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Chapter 1

Introduction
1.1 Rotation: a key ingredient in stellar physics

Rotation is present everywhere in astrophysics, from the smallest bodies of the solar system
to the largest scale structures in the Universe. In stars, rotation is present since their forma-
tion from the interstellar molecular clouds, during all the protoplanetary phase, main sequence
(MS), formation of planetary systems, and up to the final stages of stellar evolution, playing a
crucial role for example in supernovae explosions, formation of pulsars and rotating black holes,
possible origin of some gamma-ray bursts.

The first evidences proving that stars rotate date back to the XVII century thanks to the
Galilei Galileo observations of mysterious dark features moving in front of the visual image of
the Sun. After some debates, these features were correctly interpreted as dark spots on the
solar surface, with their movement being caused by the rotation of the Sun. Since then, this field
encountered a initially slow development, probably due to the lack of realistic physical models
and precise observational data.

Already in the XIX century, Captain W. de W. Abney was probably the first to suggest that
(1) spectral absorption lines from stellar surfaces can be Doppler-broadened by rotation and (2)
that these lines could allow us to calculate the stellar rotation velocity (Abney, 1877).

The first observations and theoretical works concerning spectral line broadening by rota-
tion were performed by Schlesinger (1911, and references therein) and Shajn & Struve (1929),
respectivelly. Struve (1931a) included rotation as one of the major factors defining the stellar
absorption spectrum. Subsequent important works showed that the B type stars (in particular
B stars with emission lines, i.e., Be stars) are amongst the fastest rotators (e.g. Struve, 1931b;
Slettebak, 1976). In parallel, crucial results were achieved in the modeling of the physical struc-
ture of rotation stars (e.g. von Zeipel, 1924; James, 1964; Bodenheimer & Ostriker, 1973).

Thanks to these and numerous other theoretical and observational results obtained over the
XX century until nowadays, rotation is considered a fundamental stellar parameter that, together
with the stellar mass and metallicity, governs the structure and evolution of stars across the
Hertzsprung-Russell (H-R) diagram.

The recognition of the crucial role of rotation in stellar physics is endorsed for example by two
international conferences specially dedicated to this topic and that took place in the beginning of

1



1. Introduction

the XXI century: (1) the IAU Symposium 215 Stellar Rotation1, and (2) the workshop 400 Years
of Stellar Rotation2. In addition, several reviews and books on stellar rotation were written in
the past few decades, such as Strittmatter (1969), Roxburgh (1970), Maeder & Meynet (2000b),
Maeder (2009), Maeder & Meynet (2012), among many others.

As expected, the effects of rotation on stars are stronger for high rotation velocities. In the
present work, we study the physical structure of the external layers (photosphere in particular)
and circumstellar environment (CSE) of fast-rotating stars across the H-R diagram. The pre-
sented results concern in particular massive, hot stars, such as Be and supergiant B[e] stars
(emission line B stars; described in the next chapters). During the MS phase, the surface rota-
tion velocity varies as a consequence of transport processes, contraction, expansion, and mass
loss. Figure 1.1 shows the time evolution of the surface rotation velocity of massive stars (fig-
ure from Meynet & Maeder, 2000). For MS stars of masses M . 15 M�, the surface rotation
velocity approaches, and even reaches, the critical or breakup limit, where the surface grav-
ity is balanced by the centrifugal acceleration (formal definition given in Chapter 2). After the
MS phase, the critical velocity of stars of similar masses can again be reached during a blue
loop after a red supergiant phase (Meynet & Maeder, 2006). Reaching or closely approaching
the critical velocity may induce important episodes of mass ejection leading to the formation
of CSE, such as those detected around Be and supergiant B[e] stars. The relation between
rotation, photosphere, and CSE of massive stars is further discussed in Chapter 2.

From the observational point of view, several works show that fast rotation is indeed a general
characteristic of massive, hot stars. The velocity distributions in Fig. 1.2 are examples showing
that the average rotation velocity is significantly higher in massive stars compared to lower mass
stars. Among these fast-rotating stars, the O and B stars, and in particular the Be stars, are those
exhibiting the highest rotation velocities.

As presented in Sect. 2.2, the most apparent effects of fast rotation on the stellar surface are
(1) the deformation of the outer layers of the star (rotation flattening), and (2) the latitudinal de-
pendent emitted flux (gravity darkening), both consequences of the balance between centrifugal
and gravitational forces within the star. Depending on the rotation rate, these two effects can
lead to significant modifications in the apparent specific intensity distribution of the star as seen
by a distant observer (intensity map). Thus, fast rotators cannot be assumed to be spherical
stars with a unique photospheric effective temperature and gravity.

Such important modifications in the intensity maps can be directly probed by Optical/IR Long-
Baseline Interferometry (OLBI) or stellar interferometry (briefly described in Sect. 1.2). The
first attempts to measure the flattening of a fast-rotator (Altair) were performed by Hanbury
Brown, with the Narrabri Intensity Interferometer (Hanbury Brown et al., 1967). However, the
quality of the observations and the available baselines did not allow to discriminate between
different models for Altair describing a possible geometrical deformation of its photosphere.
Since these initial attempts from Hanbury Brown, the first conclusive measurements of rotational
flattening were obtained in the beginning of the XXI century, followed by several others since
then. Figure 1.3 summarizes the OLBI results on rapid rotators from 2001 to 2011 as given by
the recent review paper from van Belle (2012).

The first successful direct measurement of the photospheric flattening of a fast-rotator (Al-

12001 - Cancun, Mexico; http://www.astro.ugto.mx/~eenens/iau215/
22013 - Natal (RN), Brazil; http://www.dfte.ufrn.br/400rotation/
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1.1. Rotation: a key ingredient in stellar physics

Figure 1.1 – Time evolution during MS of surface rotation angular velocity Ω of massive stars rela-
tive to the critical one Ωc (see definitions in Chapter 2). Stars of masses M . 15 M� approach
critical velocity, which may lead to important mass-ejection episodes during their evolution. It
is interesting to note that this is not the case for more massive stars (M & 20 M�), where the
surface rotation velocity and Ω/Ωc decrease significantly because of the high mass loss of these
stars, which removes a lot of angular momentum during MS. Indeed, the dashed curve, corre-
sponding to a 20 M� without mass loss, shows that for this hypothetical star the critical velocity
is reached well before the end of the MS phase. Figure from Meynet & Maeder (2000).

tair) was performed by van Belle et al. (2001) using the Palomar Testbed Interferometer (PTI).
Two years later our team measured the rotational flattening of the Be star Achernar using VINCI,
the commissioning instrument of the ESO-VLTI (Domiciano de Souza et al., 2003). The strong
flattening measured on Achernar in 2002-2003 could not be explained by the Roche model
(described in Sect. 2.2.1), commonly adopted to explain the rotational deformation in fast ro-
tators. This result motivated several theoretical and observational works on fast-rotating stars,
differential rotation, and Be stars (e.g. Zorec et al., 2011; Carciofi et al., 2008; Vinicius et al.,
2006; Jackson et al., 2004). The recent status of the interferometric observations and physical
interpretation of Achernar performed by our team is presented in Sect. 3.2.

Moreover, the determination of gravity darkening of single, fast-rotating stars is a delicate
task, and only quite recently (beginning of the XXI century) the OLBI observations (including
closure phases and several baselines) allowed to directly measure this effect. The question of
gravity darkening is crucial to understand for example the structure and evolution of fast rotators,
and the mass-loss mechanisms in massive stars. It is discussed in this work in the context of
OLBI observations and compared to recent theoretical results.
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I. INTRODUCTION

It may be surprising that we emphasize the need of ac-
counting for the effects of rotation in stellar evolution, since
in practice all stars are rotating around their axis. However, it
must be recalled that the so-called ‘‘standard theory’’ of
stellar evolution generally ignores the effects of stellar rota-
tion and treats the stars as nonrotating bodies, despite the fact
that stars more massive than about 1:5M! rotate fast on the
average (Fig. 1).

Recent progresses in astrophysical observations, particu-
larly in high resolution spectroscopy and in asteroseismology,
show many significant deviations from the standard models,
for example, the many large nitrogen enrichments resulting
from mixing in massive stars (Sec. VII). These observations
show the need to also account for the various effects of
rotation in stellar modeling. All model outputs are finally
modified by the proper account of rotation: the stellar lumi-
nosities and radii, the lifetimes, the chemical abundances at
the surface, the helioseismology and asteroseismology re-
sponses, the nature of supernova explosions, the amounts of
nucleosynthetic products, the nature of the final remnants,
etc.

For practical purposes, it is often convenient to distinguish
four main groups of rotational effects in stellar physics.

(1) The equilibrium configuration of rotating stars: It
results from the centrifugal force on the stellar equilibrium.
The equipotentials are modified and, in particular, the shape
of the stellar surface, which affects the surface Teff and
gravity distributions.

(2) The effects of rotation on mass loss or accretion: In
fast-rotating stars, the isotropy of mass loss (or accretion
when present) is destroyed and anisotropies appear and are
effectively observed.

(3) The rotational mixing: The internal distortion induces
circulation currents which transport the elements and angular
momentum, while differential rotation may produce several
instabilities which also contribute to the transport processes.

(4) The interactions with magnetic field: The presence of
an internal magnetic field may produce an internal coupling
of rotation, leading to solid body rotation, while external
fields produce some magnetic braking. A major uncertainty
concerns the existence of a dynamo in radiative regions with
differential rotation. We examine some properties of such a
dynamo.

The above distinction is evidently a simplification since the
various effects are related. For example, it is the modification
of the internal equilibrium structure which drives the mixing.
In turn, the mixing modifies the internal distribution of the
elements and this also influences the equilibrium structure.

In this review, we focus on the rotational effects in the main
sequence (MS) and post-MS phases, i.e., in the nuclear
phases. The effects of rotation in star formation are also a
most important chapter of astrophysics, but they would de-
serve another specific review. We consider here the case of
single stars, the many effects of rotation in relation with tidal
interactions in binaries are also beyond the scope of this
review. Most of the effects discussed here in the case of
single stars evidently have their counterparts in binaries,
however their modeling is still in its infancy.

Recent reviews on the observational and theoretical as-
pects of stellar rotation are given in IAU symposium 215
(Maeder and Eenens, 2004) and the theoretical aspects have
recently been extensively reviewed (Maeder, 2009).

II. THEMECHANICAL AND THERMAL EQUILIBRIUM OF
ROTATING STARS

The equilibrium and stability configurations of rotating
stars were reviewed long ago (Lebovitz, 1967). In practice,
except for stars with little internal density contrast, such as
white dwarfs or neutron stars, the approximation of the Roche
model is acceptable. It assumes that the effective gravity
results from the matter centrally condensed, in addition to
the effect of the centrifugal force. For all stellar masses, the
rotational energy of the Roche model represents at most about
1% of the absolute value of the potential energy.

The properties of rotating stars depend on the distribution
of the angular velocity !ðrÞ inside the stars. The simplest
case is that of solid body rotation, i.e.,! ¼ const, while more
elaborate models include differential rotation.

A. The mechanical equilibrium for uniform rotation

We first consider the case of a constant angular velocity !
in the Roche model in hydrostatic equilibrium. The gradient
of pressure P is given by

1

%
~rP ¼ % ~r"þ 1

2
!2 ~rðr sin#Þ2; (1)

% is the local density," is the gravitational potential, which is
unmodified by rotation in the Roche approximation and

which gives the gravitational acceleration ~g ¼ % ~r" ¼
%ðGMr=r

2Þ~r=r, r being the distance to the center. The

FIG. 1. Probability density by km s%1 of rotation velocities for
496 stars with types O9.5 to B8, i.e., masses between about 3M!
and 20M!. From Huang and Gies, 2006a.

26 André Maeder and Georges Meynet: Rotating massive stars: From first stars to . . .

Rev. Mod. Phys., Vol. 84, No. 1, January–March 2012

19
82
Ap
JS
..
.5
0.
..
55
S

Figure 1.2 – Top: Distribution of average projected rotation velocities (veq sin i) for different spectral
types and luminosity classes. Bottom left: Distribution of projected (veq sin i) and equatorial (veq)
rotation velocities of 496 stars between spectral types O9.5 and B8. Bottom right: Distribution of
veq sin i for 166 Be stars with spectral types between B0 and B9.5. These plots show that for non-
degenerate stars, the O and B stars have the highest rotation velocities (a few hundred km s−1)
in the H-R diagram and, among them, the Be stars are the fastest rotators, with velocities up
to ' 400 km s−1. Figures from Slettebak (1970), Slettebak (1982), Huang & Gies (2006), and
Maeder & Meynet (2012).
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1.1. Rotation: a key ingredient in stellar physics
G.T. van Belle: Interferometric observations of rapidly rotating stars Page 35 of 49

Fig. 14 Illustration of figures/images of rapid rotators produced over the past 10 years by PTI, NOI, the
CHARA Array, and VLTI. All illustrations are normalized to the same page scale—relative apparent sizes
are correct

Figure 1.3 – Best-fit models or reconstructed images (references marked with ∗ when an image
reconstruction has been achieved) of 7 fast-rotating stars obtained between 2001 and 2011
with the interferometers PTI, NPOI, CHARA, and VLTI (see papers cited below for references).
Images of the stellar photospheres were scaled in order to correctly represent the measured
relative apparent sizes. The names of the 7 fast-rotators and corresponding main references
are (from from the hottest to the coolest): Achernar (α Eri, B3-6Vpe; Domiciano de Souza et al.,
2003; Kervella & Domiciano de Souza, 2006; Domiciano de Souza et al., 2014), Regulus (α
Leo, B8IVn; McAlister et al., 2005; Che et al., 2011), Vega (α Lyr, A0V; Aufdenberg et al., 2006;
Peterson et al., 2006b; Monnier et al., 2012), Rasalhague (α Oph, A5III; Zhao et al., 2009),
Altair (α Aql, A7IV-V; van Belle et al., 2001; Domiciano de Souza et al., 2005; Peterson et al.,
2006a; Monnier et al., 2007), Alderamin (α Cep, A7IV; Zhao et al., 2009; van Belle et al., 2006),
and Caph (β Cas, F2IV; Che et al., 2011). Figure adapted from van Belle (2012).

5



1. Introduction

1.2 OLBI : a key technique in stellar physics

In the last few decades, Optical/IR Long-Baseline Interferometry (OLBI) became a key observing
technique in stellar physics. In particular, the combination of high-angular and high-spectral
resolutions provides unprecedented details on the intensity distribution and velocity fields of
stars (photosphere and close circumstellar environment). Thanks to OLBI, several physical
processes in the photosphere or within a few stellar radii can be directly probed in stars other
than the Sun, for the first time in a regular basis.

Some basic concepts of OLBI used in the present work are shortly presented in this section.
Several books, conferences, and papers exist on this subject for the interested reader. For
example, recent results, basic references, and useful tools on OLBI are available at the web
pages of the JMMC3 and the IAU Commission 544.

Modern OLBI instruments combine light from a given sky target collected by two or more
telescopes separated by distances reaching hundreds of meters. Different additional devices
(not detailed here) are required in order to make sure to combine the light collected by each
telescope within a coherence volume where interference fringes exist. Indeed, stellar light shows
partial coherence, both spatial/transversal and temporal/longitudinal, because stars have a finite
size and are formed by gas emitting nearly as a blackbody.

For a given wavelength λ and a star of typical angular size θ, the 2D spatial/transversal
coherence is of the order of

Sc =
(
λ

θ

)2
= B2

res . (1.1)

where Bres is the telescope separation (baseline) allowing to resolve the star. The tempo-
ral/longitudinal coherence depends on the spectral bandwidth ∆λ (or frequency bandwidth ∆ν)
used for observations, so that interference fringes will be present only if the optical paths fol-
lowed by the light collected by each telescope differ by less than a typical longitudinal coherence
length,

Λc = c

∆ν = cτc = λ2

∆λ = λRspec , (1.2)

where c is the vacuum light speed, τc is the coherence time, and Rspec is the spectral resolution
(= λ/∆λ). The order of magnitude of the coherence volume Vc is thus

Vc = ScΛc = λ4

θ2∆λ = B2
resλRspec . (1.3)

The coherence volume thus depends on the wavelength and spectral bandwidth of the ob-
servations, and on the typical target’s size at this spectral domain. OLBI takes advantage of this
dependence to extract information on the studied target.

Most of the technical difficulties in OLBI come from the necessity to have the interferometer
working in a stable way within the coherence volume, i.e., with optical path differences between
the different telescopes smaller than Λc during the time where fringes are recorded and with
baselines B ∼ Bres =

√
Sc. To have an idea of these strong technical constraints consider the

typical values of θ = 1 mas, λ = 1µm, and ∆λ = 0.01µm, which results in Sc ' 40000 m2

(B ∼ Bres ' 200 m), Λc = 100µm, and Vc ' 4 m3.
3Jean-Marie Mariotti Center (JMMC) for optical and infrared interferometry (http://www.jmmc.fr/).
4IAU/UAI Commission 54: optical & infrared interferometry (http://iau-c54.wikispaces.com/home).
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1.2. OLBI : a key technique in stellar physics

Even inside the coherence volume, instrumental effects and, in particular, turbulence from
Earth’s atmosphere tend to vary the different optical paths in an unpredictable and fast manner.
Earth-atmosphere turbulence can affect interference fringes on time scales typically as small as
a few milliseconds in the visible to a few tens of milliseconds in the near- and mid-IR. Turbulence
also degrades the quality of the images recorded by the telescope (seeing effect) diminishing
significantly the number of photons available to form interference fringes. Different devices and
observing strategies (e.g. adaptive optics, fringe tracking, short individual exposure times) exist
to try to overcome, at least partially, these effects that degrade the quality and signal-to-noise
ratio of the recorded fringes.

If the interferometer is able to work in a stable manner within Λc, it can then be used to
measure the spatial coherence of a sky target. This is achieved by measuring, for several tele-
scope separations (called baselines), the contrasts and positions of interference fringes, which
correspond, respectively, to the amplitudes and phases of the complex degree of coherence or,
alternatively, the complex visibility V .

For a given sky-projected monochromatic brightness distribution Iλ (also called intensity
map), the Van Cittert-Zernike theorem (e.g. Born & Wolf, 1980) relates the observed complex
visibility to the Fourier transform (FT) of Iλ, normalized by its value at the origin, i.e.,

V (u, v, λ) = |V (u, v, λ)| eiφ(u,v,λ) = Ĩλ(u, v)
Ĩλ(0, 0)

, (1.4)

where Ĩλ is the FT of Iλ, given explicitly by

Ĩλ(u, v) =
∫∫

Iλ(x, y)e−i2π(xu+yv)dxdy . (1.5)

Note that the normalization term Ĩλ(0, 0) is the stellar flux. The spatial (angular) coordinates
x and y describe the position of the intensity map on the sky-plane and are generally chosen
to follow the coordinates of right ascension (α) and declination (δ). They are defined by the
actual (linear) position on the visible stellar surface projected onto the sky-plane, divided by the
distance d to the star. Of course, OLBI does not provide observations at all spatial (or Fourier)
frequencies, u and v, but only at values corresponding to the separations of telescopes, i.e.,

(u, v) =
~Bproj
λ

= Bproj
λ

(sin PA, cos PA) , (1.6)

where Bproj is the projected baseline (distance between two telescopes projected onto the tar-
get’s direction), and PA is the position angle of the baseline (from north to east). Observations
with different baselines and/or at different times (technique of Earth-rotation synthesis) are often
used to increase the number of observed points in the uv-plane, i.e., the uv-coverage.

As mentioned above, the instrument (telescopes, optics, detectors, etc) and the Earth’s at-
mosphere alter the recorded target’s light in different ways that cannot be completely compen-
sated. As a consequence, the observed complex visibility is given by

Vobs(u, v, λ, t) = Vobseiφobs = V (u, v, λ)OTF (u, v, λ, t) , (1.7)

where OTF is the time-dependent optical transfer function, which is the FT of the combined
point spread function (PSF) of the instrument and of the Earth atmosphere. Note that the target
can also vary in time, but we are interested here only in the temporal variations of the OTF and
its effects on the interferometric observables.
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Visibility amplitudes

The visibility amplitude is the first first to be used and probably the most common interferometric
observable. It is a measure of the interferometric fringe contrast, and it is formally given by the
modulus of Vobs (Eq. 1.7)

|Vobs(u, v, λ)| = |V (u, v, λ)| |〈OTF 〉∆t| = |V (u, v, λ)|T , (1.8)

where the proportionality factor T (with 0 ≤ T ≤ 1) is called (modulus) transfer function (also
represented as MTF ), which is the modulus of the OTF averaged over the time span ∆t of the
observations.

To measure the target’s visibility amplitude |V (u, v, λ)| it is often necessary to combine the
observations of the target with those of one or more calibrators, which are stars of known size
(and thus known theoretical fringe contrast). The use of calibrators of known sizes allows thus
to estimate T from their observed and theoretical visibility amplitudes.

The observations of target and calibrator thus need to be performed close in time and with
the same instrumental conditions, so that T estimated from the calibrator(s) can be applied to
the target, preferably interpolating between observations of calibrators performed immediately
before and after the target. This calibration procedure compensates most of the effects that
corrupt the measurements of interference fringes, diminishing the fringe contrast.

Differential and closure phases

Because of instrumental instabilities and optics imperfections, and the fast and unpredictable
phase variations introduced in the light path by the turbulence of Earth atmosphere, interfer-
ometers cannot measure directly the target’s FT phase φ(u, v, λ) (Eq. 1.4). At least part of the
phase information can be recovered from two observable quantities related to φ(u, v, λ), namely,
the differential phase and the closure phase.

The differential phase is essentially φ(u, v, λ) as a function of wavelength from which a ref-
erence phase calculated at a chosen wavelength value (or wavelength range) has been sub-
tracted. Somewhat different ways of estimating the differential phase from observations exist,
depending on the instrument used and on the assumptions made for the calculations. Since
most of the results using differential phases in this work are based on the observations from
the VLTI/AMBER beam combiner (Petrov et al., 2007), the formalism adopted here for the dif-
ferential phase estimations is similar to the one adopted by Millour et al. (2011, 2006) for this
instrument.

The time-average of the FT of the intercorrelations (cross-correlation spectrum) between
observed fringes in the reference (λref ) and considered (λ) wavelengths is given by,

C(u, v, uref , vref , λ, λref) = 〈Vobs(u, v, λ, t)V ∗obs(uref , vref , λref , t)〉t
= |C(u, v, uref , vref , λ, λref)|eiφdiff(u,v,uref ,vref ,λ,λref) ,

(1.9)

where φdiff is the observed differential phase that can be approximated in a first order by

φdiff = φ−
(
a+ b

λ

)
, (1.10)
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where φ is defined in Eq. 1.4, the parameter a corresponds to a global phase offset, and b is a
slope representing an overall residual piston term.

In the optical/IR, the term (a+ b/λ) that is subtracted from φ represents a weak dependence
of the phase with λ. It contains not only the influence of the instrument and Earth atmosphere
but also any phase term from the object that is slowly varying with λ. Consequently, only strong
variations of φ with λ remain in the differential phase φdiff . Fortunately, this is typically what
happens in spectral lines where the phase can strongly depend on the wavelength, while being
nearly constant in the adjacent continuum.

The closure phase is an observable now commonly delivered by OLBI instruments operating
simultaneously with three or more telescopes. From the fringes recorded with three telescopes,
Ti, Tj , and Tk, the phases observed at each baseline are given by (c.f. Eq. 1.7)

φobs(uij , vij) = φ(uij , vij) + [ϕ(Ti)− ϕ(Tj)] ,
φobs(ujk, vjk) = φ(ujk, vjk) + [ϕ(Tj)− ϕ(Tk)] ,
φobs(uki, vki) = φ(uki, vki) + [ϕ(Tk)− ϕ(Ti)] ,

(1.11)

where only the dependence on the spatial frequencies are written explicitly for simplicity. The last
term represents the phase shifts (e.g. ϕ(Ti)) introduced by the instrument and Earth atmosphere
on the path of the light collected by each telescope (e.g. Ti). From the equation above it is
possible to combine the three φobs to form the quantity called closure phase, in which the phase
shifts ϕ are canceled out and only the sum of the phase information from the target at each
baseline remains, i.e.,

Φijk = φobs(uij , vij) + φobs(ujk, vjk) + φobs(uki, vki)
= φ(uij , vij) + φ(ujk, vjk) + φ(uki, vki)

(1.12)

Several astrophysical results on fast-rotating stars that use visibility amplitudes, differential
phases, and closure phases are presented in Chapter 3.
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Chapter 2

Photosphere and
circumstellar
environment (CSE) of fast
rotators
2.1 Basic hydrodynamical equations

The mechanical equilibrium structure of stars and their circumstellar environment (CSE) is gov-
erned by the following two basic hydrodynamical equations (see for example Rieutord, 2015),

Equation of continuity (mass conservation)

∂ρ

∂t
+ ~∇ · (ρ~v) = ∂ρ

∂t
+
(
~v · ~∇

)
ρ+ ρ~∇ · ~v = 0 , and (2.1)

Equation of Navier-Stokes (equation of motion)

d~v
dt = ∂~v

∂t
+
(
~v · ~∇

)
~v = −

~∇P
ρ

+ ~∇
(
~v · ~∇ν

)
+ ~∇∧

(
~v ∧ ~∇ν

)
+ ν∆~v − ~v∆ν + ~∇

(
ν

3
~∇ · ~v

)
+ ~a ,

or its simplified form (equation of Navier),

d~v
dt = ∂~v

∂t
+
(
~v · ~∇

)
~v = −

~∇P
ρ

+ ν∆~v + ~a ,

(2.2)
where the symbols have their usual meanings in equations describing a medium with mass
density ρ, pressure P , velocity ~v, and acceleration ~a due to external forces. Viscous effects are
accounted for in the terms containing the kinematic viscosity1 ν, which is given by the ratio of
the dynamic (shear) viscosity µ to the density ρ. The volume (or bulk) viscosity is neglected

1Also called momentum diffusivity; units of m2 s−1 in the SI.
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2. Photosphere and circumstellar environment (CSE) of fast rotators

(Stokes hypothesis), which is convenient for monoatomic gazes. The simplified Navier equation
describes a fluid with constant ρ (⇒ ~∇ · ~v = 0) and viscositiy.

It is worth noting that the demonstration of some general properties of the solutions of the
Navier-Stokes equation is one of the seven Millennium Prize problems in mathematics that were
stated by the Clay Mathematics Institute in 2000.

2.2 Equilibrium structure of fast-rotating stars

We shortly describe here some important concepts and equations defining the physical structure
of fast-rotating stars. These concepts and equations are described and developed by a large
number of works and authors. As one example we mention the recent book of Maeder (2009)
that covers many aspects of the physical structure and evolution of rotating stars, and also
provides a large (and still non-exhaustive) number of references on this subject.

In most stars, any perturbation on their physical structure is compensated within a dynamical
timescale

τdyn ∼

√
R3

GM
∼ R

cs
, (2.3)

where G is the gravitation constant, R and M are the stellar radius and mass, and cs is the
average sound speed. Depending on the spectral type and evolutionary status of the star, τdyn
varies from ∼ 1 s (white dwarfs) to ∼ 10 d (red supergiants), which is in any case much shorter
than the stellar lifetime. Most stars are thus in steady-state, hydrostatic equilibrium, which allows
to rewrite the Navier equation (Eq. 2.2) in a simpler form,

~∇P
ρ

= ~g −
(
~v · ~∇

)
~v ≡ ~geff , (2.4)

where viscosity is neglected. The effective gravity ~geff is composed by the stellar gravity ~g (only
external force considered here) and the advection term (~v · ~∇)~v. Depending on ~v, it is possible
to express ~geff as the gradient of a potential Ψ (conservative forces), so that,

~∇P
ρ

= ~geff = −~∇Ψ . (2.5)

The identity above implies that P = P (Ψ) and ρ = ρ(Ψ), i.e., the isobars, isodensities, and
equipotentials coincide. If the equation of state of the stellar gas follows the relation P = P (ρ, T )
(as an ideal gas for instance), then the isobars, isodensities, isothermals, and equipotentials are
identical. P , ρ, and T are functions of Ψ only and the star is said to be barotropic. Although this
is a good first approximation in general, the "iso" surfaces do not coincide exactly in reality, and
the stars are baroclinic.

2.2.1 Roche model

Several works on rotating stars, in particular those based on stellar interferometry, show that
the Roche model provides a realistic representation of the distribution of mass and angular
momentum throughout the massive stars (masses above a few M�).
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2.2. Equilibrium structure of fast-rotating stars

The Roche model is based on two main approximations: (1) uniform (or solid) rotation with
constant angular velocity Ω and (2) all mass M concentrated in the stellar center. The term
Roche model is sometimes used when differential rotation is considered, where only the sec-
ond assumption is adopted. A third, implicit assumption, is that the star is in a steady-state,
hydrostatic equilibrium configuration.

Roche’s effective gravity and potential

Consider a non-inertial reference frame rotating at an angular velocity Ω identical to the stellar
rotation. Under the Roche approximation the stellar particles are thus subjected to a radial
(direction r̂) inward point-like gravitational acceleration ~g and to a centrifugal acceleration ~acent
perpendicular to the rotation axis (direction $̂). In this case, the effective gravity defined in
Eq. 2.4 can be explicitly expressed as,

~geff = ~g + ~acent

= −GM
r2 r̂ + Ω2$$̂

= −GM
r2 r̂ + Ω2r sin θ$̂

= −GM
r2 r̂ +

v2
φ

$
$̂ ,

(2.6)

or, in spherical coordinates (unit vectors r̂, θ̂, φ̂),

~geff(r, θ) =
(
−GM

r2 + Ω2r sin2 θ, Ω2r sin θ cos θ, 0
)
, (2.7)

where $(= r sin θ) is the distance to the rotation axis, and vφ(= Ω$) is the azimuthal (φ) com-
ponent of the velocity, which is the total rotation velocity in this case. Figure 2.1 illustrates the
adopted reference frame, and some of the parameters and physical quantities of the Roche
model. Note that, contrarily to a non-rotating spherical star, ~geff does not follow the radial direc-
tion, forming an angle ε with r̂.

For uniform rotation (or differential rotation with Ω = Ω($)), we have the conservative case
of Eq. 2.5, where ~geff can be expressed as the gradient of a potential,

~geff = −~∇Ψ , (2.8)

where Ψ is now the so called Roche potential, which is given by the sum of the point-like gravi-
tational potential and the centrifugal potential for uniform rotation,

Ψ(r, θ) = Ψgrav(r) + Ψcent(r, θ)

= −GM
r

− Ω2 (r sin θ)2

2 .
(2.9)

Poisson’s equation

When dealing with equations of rotating stars it is often useful to consider the Poisson’s equation,
relating the gravitational potential to the mass density distribution. In the framework of the Roche
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2.1 Equilibrium Configurations 21

Fig. 2.1 Some geometrical parameters in a rotating star. The angle ε is the angle between the
vector radius and the normal −geff to an equipotential

The components of g are (−g, 0, 0) and g = ∂Φ
∂ r (cf. 1.35). If Ω is constant or

has a cylindrical symmetry, the centrifugal acceleration can also be derived from a
potential, say V . One has

−∇∇∇V = Ω 2 ϖϖϖ and thus V = −1
2

Ω 2 ϖ2 . (2.3)

The total potential Ψ is

Ψ = Φ +V , (2.4)

and with (1.44) one has

∇2Ψ = ∇2Φ +∇2V with ∇2Φ = 4π G! . (2.5)

In cylindrical coordinates, one can write

(∇2V )ϖ =
1
ϖ

∂
∂ϖ

(
−ϖ2Ω 2) = −2Ω 2 (2.6)

and thus the Poisson equation with rotation becomes

∇2Ψ = 4π G!−2Ω 2 . (2.7)

Barotropic star: the equation of hydrostatic equilibrium becomes

1
!

∇∇∇P = −∇∇∇Ψ = geff. (2.8)

Figure 2.1 – Reference frame and some parameters of the Roche model (see text for details and
definitions of symbols). Figure from Maeder (2009).

model it can be written as

∆Ψ = ∆Ψgrav + ∆Ψcent = −~∇ · ~geff =
{

4πGρ− 2Ω2 , for r = 0
− 2Ω2 , for r > 0

(2.10)

Recall that the mass is concentrated at the stellar center so that ρ 6= 0 only at r = 0.
Some works solve the Poisson’s equation for the gravitational potential in order to model

rotating stars with more sophisticated densities and rotation laws (e.g. Ostriker & Mark, 1968;
Clement, 1974; Jackson et al., 2005, and references therein).

Surface shape and critical velocity

The stellar surface shape is obtained from the Roche potential (Eq. 2.9). It follows an equipo-
tential (Ψ constant), satisfying the more general condition that no work is required nor provided
for any displacement ~dl on the surface,

~geff · ~dl = −~∇Ψ · ~dl = 0 . (2.11)

As already indicated in Eq. 2.9, the surface shape of a Roche star is nonspherical since Ψ is
a function of both r and θ. The stellar surface is thus defined by the points r(≡ R(θ)) that follow
the equipotential,

Ψ = −GM
R(θ) −

Ω2R2(θ) sin2 θ

2 = −GM
Rp

= −GM
Req

− (ΩReq)2

2 = constant , (2.12)

where the term ΩReq is the equatorial rotation velocity veq (= vφ(π/2)). The constant value
setting the surface equipotential is chosen as a reference point on this surface. In the equation
above we give values at two possible reference points that are often adopted, namely, equipo-
tential in terms of the radius at the pole Rp or at the equator Req.

The polar radius is used as reference mostly in works dealing with stellar evolution and/or
for comparisons with models without rotation since it is almost insensitive to rotation (Ekström
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2.2. Equilibrium structure of fast-rotating stars

et al., 2008). For example, rotation leads to a decrease of Rp of less than ∼ 2% compared to the
case without rotation (at solar metallicity and masses between 3 and 20 M�). It is thus common
to consider Rp independent on the rotation velocity.

In works dealing with interferometric observations it is preferable to express the surface
equipotential in terms of the equatorial radius Req since the equatorial angular diameter (2Req/d,
where d is the distance to the star) is the quantity more directly related to the observations.
Indeed, Rp cannot be directly measured for an arbitrary inclination angle i of the rotation axis,
unless the star is seen exactly equator-on. Before deriving the complete form of the Roche
surface, the ratio between the equatorial and polar radii can already be obtained directly from
Eq. 2.12,

Req
Rp

=
(

1−
v2

eqRp

2GM

)−1

= 1 +
v2

eqReq

2GM

or

ε ≡ 1− Rp
Req

=
v2

eqRp

2GM ,

(2.13)

where ε is the flattening parameter, ranging from 0 (spherical star where r = Rp at all latitudes) to
a maximum (critical) flattening εc, attained when gravity is totally compensated by the centrifugal
force at some point on the stellar surface. For uniform rotation, this condition is satisfied first
at the stellar equator where the centrifugal force is highest, so the equatorial radius attains its
maximum critical value Rc. By imposing that geff(r = $ = Req = Rc) = 0 in Eq 2.6, and
solving for the equatorial velocity, one can thus define the critical equatorial rotation velocity
vc(= vφ = veq) and the critical angular rotation velocity Ωc as

vc = ΩcRc =
√
GM

Rc
,

and

Ωc =
√
GM

R3
c
.

(2.14)

In the Roche model, Rc, and the strongest allowed flattening εc, can be expressed as a
function of Rp from Eq. 2.12 (or Eq. 2.13), by substituting Req by Rc and veq by vc from Eq. 2.14
above,

Rc
Rp

= 3
2

or

εc = 1− Rp
Rc

= 1
3 .

(2.15)

It is sometimes useful to consider a different definition of critical velocity, valid beyond the
frame of the Roche approximation, whenever the star rotates at an equatorial (critical) velocity
corresponding to the circular Keplerian orbital velocity at the stellar equator. Thus, for any given
equatorial radius Req, the Keplerian (subscript "k") or orbital (subscript "orb"), linear and angular,
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Figure 2.2 – Left: Meridional cut of the Roche stellar surface (R(θ)/Rp in polar coordinates) for
several rotation rates (Ω/Ωc) as given by Eq. 2.18. Right: Req/Rp(= R(90◦)/R(0◦)) as a function
of Ω/Ωc.

critical velocities are defined, respectively, as

vk = vorb = ΩkReq =
√
GM

Req
,

and

Ωk = Ωorb = vk
Req

=
√
GM

R3
eq

.

(2.16)

Another quantity often used is the angular velocity relative to Ωk, i.e.,

ω = Ω
Ωk

= veq

√
Req
GM

=
√

2ε
1− ε (2.17)

The stellar surface of the Roche model is obtained by solving Eq. 2.12, which is a (de-
pressed) cubic equation on R as a function of θ. Different formulations of R(θ) exist in the
literature, depending also on the chosen normalizations of physical quantities. For example, in
Appendix A we show that R(θ) can be expressed in terms of trigonometric functions as,

R(θ) = Rp

sin
[

1
3 arcsin

(
Ω
Ωc

sin θ
)]

1
3

(
Ω
Ωc

sin θ
) = Rp

cos
[

1
3 arccos

(
−

Ω
Ωc

sin θ
)

+
4π
3

]
1
3

(
Ω
Ωc

sin θ
) . (2.18)

These formulations are similar to those given by Kopal (1987), van Belle et al. (2001), and
Domiciano de Souza et al. (2002). Figure 2.2 shows examples of the Roche stellar surface and
of the ratio Req/Rp as given by the equation above for different values of Ω/Ωc.

Note that the surface (local) effective gravity is directly obtained from Eq. 2.6 (or Eq. 2.7)
with r = R(θ). In particular, the modulus of the surface effective gravity geff(θ)(= |~geff(R(θ))|)
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2.2. Equilibrium structure of fast-rotating stars

at the stellar equator geq is given by the difference between the gravitational and centrifugal
accelerations at this point, i.e.,

geq = geff(π2 ) = GM

R2
eq
−
v2

eq
Req

. (2.19)

The modulus of the surface polar effective gravity gp is simply given by the polar gravitational
acceleration, since there is no centrifugal force at the poles,

gp = geff(0) = geff(π) = GM

R2
p
. (2.20)

The ratio between geq and gp can be expressed as

geq
gp

= (1− ε)(1− 3ε) =
(
Rp
Req

)2

(1− ω2) = 1− ω2

(1 + ω2/2)2 , (2.21)

where ε and ω are defined in Eqs. 2.13 and 2.17.

2.2.2 Gravity darkening

Gravity darkening is an important effect in stellar physics resulting from a local surface radiative
flux dependent on the local effective gravity. In a seminal paper, von Zeipel (1924) showed that
under some equilibrium conditions the radiative flux F is proportional to the local effective gravity
geff , i.e.,

F = σT 4
eff = Cgeff

or

Teff =
(
C

σ

)0.25
g0.25

eff ,

(2.22)

where C is a proportionality constant composed of several physical quantities (see below), σ is
the Stefan-Boltzmann constant, and Teff is the local effective temperature.

We note that, because of gravity darkening, the star does not have a unique effective temper-
ature over the photosphere and thus presents a different aspect depending on the viewing angle.
Moreover, gravity darkening is responsible by internal circulations of matter, energy, and angular
momentum, and by non-spherical mass and angular momentum losses. All these physical pro-
cesses have a direct impact on the structure and evolution of the star. A precise formulation of
the gravity darkening effect is thus crucial for a more profound understanding of stellar physics.

Indeed, since the beginning of the XXth Century, the gravity darkening effect (also called
von Zeipel effect) has been discussed, improved, and computed by several authors: von Zeipel
(1924), Eddington (1925), Lucy (1967), Connon Smith & Worley (1974), Kippenhahn (1977),
Claret (1998, 2000, 2012), Maeder (1999), Rieutord (2006), Espinosa Lara & Rieutord (2011),
and many others. The results from this work concerning gravity darkening are presented in
Chapter 3.

On the other hand, observational proof or direct measurement of gravity darkening in fast-
rotating single stars have been provided only quite recently, thanks to the high spatial resolu-
tion power from stellar interferometers: Ohishi et al. (2004), Domiciano de Souza et al. (2005,
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2. Photosphere and circumstellar environment (CSE) of fast rotators

Sect. 3.1), Peterson et al. (2006b), Monnier et al. (2007), Che et al. (2011), Domiciano de Souza
et al. (2014, Sect. 3.2), and others.

We present below a quick review of some of the basic equations and recent theoretical
developments and observations on the gravity darkening effect.

The von Zeipel theorem

In radiative regions of the star, in particular atmospheres of hot stars, the local radiative flux
vector is proportional and antiparallel to the gradient of local temperature gas T (diffusion of
photons approximation),

~F = −χ~∇T = −4acT 3

3κρ
~∇T , (2.23)

where χ is the coefficient of radiative conductivity, which is a function of the radiation constant a,
the vacuum light speed c, the local total mean opacity κ (generally the Rosseland mean opacity),
the local density ρ, and the local temperature T .

Under the assumption that the star is barotropic and in mechanical equilibrium, the iso-
densities, isobars, and isotherms coincide with the equipotential surfaces (e.g. Rieutord, 2006;
Espinosa Lara & Rieutord, 2011): density ρ, temperature T , and pressure P are functions of the
potential Ψ only. This corresponds also to the fundamental hypothesis adopted by von Zeipel
(1924)2. This hypothesis also implies that κ is constant on an equipotential, so that χ is a
function of the potential Ψ only in Eq. 2.23. In this case, using Eq. 2.8, we obtain the von Zeipel
theorem or law (von Zeipel, 1924)

~F = −χ(Ψ)dT (Ψ)
dΨ

~∇Ψ = χ(Ψ)dT (Ψ)
dΨ ~geff ≡ −C(Ψ)~geff , (2.24)

which is identical to Eq. 2.22 when the absolute values are considered. This equation shows
that the radiative flux vector is also antiparallel to the effective gravity in the von Zeipel law, with
a proportionality term C, which is constant on an equipotential. The proportionality constant C
can be obtained by integrating Eq. 2.24 over the surface equipotential such that

C = −χdT
dΨ = −

∫
~F · ~ds∫
~geff · ~ds

= L∫
geffds = L∫

~∇Ψ · ~ds
= L∫

∆ΨdV = L

4πGMΩ
, (2.25)

where we used the definition of stellar luminosity L(=
∫
~F · ~ds), the Poisson equation (Eq. 2.10),

the divergence (or Gauss) theorem, and the fact that ~geff is antiparallel to the stellar surface
vector ~ds. MΩ is the modified mass, defined below in Eq. 2.28.

When dealing with observations it is often useful to relate C and L in the foregoing equations
to the local effective temperature Teff and to a mean effective temperature T eff , averaged over
the whole stellar surface (equipotential) S?,

L =
∫
~F · ~ds = C

∫
geffds = σ

∫
T 4

eff ds = σT
4
effS? . (2.26)

Note that the above equation recovers the relation between geff and Teff given in Eq. 2.22.

2"...the nature of the gas is constant over every level surface, but may change from one level surface to another"
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It is also sometimes necessary to consider the stellar bolometric flux

Fbol = L

4πd2 = σT
4
eff

S?
4πd2 = σT

4
eff
�2

4 , (2.27)

where � is the mean angular diameter of a spherical star having a surface area S?, and d is the
distance to the star.

The modified mass MΩ in Eq. 2.25 is a consequence of the Poisson equation (Eq. 2.10), and
is given by

MΩ = M

(
1− Ω2

2πGρ̄

)
≤M , (2.28)

where M is the stellar mass and ρ̄ (= M/V ) is the average density inside the equipotential
surface of volume V . Values for the term Ω2/2πGρ̄ at different Ω in the Roche approximation
are given by Maeder (2009). It ranges from 0 to a maximum value corresponding to the Roche
critical velocity (Eq. 2.14),

Ω2
c

2πGρ̄c
= Vc

2πR3
c

= 0.361 , (2.29)

where Vc(= 2.2666R3
c) and ρ̄c(= M/Vc) are the critical volume and critical average density of the

Roche model (cf. Kopal, 1987).

Generalizations of the von Zeipel theorem

The physical conditions assumed to deduce to the gravity darkening law proposed by (von
Zeipel, 1924) are not strictly valid (diffusion approximation, uniform rotation, barotropicity). Sev-
eral other researchers proposed generalizations of the von Zeipel theorem. For example, Lucy
(1967) showed, by averaging from various stellar 1D atmosphere numerical models, that the
relation Teff ∝ g0.08

eff reproduces better the gravity darkening in cooler stars with convective at-
mospheres than Eq. 2.22. However, as in the case of the von Zeipel theorem, the computations
and results from Lucy also contain important approximations, assuming small deviations from
sphericity (slow rotation).

In practice, in order to account for departures from the results of von Zeipel and Lucy, it is
usual to express the gravity darkening in terms of an ad hoc parameter β (gravity darkening
coefficient) relating the local F , Teff , and geff :

F = σT 4
eff = Cβg

4β
eff

or

Teff =
(
Cβ
σ

)0.25
gβeff ,

(2.30)

where Cβ is a proportionality constant obtained as in Eq. 2.25, but replacing geff par g4β
eff . It is

sometimes useful to write this gravity darkening β-law in terms of Teff and geff at a given point of
the stellar surface, such as

Teff = Tp

(
geff
gp

)β
, (2.31)

where, in this case, the subscript "p" denotes the polar effective temperature and gravity. Note
that β = 0.08 and β = 0.25, respectively, in the Lucy’s and von Zeipel’s formulations of the gravity
darkening.
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2. Photosphere and circumstellar environment (CSE) of fast rotators

Similarly to Lucy’s work, Claret (1998, 2000, 2012) used 1D stellar atmosphere models to
compute β values for different physical conditions. The gravity darkening parameter varies con-
tinuously from radiative (β . 0.25) to convective (β . 0.1) atmospheres. The exact behavior
of these numerically deduced β depends on the stellar mass, atmosphere model used, and at-
mospheric optical depth considered. Espinosa Lara & Rieutord (2012) discuss the results from
Lucy and Claret, arguing that 1D models should be avoided when computing gravity darkening
exponents.

By adopting a different approach, Espinosa Lara & Rieutord (2011) propose an alternative
gravity darkening law that is independent on convective or radiative nature of the stellar atmo-
sphere. Their gravity darkening model is based on three hypothesis, which are generally valid
on stellar atmospheres:

• Flux conservation, i.e., there are no heat sources or sinks on the stellar atmosphere, which
is expressed as a divergence-free vector flux,

~∇ · ~F = 0 . (2.32)

• Flux antiparallel to the local effective gravity ~geff . This hypothesis is valid both for convective
(heat transport is parallel to ~geff) and radiative (~F can be considered antiparallel to ~geff
within ' 10−2 rad), so that,

~F = −f(r, θ)~geff . (2.33)

where f(r, θ) is a function of the position on the star. Note the difference with respect to
the von Zeipel law (Eq. 2.24) where f(r, θ) = C, a constant term.

• The stellar surface and ~geff are given by the Roche model with uniform angular velocity Ω
(cf. Sect. 2.2.1).

Based on these hypothesis, Espinosa Lara & Rieutord (2011) derived and alternative gravity
darkening law (ELR model hereafter) with the following effective temperature profile

Teff(θ) =
(
F

σ

)0.25
=
(

L

4πσGM

)0.25
√

tanϑ(R(θ), θ)
tan θ g0.25

eff , (2.34)

where R(θ) is given by Eq. 2.18 and ϑ is the solution of

cosϑ+ ln tan ϑ2 = 1
3ω

2
(
R(θ)
Req

cos θ
)3

+ cos θ + ln tan θ2 , (2.35)

where ω is defined in Eq. 2.17. ϑ can be determined for each θ for example applying Newton’s
interactive method to the equation above. Thus, the ELR gravity darkening law is completely
defined by L, M , Req, and Ω (or any equivalent combination of parameters).

The equatorial to polar effective temperatures ratio is given by

Teq
Tp

=
√

1− ε
(1− 3ε

1− ε

)1/12
exp

(
−ε(1− ε)

2

3

)

=
√

2
2 + ω2 (1− ω2)1/12 exp

(
−4

3
ω2

(2 + ω2)3

)
,

(2.36)
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Figure 2.3 – Equatorial to polar effective temperatures for the ELR and von Zeipel gravity-darkening
models, under the Roche approximation, as a function of ε (left) and ω (right). The ratio Teq/Tp
for the von Zeipel model is directly obtained from Eqs. 2.21 and 2.31 with β = 0.25. Gravity
darkening at high rotation rates leads to stellar equatorial regions with effective temperatures
significantly lower than the poles.

where ε and ω are defined in Eqs. 2.13 and 2.17. Figure 2.3 shows Teq/Tp given by Eq. 2.36
compared to the values expected for the von Zeipel model.

It is important to note that the coefficient β appearing in β-law models is not an input pa-
rameter of the ELR gravity-darkening model and that it is not required to describe the relation
between Teff and geff . Indeed, the dependence of lnTeff with ln geff does not necessarily follow
a straight line with a constant slope as is the case for example in Eq. 2.31, so that a unique β
value cannot be defined for the whole photosphere in the ELR model. However, it is sometimes
useful or necessary to derive an equivalent β in order to compare the ELR model to predictions
from other β-law models and/or to β values estimated from observations.

An equivalent β value can be estimated for example from a fit to lnTeff versus ln geff over
all latitudes following the curve defined by Eq. 2.34. An equivalent β can be straightforwardly
derived from the equatorial and polar ratios of Teff and geff (Eqs. 2.21 and 2.36) leading to the
following analytical relation

β = lnTeq/Tp
ln geq/gp

= 1
4 −

1
6

ln 1−3ε
1−ε + 2ε(1− ε)2

ln(1− ε)(1− 3ε)

= 1
4 −

1
6

ln(1− ω2) + ω2(1 + ω2/2)−3

ln(1− ω2)− 2 ln(1 + ω2/2)

(2.37)

The first-order polynomial expansion of the above relation for β gives

β = 1
4 −

1
3ε+O(ε2)

= 1
4 −

1
6ω

2 +O(ω4) ,
(2.38)

with ω2 → 2ε for ε → 0. Note that the ELR model predicts an equivalent β < 0.25 for ε > 0 (or
ω2 > 0), contrarily to the von Zeipel gravity darkening that has β = 0.25, independently on ε.
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2. Photosphere and circumstellar environment (CSE) of fast rotators

Predictions of gravity darkening models compared to observations

Several recent works based on interferometric observations of fast-rotating stars measured val-
ues of β ranging from ∼ 0.15 to ∼ 0.23. These observational results show in particular that
the von Zeipel law (β = 0.25) is not generally valid and overestimates the dependence of Teff
with geff . Figure 2.4 compares the alternative gravity darkening models from Claret (1998, 2000,
2012) and Espinosa Lara & Rieutord (2011) with recent values of β measured from interfero-
metric observations of six single fast-rotating stars.

Depending on the adopted optical depth for a given stellar atmosphere model, Claret’s grav-
ity darkening is able to explain the β measured on the four colder stars, or on Regulus (and
marginally on Achernar), but not all stars (cold and hot) at once. It seems thus difficult to re-
cover the β values measured on both cold and hot stars with Claret’s model without adjusting
several parameters in order to match the observations. In particular, considering different optical
depths seems to be necessary to account for all measured β, but it is not clear why and/or which
value should be adopted in each case.

The ELR model, relying on few input parameters and hypothesis, reproduces five out of the
six measured β (marginal agreement for α Cep), with a significant disagreement only for the
colder star in the list, β Cas (F2IV), which is motivating. Two possibilities exist to explain this
discrepancy, namely, (1) the measured β presents an observational bias, that could be caused
by the low inclination of β Cas (i = 19.9◦ ± 1.9◦; Che et al., 2011) or (2) the presence of
convection in colder stars indeed leads to lower β values (as suggested by the results of Claret
and Lucy) and should then be included in the model of Espinosa Lara & Rieutord (2011).

One way to decide between these two possibilities is to perform additional interferometric
observations covering a broader range of flattening , in particular on cold stars (with convective
atmospheres). These observations consist in an interesting research program that can con-
tribute to determine if gravity darkening is as function mainly of rotation flattening alone or if
convection (and/or Teff) plays an important role as well.

Before finishing this discussion concerning gravity darkening, we would like to mention that
other generalizations of the von Zeipel theorem exist, but they consider slow rotation in many
cases. Caution should thus be taken when confronting these models to observations and re-
sults of fast rotators. For example, by considering slow differential rotation, alternative gravity
darkening laws were derived by Kippenhahn (1977) for Ω = Ω(r, θ), and by Maeder (1999) for
Ω = Ω(r), known as "shellular" rotation (c.f. Zahn, 1992). For these angular velocities, ~geff can-
not be expressed as the gradient of a potential in general so that Eq. 2.8 does not apply and
Eq. 2.24 (von Zeipel theorem) is not strictly valid, leading to other alternative expressions of
gravity darkening.
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2.2. Equilibrium structure of fast-rotating stars

Figure 2.4 – Gravity darkening coefficient β as a function of the rotation flattening ε = 1 − Rp/Req
(top) and as a function of the local Teff over the stellar surface (bottom). The top and bottom solid
curves correspond, respectively, to gravity darkening models from Espinosa Lara & Rieutord
(2011) (ELR model; equivalent β from a fit to the log Teff versus log geff curve using Eqs. 2.21
and 2.36) and Claret (2000) (β for a 2 M� star extrapolated to higher Teff at the von Zeipel value
0.25). The dashed and dot-dashed curves in the top panel are the equivalent β values estimated
for the ELR model from the analytical Eqs. 2.37 and 2.38; the horizontal dotted line at β = 0.25
is the von Zeipel value. The region between the dashed lines in the bottom roughly reproduce
the β values for a 4 M� star calculated by Claret (2012) using gray and ATLAS (Kurucz) model
atmospheres. Compared to the solid line curve, this model has globally a lower β since it was
computed for low optical depth regions (τ ' 1), i.e., where the diffusion approximation for the
flux is not strictly valid. For high optical depths the von Zeipel β = 0.25 is recovered. All these
β-law curves slightly shift to lower Teff with increasing masses (Claret, 2000). The most recent
and precise values of β measured from interferometric observations of six single fast-rotating
stars are also plotted on both panels. From hotter to colder star, the observed fast rotators are:
α Eri (Achernar, B3-6Vpe; Sect. 3.2; Domiciano de Souza et al., 2014), α Leo (Regulus, B8IVn;
Che et al., 2011), α Lyr (Vega, A0V; Monnier et al., 2012), α Aql (Altair, A7IV-V; Monnier et al.,
2007), α Cep (Alderamin, A7IV; Zhao et al., 2009), β Cas (Caph, F2IV; Che et al., 2011). The
plots in this figure are similar to those presented by Domiciano de Souza et al. (2014), Espinosa
Lara & Rieutord (2011), and Che et al. (2011), with updates to include additional observations
and models. 23



2. Photosphere and circumstellar environment (CSE) of fast rotators

2.2.3 Examples of photospheric intensity-maps

Figures 2.5 to 2.12 show several examples illustrating some of the fast-rotation effects on the
stellar surface structure and emitted flux (rotational deformation and gravity darkening) pre-
sented previously in this section. These simulated images were created with the numerical
model CHARRON described in Sect. 2.5.1. The local specific intensity profiles Iλ over the stel-
lar surface are computed using the spectral synthesis code Synspec3 (e.g. Hubeny & Lanz,
2011) with input stellar atmosphere models from the ATLAS9 code with solar abundance4 (e.g.
Kurucz, 1979). The physical parameters adopted to compute these CHARRON models are
given in Table 2.1.

Figure 2.5 shows CHARRON models of sky-projected maps of Iλ (in the V, H, and K pho-
tometric bands) and effective temperature Teff maps, computed at different inclinations i. The
apparent flattening changes with i and for each spectral band the influence of gravity and limb
darkening also varies (stronger effect at shorter wavelengths). For the Iλ and Teff maps at inter-
mediate inclinations (i = 45◦ and 60◦) the brighter apparent regions are not exactly located at the
hot poles, but are somewhat closer to the center of the maps. This is caused by a combination
of gravity darkening (influencing Iλ and Teff) and flattening/limb darkening (influencing Iλ only).

Figure 2.6 shows the Iλ and Teff maps as in Fig. 2.5, but for two different rotation rates
(veq = 250 km s−1 = 0.832vc and veq = 290 km s−1 = 0.929vc). This figure illustrates the changing
of surface flattening and distribution of flux and temperature with the the rotation velocity.

Figures 2.7 to 2.12 show selected specific intensities Iλ and equivalent width EW maps in
the vicinity of several spectral lines from the visible to the near-IR, namely, FeI 5169, MgII-SiII
6347, Hα, HeI 6678, OI 7772, and Brγ. The chosen wavelengths for the maps around each
spectral line correspond to the immediate continuum, line center (zero Doppler shift), and line
center plus a Doppler shift of 0.5veq sin i. The rightmost columns of Figs. 2.7 to 2.12, show the
equivalent width EW maps, which are calculated as

EW (x, y) =
∫ (

1− Iλ(x, y)
Ic(x, y)

)
dλ , (2.39)

where Ic is the specific intensity in the continuum close to the spectral line and the integration
is performed at each point (x, y) on the apparent stellar surface. EW (x, y) will thus be higher
at regions of the stellar surface where the corresponding spectral absorption line is stronger
(deeper).

These non-uniform Iλ and EW maps show clearly that different atoms and/or transitions
have different dependence on geff(θ) and Teff(θ) so that the line intensity changes over the
stellar surface. For example, in these models the HeI 6678 line (Fig. 2.10) is stronger (deeper)
at the hot poles than at the equatorial regions, while the opposite happens for the other lines
shown. From these examples it is clear that, contrarily to a non-rotating spherical star, different
lines can be mainly formed at different regions of the stellar surface of a rotating star.

Some of these figures and others similar to them were provided to Rivinius et al. (2013) to
illustrate fast-rotation effects in an A&A review paper dedicated to Be stars.

3http://nova.astro.umd.edu/Synspec49/synspec.html
4Web page of grid models: http://kurucz.harvard.edu/grids.html
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2.2. Equilibrium structure of fast-rotating stars

Table 2.1 – Stellar parameters adopted to create the CHARRON models of the images shown in
Figs. 2.5 to 2.12. Most physical parameters are defined in Chapter 2. The adopted parameter
values roughly correspond to a fast-rotating B type star.

Model parameter Value
Stellar mass M 6 M�

Inclination angle of rotation axis i 0◦, 45◦, 60◦, 90◦

Equatorial radius Req 11 R�
Polar radius Rp 8.46, 7.83 R�

Flattening parameter ε 0.231, 0.288
Equatorial rotation velocity veq 250, 290 km s−1

veq/vc 0.832, 0.929
Ω/Ωc 0.960, 0.993

veq/vk (or Ω/Ωk) 0.775, 0.899
Equatorial eff. gravity (log) log geq 2.734, 2.416 dex

Polar eff. gravity (log) log gp 3.361, 3.428 dex
Gravity-darkening coefficient β 0.20

Surface averaged mean temperature T eff 15 000 K
Polar eff. temperature Tp 17 214 K, 17 819 K

Equatorial eff. temperature Teq 12 898 K, 11 180 K
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Figure 2.5 – Specific intensity Iλ (V, H, and K photometric bands starting from the left column) and
Teff (right column) maps for a fast-rotating B type star computed with CHARRON (Sect. 2.5.1).
Models were created for β = 0.20 and veq = 290 km s−1 = 0.929vc at different inclinations
i = 0◦, 45◦, 60◦, 90◦, plotted in each row. Horizontal and vertical spatial scales are normalized
by the equatorial radius Req. Further parameters of the models are given in Table 2.1.

26



2.2. Equilibrium structure of fast-rotating stars

1.74•105 2.69•105 3.63•105 4.58•105 5.52•105

Intensity I V_i60_Ve250 (W/m2/nm/srad)

6.29•103 7.52•103 8.76•103 1.00•104 1.12•104

Intensity I H_i60_Ve250 (W/m2/nm/srad)

2212 2575 2938 3302 3665

Intensity I K_i60_Ve250 (W/m2/nm/srad)

12.9 14.0 15.1 16.1 17.2

Effective temperature Teff (kK)

1.0 0.5 0.0 0.5 1.0
x/Re

1.0

0.5

0.0

0.5

1.0

y/
R

e

V_i60_Ve250 @ =545.000nm

1.0 0.5 0.0 0.5 1.0
x/Re

1.0

0.5

0.0

0.5

1.0

y/
R

e

H_i60_Ve250 @ =1630.000nm

1.0 0.5 0.0 0.5 1.0
x/Re

1.0

0.5

0.0

0.5

1.0

y/
R

e

K_i60_Ve250 @ =2190.000nm

−1.0 −0.5 0.0 0.5 1.0
x/Re

−1.0

−0.5

0.0

0.5

1.0

y
/R

e

1.23•105 2.38•105 3.52•105 4.67•105 5.82•105

Intensity I V_i60 (W/m2/nm/srad)

5.11•103 6.75•103 8.38•103 1.00•104 1.16•104

Intensity I H_i60 (W/m2/nm/srad)

1838 2326 2813 3301 3788

Intensity I K_i60 (W/m2/nm/srad)

11.2 12.8 14.5 16.2 17.8

Effective temperature Teff (kK)

1.0 0.5 0.0 0.5 1.0
x/Re

1.0

0.5

0.0

0.5

1.0

y/
R

e

V_i60 @ =545.000nm

1.0 0.5 0.0 0.5 1.0
x/Re

1.0

0.5

0.0

0.5

1.0

y/
R

e

H_i60 @ =1630.000nm

1.0 0.5 0.0 0.5 1.0
x/Re

1.0

0.5

0.0

0.5

1.0

y/
R

e

K_i60 @ =2190.000nm

−1.0 −0.5 0.0 0.5 1.0
x/Re

−1.0

−0.5

0.0

0.5

1.0

y
/R

e

Figure 2.6 – Similar to Fig. 2.5, with Iλ (V, H, and K bands) and Teff maps for two different rotation
rates: veq = 250 km s−1 = 0.832vc (top row) and veq = 290 km s−1 = 0.929vc (bottom row).
Models shown correspond to β = 0.20 and i = 60◦; further parameters of the models are given
in Table 2.1.
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Figure 2.7 – Specific intensity Iλ (continuum, line center, and line center plus 0.5veq sin i starting
from the left column) and equivalent width EW (right column; Eq. 2.39) maps in the vicinity of
the spectral line FeI 5169. Models were created with CHARRON (Sect. 2.5.1) for a fast-rotating
B type star with β = 0.20, i = 60◦, and veq = 290 km s−1 = 0.929vc. Further parameters of the
model are given in Table 2.1.
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Figure 2.8 – Similar to Fig. 2.7, with Iλ (continuum, line center, and line center plus 0.5veq sin i) and
equivalent width maps in the vicinity of the spectral lines MgII-SiII 6347.
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Figure 2.9 – Similar to Fig. 2.7, with Iλ (continuum, line center, and line center plus 0.5veq sin i) and
equivalent width maps in the vicinity of the spectral line Hα (6563Å).
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Figure 2.10 – Similar to Fig. 2.7, with Iλ (continuum, line center, and line center plus 0.5veq sin i)
and equivalent width maps in the vicinity of the spectral line HeI 6678.
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Figure 2.11 – Similar to Fig. 2.7, with Iλ (continuum, line center, and line center plus 0.5veq sin i)
and equivalent width maps in the vicinity of the spectral line triplet OI 7772.
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Figure 2.12 – Similar to Fig. 2.7, with Iλ (continuum, line center, and line center plus 0.5veq sin i)
and equivalent width maps in the vicinity of the spectral line Brγ (2.166µm).
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2.2.4 Eddington limit and anisotropic CSE

In the next sections we consider the anisotropic (latitudinal-dependent) circumstellar environ-
ment (CSE) of the fast-rotating Be and supergiant B[e] stars (described in Sects. 2.3 and 2.4).
The anisotropic CSE is a direct result of mass ejections from the luminous, hot, and massive
central star. Although the mechanism(s) leading to these mass ejections is(are) still not com-
pletely understood, fast-rotation of the central star certainly provides most of the energy required
for the material to overcome the stellar gravity and to be ejected into the CSE. In addition to ro-
tation, radiation pressure Prad can also contribute to the formation of the CSE around massive
stars.

We shortly present in this section some basic concepts providing clues to understand the
link between the strong radiation from the photosphere of massive, fast-rotating stars and the
mass and angular momentum losses events. Important references on this topic are, for example,
Lamers & Pauldrach (1991), Langer (1997), Glatzel (1998), Maeder (1999), Maeder & Meynet
(2000a), Maeder (2009), among others.

In a luminous star, where photon density and radiation pressure are important, the total ac-
celeration ~gtot at the photosphere is the sum of the effective ~geff and radiation ~arad accelerations,

~gtot = ~geff + ~arad = ~g + ~acent + ~arad , (2.40)

with

~arad = −
~∇Prad
ρ

= κ(θ)~F
c

. (2.41)

The outward radiative acceleration ~arad is the result of the outward flux ~F or, equivalently, the
inward gradient of the radiative pressure ~∇Prad, related to each other in the theory of radiative
transfer. The remaining quantities in the above relation are the vacuum light speed c, the local
mass density ρ, and the local total mean opacity κ(θ), which in general depends on the co-
latitude θ in rotating stars because of geometrical deformation and gravity darkening. Note that
to derive the von Zeipel’s gravity darkening law (Sect. 2.2.2) it is assumed that κ is constant over
the stellar surface (equipotential). This assumption is not adopted in the ELR model.

Let us consider that ~F is related to ~geff as in Eq. 2.33 (ELR model). As discussed in
Sec. 2.2.2, this assumption is more general than the original one from von Zeipel (Eq. 2.24)
and is adopted in more recent studies of gravity darkening (e.g. Espinosa Lara & Rieutord,
2011; Maeder, 1999).

These equations show that ~F , ~geff , and ~arad have all the same direction and are functions of
the co-latitude θ over the stellar surface. This allows to express the total surface acceleration
~gtot as a function of ~geff only,

~gtot = −
~F

f
+ κ~F

c

= ~geff

(
1− κf

c

)
≡ ~geff (1− Γ(θ)) ,

(2.42)

where Γ(θ)(= κ(θ)f/c) is the local Eddington factor (ranging from 0 to 1), which depends on
the choice of the proportionality function f in Eq. 2.33. Explicit expressions for f are given
for example by (1) Espinosa Lara & Rieutord (2011) for the ELR gravity-darkening model, and
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2.2. Equilibrium structure of fast-rotating stars

by (2) Maeder (1999) for "shellular" differential rotation (cf. Zahn, 1992); we note that in these
examples f is a function of θ over the stellar surface. In any case, the main contribution to Γ(θ)
comes from the proportionality constant from the von Zeipel theorem (Eq. 2.25), so that Γ(θ) is
essentially given by

Γ(θ) ∼ κ(θ)L
4πcGMΩ

≡ F (θ)
FEdd(θ) , (2.43)

where FEdd is the limit (or Eddington) flux (Eddington, 1926). The commonly known constant
Eddington factor Γ0 and limit (or Eddington) luminosity LEdd are a special case of the above
relation valid for non-rotating spherical stars with constant κ, i.e.,

Γ0 = κL

4πcGM ≡ L

LEdd
,

and

LEdd
L�

= 4πcGM
κL�

' 1.3× 103

κ

M

M�
,

(2.44)

with κ given in m2kg−1 in the last expression. The limiting (Eddington) flux FEdd (or LEdd for
non-rotating spherical stars) corresponds to a condition (locally or globally) on the photosphere
where radiation acceleration totally compensates the effective gravity (~grad = −~geff), which im-
plies ~gtot = ~0. Very massive and luminous stars can closely approach or even bypass this
condition, leading to extreme mass losses episodes, such as those observed in Luminous Blue
Variable (LBV) stars. However, the majority of stars do not present such high luminosities so
that F (θ)� FEdd(θ) or, equivalently, Γ(θ)� 1.

As a rough estimate of Γ0 in Eq. 2.44, let us consider a non-rotating, spherical, main-
sequence (MS) star of mass M and luminosity L. For hot, massive MS stars we adopt the
mass-luminosity relation (in terms of solar values) L/L� = (M/M�)3, and consider a constant
opacity from Thomson (electron) scattering (κes ' 0.02 − 0.04 m2kg−1)5 as the main opacity
source. Under these assumptions we obtain

Γ0 ' 7.7× 10−4κes

(
M

M�

)2
' 1.5− 3.1× 10−5

(
M

M�

)2
. (2.45)

From this estimation it is clear that for massive MS stars of masses below M ∼ 30 M�
(colder than late O type stars) the Eddington factor has a globally negligible value: Γ0 < 10−2. A
more detailed discussion and estimation of the Eddington factor is given for example by Maeder
(2009).

Of course electron scattering is not the only source of opacity in stellar photospheres. In
particular, for massive stars some important opacity sources are bound-free (κbf ), free-free
(κff), and bound-bound (κbb) transitions. Contrarily to the constant electron scattering opaciy
κes, these additional opacities are highly dependent on the temperature, presenting even some
discontinuities in certain conditions. Consequently, although a global Eddington factor, consid-
ering electron scattering, is only important in the most luminous and massive stars as discussed
above, Γ can increase significantly in some regions of the photosphere because of additional
latitudinal-dependent opacities. For example, κbf and κff , which are important on MS B type
stars, can be described by a temperature-dependent Kramers opacity law, i.e., κ ∝ ρ/T 3.5.

5Following Maeder (2009) who gives κes = 0.02(1 +X) m2kg−1, where X is the hydrogen mass fraction.

31



2. Photosphere and circumstellar environment (CSE) of fast rotators

Thus, in the context of fast-rotating stars, the presence of gravity-darkening (poles hotter than
the equator) can lead to important variations of κ(θ), and thus Γ(θ), across the stellar photo-
sphere.

These combined effects of rotation, gravity-darkening, and opacity induce an anisotropic
radiation pressure (flux) and, consequently, anisotropic mass and angular momentum losses.
Indeed, from radiative wind theory the mass and angular momentum losses increase with ~geff(θ),
κ(θ), and Γ(θ) (see for example Maeder, 1999). These functional dependences lead to what
Maeder (1999) calls the "geff-effect" and the "κ-effect" (or "opacity-effect"), which offer important
clues to explain the strong latitudinal-dependent mass-loss in rotating stars, in particular the
formation of equatorial disks in Be stars (Sect. 2.3) and the CSE (polar wind and equatorial
disk) of supergiant B[e] stars (Sect. 2.4).

Many other works on the formation of anisotropic CSE in the context of fast-rotation exist, for
example Lamers & Pauldrach (1991) discuss CSE formation caused by a bi-stability mechanism
(abrupt changes in κ(θ) on the photosphere as a result of gravity darkening), and Meynet &
Maeder (2006) discuss the links between critical rotation and the Be and supergiant B[e] stars.

Before proceeding to the next section we would like to note that, independently on the impor-
tance of the radiation pressure, the critical velocity defined in Eq. 2.14 is valid. Recalling that it
corresponds to the condition ~geff = ~0, one can directly see that it leads to ~gtot = ~0 in Eq. 2.42, re-
gardless of the value of Γ(θ). This result comes from the fact that, because of gravity darkening,
~arad is proportional to ~geff , so the radiation pressure is smaller in the regions of lower effective
gravity and thus lower effective temperature (Glatzel, 1998; Maeder & Meynet, 2000a).

Equation 2.42 has a second root corresponding to ~gtot = ~0, namely Γ(θ) = 1. This solution
corresponds to cases where radiation pressure is very high. Using Eqs. 2.28 and 2.43, this
condition is given by (cf. Maeder & Meynet, 2000a; Meynet & Maeder, 2006),

Γmax ≡
κmaxL

4πcGM = 1− Ω2

2πGρ̄ , (2.46)

where the subscript "max" indicates that this equation is fulfilled first in the region(s) of maximum
opacity. Recalling that Ω2/2πGρ̄ ≤ 0.361 in the Roche approximation (cf. Eq. 2.29), the solution
of Eq. 2.46 will depend on the value of Γmax, i.e.,

• Γmax < 0.639(= 1− 0.361): no solution exists;

• Γmax = 0.639: the only solution corresponds to Ωc (cf. Eqs. 2.14 and 2.29);

• Γmax > 0.639: solutions can exist corresponding to a different critical rotation velocity
ΩΓ

c < Ωc (or vΓ
c < vc). Using Eqs. 2.14, 2.29, and 2.46, ΩΓ

c can be expressed as (cf.
Maeder & Meynet, 2000a; Meynet & Maeder, 2006),

ΩΓ
c = 9

4

√
4πR3

p
3V

√
GM

R3
c

√
1− Γmax = 9

4

√
4πR3

p
3V Ωc

√
1− Γmax . (2.47)

This solution means that for very luminous stars (Γ & 0.639), a critical limit can be attained
for rotation velocities below the usual Ωc (or, equivalently, vc). This is caused by the fact that
fast rotation diminishes the Eddington limit (Eq. 2.43) by reducing the modified mass (Eq. 2.28).
Finally, it is important to note that the, sometimes adopted, critical velocity given by Ωc

√
1− Γ0,

is not the correct expression for gravity-darkened, fast-rotating stars (compare with Eq. 2.47
above), being valid only in the particular case of a spherical star with uniform brightness.
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2.3. Circumstellar disks of Be stars

2.3 Circumstellar disks of Be stars

Discovered almost 150 years ago by Father Secchi (1866), Be stars are currently defined as
"a non-supergiant B star whose spectrum has, or had at some time, one or more Balmer lines
in emission" (reason for the suffix "e" in their name). The cyclic appearance of these emission
lines (a B�Be cycle known as the Be-phenomenon) is thought to be connected to ejected
material from the stellar photosphere forming a circumstellar disk. Rapid rotation leading to
surface instabilities has been proposed by Struve (1931b) to explain the ejection of material
from the central star. As proposed by Struve, rapid rotation is indeed the key ingredient in the
Be-phenomenon, providing most of the energy required to overcome the surface gravitational
potential. However, centrifugal force from rotation does not seem to be able to totally overcome
the surface gravity, and other physical mechanisms could also play a non-negligible role, such
as non-radial pulsations, radiation pressure, and binarity. These physical effects give rise to
temporal variabilities (not necessarily periodic) ranging from hours to decades. The study of
the links between the Be-phenomenon and these physical processes is an important topic of
research in the domain of massive stars.

In particular, since Be stars are the most rapidly rotating, non-degenerate stars on average
(cf. Fig. 1.2), they constitute ideal laboratories for a deeper understanding of the role of rotation
in stellar physics. Indeed, Be stars provide crucial tests for modern models of stellar structure
and evolution that include rotation, pushing them to limits of high rotation rates (rotation veloci-
ties above ∼ 80% of the breakup limit). Recent reviews covering observational and theoretical
aspects of Be stars are presented by Carciofi (2011), Stee & Meilland (2012), Rivinius et al.
(2013), among others.

Any complete and self-consistent study of Be stars requires to consider both (1) the fast
rotation of the B star (e.g. using models such as the one presented in Sect. 2.2), and (2) a
circumstellar disk (eventually variable in time) giving rise to emission lines.

A physical model for fast-rotating stars was described in Sect. 2.2, while in this section we
summarize the probably most accepted and sucesful model of Be star’s disks: the viscous
decretion disk (VDD) model in Keplerian rotation (Lee et al., 1991). More recent descriptions
of the VDD model, including quantitative comparisons to observations, are given for example by
Porter (1999), Bjorkman & Carciofi (2005), and Carciofi (2011).

The VDD model can be derived directly from the equations of continuity (Eq. 2.1) and Navier-
Stokes (Eq. 2.2). From these equations, a simplified but realistic description of the VDD model
is obtained by assuming a steady-state, cylindrically symmetric disk. Cylindrical coordinates
($,φ, z) are the more natural reference frame to be adopted. The axis of symmetry is considered
to be parallel to the angular momentum vector of the central rotating star. Let us also assume
that the CSE material follows circular orbits, which are the least energy orbits for a given local
angular momentum (cf. Pringle, 1981). Additionally, we assume that the gravity from the central
star is the only force acting on the CSE, neglecting viscous forces in particular.

From these assumptions, we have that the physical quantities are not dependent on φ, and
that only the azimuthal velocity component vφ is non zero. Equation 2.1 and the φ-component of
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Eq. 2.2 are thus trivially satisfied, while the $- and z-component can be expressed simply as,

1
ρ

∂P

∂$
=
v2
φ

$
− GM$

($2 + z2)3/2

'
v2
φ

$
− GM

$2 ,

(2.48)

and

1
ρ

∂P

∂z
= − GMz

($2 + z2)3/2

' − GMz

$3 .

(2.49)

The last equalities above assume that the disk is thin (z � $), which is in agreement with
observations of Be disks (e.g. Rivinius et al., 2013). The pressure P and the density ρ can be
related considering the equation of state of an ideal gas,

P = c2
sρ , (2.50)

where cs is the local sound speed given by,

cs =
√

kT

µmH
, (2.51)

where k is the Boltzmann constant, T is the gas temperature, µ is the mean molecular weight,
and mH the hydrogen mass. Note that cs ∼ 10 km s−1 for T ∼ 104 K, i.e., much smaller than the
orbital velocity vφ, which is of the order of the stellar equatorial rotation velocity (∼ 100 km s−1).

Keplerian rotation

Consequently, the term depending on P and ρ (and thus cs) in Eq. 2.48 can be neglected com-
pared to the term on vφ. This implies that the azimuthal velocity of the CSE is approximately
given by a Keplerian rotation law,

vφ = vφ($) =

√
GM

$
= vk

√
Req
$

, (2.52)

where Eq. 2.16 was used in the last equality. Other rotation laws for Be disks were proposed,
such as angular momentum conservation (vφ ∝ $−1) obtained in radiatively driven outflows.
However, an increasing number observational results (mostly from spectro-interferometry) sug-
gest that Be disks rotate at Keplerian orbital speeds (e.g. Meilland et al., 2007; Kraus et al.,
2012; Meilland et al., 2012, and others).

Density structure of the (isothermal) disk

Equation 2.49 shows that the disk is hydrostatically supported in the vertical direction (balance
between vertical pressure gradient and vertical component of stellar gravity). A simple expres-
sion for the vertical density structure of the disk can be obtained by solving Eq. 2.49 for ρ. Using
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Eqs. 2.50 and 2.51 and assuming that the disk is vertically isothermal (T independent on z) one
obtains,

ρ($, z) = ρ0($) exp
[
−1

2

(
z

H($)

)2
]
, (2.53)

where ρ0 is the density at the disk mid-plane (z = 0) and H($) is the disk scale height given by,

H($) = cs($)
vφ($)$ =

√
kT ($)$3

µmHGM
. (2.54)

We note that H ∝ $1.5 (flared) if the disk is completely isothermal. Moreover, the condition
cs � vφ implies that H � $, which is in agreement with the thin-disk hypothesis.

The radial dependence of ρ0($) is not determined in the formulation above. It can be set
for example by considering mass loss from the central star and viscous outflow of the ejected
material through the disk. It is sometimes useful to consider also the surface density Σ($) by
integrating ρ($, z) over z, so that

ρ0($) = Σ($)√
2πH($)

. (2.55)

When studying Be disks it is often assumed that T ($) and ρ0($) decrease as power laws of
$ (e.g. Bjorkman & Carciofi, 2005; Carciofi, 2011).

Viscosity and mass loss

The commonly adopted prescription for viscous (accretion and decretion) disks is the eddy (or
turbulent) viscosity proposed by Shakura & Sunyaev (1973), where turbulence is composed of
vortices (eddies) of typical turnover velocity vt with size scale of the largest eddies l. This allows
the kinematic viscosity (see Eq. 2.2) to be expressed as,

ν = vtl = αcsH (0 < α < 1) , (2.56)

where the last equality, with the viscosity parameter α ranging from 0 to 1, is based on the
reasonable assumptions that l < H and that vt < cs.

Adding viscosity does not change the foregoing equations and assumptions adopted for the
VDD model. The main difference introduced by the addition of viscosity is the fact that the $-
component of the velocity is no longer zero, i.e., v$ 6= 0. In this case, the continuity equation is
no longer trivially satisfied, and can now be expressed as,

∂

∂$
(2π$Σv$) ≡ ∂Ṁ

∂$
= 0⇒ v$ = Ṁ

2π$Σ . (2.57)

where Σ is defined in Eq. 2.55 and the mass loss rate Ṁ(= 2π$Σv$) is a constant (independent
on $). In Be disks, v$ is called outflow velocity, which is much smaller than cs for typical values
of Ṁ , preventing any direct measurement of this velocity. It can be shown that for a given Ṁ and
for large (old) isothermal disks Σ ∝ $−2 (e.g. Carciofi, 2011), so that ρ0 ∝ $−3.5 (cf. Eqs. 2.54
and 2.55).

Although this steep density profile is in qualitative agreement with observations, real Be
disks do not exactly follow this density power law and they are not isothermal. A self-consistent
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treatment of radiative transfer and physical equilibrium structure of the disk is required to more
realistically determine the density and temperature distributions. This can be achieved for ex-
ample with the HDUST code described in Sect. 2.5.3, as shown by Carciofi & Bjorkman (2006).

The use of such radiative transfer models also allows to estimate α and Ṁ by studying the
temporal evolution of the disk (Carciofi et al., 2012). We intend to apply a similar analysis to
study the Be star Achernar (cf. Chapter 4), in a research work that will be performed mostly by
D. Moser Faes in the frame of his PhD thesis6.

2.4 Gas and dust CSE of supergiant B[e] stars

Supergiant B[e] (sgB[e]) stars are evolved, luminous, and massive stars (log(L/L�) > 4.0),
presenting the so-called B[e] phenomenon (e.g. Lamers et al., 1998): (1) strong hydrogen emis-
sion lines; (2) narrow permitted and forbidden low-excitation emission lines of for example FeII,
[FeII], and [OI]; (3) strong IR excess, mostly from free-free, free-bound, and hot circumstellar
dust emission. A non-spherical circumstellar envelope (CSE) is another common property of
sgB[e] stars. The origin of this non-spherical CSE is believed to be intimately linked to the fast-
rotation of the central star and/or to binarity, but the question is still under debate and the details
of the underlying physical processes are still not well understood.

One possible picture for the sgB[e] stars, proposed by Zickgraf et al. (1985, see Fig. 2.13),
consists of a fast-rotating, massive central B type star with (1) a fast and hot radiation-driven wind
in the polar directions, where lines of highly ionized metals form, and (2) a slow, much cooler
and denser (by a factor 102 − 103) wind in the equatorial direction, probably as a consequence
of rotation and opacity effects, which forms a disk-like structure with physical conditions allowing
the existence of dust and molecules. A brief discussion of the combined effects of mass loss,
rotation, and Eddington limit is given in Sect. 2.2.4.

Carciofi et al. (2010) propose a physical prescription of this picture of sgB[e] stars, which is
in agreement with several observations (cf. results in Sect. 3.3 for example). In this section, we
briefly describe the main equations of this prescription that is adopted in the present work. A
more detailed description of this model is given by Carciofi et al. (2010) and in Sect. 2.5.2.

The sgB[e] models (central star and CSE) are assumed to be axis-symmetric and are de-
scribed in spherical coordinates: r (radius) and θ (colatitude). The central star is described by
a photospheric radius R (assumed spherical), an effective temperature Teff , and a luminosity L.
The density and velocity structure of the CSE are derived from a mass-loss Ṁ per solid angle
enhanced at the equator,

dṀ(θ)
dΩ = dṀ(0)

dΩ [1 +A1 sinm(θ)] (mass-loss rate per unit solid angle), (2.58)

and from a standard β-law velocity for radiatively driven winds (purely radial gas motion),

v(r, θ) = vr(r, θ) = v0 + [v∞(θ)− v0](1−R/r)β (wind radial velocity), (2.59)

with
v∞(θ) = v∞(0) [1 +A2 sinm(θ)] (wind terminal velocity). (2.60)

6Double thesis IAG/USP (Brazil) and OCA/UNS (France); thesis co-supervisors: A. C. Carciofi and A. Domiciano
de Souza.
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2.4. Gas and dust CSE of supergiant B[e] stars

Figure 2.13 – Schematic model for sgB[e] stars proposed by Zickgraf et al. (1985). Its composed
by a fast-rotating, massive central star and by a bimodal CSE. See text for further details.

The parameters A1(> 0) and A2(< 0) control the relative differences between the values of
dṀ(θ)
dΩ and v∞(θ) at the equator (θ = π/2) and at the poles (θ = 0 or π). In particular dṀ(θ=0)

dΩ <
dṀ(θ=π/2)

dΩ and v∞(θ = 0) > v∞(θ = π/2).
The CSE density of this radial outflow is obtained from the mass continuity equation (Eq. 2.1)

and from Eqs. 2.58 and 2.59:

ρ(r, θ) = 1
r2v(r, θ)

dṀ(θ)
dΩ , (2.61)

Note that ρ(r, θ) is high in the equatorial regions because dṀ(θ)
dΩ is high in these regions while

v(r, θ) is low. The opposite behavior occurs at the poles. Thus, ρ(r, θ = 0) < ρ(r, θ = π/2).
In addition, dust is allowed to exist only in the denser equatorial regions (π/2−∆θdust ≤ θ ≤

π/2 + ∆θdust). The dust opening angle ∆θdust is determined by the parameters m and A1 as,

∆θdust = cos−1
[(

A1 − 1
2A1

)1/m
]

(dust opening angle), (2.62)

corresponding to the colatitudes above (θ = π/2 − ∆θdust) and below (θ = π/2 + ∆θdust) the
equator at which dṀ(θ)

dΩ is half the equatorial value.
This two-component wind description thus reproduces the main characteristics of the bi-

modal CSE view proposed by Zickgraf et al. (1985).
It is however important to note the existence of an alternative model, which considers Kep-

lerian rotation of the sgB[e] CSE (e.g. Kraus et al., 2013), similar to the VDD model for Be stars
presented in Sect. 2.3. Neither of these two models seem to completely explain all observa-
tions. In addition, binarity could also play an important role in sgB[e] stars. Some recent results
and discussions on these important topics are presented in the review papers from Chesneau
(2009), Millour et al. (2013), de Wit et al. (2014), and their references.
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2. Photosphere and circumstellar environment (CSE) of fast rotators

Examples of intensity maps of supergiant B[e] stars

To illustrate the sgB[e] CSE described above we present in Fig. 2.14 examples of intensity maps
showing the central star and bimodal CSE composed of gas and dust. These intensity maps
were computed with the 3-D Monte Carlo NLTE radiative transfer code HDUST (described in
Sect. 2.5.3) running on the massive parallel computing facility Mésocentre SIGAMM7 installed
at OCA. These images are part of our grid of sgB[e] models as presented in Sect. 2.4.1.

Figure 2.14 – Examples of model intensity maps of sgB[e] stars computed with the Monte Carlo
radiative transfer code HDUST mainly developed by A. C. Carciofi (Sect. 2.5.3). The models
include a hot central B type star (Teff = 20 000 K) surrounded by a non-spherical CSE com-
posed by gas (hydrogen) and dust (silicates with a power law distribution of sizes ranging from
1 to 50 µm). The intensity maps are given for two inclinations (i = 60◦ and 85◦) both in the
visible/near IR (0.6 to 1.2 µm) and in thermal IR (10 to 11 µm) spectral domains. Spatial scales
(horizontal and vertical) are given in solar radii. The differences in the images are due to ef-
fects of projection (distinct i) as well as physical effects governed by the relative contributions
from the central B star, the continuum emission from ionized gas in the central parts (free-free,
free-bound), and from the dust thermal continuum emission. Gas contribution is important in
the visible and close to the central star while the dust, concentrated in the equatorial region,
dominates the thermal IR emission. As seen in the images, dust particles can survive only
beyond the sublimation radius defined by the distance where the temperature of dust particles
is equal to the sublimation temperature (' 1 500 K in this case). Sect. 2.4.1 gives further details
on the central star, gas and dust CSE, dust composition and distribution.

7Simulations Intensives en Géophysique, Astronomie, Mécanique et Mathématiques.
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2.4. Gas and dust CSE of supergiant B[e] stars

2.4.1 Grid of supergiant B[e] models

As described in Sect. 2.5.3, physically-consistent Monte Carlo radiative transfer codes, such
as HDUST, are very time consuming, generally requiring high performance parallel computing.
This prevents a practical use of this type of code in model-fitting procedures that require many
computations (∼ 103 to ∼ 105 depending on the problem to be handled) of the model for different
combination of values of the free parameters being fitted.

One possibility to partially overcome this limitation is to create a grid of pre-calculated mod-
els, covering a chosen range of the parameter space, which can be subsequently compared to
the data. Following this strategy, we have built a grid of Supergiant B[e] (sgB[e]) HDUST models,
covering several different values of selected physical parameters, namely, effective temperature
of the central star, mass-loss rate, dust grains density and size, disk opening angle, and inclina-
tion angle.

The details of the grid are given in the paper below, published in the proceedings of the 2012
ESO Workshop (Circumstellar Dynamics at High Resolution; Domiciano de Souza & Carciofi,
2012).

The sgB[e] HDUST grid was created using the massive parallel computing facility Mésocen-
tre SIGAMM installed and hosted by the Observatoire de la Côte d’Azur (OCA), France (hdust
project; PI: A. Domiciano de Souza). This work was partially supported by a franco-brazilian
PICS-CNRS program8.

As a next step, and in collaboration with M. Borges Fernandes and A. C. Carciofi, we intend to
expand this grid to include additional luminosities, temperatures, densities, rotation laws, among
other parameters.

8Title: Multi-technique study of stellar environments; P.I.: A. Domiciano de Souza; program held from 2009 to
2012.
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Grid of Supergiant B[e] Models from HDUST Radiative Transfer
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Abstract. By using the Monte Carlo radiative transfer code HDUST (developed by
A. C. Carciofi and J. .E. Bjorkman) we have built a grid of models for stars presenting
the B[e] phenomenon and a bimodal outflowing envelope. The models are particularly
adapted to the study of B[e] supergiants and FS CMa type stars. The adopted phys-
ical parameters of the calculated models make the grid well adapted to interpret high
angular and high spectral observations, in particular spectro-interferometric data from
ESO-VLTI instruments AMBER (near-IR at low and medium spectral resolution) and
MIDI (mid-IR at low spectral resolution). The grid models include, for example, a
central B star with different effective temperatures, a gas (hydrogen) and silicate dust
circumstellar envelope with a bimodal mass loss presenting dust in the denser equato-
rial regions. The HDUST grid models were pre-calculated using the high performance
parallel computing facility Mésocentre SIGAMM, located at OCA, France.

1. Introduction

Supergiant B[e] stars (sgB[e]) are evolved and luminous stars (log(L/L�) > 4.0), pre-
senting the so-called B[e] phenomenon (e.g., Lamers et al. 1998): (1) strong hydrogen
emission lines; (2) narrow permitted and forbidden low-excitation emission lines of
Fe ii, [Fe ii], and [O i]; (3) strong IR excess mostly from free-free, free-bound, and hot
circumstellar dust emission. A non-spherical circumstellar envelope (CSE) is another
common property of sgB[e] stars. Many questions remain unclear concerning the ori-
gin, size, geometry, and physical structure (e.g. density and temperature distribution) of
these CSE. The commonly accepted picture for the sgB[e] stars (Zickgraf et al. 1985)
consists of a massive central star with (1) a fast and hot radiation-driven wind in the po-
lar directions and (2) a slow, much cooler and denser (by a factor 102−103) wind in the
equatorial direction, which might form a disk-like structure with physical conditions
allowing the existence of dust and molecules. The origin of the non-spherical CSE is
believed to be caused by binarity and/or fast rotation of the central star, but the question
is still under debate. The FS CMa stars are another class of B[e] stars proposed by
Miroshnichenko (2007), which are similar but somewhat less luminous than the sgB[e]
(2.5 > log(L/L�) > 4.5) and for which the binarity is confirmed.

High angular and high spectral resolution (HASR) instruments nowadays avail-
able (e.g., adaptive optics, long baseline interferometry), allow to directly study these
relatively complex CSE. In particular, the ESO-VLTI beam combiners AMBER (near-
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Table 1. Stellar and wind parameters of HDUST grid of B[e] models

Parameter Value

Stellar parameters
R 10R�
Teff 15 000, 20 000, 25 000K
L (⇒ log(L/L�)) 12 000L� (⇒ 4.08)

Wind parameters

dṀ(0◦)/dΩ 50, 100 × 10−9M� yr−1 sr−1

v0 10 km s−1

v∞(0◦) 600 km s−1
β, A1, A2 2, 49, −0.7
m (⇒ ∆θdust) 182, 92, 20 (⇒ 5◦, 7◦, 15◦)

IR) and MIDI (mid-IR) have provided many important results in the study of B[e] stars
in the past decade (e.g., Borges Fernandes et al. 2009; Domiciano de Souza et al. 2008,
2011). Based on the experience acquired from these and other works, it became clear
the is very important to use realistic physical models to interpret modern HASR ob-
servations. Such physical models are quite demanding in terms of computing time,
generally requiring high performance parallel computing.

In order to facilitate future HASR studies of sgB[e] and FS CMa stars we have
pre-calculated a grid of models using the Monte Carlo radiative transfer code HDUST
(Carciofi & Bjorkman 2006). HDUST is a 3-DMonte Carlo code that combines the full
NLTE treatment of the radiative transfer in gaseous media with a very general treatment
for CSE dust grains. The HDUST grid models were pre-calculated using the parallel
computing facility Mésocentre SIGAMM, located at OCA, France.

2. B[e] Model Adopted

The physical properties of the grid models are identical to those described by Carciofi
et al. (2010), but we give here a succinct description of the main equations. The models
are axi-symmetric with coordinates r and θ (colatitude). The central star is described
by its radius R, effective temperature Teff , and luminosity L. The density and velocity
structure of the bimodal CSE are derived from a mass-loss enhanced at the equator

dṀ(θ)

dΩ
=

dṀ(0)

dΩ

[
1 + A1 sin

m(θ)
]

(mass-loss rate per unit solid angle), (1)

and from a standard β-law velocity for radiatively driven winds

vr(r, θ) = v0 + [v∞(θ) − v0](1 − R/r)β (wind radial velocity), (2)

with

v∞(θ) = v∞(0)
[
1 + A2 sin

m(θ)
]

(wind terminal velocity). (3)

A1 and A2(< 0) control the ratio between the values of each quantity at the equator and
at the pole. Dust is allowed to exist around the equator, between the latitudes ±∆θdust,
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Figure 1. Left: SED for a typical HDUST B[e] model of the grid shown at all
9 inclination angles. Hydrogen lines chosen to be present in the SED are written
in the figure. Wavelengths range from UV to mid-IR and SED fluxes are given
in λFλ. Right: Examples of grid intensity maps at 4 selected wavelengths (near-
to mid-IR) corresponding to a chosen model SED. These images can be used to
compute HASR quantities, such as spectro-interferometric visibilities and differen-
tial phases, that can be directly compared to observations performed with present
(CHARA/VEGA, VLTI/AMBER, VLTI/MIDI) and near-future (VLTI/MATISSE)
beam-combiners. The operating wavelength range these spectro-interferometers are
indicated. The relative influences of the central star and the gas+dust CSE are clearly
seen in the SED and the images at different wavelengths. For example, note that,
compared to the dust disk emission, the central gas disk has a stronger contribution
in the Brγ image than in the image at 2 µm (close continuum).

obtained from the parameter m:

∆θdust = cos
−1


(
A1 − 1

2A1

)1/m (dust opening angle). (4)

3. The HDUST Grid of B[e] Models

Tables 1 and 2 show parameter fixed and variable values for the central star, wind, and
CSE composition of the HDUST grid models. In addition, the models are calculated
at 9 different inclination angles i (see Fig. 1) and 2 different spatial scales, which are
adapted to the field of view and spatial resolution of VEGA and AMBER (images
6000R� × 6000R�), and MIDI and MATISSE (images 30 000R� × 30 000R�). This
amounts to 3 (Teff) × 2 (dṀ(0◦)/dΩ) × 3 (m) × 4 (grain size and density) × 9 (i) × 2
(spatial scale) models, corresponding to a total of 1296 models.

For each model we computed an spectral energy distribution (SED), ranging from
the UV (0.1 µm) to the mid-IR (50 µm), and intensity maps at 34 wavelength bins cov-
ering the visible, near- and mid-IR. Spectro-interferometric observations can be directly
obtained (via Fourier transform) from these intensity maps. The wavelength bins are
particularly optimized to interpret observations fromVLTI/AMBER (LR-JHK andMR-
K bands) and VLTI/MIDI (LR N band). The models are available upon request.

2. Photosphere and circumstellar environment (CSE) of fast rotators
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Table 2. Gas and dust parameters of HDUST grid of B[e] models

Parameter Value

Gas parameters
Composition Hydrogen

Number of levels 25

Common dust parameters

Composition Amorphous silicate
Dust distribution index n -3.5 (MRN law; Mathis et al. 1977)
Tdestruction 1500K
Gas to dust ratio 200

Dust model 1 Dust model 2

Grain size amin–amax 1–50 µm 0.05–50 µm

Grain density ρdust 0.1, 1.0 g cm−3 0.1, 1.0 g cm−3

Acknowledgments. The authors acknowledge the Observatoire de la Côte d’Azur
from allowing the use of the Mésocentre SIGAMM, where the simulations were per-
formed. We also thank the CNRS (PICS program) for financial support. A.C.C. ac-
knowledges support from CNPq (grant 308985/2009-5) and Fapesp (grant 2010/19029-
0).
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2. Photosphere and circumstellar environment (CSE) of fast rotators

2.5 Numerical models

2.5.1 CHARRON (Code for High Angular Resolution of Rotating Objects in Na-
ture)

Different codes on fast-rotating stars exist, and are generally based on the physical model pre-
sented in Sect. 2.2, hereafter called the RVZ (Roche-von Zeipel) model for simplicity. We shortly
present here the numerical model CHARRON9 (Code for High Angular Resolution of Rotating
Objects in Nature), which is an IDL10-based numerical implementation of the RVZ model. Fur-
ther details are given by Domiciano de Souza et al. (2002).

CHARRON is oriented to deal with spectro-interferometric data, which means that, from
the input physical parameters, it computes a series of monochromatic intensity maps of the
stellar photosphere. From the Fourier transform (FT) of these maps one can obtain spectro-
inferferometric observables, such as those described in Sect. 1.2, namely, visibility amplitudes,
differential phases, closure phases, among others. Stellar spectra, magnitudes (or fluxes), spec-
tral energy distributions (SED) can also be directly computed from the intensity maps.

To compute the CHARRON models, the stellar surface is divided in a predefined grid with
nearly identical surface area elements (typically ∼ 50 000). From the RVZ equations in Sect. 2.2
it is possible to assign different physical quantities to each surface grid element j: radius Rj , ro-
tation velocity vj(= ΩRj), effective gravity geff,j , and effective temperature Teff,j . This numerical
treatment is similar to the one adopted by Townsend (1997) in the BRUCE code.

A local specific intensity from a plane-parallel atmosphere Ij(= Ij(geff,j , Teff,j , λ(vproj,j), µj) is
then associated to each surface element. The wavelength λ(vproj,j) corresponding to the local
specific intensity is Doppler-shifted to the local rotation velocity projected onto the observer’s
direction vproj,j . The parameter µj is the cosine between the normal to the surface grid element
and the line-of-sight (limb darkening is thus automatically included in the model). Both vproj,j
and µj depend on the chosen inclination i of the rotation axis.

The local Ij can be given by an analytical equation (including for example continuum flux,
line profiles, and limb darkening) or as an output of stellar atmosphere models calculated with
radiative transfer codes. The results presented in this work are mainly based on Ij interpolated
on a pre-calculated grid of specific intensities, which were obtained from the spectral synthesis
code SYNSPEC (Hubeny & Lanz, 2011) and the ATLAS9 stellar atmosphere models (Kurucz,
1979). The total intensity map of the star Iλ is obtained from the juxtaposition of each Ij for
the apparent surface grid elements. Examples of intensity maps calculated with CHARRON are
given in Sect. 2.2.3.

Model fluxes, SED, magnitudes, and spectro-interferometric quantities are obtained directly
from the intensity maps. The stellar distance d and position angle of its sky-projected rotation
axis PArot are also needed to compute these observables.

The optimal input parameters required by CHARRON to compute the different observables
for at given model of fast-rotating star may depend on the specific problem studied. Generally,
for the RVZ model, the main input parameters are M , Req (or Rp), veq (or Ω), β, and T eff (or L),
to define the stellar structure and intrinsic brightness, plus the parameters i, PArot, and d, which
are needed to compute the observable (apparent) quantities.

9In french, charron is an ancient metier, it is a spécialiste du bois, maître de tout ce qui tourne et roule.
10Interactive Data Language.
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2.5. Numerical models

2.5.2 FRACS (Fast Ray-tracing Algorithm for Circumstellar Structures)

Different approaches exist to compute model observables of stellar CSE, ranging from simple
analytical and geometrical models to full hydrodynamic-radiative transfer models. The choice of
a given modeling approach depends essentially on the available data and on the physical output
sought. Of course, more complete and complex models are also more demanding in terms of
computing time.

In studies of Be and sgB[e] stars it is common to consider models given by a set of equa-
tions that describe a CSE physical structure in stationary physical equilibrium, such as those
presented in Sects. 2.3 and 2.4. Even in this case, the complete and self-consistent radiative-
transfer solution of the problem can be highly demanding in terms of computing time. This
prevents such models to be used both in a full model-fitting procedure (for example a χ2 mini-
mization requiring several computations of the model) and in estimations of uncertainties on the
measured parameters. On the other hand, geometrical models have the advantage of being
very fast to calculate, but have a narrower domain on applicability and deliver less physical in-
formation than radiative transfer models. In an attempt to create a model that is based on the
physics of CSE without being too much time consuming we (G. Niccolini, Ph. Bendjoya, and
myself) have developed a fast ray-tracing algorithm for circumstellar structures (FRACS11).

FRACS is based on a parametrized CSE composed of dust, combined to a simplified radia-
tive transfer approach (ray-tracing without scattering). This allows a fast computation of intensity
maps from a straightforward integration of the radiative transfer equation. Because it is fast,
FRACS can be used for model-fitting, which requires the exploration of a wide domain of the
parameter space and the computation of a large number of models; the estimation of uncertain-
ties on the fitted parameters is also possible. If necessary, the physical parameters constrained
from a model fitting using FRACS can then be used as input for a more self-consistent radiative-
transfer model, such as the HDUST code presented in Sect. 2.5.3.

A full description of the FRACS code is presented in the A&A paper hereafter (Niccolini et al.,
2011). A second A&A paper (Domiciano de Souza et al., 2011) is given in Sect. 3.3, where we
use FRACS to interpret VLTI/MIDI observations of the sgB[e] star CPD-57◦ 2874.

As described in Chapter 4, we plan to develop a second version of FRACS including atomic
and molecular lines, other sources of continuum gas emission (free-free, free-bound), and differ-
ent parametric prescriptions for the CSE (e.g. Keplerian disks). This upgrade will allow FRACS
to be used also to interpret sgB[e] and Be observations from spectro-interferometers able to
resolve lines (e.g. VLTI/AMBER, VLTI/MATISSE, VLTI/GRAVITY, CHARA/VEGA, ALMA).

11Name inspired from BSG.
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ABSTRACT

Aims. The physical interpretation of spectro-interferometric data is strongly model-dependent. On one hand, models involving elab-
orate radiative transfer solvers are too time consuming in general to perform an automatic fitting procedure and derive astrophysical
quantities and their related errors. On the other hand, using simple geometrical models does not give sufficient insights into the physics
of the object. We propose to stand in between these two extreme approaches by using a physical but still simple parameterised model
for the object under consideration. Based on this philosophy, we developed a numerical tool optimised for mid-infrared (mid-IR)
interferometry, the fast ray-tracing algorithm for circumstellar structures (FRACS), which can be used as a stand-alone model, or as
an aid for a more advanced physical description or even for elaborating observation strategies.
Methods. FRACS is based on the ray-tracing technique without scattering, but supplemented with the use of quadtree meshes and the
full symmetries of the axisymmetrical problem to significantly decrease the necessary computing time to obtain e.g. monochromatic
images and visibilities. We applied FRACS in a theoretical study of the dusty circumstellar environments (CSEs) of B[e] supergiants
(sgB[e]) in order to determine which information (physical parameters) can be retrieved from present mid-IR interferometry (flux and
visibility).
Results. From a set of selected dusty CSE models typical of sgB[e] stars we show that together with the geometrical parameters
(position angle, inclination, inner radius), the temperature structure (inner dust temperature and gradient) can be well constrained
by the mid-IR data alone. Our results also indicate that the determination of the parameters characterising the CSE density structure
is more challenging but, in some cases, upper limits as well as correlations on the parameters characterising the mass loss can be
obtained. Good constraints for the sgB[e] central continuum emission (central star and inner gas emissions) can be obtained whenever
its contribution to the total mid-IR flux is only as high as a few percents. Ray-tracing parameterised models such as FRACS are
thus well adapted to prepare and/or interpret long wavelengths (from mid-IR to radio) observations at present (e.g. VLTI/MIDI) and
near-future (e.g. VLTI/MATISSE, ALMA) interferometers.

Key words. methods: numerical – methods: observational – techniques: high angular resolution – techniques: interferometric –
stars: mass loss – stars: emission-line, Be

1. Introduction

When dealing with optical/IR interferometric data, one needs to
invoke a model for the understanding of the astrophysical ob-
ject under consideration. This is because of (1) the low coverage
of the uv-plane and most of the time because of the lack of the
visibility phase; and (2) because our aim is to extract physical
parameters from the data. This is particularly true for the Mid-
Infrared Interferometric Instrument (MIDI, Leinert et al. 2003)
at the Very Large Telescope Interferometer (VLTI), on which
our considerations will be focused. Some pure geometrical in-
formation can be recovered through a simple toy model such as
Gaussians (see e.g. Leinert et al. 2004; Domiciano de Souza
et al. 2007).

However, this approach does not give any insights into the
physical nature of the object. One would dream of having a
fully consistent model to characterise the object under inspec-
tion. In many cases, if not all, a fully consistent model is out
of reach and one uses at least a consistent treatment of the ra-
diative transfer. Models based for instance on the Monte Carlo
method are very popular (see e.g. Ohnaka et al. 2006; Niccolini
& Alcolea 2006; Wolf et al. 1999) for this purpose. Still, the

medium density needs to be parameterised and it is not deter-
mined in a self-consistent way. For massive stars for instance, it
would be necessary to take into account non-LTE effects includ-
ing both gas and dust emission of the circumstellar material as
well as a full treatment of radiation hydrodynamics. Fitting in-
terferometric data this way is as yet impossible because of com-
puting time limitations.

Of course, solving at least the radiative transfer in a self-
consistent way is already very demanding for the computa-
tional resources. Consequently, model parameters cannot be de-
termined in a fully automatic way and the model fitting process
must be carried out mostly by hand, or automatised by systemat-
ically exploring the parameter-space , the “chi-by-eye” approach
mentioned in Press et al. (1992). The followers of this approach
consider the “best fitting” model as their best attempt: a model
that is compatible with the data. It is admittedly not perfect, but
it is in most of the cases the best that can be done given the dif-
ficulty of the task. It is remarkable that a thorough χ2 analysis
of VLTI/MIDI data of the Herbig Ae star AB Aurigae has been
performed by di Folco et al. (2009) which remains to date one
of the most achieved studies of this kind. From the χ2 analysis,
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formal errors can be derived and at least the information con-
cerning the constraints for the physical parameters can be quanti-
fied. Qualitative information about the correlation of parameters
can be pointed out.

The next step after the toy models for the physical char-
acterisation of the astrophysical objects can be made from the
pure geometrical model towards the self-consistency by includ-
ing and parameterising the object emissivity in the analysis.
For instance, Lachaume et al. (2007) and Malbet et al. (2005)
use optically thick (i.e. emitting as black bodies) and infinitely
thin discs to model the circumstellar environment of pre-main-
sequence and B[e] stars. Of course this approach has some re-
striction when modelling a disc: for instance it cannot handle
nearly edge-on disc and an optically thin situation.

We propose an intermediate approach: between the use of
simple geometrical models and sophisticated radiative transfer
solvers. Indeed, it is a step backwards from the “self-consistent”
radiative transfer treatment, which is in most cases too advanced
with regard to the information provided by the interferometric
data. For this intermediary approach, we assume a prescribed
and parameterised emissivity for the medium. Our purpose is to
derive the physical parameters that characterise this emissivity.
In the process, we compute intensity maps and most particularly
visibility curves from the knowledge of the medium emissivity
with a fast ray-tracing technique (a few seconds depending on
map resolution), taking into account the particular symmetries
of a disc configuration. Then, the model fitting process can be
undertaken in an automatic way with standard methods (see e.g.
Levenberg 1944; Marquardt 1963). The techniques we present
are designed to be quite general and not tailored to any particular
emissivity except for the assumed axisymmetry of the problem
under consideration.

Our purpose is twofold. On one hand – as already mentioned
– we aim to estimate physical parameters and their errors char-
acterising the circumstellar dusty medium under consideration
with as few restrictive assumptions as possible; at least within
the obvious limitations of the present model. On the other hand
our purpose is to provide the user of a more detailed model, such
as a Monte Carlo radiative transfer code, with a first characteri-
sation of the circumstellar matter to start with.

In Sect. 2 we describe the general framework of the proposed
ray tracing technique. In particular how to derive the observable
from the astrophysical object emissivity. In Sect. 3 we describe
the numerical aspects that are specific to the present ray-tracing
technique. In particular, the use of a quadtree mesh and the sym-
metries that allow us to speed up the computation are detailed.
In Sect. 4 we focus our attention on the circumstellar disc of
B[e] stars and describe a parametric model of the circumstel-
lar environment. In Sect. 5 we analyse artificial interferometric
data generated both from the parametric model itself and from a
Monte Carlo radiative transfer code (Niccolini & Alcolea 2006).
Our purpose is not to fit any particular object, but to present our
guideline to the following question: which physical information
can we get from the data? A discussion of our results and the
conclusions of our work are given in Sects. 6 and 7 respectively.

2. The ray-tracing technique

We describe here the FRACS algorithm, developed to study
stars with CSEs from mid-IR interferometric observables
(e.g. visibilities, fluxes, closure phases). Although FRACS could
be extended to investigate any 3D CSE structures, we focus
here on the particular case of axisymmetrical dusty CSEs. This

Fig. 1. Coordinate systems. The shaded ellipse represents a disc viewed
by the observer.

study is motivated by the typical data one can obtain from disc-
like CSE observed with MIDI, the mid-IR 2-telescope beam-
combiner instrument of ESO’s VLTI (Leinert et al. 2003).

2.1. Intensity map

Intensity maps of the object are the primary outputs of the model
that we need to compute the visibilities and fluxes that are di-
rectly compared to the observations. For this purpose, we in-
tegrate the radiation transfer equation along a set of rays (ray-
tracing technique) making use of the symmetries of the problem
(see Sect. 3 for details).

The unit vector along the line of sight is given by n̂ =
ŷ sin i + ẑ cos i, i being the inclination between the z-axis and
the line of sight and x̂, ŷ the unit vector along the x et y-axis of
a cartesian system of coordinates (see Fig. 1), referred to as the
“model system” below. The problem is assumed to be invariant
by rotation around the z-axis. We define a fictitious image plane
by giving two unit vectors Ŷ = −ŷ cos i + ẑ sin i and X̂ = −x̂.
This particular choice is made making use of the axisymmetry
of the problem. Note that for this particular coordinate system
(X, Y) the disc position angle (whenever i � 0) is always defined
as 90◦. The actual image plane, with the Y′ and X′ axis corre-
sponding respectively to North and East, is obtained by rotating
the axis of our fictitious image plane by an angle PAd − π2 , where
PAd is the position angle of the disc with respect to North.

The dust thermal emissivity at wavelength λ and position
vector r is given by

ηλ(r) = κabs
λ (r) Bλ(T (r)), (1)

where κabs
λ (r) is the absorption coefficient and Bλ(T (r) the Planck

function at the medium temperature T (r) at r. κabs
λ is defined as

n(r) Cabs
λ , where Cabs

λ is the absorption cross section and n(r) the
number density of dust grains at r.

We neglect the scattering of the radiation by dust grains, opti-
mising our approach to long wavelengths (from mid-IR to radio).
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This assumption simplifies the radiative transfer equation by re-
moving the scattering term.

We obtain the intensity map at position (X, Y) in the image
plane (inclined by i) and at wavelength λ by integrating the trans-
fer equation along the particular ray that passes through the con-
sidered point of the image plane. Defining rs(X, Y, i) (simply rs
for short) as the position vector along a ray, given in the model
system of coordinates by

rs(X, Y, i) =

⎛⎜⎜⎜⎜⎜⎜⎝
−X

−Y cos i + s sin i
Y sin i + s cos i

⎞⎟⎟⎟⎟⎟⎟⎠ , (2)

and by introducing the optical depth at wavelength λ and posi-
tion s along the ray by

τλ(X, Y, i; s) =

√
R2

out−R2∫

s

κext
λ (rs′) ds′, (3)

we obtain

Iλ(X, Y, i) =

√
R2

out−R2∫

−
√

R2
out−R2

κabs
λ (rs) Bλ [T (rs)] e−τλ(X, Y, i; s) ds, (4)

where the extinction coefficient κext
λ (r) ≈ κabs

λ (r) because scatter-
ing is neglected.

We assume that the CSE is confined within a sphere

of radius Rout, s varies consequently from −
√

R2
out − R2 to

√
R2

out − R2 (R2 = X2 + Y2) in Eq. (4) and in the definition of
a ray Eq. (2). This hypothesis can be relaxed without altering the
present considerations and the domain of integration of Eq. (4)
suitably chosen.

If some radiation sources (e.g. black body spheres) are in-
cluded in the analysis, an additional term must be added in
Eq. (4) whenever a particular ray intersect a source. For a
source with specific intensity Is

λ this additional term is given
by Is

λ e−τλ(X,Y,i;s
(s)), s(s) being the distance at which the ray given

by X, Y and i (see Eq. (2)) intersects the outermost (along the
ray) source boundary. In that case the lower integration limit in

Eq. (4), that is −
√

R2
out − R2, must also be replaced by s(s).

2.2. Interferometric observables

From the monochromatic intensity maps at wavelength λ
(Eq. (4)) we obtain both the observed fluxes Fλ and visibili-
ties Vλ for an object at distance d,

Fλ(i) =
1
d2

∞∫

−∞

∞∫

−∞
Iλ(X, Y, i) dXdY, (5)

and

Vλ(B, PA) =
1

d2 Fλ(i)

∞∫

−∞

∞∫

−∞
Iλ(X, Y, i)

×e−2 jπ B
λ [ X

d cos(Δ)+ Y
d sin(Δ)] dXdY, (6)

where Vλ is obtained for a given baseline specified by its pro-
jected length B (on the sky, i.e. (X′, Y′) coordinates) and its polar
angle PA from North to East (direction of the Y′ axis). Δ and j
represent, respectively, PAd − PA and

√−1.

3. Numerical considerations

We seek to produce intensity maps within seconds1 and we aim
for our numerical method to be sufficiently general in order to
deal with a large range of density and temperature structures.
Given these two relatively tight constraints, the numerical inte-
gration of Eq. (4) is not straightforward.

For example we have tested that the 5th order Runge-Kutta
integrators of Press et al. (1992) with adaptive step-size (as dis-
cussed in Steinacker et al. 2006) doest not suit our constraints.
Indeed, the step adaption leads to difficulties if sharp edges
(e.g. inner cavities) are present in the medium emissivity.

3.1. Mesh generation

Regarding the above mentioned constraints and the different nu-
merical approaches tested, we found that Eq. (4) is more effi-
ciently computed with an adaptive mesh based on a tree data
structure (quadtrees/octrees). The mesh purpose is twofold: first,
it must guide the computation of Eq. (4) and distribute the in-
tegration points along the rays according to the variations of
the medium emissivity; second, within the restriction of axis-
symmetrical situations, the mesh must handle any kind of emis-
sivity. Quad/octree meshes are extensively used in Monte Carlo
radiative transfer codes (e.g. see Bianchi 2008; Niccolini &
Alcolea 2006; Jonsson 2006; Wolf et al. 1999); the mesh gen-
eration algorithm is thoroughly described in Kurosawa & Hillier
(2001).

The mesh we use is a cartesian quadtree. Cartesian refers
here to the mesh type and not to the system of coordinates we
use. Indeed, the mesh is implemented as a nested squared do-
main (cells) in the ρ− |z| plane (ρ =

√
x2 + y2). The whole mesh

is enclosed by the largest cell (the root cell in the tree hierarchy)
of size Rout in ρ and |z|. The underlying physical coordinate sys-
tem is cylindrical (with z > 0) and the mesh cells correspond
to a set of two (for z > 0 and z < 0) tori, which are the actual
physical volumes.

The mesh generation algorithm consists in recursively divid-
ing each cell in four child cells until the following conditions are
simultaneously fulfilled for each cell in the mesh (see Kurosawa
& Hillier 2001, for more details):
�

Vξ

[
κabs
λ (r)

]α
d3r

�

Vtot

[
κabs
λ (r)

]α
d3r
< η and (7)

�

Vξ

[T (r)]β d3r

�

Vtot

[T (r)]β d3r
< η, (8)

where Vξ is the volume of cell ξ, Vtot is the volume of the root cell
and α, β and η are parameters controlling the mesh refinement.

In the present work α and β have been fixed to 1, but higher
values can be useful for some particular situations where the
generated mesh must be tighter than the mesh generated directly
from the κabs

λ and T variations. Typically, these situations show
up for high optical depths (in this paper, optical depth values
do not exceed �1 at 10 μm along the rays). The practical choice
of α, β and η is obtained from a compromise between execu-
tion speed and numerical accuracy of the Eq. (4) integration

1 The actual computation time reached is less than 10 s for a 104 pixel
map on an Intel T2400 1.83 GHz CPU.
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Fig. 2. Quadtree mesh for a disc configuration. The disc parameters are
those of model (b) described in Sect. 5.2 (see also Tables 2 and 4). The
mesh refinement parameter η (Eqs. (7) and (8)) has been set to the high
value 10−3 in order to obtain a coarse mesh more easily represented.

(e.g. typical values of η range from 10−5 to 10−4). When deal-
ing with optically thick situations, a supplementary conditions
can be added to Eqs. (7) and (8) in order to prescribe an upper
limit to the cell optical depth. For instance, making use of the
computation of the integral in Eq. (7), one can add the following
criterion for cell ξ (whose centre is (ρξ, zξ) and size Δξ)

1
2 π ρξ Δξ

�

Vξ

κext
λ (r) d3r ≤ Δτlim, (9)

where Δτlim is the prescibed upper limit to the cell optical depth.
For the moderate optical depths reached in this work, with

values of η down to 10−5 and Δτlim set to 10−2, the crite-
ria of Eqs. (7) and (8) are the leading conditions to the mesh
refinement.

Figure 2 shows the mesh obtained in the particular case of a
B[e] circumstellar disc (see Sect. 4) for models whose parame-
ters are given in Table 2 (see caption for more details).

The volume integrals in Eqs. (7) and (8) are estimated by
Monte Carlo integration. For a quantity f (r) and for the cell ξ
the integral

�

Vξ

f (r) d3r is approximated by

2π

zξ+
Δξ
2∫

zξ− Δξ2

ρξ+
Δξ
2∫

ρξ− Δξ2

ρ f (ρ, z) dz dρ ≈
2 πΔ2

ξ

N

N∑

k=1

ρk f (ρk, zk), (10)

where we made explicit use of the mesh coordinates and where
(ρk, zk) with k = 1, · · · ,N are chosen randomly and uniformly
within the cell domain.

3.2. Symmetries

We can make use of the CSE symmetries to reduce the compu-
tation domain of an intensity map from Eq. (4) to only a fourth
of it and consequently reduce the computation time.

Recalling the definition of a ray (Eq. (2)), we have two no-
ticeable identities for any disc physical quantityΦ (e.g. κabs

λ , κext
λ ,

T , n, . . . ) depending on r

Φ (rs(X, Y, i)) = Φ (rs(−X, Y, i)) and (11)

Φ (rs(X, Y, i)) = Φ (r−s(X,−Y, i)) , (12)

where Eq. (11) expresses the disc symmetry with respect to the
y − z plane and Eq. (12) the point symmetry with respect to the
origin of the model system of coordinates.

From the above identities it is straightforward to deduce their
counterpart for the intensity map

Iλ(X, Y, i) = Iλ(−X, Y, i) and (13)

Iλ(X, Y, i) = Iλ(X,−Y, i)e
−
+smax∫
−smax

κext
λ (rs′ ) ds′

, (14)

where smax =

√
R2

out − R2. Note that the exponential factor in
Eq. (14) has to be evaluated when computing Iλ(X, Y, i) anyway;
no extra effort is required to derive Iλ(X, Y, i) from Iλ(X,−Y, i)
except for the multiplication of Iλ(X,−Y, i) by this factor.

3.3. Intensity map

The fictitious image plane is split into a set of pixels whose po-
sitions X j and Yk are given by

X j = ΔX ×
(

j +
1
2
− N

2

)
, (15)

Yk = ΔY ×
(
k +

1
2
− N

2

)
, (16)

where ΔX = ΔY is the pixel size in X and Y, and N is the number
of pixels in X and Y, and where

0 ≤ j, k ≤ (N ÷ 2) + δ, (17)

where δ = −1 for N even and δ = 0 otherwise and “÷” stands
for the integer division. Taking into account the symmetries
mentioned in Sect. 3.2 only a fourth of the pixels need to be
considered.

The evaluation of the integral in Eq. (4) is carried out for
each pixel (X j, Yk) and along the ray rs(X j, Yk, i). The intersec-
tion points of the ray with the cell boundaries corresponds to a
set of distances along the ray defined as

s0 = 0 (18)

sl = sl−1 + Δsl−1 for 1 ≤ l ≤ ncells, (19)

where ncells is the number of cells encountered along the ray,
and Δsl the distance crossed within the lth cell.

We estimate numerically the optical depth τλ(X, Y, i; s), de-
fined in Eq. (3), via the midpoint rule quadrature by

τλ(X, Y, i; sl) ≈ τ(l)
λ =

ncells−1∑

k=l

κext
λ (rsl+1/2 )Δsl, (20)

where we defined sl+1/2 = sl +
Δsl
2 for l = 0, · · · , ncells − 1.

A21, page 4 of 16

2.5. Numerical models

49



G. Niccolini et al.: Fast ray-tracing algorithm for circumstellar structures (FRACS). I.

The numerical estimate of Iλ(X j, Yk, i) is obtained by

Iλ(X j, Yk, i) ≈
ncells−1∑

l=0

κabs
λ (rsl+1/2 ) Bλ(T (rsl+1/2 )) e−τ

(l)
λ Δsl. (21)

The results for all j and k can then be obtained from the discrete
counterpart of the symmetry relations (13) and (14)

Iλ(XN−1− j, Yk, i) = Iλ(X j, Yk, i), (22)

Iλ(X j, YN−k−1, i) = Iλ(X j, Yk, i) e−τ
(0)
λ . (23)

3.4. Interferometric observables

From the numerical estimate of Iλ(X j, Yk, i) given above we ob-
tain (similarly to Eqs. (5) and (6)) the numerical fluxes and vis-
ibilities, which can be directly compared to the observed data.
The numerical estimate of these quantities is again obtained
through the mid-point rule.

The numerical flux Fλ(i) is computed by

Fλ(i) ≈ 1
d2

N−1∑

k=0

N−1∑

l=0

Iλ(Xk, Yl, i)ΔXΔY . (24)

The complex visibility is approximated numerically by

Vλ ≈ 1
d2 Fλ(i)

N−1∑

k=0

N−1∑

l=0

Iλ(Xk, Yl, i) e2 jπ B
λ ·

Rkl
d ΔXΔY , (25)

where B = (B cosΔ, B sinΔ) and Rkl = (Xk, Yl).

3.5. Artificial data generation

The procedure described below aims to mimic the observables
of the VLTI/MIDI instrument: the flux Fλ (Eq. (24)) and the
modulus of the visibility |Vλ| (Eq. (25)). The wavelengths and
baselines chosen for the artificial data generation correspond to
accessible values to VLTI/MIDI with the Unit Telescopes (UTs):
λ j = 7, 8, 9, 10, 11, 12, and 13 μm ( j = 1, · · · , nλ; nλ = 7), and
(Bk, PAk) as shown in Table 1 (k = 1, · · · , nB; nB = 18). These
values amount to 126 points covering the uv-plane.

For a given intensity map at λ j, Fλ j and |Vλ j | are taken
as the expectation values of the simulated data. The observed
flux Fobs

λ j
is then generated assuming a Gaussian noise with

an RMS (root mean square) corresponding to 10% relative er-
ror σF ( j) = 0.1 × Fλ j .

The artificial observed visibility amplitudes |Vobs
λ | are ob-

tained as

|Vobs
λ j

(Bk, PAk)| = |Vλ j(Bk, PAk)| + ΔVk, (26)

where ΔVk is a wavelength independent shift that mimics the
error in the observed visibilities, introduced by the calibra-
tion procedure commonly used in optical/IR interferometry. For
each (Bk, PAk), ΔVk is computed assuming a Gaussian noise
with an RMS corresponding to 10% relative error (typical for
VLTI/MIDI)σV (k) = 0.1×〈|Vλ(Bk, PAk)|〉, where 〈|Vλ(Bk, PAk)|〉
is the wavelength mean visibility modulus.

3.6. Model fitting and error estimate

We describe here the procedure adopted in order to simultane-
ously fit observed fluxes and visibilities using FRACS models

Table 1. Projected baselines. These values correspond to the baselines
accessible from pairs of Unit Telescopes (UT) at ESO-VLTI.

k Bk [m] PAk [deg]
1 37.8 61.7
2 41.3 53.4
3 43.7 44.8
4 46.2 44.5
5 49.5 37.5
6 51.9 30.0
7 61.7 134.6
8 62.0 111.2
9 62.4 122.5

10 81.3 108.2
11 83.0 52.2
12 86.3 96.0
13 89.0 84.4
14 89.9 44.8
15 94.8 36.7
16 113.6 82.4
17 121.2 73.6
18 126.4 64.9

defined by a given set of input parameters. This procedure is ap-
plied to artificial data in the next sections.

In order to quantify the discrepancy between the artificial ob-
servations (|Vobs

λ j
| and Fobs

λ j
) and the visibilities and fluxes from a

given model (|Vλ j(Bk, PAk)| and Fλ j) we use the χ2 like quantities

χ2
|V | =

nλ∑

j=1

nB∑

k=1

⎛⎜⎜⎜⎜⎜⎜⎝
|Vobs
λ j

(Bk, PAk)| − |Vλ j(Bk, PAk)|
σV (k)

⎞⎟⎟⎟⎟⎟⎟⎠

2

, (27)

and

χ2
F =

nλ∑

j=1

nB∑

k=1

⎛⎜⎜⎜⎜⎜⎜⎝
Fobs
λ j
− Fλ j

σF ( j)

⎞⎟⎟⎟⎟⎟⎟⎠

2

· (28)

To take into account both the mid-IR flux and the visibilities on
the same level in the fitting process, we minimise the following
sum

χ2 = χ2
|V | + χ

2
F . (29)

In the discussion below about the parameter and error determi-
nation we use the reduced χ2 defined by χ2

r = χ
2/(2nBnλ − nfree)

(for nfree free parameters).
From a minimising algorithm the best-fit model parameters

can then be found by determining the minimum χ2
r : χ2

r,min. The
“error” estimate is obtained from a thorough exploration of the
parameter space volume, defined by a contour level χ2

r,min +Δχ
2
r ,

where Δχ2
r has been chosen equal to 1. This volume can be inter-

preted as a confidence region. The quantity defined in Eq. (29)
is a weighted sum of χ2 variables whose cumulative distribu-
tion function can be approximated by a gamma distribution (see
Feiveson & Delaney 1968) with the same mean and variance.
It is then possible to obtain a rough estimate of the confidence
level associated with the Δχ2

r = 1 confidence region given ap-
proximately by �2σ.

The size of the confidence region is determined by consid-
ering all possible pairs of parameters for a given fitted model
and computing χ2

r maps for each. The procedure to estimate the
errors can be summarised as follows:

– For a given χ2
r map, i.e. for a given couple of parameters

among the nfree × (nfree − 1)/2 possibilities, we identify the
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region bounded by Δχ2
r = 1 around the minimum of this

particular map.
– The boundaries of the projection of these regions on each

of the two parameter axis considered are recorded for each
map.

– The final errors on a given parameter are taken as the highest
boundary values of the projected regions over all maps.

4. Astronomical test case: sgB[e] stars

In the following sections we apply FRACS to a theoretical in-
terferometric study of dusty CSE of B[e] supergiants (sgB[e] in
the nomenclature of Lamers et al. 1998). However, we empha-
sise that FRACS is in no way restricted to this particular class of
objects.

sgB[e] stars reveal in particular a strong near- or mid-IR
excess caused by hot dust emission. There is evidence (e.g.
Zickgraf et al. 1985) that the stellar environment, and in par-
ticular dust, could be confined within a circumstellar disc. Our
purpose is to characterise this class of objects and derive not
only geometrical parameters (e.g. inner dust radius, disc posi-
tion angle and inclination) but also physical parameters such as
temperature gradients, dust formation region, material density, ...

The physical description of the CSE chosen for our study is
the wind model with equatorial density enhancement. This is a
classical CSE model commonly adopted for sgB[e] (e.g. Porter
2003).

In order to compute the model intensity maps we need to pa-
rameterise the emissivity of the disc. Consistently with FRACS
assumptions, we consider only dust thermal emission without
scattering by dust grains and the gas contribution to the medium
emissivity. In the rest of this section we characterise the emis-
sivity by describing the dust density law, the absorption cross
section, and the temperature structure of the CSE.

4.1. Mass loss and dust density

Dust is confined between the inner and outer radius Rin and Rout
respectively. We assume a stationary and radial mass loss; phys-
ical quantities will consequently depend only on the radial com-
ponent r and the co-latitude θ. The disc symmetry axis coincides
with the z axis of the model cartesian system of coordinates. The
mass loss rate and velocity parametrisations are simplifications
of the one adopted by Carciofi et al. (2010), and we refer the
reader to their work for a complete description (see also Stee
et al. 1995, for a similar description).

The mass loss rate per unit solid angle, at co-latitude θ, is
parameterised as follows

dṀ
dΩ

(θ) =
dṀ
dΩ

(0) (1 + A1 sinm(θ)) , (30)

with the help of two dimensionless parameters A1 and m.
Even though our computations make no explicit use of the

radial velocity field vr(θ) (assumed to have reached the termi-
nal velocity v∞(θ) in the region under considerations, i.e. vr(θ) ≈
v∞(θ)), the dust density depends on vr(θ) parameterised in a sim-
ilar fashion

vr(θ) = vr(0) (1 + A2 sinm θ) , (31)

where we have introduced the supplementary dimensionless pa-
rameters A2. From Eqs. (30) and (31) we see that A1 and A2 are

the relative differences of the values of dṀ
dΩ (θ) and vr(θ) at the

equator and the pole (relatively to the pole).
From the mass continuity equation one obtains the number

density of dust grains

n(r, θ) = nin

(Rin

r

)2 1 + A2

1 + A1

1 + A1 (sin θ)m

1 + A2 (sin θ)m , (32)

where nin is the dust grain number density at Rin in the disc equa-
torial plane. In Eq. (32), the parameter m controls how fast the
density drops from the equator to the pole, defining an equatorial
density enhancement (disc-like structure).

Consistent with the accepted conditions for dust formation
(Carciofi et al. 2010; Porter 2003) we assume that the dust can
survive only in the denser parts of the disc. We thus define a
dusty disc opening angle Δθd determined by the latitudes for
which the mass loss rate has dropped to half of its equatorial
value:

Δθd = 2 arccos

(
A1 − 1
2 A1

) 1
m

· (33)

To summarise, the dust grains only exist (i.e., n(r, θ) � 0) in the
regions bounded by Rin ≤ r ≤ Rout and by π−Δθd2 ≤ θ ≤ π+Δθd2 .

4.2. Dust opacities

The absorption cross section Cabs
λ for the dust grains is ob-

tained from the Mie (1908) theory. The Mie absorption cross
sections are computed from the optical indices of astronomical
silicate (Draine & Lee 1984). Note that since scattering is ne-
glected, Cabs

λ ≈ Cext
λ , with Cext

λ being the extinction cross section.
For a power-law size distribution function according

to Mathis et al. (1977) the mean cross sections (e.g. for Cabs
λ )

are given by

Cabs
λ =

amax∫
amin

a−βCabs
λ (a) da

amax∫
amin

a−β da

, (34)

where amin and amax are the minimum and maximum radii for
the dust grains under consideration and β is the exponent of the
power-law. The computation of the cross section in Eq. (34) was
performed with the help of the Wiscombe (1980) algorithm.

4.3. Temperature structure

The dust temperature is assumed to be unique (i.e. independent
of grain size) and described by a power-law

T (r) = Tin

(Rin

r

)γ
, (35)

where Tin is the temperature at the disc inner radius Rin. We note
that γ is not necessarily a free parameter because in the optically
thin regime (large wavelength and radius) the temperature goes
as T (r) ∝ r−

2
4+δ with δ � 1 (see Lamers & Cassinelli 1999).

4.4. Central continuum emission

The continuum emission from the central regions is composed
by the emission from the star and from the close ionised gas
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Table 2. Model parameters. This table lists the parameters of 12 differ-
ent models.

Parameters Values Unit
A1 150 –
A2 −0.8 –
Δθd 10/60 deg
Rs 60 R
Rin 30 Rs

Rout 3000 Rs

nin 0.015/0.15 m−3

Tin 1500 K
γ 0.75 –

Is
λ0

6500 W m−2 μm−1 str−1

α 3 –
PAd 125 deg

i 20/50/90 deg
amin 0.5 μm
amax 50 μm
β −3.5 –

Notes. The parameter values that change (Δθd, nin and i) from one model
to the other have been inclosed in a box and separated by a slash. The
values of Δθd = 10◦/60◦ given below correspond via Eq. (33) to m =
183.56/4.86 respectively.

(free-free and free-bound emission). This central source emis-
sion is confined to a small region of radius Rs (� Rin), which is
unresolved (angular sizes of a few milliarcseconds) by mid-IR
interferometers. Thus, in our modelling Rs is simply a scaling
factor of the problem fixed to a typical radius value for massive
stars. The specific intensity (in W m−2 μm−1 str−1) of this central
source is parameterised as follows

Is
λ = Is

λ0

(
λ0

λ

)α
, (36)

where Is
λ0

is the specific intensity at a reference wavelength λ0

(=10 μm in the following), and α gives the spectral dependence
of the continuum radiation. In the mid-IR its value is expected
to lie between α = 4 (pure black body) and α � 2.6 (free-free
emission) for an electron density proportional to r−2 (Panagia &
Felli 1975; Felli & Panagia 1981).

5. Study of the tested models

Following the description in the last sections we describe
here the chosen sgB[e] model parameters used to simulate
VLTI/MIDI observations (visibilities and fluxes) and the cor-
responding analysis, i.e. model fitting, using FRACS. The list
of chosen parameters is summarised in Table 2. Two types of
numerical tests are presented. Firstly, synthetic mid-IR interfer-
ometric data are generated from FRACS itself. In that way, it
is possible to determine what information the mid-IR interfero-
metric data contain under the optimistic assumption that we do
have the true model. Secondly, this study is supplemented by the
comparison of FRACS to a Monte Carlo radiative transfer com-
putation. This confirms that FRACS can indeed mimic, under
appropriate conditions, the results of a more sophisticated code
as seen from the mid-IR interferometric eye.

5.1. Parameter description

The distance to the simulated object has been fixed to d = 1 pc,
which is a typical distance for Galactic sgB[e].

The inner radius Rin = 30 Rs = 1800 R value was cho-
sen by considering the location of the hottest dust grains (see
Lamers & Cassinelli 1999) with a condensation temperature of
1500 K assumed to be the Tin value. The value of Rout can-
not be determined from the mid-IR data and has been fixed to
3000 Rs = 1.8× 105 R. The temperature gradient γ was fixed to
0.75 according to Porter (2003). PAd was fixed to 125◦.

The central source emission is supposed to have a radius
Rs = 60 R. We recall that the central region is unresolved by
the interferometer and that its radiation describes both the stellar
and inner gas contribution to the continuum mid-IR emission.
The specific intensity of this central source Is

λ0
has been chosen

to be 6500 W m−2 μm−1 str−1. If the central source was a pure
blackbody this value would correspond to the 10 μm emission
of a blackbody with an effective temperature around �8000 K.
However, this central emission is not a pure blackbody, and we
adopt the spectral dependence of the central source emission to
be α = 3, which is a compromise between α = 4 for a pure
blackbody and a value of �2.6 for free-free emission (Panagia &
Felli 1975; Felli & Panagia 1981).

Spectroscopic observations of Hα and forbidden line emis-
sions from B[e] CSE (Zickgraf 2003) reveal that typical values
for A2 are expected to range from −0.95 to −0.75. We adopt
the value −0.8 in our models. According to Lamers & Waters
(1987), the values of A1 range from 102 to 104 in most cases
(though values as low as 10 are not excluded). With this high
value of A1 the factor 1+ A1(sin θ)1/m in Eq. (32) of n(r, θ) is ap-
proximatively given by A1(sin θ)1/m for all pertinent values of θ,
i.e. those close to π/2 within the disc. This leads to an evident
degeneracy in nin × A1 in n(r, θ): we are only sensible to the
product of the two parameters as a scaling factor for the density.
Therefore, the value of A1 is assumed to be fixed to 150.

To define the dust opacities the chosen value for β is that
of Mathis et al. (1977), i.e. β = −3.5. Because some sgB[e]
show weak 9.7 μm silicate features in their spectrum (e.g. Porter
2003; Domiciano de Souza et al. 2007) we chose to use large
grains in our test models: amin = 0.5 μm and amax = 50 μm.
However, with this particular choice of large grains, the average
albedo from 7 to 13 μm is 6.4%, with the highest value reached
at 7 μm. We have checked with a Monte Carlo (MC) simulations
(see Sect. 5.3) that the effect of scattering on our primary ob-
servables, visibilities, and fluxes is indeed negligeable by com-
paring the results obtained by switching the scattering process
off and on2. The mean relative differences are 3.5% and 3.0%
for the visibilities and the fluxes respectively. These values must
be compared to the effect of random noise in the MC simulation,
estimated to be of the same order and to experimental errors,
typically ∼10% for the visibilities and fluxes. We underline that
whenever the albedo can be neglected, it is theoretically safe to
compute visibilities and fluxes from the consideration presented
in Sect. 2, in any other situations the effect of scattering on the
observable must be carefully tested.

The parameters nin, m and i were set to different values
defining 12 test models to be analysed from their correspond-
ing simulated data. Two nin values (0.015 m−3 and 0.15 m−3)
have been chosen in order to have an approximate disc-dust
optical depth in the equatorial plane (from Rin to Rout) close
to �0.1 and �1 in the wavelength range considered (from 7 μm
to 13 μm). These values corresponds to a mass loss rate of Ṁ �
2.5×10−7···−6 M yr−1. Two m values were chosen corresponding

2 The computation have been done for model b described in Sect. 5.2,
the baselines listed in Table 1 and the wavelengths under consideration
from 7 to 13 μm.
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Table 3. Relative errors (given in %) on the parameters for models (a) et (b) (see text for description of models).

Models\Parameters A2 m Rin nin Tin γ Is
λ0

α PAd i

(a) (53) ≥100 1.9 46 15 7.1 27 13 4.3 6.2
(b) (59) ≥100 4.5 100 20 12 ≥100 96 9.4 7.2

Notes. For each of the 10 free parameters considered in the analysis, the values of the relative error corresponding to the 12 different models are
given. Indeed, these relative errors are “mean values” for the errors because the error bars are not symmetric with respect to the best-fit values. The
parenthesis around the relative error of A2 recall that this parameter is bounded.

Table 4. Constraints on the model parameters.

Models\parameters Constraints [%]
τ Δθd [deg] i [deg] ≤ 10 10 → 25 ≥ 25

1 0.1 60 20 Rin, γ Tin, α PAd, i
2 1. 60 20 Rin Tin, γ α, PAd, i
3 0.1 10 20 – Rin Tin, γ, α, PAd, i
4 1. 10 20 Rin, γ Tin α, PAd, i

(a) 0.1 60 50 Rin, γ, PAd, i Tin, α
(b) 1. 60 50 Rin, PAd, i Tin, γ α

5 0.1 10 50 – Rin Tin, γ, α, PAd, i
6 1. 10 50 Rin, γ, PAd, i Tin α

7 0.1 60 90 Rin, γ, PAd Tin, i, α
8 1. 60 90 Rin, PAd Tin, γ, i α

9 0.1 10 90 PAd Rin Tin, γ, α, i
10 1. 10 90 Rin, γ, PAd, i Tin α

Notes. For the 12 models considered here (differing in their value of τ, Δθd and i), numbered from 1 to 10 (except for model a and b), we classified
the parameters into 3 different relative error ranges: below 10%, between 10 and 25% and above 25%. Because A2, m, nin, Is

λ0
are determined for

all the models with an error greater than 25% they have been discarded from the table for the sake of clarity.

to a wide and a narrow opening angle, i.e. Δθd = 10◦ and
Δθd = 60◦. Three inclinations i were tested (20◦, 50◦, and 90◦)
corresponding to discs seen close to pole-on, intermediate incli-
nation, and equator-on. These values of nin, m, i, together with
the parameters fixed above, define 12 test models that will be
studied below.

From these 12 test models we have generated 12 sets of arti-
ficial VLTI/MIDI observations (visibilities and fluxes) following
the procedure described in Sect. 3.5. We do not aim to present an
exhaustive revue of all types of sgB[e] CSE. Rather, we focussed
on the analysis of the parameter constraints one can hope to ob-
tain from present and near-future mid-IR spectro-interferometry.
The quantitative estimate of these constraints is derived from a
systematic analysis of the χ2

r variations with the parameters.
In our model fitting and χ2

r analysis we concentrate on
10 free parameters (nfree = 10) that can be set into four different
groups:

– the geometrical parameters: PAd, i and Rin;
– the parameters related to the central source: Is

λ0
and α;

– those describing the temperature structure: Tin and γ;
– and the number density of dust grains: A2, Δθd (or equiva-

lently m) and nin.

The remaining parameters of the model are in general loosely
constrained by mid-IR interferometric observations so that we
kept them fixed to the values described above.

5.2. Model fitting and χ2
r analysis of the 12 test models

We describe here the data analysis procedure adopted to study
our 12 test models. The results of our analysis are summarised

in Tables 3 and 4, and their physical interpretation is presented
in Sect. 6.

As a first step we chose 2 of the 12 models, hereafter called
models (a) and (b), to be exhaustively studied from a complete
model fitting procedure. As an example we show the simulated
observed mid-IR fluxes and visibilities for model (a) and (b)
in Figs. 3−5. The parameters of models (a) and (b) are those
of Table 2 with Δθd = 60◦, i = 50◦ and nin fixed to the val-
ues 0.015 m−3 and 0.15 m−3 respectively. These two models are
those presenting some of the best constrained model parameters
for the dust CSE. On the other hand, the contribution of the cen-
tral regions to the total flux and visibilities is quite different in
models (a) and (b) (see discussion in Sect. 6).

The study of models (a) and (b) have thus been performed
as for real interferometric observations. The best-fit values of
the parameters have been obtained by the Levenberg-Marquardt
algorithm with a stopping criterion corresponding to a relative
decrease in χ2

r of 10−3.
The errors on each model parameter have been obtained fol-

lowing the methods described in Sect. 3.6. The χ2
r maps have

been computed with a resolution of 21 × 21 around the best-
fit values of the parameters. The map sizes have been adjusted
in order to enclose the Δχ2

r = 1 contour. This adjustment was
performed until an upper limit for the map size of 100% of the
best-fit parameter values was reached. This amounts to the com-
putation of 3.969×104 different models. The results, namely the
mean relative error up to 100%, for these two particular models
are summarised in Table 3.

The other ten models (numbered from 1 to 10 in Table 4)
have been used in order to get some quantitative (but limited)
information about how the uncertainties of the fitted parameters
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Fig. 3. Simulated VLTI/MIDI mid-IR object flux. The numerically generated data (left model a, right model b) are shown as circles with error
bars. The values of the fluxes for the best-fit models are represented as crosses.

evolve as a function of three disc characteristics: its optical depth
(τ by means of nin parameter), its inclination (i) and its open-
ing angle (Δθd, controlled by m). To perform this study we have
decided to limit the exploration of the space parameter in a rel-
ative range of 25% on both sides from the model parameters.
In order to reduce the computation time, the maps were not
generated around the best-fit parameters which would have re-
quired to compute several thousands models more but around the
true parameters themselves. This procedure has the supplemen-
tary advantage that we do not rely on any specific minimisation
algorithm. We checked that estimating the best-fit parameters
from the true ones is reasonable within a few percents using the
Levenberg-Marquardt algorithm with a stopping criterion corre-
sponding to a relative decrease in χ2

r of 10−3. The resolution of
the χ2

r maps have been reduced to 15 × 15. The total number of
models to be computed is as large as 1.0125 × 105.

5.3. Comparison with a Monte Carlo simulation

We generated synthetic data with the help of a Monte Carlo
(MC) radiative transfer code (Niccolini & Alcolea 2006) for
model b (see above) for the seven wavelengths considered in the
problem and the baselines of Table 1. Again, the adopted pro-
cedure to generate the mid-IR interferometric data follows the
considerations of Sect. 3.5. In the MC code, the source of pho-
tons is described by a blackbody sphere of radius Rs = 60 R
and an effective temperature of Teff = 8000 K. The temperature
of the CSE is not prescribed but computed from the Lucy (1999)
mean intensity estimator. This choice of Teff gives at the inner
radius of model b a dust temperature of �1150 K lower than the
sublimation temperature. In this way, we can test if in the fitting
process using FRACS, a spurious effect might not lead the min-
imisation algorithm to reach the upper limit for Tin of 1500 K,
corresponding to the adopted dust sublimation temperature.

We obtained the best fitting parameters for the CSE model
described in Sect. 4 with FRACS. For a comparison with the MC
code, α has been set and fixed to 4 corresponding to the value of

a blackbody. Depending of the disc optical depth, the tempera-
ture structure may show two separate regimes corresponding to
(1) the inner regions with the strongest temperature gradient, op-
tically thick to the stellar radiation and (2) the outer regions opti-
cally thin to the disc radiation with a flatter temperature gradient.
In order to determine if mid-IR interferometric data are sensitive
to two temperature regimes, we tested the effect of two parame-
terisations of the temperature structure: the unique power-law of
Eq. (35) and a generalisation to two power-laws with a transition
radius, RT, and a second exponent γ′

T (r) = Tin

(
Rin

RT

)γ
×

(RT

r

)γ′
, (37)

for r ≥ RT.
The best-fitting parameters for both parameterisations are

shown in Table 5. The images of the disc at 10 μm generated
with the MC code and their corresponding FRACS counterpart
(best-fitting model) are shown in Fig. 6 for comparison.

6. Discussion

We first discuss the uncertainties in the parameters derived for
the 12 models studied in Sect. 5.2. For each model we divided
the parameters into three groups associated to a given level of
constraints expressed by the relative errors: below 10%, between
10% and 25%, and above 25%. This information is summarised
in Table 4. The exact relative errors for the two models studied
in detail (models a and b) are shown in Table 3. Then, we anal-
yse the results of Sect. 5.3 obtained from the best-fit of the data
simulated with the MC radiative transfer code.

6.1. Central source

Table 4 shows that the central source parameters (Is
λ0

and α)
can only be constrained with relative uncertainties ≥10% for
all test models. A deeper and more quantitative investigation of
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Fig. 4. Visibilities of the artificial sgB[e] circumstellar environment (model a). The visibility variations with the wavelength are shown for each
baseline specified by the value of the projected baseline and the position angle on the sky. The circles represent the simulated observations, and
the solid curves represent the best-fit model.

these parameters can be obtained from models (a) and (b). From
Table 3 it can be seen that Is

λ0
and α are much better constrained

for model (a) (27% and 13%, resp.) than for model (b)(relative
errors �100%).

The key quantity for a good constraint for the central source
parameters (Is

λ0
and α) is simply the relative contribution of the

flux of the central source to the total flux of the object (source
and disc). Indeed, the models in Table 3 only differ by this
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Fig. 5. Visibilities of the artificial sgB[e] circumstellar environment (model b).

relative flux contribution of 5.3% in model (a) (τ = 0.1), while
it is only 0.7% in model (b) (τ = 1).

Our analysis thus shows that interferometric data can con-
strain Is

λ0
and α with a relative precision of �15%−30% even

when the central source contributes to (only) a few percent of
the total mid-IR flux.

6.2. Geometrical parameters

The parameters PAd, i, and Rin are those usually estimated from
simple geometrical models (e.g. ellipses, Gaussians). However,
their determination from geometrical models is quite limited,
in particular for i, for which only an estimate can be derived
from the axis-ratio of an ellipse, for example. In addition, the
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Table 5. best-fitting FRACS parameters from artificial data generated with a Monte Carlo code.

Parameters Units True values Two power-law One power-law
A2 – –0.8 –0.791 –0.782
m – 4.86 5.59 4.74
Rin Rs 30 29.8 29.9
nin m−3 0.15 0.189 0.169
Tin K 1150(a) 1090 1070
γ/γ′ – 0.725/0.478(a) 0.719/0.613 0.676
RT Rin 5.24(a) 2.87 –
Is
λ0

W m−2 μm−1 str−1 6.62 × 103 6.48 × 103 5.04 × 103

PAd deg 125 125 124
i deg 50.0 50.6 50.2

Notes. The column “true values” refers to the MC input parameters, except for Tin, γ, and γ′ which are determined from the results of the MC
simulation. The columns “two power-law” and “one power-law” list the best-fit parameters obtained with FRACS assuming two and one power-
law for the temperature respectively. The χ2

r,min values are respectively 0.73 and 0.79 for two and one power-law.
a These values are not prescribed parameters, but are determined from the results of the Monte Carlo simulation. The values reported here are
best-fit parameters of the mean disc temperature (see text for more details).

Fig. 6. Disc images at 10 μm. a) Image computed with the help of the Monte Carlo radiative transfer code. b) Image of the best-fitting model with
two power-laws (parameters of the fourth column in Table 5) obtained with FRACS.

estimate of i from a simple analytical model such as a flat ellipse
is only valid for configurations far from the equator (interme-
diate to low i). The use of a more physical and geometrically
consistent model such as FRACS allows us to relax this con-
straint and makes the determination of i possible for all viewing
configurations.

As expected, PAd and i are better determined if the inclina-
tion of the disc with respect to the line of sight is away from
pole-on (high i). In Fig. 8 we can clearly see this behaviour from
the χ2

r maps involving PAd and i. Moreover, the uncertainties on
PAd and i do not seem to be strongly dependent on τ (equiva-
lently nin) and Δθd (equivalently m) for all models.

The inner dust radius Rin is not strongly dependent on any
parameter (τ, Δθd or i), being very well constrained (better
than 10%) for most tested models.

6.3. Temperature

The parameters related to the temperature structure of the CSE,
Tin and γ, are well constrained in most models, with relative

errors below 20% and 12% for both models (a) and (b). Indeed,
γ has a strong impact on the IR emission across the disc, and
consequently this parameter has a direct influence on the visibil-
ities (see Figs. 4, 5). Tin has a lower influence, compared to γ,
on the shape of the monochromatic image (radial dependence of
intensity) and can be mainly considered as a scaling factor to it.
On the other hand, the mid-IR flux imposes stronger constraints
on Tin. From Table 4 we see that the CSE’s temperature structure
is not highly dependent on τ (nin) and Δθd for tested models.

6.4. Number density of dust grains

The parameters related to the density law, that is to say m, nin
and A2, seems to be rather poorly constrained from the mid-IR
data alone. From the results of model (a) and (b) correspond-
ing to an intermediary inclination i = 50◦, we found that only
nin is constrained somewhat moderately with a mean relative er-
ror of 46%. For m and A2, according to the results of Table 3 it
seems that nevertheless, upper limits to their values can be deter-
mined. Note that because A2 is bounded (−1 ≤ A2 ≤ 0) the mean
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relative errors, 53% and 59% for model (a) and (b) respectively,
correspond approximatively to the limit values of A2, which is
consequently not constrained.

Table 4 confirms this trend for m, nin and A2 at least for the
situations explored via the models presented here. From all maps
computed within ±25% of the true value, we always found that
the mean relative error to these parameters is larger than 25%
with no hint that it could be close to these limits.

From Fig. 9, comparing the χ2
r maps for all pairs of nin, m and

A2, we can see that the Δχ2
r contours get sharper around the min-

imum value for model (a) (corresponding to lower optical depths
along the line of sight) than for model (b). Indeed, the constraints
on nin and m are improved for lower optical depths, or equiv-
alently for lower disc masses. Indeed, when the disc mass (or
optical depth) decreases, the flux (mid-IR flux, intensity maps)
emitted by the disc reflects the mass of the disc, while for high
optical depths we only probe the regions of the disc very close
to the projected surface revealed to the observer. A2, however,
is unaffected by the change in disc mass and remains undeter-
mined anyway. From Fig. 9 it can be seen that nin, m and A2 are
strongly correlated. This is expected from the expression of the
density (see Eq. (32)) depending on these parameters. However,
this dependence and the final correlation between these param-
eters are related through the computation of the visibilities and
the mid-IR flux, as well as the comparison to the data and is,
therefore, not straightforward.

To improve the situation concerning nin, m and A2, the mid-
IR data can be supplemented by other types of observations such
as for instance spectroscopic data, from which one can better de-
termine A2 (e.g. see Chesneau et al. 2005). We tested the effect
of fixing the value of A2, or equivalently of assuming that A2 is
fully determined, in the process of estimating the errors of the
other parameters. For model (a), the relative errors on nin and
m go down to 33% and 71% respectively while for model (b),
nin and m are determined with an accuracy reaching 95% and
78% respectively. The precision to which other parameters are
determined is not affected by the determination of A2.

We also tested the influence of the determination of nin, m
and A2 on other parameters by fixing their values and estimatng
the relative errors on the remaining parameters for model (a)
and (b). Only Is

λ0
and Tin are more strongly affected by the deter-

mination of nin, m and A2: for model (a) (resp. model b) Is
λ0

gets
determined down to 19% (resp. 80%) and Tin down to 9% (resp.
18%). The influence is stronger with lower disc mass (model a
compared to model b). This effect can be explained because if
we have a good determination of the disc mass because we know
nin, m, and A2, the determination of the parameters that scale the
source and disc fluxes is improved accordingly for the visibility
and the mid-IR flux.

nin, m and A2 shape the density structure of the circumstellar
medium. Though they are not well constrained, they certainly
have a strong influence on the temperature structure, which in
turn is very well constrained. For the particular case of sgB[e]
circumstellar discs, a natural evolution of FRACS is to include
the direct heating of the medium by the central source of radia-
tion assuming that the disc is optically thin to its own radiation.
The temperature structure would not be parameterised, and its
good determination would certainly put better constraints on nin,
m and A2, while keeping an affordable computation time for the
model-fitting procedure. This will be the purpose of a subsequent
work.

Finally, one can derive a ranking of the parameter constraints
according to two criteria: first the parameter must be constrained

Fig. 7. Temperature of the CSE. The solid line represents the best fit
(last column in Table 5) with a unique power-law, the dashed line the
best-fit with two power-laws (fourth column in Table 5) and the dot-
dashed line the MC results. The shaded region represents the possible
domain for a unique power-law by taking into account the errors esti-
mated in Table 3.

within the prescribed limits (100% for model a and b and 25%
for model 1 to 10) and second the mean relative error must be as
low as possible. The best-fitted parameters, most of the time ac-
cording to these criteraria are by decreasing order of best deter-
mination: Rin, PAd, γ, Tin, i, α, Is

λ0
, nin, m and A2. This tendency

can be seen in Table 4.

6.5. best-fit to the MC simulation

The χ2
r,min values obtained for the two types of temperature

parametrisations (one and two power-laws) are quite similar:
0.79 and 0.73 respectively. Regarding the data, both tempera-
ture parametrisations are indeed acceptable. In addition, these
results show that we can actually obtain very good fits from
data sets based on more physically consistent scenarios. A com-
plete error analysis and study of the parameter determination has
been presented in the previous sections for data generated from
FRACS and will not be repeated here. In particular, parameter
confidence intervals, from which errors were derived, have al-
ready been estimated. Here, we will instead focus on the true er-
rors, i.e. the differences between the true model parameters and
the best-fitting values for the parameters (see Table 5). The two
types of errors must not be confounded. The true errors reflect
the capability of FRACS to mimic the mid-IR interferometric
data regarding the information it provides. Of course, with the
sparse uv-plane coverage inherent to this kind of data as well as
the experimental noise, one should not expect a full agreement
of the fitted and the true parameters: they are indeed different.

From Table 5, we see that the geometrical parameters, PAd, i
and Rin, can be almost exactly recovered as expected. The source
specific intensity Is

λ0
, and the parameters related to the density,

A2, nin and m can be recovered fairly well and have best-fitting
values close to the true parameters.

The values of Tin, RT, γ and γ′ reported as “true” in Table 5
are indeed the values of a fit to the average (over the co-latitude
for a given r) computed temperature in the disc. The true rela-
tive differences for Tin do not exceed 7% independently of the
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Fig. 8. Evolution of m and PAd with the inclination i. Left: χ2
r maps for the couple m and PAd; right: χ2 maps for the couple m and i. Contours

are drawn for χ2
r,min + Δχ

2
r , with Δχ2

r = 0.3, 1, 3. From top to bottom the inclination i takes the value 20◦, 50◦ and 90◦. The results correspond to
model 4, 6, and 10. The limits of the maps have been set to ±25% of the true values of the parameters.

adopted parameterisation of the temperature (one or two power-
laws). The best-fitting values of γ, the inner temperature gradi-
ent, obtained with FRACS are very close to the true values with
two and one power-law with true relative error of 1% and 7%
respectively. This already suggests that the mid-IR data provide
information on the inner and hottest region of the CSE, in par-
ticular on the inner temperature gradient γ.

Fitting the temperature computed with the MC code with
a simple power-law, we obtain γ � 0.64. This value is close
to those of the best fitting models, especially with a unique
power-law (6% relative difference). For comparison, the actual
mean temperature gradient as derived from the MC simulation
is �0.60. For this particular data set, the values of γ′ and RT re-
covered by FRACS differ by 28% and 45% respectively from
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Fig. 9. χ2
r maps for the parameters nin, A2 and m. The results presented here are those of model (a) (τ = 0.1, left part) and model (b) (τ = 1, right

part). Contours are drawn for χ2
r,min + Δχ

2
r , with Δχ2

r = 0.3, 1, 3. The three possible maps corresponding to the combination of these parameters
are represented. These three parameters are better constrained in model (a).

the actual values. This again confirms the sensibility of the inter-
ferometric data to the temperature structure mostly in the inner
(r <∼ RT) regions of the disc. The best-fitting models (fourth and
last columns in Table 5) as well as the MC results are shown in
Fig. 7. Regarding the errors (estimated from the results given in
Table 3) shown as a shaded area, we can see that both tempera-
ture parameterisations are essentially the same and show a better

agreement with the MC results in the inner than in the outer re-
gions of the disc.

We considered a “truncated” model with two power-laws
(with parameter values listed in the third column of Table 5) in
which the CSEs emission for r ≥ RT, the “outer” regions, has
been set to 0. We then compared the visibilities and the fluxes
of this truncated model to the same model including the outer
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region emission. We obtained relative differences, averaged over
all considered wavelengths and baselines (Table 1), of 18% and
17% respectively. These relative differences are larger, but are
still close to the noise level. For this reason, one cannot expect
to obtain much information on the outer temperature gradient γ′,
at least for the particular configuration we considered.

7. Conclusion

We proposed and described here a new numerical tool to inter-
pret mid-IR interferometric data. Even though we focussed on
the special case of circumstellar disc observations, the numeri-
cal techniques have been developed with the aim to be as general
as possible. The methods we employ rely on both parameterised
physical models and the ray-tracing technique. The need for such
a tool is evident because the nature of interferometric data im-
poses an interpretation through a model of the object to obtain
any kind of information. On one hand, Monte-Carlo radiative
transfer methods require too much computation time to asso-
ciate the model-fitting to an automatic minimum search method.
On the other hand, purely geometrical function fitting (such as
ellipses or Gaussians) are too simple to envisage to obtain phys-
ical constraints on the observed disc. Hence, a tool like FRACS
fills a blank in the model fitting approach for mid-IR interfero-
metric data interpretation. The main advantages of FRACS are
its speed and its flexibility, allowing us to test different physical
models. Moreover, an exploration of the parameter space can be
performed in different manners and can lead to an estimate of
the sensitivity of the fit to the different model parameters, i.e. a
realistic error estimate.

We applied these techniques to the special astrophysical case
of B[e] star circumstellar environments by generating artificial
data in order to analyse beforehand what constraints can be ob-
tained on each parameter of the particular disc model in this
work. The techniques will then be applied to real interferometric
data of a sgB[e] CSE in a sequel to this paper.

We showed in our analysis that the “geometrical” parame-
ters such as Rin, PAd and i can be determined with an accuracy
<∼15%. Mid-IR interferometric data give access to a mean tem-
perature gradient: the temperature structure (Tin and γ) can be
very well determined (within <∼20% and <∼10% respectively). It
is possible to have access to the central source emission (with
an accuracy >∼30%) when it has a significant contribution to the
total flux of the object (a few % are sufficient). The remaining
parameters of our disc model, namely nin, m and A2 are not very
well constrained by MIDI data alone. nin is at best determined
with an accuracy of about >∼50% in some cases. If A2 can be
estimated through spectroscopic observations, then the picture
about the nin and m determination improves somewhat.

FRACS can be used mainly for two purposes. First, it can be
used by itself to try and determine physical quantities of the cir-
cumstellar matter. Admittedly, it is not a self-consistent model,
i.e. the radiative transfer is not solved because the temperature
structure is parameterised. From the usual habits in the interpre-
tation of interferometric data it is nevertheless a step beyond the
commonly use of toy models or very simple analytical models.

This approach has indeed been very successful in the millimetric
wavelength range (e.g. see Guilloteau & Dutrey 1998). Second,
it can be viewed as a mean to prepare the work of data fitting
with a more elaborate model (such as a Monte Carlo radiative
transfer code for instance) and to provide a good starting point.

FRACS is a tool that can help in the process of inter-
preting and/or preparing observations with second-generation
VLTI instruments such as the Multi-AperTure mid-Infrared
SpectroScopic Experiment (MATISSE) project (Lopez et al.
2006). In this respect, FRACS is not restricted to the mid-IR, and
sub-millimeter interferometric data obtained with the Atacama
Large Millimeter Array (ALMA) for instance can be tackled.
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2.5.3 HDUST, a Monte Carlo NLTE radiative-transfer code in gas-dust CSE

We shortly describe here the three-dimensional (3-D), non-local thermodynamic equilibrium
(NLTE) Monte Carlo radiative transfer code HDUST, developed mainly by A. C. Carciofi, in col-
laboration with J. E. Bjorkman. The main characteristics (numerical and physical) of HDUST are
described in detail by Carciofi & Bjorkman (2006).

HDUST can be used to model the dusty and/or gaseous CSE of young stellar objects (YSO),
Be stars, sgB[e] stars, among others. It can provide several observables, both in natural and po-
larized light, such as, images, spectra, spectral energy distribution, and spectro-interferometric
observables. In the following we concentrate in the use of HDUST to model a massive, hot cen-
tral star with a CSE, in particular, Be and sgB[e] stars. As input, the user thus needs to provide
the following information:

• Central star: luminosity, effective temperature, radius, rotation velocity. Normally, HDUST
considers spherical stars, but we have developed a new version in 2013-2014 that can
also consider flattened stars with gravity darkening (cf. Sect. 2.2). For now, the flattened
stellar surface is modeled simply with an oblate ellipsoid of revolution where the equatorial-
to-polar radii ratio follows Eq. 2.13. Gravity darkening is included either from the general-
ization of the von Zeipel model or from the ELR model (cf. Sect. 2.2.2). The latitudinal-
dependent surface flux is determined, for example, from spectral synthesis codes (e.g.
Synspec; Hubeny & Lanz, 2011) with input stellar atmosphere models from the ATLAS9
code (e.g. Kurucz, 1979). The implementation of the flattened and gravity-darkened star
and comparisons with the CHARRON code were performed in the frame of the double
PhD thesis of D. Moser Faes (Faes, 2015).

• CSE structure: HDUST provides predefined CSE structures developed to model Be and
sgB[e] stars. The basic equations and main physical parameters of these CSE are detailed
in Sects. 2.3 and 2.4.

• Gas composition the present version of HDUST only includes hydrogen in the gas com-
ponent of the CSE, but the new version is expected to include additional chemical ele-
ments. This new version is expected to be released in 2017-218.

• Dust composition, and spatial and size distributions: in CSE models containing dust
it is necessary to define the kind of dust to be modeled (e.g. amorphous silicate, car-
bonaceous grains), as well as size distributions (e.g. power law), and grain limiting sizes
(minimum and maximum). Normally, the dust density distribution follows the same law as
the gas, but with a smaller proportion to be defined by the user (typically ∼ 1%). A few
pre-defined emission/absorption coefficients can be chosen in the code, but the user can
introduce additional ones if necessary. In a physically consistent way, HDUST only al-
lows the dust to exist in regions where the CSE temperature is below the dust sublimation
temperature (set by the user).

• Numerical and output parameters: number of photons for simulations, numerical grid
for the CSE, wavelengths of the output images and spectra, inclination (viewing) angles,
among others. All these parameters directly impact on the quality of the final models and
on the computation time required to run the code. Because Monte Carlo radiative transfer
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requires large amounts of computing time (each photon is treated individually throughout
the CSE), it is often necessary to make use of parallel-computing. The HUDST models
presented in this work were obtained with the computing facilities (1) of the Mésocentre
SIGAMM (hosted by the Observatoire de la Côte d’Azur, France), and (2) of the Laboratory
of Astroinformatics LAi (IAG/USP and NAT/Unicsul, Brazil).

Once the input parameters are set, HDUST runs in two main different steps:

1. Iterations on the radiative and statistical equilibrium equations to calculate the atomic level
populations, temperatures, and hydrostatic equilibrium density for all grid cells. These
calculations include collisional and radiative processes (bound-bound, bound-free, free-
free). This step requires several (tens) iterations with ∼ 105 − 106 photons for a good
convergence of the physical quantities. A final refinement step can be needed. Also, when
dust is present, a few additional iterations are required to compute the dust temperature
and actual location.

2. Calculations of the emergent spectral flux and images (specific intensity maps) at the
required wavelengths. This final step requires a few iterations with ∼ 108− 109 photons for
a high signal-to-noise ratio of the final spectra and images.

Examples of HDUST images from sgB[e] models (gas and dust CSE) are given in Fig. 2.14.
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Chapter 3

High spectro-spatial
resolution observations
of fast rotators in the
H-R diagram
3.1 The main sequence A-type star Altair (α Aquilae)

Altair (α Aquilae, HD 187642 ; spectral type A7Vn in the SIMBAD database) is one of the coolest
fast-rotating stars among those studied with OLBI techniques. At the same time, because of its
high apparent brightness (V = 0.76), Altair is probably the most studied fast-rotator, notably from
OLBI: van Belle et al. (2001), Ohishi et al. (2004), Peterson et al. (2006a), Monnier et al. (2007).

The results of Ohishi et al. (2004), based on observations from NPOI, suggest a non-uniform
surface brightness distribution on Altair, but no physical model was used to constrain Altair’s
physical parameters from the data. We stablished a collaboration with the first author in order to
interpret their observations with our physical model (CHARRON). In addition, we complemented
the NPOI data with additional observations from VLTI/VINCI and PTI, which provided different
OLBI observables of Altair, namely, V 2, triple amplitudes, closure phases.

The results from this work were published on the A&A paper presented hereafter (Domiciano
de Souza et al., 2005). This is one of the first studies of gravity darkening on a single fast-
rotating star based on OLBI observations. We investigated two test models corresponding to
the theoretical limits for the gravity darkening coefficient β (Eq. 2.30), namely, 0.08 (convective
atmospheres) and 0.25 (radiative atmospheres). It is shown in particular that the observations
can only be reproduced by the inclusion of gravity darkening, with a significant improvement
of the quality of the model fitting. Since this work, where only the classical β values were
considered, other results showed different β values exist in fast-rotating stars (cf. Sect. 3.2 for
example). This is supported by recent theoretical gravity darkening models (cf. Sect. 2.2.2).
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ABSTRACT

Interferometric observations have revealed that the rapid rotator Altair is a flattened star with a non-centrally symmetric intensity distribution.
In this work we perform for the first time a physically consistent analysis of all interferometric data available so far, corresponding to three
different interferometers operating in several spectral bands. These observations include new data (squared visibilities in the H and K bands
from VLTI-VINCI) as well as previously published data (squared visibilities in the K band from PTI and squared visibilities, triple amplitudes,
and closure phases in the visible between 520 nm and 850 nm from NPOI). To analyze these data we perform a χ2 minimization using an
interferometry-oriented model for fast rotators, which includes Roche approximation, limb-darkening, and von Zeipel-like gravity-darkening.
Thanks to the rich interferometric data set available and to this physical model, the main uniqueness problems were avoided. As a result, we
show that the observations can only be explained if Altair has a gravity-darkening compatible with the expected value for hot stars, i.e., the
von Zeipel effect (Teff ∝ g0.25).

Key words. techniques: high angular resolution – techniques: interferometric – methods: data analysis – stars: rotation –
stars: individual: Altair

1. Introduction

Altair (α Aql, HR 7557, HD 187642) is a bright (V = 0.77),
rapidly rotating A7IV-V star, which has been studied by many
authors. For example, Buzasi et al. (2005) recently detected
several oscillating frequencies in Altair and proved that this
star is a variable of the δ Scuti type, as expected by its loca-
tion within the instability strip. Several basic physical param-
eters of Altair are summarized by Buzasi et al. (2005) in their
introduction. One important characteristic of Altair is its fast
rotation. Spectroscopic and interferometric observations indi-
cate a veq sin i value between 190 km s−1 and 250 km s−1 (Abt
& Morrell 1995; van Belle et al. 2001; Royer et al. 2002;
among others); most recently Reiners & Royer (2004) deter-
mined veq sin i = 227 ± 11 km s−1 from spectroscopy.

Theories foresee that such a high rotation velocity can
lead to many modifications in the physical structure of a
star like Altair. In particular, the star is expected (1) to be
oblate because of a strong centrifugal force and (2) to ex-
hibit gravity-darkening (after the seminal work of von Zeipel
1924). These theoretically expected modifications are now
measured by modern observing techniques, notably those
based on long baseline interferometry. See, for example,

Domiciano de Souza et al. (2003) for the case of another
rapidly rotating star (Achernar).

For Altair, van Belle et al. (2001) measured the rota-
tional flattening projected onto the sky-plane using the Palomar
Testbed Interferometer (PTI, Colavita et al. 1999). By adopting
an equivalent limb-darkened ellipse model these authors de-
rived major and minor axes of 2a = 3.461 ± 0.038 mas and
2b = 3.037±0.069 mas, respectively, which means an axial ra-
tio of a/b = 1.140±0.029. van Belle et al. (2001) used a Roche
model (solid body rotation and mass M concentrated in a point
at the center of the star) without gravity-darkening to analyze
their observations of Altair. However, even with this relatively
simplified model their analysis encountered several uniqueness
problems caused by the limited coverage of spatial frequencies
(observations inside the first visibility lobe only) and spectral
information (only one broadband near-IR filter used). The im-
portant issue of uniqueness problems in interferometric studies
of rapidly rotating stars is discussed by Domiciano de Souza
et al. (2002).

More recently, Ohishi et al. (2004) used the Navy Prototype
Optical Interferometer (NPOI, Armstrong et al. 1998) to ob-
serve Altair. In particular, they obtained closure phases and
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squared visibilities around the first minimum. These observa-
tions suggest that Altair is not only oblate but also that it is
a gravity-darkened star with a non-centrally symmetric inten-
sity distribution. The nature of these data largely diminishes
the uniqueness problems associated with the analysis of rapid
rotators.

Even though the observations indicate that Altair is an
oblate and gravity-darkened star, previous works did not adopt
physically consistent models including these two effects. In the
present work we use our interferometry-oriented model for fast
rotators (Domiciano de Souza et al. 2002) to perform a χ2 mini-
mization including all interferometric data available up-to-date:
new squared visibilities in the H and K bands from the Very
Large Telescope Interferometer (VLTI, e.g., Glindemann et al.
2003); (2) squared visibilities in the K band from PTI; and (3)
squared visibilities, triple amplitudes, and closure phases in the
visible from NPOI.

In Sect. 2 we summarize the observations used here,
and in Sect. 3 we describe the adopted model, which in-
cludes Roche approximation, a limb-darkening law compat-
ible with Altair’s effective temperature distribution, and a
von Zeipel-like gravity-darkening law. In Sect. 4 we present
the main results of our χ2 analysis of the interferometric data.
A critical discussion of our results is given in Sect. 5, while the
conclusions of this work are summarized in Sect. 6.

2. Interferometric observations

The first attempt to measure the geometrical deformation of
Altair was carried out with the Narrabri intensity interferometer
(Hanbury Brown 1974). However, these observations remained
too marginal to allow unambiguous conclusions to be drawn
by the Australian group. Recent observations by at least three
modern interferometers have resulted in several high-quality
measurements becoming available. In the following section we
briefly describe the three interferometric data sets (one new and
two previously published and analyzed) used in this work to
constrain a number of unknown physical parameters of Altair.

2.1. VLTI-VINCI near-IR observations

We first describe the new near-IR observations of Altair per-
formed with the VLTI. These new data were obtained with two
test siderostats (0.35 m aperture) and the VINCI1 instrument
(Kervella et al. 2000 and Kervella et al. 2003a). The visibil-
ity measurements were all recorded on the E0-G1 baseline of
the VLTI (ground length of 66 m). We combined the stellar
light using a classical fiber-based triple coupler (MONA) for
the K band observations, and an integrated optics beam com-
biner (IONIC, Lebouquin et al. 2004) in the H band. Standard
K (2.0 < λ < 2.4 µm) and H (1.5 < λ < 1.8 µm) band
filters were used for these observations. The effective wave-
length of the observations changes slightly depending on the
spectral type of the observed target. For Altair, we determined
λeff = 2.176 ± 0.003 µm and λeff = 1.633 ± 0.003 µm, respec-
tively in the K and H bands.

1 V(LT) IN(terferometer) C(ommissioning) I(nstrument).

The raw data processing has been achieved using a wavelet-
based algorithm, integrated in an automated data reduction
pipeline (Kervella et al. 2004a). The general principle is sim-
ilar to the original FLUOR algorithm (Coudé du Foresto
et al. 1997), but instead of the classical Fourier analysis, we im-
plemented a wavelet-based time-frequency analysis (Ségransan
et al. 1999). The two calibrated output interferograms are sub-
tracted to correct for residual photometric fluctuations. The
output of the pipeline is a single value of the squared coher-
ence factor µ2 for each series of 500 interferograms and the
associated bootstrapped error bar. We obtained a total of 5500
interferograms of Altair in the K band and 4500 in the H band,
among which 2749 and 1949 were reduced by the pipeline, re-
spectively. All the VINCI data were obtained between July and
September 2002. The final normalized squared visibilities V2

and other observational information are given in Table 1.
We used three stars as calibrators for the K band obser-

vations (24 Cap, χ Phe, and 70 Aql) and one for the H band
(α Ind). These stars were selected from Cohen et al. (1999)
for their stability, and we took their sizes from the Bordé
et al. (2002) catalogue. To obtain their equivalent uniform-disk
diameters, we applied the broadband limb-darkening correc-
tions provided by Claret (2000a), based on the ATLAS models
(Kurucz 1992). In absence of data in the literature, the metal-
licity of the calibration stars was taken as solar. Note, how-
ever, that in the H and K bands the influence of metallicity on
the limb-darkening is very weak. The relevant properties of the
calibrators used for VINCI observations are listed in Table 2.

The choice of the calibrators is an important step for prepar-
ing interferometric observations, since significant departures of
their actual visibilities from the expected model can propagate
into biases on the calibrated visibilities of the scientific target.
Among the possible reasons for such departures, binarity (or
multiplicity in general) and deviations from spherical symme-
try (due, for instance, to fast rotation or gravitational interac-
tion) are the most critical. All stars in the Cohen et al. (1999)
catalogue were carefully scrutinized by these authors for the
presence of companions and are currently regarded as single
stars. With respect to fast rotation, the value of veq sin i is only
available for one star, 70 Aql, which is also the most sensi-
tive star to potential deformations as it is a bright giant. With
veq sin i = 1.9 km s−1, log g ≈ 1.9, and a radius of ≈200 R�, a
first order approximation of its flattening ratio (Roche model)
is given by the following relation (e.g. Domiciano de Souza
et al. 2002):

Req

Rp
= 1 +

v2eqReq

2GM
< 1 + 10−4. (1)

The effect of the rotation on the shape of this star is therefore
taken as negligible. Measurements of the projected rotational
velocities are not available for the other calibrators of our sam-
ple, but as they are giant stars, we assume that they are small
enough so that their rotational deformation can be neglected.
Our four calibrators are significantly resolved by the interfer-
ometer, but the a priori uncertainty on their angular diameters
was carefully propagated to the final error bars on the calibrated
squared visibilities of Altair. The errors in the calibrated V2
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Table 1. VLTI-VINCI observations of Altair performed in the H and K bands.

H band
Date Projected Position Calib. Stat. Syst. Total Uniform disc Calibrator
(JD) Baseline (m) Anglea (deg) V2 V2 error V2 error V2 error diameter (mas)

2 452 477.655 62.110 139.77 0.388 ±0.022 ±0.008 ±0.023 3.22 ± 0.09 α Ind
2 452 477.659 61.702 139.97 0.403 ±0.023 ±0.009 ±0.024 3.18 ± 0.10 α Ind
2 452 479.561 65.950 140.66 0.336 ±0.023 ±0.006 ±0.023 3.23 ± 0.09 α Ind
2 452 479.706 55.760 144.48 0.464 ±0.027 ±0.009 ±0.028 3.26 ± 0.12 α Ind
2 452 482.726 52.131 148.77 0.510 ±0.052 ±0.012 ±0.054 3.28 ± 0.24 α Ind
2 452 483.645 61.490 140.08 0.401 ±0.024 ±0.006 ±0.024 3.20 ± 0.10 α Ind
2 452 484.699 54.905 145.37 0.539 ±0.042 ±0.010 ±0.043 2.99 ± 0.18 α Ind
2 452 485.594 64.851 139.08 0.371 ±0.032 ±0.008 ±0.033 3.15 ± 0.13 α Ind
2 452 485.598 64.627 139.07 0.358 ±0.032 ±0.008 ±0.033 3.21 ± 0.13 α Ind

K band
Date Projected Position Calib. Stat. Syst. Total Uniform disc Calibrator
(JD) Baseline (m) Angle (deg) V2 V2 error V2 error V2 error diameter (mas)

2 452 469.722 57.285 143.05 0.656 ±0.017 ±0.016 ±0.023 3.18 ± 0.13 24 Cap
2 452 469.755 53.065 147.53 0.685 ±0.015 ±0.017 ±0.023 3.26 ± 0.14 24 Cap
2 452 469.763 51.957 149.02 0.696 ±0.017 ±0.017 ±0.024 3.26 ± 0.15 24 Cap
2 452 531.587 52.790 147.89 0.645 ±0.072 ±0.007 ±0.072 3.52 ± 0.44 χ Phe
2 452 531.592 52.204 148.67 0.632 ±0.076 ±0.007 ±0.076 3.64 ± 0.47 χ Phe
2 452 531.596 51.624 149.49 0.663 ±0.076 ±0.007 ±0.076 3.49 ± 0.48 χ Phe
2 452 536.511 60.454 140.68 0.605 ±0.028 ±0.008 ±0.029 3.28 ± 0.15 70 Aql
2 452 536.543 56.759 143.52 0.636 ±0.031 ±0.008 ±0.032 3.32 ± 0.18 70 Aql
2 452 536.547 56.226 144.03 0.701 ±0.033 ±0.008 ±0.034 2.98 ± 0.20 70 Aql
2 452 536.578 52.212 148.66 0.713 ±0.049 ±0.009 ±0.050 3.14 ± 0.33 70 Aql
2 452 536.582 51.738 149.33 0.643 ±0.043 ±0.008 ±0.043 3.60 ± 0.27 70 Aql

a 0◦ is North and 90◦ is East.

Table 2. Relevant parameters of the calibrators used for VINCI observations of Altair.

Name 24 Cap χ Phe 70 Aql α Ind
HD number HD 200914 HD 12524 HD 196321 HD 196171

mV 4.5 5.2 4.9 3.1
mK 0.5 1.3 1.2 0.9
Sp. type M0.5III K5III K5II K0III
Teff (K)a 3630 3780 3780 4720
log ga 1.4 1.9 1.9 2.6
[Fe/H]c – – – 0.0
veq sin i (km s−1)d – – 1.9 –
�LD (mas)a 4.43 ± 0.05 2.77 ± 0.03 3.27 ± 0.04 3.28 ± 0.03
�UD (mas)b 4.30 ± 0.05 2.69 ± 0.03 3.17 ± 0.04 3.20 ± 0.03

a From Cohen et al. (1999).
b Limb-darkened disc diameters �LD converted to uniform disc diameters �UD using the linear limb-darkening coefficients from

Claret (2000a).
c From Cayrel de Strobel et al. (1997, 2001).
d From Glebocki et al. (2000).

(statistical, systematic, and total) are also listed in Table 1. The
uncertainties in V2 are dominated by the statistical errors.

2.2. PTI near-IR observations

Another data set used in this paper was obtained with PTI
and was previously reported and analyzed by van Belle
et al. (2001, hereafter vB2001). This data set corresponds to

27 measurements of V2 on Altair performed in the K band for
two distinct baselines (ground lengths of 85 m and 110 m).

2.3. NPOI visible observations

The third data set used in this work, which was previ-
ously reported and analyzed by Ohishi et al. (2004, hereafter
ONH2004), corresponds to interferometric observations in the

3. High spectro-spatial resolution observations of fast rotators in the H-R diagram
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visible obtained with NPOI. These observations of Altair were
recorded simultaneously using three baselines forming a tri-
angle (ground lengths of 30, 37, and 64 m), allowing measure-
ments of V2, triple amplitudes, and closure phases. In this work
we use the NPOI observations of Altair performed on May
25 2001 (see Table 2 of ONH2004), which consist of 7 scans
(Hummel et al. 1998). We use 18 spectral channels covering
wavelengths from 520 to 850 nm; the data for λ = 633 nm are
not used because they contain light from the metrology laser,
and the data for λ = 618 nm are not used because they are not
available for all NPOI observables.

3. Modeling Altair

3.1. Model of a rotating star

Since previous interferometric observations (vB2001 and
ONH2004) indicate that Altair’s flattening is compatible with
uniform rotation, in this paper we adopt the classical Roche
model. This model is described in more detail, for exam-
ple, by Domiciano de Souza et al. (2002), who developed an
interferometry-oriented model for rapid rotators. Once the sur-
face equipotential (Ψ) and the corresponding local effective
surface gravity (g(θ) = |∇Ψ|, where θ is the colatitude) in the
Roche approximation are defined, the local effective tempera-
ture is given by the following von Zeipel-like gravity-darkening
law (e.g. Collins 1965):

Teff (θ) = Tp

(
g (θ)
gp

)β
(2)

where Tp and gp are the polar effective temperature and gravity,
respectively. In this paper we adopt two theoretical limits for
the gravity-darkening coefficient β, namely, β = 0.25 for hot
stars with radiative external layers (von Zeipel 1924) and β =
0.08 for cold stars with convective external layers (Lucy 1967).

To compute our models of Altair the code BRUCE
(Townsend 1997) is used to obtain a stellar grid (�25 500 vis-
ible points) for the local values of effective temperature and
gravity, velocity field, projected surface, and surface normal di-
rection.

3.2. Intensity maps

Because of the geometrical deformation and gravity-darkening,
the intensity maps are highly dependent on the inclination of
the rotation axis i (Domiciano de Souza et al. 2002). In order
to evaluate the intensity maps for Altair we first used Kurucz
(1992) model atmospheres2 as input for the SYNSPEC code
(Hubeny 1988 and Hubeny & Lanz 1995) to generate a grid of
synthetic specific intensities normal to the surface (I(µ = 1, λ),
where µ and λ have their usual meanings). This grid corre-
sponds to different values of Teff and log g in steps of 250 K
and 0.5 dex, respectively. To be consistent with recent spectro-
scopic observations the grids of I(µ = 1, λ) were calculated for
microturbulent velocity vmicro = 2 km s−1 and solar abundance,

2 From Dr. R. L. Kurucz model atmospheres and references
publicly available at http://kurucz.harvard.edu/grids/

except for 14 elements between C and Cu (Erspamer & North
2002, 2003).

Since interferometric observations of Altair were per-
formed within wide spectral bands, we integrated I(1, λ) over
the corresponding spectral channel/band to obtain a grid of in-
tegrated intensities normal to the surface I(1). Before perform-
ing this integration we multiply I(1, λ) by the atmospheric and
instrumental transmissions. Because the computation of I(1)
influences the calculations of interferometric observables, we
present further details of this integration procedure in Sect. 3.3.

Once I(1) is defined, we can obtain the intensity at every
µ (I(µ)) through an appropriate limb-darkening law. Accurate
modeling of limb-darkening is crucial to determine precise
stellar diameters, in particular for rapidly rotating stars where
we expect a non-uniform surface brightness distribution. To
model Altair we adopted the four-parameter non-linear limb-
darkening law proposed by Claret (2000a,b):

I(µ)
I(1)
=1 − a1(1 − µ 1

2 ) − a2(1 − µ) − a3(1 − µ 3
2 ) − a4(1 − µ2) (3)

where tabulated values of a1, a2, a3, and a4 are given by Claret
for 12 commonly used photometric bands. For Altair we used
those for the H and K bands to simulate PTI and VLTI-VINCI
observations and those for the V (for λ ≤ 600 nm) and R (for
λ > 600 nm) bands to simulate NPOI observations.

Claret (2000a,b) argues that Eq. (3) is valid across the
whole HR diagram, which is, in fact, an important requirement
for a consistent modeling of Altair since this star could present
an effective temperature distribution in the transition range be-
tween hot (radiative envelope) and cold (convective envelope)
stars (e.g., Panzera et al. 1999).

Finally, we can now define the intensity maps I(r), i.e.,
the visible stellar surface brightness distribution on the two-
dimensional sky-plane at a position r. To obtain I(r) we thus
perform a linear interpolation of the predefined grids of inte-
grated intensities I(1) and the limb-darkening coefficients a1,
a2, a3, and a4, for each visible point of the stellar grid.

3.3. Complex visibilities

Once the intensity map is defined, the computation of complex
visibilities is straightforward. Normalized complex visibilities
V( f ) are obtained by the numerical counterpart of the follow-
ing equation (for further details see Domiciano de Souza et al.
2002):

V( f ) = |V( f )| eiφ( f ) =
Ĩ( f )

Ĩ(0)
(4)

where |V | and φ are the visibility amplitude and phase, Ĩ( f )
is the Fourier transform of the intensity map I(r), and f
is the spatial frequency coordinate associated with r. From
Eq. (4) we can directly obtain the interferometric observables:
squared visibilities V2, triple amplitudes |V1| |V2| |V3|, and clo-
sure phases φ1+φ2+φ3. These observables are functions of the
spatial frequency f , and the indices 1, 2, and 3 denote the three
interferometric baselines in a triangular configuration.

For each pair of telescopes, f is given by the ratio be-
tween the vector baseline projected onto the sky Bproj and the
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effective wavelength λeff of the considered spectral channel:
f = Bproj/λeff. This dependence of the spatial frequency on λeff

is responsible for an observational effect known as bandwidth
smearing (e.g., Kervella et al. 2003b; and Wittkowski et al.
2004). Indeed, the wide spectral coverage in the H (� 0.3 µm)
and K (�0.4 µm) bands implies that several spatial frequen-
cies are simultaneously observed by the interferometer (VLTI-
VINCI and PTI in our case).

To account for the bandwidth smearing in the near-IR we
divided the H and K bands into N = 20 spectral sub-channels
and computed the stellar intensity distributions I j integrated
over each spectral sub-channel j. The corresponding Fourier
transforms Ĩ j are then calculated, and the final normalized
squared visibilities in the H and K bands are given by:

V2
IR band =

N∑
j=1

∣∣∣Ĩ j(Bproj/λeff, j)
∣∣∣2

N∑
j=1

∣∣∣Ĩ j(0)
∣∣∣2

· (5)

The bandwidth smearing is negligible for the relatively narrow
spectral channels of the NPOI observations.

4. Results from the χ2 analysis

In this section we perform a χ2 analysis to constrain a number
of unknown physical parameters in our model for Altair from
the available interferometric observations.

We investigate two test models corresponding to the the-
oretical limits for the gravity-darkening parameter β, namely,
0.08 (convective atmospheres) and 0.25 (radiative atmo-
spheres). To obtain a mean effective temperature compati-
ble with previous works (between �7500 K and �8000 K; see
for example Esparmer & North 2003, vB2001; and Ferrero
et al. 1995) the adopted polar temperatures Tp for the test mod-
els are 8000 K and 8500 K, corresponding to β = 0.08 and 0.25,
respectively. The chosen stellar mass M = 1.8 M� is given by
Malagnini & Morossi (1990). Other slightly different mass es-
timates exist since determining the mass of a single star, partic-
ularly a rapid rotator, is not a simple task, but the main results
of this work do not critically depend on this value. We adopted
the projected equatorial velocity veq sin i = 227 km s−1 deter-
mined by Reiners & Royer (2004) from high spectral resolu-
tion observations. Their value is compatible with other recent
measurements of veq sin i within their error bars (e.g. vB2001;
and Royer et al. 2002).

In addition to the fixed physical parameters described
above, the equatorial radius Req (or the polar one Rp) is also
needed to calculate the models of Altair. However, Req is
related to the equatorial angular diameter �eq by means of
the stellar distance (d = Req/�eq = 5.143 ± 0.025 pc from
Hipparcos; Perryman et al. 1997). Since �eq is one important
output from our interferometric data analysis, Req has to be up-
dated accordingly to each �eq value tested during the χ2 min-
imization procedure. To avoid calculating a large number of
models we performed a preliminary χ2 minimization using a
fixed Req in order to constraint the range of �eq close to the

Fig. 1. Reduced χ2 (χ2/d.o.f.) as a function of the stellar inclination
i computed from all interferometric observations described in Sect. 2
for the two test models (radiative and convective limits for the gravity-
darkening). These values correspond to the best equatorial angular di-
ameter �eq and major axis orientation η for a given i. Models with
β = 0.25 (solid curve) are preferred compared to models with β = 0.08
(dashed curve). The minimum χ2/d.o.f. (χ2

min/d.o.f. = 7.3) is obtained
for β = 0.25 and i = 55◦. Further physical parameters for this best
model from all data (BMAD) and the corresponding error bars are
given in Table 3, together with the results of other χ2 analyses.

minimum χ2. In the final χ2 analysis, �eq (and the correspond-
ing Req) varies with steps of 0.01 mas within a range corre-
sponding to the uncertainty in �eq. Since this uncertainty is
rather small (<∼2%), Req could be kept constant without intro-
ducing any significant changes in our modeling and results.

Additionally, the major axis orientation (position angle) on
the sky-plane η is allowed to vary in steps of 3◦. The inclination
of the rotation axis i can vary between 40◦ and 90◦ (steps of 5◦).
For i < 40◦ the equatorial rotation velocity becomes higher
than 90% of the critical limit (vcrit) leading to unrealistically
low equatorial temperatures as a consequence of the von Zeipel
effect.

We thus have two test models (corresponding to β = 0.08
and β = 0.25) with three free parameters (i, �eq, and η) for our
χ2 analysis whose results are presented below.

4.1. Analysis of all data
We present the results of our χ2 analysis applied to all available
interferometric data on Altair (cf. Sect. 2). This consists of 47
near-IR V2 observations (VLTI-VINCI and PTI) together with
630 visible observations (NPOI). Figure 1 shows the reduced
χ2 (χ2/d.o.f., where the degree of freedom (d.o.f.) is 674) as
a function of the inclination i computed from all interferomet-
ric observations for the two test models. The values in Fig. 1
correspond to the best �eq and η for a given i.

An important result seen in Fig. 1 is that all models with
a gravity-darkening coefficient for hot stars (β = 0.25) are
preferred, i.e., have lower χ2 in comparison to models with a
gravity-darkening coefficient for cold stars (β = 0.08). This
is model-dependent but still the first direct determination of
the gravity-darkening coefficient for a rapid rotator, obtained
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V2 at 30 m V2 at 37 m V2 at 64 m

Fig. 2. Squared visibilities V2 and corresponding errors versus the wavelength for the seven NPOI scans (see Sect. 2). Solid curves correspond
to theoretical values obtained from our best model from the χ2 analysis of all interferometric data (BMAD; see also Fig. 1). Plots for scans 2 to
7 were progressively shifted for better visualization.

thanks to a physically coherent modeling dedicated to stellar
interferometry.

The minimum χ2/d.o.f. is χ2
min/d.o.f. = 7.3 obtained for an

inclination i = 55◦ ± 8◦. This best model obtained from the χ2

analysis of all data is hereafter refereed as BMAD (best model
for all data). All free parameters (�eq, η, and i) and uncertainties
corresponding to the BMAD are given in Table 3 together with
some selected dependent parameters. In Table 3 we also list the
results from additional χ2 analyses described in the following
sections.

In order to avoid an underestimation of the uncertainties
on the free parameters, we computed the limits of the confi-
dence domain by searching for the region between χ2/d.o.f.
and χ2/d.o.f. + 1. We used the reduced χ2 and not the total χ2

as we found it difficult to account for possible correlations be-
tween the error bars on each measurement, in particular for the
NPOI data. By adopting χ2/d.o.f., we chose the conservative
approach to consider that all measurements are fully correlated
with each other, i.e. that their error bars cannot be diminished
by averaging in the fitting process. This means that our derived
error bars may be overestimated, but this will avoid an over-
interpretation of the data.

In Figs. 2 and 3 we compare the five NPOI observables (V2

for three baselines, triple amplitudes, and closure phases) with

the corresponding theoretical values derived from the BMAD.
We note in particular that, although the uncertainties in the clo-
sure phases are quite small (<∼0.03 rad), there is a rather good
agreement between the observed closure phases and those ob-
tained from the BMAD (solid curves). Clearly, models with
β = 0.08 (plotted as dashed curves for comparison) cannot re-
produce these data, leading to χ2/d.o.f. > 75 in Fig. 1. In Fig. 4
we compare the theoretical squared visibilities V2 from the
BMAD with the observed V2 and corresponding errors from
VLTI-VINCI (H and K bands) and PTI (K band), as described
in Sect. 2.

Considering all these distinct interferometers, observables,
wavelengths, and baselines (lengths and position angles),
Figs. 2 to 4 show a good general agreement between obser-
vations and the BMAD, particularly for the closure phases.
However, some discrepancies between theoretical and ob-
served V2 exist, leading to a relatively a high χ2

min/d.o.f.(=7.3).
This issue is discussed hereafter.

4.2. Analysis of selected data subsets

The high χ2
min/d.o.f. obtained in the last section from the anal-

ysis of all interferometric data is partially due to an underesti-
mation of long-term errors for the NPOI visibility amplitudes.
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Triple Amplitude Closure Phase

Teff map (BMAD)

Temperature (K)

6508 7172 7836 8499

−1.0 −0.5 0.0 0.5 1.0

−1.0

−0.5

0.0

0.5

1.0

T max =  8499.9 K

T min =  6508.8 K

Inclination = 55.0°

Rpole/Req = 0.81

Fig. 3. Triple amplitudes |V1| |V2| |V3|, closure phases φ1 + φ2 + φ3, and corresponding errors versus the wavelength for the seven NPOI scans
(Sect. 2). Solid curves correspond to theoretical values obtained from our best model from the χ2 analysis of all interferometric data (BMAD;
see also Fig. 1). The closure phase is very sensitive to the stellar intensity distribution. Therefore, a comparison between a strong (β = 0.25;
solid curves) and a weak (β = 0.08; dashed curves) gravity-darkened model shows that a highly non-uniform surface brightness distribution is
mandatory to reproduce the observed closure phases. Note that the closure phases have small error bars (<∼0.03 rad). Plots for scans 2 to 7 were
progressively shifted for better visualization. The picture in the right is the effective temperature map for the BMAD (Table 3).

This calibration problem is clearly present in Figs. 2 and 3 as
a scatter of the observed V2 and triple amplitudes relative to
the model. The observations for a given scan are shifted in the
same direction for all wavelengths. On the other hand, the clo-
sure phase is a more stable interferometric observable, being
unaffected by this calibration problem as shown by the excel-
lent agreement between observation and model in Fig. 3.

We have thus performed another χ2 analysis including only
the (7 scans)*(18 wavelengths) closure phases from NPOI,
together with the 47 near-IR V2 from PTI and VINCI. The
χ2/d.o.f. behavior is similar to that seen in Fig. 1, but the
minimum reduced χ2 is now >∼2 times smaller than before,
namely, χ2

min/d.o.f. = 3.2. In agreement with the analysis of
all data presented in the last section, we obtained β = 0.25 and
i = 55◦ ± 14◦. Further physical parameters for this best model
determined from the near-IR V2 and closure phases (BMIRCP)
are given in Table 3.

Even though this analysis showed that χ2
min/d.o.f.(=3.2)

diminishes when the NPOI V2 and triple amplitudes are re-
moved, the value obtained indicates that some non negligible
discrepancies between model and observations still exist. Such

discrepancies come from the fact that the near-IR V2 for the
BMAD and the BMIRCP systematically underestimate the ob-
servations from PTI and VINCI, as we can see in Fig. 4.

Because these near-IR V2 include data from two distinct in-
terferometers using different calibrators, one can hardly invoke
some kind of calibration problem, such as those found on the
NPOI data. These low theoretical near-IR V2 seem to be due to
the rather large equatorial angular diameter deduced from the
χ2 minimization, namely, �eq = 3.83±0.06 mas for the BMAD
and �eq = 3.88±0.08 mas for the BMIRCP (Table 3). To inves-
tigate this point we performed two additional χ2 analyses: one
for the (7 scans)*(18 wavelengths) closure phases alone (NPOI
data) and another for the 47 near-IR V2 alone (VLTI-VINCI
and PTI data). These results are also summarized in Table 3.

Our analysis result in χ2
min/d.o.f. = 1.4 for the best model

for the closure phases alone (BMCP). The χ2/d.o.f. behavior is
once more similar to that seen in Fig. 1, resulting in β = 0.25
and i = 50◦ ± 12◦. The derived equatorial diameter (�eq =

3.88±0.03 mas) is compatible with those from the two previous
analyses (BMAD and BMIRCP).

3. High spectro-spatial resolution observations of fast rotators in the H-R diagram

72



574 A. Domiciano de Souza et al.: Gravitational-darkening of Altair from interferometry

Fig. 4. Squared visibilities V2 (triangles) and corresponding error bars from VLTI-VINCI (H and K bands) and PTI (K band; baselines 85 m and
110 m) as described in Sect. 2. The abscissa is an index (integer number) to label each group of V2 data. The crosses correspond to theoretical
V2 obtained from the model with minimum χ2 (best model; cf. Fig. 1). The abscissas of the V2 data are slightly shifted to the right compared to
those of the theoretical V2 for better visualization.

Table 3. Input and derived parameters obtained from a χ2 minimization procedure applied to several data sets: all data (BMAD), near-IR V2

and closure phases (BMIRCP), closure phases alone (BMCP), and near-IR V2 alone (BMIR). There is no uncertainty associated to β and Tp

because they define two test models based on theoretical limits for the gravity darkening (see text for details). Selected dependent parameters
for the best models are also listed.

Fixed input parameters BMAD BMIRCP BMCP BMIR
veq sin i (km s−1) 227 227 227 227

M (M�) 1.8 1.8 1.8 1.8
i (deg) – – – 50◦

(β,Tp (K)) – – – (0.25, 8500)

Results of the χ2 analyses BMAD BMIRCP BMCP BMIR

χ2
min/d.o.f. 7.3 3.2 1.5 0.50

(β,Tp (K)) a (0.25, 8500) (0.25, 8500) (0.25, 8500) –
i (deg) 55◦ ± 8◦ 55◦ ± 14◦ 50◦ ± 12◦ –

2a = �eq (mas) 3.83 ± 0.06 3.88 ± 0.08 3.88 ± 0.03 3.44 ± 0.05
Req

b ( R�) 2.117 ± 0.035 2.145 ± 0.045 2.145 ± 0.020 1.902 ± 0.029
η (deg) 92◦ ± 6◦ 62◦ ± 17◦ 95◦ ± 23◦ 113◦ ± 12◦

Dependent parameters BMAD BMIRCP BMCP BMIR
Teq (K) 6509 6483 6171 6453
veq ( km s−1) 277 277 296 296
veq/vcrit(%) 76% 76% 80% 77%

frot (cycles/day) 2.585 2.552 2.729 3.077
2b = �max

p (mas) 3.29 3.33 3.32 2.99
a/b = �eq/�max

p 1.164 1.165 1.169 1.149
Req/Rp 1.237 1.240 1.275 1.243

a Theoretical limit preferred compared to (β,Tp (K))= (0.08, 8000).
b From �eq and Hipparcos distance (d = 5.143 ± 0.025 pc).

Before analyzing the near-IR V2 alone, we should note that
since VLTI-VINCI and PTI data correspond to observations in
the first visibility lobe far from the first minimum and in a lim-
ited range of baseline position angles, this analysis suffers from
a significant uniqueness problem (Domiciano de Souza et al.
2002). This means, in particular, that the stellar inclination can-
not be derived from these data. Thus, we fixed β = 0.25 and

i = 50◦, compatibly with the values derived for the BMCP.
The obtained χ2

min/d.o.f. is 0.50 for the best model for the
near-IR V2 alone (BMIR). As expected, the derived equatorial
diameter is significantly smaller (�eq = 3.44 ± 0.05 mas) than
all previous analyses, which included visible data from NPOI.

Figure 5 shows the fit to the closure phase for the BMCP
(solid curves in the left panel) and the fit to the near-IR V2

3.1. The main sequence A-type star Altair (α Aquilae)
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Closure Phase (visible)

V2 (near-IR)

Fig. 5. The left panel shows the closure phases φ1 + φ2 + φ3 and corresponding errors versus the wavelength for the seven NPOI scans (Sect. 2).
Solid curves correspond to theoretical values obtained from our best model from the χ2 analysis of closure phases alone (BMCP; see Table 3).
Dashed curves correspond to the theoretical closure phases obtained by fixing i = 50◦, �eq = 3.44 mas, and η = 113◦. These parameters were
derived from the χ2 analysis of near-IR V2 alone (BMIR). The solid curves provide a much better fit to the observed closure phases because
they correspond to an angular equatorial diameter larger (�eq = 3.88 mas) than the value for the dashed curves (�eq = 3.44 mas). On the other
hand, a model (BMIR) with �eq = 3.44 mas nicely fits the near-IR V2 as shown in the right panel (see also Fig. 4).

for the BMIR (right panel). Individually, these fits are rather
good as one can see in Fig. 5 and also as indicated by the
corresponding χ2

min/d.o.f. (1.4 for the BMCP and 0.5 for the
BMIR). However, it is clear that the large �eq from the analy-
ses including the closure phases cannot fit the near-IR V2 (as
already shown in Fig. 4).

Conversely, the smaller �eq derived from the near-IR V2

alone (BMIR) cannot fit the closure phases. This is shown as
dashed curves in Fig. 5 (left panel), where we plotted the theo-
retical closure phases obtained by a model with fixed i = 50◦,
β = 0.25, �eq = 3.44 mas, and η = 113◦ (values from the
BMIR). Although this model certainly leads to a high χ2, we
note that models with β = 0.08 and free i, �eq, and η, lead to
an even higher χ2. Thus, the identification of the von Zeipel
effect on Altair (Teff ∝ g0.25), which is the main result of this
work, is not affected or hampered by this discrepancy between
the angular sizes derived from the visible and near-IR data.

In the following section we investigate this discrepancy and
discuss some physical consequences of our results, in particular
concerning the von Zeipel effect.

5. Discussion

5.1. The size of Altair

The results described in the last section and summarized
in Table 3 reveal a discrepancy between the stellar angular
diameters required to fit the visible and near-IR interferometric
data. This discrepancy also appears when we compare the re-
sults obtained in the visible by ONH2004 (NPOI data) and in
the K band by vB2001 (PTI data).

To investigate this issue we estimate the angular size of
Altair using an independent method: the average surface bright-
ness. Using the surface brightness relations from Kervella
et al. (2004b), we can derive the mean equivalent limb-
darkened angular diameter of Altair using only its photometric
properties (Table 4). We adopted the apparent magnitudes in
the visible and near-IR from Hipparcos (Perryman et al. 1997),
Morel & Magnetat (1978), Ducati (2002), and the recent
infrared catalogue from Kidger & Martín-Luis (2003). The er-
ror bars from the original authors on the apparent magnitudes
are given for each band, except for the U, R, and I bands, where

3. High spectro-spatial resolution observations of fast rotators in the H-R diagram

74



576 A. Domiciano de Souza et al.: Gravitational-darkening of Altair from interferometry

Table 4. Apparent and absolute magnitudes of Altair, using the Hipparcos parallax (π = 194.45 ± 0.94 mas).

U B V R I J H K L
mλ 1.07 0.99 0.77 0.62 0.48 0.327 0.228 0.205 0.20
σ(mλ) 0.05 0.01 0.01 0.05 0.05 0.009 0.008 0.005 0.01
Mλ 2.51 2.43 2.21 2.06 1.92 1.77 1.67 1.65 1.64

a conservative 0.05 mag error has been assumed. No interstellar
extinction is taken into account for this nearby star (d � 5 pc).

We obtain consistent limb-darkened disk angular diameters
for all the visible-infrared colors, with, for instance, �LD(B, B−
L) = 3.258 ± 0.034 mas. Considering the Hipparcos parallax
of π = 194.45 ± 0.94 mas (distance d = 5.143 ± 0.025 pc),
this translates into a photometric equivalent linear radius of
1.801 ± 0.021 R�. Erspamer & North (2003) obtain an effec-
tive temperature of Teff = 7550 K, averaged over the disk of
Altair. The �LD(Teff,mλ) relations from Kervella et al. (2004b)
give the same LD angular diameter using the H, K, and L
apparent magnitudes.

Let us compare the photometric-average angular size de-
rived above (�LD(B, B−L) = 3.258±0.034mas) with an equiv-
alent angular disk diameter leading to the same area of the stel-
lar surface projected onto the sky-plane �̄ obtained from our
models. For BMIR we obtain �̄ = 3.20 mas, while for BMAD,
BMIRCP, and BMCP we obtain �̄ between 3.53 and 3.58 mas.
This comparison points towards a smaller size of Altair since
there is a better agreement between the sizes estimated by the
surface brightness method and by the χ2 analysis including
near-IR V2 alone, with the latter still being slightly smaller.

From the present data it is not possible to determine
whether the discrepancy between the stellar angular diameters
in the visible and near-IR has a physical or an instrumental ori-
gin. Bias in the wavelength calibration could lead to a larger or
smaller size since it affects the spatial frequency. Previous com-
parisons between stellar angular diameters measured by NPOI
and other interferometers show no sign of systematic differ-
ences (Nordgren et al. 2001). On the other hand, the large an-
gular size in the visible could also be explained, for example,
by an extended emission only seen in the visible. To further
investigate the origin of this discrepancy, more precise interfer-
ometric observations of Altair are required, preferably in the
near-IR at the second visibility lobe and/or with phase clo-
sures. These observations should be made in such a way that
the quality and the nature of the data in the visible and near-IR
are similar and, thus, better comparable. Such observations are
expected to be performed with the instrument VLTI-AMBER
(e.g., Petrov et al. 2003).

5.2. Rotation and gravity darkening laws

In the present paper we consistently adopted the Roche ap-
proximation and a von Zeipel-like gravity-darkening (Eq. (2)).
Nevertheless, other more subtle possibilities exist and should
be considered in the future when more precise interferometric
observations of Altair will be available.

For example, our results indicate that the effective tem-
perature at Altair’s equator could be low enough that the star

presents convection in its external equatorial regions (Teq �
6500 K for the models with minimum χ2). Such low Teq re-
quires a gravity-darkening exponent β � 0.08 (Lucy 1967;
Claret 2000c), so that a latitudinal dependent β parameter
should be more convenient for Altair (e.g., a continuous vari-
ation from the radiative limit β = 0.25 to the convective limit
β = 0.08 between the poles and the equator). The hypothesis
of a convective equatorial region is supported by several works
showing that Altair has a chromosphere and a corona, possibly
linked to subphotospheric convective zones (e.g., Ferrero et al.
1995).

Other possibilities for a variable parameter β or even for an
alternative gravity-darkening law is the presence of differen-
tial rotation (e.g., Connon Smith & Worley 1974; Kippenhahn
1977). Although Reiners & Royer (2004) found no signatures
of external latitudinal-dependent differential rotation in Altair,
we think that one cannot exclude internal differential rotation
and/or external differential rotation not detected by the Fourier
transform method used by those authors. In fact, the method
used by Reiners & Royer (2004) is not very sensitive to differ-
ential rotation laws where polar regions rotate faster than layers
closer to the equator (anti solar-like or negative differential
rotation; e.g., Reiners & Schmitt 2002).

Interestingly enough, Stoekley (1968) found evidence of
an anti-solar-like differential rotation in Altair. The presence
of negative surface differential rotation is in fact compatible
with the hypothesis of a convective equatorial region. For such
cool regions, characteristic of F and later type stars, it is possi-
ble that some braking mechanism (magnetic effects and/or vis-
cosity due to the onset of convection) could act preferentially
close to Altair’s equator, slowing these regions relative to those
closer to the poles.

This important issue concerning the presence of differen-
tial rotation in Altair, and the corresponding gravity-darkening
law, should be investigated in the future by additional studies,
preferably with distinct and complementary techniques. For ex-
ample, Domiciano de Souza et al. (2004) proposed a technique
to detect both solar-like and anti-solar-like differential rotation
by combining high angular resolution with high spectral res-
olution (differential interferometry). The forthcoming VLTI-
AMBER will be able to operate in a differential interferometry
mode in the near-IR (e.g., Petrov et al. 2003).

5.3. Inclination and rotation frequency

The results presented in Sect. 4 suggest an intermediate incli-
nation for Altair (see Table 3). These results seem to disagree
with the analysis from Reiners & Royer (2004), which points
towards higher inclinations (i > 68◦ on a 1σ level). However,
this discrepancy disappears if we consider 2σ confidence
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levels in the results from Reiners & Royer (2004), which im-
plies i > 45◦. Additionally, Stoeckley (1968) derived an in-
clination angle between 30◦ and 50◦ from the analysis of line
profiles of Mg  4481 and Ca  3934, which is in agreement
with our results as well.

It is important that further studies investigate how subtle
effects, such as differential rotation and gravity-darkening, in-
fluence the interferometric observables and, in particular, the
line profiles. It would thus be possible to consistently combine
interferometry and spectroscopy in order to determine the stel-
lar inclination more precisely.

Once i, Req, and veq sin i are known, the rotation frequency
can be determined, in the uniform rotation approximation, by:

frot =
1

Prot
=

(veq sin i)

2πReq(sin i)
· (6)

The rotation frequencies computed from the equation above
and corresponding to our χ2 analyses are listed in Table 3.
Recently, Buzasi et al. (2005) detected several pulsation modes
in WIRE (Wide-field InfraRed Explorer) observations, indi-
cating that Altair is a low-amplitude δ Scuti star. The au-
thors suggest that the two low-frequency modes found ( f1 =
2.570 ± 0.020 cycles/day and f2 = 3.526 ± 0.020 cycles/day)
may be associated with the stellar rotation frequency.

The theoretical frot values listed in Table 3 suggest that
the frequency f1 measured by Buzasi et al. (2005) is a bet-
ter candidate for frot. However, more precise measurements
should be acquired before we can unambiguously identify f1 =
2.570 ± 0.020 cycles/day as the rotation frequency of Altair.

5.4. On the age of Altair

This work, along with previous ones, has proven that long base-
line interferometry is a powerful technique for studying rapidly
rotating stars. In particular, this technique can provide impor-
tant clues to the many unanswered questions concerning the
structure and evolution of rapid rotators. For example, placing
an intermediate-mass star like Altair in its evolutionary history
is an interesting but difficult task requiring as much information
as possible.

The age of a star can be derived using different indica-
tors. Lachaume et al. (1999) have used five different meth-
ods to study main-sequence stars in the solar neighborhood:
isochrones in the HR diagram, rotation, calcium emission lines,
kinematics in the Galaxy, and iron abundance. Unfortunately,
due to Altair’s rapid rotation, its spectral lines are very broad,
and this prevents the application of the Ca emission line and
kinematic methods. The rotational velocity of a hot, fast rota-
tor is not an accurate indicator of its age, because of the un-
certainties on the initial rotational velocity and on the braking
mechanisms possibly present.

To estimate the age of Altair, we took advantage of the re-
cent models from Girardi et al. (2002). We read the tables of
these authors for the following parameters: [Fe/H] = −0.34,
Teff = 7550 K, log g = 4.13 (Erspamer & North 2003),
and Z = 0.008. We adopted the absolute magnitudes pre-
sented in Table 4, derived using the parallax from Hipparcos

(Perryman et al. 1997): π = 194.45 ± 0.94 mas. The bolomet-
ric magnitude was estimated using the corrections provided by
Girardi et al. (2002). The best fit of the models with the ob-
served absolute magnitudes of Altair is obtained for an age be-
tween 1.2 and 1.4 Gyr.

The relatively old age of Altair suggests that it has kept
a high rotation velocity for a long time, well into its lifetime
on the main sequence. It does not seem that an efficient brak-
ing mechanism is acting to slow down the rotation velocity of
this intermediate-mass star. Altair was searched for the pres-
ence of a debris disk by Kuchner et al. (1998) in the mid-
infrared, without success. The absence of a disk could be one
of the factors that prevented an efficient slow down of the star
by magnetic coupling or turbulent friction. In any case we be-
lieve that further studies should be performed on the evolution
of an intermediate-mass and fast rotating star such as Altair.

6. Summary and conclusions

We performed a physically consistent analysis of all available
interferometric data on Altair using our interferometry-oriented
model for fast rotators. This model includes Roche approxima-
tion, limb-darkening from Claret (2000a,b), and a von Zeipel-
like gravity-darkening law, as described in Sect. 3 and also by
Domiciano de Souza et al. (2002). The rich observational set
analyzed here includes new data from VLTI-VINCI (V2 in the
H and K bands), as well as published data from PTI (V2 in the
K band) and NPOI (V2, triple amplitudes, and closure phases
in the visible between 520 nm and 850 nm).

In particular, and as already pointed out by ONH2004, the
presence of gravity-darkening in Altair is revealed by the NPOI
observations showing (1) a non-zero V2 in the first minimum
and (2) a smooth variation of the closure phase between 0 and
π rad. Thanks to our interferometry-oriented model we were
able, for the first time, to provide a physical interpretation of
all observations from NPOI, PTI, and VLTI-VINCI combined.
In particular, we could show that Altair exhibits a gravity-
darkening compatible with the theoretically expected value for
hot stars (von Zeipel effect): Teff ∝ g0.25.

Moreover, with the parameters and models considered here
we were able to show that the observations of Altair are bet-
ter reproduced by models with an intermediate inclination
(between 40◦ and 65◦ including the error bars).

Our analysis also reveals a possible discrepancy between
visible and near-IR angular diameters derived from the data
that should be further investigated by visible and near-IR obser-
vations of high quality, preferably within the second visibility
lobe and/or with closure phases.

Further observations should also be performed to inves-
tigate the presence of differential rotation on Altair and the
corresponding gravity-darkening laws. Precise interferometric
observations in the near-IR, allowing us to study differential
rotation in particular (Domiciano de Souza et al. 2004), are
soon expected for the VLTI spectro-interferometer AMBER
(e.g., Petrov et al. 2003).
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3. High spectro-spatial resolution observations of fast rotators in the H-R diagram

3.2 The Be star Achernar (α Eridani)

Achernar (αEridani, HD 10144; spectral type B6Vep in the SIMBAD database) is the closest
(d = 42.75 ± 1.04 pc; van Leeuwen, 2007) and brightest Be star as seen from Earth. It is
easily observable in the southern hemisphere, being the ninth star in the night sky in visible
light (V = 0.46). It is one of the fastest rotators among the single, non-degenerate stars, with
reported projected rotation velocities ranging from 220 up to 410 km s−1.

Some of the most intriguing physical effects observed on Achernar are:

• rotation velocity (e.g. Sects. 3.2.1 and 3.2.4; Domiciano de Souza et al., 2014, 2012;
Vinicius et al., 2006, among others);

• rotational flattening (e.g. Sect. 3.2.1; Domiciano de Souza et al., 2014, 2003);

• inclination and/or position angle of the polar axis projected onto the sky plane (e.g.
Sects. 3.2.1 and 3.2.4; Domiciano de Souza et al., 2014, 2012, 2003; Carciofi et al., 2007);

• gravity darkening (Sect. 3.2.1; Domiciano de Souza et al., 2014);

• polar wind (Sect. 3.2.2; Kervella & Domiciano de Souza, 2006);

• residual equatorial disk (Sect. 3.2.2; Carciofi et al., 2008);

• binarity (Sect. 3.2.3 Kervella & Domiciano de Souza, 2007; Kervella et al., 2008).

• variable circumstellar disk (B�Be cycle) on time scales of ∼ 14 − 15 years (e.g. Vinicius
et al., 2006);

• non-radial pulsations (e.g. Goss et al., 2011; Balona et al., 1987);

Except for the last two items in the above list, all other effects/parameters were de-
tected/measured by my collaborators and me. One key point that allowed us to achieve these
results is the use of physical models to interpret multi-technique observations, including spec-
troscopy, polarimetry, photometry, and high angular resolution techniques, in particular OLBI. A
selection of our main results obtained in the last decade are presented in details in the following
sections.

3.2.1 Photospheric parameters of Achernar

In paper below published in A&A (Domiciano de Souza et al., 2014), we analyze VLTI obser-
vations of Achernar with the model CHARRON (Sect. 2.5.1) to measure several photospheric
parameters, in particular, the equatorial radius (equatorial angular diameter), equatorial rotation
velocity, polar inclination, position angle of the rotation axis projected on the sky, and the gravity
darkening β coefficient (von Zeipel-like law). To our knowledge, it is the first time that these
photospheric parameters were simultaneously measured on a Be star. The fit of the CHARRON
model to the data was performed using a Python implementation of the Markov Chain Monte
Carlo (MCMC) method: the emcee code (Foreman-Mackey et al., 2013; Goodman & Weare,
2010). The emcee code provides histograms of the model free parameters from which one can
directly estimate best-fit values and associate uncertainties.
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3.2. The Be star Achernar (α Eridani)

The interferometric observations analyzed were obtained with VLTI/PIONIER (squared vis-
ibilities and phase closures at low spectral resolution in the H band) and with VLTI/AMBER
(differential phases at high spectral resolution in the K band around Br γ).

Before considering Achernar as a simple fast-rotator without disk, we performed a physi-
cal modeling of its close CSE using the HDUST code to analyze multi-technique observations
(spectroscopic, polarimetric, and photometric) in order to show that the VLTI data were recorded
during a normal B phase. Our analysis shows that any possible influence of a residual disk can
be neglected within∼ ±1% level of intensity. This conclusion is also supported by interferometric
image reconstruction.

The combination of (1) high quality interferometric observations of Achernar taken in a nor-
mal B phase, (2) physical modeling of fast rotators, and (3) model fitting with an efficient MCMC
method, allowed a robust and precise determination of photospheric parameters for this Be star.

In addition, being the most flattened fast-rotating, non-degenerated, single star known to-
date, Achernar provides a crucial test to gravity-darkening theories. Indeed, in this work we con-
fronted the gravity-darkening model proposed by Espinosa Lara & Rieutord (2011, ELR model;
see discussion in Sect. 2.2.2) to the β coefficient determined from the MCMC fitting of CHAR-
RON to the VLTI data, as well as with values from other fast rotators. The gravity darkening
measured on Achernar is compatible with the ELR model providing observational support to this
model in the regime of highly flattened stars (flattening ε = 1 − Rp/Req > 0.26 or, equivalently,
Req/Rp > 1.35; cf. Eq. 2.13). The relative uncertainty on ε appearing in Fig. 13 of Domiciano de
Souza et al. (2014) corresponds to the relative uncertainty on Req, i.e. 2.5%.

As shown in the A&A paper below, the ELR model is thus validated by interferometric re-
sults obtained on five out of six fast-rotating stars, with flattening ε ranging from 0.11 to 0.26
(Req/Rp from 1.13 to 1.35), Vega being the less flattened star, and Achernar being the flattest
one. This agreement between theory and interferometric observations provides a more realistic
description of gravity darkening on single stars, significantly improving our view of this important
physical effect since the pioneering works of von Zeipel almost a century ago. This more pro-
found understanding of gravity darkening provided by the ELR model also allows to decrease the
number of parameters required to model fast rotators, since the surface intensity (effective tem-
perature) distribution is defined without the need of a β coefficient, present in the von Zeipel-like
gravity darkening laws currently used.

Finally, we note that this work benefited from important contributions of two PhD students:

• G. Dalla Vedova (thesis supervisors: R. G. Petrov and F. Millour) - image reconstruction
with the MIRA1 code (Thiébaut, 2008);

• D. Moser Faes (thesis supervisors: A. C. Carciofi and A. Domiciano de Souza)2 - modeling
of the close circumstellar disk with HDUST and comparison to spectroscopic and polari-
metric data. Contribution to the creation of plots and interface Python-IDL for the emcee
code.

1Multi-aperture Image Reconstruction Algorithm.
2Ph. Bendjoya is the official co-supervisor in France, since I do not have my HDR.
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ABSTRACT

Context. Rotation significantly impacts on the structure and life of stars. In phases of high rotation velocity (close to critical), the
photospheric structure can be highly modified, and present in particular geometrical deformation (rotation flattening) and latitudinal-
dependent flux (gravity darkening). The fastest known rotators among the nondegenerate stars close to the main sequence, Be stars,
are key targets for studying the effects of fast rotation on stellar photospheres.
Aims. We seek to determine the purely photospheric parameters of Achernar based on observations recorded during an emission-free
phase (normal B phase).
Methods. Several recent works proved that optical/IR long-baseline interferometry is the only technique able to sufficiently spatially
resolve and measure photospheric parameters of fast rotating stars. We thus analyzed ESO-VLTI (PIONIER and AMBER) interfer-
ometric observations of Achernar to measure its photospheric parameters by fitting our physical model CHARRON using a Markov
chain Monte Carlo method. This analysis was also complemented by spectroscopic, polarimetric, and photometric observations to
investigate the status of the circumstellar environment of Achernar during the VLTI observations and to cross-check our model-fitting
results.
Results. Based on VLTI observations that partially resolve Achernar, we simultaneously measured five photospheric parameters of a
Be star for the first time: equatorial radius (equatorial angular diameter), equatorial rotation velocity, polar inclination, position angle
of the rotation axis projected on the sky, and the gravity darkening β coefficient (effective temperature distribution). The close cir-
cumstellar environment of Achernar was also investigated based on contemporaneous polarimetry, spectroscopy, and interferometry,
including image reconstruction. This analysis did not reveal any important circumstellar contribution, so that Achernar was essentially
in a normal B phase at least from mid-2009 to end-2012, and the model parameters derived in this work provide a fair description of its
photosphere. Finally, because Achernar is the flattest interferometrically resolved fast rotator to-date, the measured β and flattening,
combined with values from previous works, provide a crucial test for a recently proposed gravity darkening model. This model offers
a promising explanation to the fact that the measured β parameter decreases with flattening and shows significantly lower values than
the classical prediction of von Zeipel.

Key words. stars: rotation – stars: individual: Achernar – methods: observational – methods: numerical – techniques: interferometric –
techniques: high angular resolution

1. Introduction

The rapidly rotating Be star Achernar (αEridani, HD 10144)
is a key target in stellar physics for a deeper understanding of

? Based on observations performed at ESO, Chile under VLTI
PIONIER and AMBER programme IDs 087.D-0150 and 084.D-0456.

(1) the physical structure and evolution of fast rotators; and (2)
the physical mechanism(s) connected with the Be phenomenon
(e.g., episodic mass and angular momentum losses, disk for-
mation and dissipation). It is thus crucial to determine a real-
istic model of Achernar’s photosphere by measuring its main
relevant physical parameters such as radius, rotation velocity,
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temperature distribution (gravity darkening), mass, and inclina-
tion. Because it is the closest and brightest Be star in the sky,
the photosphere of Achernar and its close vicinity can at least be
partially resolved by modern high angular resolution instruments
that can probe spatial scales ranging from ∼1 to ∼100 mas.

In particular, the ESO-Very Large Telescope Interferometer
(VLTI; Haguenauer et al. 2010) instruments are well-adapted to
this study. Observations performed in 2002 with the commis-
sioning beam-combiner VLTI/VINCI revealed a strong appar-
ent oblateness (rotational flattening) and suggested an extended
structure that accounts for a few percent of the photospheric
flux (Domiciano de Souza et al. 2003; Kervella & Domiciano
de Souza 2006). This strong flattening could not be explained
by the commonly adopted stellar rotation models, and two pos-
sibilities were proposed to account for it: differential rotation
(Jackson et al. 2004), and a residual circumstellar disk (Carciofi
et al. 2008). By studying the time variation of Hα line profiles,
Vinicius et al. (2006) showed that a weak but measurable emis-
sion (relative to a reference spectra) was detectable at the epoch
of the VLTI/VINCI observations; this supports the hypothesis of
a residual disk.

In addition, direct high angular resolution imaging revealed
a faint, lower-mass binary companion to the Be star, at angular
separations of ∼50−300 mas (Kervella et al., in prep.; Kervella
et al. 2008; Kervella & Domiciano de Souza 2007).

These works show that studying Achernar as a simple fast
rotator to extract its photospheric parameters is a delicate task,
since one has to consider its B�Be cycle as well as the possible
influence of the binary companion. In this paper we seek to de-
termine the purely photospheric parameters of Achernar based
on a physical model of rapidly rotating stars and on VLTI obser-
vations recorded during a quiescent, emission-free phase (nor-
mal B phase).

The VLTI observations and data reduction are described in
Sect. 2. In Sect. 3 we present a detailed investigation of the possi-
ble influence of a circumstellar disk and/or the binary companion
on the interferometric observations. The adopted model and the
photospheric parameters of Achernar measured from a model-
fitting procedure are presented in Sects. 4 and 5. Deviations from
the photospheric model and the photosphere vicinity of Achernar
possibly revealed by the VLTI observations are investigated in
Sect. 6, in particular using interferometric image reconstruction.
Finally, the conclusions of this work are given in Sect. 7.

2. Interferometric observations and data reduction

2.1. VLTI/PIONIER

Near-infrared interferometric data of Achernar were obtained in
2011/Aug.-Sep. and 2012/Sep. with the PIONIER beam com-
biner (Le Bouquin et al. 2011) at the ESO-VLTI (Haguenauer
et al. 2010). We used the largest quadruplet available with the
Auxiliary Telescopes (AT) at that time (A1-G1-K0-I1) to resolve
the stellar photosphere as much as possible. The resulting uv
coverage is shown in Fig. 1. Depending on the night, the data
were dispersed over three or seven spectral channels across the
H band. Table 2 summarizes the log of observations.

The observations of Achernar were interspersed with inter-
ferometric calibrator stars to estimate the transfer function of
the instrument. We selected these calibrators in the catalog by
Cohen et al. (1999), adapted by Bordé et al. (2002), and in the
JMMC Stellar Diameters Catalog1 (JSDC, Lafrasse et al. 2010)

1 http://cdsarc.u-strasbg.fr/viz-bin/Cat?II/300

Fig. 1. uv coverage of VLTI/PIONIER observations of Achernar. The
AT baselines used are identified with different colors. Image adapted
from the OIFITSExplorer/JMMC tool.

using the SearchCal tool developed by the JMMC2 (Bonneau
et al. 2006). The main properties of the selected stars are listed in
Table 1. We chose to use two types of calibrators: bright calibra-
tors (HD 9362 and HD 12524) and fainter calibrators (HD 6793
and HD 187691). The bright calibrators provide a high photo-
metric signal-to-noise ratio (S/N), and a very high precision
on the calibration of the visibilities and closure phases. The
fainter stars provide a cross-check of the adopted angular size
of the bright calibrators and of their measured closure phases.
Their small angular diameter results in a high fringe visibility
(V ≈ 80%) and a very low systematic calibration uncertainty.
We observed no deviation of the selected calibrators from central
symmetry that might have been caused by binarity, for example.

Data were reduced and calibrated with the package pndrs
(Le Bouquin et al. 2011). Each observation provides six squared
visibilities V2 and four closure phases CP. This dataset is avail-
able upon request in the standard OIFITS format.

2.2. VLTI/AMBER

Domiciano de Souza et al. (2012a) described and analyzed
VLTI/AMBER HR differential phase observations of Achernar
around the Brγ line. The observations were recorded in 2009
(Oct. 25, Oct. 26, Oct. 30, and Nov. 1) with the high spectral
resolution mode and using the FINITO fringe tracker. In this pa-
per we reanalyze these AMBER differential phases together with
the PIONIER data, since they were both taken during a diskless
phase, as demonstrated in the next section.

3. Disk and companion status during the VLTI
observations

The Be and binary nature of Achernar may imply temporal
variabilities of observables with possible detectable spectro-
interferometric signatures. It is thus important to determine
which physical components should be included in the models to
interpret VLTI observations from a given epoch. Indeed, Carciofi
et al. (2008) showed that the presence of a residual circumstellar
disk is a promising explanation of the strong flattening measured

2 http://www.jmmc.fr/
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Table 1. Interferometric calibrators used for the PIONIER observations of Achernar.

Name Sp. type mV mH mK /©LD (mas) /©UD (mas) Ref. code
HD 6793 G5III 5.34 3.25 3.24 1.08 ± 0.08 1.06 ± 0.08 B06
HD 9362 K0IIIb 3.95 1.75 1.65 2.24 ± 0.02 2.17 ± 0.02 B02
HD 12524 K5III 5.16 1.69 1.52 2.77 ± 0.03 2.67 ± 0.03 B02
HD 187691 F8V 5.12 3.86 3.90 0.72 ± 0.05 0.70 ± 0.05 B06
HD 216956 A4V 1.16 1.05 1.05 2.22 ± 0.02 2.20 ± 0.03 A09
HD 14641 K5III 5.82 2.19 2.02 2.20 ± 0.03 2.12 ± 0.02 B02

Notes. VHK magnitudes are given, as well as limb-darkened (LD) and uniform-disk (UD) angular diameters. The references are B02: Bordé et al.
(2002), B06: Bonneau et al. (2006), A09: Absil et al. (2009). The interferometric signature of fast-rotation and debris disk of HD 216956 is
significantly below the observational uncertainties so that this star was used as a suitable calibrator.

Table 2. Log of VLTI/PIONIER observations of Achernar.

Date Nb observations Nb spec. channels
2011 Aug. 06 4 3
2011 Sep. 22 10 7
2011 Sep. 23 9 7
2012 Sep. 16 9 3
2012 Sep. 17 3 3

in the 2002 VLTI/VINCI observations (Domiciano de Souza
et al. 2003). The presence of this residual disk is supported by a
2002 Hα profile that shows a weak but measurable emission su-
perposed on the stronger photospheric absorption (Vinicius et al.
2006).

Based on our observations of Achernar (Kervella et al.,
in prep.), the binary companion was located close to apastron
(separation ∼200−300 mas) during the PIONIER observations,
which is outside the field of view of this instrument. These ob-
servations were performed at the VLT instruments NACO and
VISIR and are based on several high angular resolution imaging
techniques such as direct imaging, lucky imaging, adaptive op-
tics, and aperture masking. Although the stellar photosphere is
not resolved by these observations, they allow one to follow the
time evolution of the binary system by resolving both compo-
nents at different orbital phases.

Concerning the possible influence of a Be circumstellar disk,
a more thorough analysis is required as described below.

3.1. Search for polarimetric and spectroscopic signatures
of a Be circumstellar disk

To investigate the presence and strength of a possible circumstel-
lar disk during the VLTI (PIONIER and AMBER) observations
(Sect. 2), we analyzed contemporaneous broadband polarimetry
(B and V) and hydrogen line profiles (Hα and Hβ). These obser-
vations span from 2009 July to 2012 November.

Imaging polarimetry in the B and V bands was obtained us-
ing the IAGPOL polarimeter attached to the 0.6 m Boller &
Chivens telescope at OPD/LNA3, Brazil. We used a CCD cam-
era with a polarimetric module described by Magalhães et al.
(1996), consisting of a rotating half-wave plate and a calcite
prism placed in the telescope beam. A typical observation con-
sists of 16 consecutive half-wave plate positions separated by
22.5◦. In each observing run at least one polarized standard star
HD 41117 or HD 187929 was observed to calibrate the observed
position angle. Details of the data reduction can be found in

3 Observatório Pico dos Dias/Laboratório Nacional de Astrofísica.

Table 3. Summary of broadband polarization data that are contempora-
neous to the VLTI observations.

Date Band Polarization(%)
2009 Sep. 21 B 0.008 ± 0.011
2009 Nov. 18 B 0.014 ± 0.026
2011 Jun. 29 B 0.016 ± 0.038
2011 Sep. 2 B 0.014 ± 0.036
2011 Sep. 2 V 0.025 ± 0.015
2011 Sep. 9 B 0.027 ± 0.018
2011 Sep. 9 V 0.023 ± 0.017
2011 Sep. 29 B 0.008 ± 0.030
2011 Sep. 29 V 0.013 ± 0.018
2011 Oct. 19 B 0.026 ± 0.039
2011 Oct. 19 V 0.013 ± 0.016
2011 Nov. 3 V 0.015 ± 0.036
2012 Jul. 1 V 0.017 ± 0.015
2012 Nov. 21 V 0.035 ± 0.050

Notes. These data are plotted in Fig. 2.

Magalhães et al. (1984). A summary of our polarimetric data
is presented in Table 3.

The IAGPOL data, shown in Fig. 2, exhibit values compat-
ible with no intrinsic polarization, having a weighted average
polarization of only 0.019± 0.012% during the observed period.
This average is used in Sect. 3.2 as an upper limit to the po-
larization from a possible residual disk. This low polarization
level contrasts with the measurements from a period of stellar
activity in 2006, where the presence of circumstellar material
lead to a polarization 10 times higher (up to 0.19% in B band),
as shown by Carciofi et al. (2007). These authors also reported
a clear spectroscopic signal with an Hα emission-to-continuum
(E/C) ratio of ∼1.06. The polarization values shown here also
suggest no significant contribution from the interstellar medium
to this quantity.

In addition to the polarimetric data, Hα and Hβ spectra of
Achernar contemporaneous to the VLTI observations were also
analyzed in search for possible signatures of a circumstellar disk.
We obtained seven spectra at OPD/LNA, using the Cassegrain
spectrograph (ECass) with 600 groove mm−1 grating blazed at
6563 Å in first order, resulting in a reciprocal dispersion of
1.0 Å pixel−1. FEROS and HARPS spectra were also used to
complement the OPD data. The spectroscopic observations are
summarized in Table 4.

Following Rivinius et al. (2013), we adopted the FEROS
spectra from early 2000 as a reference photospheric spectrum for
Achernar. In Fig. 3 we plot the Hα and Hβ line profiles (top pan-
els) and the difference profiles, computed as the difference be-
tween the observed profiles and the reference FEROS spectrum

A10, page 3 of 15
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Fig. 2. Polarimetric observations at the epochs of ESO-VLTI AMBER and PIONIER data of Achernar analyzed in this work (vertical hatched bars).
All the measurements are compatible with null/negligible polarization. The horizontal gray bars indicate the weighted average of the polarization:
0.019±0.012%. Vertical lines correspond to epochs of Hα (dotted) and Hβ (dot-dashed) data observations with colors corresponding to the spectra
shown in Fig. 3. The spectroscopic and polarimetric data are thus contemporaneous and embrace the interferometric observations in time.

Table 4. Summary of spectroscopic data of Achernar that are contem-
poraneous to the VLTI observations.

Date H line Instrument Min. Resolution
2000 Jan. 11 Hα + Hβ ESO/FEROS 54 000
2009 Jul. 1 Hα + Hβ ECass/OPD 3400
2009 Nov. 18 Hβ ECass/OPD 3400
2011 Jun. 27 Hα ECass/OPD 5400
2011 Sep. 28 Hα + Hβ ECass/OPD 3400
2011 Dec. 12 Hα + Hβ ESO/HARPS 109 000
2012 Aug. 7 Hα ECass/OPD 5400
2012 Oct. 14 Hβ ECass/OPD 3400
2012 Nov. 20 Hα ECass/OPD 5400

Notes. The typical S/N ratio is 300. The Hα and Hβ spectra are shown
in Fig. 3.

(bottom panels). All difference profiles are completely feature-
less, with difference values typically between −0.012 and 0.012.

Thus, the polarimetric and spectroscopic data above suggest
that the presence of a strong Be disk contemporaneous to the
interferometric data can be discarded. In the following we quan-
tify this assumption based on physical models of Be disks con-
strained by the observational limits imposed by the contempo-
raneous polarimetry (below 0.019 ± 0.012%) and spectroscopy
(disk signatures below 0.012 in absolute values relative to a pho-
tospheric profile).

3.2. Residual disk

We investigate here whether the presence of a weak residual
disk that is hard to detect from non-angularly resolved ob-
servations could still affect the interferometric observations of

Achernar. This weak disk is constrained by the limits imposed
by contemporaneous polarimetric and spectroscopic data deter-
mined in the previous section.

Using radiative transfer simulations from the HDUST code
(Carciofi & Bjorkman 2006), we computed a grid of models
based on our previous grid used to investigate the 2002 phase
of Achernar (Carciofi et al. 2008): a large and dense disk in hy-
drostatic equilibrium (i.e., geometrically thin) and a smaller and
more tenuous disk with enhanced scale height (i.e., geometri-
cally thick). We adopted a power-law radial density profile,

ρ(r) = ρ0

(
Req

r

)m

, (1)

where Req is the stellar equatorial radius where the disk starts
(inner disk radius), ρ0 is the density of the disk at Req (density
scale), and m is chosen as 3.5 corresponding to the steady-stade
regime of a viscous decretion disk (VDD) model (cf. Haubois
et al. 2012, and references therein). To study the influence of the
disk on the different observables we varied ρ0 considering two
sets of disk sizes Rd and scale heights H0 at the inner disk radius.
Table 5 details the parameters of these two sets of VDD mod-
els. In addition to these VDD models, we also used HDUST to
compute a reference ellipsoidal photospheric model of Achernar
compatible with the more physical photospheric model deter-
mined in Sect. 4.

The dependence of the polarimetric and spectroscopic ob-
servables on the density ρ0 for the two VDD models are shown
in Fig. 4, where the quantities predicted from the models are
compared with our observational constraints. By comparing the
modeled and observed limits determined in Sect. 3 for the po-
larization and difference Hα spectra, we can set strict upper
limits to ρ0: ρ0 < 0.52 × 10−12 g cm−3 (thin disk) and ρ0 <
0.65×10−12 g cm−3 (thick disk). As shown in Fig. 4, these limits
are mainly imposed by the polarimetric data.
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Fig. 3. Top: Hα (left) and Hβ (right) line profiles of Achernar at the epoch of interferometric observations. Bottom: difference in flux of the line
profiles with respect to the reference FEROS spectrum from 2000 Jan. 11. This spectrum can be considered as a good approximation to the pure
photospheric profile of Achernar (Rivinius et al. 2013). Whenever possible (enough spectral resolution) the telluric lines seen in some spectra have
been removed before computing the differences. The horizontal shaded (gray) areas indicate the typical error on the difference profiles and also
set a limit to them.

Fig. 4. Polarization in the B band (left) and standard deviation of difference Hα profile (right) as a function of disk-base density ρ0 for the residual
disk models from Table 5 (model 1: full line; model 2: dashed line). The standard deviation is the root mean square of the disk model spectrum
minus the pure photospheric profile. The horizontal dot-dashed lines represent the observational limits of average polarization and difference profile
determined from observations performed at the epoch of interferometric observations, as explained in Sect. 3. While the measured Hα difference
profile level does not impose a limit to ρ0, the measured average polarization sets a strict upper limit to this quantity: ρ0 < 0.52 × 10−12 g cm−3 for
the thin-disk model and ρ0 < 0.65 × 10−12 g cm−3 for the thick-disk model.

Table 5. Parameters of the two geometrical configurations of the resid-
ual VDD models.

Disk ρ0 range Rd H0
Model (10−12 g cm−3) (R�) (R�)
1 (thin) 0.2−7.5 11.0 0.37
2 (thick) 0.2−7.5 10.1 0.73

Notes. The photospheric parameters are kept constant for the simula-
tions. For a given density ρ0 the total mass of the disk is the same for
both models.

Figure 5 shows detailed a comparison of the VDD modeled
Hα line profiles for these two ρ0 limits with the photospheric
profile. As expected, the difference profiles have almost every-
where values within the ±0.012 limit determined from the ob-
served difference profiles (Sect. 3). Only at the wings of the Hα
profiles the VDD models present some weak signatures differing
slightly from the pure photospheric profile. This detailed inves-
tigation of Hα profiles combined with the results from Fig. 4

thus shows that the limits to ρ0 imposed by polarimetry are also
reliable upper limits to hydrogen spectral lines.

By adopting these limits to ρ0 we now evaluate the signatures
that a possible residual disk might have on our interferometric
observations of Achernar. These evaluations are shown in Fig. 6,
which compares the H band squared visibilities V2, and Brγ dif-
ferential phases computed with the two VDD models (Table 5)
with the expected values for the purely photospheric model. All
deviations from the photospheric model are well within the typ-
ical observational errors on these interferometric quantities.

Therefore, in the following analysis we can safely rule out
any effects of the known companion and of a significant residual
disk around Achernar on our interferometric observations.

4. Achernar’s photospheric parameters from VLTI
observations

Based on the results from the previous section we adopted a
model of a fast rotating, single B star without circumstellar
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Fig. 5. Top: Hα line profile for the pure photospheric model (black
solid line) and with a residual disk (VDD model) as defined in Table 5
and computed for the upper limit values of ρ0 (cf. Fig. 4): 0.52 ×
10−12 g cm−3 (thin disk; blue solid line) and 0.65 × 10−12 g cm−3 (thick
disk; blue dashed line). Bottom: the difference between the disk models
relative to the photospheric model. The observational limit set to the
difference profiles defined in Sect. 3 is indicated by the shaded (gray)
region.

environment as a starting point to interpret the interferometric
data of Achernar.

4.1. Photospheric model of fast-rotating stars

Most recent works describe the photospheric structure of rapidly
rotating, nondegenerate, single stars of intermediate to high
masses by adopting a Roche model (rigid rotation and mass con-
centrated in the stellar center) with a generalized form of the
von Zeipel gravity darkening (von Zeipel 1924). We adopted
this model since it has proven to well reproduce many distinct
observables on rapid rotators (e.g., this work on Achernar and
the cited references on other stars). Whether this is the only/best
representation for their photospheres could be tested based on
future and more precise observations.

Many codes exist that provide similar numerical implemen-
tations of this model, hereafter called the RVZ model. The ref-
erence numerical code for the RVZ model used here is the IDL-
based program CHARRON (Code for High Angular Resolution
of Rotating Objects in Nature). We present below a short de-
scription of CHARRON in the context of the present work. A
more detailed description is given by Domiciano de Souza et al.
(2012a,b, 2002).

The stellar photospheric shape follows Roche equipotential
(gravitational plus centrifugal),

Ψ(θ) = −GM
R(θ)

− Ω2R2(θ) sin2 θ

2
= −GM

Req
− V2

eq

2
, (2)

where θ is the colatitude, M is the stellar mass, and Req and Veq
are the equatorial radius and rotation velocity. Solving this cubic
equation provides the colatitude-dependent stellar radius R(θ).

Gravity darkening is considered by relating the local effec-
tive gravity geff(θ) (= |−∇Ψ(θ)|) to the local effective temperature
Teff(θ) by,

Teff(θ) =

(C
σ

)0.25

g
β
eff

(θ), (3)

where σ is the Stefan-Boltzmann constant and β is the gravity-
darkening coefficient, which is more general than the β = 0.25
value from von Zeipel (1924), but which is still assumed to be
constant over the stellar surface. We note that for the spectral
type of Achernar we can neglect any radiative acceleration ef-
fects since it is far from the Eddington limit. The proportionality
constant C can be derived from stellar physical parameters such
as mass and luminosity (e.g., Maeder & Meynet 2000) or related
to a fixed point on the photosphere (the stellar pole, for exam-
ple). In this work, the constant C and the stellar luminosity L are
related to the average effective temperature T eff over the total
stellar surface S ? (area of the Roche photosphere),

L = σ

∫
T 4

eff(θ) dS = σT
4
effS ? = C

∫
g

4β
eff

(θ) dS . (4)

T eff can be directly related to the bolometric flux Fbol and to the
mean angular diameter /© (diameter of spherical star having a
surface area S ?) by,

Fbol = σT
4
eff

S ?

4πd2 = σT
4
eff

/©2

4
, (5)

where d is the distance to the star.
In our numerical implementation of the RVZ model the

stellar surface is divided into a predefined grid with nearly
identical surface area elements (typically ∼50 000 surface el-
ements). From Teff(θ) and geff(θ) defined in the above equa-
tions, a local specific intensity from a plane-parallel atmosphere
I = I(geff ,Teff , λ, µ) is associated with each surface element,
where λ is the wavelength and µ is the cosine between the nor-
mal to the surface grid element and the line of sight (limb dark-
ening is thus automatically included in the model). The local
specific intensities I are interpolated from a grid of specific in-
tensities that are pre-calculated using the spectral synthesis code
SYNSPEC (Hubeny & Lanz 2011) and the ATLAS9 stellar at-
mosphere models (Kurucz 1979). For Achernar, we adopted at-
mosphere models with turbulent velocity of 2 km s−1 and solar
abundance in agreement with its spectral type and short distance.

From the local specific intensities we obtained wavelengh-
dependent intensity maps of the visible stellar surface at the cho-
sen spectral domain and resolution, such as the image given in
Fig. 11. The interferometric observables (e.g., squared visibil-
ities, closure phases, differential phases) are then directly ob-
tained from the Fourier transform of these sky-projected pho-
tospheric intensity maps, which for a given star in the sky also
depend on its rotation-axis inclination angle i and on the position
angle of its sky-projected rotation axis PArot (counted from north
to east until the visible stellar pole).

Thus, the main input parameters of the photospheric RVZ
model for fast rotators used to interpret the interferometric ob-
servations of Achernar are M, Req, Veq, β, T eff , i, PArot, and d.
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Fig. 6. Interferometric observables, squared visibilities V2 in the H band (left), and Brγ differential phases (right), computed for the pure pho-
tospheric model (black solid line) and for the two residual-disk models as defined in Table 5 at the upper limit values of ρ0 (cf. Fig. 4):
0.52 × 10−12 g cm−3 (thin disk; blue solid line) and 0.65 × 10−12 g cm−3 (thick disk; blue dashed line). The baseline position angle PA was
chosen to lie along the stellar equator (cf. Sect. 4.2), so that the effects of the residual disk are maximized on these comparisons. The baseline
length for the differential phase calculations roughly corresponds to half of the maximum available length. Bottom: the difference between the
interferometric observables from the disk models relative to the photospheric model. The shaded areas correspond to the typical observational
errors from our PIONIER and AMBER observations. These difference plots show that the disk contribution to the interferometric observables is
only a small fraction of the observation errors even at the upper limit ρ0, discarding any detectable influence of a circumstellar disk on the present
interferometric observations of Achernar.

Fig. 7. Convergence of equatorial radius Req during the
burn-in phase of the MCMC fit of the CHARRON
RVZ model to the VLTI/PIONIER data using the em-
cee code (800 walkers and 200 iteration steps).

4.2. Fitting of the CHARRON model to VLTI/PIONIER data
with an MCMC method

We used the CHARRON model to constrain several photo-
spheric parameters of Achernar from the PIONIER observa-
tions (described in Sect. 2.1), which consists of a homogenous

data set obtained with the same beam-combiner instrument
at ESO-VLTI. To be compatible with the observations, the
CHARRON intensity maps were calculated over the H band
with a spectral resolution of ∼20−40. We note that in broadband
observations, the effect of bandwidth smearing (mixing of differ-
ent spatial frequencies in a given wavelength bin) can lead to a
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Fig. 8. Histogram distributions and two-by-two correlations for the free parameters (Req, Veq, i, β, and PArot) of the best-fit CHARRON RVZ model
determined with the emcee code (800 walkers). The mean values and associated uncertainties obtained from these histograms are given in Table 6.
The parameters do not show strong correlations in the region defined by the uncertainty around the mean values. The stronger correlation is shown
by Veq and i, which roughly follow a curve of constant Veq sin i (=260.3 km s−1), represented by the solid lines, with the circles indicating the mean
values in the histograms. The rectangles cover the corresponding uncertainty ranges on Veq and i.

decrease of visibility contrast and should in principle be consid-
ered. However, we checked that the bandwidth-smearing effect
does not need to be considered in the present analysis because
(1) the squared visibilities are higher than 0.3−0.4, which min-
imizes this effect (Kervella et al. 2003); and (2) the data span a
few wavelength bins over the H band so that the range of spa-
tial frequencies mixed is narrow. Based on results from previous
works, M, T eff , and d were fixed to the following values:

– M = 6.1 M�. Value from Harmanec (1988), previ-
ously adopted by Domiciano de Souza et al. (2012a).
This mass also agrees (1) with the estimate from

Jerzykiewicz & Molenda-Zakowicz (2000) (M = 6.22 ±
0.16 M�) based on evolutionary tracks; and (2) with the mass
estimate from an on-going work on Achernar’s binary sys-
tem (Kervella et al., in prep.);

– T eff = 15 000 K. Value adopted by Domiciano de Souza et al.
(2012a) following Vinicius et al. (2006). A critical discus-
sion on this value and comparisons with other works are pre-
sented in Sect. 5;

– d = 42.75 pc. We adopted the updated distance derived from
the new reduction of the Hipparcos astrometric data and pro-
vided by van Leeuwen (2007).
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Table 6. Physical parameters of Achernar derived from the fit of the RVZ model (CHARRON code) to VLTI/PIONIER H band data using the
MCMC method (emcee code).

Free model parameters fitted Values and uncertainties
Equatorial radius: Req (R�)a 9.16 (+0.23; −0.23)

Equatorial rotation velocity: Veq (km s−1) 298.8 (+6.9; −5.5)
Rotation-axis inclination angle: i (◦) 60.6 (+7.1; −3.9)

Gravity-darkening coefficient: β 0.166 (+0.012; −0.010)
Position angle of the visible pole: PArot (◦) 216.9 (+0.4; −0.4)

Derived parameters Values
Equatorial angular diameter: /©eq = 2Req/d (mas) 1.99

Polar radius: Rp (R�) 6.78
Req/Rp; ε ≡ 1 − Rp/Req 1.352; 0.260

Apparent flattening (major to minor axis ratio) 1.30
Mean angular diameter: /© (mas) 1.77

Veq sin i (km s−1) 260.3
Critical rotation rateb: Veq/Vc; Ω/Ωc 0.883; 0.980

Keplerian rotation ratec: Veq/Vk; Ω/Ωk 0.838; 0.838
Polar temperature: Tp (K) 17 124

Equatorial temperature: Teq (K) 12 673
Luminosity: log L/L� 3.480

Equatorial gravity: log geq 2.772
Polar gravity: log gp 3.561

Rotation period: Prot (h) 37.25
Rotation frequency: νrot (d−1) 0.644

Notes. Details of the fit are given in Sect. 4.2. (a) The uncertainty in the distance d from van Leeuwen (2007) was added quadratically to the fit
uncertainty on Req. (b) Critical (Roche model) linear (Vc) and angular (Ωc) velocities: Vc = ΩcReq,c =

√
GM/Req,c, with Req,c = 1.5Rp (critical

Roche equatorial radius). (c) Keplerian (orbital) linear (Vk) and angular (Ωk) velocities: Vk = ΩkReq =
√

GM/Req.

The free parameters are thus Req, Veq, i, β, and PArot.

The model-fitting was performed using the emcee code
(Foreman-Mackey et al. 2013), which is a Python implemen-
tation of a Markov chain Monte Carlo (MCMC) method pro-
posed by Goodman & Weare (2010). This code has been re-
cently used by Monnier et al. (2012) to interpret interferometric
observations.

From a given likelihood function of the parameters, emcee
provides histograms of the free model parameters (samplings
of the posterior probability) from which one can estimate the
best parameter values and associate uncertainties. In the present
work, the measurement errors on V2 and CP are all assumed to
be independent and normally distributed so that the likelihood
function is proportional to exp(−χ2), where χ2 has its usual defi-
nition and is composed of χ2 = χ2

V2 +χ2
CP (sum of χ2 from the V2

and CP data, respectively). To equally explore an homogenous
range of initial values, we adopted initial uniform distributions
for the five free CHARRON parameters that cover a wide range
of physically consistent values.

The emcee algorithm explored the defined parameter space
using 800 walkers in a 200 steps initial phase (burn-in) and
150 steps in the final phase, starting from the last state of the
burn-in chain (for details of using the code see Foreman-Mackey
et al. 2013). Convergence of the parameters distribution was typ-
ically attained within .100 steps during the burn-in phase (an
example for Req is shown in the electronically available Fig. 7).

The final histograms of the five free parameters and their
two-by-two correlations are shown in Fig. 8 (available electron-
ically). The best-fit values of the free parameters are the mean
of these histograms. The uncertainties on the parameters were
defined as corresponding to a range enclosing ±34.15% of the
parameter distribution relative to the mean value (this corre-
sponds to the commonly used rule for normal distributions). The

reduced χ2 of the best-fit model is χ2
r = 1.9 (for 1777 degrees of

freedom DOF and free free parameters).
Table 6 summarizes the best-fit parameter values and un-

certainties measured on Achernar from the MCMC fit of
CHARRON RVZ model to the VLTI/PIONIER data. Other de-
rived stellar parameters are also given in the table. The V2 and
CP corresponding to this best-fit model are plotted together with
the observations in Figs. 9 and 10. The sky-projected intensity
map of the visible stellar photosphere for this model is shown in
Fig. 11.

As a completely independent check of the results above, we
have also performed a Levenberg-Marquardt fit to the PIONIER
data using a different RVZ model developed by one of us
(A. Mérand). The best-fit parameter values obtained agree well
(within the emcee error bars) with the values derived from the
emcee fit of the CHARRON RVZ model.

5. Discussion

5.1. Radius and angular diameter

Long-baseline interferometry is traditionally known to deliver
stellar angular diameters (and radii, if distances are available).
These size measurements are directly dependent on the chosen
photospheric model and on how fairly this model can represent
the stellar photosphere. As shown in Sect. 4, the stellar radius is a
function of the co-latitude for fast rotators, and the apparent stel-
lar photosphere is dependent on additional parameters such as
gravity darkening, effective temperature, rotation velocity, and
polar inclination (discussed in the following subsections).

As explained in the previous sections, the equatorial radius
Req determined here (or more generally the photospheric R(θ))
is based on a physical model fitted to observations taken on a
normal B phase of Achernar. As expected, the Req measured
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Fig. 9. Top: squared visibilities V2 observed on Achernar (filled circles and error bars) and computed (opened squares) from the best-fit CHARRON
model (Table 6) as a function of spatial frequency (left column) and baseline PA (right column). Bottom: V2 residuals from observations relative
to the best-fit model in units of corresponding uncertainties. Vertical solid lines indicate the position angles of the visible (216.9◦ ≡ −143.1◦) and
hidden (16.9◦ = 216.9◦−180◦) stellar poles. The horizontal dotted lines delimit the ±3σ region around zero (dashed line).

in this work is smaller than the previous results derived from
VLTI/VINCI observations, obtained in an epoch with a small,
but non-negligible influence of a residual disk (Domiciano de
Souza et al. 2003; Kervella & Domiciano de Souza 2006;
Carciofi et al. 2008).

We discuss the stellar size derived from the VLTI/AMBER
observations by Domiciano de Souza et al. (2012a), we postpone
the discussion to Sect. 5.5, where we consider the whole set of
model parameters.

Considering the stellar size derived from the VLTI/AMBER
observations by Domiciano de Souza et al. (2012a) in Sect. 5.5,
where we consider the whole set of model parameters.

5.2. Photometry and effective temperature

The photometric magnitudes in the UBVJHK bands and the
bolometric flux derived from the CHARRON best-fit model
are compared with measurements reported in the literature in
Table 7. We first note form the table that these observed magni-
tudes and bolometric fluxes show uncertainties and/or a disper-
sion of measured values of about 10%−20%, which are at least
partially caused by a combination of instrumental and intrinsic
effects from the star. Indeed, Achernar is known to present mul-
tiple flux variabilities at time scales from hours to years, which
are caused, for example, by pulsations (Goss et al. 2011), bina-
rity (Kervella & Domiciano de Souza 2007), and the B�Be cy-
cle (e.g., Vinicius et al. 2006). Thus, the observed magnitudes
and bolometric flux should not be considered as tight constraints
to the model-fitting, although they provide an important consis-
tency check on the best-fit model parameters. Indeed, the mod-
eled magnitudes and bolometric flux given in Table 7 agree with
the observations within their uncertainties and/or dispersion of
measured values.

By using Eq. (5) we can cross-check the consistency between
the adopted mean effective temperature T eff , the measured bolo-
metric flux Fbol, and the mean angular diameter /© reported in
Tables 6 and 7. From the Fbol provided by Code et al. (1976) and
Nazé (2009) one thus obtains T eff = 15 094 K and 14 703 K. We
note that the temperature of 14 510 K estimated by Code et al.
(1976) is somewhat lower than the value estimated here because
they considered the higher angular diameter (1.92 mas) reported
by Hanbury Brown et al. (1974), based on intensity interferom-
etry observations at the Narrabri Observatory. As expected, this
diameter is between the major and minor diameters derived in
the present work. However, the measurements from Hanbury
Brown did not allow taking into account the angular size vari-
ation with the baseline position angle caused by the rotational
flattening of Achernar. Thus, recalling that the average effective
temperature of '15 000 K reported by Vinicius et al. (2006) was
derived from different methods, the adopted T eff = 15 000 K
agrees well with several independent measurements (bolometric
fluxes, photometry, spectroscopy, and interferometry).

5.3. Inclination and rotation velocity

The inclination angle i (=60.6+7.1
−3.9) measured in this work is com-

patible (within '1.5σ) with the values (i ∼ 65−70◦) estimated
by Vinicius et al. (2006) and Carciofi et al. (2007).

Different values have been previously reported on the pro-
jected rotation velocity Veq sin i of Achernar, with mainly three
distinct range of values: Veq sin i ∼ 223−235 km s−1 (e.g.,
Slettebak 1982; Chauville et al. 2001; Vinicius et al. 2006),
Veq sin i = 292 ± 10 km s−1 (Domiciano de Souza et al. 2012a),
and Veq sin i ∼ 410 km s−1 (e.g., Hutchings & Stoeckley 1977;
Jaschek & Egret 1982).
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Table 7. Observed and modeled UBVJHK photometry and bolometric flux Fbol of Achernar.

Catalogue or reference U B V J H K Fbol (10−9 W m−2)
2MASSa 0.815 ± 0.254 0.865 ± 0.320 0.880 ± 0.330

NOMAD Tycho-2b 0.473 0.527
Johnson et al. (1966) 0.32 0.47

Code et al. (1976) 54.4 ± 4.3
Jaschek & Egret (1982) −0.36 0.30 0.46

Nazé (2009) 48.98
CHARRON RVZ model −0.279 0.339 0.472 0.783 0.828 0.886 53.05

Model in 2012 paper −0.387 0.215 0.333 0.596 0.631 0.684 62.90

Notes. The model values are based on the parameters given in Table 6 for the best emcee fit of CHARRON RVZ model to PIONIER data. For
comparison, we also show the values derived from the model given by Domiciano de Souza et al. (2012a), based on the AMBER differential
phases. (a) Cutri et al. (2003); Skrutskie et al. (2006). (b) Hog et al. (2000); Zacharias et al. (2005).

Fig. 10. Top: closure phases (CP) observed on Achernar and computed
from the best-fit CHARRON model (Table 6) as a function of the spatial
frequency (for the longest projected baseline Bmax

proj in the corresponding
triangle configuration). Bottom: CP residuals from observations relative
to the best-fit model in units of corresponding uncertainties. The hor-
izontal dotted lines delimit the ±3σ region around zero (dashed line).
Since the photosphere is only partially resolved, the CP signatures of
fast rotation are weak (within ∼±1◦).

In this work we determine Veq sin i = 260.3+19
−12 km s−1, where

these uncertainties were computed by properly adding the in-
dividual uncertainties estimated on i and Veq (cf. Table 6 and
Fig. 8). This estimated Veq sin i lies between the lower and inter-
mediate values found in the literature, as mentioned above, and
it is compatible with them within 2σ to 3σ, i.e., '30−40 km s−1.

Some clues for explaining the discrepancies in the measured
Veq sin i may be given by the fact that different methods for esti-
mating this quantity can lead to different results depending on
their sensitivity to the nonuniform photospheric intensity dis-
tribution caused by the gravity darkening. For example, it is
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Fig. 11. Intensity map of Achernar corresponding to the best-fit of the
CHARRON RVZ model to the VLTI/PIONIER H band observations.
The spatial coordinates indicated in angular milliarcseconds (mas) units
and also normalized to the equatorial radius Req = 9.16 R�. The com-
plete list of the measured stellar parameters is given in Table 6.

known that because of gravity darkening, the Veq sin i obtained
from visible/IR spectroscopy are generally underestimated in
fast-rotating stars (Townsend et al. 2004; Frémat et al. 2005).
Moreover, the actual Veq sin i of Achernar seems to significantly
vary in time, as recently shown by Rivinius et al. (2013), who
reported Veq sin i variations with amplitudes .35 km s−1 that are
correlated to the B�Be phase transitions. Interestingly, this am-
plitude of Veq sin i variations is on the same order of the dif-
ferences between the Veq sin i values measured in this work and
those reported by several other authors, as discussed above.

Finally, Goss et al. (2011) identified a low-amplitude fre-
quency of 0.68037 ± 0.00003 d−1 from time-series analysis of
photometric light-curves of Achernar. We note that this fre-
quency is relatively close (but still ∼2.5σ above) to the rota-
tion frequency νrot = 0.644 ± 0.015 d−1 derived in the present
work (uncertainty estimated by properly adding quadratically
the relative maximum individual uncertainties on Req and Veq).
Whether or not the measured frequency is related to the rotation
of Achernar remains to be further investigated.
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These values depend only on the ratio Rpol/Req:

� = 1− Rpol

Req
= 0.2601

Ω = 0.838 Ωk = 0.9804 Ωc

T eq
eff

T pol
eff

= 0.7414

log
geq
eff

gpol
eff

= −0.7888

β(fit) = 0.1664

β =
log(T eq

eff/T pol
eff )

log(geq
eff/gpol

eff )
= 0.1647

Using the given values for M , Rpol and T pol
eff :

M = 6.1000 M⊙
Rpol = 6.7800 R⊙
Req = 9.1630 R⊙

T pol
eff = 17124.000 K

T eq
eff = 12695.732 K

log gpol
eff = 3.5613

log geq
eff = 2.7725

Period = 1.5507 days

veq = 298.864 km/s

Luminosity = 2934.753 L⊙

log Teff vs log geff :

1

!"#$%&'()$

#*+$%&'()$

,-.(/012-03$40$#*+$%&'()$

Fig. 12. Left: effective temperature map of Achernar corresponding to the best-fit of the CHARRON RVZ model to the VLTI/PIONIER H band
observations (model parameters in Table 6). The spatial coordinates are normalized to the measured equatorial radius Req = 9.16 R�. The polar
and equatorial effective temperatures of Achernar are Tp = 17 124 K (white) and Teq = 12 673 K (black). Right: log Teff as a function of log geff of
Achernar for the ELR model (solid line from Espinosa Lara & Rieutord 2011). The calculations were performed considering a Roche model with
the same stellar parameters as in Table 6, except for the gravity darkening, which is directly obtained from the ELR model. The dashed straight
line shows the log Teff versus log geff corresponding to the best-fit RVZ model with the measured gravity-darkening coefficient β (=0.166+0.012

−0.010).
The vertical bar indicates the uncertainty in Teff associated with the measured uncertainty in this best-fit β value alone. We also note that by fitting
a straight line to the ELR model (solid curve) results in an identical β (=0.166) as measured with the CHARRON RVZ model, which exactly
matches the dashed straight line. Thus, although the ELR model predicts a slightly more complex gravity-darkening relation than the RVZ model
(Eq. (3)), these two gravity-darkening models agree within the uncertainties derived from the RVZ model fit to the PIONIER observations.

5.4. Gravity darkening

The gravity-darkening parameter β determined in this work is
significantly lower than the von Zeipel law (β = 0.25), a result
in agreement with β values derived from recent interferometric
observations of fast-rotating stars (see for example the recent
review from van Belle 2012, and references therein).

These low β (<0.25) were explained theoretically by
Espinosa Lara & Rieutord (2011), who derived an alternative
gravity-darkening law (ELR model hereafter) by relaxing the as-
sumption of barotropicity that leads to the von Zeipel law. The
ELR model includes a divergence-free flux vector and the ratio
T 4

eff
/geff is allowed to vary with latitude, leading to an analyti-

cal relation between Teff and geff without the need of assuming a
constant β parameter as in Eq. (3). Let us compare in more detail
the gravity darkening derived from the best-fit of the CHARRON
RVZ model with the prediction from the ELR model. Both mod-
els adopt the Roche approximation so that they consider an iden-
tical photospheric shape R(θ). Based on the best-fit parameters
in Table 6, Fig. 12 compares the log Teff versus log geff rela-
tions for the two gravity darkening models. The Teff map of the
RVZ model is also illustrated in Fig. 12. As shown in the figure,
the two models agree within the parameter uncertainties, but the
present observation errors do not yet allow us to probe the small
differences in Teff(θ) predicted by the models.

Although the detailed Teff(θ) cannot be investigated, it is
clear that the ELR model reproduces an average Teff(θ) de-
pendence that is totally compatible with measurements from
the RVZ model, but without the need of using a β param-
eter. Indeed, by estimating an equivalent β value (e.g., from
log (Teq/Tp)/log (geq/gp)), Espinosa Lara & Rieutord (2011, in
their Fig. 4) showed a good agreement between their predictions
and the β coefficients measured on four fast rotators as a function
of flattening ε (≡1 − Rp/Req).

In Fig. 13 we extend this comparison by adding α Lyr (Vega;
Monnier et al. 2012) and Achernar (α Eri; present work). These
two new stars provide a crucial test for the ELR model since
they have, respectively, the lowest and highest flattening in the

sample. Figure 13 thus compares β and ε from the ELR model
with values measured on six fast rotators (listed from hotter to
colder spectral types): α Eri (Achernar, B3-6Vpe; this work),
α Leo (Regulus, B8IVn; Che et al. 2011), α Lyr (Vega, A0V;
Monnier et al. 2012), α Aql (Altair, A7IV-V; Monnier et al.
2007), α Cep (Alderamin, A7IV; Zhao et al. 2009), β Cas (Caph,
F2IV; Che et al. 2011).

Five out of the six stars agree relatively well with the ELR
model (in particular Altair and Achernar), considering the obser-
vational uncertainties. The only exception is β Cas, and a more
detailed study would be required do decide if the discrepancy is
due to a bias in the measured flattening related to its low incli-
nation (as discussed by Espinosa Lara & Rieutord 2011) and/or
maybe related to the fact that this is star is the coldest one in the
sample. This agreement between observational and theoretical
results is therefore a promising perspective for a more profound
understanding of the gravity-darkening effect in rotating stars.

Based on the curve β versus flattening ε given in Fig. 13 and
derived from the ELR model, we can deduce a linear relation
that roughly follows this curve:

β ' 0.25 − 0.328ε. (6)

This linear approximation reproduces the curve in Fig. 13
within 1% (3%) for ε . 0.27 (0.30). We recall, however, that
the use of a β parameter is neither required nor compatible with
the ELR model, which does not describe the gravity darkening
by a power law as in Eq. (3).

5.5. Comparison with the VLTI/AMBER differential phases

We now compare the best-fit CHARRON model determined
from the PIONIER data (Table 6) with the AMBER differ-
ential phases, described in Sect. 2.2 and by Domiciano de
Souza et al. (2012a). The differential phases computed directly
from the PIONIER best-fit model already well reproduce the
AMBER observations, resulting in χ2

r = 1.3 (DOF = 3808).
This χr is only slightly higher than the 1.2 value found by
Domiciano de Souza et al. (2012a) from the same model, but

A10, page 12 of 15

3.2. The Be star Achernar (α Eridani)

91



A. Domiciano de Souza et al.: The environment of the fast rotating star Achernar. III.

Fig. 13. Gravity-darkening coefficient β estimated from the ELR model
(Espinosa Lara & Rieutord 2011) as a function of the rotation flatten-
ing ε compared with values measured from interferometric observations
of six rapidly rotating stars (references in Sect. 5.4), Achernar (α Eri)
being the flattest one. The estimate of β is obtained from a fit to the
log Teff versus log geff curves directly predicted by the ELR model, such
as in Fig. 12 (right). The ELR model predictions and interferometric
measurements have a good general agreement (see Sect. 5.4 for a more
detailed discussion).

with a somewhat different set of parameters. Indeed, for all
AMBER baselines and wavelengths considered, the absolute dif-
ferences between both sets of modeled differential phases are
smaller than 0.5◦, which is lower than the typical uncertainties
in the differential phases for these AMBER observations (me-
dian value of 0.6◦).

Conversely, the photospheric model parameters derived from
the AMBER differential phases (Domiciano de Souza et al.
2012a) are far from reproducing the PIONIER observations, re-
sulting in a 10 times higher χ2

r (=19.2). Moreover, compared
to the best-fit model determined in this work, the model from
Domiciano de Souza et al. (2012a) presents a worse agreement
with the photometric observations as shown in Table 7 (brighter
star in particular because of the higher β and size). Thus, the
CHARRON RVZ photospheric model with parameters as in
Table 6 provides the best general agreement with the whole set
of polarimetric, spectroscopic, photometric, and interferometric
(PIONIER and AMBER) observations of Achernar considered
in this work.

6. Beyond the photospheric model ?

We have shown in Sect. 3 that the interferometric data analyzed
in this work are not influenced by a strong circumstellar disk or
by the known binary companion. This conclusion agrees with
the good quality of the fit obtained by adopting a single photo-
spheric fast rotator RVZ model in Sect. 4. In spite of this satisfac-
tory result, and relying on the relatively high-precision PIONIER
data, we take the analysis a step farther to search for possible
more subtle components in the close environment of Achernar
and/or indications of small deviations from the adopted fast-
rotator RVZ model. To this aim, two complementary approaches
were adopted: (1) model-fitting of the RVZ model plus an addi-
tional analytical component; and (2) image reconstruction.

6.1. Photospheric physical model plus analytical component

We used the emcee code to fit a model consisting of the photo-
spheric best-fit RVZ model determined in Sect. 4 plus an analyti-
cal 2D Gaussian ellipse. The free parameters of the 2D Gaussian
ellipse and their initial range of values (initial uniform distribu-
tion of values) are

– major axis FWHM aGE: 0.5 mas to 20 mas
– minor-to-major-axis ratio rGE: 0.1 to 1
– position angle of the major axis PAGE: 0◦ to 180◦
– flux ratio (relative to the stellar total flux) FGE: 0% to 10%
– horizontal (equatorial direction) shift relative to the center of

the star xGE: −15 mas to 15 mas
– vertical (polar direction) shift relative to the center of the star
yGE: −15 mas to 15 mas.

This approach is similar to, but more general than, the one
adopted by Kervella & Domiciano de Souza (2006) since it al-
lows to simultaneously test different faint circumstellar struc-
tures such as a faint companion or a weak polar wind or equato-
rial disk.

As before, the emcee algorithm explored the entire parame-
ter space (within the above defined boundaries) using 800 walk-
ers in a 200 steps burn-in phase and 150 steps in the final phase.
Since the RVZ model already provides a good fit to the data,
the parameters of the additional 2D Gaussian ellipse are not ex-
pected to be strongly constrained, leading to χ2

r = 1.79, which is
only slightly lower than the value obtained for the RVZ model
alone. Two parameters of the 2D Gaussian ellipse were never-
theless relatively well constrained: aGE = 5.2 ± 2.4 mas and
FGE = 0.7% ± 0.1%. The fit also shows that the position of this
possible additional component is roughly centered on the star,
with a shift uncertainty smaller than ∼5 mas for both directions
(xGE and yGE). The remaining parameters are poorly constrained
by the data.

6.2. Image reconstruction

As a model-independent study of the PIONIER data we also per-
formed an image reconstruction of Achernar using the MIRA4

software (Thiébaut 2008). MIRA is based on an iterative pro-
cess, aimed at finding the image that minimizes a joint criterion
under constraints of positivity and normalization,

f (x) = fdata(x) + µ fprior(x), (7)

where x are the set of image pixels, fdata(x) is the penalty func-
tion of the measurements, fprior(x) is a term that enforces addi-
tional a priori constraints, and µ (≥0) is the hyperparameter, i.e.,
the weight of the priors.

The hyperparameter has to be chosen as large as possible
to maximize the weight of the constraints arising from physical
modeling and to ensure the convergence of the reconstruction at
a minimal value of the penalty χ2. As we have satisfying a model
of the target, we used an elliptical Lorentzian a priori ( fprior(x))
with (1) the same minor-axis position angle as Achernar, 216.9◦
(≡36.9◦ for a centrallysymmetrical ellipse); (2) a major-to-minor
axis ratio of 1.3 corresponding to the apparent flattening; and (3)
a FWHM = 3.2 mas in the major-axis direction, correspond-
ing to a size slightly bigger than Achernar’s angular diameter, to
avoid missing possible structures close to the photosphere.

To determine the best value of the hyperparameter, we per-
formed several (∼103) independent reconstructions with 200 it-
erations and random µ values ranging from 1 to 109. In Fig. 14
4 Multi-aperture image reconstruction algorithm.
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Fig. 14. Penalty factor χ2 as a function of the hyperparameter µ for a
set of reconstructed MIRA images (log scales). Based on this curve, the
value µ̂ (=630) was chosen for the image reconstruction of Achernar.

(available electronically), we show the distribution of χ2 for con-
verged reconstructions as a function of µ for each reconstruc-
tion. This procedure revealed that there is a plateau of minimum
χ2(=1.4), reached for values of µ lower than µ̂ ∼ 630.

After determining the parameters of the reconstruction, we
followed the procedure described by Millour et al. (2012) to cre-
ate the reconstructed image of Achernar as the weighted average
of several hundred converged reconstructed images,

Ī(x) =

∑
i 1/χ2

i Ii(x − x̄i)∑
i 1/χ2

i

, (8)

where each image i was centered on its photocenter position x̄i
before summation. The weight of each reconstruction is 1/χ2

i ,
with a limit penalty value of χ2

i ≤ 5 to reject low-quality recon-
structed images.

Figure 15 shows the reconstructed image of Achernar, both
given by MIRA with a 0.07 mas resolution pixel (over-resolved
image) and convolved by a Gaussian beam of FWHM = 1.6 mas
(diffraction limit of the PIONIER observations). Although this
diffraction limit does not provide a highly resolved image of
the photosphere, it is enough to investigate the close circumstel-
lar environment. Indeed, the reconstructed MIRA image clearly
shows the presence of a compact object (stellar photosphere)
without any signature of extended circumstellar component.
This is more clearly seen in the right panel of Fig. 15, which
shows the subtraction of the MIRA and best-fit CHARRON im-
ages, convolved by the 1.6 mas Gaussian beam. The difference
between these images is at most 1.5% in modulus (relative to
the total flux of the MIRA image) and below ∼0.5% almost
everywhere.

Both the results from the image reconstruction and from the
fit of the RVZ model plus an analytical 2D Gaussian ellipse
presented in this section show that no additional component is
present in the PIONIER data within ∼±1% level of intensity.
This agrees well with the conclusions based on polarimetric and
spectroscopic data and modeling shown in Sect. 3.

7. Conclusions

Based on ESO-VLTI interferometric observations of Achernar
obtained in a normal B star phase, we derived its photospheric

parameters by fitting our physical model CHARRON using a
MCMC method. A best-fit photospheric model was derived
from squared visibilities and phase closures recorded with the
PIONIER beam combiner in the H band. This model agrees
well with AMBER HR differential phase observations around
the Brγ line.

The interferometric observations were complemented by
spectroscopic, polarimetric, and photometric data to investigate
the status of the circumstellar environment of Achernar during
the VLTI observing runs, to cross-check our model-fitting re-
sults, and to set constraints on the model parameter space (pho-
tosphere and possible residual disk). In particular, polarimetry
was crucial to constrain the disk density, imposing quite well-
defined upper limits.

We note that our photospheric model of Achernar agrees
with many observations from distinct techniques: PIONIER V2

and CP, AMBER differential phases, V- and B-band polarime-
try, Hα and Hβ line profiles, and UBJHK photometry. Moreover,
our results are compatible with the theoretical model of grav-
ity darkening proposed by Espinosa Lara & Rieutord (2011,
ELR model), which we also showed to be consistent with pre-
viously published results from different fast rotators over a wide
range of rotational flattening (Achernar being the flattest one in
the sample). Observational validation of gravity-darkening mod-
els such as the ELR model is an important step in the under-
standing of rapidly rotating stars since it has the great advantage
of reducing the number of free parameters (β coefficient is not
needed anymore). Indeed, by relying on a few input parameters
and hypotheses, the ELR model reproduces five out of the six
measured gravity-darkening β coefficients, which is motivating
and promising for a more profound understanding of this impor-
tant effect in stellar physics.

Taking advantage of the good quality and uv coverage of
the PIONIER observations, we also pushed the analysis a lit-
tle farther and performed an interferometric image reconstruc-
tion that did not reveal any signatures of additional circumstellar
components and/or deviations from the photospheric Roche-von
Zeipel (RVZ) model within a ∼±1% level of intensity. This re-
sult also agrees with a fit of an addition analytical component
to the RVZ model. Although the spatial resolution of the image
is rather low (spatial frequencies restricted to the first visibility
lobe), this is, to our knowledge, the first reconstructed image of
the photosphere of a Be star.

The results of this work thus provide the first determination
of the pure photospheric parameters of a Be star in a normal
B phase. The measured photospheric parameters are Req, Veq, i,
β, and PArot. Concerning Achernar specifically, these parameters
can be used as a reference input photospheric model for future
studies based on modeling that includes circumstellar disk and
photosphere.
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3.2. The Be star Achernar (α Eridani)

3.2.2 The close CSE of Achernar: wind and residual disk

Because of its B�Be cyclic variations, Achernar has a dynamic circumstellar environment (CSE)
with continuously changing observational signatures on time scales ranging from hours to years.
Thus the influence of the CSE on the data can vary depending on the epoch of the observations.

In 2002-2003 we observed Achenar using the VLTI/VINCI beam combiner. Squared visibili-
ties V 2 in the H and K bands revealed a strong flattening that cannot be totally explained by the
commonly adopted Roche model for fast-rotating stars (Domiciano de Souza et al., 2003).

A subsequent detailed investigation of these data revealed that, in addition to a strong ro-
tational flattening, Achernar also presented detectable CSE components at the epoch of the
VLTI/VINCI observations:

• Kervella & Domiciano de Souza (2006, A&A paper given hereafter): detection of an elon-
gated structure in the direction of the poles accounting for 4.7 ± 0.3% of the photospheric
flux in the near-IR. This is potentially the first direct evidence of a polar wind or jet accel-
erated by radiative forces in a gravity darkened star as expected from theory (e.g. Maeder
& Desjacques, 2001, and Sect. 2.2.4).

• Carciofi et al. (2008, A&A paper given hereafter): study of the interface between photo-
sphere and circumstellar disk for near-critical rotators. It is shown that a model of pho-
tosphere plus a residual (small) equatorial disk for Achernar could explain both (1) the
rotational flattening stronger than the Roche limit and (2) the small, but detectable, spec-
troscopic and polarimetric observations, which cannot be reproduced by a photospheric
model alone.

The results from these two papers are also supported by other publications from us (not
shown here):

• Kanaan et al. (2008): adopted a "photosphere+disk+wind" model to explain the spectral
energy distribution, Hα profiles, and the VLTI/VINCI V 2 observations. The time variation
of the CSE (disk and wind) of Achernar was also investigated. This work was part of the
PhD thesis of S. Kanaan (thesis supervisor: Ph. Stee);

• Kervella et al. (2009): VLTI/MIDI V 2 observations in the N band taken in 2006. Our analysis
indicate the presence of an extended structure in the polar direction contributing to 13.4±
2.5% of the photospheric flux in the thermal IR.

All these works address the important and still poorly known issue concerning the interface
between photosphere and CSE of fast-rotating stars, where the exchanges of mass and angular
momentum take place leading, for example, to the formation of Be star disks (Be phenomenon).
We plan to follow this fascinating research topic in the next years.
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ABSTRACT

Context. Be stars show evidence of mass loss and circumstellar envelopes (CSE) from UV resonance lines, near-IR excesses, and the
presence of episodic hydrogen emission lines. The geometry of these envelopes is still uncertain, although it is often assumed that
they are formed by a disk around the stellar equator and a hot polar wind.
Aims. We probe the close environment of the fast rotating Be star Achernar at angular scales of a few milliarcseconds (mas) in the
infrared, in order to constrain the geometry of a possible polar CSE.
Methods. We obtained long-baseline interferometric observations of Achernar with the VINCI/VLTI beam combiner in the H and
K bands, using various telescope configurations and baseline lengths with a wide azimuthal coverage.
Results. The observed visibility measurements along the polar direction are significantly lower than the visibility function of the
photosphere of the star alone, in particular at low spatial frequencies. This points to the presence of an asymmetric diffuse CSE
elongated along the polar direction of the star. To our data, we fit a simple model consisting of two components: a 2D elliptical
Gaussian superimposed on a uniform ellipse representing the distorted photosphere of the fast rotating star.
Conclusions. We clearly detected a CSE elongated along the polar axis of the star, as well as rotational flattening of the stellar
photosphere. For the uniform-ellipse photosphere we derive a major axis of θeq = 2.13 ± 0.05 mas and a minor axis of θpol =
1.51 ± 0.02 mas. The relative near-IR flux measured for the CSE compared to the stellar photosphere is f = 4.7 ± 0.3%. Its angular
dimensions are loosely constrained by the available data at ρeq = 2.7 ± 1.3 mas and ρpol = 17.6 ± 4.9 mas. This CSE could be linked
to free-free emission from the radiative pressure driven wind originating from the hot polar caps of the star.

Key words. techniques: high angular resolution – techniques: interferometric – stars: emission-line, Be – stars: mass-loss –
stars: rotation – stars: individual: Achernar

1. Introduction

The southern star Achernar (αEridani, HD 10144) is the bright-
est of all Be stars (V = 0.46 mag). Depending on the author (and
the technique used) the spectral type of Achernar ranges from
B3-B4IIIe to B4Ve (e.g., Slettebak 1982; Balona et al. 1987).
The estimated projected rotation velocity v sin i ranges from 220
to 270 km s−1 and the effective temperature Teff from 15 000
to 20 000 K (e.g., Vinicius et al. 2006; Rivinius, priv. comm.;
Chauville et al. 2001). The difficulty in deriving these parame-
ters more precisely is a direct consequence of the rapid rotation
of Achernar. Such rapid rotation (≥80% of the critical velocity)
induces mainly two effects on the star structure: a rotational flat-
tening and a gravity darkening, which can be described by the
von Zeipel effect (von Zeipel 1924).

Domiciano de Souza et al. (2003, hereafter D03) measured
the apparent rotational flattening of Achernar using the Very
Large Telescope Interferometer (VLTI). They showed that the
flattening ratio measured on this star cannot be explained in the
Roche approximation, especially when taking the von Zeipel
effect into account. Recently, this effect was revealed in two
other rapidly rotating stars thanks to interferometric observa-
tions: Altair (A7V, Ohishi et al. 2004; Domiciano de Souza et al.
2005) and Regulus (B7V, McAlister et al. 2005).

Rapid rotation and gravity darkening seem to be impor-
tant keys to explaining the two-component circumstellar en-
vironment (CSE) of Be stars: (1) a dense (particle densities
N � 1011−1012 cm−3), high mass-loss (�10−8 M�/yr) and low
radial velocity (�10−100 km s−1) equatorial envelope and (2) a
rarefied (N � 109 cm−3), low mass-loss (�10−10 M�/yr)
and fast (�1000 km s−1) polar wind (e.g. Damineli Neto &
de Freitas Pacheco 1982; Waters et al. 1987, and references
therein). This picture of a two-component CSE is based on many
observations of Be stars performed in the past few decades. For
example, optical/IR data have shown emission lines and IR ex-
cesses that essentially probe the denser regions of the CSE (e.g.
Waters 1986; Dougherty et al. 1994), while UV resonance lines
of highly ionized species can probe regions of lower density (e.g.
Snow 1981; Peters 1982). Gehrz et al. (1974) showed that the
near-IR excess measured in Be stars is due to free-free radiation.

The disk-like shape of the dense equatorial CSE has been
directly measured by interferometric observations in the radio
and optical/IR (e.g. Dougherty & Taylor 1992; Stee et al. 1995;
Quirrenbach et al. 1997). In a recent work, Tycner et al. (2005)
explore the relationship between the angular size of the Hα emit-
ting region (measured by interferometry) and the net Hα emis-
sion measured spectroscopically for seven Be stars. They find an
interesting correlation between the two quantities, which they
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Table 1. Relevant parameters of the calibrators used for VINCI observations of Achernar (continued in Table 2).

Name α PsA χ Phe HR 1318 α Ind HR 37 HR 2305 δPhe
HD number HD 216956 HD 12524 HD 26846 HD 196171 HD 787 HD 44951 HD 9362
mV 1.2 5.2 4.9 3.1 5.3 5.2 4.0
mK 1.0 1.3 2.3 0.9 1.8 2.3 1.7
Sp. type A3V K5III K3III K0III K5III K3III K0IIIb
Teff (K)a 8760 3780 6210 4720 3780 4250 4660
log ga 4.2 1.9 2.2 2.6 1.9 2.4 2.9
v sin i (km s−1)c 85 – 20 – 2 20 –
θLD (mas)a 2.23 ± 0.07 2.77 ± 0.03 1.86 ± 0.02 3.28 ± 0.03 2.52 ± 0.03 1.81 ± 0.03 2.24 ± 0.02
θUD (mas)b 2.19 ± 0.07 2.69 ± 0.03 1.81 ± 0.02 3.20 ± 0.03 2.45 ± 0.03 1.76 ± 0.03 2.18 ± 0.02

a From Cohen et al. (1999) or Bordé et al. (2002), except αPsA which angular size was measured by Di Folco et al. (2004). b Linear limb darkening
coefficients from Claret et al. (1995) or Claret (2000). c The projected rotational velocities were taken from the catalogue compiled by Glebocki
et al. (2000).

attribute to an optically thick emission proportional to the ef-
fective area of the emitting disk. Because the equatorial disks
are denser (�100 times) than the polar winds and because the
free-free emissivity is proportional to the density squared, the
equatorial disk dominates the near-IR continuum emission when
it is present.

However, it is still not clear if this free-free radiation comes
only from the equatorial envelope or if it can also be formed,
at least partially, in the polar wind. Modern high angular res-
olution techniques have the resolving power and sensitivity re-
quired to map the spatial distribution of the near-IR emission.
In the present paper we investigate this issue by using all avail-
able interferometric observations of Achernar obtained with the
VINCI/VLTI near-IR instrument (Sect. 2). These observations
were performed during a phase where the equatorial disk was
nearly absent. The adopted analytical model is presented in
Sect. 3 and our results discussed in Sect. 4.

2. Interferometric observations

2.1. Instrumental setup and observations

The European Southern Observatory’s VLTI (Glindemann et al.
2000, 2004) has been in operation on top of the Cerro Paranal, in
Northern Chile since March 2001. For the observations reported
in this paper, the light coming from two test siderostats (0.35 m
aperture) or two Unit Telescopes (8 m aperture) was recombined
coherently in VINCI, the VLT INterferometer Commissioning
Instrument (Kervella et al. 2000, 2003). We used either a K band
(λ = 2.0−2.4 µm) or H band (λ = 1.4−1.8 µm) filter, depend-
ing on the beam combiner. In the K band, we relied on the
MONA beam combiner, based on fluoride glass optical fibers,
while in the H band, we employed the IONIC integrated op-
tics beam combiner (Berger et al. 2001; Kervella et al. 2003;
Lebouquin et al. 2004). A total of nine VLTI baselines were
used for this program, including five out of the six possible Unit
Telescope baselines. Considering the transmission of the instru-
ment and the average effective temperature of Achernar, the ef-
fective wavelength of our observations was λ = 2.175 µm in the
K band and λ = 1.631 µm in the H band. The uncertainty on
these wavelengths (≈0.2%) is negligible compared to the accu-
racy of our measurements.

2.2. Data processing and calibration

The raw data processing was achieved using a wavelet-based
algorithm, integrated in an automated data reduction pipeline
(Kervella et al. 2004a). The general principle is similar to the

original FLUOR algorithm (Coudé du Foresto et al. 1997), but
instead of the classical Fourier analysis, we implemented a
wavelet-based time-frequency analysis (Ségransan et al. 1999).
The output of this pipeline is a single value of the squared coher-
ence factor µ2 for each series of 500 interferograms and the as-
sociated bootstrapped error bar. We obtained a total of 49 500 in-
terferograms of Achernar in the K band and 9500 in the H band,
among which 32 394 and 3029 were reduced by the pipeline, re-
spectively. The lower proportion of processed interferograms in
the H band is explained by the fact that only one interferometric
output is available in the IONIC component, instead of two for
the MONA beam combiner. In both cases, two photometric out-
puts are present. This resulted in a total of 99 squared visibility
measurements in the K band, and 19 in the H band, with their
associated statistical and calibration uncertainties.

We used a number of calibrators taken mainly from the
Bordé et al. (2002) catalogue, which is an adaptation of the
Cohen et al. (1999) catalogue for interferometric observations.
The observations of these stars were used to estimate the point
source response of the interferometer immediately before or
after the Achernar observations. Their properties are listed in
Tables 1 and 2. The choice of the calibrators is an important step
in the preparation of interferometric observations, as significant
departures of their actual visibilities from the expected model
can propagate into biases on the calibrated visibilities of the sci-
entific target. Among the possible reasons for such departures,
binarity (or multiplicity) and deviations from sphericity (due,
for instance, to fast rotation or gravitational interaction) are the
most critical. All stars in the Bordé et al. (2002) catalogue were
carefully scrutinized by these authors for the presence of com-
panions, and are currently regarded as single stars. With respect
to fast rotation, the values of v sin i are generally low for all our
calibrators. Spectroscopic measurements of the projected rota-
tional velocities are missing for some of our calibrators; but as
they are giant stars, we assume that they are small and, therefore,
that the deformation of these stars can be neglected.

One of our calibrators, αPsA (Fomalhaut), is a moderately
fast rotating dwarf (A3V, v sin i ≈ 85 km s−1, from Glebocki
et al. 2000). We considered carefully the visibilities that were
computed using this calibrator, and they show no deviation from
the other measurements, in particular those calibrated by δPhe
that were obtained on the same baseline. Moreover, Di Folco
et al. (2004) have measured the angular diameter of this star
along the same projected baseline azimuth as during our obser-
vations of Achernar. Therefore, we do not expect any difference
in terms of angular diameter. In any case, we considered a con-
servative ±0.07 mas (±3%) uncertainty on the asumed angular
diameter of αPsA.

3.2. The Be star Achernar (α Eridani)
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Table 2. Relevant parameters of the calibrators used for VINCI obser-
vations of Achernar (continued from Table 1). The references are the
same as in Table 1.

Name ε Ind A αCet υCet
HD number HD 209100 HD 18884 HD 12274
mV 4.7 2.5 4.0
mK 2.2 –1.7 0.0
Sp. type K4.5V M1.5IIIa K5/M0III
Teff (K) 4500 3730 –
log g 4.5 – –
v sin i (km s−1) 1 – –
θLD (mas)a 1.89 ± 0.02 – –
θUD (mas)b 1.84 ± 0.02 11.6 ± 0.40 5.3 ± 0.5

a The angular diameter of ε Ind A was measured by Kervella
et al. (2004b). b The uniform disk angular sizes of αCet and υCet
were taken from Dyck et al. (1998) and Richichi & Percheron (2005),
respectively.

The resulting calibrated squared visibilities are listed in
Tables 3a–d. For each measurement, the calibrator is listed. No
systematic deviation of the visibility was observed for any of our
calibrators at a 1σ level.

3. Model fitting

3.1. Polar and equatorial visibilities

In order to define a plausible model for the light distribution of
Achernar, we examine here the shape of the polar and equa-
torial visibility functions. The orientation of the minor axis of
Achernar on the plane of the sky relative to the North was ob-
tained by D03 using a subset of the data discussed in the present
paper. Using a simplified analysis of the dependence of the
equivalent uniform disk angular diameter with the azimuth of the
projected baseline, they obtained an orientation of the minor axis
of Achernar (assumed to be the polar axis) of α0 = 39 ± 1◦ east
of North.

To visualize the polar visibility function of Achernar, we ex-
tracted the interferometric measurements with azimuth angles
between 10◦ and 70◦, i.e. �±30◦ from the sky-projected polar
axis of the star. As shown in Fig. 2 (left), it appears that the dis-
tribution of the measured visibilities does not follow that of a
uniform disk, and there is a clear deficit of visibility at low spa-
tial frequencies. Fitting a simple uniform disk model (through
a classical least-square minimization) to these data leads to
θUD = 1.78 mas, but the reduced χ2 of 6.2 is characteristic of
a poor fit. The deficit of visibility at low spatial frequencies is
typical of the presence of an extended, incoherent source that
is already resolved by the interferometer on the short baselines.
In other words, a diffuse and extended envelope appears to be
present along the polar axis of the star.

The equatorial visibility function can be evaluated by re-
stricting our sample to the visibility measurements obtained in
the azimuth range α1 = 129 ± 30◦. As shown in Fig. 1, we do
not have as many measurements at high spatial frequencies along
this range of azimuth, due to the limitations in the available VLTI
baselines during commissioning. Figure 2 (right) shows the dis-
tribution of squared visibilities observed in this azimuth range as
a function of the spatial frequency. In this case, the fit of a simple
uniform disk model with θUD = 2.38 mas produces satisfactory
results with a reduced χ2 of only 0.6. In this case, we conclude
that we do not detect any significant diffuse envelope along the
equatorial plane of the star.

Fig. 1. Coverage of the (u, v) plane for the VINCI observations of
Achernar. The K band observations (MONA beam combiner) are repre-
sented using circles (open for siderostat observations, solid for the Unit
Telescopes), and the H band observations are represented using crosses.
The scales are in units of B/λ, expressed in cycles/arcsec.

3.2. Star-envelope model description

As discussed in Sect. 3.1, it appears that a diffuse envelope,
confined to the direction of its polar axis, is present around
Achernar. In order to study the flux contribution of this envelope,
we need to define a simple model to fit the observed visibility
data. For this purpose, we considered the following components:

– the stellar photosphere is represented by a uniform ellipse.
The parameters are the equatorial and polar angular sizes θeq
and θpol and the azimuth orientation of the equatorial axis on
the sky α1;

– the diffuse envelope is represented by a bidimensional ellip-
tical Gaussian. It is parametrized by its full widths at half
maximum (FWHM) along the polar and equatorial axes of
the star ρpol and ρeq, and its integrated flux relative to the
stellar flux f . We make the assumption that its principal axes
are aligned with the principal axes of the stellar photosphere.

Using a simple uniform ellipse model is naturally a very sim-
plified approximation of the photospheric light distribution of
Achernar. In reality, the rapid rotation of the star causes signif-
icant brightening of the polar caps of the star as a consequence
of its flattening. Though numerical models can accurately pre-
dict the distribution of light on the photosphere of uniformly
rotating stars (see e.g. Domiciano de Souza et al. 2002), the
underlying Roche approximation is not necessarily verified for
Achernar. In particular, Jackson et al. (2004) show that stellar
models of Achernar including differential internal rotation re-
sult in better agreement with the interferometric profile obtained
by D03. Though there are good prospects for differential rota-
tion being constrained observationally by spectro-interferometry
(Domiciano de Souza et al. 2004), the current uncertainties on
the light distribution of the photosphere lead us to prefer the sim-
ple approach of a uniform ellipse. We also make the hypothesis
that the axes of the envelope are aligned with the principal axes
of the stellar photosphere. Due to the limited coverage of our
data set in terms of azimuth angle at intermediate baselines, we

3. High spectro-spatial resolution observations of fast rotators in the H-R diagram
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Fig. 2. Left: squared visibilities V2 measured on Achernar and corresponding to projected baseline azimuth angles around the polar direction
(values between 10◦ and 70◦). Right: V2 corresponding to projected baseline azimuth angles around the equatorial direction (values between 100◦
and 160◦). The solid squares and crosses represent K and H band data, respectively. The solid curves represent theoretical V2 along the pole (left)
and the equator (right) obtained from the 2D fit of our two-component model (Sect. 3) to all measured V2 (Tables 3a–d. Note also the V2 outliers
along the polar direction, which were not included in the fit (see text for details).

Table 3. (a) Squared visibilities of Achernar in the K band from VINCI,
ordered by increasing azimuth angle of the projected baseline. The cal-
ibrators are named using their HR number, when no Bayer designation
is available. The stated Julian date JD0 is JD− 2.452×106. The azimuth
is counted in degrees clockwise from North (N = 0 deg, E = 90 deg),
and B is the projected baseline in meters. The squared visibilities are
followed in subscript by the statistical and calibration uncertainties.

JD0 Cal. Stations B (m) Az. V2 (%)
548.551 αPsA B3-M0 139.44 7.3 45.7±1.5±4.1

546.558 αPsA B3-M0 139.48 7.9 42.7±4.4±3.3

548.555 αPsA B3-M0 139.46 8.7 46.3±1.5±4.2

548.560 αPsA B3-M0 139.48 10.2 44.4±1.5±4.0

547.595 αPsA B3-M0 139.61 20.2 45.9±2.1±3.8

545.604 αPsA B3-M0 139.69 21.2 50.6±1.6±2.4

547.600 αPsA B3-M0 139.63 21.8 45.0±2.1±3.7

545.608 αPsA B3-M0 139.70 22.6 52.6±1.6±2.5

547.605 αPsA B3-M0 139.65 23.3 46.5±2.2±3.8

545.613 αPsA B3-M0 139.72 24.0 51.7±1.5±2.5

216.589 1318 U1-U3 95.29 24.2 67.9±1.1±0.5

216.592 1318 U1-U3 95.15 24.8 66.6±1.3±0.5

545.622 αPsA B3-M0 139.72 26.7 49.7±1.5±2.4

545.626 αPsA B3-M0 139.72 28.0 48.7±2.2±2.3

534.712 χ Phe U1-U2 44.61 29.6 87.3±1.6±0.4

545.632 αPsA B3-M0 139.70 29.9 51.3±2.2±2.4

534.714 χ Phe U1-U2 44.56 30.1 89.3±1.6±0.4

575.637 37, 2305 U1-U3 93.34 31.3 73.2±2.8±1.3

213.654 χ Phe U1-U3 91.22 36.9 76.3±2.2±1.6

213.655 χ Phe U1-U3 91.12 37.2 77.4±2.3±1.6

213.658 χ Phe U1-U3 90.79 37.9 72.4±2.2±1.5

213.660 χ Phe U1-U3 90.62 38.3 75.2±2.0±1.6

534.749 χ Phe U1-U2 43.54 38.7 88.9±2.1±0.4

213.663 χ Phe U1-U3 90.28 39.0 72.3±2.0±1.5

534.750 χ Phe U1-U2 43.48 39.1 84.3±1.5±0.4

534.752 χ Phe U1-U2 43.40 39.6 85.4±1.6±0.4

556.635 δPhe B3-M0 139.20 39.8 59.2±4.1±1.7

214.664 1318 U1-U3 89.89 39.9 68.8±1.7±0.5

534.755 χ Phe U1-U2 43.32 40.2 82.9±1.7±0.4

214.667 1318 U1-U3 89.60 40.5 66.2±1.6±0.5

556.642 δPhe B3-M0 139.02 41.7 55.3±4.0±1.6

213.675 χ Phe U1-U3 88.92 41.8 72.6±2.0±1.5

214.675 1318 U1-U3 88.69 42.2 70.2±1.7±0.5

556.646 δPhe B3-M0 138.88 42.9 54.3±3.8±1.6

213.691 χ Phe U1-U3 87.05 45.1 73.5±2.2±1.5

Table 3. (b) Squared visibilities of Achernar in the K band from VINCI
(continued from Table 3a).

JD0 Cal. Stations B (m) Az. V2 (%)

533.711 ε Ind U1-U4 129.75 45.7 41.3±1.2±1.4

533.713 ε Ind U1-U4 129.70 46.1 41.0±0.9±1.4

533.715 ε Ind U1-U4 129.64 46.8 41.0±0.9±1.4

533.717 ε Ind U1-U4 129.57 47.4 42.4±0.9±1.4

550.685 δPhe B3-M0 137.86 49.2 49.8±3.4±1.4

550.688 δPhe B3-M0 137.64 50.3 53.9±3.6±1.5

550.697 δPhe B3-M0 137.09 52.5 51.5±1.6±1.4

534.898 χ Phe U2-U3 39.87 54.7 89.5±2.4±0.4

534.900 χ Phe U2-U3 39.68 55.0 89.9±1.8±0.4

534.902 χ Phe U2-U3 39.44 55.4 89.3±1.8±0.4

534.904 χ Phe U2-U3 39.18 55.9 91.0±1.9±0.4

556.696 δPhe B3-M0 135.77 56.9 50.9±2.2±1.4

556.701 δPhe B3-M0 135.32 58.2 50.3±2.1±1.3

556.705 δPhe B3-M0 134.87 59.5 51.1±2.2±1.4

550.733 δPhe B3-M0 133.55 62.6 52.1±2.0±1.5

590.625 δPhe B3-M0 133.37 63.0 51.6±0.8±1.3

550.736 δPhe B3-M0 133.15 63.5 52.9±1.8±1.5

590.629 δPhe B3-M0 132.83 64.2 49.7±0.7±1.2

550.741 δPhe B3-M0 132.55 64.7 53.7±1.8±1.5

569.691 δPhe B3-M0 132.25 65.3 49.6±1.1±1.2

945.621 αPsA E0-G0 15.95 65.4 92.5±3.2±0.1

590.634 δPhe B3-M0 132.12 65.6 49.5±0.8±1.2

554.735 αPsA B3-M0 131.85 66.1 48.4±1.9±2.0

569.695 δPhe B3-M0 131.58 66.6 49.7±1.1±1.2

945.625 αPsA E0-G0 15.93 66.7 91.5±3.3±0.1

590.639 δPhe B3-M0 131.41 66.9 50.4±0.8±1.3

569.700 δPhe B3-M0 130.94 67.8 49.6±1.7±1.2

579.677 δPhe B3-M0 130.22 69.1 54.8±4.4±1.1

579.682 δPhe B3-M0 129.41 70.4 49.7±4.5±1.0

579.687 δPhe B3-M0 128.57 71.8 48.7±4.7±1.0

555.761 δPhe B3-M0 127.04 74.1 48.7±1.9±1.0

555.765 δPhe B3-M0 126.16 75.4 49.7±3.3±1.0

577.707 δPhe B3-M0 125.74 75.9 50.1±3.4±1.3

577.712 δPhe B3-M0 124.67 77.4 49.8±3.4±1.3

577.717 δPhe B3-M0 123.75 78.6 50.3±3.4±1.3

552.786 αPsA B3-M0 123.47 79.0 49.7±4.2±3.6

533.781 χ Phe U2-U4 89.03 84.0 64.6±2.9±1.2

533.783 χ Phe U2-U4 88.98 84.5 64.8±2.5±1.2

555.798 δPhe B3-M0 118.90 84.6 49.7±3.5±1.0

3.2. The Be star Achernar (α Eridani)
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Table 3. (c) Squared visibilities of Achernar in the K band from VINCI
(continued from Table 3b).

JD0 Cal. Stations B (m) Az. V2 (%)
533.786 χ Phe U2-U4 88.91 85.2 63.6±2.6±1.1

533.788 χ Phe U2-U4 88.83 85.8 62.9±2.5±1.1

555.802 δPhe B3-M0 117.78 85.9 50.3±2.8±1.0

579.754 δPhe B3-M0 113.06 91.2 52.6±4.0±0.8

579.759 δPhe B3-M0 111.82 92.6 52.0±4.0±0.8

629.580 αCet B3-C3 7.37 93.1 98.2±2.7±0.0

579.763 δPhe B3-M0 110.48 94.0 52.0±4.3±0.8

629.585 αCet B3-C3 7.31 94.7 102.1±3.4±0.0

544.865 χ Phe B3-M0 108.80 95.8 50.2±3.8±2.4

544.869 α PsA B3-M0 107.50 97.2 49.5±3.2±2.4

544.873 α PsA B3-M0 106.17 98.6 48.2±3.4±2.3

535.631 χ Phe E0-G1 43.57 111.5 88.7±4.6±0.5

535.642 χ Phe E0-G1 45.32 114.0 89.2±5.7±0.5

538.646 χ Phe E0-G1 47.10 116.7 85.1±4.7±0.4

538.651 χ Phe E0-G1 47.74 117.7 82.9±6.1±0.4

535.673 χ Phe E0-G1 49.58 120.7 79.8±4.3±0.4

535.678 χ Phe E0-G1 50.24 121.8 80.9±8.6±0.4

662.575 αCet E0-G0 18.82 122.1 102.0±4.3±5.3

535.686 χ Phe E0-G1 51.24 123.6 78.7±4.6±0.4

662.579 υCet E0-G0 18.65 123.6 100.9±6.0±2.5

528.781 χ Phe E0-G1 58.21 140.2 81.1±2.5±0.6

528.785 χ Phe E0-G1 58.49 141.1 79.0±1.8±0.6

528.790 χ Phe E0-G1 58.76 142.1 76.1±2.4±0.6

528.820 χ Phe E0-G1 60.41 149.0 75.2±2.2±0.7

528.824 χ Phe E0-G1 60.60 150.0 75.7±2.8±0.7

Table 3. (d) Squared visibilitiess of Achernar in the H band from
VINCI, equipped with the IONIC integrated optics beam combiner.

JD0 Cal. Stations B (m) Az. V2 (%)
475.861 α Ind E0-G1 52.48 126.0 70.8±4.3±1.6

475.870 α Ind E0-G1 53.39 127.8 71.1±4.8±1.6

477.781 α Ind E0-G1 42.26 109.7 78.7±3.9±1.7

477.785 α Ind E0-G1 42.98 110.7 77.4±3.7±1.7

479.941 α Ind E0-G1 59.78 146.1 65.3±5.2±1.4

479.944 α Ind E0-G1 59.95 146.8 66.0±5.4±1.4

479.949 α Ind E0-G1 60.19 147.9 65.3±5.1±1.4

482.791 α Ind E0-G1 45.98 115.0 76.6±7.3±1.7

482.824 α Ind E0-G1 50.39 122.1 72.5±7.0±1.6

482.827 α Ind E0-G1 50.80 122.8 78.4±7.1±1.8

483.718 α Ind E0-G1 34.05 98.7 82.0±4.4±1.8

483.722 α Ind E0-G1 34.83 99.7 77.5±4.1±1.7

483.727 α Ind E0-G1 35.78 101.0 80.1±4.6±1.7

483.831 α Ind E0-G1 51.56 124.2 71.9±7.2±1.7

483.835 α Ind E0-G1 52.05 125.1 70.9±3.8±1.7

483.839 α Ind E0-G1 52.51 126.0 72.0±4.2±1.7

484.767 α Ind E0-G1 43.17 110.9 75.3±6.4±1.4

484.771 α Ind E0-G1 43.72 111.7 79.3±5.7±1.4

485.887 χ Phe E0-G1 57.36 137.5 72.3±6.5±1.2

choose this approach in order to reduce the number of fitted pa-
rameters, and therefore improve the stability of the convergence
of the χ2 minimization.

3.3. Photospheric visibility function

The visibility function of a uniform ellipse can be derived from
the classical visibility function of a circular uniform disk with an
angular diameter θUD:

VUD(u, v) =
2 J1(x)

x
(1)

where x = π θUD

√
u2 + v2, with u and v the spatial frequency co-

ordinates in units of B/λ. In order to obtain the visibility function
of the ellipse, we use a rotation of the (u, v) axes and a scaling of
the (u, v) variables:

u′ = u cosα1 + v sinα1 v′ = −u sinα1 + v cosα1. (2)

The visibility of the uniform ellipse with a major axis θeq, a mi-
nor axis θpol, and a major axis orientation relative to the u axis α1
is therefore:

Vstar(u, v, θeq, θpol, α1) =
2 J1(x′)

x′
(3)

where x′ = π
√
θ2eq u′2 + θ2pol v

′2.

3.4. Envelope visibility function

As in Sect. 3.3, we can obtain the visibility function of an ellipti-
cal Gaussian brightness distribution from the circularly symmet-
ric case for which we have

VGauss(u, v) = exp

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣−
(
π ρ
√

u2 + v2
)2

4 ln 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (4)

where ρ is the FWHM. In the elliptical case, we therefore obtain

Venv(u, v, ρeq, ρpol, α1) = exp

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−

(
π
√
ρ2

equ′2 + ρ2
polv
′2
)2

4 ln 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5)

with the same expression of u′ and v′ as in Sect. 3.3, as we as-
sume that the axes of the Gaussian envelope are aligned with the
axes of the photosphere. The indexes “eq” and “pol” refer to the
equator and pole of the central star.

3.5. Extracted parameters

Combining the visibility expressions presented in Sects. 3.3
and 3.4, we obtain the following expression for our simple model
of an elongated ellipse with a superimposed Gaussian envelope:

Vmodel(u, v, θeq, θpol, ρeq, ρpol, α1, f ) =
Vstar + f Venv

1 + f
· (6)

To derive the six free parameters of our model, we proceed
through a classical χ2 minimization process, with

χ2
tot(θeq, θpol, ρeq, ρpol, α1, f ) =

∑
i

[
V2

i − V2
model(ui, vi, ...)

]2
σ2

i

(7)

where V2
i is one of the VINCI squared-visibility measurements,

and σ2
i its associated total variance. The expression of the re-

duced χ2 is:

χ2
red =

χ2
tot

Nobs − d.o.f.
(8)

where Nobs is the number of individual observations and
d.o.f. = 6 the numbers of degrees of freedom, considering that
we fit a total of six parameters.

The minimum χ2
red of 0.79 is reached for the parameters

listed in Table 4. This low value is characteristic of a good corre-
spondence of our model to the interferometric data. The best-fit
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Table 4. Best fit parameters (and corresponding uncertainties) of our
simple model consisting in a Gaussian elliptical envelope superimposed
on a uniform ellipse representing the central star. The fit was computed
on our complete H and K band data set.

θeq 2.13 ± 0.05 mas stellar equatorial angular size
θpol 1.51 ± 0.02 mas stellar polar angular size
α1 131.6 ± 1.4 deg azimuth of the stellar equator
ρeq 2.7 ± 1.3 mas envelope FWHM along stellar equator
ρpol 17.6 ± 4.9 mas envelope FWHM along stellar pole
f 4.7 ± 0.3% relative (envelope to star) near-IR flux

Fig. 3. Graphical representation of the best-fit model intensity distribu-
tion of Achernar. The relative flux contributions from the star and the
envelope are not to scale. This illustration should not be considered as
a true image of the star.

visibility function is a two-dimensional V2(u, v) map. Figure 2
shows the cuts of this best-fit V2(u, v) map along the stellar pole
and the equator (solid curves). Note that the rapid visibility de-
crease observed at low spatial frequencies in the polar direction
is reproduced well by the presence of the elongated polar enve-
lope in the model.

A graphical representation of the star and its polar envelope
based on the best-fit parameters is presented in Fig. 3. We em-
phasize that this figure is not a true image of the star, but only
the representation of the best-fit light distribution with the a pri-
ori hypothesis that the star can be described by a uniform el-
lipse surrounded by an elliptical Gaussian envelope aligned with
its principal axes. This intensity distribution reproduces the ob-
served visibilities well, but several others could also fit. In partic-
ular, we cannot determine if the envelope is symmetric relative
to the star, due to the baseline orientation ambiguity of 180◦.

3.6. Excluded data points

In the fitting process, we chose to exclude the four data points
obtained on the UT1-UT4 baseline (see Table 3b). With a posi-
tion angle of ≈46 deg for the projected baseline, they correspond
to a measurement that is almost aligned with the pole of the star
(α0 = 41.6± 1.4 deg). Although they satisfy the data quality cri-
teria that we applied to the other data points, they are located
6−7σ away from the best-fit model. It should be noted that the
114 remaining data points are in excellent agreement with our

CSE model, and the residuals of the fit present satisfactory sta-
tistical properties (see Sect. 3.7).

An instrumental origin for these outliers cannot be formally
excluded, especially as these data points were obtained on the
very first night of VLTI operations of the UT1-UT4 baseline.
However, no particular technical problem was reported, and the
other stars observed on this night showed consistent results. As
we could not distinguish these measurements from the rest of our
data, we chose to publish them all together for the sake of homo-
geneity. A possible astrophysical cause for these low visibilities
would be a stellar eruption that could have suddenly increased
the CSE brightness and/or angular extension.

3.7. Comparison with other models and residuals of the fit

In order to assess the level of adequation of our star+CSE model
to the data, we also tried to fit them with two simpler models:
a circular uniform disk and a uniform ellipse. The residuals for
each of the three models are presented in Fig. 4 as a function
of the projected baseline azimuth angle. We obtained in the first
case a uniform disk angular diameter of θUD = 1.78 mas, with
the large χ2

red of 4.9 characteristic of a bad fit. Fitting a uniform
ellipse results in the following best-fit values: θeq = 2.31 mas,
θpol = 1.68 mas, and α1 = 135.7◦. Again, the χ2

red of 3.2 shows
poor agreement of this model to our data. It thus appears that
our star+Gaussian CSE model is a much better fit to our data set
(χ2

red = 0.79) than the models without CSE.
As shown in Fig. 4 (bottom), the residuals of our star+CSE

fit appear to be homogeneous with respect to azimuth angle.
Similarly, we do not detect any significant residual either with
respect to projected baseline length or with time (Fig. 5). The
H and K band data sets do not show any systematic devia-
tion, which justifies a posteriori our combined treatment of these
two data sets. Due to the relatively small number of measure-
ments in the H band and their lower accuracy compared to the
K band, their influence on the best-fit parameters is very limited.
However, they are overall in excellent agreement with the best-
fit model, with a specific reduced χ2 of only 0.2. Considering the
limited amount of H band data, we currently cannot investigate
the wavelength dependence of the CSE properties, but additional
observations with the AMBER instrument of the VLTI in the J
and H bands will soon allow such studies. It should be noted that
interferometric observations of the bright B0IVpe star γCas in
the visible have shown that the apparent size of this star can vary
considerably with wavelength (Stee et al. 1998). The scatter ap-
pears to be slightly larger along the polar direction than along the
equator of the star (Fig. 5, top). This could be caused by devia-
tions from our simple star-CSE model on small angular scales.
For instance, the presence of clumps in the CSE could create this
apparent instability of the visibility function. However, our data
set is still too limited to constrain their properties significantly.

4. Nature of the CSE of Achernar

4.1. Total extension

As listed in Table 4, the angular sizes of the axes of the
photosphere ellipse (θeq and θpol) are well constrained, as is
the flux ratio f = 4.7 ± 0.3% between the star and the
polar envelope. However, the angular dimensions of the en-
velope itself are poorly constrained. In particular, as visible
in Fig. 2, we lack very short baseline measurements to esti-
mate the total extension of the envelope in the polar direction.
Considering our data, it could be much more extended than the
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Fig. 4. Residuals of the visibility fit in units of V2 standard deviation σ,
as a function of azimuth angle, for a uniform disk (top), a uniform el-
lipse (middle), and our uniform ellipse with CSE model (bottom). The
H band data are shown with crosses. The four outliers (open diamonds)
were not included in the fit. The dashed and dot-dashed lines represent,
respectively, the polar and equatorial directions of the models, including
a uniform ellipse.

derived ρpol = 17.6 ± 4.9 mas, which should be considered as a
lower limit. The angular extension of the envelope in the equa-
torial direction is also rather poorly constrained by our data, but
appears to be small, and could be approximately the size of the
star itself.

4.2. Photospheric flattening ratio

From the fit of our two-component model, we obtained a photo-
spheric major- over minor-axis ratio of θeq/θpol = 1.41 ± 0.04,
while D03 measured a value of 1.56 ± 0.05, using part of the

Fig. 5. Residuals of the visibility fit as a function of projected baseline
length (top) and date of observation (bottom). The symbols are the same
as in Fig. 4.

current data set. The 2.3σ difference between these two val-
ues can be explained by the difference in adopted model be-
tween these two approaches. D03 estimated the uniform disk
equivalent angular diameter for each available azimuth and fit-
ted an ellipse on the resulting values. In the present work, we
directly fitted our two-component model to the visibilities in the
(u, v) plane. In addition, D03 used a single-disk model that does
not take the presence of the envelope into account.

Both approaches are valid and have their limitations and ad-
vantages. The important point where the main objective con-
cerns the study of the flattening of the star is to compare the
results to a physically realistic model including (at least) rota-
tional deformation and gravity darkening, as was done by D03.
In a future work we intend to perform a complete astrophysical
analysis of the available interferometric and spectroscopic data
on Achernar, including rotational effects (flattening and grav-
ity darkening) and the CSE, both in the polar and equatorial
directions.

4.3. Infrared free-free emission

From the measured flattening ratio, the polar temperature of
Achernar could be higher than 20 000 K. In this context, the
radiation pressure reaches very high values. As was demon-
strated in the case of the luminous blue variable star ηCarinae
by Van Boekel et al. (2003), a stellar wind ejected from the
poles can have a detectable signature in the interferometric vis-
ibilities in the near infrared. Recently, Meilland et al. (2006)
showed that an elongated polar wind should be included with
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a thin disk in order to explain the near-IR VLTI/AMBER (e.g.,
Petrov et al. 2003) observations of αArae, another Be star that
is very similar to Achernar (rotation velocity, spectral type).
Although the central stars are similar, one important difference is
that αArae presented hydrogen lines in strong emission during
the interferometric observations, while they were absent from
the spectrum of Achernar. Both stars show an elongated polar
wind responsible for a free-free and free-bound near-IR contin-
uum emission, while only one of them (αArae) shows a dense
equatorial disk (resolved by VLTI/AMBER) where hydrogen
emission lines are formed. This indicates that a significant (in
terms of size and near-IR emission) polar wind exists indepen-
dently if the star is in a normal B or in a Be phase; i.e., the polar
wind does not seem to be completely related to the existence of
a denser equatorial envelope.

In the hypothesis that the observed polar CSE near-IR emis-
sion is mostly caused by free-free radiation, we can roughly es-
timate the mean electron density as ne � 2−3×1010 cm−3 for the
H and K bands. This value was obtained from the free-free emis-
sivity (e.g. Allen 1973) by considering an electron temperature
of 20 000 K (the result does not depend strongly on this value)
and by using the CSE parameters derived in this work (Table 4).

In a recent paper, Vinicius et al. (2006) estimated the
2.2 µm continuum emission based on a residual emission de-
tected in the Hα absorption profile measured contemporane-
ously to the VINCI/VLTI campaign on Achernar. They proposed
an explanation for the strong flattening measured on Achernar
(Domiciano de Souza et al. 2003) by adopting the hypothesis
that the residual Hα emission and the associated near-IR con-
tinuum emission are formed in the remaining equatorial disk.
However, considering the results from the present work, a sig-
nificant fraction of the near-IR emission appears to originate in
the polar envelope.

5. Conclusion

We have detected a diffuse circumstellar envelope around the
bright Be star Achernar, which accounts for approximately 5%
of the flux of the star in the near-IR (H and K bands). This enve-
lope presents clear asymmetry with a significantly larger exten-
sion along the polar direction of the star. The photosphere of the
star itself is distorted by the fast rotation with a larger equatorial
angular diameter. The elongation of the CSE points to a signif-
icant polar wind, most probably powered by the hot tempera-
ture at the stellar poles (von Zeipel effect). Its total extension is
loosely constrained by our observations, and it could reach large
distances from the star. It appears that a complete astrophysical
model able to simultaneously explain all observations (spectro-
scopic and interferometric) of Achernar is required. We are also
confident that spectro-interferometric observations of Achernar
with the VLTI/AMBER instrument will bring new insight into
the gravity darkening, actual shape and relative intensity of the
central star and its immediate circumstellar environment.
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ABSTRACT

The recent interferometric study of Achernar, leading to the conclusion that its geometrical oblateness cannot
be explained by the Roche approximation, has stirred substantial interest in the community, in view of its potential
impact on many fields of stellar astrophysics. It is the purpose of this Letter to reinterpret the interferometric
observations with a fast-rotating, gravity-darkened central star surrounded by a small equatorial disk, whose
presence is consistent with contemporaneous spectroscopic data. We find that we can fit the available data only
assuming a critically rotating central star. We identified two different disk models that simultaneously fit the
spectroscopic, polarimetric, and interferometric observational constraints: a tenuous disk in hydrostatic equilibrium
(i.e., with small scale height) and a smaller, scale height enhanced disk. We believe that these relatively small
disks correspond to the transition region between the photosphere and the circumstellar environment and that
they are probably perturbed by some photospheric mechanism. The study of this interface between photosphere
and circumstellar disk for near-critical rotators is crucial to our understanding of the Be phenomenon and the
mass and angular momentum loss of stars in general. This work shows that it is nowadays possible to directly
study this transition region from simultaneous multitechnique observations.

Subject headings: polarization — stars: emission-line, Be — stars: individual (Achernar) —
techniques: interferometric — techniques: spectroscopic

Online material: color figure

1. INTRODUCTION

Interferometry greatly increased our knowledge of the Be
star Achernar (a Eri, HD 10144). Domiciano de Souza et al.
(2003, hereafter D03) observed Achernar during fall 2002 with
the ESO-VLTI/VINCI instrument (Kervella et al. 2003) in the
K band and found that the star is highly oblate. By converting
the individual visibilities into equivalent uniform-disk angular
diameters, they derived a ratio between the major and minor
elongation axis . Later, Kervella & Domi-a/b p 1.56 � 0.05
ciano de Souza (2006) detected a tenuous polar wind, and very
recently Kervella & Domiciano de Souza (2007) found that
Achernar has a main-sequence, lower mass companion.

The available interferometric data, together with the abun-
dance of data from the literature, forms a body of information
that is probably unrivaled by that of any other Be star. There
is, however, much that is still unknown about the star and its
circumstellar environment. As pointed out by D03, the deter-
mination of the actual stellar oblateness from the interfero-
metric data is not a simple task, since there are so many un-
knowns involved. In their original work D03, based on
simultaneous spectroscopic data, assumed that there was no
circumstellar material at the time of the observations and that
the observed shape was purely photospheric in origin. Their
modeling of the observations with a rotationally deformed,
gravity-darkened star, assuming the Roche approximation of
uniform rotation and centrally condensed mass, led to the con-
clusion that the stellar flattening required to explain the ob-
servations exceeds that of a critical rigid rotator.

Recent theoretical developments in the theory of differen-

1 Instituto de Astronomia, Geofı́sica e Ciências Atmosféricas, Universidade
de São Paulo, Rua do Matão 1226, Cidade Universitária, São Paulo, SP 05508-
900, Brazil.

2 Lab. H. Fizeau, CNRS UMR 6525, Université de Nice Sophia Antipolis,
Observatoire de la Côte d’Azur, F-06108 Nice cedex 2, France.

3 University of Toledo, Department of Physics and Astronomy, MS 111,
2801 W. Bancroft Street, Toledo, OH 43606.

tially rotating stars (e.g., Jackson et al. 2004) show that they
can have equatorial radii larger than the Roche limit, which is
physically compatible with the interferometric results. How-
ever, Vinicius et al. (2006) demonstrated the existence of a tiny
yet nonnegligible emission in Ha at the time of the VLTI
observations, an indication that there was some circumstellar
material around Achernar, probably associated with a small
rotating disk. Furthermore, Vinicius et al. (2006) showed, from
temporal analysis of profile variations of the line He i l6678

, that orbiting gas clouds are a very frequent feature of Acher-Å
nar, even during its quiescent phase.

The presence of this circumstellar material raises the question
of how much it can contribute to the observed visibilities. In
this Letter we investigate how the presence of a small disk
around Achernar may alter the interferometric signal and the
effects this may have on the determination of fundamental
parameters such as stellar rotation rate and stellar flattening.

2. MODELS

To compute the emergent spectrum of the system we use the
computer code HDUST (Carciofi & Bjorkman 2006; Carciofi
et al. 2006). This code solves the coupled problem of the non-
local thermodynamic equilibrium (NLTE) and radiative equi-
librium for arbitrary three-dimensional envelope geometries,
using the Monte Carlo method. Given a prescription for the
star (rotation rate, shape, flux distribution, effective tempera-
ture, luminosity, etc.) and for the circumstellar gas (density and
velocity distribution), the code calculates the NLTE hydrogen-
level populations and the electron kinetic temperature. Once
those quantities are determined, the emergent spectrum (spec-
tral energy distribution, line profiles, polarization, synthetic im-
ages, etc.) is calculated.

For the present work, we modified HDUST to treat non-
spherical, gravity-darkened stars. We assume the stellar shape
to be a spheroid, which is a reasonable approximation for the
shape of a rigidly rotating star (Frémat et al. 2005). Given the
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TABLE 1
Fixed Stellar Parameters

Parameter Value Reference

. . . . . . . . . . . . . .Rpole 7.3 R, This work
Tpole . . . . . . . . . . . . . . 20000 K This work
Luminosity . . . . . . 3150 L, This work

. . . . . . . . . . . . . .Vcrit 350 km s�1 Vinicius et al. 2006
Inclination . . . . . . . 65� Carciofi et al. 2007
Distance . . . . . . . . . 44.1 pc Perryman et al. 1997

Fig. 1.—Emergent spectrum for models 1–5. Top left: Visible SED. The
red triangles correspond to BVR photometry from the NOMAD catalog (Zach-
arias et al. 2005), for which no observational errors were available. Top right:
IR SED. The JHK photometry is from the 2MASS catalog (Cutri et al. 2003)
and the mid-IR photometry is from Kervella & Domiciano de Souza (2007).
The observational errors for the mid-IR data are of the order of 2%. Bottom
left: Continuum polarization. Bottom right: Ha emission profile. The red curve
corresponds to the residual emission profile of Vinicius et al. (2006).

stellar rotation rate, , the ratio between the equatorial andQ/Qcrit

polar radii is determined from the Roche approximation for the
stellar surface equipotentials (Frémat et al. 2005). For the grav-
ity darkening we use the standard von Zeipel flux distribution
(von Zeipel 1924), according to which F(v) ∝ g (v) ∝eff

, where and are the effective gravity and tem-4T (v) g Teff eff eff

perature at stellar latitude v. In HDUST, the star is divided into
a number of latitude bins (typically 50) that have an associated

and and emit with a spectral shape given by the cor-T geff eff

responding Kurucz model atmosphere (Kurucz 1994).
For the disk density distribution we assume the following

expression:

2 2r R R �z0 eq eq
r(�, z) p exp , (1)( ) ( )2� � H2pH

which is similar to the density distribution of an isothermal
viscous decretion disk in vertical hydrostatic equilibrium (e.g.,
Carciofi et al. 2006). In the above equation, � is the radial
distance in cylindrical coordinates, is the equatorial radiusReq

of the star, and is the disk density scale. We write the diskr0

vertical scale height, H, as

1.5�
H p H , (2)0 ( )Req

where is the scale height at the base of the disk. For iso-H0

thermal disks in vertical hydrostatic equilibrium H p0

, where a is the sound speed and the critical velocity,�1aV Rcrit eq

, is the Keplerian orbital speed at the stellar1/2V { (GM/R )crit eq

surface.
We chose a set of fixed stellar parameters, listed in Table 1.

The value for the polar radius came directly from the inter-
ferometry, once we fixed the stellar inclination angle to be 65�
after the recent work of Carciofi et al. (2007). It is worth noting,
however, that the results we show below are little affected if
we allow the inclination angle to vary within a reasonable range
(say, �5�). The value for the stellar luminosity was obtained
by fitting the available photometric data (see legend of Fig. 1).

Each model of the star plus disk system has four free pa-
rameters: (1) the stellar angular rotation rate, , (2) theQ/Qcrit

disk density scale, , (3) the disk outer radius, , and (4) ther R0 d

disk scale height, .H0

We have two well-known observational constraints, namely,
the 2002 interferometric observations (D03) and the 2002 Ha
line profile (Vinicius et al. 2006, fig. 12). Unfortunately, no
contemporaneous measurement of the linear polarization exists,
but we can impose, with a reasonable level of confidence, an
upper limit for the polarization based on the recent results of
Carciofi et al. (2007). In that Letter, the results of a polarization
monitoring of Achernar, carried out between 2006 July and
November, is reported. Those measurements were taken during
a period in which Achernar was active, with a tenuous circum-

stellar disk, as indicated by the weak Ha emission (Carciofi et
al. 2007, fig. 3). We adopt as an upper limit for the polarization
in our modeling the lowest value reported in Carciofi et al.
(2007), which was 0.12% in the B band. As we shall see below,
fixing this upper limit for the polarization level has important
consequences for the modeling.

3. RESULTS

Our modeling procedure is as follows. For a given set of
, , , and we calculate synthetic images in the KQ/Q r R Hcrit 0 d 0

band, centered at mm, the Ha line profile, the con-l p 2.15
tinuum polarization, and the spectral energy distribution (SED).
The model amplitude visibilities were obtained from the Fourier
transform moduli of the model images at 2.15 mm, normalized
by the total K-band flux of the synthetic image.

Since the Ha emission from 2002 October is very small and
the true photospheric profile of Achernar is not known, we
model, instead of the observed profile, the residual emission
profile of Vinicius et al. (2006, fig. 12). This profile was ob-
tained by subtracting from the 2002 October observations the
average profile of the 1999 period, which is believed to be
purely photospheric. The equivalent width (EW) of this emis-
sion profile is �0.29 .Å

In Figure 2 we show the visibility curves along the polar
and equatorial directions together with the corresponding K-
band images for five representative models that were chosen
to illustrate different aspects of our solution. In Table 2 we list
the model parameters, along with some model results, such as
the B-band polarization level, the Ha EW, and the K-band flux
excess, , which is defined as , where is thel l lE F /F � 1 FK ∗ ∗
stellar flux without the disk at wavelength l.

Let us begin discussing models 1–3, for which the star was
assumed to be rotating critically. We have used Q/Q pcrit

( ) instead of 1 to avoid the un-0.999999 V /V p 0.9993eq crit

physical situation of having in the stellar equator.T p 0eff
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Fig. 2.—Squared visibilities for the models of Table 2 (solid lines), along the polar (upper curves) and equatorial (lower curves) directions. The dashed lines
represent the K-band visibilities for uniform-disk (UD) angular diameters of 1.62 mas and 2.53 mas derived by D03; the corresponding �1 j uncertainties are
shown as light-color bands. These UD diameters indicate the maximum (equatorial direction) and minimum (polar direction) sizes measured on Achernar in the
K band with VLTI/VINCI. The vertical dotted lines indicate the maximum baseline available from the VLTI data. The insets show the model image in the K
band, in logarithmic scale. The bottom right plot shows the squared visibilities for a gravity-darkened Roche star at near-critical velocity (models 1–3) without
the disk and indicates, as shown by D03, that such a model does not reproduce the observations. [See the electronic edition of the Journal for a color version of
this figure.]

TABLE 2
Model Parameters

Model Q/Qcrit

r0

(g cm�3) Rd

H
( )R, R /Req p T /Tp eq

Ha EW
( )Å

PB

(%) EK

1 . . . . . . 0.999999 �111.0 # 10 13.7 0.45 1.5 5.8 0.10 0.02 0.17
2 . . . . . . 0.999999 �123.8 # 10 19.1 0.45 1.5 5.8 �0.34 0.10 0.14
3 . . . . . . 0.999999 �122.6 # 10 16.1 1.1 1.5 5.8 �0.27 0.12 0.12
4 . . . . . . 0.992 �111.0 # 10 13.7 0.45 1.4 1.8 0.20 0.31 0.15
5 . . . . . . 0.992 �121.7 # 10 13.7 0.91 1.4 1.8 �0.05 0.15 0.03

Model 1 corresponds to a small and relatively dense disk, with
given by equation (2); i.e., model 1 corresponds to a diskH0

in vertical hydrostatic equilibrium. For this model the visibility
curves match very well the observations and the polarization
is within the adopted limit, but the Ha emission is very weak,
as a result of the small disk size.

One way to increase the Ha emission is to make the disk
larger. For model 2 we adopted a larger value for , but theRd

density had to be decreased in order to keep the polarization
within the adopted limit. This model reproduces well both the
visibility curves and the Ha EW.

Another way of increasing the line emission is to raise the
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disk scale height. If one raises H by a factor of, say, k, the
disk density scale must be decreased by a factor to keep1/2k
the polarization approximately constant. Model 3 corresponds
to our best scale height enhanced model for a critically rotating
star. The visibility curves and the Ha EW are well reproduced
by the model, and the polarization is within the adopted upper
limit.

We also studied models with lower values of . In thisQ/Qcrit

case, our attempts to fit simultaneously the visibility curves,
polarization, and Ha EW were unsuccessful.

Models 4 and 5 are examples of the results we have obtained
for subcritical stars. Model 4 corresponds to a small and dense
disk in vertical hydrostatic equilibrium. This model reproduces
quite well the visibilities but has too large B-band polarization
and no Ha emission. A scale height enhanced model with lower
density, such as model 5, has better values for polarization and
Ha EW but does not have enough IR flux in the equator to
account for the observed size.

Our lack of success in fitting the observations with subcritical
models is a direct result of two physical effects, both related
to the presence of gravity darkening. For the critical models
1–3, the bolometric stellar flux at the equator is about 1100
times lower than the flux at the pole. Since the disks are rel-
atively small and the star oblate, light from the pole cannot
reach the disk and, as a result, the net scattered flux is small.
As decreases, the flux at the equator rises, and the starQ/Qcrit

becomes less oblate. Both mechanisms cause a significant in-
crease in the scattered flux and, thus, in the polarization level.

4. DISCUSSION

The presence of a small disk around Achernar is a realistic
possibility to explain the interferometric observations. As
shown by D03 (see also Fig. 1), Roche models without a disk
cannot account for the observed aspect ratio.

The combined constraints imposed by the interferometry,
spectroscopy, and the adopted upper limit for the polarization
have allowed us to impose very narrow limits on the model
parameters, within our assumption of a rigidly rotating star in
the Roche approximation surrounded by a small disk. The main
result is that the star must be rotating very close to critical,
since all of our models with that successfullyQ/Q ! 0.992crit

reproduced both the visibilities and the Ha EW (e.g., model
5) had too large polarization levels, for the reasons discussed
above.

We have found two critical models that reproduce equally
well the observations: a large and dense disk in hydrostatic
equilibrium (i.e., geometrically thin; model 2) and a small and
more tenuous disk with enhanced scale height (i.e., geomet-
rically thick; model 3). Because of the lack of contemporaneous
polarization measurements, the model parameters shown in Ta-
ble 2 have a degree of uncertainty that is difficult to estimate.

This stresses the importance of having simultaneous multi-
technique data.

The current paradigm for Be star disks is that of a geomet-
rically thin viscous Keplerian disk in vertical hydrostatic equi-
librium. This paradigm has been corroborated by several recent
studies (e.g., Carciofi et al. 2006; Meilland et al. 2007).

When a star is close to critical rotation, the stellar photo-
spheric material near the equator, which is weakly bound to
the star because of the strong centrifugal force, can eventually
escape the star provided it is given an extra energy by some
other mechanism (e.g., stellar pulsation, interaction in a binary
system, photospheric activity). This material is likely to have,
initially, a very complicated density and velocity distribution.
As the gas diffuses outward as a result of viscosity, the density
and velocity distributions will tend to relax and become in
hydrostatic equilibrium.

Thus, it is reasonable to assume that there is a transition
region between the photosphere (which is characterized by
large densities of the order of 10�10 g cm�3) and the disk itself,
which has densities at least 10 times lower. Many unknowns
exist concerning the size and physical properties (e.g., density,
temperature, velocity field) of this smooth transition region.

With the available data we were able to narrow down sub-
stantially the range of possible values for Achernar’s model
parameters, but we cannot distinguish yet between model 2 and
3, i.e., between a model in hydrostatic equilibrium and a model
with enhanced scale heights that might result from the pertur-
bation of the gas by some photospheric mechanism.

As shown in Figure 1, high-precision spectropolarimetry
might add invaluable information, since models 2 and 3 have
different values for the size of Balmer and Paschen jumps in
polarization. Also, with simultaneous spectrointerferometry
and spectropolarimetry one can spatially resolve the velocity
field, thus establishing whether the material is in equilibrium
or not. The observed residual emission profile (Fig. 1) is in-
dicative of velocity fields more complex than the simple Kep-
lerian rotation that was assumed in this work.

In any case, one important consequence of this work is that
we have shown that with current observing techniques and
state-of-the-art modeling it is already possible to study the
properties of the very inner layers of the disk in Achernar and
possibly other nearby Be stars. Future simultaneous spectro-
polarimetry, spectrointerferometry, and photometry will allow
us to study the properties of this region and determine, for
instance, the size of the transition region and the point at which
the disk becomes in vertical hydrostatic equilibrium.

This work was supported by FAPESP grant 04/07707-3 to
A. C. C., FAPESP grant 01/12598-1 to A. M. M., and NSF
grant AST 03-07686 to the University of Toledo (J. E. B.).
A. M. M. also acknowledges partial support by CNPq.
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Carciofi, A. C., Magalhães, A. M., Leister, N. V., Bjorkman, J. E., & Lev-

enhagen, R. S. 2007, ApJ, 671, L49
Carciofi, A. C., et al. 2006, ApJ, 652, 1617
Cutri, R. M., et al. 2003, The IRSA 2MASS All-Sky Point Source Catalog,

http://irsa.ipac.caltech.edu/applications/Gator/
Domiciano de Souza, A., Kervella, P., Jankov, S., Abe, L., Vakili, F., di Folco,

E., & Paresce, F. 2003, A&A, 407, L47 (D03)
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3.2.3 The binary companion of Achernar: detection and characterization

As part of our program to study Achernar and its close CSE we combined different high angular
resolution techniques of direct imaging. We used in particular the VLT imaging instruments
VISIR in burst mode (multiple mid-IR short exposure images of 20 − 25 ms allowing a final
diffraction limited image) and NACO (near-IR adaptive optics). These observations revealed
that Achernar is a binary system, composed by the previously known Be star, and by a, newly
discovered, fainter companion (∼ 20 − 30 times). We have characterized this companion as
being most likely a A1V-A3V star.

The details on the detection and characterization of the companion of Achernar are pre-
sented, respectively, in the two A&A papers given below: Kervella & Domiciano de Souza (2007)
and Kervella et al. (2008).

Since these works on Achernar, we have continued to follow the binary companion across
its orbit, using several high angular resolution techniques (imaging, adaptive optics, aperture
masking, interferometry). A future work is being prepared (Kervella, Domiciano de Souza et al.,
in prep.), where we intend to derive the orbital parameters of the system, providing in particular
the orbital period and the masses of each component. The preliminary results indicate masses
' 6 M� for the primary Be star and ' 2 M� for the secondary, with an orbital period of ' 7 years.

This work on Achernar’s binary system can bring crucial clues to the study of binary in-
teractions in massive, fast-rotating stars in general, and in Be stars in particular. The interplay
between fast-rotation and binarity of massive stars is closely linked to questions concerning their
chemical evolution, ionizing fluxes, mass and momentum losses, and final stages of evolution.
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ABSTRACT

Context. It is expected that Be stars are surrounded by circumstellar envelopes, and that a significant fraction have companions.
Achernar (αEri) is the nearest Be star, and is thus a favourable target to search for their signatures using high resolution imaging.
Aims. We aim at detecting circumstellar material or companions around Achernar at distances of a few tens of AU.
Methods. We obtained diffraction-limited thermal IR images of Achernar using the BURST mode of the VLT/VISIR instrument.
Results. The images obtained in the PAH1 band show a point-like secondary source located 0.280′′ north-west of Achernar. Its
emission is 1.8% of the flux of Achernar in this band, but is not detected in the PAH2, SiC and NeII bands.
Conclusions. The flux from the detected secondary source is compatible with a late A spectral type main sequence companion to
Achernar. The position angle of this source (almost aligned with the equatorial plane of Achernar) and its projected linear separation
(12.3 AU at the distance of Achernar) favor this interpretation.

Key words. stars: individual: Achernar – methods: observational – techniques: high angular resolution – stars: emission-line, Be

1. Introduction

The southern star Achernar (αEridani, HD 10144) is the bright-
est and nearest of all Be stars (V = 0.46 mag). Depending on
the author (and the technique used) its spectral type ranges from
B3-B4IIIe to B4Ve (e.g., Slettebak 1982; Balona et al. 1987).
The estimated projected rotation velocity v sin i ranges from 220
to 270 km s−1 and the effective temperature Teff from 15 000 to
20 000 K (see e.g., Vinicius et al. 2006; Rivinius, priv. comm.;
Chauville et al. 2001). It has been the subject of a renewed
interest since its distorted photosphere was resolved by means
of near-IR long-baseline interferometry (Domicano de Souza
et al. 2003). Further interferometric observations revealed
the polar wind ejected from the hot polar caps of the star
(Kervella & Domiciano 2006), due to the von Zeipel effect
(von Zeipel 1924).

Our observations aim at studying two aspects of the close en-
vironment of Achernar: the circumstellar envelope at distances
of up to a few tens of AU, and binarity. Mid-infrared (here-
after MIR) imaging is prefectly suited for these two objectives.
Firstly, this wavelength range corresponds to where a circum-
stellar envelope becomes optically thick (asuming the emission
is caused by free-free radiation, following for instance Panagia
& Felli 1975). Secondly, the contrast between Achernar and a
cool companion will be significantly reduced.

We hereafter present the result of our imaging campaign with
the VLT/VISIR instrument, to explore the environment of this
star at angular distances of ≈0.1 to 10′′.

2. Observations

2.1. Instrumental setup: the BURST mode of VISIR

We used the VISIR instrument (Lagage et al. 2004), installed at
the Cassegrain focus of the Melipal telescope (UT3) of the VLT
(Paranal, Chile). VISIR is a MIR imager, that also provides a slit
spectrometer. As it is a ground-based instrument, its sensitivity
is severely limited by the high thermal background of the atmo-
sphere, compared for instance to the Spitzer space telescope, but
its resolving power is ten times higher, thanks to the 8 m diam-
eter of the primary mirror. VISIR is therefore very well suited
for our programme to search for the presence of circumstellar
material and companions within a few tens of AU of Achernar.

However, under standard conditions at Paranal (median see-
ing of 0.8′′ at 0.5 µm), the 8 m telescope is not diffraction lim-
ited in the MIR (seeing ≈0.4′′ vs. 0.3′′ diffraction). Instead of a
pure Airy diffraction pattern, several moving speckles and tip-
tilt usually degrade the quality of the image (see e.g. Tokovinin
et al. 2007). To overcome this limitation, a specific mode of the
instrument, called the BURST mode, was introduced by Doucet
et al. (2007a,b). Its principle is to acquire very short exposures
(∆t <∼ 50 ms), in order to keep the complete integration within a
fraction of the coherence time (≈300 ms at Paranal in the MIR).
The detector is therefore read very quickly, and the resulting im-
ages freeze the turbulence. It is subsequently possible to select
the best images that present a single speckle (“lucky imaging”),
and are thus diffraction-limited. The details of this selection
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Table 1. Log of the observations of Achernar and its PSF calibra-
tor, δPhe using the BURST mode of VISIR. MJD is the modified
Julian date of the middle of the exposures on the target, minus 54 012.
The Detector Integration Time (DIT) is given in milliseconds for one
BURST image. θ is the seeing in the visible (λ = 0.5 µm) as measured
by the observatory DIMM sensor, in arcseconds. The airmass (AM) is
the average airmass of the observation.

# MJD∗ Star Filter DIT N exp. θ (′′) AM
A 0.0669 αEri PAH1 20 1200 × 14 0.9 1.64
B 0.0844 δ Phe PAH1 20 1200 × 14 1.0 1.43
C 0.0965 δ Phe NeII 25 960 × 14 1.1 1.37
D 0.1201 αEri NeII 25 960 × 14 1.0 1.36
E 0.1319 αEri PAH1 20 1200 × 14 0.6 1.32
F 0.1482 δ Phe PAH1 20 1200 × 14 0.6 1.18
G 0.1604 δ Phe PAH2 20 1200 × 14 0.6 1.16
H 0.1877 αEri PAH2 20 1200 × 14 0.8 1.21
I 0.1997 αEri PAH1 20 1200 × 14 0.8 1.20

procedure are given in Sect. 2.3. The BURST mode was al-
ready applied successfully to the observation of the nucleus of
NGC 1068 (Poncelet et al. 2007).

2.2. Observations log

We observed Achernar during the first half of the night of
October 3−4, 2006. A series of BURST mode observations of
this star and δPhe was obtained in three filters: PAH1, PAH2
and NeII (central wavelengths λ = 8.59, 11.25 and 12.81µm).
They were followed by classical VISIR imaging observations
of Achernar and δPhe in the PAH1, SiC (λ = 11.85 µm) and
NeII filters, in order to provide a reference for processing using
the standard instrument pipeline.

The detailed transmission curves of the filters can be found in
the VISIR instrument manual, available from the ESO web site1.
The images obtained on the targets were chopped and nodded in
a North-South and East-West direction by offsetting the M2 mir-
ror and the telescope itself (resp.) in order to remove the fluc-
tuating thermal background in the post-processing. The chop-
ping and nodding amplitudes were both set to 8′′ on the sky, and
the periods were 4 and 90 s, respectively. The pixel scale was
set to the smallest scale available on VISIR (0.075′′/pixel), in
order to sample as well as possible the ≈0.3′′ FWHM diffrac-
tion pattern of the telescope. The Achernar observations were
interspersed every 40−50 min with a PSF reference star, ob-
served with the same instrumental setup. The journal of the
VISIR BURST mode observations is given in Table 1. During
the observations, the seeing quality in the visible varied from
average (1.1′′) to excellent (0.6′′).

The PSF reference star, δPhe (HD 9362, G9III), was cho-
sen in the Cohen et al. (1999) catalogue of spectrophotometric
standards for infrared wavelengths. In addition to being a stable
star, previous interferometric observations in the near-IR with
the VINCI instrument (see in particular Thévenin et al. 2005;
Kervella & Domiciano de Souza 2006) have confirmed that
δ Phe is indeed single. Another advantage of choosing our PSF
star in this catalogue is that its flux is absolutely calibrated, and
it therefore provides a convenient photometric reference to esti-
mate accurately the absolute flux of the observed object. δPhe is
located relatively close to Achernar on the sky (8.2◦), and there-
fore at a similar airmass. It is also of comparable brightness in
the MIR (9.5 Jy at 12 µm vs. ≈16 Jy for Achernar).

1 http://www.eso.org/instruments/visir

Fig. 1. Comparison of the BURST (image A in Table 1) and Classic
(image L in Table 2) images of Achernar in the PAH1 filter. The two
images were obtained in the same seeing conditions.

Table 2. Log of the observations of Achernar and δPhe using the clas-
sical imaging mode of VISIR. The columns are the same as in Table 1,
except the “Total” column, giving the total integration time on target.

# MJD∗ Star Filter DIT Total (s) θ (′′) AM
J 0.2085 αEri SiC 25 640 0.7 1.19
K 0.2188 αEri NeII 25 650 0.7 1.19
L 0.2292 αEri PAH1 20 650 0.7 1.19
M 0.2445 δPhe SiC 25 640 0.7 1.10
N 0.2474 δPhe NeII 25 650 0.6 1.11
O 0.2518 δPhe PAH1 20 650 0.6 1.11

2.3. Raw data processing

One drawback of the BURST mode is that it produces a very
large quantity of data: almost 20 Gbytes for our half-night of ob-
servations. However, the basic MIR data reduction to remove the
instrument signature and the thermal background from the im-
ages is simple, and the data quantity is quickly brought to a more
manageable volume. The fluctuations of the thermal background
were removed through the classical subtraction of the chopped
and nodded images, in order to produce data cubes of more than
10 000 images covering 6.8 × 6.8′′. After a precentering at the
integer pixel level, the images were sorted based on their maxi-
mum intensity, used as a proxy of the Strehl ratio. The 5000 best
images of each cube were then resampled up by a factor 10 using
a cubic spline interpolation, and the star image was subsequently
centered using Gaussian fitting, at a precision level of a few mil-
liarcseconds. The field of view was trimmed to 2.25 × 2.25′′ to
reduce the computing time. The resulting cubes were eventually
averaged to obtain the master images of Achernar and δPhe used
in the image analysis process described below.

Our classical (non-BURST) VISIR images were processed
using the standard VISIR pipeline. This mode differs from the
BURST mode in the sense that the images obtained within one
chopping cycle (every 90 s) are averaged together immediately
after acquisition in order to reduce the data rate. As a result,
the atmospheric tip-tilt and higher order perturbations degrade
the image quality. The main advantage of this mode is that the
processing is less computer intensive.

2.4. BURST vs. classical mode images

As expected, the classical mode images present a significantly
degraded effective resolution compared to the BURST mode
images (Fig. 1), although the seeing conditions were excel-
lent in both cases (visible seeing �0.7′′). The full-width at
half-maximum (hereafter FWHM) of the classical mode image
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Fig. 2. Left: average of the three PSF subtracted images of Achernar in the PAH1 filter (AB, EF and IF pairs). The position of Achernar is marked
with a “star” symbol. Right: average deconvolved image of Achernar (without PSF subtraction). In both images, the orientation of the polar axis
of Achernar (Kervella & Domiciano 2006) is represented by an arrow.

is 0.285′′, while it is only 0.217′′ for the BURST image. As al-
ready demonstrated by Doucet et al. (2007a), this clearly shows
that the BURST mode is perfectly suited for the most demanding
observing programs in terms of angular resolution.

3. Image analysis

3.1. PSF subtraction and image deconvolution

To analyse the images of Achernar, we used two distinct
methods: PSF subtraction and Lucy-Richardson deconvolu-
tion. Provided the seeing conditions are comparable between
Achernar and the calibrator (a condition verified during our ob-
servations), these two methods give access to the close envi-
ronment of the star. The images were processed pairwise with
the following Achernar-PSF combinations (see Table 1): A-B
(PAH1), D-C (NeII), E-F (PAH1), H-G (PAH2), I-F (PAH1).

Firstly, we directly subtracted the normalized PSF image ob-
tained on the calibrator star from the image of Achernar. The
normalization factor between the two images was computed us-
ing a two-parameter linear least squares fit (slope and zero point)
on the central 375 × 375 mas (50 × 50 pixels on our resampled
images). A higher degree fit was also tried to account for a possi-
ble non-linearity of the detector, but no difference was noticeable
between the two fitting methods. The average of the three sub-
tracted PAH1 images is presented in Fig. 2 (left), and the NeII
and PAH2 images are shown in Fig. 3. This procedure does not
work well with the classical (non-BURST) images, due to the
degraded image quality. We thus employed the classical mode
images only for photometry.

Secondly, we deconvolved the three Achernar images us-
ing their associated PSF calibrator images as the “dirty beam”
and the classical Lucy deconvolution algorithm (200 iterations).
The average of the three resulting deconvolved images in the
PAH1 band is presented in Fig. 2 (right). The deconvolved im-
ages in the NeII and PAH2 bands do not show any source in the
field around Achernar.

Fig. 3. Residual of the subtraction of the PSF calibrator image from the
images of Achernar obtained using the PAH2 (D-C) and NeII (H-G) fil-
ters (λ = 11.25 and 12.81 µm, respectively). The vertical and horizontal
dark lines are artefacts from the detector.

3.2. Photometry of Achernar

We obtained photometry of Achernar and δ Phe using an aper-
ture of 0.6′′ in diameter. In order to absolutely calibrate the
flux of Achernar in the four filters used for the present obser-
vations, we used as reference the spectrophotometric template
of δ Phe from Cohen et al. (1999). The irradiance of δ Phe was
read from this template at the average wavelength of each filter,
and multiplied by the ratio of the measured aperture photometry
of Achernar and δPhe. The results are presented in Table 3.

3.3. Northwestern emission

An emitting region in the northwest quadrant, hereafter refered
to as “source B”, is visible in the subtracted and deconvolved
PAH1 images (Fig. 2). A Gaussian fit to the deconvolved im-
age of Achernar gives the following relative position of source
B from Achernar along the right ascension and declination di-
rections: ∆α = −0.184′′, ∆δ = +0.211′′, giving an angular sepa-
ration of 0.280′′ and a position angle φ = −41.1◦ (counted neg-
atively from North towards West, for which φ = −90◦). At the
distance of Achernar (44 pc, ESA 1997) this corresponds to a
linear projected separation of 12.3 AU. The measured azimuth is
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Table 3. Measured irradiance of Achernar.

Filter λ (µm) 10−13 W/m2/µm Jy
PAH1 8.59 9.99 23.7
PAH2 11.25 4.01 16.8
SiC 11.85 3.06 14.4
NeII 12.81 2.31 12.5
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Fig. 4. Linear radius of the companion of Achernar, as a function of its
effective temperature.

close to that of the equatorial plane of Achernar: φeq = −48.4◦
(Kervella & Domiciano de Souza 2006).

The FWHM of source B on the subtracted image (Fig. 2)
is σ(α) = 0.243′′, σ(δ) = 0.170′′. This extension is compa-
rable to the FWHM of the image of Achernar (0.217′′), and
therefore compatible with a point-like source. This is confirmed
by the point-like appearance of the source in the deconvolved
image (Fig. 2). The peak intensity of source B on the sub-
tracted image reaches 1.95% of that of Achernar, and an in-
tegration over a 0.22′′ diameter circular aperture gives a flux
ratio of 1.79%. Considering the photometry of Achernar pre-
sented in Sect. 3.2, the absolute flux from source B is there-
fore �1.9 × 10−14 W/m2/µm, or 0.4 Jy, in the PAH1 band.

4. Discussion

The nature of source B cannot be established as we have only
PAH1 photometry, but Fig. 4 gives the linear radius of the stars
that could produce the flux observed in the PAH1 band, as a
function of their effective temperature. An interesting possibility
is that source B could be an evolved helium star (e.g. a plane-
tary nebula nucleus variable) with Teff � 105 K and R � 0.4 R�.
Future imaging and spectroscopy will provide a more secure
identification, but for the present discussion, we make the hy-
pothesis that it is a main sequence (MS) star. At the distance of
Achernar, a MS star with an apparent flux of 0.4 Jy (mN � 5.2,
MN � 2.0) has an effective temperature of ≈7500 K (spectral
type ≈A7V), and a mass of ≈2 M�. Its extrapolated magnitude
in the V band is mV � 5.8, giving a contrast of ∆mV = 5.4
magnitudes with Achernar. The apparent position of this source,
almost orthogonal to the polar axis of Achernar, is a clue that its
orbit is probably coplanar with the equatorial plane of the star.
In turn, this indicates that the polar axis of Achernar could be
almost in the plane of the sky. The non-detection of source B in
the PAH2 and NeII filters can be explained by the higher noise
in these images and the decreasing flux of the source with in-
creasing wavelength. The residual noise in the PSF subtracted
images in the PAH1, PAH2 and NeII bands correspond to 5σ
point-source detection limits of 0.05, 0.31 and 0.59 Jy, respec-
tively, while the expected fluxes of an A7V star are 0.42, 0.25
and 0.20 Jy in the same filters. A 5σ detection in the PAH2 and
NeII bands thus appears difficult.

Statistically, the presence of a companion around a massive
star like Achernar is not unexpected: about two-thirds of the stars

in this mass range (MαEri � 6 M�) have at least one compan-
ion (Preibisch et al. 2001; see also Vanbeveren et al. 1998). It is
also interesting to remark that the estimated binary frequency for
Cepheids, a state into which Achernar will evolve in the future,
is also around two-third (Szabados 2003). The detected compan-
ions to these supergiants are typically A-type dwarfs, a scenario
compatible with the secondary source we detected.

The spectral type and rotational velocity of αAra (B3Ve,
v sin i ≈ 250−300 km s−1; Yudin 2001; Chauville et al. 2001)
make it an interesting analogue of Achernar, though with a
higher absolute flux in the MIR. Interferometric observations
with the VLTI/MIDI (Chesneau et al. 2005) MIR instrument
showed that αAra is surrounded by a truncated circumstellar
disk. This points at the presence of a stellar companion orbiting
at a distance of ≈30 R∗. The detected source B is located much
further away, but the presence of companions in both cases could
be an indication that the Be phenomenon is linked to binarity.

5. Conclusion

We presented high resolution thermal infrared images of the
close environment of Achernar. A point-like source is identified
at an angular distance of 0.280′′ from Achernar, contributing for
1.8% of the flux of Achernar in the PAH1 band. This source is
not detected in our longer wavelength images, probably due to
their insufficient sensitivity. Its location, close to Achernar and
almost in the equatorial plane of the star, indicates that it is likely
to be a physical companion orbiting Achernar. The measured
flux corresponds to that of an A7V star (similar to Altair, for
instance). A secure identification requires further observations,
that will also determine if source B indeed shares the proper mo-
tion of Achernar (�97 mas/yr).
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ABSTRACT

Context. The Be stars are massive dwarf or subgiant stars that present temporary emission lines in their spectrum, and particularly in
the Hα line. The mechanism triggering these Be episodes is currently unknown, but binarity could play an important role.
Aims. Previous observations with the VLT/VISIR instrument (Kervella & Domiciano de Souza 2007, A&A, 474, L49) revealed a
faint companion to Achernar, the brightest Be star in the sky. The present observations are intended to characterize the physical nature
of this object.
Methods. We obtained near-IR images and an H-band spectrum of Achernar B using the VLT/NACO adaptive optics systems.
Results. Our images clearly show the displacement of Achernar B over a portion of its orbit around Achernar A. Although there are
not enough data to derive the orbital parameters, they indicate a period of about 15 yr. The projected angular separation of the two
objects in December 2007 was less than 0.15′′, or 6.7 AU at the distance of Achernar.
Conclusions. From its flux distribution in the near- and thermal-infared, Achernar B is most likely an A1V-A3V star. Its orbital period
appears similar to the observed pseudo-periodicity of the Be phenomenon of Achernar. This indicates that an interaction between A
and B at periastron could be the trigger of the Be episodes.

Key words. stars: individual: Achernar – techniques: high angular resolution – stars: emission-line, Be – stars: binaries: close

1. Introduction

As the brightest (mV = 0.46) and nearest Be star in the sky,
Achernar (αEri, HD 10144) has been the focus of a lot of in-
terest over the past decades. Its very fast rotation velocity v sin i
is estimated between 220 to 270 km s−1 and its effective tem-
perature between 15 000 to 20 000 K (Vinicius et al. 2006).
Achernar was chosen as the subject of the first VLTI observa-
tions, which revealed its extraordinarily distorted interferomet-
ric profile (Domiciano de Souza et al. 2003). Different possibil-
ities have been proposed recently to explain the exceptionally
high flattening ratio of the photosphere of the star (Jackson et al.
2004; Carciofi et al. 2008). Further interferometric observations
have revealed the presence of the stellar wind emitted by the
overheated poles of the star (Kervella & Domiciano de Souza
2006), resulting in a slight revision of its flattening ratio. A
model of the envelope of Achernar has recently been pre-
sented by Meilland (2007). Last year, we discovered a close-in
faint companion to Achernar, from diffraction-limited thermal
IR imaging with VLT/VISIR (Kervella & Domiciano de Souza
2007). The present Letter reports the follow-up adaptive optics
observations in the near-IR domain to characterize this compan-
ion, hereafter referred to as Achernar B.

� Based on observations collected at the European Southern
Observatory, Chile under ESO Program 279.D-5064(A).
�� Appendix A is only available in electronic form at
http://www.aanda.org

2. Observations

2.1. Imaging

We observed Achernar at several epochs in the second half
of 2007 using the Nasmyth Adaptive Optics System (NAOS,
Rousset et al. 2003) of the Very Large Telescope (VLT), coupled
to the CONICA infrared camera (Lenzen et al. 1998), abbre-
viated as NACO. Table A.1 gives the list of the observations of
Achernar and the standard star δPhe (HD 9362). We selected the
smallest available pixel scale of 13.26± 0.03 mas/pix (Masciadri
et al. 2003), giving a field of view of 13.6′′ × 13.6′′. Due to
the brightness of Achernar, we employed narrow-band filters
at wavelengths 1.094 ± 0.015, 1.644 ± 0.018, and 2.166 ±
0.023 µm (hereafter abbreviated as 1.09, 1.64, and 2.17) together
with a neutral density filter (labeled “ND2_short”), with a trans-
mission of about 1.5%. The raw images were processed using
the Yorick1 and IRAF2 software packages in a standard way,
except that we did not subtract the negligible sky background.
Examples of the images of Achernar A and B and δPhe are pre-
sented in Fig. 1.

2.1.1. Astrometry

To obtain the position of B, we first prepared the images by
subtracting a 180◦ rotated version of each image to itself. This

1 http://yorick.sourceforge.net/
2 IRAF is distributed by the NOAO, which are operated by the
Association of Universities for Research in Astronomy, Inc., under co-
operative agreement with the National Science Foundation.
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Fig. 1. NACO images of Achernar A and B (left) and δPhe (right) in
the 2.17 µm filter obtained on 22 December 2007. The arrows indicate
the position of Achernar B. The field of view is 1′′, and the grey scale
is normalized for both images to the central part of the PSF.

Fig. 2. Result of the subtraction of a 180◦ rotated version of the image of
the Achernar system presented in Fig. 1 (left) from itself. The “B+” and
“B-” arrows point at the positions of the positive and negative images of
Achernar B, and the “A res.” arrow indicates the A subtraction residuals.
The aperture used for photometry is shown in the lower left corner, and
the field of view is 1′′ on each side.

removes the contribution of Achernar A and mainly leaves a pair
of positive and negative images of B, corrected from the PSF
wing leaks from A (Fig. 2). We then directly measured the posi-
tion of Achernar B relative to A using a Gaussian fit procedure
on these images. Although Achernar B is clearly visible at all
three wavelengths, the Gaussian fit converged essentially in the
K band where the high Strehl ratio (compared to the 1.09 µm
images in particular) results in a better separation of the two ob-
jets. The formal fitting error is below ±0.1 pixel, but we estimate
the true uncertainty to ±0.5 pixel (0.066′′), due to the presence
of residual speckles from Achernar A close to B. The pixel scale
and detector orientation introduce negligible systematic uncer-
tainties (Masciadri et al. 2003; Chauvin et al. 2005).

Between epochs 2006.760 (Kervella & Domiciano 2007)
and 2007.975, we measured an apparent displacement of B rela-
tive to A of ρB = 161 ± 10 mas along an azimuth of α = +113◦
(Fig. 3 and Table 1). According to the Hipparcos catalog (ESA
1997), the amplitude of Achernar A’s proper motion on the sky
over 1.2 yr is ρpm = 116 mas along an azimuth of αpm = +115◦.
If B was a background source, we would expect an apparent

Table 1. Position of Achernar B relative to Achernar A.

Epoch λ (µm) ∆αa σ(α) ∆δa σ(δ) Rp
b

2006.760c 11.25 –184.0 7.5 211.0 7.5 12.3
2007.488 2.17 –95.9 6.6 178.6 6.6 8.9
2007.824 2.17 –46.9 6.6 165.8 6.6 7.6
2007.975 2.17 –35.3 6.6 148.2 6.6 6.7

a Differential coordinates and uncertainties in milliarcseconds (mas).
b Projected A–B separation in AU.
c From Kervella & Domiciano de Souza (2007).

Fig. 3. Position of Achernar B relative to A for four epochs. The open
square indicates the VISIR observation (Kervella & Domiciano 2007),
and the dots represent the new NACO epochs. The dashed curve is a
simple quadratic fit through the data points intended to guide the eye.
The segment over Achernar A indicates its projected rotation axis and
polar wind as measured by Kervella & Domiciano (2006). The appar-
ent angular sizes of Achernar A and its polar wind are approximately
represented to scale.

displacement opposite in azimuth to A’s proper motion. As B
is clearly comoving with A, we can rule out the possibility that
it is a background source. As a remark, the parallactic oscil-
lation of the position of Achernar A is small (π = 22.68 ±
0.57 mas) compared to the observed displacements, but the pres-
ence of B could have affected the Hipparcos proper motion and
parallax measurement of Achernar. The other epochs listed in
Table A.1 give astrometric positions compatible with the trajec-
tory shown in Fig. 3, although with lower accuracy due to poor
seeing conditions.

2.1.2. Photometry

For the photometric calibration of our images, we observed
a standard star immediately before or after Achernar, δPhe
(HD 9362, G9III) in the same narrow-band filters. It was cho-
sen in the Cohen et al. (1999) catalogue of spectrophotometric
standards for infrared wavelengths. Due to the small separation
of the Achernar A-B pair, PSF fitting is not possible for measur-
ing the photometry of B. We therefore proceeded in three steps:

1. We measured classical aperture photometry of Achernar
relative to δPhe, using a large aperture of 1.2′′ in radius.

3. High spectro-spatial resolution observations of fast rotators in the H-R diagram
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2. As for the astrometry measurement, we subtracted a 180◦
rotated version of each image to itself to remove the con-
tribution of Achernar A and leave a positive and a negative
image of B, along with limited residuals from A (Fig. 2).

3. We obtained aperture photometry of B from the subtracted
images using an aperture radius of 0.040′′ (shown in Fig. 2).

This procedure has ensured that we obtain properly referenced
photometry for Achernar A (the influence of B is negligible at
step 1), that we can transfer to B at step 3. Step 2 is necessary
because B is located inside the wings of the PSF of A. This sub-
traction is efficient thanks to the good circular symmetry of the
PSF produced by NACO. At step 3, we measure the photometry
of A and B over the same aperture and within the same images.
This allows us to avoid the problem of the variable Strehl ratio of
adaptive optics images. The conversion of the measured narrow-
band magnitudes to standard JHK band magnitudes requires tak-
ing the position of the quasi-monochromatic wavelengths within
the bands and the shape of the observed spectra into account.
Starting from the narrow-band fluxes measured on Achernar and
δ Phe, we used the Pickles (1998)3 reference spectra correspond-
ing to their spectral types (B3V and G9III) to recover the cor-
responding broadband flux ratio. The filter profiles were taken
from Bessell & Brett (1988). From the October−December 2007
observations, we derived magnitudes of: mJ(A) = 0.58±0.14,
mH(A) = 0.80±0.11, mK(A) = 0.81±0.11. These values gen-
erally agree with the JHK magnitudes of Achernar from the
2MASS (Skrutskie et al. 2006; 0.82±0.25, 0.87±0.32, 0.88±0.33) and
Ducati (2002; 0.79, 0.86, 0.88) catalogs, although systematically
brighter by 0.1−0.2 mag, particularly in the J band. This may
be due our narrow-band filters corresponding to the emission
lines sometimes present in the spectrum of Achernar. As we may
slightly overestimate the brightness of Achernar, we quadrati-
cally added an uncertainty of 0.1 mag.

From the magnitudes of Achernar A, the small-aperture pho-
tometry obtained at step 3 gives the following broadband mag-
nitudes for Achernar B: mJ(B) = 4.23±0.36, mH(B) = 4.29±0.22,
mK(B) = 4.61±0.27. The magnitude differences measured be-
tween A and B in the three narrow-band filters are: ∆m1.09 =
3.64±0.47, ∆m1.64 = 3.50±0.19, ∆m2.17 = 3.80±0.25, correspond-
ing to an average contrast of ≈30 between the two stars in
the near-infrared. These magnitudes of B are averages over the
October−December 2007 observations (epoch 2007.8) and the
error bars contain the statistical uncertainty and the dispersion
of all the measurements. The magnitudes at the other epochs
(list of the observations in Table A.1) show a marginally sig-
nificant brightening of B by −0.7±0.4 mag in the K band between
2007.488 and 2007.975 as it approaches A.

2.2. Spectroscopy

For the spectroscopic observations, we used the S27_3_SH
mode of NACO, featuring a slit width of 86 mas on the sky,
a spectral resolution of 1500 over the H band (dispersion of
0.34 nm/pixel), and an angular pixel scale of 27 mas/pixel. As
shown in Fig. 4, the slit was centered on Achernar B. Although
most of the light fed into the slit comes from the companion,
it is not excluded that Achernar A may contribute with part
of the H band spectrum. Details on the 3 recorded ABBA se-
quences are given in Table A.1. Observations were performed
using the classical IR NACO sequence where the spectrum is

3 http://www.ifa.hawaii.edu/users/pickles/AJP/hilib.
html

Fig. 4. Position of the NACO slit relative to Achernar A and B.

recorded with the target positioned at two different slit posi-
tions, i.e. the ABBA observing sequence. For the data reduc-
tion we applied two different procedures: (1) the classical spec-
tral reduction procedure using the IRAF packages for dark and
flat field corrections, and (2) the A-B, B-A procedure. Because
the sky background is negligible and the target is rather bright,
both procedures give identical results. In the last step, IRAF was
used to obtain 1D spectra from weighted averages of 2D spec-
tra and to perform the wavelength calibration. Figure 5 shows
the continuum-normalized average spectrum derived from our
12 observations. The atmospheric absorption lines were cor-
rected using the transmission by Lord (1992), but some residuals
are visible in particular around λ = 1.66 µm (CH4 and water va-
por lines). The absorption lines from the Brackett transitions 11
to 23 of hydrogen are clearly visible in the spectrum and marked
by vertical lines.

3. Discussion

The Hipparcos parallax of Achernar (π = 22.68 ± 0.57 mas;
ESA 1997) corresponds to a distance modulus of µ = 3.22 ±
0.06 mag. The absolute magnitudes of B in the JHK and thermal
infrared N band (average of the PAH1 and PAH2 magnitudes,
see Appendix A) are therefore: MJ = 1.00±0.37, MH = 1.07±0.22,
MK = 1.39±0.28, and MN = 1.88±0.12. The JHK absolute magni-
tudes suggest a spectral type around A1V, slightly fainter than
Vega and slightly brighter than Sirius, which have respective
magnitudes of MJHK ≈ 0.55 and 1.56. The N band absolute
magnitude of Achernar B is also very similar to that of Sirius
(MN = 1.62). It thus does not appear to present an infrared ex-
cess that would betray a Vega-like dusty envelope. Because Vega
itself presents a significant excess in this band (MN = 0.55) due
to the presence of dust, it is not comparable.

Our NACO H band spectrum of B presents a lot of similarity
with early A-type star spectra, as shown in Fig. 5. This is con-
firmed by the computation of linear Pearson cross-correlation
coefficients between our normalized spectrum and the reference
H band spectra from Ranade et al. (2004)4 and Pickles (1998)5.
As shown in Fig. 6, the spectral types A0V-A4V give the best
correlation with our observation. As shown by Meyer et al.
(1998)6, the equivalent width (EW) of the 11-4 Brackett line at

4 http://vo.iucaa.ernet.in/~voi/NIR_Header.html
5 http://www.ifa.hawaii.edu/users/pickles/AJP/hilib.
html
6 ftp://ftp.noao.edu/catalogs/medresIR/
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Fig. 5. Average spectrum of Achernar B (solid curve) compared to the H band spectrum of HR 2763 (λ Gem, A3V, dashed curve) from Ranade
et al. (2004). The positions of the Brackett transitions 11-4 to 23-4 of hydrogen are marked with vertical lines.

Fig. 6. Cross-correlation between our spectrum of B and reference spec-
tra from Ranade et al. (2004), Meyer et al. (1998), and Pickles (1998).

1.681 µm offers a possibility to test the effective temperature,
although it is not monotonic. An integration normalized to the
pseudo-continuum between 1.670 and 1.690 µm gives an equiv-
alent width of 0.675 nm (=2.4 cm−1). From Fig. 7 in Meyer et al.
(1998), this gives log Teff ≈ 3.9−4.1, also compatible with an
early A-type star. Such a star has an approximate mass of ≈2 M�
(Kervella et al. 2003).

Although we cannot derive the full parameters of
Achernar B’s orbit from our limited astrometry, the combination
of its estimated mass (≈2 M�), the mass of A (≈6.7 M�; Vinicius
et al. 2006, see also Harmanec 1988) and the maximum apparent
A-B separation (rAB ≈ 12.3 AU) allow us to roughly estimate its
period. From Kepler’s third law and by assuming an elliptic or-
bit, we have T 2 = a3/M where a is the semi-major axis in AU, T
the period in years, and M the total mass in M�. Assuming that
a is equal to the observed maximum separation of 12.3 AU, we
obtain a minimum period of T = 14 to 15 yr.

4. Conclusion

From our photometry and spectroscopy, Achernar B is most
probably an A1V-A3V star. Our data are currently insufficient
for deriving its full orbit, but its minimum period is ≈15 yr.
Its fast orbital motion should allow the derivation of reliable

parameters within a few years. The periodic approach of the
companion could be the cause of the observed ≈15 yr pseudo-
periodicity of the Be episodes of Achernar (Vinicius et al. 2006).
The passage of B at periastron within a few AUs of A could ex-
tract material from the equator of A, where the effective gravity
is very low. The next such passage should happen around 2010
(Meilland 2007). Achernar appears similar to the B0.2IVe star
δ Sco, which has a 1.5 mag fainter companion on a highly excen-
tric 10.6 yr orbit (Bedding 1993; Miroshnichenko et al. 2001).
This suggests that the presence of companions around Be stars
should be examined carefully, as it may play a key role in trig-
gering the Be phenomenon.
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Fig. A.1. Residual of the subtraction of the VISIR PAH2 image of ηSer
from the image of Achernar in the same band. The contribution of
Achernar B is clearly visible. The arrow indicates the rotation axis of
Achernar A.

Appendix A: Thermal infrared imaging at 11.25 µm

Kervella & Domiciano de Souza (2007) did not detect
Achernar B in the 11.25 µm images (PAH2 band) of the sys-
tem obtained with the VLT/VISIR instrument in BURST mode.
A re-analysis of these observations has shown that the rea-
son for this non-detection was the introduction of noise dur-
ing the normalization and subtraction of the PSF reference star
(δPhe). For our VISIR program on the B[e] star MWC300
(Domiciano de Souza et al. 2008), we obtained BURST mode
images of another PSF calibrator (ηSer) 3.4 h before the ob-
servations of Achernar (under similar seeing conditions). Since
η Ser is brighter than δ Phe, we could obtain a cleaner PSF-
subtracted image of Achernar B, as presented in Fig. A.1. From
this image, aperture photometry over a 0.22′′ diameter gives a
flux ratio of 1.74% between Achernar B and A (the ratio of peak
intensities is 2.14%). From the 16.8 Jy absolute flux derived by
Kervella & Domiciano de Souza (2007) for A, the contribution
from B is therefore 0.3 Jy at 11.25 µm. This value is compara-
ble to the 0.4 Jy flux derived by Kervella & Domiciano de Souza
(2007) at 8.59 µm.

Table A.1. Log of the NACO observations of Achernar and δPhe.

Date / UT Star Filt. ∆t × Na σ (′′)b AMc

Imaging
2007-06-27T08:48:52 αEri 2.17 2 × 5 0.102 1.46
2007-08-01T10:07:20 αEri 2.17 2 × 5 0.082 1.19
2007-08-09T09:51:54 αEri 2.17 2 × 5 0.088 1.20
2007-10-27T04:41:17 αEri 2.17 2 × 30 0.091 1.20
2007-10-27T04:46:27 αEri 1.64 2 × 22 0.092 1.20
2007-10-27T04:50:06 αEri 1.09 2 × 20 0.141 1.20
2007-10-27T05:45:31 δPhe 2.17 4 × 8 0.094 1.19
2007-10-27T05:48:24 δPhe 1.64 4 × 6 0.096 1.20
2007-10-27T05:50:22 δPhe 1.09 4 × 5 0.122 1.20
2007-10-28T03:01:11 αEri 2.17 1.5 × 40 0.083 1.21
2007-10-28T03:04:21 αEri 1.64 1.5 × 30 0.084 1.20
2007-10-28T03:07:18 αEri 1.09 1.5 × 27 0.104 1.20
2007-10-28T03:37:24 δPhe 2.17 3 × 9 0.084 1.10
2007-10-28T03:39:15 δPhe 1.64 3 × 8 0.090 1.10
2007-10-28T03:44:21 δPhe 1.09 3 × 7 0.102 1.10
2007-11-01T00:09:42 αEri 2.17 0.4 × 150 0.096 1.54
2007-11-01T00:12:42 αEri 1.64 0.4 × 110 0.103 1.53
2007-11-01T00:15:35 αEri 1.09 0.4 × 100 0.175 1.51
2007-11-07T02:22:55 αEri 2.17 0.4 × 150 0.093 1.21
2007-11-07T02:25:12 αEri 1.64 0.4 × 110 0.097 1.20
2007-11-07T02:28:02 αEri 1.09 0.4 × 100 0.132 1.20
2007-11-07T02:37:56 δPhe 2.17 1 × 25 0.089 1.11
2007-11-07T02:39:46 δPhe 1.64 1 × 22 0.094 1.10
2007-11-07T02:41:25 δPhe 1.09 1 × 20 0.119 1.10
2007-12-22T01:39:46 αEri 2.17 1.2 × 50 0.073 1.23
2007-12-22T01:44:21 αEri 1.64 1.2 × 37 0.071 1.24
2007-12-22T01:46:51 αEri 1.09 1.2 × 34 0.087 1.24
2007-12-22T02:26:40 δPhe 2.17 1 × 25 0.076 1.23
2007-12-22T02:31:48 δPhe 1.64 1 × 22 0.070 1.24
2007-12-22T02:34:57 δPhe 1.09 5 × 4 0.093 1.25

Spectroscopy
2007-10-27T05:22:23 αEri H 0.5 × 100 1.28 1.23
2007-10-27T05:23:26 αEri H 0.5 × 100 1.28 1.23
2007-10-27T05:24:20 αEri H 0.5 × 100 1.26 1.24
2007-10-27T05:25:24 αEri H 0.5 × 100 1.23 1.24
2007-10-28T03:20:30 αEri H 0.5 × 100 1.25 1.19
2007-10-28T03:21:33 αEri H 0.5 × 100 1.17 1.19
2007-10-28T03:22:27 αEri H 0.5 × 100 1.20 1.19
2007-10-28T03:23:31 αEri H 0.5 × 100 1.19 1.19
2007-12-22T02:04:11 αEri H 1.0 × 50 0.91 1.26
2007-12-22T02:05:14 αEri H 1.0 × 50 0.91 1.26
2007-12-22T02:06:08 αEri H 1.0 × 50 0.83 1.27
2007-12-22T02:07:10 αEri H 1.0 × 50 0.85 1.27

a The exposure times ∆t are given in seconds. N is the number of indi-
vidual exposures.
b For the imaging observations, σ (′′) is the FWHM of the star image as
measured on the images themselves, and for the spectroscopic observa-
tions, we list the observatory seeing in the visible.
c AM is the airmass.
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3.2.4 Beyond the diffraction limit of optical/IR interferometers: angular diameter
and rotation parameters of Achernar from differential phases

Being the closest and brightest star in the sky, Achernar is an ideal target to test alternative high
angular and spectral resolution techniques. Differential interferometry (spectro-interferometry) is
a self-calibrated and essentially seeing-independent technique. This allows differential interfer-
ometry to be used even in cases where visibility amplitudes |V | (fringe contrast) are unavailable
and/or when the star is partially or poorly resolved so that |V | ' 1. The target can be partially
resolved down to a few times the diffraction limit of the instrument.

Such super-resolution potential combined to spectral resolution is ideal for measuring sizes,
rotation velocities, and orientation of rotating stars (e.g. Chelli & Petrov, 1995; Domiciano de
Souza et al., 2004a; Le Bouquin et al., 2009). Some basic equations of differential interferometry
are given in Sect. 1.2.

In the A&A paper given hereafter, we demonstrate this super-resolution capability of differ-
ential interferometry by measuring, from real observations, the equatorial size, rotation velocity,
and orientation of Achernar based only on VLTI/AMBER differential phases centered on the Brγ
line (Domiciano de Souza et al., 2012). Two PhD students contributed to this work as part of
their thesis:

• M. Hadjara (thesis supervisors: A. Domiciano de Souza and F. Vakili) - reduction of most
of the VLTI/AMBER data;

• D. Moser Faes (thesis supervisors: A. Domiciano de Souza and A. C. Carciofi) - work on
spectroscopic and polarimetric data.

By adopting the same same strategy from Domiciano de Souza et al. (2012) a second pa-
per was published in A&A (not shown here), as the main scientific result of the PhD thesis
of M. Hadjara (Hadjara et al., 2014). The physical parameters of four fast-rotating stars were
measured from VLTI/AMBER differential phases alone, namely, Achernar, Altair, δ Aquilae, and
Fomalhaut. These observations are part of our VLTI/AMBER GTO program Calibrating Stellar
Rotation across the H-R Diagram (P.I.: A. Domiciano de Souza).

118



A&A 545, A130 (2012)
DOI: 10.1051/0004-6361/201218782
c© ESO 2012

Astronomy
&

Astrophysics

Beyond the diffraction limit of optical/IR interferometers�,��,���

I. Angular diameter and rotation parameters of Achernar from differential phases

A. Domiciano de Souza1, M. Hadjara1,2, F. Vakili1, P. Bendjoya1, F. Millour1, L. Abe1, A. C. Carciofi3, D. M. Faes1,3,
P. Kervella4, S. Lagarde1, A. Marconi5, J.-L. Monin6, G. Niccolini1, R. G. Petrov1, and G. Weigelt7

1 Laboratoire J.-L. Lagrange, UMR 7293, Observatoire de la Côte d’Azur (OCA), Université de Nice-Sophia Antipolis (UNS),
Centre National de la Recherche Scientifique (CNRS), Campus Valrose, 06108 Nice Cedex 2, France
e-mail: Armando.Domiciano@oca.eu

2 Centre de Recherche en Astronomie, Astrophysique et Géophysique (CRAAG), Route de l’Observatoire, BP 63, Bouzareah 16340,
Alger, Algérie

3 Instituto de Astronomia, Geofísica e Ciências Atmosféricas, Universidade de São Paulo (USP), Rua do Matão 1226, Cidade
Universitária, São Paulo 05508-900, Brazil

4 LESIA, Observatoire de Paris, CNRS UMR 8109, UPMC, Université Paris Diderot, 5 Place Jules Janssen, 92195 Meudon, France
5 INAF-Osservatorio Astrofisico di Arcetri, Largo E. Fermi 5, 50125 Firenze, Italy
6 UJF-Grenoble 1 / CNRS-INSU, Institut de Planétologie et d’Astrophysique de Grenoble (IPAG) UMR 5274, 38041 Grenoble,

France
7 Max-Planck-Institut für Radioastronomie, Auf dem Hügel 69, 53121 Bonn, Germany

Received 6 January 2012 / Accepted 26 July 2012

ABSTRACT

Context. Spectrally resolved long-baseline optical/IR interferometry of rotating stars opens perspectives to investigate their funda-
mental parameters and the physical mechanisms that govern their interior, photosphere, and circumstellar envelope structures.
Aims. Based on the signatures of stellar rotation on observed interferometric wavelength-differential phases, we aim to measure an-
gular diameters, rotation velocities, and orientation of stellar rotation axes.
Methods. We used the AMBER focal instrument at ESO-VLTI in its high-spectral resolution mode to record interferometric data on
the fast rotator Achernar. Differential phases centered on the hydrogen Br γ line (K band) were obtained during four almost consecu-
tive nights with a continuous Earth-rotation synthesis during ∼5 h/night, corresponding to ∼60◦ position angle coverage per baseline.
These observations were interpreted with our numerical code dedicated to long-baseline interferometry of rotating stars.
Results. By fitting our model to Achernar’s differential phases from AMBER, we could measure its equatorial radius Req =

11.6 ± 0.3 R�, equatorial rotation velocity Veq = 298 ± 9 km s−1, rotation axis inclination angle i = 101.5 ± 5.2◦, and rotation
axis position angle (from North to East) PArot = 34.9 ± 1.6 ◦. From these parameters and the stellar distance, the equatorial angular
diameter /©eq of Achernar is found to be 2.45 ± 0.09 mas, which is compatible with previous values derived from the commonly used
visibility amplitude. In particular, /©eq and PArot measured in this work with VLTI/AMBER are compatible with the values previously
obtained with VLTI/VINCI.
Conclusions. The present paper, based on real data, demonstrates the super-resolution potential of differential interferometry for
measuring sizes, rotation velocities, and orientation of rotating stars in cases where visibility amplitudes are unavailable and/or when
the star is partially or poorly resolved. In particular, we showed that differential phases allow the measurement of sizes up to ∼4 times
smaller than the diffraction-limited angular resolution of the interferometer.

Key words. stars: rotation – stars: individual: Achernar – methods: observational – methods: numerical –
techniques: interferometric

1. Introduction

By combining high angular and high spectral resolution,
differential interferometry (DI; i.e., the measurement of
wavelength-differential phases or wavelength-differential visi-
bilities) yields physical parameters of sources with important
wavelength-dependent spatial structures, even in cases where

� Based on observations performed at ESO, Chile under AMBER-
consortium GTO programme ID 084.D-0456.
�� Full Fig. 5 is available in electronic form at
http://www.aanda.org
��� The FITS tables of the reduced data are only available at the CDS
via anonymous ftp to cdsarc.u-strasbg.fr (130.79.128.5) or
via
http://cdsarc.u-strasbg.fr/viz-bin/qcat?J/A+A/545/A130

these sources are only poorly or partially resolved by the tele-
scope (single-aperture) or the interferometer (multi-aperture).

Because they are self-calibrated and essentially seeing-
independent, DI observables are usually more reliable than ab-
solute visibility amplitude, which is the classical observable
used to measure stellar angular diameters. Moreover, visibility
amplitudes below �0.7 (well-resolved objects) are typically re-
quired to attain useful constraints (a few percent) on the angu-
lar diameters. This demands access to relatively long baselines
(�100−300 m) for optical/IR interferometers in order to mea-
sure angular diameters of �0.5−2 mas, a typical range of val-
ues for many bright stars. These observational constraints are re-
laxed in DI, where more precise and accurate stellar parameters
can be measured for stars only slightly to partially resolved,
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corresponding to relatively high visibility amplitudes �0.6−0.9.
Recently, Le Bouquin et al. (2009) used DI to measure the po-
sition angle (orientation on the plane of the sky) of the rotation
axis of the fast rotator Fomalhaut.

Chelli & Petrov (1995) performed a theoretical study show-
ing that DI can be used to measure stellar angular diameters, ro-
tation velocities, and position angle of rotation axes. However,
their study was based on a model of rotating spherical stars
with homogeneous effective temperature and gravity, implying
a constant local photospheric profile. Such formalism is thus
more adapted to slowly rotating stars. It cannot be applied for
fast rotators because the effective temperature and gravity, as
well as the local profile, vary over the rotationally distorted
stellar surface due to rotational flattening and gravity-darkening
(also called von Zeipel effect; von Zeipel 1924). To interpret
DI observations of rapidly rotating stars, it is thus necessary
to use models including these two physical effects caused by
high rotation velocities. In this work, we use our model for
fast rotators CHARRON (Code for High Angular Resolution of
Rotating Objects in Nature; Domiciano de Souza et al. 2012,
2002) to interpret differential phases of the rapidly rotating star
Achernar (α Eridani). The observations were performed with the
ESO VLTI/AMBER beam combiner (Petrov et al. 2007) cen-
tered on the hydrogen Br γ line (K band).

Achernar is a fast rotating Be star (Veq sin i � 225 km s−1

from spectroscopy; e.g., Vinicius et al. 2006) presenting a strong
rotational flattening directly measured from VLTI/VINCI in-
terferometry (Domiciano de Souza et al. 2003; Kervella &
Domiciano de Souza 2006), which indicates that its rotation
rate is close to the critical limit. Differential rotation (Jackson
et al. 2004) and/or a small residual disk (Carciofi et al. 2008) are
additional effects invoked to explain the very strong flattening
observed on Achernar. In any case, the rapid stellar rotation is
mainly responsible for this flattening.

Because Achernar is bright and well-studied with an angu-
lar diameter interferometrically measured, it is an ideal target to
investigate, from real observations, how differential phases can
be used to measure sizes, rotation velocities, and orientation of
rotating stars. In this work, we thus interpret AMBER differen-
tial phases of Achernar under the hypothesis that its strong ge-
ometrical deformation is essentially due to a fast (near-critical)
uniform rotation. This hypothesis is supported by the fact that
the Br γ line observed with AMBER is in clear absorption; also,
linear polarimetry obtained at the Pico dos Dias Observatory,
Brazil, produced a null result within the observational errors
(P � 0.01%; Faes & Carciofi 2012, priv. comm.) Both ob-
servables, obtained at contemporaneous epochs, indicate that
Achernar had no disk (or a very tenuous one at most) during
our AMBER observations.

Our model for fast rotators is briefly presented in Sect. 2
while the observations and data reduction are described in
Sect. 3. The data analysis followed by the discussion and con-
clusions of this study are presented in Sects. 4 and 5.

2. Differential phase modeling for fast rotating stars

We investigate here the dependence of the differential phase φdiff ,
close to and within the Br γ line, on the relevant physical param-
eters of a model for fast rotating stars.

Thanks to the Van Cittert-Zernike theorem (e.g., Born &
Wolf 1980), the interferometric observables can be derived from
the monochromatic intensity maps of the studied object. In the

present work, these intensity maps are computed with the nu-
merical program CHARRON (Domiciano de Souza et al. 2012).
This code is an IDL1-based, faster (∼0.5 min per model) version
of the interferometry-oriented code for rotating stars presented
by Domiciano de Souza et al. (2002).

The φdiff obtained with the AMBER data reduction algorithm
are related to the object’s Fourier phase φobj by (e.g., Millour
et al. 2011, 2006)

φdiff(u, v) = φobj(u, v) − a(u, v) − b(u, v)/λ, (1)

where the spatial frequency coordinates u and v depend on the
wavelength λ, the projected baseline length Bproj and the baseline
position angle PA (from north to east; u = Bproj sin(PA)/λ and
v = Bproj cos(PA)/λ). The parameters a and b correspond to an
offset and a slope, given in appropriate units.

The high spectral resolution mode of AMBER (λ/Δλ � 104)
leads to a velocity resolution of �30 km s−1. Projected equatorial
rotational velocities Veq sin i above ∼150 km s−1 would ensure
that observations show ∼10 individual φdiff values inside Br γ.
In such cases, rapid rotation effects need to be accounted for
when modeling phase signatures in order to be consistent with
the physics of the studied star.

Many previous works have shown that the geometrical flat-
tening and gravity-darkening are the main consequences of fast
rotation measured by interferometry. Based on these works,
the model of a uniformly rotating, gravity-darkened star in
the Roche approximation was adopted in the present study
(Domiciano de Souza et al. 2002). The most relevant physi-
cal parameters defining the model are: the rotation axis inclina-
tion angle i, the equatorial rotation velocity Veq (or alternatively
Veq sin i), the equatorial radius Req, the stellar mass M, the mean
stellar effective temperature on the stellar surface T eff , and the
gravity-darkening coefficient β. This set of input parameters de-
fines the co-latitudinal (θ) dependent surface radius r(θ), the lo-
cal effective gravity g(θ), the local effective temperature T (θ),
the geometrical flattening (ratio of equatorial to polar radii)
Req/Rp = 1 + V2

eqReq/2GM, the stellar surface area S , the lumi-

nosity L = SσT
4
eff (σ is the Stefan-Boltzmann constant), among

other quantities. The local effective temperature and gravity are
related by the von Zeipel law: T (θ) ∝ g(θ)β.

Two additional geometrical parameters required for cal-
culating interferometric observables are the distance d and
the position angle of the sky-projected rotation axis PArot.
Further details on the adopted fast rotator model are given by
Domiciano de Souza et al. (2002).

To study the dependence of φdiff on the model parameters,
we define a reference stellar model similar to Achernar: Req =

11 R�, d = 50 pc, Veq sin i = 250 km s−1, i = 60◦, M = 6.1 M�,
T eff = 15 000 K, PArot = 0◦ (north direction), β = 0.25 (the-
oretical value for radiative stellar envelopes; von Zeipel 1924).
These parameters correspond to Veq equal to 90% of the critical
velocity Vcrit, Req/Rp = 1.4 and an equatorial angular diameter
/©eq = 2Req/d = 2 mas. To be compatible with the AMBER ob-
servations presented in Sect. 3, the simulations were performed
around the hydrogen Br γ line, considering an uncertainty in φdiff
of σφ = 0.5◦, Bproj = 75 m and 150 m, PA = 45◦ and 90◦, and
λ/Δλ = 12 000.

Figures 1 to 3 show several plots comparing φdiff from the
reference model with those from models where the input param-
eters have been varied one by one. The characteristic s-shaped
signature of rotation is seen at all φdiff curves inside Br γ. Our

1 Interactive Data Language.
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Fig. 1. Top: dependence of simulated differential phases φdiff on Req and on d (solid line: tested model; dashed line: reference model as described
in Sect. 2). The parameters of the tested model are identical to those of the reference model, except that Req = 9 R� (left) and d = 60 pc (right).
The values of the tested and reference models differ by �20%; they are indicated in the upper left part of the figures. All φdiff models were
calculated across the Br γ line with a spectral resolution of 12 000 at four projected baselines (Bproj = 75 m and 150 m, and PA = 45◦ and 90◦),
which are typical values attained with VLTI/AMBER. These wavelengths and baselines result in visibility amplitudes between 0.6 and 0.9 for the
studied stellar models, corresponding to a partially resolved star. The horizontal dashed gray lines indicate the typical error bar of AMBER φdiff

(σφ = ± 0.5◦). The φdiff signature of stellar rotation appears as an s-shaped curve well visible inside Br γ, with an amplitude higher than σφ at all
baselines. Bottom: difference between φdiff of the tested and reference models (solid minus dashed curves in the top panel). The continuum of all
curves is equal to zero, but they were shifted for better readability.

simulations indicate that φdiff is mostly sensitive to Req and d
(defining the equatorial angular diameter /©eq), and to Veq sin i
(or Veq). For the adopted σφ and stellar model, these parameters
can be determined within a �20% precision for a few observa-
tions, with the longest baselines at different PA. Figures 2 and 3
show that φdiff is also sensitive to i, T eff, and β, but to a lesser
extent when compared to Req, d, and Veq sin i.

The strong dependence of φdiff on PArot can equally be seen
in Figs. 1 to 3, which show that, for a given baseline, the
amplitude of the s-shaped φdiff inside the line is stronger for
PA = 90◦ (perpendicular to PArot) and weaker for PA = 45◦
(45◦ from PArot). Indeed, for uniform rotation, the φdiff ampli-
tude decreases to zero when PA is parallel to PArot. This indi-
cates that only the angular sizes in the equatorial directions are
constrained directly from φdiff data alone and, consequently, this
interferometric observable is not strongly sensitive to the appar-
ent flattening of the star.

Of course, the uncertainties of the model parameters men-
tioned above are only indicative values. The actual precisions
of the model parameters depend on the available baselines, ob-
servation errors, and parameter values. In the next section, we
analyze real VLTI/AMBER observations using CHARRON and
the results from the simulations presented above.

3. VLTI/AMBER observations and data reduction

VLTI/AMBER observations of Achernar in high spectral resolu-
tion (λ/Δλ ≈ 12 000) centered on the Br γ line were carried out
from October 25th to November 1th, 2009, during four nights
with a different Auxiliary Telescope (AT) triplet configuration in
each night (D0-H0-K0, D0-H0-G1, A0-G1-K0, and E0-G0-H0),
providing good (u, v) coverage (Fig. 4). The calibrator δ Phe was
observed interleaved with Achernar’s observations. δ Phe is a
bright (K = 1.7) K0IIIb single star with a K band uniform-disk
angular diameter of /©UD = 2.180 ± 0.023 mas (Bordé et al.
2002). Previous works showed that it is a trustable interferomet-
ric calibrator (e.g., Kervella & Domiciano de Souza 2006). The
fringe tracker FINITO was used, providing a good locking ra-
tio and fringe tracking performance. Individual exposure times
ranged from 360 ms to 735 ms. The seeing varied from 0.8′′ to
1.2′′. The log of the observations with details on the dates, times,
and baselines is given in Table 1.

Data were reduced with amdlib software (version 3.1; Chelli
et al. 2009; Tatulli et al. 2007). We adopted a frame selection
based on fringe SNR and kept the 50% best frames. Data were
calibrated using a dedicated script from Millour et al. (2008).
Wavelength calibration was performed by fitting a Gaussian
function to the line center of the AMBER spectra and correct-
ing to the rest wavelength of Br γ.

A130, page 3 of 10

3.2. The Be star Achernar (α Eridani)

121



A&A 545, A130 (2012)

Fig. 2. Similar to Fig. 1 but for the dependence of φdiff on Veq sin i and i. The left panel shows that φdiff in Brγ is sensitive to a variation of 20% in
Veq sin i (= 200 km s−1 for the tested model). The right panel shows that φdiff also depends on i (changing from 60◦ to 90◦), but to a lesser extent
when compared to Req, d, and Veq sin i.

Fig. 3. Similar to Fig. 1 but for the dependence of φdiff on T eff and β. T eff changed from 15 000 K to 20 000 K, and β changed from 0.25 (von Zeipel
value) to 0.0 (no gravity-darkening). φdiff in Brγ is not strongly sensitive to these parameters.
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Table 1. Log of the 28 VLTI/AMBER observations of Achernar with
details on the dates, times, and baseline triplets.

Object Date and time Baseline length Baseline PA
Bproj (m) PA (◦)

Observations with AT triplet D0-H0-K0:
δ Phe 2009-10-25T01:51 63, 31, 94 48, 48, 48
Achernar 2009-10-25T02:10 64, 32, 96 50, 50, 50
δ Phe 2009-10-25T02:27 64, 32, 96 55, 55, 55
δ Phe 2009-10-25T03:59 63, 32, 95 73, 73, 73
Achernar 2009-10-25T04:15 63, 31, 94 76, 76, 76
δ Phe 2009-10-25T04:32 62, 31, 93 79, 79, 79
Achernar 2009-10-25T04:50 61, 31, 92 84, 84, 84
δ Phe 2009-10-25T05:11 60, 30, 90 86, 86, 86
Achernar 2009-10-25T05:28 60, 30, 89 92, 92, 92
δ Phe 2009-10-25T05:48 58, 29, 87 93, 93, 93
Achernar 2009-10-25T06:04 57, 29, 86 99, 99, 99
δ Phe 2009-10-25T06:21 55, 27, 83 100, 100, 100
Observations with AT triplet G1-D0-H0:
δ Phe 2009-10-25T23:53 44, 60, 63 −85, 22,−20
Achernar 2009-10-26T00:11 45, 62, 58 −93, 24,−20
Achernar 2009-10-26T01:01 51, 63, 60 −83, 35,−14
δ Phe 2009-10-26T01:18 56, 62, 65 −71, 42,−10
Achernar 2009-10-26T01:38 55, 64, 60 −76, 44,−9
δ Phe 2009-10-26T01:58 60, 63, 66 −66, 50,−5
Achernar 2009-10-26T02:29 60, 64, 61 −67, 55,−3
δ Phe 2009-10-26T03:14 66, 64, 66 −54, 65, 4
Achernar 2009-10-26T03:29 65, 64, 61 −56, 67, 5
δ Phe 2009-10-26T03:52 68, 63, 65 −49, 72, 8
Achernar 2009-10-26T04:09 67, 63, 60 −49, 76, 10
δ Phe 2009-10-26T04:27 70, 62, 65 −43, 79, 12
Achernar 2009-10-26T04:45 68, 62, 60 −43, 83, 15
δ Phe 2009-10-26T05:04 71, 61, 64 −37, 85, 16
Achernar 2009-10-26T05:22 69, 60, 59 −36, 91, 19
δ Phe 2009-10-26T05:43 71, 58, 63 −30, 93, 20
Achernar 2009-10-26T06:01 70, 57, 57 −29, 99, 24
δ Phe 2009-10-26T06:18 71, 56, 61 −24, 100, 24
Observations with AT triplet K0-G1-A0:
δ Phe 2009-10-30T03:11 85, 88, 128 −155,−71,−112
Achernar 2009-10-30T03:32 80, 87, 127 −151,−70,−108
δ Phe 2009-10-30T03:54 83, 90, 126 −149,−63,−104
Achernar 2009-10-30T04:15 77, 89, 124 −145,−62,−100
δ Phe 2009-10-30T04:35 81, 90, 123 −144,−56,−97
Achernar 2009-10-30T04:55 75, 90, 121 −139,−54,−92
δ Phe 2009-10-30T06:00 73, 90, 110 −134,−39,−81
Achernar 2009-10-30T06:20 67, 90, 110 −128,−36,−73
δ Phe 2009-10-30T06:40 69, 89, 102 −130,−31,−72
Achernar 2009-10-30T07:00 62, 90, 104 −123,−27,−63
δ Phe 2009-10-30T07:20 63, 88, 93 −127,−22,−62
Achernar 2009-10-30T07:42 55, 90, 97 −117,−18,−52
δ Phe 2009-10-30T07:59 57, 87, 85 −123,−13,−52
Achernar 2009-10-30T08:16 50, 89, 92 −113,−10,−42
δ Phe 2009-10-30T08:32 51, 86, 78 −121,−5,−41
Achernar 2009-10-30T08:56 43, 89, 87 −107,−1,−29
Observations with AT triplet H0-G0-E0:
δ Phe 2009-11-01T00:22 31, 15, 46 −145,−145,−145
Achernar 2009-11-01T00:50 32, 16, 47 −141,−141,−141
δ Phe 2009-11-01T01:08 31, 16, 47 −135,−135,−135
Achernar 2009-11-01T01:25 32, 16, 48 −133,−133,−133
δ Phe 2009-11-01T01:47 32, 16, 48 −127,−127,−127
Achernar 2009-11-01T02:04 32, 16, 48 −125,−125,−125
δ Phe 2009-11-01T02:22 32, 16, 48 −120,−120,−120
Achernar 2009-11-01T02:40 32, 16, 48 −117,−117,−117
δ Phe 2009-11-01T02:59 32, 16, 48 −113,−113,−113
Achernar 2009-11-01T03:16 32, 16, 48 −110,−110,−110
δ Phe 2009-11-01T03:34 32, 16, 48 −106,−106,−106
Achernar 2009-11-01T03:50 31, 16, 47 −103,−103,−103

Notes. The calibration star is δ Phe.

Fig. 4. Used VLTI baselines and (u, v) coverage of our VLTI/AMBER
observations of Achernar. Earth-rotation synthesis spanning ∼5 h/night
provided this good (u, v) coverage.

After this initial data reduction, we obtain several
VLTI/AMBER spectro-interferometric observables: source
spectra, absolute and differential visibilities, differential phases,
and closure phases. A high-frequency beating in wavelength was
present in the calibrated data of all measurements (spectrum,
visibilities, phases) due to a dichroic plate in the VLTI optical
train in front of AMBER, routing the H band light to the IRIS
image-tracker camera. Since this beating appears in a narrow
frequency range in the wave-number domain, we removed it
by applying a Fourier filtering to that specific wave-number
domain. Moreover, a low-frequency beating was also present in
our data due to the polarizing prisms of AMBER. This second
beating was removed by subtracting a single sine wave fitted to
the continuum close to Br γ.

Once the described data reduction steps are done, the dif-
ferential phases φdiff show a clear signal in the Br γ line re-
gion corresponding to the expected s-shaped signature caused
by stellar rotation (Fig. 5). Unfortunately, the commonly used
visibility amplitudes could not be reliably calibrated due to a
very chaotic transfer function. Additionally, no clear stellar sig-
nal was present in the Br γ line region in the differential vis-
ibilities. Finally, the closure phases are compatible with zero
within the observational errors at all AT triplets and wavelengths
(Br γ line included), not revealing any strong signatures of stel-
lar rotation and/or asymmetries in the intensity distribution. At
each AT triplet, the wavelength-averaged closure phase is always
<0.8◦ (in absolute value), with a corresponding standard devia-
tion several (∼3−10) times higher. Such lack of stellar signatures
in the closure phases is in agreement with (1) the Achernar’s in-
clination angle i being close to 90◦ (centrally-symmetric object;
see Sect. 4) and with (2) the closure phases being less sensitive
to the spatial intensity distribution than the differential phases
for partially resolved objects. This last point is a consequence
of the fact that, for poorly resolved objects, the closure phase is
a third-order term of the Fourier transform of the spatial inten-
sity distribution, while the differential phase is a first-order term
(e.g., Lachaume 2003).

We thus concentrate hereafter our data analysis on the dif-
ferential phase φdiff alone, which is the only available spectro-
interferometric observable presenting a signal-to-noise ratio
high enough to constrain the physical parameters of Achernar
with a model-fitting algorithm. Most model-fitting algorithms,
including the Levenberg-Marquardt algorithm used in the next
section, assume that all data points are independent. To be
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consistent with this assumption, we did not use the φdiff ob-
servations at all wavelengths. Instead, we used only each third
point (one wavelength over three), which ensures that all obser-
vations are independent with respect to the finite resolution of
the AMBER spectrograph.

Our final data set consists of 84 (=28 × 3 baselines) φdiff(λ)
curves centered on Br γ (from 2.159 to 2.172 μm) and presents
�45 φdiff points for each of the 84 individual projected baselines.
The median uncertainty of this data set is σφ,median = 0.6◦.

4. Stellar parameters from VLTI/AMBER φdiff

The VLTI/AMBER φdiff observations of Achernar were ana-
lyzed with the numerical model CHARRON presented in Sect. 2.
A χ2 minimization was performed using an IDL implementation
of the Levenberg-Marquardt (LM) algorithm (Markwardt 2009,
and references therein).

The free parameters for the model-fitting are Req, Veq, i, and
PArot. Based on measurements from previous works and on the
results of Sect. 2, the remaining model parameters were held
fixed, namely:

– d = 44.1 pc. For a consistent comparison of our results
with previous works, we adopted the Hipparcos distance
d = 44.1 pc from Perryman et al. (1997), instead of the more
recent value of d = 42.7 pc from van Leeuwen (2007).

– β = 0.20. Since Achernar is a hot B star with a mostly radia-
tive envelope, the gravity-darkening parameter β should be
close to 0.25. Recent interferometric observations of fast ro-
tators (Che et al. 2011) and theoretical works (Claret 2012)
suggest that the value β = 0.20 would be more adapted
to Achernar’s spectral type. Gravity-darkening models from
Espinosa Lara & Rieutord (2011) also indicate that β < 0.25
for fast rotators. Based on these works and on our results
showing that φdiff is not strongly sensitive to β (Fig. 3), this
parameter was fixed to 0.20 throughout the data analysis.

– M = 6.1 M�. Value from Harmanec (1988), which was
adopted by Domiciano de Souza et al. (2003) for Achernar.

– T eff = 15 000 K. We adopt the value given by Vinicius
et al. (2006), corresponding to the apparent temperature of
Achernar. As shown in Fig. 3, φdiff does not depend strongly
on T eff .

Figure 5 show the best-fit φdiff , together with the corresponding
observations. The best-fit values of the free parameters found
with the LM algorithm are given in Table 2. The uncertain-
ties of the parameters estimated by the LM algorithm are ∼1%.
However, previous works have shown that the LM errors derived
from the fit of spectro-interferometric data are often too opti-
mistic and should be considered as lower limits (e.g., Niccolini
et al. 2011; Domiciano de Souza et al. 2011). To obtain a more
realistic estimation of the parameter uncertainties, we applied a
Monte Carlo method, which consists in the analysis of artificial
data sets generated from the real observations (Press et al. 2002).
These artificial data sets have a random Gaussian distribution
with a standard deviation given by the observed σφ and an aver-
age value given by the observedφdiff . By generating 300 artificial
φdiff data sets and by performing a LM model-fit on each of these
data sets, we determined the histogram distribution of each fitted
parameter, which allowed us to estimate its uncertainty. The lim-
its of the parameter distribution defining the uncertainties of the
best-fit parameters given in Table 2 were chosen to correspond to
the 68% confidence level of the commonly used standard devia-
tion for normal distributions. We also present in Table 2 several
stellar parameters derived from the best-fit parameters.

Table 2. Parameters and uncertainties estimated from a Levenberg-
Marquardt fit of our model to the VLTI/AMBER φdiff observed on
Achernar.

Best-fit parameter Best-fit value and error
Equatorial radius Req 11.6 ± 0.3 R�

Equatorial rotation velocity Veq 298 ± 9 km s−1

Rotation-axis inclination angle i 101.5 ± 5.2◦

Rotation-axis position angle PArot 34.9 ± 1.6◦

Fixed parameter Value
Distance d 44.1 pc
Mass M 6.1 M�

Surface mean temperature T eff 15 000 K
Gravity-darkening coefficient β 0.20

Derived parameter Value and error
Equatorial angular diameter /©eq 2.45 ± 0.09 mas
Equatorial-to-polar radii Req/Rp 1.45 ± 0.04

Veq sin i 292 ± 10 km s−1

Veq/Vcrit 0.96 ± 0.03
Polar temperature Tpol 18 013+141

−171 K
Equatorial temperature Teq 9955+1 115

−2 339 K
Luminosity log L/L� 3.654 ± 0.028

Notes. The minimum reduced χ2 of the fit is χ2
min,r = 1.22. The

Hipparcos distance d = 44.1 ± 1.1 pc from Perryman et al. (1997) was
adopted to convert from linear to angular sizes.

5. Discussion and conclusions

The stellar parameters derived from the Achernar’s φdiff mostly
agree with those from previous results. Our equatorial angular
diameter /©eq = 2.45 ± 0.09 mas (or, alternatively, Req) is be-
tween the values reported by Kervella & Domiciano de Souza
(2006, /©eq = 2.13 ± 0.05 mas) and by Domiciano de Souza
et al. (2003, /©eq = 2.53 ± 0.06 mas), which were based on
VLTI/VINCI observations. The relatively small differences be-
tween these three values can be explained, at least partially, by
the fact that different approaches and models were used to inter-
pret the interferometric observations. In particular, the smaller
/©eq from Kervella & Domiciano de Souza (2006) is due to the
use of a uniform brightness ellipse model, which is known to
give smaller angular sizes than more realistic models, such as
the one used in this work. The comparison with previous works
also suggests that the uncertainty of /©eq derived from φdiff is of
the same order as the uncertainties attained from visibility am-
plitudes.

The PArot derived here is �6◦ smaller than the values re-
ported in these two previous works, meaning that these results
agree within �3−4 sigma. The fact that the AMBER (u, v) cover-
age is more complete than the VLTI/VINCI (u, v) coverage sug-
gests that the PArot from the present work is probably somewhat
more accurate.

The derived Veq sin i is larger than those obtained in other
works based on spectroscopic data (e.g., Vinicius et al. 2006).
These differences can be explained by gravity-darkening, which
tends to decrease the Veq sin i estimated from spectroscopy alone
(e.g., Frémat et al. 2005). In any case, the derived rotation rate
(Veq/Vcrit = 0.96 ± 0.03) agrees with the value reported by
Carciofi et al. (2008), who obtained a lower limit for the rota-
tional speed of Veq/Vcrit > 0.93, based on interferometric, spec-
troscopic, and polarimetric data.
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Fig. 5. The 84 VLTI/AMBER φdiff(λ) measured on Achernar around Br γ at 28 different observing times (format YYYY-MM-DDTHH_MM_SS)
and, for each time, three different projected baselines and baseline position angles, as indicated in the plots. The dashed gray horizontal lines
indicate the median ±σφ = ± 0.6◦ of all observations. The smooth curves superposed to the observations are the best-fit φdiff obtained with a
uniform-rotation, gravity-darkened Roche model, as described in Sect. 4. All the observed φdiff points are shown here, even if the fit has been
performed using only each third wavelength point (cf. Sect. 4). All φdiff curves are equal to zero in the continuum, but they were shifted for better
readability. The other panels are available in the electronic edition.

The measured i (=101.5 ± 5.2◦) is compatible with previ-
ous results, suggesting that 65◦ ≤ i ≤ 115◦ (Vinicius et al.
2006; Carciofi et al. 2007). We note that, although i = 101.5◦
and i = 78.5◦ (= 180◦−101.5◦) are indistinguishable from spec-
troscopic observations, they have different φdiff signatures when
gravity-darkening is present. The measured inclination close
to 90◦ (nearly a centrally-symmetric intensity distribution) is to-
tally consistent with the observed closure phases, which show
values compatible with zero within the error bars.

Following Vinicius et al. (2006), a somewhat higher T eff
value could be adopted in our models, since this quantity is de-
pendent on the rotation rate of the star and on the inclination
angle i. We have thus checked the robustness of our results by

performing an additional model-fitting fixing T eff = 16 000 K,
which corresponds to the average effective temperature of the
visible stellar hemisphere given by Vinicius et al. (2006). In
agreement with what was expected from Fig. 3, the values of
the parameters obtained from the best fits with T eff = 15 000 K
(Table 2) and with T eff = 16 000 K are compatible within the
parameter uncertainties.

Finally, we also checked that compatible results, within un-
certainties, are obtained from a fit performed over all wave-
lengths, instead of one-third of the φdiff(λ) points.

The present work shows that φdiff can be used to measure
several parameters in fast rotators, in particular /©eq (or Req),
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PArot, Veq, and i. This is very useful, notably in cases when
the visibility amplitude is too high (partially resolved objects),
when it is poorly determined (large errors), and/or when it can-
not be calibrated (as in the case of Achernar’s data). By ana-
lyzing VLTI/AMBER φdiff of Achernar, we have shown, using
real observations, that the combination of high spatial and high
spectral resolution allows one to go beyond diffraction-limited
angular resolution of the interferometer, commonly defined as
λ/Bmax

proj . The equatorial angular diameter of Achernar of /©eq =

2.45 ± 0.09 mas was measured from φdiff alone on Bproj between
Bmin

proj � 15 m and Bmax
proj � 128 m at λ � 2.2 μm. The derived

/©eq is therefore �1.5 times smaller than the maximum available
diffraction-limited angular resolution. Furthermore, our obser-
vations show that the Achernar’s diameter is already resolved at
shorter baselines, with a clear signature of rotation seen (φdiff
amplitudes >∼σφ) at Bproj above �45 m (Fig. 5). Therefore, in
these observations with Bproj � 45 m, the measured diameter is
even �4 times smaller than the corresponding diffraction-limited
resolution of 10 mas.

This super-resolution capacity provided by φdiff can be fur-
ther improved if the observational uncertainties are smaller than
those attained in the present work. In such cases, the angular di-
ameters of even smaller and slower rotators can be measured,
thanks to this powerful technique. The results obtained in this
work from VLTI/AMBER differential phases open new perspec-
tives to measure angular sizes of faint and/or angularly small
stars, beyond the diffraction limit of optical/IR interferometers.
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Fig. 5. continued.
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Fig. 5. continued.
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3.3 The supergiant B[e] star CPD-57◦ 2874

The galactic sgB[e] star CPD-57◦ 2874 was the first to be studied simultaneously with OLBI in
the near- and mid-IR with the ESO beam-combiners VLTI/AMBER and VLTI/MIDI (Domiciano
de Souza et al., 2007). This work, given hereafter, was published in the 2007 A&A Special
feature dedicated to the first results of the VLTI/AMBER beam combiner (AMBER: Instrument
description and first astrophysical results)3. These results were also published as part of the
ESO Press Release 29/054.

These observations allowed us to spatially resolve CPD-57◦ 2874, revealing an elongated
CSE where the size of the emitting region increases from near- to mid-IR. The spectrally re-
solved VLTI/AMBER observations also revealed a significative increase of the CSE size in the
Br γ line compared to the size in the adjacent continuum. The observations are well reproduced
by an analytical model composed by a 2-D elliptical Gaussian with FWHM varying linearly with
wavelength in the continuum. The increase of the size of the region emitting in Br γ, with respect
to the close continuum, is well modeled by a Gaussian law.

Following this first work on CPD-57◦ 2874, the initial VLTI/MIDI observations were comple-
mented with additional ones, and the total set was re-analyzed with our ray-tracing radiative
transfer code FRACS (Sect. 2.5.2). The adopted CSE model is the one described in Sect. 2.4.
Thanks to the use of FRACS and a CSE model we could constrain several physical parameters
(and corresponding uncertainties) of CPD-57◦ 2874, namely, the inner dust radius, the relative
flux contribution of the central source and of the dusty CSE, the dust temperature profile, and the
disk inclination. These results are published in the second A&A paper given hereafter (Domi-
ciano de Souza et al., 2011).

This interferometric-based work on CPD-57◦ 2874 is probably the first direct evidence of a
non-spherical sgB[e] CSE.

3http://www.aanda.org/index.php?option=com_content&view=article&id=216
4http://www.eso.org/public/news/eso0538/

129

http://simbad.u-strasbg.fr/simbad/sim-id?Ident=cpd-57+2874&NbIdent=1&Radius=2&Radius.unit=arcmin&submit=submit+id
http://www.aanda.org/index.php?option=com_content&view=article&id=216
http://www.eso.org/public/news/eso0538/


A&A 464, 81–86 (2007)
DOI: 10.1051/0004-6361:20054134
c© ESO 2007

Astronomy
&

Astrophysics
AMBER: Instrument description and first astrophysical results Special feature

AMBER/VLTI and MIDI/VLTI spectro-interferometric observations of
the B[e] supergiant CPD−57◦ 2874�

Size and geometry of the circumstellar envelope in the near- and mid-IR

A. Domiciano de Souza1,4, T. Driebe1, O. Chesneau2, K.-H. Hofmann1, S. Kraus1, A.S. Miroshnichenko1,3 ,
K. Ohnaka1, R.G. Petrov4, T. Preisbisch1, P. Stee2, G. Weigelt1, F. Lisi5, F. Malbet6, and A. Richichi7

1 Max-Planck-Institut für Radioastronomie, Auf dem Hügel 69, 53121 Bonn, Germany
2 Laboratoire Gemini, UMR 6203 Observatoire de la Côte d’Azur/CNRS, BP 4229, 06304 Nice Cedex 4, France
3 Dept. of Physics and Astronomy, PO Box 26170, University of North Carolina at Greensboro, Greensboro, NC 27402 6170, USA
4 Laboratoire Universitaire d’Astrophysique de Nice, UMR 6525 Université de Nice – Sophia Antipolis/CNRS, Parc Valrose,

06108 Nice Cedex 2, France
5 INAF-Osservatorio Astrofisico di Arcetri, Istituto Nazionale di Astrofisica, Largo E. Fermi 5, 50125 Firenze, Italy
6 Laboratoire d’Astrophysique de Grenoble, UMR 5571 Université Joseph Fourier/CNRS, BP 53, 38041 Grenoble Cedex 9, France
7 European Southern Observatory, Karl Schwarzschild Strasse 2, 85748 Garching, Germany

Received 31 August 2005 / Accepted 17 October 2005

ABSTRACT

We present the first high spatial and spectral resolution observations of the circumstellar envelope (CSE) of a B[e] supergiant
(CPD−57◦ 2874), performed with the Very Large Telescope Interferometer (VLTI). Spectra, visibilities and closure phase were ob-
tained using the beam-combiner instruments AMBER (near-IR interferometry with three 8.3 m Unit Telescopes or UTs) and MIDI
(mid-IR interferometry with two UTs). The interferometric observations of the CSE are well fitted by an elliptical Gaussian model
with FWHM diameters varying linearly with wavelength. Typical diameters measured are �1.8 × 3.4 mas or �4.5 × 8.5 AU (adopt-
ing a distance of 2.5 kpc) at 2.2 µm, and �12 × 15 mas or �30 × 38 AU at 12 µm. The size of the region emitting the Brγ flux is
�2.8 × 5.2 mas or �7.0 × 13.0 AU. The major-axis position angle of the elongated CSE in the mid-IR (�144◦) agrees well with
previous polarimetric data, hinting that the hot-dust emission originates in a disk-like structure. In addition to the interferometric
observations we also present new optical (UBVRcIc) and near-IR (JHKL) broadband photometric observations of CPD−57◦ 2874.
Our spectro-interferometric VLTI observations and data analysis support the non-spherical CSE paradigm for B[e] supergiants.

Key words. techniques: high angular resolution – techniques: interferometric – infrared: stars – stars: early-type –
stars: emission-line, Be – stars: mass-loss

1. Introduction

Supergiant B[e] (sgB[e]) stars are luminous (log L/L� > 4.0)
post-main sequence objects showing the B[e] phenomenon
(Lamers et al. 1998): (1) strong Balmer emission lines;
(2) low-excitation emission lines of Fe ii, [Fe ii], and [O i];
and (3) strong near/mid-infrared (IR) excess due to hot circum-
stellar dust. Spectroscopic and polarimetric observations sug-
gest that sgB[e] stars have non-spherical circumstellar envelopes
(CSE; e.g., Zickgraf et al. 1985; Magalhães 1992). Zickgraf et al.
(1985) proposed an empirical model of the sgB[e] CSE that con-
sists of a hot and fast line-driven wind in the polar regions, and
a slow, much cooler and denser wind (by a factor of 102−103) in
the equatorial region, where dust could be formed. Rapid rota-
tion of the central star seems to play a key role in the origin of
the CSE, but a complete explanation of its formation mechanism
is still unknown.

To investigate these crucial questions concerning the ori-
gin, geometry and physical structure of the sgB[e] CSE, it is

� Based on observations collected at the European Southern
Observatory, Paranal, Chile, within the AMBER science demonstra-
tion time programme 074.A-9026 and the MIDI open time programme
074.D-0101.

necessary to combine several observing techniques. In partic-
ular, the high spatial resolution provided by optical/IR long-
baseline interferometry allows us to directly probe the vicin-
ity of these complex objects. In this paper we present the
first direct multi-wavelength measurements of the close en-
vironment of a Galactic sgB[e] star, namely CPD−57◦ 2874
(WRAY 15-535; IRAS 10136-5736), using the VLTI with its
instruments AMBER and MIDI.

CPD−57◦ 2874 is a poorly-studied object for which
McGregor et al. (1988) suggested a distance of d = 2.5 kpc,
assuming that it belongs to the Carina OB association. A high
reddening and the presence of CO emission bands at 2.3−2.4 µm
makes it compatible with the sgB[e] class. Zickgraf (2003) ob-
tained high-resolution optical spectra exhibiting double-peaked
emission lines that are suggestive of a flattened CSE geometry,
typical for sgB[e] stars. However, the physical parameters of nei-
ther the star nor its CSE have been studied in detail yet.

2. Interferometric observations and data reduction

2.1. AMBER/VLTI (near-IR)

CPD−57◦ 2874 was observed on 2005 February 25 using
the AMBER/VLTI instrument (e.g., Petrov et al. 2007) to

Article published by EDP Sciences and available at http://www.aanda.org or http://dx.doi.org/10.1051/0004-6361:20054134
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Table 1. AMBER and MIDI observation log for CPD−57◦ 2874.

AMBER (2.09 ≤ λ ≤ 2.24 µm)
3 Unit telescopes

Night tobs UT Bp PA
(UTC) baseline (m) (◦)

2005-02-26 03:41:21 UT2-UT3 43.5 37.8
UT3-UT4 59.8 98.8
UT2-UT4 89.4 73.6

MIDI (7.9 ≤ λ ≤ 13.5 µm)
2 Unit telescopes

Night tobs UT Bp PA
(UTC) baseline (m) (◦)

2004-12-29 05:52:12 UT2-UT3 45.2 18.5
07:26:06 UT2-UT3 43.9 35.1

2004-12-31 06:04:03 UT3-UT4 54.8 79.6
08:02:48 UT3-UT4 60.9 104.8

combine the light from the 8.3 m Unit Telescopes UT2, UT3
and UT4. With an exposure time of 85 ms, 3000 spectrally dis-
persed interferograms (frames) were recorded on the target and
calibrator (HD 90393). This allowed us to obtain spectra as well
as wavelength-dependent visibilities and a closure phase in the
K band with a spectral resolution of R = 1500 between 2.09
and 2.24 µm (including the Brγ line).

Data reduction was performed with the amdlib software
(Millour et al. 2004; Tatulli et al. 2007). We checked the con-
sistency of our results by selecting a fixed percentage of frames
from the target and calibrator data sets, based on the fringe con-
trast signal-to-noise ratio. By keeping 50%, 30%, and 10% of the
frames with the best SNR, we found that the derived quantities
were stable (differences <∼4%). Moreover, we also found good
agreement between the results from the amdlib software and our
own software based on a power spectrum analysis.

2.2. MIDI/VLTI (mid-IR)

We also observed CPD−57◦ 2874 with the MIDI/VLTI instru-
ment (Leinert et al. 2004) on 2004 December 28 and 30. The
N-band spectrum as well as spectrally dispersed fringes have
been recorded between 7.9 and 13.5 µm with a spectral reso-
lution of R = 30, allowing us to study the wavelength depen-
dence of the apparent size of CPD−57◦ 2874 in the mid-IR. In
total, 4 data sets have been obtained using the UT2-UT3-47 m
and UT3-UT4-62 m baselines. Several calibrator stars were ob-
served: HD 37160, HD 50778, HD 94510 and HD 107446.

Data reduction was performed with the MIA (Leinert et al.
2004) and EWS (Jaffe 2004) packages. While MIA follows the
classical power spectrum analysis, in the EWS software the
fringes are coherently added after correction for the instrumental
and atmospheric delay in each scan. The visibilities derived with
both softwares agree within the uncertainties of �10%.

The logs of the AMBER and MIDI observations are given in
Table 1, while Fig. 1 shows the projected baseline lengths (Bp)
and corresponding position angles (PA) used. In Table 2 we list
the uniform disc diameters θUD and observation log for the cali-
brators. Calibrated visibilities from both AMBER and MIDI ob-
servations were obtained using the known uniform disk diam-
eters of the calibrator stars (Richichi et al. 2005), which were
observed during the same nights as CPD−57◦ 2874.

3. Photometric observations
In addition to the VLTI data we present new broadband pho-
tometric observations of CPD−57◦ 2874. Optical (UBVRcIc)
and near-IR (JHKL) photometric observations were obtained

Fig. 1. Projected baselines and corresponding position angles for the
AMBER and MIDI observations of CPD−57◦ 2874 (see also Table 1).

Table 2. Uniform disc diameters and observation log for the calibrators.

AMBER (2.09 ≤ λ ≤ 2.24 µm)
3 Unit telescopes

Calibrator θUD Night tobs

HD number (mas) (UTC)
90393 0.77 ± 0.01 2005-02-26 04:38:04

MIDI (7.9 ≤ λ ≤ 13.5 µm)
2 Unit telescopes

Calibrator θUD Night tobs

HD number (mas) (UTC)
37160 2.08 ± 0.20 2004-12-29 04:12:26

05:29:32
50778 3.95 ± 0.22 2004-12-29 06:13:08

2004-12-31 02:15:59
03:04:33

94510 2.16 ± 0.11 2004-12-29 07:47:21
2004-12-31 06:31:19

07:41:22
107446 4.54 ± 0.23 2004-12-31 07:19:17

quasi-simultaneously on 1997 July 10 at the South African
Astronomical Observatory (SAAO). Additional near-IR obser-
vations were obtained on 1997 June 15 and December 28. The
0.75-m telescope with a single-element InSb photometer (Carter
1990) was used in the near-IR, while the 0.5-m telescope with a
GaAs photometer (Menzies et al. 1991) was used in the optical
region.

The data are presented in Table 3. The errors in the tabulated
magnitudes and colors are not greater than 0.02 mag. A num-
ber of standard stars were observed during the same nights for
calibration.

Our photometric results are very close to previously
published observations of the star. Drilling (1991) obtained
3 UBV observations in 1972–1976 (V = 10.20:, B − V = 1.66,
U − B = 0.41 mag; the colon indicates either a variability
suspicion or an uncertainty of over 0.08 mag), and McGregor
et al. (1988) obtained near-IR observations on 1983 May 15
(J = 5.77, H = 4.99, K = 4.02 mag). The 2MASS data ob-
tained on 2000 January 18 (Cutri et al. 2003) are very similar
(J = 5.76, H = 4.96, K = 4.3 ± 0.3 mag). However, the near-IR
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Table 3. Photometry of CPD−57◦ 2874 obtained at SAAO.

JD V U − B B − V V − Rc V − Ic J H K L
2 450 000+

615.29 5.76 4.87 4.02 2.73
640.21 5.80 4.88 4.03 2.74
640.23 10.08 0.30 1.65 1.23 2.39
811.57 5.74 4.86 4.02 2.73

fluxes from Swings & Allen (1972) are very different: K = 5.44,
H−K = 0.33, K−L ∼ 0.7 mag. Also, Wackerling (1970) quotes
mvis = 8.6 mag and mpg = 10.2 mag1. This information is not
sufficient to conclude whether any brightness changes occurred
in the early 1970s, but it indicates that the optical and near-IR
fluxes have been stable for the last 30 years.

Analysis of the available photometric and spectroscopic data
for the object and its neighborhood allows us to put some con-
straints on the basic parameters of the underlying star and the
distance toward it, an issue that has never been carefully ad-
dressed. The observed set of emission lines in the optical re-
gion (H i, He i, Fe ii; Zickgraf 2003; McGregor et al. 1988;
Carlson & Henize 1979, and others) suggests that the star has an
early B spectral type, which in combination with the large optical
colour-indices implies a high reddening (see Table 3). However,
the presence of a significant amount of gas and dust in the ob-
ject’s CSE makes uncertain whether the entire reddening is in-
terstellar. On the other hand, this is most likely the case, because
the observed U − B and B − V colour-indices are in agreement
with the interstellar reddening slope for the stars in the object’s
direction (E(U − B)/E(B − V) = 0.74 ± 0.06). If we ignore the
possible impact of the CSE gas on the object’s SED, then dered-
dening with the above colour-index ratio gives E(B − V) = 1.85
mag and the spectral type B1 ± 1 (also in agreement with the
spectral line content). Moreover, strong diffuse interstellar bands
(at λ5780 Å and λ5797 Å) are present in the spectrum, and their
strengths are consistent with the E(B − V) (Herbig 1993).

Adopting the typical galactic total-to-selective interstellar
extinction ratio AV/E(B − V) = 3.1 for early-type stars, we get
AV = 5.8 mag and the intrinsic visual brightness V0 = 4.3 mag.
Such a brightness, in combination with the high reddening, im-
plies a high stellar luminosity. Since a few nearby A-type stars
of 9−10 mag have negligible reddenings, there is almost no in-
terstellar extinction in the object’s direction closer than ∼1 kpc.
Even at such a distance, CPD−57◦ 2874 would be a supergiant
(log L/L� ∼ 5). An upper limit for the distance (∼3 kpc) is set
by the Humphreys-Davidson luminosity limit (log L/L� ∼ 6,
Humphreys & Davidson 1979). Thus, the most probable range
for the object’s distance is 2.5±0.5 kpc. It is difficult to constrain
it better due to the unknown contribution of the CSE gas to the
star’s brightness, possible anomalous extinction by the CSE dust,
and the absence of high-resolution spectroscopic data that show
photospheric lines and allow us to measure their radial veloci-
ties. The distance determination using galactic kinematic models
and available radial velocities of the emission lines is uncertain,
because the line profiles are double-peaked. The interstellar ex-
tinction law in the object’s direction indicates a patchy structure
of dust in the line of sight and hampers further improvement of
the above distance estimate.

Summarizing the above discussion, we adopt the following
parameters for CPD−57◦ 2874: d = 2.5±0.5 kpc, Teff = 20 000±
3000 K, AV = 5.8 mag. They lead to an estimate for the star’s
radius of R� = 60 ± 15 R�.

1 mpg means photographic magnitude, which is usually considered a
rough analog of the B-band photometry.

4. Results

Figures 2 and 3 show the spectra and visibilities obtained with
AMBER and MIDI, respectively. CPD−57◦ 2874 is resolved in
both spectral regions at all projected baselines Bp and position
angles PA. As a zero-order size estimate these figures also show
the uniform disk angular diameters θUD obtained from the visi-
bilities at each spectral channel. The size of the region emitting
the Brγ line is larger than the region emitting the near-IR con-
tinuum. Moreover, the mid-IR sizes are much larger than those
in the near-IR.

The AMBER observations also reveal a zero closure phase
(Fig. 4) at all wavelengths (within the noise level of a few de-
grees). This is a strong indication that the near-IR emitting re-
gions (continuum and Brγ line) have an approximately centrally-
symmetric intensity distribution.

Since sgB[e] stars are thought to have non-spherical winds,
we expect an elongated shape for their CSE projected onto the
sky, unless the star is seen close to pole-on. Hereafter, we show
that both AMBER and MIDI observations can indeed be well
reproduced by an elliptical Gaussian model for the CSE intensity
distribution, corresponding to visibilities of the form:

V(u, v) = exp

{−π2(2a)2

4 ln 2

[
u2 + (Dv)2

]}
(1)

where u and v are the spatial-frequency coordinates, 2a is the
major-axis FWHM of the intensity distribution (image plane),
and D is the ratio between the minor and major axes FWHM
(D = 2b/2a). Since, in general, 2a forms an angle α with the
North direction (towards the East), u and v should be replaced in
Eq. (1) by (u sinα + v cosα) and (u cosα − v sinα), respectively.
A preliminary analysis of V at each individual wavelength λ
showed that D and α can be considered independent on λ within
a given spectral band (K or N). On the other hand, the CSE size
varies with λ, as seen from the θUD curves in Figs. 2 and 3.

4.1. Size and geometry in the K band
We interpret the AMBER observations in terms of an elliptical
Gaussian model (Eq. (1)) with a chromatic variation of the size.
The θUD(λ) curves in Fig. 2 suggest a linear increase of the size
within this part of the K band. In addition, the AMBER visibil-
ities decrease significantly inside Brγ, indicating that the line-
forming region is more extended than the region responsible for
the underlying continuum. Based on these considerations, we
adopted the following expression for the major-axis FWHM:

2a(λ) = 2a0 + C1(λ − λ0) +C2 exp

⎡⎢⎢⎢⎢⎢⎣−4 ln 2

(
λ − λBrγ

∆λ

)2⎤⎥⎥⎥⎥⎥⎦ (2)

where 2a0 is the major-axis FWHM at a chosen reference wave-
length λ0(=2.2 µm), and C1 is the slope of 2a(λ). The size-
increase within Brγ is modeled by a Gaussian with an amplitude
C2 and FWHM ∆λ, centered at λBrγ = 2.165 µm. Figure 2 shows
a rather good fit of this model to the observed visibilities in both
the continuum and inside Brγ. The parameters derived from the
fit are listed in Table 4.
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Fig. 2. AMBER/VLTI observations of CPD−57◦ 2874 obtained around Brγ with spectral resolution R = 1500. The normalized flux is shown in
the top panel and the visibilities V for each baseline (30% best frames) are given in the other panels (the corresponding projected baselines Bp and
position angles PA are indicated). The errors in V are �±5%. The dotted lines are the uniform disk angular diameters θUD (to be read from the
scales on the right axis), computed from V at each λ as a zero-order size estimate. The visibilities obtained from the elliptical Gaussian model fit
the observations quite well (smooth solid lines; Eqs. (1) and (2), and Table 4). In contrast to the Brγ line, the Mg ii and Na i lines do not show any
clear signature in the visibilities.

Table 4. Model parameters and χ2
red (reduced chi-squared) derived from the fit of an elliptical Gaussian (Eqs. (1) and (2)) to the AMBER/VLTI

and MIDI/VLTI visibilities. Angular sizes (in mas) correspond to FWHM diameters. The errors of the fit parameters include the calibration errors
of the instrumental transfer function (�5%), estimated from all calibrator stars observed.

Instrument λ0 Major axis C1 Position D = 2b/2a Minor axis Brγ: C2 Brγ: ∆λ χ2
red

(µm) 2 a0 (mas) (mas/µm) angle α 2 b0 (mas) (mas)a (10−3 µm)
AMBER 2.2 3.4 ± 0.2 1.99 ± 0.24 173◦ ± 9◦ 0.53 ± 0.03 1.8 ± 0.1 1.2 ± 0.1 1.8 ± 0.2 0.7
MIDI (<10 µm) 8.0 10.1 ± 0.7 2.58 ± 0.41 145◦ ± 6◦ 0.76 ± 0.11 7.7 ± 1.0 0.1
MIDI (>10 µm) 12.0 15.3 ± 0.7 0.45 ± 0.22 143◦ ± 6◦ 0.80 ± 0.10 12.2 ± 1.1 0.1

a Corresponding to a FWHM major axis 2a = 4.5 ± 0.3 mas and minor axis 2b = D ∗ 2a = 2.4 ± 0.1 mas at the center of the Brγ line
(λBrγ = 2.165 µm).

4.2. Size and geometry in the N band

Similar to the analysis of the AMBER visibilities, we interpret
the MIDI observations of CPD−57◦ 2874 in terms of an ellipti-
cal Gaussian model (Eq. (1)) with a size varying linearly with λ
as given in Eq. (2) (for the analysis of the MIDI data the param-
eter C2 is set to zero). Additionally, since the θUD curves show
a stronger λ-dependence between 7.9 and 9.8 µm compared to

the region between 10.2 and 13.5 µm (see Fig. 3), we performed
an independent fit for each of these two spectral regions. The
adopted elliptical Gaussian model also provides a good fit to the
MIDI visibilities as shown in Fig. 3. The parameters correspond-
ing to the fit in the two spectral regions within the N band are
listed in Table 4.

To illustrate our results the model parameters given in
Table 4 can be visualized in Fig. 5.

3.3. The supergiant B[e] star CPD-57◦ 2874
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Fig. 3. MIDI/VLTI observations of CPD−57◦ 2874 obtained in the mid-IR with spectral resolution R = 30. This figure is organized as Fig. 2, but
here V and θUD are shown as filled and open circles, respectively. The MIDI and ISO-SWS (Sloan et al. 2003) spectra (top panel) do not show
any clear evidence of a silicate feature around 10 µm. The MIDI visibilities are well fitted with an elliptical Gaussian model (solid lines; Eqs. (1)
and (2), and Table 4).

Fig. 4. AMBER/VLTI closure phase for CPD−57◦ 2874 obtained
around Brγ with spectral resolution R = 1500. Within the noise
level (�±10◦) the closure phase is zero both in the continuum and in
the Brγ line. This strongly suggests that the CSE has an approximately
centrally-symmetric projected intensity distribution in the near-IR.

5. Discussion and conclusions

Our analysis of the VLTI spectro-interferometric data presented
in Sect. 4 supports the hypothesis of a non-spherical CSE for
sgB[e] stars.

In particular, the MIDI observations suggest that the hot-dust
emission originates in an elongated structure (probably in an
equatorial disk), which is in agreement with previous polariza-
tion measurements from Yudin & Evans (1998). After correction
for the interstellar polarization, Yudin (private communication)
estimated an intrinsic polarization position angle �45◦−55◦.
Interestingly, within the error bars this angle is perpendicular
to the major-axis PA we derived from the MIDI data (α �
144◦; see Table 4), as is expected from a disk-like dusty CSE.
Under the disk hypothesis, the measured mid-IR flattening (D �
0.76−0.80; see Table 4) allows us to estimate an intermediate
viewing angle for the non-spherical CSE (i ∼ 30◦−60◦).

The contemporaneous recording of the AMBER and MIDI
data enables us to compare the CSE structure in the near- and
mid-IR. As shown in Table 4, the size, flattening and orientation
of the elliptical Gaussian model significantly changes from the

3. High spectro-spatial resolution observations of fast rotators in the H-R diagram

134



86 A. Domiciano de Souza et al.: AMBER/VLTI and MIDI/VLTI observations of the sgB[e] CPD−57◦ 2874

Fig. 5. Size and orientation of the CSE derived from the fit of an elliptical Gaussian model (Eqs. (1) and (2)) to the AMBER/VLTI and MIDI/VLTI
visibilities (the corresponding fit parameters are listed in Table 4). The scale in the right is given in stellar diameters (2R�), where the radius R� is
estimated to be 60 ± 15 R� (Sect. 3).

K to the N band. For example, the region emitting the mid-IR
flux (2a ≥ 10 mas = 25 AU at λ ≥ 8 µm)2 is more than 2.5 times
larger than the region emitting the near-IR continuum flux (2a �
3.4 mas = 8.5 AU at λ � 2.2 µm).

If we correct the influence of the continuum on the visibil-
ity measured in Brγ (Malbet et al. 2007), we estimate the size
(minor × major axes) of the region responsible for the pure
Brγ emission to be �2.8 × 5.2 mas (or �7.0 × 13.0 AU). This
size is � 55% larger than that of the underlying near-IR con-
tinuum, but more than 2 times smaller than the mid-IR emitting
region (λ ≥ 8 µm). Near-IR diameters of ∼10 AU correspond to
∼36 R� (assuming R� = 60 R�; see Sect. 3). This measurements
are compatible with the theoretical CSE diameters computed by
Stee & Bittar (2001) for a classical Be star, although our data
show a larger difference between the Brγ and continuum sizes.

The differences in flattening and position angle of the el-
liptical models fitted to the AMBER and MIDI data are in
agreement with the two-component CSE paradigm suggested for
sgB[e] stars (Zickgraf et al. 1985). The mid-IR flux is probably
solely due to dust emission from an equatorial disk. In contrast,
the near-IR continuum flux distribution probably results from a
complex interplay among the radiation from the central star, the
tail of hot-dust emission (Tdust � 1500 K), and the free-free and
free-bound emission from the fast polar wind and the disk-wind
interaction. The Brγ emission does not necessarily follow the
same geometry.

A detailed investigation of the CSE geometry in the near-IR
(continuum and Brγ) requires additional interferometric obser-
vations covering a larger range of baselines and position angles.
In addition, we believe that further MIDI observations at base-
lines longer than �80 m should be performed to obtain higher
spatial resolution of the innermost parts of the dusty CSE. This
would allow one to investigate more deeply how close to the hot
central star (Teff � 20 000 K) the dust is formed.

Moreover, the combination of interferometric resolution,
multi-spectral wavelength coverage and relatively high spectral
resolution now available from the VLTI requires de development
of interferometry-oriented and physically-consistent models for
sgB[e] stars. We hope that the present work will motivate the

2 Adopting a distance d = 2.5 kpc; see Sect. 3.

development of such models, as well as open the door for new
spectro-interferometric observations of these complex and in-
triguing objects.
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ABSTRACT

Context. B[e] supergiants are luminous, massive post-main sequence stars exhibiting non-spherical winds, forbidden lines, and hot
dust in a disc-like structure. The physical properties of their rich and complex circumstellar environment (CSE) are not well under-
stood, partly because these CSE cannot be easily resolved at the large distances found for B[e] supergiants (typically >∼1 kpc).
Aims. From mid-IR spectro-interferometric observations obtained with VLTI/MIDI we seek to resolve and study the CSE of the
Galactic B[e] supergiant CPD-57◦ 2874.
Methods. For a physical interpretation of the observables (visibilities and spectrum) we use our ray-tracing radiative transfer code
(FRACS), which is optimised for thermal spectro-interferometric observations.
Results. Thanks to the short computing time required by FRACS (<10 s per monochromatic model), best-fit parameters and uncer-
tainties for several physical quantities of CPD-57◦ 2874 were obtained, such as inner dust radius, relative flux contribution of the
central source and of the dusty CSE, dust temperature profile, and disc inclination.
Conclusions. The analysis of VLTI/MIDI data with FRACS allowed one of the first direct determinations of physical parameters of
the dusty CSE of a B[e] supergiant based on interferometric data and using a full model-fitting approach. In a larger context, the study
of B[e] supergiants is important for a deeper understanding of the complex structure and evolution of hot, massive stars.

Key words. stars: individual: CPD-57◦ 2874 – methods: observational – methods: numerical – techniques: high angular resolution –
techniques: interferometric – stars: emission-line, Be

1. Introduction

The B[e] stars form a heterogeneous group composed of ob-
jects at different evolutionary stages, but with many similar ob-
servational signatures characterising the so-called “B[e] phe-
nomenon”: simultaneous presence of hydrogen emission lines,
low-excitation forbidden and permitted metallic lines in emis-
sion, and a significant infrared (IR) excess mainly caused by hot
circumstellar dust. Another common property of B[e] stars is the
presence of a non-spherical circumstellar environment (hereafter
CSE, e.g. Zickgraf 2003).

Lamers et al. (1998) defined five B[e] sub-classes, one of
which contains unclassified stars. Miroshnichenko (2007) pro-
posed an additional B[e] sub-class (the FS CMa stars) to explain
at least part of the unclassified B[e]-type stars as binaries at a

� Based on VLTI/MIDI observations collected at the European
Southern Observatory (ESO), Paranal, Chile under ESO Programmes
074.D-0101 and 078.D-0213. Also based on observations at the
ESO 2.2-m telescope, La Silla, Chile, under agreement with the
Observatório Nacional-MCT (Brazil).
�� Figure 5 is only available in electronic form at
http://www.aanda.org

phase of ongoing or recently ended rapid mass transfer and dust
formation.

One of the B[e] sub-classes is composed of luminous
(log(L�/L�) >∼ 4) post-main sequence objects: the B[e] super-
giant stars (hereafter sgB[e]). Previous spectroscopic and po-
larimetric observations of sgB[e] (e.g. Zickgraf et al. 1985;
Magalhães 1992) show that the wind of these massive and lu-
minous stars is composed of two distinct components: (1) a
wind of low density and high velocity and (2) a wind of high
density and low velocity. Zickgraf et al. (1985) proposed a pic-
ture where the sgB[e] winds consist of a hot and fast radiation-
driven polar wind and a slow, much cooler and denser (by
a factor of 102 or 103) equatorial wind. This disc-like struc-
ture provides a natural explanation for the existence of dust
around those objects, because the presence of dust requires re-
gions of sufficiently high density and low kinetic temperatures.
One possible explanation for this two-component CSE is that
rapid rotation of the central star leads to the formation of an
equatorial disc because of the combination of rotation-induced
bi-stability and rotation-induced wind compression (Lamers &
Pauldrach 1991; Bjorkman 1998; Pelupessy et al. 2000). Other
mechanisms, such as binarity, are evoked to explain the disc-
like CSE, but in any case, rapid rotation seems to play a key
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role in the origin of these discs (e.g. Meynet & Maeder 2006).
Owing to their physical characteristics (fast rotation, disc-like
CSE, high luminosity, evolutionary status), it has also been sug-
gested (Vink et al. 2009) that sgB[e] might share evolutionary
links with rapidly rotating O-stars and long-duration gamma-ray
bursts (GRBs).

Because of the large distances of sgB[e] (>∼1 kpc for the
closest ones), the geometry and physical structure (e.g. density
and temperature distribution) of their CSE could be only quite
recently directly probed, thanks to modern high angular res-
olution (HAR) techniques. For example, Domiciano de Souza
et al. (2008) used ESO’s VLT/VISIR instrument to directly mea-
sure the typical size of the dusty CSE of the sgB[e] MWC 300
from diffraction-limited mid-IR images. Among HAR tech-
niques, optical/IR long baseline interferometry (OLBI) provides
the highest resolving power, allowing the study of sgB[e] CSEs
at angular resolutions ∼1−10 milliarcsec (mas). For example,
Millour et al. (2009) combined adaptive optics (VLT/NACO)
and OLBI (VLTI/AMBER and VLTI/MIDI) to detect a compan-
ion around the sgB[e] HD87643 and to perform an extensive
study of the dusty CSE of the binary system.

In the examples above as well as in most works based on
HAR data of sgB[e], two different strategies are commonly
adopted to interpret the observations: (1) geometrical analyti-
cal modelling and (2) radiative transfer modelling (e.g. using the
Monte Carlo approach). The geometrical analytical models have
the advantage to be very fast to calculate, allowing a full model-
fitting (for example a χ2 minimisation) and error estimate of the
model parameters (mostly geometrical parameters of the CSE).
However, these simple models do not give access to physical
parameters of the targets such as temperature and density distri-
butions, optical depths, etc. On the other hand, most radiative
transfer models present a consistent description of the physi-
cal conditions of the CSE. However, because these models are
quite complex, they demand a lot of computing time, which pre-
vents one from exploring a large domain of the parameter space
and also from obtaining a good estimate of the uncertainties on
the fitted parameters. In this work we adopt a third approach
for the data modelling, which tries to keep the advantages of the
other approaches, without the drawbacks. To this aim we use our
fast ray-tracing algorithm for circumstellar structures (FRACS),
which is based on a parametrised CSE combined to a simplified
radiative transfer (no scattering). A complete description of this
algorithm is given in Niccolini et al. (2010, hereafter Paper I).

In the present paper we apply FRACS to study the CSE
of the Galactic sgB[e] CPD-57◦ 2874 (also named Hen 3-394,
WRAY 15-535) based on mid-IR spectro-interferometric obser-
vations performed with ESO’s VLTI/MIDI beam-combiner in-
strument. Previous near- and mid-IR interferometric observa-
tions of CPD-57◦ 2874 directly revealed an elongated CSE that
is compatible with a disc-like structure formed by gas and dust
(Domiciano de Souza et al. 2007, hereafter DS07). However, be-
cause only a limited number (four) of baselines was available
and since the authors adopted simple analytical models, only ge-
ometrical parameters could be derived from this first analysis of
CPD-57◦ 2874. As shown below, the use of FRACS allowed us
to confirm the previous results and, most importantly, to derive
physical parameters for this Galactic sgB[e].

In Sect. 2 we give the log of the VLTI/MIDI observations
and describe the data reduction procedure. In Sect. 3 we pro-
vide a new distance estimate of CPD-57◦ 2874 obtained from
spectroscopic observations with FEROS. A short reminder of the
ray-tracing code FRACS is presented in Sect. 4, followed by the
results obtained from a model-fitting analysis of the VLTI/MIDI

Table 1. Summary of VLTI/MIDI observations of CPD-57◦ 2874: data
set index, date, Coordinated Universal Time (UTC) of observation,
baseline configuration, projected baseline length and position angle.

# Date tobs UT config. Bproj PA
(UTC) (m) (◦)

1 2004-11-01 08:51:55 UT2-UT4 85.1 37.8
2(a) 2004-12-29 05:52:12 UT2-UT3 45.2 18.6
3(a) 2004-12-29 07:26:06 UT2-UT3 43.9 35.1
4(a) 2004-12-31 06:04:03 UT3-UT4 54.8 79.6
5(a) 2004-12-31 08:02:48 UT3-UT4 60.9 104.8
6 2006-11-09 07:15:36 UT1-UT4 129.7 8.6
7 2006-12-13 08:35:55 UT1-UT3 93.8 28.6
8 2006-12-31 08:13:05 UT1-UT4 125.8 63.5
9 2006-12-31 08:59:06 UT1-UT4 121.8 72.5
10 2007-01-05 08:35:09 UT1-UT3 88.1 42.8

Notes. (a) Data previously used by DS07.

Fig. 1. uv-Plane coverage: pro-
jected baselines (length and po-
sition angle) for the VLTI/MIDI
observations of CPD-57◦ 2874
(further details are given in
Table 1).

observations (Sect. 5). A discussion of the results and the conclu-
sions of this work are presented in Sects. 6 and 7, respectively.

2. VLTI/MIDI observations

The interferometric observations of CPD-57◦ 2874 were per-
formed with MIDI, the mid-infrared 2-telescope beam-combiner
instrument of ESO’s VLTI (Leinert et al. 2004). All four 8.2 m
unit telescopes (UTs) were used. The N-band spectrum as well
as spectrally dispersed fringes have been recorded between λ �
7.5 μm and λ � 13.5 μm with a spectral resolution of R � 30
using a prism. In total, nB = 10 data sets have been obtained
with projected baselines (Bproj) ranging from �40 m to �130 m,
and baseline position angles (PA) between �8◦ and �105◦ (from
North to East). A summary of the VLTI/MIDI observations of
CPD-57◦ 2874 is given in Table 1, and the corresponding uv-
plane coverage is shown in Fig. 1.

The MIDI data were reduced with the MIA+EWS data re-
duction package, which includes two different sub-packages:
the MIA package developed at the Max-Planck-Institut für
Astronomie, and the EWS package developed at the Leiden
Observatory1.

1 The MIA+EWS software package is available at http://
www.mpia-hd.mpg.de/MIDISOFT/ and http://www.strw.
leidenuniv.nl/~nevec/MIDI/index.html

A22, page 2 of 11

3.3. The supergiant B[e] star CPD-57◦ 2874

137



A. Domiciano de Souza et al.: FRACS modelling - disc parameters of CPD-57◦ 2874 from VLTI/MIDI.II.

Table 2. Observation log and angular diameters of calibrators (val-
ues from DS07) used to derive the calibrated N-band visibilities of
CPD-57◦ 2874.

Date tobs UT config. Calibrator /©UD
(UTC) (mas)

2004-11-01 09:28:16 UT2-UT4 HD 94510 2.16 ± 0.11
2004-12-29 04:12:26 UT2-UT3 HD 37160 2.08 ± 0.20
2004-12-29 05:29:32 UT2-UT3 HD 37160 2.08 ± 0.20
2004-12-29 06:13:08 UT2-UT3 HD 50778 3.95 ± 0.22
2004-12-29 07:47:21 UT2-UT3 HD 94510 2.16 ± 0.11
2004-12-31 02:15:59 UT3-UT4 HD 50778 3.95 ± 0.22
2004-12-31 03:04:33 UT3-UT4 HD 50778 3.95 ± 0.22
2004-12-31 06:31:19 UT3-UT4 HD 94510 2.16 ± 0.11
2004-12-31 07:19:17 UT3-UT4 HD 107446 4.54 ± 0.23
2004-12-31 07:41:22 UT3-UT4 HD 94510 2.16 ± 0.11
2006-11-09 07:45:21 UT1-UT4 HD 94510 2.16 ± 0.11
2006-12-13 02:04:34 UT1-UT3 HD 23249 2.33 ± 0.01
2006-12-13 08:10:27 UT1-UT3 HD 94510 2.16 ± 0.11
2006-12-13 08:54:41 UT1-UT3 HD 94510 2.16 ± 0.11
2006-12-31 06:58:10 UT1-UT4 HD 94510 2.16 ± 0.11
2006-12-31 07:44:55 UT1-UT4 HD 94510 2.16 ± 0.11
2006-12-31 08:37:22 UT1-UT4 HD 94510 2.16 ± 0.11
2007-01-05 08:08:04 UT1-UT3 HD 94510 2.16 ± 0.11

While MIA is based on the power spectrum analysis, which
measures the total power of observed fringes (Leinert et al.
2004), EWS coherently adds the fringes after correction for opti-
cal path differences (instrumental as well as atmospheric delays)
in each scan (Jaffe et al. 2004). The data reduction results ob-
tained with the MIA and EWS packages agree well within de
uncertainties.

The instrumental transfer function at each spectral chan-
nel was obtained from the observations of calibrator stars with
known uniform-disc diameters ( /©UD). The calibrators used in
the data reduction and the adopted angular diameters and uncer-
tainties are listed in Table 2. The calibrated visibilities were cal-
culated from the ratio of the targets’ raw visibilities and the aver-
age transfer function derived from the calibrator measurements
of the corresponding night (Fig. 3). The error of the calibrated
MIDI visibilities is of the order of �5−10% and includes the
raw visibility error as well as the error of the transfer function.
The uncertainties on the calibrator angular diameter are negligi-
ble compared to the standard deviation of the transfer function.
Usually, �3−5 calibrator measurements per night were available
(Table 2). In the few cases where only one suitable calibrator
observation was available we assumed a typical transfer func-
tion error of 5% to estimate the errors on the final calibrated
visibilities.

VLTI/MIDI also provides spectral fluxes of CPD-57◦ 2874 in
the N-band. On average, all fluxes are compatible within �10%
with those previously presented by DS07 (MIDI and ISO-SWS
spectra). We here considered the VLTI/MIDI spectrum used by
DS07 with an uncertainty of 20% (Fig. 4). This larger uncer-
tainty ensures a complete agreement between the observed MIDI
and ISO fluxes at all wavelengths. We note that the mid-IR spec-
trum of CPD-57◦ 2874 does not show any clear evidence of an
important silicate feature around 10 μm.

3. FEROS observations and distance estimate

In addition to our mid-IR interferometric observations, we
obtained high-resolution optical spectra of CPD-57◦ 2874.
The spectra were recorded with the high-resolution Fiber-fed
Extended Range Optical Spectrograph (FEROS), attached to the

Table 3. Equivalent widths (EW) of the Na i absorption lines
(λλ 5890 Å, 5896 Å), obtained from our FEROS data.

Line 5890 Å 5896 Å
abs. comp. 1 abs. comp. 2 abs. comp. 1 abs. comp. 2

W(Å) 0.11 0.80 0.05 0.70

Notes. The relative uncertainty of these measurements is about 20%.

2.2-m telescope at ESO in La Silla (Chile). FEROS is a bench-
mounted Echelle spectrograph with fibers, covering a sky area
of �2′′ × 2′′ and a wavelength range from 3600 Å to 9200 Å.
Its spectral resolution is R � 55 000 (around 6000 Å). We have
adopted its complete automatic online reduction, which includes
the heliocentric correction. The FEROS spectra were obtained
on 2008 December 21. We recorded two exposures of 1000 s
with S/N of ∼60 in the 5500 Å region.

These observations were used to estimate the distance of
CPD-57◦ 2874. A previous distance estimate of d = 2.5 kpc has
been proposed by McGregor et al. (1988), assuming that this star
belongs to the Carina OB association.

From our FEROS high-resolution spectra it is possible to es-
timate the distance of CPD-57◦ 2874, based on the statistical re-
lation cited by Allen (1973). This relation uses the equivalent
widths of interstellar Na i lines. In our data, each Na i line is
composed of two absorption components. However, owing to
the lack of data from different epochs, it is impossible to see
any temporal changes, which would allow us to derive a pos-
sible circumstellar contamination. We have therefore assumed
that both Na i components are of interstellar origin. The mea-
sured equivalent widths are given in Table 3. Our estimated dis-
tance for CPD-57◦ 2874 is d = 1.7 kpc with an uncertainty of
0.7 kpc. This large error is firstly due to a possible contamina-
tion from the circumstellar emission component and the satu-
ration of the absorption one, and secondly to a systematic er-
ror caused by the statistical relation used. Within the error bars,
our distance estimate is roughly compatible with the result of
McGregor et al. (1988). We have considered both distances in
our analysis: 1.7 and 2.5 kpc.

4. Description of the model FRACS

Here we present a short description of our numerical model
FRACS and the parametrisation adopted to describe a sgB[e].
A full description of FRACS is given in Paper I.

FRACS is based on the ray-tracing technique using quadtree
meshes for the grid and the full symmetries of the problem to
hand to significantly decrease the computing time necessary to
obtain monochromatic images (calculated with 300×300 pixels)
within seconds. Complex visibilities and fluxes can be directly
derived from these monochromatic images. FRACS neglects
scattering, an approximation well suited to interpret spectro-
interferometric observations in the thermal IR. Indeed, com-
pared to absorption of light from dust, scattering can be ne-
glected in the IR and beyond (Paper I; Lamers & Cassinelli
1999).

To analyse the VLTI/MIDI data of CPD-57◦ 2874 we
adopted the same parametrised description of a sgB[e] (central
star and dusty CSE) as given in Paper I. Below we summarise the
main equations of this description in axis-symmetric spherical
coordinates, and define the free parameters used in the model-
fitting.
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We assume the specific intensity from the central regions of
the star to be a power-law with spectral index α and level Is

λ0
at

a fiducial wavelength λ0 = 10 μm:

Is
λ = Is

λ0

(
λ0

λ

)α
· (1)

This emission from the central region includes a contribution
from the stellar photosphere and from the continuum radiation
(free-free and free-bound) of the circumstellar ionised gas. The
spectral index α is sensitive to the nature of the central source.
Panagia & Felli (1975) and Felli & Panagia (1981) give theoret-
ical values for the spectral index for spherical envelopes: α � 4
for a blackbody and α � 2.6 for a fully ionised gas (free-free
emission) with an electron density proportional to r−2. Their es-
timates are valid within the Rayleigh-Jeans domain of the spec-
trum, which fits to our case when we consider the hot central
parts of a sgB[e] in the mid-IR.

A radius Rs = 54 R� was adopted for the central region. This
value is used simply as a scaling factor and to convert Is

λ0
to the

observed 10 μm flux from the central region:

Fs
λ0
= π

(Rs

d

)2

Is
λ0
. (2)

We note that at distances of a few kpc the central regions of a
sgB[e] are not resolved by VLTI/MIDI and can thus be consid-
ered as point sources.

For the gas number density we adopt the bi-modal dis-
tribution used by Carciofi et al. (2010) to study another
B[e] star. Similar density distribution descriptions were adopted
for Be stars (e.g. Stee et al. 1995). The adopted distribution is
motivated by the two-wind scenario proposed by Zickgraf et al.
(1985) and assumes a fast polar wind, a slow equatorial outflow,
and a latitude-dependent mass loss rate. The number density of
dust grains is therefore given by

n(r, θ) = nin

(Rin

r

)2 (
1 + A2

1 + A1

)
1 + A1 (sin θ)m

1 + A2 (sin θ)m , (3)

where (r, θ) are the radial coordinate and co-latitude, and nin is
the dust grain number density at θ = 90◦ and at r = Rin, which
is the inner dust radius where dust starts to survive. Dust is con-
fined between Rin and the outer dust radius Rout. The value of
Rout cannot be determined from the VLTI/MIDI data and has
been fixed to a high value: 750 AU (the exact value does not
affect our results).

The parameter A1 controls the ratio between the equatorial
and polar mass loss rates. More precisely, (1 + A1) specifies the
ratio between the mass loss rate per unit solid angle in the equa-
tor and the pole. In the bi-modal scenario, the poles are assumed
to be much less dense than the equator, therefore A1 must have
a large value (>∼10). Our models indicate that for a wide range
of values this parameter does not have a strong influence on the
results because it can always be compensated by nin (see also dis-
cussion in Paper I). Therefore, we have arbitrarily fixed (1+ A1)
to 50.

The parameter A2 indicates how much faster the polar wind
is compared to the slow equatorial wind. (1+A2) is the equatorial
to polar terminal velocity, i.e., v∞(90◦)/v∞(0◦). This parameter is
also quite uncertain and in principle can assume values ranging
from ∼1 to ∼100. We kept A2 as a free parameter, although it is
not well constrained from the observations as shown in the next
sections.

Finally, parameter m controls how fast the mass loss (and
consequently the density) drops from the equator to the pole.

Defining the disc opening angle Δθd as the latitudinal range
within which the mass loss rate is higher then half its equato-
rial value, we have

Δθd = 2 arccos

(
A1 − 1
2 A1

) 1
m

� 2 arccos

(
1
2

) 1
m

· (4)

High m values correspond to thinner regions of high den-
sity around the equator. These dense, slowly flowing disc-like
regions around the equatorial plane of sgB[e] stars provide
favourable conditions for dust to form and survive. Different ap-
proaches exist to define regions of dust formation (e.g. Carciofi
et al. 2010). Here we adopt the relatively simple assumption
where dust is allowed to exist only within the disc opening angle,
i.e., at co-latitudes between 90◦ − 0.5Δθd and 90◦ + 0.5Δθd.

The dust grain opacity was calculated in the Mie theory
(Mie 1908) for silicate dust and for a dust size distribution fol-
lowing the commonly adopted MRN (Mathis et al. 1977) power-
law ∝a−3.5, where a is the dust grain radius. The Mie absorption
cross sections are computed from the optical indices of astro-
nomical silicate (Draine & Lee 1984; see also Paper I). One
possibility to reproduce the absence of a silicate feature in the
N-band spectrum of CPD-57◦ 2874 is to have relatively large
grain sizes. We thus used grain radii ranging from a = 0.5 to
50 μm, which can relatively well reproduce the observed spec-
trum (Fig. 4). We checked that ignoring scattering remains a
valid assumption for this dust distribution with large grains. By
neglecting the dust albedo the visibilities and fluxes are affected
by only a few percent (<∼3.5%) within the N-band (further details
in Paper I).

The temperature structure of the dusty CSE is given by

T (r) = Tin

(Rin

r

)γ
, (5)

where Tin is the dust temperature at the disc inner radius Rin,
i.e., the dust sublimation temperature. To be consistent with our
choice of dust composition we require that Tin ≤ 1500 K. The
coefficient γ is expected to assume values <∼1.

Finally, because OLBI is sensitive to the projection of the
object’s intensity distribution onto the sky, there are two angles
related to this projection:

– the inclination of the disc plane towards the observer i (0◦
for pole-on view and 90◦ for equator-on view);

– the position angle (from North to East) of the maximum
elongation of the sky-projected disc PAd. This angle is de-
fined for i � 0◦.

Thus, the 10 free parameters (nfree) of the model are: Is
λ0

, α, Tin,
γ, Rin, i, PAd, A2, nin, and m.

5. Model-fitting with FRACS

Here we use FRACS with the parametrised sgB[e] description
defined in the last section in order to interpret the VLTI/MIDI
observations of CPD-57◦ 2874 through a model-fitting proce-
dure.

To ensure spectrally independent observations for the model-
fitting we decided to consider one data point every �0.5 μm
between 8 μm and 13 μm. This step approximately corre-
sponds to twice the used spectral resolution width (Δλ = λ/R).
Additionally, to avoid poor visibility calibration owing to the
Earth signature of ozone around 9.6 μm we have not included
observations in this spectral region in our analysis. Finally, the
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same spectral sampling (nλ = 10 wavelengths points) was
adopted for the VLTI/MIDI visibilities and spectrum. This
choice also provides faster calculations because it is not nec-
essary to compute model images at too many wavelengths.

We have performed a χ2 minimisation simultaneously on the
VLTI/MIDI visibilities and fluxes using a Levenberg-Marquardt
(LM) algorithm (Markwardt 2008). In order to treat the visi-
bilities and fluxes on the same level (similar weights) we have
minimised a χ2 like quantity defined as (see further details in
Paper I):

χ2 =

nλ∑

j=1

nB∑

k=1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

⎛⎜⎜⎜⎜⎜⎝
Vobs

j,k − V j,k

σV, j,k

⎞⎟⎟⎟⎟⎟⎠
2

+

⎛⎜⎜⎜⎜⎜⎝
Fobs

j − F j

σF, j

⎞⎟⎟⎟⎟⎟⎠
2⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (6)

where Vobs
j,k and V j,k are the observed and modelled visibility

modulus wavelength index j and for baseline index k, Fobs
j and

F j are the observed and modelled mid-IR fluxes. σV, j,k and σF, j

are the estimated errors on the visibilities and fluxes.
The starting parameter values for the fit were determined

from physical considerations of the CSE and from the previous
results from DS07. Below we consider the reduced χ2 defined
by χ2

r = χ
2/(2nBnλ − nfree), where nfree = 10. The LM algorithm

stops when the relative decrease in χ2
r is less then 10−3. For the

CPD-57◦ 2874 data, the LM algorithm reaches the χ2
r minimum

(χ2
min,r) in a few hours (�2–3 h) on a single CPU.

Figure 2 shows the intensity map of the model correspond-
ing to χ2

min,r (best-fit model) for our distance estimate of 1.7 kpc,
which also corresponds to the lowest χ2

min,r. The visibilities and
fluxes for the best-fit model are shown, together with the obser-
vations, in Figs. 3 and 4. These plots show that the model well
reproduces most observations within their uncertainties for both
adopted distances (1.7 and 2.5 kpc). In particular the slightly
curved shape of the visibilities is well reproduced by FRACS.
The models indicate that this curved shape is probably caused
by the combined fact (1) that the intensity maps have different
relative contributions from the central source and from the dusty
CSE at different wavelengths, (2) that the optical properties of
the adopted dust grains are wavelength-dependent even if there
is no strong silicate feature seen in the spectrum, and (3) that
the angular resolution significantly changes along the observed
wavelengths.

The model parameters at χ2
min,r and their uncertainties are

listed in Table 4. The derived parameters are almost indepen-
dent of the adopted distance, except of course for those scaling
with the distance. The uncertainties of the parameters have been
estimated from χ2

r maps calculated with 21 × 21 points for each
pair of free parameters (45 pairs) and centred on the χ2

min,r po-
sition. All 45 χ2

r maps are shown in Fig. 5 for d = 1.7 kpc.
These maps show that the χ2

r space presents a well defined χ2
min,r,

without showing several local minima in the parameter domain
explored. Additionally, they provide visual and direct informa-
tion on the behaviour of the model parameters in the vicinity
of χ2

min,r, revealing, for instance, potential correlations between
certain parameters.

We have estimated the parameter uncertainties in a conser-
vative way by searching for the maximum parameter extension
in all χ2

r maps corresponding to χ2
min,r+Δχ

2, where Δχ2 = 1 (see
contours in Fig. 5). This choice of Δχ2 sets a lower limit confi-
dence region of �60% to the parameter uncertainties. This limit
results from two extreme assumptions about the data:

– data points per baseline are completely dependent (corre-
lated): because the same set of stars is used to calibrate all

Fig. 2. Intensity map of CPD-57◦ 2874 at 10 μm for the best-fit
FRACS model obtained for a distance d = 1.7 kpc (see Table 4). The
image scale is in log of the specific intensity Is

λ.

visibilities of a given baseline, we can consider a limiting
case where all these visibilities are correlated. This assump-
tion implies that only 10 independent visibility observations
are available (this corresponds to the number of baselines).
The flux at each spectral channel can still be considered to be
independent. This pessimistic assumption leads to the lower
limit of �60% to the formal confidence level for Δχ2 = 1,
corresponding to only 20 independent observations (10 base-
lines and 10 fluxes),

– all data points are completely independent (uncorrelated): an
upper limit of �100% of formal confidence level is obtained
if we assume that all data points are independent. Then the
uncertainties derived from Δχ2 = 1 are very conservative
(overestimated).

Hence the parameter uncertainties given in Table 4 correspond
to a confidence level of at least 60%, but most probably they are
somewhat overestimated.

In the next section we present a physically motivated discus-
sion of the derived model parameters of CPD-57◦ 2874.

6. Discussion

6.1. Geometrical parameters (PAd , Rin, and i)

Let us first compare the derived geometrical parameters (PAd,
Rin, and i) with those previously obtained by DS07 from ellipti-
cal Gaussian models fitted on a sub-set of the VLTI/MIDI data
used here.

The geometrical parameter PAd can be directly compared
with the major-axis position angle of the ellipse previously deter-
mined by DS07 (�143◦−145◦). As expected, the two estimates
of PAd are identical within their error bars.

Because the bulk of the thermal IR emission comes from
the internal regions of the disc, one can expect the inner dust
angular radius (Rin/d) to be comparable to (or slightly smaller
than) the major-axis half width at half maximum (HWHM) of
an elliptical Gaussian. Indeed, the Rin/d derived here agrees with
the major-axis HWHM (=0.5FWHM) given by DS07: 4.5 <
HWHM (mas) < 8.0.

Domiciano de Souza et al. (2007) estimated a CSE view-
ing angle i ∼ 30◦−60◦ from the minor- to major-axis ratio of
the fitted elliptical Gaussian model. This estimate agrees fairly
well with the more precise determination of this parameter given
here.
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Fig. 3. VLTI/MIDI visibilities of CPD-57◦ 2874 (circles) and the best-fit FRACS visibilities obtained from a χ2 minimisation for a distance
d = 1.7 kpc (solid curve) and d = 2.5 kpc (dashed curve). The model-fitting was performed simultaneously on the visibilities and spectral flux.
The visibilities effectively used for the fit are shown as filled circles together with the corresponding visibility error bars. The good quality of this
fit is reflected by a reduced χ2

min of �0.55 for both distances (see details in Table 4).

Fig. 4. VLTI/MIDI flux of CPD-57◦ 2874 (thick solid grey curve) and
the ±20% adopted uncertainty (dots). The thin solid and dashed curves
are the best-fit model fluxes for assumed distances of d = 1.7 kpc and
d = 2.5 kpc, respectively. The wavelengths used for the fit are those
from Fig. 3.

The comparison of these parameters shows on one hand that
the geometrical parameters obtained with FRACS agree with

those obtained from a simpler approach using analytical models.
On the other hand, this comparison clearly shows that, at the cost
of somewhat higher but similar computing times, FRACS gives
us access to physical parameters of CPD-57◦ 2874 that cannot
be extracted from simple geometrical analytical models.

6.2. Continuum emission from the central source (Isλ0 and α)

In contrast to what may be initially expected, we show below
that the central source (star and continuum emission components
such as free-free, free-bound) contributes to almost half of the
total mid-IR radiation of CPD-57◦ 2874. The total 10 μm flux of
the best model for d = 1.7 kpc is Ftot = 7.9×10−13 W m−2 μm−1

(see Fig. 4). The contribution of the dust CSE alone to the 10 μm
flux computed with FRACS is Fd = 4.4× 10−13 W m−2 μm−1. It
follows therefore that the 10 μm flux from the CSE is �56%Ftot
and from the central source is �44%Ftot. Similar results are ob-
tained for d = 2.5 kpc.

We note that in the particular case of CPD-57◦ 2874 where
i � 60◦ and where the dust is confined in a relatively narrow
disc (opening angle ∼7◦), these relative flux contributions can
be directly obtained from Fs

λ0
(derived from Is

λ0
; see Table 4).
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Table 4. Best-fit model parameters and uncertainties derived for CPD-
57◦ 2874 from a χ2 minimisation.

Adopted distance d = 1.7 kpc d = 2.5 kpc
Reduced χ2

min χ2
min,r = 0.54 χ2

min,r = 0.56
Model parameters value error value error
Is
λ0

(105 W m−2 μm−1 str−1) 2.2 +0.7
−0.7 4.2 +1.8

−1.4

α 2.4 +1.3
−1.2 2.4 +1.4

−1.4

Tin (K)(a) 1498 +1042
−427 1500 +1050

−535

γ 1.02 +0.71
−0.29 0.86 +0.43

−0.24

Rin (AU) 12.7 +3.6
−2.9 14.4 +5.1

−4.0

i (◦) 61.3 +10.8
−18.2 59.6 +11.8

−21.2

PAd (◦) 140.3 +12.3
−14.0 139.4 +13.7

−15.1

A2
(b) −0.98 – −0.98 –

nin (m−3)(b) 0.30 – 0.33 –
m(b) 332 – 377 –
Other derived parameters value error value error
Fs
λ0

(10−13 W m−2 μm−1)(c) 3.5 +1.1
−1.1 6.8 +2.8

−2.3

Rin/d (mas) 7.5 +2.1
−1.7 5.8 +2.0

−1.6

Δθd (◦) 7.5 – 7.0 –

Notes. The uncertainties were estimated from the χ2
r maps. (a) To be

physically consistent with the adopted dust composition the upper limit
for Tin is 1500 K, even though the χ2

r maps were allowed to explore
higher temperature values. (b) Not well constrained. (c) Observed mid-
IR flux from the central region at λ0 = 10 μm (Eq. (2)).

This is valid if there is no absorption of the central regions by
the CSE.

Although the uncertainties on the spectral index α are rel-
atively high (�50%), the derived value (=2.4) suggests an im-
portant contribution of free-free continuum radiation from the
central regions (Felli & Panagia 1981).

6.3. Temperature structure of the dusty CSE (Tin and γ)

The dust temperature at the inner radius Tin is found to be
�1500 K (the imposed upper limit for the fit), which is consistent
with the definition of Tin itself and with the chosen silicate dust
composition. The large upper limit uncertainties in Tin and the
fact that the best-fit Tin is 1500 K for d = 2.5 kpc indicate that
a Tin slightly higher than 1500 K could still be compatible with
the observations. A higher Tin value is consistent with, for in-
stance, different dust compositions. However, we prefer to keep
our choice of dust composition and to have a relatively large up-
per limit uncertainty in Tin, since the present observations do not
provide strong constraints on the exact dust composition.

The derived value for the coefficient of the temperature pro-
file γ indicates an almost linear decrease of the disc temperature
as a function of r. The steepness of this temperature profile lies
between those expected for a non irradiated, adiabatically cool-
ing disc (T ∝ r−4/3) and a reprocessing disc (T ∝ r−3/4) (cf.
Porter 2003). This implies that a non negligible part of the repro-
cessed radiation from the inner parts of the disc escapes without
being re-absorbed, so that the disc cools down faster than highly
optically thick discs, without of course reaching the limit of a
purely adiabatic cooling.

6.4. Parameters related to the density law (nin, A2 , and m)

Our results suggest that the observed mid-IR visibilities and
fluxes cannot strongly constrain each individual parameter re-
lated to the density law: nin, A2, and m. The χ2 maps show a

significant correlation between these three parameters, indicat-
ing that they are degenerated for the available VLTI/MIDI ob-
servations. Even if their uncertainties are significant, the values
of these parameters at χ2

min suggest

– a low inner density nin corresponding to relatively low CSE
optical depth in the mid-IR (<∼0.2 along the line of sight
around 10 μm);

– a polar-to-equatorial terminal velocity ratio v∞(0◦)/v∞(90◦)
= 1/(1 + A2) � 50, compatible with the values found in the
literature (e.g. Zickgraf 2003);

– a high value for m, translating into a quite narrow opening
angle (≤10◦) for the dust disc.

Because nin, A2, and m are not well constrained, we fitted the ob-
servations by fixing these parameters to their values in Table 4 in
order to investigate their influence on the remaining parameters.
We have also fixed the Tin to 1500 K. The fit was performed for
d = 1.7 kpc, starting from slightly different values from those in
Table 4 . The χ2 and values obtained for the free parameters (Is

λ0
,

α, γ, Rin, i, PAd) are essentially the same as in Table 4 (differ-
ences are only a small fraction of the parameter uncertainties).
We have also checked that the uncertainties on the other param-
eters are not affected by the fact that nin, A2, and m are not well
constrained.

6.5. Data analysis from a model with fewer free parameters

Thanks to the data analysis performed here we found that some
parameters of the sgB[e] model adopted for CPD-57◦ 2874 can-
not be well constrained from the available VLTI/MIDI data. Of
course this is not necessarily a general conclusion because it
depends on the nature of the studied target and on the spectro-
interferometric data available.

The results from our analysis of CPD-57◦ 2874 indicate that
it is justified to consider a simplified version of the model de-
scribed in Sect. 4. As shown in the previous section, the param-
eters related to the density law are the less constrained by the
data. Let us thus consider an alternative density law where the
number density of dust grains is given by

n(r, θ) =

⎧⎪⎪⎨⎪⎪⎩
nin

(
Rin
r

)2
90◦ − 0.5Δθd ≤ θ ≤ 90◦ + 0.5Δθd

0 θ < 90◦ − 0.5Δθd and θ > 90◦ + 0.5Δθd.
(7)

The parameters A1, A2, and m are not present in this simpler
density prescription. Only nin and Δθd are necessary to define
the density structure. Based on our previous results we have also
fixed Tin to 1500 K. The number of free parameters is thus re-
duced from 10 to 8, namely, Is

λ0
, α, γ, Rin, i, PAd, nin, and Δθd.

Following the previous procedure we have performed a χ2

minimisation on the visibilities and fluxes using a LM algorithm.
The results are shown in Table 5. Note that the best-fit param-
eters completely agree (well within the uncertainties) with the
previous values obtained with the initial model (Table 4).

Only nin shows an important difference compared to the pre-
viously tested model. Contrarily to the previous density law
(Eq. (3)), the new one (Eq. (7)) assumes that the density is con-
stant along a given r inside the dust disc. In order to obtain sim-
ilar fluxes and optical depths as before, nin has to be somewhat
smaller than the previous value.

Table 5 also provides the parameter uncertainties estimated
with the LM algorithm, which are smaller than those estimated
from the χ2

r maps (given in Table 4). These smaller errors appear
because all data points are assumed to be independent and no
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Table 5. Best-fit model parameters derived for CPD-57◦ 2874 from a
χ2 minimisation using a model with fewer free parameters then the ini-
tial one (cf. Sect. 6.5).

Adopted distance d = 1.7 kpc d = 2.5 kpc
Reduced χ2

min χ2
min,r = 0.54 χ2

min,r = 0.56
Model parameters value error value error

LM LM
Is
λ0

(105 W m−2 μm−1 str−1) 2.1 +0.1
−0.1 4.2 +0.1

−0.1

α 2.4 +0.2
−0.2 2.4 +0.2

−0.2

γ 0.92 +0.07
−0.07 0.85 +0.05

−0.05

Rin (AU) 11.0 +2.0
−2.0 13.9 +2.4

−2.4

i (◦) 60.5 +1.5
−1.5 59.3 +1.5

−1.5

PAd (◦) 139.8 +1.0
−1.0 139.3 +1.0

−1.0

nin (m−3) 0.09 +0.06
−0.06 0.11 +0.07

−0.07

Δθd (◦) 7.5 +4.4
−4.4 5.9 +4.4

−4.4

Notes. Uncertainties were estimated from the Levenberg-Marquardt
(LM) algorithm and can be considered as lower limits to the errors on
the derived parameters (see discussion in the text).

covariance matrix is used in the error estimations. The estimated
errors from LM in Table 5 can then be considered as lower limits,
while the errors from the χ2

r maps can be considered as upper
limits to the parameter uncertainties (see discussion in Sect. 5).

7. Conclusions

The dusty CSE of the Galactic sgB[e] CPD-57◦ 2874 was spa-
tially resolved thanks to mid-IR spectro-interferometric observa-
tions performed with the VLTI/MIDI instrument. Several phys-
ical parameters and corresponding uncertainties of this star
were derived from a χ2 minimisation and from the analysis of
χ2 maps. The physical quantities derived include the inner dust
radius, relative flux contribution of the central source and of the
dusty CSE, dust temperature profile, and disc inclination (refer
to Table 4 and Sect. 6 for details).

To our knowledge, this is the first direct determination of
physical parameters of the dusty CSE of a B[e] supergiant based
on interferometric data and using a model-fitting approach from
a χ2 minimisation. This was possible thanks to FRACS, which
adopts a parametrised description of the central object and of
the dusty CSE combined to a simplified radiative transfer (no
scattering). Its main advantage is computation speed (<10 s per
monochromatic image with 300× 300 pixels). Because it is fast,
FRACS allows us (1) to explore a large parameter space domain
for a true global χ2 minimisation and (2) to more realistically
estimate the uncertainties on the best-fit parameters. We would
like to recall that contrarily to a model such as FRACS, simple
geometrical models do not allow a simple and direct access to
physical parameters and uncertainties of the dusty CSE.

Future complementary observations could be included to
measure new CSE parameters and/or to reduce the uncertainties
and the correlations on some parameters that were not strongly
constrained by the VLTI/MIDI observations alone. Consistently
with the domain of validity of FRACS, these complementary
data should be obtained at wavelengths above the near-IR, where
the dust starts to contribute to a significant amount of the stellar
flux (UV to visible observations cannot be consistently modelled
by FRACS). For example, the closure phase information from

the MATISSE beam combiner (second generation instrument on
VLTI, (Lopez et al. 2009; Wolf et al. 2009) could inform on the
disc inclination and opening angle, which are parameters that
can influence the symmetry of the mid-IR intensity distribution.
Also, near-future interferometric observations in the millimetre
with ALMA will be more sensitive than MIDI and MATISSE to
the thermal emission from the colder regions of the dusty CSE.
Thus, these observations will probably better constrain the tem-
perature profile of the dust and also provide direct information
on the structure and actual size of the CSE, allowing also for
mass estimates. Moreover, this information on the colder dust
is very important for the study of the evolutionary history of
sgB[e] stars (e.g. mass and angular momentum losses, chemical
enrichment and interaction with the close interstellar medium).
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Fig. 5. Reduced χ2 maps from VLTI/MIDI observations of CPD-57◦ 2874 for all 45 combinations of free parameters of our model (FRACS). The
maps are centered on the χ2

min,r(=0.54) position and correspond to the distance of 1.7 kpc. Contours are drawn for χ2
min,r+Δχ

2, with Δχ2 = 0.3 , 1 , 3.
The parameters are ordered as in Table 4. The map scale is given in logarithmic units. Details on the model-fitting procedure are given in Sect. 5.
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Fig. 5. continued.
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Fig. 5. continued.
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Chapter 4

Perpectives
We give below a non-exhaustive list of future projects based on or motivated by the results
obtained in the present work.

Stellar rotation

• The results from Domiciano de Souza et al. (2012, Sect. 3.2.4) demonstrated from real
observations that interferometric differential phases (differential interferometry) allow to
measure the angular diameter, the orientation (position angle of the rotation axis projected
onto the sky), and the projected rotation velocity of fast-rotating stars. Based on this work
we proposed additional programs to study fast rotators from differential phases: (1) fast-
rotating debris-disk stars (VLTI/AMBER GTO program1; seven stars observed and data
reduced), (2) Pleiades cluster (observations with the CHARA/VEGA beam combiner).

• The results presented in this study showed that a deeper understanding of stellar gravity
darkening requires observational determination of the β coefficient over a broader range
of rotation flattening and on single late-type stars (colder than Teff ∼ 10 000 K). These ob-
servations would provide important constraints on the gravity-darkening models proposed
by (1) Claret (1998, 2000, 2012) and (2) Espinosa Lara & Rieutord (2011, 2012), which
predict different dependences of β on the stellar flattening, Teff , and convection (see also
discussion in Sect. 2.2.2).

• Comparative study of different laws for differential rotation (e.g. from Zorec et al., 2011;
Reiners & Royer, 2004; Zahn, 1992) and gravity darkening (e.g. from Espinosa Lara &
Rieutord, 2011; Claret, 2012; Maeder, 1999). This study will also allow to develop the
optimal strategies of observation and data analysis in order to measure differential rotation
as well as to improve and expand the measurements of gravity darkening across the H-R
diagram. Examples of results based on OLBI already achieved on this topic are given
by Domiciano de Souza et al. (2004a), Domiciano de Souza et al. (2004b), and those
presented in Chapter 3. Work in collaboration with M. Rieutord, J. Zorec, F. Espinosa
Lara, A. Claret, D. Reese, among others.

1Calibrating Stellar Rotation across the H-R Diagram; P.I.: A. Domiciano de Souza.
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• Collaboration to the ESTER2 project to study the structure and evolution of fast-rotating
stars. One of the next steps on the ESTER project is to create two-dimensional stellar
models for a large range of masses being able to deal simultaneously with fast rotation
and with time evolution. Collaboration with M. Rieutord, F. Espinosa Lara, P. Kervella, and
others.

Achernar

• The binary companion of Achernar: determination of orbit, period, masses, and fluxes (lu-
minosities) of both stars, as well as the distance of the system. Investigation of a possible
relation with episodic emission phases. This work is the continuation of the results pre-
sented in Sect. 3.2.3 and is performed in collaboration mainly with P. Kervella, and many
others; it is based on observations with VLT/NACO, VLT/VISIR, VLTI/AMBER, and different
spectroscopic data from our team or publicly available.

• Evolution and structure of Achernar’s disk (a new Be phase started in 2012-2013). For
this project we have already VLTI/AMBER DDT3 observations performed in 2013 and an
open time proposal is accepted for 2014. This work is part of the PhD thesis of D. Moser
Faes (double thesis USP-OCA; thesis supervisors: A. C. Carciofi and A. Domiciano de
Souza). A first work on the evolution of the disk of Achernar was already performed during
the PhD thesis of S. Kanaan (thesis supervisor: Ph. Stee) with the main results published
by Kanaan et al. (2008).

Circumstellar environments: Be, sgB[e], protoplanetary disks

• Extension of the grid of sgB[e] models presented in Sect. 2.4.1, in order to include addi-
tional luminosities, temperatures, densities, CSE velocity fields (e.g. rotation laws), among
others. This work is being carried in collaboration with M. Borges Fernandes and A. C.
Carciofi.

• Spectro-interferometric study of sgB[e] stars: (1) GG Car (Domiciano de Souza, Carciofi,
Borges Fernandes, et al.; order of authors to be defined yet; A&A paper in preparation
based on VLTI/MIDI observations; poster contribution to be published in the proceedings
of the IAU 307: Domiciano de Souza et al. 2014), (2) HD50138 (collaboration with L.
Ellerbroek, M. Benisty, K. Perraut, A. C. Carciofi, M. Borges Fernandes, and others; e.g.
Borges Fernandes et al., 2009, 2011), (3) survey and imaging of sgB[e] stars as part of the
GTO-OCA of the next generation VLTI beam-combiner MATISSE4 (work in collaboration
with A. Meilland, F. Millour, Ph. Stee, G. Niccolini, and others). The physical interpreta-
tion of these observations will be partially performed using FRACS (Sect. 2.5.2) and the
HDUST grid of sgB[e] models (Sect. 2.4.1). Some important questions to be addressed
in this high angular resolution study of sgB[e] stars include (1) the role of binarity, (2) the
observational signatures allowing to discriminate between sgB[e] and Herbig B[e], and (3)
the velocity field law of the CSE disk (Keplerian, outflow, hybrid behavior).

2Evolution STellaire en Rotation Rapide (P.I.: M. Rieutord)
3Director’s Discretionary Time.
4Multi AperTure mid-Infrared SpectroScopic Experiment (P.I.: B. Lopez - OCA, France).
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• Creation of a grid of Be star models, similar to the grid of sgB[e] described in Sect. 2.4.1.
Work in collaboration with A. C. Carciofi and D. Moser Faes (part of his PhD thesis). The
Be models will be calculated for a large range of disk densities, sizes, mass losses, and
temperatures of central star. Images, SED, and spectral lines will be delivered with the grid
of models at wavelengths (visible, IR, mm) corresponding to modern spectrographs and
interferometers.

• Study of protoplanetary disks (gas and dust) in young stellar objects (Herbig Ae/Be, de-
bris disks, and TTauri stars) in the context of astrobiology. This project is the result of
the combination of the expertise on high angular resolution, radiative transfer, and or-
ganic chemistry from several collaborators in France (e.g. G. Niccolini, Ph. Bendjoya,
O. Suarez, N. Nardetto, A. Domiciano de Souza) and Brazil (e.g. E. Janot-Pacheco, C.
Lage, , A. C. Carciofi). The main objective is to use radiative transfer models of pro-
toplanetary disks to interpret high angular resolution observations in search for simul-
taneous presence of atomic and molecular lines of astrobiological interest (in particular
hydrogen, CO, PAH, H2O, and others). We intend to ask for observations on present
(VLTI/AMBER, VLTI/MIDI, CHARA/VEGA, ALMA) and future interferometers/instruments,
in particular VLTI/MATISSE. The radiative transfer codes to be used for data analysis are
HDUST and FRACS.

Numerical models

• Different upgrades can be introduced in CHARRON depending on the requirements from
future observations and projects. For example, inclusion of (1) additional differential-
rotation laws, (2) stellar spots and oscillations to be studied by spectro-interferometry,
(3) binary interaction (including gravitational deformation, mutual illumination). It is also
planned to create a parallel version of CHARRON in order to speed up the model-fitting
procedures using MCMC techniques (cf. Sect. 3.2.1).

• A new version of FRACS will be developed in collaboration with G. Niccolini and Ph. Bend-
joya. We intend to implement atomic (starting with hydrogen), gas continuum opacities
(free-free and free-bound), and molecular lines (e.g. CO, PAH, H2O). The detection and
study of these molecules is important in the context of astrobiology (exo-biochemistry) in
protoplanetary disks, as discussed above. FRACS will also be upgraded in order to include
different CSE velocity fields (e.g. keplerian rotation, decretion disks). This project aims
in particular at the scientific exploitation of VLT(I) (AMBER, MIDI, MATISSE, SPHERE,
VISIR) and ALMA in the field of Be, sgB[e], and protoplanetary disks, notably in programs
on astrobiology. Because FRACS is fast, it can be easily used in model fitting, such as
MCMC methods (e.g. used by the emcee code), allowing to estimate the relevant param-
eters of the model and their uncertainties. This information can be used for example as
inputs to more complex (and time consuming) radiative transfer codes (e.g. HDUST).
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Appendix A

Roche surface
We derive below the equation of the stellar surface for the Roche model by solving Eq. 2.12,
which is a (depressed) cubic equation on R(θ). It is straightforward to express this equation as

R(θ)3 + pR(θ) + q = 0 , (A.1)

where

p = − 2GM
RpΩ2 sin2 θ

= −2R3
c

Rp

( Ωc
Ω sin θ

)2
(A.2)

and

q = −p(θ)Rp = 2GM
Ω2 sin2 θ

= 2R3
c

( Ωc
Ω sin θ

)2
, (A.3)

where we have also used Eq. 2.14. Note that p < 0, which means that all three roots of the
cubic equation are real.

Let us now follow two distinct ways to solve the foregoing cubic equation by making

R(θ) = A sin(θ) and R(θ) = A cos(θ) . (A.4)

Substituting individually each of these two relations into Eq. A.1 leads to

4 sin3(θ) + 4q
A2 sin(θ) + 4q

A3 = 0 (A.5)

and
4 cos3(θ) + 4q

A2 cos(θ) + 4q
A3 = 0 (A.6)

where
A = 2

√
−p3 . (A.7)

Compare each term of Eqs. A.5 and A.6 respectively with those from the following trigono-
metric identities1:

4 sin3(θ)− 3 sin(θ) + sin(3θ) = 0 (A.8)

and
4 cos3(θ)− 3 cos(θ)− cos(3θ) = 0 (A.9)

1These identities can be derived from de development of sin(3θ) = sin(2θ) cos(θ) + sin(θ) cos(2θ) and
cos(3θ) = cos(2θ) cos(θ) − sin(θ) sin(2θ).
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From these comparisons it can be shown that

sin(3θ) = −3q
2p

√
−3
p

(A.10)

and

cos(3θ) = 3q
2p

√
−3
p
. (A.11)

Finally, resolving the two previous equations for θ and substituting them back into Eq. A.4,
together with Eqs. A.2 and A.3, leads to

R(θ) = Rp

sin
[

1
3 arcsin

(
Ω
Ωc

sin θ
)

+
2π
3 k
]

1
3

(
Ω
Ωc

sin θ
) , k = 0, 1, 2 (A.12)

and

R(θ) = Rp

cos
[

1
3 arccos

(
−

Ω
Ωc

sin θ
)

+
2π
3 k
]

1
3

(
Ω
Ωc

sin θ
) , k = 0, 1, 2 . (A.13)

The two different formulations above correspond to identical three real solutions (for different
values of k), i.e., R(θ) for k = 0, 1, 2 in Eq. A.12 are identical to R(θ) for k = 2, 0, 1 in Eq. A.13.
Note that for k > 2 or k < 0 (k integer) one recovers the same three solutions above (for
k = 0, 1, 2) cycled over 2π.

By examining the different solutions above one finds that only one is physically acceptable,
while the two others lead to unphysical results: R(θ = 0)→∞ and R(θ) < 0. The only physical
solution is thus obtained for k = 0 in Eq. A.12 and k = 2 in Eq. A.13, which correspond to the
expressions given in Eq. 2.18.
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