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Résumé

Dans cette these, on étudie principalement I’équation de Boltzmann homogene 3D
pour les potentiels durs et les potentiels modérément mous et 1’équivalence entre
une EDS a sauts et ’EDP correspondante. En particulier, on calcule le spectre
multifractal de certains processus stochastiques, on étudie le caractere bien-posé et
la propagation du chaos pour I’équation de Boltzmann.

Dans le premier chapitre, on étudie les propriétés trajectorielle pathologiques du
processus stochastique (V;):>o représentant 1’évolution de la vitesse d’une particule
typique dans un gaz modélisé par I’équation de Boltzmann pour les potentiels durs
ou modérément mous. Nous montrons que ce processus est multifractal et qu’il
a un spectre déterministe. Pour les potentiels durs, nous donnons aussi le spectre
multifractal du processus X; = fg Vsds, représentant I’évolution de la position de
la particule typique.

Dans le deuxieme chapitre, nous étudions I’unicité de la solution faible a I’équation
de Boltzmann dans la classe de toutes les solutions mesures, pour les potentiels
modérément mous. Ceci nous permet aussi d’obtenir un taux quantitatif de propa-
gation du chaos pour le systeme de particules de Nanbu.

Enfin, dans le troisieme chapitre, nous étendons le travail de Figalli [22] pour
étudier la relation entre une EDS a sauts et 1’équation de Fokker-Planck corre-
spondante. On montre que pour toute solution faible ( f;);co,7] de ’EDP, il existe
une solution faible de I’EDS dont les marginales temporelles sont données par la

famille (f;):cp0,1)-

Mots-clefs: Théorie cinétique, Equation de Boltzmann, Analyse multifractale, Dimension de
Hausdorff, Systemes de particules, Propagation du chaos, Distance de Wasserstein, Existence
et unicité, Solutions faibles, EDS a sauts, EDP non-locale.
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Abstract

This thesis mainly studies the 3D homogeneous Boltzmann equation for hard po-
tentials and moderately soft potentials and the equivalence between some jumping
SDE and the corresponding PDE. In particular, we compute the multifractal spec-
trum of some stochastic processes, study the well-posedness and the propagation
of chaos for the Boltzmann equation.

The purpose of the first chapter is to study the pathwise properties of the stochastic
process (V;):>0, representing the time-evolution of the velocity of a typical particle
in a gas modeled by the Boltzmann equation for hard or moderately potentials. We
show that this process is multifractal and has a deterministic spectrum. For hard
potentials, we also give the multifractal spectrum of the process X; = fg Vsds,
representing the time-evolution of the position of the typical particle.

The second chapter is devoted to study the uniqueness of the weak solution to the
Boltzmann equation in the class of all measure solutions, in the case of moderately
soft potentials. This allows us to obtain a quantitive rate of propagation of chaos
for Nanbu particle system for this singular interaction.

Finally in the third chapter, we extend Figalli’s work [22] to study the relation
between some jumping SDE and the corresponding Fokker-Planck equation. We
prove that for any weak solution ( ft)te[oﬂ of the PDE, there exists a weak solution
to the SDE of which the time-marginals are given by the family ( f;):c(0,17-

Keywords: Kinetic theory, Boltzmann equation, Multifractal analysis, Hausdorff dimension,
Particle systems, Propagation of Chaos, Wasserstein distance, Existence et uniqueness, Weak
solutions, Jumping SDEs, non-local PDE:s.
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Chapter 0

Introduction

0.1 Presentation of the thesis

In this thesis, we study mainly the multifractal nature of the Boltzmann process in Chapter 1,
the uniqueness and propagation of chaos of the equation for singular interactions in Chapter 2,
and the relationship between some SDE and some PDE in Chapter 3.

0.1.1 Multifractal Analysis

Tanaka [58] associated a Markov process (V;):>0, solution to a Poisson-driven stochastic dif-
ferential equation, to the weak solution (f;);>o of the Boltzmann equation for the case of
Maxwellian molecules. Such a process, called the Boltzmann process, represents the time-
evolution of the velocity of a typical particle. Then Fournier and Méléard extended Tanaka’s
probabilistic interpretation to non-Maxwellian molecules in [30]. In particular, Fournier re-
cently built the stochastic processes related to Boltzmann’s equation in [24, Section 5] for
v € (—1, 1) with the usual notation, see below (the Maxwellian case is v = 0). Roughly speak-
ing, he proved that for any weak solution ( f;):>o to the Boltzmann equation, one can associate
a Boltzmann process for hard potentials (y € (0,1)), and for moderately soft potentials, one
can also construct such a process for some weak solution to the Boltzmann equation. From
both theoretical and physical standpoints, we study the fluctuation of regularity of the sample
paths of this velocity process when v € (—1,1) in Chapter 1 and we prove it is the same as
that of a well-chosen Lévy process, studied by Jaffard [42], though it is absolutely not a Lévy
process. Besides, we also considered the position process when v € (0, 1) which enables us to
well understand how the particle behaves.

The main tool to investigate the regularity of the sample paths of stochastic processes is
multifractal analysis, which was initiated by Orey and Taylor [50] and Perkins [51] to study

1



2 CHAPTER 0. INTRODUCTION

fast and slow points of Brownian motion. The Holder regularity of Brownian motion is al-
most surely everywhere 1/2, while the situation is totally different for Lévy processes since its
Holder regularity depends on the point under consideration. Indeed, there is a continuum of
possible values for the Holder exponent of a general Lévy process. Jaffard [42] showed that
the sample paths of most Lévy processes are multifractal functions and they have almost surely
deterministic spectrum of singularities. Then Barral, Fournier, Jaffard and Seuret [6] stud-
ied a very specific ad-hoc Markov process, defined by a Poisson-driven stochastic differential
equation, showing that some quite simple processes may display a random non-homogeneous
spectrum. Following this, Yang [65] extended their methods to a much more general class of
Markov processes, namely, rather general diffusions with jumps. The objects we investigate in
Chapter 1 are other important physical examples. The main difficulty is the loss of indepen-
dence and stationarity. To overcome this, we chose some good jumps of the process, estimated
the increment of the process by a special process, analysed the jump times and distinguished
the oscillating singularities, by using stochastic analysis and wavelet methods.

0.1.2 Uniqueness for the Boltzmann equation with moderately soft po-
tentials

The existence and uniqueness of a weak solution, i.e. solution in the sense of distributions,
to the Boltzmann equation for different potentials has been widely studied in recent decades.
The global existence of the weak solution for all potentials was concluded by the seminal
work of Villani [60], with very few assumptions on the initial data (finite energy and entropy),
using some compactness methods. Uniqueness was studied for different potentials with quite
different assumptions, by, among others, Desvillettes, Fournier, Mouhot, Mischler, Wennberg,
etc. In Chapter 2, we prove a better uniqueness result for all measure solutions for a collision
kernel without angular cutoff and for moderately soft potentials (singular, v € (—1,0)). This
is also very important when studying particle systems. In particular, the convergence (without
rate) can be derived almost directly from this uniqueness result, since the tightness is very
easy. Previous uniqueness results in this case were assuming a few regularity of the solution,
which we completely remove. The main difficulty is singularity. We borrowed some ideas from
[27], while relies on regularization, tightness, martingale problems and coupling methods. We
obtained a stability estimate, combining a truncation technique. There is no doubt that the
situation is more complicated because we dealt with jump processes.
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0.1.3 Propagation of chaos for the Boltzmann equation with moderately
soft potentials

From both physical and numerical standpoints, we also considered propagation of chaos, which
refers to the convergence of the empirical measure of a particle system to the solution to a non-
linear equation, initiated in Kac’s work [44] in 1956. He considered the convergence of a foy
particle system to the solution to the Boltzmann equation. Kac’s particle system is similar to
the one studied in the present thesis (named Nanbu’s system), but each collision modifies the
velocities of the two involved particles, while in Nanbu’s system, only one of the two particles
is deviated. Hence, Kac’s system is physically more meaningful. Concerning propagation of
chaos for these two particle systems for non-singular interaction, there are many references,
see [16, 23, 32, 36, 37, 46, 47, 52, 57]. Concerning the Boltzmann equation, after some early
seminal works by Sznitman [57], Graham-Méléard [36] and a very recent breakthrough by
Mischler-Mouhot [47], Fournier-Mischler [32] recently proved the propagation of chaos at rate
N~1/4 for the Nanbu system in the case of hard potentials without cutoff. Concerning singular
interaction, there are only very few results, see [38] for the Vlasov equation, [28] for the 2D
Navier-Stokes equation, [35] for the 2D subcritical Keller-Segel equation and [27] for the Lan-
dau equation. In this thesis, we consider the propagation of chaos with singular interaction for
the Nanbu particle systemin Chapter 2. We make use of the Wasserstein distance with quadratic
cost. Following Tanaka’s methods in [58], we construct some processes solving some non lin-
ear stochastic differential equations driven by Poisson measure and then couple them with the
particle system. To our knowledge, this is the first chaos result (with rate) for soft potentials,
but we cannot study Kac’s system since we haven’t found a suitable coupling.

0.1.4 Equivalence between jumping SDEs and non-local PDEs

Probabilistic representations of partial differential equations are powerful tools to study the an-
alytic properties of the equation (well-posedness, regularity,...) since it allows us to use a lot
of probabilistic tools. One of them is relying on nonlinear stochastic differential equation in
the sense of McKean. In the remarkable work [22], Figalli established the equivalence between
continuous SDEs with rough coefficients and related Fokker-Planck equations by martingale
problem theory. Concerning the homogeneous Boltzmann equations, the first (partial) result
for uniqueness was obtained by Tanaka for Maxwell molecules, and afterwards it was extended
to more general cases and also to the Landau equation. It is then natural to ask for a general
relationship between jumping SDEs and PDEs. In Chapter 3, we extended Figalli’s result to
jump processes, by proving the equivalence between some jumping SDEs with rough coeffi-
cients and non-local PDEs (Fokker-Planck or Kolmogorov forward). Roughly speaking, we
prove that given any weak solution (f;);cpo,7] to the PDE, there exists a weak solution to the
SDE, whose family of time marginals is given by (f;)¢cjo,r7. As a corollary, we deduce: 1)
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existence for the PDE is equivalent to (weak) existence for the SDE; 2) uniqueness in law for
the SDE implies uniqueness for the PDE. The proof is much more technically involved, though
we followed closely the global strategy of [22].

Some results of Ethier and Kurtz’s work [20] (extended later by Horowitz and Karandikar
[39] and by Bhatt and Karandikar [10]) explained in spirit that if some SDE has a unique
solution (in law) for any deterministic initial condition, then the corresponding PDE has a
unique weak solution for any reasonable initial condition. Our result is much stronger since no
uniqueness is required for the SDE.

Our main motivation for this chapter is the uniqueness for some nonlinear PDEs. For
example, if we study the Boltzmann equation, it directly implies that, for any solution f to
the nonlinear equation, we can associate a solution X to the corresponding linear SDE with
additionally X; ~ f; for all . In other words, X solves the nonlinear SDE. This was crucial
when studying more singular nonlinear equations, such as the Landau or Boltzmann equations
for moderately soft potentials, see [27] and [64].

0.2 The Boltzmann equation

In this subsection, we introduce the main mathematical objects we consider in the following
two chapters.

The Boltzmann equation. The Boltzmann equation is the main model of kinetic theory. It
describes the time evolution of the density f;(z,v) of particles with position x € R? and
velocity v € R3 at time ¢t > 0, in a gas of particles interacting through binary collisions.
We consider a 3-dimensional spatially homogeneous case, that is, the gas is initially spatially
homogeneous. This property propagates with time, and f;(x,v) does not depend on x. Then
fi(v) solves

o) = [ dv. [ doB(lo = v OAWIACD) - A@A@IL O
R3 S2
where | | ’ |
PR O UV — Uy PRV U — Uy
= = - .2
> o vl = o, (02)
and 0 is the deviation angle defined by cos = 7=+ - 0. The cross section B (v —vs],0) >

0 depends on the type of interaction between particles. In this thesis, we assume that the
interaction is the important physical inverse power laws interactions: two particles located at a
distance r collide due to a repulsive force proportional to 1/7° for some s > 2. Then the cross



0.2. THE BOLTZMANN EQUATION 5

section B(|v — v,[, ) can be written by (see Cercignani [15]),

s—5

B(|v — v],0)sinf = |v —v,|"B(0), ~= T
5 _

where (3 : (0, 7] — R, is a measurable function satisfying, near 0,

2
BO) ~07 7, with v= — satisfying v +»>0.

According to [3], we may assume that 5 = 0 on [7/2, 7].

One usually calls hard potentials when s > 5 (i.e. v > 0), Maxwellian potentials when
s =5 (i.e. v = 0), soft potentials when 2 < s < 5 (i.e. —3 < v < 0) and Coulomb when s = 2
(i.e. v = —3). For many details on the physical and mathematical theory of the Boltzmann
equation, one can see [2, 17, 59, 61].

Parameterization. We now introduce a suitable spherical parameterization of (0.2) as in [31].
For each x € R3\ {0}, we consider a vector I(z) € R? such that |I(z)| = |z| and I(z) L .
We also set J(z) = £ A I(z), where A is the vector product. Then the triplet (£, 222 7)) jg

Rt |z |z 7 fx]

an orthonormal basis of R3. Then for z,v,v, € R3, 0 € (0, 7], » € [0,27), we set

[z, ) := (cos p)I(x) + (sinp)J (2),

V' (0, 0., 0, ) 1= v — =228 (y — v,) + 52T (y — v, ), (0.3)

G,(U, Ve, (97 90) = U’(U, Vs, 97 QD) -,

then we write 0 € S? as 0 = ﬁ cosf + % sin # cos ¢ + % sin # sin . We observe
at once that I'(x, ¢) is orthogonal to = and has the same norm as x, from which it is easy to
check that

1 —cosf

5 |v — v, (0.4)

|a(va Vs, 0, 4P)| =

Weak solutions. We denote by P(IR?) the set of probability measures on R* and for ¢ > 0,
we set

P,(R?) = {p € P(R?) : my(n) < oo} with my(u) == /}R3 [v|7u(dv).

Definition 0.2.1. A measurable family of probability measures ( f;);>o on R? is called a weak
solution to (0.1) if it satisfies the following two conditions:

e Forallt > 0,

/R?)vft(dv):/RSvfo(dv) and /R \vﬁft(dv):/RS WP foldo) < 0. (0.5)
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e For any bounded globally Lipschitz function ¢ € Lip(R?), any t € [0,T],

g o(v) fi(dv) = . gb(v)fo(dv)+/0t /]RB 3 Ap(v,v,) fs(dvs) fs(dv)ds — (0.6)

where

/2 o
Ag(v,0.) = v — w[" / 5(6)d0 / [6(0 + (v, 0., 8, 9)) — $(0)]dip.

Noting that |a(v, vs, 0, ¢)| < COlv — v,| and that foﬂ/z 05(0)df < oo, we easily check that

|AD(v,v.)] < Cylv — v "7 < Cy(1 4 |v — v.4]?), so that everything is well-defined in (0.6).

0.3 The Multifractal Nature of Boltzmann Processes

0.3.1 The Boltzmann process

In the first chapter of the thesis, the main objects we deal with are a solution to some SDE
associated to (0.1), called the Boltzmann process, and the position process. The Boltzmann
process represents the time evolution of the velocity of a typical particle in 3-dimension. It is
defined on some probability space (2, F, (F;):>0, P), and is a solution to the following SDE

t w/2 p2n poo
‘/t = ‘/O + / / / / / a(VS,? v, 97 (p)l{u<|st—”U|7}N(dS7 dU, d97 ng, dU), (07)
0o JRr3 Jo o Jo -

where N (ds, dv, df, dyp, du) is a Poisson measure on [0, 00) x R3 x (0, 7/2] x [0, 27) x [0, 00)
with intensity ds f,(dv)5(0)dfdydu, where (fi)i>o is a weak solution to (0.1) and where Vj is
a Fy-measurable random variable with law f,. Here a is the increment of velocity defined in
(0.3). Of course, the associated position process (Xt>te[0,1] is defined by X; = f(f V.ds.

The Boltzmann process is well-defined thanks to [24, Proposition 5.1] which we recall now.
Proposition 0.3.1. Let fy be a probability measure with ms( fy) < oo.

o Ify € (0,1), for any weak solution ( f;);>o to (0.1) starting from fy and satisfying for all
p > 2, allty > 0, sup;s,, m,(fi) < 00, there exist a probability space (2, F, (F;)i>0, P),
a (Fi)¢>0-Poisson measure N(ds,dv,df, dp,du) on [0,00) x R3 x (0,7/2] x [0,27) x
0, 00) with intensity ds fs(dv)5(6)d0dedu and a cadlag (F;)i>o-adapted process (V;)i>o
satisfying L(V;) = fi for all t > 0 and solving (0.7).

o Ify € (—1,0], assume additionally that fo with m,(fy) < oo for some p > 2. There exist
a probability space, a Poisson measure N and a cadlag adapted process (V;);>o as in the
previous case, satisfying L(V;) = f, for allt > 0 and solving (0.7).
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Sample path properties of stochastic processes are widely studied since 1970s, there are
variety of tools to measure the regularity, among which pointwise and local Holder exponents
are the most recurrent tools used in the literature. Here, we adopt the former one which is
defined below.

Definition 0.3.2. A Iocally bounded function g : [0, 1] — R3 is said to belong to the pointwise
Hoélder space C*(ty) withty € [0,1] and « ¢ N, if there exist C' > 0 and a polynomial P,, of
degree less than |« |, such that for some neighborhood I, of t,

lg(t) — P, (1)| < Clt —to|*, YVt € I.
The pointwise Holder exponent of g at point t is given by
hg(to) = sup{a > 0: g € C*(to)},
where by convention sup () = 0.

In order to describe the size of the set of singularities of a function or a process, we introduce
the level sets of the Holder exponent, called the iso-Holder sets of a function or a process. For
example, we consider a function g, the iso-Holder sets of g are denoted, for any h > 0, by

Ey(h) = {t > 0 hy(t) = h}.

As we know, the Holder exponent lacks of stability, and therefore do not completely char-
acterize the local regularity of a function or a stochastic process at a given point. We thus need
the notion of Hausdorff dimension.

Definition 0.3.3. Let A C R? and 0 < s < d. The s-dimensional Hausdorff measure of A is
defined by

+o0 oo
H*(A) = lim H(A) :lg%mf{z;pélﬂ : AC UAi and |A;| < 6}.

e—0 =
The limit exists since H?(A) is increasing. Finally the Hausdorff dimension of A is defined by
dimpy (A) :=inf{s > 0: H*(A) = 0} = sup{s > 0: H*(A) = +o0},

and by convention dimz () = —oo.

Brownian motion, the most important stochastic process, was studied by Orey and Taylor
[50] and Perkins [51], and it turns out that almost surely for all ¢ € [0,1], hp(t) = 1/2. Ttis
universal in probability, but it proved to be too restrictive to model a number of phenomena.
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Hence general classes of processes with wider range of behaviors rapidly appeared in the prob-
ability literature, such as fractional Brownian motion, multifractional Brownian motion and
Lévy processes. Recently, the multifractal behaviour of some rather general (jumping) Markov
processes has been studied by Yang [65]. Here, we study the Boltzmann process (V;);>o defined
by (0.7).

Let us now recall Jaffard’s work [42], which provides us the main ideas for studying the
multifractal spectrum of the Boltzmann process (V;);>¢ in Chapter 1. Let X be a Lévy pro-
cess and « be the upper index of Blumenthal-Getoor [11] of X. Then Jaffard proved that the
multifractal spectrum of X is almost surely,

[ ah if he[0,1/a],
DX(h)_{ o0 if h>1/a.

Glancing at the shape of the jumping SDE (0.7) satisfied by (V}):>¢, one can easily get con-
vinced that it should behave like a Lévy process, although it of course lacks of the independence
and stationarity properties. We now write the multifractal spectrum of (V});>o.

Theorem 0.3.4. We consider some v € (—1,1), some v € (0,1) withy + v > 0. We consider
some initial condition fy with mo(fy) < oo and assume that it is not a Dirac mass. If v €
(—1,0], we moreover assume that fo with m,(fo) < oo for some p > 2. Almost surely, for all
h >0,

vh if 0<h<1/y,

We obtain the same spectrum as Lévy process though (V;):>¢ is not Lévy process. We
now state the main strategies for getting this spectrum. We first bound the law of (V});>o from
below which enables us to choose some independent jump points from all the jumps. These
well-chosen jump points constitute the Poisson random measure which allows us to use Shepp’s
lemma to get a random cover of time interval [0, 1]. This random cover implies that the Holder
exponent is bounded by 1/v. The main difficulty is to get the lower bound for Holder exponent.
Compared to Lévy processes, we have two main problems: (1) the Markovian dynamic of V' is
no longer homogenous since f;(dv) appears in the intensity of Poisson measure, (2) the nearby
future of V" at each instant depends on the current state of V. We thus need to handle a delicate
study of the small jumps. We make use of a number of ideas found in the recent work of
Balanca [5].

0.3.2 The position process

In Chapter 1, we also study the multifractal spectrum of the position process X; = f(f Vds for
t € [0, 1] for hard potentials. We first give a definition.
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Definition 0.3.5. Let g : [0, 1] — R? be a locally bounded function and let G(t) = f(f g(s)ds.
For all h > 0, we introduce the sets

ECsP(h) = {t € Ey(R) : ha(t) = 1+hy(t)} and E&*(h) = {t € Ey(R) : ha(t) > 1+hy(t)}.

The times ¢ € Eg"*P(h) are refered to as cusp singularities, while the times ¢t € E7*°(h)
are called oscillating singularities. Observe that F,(h) = E¢"*P(h) U E2**(h), the union being
disjoint: this follows from the fact that obviously, for all £ € [0, 1], hq(t) > h,(t) + 1.

We now exhibit the multifractal spectrum of the position process.

Theorem 0.3.6. Let v € (0,1) and v € (0,1). We consider some initial condition fy with

ma(fo) < oo and assume that it is not a Dirac mass. We consider a Boltzmann process

(Vi)iepo,) defined by (0.7) and introduce the associated position process (Xy).c(0,1) defined by
t

Xy = / Vids. Almost surely, for all h > 0,
0
b=V AT
During the proof, we also get the following.
Theorem 0.3.7. Under the assumptions of Theorem 0.3.6, we have almost surely:
o forallh € [1/(2v),1/v), dimy (EgSC(h)) < 2hy — 1,
e forallh € [0,1/(2v)) U (1/v, +00], Ee¢(h) =0,
e forallh € [0,1/v], dimy (E{’/wp(h)) = hv.

Here again, this work is strongly inspired by the work of Balancga [5].

0.4 Uniqueness and propagation of chaos for the Boltzmann
equation with moderately soft potentials

In this chapter, we establish a stability principle for 3D homogeneous Boltzmann equation (0.1)
in the case of moderately soft potentials (y € (—1,0)). We also study the Nanbu stochastic
particle system which approximates the weak solution.

The Boltzmann equation was devised by Boltzmann [12] in 1872 to depict the behaviour
of a dilute gas. We consider 3D homogeneous case, which describes the time evolution of the
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density f;(v) of particles with velocity v € R? at time ¢ > 0. The particles interact via binary
collisions. These collisions are supposed to be elastic, i.e. mass, momentum and kinetic energy
are preserved in a collision process. Here the collision kernel B(|v — v,|, ) is supposed to be
in the following form:

B(Jv — v.],0)sinf = |v —v.|"5(0),
30 < o< 1, VO € (0,7/2), o™ < B(8) < 1071, 0.9)
Vo€ [r/2,7], B(0) =0,

for some v € (0,1), and vy € (—1,0) satisfying v + v > 0. We now introduce, for 6 € (0, 7/2)
and z € [0, 00),
w/2
H(O) = / B(z)dr and G(z) = H\(2). (0.10)
0

Under (0.9), it is clear that H is a continuous decreasing function valued in [0, 00), so it has
an inverse function G : [0,00) +— (0, 7/2) defined by G(H(0)) = 6 and H(G(z)) = z. For
z,v,v, € R%, 0 € (0,7], ¢ € [0,2m), recalling a(v, v, 0, ¢) introduced in parameterization
(0.3), we define

c(v,vs,2,0) = alv,v., G(z/|v —v.|7), ] and ck(v,vs, 2, 9) == c(v, Vs, 2, 0) L 1<k}

Here, we use a substitution that § = G(z/|v —w,|?) in order to remove the velocity-dependence
|v — v,|" in the rate. Next, we introduce the definition of Wasserstein distance.

Definition 0.4.1. For g, § € Po(R?), let H(g, g) be the set of probability measures on R? x R3
with first marginal g and second marginal §g. We then set

1/2
Wilg.g) =it {( [ o= ipn@an)” reno.)}.
R3 xR3
We can also define the Wasserstein distance in an equivalent form:
Wa(g, ) = inf {E[|X — Y|, X ~ g,Y ~ g}.

This is the Wasserstein distance with quadratic cost. It is well-known that the infimum is
reached. And more precisely, if g has a density, there is a unique R € H(g, g) such that
W3(9,9) = [gs, s [V — U]*R(dv, dv) (see Villani [62, Theorem 2.12]).

0.4.1 The stability principle

The purpose of the second work of this thesis is to establish a strong/weak stability estimate for
the Boltzmann equation for v € (—1,0) in L>([0, c0), P»(R?)), which implies a uniqueness
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result. This is solved by a probability method, introduced by Tanaka [58]. Let us first recall
the well-posedness result of [33, Corollary 2.4] (more general existence results can be found in
[60]).

Theorem 0.4.2. Assume (0.9) for some v € (—1,0), v € (0,1) withy+v > 0. Let ¢ > 2
such that ¢ > v*/(y + v). Let fo € Py(R?) with [5 fo(v)]log fo(v)|dv < oo and let p €
(3/(3 + 7)7]90(77 v, Q))’ where

q—7
3-v)/3—vy

po(v,v,q) = i € (3/3+7),3/(3=v)). (0.11)

Then (0.1) has a unique weak solution f € L*([0,00), P»(R?*)) N L}

loc

([0, 00), LP(R?)).
We extend the above uniqueness result to the all measure solutions in L ([0, 00), P2(IR?)).

Theorem 0.4.3. Assume (0.9) for some v € (—1,0), v € (0,1) satisfying v+ v > 0. Let
q > 2 such that ¢ > v*/(y + v). Assume that fo € P,(R®) has a finite entropy, more pre-
cisely that [os fo(v)|log fo(v)|dv < oo. Let p € (3/(3 +7),po(7,v,q)), recall (0.11), and
(f)eso € L>=([0,00), P2(R?)) N LL,.([0,00), LP(R*)) be the unique weak solution to (0.1)

given by Theorem 0.4.2. Then for any other weak solution (f,);>o € L>=([0,00), P2(R?)) to
(0.1), we have, for any t > 0,

Wi f) < WE o Foh e (Cop [ (1 L)),

In particular, we have uniqueness for (0.1) when starting from fy in the space of all weak
solutions.

Our uniqueness result is thus much better. The major difficulty comes from the singular
interaction and the absence of regularity of the weak solution, that cannot compensate the sin-
gularity of the coefficients. To overcome this, we adopt some ideas of Fournier-Hauray in [27],
which concerns the simpler case of the Landau equation with moderately soft potentials. Let
us recall that the Landau equation was derived by Landau in 1936. It has some links with
the Boltzmann equation. Indeed, when v € (—3, 1], the Landau equation can be seen as an
approximation of the corresponding Boltzmann equation in the asymptotics of grazing colli-
sions. Villani [60] proves the convergence of the Boltzmann equation to the Landau equation,
together with the existence of solutions to the Landau equation in the whole range. When
v = —3 (Coulomb interaction), it replaces the Boltzmann equation.

The main idea to prove the theorem is to construct a suitable coupling between two weak
solutions to (0.1). Let (f;):>o be the strong solution to (0.1) (i.e. the one of Theorem 0.4.2,
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which is slightly regular) and let (f;)¢~o be a weak solution in L™ (10, 00), Po(R?)) . We first
build (X;);0 with £(X;) = f; solving

t 1 e’} 27
X=Xt [ [ [ e(X Xi@) 2 9) M(ds,da dz. do),
0 0 0 0

where (X;):;>o is a measurable a-process with law fi, and M (ds,da, dz,dp) is a Poisson
measure.

The existence of the process (X;);>o is not easy and we only build a weak solution. The
difficulty is mainly due to the singularity of the interaction, which cannot be compensated by
some regularity of f;, because f; is any weak solution. We thus use the strategy of [22] (which
deals with continuous diffusion processes). We introduce ff = f,* ¢., where ¢, is the centered
Gaussian density with covariance matrix e/3. We write the PDE satisfied by ff and associate,
for each ¢ € (0,1), a solution (X):>o to some SDE. Since both the SDE and the PDE (with
e € (0,1) fixed) are well-posed (because the coefficients are regular enough), we conclude that
L(Xf) = f¢. Next, we prove that the family {(X{);>0,€ € (0,1)} is tight using the Aldous
criterion [1]. Finally, we consider a limit point (X;)i>0, as € — 0, of {(X{)i>0,€ € (0,1)}.
Since L£(X[) = ff, we deduce that £(X,) = f, for each t > 0. Then, we classically make use
of martingale problems to show that (X});>¢ is indeed a solution of the desired SDE.

On the other hand, we plan to build a f;-distributed process which couples with the above
process (X¢):>o with the same Poisson measure M (ds, da, dz, dp). More precisely, we intend
to associate to (f;);>o the strong solution (W;):>o to the SDE, driven by M (ds, da, dz, dy),
with f;-distributed a-process (W;");>o coupled with (X;):>o. This should be possible, using
that (f;);>o is slightly regular. But unfortunately, we fail in proving the strong existence of such
a process, because there is a problem of parameterization of the sphere, already encountered
by Tanaka [58]. We thus introduce a truncated SDE (with a finite number of jumps per unit of
time), namely,

WO+/// / c(WE W), 2,0 + sax)M(ds,da, dz, dp).

Here ¢ o k 1s some well-chosen angle, that allows us to overcome the problem of the sphere
parametrization, see Lemma 2.2.2, due to Tanaka, in Chapter 3. This equation of course has
a unique strong solution (W/),>, because it is a discrete equation (with finitely many jumps
per unit of time).

Finally, we prove that WX goes in law to f; for each ¢ > 0, we thus have

WE(fi, fi) < lim sup EW/ — X, ).
—00
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Then using the Itd formula, some results in Chapter 3 and some technical and very precise
computations, we conclude that

t
limsup E[|W/ — X,?] < W3 (fo, fo) exp (Cv,p/ (1+ ||fs||L”)dS)7
0

K—oo

which completes the proof.

0.4.2 The Nanbu particle system

In Chapter 2, we also consider the problem of propagation of chaos for some finite stochastic
particle system, which means that the empirical measure of the particle system converges to the
unique solution of the Boltzmann equation. Precisely, we consider the simple particle system
introduced by Nanbu [49] in 1983. It is a non-symmetric particle system in the sense that at
each collision event, only one of the two involved particles is deviated. Since we deal with a
non cutoff cross section, which means that there are infinitely many jumps with a very small
deviation angle, we study a truncated version of Nanbu’s particle system as in [32].

In [32], Fournier and Mischler give an almost optimal explicit rate of convergence for the
Boltzmann equation with y € [0, 1] for Nanbu’s system using non-linear stochastic differential
equations driven by Poisson measure. Their approach is very technical and the coupling that
they built is extremely meaningful for our case.

We now describe the main strategy to get the propagation of chaos rate. Let fy € P(R?),
K > 1land N > 1. We consider the unique strong solution (f)¢>o to (0.1), a family of
random variables (V);—1. y with common law f, and a family of i.i.d. Poisson measures
(M;(ds,da, dz,dy))i=1.. n. Then we build the family of i.i.d. f;-distributed Boltzmann pro-
cesses (W}, ..., W/N)>¢ solving, fori = 1,..., N,

t 1 [e's] 2w
Wi=Vi+ / / / / (Wi Wi (a), z, 0)M;(ds, do, dz, d). (0.12)
0o Jo Jo Jo

We then couple the family (W}, ..., W)~ with the particle system (V,!, ..., V;");>0, which is
a strong solution to

t 1 0 27 )
WZV“/ / / / e (VL VIS 2 o) Mi(ds, da, dz, dg),  (0.13)
0 0 0 0

i = 1,..., N, the indice K indicating the level of truncation. Of course, j(s,a) has to be
uniform in {1, ..., N'} (if av is uniformly distributed on [0, 1]), and we couple j(s, @) and W} («)
in such a way that V2 and W*(a) are as close as possible, as in [32, Lemma 4.3]. Actually,
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we need to introduce some intermediate couplings, and there are also some problems of sphere
parameterization as previously mentioned.

Once we built the suitable coupling, we then compute Wg(uiv . ,u{,\fvt), where ,uiv K=
L3N Sy i, = & 3N, 6wy However, we observe from the stability principle that a
regularized empirical measure (i.e. ﬂ{,vvt = u{,\’vt * 1., ) 1s necessary, with a small parameter €.
Here ¢ = (3/(4m€?))1{15<e - Hence, a new difficulty appears: we have to bound the LP-norm
of this regularized empirical measure. While, the statistics knowledge tells us that it should
be bounded by || f¢||» with high probability, for each ¢ fixed, but we need something uniform
(locally) in time, so we have to use some continuity arguments, which is not so easy since the
processes are of jump type. At the end, we establish the following result.

Theorem 0.4.4. Consider the assumption (0.9) for v € (—1,0), v € (0,1) withy + v > 0 and
fo € P,(R3) for some q > 8 with a finite entropy. Let (f;);>0 be the unique weak solution to
(0.1) given by Theorem 0.4.2. For each N > 1, K € [1,00), let (V;ZK),Zl .....
solution to (0.13). We denote the associated empirical measure by ,u@ v = N1 va L 5\/’ K.
Then for all T > 0, t

N be the unique

sup EWVE (1l wre, f)] < Crg (1 + N—(-6/0@+20)/3 | gr1=2/v | N’1/2>.

(0,7

To our knowledge, the obtained quantitive rate of chaos is the first result for a singular
Boltzmann equation (i.e. with v < 0). However, it is not sharp and deals with the Nanbu
system, which is simpler than Kac’s system.

0.5 On the equivalence between some jumping SDEs with
rough coefficients and some non-local PDEs

In [22], Figalli study the main relations between the (continuous) SDE
dX =b(t, X)dt + o(t, X)dBy,

and the corresponding (local) Fokker-Planck equation
Oty = Z 0i(bify) + Z Dij(aij f) = 0,

where the coefficients b : [0,7] x RY = R% and o : [0,T] x R? — S (the set of symmetric
nonnegative d x d real matrices) are measurable and bounded. Also, a(t, x) := o(t, z)o*(t, )
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and B is an d-dimensional Brownian motion. He proved that whenever we have existence of
a solution ( f;);c(o,7) to the PDE, there exists at least one martingale solution (X;).c[,) of the
SDE such that X; ~ f; forall t € [0, T].

The purpose of the third chapter is to extend such a result to jumping SDEs and their corre-
sponding (non-local) Fokker-Planck equations.

Letb : [0,7] x R — R% o : [0,T] x R — S and h : [0,7] x E x R — R? be
measurable functions. The space E is endowed with a o-field £ and with a o-finite measure (.
Let P(R?) be the set of probability measures on R? and

P (RY) = {fe PRY) :my(f) < oo} with my(f) = /Rd || f(dx).

We define L ([0, 7], P1(R%)) as the set of all measurable families (f;);co,7) of probability
measures on R? such that supy, 7 m1(f;) < co. We assume

Assumption 0.5.1. There is a constant C' such that for all (t,z) € [0,T] x RY,
|o(t, )] + [b(t, )] +/ [h(t, 2, 2)|p(dz) < C(1 + |z]).
E

We consider the d-dimensional stochastic differential equation on the time interval [0, T']

t t t
X = Xo +/ b(s, Xs)ds +/ o(s, Xs) dBs +/ / h(s,z, Xs_) N(ds,dz),  (0.14)
0 0 0o JE

where (B¢):cjo,r) is a d-dimensional Brownian motion and N(ds,dz) is a Poisson measure
on [0, 7] x E with intensity measure ds u(dz). The Fokker-Planck (or Kolmogorov forward)
equation associated to (0.14) is

d

Z 9i([o(t, )™ (&, ijfe) + Lift, (0.15)

1,j=1

Oufe + div(b(t, ) fr) =

where L, f; : R — R is defined by duality as

[ etaeowis = [ [ fota s htz,) - e(@)fila)da

for any reasonable ¢ : R? — R. We use the notation V = V, div=div, and 0ij = 0?

TiTj°

We are not able, at the moment, to study a more general jumping SDE with infinite variation
jump part, i.e. an SDE driven by a compensated Poisson measure. Here is the main result of
Chapter 3.
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Theorem 0.5.2. Suppose Assumption 0.5.1 and consider any weak solution ( f;)icjo.r] to (0.15)
such that fo € P1(R?). There exist, on some probability space (0, F,(F)icio1), P), a d-
dimensional (Fy)sc(o,r)-Brownian motion (By)icior), a (Ft)icpo,r)-Poisson measure N (dt,dz)
on [0, T] x E with intensity measure dt p(dz), these two objects being independent, as well as
a cadlag (Fi)icpo,r-adapted process (X;)icjo.r) solving (0.14) and such that L(X;) = f; for all
t e [0,7].

If (X¢)se[o,17 is a solution to (0.14) with f; = £(X;), a simple application of the It6 formula
implies that the family ( f;)¢cjo,r] is a weak solution to (0.15). Hence, we can deduce that

e The existence of a (weak) solution (X;);c[o,r] to (0.14) such that £L(X,) = fj is equivalent
to the existence of a weak solution ( ft)te[O,T} to (0.15) starting from f;.

e The uniqueness (in law) of the solution (X}).c(o,7] to (0.14) with £(X,) = f, implies the
uniqueness of the weak solution ( f;)cjo,7] to (0.15) starting from f;.

Our proof uses a smoothing procedure introduced in [22]. Roughly speaking, we first in-
troduce ff = f; * ¢., where ¢, is the centered Gaussian density with covariance matrix €.
We write the PDE satisfied by f;. In some sense, this PDE is rather complicated because its
coefficients depend on f; itself. However, these coefficients seen as fixed functions, we can
associate to this PDE a solution (X7 );>o to some SDE. Since both the SDE and the PDE (with
e € (0,1) fixed) are well-posed (because the coefficients are regular enough), we conclude that
L(X5) = ff. Next, we prove that the family {(X});>0,¢ € (0,1)} is tight using the Aldous
criterion [1]. Finally, we consider a limit point (X});>0, as € — 0, of {(X[)i>0,€ € (0,1)}.
Since L£(X;) = ff, we deduce that £(X;) = f; for each ¢ > 0. Then, we classically make use
of martingale problems to show that (X}),>¢ is indeed a solution of the desired SDE.



Chapter 1

The Multifractal Nature of Boltzmann
Processes

This work [63] was published in Stochastic Process. Appl. 126 (2016), no. 8, 2181-2210.

We consider the spatially homogeneous Boltzmann equation for (true) hard and moderately
soft potentials. We study the pathwise properties of the stochastic process (V;);>o, which de-
scribes the time evolution of the velocity of a typical particle. We show that this process is
almost surely multifractal and compute its spectrum of singularities. For hard potentials, we
also compute the multifractal spectrum of the position process (X¢)¢>o.

1.1 Introduction

The Boltzmann equation is the main model of kinetic theory. It describes the time evolution
of the density f;(x,v) of particles with position z € R? and velocity v € R? at time ¢ > 0,
in a gas of particles interacting through binary collisions. In the special case where the gas
is initially spatially homogeneous, this property propagates with time, and f;(z,v) does not
depend on z. We refer to the books by Cercignani [15] and Villani [61] for many details on the
physical and mathematical theory of this equation, see also the review paper by Alexandre [2].

Tanaka gave in [58] a probabilistic interpretation of the case of Maxwellian molecules:
he constructed a Markov process (V});>0, solution to a Poisson-driven stochastic differential
equation, and such that the law of V; is f; for all ¢ > 0. Such a process (V});>o has a richer
structure than the Boltzmann equation, since it contains some information on the history of
particles. Physically, (V;):>o is interpreted as the time-evolution of the velocity of a typical
particle. Fournier and Méléard [30] extended Tanaka’s work to non-Maxwellian molecules,
see the last part of paper by Fournier [24] for up-to-date results.

17
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In the case of long-range interactions, that is when particles interact through a repulsive
force in 1/r® (for some s > 2), the Boltzmann equation presents a singular integral (case
without cutoff). The reason is that the corresponding process (V;);>o jumps infinitely often, i.e.
the particle is subjected to infinitely many collisions, on each time interval. In some sense, it
behaves, roughly, like a Lévy process.

The Holder regularity of the sample paths of stochastic processes was first studied by Orey
and Taylor [50] and Perkins [51], who showed that the fast and slow points of Brownian motion
are located on random sets of times, and they showed that the sets of points with a given
pointwise regularity have a fractal nature. Jaffard [42] showed that the sample paths of most
Lévy processes are multifractal functions and he obtained their spectrum of singularities. This
spectrum is almost surely deterministic: of course, the sets with a given pointwise regularity
are extremely complicated, but their Hausdorff dimension is deterministic. Let us also mention
the article by Balanca [5], in which he extended the results (and simplified some proofs) of
Jaffard [42].

What we expect here is that (V;):>o should have the same spectrum as a well-chosen Lévy
process. This is of course very natural (having a look at the shape of the jumping SDE satisfied
by (V;)i>0). There are however many complications, compared to the case of Lévy processes,
since we lose all the independence and stationarity properties that simplify many computations
and arguments. We will also compute the multifractal spectrum of the position process (X;);>o,
defined by X; = f; Vsds, which appears to have multifractal sample paths as well.

By the way, let us mention that, though there are many papers computing the multifractal
spectrum of some quite complicated objects, we are not aware of any work concerning general
Markov processes, that is, roughly, solutions to jumping (or even non jumping) SDEs. In
this paper, we study the important case of the Boltzmann process, as a physical example of
jumping SDE. Of course, a number of difficulties have to be surmounted, since the model is
rather complicated. However, we follow, adapting everywhere to our situation, the main ideas
of Jaffard [42] and Balanca [5].

Let us finally mention that Barral, Fournier, Jaffard and Seuret [6] studied a very specific
ad-hoc Markov process, showing that quite simple processes may have a random spectrum that
depends heavily on the values taken by the process.

1.1.1 The Boltzmann equation

We consider a 3-dimensional spatially homogeneous Boltzmann equation, which depicts
the density f;(v) of particles in a gas, moving with velocity v € R at time ¢ > 0. The density
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fi(v) solves

Oife(v) = /RB dv, /82 doB(Jv — v, cos ) [ f; (V') fi (v)) — fe(v) fi(vs)], (1.1)

where

o — U—;U* " ‘U;MU’ o = U—;U* B |v—2@*la’ and cosf = <|Z:Z:\’0> (1.2)

The cross section B(|Jv — v,|,cos ) > 0 depends on the type of interaction between parti-
cles. It only depends on |v — v,| and on the cosine of the deviation angle #. Conservations of
mass, momentum and kinetic energy hold for reasonable solutions and we may assume without
loss of generality that [, fo(v)dv = 1. We will assume that there is a measurable function
B :(0,7] — R, such that

B(|v — v,],cos0)sinf = |v — v,|"3(0),
30 <y <Cy, VO € (0,7/2], cod™ 7" < B(0) < Cof™77, (1.3)
Voe (n/2,7), B(0) =0,

for some v € (0,1),and v € (—1, 1) satisfying v+ v > 0. The last assumption on the function
B is not a restriction and can be obtained by symmetry as noted in the introduction of [3].
Note that, when particles collide by pairs due to a repulsive force proportional to 1/7* for some
s > 2, assumption (1.3) holds with v = (s — 5)/(s — 1) and v = 2/(s — 1). Here we will be
focused on the cases of hard potentials (s > 5), Maxwell molecules (s = 5) and moderately
soft potentials (3 < s < 5).

Next, we give the definition of weak solutions of (1.1). We introduce a notation beforehand.
Let f be any probability measure on R3, and we denote

molf) = [ o sao).

Definition 1.1.1. Assume (1.3) is true for some v € (0,1),7 € (—1,1). A measurable fam-
ily of probability measures (f;);>o on R? is called a weak solution to (1.1) if it satisfies the
following two conditions.

e Forallt > 0,
/ o fi(dv) = / ofo(dv) and / (o fu(dv) = / WP foldv) < 0. (1.4)
R3 R3 R3 R3
e For any bounded globally Lipschitz-continuous function ¢ : R® — R, any t > 0,

. P(v) fi(dv) = . d(v) fo(dv) + /Ot /R3 /}R3 Lpd(v,v,) fs(dv,) fs(dv)ds,  (1.5)
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where v" and 6 are defined by (1.2), and

Lpo(v,v,) = / Bllo — v, cos )(6(v') — 6(v))do.

SQ

The existence of a weak solution to (1.1) is now well established (see [60] and [45]). In
particular, when v € (0, 1), it is shown in [45] that for any f, with my(fy) < oo, there exists
a weak solution (f;);>o to (1.1) satisfying sup,~, m,(f;) < oo forall p > 2, all £, > 0. Some
uniqueness results can be found in [33].

1.1.2 The Boltzmann process

We first parameterize (1.2) as in [31]. For each z € R3 \ {0} we consider the vector
I(z) € R? such that |I(x)| = |z| and I(x) L x. We also set J(z) = A I(z), where A is the

z ) J(@)

vector product. The trlplet ( FLRER W) is an orthonormal basis of R3. Then for z, v, v, € R3,

6 €[0,m), p €[0,2m), we set

[z, ¢) = (cos p)I(x) + (singp)J(x),

V'(0,0,,0,p) 1= v — = 3059(1}—1)*)—1— SigeF(v—v*,go), (1.6)

a(v, v, 0, p) =0 (v,0,,0,0) —

Let us observe at once that I'(x, ) is orthogonal to = and has the same norm as x, from which
it is easy to check that
1 —cos¥d

5 v — v, (1.7)

|a(va Vs, 0, Qp)l =

Definition 1.1.2. Let (f;):>o be a weak solution to the Boltzmann equation (1.1). On some
probability space (2, F, (F)t>0, P), we consider a Fy-measurable random variable V;, with
law fy, a Poisson measure N (ds, dv, df,dp, du) on [0,00) x R3 x (0,7/2] x [0,27) x [0, 00)
with intensity ds fs(dv)(0)d0dedu. A cadlag (F;):>o-adapted process (V;);>o with values in
R3 is then called a Boltzmann process if it solves

w/2 27
Vi=W+ // / / / Vee, 0,0, 0) 1<y, —opy N (ds, dv, dO, dp, du).  (1.8)
R3

From Proposition 5.1 in [24], we have slightly different results for different potentials: when

€ (0,1), i.e. hard potentials, we can associate a Boltzmann process to any weak solution to

(1.1), but when v € (—1,0), i.e. moderately soft potentials, we can only prove existence of a
weak solution to (1.1) to which it is possible to associate a Boltzmann process.

Proposition 1.1.3. Let fy be a probability measure with my(fo) < oo. Assume (1.3) for some
ve (=1,1), v e (0,1).



1.1. INTRODUCTION 21
e Ify € (0,1), for any weak solution (f;); > 0 to (1.1) starting from fy and satisfying

forallp > 2, allty >0, supm,(fi) < oo,
t>to

there exist a probability space (Q, F,(F;)i>0,P), a (Fi)i=o-Poisson random measure
N (ds,dv,df,dp, du) on the space [0, 00) x R? x (0, 7/2] x [0, 2m) x [0, 00) with intensity
dsfs(dv)B(0)dOdpdu and a cadlag (F;)i>o-adapted process (V;)i>o satisfying L(V;) =
ftforallt > 0 and solving (1.8).

o Ify € (—1,0), assume additionally that fo with m,( fy) < oo for some p > 2. There exist
a probability space, a Poisson measure N and a cadlag adapted process (V;)1>o as in the
previous case, satisfying L(V;) = fi for all t > 0 and solving (1.8).

The Boltzmann equation depicts the velocity distribution of a dilute gas which is made up
of a large number of molecules. So, the corresponding Boltzmann process (V;):>o represents
the time evolution of the velocity of a typical particle. When this particle collides with another
one, its velocity changes suddenly. It is thus a jump process.

1.1.3 Recalls on multifractal analysis
In this part, we recall the definition of the main objects in multifractal analysis.

Definition 1.1.4. A locally bounded function g : [0, 1] — R3 is said to belong to the pointwise
Hoélder space C*(ty) withty € [0,1] and o ¢ N, if there exist C' > 0 and a polynomial P;, of
degree less than |« |, such that for some neighborhood I, of t,,

’g(t) - Pto(t)| < C|t - 2fO’O{7 Vie ItO'
The pointwise Holder exponent of g at point t is given by
hy(to) = sup{a > 0: g € C%(ty)},

where by convention sup () = 0. The level sets of the pointwise Holder exponent of the function
g are called the iso-Holder sets of g, and are denoted, for any h > 0, by

E,(h) ={t > 0: hy(t) = h}.
We now recall the definition of the Hausdorff measures and dimension, see [21] for details.

Definition 1.1.5. Given a subset A of R, given s > 0 and ¢ > 0, the s-Hausdorff pre-measure
‘H? using balls of radius less than € is given by

H3(A) = inf {Z LI (L)ies € %(A)} :

icJ



22 CHAPTER 1. THE MULTIFRACTAL NATURE OF BOLTZMANN PROCESSES

where &2.(A) is the set of all countable coverings of A by intervals with length at most e. The
s-Hausdorff measure of A is defined by
H(A) =lim HI(A).

e—0

Finally the Hausdorff dimension of A is defined by
dimpy(A) :=inf{s > 0: H*(A) =0} =sup{s > 0: H*(A) = +oo},
and by convention dimy () = —oo0.

We use the concept of spectrum of singularities to describe the distribution of the singular-
ities of a function g.

Definition 1.1.6. Let g : [0,1] — R? be a locally bounded function. The spectrum of sin-
gularities (or multifractal spectrum) of ¢ is the function D, : Ry — R, U {—oo} defined
by

D, (h) = dimy (E, (h).

The iso-Holder sets E,(h) are random for most studied stochastic processes, but stochastic
processes such as Lévy processes [42], Lévy processes in multifractal time [7] and fractional
Brownian motion have a deterministic multifractal spectrum. In the case of a Lévy process, it
is easy to see that because of the Blumenthal 0-1 law and the Markov property, these Hausdorff
dimensions are deterministic.

1.1.4 Main Results

Now, we give the main results of this paper.

Theorem 1.1.7. We assume (1.3) for some v € (—1,1), some v € (0,1) with~y +v > 0. We
consider some initial condition fy with my(fy) < oo and assume that it is not a Dirac mass.
If v € (—1,0], we moreover assume that fo with m,(fy) < oo for some p > 2. We consider a
Boltzmann process (Vi)ic(0,1) as introduced in Proposition 1.1.3. Almost surely, for all h > 0,

_fvh dif 0<h<1/y,

The condition that f; is not a Dirac mass is important: if Vj = v a.s. for some deterministic
vy € R3, then V; = v, for all £ > 0 a.s. (which is a.s. a C* function on [0, 00)).

It is obvious from the proof that the spectrum of singularities is homogeneous: we could
prove similarly that a.s., forany 0 < ty < t; < oo, all b > 0, dimpy (Ey (h)N[to, t1]) = Dy (h).
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Finally, it is likely that the same result holds true for very soft potentials. However, there
are several technical difficulties, and the proof would be much more intricate.

Now we exhibit the multifractal spectrum of the position process. For simplicity, we only
consider the case of hard potentials.

Theorem 1.1.8. We assume (1.3) for some v € (0, 1) and some v € (0,1). We consider some
initial condition fo with ms(fy) < oo and assume that it is not a Dirac mass. We consider a
Boltzmann process (V;)icjo) as introduced in Proposition 1.1.3 and introduce the associated

¢
position process (X;)icjo1) defined by Xy = / Vids. Almost surely, for all h > 0,
0

fwh=1) if 1<h<Liq,
DX(h)_{—oo if h>%+1 or 0<h<1. (1.10)

This result is very natural once Theorem 1.1.7 is checked: we expect that at some given
time ¢, the pointwise exponent of X is the one of V' plus 1. However, this is not always true.
Balanga [5] has shown that such an oscillatory phenomenon do occur for Lévy processes, but
on a very small set of points.

Definition 1.1.9. Let g : [0,1] — R® be a locally bounded function and let G(t) = [, g(s)ds.
For all h > 0, we introduce the sets

ES?(h) = {t € Ey(h) : ha(t) = 1+hy(t)} and E*(h) = {t € E,(h) : ha(t) > 1+hy(t)}.
(1.11)

The times ¢t € EJ**P(h) are referred to as cusp singularities, while the times t € E7*°(h)
are called oscillating singularities. Observe that F,(h) = E5**P(h) U E¢*¢(h), the union being
disjoint: this follows from the fact that obviously, for all ¢ € [0, 1], ha(t) > hy(t) + 1. We will
prove the following.

Theorem 1.1.10. Under the assumptions of Theorem 1.1.8, we have almost surely:
o forallh € [1/(2v),1/v), dimy (E{’/SC(h)) < 2hv — 1,
e forallh € 0,1/(2v)) U (1/v, +oc], EZ¢(h) = 0,
o forall h € [0,1/v], dimy (E;“SP(h)) = hv.

Actually, we will first prove Theorem 1.1.10 which, together with Theorem 1.1.7, implies
Theorem 1.1.8.
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1.2 Localization of the problem

In the following sections, we consider a Boltzmann process (‘/;f)te[(),l] associated to a weak
solution (f;)¢co,1] to (1.1), and driven by a Poisson measure N (ds, dv, df, dp, du) on [0, 1] x
R3 x (0,7/2] x [0,27) x [0, 00) with intensity ds f(dv)3(0)d0dpdu.

For B > 1, setting Hp(v) = WINB,, we define, for t € 0,1],

[v]

t w/2 2w poo
‘/tB = ‘/()+/ / / / / a(HB(‘/sf)vUuea90)1{u§\HB(V57)—v|'Y}N(d87dv7d07d907du)7
0o Jr3Jo o Jo
(1.12)
where a is defined in (1.6). We define the corresponding position process, for ¢ € [0, 1], as

t
XtB:/ VEBds. (1.13)
0

In the rest of the paper, we will check the following two localized claims.

Proposition 1.2.1. Let B > 1 be fixed. We assume (1.3) for some v € (—1,1), some v € (0,1)
with v + v > 0. We consider the localized process introduced in (1.12). Almost surely, for all
h >0,

_fvh dif 0<h<1/y,
Dys(h) = { —co if h>1/v.

Proposition 1.2.2. Let B > 1 be fixed. We assume (1.3) for some v € (0, 1), some v € (0, 1).
We consider the localized process (V;B);>o defined in (1.12). Then almost surely,

o forall h € [1/(2v),1/v), dimy (E“’fg(h)) < 2w — 1,

o forallh € [0,1/(2v)) U (1/v, 00|, E%5(h) =0,

o forall h € [0,1/v), dimy <Ef/“§p(h)> — hu.

Once these propositions are verified, Theorems 1.1.7 and 1.1.10 are immediately deduced.

Proof of Theorems 1.1.7 and 1.1.10. Since supy ;) |V;| < +oc a.s. (because V' is a cadlag pro-
cess), the event Q2 = {supy ) |Vi| < B} as. increases to (2 as B increases to infinity. But
on 5, we obviously have that (V;%);cp1) = (Vi)iepo,1- Hence on Qp, it holds that for all
h € [0,40c], Dy(h) = Dys(h), dimg(Ep“(h)) = dimg(EY%(h)) and dimg (Ey*P(h)) =
dimg (E}5"(h)). The conclusion then follows from the above two propositions. O

We thus fix B > 1 for the rest of the paper.
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1.3 Study of the velocity process

1.3.1 Preliminaries

First, we need to bound f; from below. The following lemma is purely deterministic.

Lemma 1.3.1. There exist a,b, c > 0, such that for any w € R3, any t € [0, 1],
fi(H) >0, (1.14)
where 7, = {v € R : [v —w| > a, |v] < c}.

Proof. As fy is not a Dirac mass, there exist v; #* vy such that vy,v9 € Suppfy. We set

_ |vi—vs|
a="=5".

Step 1. We first show that there exists b > 0, such that for all w € R3, ¢ € [0,1], f;({v :

|v —w| > a}) > 2b. First, if |w| > /2m2(fo) + a =: M, recalling that my(f;) = mo(fo) for
allt > 0,

fil{v:lv—w| =z a}) 2 fil{v: o] < |w|—a}) = 1= fi{v: |v] > [w] —a})
ma(fo) > 1 ma(fo) 1

2 Tl —ap 7 2wl
Next, we consider a bounded nonnegative globally Lipschitz-continuous function ¢ : R, —
[0, 1], such that for all v > 0, 1pac(v) > &(|v]) > 1p24e(v), and define F(t,w) =
Jas @(Jw —v|) fi(dv). We know that ¢ — F'(t, w) is continuous for each w € R® by Lemma 3.3
in [24]. Moreover, F(t,w) is (uniformly in ) continuous in w by the Lipschitz-continuity of ¢.
So F(t,w) is continuous on [0, 1] x R3. Since for all ¢ > 0, Suppf; = R? by Theorem 1.2 in
[24], we get F(t,w) > fi(B(w,2a)¢) > 0,V (t,w) € (0,1] x B(0, M). When ¢t = 0, recalling
that vy, v9 € Suppfy and a = ”1%”2', we easily see that for all w € R?, either B(vi,a) C
B(w,2a)¢ or B(vq,a) C B(w,2a)¢ whence F(0,w) > min{ fo(B(v1,a)), fo(B(vs,a))} > 0.
Since [0, 1] x B(0, M) is compact and F'(¢,w) is continuous, there exists b; > 0, such that
fi(B(w,a)¢) > F(t,w) > by for all (t,w) € [0,1] x B(0,M). So we conclude by choosing
b = min(3,b)/2.

Step 2. We now conclude. Using Step 1,
ma( fi 0)

f{vsfo—wlza vl s¢}) 2 fil{v: v —wl 2 a}) = fi{v: o] > ¢}) =2 20— —3

So, we complete the proof by taking ¢ = % N
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1.3.2 Random fractal sets associated with the Poisson process

First, we introduce some notations. Recall that hy 5, Ey 5, Dy s respectively the Holder
exponent, iso-Holder set and spectrum of singularities of the Boltzmann process (V,” )eefo]-
The notation .Z represents the Lebesgue measure. 7 designates the set of the jump times of
the process V2, that s,

J = {s€[0,1] : |]AVE| # 0}.

For m > 1, we also introduce
T ={s €T |AVP| <27} Jui={se J: 27" < |AVP| <27},
For 6 > 0 and m > 1, we define the sets
Ay = | [s = 1AVEP s+ 1AVEP) A7 = | [s = 1AVPP s + AV,
$€ETm $€Tm

Finally, for 6 > 0, we define

As = limsup A§" = lim sup ﬁ? (1.15)

m—-+00 m—-+00

The main result of this subsection states that

Proposition 1.3.2. We have a.s. the following properties:
(1) forall § € (0,v),As D [0,1],
(2) there exists a (random) positive sequence (€,,)m>1 decreasing to 0, such that

% (Aj M o. 1]) _ 1,

where we use the notation A5 = limsup,,,_, . A5, . forall 6 € (0, 00).
Remark 1.3.3. We observe at once that for any 6 > §' > 0, As C A5 C Ay.

We study As because of the following heuristics: if ¢ € As with ¢ large, then ¢ is rather
close to many large jump times of V2, so that VVZ will not be very regular at ¢. On the contrary,
if ¢ only belongs to those As’s where 0 is small, then this means that ¢ is rather far away from
the jumps of V&, so that VVZ will be rather regular at ¢.

We introduce Aj (which resembles very much As) for technical reasons, mainly because
at the critical value 6 = v, we cannot prove (and it may be false) that A, has full Lebesgue
measure.

The rest of this subsection is devoted to proving this proposition. We first recall the Shepp
lemma, first discovered in [54], in the version used in [42].
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Lemma 1.3.4. We consider a Poisson measure 7(ds,dy) = Y .., 0(sy,) on [0,1] x (0, 1) with
intensity dsp(dy), where is a measure on (0, 1). We consider the set U = Ugc (S —ys, S+Ys)-

If 1 1
/0 exp (2/,: u((y,l))dy) dt = +00,

then almost surely, [0,1] C U.

We write N = Zse 2 0 (5,04,0005,us)» Where v, 0, 0, ug are the quanta corresponding to the
jump time s € . For convenience, we consider this Poisson measure by adding a family
of independent variables (x;)scs, which are uniformly distributed in [0, 1] and independent of
Vs, 05, Ps, U, 50 that O = 3" 0(s,0,.0,,00,us.2.) 15 @ Poisson measure on [0, 1] x R3x (0, 7/2] x
0, 27] x [0, 00) x [0, 1] with intensity ds f(dv)5(0)d0dpdudz. According to Lemma 1.3.1, we
know that f,(.7%,) > bforall s € [0, 1] and all w € R3. Then we can get the following lemma.

Lemma 1.3.5. For m > 1, we introduce

b
T = { €D u, <A, 0, € Higqy,y, b < K27, 2, < f—} ,

(Htpv.0))
where K = 1/(B + ¢) and where d = a (if v € (0,1)) ord = B + ¢ (if v € (—1,0]). Then we
have N N

/ _ avs avs m
I C T and U [s <4>,s+<4>]CA5. (1.16)

m

Proof. We recall that, forall s € [0, 1], |Hp(Vs_)| = “‘/'S";S‘j\'Blfs,‘ < Band that v, € v, )
implies that |Hg(V,_) — vs| > a and |vs| < ¢. Then for all m > 1, for all s € J,,, we have

(recall (1.7))

1 — cos 6,
2
<OHp(Vs_) —vg| < K27™(B4¢) =27,

AV = |Hp(Vie) = 0| Lju <|Hp (Ve )—vs]r}

ie. J., C JIm.

In addition, for all s € J/,, using that |[Hg(V,_) — vs| > a, that 1 — cosf > 6*/8 on
(0,7/2], and that the indicator equals 1, we have

1 —cosf, ab,

2 4 -
Indeed, the indicator equals 1 because we always have us < d¥ < |Hp(Vi_) — vs|]? (if v €
(0,1), then |[Hg(Vi—) — vs| > a and d = a, while if vy € (—1,0], then |Hp(V,—) —vs| < B+¢
and d = B + ¢). Since |AVP| > af,/4 and J/, C J,,, the lemma follows. O

AVP| = |Hp(Vie) = vl uo<imip (v, —viry =



28 CHAPTER 1. THE MULTIFRACTAL NATURE OF BOLTZMANN PROCESSES

Lemma 1.3.6. Let m > 1 and 6 > 0 be fixed. The random measure

12, (ds, dy) = Z O (s, (a0, /4)%)

seJ),

is a Poisson measure on [0, 1] x (0, 00) with intensity ds he,(y)dy, where

8rd'b /4
hin(y): ad 5(5?/1/6

1
) ys 1 1iy<(ar2-(m+2))5 p(ar/8)%}-

Moreover, we have
1y Ly (om0 aan/s)) < Py () < CLy 8 Ly (ara-(m 2o a(an/8)0)
for some constants 0 < ¢; < C] (depending on B, ).

Proof. By Jacod-Shiryaev [41] [Chapter 2, Theorem 1.8], it suffices to check that the com-

pensator of the random measure 2 (ds,dy) is dsh® (y)dy, i.e., for any predictable process
W(S7 y)’

t o0
[ [ Wt as.ay) = st (i)
0 0
t w/2 27 poo  pl s
= / / / / / /W(S,(a0/4))><1{ve%HB(vs>,esmm,usm,me/fs(%;IBws>>}
0 R3 JO 0 0 0

t 00
x O(ds,dv,df, dp, du, dz) — / / W (s,y)hS (y)dsdy
0 Jo

is a local martingale. Recalling that O(ds, dv, df, dp, du, dx) is a Poisson measure with inten-
sity ds fs(dv)5(0)dfdpdudz, we know that

t w/2 pr2m poo  pl
/ / / / / / W<S’ (a9/4)5)1{v6‘}fHB<Vs—)7 9§K2—m7 uSdW, ISb/fs(ijB(Vs_))}
0 R3 JO 0 0 0

x (O(ds,dv,dd, de, du,dz) — ds f,(dv) 3(0)dodpdudz)

is a local martingale. Thus, we only need to prove that

t w/2 p2m poo pl
/ / / / / / W (s, (a0/4)6)1{1}6%”HB(V57), O<K2-™, u<d, z<b/fs (v, )}
0o Jr3Jo o Jo Jo

X ds fs(dv)B(0)d0dpdudz
-/ t | W sy
0 Jo



1.3. STUDY OF THE VELOCITY PROCESS 29
Actually,

t w/2 2 poo  pl
/ / / / / / W(S7 (a0/4)5)1{v€%HB(V57)7 O<K27™, u<d?, be/fS(ijB(VS,))}
0 R3 JO 0 0 0

X ds fs(dv)B(0)d0dpdudz
t /2
:27Td,7b/ / W(S, (a0/4)6)1{9SK2777L}d85(9)d9.
0 Jo
Using the substitution y = (af/4)°, we conclude that the intensity of x? is indeed dsh?, (y)dy.
From (1.3), we can easily get the bounds for h? (). O

Now, we give the

Proof of Proposition 1.3.2. We start with (1) and thus fix § € (0,v). By Lemma 1.3.6, we
know that the random measure 115, = > _ 71 (s (as,/4)5) is @ Poisson measure on [0, 1] x (0,1)

with intensity ds h°, (y)dy, where

ho(y) > Cly_l_%1{y§(aK2—(m+2))5/\((177/8)5}'
Clearly, forallm > 1,4 € (0,v),

1 1 1
/ exp (2/ / hfn(z)dzdy) dt = oo,
0 t Y

since 2 ftl( fyl he (2)dz)dy > 2¢; %tl‘%. Applying Lemma 1.3.4, we deduce that almost
surely, forall m > 1,

ome U o (%) ()]

se€Th

Consequently, almost surely,

[0,1] C limsup U [s— (a%)é,s—i- <azs>5]

m—r—+00 seT!

Recalling (1.15) and (1.16), we deduce that [0, 1] C As almost surely.

We next prove (2). We set m; = 1. By (1), we have a.s.

0,1 € Avaayn € | ATl

m>m1

Hence we can find my > my such that

Z( U ﬁ;%ﬂ[o,l]) 21—%.

mi1<m<ma
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Similarly, we have almost surely, [0,1] C A, q_1/3) C UmZm2 g;”(l_l /3)» therefore we can find

ms > Mo such that
~ 1

mo<m<ms

By induction, we can find an increasing sequence (m;);>; such that, for all j > 2,

~ 1
Z U Av—1/5) ﬂ[(), ] >1- 51
mj_1§m<mj
So, from the Fatou lemma, we have

Z | limsup U ;1/2’2171/]4) ﬂ[O, 1]

URSES mj—1 §m<mj

> limsup £ U 21’;1(171/3.) (][O7 1]] > 1.
J=toe m‘j_1§m<mj

We now put €, = % for m € [m;_1, m;) and note that

lim sup U g%_em) = lim sup Z%—em)-
j——+oo melm;—1,m;) m—+4-00

The conclusion follows. O

1.3.3 Study of the Holder exponent of /' ”
We now study the pointwise Holder exponent of the localized Boltzmann process V2.

Definition 1.3.7. For allt € |0, 1], the index of approximation of t is defined by
Oy :==sup{d > 0:t € As}.

For all ¢ € [0, 1], the index of approximation of ¢ reflects directly the relation between ¢ and
jump times of VB. If 4, is large, then ¢ is close to many large jumps of V5.

Remark 1.3.8. Recalling Remark 1.3.3 and Proposition 1.3.2, we see that almost surely, for
allt € [0,1], 0; =sup{d > 0:t € A}} and 6; > v.

If t € J, we know that hys(t) = 0. Then for ¢t € [0,1] \ J, we claim that the Holder
exponent is the inverse of the index of approximation.
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Proposition 1.3.9. Almost surely, for all t € [0,1]\ J, hys(t) = 1/6;.

To prove this claim, we need the following two lemmas. The first lemma, that will give the
upper bound for hyz(t), can be found in [42] and is as follows.

Lemma 1.3.10. Let f : R — R3 be a function discontinuous on a dense set of points and let
t € R. Let (t,)n>1 be a real sequence converging to t and such that f has left and right limits
at each t,,. Then

1 _— —
hy(t) < liminf 0g |f(tat) = fta )|
n—o0 log |tn . t|

For the lower bound of Ay z(t), we will use Lemma 1.3.11 below, that relies on some ideas
of [5]. We first introduce, for m > 0, the following two processes:

t w/2 27 poo
VI =V + / / / / / a(Hp(Vee), 0,0, 9) Liugimgvi)—vr}
o Jr3Jo o Jo

X 1{‘a(HB(st),vﬂﬁo)\S?_m}N(d& d’U, d@, d§0> du),

5 t w/2 p2n poo
zpm ::/ / / / / 0|Hp(Vs-) = v|Liuimpvio)—opry
0 JR3Jo 0 0

X 1{9|HB(VS,)—U\/4§2*W}N<d37 d’U, d@, dg@, du)

We can immediately observe that the process ZtB "™ is almost surely increasing as a function of
t. We also notice that a.s., for all z,y € [0, 1],

"/xB,m . ‘/yB,ml < |ZazB7m _ ZyBum| . (117)

This comes from the inequality 0| Hp(V,_) —v|/4 < |a(Hp(Vs-),v,0,¢)| < 0|Hp(Vis—) —v],
which follows from (1.7).

Lemma 1.3.11. There exists some constant C'g > 0, such that

(1) forallé > v, allm > 1,

B,

VP _yPT > memie| < Cpemmi4, (1.18)

P sup
I7y€[011}7|$_ylg27m

(2) forallm > 1, all X € [0,2™],

E [e*ZlB ’m] < Cprzmi) (1.19)
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Proof. We first prove (1.18). Setting A = 3 x 2™/%_ recalling (1.17) and that ZtB’% is almost
surely increasing in ¢, we get

P sup VIB’% — V;,B’% > m2-m™/0
z,y€[0,1],Jz—y|<27™
<P sup Zf’% — Zf’% 9~m/°
x7y6[0,1],‘x—y|§2*m
2m_1
Bm mzfm/(s
< Z P [( (k+1 Zk2—§m> > 3 }
< Z e "E [exp {)\ (Z(k’fl)z_m - Zk,27—6rn> }]
k=0
om_1
=: Z e "1.
k=0

‘We then set
B,m B,™

J(t) =Eexp {7 (205 . - 255}

Observe that I}, = J;.(2~ m) For all ¢ > 0, we have, by the It6 formula,

t+k2- ™/2 B%  B% N|Hp (Vs)—v| _
exp A ( Zs ZkZ—m (6 1)
k2 R3 JO

x |Hg(Vs) — U|71{9HB(VS)_U|/4<2m/a}ﬁ(e)defs(dv)ds] .

Jp(t) =1+ 27F

From A0 |Hp(V,) — v| < 4X27"/% = 12, we have eMIH(Va)=l _ 1 < CNG|Hp(V,) — v| for
some positive constant C'. Using this estimate and recalling (1.3), we get

t4+k2-m
m B}m
Jp(t) <1+ CAE / / / exp Zkam)}
k2- R3
x 07| Hg(Vs) — U|V+11{9HB(V;)—v|/4§2—m/5}defs(dv)ds] .
Moreover,

/2
|Hp(Vs) — UP“/O ‘97”1{0|HB(VS)—U\/4§2fm/6}d9
< C|Hp(Vy) = o[ (|Hp(V;) — v[2/%)"!
< C|HB(‘/3) _ U”Y+l/2m(1/71)/5.
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Since v + v € (0,2) by assumption, we have |[Hg(V;) — v["™ < C(1 + |v]* + |Hp(V3)[?),
whence

t+k2—™

/ exp {)\ <Zf’% — Zgﬁ)}
k2—m R3

< (1+[Hp(Vo)]* + Ivlg)fs(dv)dS] -

Je(t) < 14 CA2m-DIR

Since |Hp(V;)| < B, and by (1.4), we have a.s.
/ (14 [ Hp (V)2 + [o2) fu(dv) < 1+ B2+ ma(fy).
R:’)

Using finally that A 2™(*~1/% = 3 x 2™¥/% e find that for all ¢, a.s.

t
Ji(t) <1+ Cp2m™/0 / Ji(s)ds
0
Hence Ji(t) < exp(Cp2™/°t) by the Gronwall inequality, so that I, = J,(27™) <
exp(Cp2~™(1=%5)) < Cp because § > v. Finally,

B,m B,m

2m—1
V;g — ‘/y S Z e_mfk S CB e m2am S CB e_m/4.

k=0

> m2—m/6

P [ sup

z,y€[0,1],|lz—y|<2—™

This completes the proof of (1.18). We only sketch the proof of (1.19), since it is very similar.
First, by It6 Formula,

E [eAZfB’m]
t 7'('/2 B,m
/ / / M (XM= 1) | Hp (V) — o
o Jr3Jo

X 1{0HB(V5)—v|/4§2m}ﬁ(g)defs(dv)d's] :

=14+ 27K

Since \J|Hp(Vs) — v| < 4 (because A < 2™), a similar computation as previously shows that

t
B,m
/ M ds
0

Owing to the Gronwall inequality, we deduce that E[e*4"'] < 32"t Taking ¢ = 1, we
obtain the conclusion. O

t
E [eAZtB ’"’] <1+ CpA2m-DE < 1+ CpA2m=1) / E[e*4* " ]ds.
0
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Now, we can proceed to the

Proof of Proposition 1.3.9. Upper Bound. Here we prove that for all ¢ € [0, 1], it holds that
hys(t) < 1/6;. To this end, we check that for all § > 0, all ¢t € As, hys(t) < 1/J. Let
thus 6 > 0 and t € As. By definition of Ag, for all m > 1, there exists t,, € J, such that
|t — t] < JAVP]? and [AV,Z| < 27™. From Lemma 1.3.10, we directly deduce that

o log|AVEL o log |[AVE] 1
hys(t) < liminf —2— L < Jiminf —2 —tel _ _
ve(f) < limln log [ty — 1] ~ moee log|AVEP 5

Lower Bound. In this part we show that almost surely, for all t € [0, 1]\ J, hys(t) > 1/6;. To
get this, we need to check that for all 6 > v, if t ¢ A, then hy5(t) > 1/6. Let thus 6 > v and
t ¢ As.

By Lemma 1.3.11-(1) and Borel-Cantelli’s lemma, there almost surely exists mg > 1 such
that for all m > my, for all z,y € [0, 1] satisfying |z — y| <27,

|‘/IB,m/5 . ‘/yB,m/(s’ < mQ*m/‘s_ (120)

Since t ¢ As, there exists m; > my, such that for all s € J satisfying |AVP| < 27™, we

have
s —t| > |AVE]°. (1.21)

For all € [0, 1], we define
Ut?:';il = Z |AVSB’ 1{|AVSB‘>27WL1}7
sEtATEVTINT

and we observe that
VP = VP < VP = vEm s U
Since t ¢ J and since the process V¥ has almost surely a finite number of jump greater than

2™ we can almost surely find €; > 0 such that, for all r € (¢t — €1, + 1), Ut’;il =0.

Next, we put e, = 2771, Then foreachr € (t—ey, t+¢€3), we set m, = |log, ﬁj > my,
for which 271 < |t — r| <27 Then forall r € (t — €, + €3), we write

my /8 .
VP —y By < By B N AV Ly gaveica-my-

SEtATEVTINT

According to (1.21), for s € [tAr, tVr]NT, |AVE| < 27™ implies that |AVP| < [s—t|'/? <
| — /% < 27/% whence the second term Y, g AV ] Lipmmn/s < ave|<p-miy van-
ishes.
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To summarize, we have checked that for all » € (t —(e1 AN €), t+ (e1 A 62)),
H/tB . ‘/;B| < ‘%B,mr/(s . V;B,mr/(s‘.

Furthermore, since m, > mg, we conclude from (1.20) that, still for r € (t — (1 Ne), t+

(€1 A 62)>,

21/0 1
V= VE < mp27m < og (e — 1|7,
log 2 [t — 7|

This implies that hy5(t) > 1/9 and ends the proof. O

1.3.4 Hausdorff dimension of the sets Aj

Now, we compute the Hausdorff dimension of A}, which will be used for giving the spec-
trum of singularities and the proof of Proposition 1.2.1 in the next subsection.

Proposition 1.3.12. Almost surely, for all 6 > v,
dimy (A}) = v/6 and H"/°(A}) = 4o0.

To check this proposition, we need the mass transference principle, proved in [9], Theorem
2 (applied in dimension & = 1 and with the function f(x) = ).

Lemma 1.3.13. Let o € (0,1) be fixed. Let {F; = [z; — r;, x; + 7i|}ien be a sequence of
intervals in R with radius r; — 0 as i — +00. Suppose that

Z(limsup F*N[0,1]) =1,

i—+00
where Ff := [x; — 1, x; + r{]. Then,

21 (limsup F; N [0,1]) = Ho ([0, 1]) = +o0.

1——+00

Proof of Proposition 1.3.12. Lower Bound. We fix 6 > v. For all m > 1, we set
Ny i=tTm =t{s € J: 27" < |AVFP| <277}

We can write J,, = {T{", ..., T }, ordered chronologically. Then we define a sequence
(F5s,;)j>1 of intervals as follows. For j > 1, there is a unique m > land ¢ € {1,2,...,N,,}
such that j = 7" Ny, + 4 and write

F(S,j = [sz _ |A‘/'71§n|(5(1—em)7 sz + |AV€m|é(1_e7”)]’
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where €, is defined in Proposition 1.3.2. By this way, we get a sequence of intervals (Fj ;);>1
of radius tending to 0 and such that, for all « > 0, limsup,_, . F§'; = A} (this is obvious by
definition of A}, see Remark 1.3.3). Particularly, taking o = % € (0,1), we get

lim sup Fgf = Al

Jj—+oo

Thus by Proposition 1.3.2-(2),

g(limsung/.éﬂ [0,1]) =1.

j—+oo J

Consequently, by Lemma 1.3.13, we have

H”/‘S(lim sup F5; N[0, 1]) = 400,

Jj—+oo

that is,
WY/ (A; o, 1]) = +o0.

Then H"/°(A%) = +oo and dimg (A3) > v/d.

Observing that the family of intervals F; g ]/.5 does not depend on §, we can clearly ap-
ply Lemma 1.3.13 simultaneously for all 6 > v and we conclude that a.s., for all § > v,
HY/O(A) = +oo and dimy (A%) > v/6.

Upper Bound. Let § > v be fixed. To get the upper bound for dimz (Aj), we show first that
a.s., dimy(A4s5) < %. Forallm > 1,

m m B,m
Nm = Z 1{2—m—1<|AVSB|§27m} S Z 2 +1|A‘/SB|1{|AVSB|S27WL} S 2 +121 .
seJ seJ

This estimate is obtained by using (1.17). Then
P[N,,, > m2™] < P[ZP™ > %mzm@—l)].
Setting A = 2"(17") | we get
P{zBm > %m?m(”_l)] _PAZE™ > m/9 < e BE[ME).

Since A = 2"(17¥) < 2™ we infer from Lemma 1.3.11-(2) that

E[e*%"] < Cp.
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Hence we obtain
PIN,, > m2™] < Cge ™2,

According to the Borel-Cantelli lemma, we know that, almost surely there exists M > 0 such
that, for all m > M, N,,, < m2™.

Next, by definition of Ak,
UAiclJ Uls—2" s+27,
k>m k>m Sejk
so, recalling Definition 1.5, for all « > 0, and all m > M, a.s.,
He o (| A5) <2057 N2t <00 37 gk,
k>m k>m k>m
But recalling (1.15), As C UkZm E’g whence, for all « > 0, and all m > M, a.s.,
Hmsra (As) < 2% ) k2570,
k>m

Consequently,

H*(As) = lim HS s (A5) < 2% lim k2’” o),

m—-+00 m—>+oo

It follows that H*(As) = 0 for all « > v/0. Thus, dimpy(As) < u/5 by Definition 1.1.5. Since
As C Ay forany &' € (0,0), we easily conclude that, a.s.,

dimy(A45) <v/o.

We have shown that for all § > v, a.s., dimy(Aj) < v/§. Using the a.s. monotonicity of
d — A%, itis not hard to conclude that a.s., for all § > v, dimg(A}) < v/é. O

1.3.5 Spectrum of singularity of V"

Using Proposition 1.3.9, we can easily get the following relationship between Ey 5 (h) and
Aj.
Proposition 1.3.14. Almost surely, for all h > 0,

Eys(h :( N A5>\<UA§>.

5€(0,1/h) 5>1/h

Eys(0 :( N Ag)

6€(0,00)

and
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Remark 1.3.15. Due to Remark 1.3.3, Proposition 1.3.14 also holds when replacing every-
where A by As.

We now can finally give the

Proof of Proposition 1.2.1. We first deal with the case where h € (0,1/v]. By Propositions
1.3.14 and 1.3.12,

Dys(h) = dimpy (Evs(h)> < dimpy ( ﬂ A5) 56(1511f/h) dimp (A45) = hv.
5€(0,1/h)

On the other hand, we observe that (recall that 6 — Aj is decreasing)
Dys(h) = dimy <EVB(h)> > dimy <A’{/h V(U Aj;))
§>1/h
But
W (A \ (U 49) = w0 (aq) - w0 (U 43).
§>1/h §>1/h
For all 6 > 1/h, dimy(A4;) = % < hv, thus H"(A}) = 0. Moreover, recalling that Aj is
decreasing when ¢ > v, hence
w (U 45) =o.

5>1/h

Next, Proposition 1.3.12 (if hv < 1) and Proposition 1.3.2 (if hv = 1) imply that

H'( 1/h) > 0.
Consequently, dimy (A’l‘ Ih \ (Uss1 /hA§)> > hv, whence finally, Dys(h) > hv. We have
checked that for h € (0,1/v], it holds that Dy5(h) = hv.

When h = 0, we immediately get, using Proposition 1.3.12, that

dimpy (EvB(())) = dimy ( ﬂ Aj ) inf 2 =0.

6€(0,00) 5
0€(0,00)

Since furthermore Ey5(0) D J is a.s. not empty, we conclude that dimy (EvB (O)) =0.

Finally, when h > %, we want to show that dimy (EvB (h)) = —00, i.e. that Eys(h) = ().

This claim immediately follows from Remark 1.3.8 and Proposition 1.3.9, since for all ¢ €
[0,1]\ T, hys(t) = L and fort € J, hyz(t) = 0. O

5t_l/
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1.4 Study of the position process

The goal of this last section is to prove Proposition 1.2.2. We thus only consider the case of
hard potentials € (0,1). Since X = [;' V.Pds, we obviously have a.s., for all ¢ € [0, 1],

Recall that by Definition, t € EY%5(h) if hys(t) > 1+ hys(t) and t € E7EP(h) if hys(t) =
1+ hys(t). Inspired by the ideas of Balanga [5], we will prove several technical lemmas to get
Proposition 1.2.2.

1.4.1 Preliminaries
For any m > 0 and any interval [r, ] C [0, 1], we set

HYy=t{s e rt]nJ : |AVP] > 27"}, (1.23)
Lemma 1.4.1. For any m > 1 and any interval [r,t] C [0, 1],

(1) we have
Hipy < R,

m t /2 p2m oo
where Ri%y = [ fos J5" 3 I3 Lo ionzm Lus(z sy N (ds, dv, d6, dip, du);

(2) and, with a > 0 introduced in Lemma 1.3.1 (this actually holds true for any value of
a > 0),
Hiry 2 Sy

where Sty = [! fao J7 I JoT Lo s v 12y Lioz2-ms2/a) Lusay N (ds, dv, d6, dip, du).
Proof. By definition of VB, see (1.12), we have

t w/2 pr2n poo
Hfﬁft}:/ /RB/O /0/01{|a<HB<vs_>,v,e,so>>|>2—m}1{u§|HB(vs)—v|v}N(d5,dv,d9,d%dU)~

Then the claims immediately follow from & [Hp(V) — v| < |a(Hp(V),v,0,¢)| < 8(B+|v]),
see (1.7), and |Hp(V') — v|" < (B + |v])". O

Remark 1.4.2. It follows from their definitions that Sfjf’t] and Rf’;t] are F-measurable, that

g U independent of #, and is a Poisson variable with parameter )\Ef i where

t w/2 2w poo
[T;L’t} :/ /]R‘i/o /0 /0 1{9(B+‘U|)22—m}1{US(B+|U‘)’Y}des(dv)ﬁ(e)d@dgpdu. (1.24)

Using (1.3) and that ma(fs) = ma(fo) for all s € |0, 1], one easily checks that there exists a

constant Cg > 0 such that )‘?t] < Cp2™|t —r|forallm >0andall0 <r <t < 1.



40 CHAPTER 1. THE MULTIFRACTAL NATURE OF BOLTZMANN PROCESSES
Indeed,

t /2
Ay < QWCO/ /R3/0 Lot po))>2-m) (B + [v])707 " ds fs(dv)db
t
<c / / 2 (B 1 [u]) " ds £ (do)
r JR3
t
< zmvc/ / (1+ B2 + [o])ds f.(dv)
r JR3

< Cp2™|t — 1.

1.4.2 Refined study of the jumps

The goal of this part is to prove the following crucial fact.

Proposition 1.4.3. Fix ¢ > 0 and set « = v(1 — 2¢) and 8 = v(1 + 4¢). Almost surely, there
exists M > 1, such that for all m > M, for all t € [0, 1], there exists t,,, € B(t,27™%) such
that |[AV,B| > 2=™ and there is no other jump of size greater than 2-™+<) in B(t,,, 27" /3).

We start with an intermediate result.

Lemma 1.4.4. Fixe > 0, « = v(1—2¢) and = v(1+4e¢). Forany interval I = [to,t3) C [0, 1]
with length 2™, divide I = [to,t,) U [t1,t2) U [ta, t3) into three consecutive intervals with
length 2-™7 /3. Consider the event
m,e (1+e€) m(1+e m m(1+e
AP ={H ) =0y n () = H =130 {H; ) =0}
There exist some constants cg > 0 and m. > 0 such that, for all m > m,, all intervals
I C [0,1] with length 2-™7,
P[AT| ] > ep2™ 4™ . (1.25)

Proof. We introduce A; = {H It — 0}, Ay = {HT) = gm

1 to,t1) > 2 [t1,t2) [t1,t2)

{HT19 = 0}, so that A7 = Ay N Ay N A,

[ta,t3)

= 1} and A3 =

Step 1. First we write, since A; N Ay € F,,
P{AT7€‘yto] =E [11410142[@{143‘?752]"3%0] :
But using Lemma 1.4.1 and Remark 1.4.2,

€ m € € 1
P[As] 2, :]P[H (”)—o’jb] >1@[R 1+ —o‘ftg] = exp(-Ap i) = 5

[ta,t [t2,t3) [t2,t3)
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for all m large enough (depending only on ¢), since A/ i ?)6 < Op2mv2—mB /3 < Cp273me/3,

Consequently, for all m large enough (depending only on € > 0), we a.s. have

PIAT[F4] 2 SP[AL N As|F,). (1.26)

[\DI»—t

Step 2. We next write

PA; N Ay| ;] = E[lAIP[A2|§tI]

%0} .
But using again Lemma 1.4.1,

={H} ) > B\{H ) > 2 o s > B\ (RS > 2}

tl t2

Thus,
[A2|yt1} = P[ ftr,2) = 1‘°%1} o [REZ(,E)&) = 2|§t1}'
First, by Remark 1.4.2,

2
PRS2 2|70] =1 = (14 40057 ) exp (= AGE) < (W) < cpaomee,

[t1,t2) [t1,t2)

Next, we put Y; := S[t 0 for t > t; and observe, according to It6’s Formula, that

t w/2 p2n poo
Livi—op = 1+ / /R i / / / LoV, ) 2a} L{u<ary Loza-m+2/a)

1{y +AY;=0} — 1{Y 70})N(d8 d’U do dgp,du)

a”
- _/ / / / / Lt vz Ly, —oy N (ds, dv, b, dep, du).
R3 J2-m+2/q J0

Hence, for all ¢t > ¢4,

d

—E[1(v—0)| 7]

w/2 2r  pa”
L] 1{|U_H3<vt>za}1mO}ft<dv>ﬁ<e>dedsodu)%].
R3 J2-m+2/q Jo  Jo

Using (1.3) and Lemma 1.3.1 (which implies that f,({v € R? : [v — Hg(V;)| > a}) > b > 0
a.s. for all s € [0, 1]), we easily deduce that

- -E

d

Bz [ Fu] < —R2™E 1z ],
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for some positive constant ~. Integrating this inequality, we deduce that a.s., for all £ > ¢,
E(Livi=o}| 70) < exp{=r2™(t = 1)}
Consequently,

P[Sf i) 2 1 Pu] =1 = E(Lpyi,=0) | F1,)
> 1 —exp{—k2™(ty — t;)} = 1 — exp{—r2"4"/3}.

Finally, for all m large enough (depending only on €), we a.s. have
P[As|Z,] > 1 — exp{—r27""/3} — Cp27 ™ > 27,
Step 3. Finally, exactly as Step 1, we obtain that for all m large enough,

PlA ] >

l\DIr—t

Step 4. It suffices to gather Steps 1, 2 and 3 to conclude the proof. [

Proof of Proposition 1.4.3. We thus fix ¢ > 0 and consider « and /3 as in the statement. For
m > 0, we introduce the notation 7, = 27™7/3. We also introduce the number ¢, :=
|2m(5=2) | the length £,, := ¢2,27™" (we have £,, < 27 and {,, ~ 27™*) and the num-
ber ¢!, :=|1/4,,] +1 (we have g} ~ 2™). We consider a covering of [0, 1] by ¢! consecutive
intervals 1", ..., I/} with length (.. Next, we divide each I into ¢2, consecutive intervals
I, ... ,I;’;Qn with length 2=™7. Finally, we divide each I7" into three consecutive intervals
with length 7, writing I7% = [t7%, 7% + 1) U [t7% + 7, 875 + 20 ) U [t + 20, 177 41). We
consider the event

m(1l4e) (1+¢) _ —
{Ht;ﬂ] thArm) 0} N {Htm Frm A+ 2rm) T H[tm +rm,t+2rm) T 1}
(1+e€)
MHS ) =0

(3 j+l

According to Lemma 1.4.4, we know that if m is large enough (depending only on ¢), a.s., for
all 7, 7
PIAY|Fim ] > cp27 M. (1.27)

We now consider, for each 7, the event

2
am

Koy = [ (A7),

J=1
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Then, we easily deduce from (1.27), together with the fact that AZ"‘I, ey A%_l € 54}% for all
J=1,...,¢3 — 1, that

P(Kpi) < (1 — cp2 tme)in < (1 — cp2imre)2 1,
Thus for m large enough (depending only on ¢€), we conclude that

]P)(Km,z) < exp ( — CBQ—4mV52m(6—Ol)) = exp ( o CB22mV5)-

Next, we introduce the event K,, = Zi“l K, ;. Clearly, for m large enough, (allowing the
value of the constant cz > 0 to change)

P(K.p) < g, exp(—cp2”™*) < exp(—cp2”™).

Finally, using the Borel-Cantelli lemma, we conclude that there a.s. exists A/ > 0 such that for
all m > M, the event K¢, is realized (whence forall i = 1,... ¢!, thereis j € {1,...,¢%}
such that AT] is realized). This implies that a.s., for all m > M, for all ¢ € [0, 1], considering
ie{l,...,q,}suchthatt € I[*and j € {1,...,q},} such that A}, is realized, V" has exactly
one jump greater than 2-™+9) in the time interval Ii%, this jump is greater than 27 and
happens at some time ¢,,, located in the middle of /;”; (more precisely, the distance between ¢,
and the extremities of []"} is at least r,,). We clearly have [t,,,—t| < £, < 279, |AV£| > 2 m,
and VP has no other jump of size greater than 2=+ in B(t,,,r,,) C . The proof is
complete. 0

1.4.3 Uniform bound for the Hélder exponent of X7

We show here that D5 (h) = —oo forall A > 1+1/v. We use a general result for primitives
of discontinuous functions. It based on Proposition 1 in [4], recalled in the following lemma.

Lemma 1.4.5. Let 7 > 0 and let N > 1 be an integer. Let g : R — R be a locally bounded
function and let 1) be a C* compactly supported function with its N first moments vanishing,
ie [g 8)(x)dr = 0fork =0,..., N — 1. The wavelet transform of g is defined by

oL <?) dt. (1.28)

If g € C"(ty), then there exists a constant C' > 0 such that for all a > 0, all b € [to — 1,1y + 1],

1
W¢(g, avb) = a/

R

(Wy(g,a,b)| < C(a” + [to — b]"). (1.29)
Now, we give the following general result. For any function g : R — R, and any interval
I C R, we set

oscr(g) = sup g(z) — inf g(x).
zel zel
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Lemma 1.4.6. Let g : [0,00) — R be a cadlag function, discontinuous on a dense set of points,
let G(t) = fot g(s)ds. Lett > 0 and let (t,,)m>1 be a sequence of discontinuities of the function
g converging to t. Forall s € R, allm > 1, we define

Im(8) = 9(5) = TmLis>t,}s (1.30)

where J,, = g(tm+) — g(t,,—). Assume that for all m > 1, there exist r,, > 0 and 6,, > 0

such that )
s tontrm] (9m) < Opand lim = = 0. 1.31
OSClty—rm, trtrn] (Im) e e | Jom| (b

Then

log (rm|Jm|>
ha(t) < liminf

. (1.32)
m7Ee og (|tm —t| + rm)

Proof. Let ¢ be a positive C* function, supported on [0, 1] satisfying [, p(z)dz = 1.

For k > 1, let 1y (t) = ¢®)(¢), it is clear that 1)y, is C™°, supported on [0, 1] and that its k
first moments vanish, so it is a wavelet.

We now pick an integer NV such that /N —2 is larger than the right hand side of (1.32), and we
denote by cy(a,b) := Wy, (g,a,b) and Cny1(a,b) := Wy, (G, a,b) the wavelet transforms
of g and G using the wavelet ¢y and 1y 1, respectively. An integration by parts shows that

1
CN((I, b) = _ECN-l-l(avb)' (133)

We fix 6 € (0,1) such that ¢y_1(0) > 0. It follows from (1.30) that ¢y (7, t, — Orp) =
P, + Q,,, where

1 [T s —t,, +0r,

P, = — I 1>, VN (—) ds
I [T s —t, +0r,

= - YN (—) ds = — m¢N—1(9)
Tm Ji,, T
and

1 [t s —tpm + 01,

Qm = — Gm(S)UN (—) ds
| e

= [ lns) = gy (2 0

T'm
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where we used that ¢ has a vanishing integral. Observing that

s —ty, + 0r,
supp (¢N (4)) C [tm - rm7tm + rm]

'm

and recalling (1.31), we deduce that |Q,,,| < 2|[¢¥n||ccOm- As a conclusion,

for all m large enough, since lim,,, % = ( by assumption. Then we obtain according to
(1.33),
|CONs1 (P by — Or)| = | Tl (1.34)

Assume that G € C"(t) for some 1 > liminf,, o [log(r|Jm|)/log(|tm — t| + 7m)]. We
apply Lemma 1.4.5 with g = G, ¥ = ¥y 1, a = 1, b = t,,, — Or,,,. Hence, there is a constant
(' such that for all m,

|CNy1 (P, b — Or)| S C (1L + |t =t + Orp]") < Clry, + |t —tn])".

This contradicts (1.34), so necessarily (1.32) hold true. ]

We next apply this lemma to our position process to get a uniform upper bound for all
pointwise Holder exponents of X 7.

Proposition 1.4.7. Almost surely, for all t € [0, 1], the Holder exponent of X P satisfies
1
hys(t) <14 —. (1.35)
v

Proof. We fix ¢ > 0 and set « = v(1 — 2¢) and 8 = v(1 + 4¢). We show that a.s., hxs(t) <
(14 B)/aforallt € [0,1]. This clearly suffices since € > 0 can be chosen arbitrarily small.

Proposition 1.4.3 shows that there a.s. exists M > 0, such that for all m > M, for all
t € [0,1], there exists t,,, € B(t,27™*) such that |[AV;”| > 27™ and such that there is no other
jump of size greater than 271+ in B(t,,,r,,), with r,,, := 27 /3,

We now fix ¢ € [0, 1]. Up to extraction, one can assume that the first coordinate IN/SB of the
three-dimensional vector V? satisfies | AV, | > 2™ /3. We now apply Lemma 1.4.6 with g =
V2 and r,, = 27 /3. We thus introduce g,,(s) = g(s) —AV,;P1,5;,.1. Since V7 (and so V%)
has no jump with size greater than 2-"(!*9) within the interval B(t,,7,) = (tm — Tm, tm +7m)
we observe that

OSCE(t, ) (gm) < 2 X sup |V Bmte _ VyB’m(”G)’.
x,ye[o,l],‘x—y|g277n6



46 CHAPTER 1. THE MULTIFRACTAL NATURE OF BOLTZMANN PROCESSES

Next, using Lemma 1.3.11-(1) (with 6 = /(1 4+ €) > v) and the Borel-Cantelli Lemma,
we deduce that there is a.s. M’ > 0 such that, forall m > M', all 0 < = < y < 1 with
|£L’ _ y| < 2—m6, |V$B,m(1+e) . VB ;m(1+¢€) | < mﬁZ m(1+e€) . That is,

0SCRB(t, ) (Gm) < 9m 321+,

2mpB2-m+e)
INZY

2mp2-mi+e)

Since furthermore lim,,, , 1 573

1.4.6 with §,,, = 2mp2-m(1+9):

log (rm]AvBD log (2_m(1+5)/9> 143
hxs(t) < liminf < liminf = .
m—+o00 log([ty, — t| + rm) — motoo  log(2.27m) a

< limy 400 = 0, we can apply Lemma

We used that 7,,[AV.Z| > (277/3)(277/3) and that [ty, — t] + 7 < 277 +277/3 <
2.27™*_ This ends the proof. [

1.4.4 Study of the oscillating singularities of X

To characterize more precisely the set of oscillating times, we first give the following
lemma.

Lemma 1.4.8. Let § > v, ¢ > 0 and k € N satisfy § > v(1 + €)(k + 1)/k. Forall m € N,

let (I3");1,.. |2ms | +1 e the covering of [0, 1] composed of successive intervals of length 2~ mo,
Almost surely, there exists M > 1 such that for all m > M, forall j = 1,...,|2™|, recalling
(1.23),

Hylsil <k, (1.36)

Jj+1

Proof. Using Lemma 1.4.1 and Remark 1.4.2,

(1+0 (1+0 2 o) ot (1+0

m(1l+e m(l+e j+1 TArmygrm m(l+e k+1

P(Hljy_nu]ﬂl > k‘) < P<RI’"UI’11 > k?) < E 7 e iViH < (Almulﬁl) ,
l=k+1

where the value of A Imﬁj}n? is given by equation (1.24). But, since the length of [ U I, is

2.27™ we apply the upper bound found for /\m | in Remark 1.4.2 in order to get A Imif}f,z <

20 g2mv(I+e)=md o that
P(Hﬂf“ﬂ - k;) < 202 D V(140 =0)
7Y -

Consequently,

(270 ]+1
( U { Imb}eﬂ) S k}) < 90 2mbgmH )1+ =) _ 91, g=mk(E—v(1+0)(k+1)/k)
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By assumption, this is the general term of a convergent series. We conclude thanks to the
Borel-Cantelli lemma. U

We first study the case where h € [0,1/(2v)).
Lemma 1.4.9. Almost surely, for all h € [0,1/(2v)), E2%5(h) = 0.

Proof. According to (1.22), it is sufficient to check that for » € [0,1/(2v)], forall t € Eys(h),
hxs(t) <1+ h. We fix € > 0 so small that there exists § € (max{2v(1+¢),1/(h+¢€)},1/h).
Next, we fix t € Fyz(h). By Remark 1.3.15, we know that ¢ € A1/(h+5)- Hence for all
n > 1, we can find m, > nand t, € J,, (that is |AVB| e (271 27™]) such that
|t,—t| < |AV, P/ (hte) < 2=mn/(h+e) Applying Lemma 1.4.8 with k = 1 (since § > 2v(1+-¢)),
we deduce that VZ has no other jump of size greater than 2=™»(1+9) in B(t,, 27 ™9),

As we did before, up to extraction, we can e.g. assume that the first coordinate VB of VB
satisfies |AV,Z| > 27 /3 for all n > 1.

We then apply Lemma 1.4.6 with g(s) = V.2 and g,,(s) = g(s) — AV;1(,5,,), with the
choices r,, = 27" and §,, = m,,62~"™179)_ It indeed holds true that lim,,_, « 0, /| AV,”| = 0
and, thanks to Lemma 1.3.11-(1) (which is licit because § /(1 + €) > v) and the Borel-Cantelli

Lemma, we deduce that a.s., for all n sufficiently large,

08ca(t, ) (V.F) < sup V249 _y Bmn(te| < gy g2 mn 149,
x’ye[(],l]"xfy‘SQ*”lné

We conclude from Lemma 1.4.6 that

log (rn]A‘ZfD log (2_'”"(”5)/3)
hye(t) < liminf < lim inf
xo(t) S limint ey = il oo o)

=(1+40)(h+e).

We used that r,|AV2| > (27™/3)27"% while |t, — t| 4+ 7, < 277/t gmmad <
2.27mn/(h+e) " Letting ¢ — 0 (whence & — 1/h), we conclude that hys(t) < 1+ h as de-
sired. O

Before computing the dimension of EY’5(h) when h € [1/(2v),1/v), we need to count
those jump times that are very close to each other.

Lemma 1.4.10. For ¢ > 0 and m > 0, denote by 0 < T7™ < --- <T™ < 1 the successive

instants of jumps of VB with size greater than 2-™1%9). For § > 0, we introduce

Ke,m
o, __ E
Nm - l{Tie’m_T;iTSQ_md}
i=1
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with the convention that Ty;"™ = 0. For any fixed € > 0 and § > 0, there a.s. exists M > 0 such

that for all m > M,
N(S,e < 2—m6+2mu(1+26)'

Proof. Recalling Lemma 1.4.1, we see that {77, ..., T™ } C {S7™,...,S;™ }, where

m(1+e)

0< S < < SZ:; are the successive instants of jump of the counting process R[Q 1

Consequently,
Le,m

d,€ 70, . §
Nm S Nm = ]_{Siﬁvm_sqfv_’"ll§2—m6}.
=1

By Remark 1.4.2, we know that R{g,(ﬂlﬁ)

bounded by C'z2™(1+9¥  Consequently,

is an inhomogeneous Poisson process with intensity

P Lem > 2my(1+26)] < 2—mu(1+26)C«BQm(1+e)u < CBQ_mVE.

Hence, applying the Borel-Cantelli lemma, we know that almost surely, there exists M’ > 1
such that for all m > M’

gmuv(142¢)

Le,m§2m”(1+2€) and thus N’¢ < Z Lygem _gem<g-moy.
i=1

But for all ¢ > 1, S;™ — S is bounded from above by an exponential random variable
with parameter Cp2" (179 5o that P(S{™ — S7™ < 2779) < 1 — exp(—Cp2mi+adrag—md) <
Cp2m(+er=—ms and thus

2mu(l+2€)

IP)( l{Sf’m—Sff';§2*m5} > 2—m6+2my(1+2e)> < 2m§—2ml/(1+25)2mu(1+26)CB2m(1+e)u—m6
1

= (Cp27™m"".
By the Borel-Cantelli lemma again, there exists a.s. a constant A" > 0 such that for all

m Z M//’

omuv(142¢)

E : e e —md+2muv(1+2¢)
1{Si, _Siv_1§27m6} S 2 .
i=1

As a conclusion, a.s. we have N%¢ < 27m0+2mv(1429) for a]l ;. > M’ v M”. Choosing
M = M’ v M" completes the proof. O]

Now we treat the case where h € [1/(2v),1/v).

Proposition 1.4.11. Almost surely, for h € [1/(2v),1/v), dimy <E€f§ (h)) < 2hv —1.
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Proof. We divide the proof into several steps.

Step 1. For any fixed € > 0, 6 € (v,2v] and m > 1, we consider the sets

Fn(0,€) = U ([T —27m0, T + 2™ U [T — 270, TP 427

{'L':T;”"L*TELT Sz_m(;}
where the family 7; ™" has been introduced in Lemma 1.4.10, and the associated limsup set

G(6,¢€) = limsup F,, (9, €).
m—r—+00
For every n > 1, U, >, Fn (6, €) forms a covering of G(J, €) by sets of diameter less than
21942 and Lemma 1.4.10 allows to bound by above the cardinality of such sets. Hence,
choosing s > M — 1, a.s. for every n large enough one has

Hgfmwz (G((i e)) < Z 2_m68+25Ngf < Z 92s9—m(s+1)5+2mv(1+2€)

m>n m>n

We deduce that lim,,, o H5_..522(G (9, €)) = 0, hence H*(G(9,€)) = 0. Therefore,

dimpy (G((S, 6)) < M -1

Step 2. Here we fix h € [1/(2v),1/v), we consider € > 0 such that 1/[(h + €)(1 + €)] > v,
we set 0. = 1/(h + ¢) and we prove that E2%5(h) C G(0, €).

We consider t € Eys(h) \ G(d,¢€) and we show that hyz(t) = 1 + h, which will imply

indeed that t € 7757 (h).

Since t ¢ G(J, €), there exists N > 1 such that for all m > N, t ¢ F,,(d,€). Moreover,
forany 0 < n < ¢, since t € Eys(h), by Remark 1.3.15, we know that t € Aj (because
6, = 1/(h+n) < 1/h), so that for all n > 1, there exist m,, > n and t,, € B(t,27™%) such
that [AV,?| > 27 Observing that F,,,(8,,1) C E,(d, €) since 0 < n < eand d,, > .. Hence
t ¢ F,,.(58,,n) (for all n large enough), whence, there is also no other jump in B(t,27"n)
with size greater than 2=~ (147,

As in the previous proofs, up to extraction, we deduce that |A\N/tf | > 27 /3 for all n,
where V5 is one of the three coordinates of V. Since VZ (and so VZ ) has no jump with size
greater than 27147 in B(t,,, 27™%), we may use Lemma 1.3.11-(1) (because 4,,/(1+1n) =

1 1 -
T ) > EBlED > v) and the Borel-Cantelli Lemma, we deduce that a.s. for all n
sufficiently large, setting r,, = 27™n%

oscB(tn,m)(f?B) <2 X sup |V Boma(ltn) _ V;/B’m”(l”)\ < 2mn5n2_mn(1+’7).
x,yE[O,l],‘x—ylSZim"‘;W
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Moreover,
an5n2—mn(1+n) ‘ an5n2—mn(1+n)

im = < lim =0.
e NN nofee 277 /3

Applying Lemma 1.4.6 with g = VB, r, =2 ™% and §, = 2m,, 8,2~ (141 we obtain

log (rn]AVBD log (2_m"(1+5")/3> 1es
hxs(t) < liminf < liminf =

= T=1+h
n—+oo log(ry, + [t, —t]) = notoo  log(2.27mn) oy At

(1.37)
because r,|AV,B| > 27m(40) /3 and r,, + |t,, — t| < 2.27™%_ Since (1.37) is satisfied for
any 0 < n < thenas. hxs(t) <1+ h. Thatis, EY’5(h) C G(6,€).

Step 3. From step 2 we deduce that £y (h) C (1., G(de, €). Hence,

dimy ( ;sg(@) < dimy (ﬂG(éE, e)> — inf (2y<1 +2)(h+¢) — 1) — 2hw — 1.

el0 <0

This ends the proof. [

1.4.5 Conclusion

Proof of Proposition 1.2.2. First, we now from Proposition 1.2.1 that £y 5 (h) = () forh > 1/v,
so that obviously EY%5(h) = 0. If now h = 1/v, then we deduce from Proposition 1.4.7 that
E%%(h) = 0, simply because a.s., forall ¢ € [0, 1], hxs(t) < 1+ 1/v.

As shown in Lemma 1.4.9, we also know that £2%(h) = () for all h € [0,1/(2v)) and as
seen in Proposition 1.4.11, dimy (E{S (b)) < 2hv — 1forall h € [1/(2v),1/v).

It remains to verify that for all & € [0, 1/v], dimy (L5 (h)) = hv . If h € [0,1/(2v)) or
= 1/v, itis obvious because £7%5 (h) = () and by Proposition 1.2.1. If next h € [1/(2v),1/v),
it follows from the fact that £775"(h) = Eys(h) \ EY%(h) with dimg (£ys(h)) = hv (by
Proposition 1.2.1) and dimH(E“’/sc( ) <2hv—-1< hl/ O

Finally, we verify that Theorems 1.1.7 and 1.1.10 imply Theorem 1.1.8.

Proof of Theorem 1.1.8. For any h € [1,1 + 1/v], we have Ex(h) D E*"(h — 1), whence
dimpg(Ex(h)) > dimg(Ey*"(h — 1)) = (h — 1)v by Theorem 1.1.10.

Next we obviously have a.s., for all ¢ € [0, 1],

hx(t) > hy(t) + 1, (1.38)
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whence Ex(h) C U<,y Ev(R'). We thus infer from Theorem 1.1.7 that Ex(h) = () when
h < 1. Butwhen h € [1,1+1/v/], recalling Proposition 1.3.14 and the fact that Aj is decreasing
with d, we deduce that J,,;,_; Ev(h') C Up <1 Nseoa/m) A5 € Ns<n_r A5- Whence we
derive dimpy (Ex(h)) < (h — 1)v from Proposition 1.3.12.

It only remains to verify that E'x(h) = () when A > 1 4 1/v. But in such a case, we know
from Proposition 1.4.7 that Exz(h) = (), whence Ex (h) = g; Exz(h) = 0. O
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Chapter 2

Uniqueness and propagation of chaos for
the Boltzmann equation with moderately
soft potentials

This work [64] is re-submitted after revision required by Ann. Appl. Probab.

We prove a strong/weak stability estimate for the 3D homogeneous Boltzmann equation
with moderately soft potentials (y € (—1,0)) using the Wasserstein distance with quadratic
cost. This in particular implies the uniqueness in the class of all weak solutions, assuming only
that the initial condition has a finite entropy and a finite moment of sufficiently high order. We
also consider the Nanbu N-stochastic particle system which approximates the weak solution.
We use a probabilistic coupling method and give, under suitable assumptions on the initial
condition, a rate of convergence of the empirical measure of the particle system to the solution
of the Boltzmann equation for this singular interaction.

2.1 Introduction

2.1.1 The Boltzmann equation

We consider a 3-dimensional spatially homogeneous Boltzmann equation, which depicts the
density f;(v) of particles in a gas, moving with velocity v € R? at time ¢ > 0. The density
fi(v) solves

o) = [ do. [ doBllo =l OULAW) - fAE) @D
53



54 CHAPTER 2. UNIQUENESS AND CHAOS FOR THE BOLTZMANN EQUATION

where | | | |
, UV + Uy V — Vs , UV + Uy UV — Vs
= = — 2.2
and @ is the deviation angle defined by cos ) = \Ziﬁﬁ -0. The collision Kernel B(|v—uv.|,0) >0

depends on the type of interaction between particles. It only depends on |v — v,| and on the
cosine of the deviation angle #. Conservations of mass, momentum and kinetic energy hold for
reasonable solutions and we may assume without loss of generality that fRS fi(v)dv = 1 for all
t>0.

2.1.2 Assumptions

We will assume that there is a measurable function /3 : (0, 7] — R, such that

Bl — v, 0)sind = o — v.[75(6),
d0<cg<c, VO e (0,7'('/2)7 009717’/ < 5(0) < 019717’/, (2.3)
V6 € [r/2.7], 5(6) = 0

for some v € (0,1), and v € (—1,0) satistying 7 + v > 0.

The last assumption 5 = 0 on [7/2, 7| is not a restriction and can be obtained by symmetry
as noted in the introduction of [3]. This assumption corresponds to a classical physical exam-
ple, inverse power laws interactions: when particles collide by pairs due to a repulsive force
proportional to 1/r* for some s > 2, assumption (2.3) holds with v = (s — 5)/(s — 1) and
v =2/(s — 1). Here we will focus on the case of moderately soft potentials, i.e. s € (3,5).

2.1.3 Some notations

Let us denote by P(R?) the set of probability measures on R? and by Lip(R?) the set of
bounded globally Lipschitz functions ¢ : R® — R. When f € P(R?) has a density, we
also denote this density by f . For ¢ > 0, we set

P,(R?) = {f € P(R?) : my(f) < oo} with m,(f) := [v|?f (dv).
R3
We now introduce, for 6 € (0,7/2) and z € [0, c0),
w/2
H(0) :/ B(x)dr and G(z) = H '(2). (2.4)
0

Under (2.3), it is clear that H is a continuous decreasing function valued in [0, 00), so it has
an inverse function G : [0,00) +— (0,7/2) defined by G(H(#)) = 0 and H(G(z)) = =.
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Furthermore, it is easy to verify that there exist some constants 0 < c2 < c3 such that for all
z >0,
(14 27V < G(2) < es(1+2)7 Y7, (2.5)

and we know from [25] that there exists a constant ¢4 > 0 such that for all z,y € R,

(z —y)?

Tty (2.6)

/0 T(G(/1) — Glz/y)Vdz <

Let us now introduce the Wasserstein distance with quadratic cost on Py(R?). For g, g €
P,(R3), let H(g, g) be the set of probability measures on R? x R? with first marginal g and
second marginal g. We then set

Wa(g, §) = inf {(/RR v — B2R(dv, d6)>1/2, Re H(g,g)} .

Here the infimum is actually a minimum, for more details on this distance, one can see [62,
Chapter 2].

2.1.4 'Weak solutions

We now introduce a suitable spherical parameterization of (2.2) as in [31]. For each = €

R3 \ {0}, we consider a vector I(z) € R? such that [I(z)|] = |z| and I(z) L z. We also

set J(z) = = A I(z), where A is the vector product. Then the triplet (£, 2% Z)) jg an

|| |7 |z 7 ]

orthonormal basis of R?. Then for z,v,v, € R?, 6 € (0, 7], ¢ € [0,27), we set

[z, ) := (cos p)I(x) + (sinp)J (z),

V' (v, 04,0, ) i=v — ILQOS@(U —v,) + ST (y — 0, ), 2.7)

a(v,vs,0,0) ==V (v,0,,0,0) — v,

then we write 0 € S? as 0 = e cost + % sin 6 cos ¢ + % sin @ sin ¢, and observe
at once that I'(x, ¢) is orthogonal to = and has the same norm as x, from which it is easy to

check that

1 —cost
2

Let us now give the definition of weak and strong solutions to (2.1).

la(v, vy, 0, 0)] = lv — v, (2.8)

Definition 2.1.1. Assume (2.3) is true for some v € (0,1),7 € (—1,0) withy +v > 0. A
measurable family of probability measures ( f;);> is called a weak solution to (2.1) if it satisfies
the following two conditions:
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e Forallt > 0,

/ v fi(dv) :/ v fo(dv) and / v f,(dv) :/ [v|? fo(dv) < 0. (2.9)
R3 R3 R3 R3
e For any bounded globally Lipschitz function ¢ € Lip(R?), any t € [0, T],

[ oo = [ owitan+ [ [ ] Astvvpia) fanis e

where

/2 o
Ad(v,0.) = o — ] / 5(6)d6 / [6(0 + alv, v, 8, 9)) — H(v)]dip.

We observe that | A¢(v, v,)| < Cglv — v M7 < Cy(1 + v — v,]?) from |a(v, vy, 0, )| <

COlv — v, and [7?08(0)d6 < oo, (2.10) is thus well-defined.

Definition 2.1.2. Assume (2.3) is true for some v € (0,1),7 € (—1,0) withy + v > 0.
A measurable family of probability measures (f;):>o is called a strong solution to (2.1) if

(ft)tZO € Llloc([()? OO)’ Lp(Rg))'

Let us now recall the well-posedness result of (2.1) in [33, Corollary 2.4] (more general
existence results can be found in [60]).

Theorem 2.1.3. Assume (2.3) for some v € (—1,0), v € (0,1) withy+v > 0. Let ¢ > 2
such that ¢ > ~*/(y + v). Let fo € Py(R?) with [, fo(v)|log fo(v)|dv < oo and let p €
(3/(3 + 7),}90(7, v, Q)>’ where

q—"7
oy, 1,4) = e € (3/(34),8/(3 - v). @.11)

Then (2.1) has a unique weak solution f € L> ([0, 00), Po(R?)) N L}, ([0, 00), LP(R?)).

The explicit value of py(7, v, q) are not properly stated in [33, Corollary 2.4]. However,
following its proof (see the end of Step 3), we see that f € L}, ([0,00), LP(R?)) as soon
asl < p<3/(3—v)and —y(p —1)/(1 — p(3 —v)/3) < q. This precisely rewrites as
p € (L,po(7,v.4))-
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2.1.5 The particle system

Let us now recall the Nanbu particle system introduced by [49]. It is the (R?)"-valued Markov
process with infinitesimal generator £ defined as follows: for any bounded Lipschitz function
¢: (RN — Rand v = (vy,...,vy) € (R3)V,

Lo(v) = %; 1oty + @05 0) = w)es) = S LBl = v, ),

where ve; = (0, ..., v, ...,0) € (R*)" with v at the i-th place for v € R3.

In other words, the system contains [V particles with velocities v = (vy, ..., vy ). Each pair
of particles (with velocities (v;, v;)), interact, for each o € S?, at rate B(|v; — v;],60)/N. Then
one changes the velocity v; to v'(v;, v;,0) given by (2.2) but v; remains unchanged. That is,
only one particle is changed at each collision.

The fact that [ 5(0)df = oo (i.e. 3 is non cutoff) means that there are infinitely many
jumps with a very small deviation angle. It is thus impossible to simulate it directly. For this
reason, we will study a truncated version of Nanbu’s particle system applying a cutoff procedure
as [32], who were studying the Nanbu system for hard potentials and Maxwell molecules,
and [16], who were dealing with the Kac system for Maxwell molecules. Our particle system

with cutoff corresponds to the generator Ly ; defined, for any bounded Lipschitz function
¢: (RN —» Randv = (vy,...,vy) € (R3)Y, by

1 :
Lrxd(vV) =D /S [8(v+ (W' (vi,v5,0) = vi)er) = S(V)]B(lvi = v, 6)
7]
X LozG(r/lvi—v;ydo, (2.12)
with GG defined by (2.4).

The generator £y x uniquely defines a strong Markov process with values in (R?)". This
comes from the fact that the corresponding jump rate is finite and constant: for any configura-
tionv = (Ul, e UN) < (RS)N, it holds that N ! Zi;ﬁj fSQ B(’Ul —’Uj’, 6)1{92G(K/|vi—fuj|7)}da =
2m(N — 1)K Indeed, for any z € [0, 00), we have [, B(x,0)1g>¢(k/2v)}do = 2mK, which
is easily checked recalling that B(z, §) = x73(0) and the definition of G.

2.1.6 Main results

Now, we give our uniqueness result for the Boltzmann equation.

Theorem 2.1.4. Assume (2.3) for some v € (—1,0), v € (0,1) satisfying v + v > 0. Let
q > 2 such that ¢ > 7*/(y + v). Assume that fo € P,(R?) with a finite entropy, i.e.
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Jes fo(v)[log fo(v)|dv < oo. Let p € (3/(3 +7),po(7,v,q)), recall (2.11), and (fi)iz0 €
L>([0, 00), Po(R?)) N L},.([0, 00), LP(R?)) be the unique weak solution to (2.1) given by The-

loc

orem 2.1.3. Then for any other weak solution (f;)yo € L™ ([0, 00), Po(R?)) 1o (2.1), we have,
foranyt > 0,

WA ) < W o) e (o [ 14 12 l)ds).

In particular, we have uniqueness for (2.1) when starting from fy in the space of all weak
solutions in the sense of Definition 2.1.1.

The novelty of Theorem 2.1.4 is that no regularity at all is assumed concerning f. In
particular, we have uniqueness among all weak solutions, while in [33], uniqueness is proved
only in the class of weak solutions lying in L> ([0, 00), P2(R?)) N L}, ([0, 00), LP(R?)) for
some p > 3/(3 + 7).

Next, we write the following conclusion concerning the particle system.

Theorem 2.1.5. Assume (2.3) for some v € (—1,0), v € (0,1) withy+v > 0. Let g > 6
such that ¢ > /(v + v) and let fy € P,(R®) with a finite entropy. Let (f;)i>0 be the
unique weak solution to (2.1) given by Theorem 2.1.3. For each N > 1, K € [1,00), let
(Vf)zil 77777 N be the Markov process with generator Ly i (see (2.12)) starting from an i.i.d.
family (Voi)i:l 77777 ~ of fo-distributed random variables. We denote the associated empirical
measure by ,uiV’K =Nt Zfil Oyi. Then for all T > 0,

sup EDV; (1", f)] < Crg (N‘(I‘G/‘”(M”)/?’ + K'Y 4 N‘l/z),
0.7]

We thus obtain a quantitive rate of chaos for the Nanbu’s system with a singular interaction.
To our knowledge, this is the first result in this direction. However, there is no doubt this rate
is not the hoped optimal rate N ~'/2 like in the hard potential case [32].

2.1.7 Known results, strategies and main difficulties

Let us give a non-exhaustive overview of the known results on the well-posedness of (2.1)
for different potentials. First, the global existence of weak solution for the Boltzmann equa-
tion concerning all potentials was concluded by Villani in [60], with rather few assumptions
on the initial data (finite energy and entropy), using some compactness methods. However,
the uniqueness results are less well-understood. For hard potentials (v € (0, 1)) with angu-
lar cutoff ([, B(0)d < o), there are some optimal results obtained by Mischler-Wennberg
[48], where they gave the existence of a unique weak L' solution to (2.1) with the minimal
assumption that [,(1 4 |v]?) fo(v)dv < oo. This was extended to weak measure solutions
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by Lu-Mouhot [45]. For the difficult case without angular cutoff, the first uniqueness result
was obtained by Tanaka [58] concerning Maxwell molecules (v = 0). See also Toscani-Villani
[59], who proved uniqueness for Maxwell molecules imposing that fo7r 05(0)df < oo and that
Jas (14 [v]*) fo(dv) < co. Subsequently, Desvillettes-Mouhot [18] (relying on a weighted W}
space) and Fournier-Mouhot [33] (using the Wasserstein distance ;) successively gave the
uniqueness and stability for both hard potentials (v € (0,1]) and moderately soft potentials
(v € (—1,0) and v € (0,1)) under different assumptions on initial data. For moderately soft
potentials, the result in [33] is much better since they use less assumptions on the initial con-
dition than [18]. Finally, let us mention another work [25], where Fournier-Guérin proved a
local (in time) uniqueness result with f, € LP(R®) for some p > 3/(3 + ~) for the very soft
potentials (v € (—3,0) and v € (0, 2)).

In this paper (Theorem 2.1.4), we obtain a better uniqueness result in the case of a collision
kernel without angular cutoff when v € (—1,0) and v € (0,1 — ~), that is, the uniqueness
holds in the class of all measure solutions in L> ([O, ), P2(R? )) This is very important when
studying particle systems. For example, a convergence result without rate would be almost
immediate from our uniqueness: the tightness of the empirical measure of the particle system
is not very difficult, as well as the fact that any limit point is a weak solution to (2.1). Since
such a weak solution is unique by Theorem 2.1.4, the convergence follows. Such a conclusion
would be very difficult to obtain when using the uniqueness proved in [33], because one would
need to check that any limit point of the empirical measure belongs to L;. ([0, oo, LP(R?)) for
some p > 3/(3 + ), which seems very difficult.

In order to extend the uniqueness result for all measure solutions, extra difficulty is in-
evitable and the methods of [25, 33] will not work. However, Fournier-Hauray [27] provide
some ideas to overcome this, in the simpler case of the Laudau equation for moderately soft
potentials. Here we follow these ideas, which rely on coupling methods. Consider two weak
solutions f and f in L™ ([0, 00), PQ(R?’)) to (2.1), with possibly two different initial conditions
and assume that f is strong, in the sense that it belongs to L. ([0, c0), LP(R?)). First, we
associate to the weak solution f a weak solution (X;);>o to some Poisson-driven SDE. This
uses a smoothing procedure as in [22, 27], but the situation is consequently more complicated
because we deal with jump processes. Next, we try to associate to the strong solution f a strong
solution (17;);>0 to another SDE (driven by the same Poisson measure as (X );>0), as [27] did.
But we did not manage to do this properly and we had to use a truncation procedure which
though complicates our computation. Then, roughly, we estimate W3 ( f;, ft) by computing
E[| X, — W;|?] as precisely as possible.

The terminology propagation of chaos, which is equivalent to the convergence of the em-
pirical measure of a particle system to the solution to a nonlinear equation, was first formulated
by Kac [44]. He was studying the convergence of a foy particle system as a step to the rigor-
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ous derivation of the Boltzmann equation. Kac’s particle system is similar to the one studied
in the present paper, but each collision modifies the velocities of the two involved particles,
while in Nanbu’s system, only one of the two particles is deviated. Hence, Kac’s system is
physically more meaningful. Afterwards, McKean [46] and Griinbaum [37] extended Kac’s
ideas to study the chaos property for different models with bounded collision kernels. Sznit-
man [57] then showed the chaos property (for Kac’s system without rate) for the hard spheres
(y = 1 and v = 0). Following Tanaka’s probabilistic interpretation for the Boltzmann equa-
tion with Maxwell molecules, Graham-Mé¢léard [36] were the first to give a rate of chaos for
(2.1), concerning both Kac and Nanbu models, for Maxwell molecules with cutoff (v = 0 and
Jo B(0)d0 < o0), using the total variation distance. Fontbona-Guérin-Méléard [23] first gave
explicit rates for Nanbu type diffusive approximations of the Landau equation with Maxwell
molecules by coupling arguments, using the W, distance. Recently, some important progresses
have been made. First, Mischler-Mouhot [47] obtained a uniform (in time) rate of convergence
of Kac’s particle system of order N~—¢ (for Maxwell molecules without cutoff) and (log N)~*
(for hard spheres, i.e. ¥ = 1 and v = 0), with some small ¢ > 0, in VW, distance between
the joint law of the particle system and £ . This result, entirely relying on analytic methods,
is noticeable, although the rates are clearly not sharp. Then, Fournier-Mischler [32] proved
the propagation of chaos at rate N~/ for the Nanbu system and for hard potentials without
cutoff (y € [0,1] and v € (0,1)) using the W, distance. Finally, as mentioned in Section
1.5, Cortez-Fontbona [16] used two coupling techniques and the W, distance for Kac’s system
and obtained a uniform in time estimate for the Boltzmann equation with Maxwell molecules
(7 = 0) under some suitable moments assumptions on the initial datum. Let us mention that
the time-uniformity uses the recent nice results of Rousset [52].

In this paper (Theorem 2.1.5), we obtain, to our knowledge, the first chaos result (with
rate) for soft potentials (which are, of course, more difficult), but it is a bit unsatisfying: (1)
we cannot study Kac’s system (which is physically more reasonnable than Nanbu’s system)
because it is not readily to exhibit a suitable coupling; (2) our consideration is merely for
v € (—1,0), since some basic estimates in Section 2 do not hold any more if v < —1; (3) our
rate is not sharp. However, since the interaction is singular, it seems hopeless to get a perfect
result.

In terms of the propagation of chaos with a singular interaction, there are only very few
results. In one dimension, Bossy-Talay [13] and Jourdain [43] concerned the viscous Burg-
ers equation and a viscous scalar conservation law by a family of stochastic particles with a
discontinuous interaction kernel (i.e. particles interact through the Heaviside function). Let
us also mention the work of Cépa-Lépingle [14] which considered the very singular Brownian
motion model introduced by Dyson [19]. For high dimensions, Hauray-Jabin [38] considered
a deterministic system of particles interacting through a force of the type 1/|z|* with o < 1, in
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dimension d > 3, and proved the mean field limit and the propagation of chaos to the Vlasov
equation. Also, Fournier-Hauray-Mischler [28] proved the convergence of the vortex model to
the 2D Navier-Stokes equation with a singular Biot-Savart kernel using some entropy dissipa-
tion technique. Following the method of [28], Godinho-Quifiinao [35] proved the propagation
of chaos of some particle system to the 2D subcritical Keller-Segel equation. For the very
subcritical case for this equation, Fournier-Jourdain [29] proved the existence for the particle
system and that its flow of empirical measures converges to a weak solution of the Keller-Segel
equation. Recently, Fournier-Hauray [27] proved propagation of chaos for the 3D Landau equa-
tion with a singular interaction (y € (—2,0)) for the Nanbu diffusive particle system using the
W, distance. Actually, they gave a quantitative rate of chaos when v € (—1,0), while the
convergence without rate was checked when v € (—2,0) by the entropy dissipation technique.

Roughly speaking, to prove our propagation of chaos result, we consider an approximate
version of our stability principle, with a discrete LP norm as in [27]. Here, we list the main dif-
ficulties: The trajectory of a typical particle related to the Boltzmann equation is a jump process
so that all the continuity arguments used in [27] have to be changed. In particular, a detailed
study of small and large jumps is required. Also, the solution to the Landau equation lies in
L},.([0,00), L*(R?)), while the one of the Boltzmann equation lies in L}, ([0, 0o), L?(R?)) for

some p smaller than 2. This causes a few difficulties in Section 2.5, because working in L is
slightly more complicated.

2.1.8 Arrangement of the paper and final notations

In Section 2, we give some basic estimates. In Section 3, we establish the strong/weak stability
principle for (2.1). In Section 4, we construct the suitable coupling. In Section 5, we bound the
L? norm of a blob approximation of an empirical measure in terms of the L” norm of the weak
solution. Finally, in Section 6, we prove the convergence of the particle system.

In the sequel, C stands for a positive constant whose value may change from line to line.
When necessary, we will indicate in subscript the parameters it depends on.

In the whole paper, we consider two probability spaces by Tanaka’s idea for the probabilistic
interpretation of the Boltzmann equation in Maxwell molecules case: the first space is the
abstract space (€2, F,P) and the second is ([0, 1], B([0, 1]), d«).
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2.2 Preliminaries

Above all, let us recall that for v € (—1,0), p > 3/(3 +~) and f € P(R?) N LP(R3), it holds
that

sup [ o= el o) <sop [ oo s [ ool
[v—v4|<1 |[v—v4|>1

veR3 JR3 veER3 veER3
<1+ Copllf o), (2.13)
where C = sup,egal . <, [0 = 0[O Ddv )00 = [ o,/ 0Dy oD <

00, since p > 3/(3 + 7) by assumption.

Let us now classically rewrite the collision operator by making disappear the velocity-
dependence |v — v,|” in the rate using a substitution.
Lemma 2.2.1. We assume (2.3) and recall (2.4) and (2.7). For z € [0,), ¢ € [0,2n),
v,v, € R®and K € [1,00), we define

c(v,vs, 2,0) = av, v, G(z/|v —v.]7), @] and ck(v,vs, 2,0) = c(v, Vs, 2, 0) L <k}

(2.14)
For any ¢ € Lip(R?), any v,v, € R,
o) 27
Aotwv) = [ dz [ delofw + v, vz ) — o) @.15)
0 0
Forany N > 1, K € [1,00), v = (v1, ..., vn) € (R®)Y, any bounded measurable ¢ : (R*)N
R,
1 o) 27
Lyrop(Vv) = N Z/ dz/ delop(v + cx(vi, v5, 2, 0)e;) — ¢(v)]. (2.16)
0 0

i#]
This lemma is stated in [32, Lemma 2.2] when « € [0, 1], but the proof does not use this
fact: it actually holds true for any v € R. Next, let us recall Lemma 2.3 in [32] which is an
accurate version of Tanaka’s trick in [58]. Here, we adopt the notation (2.7).

Lemma 2.2.2. There exists some measurable function @q : R x R? — [0, 27) such that for all
X,Y € R, all p € ]0,2m),

DX, ) =TV, o4 ¢o(X, V)] < [X =Y.

The rest of the section is an adaption of [32, Section 3], which assumes that y € [0, 1], to
the case where v € (—1,0). When compared with [25], what is new is that in the inequalities
(2.17) and (2.18) below, only |v — v.|” appears (while in [25], there is |v — v.|? + [0 — 0,|7).
This is very useful to get a strong/weak stability estimate: we will be able to use the regularity
of only one of the two solutions to be compared. Let us mention that it seems impossible to
extend our ideas to the more singular case where v < —1.
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Lemma 2.2.3. There is a constant C such that for any v,v,, 7,7, € R3, any K > 1,

/OO/ lc(v, v, 2,0) — (D, Ty, 2, 0 + o (v — Vs, D — 0,))Pdpdz (2.17)

n C(lv = 8] + v — 0?0 — v
/ /27r <’U + (v, Vs, 2, )= — g (D, s, 2,0 + 00 (V — Ve, § — T)) 2 — [ — 17|2>dg0dz
C (2.18)

Clv =0 + e — 0 ) |0 — 0|7 + Clo — v, |/ K12/

0o 27 oo 2
/ / ek (v, Vs, 2, 0)|Pdpdz <Clv — U*|7+2,/ / ck (v, 0., 2, p)de
o Jo o IJo

fe'e) 27 fe’e) 2T
/ / le(v, vy, 2, g0)|2d<pdz <Clv — v*|7+2,/ / c(v, vy, 2, 0)de
o Jo 0 0

Proof. For x > 0, we set Ox(x) = WfOK(l — cos G(z/x7))dz and Vg (z) = 7 [0 (1 —
cos G(z/z7))dz. We introduce the shortened notation x = |[v — v, T = |0 — 0.,
©o(V — Vs, 0 — i), € = ¢(, 04, 2,9), cx = cx(V, 04, 2,9) = cliz<iy, € = (0,04, 2,0 + @o)
and ¢x = cx (0,04, 2,0 + @) = Cl<k).

dz < Clv — v, |7

(2.19)

dz < Clv — vt

(2.20)

Step 1. We first verify that <I>K( ) < Cz7 and that |Pg(z) — Px(Z)] < Clz” — 37|
First, we immediately see that ®x (z) < 7 [ G*(2/27)dz = 277 [;° G*(z)dz which implies
the first point (recall (2.5)). To check the second point, it suffices to Verlfy that Fix(z) =
fOK(l — cos G(z/x))dz has a bounded derivative (uniformly in & > 1). But we have Fx(z) =

xfOK/x(l — cos G(z))dz so that
|Fie(z)| < /000(1 —cos G(2))dz + z(K/2*) (1 — cos G(K/x)) < C + (K/2)G*(K/x),

which is uniformly bounded by (2.5).

Step 2. Proceeding as in the proof of [32, Lemma 3.1], we see that fooo 027r ek |Pdpdz =
22® ¢ (), which is bounded by C'z72 by Step 1. Also, recalling (2.7) and (2.14), using that
0% (X, p)de = 0, we see that we have f027r cxdp = —m(v — v,)(1 — cos G(z/z7)), whence
I3 fOQW crdoldz = z®g(x) < Cz7 by Step 1. All this proves (2.19), from which (2.20)
follows by letting K increase to infinity.

Step 3. Let us denote by I = fo fo lc — ¢|?dpdz, by J = fo o+e—b—cf2—

lv — 0]*)dedz and by L = [ [T (Jv 4+ ¢ — 0> — [v — 0]*)dedz=. Proceedlng exactly as in

0
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the proof of [32, Lemma 3.1], we see that Jr < AK + AF and Lx < ALK, where

AF =227 /OK (G(z/x”) — G(z/f’))de,

Ay = [lo =0l + [ve = 0] I(v = 0.) P (2) — (B — 0.) P (7)),
AX = (2 + 2|v — B|2) Uk (2).

Also, IK = Jk —2(v— 1) fo (¢ — ¢)dydz and, as seen in the proof of [32, Lemma
3.1], fo cdgpdz = —(v—0,)Px(z ), so that Ix < Jx + ALK with

AR = 2|v — 3||(v — v,) Pk () — (0 — 0,) P (T)].
First, we immediately deduce from (2.6) that

(o = )

A{( < 2c42T o
x4 7

< 2¢4(x — 7)*min (27,37) < C(jv — 9> + v, — 0. %) |v — v, 7.

For the second inequality, we used that |27 — 27| < [z~ —2 7 (zAZ)*7 (because v € (—1,0))
so that
— i (ed)™  Jo— 1P

zhl o zhl bl ghl?

1 A-1)2 ~\ 242
ri——— 1 < (xz)N i w A < (:pi)m_ﬂx
Y+ zhl + Fhl -

which is indeed bounded by (x — Z)? min (27, 77).
We now verify that AL < C'(Jv —0]* + v, — 0,/?)|v — v.|". By Step 1, forany X, Y € R?,
(X Ok (|X]) = YOr(Y])| < Y[|@x(|X]) = P (VD] + [X = V[Px(]X])

< CIY|[IX]7 = Y| + CIX = Y]IX].

Since again |27 — 77| < |7! — 27 (2 A Z)'™, we conclude that | X @ (| X|) — YO ([Y])] <
C|X —Y||X|", whence

AF < Clv =79+ |v. — 0]](v — v.) = (0 — 0.)| min{a”, 27}
as desired.
We next observe that AX < 2AK.

Finally, we see that U (z) < C [ G*( z/x”)dz < C [J(z/27) 2 vdz = CaxP/V K2
and that Vg (z) < C [;7 G*( z/x”*) 2z < C [7°(1+ z/27)"#dz = Ca” according to (2.5) ,
which imply W (7) < C'min{x7, 22/* K'=2/}. Hence,

AE = (2% 4 2|v — 0]2) Uk () < Clv — 0]} v — v,]7 + Clo — v, [PV K12/,
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because 2|v — ¥z < |v — 0|? + 22 and 22V () < Ca?T2/V K172/,

The left hand side of (2.18) is nothing but Jx + Ly, which is bounded by AX + AKX 4 AK:
(2.18) is proved. Finally, the left hand side of (2.17) equals limg .., [, and we know that
I < AK + AK 4+ AF, which is (uniformly in K') bounded by (|v — ©|? + |v, — 0.]?)|v — v.|”
as desired. ]

2.3 Stability

In this section, we first introduce an auxiliary space ([0, 1], B([0, 1]), da), and a stochastic pro-
cess defined on the latter space is called an a-processes and we denote the expectation on [0, 1]
by E, and the laws by L. Our goal of this section is to prove Theorem 2.1.4.

~ Let us first give the outline of the proof. Let (fi)i>0 be the strong solution to (2.1) and let
(ft)i>0 be a weak solution. We first build (X;):>o with £(X;) = f; solving

t 1 00 27
X, = X0+/ / / / ¢(Xoo, X2 (), 2, 0) M(ds, do, dz, dyp),
0 0 0 0

where (X ):;>o is a measurable a-process with law fi, and M (ds,da, dz,dp) is a Poisson
measure. This process (X;):>o can be interpreted as the velocity of a typical particle. Each
time it has a jump, say at some time ¢, it means that the typical particle has collided with
another particle, of which the velocity is independent and represented by X;. Of course, X
has to be ft—distributed.

The existence of the process (X;):>o is not easy and we only build a weak solution. The
difficulty is mainly due to the singularity of the interaction, which cannot be compensated
by some regularity of f:, because f; is any weak solution. We thus use the strategy of [22]
(which deals with continuous diffusion processes). We introduce ff = ft * ¢, Wwhere ¢, is the
centered Gaussian density with covariance matrix /3. We write the PDE satisfied by ff and
associate, for each e € (0, 1), a solution (X ):>o to some SDE. Since both the SDE and the PDE
(with € € (0, 1) fixed) are well-posed (because the coefficients are regular enough, see Lemma
2.3.4), we conclude that £(X) = f¢. Next, we prove that the family {(X¢)i>0, € € (0,1)} is
tight using the Aldous criterion [1]. Finally, we consider a limit point (X;);>0, as € — 0, of
{(X)i=0,€ € (0,1)}. Since L(X{) = ff, we deduce that £(X;) = f, for each t > 0. Then,
we classically make use of martingale problems to show that (X;);>¢ is indeed a solution of the
desired SDE.

Next, we would like to associate to (f;);>o a solution (W;);>o to the SDE, driven by the
same Poisson measure )M, with f;-distributed a-process (W;);>o coupled with (X;);>o, that
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18,
t 1 00 2
W, =Wy + / / / / c(Weo , W), 2,0 + o (X — X2 ()W — Wi(a)))
o Jo Jo Jo
X M(ds,da, dz, dyp),

where the f;-distributed W is optimally coupled with X; for each ¢ > 0. Unfortunately, we
cannot prove that such a process exists, because of the term ¢ + ¢o(Xs- — X (), W_ —
Wi («)). Such a problem was already encountered by Tanaka [58], and we more or less solve
it as he did, by introducing, for all K > 1,

WO+/ / / / WK W*( ) Z’(p—i_(ps,a,K)M(dS,dOz,dZ,dgp)

with v 0k = Yo(Xs— — X¥(a), Wt — WZ(a)) as a coupling SDE. This equation of course
has a unique strong solution (WK )tzo, but the computation becomes more complicated.

Finally, we observe that

Wi (fi fr) < limsup E[W/ — X%,

K—oo

because W/ goes in law to f; for each ¢ > 0.

Using the 1t6 formula, we find

t 1
E[WE — X,P) = E[Wo — Xo2) + E [ | [ as <a>dads] ,
0 0
where

fe’e) 27
:/ / (W5~ Xt ex(s) — ex () — WK = X,J? ) dgdz
o Jo
with the shortened notation
crw(s) = cx (WE,WEH @), 2,90 + @sar) and  cx(s):=c(Xs, X2 (), z,¢).
Then we deduce from Section 2 that

Af(a) SO(WS = X, + W (a) = X3 (a)P)| WS = Wi ()]
+ C’WSK . WS*<OC)‘2+2'~//VK172/V.

It is then not too hard to conclude, using technical computations, that

t
limsup E[|[W/ — X, ] < W2 (fo, fo) exp (Cv,p/ (1+ ||fs||Lp)d5)7
0

K—o
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which completes the proof.
We first state the following result, of which the proof lies at the end of the section.

Proposition 2.3.1. Assume (2.3) for some v € (—1,0), v € (0,1) withy+v > 0. Consider any
weak solution (f,)i>0 € L>([0,00), P2(R?)) to (2.1). Then there exists, on some probability
space, a random variable X, with law for independent of a Poisson measure M (ds, do, dz, dp)
on [0,00) x [0, 1] x [0, 00) x [0, 27) with intensity dsdadzdp, a measurable family (X )i>o of
a-random variables such that L(X}) = f, and a cadlag adapted process (X,)y=o solving

t 1 [e's] 2w
X, =Xo+ / / / / c(XS_, X (), z, ga)M(ds, do, dz, dy) (2.21)
0o Jo Jo Jo

and such that for all t > 0, £(X,) = f,.

We are unfortunately not able to say anything about uniqueness (in law) for this SDE, except
if f is a strong solution, and this is precisely the reason why things are complicated. We really
need to use the ideas of [22] to produce, for ( ﬁ)tgo given, a solution (X;):>o of which the time
marginals are (f;)i>o.

Proposition 2.3.2. Assume (2.3) for some v € (—1,0), v € (0,1) with v + v > 0, that
fo € P,(R®) for some q > 2 such that ¢ > /(v + v) and that fy has a finite entropy. Fix
p € (3/(3+7),p0(7,v,q)). Let (fi)i>0 € L>([0,00), Po(R?)) N L, ([0, 00), LP(R?)) be the
corresponding unique weak solution to (2.1) given by Theorem 2.1.3. Consider also the Poisson
measure M, the process (Xi)i>o and the family (X} )i>o built in Proposition 2.3.1 (associated
to another weak solution (f;);>o € L ([0, 00), Po(R?)). Let Wy ~ fo (independent of M) be
such that E[|Wy — Xo|?] = W2(fo, fo) and, for each t > 0, an a-random variable W} such
that Lo(W;) = f, and B [|[W} — X} 2] = W3(fi, fi). Then for K > 1, the equation

t 1 o) 2
WE =W, + / / / / cxk(WE W), 2,0 + 0sar)M(ds,do, dz, dp), (2.22)
0 Jo 0 0

with ©sax = po(Xso — X (o), WE — WZ(«)), has a unique solution. Moreover, setting
K = L(WE) for each t > 0, it holds that for all T > 0,

lim sup W3 (X, f;) = 0. (2.23)
K—oo [0,7]
Remark 2.3.3. As recalled in the previous section, the infimum in the definition of Wasserstein
distance is actually a minimum. Since the strong solution f; € P» (R3) has a density for all
t > 0, there is a unique R, € H(fy, f;) such that Wi (fe, f:) = [ps,gs |V — 0]*Re(dv, dD)
(see Villani [62, Theorem 2.12]). We then know that (t, ) — (W[ (a), X[ («)) can be chosen
measurable from Fontbona-Guérin-Méléard [23, Theorem 1.3].
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Proof. For any K > 1, the Poisson measure involved in (2.22) is actually finite (because
cx = cliz<ky), so the existence and uniqueness for this equation is obvious. It only remains
to prove (2.23), which has already been done in [25, Lemma 4.2], where the formulation of the
equation is slightly different. But one easily checks that (W), is a (time-inhomogeneous)
Markov process with the same generator as the one defined by [25, Eq. (4.1)], because for all
bounded measurable function ¢ : R3®— Randallt > 0, as.,

/ | / O+ cxc(w, W7 (0), 2,0 + o Koo = X7 () w = W (@) = 6(w) | dpdzda
/ / / d(w + cx(w, v, 2,9)) — ¢(w) | dedz fi(dv)

by the 27-periodicity of ¢k (in ) and since L, (W/") = f;. O
Now, we use these coupled processes to conclude the

Proof of Theorem 2.1.4. We consider a weak solution ( f;);>o to (2.1), with which we associate
the objects M, (X¢)¢>0, (X;)i>0 as in Proposition 2.3.1. We then consider f; satisfying the
assumptions of Theorem 2.1.3 and the corresponding unique weak solution ( f;);>¢ belonging to
L> ([0, 00), P2(R*)) NLL, ([0, 00), LP(R?)) (with p € (3/(347), po(7, v, ¢))) and we consider
(WE)i=0, (W;);0 built in Proposition 2.3.2 for any K > 1. We know that W2(fo, fo) =
E[|W, — Xo|?] and that W2(f,, f;) = Eo[|W;* — X;|?] for all t > 0. Using that WX ~ fX and
X~ ﬁ for each t > 0, we deduce from (2.23) that for all ¢ > 0,

WE(fi, fi) < lim sup E|WE — X4 =: J.. (2.24)
—00

Next, we focus on the time interval [0, T'] for any fixed 7' > 0, and split the proof into several
steps.

Step 1. By the Itd formula, we know that

E[[W — X,*] = E[[Wo — Xo|?] {/ / AX (o dads} ,
where
o) 21
:/ / <|WSK — X +cgw(s) — CX<S)|2 — ’WSK — XS|2>dc,0dz
o Jo

with the shortened notation

crw(s) = cx (WE,WEHQ), 2,0+ @sar), cx(s)=c(Xs, Xi(),2,¢).
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We then show that

Af (@) < C(WE = X2 + W ()= X3 () )W = W)
+ CIWE — W ()| 72/ 2 (2.25)

and

A (a) SCIWE = W)™ + C1X, — X3 (o)|7*
+ CIWE = X, |(IWE =W a) + X, — X (a) ). (2.26)

First, Lemma 2.2.3 (inequality (2.18)) precisely tells us that (2.25) holds true. Next, we observe
that

Al (a) SQ/OOO /OQW(|CK,W(3)|2 lex()P)dod
/Doo /O%@K,W(S) — cx(s))dypdz|.

Hence, using (2.19) and (2.20), the proof of (2.26) is concluded.

+2iWE — X ||

Step 2. Set k() = min((y + 1)/|7],|v]/2) > 0. We verify that there exists a constant
C(T, fo, fo, f) > 0 (depending on T', ms(fo), ma(fo), fot | fs|leds), such that for all £ > 1
(and all K > 1),

Iy < C(T fo, fo E™D,i=1,2,3.4,

where
- t 1
I =K // WK = W (@) Lgws w @ dads|.
RS
12 =B[ [ [ 1X = X @ Lys s zadads].
-JO JO

- [t 1
L= E_/O /0 W = X[WSE =W ()™ 1{|W5—W:<a)|v2f}d@d3]’

- rtopl
[;L’Z =FE / / |WSK — XsHXs — X:(CY)WJFI 1{‘W§<,W;(a)hzg}dads} .
-J0 JO

Since v € (—1,0) and k() < (v + 2)/|7|, we have

L < - 0/hp < p=s0,

I~

Similarly,

t
Its,e < €(7+1)/v/ E[leK — XS|}d5.
0
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Using (2.9) for (f;)i>0 and (f;)e=0, (2.23), and that mo(f5) < 2ma(fs) + 2W2(fs, fK), we
know thatE[]Wf — XS\] < C(1 +mao(fE) + ma(f,)) < C(T, fo, fo). Hence,

IX < C(T, fo, fo)t".

Since v + 2 € (1, 2), it follows from the Holder inequality that
t ol vz et 1
</(; /(; ‘XS—X;(Q)‘ZdadS) (/ / 1{‘W§_W;(a)‘w2g}dad8)
K * ’Y\
([ ematios) ™ ([ [ )

Since L, (W) = f,, wehave [ [WE —W(a)|"da = [o [WE o[ f(dv) < 140, | £l 1o
by (2.13), so that

I¥<E

< CE

ol

2 gm/z(1 + /Ot (B[ X% + mQ(fs))ds> (/Ot (1+ C%p||fs||Lp)ds>7
<0 (1+2my(fo)T) (1+ / e Copllfilliw)ds) < C(T, fo, e,

For If’g, we use the triple Holder inequality to write

14y

t 1 t 1
M < JE[/ WE - X, [2ds|” x ]E[/ / X, = X(a) Pdads| *
0 0 0

t rl %
X E[/ / Lgws—w; @pzgdads| .
0 JO

Thus ;" < C(T, fo, fo, )¢z use that B[|X,[*) = Eo[|X[?] = ma(fo), that ma(ff) <
2mo(fs) + 2W2(fs, fX) as before and treat the last term of the product the same as we study
.

Step 3. According to Step 1, we now bound AKX («) by (2.25) when |[WE — Wi (a)|? < ¢
and by (2.26) when [WX — Wz (a)|” > ¢:

E[[W;* — X

E[|[Wo — Xo|?] +CZ[”+CK1 2/”1@ // WE —W*(a )\Q’LQW”dads]

=1

+CE[/O /O (WE = X, 4 W (0) — X (@) ) min (W5~ W (@)]", £)dads].
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It then follows from Step 2 that for all £ > 1, all K > 1,
E[W — X'] <W3(fo, fo) + C(T, fo, fo, )L (227)
+ (JKl‘Q/”E[ /0 t /0 1 WK W;(a)|2+2”f/vczads}
+ CE[/Ot /01 WE — X, 2[WEK — W;(a)wdads]
+ CE[/Ot /01 W @) — X2 (@) min (W — W (@) €)dads].

Since v + v > 0, it holds that 2 + 2v/v > 0. As a consequence, like in Step 2,

t 1
B[ [ [ IWE = Wila) P dads| < Crlt+ BIWEP) + ma(fo)] < (T fo o)
0 JO

which gives

t 1
lim KI_Q/”E[/ / WE — W (o) dads| = 0.
0 Jo

K—oo

Moreover, we recall that a.s. fol \WE —W(a)|"da < 1+ C., || fs|z» as in Step 2, whence

t 1 :
E[/O /0 W = X P —W;(a)wdads] g/o E[WE = X1+ Cypll follo)ds.

Letting K — oo, by dominated convergence, we find (recall (2.24))

t 1 t
iimsopE[ [ [ WX~ XPWE - W@ dads] < [0+l il
K 0 JO 0

Next, it is obvious that for each ¢ > 1 fixed, for all s € [0,77], all @ € [0,1], the func-
tion v +— min(jlv — WZ(«)|?,¢) is bounded and continuous. By (2.23), we conclude that
limg oo E[min (WX =W (a)|", ()] = E[ min (|W, — W} («)|",¢)] and, by dominated con-
vergence, that, still for ¢ > 1 fixed,

lim E[/Ot/ol (WZ(a) — X7 (e)]* min ([W) — W;(Oz)r’,ﬁ)dads]

:/0/0 (W (a) — X2 () ’E[ min (|[W, — W ()|, ¢)]dods.

But since W, ~ f,, we have, for each « fixed, E[min (|W, — W (a)|",0)] < [os Wi (a) —
o7 fs(dv) < 14 C, ] fsl|ze by (2.13). Furthermore, we have f; Wi (a) — X (a)Pda =
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Eo[|[W* — X*2] = W2(f, f,) < J.. Allin all, we have checked that

lim E[/Ot/ol (W (a) — X7 (@)]? min (W) — W;(a)|7,€)dad8}

K—o0

t
<c / Jo(1+ 1 fullze)ds
0

Gathering all the previous estimates to let X' — oo in (2.27): for each ¢ > 1 fixed,

Ty < WE(for o) + C(T, for for Y0 + C / (L4 (|l ds

Letting now ¢ — oo and using the Gronwall lemma, we find

Jt S Wg(fo, fo) exXp (C%p/O\ (1 + “fSHLp)CZS> .

Since Wi ( fi, f,) < J,, this completes the proof. O
It remains to prove Proposition 2.3.1. We start with a technical result.

Lemma 2.3.4. Assume (2.3) for some v € (—1,0), some v € (0,1) with v +v > 0 and
recall that the deviation function c was defined by (2.14). Consider f € P2(R3) and ¢.(z) =

(2me)"¥2e7 /R Set f(w) = (f * o) (w).

(i) There exists a constant C' > 0 such that for all v € R3, all € € (0,1),

/RJ/W/ /27T c(v, v, 2, ¢ |¢](C( ] >dgodzf(dv)f(dv*)SC’(1+\/W+|II)7

(ii) For all e € (0,1), all R > 0, there is a constant Cr . > 0 (depending only on ms(f))

such that for all x,y € B(0, R),
— ‘ dedz f(dv) f(dv,) < Crelz — y.

LLL / v v | Ty o

Proof. We start with (i) and set I (z) = [gs [os [o~ c(v, vy, 2, @)|wadzf(dv)f(dv*).
Using (2.8) and (2.5), we see that | (0,04, 2, 0)| < G(z/\'u — v )| — v < C(1+ z/lv —
v,|") V¥ |v — v,|. Hence

2o — v, )V o — delv — 2) zf(av v
<c/// (1 2/jo =)o 0| = (o) ()
—c [ [ o= et o ).

¢€(v B :E) ¢e(v — y)
fe
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Using now that [v — v, |**7 <1+ |v| + |v.], we find

Lo <o [ [ e+ o2 )
)iy

Jrs [V]¢e(v
fe(x)

To conclude the proof of (i), it remains to study J(x) = (f(z))™" [gs [v]¢e(v — ) f(dv). We

introduce L := \/2my(f), for which f(B(0, L)) > 1/2 (because f(B(0,L)°) < my(f)/L?).
Using that {v € R® : || < 2|z| + L} U{v € R3: |v — z| > |z| + L} = R?, we write

Juos [V]6c(v — 2) f(dv) S apsiotes W60 — 2) f(dv)
Jrs Oc(v — ) f(dv) Jjo—al<iolr (v — @) f(dv)

Since ¢, is radial and decreasing,

SC(l—i— ma(f) +

Je(z) = <2lz|+ L+

/ |>|z|+L [v]¢e(v — 2) f(dv) < de(|] + L)y/ma(f)
and
/ <ol D dc(v—1x)f(dv) > ¢c(|z| + L) f(B(z, |z| + L)) > ¢e(|z| + L)/2

owing to the fact that B(0, L) C B(z, |z| + L). Hence,

Je(x) < 20z| + L+ 2/ mao(f) < 2[x] + 4y/ma(f)

and this completes the proof of (i).

For point (i1), we set

= [ [ [tz ol - Eoliae )

where F.(v,z) := (f(x))'¢.(v — ). Exactly as in point (i), we start with

Ac(z,y) <C [0 = o[ Fe(v, 2) — Fe(v,y)]f(dv) f (dv.)

R3 JR3

C [ (4 ) + DI Fio,) = Fio, )l (o)
<Clo—yl [ (1 vma(f) + o) (_sw |9, Ffv.a)l) )

a€B(0,R)
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for all z,y € B(0, R). But we have

16:(v — ) Jpu (v — u)ée(u — a) f(du)
‘ (Fe(a))? |

Indeed, recalling that ¢ (z) = (2me) ™3/ 20-121?/(26)  we observe that

V(v —x) = 1(v —)p(v — x) and V, f(z) = ! de(u—x)(u— ) f(du).

€ € JRr3
Since F.(v,a) := (f(a))'¢.(v — a), we have

vm¢e(v _ a)fg((w — ¢e(v _ a)meE(CL)
(f<(a))
0o —a) (v = a)f(a) — oo Olu— a)(u— a) f(du)
€ (f ( ))?
6 = a) fyo &lu = a) (v — @) f(du) = [y & (u— a)(u— a)f(du)
€ (f<(a))? ’

whence (2.28). Using now that J.(a) = (f(a)) ™" [gs [u|pc(u — a) f(du) < 2|a] + 4y/mo(f)
as proved in (1),

VeFe(v,a) =

(2.28)

VeF(v,a) =

1 (v — fRd v] + [u])ge(u — a) f(du)
e fa) fe(a)

1o ( a)

T (]v| + 2|a| + 4v/ma(f )

But we know that ¢ (x) < (27¢)~/2 and that

|VxF€(U, a)| <

<

fo(a) > /| oy e = 1) 2 6ulll 4 D) (Blo ol + 1) 2 6ol + )2
since B(0, L) C B(a,|a| + L). Hence,

2
SUp_ [V, F(v,0)] < = /@ (\v|+2R+4\/m2 )

a€B(0,R)

Consequently, for all z,y € B(0, R),
2C (RL)2/20)
Adwy) <= 2=yl [ (1 v/mal) + el ) (ol + 2R + 4v/ma(D) f(dv)
R
S CR,€|'/L‘ - y|7

where Cr . depends only on R, € and ms(f) (recall that L := /2ma(f)). O
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Finally, we end the section with the

Proof of Proposition 2.3.1. We consider any given weak solution ( f;);>o € L>([0, 00), P2(RR?))
to (2.1) and we write the proof in several steps.

Step 1. We introduce ¢ (z) = (2me) 32~ 1#1°/29) and fe(w) = (f; * ¢)(w). For each
t > 0, we see that ff is a positive smooth function. We claim that for any ¢ € Lip(R?),

0

i L, ) fitdw) = [ i) A aiw)

where

Auattw) = [ 7[00 et = ot 5t tan

(2.29)
Indeed, ff(w) = [gs ¢e(v — w) fi(dv) since ¢ (x) is even. According to (2.10) and (2.15), we
have

00 27 ) )
:/ / / / [0e(v —w + (v, 04, 2,9)) = de(v — w)]ddz fr(dv.) fi(dv)
R3 JR3 JO 0
K 27 ) i )
:/ / / { de(v —w+ c(v, vy, 2,0)) fr(dv) — ff(w)| dedz fi(dv.)
R3 JO 0 R3
00 2
0= w o0, 01,7, 0)) = 9ulo — w)ldpdzfi(du.) f(d
+/R3/RS/K' /0 [qb(v w-l—C(UU ng)) Cb(v w)]tpzf(v)f(y)
for any K > 1. We thus have, for any ¢ € Lip(R?3),
0 -
a1 L, eitaw
K 27 ) )
:/ / / / Ge(v —w + c(v, vy, 2, 0) )0 (W) fr(dv)dpdz fi(dv, ) dw
R3 JR3 JO 0 R3
K 2 ~ B
_/ / / / b(w) ff (w)dedz fo(dv.)dw
R3 JR3

/R?, /R /R/ / (0 = w+ c(v,v,, 2,9)) — de(v — W) (w)depdz fy(dv..) fi(dv)dw

Using the change of variables w — ¢(v, vy, 2, ) — w, we see that the first integral of the RHS
equals

K 27
/ / / / ¢€(v—w)w(w+c(v,U*7z,gp))ft(dv)dgodzﬁ(dv*)dw
r3Jr3Jo Jo JRm3
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Consequently,

9 re
5 [ vt

-[.[] 3 / [ [ v+ clov.: w))¢€;t - )>f< 0) = p(w) | Fs(w)dpdz f(dv.)dw

i /R /R /R / OO / %W)E(“ —w+ (0,00, 2,9)) = ¢(v — W)W (w)dpdz fi(dv.) fi(dv)dw
/RS /Rg/ / /Rs (w+ c(v, 04, 2,0)) — (w)] d)e;e(;) )f(dv)dgodzﬁ(dv*)ﬁf(dw)
/]R3 /R3 /Rs/ / [Be(v —w + (v, 0., 2,9)) — Ge(v — )] (w)dpdz fy(dv.) fi(dv)dw

Letting K increase to infinity, one easily ends the step.

Step 2. We set Fy (v, z) = (ff(x)) '¢c(v — x). For a given X§ with law f§, and a given
independent Poisson measure N (ds, dv, dv,, dz, dp, du) on [0, 00) x R*XR3x [0, 00) X [0, 27) X
[0, 00) with intensity ds fs (dv) fS (dv,)dzdpdu, there exists a pathwise unique solution to

27
= X§+ / / / / / / c(v, v, 2, 1{u<Fs (v,X<_ }N(ds dv, dv,, dz, dp, du).
r3 JR3

(2.30)
This classically follows from Lemma 2.3.4, which precisely tells us that the coefficients of
this equation satisfy some at most linear growth condition (point (i)) and some local Lipschitz
condition (point (i1)).

Step 3. We now prove that £(X{) = f¢ for each t > 0. We thus introduce g¢ = £(X{). By
the It6 formula, we see that for all ¢» € Lip(RR?),

5 | vtwsitae)

[ [ [ ] T (0wt clo,e2,9) — 0(w)) Fualo w)dpdz i do) o)
- [ sitaw) A i)

Thus (f¢)¢=0 and (g ) satisfy the same equation and we of course have g§ = f¢ by construc-
tion. The following uniqueness result allows us to conclude the step: for any py € Po(R?),
there exists at most one family (p;) € Lj2 ([0, 00), Po(R?)) such that for any ¢ € Lip(R?),
any t > 0,

g (w)p(dw) = g Y(w) po(dw) + /Ot ds /R3 fs(dw) Ag ) (w). (2.31)
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This must be classical (as well as Step 2 is), but we find no precise reference and thus make
use of martingale problems. A cadlag adapted R*-valued process (Z;);>o on some filtered
probability space (Q, F, F;,P) is said to solve the martingale problem M P(A, ., y1o, Lip(R?))
if Po Zy = po and if for all ¢ € Lip(R?), (M;)y= is a (Q, F, F;, P)-martingale, where

MY = (Z,) — / Ay b(Z,)ds
0

According to [10, Theorem 5.2] (see also [10, Remark 3.1, Theorem 5.1] and [39, Theorem
B.1]), it suffices to check the following points to conclude the uniqueness for (2.31).

(i) there exists a countable family (¢ )r>1 C sz(R3) such that for all ¢ > 0, the closure
(for the bounded pointwise convergence) of { (¢, Ay 1),k > 1} contains {(1, A, ), ¢ €
Lip(R?)},

(ii) for each wy € R?, there exists a solution to M P(flm, Owy, Lip(R?)),
(iii) for each wy € R?, uniqueness (in law) holds for M P(A,., d.,, Lip(R?)).

The fact that (2.30) has a pathwise unique solution proved in Step 2 (there we can of course
replace X by any deterministic point w, € R?) immediately implies (ii) and (iii). Point (i) is
very easy (recall that e > 0 is fixed here).

Step 4. In this step, we check that the family ((Xf);>0)es0 is tight in D([0, 00), R?). To do
this, we use the Aldous criterion [1], see also [41, p 321], i.e. it suffices to prove that for all
T >0,

sup E[sup|XfH < o0, lim sup sup E[|XS, X§|] =0, (2.32)
e€(0,1) [0,T] 0=0¢€(0,1) S,8'€S7(5)

where Sr(0) is the set containing all pairs of stopping times (.5, .S") satisfying 0 < S < §' <
S+o6<T.

First, since X{ ~ f¢ = f, x ¢, we have B[|X{|?] < 2(ma(f;) + 3€) < 2my(fy) + 6. Thus
for any 7" > 0, using Lemma 2.3.4-(i),

e[up ]

0,7

<E[1Xx¢] +]E / /R /R/ / c(v, s, 2, |¢€J(£ (;(6) )dgodzfs(dv)fs(dv*)ds]

E[1X5]] + CE UO (1+ |X§|)d5} <cy.
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Furthermore, for any 7' > 0, § > 0 and (S, S") € Sy(0), using again Lemma 2.3.4-(i),
B[|X5 — X§]]

<[ L[ e

S+4
<CE V (1+ |X;|)ds] <CE
S

)dgodzfs(dv)fs(dv*)

X5
X5)
dsup(l+ \X§|)] < Cro.

(0,77

Hence (2.32) holds true and this completes the step.

Step 5. We thus can find some (X;);>¢ which is the limit in law (for the Skorokhod
topology) of a sequence (X[");>o with €, \, 0. Since £(X{") = f™ by Step 3 and since
fér — f, by definition, we have £(X,) = f, for each ¢ > 0. It only remains to show that
(X¢)i>0 is a (weak) solution to (2.21). Using the theory of martingale problems, see Jacod
[40, Theorem 13 55], it classically suffices to prove that for any ¢» € C}(R®), the process
(X)) — fo By (X, )ds is a martingale, where

By (x / / /27T U(x+ c(x, X[ (a),z,9)) — Mx))dgpdzda.
But since £, (X;) = f,, this rewrites (recall (2.15))
By (x /R?)/ /27r (x + e(x, vy, 2, 0) — ¢(as)>dg0dzft(dv*) = . Agb(a:,v*)ft(dv*).
We thus have to prove that forany 0 < sy < ... < s, < s <t < T, any 1, ..., € C}H(R3),

and any ¢ € C}(R?),
E[F(X)] =0,

where F : D([0, 00), R?) — R is defined by

_ (f[wiu&)) (v0) = v(r) - / B

We of course start from E[F, (X“)] = 0, where, recalling (2.29),

) (.ﬁwi“sﬂ) (600 - 000 = [ AwOriar),

We then write

EF(X)]| < [EF(X)] - EIFX)]| + [EFX)] - EF, (X))
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On the one hand, we know from [24, Lemma 3.3] that (z, v,) — At(x,v,) is continuous
on R? x R3 and bounded by C |z — v,|"™!. We thus easily deduce that F is continuous at
each A € D([0,00),R?) which does not jump at si, ..., s, s, ¢ (this is a.s. the case of X €
D([0, 00), R3) because it has no deterministic time jump by the Aldous criterion). We also
deduce that | F(\)| < C(1 + fg Jas [\ — 0,7 fo(dv,)dr). Using that 0 < v+ 1 < 1, that
SUD.e(0,1) E[supjo 71 | Xf]] < oo by Step 4 and recalling that X goes in law to X, we easily
conclude that |E[F(X)] — E[F(X)]| tends to 0 as n — 0.

On the other hand, since | F(\) — F.(\)| < C| f;(BT@D(AT) — A, p(\,))dr| and X¢ ~ f¢

o

[ELF(x)] - ELF, (X))

gc/:EH/RS/Om/:W ng(Xﬁ”w(v,v*,z,w))

G, (V= X7") 2 x
{W Fuldv) — 8 xen (dv)} ddzf.(dv,)
_C /
But we can write

[ ar

/R3 /OOO/O%/RS R3¢(w+c(v,v*,z,¢))

(6, (0 = w)fy{dv) = fir (w)d (dv) | dwdipd= , (dv)

dr.

/ b + (v, 0., 2, 9)) o (1) o (dv)duw
R3 JR3

= w(w—i—c(w,v*,z,gp))ff"(w)dw

= / @Z}(w—f-C(U},U*,Z,QO))Qben(U _w) T(dl})dﬂ),
R3 JR3
so that

E[F(X)] - E[F, (X

< [\ L7 [t etz - vt etw, ez

¢en (U - w)f?‘<dv)dwd90dzfr(dv*)
_C / t

/}RB/000/027T/R3/R3 [¢(w+c(v,v*,z,g@+g@o(v—v*,w—v*)))

—(w ~+ c(w, vy, 2, go))] ¢e, (v — w)fr(dv)dwdgodzfr(dv*)

dr

dr.
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The last equality uses the 27-periodicity of c. We now put

R,(v,vs, 2, ) ::/

[w(w + (v, Vi, 2, 0 + ©o(V — Ve, w — V)
R3
- w(w + C(w7 Vs 2,4 90)) ¢€n (U - 'UJ)dU),
and show the following two things:
(a) for all v, v, € R3, all z € [0,00) and ¢ € [0, 27), lim,, 00 Ry (v, Vs, 2, ) = 0;

(b) there is a constant C' > 0 such that for all n > 1, all v,v, € R?, all z € [0,00) and
¢ €10,2m),
|Rn(1),1}*, Z, ()0)‘ S C(l _'_ |U - U*|)(1 + Z>71/U7
which belongs to L'([0,7] x R® x R? x [0,00) X (0,27), dr f.(dv,) f,(dv)dzdyp) because
(fr)iz0 € L=([0, T, P2(R?)) by assumption.

By dominated convergence, we will deduce that lim,, ., ‘E[]—" (X)) — E[F., (X 6“)]‘ =0
and this will conclude the proof.

We first study (a). Since ¢ € C}(R?), we immediately observe that
’w(w + (v, 4, 2,0 + ©o(V — Ve, w — 0y))) — V(W + e(w, vy, 2, <p))‘ (2.33)

< Cyle(v, vy, 2, 0 + @o(v — v, w — v,)) — c(w, vy, 2, )

Recalling that

sin G(z/|v — v.|"))

B — ol
_1 COSG(Z/'U U*| )(U—U*)+ 5 F(U_'U*?SD)’

2

C(U7 /0*7 Z? gp) =
we have

(0,04, 2,0 + ©o(V — v, w — 0,)) — c(w, v, 2, 9)
< |cos G(z/|v — v.]?) — cos G(z/|w — v.|7)|
- 2

|sin G(z/|v — vi|?) —sin G(z/|w — v,|")
+ 2

11— cos G(z/|w — v.|7)|
2

v — o] + v —wl

||F(U - U*Jgp—i_ SOO)|

sin G — v |?

| IsinGle/lw = up)
2

Using that |I'(v — v,, ¢ + ¢o)| = |v — v,| and Lemma 2.2.2, we obtain

D = 0y, 0+ 00) = D(w — 0., ).

(v, Vs, 2,0 + ©o(V — Ve, w — 0,)) — c(w, v, 2, 9)

<CIG(z/lv —v|") = G(z/|w — vi|")||v — vi| + Clv — w].
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We deduce from (2.4) that |G'(2)| = 1/8(G(z)) < C by (2.3), whence
’c(’u, Vs, 2,0+ @o(V — v, w — v,)) — (W, vy, 2, )
< Czl|lv— v, | = Jw — U*||7"|v — v + Clv —w|.
Using again the inequality [2® — y®| < |z — y|(z Vy)* ! fora € (0,1), and z, y > 0, we have
“U _ U*|I'ﬂ — |w — U*’M‘ < v —wllv— U*W*l.
We thus get
c(v, 04, 2,0 + ©o(V — Ve, w — v,)) — c(w, vy, 2, (p)‘ < C(zlv — v | + 1) v — w).
Consequently,
R (v, 0., 2,0) <Cy(zv — v, 4 1) /3 v — w|o., (v — w)dw,
R
which clearly tends to 0 as n — oo. This ends the proof of (a).
For (b), start again from (2.33) to write
‘@ﬁ(w + (v, 04, 2,0+ @o(0 — v, w = 04))) — V(W + c(w, v, 2, w))‘
< |+ e(v,02,2,9)) = ()| + |p(w) = P+ c(w, 0., 2,9))|
< Cy(le(v, ve, 2, 0)| + |e(w, vs, 2, 0)]).

Moreover, since |c(v, v, 2, 0)| < G(z/|v —v.|")|v — v, < Clv — v, |(1 + |v — v |P12) "1/ by
(2.8) and (2.5), we observe that

Ry (v, 0, 2,0) <Clv — v,](1 4 v — v, |"2) 7"
+ 0/3 jw — v, | (14 |w — v, |"2) Y., (v — w)dw.
R
Since 1+ |[v — v, |z > (1A Jv — v, | (1 + 2) for z € [0, 0),
0 — 0] (14 v — v 72" < o — v (14 2) V(LA Jo = 0, 7) 7
Using that |y|/v < 1, we deduce that
v — 0| (14 [v — v, 2) "V < (T4 v —v])(1+2z)" "

As a conclusion,
Rn(U,U*, Z, @) < C(]- + |U - U*| + / |U) - U*|¢€n(v - w)dw) (1 + Z)_I/VJ
]Rii

which is easily bounded (recall that ¢, € (0,1)) by C(1+ |v] + |v.|)(1+2)7V/" as desired. [



82  CHAPTER 2. UNIQUENESS AND CHAOS FOR THE BOLTZMANN EQUATION
2.4 The coupling

2.4.1 Main ideas of the proof of Theorem 2.1.5

The proof of Theorem 2.1.5 is very technical, so let us exhibit the main ideas. We consider the
unique strong solution ( f;)¢>q to (2.1) given in Theorem 2.1.3. We first couple (W}, ..., W2 )0
(i.i.d copies of (IW});>¢ solution to the SDE associated to ( f;);>0) and the Nanbu particle system
(V,', ..., VN)i>0 in such a way that, roughly, as soon as possible, each time W/ has a jump
(Wi W), z, ), Vi also has a jump cx (Vi , V7, 2, ) with V/ as close as possible to
W (). So, we construct a coupling between W;* () (with law f;) and V;/ (with law z;"") in
Lemma 2.4.2 as Fournier-Mischler [32], see also [23]. Unfortunately, there are many problems:
we have to use in a complicated way the function ¢y of Lemma 2.2.2, and to use an intermediate
coupling between the empirical measure of the V,"’s and the W;’s.

To get the convergence rate, we roughly apply the stability principle in Theorem 2.1.4, and
find that Wi( ,uiv - ,u{,vvt) should be bounded by (some natural error terms) x

exp <C’%p fot (1 + ||, |l Lp)dS) , but it is not correct since the empirical measure does not have

a finite L” norm. We thus consider a regularized version (i.e. iy, = pay, * ey ), With a small
parameter ey. Here ¢, = (3/(4m€*))1{j4)<¢} - This introduces some additional error terms, but
we are able to bound, uniformly in /V, the LP-norm of g{,vvt. This is difficult, but not surprising.
Indeed, it is well-known from statistics that, if (X1, ..., Xy) are i.i.d with density g € LP, then
[F= SOV Ox, * ey llze < 2||gllze with high probability if €y is well-chosen. So for each fixed
t > 0, we apply such a principle, but we need to get something similar (localy) uniformly in
time. For this, we use some continuity properties of the W}’s, and again this is complicated
since they are only cadlag.

Now we have all this in mind, we realize that we also need to take into account the regu-
larization (by convolution with 1., ) when introducing the coupling between the V;"’s and the
Ws.

2.4.2 The coupling

To get the convergence of the particle system, we construct a suitable coupling between the
particle system with generator Ly x defined by (2.16) and the realization of the weak solution
to (2.1), following the ideas of [32].

Lemma 2.4.1. Assume (2.3) for some v € (—1,0), v € (0,1) withy +v € (0,1). Let N > 1
be fixed. Let q > 2 such that ¢ > /(v + v). Let fo € P,(R®) with a finite entropy and let
(fo)ezo € L= ([0, 00), Pa(R)) A L, ([0, 00), L(R2)) (with p € (3/(3+7), po(, v, ))) be the
unique weak solution to (2.1) given by Theorem 2.1.3. Then there exists, on some probability
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77777

-----

[0, 27), with intensity dsdadzdyp, a measurable family (W} );>o of a-random variables with
a-law (f;)i>0 and N i.i.d. cadlag adapted processes (W) solving, for eachi =1,--- | N,

t 1 o) 21
wWi=vie [ [ [ e wia) s oids dadzdo). @39
o Jo Jo Jo
Moreover, Wti ~ fiforallt > 0,allt=1,...,N. Also, forall T > 0,

E[sup [W}'|‘] < Cry. (2.35)
[0.7]

Proof. Except for the moment estimate (2.35), it suffices to apply Proposition 2.3.1. A simpler
proof could be handled here because we deal with the strong solution f € L ([0, 00), P2(R?))N
Li,.([0,00), LP(R?)). We now prove (2.35), which is more or less classical. We thus fix ¢ > 2.

loc

It is clear that
[0+ (v, ve, 2,0)|7 = [0] 7] < Cq(0]7" + Je(v, ve, 2,0)| ") (v, 04, 2, 0)]

Due to (2.8) and (2.5), |c(v, v, 2, ¢)| < |[v =], [c(v, s, 2,0)| < (14 2/ v — v )"V |0 — 0.,
whence

00 21
L[ vz = olrjdoa:
0 0

) 2m
< Cq/ / (T4 o7+ o] (A + 2/Jv — v )V 0 — v, |dpdz
o Jo
= (L o™+ o) o — v
< Cy(1 4+ o]+ |v.]7), (2.36)
because 0 < 1+ < 1. It then easily follows from the 1td formula and £, (W}) = f; = L(W})
that

t 1
Esup (W17 SB[V +C, [ [ E[1+ W2+ Wi @l dads
[0,¢] 0 JO

t
<EIV11+C, [ (1+ Blsup W7 as.
0 [0,5]

We thus conclude (2.35) by the Gronwall lemma. ]

Next, let us recall [32, Lemma 4.3] below in order to construct our coupling.
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Lemma 2.4.2. Consider (f;)i>0 and (W} )>¢ introduced in Lemma 2.4.1 and fix N > 1. For
v = (v1, vy, ...,vn) € (R®)Y, we introduce the empirical measure p) = N~! Zf;l dy,. Then
forallt > 0, all v e (RN and all w € (R®)Y, with (R} = {w € (RN : w; #
w; Vi # j}, there are o-random variables Z*(W «) and V* (v, w,«) such that the a-law of
(Z*( w, )7 V*(V7 w, )) is N7t Zz 1 5(101 i) and fo |VV>‘< Z*<W7 Oé)’QdOz = WQ (ftv :U’w)'

Remark 2.4.3. We know from [23] and the fact that f, has a density for each t > 0 that the
map (t,v,w, ) — (Z;"(W, a), Vi (v, w, a)) can be chosen measurable.

Observe that £, (Z; (w,-)) = u& and L, (V* (v, w,-)) = plf forall fixed ¢t > 0, v € (R3)V
and w € (R3)Y. No regularity of Z; (w, ) or V;*(v, w, «) is required in any of their variables.

Owing to technical reasons, we need to introduce some more notations.

Notation 2.4.4. We consider an a-random variable Y with uniform distribution on B(0,1)
(independent of everything else) and, for ¢ € (0,1),t > 0, a € [0,1], v € (R®)N and w €
(RN, we set W, () = Wi (a) + €Y () and V" (v, w,a) = V* (v, w,a) + €Y (). It holds
that Lo, (W) = fi* e and Lo(V;" (v, W, ) = il % b, where . (x) = (3/(47€*)) L{jz1<c)-

At last, we built a suitable realisation for the particle system.

Lemma 2.4.5. Consider all the objects introduced in Lemmas 2.4.1-2.4.2 and Notation 2.4.4.
Set W, = (WL ..., WXN), which a.s. belongs to (R*)Y (because f, has a density for all s > 0).
Fix K > 1 and ¢ € (0,1). There is a unique strong solution (V);>0 = (V;', ..., VN )i to, for
i=1,.. N,

2m
V’L / / / / V* V,s 7WS ) ) 2790+ SDi,a,s>M@'<dS,dOé,dZ,dgp),
(2.37)
where Pia,s *= gpil,a,s + 907,2,0(,8 + Qp?,a,s with

(pzlas =%0 (VVZ - Ws*( ) WZ - WS*’E<OC>)7
901 s PO (WZ Ws* 6( )7 VZ— ‘/;*75(\[3—, Ws—> a)) >
gpl s — 0 (VZ ‘/;*76(\[5—7 W,_, a>a V;— - Vy (Vs—’ W,_, a))

Moreover, (V)0 is a Markov process with generator Ly . If fo € P,(R?) for some q > 2,
then E | supp. 7 [Vi' 7] < Crq (this last constant not depending on N, K nor € € (0,1)).

Proof. Since cx = cly.<ky, the Poisson measures involved in (2.37) are finite. Hence the
existence and uniqueness results hold for (2.37). Next, we check that (V;):>( is a Markov
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process with generator Ly : for all bounded measurable function ¢ : (]R3)N — R,all¢t >0,
a.s.,

Z/ / /27r ¢ v+ cr (0, VI (v, W, a), 2,0 + @iag)es) — ¢(V)] dpdzdo
/ / /2” gzﬁ vV + Cck Ul, V*(v,w,oz),z,gp)ei) — (/ﬁ(v)] dodzda

_ZN Z/ / OV + cx (v3, 05, 2, 0)er) — gzs(v)}dgodz
=N— Z/ /27r O(v + cx (v, v5, 2, p)e;) — ¢(v)}dg0dz,

i#]

This is nothing but L x¢(v), recall Lemma 2.2.1. We used the 27-periodicity of ¢y in ¢ for
the first equality, that £, (V;*(v,w,-)) = u for the second one, and that cx (v;, v;, 2, ) = 0
for the last one.

Finally, we verify that supy, 71 E[|V;!|?] < Crq if fo € P,(R?) for some ¢ > 2: it immedi-
ately follows from the It6 formula, (2.36) and exchangeability that

t 1
E[|V;']] S]E[|V01|"]+Cq/ / ]E[1+|V;1|q+|VS*(VS,W8,a)|q] dads
0 0
N t
BV 1+ CN Y [ B[ v v ds
i=1 70

t
<E|V1+C, [ B[L+ V1] ds
0

The Gronwall lemma allows us to complete the proof. 0
Remark 2.4.6. The exchangeability holds for the family {(W{,V;');>0,i = 1,..., N}. Indeed,
the family {(W})i>0,i = 1, ..., N} is i.i.d. by construction, so that the exchangeability follows

from the symmetry and pathwise uniqueness for (2.37).

2.5 Bound in L? of a blob approximation of an empirical
measure
An empirical measure cannot be in some L” space with p > 1, so we will consider a blob

approximation, inspired by [27, Proposition 5.5] and [38]. But we deal with a jump process, so
we need to overcome a few additional difficulties.
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First, the following fact can be checked as Lemma 5.3 in [27] (the norm and the step of the
subdivision are different, but this obviously changes nothing).

Lemma 2.5.1. Let p € (1,2) and (f;)=0 € L*®([0,00), Po(R?)) N L}

loc([0> 00), LP(R3)) such
that mo(f;) = mao(fo) forall t > 0.

||LP > Mp-

(i1) For any T' > 0, we can find a subdivision (tg )KNJrl satisfying 0 =t <t < --. <
txy ST <R 41 such that sup,_y g (60 — 1)) < N7 with Ky < 2T'N? and

.....

T T
/ h()dt < 2 / | filldt,
0 0

Wll'h hN(t) = KN+1 HftN ||Lp 1{t€ tN 17té\]}}'
The goal of the section is to prove the following crucial fact.

Proposition 2.5.2. Assume (2.3) for some v € (—1,0), v € (0,1) with v + v > 0. Let
q > 2 such that ¢ > v*/(v +v) and let p € (3/(3 4+ 7),po(7,v,q)) C (1,3/2). Consider
fo € P,(R3) with a finite entropy and (f);>o € L>([0,00), P2(R?)) N L}, ([0, 00), LF(R?))
the corresponding unique solution to (2.1) given by Theorem 2.1.3. Consider (Wt")izlr,.,N7t20
the solution to (2.34) and set jiyy, = N~ S Oy Fix 6 € (0,1), set ex = N-U=9/3 and
define [iyy, = iy, * Yey, where 1. was defined in Notation 2.4.4. Finally, fix T > 0 and
consider hy built in Lemma 2.5.1. We have

P(Vt € [0, 7). || iw, | < 13500(1 + hN(t))) > 1= Cpy g N9/,

Throughout the section, we fix N > 1, § € (0,1), and ey = N~179/3 and adopt the
assumptions and notations of Proposition 2.5.2. We also putr = p/(p — 1).

In order to extend [27, Proposition 5.5], it is necessary to study some properties of the paths
of the processes defined by (2.34). Following Lemma 3.11 in [63], we introduce, for each
1=1,..., N,

Wi =V + /// / (0,2 D)L ws @) <N/} (2.38)

x M;(ds,do, dz, dp).
Lemma 2.5.3. Forall T > 0,

P[SUP ’Wt1| < N6/37 sup |Wt1 - Wsl| > EN] < CTNzefNé/S.

[0,T] 5,t€[0,T),|s—t|<N—2
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Proof. Let us denote by p the probability we want to bound.

Step 1. We introduce

z- | t / 1 | G/ IWE W @)W~ W)
X 1

{a(enme-win) |W;—W:<a>/4szv—l/3}M1(ds’ da, dz, dp).
It is clear that Z] is almost surely increasing in ¢, and that a.s., for all s, ¢ € [0, 77,

Wl - Wl < |zl -z}, (2.39)
since for any v, v, € R? (recall (2.8))

G(z/|v = vu|") v — v /4 < e(v, v, 2,90)| < G(2/|v = va]7) v — sl

We now consider the stopping time 7y = inf {¢ > 0 : [W}!| > N%/3} and deduce from (2.39)
and the Markov inequality that

P<P[sup W NP sup |7 -zl > ey
0.7 5,€[0,T],|s—t|<N—2
S ]P)|: sup ’Ztl/\TN - Zsl/\TN’ 2 6N:| :
$,t€[0,T),|s—t|<N—2

Since [0, 7] C U,EZ;TJ [k/N?, (k+1)/N?) and Z" is almost surely increasing in ¢, we deduce
that on {Sup, ;c(o 71 s—t|j<n-2 | Zinry — Zanry| = €}, there exists k € {0,1,..., [N*T'|} for
which there holds Z(l(kH)J\,,Q)/\TJV — Z(lkN,2)ATN) > en/3. Hence,

- €N
p= P [(Z(l(kJrl)N—Q)/\TN - Z(lkN—Q)/\TN> > ?}

[N?T]

_A78/3
< e VR [exp {3N1/3 (Z(l(k-i—l)N*Q)/\TN - Z(lkN72)/\’TN) H
k=0

Step 2. We now prove that [}, is (uniformly) bounded, which will complete the proof. We
put

Ji(t) = E [GXP {3Nl/3 <Z(1t+kN—2)/\TN - Z(lkN—2)ATN> }] :
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It is obvious that I, = J,(N~2). Applying the It6 formula, we find
Ji(t)

(t-‘rkN WATN
— 1+27TIE[/ / / exp 3N1/3 (Z; Zhon- )MN>}><
/\TN

<€3N1/30(z/|W;—W;(a>|~)W;—W:(a) _ 1>1 dzdozds}.

{(nwi-ws@p)wi-ws@iasn-12

Since AN'3G (z/|W} — W (a)|")[W! — W;(a)| < 12 (thanks to the indicator function), we
have

NG g < CNVIG (=W — W )| W - W (o)
for a positive constant C'. Then using (2.5), we see that
1{G(z/\ws—w:<aw)|stwz<a>|/4s1v—” ) = Yeonvmmwi-ws @pse—wi-wi@p}-

Hence,

Ji(1)
(t+kN~2) ATy

§1—|—CN1/3]E{/ // exp 3N1/3<Z1 Z(kN z)ATN>}
(kN 2/\’T'N

X (1 + 2 /W) — W;(oé)p) ]Wsl — Ws*(a)’1{zzczvv/3|wsl—w;(a)|w+V—|W;—W;(a)|v}dZdO‘dS .

But, we have

1 * > 1 * ¥ 71/’/
W= W@ [ (1 2= P) L e w42
0
=ON~UIBWE— Wi (o)
SON~UIBA 4 WP+ W (o))

since v + v € (0, 1). Using now that fol [W(a)|?da = ma(fy) and that |} | < N9/3 for all
s < 1y, we conclude that

Je(t) < 14+ CNY3(1+my(fo) + N*/3) /t Ji(s)ds
0

<1+ CNWF) /3/ Ji(s)ds.
0

It follows from the Gronwall lemma that .J,(t) < exp (CN®+29/3¢), and thus that [, =
Ji.(N~2) is uniformly bounded, because (v + 2§)/3 < 2 (recall that v € (0,1) and 6 €
(0, 1)). O



2.5. BOUND IN L* OF A BLOB APPROXIMATION OF AN EMPIRICAL MEASURE 89
Next, we study the large jumps of (W}!);>o.

Lemma 2.5.4. There exists C' > 0 such that forany { € {1,..., Ky + 1},
IP[H te (N V] AW} > N7V3 | < N~/

Proof. Letus fix fand set A = {3t € () |, t)] : [AW}]| > N~1/3}. After noting that

té\f 1 00 27
= ; >
A {/t'el\f_l/o' /0 /0 1{‘C(W5177W5*(a),z7¢)‘>N—1/3}Ml(d57daadzad(p) - 1} ’

we have
tN 1 poo p2r
1 . 1\ Mi(ds,da,dz, d
/t@Nl/o/o /0 {leWL W (a)2.0)[>N-1/3} 1(ds, dav, dz, dp)

by the Markov inequality. But, (2.8) and (2.5) tell us that |c(v, v, z,0)] < C(1 + z/|v —
v, ")~V |v — v,|. Hence,

P(A) <E

tév 1 fe’e)
IP’A<2IE[ 1 e e ddd}
(A4) = 2m /thl/O /O {O(1+2/|WE- Wy (a)|)~1/¥[WE-Wi (o) >N ~1/3} G2AQAS

t?’ 1 o0
< QWJE[/N / / 1{z<CNv/3\W;—W;(a)\erv}dZdO‘dS}
o Jo Jo
tV 1
- CN”/?’]E[ / / Wl - WS*(a)y'Y+”dads].
N, Jo
Finally, using that |[W}! — W7 (a)|"™ < 1+ |W}]? + |W7(a)|* and that fol W (a)]Pda =
E[|[W}|?] < oo, we conclude that P(A) < CNY/3(t}, — t)) < CN¥/37% as desired. O
Lemma 2.5.5. For{ =1, ..., Ky + 1, we introduce
Ii={ie{l,..,N}:3te (), t)] such that | AW]| > N~1/3}, (2.40)

and the event

Qb v ={Vie{l,., N}, sup|W;| < N°3 and sup W — Wi < ey
’ [0,7] $,t€[0,T7],|s—t|<N—2

N {w — 1, Ky + 1, #(I) < Ne?v/r} .

Then we have
P[Q} y] > 1 — CrgsN'93,
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Proof. We write QT N = Ql QlT2N where

Qply = {‘v’ie {1,.., N}, sup |[W{| < N°® and sup |W;—/V\V/;\ geN},
’ [0.7]

5,t€[0,T),|s—t|<N—2

QL2 = {w 1, Kn+1, #(I,) < Ne*”;v/’"} ,

Step 1. Here we estimate ]P’[(QTIN)C]. Using the Markov inequality, (2.35) and Lemma
2.5.3, we get

P[(Q7y)°]
< NP {Sup W < N3 and  sup |[W}!—W]} < GN}Ci|

0,7 |s—t|<N—2

=NP sup]Wl\ > N‘S/S} +NIP’[sup\W1| < N°3and  sup \th - /VIV/Sl] > EN]
011 [0,7] |s—t| <N —2

< N]E Sup |Wt |q:| N—q5/3 + CT N3€—N5/3 S CTVq Nl—q5/3
-[0,7]

Step 2. We now prove that P[(Q%\,)C] < COrexp(—N?). Forany fixed ¢ € {1,..., Ky +1},
we introduce A%, = {3t € (t)Y,,t)'] : |AW}}| > N~Y/3}. Then we observe that #(I,) follows
a Binomial distribution with parameters N and P(A%;). Using again the Markov inequality, we
observe that

Kny+1 Kny+1

P4 < D Pl#(L) = NI < 7 Elexp (#(1))]exp (- Ne").
=1 =1
But,
Elexp (#(1;))] = exp (Nlog(l + (e — 1)IP(A§V))) < exp (N(e - l)IP’(Af\,)).
Hence,

Kny+1

Q%FQN ¢ Z exp (N (e — 1)P(AY)) exp (—Ne?]’\{r).

=1

We know from Lemma 2.5.4 that P(A%) < ON~(%/3 hence NP(A%) < CN~1+/3 < C.
We thus deduce that

P(Q77)] < C(Kn + 1) exp(—=NeX) < C(2TN? + 1) exp(~Nex") < Crexp(—N?),

3/r

since Ney," = NY/P+/m and since 1/p + 6/r > 6. This ends the proof. O
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We now give the

Proof of Proposition 2.5.2. Consider the partition &y of R? in cubes with side length ¢, and
its subset 2%, consisting of cubes that have non-empty intersection with B(0, N%/3). Then we
observe that #(23) < (2(N%3+en)en')? < 64N°e® = 64N. We split the proof into several
steps.

Step 1. For (z1,...,xx) € (B(0, N/3)N and (yi, ..., yn) € (B(0, N*/3))N, we set

]:{16{177N}|Il_y1| >€N}7

and denote the empirical measure of y = (y,...,yn) € (R®)¥ by plf = N"13° 6,.. The
goal of this step is to show that

(%)1/T§(I) +3375<N 20D Z (#{ie{l,. ,N}:z; € D})p)l/p.

DeZ};

iy * ey lle <

Indeed, recalling that ¢ (z) = (3/(4m€*))1{j;/<c}, We observe that
u5*¢w()

N qu\; — Y 1{\:)01 —yi|>en} + N~ qu\; yi)l{lmi—yilﬁéN}

=1

3 :
NZ% vi) + oy # € {1 N} i € B(v,ew), |ys — il < e}
N

el
3

oS o)+ i (L V) € B 260}

ZEI
Hence,
Hy oy (V) < Z¢€N (v=yi)+ N} 2 @ € D}1{pnBw,2en) 20}

zGI DE/(S
We then deduce that
Hu§V * WYey || Lo
= Wl + gl 30 #H € (L N} 220 € DYooy oo
i€l DGJ‘S

Since ||y (- — ¥i) ||l = (%)1/T€]_\[3/T, we have

1 31 #()
NHZ%(-— N < ZH@DEN =)l < ()7 57

3/r
70
i€l zeI Ney
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On the other hand, let A := || 3" pc 5o #{t € {1,..., N} : 2 € D}L{prp(.2en)20} [l Lr- then

p
AP :/ < Z #{Z T € D}l{DﬁB(v,QEN)?f@}) dv
R3

De3,
p/2
= / < Z #{i:x; € DI#{i x5 € D/}1{DﬂB(erN);é@,D/ﬂB(v,QeN)75(2)}> dv
R D, D'e P,
< / Z (#{i:x; € D})p/2 (#{i: 2 € D/})p/21{DmB(v,zeN);é@,D/nB(v,zeN);éw}dU
R b e

because p € (1,2). From x? + y* > 2ry and a symmetry argument, we see that

A< Ny (#{i:xieD})p/

31{DDB(v,26N)7é(D} Z 1ipnBw,2en) 203 dV.
De}, R

D'ePy,

But, for each v € R3, D press, Wb ey = #{D' € P, DN B(v,2en) # 0} <52
And foreach D € 22, {v € R® : DN B(v,2ey) # (0} is included by a ball of radius 3¢y.
Therefore, [os 1{pnp(w2ey)201dv < 47(3en)? /3. Hence,

» 5347 (3ey)? - »
A ST Z (#{i: z; € D})".

DeZ};
Consequently,
123" % e (0) | 0
3 1/r #(I> 3
S (E) 3/r + A7t N 3
Ney TINEN
B #(I) 31 evasn (p—3-1) . r\'/7

DeZ},
Since (15)%/? < 15% = 3375, this ends the step.

Step 2. In this step, we extend the proof of [27, Step 3-Proposition 5.5] to show that there
are some constants C' > 0 and ¢ > 0 (depending on ¢ and M, of Lemma 2.5.1) such that for all

fixedt € (0,7 + 1],
P[(QF 5)] < Cexp (—eN/"),

where

0y = AN ST (i€ {1, Ny W € DY) < 2 £

DeZ§;
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To this end, we introduce, for D € 93, Ap = #{i : W} € D}. Then Ap ~ B(N, f;(D)) and
we have
P(Ap > z) <exp(—x/8) for all x> 2Nf(D). (2.41)

Indeed, P(Ap > z) < e "Elexp(Ap)] = e " exp[Nlog(1+ fi(D)(e—1))] < e " exp[N(e—
1) fi(D)]. If & > 2N f,(D), we thus have

P(Ap > z) < exp[—z + xz(e — 1)/2] < exp(—z/8).

Next, it follows from the Holder inequality that

1> S0 / F@Pde > 7" S (D).

8 20
DeZy, Deoy,

On the other hand, we observe from #(2%) < 64N’¢, that

1fellzs = 647 N0 > (el

De3,

Using the two previous inequalities, we find that

PNl = D (2P (FiD) + 2764 N 1ol )

De,

Consequently, on (€27 )¢, we have

3 AL s NS f

DeZ;

> NPT 3 (2 (D)) + 2647 N filh),
DeZg,

so that there is at least one D € &7, with
Ay > NPV (226 (FD))? + 2647 N TR il ).
Hence,

POEN)T < Y P(Ap > NG (R(D)P + 264 N0k 1)),
De,

But we can apply (2.41), because

T —op/T - - !
oy = N[22 (Fi(D)) + 2264~ N2 full,]
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enjoys the property that xy > Nex [20e*” (f,(D))?]Y/? = 2N f,(D):

P(Q7N)T < Y exp(—an/8).

DeZ};

Using that 2y > Nex (2064 LN 93 || f,|5,)/P = cNO/7|| f,|| e, that #(27%) < 64N and
that || f;||» > M, we deduce that

PN < D exp(=eN||fill1r/8)

De},
< 64N exp(—cM,N°"/8) < C exp(—cM,N°"/10).

This ends the step.

Step 3. We finally consider the event

QT,N = QlT,N N (mé N+IQtN N>

where QT w is defined in Lemma 2.5.5, and the sequence (¢ )KN i satlsfymg 0= to <tV <
<ty, <T <Tg .y, with Ky < 2TN? and sup,_g__ g, (Y — ;") < N2 is built in
Lemma 2 5.1. We also recall that hy (t) = S04 [ fox ll e L e | amyy-

According to Lemma 2.5.5 and Step 2, we see that

Kny+1

P[5 ] < PI(Q50) T+ D Py o))

=1
< CT,qﬁNl_qé/g + C(Kn +1)exp (—cN‘S/T) < CT’qﬁNl—qé/f%‘

Finally, we show that on Q7 v, for all ¢ € [0, T, || gy, [|» < 13500(1 + 2y (t)). Recall that
W/ is defined by (2.38) and that I, is given by (2.40), we have

(i) foralli =1,..., N, and forall ¢ € [0, T + 1], W} € B(0, N*/?) (according to Qf »);

(ii) for all ¢ = 1,..., Ky + L all t € (&, #Y), all i € {1,.., N} \ I, [Wi — Wiy| =
4
Wi — Wtiév\ < ey, and #(I,) < Ne¥l” (by definition of W and I, and thanks to Qp n):

. p
Giii) Forall ¢ = 1, .., Ky + 1, NP 500 <#{z’ €{l,..,N}: Wi, e D}) <
b 4

2p+1”ftg,v |} » (according to N, N“QfN N)



2.6. ESTIMATE OF THE WASSERSTEIN DISTANCE 95

Using Step 1 with iy, = figy, * Yc,, we deduce that on Q7 v, for all ¢ € [0, T, choosing
¢ such that t € ()Y ,,t)], we have

_ 3 \1/r# (L) _p_—3(p—1) , ; 1/p
|, || e g(ﬂ) T +3375<N Pe Z (#{i e {1,..N} : W)y € D})p>
N DeZ};
<143375.27 /2| fx|| o
=1+ 3375.2+D/Ph (1).
This completes the proof, since 3375.20t1)/P < 33754 = 13500. O

2.6 Estimate of the Wasserstein distance

This last section is devoted to the proof of Theorem 2.1.5. In the whole section, we assume
(2.3) for some v € (—1,0), v € (0,1) with v + v > 0. We consider ¢ > 6 such that
q > /(v +v), fo € P,(R*) with a finite entropy, and (f;):>o the unique weak solution to
(2.1) given by Theorem 2.1.3. We fix p € (3/(3 + 7),po(7,v,q)) and know that (f;);>0 €
L>([0,00), P2(R?*)) N Lj,,.([0,00), LP(R?)).

loc

We fix N > 1, K > 1and put ey = N-(=9/3 with § = 6/q. Consider (V}');¢ for
t = 1,..., N, defined by (2.37) with the choice ¢ = ey. We know by Lemma 2.4.5 that
(V)i=1...N+>0 is a Markov process with generator Ly f, see (2.12), starting from (V7);=1.__ v,
which is an i.i.d. family of fy-distributed random variables. We set u% = N-! EJIV dyi. So
the goal of the section is to prove that

sup BV (¥, 1)) < Cr R (e S ) B )

‘We consider (W;’)QO, fori =1,..., N defined by (2.34) and recall that for all ¢ > 0, the family
(Wi)iz1...n isiid. and fi-distributed.

.....

First, we introduce the following shortened notations:

CW(S) = C(Wslv W:(Oé), Zs 90)7
(

e (8) == c(Wi, Wr™N(a), 2,0 + @1 4),

ey (s) = (VL VEN(V, W, @), 2,0 + 01 s + 91 0s)s
crv(s) = cx (VL VIN(V, We,a), 2,0 4+ 91 0 + 95 00),
CK,V(S) = CK(V517 Vs*(VSa W, O‘)v Z, 0+ %01,0473)7

with the notations of Section 4. Let us now prove an intermediate result.
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Lemma 2.6.1. There is C' > 0 such that a.s.,
I3 (s) + I (s) + I3 (s) + 13" (s)

1
SOG?\;F?Y + C’W; o Vsl|2 + CKl—Q/V/ |Wsl o WS*7€N(a)|2+27/Vda
0

1
[ (IWE= VI W) = Vi (Vi Wes @) P) IV = W ) e
0

6= [ (00 ()~ o) 1) — e ()7 Yo
= [0 v (o) = ) e ) — w9,

1 e’} 2
Bsy= [ [ [ 2 - e u6) - (awls) = es) + ey 5) — exars)) dpdzda
o Jo Jo
Proof. First recall that [IW}N (o) — VN (Vi Wi, a)]? = |[Wi () — VI (Vs, W, )%,
Notation 2.4.4. Tt thus follows from (2.18) (with v = W}, v, = WV (a), 0 = V] d
0 = V2N (V,, Wy, o)) that

1
() < C [ (W= V2P 4 W2 (0) = V2 (Ve Wa o)) 2 = W5 (o)

1
_I_CKl—Q/V/ |W51 . WS*,EN(a)|2+2'y/Vda‘
Next, we study 71V (s). As seen in the proof of Lemma 2.2.3,

// (0,00, 2, P)dpdz = — (v — 1) B(|v — v]),

and o
|| extwvn oz = ~to = w)(o = v

where ®(z) = 7 [~ (1 — cos G(z/x7))dz and Pg (x) = 7rf0 (1 — cos G(z/x7))dz. Then,

LY (s) = 2(W) = V) - / = (W= Wi@) e (W) = Wi (a))

+ (Wsl - Ws*’EN (a))q)<|Wsl - Ws*7€N (Oé)|)
— (V! = VPN (Vi W, ) B (V) = VN (Vi W, a))
(V= VIV W) @ (V2 =V (Ve W) | dar
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But we have checked that | X @y (| X|) — Y P (]Y])] < C|X — V|| X]" forany X,Y € R? in
the proof of Lemma 2.2.3, and it of course also holds true that

| XO(|X]) = YO(|Y])| < C|X - Y[|X].
Thus
1Y (s)

<cw =2 [ [t - wrv @ - wie
VSN (Ve Waa) = VI (Ve Wa a) [V = VI (Ve W, )] da
—olwt =2 [l @I - W@ - exy
FV = VIV Wea) = enY ()] da
<cw =P+ 08 [ Y@ P[wd - wi) - vy (@
V- VAV, W, a) — gNY(a)\ﬂ da.
But Y is independent of (W7, V*(V, Wy, -)) and it holds that

1 1
Sup/ 1 — exY(@)[2|Y () 2da g/ lex Y (@)[2|Y (a)2da = Ce
0

zeR3 JO

by recalling that v € (—1,0) and that Y is uniformly distributed on B(0, 1), so that finally,
IY(s) < CIW) = V]I + Cey™.

For I (s), we first write I (s) < A + B, where

_2// /2ﬂ|cw )= N () [2dpdzda
—2// / e o(s) — ex(s) Pdpdzdar

We first apply (2.17) with with v = W}, v, = W (a), o = W} and 0, = W7 («):

and

A<c / W (@) — W2 (@)P[WE — Wee () da

_ e, / Y (@)P|W! = W (a) — exY (a)da.



98 CHAPTER 2. UNIQUENESS AND CHAOS FOR THE BOLTZMANN EQUATION

Using that sup,cgs fo |z — enY ()Y (o) ]Pda < fo |€NY a)|"|Y (a)|?da = Ce} and ar-
guing as in the study of IV (s), we conclude that A < Cex’” < Cex™ . The other term
B 1is treated in the same way (observe that (2.17) obviously also holds when replacing ¢ by

cx = cli<ky).

We finally treat I2¥ (s). It is obvious that

1 00 2m
<[] i) - ey oPdpdzda+ 1 5)
0 0 0

() 21
/ / e (s) — ey (5) dpdz
// e (s) — e (s |dgodz+/ / ey (8) | dpdz.

Applying first (2.17) with v = W}, v, = W (a), o = V}! and 0, = V>V (V,, W, ), w

find that
// e (s) — ¥ (s) Pdiod=

<C(IW; = VIP + W (a) = VNV, W, a)P) W) = W (o)
=C(IW; = ViIP + Wi () = VIV, We, ) ) W] = W (a)].

But

Moreover, as seen in the proof of Lemma 2.2.3,
[ [ et Pt = w2 W @ - e @),

0

where Uy (z) = ®(z) — Px(z) < C [ G*(2/27)dz < Cz*"/"K'~?/¥. Hence,
[ [ ieeraga < om - wes @t

K Jo

All this shows that
I3 (s) <I5'(s) + C/Dl (W = VI + Wi (a) = VI (Vi, Wa, ) ) [W) = W (o) dar
+CK'? / 1 (W) = W ()P da
0

and this ends the proof. [
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To prove our main result, we need the following estimate which can be found in [26, Theo-
rem 1].

Lemma 2.6.2. Fix A > 0 and q > 4. There is a constant C 4, such that for all f € P,(R?)
verifying [ |v|9f(dv) < A, all i.i.d. family (X;)i=1,..n of f-distributed random variables,

N
B (w3 (N ; ox.)

Proposition 2.6.3. Fix T' > 0 and recall that hy was defined in Lemma 2.5.1. Consider the
stopping time

.....

on =inf{t > 0: ||figy, |l z» > 13500(1 + hn (1))},

where iy, = iy, * Vey With ey (2) = (3/(4m€X))1{jzj<eyy and pyy, = N 7! S Oy We
have for all T > 0,

[SOUYE;EHWMUN Viron '] < Cr(ey™ + K172 4 N7V2).
Proof. We fix T > 0 and set u; = E[|W},,, — Vi, |*] forall¢ e [0,T]. By the Ito formula,

we have

/WJ //% W+WU—%WW“WW—WQWMM]
-5[ [ / | / V) (ew(s) — excw(s))

+ |ew(s) — cK7V(s)|2>dg0dzdoz}
tAoN

= E[ (Iév(s) + IN(s) + I (s) + Iév(s))ds],

0

where IV (s) was introduced in Lemma 2.6.1 for i = 0,1,2,3. We know from Lemma 2.6.1
that

t
uly <Ctex™ + C/ ulNds + C(JY () + JN () + JI (1)),
0

where

tAoN 1
BO=B[ [ [ W= VIR = W2 (o) dads].
t/\O’N
JN(t) = / /|W ViV, Wy, a) 2 |W} — WS*’EN(oz)Pdads],

tAoN
g3 () :KH/”E /O /O \Wj—WS*’GN(a)\%QW/”dads].
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First, we have
JN(t) < OK'72ve,

Indeed, it suffices to use that |[WW! — W~ (a)|2+2/V < C(1 4+ [W2H? + [W N (a)]?) (because
2+ 2v/v € (0,2)), that W5 (a)]* < 2 + 2|W7(a)|* (because ey € (0,1) and Y takes its
values in B(0, 1)) and finally that E[|W}|?] = fol W2 () Pda = ma( fo)-

NCXt, £Q(W:76N> = fS * 77Z)5N’ 80 that fOl ‘Wsl - Ws*76N<O[)|’yda S 1 + C%PHfS * I/JENHLP
by (2.13) (recall that p > 3/(3 + ) is fixed since the begining of the section). Of course,
| fs * Ve llee < || fsl|ze» and we conclude that

t
N <C,, / (L4 1) e ds.
0

On the other hand, using the exchangeability and that W*~ (o) = W*(«a) + exY (a), with
Y («) independent of W («) and V*(V, Wy, «) introduced in Notation 2.4.4, we have

tAoN 1 N
JN () E[ /O /0 Wia) = V(Ve, We, ) PN Y ‘W; ~enY(a) — WS*(a)‘Wdads]
=1

E[/OWN /01 Wi (a) — VI (V,, W, a)?
X (/RS . lw—x — WS*(a)WwEN(x)/L{;VVS(dw)dm> dads}
e[ [ [ - v W ([ - W i, ) dads]

But [y (W7 () — w| il (dw) < C. (1 -+ [, l20) by (2.13), s that

tAoN 1
TN () SC%pIE[/O /0 (14 135, 1) (0) = V7 (V. W, ) s

We now deduce from Lemma 2.4.2 that
1
| i) = v (Ve W a)Pda
0

1
<2 [ (Wi(@) = ZHWa o)+ |Z(Wasa) = Vi (Vi W) ) da
0

N
1 . .
= 2W5 (fs, bw.) + 2N § Wi— VI
1
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Using the exchangeability and that ||y ||» < 13500(1 + hy(s)) for all s < Ty, it holds that
t t
Jy(t)<C / (1+ hn (s)EDW; (s iy, )lds + C / (1+ hn(s)) ul ds.
0 0

We thus have checked that

t
U%N < C«t(e?v-&-Qv _I_Kl—Q/V) + O/ (1 + hN(S))E[WQQ(fS,[Li;VVS)]dS
0

t
+ c/ (14 1 follow + o (s)) ¥ ds.
0

But for each t > 0, the family (W}),—; n is i.i.d. and f;-distributed. Furthermore, we have
supy 7 E[[W} 7] < oo (¢ > 6) by (2.35). Hence Lemma 2.6.2 tells us that

sup (W3 (fs, 1y,)] < CoN Y2, (2.43)

[0,7]
Using the Gronwall lemma, we deduce that

T
supul < Cp (e?\,ﬁ7 + K17 4 N_l/z/ (1+ hN(s))ds>
0

(0,77

o (O [0+ Il + h(s)s).

But fOT hy(s)ds < 2f0T | fs||L»ds by Lemma 2.5.1-(ii). And f € L}, ([0,00), LP(R®)). We
thus conclude that

sup Uiv < Cy (€?V+2v + K1-2/v + N—1/2)
(0,77

as desired. O]

Now, we give the

Proof of Theorem 2.1.5. As explained at the beginning of the section, we only have to prove
(2.42). Recall that oy = inf{t > 0 : ||y, |lz» > 13500(1 + hn(t))}, that ¢ > 6 and that
§ = 6/q. Itis clear that Ploy < T| < Cr,sN'~9/3 = Cp ,N~! from Proposition 2.5.2. Then
for t € [0, T, we write

sup EWV; (1, fo)] <2 sup EDV; (1, b, + W (tiw, 1))

<2 up EW; (13, iy,)] + CoN~12
0,7
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by (2.43). But, by exchangeability, we have

N
EWE(Y,. 1)) < B[NV IW) = V| = BIWE - VIR

=1
Moreover,

E[[W,' = Vi ] S E[[Wiaoy — Viney ']+ EIWY = Vi " 1oy <1y]

S C«T(E?V+2w + K172/u + N71/2> + CE[|Wt1’4 + |‘/;1|4]1/2<P(UN S T))1/2’

by Proposition 2.6.3 , and the Cauchy-Schwarz inequality. Noting that E[|W}!|?] < Cr by
(2.35), and that E[|V,'|'] < C7E[|V,!]*] by Lemma 2.4.5, we deduce that

E[[W} = VI € Crg(ef™ + K17 4 N2,
All in all, we have proved that

[SOH}J]E[Wg(u% fi)] € Org(ey™ + K727+ N7V2).

This is precisely (2.42), since e > = N~(1=6/0C+20/3 with ey = N~0-9/3 and § = 6/q.
[



Chapter 3

On the equivalence between some jumping
SDEs with rough coefficients and some
non-local PDEs

This work [34] was written in collaboration with Nicolas Fournier.

We study some jumping SDE and the corresponding Fokker-Planck (or Kolmogorov for-
ward) equation, which is a non-local PDE. We assume only some measurability and growth
conditions on the coefficients. We prove that for any weak solution ( ft)te[o,T] of the PDE, there
exists a weak solution to the SDE of which the time marginals are given by (f;)icpo,r). As a
corollary, we deduce that for any given initial condition, existence for the PDE is equivalent
to weak existence for the SDE and uniqueness in law for the SDE implies uniqueness for the
PDE. This extends some ideas of Figalli [22] concerning continuous SDEs and local PDE:s.

3.1 Introduction

We consider the d-dimensional stochastic differential equation posed on some time interval
[0, 7]

t t t
Xy =Xo+ / b(s, Xs)ds + / o(s, Xs)dBs + / / h(s,z, Xs—) N(ds,dz), (3.1)
0 0 0o JE

where (B;)icjo,r) is a d-dimensional Brownian motion and N(ds,dz) is a Poisson measure
on [0,7] x E with intensity measure ds j1(dz). The coefficients b : [0,7] x R — R4, o :
0,7] x R* + SF and h : [0,7] x E x R? — R? are supposed to be at least measurable.
The space F is endowed with a o-field £ and with a o-finite measure ;1 and S is the set

103
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of nonnegative symmetric d x d real matrices. The Fokker-Planck (or Kolmogorov forward)
equation associated to (3.1) is

Oufy + div(b Z 0i5([o t,)igfo) + Lofi (3.2)

’L]l

where £, f, : R+ R is defined by

/Rd(»ctft r)dz = /Rd/ (z + h(t, z,x)) — o) fi(z)dx

for any reasonable ¢ : R? — R. We use the notation V = V, div=div, and 9;; = 92

$J?]

Let P(R?) be the set of probability measures on R¢ and
PiRY) = {f € P(RY) :mi(f) < oo} with mu(f) = | Jelf(dz).
R

We define L>([0,T],P1(R?)) as the set of all measurable families (f;)tepo,r) of probability
measures on R? such that supy, 7 m1(f) < oc.

3.1.1 Main result

We will suppose the following conditions.
Assumption 3.1.1. The functions o : [0,T] x R4 — 87, b:[0,T] x R* — R and h : [0,T] x
E x RY — R? are measurable and there is a constant C such that for all (t,z) € [0, T] x R4,

|o(t, )| + [b(t, )| + /E At 2, 2)[u(dz) < C(1 + |x]).

We set a(t, ) = o(t, z)o*(t, x), which satisfies |a(t, z)| < C(1+ |x|?).

Definition 3.1.2. Suppose Assumption 3.1.1. A measurable family (f;)icjo,r) of probability
measures on R? is called a weak solution to (3.2) if for all p € C*(R%), allt € [0, T,

/]R ¢l(a) fulda) = /R pla) foldr) + /0 t /R Aspla) + Big(e)] f(do)ds,  (33)

with the diffusion operator.Asgo( ) :=b(s,x)-Vo(z)+3 ijzl a;;(s,2)0;jp(x) and the jump
operator Byp(x) := [, [p(x + h(s, z,2)) — ()] p(dz).

We will check the following facts in the appendix, implying in particular that (3.3) makes
sense.
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Remark 3.1.3. Suppose Assumption 3.1.1.
(i) For ¢ € CZ(R?), supyg 7y,ra(|Asp(7)] + [Bsp(@)]) < 0.

(i) Any weak solution ( f;)ie(o,r] to the equation (3.2) starting from fo € Pi(R?) belongs to
LOO([Oa T], Pl (Rd>>

(iii) If fo € Pi(RY), the weak formulation (3.3) automatically extends to all functions
¢ € C*(RY) such that (1 + |z|)[|¢(x)] + |Veo(z)| + | D?*p(x)|] is bounded.

Point (iii) is far from optimal, but sufficient for our purpose. Our main result reads as
follows.

Theorem 3.1.4. Suppose Assumption 3.1.1 and consider any weak solution ( f;)icjo,r) to (3.2)
such that fo € P1(R?). There exist, on some probability space (2, F, (F)icio1), P), a d-
dimensional (Fy)scpo,m-Brownian motion (By)icjo,r), @ (Ft)icjo,r)-Poisson measure N (dt,dz)
on [0, T] x E with intensity measure dt ji(dz), these two objects being independent, as well as
a cadlag (F;)icpp,m-adapted process (X;)icjo,r) solving (3.1) and such that L(X;) = f; for all
te[0,T).

For (X})¢c[o,r) a solution to (3.1) and for f; = £(X;), asimple application of the It6 formula
(to compute [, ¢(z) fi(dz) = Elp(X,)] with ¢ € CZ(R?)) shows that the family (f;)cpo,r] is
a weak solution to (3.2). The following corollary is thus immediately deduced from Theorem
3.1.4.

Corollary 3.1.5. Suppose Assumption 3.1.1 and fix f, € Py (R?).

(i) The existence of a (weak) solution (X¢)iejo,r) to (3.1) such that L(X,) = fo is equivalent
to the existence of a weak solution ( f;)icjo.1) to (3.2) starting from fo.

(i) The uniqueness (in law) of the solution (Xy):cpo,r to (3.1) with L(Xo) = fo implies the
uniqueness of the weak solution ( f;)icjo.1) to (3.2) starting from f.

In almost all models arising from applied sciences, the jump operator is given under the
form B,p(z) = [.le(x + g(s,y,2)) — @(x)]k(s,y, x)v(dy), meaning that when in the po-
sition x at tlme s, the process jumps to = + g(s,y,z) at rate x(s,y,x)v(dy). Here F is
a measurable space endowed with a o-finite measure v and we have two measurable func-
tions g : [0,7] x F x R — R%and s : [0,7T] x F x R — R,. Introducing £ =
F x Ry, (dy,du) = (dy)du and h(s, (y,u),x) = 9(5,¥, %) l{u<r(sy.)}» ONe easily ver-
ifies that B,p(z) = [, [o(z + h(s, (y,u),z)) — ¢(x)]pu(dy,du). Our results thus apply if
Jela(s,y, )|k (S y, z)v(dy) < C(1+ |z]).
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3.1.2 Motivation

Stochastic differential equations with jumps are now playing an important role in modeling and
applied sciences. We refer to the book of Situ [55] for all basic results and a lot of possible
applications. The book of Jacod [40] contains many important results about weak and strong
existence and uniqueness, relations between SDEs and martingale problems, etc. See also the
survey paper of Bass [8].

Existence for PDEs is often more developed than for SDEs, so Theorem 3.1.4 might be
useful to derive some new weak existence results for the SDE (3.1).

Our main motivation is the uniqueness for some nonlinear PDEs, for which the use of non-
linear (in the sense of McKean) SDEs has proved to be a powerful tool. For example, the first
(partial) uniqueness result concerning the homogeneous Boltzmann for long range interactions
was derived by Tanaka [58]. He was studying the simplest case of Maxwell molecules. Un-
fortunately, he was only able to prove the uniqueness in law of the nonlinear SDE associated
to the Boltzmann equation. Horowitz and Karandikar [39] were able to deduce the uniqueness
for the (same) Boltzmann equation proceeding as follows. Let us recall that the original equa-
tion writes 0, f; = Q(f:, f+), for some quadratic nonlocal operator ). For f a solution, they
consider the linear PDE 0,9; = Q(gy, f:), with unknown ¢ satisfying go = fo. They prove
uniqueness in law for the (linear) SDE associated to this PDE (for any initial condition). They
deduce, extending some results of Ethier and Kurtz [20, Chap.4, Propositions 9.18 and 9.19],
the uniqueness for the linear PDE (for any initial condition). So the unique solution (with
go = fo) to Orgr = Q(gs, f1) is f itself. Consequently, the time marginals of the solution X
to the linear SDE (when X, ~ f;), which solve d,g; = Q(g:, f;) are necessarily ( f¢):cjo,17-
Thus X actually solves the nonlinear SDE. Since uniqueness in law holds for the nonlinear
SDE by Tanaka [58], they deduce that there is at most one solution to the Boltzmann equation
O fy = Q(ft, fi), for some given reasonable initial condition fy.

Let us recall that the above mentioned results of Ethier and Kurtz (extended by Horowitz
and Karandikar [39, Theorem B1] and by Bhatt and Karandikar [10, e.g. Theorems 4.1 and
5.2']) state in spirit that if some SDE has a unique solution (in law) for any deterministic initial
condition, then the corresponding PDE has a unique weak solution for any reasonable initial
condition.

Our result is much stronger, since it does not require at all uniqueness for (3.1). If, for
example, studying the Boltzmann equation, it directly implies that, to any solution f to the
nonlinear equation (seen here as a solution to the linear equation 0;g; = Q(gy, f;)), we can
associate a solution X to the corresponding linear SDE with additionally X; ~ f; for all ¢. In
other words, X solves the nonlinear SDE. This might look anodyne, but this was crucial when
studying more singular nonlinear equations, such as the Landau or Boltzmann equations for



3.1. INTRODUCTION 107

moderately soft potentials, see [27] and [64]. Indeed, in such cases, we really need to use some
physical symmetries to prove uniqueness : it is absolutely not clear that uniqueness holds for
the linear PDE 0,9, = Q(g;, f;), since one really uses that the two arguments of () are the same.

We hope the above discussion shows that Theorem 3.1.4 is an interesting variation of the
mentioned results of Ethier and Kurtz [20]. As already said, the method we use was initiated
by Figalli [22] for continuous SDEs (h = 0) with bounded coefficients. The boundedness
assumption was relaxed in [27, Appendix B]. A special jumping SDE (with @ = b = 0 and
a special jump operator) was considered in [64] to study a singular homogeneous Boltzmann
equation. We decided to write down the general case in the present paper. We did not want
to assume some boundedness of the coefficients, although it complicates the proofs without
introducing new deep ideas, because it is very useful for practical purposes.

Finally, as explained in the next subsection, we are not able to prove a general result when
the jump part of the SDE has infinite variations, and this is a rather important limitation.

3.1.3 Strategy of the proof and plan of the paper

At many places, the situation is technically more involved, but the global strategy is exactly the
same as that introduced by Figalli [22, Theorem 2.6]. Let ( f;):co,r) be a given weak solution
to (3.2).

L. In Section 3.2, we introduce ff = f; x ¢, where ¢, is the centered Gaussian density with
covariance matrix e/;. We compute the PDE satisfied by ff: we find that 0, ff+div(b*(¢, ) f;) =
: > i Oiglai ;(t, ) fi) + L ff, for some coefficients a, b and some jump operator £f. Let us
mention that a“(¢, -), b(¢, -) and L of course depend on f;.

II. Still in Section 3.2, we prove that a“, b and the coefficient of the jump operator L€ satisfy
(i) the same linear growth conditions as a, b, £, uniformly in € € (0, 1),
(i1) some (non-uniform) local Lipschitz conditions.

III. In Section 3.3, we use II to build, for each ¢ € (0, 1), a solution (X[ )¢cpo,r) to some
SDE of which the Fokker-Planck equation is the PDE satisfied by (f{)¢co,r). Since both the
SDE and the PDE (with € € (0, 1) fixed) are well-posed (because the coefficients are regular
enough), we conclude that £(X;) = ff. Indeed, the time marginals of (X );cpo,r satisfy the
same PDE as (f{)cjo,1]-

IV. Still in Section 3.3, we prove that the family {(X;)icjo,r),€ € (0,1)} is tight. This is
rather easy from the Aldous criterion [1], using only II-(ii).

V. In Section 3.4, we finally consider a limit point (X});c(0,77, as € = 0, of {(X[)icpo,17, € €
(0,1)}. Since L£(X5) = ff by III, we deduce that £L(X;) = f; for each t € [0,7]. It then
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remains to show that (Xt)te[()’T] is a weak solution to (3.1) and we classically make use of
martingale problems. Since the coefficients a, b, h are possibly rough, we have to approximate
them by some continuous (in x) coefficients a, B, h. We use that we already know the time
marginals of (X;)icjor: We can take af(t,-), b(t,-) and h(t,-, ) close to a(t,-), b(t,-) and
h(t,-, z)in L*(f;).

The proof of Remark 3.1.3 is written in an appendix.

To conclude this paragraph, let us mention a few difficulties. The regularized jump opera-
tor, in its weak form writes [o, £ f{(y)o(y)dy = [gu Jga [5le(y + h(t, 2, 2)) — o(y)]oc(z —
y) f£(dz)dy. We found no regular Poisson representation of the associated SDE. We use an in-
dicator function, see (3.4). This is why we are not able to treat the case of an infinite variation
jump term: we do not know how to prove that a SDE like (3.4), with a compensated Poisson
measure and some weaker condition on A (something like [, |h(s, z, z)[*pu(dz) < C(1+|z]?)),
is well-posed.

Although this should be classical since the coefficients are rather regular for ¢ € (0,1)
fixed, we found no reference about the uniqueness for the PDE satisfied by ( f;)te[o,T] (see
Lemma 3.2.1). We have not been able to write down a deterministic proof. We thus use that the
corresponding SDE is well-posed (for any deterministic initial condition) and we apply a result
of Horowitz and Karandikar [39].

3.1.4 Convention

During the whole paper, we always suppose Assumption 3.1.1 and that f, € P;(R?). We use
the generic notation C for a positive finite constant, of which the value may change from line to
line. It is allowed to depend only on the dimension d, on the parameters a, b, h, E, i, T" of our
equations, and on the weak solution (f;)¢cpo,r) to (3.2) under study. When a constant depends
on another parameter, we indicate it in subscript. For example, C. is a constant allowed to
depend only on a,b, h, E, 1, T', ( f;)+cjo,r] and on e.

3.2 Regularization

We introduce the following regularization procedure, as Figalli in [22], see also [64].

Lemma 3.2.1. For (f)iepr € L*([0,T], P1(R?)) a weak solution to (3.2) and € € (0, 1), we
set

i) = [ oule =) fuldn) = (fex 0)(w) with ou{a) = (2me) 2/,
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Then for any test function 1) € C*(R?), any t € [0,T],

o s = [ vw smars [ [ 14w+ B s
with
»At e,lvb( ) be(t y

Z (6, )09 (y
Bt = | / [0y + Bt 2,2)) = 9] Fia,y) filde) p(d),

l\’)l»—t

where

Jra®e(x — y)a(t, z) fi(dx)

a‘(t,y) =

fi() ’
b(ty) = Ja®e(x )(Z()t, )fuldz)

Proof. Tt is obvious that f{(y) > 0 for each (¢,y) € [0,T] x R% We first apply (3.3) with the
choice ¢(z) = ¢.(x — y) (with some fixed y € R%), which is licit by Remark 3.1.3-(iii). We
then integrate the obtained equality against ¢» € C?(R?). This gives

V(y) fi(y)dy =/ w(y)fé(y)der/ (Is + Jy)ds,
R4 Rd 0
where

L= [ [ v Asda =ty wd J= [ o)Bods = hiddy

d JRd

First,
d
I = /R ) Rdw(fl/)b(t,x)'V¢e(x—y)ft(dx)dy+% /R ) /R dZw(y)azj(tx)aijeﬁe(x—y)ft(dx)dy

But we have [,,1)(y)Voc(x —y)dy = [pa dc(x — y)V(y)dy as well as [, ¥ (y)dydc(x —
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y)dy = fRd ¢e($ - y)@]@/)(y)dy, so that

h= [ [ ode=wbit.a)- Vo idn)dy

d
+ % /Rd /Rd ”21 aij(t, ) de(x — y)0i0 (y) fi(dx)dy

d
— /Rd b(t,y) - Vo (y) f£(y)dy + % /Rd > as(t )0 () 5 (y)dy

ij=1
= /. Avc0(y) fi (y)dy

as desired. For the jump term, we use a similar computation as in [64, Proposition 3.1]. Since
w is o-finite, there exists a non-decreasing sequence (E,,),>1 C E such thatJ* | E,, = E and
u(E,) < oo foreach n > 1. We fix n and write

Jy = /Rd/w . V(W) o(x —y + h(t, 2, 2))u(dz) fi(dx)dy
~ [ ][ ewsde -yt iy
+ /Rd/w . Y(y) [¢e(z — y + h(t, 2,2)) — de(z — y)| p(dz) fi(da)dy .

Using the change of variables y — h(t, z, x) — y, we see that

g V(Y)pe(x —y + h(t, z,x))dy = g Y(y + h(t, 2,2))d(z — y)dy,

and consequently,
Je = /Rd /Rd /n [w(y + h(ta 2 l’)) - ?/J(y)} ¢€(1‘ - y)ﬂ(dZ)ft(dx)dy
* /R /R o Jos, VY [Ge(w =y + h(t, 2,2)) = de(x — )] p(dz) fi(dz)dy.

Observe now that
[0y + R(t, 2,2)) = b(y)|de(z —y) < Clh(t, 2,2)|p(x — y) € L' (u(d2) fi(dz)dy)

and |1(y)[¢e(x — y + h(t, 2,2)) = de(z = y)]| < ClbW)|A(t, 2, 2)| € L (p(d2)fi(dx)dy):
this uses that 1) € C%(R%), Assumption 3.1.1 and that f; € P;(R?). We thus can let n — oo:

do= [ ] ot nt s = o) ede = ) tdondy = | Bt i s

which completes the proof. ]
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Let us now give some growth and regularity estimates on the regularized coefficients.

Lemma 3.2.2. Let (f;)icior) € L>([0, T, P1(R)) be a weak solution to (3.2) and recall that
ac, b, F© were introduced in Lemma 3.2.1.

(i) There exists a constant C > 0 such that for all e € (0,1), ally € R%, all t € [0, T),

W) + Lo )2+ [ [ Ih 2 () flde) < C 0+l
rReJE
(ii) Foralle € (0,1) and R > 0, there is Cr,. > 0 such that for all y,,y> € B(0, R), all
te 0,7,
[°(t, y1) = (8, y2)| + |a“(8 1) — a“(8, y2)| + [la“ (8, y0)]' = [a(t, )] 2|

b [ ez o) 1P o) = Fo )@ fildo) < Cnel — el
R JE

Proof. We start with (i). By Assumption 3.1.1,

el + o)+ [ [ ezl PGt fide)

Joa 6c@ = )L+ Jo) fld) [ foa bel — ) (1 + [2])? fuldr) 172
7@) + 7<) ]
=:Cl.(t,y) + CJ(t,y).

<C

Since for y fixed, [ff(y)] ' ¢c(x — y)fi(dz) is a probability measure, we infer from Cauchy-
Schwarz that I.(¢,y) < J.(t,y). We thus only have to prove that [J.(¢,y)]* < C(1 + |y|?). Let
L = 2supjy pyma(fi) + 2. We use that

T4 o] < T4yl + |z =yl ST +20yl + L+ |2 — y|1{aeyi>lyl+L}

to write

2 <9 fRd(l + 20y + L)*¢c(x — y) fi(dx) n 2ﬁx7y|2‘y|+[/ [z — y[¢e(z — y) fi(dr)
N i) i)
+ Lo (lyl + L
fE(y)
For the second term, we used that |y| + L > 2 > +/2¢ and that z — |2|? ¢.(2) is radially
symmetric and decreasing on {|z| > v/2¢}. To conclude the proof of (i), it suffices to note that

[Je(t, )]

FO2 [ ale ) 5l 2 0yl + D) Al + D) 2 bl + D)2
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because z — ¢.(z) is radially symmetric decreasing and because

f(B(y, lyl + L)) = f:(B(0, L)) = 1/2,
since f;(B(0,L)°) <my(f:)/L <1/2.

For point (ii), it suffices to prove that V,b°(¢,y), V,a‘(t,y), Df/ae(t, y) are locally bounded
on [0, T|xR% aswell as G*(t,y) == [pu [5 |R(t, 2, 2)||V, Ff (2, y)|1(dz) fi(dz). No uniformity
in € is required here. By Stroock and Varadhan [56, Theorem 5.2.3], the local boundedness of
D2ac(t, y) implies that of V,,([a(t,y)]"/?).

First, one easily checks that y — (ff(y))~" is of class C* for each ¢t € [0, 7] and that
it is locally bounded, as well as its derivatives of order 1 and 2, on [0,7] x R? This uses in
particular the lower bound ff(y) > ¢.(|y| + L)/2 proved a few lines above.

Recall that by definition, we have a‘(t,y) = (ff(y))™" Jpa @e(z — y)a(t, x) fi(dx) and
B(Ly) = (F) " fou Oz — y)b(t,2) fld). Recall finally that |a(t, )| + [b(t,2)| <
C(1 + |z|?). So concerning a® and ¢, our goal is only to check that

Klt)i= [ 900l =)l +1D3oe = 1 + o) o)
is locally bounded on [0, T x R¢. But using that (1 + |2|?)[|V¢.(2)| + |D?¢.(2)|] is bounded

on R, we deduce that [|V,¢.(z — y)| + [Dioc(x — y)[J(1 + |z[*) < Cc(1 + [y[?), whence
K(t,y) < C(1+ [yl

Next, one has [V, I (2, y)| < Ce(ff () [de(x —y)IV i )|+ £ () [Vde(x —y)|]. Using
again that ff is smooth and positive, the goal concerning G is to verify that

Lit) = [ [ btz )l =)+ Vo = )llutdz) f(da)

is locally bounded. By Assumption 3.1.1,

Lt) < [ [6a =)+ V6o = )} + [el)ilde) < C.(1+ o)

as previously, because (1 + |z|)[¢¢(2) + |V@(2)|] is bounded. O

3.3 Study of the regularized equations

In this section, we build a realization of the regularized weak solution (f{)¢cjo,r7-
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Proposition 3.3.1. Let (fi)icor) € L®([0,T], P1(R?)) be a weak solution to (3.2) and fix
e € (0,1). Consider (ff)icjor) and a,b°, F° defined in Lemma 3.2.1 and put o°(t,y) :=
(a*(t,y))Y2 Consider a random variable X§, a d-dimensional Brownian motion (Bs)sepo.1]
and a Poisson measure N (ds,dz,dx,du) on [0,T] x E x R x [0, 00) with intensity measure
ds p(dz) fs(dz) du, these three objects being independent. We work with the filtration gener-
ated by X§, B, N.

(i) There is a pathwise unique cadlag adapted solution (X{)cjo,r) to
t
Xi=X§+ / b (s, Xg)ds+/ (s, X5)dB;

/ // / (5,2, 7) Lu<re(e,xc 3N (ds, dz, dx, du). (3.4)
R4

(ii) There is a constant C' (not depending on €) such that E[supy, 1 | X{|] < C(1+E[|X]]).
(iii) If L(X§) = f§, then L(X) = ff forall t € [0, T).

Proof. (i) The existence of a pathwise unique solution to (3.4) is more or less standard, because
of the linear growth and local Lipschitz properties of the coefficients proved in Lemma 3.2.2.
We only prove pathwise uniqueness, the existence being shown similarly, using a localization
procedure (to make the coefficients globally Lipschitz continuous) and a Picard iteration. Con-
sider two solutions (X{)iefo.7) and (X{):cjo.7) to (3.4) with X§ = X and introduce the stopping
time 7 := inf{t € [0, 7] : |X¢| v |X{| > R}, for R > 0, with the convention that inf (} = 7.
Using the Burkholder-Davis-Gundy inequality for the Brownian part, we find
e[ s -]
[0,tATR]
tATR

S E[/Ot/\TTbG(S,X;) — b(s, X9)|ds + C(/O 0¢(s5, XE) — 0¢(5, X9)| ds) 1/2

+/OWR/E Rd|h(8,z,x)||pg(x,xg)_F;(x,)z;)|fs(dx)u(dz)ds].

By Lemma 3.2.2-(ii), we deduce that
B tATR _ tATR B 1/2
E| sup |X:— X] gC’RﬁE[/ XS — XSlds + (/ |X¢ - Xefds) |
[O,t/\TR] 0 0

SCR,G(H\/E)E[ sup \X;—X;y].

[O,t/\TR]

We deduce that E[supg ;1) [ X§ — X¢|] = 0, where tz > Ois such that Cg (tg++/Tg) = 1/2.
But then, the same computation allows us to prove that E[supy, . @t)ars] [ Xs — X =o,
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etc, so that we end with E[supy 7, [X§ — X¢|] = 0 for each R > 0. Since limp_,so 77 = T

a.s. (because (X;):cpo,77 and (X ):c(0,7] are assumed to be a.s. cadlag and thus locally bounded
on [0, T'), we conclude that E[supj, 7 | X§ — X¢[] = 0, which was our goal.

(11) Using the Burkholder-Davis-Gundy inequality for the Brownian part, we find, for ¢ €
0,77,

us ;:E[sul]ﬂ)(;@ <E[| X[l +E[/Ot|b€(s,X§)|ds] +C]E[(/Ot|a€(s,X§)|2ds>l/2]

0.t
—i—E[/Ot/E » |h(s,z,x)|F§(:r,X;)fs(dx),u(dz)ds}.

Inserting the estimates proved in Lemma 3.2.2-(i), we find, for some constant C' not depending
on e € (0,1) nor on E[| X{|],

u gE[|X§|]+OE[/t (1+|X<])ds + (/t(1+ yX;|2>ds>1/2} < b+ C(t+ V(1 + ).

With t, > 0 such that C'(to++/t9) = 1/2, we conclude that u5, < 2u§+1. One checks similarly
that ug, < 2uj, + 1 < 4ug + 3. Repeating the argument, we end with uf < LT tol+1ye 4
oLT/to)+1 _ 9.

(iii) We now assume that £(X§) = f§ and we set gf := L(X[). A direct application of the
It6 formula shows that for all ¢ € [0, T'], recalling the notation of Lemma 3.2.1,

[ vty = [ v s+ [ [ A+ Bl

Recalling Lemma 3.2.1 again, (f{):cjo,r] solves the same equation. The following uniqueness
result will thus complete the proof of (iii): for any vy € P(R?), there exists at most one
measurable family (1;);ep0,7] of probability measures such that for all ¢y € C?(R?) and all
t €10,7],

[ wwnian = [ v+ [as [ nin Ao +Baow]. 69

This must be classical (because the coefficients are rather regular), but we found no reference
and thus make use of martingale problems. A cadlag adapted R¢-valued process (Y:)tepo,m on
some filtered probability space (£2, F, (F;)icjo,r], P) is said to solve M P.(1p) if L(Yy) = v
and if

v(Yr) — /0 t [(As 0 (Ys) + Bs b(Ys)] ds
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is a martingale for all 1) € C?(R?). Due to Horowitz and Karandikar [39, Theorem B1], the
following points imply uniqueness for (3.5). Here Cy(IR?) is the set of continuous functions
from R? to R vanishing at infinity.

(a) C2(RY) is dense is Cy(IR?) for the uniform convergence topology,

(b) (t,y) = A (y) + Bictp(y) is measurable for all v € C?(R?),

(c) foreach t € [0, T, A; . + B satisfies the maximum principle,

(d) there exists a countable family (¢ )x>1 C CZ(R?) such that for all ¢ € [0, 7],

{(%Uk, At,ed)k + Bt,€1/}kf)7 k 2 1} D) {(wa At,ew + Bt,61/})a ¢ € Cz(Rd)}

where the closure in the left-hand side is under the bounded pointwise convergence,
(e) for each y, € RY, there exists a unique (in law) solution to M P, (4, ).

Points (a) and (b) are obvious. The SDE associated to M F, is precisely (3.4): (Yt)te[o,T]
solves M P.(1y) if and only if it is a weak solution to (3.4) and L£(Yy) = vy, see Jacod
[40, Theorem 13.55], see also [39, Theorem Al]. Thus (e) follows from (i). For (c), as-
sume that ¢ € C?(R?) attains its maximum at yo. Then B t(yo) < 0 (this is immediate)
and A; )(yo) < 0 (because Vii(yg) = 0 and, since a(t,yp) is symmetry and nonnegative,
> @i (t, Y0) i (yo) < 0). It only remains to prove (d). Consider any countable subset
(Vr)k>1 C C(R?) dense in C*(R?): for ¢» € C?(RY) with Supp ¢» C B(0, M), there exists
(¥k,, )n>1 With Supp ¥, C B(0,2M) such that

T (16 = oo + V0 = ) oe + D20 = U, 1) = 0.

We will prove more than needed, namely that (i) lim,, . supy 7y [ As, ¥k, — Arc?[lo = 0, and
(11) hmn%oo Sup[O,T] HBt,Ewkn - Bt,ewHoo = 0.

By Lemma 3.2.2,

A (Wr, — ) (y)]
€ 1 €

< VW, = )lloo [5(8 9) [ Lgionry + 5 1D° (s = )lloo 0 (8, 9) | Lgyi<ansy

< CIV (¥, = )l + CIID* Wk, — ) oo
which tends to 0, implying (i). We next write, using that Supp (¢, — ¢) C B(0,2M),

|k, = )y + h(t, 2, 2) = (Vr, — V)W) <Ly <any [V (g, — ¥) || R(E, 2, 7))
+ 21{|y\24M}||¢kn - ¢||ool{|y+h(t,a;,z)|§2M}-

Observing that
2[h(t,z,2)|

Ly > an y+htzm)<2my < L(jy=anm,ntze)>lyl/20 < Ljyi>any W]

Y
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we deduce that

B, = 0)0)| < Lyan [V, =)l [ [ 1(t2,0)|F(29) f(de) ()
+ Lyizansyl|w, _¢||oo// Q‘h |F€(9: y) fo(dz) p(dz).

Recalling that [, [0, |h(t, 2, 2)|Ff (z,y) fu(dz) p(dz) < C(1 + ]y\) by Lemma 3.2.2, we find
|Br.e(tor, — ) (1)l
< 1{\y|S4M}C(1 DIV (U, — V)0 + 1{|y\>4M}C

< OV @k, — V) lloe + Clltbr, — ¥l

and the conclusion follows. O]

Lemma 3.3.2. For (f;)icior) € L>([0,T], P1(R?)) a weak solution to the equation (3.2) and

€ (0,1), consider the process (X{)icjo,r), with X§ ~ f§, introduced in Lemma 3.3.1. The

famlly {(X¥)eeory. € > 0} is tight in D([0, T, Rd) and any limit point (Xi)cjo.1) satisfies
P(AX, #0) =0forallt € [0,T].

1+|y|

Proof. We use the Aldous criterion [1], see also Jacod and Shiryaev [41, p. 356], which implies
tightness and that any limit point (X;)c[o,r] is quasi-left-continuous and thus has no determin-
istic jump time. It suffices to check that

(i) sup.e(o,1) Elsupp 1 | X5]] < o0,

(i) limg 0 SUDe(0,1) SUP(s,51esn(8) Bl XS — X§[] = 0, where Sr(3) is the set of all pairs
of stopping times (.5, .5") satisfying 0 < S < 8" < S+ < T as.

Point (i) has already been checked in Lemma 3.3.1-(ii), since E[| X§|] = m1(f§) < ma(fo)+
Vde. Next, for S, 5" € Sp(B) and € € (0, 1), we have

mi1xs - x5 <[ [ it X0 as] + B /
vE| /S o /E [ Ih(s.0)| F2(o. X2) () ) as]
gCE[/SW (1+ X7 ds} + CIE[(/:/ |a€(s,X§)]2ds> 1/2],

where the last inequality follows from Lemma 3.2.2-(i) and the Burkholder-Davis-Gundy in-
equality. But [0¢(s, z)|? < Cla‘(s, z)| < C(1 + |z|?) by Lemma 3.2.2-(i) again, whence

S+ S5+p ) 1/2
E[|Xg — X§]] SCE[/S (1+|X¢]) ds + (/S (14 |Xe[)ds) .
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Hence E[|X¢, — X§[] < C(8 + VB)E[supp (1 + [X:])] < C(B + +/3), which ends the
proof. 0

3.4 Conclusion

As Figalli [22], we will need some continuous (in x) approximations of a, b and h.

Lemma 3.4.1. Let (f;)icjor) € L([0,T], P1(R?)) be a weak solution to (3.2). For all p > 0,
we can find @ : [0,T] x R — S§ and b : [0,T] x R? = R, both continuous and compactly
supported, a set A € & such that i(A) < co, and a measurable function h - [0, T] x E x R —
R?, continuous on [0,T] x R? for each z € E, such that h(t,z,x) = 0 for all (t,z,z) €
0, 7] x A® x R and

/ /]R |at ﬁ+| lt x>|+|b(t,x>—5<t,x)|+/Eyh(t,z,x)—h(t,z,:c)m(dz) fuldz)dt < p.

Proof. For a and b, this follows from the fact, see Rudin [53, Theorem 3.14], that contin-
uous functions with compact support are dense in L'([0,7] x R% dtf;(dr)), and that both
a(t,z)/(1+ |x|) and b(t, x) belong to this space by Assumption 3.1.1.

Since h € LY([0,T] x E x R?, dtu(dz) f;(dx)) by Assumption 3.1.1 and since i is o-finite,
we can find A € & such that (A) < oo and fOT Jae Jga I0(t, 2, 2)| fi(dz) p(dz)dt < p/3.

Next, can find a simple function g = 25:1 anls,, witha,, € R,, S, € B([0,T]| xRY) R &,
such that [ [, faulg(t, 2, 2) — h(t, 2, 2)| fo(dz)p(dz)dt < p/3.

But for S € B([0,7] x RY) ® £ and € > 0, there is pg, : [0,T] x RY x E — R,
measurable, continuous on [0, 7] x R? for each z € E and such that fOT Ja S Mg z2)esy —
0s.(t, 2, 2)| fr(dx)u(dz)dt < e. Indeed, when S = C x D with C € B([0,T] x R?) and
D € &, it suffices to consider ¢ continuous on [0,7] x R¢ such that fOT Jaa Li@a)ect —
U(t, )| fe(dx)dt < e/p(A) and to set g (t,z,x) = 1 (t, )1 .epy. The general case follows
from the monotone class theorem.

Finally, h(t, z, x) = ZnNzl S p/(3lani2m) (L, 2, ) 1i.c 4y is measurable and continuous in
(t,x) for each z € E. Writing

’h(ta Z,.T) - ;l(t> Z7x)‘ S’h(ta Zax)|1{2€Ac} + ’g(ta Zax) - h(ta 2 x)‘l{zeA}
N
+ Z | |15, .0/ Glanzm) (t, 2, ) = L2 m)es,y | L{zea)

n=1

we conclude that fOT [i Jga |B(t, 2, 2) = R(t, 2, 2)| fo(dz)p(dz)dt < pas desired. O
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We now can give the

Proof of Theorem 3.1.4. Let (fi)icjor) € L*([0,T7],P1(R?)) be a weak solution to (3.2). For
each e € (0, 1), consider ( f{)¢c[o,r) introduced in Lemma 3.2.1 and the process (X[ ):c[o,7) intro-
duced in Lemma 3.3.1-(iii). By Lemma 3.3.2, we can find a sequence (X" )¢c[o,r] converging
in law to some process (X;):cjo,7]. Since we know from Lemma 3.3.1 that £(X{") = f{" for
each t € [0,T], each n > 1 and since f;" goes weakly to f; as n — oo by Constructlon, we
deduce that for all ¢ € [0,T], £L(X;) = f;. It thus only remains to verify that X := (X;)icpo,n
is a (weak) solution to (3.1). According to the theory of martingale problems, see Jacod [40,
Theorem 13.55], it classically suffices to prove that for any 1) € C?(IRY), the process

B(X0) — (Xo) — / TAW(X,) + Bap(X.)] ds

is a martingale in the filtration F; = o(X;, s < t). Our goal is thus to check that for any
0<s < -+ <5, <s<t<T,anyy,..., 10 € Cp(R?) and any ¢ € C?(R?), we have
E[K(X)] = 0, where K : D([0, 7], R?) — R is defined by

_ <]f[¢z()‘sz)) (w()\t> _ w()\s) — /St [Arw(/\r) + Brd}(}\rﬂ dr) .

We fix p > 0 and consider @, b and & introduced in Lemma 3.4.1. We introduce A, and B,
exactly as in Definition 3.1.2 with @, b and & instead of a, b and h. We define a¢, b¢, A, s, and
BS c exactly as in Lemma 3.2.1, with everywhere a, b and h instead of a, b and h. Finally, we
define K (resp. K., resp. K,) exactly as K with A, and B, replaced by A, and B, (resp. by Am
and l’;’m, resp. by A, . and B, ).

First, E[K,, (X)] = 0. Indeed, since X = (X );c[0,1] solves (3.4), by the It6 formula,
t
D) = [ A (X)) + B0
0

=h(X[) — / b(r, XE) - V(X dr — = Z/ ag; (r, X2) b (X¢)dr

i,7=1
- / / / ) [O(X5 + (s, z,x)) — O(X;) | Fe (@, X5) fr(da)p(dz)dr
o JEJR
is a martingale, which implies the claim. We thus may write, for each n > 1,

[EIC)]| <[EKX)] - ELX)]] + [ELX)] - ELX )
+ [E[K(X )] = EIKe, (X7)]| + [E[K, (X)] = E[Ke, (X)]I-
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We now study the four terms. We denote by M a constant such that Supp ¢» C B(0, M).
We also define 6(=) = (2m)~4/2¢~ /2, s0 that 6.(=) = ¢ #/26(e1/22).

Step 1. Here we prove that lim,,_,., E[K(X)] = E[K(X)]|. Since X goes in law to X
by construction, it suffices to verify that K is bounded and a.s. continuous at X.

Since @, b and h are continuous in space and time, we easily deduce that (r,x) — — A

z)
)

o(
and (r,z) — B.ib(z) are continuous and bounded on [0, T] x ]Rd For .AM/J( ) = b(r,x
V¢( ) —|— : Z” C~LU<T x) U@b( ) this is obvious, and for B,1)(x = [pl(@ + h(r,z,2)) —
Y(x = [[W(z+ h(r,z x)) — ¥(x)]p(dz), this follows from the Lebesgue theorem,

because w is bounded and p(A) < oo.

We easily deduce that K is bounded, and that it is continuous at each A € ([0, T], R%)
which does not jump at sq, . .., sk, s, t. This is a.s. the case of X, see Lemma 3.3.2.

Step 2. Here we check that A, := [E[K(X)] — E[K(X)]| < Cp for some constant C. We
have, since Supp ¢» C B(0, M),

K0) = ROV <C [ 14w0) = A0 + 1.6 (0) = B\l
<C [ (Jatr:20) = (A1 1l ) = B A Ly

+c//|m“ h(r, 2, )| u(dz)dr

Using now that 1,j<ap < C(1+ |z|)~" and that £(X,) = f, for each r € [0, T], we conclude
that

A <0/ /R ‘a ra) = ar o)l g g —E(T,x)ofr(dx)dr

1+ |z|
—|—C’/ / g \h(r, 2, 2) — h(r, 2, )| f,(dz) u(dz)dr.

This is smaller than C'p by Lemma 3.4.1.

Step 3. Now we verify that for all n > 1, A} = [E[K., (X)] — E[K,, (X)]| < Cp. As in
Step 2,

sy [ [ (DT )~ ) )

Peulz — ) . o
+0///Rd [t = ez g ) ) )
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Recalling (see Lemma 3.2. 1) that a (r,y) f"(y) = Jga e, — y)a(r,z) f,(dx), and that
ar(ry) fr(y) = Jaa e (@ — y)a(r, z) f,(dx) and similar formulas for b (r,y)f (y) and
b (ry) fm(y )» we find

Al <c/ /R /R (letr 1+|y\ o) = b)) o — ) )y
+C / / /]Rd g \h(r, z, x) (T 2,2)|pe, (x — y) fr(dx)dy p(dz) dr.

1+|x T
But [., ¢, (z —y)dy = 1 and, since 111 ; 1+ ‘1|+‘5| <l+4|z—yl<2+|z—y

1+ [a])ée, (z — y)d
/ (1 + [z, (z — 9) yg/ 2+ |7 — 9o, (& — y)dy =2+ de, <2+ d.
Rd 1+’y‘ Rd

Consequently,

A <(J/ /Rd |a L ai+ |x|7’ .2l + |b(r, ) — b(r, x)’)fr(dx)dr

+c/ / [ 1h(r, 2,2 — (r, 2, 2)|f,(dx)p(dz)dr,

which is smaller than C'p by Lemma 3.4.1.

Step 4. Finally, we check that lim,,_,. [E[K(X)] — E[K,, (X)]| = 0. We first observe
that |[E[K(X )] — E[K,, (X<)]| < C (I, + J,), where

t t
I, =FE Ao (X)) — Aap(XE)|dr| and J, :=E By, (XY — Buab(X )| dr|.
[ [ Moo = A far] an | [ 1Br(zn) = Bt o]
Since ¢ € C?(RY) and since L(X ) = f, we have
t ~ ~
I, < C/ / (I (r, y) = b(r, )| + @ (r, y) — a(r,y)|) f7 (y)dy dr
R4
C (1b( o (x —y) f.(dz) dydr.
<o [ [ ] b0 =)l +1a00) = a0 0)) 1, = ) )

because [0 (r, y) = b(r, )| " () = Jga ben (@ =9)b(r, 2) fr(d2) = [ga b, (& = )b(r, ) fr(d),
with a similar formula concernmg a. Using finally the substitution y = x + /€, u, we find

I, <C’// / |b?“:v b(r, x + \/enu)| +|a(r, x) — alr, z + Enu)|) o(u) f,(dx) dydr.
Rd JRd

Hence lim,, I,, = 0 by dominated convergence, since a and b are continuous and bounded.
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By the same way, since f(y) = [pa ¢c, (x — y) [, (d2),
Ge, (x — X)
fem(Xim)
= [ [0+ Rz X)) = w6t ]

YOO+ b2, w)) = ()|

T

fr(dx)p(dz)

E JRd

Y(XE 4 h(r, 2,2)) = 0(X7 + (2, X))

faul — X;7) f@ (;(X)) o (dw)p(dz) dr|
<C’E///Rd 1/\‘hrzx (er”)}%f(dw) (dz)dr}

because ¢ and V¢ are bounded. Using that L(X() = f¢, the substitution y = = + /€,u and
the fact that h(r, z,z) = 0if 2 ¢ A,

n<e [ [ ][ [EAtG 2 = 20 e = ) flde) ot
—c/ //R /]R VA |R(r, 2,2) — B(r, 2,2 + enu))@qs(u) F.(da) dyp(dz)dr.

Hence lim,, J,, = 0 by dominated convergence, since h is continuous in = and since u(A) < oo.

Conclusion. Gathering Steps 1, 2, 3 and 4, we find that |E[/C(X)]| < Cp. Since p can be
chosen arbitrarily small, we conclude that E[/C(X)] = 0, which completes the proof. O

3.5 Appendix

Proof of Remark 3.1.3. First, it is very easy, using only that a and b are locally bounded on
[0, 7] x R4, to show that A;p(x) is uniformly bounded as soon as ¢ € C%*(R?). The case of
B;p is more complicated. We consider ¢ € C?(R?) and M > 0 such that Supp » C B(0, M)
and we write

Bup(@)] <oVl [ 1Bt 2,2)(d2) + Lasanny [ liola+ At z,0)u(d),
E E

We observe that |p(z + h(t, z,2))| < ||#]|so L{jz+h(t,22)<m} and that

2|h(t, z, )|
Leizemloshzaicm < Lelzomibtealizial/zy < Lolzany =
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Since [, |h(t, z,x)|pu(dz) < C(1 + |z|) by assumption, we conclude that

Clllloe (1 + |2])
]

1Bio(2)| < 1i1ej<2ay Cl Voo (1 + |2]) + 1izi>20n

which is bounded. We have proved point (i).

We next prove (ii). We put ¢(z) = (1 + |z|?)'/2, which satisfies

1+ |z
2

1

<ple)<l+lal, Vo<1 and D% <

—

We also introduce an increasing C? function x : R, ~ R, such that x(r) = r for r € [0, 1]

and x(r) = 2 for r > 2. We thus have
rAl<x(r)<2(rAl), [X'(r)]<Cly<oy and |X'(r)] < Clp<,<o.
We then set, for n > 1 and z € RY, +,,(z) = nx(¢(x)/n), which satisfies

C
2 An S wn S 2(30 A n)u |an’ S Cl{gpﬁ?n} and ’D2¢n‘ S 51{<p§2n}-

Consequently, for all s € [0, T, since |b(s, )] < Cp and |a(s,-)| < Cp? by Assumption 3.1.1,
[Asthn| < [b(s, )IVebal + la(s, )| D*n] < Cplipeany < Clp A (20)] < Ctn.

We next claim that

p(r)
First, if ¢(x) < 4n, then we only use that V1), is uniformly bounded to write A, (s, z,z) <
Clh(s, z,x)|, whence the result because ¥,,(x) > p(z) An > ¢(x)/4. Second, if p(z) >
4n (whence |z| > 4n — 1 > 3n), since v, is constant (with value 2n) on B(0,2n)¢ and
bounded on Rd by 2n, we can write An<8, Z, $) < 4n1{|m+h(s,z’m)‘ggn} < 4n1{‘h(s7z?x)‘2|x‘/3} <
12n|h(s, z,x)|/|x|. But 12n = 61, () and |z| > ¢(z) — 1 > ¢(z)/2, whence the result.

Ay(s,z,2) = [Yn(x + h(s, z,2)) — Yn(x)| < Clh(s, z, )| (3.6)

We deduce from (3.6), using Assumption 3.1.1, that

Lol [ s, 2, 0)lutaz) < 2
p(x) Ji ()
Applying (3.3) with the test function 1, — 2n € C?(R?), for which of course (A, + B)(¢n —
2n) = (As + Bs)y, and using that f and f; are probability measures, we find

|Bsthn(z)| < C

(1+ [2]) < Cou(a).

[ on@iitan) = [ wnto)folda)+ [ [ (Aabnle) + Babula)) o)

< [ oot 0 [ t [ a@nanyis
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Since f € P;(R?) by assumption and since 0 < () < 2|x|+2, sup,,>; [pa ¥n () fo(dz) <
oco. We thus conclude, by the Gronwall Lemma, that sup,,»; Sup;cjo ) Jga ¥n(2) fi(dz) < oo,
which clearly implies that (f;)ieor) € L*([0, T], P1(R?)), because lim,,_o ¥, () = ¢(z) >

For point (iii), we introduce a family of functions y,, € C’f(Rd), for n > 1, such that
l{mgn} < Xn(x) < 1{|x|§n+1} and such that |DXn(£E)| + ‘D2Xn($)‘ < Cl{|w‘€[n7n+1]}. We then
consider ¢ € C?(IRY) as in the statement, i.e. such that (1 + |z|)[|¢(x)| + |V (2)|+ |D?*o(z)|]
is bounded. Of course, @y, € C%(RY) for each n > 1, so that we can apply (3.3). We then let
n — co. Since ¢ is bounded, we obviously have lim,, [, ¢ (2)xn () fi(dz) = [pa () fi(dx).
Next, we want to prove that lim,, fot JralAs(oxn) (2)+Bs(oxn) ()] fs(dx)ds = f(f JralAso(x)+
Bsp(z)] fs(dz)ds. By dominated convergence and since (f3)icjor) € L®([0,T], P1(R?)) by
(ii), it suffices to prove that for all s € [0, 7],z € RY,

(a) sup,, [As(oxn) ()| < C(1 4+ |z]), (b) lim,, As(xn) (1) = Asp(x),
(¢) sup,, [Bs(wxn)(7)] < C(1 + |2|), (d) lim, Bs(pxn)(7) = Bsp(z).

Point (a) is easy: since |a(s,z)| + [b(s,z)| < C(1 + |x|*) by Assumption 3.1.1 and since
Xn» DXn, D*x,, are uniformly bounded,

|As(oxn) ()] < C(1+ |z)(|D(@xa) ()] + |D*(oxn) (2)])
< C(A+ [z (Je(x)] + [Dp(x)] + | D*p(x)]),

which is bounded by C'(1 + |z|) by assumption. Point (b) is not hard, using that
lim V(pxn)(x) = Vio(z) and  1im J;(pxn)(x) = 9ij(z)
for each z € R,

Next, V(¢x,,) is uniformly bounded, so that

|(90Xn)($ + h(S, va)) - (@Xn)(x)‘ < C|h(s,z,x)|

and thus |B,(¢x»)(x)] < C [, |h(s, z,2)|p(dz) < C(1 + |z|) by Assumption 3.1.1, whence
(c). Also, by dominated convergence, since lim,, x,,(y) = 1 for all y € R,

i B. () (@) = lim [ [l + h(s,2.2) = () @)l

= [ ot + his.z,0) = p(@lntda)

which is nothing but B (x) as desired. O
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