❛♥❞ t❤❡r❡❢♦r❡ θ ✇❤✐❝❤ ❛❝t ❛s ̺1 ❜❡❢♦r❡ ❣♦❛❧ ❣♦❡s ♦♥ ❞✐✛❡r❡♥t ♣❛t❤s✮
✇✐t♥❡ss G, qini 6|=M(∅,∅,P ) (Qixi)1≤i≤l ΓFn ✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t G, qini 6|=χ ΓFn

✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❍②♣♦t❤❡s✐s ✼✳✶✷✳

❲✐t❤ t❤❡s❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✱ ✇❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤❡
❧❡♠♠❛✳ ❈♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ w : (❍✐stG → ❆❝t)V

∀
✳ ❇② Pr♦♣♦s✐t✐♦♥ ✼✳✷✾ ❛♣♣❧✐❡❞ t♦ w✱ 1✱

ε ✇❡ ❣❡t t❤❛t bqini,dini,1 �1 f
w✳ ◆♦✇ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✸✵✱ bqini,dini,1 ∈ F

n✱ t❤❡r❡❢♦r❡ t❤❡
❡❧❡♠❡♥t fw ✇❤✐❝❤ ✐s ❣r❡❛t❡r t❤❛♥ bqini,dini,1 ❢♦r �1 ♠✉st ❛❧s♦ ❜❡ ✐♥ F n✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t
t♦ G, qini |=θ(w) F

n(βjϕj)1≤j≤n✳

❚❤❡ s❡❝♦♥❞ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❧❡♠♠❛ ✇♦r❦s s✐♠✐❧❛r❧②✿ ♣r♦❞✉❝❡ ❛♥ ❡q✉✐✈❛❧❡♥t t♦
▲❡♠♠❛ ✼✳✷✾ ❢♦r θ✱ ✉s❡ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ❛♥❞ ▲❡♠♠❛ ✼✳✷✶ t♦ ❣❡t ❛ ❝♦✉♥t❡r♣❛rt
t♦ Pr♦♣♦s✐t✐♦♥ ✼✳✸✵✱ ❛♥❞ ❞❡❞✉❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥✳

✻❙❡❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❡①♣❧❛♥❛t✐♦♥s ❜❡t✇❡❡♥ ▲❡♠♠❛ ✼✳✷✵ ❛♥❞ ▲❡♠♠❛ ✼✳✷✶ ♣❛❣❡ ✶✼✺



✶✽✺

✼✳❇ ❆♥♥❡① ❇

▲❡♠♠❛ ✼✳✷✸✳ ❈♦♥s✐❞❡r s ✐♥ {0, 1}n ❛♥❞ ❛ss✉♠❡ t❤❛t ✇❡ ❦♥♦✇ t❤❡ ✈❛❧✉❡s ♦❢ ❛❧❧ bq′,d′,s′
❢♦r ❛❧❧ s′ ∈ {0, 1}n ✇✐t❤ |s′| < |s|✱ q′ ∈ ◗ ❛♥❞ d′ ∈ ❱❙✳ ❲❡ t❤❡♥ ❤❛✈❡ ❛ 2 ✲EXPTIME

❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s

• t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ G, q |=M(∅,∅,P ) (Qixi)1≤i≤lΓd,s,h ❢♦r ❛♥② q ∈ ◗✱ d ∈ ❱❙ ❛♥❞
h ∈ {0, 1}n✳

• t❤❡ ✈❛❧✉❡ ♦❢ bq,d,s ❢♦r ❛♥② d ∈ ❱❙ ❛♥❞ q ∈ ◗✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❤❛s ♠❛♥② ❡❧❡♠❡♥ts s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♦❢ ❚❤❡♦r❡♠s ✺✳✶✹ ✭♣❛❣❡ ✶✷✼✮
❛♥❞ ✻✳✺ ✭♣❛❣❡ ✶✹✷✮✱ ✇❤❡r❡ ✇❡ s❤♦✇❡❞ t❤❛t |=M(S,F,∅)✱ |=M(∅,∅,∅) ❛♥❞ |=M(∅,∅,P ) ❛r❡ ❡q✉✐✈❛✲
❧❡♥t ♦✈❡r ❙▲❬✶●❪✳

❈❤❡❝❦✐♥❣ t❤❡ ✜rst ♣♦✐♥t

❲❡ ❜✉✐❧❞ ❛ ♣❛r✐t② ❣❛♠❡ H ❛s ✇❡ ❞✐❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✹✱ ♦♥❧② ❛❞❛♣t✐♥❣ t❤❡ tr❛♥s✐t✐♦♥s ❛♥❞
♣❛r✐t✐❡s t♦ Γd,s,h✳ ❲❡ s❤♦rt❡♥ t❤❡ ❛✉t♦♠❛t♦♥ Dd

s,h t♦ D ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❯s✐♥❣ t❤❡ ♥♦t✐♦♥
♦❢ ❝❧✉st❡rs ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✹ ✭♣❛❣❡ ✶✷✼✮✱ ✇❡ ❞❡✜♥❡ H ❜②

• t❤❡r❡ ❛r❡ t✇♦ ♣❧❛②❡rs✿ P∃, P∀✳

• ❢♦r ❡❛❝❤ st❛t❡ q ♦❢ G ❛♥❞ ❡❛❝❤ st❛t❡ d ♦❢ D✱ H ❝♦♥t❛✐♥s ❛ ❝♦♣② ♦❢ ❛ ❝❧✉st❡r ✇❤✐❝❤
✇❡ ❝❛❧❧ t❤❡ (q, d) ❝❧✉st❡r✳ ❋♦r ❛♥② m ∈ ❆❝t∗ ✇✐t❤ |m| ≤ l✱ ✇❡ r❡❢❡r t♦ t❤❡ st❛t❡ m ♦❢
t❤❡ (q, d) ❝❧✉st❡r ❛s t❤❡ (q, d,m) st❛t❡✳ ❲❡ ❛❧s♦ ❛❞❞ t✇♦ ♥❡✇ st❛t❡s qeven ❛♥❞ qodd✳

• t❤❡ tr❛♥s✐t✐♦♥s ✐♥ H ❛r❡ ♦❢ t❤r❡❡ t②♣❡s✿

✕ ✐♥t❡r♥❛❧ tr❛♥s✐t✐♦♥s ✐♥ t❤❡ ❝❧✉st❡r ❛r❡ ♣r❡s❡r✈❡❞❀

✕ ❝♦♥s✐❞❡r ❛ st❛t❡ (q, d,m) ✇❤❡r❡ m ✐s ❛ ❧❡❛❢✳

∗ ■❢ t❤❡r❡ ❡①✐sts ❛ st❛t❡ q′ s✉❝❤ t❤❛t

∀j ≤ n s(j) = 1⇒ q′ = ∆(q,mβj) ✇❤❡r❡





mβj : ❆❣t→ ❆❝t

mβj(A) = m(i− 1)

✇✐t❤ xi = βj(A)

■✳❡✳ ❛♣♣❧②✐♥❣ t❤❡ ❝❤♦✐❝❡s ♦❢ m ❛❝❝♦r❞✐♥❣ t♦ βj ✐♥ G ❧❡❛❞s ❢r♦♠ q t♦ q′✳
❚❤❡♥ ✇❡ ❛❞❞ ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ (q, d,m) t♦ (q′, d′, ε) ✇❤❡r❡ d′ = s✉❝❝(d, q′)✳
∗ ■❢ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ τ ♦❢ s s✉❝❤ t❤❛t ❢♦r ❛♥② κ ≤ |τ |

∆(q,mβj) = qκ ✇❤❡r❡





mβj : ❆❣t→ ❆❝t

mβj(A) = m(i− 1)

✇✐t❤ xi = βj(A)

s✉❝❝(d, qκ) = dκ

bq,d,s �s cs,τ



✶✽✻

■✳❡✳ t❤❡ ❣♦❛❧s ❡♥❛❜❧❡❞ ❜② s ♣❛rt✐t✐♦♥ t❤❡♠s❡❧✈❡s ❢r♦♠ q ❜❛s❡❞ ♦♥ m ❛❧♦♥❣
❛ ♣❛rt✐t✐♦♥ ✇❤♦s❡ c ❡❧❡♠❡♥t ✐s ❛❜♦✈❡ bq,d,s✳ ❚❤❡♥ ✇❡ ❛❞❞ ❛ tr❛♥s✐t✐♦♥
❢r♦♠ (q, d,m) t♦ qeven✳
∗ ■❢ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ τ s✉❝❤ t❤❛t

∆(q,mβj) = qκ ✇❤❡r❡





mβj : ❆❣t→ ❆❝t

mβj(A) = m(i− 1)

✇✐t❤ xi = βj(A)

s✉❝❝(d, qκ) = dκ

cs,τ ≺s bq,d,s

■✳❡✳ t❤❡ ❣♦❛❧s ❡♥❛❜❧❡❞ ❜② s ♣❛rt✐t✐♦♥ t❤❡♠s❡❧✈❡s ❢r♦♠ q ❜❛s❡❞ ♦♥ m ❛❧♦♥❣
❛ ♣❛rt✐t✐♦♥ ✇❤♦s❡ c ❡❧❡♠❡♥t ✐s ❜❡❧♦✇ bq,d,s✳ ❚❤❡♥ ✇❡ ❛❞❞ ❛ tr❛♥s✐t✐♦♥
❢r♦♠ (q, d,m) t♦ qodd✳

• t❤❡ s❡t ♦❢ ♣r✐♦r✐t✐❡s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ D ❛♥❞ ❡❛❝❤ (q, d,m) st❛t❡ ❤❛s t❤❡ s❛♠❡
♣r✐♦r✐t② ❛s d✳ ❲❡ ❛❧s♦ ❧❛❜❡❧ t❤❡ st❛t❡s qeven ❛♥❞ qodd r❡s♣❡❝t✐✈❡❧② ❜② ❛♥ ❡✈❡♥ ❛♥❞ ❛♥
♦❞❞ ♣❛r✐t②✳

■♥ t❤❡ ❡♥❞✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s t❤❡ ♦♥❡s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✹✱
✇❡ ❣❡t t❤❛t ✐❢ P∃ ✇✐♥s t❤❡ ♣❛r✐t② ❣❛♠❡ H✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛M(∅, ∅, ∅) ♠❛♣ t❤❛t ✇✐t♥❡ss❡s
G, q |=M(∅,∅,∅) (Qixi)1≤i≤lΓd,s,h ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ ✇✐t♥❡ss❡s G, q |=M(∅,∅,P ) (Qixi)1≤i≤lΓd,s,h✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ P∀ ✇✐♥sH✱ t❤❡r❡ ✐s ❛M(∅, ∅, ∅) ✇✐t♥❡ss t❤❛t G, q |=M(∅,∅,∅) (Qixi)1≤i≤l¬Γd,s,h✳
❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ❚❤❡♦r❡♠ ✻✳✺✱ ✇❡ ❣❡t✼ t❤❛t G, q¬ |=M(∅,∅,P ) (Qixi)1≤i≤lΓd,s,h✳

❈❤❡❝❦✐♥❣ t❤❡ s❡❝♦♥❞ ♣♦✐♥t

❲❡ r❡❝❛❧❧ t❤❛t ❛♥ ❡❧❡♠❡♥t bq,d,s ∈ {0, 1}n ✐s s✉❝❤ t❤❛t

✶✳ G, q |=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,bq,d,s

✷✳ ❢♦r ❛♥② h ∈ {0, 1}n ✇✐t❤ bq,d,s ≺s h✱ ✇❡ ❤❛✈❡ G, q 6|=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h

❲❡ ❝❛♥ ❝❤❡❝❦ G, q 6|=M(∅,∅,P ) (Qixi)1≤i≤l Γd,s,h ❢♦r ❛❧❧ h ∈ {0, 1}n✳ ❚❤❡ ❡❧❡♠❡♥t bq,d,s ✐s t❤❡
♠❛①✐♠❛❧ h r❡❧❛t✐✈❡❧② t♦ �s ❢♦r ✇❤✐❝❤ ✐t ❤♦❧❞s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s❡❝♦♥❞ ♣♦✐♥t ❞❡r✐✈❡s
❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ t❤❡ ✜rst ♣♦✐♥t✳

✼❘✐❣♦r♦✉s❧②✱ ❚❤❡♦r❡♠ ✻✳✺ ✐s ♥♦t ♣r♦✈❡❞ ❢♦r ❢♦r♠✉❧❛s ✇✐t❤ t❤❡ ♥❡✇ ♦♣❡r❛t♦r Γd,s,h✳ ❚❤❡ ♣r♦♦❢ ❤♦✇❡✈❡r
❛❧s♦ ✇♦r❦s ✇✐t❤♦✉t ♠♦❞✐✜❝❛t✐♦♥s✳



❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❝♦♠♣❧❡①✐t② ❛♥❞ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❙tr❛t❡❣② ▲♦❣✐❝ ✭❙▲✮✳
❯♥❧✐❦❡ ♦t❤❡rs t❡♠♣♦r❛❧ ❧♦❣✐❝s ❢♦r ♠✉❧t✐✲❛❣❡♥t s②st❡♠s✱ ❙▲ ❞✐ss♦❝✐❛t❡s str❛t❡❣✐❡s ❢r♦♠ ♣❧❛②✲
❡rs✳ ❚❤✐s ❞✐ss♦❝✐❛t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ❦❡②s ♦❢ ❙▲ ❡①♣r❡ss✐✈❡♥❡ss❀ ❢♦r ❡①❛♠♣❧❡✱ ❛ str❛t❡❣② δ
❝❛♥ ❜❡ ❝r❡❛t❡❞ ❛t ❛ t✐♠❡ t ❛♥❞ ✉s❡❞ ❛t ❛ ❧❛t❡r t✐♠❡ t′✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ ❙▲ ✐s
t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ❝♦♠♣❧❡① ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ■♥
❆❚▲∗✱ t❤❡r❡ ❛r❡ ♥♦ str❛t❡❣②✲s❤❛r✐♥❣ ❛s♣❡❝ts ❜❡t✇❡❡♥ t✇♦ ❡①❡❝✉t✐♦♥s ♦❢ t❤❡ s②st❡♠❀ t❤❡
❡①❡❝✉t✐♦♥s ❛r❡ t♦t❛❧❧② ❞✐ss♦❝✐❛t❡❞ ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r✳ ❙▲ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛❧❧♦✇s ❛♥ ❛❣❡♥t
t♦ s❤❛r❡ ✐ts str❛t❡❣② ✐♥ t✇♦ ❡①❡❝✉t✐♦♥s✳ ❙▲ ✐s t❤❡r❡❢♦r❡ ❛ ✈❡r② ❡①♣r❡ss✐✈❡ ❧♦❣✐❝ ❛♥❞ ❛ ❣♦♦❞
❢r❛♠❡✇♦r❦ t♦ r❡❛s♦♥ ❛❜♦✉t t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s✳

❈♦♠♣❧❡①✐t②

❆s ❛❧✇❛②s✱ t❤❡ ❧❛r❣❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ ❙▲ ❧❡❛❞s t♦ ♣♦♦r ❝♦♠♣❧❡①✐t② r❡s✉❧ts✳ ▼♦❣❛✈❡r♦✱
▼✉r❛♥♦✱ P❡r❡❧❧✐ ❛♥❞ ❱❛r❞✐ s❤♦✇❡❞ t❤❛t ❙▲ ❛❞♠✐ts ❛♥ ✉♥❞❡❝✐❞❛❜❧❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠
❛♥❞ ❛ ❞❡❝✐❞❛❜❧❡ ❜✉t ◆❖◆❊▲❊▼❊◆❚❆❘❨ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠❀ ✇❡ ♣r❡s❡♥t t❤❡✐r ❛❧❣♦✲
r✐t❤♠ ✐♥ ❈❤❛♣t❡r ✷✳ ❲❡ ❛❧s♦ ❝♦♠♣❧❡t❡ t❤❡ ♣✐❝t✉r❡ ✇✐t❤ ♦✉r ♦✇♥ r❡s✉❧ts✿ ❙▲ ✐s ❛t ❧❡❛st
PH✲❤❛r❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❣❛♠❡ ❛♥❞ t❤❡ ❙▲❬❇●❪ ❢r❛❣♠❡♥t ❝❛♥♥♦t ❛❞♠✐t ❛♥
ELEMENTARY ❛❧❣♦r✐t❤♠ ✭t❤✉s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❙▲❬❇●❪ ✐s ♥♦ ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢
❙▲✮✳ ❙♦♠❡ ❣❛♣s r❡♠❛✐♥ ✐♥ ❙▲ ❝♦♠♣❧❡①✐t② ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❢♦r♠✉❧❛s ✇✐t❤ ❛ ✜①❡❞ ♥✉♠✲
❜❡r ♦❢ ❛❧t❡r♥❛t✐♦♥s ❛♥❞ ♠❛t❝❤✐♥❣ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞ ✇♦✉❧❞ ❣r❡❛t❧② ✐♠♣r♦✈❡ t❤❡
✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❙▲✳ ■♥ ♣❛rt✐❝✉❧❛r✱ r❡s✉❧ts ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② r❡❧❛t✐✈❡ t♦ t❤❡ s✐③❡ ♦❢ t❤❡
❣❛♠❡ ✇♦✉❧❞ ♣r❡❝✐s❡ t❤❡ ✉s❛❜✐❧✐t② ♦❢ ❙▲ ❢♦r ♣r❛❝t✐❝❛❧ ❝❛s❡s❀ ✉♥t✐❧ t❤❡♥ ❙▲ r❡♠❛✐♥s ♠❛✐♥❧②
❛ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦✳

❚❤❡ t✐♠❡ ❜❡t✇❡❡♥ ❝r❡❛t✐♦♥ ❛♥❞ ✉s❛❣❡

❙♦♠❡t✐♠❡s ✐♥ t❡♠♣♦r❛❧ ✈❡r✐✜❝❛t✐♦♥✱ ❛ str❛t❡❣② δ ♠✉st ❜❡ ❝r❡❛t❡❞ ❛t ❛ t✐♠❡ t ❛♥❞ ✉s❡❞ ❛t
❛ ❧❛t❡r t✐♠❡ t′✳ ❆t ❛ t✐♠❡ t′′ > t′✱ ❙▲ s❡♠❛♥t✐❝s t❤❡♥ ❝♦♥s✐❞❡rs t❤❛t δ ♠✉st ❤❛✈❡ ❦♥♦✇❧❡❞❣❡
♦❢ t❤❡ ❤✐st♦r② ❜❡t✇❡❡♥ t′ ❛♥❞ t′′ ❜✉t ❛❧s♦ ❜❡t✇❡❡♥ t t♦ t′✳ ■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ❛r❣✉❡❞ t❤❛t t❤❡
s✐t✉❛t✐♦♥ ✇❤❡r❡ δ ✐s ❞❡♣r✐✈❡❞ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ✇❤❛t ❤❛♣♣❡♥❡❞ ❜❡t✇❡❡♥ t ❛♥❞ t′ ✐s ♠♦r❡
❛❞❡q✉❛t❡ t♦ ♠♦❞❡❧ s❡r✈❡r✴❝❧✐❡♥t ✐♥t❡r❛❝t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ❝r❡❛t❡❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✈❡rs✐♦♥
❋❙▲ ♦❢ ❙▲ ❛♥❞ st✉❞② ✐♥ ❞❡♣t❤ ✐ts ❝♦♠♣❧❡①✐t②✳ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✶✸ s❤♦✇ t❤❛t ❛ ❧❛r❣❡
♣❛rt ♦❢ t❤❡ ❧♦❣✐❝ ✉♥❢♦rt✉♥❛t❡❧② ❜❡❝♦♠❡s ✉♥❞❡❝✐❞❛❜❧❡ ✉♥❞❡r t❤❡ ♥❡✇ s❡♠❛♥t✐❝s✳

■♥ t❤❡ ❡♥❞✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧♦❣✐❝ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠✳ ❆ ♣r♦♣❡rt②
✇❤❡r❡ ❛ str❛t❡❣② δ ✐s ❝r❡❛t❡❞ ❛♥❞ ✉s❡❞ ❛t ❞✐✛❡r❡♥t t✐♠❡s s❤♦✉❧❞ ❜❡ ♠♦❞❡❧❧❡❞ ✐♥ ❙▲ ✐❢ t❤❡

✶✽✼



✶✽✽

❦♥♦✇❧❡❞❣❡ ❜❡t✇❡❡♥ ❝r❡❛t✐♦♥ ❛♥❞ ✉s❛❣❡ ✐s ❛✈❛✐❧❛❜❧❡ t♦ δ✱ ❛♥❞ ✐♥ ❋❙▲ ✐❢ t❤✐s ❦♥♦✇❧❡❞❣❡ ✐s
♥♦t ❛✈❛✐❧❛❜❧❡ t♦ δ✳ ■❢ ❛❧❧ str❛t❡❣✐❡s ❛r❡ ❝r❡❛t❡❞ ❛♥❞ ✉s❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ❢r❛❣♠❡♥t
❙▲❬❇●❪ ✭✇❤❡r❡ t❤❡ t✇♦ s❡♠❛♥t✐❝s ✐♥t❡rs❡❝t✮ ✐s ♣r♦❜❛❜❧② t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡✳

❙tr❛t❡❣② ❞❡♣❡♥❞❡♥❝✐❡s

▼♦st ❡①t❡♥s✐♦♥s ♦❢ ❆❚▲∗ ❛r❡ s✉❜❥❡❝t t♦ ❦♥♦✇❧❡❞❣❡✲❜❛s❡❞ ♣r♦❜❧❡♠s✿ ❛❜♦✉t t❤❡ ❣♦❛❧s ♦❢
♦t❤❡r ❛❣❡♥ts✱ ❛❜♦✉t t❤❡ ❤✐st♦r✐❡s ♦♥ ✇❤✐❝❤ str❛t❡❣✐❡s ❛r❡ ❡✈❛❧✉❛t❡❞✱ ❛❜♦✉t t❤❡ ♦t❤❡r ❛❣❡♥ts
str❛t❡❣✐❡s. . . ❆❧♦♥❣ ❈❤❛♣t❡rs ✺ t♦ ✼✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❞❡❣r❡❡ ♦❢ ❦♥♦✇❧❡❞❣❡ ♥❡❡❞❡❞
❛❜♦✉t t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ t❤❡ ♦♥❡s ✇❤✐❝❤ ❛r❡ ❡①✐st❡♥✲
t✐❛❧❧② q✉❛♥t✐✜❡❞✳ ❚❤❡r❡ ❡①✐st ♠❛♥② s✉❜t❧❡t✐❡s ❛♥❞ ♦♥❡ ♠✉st ❜❡ ❝❛r❡❢✉❧ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤
t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ str❛t❡❣✐❡s ❝❤♦✐❝❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥ ♦✉r ❥♦✉r♥❡② t♦ ❝❛rt♦❣r❛♣❤②
❞❡♣❡♥❞❡♥❝✐❡s✱ ✇❡ ❢♦✉♥❞ t❤❛t ❛❞❞✐♥❣ ❛❧❧ t❤❡ ❛❝t✐♦♥s ♣❧❛②❡❞ ♦♥ t❤❡ ❝✉rr❡♥t ❤✐st♦r② ❝♦♠✲
♣❧✐❝❛t❡s t❤❡ s✐t✉❛t✐♦♥ ❣r❡❛t❧②✳ ■♥ s♦♠❡ ❝❛s❡✱ ✐t ❛❧❧♦✇s t♦ tr❛♥s❢❡r ✐♥❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥
str❛t❡❣✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❚❤❡♦r❡♠s ✻✳✶✺✱ ✻✳✶✻ ❛♥❞ ✻✳✶✼✮ s❤♦✇ t❤❛t ♦♥❡ ❝❛♥ ❧♦❝❛❧❧② ♦✈❡rr✐❞❡
t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✳ ❚❤❡ r❡s✉❧t ♥♦t ♦♥❧② ❤♦❧❞s ❢♦r ❙▲❬❇●❪✱ ❜✉t ❛❧s♦ ❢♦r ❛❧❧
❡①t❡♥s✐♦♥s ♦❢ ❆❚▲∗ t❤❛t ❛❧❧♦✇ t❤r❡❡ ♦r ♠♦r❡ q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s✳

■♥ s✐♠♣❧❡ r❡q✉❡sts✱ s✉❝❤ ❛s ω✲r❡❣✉❧❛r ❝♦♥❞✐t✐♦♥s ♦r ❆❚▲∗ ❢♦r♠✉❧❛s✱ t❤❡ str❛t❡❣✐❡s ♦♥❧②
♥❡❡❞ ❧♦❝❛❧ ❦♥♦✇❧❡❞❣❡✳ ■♥ s②st❡♠s ✇❤❡r❡ ❝❤♦✐❝❡s ❛r❡ ♠❛❞❡ ❧♦❝❛❧❧② ✭✇✐t❤✐♥ ❛ st❛t❡✮✱ ✇❡
♠✉st ❢♦r❝❡❢✉❧❧② ❢♦r❜✐❞ ❛♥② ❞❡♣❡♥❞❡♥❝②✱ ♦t❤❡r✇✐s❡ ❛ s♣❡❝✐✜❝❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❡rr♦♥❡♦✉s❧②
✐♥t❡r♣r❡t❡❞ ❛s tr✉❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ ❛ str❛t❡❣② ♦❜❡②s ❛ ❦♥♦✇♥ ❛♥❞ ♣✉❜❧✐❝
♣r♦t♦❝♦❧✱ ♦t❤❡r str❛t❡❣✐❡s ❝❛♥ ❞❡♣❡♥❞ ♦♥ ✐t ♦♥ ✐ts ❡♥t✐r❡t②✳ ❋✐♥❛❧❧②✱ ❣❧♦❜❛❧ ♦❜❥❡❝t✐✈❡s ♠✉st
❛❧❧♦✇ ❛ t♦t❛❧ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ str❛t❡❣✐❡s✳ ❈♦♥s✐❞❡r t❤❡ s❝❡♥❛r✐♦ ♦❢ ❛♥ ❡❧❡❝tr♦♥✐❝
❛tt❛❝❦ ♦♥ ❛ s②st❡♠✳ ❚❤❡ ❛tt❛❝❦❡r ♠❛② r❡♣❡❛t t❤❡ ❛tt❛❝❦ ♥✉♠❡r♦✉s t✐♠❡s✱ ❣❛t❤❡r✐♥❣
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s②st❡♠✳ ❍❡ ♠❛② t❤❡♥ ❣✉❡ss t❤❡ ♣r♦t♦❝♦❧ ✐♥ ♣❧❛❝❡✳ ❚♦ ♠♦❞❡❧ s✉❝❤
❦♥♦✇❧❡❞❣❡✱ t❤❡ str❛t❡❣✐❡s ♦❢ t❤❡ ❛tt❛❝❦ ♠✉st ❤❛✈❡ ❛ t♦t❛❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ str❛t❡❣✐❡s ♦❢
t❤❡ s②st❡♠ t♦ t❤❡ ♣♦✐♥t ♦❢ ♦✈❡rr✐❞✐♥❣ t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✳

▲♦♥❣ t❡r♠ ♣❡rs♣❡❝t✐✈❡s

❆♠♦♥❣ t❤❡ ❝❤❛❧❧❡♥❣❡s ♦❢ t❤✐s t❤❡s✐s✱ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ str❛t❡❣✐❡s st❛♥❞s
♦✉t✳ ▼❛♥② ❧♦❣✐❝s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❜✉t s❡♠❛♥t✐❝❛❧ ❛s♣❡❝ts ❛r❡ ♦❢t❡♥ ♦♠✐t✲
t❡❞✱ ❛♥❞ ♦♥❧② t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ s❛t✐s✜❛❜✐❧✐t② ❛♥❞ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ❝♦♥✲
s✐❞❡r❡❞✳ ❆ ❞❡❡♣❡r ❧♦♦❦ ❛t ❙▲ r❡✈❡❛❧❡❞ ♠❛♥② s✉❜t❧❡t✐❡s ❛♥❞ ❛❧❧ ❡①t❡♥s✐♦♥s ♦❢ ❆❚▲∗ ❤❛✈❡
t❛❦❡♥ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ t♦ ❞❡♣❡♥❞❡♥❝✐❡s✿ ❡✈❡r②t❤✐♥❣ ✐s ❛❧❧♦✇❡❞ ❛s ❧♦♥❣ ❛s ✐t ❞♦❡s ♥♦t
♠❡ss t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❡rs✳ ■ ❤♦♣❡ t❤❛t t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ❣✐✈❡s ✐♥✲
s✐❣❤t ✐♥t♦ t❤❡s❡ s✉❜t❧❡t✐❡s✱ ❛♥❞ ✐s ❝♦♥✈✐♥❝✐♥❣ t❤❡ r❡❛❞❡r t❤❛t s❡♠❛♥t✐❝❛❧ ❛s♣❡❝ts ❛r❡ r❡❛❧❧②
✐♠♣♦rt❛♥t✳

❚❤❡ ❢r❛♠❡✇♦r❦ ♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡rs ✺ ❛♥❞ ✻ ❤❛s ✐ts ♠❡r✐ts✿ ✐t tr❡❛ts t❤❡ q✉❛♥t✐✜❝❛✲
t✐♦♥s ❛s ❛ ❝♦♠♣❛❝t ❜❧♦❝❦ ❛♥❞ ❛❧❧♦✇s t♦ ❜②♣❛ss t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱
✐t ❛❧s♦ s✉✛❡rs ❢r♦♠ s❡✈❡r❡ ❞r❛✇❜❛❝❦s✿ t❤❡ s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❞✐ss♦❝✐❛t❡❞
❢r♦♠ t❤❡ s❡♠❛♥t✐❝ ♥❡❣❛t✐♦♥s✳ ■♥❞❡❡❞✱ t❤❡ s❡♠❛♥t✐❝ ♥❡❣❛t✐♦♥ s✇❛♣s t❤❡ r♦❧❡ ♦❢ ❡①✐st❡♥t✐❛❧
❛♥❞ ✉♥✐✈❡rs❛❧ str❛t❡❣✐❡s ❜✉t ✐t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❦♥♦✇❧❡❞❣❡ t❤❡② ❤❛✈❡ ❛❜♦✉t ❡❛❝❤ ♦t❤❡r❀
t❤❡ s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ r❡✈❡rs❡s ❜♦t❤✳ ❆s s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✼✱ t❤❡ s②♥t❛❝t✐❝ ♥❡❣❛t✐♦♥ ♣❧❛②s



❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❞❡♣❡♥❞❡♥❝② ♣r♦❜❧❡♠✳ ■t ✇♦✉❧❞ ❜❡ ✇♦rt❤ ❞❡✈❡❧♦♣✐♥❣ ❛ ❢r❛♠❡✇♦r❦
❜❡tt❡r ❛t ❤❛♥❞❧✐♥❣ t❤❡ t✇♦ ♥♦t✐♦♥s ♦❢ ♥❡❣❛t✐♦♥s✳ P♦t❡♥t✐❛❧ ❛♥s✇❡rs ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡
✇♦r❦s ♦♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡✲❢r✐❡♥❞❧② ❧♦❣✐❝ ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❧♦❣✐❝✳

❆♥♦t❤❡r ✐♠♣❡r❢❡❝t✐♦♥ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ✐s t❤❛t ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ str❛t❡❣✐❡s ❛r❡
❛❧❧♦✇❡❞ ❛♥ ✐♠♣♦rt❛♥t ❞❡❣r❡❡ ♦❢ ❦♥♦✇❧❡❞❣❡ ❜② t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ ❛❧❧ ❢✉♥❝t✐♦♥s
♦❢ t❤❡ ❢♦r♠ (❍✐st → ❆❝t)V

∀
✳ ■♥ t❤❡ ♠❛♥✉s❝r✐♣t✱ ✇❡ ❞♦ ♥♦t ✐♥✈❡st✐❣❛t❡ ✇❤❛t ❤❛♣♣❡♥s

✇❤❡♥ ❜♦t❤ ✉♥✐✈❡rs❛❧ ❛♥❞ ❡①✐st❡♥t✐❛❧ str❛t❡❣✐❡s ❛r❡ s❡✈❡r❡❧② ❧✐♠✐t❡❞ ✐♥ t❤❡✐r ❦♥♦✇❧❡❞❣❡ ♦❢
♦t❤❡r str❛t❡❣✐❡s✳ ❆ ❞❡❡♣❡r ❧♦♦❦ ✐♥t♦ t❤✐s ✐ss✉❡ ✇♦✉❧❞ ❝♦♠♣❧❡t❡ ♦✉r ✇♦r❦ ✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡
♠❛♥♥❡r✳

✶✽✾



✶✾✵



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❚❤♦♠❛s ➴❣♦t♥❡s✱ ❱❛❧❡♥t✐♥ ●♦r❛♥❦♦✱ ❛♥❞ ❲♦❥❝✐❡❝❤ ❏❛♠r♦❣❛✳ ❆❧t❡r♥❛t✐♥❣✲t✐♠❡ t❡♠✲
♣♦r❛❧ ❧♦❣✐❝s ✇✐t❤ ✐rr❡✈♦❝❛❜❧❡ str❛t❡❣✐❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✶t❤ ❝♦♥❢❡r❡♥❝❡ ♦♥
❚❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts ♦❢ r❛t✐♦♥❛❧✐t② ❛♥❞ ❦♥♦✇❧❡❞❣❡✱ ♣❛❣❡s ✶✺✕✷✹✳ ❆❈▼✱ ✷✵✵✼✳

❬✷❪ ❘❛❥❡❡✈ ❆❧✉r✱ ❚❤♦♠❛s ❆✳ ❍❡♥③✐♥❣❡r✱ ❛♥❞ ❖r♥❛ ❑✉♣❢❡r♠❛♥✳ ❆❧t❡r♥❛t✐♥❣✲t✐♠❡ t❡♠✲
♣♦r❛❧ ❧♦❣✐❝✳ ❏✳ ❆❈▼✱ ✹✾✭✺✮✿✻✼✷✕✼✶✸✱ ❙❡♣t❡♠❜❡r ✷✵✵✷✳

❬✸❪ ❙❛♥❥❡❡✈ ❆r♦r❛ ❛♥❞ ❇♦❛③ ❇❛r❛❦✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✿ ❛ ♠♦❞❡r♥ ❛♣♣r♦❛❝❤✳
❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✾✳

❬✹❪ ❆❛r♦♥ ❇♦❤②✱ ❱ér♦♥✐q✉❡ ❇r✉②èr❡✱ ❊♠♠❛♥✉❡❧ ❋✐❧✐♦t✱ ❛♥❞ ❏❡❛♥✲❋r❛♥ç♦✐s ❘❛s❦✐♥✳ ❙②♥✲
t❤❡s✐s ❢r♦♠ ❧t❧ s♣❡❝✐✜❝❛t✐♦♥s ✇✐t❤ ♠❡❛♥✲♣❛②♦✛ ♦❜❥❡❝t✐✈❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✾t❤
■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❚♦♦❧s ❛♥❞ ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ❈♦♥str✉❝t✐♦♥ ❛♥❞ ❆♥❛❧②s✐s
♦❢ ❙②st❡♠s✱ ❚❆❈❆❙✬✶✸✱ ♣❛❣❡s ✶✻✾✕✶✽✹✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✸✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

❬✺❪ ❆❤♠❡❞ ❇♦✉❛❥❥❛♥✐✱ ▼❛r✐✉s ❇♦③❣❛✱ P❡t❡r ❍❛❜❡r♠❡❤❧✱ ❘❛❞✉ ■♦s✐❢✱ P✐❡rr❡ ▼♦r♦✱ ❛♥❞
❚♦♠á➨ ❱♦❥♥❛r✳ Pr♦❣r❛♠s ✇✐t❤ ❧✐sts ❛r❡ ❝♦✉♥t❡r ❛✉t♦♠❛t❛✳ ■♥ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r✲
❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❆✐❞❡❞ ❱❡r✐✜❝❛t✐♦♥✱ ♣❛❣❡s ✺✶✼✕✺✸✶✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳

❬✻❪ P❛tr✐❝✐❛ ❇♦✉②❡r✱ ❯❧✐ ❋❛❤r❡♥❜❡r❣✱ ❑✐♠ ●✳ ▲❛rs❡♥✱ ◆✐❝♦❧❛s ▼❛r❦❡②✱ ❛♥❞ ❏✐➦í ❙r❜❛✳
■♥✜♥✐t❡ ❘✉♥s ✐♥ ❲❡✐❣❤t❡❞ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✇✐t❤ ❊♥❡r❣② ❈♦♥str❛✐♥ts✱ ♣❛❣❡s ✸✸✕✹✼✳
❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✽✳

❬✼❪ P❛tr✐❝✐❛ ❇♦✉②❡r✱ P❛tr✐❝❦ ●❛r❞②✱ ❛♥❞ ◆✐❝♦❧❛s ▼❛r❦❡②✳ ❲❡✐❣❤t❡❞ str❛t❡❣② ❧♦❣✐❝ ✇✐t❤
❜♦♦❧❡❛♥ ❣♦❛❧s ♦✈❡r ♦♥❡✲❝♦✉♥t❡r ❣❛♠❡s✳ ■♥ Pr❛❤❧❛❞❤ ❍❛rs❤❛ ❛♥❞ ●✳ ❘❛♠❛❧✐♥❣❛♠✱ ❡❞✐✲
t♦rs✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✸✺t❤ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❙♦❢t✇❛r❡ ❚❡❝❤♥♦❧♦❣② ❛♥❞
❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❋❙❚❚❈❙✬✶✺✮✱ ✈♦❧✉♠❡ ✹✺✱ ♣❛❣❡s ✻✾✕✽✸✱ ❇❛♥❣❛❧♦r❡✱
■♥❞✐❛✱ ❉❡❝❡♠❜❡r ✷✵✶✺✳

❬✽❪ P❛tr✐❝✐❛ ❇♦✉②❡r✱ P❛tr✐❝❦ ●❛r❞②✱ ❛♥❞ ◆✐❝♦❧❛s ▼❛r❦❡②✳ ❖♥ t❤❡ s❡♠❛♥t✐❝s ♦❢ str❛t❡❣②
❧♦❣✐❝✳ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ▲❡tt❡rs✱ ✶✶✻✭✷✮✿✼✺✕✼✾✱ ✷✵✶✻✳

❬✾❪ ❚♦♠á➨ ❇rá③❞✐❧✱ P❡tr ❏❛♥↔❛r✱ ❛♥❞ ❆♥t♦♥í♥ ❑✉↔❡r❛✳ ❘❡❛❝❤❛❜✐❧✐t② ❣❛♠❡s ♦♥ ❡①t❡♥❞❡❞
✈❡❝t♦r ❛❞❞✐t✐♦♥ s②st❡♠s ✇✐t❤ st❛t❡s✳ ■♥ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦❧❧♦q✉✐✉♠ ♦♥ ❆✉t♦♠❛t❛✱
▲❛♥❣✉❛❣❡s✱ ❛♥❞ Pr♦❣r❛♠♠✐♥❣✱ ♣❛❣❡s ✹✼✽✕✹✽✾✳ ❙♣r✐♥❣❡r✱ ✷✵✶✵✳

✶✾✶



❬✶✵❪ ❚❤♦♠❛s ❇r✐❤❛②❡✱ ❆r♥❛✉❞ ❉❛ ❈♦st❛✱ ❋r❛♥ç♦✐s ▲❛r♦✉ss✐♥✐❡✱ ❛♥❞ ◆✐❝♦❧❛s ▼❛r❦❡②✳ ❆❚▲
✇✐t❤ ❙tr❛t❡❣② ❈♦♥t❡①ts ❛♥❞ ❇♦✉♥❞❡❞ ▼❡♠♦r②✱ ♣❛❣❡s ✾✷✕✶✵✻✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧✲
❜❡r❣✱ ✷✵✵✾✳

❬✶✶❪ ❚❤✐❡rr② ❈❛❝❤❛t✳ ❚r❡❡ ❛✉t♦♠❛t❛ ♠❛❦❡ ♦r❞✐♥❛❧ t❤❡♦r② ❡❛s②✳ ■♥ ❋❙❚❚❈❙✵✻✱ ✈♦❧✉♠❡
✹✸✸✼ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✷✽✺✕✷✾✻✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳
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− ❙②♠❜♦❧s −
ΣP
k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

ΣSAT
k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

ω✲r❡❣✉❧❛r ❛✉t♦♠❛t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
ω✲r❡❣✉❧❛r ❝♦♥❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✶❝❙▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✶❝❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

− ❆ −
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− ❋ −
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− ● −
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− ❍ −
❍✐st♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✱ ✽✸

− ■ −
■❆❚▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
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− ▲ −
▲✐t❡r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✹✺
▲♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
▲❚▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
▲µ ✭♠✉ ❝❛❧❝✉❧✉s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✷✶

− ▼ −
▼❛♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✶✶✺
▼♦❞❡❧ ❈❤❡❝❦✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✾✱ ✹✶
▼♦✈❡ ✈❡❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
▼❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

− ❖ −
❖♣❡♥ s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
❖r❞✐♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✾✶
❖✉t❝♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✱ ✸✹

− P −
P❛r✐t② ❛✉t♦♠❛t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
P❛r✐t② ❝♦♥❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
P❛t❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✱ ✷✸✱ ✽✸
P♦s✐t✐♦♥❛❧ str❛t❡❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✷✸

− ◗ −
◗▲❚▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✹✽
◗▲µ ✭q✉❛♥t✐✜❡❞ ♠✉ ❝❛❧❝✉❧✉s✮ ✳ ✳ ✸✷

◗✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛s ✳ ✳ ✳ ✹✺

− ❘ −
❘ ✭r❡❧❡❛s❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

− ❙ −
❙❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
❙❡♠✐✲st❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✶✻✷
❙❤✐❢t❡❞ str❛t❡❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
❙✐❞❡ ❞❡♣❡♥❞❡♥❝② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
❙▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✸✹
❙▲❬❆●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
❙▲❬❇●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✸✼✱ ✶✶✹
❙▲❬❈●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✸✽✱ ✶✷✶
❙▲❬❉●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽✱ ✶✷✶
❙▲❬❊●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
❙▲❬◆●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
❙▲❬✶●❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽✱ ✶✷✶
❙tr❛t❡❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
❙tr❛t❡❣② tr❛♥s❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

− ❚ −
❚♦✇❡r ✭❝♦♠♣❧❡①✐t② ❝❧❛ss❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
❚r❛♥s✐t✐♦♥s s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✶✽
❚r❡❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
❚✉r♥ ❜❛s❡❞ ❣❛♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
❚✇♦✲❝♦✉♥t❡r ❛✉t♦♠❛t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

− ❯ −
❯ ✭✉♥t✐❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✷✵
❯♥♦r❞❡r❡❞ ♣r❡✜① ❞❡♣❡♥❞❡♥❝② ✳ ✶✸✻
❯♥✇✐♥❞✐♥❣ ♦❢ ❛ ❈●❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
❯♣✇❛r❞✲❝❧♦s❡❞ s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵✱ ✶✻✷

− ❱ −
❱❛❧✐❞✐t② ✭♦❢ ❛♥ ▼❙❖ ❢♦r♠✉❧❛✮ ✳ ✳ ✾✷
❱❛❧✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✸✸
❱❛❧✉❛t✐♦♥ tr❛♥s❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✾✼



−❲ −
WCGS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳✽✷
❲❡✐❣❤t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
❲✐t♥❡ss ✭♦❢ ❛ ❢♦r♠✉❧❛✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

❲♦r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

− ❳ −
❳ ✭♥❡①t✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✾✽



●❧♦ss❛r②

f f g ❋✉♥❝t✐♦♥ ♦❢ {0, 1}n×{0, 1}n → {0, 1}n s✉❝❤ t❤❛t ffg(i) = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ f(i) = 1
❛♥❞ g(i) = 1✳

f g g ❋✉♥❝t✐♦♥ ♦❢ {0, 1}n×{0, 1}n → {0, 1}n s✉❝❤ t❤❛t fgg(i) = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ f(i) = 1
♦r g(i) = 1✳

π · ρ ❙✐♥❣✉❧❛r ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t✇♦ ❤✐st♦r✐❡s π ❛♥❞ ρ✳

Πi∈I(πi) ❈♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ ❤✐st♦r✐❡s (πi)i∈I ❢♦❧❧♦✇✐♥❣ t❤❡ ♦r❞❡r ♦♥ I✳

·♭ ❋❧❛t ❢r❛❣♠❡♥t ♦❢. . . ✳

δ−→π ❙tr❛t❡❣② ♦❜t❛✐♥❡❞ ❜② δ−→π (ρ) = δ(π.ρ)✳

χ−→π ❱❛❧✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② χ−→π (x) = χ(x)−→π ❢♦r ❛♥② ❛❣❡♥t ♦r ✈❛r✐❛❜❧❡ x✳

χ π
−→

❱❛❧✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② χ−→π (x) = χ(x)−→π ❢♦r ❛♥② ❛❣❡♥t x✳

↑B ❯♣✇❛r❞ ❝❧♦s✉r❡ ♦❢ ❛ s❡t B ✭♦❢ N ♦r {0, 1}n✮✳

❆❝t ❙❡t ♦❢ ❛❧❧ ❛❝t✐♦♥s✳

❆❣t ❙❡t ♦❢ ❛❧❧ ❛❣❡♥ts✳

❆P ❙❡t ♦❢ ❛❧❧ ❛t♦♠✐❝ ♣r♦♣♦s✐t✐♦♥s✳

❞♦♠(χ) ❉♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ χ✳

✢✐♣b ❋✉♥❝t✐♦♥ ♦❢ {0, 1}n → {0, 1}n s✉❝❤ t❤❛t ✢✐♣b(f) = (f f b)g (f f b)✳

❢r❡❡(φ) ❋r❡❡ ✈❛r✐❛❜❧❡s ❛♥❞ ❢r❡❡ ❛❣❡♥ts ♦❢ φ✳

❍✐stG ❙❡t ♦❢ ❛❧❧ ❤✐st♦r✐❡s ✐♥ G✳

■♥❢(π) ❙❡t ♦❢ st❛t❡s ❛♣♣❡❛r✐♥❣ ✐♥✜♥✐t❡❧② ♦❢t❡♥ ✐♥ π✳

L(N ) ▲❛♥❣✉❛❣❡ ♦❢ N ✭s❡t ♦❢ ❛❧❧ ✇♦r❞s ❛❝❝❡♣t❡❞ ❜② N ✮✳

❧❛❜❡❧s ▲❛❜❡❧❧✐♥❣ ❢✉♥❝t✐♦♥✳

❧st(π) ▲❛st st❛t❡ ♦❢ π✳

✶✾✾



♦✉t(χ, q) ❖✉t❝♦♠❡ ♣r♦❞✉❝❡❞ ❜② χ st❛rt✐♥❣ ❢r♦♠ q✳

P❛rt✭s✮ ❙❡t ♦❢ ❛❧❧ ♣❛rt✐t✐♦♥s ♦❢ s ✭❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✮✳

P❛t❤G ❙❡t ♦❢ ❛❧❧ ♣❛t❤s ✐♥ G✳

Pr❡❢≤ρ ❙❡t ♦❢ ❛❧❧ ♣r❡✜① ♦❢ ρ ✐♥❝❧✉❞✐♥❣ ρ✳✳

Pr❡❢<ρ ❙❡t ♦❢ ❛❧❧ ♣r❡✜① ♦❢ ρ ❡①❝❧✉❞✐♥❣ ρ✳✳

Shiftν(π) ❍✐st♦r② ♦❜t❛✐♥❡❞ ❜② s❤✐❢t✐♥❣ t❤❡ ❝♦✉♥t❡r ✈❛❧✉❡s ✐♥ π ❜② ❛ ❢❛❝t♦r ν✳

❙tr❛tG ❙❡t ♦❢ ❛❧❧ str❛t❡❣✐❡s ♣♦ss✐❜❧❡ ✐♥ G✳

❚♦✇❡r(a, b) ❋✉♥❝t✐♦♥ r❡t✉r♥✐♥❣ ❛ t♦✇❡r ♦❢ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❤❡✐❣❤t b ❛♥❞ ✐♥♣✉t a✳

V∃ ❙❡t ♦❢ ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s ✭♦❢ ❛ ❢♦r♠✉❧❛ ♦r ❛ q✉❛♥t✐✜❡r ❜❧♦❝❦✮✳

V∀ ❙❡t ♦❢ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜❧❡s ✭♦❢ ❛ ❢♦r♠✉❧❛ ♦r ❛ q✉❛♥t✐✜❡r ❜❧♦❝❦✮✳

❱❙ ❙❡t ♦❢ ✈❡❝t♦r ♦❢ st❛t❡s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳

❲❡✐❣❤ts ❲❡✐❣❤t ❢✉♥❝t✐♦♥ ♦❢ ❛ WCGS✳

✷✵✵



❘és✉♠é ❙✉❜st❡♥t✐❡❧ ❡♥ ❢r❛♥ç❛✐s

✷✵✶





■♥tr♦❞✉❝t✐♦♥

▲❡s s②stè♠❡s é❧❡❝tr♦♥✐q✉❡s ❡t ♥✉♠ér✐q✉❡s ♦♥t ❡♥✈❛❤✐ ♥♦s ✈✐❡s✿ ❛❞♠✐♥✐str❛t✐♦♥✱ ❛r♠é❡✱
é❞✉❝❛t✐♦♥✱ é♥❡r❣✐❡✱ ♠é❞✐❛s✱ s❛♥té✱ tr❛♥s♣♦rts✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❝❡s s②stè♠❡s
❝réé ❞❡ ♥♦♠❜r❡✉① ❞é✜s✱ ❞❡s ♣❧✉s ❝♦♥♥✉s ❝♦♠♠❡ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ♦✉ ❧❡s ♣r♦❜❧è♠❡s ❞❡
❝♦♥✜❞❡♥t✐❛❧✐té ❛✉① ♣❧✉s ♦❜s❝✉rs ❝♦♠♠❡ ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❝♦♥❝✉rr❡♥❝❡ ♦✉ ❞❡ ❝♦♠♣t❡✉r. . .

■❧ ❡①✐st❡ tr♦✐s ♣r✐♥❝✐♣❛❧❡s ♠ét❤♦❞❡s ♣♦✉r ❛ss✉r❡r ❞✉ ❜♦♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❝❡s s②stè♠❡s✿
t❡st❡r✱ tr♦✉✈❡r ✉♥ ❝❡rt✐✜❝❛t ❞❡ ❜♦♥ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❡t ❡①♣❧♦r❡r ❧✬❛r❜r❡ ❞❡s ♣♦ss✐❜✐❧✐tés✳
❈❡tt❡ t❤ès❡ s❡ ❝♦♥❝❡♥tr❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❝❡tt❡ ❞❡r♥✐èr❡ ❛♣♣r♦❝❤❡✳ ■❧ ❝♦♥✈✐❡♥t ❛❧♦rs
❞❡ s❡ ♣♦s❡r ❞❡✉① q✉❡st✐♦♥s✿ ✏◗✉✬❡st ❝❡ q✉✬✉♥ ❜♦♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ♠♦♥ s②stè♠❡ ❄✑
✭s♣é❝✐✜❝❛t✐♦♥✮ ❡t ✏▼♦♥ s②stè♠❡ ♣❡✉t✲✐❧ s♦rt✐r ❞❡ ❝❡ ❝♦♠♣♦rt❡♠❡♥t ❄✑ ✭✈ér✐✜❝❛t✐♦♥✮✳ ▲❡
tr❛✈❛✐❧ ❞✉ ❝❤❡r❝❤❡✉r ❡st ❛❧♦rs ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥ ❝❛❞r❡ ❞❡ tr❛✈❛✐❧ ❝❛♣❛❜❧❡ ❞❡ s✬❛♣♣❧✐q✉❡r à
✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝❛s ♣r❛t✐q✉❡s✱ ✐❧ s❡r❛✐t ❝♦ût❡✉① ❞❡ r❡❞é✈❡❧♦♣♣❡r ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r
❝❤❛q✉❡ s②stè♠❡✳ ❯♥❡ ❢♦✐s ❧❡ ❝❛❞r❡ ✜①é✱ ❧❛ ♣r♦❝é❞✉r❡ ✭❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡ ✏♠♦❞❡❧✲
❝❤❡❝❦✐♥❣✑✮ ♣♦✉r ✈ér✐✜❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✬✉♥ s②stè♠❡ ❡st ❧❛ s✉✐✈❛♥t❡✿

✶✳ ❙♣é❝✐✜❡r ❧❡ s②stè♠❡ ❞❛♥s ✉♥ ♠♦❞è❧❡ ♠❛t❤é♠❛t✐q✉❡ ✭r❡♣rés❡♥t❛t✐♦♥ ❢♦r♠❡❧❧❡✮✳

✷✳ ❚r❛♥s❝r✐r❡ ❧❛ ♣r♦♣r✐été ❡♥ ✉♥❡ ❢♦r♠✉❧❡ ❞✬✉♥ ❢♦r♠❛❧✐s♠❡ ❝♦♥♥✉ ✭✉♥❡ ❝♦♥❞✐t✐♦♥ q✉✐
❛♣♣r♦✉✈❡ ♦✉ ✐♥✈❛❧✐❞❡ ❧✬❡①é❝✉t✐♦♥ ❞✉ s②stè♠❡✮✳

✸✳ ❱ér✐✜❡r q✉❡ ❧❛ ❢♦r♠✉❧❡ ❡st ✈r❛✐❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❡♥ ❡①♣❧♦r❛♥t ❧❡s ❞✐✈❡rs❡s ♣♦ss✐❜✐❧✐tés✳
❖♥ r❡tr♦✉✈❡ ✐❝✐ ❧❡s q✉❡st✐♦♥s ❛✉t♦✉r ❞❡ ❧✬❡✣❝❛❝✐té ❞❡s ❛❧❣♦r✐t❤♠❡s✳

✹✳ ❚r❛♥s♣♦s❡r ❧❛ ré♣♦♥s❡ ❞❡ ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡ ❛✉ ❝❛s ♣r❛t✐q✉❡✳

❙②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts

▲❛ ✈ér✐✜❝❛t✐♦♥ ❞❡ s②stè♠❡s ♠♦♥♦❧✐t❤✐q✉❡s ♦✉ ❞❡ s②stè♠❡s à ❞❡✉① ❛❣❡♥ts ✭✉♥ ❛❣❡♥t r❡♣rés❡♥✲
t❛♥t ❧❡ s②stè♠❡ é❧❡❝tr♦♥✐q✉❡ ❡t ❧✬❛✉tr❡ r❡♣rés❡♥t❛♥t ❧✬❡♥✈✐r♦♥♥❡♠❡♥t✮ ❡st r❡❧❛t✐✈❡♠❡♥t ❜✐❡♥
❝♦♠♣r✐s❡✳ ▲❡ ❝❛s ❞❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts ❡st ❡♥ r❡✈❛♥❝❤❡ ♠♦✐♥s ❜✐❡♥ ❝♦♠♣r✐s✳ ▲❛ ♠♦❞✲
é❧✐s❛t✐♦♥ ❞❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts s❡ ❢❛✐t ❣é♥ér❛❧❡♠❡♥t ♣❛r ❞❡s ❥❡✉① s✉r ❞❡s ❣r❛♣❤❡s✱
❝❤❛q✉❡ ❛❣❡♥t ❡st ❛❧♦rs r❡♣rés❡♥té ♣❛r ✉♥ ❥♦✉❡✉r✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s
s②stè♠❡s ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ♠❛✐s ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞ ❞✬❛❣❡♥ts✳ ▲❛ ❞✐✣❝✉❧té ❡st ❛❧♦rs
❞✬✐♥❝♦r♣♦r❡r ❧❡s ♦❜❥❡❝t✐❢s ❞❡ ❝❤❛q✉❡ ❛❣❡♥t ❞❛♥s ✉♥ s②stè♠❡ ❣❧♦❜❛❧✱ ❝♦❤ér❡♥t ❡t s❛♥s ❞②s✲
❢♦♥❝t✐♦♥♥❡♠❡♥t✳ ▲❛ ♠❛♥✐èr❡ ❞♦♥t ❧❡s ❞✐✛ér❡♥ts ♦❜❥❡❝t✐❢s ❞❡s ❞✐✛ér❡♥ts ❛❣❡♥ts ❧✐♠✐t❡♥t
❧❡✉rs ❝♦♠♣♦rt❡♠❡♥ts ❡t ✐♠♣❛❝t❡♥t ❧❡ s②stè♠❡ s❡r♦♥t ❛✉ ❝❡♥tr❡ ❞❡ ♥♦tr❡ ét✉❞❡✳

✷✵✸



P❧❛♥ ❞✉ ♠❛♥✉s❝r✐t

❈❡tt❡ t❤ès❡ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧✬ét✉❞❡ ❞✉ ❢♦r♠❛❧✐s♠❡ ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❞❡ ✏❙tr❛t❡❣② ▲♦❣✐❝✑
✭❙▲✮✳ ❈❡tt❡ ❧♦❣✐q✉❡ ❡st ✉♥ ❧❛♥❣❛❣❡ ❞❡ ♣r❡♠✐❡r ♦r❞r❡ ♣♦✉r r❛✐s♦♥♥❡r s✉r ❧❡s ❧✐❡♥s ✉♥✐s✲
s❛♥t ♣❧✉s✐❡✉rs ❡①é❝✉t✐♦♥s ❞✬✉♥ ♠ê♠❡ s②stè♠❡ ♣♦ssé❞❛♥t ✉♥ ♥♦♠❜r❡ ❛r❜✐tr❛✐r❡ ✭♠❛✐s ✜♥✐✮
❞✬❛❣❡♥ts✳ ◆♦tr❡ tr❛✈❛✐❧ t♦✉r♥❡ ❛✉t♦✉r ❞❡ ❞❡✉① ♣r♦❜❧è♠❡s✿

• tr♦✉✈❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❧❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ✭ét❛♥t ❞♦♥♥és ✉♥ s②stè♠❡ ❡t ✉♥❡
❢♦r♠✉❧❡✱ ❧❛ ❢♦r♠✉❧❡ ❡st✲t✲❡❧❧❡ ✈ér✐✜é❡ s✉r ❧❡ ❥❡✉ ❄✮✳

• ét✉❞✐❡r ❧❡s ❝❤♦✐① sé♠❛♥t✐q✉❡s ❢❛✐ts ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❙▲✱ ❛✐♥s✐ q✉❡ ❧❡✉r ❝♦♥✲
séq✉❡♥❝❡s✳

▲❛ t❤ès❡ ❡st ♦r❣❛♥✐sé ❡♥ ❞❡✉① ♣❛rt✐❡ r❡❣r♦✉♣❛♥t r❡s♣❡❝t✐✈❡♠❡♥t q✉❛tr❡ ❡t tr♦✐s ❝❤❛♣✐tr❡s✳
▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ♣rés❡♥t❡ ❡t ❡①♣❧♦r❡ ❙▲ ❞❛♥s s❡s ❣r❛♥❞❡s ❧✐❣♥❡s✳ ▲❛ s❡❝♦♥❞❡ s❡ ❝♦♥❝❡♥tr❡
s✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡s ❞é♣❡♥❞❛♥❝❡s ❡♥tr❡ str❛té❣✐❡s ❞❛♥s ✉♥ ❢r❛❣♠❡♥t ✭❙▲❬❇●❪✮ ❞❡ ❙▲✳

▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ♣rés❡♥t❡ ❧❡s ❞✐✛ér❡♥ts ❢♦r♠❛❧✐s♠❡s ♣rés❡♥ts ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡
❡t ✉t✐❧✐sés ♣♦✉r ❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡ s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts✳ ❖♥ ② r❡tr♦✉✈❡ ✉♥❡ ❞é✜♥✐t✐♦♥
❢♦r♠❡❧❧❡ ❞❡ ❙▲ ❡t ❞❡ s❡s ♣r✐♥❝✐♣❛✉① ❢r❛❣♠❡♥ts✳ ▲❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡ ❡①♣❧♦r❡ ❧❛ ❝♦♠♣❧❡①✐té
❞❡s ♣r♦❜❧è♠❡s ❞❡ s❛t✐s✜❛❜✐❧✐té ❡t ❞❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❞❡ ❙▲✳ ❉❛♥s ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱
♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ♣r♦❜❧è♠❡ ❞✬❤✐st♦r✐q✉❡ q✉✐ ❛♣♣❛r❛✐ss❡♥t q✉❛♥❞ ✉♥❡ str❛té❣✐❡ ❡st
❝réé❡ à ✉♥ ✐♥st❛♥t t ♠❛✐s ✉t✐❧✐sé❡ s❡✉❧❡♠❡♥t à ✉♥ ✐♥st❛♥t t′ ✭❛✈❡❝ t′ > t✮✳ ❊♥✜♥✱ ❞❛♥s ❧❡
q✉❛tr✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❡①♣❧♦r♦♥s ❧❡s ✈❡rs✐♦♥s q✉❛♥t✐t❛t✐✈❡s ❞❡ ❙▲✱ ❛✈❡❝ ❝♦♠♣t❡✉rs ❡t
é♥❡r❣✐❡s✳

▲❡s ❝❤❛♣✐tr❡s ❞❡ ❧❛ s❡❝♦♥❞❡ ♣❛rt✐❡ ✭❝✐♥q à s❡♣t✮ s♦♥t ❡①❝❧✉s✐✈❡♠❡♥t ❝♦♥s❛❝ré❡ ❛✉①
♣r♦❜❧è♠❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s ❡♥tr❡ str❛té❣✐❡s✳ P❛rt❛♥t ❞✬✉♥❡ q✉❛♥t✐✜❝❛t✐♦♥ ✏P♦✉r t♦✉t x1✱
✐❧ ❡①✐st❡ x2✑✱ ✐❧ s✬❛❣✐t ❞❡ ❝❛rt♦❣r❛♣❤✐❡r ❧❡s ❝❤♦✐① ❞❡ x1 q✉❡ x2 ❛ ❜❡s♦✐♥ ❞❡ ❝♦♥♥❛îtr❡ ♣♦✉r
ré♣♦♥❞r❡ ❞❡ ♠❛♥✐èr❡ ❛♣♣r♦♣r✐é❡✳

✷✵✹



P❛rt ✶✿ ✏❙tr❛t❡❣② ▲♦❣✐❝✑

❆❚▲∗ ❡t ❙tr❛t❡❣② ▲♦❣✐❝ ✭❝❤❛♣✐tr❡ ✶✮

■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉① ❢♦r♠❛❧✐s♠❡s ♣♦✉r ❞é❝r✐r❡ ❧❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts✿ ❆❚▲✱ ❆❚▲∗✱
❇❙■▲✱ ■❆❚▲✱ ❆❚▲sc✱ ●▲ . . . ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❝❡tt❡ t❤ès❡ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ✉♥ s❡✉❧
❞✬❡♥tr❡ ❡✉①✿ ❧❛ ❙tr❛t❡❣② ▲♦❣✐❝ ✭❙▲✮✳

▼♦❞è❧❡s ♣♦✉r s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts

❉é✜♥✐t✐♦♥ ✭❏❡✉① ❝♦♥❝✉rr❡♥ts✮✳
❯♥ ❥❡✉ ❝♦♥❝✉rr❡♥t ✭✏❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡✑✱ ❈●❙✮ ❡st ✉♥ ♥✲✉♣❧❡t G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉
♦ù ❆P ❡st ✉♥ ❡♥s❡♠❜❧❡ ♥♦♥✲✈✐❞❡ ❡t ✜♥✐ ❞❡ ♣r♦♣♦s✐t✐♦♥s ❛t♦♠✐q✉❡s✱ ❆❣t ❡st ✉♥ ❡♥s❡♠❜❧❡
♥♦♥✲✈✐❞❡ ❡t ✜♥✐ ❞✬❛❣❡♥ts✱ ◗ ❡st ✉♥ ❡♥s❡♠❜❧❡ ♥♦♥✲✈✐❞❡ ❡t ✜♥✐ ❞✬ét❛ts✱ ❆❝t ❡st ✉♥ ❡♥s❡♠❜❧❡
♥♦♥✲✈✐❞❡ ❞✬❛❝t✐♦♥s✱ ∆ : ◗×❆❝t❆❣t → ◗ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ tr❛♥s✐t✐♦♥ ❡t ❧❛❜❡❧s : ◗→ 2❆P

✉♥❡ ❢♦♥❝t✐♦♥ ❞✬ét✐q✉❡t❛❣❡✳

▲✬❡①é❝✉t✐♦♥ ❞✉ s②stè♠❡ ❡st ❛❧♦rs r❡♣rés❡♥té❡ ❡♥ ♣♦s❛♥t ✉♥❡ ♣✐❡rr❡ s✉r ✉♥ ét❛t ✐♥✐t✐❛❧ ❡t
❡♥ ❧❛ ❢❛✐s❛♥t ❜♦✉❣❡r ❞❛♥s ❧❡ ❥❡✉✳ ❆✉ t❡♠♣s t✱ ❝❤❛q✉❡ ❛❣❡♥t ❥♦✉❡ ✉♥❡ ❛❝t✐♦♥ ❡t ❧✬❡♥s❡♠❜❧❡
❞❡s ❛❝t✐♦♥s ❥♦✉é❡s ❞é✜♥✐t ✉♥ ♠♦✉✈❡♠❡♥t q✉✐ ❞é♣❧❛❝❡ ❧❛ ♣✐❡rr❡ ❞✬ét❛t ❡♥ ét❛t✳ ▲❛ s✉✐t❡ ❞❡s
ét❛ts ✈✐s✐tés r❡♣rés❡♥t❡ ❛❧♦rs ❧✬é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡✳

❉é✜♥✐t✐♦♥ ✭❍✐st♦r✐q✉❡s ❡t ❝❤❡♠✐♥s✮✳
❯♥ ❤✐st♦r✐q✉❡ ❞❛♥s ✉♥ ❥❡✉ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❡st ✉♥❡ s✉✐t❡ ✜♥✐❡ ❞✬ét❛ts
(qi)i≤L ✭L ∈ N✮ t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t i < L✱ ♦♥ ♣❡✉t tr♦✉✈❡r d ∈ ❆❝t❆❣t ❛✈❡❝ ∆(qi, d) = qi+1✳

❯♥ ❝❤❡♠✐♥ ❞❛♥s G ❡st ✉♥❡ s✉✐t❡ ✐♥✜♥✐❡ ❞✬ét❛ts (qi)i∈N t❡❧ q✉❡ ♣♦✉r t♦✉t i ∈ N✱ ✐❧ ❡①✐st❡
d ∈ ❆❝t❆❣t ❛✈❡❝ ∆(qi, d) = qi+1✳

P♦✉r r❡♣rés❡♥t❡r ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❞❡s ❞✐✛ér❡♥ts ❛❣❡♥ts✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♥♦t✐♦♥ ❞❡
str❛té❣✐❡✳ P♦✉r ❝❡tt❡ t❤ès❡✱ ❧❡s str❛té❣✐❡s s❡r♦♥t ❞ét❡r♠✐♥✐st❡s ❡t ❛✉r♦♥t ✉♥❡ ♠é♠♦✐r❡
✐♥✜♥✐❡✳

❉é✜♥✐t✐♦♥ ✭❙tr❛t❡❣②✮✳
❯♥❡ str❛t❡❣✐❡ ❞❛♥s ✉♥ ❥❡✉ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ✭♣♦t❡♥t✐❡❧❧❡✲
♠❡♥t ♣❛rt✐❡❧❧❡✮ δ : ❍✐stG → ❆❝t q✉✐ ❛ss♦❝✐❡ ✉♥❡ ❛❝t✐♦♥ à ❝❤❛q✉❡ ❤✐st♦r✐q✉❡✳

❯♥❡ ✈❛❧✉❛t✐♦♥ ✭s✉r ✉♥ ❡♥s❡♠❜❧❡ ❆❣t ❞✬❛❣❡♥ts ❡t ✉♥ ❡♥s❡♠❜❧❡ V ❞❡ ✈❛r✐❛❜❧❡s✮ ❛ttr✐❜✉❡
✉♥❡ str❛té❣✐❡ à ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ♦✉ ❛❣❡♥t✳

✷✵✺



❉é✜♥✐t✐♦♥ ✭❯♥ rés✉❧t❛t✮✳
❙♦✐t G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 ✉♥ ❈●❙✱ q ✉♥ ❞❡ s❡s ét❛ts ❡t χ ✉♥❡ ✈❛❧✉❛t✐♦♥✳ ▲❡
rés✉❧t❛t ♦✉t(χ, q) := (qi)i∈N∗ ❞❡ χ ❞❡♣✉✐s q ❡st ❧✬✉♥✐q✉❡ ❝❤❡♠✐♥ ❛✈❡❝ q1 = q ❡t ∀i ∈ N

∗✱
qi+1 = ∆(qi, di)✱ ♦ù di ∈ ❆❝t❆❣t ❡st ✉♥❡ ❢♦♥❝t✐♦♥ q✉✐ ❛ss✐❣♥❡ ✉♥❡ ❛❝t✐♦♥ à ❝❤❛q✉❡ ❛❣❡♥t
❡♥ s✉✐✈❛♥t χ s✉r ❧✬❤✐st♦r✐q✉❡ (qi′)i′<i✳

▲❛ ❙tr❛t❡❣② ▲♦❣✐❝

❙▲ ❡st ❝♦♥str✉✐t s✉r ✉♥ ❡♥s❡♠❜❧❡ ❞✬❛❣❡♥ts ❆❣t✱ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣r♦♣♦s✐t✐♦♥s ❛t♦♠✐q✉❡s
❆P ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ✈❛r✐❛❜❧❡s V ✳ ❙❛ ❣r❛♠♠❛✐r❡ ❡st ❧❛ s✉✐✈❛♥t❡✿

❙▲ ∋ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p

❛✈❡❝ x ∈ V ✉♥❡ ✈❛r✐❛❜❧❡✱ A ∈ ❆❣t ✉♥ ❛❣❡♥t ❡t p ∈ ❆P ✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❛t♦♠✐q✉❡✳
▲❡s ♦♣ér❛t❡✉rs ❛ss✐❣♥(A, x) ❡t ∃x s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❛♣♣❡❧és ❛ss✐❣♥❛t✐♦♥ ❞❡ x à A ❡t

q✉❛♥t✐✜❝❛t✐♦♥ ❡①✐st❡♥t✐❡❧❧❡ ❞❡ x✳

❆✈❛♥t ❞❡ ❞é✜♥✐r ❧❛ sé♠❛♥t✐q✉❡ ❞❡ ❙▲✱ ♥♦✉s ❞❡✈♦♥s ♣❛r❧❡r ❞❡s ✈❛r✐❛❜❧❡s ❡t ❛❣❡♥ts ❧✐❜r❡s
❞✬✉♥❡ ❢♦r♠✉❧❡✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ✈❛r✐❛❜❧❡s ❡t ❛❣❡♥ts ❧✐❜r❡s ❞❛♥s ✉♥❡ ❢♦r♠✉❧❡ φ ❡st ♥♦té
❢r❡❡(φ) ❡t r❡♣rés❡♥t❡ ❧❡s é❧é♠❡♥ts q✉✐ ♥✬♦♥t ♣❛s ❡♥❝♦r❡ ❞❡ str❛té❣✐❡s✳ ❢r❡❡(φ) ❡st ❞é✜♥✐❡
✐♥❞✉❝t✐✈❡♠❡♥t ♣❛r

❢r❡❡(p) = ∅ ♣♦✉r t♦✉t p ∈ ❆P ❢r❡❡(❳φ) = ❆❣t ∪ ❢r❡❡(φ)

❢r❡❡(¬φ) = ❢r❡❡(φ) ❢r❡❡(φ❯ψ) = ❆❣t ∪ ❢r❡❡(φ) ∪ ❢r❡❡(ψ)

❢r❡❡(φ ∨ ψ) = ❢r❡❡(φ) ∪ ❢r❡❡(ψ) ❢r❡❡(∃x. φ) = ❢r❡❡(φ) \ {x}

❢r❡❡(❛ss✐❣♥(A, x). φ) =

{
❢r❡❡(φ) s✐ A /∈ ❢r❡❡(φ)

(❢r❡❡(φ) ∪ {x}) \ {A} s✐♥♦♥

◗✉❛♥❞ ❢r❡❡(φ) = ∅✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❢♦r♠✉❧❡ ❢❡r♠é❡✳

▲❡s ❢♦r♠✉❧❡s ❞❡ ❙▲ s♦♥t é✈❛❧✉é❡s s✉r ✉♥ ❈●❙ G := 〈❆P,❆❣t,◗,❆❝t,∆, ❧❛❜❡❧s〉 à ✉♥ ét❛t
q r❡❧❛t✐✈❡♠❡♥t à ✉♥❡ ✈❛❧✉❛t✐♦♥ χ ✭❡t t❡❧ q✉❡ ❧❡s ❡♥s❡♠❜❧❡s ❞✬❛❣❡♥ts ❡t ❞❡ ♣r♦♣♦s✐t✐♦♥s
❛t♦♠✐q✉❡s ❞❡ ❧❛ ❢♦r♠✉❧❡ ❝♦ï♥❝✐❞❡♥t ❛✈❡❝ ❝❡✉① ❞✉ ❈●❙✮✳

G, q |=χ p ⇔ p ∈ ❧❛❜❡❧s(q)

G, q |=χ φ ∨ φ
′ ⇔ G, q |=χ φ ♦✉ G, q |=χ φ

′

G, q |=χ ¬φ ⇔ G, q 6|=χ φ

❙✐ ❢r❡❡(φ) \ {x} ⊆ ❞♦♠(χ)✱ ❛❧♦rs

G, q |=χ ∃x.φ ⇔ ∃δ ∈ ❙tr❛tG t❡❧ q✉❡ G, q |=χ[x 7→δ] φ

❉❡ ♣❧✉s✱ ét❛♥t ❞♦♥♥é A ∈ ❆❣t✱ s✐ (❢r❡❡(φ) \ {A}) ∪ {x} ⊆ ❞♦♠(χ) ❛❧♦rs

G, q |=χ ❛ss✐❣♥(A, x).φ ⇔ G, q |=χ[A 7→χ(x)] φ

✷✵✻



❙✐ ❆❣t ∪ ❢r❡❡(φ) ∪ ❢r❡❡(ψ) ⊆ ❞♦♠(χ) ❛❧♦rs χ ♣r♦❞✉✐t ✉♥ ❝❤❡♠✐♥ rés✉❧t❛t π ❞❡♣✉✐s q✱ ✐✳❡✳
π := ♦✉t(χ, q)✳ P♦✉r t♦✉t ❡♥t✐❡r j✱ ♦♥ ♥♦t❡ χ−→

j
❧❛ ✈❛❧✉❛t✐♦♥ χ−−→π≤j

✳ ❊♥s✉✐t❡✱

G, q |=χ ❳φ ⇔ G, ♦✉t(χ, q)(1) |=χ−→
1
φ

G, q |=χ φ❯φ′ ⇔ ∃k ∈ N. G, ♦✉t(χ, q)(k) |=χ−→
k
φ′ ❡t

∀j ∈ N. 0 ≤ j < k ⇒ G, ♦✉t(χ, q)(j) |=χ−→
j
φ

▲❡s ❢r❛❣♠❡♥ts ✭♣❧❛ts✮ ❙▲❬◆●❪ ❡t ❙▲❬❇●❪

➚ tr❛✈❡rs ❧❛ t❤ès❡✱ ♥♦✉s ét✉❞✐❡r♦♥s ❛✉ss✐ ❞❡s ❢r❛❣♠❡♥ts ❞❡ ❙▲✳ ▲❡ ♣r❡♠✐❡r ❢r❛❣♠❡♥t
❞✬✐♠♣♦rt❛♥❝❡ ❡st ❧❡ ❢r❛❣♠❡♥t ❙▲❬◆●❪ ❛✈❡❝ ❞❡s ♦❜❥❡❝t✐❢s ✐♠❜r✐q✉és ✭◆❡st❡❞ ●♦❛❧s✮✳ ❯♥❡
❢♦r♠✉❧❡ ❞❡ ❙▲❬◆●❪ r❡❣r♦✉♣❡r❛ ❧❡s q✉❛♥t✐✜❝❛t✐♦♥s ♣❛r ❜❧♦❝s ❞❡ s♦rt❡ q✉✬✉♥ ♥♦✉✈❡❛✉ ❜❧♦❝
♠❛rq✉❡ ❧❡ ❞é❜✉t ❞✬✉♥❡ ❢♦r♠✉❧❡ ❢❡r♠é❡✳

❉é✜♥✐t✐♦♥ ✭❙▲ ❛✈❡❝ ♦❜❥❡❝t✐❢s ✐♠❜r✐q✉és✱ ❙▲❬◆●❪✮✳

❙▲❬◆●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | β

❛✈❡❝ x ∈ V ✉♥❡ ✈❛r✐❛❜❧❡✱ A ∈ ❆❣t ✉♥ ❛❣❡♥t ❡t p ∈ ❆P ✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❛t♦♠✐q✉❡✳

▲❡s ❢❛♠❡✉① ♦❜❥❡❝t✐❢s ❞❡ ❙▲❬◆●❪ s♦♥t ❧❡s s♦✉s✲❢♦r♠✉❧❡s ❞❡ t②♣❡ β✳ ❯♥❡ ❢♦r♠✉❧❡ ❞❡ ❝❡
❢r❛❣♠❡♥t ❡st ❛❧♦rs ❞é❝♦♠♣♦s❛❜❧❡ ❡♥ ✉♥ ❜❧♦❝ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥s s✉✐✈✐❡s ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥
❜♦♦❧é❡♥♥❡ ❞✬♦❜❥❡❝t✐❢s ✭♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♠❜r✐q✉és✮✳

❙✐ ❧✬♦♥ ❡♥❧è✈❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✐♠❜r✐q✉❡r ❧❡s ♦❜❥❡❝t✐❢s✱ ♦♥ ♦❜t✐❡♥t ❧❡ ❢r❛❣♠❡♥t à ♦❜❥❡❝t✐❢
❜♦♦❧é❡♥✱ ❙▲❬❇●❪ ✭❇♦♦❧❡❛♥ ●♦❛❧s✮✳

❉é✜♥✐t✐♦♥ ✭❙▲ ❛✈❡❝ ♦❜❥❡❝t✐❢s ❜♦♦❧é❡♥s✱ ❙▲❬❇●❪✮✳

❙▲❬❇●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∨ ξ | ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p

❖♥ ♣❡✉t ❛✉ss✐ r❡str❡✐♥❞r❡ ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s ❡t ♦❜t❡♥✐r ❞❡ ♥♦✉✈❡❛✉① ❢r❛❣✲
♠❡♥ts✿ ❙▲❬✶●❪ ❛✈❡❝ ✉♥ ✉♥✐q✉❡ ♦❜❥❡❝t✐❢✱ ❙▲❬❈●❪ q✉✐ ♥✬❛✉t♦r✐s❡ q✉❡ ❞❡s ❝♦♥❥♦♥❝t✐♦♥s ❞✬♦❜❥❡❝t✐❢s✱
♦✉ ❡♥❝♦r❡ ❙▲❬❉●❪ q✉✐ ♥✬❛✉t♦r✐s❡ q✉❡ ❞❡s ❞✐s❥♦♥❝t✐♦♥s ❞✬♦❜❥❡❝t✐❢s✳
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❈♦♠♣❧❡①✐té ✭❝❤❛♣✐tr❡ ✷✮

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té s✉r ❙▲ ✭❝❡rt❛✐♥s ❞é✈❡❧♦♣♣és
❞❛♥s ❝❡tt❡ t❤ès❡✱ ❞✬❛✉tr❡s ✈❡♥❛♥t ❞❡ ❞✐✛ér❡♥ts ❛✉t❡✉rs ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té s❝✐❡♥t✐✜q✉❡✮✳ ■❧
❡①✐st❡ ❞❡✉① q✉❡st✐♦♥s ♣r✐♥❝✐♣❛❧❡s✿

❉é✜♥✐t✐♦♥ ✭❙❛t✐s✜❛❜✐❧✐té✮✳
▲❡ ♣r♦❜❧è♠❡ ❞❡ s❛t✐s✜❛❜✐❧✐té ❞✬✉♥❡ ❧♦❣✐q✉❡ L ❞❡♠❛♥❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐
♣r❡♥❞ ❡♥ ❡♥tré❡ ✉♥❡ ❢♦r♠✉❧❡ φ ∈ L ❡t q✉✐ ré♣♦♥❞ ❡st✲❝❡ q✉✬✐❧ ❡①✐st❡ ✉♥ ❈●❙ s✉r ❧❡q✉❡❧ φ
❡st ✈r❛✐❡✳

❉é✜♥✐t✐♦♥ ✭▼♦❞❡❧✲❝❤❡❝❦✐♥❣✮✳
▲❡ ♣r♦❜❧è♠❡ ❞❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ♣♦✉r ✉♥❡ ❧♦❣✐q✉❡ L ❞❡♠❛♥❞❡ ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐ ♣r❡♥❞ ❡♥
❡♥tré❡ ✉♥❡ ❢♦r♠✉❧❡ φ ∈ L ❡t ✉♥ ❥❡✉ G✱ ❡t q✉✐ ré♣♦♥❞ s✐ φ ❡st ✈r❛✐❡ s✉r G✳

▲✬❡♥s❡♠❜❧❡ ❞❡s rés✉❧t❛ts ❝♦♥♥✉s s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ t❛❜❧❡❛✉ ❝✐✲❞❡ss♦✉s✳ ▲❡s rés✉❧✲
t❛ts ❞❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞✉ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ r❡❧❛t✐✈❡♠❡♥t ❛✉ ❥❡✉ ✭PH✲❤❛r❞✮ ♣♦✉r ❙▲✱ ❙▲❬◆●❪
❡t ❙▲❬❇●❪✱ ❡t ❞❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r ❙▲❬❇●❪ r❡❧❛t✐✈❡♠❡♥t à ❧❛ ❢♦r♠✉❧❡ s♦♥t ❞é✈❡❧♦♣♣és
❞❛♥s ❧❛ t❤ès❡✳ ▲❡s ❛✉tr❡s rés✉❧t❛ts s♦♥t ✐ss✉s ❞❡ ❧❛ ❧✐ttér❛t✉r❡ s❝✐❡♥t✐✜q✉❡ s✉r ❙▲✳

▼♦❞❡❧ ❈❤❡❝❦✐♥❣ ❙❛t✐s✜❛❜✐❧✐t②
❋♦r♠✉❧❛ ❉❛t❛ ❋♦r♠✉❧❛

❙▲
❯♣♣❡r ❇♦✉♥❞ NONELEMENTARY ❬✸✾❪

❯◆❉❊❈■❉❆❇▲❊

▲♦✇❡r ❇♦✉♥❞ TOWER ❬✸✾❪ PH✲❤❛r❞

❙▲❬◆●❪
❛♥❞

❙▲❬❇●❪

❯♣♣❡r ❇♦✉♥❞
■♥ (k + 1 )✲EXPTIME ❢♦r

k q✉❛♥t✐✜❡r ❛❧t❡r♥❛t✐♦♥s ❬✸✾❪

▲♦✇❡r ❇♦✉♥❞ TOWER PH✲❤❛r❞

❙▲❬✶●❪
❯♣♣❡r ❇♦✉♥❞ 2 ✲EXPTIME✲❝♦♠♣❧❡t❡ ❬✸✽❪

✭PTIME✲❝♦♠♣❧❡t❡ ❢♦r t❤❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❞❛t❛ ❝♦♠♣❧❡①✐t②✮▲♦✇❡r ❇♦✉♥❞

❘és✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té✳ ❊♥ orange✱ ❧❡s ❛❜♦✉t✐ss❡♠❡♥ts ❞❡ ❧❛ t❤ès❡✳

▲❛ sé♠❛♥t✐q✉❡ ✢♦tt❛♥t❡ ❞❡ ❙▲ ✭❝❤❛♣✐tr❡ ✸✮

Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥ s❡r✈❡✉r q✉✐ ♣r♦♣♦s❡ à ♣❧✉s✐❡✉rs ❝❧✐❡♥ts ❧✬❛❝❝ès à ✉♥❡ r❡ss♦✉r❝❡✳ ▲❡
s❡r✈❡✉r ❞♦✐t s✬❛ss✉r❡r ❞❡ ❞❡✉① ❝❤♦s❡s✳ ❯♥✱ q✉✬à t♦✉t ♠♦♠❡♥t✱ ❧✬❛❝❝ès à ❧❛ r❡ss♦✉r❝❡ ♥✬❡st
♣♦ss✐❜❧❡ q✉✬à ❛✉ ♣❧✉s ✉♥ ❝❧✐❡♥t✳ ❉❡✉①✱ q✉✬✐❧ ❡①✐st❡ ✉♥ ♣r♦t♦❝♦❧❡ ♣♦✉r ❝❤❛q✉❡ ❝❧✐❡♥t q✉✐ ❧✉✐
❛ss✉r❡ ❧✬❛❝❝ès ✭é✈❡♥t✉❡❧❧❡♠❡♥t✮ à ❧❛ r❡ss♦✉r❝❡ ✭♣♦✉r✈✉ q✉❡ ❧❡ ❝❧✐❡♥t ❝♦❧❧❛❜♦r❡✮✳ ➱❝r✐t ❞❛♥s
❙▲✱ ❝❡❧❛ ❞♦♥♥❡ ❧❛ ❢♦r♠✉❧❡ s✉✐✈❛♥t❡✿

∃δs❡r✈❡✉r. ∃δ❝❧✐❡♥t. s✐ s❡r✈❡✉r ✉t✐❧✐s❡ δs❡r✈❡✉r ❛❧♦rs
[
( ❚♦✉❥♦✉rs ❡①❝❧✉s✐♦♥ ♠✉t✉❡❧❧❡)

∧ ( t♦✉❥♦✉rs ✭ s✐ ❝❧✐❡♥t ✉t✐❧✐s❡ δ❝❧✐❡♥t ❛❧♦rs é✈❡♥t✉❡❧❧❡♠❡♥t ❛❝❝ès ✮.)
]
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■♥t✉✐t✐✈❡♠❡♥t✱ ❛✉ ♠♦♠❡♥t ♦ù ❧❛ str❛té❣✐❡ δ❝❧✐❡♥t ❡st ❛ss✐❣♥é❡✱ ❡❧❧❡ ❞❡✈r❛✐t ❛✈♦✐r ✉♥
❤✐st♦r✐q✉❡ ✈✐❞❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ δ❝❧✐❡♥t ♥❡ ❞❡✈r❛✐t ♣❛s ❛✈♦✐r ❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ❞❡♠❛♥❞❡s
❢❛✐t❡s ♣❛r ❧❡s ❛✉tr❡s ❝❧✐❡♥ts✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ sé♠❛♥t✐q✉❡ ❞❡ ❙▲ ❞♦♥♥❡ ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥✳ ❊♥
❡✛❡t✱ ❧❡s str❛té❣✐❡s ♦♥t ❞❡s ❤✐st♦r✐q✉❡s q✉✐ ❝♦♠♠❡♥❝❡♥t ❛✉ ♠♦♠❡♥t ❞❡ ❧❡✉r q✉❛♥t✐✜❝❛t✐♦♥
❡t ♥♦♥ ❞❡ ❧❡✉r ❛ss✐❣♥❛t✐♦♥✳ ❈❡ ❝❤♦✐① ❧✐♠✐t❡ ❧✬❡①♣r❡ss✐✈✐té ❞❡ ❙▲✳

▲✬✐♠♣♦rt❛♥❝❡ ❞❡ ❝❡ ❞ét❛✐❧ sé♠❛♥t✐q✉❡ ❛ été ❧♦♥❣t❡♠♣s s♦✉s✲é✈❛❧✉é ♣❛r ❧❛ ❝♦♠♠✉♥❛✉té
s❝✐❡♥t✐✜q✉❡✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ sé♠❛♥t✐q✉❡ ✭♥♦♠♠é❡ ✢♦t✲
t❛♥t❡✮ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s str❛té❣✐❡s t✐r❡♥t ❧❡✉rs ❤✐st♦r✐q✉❡s ❞❡♣✉✐s ❧❡✉rs ❛ss✐❣♥❛t✐♦♥s ✭♣❛r
♦♣♣♦s✐t✐♦♥ à ❧❡✉rs q✉❛♥t✐✜❝❛t✐♦♥s✮✳ ◆♦✉s ét✉❞✐♦♥s ❡♥s✉✐t❡ ❧❛ ❝♦♠♣❧❡①✐té ❡t ❧✬❛❧❣♦r✐t❤♠✐q✉❡
q✉✬❡♥tr❛î♥❡ ❝❡ ❝❤❛♥❣❡♠❡♥t✳ ▲❛ s✐t✉❛t✐♦♥ ♣❡✉t êtr❡ ✐❧❧✉stré❡ ♣❛r ❧❡ ❞❡ss✐♥ s✉✐✈❛♥t✳

q

q✬

ρ❝♦♠♠❡♥❝❡
❛✈❡❝
❤✐st♦r✐q✉❡
δ(ρ.q′)

q

q✬

ρ ❝♦♠♠❡♥❝❡
❛✈❡❝
❤✐st♦r✐q✉❡
δ(q′)

✏∃x✑

δ ❡st st♦❝❦é❡

❞❛♥s x

✏❛ss✐❣♥(A, x)✑
δ ❡st ❛ss✐❣♥é❡

❞❡ x à ❧✬❛❣❡♥t A

❙tr❛t❡❣② ▲♦❣✐❝ ❋❧♦❛t✐♥❣ ❙tr❛t❡❣② ▲♦❣✐❝

❈♦♥♥❛✐ss❛♥❝❡ ❞❡s ❤✐st♦r✐q✉❡s ❞❛♥s ❧❡s ❞❡✉① sé♠❛♥t✐q✉❡s✳

❉é✜♥✐t✐♦♥s ❞❡ ❧❛ ✈❡rs✐♦♥ ✢♦tt❛♥t❡ ❋❙▲ ❞❡ ❙▲

❉é✜♥✐t✐♦♥ ✭❚r❛♥s❧❛t✐♦♥s ✭❞❡ ✈❛❧✉❛t✐♦♥s✮ ✢♦tt❛♥t❡s✮✳
P♦✉r ✉♥❡ ✈❛❧✉❛t✐♦♥ χ s✉r ✉♥ ❥❡✉ G✱ ♣♦✉r ✉♥ ❡♥s❡♠❜❧❡ V ❞❡ ✈❛r✐❛❜❧❡s ❡t ♣♦✉r ✉♥ ❤✐st♦r✐q✉❡
ρ ❞❛♥s G✱ ♦♥ ❞é✜♥✐t ❧❛ tr❛♥s❧❛t✐♦♥ ✢♦tt❛♥t❡ χ ρ

−→
♣❛r

∀x ∈ ❆❣t ∩ ❞♦♠(χ), χ ρ
−→
(x) := χ(x)−→ρ

∀x ∈ V ∩ ❞♦♠(χ), χ ρ
−→
(x) := χ(x)

▲❛ ✈❡rs✐♦♥ ✢♦tt❛♥t❡ ❋❙▲ ❞❡ ❙▲ ♦❜é✐t à ❧❛ ♠ê♠❡ ❣r❛♠♠❛✐r❡ q✉❡ ❙▲✱ s❡✉❧❡ ❧❛ sé♠❛♥t✐q✉❡
❞❡s ♦♣ér❛t❡✉rs t❡♠♣♦r❡❧s ❝❤❛♥❣❡✳

❋❙▲ ∋ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p

❋✐①♦♥s ✉♥❡ ✈❛❧✉❛t✐♦♥ χ ❛✈❡❝ ❆❣t ∪ ❢r❡❡(φ) ∪ ❢r❡❡(φ′) ⊆ ❞♦♠(χ)✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ tr❛♥s✲
❧❛t✐♦♥ ✢♦tt❛♥t❡ s✉r χ✱ ❝♦♠♠❡ ❞❛♥s ❧❛ sé♠❛♥t✐q✉❡ ♦r✐❣✐♥❛❧❡✱ ♦♥ ♦❜t✐❡♥t ✉♥ ✉♥✐q✉❡ ❝❤❡♠✐♥
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❙▲❋❙▲

❙▲❬◆●❪❋❙▲❬◆●❪

❋❘✲❋❙▲❬◆●❪

❙▲❬❇●❪

❚r❛♥s❧❛t✐♦♥s ✢♦tt❛♥t❡s ❚r❛♥s❧❛t✐♦♥s ❝❧❛ss✐q✉❡s

▲❡s ❞❡✉① ♥♦t✐♦♥s s❡ r❡❝♦✉♣❡♥t

◆♦♥✲➱❧é♠❡♥t❛✐r❡ ❬✸✾❪

◆♦♥✲➱❧é♠❡♥t❛✐r❡ ❬✸✾❪

❬✸✾❪ ◆♦♥✲➱❧é♠❡♥t❛✐r❡

◆♦♥✲➱❧é♠❡♥t❛✐r❡

■♥❞é❝✐❞❛❜❧❡

■♥❞é❝✐❞❛❜❧❡

●r❛♣❤❡ ❞✬✐♥❝❧✉s✐♦♥ ❡t ❝♦♠♣❧❡①✐té✳

rés✉❧t❛♥t ρ✳ ❖♥ ♥♦t❡ ❛❧♦rs χ j
−→

♣♦✉r χρ≤j
−−→

❡t ♦♥ ❞é✜♥✐t ❧❛ sé♠❛♥t✐q✉❡ ❞❡ ❳ ❡t ❯ ♣❛r

G, q |=χ ❳φ ⇔ G, q |=χ 1
−→
φ

G, q |=χ φ
′❯φ ⇔ ∃k ∈ N.

{
G, q |=χ k

−→

∀j ∈ N. 0 ≤ j < k ⇒ G, q |=χ j
−→

φ′

❖♥ ♥♦t❡ ❋❙▲❬◆●❪ ❧❡ ❢r❛❣♠❡♥t ❞❡ ❋❙▲ q✉✐ r❡♣r❡♥❞ ❧❛ ❣r❛♠♠❛✐r❡ ❞❡ ❙▲❬◆●❪✳ ❖♥ ♥♦t❡
❛✉ss✐ ❋❘✲❋❙▲❬◆●❪ ❧❡ ❢r❛❣♠❡♥t ❞❡ ❋❙▲❬◆●❪ q✉✐ ❢♦r❝❡ ✉♥❡ ré❛ss✐❣♥❛t✐♦♥ ❞❡ ❝❤❛q✉❡ ❛❣❡♥t
❧♦rs ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬♦♣ér❛t❡✉r ❛ss✐❣♥ ✭♣❛r ♦♣♣♦s✐t✐♦♥ à s❡✉❧❡♠❡♥t ✉♥❡ ré❛ss✐❣♥❛t✐♦♥
❞✬✉♥❡ ♣❛rt✐❡ ❞❡s ❛❣❡♥ts✮✳

▲❡s ❞❡✉① sé♠❛♥t✐q✉❡s ✭♦r✐❣✐♥❛❧❡ ❡t ✢♦tt❛♥t❡✮ ❝♦ï♥❝✐❞❡♥t s✉r ❙▲❬❇●❪✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡
❧❡s ❢♦r♠✉❧❡s ❞❡ ❙▲❬❇●❪ s♦♥t ❢♦r♠é❡s ❞✬✉♥ ❜❧♦❝ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥s s✉✐✈✐ ♣❛r ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥
❜♦♦❧é❡♥♥❡ ❞✬♦❜❥❡❝t✐❢s ✭❛ss✐❣♥❛t✐♦♥s s✉✐✈✐❡s ❞✬♦♣ér❛t❡✉rs t❡♠♣♦r❡❧s✮✳ ■❧ ♥❡ ♣❡✉t ❞♦♥❝ ♣❛s
② ❛✈♦✐r ❞✬❛ss✐❣♥❛t✐♦♥ ❛♣rès ✉♥ ♦♣ér❛t❡✉r t❡♠♣♦r❡❧✳ ▲❛ q✉❛♥t✐✜❝❛t✐♦♥ ❡t ❧✬❛ss✐❣♥❛t✐♦♥
❞✬✉♥❡ ✈❛r✐❛❜❧❡ ♦♥t ❧✐❡✉ ❛✉ ♠ê♠❡ ♠♦♠❡♥t✳ ❉❡ ❢❛✐t✱ ❧❛ sé♠❛♥t✐q✉❡ ❝❤♦✐s✐❡ ♥✬❛ ❞♦♥❝ ♣❧✉s
❞✬✐♠♣♦rt❛♥❝❡ ❞❛♥s ❙▲❬❇●❪✳

❘és✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té

▲❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té s♦♥t r❡♣rés❡♥tés ❞❛♥s ❧❛ ❋✐❣✉r❡ ❡♥ ❤❛✉t ❞❡ ❝❡tt❡ ♣❛❣❡✳ ❖♥ ♣❡✉t
✈♦✐r q✉❡ ❋❙▲ ❛❞♠❡t ✉♥ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ✐♥❞é❝✐❞❛❜❧❡ ❡t q✉❡ s❡✉❧ ❧❡ ❢r❛❣♠❡♥t ❋❘✲❋❙▲❬◆●❪ ❛❞✲
♠❡t ✉♥ ❛❧❣♦r✐t❤♠❡✳ ❈❡ ♣❡t✐t ❝❤❛♥❣❡♠❡♥t sé♠❛♥t✐q✉❡ ❛ ❞♦♥❝ ❞✬✐♠♣♦rt❛♥t❡s ❝♦♥séq✉❡♥❝❡s
❛❧❣♦r✐t❤♠✐q✉❡s✳

❈❡s s✉❜t✐❧✐tés sé♠❛♥t✐q✉❡s ❞❛♥s ❙▲ ❡t ❙▲❬◆●❪ ✭❛✐♥s✐ q✉❡ ❧❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té✮
♥♦✉s ❧❛✐ss❡♥t à ♣❡♥s❡r q✉❡ ❙▲❬❇●❪ ❡st ❧❡ ❢r❛❣♠❡♥t à ♣r✐✈✐❧é❣✐❡r ♣♦✉r ❧❛ s✉✐t❡✱ ❝❡❧✉✐✲❝✐ ét❛♥t
r❡❧❛t✐✈❡♠❡♥t ♣❧✉s s✐♠♣❧❡✳

✷✶✵



❆s♣❡❝ts q✉❛♥t✐t❛t✐❢s ❞❛♥s ❙▲ ✭❝❤❛♣✐tr❡ ✹✮

❉❡ ♥♦♠❜r❡✉① s②stè♠❡s ♣♦ssè❞❡♥t ❞❡s ❝♦♥tr❛✐♥t❡s q✉❛♥t✐t❛t✐✈❡s✿ ❣❡st✐♦♥ ❞❡s r❡ss♦✉r❝❡s✱
❣r✐❧❧❡s ❞✬é♥❡r❣✐❡s✱ ♣r♦❣r❛♠♠❡s ❛✈❡❝ ❞❡s ❜♦✉❝❧❡s. . . ▲❡s ❢♦r♠❛❧✐s♠❡s q✉❛❧✐t❛t✐❢s ❡t ♠♦♥♦✲
❧✐t❤✐q✉❡s ♥❡ ♣❡✉✈❡♥t ❣ér❡r ❝❡s ❛s♣❡❝ts✳ ▲❛ ❝♦♠♠✉♥❛✉té s❝✐❡♥t✐✜q✉❡ ❛ ❞♦♥❝ ❞é✈❡❧♦♣♣é ❞❡
♥♦✉✈❡❛✉① ♦✉t✐❧s✳ ■❝✐✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ❛❞❛♣t❛t✐♦♥s ♣♦ss✐❜❧❡s ❞❡ ❙▲ ♣♦✉r tr❛✐t❡r
❧❡s ❛s♣❡❝ts q✉❛♥t✐t❛t✐❢s✳

▲❛ ✈ér✐✜❝❛t✐♦♥ ❞❡s s②stè♠❡s ♦✉✈❡rts q✉❛♥t✐t❛t✐❢s ❡st ❜✐❡♥ ❛✈❛♥❝é❡ ❡t ♣♦ssè❞❡ ❞❡ ♠✉❧✲
t✐♣❧❡ ❜r❛♥❝❤❡s✿ ❥❡✉① à é♥❡r❣✐❡s✱ ❥❡✉① à ❝♦ût ♠♦②❡♥✱ ❱❆❙❙ ❛❧t❡r♥❛♥ts✱ ❥❡✉① à ♣✐❧❡s✱ ❥❡✉①
t❡♠♣♦r✐sés✱ ❥❡✉① ❤②❜r✐❞❡s. . . ❈❤❛❝✉♥ ❞❡ ❝❡s ❢♦r♠❛❧✐s♠❡s ♣❡r♠❡t ❞❡ ♠♦❞é❧✐s❡r ✉♥ t②♣❡ ❞❡
s②stè♠❡ ❞✐✛ér❡♥t✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❞❡✉① ❞✬❡♥tr❡ ❡✉①✿ ❧❡s ❥❡✉① à
❝♦♠♣t❡✉rs ❡t ❧❡s ❥❡✉① à é♥❡r❣✐❡s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✐❧ ❝♦♥✈✐❡♥t ❞✬❛❞❛♣t❡r ❧❡s ❥❡✉①
s✉r ❧❡sq✉❡❧s ♥♦✉s tr❛✈❛✐❧❧♦♥s✳

❆❥♦✉t❡r ❞❡s ♣♦✐❞s ❛✉① ❥❡✉①

❉é✜♥✐t✐♦♥ ✭❏❡✉① ❛✈❡❝ ❞❡s ♣♦✐❞s✿ WCGS ✭✇❡✐❣❤t❡❞ ❝♦♥❝✉rr❡♥t ❣❛♠❡ str✉❝t✉r❡s✮✮✳
❯♥ ❥❡✉ à n✲♣♦✐❞s ❡st ✉♥ ✉♣❧❡t G := 〈❆P,❆❣t,◗,❆❝t,∆,❲❡✐❣❤ts, ❧❛❜❡❧s〉 ♦ù ❆P✱ ❆❣t✱ ◗✱
❆❝t✱ ∆✱ ❡t ❧❛❜❡❧s r❡♣rés❡♥t❡♥t ❧❡s ♠ê♠❡ ♥♦t✐♦♥s q✉❡ ❞❛♥s ❧❡ ❝❛s q✉❛❧✐t❛t✐❢✱ ❡t ♦ù ❲❡✐❣❤ts :
◗× ❆❝t❆❣t → {−1, 0, 1}n ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣♦✐❞s q✉✐ ❛ss♦❝✐❡ n ❡♥t✐❡rs ❞❛♥s {−1, 0, 1}
✭❧❡s ❢❛♠❡✉① ♣♦✐❞s✮ à ❝❤❛q✉❡ tr❛♥s✐t✐♦♥ ❞❡ ∆✳

❖♥ ♥♦t❡r❛ ♣❛r WCGS ✉♥ ❥❡✉ à n✲♣♦✐❞s✱ ♣♦✉r t♦✉t ❡♥t✐❡r n > 0✳

❍♦r♠✐s ❧❡s ❥❡✉①✱ ❞✬❛✉tr❡s ♥♦t✐♦♥s ❞♦✐✈❡♥t êtr❡ ❛❞❛♣té❡s✳ ❋✐①♦♥s ✉♥ WCGS G✳ ❯♥❡
❝♦♥✜❣✉r❛t✐♦♥ ❡st ✉♥ ❝♦✉♣❧❡ (q, c) ∈ ◗× N

n ❝♦♠♣♦sé ❞✬✉♥ ét❛t ❡t ❞✬✉♥ n ✲✉♣❧❡t ❞✬❡♥t✐❡rs
♣♦s✐t✐❢s ♦✉ ♥✉❧s✳ ❯♥ ❤✐st♦r✐q✉❡ ✭r❡s♣✳ ❝❤❡♠✐♥✮ ❡st ✉♥❡ s✉✐t❡ (qi, ci)i<L ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦ù
L ∈ N ✭r❡s♣✳ L =∞✮✱ ♣♦✉r t♦✉t i ≤ L ✭r❡s♣✳ i ∈ N✮ ci ∈ N

n ❡t t❡❧ q✉❡ ♣♦✉r t♦✉t i < L−1
✭r❡s♣✳ i ∈ N✮ qi+1 = ∆(qi,mi)✱ ❡t ci+1 = ci +❲❡✐❣❤ts(qi,mi) ♣♦✉r ✉♥ mi ∈ ❆❝t❆❣t✳ ▲❡s
❛✉tr❡s ❝♦♥❝❡♣ts s♦♥t ✐♥❝❤❛♥❣és ♠❛✐s s❡ ❜❛s❡♥t s✉r ❝❡s ♥♦✉✈❡❧❧❡s ❞é✜♥✐t✐♦♥s ❞✬❤✐st♦r✐q✉❡
❡t ❞❡ ❝❤❡♠✐♥✳

❆❥♦✉t❡r ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦♠♣t❡✉rs à ❙▲

▲❡s ❝♦♠♣t❡✉rs s♦♥t ♦♠♥✐♣rés❡♥ts ❡♥ ❧✬✐♥❢♦r♠❛t✐q✉❡✱ ♥♦t❛♠♠❡♥t ❞❡ ♣❛r ❧❡s ❜♦✉❝❧❡s ❞❛♥s
❧❡s ♣r♦❣r❛♠♠❡s✳ ■❧ ❡①✐st❡ ❞♦♥❝ ✉♥❡ ✈♦❧✉♠✐♥❡✉s❡ ❧✐ttér❛t✉r❡ s✉r ❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡ s②stè♠❡
à ❝♦♠♣t❡✉rs✳ P♦✉r ♥♦tr❡ tr❛✈❛✐❧✱ ♥♦✉s ♣❧❛❝❡r♦♥s ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦♠♣t❡✉rs ❞❛♥s ❧❛
❧♦❣✐q✉❡ ✭❙▲✮✳ ◆♦t♦♥s q✉✬✐❧ ❛✉r❛✐t été ♣♦ss✐❜❧❡ ❞❡ ❧❡s ❛❥♦✉t❡r s✉r ❧❡s tr❛♥s✐t✐♦♥s ❞✉ ❥❡✉
✭❝❡❧❛ r❡✈✐❡♥t ❣r♦ss♦✲♠♦❞♦ ❛✉ ♠ê♠❡✮✳

■❧ ❡①✐st❡ q✉❡❧q✉❡s rés✉❧t❛ts ❞✬✐♠♣♦rt❛♥❝❡ s✉r ❧❡s s②stè♠❡s à ❝♦♠♣t❡✉rs✳ Pr❡♠✐èr❡♠❡♥t✱
❧✬❛❝❝❡ss✐❜✐❧✐té ❞❛♥s ❧❡s ❥❡✉① à ❞❡✉① ❝♦♠♣t❡✉rs ❡t ♣❧✉s ❡st ✐♥❞é❝✐❞❛❜❧❡✳ ❉❛♥s ❧❡s ❥❡✉① à ✉♥
✉♥✐q✉❡ ❝♦♠♣t❡✉r✱ ❝❡tt❡ ❛❝❝❡ss✐❜✐❧✐té ❞❡✈✐❡♥t PSPACE✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❞❡
❆❚▲∗ ❡st 2 ✲EXPTIME ❝♦♠♣❧❡t✳

❉é✜♥✐t✐♦♥ ✭❈♦♥tr❛✐♥t❡s ❞❡ ❝♦♠♣t❡✉rs✮✳
❯♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ ❝♦♠♣t❡✉r s✉r n ♣♦✐❞s ❡st ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❙ ❞❡ N

n ❢❛✐t ❞✬✉♥❡ ✉♥✐♦♥
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✭✜♥✐❡✮ ❞✬❡♥s❡♠❜❧❡s ♣❡r✐♦❞✐q✉❡s ❞✬❡♥t✐❡rs ✭ ❡♥s❡♠❜❧❡s ❞❡ ❢♦r♠❡ a+ b ·Nn✱ ♣♦✉r ✉♥ ✈❡❝t❡✉r
a ✜①é ❡t ✉♥ ✈❡❝t❡✉r ❞❡ ♣ér✐♦❞❡ b✱ t♦✉s ❞❡✉① ❞❛♥s N

n✮✳

❉é✜♥✐t✐♦♥ ✭❝❙▲✱ ❙tr❛t❡❣② ▲♦❣✐❝ ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦♠♣t❡✉rs✮✳
▲❛ ❧♦❣✐q✉❡ ❝❙▲ ❡st ❝♦♥str✉✐t❡ s✉r ✉♥ ♥♦♠❜r❡ n ❞❡ ♣♦✐❞s✱ ✉♥ ❡♥s❡♠❜❧❡ ❆❣t ❞✬❛❣❡♥ts✱ ✉♥
❡♥s❡♠❜❧❡ ❆P❞❡ ♣r♦♣♦s✐t✐♦♥s ❛t♦♠✐q✉❡s ❡t ✉♥ ❡♥s❡♠❜❧❡ V ❞❡ ✈❛r✐❛❜❧❡s✳ ❙❛ ❣r❛♠♠❛✐r❡ ❡st
❧❛ s✉✐✈❛♥t❡✿

❝❙▲ ∈ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p | ❝♥t ∈ ❙

♦ù x ∈ V ❡st ✉♥❡ ✈❛r✐❛❜❧❡✱ A ∈ ❆❣t ✉♥ ❛❣❡♥t✱ p ∈ ❆P ✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❛t♦♠✐q✉❡ ❡t ❙ ✉♥❡
❝♦♥tr❛✐♥t❡ ❛t♦♠✐q✉❡ s✉r n ♣♦✐❞s✳

▲❛ ♥♦t✐♦♥ ❞✬❛❣❡♥t ❡t ❞❡ ✈❛r✐❛❜❧❡ ❧✐❜r❡ ❡st s✐♠✐❧❛✐r❡ à ❙▲✱ ❛✈❡❝ ❧✬❛❞❞✐t✐♦♥ ❝✐✲❞❡ss♦✉s
♣♦✉r ❧❡s ❝♦♥tr❛✐♥t❡s✿

❢r❡❡(❝♥t ∈ ❙) = ∅ ♣♦✉r t♦✉t❡ ❝♦♥tr❛✐♥t❡ ❙

❉❡ ♠ê♠❡✱ ❧❛ sé♠❛♥t✐q✉❡ ❞❡s ♦♣ér❛t❡✉rs ❞é❥à ❞❛♥s ❙▲ ❡st ❝♦♥s❡r✈é❡✳ ❖♥ ② ❛❥♦✉t❡ ❝❡❧❧❡
❞❡s ❝♦♥tr❛✐♥t❡s✿

G, (q, c) |=χ ❝♥t ∈ ❙ ⇔ c ∈ ❙

❈♦♠♠❡ ♣ré❝✐sé ♣❧✉s ❤❛✉t✱ ❧❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❞❡ ❝❙▲ ❡st✱ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ✐♥❞é❝✐❞✲
❛❜❧❡✳ ❯♥❡ s♦❧✉t✐♦♥ ♣♦t❡♥t✐❡❧❧❡ ❡st ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐❞s à ✉♥❀ ♣♦✉r ❧❛ q✉❡st✐♦♥ ❞❡
❧✬❛❝❝❡ss✐❜✐❧✐té✱ ❝❡❧❛ r❛♠è♥❡ ❧❛ ❞é❝✐❞❛❜✐❧✐té✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞♦♥❝ ♣❛rt✐❝✉❧✐èr❡♠❡♥t
à ❝❙▲ ❛✈❡❝ ✉♥ ✉♥✐q✉❡ ♣♦✐❞s❀ ♦♥ ♥♦t❡r❛ ❛❧♦rs ❧❛ ❧♦❣✐q✉❡ ✶❝❙▲✳ ❉❡ ♣❧✉s✱ ♥♦✉s ♥♦✉s ❝♦♥✲
t❡♥t❡r♦♥s ❞✬ét✉❞✐❡r ❧❡ ❢r❛❣♠❡♥t ❙▲❬❇●❪❀ ✉♥❡ ét✉❞❡ ❞❡ ❧❛ ❧♦❣✐q✉❡ ❡♥t✐èr❡ s❡r❛✐t tr♦♣ ❧♦♥❣
✭♣❛rt✐❝✉❧✐èr❡♠❡♥t s✬✐❧ ❢❛❧❧❛✐t tr❛✐t❡r ❧❡s ❞❡✉① sé♠❛♥t✐q✉❡s✱ ✢♦tt❛♥t❡ ❡t ♦r✐❣✐♥❛❧❡✮✳ ❉❛♥s
❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ❞❡✉① rés✉❧t❛ts✿

❚❤é♦rè♠❡✳ ❙♦✐t G ✉♥ 1✲W❈●❙✱ ❡t φ ✉♥❡ ❢♦r♠✉❧❡ ❞❡ ✶❝❙▲❬❇●❪✳ ■❧ ❡①✐st❡ ❛❧♦rs ✉♥ s❡✉✐❧
∆ ≥ 0 ❡t ✉♥❡ ♣ér✐♦❞❡ Λ ≥ 0 ♣♦✉r ❧❛ ✈❛❧❡✉r ❞❡ ✈ér✐té ❞❡ φ s✉r G✳ ❈·à·❞ ♣♦✉r t♦✉t❡
❝♦♥✜❣✉r❛t✐♦♥ (q, c) ❞❡ G ❛✈❡❝ c ≥ ∆✱ ♣♦✉r t♦✉t k ∈ N✱ G, (q, c) |= φ s✐ ❡t s❡✉❧❡♠❡♥t s✐
G, (q, c+ k · Λ) |= φ✳

❉❡ ♣❧✉s ❧❛ s♦♠♠❡ ∆+ Λ ❡st ♠❛❥♦ré❡ ♣❛r

❚♦✇❡r
(

max
θ∈❙✉❜❋♦r♠(φ)

nθ, max
θ∈❙✉❜❋♦r♠(φ)

kθ + 1
)|◗|·22|φ|

♦ù ◗ ❡st ❧✬❡♥s❡♠❜❧❡ ❞✬ét❛ts ❞❡ G✱ ❙✉❜❋♦r♠(φ) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦✉s✲❢♦r♠✉❧❡s ❞❡ φ✱ kθ
❡st ❧❡ ♥♦♠❜r❡ ❞✬❛❧t❡r♥❛♥❝❡ ❞❡s q✉❛♥t✐✜❝❛t✐♦♥s ❞❛♥s θ✱ ❡t nθ ❡st ❧❡ ♥♦♠❜r❡ ❞✬❛ss✐❣♥❛t✐♦♥s
❞❛♥s θ✳

❚❤é♦rè♠❡✳ ❋❛✐s♦♥s ❧✬❤②♣♦t❤ès❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ❧❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❞❡
✶❝❙▲❬❇●❪ q✉✐ tr❛✈❛✐❧❧❡ ❡♥ t❡♠♣s ❚♦✇❡r(|φ|, k + c) s✉r ✉♥❡ ❢♦r♠✉❧❡ φ à k ❛❧t❡r♥❛♥❝❡ ❞❡
q✉❛♥t✐✜❝❛t✐♦♥s✱ ♣♦✉r ✉♥❡ ❝♦♥st❛♥t❡ c ✜①é❡✳ ❆❧♦rs✱ ❧❛ ❧♦❣✐q✉❡ ▼❙❖ s✉r ❧❡ ♠♦❞è❧❡ (ωω, <)
♣❡✉t êtr❡ ❞é❝✐❞é❡ ❡♥ t❡♠♣s ❚♦✇❡r(|Φ|, k + c) ♣♦✉r ✉♥❡ ❢♦r♠✉❧❡ Φ ❛✈❡❝ k ❛❧t❡r♥❛♥❝❡ ❡t ♦ù
c ❡st ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ♣♦✉r ✶❝❙▲❬❇●❪✳

✷✶✷



❆❥♦✉t❡r ❞❡s ❝♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡s à ❙▲

➚ ❧✬✐♥✈❡rs❡ ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❝♦♠♣t❡✉rs✱ ❧❡ ❝♦✉♣❧❡ ❛❝❝❡ss✐❜✐❧✐té ♣❧✉s ❝♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡s
♥❡ ♠è♥❡ ♣❛s à ❧✬✐♥❞é❝✐❞❛❜✐❧✐té ❞❛♥s ❧❡s ❥❡✉① ❛✈❡❝ ❞❡✉① ♣♦✐❞s ♦✉ ♣❧✉s✳ ➚ tr❛✈❡rs ❝❡tt❡
♣❛rt✐❡✱ ♥♦✉s ❛❧❧♦♥s ❡ss❛②❡r ❞❡ s❛✈♦✐r s✐ ❝❡❧❛ s✬❛♣♣❧✐q✉❡ ❛✉ss✐ à ❙▲ ❡♥r✐❝❤✐❡ ❞❡s ❝♦♥tr❛✐♥t❡s
❞✬é♥❡r❣✐❡s✳

❯♥ ❡♥s❡♠❜❧❡ ❙ ❞❡ N
n ❡st ✏❝❧♦s ♣❛r ❧❡ ❤❛✉t✑ s✐✱ ❞ès q✉❡ (s1, . . . , sn) ∈ ❙✱ ✐❧ ❡st ✈r❛✐ q✉❡

(s1 + i1, . . . , sn + in) ∈ ❙ ♣♦✉r t♦✉t (i1, . . . , in) ∈ N
n✳

❉é✜♥✐t✐♦♥ ✭❈♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡s✮✳
❯♥❡ ❝♦♥tr❛✐♥t❡ ❞✬é♥❡r❣✐❡s s✉r n ♣♦✐❞s ❡st ✉♥ ❡♥s❡♠❜❧❡ ❙ ♦❢ Nn ❝❧♦s ♣❛r ❧❡ ❤❛✉t✳

❉é✜♥✐t✐♦♥ ✭❡❙▲✱ ❙tr❛t❡❣② ❧♦❣✐❝ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡s✮✳
▲❡s ❢♦r♠✉❧❡s ❞✬❡❙▲ s♦♥t ❝♦♥str✉✐t❡s s✐♠✐❧❛✐r❡♠❡♥t à ❝❙▲✱ s✉r ❧❛ ❣r❛♠♠❛✐r❡ s✉✐✈❛♥t❡✿

❡❙▲ ∈ φ ::= ∃x.φ | ❛ss✐❣♥(A, x).φ | φ ∨ φ | ¬φ | φ❯φ | ❳φ | p | ❝♥t ∈ ❙

♠❛✐s ♦ù ❙ ❡st ✉♥❡ ❝♦♥tr❛✐♥t❡ ❞✬é♥❡r❣✐❡✳

▲❛ sé♠❛♥t✐q✉❡ ❡st ❧❛ ♠ê♠❡ q✉❡ ♣♦✉r ❝❙▲✱ s❡✉❧ ❧❡ t②♣❡ ❞❡ ❝♦♥tr❛✐♥t❡ ❝❤❛♥❣❡✳
❊♥ ✉t✐❧✐s❛♥t ❧❡s r❡str✐❝t✐♦♥s ✈✉❡s ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♣❡✉t ❛✐♥s✐ ❞é✜♥✐r ❧❡ ❢r❛❣♠❡♥t

❡❙▲❬❇●❪ ❞❡ ❡❙▲✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❛✉ss✐ ❛✉ ❢r❛❣♠❡♥t ❝♦♥❥♦♥❝t✐❢✱ ❞♦♥t ❧❛ ❣r❛♠♠❛✐r❡
✭❞✉ ❢r❛❣♠❡♥t ♣❧❛t✮ ❡st r❛♣♣❡❧é❡ ❝✐✲❞❡ss♦✉s✳

❡❙▲❬❈●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= ξ ∧ ξ | β

β ::= ❛ss✐❣♥(A, x).β | ϕ

ϕ ::= ϕ ∨ ϕ | ¬ϕ | ϕ❯ϕ | ❳ϕ | p | ❝♥t ∈ ❙

❈♦♠♠❡ ❞✐t ♣ré❝é❞❡♠♠❡♥t✱ ❧✬❛❝❝❡ss✐❜✐❧✐té ❞❛♥s ❧❡s ❥❡✉① ♠✉❧t✐✲❞✐♠❡♥s✐♦♥♥❡❧s à é♥❡r✲
❣✐❡s ❡st ❞é❝✐❞❛❜❧❡✳ ◆♦✉s ❛✈✐♦♥s ❞♦♥❝ ❜♦♥ ❡s♣♦✐r q✉❡ ❧❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❞❡ ❡❙▲❬❇●❪ s♦✐t
❞é❝✐❞❛❜❧❡ ❧✉✐ ❛✉ss✐✳ ■❧ ♥✬❡♥ ❡st r✐❡♥✱ ❝♦♠♠❡ ❧❡ ♣r♦✉✈❡ ❧❡ rés✉❧t❛t ❞❡ ❧❛ t❤ès❡ ❝✐✲❞❡ss♦✉s✳

❚❤é♦rè♠❡✳ ▲❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❞❡ ❡❙▲❬❈●❪ s✉r ❧❡s ✷✲WCGS ❡st ✐♥❞é❝✐❞❛❜❧❡

✷✶✸



✷✶✹



P❛rt ✷✿ ✏Pr♦❜❧è♠❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s

❞❛♥s ❙▲❬❇●❪✑

❉é♣❡♥❞❛♥❝❡s ❞❛♥s ❙▲ ✭❝❤❛♣✐tr❡s ✺ ❡t ✻✮

❉❛♥s ❧❛ sé♠❛♥t✐q✉❡ ❞❡s q✉❛♥t✐✜❝❛t✐♦♥s✱ ✉♥❡ str❛té❣✐❡ δ ❞é♣❡♥❞ ❞❡ t♦✉t❡s ❧❡s str❛té❣✐❡s
q✉❛♥t✐✜é❡s ❛✈❛♥t ❡❧❧❡ ❞❛♥s ❧❡✉rs t♦t❛❧✐tés✳ ❈❡❧❛ r❡♥❞ ❧❛ s②♥t❤ès❡ ❞❡ δ ❞✐✣❝✐❧❡ ❡t ❢♦r❝❡ ❧❡
s②stè♠❡ à ✉t✐❧✐s❡r ❜❡❛✉❝♦✉♣ ❞❡ ♠é♠♦✐r❡✳ ❈❡❧❛ ❛ ❛✉ss✐ ✉♥ ❝ôté ❝♦♥tr❡✲✐♥t✉✐t✐❢✳ ▲✬❡①❡♠♣❧❡
❝✐✲❞❡ss♦✉s ✐❧❧✉str❡ ❧❡ ♣r♦❜❧è♠❡✳

❋✐①♦♥s ❞❡✉① ❛❣❡♥ts ❡t ✱ ❞❡✉① ♣r♦♣♦s✐t✐♦♥s ❛t♦♠✐q✉❡s p1 ❡t p2 ❛✐♥s✐ q✉❡ q✉❛tr❡
✈❛r✐❛❜❧❡s xA ✱ xB ✱ yA ❡t yB ✳ ❈♦♥s✐❞ér♦♥s ❧❡ ❥❡✉ G ❞❡ ❧❛ ✜❣✉r❡ ❛✐♥s✐ q✉❡ ❧❛ ❢♦r♠✉❧❡ φ0 ❞❡
❙▲❬❇●❪ ❞é✜♥✐❡s ❝✐✲❞❡ss♦✉s✿

qini

a b

p1 p2 p1 p2

φ0 := ∀xA .∀yA .∃xB .∃yB .





(
❛ss✐❣♥( , xA ; , yA )❋ p1

⇔ ❛ss✐❣♥( , xB ; , yB )❋ p2
)

∧

❛ss✐❣♥( , xB ; , yB )❋ b

φ1

❖♥ ♣❡✉t ✈♦✐r q✉❡✱ s✉✐✈❛♥t ❧❛ sé♠❛♥t✐q✉❡ ❞♦♥♥é❡ ♣ré❝é❞❡♠♠❡♥t✱ φ0 ❡st ✈r❛✐❡ s✉r G
❞❡♣✉✐s ❧✬ét❛t ✐♥✐t✐❛❧ qini✽✳

❊♥ ② r❡❣❛r❞❛♥t ❞❡ ♣❧✉s ♣rès✱ ❧❛ ❢♦r♠✉❧❡ φ0 ♦❜❧✐❣❡ ❧❛ str❛té❣✐❡ ❞❡ yB s✉r ❧✬❤✐st♦r✐q✉❡
qini.b à ❞é♣❡♥❞r❡ ❞✉ ❝❤♦✐① ❞❡ yA s✉r ❧✬❤✐st♦r✐q✉❡ qini.a✳ ❖♥ ✈♦✐t ❛♣♣❛r❛îtr❡ ✉♥❡ ❞é♣❡♥❞❛♥❝❡
❞✬✉♥❡ str❛té❣✐❡ s✉r ✉♥❡ ❛✉tr❡ ❞❛♥s s❛ ❣❧♦❜❛❧✐té❀ ❧❛ ✜❣✉r❡ ❞❡ ❧❛ ♣❛❣❡ s✉✐✈❛♥t❡ ✐❧❧✉str❡ ❧❛
s✐t✉❛t✐♦♥✳ ❈♦♠♣r❡♥❞r❡ q✉❛♥❞ ❡t ♣♦✉rq✉♦✐ ❝❡s ❞é♣❡♥❞❛♥❝❡s ❛♣♣❛r❛✐ss❡♥t ♥♦✉s ♣❡r♠❡ttr❛✐t
❞❡ ♠✐❡✉① ❛❜♦r❞❡r ❧❡s ♣r♦❜❧è♠❡s ♠é♠♦✐r❡ ❞❛♥s ❙▲❬❇●❪ ❡t ❛✐❞❡r❛✐t ❣r❛♥❞❡♠❡♥t ❧❡ ♣r♦❝é❞é
❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❡♥ ✈✉❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ♣r❛t✐q✉❡s✳

❆✈❛♥t t♦✉t❡ ❝❤♦s❡✱ ❝❡rt❛✐♥❡s ❞é✜♥✐t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉✱ ♥♦✉s r❛♣✲
♣❡❧♦♥s ❧❡s ♥♦t✐♦♥s ❞❡ ♣ré✜①❡s ❡t ❞✬❡①t❡♥s✐♦♥s✳ P♦✉r ✉♥ ❤✐st♦r✐q✉❡ ρ = (qi)i≤L ✜①é ♦ù
L ∈ N✱ ✉♥ ♣ré✜①❡ ❞❡ ρ ❡st ✉♥ ❤✐st♦r✐q✉❡ ❞❡ ❢♦r♠❡ ρ′ := (qi)i≤L′ ♦ù L′ < L✳ ❯♥❡ ❡①t❡♥s✐♦♥

✽▲❡ ❞ét❛✐❧ ❡st ❞♦♥♥é ❞❛♥s ❧❛ t❤ès❡✱ ♠❛✐s ♥♦✉s ❧❛✐ss♦♥s ❧❛ ✈ér✐✜❝❛t✐♦♥ ❡♥ ❡①❡r❝✐❝❡ ♣♦✉r ❝❡ rés✉♠é
s✉❜st❛♥t✐❡❧ ❡♥ ❢r❛♥ç❛✐s

✷✶✺



∀xA

p1

∀yA

p1

❄

∃xB ∃yB

p2p1
❄

❞é♣❡♥❞❛♥❝❡ s✉r ✉♥

❤✐st♦r✐q✉❡ à ❝ôté

❉é♣❡♥❞❛♥❝❡ ❞❡ yB s✉r yA ✳

❞❡ ρ ❡st ✉♥ ❤✐st♦r✐q✉❡ ❞❡ ❢♦r♠❡ ρ′′ := (qi)i<L′′ ♦ù L′′ > L✳ ❉❛♥s ❧❛ s✉✐t❡ ♥♦✉s é❝r✐r♦♥s
Pr❡❢≤ρ ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣ré✜①❡s ❞❡ ρ✱ ρ ✐♥❝❧✉s✱ ❡t Pr❡❢<ρ ♣♦✉r ❝❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ❡①✲
❝❧✉❛♥t ρ✳ ◆♦✉s r❡❣r♦✉♣♦♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ❤✐st♦r✐q✉❡s ♥✬ét❛♥t ♥✐ ♣ré✜①❡ ♥✐ ❡①t❡♥s✐♦♥ ❞❛♥s
❧❛ ♥♦t✐♦♥ ❞✬❤✐st♦r✐q✉❡ ✏à ❝ôté✑✳

❉é✜♥✐t✐♦♥ ✭❍✐st♦r✐q✉❡ à ❝ôté✮✳
P♦✉r ❞❡✉① ❤✐st♦r✐q✉❡s ρ ❡t π✱ ♦♥ ❞✐t q✉❡ π ❡st ✉♥ ❤✐st♦r✐q✉❡ à ❝ôté ❞❡ ρ q✉❛♥❞ ❝❡ ♥✬❡st ♥✐
✉♥ ♣ré✜①❡ ♥✐ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ρ✳

◆♦✉s ✐❞❡♥t✐✜♦♥s q✉❛tr❡ t②♣❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s ❡t ❡①♣❧♦r♦♥s ❧❡✉rs ✐♠♣❛❝ts r❡s♣❡❝t✐❢s s✉r
❙▲❬❇●❪✳ P❧✉tôt q✉✬✉♥❡ ❧♦♥❣✉❡ ❡①♣❧✐❝❛t✐♦♥✱ ♥♦✉s ❧❡s ♣rés❡♥t♦♥s à tr❛✈❡rs ✉♥❡ ✐❧❧✉str❛t✐♦♥✿
❧❛ ✜❣✉r❡ ❞❡ ❧❛ ♣❛❣❡ s✉✐✈❛♥t❡✳ ❉❡s ❞ét❛✐❧s s✉r ❝❤❛❝✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s s♦♥t ❞♦♥♥és ❞❛♥s ❧❛
t❤ès❡✳

P♦✉r ét✉❞✐❡r ❝❡s ❞é♣❡♥❞❛♥❝❡s✱ ♥♦✉s ré✉t✐❧✐s♦♥s ❡t ❛♠é❧✐♦r♦♥s ✉♥ ❝❛❞r❡ ♣rés❡♥t ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡✿ ❧❡s ✏♠❛♣s✑✳ ▲✬✐❞é❡ r❡♣r❡♥❞ ❧❡s ❝♦♥❝❡♣ts ❞❡ ❧❛ ❙❦♦❧é♠✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦❣✐q✉❡
❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ▲✬❛st✉❝❡ ❡st ❞❡ r❡♣rés❡♥t❡r ❧❡s ❝❤♦✐① ❡①✐st❡♥t✐❡❧s ❝♦♠♠❡ ❧❛ ré♣♦♥s❡
❛✉① ❝❤♦✐① ✉♥✐✈❡rs❡❧s à tr❛✈❡rs ✉♥❡ ❢♦♥❝t✐♦♥ ✭✉♥❡ ♠❛♣ ❡♥ ❛♥❣❧❛✐s✮✳ ❖♥ ♣❡✉t ❛❧♦rs ❡♥❝♦❞❡r
❧❡s ❞✐✛ér❡♥t❡s ❞é♣❡♥❞❛♥❝❡s ❡♥ ❛♣♣❧✐q✉❛♥t ❞❡s r❡str✐❝t✐♦♥s à ❧❛ ❞✐t❡ ❢♦♥❝t✐♦♥✳ ▲❛ ♥♦t✐♦♥
❞❡ ✏✐❧ ❡①✐st❡ ✉♥❡ str❛té❣✐❡ t❡❧ q✉❡ ♣♦✉r t♦✉t❡ str❛té❣✐❡. . . t❡❧❧❡ q✉❡ ❧❡ ❝♦♥t❡①t❡ rés✉❧t❛♥t
s❛t✐s❢❛✐t . . . ✑ ❞✉ ❜❧♦❝ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥s ❞❡✈✐❡♥t ❛❧♦rs ✏✐❧ ❡①✐st❡ ✉♥❡ ♠❛♣ q✉✐ ♣♦✉r t♦✉t❡
❡♥tré❡ r❡t♦✉r♥❡ ✉♥ ❝♦♥t❡①t❡ s❛t✐s❢❛✐s❛♥t . . . ✑✳

P♦✉r ❞❡s r❛✐s♦♥s ❞❡ ♣❧❛❝❡✱ ♥♦✉s ♥❡ ❞é✜♥✐r♦♥s ♣❛s ❧❡s ♠❛♣s ❞❛♥s ❝❡ rés✉♠é ❡t r❡♥✈♦②♦♥s
à ❧❛ t❤ès❡✳

❊♥ ✉t✐❧✐s❛♥t ❝❡s ♠❛♣s✱ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥str✉✐r❡ ❞❡s r❡❧❛t✐♦♥s ❞❡ s❛t✐s❢❛❝t✐♦♥ ❛❞❛♣té❡s
❛✉① ❞✐✛ér❡♥t❡s ❞é♣❡♥❞❛♥❝❡s✿ (|=M(♠,♥))♠∈{∅,S}, ♥∈{∅,F}✳ P♦✉r ✉♥❡ ❢♦r♠✉❧❡ (Qixi)i≤l ξ

(
βjϕj

)
j≤n

❢❡r♠é❡ ❞❡ ❙▲❬❇●❪✱ ♦♥ ♣♦s❡

G, q |=M(♠,♥) (Qixi)i≤l ξ
(
βjϕj

)
j≤n

⇔





∃ ✉♥❡ ♠❛♣ θ ❛✈❡❝ r❡str✐❝t✐♦♥sM(♠,♥) t❡❧❧❡ q✉❡
P♦✉r t♦✉t ❝♦♠♣♦rt❡♠❡♥t ❞❡s str❛té❣✐❡s ✉♥✐✈❡rs❡❧❧❡s
❧❡ ❝♦♥t❡①t❡ χ rés✉❧t❛♥t s❛t✐s❢❛✐t
G, q |=χ ξ

(
βjϕj

)
j≤n

✷✶✻



∀ x1
❉é♣❡♥❞❛♥❝❡

❧♦❝❛❧❡

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

∀ x1
❉é♣❡♥❞❛♥❝❡

❞❡ ❝ôté

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

∀ x1
❉é♣❡♥❞❛♥❝❡

❢✉t✉r❡

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

∀ x1
❉é♣❡♥❞❛♥❝❡

s✉r

♣ré✜①❡ ♥♦♥✲

♦r❞♦♥♥é

♣ q

∃ x2

♣ q

∀ x3

♣ q

∃ x4

♣ q

▲❡s q✉❛tr❡ t②♣❡s ❞❡ ❞é♣❡♥❞❛♥❝❡

✷✶✼



▲❛ ♠❛♣ θ ❡st ❡♥ q✉❡❧q✉❡ s♦rt❡ ✉♥ té♠♦✐♥ ❞✬✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡s str❛té❣✐❡s
❡①✐st❡♥t✐❡❧❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s str❛té❣✐❡s ✉♥✐✈❡rs❡❧❧❡s✳ ▲❛ r❡❧❛t✐♦♥ ❞❡ s❛t✐s✜❛❜✐❧✐té |=M(S,F )

r❡❞é✜♥✐t ❛❧♦rs ❝❡❧❧❡ ♣rés❡♥té❡ ❛✉ ❞é❜✉t ❞✉ rés✉♠é ✭|=✮✳

❘❡♠❛rq✉❡✳ ◆♦t♦♥s q✉❡ s❡✉❧❡ ❧❛ sé♠❛♥t✐q✉❡ ❞❡s q✉❛♥t✐✜❝❛t✐♦♥s ❝❤❛♥❣❡ ✭à tr❛✈❡rs ❧✬✉t✐❧✐s❛t✐♦♥
❞❡s ♠❛♣s✮✱ ♠❛✐s ♣❛s ❝❡❧❧❡ ❞❡s ❛✉tr❡s ♦♣ér❛t❡✉rs✳

❈♦♠♣❧✐❝❛t✐♦♥s r❡❣❛r❞❛♥t ❧❛ ♥♦t✐♦♥ ❞❡ ♥é❣❛t✐♦♥

▲✬ét✉❞❡ ❞❡s ❞é♣❡♥❞❛♥❝❡s ♥♦✉s ♦❜❧✐❣❡ à ❞é❝♦♠♣♦s❡r ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s str❛té✲
❣✐❡s✳ ❈❡❧❛ ❛ q✉❡❧q✉❡s ❡✛❡ts ✐♥❞és✐r❛❜❧❡s✳ ▲❡ ♣r✐♥❝✐♣❛❧ ❡st q✉❡ ❧❛ ♥♦t✐♦♥ ❞❡ ♥é❣❛t✐♦♥ ♥✬❡st
♣❧✉s ❛✉ss✐ é✈✐❞❡♥t❡ q✉❡ ❞❛♥s ❧❡s ❝❛s s✐♠♣❧❡s ✭❆❚▲∗ ♣❛r ❡①❡♠♣❧❡✮✳ ◗✉❛♥❞ ♦♥ ❝♦♥s✐❞èr❡
❧❛ ♥é❣❛t✐♦♥ ❞✬✉♥❡ ❢♦r♠✉❧❡✱ q✉❡ ❢❛✐t✲♦♥ ❛✈❡❝ ❧❡s ❞é♣❡♥❞❛♥❝❡s❄ ❋❛✉t✲✐❧ ❧❡s ✐♥✈❡rs❡r ❛✉ss✐ ❄
❋❛✉t✲✐❧ ❧❡s ❧❛✐ss❡ t❡❧✲q✉❡❧❄ ▲❛ ♥é❣❛t✐♦♥ ❡st ❞♦♥❝ à ❞❡✉① ❞✐♠❡♥s✐♦♥s✳ ❖♥ ❛ ❛✐♥s✐ ♣❧✉s✐❡✉rs
♥♦t✐♦♥s ❞❡ ♥é❣❛t✐♦♥ ❡t ✐❧ ❢❛✉t ❢❛✐r❡ ❛tt❡♥t✐♦♥ à ❝❡ q✉✬♦♥ ❢❛✐t✳ ❖♥ ♣❡✉t s❡ r❡tr♦✉✈❡r ❛✈❡❝
❞❡s rés✉❧t❛ts ❝♦♠♠❡ ❝❡❧✉✐ ❞❡ss♦✉s ✭❛♣rès ❧❛ ✜❣✉r❡✮✳

G, q |=M(S,∅) (Qixi)i≤l ξ
(
βjϕj

)
j≤n

G, q |=M(S,∅) (Qixi)i≤l ξ
(
βjϕj

)
j≤n

❧❡s ❞é♣❡♥❞❛♥❝❡s ♥❡ s♦♥t ♣❛s ✐♥✈❡rsé❡s

▲❛ ♥♦t✐♦♥ ❞❡ ♥é❣❛t✐♦♥ ❞❡✈✐❡♥t ♣❧✉s ❝♦♠♣❧❡①❡✳

▲❡♠♠❡✳ ■❧ ❡①✐st❡ ✉♥❡ ❢♦r♠✉❧❡ φ ❞❡ ❙▲❬❇●❪✱ ✉♥ ❥❡✉ G ❛✐♥s✐ q✉✬✉♥ ét❛t ✐♥✐t✐❛❧ qini t❡❧ q✉❡✱
♣♦✉r t♦✉t ♥ ∈ {∅, F}✱

G, qini 6|=
M(∅,♥) φ ❡t G, qini 6|=

M(∅,♥) ¬φ

❈♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s

❙✉✐✈❛♥t ✉♥❡ ✐❞é❡ ♣rés❡♥t❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ♥♦✉s ❞é❝♦♠♣♦s♦♥s ❙▲❬❇●❪ s❡❧♦♥ ♣❧✉s✐❡✉rs
❢r❛❣♠❡♥ts ❜❛sés s✉r ❧❡ t②♣❡ ❞❡ ❝♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s ❞✬♦❜❥❡❝t✐❢s✳ ■❧ ② ❛ tr♦✐s ❢r❛❣♠❡♥ts
❞✬✐♥térêt✿

• ❙▲❬✶●❪ ❡st ❧❡ ❢r❛❣♠❡♥t ❧❡ ♣❧✉s s✐♠♣❧❡✳ ■❧ r❡str❡✐♥t ❙▲❬❇●❪ à ♥✬❛✈♦✐r q✉✬✉♥ s❡✉❧ ♦❜❥❡❝t✐❢✳
❉❛♥s s❛ ❣r❛♠♠❛✐r❡✱ ❧❛ ❧✐❣♥❡ ξ ❞❡✈✐❡♥t ξ ::= β✳

❙▲❬✶●❪♭ ∋ φ ::= ∃x.φ | ∀x.φ | ξ

ξ ::= β

β ::= ❛ss✐❣♥(A, x). β | ϕ

ϕ ::= ¬ϕ | ϕ ∨ ϕ | ❳ϕ | ϕ❯ϕ | p

✷✶✽



• ❙▲❬❈●❪ ♥❡ ♣❡r♠❡t q✉❡ ❞❡s ❝♦♥❥♦♥❝t✐♦♥s ❞✬♦❜❥❡❝t✐❢s❀ ❧❛ ❧✐❣♥❡ ξ ❞❡✈✐❡♥t ❛❧♦rs ξ ::=
ξ ∧ ξ | β✳

• ❙✐♠✐❧❛✐r❡♠❡♥t✱ ❙▲❬❉●❪ ♥✬❛✉t♦r✐s❡ q✉❡ ❞❡s ❞✐s❥♦♥❝t✐♦♥s ❞✬♦❜❥❡❝t✐❢s✳

M(S, F, P )

M(∅, F, P )M(S, ∅, P )M(S, F, ∅)

M(S, ∅, ∅) M(∅, F, ∅) M(∅, ∅, P )

M(∅, ∅, ∅)

➚ ❧❛ ❢♦✐s ❧❛ ❢♦r♠✉❧❡ ❡t s❛

♥é❣❛t✐♦♥ ♣❡✉✈❡♥t êtr❡ ✈r❛✐❡s✳

❙✐ ❧❛ ❢♦r♠✉❧❡ ❡st ✈r❛✐❡✱

s❛ ♥é❣❛t✐♦♥ ❡st ❢❛✉ss❡✳

❙✐ ✉♥❡ ❢♦r♠✉❧❡ ❡st ❢❛✉ss❡✱

s❛ ♥é❣❛t✐♦♥ ❞♦✐t êtr❡ ✈r❛✐❡✳

➚ ❧❛ ❢♦✐s ❧❛ ❢♦r♠✉❧❡

❡t s❛ ♥é❣❛t✐♦♥

♣❡✉✈❡♥t êtr❡ ❢❛✉ss❡s✳

❙✐t✉❛t✐♦♥ r❡❣❛r❞❛♥t ❧❛ ♥é❣❛t✐♦♥

❘és✉❧t❛ts

P❧✉tôt q✉✬✉♥ ❧♦♥❣ t❡①t❡✱ ♣♦✉r ❝❡ rés✉♠é ♥♦✉s ♦♣t❡r♦♥s ♣♦✉r ✉♥❡ ♦♣t✐♦♥ ✈✐s✉❡❧❧❡♠❡♥t
♣❧✉s s✐♠♣❧❡✱ ♣❧✉s ♣r♦♣r❡✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s rés✉❧t❛ts ❡st ❞♦♥❝ r❡♣rés❡♥tés à tr❛✈❡rs ❧❡s ❞❡✉①
✜❣✉r❡s ❝✐✲❞❡ss✉s ❡t ❞❡ ❧❛ ♣❛❣❡ s✉✐✈❛♥t❡✳

▲❡ ❢r❛❣♠❡♥t ❙▲❬❊●❪ ✭❝❤❛♣✐tr❡ ✼✮

◆♦✉s ♣♦✉rs✉✐✈♦♥s ♥♦tr❡ ét✉❞❡ ❞❡s ❞é♣❡♥❞❛♥❝❡s ❞❛♥s ❙▲✳ ◆♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❡♥
♣❛rt✐❝✉❧✐❡r ❛✉① tr♦✐s rés✉❧t❛ts ❝✐✲❞❡ss♦✉s✳ ❈❡✉①✲❝✐ r❡♣♦s❡♥t s✉r ✉♥❡ r❡str✐❝t✐♦♥ ❛❧❣é❜r✐q✉❡
❞❡ ❙▲❬❇●❪✿ ❧❡s ❡♥s❡♠❜❧❡s s❡♠✐✲st❛❜❧❡s✱ ❡t ✉♥ ♥♦✉✈❡❛✉ ❢r❛❣♠❡♥t✿ ❙▲❬❊●❪✳

❚❤é♦rè♠❡✳ ❋✐①♦♥s ✉♥❡ ❢♦r♠✉❧❡ φ ∈ ❙▲❬❊●❪✱ ✉♥ ❥❡✉ G✱ ✉♥ ét❛t qini ❞❡ G ❡t ❞❡✉①
♣❛r❛♠ètr❡s ♠ ∈ {∅, S} ❡t ♥ ∈ {∅, F}✳ ❙✐ G, qini |=

M(♠,♥,P ) φ ❡t G, qini 6|=
M(♠,♥,P ) ¬φ

❛❧♦rs G, qini |=
M(∅,∅,P ) φ✳

❚❤é♦rè♠❡✳ P♦✉r t♦✉t n ∈ N
∗ ❡t t♦✉t ❡♥s❡♠❜❧❡ ♥♦♥✲s❡♠✐✲st❛❜❧❡ F n✱ ✐❧ ❡①✐st❡ ✉♥ ❢♦r♠✉❧❡

φ ❞❡ ❙▲❬❇●❪ ❝♦♥str✉✐t❡ s✉r F n✱ ✉♥ ❥❡✉ G ❡t ✉♥ ét❛t qini ❞❡ G t❡❧ q✉❡

G, qini |=
M(S,∅,P ) φ ❡t G, qini 6|=

M(S,∅,P ) ¬φ ❡t G, qini 6|=
M(∅,∅,P ) φ

❚❤é♦rè♠❡✳ ▲❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❞❡ ❙▲❬❊●❪ ♣♦✉r ❧❛ r❡❧❛t✐♦♥ |=M(∅,∅,P ) ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡st
2 ✲EXPTIME✲❝♦♠♣❧❡t❡✳
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M
(S
,F
,P

)

M
(∅
,F
,P

)
M

(S
,∅
,P

)
M

(S
,F
,∅
)

M
(S
,∅
,∅)

M
(∅
,F
,∅
)

M
(∅
,∅
,P

)

M
(∅
,∅
,∅
)

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✺✳✶✵✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✺✳✶✷✮
=

❙
▲
❬✶
●
❪
✭t❤

♠
✺✳✶✹✮

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✺✳✶✵✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✺✳✾✮
=

❙
▲
❬✶
●
❪
✭t❤

♠
✺✳✶✹✮

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✺✳✶✶✮ ∗

6=
❙
▲
❬❉
●
❪
✭❧❡♠

✺✳✾✮
=

❙
▲
❬✶
●
❪
✭t❤

♠
✺✳✶✹✮

=
❙
▲
❬❈
●
❪
✭t❤

♠
✺✳✶✸✮

6=
❙
▲
❬❉
●
❪
✭❧❡♠

✺✳✶✷✮

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✻✳✶✸✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✻✳✶✹✮
=

❙
▲
❬✶
●
❪
✭t❤

♠
✻✳✶✽✮

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✻✳✶✸✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✻✳✶✹✮
=

❙
▲
❬✶
●
❪
✭t❤

♠
✻✳✷✵✮

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✻✳✶✸✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✻✳✶✹✮
6=

❙
▲
❬✶
●
❪✭t❤

♠
✻✳✶✼✮

∗

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✻✳✶✸✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✻✳✶✹✮
6=

❙
▲
❬✶
●
❪✭t❤

♠
✻✳✶✼✮

∗

6=
❙
▲
❬❉
●
❪
✭❧❡♠

✻✳✾✮
6=

❙
▲
❬✶
●
❪✭t❤

♠
✻✳✶✼✮

∗

6=
❙
▲
❬❈
●
❪
✭❧❡♠

✻✳✶✵✮
6=

❙
▲
❬❉
●
❪
✭❧❡♠

✻✳✾✮
6=

❙
▲
❬✶
●
❪✭t❤

♠
✻✳✶✼✮

∗

=
❙
▲
❬❈
●
❪
✭t❤

♠
✻✳✶✷✮

6=
❙
▲
❬❉
●
❪
✭t❤

♠
✻✳✶✺✮

6=
❙
▲
❬❉
●
❪
✭t❤

♠
✻✳✶✺✮

6=
❙
▲
❬✶
●
❪✭t❤

♠
✻✳✶✻✮

∗

∗
:
❙
❡✉

❧❡♠
❡♥

t
s✉

r
❥❡✉

①
❝♦♥

❝✉
rr❡♥

t
■♥
❝♦♥

♥
✉
s✉

r
❥❡✉

①
à
t♦✉

rs

●
r❛♣❤❡

❞✬✐♥❝❧✉s✐♦♥
❞❡s

❞✐✛ér❡♥t❡s
sé♠

❛♥t✐q✉❡s✳
▲
❡s

ré❢ér❡♥❝❡s
❝♦rr❡s♣♦♥❞❡♥t

à
❧❡✉r

♥✉♠
ér♦t❛t✐♦♥

❞❛♥s
❧❡

♠
❛♥✉s❝r✐t

❞❡
t❤ès❡✳
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❈❡s rés✉❧t❛ts ♦♥t ♣❧✉s✐❡✉rs ❝♦♥séq✉❡♥❝❡s✳ ▲❛ ♣r✐♥❝✐♣❛❧❡ ❡st ❞❡ ❢♦✉r♥✐r ✉♥ ❢r❛❣♠❡♥t
✭❙▲❬❊●❪✮ ❛✈❡❝ ✉♥ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❡♥ 2 ✲EXPTIME ♣♦✉r ❧❛ r❡❧❛t✐♦♥ |=M(∅,∅,P )✳ ❯♥❡ s❡❝♦♥❞❡
❡st ❞❡ ♠♦♥tr❡r q✉❡ ❞❡s r❡str✐❝t✐♦♥s ❛❧❣é❜r✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ ❧✐♠✐t❡r ❧❡s ❞é♣❡♥❞❛♥❝❡s✳

◆♦✉s ❞é❜✉t♦♥s ♣❛r ❞❡s ♥♦t❛t✐♦♥s✿ ♣♦✉r n ∈ N✱ ♦♥ ♥♦t❡ {0, 1}n ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
❞❡ [1, n] ❞❛♥s {0, 1}✳ ❖♥ ♥♦t❡ ❛✉ss✐ 0n ✭♦✉ 0 s✐ n ❡st ❝❧❛✐r✮ ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ q✉✐ ❛ss♦❝✐❡ t♦✉t
❡♥t✐❡r ❞❡ [1, n] à 0✱ ❡t 1n ✭♦✉ 1✮ ♣♦✉r ❝❡❧❧❡ q✉✐ ❧❡✉r ❛ss♦❝✐❡ t♦✉❥♦✉rs 1✳ P♦✉r f ∈ {0, 1}n

❡t k ≤ n✱ f[1,k] s❡r❛ ❧❛ r❡str✐❝t✐♦♥ ❞❡ f à [1, k]✳ ▲❛ t❛✐❧❧❡ ❞❡ f ∈ {0, 1}n ❡st ❞é✜♥✐❡ ♣❛r
|f | =

∑
1≤i≤n f(i)✳ P♦✉r ❞❡✉① f ❡t g ❞❛♥s {0, 1}n✱ ♦♥ ❞✐t q✉❡ f ≤ g q✉❛♥❞ f(i) = 1

✐♠♣❧✐q✉❡ g(i) = 1 ♣♦✉r t♦✉t i ∈ [1, n]✳ P♦✉r Bn ⊆ {0, 1}n✱ ♦♥ é❝r✐t ↑Bn = {g ∈ {0, 1}n |
∃f ∈ Bn. f ≤ g}✳ ❯♥ ❡♥s❡♠❜❧❡ F n ⊆ {0, 1}n s❡r❛ ❞✐t ❝❧♦s ♣❛r ❧❡ ❤❛✉t q✉❛♥❞ F n = ↑F n✳
❊♥✜♥✱ ♦♥ ❞é✜♥✐t ❧❡s ♦♣ér❛t❡✉rs s✉✐✈❛♥ts✿

f : i 7→ 1− f(i) f f g : i 7→ min{f(i), g(i)} f g g : i 7→ max{f(i), g(i)}.

P♦✉r ❞é✜♥✐r ❙▲❬❊●❪✱ ❧❡ ❢r❛❣♠❡♥t ❛✉ ❝♦❡✉r ❞❡s tr♦✐s rés✉❧t❛ts ❝✐tés ♣❧✉s ❤❛✉t✱ ♦♥ ✐♥tr♦✲
❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ s♦✉s✲❡♥s❡♠❜❧❡ s❡♠✐✲st❛❜❧❡✿

❉é✜♥✐t✐♦♥✳ ❯♥ ❡♥s❡♠❜❧❡ F n ⊆ {0, 1}n ❡st s❡♠✐✲st❛❜❧❡ s✐ ♣♦✉r t♦✉t f ❡t g ❞❛♥s F n✱ ✐❧
❡st ✈r❛✐ q✉❡

∀s ∈ {0, 1}n (f f s)g (g f s) ∈ F n ♦r (g f s)g (f f s) ∈ F n.

❊①❡♠♣❧❡✳ ❈❧❛✐r❡♠❡♥t✱ {0, 1}n ❡st s❡♠✐✲st❛❜❧❡✱ ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ✈✐❞❡✳ P♦✉r n = 2✱
❧✬❡♥s❡♠❜❧❡ {〈0, 1〉, 〈1, 0〉} ♥✬❡st ♣❛s s❡♠✐✲st❛❜❧❡✿ ✐❧ s✉✣t ❞❡ ♣r❡♥❞r❡ f = 〈0, 1〉 ❡t g = 〈1, 0〉
❛✈❡❝ s = 〈1, 0〉✱ ♦♥ ❛ ❛❧♦rs (f fs)g (gfs) = 〈0, 0〉 ❡t (gfs)g (f fs) = 〈1, 1〉✳ ❉❡ ♠ê♠❡✱
{〈0, 0〉, 〈1, 1〉} ♥✬❡st ♣❛s s❡♠✐✲st❛❜❧❡✳ ❚♦✉t ❛✉tr❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ {0, 1}2 ❡st s❡♠✐✲st❛❜❧❡✳

◆♦✉s ♣♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ❞é✜♥✐r ❧❡ ❢r❛❣♠❡♥t ❙▲❬❊●❪✿

❙▲❬❊●❪ ∋ φ ::= ∀x.φ | ∃x.φ | ξ

ξ ::= F n((βi)1≤i≤n)

β ::= ❛ss✐❣♥(A, x). β | ϕ

ϕ ::= ¬ϕ | ϕ ∨ ϕ | ❳ϕ | ϕ❯ϕ | p

❛✈❡❝ p ❞❛♥s ❆P✱ n ❞❛♥s N ❡t ♣♦✉r t♦✉t n✱ F n ❡st ✉♥ ❡♥s❡♠❜❧❡ s❡♠✐✲st❛❜❧❡ ❞❡ {0, 1}n✳ ▲❛
sé♠❛♥t✐q✉❡ ❞❡ F n ❡st ❛❧♦rs

G, q |=χ F
n((βi)i≤n) ⇔ ∃f ∈ F n ❛✈❡❝ f(i) = 1 ss✐ G, q |=χ βi

❙✐ F n ♥✬❛✈❛✐t ♣❛s ❧❛ r❡str✐❝t✐♦♥ s❡♠✐✲st❛❜❧❡✱ ♦♥ r❡tr♦✉✈❡r❛✐t ❛❧♦rs ❧❛ ❧♦❣✐q✉❡ ❙▲❬❇●❪✳
▲❡ ❝❛s ♦ù F n = {1n} ❝♦rr❡s♣♦♥❞ à ❙▲❬❈●❪✱ t❛♥❞✐s q✉❡ F n = {0, 1}n \ {0n} ❞♦♥♥❡ ❙▲❬❉●❪✳
P✉✐sq✉❡ {1n} ❡t {0, 1}n \ {0n} s♦♥t s❡♠✐✲st❛❜❧❡s✱ ♦♥ ❛ ❙▲❬❈●❪ ⊆ ❙▲❬❊●❪ ❛♥❞ ❙▲❬❉●❪ ⊆
❙▲❬❊●❪✳

✷✷✶



❊①❡♠♣❧❡✳ ❈♦♥s✐❞ér♦♥s ❧❛ ❢♦r♠✉❧❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳ P♦✉r ❞❡✉①
❛❣❡♥ts✱ ❝❡❧❛ ❞♦♥♥❡

∃x1.∃x2.∀y1.∀y2





(❛ss✐❣♥(A1, y1;A2, x2).ϕ1)⇒ (❛ss✐❣♥(A1, x1;A2, x2).ϕ1)

∧

(❛ss✐❣♥(A1, x1;A2, y2).ϕ2)⇒ (❛ss✐❣♥(A1, x1;A2, x2).ϕ2)

✭✼✳✶✺✮

▲❛ ❢♦r♠✉❧❡ ❛ q✉❛tr❡ ♦❜❥❡❝t✐❢s ❡t ❡st ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ❧✬❡♥s❡♠❜❧❡

F 4 = {〈1, 1, 1, 1〉, 〈0, 1, 1, 1〉, 〈1, 1, 0, 1〉, 〈0, 1, 0, 1〉, 〈0, 0, 1, 1〉, 〈1, 1, 0, 0〉,

〈0, 0, 0, 1〉, 〈0, 1, 0, 0〉, 〈0, 0, 0, 0〉}

❈❡t ❡♥s❡♠❜❧❡ ♥✬❡st ♣❛s s❡♠✐✲st❛❜❧❡ ❡t ❞♦♥❝ ❧❛ ❢♦r♠✉❧❡ ♥✬❡st ♣❛s s②♥t❛①✐q✉❡♠❡♥t ❞❛♥s ❙▲❬❊●❪✳

●râ❝❡ à s❛ ❞é✜♥✐t✐♦♥ ❛❧❣é❜r✐q✉❡✱ ❙▲❬❊●❪ ❛❞♠❡t ❞❡s ♣r♦♣r✐étés ✐♥tér❡ss❛♥t❡s✱ ♣❛r ❡①✲
❡♠♣❧❡ ✉♥ ❡♥s❡♠❜❧❡ F n ❡st s❡♠✐✲st❛❜❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ s♦♥ ❝♦♠♣❧é♠❡♥t ❧✬❡st ❛✉ss✐✳ ❯♥❡
❛✉tr❡ ♣r♦♣r✐été ❞✬✐♠♣♦rt❛♥❝❡ ❡st ❧✬❡①✐st❡♥❝❡ ❞❡ ♣ré✲♦r❞r❡s q✉✐ ❝❧❛ss❡♥t ❧❡s ♦❜❥❡❝t✐❢s ♣❛r
♦r❞r❡ ❞✬✐♠♣♦rt❛♥❝❡✳

P♦✉r ✈♦✐r ❝❡❧❛✱ ♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡ ♥♦✉✈❡❧❧❡s ♥♦t❛t✐♦♥s✳ P♦✉r ✉♥ ❡♥s❡♠❜❧❡ F n ⊆
{0, 1}n✱ ✉♥ s ∈ {0, 1}n ❡t ✉♥ h ∈ {0, 1}n✱ ♦♥ ❞é✜♥✐t

F
n(h, s) := {h′ ∈ {0, 1}n | (hf s)g (h′ f s) ∈ F n}

❡t ✭❡♥ é❝r✐✈❛♥t F n ♣♦✉r ❧❡ ❝♦♠♣❧é♠❡♥t ❞❡ F n✮✱

Fn(h, s) := {h′ ∈ {0, 1}n | (hf s)g (h′ f s) ∈ F n}

❚r✐✈✐❛❧❡♠❡♥t✱ Fn(h, s)
⋂
Fn(h, s) = ∅ ❡t Fn(h, s)

⋃
Fn(h, s) = {0, 1}n✳

▲❡♠♠❡✳ ❙✐ F n ❡st s❡♠✐✲st❛❜❧❡✱ ❛❧♦rs ❧❛ ❢❛♠✐❧❧❡ (Fn(h, s))h∈{0,1}n ❡st t❡❧ q✉❡ ♣♦✉r t♦✉t
h1, h2 ∈ {0, 1}

n✱ s♦✐t Fn(h1, s) ⊆ F
n(h2, s) s♦✐t F

n(h2, s) ⊆ F
n(h1, s)✳

❖♥ ♣❡✉t ❛❧♦rs ✉t✐❧✐s❡r ❧✬✐♥❝❧✉s✐♦♥ ❞✉ ❧❡♠♠❡ ♣ré❝é❞❛♥t ❞❡s ♣ré✲♦r❞r❡s �F
n

s s✉r ❧❡s é❧é✲
♠❡♥ts ❞❡ {0, 1}n✳

❉é✜♥✐t✐♦♥✳ ❖♥ ❞é✜♥✐t �F
n

s ⊆ {0, 1}
n × {0, 1}n ❞❡ s♦rt❡ q✉❡ h1 �

Fn

s h2 ss✐ Fn(h1, s) ⊆
F
n(h2, s)✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ h1 �

Fn

1
h2 ❞ès ❧♦rs q✉❡ h1 ∈ F n ♦✉ h2 ∈ F

n✳

❉❛♥s ❧❛ s✉✐t❡✱ F n ❡st ✜①é ❡t ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❛ ♥♦t❛t✐♦♥ s✐♠♣❧✐✜é❡ �s ♣♦✉r ❢❛❝✐❧✐t❡r
❧❛ ❧❡❝t✉r❡✳ ▲✬✐♥t✉✐t✐♦♥ ❞❡rr✐èr❡ �s ❡st ❞✬♦r❞♦♥♥❡r ❧❡s é❧é♠❡♥ts ❞❡ {0, 1}n ❡♥ ❢♦♥❝t✐♦♥ ❞❡
❧❛ ❢❛❝✐❧✐té à ❧❡s ❝♦♠♣❧ét❡r ❡♥ ✉♥ é❧é♠❡♥t ❞❡ F n✳ ▲❡s ✜❣✉r❡s ❞❡ ❧❛ ♣❛❣❡ s✉✐✈❛♥t❡ ✐❧❧✉str❡♥t
❧✬✐❞é❡✳

▲❡♠♠❡✳ ❋✐①♦♥s ✉♥ ❡♥s❡♠❜❧❡ s❡♠✐✲st❛❜❧❡ F n✱ s1, s2 ∈ {0, 1}
n t❡❧ q✉❡ s1 f s2 = 0 ❡t

f, g ∈ {0, 1}n t❡❧ q✉❡ f �s1 g ❡t f �s2 g✳ ❆❧♦rs✱ f �s1gs2 g✳

❈❡s ♣ré✲♦r❞r❡s ♣❡✉✈❡♥t ❛❧♦rs êtr❡ ✉t✐❧✐sés ♣♦✉r ♣r♦✉✈❡r ❧❡s tr♦✐s rés✉❧t❛ts ♣rés❡♥tés ❛✉
❞é❜✉t ❞❡ ❧❛ s❡❝t✐♦♥✳ ▲✬✐❞é❡ ét❛♥t q✉✬✉♥❡ str❛té❣✐❡ ❡①✐st❡♥t✐❡❧❧❡ ♣❡✉t ✉t✐❧✐sé ❧❡ ♣ré✲♦r❞r❡
❛♣♣r♦♣r✐é ♣♦✉r ❝❤♦✐s✐r ❧✬❛❝t✐♦♥ ❧❛ ♠✐❡✉① ❛❞❛♣té❡✳ ◆♦✉s r❡♣♦rt♦♥s ❧❡s ♣r❡✉✈❡s à ✭❧❛ ✈❡rs✐♦♥
❝♦♠♣❧êt❡✮ ❧❛ t❤ès❡✳

✷✷✷



(0, 0, 0)

(0, 1, 0) (0, 0, 1)(1, 0, 0)

(1, 1, 0) (1, 0, 1) (0, 1, 1)

(1, 1, 1)
F 3

❙✐

{
(0, ⋆, ⋆) ≺(1,0,0) (1, ⋆, ⋆) ❡t

((⋆, 1, 1)f (0, 1, 1))g ((0, ⋆, ⋆)f (1, 0, 0)) ∈ Fn

❛❧♦rs ((⋆, 1, 1)f (0, 1, 1))g ((1, ⋆, ⋆)f (1, 0, 0)) ∈ Fn

▲✐❡♥ ❡♥tr❡ F n(h, s) ❡t ❧❡s ♣ré✲♦r❞r❡s✳

(0, 0, 0)

(0, 1, 0) (0, 0, 1)(1, 0, 0)

(1, 1, 0) (1, 0, 1) (0, 1, 1)

(1, 1, 1)
F 3

�(1,0,0)

(1, ⋆, ⋆)

(0, ⋆, ⋆) P
❧✉s

❣r❛♥❞

�(1,1,0)

(1, 1, ⋆) =(1,1,0) (1, 0, ⋆)

(0, 1, ⋆)

(0, 0, ⋆)

(0, 0, 0)

(0, 1, 0) (0, 0, 1)(1, 0, 0)

(1, 1, 0) (1, 0, 1) (0, 1, 1)

(1, 1, 1)

❯♥ ❡①❡♠♣❧❡ ❛✈❡❝ F 3 := {〈1, 1, 1〉; 〈1, 1, 0〉; 〈1, 0, 1〉; 〈0, 1, 1〉; 〈1, 0, 0〉} ❡t ❧❡s ♣ré✲♦r❞r❡s
�(1,0,0) ❡t �(1,1,0)✳

✷✷✸



✷✷✹



❈♦♥❝❧✉s✐♦♥

❈❡tt❡ t❤ès❡ ♣♦rt❡ s✉r ❧❡s ♣r♦❜❧è♠❡s ❞❡ sé♠❛♥t✐q✉❡ ❡t ❞❡ ❝♦♠♣❧❡①✐té ❞❛♥s ❧❛ ❙tr❛t❡❣②
▲♦❣✐❝ ✭❙▲✮✳ ❙▲ t✐r❡ s❛ ♣❛rt✐❝✉❧❛r✐té ❞❡ ❧❛ ❞✐ss♦❝✐❛t✐♦♥ ❡♥tr❡ str❛té❣✐❡s ❡t ❛❣❡♥ts❀ ❝❡tt❡
❞✐ss♦❝✐❛t✐♦♥ ❥♦✉❡ ✉♥ rô❧❡ ❝❡♥tr❛❧ ❞❛♥s ❧✬❡①♣r❡ss✐✈✐té ❞❡ ❧❛ ❧♦❣✐q✉❡✳ ■❧ ❡st ♣❛r ❡①❡♠♣❧❡
♣♦ss✐❜❧❡ ❞❡ ❝ré❡r ✉♥❡ str❛té❣✐❡ à ✉♥ t❡♠♣s t ❡t ❞❡ ❧✬❛♣♣❧✐q✉❡r à ✉♥ ❛✉tr❡ t❡♠♣s t′✳ ❖♥
♣❡✉t ❛✉ss✐ ❡①♣r✐♠❡r ❞❡s ❧✐❡♥s ❝♦♠♣❧❡①❡s ❡♥tr❡ ❧❡s ❡①é❝✉t✐♦♥s ♣♦t❡♥t✐❡❧❧❡s ❞✉ s②stè♠❡✿ ♦♥
♣❡✉t ❢♦r❝❡r ✉♥ ❛❣❡♥t à ❛❣✐r s✉✐✈❛♥t ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❞❛♥s ❞❡✉① ❡①é❝✉t✐♦♥s t♦✉t
❡♥ ❧❛✐ss❛♥t ❧❡s ❛✉tr❡s ❛❣❡♥ts ❝❤❛♥❣❡r ❞❡ str❛té❣✐❡s ❡♥tr❡ ❧❡s ❞❡✉① ❡①é❝✉t✐♦♥s✳ ❉❡ ♠❛♥✐èr❡
❣é♥ér❛❧❡✱ ❙▲ ❡st ✉♥❡ ❧♦❣✐q✉❡ ♣♦ssé❞❛♥t ✉♥ ❣r❛♥❞ ♣♦✉✈♦✐r ❞✬❡①♣r❡ss✐♦♥✳ ❈❡❧❛ ❡♥ ❢❛✐t ✉♥
❝❛❞r❡ ✐❞é❛❧ ♣♦✉r tr❛✈❛✐❧❧❡r s✉r ❧❡s ❛s♣❡❝ts t❡♠♣♦r❡❧s ❞❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts✳

❈♦♠♣❧❡①✐té✿ ❈♦♠♠❡ t♦✉❥♦✉rs✱ ✉♥❡ ❣r❛♥❞❡ ❡①♣r❡ss✐✈✐té ✈❛ ❞❡ ♣❛✐r❡ ❛✈❡❝ ✉♥❡ ♠❛✉✲
✈❛✐s❡ ❝♦♠♣❧❡①✐té✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ▼♦❣❛✈❡r♦✱ ▼✉r❛♥♦✱ P❡r❡❧❧✐ ❡t ❱❛r❞✐ ♦♥t ♠♦♥tré q✉❡ ❧❛
s❛t✐s✜❛❜✐❧✐té ❞❡ ❙▲ ❡st ✐♥❞é❝✐❞❛❜❧❡ ❡t q✉❡ s♦♥ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❡st ✭❞é❝✐❞❛❜❧❡ ♠❛✐s✮ ♥♦♥✲
é❧é♠❡♥t❛✐r❡✳ ➚ tr❛✈❡rs ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ❝♦♠♣❧été ❧❡ t❛❜❧❡❛✉✳ Pr❡♠✐èr❡♠❡♥t ♥♦✉s
❛✈♦♥s tr♦✉✈é ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❚❖❲❊❘ ❛✉ ❢r❛❣♠❡♥t ❙▲❬❇●❪❀ ❝❡ ❢❛✐s❛♥t✱ ❧❛ ❝♦♠♣❧❡①✲
✐té ❞✉ ❢r❛❣♠❡♥t ❙▲❬❇●❪ r❡❥♦✐♥t ❝❡❧❧❡ ❞❡ ❙▲✳ ❉❡✉①✐è♠❡♠❡♥t ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❡
♠♦❞❡❧✲❝❤❡❝❦✐♥❣ r❡❧❛t✐❢ à ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡ ✭♣♦✉r ✉♥❡ ❢♦r♠✉❧❡ ✜①é❡✮ ❡st ❞✉r❡ ♣♦✉r t♦✉t
❧❡s ♥✐✈❡❛✉① ❞❡ ❧❛ ❤✐ér❛r❝❤✐❡ ♣♦❧②♥♦♠✐❛❧❡✳ ■❧ r❡st❡ ♠❛❧❤❡✉r❡✉s❡♠❡♥t ✉♥ é❝❛rt ✐♠♣♦rt❛♥t
❡♥tr❡ ❧❡s ❜♦r♥❡s s✉♣ér✐❡✉r❡s ❡t ✐♥❢ér✐❡✉r❡s ✭❚❖❲❊❘ ❡t P❍✮ ❞✉ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❞❡ ❙▲ ❡t
❙▲❬❇●❪ r❡❧❛t✐✈❡♠❡♥t à ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡✳ ❘és♦✉❞r❡ ❝❡ ❞é❝❛❧❛❣❡ ♣❡r♠❡ttr❛✐t ❞✬❛♠é❧✐♦r❡r
❧❡s ❛♣♣❧✐❝❛t✐♦♥s ♣r❛t✐q✉❡s ❞❡ ❙▲✳

P❤❛s❡ ❡♥tr❡ ❧❛ ❝ré❛t✐♦♥ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ str❛té❣✐❡✿ ■❧ s❡ ♣❡✉t q✉✬✉♥❡ str❛té❣✐❡
δ s♦✐t ❝réé❡ à ✉♥ t❡♠♣s t ♠❛✐s ❛♣♣❧✐q✉é❡ s❡✉❧❡♠❡♥t ❛♣rès ✉♥ t❡♠♣s ❞❡ ❧❛t❡♥❝❡ ❛✉ ♠♦♠❡♥t
t′ ✭❛✈❡❝ t′ > t✮✳ ❉❛♥s ❝❡ ❝❛s✱ ❙▲ ❝♦♥s✐❞èr❡ q✉❡ δ ❛✉ ♠♦♠❡♥t t′′ ✭t′′ > t′✮ ❛ ♥♦♥ s❡✉❧❡♠❡♥t
❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❡♥tr❡ t′ ❡t t′′ ♠❛✐s ❛✉ss✐ ❡♥tr❡ t ❡t t′✳ ❉❛♥s ❝❡tt❡
t❤ès❡✱ ♥♦✉s ❛r❣✉♠❡♥t♦♥s ♣♦✉r ✉♥ ❛✉tr❡ ❝❤♦✐① sé♠❛♥t✐q✉❡✿ δ ♥❡ ♣♦✉rr❛✐t ❛❧♦rs ❝♦♥♥❛îtr❡
q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❡♥tr❡ t′ ❡t t′′✱ ❧❡ ♣❛ss❛❣❡ ❡♥tr❡ t ❡t t′ ❧✉✐ s❡r❛✐t ✐♥❛❝❝❡ss✐❜❧❡✳
❯♥❡ t❡❧❧❡ sé♠❛♥t✐q✉❡ ✭q✉❡ ♥♦✉s ♥♦♠♠♦♥s ❋❙▲✮ s❡r❛✐t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛❞❛♣té❡ ❛✉① ✐♥✲
t❡r❛❝t✐♦♥s ❝❧✐❡♥t✴s❡r✈❡✉r ❡t ❛✉① ♣r♦❜❧è♠❡s ❞✬♦✉✈❡rt✉r❡ ❡t ❞❡ ❢❡r♠❡t✉r❡ ❞❡ s❡ss✐♦♥s✳ ❈❡tt❡
❞✐✛ér❡♥❝❡ sé♠❛♥t✐q✉❡ ♥✬❛✈❛✐t ❥✉sq✉✬❛❧♦rs ♣❛s été ✐❞❡♥t✐✜é❡✳ ❋â❝❤❡✉s❡♠❡♥t✱ ❧❡ ♠♦❞❡❧✲
❝❤❡❝❦✐♥❣ ❞❡ ❋❙▲ ❡st ✐♥❞é❝✐❞❛❜❧❡✳ ◆♦s rés✉❧t❛ts ✐❞❡♥t✐✜❡♥t ❧❛ ❢r♦♥t✐èr❡ ❡♥tr❡ ❞é❝✐❞❛❜✐❧✐té
❡t ✐♥❞é❝✐❞❛❜✐❧✐té ❞❛♥s ❋❙▲✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ✐❞❡♥t✐✜♦♥s ✉♥ ❢r❛❣♠❡♥t ❞♦♥t ❧❡ ♠♦❞❡❧✲
❝❤❡❝❦✐♥❣ ❡st ❞é❝✐❞❛❜❧❡✳
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❉é♣❡♥❞❛♥❝❡s ❡♥tr❡ str❛té❣✐❡s✿ ▲❛ ♣❧✉♣❛rt ❞❡s ❡①t❡♥s✐♦♥s ❞✬❆❚▲∗ s♦♥t s✉❥❡tt❡s à ❞❡s
♣r♦❜❧è♠❡s sé♠❛♥t✐q✉❡s ❞✬❛❝❝ès à ❧✬✐♥❢♦r♠❛t✐♦♥ ✭s✉r ❧✬❤✐st♦r✐q✉❡ ❞✉ s②stè♠❡✱ s✉r ❧❡s str❛té✲
❣✐❡s ❞❡s ❛✉tr❡s ❛❣❡♥ts✱ s✉r ❧❛ ❞✐✛ér❡♥t✐❛t✐♦♥ ❞❡s ét❛ts ❞✉ s②stè♠❡. . . ✮✳ ❉❛♥s ❧❛ s❡❝♦♥❞❡
♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❞❡❣ré ❞❡ ❝♦♥♥❛✐ss❛♥❝❡ s✉r ❧❡s str❛té❣✐❡s ✉♥✐✈❡rs❡❧❧❡s
♥é❝❡ss❛✐r❡ ♣♦✉r s②♥t❤ét✐s❡r ❧❡s str❛té❣✐❡s ❡①✐st❡♥t✐❡❧❧❡s✳ P♦✉r ❞❡ s✐♠♣❧❡ r❡q✉êt❡s✱ ❧❡s ✐♥✲
❢♦r♠❛t✐♦♥s ♥é❝❡ss❛✐r❡ ♥❡ s♦♥t q✉❡ ❧♦❝❛❧❡s✳ ❆ ❧✬✐♥✈❡rs❡✱ s✐ ♦♥ ❝♦♥s✐❞èr❡ ❞❡s ♣r♦♣r✐étés
♣❧✉s ❝♦♠♣❧❡①❡s✱ ❧❡ ❞❡❣ré ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ❝❤♦✐① ❞❡s ❛✉tr❡s str❛té❣✐❡s ❝réé ❞✐✛ér❡♥t❡s
sé♠❛♥t✐q✉❡s✳

▲❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❝❡tt❡ t❤ès❡ ♣❡r♠❡tt❡♥t ❞❡ ❝♦♥♥❛îtr❡ ♣ré❝✐sé♠❡♥t ❧❡s ❞✐❢✲
❢ér❡♥t❡s sé♠❛♥t✐q✉❡s ♣♦ss✐❜❧❡s✳ ◆♦✉s ✐❞❡♥t✐✜♦♥s ❛✉ss✐ ✉♥ ❢r❛❣♠❡♥t✱ ❙▲❬❊●❪✱ ❞❡ ❙▲ q✉✐
❛❞♠❡t ✉♥ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ 2 ✲EXPTIME✳ ❙▲❬❊●❪ ❡st ❜❛sé s✉r ❞✐✛ér❡♥t❡s r❡str✐❝t✐♦♥s ❛❧✲
❣é❜r✐q✉❡s✱ ❝❡❧❛ ❧❛✐ss❡ à ♣❡♥s❡r ❧✬❡①✐st❡♥❝❡ ❞✬é❧é❣❛♥t rés✉❧t❛ts ❜❛sés s✉r ❞❡s ♠ét❤♦❞❡s ❝♦♠✲
❜✐♥❛t♦✐r❡s ❡t ❛❧❣é❜r✐q✉❡s✳

❘é✢❡①✐♦♥s ❡t P❡rs♣❡❝t✐✈❡s✿ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ str❛té❣✐❡s ✉♥✐✈❡rs❡❧❧❡s
❡t ❡①✐st❡♥t✐❡❧❧❡s ❛ été ♣❡✉ ét✉❞✐é✳ ■❧ ❡st ♣♦✉rt❛♥t ❝❡♥tr❛❧ à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❙▲ ✭❡t ❞❡s
s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts ❞❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✮✳ ▲❛ ❝♦♠♠✉♥❛✉té s❝✐❡♥t✐✜q✉❡ ❞é❧❛✐ss❡ ♠❛❥♦r✐✲
t❛✐r❡♠❡♥t ❝❡ ♣r♦❜❧è♠❡ ♣♦✉r s❡ ❝♦♥❝❡♥tr❡r s✉r ❧❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té✳ ❆✐♥s✐✱ ❧✬✐♠♠❡♥s❡
♠❛❥♦r✐té ❞❡s tr❛✈❛✉① ✉t✐❧✐s❡ ❧❛ ♠ê♠❡ sé♠❛♥t✐q✉❡✿ ✉♥❡ str❛té❣✐❡ ❛✈❡❝ ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ t♦✲
t❛❧❡ ❞❡s str❛té❣✐❡s q✉❛♥t✐✜é❡s ❛✈❛♥t ❡❧❧❡✳ ❈❡ ❝❤♦✐① ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♠❛❧❤❡✉r❡✉① ♣♦✉r
❞❡✉① r❛✐s♦♥s✳ Pr❡♠✐èr❡♠❡♥t ❝❛r✱ ❝♦♠♠❡ ♠♦♥tré ❞❛♥s ❝❡tt❡ t❤ès❡✱ ❧❡s q✉❡st✐♦♥s ❞❡ ❞é♣❡♥✲
❞❛♥❝❡ ❡♥tr❡ str❛té❣✐❡s ❞❛♥s ❧❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts ✐♥❞✉✐s❡♥t ❞❡ ♥♦♠❜r❡✉s❡s s✉❜t✐❧✐tés✳
❉❡✉①✐è♠❡♠❡♥t ❝❛r ❧❛ ♠❛❥♦r✐té ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ✐♥❞✉str✐❡❧❧❡s ♥❡ s❡ ♠♦❞é❧✐s❡♥t ♣❛s ❛✈❡❝
❝❡tt❡ sé♠❛♥t✐q✉❡✳ ❆✐♥s✐ ✉♥❡ ♠❛❥♦r✐té ❞❡s tr❛✈❛✉① ❛❝❛❞é♠✐q✉❡s s✉r ❙▲ q✉✐ ♥✬❛❜♦r❞❡♥t ♣❛s
❧❡s ❞é♣❡♥❞❛♥❝❡s ♥❡ r❡st❡r♦♥t q✉❡ t❤é♦r✐q✉❡✳

❊♥ ✈✉❡ ❞✬✉♥❡ ❞✐✛✉s✐♦♥ ❞❡ ❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts ❞❛♥s ❧✬✐♥❞✉str✐❡✱ ✐❧
❝♦♥✈✐❡♥t ❞✬❛♣♣r♦❢♦♥❞✐r ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❞é♣❡♥❞❛♥❝❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
✐❧ ❡st ✐♠♣ér❛t✐❢ ❞❡ s✐♠♣❧✐✜❡r ❧❡ ❝❛❞r❡ ♠❛t❤é♠❛t✐q✉❡✱ ❞✬ét✉❞✐❡r ❧❡s ❞✐✛ér❡♥t❡s sé♠❛♥t✐q✉❡s
♣♦ss✐❜❧❡s ✭r❡❧❛t✐✈❡♠❡♥t ❛✉① ❞✐✛ér❡♥t❡s ❞é♣❡♥❞❛♥❝❡s✮ ❡t✱ ♣♦✉r ❝❤❛❝✉♥❡✱ ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡s
❛❧❣♦r✐t❤♠❡s ❛❞❛♣tés✳
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❆❜str❛❝t

❲✐t❤ t❤❡ ♣r♦❧✐❢❡r❛t✐♦♥ ♦❢ ❝♦♠♣✉t❡r✐s❡❞ ❞❡✈✐❝❡s✱ s♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥ ✐s ♠♦r❡ ♣r❡✈❛❧❡♥t t❤❛♥
❡✈❡r✳ ❙✐♥❝❡ t❤❡ ✽✵✬s✱ ♠✉❧t✐♣❧❡ ❝♦st❧② s♦❢t✇❛r❡ ❢❛✐❧✉r❡s ❤❛✈❡ ❢♦r❝❡❞ ❜♦t❤ ♣r✐✈❛t❡ ❛♥❞ ♣✉❜❧✐❝ ❛❝t♦rs
t♦ ✐♥✈❡st ✐♥ s♦❢t✇❛r❡ ✈❡r✐✜❝❛t✐♦♥✳ ❆♠♦♥❣ t❤❡ ♠❛✐♥ ♣r♦❝❡❞✉r❡s ✇❡ ✜♥❞ t❤❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✱
❞❡✈❡❧♦♣❡❞ ❜② ❈❧❛r❦❡ ❛♥❞ ❊♠❡rs♦♥ ✐♥ t❤❡ ✽✵✬s✳ ■t ❝♦♥s✐sts ✐♥ ❛❜str❛❝t✐♥❣ ❜♦t❤ t❤❡ s②st❡♠ ✐♥t♦ ❛
❢♦r♠❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ♣r♦♣❡rt② ♦❢ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦✉r ✐♥ s♦♠❡ ❧♦❣✐❝❛❧ ❢♦r♠❛❧✐s♠✱ t❤❡♥ ❝❤❡❝❦✐♥❣
✐❢ t❤❡ ♣r♦♣❡rt②✬s ❛❜str❛❝t✐♦♥ ❤♦❧❞s ♦♥ t❤❡ s②st❡♠✬s ❛❜str❛❝t✐♦♥✳ ❚❤❡ ❞✐✣❝✉❧t② ❧✐❡s ✐♥ ✜♥❞✐♥❣
❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧s ❛♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ ♦♥❡ ♣❛rt✐❝✉❧❛r ❧♦❣✐❝❛❧ ❢♦r♠❛❧✐s♠✿ t❤❡ ❙tr❛t❡❣② ▲♦❣✐❝ ❙▲✱ ✉s❡❞ t♦
❡①♣r❡ss ♠✉❧t✐✲♦❜❥❡❝t✐✈❡s ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s✳ ❙tr❛t❡❣② ▲♦❣✐❝ ✐s ❛ ♣♦✇❡r❢✉❧ ❛♥❞
❡①♣r❡ss✐✈❡ ❢♦r♠❛❧✐s♠ t❤❛t tr❡❛ts str❛t❡❣✐❡s ✭✐✳❡✳ ♣♦t❡♥t✐❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ ❛❣❡♥ts✮ ❧✐❦❡ ✜rst✲
♦r❞❡r ♦❜❥❡❝ts✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❛♥❛❧♦❣✉❡ t♦ ✜rst✲♦r❞❡r ❧♦❣✐❝ ❢♦r ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s✳ ▼❛♥②
s❡♠❛♥t✐❝ ❝❤♦✐❝❡s ✇❡r❡ ♠❛❞❡ ✐♥ ✐ts ❞❡✜♥✐t✐♦♥ ✇✐t❤♦✉t ♠✉❝❤ ❞✐s❝✉ss✐♦♥✳ ❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s
❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ❧❡❢t ❜❡❤✐♥❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥✳

❲❡ ✜rst ✐♥tr♦❞✉❝❡ ❙▲ ❛♥❞ ♣r❡s❡♥t s♦♠❡ ❝♦♠♣❧❡①✐t② r❡s✉❧ts ✭✐♥❝❧✉❞✐♥❣ s♦♠❡ ♦❢ ♦✉r ♦✇♥s✮✳ ❲❡
t❤❡♥ ♦✉t❧✐♥❡ s♦♠❡ ♦t❤❡r s❡♠❛♥t✐❝ ❝❤♦✐❝❡s ✇✐t❤✐♥ ❙▲✬s ❞❡✜♥✐t✐♦♥ ❛♥❞ st✉❞② t❤❡✐r ✐♥✢✉❡♥❝❡✳ ❚❤✐r❞✱
✇❡ st✉❞② t❤❡ ❧♦❣✐❝✬s ❜❡❤❛✈✐♦✉r ✉♥❞❡r q✉❛♥t✐t❛t✐✈❡ ♠✉❧t✐✲❛❣❡♥ts s②st❡♠s ✭❣❛♠❡s ✇✐t❤ ❡♥❡r❣② ❛♥❞
❝♦✉♥t❡r ❝♦♥str❛✐♥ts✮✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s ✇✐t❤✐♥ ❙▲❬❇●❪✱ ❛ ❢r❛❣♠❡♥t
♦❢ ❙▲✳

❑❡②✇♦r❞s✿ ❣❛♠❡ t❤❡♦r②✱ str❛t❡❣② ❧♦❣✐❝✱ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✱ ❢♦r♠❛❧ ♠❡t❤♦❞s. . .
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❉❡ ♥♦♠❜r❡✉① ❜✉❣s ✐♥❢♦r♠❛t✐q✉❡s ♦♥t ♠✐s ❡♥ ❧✉♠✐èr❡ ❧❡ ❜❡s♦✐♥ ❞❡ ❝❡rt✐✜❡r ❧❡s ♣r♦❣r❛♠♠❡s ✐♥✲
❢♦r♠❛t✐q✉❡s ❡t ❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡ ♣r♦❣r❛♠♠❡s ❛ ❝♦♥♥✉ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ✐♠♣♦rt❛♥t ❛✉ ❝♦✉rs
❞❡s q✉❛r❛♥t❡ ❞❡r♥✐èr❡s ❛♥♥é❡s✳ P❛r♠✐ ❧❡s ♠ét❤♦❞❡s ♣♦ss✐❜❧❡s✱ ♦♥ tr♦✉✈❡ ❧❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✱
❞é✈❡❧♦♣♣é ♣❛r ❈❧❛r❦❡ ❡t ❊♠❡rs♦♥ ❞❛♥s ❧❡s ❛♥♥é❡s ✽✵✳ ▲❡ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ❝♦♥s✐st❡ à tr♦✉✈❡r ✉♥
♠♦❞è❧❡ ❛❜str❛✐t ♣♦✉r ❧❡ s②stè♠❡ ❡t ✉♥ ❢♦r♠❛❧✐s♠❡ ❧♦❣✐q✉❡ ♣♦✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♣✉✐s ❛ ✈ér✐✜❡r s✐
❧❡ ♠♦❞è❧❡ ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été ❡①♣r✐♠é❡ ❞❛♥s ❧❛ ❧♦❣✐q✉❡✳ ▲❛ ❞✐✣❝✉❧té ❝♦♥s✐st❡ ❛❧♦rs à ❞é✈❡❧♦♣♣❡r
❞❡s ❛❧❣♦r✐t❤♠❡s ❡✣❝❛❝❡s ♣♦✉r ❧❡s ❞✐✛ér❡♥ts ❢♦r♠❛❧✐s♠❡s✳

◆♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ❛✉ ❢♦r♠❛❧✐s♠❡ ❧♦❣✐q✉❡ ❞❡ ❙tr❛t❡❣② ❧♦❣✐❝ ❙▲✱ ✉t✐❧✐sé❡ s✉r
❧❡s s②stè♠❡s ♠✉❧t✐✲❛❣❡♥ts✳ ❙▲ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❡①♣r❡ss✐❢ ❞❡ ♣❛r s♦♥ tr❛✐t❡♠❡♥t ❞❡s str❛té❣✐❡s
✭❝♦♠♣♦rt❡♠❡♥ts ♣♦ss✐❜❧❡s ♣♦✉r ❧❡s ❛❣❡♥ts ❞✉ s②stè♠❡✮ ❝♦♠♠❡ ❞❡s ♦❜❥❡ts ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ❉❛♥s
s❛ ❞é✜♥✐t✐♦♥✱ ❞✐✈❡rs ❝❤♦✐① sé♠❛♥t✐q✉❡s s♦♥t ❢❛✐ts ❡t✱ ❜✐❡♥ q✉❡ ❝❡s ❝❤♦✐① s❡ ❥✉st✐✜❡♥t✱ ❞✬❛✉tr❡s
♣♦ss✐❜✐❧✐tés ♥✬❡♥ s♦♥t ♣❛s ♣❧✉s ❛❜s✉r❞❡s✿ t❡❧ ♦✉ t❡❧ ❝❤♦✐① ❞♦♥♥❡ t❡❧❧❡ ♦✉ t❡❧❧❡ ❧♦❣✐q✉❡ ❡t ❝❤❛❝✉♥❡
♣❡r♠❡t ❞✬❡①♣r✐♠❡r ❞❡s ♣r♦♣r✐étés ❞✐✛ér❡♥t❡s✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s ❞✐✛ér❡♥t❡s
✐♠♣❧✐❝❛t✐♦♥s ❞❡s ❞✐✛ér❡♥ts ❝❤♦✐① sé♠❛♥t✐q✉❡s✳
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ét✉❞✐❡r♦♥s ❛✉ss✐ ❧❛ ❧♦❣✐q✉❡ s✉r ❞❡s s②stè♠❡s q✉❛♥t✐t❛t✐❢s ✭❛❥♦✉t ❞❡ ❝♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡ ❡t ❞❡
❝♦♥tr❛✐♥t❡s ❞❡ ❝♦♠♣t❡✉rs✮✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ❡①❛♠✐♥❡r♦♥s ❧❛ q✉❡st✐♦♥ ❞❡s ❞é♣❡♥❞❛♥❝❡s ❞❛♥s
❙▲❬❇●❪ ✭✉♥ ❢r❛❣♠❡♥t ❞❡ ❙▲✮✳
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