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Abstract

The analysis of the statistical properties of the distribution of matter in the cosmos (LSS or Large
Scale Structure) is one of the main cosmological probes that allow the study of the cosmological
standard model, in particular the parameters characterizing dark matter and dark energy. Baryonic
Acoustic Oscillations (BAO’s) are one of the measurements that can be extracted from the study
of matter distribution in large-scale structure (LSS).

The observation of the cosmic distribution of the matter from neutral atomic hydrogen (HI) 21
cm emission is a new method, complementary to the optical observation to map the distribution of
matter in the cosmos.

In the last decade, the Intensity Mapping method has been proposed as an effective method for
mapping the 21cm radio emission in three dimensions. In particular, it does not require the detec-
tion of individual objects (galaxies), and can therefore be performed with instruments smaller in
size than those such as SKA or FAST, which are designed to detect 21 cm galaxies at cosmological
distances. A radio interferometer using a set of fixed cylindrical or parabolic reflectors observing
the sky in transit modes are suitable instruments for intensity mapping surveys.

The specific observational mode from this type of radio telescope by intensity mapping is
studied in the context of this thesis. We show in particular that a specific sky maps reconstruction
method from the visibilities can be applied to the observations of these interferometers operating in
transit mode. This method corresponds to the m-modes decomposition of the spherical harmonics
and is very efficient for the reconstruction of large sky areas observed in transit mode.

A reconstruction code based on this principle has been developed, as well as different crite-
ria for the comparison of instrumental performances, such as the synthesized antenna lobe, the
noise spectrum of the reconstructed maps and the overall instrument response in the the spherical
harmonics (l,m) plane.

The method has then been applied to different configurations of interferometers composed of
parabolic or cylindrical reflectors in the PAON-4 and Tianlai projects. In addition to optimizing
the Tianlai and PAON-4 interferometer configurations, the work presented here includes a first
application of the method to the PAON-4 data.
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Résumé

L’analyse des propriétés statistiques de la distribution de la matière dans le cosmos (Grandes
Structures, LSS or Large Scale Structure) est l’une des principales sondes cosmologiques qui
permettent l’étude du modèle standard cosmologique, en particulier les paramètres caractérisant
la matière noire et l’énergie noire. Les Oscillations Acoustiques Baryoniques (BAO’s) sont l’une
des mesures qui peuvent être extraites de l’étude de la distribution de matière à grande échelle
(LSS).

L’observation de la distribution cosmique de la matière à partir de l’émission à 21 cm de
l’hydrogène atomique neutre (HI) est une nouvelle méthode, complḿentaire des relevés optiques
pour cartographier la distribution de la matière dans le cosmos.

La méthode de cartographie d’intensité (Intensity Mapping) a été proposée depuis moins d’une
dizaine d’années comme une méthode efficace pour cartographier en trois dimensions l’émission
radio à 21 cm. Elle n’implique en particulier pas la détection des objets individuels (galaxies), et
des relevés de ce type peuvent donc être effectués avec des instruments plus modestes en taille
que ceux comme SKA ou FAST qui sont conçus pour détecter les galaxies à 21 cm à des distances
cosmologiques.

Des interféromètres radio utilisant un ensemble de réflecteurs cylindriques ou paraboliques
fixes, observant le ciel en mode transit sont adaptés à la cartographie d’intensité.

Le mode d’observation spécifique de ce type de radio télescope en cartographie d’intensité est
étudié dans le cadre de ce travail de thèse. On montre en particulier qu’une méthode spécifique
de reconstruction des cartes du ciel à partir des visibilités peut-être appliquée aux observations de
ces interféromètres fonctionnant en mode transit. Cette méthode correspond à la décomposition
en modes m des harmoniques sphériques et est très performante pour la reconstruction de grandes
zones du ciel observées en mode transit.

Un code de reconstruction fondé sur ce principe a été développé, ainsi que différents critères
de comparaison des performances instrumentales, comme le lobe d’antenne synthétisé, le spectre
de bruit sur les cartes reconstruites et la réponse globale de l’instrument dans le plan (l,m) des
harmoniques sphériques.

La méthode a été appliquée à différentes configurations des interféromètres composés de
réflecteurs paraboliques ou cylindriques dans le cadre des projets PAON-4 et Tianlai. Outre
l’optimisation des configurations des interféromètres Tianlai et PAON-4, le travail présenté inclut
une première application de la méthode aux données PAON-4.
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Présentation synthétique du manuscrit

Ce manuscrit de thèse rédigé en anglais comprend cinq chapitre, complété par trois annexes.
Le premier chapitre présente brièvement le modèle standard de la cosmologie, le métrique

de Friedmann-Lemaı̂tre-Robertson-Walker, l’histoire thermique de l’univers et la formation des
grandes structures. Certaines des principales sondes cosmologiques permettant l’étude de l’énergie
noire sont ensuite discutées: les supernovae de type Ia, les amas de galaxies, les distorsions gravi-
tationnelles et les oscillations acoustiques baryoniques (BAO’s).

La cosmologie à 21 cm et les observations de l’émission de l’hydrogène atomique neutre (HI)
sont abordé dans le second chapitre. Ce chapitre débute par une courte présentation de quelques
uns des grands radiotélescopes et interféromètres radio. L’objet de l’étude présentée dans cette
thèse étant la cartographie de la distribution du gaz HI, l’évolution de l’émission à 21 cm à travers
les âges cosmiques est discutée, ainsi que les relevés radio ayant comme objectif la détection de
l’émission à 21 cm extragalactique. Le second chapitre se termine par une présentation synthétique
des instruments dédiées aux observations de l’époque de réionisation de l’univers, comme LOFAR
ou MWA, des projets et instruments dédiés à la cartographie d’intensité à 21 cm pour des relevés
cosmologique pour l’étude de l’énergie noire. Les instruments PAON-4 et Tianlai sont présentés
dans ce cadre.

Les chapitres 3 et 4 constituent le coeur du travail effectué. Celui-ci porte en effet sur les
problèmes spécifiques des interféromètres radio adaptés aux relevés HI pour la cosmologie. Ceux-
ci doivent avoir un grand champ de vue instantané et capable d’observer les émissions radio sur une
grande largeur de bande en fréquence. C’est en effet la largeur de bande qui détermine l’intervalle
en décalage vers le rouge ou redshift (z) observé (ν = ν0/(1+z)). Les réseaux interféromériques
denses, observant en mode transit sont les instruments envisagés pour les relevés cosmologiques
à 21 cm utilisant la cartographie d’intensité. Le fonctionnement de ces instruments en mode
transit, contrairement aux observations interféromériques classiques où une source est suivie dans
le ciel, ainsi que les grandes surfaces du ciel observés imposent de repenser les méthodes de
reconstruction du ciel à partir des visibilités.

Dans un interféromètre radio, les ondes électromagnétiques captées par les antennes sont con-
verties en signal électrique, représentant les variations en amplitude et phase de l’onde. Les visi-
bilités Vij correspondent à la corrélation des signaux entre deux antennes i, j, pour un signal quasi
monochromatique Vij =< s∗i sj >. Il est en général plus facile de représenter le lien entre les vis-
ibilités et les émissions du ciel dans l’espace de Fourier des fréquences angulaires, notées (u, v).
Compte tenu des spécificités des interféromètres fonctionnant en mode transit et observant une
grande surface du ciel, il est plus pertinent de travailler en coordonnées sphériques (θ, ϕ) et de se
placer dans l’espace des harmoniques sphériques Y`m(θ, ϕ). Un formalisme adapté à l’analyse
des visibilités et une méthode optimale de reconstruction des cartes utilisant les harmoniques
sphériques ont été développés et sont présentés dans le chapitre 3. On montre en particulier qu’on
peut tirer parti des observations en mode transit, couvrant la totalité du domaine angulaire selon la
direction de l’angle horaire (α) pour décomposer le problème global de reconstruction de cartes,
en un ensemble de problèmes de dimension réduite en terme de taille de système linéaire (nombre
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d’inconnus), en projetant sur les composantes en m des harmoniques sphériques.
Un logiciel de simulation et de reconstruction de cartes a été développé dans une approche

orientée objet, dans le langage C++. Le code a été optimisé et peut tirer parti des architectures
multi-coeurs pour calculer en parallèle différents modes m. Un certain nombre de critères perme-
ttant de quantifier la qualité de reconstruction et les performances d’un réseau d’antennes ont été
définis dont le calcul a été incorporé dans le code. Mentionnons à titre d’exemple le calcul de la
fonction de réponse de l’instrument (les matrices Rm) et la fonction de transfert T (`), ainsi que le
spectre de bruit Cnoise(`). Rappelons que ce spectre de bruit est une quantité fondamentale pour
quantifier correctement les observations en cartographie d’intensité.

Le code et les outils développés dont les fondements sont exposés dans le chapitre 3 ont été
utilisés pour l’étude et l’optimisation de la configuration des instruments PAON-4 et Tianlai. La
présentation des résultats obtenus fait l’objet du chapitre 4.

PAON-4 est un interféromètre de test comprenant 4 antennes de 5 mètres de diamètre, utilisant
la chaı̂ne électronique et d’acquisition BAORadio et déployé à l’observatoire radioastronomique
de Nan?ay. Il a été conçu et construit par le l’observatoire de Paris, LAL (CNRS/IN2P3) et l’Irfu
(CEA), avec comme objectif de tester les méthodes de calibration et de reconstruction de cartes
pour la cartographie d’intensité avec les interféromètres en mode transit.

Le projet Tianlai dans sa phase actuelle comporte deux instruments, un réseau de 16 antennes
paraboliques de 6 mètres de diamètre chacune, ainsi qu’un ensemble de trois réflecteurs cylin-
driques de 40 mètres de long et 15 mètres de largeur. L’ensemble comporte actuellement 96
récepteurs à double polarisation, réparties sur les 3 cylindres.

L’optimisation de la configuration du réseau des 16 antennes a fait l’objet de travaux présentés
dans le chapitre 4. On peut noter en particulier l’intérêt d’un relevé autour du pôle céleste, où
le réseau des 16 antennes de Tianlai serait suffisamment sensible pour détecter les structures HI
proches (z . 0.2).

Une étude a également été menée pour optimiser le placement et la répartition des récepteurs le
long de l’axe des cylindres. On a montré en effet que la répartition irrégulière des récepteurs per-
mettait d’atténuer fortement les lobes secondaires correspondant aux ordres supérieurs de diffrac-
tion des réseaux réguliers. La répartition et le placement des récepteurs sur les cylindres Tianlai
est basée sur l’étude menée et présentée dans le chapitre 4.

Le chapitre 5 est dédié à une courte présentation de quelques observations effectuées avec
l’instrument PAON-4. Le travail de nettoyage des données et la calibration en gain et en phase
de l’instrument a été mené par Qizhi Huang qui prépare également sa thèse de doctorat dans le
cadre de Tianlai et PAON-4. Une première évaluation partielle des performances de l’instrument
est présentée, ainsi qu’une comparaison des signaux de visibilités observées avec celles prédites à
partir des cartes connues du ciel (relevé LAB à 21 cm, cartes synchrotron Haslam à 408 MHz, cat-
alogues de sources radio . . . ). Le très bon accord entre les observations et les simulations permet
de valider la méthode et le code de simulation et de reconstruction de cartes. Des cartes recon-
struites à partir des observations PAON-4 de novembre 2016 pour deux fréquences sont également
présentés, ainsi qu’un méthode plus simple et rapide de reconstruction de cartes (QuickMap).

L’annexe A présente une étude qui a été menée au début du travail de thèse et qui analyse les
performances d’un réseau d’antenne et la reconstruction de cartes dans un cadre simplifié à une
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dimension. L’annexe B présente brièvement la structure du code de reconstruction, et l’annexe C
regroupe la première page des deux articles qui ont été publiés sur la base des travaux des chapitres
3 et 4.
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Introduction

For thousands of years, with the enlightenment of human cognition, our view of cosmos has
evolved from myth to philosophical reflections, and then to scientific theories or models based on
observational facts and constructed in mathematical frameworks. As our observational technology
advanced, we penetrates into ever deeper space. Since the 20th Century, a modern cosmological
theory based on Einstein’s general relativity theory of spacetime has been developed. In the last
decade, a new era of precision cosmology dawned, as large amount of high precision cosmological
observational data are obtained. These include Cosmic Microwave Background (CMB) data from
the COBE, WMAP and Planck satellites and many ground-based or balloon-borne experiments;
Type Ia supernovae observed by a number of sky surveys, as well as galaxy redshift surveys such
as the 2dF and Sloan Digital Sky Survey (SDSS).

Amongst these observations, the galaxy redshift surveys probe the large scale structure (LSS)
of the Universe and the evolution of galaxies. The LSS data can be used to measure cosmological
parameters with high precision, e.g. from the shape of power spectrum one can measure the rela-
tive density of the cold dark matter and the masses of neutrinos, and through the baryon acoustic
oscillation (BAO) the cosmological expansion history and equation of state of dark energy. By
testing the primordial non-Gaussianity, it could also be used to probe the initial conditions and
the very early history of the Universe, and the growth of structure could be used to test modified
gravity theories. Besides the fundamental physics and cosmological models, the galaxy redshift
surveys also enables study of how environments affect formation and evolution of galaxies.

Complementary to optical surveys, measurement of the neutral hydrogen (HI) distribution
through its 21 cm line radiation may also be used to study the statistical properties of LSS in the
Universe. This provides a tracer of the large scale structure which differs from that of optical
surveys. The radio observation is also potentially less affected by atmospheric absorption at high
redshifts. A drawback of the radio observation is that due to its long wavelength, the angular res-
olution is relatively low for large area surveys. However, the intensity mapping technic which is
to survey the LSS with low angular resolution without resolving individual galaxies has been pro-
posed as an efficient and economical way to map large volumes of the universe using the redshifted
21 cm emission. Such cosmological surveys would not only cover the large volumes of the uni-
verse, but also out to very high redshifts towards the observation of the Epoch of the Reionization
(EoR). However, compared to the various foreground radiation such as the galactic synchrotron
emission, galactic free-free emission, and the extragalactic radio sources, the 21cm signal is very
weak. Although the 21cm signal and the various foregrounds have different characters, e.g. the
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former is stochastic along the line of the sight (l.o.s.), while the latter are highly correlated along
the l.o.s., so in principle the signal could be extracted from the foregrounds, but in reality this is a
very challenging task. Currently, many EoR and intensity mapping experiments are trying various
techniques to detect the 21cm signal.

My thesis research is a part of these efforts. The PAON and Tianlai projects are the French
and Chinese pilot experiments for intensity mapping of LSS with radio interferometer arrays. The
work presented here focuses on sky map reconstruction algorithms from visibilities for transit
observations. This is the basic function for a radio array, and the first step towards 21cm measure-
ment.

This dissertation is organized as follows. In the first chapter below, we briefly review some
basic concepts of standard cosmology model, including the thermal history, structure growth, and
several methods which can be used to probe the Dark Energy. In the second chapter, we review the
neutral hydrogen (HI) content and its evolution in the Universe, and briefly introduce some recent
HI surveys projects. Then we describe the HI intensity mapping concept and some EoR and
intensity mapping projects. Finally, we introduce the PAON4 and Tianlai projects in some detail.
In the third chapter, we presents an overview of the map making algorithm from full east-west
transit (24 hours) visibilities or interferometric observations. In the fourth chapter, we discuss the
application of the method to the PAON-4 telescope which is a 4 antennae test interferometer and
the optimization of the array configuration. We present the expected beam shapes and the noise
power spectrum for PAON-4 compared with a regular 2×2 array and a single dish telescope. Then,
we also present the comparison of beam and noise power spectrum for several array configurations
that we have considered for the Tianlai 16-dish pathfinder array, as well as a short discussion
of array sensitivities to extragalactic and cosmological 21-cm signals. In the last chapter, we
will illustrate the development of the PAON-4 and give some detailed description of the PAON-4
electronic and acquisition system. The PAON-4 have made some test observations last year, and
we describe here the calibration procedure of the time ordered data (TOD), and present the first
map made from these observations.



Chapter 1

Cosmology

1.1 Friedmann equations

In 1929, Hubble found that the recession speed of galaxies is proportional to its distance, this is the
so called Hubble’s law, the proportional constant H0 ≡ 100h km s−1Mpc−1 is called the Hubble
constant. The expansion of the universe, a concept originated from the general theory of relativity,
provides a physical explanation for the Hubble’s law. If we adopt the basic hypothesis that the
universe is homogeneous and isotropic on large scales (the cosmological principle), we could
describe the 4-dimensional space-time with the Friedman-Lemaı̂tre-Robertson–Walker (FLRW)
metric,

ds2 = c2dt2 − a2(t)
( dr2

1− kr2
+ r2dΩ2

)
(1.1.1)

where c is the speed of light. k = +1,−1, 0 corresponds to closed, open, and flat geometries,
respectively. a(t) is the scale factor of the universe with cosmic time t, and (r,Ω) are comoving
coordinates. By substituting the metric Eq. (1.1.1) into the Einstein field equations, we obtain the
Friedmann equations, which describes the dynamical evolution of the background universe.

(
ȧ

a
)2 = −8πG

3
ρ+

Λ

3
− k

a2
(1.1.2)

ä = −4πG

3
(ρ+ 3p)a+

Λ

3
a (1.1.3)

with

H ≡ ȧ

a
(1.1.4)

The dot represent a derivative with respect to cosmic time t. The quantity H, called the Hubble
parameter, describe the expansion rate of the universe. G is gravitational constant. ρ and p are
the cosmic energy density and pressure respectively. A number of observations has shown that the
cosmic expansion is accelerating, indicating the presence of a new form of matter in the Universe,
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Table 1.1: Cosmological Parameter Values
Symbol Ωbh

2 Ωch
2 t0

Value 0.02230 ± 0.00014 0.1188±0.0010 13.799±0.021 ×109 years
Symbol ns ∆2

R τ

Value 0.9667 ± 0.0040 2.441+0.088
−0.092 × 10−9 0.066±0.012

i.e. the dark energy. The cosmological constant Λ is the simplest form of dark energy, though
other dark models have also been proposed. The simplest ΛCDM model has six parameters:
physical baryon density parameter Ωbh

2; physical dark matter density parameter Ωch
2; the age

of the universe t0; scalar spectral index ns; curvature fluctuation amplitude ∆2
R; and reionization

optical depth τ . Current observations such as CMB anisotropy, the brightness/redshift relation
for supernovae, and large-scale galaxy clustering including the baryon acoustic oscillation feature
are in excellent agreement with the ΛCDM model, and can be used to fit the value of the model
parameters. The parameter values listed below are obtained from the Planck CMB power spectra,
in combination with lensing reconstruction and external data (+BAO+SN) [91].

We set the non-relativistic matter (baryon and cold dark matter) density Ωm = Ωb + Ωc, and
then in terms of the today’s values of the density parameters, the first Friedmann equation could
be put in the following form:

H2

H2
0

=
Ωr0

a4
+

Ωm0

a3
+

Ωk0

a2
+ ΩΛ0 (1.1.5)

with Ωr0 + Ωm0 + Ωk0 + ΩΛ0 = 1, where Ωr0 is the radiation density today; Ωm0 is the non rel-
ativistic matter density today; Ωk0 is the spatial curvature density today; ΩΛ0 is the cosmological
constant or vacuum density today. Different parameters combination of Ωm, Ωr, ΩΛ represents
different universe model. In the standard cosmological model or the ΛCDM cosmological model,
the dark matter started to dominate at low redshifts. The detail information about the cosmological
parameters could be found at [89].

1.2 Thermal history and Structure growth

If one accepts cosmic expansion, and assumes that the current physical laws are at work throughout
the whole space time, then as we want back to early time, the density of the Universe must be
increasingly denser. According to the standard cosmological model, the universe started from the
Big Bang, which happened about 14 Gyr ago. The extrapolation however has to stop at a time
when Universe was extremely hot and dense state where we run into a singularity, and the laws of
physics we currently know would become invalid.

In this section, we will briefly overview the thermal history of the universe, which mainly
introduce the major events in each evolution stage after the Big Bang (Fig.1.2.1).
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Figure 1.2.1: Thermal history of the universe.

1.2.1 Thermal history

Inflation is a theory that the early Universe expanded in accordance with an exponential laws. Ac-
cording to standard lore, the inflationary epoch may have started from 10−36 second after the Big
Bang to sometime between 10−33 and 10−32 second. During this time the Universe expand at a
very rapid rate. This theory solved the Horizon problem, the Flatness problem and the Monopole
problem of the standard hot big bang model. After the inflation, the large potential energy of in-
flaton decayed into particles, reheating the Universe. During inflation, small quantum fluctuations
are stretched to large scales, which later grow into the structure of today’s universe. After the
inflationary epoch, the Universe continue to expand, and the Baryogenesis, i.e. the production of
asymmetry between matter and anti-matter, may took place during this period. As the density and
temperature declines, the various fundamental interactions of nature decoupled sequentially. After
the Hadron and Lepton epoch, the matter which remain coupled and in thermo-equilibrium are
photons, neutrinos, electrons and positrons, and proton and neutrons.

The Big Bang Nucleosynthesis (BBN) happened within the first 3 minutes after the Big Bang,
during this period the positrons annihilated, and neutrinos decoupled. The neutrons and some
protons are combined to form light nuclei, the most abundant is 4He, as well as few 3He, 3H, 2H,
7Li. Heavier elements were only produced in later stages of Universe evolution, by the nuclear
reactions in stellar cores and supernova explosions. It is worth noting that the light elemental abun-
dance calculated by the standard cosmological model is in highly agreement to the observational
result, which gave powerful evidence to the validity of the Big Bang model.

When temperature at T = Teq, the Universe entered into a matter-dominated period from
radiation-dominated period. Before T∼4000K, because of the strong coupling among radiation
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and free electrons, the universe was non-transparent. When the temperature continually went
down to 4000K, most of the protons together with free electrons combined into neutral hydrogen
atoms, and then the universe become transparent. Matter decoupled with radiation, thus forming
the background radiation that suffusing the whole universe. This period was called Recombination.
The cosmic microwave background (CMB) was the electromagnetic radiation left over from that
period. The CMB is a prediction of the Big Bang theory, and after its discovery the Big Bang
theory is widely accepted.

The Dark Age is the period between recombination and the formation of the first stars. Based
on the standard cosmological model, during this time there is no stars or other structures, perhaps
the only observable signal from this period is the hydrogen 21cm line. At its end, the first stars
formed in the earliest nonlinear structure, and their first ray of radiation light up the gas around
them, mark the end of the dark ages and the beginning of the Epoch of Reionization (EoR).

Reionization is the process that the baryonic matter, mostly hydrogen, gets re-ionized after
the dark ages. With the increasing formation of stars and galaxies, more ionized regions (HII
regions) appeared and grown larger, and these regions merged with each other, so more and more
intergalactic medium was ionized. Eventually the intergalactic medium were totally ionized, only
the neutral hydrogen in dense regions such as galaxies or mini-halos where the recombination rate
is higher may remain neutral, and the epoch of reionization ended.

The CMB radiation is an emission of uniform, black body thermal energy coming from all
parts of the sky. The anisotropy of the cosmic microwave background [111] could be divided
into two types: primary anisotropy, due to effects that occur at the last scattering surface and
before; and secondary anisotropy, due to effects such as interactions of the background radiation
with hot gas or gravitational potentials, which occur between the last scattering surface and the
observer. The primary anisotropy, though random at first sight, has rich structure in its angular
power spectrum, which are generated by the acoustic oscillations and diffusion damping processes
in the photon-baryon plasma, and give its characteristic structure of peaks. Fig 1.2.2 shows the
angular power spectrum of the cosmic microwave background radiation temperature anisotropy.
Roughly speaking, the position of the first peak can be used to determines the curvature of the
universe. The height of the second peak is sensitive to the reduced baryon density, and the third
peak can be used to get information about the dark-matter density.

1.2.2 Structure growth

We now consider how the density fluctuations in the universe grow under the gravity. We can
investigate this problem by perturbation theory. In the perturbation theory, we assume a homoge-
neous background, then consider small fluctuation. The linear analysis is only applicable when
the perturbations are small, the growth would be saturated when the perturbations become large.
Taken the expansion into consideration, the gravitational instability becomes weaker. Using the
approximation of the long wavelength and neglecting the pressure terms that are proportional to
k2, from the Newtonian equations,

δ̈ + 2
ȧ

a
δ − 4πGρ0δ = 0 (1.2.1)
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Figure 1.2.2: The power spectrum of the cosmic microwave background radiation temperature
anisotropy in terms of the angular scale. The data shown comes from the WMAP (2006), Acbar
(2004) Boomerang (2005), CBI (2004), and VSA (2004) instruments. The theoretical model (solid
line) is also shown.

The solutions shows that the perturbations in the non-relativistic component does not grow
much during the radiation dominated era. After matter domination δ grows with the scale factor
a(t). The growth stops once the universe become cosmological constant dominated (in the flat
ΛCDM model). A useful fit is given by Carroll et at.(1992):

δ+(z) ∼ D(z) ∼ g(z)

1 + z
(1.2.2)

where

g(z) ≈ 5

2

Ωm(z)

Ωm(z)4/7 − ΩΛ(z) + [1 + Ωm(z)
2 ][1 + ΩΛ(z)

70 ]
(1.2.3)

The matter perturbation modes which entered horizon before the matter-radiation equality
would not grow, while the modes which entered the horizon after the matter-radiation equality
could grow by δ ∼ a. As a result, the power spectrum of perturbation density acquires the shape
which is P (k) ∼ kn with n ∼ 0.95 at scales greater than about 0.02hMpc−1, but decreases at
k > 0.02hMpc−1. Generally, one can define the transfer function T (k):

Φ(k, a) = Φp(k)T (k)g(a) (1.2.4)

where

T (k) =
Φ(k, a)

Φlarge(k, a)
(1.2.5)
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Here Φ is the potential on very large scales. This definition ensures the normalization on very
large scale T (k) = 1. We then have

δ(k, a) =
3

5

k2

ΩmH2
0

Φp(k)T (k)D1(a) (1.2.6)

and

P (k, a) = 2π2δ2
H

kn

Hn+3
0

(
D1(a)

D1(a = 1)
)2 (1.2.7)

The matter transfer function can be calculated with the Boltzmann code. An often-used ana-
lytical fit for the adiabatic model is given by

Tk =
ln(1 + 2.34q)

2.34q
[1 + 3.8q + (16.1q)2 + (5.46q)3 + (6.71q)4]−1/4 (1.2.8)

where q = k/hMpc−1

Γ where Γ = Ωmh is the shape parameter.
Eventually the perturbation in the matter density became so strong that the linear approxima-

tion break down, as shown vividly by the existence of stars and galaxies and galaxy clusters. It is
believed that these structures were formed in a two-step process. First, in regions where the den-
sity was a little larger than average, the cold dark matter together with baryonic matter expanded
more slowly than the universe, eventually reaching a minimum density and then recontract. If an
overdense region was sufficiently large, then its baryonic matter collapsed along with its cold dark
matter.

Then in a second stage, after this collapse, the baryonic matter lost its energy through radiative
cooling, and condensed into protogalaxies consisting of clouds of gas that eventually form stars.
While the cold dark matter particles would not lost their energy through radiative cooling, so they
remained in large more-or-less spherical halos around these galaxies.

1.3 Cosmic probes of Dark Energy

Dark matter is an unidentified type of matter comprising approximately 27% of the mass and en-
ergy in the observable universe that is also made up by dark energy, baryonic matter (ordinary
matter), and neutrinos. The name refers to the fact that it does not emit photons, thus being invisi-
ble to the entire electromagnetic spectrum. Although dark matter has not been directly observed,
its existence and properties are inferred from its gravitational effects, such as the motions of stars,
gas and galacties, gravitational lensing, its influence on the universe’s large-scale structure, and its
effects on the cosmic microwave background. The DETF report [2] provide an overview of Dark
Energy program.

There are several methods could be used for the probing. One of the developed observation
is optical surveys or projects. They could be separated into imaging (photometric) and spectro-
scopic surveys. For example, The Dark Energy Survey (DES), The Large Synoptic Survey Tele-
scope (LSST), The Panoramic Survey Telescope and Rapid Response System (Pan-STARRS),
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the Baryon Oscillation Spectroscopic Survey (BOSS), and Dark Energy Spectroscopic Instrument
(DESI), all of them are spectroscopic surveys. EUCLID is a space mission under the development
by the European Space Agency (ESA) project, which is featuring visible and infra imaging, as well
as limited spectroscopic capabilities. The radio telescopes is also popular in the recent decades,
which we will present in the next chapter.

1.3.1 Type Ia Supernovae

Type Ia supernova is a type of supernova that results from the violent explosion of a white dwarf
star in binary systems. A white dwarf gradually accretes mass from its binary companion. As
its mass approaches the Chandrasekhar limit, the internal pressure increases, and at some point
thermonuclear explosion occurs [53]. Due to the nearly uniform mass at the explosion, SNIa
produces consistent peak luminosity, which can be further calibrated with the Phillips relationship
of peak luminosity and light curve. Therefore, it can be used as standard candles to measure the
luminosity distance dL(z) of the host galaxies [68, 86], thus providing a useful tool to trace the
accelerating expansion history of the universe, and helps us better understand dark energy. Please
see [64] for more detailed history about the discovery of the accelerating expansion of the universe.

In recent years, many research groups are conducting supernovae surveys, such as the Su-
pernova Legacy Survey (SNLS) [12, 47] , the ESSENCE (Equation of state: SupErNovae trace
Cosmic Expansion) [76, 110], the Nearby Supernova Factory(NSF) [25], the Carnegie Supernova
Project (CSP) [38], the Lick Observatory Supernova Search (LOSS) [67], and the Sloan Digital
Sky Survey (SDSS) [56, 62], etc. Currently, in the SNIa observation, the systematic errors are the
major confining factors to precisely measure the properties of the dark energy.

1.3.2 Galaxy Clusters

Galaxy clusters (CL) are gravitational bound structures that typically contain 50 to 1000 galax-
ies and have a diameter from 2 to 10 Mpc with typical masses ranging from 1014 to 1015 solar
masses. They are the largest gravitationally bound objects in the universe until superclusters were
discovered [66]. CL have been found in a number of observations, and can be detected through
the following approaches [14]:

• Optical or infrared imaging and spectroscopy: GL are found and confirmed by searching
for overdensities and finding several galaxies at a similar redshift. In comparison, infrared
searches are more useful in finding higher redshift clusters.

• X-ray imaging and spectroscopy: Active galactic nucleus (AGN) are the brightest X-ray
emitting extragalactic objects, so clusters are quite prominent in X-ray surveys.

• Radio spectroscopy: GL of radio sources are used as tracers of cluster location,

• Sunyaev-Zel’dovich effect [118]: The hot electrons in the intracluster medium distort the
CMB radiation through inverse Compton scattering, and observed distortions of CMB spec-
trum are used to detect the density perturbations of the universe.
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• Gravitational lensing: The observed distortions due to CL bending the light from distant
galaxies can be used to model the distribution of dark matter in the cluster.

In principle, the number density of cluster-sized dark halos n(z,M) as a function of redshift z
and halo mass M can be accurately predicted from N-body simulations. Comparing these predic-
tions to large area cluster surveys can provide precise constraint on the cosmic expansion history
[48].

1.3.3 Weak Lensing

Weak lensing (WL) is an intrinsically statistical measurement of the slight distortions of distant
galaxies images, due to the gravitational bending of light by structures in the Universe. It provides
a way to measure the masses of astronomical objects without requiring assumptions about their
composition or dynamical state. There are mainly four kinds of weak lensing: (1) WL of clusters
of galaxies [104], which can reveal the dark matter distribution and properties and be able to
constrain cosmological parameters. (2) Galaxy-galaxy lensing [16], which is used to measure
mass density profiles of galaxy lens, mass-to-light rations, galaxy mass evolution and different
types of galaxies evolution. (3) WL of large scale structure [46], which will be explained in
details in next paragraph. (4) WL also has an important effect on CMB [69] and diffuse 21cm line
radiation, which suit to probe cosmology at higher redshifts.

WL of LSS produces an observable tiny distortions in background galaxies. This distortion
effect is much more subtle than the effect from cluster and galaxy-galaxy lensing. So surveys must
be deep and wide, and the image quality must be very good. In 2000, this kind of WL was first
detected by four independent research groups [109, 8, 59, 106], and subsequent observations have
put constraints on cosmological parameters which is particularly the dark matter density Ωm and
power spectrum amplitude. From then on, WL has grown to be an increasingly accurate probe of
DE and DM, and can compete with other cosmological probes. The current surveys aim to map out
the 3D distribution of mass, which provide a useful tool to probe dark energy by its influence on the
growth of structure. Many experiments have focused on weak lensing to measure the properties of
DE and DM, such as the Dark Energy Survey (DES [37]), Panoramic Survey Telescope and Rapid
Response System (Pan-STARRS [58]), and Large Synoptic Survey Telescope (LSST [65]).

1.3.4 Baryon Acoustic Oscillations

Baryon Acoustic Oscillations (BAO) could be understood as an overdensity or clustering of vis-
ible baryonic matter at certain length scales, resulting from acoustic waves which propagated in
the early universe [82]. Similar to SNIa, which provides a standard candle for astronomical ob-
servations, BAO provides a standard ruler for length scale in cosmology to explore the expansion
history of the universe [32]. The length of this standard ruler (∼ 150Mpc in today’s universe [30])
corresponds to the distance that a sound wave travels from a point source at the end of inflation to
the decoupling. BAO has a characteristic imprint on the matter pawer spectrum [55]. So it can be
measured by looking at the large scale structure of matter. The apparent size of the BAO measured
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from astronomical observation leads to the measurements of the Hubble parameter and the angular
diameter distance [24].

The BAO observations are less affected by astronomical uncertainties than other probes of
dark energy. The acoustic signature of BAO have already been obtained in the galaxy power
spectrum at low redshift. Using a dedicated 2.5-m wide-angle optical telescope, the Sloan Digital
Sky Survey (SDSS [113]), was launched in 2000. During its first phase of operations from 2000
to 2005, the BAO acoustic peak in correlation function is firstly measured by SDSS LRG sample,
which is shown in Figure 1.3.1. Then, in 2005, the survey entered a new phase, i.e. the SDSS-
II survey [101]. In 3 years, it completed the observations of imaging half the northern sky and
mapping the 3-dimensional clustering of one million galaxies and 100,000 quasars. In mid-2008,
SDSS-III started to collect data, and continued until 2014. It consists of four surveys executed
on the same 2.5m telescope. The SDSS-III’s Baryon Oscillation Spectroscopic Survey (BOSS
[28]) focuses on mapping the Universe on the largest scales, creating the largest volume three-
dimensional map of galaxies ever created. Data Release 13 is the latest public release of BOSS
spectra. Data Release 9 is the first public release of BOSS spectra. Prior to that, Data Release 8
included all BOSS imaging. The latest generation is SDSS-IV planing observation from 2014 to
2020. It contains the Extended Baryon Oscillation Spectroscopic Survey (eBOSS [103] ), which
extend precision cosmological measurements to a critical early phase of cosmic history, and aim
at create the largest volume survey of the Universe to date.

BAO scales can also be measured by 21cm emission from neutral hydrogen, which after reion-
ization are predominantly hosted in galaxies. This will be presented in next chapter.
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regime by a factor of!4. The LRG sample should therefore out-
perform these surveys by a factor of 2 in fractional errors on large
scales. Note that quasar surveys cover much more volume than
even the LRG survey, but their effective volumes are worse, even
on large scales, due to shot noise.

3. THE REDSHIFT-SPACE CORRELATION FUNCTION

3.1. Correlation Function Estimation

In this paper, we analyze the large-scale clustering using the
two-point correlation function (Peebles 1980, x 71). In recent
years, the power spectrum has become the common choice on
large scales, as the power in different Fourier modes of the linear
density field is statistically independent in standard cosmology
theories (Bardeen et al. 1986). However, this advantage breaks
down on small scales due to nonlinear structure formation, while
on large scales elaborate methods are required to recover the sta-
tistical independence in the face of survey boundary effects (for
discussion, see Tegmark et al. 1998). The power spectrum and
correlation function contain the same information in principle,
as they are Fourier transforms of one another. The property of
the independence of different Fourier modes is not lost in real
space, but rather it is encoded into the off-diagonal elements of
the covariance matrix via a linear basis transformation. One must
therefore accurately track the full covariance matrix to use the
correlation function properly, but this is feasible. An advantage
of the correlation function is that, unlike in the power spectrum,
small-scale effects such as shot noise and intrahalo astrophysics
stay on small scales, well separated from the linear regime fluc-
tuations and acoustic effects.

We compute the redshift-space correlation function using
the Landy-Szalay estimator (Landy & Szalay 1993). Random
catalogs containing at least 16 times asmany galaxies as the LRG
sample were constructed according to the radial and angular se-
lection functions described above. We assume a flat cosmology
with !m ¼ 0:3 and !" ¼ 0:7 when computing the correlation
function. We place each data point in its comoving coordinate
location based on its redshift and compute the comoving sep-
aration between two points using the vector difference. We use
bins in separations of 4 h#1 Mpc from 10 to 30 h#1 Mpc and
bins of 10 h#1 Mpc thereafter out to 180 h#1 Mpc, for a total of
20 bins.

We weight the sample using a scale-independent weighting
that depends on redshift. When computing the correlation func-
tion, each galaxy and random point is weighted by 1/½1þ n(z)Pw&
(Feldman et al. 1994), where n(z) is the comoving number density
and Pw ¼ 40;000 h#3 Mpc3. We do not allow Pw to change with
scale so as to avoid scale-dependent changes in the effective bias
caused by differential changes in the sample redshift. Our choice
of Pw is close to optimal at k ' 0:05 h Mpc#1 and within 5% of
the optimal errors for all scales relevant to the acoustic oscillations
(kP0:15 h Mpc#1). At z < 0:36, nPw is about 4, while nPw ' 1
at z ¼ 0:47. Our results do not depend on the value of Pw; chang-
ing the value wildly alters our best-fit results by only 0.1 !.

Redshift distortions cause the redshift-space correlation func-
tion to vary according to the angle between the separation vector
and the line of sight. To ease comparison to theory, we focus
on the spherically averaged correlation function. Because of the
boundary of the survey, the number of possible tangential sep-
arations is somewhat underrepresented compared to the number
of possible line-of-sight separations, particularly at very large
scales. To correct for this, we compute the correlation functions
in four angular bins. The effects of redshift distortions are ob-
vious: large-separation correlations are smaller along the line-of-

sight direction than along the tangential direction. We sum these
four correlation functions in the proportions corresponding to
the fraction of the sphere included in the angular bin, thereby re-
covering the spherically averaged redshift-space correlation func-
tion. We have not yet explored the cosmological implications of
the anisotropy of the correlation function (Matsubara & Szalay
2003).

The resulting redshift-space correlation function is shown in
Figure 2. A more convenient view is shown in Figure 3, where
we have multiplied by the square of the separation, so as to flatten
out the result. The errors and overlaid models will be discussed
below. The bump at 100 h#1 Mpc is the acoustic peak, to be de-
scribed in x 4.1.

The clustering bias of LRGs is known to be a strong function
of luminosity (Hogg et al. 2003; Eisenstein et al. 2005; Zehavi
et al. 2005a), and while the LRG sample is nearly volume-limited
out to z ! 0:36, the flux cut does produce a varying luminosity
cut at higher redshifts. If larger scale correlations were prefer-
entially drawn from higher redshift, we would have a differential
bias (see discussion in Tegmark et al. 2004a). However, Zehavi
et al. (2005a) have studied the clustering amplitude in the two
limiting cases, namely the luminosity threshold at z < 0:36 and
that at z ¼ 0:47. The differential bias between these two samples
on large scales is modest, only 15%. We make a simple param-
eterization of the bias as a function of redshift and then compute
b2 averaged as a function of scale over the pair counts in the
random catalog. The bias varies by less than 0.5% as a function
of scale, and so we conclude that there is no effect of a possible
correlation of scale with redshift. This test also shows that the

Fig. 2.—Large-scale redshift-space correlation function of the SDSS LRG
sample. The error bars are from the diagonal elements of the mock-catalog co-
variance matrix; however, the points are correlated. Note that the vertical axis
mixes logarithmic and linear scalings. The inset shows an expanded view with a
linear vertical axis. The models are !mh

2 ¼ 0:12 (top line), 0.13 (second line),
and 0.14 (third line), all with !bh

2 ¼ 0:024 and n ¼ 0:98 and with a mild non-
linear prescription folded in. The bottom line shows a pure CDM model (!mh

2 ¼
0:105), which lacks the acoustic peak. It is interesting to note that although the
data appear higher than the models, the covariance between the points is soft as
regards overall shifts in "(s). Subtracting 0.002 from "(s) at all scales makes the
plot look cosmetically perfect but changes the best-fit #2 by only 1.3. The bump
at 100 h#1 Mpc scale, on the other hand, is statistically significant. [See the electronic
edition of the Journal for a color version of this figure.]
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Figure 1.3.1: Large-scale redshift-space correlation function of the SDSS LRG sample from [32].
The error bars are from the diagonal elements of the mock-catalog covariance matrix; however,
the points are correlated.
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HI Observations

2.1 Radio telescope

Electromagnetic radiation in the frequency range between 3kHz ( λ ∼ 105 m ) 300 GHz ( λ ∼
10−3 m ) are usually called radio waves. Radio waves from space were first detected by Karl Guthe
Jansky in 1932 at Bell Telephone Laboratories. Compared with artificial sources, astronomical
radio sources are usually very weak, so radio astronomy telescope require large collecting area
and highly sensitive detectors, and radio astronomical observatories are preferentially located away
from artificial radiation sources such as broadcasting radio, television, cellphone, etc. to reduce
the radio frequency interference (RFI).

A radio telescope may consist either a single antenna (often a large parabolic dish) or an array
of radio antennas whose signals are electronically synthesized.

2.1.1 Single Dish

The angular resolution of a dish antenna is determined by the ratio of the wavelength of the radio
waves and the diameter of the dish δ ∼ λ

D . To achieve high angular resolution and sensitivity,
many-large size dishes have been built. For example, the Green Bank Telescope, located in West
Virginia, United States, is the largest fully steerable dish radio telescope (GBT, [71], the left panel
of Fig2.1.1). It has about 105-meter unblocked aperture, and operates in the frequency range of
0.1–116 GHz. The Effelsberg Telescope is the largest steerable single dish telescope in Europe,
and also has an aperture of about 100m [108]. The Parkes Radio Telescope [17], completed in
1961 is located at New South Wales, Australia. The primary observing instrument is the 64-meter
movable dish telescope, second largest in the Southern Hemisphere, and one of the first large
movable dishes in the world. The Arecibo radio telescope [79], located in Arecibo, Puerto Rico,
has a 305 m dish, which was the largest single-aperture telescope from its completion in 1963 until
2016 when the FAST was completed. The antenna is only steerable within an angle of about 20°
of the zenith by moving the suspended feed antenna.

The world’s largest filled-aperture radio telescope at present is the Five hundred meter Aper-
ture Spherical radio Telescope (FAST, [70], the right panel of Fig2.1.1 ) built by China, which is

35
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Figure 2.1.1: Left: The 100 meter Green Bank Telescope; Right: FAST.

completed in 2016. The 500-meter-diameter dish is built into a natural depression in the landscape
in Guizhou province; the feed antenna is in a cabin suspended above the dish on cables. The active
dish is composed of 4450 moveable panels controlled by a computer. By changing the shape of the
dish and moving the feed cabin on its cables, the telescope can be steered to point to any region
of the sky up to 40° from the zenith. Although the dish is 500 meters in diameter, only a 300
meter circular area on the dish is illuminated by the feed antenna at any given time, so the actual
effective aperture is 300 meters. The science objectives of the FAST radio telescope are: (1) Large
scale neutral hydrogen survey; (2) Pulsar observations; (3) Leading the international vary long
baseline interferometry (VLBI) network; (4) Detection of interstellar molecules; (5) Searching the
interstellar communication signals; (6) Pulsar timing arrays.

2.1.2 Interferometer Array

The size of single antenna is limited due to structural strength, hence its angular resolution is
not high. One can however, use interferometry of an array of antenna elements to achieve much
higher angular resolution. The array may consist dishes or dipoles or other forms of antenna. All
of the antennas in the array observed the same object, and were usually connected with coaxial
cable, waveguide, optical fiber, or other type of transmission line. This increases the total collected
signal. Radio interferometers creates a combined telescope whose angular resolution is equivalent
to the largest baseline between array elements, and images of sky can be made by synthesis of the
signals received by the array.

In order to produce a high quality image, a large number of different separations (baselines)
between different telescopes are required. For example, the Very Large Array (VLA, [85], Fig
2.1.2 ) near Socorro, New Mexico, comprises 27 25-meter radio telescopes in a Y-shaped array.
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Figure 2.1.2: Very Large Array.

These formed 351 independent baselines at any moment, which achieves a resolution of 0.2 arc
seconds at 3 cm wavelengths. Another example of radio telescope array is the Giant Metrewave
Radio Telescope (GMRT, [3]), located near Pune in India, which is an array of thirty fully steerable
parabolic radio telescopes of 45 metre diameter, observing at metre wavelengths. The GMRT
were built to search for highly redshifted 21-cm line radiation from primordial neutral hydrogen
clouds in order to determine the epoch of galaxy formation in the universe [61], and observe many
different astronomical objects such as HII regions, galaxies, pulsars, supernovae, and Sun and
solar winds.

2.2 21 cm line and HI evolution

2.2.1 Hydrogen 21cm line

Hydrogen is the most abundant and ubiquitous chemical element in the universe, making up about
75% of normal matter by mass. It provides a powerful medium to study the properties of the
universe , for example, epoch of reionization and large scale structure.This thesis focuses on the
observations of the 21 cm emission line of neutral hydrogen. The 21 cm line arises from transition
between two hyperfine levels of the hydrogen atom 1s ground state. This hyperfine splitting are due
to the interaction of the magnetic moments of the proton and the electron, and causes two distinct
energy levels, whose energy difference is ∆E = 5.9µeV. The energy difference corresponds
to electromagnetic radiation, whose wavelength is 21.1 cm and frequency is ∼ 1420.4MHz. The
probability of spontaneous transition is very low, which is about 2.9×10−15s−1 and the mean half-
life of the this transition is around 10 million years. Transitions could also be induced by atomic
collisions and interact with ambient radiation field, especially the ubiquitous CMB photons.
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2.2.2 21cm line evolution

The ratio of the number densities ni in the two hyperfine levels of hydrogen atoms is usually
described by the spin temperature. We label the two hyperfine levels with subscripts 0 and 1,
among which 0 is for the lower energy level.

n1

n0
= 3 exp

(
−hν10

kTS

)

The spin temperature is determined primarily by three rival physical processes: (1) hydro-
gen’s absorption or emission of CMB photon; (2) collisions between hydrogen atoms and between
hydrogen atoms and free electrons; (3) scattering between hydrogen atoms and Lyα and Lyman
series photons.

The rate of these processes is much faster than the de-excitation time, so that the spin temper-
ature could be given by the equilibrium of these processes [35, 41] .

T−1
S =

T−1
CMB + xαT

−1
α + xcT

−1
K

1 + xα + xc

where TCMB is the CMB temperature, Tα is the color temperature of the Lyα radiation field and
TK is the gas kinetic temperature. xc, xα are the coupling coefficients due to atomic collisions
and scattering of Lyα photons respectively.

Because the CMB photons are everywhere, the differences between brightness temperature of
the 21cm signal and CMB background [10] is usually measured, which is given by

δTb =
TS − TCMB

1 + z
(1− e−τ )

≈ 25xHI(1 + δb)

(
Ωbh

0.03

)(
Ωm

0.3

)− 1
2
(

1 + z

10

) 1
2

×
(

1− TCMB

TS

)
mK (2.2.1)

here, xHI is the neutral fraction of hydrogen, and δb is the fractional overdensity in baryons. If the
spin temperature is lower than CMB temperature, the 21cm spectral line will appear as absorption
signal. Contrarily, it will be emission line. If Ts � TCMB, the 21cm signals become independent
of the spin temperature, and directly are proportional to the gas density and ionization fraction.

The 21 cm signal evolution history is listed as follows ( the detail information could be found
in [93] ) :

• 150 . z . 1100: The Compton scattering of the residual free electron maintain thermal
coupling of the gas and the CMB, and the high gas density leads to collisional coupling so
that TS = TK = TCMB and there is no detectable 21 cm signal.

• 30 . z . 150: The gas cools adiabatically with TK ∝ a(t)−2 ∝ (1 + z)2 as universe
expand, and CMB cools according to TCMB ∝ a(t)−1 ∝ (1 + z). The collisional coupling
cause TS = TK < TCMB, and an early absorption signal could be probed.
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• 20 . z . 30: As the expansion continues, collisional coupling becomes ineffective due to
the decreasing gas density. Radiative coupling to the CMB cause TS = TCMB and there are
also no 21 cm signal detected.

• 15 . z . 20: Once the first sources formed, they emit Lyα photons which couple the spin
temperature and gas. In general, the gas was not heated, and its temperature is also lower
than that of CMB. So that TS ∼ TK < TCMB, and there are strong absorption signals.

• 10 . z . 15: As sources grow up, the gas is gradually heated. In this regime, the gas
temperature is much higher than CMB. The Lyα coupling saturates, so fluctuations in the
Lyα no longer affect the 21 cm signal. With TS ∼ TK � TCMB, the 21 cm signals
gradually become strong emission signals.

• 6 . z . 10: Continued heating drives TK � TCMB. However, the reionization process
reduces the HI regions. The 21 cm emission signals begin to decrease. And they are close
to zero at the end of reionization.

• z . 6: After reionization, the residual HI regions are in the form of interstellar clouds
composed of neutral atomic hydrogen, as well as helium and other elements.

Fig 2.2.1 [40] shows the 21cm signal evolution. Certainly, the exact redshift in each stage
depends on the detailed cosmological model, reionization and stellar formation models.

Theoretically, 21 cm signals could be researched for different physical processes. For TS �
TCMB, the 21 cm signals are proportional to gas density and ionization degree, and largely inde-
pendent of the spin temperature. This is important to the study of typicality of reionization. After
reionization, residual HI mainly exist inside galaxy. 21 cm surveys could be used to research large
scale structure of galaxies.

2.3 HI galaxy surveys

A number of HI galaxies surveys have been carried out with large radio telescopes, such as the the
Arecibo, Nancay, Parkes and Green Bank telescopes. Results of these studies and data releases
could be found partly in [51, 1, 36, 42]. For example, the HI Parks All Sky Survey (HIPASS) [75]
were conducted between 1997 and 2002 with CSIRO’s 64-m Parkes Telescope, covering 71% of
the sky, and identified more than 5000 galaxies, which include several new galaxies, and discov-
ered the Leading Arm of the Magellanic Stream and a few gas clouds devoid of stars. The Arecibo
telescope, equipped with ALFA (Arecibo L-band Feed Array), conducted four extragalactic HI
surveys with different survey area and depth: the Arecibo Legacy Fast ALFA survey(ALFALFA,
[44] ), the Arecibo Galactic Environment Survey (AGES, [7] ), the ALFA Zone of Avoidance Deep
Survey (ZOA, [52] ), and the Arecibo Ultra Deep Survey (AUDS, [39] ). Preliminary results of the
the AUDS and ZOA surveys have been reported, and plans are made for more extensive works.

ALFALFA is an on-going second generation blind extragalactic HI survey exploiting Arecibo’s
superior sensitivity, angular resolution and digital technology to conduct a census of the local HI
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Figure 2. Global IGM histories for very massive Pop III stars. Panels are the same as in Fig. 1. The solid curve takes our fiducial Pop III parameters (without
feedback). The long-dashed lines take fesc = 1, the short-dashed lines take fX = 5, and the dot-dashed line (shown only in c) assumes fesc = 1 and
fX = 5.

drops rapidly. Because Nα is large for Pop II stars, efficient cou-
pling precedes the heating transition, allowing a relatively strong
absorption signal (δTb ≈ −80 mK) to appear by z ∼ 20. Ab-
sorption persists until z ∼ 15 (or ν ∼ 90MHz) before fading
into emission. Thus, for these fiducial parameters, the universe is
cold when coupling becomes strong, but it still heats up well before
reionization begins in earnest. The absorption epoch can therefore
teach us about the appearance and spectral properties of the first
sources of light in the universe (Tozzi et al. 2000; Sethi 2005), es-
pecially the relative importance of Wouthuysen-Field coupling and
X-ray heating. This era also produces much sharper features than
reionization itself: the signal changes by ∼ 110 mK over ∆z ≈ 5
(or ∆ν ≈ 20MHz at such high redshifts). Thus, even though the
foregrounds are also much larger at the lower frequencies, the early
evolution may not be much harder to identify (especially if feed-
back substantially slows reionization).

Note that our model predicts a significantly stronger absorp-
tion epoch than Chen & Miralda-Escudé (2004); the difference lies
in the assumed fX and in their assumption of a linearly increasing
emissivity throughout reionization. In reality, structure formation
proceeds exponentially at high redshifts, so the X-ray (and ioniz-
ing) luminosities most likely decline much more rapidly with red-
shift than assumed in their model. This permits a longer epoch of
absorption.

The other curves in Figure 1 illustrate how the evolution
changes with some of our input assumptions. First, the dot-dashed
curve assumes fX = 0.2 (near the value of Glover & Brand 2003).
This has no effect on x̄i, but it delays the heating transition by
∆z ∼ 3. As a result, TS remains relatively close to Tγ during
the beginning of reionization, and δTb never reaches its peak value
in emission. On the other hand, the absorption trough is deeper,
though it is still confined to z >∼ 15. Also, we emphasize that the
IGM remains visible throughout reionization, even when TS

<∼Tγ .
The two dotted curves in panel (c) show δTb if we ignore

shock heating. In this case, all of the IGM material remains cold.
At the high redshifts (z >∼ 15) that are relevant here, shock heat-
ing in filaments affects <∼ 10% of the IGM, so its effects on δTb

are modest. If weak shocks do occur outside of collapsing struc-
tures, the absorption epoch will be much weaker. Moreover, if heat-
ing is delayed until lower redshifts where structure formation has
progressed much further, shocks should have a much larger effect
(Gnedin & Shaver 2004; Furlanetto & Loeb 2004).

7.2 Population III Stars

Figure 2 shows similar histories for Pop III stars. Here we take
fiducial parameters (shown by the solid curves) mmin = m4,
f# = 0.01, fesc = 0.1, fX = 1, and Nion = 30, 000, yielding
ζ = 30; reionization ends at z ≈ 7 in this case, ignoring feedback.
The thermal history is similar to the Pop II case, except that the
coupling and heating transitions are much more closely spaced in
time because Pop III stars have relatively few soft-UV photons per
high energy photon. As a result, TS → TK occurs just about when
TK ∼ Tγ . Thus, if Pop III stars dominate, the absorption epoch will
likely be considerably weaker – with a peak signal |δTb| <∼ 50 mK.
In general, with Pop III stars, we find that the time interval over
which each quantity evolves is similar to the Pop II case, but the
peak signals are up to a factor of two weaker because their spec-
tra push the three transition points closer together. Thus detecting
the global signal will be somewhat harder if massive Pop III stars
dominate throughout reionization.

The other curves use different input parameters. The long-
dashed curves take fesc = 1 (which may be appropriate for the
first stars, Whalen et al. 2004, although it is likely an overestimate
in larger galaxies). In this case the universe is obviously ionized
much earlier, but the thermal history remains the same. As a re-
sult, reionization occurs while the IGM is still cold (see §6). This
would complicate the interpretation of δTb(z) (because tempera-

c© 0000 RAS, MNRAS 000, 000–000

Figure 2.2.1: The 21cm signal evolve with redshift, from [40]. In this figure, the highest redshift
is 25, so the first stage is not shown. The different linetype present different parameter models,
so the 21cm signal evolution varies. The fiducial model is shown by the solid curve. The long-
dashed curve take the model with stronger escape probability of ionizing photon, and the universe
is obviously ionized much earlier, even before heating, so there is no emission signals. The short-
dashed curve assume increasing the heating rate, further decreasing the strength and duration of
the absorption epoch. The dot-dashed curve shows the model with both greater escape probability
of ionizing photon and greater the heating rate, so the emission signals appear earlier with short
duration.
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Figure 1. Plot of the normalised redshift distribution of the
HIPASS and ALFALFA surveys as well as the distribution of the
ALFALFA sources in the three, spatially separated strips.

than 600km s−1. The average mass of HI in HIPASS galaxies
is 3.24 × 109M".

When completed, the ALFALFA Survey
(Giovanelli et al. 2005) will cover 7000 deg2 of sky with
high galactic latitude and to a depth of cz ∼ 18000 kms−1.
The rms noise of the survey is ∼ 2.2 mJy and the beam-size
is ∼ 3.6 arcminutes. Currently the ALFALFA survey
contains three strips covering a total area of ∼ 400 deg2.
These are the two strips centred on the Virgo region
and the anti-Virgo strip. They contain 1796 sources with
cz > 600 km s−1. The first completed Virgo strip is defined
by 11h44m < α < 14h00m and 12◦ < δ < 16◦ and contains
708 sources. The second Virgo strip contains 556 galaxies
within 11h36m < α < 13h52m and 8◦ < δ < 12◦ (Kent et al.
2008). The anti-Virgo strip contains 488 sources within
22h00m < α < 03h04m and 26◦ < δ < 28◦ (Saintonge et al.
2008). A circular region, with radius of 1◦ centred on
M 87, has been removed from the survey area due to the
interference of M 87 (Giovanelli et al. 2007). The average
ALFALFA HI mass is 2.48 × 109M". The source density of
the ALFALFA catalogue is approximately 20 times higher
than that of the HIPASS survey.

Figure 1 displays the normalised redshift distributions
of the HIPASS and ALFALFA surveys as well as the red-
shift distributions in the three separate ALFALFA regions.
A redshift of z = 0.02 corresponds to ∼ 70 h−1Mpc which
is roughly the distance to the Coma supercluster. The high
galaxy density near the Coma cluster and Virgo cluster are
evident in the redshift distributions shown for the Virgo
regions. In the anti-Virgo region the effect of the Perseus-
Pisces supercluster can also be seen as a slight enhancement
of galaxies at a redshift of about z ≈ 0.025. Below, we will
discuss the impact of these inhomogeneities on the determi-
nation of the two-point correlation function.

3 TWO-POINT CORRELATION FUNCTIONS

Here we review some basic properties of the angular and pro-
jected two-point correlation functions (ω and Ξ respectively)
and indicate their relations to the three dimensional (3-D)
real-space two-point correlation function, ξ. Subsequently,
we introduce the estimator used here and discuss the con-

struction of the random samples. We do not employ the
weighted correlation functions used in Meyer et al. (2007)
as we are interested in comparing the results of the two sur-
veys and in comparing our results with those predicted for
dark matter within a ΛCDM model. The unweighted mea-
surements suffice for this work and we are able to check our
unweighted results against those of Meyer et al. (2007).

3.1 The Angular Two-Point Correlation Function

The angular correlation function, ω, is a simple measure of
the clustering of galaxies as a function of angular separation
on the sky, θ, which does not require redshift information.
It is calculated by counting galaxy pairs within a given an-
gular separation bin and comparing this number to a corre-
sponding figure derived from a random catalogue with the
same area and shape. The angular correlation, ω(θ), gives
the excess probability, over random, of finding two galaxies
separated by angle θ.

If we assume a redshift-dependent power law de-
scribes the 3-D real-space correlation function, ξ(r, z) =
(r/r0)

−γ(1 + z)γ−(3+ε) (as in Peebles 1980 and Loan et al.
1997) then the angular correlation function is related to the
spatial correlation function by the Limber equation (Rubin
1954; Limber 1954):

(
θ

θ0

)1−γ

=

∫ ∞
0

N2(z)(1+z)γ−(3+ε)√
π(d(z)θ)1−γ
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0
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2
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2
γ)

Γ( 1
2

γ)
(∫ ∞

0
N(z)dz

)2
,

(1)
where d(z) is the comoving distance and N(z) is the redshift
number density distribution of the sources (cf. Figure 1).
We use ε = 0.8, consistent with the expected clustering be-
haviour in linear theory, although the surveys are so shallow
that the evolution of ξ could be ignored. The measured val-
ues for the logarithmic slope aθ = 1 − γ and the correlation
length θ0 (ω(θ0) = 1) can then be used to determine the 3-D
parameters r0 and γ.

The errors for ω are calculated using jack-knife re-
sampling (Lupton 1993). For this purpose the data are split
up into N RA-bins and the correlation function is recalcu-
lated repeatedly each time leaving out a different bin. Thus a
set of N values {ωi, i = 1, ..., N} for the correlation function
are obtained and the jack-knife error of the mean, σωmean ,
is given by

σωmean =

√√√√(N − 1)
N∑

i=1

(ωi − ω)2/N . (2)

The HIPASS sample has been divided into 24 RA bins
while for the ALFALFA catalogue we use 12 bins such that
each bin contains approximately the same area of the sky.

3.2 The Projected Two-Point Correlation
Function

The projected correlation function, Ξ(σ), is determined by
the number of pairs at given radial and projected separa-
tions, π and σ, and a subsequent integration along the ra-
dial direction. For that purpose the absolute radial distance
between a pair of galaxies, π = |(vi − vj)/H0|, and their an-
gular separation, θ, are converted into a projected distance,

Figure 2.3.1: Plot of the normalised redshift distribution of the HIPASS and ALFALFA surveys as
well as the distribution of the ALFALFA sources in the three, spatially separated strips.
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Fig. 7 Upper left: The ALFALFA HIMF, based on the a .40 catalog, as obtained via the SWML method,
after Martin et al. (2012). Inset are the best fit parameters of a Schechter model. The lower plot is a
histogram of the number of HI sources, per mass bin, on a logarithmic scale. Right hand: Histogram of
the contribution to WHI of galaxies binned by HI mass. Filled symbols refer to calculations of the HIMF
via the 1/Vmax method, while unfilled ones refer to using the SWML method. The overall density of HI in
the z = 0 Universe is mainly contributed by galaxies with 9.0 < log(MHI/M�) < 10.0. Figure after Martin
et al. (2012).

a.40 HIMF obtained via the stepwise maximum likelihood (SWML, Efstathiou et
al. 1988) method is shown in figure 7. Li et al. (2012) have derived a photometric
estimator of the HI mass fraction MHI/M⇤ using the ALFALFA catalog and applied
it to a larger sample of 24000 SDSS galaxies in the redshift range 0.025 < z < 0.05
and found that the bias parameter is a function of both scale, as found by Martin et al.
(2012, cf. Figure 6), and HI mass fraction, galaxies with higher mass fraction being
significantly more antibiased.

The resulting cosmic density of HI in the z = 0 Universe is, according to AL-
FALFA, a fraction WHI = (4.3±0.3)⇥10�4 of the critical density. While the HI-rich
dwarf galaxy population dominates the cosmic density by number, the total density
of HI at z = 0 is largely contributed by galaxies with 9.0 < log(MHI/M�) < 10.0, as
shown in the right hand panel of Figure 7. In a paper presenting the result of half of
their survey (AUDS) data, Hoppmann et al. (2015) report the detection of 102 galax-
ies with redshifts up to z = 0.16 (median z = 0.065). This sample yields an HI mass
function statistically compatible with those obtained by HIPASS and ALFALFA. By
splitting the data into subsets of high and low redshift, they suggest a possible de-
crease in |OmegaHI towards the upper end of the redshift range. Combining their
results with those of other surveys, they estimate WHI = (2.63±0.10)⇥10�4.

3.3 What galaxies emit HI?

In combination with the large, deep, homogeneous SDSS database, the major HI
surveys allow determination of how the HI content and gas fraction vary with com-
parable properties that describe the stellar component. Figure 8, from Huang et al.
(2012b), shows the scaling relations between the HI mass and HI fraction (MHI /M⇤)
with the stellar mass and (NUV-r) color for the a.40 catalog. Contours denote the

Figure 2.3.2: Upper left: The ALFALFA HIMF; Bottom left: histogram of the number of HI
sources; Right hand: histogram of the contribution to ΩHI of galaxies binned by HI mass.
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sources over a cosmologically significant volume. ALFALFA have detected more than 30,000
extragalactic HI line sources out to z ∼ 0.06. ALFALFA is detecting HI masses as low as 106

solar masses and as high as 1010.8 solar masses with positional accuracies typically better than
20 arcsec, allowing immediate identification of the most probable optical counterpart to each HI
detection.

AGES is searching for galaxies in a number of quite different areas of the local universe. These
vary from the Virgo Cluster, where there are huge numbers of galaxies very close together, to the
Local Void, a region where few galaxies are found. Their science goals include: the HI mass
function in different environments, the contribution of neutral gas to the baryonic mass density,
the nature and link between high velocity hydrogen clouds and dwarf galaxies, the identification
of gaseous tidal features as signatures of galaxy interactions and mergers, the low column density
extent of galaxies, a comparison with atomic hydrogen detected by QSO absorption lines, the
identification of isolated neutral gas clouds, the spatial distribution and properties of HI-selected
galaxies and comparisons with numerical models of galaxy formation.

Fig. 2.3.1 displays the normalized redshift distributions of the HIPASS and ALFALFA surveys
as well as the redshift distributions in the three separate ALFALFA regions from [81]. In Fig.
2.3.2 [43], the upper left panel shows the ALFALFA HIMF. Inset are the best fit parameters of a
Schechter model. The lower plot is a histogram of the number of HI sources, per mass bin, on a
logarithmic scale. The right hand panel is histogram of the contribution to ΩHI of galaxies binned
by HI mass.

2.4 Projects for Epoch of Reionization

Between the times of recombination and reionization, the baryonic content of the Universe, mostly
hydrogen, existed in a neutral phase. Detecting the 21 cm emission from this time, all the way
through to the end of reionization, has been proposed as a powerful way of studying early structure
formation. This period of the Universe’s history corresponds to redshifts of z ≈ 30 to z ≈ 6 ∼ 12,
implying a frequency range of 50 ∼ 200 MHz. There are a number of EOR experiments underway
hoping to make headway in this area in the near future.

The Low-Frequency Array (LOFAR, [105] ) is a large interconnected radio telescope using
an array of simple omnidirectional antennas. It is built by ASTRON, the Netherlands Institute for
Radio Astronomy and its international partners. The project is based on an interferometric array
of radio telescopes using about 20,000 small antennas grouped in at least 48 stations, and observes
below 250 MHz.

The Murchison Widefield Array (MWA, [57] ) is a low-frequency radio telescope including
2048 dual-polarization dipole antennas and operating in the frequency range 80 - 300 MHz, which
has been developed by an international collaboration, located in Western Australia. The scientific
goals of the MWA include detecting neutral atomic Hydrogen emission from the cosmological
EoR, to study radio transient phenomena, and so on.

The Precision Array for Probing the Epoch of Reionization (PAPER, [92]) is a low-frequency
radio interferometer aimed toward making the first statistical detection of the 21 cm reionization
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signal. It maps 21cm emission at high redshifts (z=7-12) to measure the power spectrum of fluctu-
ations in the intergalactic medium introduced by the first luminous sources in the universe. PAPER
has deployed a 64-antenna array in the Karoo reserve in South Africa, and a 32-antenna array near
Green Bank. PAPER is currently expanding its South Africa array to 128 elements.

The 21 Centimetre Array (21CMA, [88]), is a radio telescope array designed to detect the
earliest luminous objects in the universe, including the first stars, supernova explosions, and black
holes. 21CMA consist an array of some ten-thousand log-periodic antennas spread over several
square kilometers. The telescope is built on the high plateau of Ulastai in Xinjiang, China.

2.5 Intensity mapping and Dark Energy Observation

To observe large scale structure, the traditional way is to observe a large number of individual
galaxies, and use their positions to derive the three dimensional map of galaxy distribution. This
is also the method used in the optical galaxy redshift surveys. About 1% of the observable uni-
verse has been mapped by this way. Recently, a new strategy to map much larger volumes of
the universe economically is proposed, which is to observe in low angular resolution and use the
integrated emission of many galaxies without resolving individual ones. This is called ”Inten-
sity Mapping”, and in fact very similar to the observation mode of the EOR experiments. After
reionization, he remaining neutral hydrogen is stored in dense gas clouds, which is protected from
ionizing UV radiation. These are predominantly hosted in galaxies, so the neutral hydrogen signal
is effectively a tracer of the galaxy distribution, and also the underlying cosmic density field, with
regions of higher density giving rise to a higher intensity of emission. Intensity fluctuations can
therefore be used to reconstruct the power spectrum of matter fluctuations. The frequency of the
emission line is redshifted by the expansion of the Universe, so by using radio receivers that cover
a wide frequency band with many frequency channels, one can detect this signal as a function
of redshift. This is similar in principle to a galaxy redshift survey, with the important distinction
that galaxies do not need to be individually detected and measured, making intensity mapping a
considerably faster method. Such cosmological surveys would be especially suitable for late time
cosmological studies (z . 3), in particular to constrain dark energy by measuring the geometry
and expansion rate of the Universe using the Baryon Acoustic Oscillations (BAO). The growth
rate of structure, useful for testing modifications to general relativity, can also be measured using
Redshift Space Distortions (RSD). [87, 19, 6, 4, 95] In this scheme, the integrated radio emission
of many HI clumps in cells of ∼ 103 Mpc3 are measured without resolving of individual galax-
ies. Large wide-field radio telescopes, with an angular resolution of a fraction of a degree and a
frequency resolution of . 1MHz and sensitivities of . 1 mK per resolution element would be
needed to observe the LSS, especially the BAO features.

The GBT (Fig 2.1.1), which we have described in section 2.1, is used for a single dish intensity
mapping project. Another single dish project for intensity mapping is the BINGO (Baryon acoustic
oscillations In Neutral Gas Observations, [11], please see Fig 2.5.1), which is a proposed 40 m
single dish, whose main goal is to detect HI using the 21cm intensity mapping technique and
measure the Baryon Acoustic Oscillation scale in the redshift range z = 0.12 - 0.48 (corresponding
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Figure 2.5.1: BINGO.

Figure 2.5.2: CHIME.

Figure 2.5.3: HIRAX.
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to a frequency range of 300 MHz). The static telescope will have two mirrors and around 50 pixels
at an offset focus, operating as a transit telescope. It will scan approximately 2000 deg2 in 1 year
total observation time with an angular resolution θB ' 40arcmin and Nbeams ∼ 50 feeds. Its
system temperature is expected to be Tsys ' 50K.

The Canadian Hydrogen Intensity Mapping Experiment (CHIME, [107], please see Fig 2.5.2)
is an interferometric radio telescope in Canada, consisting of five parabolic, cylindrical reflectors
and associated radio receivers and correlators. The structure is 100m × 100m sensitive at 400 –
800 MHz. The telescope has no moving parts and will measure half of the sky each day as the
Earth turns. CHIME will map the distribution of neutral Hydrogen over the redshift range from
0.8 to 2.5. These data will be used to produce a map of cosmic structure over the largest volume of
the universe ever observed, with enough spatial resolution to discern the BAO that were imprinted
on cosmic structure at early times. This three-dimensional map will enable cosmologists to better
discern the cause of the Universe’s accelerating expansion.

The Hydrogen Intensity and Real-time Analysis eXperiment (HIRAX, [78], please see Fig
2.5.3) is a proposed array of 1024 6m fixed dishes that has received preliminary approval from the
South African. The main goals of HIRAX include measurements of Baryon Acoustic Oscillations
at redshift 0.8-2.5, searching for new pulsars and radio transients, and discovery of new neutral
hydrogen absorbers.

2.6 PAON-4 and Tianlai projects

2.6.1 The PAON-4 array

The PAON-4 array is a small wide band test interferometer (L-band, 1250-1500 MHz) featuring
four 5-metre diameter antenna, installed at the Nançay radio observatory in France (47◦22′55.1”N,
2◦11′58.7”E). PAON-4 has been designed and built within the BAORadio 1 project in France [5].
It has a total collection area of∼ 75 m2 and 4 dual polarisation receivers. The dish pointing can be
changed in declination through computer controlled electric jacks. PAON-4 can observe the sky in
the declination range 12◦ . δ . 60◦. At the end of the survey PAON-4 should be able to provide
3D sky maps (α, δ, ν) over ∼ 5000deg2 of sky and ∼ 200 MHz with a sensitivity of ∼ 50 mK
per ∼ 0.5× 0.5 deg2 × 1MHz pixels (see section 4.1.3 for a detailed discussion of PAON-4 noise
level).

The 36 visibilities (8 auto-correlations and 28 cross-correlations) are computed by the BAO-
Radio electronic-acquisition system and written to disk with ∼ 1 second time resolution. Tests
observations with PAON-4 started in spring 2015 with the aim of evaluating the use of small dish
arrays for intensity mapping and developing the calibration and map-making procedures for such
instruments.

The physical diameter of the PAON-4 dishes are D = 5 m. We model the primary beam of the

1https://groups.lal.in2p3.fr/bao21cm/
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Figure 2.6.1: PAON-4 interferometer configuration

dish+feed as [15],

D(γ) ∝ 2 J1[π(Deff/λ) sin γ]

π(Deff/λ) sin γ
, (2.6.1)

where γ is the angle with respect to the reflector symmetry axis, J1(x) is the first order Bessel
function, λ the wavelength and Deff is the effective dish diameter illuminating the feed. Based
on test observations, we have used an efficiency factor η = 0.9 for PAON-4, yielding an effective
dish diameter Deff = η D = 4.5 m. The single dish first null beam width (FNBM) is around
1.22λ/Deff ∼ 3.25◦ at 1420MHz.

We studied a number of antenna arrangements before finally chose the PAON-4 configurations.
In this thesis, we shall compare the results for the following configurations.

(a) The PAON-4 configuration. The configuration actually adopted for PAON4 is shown in
figure 5.1.4. Three dishes are arranged at the vertices of an equilateral triangle with 12 m sides,
one of its side is along the exact North-South line. The fourth dish is inside the triangle and
on its West vertex bisector line, with its center 6 meter away from the West vertex. In addition
to the auto-correlation signal, the PAON-4 configuration has 6 different baselines. There is no
redundancy in baselines and visibilities, except for the auto-correlation signal.

(b) The 2 × 2 array. The four dishes are arranged into a 2 × 2 regular array. The sides of the
square are aligned with the north-south (NS) and east-west (EW) directions, with antenna centres
separated by dsep. We use the same feed response and efficiency factor η = 0.9 as in the case of
PAON-4. In addition to the autocorrelation beam, this configuration has 4 baselines, with a factor
2 redundancy for the NS and EW baselines, and the two diagonal baselines are also symmetric
with respect to the meridian. (more on the mathematical implication of this property in the next
section).

Actually we shall consider two 2× 2 arrays:
(b1) a non-compact 2× 2 array, with dsep = 14m. This configuration is discussed first to help

understand the mathematical tools introduced in next chapter, and how the characters of the array
and survey would impact the reconstructed maps. However, the angular frequency (u, v) plane
coverage is incomplete for this case, as it is in the spherical harmonic (`,m) indices space. This
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is the reason behind the stronger mode mixing (frequency dependent beam) introduced by sparse
arrays and the need to use compact arrays for intensity mapping.

(b2) A compact 2 × 2 array, where the dishes are separated by dsep = 7m. This is the
configuration which is compared with PAON-4, in terms of synthetised beam, transfer function
and noise power spectrum.

(c) The large single dish. The third configuration compared to PAON-4 is a hypothetical single
dish instrument with a diameter D = 15.5 m, covering more or less the complete PAON-4 array.
Using again an η = 0.9 efficiency factor, the effective diameter for this single dish instrument
would be Deff = 14 meter, yielding an angular resolution of ∼ 1◦.

We consider a drift scan survey of a full east-west strip of sky, covering ∼ 27◦ range in
declination centered at the PAON-4 latitude (δ ' 47◦) over a 6 month period. The survey will be
composed of 25 constant declination scans, each shifted by 1 degree in declination. The central
scan is targeted at the declination of +47◦23′ which is the latitude of location of PAON4. The two
extreme scans are thus targeted at the declinations +35◦23′ and +59◦23′.

For comparison, we will also study the same survey for the compact 2 × 2 array case and the
single dish case. For this exercise, the survey strategy of the 2 × 2 array would be assumed to be
the same as the PAON-4 case. For the single dish case, given the higher angular resolution of the
primary beam, the scan strategy is adapted by decreasing the declination step by a factor 3. The
same sky area will be covered by 79 scans, each shifted by 0.33◦.

2.6.2 The Tianlai project

The Tianlai project2 is a 21cm intensity mapping experiment aimed at surveying the large scale
structure and use its baryon acoustic oscillation (BAO) features to constrain dark energy models
[20]. The current experiment is a pathfinder for testing the basic principles and key technologies
of 21cm intensity mapping. The current pathfinder consists both a cylinder array and a dish array,
located at a radio quiet site (44◦10′47′′N, 91◦43′36′′E) in Hongliuxia, Balikun County, Xinjiang
Autonomous Region in northwest China [21]. The construction of the Tianlai cylinder and dish
pathfinder arrays have been completed at the end of 2015, the two arrays are now undergoing the
commissioning process.

The Tianlai Dish Array

To explore the intensity mapping technique with interferometer array of dishes, the Tianlai ex-
periment have a dish pathfinder array, with 16 dishes of 6m aperture, each equipped with a dual
polarization receiver. The dish array is right next to the cylinder array (on its east side), and uses
the same 288 core optical fibre cable for signal transportation. These dishes are also equipped
with electronically controlled motor drives in the altitude-azimuth mount, which allow us to steer
the dishes to point to almost any desirable directions above the horizon. These drives were not
designed for tracking celestial targets with high precision. Instead, the regular observation mode
we envisage for the dish array is to point the dishes along the meridian with a common elevation

2http://tianlai.bao.ac.cn
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Figure 2.6.2: The regular or square array (Left) and the circular array (right) configurations for the
16 dishes.

(declination), and make drift scan observations. However, the azimuth drive allows more flexi-
bility during commissioning and for test and calibration runs. It enables also the dish array to
explore other scientific programs. The Tianlai array receivers are designed to have broad band
response, except for a replaceable bandpass filter of 100 MHz bandwidth. The central frequency
of the band is tuneable within the range of 500-1500 MHz. The visibilities (32 autocorrelations
and 448 cross-correlation) for dish arrays are computed by the data-acquisition (DAQ) system and
saved in hard drives.

The Tianlai dishes are D = 6m dishes. For the model calculations below, we shall assume the
same primary beam model as in the PAON-4 case except that the aperture size is scaled, i.e. we
will assume that η = 0.9, so Deff = 5.4m, and the primary beam (FNBW) for each dish is 2.73◦

at 1420 MHz and 3.1◦ at 1250 MHz.
Although we studied several antennae layouts for the 16-dish array, we will focus here on the

discussion and comparison of the following two configurations (see Fig.2.6.2):

(a) Regular Array. The antennas are positioned on the grid points of a 4 × 4 square, with the
sides of the square aligned with the EW and NS directions, and separation for the nearest
neighbour grid points to be dsep = 8.8m (in sec.4.2 we shall discuss the choice of dsep

in more details). The Regular Array have large number of redundant baselines, the total
number of independent baselines is only 24 for each declination pointing.

(b) Circular Array. This is the configuration we have adopted for the current Tianlai dish
pathfinder array. One antenna is positioned at the centre, the remaining 15 antennas are
arranged in two concentric circles around it. It is well known that the baselines of the cir-
cular array configurations are quite independent and have an overall wider coverage on the
angular frequency (u, v) plane [102].. We have studied a number of circular arrangements,
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Table 2.1: Coordinates of the circular array antenna.
Antenna radius (m) azimuth angle x (EW) (m) y (NS) (m)

A1 0 - 0 0
A2 8.8 0◦ 8.8 0
A3 8.8 60◦ 4.4 7.62
A4 8.8 120◦ -4.4 7.62
A5 8.8 180◦ -8.8 0
A6 8.8 240◦ -4.4 -7.62
A7 8.8 300◦ 4.4 -7.62
A8 17.6 5◦ 17.53 1.53
A9 17.6 45◦ 12.45 12.45

A10 17.6 85◦ 1.53 17.53
A11 17.6 125◦ -10.09 14.42
A12 17.6 165◦ -17 4.56
A13 17.6 205◦ -15.95 -7.44
A14 17.6 245◦ -7.44 -15.95
A15 17.6 285◦ 4.56 -17
A16 17.6 325◦ 14.42 -10.09

with or without centre antenna, with one or two concentric rings, with different alignment
between the inner and outer rings. From the investigations, we found that there is no sig-
nificant difference in terms of map reconstruction performance between the different circu-
lar configurations that were studied. The final configuration we chose has 6 and 9 dishes
in the inner and outer rings respectively, with radius given by the minimal separation of
dsep = 8.8m and 2dsep respectively. The inner ring is symmetric with respect to the NS di-
rection, i.e. if we place Antenna A1 at position (0,0), then antennae A2, ..., A7 are placed at
radius of dsep = 8.8m and azimuth angles 0◦, 60◦, 120◦, 180◦, 240◦, 300◦ respectively. The
positions of the antennas on the outer ring are slightly rotated to accommodate the local ter-
rain, and are located at azimuth angles 5◦, 45◦, 85◦, 125◦, 165◦, 205◦, 245◦, 285◦, 325◦ with
respect to the N-S axis. The circular array has a large number of independent baselines, the
total number of different baselines is 108, to be compared to 120, which is the maximum
number of baselines, without any redundancies (120 = 16×15/2). The polar and Cartesian
coordinates of the antenna positions for this circular configuration are listed in table 2.1.

In fact, the Tianlai dishes are lightweight and the mount is detachable, so that in the future,
we can also move the dishes to new configurations if this is deemed necessary or desirable. At
present, we will carry observations with the current configuration, i.e. the circular array (b), but
we shall also discuss also the computation results for the regular array (a).

We have considered the survey of a ∼ 33◦ wide band in declination centered at the latitude
of location of the Tianlai array, i.e. δ ∼ 44◦10′, slightly larger than the PAON-4 survey area
described above. The survey would be composed of a total of 31 constant declination scans, each
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Figure 2.6.3: The Tianlai Dish and Cylinder Array.

shifted by 1 degree in declination, with the two extreme scans targeted at the declinations +29◦10′

and +59◦10′.
At the end of such a survey, Tianlai should be able to provide 3D sky maps (α, δ, ν) over a

area of more than 5000 deg2 of sky and over ∼ 100 MHz frequency band, with a sensitivity of
∼ 50 mK per ∼ 0.25 × 0.25 deg2 × 1MHz pixels. Notice that the sensitivity of the Tianlai dish
array is given for an angular resolution twice better than the PAON-4 case. Detailed discussion of
Tianlai dish array sensitivity and noise power spectrum can be found in section 4.2.1. We consider
also a survey of the polar cap area, for which a noise level ∼ 3 times better (∼ 17 mK) can be
reached, over a sky area ten times smaller (see section 4.2.2).

The Tianlai Cylinder Array

The Tianlai cylinder pathfinder array has three adjacent cylindrical reflectors oriented in the North-
South direction, each cylinder is 15 m wide and 40 m long. At present the cylinders are equipped
with a total of 96 dual polarization receivers which do not cover the full length of the cylinders.
In the future, the pathfiner instrument may be upgraded by simply adding more feed units and the
associated electronics. The longer term plan is to expand the Tianlai array to full scale once the
principle of intensity mapping is proven to work. The full scale Tianlai cylinder array would have
a collecting area of ∼ (104 m)2, and ∼ 103 receiver units. A forecast for its capability in mea-
suring dark energy and constrain primordial non-Gaussianity can be found in [112]. In addition
to the redshifted 21 cm intensity mapping observation, such surveys may also be used for other
observations, such as 21cm absorber[114], fast radio burst (FRB) [73, 23], and electromagnetic
counter part of gravitational wave events [34]. Fig 2.6.3 shows the Tianlai Dish and Cylinder array
taken at last winter.



Chapter 3

Map making for transit interferometers

In this chapter we mainly discuss the specificities of making sky maps from visibilities obtained
from a transit type interferometer, and the mathematical basis of the method. The outlines is as
follows: first we present the definition of visibilities in section 3.1. Then, in section 3.2, we present
the classical interferometry with rotation synthesis and sparse sampling of the (u, v) plane. In
section A, we discuss the one-dimension reconstruction and the corresponding results. In section
3.3 and 3.4, we describe the formalism in the planar geometry (u, v) with u-mode decoupling and
the spherical geometry (`,m) with m-mode decoupling from transit interferometers respectively.
We present the steps of solving the system in section 3.5. We also defined various indicators in
section 3.6.

3.1 Visibilities

In this section we discuss the specificities of making sky maps from visibilities obtained from
a transit type interferometer, and the mathematical basis of the method. These issues for transit
interferometers and the separation of the inversion problem into independent sub-systems using
m-mode decomposition in the spherical harmonic basis have already been discussed in [96]. How-
ever, the formalism described here as well as the corresponding software tools1 have been devel-
oped independently, initially in flat sky approximation, and subsequently extended to spherical
geometry following [96].

Throughout this section, we shall assume that individual antenna/feed responses, the array
geometry and pointing directions are perfectly known. Moreover we will consider unpolarized sky
emission, with brightness or temperature in the direction ~̂n given by I(~̂n) = E∗E = |E|2 where
E(~̂n) is the complex scalar emission amplitude in a narrow, nearly monochromatic, frequency
band. The method can be extended easily to the case of polarized sky, as shown by [97]. This is
briefly discussed in section 3.7.

1The code is written in C++ and uses the SOPHYA class library ( http://www.sophya.org ). The GIT repository will
be available from https://gitlab.in2p3.fr/SCosmoTools/JSkyMap.
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The Visibility Vij ≡< s∗i × sj > is the short time average cross correlation of output voltage
from a pair of antennae or feeds si, sj , located at positions ~ri, ~rj with ∆ ~rij = ~rj − ~ri:

si =

∫∫
E(~̂n)Di(~̂n) ei

~k·~ri d~̂n (3.1.1)

Vij =

∫∫
I(~̂n)D∗i (~̂n)Dj(~̂n) e

~k·∆ ~rij d~̂n (3.1.2)

whereDi, Dj denotes the complex response function of each feed, ~k = − i2πν
c ~n is electromagnetic

wave vector at the observation frequency ν and c the speed of light. For arrays with identical feeds
pointed to the same sky direction, Di(~̂n) = Dj(~̂n) = D(~̂n), and the visibility expression reduces
to

Vij =

∫∫
I(~̂n)L(~̂n) e

~k·∆ ~rij d~̂n (3.1.3)

where L(~̂n) = D∗D is the antenna primary beam or response in intensity.

3.2 Classical radio interferometry

In what we refer here as classical radio interferometry, in the sense that it is familiar to the majority
of radio astronomers, a set of identical antennae are used to observe a small region of sky, usually
to obtain a high resolution image of a source. During the observation period all the antennae
track the source, compensating the Earth rotation. The source intensity I(~̂n, t) and beam response
L(~̂n, t) generally varies with time. However, even in the case of constant sources and constant
telescope primary beams, the baseline delay ~k ·∆~r(t) would still vary with time, due to the rotation
of the baseline generated by the rotation of the Earth with respect to the inertial frame of space, as
shown in the variation of celestial coordinates of the baseline direction.

For observations with small field of view, it is possible to use the flat sky approximation in the
vicinity of the source. For a coplanar array and using the small angle approximation (omitting the
so called w-term), the visibility is given by

V(u0, v0) =

∫∫
I(ξ, η)L(ξ, η) e2iπ(ξu0+ηv0) dξ dη (3.2.1)

where (u0, v0) = (∆x/λ,∆y/λ) is the coordinates of the baseline vector in wavelength units,
and ξ, η denotes the direction cosines of the baseline vector with respect to the reference point.
The visibility in this approximation is simply the Fourier transform of the sky seen by a single
antenna I(ξ, η) × L(ξ, η) for the angular frequencies (u0, v0). Given the number of available
baselines in a real array, and that the baselines of such an array are usually large compared to the
antenna size, the (u, v) frequency plane is only sparsely sampled at any moment. However, each
baseline changes as the antennae follow the source direction on the sky, the (u0, v0) follows an arc-
shaped track in the (u, v) plane, enhancing greatly the frequency plane sampling. It is possible to
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obtain a local sky map (dirty map) around the targeted position using an inverse Fourier transform.
Additional processing is required to correct and compensate for the partial coverage of the angular
frequencies. Iterative deconvolution algorithms, e.g. CLEAN [54, 22], are applied to recover
the map of the sky [94]. Map of a large area of sky can be obtained by mosaicking of small
areas[63, 74]. However, if the field of view is large, the w-term can not be neglected. A number
of formalisms have been developed to deal with this, such as faceting [27], 3D Fourier transform
[84], w-projection [26], A-projection[100], w-stacking [80], etc. Other refinement of the CLEAN
method have also been developed, such as the the software holography [77] which can deal with
direction-dependent beam effects in large field of view interferometer arrays. Its application to the
analysis of MWA observations can be found in [98].

3.3 Non-tracking transit interferometers in the planar geometry

Before discussing the sky map reconstruction from visibilities in the true sky spherical geometry,
we present first the formalism in the case of planar geometry. The spherical geometry is discussed
in the next section.

As was explained earlier, a visibility Vij corresponds to cross correlation information from a
pair of antennas separated by a baseline ∆~rij = (∆x,∆y,∆z) and the auto-correlation informa-
tion, obtained from a single antenna is the visibility for a null (∆~rii = (0, 0, 0)) baseline. In the
case of transit interferometers, visibilities will be recorded as a function of time or right ascen-
sion (α) as the earth rotation, pointing the instrument to different right ascension directions on
the sky. In the case of dish instruments with pointing capabilities, the instrument field of view
can be directed to a different declination, angle δ or β. For dish array transit instrument, we will
assume that all antennae are pointing toward a common direction during a full east-west scan, the
instrument observing a 360o stripe of sky along a common declination δk or βk. The instrument
scan strategy is thus defined by the set of K observed declinations ( δk or βk with k = 1 . . .K),
and the time, in days spent on each declination.

In the case of simplified planar geometry, we shall assume that the sky directions, defined
by the two cartesian like coordinate angles (α, β) are defined over a rectangular angular area,
0 ≤ α < 2π and −βmax ≤ β ≤ βmax. α correspond to the right ascension angle or ϕ in
spherical coordinates ~n = (θ, φ), and β is an offset angle with respect to the central observed
declination. The associated Fourier angular frequencies corresponding to the (α, β) coordinate
system are denoted (u, v).

For simulations, we assume a known input sky map from which we compute visibilities. In-
strument simulations and sky map reconstruction use both the angular plane (α, β) and the Fourier
plane (u, v) (I(α, β) → I(u, v)) where u, v are the Fourier angular frequencies associated to
(α, β).

The planar angular plane geometry would be a reasonable approximation for the case of in-
struments, observing a not too wide band of the sky (. 20o) in equatorial or mid-latitude area of
sky, far from the polar regions.
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3.3.1 Convolution theorem for reconstruction

Starting from the general definition of visibilities given in section 3.1, we can write the expression
of the visibility for a pair of antenna located in the same horizontal plane ∆z = 0, with the
baseline given by (∆x,∆y, 0). It should be reminded that this expression of visibility correspond
to a monochromatic, single frequency incoming wave, corresponding to wavelength λ:

Vij =

∫∫
sin θ dθ dϕ I(θ, ϕ)L(θ, ϕ) exp

[
2iπ sin θ(cosϕ

∆x

λ
+ sinϕ

∆y

λ
)

]
(3.3.1)

If we write this expression in planar, pseudo-cartesian coordinate system (α, β) and assuming
that the antennae have a narrow field of view, so that the beam L(θ, ϕ) is non zero only for
θ � 1, or for α � 1 and β � 1, so that that the small angle approximation can be used
(sinα ' α , sinβ ' β):

Vij =

∫∫
dα dβ I(α, β)L(α, β) exp

[
2iπ

(
α

∆x

λ
+ β

∆y

λ

)]
(3.3.2)

Using the properties of the Fourier transform, we can write also the expression of the visibility in
the Fourier (u, v) plane:

Vij =

∫∫
du dv I(u, v)L

(
u− ∆x

λ
, v − ∆y

λ

)
(3.3.3)

This is the mathematical expression of the well known result in interferometry, that a visibility
corresponding to a baseline (∆x,∆y) is a measurement of the sky Fourier modes I(u, v) centered
around the angular frequency (u0, v0) =

(
∆x
λ ,

∆y
λ

)
, weighted by the beam angular frequency

L(u, v).
So, if we have a set of visibility measurements of a given direction of the sky, an estimate of

the sky convoluted by the primary antenna beam in this direction can be obtained by performing
an inverse Fourier transform of the set of visibilities.

Î(α, β) = F (I(u, v)L(u, v)) = F [Vij ] (3.3.4)

3.3.2 East-west transit observations

For transit instrument, we obtain a set of visibility Vij(αp) as a function of the right ascension
angle αp, as the earth rotates and instrument observation direction scans the sky along constant
declination directions, pointing toward the direction defined by αp. In the expression of the visi-
bility, the antennae primary beam response L(α, β) should be replaced by L(α−αp, β). Using the
translation/phase shift property of the Fourier transform, and neglecting the sky drift during the
integration time to obtain one visibility measurement, we can write the expression of the visibility
expression in the Fourier plane as a function of αp:

Vij(αp) =

∫∫
du dv I(u, v)L

(
u− ∆x

λ
, v − ∆y

λ

)
exp (2iπαpu) (3.3.5)
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Assuming that the planar geometry correspond to a periodic sky along the two angular coordinates
direction, the Fourier integral above should be replaced by a Fourier sum. The hypothesis of
periodic sky is true along the right ascension α:

Vij(αp) =
∑

u

exp (−2iπαpu)
∑

v

I(u, v)L
(
u− ∆x

λ
, u− ∆y

λ

)
(3.3.6)

Considering the set of measurements Vij(αp) for all αp values and taking into account the term
exp (−2iπαpu), we identify the expression of the Fourier sum for the function Vij(αp). By per-
forming a Fourier transform over the set of Vij(αp) measurements from a full east-west scan,

Fourier transform/FFT : Vij(αp) −→ Ṽij(u)

we obtain the values of sky modes weighted be the beam for each u−mode as a set of independent
linear equations:

for eachu : Ṽij(u) =
∑

v

I(u, v)L
(
u− ∆x

λ
, v − ∆y

λ

)

3.3.3 Instrument pointing in the north-south plane

As mentioned above, for instruments made of steerable dishes, or at least movable along the eleva-
tion axis (north-south plane), we can perform east-west transit along different constant declination
scans, identified by the declination scan angle δk or βk. One has to use a specific beam for each
scan k, L(α, β) being replaced by Lk(α, β). If we neglect the change of baselines for βk 6= 0,
the tilted beam Lk(α, β) beam can be approximated by L(α, β − βk), leading to a phase term
exp (2iπβkv) for the visibility expression in the Fourier plane. To solve for the sky, the set of vis-
ibilities from different baselines and different βk should be gathered together for each u−mode.

Considering the above approximation for the tilted beam, the visibility term for each u−mode
can be written as:

Ṽij(u, βk) =
∑

v

exp(i2πvβk) I(u, v)L(u− ∆x

λ
, v − ∆y

λ
) (3.3.7)

The matrix form is as follows,



· · ·
Ṽij(u, βk)
· · ·


 = L×




· · ·
I(u, v)
· · ·




Now, the matrix L = [L(u− ∆x
λ , v −

∆y
λ ) exp(i2πvβk)] depend on instrument configuration

and scan strategy .
In order to compute the sky map I(α, β), we have to compute the sky Fourier modes I(u, v0

by solving the above linear system. It should be noted however that the matrix L is in general non
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invertible, except in the case of a full scan in the north-south direction, if we limit the sky modes
in the Fourier plane up (umax, vmax) to which the instrument is sensitive.

That’s why we use the pseudo-inverse method see section 3.5 below. However, the size of the
L matrix is quite large, and a direct computation would be difficult, or even impossible for large
arrays. So we should make control them before computing directly. If we assume for example
a 4 × 4 regular dish array and an single β0 scan, we will have 24 baselines. For a sky map size
(1500, 300) pixels covering (250o, 50o), the Ṽij(u, β0) vector size will be ∼ (2 × 104), the L
matrix size ∼ (2 × 104, 2 × 105) and I(u, v) size ∼ (2 × 105). Even for this modest array size
with a single scan, the matrices are already quite large for the system to be solved by directly. We
can indeed use the u−mode decomposition to reduce the size of the systems to be solved, without
any loss of information.

In addition, we keep only one Ṽij(u, βk) for a set of antennas pairs with the same baseline
which could reduce the corresponding visibility noise accordingly as would be discussed later.
Then, taking advantage of the case of full East-West (24 hours) sky coverage, we perform Fourier
transform on time or right ascension dependent visibilities Vij(α = ωt) to compute m − mode
visibilities Ṽij(u). This allows us to split the large initial problem could into a set of smaller
independent linear problems which numbers are equal to number of u modes N = Nu.

We illustrate those processes in the matrix form as follows,




· · ·
Ṽij(βk)
· · ·




ui

= Lui ×



· · ·
I(v)
· · ·



ui

Now, the Ṽij(β0)ui vector size will be ∼ (24), the Lui matrix size ∼ (24, 300) and I(ui, v) size
∼ (300), for 4× 4 regular dish array and an single β0 scan with same sky map size as above.

For each u, the matrices in detail is given by




Vij(β1)
Vij(β2)
· · ·

Vij(βm)



ui

=




Lij(v1)ei2πβ1v1 Lij(v2)ei2πβ1v2 · · · Lij(vn)ei2πβ1vn

Lij(v1)ei2πβ2v1 Lij(v2)ei2πβ2v2 · · · Lij(vn)ei2πβ2vn

· · ·
Lij(v1)ei2πβmv1 Lij(v2)ei2πβmv2 · · · Lij(vn)ei2πβmvn



ui

×




I(v1)
I(v2)
· · ·
I(vn)



ui

And of course, the matrices will only have single pointing β0 for cylinder case.
We have developed an algorithm using the pseudo inverse method of SVD to invert Lui ma-

trices which we could also apply to 2 dimension case. We use symbol Î(u, v) as the observed or
calculated sky map, then, ignoring the noise contribution for the sake of clarity, the estimated or
computed sky Fourier modes can be written as a function of u−mode visibilities:



· · ·
Î(v)
· · ·



ui

= L−1
ui ×




· · ·
Ṽij(βk)
· · ·




ui
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Input Bird’s Nest map 

Recmap in rectangular geometry with full y scan, and 3dish 

Figure 3.3.1: The reconstructed map in the planar geometry.

We compute vector {Î(v)}ui for all of u mode which is independent with each other. Then
we could assemble them together to get matrix Î(u, v). Finally we could do an inverse Fourier
transform to get the estimate of the sky map in angular domain Î(α, β).

Fig. 3.3.1 shows the reconstructed map from a fiducial input map representing Bird’s Nest
Olympic stadium in Beijing (top panel) 2. We computed visibilities from a L-shaped 3 dish array,
D=5m in diamater, using the autocorrelation signal and two cross-correlations, corresponding to
the North-South baseline dns = 5 m, and a East-West baseline dew = 5 m. The input map size
is (634,190), and its angular resolution ∼ 0.57o. We have full β scan, and the number of β scan
is about 190. The reconstructed map using the above u − mode decomposition is shown in the
bottom panel.

3.4 Non-tracking transit interferometers in the spherical geometry

For interferometers operating in the transit mode, the baselines do not change with time in the
ground coordinates, at least during an observation period spanning a sidereal day, but the visibili-
ties recorded as a function of time correspond to observation of different parts of the sky. We will
work in the equatorial coordinates, with right ascension α and declination δ. We also introduce the
spherical coordinates (θ, ϕ), with θ = π/2 − δ and ϕ = α. The earth rotation makes the beams

2Beijing National Stadium https://en.wikipedia.org/wiki/Beijing National Stadium
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time dependent and the effect corresponds to a shift of the beams Lij(~̂n) by an offset angle αp(t)
along the right ascension direction:

αp(t) = ωe t t : sidereal time (3.4.1)

Lij(~̂n, t) = Lij((θ, ϕ), t) = Lij(θ, ϕ− αp(t)) (3.4.2)

where ωe is the Earth angular rotation rate (2π/23 hours 56 minutes 4 seconds).
In the celestial coordinates, the visibility of a baseline at any given time corresponds to the

convolution of sky with the beam pattern for this baseline Lij(~̂n, t). Indeed, using discrete time
and discrete angular directions on the sky and using [] to denote vectors, we can write the vector of
visibilities for all baselines and for all observation times as a function of the unknown discretized
sky

[
I(~̂n)

]
and the noise vector:

[Vij(t)] = Lij(t)×
[
I(~̂n)

]
+ [nij(t)] (3.4.3)

The beam matrix L encodes both the array response and the sky scan strategy,

Lij(t) ∼ D∗i (~̂n, t)Dj(~̂n, t)e
i~k·∆~rij

Considering the visibilities for a single narrow frequency band, the L matrix has Npixel columns,
and Nt (number of time sample) ×Nb (number of baseline) rows. Npixel corresponds to the total
number of pixels in sky. If far side lobes can be neglected, one can use a partial map of the sky, lim-
ited to the observed region, hence decreasing the Npixel and the L matrix size, The determination
of the unknown sky I(~̂n) is then the solution of a standard inverse linear problem. There are how-
ever two difficulties for solving the above equation. First, the dimension of the matrix L is very
large, typically 105 × 106 for the current generation of experiments, and can reach 106 × 107 for
the next generation experiments which are being planned, if the intensity mapping method proves
successful. Indeed, the sky brightness unknown vector will have a size of 105 for a resolution of
a fraction of a degree, determining the number of columns of the L matrix. CHIME and Tianlai
will have ∼ 103 baselines and & 103 time samples over about 24 hours of observations, leading
to & 106 rows for L. Secondly, for many array configurations and sky observation strategies, the
linear problem is under-determined and a solution can not be unambiguously determined.

As already shown by [96], by working in the space of spherical harmonic coefficients and
taking advantage of the full circle transit observation strategy foreseen for the intensity mapping
experiments, the problem can be reduced to a much smaller set of independent linear systems, one
for each spherical m-mode. The beam pattern associated to each visibility measurement (pair of
antenna) is a complex function ( Lij(~̂n, t) ∈ C ), and the baseline enters its expression through
the phase factor. Its time dependence for transit observations is discussed below. Expanding in
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spherical harmonics and omitting the time dependence of the beam,

I(~̂n) =

+∞∑

`=0

+∑̀

m=−`
I`,m Y`,m(~̂n) (3.4.4)

Lij(~̂n) = D∗i (~̂n)Dj(~̂n) ei
~k∆ ~rij (3.4.5)

=
+∞∑

`=0

+∑̀

m=−`
Lij(`,m)Y`,m(~̂n) (3.4.6)

The spherical harmonics Y`,m are defined through the Legendre associated polynomials Pm` (~̂n)
for which we use the normalisation convention of [31],

Y`,m(~̂n) =

√
(2`+ 1)

4π

(`−m)!

(`+m)!
Pm` (cos θ)eimϕ

The sky brightness temperature is real, for which the spherical harmonic coefficients satisfy
the following symmetry relations,

I(~̂n) ∈ R→ I∗ = I −→ I(`,−m) = (−1)m I∗(`,m).

Given the orthogonality of Spherical Harmonics when integrated over the whole sky, we can
express the visibility for a given time t as a sum over the spherical harmonics coefficients. Ex-
panding both I(~̂n) and Lij(~̂n, t) in spherical harmonics, using the orthogonality and the above
symmetry relation, we obtain

Vij(t) =

∫∫
I(~̂n)Lij(~̂n, t) d~̂n (3.4.7)

=
+∞∑

m=−∞

+∞∑

`=|m|
(−1)m I(`,m)Lij(`,−m, t) (3.4.8)

Notice that we have exchanged the order of the two sums, over ` and m. The spherical harmonics
coefficients of the rotated/shifted beams can be written as:

Lij(`,m, t) = L0
ij(`,m) e−imαp(t) (3.4.9)

where L0
ij(`,m) denotes the beam spherical harmonics coefficients for the reference (t = 0)

pointing, i.e the antenna axis pointing toward α = 0 right ascension. In the following, we will
omit the 0 superscript in the beam coefficients. Lij(`,m) denotes simply the beam for the reference
right ascension αp = 0. The recorded visibilities as a function of right ascension αp can then be
expressed as:

Vij(αp) =
+∞∑

m=−∞

+∞∑

`=|m|
(−1)m I(`,m)Lij(`,−m) eimαp (3.4.10)
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We recognise the expression as a Fourier transform for the periodic function Vij(αp); as the feed
response vanishes for large enough ` (Lij(`,m) → 0 for ` > `max), we can write the following
relation satisfied by the visibility Fourier coefficients Ṽij(m), computed from a set a regularly time
sampled visibility measurements.

Ṽij(m) =

+`max∑

`=|m|
(−1)m I(`,m)Lij(`,−m) (3.4.11)

The m-mode of the visibility for both positive and negative m (±m) is given by sky spherical
harmonics coefficients of the same m,

Ṽij(m) =

+`max∑

`=|m|
(−1)m I(`,m)Lij(`,−m) (3.4.12)

Ṽ∗ij(−m) =

+`max∑

`=|m|
I(`,m)L∗ij(`,m) (3.4.13)

The full linear system of Eq. (3.4.3) can thus be decomposed into a set of much smaller (103×103)
independent linear system, one for each m, with mmax = `max. The beam matrix L has indeed a
block diagonal structure in the harmonic space, which is schematically shown in Fig.3.4.1. Group-
ing all array baselines together in a vector, and taking into account the noise contribution, the
visibility measurement equation in the Fourier space can be written in matrix form as:

[
Ṽ
]
m

= Lm × [I(`)]m + [ñ]m (3.4.14)

The sky spherical harmonics coefficient for a givenm and form ≤ ` ≤ `max are grouped in the sky
vector [I(`)]m. We will consider only positive m values (0 ≤ m ≤ `max) for the linear systems
defined above, the two visibility measurements for ±m of equations 3.4.12 and 3.4.13 will be
represented by two rows of the matrix Lm. This matrix will thus have `max columns and 2×nbeams

rows. The total number of beams nbeams will be more precisely defined in the next paragraph.
The [ñ]m represent the noise contribution vector to the m-mode visibilities, corresponding to the
Fourier transform of time domain noise.

For dish arrays, the instantaneous field of view is a small fraction of the whole sky, and a circu-
lar strip of sky along one of the latitude line can be obtained by carrying out transit observation for
23 hours 56 minutes 4 seconds continuously. By changing the elevation angle of the dish pointing,
strips with different central declination can be obtained. For dish arrays, the effective number of
beams would be equal to the number of different baselines times the number of constant elevation
scans,

nbeams = Nb × nδp .

The beam for an antennae pair ij making constant elevation drift scan observation with declination
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Figure 3.4.1: Schematic representation of m-mode decomposition in spherical harmonics space of
the skymap reconstruction from visibilities.

δp is

L
δp
ij = D

δp
i (~̂̂n)D

δp∗
j (~̂n)ei

~k· ~∆rij (3.4.15)

=
∑

lm

Lδpij (`,m)Y`m(~̂n) (3.4.16)

3.5 Solving the system

Now, the mainly problem is calculating the pseudo-inverse of the Lm matrix, which correspond to
Au matrix in planar geometry. They are same as each other in mathematical analysis. So we only
present this steps just in spherical geometry.

The sky brightness temperature spherical harmonics coefficients can be estimated by solving
each of them-modes linear systems defined by Eq. 3.4.14 . The Lm matrix size is 2nbeams×`max,
with `max around few thousands for array sizes . 100 m and a number of beams up to a to a few
thousands for the current generation of instruments. Although these systems are usually under-
determined, the solution can formally be written as:

[
Î(`)

]
m

= Hm

[
Ṽ
]
m

(3.5.1)

where [] are used to denote vectors and Hm is the noise weighted Moore-Penrose pseudo-inverse
of Lm [9].

To make map from a given set of visibilities with noise, we look for a maximum likelihood
solution. Here we assume that the noise on visibility measurement follows a Gaussian random
process, with variance Nm =< [ñ]m [ñ]†m >. We consider moreover that noise is uncorrelated
for different m-modes. This hypothesis is valid as long as the time domain noise is a Gaussian
random process characterised by a power spectrum. The likelihood function of the measurement
can be written as,

p(V|I) ∝ exp[−1

2
(V − LI)TN−1(V − LI)].
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The solution is given by

Îm = (L†mN
−1
m Lm)−1L†mN

−1
m Vm ≡ Hm Vm (3.5.2)

Hm = (L†mN
−1
m Lm)−1L†mN

−1
m (3.5.3)

Redundant baselines are counted once with their noise level being scaled accordingly, i.e. σ2
n ∝

N−1
rb , where Nrb denotes the number of redundant baselines (number of antennae pairs with the

same baseline).
If we further assume that noise is uncorrelated between different baselines, the noise covari-

ance matrix Nm for each m becomes diagonal. In this case, the computation can be further
simplified as

Hm =

(
N
− 1

2
m Lm

)−1

N
− 1

2
m (3.5.4)

Here, N−1 =
(
N−

1
2

)†
N−

1
2 , which could be obtained simply by taking the inverse of square root

of each non-zero diagonal element. However, N
− 1

2
m Lm is often a non invertible matrix, so we

have to use the pseudo-inverse method. Here, we use the Singular Value Decomposition (SVD) of
a matrix, for which we need to compute the inverse of the matrix with the eigenvalues. Given a
m× n real or complex matrix A, which can be factorized in the form

A = UΣV † (3.5.5)

where U is an m×m real or complex unitary matrix, V † (the conjugate transpose of V , or simply
the transpose of V if V is real) is an n × n real or complex unitary matrix, and Σ is an m × n
rectangular diagonal matrix which has at most min(m,n) non zero eigenvalues, denoted by Σii.
These diagonal entries Σii are known as the singular values of A. A common convention is to list
the singular values in descending order, then the diagonal matrix Σ is uniquely determined by A,
though the matrices U and V are not unique. Using SVD, the pseudo-inverse of the matrix A is
given by

B ≡ A−1 = V Σ̄−1U † (3.5.6)

where Σ̄−1 is a n×m diagonal matrix, which is formed by replacing every nonzero diagonal entry
Σii by its reciprocal 1/Σii and transposing the resulting matrix.

Due to limited numerical precision in the computation, even zero eigenvalues elements of Σi,i

will have some small non-zero value, which would give rise to large Σ−1
i,i and affect the result

greatly if left unattended. The contribution of noise to the reconstructed sky modes are also large
for the modes with small values. In order to limit the contribution of noise and to avoid numerical
instabilities, we limit the value of eigenvalues, and the small eigenvalues of Σ are set to 0 before
the inversion, and its inverse also set to 0 and ignored in subsequent computation. In practice,
we set two threshold values for the diagonal elements. If the diagonal element Σi,i < Σ0,0 × εr
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Table 3.1: The SVD computation for a few m-modes in the PAON-4 case.
m modes frist eigenvalue thresholds non-zero eigenvalues

1 5.15878 0.103176 53
50 1.93873 0.0387746 71
100 1.71407 0.0342814 51
150 1.38509 0.0277018 45
200 1.56662 0.0313324 41
250 1.39035 0.0278069 28
300 0.604846 0.0120969 16
350 0.0449966 0.01 4

or Σi,i < εa, we set 1/Σi,i → 0, where Σ0,0 is the largest eigenvalue, and εr, εa are small value
ratios which define the relative and absolute thresholds for defining non zero eigenvalues Σii when
computing their inverse 1/Σii. We experimented with different values of εr, εa, finally choosing
εr = 0.02 and εa = 0.01 for most map reconstructions shown here, in order to avoid contaminating
the maps by modes with large noise.

The above threshold is a sharp cut in the eigenvalues when computing the pseudo-inverse.
This leads to some striping and oscillations in the reconstructed sky maps. Then we introduce a
smooth threshold, for which the eigenvalues are smoothly decreasing for elements larger than the
relative or absolute threshold. In chapter 5, we will show the comparison of reconstructed map
with sharp and smooth threshold.

A review on the Moore-Penrose pseudo inverse computation and properties can be found in
[9]. Once all the sky spherical harmonics coefficients are determined by solving all the m-modes
systems, we can compute the sky map Î(~̂n) by performing an inverse Spherical Harmonics Trans-
form (SHT) on the estimated spherical modes coefficients [Î(`)]m.

Table 3.1 shows a few examples of the SVD computation for the pseudo-inverse (N
−1/2
m Lm)−1/2

matrix for the PAON4 configuration. In this table we show for the selected m mode the largest
eigenvalue, the threshold value, and the number of non-zero eigenvalues, i.e. the number of eigen-
values which are above the threshold ( eigenvalues below threshold are set to zero to avoid contam-
ination by numerical error). The threshold is different for each case, because the largest eigenvalue
is different, and we see that among the examples listed here the threshold values change, implying
that most are determined by the relative criterion, i.e. that the eigenvalue must be less than 0.02 of
the largest eigenvalue. As m increases, the non-zero modes decreases, eventually reaching 0.01,
which is the absolute threshold adopted here. We have also tried to vary the threshold a bit, such
variations affect the number of non-zero modes, but not by much as long as we try to keep the
numerical solution stable.
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3.6 Various indicators

3.6.1 Reconstructed maps and PSF

The Lm matrices depend only on the array configurations or baselines, individual antenna beams
and the scanning strategy, so Hm also depends on these. It does depend on the noise covariance
matrix structure, but not on its values. For instance, the Hm remains unchanged if we change
the total survey duration, or the system temperature for all feeds, without changing the array
configuration (baselines and number of redundant baselines), or the scanning strategy, i.e. how the
fraction of the total survey time spend on each declination. So, once the Hm are computed, we
can apply them to different input visibilities to reconstruct different sky maps:

• To obtain the instrument response to a point source, which corresponds to the PSF (Point
Spread Function) or the instrument beam, we reconstruct the maps from mock visibilities
computed from input maps containing point sources at different declinations. The PSF is
independent of the right ascension, but varies for different declinations.

• Starting from an input sky map, we can compute its decomposition into spherical harmonics
(I(`,m)) using the SHT. Then using the Lm matrices computed by the map-making tools,
we can compute the visibility matrices, with or without adding noise. Applying the Hm

to a set of such mock visibility data, we can reconstruct the sky maps as seen by an transit
interferometric array. For demonstrations in this thesis, we have used the Leiden-Argentina-
Bonn(LAB) survey [60] for the sky emission at 21-cm (Galactic HI). The LAB data has been
used to create spherical maps at several frequencies, suitable for processing by our software
tools. The sky emission brightness map at 21-cm (1420.4 MHz) in equatorial coordinates
used in this thesis is shown in the top panel of figure 3.6.1. For the radio continuum which
is dominated by the Galactic synchrotron emission at the relevant frequencies, we have
used full sky maps generated by the Global Sky Model (GSM) [29]. We will consider the
continuum radiation at 1250 MHz (bottom panel of Fig.3.6.1), so we could see the system
response and map making at different frequencies.

• We can also compute pure noise maps, if the input visibility vectors contain contribution
from noise only. These pure noise maps can be used to compute survey noise power spec-
trum, as an alternative to using the noise covariance matrix (see section 3.6.3 below). To
limit statistical fluctuations, we generated 50 random noise maps from noise-only visibilities
for computing noise power spectra.

We have used spherical maps with HEALPix pixelization scheme [45] for the reconstructed
maps presented in this thesis, although two other pixelization schemes are currently provided by
SOPHYA and could be used by the map making software. We have checked that the results are not
sensitive to `max and the corresponding HEALPix nside parameter as long as the map resolution is
at least a factor 2 higher than the synthesised beam resolution:

`max & 2πDarray

λ
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Figure 3.6.1: Input maps for our simulation. Top: the sky brightness temperature at 1420.4 MHz
(21-cm) from the LAB survey; Bottom: the sky brightness temperature at 1250MHz (radio con-
tinuum) computed using the GSM model.
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where Darray is the diameter of the disk covering the full array. For PAON-4 with Darray ∼ 18 m,
`max = 750 and nside = 256 would be more than enough for reconstructing maps. However, The
Tianlai circular array configuration with Darray ∼ 40 m requires `max & 1200. We have thus used
`max = 1500 and HEALPix nside = 512, corresponding to a pixel resolution of ∼ 6.9 arcmin, for
most of the results presented in this thesis.

3.6.2 Instrument response and transfer function

The m-mode reconstruction matrix Rm ≡ (HmLm) tells us how the estimated sky spherical
harmonics coefficients (Î(`,m)) are related to the true sky ones (I(`,m))

[
Î(`)

]
m

= Rm [I(`)]m (3.6.1)

Ideally, if Rm = I where I is the identity matrix, then we would be able to recover the sky
spherical harmonic m-mode completely from the observations. However, in reality this is not
possible. Although each m mode is measured independently for a full circle transit observation,
for each given m the different ` coefficients are still correlated, the physical measurement data is
a mix of different ` mode contributions. The Rm matrix gives the window function in `-space
for the estimated sky. We can define the core response matrix R by extracting the diagonal terms
from individual Rm matrices:

R(`,m) = Rm(`, `)

For reconstruction, the R(`,m) is insufficient and the original Rm matrices are needed, but the
R(`,m) matrix can give some idea of how well an (`,m) mode is measured with the given array,
so it can help us to see the effectiveness of our reconstruction in the (`,m) space.

We can further compress the response function by computing the transfer function, which is
defined by the average over the m-modes from the response matrix R,

T (`) = 〈|R(`,m)|〉m (3.6.2)

Let’s consider visibilities corresponding to an input white noise map, without any additional noise
(σnoise = 0)

〈|I(`,m)|2〉 = C in(`) = const

〈I(`,m)
(
I(`′,m′)

)∗〉 = δ``′,mm′ C
in(`)

if we reconstruct the map from such visibilities and compute the reconstructed map power spec-
trum, we can write it as:

〈
[
Î(`)

]
m

[
Î(`′)

]†
m
〉 = 〈Rm

[
I(`)in

]
m

[
I ′(`)in

]†
m

R†m〉
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where † denotes Hermitian conjugate (transpose and complex conjugate). Noting that Rm are
projector matrices.

R†m = Rm

R†mRm = L†mH
†
mHmLm = HmLm = Rm

and that for a white noise input map, the covariance matrix in spherical harmonics space is pro-
portional to the identity matrix I:

〈[I(`)]m
[
I(`′)

]†
m
〉 = const× I

we obtain that:
〈|Î(`,m)|2〉 = Rm(`, `)C in(`) = R(`,m)C in(`)

So, if we compute the reconstructed map power spectrum by averaging |Î(`,m)|2 over all m-
modes, the ratio of the reconstructed map angular power spectrum, to the input map flat angular
power spectrum would be equal to the transfer function defined above:

Crec(`) = 〈|Î(`,m)|2〉m −→ T (`) =
Crec(`)

C in(`)

where Crec(`) is the power spectrum of the reconstructed map, computed from visibilities corre-
sponding to the observation of a white noise sky, and C in(`) = const denotes the input sky flat
power spectrum. The computation of the transfer function from reconstructed map power spec-
trum proves easier to use when additional filtering in the (`,m) plane or masking in angular space
is applied after the Î(`,m) computation stage.

If we consider a masked sky map, a spherical map where pixels outside the observed area are
put to zero, the computed variance of pixel values is lowered by a factor ∼ fsky, where fsky =
Ωobs/(4π) is the observed fraction of the full sky area. We expect thus to obtain transfer functions
with levels close to fsky.

It should be noted that the cosmological signal is characterised by its 3D power spectrum
P (k), which determines the signal power spectrum Csig(`) for frequency shells reconstructed by
the map making process. The transfer function can be used to compute the observed signal power
spectrum for each frequency shell, Cobs(`) = T (`)× Csig(`). In the absence of foregrounds, the
comparison between the expected observed signal power spectrum Cobs(`) and the noise power
spectrum (section 3.6.3 below) is the main tool to estimate the ability of a given instrument to
measure a signal characterised by its power spectrum.

3.6.3 Error covariance matrix and noise power spectrum

If we consider the reconstruction of sky spherical harmonics coefficients from pure noise visibil-
ities (Ṽij = ñij), the covariance matrix Covm(`1, `2) of the estimator Î(`,m) for each mode m
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can be computed from the Hm matrix and the noise covariance matrix:

Nm =
[
Ṽij
]
m
·
[
Ṽij
]†
m

Covm(`1, `2) = 〈
[
Î(`)

]
m
·
[
Î(`)

]†
m
〉

= HmNmH†m

The covariance matrix is not diagonal, especially due to partial sky coverage in declination.
However, if we ignore this correlation and use the diagonal terms only for each m mode, we can
gather them together to create the σ2

I(`,m) variance matrix. This matrix informs us on how well
each (`,m) mode is measured. This noise variance matrix can then be used in subsequent pro-
cessing steps, for example to throw out modes with large errors, or by applying weights inversely
proportional to the error variance. We can even compress further this information by computing
the noise power spectrum:

σ2
I(`,m) = Covm(`, `) (3.6.3)

Cnoise(`) = 〈σ2
I(`,m)〉m (3.6.4)

As pointed out in the previous section, we can also compute noise maps by applying the Hm

matrices to noise only visibility. We can then use the reconstructed maps to compute the noise
power spectrum, which is identical to the one obtained directly from Eq.(3.6.4). However, the
noise maps can still prove useful for computing the noise power spectrum when further filtering
in angular or spherical harmonics space is applied.

As mentioned earlier, the Hm matrix does not change if the visibility noise matrix is scaled.
The map making is thus performed with a value of visibility time sample noise σnoise = 1K. To
compute the noise level for a given survey, the noise covariance matrix is rescaled by the effective
σnoise. To compute this value, we take into account the system temperature Tsys, the total survey
time tsurvey and the frequency band ∆ν for each sky map. The number nt of time samples for
the visibilities for a 24 hours constant declination scan is fixed by the maximum value of m, with
nt = 2mmax, as the m-modes visibility vector and time indexed visibilities are related by an
FFT. mmax is itself equal to the `max which has to be chosen so that `max & 2πDarray

λ . For the
survey strategies discussed in this thesis, we have distributed the observation time evenly among
all constant declination scans. The effective σnoise for measured visibility time samples can then
be written as a function of integration time per time sample tint:

σ2
noise =

2T 2
sys

tint ∆ν
(3.6.5)

tint =
tsurvey/Days

nδp
× 24× 3600

2mmax
(3.6.6)

As pointed out above, the variance of masked map is lower by a factor fsky compared to
the corresponding full map. In order to make the noise power spectra comparable for the dif-
ferent configurations, all the noise power spectra shown in this thesis are rescaled according to
Cnoise(`)× (1/fsky), where Cnoise(`) is computed from eq. 3.6.4.



3.7. EXTENSION TO POLARISATION 69

3.6.4 Filtering in (`,m) space and angular masking

Once the sky spherical harmonic coefficients are computed by the map making process described
above, it is possible to apply additional filters, either in the Fourier space ((`,m) plane) or angular
space. These filters can be used for example to decrease the noise level in the final sky map, by
ignoring or damping modes with high noise, the noise variance matrix being the key tool to design
such filters. Another possible application would be to correct the instrument response frequency
dependence, in which case the R matrix or the full response matrix Rm would be the key tool.

Finally, optimal filters for component separation and cosmological signal extraction could be
designed by the simultaneous use of the instrument response, noise covariance matrix, statistical
knowledge of the signal and the foregrounds. The discussion of such optimal filtering methods is
beyond the scope of this thesis. Here, we will apply a simple mask with sharp edges in declination
to define precisely the fiducial sky region, and we also consider two simple noise-reduction filters
described below.

The first simple filter we consider is W1(`,m), which uses the noise variance matrix σ2
I .

W1(`,m) =

{
1, if σ2

I(`,m) < σ2
thr;

1
σ2
I(`,m)

, if σ2
I(`,m) > σ2

thr.

The threshold σ2
thr is defined as K σ2

min where σ2
min denotes the minimum value of the noise

variance matrix, and K a constant factor. A value of K = 50 has been used for the examples
shown in this thesis. This filter suppresses modes with very large errors.

A second filter we consider is the weight function W2(`), independent of m. This second
weight function is used to reject high noise modes at high ` near the edge of instrument sensitivity
region, and also the low ` modes when the autocorrelation signal is not used:

W2(`) =





(
1 + e

`−`A
∆`A

)−1

, With−AutoCorr;
(

1 + e
`−`A
∆`A

)−1

×
(

1 + e
`B−`
∆`B

)−1

, No−AutoCorr.

The filter parameter `A,∆`A, `B,∆`B are determined empirically. For the case of PAON-4,
`A = 440 , ∆`A = 15, `B = 90 , ∆`B = 10. For the Tianlai circular dish array case (`A =
1050 , ∆`A = 15, `B = 120 , ∆`B = 10) . Fig. 3.6.2 shows the weight function W2(`) for these
two cases.

3.7 Extension to polarisation

The formalism presented before deals with unpolarised sky signal which is suitable for the descrip-
tion of the cosmological 21-cm emission. However, it is well known that most RFI are strongly
polarised, as well as components of the foregrounds emission, in particular emission from com-
pact radio sources [33] or the synchrotron emission of our own galaxy. For polarised emission,
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Figure 3.6.2: Weight functionW (`) applied to computed Î(`,m). The black curve suit for PAON4
with autocorrelation, while the red curve suit for PAON4 without autocorrelation. The blue curve
is for Tianlai dish array without autocorrelation.

the Faraday rotation due to the interstellar magnetic field imprints frequency dependent structures
on the polarised emission, increasing foreground separation difficulty. The reconstruction of the
polarised sky emission maps is thus mandatory for intensity mapping project. In this section we
describe briefly how the method described in this thesis and the corresponding code can be ex-
tended to handle reconstruction of polarised brightness maps from polarised visibility signals. We
largely follow the results given in the reference [97].

Polarisation characterises the vectorial nature of electromagnetic (EM) radiation, representing
a fundamental property separate from its frequency and intensity. The polarisation of an antenna
refers to the orientation of the electric field of the radio wave with respect to the Earth’s surface
and is determined by the physical structure of the antenna and by its orientation. We assume that
each antenna is equipped with dual polarisation receivers, measuring two orthogonal linear polar-
isations (x̂, ŷ) of the incoming electromagnetic field [18], for example a component x̂ parallel to
the horizontal plane ŷ parallel to the meridian plane. The measured electric signal for each polar-
isation is a combination of the corresponding projection of the electric field contributions coming
from different and incoherent directions of the sky. The polarization state of electromagnetic
waves is often described using a 4-element column vector corresponding to the Stokes parameters
S = (I,Q, U, V )T where superscript T denotes the matrix transpose. If ex and ey denotes the two
electric field components transverse to the line of sight, one gets

I = 〈exe∗x〉+ 〈eye∗y〉 Q = 〈exe∗x〉 − 〈eye∗y〉
U = 〈exe∗y〉+ 〈eye∗x〉 V = −i(〈exe∗y〉 − 〈eye∗x〉) (3.7.1)

where the 〈〉 denotes a time average, and we have omitted the direction (~ω) dependence for sim-
plicity. The visibilities Vpi,pj have to be computed for all signal pairs, (pi, pj) indices identifying
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the antenna pair (i, j), as well as the polarisation probe x or y. The full set of visibilities Vpi,pj
can be split in two sets: x and y polarisations auto and cross correlations Vxxij ,Vyyij and cross po-
larisation visibilities Vxyij ,V

yx
ij . For an array with N dual polarisation receivers, there will be a

total of 2N2 visibilities, corresponding to 2N autocorrelations for the x and y polarisation sig-
nals, N (N−1)

2 cross correlations visibilities for each of xx and yy polarisation signal pairs, and N2

2
visibilities for each of the cross polarisation xy and yx pairs.

Vpi,pj =
[
Vxxij ;Vyyij ;Vxyij ;Vyxij

]
(3.7.2)

pi = {(i, x), (i, y)} pj = {(j, x), (j, y)} (3.7.3)

The generalization of Eq. 3.1.2 reads

Vpipj =

∫∫ ∑

a

Lapipj (~ω)Sa(~ω) d~ω (3.7.4)

where the sum on index a runs over the four Stokes parameters. The four beams

Lpipj =
{
LIpipj , L

Q
pipj , L

U
pipj , L

V
pipj

}

are a generalisation of the beam pattern of Eq.(3.4.6) that takes into account the response of each
of the two linear polarisation probes of the feed, including the response to the incoming electric
field signal, as well as all possible leakage sources from one polarisation to the other. It might
include other effects impacting polarisation measurement, such as polarisation direction rotation or
leakage due to the atmosphere and/or earth magnetic field. The Stokes parameters decomposition
requires spin-weighted spherical harmonics [115] with spin-0 for I and V and spin-2 (sY`m) for
Q and U . From the two real quantities U and Q, we define two complex linear combinations, and
corresponding spherical harmonics coefficients: Q̄ = (Q+ iU)/2 and Ū = (Q− iU)/2:

I(~ω)
0Y`m−−−→ I`m Q̄(~ω)

+2Y`m−−−−→ Q̄`m
Ū(~ω)

−2Y`m−−−−→ Ū`m V (~ω)
0Y`m−−−→ V`m (3.7.5)

The angular responses of the polarised beam L may also be decomposed in spherical harmonics.
As for the Stokes parameters, we define linear combination of Q and U beams: LQ̄ = LQ − iLU
and LŪ = LQ + iLU to match the definition of Q̄ and Ū respectively.

LIpipj
0Y`m−−−→ Lpipj ;`m LQ̄pipj

−2Y`m−−−−→ LQ̄pipj ;`m
LŪpipj

+2Y`m−−−−→ LŪpipj ;`m LVpipj
0Y`m−−−→ LVpipj ;`m (3.7.6)

Using the symmetry property of spin-2 spherical harmonics sY
∗
l,m = (−1)s+m−sYl,−m, and the

orthogonality of the spin-weighted spherical harmonics, the extension of Eq.(3.4.8) reads

Vpipj =
∑

ml

(−1)m
(
LIpipj ;`,−mI`m + LQ̄pipj ;`,−mQ̄`m

+LŪpipj ;`,−mŪ`m + LVpipj ;`,−mV`m
)

(3.7.7)
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It is convenient to decompose Q̄ and Ū with the gradient (E) and curl (B) components and the
corresponding beams Lpipj

Q̄`m = −E`m − iB`m LQ̄pipj ;`m =
(
−LEpipj ;`m + iLBpipj ;`m

)
/2

Ū`m = −E`m + iB`m LŪpipj ;`m =
(
−LEpipj ;`m − iL

B
pipj ;`m

)
/2 (3.7.8)

Then,

Vpipj =
∑

m`

(−1)m
(
LIpipj ;`,−mI`m + LEpipj ;l,−mE`m

+LBpipj ;l,−mB`m + LVpipj ;l,−mV`m
)

(3.7.9)

As all Stokes parameters are real functions then Ū∗(~ω) = Q̄(~ω) and this leads the relation in
harmonic space Q̄`m = (−1)mŪ∗l,−m and to relations which extend the case of I`m as

Xl,−m = (−1)m X∗`m X ∈ {I, E , B, V} (3.7.10)

So, one can extend both the Fourier decomposition Eq. (3.4.11) as well as the positive and
negative m-mode separation Eqs. (3.4.12), (3.4.13).

Ṽpipj (m) =

+`max∑

`=|m|

∑

X
(−1)mLXpipj ;l,−mX`m (3.7.11)

Ṽ∗pipj (−m) =

+`max∑

`=|m|

∑

X
LX∗pipj ;l,mX`m (3.7.12)

with X = I, E ,B,V .
Extending our map making software to perform computation for the polarised case would be

rather straightforward, except maybe for the computation of the polarised beams
{
LIpipj , L

Q
pipj , L

U
pipj , L

V
pipj

}
,

from individual feed polarised beam responses. The implementation of the extension is postponed
to future work.



Chapter 4

Application to different dense
configurations

In this chapter, we apply the formalism developed in the last section to both dish array and cylinder
array configuration.

4.1 Application to PAON-4

In this section, we apply the formalism developed in the last section to the PAON-4 case, and also
compare it with the compact 2× 2 array and large single dish.

However, in order to provide clues for understanding a given instrument response and the
impact of various parameters, we first discuss the features of response matrices Rm,R using some
specific cases, in particular a non-compact 2× 2 array. This will also illustrate why we choose the
very compact array layout for PAON-4 and Tianlai. Before applying the full 2D reconstruction
method to PAON-4 and Tianlai configurations, we have trid to illustrate some of the features
associated with interferometric reconstruction from visibilities in Appendix A.

4.1.1 Beams and response matrix features

The antenna pair beam patterns are the key elements to understand the complete instrument re-
sponse. We shall thus present briefly the characteristics of a few beams before discussing the in-
strument response matrix features. Figure 4.1.1 shows the beam patterns L`,m for a few configura-
tions (baselines and declinations) for dishes with effective diameter Deff = 4.5 m and λ = 21 cm.
If the antenna is pointing toward the north (or south) pole, and assuming a axisymmetric feed
response around the dish axis, the beam in the (`,m) plane would only have non zero coefficients
for m = 0 and for ` . 2πDeff/λ. However, if the antenna axis is pointed to another direction,
then the beam will have non zero coefficients for m 6= 0. This can be seen for example on the top-
left panel of fig. 4.1.1, which represent the single dish (auto-correlation) beam with the antenna
axis in the equatorial plane (δ = 0). We see that the beam pattern covers a triangular shaped area

73
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Figure 4.1.1: The beam patterns in spherical harmonics L`,m with dish size D = 4.5m. Top left:
auto-correlation located at equator; top right: cross-correlation beam from a pair of dish in North-
South direction with dsep = 7m located at equator; bottom left: cross-correlation beam from a pair
of dish in East-West direction with dsep = 7m located at equator; bottom right: cross-correlation
beam from a pair of dish in East-West direction with dsep = 7m located at declination δ = 60◦.
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Figure 4.1.2: Examples of Rm matrix. Here we assume that the band-like region between 35◦23′

and 59◦23′ is surveyed. Top: the Rm matrix for an auto-correlation of a single dish with Deff =
4.5m. Top Left: m = 0; Top Center: m = 50; Top Right: m = 100. Bottom: the Rm matrix
for an auto-correlation of a pair of dishes in EW baseline and dsep = 7m. Bottom Left: m = 50;
Bottom Center: m = 100; Bottom Right: m = 250.

in the (`,m) space, due to pointing at the equator, the beam coverage extends to the maximum
allowed m value, i.e. m = `. For pointing to an arbitrary direction defined by the declination δ,
the bound would actually be m = ` cos δ. As expected, we can see also that the beam falls off
beyond `max ∼ 2πDeff/λ ∼ 135.

For cross correlations, we expect the beam center to be given by (`,m) = (2π|~u|, 2πu cos δ),
where ~u ≡ (u, v,w) = (∆x/λ,∆y/λ,∆z/λ). For an antenna pair separated by an east-west
baseline, the beam has a crescent shape, with m ≈ ` cos δ and centered at (`0 ∼ 2πdsep/λ,m ∼
`0 cos δ). This is shown on the bottom left and bottom right panels, for an east-west baseline
with dsep = 7m and for declinations δ = 0◦ and δ = 60◦ respectively. By contrast the north-
south baseline (top right panel) is mildly sensitive to the sky intensity variations along the East-
West direction; the beam pattern is centered at m = 0, but is shifted along the ` direction to
`0 ∼ 2πdsep/λ ∼ 210, and the extension along m-direction (−mmax < m < +mmax) is given
by the dish size mmax ∼ 2πDeff/λ ∼ 135.

To gain a better sense of the reconstruction, we plot in Fig.4.1.2 the Rm matrix for a few m
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values, and for a sky survey area similar to the PAON-4 case, i.e 35◦ . δ . 59◦. The top panels
show the case of a single dish (Deff = 4.5m) auto-correlation, with m = 0 (top left), m = 50 (top
center) and m = 100 (top right). For the m = 0 case, in principle the Rm(`, `′) matrix can have
infinite range of `, `′, but at large `, `′ the beam response function L`,m becomes very small, and
in our inversion procedure such modes would be below the threshold and cut off. We see that the
R0(`, `′) effectively cuts off for `, `′ > 135. For the m = 50 and m = 100 cases, the ` and `′ are
limited to within m ≤ `, `′ ≤ m/ cos δ, where in this case δ ∼ 59◦. For very large m values, the
beam response function L`,m becomes very small, so that all such Rm matrix would become zero.

The bottom panels of Fig. 4.1.2 show the Rm matrix for the case of a single EW baseline of
dsep = 7m, with m = 50 (bottom left), m = 100 (bottom center) and m = 250 (bottom right).
Here we note that for m = 0 mode the Rm matrix would be zero, as the response function for this
baseline is non-zero for a spot along the line m = ` cos δ (see fig. 4.1.1). For Deff = 4.5m and
dsep = 7m, the beam response is negligible out the `-range 50 . ` . 350. Again, for given m
within this range, the distribution of ` and `′ is limited by m < `, `′ < m/ cos δ.

In both cases, we see that Rm matrices have band structures along the diagonal, with width
increasing at highm. When the survey area increases and a larger declination band is observed, the
width of the band along the diagonal of the response matrices decreases. For a full sky coverage,
the response matrix becomes diagonal.

Below, we shall analyse the compressed response matrix R which gathers the diagonal terms
of Rm (eq. 3.6.2). As an example, let us consider a 2 × 2 array here, where four dishes of 5
m aperture are arranged on the four corners of a square, with the side length of the square to be
15m. However, the visibility of the two diagonal baselines are related by complex conjugate in the
(`,m) space:
VSE−NW (`,m) = VSW−NE(`,−m) = V †SW−NE(`,m),
so in Fig.4.1.3 we will see these two baselines appear to occupy the same region in the (`,m)
space.

To show how R(`,m) matrix will look like for the transit observation of a narrow strip along
a constant declination line, as would be achieved by a single pointing of the dish array, and show
also the effect of observations at different declinations, we plot the R matrix in logarithmic color
scale in fig.4.1.3, for two constant declination scans, one at δ = δ1 = 35◦23′ and another at
δ = δ2 = 59◦23′. These two declinations correspond to the edges of the sky region that would be
covered by the PAON-4 observations. We can easily see on the figure two set of covered regions,
corresponding to the two declinations. Each baseline for each pointing covers one distinct region
in the (`,m) space, as expected from the beam shapes discussed above (fig. 4.1.1).

We can distinguish four pieces regions in figure 4.1.3: the wing-shaped regions near the origin
(`,m) = (0, 0) are derived from the auto-correlation signal, with the two intensive stripe of m =
` cos δ for the two declinations, the δ = δ1 = 35◦23′ on the outer side.

The region around (` = 450,m = 0) obviously corresponds with the North-South baseline
with dsep = 15m. Here the two pointings are largely coincident with each other, except that the
35◦23′ one extends further in the m direction. We also see that the region spread is ∆` ∼ 150, so
∆`/`c ∼ D/dsep. The EW baseline corresponds to the two narrow strips centered at the same `
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Figure 4.1.3: The R matrix for 4 dishes with 15m baselines and pointing at 35◦23′ and 59◦23′.

but with m = ` cos δ, with some fringes within (i.e. m < ` cos δ) region. The diagonal baselines
correspond to the region with same m as the EW baseline but larger `. As we noted earlier, in
this case the visibilities of the two diagonal baselines are exactly complex conjugates, so in the
R(`,m) matrix they occupied the same region.

Having discussed the compressed response matrix for the two scan case, we turn now our
attention to the case of the survey of a continuous band from δ1 = 35◦23′ to δ2 = 59◦23′ with
the same array configuration (2 × 2 and dsep = 15m). The corresponding R(`,m) matrices for
two observing frequencies, 1420MHz and 1250 MHz, are represented in figure 4.1.4. Here the
color scales are linear. With the wider band of sky, the R(`,m) matrix can be regarded as the
superposition of the individual narrow strips, the covering of the sky by the individual baselines
are still distinctly seen. We also note the region due to autocorrelation shows a ”highlighted”
region between m = ` cos 35◦23′ and m = ` cos 59◦23′, but there is also some finite values
within the region m < ` cos 59◦23′ due to the superposition.

At the two frequencies, the general shape of the R matrices are similar, but shifted in posi-
tion. This is expected, as the (`,m) individual beam positions and extensions vary as 1/λ. With
a separation distance dsep ∼ 3D, there are large uncovered regions in the (`,m) plane, which is a
problem for 21cm intensity mapping observations. Indeed, the number of (`,m) modes simulta-
neously measured at different frequency would be smaller than a configuration covering the plane
fully, which would lead to stronger beam frequency dependence and mode mixing.

4.1.2 PAON4 beam and (`,m) plane response

Traditionally, interferometer arrays are employed to achieve high angular resolution, which re-
quires long baselines. However, as shown above, with long baselines there are inevitably holes on
the (u, v) or (`,m) plane which will not be covered during observations, hence the correspond-
ing Fourier modes are not measured, as demonstrated in Fig. 4.1.4, where the shortest baselines
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Figure 4.1.4: The R(`,m) for 4 dishes with 15m baselines observing at 1420 MHz (top) and 1250
MHz (bottom) for the survey of the region with 35◦23′◦ < δ < 59◦23′◦.
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Figure 4.1.5: Comparison of the PAON-4 synthetic beam(left panel) with that of the compact 2×2
array (center panel) and the D=15.5 m single dish (right panel).

are 15m. For sparse images, e.g. a sky dominated by point sources, good image reconstruction
might still be achievable. However, for reconstructing the diffuse intensity distribution such as the
21cm, this will be a major obstacle, especially because at different frequencies ν, the missing or
unobserved modes would be different, making it hard to separate the cosmological 21cm signal
from the strong continuum foreground. If the baselines are sufficiently short, then at least within
certain spatial frequency ranges, the (`,m) plane sampling would be complete, and a better sky
reconstruction becomes possible. That’s why we shall consider more compact arrays below.

We note that the separation between the PAON-4 dishes are small, only slightly longer than
the closest-packed configuration. We also compare it with a compact 2 × 2 regular array with
dsep = 7m and a D=15.5-meter diameter single dish (Deff = 14 m).

For the PAON-4 and a survey composed of 25 constant declination scans, a total of 175 (150
without auto-correlation) beams are used for the map making, compared to 125 (100 without auto-
correlation) for the 2 × 2 case. The survey for the large single dish is composed of 79 constant
declination scans, corresponding to a total of 79 beams for the survey.
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Figure 4.1.6: Comparison of R matrix for PAON-4 (left), 2× 2 (center) and D=15.5 m single dish
(Deff = 14 m) configuration (right)

Figure 4.1.7: The matrix R with (top) and without (bottom) auto-correlations for the PAON-4
case, with 1420 MHz (Left), 1250 MHz (Middle) and 1200 MHz (Right) frequencies.
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We calculate the beam, or the response to a point source from the full sky reconstruction,
as described in section 3.6.1 for the PAON-4, 2 × 2 and large single dish configurations. The
reconstructed beam depends slightly on the source declination, the beams shown here correspond
to the central declination of observation, i.e. 47◦ N. Figure 4.1.5 shows the 2D beams for the
PAON-4 case (left panel) compared with the two other configurations: the 2 × 2 array (center
panel) and the D=15.5 m single dish (right panel). One can see that the PAON-4 beam has a
hexagonal symmetry, generated from the product of triangular symmetry and reflection symmetry,
which is much more circular in shape than the 2 × 2 (configuration b), and its resolution is also
slightly better than the D=15.5 m single dish (Deff = 14m).

Figure 4.1.6 shows the response matrix R(`,m), defined in equation (3.6.2) for PAON-4,
compared with the compact 2×2 array and the single dish configurations. In last chapter, we have
already discussed the behaviour of the R(`,m) matrix for individual baseline and for individual
pointing, as well as the cases of an 2 × 2 array with longer baselines. With insight gained from
that exercice, we can analyse the R matrices here, which to a good approximation is the linear
superposition of different baselines and individual pointings.

The R(`,m) for the single dish is very simple, which has a triangular shape. In the present
case it extends to higher `,m, with the maximum determined by `max = 2πDeff/λ ≈ 420 but
otherwise similar to the auto-correlation for the small dish discussed before. The triangle is
bounded by m = cos 35◦23′` ≈ 0.83`, and inside the triangle there is an inner boundary at
m = cos 59◦23′` ≈ 0.51`, which is marked by a clear inner boundary, and the R(`,m) is largest
within the two boundaries. However, the superposition of the stripes also fill up the region with
m < cos 59◦23′` ≈ 0.51`. This is reasonable, for the modes in this part of (`,m) space are basi-
cally modes along the NS direction, for which the information is available with the superposition
of many narrow strips along the latitude, but would not be available for a single narrow strip.

Compared with the non-compact 2 × 2 array with longer (15m) baselines, the compact 2 × 2
array considered here has shorter baselines, so that the region for the NS and EW baselines overlap
with each other and also with the auto-correlation part. The diagonal baselines are also there, with
m similar to the EW baseline but with larger `. Thanks to the overlap, now the (`,m) modes up
to certain (`max,mmax) can be measured completely with this array configuration.

For the PAON-4 array, there are six independent baselines, so the coverage in the (`,m) space
is more complicated, but generally the regions are better covered, and actually extend to higher `
values and larger area in the (`,m) plane. The little hole in the region (150 < ` < 250,m ∼ 0)
is due to the lack of a short north-south baseline with d ∼ 6m, and the uncovered area around
(` ∼ 400,m ∼ 120) is due the lack of a baseline close to dNS ∼ dEW ∼ 6m.

In Fig.4.1.7, we plot the R matrix for the PAON-4 array with three different frequencies: 1420
MHz, 1250 MHz and 1200 MHz, so as to have a better idea of how the mode reconstruction
changes at the different frequencies. The general shape of the covered (`,m) regions are similar,
but at lower frequency, due to the lower angular resolution, the covered regions are smaller.
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Figure 4.1.8: Comparison of the error variance matrix for PAON-4 (left), 2×2 (center) and D=15.5
m single dish (Deff = 14 m) configuration (right)

4.1.3 PAON4 noise power spectrum and transfer function

The auto-correlation signals are usually not used in interferometric observations. Indeed, the auto-
correlation signals are very sensitive to the variation of noise level, which can easily swamp the sky
signal. Only for the case of white stationary noise, the noise term in the auto-correlation contribu-
tion can be subtracted. For cross-correlations, the average contribution remains zero unless there is
a correlated noise source between the two different receivers: 〈ni ni〉 ∝ T 2

sys; 〈ni nj〉 = 0, i 6= j.
But as shown in Fig.4.1.7, without the auto-correlations, low spatial frequency modes are not
sampled, the reconstruction can not be done at small (`,m). Using small separation between the
dishes will help reduce the unobserved modes in the low (`,m) region. This is one of the reasons
why we use small dishes, and close packed array configurations, which also avoids the incomplete
coverage at higher (`,m).

We will discuss here the computed noise power spectrum and transfer functions for PAON-4
and the two other configurations, for map reconstruction when taking into account auto-correlation
visibilities (With-Autocorrelation) or ignoring these visibilities (No-Autocorrelation).

The noise level for visibility time samples are computed according to the equations (3.6.5)
and (3.6.6). As stated earlier, we have chosen `max = 1500 and HEALPix nside = 512 for the
reconstructed maps shown here. We consider thus that we have nt = 2mmax = 3000 visibility
time samples over 24 hours. For a total survey duration of tsurvey = 175 days (6 months), each
δ − scan would be repeated 7 times, leading to a total integration time of tint ∼ 201.6 s per time
sample. Assuming a system temperature Tsys = 100 K and ∆ν = 1 MHz frequency bin width,
we obtain a noise level of 9.96 mK for the PAON-4 and 2× 2 cases.

For the single dish case, each of the 79 scans would be repeated twice, leading to a total survey
duration of 158 days, slightly shorter than the PAON-4 and 2 × 2 array survey time. Each time
sample would have a total integration time of ∼ 58 s, leading to a noise level of ∼ 18 mK for the
single dish case.

Figure 4.1.8 shows the error covariance matrix, defined in equation (3.6.3), for the PAON-
4 (left), 2 × 2 (middle) and 14m single dish (right) survey. In these maps, we have set a very
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Figure 4.1.9: Comparison of the transfer function T (`) (left panel) and the noise power spectrum
Cnoise(`) (right panel) for PAON-4 array in red, compact 2 × 2 array in blue and the single dish
in black. Solid lines: map-making with auto-correlations, Dashed lines: map-making without
auto-correlations.
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Figure 4.1.10: Comparison of the transfer function T (`) after filetering and masking (left panel)
and noise power spectrum Cnoise(`) after filtering and masking (right panel) for PAON-4 in red,
compact 2 × 2 in blue and single dish in black. Solid lines: map-making with auto-correlations,
Dashed lines: map-making without auto-correlations.
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large error for all points with no data at all, so that the regions which are well-measured (low
noise) are represented by dark color. We can see that there are some similarities in the distribution
with the R(`,m) matrix, but unlike the R matrix distribution, which is fairly smooth, here we
see a lot more variations in the distribution, as weights also goes into the number of redundant
baselines. The single dish survey is still the simplest, it achieves uniformly low-noise measurement
for ` < 300, but the error blows up at ` > 350. Interestingly, there is a fairly large error at the line
m = ` cos 59◦23′. The (`,m) modes at m > ` cos 59◦23′ are measured primarily along the EW
direction within the survey region, and those modes withm < ` cos 59◦23′ are measured primarily
along the NS direction. However, the modes at m = ` cos 59◦23′ have relatively large error.

For the two arrays, the distribution is fairly complicated, though we can see where the R
matrix is substantial, the measurement error is also relatively small. The region around the center
(`,m) value for each baseline is a basin of low measurement error, separated by some watersheds
with larger errors. This is easy to see in the case of the 4 baselines of the 2 × 2 array (recall that
the two diagonal baselines coincides each other on the (`,m) map, when restricted to m ≥ 0 half
plane). For the case of the PAON-4 array there are six independent baselines, so the distribution is
even more complicated but can also be identified. As in the single dish case, along the watershed
at m = ` cos 59◦23′ the error is somewhat larger. The interferometers do probe higher ` region,
up to ` ∼ 500 in the case of PAON-4, but there are also some regions with no measurement. The
small value at the edge of large ` (bottom of the figure) is however an artefact of the computation
procedure: as the elements of the A matrix goes to zero, the corresponding elements in the pseudo-
inverse B are also set to zero, and as a result we see the response function and error drop to small
values at the edges, but this does not affect our final estimation of the measurement error.

In the left panel of Fig.4.1.9 we plot the power transfer functions computed from the R matrix.
As expected from the map-making algorithm used here, the transfer function is nearly constant
with respect to `, up to some `max between 300 and 400, above which it drops precipitously.
The single dish transfer function is very smooth, the two arrays have some small features, the
PAON-4 a slightly smoother than the 2 × 2 array. The value of the plateau region in the transfer
function (∼ 0.16) is determined by the fraction of mapped sky fsky, which is given by fsky =
1
2 (cos θ1 − cos θ2), where θ1 and θ2 define the declination range of the surveyed region.

The noise power spectrum can be calculated from the covariance matrix, and is plotted in
the right panel of Fig.4.1.9. For the single dish configuration noise power spectrum increases
smoothly with angular frequency (`), up to ` = 400, at which point it drops as the transfer function
vanishes. For the two arrays, without autocorrelations (dashed lines), the noise power spectrum
is zero at ` . 100 (θ & 2◦). The noise power spectrum for a reconstruction taking into account
autocorrelations is also shown, for which the small ` power is non-zero. The noise power generally
increases with ` until `max, where they also vanishes along with the transfer function. Again, the
PAON-4 and 2 × 2 configurations present some structures in the noise power spectrum Cnoise(`)
as in the transfer function. However, the Cnoise(`) curve for PAON-4 is smoother than that of the
2× 2 (b) configuration.

As discussed in section 3.6.4, additional filtering and masking can be applied after the de-
termination of the sky spherical harmonic coefficient to improve the result. This is illustrated in
figure 4.1.10, where the border pixels outside of the band 34◦23′ < δ < 60◦23′ are masked out,
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and a smoothing filter function W2(`) is applied to suppress some modes with high noises. The
transfer function for the 2 × 2 configuration present a dip around ` = 150, due to the high noise
modes around the (` = 150,m = 100) visible in the error variance matrix. This filtering enables
us to decrease significantly the noise level in the reconstructed maps, as shown in the map pixel
value histograms (Fig.4.1.11).

In Fig. 4.1.11 we compare the reconstructed temperature map pixel value histograms for
reconstruction from pure noise visibilities. The HEALPix pixellation scheme is used to define the
pixels, in which the total number of the pixels for the whole sky is 12nside

2, and the angular size
of each pixel is ∼

√
π/3nside

−1 rad. So for nside = 256, the pixel size is about
(

1
4

)2
deg2. The

black curve shows the pixel value distribution from the reconstructed map without any additional
processing (raw map). To reduce the noise, we may filter out modes with large noises. The
narrower red curve shows the distribution of a filtered map, which is obtained by applying the
angular plane masking and (`,m) filtering with `max ∼ 420. The half width of the distribution
decreases from 146 mK to 55 mK after the filtering, but at the expense of reduced (`,m) coverage.
However, note the pixel size is still smaller than the reconstructed beam width, so the neighbouring
pixels may be correlated. In the bottom panel, we show the pixel distribution for larger pixel sizes.
The blue curve represents the case of nside = 128 (with `max ∼ 375), and the magenta curve
represents the case of nside = 64 (with `max ∼ 190) respectively. The angular masking are
applied in both cases. The width of the distribution decreases to 45 mK for the nside = 128,
corresponding to 0.5 degree pixels, and 15 mK for the (nside = 64), for 1 degree pixels. These
values are consistent with simple estimates based on the expected noise in visibilities and the
reconstructed beam size.

4.2 Application to the Tianlai Dish Array

The method and analysis criteria presented above can also be applied to the Tianlai experiment,
and the insight gained from the analysis of the PAON-4 array in the previous section would be
useful for the understanding the bigger Tianlai 16-dish array response. As in the PAON-4 case,
we also have studied a number of configurations but we will focus here only on two configura-
tions, the regular 4 × 4 layout and a circular array layout, the latter (circular) being the current
Tianlai configuration 16-dish array configuration. The importance of carrying intensity mapping
observations with compact interferometric arrays, in order to ensure a complete sampling of the
(u, v) plane or (`,m) space have already been discussed in section 4.1.1. We have thus limited
our investigations to relatively compact dish array layouts.

Before discussing the beam pattern and map-making capability, we first consider the blockage
of the antenna with different separation scale dsep. For simplification, we treat the antennas as
circular dishes of 6m diameter placed on the same horizontal plane, aligned in the North-South
direction, and then we define the geometric blocking factor, which is the overlapped projected
cross section divided by the total area of the dishes. This ignores the effect of diffraction and
multiple overlaps, but is easy to compute. The blocking factor as a function of separation scale
dsep and zenith angle are shown in Fig.4.2.1 for the regular (left) and circular (right) arrays. The
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Figure 4.2.1: The blocking factor for the regular 4× 4 configuration (left) and the circular config-
uration (right) as a function of separation scale dsep and antenna pointing angle with respect to the
zenith.
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Figure 4.2.2: Comparison of Tianlai 16-dish configuration (circular) with a regular 4 × 4 array
(center). The beam for the Tianlai 16-dish circular configuration, without the autocorrelation sig-
nal is shown on the right panel. 4.4×4.4 deg2 high resolution area extracted from the reconstructed
maps, centered on a point source position.



4.2. APPLICATION TO THE TIANLAI DISH ARRAY 87

regular array generally have worse blocking as the antennas are aligned in the north south direction,
while for the circular array most dishes are not aligned along the NS axis.

Obviously at small zenith angle, i.e. when the dishes are pointed toward the zenith, they will
not block each other whatever the dsep value is. As the zenith angle increases, the dishes may
be partially blocked by its neighbours to the north or south, though for each dish the blocking is
different. For the circular configuration with the minimum 6 m separation, only at zenith angles
< 47◦ we can achieve blocking factor < 10%. However, when dsep increases, the same blocking
factor can be achieved at larger zenith angles. For example, at dsep = 9m, we read from the figure
that < 10% blocking factor can be achieved for observations with zenith angle up to 70◦, which
is more or less the maximum zenith angle observation foreseen with Tianlai. To minimize the
ground preparation work, we have tried a few different values of dsep around 9m and calculated
the positions of the antennas in the circular array configuration. Finally the value dsep = 8.8m,
has been chosen, which correspond to the current configuration.

4.2.1 The Tianlai dish array mid-latitude survey

Fig. 4.2.2 shows the reconstructed 2D synthesized beams, i.e. the reconstructed map for a point
source, for the rectangular array (Left panel), the circular array with auto-correlation included
(Centre panel) and the circular array without including the auto-correlation (Right panel). The
rectangular array exhibits a strong cross-shaped grating type pattern in its beam, while for the
circular array, the beam is nearly circular-symmetric. The beam formed with and without auto-
correlation signals are similar, with only subtle differences on large scales, so that using only
the cross-correlation signals would not much affect the observations except on very large angular
scales.

We plot in figures.4.2.3 the compressed response matrix R(`,m) (Eq. 3.6.2) for the 16-dish
(a) regular 4 × 4 array (top panels) and (b) circular configuration (bottom panels) and for two
frequencies: 1420 MHz (left panels) and 1250 MHz (right panels). As expected, the general shape
of the (`,m) space distribution is similar for the two frequencies, but with a wider area covered
in the (`,m) space at the higher 1420 MHz frequency. The R matrices have a triangular shape
with a cut off for ` . 70, as here we have used only the cross-correlations and neglected the error-
prone auto-correlations. We note that the triangles are bounded by m & cos 29.10◦` ≈ 0.87`
as in the 4-dish cases, and also the watershed along the line m = cos 59.10◦` ≈ 0.51`, but the
overall distribution is much more uniform than the 4-dish cases, as we have many more dishes and
baselines for either configurations.

The regular array is very similar to the 2× 2 array discussed earlier. Now we have both short
baselines in the compact 2×2 array and the long baselines in the non-compact 2×2 array. Again,
the “slanted” baselines, i.e. the baselines not in the due NS or due EW direction are symmetric with
respect to the NS line, so that each one would have a counter part with the same NS component but
inverted EW component, and the visibilities of these pairs would be complex conjugates so that on
the R(`,m) matrix they will coincide. In spite of the increase in the number of baselines, the cov-
erage in the (u, v) plane or (`,m) space is not very dense, we can see clearly some grid patterns in
the R matrix, e.g. at (`,m) = (185, 94), (414, 94), (668, 94), (414, 282), (556, 282), (764, 282)
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Figure 4.2.3: Comparison of the response matrix R(`,m) for the 4× 4 regular 16 dish configura-
tion (top) and the Tianlai circular 16 dish configuration (bottom) at 1420MHz (left) and 1250MHz
(right).
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Figure 4.2.4: Reconstructed map for the Tianlai-16 dish configuration (bottom) at 21 cm, and the
original 21 cm map (top) from the LAB survey. Modes with ` . 100 have been filtered out of
the LAB map. Only a band in declination 20◦ < δ < 70◦ is shown, the planned survey area is
30◦ < δ < 60◦ as discussed in the text.

for the 1420MHz case, and the slightly shifted counterparts in the 1250 MHz case.
In the Tianlai circular configuration there are not many due EW or NS baselines, and the outer

rings are not symmetric with respect to the NS line either. So the circular configuration of the
Tianlai array has a fairly smooth response in (`,m) space. Compared with regular configuration,
the circular configuration has larger overall coverage of the (`,m) plane. The regular array cover-
age extends down to ` ∼ 100, but at the large ` values (` > 800), it does not cover all m values,
only the region 300 < m < 650 are covered, while smaller and larger values ofm are not covered,
and even in the covered part we can see the coverage is fairly non-uniform. The circular configu-
ration, on the other hand, shows fairly uniform coverage up to ` ∼ 950, as we would expect from
its more uniformly distributed baselines. Also, compared with the 1420 MHz case, the covered
(`,m) region is smaller for the 1250 MHz case, reflecting the fact that at the lower frequency, the
angular resolution is lower. However, it still provides good coverage for a large part of the (`,m)
space, so that reliable measurements of the same spherical harmonics modes could be performed
at both frequencies.

The bottom panel of Fig. 4.2.4 shows the reconstructed map at 1420.4 MHz derived from sim-
ulated Tianlai 16-dish array observation with the configuration and survey strategy defined above.
As the auto-correlation visibilities have been ignored, the reconstructed map looks somewhat dif-
ferent from the original LAB map (figure 3.6.1), as large scale structures are not visible. However,
if we apply a high pass filter defined in section 3.6.4 to the LAB map:

W3(`) =

(
1 + e

`B−`
∆`B

)−1

, `B = 65,∆` = 10

we obtain a map which is very close to the No-Autocorrelation reconstructed map. The high-pass
filtered LAB map is shown in the top panel of figure 4.2.4, and we see that the reconstruction
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Figure 4.2.5: Comparison of the error variance matrix for Tianlai-16 dish circular configuration
(right) with a regular 16 dish 4× 4 array (left) at 1420MHz.
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Figure 4.2.6: The transfer function for the 16-dish regular (left) and circular (right) configurations.
The curves are purple: 1420MHz, red: 1250MHz, green: 1200MHz.
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quality is very good within the surveyed region, though of course at the boundary, it is degraded.
The survey around the zenith is composed of 31 constant declinations scans. We consider that

each δ-scan would be repeated 7 times, corresponding to a total survey duration of 31× 7 = 217
days. The total integration time for each visibility time sample would be tint ∼ 201.6 s for
nt = 2mmax = 3000. Using Eq.(3.6.5) and Eq.(3.6.6), and assuming a system temperature
Tsys = 100 K, and ∆ν = 1 MHz, we obtain a visibility noise level of σnoise ∼ 9.96 mK, similar
to the PAON-4 case.

Figure 4.2.5 shows the corresponding error variance matrix (Eq. 3.6.3 ) in the (`,m) basis for
the rectangular and circular array at 1420 MHz. We have already seen in the previous cases that
this variance matrix has more non-uniformity than the response R matrix. This is also true in the
present case, especially for the configuration (a), where we can clearly see islands with relatively
large errors in the (`,m) space, which are located exactly at the grid patterns of the R matrix.
However, even in this case, we can see that the errors are much smaller than the 4-dish case, as we
have many more baselines. The circular configuration, on the other hand, have a much larger and
more uniform sea of low error region, though at large ` corresponding the longer baselines, the
errors become somewhat larger. Notice that we can still see an island chain along the m = 0.51`
line, but not as strongly peaked as in the PAON-4 case.

In Fig.4.2.6, we plot the transfer function T (`) (without auto-correlation) for the (a) 16 dish
regular array (left) and (b) 16 dish circular array (right), with the purple, red and green curves for
1420MHz, 1250 MHz and 1200 MHz observations respectively. The transfer function is generally
flat over the effective ` range for the arrays, with some slight wiggles. For the circular array the
wiggles are even less pronounced than the regular array. It should also be noted that the wiggling
structure shifts with frequency. These wiggling features can affect the BAO power spectrum mea-
surement, and have to be taken into account in the final analysis. If we can determine the transfer
function exactly, and the error variance is smaller than the signal, it is still possible to correct for it.
It is however highly desirable to select configurations minimising wiggles and non uniformities in
the response matrix and transfer function when designing the instrument and the survey strategy.

In Fig. 4.2.7 we plot the noise power spectrum, again without using the auto-correlation data.
We have seen that the transfer functions are shifted slightly at different frequencies, here we plot
for a single frequency the measured noise power spectrum for the regular (red) and circular (green)
array, as well as the filtered spectrum for the regular (orange) and circular (blue) curves.

The histogram distribution of map pixel values reconstructed from pure noise visibilities are
shown on Fig.4.2.8 for the 16-dish regular configurations, and Fig.4.2.9 for the 16-dish circular
configurations at 1420.4MHz. We have performed map reconstruction varying the map pixel res-
olution, through the HEALPix nside parameter, with nside = 512 for the top panel and 256 for the
bottom panel respectively. The latter has a resolution of ∼ 13.7′, which is about half of the syn-
thesized beamwidth. For the raw maps, i.e. the reconstructed maps without additional processing,
the circular configuration has slightly broader pixel distribution than the regular configuration, due
to a wider coverage of the (`,m) space. The temperature variance is ∼ 202 mK for the circular
array and∼ 159 mK for the regular array. The histograms in red show the pixel value distributions
after applying the angular mask and the (`,m) filtering, as shown by the red histograms, the cir-
cular configuration pixel noise level (58 mK) fares better than the regular configuration (72 mK).
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Figure 4.2.7: Comparison of the noise power spectrum Cnoise(`). The green and blue curves
correspond to the 16-dish circular layout, while red and orange curves correspond to the regular
4 × 4 array. Blue and orange noise power spectrum have been obtained after filtering in (`,m)
space and masking.
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Figure 4.2.8: Histograms of map pixel values for the 4× 4 regular array. Top panel: nside = 512.
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Figure 4.2.9: Same as Fig.4.2.8, but for 16 dish circular array.

To compare with the PAON-4 case, we consider the pixellation with nside = 256, which is the
same as the highest resolution used for the PAON-4 array, the variance is 52 mK for filtering at
`max = 780 (blue) and 22 mK for `max = 490 (magenta) for the regular array, and 18mK and
10 mK respectively for the circular array. The circular configuration produce much better result
than the PAON-4 for the same pixel size (55 mK), which is expected as the Tianlai dish array have
many more dishes.

From these comparisons we see that the circular array have better coverage of the (`,m) space,
resulting in a higher reconstruction quality and lower noise power spectrum. That’s why we have
currently chosen this configuration for the Tianlai array. However, there are also advantages in
the regular array. For example, the regular array allows the redundant baseline calibration. The
problem of calibration is not considered in the present chapter, we will deal with it in a future
study, one should however bear in mind this advantage of the regular array when comparing it
with the circular array.

4.2.2 The Tianlai dish array polar cap survey

Up to now, we have mainly discussed the observation of mid-latitude bands of sky. The high
latitude or polar cap region is both interesting and have some specialities in its observation. From
the perspective of an observer on the ground, the sky rotates around the celestial pole, if one points
the telescope to the pole, the same point will be observed during all times, so that much deeper
exposure of this small region can be achieved within a relatively short time. It might therefore
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Figure 4.2.10: Tianlai 16-dish polar cap survey. Top: the response matrix R(`,m); Bottom: The
error covariance matrix.

prove interesting to carry out the observation first in the polar cap region.
We note that in the polar cap region, the beam of the telescope may cover all right ascension

angles at the same time. The HEALPix pixelisation might not be the best scheme to represent
the polar cap. We have used here higher resolution HEALPix maps with nside = 1024 to avoid
distorsions near the pole, while keeping the same spherical harmonics mmax = `max = 1500 in
the calculation.

For the polar cap, we consider a survey of sky starting from the north celestial pole (δ = 90◦)
and down to the latitude of δ = 75◦, through a total of 16 scans, each shifted by 1◦ in declination,
so that the sky region with 75◦ < δ < 90◦ is observed. Here we assume a total duration survey
comparable with the mid-latitude case, though the latitude range covered is about half of the mid-
latitude survey. The actual area is even smaller at such high latitudes (∼ 600 deg2), compared to
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Figure 4.2.11: Left: the input polar cap map after a high pass filtering of ` > 100. Right: The
reconstructed map from mock visibilities corresponding to the Tianlai 16-dish polar cap survey.
The polar cap region with a radius of 20◦ is represented, while the lowest declination scan of the
survey is at 15◦.

∼ 7000 deg2, so that we expect a much deeper survey, with reconstructed map noise level around
∼ 3 times lower for the polar cap survey. As an example, consider a simple plan of making a scan
at one declination each day, going through the 16 declinations, and then repeat the whole process
14 times. Each declination will be observed 14 times, twice the number of mid-latitude case,
requiring 16× 14 = 224 days, about 7.5 months to carry the full survey. The integration time per
sample would then be tint ∼ 403.2s, and assuming a system temperature of Tsys = 100 K, and
∆ν = 1 MHz, we obtain a visibility noise level of σnoise ∼ 7 mK using Eq.(3.6.5) and Eq.(3.6.6),√

2 times lower than the mid latitude case.
In Fig.4.2.10 we plot the R(`,m) matrix (top) and error covariance matrix (bottom) for the

polar region. We see that the R(`,m) is restricted to relatively small m for the polar cap survey,
due to high values of observed declinations. However, modes up to ` ∼ 1200 are still measured.
This smaller range of m does not hamper the reconstruction of the map near the polar region,
because here the temperature variations are indeed described by the smaller m modes.

As in the mid-latitude case, without using the auto-correlations, we will miss the small `
modes, as a result the reconstructed map will be somewhat different from the original. However,
if we run the input map through the high pass filter described above, then we see that the recon-
structed map resembles this high-pass filtered map as shown in Fig.4.2.11, except at the borders,
beyond the surveyed region at δ . 15◦.

In the left panel of Fig. 4.2.12, we plot the transfer function T (`). The red curves are the ”raw”
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Figure 4.2.12: The transfer function T (`) (left panel) and noise power spectrum Cnoise(`) (right
panel) for the Tianlai 16-dish polar cap survey.

results obtained from the R matrix directly, with the solid line and dashed line showing the cases
with and without using the auto-correlation respectively. The blue curves are the transfer function
T (`), after filtering and masking, obtained by applying the filter functionW1(`) andW2(`) defined
above to suppress some high noise modes, and masking out the border pixels outside of the band
0◦ < θ < 16◦ from the reconstructed map. After these processing, the wiggles amplitude in
the transfer function is reduced, and a very smooth transfer function is obtained. We see that the
transfer function still extend to ` ∼ 1250, even for low m-modes, again showing that the map
and power spectrum reconstruction at the polar region can be done as well as in the mid-latitudes,
while benefiting from the longer integration time for the polar region.

The noise power spectrum Cnoise(`) are calculated from the covariance matrix or the maps
reconstructed from pure noise visibilities with filtering and masking. Figure 4.2.12 show the
obtained Cnoise(`) curves for the polar cap survey: we see the noise power is reduced thanks to
the filtering, and reasonable measurements can be made up to ` < 1000.

Figure 4.2.13 shows the distribution of temperature map pixel values (in Kelvin) reconstructed
from pure noise visibilities for the polar cap survey. The black curve in the top panel shows
the pixel value distribution from the raw map reconstructed from Î(`,m) without any additional
processing, which has a noise standard deviation σnoise ≈ 70mK. If we apply the angular mask
and (`,m) filtering with `max ∼ 1100, the pixel noise is reduced to 18 mK, as shown by the
red histogram. These noise values have been obtained for HEALPix maps with nside = 512,
corresponding to a pixel resolution of ∼ 0.1 deg. In the bottom panel of Fig.4.2.13 we show
the result for larger pixels with nside = 256. The blue curve represents the case with filtering at
`max ∼ 780, and the magenta curve for the filtering with `max ∼ 420, leading to noise standard
deviations σnoise = 7.45 mK and 4.3 mK respectively. We obtain noise levels significantly lower
than the mid-latitude case, and comparing σpol.capnoise values to the corresponding mid-latitude values
of 18 mK and 11 mK respectively, we see that the gain in noise level is compatible with the
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Figure 4.2.13: Histograms of reconstructed map pixel values for the polar cap survey. Top panel:
nside = 512. Bottom panel: nside = 256. Black curve: raw map; red curve: filtered map with
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Figure 4.2.14: Noise power spectrum for the Tianlai mid-latitude survey and PAON-4, compared
to Galactic 21 cm signal power spectrum. The power spectrum of the LAB map si shown in black,
and the red curve corresponds to its extension to higher resolution ( ` > 750) using GALFA. The
blue curve is the noise power spectrum for the PAON-4 case, and the magenta curve represent the
Tianlai 16-dish array mid-latitude surevy. The noise power spectrum have been computed without
the auto-correlation signals.

expectations from the ratio of the surveyed area, ∝
√
fsky ∼

√
7000deg2

600deg2 ∼ 3.

4.2.3 Tianlai 16-dish array sensitivity

Figure 4.2.14 shows the comparison of the Milky May 21-cm power spectrum with the Tianlai
16-dish and PAON-4 noise power spectra. The 21-cm power spectrum is derived from the LAB
(for ` < 750) survey and GALFA survey data [83] survey (for ` > 750). We have rescaled the
angular power spectra with sky coverage fraction, i.e. what is plotted is Cmap(`)∗(1/fsky), where
Cmap(`) is the map raw, uncorrected angular power spectrum. The blue curve in Fig. 4.2.14 is
the noise power spectrum for PAON-4, and the magenta curve is the noise power spectrum of the
Tianlai 16-dish circular array. We see that the noise power spectrum for both PAON-4 and Tianlai
16-dish array are well below the Galactic HI power, so both should be able to measure the Galactic
HI without difficulty.

Both the PAON-4 and Tianlai-16 dish array are small prototype arrays, their sensitivities are
not sufficient to detect the neutral hydrogen in the large scale structure within reasonable time. In
order to detect the latter, arrays with many more elements are required. To see this, we compare
the noise angular power spectrum with the expected signal from the large scale structureCsig(`) =
C21(`)× T (`) at 1050 MHz (z = 0.35), taking into account the transfer function T (`). We have
assumed a global neutral hydrogen relative density of ΩHIb = 0.62 × 10−3 [99] with bias factor
b = 1 to compute the expected cosmological 21-cm signal C21(`). To simplify the computation
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Figure 4.2.15: The expected angular noise power spectra Cnoise(`) at 1050 MHz for a 2 year
survey of a 20◦ band in declination for square arrays with 16 (black), 64 (brown), 144 (yellow),
256 (blue) dishes with Tsys = 100K. The green curve correspond to the 256 dish array with
Tsys = 50K and the red curve shows the expected cosmological signal at 1050 MHz, filtered by
the instrument response C21(`)× T (`).

and also make the comparison easier, we consider several regular square arrays, with 16, 64, 144
and 256 dishes. In Fig.4.2.15 we plot the forecasted noise angular power spectra for these four
configurations, respectively 4 × 4, 8 × 8, 12 × 12, and 16 × 16 D=6-m dish arrays. We have
considered a survey covering a 20◦ band in declination (35◦10′ < δ < 53◦10′), composed of
13 constant declination scans, each shifted by 1.5 degrees, with a longer total survey duration (2
years). We have also shown the Cnoise(`) for 16 × 16 array with a Tsys = 50 K, which could be
considered as the design target. We see that the noise angular power spectra drops steadily with the
array size, scaling roughly as 1/Ndishes. Note that this is the angular power spectrum, and only for
a single frequency bin. The signal will be further boosted by combining different frequency bins,
or computing a 3D power spectrum, noise being uncorrelated between frequency bins, while the
LSS signal is correlated. However, the presence of foregrounds due to the Galactic synchrotron
and the radio sources introduces correlation along the frequency axis or redshift, making the 21-cm
LSS signal extraction much more challenging.

However, the Tianlai 16-dish array survey should be sensitive enough to detect extra galactic
HI clumps. The total 21-cm powe r flux Φ21 received on Earth from an atomic hydrogen clump
with mass MHI, at a luminosity distance dL can be written as [13]:

Φ21 ' 20× 10−20 MHI

109M�

(
1Mpc

dL

)2

(W/m2)

Assuming that the clump 21-cm emission frequency dispersion is below 1 MHz (∆v . 200 km/s),
we can convert the power flux Φ21 into temperature excess ∆T pix

21 in map pixels covering a solid
angle δΩ ' 0.252 deg2, corresponding to nside = 256, `max ' 800 and ∆ν = 1 MHz in fre-
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Figure 4.3.1: Regular configuration of the cylinder array.

quency:

Φ21 ×
λ2

4 δΩ
∼ kB ∆T pix

21 ∆ν ; kB = 1.38× 10−23J/K

∆T pix
21 ∼ Φ21 ×

λ2

4 δΩ
× 1

kB∆ν
∼ 0.4× 1020 Φ21 (K)

We can then write the excess temperature ∆T pix
21 due to an HI clump in ∼ 0.252 deg2 × 1MHz

pixels as:

∆T pix
21 ∼ 8×

(
MHI

109M�

) (
1Mpc

dL

)2

K (4.2.1)

The Tianlai 16-dish polar cap survey should reach a noise level of σnoise ∼ 7.5 mK for map
pixels ∼ 0.252 deg2× 1MHz and `max ' 800, compared to ∼ 20 mK for the Tianlai mid-latitude
survey. If we consider a 3σ ' 25 mK detection threshold, we see that HI clumps with masses
∼ 3 × 108M� would be detected up to dL . 10 Mpc or ∼ 3 × 109M� up to dL . 30 Mpc.
Based on the HIPASS survey [119] and ALFALFA survey [72] results, the HI mass function is
about dn/d lnMHI ∼ 10−1.4( Mpc/h)−3 and fairly flat in this mass range, so we estimate that the
Tianlai-16 dish array should be able to detect∼ 102 such clumps in a survey covering fsky ∼ 16%
of the sky in the polar cap area.

4.3 Application to the Tianlai Cylinder array

For the Tianlai cylinder array, the simplest arrangement of the existing 96 feeds is to have 32 feeds
on each cylinder, regularly spaced so that on each cylinder the feeds form a uniformly spaced
linear array. Two such configurations are considered here:
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Regular 1. The feed spacing is taken to be dsep = 0.4m, which is about one wavelength at the obser-
vation frequency of 750 MHz. In this configuration, the feeds occupies only 12.4 m of the
total 40 m length of the cylinder, as as shown on Fig4.3.1.

Regular 2. The feed spacing is taken to be dsep = 0.8m, about twice the wavelength at the cylinder,

One may also consider configurations with irregular positioning of the feeds to reduce grating
lobes. In this chapter we consider a very simple extension: on each cylinder the feeds still forms
a uniform linear array, but the number of feeds and hence the spacing of the array is different on
each cylinder. We have total 96 feeds at the present time. Marking the cylinders from East to West
as cylinder1, cylinder2 and cylinder3 respectively, we consider the following configurations:

Irregular 1. This is the first irregular cylinder array with number of feeds on each cylinder 31, 32 and
33 respectively. The feeds occupy 12.4 m along NS direction on each cylinder. The feed
spacing would be dsep = 0.413m for cylinder1, dsep = 0.4m for cylinder2 and dsep =
0.388m for cylinder3.

Irregular 2. This is the second irregular cylinder array with number of feeds on each cylinder 31, 32
and 33 respectively, but the feeds occupy 24.8 m along NS direction on each cylinder. The
feed spacing would be dsep = 0.827m for cylinder1, dsep = 0.8m for cylinder2 and dsep =
0.775m for cylinder3 for this

To simulate the map making process, we use an input map based on the Global Sky Model
(GSM) [29], shown in Fig. 4.3.2. The map is obviously dominated by the radiation from the
galactic plane, which is mostly synchrotron emission from galactic cosmic ray electrons. For
the computations carried out in this work, we have used HEALPix [45] to pixellate the celestial
sphere, with nside = 512. In our spherical harmonics transformation we take `max = 1500, which
is sufficient for the angular resolution of Tianlai pathfinder cylinder array. figures

4.4 The regular array configuration

The primary beams for each feed on the cylinders is narrow in the East-West (EW) direction and
wide in the North-South (NS) direction, as determined by the cylinder reflector curvatures. We
model the primary beam of a single feed on associated with a cylindrical reflector as

D(α, β) ∝ sin(απ(Lx/λ))

απ(Lx/λ)

sin(βπ(Ly/λ))

βπ(Ly/λ)
(4.4.1)

where (α, β) are the two angles with respect to the feed axis, along the EW and NS planes respec-
tively. λ is the wavelength, Lx and Ly are the effective feed sizes along the EW and NS planes.
We take Ly = 0.3m for the Tianlai cylinder feeds, and Lx = 13.5m corresponding to an illumina-
tion efficiency of 0.9 for the feed on the 15m wide cylinder. These parameters gives a beam width
∼ 100◦ in the North-South direction, and ∼ 2◦ in the East-West direction at 750 MHz, The actual
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Figure 4.3.2: GSM (Global Sky Model) map at 750 MHz, used as the true sky for the reconstruc-
tion with the Tianlai cylinder configuration.

values will be obtained by fitting the real observational data, these are heuristic values but should
be sufficient for our estimations here. The primary beam is shown as the left panel of Fig. 4.4.1.

For uniformly spaced linear arrays, grating lobes appear when the spacing is larger than half
wavelength (dsep > λ/2). This is because the phase factor exp(i2πdsep sin θ/λ) is periodic with
respect to sin θ, and when dsep > λ/2 the maximum appears more than once. We show the
synthetic beam for the regular case 1 and regular case 2 in the central and right panels respectively
in Fig. 4.4.1. These are obtained by making the full synthesis of a point source image located at the
latitude of the array, i.e. 44◦10′. As we can see in the figure, there are strong grating lobes along
the NS direction in the synthetic beams. The position of the nth order grating lobe is ∼ nλ/dsep.
At 750MHz, the positions are ±57.3◦ for the regular case 1 (dsep = 0.4m) and ±28.6◦ for the
regular case 2 (dsep = 0.8m). In addition, there are also primary beam side lobes along both the
NS and EW direction, these are less prominent in their level and has smaller periods.

To have a better understanding of the synthetic beams in the spherical harmonic space, let us
consider the beams of a single pair of receivers. In Fig.4.4.2 we show the beam patterns function
for four cases: the auto-correlation (top left), and the cross-correlations for a due EW baseline
between two cylinders (top right), for a due NS baseline (bottom left), and a SE-NW baseline
(bottom right). By definition, only the region −` < m < ` has valid values. In the dish case, the
autocorrelation covers a triangular region with the top at the origin (`,m) = (0, 0), two sides and
extends along m = ±`cosδ where δ is declination of the observation, and up to `max = 2πD/λ
whereD is the effective aperture. The auto-correlation in the cylinder case is very different, taking
up a butterfly shape. This is because the cylinder primary beam is asymmetric in the NS and EW
direction. As described in Eq. (4.4.1), along the NS direction which corresponds to m ∼ 0 the
primary beam has very low resolution, while along the EW direction the cylinder primary beam is
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Figure 4.4.1: The primary beam (left) and synthetic beams for the regular 1 (center) and regular 2
(right) configurations.
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Figure 4.4.2: The beam patterns in spherical harmonics L`,m with size Lx = 13.5m, Ly = 0.3m
and centered at latitude 44.15◦. Top Left: auto-correlation of a feed; Top Right: cross-correlation
for a EW baseline with dsep = 15m; Bottom Left: cross-correlation beam for a NS baseline with
dsep = 12m; Bottom Right: cross-correlation for a SE-NW baseline with (∆x,∆y) =(15m, 12m).

about ∼ 2◦ at 750 MHz, which corresponds to ` ∼ 2πLx/λ ∼ 210. Indeed, the figure shows that
the auto-correlation function extends substantially to ` ∼ 210 along the two wings. Also, since
the cylinder has almost the whole observable sky in its field of view, which includes the equator,
the m = ±` is saturated.

For the cross-correlations, the beam pattern centers at (`,m) ∼ (2π|~u|, 2πu) as expected,
where ~u ≡ (u, v, w) = (bx, by, bz)/λ. So the EW baseline is centered near m ∼ `, while NS
centered near m = 0, with ` ∼ 2πb/λ. Note that here we are plotting only positive part of the
baseline in one direction, so for the EW baseline the beam is on the m > 0 side. If we are to plot
the reverse direction, it would appear on the symmetric position at m < 0.

Figure 4.4.3 shows the response matrix R(`,m) for the two regular configurations at frequency
750MHz. In last section, we noted that for each baseline the R matrix has a certain distribution
centered at (`,m) = 2πb/λ, where b is the baseline length. The m position depends on both the
EW component of the baseline and the declination of the strip to be observed. For an array with
many baselines the R matrix are well described by the superposition of these individual baselines.
For the cylinder array, the field of view is not limited to a narrow strip, but a hemisphere or even
larger spherical zone. As such, the cylinder baseline would only be bounded by m = `. In the
cylinder case, the R matrix at m = 0 is significant up to ` ∼ 190(380) for the Regular 1 (Regular
2) case, which corresponds to the modes probed by the maximum baseline along one cylinder. The
longest baseline of the array is however the diagonal ones, i.e. the baselines from North/South end
of the East cylinder to the South/North end of the West cylinder, so the R matrix distributes mostly
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Figure 4.4.3: Comparison of the R matrix for regular 1(left) and regular2 (right) configurations.
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Figure 4.4.4: Comparison of the error variance matrix for regular 1(left) and irregular2 (right)
configurations.
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on a band along m = `, with some extension to higher ` in the region between m = 0 and m = `,
forming a shark fin shape. The region near m ∼ 0 is limited to relatively small ` due to the fact
that our NS baselines are shorter, especially for the Regular 1 case. Future extensions which fill
up the remaining part of the cylinder would help improve the m = 0 region. In the Regular 2
case, larger part of the (`,m) space are covered than the Regular 1 case, but here the receivers are
spread more widely, reducing the density of the baseline coverage, so here there are more apparent
non-uniformity, as shown by the vertical stripes at m = 120 and 350. These can be understood as
follows: as shown in Fig.4.4.2, each baseline is sensitive to some part of the (`,m) space. The part
of (`,m) space which is not covered by baselines in the array would not be well reconstructed. As
the cylinder array are aligned along the three cylinders, we can expect that the m value centered
at 0, 235, 470 will be covered, while regions between these, centered at m = 120 and 350 are
not well covered and may have large errors. Furthermore, if looking carefully, some fringes near
m = 0 can also be seen, which may be due to the grating lobes.

spurious	  images	  	  

0 

spurious	  images	  	  

Figure 4.4.5: Reconstructed sky map for the Tianlai cylinder configuration at 750 MHz. Top:
Regular 2 configuration; Bottom: Regular 1 configuration. The input map is the GSM map at 750
MHz.
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Figure 4.4.4 shows the corresponding error covariance matrix in the (`,m) basis at 750 MHz.
For the Regular 2 case the error is particularly large, but even for the Regular 1 case, the errors
are also relatively large at these m values. The error values at other regions are relatively small.
Additionally, in the Regular 2 case, near m = 0 there is relatively large error and also the error
shows some rapid modulation in `. These fringes are similar to the ones appeared in the R matrix
at the same positions, and are due to the strong grating lobes.

In Fig.4.4.5 we show the reconstructed map at 750MHz derived from simulated regular cylin-
der array observation ignoring the instrument noise. The top figure use the Regular 1 configura-
tion, and the bottom figure use the Regular 2 configuration. Comparing with the original map Fig.
4.3.2, there are spurious features appearing in the reconstructed map. This is very obvious for the
Regular 2 case, and also present in the Regular 1 case (e.g. the bright spot at (270◦, 54◦)). These
are produced by the grating lobes of the brighter sources such as the Galactic plane and strong
point sources, and the Regular 2 case is worse than the Regular case 1. Because of such spurious
features, one can not use array with such configurations to make reliable sky survey.

4.5 The irregular array configuration

As we saw in the last section, spurious images appeared in the reconstructed maps of the regular
array due to the presence of grating lobes. To avoid this problem, one could adopt spacings
less than half wavelength, or employ non-uniform spacing in the linear array. However, at the
wavelength of our observation, it is not practical to have spacing less than half wavelength. There
are many possible non-uniform spacing schemes, here we choose a very simple one: adopting
slightly different spacings on the three different cylinders. So we take the same total length on the
three cylinders, but place 31, 32, and 33 feeds on each cylinder, so that the unit separations are
different in each case. We choose the same two total lengths as the regular cases described in last
section. So for the Irregular 1 case, the basic spacings are dsep = 0.413, 0.4, 0.388m for the three
cylinders respectively, with a total length of 12.4m; for the Irregular 2 case, the basic spacings are
0.827, 0.8 and 0.775 m respectively, with a total length of 24.8m.

There are still some degeneracies in the north-south baseline. For instance, there are 30, 31, 32
instances of dsep = 0.413, 0.4, 0.388m NS baselines in the Irregular 1 configuration, respectively.
Nevertheless, for the whole array there are NS baselines of different lengths. The slightly differ-
ent positioning of the receivers also creates baselines which deviates from the EW direction to
different degrees. The whole set up allows wider and more uniform coverage on the (`,m)-plane.

Fig. 4.5.1 shows the synthesized beam for the two irregular cases. Here we see that the level of
grating lobes is greatly reduced. Whereas in Fig.4.4.1 we can see clearly the sharp grating lobes at
28◦ for Regular 2 configuration and at 57◦ for both Regular 1 and Regular 2 configurations, in Fig.
4.5.1 at these angles the lobes are barely visible. Of course, there are still the primary beam side
lobes, but these are generally much smaller. Here we note that the Irregular 2 lobes are weaker
than the Irregular 1 lobes.

We plot in Figure 4.5.2 the compressed response matrix R(`,m) for the Irregular1 (left) and
Irregular2 (right) configurations at 750MHz. As expected, the general shapes of the (`,m) space
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Figure 4.5.1: The synthetic beam for Tianlai cylinder irregular configuration.
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Figure 4.5.2: Comparison of the R matrix for the Irregular 1 (left) and Irregular2 (right) configu-
rations.
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Figure 4.5.3: Comparison of the error variance matrix for irregular configurations.

distribution are similar for the two cases, but with a wider area covered in the (`,m) space for
the Irregular 2 configuration due to the larger array sizes. The broad outline of the shapes in this
figure are also similar to those in Fig.4.4.3, but here the distribution is more smooth and uniform
due to the more widely spread-out (`,m) coverage in the irregular configurations. The features at
m = 120 and 350 in Irregular 2 configuration are much less prominent than in the Regular 2 case.

Figure 4.5.3 shows the corresponding error covariance matrix in the (`,m) basis. Here the
regions of larer error are spread out more widely, but the error value at the maximum is much
reduced when compared with the regular configurations. The Irregular 1 case has smaller errors
than the Irregular 2 case, as the baselines are more concentrated in the former case which helps
reducing the errors.

Figure 4.5.4 shows the simulated reconstruction map at 750 MHz with the Irregular 1 (top)
and Irregular 2 (bottom) configurations. We can see that in both cases, the reconstruction works
relatively well, the spurious features shown in Fig.4.4.5 are absent in these figures, and most fea-
tures of the original map are well produced. There are still some regions where the reconstruction
shows some artefacts, e.g. the stripes at (350◦, 60◦) and (190◦, 12◦) in the Irregular 1 map, and
the stripes south of the equator in the Irregular 2 map. However, the overall quality for the two
maps are good.

In Figure 4.5.5, we plot the power spectrum transfer functions T (`) (left panel) and the noise
power spectrum (right panel) for the Irregular 1 and Irregular 2 configurations. Here we have
masked out the border pixels outside the band 0◦ < θ < 105◦ which are not well constructed,
and suppressed (`,m) modes with large errors by applying a weight proportional σ−2

I (`,m) to
all modes which have error larger than Kσ2

min, where σmin is the minumum value of the noise
covariance matrix, and for the threshold value we chooseK = 50. The transfer function decreases
toward higher `, but it is generally smooth, though there are curvatures at certain `s. The Irregular
1 configuration has higher response at lower `, but decreases more rapidly at higher ` as expected,
as its baselines are concentrated in smaller regions and sensitive more to the larger angular scales.
For the noise power spectrum, we see that the Irregular 1 configuration achieved lower noise power
than the Irregular 2 configuration. In both cases the noise power spectrum show several peaks and
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Figure 4.5.4: Reconstructed sky map for the Irregular 1 (top) and Irregular 2 (bottom) configura-
tions at 750 MHz.
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Figure 4.5.5: Comparison of the transfer function T (`) (left panel) and the noise power spectrum
Cnoise(`) (right panel) for the Irregular 1 and Irregular 2 configurations.
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troughs, which are due to the different density of baselines on the (`,m) plane. We also draw the
expected large scale structure 21cm signal power on the same plot, where we assume cosmology
from [90], and for neutral hydrogen we adopt ΩHIb = 0.62 × 10−3 [99]. The 21cm signal is
only a few times the noise. Note that this is for the detection at a single frequency, we will have
more frequency data, but at the same time there are also complications of foreground removal and
calibration, which are beyond the scope of the present work. Considering these factors, we see
that detecting the 21cm signal would be a great challenge.
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Chapter 5

PAON-4 description and first maps

5.1 PAON-4 detailed description

Since 2007, le Laboratoire de l’accélérateur linéaire (LAL, CNRS / Université Paris Sud), the
Research Institute on the Fundamental Laws of the Universe (Irfu, CEA) and three laboratories
of l’Observatoire de Paris (GEPI, LESIA and USN), collaborate within the BAORadio project to
develop the methods and techniques necessary for the cosmological readings of the HI line.

5.1.1 PAON-2

The PAON (PAraboles à l’Observatoire de Nançay) project began with a version with two parabo-
las of three meters in diameter (PAON2), which is shown in Fig5.1.1. This small interferometer
worked for four months from the end of September 2012 and allowed to qualify the site and study
the noise of the antennas through observations of radio sources such as Cygnus A.

The 23rd Nov. 2012 an observation of CygA transit has been performed by a rather long data
acquisition. Both cross-correlations between the aligned polarizations are shown on Fig5.1.2. The
run in total represents 4h (x-axis). The 250MHz total band is along the y-axis of each image
starting on top-left corner at 1250MHz. The main CygA fringes are localized roughly in the bin
range [500, 1000] of the image while we see also human induced signals before and after the transit
concentrated around 1275 ±10 MHz (ie. the franges spacing do correspond to Sky rotation).

After 4 months of operations, PAON2 has reached its main objectives. Observations of bright
sources such as the sun of Cygnus A allowed for fringe fitting and antenna lobe determination. A
first measurement of Tsys/η has also been made, where Tsys is the system noise level or temper-
ature, and η is the antenna efficiency, the ratio of the effective area to the geometric area of the
reflector. This is shown in figure 5.1.3, in reasonable agreement with expectations.

5.1.2 PAON-4

L’interféromètre PAraboles à l’Observatoire de Nançay (PAON), inaugurated in April 2014, is one
of the components of this project which aims to evaluate the viability of an interferometer using

113
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21 Sept 12 

20 Fevr. 13 

Les paraboles aussi fragile soient-elles  ont  tenu  bon  l’hiver  2012-13 Figure 5.1.1: PAON2.

If we take an average value of 1.25m, the geometrical efficiency defined as a surface ratio is 
of the order of geom ~ 70%. The baseline between the 2 dishes is well determined to about 
12.1m with small chromaticity well in agreement between the two sets of data. In passing, 
the effect of the fringes dilution of about 50% due to finite Sun radio emission radius has 
been identified. 
 
4 Noise and Tsys 
 
In reference PAON2/09.11.12r2, I have investigated the determination of the Tsys thanks to 
the Sun transit of 9th Oct. 12 for the normalization and a “noise”  run taken the same day later 
on for the fluctuation analysis. From the auto-correlations  of  the  “noise”  run  which  was  quite  
stable, both the baseline levels and the fluctuation standard deviations have given coherent 
results. The Tsys is not independent of the global efficiency  of the dish & feed (surface 
illumination, surface regularity, feed efficiency). This can be summarized by the channel 
dependant value: 

K
Tsys )380290( 


             (run 9/10/12) 

 
The 23rd Nov. 12 an observation of CygA transit has been performed followed by a rather 
long data acquisition. In total 4h at 1kHz (16s/paquet) has been registered and averaged 
over 1MHz frequency bins and 5000 paquets. Both cross-correlations between the aligned 
polarizations are shown on Figure 4.  
 

 
Figure 4: Cross-correlations between aligned polarizations during the observation of 
Cyga transit. The run in total represents 4h (x-axis). The 250MHz total band is along 
the y-axis of each image starting on top-left corner at 1250MHz. The main CygA 
fringes are localized roughly in the bin range [500, 1000] of the image while we see also 
human induced signals before and after the transit concentrated around 1275 ± 10 
MHz (ie. the franges spacing do correspond to Sky rotation). 
 
At 1400MHz, the cross-correlations time evolutions are shown on Figure 5. The baseline 
after the CygA transit is rather clean and allows one to estimate the Tsys/ ratio. 

 

Figure 5.1.2: Cross-correlations between aligned polarizations during the observation of CygA
transit.
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Figure 5.1.3: Cross-correlations between aligned polarizations during the observation of CygA
transit.

small parabolas about five meters in diameter . The instrument envisaged for cosmological surveys
could indeed be a dense network, composed of a few hundred antennas of this type, spread over a
surface of one hectare.

In mid-2013, the collaboration decided to design four new parabolas which constitute the
current version of the instrument, PAON4. Funding was largely provided by the LAL and the
Observatoire de Paris; The mechanics is the responsibility of the GEPI, the frontal electronics was
developed by the Irfu while the LAL (Serdi) was in charge of the digital part and the acquisition.

The PAON-4 array is a small wide band test interferometer (L-band, 1250-1500 MHz) featur-
ing four 5-meter diameter antenna, installed at the Nancay radio observatory in France (located at
the latitude of 47◦22′55.1” North and the longitude of 2◦11′58.7” East). PAON-4 has been de-
signed and built within the BAORadio 1 project in France. We have studied several configurations
for PAON-4 shown in Fig5.1.4, from which we actually adopte configuration 4. Three dishes are
arranged at the vertices of an equilateral triangle with 12 m sides, one of its side is along the exact
North-South line. We note that the first dish is inside the triangle, with its center 6 meter away
from the West vertex. The second dish is the West vertex one, the third dish is the South-West
vertex one, and the fourth dish is the North-West vertex one. In addition to the auto-correlation
signal, the PAON-4 configuration has 6 different baselines. There is no redundancy in baselines
and visibilities, except for the auto-correlation signal. It has a total collection area of ∼ 75m2 and
4 dual polarisation receivers. The dish pointing can be changed in declination through computer
controlled electric jacks, and can point up to 35◦ toward the South and 13◦ toward the North with
respect to the vertical axis. PAON-4 can observe the sky in the declination range 12◦ . δ . 60◦.

1https://groups.lal.in2p3.fr/bao21cm/
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Figure 5.1.4: PAON-4 interferometer configuration

Synchrotron map @ 400 MHz - Eq. Coordinates (ra,dec)
PAON4 accessible sky region 

38 S < Elevation < 15 N   → 10 <  ! < 60  at Nançay

T=5 K T=60 K

Figure 5.1.5: The PAON-4 accessible sky area.
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Optical digital outputs (2) Input analog channels (4)

USB port

Control FPGA (Cyclone)

ADC + Stratix bloc ADC + Stratix bloc

Figure 5.1.6: DIGFFT board (4 analog channels sampled at 500 MSample/s with 8 bits dynamic
range) capable of digital filtering (FFT) developed for the BAORadio project.

The figure 5.1.5 shows the PAON-4 accessible sky area in the synchrotron map at 400MHz where
the other area is shadowed.

The PAON-4 electronic and acquisition system consists of the following main components:

• Two Low Noise Amplifiers (LNA), one for each polarisation, located on each feed.

• Due to the transmission loss of the RF signals in the cables, a second stage amplifier is
added, located on each antenna mount.

• An analog electronic box with Local Oscillator and mixer, located on the central antenna
mount will shift the received RF frequency band 1250-1500MHz to the lower frequency
0-250MHz band.

• Analog signals in the band 0-250 MHz are transmitted from the central antenna electronic
box to the Digital electronic crate hosting the digitisers (ADC boards) in the Embrace con-
tainer over coax cables, with lengths around 50 meters. Please see figures 5.1.6.

• ADC boards sample the input signal at 500 MHz, with 8bits dynamic range, to covering
250 MHz band. They can output either the raw waveforms, or the fourier coefficients, after
performing FFT on the FPGA. Each ADC board can handle up to 4 analog RF signals,
performing an FFT on each digitization frame of 8192 time samples, sampled at 500 MHz
or every 2 ns, leading to 4096 frequency components.

• Digital streams of raw waveforms or FFT coefficients are transferred on optical fibers to
the acquisition computer cluster, which is located in the Nançay computer building, at a
distance of about 300 meters.
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Figure 5.1.7: The current PAON-4 cabling scheme (figure provided by Claude Pailler).

• The mixer and ADC board configuration and the antenna pointing are remotely controlled
through a computer (PC) located in the Embrace container. This PC is connected through
the network to the acquisition cluster, more specifically to its master controller node. Each
antenna is equipped with a micro-controller to handle the mechanical motion along the
elevation axis. These micro-controllers are also accessible through ethernet.

In the initial PAON-4 setup, the Acquisition computer cluster which runs a software correlator
had 5 nodes. Two front-end nodes (bao8/9) receive digital streams from ADC boards over 4 fibers,
which carried each waveforms or FFT coefficients for 2 analog signals, 8 in total corresponding
to the 2 polarisations of each feed. Two nodes (bao5/6) were dedicated to the computation of
visibilities. Each front-end machine divides the full 250 MHz spectral band in several sub bands,
after FFT on the ADC boards, or on the front-end nodes on signal waveforms, dispatching each
sub band to one of the correlation computer nodes. In the current configuration, the full 250 MHz
is divided into two 125 MHz sub-bands, which are processed by the two correlation computing
nodes. A master node (bao3) controls the overall acquisition process.

The acquisition cluster has been upgraded early 2017 and has now four front-end nodes, re-
ceiving each data from a single optical fibre (digital streams of 2 analog signals). Each of the
front-end computers can handle raw signal waveforms for the two analog signals, performing
software FFT and dispatching Fourier coefficients to correlation computing nodes. The current
PAON-4 cabling scheme, up to the front-end nodes is represented on figure 5.1.7.
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Auto et cross corrélations PAON4 

Correspondance des lignes (0 à 35) de la matrice complexe mvis_Obj 
et des polarisations corrélées 

 
H: polarisation horizontale 
V: polarisation verticale 

(ex : matrice ligne 13 : 2H3V cross-corrélation entre polarisations horizontale antenne 2 et verticale antenne 3) 
 

(1,1)1H1H  0        

(1,2)1H2H  1 (2,2)2H2H  8       

(1,3)1H3H  2 (2,3)2H3H  9 (3,3)3H3H 15      

(1,4)1H4H  3 (2,4)2H4H 10 (3,4)3H4H 16 (4,4)4H4H 21     

(1,5)1H1V  4 (2,5)2H1V 11 (3,5)3H1V 17 (4,5)4H1V 22 (5,5)1V1V 26    

(1,6)1H2V  5 (2,6)2H2V 12 (3,6)3H2V 18 (4,6)4H2V 23 (5,6)1V2V 27 (6,6)2V2V 30   

(1,7)1H3V  6 (2,7)2H3V 13 (3,7)3H3V 19 (4,7)4H3V 24 (5,7)1V3V 28 (6,7)2V3V 31 (7,7)3V3V 33  

(1,8)1H4V  7 (2,8)2H4V 14 (3,8)3H4V 20 (4,8)4H4V 25 (5,8)1V4V 29 (6,8)2V4V 32 (7,8)3V4V 34 (8,8)4V4V 35 

 

Figure 5.2.1: The current arrangement of visibilities over the matrix rows (Table provided by
Claude Pailler) .

5.2 PAON-4 observations and data

The PAON-4 observations are carried in constant declination transit mode. The antennae are
pointed toward a common declination direction and data us acquired over a certain duration, usu-
ally several hours when scanning around a source, or full east-west (EW) 24 hours scans.

36 visibilities are computed from the 8 RF signals which correspond to the two polarisation
directions, denoted H and V, for the four feeds. The eight signals are thus identified by the antenna
number and the polarisation direction: 1H, 1V, 2H, 2V . . . The set of 36 visibilities include the
8 auto-correlations and 28 cross correlations. There are 6 different, non redundant baselines in
PAON4, leading to 6 HH, 6V V and 16 HV cross-correlations. The cross-correlations are save as
visibility matrices, with 36 rows and 4096 columns corresponding the the frequencies spanning the
1250-1500 MHz band, leading 61 KHz maximum frequency resolution. The current arrangement
of visibilities over the matrix rows are shown in figure 5.2.1.

PAON-4 visibility matrices are currently saved either as FITS files (a single matrix per file),
or the SOPHYA PPF format, single or multiple matrix per file. Each matrix has associated time
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Figure 5.2.2: The example of visibility matrix/FITS file header.

information as illustrated in the figure 5.2.2. “DATEOBS” is the computer system time, with a
precision of 0.1 second, which is enough given the instrument angular resolution. Data paquets
are tagged by the ADC boards using a FramceCounter, identifying each digitisation frame, and a
125 MHz clock (TimeTag), marking precisely the relative time between the digitisation paquets.
Each visibility matrix header includes the FramceCounter/TimeTag information corresponding to
the first and last digitisation frames that has been averaged.

PAON-4 test observations have been started in spring 2015, mostly used for debugging and
understanding RFI, beams and system. We focus here on the last data sets taken in September
and November 2016, with ADC boards performing the FFT. The figure5.2.3 below summarises
the observations towards Cygnus A and Cassiopeia A (CasA) performed with PAON-4 in the last
quarter of 2016, before upgrading the acquisition cluster and modifying the ADC board acquisition
mode from FFT to RAW. All the observations have been managed by Claude Pailler (LAL) and
Qizhi Huang (LAL/NAOC) has performed the data cleaning and calibration and provided some of
the figures included in this chapter. The CygA data taken in november has lower level of RFI and
the results presented here concern thus only the November CygA data.

We consider a drift scan survey of a full east-west strip of sky, covering about 12o range in
declination centered at the latitude (δ ∼ 40.73o) over half month at Nov, 2016. The survey will
be composed of 11 constant declination scans, each shifted by 1 degree in declination. So, the
PAON-4 would be carried in transit mode, assuming that all of the antennae are pointing to a given
direction. Visibilities will be recorded as a function of time or right ascension as the sky moves
due to the earth rotation.

For default, we use data set CasAnov16 in this chapter, because Cassiopeia A, Cygnus A and
Crab all have data on nov16. Number of files/timebin of CasAnov16 is 12000 (0-11999). Here we
show the information/header contained in the vismtx 0 0.ppf.

For PAON-4, there are 4 different auto-correlation channels for each polarisation. The data
analysied here correspond to the H polarisation. They are more or less similar except their am-
plitude, so we will only show one of them. In Fig5.2.4, we plot the auto-correlation of the raw
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 Décalages CygA  (novembre 2016) 
 

Nom Réf. Z ∆z Début Méridien Fin Notes 

CygA17nov16 -6,65° 0° 13 h 30 16 h 02 13 h 30 
If=1Gb 

Pqts erronés 
F3 : 117 

CygA18nov16 -5,65° +1° 14 h 00 15 h 58 14 h 00 
If=1Gb 

Pqts erronés 
F2 : 1   F3 : 8 

CygA19nov16 -7,65° -1° 14 h 45 15 h 54 14 h 45 
If=1Gb 

Pqts erronés 
F2 : 1   F3 : 386 

CygA21nov16 -4,65° +2° 10 h 00 15 h 46 10 h 00 
If=1Gb 

Pqts erronés 
F3 : 7 

CygA22nov16 -8,65° -2° 10 h 30 15 h 42 10 h 30 If=1Gb 

CygA23nov16 -3,65° +3° 11 h 00 15 h 39 11 h 00 
If=1Gb 

Pqts erronés 
F3 : 78 

CygA24nov16 -9,65° -3° 11 h 30 15 h 35 11 h 30 
If=1Gb 

Pqts erronés 
F3 : 4 

CygA25nov16 -2,65° +4° 12 h 00 15 h 31 12 h 00 
If=1Gb 

Pqts erronés 
F2 : 3   F3 : 1 

CygA26nov16 
 

EN COURS 
-10,65° -4° 12 h 30 15 h 27 12 h 30 If=1Gb 

 
Points communs 

trigger : 4 kHz         visicompzm : validé visicalc : 8000 (NPaqSum=8064) 
 version mfacq :  v10r1 

 Décalages CygA  (du 6 au 16 septembre 2016) 
 

Nom Réf. Z ∆z Début Méridien Fin Notes 

CygA6sep16 -6,65° 0° 17 h 00 20 h 45 17 h 00 If=10Gb 

CygA7sep16 -5,65° +1° 17 h 30 20 h 41 17 h 30 
If=1Gb 

6 paquets 
erronés sur F2 

CygA8sep16 -7,65° -1° 18 h 00 20 h 37 18 h 00 If=10Gb 

CygA9sep16 -4,65° +2° 18 h 30 20 h 33 18 h 30 If=1Gb 

CygA11sep16 -8,65° -2° 16 h 00 20 h 26 16 h 00 If=1Gb 

CygA12sep16 -3,65° +3° 16 h 30 20 h 22 16 h 30 If=1Gb 

CygA13sep16 -9,65° -3° 17 h 00 20 h 18 17 h 00 If=10Gb 

CygA14sep16 -6,65° 0° 17 h 30 20 h 14 17 h 30 If=10Gb 

CygA15sep16 -5,65° +1° 18 h 00 20 h 10 18 h 00 If=10Gb 

CygA16sep16 -7,65° -1° 18 h 30 20 h 06 18 h 30 If=10Gb 

 
Points communs 

trigger : 4 kHz                   visicompzm : validé visicalc : 3000 
taux de perte sur bao8/bao9 :    ≈ 4%              version mfacq :  v10r1 
matrices de visibilité par seconde sur bao5/bao6 :   ≈1,25 (if=1Gb)    ≈1,23 (if=10Gb) 

 Décalages CasA  (du 26 au 30 septembre 2016) 

 

Nom Réf. Z ∆z Début Méridien Fin Notes 

CasA26sep16 11,42° 0° 21 h 00 22 h 50 1 h 00 If=10Gb 

CasA27sep16 12,42° +1° 21 h 00 22 h 46 1 h 00 If=1Gb 

CasA28sep16 10,42° -1° 21 h 00 22 h 42 1 h 00 If=10Gb 

CasA29sep16 11,42° 0° 21 h 00 22 h 38 1 h 00 If=10Gb 

CasA30sep16 11,42° 0° 21 h 00 22 h 34 1 h 00 If=1Gb 

 

Points communs 
trigger : 4 kHz         visicompzm : validé visicalc : 8000 (NPaqSum=8064) 

taux de perte global :    1,96  ≤  tx  ≤  10,96% 

matrices de visibilité par seconde sur bao5/bao6 :   ≈0,47 
 

Figure 5.2.3: The summaries of the observations towards Cygnus A and Cassiopeia A (CasA)
performed with PAON-4 in the last quarter of 2016 (Tables provided by Claude Pailler) .
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Figure 5.2.4: The auto-correlation of the raw TOD at 1400MHz (top panel) and 1420MHz (bottom
panel).

Figure 5.2.5: The cross-correlation of the raw TOD at 1400MHz (left panel) and 1420MHz (right
panel).
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TOD (Time-Ordered Data) at 1400MHz (top panel) and 1420MHz (bottom panel). Between 16
and 15 o’clock, there are two peaks at the top panel. The first peak is mainly due to the transit
of the Cygnus A and the second one is mainly from the Cygnus X. For the bottom panel, around
16.5 o’clock and 1 o’clock, the two peaks come from the HI emission of the Milk Way. There are
a lot of radio interference existing by the shape of sharp peaks in the range from 3 to 4 o’clock in
both, which also dispersedly exist in other place. Except these, the emissions mainly come from
the synchrotron radiation. We only show the real part of the TOD, because the imag part of the
auto-correlation are zero. Fig5.2.5 show the cross-correlation of the raw TOD at 1400MHz (left
panel) and 1420MHz (right panel), which correspond to the baseline (10.37m, 6m). We could
obviously see the interferometric fringe of the Cygnus A.

5.3 Data Processing and Map making

5.3.1 Data cleaning and calibration procedure

Before using the visibility time streams Vij(t) to reconstruct sky maps, the data has to be cleaned
to remove RFI, and calibrated in phase and gain. The data shown here has been processed through
a processing pipeline, developed by Qizhi Huang, which the following steps:

• determination of frequency dependent gain g(ν), and time dependent gain G(t) for each
analog input signal

• RFI cleaning

• Phase calibration

• Absolute gain or radiometric calibration, to convert visibility signals in arbitrary units (AU)
into physical sky brightness in temperature

• Extraction of main instrument characteristics: system temperature Tsys, main dish lobes,
baselines. . .

We describe briefly the above steps below, before using the cleaned calibrated visibility streams to
reconstruct sky maps.

The data analysed here has been acquired with the FFT performed on the ADC board, which
is the source of an artifact on the computed visibilities. The average value of the visibilities
(real/imaginary parts) are expected to the zero when dominated by noise, while the data here
exhibits a non zero real parts for visibilities. In order to correct this effect, the visibility data is
convolved with a window function to determine the baseline or offset that has to be subtracted
from the data.
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A	   B 

Figure 5.3.1: A: The g(ν) by auto-correlation for the third antenna panel of PAON-4. B: Time
dependent gain G(t).

Gain calibration

we assume that the Gain can be divide into two part, one is frequency dependent gain, the other is
time dependent gain g(ν):

G(t, ν) = G(t) · g(ν) (5.3.1)

g(ν) is obtained from the auto-correlation spectra, computed from the clean part of the spectra, far
from point sources, galactic plane crossings and time intervals affected by strong RFI. Assuming
the the time dependent gain G(t) do not vary over short time intervals of few minutes, we com-
pute the frequency dependent gain g(ν) by averaging the auto-correlation spectra over short time
intervals. The frequency dependent gains g(ν) are all normalised.

To determine the time dependent gain G(t), we assume that the auto-correlation signals are
dominated by noise fluctuations with constant noise temperature Tsys. We consider then that the
time variations of the auto-correlation signal fluctuations σ(t) can be written as the product of the
time dependent gain G(t) and a fixed value dispersion level σ0: σ(t) = G(t)× σ0

Fig5.3.1A show g(ν) calculated every 10 minutes. There are totally 66 curves in this figure,
and the curves are similar. It means that at least in one day, g(ν) is stable. Not only for this, we
also calculate g(ν) for different days and on different sources, then the g(ν) is still stable. Finally,
we consider that g(ν) is stable at any time for this november observation. Fig5.3.1B show time
dependent gain G(t), which decreases from morning to afternoon and increases in the evening. It
varies with the environment temperature and is also different for other days. Lower temperature
leads to larger gain, while higher temperature leads to lower gain. G(t) will affect the profile of
the data along times axis significantly. When fitting the fringes and making the sky map, we must
calibrate G(t) carefully. Fig5.3.2 shows the 2D time-frequency map for cross-correlation (6m,0).

Radio frequency interference (RFI) can be many times stronger than the astronomical sig-
nal. Except placing filters in hardware, we mainly deal with RFI within the observed frequency
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Figure 5.3.2: 2D time-frequency map for cross-correlation (6m, 0).

Figure 5.3.3: Data Masking for identify and remove the RFI.

bandwidth by advanced algorithms in software. The software try to find those data in time space
which are contaminated by the interfering sources. Subsequently, those data are removed in further
analysis, which is operated by calculating the moving average to get the sigma of the residual data
smaller than the threshold and leave the Gaussian noise fluctuation. We refer to this process as data
mask/flag. Fig. 5.3.3 shows the RFI masking at 1420.4 MHz for the auto-correlation signal 3H.
Strong RFI are shown as blue spikes, while the red curve shows the signal after masking/cleaning.

Fig5.3.4 shows the corrected TOD RFI cleaning. The left two panels are auto-correlation for
different frequency, corresponding to Fig5.2.4 which are raw TOD. The right panels are cross-
correlation for frequency 1420MHz, corresponding to Fig5.2.5. We only show this frequency, due
to the curves similar for frequency 1400MHz except the amplitude.

Phase calibration

Due to the system effect, for example, different cable lengths, the received phases have been
shifted asynchronous for cross-correlations. Then, the phase calibration should be considered.
After gain calibrating, we could determine the phase through the source transit. So, phase calibra-
tion will be done by fitting the corresponding fringe. There is linear relationship between shifted
phase and frequency. These phases also satisfy the follow relationship:

∆Φij = ∆Φik + ∆Φkj = ∆Φik −∆Φjk = ∆Φkj −∆Φki (5.3.2)
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Figure 5.3.4: Corrected TOD using Gain

For antenna 3 and 4, the EW component of their baseline is zero. We should not see the fringe
and difficult to get phase Φ34. However, we could use the relationship ∆Φ34 = ∆Φ31 −∆Φ41 =
∆Φ32 −∆Φ42 to predict Φ34 and calibrate the correspond data by this method.

Absolute radiometric calibration

Now, let us consider the auto-correlation signals after gain calibration. The 8 auto-correlation
should be more or less similar in shape. However, the system temperature are not uniform for
different channel. Time ordered visibility data has also to be converted and reordered following the
right ascension (RA) angular coordinate. In 1420.4 MHz, the strongest emissions are the galactic
21cm emission and galactic synchrotron emission, while other diffuse emissions only account for
less than 1%. Therefore, we use the LAB data (21cm) and GSM (almost the synchrotron) to do
amplitude calibration of auto-correlations. It is worth noting that before using LAB and GSM we
need to fit their resolutions same as PAON4. Then, we use the peak around RA=300deg to calibrate
the scale from Arbitrary unites into Temperature Kelvin. Fig5.3.5 shows the auto-correlation with
amplitude calibration, and the sigma noise and system temperature for each channel.

Instrument characteristics

We use the cleaned, gain and phase calibrated visibility signals during bright source transit to
derive instrument geometric parameters, as well as noise temperature. Indeed, fitting the phase
variations with time during the source transit for each baseline and frequency bin, we are able to
compute the delay (phase shift) due to cables and electronics, as well as the East-West baseline.
Using similar methods, it is also possible to determine the North-South baselines. Assuming
the first antenna located at (0,0), the antenna position is given by antenna2 (-5.993m,-0.001m),
antenna3 (4.38m,-5.996m), and antenna4 (4.38m,5.995m). Using auto-correlation signals during
the transit, we could obtain the beam in EW direction. If the pointing is exactly on source, we
could determine the beam angular size, which is the effective dish diameter illuminating the feed.
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Figure 5.3.5: Left: The auto-correlation with amplitude calibration. Right: sigma noise and system
temperature for each channel.

So we introduce an efficiency factor η. By observing a point source, for example, CygA, we could
calculate that the antenna effective diameter is around 4.4m. The efficiency factor is η ∼ 0.88 for
PAON-4.

As mentioned earlier, the cleaning and calibration pipeline has been developed by Qizhi
Huang, as part of his PhD work. A more in depth discussion of the method and the results will be
included in his thesis.

5.3.2 Quick Map Making

The quick map making method presented here is based on the beam forming technic. It is possible
to form synthetic beams by combining signals from several antennae. This method can work
either by performing analog combination of narrow band waveforms, with delays and gain terms,
or through digital beam forming, computing linear combination of signal Fourier coefficients from
a set of antennae. We show below that such the signal intensity within the synthetised beams can
also be computed using the visibilities.

Let us first consider the simple case of two antenna signals S1, S2, which are complex num-
bers, corresponding for example to the Fourier amplitude for a given frequency, after dong FFT
on the analog signal coming out of each antenna, we combine the two signals using two complex
coefficients c1, c2. Denoting the sky intensity by I , we have I1 = |S1|2, I2 = |S2|2. We write the
combined signal as S = c1S1 + c2S2 and I = |S|2 = S∗S. Developing the above expression,
one obtain: I = |c1|2I1 + |c2|2I2 + c1c

∗
2V12 + (c1c

∗
2V12)∗, where I1 and I2 correspond to the

autocorrelation term and V12 = S1S
∗
2 is the cross-correlation between the two antenna. Please

note that the visibilities Vij computed by the software correlator correspond indeed to SiS∗j where
i, j are the two antenna numbers.

Considering a set of signals si from N antennae located in positions ~ri, i = 1 . . . N . We
assume here that the si signals correspond to the complex Fourier coefficient at frequency ν and
wavelength λ of the RF signal collected by the antenna i. We compute the linear combination S
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of the signals using a set of complex coefficients ci ∈ C:

S =

N∑

i=1

ci si ci ∈ C ci = ρi e
iϕi ai, ϕi ∈ R

Computing the intensity of the RF signal in the synthetic beam, we obtain:

I = S∗ S =
N∑

i=1

N∑

j=1

c∗i s
∗
i × cj sj

I =
N∑

i=1

|ci|2 |si|2 +
N∑

i=1

N∑

j=1+1

c∗i cj s
∗
i sj + cic

∗
j sis

∗
j

remembering that the visibilities correspond to the time average of auto and cross correlations, the
average intensity can be computed using the visibilities Vij .

Vij = 〈 s∗i sj 〉

〈 I 〉 =

N∑

i=1

|ci|2 Vii +

N∑

i=1

N∑

j=1+1

(
Wij +W ∗ij

)
Wij =

(
cic
∗
j

)
Vij

The first sum correspond to auto-correlations terms, while the second term correspond to cross-
correlations. Note also that the visibilities computed by the PAON-4 correlator correspond to the
complex conjugate of the above expression 〈 si s∗j 〉.

For an incoming electromagnetic wave characterised by the wave-vector ~k =
2π

λ
~uk, where

~uk is the unit vector along the incident wave direction. The wave phase θi at the position ~ri of the
antenna (i) can be written as:

exp
(

2πν t− ~k · ~ri
)

= exp (2πν t+ θi) −→ θi = −2π

λ
~uk · ~ri

To form a beam in the direction ~uk, one has to compensate the phases θi, by using weights
ci with the opposite phase values. For a set of identical antennae, we can have equal gain term
ρi = ρ:

ci = ρe−iθi = ρ ei
~k·~ri

c∗i cj = ρ2 ei
~k·(−~ri+~rj) = ρ2 eiφij

φij = ~k · (~rj − ~ri) =
2π

λ
~uk · (~rj − ~ri)

In the case of the QuickMap sky map reconstruction method from transit visibilities discussed
here, we need only to form beams along several directions in the meridian plane (vertical plane
along the north-south direction). We shall thus neglect the effect of sky drift along the right
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Figure 5.3.6: Phase correction term.

ascension (RA) during the visibility averaging time interval of a few seconds, corresponding to
about an arcmin on sky, as it is the case of any map making method from transit visibilities.

The sky direction at a given RA in the meridian plane will be identified by the angle β with
respect to the vertical axis, positive toward the north. The declination angle δ on the sky will thus
be given by δ = latitude + β. The dish or antenna common pointing direction in the meridian
plane during a constant declination scan (k) will be denoted βk. The antenna positions will be
referenced with respect to a cartesian coordinate system Oxyz, with the Ox axis along the West-
East direction, positive toward East, Oy axis along the South-North direction, positive toward
North, and the Oz axis along the vertical, positive for increasing heights. If we assume that all
antenna lie in the same xOy plane (same height), the phase correction term expression reduces to
(figures 5.3.6):

φij = −2π

λ
sinβ × (~rj − ~ri)y = −2π

λ
sinβ × (yj − yi)

φij = −2π

λ
sinβ (∆y)ij (∆y)ij = dNS

where (∆y)ij = dNS is the baseline projected along the north-south direction.
Using each constant declination scan along βk, we can form a single dimensional map along

RA by applying the weights ρ = 1 and φij = −2π
λ sinβ − 2π

λ sinβk(∆y)ij . We can also form
beams along shifted directions β = βk + δβ by applying the corresponding phase compensation
terms, and correcting for the beam response ρ = L(δβ)/L(0), where L denotes the single dish
beam response in intensity in angular domain.

When we have several constant declination scans, we combine the result from two adjacent
scans for reconstructing maps along beta or declination values lying in between two scans: βk <
β < βk+1, using suitable weights.



130 CHAPTER 5. PAON-4 DESCRIPTION AND FIRST MAPS

Quick map making in 1420MHz 

Figure 5.3.7: Quick map making at 1420Mhz; Top: all observed region. Left: extracted from top
figures from RA=55o to RA=95o; Right: extracted from top figures from RA=280o to RA=325o.

A more detailed description of the linear combinations for reconstructing maps from PAON-4
data using the QuickMap algorithm is given below.

The reconstructed maps has rectangular shape, 24 hour (=360o) in RA with angular resolution
∼ 0.25o. Considering that we have constant declination scans every 1o along β or elevation, the
output map will have the corresponding declination (First case) (a ROW in the map → constant
declination), and three interpolation δβ = +0.25o,+0.5o,+0.75o between two scans (Second
case). At the two edges of the map, we can add two δβ scans 0.25o, 0.5o using the edge scan
(Third case).

It is worth noting that we have to take into account the ”w-term” which correspond to the
phase difference between antenna no sitting in the same plane perpendicular to the line of sight. If
β0 = (βPAON−4 − βsource) is the line of sight direction with respect to the zenith, and assuming
that all antenna are in the same horizontal plane, we will have a term (projected baseline) like
dNS sin(β0). This term would of course be present even in the First case, i.e. reconstruction along
a given scan direction.

First case

For map rows corresponding to the scan declinations, we use only the visibility data from the
corresponding scan. The map pixel would be obtained simply by adding antennae signals with
ci = 1 (same weight and no phase shift). That should correspond more or less to summing all the
visibilities.

We write the combined signal as

S = S1 + S2 + ei
2π
λ

(−6) sin(β0)S3 + ei
2π
λ

6 sin(β0)S4 (5.3.3)

Here, the phase ei
2π
λ

(−6) sin(β0) and ei
2π
λ

6 sin(β0) appear due to w-term. For PAON-4 case,
center dish is considered as reference which is marked as the first antenna, so dNS = 0m for
the second antenna which is sat in westward direction corresponding to the first one; dNS =
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−6m for the third antenna in southeastward direction; and dNS = 6m for the fourth antenna in
northeastward direction. β0 = 0 for zenith direction. We define that β0 is negative degree as
antennae point to north direction corresponding to zenith and β0 is positive degree as pointing to
the south.

Assuming ϕ = 2π
λ 6 sin(β0), then

I = S∗S

= I1 + I2 + I3 + I4 + V12 + V21 + eiϕV13 + e−iϕV31 + e−iϕV14 + eiϕV41

+eiϕV23 + e−iϕV32 + e−iϕV24 + eiϕV42 + e−2iϕV34 + e2iϕV43 (5.3.4)

There are 4 auto-correlations (I1, I2, I3, I4), and 6 cross-correlations (V12, V13, V14, V23, V24, V34).
All these terms are present in the I expression. We expect the four auto-correlation to be the same,
or very close, if correctly calibrated. For Vij and Vji, they are complex conjugate relationship
Vij = (Vji)

∗, in other words, we get 2 ∗ real(Vij) which ensures that the final results I is real.

Second case

For interpolated map rows between two sky scans, we combine the visibilities from the two β0-
scans. Equal weight |ci| are applied to the two sets for 0.5o interpolation, while the closest β0 scan
has higher weight for 0.25o and 0.75o scans. Of course the ci weights/coefficients have phases to
compensate for the phase differences of the sky signals reaching the antennae from declinations
shifted with respect to the antennae pointing directions and existing only in the NS direction.

Now, we write the signals for the two scans at the interpolated pointing (β0 + β1),

S?1 = S1 + S2 + ei
2π
λ

[(−6) sin(β0+β1)]S3 + ei
2π
λ

[6 sin(β0+β1)]S4 (5.3.5)

S?2 = S′1 + S′2 + ei
2π
λ

[(−6) sin(β′0+β2)]S′3 + ei
2π
λ

[6 sin(β′0+β2)]S′4 (5.3.6)

Here, the phase corresponding to β0 also come from w-term. We assume that the pointing S1 is
toward the north compared with pointing S2, then β′0 = β0 + 1o. The phase corresponding to β
is the phase shift for interpolated pointing. The value of β could be 0.25o, 0.5o, or 0.75o, with
β2 = β1 − 1o. The interpolated declination is βPAON−4 − (β0 + β1).

Assuming ϕ1 = 2π
λ [6 sin(β0 + β1)] and ϕ2 = 2π

λ [6 sin(β′0 + β2)], then

I?1 = I1 + I2 + I3 + I4 + V12 + V ∗12 + eiϕ1V13 + [eiϕ1V13]∗ + e−iϕ1V14 + [e−iϕ1V14]∗

+eiϕ1V23 + [eiϕ1V23]∗ + e−iϕ1V24 + [e−iϕ1V24]∗ + e−2iϕ1V34 + [e−2iϕ1V34]∗ (5.3.7)

I?2 = I ′1 + I ′2 + I ′3 + I ′4 + V ′12 + V ′12
∗

+ eiϕ2V ′13 + [eiϕ2V ′13]∗ + e−iϕ2V ′14 + [e−iϕ2V ′14]∗

+eiϕ2V ′23 + [eiϕ2V ′23]∗ + e−iϕ2V ′24 + [e−iϕ2V ′24]∗ + e−2iϕ2V ′34 + [e−2iϕ2V ′34]∗ (5.3.8)

In fact, we compute I?I and I?2 for the two scans, introducing the phase term for V13, V14, V23, V24, V34.
Then, we sum I?I and I?2 with the two weights (c1, c2) to get the interpolated intensity,

I = c2
1I
?
1 + c2

2I
?
2 (5.3.9)

The exactly weights coefficient ci is given by,
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• for β1 = 0.5o and β2 = −0.5o, c1 = c2 = 0.7

• for β1 = 0.25o and β2 = −0.75o, c1 = 0.94, c2 = 0.33 (closed to north pointing)

• for β1 = 0.75o and β2 = −0.25o, c1 = 0.33, c2 = 0.94 (closed to south pointing)

Third case

For the map rows beyond the edge scan, we use only the corresponding edge scan, applying
the phase term compensating the shift in NS between the sky direction and antennae pointing
directions. Now, the signals at the interpolated pointing is given by,

S = S1 + S2 + ei
2π
λ

[(−6) sin(β0+β)]S3 + ei
2π
λ

[6 sin(β0+β)]S4 (5.3.10)

Assuming ϕ = 2π
λ [6 sin(β0 + β)], then the intensity I with the weight c could be written as

I = c2S∗S

= c2
{
I1 + I2 + I3 + I4 + V12 + V ∗12 + eiϕV13 + [eiϕV13]∗ + e−iϕV14 + [e−iϕV14]∗

+eiϕV23 + [eiϕV23]∗ + e−iϕV24 + [e−iϕV24]∗ + e−2iϕV34 + [e−2iϕV34]∗
}

(5.3.11)

The weights coefficient ci is given by,

• for north edge with β = −0.5o, c = 0.7

• for north edge with β = −0.25o, c = 0.94

• for south edge with β = 0.5o, c = 0.7

• for south edge with β = 0.25o, c = 0.94

Fig5.3.7 shows the Quick map making for 1420MHz from data of Nov, 2016.

5.4 Instrument and Map making performance

Using the PAON4 calibrated November 2016 data, we have reconstructed sky map from visibil-
ities at two frequencies: 1420.4 and 1400 MHz. It is important to compare the obtained maps
with the known maps, for example, the Leiden-Argentina-Bonn(LAB) map at 21cm and Haslam
map at other frequencies. When computing simulated visibilities from maps, we should make sure
that the input maps have the same frequency band and map compatible angular resolution corre-
sponding to the observed data. Here, we use the updated PAON-4 November observation data,
which have visibility data binned in 512 frequency channels, each spanning 480 KHz from 1250
MHz to 1500 MHz. We select two frequency 1420.4MHz and 1400MHz to show the results. The
effective diameter of the four antennas is about 4.4 meters. The instrument resolution is around
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1o for PAON-4. So the map resolution nside = 256 is enough for spherical maps with HEALPix
pixelisation scheme.

In the observed region, the CygA source is the brightest source, which is not only important for
calibration but also when comparing data with the simulated signals. We will compare the auto-
correlation signals and cross-correlation signals between the PAON-4 data and the simulated data
from corresponding known map during transiting this source. It should be stressed that in order
to obtain meaningful results, the CygA source extension being significantly below the map pixel
resolution, it should be included as a point source, i.e. a single pixel in the HEALPix spherical
maps. That means that we can not use directly maps provided by modeling softwares as GSM,
as point sources appears extended in these maps. This will lead to mistakes at the amplitude and
the fringe shape when we compute the auto-correlation signals and cross-correlation signals. So
we have used input maps without point source, and then add the CygA as a point source with
the corresponding temperature, which is about 1400K for λ = 21cm and could be calculated by
following fomulae. The CygA is a double source, but the separation is much smaller than our map
pixel size. We have modeled it as a single point source of 1500 Jy at 1400 MHz. The flux (in
Jansky) is converted to pixel temperature excess Tpix using the formulae:

Tpix =
Flux× λ2

kB 2δΩpix
=
Flux× 10−26

1.38× 10−23
× λ2

2δΩpix

We have taken the average of 7 maps from LAB maps temperature, each covering ∼ 40kHz in
order to obtain a 21 cm temperature map with a bandwidth compatible with the PAON4 data anal-
ysed here. The synchrotron map at 1400 MHz has been obtained using the desourced, destripped
Haslam map 2 [50, 49] extrapolated to from the 408 MHz to about 1400 MHz, using a spectral
index β ∼ 2, which correspond to a factor ∼ 10 decrease in temperature.

Here the LAB map for the sky emission at 21cm (Galactic HI) is shown in equatorial coordi-
nates in figure 5.4.4A for the declination range 62o to 28o. For PAON-4 November data, a total of
11 constant declination scans are available, covering the angular offset range -5 deg to +5 deg with
respect to the CygA source declination, or −1.65o to −11.65o with respect to the zenith, given
the PAON-4 site declination of 47.38o. PAON-4 pointing accuracy is around 0.2o, and the exact
values of pointed declination are not yet available.

5.4.1 Comparing data and simulations for the auto and cross correlation signals

Before reconstructing map, we compare the observed visibilities with simulated auto-correlation
cross-correlation signals computed using LAB+CygA as an input map. The data calibration is
reasonable, but it is not prefect. The local ground of the PAON-4 has not been fattened before
installing the antennae and we can expect currently unknown height differences between the an-
tennae of up to ∼ 25 cm.

Fig5.4.1 shows the comparison of data and simulated visibilites for the auto-correlation signals
for the eleven scans at frequency 1420.4 MHz. The black curve corresponds simulated visibilities

2https://https://www.nasa.gov/goddard
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Figure 5.4.1: The auto-correlation signals comparison of PAON-4 data (red curve) and simulated
visibilites (black curve) for the eleven scans at frequency 1420.4 MHz.
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Figure 5.4.2: The cross-correlation signal comparison between simulated signals (black curve)
from LAB+CygA map and the PAON-4 observed visibilities (red curve) at 1420.4 MHz. The red
curves show the cross-correlation from PAON-4 November data, and the black curves is simulated
from LAB data.
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from LAB map, while the red curves show the observed PAON-4 visibilities. There are two peaks
in all subfigures, which is mostly due the 21cm emission from the two crossing of the Milk Way
around right ascension of α ∼ 85o and α ∼ 290o. The contribution of CygA source cannot
be easily be distinguished from the Milky Way 21 cm emission around α ∼ 290o. We see that
there is reasonable agreement between PAON-4 calibrated data and visibilities computed from an
input map using the map reconstruction software. It should however be stressed that the simulated
visibilities shown here are obtained going through the complete map reconstruction in the spherical
harmonics space (`,m). Indeed, we proceed as follow to compute these simulated visibilities:

1. We compute the auto and cross-correlation beams, and convert them into beams in (`,m)
space.

2. We apply also spherical harmonics transform to the input map to obtain the sky representa-
tion asky

`,m in (`,m) space.

3. For each m-mode, we compute the beam and sky convolution in (`,m) space for each beam
to obtain the m-mode visibility vectors Ṽij(m)

4. We apply a 1-D Fourier transform to the m-mode visibility vector Ṽij(m) for each beam
(or baseline) to compute the visibilities in angular space, Vij(α) which is then compared
to the observed calibrated visibilities We could find most of the auto-correlation signals are
reasonable.

Except the last two subfigures, corresponding to declination offsets with respect to CygA of -4
and -5 degrees, the two sets of visibilities (PAON4 data and simulated ones) are compatible. For
the declination ofsset −4o, the peak in the observed visibility is narrower around right ascension
300o, compared to the simulated one, and for the last offset value of −5o, the amplitude of the
peak around right ascension 90o is higher for the observed visibility. These differences might be
due to some calibration problems, such as wrong time dependent gain corrections.

Fig 5.4.2 shows the comparison of cross-correlation signals from PAON-4 November 2016
observations and the simulated visibilities from LAB+CygA map, at 1420.4 MHz and the eleva-
tion −6.65o, with the antennae pointing toward CygA declination (δ = 40.73o). The data for
this elevation has been collected on November 17th, 2016. The red curves correspond to the
cross-correlation from PAON-4 November data, while the black curves correspond to visibilities
simulated from LAB+CygA map.

We can see a good data-simulation agreement for the first baseline (6m,0), while a shift in time
(or phase shift) can be seen for the other four baselines (4.39m, ±6m) and (10.39m, ±6m). This
shift can be compensated by a additional phase of ∼ π. As there is an uncertainty of ∼ 25 cm on
height (z-coordinate) of the antennae, we have tried to compensate for this phase shift by changing
the z-coordinate of antennae 3 and 4. we leave the antennae 1 and 2 at z1 = z2 = 0, while we shift
by 10 cm the height of antennae 3 and 4 z3 = +10 cm z4 = −10 cm. We obtain thus the seven
following baselines for the auto and 6 cross-correlations:
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Real 

Real 

Real 

Real 

Imag Imag (6m,0,0) (6m,0,0) (4.39m,-6m,0.1m) (4.39m,-6m,0.1m) 

(4.39m,6m,-0.1m) 

(0,12m,-0.2m) 

(4.39m,6m,-0.1m) Imag (10.39m,-6m,0.1m) Real Imag (10.39m,-6m,0.1m) 

Real (10.39m,6m,-0.1m) Imag (10.39m,6m,-0.1m) Imag (0,12m,-0.2m) 

Figure 5.4.3: The corrected cross-correlating signals for the pointing of 0o at 1420MHz for base-
line with ∆z. The red curves show the cross-correlation from PAON-4 November data, and the
blue curves is simulated from LAB data.

AutoCor : (0 m, 0 m, 0 m)
1H2H : (-6 m, 0 m, 0 m)
1H3H : (+4.39 m, -6 m, +0.1 m)
1H4H : (+4.39 m, +6 m, -0.1 m)
2H3H : (+10.39 m, -6 m, +0.1 m)
2H4H : (+10.39 m, +6 m, -0.1m)
3H4H : (0, +12 m, -0.2 m)

Fig 5.4.3 shows the comparison of the six visibilities signals, real and imaginary parts, for the
PAON-4 observations and simulated ones, after the correction of antennae z-positions. PAON-4
data is shown in red, and simulated visibilities in blue. We still see a discrepancy for the last 3H4H
signal, which is a pure NS baseline. More investigations are necessary to identify the source of
this problem. We have thus used the auto-correlation and the first 5 cross-correlations for the maps
reconstructed from PAON-4 data here.

5.4.2 Reconstructed maps from PAON4 data using m-mode decomposition

We proceed now to the reconstruction of sky maps sky map from PAON-4 data, using corrected
baselines with ∆z terms. The reconstruction process has been discussed in full detail in chapter
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A: input LAB map at 1420 MHz 

B : reconstructed map from LAB after filtering at 1420 MHz 

C : reconstructed map from November data after filtering at 1420 MHz 

Figure 5.4.4: Reconstructed map for PAON-4 at 1420MHz. A: input LAB+CygA map; B: re-
constructed map from LAB+CyaA map after filtering; C: reconstructed map from November data
after filtering.

3. It can be decomposed in the following steps: We compute the beams in (`,m) plane for each
baseline and elevation, convert the visibilities as a function of right ascension Vij(α) to the m-
mode visibilities Ṽij(m), using an FFT. The map is then the reconstructed in spherical harmonicas
space and the sky map in angular space is then computed using an inverse spherical harmonic
transform. The eigenvalue thresholds when computing the pseudo inverse will have an effect on
the map reconstruction. By lowering the threshold, we reconstruct more modes, but at the expense
of extra noise. This has been discussed in Sec. 3.5.

There are also the problem of stripe due to the sharp edge of m-mode in Alm space. We would
like to have compromise between the noise and the level of structures. After trying several values
for the thresholds, the maps shown here have been computed using the values (thrratio = 0.05,
and thrabs = 0.01).

Before computing the sky map in angular space, we can have an additional filtering step in
(`,m) plane, as discussed in chapter 3. We have applied an (`,m) plane filter with `cut ∼ 300 to
obtain the filtered maps shown here.

Fig 5.4.4 shows the reconstructed map from simulated visibilities LAB+CygA map, as well
as the one reconstructed from PAON4 November 2016 data, using the auto-correlation and the 5
cross correlations 1H2H, 1H3H, 1H4H, 2H3H, 2H4H. Fig 5.4.5 shows the extracted map from
each panel of the figure 5.4.4, where the CygA source can easily be identified.

For the radio continuum which is dominated by the Galactic synchrotron emission at the rel-
evant frequencies, we have used full sky maps extrapolated from Haslam map at 408 MHz, with
the addition of a point source at the CygA position. This synchrotron map at 1400 MHz is shown
in Fig 5.4.6 A, and the reconstructed map from PAON-4 data at 1400 MHz is shown on the lower
panel of this same figure. There is a reasonable agreement between reconstructed maps from
PAON-4 data and the 21 cm or synchrotron maps.
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A: extracted map of input LAB map at 1420 MHz 

B : extracted map of recmap LAB after filtering at 1420 MHz 

C : extracted map of recmap November data after filtering at 1420 MHz 
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Figure 5.4.5: Extracted map around the CygA source region (right ascension from 290o to 310o;
and declination from 46.73o to 34.73) from the reconstructed map. A : extracted map from input
LAB+CygA map; B: extracted map from reconstructed map using LAB+CyaA map after filtering;
C: extracted map from reconstructed map using Nov data after filtering.

A: input map from Haslam+point source at 1400MHz 

B: recmap from November data after filtering at 1400MHz 

Figure 5.4.6: Reconstructed map for PAON-4 at 1400MHz. A: input map from Haslam+point
source at 1400MHz; B: reconstructed map from November data after filtering.
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A1: reconstructed map from LAB map before filtering with sharp threshold�

A2: reconstructed map from LAB map before filtering with smooth threshold�

A3: reconstructed map from LAB map after filtering with sharp threshold�

A2: reconstructed map from LAB map after filtering with smooth threshold�

Figure 5.4.7: The comparison of the reconstructed maps from the simulations with a sharp and
smooth threshold for PAON-4 at 1420MHz.

5.4.3 Effect of eigenvalue threshold on reconstructed maps

In section 3.5, we have discussed the solution of the reconstruction, and two kinds of the thresholds
on the eigenvalues. For the sharp kind of threshold, it is the sample case, but will leads to some
striping and oscillations in the reconstructed sky maps. So we have introduced a smooth kinds of
the thresholds to avoid the striping effect. Here, for the sharp kind of the threshold, we take the
relative threshold = 0.05 and absolute threshold = 0.02. For the smooth kind of the threshold,
we use two mathematical expressions to explain what we do: thr1 = min(εr × Σ00, εa) , and
thr2 = α × thr1, with α = 0.5 here. When computing the inverse of the diagonal eigenvalue
matrix, we apply the following rules:

- for Σii < thr1, we take simply computed 1/Σii.

- for thr2 < Σii < thr1, we limit the impact of noise by taking 1/thr1.

- for Σii < thr2, 1/thr1 goes smoothly to zero.

Fig5.4.7 and Fig5.4.8 shows the comparison of the reconstructed maps from the simulations
and from the data with a sharp and smooth threshold for PAON-4. If we compare the A1 with
A2, or A3 with A4 from the simulation, we could find obviously effect of the reducing of the
stripes. However, this decrease of striping is not clearly visible for the PAON-4 Nov data case,
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B1: reconstructed map from Nov data before filtering with sharp threshold 

B2: reconstructed map from Nov data before filtering with smooth threshold 

B3: reconstructed map from Nov data after filtering with sharp threshold 

B4: reconstructed map from Nov data after filtering with smooth threshold 

Figure 5.4.8: The comparison of the reconstructed maps from the data with a sharp and smooth
threshold for PAON-4 at 1420MHz.

comparing the B1 with B2. The reconstructed maps from the data show indeed a level of striping
significantly larger than the ones in simulations. These stripes are likely due to other effects. One
possible source is the pointing errors. Our scan directions are known to 0.1-0.2 degrees, and that
might be responsible for some the spurious structures we see in the reconstructed maps.



Summary and Outlooks

Transit observation is a very efficient way to survey large area of sky. In such observations, the
antennas are fixed or changed only the declination of their pointing, while the sky drifts across their
field of view as the Earth rotates. As the instrument is fixed on ground, the instrument response
and ground pickups are stable, and the mechanical design could be greatly simplified, and data
analysis may also take advantage of such simplicity.

Here we proposed a map-making algorithm based on spherical harmonic transformation. We
show that the reconstruction of the whole sky can be decomposed into a number ofm-modes, each
can be computed independently, and the numerical complexity of the problem can be reduced by
several orders of magnitude. We have also developed an efficient and flexible code for parallel
computing, which can complete the map reconstruction from the visibilities obtained in transit
observations of single dish or interferometer arrays.

In this dissertation we investigated the cases of dish array and cylinder array, for several dif-
ferent configurations and survey strategies. We simulated the time-ordered visibility data, and
reconstructed sky maps from such data. We also computed the response matrix, transfer function
and noise covariance matrix for the different array configurations, which can help us to understand
the function of performance of the arrays. The configurations we considered include the following:

(1) the relative simple case of 4 dishes, which can be arranged in a 2× 2 regular array, or the
triangular arrangement used in the actual PAON-4 test array. We showed the importance of having
short baselines and dense array configuration for reconstruction, which provides complete cover-
age in the (`,m) space without holes. This is important because in the 21cm intensity mapping
or epoch of reionization observations, foreground have to be subtracted, and incomplete coverage
in the (`,m) would result in unsolvable mode-mixing problem. We also showed that with large
number of independent (non-redundant) baselines, more uniform coverage on the (`,m) plane can
be obtained.

(2) we then discussed the case of 16 dishes, including a 4 × 4 regular configuration, and the
nearly double concentric ring configuration used n the Tianlai dish array. The Tianlai dish array
configuration was chosen, so as to provide good (`,m) coverage while at the same time minimize
blocking factor during observations with large zenith angle. We computed the transfer function
and noise angular power spectrum, and found that the circular configuration used by the Tianlai
array gives better coverage in the (`,m) space, and correspondingly also good angular resolution
and symmetric beam, though the regular 4 × 4 array does have the advantage that redundant
baseline calibration could be used in its observation.
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We also compared the case of mid-latitude observation to that of polar cap observation. Our
algorithm naturally handles the case of polar cap observation. For a given period of observation
time, in the polar cap region higher sensitivity can be achieved, at the price of observing smaller
survey area. In the polar cap area smaller m-modes are probed, but generally the sensitivity range
of ` is stilled determined by the long baselines of the array.

The sensitivity of the Tianlai 16-dish array is not high enough to detect the cosmic HI signal,
but it could measure the Galactic HI signal up to ` < 1000. Beyond the Milky Way, it may also
detect extragalactic HI clumps with mass 109M� up to 30 Mpc.

(3) We then applied the same method to the Tianlai cylinder array pathfinder. At present, the
cylinder array have a total of 96 dual polarization feeds on three north-south oriented cylinders,
each cylinder is 15m wide and 40m long, the length of the cylinder allows adding more feeds. We
considered two basic element spacings, one about one wavelength, another about two wavelength.
On each cylinder the feeds are arranged as a uniform spacing linear array. However, if the spacing
is greater than half-wavelength, grating lobes would appear for linear arrays. So we considered
two types of arrangement plans: one is what we called the ”regular array”, where on each of the
three cylinders we have equal number (32) of feeds, all with the same spacing; another which
we called ”irregular array” have 31, 32, 33 feeds on the three cylinders respectively, on each
cylinder the feeds are arranged with the same spacing, but on the three cylinders and spacing is
different, though the total length (longest baseline) are the same. We showed that with the regular
array, there are grating lobes and strong sources on the sky may introduce ghost images in the
reconstructed map, but with the irregular array, the grating lobes are essentially eliminated and
good reconstruction could be made.

We gone through the same analysis with the cylinder array, and obtained the synthesis beam,
response matrix and noise covariance matrix, and the transfer function, we also computed the noise
angular power spectrum. We found that for a system temperature of Tsys = 50K and a bandwidth
of 1MHz, the angular power spectrum of the cosmic 21cm signal is slightly larger than the noise,
detecting such a signal would be a difficult challenge, but the detection may still be achieved by
combined analysis for multiple frequency channels.

Finally, this code is applied to analyze the data obtained in the survey observation conducted
by PAON-4. For the real data collected in such observation, we first make quality check of the
data, and identified and removed RFIs, then we calibrated the instrument phase and gain of the
data by using strong point sources Cas A and Cyg A. The calibration result is presented, and we
finally obtained the calibrated map and compared it with known sky map.

This dissertation presents a whole set of computation formalism for transit observations, which
is applicable to single dishes and interferometer arrays, including dishes, cylinders, or other types
of antennas. The formalism could be extended to treat polarizations. However, it is still limited
in scope. The map making is performed with a single frequency, multi-frequency joint analysis
and foreground subtraction is not covered, and only the simplest treatment of calibration in the
real data is investigated, a self-consistent formalism for calibration and map-making is yet to be
developed. These problems needs to be solved for a high precision observation of the neutral
hydrogen.
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O. Mena, J. Miralda-Escudé, A. D. Montero-Dorta, F. Montesano, D. Muna, A. D. My-
ers, T. Naugle, R. C. Nichol, P. Noterdaeme, S. E. Nuza, M. D. Olmstead, A. Oravetz,
D. J. Oravetz, R. Owen, N. Padmanabhan, N. Palanque-Delabrouille, K. Pan, J. K. Pare-
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G. Maggio, A. Mangilli, M. Maris, P. G. Martin, E. Martı́nez-González, S. Matarrese,
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T. Ichikawa, Ž. Ivezić, S. Kent, R. S. J. Kim, E. Kinney, M. Klaene, A. N. Kleinman,
S. Kleinman, G. R. Knapp, J. Korienek, R. G. Kron, P. Z. Kunszt, D. Q. Lamb, B. Lee, R. F.



156 BIBLIOGRAPHY

Leger, S. Limmongkol, C. Lindenmeyer, D. C. Long, C. Loomis, J. Loveday, R. Lucinio,
R. H. Lupton, B. MacKinnon, E. J. Mannery, P. M. Mantsch, B. Margon, P. McGehee,
T. A. McKay, A. Meiksin, A. Merelli, D. G. Monet, J. A. Munn, V. K. Narayanan, T. Nash,
E. Neilsen, R. Neswold, H. J. Newberg, R. C. Nichol, T. Nicinski, M. Nonino, N. Okada,
S. Okamura, J. P. Ostriker, R. Owen, A. G. Pauls, J. Peoples, R. L. Peterson, D. Petrav-
ick, J. R. Pier, A. Pope, R. Pordes, A. Prosapio, R. Rechenmacher, T. R. Quinn, G. T.
Richards, M. W. Richmond, C. H. Rivetta, C. M. Rockosi, K. Ruthmansdorfer, D. Sand-
ford, D. J. Schlegel, D. P. Schneider, M. Sekiguchi, G. Sergey, K. Shimasaku, W. A. Sieg-
mund, S. Smee, J. A. Smith, S. Snedden, R. Stone, C. Stoughton, M. A. Strauss, C. Stubbs,
M. SubbaRao, A. S. Szalay, I. Szapudi, G. P. Szokoly, A. R. Thakar, C. Tremonti, D. L.
Tucker, A. Uomoto, D. Vanden Berk, M. S. Vogeley, P. Waddell, S.-i. Wang, M. Watanabe,
D. H. Weinberg, B. Yanny, N. Yasuda, and SDSS Collaboration. The Sloan Digital Sky
Survey: Technical Summary. AJ, 120:1579–1587, September 2000.

[114] H.-R. Yu, T.-J. Zhang, and U.-L. Pen. Method for Direct Measurement of Cosmic Ac-
celeration by 21-cm Absorption Systems. Physical Review Letters, 113(4):041303, July
2014.

[115] M. Zaldarriaga and U. Seljak. All-sky analysis of polarization in the microwave back-
ground. Phys. Rev. D, 55:1830–1840, February 1997.

[116] J. Zhang, R. Ansari, X. Chen, J.-E. Campagne, C. Magneville, and F. Wu. Sky recon-
struction from transit visibilities: PAON-4 and Tianlai dish array. MNRAS, 461:1950–1966,
September 2016.

[117] J. Zhang, S.-F. Zuo, R. Ansari, X. Chen, Y.-C. Li, F.-Q. Wu, J.-E. Campagne, and C. Mag-
neville. Sky reconstruction for the Tianlai cylinder array. Research in Astronomy and
Astrophysics, 16:158, October 2016.

[118] P. Zhang, U.-L. Pen, and B. Wang. The Sunyaev-Zeldovich Effect: Simulations and Obser-
vations. ApJ, 577:555–568, October 2002.

[119] M. A. Zwaan, M. J. Meyer, L. Staveley-Smith, and R. L. Webster. The HIPASS catalogue:
ΩHI and environmental effects on the HI mass function of galaxies. MNRAS, 359:L30–L34,
May 2005.



Appendices

157





Appendix A

One-dimension reconstruction

This appendix summarises the early work I did, when I started my PhD work at LAL, in order to
understand the key features of reconstructing sky maps from visibilities, specially the impact of
combination of multiple pointings in declination and irregular array spacing along the north-south
direction. The formalism used here is a simplified version of the one presented in chapter 3, section
3.3 in planar geometry, restricted to one dimension, either along the east-west (right ascension) or
the north-south (declination) direction. The main reason to have included this material here is the
insight that can be gained from the analysis of the response matrix, relating the reconstructed sky
modes to the true ones, in the simple cases where the two angular directions are decoupled. we
are interested in evaluating the ability of an instrument setup and scan strategy to measure single
u or v modes, or a relatively narrow band in the angular frequency plane.

The notation I have used in this appendix corresponds to my original notation which differs
slightly from the one used throughout chapter 3. Indeed, the projection matrix relating visibilities
to sky modes, corresponding is denoted A here instead of L in chapter 3, and its pseudo-inverse
is denoted B instead of H.

A.1 East-West direction

We discuss first the case of East-West direction. The suitable case is that all of the antennas
are pointing at same right ascension. Here, we set up the pointing upward perpendicular to the
East-West direction. Then, the instantaneous visibility is just a complex number.

Vij =

∫
I(α)L(α) ei2πα

∆x
λ dα (A.1.1)

where α is angular coordinate along East-West direction, and ∆x is the baseline of a pair of
antennas, along this direction.

Actually, the pointing are shifted along EW direction as sky rotates. If we consider that the
axis of the antennas is in the direction α(t) and in the approximation of a small lobe, we can
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perform it as a function of time due to the earth rotation,

Vij(α(t)) =

∫
I(α+ α(t))L(α) ei2πα

∆x
λ dα

=

∫
du I(u)Lij(u− u0)ei2πα(t)u (A.1.2)

where I(u) and Lij(u−u0) are the Fourier transform of sky intensity and antenna lobe for angular
frequency/wavenumber u0 = ∆x

λ . If u0 is zero, the Fourier lobe corresponds auto-correlation. If
not, it should be cross correlation.

As sky rotate, a phase factor exp(2iπα(t)u) is appeared in Fourier dominance. We consider
that the sky is periodic. So we could replace Fourier transform by discrete Fourier transform.

Vij(α(t)) =
∑

ui

I(ui)Lij(ui − u0)ei2πα(t)ui (A.1.3)

The equation A.1.3 is linear system of equations. The measurements are visibilities, which
are marked as known quantities. Assuming that the antenna lobe for one dish with diameter
D use approximation L(α) = [ sin(π(D/λ)α)

π(D/λ)α ]2 in angular plane corresponding to triangle shape∧
[±D/λ](u) in Fourier plane. All of the antennas are pointing to a given direction without moving,

so the lobe would be also known quantities, and the phase factors are the function of time due
to sky rotation. The remains are Fourier sky map I(u) which we name for ”observed sky” and
prepare to calculate from above linear system of equations. The equationA.1.4 is shown again in
matrix form as follows,




V α1
ij

V α2
ij

· · ·
V αm
ij


 =




Lu1
ij e

i2πα1u1 Lu2
ij e

i2πα1u2 · · · Lunij ei2πα1un

Lu1
ij )ei2πα2u1 Lu2

ij e
i2πα2u2 · · · Lunij ei2πα2un

· · ·
Lu1
ij e

i2παmu1 Lu2
ij e

i2παmu2 · · · Lunij ei2παmun


×




I(u1)
I(u2)
· · ·
I(un)


 (A.1.4)

To illustrate the reconstruction convenient, the matrix [Lij(ui − u0) exp (i2παui)] is symbol-
ized as Matrix A. The next step should be solving this linear system of equation.

For a set of visibility measurements for regularly spaced values of right ascension angles αj
covering the full range of right ascension values, the phase terms exp (2iπαjui) correspond to a
Fourier series transform. The A matrix above could then be factorise as the beam part times a DFT
(Discrete Fourier Transform) part. The DFT part can be inverted directly, leading to the separation
of the problem into a set of separate linear systems, one for each u−mode.

A.1.1 Pseudo-inverse of matrix A

In linear algebra, the singular value decomposition (SVD) is a factorization of a real or complex
matrix, with many useful applications in signal processing and statistics. The SVD could be used
for computing pseudo-inverse of a matrix.
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The singular value decomposition of an m × n real or complex matrix A is a factorization of
the form

A = UΣV ∗

where U is m × m real or complex unitary matrix, Σ is an m × n rectangular diagonal matrix
with nonnegative real numbers on the diagonal, and V* (the conjugate transpose of V, or simply
the transpose of V if V is real) is an n × n real or complex unitary matrix. The diagonal entries
Σii of Σ are known as the singular values of A. A common convention is to list the singular values
in descending order. In this case, the diagonal matrix Σ is uniquely determined by A (though the
matrixes U and V do not know.)

The pseudo-inverse of the matrix A using SVD is given by

B = A−1 = V Σ+U∗ (A.1.5)

where Σ+ is formed by replacing every nonzero diagonal λi entry by its reciprocal 1/λi and
transposing the resulting matrix. We use the symbol B matrix as the pseudo-inverse of the matrix
A.

Due to limited numerical precision in the computation, even zero elements of Σi,i will have
some small non-zero value, which would give rise to large Σ−1

i,i and affect the result greatly if
left unattended. To ensure the stability of the computation, the small eigenvalues of Σ are set to
0 before the inversion, and its inverse also set to 0 and ignored in subsequent computation. In
practice, we set some threshold value for the diagonal elements. If the diagonal element Σii <
Σ00× threshold ratio, we will put it to 0, corresponding Σ+ element put to zero.

Now, the reconstructed sky could be expressed as follows,


· · ·
Ĩ(ui)
· · ·


 = B ×




· · ·
Vij(at)
· · ·


 = B ×A×



· · ·
I(ui)
· · ·




here, the matrix [Ĩ(ui)] is the reconstructed sky or ”observed sky” and the matrix [I(ui)] is the true
sky. The matrix B ∗A will tell us how well we can recover the sky and how well the mode mixing
is under control. If the matrix B ∗A is identity matrix, the reconstruction would be perfect. At the
currently step, we set the eigenvalue threshold ratio as 0.005 which will be discussed in detail for
2D reconstruction.

A.1.2 Some results of response matrix B ∗ A (EW)

For the East-West direction, the results will be similar for both dish and cylinder case, given similar
dimension along the EW axis. So, here, we only show the results for dish array configuration.
There are 4 dishes layout in line along East-West direction with uniform spacing dsep = 2m, dish
size D = 1.75m and frequency ν = 1200 MHz. Then, the beam shape in Fourier space is show
as Fig A.1.1.

We are mainly concerning about the B ∗ A matrix, which we name it as response matrix. As
remarked earlier, the beam pointing are shifted due to sky rotate. Here, we consider that there



162 APPENDIX A. ONE-DIMENSION RECONSTRUCTION

autocorrela*on� crosscorrela*on�

baseline1� baseline2� baseline3�

Figure A.1.1: The beam patterns in Fourier space with dsep = 2m, dish size D = 1.75m and
frequency ν = 1200 MHz.

are totally 32 sky pointings covering 2π radians period with dish immobilized. Based on these
conditions, we could compute theB ∗Amatrix, please see Fig A.1.2. We could find that theB ∗A
matrix are identity matrix within the umax ∼ 31 which depend on array resolution. It means that
we would be able to recover the sky Fourier u-mode completely from the observations within the
telescopes resolution. And there are no mode mixing between different u-modes with full sky
coverage.

It is worth noting that we have chosen compact array layout. If not, there are some gaps
between different u-modes, which we will discuss in next paragraphs.

A.2 North-South direction

We have discussed the East-West direction reconstruction. Now, we investigate the North-South
direction reconstruction, which correspond to the declination direction with angle β denoting it n
the planar, pseudo-cartesian geometry (see chapter 3, section 3.3). There are no pointing shifted
effect along the North-South direction, and the practical situation, i.e. survey strategy, is different
for dish and cylinder case. For dish array, we could select several pointings, and each time, all
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Figure A.1.2: The B ∗A matrix.

of the antennas point to same direction or declination. However, for cylinder array, There are
no other choice, except pointing upward perpendicular to the North-South earth surface. Both of
them correspond to partial sky coverage.

So, according to the pointing effect, we could express the visibilities as a function of pointing
βp, angle in the North-South plane (or the elevation angle)

Vij(βp) =

∫
I(β + βp)L(β) ei2πδ

∆y
λ dβ

=

∫
dv I(v)Lij(v − v0)ei2πβpv (A.2.1)

where δ is angular coordinate along North-South direction, and ∆y is the baseline of a pair of
antennas. I(v) and Lij(v − v0) are also the Fourier transform of sky intensity and antenna lobe
for angular frequency/wavenumber v0 = ∆y

λ .
We consider that the sky is also periodic along North-South direction. So we could replace

Fourier transform by discrete Fourier transform.

Vij(δp) =
∑

vi

I(vi)Lij(vi − v0)ei2πβpvi (A.2.2)

The equation A.2.2 is linear system of equations. These are similar as East-West direction
case, and its matrix form are same as equation A.1.4. We also assume that the antenna lobe for one
dish with diameter D use approximation L(δ) = [ sin(π(D/λ)δ)

π(D/λ)δ ]2 in angular plane corresponding to
triangle shape

∧
[±D/λ](v) in Fourier plane. The next steps are calculating the pseudo-inverse of

matrix A = [Lij(vi − v0) exp (i2πδpvi)], using SVD method, and computing the response matrix
B ∗A.
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b:,N=S,direc*on,with,cylinder,(single,poin*ng)�
•  b1:,cylinder,config1,,
•  Each,feed,single,dipole,~,0.4=0.5m,,separated,by,1.6m.�

Figure A.2.1: The response matrix B ∗A for the case of 24 feeds layout in line along North-South
direction, and each feed has a single dipole ∼ 0.4m long, and feeds are separated by 1.6m.

U=200,===>,17’,�

U"(rad^(1)�

U=100,===>,34’,�

U=50,===>,1.14o,�

Figure A.2.2: The diagonal element of the Fig A.2.1, blue and red correspond to the two frequen-
cies ν1, ν2.

•  b2:,cylinder,config2,,
•  4,dipole,sum,packed,feeds,along,the,cylinder,axis,each,feed,
~,1.6m.�

b:,N=S,direc*on,with,cylinder,(single,poin*ng)�

Figure A.2.3: The response matrix B ∗A for the case of 24 feeds layout in line along North-South
direction, each feed is made of 4 packed dipoles, with the output signal corresponding to the sum
of individual dipole signals.



A.2. NORTH-SOUTH DIRECTION 165

A.2.1 Some results of response matrix B ∗ A (NS)

The question we would like to answer here is how close is the matrix B*A to the identity, or at
least a diagonal matrix. The results presented here will bring some answers to this question. In
this case, given the different beam patterns for dish and feeds on cylinders along the north-south
direction, we have to study each case separately. The results are thus shown to both dish and
cylinder case.

Cylinder case

First, we consider two kinds of cylinder array configurations, with single pointing. The first case
contains 24 feeds layout in line along North-South direction, and each feed have single dipole ∼
0.4m long, separated by 1.6m. We consider two frequencies: ν1 ∼ 1300 MHz and ν2 = 1.12×ν1.

Fig A.2.1 give us the information of response matrix B ∗ A for first cylinder case. We could
see that there are gap between different v-modes and these gaps are shifted for different frequency.
The Fig A.2.2 show the diagonal element of the Fig A.2.1, which shows clearly that the gaps are
shifted. This kind of Fig A.2.1 will lead to stronger beam frequency dependence and mode mixing.

So we consider the second kinds of cylinder case which also have 24 feeds layout in line along
North-South direction, but each feed is made of 4 packed dipoles, 0.4m long with the output signal
corresponding to the sum of individual dipole signals, and the feeds are separated by 1.6m. Fig
A.2.3 illustrate the information of response matrix B ∗A for compact cylinder array case. We can
see that the gaps are significantly smaller.

Dish case

We discuss now two dish array configurations. We consider an array of 12 dishes in line along NS
direction. The first configuration correspond to uniform spacing, while the second configuration
corresponds to the random spacing, as sketched in FigA.2.4. We that the single dish beam width
is ∼ 6rad−1 and the constant spacing of ∼ 8rad−1 in Fourier space for the regular array. As
for the cylinder case, we consider two frequencies nu1 and ν2 = 1.12 × ν1. The input sky is
supposed to have 30o extension along the north-south (NS) direction. We have also considered
two scanning strategies, one made of a single pointing, and a second one composed of 5 pointings
βk, k = 1 . . . 5 regularly spaced over the 30o of the sky. The four configurations (C1,C2,C3,C4)
discussed here are thus as follows:

• C1: 12 dish, with uniform spacing and 1 pointing, corresponding to Fig A.2.5.

• C2: 12 dish, with uniform spacing and 5 pointing, corresponding to Fig A.2.6.

• C3: 12 dish, with random spacing and 1 pointing, corresponding to Fig A.2.7.

• C4: 12 dish, with random spacing and 5 pointing, corresponding to Fig A.2.8.

In the FigA.2.5, we see that the B*A matrix starts to have some blocks along the diagonal.
Individual v − modes are not measured any more, and each sky v − mode estimate is a linear
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C:,N=S,direc*on,with,dish,(different,poin*ng)�

•  C1:,12,dish,,with,uniform,spacing,and,1,poin*ng.,
•  C2:,12,dish,,with,uniform,spacing,and,5,poin*ng.,
•  C3:,12,dish,,with,random,spacing,and,1,poin*ng.,
•  C4:,12,dish,,with,random,spacing,and,5,poin*ng.�

Figure A.2.4: The sketch of dish array configurations.

combination of true sky modes, as expected from a partial sky coverage (single pointing. The are
also some gaps, due to dish spacing being larger than the dish size. We can see on the right panel
of this figure the blocks are slightly shifted along the diagonal, as the frequency is increased from
ν1 to ν2. This will cause some mode mixing which we would like to avoid.

By increasing the sky coverage with multiple pointing, we see that we have been able to
decrease the size of the blocs along the diagonal of the B*A matrix, getting closer to a diagonal
matrix. The B*A matrix for the two frequencies for configuration C2, regular array and 5 βk
pointings are shown in figure A.2.6.

We prefer to know the mode mixing effect for multiply pointing case. FigA.2.6 shows the
matrices B ∗A for 5 pointings. We could see also extending for larger frequency. However, there
are no more mode mixing for more pointing case.

Fig A.2.7 and Fig A.2.8 shows the matricesB∗A for configurations C3 and C4, corresponding
to 12 dishes random spacing, respectively with 1 pointing and 5 pointings and for two frequencies.
We see that the response matrix B*A gets much closer to a diagonal matrix, meaning that we
can reconstruct single v −modes, minimising the mode mixing. Considering the results shown
in figure A.2.8 the combination of irregular spacing with several pointings provides a response
matrix close to a diagonal matrix, at least for small u-modes.

In conclusion, for East-West direction, due to the earth rotation, we have access to a full sky
coverage with regular sampling of the right ascension angles. All sky u − modes accessible to
the instrument are thus On the other hand for north-south (NS) direction, due to the partial sky
coverage, the recovered v-modes correspond to linear combination of true sky modes. However,
combining non uniform spacing and multiple pointings with compact array configurations, we can
enhance the sky map reconstruction quality, and decrease the mode mixing.
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C1:,uniform,
,,,,,,,space,
1,poin*ng�

Figure A.2.5: The response matrix B ∗A for 12 dish, with uniform spacing and 1 pointing.
C2:,uniform,
,,,,,,,space,
5,poin*ng�

Figure A.2.6: The response matrix B ∗A for 12 dish, with uniform spacing and 5 pointing.

C3:,random,
,,,,,,,space,
1,poin*ng�

Figure A.2.7: The response matrix B ∗A for 12 dish, with random spacing and 1 pointing.
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C4:,random,space,
,,,,,,,5,poin*ng�

Non,uniform,spacing,and,several,poin*ngs,,
is,good,to,have,less,mode,mixing�

Figure A.2.8: The response matrix B ∗A for 12 dish, with random spacing and 5 pointing.



Appendix B

Map making software

The map reconstruction software and associated tools (JSkyMap) are written in C++ and use
the SOPHYA (SOftware for PHYsics Analysis) 1 class library. SOPHYA is a collection of C++
classes designed to ease data analysis software development and provide the following services to
the map making software:

- Input/Output services in different formats, including ASCII, FITS and the native PPF SO-
PHYA binary format

- Various standard numerical analysis algorithms, including FFT and linear algebra and inter-
face to LAPACK

- Several map pixelisation in spherical geometry, including the HEALPix format [45]

- Spherical Harmonics Transform

- Classes to perform parallel computation

The SOPHYA documentation and instructions to get and build the library and associated tools
is available on the web site: http://www.sophya.org . The source code itself is available on
gitalb: https://gitlab.in2p3.fr/SOPHYA . The JSkyMap software is also available from gitalb:
https://gitlab.in2p3.fr/SCosmoTools/JSkyMap

We have developed the sky map reconstruction code both in rectangular geometry ((u, v)
plane) and spherical geometry ((`,m) plane). The rectangular geometry can be used when ob-
serving a narrow band in declination, at low declinations. We have performed a number of cross
checks, for example computing visibilities in spherical geometry and performing the reconstruc-
tion in rectangular geometry. The code has similar structure in the two geometry. For the sake of
clarity, we present here only the map reconstruction code in spherical geometry. The software is
organised around few main classes:

1http://www.sophya.org
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Figure B.0.1: Block Diagram for the map-reconstruction code

- BeamTP and BeamLM classes which represent the beam for a single feed or a pair of feeds
in angular (~ω = (θ, ϕ)) domain in spherical geometry and in the spherical Harmonics
coefficient domain ((`,m) plane). The BeamVis class computes the (`,m) plane response
for a pair of feeds/antenna given the the baseline, and the array position in latitude.

- The template class PseudoInverse provides the specific services to handle the compu-
tation of Bm matrices and the noise covariance matrices.

- Utility classes and function to handle the computation of the set of baselines from the an-
tenna positions in an array.

- The JSphSkyMap is the main class in the reconstruction code. It computes the Am and
Bm matrices, starting from a set of beams in the (`,m) plane corresponding to an instrument
layout and sky scanning strategy. It provides also methods to computes mock visibility data,
given an input sky, as well as methods to reconstruct the sky from visibilities. This class
implements parallelism at the level of Am and Bm matrices for different `.

The overall functional structure of the JSkyMap code is shown in Fig.B.0.1. The major com-
putation steps are listed below:

1. We compute first the baselines from the array configuration, i.e. the coordinates of the array
elements. To simplify numerical handling, we replace redundant baselines by a single beam,
scaling the noise level accordingly ∝ 1/nrb, where nrb is the number of antenna pairs with
the exact same baseline.
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2. We compute then the beams in the (`,m) plane from the baselines and scan strategy (the
observed declinations on sky). As the beam computation involves Spherical Harmonics
Transform (SHT) which is computation intensive, multi-threaded computation has been im-
plemented for this step.

3. One can then compute the Am and the visibilities noise covariance matrices for each m-
mode and then the corresponding Bm matrix, using the pseudo-inverse computation. The
computation for theses steps benefits also from multo-threaded implementation, taking ad-
vantage of m-mode parallelism.

4. Mock visibilities (with or without noise) can be computed using the Am matrices.

5. Finally Bm matrices can be used to compute estimated Sky spherical harmonics coefficients
from mock or observed visibilities, as well as the corresponding error covariance matrix.
The sky map is recovered using an inverse SHT.
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Appendix C

The two published papers

Two papers have been published in MNRAS (Monthly Notices of the Royal Astronomical Society)
and RAA (Research in Astronomy and Astrophysics) based on the work presented in chapter 3 and
4 of this dissertation.

- Sky reconstruction from transit visibilities: PAON-4 and Tianlai dish array. MNRAS, Vol-
ume 461, Issue 2, p.1950-1966 [116]

- Sky reconstruction for the Tianlai cylinder array. RAA, Volume 16, Issue 10, article id. 158
[117]

The first page of each of the two publications, with the list of authors and the abstract are
inserted here.
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ABSTRACT
The spherical harmonics m-mode decomposition is a powerful sky map reconstruction method
suitable for radio interferometers operating in transit mode. It can be applied to various
configurations, including dish arrays and cylinders. We describe the computation of the
instrument response function, the point spread function (PSF), transfer function, the noise
covariancematrix and noise power spectrum. The analysis in this paper is focused on dish arrays
operating in transit mode. We show that arrays with regular spacing have more pronounced
side lobes as well as structures in their noise power spectrum, compared to arrays with
irregular spacing, specially in the north-south direction. A good knowledge of the noise power
spectrum Cnoise(`) is essential for intensity mapping experiments as non uniform Cnoise(`) is
a potential problem for the measurement of the HI power spectrum. Different configurations
have been studied to optimise the PAON-4 and Tianlai dish array layouts. We present their
expected performance and their sensitivities to the 21-cm emission of the Milky Way and
local extragalactic HI clumps.

Key words: techniques: interferometric – methods: data analysis – methods: numerical
– cosmology: observations – (cosmology:) large-scale structure of Universe – radio lines:
galaxies

1 INTRODUCTION

Measurement of the neutral hydrogen (HI ) distribution through its
21-cm line radiation is a powerful method for studying the statistical
properties of Large Scale Structure (LSS) in the Universe, comple-
mentary to optical surveys. However, given the very faint radio
brightness of typical HI clumps, detection of individual galaxies in
21-cm at cosmological distances (z & 1) requires very large col-
lecting areas, around ∼ km2. Moreover, extracting cosmological
information from LSS requires the observation of large volumes of
universe to probe long wavelength modes with sufficient precision
in order to be competitive with the optical galaxy surveys. In recent
years, the intensity mapping technique has been suggested as an
efficient and economical way to map large volumes of the universe
using the HI 21-cm emission. Such cosmological surveys would
be especially suitable for late time cosmological studies (z . 3),
in particular to constrain dark energy through the Baryon Acoustic

? E-mail:ansari@lal.in2p3.fr

Oscillations (BAO) and Redshift Space Distortions (RSD) mea-
surements (Peterson et al. 2006; Chang et al. 2008; Ansari et al.
2009; Ansari et al. 2012b; Seo et al. 2010). In this scheme, the in-
tegrated radio emission of many HI clumps in cells of ∼ 103Mpc3
is measured without detection of individual galaxies. Large wide-
field radio telescopes, with an angular resolution of a fraction of
a degree and a frequency resolution of . 1MHz and sensitivities
of . 1mK per resolution element would be needed to observe the
LSS, especially the BAO features.

Several groups throughout the world are aiming to carry such
surveys. A number of projects with single dishes (possibly equipped
withmulti-beam receivers) and interferometer arrays have been pro-
posed. Single dish intensity mapping surveys have been carried out
on existing telescopes such as the Green Bank Telescope (GBT)
(Chang et al. 2010; Switzer et al. 2013; Masui et al. 2013) and
construction of dedicated instruments are being planned such as the
BINGO (BAO from Integrated Neutral Gas Observations) project
which is a single dish radio telescope equipped with an array of
feeds in the focal plane (Battye et al. 2013; Dickinson 2014). The
interferometer arrays include CHIME (Canadian Hydrogen Map-

© 2016 The Authors
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Abstract In this paper, we apply our sky map reconstruction method for transit type in-

terferometers to the Tianlai cylinder array. The method is based on the spherical harmonic

decomposition, and can be applied to cylindrical array as well as dish arrays and we can

compute the instrument response, synthesised beam, transfer function and the noise power

spectrum. We consider cylinder arrays with feed spacing larger than half wavelength, and as

expected, we find that the arrays with regular spacing have grating lobes which produce spu-

rious images in the reconstructed maps. We show that this problem can be overcome, using

arrays with different feed spacing on each cylinder. We present the reconstructed maps, and

study the performance in terms of noise power spectrum, transfer function and beams for

both regular and irregular feed spacing configurations.

Key words: Cosmology: observation, HI intensity mapping; Method: transit telescope; map

making

1 INTRODUCTION

The determination of the neutral hydrogen (HI ) distribution from 21cm line observation is an important

method to study the statistical properties of Large Scale Structures in the Universe. The intensity mapping

technic is an efficient and economical way to map the universe using the (HI ) 21cm emission, which

is suitable for late time cosmological studies ((z . 3)), specially for constraining dark energy models

through baryon acoustic oscillation (BAO) features (Peterson et al. 2006; Chang et al. 2008; Ansari et al.

2009; Ansari et al. 2012; Seo et al. 2010; Gong et al. 2011). So that large wide-field and wide band radio

telescopes would be needed to achieve rapidly the observation of large volumes of the universe. Several



 
Titre : Reconstruction de cartes à partir des observations d'interféromètres radio en mode transit pour 
les expériences de cartographie d'intensité à 21 cm - Application à Tianlai et PAON-4 

Mots-clés : cosmologie, énergie noire, émission 21 cm (HI), interférométrie radio, cartographie 
d'intensité, reconstruction de cartes en harmoniques sphériques 

Résumé : L'analyse des propriétés statistiques de la 
distribution de la matière dans le cosmos (Grandes 
Structures, LSS or Large Scale Structure) est l'une des 
principales sondes cosmologiques qui permettent l'étude du 
modèle standard cosmologique, en particulier les paramètres 
caractérisant la matière noire et l'énergie noire. Les 
Oscillations Acoustiques Baryoniques (BAO's) sont l'une des 
mesures qui peuvent être extraites de l'étude de la 
distribution de matière à grande échelle (LSS).  
L'observation de la distribution cosmique de la matière à 
partir de l'émission à 21 cm de l'hydrogène atomique neutre 
(HI) est une nouvelle méthode, complémentaire des relevés 
optiques pour cartographier la distribution de la matière dans 
le cosmos.  
La méthode de cartographie d'intensité (Intensity Mapping) a 
été proposée depuis moins d'une dizaine d'années comme 
une méthode efficace pour cartographier en trois dimensions 
l'émission radio à 21 cm. Elle n'implique en particulier pas la 
détection des objets individuels (galaxies), et peut donc être 
effectué avec des instruments plus modestes en taille que 
ceux comme SKA ou FAST qui sont conçus pour détecter 
les galaxies à 21 cm à des distances cosmologiques. 
Des interféromètres radio utilisant un ensemble de 
réflecteurs cylindriques ou paraboliques fixes, observant le  

ciel en mode transit sont adaptés à la cartographie d'intensité.  
Le mode d'observation spécifique de ce type de radio 
télescope en cartographie d'intensité est étudié dans le cadre 
de ce travail de thèse. On montre en particulier qu'une 
méthode spécifique de reconstruction des cartes du ciel à 
partir des visibilités peut-être appliquée aux observations de 
ces interféromètres fonctionnant en mode transit.  Cette 
méthode correspond à la décomposition en modes m des 
harmoniques sphériques et est très performante pour la 
reconstruction de grandes zones du ciel observées en mode 
transit. 
Un code de reconstruction fondé sur ce principe a été 
développé, ainsi que différents critères de comparaison des 
performances instrumentales, comme  le lobe d'antenne 
synthétisé, le spectre de bruit sur les cartes reconstruites et la 
réponse globale de l'instrument dans le plan (l,m) des 
harmoniques sphériques.  
La méthode a été appliquée à différentes configurations des 
interféromètres composés de réflecteurs paraboliques ou 
cylindriques dans le cadre des projets PAON-4 et Tianlai. 
Outre l'optimisation des configurations des interféromètres 
Tianlai et PAON-4, le travail présenté inclut une première 
application de la méthode aux données PAON-4. 
 
 

 

 
Title: Map making from transit interferometers observations for 21cm Intensity Mapping experiments 
Application to Tianlai and PAON-4 

Keywords: cosmology, dark energy, 21cm emission (HI), radio interferometry, intensity mapping, 
spherical harmonic maps reconstruction 

Abstract: The analysis of the statistical properties of the 
distribution of matter in the cosmos (LSS or Large Scale 
Structure) is one of the main cosmological probes that allow 
the study of the cosmological standard model, in particular 
the parameters characterizing dark matter and dark energy. 
Baryonic Acoustic Oscillations (BAO’s) are one of the 
measurements that can be extracted from the study of matter 
distribution in large-scale structure (LSS). 
The observation of the cosmic distribution of the matter from 
neutral atomic hydrogen (HI) 21 cm emission is a new 
method, complementary to the optical observation to map the 
distribution of matter in the cosmos. 
In the last decade, the Intensity Mapping method has been 
proposed as an effective method for mapping the 21cm radio 
emission in three dimensions. In particular, it does not 
require the detec- tion of individual objects (galaxies), and 
can therefore be performed with instruments smaller in size 
than those such as SKA or FAST, which are designed to 
detect 21 cm galaxies at cosmological distances. A radio 
interferometer using a set of fixed cylindrical or parabolic 
reflectors observing the sky in transit modes are suitable 
instruments for intensity mapping surveys. 

The specific observational mode from this type of radio 
telescope by intensity mapping is studied in the context of 
this thesis. We show in particular that a specific sky maps 
reconstruction method from the visibilities can be applied to 
the observations of these interferometers operating in transit 
mode. This method corresponds to the m-modes 
decomposition of the spherical harmonics and is very 
efficient for the reconstruction of large sky areas observed in 
transit mode. 
A reconstruction code based on this principle has been 
developed, as well as different crite- ria for the comparison 
of instrumental performances, such as the synthesized 
antenna lobe, the noise spectrum of the reconstructed maps 
and the overall instrument response in the the spherical 
harmonics (l,m) plane. 
The method has then been applied to different configurations 
of interferometers composed of parabolic or cylindrical 
reflectors in the PAON-4 and Tianlai projects. In addition to 
optimizing the Tianlai and PAON-4 interferometer 
configurations, the work presented here includes a first 
application of the method to the PAON-4 data. 
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