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Titre : COSMOLOGIE DES THÉORIES DE GRAVITE MODIFIÉES
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Résumé : La  cosmologie  a  atteint  une  ère
passionnante.  Pour  la  première  fois  dans
l’histoire humaine, un modèle quantitatif pour la
formation  et  l’évolution  de  l’Univers  existe,
expliquant  une  gamme  très  variée  de
phénomènes  et  ayant  été  testé  avec  une
impressionnante.  De  plus,  nous  sommes  à
l’aube d’une époque dans laquelle nous aurons à
notre disposition une abondance de données de
grande qualité, ce qui nous permettra d’utiliser
la  cosmologie  comme  un  outil  pour  tester  la
physique fondamentale. 
En particulier, comme les structures de grandes
échelles  de  l’Univers  sont  gouvernées  par  la
force de gravité, la cosmologie peut être utilisée
pour  tester  la  théorie  de  la  relativité  générale
d’Einstein. Cette idée a inspiré la plupart des
travaux décrits  dans ce manuscrit,  dans lequel
j’ai  étudié des théories alternatives  au modèle
standard de la cosmologie et des tests à grandes
échelles pour la relativité générale.
Dans la première partie de ma thèse, je me suis
concentré sur les “theories tenseur-scalaire” de
la gravité. Ce sont des théories alternatives de la
gravité, dans lesquelles un champ scalaire, qui
est responsable de l’accélération de l’expansion
de l’Univers, est ajouté à l’action de Einstein-
Hilbert. Dans le deuxième chapitre, j’ai décrit le
modèle  de  K-mouflage,  une  “théorie  tenseur-
scalaire”  dans  laquelle  le  champ  scalaire
possède  un  terme  cinétique  non-standard,  en
montrant  son  effet  non  négligeable  sur  la
dynamique  des  amas  des  galaxies.  J’ai  aussi
montré comment cet effet peut être utilisé pour
contraindre  le  modèle  de  “K-mouflage”  en
utilisant des observations en rayon X.
En particulier,  j’ai  montré  que  le  cisaillement
cosmique  a  un  pouvoir  assez  limité
actuellement  pour  contraindre  ces  théories,  à
cause  de  la  faible  précision  des  observations
actuelles  et  des  dégénérescences  avec  les
processus baryoniques.
Dans  le  cinquième  chapitre,  j’ai  donné  une
description de mon étude des rela-
tions de cohérence. Ce sont des relations entre
les  fonctions  de  corrélation  des  champs
cosmiques à (n + 1) et n points, valables aussi
dans le régime non-linéaire. 

Leur  intérêt  vient  du  fait  que  leur  dérivation
dépend seulement du
Principe  d’Équivalence  et  de  l’hypothèse  de
conditions  initiales  Gaussiennes,  et  donc  elles
peuvent être utilisées pour tester ces hypothèses
fondamentales  du  modèle  standard  de  la
cosmologie.
Des  relations  similaires  ont  été  étudiées
auparavant,  mais  j’ai  montré  comment  il  est
possible  d’obtenir  des  relations  qui  ne
s’annulent  pas  lorsque  tous  les  champs  sont
considérés  au  même  instant.  J’ai  utilisé  ce
résultat pour obtenir des relations de cohérence
entre  fonctions  de  corrélation  de  quantités
observables,  notamment  le  champ  de  densité
des galaxies et la fluctuation de température du
fond  diffus  cosmologie  donnée  par  l’effet
Sachs-Wolfe.  Ces  relations  peuvent  être
utilisées pour des tests de la relativité générale,
reposant sur des observations par satellites, sans
avoir  besoin  de  modèliser  la  physique  des
baryons aux petites échelles.
Enfin,  j’ai  donné  un  aperçu  des  quelques
perspectives possibles pour poursuivre le travail
décrit dans ce manuscrit. 
En  particulier,  j’ai  souligné  comment  des
simulations  numérique  sont  nécessaires  pour
mieux comprendre la  formation des  structures
dans le contexte des modèles “K-mouflage” et
“ultra-local”. En outre, elles peuvent être aussi
utilisées pour tester les hypothèses sous-tendant
l’analyse  des  lentilles  gravitationnelles  faibles
présentée  dans  ce  manuscrit,  surtout  pour
distinguer l’effet de la physique des baryons et
des neutrinos de l’effet des théories de gravité
modifiée  sur  le  cisaillement  cosmique.  En  ce
qui  concerne  les  relations  de  cohérence,  une
étude  de  faisabilité  de  leur  mesure  avec  les
“surveys”  cosmologiques  est  nécessaire,  pour
comprendre  si  elles  peuvent  donner  des
contraintes  compétitives  sur  les  théories
alternatives de la gravité.
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Abstract  : The  study of  physical  cosmology
has reached an exciting era. For the first time
in human history, a quantitative model for the
formation  and  the  evolution  of  the  Universe
exists,  which  explains  a  wide  range  of
phenomena and has been tested with incredible
accuracy during the last century. Moreover, we
are approaching a time when a bounty of high
quality  cosmological  data  will  be  available,
allowing us to use cosmology as a tool to test
fundamental physics.
In particular, as the large-scale structures of the
Universe are governed by gravity,  cosmology
can help us to asses the correctness of Albert
Einstein’s  general  relativity.  This  idea  fueled
most of the work described in this manuscript,
in  which we study alternative  theories  to  the
standard cosmological model and large-scale
structure tests for general relativity.
In  particular,  we  focus  on  two  scalar-tensor
theories  of  gravity,  the  K-mouflage  models
described  in  Chapter  2  and  the  ultra-local
models of gravity presented in Chapter 3. The
K-mouflage theories are k-essence models with
a non-standard kinetic term that  were already
studied at the linear and background levels. In
this  manuscript,  we  extend  this  description
showing  how  the  scalar  field,  which  is
responsible for the late time acceleration of the
Universe,  has  a  non-negligible  impact  on
cluster  dynamics,  arguing  that  future  surveys
may  have  the  power  of  constraining  K-
mouflage models via X-ray observations. Next,
we  study  the  ultra-local  models  of  gravity,
where a  scalar  field with a  negligible  kinetic
term  is  added  to  the  Einstein-Hilbert  action,
investigating  how  the  latter  modifies
cosmological  structure  formation  and  how
these models can be related to super-chameleon
models.

In Chapter 4, we present a cosmic shear data
analysis  in  the  context  of  f  (R)  and  Dilaton
models,  and  we  show  how  current  data  can
accommodate most of the theories considered,
once  baryonic  and  neutrino  physics
degeneracies are taken into account.
Finally, in Chapter 5 we present an analysis of
consistency relations for large-scale structures,
which  are  non-perturbative  relations  among
correlations  of  cosmic  fields.  They  are  also
valid in the non-linear regime, where very few
analytical results are known, and only rely on
the  Equivalence  Principle  and  primordial
Gaussian initial conditions. This makes them a
powerful  tool  to  test  general  relativity  and
inflationary  models  using  the  cosmological
large-scale structures.
We provide here the first non-vanishing equal-
time  consistency  relations,  which  we  use  to
obtain  consistency  relations  involving
observational quantities.
In  this  Thesis  manuscript,  we  highlight  the
major  results  of  the  full  analysis  done in  the
articles  that  are  appended  to  the  main  text,
where  the  reader  can  quench  any  thirst  for
technical details.

Université Paris-Saclay          
Espace Technologique / Immeuble Discovery 
Route de l’Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France 



Contents

Abbreviations 6

Notations 7

1 Introduction 3

1.1 Dark energy problem and Λ-CDM model . . . . . . . . . . . . . . . 3

1.2 Λ-CDM model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Strong equivalence principle . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Dark energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Modified-gravity theories . . . . . . . . . . . . . . . . . . . . . . . . 6

1.5.1 Scalar-tensor theory of gravity . . . . . . . . . . . . . . . . . 6

1.5.2 Screening mechanisms . . . . . . . . . . . . . . . . . . . . . 7

1.6 Tests of gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 K-mouflage 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Description of the model . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Large- and small-scale constraints . . . . . . . . . . . . . . . . . . . 14

2.4 Background cosmology . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5 Large scale structure formation . . . . . . . . . . . . . . . . . . . . 16

2.6 Lack of screening of clusters in K-mouflage models . . . . . . . . . . 18

2.7 Cluster dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.7.1 Halo mass function . . . . . . . . . . . . . . . . . . . . . . . 20

2.7.2 Cluster concentration . . . . . . . . . . . . . . . . . . . . . . 21

2.7.3 Hydrostatic equilibrium . . . . . . . . . . . . . . . . . . . . 21

2.7.4 Scaling laws . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.7.5 Cluster temperature function . . . . . . . . . . . . . . . . . 24

2.7.6 Dynamical and weak lensing masses . . . . . . . . . . . . . . 25

2.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Ultra-local models of gravity 27

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Description of the models . . . . . . . . . . . . . . . . . . . . . . . 27

4



Contents 5

3.3 Background and perturbations in Jordan frame . . . . . . . . . . . 29

3.4 Constraints on A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.5 Characteristic transition scales of ULMs . . . . . . . . . . . . . . . 33

3.6 Spherical collapse and halo mass function . . . . . . . . . . . . . . . 33

3.7 Screening mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.7.1 Clusters and galaxies . . . . . . . . . . . . . . . . . . . . . . 36

3.7.2 Solar System . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.8 Thermodynamical analysis . . . . . . . . . . . . . . . . . . . . . . . 39

3.9 Super-chameleons and ultra-local models . . . . . . . . . . . . . . . 41

3.10 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4 Testing modified gravity with cosmic shear 44

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.2 Dilation and f(R) theory of gravity . . . . . . . . . . . . . . . . . . 44

4.3 Weak lensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5 Consistency relations for large-scale structure 51

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.2 Correlation and response function . . . . . . . . . . . . . . . . . . . 52

5.3 Consistency relations for velocities and momenta . . . . . . . . . . . 55

5.4 Consistency relations for observables . . . . . . . . . . . . . . . . . 56

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

6 Conclusions 60
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G Newton’s Constant

z cosmological redshift
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Abstract

The study of physical cosmology has reached an exciting era. For the first time
in human history, a quantitative model for the formation and the evolution of the
Universe exists, which explains a wide range of phenomena and has been tested
with incredible accuracy during the last century. Moreover, we are approaching a
time when a bounty of high quality cosmological data will be available, allowing
us to use cosmology as a tool to test fundamental physics.

In particular, as the large-scale structures of the Universe are governed by gravity,
cosmology can help us to asses the correctness of Albert Einstein’s general rela-
tivity. This idea fueled most of the work described in this manuscript, in which
we study alternative theories to the standard cosmological model and large-scale
structure tests for general relativity.

In particular, we focus on two scalar-tensor theories of gravity, the K-mouflage
models described in Chapter 2 and the ultra-local models of gravity presented in
Chapter 3. The K-mouflage theories are k-essence models with a non-standard
kinetic term that were already studied at the linear and background levels. In
this manuscript, we extend this description showing how the scalar field, which
is responsible for the late time acceleration of the Universe, has a non-negligible
impact on cluster dynamics, arguing that future surveys may have the power of
constraining K-mouflage models via X-ray observations. Next, we study the ultra-
local models of gravity, where a scalar field with a negligible kinetic term is added
to the Einstein-Hilbert action, investigating how the latter modifies cosmologi-
cal structure formation and how these models can be related to super-chameleon
models.

In Chapter 4, we present a cosmic shear data analysis in the context of f(R) and
Dilaton models, and we show how current data can accommodate most of the
theories considered, once baryonic and neutrino physics degeneracies are taken
into account.

Finally, in Chapter 5 we present an analysis of consistency relations for large-
scale structures, which are non-perturbative relations among correlations of cosmic
fields. They are also valid in the non-linear regime, where very few analytical
results are known, and only rely on the Equivalence Principle and primordial
Gaussian initial conditions. This makes them a powerful tool to test general
relativity and inflationary models using the cosmological large-scale structures.
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We provide here the first non-vanishing equal-time consistency relations, which
we use to obtain consistency relations involving observational quantities.

In this Thesis manuscript, we highlight the major results of the full analysis done
in the articles that are appended to the main text, where the reader can quench
any thirst for technical details.
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Chapter 1

Introduction

1.1 Dark energy problem and Λ-CDM model

Before discussing possible modifications to Einstein’s General Relativity (GR), it
is worth stressing which astonishing accomplishment GR is, both in terms of its
profound theoretical foundations and of the huge variety of phenomena that it
can describe. On the first hand, its description of a Lorentz invariant space-time
couched in the language of differential geometry it is meaningful and elegant and
remains unchanged after more than one century from its first formulation. On the
other hand, GR has proven to be spectacularly successful [1] when tested against
experiments and observations, which range from millimeter scale laboratory tests
to Solar System tests, including also strong regime tests such as binary pulsars
dynamics. Within the standard model, GR governs the expansion of the Uni-
verse, the behavior of black holes, the propagation of gravitational waves, and
cosmological structure formation from planets and stars to the galaxy clusters.

Having such an outstanding theory of gravity, one may wonder why there is such
a huge number of alternative theories in the literature, and why there are different
experimental and observational projects to test GR. Despite its success, there are
(at least) two major reasons why it is interesting to study possible modifications
of GR : the first one is the lack of a widely accepted quantum field theory of
gravity (QFTG). In fact, even if different proposals for a QFTG exist, none of
them has proven to be completely satisfactory in reconciling GR to quantum field
theory [2] . Secondly, most of our current results in cosmology are based on a huge
extrapolation of our knowledge of gravity up to scales where GR has never been
tested.

In particular, it became extremely important to test the validity of our extrapo-
lation on the nature of gravity at large scales, after the discovery of the late time
accelerated expansion of the Universe [3, 4]. This is currently explained assuming
the existence of a new component of the Universe called “dark energy”, whose
nature is still unknown and accounts for around 70 % of the energy budget of the
Universe today.

3
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This scenario, i.e our current lack of knowledge about the main component of
the Universe which drives its late time expansion, is usually referred as the “dark
energy problem” and it can be addressed in several ways. In this chapter, we will
focus on two approaches, the “Dark Energy” models (DEMs), where a new species
is added to the Universe stress-energy tensor, and “modified gravity” theories
(MGTs), alternative models for the gravitational interaction, since they are of
particular importance for the work outlined in this manuscript.

1.2 Λ-CDM model

The simplest way to explain the accelerated expansion of the Universe is to in-
troduce a cosmological constant (often referred to as Λ) into the Einstein-Hilbert
Action (EHA)

S =

∫
d4x

[
√
−g̃
(
M̃2

Pl

R̃

2
− Λ4

)
+ Lm(ψ(i)

m , g̃µν)

]
, (1.1)

where R̃ is the Ricci scalar, g̃µν is the metric tensor and Lm is the Lagrangian of

the matter fields ψ
(i)
m . This solution, known as the Λ-CDM model, assumes GR

validity at all scales and introduces an energy scale, associated to Λ, which has to
be set “by hand” in order to mimic the late-time acceleration of the Universe.

Applying the Λ-CDM model to the study of large scale structures of the Universe
puts us in the somewhat unpleasant situation of having a successful theory to
describe a large class of phenomena, while lacking a deeper understating of the
nature of the cosmological constant itself. For this reason, some attempts at
explaining Λ in terms of the quantum vacuum energy have been made[5], but
the value of the cosmological constant predicted by quantum field theory is many
orders of magnitude higher than the one observed. These considerations lead to
the so-called cosmological constant problems, which can be stated as:

• why Λ is so small as compared to the quantum field theory prediction?

• can Λ be understood by means of a more general theory which involves a
dynamical model for the evolution of dark energy?

Even though these problems could probably be related, in the following we will
not concentrate on the first one and we will address just the second one, i.e we
will assume that the contribution to the cosmological constant due to the vacuum
energy can be set to zero due to some unknown mechanism, as it is done in most
of the studies of modified-gravity theories in the context of cosmology[6].
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1.3 Strong equivalence principle

The theoretical problems delineated above, along with some discrepancies between
observations and Λ-CDM model predictions [7–10], have motivated the study of
a plethora of alternatives to Λ-CDM, which are often categorized in two broad
classes, “Dark Energy” models (DEMs) and MGTs.

Broadly speaking, one could say that DEMs modify the Universe stress-energy
tensor by adding a new species, whose equation of state is w = pDE/ρDE ' −1,
which is responsible for the late time acceleration of the Universe. On the other
hand, MGTs modify the coupling between matter and gravity, introducing new de-
grees of freedom. It is possible to draw a more precise line between this two classes
of models using the strong equivalence principle (SEP) [11], i.e. the assumption
that there exists only one metric field to which all the massive bodies couple,
independently from their composition. We can in fact describe DEMs as modifi-
cations to Λ-CDM which are compatible with the SEP, while MGTs are not and
they are often described by the means of a “fifth force”. This classification cannot
be considered completely satisfactory, since there are models for which choosing
between DEMs and MGTs is somewhat a matter of personal tastes. However this
approach will be used here, since it is sufficient for the scope of this manuscript.

1.4 Dark energy

DEMs are one of the most natural directions to explore, while researching on
dynamical mechanisms to explain the current value of the cosmological constant.
One of the simplest examples of DEM is the so-called quintessence models [12], in
which a scalar field drives the cosmic evolution at late times. The action for these
models reads

S =

∫
d4x
√
−g̃
[
R̃M̃2

Pl

2
− 1

2
(∂ϕ)2 − V (ϕ) + Lm(ψ(i)

m , g̃µν)

]
, (1.2)

where R̃ is the Ricci scalar, ϕ is the scalar field and V (ϕ) is its potential, often
a free function of the theory. In quintessence models the scalar field behaves as a
perfect fluid, whose equation of state is given by:

w =
1
2
ϕ̇2 − V (ϕ)

1
2
ϕ̇2 + V (ϕ)

(1.3)

where ϕ̇ is the partial time derivative of the scalar field. Since observations suggest
at late times w ' −1, in quintessence models the potential energy dominates
over the kinetic energy, i.e we must have V (ϕ) � ϕ̇2. This means that the
potential has to be chosen to fulfill this requirement, along with other ones to
provide theoretical stability and observational viability [13, 14]. From Eq.(1.2), it
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is possible to explicitly see that DEMs do not violate SEP, as the gravitational
sector is not modified.

It is possible to construct a very large class of models generalizing Eq.(1.2), which
are of great importance and have been studied extensively both on theoretical
and observational levels. We will not discuss them here, since it is far beyond the
scope of this manuscript, which mostly focuses on MGTs, but we refer the reader
to [13, 14] for an overview of this topic.

1.5 Modified-gravity theories

In GR the gravitational force is mediated by a single 2-rank tensor, namely the
metric gαβ. This is inspired by the original Einstein’s idea that matter moves along
geodesics evaluated using gαβ, which is deformed by the presence of any form of
energy, including massive objects. It has been shown that GR is the only possible
gravitational theory mediated by a single 2-rank tensor [15] and then any MGT
must include some extra field. The simplest scenario other than GR is to consider
the presence of an additional scalar field to the EHA, which we will describe
with some detail in this section since it is of vital importance for most part of
this Thesis. Moreover, it is possible to consider also some other extra fields such
as vectors, tensors and higher-rank fields [16, 17], but we will not discuss these
scenarios here, since this is beyond the scope of this manuscript.

However, any effect due to the presence of an additional scalar field must be
suppressed in all the environments where GR is well tested, such as the Solar
system and laboratories. This can be achieved by weakly coupling the extra scalar
field to matter at all scales, but also, as we will discuss in more details in sec 1.5.2,
via a scale-dependent mechanism that provides convergence to GR when necessary.

1.5.1 Scalar-tensor theory of gravity

MGTs in which a scalar field is added to the EHA are often called scalar-tensor
theories of gravity. They are of particular interest because their simple structure
allows us to obtain analytical results, which can be used to test GR. Thus, they
can be seen as toy-models which can shed some light on possible signatures of a
more profound theory for gravitational interactions.

It is possible to write down a general form for the scalar-tensor theories action
as[18]

S =

∫
d4x
√
−g̃
[
R̃ + L(ϕ, g̃µν)

]
+

∫
d4x
√−gLm(ψ(i)

m , gµν), (1.4)

where L(ϕ, g̃µν) is the scalar-field Lagrangian density and Lm is the Lagrangian of

the matter fields ψ
(i)
m , which are coupled to the gravitational sector of the theory
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via a transformation of the metric [19]

gµν = A2(ϕ)g̃µν +B(ϕ)∇̃µϕ∇̃νϕ (1.5)

where ∇̃µ is the covariant derivative (with respect to metric g̃µν) and A(ϕ) and
B(ϕ) are free functions of the scalar field. Eq.(1.5) shows that, counter to what
is dictated by GR, in scalar-tensor theories there exist two different metrics, one
for the Einstein-Hilbert action and the other one for the dynamics of all matter
particles. As we will see in sec.2.2 and 3.2, matter particles follow geodesics due
to gµν , which are in general different from the ones obtained from g̃µν . This
means that physics looks different using the two different metrics and leads to the
definition of two different frames : the Einstein frame, associated to the metric g̃µν ,
where matter fields are minimally coupled to the gravity sector, and the Jordan
frame, associated to gµν , where matter is non-minimally coupled to gravity sector.
For this reason, in the Einstein frame we recover the EHA but the equations of
motion of matter are non-standard (e.g., the continuity equation shows a source
term and matter density is not conserved), while in the Jordan frame the equations
of motion of matter take the usual form (matter density is conserved and radiative
processes are given by the standard results and do not vary with time or space),
but gravity is modified (e.g., the Friedmann equations are modified). For reasons
delineated above, choosing conveniently between Einstein and Jordan frame can
give great advantages while comparing theoretical expectations with observational
results [20]. In this manuscript, we will often choose the Jordan frame, since it is
more convenient for our work.

Moreover, along all this Thesis we will restrain ourselves to a particular case of
Eq.(1.5),

gµν(x) = A2(ϕ(x))g̃µν(x), (1.6)

which describes a transformation function of the particular space-point considered,
via the space-time dependency of the scalar field. Eq.(1.6) represents an isotropic
expansion (or contraction) at the same rate along any direction and so it is often
called a conformal transformation.

It is possible with an adequate choice of A(ϕ) and L(ϕ), and throughout this
manuscript we will give some explicit examples, to provide MGTs with a dynam-
ical mechanism for the late time acceleration of the Universe and a convergence
mechanism to GR at small scales.

1.5.2 Screening mechanisms

As we already discussed above, any viable modification to GR must provide a
screening mechanism, i.e. a mechanism which provides convergence to GR at Solar
system and laboratory scales. One can rephrase this statement by noticing that
the matter density field in the Universe varies over several orders of magnitude,
ranging from ρcrit ' 10−29 g cm−3 to ρSolar System ' 3 g cm−3, and assuring that the
screening mechanism provides convergence to GR in high-density environments.
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This is of crucial importance since the background value of the scalar field ϕ̄ often
depends on the local matter density ρ. If so happens, it can be much easier to
express the screening mechanism in terms of ρ than in terms of a particular scale,
unless the considered system possesses a particular symmetry.

For a scalar-tensor theory, one can classify the possible screening mechanisms,
using a second-order Lagrangian for the scalar field

δLϕ = −1

2
Z(ϕ̄)(∂δϕ)2 − m2(ϕ̄)

2
(δϕ)2 − β(ϕ̄)δϕδρ (1.7)

where we defined the scalar field perturbation as δϕ(x, t) = ϕ(x, t) − ϕ̄(t), Z(ϕ̄)
represents the self-derivatives interactions of the scalar field, β(ϕ) is the coupling
function between the scalar and the matter field and m2(ϕ̄) = ∂2V/∂ϕ2 is the
scalar field mass squared, with V (ϕ) the scalar field potential.

In this context the screening mechanism can be realized in 3 different ways, each
associated with a different term of Eq.(1.7):

• high mass : the scalar field does not propagate beyond the Compton wave-
length m−1 and so the force mediated by the latter is suppressed above this
scale. By making m → +∞ in high-density environments, the force asso-
ciated to the scalar field can be suppressed with respect to the Newtonian
one. This kind of mechanism is often referred to as the chameleon-type
screening mechanism [21, 22].

• If the coupling to matter β(ϕ) is small in regions of high density, the strength
of the fifth force generated by the scalar field is weak and modifications of
gravity are suppressed. This screening mechanism is realized in dilaton and
symmetron MGTs [23].

• If Z(ϕ̄) becomes large in dense environments, the coupling to matter is
effectively suppressed, because the gradients of the scalar field become much
smaller than would be predicted by the linear theory. This can be achieved
in (at least) two ways, i.e. with a screening mechanism controlled either by
|∇2ϕ| (Vainshtein mechanism [24]) or by |∇ϕ| (K-mouflage [25]).

As outlined in this section, the fifth force becomes negligible with respect to the
Newtonian one when the screening mechanism occurs. In the next sections, we
will discuss how this transition regime can be used to probe the viability of (some)
MGTs, studying astrophysical objects, such as galaxies or galaxy clusters, dynam-
ics. It is worth noticing that this transition occurs at different scales for different
MGTs and thus screening mechanisms could be used to discriminate among them.
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1.6 Tests of gravity

In this section, we discuss how MGTs, in particular scalar-tensor theories of grav-
ity, can be tested using cosmological and astrophysical probes. We will focus
on the impact of MGTs on cosmological structure formation in a quite broad
sense, i.e without specifying a particular theory 1 but relying on phenomenologi-
cal parametrizations to highlight the effects of the presence of a scalar field.

Broadly speaking, MGTs can have two effects on the formation of large scale struc-
tures in the Universe. On the first hand, they can modify the expansion history
of the Universe, e.g. modifying the time dependence of H(z) or G(z). How-
ever, the former has been measured using several techniques such as supernovae
[26], baryonic acoustic oscillation (BAO) [27] and early-type galaxies [28] and was
found to be consistent with Λ-CDM model at percent level. For this reason most
of MGTs are crafted in such a way that they reproduce exactly Λ-CDM at the
background level but some exceptions exist, e.g. the K-mouflage model, which
induce modifications to the expansion history that are used to put constraints on
these models. On the other hand, almost any scalar-tensor theory of modified
gravity induces modifications at the perturbation level. In the Newtonian gauge
perturbed metric ds2 = a2 [− (1 + 2Φ) dτ 2 + (1− 2Ψ)dx2], these modifications are
often parametrized for linear perturbations as [29]

k2Ψ = 4πGµ(k, z)a2ρ̄mδ

Φ

Ψ
= η(k, z)

(1.8)

where the two function µ(k, z) and η(k, z) are peculiar to each model of modified
gravity. They can be in principle computed from the Lagrangian of the model,
and are equal to 1 in Λ-CDM. In particular, µ(k, z) describes how the growth of
structure is modified and it might have an impact, depending on the considered
theory, in a variety of cosmological observables such as the galaxy power spectrum
or the halo temperature function. On the other hand, η(k, z) expresses the pos-
sible differences between the time and space perturbation potentials and it can
be constrained using a combination of probes, including weak lensing Φ + Ψ and
temperature anisotropies due to integrated Sachs-Wolfe (ISW) [30, 31] or kinetic
Sunyaev-Zeldovich (kSZ) effect [32].

Moreover, at Solar System scales, a modification to the Newtonian law of gravi-
tation, due to the presence of the scalar field, can perturb the orbits of satellites
around massive objects. In particular, this can happen for the Moon’s orbit around
the Earth, causing an anomalous angular advance of the perihelion 2 of the or-
bit. However, the latter was measured with exquisite precision [33], imposing very
thight constraints on modified gravity theories with a time and space dependent
effective Newtonian coupling.

1We will focus on some particular theories in sec.2.5,3.3, where we describe K-mouflage and
ultra-local models of gravity.

2More details will be given for K-mouflage model in sec.2.3.
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Beside these observational probes, any early time modification of gravity is con-
strained by the CMB observations of the Planck satellite [34, 35], which endorsed
the current picture that CMB physics is governed by the Λ-CDM model. However,
these results usually impose poor constraints on MGTs, with respect to late-times
probes, due to the small impact of dark energy at early times.

To summarize, all these tests of gravity give us a picture which is consistent with
Λ-CDM so far, with room for possible of extensions of GR that must satisfy
a substantial number of constraints. However, it is highly probable that next-
generation large-scale structure surveys will impose very stringent constraints on
MGTs at the cosmological level [36–40], possibly ruling out some MGTs or in the
best-case scenario measuring some deviations from GR.

1.7 Conclusions

In this chapter, we gave a very short introduction on the vast topic of the dark
energy problem, i.e. the lack of understanding beyond the late time acceleration
of the Universe.

We also briefly introduced DEMs and MGTs, seen as modifications to the stan-
dard Λ-CDM model that are useful to address the dark energy problem. In this
context, we focused on scalar-tensor theories, because of their simplicity and their
importance for this manuscript.

We then moved on to discuss the screening mechanism, highlighting how it can be
achieved in high-density regions, such as the Solar System where GR is very well
tested.

Finally, we described how MGTs affect cosmological and small-scale observables,
and how the latter can be used to put constraints on the viability of MGTs.

In the next chapters, using some of the results of this chapter, we will focus on
two modified-gravity theories, namely the K-mouflage and ultra-local models of
gravity. These are scalar-tensor theories, which we studied in depth in arts. A,
B, C. They show two different screening mechanisms and several different possible
signatures, which will be recalled in this manuscript.



Chapter 2

K-mouflage

2.1 Introduction

In this chapter, we will discuss K-mouflage models. They are k-essence models
of modified gravity, universally coupled to matter by a conformal rescaling of
the metric. For the scope of this manuscript, K-mouflage models will serve as a
benchmark to introduce MGTs, since they are complex enough to be an interesting
alternative to GR (they possess a dynamical mechanism responsible for the late
time acceleration of the Universe, a screening mechanism and modify the dynamics
of astrophysical objects) but they are simple enough to be treated using semi-
analytical techniques, at least in particular cases which are of great interest for
cosmology.

K-mouflage models were studied at the background and linear levels in the liter-
ature [41, 42], and here we will extend the analysis to situations where the scalar
field responsible for the modification of gravity is coupled to a perfect fluid with
pressure. Within this framework, it is possible to study the impact of K-mouflage
models on galaxy cluster dynamics, which are unscreened in this theory, and to
study how it is possible to constrain them using cluster observations.

Most of the results shown in this chapter were found in art.A, which is appended
to this manuscript for the reader’s convenience, along with most technical details
of the calculations.

2.2 Description of the model

K-mouflage models are described by an action of the form

S =

∫
d4x

√
−g̃
[
M̃2

Pl

2
R̃ +M4K(χ̃)

]
+

∫
d4x
√−gLm(ψ(i)

m , gµν) (2.1)

11



12

where we denoted with a tilde the Einstein-frame quantities, to distinguish them
from Jordan frame ones.

The Lagrangian of the scalar field is composed by two terms: firstlyM4, an energy
scale which can be set of the order of the current dark energy density to recover
the late-time acceleration of the Universe; and secondly K(χ̃), a non-standard
kinetic term, which is a free function of the standard kinetic term

χ̃ = − 1

2M4
∇̃µϕ∇̃µϕ. (2.2)

The functional form of K(χ) is subject to several viability constraints, which we
will discuss in sec.2.3.

From Eq.(2.2), it is possible to understand how χ̃ behaves in the cosmological and
the small-scale regime, which are crucial to put constraints on K(χ) :

• in the cosmological regime, the scalar field is time dependent and uniform,
its spatial gradients can be neglected with respect to its time derivatives,
and χ > 0;

• in the small-scale regime, the scalar field is quasi-static and non-uniform, its
gradients are much greater than its time derivatives, making χ < 0.

As discussed in sec.1.5.1, we will couple the scalar with the matter field via a
conformal transformation of the type of Eq.(1.6), setting the coupling function
A(ϕ) as

A(ϕ) = exp

(
βϕ

M̃Pl

)
, (2.3)

where β is a coupling constant that can be chosen to be positive, without loss of
generality, since this simply corresponds to a redefinition of the sign of the scalar
field. Along this chapter, we will restrict to the case in which β is a constant, both
in space and time.

Using the relation
√−g = A4

√−g̃ and the relation between Ricci scalars in Jordan
and Einstein frames [15]

R̃ = A2 [R + 6� lnA− 6gµν∂ν lnA∂µ lnA] , (2.4)

it is possible to obtain

G(z) = Ā2G '
(

1 +
2βϕ̄

M̃Pl

)
G, (2.5)

where we used (2.3) to obtain the last result. Eq.(2.5) implies a time variation
of the Newton coupling due to the time variation of the scalar field. This is of
particular importance for K-mouflage since |Ā − 1| . 1, and leads to percent
variations in the background cosmology with respect to the Λ-CMD case. As a
matter of example, we show in Fig.2.1 the redshift evolution of Ωm and Ωde for the



13

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6

Ω

z

arctan

cubic

ΛCDM

Figure 2.1: Redshift evolution of the matter and dark-energy cosmological
parameters Ωm and Ωde. In red we show the K-mouflage model of Eq.(71), in

blue the one defined by Eq.(74) of art.A, and in black the Λ-CDM model.
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Figure 2.2: Relative drift with redshift of the Newton’s coupling for the K-
mouflage models.

two K-mouflage models used in art.A, which we normalized by their Einstein-frame
values today. Ωde differs from its Λ-CDM counterpart because of the evolution of
the scalar field, which is dictated by its Klein-Gordon equation. This implies that
Ωm also differs from the Λ-CDM prediction, as in both cosmologies we assumed a
flat universe. Furthermore, the percent time variation of G(z), which we show in
Fig.2.2, results in severe constraints on the value of the coupling constant, as we
will show in sec.2.3.
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2.3 Large- and small-scale constraints

Since we are aiming at constructing a MGT which provides a dynamical mecha-
nism to mimic late time acceleration of the Universe, the kinetic function must
converge to a cosmological constant at late times and large scales. This can be
achieved by imposing:

M4 =ρ̃Λ ,

χ̃→ 0 : K(χ̃) = −1 + χ̃+ · · · (2.6)

where the zeroth order factor −1 corresponds to the late-time acceleration. We
can choose the normalization of the first two terms of K(χ) without a loss of
generality, since they just set the normalization of M4 and ϕ.

The functional form of K(χ) can be constrained by several theoretical arguments
and observations. These constraints can be (roughly) divided in two categories,
the large-scale ones (when χ > 0)

• K ′ > 0 (with K ′ = dK/dχ̃): to avoid ghosts in the theory;

• K̄ ′ + 2χK̄ ′′ > 0: this ensures that we have a well-defined and unique scalar
field profile for any value of the matter density. This is of particular im-
portance at high redshifts when the matter density becomes increasingly
large;

• β2/K̄ ′ < 0.05: to satisfy the Big Bang Nucleosynthesis constraint. If it was
not the case, H(z) would deviate too much from the Λ-CDM counterpart,
causing a non-viable abundance of primordial elements. Since K̄ ′ ∼ 1 in the
cosmological context (Eq.(2.6)), the constraint on β2/K̄ ′ can be recast as a
constraint on the coupling, which turns out to be β . 0.22;

• ¯̃χK̄ ′ � K̄ to recover the DE equation of state (see Eq.(17) of A),

and the small-scale ones (when χ < 0)

• β < 0.1 : the time dependence of Newton coupling affects the trajecto-
ries of planets and moons. In particular, the Lunar Laser Ranging experi-
ment [33] observed the Earth-Moon system, allowing a maximum time vari-
ation of |d lnG/dt| ' 10−12yr−1. This can be recast as a constraint on
|d ln Ā/d ln a| ' β2/K̄ ′ ' β2, which leads to β . 0.1 [43]. This constraint is
tighter than the one due to BBN and sets the value of β = 0.1 that we used
for all plots shown in this chapter;

• |8π β2

K′χ
K
′′

K′
K′+2χK

′′

K′ | < 2×10−11. The fifth force associated to the K-mouflage
scalar field perturbs the lunar orbit around the Earth, causing an advance
in the anomalous perihelion. However, the latter is severely bounded by the
Lunar Ranging experiment, resulting in a constraint on both β and K(χ).
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If we assume that β ' 0.1, the only way in fulfilling such a requirement is
to diminish χK

′′
/K ′ when χ < 0, giving a severe constraint on the shape of

K(χ) in the static regime.

• laboratory tests, such as atom interferometers, constrain the amplitude of
the fifth force, which is proportional to β2/K ′, to a 10−4 level. However, this
happens well inside the region where screening occurs, making these bounds
much less severe than the previous ones.

When all these constraints on the shape of K(χ) are enforced, it is still possible
to find analytical expressions for the kinetic function, such as the one of Eq.(71)
of art.A 1, which leaves us with 4 additional parameters other than the usual
cosmological ones, namely

{β, χ∗, K∗,M} (2.7)

which have to be chosen to fulfill all the constraints aforementioned. (But note
that M merely replaces the usual cosmological constant parameter Ωde.)

2.4 Background cosmology

If we assume a FLRW metric ds2 = a2 (−dτ 2 + dx2), we obtain the Jordan frame
Friedmann equation

3M2
PlH

2 = ρ̄+ ρ̄(r) + ρ̄de (2.8)

where we defined the Jordan-frame time dependent Planck mass MPl = M̃Pl/Ā,
and

ρ̄de = ρ̄ϕ +
2ε2 − ε22
(1− ε2)2

(
ρ̄+ ρ̄(r) + ρ̄ϕ

)
, (2.9)

where ρ̄ϕ = M4
(
2χ̄K̄ ′ − K̄

)
and ε2 = d ln Ā/d ln a. We defined the dark energy

density as the density that is missing in the Friedmann equation to match the
Hubble rate, after taking into account radiation and matter densities.

The Klein-Gordon equation for the scalar field in Jordan frame reads,

d

dt

(
Ā−2a2dϕ̄

dt
K̄ ′
)

= −a3ρ̄
d ln Ā

dϕ
, (2.10)

which dictates the evolution of ϕ̄, shown in Fig.2.3. The scalar field ϕ is negative,
grows with time (we choose the normalization ϕ = 0 at z → +∞) and |βϕ̄/M̃Pl| �
1 until z = 0.

1The model defined by Eq.(74) of art.A does not satisfy Solar System constraints. However
it can be seen as an effective model for the semiaxis χ > −1, which is sufficient for the purposes
of this chapter.
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Figure 2.3: background scalar field ϕ̄ as a function of redshift.

2.5 Large scale structure formation

As pointed out in sec.2.2, K-mouflage models change the expansion history of the
Universe (in Jordan frame), modifying the background cosmological quantities
with respect to their Λ-CDM counterparts. Additionally, these models enhance
the growth rate of cosmological structure, both at linear and non-linear levels (sec.
III-B of A). This can be seen as the effect of the presence of a scalar field potential,
due to the conformal coupling, which modifies the 00 component and the trace of
the perturbed FRLW metric as:

Φ = ΨN +
δA

Ā
, Ψ = ΨN −

δA

Ā
. (2.11)

We can connect δA/Ā to δρ, using Klein-Gordon equation of motion for the scalar
field

1

a2
∇2ϕ =

βĀ

K̄ ′MPl

δρ, (2.12)

which, at the first order, gives

1

a2
∇2 δA

Ā
=

β2

M2
PlK̄

′ δρ. (2.13)

Eq.(2.13) can be used to write the Jordan frame Poisson equation

1

a2
∇2Φ =

1 + ε1
2M2

Pl

δρ, (2.14)

where ε1 = 2β2/K ′. Additionally, the Jordan frame continuity and Euler equations
read

∂ρ

∂τ
+∇ (ρv) + 3Hρ = 0 (2.15)

∂v

∂τ
+ (v · ∇) v +Hv = −∇Ψ. (2.16)
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Using the results obtained above, at the linear level it is possible to write down
the evolution equation of the linear growing mode

d2D

d(ln a)2
+

(
2 +

1

H2

dH

dt

)
dD

d ln a
− 3

2
Ωm(1 + ε1)D = 0, (2.17)

which differs from the Λ-CDM one for two reasons: the different values of Ωm

and H and the time-dependent amplification factor (1 + ε1) that comes from
the modified Poisson equation. These result in the enhancement of D(a) at the
percent level (Fig.2.4) at late times, when ε1 ' 0.02 (Fig.2.5). On the other hand,
we recover a Λ-CDM cosmology at late times, since ε1 → 0 (along as Ωm and H
tend to their Λ-CDM counterparts).

It is also possible to study the spherical collapse, using Eq.(2.16) in spherical
symmetry

d2r

dt2
− 1

a

d2a

dt2
r = −∇Ψ. (2.18)

Let us introduce the normalized radius

y(t) =
r(t)

a(t) q
with q =

(
3M

4πρ̄0

)1/3

, (2.19)

where q is the Lagrangian radius of a spherical structure of mass M and it is
related to the matter density within r(t) as

1 + δ(< r) = y(t)−3. (2.20)

Using Eq.(2.19) into Eq.(2.18) we obtain

d2y

d (ln a)2 +

(
2 +

1

H2

dH

dt

)
dy

d ln a
+

Ωm

2
(1 + ε1)

(
y−3 − 1

)
= 0, (2.21)

which can be used to obtain the evolution of δ(< r) via Eq.(2.20). Eq.(2.21)
differs from the Λ-CDM case through the different values of H and Ωm, and
the amplification factor (1 + ε1), which comes from the Poisson equation as for
Eq.(2.17). In Fig.2.6, we show the linear density contrast δL(Λ) that corresponds to
a nonlinear density contrast δ [δL] = ∆m, where ∆m = ∆c/Ωm(z) is the nonlinear
threshold that we choose to define halos and ∆c is a free parameter that we choose
to be equal to 200. Since the K-mouflage models accelerate the growth of large-
scale structures, a smaller density contrast in the linear regime is needed to reach
the same non-linear density ∆c. This has an impact on the halo mass function, as
we will see in sec.2.7.1.
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2.6 Lack of screening of clusters in K-mouflage

models

In K-mouflage models of modified gravity, clusters of galaxies are not screened
from the fifth force, even far inside the cluster boundaries (sec V-B of ref.A). This
can be seen using the Klein-Gordon equation for the scalar field, applied to a
spherically symmetric system

dϕ

dr
K ′ =

βĀM(r)

c2MPl4πr2
, (2.22)
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where M(< r) is the mass enclosed within the radius r. It is possible to recast
Eq.(2.22) by introducing the so-called “K-mouflage screening radius” RK

RK(M) =

(
βĀ2M

4πcMPlM2

)1/2

, (2.23)

where M = M(R) is the total mass of the object of radius R, the rescaled di-
mensionless variables x = r/RK , m(x) = M(< r)/M , φ(x) = ϕ(r)/ϕK , with
ϕK =M2RK/cĀ, to obtain

dφ

dx
K ′ =

m(x)

x2
, with χ̃ = −1

2

(
dφ

dx

)2

. (2.24)

It is possible to give an estimate of RK , using that M4 ∼ ρ̄de0 and that Ā ∼ 1,
obtaining

RK(M) '
√

βM

1014M�
0.12h−1Mpc. (2.25)

With β = 0.1 and a cluster mass 1014M�, we obtain a K-mouflage screening radius
of RK ' 0.04h−1Mpc. This is much smaller than the size of a typical cluster of
mass M = 1014M�, leaving much of the cluster unscreened. Moreover, M(< r)
decreases as we move inside the cluster, delaying the beginning of the screened
region. For this reason, clusters are not screened in K-mouflage theories, and
the fifth force has a non-negligible impact on their dynamics, as we will show in
sec.2.7.

At this stage, one may wonder about the impact of the fifth force on the non-linear
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substructures present in the cluster. Because of the non-linearities of the Klein-
Gordon equation of the scalar field, the solution obtained for the averaged halo
profile may greatly differ from the “exact solution” obtained by taking into account
substructures. In particular, galaxies in clusters, whose density is much higher
than the one of the intra-cluster medium, are screened in K-mouflage models [44],
and this may have an effect on the cluster dynamics. For this reason, around each
galaxy j we must cut a patch where the Klein-Gordon equation must be solved in
the fully-nonlinear regime, giving rise to a screened region around the galaxy of
size Rj,gal. In practice, since Rj,gal � R, we can patch all galaxy solutions within
the global cluster solution. Assuming a reasonable number and distribution of
galaxies in a cluster (sec.VI-B of art.A), we can show that galaxies occupy only
10−6 of the total volume of the cluster and we can safely assume that the global
solution is a good approximation to study the cluster dynamics. More precisely,
K-mouflage models do not bring any other restriction then Λ-CDM models in the
study of the intracluster medium or the X-ray properties of the clusters, which are
already studied using global solutions.

2.7 Cluster dynamics

As shown in the previous section, clusters of galaxies are unscreened in K-mouflage.
Hence, we can hope to put some constraints on K-mouflage models using cluster
dynamics. In this section, we will summarize some of the results obtained in art.A,
to describe the impact of the fifth force on gravitational and thermodynamical
properties of the clusters.

2.7.1 Halo mass function

As shown in Fig.2.7, the halo mass function of dark matter halos in K-mouflage
models gets higher in the high-mass tail, with respect to the Λ-CDM one, due to
the enhancement of gravity and the faster growth of structures. On the contrary,
the halo mass function gets lower at small masses, due to the normalization of
both the Λ-CDM and K-mouflage halo mass functions, since the matter in the
halos is bounded by the total matter content of the Universe. With respect to
other MGTs, like f(R), dilaton or ultra-local models [45–47], K-mouflage models
show a scale independent enhancement, since there is no other particular scale
introduced by the model (in the unscreened regime).
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2.7.2 Cluster concentration

To estimate the impact of the K-mouflage model on the internal cluster dynamics,
we assumed a NFW profile for the dark matter in halos [48]

ρDM(r) =
ρs

(r/rs)(1 + r/rs)2
, (2.26)

which is characterized by rs and ρs, respectively the scale radius and density. The
scale density ρs can be expressed in terms of the concentration c = R∆c/rs, where
R∆c is the radius such that ρDM(< R∆c) = ∆cρcrit and ∆c is the halos overdensity
threshold, as

ρs = ρcrit
∆c

3

c3

ln(1 + c)− c(1 + c)
. (2.27)

We assumed ρs to be proportional (up to a free parameter) to the critical density
of the Universe at the formation redshift zf , estimated by computing

σ(q, zf ) = σf , (2.28)

where q is the halo Lagrangian radius and σf a free parameter. As shown in Fig.2.8,
in K-mouflage models halos are more concentrated than the ones in Λ-CDM, due
to the faster growth of gravitational clustering, which gives a slightly greater ρs.
In Fig.2.8, we also show c(M) for Λ-CDM and K-mouflage models compared to 19
x-ray observations obtained by the Cluster Lensing and Supernova Survey using
the Hubble telescope [49], at mean redshift of z̄ ' 0.37. Both models agree quite
well with observations, and the discrepancies between them are quite modest when
compared to the error bars of current observations. Hence we do not expect to put
any competitive constraints on K-mouflage models using this kind of observations
in the near future, even though a more detailed study of cluster dynamics may
be needed, probably involving numerical simulations, to shed more light on how
K-mouflage models impact the internal structure of the clusters.

2.7.3 Hydrostatic equilibrium

From the Euler equation, it is possible to write down the hydrostatic equilibrium
equation for a perfect fluid, which reads

∇Φ = ∇
(

ΨN +
βc2ϕ

M̃Pl

)
= −∇pg

ρg
(2.29)

where pg and ρg are respectively the gas pressure and density and ΨN is the
Newtonian potential fixed by the dark matter. Assuming isothermal equilibrium
and spherical symmetry, it is possible to obtain an expression for the gas density
profile

ρg(r) ∝ e−(1+ε1)µmpΨN (r)/kB T̄g (2.30)
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where µmp is the mean molecular weight of the gas and T̄g is the mean gas temper-
ature. We estimated T̄g assuming it to be proportional to the dark matter velocity
dispersion σ2

DM evaluated using Jeans equation at equilibrium. In Fig.(2.9), we
show the dark matter and gas profiles both for K-mouflage and Λ-CDM: as ex-
pected from the results of sec.2.7.2, the scalar field makes the profile slightly more
compact, even though this effect is quite modest.

2.7.4 Scaling laws

Among the most used methods to study cluster dynamics, there are the so-called
scaling laws, i.e. relations among cluster observables such as mass, temperature
or X-ray luminosity. These have been observed by numerous cosmological surveys
[51, 52] and can be estimated using analytical techniques.

It is possible to reconstruct the X-ray luminosity LX(< R) within the radius R,
integrating the cluster gas density over the cluster size and assuming a X-ray
emissivity function, which expresses the X-ray flux at given halo temperature. To
avoid complications due to the cluster internal structures and to closely resemble
the procedure used by observations, we decide to compute the X-ray luminosity
outside a certain core radius Rcore = fcoreR, with R the cluster radius and fcore '
0.15. In Fig.2.10, we show this LX − T relation, without contributions from the
cores. At fixed temperature, the K-mouflage models give a slightly lower X-ray
luminosity. This is because a smaller mass is needed to have a cluster temperature
T , because the fifth force enhances the velocity dispersion of clusters. Since the
X-ray luminosity scales as LX ∝ ρsM

√
T , a lower mass implies a lower luminosity

since the effect of the scalar fields on ρs is negligible.
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To summarize, we found percent deviations in cluster scaling relations (we found
similar results for M − T and Y −M relations, see art.A) for K-mouflage models,
with respect to Λ-CDM. However, these deviations are far too small to be used
as competitive constraints for K-mouflage models, due to large uncertainties in
current observations and to the very stringent constraints which come from Solar
System and cosmological dynamics.

2.7.5 Cluster temperature function

The results of previous sections, in particular the halo mass function and the mass-
temperature relation, can be used to computed the X-ray cluster temperature
function as

n(T ) = n(M)
d lnM

d lnT
(2.31)

which can be measured using X-ray surveys, as was done in [53].

As shown in Fig.2.11, K-mouflage models are in good agreement with observations
and predict a deviation in the high-mass tail of the order of unity. This is mostly
due to the amplification of the halo mass function in the high-mass tail since, as
discussed in sec.2.7.4, the effect of K-mouflage on cluster scaling laws is modest.
However, deviations of n(T ) are large enough that we may expect to put some
constraints on K-mouflage using next-generation surveys. This may require the
study of degeneracies between the fifth force and baryonic physics, probably by
means of numerical simulations.
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2.7.6 Dynamical and weak lensing masses

As shown in Eq.(2.11), in the K-mouflage models Ψ and Φ differ by a factor 2δA/A
but their sum is still equal to ΨN . For this reason, the only difference for weak
lensing signals comes from the different evolution of matter fields, but baryons
fall in potential wells due to Φ and hence feel the fifth force. This leads, as in
other MGTs, to different estimates for the cluster mass using either weak lensing
or cluster dynamics probes. In particular, for K-mouflage we can write

Mdyn

Mlens

= 1 + ε1(t) (2.32)

where Mdyn and Mlens are respectively the mass inferred from cluster dynamics
and from weak lensing. This leads to a deviation of about 2%, set by the value of
β because clusters of galaxies are unscreened. However, β is severely constrained
by cosmological and Solar system observations, and so the ratio Mdyn/Mlens can
just give an upper bound to constrain K-mouflage models.

2.8 Conclusions

In this chapter, we presented the K-mouflage models of modified-gravity theories,
focusing in particular on their effects on cluster dynamics, the main topic of art.A.

For this reason, we focused on results in the Jordan frame, which differs from the
Einstein frame at percent level in K-mouflage, since it is better suited to describe
radiative phenomena.
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Before studying cluster dynamics, we recalled some results from background cos-
mology and structure formation. In particular, we showed that, within K-mouflage
models, the Newton coupling assumes a time dependency which can be used to
impose constraints on the coupling strength β of the theory. Moreover, we showed
that cosmological structure formation is enhanced at percent level, with respect
to the Λ-CDM one. This enhancement is scale-independent in the unscreened
regime, since K-mouflage models do not provide an additional scale in the theory,
as other MGTs do.

Next, we moved to the study of cluster dynamics, showing that K-mouflage models
make clusters more compact and their X-ray luminosity and temperature deviate
from the Λ-CDM ones at percent level. These deviations are unfortunately too
small to put competitive constraints on K-mouflage models, even in the light of
future surveys. More promisingly, we found deviations in the cluster temperature
function which are large enough to hope that they will be within the sensitivity
limits of future large-scale surveys.

To further understand the (possible) impact of K-mouflage models on cosmology,
at least two lines of research can be pursued. Firstly, along this chapter we focused
on few K(χ) functions in order to give an estimate of the effects on cluster dynam-
ics. However, a more detailed MCMC analysis may be more suited to explore the
parameter space of K-mouflage models. On the other hand, dedicated K-mouflage
cosmological simulations could be well suited to study the impact of screening on
mildly non-linear scales, which could be of crucial importance to understand the
screening mechanism. We leave to future works the detailed study using the two
techniques, which we will improve our understating of K-mouflage models.



Chapter 3

Ultra-local models of gravity

3.1 Introduction

In this chapter, we present a class of MGTs called ultra-local model (ULMs),
where a scalar field with a negligible kinetic term is added to the EHA. This class
of theories gives rise to a new type of screening mechanism, not entirely due to the
non-linearity of the scalar field, which relies on the absence of the kinetic term.

We show that the cosmological background evolution in ULMs differs from the
Λ-CMD one at most at the 10−6 level, but these models can have a great impact
on structure formation at small scales. We also present a thermodynamic analysis
of the non-linear and inhomogeneous fifth-force regime, showing that the latter
does not lead to the existence of clumped matter on very small scales, which would
put severe constraints on these theories.

Finally, we show that these models are similar to chameleon-type theories with
a large mass down to their Compton scale, and we test their viability at the
cosmological level.

The results presented in this chapter were found in art.B and C, which are ap-
pended to this manuscript.

3.2 Description of the models

ULMs are scalar-tensor theories, defined by the following action

S =

∫
d4x

√
−g̃
[
M̃2

Pl

2
R̃ + L̃ϕ(ϕ)

]
+

∫
d4x
√−gLm(ψ(i)

m , gµν), (3.1)

where, as for K-mouflage models, the scalar field is coupled to matter by a con-
formal coupling of the metric. We define the Lagrangian of the scalar field L̃ϕ(ϕ)

27
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as
L̃ϕ(ϕ) = −V (ϕ), (3.2)

so that the scalar field has a negligible kinetic term and its dynamics are dominated
by the potential.

As we will see in more details in sec.3.7, the absence of the kinetic term plays a
pivotal role in the screening mechanism for these models, in particular screening
with 100 % efficiency the orbits of planets in the Solar System.

If we assume that the potential can be inverted, we can make a change of variables
of the type:

Ξ̃ ≡ −V (ϕ)

M4
, and A(Ξ̃) ≡ A(ϕ), (3.3)

where we introduced an energy scaleM4, a free parameter of the model that can
be chosen to be M4 ' ρ̄de0, since it just defines the Ξ̃ normalization.

Using Eq.(3.3), we can recast Eq.(3.2) and Eq.(1.6) as

L̃Ξ̃(Ξ̃) =M4Ξ̃ and gµν = A2(Ξ̃)g̃µν , (3.4)

leaving the functional form of L̃ completely fixed when expressed in terms of Ξ̃,
and we are left with a single free function for the model, the coupling A(Ξ̃). For
this reason, there is a broad degeneracy between A(ϕ) and V (ϕ), since we recover
the same physics for any couple of these functions which gives the same A(Ξ̃) (see
sec.V of art.B). Thus, we will work with the Ξ̃ variable, and A(Ξ̃) will be the free
function of our model, similarly to K(χ̃) in K-mouflage.

From Eq.(3.1), it is possible to obtain the Klein-Gordon equation for the scalar
field, which reads in Jordan frame

M4 + TA4 d lnA

dΞ̃
= 0, (3.5)

where T is the trace of the matter energy-momentum tensor. Eq.(3.5) is a con-
straint equation (it contains no derivative terms), which gives the Ξ(x) field as a
function of the the local matter density ρ(x).

Finally, the energy-momentum tensor of the scalar field reads

T̃ µν (Ξ̃) =M4Ξ̃δµν , (3.6)

leading to the expressions for the scalar field energy density and pressure

ρ̃Ξ̃ = −M4Ξ̃, p̃Ξ̃ =M4Ξ̃ = −ρ̃Ξ̃. (3.7)
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3.3 Background and perturbations in Jordan frame

If we assume a background metric (in Jordan frame) of the form ds2 = a2(−dτ 2 +
dx2), we obtain the Friedmann equation

3M2
PlH2 = a2(ρ̄+ ρ̄rad + ρ̄de), (3.8)

where H = d ln a/dτ and we defined the the Jordan-frame Planck mass as

M2
Pl(t) = Ā−2(t) M̃2

Pl, (3.9)

and the effective dark energy density as

ρ̄de = ρ̄Ξ̃ +
2ε2 − ε22
(1− ε2)2

(ρ̄+ ρ̄rad + ρ̄Ξ̃), (3.10)

with ε2 = d ln Ā/d ln a, as we did for the K-mouflage model.

At the perturbation level, if we compare the Einstein-frame Newtonian gauge
perturbed metric to its Jordan-frame counterpart (i.e Eq.(14) with Eq.(25) of
art.B), we obtain a relation among the potentials which reads

1 + 2Φ =
A2

Ā2
(1 + 2Φ̃), 1− 2Ψ =

A2

Ā2
(1− 2Ψ̃). (3.11)

Since observations tell us that deviations from Λ-CDM in the matter dynamics
have to be small, at most ten per cent, we want that the Jordan-frame potentials
do not deviate too much from the Newtonian one ΨN . This means that we can
linearize Eq.(3.11) to obtain

Φ = ΨN + δ lnA, Ψ = ΨN − δ lnA, (3.12)

which can be used to obtain the Jordan-frame Poisson equation

∇2

a2
ΨN =

δρ+ δρΞ̃

2M2
Pl

. (3.13)

To fulfill observational constraints, we also require that |δρΞ̃| . |δρ|, which means
that we can linearize Eq.(3.7) to obtain

δρΞ̃ = −Ā−4M4δΞ̃. (3.14)

In ULMs the Jordan-frame Euler equation reads

∂v

∂τ
+ (v · ∇)v +Hv = −∇ΨN −

∇pA
ρ

, (3.15)

with

pA =
M4c2

Ā4
Ξ, (3.16)
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where we used the Klein-Gordon equation Eq.(3.5) to relate the potential lnA to
Ξ̃. Since Ξ̃ only depends on the matter density, the pressure-term pA depends
solely on ρ, similarly to what happens for polytropic equations of state.

To summarize, at the level of matter dynamics, the ULMs have two effects, a
modification of the Poisson equation, due to the additional source associated to
the scalar field, and a pressure-like term in the Euler equation.

At the linear level in the matter density perturbation δ, it is possible, using
Eq.(3.5), to relate the density perturbations to the matter ones

δΞ̃ = −β1

β2

δ, (3.17)

where βn(t) = dn ln Ā/dΞ̄n. Using this result, we obtain the linear growth rate
equation of motion

∂2D

∂(ln a)2
+

(
2 +

1

H2

dH

dt

)
∂D

∂ ln a
− 3Ωm

2
(1 + ε)D = 0, (3.18)

where ε(k, t) is a factor which describes the deviation from the Λ-CDM cosmology,
given by

ε(k, t) = ε1(t)

(
1 +

2

3Ωm

c2k2

a2H2

)
, (3.19)

with ε1(t) = β2
1/β2. The presence of ε(k, t) in Eq.(3.19) makes the growth rate

scale-dependent and can enhance or diminish the growth rate of structure depend-
ing on the sign of ε1. The k-dependence scales as k2 and becomes important when
ck/aH > 1, i.e. at sub-horizon scales. This can be visualized in Figs.3.1, 3.2 and
3.3, where we solve the growth rate of structure for the three functional forms
of A(Ξ̃) defined by Eqs.(55), (63) and (70) of art.B 1, which we will call model
(I), (II) and (III) respectively. As expected, for these models the growth rate of
structure is strongly enhanced (or diminished) for k > 1hMpc−1 with respect to
the Λ-CDM case. In particular, as shown by Fig.3.3, in ULMs with negative ε1
the growth rate of structure develops oscillations when the factor (1 + ε) becomes
negative. However, this rather peculiar behavior is associated to a model which
should be discarded, for reasons that will be discussed in sec.3.4.

3.4 Constraints on A

Similarly to what happens for the K-mouflage models free function K(χ), several
constraints can be imposed on the coupling function A(Ξ̃). We summarize here
the most important ones :

1These functions were chosen in order to fulfill the constraints that we will discuss in sec.3.4.
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• | lnA| . 10−6, hence |A − 1| . 10−6 : in ULMs the screening mechanism
does not rely on the suppression due to the derivative terms, since the Klein-
Gordon equation is a constraint one. lnA only depends on the value of the
local matter density, and the latter varies over several orders of magnitude
from the intergalactic medium to the atmospheres and cores of planets and
starts. For these reasons, we must bound lnA below 10−6, to avoid large
modifications to the matter dynamics. This allows deviations of the back-
ground with respect to the Λ-CDM counterpart at most at the 10−6 level,
ensuring that all the bounds related to the time variation of the Newton’s
coupling are satisfied;

• |ε1| . 10−7 : the linear growth rate of structure in ULMs cannot differ too
much from the Λ-CDM one. This bound can be obtained by imposing that
|ε| . 1 for all wave numbers up to k = 1hMpc−1. For smaller scales, we
enter the non-linear regime where Eq.(3.18) does not hold and a more careful
analysis is needed. Finally, it is possible to show that ε2 ∼ ε1 (Eq.(41) of
art.B), which also gives a constraint on the value of ε2;

• Ξ̃0 < 0 : using the aforementioned constraint on ε2 and Eq.(3.10), we obtain
ρ̃de0 = −M4Ξ̃0. To impose that the scalar field drives the acceleration of
the Universe at late times, we must impose Ξ̃0 < 0;

• d lnA/dΞ̃ is a monotonic function of Ξ̃ which goes from 0 to +∞ : this is to
ensure that the Klein-Gordon equation for the scalar field has a well-defined
and unique solution for every value of the matter density;

• lnA(Ξ̃) must be a convex function: in realistic scenarios, ULMs may cor-
respond to cases in which the kinetic term is negligible with respect to the
potential, but non-zero. It is possible to show (sec.V-A of art.B) that the
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Klein-Gordon equation (3.5) remains a good description of the evolution
of the scalar field, once a small kinetic term is added to the LΞ̃, only if
β2 > 0, i.e. when lnA(Ξ̃) is a convex function. It is worth noticing here
that model (I) of art.B does not satisfy this condition and hence should be
discarded (but this scenario can be made viable within the related class of
the Goldstone models).

3.5 Characteristic transition scales of ULMs

The Klein-Gordon equation can be recast as:

dλ

dΞ̃
=

1

ρ̂
(3.20)

where we defined

lnA(Ξ̃) = αλ(Ξ̃), with α ∼ 10−6

ρ̂ =
αρ

M4
≡ ρ

ρα
.

(3.21)

From Eq.(3.20), we expect a cosmological transition when ρ̄ ∼ ρα, which defines
a “transition” redshift zα

zα ∼ α−1/3 ∼ 100, aα ∼ α1/3 . 0.01, (3.22)

when we expect that the impact of the scalar field on matter dynamics becomes
important.

In Fig.3.4, we show the time evolution of ε1(t), which influences the growth rate
of structure. As expected from Eq.(3.22), ε1 has a peak around a = aα ∼ 0.01
meaning that ULMs of gravity have the characteristic property that the main
modification to the gravitational dynamics occurs at early times.

3.6 Spherical collapse and halo mass function

In ULMs the spherical collapse is modified by the presence of the scalar field
potential ΨA = c2 lnA. Under the spherical approximation, we can write

∂ΨA

∂r
=
c2

r

d lnA

ln ρ

d ln ρ

d ln r
(3.23)

where r is the physical coordinate. Eq.(3.23) introduces a term in the equation of
motion for r(t), that depends on the density profile ρ(r), which couples different
shells before shell crossing, in contrast with what happens in the Λ-CDM case.
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It is possible to give an estimate for the time evolution of the non-linear density
contrast given by the spherical dynamics, δ<(a) = y(a)−3 − 1, using

d2y

d (ln a)2 +

(
2 +

1

H2

dH

dt

)
dy

d ln a
= − y

H2r

∂

∂r
(ΨN + ΨA) (3.24)

and an ansatz for the density profile that corresponds to the typical density profile
around a spherical overdensity for a Gaussian field (Eq.(135) of art.B). The results
are shown for model II in Fig.3.5: the collapse is accelerated for small-mass halos
and occurs as early as a ∼ 0.01, while remaining close to Λ-CDM one for M >
1014h−1M⊙. For this reason, as shown in Fig.3.6, the linear density contrast
needed to collapse into a halo of mass M at z = 0 is much smaller than the
Λ-CDM one at small masses and converges to δΛ−CDM

<L ' 1.6 for higher masses.

These results also reflect in the halo mass functions n(M), which are shown for
model (II) and (III) in Figs.3.7 and 3.8. n(M) shows an enhancement in the
formation of small-mass halos with respect to the Λ-CDM cosmology counterpart,
due a large range of masses collapsed before zα ∼ 100. However, at small masses
n(M) is not dominated by its Gaussian tail and we do not expect the results
presented here to be accurate, but we still expect to have an enhancement in the
number of small-scale halos in ULMs, even though a more detailed study of the
spherical collapse is needed, possibly by means of numerical simulations.

3.7 Screening mechanism

We describe here the screening mechanism in ULMs, in particular emphasizing
its difference at Solar System scales with the screening mechanisms discussed in
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the Λ-CDM linear density threshold.
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Figure 3.7: Halo mass function at z = 0 for the model (II) (solid line) and
the Λ-CDM reference (dashed line).
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Figure 3.8: Halo mass function at z = 0 for the model (III) (solid line) and
the Λ-CDM reference (dashed line).

sec.1.5.2.

3.7.1 Clusters and galaxies

We can estimate the impact of ULMs on the dynamics of astrophysical objects,
like galaxy clusters or galaxies, by computing the ratio η between the fifth force
FA and the Newtonian one FN . Assuming spherical symmetry, at the boundary
of clusters we have

FN
c2
∼ GM
c2R2

,
FA
c2
∼ d lnA

dr
∼ 1

R

d lnA

d ln ρ
∼ 1

R
α2∆ (3.25)
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Figure 3.9: Absolute value of the ratio η = FA/FN as a function of the radius
within spherical halos. We display the halo masses M = 1015, 1013 and 1011 h−1

M⊙, from bottom to top. The models (I), (II) and (III) are shown respectively
by red, blue and green line.

where in the last passage we used the Klein-Gordon equation in the low density
regime (with respect to ρ̂). Combining the results obtained in Eq.(3.25), we obtain
FA/FN ' (104α)2 � 1, which means that the fifth force is negligible at cluster
scales. Using a similar argument for galaxies, we obtain FA/FN ' (106α)2 ∼ 1,
which indicates the fifth force is comparable to the Newtonian one at galaxy scales,
and hence galactic dynamics could be used to test ULMs.

In Fig.3.9, we show the absolute value of η as a function of the radius r in a
spherical NFW halo. For some models, in particular the model III, η keeps growing
as we approach the center of the halo. Observations may severely constrain this
model since the latter would lead to very different halos than the one obtained in
Λ-CDM. However, a more detail study of internal dynamics of the halos in ULMs
it is needed, which we leave for a future study.

3.7.2 Solar System

In ULMs, objects in the Solar System are screened with 100 % efficiency. Because
the fifth force depends only on the the local density and its gradient, the impact of
the Sun onto planets’ motion is exactly zero, unless distant gradients are created by
other means (as can happen because of Newtonian gravity). However, the impact
of the Sun’s Newtonian gradient onto the Earth matter distribution is negligible,
as compared to those from local sources, such as the radial structure of the Earth
or mountains and oceans. For this reason, the Sun is completely screened as
viewed from Earth and similarly this happens for all other planets or moons of
the Solar System. Hence, the trajectories of all astrophysical objects in the Solar
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Figure 3.10: Domain in the mass-radius plane where the fifth force is greater
than Newtonian gravity. The horizontal axis is the typical mass of the structure,
M , given in units of the solar mass. The vertical axis is the typical radius of the
structure, R, given in Mpc in the left border scale and in km in the right-border
scale. The rectangles show the typical scales of various astrophysical structures.

System are given by GR and ULMs pass all the Solar System tests described in
sec.2.3, which often severely constrain other MGTs such as K-mouflage.

On smaller scales, one can expect that there exists a small-scale cut-off `s of
the theory, below which the scalar field acquires a kinetic term and a screening
mechanism similar to the one in Dilaton modified-gravity theories. This scale can
be taken to be of the order of the mean interparticle distance in the inter-galactic
medium (see sec.V-B of art.B), i.e. on the meter scale, thus much smaller than any
scale of interest for cosmological or Solar System dynamics. Moreover, `s can be
introduced into the model without the need of a new parameter, simply expressing
the latter as combination of the parameters of the theory, like `s ∼ αM4 ∼ 100
m. In any case, a small-scale regulation of the theory is needed to have a complete
picture of ULMs and requires further study.

In Fig.3.10, we show the mass-radius plane where the fifth force is greater than
the Newtonian one, that we computed assuming an NFW density profile [48]. The
lines are obtained evaluating Rη(M), i.e. for any given mass, the radius at which
η = 1. The rectangles represent the typical scales of various astrophysical objects
showing that some of them, like galaxies or globular clusters, lie at the boundary
Rη(M) and they may be used to test ULMs. We leave a detailed analysis on these
possible constraints for a future work.
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3.8 Thermodynamical analysis

In the previous sections, we computed the fifth force assuming that the density
ρ was a homogeneous field on cosmological scales. However, in ULMs the fifth
force can enhance the formation of structure at early times, a < aα, and this
may develop very strong inhomogeneities in the density field. In this scenario,
the Universe would be made of small clumps of matter built at high z, which are
screened as planets in the Solar System, while perturbations evolve according to
GR.

In sec.XI of art.B, we addressed this issue by using a thermodynamical analysis,
suited to study this highly non-linear problem. We described domains in the early
Universe as a grand canonical ensemble of particles, which act solely under the
influence of the fifth force potential lnA. This approximation is possible since
we studied the structure formation at early times, when the Newtonian force is
negligible with respect to the fifth force. We also assumed that such a system
reaches an equilibrium with a process similar to the violent relaxation [54] for
gravitational systems. In particular, we obtained the phase-space diagram of the
system and we checked if the early time Universe was in a one-phase state, i.e. in
a homogeneous state, or was undergoing a phase transition, i.e. was in a highly
inhomogeneous phase.

To study the equilibrium of the system, we minimized the grand-canonical poten-
tial Ω, which is given by

Ω = E − S/β − µM (3.26)

where E, S and M are respectively the energy, the entropy and the mass of the
system and β and µ are the inverse temperature and chemical potential. The
phase-space equilibrium distribution f(x,v) can be obtained by DΩ/Df = 0 and
yields

f(x,v) = f0e
−β(v2/2+c2 lnA+c2d lnA/d ln ρ)+βµ−1, (3.27)

which can be used to compute the density at the equilibrium

ρ(x) = f0

(
2π

β

)3/2

e−βc
2(lnA+d lnA/d ln ρ)+βµ−1. (3.28)

This equilibrium condition can be recast as

µ̂ = θ + β̂ν(θ), (3.29)

where we introduced

β̂ = αc2β, µ̂ = ln

[
αf0c

3

M4

(
2π

βc2

)3/2
]

+ βµ− 1

θ = ln ρ̂, ν(θ) = λ+
dλ

dθ
.

(3.30)
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Figure 3.11: Thermodynamic equilibrium relation µ̂ = µ̂(θ, β̂) as a function
of θ, at fixed values of β̂.

The equilibrium density can be found as the solution (in terms of θ) of Eq.(3.29),
for fixed values of β̂. In Fig.3.11 we show µ̂(θ) function for model (II) for 3 values
of β̂ around β̂c, the inverse temperature where the phase transition occurs (see
Eq.(190) of art.B). At low β̂ (i.e., high temperature) the function is monotonic and
the system is in a homogeneous phase while for high β̂ (i.e., at low temperature)
µ(θ) is non-monotonic and the system is inhomogeneous since two different phases,
with two different values for θ, coexist.

The results of this analysis for model (II) can be summarized by Fig.(3.12) where
we show the phase diagram of the system. The red line in the plot represents the
cosmological trajectory, i.e. the typical density ρcoll and typical inverse velocity
βcoll at the collapse, which we estimated as

ρcoll(z) = ρ̄(z), βcoll =
1

c2
coll

, (3.31)

where ccoll is the effective velocity at the collapse

c2
coll = c2

s + c2
N , (3.32)

which is the sum of the “sound speed” c2
s that comes from the pressure-like term

of the Euler equation and the Newtonian c2
N term which comes from its right-hand

side (see sec. XI-A for more details).

Fig.(3.12) shows that the high-density region of the cosmological trajectory, which
is associated to the early-times Universe, lies almost at the boundary between the
homogeneous and the inhomogeneous regions and so the system does not develop
strong inhomogeneities. At later times, Newtonian gravity becomes dominant
and the system behaves like a Λ-CDM Universe, not developing unusual inhomo-
geneities. Similar results are obtained for model (III) as shown in Fig.(20) and
(21) of art.B.
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Figure 3.12: Thermodynamic phase diagram of model (II). The shaded area
represents the region where the system is in an inhomogeneous phase, while the
white area corresponds to the homogeneous one. The red line is the cosmological

trajectory (βcoll(z), θcoll(z)).

3.9 Super-chameleons and ultra-local models

The super-chameleon models (SCMs) [55, 56] are chameleon models embedded
in a supersymmetric setting, with three separate sectors, the dark one where
dark matter and energy live, the matter one for standard model particles, and a
supersymmetry sector for supersymmetric partners. Here, as we did in art.C, we
will describe a supersymmetric setting at low energy for the SCMs assuming that
the three sectors only interact via gravity.

At energies comparable to the cosmological ones, these models can be seen as a
scalar-tensor theory of gravity, whose scalar field is responsible for the acceleration
of the Universe at late times (see sec.I and II of art.C). Moreover, it is possible to
show that the super-chameleon scalar field has an extremely short range interaction
with the matter fields, on scales smaller than rSCMs � m−1

3/2 with m3/2 the gravitino

mass. As the gravitino mass is always greater than 10−5 eV in realistic models
of supersymmetry breaking [57], the range of the scalar interaction mediated by
ϕ is very small, at most at the cm level. Even at very early times, this scale is
sufficiently small that we can treat SCMs as ultra-local models for cosmological
purposes.

For these models, the functional form of A(Ξ) is fixed 2 by the supersymmetric
interactions

A(Ξ̃) = 1 + α
(

1 +
√
−1− Ξ̃

)−2σ/n

(3.33)

2Up to the choice of two numerical parameters.
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and for k/a� meff the linear density contrast obeys

∂2δ

∂τ 2
+H∂δ

∂τ
− 3

2
Ωm(τ)H2

(
1 +

2k2β2(ϕ)

m2
effa

2

)
δ = 0, (3.34)

with

m2
eff(ϕ) =

ρβ1β
2

M2
Plβ

2
1

. (3.35)

On sub-horizon scales this equation is the same as for the ultra-local models,
since we can neglect the unity factor in Eq.(3.19). Then, it is possible to test the
viability of SCMs with the same techniques used for ultra-local models.

We may notice that in the usual chameleon models such as f(R), for which we
have β ∼ 1, a large mass would lead to a negligible deviation from Λ-CDM. This
is not the case for the SCMs models, since it is possible to show that

β2

m2
eff

=
α2M2

Pl

Λ4
(3.36)

and so β2k2/m2
effa

2 can be order of unity at cosmological scales even with α� 1.

The coupling function for SCMs resembles the model (III) studied above and
most of the results obtained for the latter are valid also for SCMs. One important
difference is shown in Fig.3.13, where we show the mass-radius plane for SMCs.
In this plot, we only show astrophysical objects whose dynamics is due to the
presence of dark matter, since in SMCs the coupling between baryons and the
scalar field is negligible. Hence, we found that only galaxies can be used to test
SMCs since they are the only class of objects that lie on the boundary of Rη.

This leads to the conclusion that, at this preliminary level, superchameleons are
found to be globally consistent with current observational constraints. As for the
ultra-local models, we leave to a future work a more detailed study of galactic
dynamics in SCMs, which could be useful to put constraints on SCM parameters.

3.10 Conclusions

In this chapter, we introduced ULMs, a class of MGTs where a scalar field with a
negligible kinetic term is added to EHA. We showed that ULMs give rise to a new
screening mechanism, which is due to the absence of the kinetic term, making the
Solar System screened with 100 % efficiency. Moreover, we showed that galaxies
are unscreened, making galactic dynamics a promising tool to test ULMs.

The predictions of ULMs only depend on a single free function, which we con-
strained using theoretical and observational arguments. We showed that for these
models deviations of the background are at most at the 10−6 level, while structure
formation is strongly enhanced at small scales, leading to an excess in the forma-
tion of small-mass halos as compared to the Λ-CDM cosmology. This could lead
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Figure 3.13: Domain in the mass-radius plane where the fifth force is greater
than Newtonian gravity for SCMs. The rectangles show the typical scales of
astrophysical structures whose dynamics is dominated by the presence of dark

matter.

to severe constraints on ULMs, even though more detailed studies are needed in
order to give a robust quantitative estimate.

To study the non-linear and inhomogeneous regime of the fifth force, which requires
to go beyond perturbation theory or the spherical collapse, we have presented a
thermodynamic analysis, showing that inhomogeneous transition had not occurred
at early time, validating our cosmological analysis, which assumes a smooth den-
sity field.

Finally, we briefly introduced SCMs, super-chameleon models embedded in a su-
persymmetric setting, that act as ultra-local model at scales larger than their very
short Compton length. We found that these theories are compatible with cur-
rent observational constraints and we expect them to have an impact on galactic
dynamics.

To conclude, to study in deeper details the impact of ULMs and SCMs on cosmol-
ogy dedicated numerical simulations are required. In particular, the ultra-local
force may alter significantly the internal structure of small-mass halos, and nu-
merical methods are well suited to understand sub-halo dynamics. Moreover, an
accurate comparison with data on galaxy scales can be useful to constrain both
ULMs and SCMs. As for K-mouflage models, a MCMC analysis is needed to ex-
plore the full parameter space of ultra-local models without focusing on particular
functions for lnA(Ξ̃), which we leave for detailed studies.



Chapter 4

Testing modified gravity with
cosmic shear

4.1 Introduction

In this chapter, we give an example of how MGTs can be constrained using weak
lensing data taken from cosmological surveys.

In particular, we will describe how Dilaton and f(R) models of gravity can be
tested using cosmic shear data. After briefly reviewing them, we will study their
impact on the cosmic shear two-point correlation functions, and we will discuss
degeneracies with neutrino and baryonic physics.

Finally, we will use data taken from the Canada-France-Hawaii Telescope Lensing
Survey (CFHTLenS) 1, a ground-based multi-color optical survey with a 154 deg2

sky coverage optimized for the study of weak gravitational lensing [58], to constrain
some parameters associated to Dilaton and f(R) models.

4.2 Dilation and f (R) theory of gravity

In this section, we review the models of modified-gravity theories constrained in
art.D, namely the Dilaton and f(R) models.

The Dilaton is a class of scalar-tensor theory of gravity defined by

S =

∫
d4x

√
−g̃
[
M̃2

Pl

2
R̃ +

1

2

(
∇̃ϕ
)2

− V (ϕ)− Λ4
0

]
+

∫
d4x
√−gLm(ψ(i)

m , gµν)

(4.1)

1CFHTLenS : www.cfhtlens.org
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where we explicitly added the cosmological constant contribution Λ4
0, and the

matter is coupled to the scalar field via a conformal rescaling of the metric. In
the original Dilaton model, the potential and the coupling function read

V (ϕ) = V∗ exp

(
− ϕ

M̃Pl

)

A(ϕ) = 1 +
1

2

A2

M̃2
Pl

ϕ2

(4.2)

where {A2, V∗} are free parameters of the theory. At the background level, the
scalar-field energy density is dominated by its potential term, which is negligible
as compared with the matter density and the Dilaton theories recover the Λ-CDM
background cosmology within a 10−6 accuracy. Hence, the main modification to
structure formation is not due to a different background evolution, but to the
effect of the fifth force on matter dynamics (see sec.2.1 of art.D).

On the other hand, f(R) theories are MGTs defined by

S =

∫
d4x
√−g

[
M̃2

Pl

2
[R + f(R)]− Λ4

0 + Lm(ψ(i)
m )

]
. (4.3)

In the Hu & Sawicki parametrization [59], the functional form for f(R) is chosen
to be

f(R) = −fR0

n

Rn+1
0

Rn
(4.4)

where {fR0, n} are free parameters of the theory. f(R) theories recover Λ-CDM
background cosmology at 10−4 accuracy, while at the perturbation level the mod-
ified Einstein’s equations lead to a modification of the metric potentials Ψ and Φ
which introduces a new source in the Poisson equation (see sec.2.2 of art.D).

4.3 Weak lensing

Weak lensing is a powerful tool to test GR at cosmological scales [60], since it
directly probes the so-called weak-lensing potential

Φwl =
Φ + Ψ

2
(4.5)

which is sensible to modifications of gravity.

In particular, the integrated convergence field at the point ~θ on the sky reads as

κ(~θ) =

∫ +∞

0

dτ
τ

c2
g(τ)∇2Φwl(τ, τ~θ) (4.6)
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where g(τ) is a kernel function which takes into account the contributions coming

from several sources along the line of sight. Expanding κ(~θ) in multipoles, we
obtain the convergence power spectrum

Cκ
` =

∫ +∞

0

dτ
g(τ)

c2

`4

τ 4
Pwl(`/τ, τ). (4.7)

where Pwl is the weak-lensing power spectrum. From Eq.(4.7), it is possible to
obtain the cosmic shear two-point correlation functions

ξ±(θ) =
1

2π

∫
Cκ
` J0/4(`θ)`d`, (4.8)

which can be reconstructed from survey data, as was done in sec.3.3 of art.D.
Moreover, due to their dependence on Pwl, ξ±(θ) are sensitive to modifications of
gravity, and thus can be used to constrain modified-gravity parameters, as we will
see in sec.4.4. In particular, for all MGTs for which the expansion rate H and
comoving distances can be approximated with the Λ-CDM ones, it is possible to
show that Pwl can be expressed as

Pwl(k, z) =

(
3Ω0H

2
0

2ak2

)2

P (k, z), (4.9)

which connects the matter power spectrum to the weak-lensing one.

4.4 Results

We model the impact of massive neutrinos, baryon feedback and MGTs on the
matter power spectrum by using multiplicative feedback biases, namely

PDM+ν+b(m)+MG = PDM × b2
Mν
× b2

m × b2
MG(α) (4.10)

where PDM is dark matter power spectrum and the Mν , m and MG(α) stand
respectively for the contributions from the massive neutrinos, the baryons physics
and MGTs. We estimate the the neutrino feedback bias b2

Mν
as

b2
Mν
≡ PDM+Mν

CAMB (k, z)

PDM
CAMB(k, z)

(4.11)

with Mν = (0.0, 0.2, 0.4, 0.6) eV is the total neutrino mass and CAMB indicates
that we computed the power spectra using the CAMB code [61]. Similarly, we
compute the baryon bias feedback as

b2
m ≡

P
DM+b(m)
OWL (k, z)

PDM
OWL(k, z)

(4.12)



47

where OWL indicates that power spectra were computed using the data from a
suite of simulations [62] which studied the effects of baryon physics on the matter
power spectrum, in particular the impact of different AGN feedback models.

In Fig.4.1, we show P (k, z) at z = 1 when massive neutrinos and AGN feedbacks
are taken into account. AGN and neutrino feedbacks can suppress more than 50
% of the power at mildly non-linear scales, depending on the model and neutrino
total masses.

Finally, we take into account the MGTs contribution via the MGT bias

b2
MG(α)

≡ P
MG(α)

VNT (k, z)

PDM
VNT(k, z)

(4.13)

where MG(α) labels different gravity models (see sec.3.2.3 of art.D for more details)
and VNT means that we computed the MGT power spectra as in [63]. This leads
to a 10-20 % enhancement in the matter power spectrum, which we show with thick
and dotted lines in Fig.4.1, respectively for the Dilaton and f(R) model. It is worth
noticing here that maximal modifications to Λ-CDM occur at k ∼ 1hMpc−1, in
a region where degeneracies with baryon and neutrino physics are strong.

Once all these contributions are considered, Eq.(4.10) can be used to compute ξ±
and MGTs can be tested against data. As an example, we display in Figs.4.3
and 4.4 ξ/ξDM for a particular combination of MGT, neutrino mass and AGN
feedbacks, along with data taken from the CFHTLenS. Moreover, we performed a
rejection analysis using the χ2 method (see sec.4.2 of art.D) to study the viability
of f(R) and Dilaton models. As a main result, which is summarized in table 2
of art.D, we show that with current data it is possible to accommodate most of
MGTs considered, once that neutrino and baryonic physics are taken into account,
with the notable exception of the f(R) theory with {fR0 , n} = {10−4, 1}.

4.5 Conclusions

In this chapter, we introduced the cosmic shear as a way to constrain MGT pa-
rameters and to study degeneracies among neutrino, baryonic physics and MGTs
at mildly non-linear scales.

We focused on the Dilaton and f(R) models of gravity, which we briefly reviewed
in sec.4.2. We took into account their impact on the cosmic two-point correlation
functions, along with the one from massive neutrinos and AGN feedbacks, by using
multiplicative bias factors to compute the matter power spectrum.

We showed that it is not possible to find a preferred model among the ones con-
sidered, i.e. that the current data have very few constraining power, once that
neutrino and AGN feedbacks are taken into account.
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Figure 4.1: Ratio between the matter power spectrum P (k), including baryon
and massive neutrinos feedbacks and the dark matter one PDM, evaluated at
z = 1. The blue dashed lines represents the effect of massive neutrinos with
Mν = 0.2, 0.4 and 0.6 eV from top to bottom, the pink dotted line represents
the AGN feedback effect and the red solid lines represent the combined effect

of massive neutrinos and AGN feedback.

Figure 4.2: Ratio between the matter power spectrum P (k), including baryon,
massive neutrinos and MGT feedbacks and the dark matter one PDM, evaluated
at z = 1. From top to bottom at k = 0.2hMpc−1, the solid lines represent
Dilaton models B4, A3, E3,D1 and C1 respectively (see table 1 of art.D for
details). The thick red dashed lines correspond to f(R) gravity with n = 1.

Top to bottom are for |fR0| = 10−4, 10−5 and 10−6 respectively.
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Figure 4.3: Same as Fig.4.2, but for ξ+. The open symbols represent our
measurements from the CFHTLenS data with 1 σ error bars.

Figure 4.4: Same as Fig.4.2, but for ξ−. The open symbols represent our
measurements from the CFHTLenS data with 1 σ error bars.
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We however showed that cosmic shear studies can be used as a powerful tool to
test GR, especially when neutrino and baryonic physics will be understood with
greater precision and observational systematics will be reduced.

To further improve this analysis one might think to test the simplifying assumption
of the uncorrelated biases used to compute P (k, z), which will require suites of ded-
icated cosmological simulations. Moreover, since several MGTs can accommodate
similar phenomenological effects, applying this analysis within the framework of
model-independent parametrizations for the weak lensing convergence power spec-
trum [64], can be useful to test a larger class of theories than the one presented in
this chapter.



Chapter 5

Consistency relations for
large-scale structure

5.1 Introduction

The cosmological large-scale structure is one of the main probes to measure the
properties of the Universe and to test the validity of the Λ-CDM model. On large
scales, cosmological structures are described by perturbative methods, which can
be improved by resummation schemes [63, 65–70]. On small scales, the theoretical
modeling of gravitational dynamics becomes much more difficult since we aim at
describing a non-linear system in which baryonic physics plays an important role.
For these reasons, small-scale structure formation is often studied by the means of
numerical simulations or phenomenological models [71] and exact results are very
rare.

However, recently some exact non-linear results have been obtained [72–74], among
which we find the so called “kinematic consistency relations” (CRs) for large-scale
structures, i.e., a factorization of (` + n)-cosmological fields correlators, with `
linear and n small-scale (even non-linear) modes, in terms of n-point correlators
and ` linear power spectrum factors. CRs arise from the equivalence principle,
making them a promising tool to test GR, and describe the response of a small-
scale structure to a large-scale perturbation, namely an uniform displacement
at leading order. When applied to the density fields, these relations express a
kinematic effect which vanishes at equal times, as an uniform displacement has no
effect on their statistics. This property make the CRs for the density fields very
hard to measure, since different-time correlators would be needed.

In this chapter, we present an extension of CRs, based on the work of art.E and F,
which involves cross-correlators between the density and the velocity fields. These
CRs are sensitive to the transportation of the small-scale structure because of
the shift in the velocity fields, and thus do not vanish at equal times. Moreover,
we show how to relate CRs to observational probes such as the galaxy density
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contrast and the integrated Sachs-Wolfe effect, to obtain a test of the equivalence
principle and of primordial non Gaussianity valid also at non-linear scales.

5.2 Correlation and response function

To obtain CRs, we assume that the primordial fluctuations can be considered
Gaussian and thus the dynamic are fully determined by the initial Gaussian linear
growing mode δL0(x). For this reason, any dependent quantity {ρ1, · · · , ρn} is a
functional of the field δL0 and we can write the mixed correlation function as a
Gaussian average

C1,n(x) = 〈δL0(x)ρ1 . . . ρn〉 =

∫
DδL0 e

−δL0·C−1
L0 ·δL0/2 δL0(x)ρ1 . . . ρn, (5.1)

where CL0 = 〈δL0(x1)δL0(x2)〉 is the two-point correlation function for the field
δL0. Integrating by parts Eq.(5.1) over δL0 yields

C1,n(x) =

∫
dx′ CL0(x,x′)R1,n(x′), (5.2)

where we defined the mean response function

R1,n(x) = 〈D[ρ1 . . . ρn]

DδL0(x)
〉, (5.3)

which describes the dependence of {ρi} on the variation of the initial density field
δL0. Eq.(5.2) can be expressed in Fourier space as

C̃1,n(k′) = PL0(k′) R̃1,n(−k′), (5.4)

where we defined the Fourier-space correlation and response functions as

C̃1,n(k′) = 〈δ̃L0(k′)ρ1 . . . ρn〉, R̃1,n(k′) = 〈D[ρ1 . . . ρn]

Dδ̃L0(k′)
〉. (5.5)

and PL0 is the linear matter power spectrum.

Let us now consider the quantities {ρ1, · · · , ρn} to be the non-linear density con-
trast δ̃(ki, ti), which can be expressed as

δ̃(k, t) =

∫
dx

(2π)3
e−ık·xδ(x, t) =

∫
dq

(2π)3
e−ık·x (5.6)

where we introduced the Lagrangian coordinate q, we used the matter conservation
equation (1+δ)dx = dq and we discarded the term δD(k) that does not contribute
for k 6= 0. We can now compute the response function, substituting Eq.(5.6) in
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Eq.(5.5), to obtain

R1,n =

〈∫
dq1 · · ·qn

(2π)3n

i=1∑

n

ki ·
DΨ

Dδ̃(k′, τ)
e−k1·(q1+Ψ1)−···−kn·(qn+Ψn)

〉
, (5.7)

where we introduced the displacement field Ψ(q, t) = x(q, t) − q. We now wish
to compute DΨ/Dδ̃(k′, τ) in order to obtain the response function. In the linear
regime this can be easily done by means of the continuity equation, which gives

k′ → 0 :
DΨL

Dδ̃(k′, τ)
→ ı

k′

k′2
D(τ), (5.8)

and we want to show that this result is still valid at the non-linear level if we are
in the squeezed limit for n+1 density correlators (i.e., the limit k′ → 0). To do so,
we consider an infinitesimal change of the initial condition ∆δL0 which leads, from
the definition of functional derivative, to a change of the non-linear displacement
field

∆Ψ(q) =

∫
dk′
DΨ(q)

Dδ̃(k′, τ)
∆δ̃L0. (5.9)

To obtain the low-k limit of the functional derivative we can look at a perturbation
∆δL0 that is restricted to k < kc and kc → 0. For instance, we can choose a
Gaussian perturbation of size R→ +∞ centered in qc far away from the point q,
which corresponds to adding a mass ∆M around the point qc. This modifies the
linear density field δL as

δL(q, τ)→ δ̂L = δL +D(τ)∆δL0 (5.10)

and also the velocity field vL0 by the precise amount that corresponds to the
relation between velocity and density in the growing mode

vL(q, τ)→ v̂L = vL −
dD

dτ
∇−1

q ·∆δL0. (5.11)

At the linear level, this means that the small-scale region around q is falling
towards the large-scale mass ∆M centered on qc, as stated by Eq.(5.8). Since
we are aiming at describing results at the non-linear level, we must show that
the impact of a mass ∆M is still to attract the small-scale region with the same
acceleration as in the linear regime, even when the small-scale region around q is
non-linear.

This can be seen from the equation of motion of the trajectories

∂2x

∂τ 2
+H∂x

∂τ
= −∇Φ = −F (5.12)

where Φ and F are the Newtonian potential and force. If we add a perturbation
∆M , the trajectories are modified following Eq.(5.12) giving rise to the perturbed
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trajectories x̂. To compute x̂ we can consider the auxiliary trajectory

x′ (q, τ) ≡ x (q, τ) +D(τ)∆ΨL0(q), (5.13)

where ∆ΨL0(q) = −∇−1
q ∆δL0 is the displacement due to the ∆δL0. These auxiliary

trajectories satisfy

∂2x′

∂τ 2
+H∂x′

∂τ
= −F +

(
∂2D

∂τ 2
+H∂D

∂τ

)
= F(x′, τ) + ∆FL(q, τ) (5.14)

where we used F′(x′) = F(x) because the uniform translation only gives rise to the
same translation of the Newtonian force, since F ∝ ∇−1δ. The last term follows
from Eq.(5.12), which implies that at linear level the displacement field obeys to

∂2ΨL

∂τ 2
+H∂ΨL

∂τ
= −∇qΦ = −F. (5.15)

We then notice that the trajectories x′ satisfy the same initial conditions of the
perturbed ones and they follow the same equation of motion if we can write ∆F′ =
∆FL. This is valid when R → +∞ since ∆M produces a Newtonian force that
varies over the scale R and can be approximated as a constant for the small-scale
region q. Moreover, since we consider a regime when k′ → 0, the force is set by
the Poisson equation sourced by ∆δL and hence it is in the linear regime. We
can conclude that x′ = x̂ and ∆M produced a uniform translation also in the
non-linear regime. This allows us to write

k′ → 0 :
DΨ

Dδ̃(k′, τ)
→ ı

k′

k′2
D(τ), (5.16)

from which we obtain

R1,n
k′→0 =

〈
δ̃(k1, τ1) · · · δ̃(kn, τn)

〉 n∑

i=1

k · k′
k′2

D(τi), (5.17)

which can be substituted in Eq.(5.4) to obtain the CRs for the density fields

〈
δ̃L0(k′)δ̃(k1, t1) · · · δ̃(kn, tn)

〉′
k′→0

= −
n∑

i=1

ki · k′
k′2

D(τi)PL0(k′)
〈
δ̃(k1, t1) · · · δ̃(kn, tn)

〉′

(5.18)
where 〈· · · 〉′ denotes that we removed the Dirac factor δD (

∑
ki). As stated above,

the main property of Eq.(5.18) is that it does not require δ̃ to be in the linear or
perturbative regime and we can check directly that it does vanish at equal time
(i.e., when τ1 = · · · = τn), since in the squeezed limit we have k1 + · · · + kn '
k + k1 + · · ·+ kn = 0.

At this stage, it is worth highlighting the connection between Eq.(5.18) and the
equivalence principle. As we saw, a change ∆δL0 in the initial density gives rise
to the same displacement for all scales and this is a direct consequence of the
equivalence principle since all scales feel the same effect regardless of their size.
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For this reason, CRs rely on the equivalence principle and provide a way to test
GR in the non-perturbative regime.

5.3 Consistency relations for velocities and mo-

menta

The main effect of a long wavelength perturbation is to move small structures with
a uniform shift, hence we expect that CRs involving velocity fields may detect this
effect. It is in fact possible to show (see sec.3 of art.E) that the transformation
law for velocities reads

ṽ(k, τ)→ ˆ̃v(k, τ) = ṽ(k, τ)− ıD (k ·∆ΨL0) ṽ(k, τ) +
dD

dτ
∆ΨL0 δD(k), (5.19)

where the last factor is a term associated with the shift of the amplitude. Eq.(5.19)
can be used to obtain the CRs for velocity (and density) fields

〈δ̃(k′, τ ′)
n∏

j=1

δ̃(kj, τj)
n+m∏

j=n+1

ṽ(kj, τj)〉′k′→0 = −PL(k′, τ ′)

×
{
〈
n∏

j=1

δ̃(kj, τj)
n+m∏

j=n+1

ṽ(kj, τj)〉′
n+m∑

i=1

D(τi)

D(τ ′)

ki · k′
k′2

+
n+m∑

i=n+1

〈
n∏

j=1

δ̃(kj, τj)
i−1∏

j=n+1

ṽ(kj, τj)×
(

(dD/dτ)(τi)

D(τ ′)
i
k′

k′2
δD(ki)

) n+m∏

j=i+1

ṽ(kj, τj)〉′
}
.

(5.20)

If we take ki 6= 0, as usual for studies of Fourier-space spectra, the last term
vanishes and we recover the same form as CRs of the density fields. However,
this new Dirac term gives a nonzero contribution in configuration space and real-
space correlators obey consistency relations that differ from those of the density
fields. One may obtain scalar relations by taking for instance the divergence of the
velocity field, θ = ∇ · v (see Eq.(15) of art.E or [75]), but this obeys CRs similar
to the density fields ones because the new Dirac term disappears as θ̃i = ki · ṽi.

One simple way to obtain scalar non-vanishing CRs at equal times is to consider
the divergence of the weighted momentum p = (1 + δ)v, i.e λ ≡ ∇(1 + δ)v. For
λ̃ = ık · p, the transformation law reads

Dλ̃(k)

Dδ̃L0(k′)
=

k · k′
k′2

(
Dλ̃(k) + ı

dD

dτ
δ̃(k)

)
, (5.21)
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from which we obtain

〈δ̃(k′, τ ′)
n∏

j=1

δ̃(kj, τj)
n+m∏

j=n+1

λ̃(kj, τj)〉′k′→0 = −PL(k′, τ ′)×

{
〈
n∏

j=1

δ̃(kj, τj)
n+m∏

j=n+1

λ̃(kj, τj)〉′
n+m∑

i=1

D(τi)

D(τ ′)

ki · k′
k′2

−
n+m∑

i=n+1

〈δ̃(ki, τi)
n∏

j=1

δ̃(kj, τj)
n+m∏

j=n+1
j 6=i

λ̃(kj, τj)〉′ ×
(dD/dτ)(τi)

D(τ ′)

ki · k′
k′2

}
,

(5.22)

which at equal times read

〈δ̃(k′)
n∏

j=1

δ̃(kj)
n+m∏

j=n+1

λ̃(kj)〉′k′→0 = PL(k′)
d lnD

dτ

×
n+m∑

i=n+1

ki · k′
k′2
〈δ̃(ki)

n∏

j=1

δ̃(kj)
n+m∏

j=n+1
j 6=i

λ̃(kj)〉′
(5.23)

where we did not write the common time τ . The second term of Eq.(5.22) comes
from the second term of Eq.(5.21), does not vanish at equal times and transforms
the momentum divergences λ̃ into density perturbations δ̃. The simplest relation
that does not vanish at equal times is the bispectrum with two δ̃ fields and one λ̃
field

〈δ̃(k′)δ̃(k)λ̃(−k)〉′k′→0 = −k · k′
k′2

d lnD

dτ
PL(k′)P (k). (5.24)

with P (k) the non-linear power spectrum. Eq.(5.24) can be extended to galaxy
fields

bg〈δ̃g(k′)δ̃g(k)λ̃g(−k)〉′k′→0 = −k · k′
k′2

d lnD

dτ
Pδgδg(k

′)× Pδgδg(k), (5.25)

where δ̃g is the galaxy density contrast, Pδgδg is the galaxy density power spectrum
and we assumed a deterministic large-scale limit bias bg for galaxy bias.

CRs such as Eq.(5.25) are very useful, as we will see sec.5.4, since they provide
a way to connect theoretical non-perturbative results to observational probes in
order to test GR and primordial non-Gaussianity.

5.4 Consistency relations for observables

In this section, we apply some of the results obtained above to observational
probes, focusing on the galaxy number density contrast and the ISW effect.
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From galaxy survey, we can typically measure the galaxy density contrast within
some redshift bin smoothed with some finite-size window

δsg(
~θ) =

∫
d~θ ′WΘ(|~θ ′ − ~θ|)

∫
dτ Ig(η)δg[r, r~θ

′; τ ], (5.26)

where Wθ(|θ ≤′ −θ|) is a 2D symmetric window function centered on the direction
on the sky of angular radius Θ, r = τ0 − τ is the radial comoving distance along
the line of sight and

Ig(η) =

∣∣∣∣
dz

dτ

∣∣∣∣ng(z), (5.27)

is a weight associated with the normalized galaxy selection function ng(z). Eq.(5.26)
can be expanded in Fourier space to obtain

δsg(
~θ) =

∫
dη Ig(η)

∫
dk W̃Θ(k⊥r)e

ık‖r+ik⊥·r~θ δ̃g(k, τ), (5.28)

when we defined

W̃Θ(|~̀|) =

∫
d~θ e−ı

~̀·~θWΘ(|~θ|), (5.29)

and k = (k‖,k⊥) are respectively the parallel and the perpendicular components
of k.

Similarly, cosmological surveys can measure the secondary CMB anisotropy due
to ISW along the direction ~θ

∆ISW(~θ) =

∫
dη e−τopth(τ)

(
∂Ψ

∂τ
+
∂Φ

∂τ

)
[r, r~θ; τ ] = 2

∫
dτ e−τopth(τ)∂Ψ

∂τ
[r, r~θ; τ ],

(5.30)
where τopth is the optical depth and we assumed no anisotropic stress. It is possible
to relate λ̃ to Ψ̃ via the Fourier space Poisson equation as

∂Ψ̃

∂τ
=

4πGρ̄0

k2a
(λ̃+Hδ̃), (5.31)

which gives

∆s
ISW(~θ) =

∫
dτ IISW(τ)

∫
dk W̃Θ(k⊥r)e

ik‖r+ik⊥·r~θ × λ̃+Hδ̃
k2

, (5.32)

with

IISW(τ) = 8πGρ̄0
e−τopth

a
. (5.33)

These two results can be used to compute the cross-correlation between two galaxy
density contrasts and an ISW temperature anisotropy

ξ3(δsg, δ
s
g1
,∆s

ISW2
) = 〈δsg(~θ) δsg1(~θ1) ∆s

ISW2
(~θ2)〉. (5.34)
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where ~θ, ~θ1, ~θ2 are the directions along which we measure the observables. Since
we want to apply the CRs obtained in sec.5.3, we must ensure that we fulfill the
linear conditions and the squeezed limit, i.e. k, the wavelength associated to the
first δg, has to be both linear and much smaller than k1, k2 associated to δg1 and
∆ISW2. These conditions in configuration space correspond to

Θ� ΘL, Θ� Θj, |~θ − ~θj| � |~θ1 − ~θ2|, (5.35)

and once fulfilled, ξ3 reads (see sec.4.1 of art.F)

ξ3 =
(~θ − ~θ2) · (~θ1 − ~θ2)

|~θ − ~θ2||~θ1 − ~θ2|
(2π)4

∫
dη bgIgIg1IISW2

d lnD

dτ
×

∫ ∞

0

dk⊥dk1⊥ W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)

× PL(k⊥, τ)Pg1,m(k1⊥, τ)J1(k⊥r|~θ − ~θ2|)× J1(k1⊥r|~θ1 − ~θ2|),

(5.36)

where Pg1,m is the galaxy-matter power spectrum and J1 is the first-order Bessel
function of the first kind. Eq.(5.36) expresses the response of the small-scale two-

point correlation function
〈
δsg1(~θ1)∆s

ISW2(~θ2)
〉

to a change in the large-scale mode

δsg(
~θ) and represents the motion of the small-scale structures δ̃1, λ̃2 towards (or

away from) δ̃. This explains why Eq.(5.36) vanishes when (~θ− ~θ2) ⊥ (~θ1 − ~θ2): in
fact, when this happens, there is a reflection symmetry, from the point of view of
~θ2 and ~θ1, along the ~θ− ~θ2 axis. Hence we have a positive λ̃2 for both an increase
and a decrease of δg. Then, at the leading order, there is no effect on the small
scale structures motion changing δg and hence the kinematic effect vanishes.

Eq.(5.36) represents an example of CRs which can be directly observed by galaxy
surveys and its angular dependence could provide a test for the equivalence prin-
ciple, even without computing its right-hand side. Other CRs can be obtained
evaluating different probes (see sec.4 and 5 of art.F) such as the weak lensing con-
vergence field or the CMB anisotropies due to the kinematic Sunyaev-Zeldovich
effect, however they do not show an angular dependence or involve galaxy-free
electron spectra, making them harder to measure.

5.5 Conclusions

In this chapter, we introduced the kinematic consistency relations for large-scale
structure, i.e., non-perturbative relations among correlators of the density and
velocity fields in the squeezed limit. CRs rely on the equivalence principle and
Gaussian initial conditions, and thus their violation would signal a modification
of GR or non-Gaussian initial conditions.

After presenting a simple non-relativistic derivation of CRs, we extended this
result to velocity and momentum fields to obtain CRs which do not vanish at
equal times. Finally, we showed how to relate CRs with observational probes,
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such as galaxy density contrast and ISW temperature CMB anisotropies, and we
obtained a relation which can be directly measured and shows a particular angular
dependence as a function of the relative angular positions.

For these reasons, the CRs obtained in this chapter can become a powerful tool to
test MGTs in the light of future surveys, even though the study of the feasibility
of this kind of observations in actual surveys will require additional study, which
may include a signal-to-noise analysis, that we leave for a future work.



Chapter 6

Conclusions

In this manuscript, we have highlighted the physical intuitions and the main results
obtained in the appended articles.

In Chapter 1, we gave a short introduction to the vast domain of alternatives to
Λ-CDM, focusing on dark energy models and modified gravity theories.

In Chapter 2, we presented the K-mouflage model of modified gravity, studying
its impact on cluster dynamics and showing how these theories modify at a non-
negligible level the halo temperature function as compared to the Λ-CDM one,
leaving cluster scaling relations indistinguishable using current data.

In Chapter 3, we introduced the ultra-local models of gravity, scalar-tensor theories
of gravity with a scalar field which possesses a negligible kinetic term. We showed
how these theories have a great impact on structure formation at small scales and
how they show a novel screening mechanism which relies on the lack of kinetic
term. Moreover, we demonstrated that super-chameleon theories can be seen at
cosmological scales as ultra-local model of gravity (up to their Compton scales)
and we found them to be globally consistent with current observations.

In Chapter 4, we gave a glimpse on how cosmic data can be used to constrain
modified-gravity theories, in particular focusing on the impact of f(R) and Dila-
ton model on cosmic shear data. We showed that degeneracies among baryons,
neutrinos and modified-gravity theories are essential to give reasonable constraints
using cosmic shear data and how, once these are taken into account, current cos-
mic shear data can accommodate most of the theories considered due to the large
uncertainties in measurements and baryonic feedback.

In Chapter 5, we presented consistency relations for large-scale structures, fac-
torizations of (n + 1)-points correlators in terms of the n-points ones valid at
the non-linear level, that only rely on the equivalence principle and Gaussian ini-
tial conditions. We presented here the first non-vanishing consistency relations
at equal times, which we connected to observable quantities. In particular, we
presented a practical result, involving the cross-correlation between δg and ∆ISW

fields, which can be used to test the Λ-CDM model using survey observations.
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Outlooks

As often happens when one tries to study cosmological structure formation at
non-linear scales[76–79], numerical simulations are what is mostly needed to give
a clearer picture of the modified-gravity theories presented in this manuscript. In
particular, the K-mouflage model screening mechanism occurs well inside cluster
of galaxies and numerical simulations can help to understand the impact of the
scalar field on the internal structure of the cluster and its degeneracies with bary-
onic physics. For the ultra-local models (and super chameleon ones), numerical
simulations can help to understand their impact on galaxy formation, possibly to
use them to constrain the coupling function of the model. Finally, investigating
degeneracies between baryonic physics and f(R) and Dilaton models may have a
strong impact on the underlying assumption of uncorrelated biases that we used in
the cosmic-shear data analysis presented in this manuscript, which can be tested
using dedicated numerical simulations.

On another note, for both K-mouflage and ultra-local models, a Montecarlo anal-
ysis is needed to explore a larger parameter space than the ones presented here,
using different functional forms for the free functions of the models.

Finally, the feasibility of measurement of consistency relations involving observ-
ables has to be addressed in a detailed way and numerical methods will probably
be needed due to the complex modeling of survey observations. On a more the-
oretical side, consistency relations valid for alternative theories to Λ-CDM are
necessary to understand if/how consistency relations can be used to discriminate
among different modified-gravity theories.



Chapter 7

Résumé

La cosmologie a atteint une ère passionnante. Pour la première fois dans l’histoire
humaine, un modèle quantitatif pour la formation et l’évolution de l’Univers existe,
expliquant une gamme très variée de phénomènes et ayant été testé avec une
précision impressionnante. De plus, nous sommes à l’aube d’une époque dans
laquelle nous aurons à notre disposition une abondance de données de grande
qualité, ce qui nous permettra d’utiliser la cosmologie comme un outil pour tester
la physique fondamentale.

En particulier, comme les structures de grandes échelles de l’Univers sont gou-
vernées par la force de gravité, la cosmologie peut être utilisée pour tester la
théorie de la relativité générale d’Einstein. Cette idée a inspiré la plupart des
travaux décrits dans ce manuscrit, dans lequel j’ai étudié des théories alterna-
tives au modèle standard de la cosmologie et des tests à grandes échelles pour la
relativité générale.

Dans la première partie de ma thèse, je me suis concentré sur les “theories tenseur-
scalaire” de la gravité. Ce sont des théories alternatives de la gravité, dans
lesquelles un champ scalaire, qui est responsable de l’accélération de l’expansion
de l’Univers, est ajouté à l’action de Einstein-Hilbert. Dans le deuxième chapitre,
j’ai décrit le modèle de K-mouflage, une “théorie tenseur-scalaire” dans laquelle
le champ scalaire possède un terme cinétique non-standard, en montrant son effet
non négligeable sur la dynamique des amas des galaxies. J’ai aussi montré com-
ment cet effet peut être utilisé pour contraindre le modèle de “K-mouflage” en
utilisant des observations en rayon X.

Dans le troisième chapitre, j’ai présenté le modèle “ultra-local” de la gravité,
une “théorie tenseur-scalaire” dont le champ scalaire possède un terme cinétique
négligeable. J’ai étudié sa faisabilité en tant que théorie alternative à la rela-
tivité générale aux échelles cosmologiques, en montrant comment la formation
des structures est très accélérée aux petites échelles. De plus, j’ai prouvé com-
ment les modèles “super-chaméléons” peuvent être vus comme des modèles “ultra-
locaux” jusqu’à leur échelle de Compton, et j’ai utilisé les résultats obtenus pour

62



63

ces derniers pour montrer leur faisabilité en tant que théories alternatives de la
gravité.

Dans le quatrième chapitre, j’ai décrit comment les théories de la gravité “f(R)”
et “Dilaton” modifient le signal qui provient des lentilles gravitationnelles faibles.
En particulier, j’ai montré que le cisaillement cosmique a un pouvoir assez limité
actuellement pour contraindre ces théories, à cause de la faible précision des ob-
servations actuelles et des dégénérescences avec les processus baryoniques.

Dans le cinquième chapitre, j’ai donné une description de mon étude des rela-
tions de cohérence. Ce sont des relations entre les fonctions de corrélation des
champs cosmiques à (n + 1) et n points, valables aussi dans le régime non-
linéaire. Leur intérêt vient du fait que leur dérivation dépend seulement du
Principe d’Équivalence et de l’hypothèse de conditions initiales Gaussiennes, et
donc elles peuvent être utilisées pour tester ces hypothèses fondamentales du
modèle standard de la cosmologie. Des relations similaires ont été étudiées au-
paravant, mais j’ai montré comment il est possible d’obtenir des relations qui ne
s’annulent pas lorsque tous les champs sont considérés au même instant. J’ai utilisé
ce résultat pour obtenir des relations de cohérence entre fonctions de corrélation de
quantités observables, notamment le champ de densité des galaxies et la fluctua-
tion de température du fond diffus cosmologie donnée par l’effet Sachs-Wolfe. Ces
relations peuvent être utilisées pour des tests de la relativité générale, reposant
sur des observations par satellites, sans avoir besoin de modèliser la physique des
baryons aux petites échelles.

Enfin, j’ai donné un aperçu des quelques perspectives possibles pour poursuivre
le travail décrit dans ce manuscrit. En particulier, j’ai souligné comment des
simulations numérique sont nécessaires pour mieux comprendre la formation des
structures dans le contexte des modèles “K-mouflage” et “ultra-local”. En outre,
elles peuvent être aussi utilisées pour tester les hypothèses sous-tendant l’analyse
des lentilles gravitationnelles faibles présentée dans ce manuscrit, surtout pour
distinguer l’effet de la physique des baryons et des neutrinos de l’effet des théories
de gravité modifiée sur le cisaillement cosmique. En ce qui concerne les rela-
tions de cohérence, une étude de faisabilité de leur mesure avec les “surveys”
cosmologiques est nécessaire, pour comprendre si elles peuvent donner des con-
traintes compétitives sur les théories alternatives de la gravité.
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We investigate the effects of a K-mouflage modification of gravity on the dynamics of clusters of
galaxies. We extend the description of K-mouflage to situations where the scalar field responsible for the
modification of gravity is coupled to a perfect fluid with pressure. We describe the coupled system at both
the background cosmology and cosmological perturbations levels, focusing on cases where the pressure
emanates from small-scale nonlinear physics. We derive these properties in both the Einstein and Jordan
frames, as these two frames already differ by a few percents at the background level for K-mouflage
scenarios, and next compute cluster properties in the Jordan frame that is better suited to these observations.
Galaxy clusters are not screened by the K-mouflage mechanism and therefore feel the modification of
gravity in a maximal way. This implies that the halo mass function deviates from Λ-CDM by a factor of
order 1 for masses M ≳ 1014h−1M⊙. We then consider the hydrostatic equilibrium of gases embedded in
galaxy clusters and the consequences of K-mouflage on the x-ray cluster luminosity, the gas temperature,
and the Sunyaev–Zel’dovich effect. We find that the cluster temperature function, and more generally
number counts, are largely affected by K-mouflage, mainly due to the increased cluster abundance in these
models. Other scaling relations such as the mass-temperature and the temperature-luminosity relations
are only modified at the percent level due to the constraints on K-mouflage from local Solar System
tests.

DOI: 10.1103/PhysRevD.92.043519 PACS numbers: 98.80.-k

I. INTRODUCTION

K-mouflage [1,2] is one of the four types of screening
mechanisms, together with the chameleon [3,4], the
Damour–Polyakov [5], and the Vainshtein [6] ones, which
are compatible with second-order equations of motion
for single scalar-field models [7]. The properties of
K-mouflage have already been thoroughly studied both
at the background cosmology Brax:2014a and perturbation
levels [8,9]; see also Ref. [10] for a more general analysis
within an “imperfect-fluid” formalism. The small-scale
dynamics have been studied in Ref. [11], and models that
satisfy both cosmological and Solar System constraints
have been devised in Ref. [12].
In this paper, we extend these studies by including fluids

with pressure as befitting the description of gases in galaxy
clusters. We do so for both the background and perturba-
tions. We also present the dynamics of the system in both
the Einstein frame (used in previous works) and the Jordan
frame and discuss the relations between both frames.
Because the properties of gases, such as the x-ray lumi-
nosity or the Sunyaev–Zel’dovich effect [13], or the
wavelength of atomic emission or absorption lines, are
tied to the frame in which atomic physics is described
without any modification due to the scalar field, we work in
the Jordan frame to describe clusters of galaxies. We use the
fact that galaxy clusters are not screened by the K-mouflage
mechanism and that their number would be increased as
compared with Λ-cold dark matter (CDM) in this scenario.

As a result, clusters appear as a useful testing ground for
K-mouflage and its effects on the growth of structure.
We take into account the modification of the hydrostatic

equilibrium in K-mouflage models, together with the change
of the matter density profiles, which we find to become
slightly more compact. This allows us to investigate the
x-ray luminosity as a function of the gas temperature. The
deviation from Λ-CDM is at the percent level and is set by
the tests of gravity in the Solar System, which strongly
constrain the coupling constant that defines these models.
In a similar fashion, the temperature-mass relation is affected
at the same level. As particular examples, we focus on a
simple “cubic” K-mouflage model (that agrees with cosmo-
logical constraints) and on an “arctan”model which satisfies
cosmological constraints as well as all Solar System tests,
including the advance of the perihelion of the Moon [12].
The latter gives slightly amplified results as compared to the
former, but both remain at the percent level. The only
observable which deviates significantly from Λ-CDM is the
cluster temperature function (or more generally, number
counts) due to the increased abundance of clusters for
masses M ≳ 1014h−1M⊙.
The paper is arranged as follows. In Sec. II, we define the

K-mouflage models and detail some of their properties for a
fluid with pressure coupled to K-mouflage at the back-
ground and perturbation levels, working in the Einstein
frame. In Sec. III, we reformulate the dynamics in terms of
the Jordan-frame quantities. In Sec. IV, we present our
numerical results for the background and the growth of
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structure for two K-mouflage models: the cubic and arctan
models. In Sec. V, we turn to galaxy clusters and their
properties, focusing on the physics of the gas embedded in
the clusters. In Sec. VI, we discuss in details the similarity
and differences between the K-mouflage scenarios and
other modified-gravity theories. We conclude in Sec. VII.
A derivation of the equations of motion in the Einstein

frame is given in Appendix A, while details on the Einstein–
Jordan connection can be found in Appendix B. We discuss
unitarity constraints in Appendix C.

II. DEFINITION OF K-MOUFLAGE MODELS

A. Jordan-frame and Einstein-frame metrics

We consider scalar-field models where the action has the
form [1,2]

S ¼
Z

d4x
ffiffiffiffiffiffi
−~g

p �
~M2
Pl

2
~Rþ ~LφðφÞ

�

þ
Z

d4x
ffiffiffiffiffiffi
−g

p
Lmðψ ðiÞ

m ; gμνÞ; ð1Þ

which involves two metrics, the Jordan-frame metric gμν,
with determinant g, and the Einstein-frame metric ~gμν, with
determinant ~g. The matter Lagrangian density, Lm, where

ψ ðiÞ
m are various matter fields, is given in the Jordan frame,

where it takes the usual form without explicit coupling to
the scalar field (although one could add explicit couplings
to build more complex models). The gravitational sector is
described by the usual Einstein–Hilbert action, but in terms
of the Einstein-frame metric ~gμν and the associated reduced

Planck mass ~MPl ¼ 1=
ffiffiffiffiffiffiffiffi
8π ~G

p
. The Lagrangian density

~LφðφÞ of the scalar field is also given in the Einstein frame.
Throughout this paper, we denote Einstein-frame quan-

tities with a tilde, to distinguish them from their Jordan-
frame counterparts (when they are not identical). We
choose this notation, which is the opposite to the one used
in our previous papers [7,8,11,12] where we mostly worked
in the Einstein frame, as here we mostly work in the
Jordan frame.
If the two metrics were identical, this model would be a

simple quintessence scenario [14,15], with an additional
scalar field to the usual matter and radiation components
but with standard electrodynamics and gravity (General
Relativity). In this paper, we consider modified-gravity
models where the two metrics are related by the conformal
transformation [16]

gμν ¼ A2ðφÞ~gμν: ð2Þ

This gives rise to an explicit coupling between matter
and the scalar field. In the Einstein frame, we recover
General Relativity (e.g., the Friedmann equations), but the
equations of motion of matter are nonstandard (e.g., the

continuity equation shows a source term, and matter
density is not conserved). In the Jordan frame, the equa-
tions of motion of matter take the usual form (e.g., matter
density is conserved), but gravity is modified (e.g., the
Friedmann equations are modified). In this paper, we
compute the properties of astrophysical objects such as
clusters of galaxies, including their temperature and x-ray
luminosity, and it is more convenient to work in the Jordan
frame. Then, radiative processes, such as bremsstrahlung,
are given by the standard results and do not vary with time
or space. Moreover, matter density is conserved. This
simplifies the analysis, as the only difference from a
Λ-CDM scenario will be a change of gravity laws, which
can be explicitly derived from the action (1).
The conformal transformation (2) actually means that

the line elements are transformed as ds2 ¼ A2d~s2. Using
conformal time τ and comoving coordinates x, this local
change of distance can be absorbed in the scale factor for
the background universe as

ds2 ¼ a2ð−dτ2 þ dx2Þ; d~s2 ¼ ~a2ð−dτ2 þ dx2Þ; ð3Þ

with

a ¼ Ā ~a; τ ¼ ~τ; x ¼ ~x: ð4Þ
[Throughout this paper, we denote with an overbar mean
background quantities, such as Ā ¼ Aðφ̄Þ.] However,
physical time t and distances r, with ds2 ¼ −dt2 þ dr2,
are changed as

dt ¼ Ād~t; r ¼ ax ¼ Ā ~r : ð5Þ
In particular, the cosmic times t and ~t are not the same in
both frames.

B. K-mouflage kinetic function

In this paper, we consider K-mouflage models [1,2,7],
which correspond to cases where the scalar-field Lagrangian
has a nonstandard kinetic term,

~LφðφÞ ¼ M4Kð~χÞ with ~χ ¼ −
1

2M4
~∇μφ ~∇μφ: ð6Þ

Throughout this paper, ~∇μð∇μÞ is the covariant derivative
associated with the metric ~gμνðgμνÞ (hence, χ ¼ A−2 ~χ, but we
work with ~χ in the following). Here, M4 is an energy scale
that is of the order of the current dark-energy density (i.e., set
by the cosmological constant) to recover the late-time
accelerated expansion of the Universe. Thus, the canonical
cosmological behavior, with a cosmological constant
~ρΛ ¼ M4, is recovered at late time in the weak-~χ limit if
we have

~χ → 0∶ Kð~χÞ≃ −1þ ~χ þ…; ð7Þ
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where the dots stand for higher-order terms, the zeroth-order
factor −1 corresponding to the late-time cosmological
constant M4. The normalization of the first two terms in
Eq. (7) defines the normalizations of the constantM4 and of
the field φ, and hence it does not entail any loss of generality
(within this class of models). We only consider models that
satisfy this low-~χ expansion in this article, and where ~̄χ → ∞
for ~t → 0 and ~̄χ → 0 for ~t → ∞.
Well-behaved K-mouflage scenarios have K0 > 0, where

we denote K0 ¼ dK=d~χ, and W�ðyÞ ¼ yK0ð�y2=2Þ must
be monotonically increasing functions up to þ∞ over
y ≥ 0. This ensures that the cosmological dynamics are
well defined up to arbitrarily high redshift, where the matter
density becomes increasingly large, and that small-scale
static solutions exist for any matter density profile [11].
Moreover, there are no ghosts around the cosmological
background nor small-scale instabilities [7].
We must point out that the kinetic functions Kð~χÞ that we

use for numerical computations and illustrative purposes in
this paper are defined by fully nonlinear expressions, namely
Eqs. (71) and (74) below, and as such go beyond the low-~χ
expansion (7). As explained above, the latter expansion is
very general and holds for well-behaved models, where
K0 > 0 for all ~χ and W�ðyÞ ¼ yK0ð�y2=2Þ are monoton-
ically increasing functions of y. The expansion (7) would
only be violated if K0 diverges at low ~χ, e.g.,
Kð~χÞ ¼ −1þ ~χ3=4 þ…, but we do not consider such
singular cases here.
Then, it happens that at at low redshifts, in the dark-

energy era, ~χ [with its normalization defined by the first two
coefficients in the expansion (7)] is small on cosmological
scales, which implies K0 ≃ 1. This holds both for the
homogeneous background and for the cosmological large-
scale structures. This property is related to the fact that at
low redshifts, in the dark-energy era, we require the
cosmological evolution to remain close to the Λ-CDM
behavior. From the expressions (17), we can see that this
implies ~̄χK̄0 ≪ K̄ (to recover a dark-energy equation of
state p̄de ≃ −ρ̄de) whence ~̄χ ≪ 1. In fact, at low z, we have
the scaling ~̄χ ∼ β2, where β is the coupling strength defined
in Eq. (9) below, so that ~̄χ ∼ 0.01 as we take β ¼ 0.1. We
shall check this behavior in Fig. 4 below.
We shall also check in Sec. V B and Fig. 13 below that

this also applies to clusters of galaxies at low redshifts,
which are not screened by the nonlinearities of the scalar-
field Lagrangian, in spite of their large mass. This would
not be the case for a coupling β ≫ 0.1, but this would
violate some Solar System and cosmological constraints,
and we do not consider such models here.
Nevertheless, the nonlinearities of the kinetic function

Kð~χÞ come into play at high redshift and are taken into
account in our computations, using the explicit nonlinear
examples (71) and (74). This ensures in particular that the
dark-energy density becomes subdominant at high z and
that we recover the Einstein–de Sitter cosmology in the

early matter era [7]. Moreover, the background solution can
be shown to be stable and is a tracker solution [7]. The
nonlinearities on the far negative semiaxis, −~χ ≫ 1, also
play a critical role to ensure that Solar System tests of
gravity are satisfied by the K-mouflage model, but we do
not consider this regime in this paper.
Although K-mouflage theories involve high-order

derivative interactions, they do not suffer from quantum-
mechanical problems such unitarity violation in their inter-
action with matter [17,18], as explained in Appendix C.

C. K-mouflage coupling function

The coupling function AðφÞ has the low-φ expansion

AðφÞ ¼ 1þ βφ
~MPl

þ…; ð8Þ

where the dots stand for higher-order terms. The normali-
zation of the first term does not entail any loss of generality
and only corresponds to a normalization of coordinates. At
early times, ~t → 0, we have φ̄ → 0 and gμν → ~gμν. More
generally, we define the coupling β as

βðφÞ ¼ ~MPl
d lnA
dφ

: ð9Þ

It is constant for exponential coupling functions,
AðφÞ ¼ exp½βφ= ~MPl�. Without loss of generality, we take
β > 0 (which simply defines the sign of the scalar field φ).
Cosmological and Solar System constraints imply

β ≲ 0.1; see Ref. [12]. Moreover, we have the scaling
jβφ̄= ~MPlj ∼ β2 ≪ 1, see Ref. [7], as we shall check in Fig. 4
below (see also Ref. [9]). Therefore, in realistic models, we
have jĀ − 1j≲ 0.1, and the higher-order terms in the
expansion (8) only have a small quantitative impact. We
shall also check in Fig. 13 below that the fluctuations of the
scalar field are small, jφ − φ̄j ≪ jφ̄j, so that the coupling
function AðφÞ remains dominated by the low-order terms of
the expansion (8) in clusters of galaxies (and at smaller
scales). This can be readily understood from the fact that
realistic models should have a fifth force that is not greater
than the standard Newtonian force. This typically implies
jδA=Aj≲ jΨNj, where ΨN is the Newtonian potential,
whence jβδφ= ~MPlj ≲ 10−5.

D. Equations of motion in the Einstein frame

Observable effects, such as lensing or two point corre-
lations that can be measured, are independent of the choice
of frame, so that we can work in either the Einstein or the
Jordan frame. As explained in the Introduction, for our
purposes, the Jordan frame is more convenient and more
transparent. Indeed, in this frame, both the matter and
radiation components obey their usual equations of
motion; e.g., the matter energy-momentum tensor satisfies
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∇μT
μ
ν ¼ 0 so that the matter density obeys the usual

conservation equation. Moreover, particle masses and
atomic emission or absorption lines do not evolve with
the cosmic time (whereas they do in the Einstein frame).
Then, the only effect of the scalar field is to change the
gravitational sector, that is, the Friedmann equations that
determine the background cosmological expansion rate and
the relation between the metric gravitational potentials and
the matter density fluctuations (i.e., it leads to modified
Poisson equations that can be interpreted as a fifth force).
Therefore, in this article, we work in the Jordan frame

and compute observable effects, in particular the properties
of clusters of galaxies, in this frame. However, to simplify
the derivation of the equations of motion, it is convenient to
first derive the Friedmann equations and the equations that
govern the growth of cosmological large-scale structures in
the Einstein frame, where gravity takes the standard form.
In a second step, we will use these results to obtain the
equations of motion in the Jordan frame through a change
of variables, in Sec. III. Afterward, all our computations
will remain in the Jordan frame.
Thus, we describe in Appendix A the derivation of the

equations of motion of the scalar field and of the matter
component in the Einstein frame, for a cosmological fluid
with a nonzero pressure. In this section, we only give the
main results, which will be needed to obtain the equations
of motion in the Jordan frame in Sec. III.
We consider three components of the energy density of

the Universe, a matter fluid with nonzero pressure, radi-
ation, and the scalar field. The Einstein-frame and Jordan-
frame matter energy-momentum tensors are given by

~Tμν ¼
−2ffiffiffiffiffiffi
−~g

p δSm
δ~gμν

; Tμν ¼
−2ffiffiffiffiffiffi−gp δSm

δgμν
; ð10Þ

where we dropped the subscript “m.” The conformal
transformation (2) gives

Tμν ¼ A−2 ~Tμν; Tμ
ν ¼ A−4 ~Tμ

ν ; Tμν ¼ A−6 ~Tμν;

ð11Þ

where we use gμνð~gμνÞ to raise indices in Tð ~TÞ and the
relation gμν ¼ A−2 ~gμν. In particular, the Einstein-frame and
Jordan-frame densities and pressures are related by

~ρ ¼ A4ρ; ~p ¼ A4p: ð12Þ

We work in the nonrelativistic limit, v2 ≪ 1, where v is
the mean fluid peculiar velocity, and in the weak field
regime, ~ΨN ≪ 1, where ~ΨN is the Newtonian gravitational
potential. Moreover, assuming the usual cold dark matter
scenario for the dark matter, the matter pressure ~p is
negligible on cosmological scales, and it arises from the
small-scale nonlinear processes, such as the collapse of gas
clouds which generate shocks or the virialization of of

dark matter halos (which generate an effective pressure
through the velocity dispersion of the matter particles).
Then, ~p ∼ ~ρc2s , where cs is the speed of sound or the
velocity dispersion, and c2s ∼ ~ΨN because it is generated by
the gravitational collapse (as in hydrostatic equilibrium
where pressure gradients balance the gravitational force). In
addition, we consider the small-scale (subhorizon) limit,
k= ~a ~H ≫ 1, where spatial gradients dominate over time
derivatives and quasistatic approximations apply. Thus, we
focus on the regime defined by

v2 ≪ 1; ~ΨN ≪ 1;
~p
~ρ
∼ c2s ∼ ~ΨN ≪ 1;

k

~a ~H
≫ 1:

ð13Þ

As the background level, the matter background pressure
is zero, ~̄p ¼ 0, and the Einstein-frame Friedmann equations
read as

3 ~M2
Pl
~H2 ¼ ~̄ρþ ~̄ρðrÞ þ ~̄ρφ; ð14Þ

−2 ~M2
Pl
d ~H
d~t

¼ ~̄ρþ ~̄ρðrÞ þ ~̄pðrÞ þ ~̄ρφ þ ~̄pφ; ð15Þ

where ~̄ρ, ~̄ρðrÞ and ~̄pðrÞ ¼ ~̄ρðrÞ=3 are the background matter
and radiation densities and pressure, which evolve as

d ~̄ρ
d~t

¼ −3 ~H ~̄ρþ ~̄ρ
d ln Ā
d~t

;
d ~̄ρðrÞ
d~t

¼ −4 ~H ~̄ρðrÞ; ð16Þ

while ~̄ρφ and ~̄pφ are the background scalar-field density and
pressure, given by

~̄ρφ ¼ M4ð2~̄χK̄0 − K̄Þ; ~̄pφ ¼ M4K̄; ð17Þ

with

~̄χ ¼ 1

2M4

�
dφ̄
d~t

�
2

: ð18Þ

(Throughout this paper, we consider a flat universe with
zero background curvature.) The background scalar field
obeys the Klein–Gordon equation

d
d~t

�
~a3
dφ̄
d~t

K̄0
�
¼ − ~a3 ~̄ρ

d ln Ā
dφ̄

: ð19Þ

For the matter perturbations, the continuity and Euler
equations are written as

∂ ~ρ
∂τ þ∇ · ð~ρvÞ þ 3 ~H ~ρ ¼ ~ρ

d ln Ā
dτ

; ð20Þ
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∂v
∂τ þ ðv ·∇Þv þ

�
~Hþ d ln Ā

dτ

�
v

¼ −∇ð ~ΨN þ lnAÞ −∇ ~p
~ρ

; ð21Þ

where the Einstein-frame Newtonian potential is given by
the Poisson equation

1

~a2
∇2 ~ΨN ¼ 1

2 ~M2
Pl

δ~ρ: ð22Þ

In the small-scale (quasistatic) limit, the Klein–Gordon
equation for the scalar field becomes

1

~a2
∇ · ð∇φK̄0Þ ¼ d ln Ā

dφ̄
δ~ρ: ð23Þ

Here we also used the fact that the fluctuations of φ can be
neglected in the factor K0, so that the Klein–Gordon
equation can actually be linearized in the scalar field,
while keeping the matter density fluctuations nonlinear. See
Ref. [8] for a detailed discussion and an explicit compu-
tation of the matter power spectrum, up to one-loop order,
that includes up to the cubic term in φ in Eq. (23), which is
checked to make no quantitative difference for cosmologi-
cal large-scale structures of cluster sizes and beyond. This
corresponds to the fact that clusters are not screened by the
nonlinear K-mouflage mechanism, which comes into play
at much smaller scales and higher densities, as in the Solar
System.

III. EQUATIONS OF MOTION IN THE
JORDAN FRAME

We now derive the equations of motion of the scalar field
and of the matter component in the Jordan frame. To do so,
we use the results obtained in Sec. II D in the Einstein
frame and express these equations in terms of Jordan-frame
variables.

A. Background dynamics

The Jordan-frame metric gμν is related to the Einstein-
frame metric ~gμν by the conformal transformation (2). As
seen in Eqs. (3)–(5), this leads to a rescaling of the scale
factor and of physical time and distance, while the
conformal coordinates are unchanged. The Hubble expan-
sion rates, H ¼ d ln a=dt and ~H ¼ d ln ~a=d~t, are also
different and related by

H ¼
~Hð1þ ~ϵ2Þ

Ā
¼

~H
Āð1 − ϵ2Þ

; ð24Þ

where ~ϵ2ðtÞ was defined in Eq. (A45) and verifies
d ln Ā=d~t ¼ ~ϵ2 ~H, and we introduced its Jordan-frame
counterpart,

ϵ2ðtÞ ¼
d ln Ā
d ln a

; ϵ2 ¼
~ϵ2

1þ ~ϵ2
; ~ϵ2 ¼

ϵ2
1 − ϵ2

: ð25Þ

The Einstein-frame and Jordan-frame densities and
pressures are related as in Eq. (12), so that the Friedman
equation (14) gives

3M2
PlH

2 ¼ ð1 − ϵ2Þ−2ðρ̄þ ρ̄ðrÞ þ ρ̄φÞ; ð26Þ

where we introduced the Jordan-frame reduced Planck
mass,

M2
PlðtÞ ¼ ~M2

Pl=ĀðtÞ2: ð27Þ

Thus, in the Jordan frame, Newton’s constant,
G ¼ 1=8πM2

Pl, varies with time, as GðtÞ ¼ ~GĀ2 ∝ Ā2.
Equation (26) shows how the Friedmann equation is
modified in the Jordan frame, as compared with the usual
General Relativity result, because the gravitational
Einstein–Hilbert action is defined in terms of the auxiliary
metric ~gμν. Substituting for gμν, this effectively corresponds
to a change of the Einstein–Hilbert action. At the back-
ground level, this simply introduces the time-dependent
functions ĀðtÞ and ϵ2ðtÞ in Eq. (26).
We can also write Eq. (26) in the standard form (albeit

with a time-dependent reduced Planck mass) as

3M2
PlH

2 ¼ ρ̄þ ρ̄ðrÞ þ ρ̄de; ð28Þ

by defining the dark-energy component as the energy
density that is “missing” in the Friedmann equation to
match the Hubble rate, after we sum over the other matter
and radiation components. This yields

ρ̄de ≡ ρ̄φ þ
2ϵ2 − ϵ22
ð1 − ϵ2Þ2

ðρ̄þ ρ̄ðrÞ þ ρ̄φÞ: ð29Þ

This interpretation corresponds to the case where measure-
ments of the Hubble rate and of the matter and radiation
densities are performed in the Jordan frame, and the
remaining part, which explains the accelerated expansion,
is ascribed to the dark-energy component [as in the usual
Λ-CDM case, where the background dark energy is also
measured from the missing energy density that is required
to account forHðzÞ]. This is a natural configuration, as aðtÞ
and HðtÞ are obtained from redshift measurements of
standard candles, which assumes that atomic absorption
and emission lines are the same at distant redshifts as in the
laboratory. By definition, this is the case in the Jordan
frame but not in the Einstein frame (where particle masses
are actually time dependent). On the other hand, these
standard candles must not depend on the local gravity,
because in the Jordan frame, Newton’s constant becomes
time dependent, so that these candles are no longer standard
(i.e., similar to those at z ¼ 0). This rules out supernovae
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(which involve both local gravity and electrodynamics,
within the star) but allows one to use geometric candles
such as baryon acoustic oscillations [19,20] or the Alcock–
Paczynski test [21].
Using Eq. (16), the matter and radiation densities now

evolve as

dρ̄
dt

¼ −3Hρ̄;
dρ̄ðrÞ
dt

¼ −4Hρ̄ðrÞ: ð30Þ

Thus, we recover the usual conservation equations for
matter and radiation in the Jordan frame, whence comes

ρ̄ðtÞ ¼ ρ̄0
a3

; ρ̄ðrÞðtÞ ¼
ρ̄ðrÞ
a4

; with a0 ¼ 1; ð31Þ

where ρ̄0 are the mean Jordan-frame energy densities today,
at z ¼ 0, and we normalized the Jordan-frame scale factor
by a0 ¼ 1.
From Eq. (A11), with ~̄p ¼ 0, and Eq. (29), the Jordan-

frame dark-energy density evolves as

dρ̄de
dt

¼ −3Hðρ̄de þ p̄deÞ; ð32Þ

where we defined the Jordan-frame dark-energy pressure as

p̄de ¼ p̄φ þ
ϵ2

1 − ϵ2
ðp̄ðrÞ þ p̄φÞ þ

�
ϵ2 −

2

1 − ϵ2

dϵ2
d ln a

�

×
ρ̄þ ρ̄ðrÞ þ ρ̄φ
3ð1 − ϵ2Þ2

: ð33Þ

On the other hand, from Eq. (19), the Klein–Gordon
equation reads as

d
dt

�
Ā−2a3

dφ̄
dt

K̄0
�
¼ −a3ρ̄

d ln Ā
dφ̄

: ð34Þ

This can be integrated as

dφ̄
dt

K̄0 ¼ −Ā2a−3
Z

t

0

dt0
ρ̄0βðt0Þ
~MPl

; ð35Þ

because the integration constant must vanish to recover a
realistic early-time cosmology [7].
Finally, we define the Jordan-frame cosmological param-

eters as

Ωm ¼ ρ̄

ρcrit
; ΩðrÞ ¼

ρ̄ðrÞ
ρcrit

; Ωde ¼
ρ̄de
ρcrit

; ð36Þ

where ρcrit ¼ 3M2
PlH

2 ¼ Ā−4ð1 − ϵ2Þ−2 ~ρcrit is the Jordan-
frame critical density. This gives

Ωm ¼ ð1 − ϵ2Þ2 ~Ωm; ΩðrÞ ¼ ð1 − ϵ2Þ2 ~ΩðrÞ; ð37Þ

and

Ωde ¼ ~Ωφ þ ð2ϵ2 − ϵ22Þð ~Ωm þ ~ΩðrÞÞ: ð38Þ

We can check that Ωm þ ΩðrÞ þ Ωde ¼ ~Ωm þ ~ΩðrÞþ
~Ωφ ¼ 1. The effective dark-energy equation of state in
the Jordan frame is simply defined as

wde ¼ p̄de=ρ̄de: ð39Þ

B. Perturbations

The dynamics of large-scale perturbations in the Jordan
frame are also obtained from the equations derived in the
Einstein frame in Sec. II D.
In the Einstein frame, the Newtonian gauge metric (A16)

reads as d~s2¼ ~a2½−ð1þ2 ~ΨNÞdτ2þð1−2 ~ΨNÞdx2�, where
we used Eq. (A31). In the Jordan frame, we write

ds2 ¼ a2½−ð1þ 2ΦÞdτ2 þ ð1 − 2ΨÞdx2�: ð40Þ

Then, using ds2 ¼ A2d~s2 and a ¼ Ā ~a, we obtain, up to
first order in δA ¼ A − Ā,

Φ ¼ ΨN þ δA
Ā

; Ψ ¼ ΨN −
δA
Ā

; ð41Þ

where we introduced the Jordan-frame Newtonian poten-
tial, given by

1

a2
∇2ΨN ¼ 1

2M2
Pl

δρ; whence comes ΨN ¼ ~ΨN: ð42Þ

The last equality follows from Eqs. (22) and (27).
Therefore, in the Jordan frame, the two metric potentials
are no longer equal, but their sum remains equal to 2ΨN.
This is related to the fact that photons do not feel the effect
of the fifth force; see also Eq. (A7). Therefore, weak
lensing statistics show the same dependence on the matter
density fluctuations as in General Relativity, and the impact
of the modified gravity only arises through the different
evolution of the density field and the time-dependent
Newton constant; see also Sec. V H below.
The Klein–Gordon equation (23) reads as

1

a2
∇2φ ¼ βĀ

K̄0MPl
δρ; ð43Þ

and, up to first order over δφ, we obtain

δA
Ā

¼ β

MPlĀ
δφ;

1

a2
∇2

δA
Ā

¼ β2

M2
PlK̄

0 δρ: ð44Þ

This also gives
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1

a2
∇2Φ ¼ 1þ ϵ1ðtÞ

2M2
PlðtÞ

δρ and Φ ¼ ð1þ ϵ1ÞΨN; ð45Þ

where ϵ1 is defined by

ϵ1ðtÞ ¼
2β2

K̄0 ; ð46Þ

and we recover the same factor as in the first relation (A45).
The continuity equation (20) and the Euler equation (21)

become

∂ρ
∂τ þ∇ · ðρvÞ þ 3Hρ ¼ 0 ð47Þ

and

∂v
∂τ þ ðv ·∇Þv þHv ¼ −∇Φ −

∇p
ρ

: ð48Þ

Therefore, in contrast with the Einstein frame, in the Jordan
frame, the continuity and Euler equations take the same
form as in Λ-CDM, and the coupling to the scalar field φ
only gives rise to the modified Poisson equation (45), in
terms of the formation of large-scale structures. There is no
longer a nonconservation term in the continuity equation
nor an additional friction term in the Euler equation.
However, in contrast with the Einstein frame and the
Λ-CDM cosmology, the two gravitational potentials Φ and
Ψ that enter the Newtonian gauge metric are now different.

C. Formation of large-scale structures

Introducing the Jordan-frame matter density contrast,

δ ¼ δρ=ρ̄; ð49Þ

the continuity equation (47) is also written as

∂δ
∂τ þ∇ · ½ð1þ δÞv� ¼ 0: ð50Þ

This is the same equation as (A40), and we have

δ ¼ δ̂ ¼ ~δ: ð51Þ

Indeed the matter density contrasts in the Einstein frame,
whether we consider the density ~ρ or the “conserved”
density ρ̂ of Eq. (A13) (in case of zero pressure), and in the
Jordan frame are equal within the approximations described
in the previous sections.
On perturbative scales, we again set the pressure term to

zero, and we introduce the two-component vector

ψ ≡
�
ψ1

ψ2

�
≡

�
δ

−ð∇ · vÞ=ðda=dtÞ

�
: ð52Þ

Equations (A42) and (A43) become

∂ψ1

∂ ln a − ψ2 ¼
Z

dk1dk2δDðk1 þ k2 − kÞα̂ðk1;k2Þ

× ψ2ðk1Þψ1ðk2Þ; ð53Þ

∂ψ2

∂ ln a −
3

2
Ωmð1þ ϵ1Þψ1 þ

�
2þ 1

H2

dH
dt

�
ψ2

¼
Z

dk1dk2δDðk1 þ k2 − kÞβ̂ðk1;k2Þψ2ðk1Þψ2ðk2Þ:

ð54Þ

We recover the same form as for the Λ-CDM cosmology,
except for the factor ϵ1 that corresponds to a time-
dependent amplification of Newton’s gravity, from the
modified Poisson equation (45).
On large scales or at early times, we can again linearize

the equations of motion, and the evolution equation (A46)
for the linear modes becomes

d2D
dðln aÞ2 þ

�
2þ 1

H2

dH
dt

�
dD
d ln a

−
3

2
Ωmð1þ ϵ1ÞD ¼ 0:

ð55Þ

Again, as compared with the Einstein-frame Eq. (A46), we
find that the coefficient ϵ2 has disappeared and the only
difference from the Λ-CDM case is the time-dependent
amplification of the gravitational term by ð1þ ϵ1Þ.
As in Galileon models, but in contrast with fðRÞ, dilaton

and symmetron models, the linear growing modes remain
scale independent as in the Λ-CDM cosmology. This is
because we did not include a potential VðφÞ in the scalar-
field Lagrangian (6) and the field is massless. Thus, the
amplification of gravity extends up to the Hubble scale
and is only damped on galactic and smaller scales by the
nonlinear K-mouflage mechanism. See Sec. VI for a
discussion and comparison with other modified-gravity
theories.

D. Spherical collapse dynamics

As can be derived from Eq. (48), on large scales where
the pressure is negligible, the particle trajectories rðtÞ
read as

d2r
dt2

−
1

a
d2a
dt2

r ¼ −∇rΦ; ð56Þ

where r ¼ ax is the physical coordinate and ∇r ¼ ∇=a the
gradient operator in physical coordinates. To study the
spherical collapse before shell crossing, it is convenient to
label each shell by its Lagrangian radius q or enclosed mass
M and to introduce its normalized radius yðtÞ by
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yðtÞ ¼ rðtÞ
aðtÞq with q ¼

�
3M
4πρ̄0

�
1=3

; yðt ¼ 0Þ ¼ 1:

ð57Þ

In particular, the matter density contrast within radius rðtÞ
reads as

1þ δð< rÞ ¼ yðtÞ−3: ð58Þ

Since the Poisson equation (46) is only modified by the
time-dependent prefactor 1þ ϵ1ðtÞ and the time depend-
ence of Newton’s constant, for a spherical system, the
gravitational force is still set by the total mass within
radius r,

dΦ
dr

¼ ð1þ ϵ1Þ
GδM
r2

; ð59Þ

where δM ¼ 4πδð< rÞρ̄r3=3. Then, Eq. (56) gives for the
evolution of the normalized radius y, or density contrast
δð< rÞ ¼ y−3 − 1,

d2y
dðln aÞ2 þ

�
2þ 1

H2

dH
dt

�
dy

d ln a
þΩm

2
ð1þ ϵ1Þðy−3 − 1Þy

¼ 0: ð60Þ

Again, as in the Λ-CDM cosmology but in contrast with
fðRÞ, dilaton and symmetron models, the spherical col-
lapse is scale invariant so that the dynamics of different
mass shells decouple. This applies to the unscreened
regime, from clusters of galaxies up to the Hubble radius.

E. Halo mass function

As usual, we can write the halo mass function
nðMÞdM=M as

nðMÞ dM
M

¼ ρ̄0
M

fðνÞ dν
ν
; with ν ¼ δL

σðMÞ ; ð61Þ

where we used the fact that the linear growing modes are
scale independent [so that δL=σðMÞ ¼ δLi=σiðMÞ, where
the subscript “i” refers to the high redshift zi where the
Gaussian initial conditions are defined, far before the dark-
energy era]. Here σðMÞ is the root mean square of the linear
density contrast at scale M, and δL is the linear density
contrast associated with the nonlinear density threshold Δm
that defines the virialized halos. The mapping δL → δ is
obtained by solving the spherical collapse dynamics (60),
with the initial condition yi ¼ 1 − δLi=3 at a very high
redshift zi. Inverting this relation gives the linear density
threshold δL that is associated with a given nonlinear
density threshold δ ¼ Δm, where the subscript m denotes
that δ ¼ y−3 − 1 is the density contrast with respect to the
mean density of the Universe.

The scaling variable ν directly measures the probability
of density fluctuations in the Gaussian initial conditions.
Then, we take for the scaling function fðνÞ the fit to
Λ-CDM simulations obtained in Ref. [22], which obeys the
exponential tail fðνÞ ∼ e−ν

2=2 at large ν. This means that the
mass function (61) shows the correct large-mass tail, which
is set by the Gaussian initial conditions.

F. Planck masses

It is interesting to note that, depending on the physical
process that is considered, one can define several effective
Planck masses. In other words, if we assume General
Relativity and measure the reduced Planck mass or
Newton’s constant from different sets of observations,
we would obtain different values. This could be used as
a signature of the modified-gravity theory.
From Eq. (26), the effective Planck mass that would

be read from the Friedmann equation, at the background
level, is

M2
PlðFriedmannÞðtÞ ¼

~M2
Plð1 − ϵ2ðtÞÞ2

Ā2ðtÞ : ð62Þ

On the other hand, with respect to large-scale density
fluctuations in the cosmological unscreened regime, where
the Klein–Gordon equation can be linearized over the
scalar field, the effective Planck mass that would be read
from the modified Poisson equation (45) is

M2
Pl ðunscreenedÞðtÞ ¼

~M2
Pl

Ā2ðtÞð1þ ϵ1ðtÞÞ
: ð63Þ

On small astrophysical scales, within the highly nonlinear
screened regime, the effective Planck mass is instead the
one defined in Eq. (27),

M2
Pl ðscreenedÞðtÞ ¼

~M2
Pl

ĀðtÞ2 : ð64Þ

The difference between these various definitions is a
signature of the modification of gravity associated with
the scalar-field models (1), as seen from the Jordan frame.

G. Symmetry of large-scale gravitational clustering

On large scales, where we neglect shell crossing and
pressure, the dynamics of gravitational clustering is given
by Eqs. (50), (48) (with ~p ¼ 0), and (45). It is convenient to
define the rescaled velocity and metric potential by

v ¼ da
dt

fu; Φ ¼
�
da
dt

f

�
2

ϕ; ð65Þ

where we introduced the linear growth rate

f ¼ d lnDþ
d ln a

; ð66Þ
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and to change the time variable from t to lnDþ. Then, the
equations of motion are written as

∂δ
∂ lnDþ

þ∇ · ½ð1þ δÞu� ¼ 0; ð67Þ

∂u
∂ lnDþ

þ ðu ·∇Þuþ ðκ − 1Þu ¼ −∇ϕ; ð68Þ

∇2ϕ ¼ κδ; ð69Þ

where we introduced the time-dependent factor κðtÞ,
defined by

κðtÞ ¼ 4πGρ̄ð1þ ϵ1Þ
ðd lnDþ

dt Þ2 ¼ 3Ωm

2f2
ð1þ ϵ1Þ: ð70Þ

Therefore, after the change of time coordinate t → lnDþ
and the rescaling (65), the only dependence on cosmology
that is left in large-scale gravitational clustering is encap-
sulated in the function κðtÞ. This remains valid beyond shell
crossing, but it breaks down on small scales where baryonic
effects become important and introduce new characteristic
scales, which cannot be absorbed by the change of
variables (65). Nevertheless, on large scales where gravity
is the dominant process, this symmetry means that all
cosmological scenarios with the same function κðDþÞ show
the same density and velocity fields fδ;ug. In particular, this
means that quintessence models, where only the background
dynamics is modified [i.e., the Hubble expansion rateHðzÞ],
and modified-gravity models or dark-energy models (with
dark-energy fluctuations) that only give rise to a modifica-
tion of Poisson equation by a time-dependent Newton’s
constant are equivalent with respect to gravitational cluster-
ing, if they show the same function κðDþÞ. In the context of
Λ-CDM cosmology, this property has also been used to
derive approximate consistency relations satisfied by the
matter correlation functions [valid at the nonlinear level
within the approximation where the dependence on cosmol-
ogy of κðDþÞ can be neglected] [23–25].
In the case of the K-mouflage scenarios, this symmetry

only holds on large scales (down to cluster scales) where
the Klein–Gordon equation can be linearized over φ, as in
Eq. (43). On smaller scales (galactic scales and below),
higher-order terms over φ become important, and the
nonlinear K-mouflage screening mechanism comes into
play. Then, the modified Poisson equation no longer takes
the linear form (45), and the symmetry (70) breaks down.
On even smaller scales, we actually recover General
Relativity as Φ≃ΨN, because the fifth force is screened.
In hierarchical scenarios, where smaller scales collapse
first, larger scales are not very sensitive to the details of the
clustering on smaller scales, while small collapsed scales
are sensitive to the clustering up to the largest scale that has
turned nonlinear. Therefore, we expect the symmetry (70)

to apply to scales that are greater than the transition to the
K-mouflage screening regime, and not to smaller scales
(even though we recover General Relativity far inside the
nonlinear screening regime). Besides, on such small scales,
nongravitational baryonic effects come into play (such as
active galaxy nuclei (AGN) feedback), and the symmetry
no longer holds.
For our purposes in this paper, the formulation (67)–(70)

explicitly shows that, from cluster scales up to the Hubble
scale, K-mouflage cosmologies belong to the same family as
the Λ-CDM and quintessence scenarios, with respect to
matter clustering. The equations that govern the gravitational
dynamics in these rescaled variables take the same form,
except for a time-dependent function κðDþÞ. However, the
shape of this function is similar for realistic scenarios (we
shall see in Fig. 5 that ϵ1 is about 2%). Therefore, we can
expect that gravitational clustering shows the same qualita-
tive properties in these cosmologies and only small quanti-
tative deviations. In particular, semianalytical methods
should work equally well for all these cosmologies, and
phenomenological observations, such as the fact that
virialized halos are well described by Navarro–Frenk–
White (NFW) profiles [26] in Λ-CDM cosmology, should
remain valid in other cases. This justifies our modelization of
clusters, described in Sec. V below, where we treat
Λ-CDM and K-mouflage cosmologies in the same manner.

IV. NUMERICAL RESULTS FOR LARGE-SCALE
STRUCTURES

In this paper, we consider two simple models for Kð~χÞ.
The first one, which we call the “arctan model” in the
following, is defined by

Karctanð~χÞ ¼ −1þ ~χ þ K�½~χ − χ� arctanð~χ=χ�Þ�; ð71Þ

with the low-~χ expansion

~χ → 0∶ Karctanð~χÞ ¼ −1þ ~χ þ K�
3

~χ3

χ2�
−
K�
5

~χ5

χ4�
þ… ð72Þ

and the choice of parameters

K� ¼ 103; χ� ¼ 102: ð73Þ
This gives a K-mouflage model that is consistent with both
Solar System and cosmological constraints (with β ¼ 0.1).
For comparison, we also consider the model used in
Refs. [7,8], which we call the “cubic model” in the
following, in which Kð~χÞ is a low-order polynomial:

Kcubicð~χÞ ¼ −1þ ~χ þ K0 ~χ
m ð74Þ

and the choice of the parameters

m ¼ 3; K0 ¼ 1: ð75Þ
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Here Eq. (74) should not be understood as a perturbative
expansion around ~χ ¼ 0. It is rather a simple model that
interpolates between the low-~χ behavior (7) and a large-~χ
power-law behavior ∝ ~χm. The cubic model is consistent
with cosmological constraints, but its form at large negative
χ, −χ ≫ 1, is not consistent with Solar System constraints.
Therefore, this is an effective model that applies to the
semiaxis χ ≥ −1 while the large-negative domain is left
unspecified. This is sufficient for our purposes, since the
cosmological background and large-scale perturbations
correspond to χ > 0 and clusters correspond to χ > −1
(more precisely, jχj ≪ 1).
For both models, we choose an exponential form for the

coupling function,

AðφÞ ¼ eβφ= ~MPl ; with β ¼ 0.1: ð76Þ
We also consider a reference Λ-CDM model for
comparison.
All the cosmological scenarios are normalized to the

same background cosmological parameters today,
fΩm0;ΩðrÞ0;Ωde0; H0g. In addition, we normalize the
Planck mass (27) to the same valueM2

Pl0 today, as measured
by Solar System experiments. This means that we renorm-
alize the Einstein-frame Planck mass by a factor Ā2

0, where
Ā0 ¼ Āðz ¼ 0Þ,

M2
PlðtÞ ¼ M2

Pl0
Ā2
0

ĀðtÞ2 ; whence comes ~M2
Pl ¼ M2

Pl0Ā
2
0:

ð77Þ
On the other hand, the matter density power spectrum

PðkÞ is normalized to the same value at high redshift, when
dark energy is subdominant and both cosmologies almost
coincide. However, these different scenarios do not exactly
converge in terms of the background expansion rate at a
given matter density, because of the different high-redshift
reduced Planck masses. Therefore, the normalization to the
same power spectrum for the matter density contrast at high
z is somewhat arbitrary, since the K-mouflage and Λ-CDM
models do not coincide. Nevertheless, for our purposes, this
is a convenient choice as it illustrates how the difference in
the gravitational clustering dynamics that appear at low z,
because of the fifth force mediated by the scalar field, affect
the late-time density field. (For other normalization
choices, it would be difficult to distinguish the effects
due to the different normalizations at high z, before the
dark-energy era and when the fifth force was negligible,
and to the late-time dynamics characterized by different
growth rates.) This normalization also corresponds to the
case where we can measure the density contrast field, i.e.,
the patterns of large-scale structures (e.g., the scale asso-
ciated with the nonlinear transition σ2 ¼ 1) at high z,
independently of accurate measures of the background
density and expansion rate. In practice, this normalization
ambiguity does not appear because one compares each

cosmological scenario with the data, rather than comparing
with a theoretical reference cosmology (in particular, the
best fits associated with different theories will typically
have slightly different cosmological parameters and expan-
sion rates at both z ¼ 0 and z → ∞).
In the following, we present our results for the choice of

cosmological parameters today given by Ωm0 ¼ 0.25,
Ωde0 ¼ 0.75, h ¼ 0.70, and σ8 ¼ 0.7.

A. Background dynamics

We consider the density parameters ΩmðzÞ and ΩdeðzÞ in
Fig. 1 for the two K-mouflage models defined in Eqs. (71)
and (74) and for the reference Λ-CDM universe. Since we
normalize the density and dark-energy parameters to be
equal to the ones observed today, all models coincide at
z ¼ 0 in terms of background quantities. The deviations
from the Λ-CDM scenario are slightly greater for the arctan
model (71) than for the cubic model (74), in agreement with
Ref. [12]. This is due to the fact that K0ð~χÞ is slightly
smaller in the former case over the range of redshifts of
interest, z≲ 6, and that deviations from the Λ-CDM
scenario typically scale as β2=K0; see for instance
Eq. (46) and Ref. [7].
As for studies performed in the Einstein frame [7] (where

the cosmological parameters are normalized by their
Einstein-frame values today), we find that the dark-energy
density becomes negative (and subdominant) at high red-
shift. This gives Ωm > 1 at high z for the two K-mouflage
models (71) and (74) (but as in the Λ-CDM case, Ωm → 1
at high redshift).
In Fig. 2, we consider the relative deviation, HðzÞ=

HΛ-CDMðzÞ − 1, of the Hubble rate with respect to the
Λ-CDM reference. The deviation is slightly larger for the
cubic model (74) at z ∼ 6, but this is only a transient effect

 0
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FIG. 1 (color online). Evolution with redshift of the matter
and dark-energy cosmological parameters ΩmðzÞ and ΩdeðzÞ.
We display the two K-mouflage models of Eqs. (71) (arctan
model, red crosses) and (74) (cubic model, blue squares) and the
reference Λ-CDM universe (black dashed lines). The two scalar-
field models almost coincide in this figure.
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because at z > 12 the deviation is slightly greater for the
arctan model (71), as expected. At moderate redshifts, the
Hubble expansion rates differ by less than 2% between
the three cosmologies that we consider here. This ampli-
tude is mostly set by our choice of coupling constant
β ¼ 0.1, because as recalled above, deviations from the
Λ-CDM scenario scale as β2=K̄0 and at low z we have
K̄0 ≃ 1. Therefore, β ¼ 0.1 typically leads to percent
deviations from the Λ-CDM scenario. This value of β
(or lower values) is required to satisfy observational
constraints on cosmological and Solar System scales
[12], in particular from the expansion rate at the time of
big bang nucleosynthesis and from the bounds on the
current time derivative of the gravitational coupling G
provided by the Lunar Ranging experiment.
The deviation from the Λ-CDM reference does not

vanish at high redshift because the reduced Planck masses
are different; see Eq. (77). Indeed, in the K-mouflage
models,M2

PlðtÞ becomes time dependent, and we choose to
normalize all scenarios by their Planck mass today (when
Solar Systemmeasurements and laboratory experiments are
performed). Note that in studies performed in the Einstein
frame [7], where the reduced Planck mass is constant, one
can recover the Λ-CDM expansion rate at both z ¼ 0 and at
high redshift. However, this requires normalizing the matter
density today by the conserved density ρ̂ of Eq. (A13)
instead of the Einstein-frame density ~ρ.
In Fig. 3, we display the effective equation of state

parameter for the dark energy, wde ¼ p̄de=ρ̄de, evaluated
using Eqs. (29) and (33) for ρ̄de and p̄de. For both models,
wde → −1 at late times, mimicking the presence of a
cosmological constant. As in studies performed in the
Einstein frame, the effective equation of state parameter is
beyond −1 at low z and changes sign at a moderate redshift
while going through �∞ (this does not correspond to a
singularity in terms of the Hubble rate or dark-energy
density but to the vanishing and change of sign of ρ̄de).

We also show in Fig. 3 the equation of state parameter wφ

defined as

wφ ¼ p̄φ

ρ̄φ
¼ K̄

2~̄χK̄0 − K̄
; ð78Þ

where we used Eq. (17). In contrast to wde, wφ remains
negative over z ≤ 6 and shows no divergence. The differ-
ence between the behaviors of wde and wφ shows the impact
of the coupling between the matter and scalar-field com-
ponents. This makes the dark-energy density and pressure
significantly different from the bare scalar-field ones, see
Eqs. (29) and (33), and can even make ρ̄de and ρ̄φ have
different signs.

B. Background scalar field

We show in Fig. 4 the background values φ̄ and ~̄χ of the
scalar field and of its kinetic term. The scalar field φ̄ is
negative, and its amplitude grows with redshift (we chose
the normalization φ̄ ¼ 0 at high redshift, z → ∞). We can
see that jβφ̄= ~MPlj ≪ 1 until z ¼ 0. Thus, the coupling
function AðφÞ is dominated by its low-order terms in the
expansion (8), and choosing for instance AðφÞ ¼
ð1þ βφ=n ~MPlÞn, with n > 0, would give similar results
to the exponential choice (76).
The kinetic term ~̄χ decreases with time. It goes to infinity

at high redshift, z → ∞, and we can check that at low z it is
significantly smaller than unity. Then, the kinetic function
Kð~χÞ is dominated by its low-order terms in the expansion
(7). This explains why the two K-mouflage models con-
verge at low z in the lower panel of Fig. 4.

C. Modified gravitational potentials, gravitational slip
and effective Newton’s constant

As seen in Sec. III, both for the background quantities
and the large-scale perturbative structures, the deviations
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FIG. 2 (color online). Relative deviation of the Hubble
expansion rate with respect to the Λ-CDM reference,
ΔH=H ¼ H=HΛ-CDM − 1, for the same K-mouflage models as
in Fig. 1.
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FIG. 3 (color online). Effective equation of state parameters
wdeðzÞ (solid lines with a divergence and change of sign at z≃ 3)
and wφðzÞ (dashed lines with a smooth behavior), for the same
K-mouflage models as in Fig. 1.
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from the Λ-CDM universe can be measured by the two
coefficients ϵ1ðtÞ and ϵ2ðtÞ, defined in Eqs. (46) and (25). In
particular, from Eqs. (41) and (44), the two gravitational
potentials Φ and Ψ of the Jordan-frame metric (40) read for
large-scale unscreened structures as

Φ ¼ ð1þ ϵ1ÞΨN; Ψ ¼ ð1 − ϵ1ÞΨN; ð79Þ

and the normalized gravitational slip is written as

η≡ Ψ − Φ
Ψþ Φ

¼ −ϵ1: ð80Þ

We show both coefficients ϵ1ðtÞ and ϵ2ðtÞ in Fig. 5. We can
see that they are of order 2% at low z. Again, as can be seen
from Eq. (46), this amplitude is set by our choice β ¼ 0.1
(to satisfy observational constraints) as K̄0 ≃ 1 at low z and
deviations from theΛ-CDM reference then scale as β2. This
also sets the amplitude of the gravitational slip η. At high z,
the coefficients ϵiðtÞ go to zero, as K̄0 goes to infinity and
we enter a cosmological nonlinear screening regime that
also ensures that the dark-energy component becomes
subdominant at early times. This decrease of ϵi appears
faster for the cubic model, because of its stronger growth of

K0ðχÞ at large positive χ. As noticed above, this means that
departures from the Λ-CDM scenario are greater for the
arctan model than for the cubic model (with our choice of
parameters).
The Jordan-frame coefficient ϵ1 is always positive, and

the gravitational slip η defined in Eq. (80) is negative. From
Eq. (25), the coefficient ϵ2 also reads as

ϵ2ðtÞ ¼
βðtÞ
~MPl

dφ̄
d ln a

¼ βðtÞ
~MPlHðtÞ

dφ̄
dt

; ð81Þ

which is negative from Eq. (35) and of order β2=K̄0.
In Fig. 6, we show the evolution with redshift of the

effective Newton constant, defined from Eq. (77) as

GðtÞ ¼ G0

Ā2ðtÞ
Ā2
0

: ð82Þ

Because of the dependence of the effective Newton
coupling strength on the background value of the scalar
field, G is a few percent higher at z ∼ 6 than today.
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FIG. 4 (color online). Upper panel: background scalar field φ̄
as a function of redshift. Lower panel: background kinetic term ~̄χ
as a function of redshift.
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FIG. 5 (color online). Coefficients ϵ1 and ϵ2, defined in
Eqs. (46) and (25) for the K-mouflage models, as functions of
redshift.
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FIG. 6 (color online). Relative drift with redshift of the effective
Newton constant for the K-mouflage models.
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D. Linear theory

In Fig. 7, we show the relative deviation, Dþ=
DþΛ-CDM − 1, of the linear growing mode, obtained by
solving Eq. (55), from the Λ-CDM reference case, and the
linear growth rates fðzÞ. Again, the relative deviation of the
growing mode is greater for the arctan model (71) than for
the cubic model (74), because of the lower value of K̄0 over
relevant redshifts; see Eq. (46) for the coefficient ϵ1 that
modifies the linear growing mode equation (55). All linear
growing modes converge at high redshift, despite the slightly
different Planck masses and Hubble expansion rates. Indeed,
far in the early matter-dominated era, we recover an
Einstein–de Sitter cosmology, and the Hubble term in the
parenthesis in Eq. (55) converges to H−2dH=dt → −3=2.
Moreover, the factor ϵ1 goes to zero because of the nonlinear
K-mouflage screening mechanism, see Eq. (46), as at high
redshift ~χ and K̄0 become large. This large-K0 behavior is
also required to ensure that the background dark-energy
density becomes subdominant.
We show the relative deviation of the linear growth rates

fðzÞ in Fig. 8. Overall, fðzÞ is greater for the K-mouflage
scenarios, in agreement with the higher value of the linear
growing mode shown in Fig. 7. The deviation is again of
the order of a few percent. The deviation for the linear
modes Dþ shown in Fig. 7 could reach 10% at z ¼ 0
because of the cumulative effect due to the integration over
time. The growth rates fðzÞ converge to unity at high
redshift, but we can see that there remains a noticeable
difference between the K-mouflage models and the
Λ-CDM reference up to z ∼ 6.
This rather slow decrease of the deviations from the

Λ-CDM reference at higher redshift is a characteristic
signature of K-mouflage models, as many other modi-
fied-gravity models, such as fðRÞ theories, lead to a faster
convergence to the Λ-CDM scenario at z≳ 2. This is
related to the fact that in the linear subhorizon regime the
K-mouflage effects are scale independent, as the factors
ϵ1ðtÞ and ϵ2ðtÞ only depend on time. In contrast, in fðRÞ

theories or dilaton models, the factor ϵðk; tÞ that appears in
the modified Euler or Poisson equations, or in the evolution
equation for the linear density modes, takes the form
ϵðk; tÞ ∝ β2k2=ða2m2 þ k2Þ, with a characteristic physical
scale 2π=m beyond which the theory converges to General
Relativity. At high redshift, this scale typically goes to zero,
so that at a fixed physical (or also comoving) scale,
deviations from the Λ-CDM scenario vanish because the
coupling β decreases or one enters the unmodified regime
beyond 2π=m. In the K-mouflage models that we consider
in this paper, because there is no such characteristic scale,
the convergence to General Relativity is only due to the
vanishing of the effective coupling strength β2=K0, with β
being constant (in our case) and K0 increasing at high z
because of the nonlinear K-mouflage mechanism itself.
However, this decrease of β2=K0 at high z is rather slow for
generic kinetic functions KðχÞ, as seen from the curve
obtained for ϵ1ðtÞ in Fig. 5 for the simple cubic model.

E. Halo mass function

Solving the spherical collapse equation (60), we can
compute the linear density contrast threshold δLðzÞ that
corresponds to a nonlinear density contrast of δ½δL� ¼ Δm,
whereΔm is the nonlinear threshold that we choose to define
halos. As discussed in Ref. [8], we are not interested in δLðzÞ
at the observation redshift, because it is not an observable
quantity. Instead, we wish to evaluate the linear threshold
δLi

, at a given high redshift zi, that is required to produce at
later time z a nonlinear density contrast Δm. In other words,
we want to estimate the initial density fluctuation associated
with a given nonlinear density contrast at the observed
redshift. To avoid the introduction of an arbitrary high
redshift zi, following what it is done in Ref. [8] and usual
practice, we translate all the initial thresholds δLi

to redshift z
by multiplying them by DþΛ-CDMðzÞ=DþΛ-CDMðziÞ [instead
of using DþðzÞ=DþðziÞ, i.e., the linear growing mode
associated with each K-mouflage scenario], and we denote
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FIG. 7 (color online). Relative deviation, Dþ=DþΛ-CDM − 1, of
the linear growing mode Dþ from the Λ-CDM reference.
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linear growth rate, fðzÞ ¼ d lnDþ=d ln a, from the Λ-CDM
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this quantity the linear density contrast threshold δLðΛÞ. This
common multiplicative factor enables a meaningful com-
parison between the different scenarios.
In Fig. 9, we display δLðΛÞ when we define halos by a

constant density contrast threshold Δc ¼ 200 with respect
to the critical density ρcrit. This corresponds to a density
contrast with respect to the mean density ρ̄ of Δm ¼
Δc=ΩmðzÞ. We choose a constant Δc rather than Δm
because observational cluster surveys usually define cluster
halos by a constant overdensity with respect to the critical
density ρcrit. At high redshift, both definitions coincide, as
Ωm → 1, while at low redshift or far in the dark energy-
dominated era, one can argue that Δc makes more physical
sense. Indeed, during an exponential acceleration phase, the
growth of large-scale structures freezes out, and one obtains
isolated halos among increasingly large voids. Then, the
mean universe density ρ̄ decreases as a−3, following the
dilution due to the expansion, and it does not correspond to
the typical density of halos (nor voids). In contrast, we can
assume that the isolated halos keep a roughly constant
physical radius and density, like the critical density ρcrit (in
an exponential phase where the Hubble rate is constant), so
that it is more meaningful to express halo densities in terms
of ρcrit.
Both K-mouflage models accelerate the growth of

large-scale structures as compared with the Λ-CDM refer-
ence, as seen from the linear growing modes of Fig. 7.
Therefore, we find in Fig. 9 that a smaller linear density
contrast is required to reach the same nonlinear overdensity
of 200 (with respect to the critical density). Again, the
deviation from the Λ-CDM prediction is greater for the
arctan model (71).
From the linear threshold displayed in Fig. 9, we obtain

the halo mass function as in Eq. (61) (note that
ν ¼ δL=σ ¼ δLðΛÞ=σðΛÞ ¼ δLi=σi). In Fig. 10, we show
the relative deviation nðMÞ=nΛ-CDMðMÞ − 1 of the halo

mass function from the Λ-CDM reference case, at z ¼ 0
and z ¼ 2. As for the case of δLðΛÞ, since the scalar field
enhances gravitational clustering, we find that the mass
functions for the two K-mouflage models are higher than
the Λ-CDM reference in the high-mass tail, with the greater
deviation obtained for the arctan model (71). As usual, the
deviation increases at high mass because the exponential
falloff amplifies the sensitivity to slight departures of the
growth of structures. (The deviation becomes slightly
negative at low mass because all mass functions obey
the same normalization to unity: there cannot be more
matter in halos than the matter content of the universe.)
At fixed mass, M ∼ 1014h−1M⊙, the deviation from the

Λ-CDM reference is greater at z ¼ 2 than at z ¼ 0, despite
the difference in linear density thresholds being lower, as
seen in Fig. 9. This is because at fixed mass we are further
into the rare high-mass tail, which amplifies the dependence
on the linear density threshold and more than compensates
the slow convergence between the K-mouflage and Λ-CDM
thresholds.

F. Matter density power spectrum
and correlation function

We show in Fig. 11 the matter density power spectra and
correlation functions at z ¼ 0 and z ¼ 2. The computation
of this power spectrum PðkÞ combines perturbation theory
up to one-loop order with a halo model, as described in
Ref. [8] in the case of Einstein-frame studies and following
the approach introduced in Ref. [27]. The two-point
correlation function ξðxÞ is obtained from the Fourier
transform of the power spectrum. On large scales, we
obtain the same constant relative deviation for the power
spectra and the correlation functions, as the linear growing
modes DþðtÞ are scale independent in both K-mouflage
and Λ-CDM cosmologies (much below the horizon).
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FIG. 9 (color online). Linear density contrast threshold δLðΛÞ
associated with the nonlinear density contrast Δc ¼ 200 with
respect to the critical density ρcrit, for the K-mouflage models and
the Λ-CDM reference.
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from the Λ-CDM reference, at z ¼ 0 (solid lines) and z ¼ 2
(dashed lines). Halos are defined by the density contrast Δc ¼
200 with respect to the critical density.

BRAX, RIZZO, AND VALAGEAS PHYSICAL REVIEW D 92, 043519 (2015)

043519-14



This deviation of 20% is consistent with the deviation of
10% obtained for the linear growing modes in Fig. 7. The
deviation from the Λ-CDM reference grows on mildly
nonlinear scales, as nonlinearities amplify the effects of the
fifth force. This is related to the increase of the large-mass
tail of the halo mass function shown in Fig. 10, because on
these scales, the power spectrum and the correlation
function probe the formation of massive halos, as can be
clearly seen in a halo model approach. The deviation
decreases on smaller scales because the power spectrum
now probes the inner regions of halos, and we assume
similar NFW profiles [26] for all cosmologies (but this
regime shows a greater theoretical inaccuracy, and numeri-
cal simulations would be need to measure the impact of the
modified gravity on small highly nonlinear scales and halo
profiles). However, in the nonlinear range shown in Fig. 11,
the impact of changes to the mass function is greater than
that of halo profiles; see also Ref. [28] for a detailed study
of these various contributions.
The deviation from the Λ-CDM reference slowly

decreases at high z, as the fifth force mediated by the
scalar field becomes negligible (as seen from the vanishing

of the key factor β2=K̄0 as K̄0 → ∞). This decrease of the
deviations of large-scale clustering from the Λ-CDM
reference is slower than what is found in many other
modified-gravity scenarios, such as the fðRÞ theories, and
is characteristic of these K-mouflage models.

V. CLUSTERS OF GALAXIES

To go beyond background quantities and the large-scale
perturbative regime, we investigate in this section the
impact of K-mouflage scenarios on the largest collapsed
structures that we observe, that is, clusters of galaxies. This
provides another probe of modified-gravity models, which
is complementary with background and perturbative stud-
ies, as it corresponds to the nonlinear regime of the matter
density field and to the well-defined objects measured in
actual surveys.
For our purposes, clusters present two advantages as

compared with galaxies. First, they are unscreened objects
[8], so that the impact of the modification to gravity is very
simple and corresponds to a time-dependent effective
Newton constant (we shall check that this holds down to
the cluster cores in Sec. V B below). Therefore, one does
not expect dramatic qualitative changes from the Λ-CDM
case, and the same semiquantitative models can be applied
to both K-mouflage and Λ-CDM cosmologies. This is also
illustrated by the symmetry described in Sec. III G, which
shows that in this unscreened regime, from the point of
view of nonlinear gravitational clustering, the Λ-CDM
cosmology, quintessence models, and K-mouflage scenar-
ios, belong to the same class. They obey the same equations
of motion (67)–(68), with only slightly different time-
dependent functions κðtÞ from Eq. (70). Second, at first
order, clusters can be described by simple physical laws,
such as hydrostatic equilibrium for the gas profile and
bremsstrahlung emission for the x-ray luminosity, giving rise
to the so-called cluster scaling laws [29]. This is especially
true for the most massive clusters that we focus on.
In contrast, galaxies probe the transition from the

unscreened to screened regimes and also involve many
complex astrophysical phenomena, such as cooling proc-
esses, star formation, supernovae, and AGN winds and
feedback. Therefore, although they would be very interest-
ing probes, they are much more difficult to model, both for
the modified-gravity sector and for the usual galaxy for-
mation processes that also appear in the Λ-CDM cosmology.
In this paper, our goal is to estimate the magnitude of the

impact of K-mouflage models on clusters of galaxies rather
than building a very accurate description of clusters.
Therefore, we consider the simplest possible modelling
of clusters with only few physical parameters. This may not
provide the highest-accuracy cluster model, but we can
expect that it captures the main physical processes and
provides a robust estimate of the impact of modifications to
gravity. Moreover, we check that our predictions show a
reasonable agreement with observations.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.1  1  10

ΔP
/P

k [h Mpc-1]

z=0

z=2

arctan
cubic

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 1  10

Δξ
/ξ

x [h-1 Mpc]

z=0

z=2

arctan
cubic

FIG. 11 (color online). Upper panel: relative deviation of the
matter density power spectrum from the Λ-CDM reference, at
z ¼ 0 (solid lines) and z ¼ 2 (dashed lines), for the K-mouflage
models. Lower panel: relative deviation of the matter density
correlation function from the Λ-CDM reference.
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A. Halo density profiles

To study the effects of K-mouflage scenarios on clusters
of galaxies, we need their dark matter profile. Because in
the unscreened regime gravitational clustering proceeds in
the same fashion in K-mouflage and Λ-CDM cosmologies,
as described in Sec. III G, we assume in all cases NFW
profiles [26],

ρDMðrÞ ¼
ρs

ðr=rsÞð1þ r=rsÞ2
: ð83Þ

This profile is characterized by a scaling radius and density,
respectively,l rs and ρs, which can be expressed in terms of
the concentration parameter c ¼ RΔc

=rs. Here RΔc
is the

radius such that the mean density within RΔc
isΔc times the

critical density, ρð< RΔc
Þ ¼ Δcρcrit, as we again define

the extension of the halos by an overdensity threshold with
respect to the critical density. From the definition of c, it is
possible to express ρs as

ρs ¼ ρcrit
Δc

3

c3

lnð1þ cÞ − c=ð1þ cÞ ; ð84Þ

which can be inverted to give c as a function of ρs.
To consider the effects of the presence of the scalar field

on the shape of the dark matter profile, we consider a
simple model for the halo concentration. We assume that
halos of mass M typically form at a redshift zfðMÞ
determined by

σðq; zfÞ ¼ σf ; ð85Þ
where q ¼ ð3M=4πρ̄0Þ1=3 is the halo Lagrangian radius and
σf is a free parameter, and that the density of the newly
formed halo is proportional to ρcritðzfÞ,

ρsðMÞ ¼ ΔfρcritðzfÞ; ð86Þ
with Δf a second free parameter. Equation (85) means that
halos of a given mass typically form when density
fluctuations at this mass scale reach the nonlinear regime,
while Eq. (86) assumes that the core of the cluster keeps a
roughly constant density after its formation, which is set by
the critical density at the formation time. As discussed in
Sec. IV E, we choose to rescale ρs in terms of the critical
density rather than the mean density at redshift zf because
the former is more physical at late times (whereas they
coincide at high redshift) and it also corresponds to our
definition of halos. Next, using Eq. (84), we compute cðMÞ,
and we define the dark matter density profile using (83).
In Fig. 12, we display the mass-concentration relation

obtained with the choice of parameters σf ¼ 0.2 and Δf ¼
500 (halos are again defined by Δc ¼ 200). As is well
known [30], the concentration c (and the scaling density ρs)
is larger for smaller mass, because in hierarchical scenarios,
smaller mass scales turned nonlinear at higher redshift

when the critical (and the mean) density of the Universe
was greater. This is of course consistent with our model
(85)–(86). We compare these results with the mass-
concentration relation obtained by Ref. [31], from the
analysis of 19 x-ray selected galaxy clusters from the
Cluster Lensing and Supernova Survey with Hubble, with a
mean redshift z≃ 0.37. We can see that reasonable choices
of the parameters σf andΔf (we naturally expect σf ≲ 1 and
Δf ≳ 200) allow us to obtain a reasonable match to
observations. This suggests that this simple modelling
captures the main features of the gravitational formation
of halos. Therefore, we do not consider here more sophis-
ticated models, which involve the past accretion history and
merging trees of virialized halos. These could provide more
accurate modelling, at the price of additional complexity
(and often additional parameters), but it is not clear if their
estimate of the dependence on the underlying gravity
theory would be much more accurate. Such studies are
left for future works, where N-body simulations would be
needed to check detailed models.
As expected, we find a small increase of the concen-

tration cðMÞ in the K-mouflage models, as compared with
the Λ-CDM reference. This is due to the faster growth of
gravitational clustering, which implies a slightly greater
scaling density ρsðMÞ. However, we can see that the effect
is rather modest.

B. Clusters are not screened

As noticed in Refs. [7,8], clusters are unscreened, and the
Klein–Gordon equation (23) can be kept at the linear level
over the fluctuations of the scalar field, as in Eq. (43). In
this section, we check that this property extends far inside
the cluster profile.
In the small-scale static limit, which corresponds for

instance to high-density astrophysical objects, the Klein–
Gordon equation (A3) becomes
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FIG. 12 (color online). Mass-concentration relation for NFW
halos, for the K-mouflage models and the Λ-CDM reference, at
z ¼ 0.37. The black points (with their error bars) are observa-
tional measures taken from Ref. [31].
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∇r · ð∇rφK0Þ ¼ βĀ
c2MPl

ρ; ð87Þ

where r is the Jordan-frame physical coordinate and we
assumed δρ≃ ρ (i.e., δ ≫ 1). As compared with Eq. (43),
here we do not make the approximation K0 ≃ K̄0. Instead
we consider the small-scale regime where ~χ ≃ δ~χ < 0. For
a spherically symmetric halo, using the Stokes theorem,
this gives

dφ
dr

K0 ¼ βĀMðrÞ
c2MPl4πr2

: ð88Þ

As in Refs. [7,8,12] (but in Jordan-frame coordinates),
defining the “K-mouflage screening radius” RK by

RKðMÞ ¼
�

βĀ2M
4πcMPlM2

�
1=2

; ð89Þ

whereM ¼ MðRÞ is the total mass of the object of radius R,
and introducing the rescaled dimensionless variables
x¼ r=RK ,mðxÞ¼Mð<rÞ=M, ϕðxÞ¼φðrÞ=φK, with φK ¼
M2RK=cĀ, the integrated Klein–Gordon equation (88)
reads as

dϕ
dx

K0 ¼ mðxÞ
x2

; with ~χ ¼ −
1

2

�
dϕ
dx

�
2

: ð90Þ

As pointed out in Ref. [7], in the small-scale static regime,
we have ~χ < 0, whereas the cosmological background
value satisfies ~̄χ > 0. Using that M4 ∼ ρ̄de0 is roughly
the dark-energy density today and that Ā ∼ 1, we obtain

RKðMÞ≃
ffiffiffiffiffiffiffiffiffiffi
βM
1M⊙

s
3470 a:u:≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βM

1014M⊙

s
0.12 h−1 Mpc:

ð91Þ
The first equality shows that the Solar System is screened
by the Sun, which allows these K-mouflage scenarios to
satisfy Solar System constraints [12]. On the other hand, for
β ¼ 0.1, the K-mouflage screening radius of a cluster of
mass 1014M⊙ is RK ≃ 0.04h−1 Mpc. This is much smaller
than the radius of the cluster, which means that most of the
cluster is unscreened. Moreover, as we move inside the
halo, the enclosed mass Mð<rÞ decreases, which further
delays the onset of K-mouflage screening. When j~χj ≪ 1
we have K0 ≃ 1, and we obtain

j~χj ≪ 1∶ ~χðrÞ≃ −
mðxÞ2
2x4

; ð92Þ

which gives inside the halo

j~χj ≪ 1; r < R∶ ~χðrÞ≃ −
ρcrit
6M4

�
βĀ2Δcð< rÞHr

c

�
2

:

ð93Þ

We show the radial profiles of −~χðrÞ in the lower panel in
Fig. 13, for M ¼ 1015h−1M⊙ and 1013h−1M⊙. In both
cases, we can check that j~χj ≪ 1 over the full halo profile
[as seen from Eq. (92), ~χðrÞ goes to a finite value at r → 0
for NFW density profiles, because ρ ∝ 1=r and m ∝ x2 in
the core]. This means that clusters are not screened and that
we can use the background value K̄0 for the kinetic
function. In fact, at low z, we also have ~̄χ ≪ 1 and
K̄0 ≃ 1, so that the kinetic function is dominated by the
low-order terms in the expansion (7) and the results are not
very sensitive to the precise nonlinear form of Kð~χÞ. Then,
the Klein–Gordon equation can be linearized in the scalar
field as in Eq. (43), and the gravitational potential Φ that
governs the dynamics of matter is again given by Eq. (45).
From the kinetic factor ~χðrÞ, we can obtain the radial

profile of the scalar field, φðrÞ, by integrating dϕ=dx ¼ffiffiffiffiffiffiffiffiffi
−2~χ

p
and using φ ¼ φKϕ. The boundary condition is
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FIG. 13 (color online). Upper panel: scalar-field radial profile,
δφðrÞ ¼ φðrÞ − φ̄, for halos of mass 1015h−1M⊙ (upper solid
lines) and 1013h−1M⊙ (lower dashed lines). The scalar-field
fluctuation is negative as the scalar field φ is minimum at the
center of the halo. Lower panel: radial profile of the “kinetic
energy” −~χðrÞ of the scalar field, for halos of mass 1015h−1M⊙
(upper solid lines) and 1013h−1M⊙ (lower dashed lines). Here
~χ < 0 because we consider the static limit, which is dominated by
spatial gradients. The arctan and cubic K-mouflage models give
almost identical results in this figure.
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φ → φ̄ at infinity. We show the radial profile of the
fluctuation δφ ¼ φ − φ̄ in the lower panel in Fig. 13. We
can check from the comparison with Fig. 4 that jδφj ≪ jφ̄j,
in agreement with the scaling δφ=φ̄ ∼ ðaH=ckÞ2δρ=ρ̄
obtained from Eq. (A35) and φ̄= ~MPl ∼ β=K̄0. In particular,
this explicitly shows that the coupling function AðφÞ remains
dominated by its low-order terms in the expansion (8), both
for the background and for large-scale structures such as
clusters of galaxies.
The magnitude of δφ can also be read from the modified

Poisson equations (41). In realistic models, the fifth force
should not have a magnitude greater than the Newtonian
force, which implies jδA=Āj≃ jβδφ= ~MPlj≲ jΨNj,
whence jβδφ= ~MPlj≲ 10−5.

C. Impact of nonlinear substructures

The Klein–Gordon equation (87) that determines the
scalar field φ is nonlinear, because of the factor K0ð~χÞ. This
means that substructures could have a strong impact on the
solution φðrÞ as there is no longer a linear superposition
property and the solution obtained for the averaged halo
profile is not identical to the average of the exact solutions
obtained by taking into account substructures. In this
section, we check that this nonlinearity does not play a
significant role and does not invalidate our approach
described in Sec. V B.
First, we note that for an object that is exactly spherically

symmetric the integrated Klein–Gordon equation (88)
holds and the scalar-field profile only depends on the
integrated mass MðrÞ within radius r. This smoothes out
radial substructures. However, in practice, clusters are not
exactly spherically symmetric, and individual cluster gal-
axies also break any overall spherical symmetry. We have
seen in Sec. V B that clusters are unscreened as the kinetic
factor, ~χclusðrÞ, associated with the mean cluster density
profile (83), is much smaller than unity. Then, if galactic
halos only form a small fraction of the total cluster volume,
throughout most of the cluster volume, we can linearize
Eq. (87), as in Eq. (43), which gives

unscreened region∶ ∇2
rφ ¼ βĀ

K̄0c2MPl
ρ; ð94Þ

where K̄0 is the background value, with K̄0 ≃ 1 at low z.
This equation breaks down around each cluster galaxy,
where the high matter density, which is much greater than
the NFW mean density ρDMðrÞ of Eq. (83) at that radius,
makes the scalar field enter the nonlinear screening regime.
Thus, around each galaxy “i,” i ¼ 1;…; Ngal, we must cut a
patch VKi where the equation (94) must be replaced by the
fully nonlinear equation (87). By definition, the volume
VKi is given by the K-mouflage radius RKi of the galaxy. In
practice, if RKi ≪ Rclus, we can build an approximate
solution by patching the solutions within each galaxy
volume VKi with the global solution (94) that holds in

between galaxies. Around each galaxy, using an approxi-
mate spherical symmetry around the galaxy center, we
obtain the local profile by solving Eq. (88), where M is
replaced by the galaxy mass mgalðrÞ, and the boundary
condition at RKi is approximated as a constant obtained
from the global solution (94).
This scenario holds provided the regions VKi do not

extend far beyond the galaxy volumes Vi (defined for
instance by their stellar content or by the region where
matter is gravitationally bound to the galaxy) and do not
cover most of the cluster volume. From Eq. (89), we have
RKðmgalÞ ∝ m1=2

gal . Defining the mass function nðmÞdm of
the cluster galaxies, the total volume built by the nonlinear
regions VKi reads as

VKgal ¼
Z

∞

0

dm
dn
dm

VKðmÞ ∝
Z

∞

0

dm
dn
dm

m3=2: ð95Þ

The mass function of the cluster galaxies or of dark matter
subhalos is typically a power law at law mass with an
exponential cutoff at high mass [32]. In any case, the
integral

R
dmðdn=dmÞm ¼ Mgal is necessarily finite and

equal to the total mass associated with the galaxies, which
is smaller than the total cluster mass. Therefore, the integral
(95) converges at low mass and is dominated by the
galaxies around the knee of the galaxy multiplicity func-
tion, which typically corresponds to M ∼ 1012M⊙ From
Eq. (91), we have RKð1012M⊙Þ≃ 4h−1 kpc, with β ¼ 0.1,
which gives a volume fraction of the order of
ð0.004Þ3 ∼ 5 × 10−8. Even if we have ∼20 such galaxies
in the cluster, this only makes a fraction of order 10−6 of
the cluster volume.
Moreover, we can see that RKi is typically smaller than

the actual radius Ri of the galaxy (by a factor of a few). In
the Λ-CDM cosmology itself, the analysis of the hot gas
that makes most of the intracluster medium and gives rise to
the cluster x-ray luminosity (based on hydrostatic equilib-
rium and scaling laws) only applies outside of the cluster
galaxies, where cooling and star formation processes play a
major role. Therefore, the nonlinearities of the Klein–
Gordon equation (87) do not bring further restrictions as
compared with the standard Λ-CDM case, as they are
“hidden” within the galaxies, and the impact of the fifth
force on the intracluster medium can be obtained from the
linearized equation (94) associated with the unscreened
regime. They do not modify global properties either, such
as the cluster correlation function, as the dynamics and
formation of the clusters remain governed by the linearized
Klein–Gordon equation (94).

D. Hydrostatic equilibrium

From Eq. (48), the equation of hydrostatic equilibrium
for the gas density ρg and pressure pg reads as

∇Φ ¼ ∇
�
ΨN þ βc2φ

~Mpl

�
¼ −

∇pg

ρg
; ð96Þ
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where we used Eqs. (41) and (44). This explicitly shows
how the pressure gradient is amplified, at a fixed density
profile, by the fifth force. Assuming spherical symmetry,
this leads to

dpg

dr
¼ −ρgð1þ ϵ1Þ

dΨN

dr
; ð97Þ

where we used the fact that clusters are unscreened, so that
K0 ≃ K̄0 and the Klein–Gordon equation can again be
linearized as in Eq. (94). In the Λ-CDM cosmology, we
simply have ϵ1 ¼ 0. To obtain the gas profile from Eq. (97),
we also need an equation of state that gives the pressure as a
function of the gas density or temperature. We consider an
isothermal gas with pg ¼ ρgkBT̄g=ðμmpÞ, where kB is
Boltzmann’s constant and μmp is the mean molecular
weight of the gas. This yields the gas density profile

ρgðrÞ ∝ e−ð1þϵ1ÞμmpΨNðrÞ=kBT̄g ; ð98Þ

where the Newtonian potential ΨN is fixed by the dark
matter profile.
To evaluate T̄g, we assume that the gas temperature is

proportional to the mean value of the dark matter “temper-
ature,” TDMðrÞ, which we define from the velocity
dispersion σ2DðrÞ as

kBTDMðrÞ ¼ μmpσ
2
DMðrÞ: ð99Þ

The dark matter being collisionless, it is not described by a
thermodynamical temperature. However, we can expect the
virialization processes associated with the formation of
the halo to scale in the same fashion for the dark matter, as
measured by its velocity dispersion, and for the gas, as
measured by its temperature. In particular, the dark matter
velocity dispersion obeys the Jeans equation, which can be
written at equilibrium as [33]

1

ρDM

d½ρDMσ2DM�
dr

¼ −
dΦ
dr

¼ −ð1þ ϵ1Þ
dΨN

dr
: ð100Þ

For a given dark matter halo profile, set by the NFW profile
(83) and concentration parameter cðMÞ, the Jeans equa-
tion (100) determines the velocity dispersion profile
σ2DMðrÞ, whence comes the effective dark matter temper-
ature TDMðrÞ defined in Eq. (99). Then, we set the gas
temperature T̄g as

T̄g ¼
1

βg
T̄DM ¼ 1

βg

R
dr4πr2ρDMðrÞTDMðrÞR

dr4πr2ρDMðrÞ
; ð101Þ

where βg is a free parameter that we fix to be equal to 0.6,
which is of the same order as the values used in studies of
clusters of galaxies [34]. In other words, we assume that the
kinetic and thermal energies of the dark matter and the gas

are proportional, because they are generated by the same
process, the formation and virialization of the halo.
Finally, to fully specify the gas density profile (98), we

normalize it as

Mg ¼
Z

RΔc

0

dr4πr2ρgðrÞ ¼
Ωb

ΩDM
MDM: ð102Þ

Thus, we consider that the baryon and dark matter mass
fractions in clusters are given by the cosmological abun-
dance. This assumes that there is no significant redistrib-
ution and segregation of matter on scales greater than
cluster radii, which should be a reasonable approximation
for massive clusters.
Therefore, in terms of the intracluster medium, the

differences between the K-mouflage and Λ-CDM scenarios
only arise through three effects, in our framework. First, the
dark matter profiles (83) are slightly different because of
the small change of the halo concentration shown in
Fig. 12, which comes from the different growth rates of
large-scale structures. Second, the equation of hydrostatic
equilibrium (96) is modified by the factor ϵ1ðtÞ, which
corresponds to the amplification of gravity by the fifth force
in the unscreened regime. This implies slightly greater
pressure gradients for the gas. Third, the gas (and dark
matter) temperature itself is also amplified by the same
factor ð1þ ϵ1Þ, at a fixed dark matter profile, because it
also arises from the gravitational collapse; see Eqs. (100)
and (101). The second and third effects compensate in
terms of the gas density profile, as the greater potential
depth is balanced by the greater gas temperature, so that we
can expect rather modest deviations between the different
cosmological scenarios.
In Fig. 14, we show the dark matter and gas density

profiles for a cluster of mass M ¼ 5 × 1014h−1M⊙ at
z ¼ 0, for the K-mouflage models and the Λ-CDM refer-
ence. The presence of the scalar field makes the density
profiles more compact, in agreement with Fig. 12. As
expected, the deviations from the Λ-CDM reference are of
the order of a few percent.

E. Scaling laws

From the gas density profile ρgðrÞ and temperature T̄g,
we obtain the x-ray cluster luminosity within radius R
as [35]

LXð< RÞ ¼ 4πϵXðT̄gÞ
Z

R

0

n2gðrÞr2dr; ð103Þ

where ngðrÞ ¼ ρgðrÞ=μmp is the cluster gas density and
ϵXðTÞ is the x-ray emissivity, which can be expressed in
terms of the temperature as [32]
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ϵXðTÞ ¼ 4.836 × 10−24
4 − 2Y
ð4 − YÞ2

�
T

1 KeV

�
1=2

erg:s−1:cm3:

ð104Þ

Here Y is the helium mass fraction, and μ ¼ 2=ð4 − YÞ,
ne=ng ¼ ð2 − YÞ=ð4 − YÞ, and ðnH þ 4nHeÞ=ng ¼ 2=
ð4 − YÞ, where we assume complete ionization. This
applies to high temperatures of order 1 keV and above,
where the x-ray emissivity is dominated by bremsstrahlung.
Equation (103), with the emissivity (104), gives the total
bolometric luminosity. In practice, one measures the
radiation from x-ray clusters within finite frequency bands.
Therefore, we also define the luminosity within frequency
bands, denoted for instance as bands “A ¼ ½νA1 ; νA2 �,”
“B ¼ ½νB1 ; νB2 �,” …, by

LXAð< RÞ ¼ LXð< RÞðe−hνA1 =kBT̄g − e−hν
A
2
=kBT̄gÞ: ð105Þ

Observational studies often measure the x-ray properties
of galaxy clusters within a radius RX that is smaller than

R200c, because the luminosity scales as the squared density
[see Eq. (103)] so that inner high-density regions are easier
to measure. A popular choice is the radius set by the density
threshold Δc ¼ 500 with respect to the critical density. In
the following, keeping our definition of halos by the
threshold Δc ¼ 200 as in Figs. 10 and 12–14, we use
the density profile obtained from Eq. (98) and displayed in
Fig. 14 to compute x-ray properties within RX defined by
Δc ¼ 500 (hence, RX < Rhalo).
To avoid the complications due to the internal structures

of the clusters (presence of massive galaxies in the center,
importance of dissipative processes, cooling cores, …) and
also to follow the observational procedures, we define a
core radius Rcore outside of which we evaluate the quan-
tities of interest. As in many observational analyses, we
simply define Rcore as a fixed fraction of the cluster radius
RX (as defined by the threshold Δc ¼ 500 with respect to
the critical density), with Rcore ¼ fcoreRX and typically
fcore ∼ 0.15. Then, we obtain for instance the luminosity in
the outer cluster shells, between Rcore < r < RX, as

LXAno-core ¼ LXAð< RXÞ − LXAð< RcoreÞ: ð106Þ

In Figs. 15 and 16, we show, respectively, the M500c −
T500c-nocore and T500c-nocore − LXA-500c-nocore relations com-
pared to observations of clusters of galaxies in the x ray,
with the choice of parameter fcore ¼ 0.15 and the frequency
“A band” [0.1–2.4] keV. For the M − T relation, we obtain
a good agreement with observations, while our prediction
for the slope of the T − L relation is too shallow. This is a
well-known problem associated with a noticeable break-
down of the naive “scaling laws” for the x-ray luminosity,
especially for small clusters [35]. This is usually explained
by a decrease of the gas fraction and a greater importance of
nonthermal effects, or departures from hydrostatic equilib-
rium, in small clusters. However, because our goal is only
to estimate the magnitude of the effects due to modifica-
tions of gravity, we do not try to build a more accurate and
more complex model in this paper. Moreover, our simple
model is sufficient to recover the typical x-ray luminosity in
the range 4 < T < 15 keV, which corresponds to massive
bright clusters.
At fixed mass, the temperature in the K-mouflage

scenarios is greater than in the Λ-CDM reference by about
2%. This is mostly set by the factor ϵ1, which is about 2% as
seen in Fig. 5. Indeed, from Eq. (100), we can see that at a
fixed dark matter density profile the fifth-force enhance-
ment of gravity by the factor ð1þ ϵ1Þ yields an increase of
the dark matter velocity dispersion and of the gas temper-
ature by the same factor. The small deviations from this 2%
value, which depend on mass, that appear in Fig. 15
correspond to the small changes of the dark matter profile
through the modification of the concentration parameter
shown in Fig. 12.
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FIG. 14 (color online). Upper panel: density profiles for a
cluster of mass M200c ¼ 5 × 1014h−1M⊙. The upper solid lines
refer to the dark matter density profiles and the lower dotted lines
to the gas density profiles. The K-mouflage models and the
Λ-CDM reference cannot be distinguished in this figure. Lower
panel: relative deviation from the Λ-CDM reference of the dark
matter (solid lines) and gas (dotted lines) density profiles.
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At fixed temperature, the K-mouflage models give a
slightly lower x-ray luminosity. This is because at fixed
mass K-mouflage models give a higher temperature, as
seen in Fig. 15. Therefore, they give a lower mass at a
fixed temperature. Since the x-ray luminosity scales as
LX ∼ ρsM

ffiffiffiffi
T

p
, a lower mass implies a lower luminosity

(disregarding the impact on ρs). As expected, we find
percent deviations as for the M − T scaling law.
Thus, as for the quantities studied in previous sections,

we obtain percent deviations from the Λ-CDM scaling
laws. Unfortunately, this is probably too small to be used as
a meaningful constraint on these modified-gravity scenar-
ios, in view of the observational and theoretical uncertain-
ties. Therefore, it is unlikely that cluster scaling laws can
provide competitive constraints on such modified-gravity
models, that must also pass very tight Solar System bounds
and satisfy larger-scale cosmological constraints associated
with the growth of large-scale structures or the evolution of
the Hubble expansion rate (e.g., constraints from big bang
nucleosynthesis).

F. Cluster temperature function

Neglecting the scatter of the mass-temperature relation, by
combining the halo mass function described in Sec. IV E
with the mass-temperature relation obtained in Sec. VD and
Fig. 15, we obtain the x-ray cluster temperature function

nðTÞ ¼ nðMÞ d lnM
d lnT

: ð107Þ

In Fig. 17, we show the temperature functions computed for
the K-mouflage models together with the Λ-CDM case,
evaluated at z ¼ 0.05, to compare them with the observa-
tions obtained by Ref. [40].
We obtain a reasonable agreement with observations. As

is well known, this also means that the cluster temperature
is a rather robust quantity (as compared for instance with
the x-ray luminosity) and that it is not necessary to build
very sophisticated models to recover the right order of
magnitude. As shown in the lower panel, we now obtain
deviations for the cluster number counts that are of order
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FIG. 15 (color online). Upper panel: mass-temperature relation
for the K-mouflage models and the Λ-CDM reference, at z ¼
0.0288 (lower curves) and z ¼ 0.451 (upper curves). The data
points are taken from observations made by Refs. [36] (in green),
[37] (in magenta), and [38] (in brown), with clusters in the
redshift range 0.0288 ≤ z ≤ 0.451. Lower panel: relative
deviation of the cluster mass-temperature relation from the
Λ-CDM reference, at z ¼ 0.0288.
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FIG. 16 (color online). Upper panel: temperature-luminosity
relation for the K-mouflage models and the Λ-CDM reference, at
z ¼ 0.048 (lower curves) and z ¼ 0.451 (upper curves). The data
points are taken from observations made by Refs. [39] (in green)
and [38] (in brown), with clusters in the redshift range
0.048 ≤ z ≤ 0.451. Lower panel: relative deviation of the cluster
temperature-luminosity relation from the Λ-CDM reference, at
z ¼ 0.048.
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unity: the K-mouflage models can predict twice or three
times more high-T clusters than the Λ-CDM reference. As
we have seen, this difference is not due to deviations in the
cluster scaling laws, that is, in the intracluster medium,
which are quite small, but to the amplification of the high-
mass tail of the halo mass function already shown in
Fig. 10. Therefore, this result should be rather robust as it is
directly related to the faster growth of large-scale structures
in the K-mouflage scenarios.

G. Sunyaev–Zel’dovich effect

An indirect method to infer the properties of the clusters
is to use the Sunyaev–Zel’dovich effect (hereafter SZE)
[13]. It occurs when photons from the cosmic microwave
background (CMB) inverse Thompson scatter in the intra-
cluster medium. The measured CMB temperature is then
distorted with an amplitude proportional to the so-called
Compton parameter (see, e.g., Ref. [41]),

y ¼
Z

neσT
kBTg

mec2
dl; ð108Þ

where ne is the electron number density, Tg is the gas
temperature,me is the electron mass, σT ¼ 6.65×10−25 cm2

is the Thompson cross section, and dl denotes the integration
along the line of sight. Following a common observational
practice, by integrating over the angular area of the cluster,
defined for instance by the radius R500c associated with the
density contrast of 500 with respect to the critical density, we
define the integral Compton parameter

Y500c ≡
Z

ydΩ ¼ r−2d ðzÞ
Z

R500c

0

4πr2neðrÞσT
kBTg

mec2
dr;

ð109Þ

where rdðzÞ is the angular distance of the cluster located at
redshift z.
In Fig. 18, we show the relations Mg500c − Y500cr2dðzÞ

and T500c-nocore − Y500cr2dðzÞ for the K-mouflage models
and the Λ-CDM reference, and we compare them to the
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FIG. 17 (color online). Upper panel: cluster temperature
function for the K-mouflage models and the Λ-CDM reference,
at z ¼ 0.05. The data points are taken from observations made by
Ref. [40] from a sample of clusters with z≃ 0.05. Lower panel:
relative deviation of the cluster temperature function from the
Λ-CDM reference at z ¼ 0.05.
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FIG. 18 (color online). Integrated Comptonization within R500c
as a function of the gas mass (upper panel) and gas temperature
(lower panel) for the K-mouflage models and the Λ-CDM
reference. These different models cannot be distinguished in
these figures. We show our results for z ¼ 0.16 (lower curves in
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panel). The data points are measures from a sample of clusters in
the range 0.16 ≤ z ≤ 1.45 [41].
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observations made by Ref. [41]. Again, we obtain a
reasonable agreement with observations and a small
deviation between the different scenarios. The agreement
is better for theMg − Y relation than for the T − Y relation,
but the latter shows a very large scatter and is probably
contaminated by large observational errors.
In any case, as in Sec. V E, it appears that deviations of

cluster scaling laws associated with modified-gravity sce-
narios are too small as compared with observational error
bars and theoretical uncertainties to be competitive.
However, number counts, whether in terms of the cluster
temperature or SZE parameter Y, could provide useful
constraints.

H. Dynamical and weak lensing masses

Finally, we briefly comment on the dynamical and weak
lensing masses of clusters and massive halos. In the
unscreened regime, which applies to clusters and larger
scales, the dynamics of matter particles (dark matter and the
gas) is governed by the metric potential Φ, as in Eqs. (48)
and (56). This gravitational potential is related to the matter
density through the modified Poisson equation (45), and it
is equal to the standard Newtonian potential (but with a
time-dependent Newton constant) multiplied by the factor
1þ ϵ1. From observations of the dynamics in clusters, one
would then measure the dynamical mass

Mdyn ≡ ½1þ ϵ1ðtÞ�
GðtÞ
G0

M; ð110Þ

assuming General Relativity (GR) gravity with today’s
Newton’s constant. On the other hand, the weak lensing
potential Φwl that governs the deflection of light rays by the
perturbations of the metric is

Φwl ¼
ΦþΨ

2
¼ ΨN; ð111Þ

where we used Eq. (41). Therefore, weak lensing obser-
vations of clusters would give the weak lensing mass

Mlens ≡ GðtÞ
G0

M; ð112Þ

and the ratio between the dynamical and weak lensing
masses reads as

Mdyn

Mlens
¼ 1þ ϵ1ðtÞ: ð113Þ

We have shown the factor ϵ1 in Fig. 5. Thus, we find that
the dynamical mass is greater than the lensing mass by
about 2%. As explained above, this is set by the value of
2β2, which is constrained to be of order 2% or below
because of cosmological and Solar System constraints [12]

(the big bang nucleosynthesis constraint and bound on the
time dependence of G). Therefore, this result on the ratio
Mdyn=Mlens gives an upper bound for its deviation from GR
for all realistic K-mouflage models.

I. Cluster correlation function

In the previous sections, we considered the internal and
integrated properties of clusters, as well as their abundance.
Another probe of cosmology is provided by the cluster
correlation function. Following Refs. [42,43], we write the
halo bias as

bðMÞ ¼ 1þ ν2 − 1

δL
: ð114Þ

More accurate fitting formulas have been proposed for
Λ-CDM cosmologies [44], but they involve free parameters
that might vary for different modified-gravity scenarios.
Moreover, numerical simulations find that the spherical
collapse model (114) provides reasonably good predictions
that can fare better than more sophisticated models for rare
and massive halos [45], which we focus on here. Therefore,
Eq. (114) should be sufficient for our purposes and provide
a simple estimate of the impact of K-mouflage models.
Note that, because clusters are not screened, the reasoning
that leads to Eq. (114) in the Λ-CDM cosmology remains
valid for K-mouflage scenarios, as the only change is the
time-dependent effective Newton constant as it would be
defined from Eq. (63). This enters the bias (114) through
the different values of νðMÞ and δL, that we compute from
the spherical collapse described in Secs. III D and IV E.
Combining the halo bias (114) with the matter correla-

tion function ξðxÞ shown in Fig. 11, we obtain the cluster
correlation function ξclðxÞ displayed in Fig. 19. The
comparison with Fig. 11 shows that the cluster correlation
function is much less affected by K-mouflage than the
matter correlation and it can actually be slightly lower than
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FIG. 19 (color online). Relative deviation of the cluster corre-
lation function from the Λ-CDM reference for the K-mouflage
models. We consider halos of mass 1015h−1M⊙ (upper solid
lines) and 1013h−1M⊙ (lower dashed lines).
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in the reference Λ-CDM cosmology. This is because the
amplification of gravity, associated with the greater effec-
tive Newton constant ð1þ ϵ1ðtÞÞGðtÞ=G0, merely acceler-
ates the growth of large-scale structures. This amplifies the
matter density power spectrum and correlation function, as
well as the large-mass tail of the halo mass function, as seen
in Figs. 11 and 10. However, this same phenomenon also
implies that, at a fixed mass M, massive halos are less rare
and have a smaller bias bðMÞ [in particular, νðMÞ becomes
smaller in Eq. (114)]. This effect almost cancels the
increase of the underlying matter density correlation
function. Therefore, it appears that the matter correlation
function, measured for instance from weak lensing obser-
vations or galaxy surveys (using typical halos with a
bias of order unity that is not significantly changed by
K-mouflage), is a better probe of such modified-gravity
scenarios than the cluster correlation function (or more
generally the correlation of rare objects).

VI. COMPARISON WITH OTHER MODIFIED-
GRAVITY MODELS

A. Some other modified-gravity theories

Before we conclude this study of K-mouflage models, it
is interesting to compare our results with other modified-
gravity models that have been investigated in the literature.
The main scenarios that have led to detailed analytical and
numerical studies are the fðRÞ theories, scalar-field models
such as dilaton and symmetron models, and Galileon
models [46–48].
The fðRÞ models [4,49–53] can be recast as scalar-field

models with an Einstein-frame action of the form (1), with a
standard kinetic term, an exponential coupling function
AðφÞ, and a scalar-field potential VðφÞ [54]. The dilaton
[55–57] and symmetron [58,59] models are also scalar-
tensor theories of this form, but with different coupling
functions AðφÞ and potentials VðφÞ (and standard kinetic
terms). Finally, Galileon models [60–63] also involve a
scalar field, with a nonstandard kinetic term (the scalar-
field Lagrangian contains higher-order terms in ∇φ
and ∇2φ), but there is no coupling function AðφÞ (i.e.,
gμν ¼ ~gμν). (Of course, it is possible to build more complex
models that combine these various ingredients.)
These different scenarios show different nonlinear

screening mechanisms that ensure convergence to GR in
the Solar System, chameleon [3] (for fðRÞ models),
Damour–Polyakov [5] (for dilaton and symmetron mod-
els), and Vainshtein [6] (for Galileon models) mechanisms.
The theories that are closest to K-mouflage scenarios are
the Galileon models, as their screening mechanism also
relies on the nonlinear derivative terms of the scalar-field
Lagrangian; but they also involve ∇2φ instead of ∇φ only,
which gives rise to different scaling exponents, for instance
for the Vainshtein and K-mouflage screening radii as a
function of the mass M of compact objects.

B. Einstein and Jordan frames

A first important difference between the K-mouflage
scenario and these other modified-gravity models is the
distinction between the Einstein and Jordan frames. As
recalled above, this distinction does not apply to the
(simplest) Galileon models, but the fðRÞ, dilaton, and
symmetron models also naturally give rise to distinct
Einstein and Jordan frames. However, it turns out that in
these scenarios the coupling function is constrained to
remain very close to unity. Thus, jA − 1j≲ 10−4 for fðRÞ
models, because the “mass” of the scalar field must be
sufficiently large, m≳ 103H=c, to ensure an efficient
screening of the fifth force by a chameleon mechanism
in the Solar System. For dilaton and symmetron models, we
have jA − 1j≲ 10−6 as the coupling strength β must vanish
sufficiently fast in high-density regions to screen the fifth
force through a Damour–Polyakov mechanism. This means
that, in terms of background quantities (e.g., the Hubble
expansion rate and the scale factor), one can identify the
Einstein and Jordan frames, which also become almost
identical to the Λ-CDM reference. However, at the level of
the metric perturbations Φ andΨ, this is no longer the case,
and the Einstein and Jordan gravitational potentials differ by
terms set by δA, and the dynamics of perturbations deviate
from the Λ-CDM reference because of the fifth force.
In the K-mouflage case, this identification already breaks

down at the background level. Indeed, jA − 1j can reach
values of the order of a few percents (see Fig. 6) while being
consistent with Solar System and cosmological constraints
[12]. For the same reason, the background dynamics (in both
Einstein and Jordan frames) show percent deviations from
the Λ-CDM reference. Therefore, we must pay attention to
the distinction between Einstein and Jordan frames already
at the background level. In particular, in this paper, as we
study clusters of galaxies that involve atomic or radiative
processes (both for the definition of their redshift, from
atomic lines, and for their properties such as x-ray emission),
the Jordan frame is the one that is more directly connected to
observations, and we work in this frame. Another advantage
of the Jordan frame is that the equations of motion take their
usual form; in particular matter is conserved, which permits a
clear and simple physical interpretation, and only gravity is
modified. In contrast, in the Einstein frame, gravity takes a
standard form, but the equations of motion are modified, and
the matter density is usually not conserved.

C. Scale dependence and screening regime

A second important difference between the K-mouflage
scenario and some other modified-gravity models is that the
deviations from the Λ-CDM reference are scale indepen-
dent on perturbative scales (from cluster scales to the
horizon). This is most easily seen from the fact that the
factor ϵ1ðtÞ that enters the evolution equation (55) of
the linear growing mode only depends on time, so that
the linear growing mode DþðtÞ remains scale independent
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as in the Λ-CDM cosmology. This is due to the fact that in
the scalar-field Lagrangian (6) we focused on the non-
standard kinetic term and neglected a possible potential
term VðφÞ. Of course, in the highly nonlinear regime, a new
scale dependence appears, as the fluctuations of the scalar
field themselves become nonlinear and give rise to the
K-mouflage screening mechanism, which ensures the
convergence to GR in the Solar System. However, it
happens that the screening transition appears at galaxy
scales, so that clusters remain unscreened and fully feel the
effect of the fifth force.
The same behavior is obtained in the Galileon models,

where linear scales below the horizon show scale-
independent growing modes and the Vainshtein screening
mechanism applies to cluster scales and below [64,65];
but in the K-mouflage case, the nonlinear screening only
applies to galaxy scales and below, as clusters remain
unscreened. In contrast, in fðRÞ and dilaton/symmetron
models, there is a characteristic scale dependence, as we
recover GR both on very large scales x ≫ 1h−1 Mpc
(because of the finite mass of the scalar field) and on very
small scales x ≪ 1h−1 Mpc (because of nonlinear screen-
ing mechanisms, here chameleon or Damour–Polyakov
mechanisms [3,5]). Then, the linear growing modeDþðk; tÞ
shows a clear scale dependence on quasilinear scales, and
nonlinear screening effects also add a further scale depend-
ence around x ∼ 1h−1 Mpc [66]. Thus, in these models,
clusters probe a scale-dependent regime and the transition
between the unscreened and screened regimes.
Therefore, clusters of galaxies are especially well-suited

probes of K-mouflage scenarios because they are
unscreened (hence they feel the full amplitude of the fifth
force). Moreover, the modification of gravity is still scale
independent on these scales so that cluster properties
should not be too difficult to model (the same modeliza-
tions should apply equally well to the Λ-CDM and K-
mouflage cosmologies).

D. Clusters

1. Cluster profiles

The effect of the fifth force on the cluster matter and gas
profiles within the context of modified-gravity scenarios
with chameleon mechanisms [mostly for fðRÞ models] has
been investigated in Refs. [67–70].
As recalled above, the fifth force effect is somewhat

different between fðRÞ, dilaton and symmetron models,
and K-mouflage scenarios. In the former cases, clusters are
typically at the transition between the screened and
unscreened regimes. Then, massive clusters are screened
by the chameleon or Damour–Polyakov mechanisms (the
deviations from GR being most efficiently suppressed in
the symmetron models), while for low-mass clusters, only a
small core is efficiently screened. In particular, for fðRÞ
and symmetron models, the amplification of gravity is

localized in the outskirts of massive clusters. This gives a
distinct scale dependence of the modified-gravity effect in
these theories [71,72], but the efficient screening also
decreases the overall deviation from GR. See, for instance,
Ref. [66] for a detailed analysis and comparison of these
different models and Refs. [71,73–76] for numerical
simulations of various models. In Galileon scenarios,
depending on the model, clusters may be fully screened
(and their profiles are similar to those of a quintessence
model with no fifth force and the same expansion history)
or only partly screened (which gives rise to complex
effects) [65]. In the K-mouflage case, clusters still are in
the unscreened regime. Therefore, there is no characteristic
scale dependence that can be used to distinguish them from
Λ-CDM cosmologies, but the amplitude of the smooth
deviation is greater (as compared with screened scenarios).
There have been no specific simulations of K-mouflage

models so far, but we can recall here some results from
simulations of other modified-gravity models.
Reference [76] develops hydrodynamic N-body simu-

lations to investigate the impact on dark matter and gas
profiles of fðRÞ and symmetron scenarios. In agreement
with the discussion above, the authors find that the dark
matter density is increased as compared with the Λ-CDM
reference in the outskirts of massive halos. This is because
the fifth force applies to outer radii, which are unscreened,
and this also yields a greater velocity to the particles, which
cannot cluster as strongly within inner radii. They also find
a lower deviation from Λ-CDM for the gas density profile
than for the dark matter density profile. They note that this
may be due to delays in the collapse of the dark matter and
the gas, with the screening of the halos taking place after
dark matter collapse and before gas collapse. As explained
above, for K-mouflage scenarios, we do not expect such a
localized enhancement in the matter densities and different
behaviors for the dark matter and the gas, because clusters
are unscreened and the dynamics remains similar to the
Λ-CDM cosmology, as illustrated by the explicit symmetry
described in Sec. III G. In fact, in Fig. 14, we find that
within our very simple model the deviation from Λ-CDM is
slightly greater for the gas than for the dark matter [because
of the small change in the concentration parameter and the
higher sensitivity for the gas that arises from the expo-
nential equilibrium distribution (98)].
We can note that N-body simulations of fðRÞ models

also find that in the case fR0
¼ −10−4, where chameleon

screening is not efficient, deviations from Λ-CDM are
smooth and the velocity dispersion σ2v and gas temperature
Tg are about 4=3 times the GR value [68,74], due to the 4=3
increase of the effective Newton constant. In our case, this
corresponds to the ð1þ ϵ1Þ enhancement in Eq. (100), but
with ϵ1 ≃ 2% instead of 1=3. These simulations also find
that dark matter halos remain well described by NFW
profiles [77]. These results suggest that our approach for
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the density profiles and the gas temperature described in
Secs. VA and V D should fare reasonably well.
For chameleon scenarios, Ref. [67] considers the effect

of the fifth force on the cluster gas profile, which becomes
more compact for a given dark matter profile [in our case,
we also include the effect on the dark matter profile,
through the modification of the concentration parameter
shown in Fig. 12, and we assume an isothermal gas (i.e.,
γ ¼ 1) instead of a polytropic equation of state pg ∝ ργg
with γ ∼ 1.2]. However, they find that observational error
bars are too large to give useful constraints on fðRÞmodels.
We reach the same conclusion for the K-mouflage models
studied in this paper.
References [69,70] combine x-ray observations (which

probe the temperature and electron number density pro-
files) and weak lensing signals (which probe the total
matter profile) to constrain deviations from General
Relativity. Indeed, while the gas profile is sensitive to
the fifth force, the lensing deflection of light rays remains
the same as in GR. This allows them to derive the upper
bound jfR0

j ≤ 6 × 10−5. The same behavior applies to the
K-mouflage scenario. In this paper, we found a few percent
deviations from GR, which should apply to all realistic
K-mouflage models that satisfy cosmological and Solar
System constraints [as this is due to the constraint on the
coupling β, independently of the details of the kinetic
function KðχÞ]. We leave a more general Markov chain
Monte Carlo (MCMC) analysis of K-mouflage scenarios,
combining different probes, to future works.

2. Cluster scaling relations

The impact of fðRÞ gravity on the cluster scaling
relations has been studied in Ref. [68] with numerical
simulations. Again, we find similar behaviors for the K-
mouflage models as for the fðRÞ model with fR0

¼ −10−4,
where clusters are not screened. In particular, the dark
matter velocity dispersion and gas temperature are
increased, at fixed mass, and the x-ray luminosity is
decreased, at fixed temperature, as compared with the
Λ-CDM reference. However, whereas in fðRÞ theories
the deviations from Λ-CDM can reach a factor 1=3 in the
unscreened regime, and deviations of order unity can also
be expected in dilaton or symmetron models, realistic
K-mouflage models can only deviate by a few percent at
most. Indeed, the magnitude of these deviations is set by
the factor ϵ1, which itself is set by 2β2 (at z ¼ 0), and the
coupling strength must satisfy β ≤ 0.1 because of cosmo-
logical and Solar System constraints [12].

3. Cluster lensing; Dynamical and lensing masses

In fðRÞ, dilaton, and symmetron scenarios, the weak
lensing potential Φwl that governs the deflection of light
rays, given by Φwl ¼ ðΦþΨÞ=2, is equal to the Newtonian
potential ΨN [using jfR0

j ≪ 1 in the case of fðRÞ theories]
[78]. Then, for weak lensing observations, the only

difference from the Λ-CDM scenario comes from the
different evolution of the matter density fields. In contrast,
the motions of matter particles or of small halos (e.g.,
satellite halos or small galaxies), which fall toward massive
clusters, feel the fifth force. This gives rise to different
lensing and dynamical masses. This has been investigated
in semianalytical models and N-body simulations [74,79]
and used in Refs. [69,70] in combination with x-ray
observations, for fðRÞ theories, and in Ref. [80], using
the galaxy infall kinematics onto massive clusters, for fðRÞ
and Galileon models.
In the K-mouflage scenario, we again haveΦwl ¼ ΨN, as

the factor δA=Ā cancels from the sum over the two metric
potentials; see Eq. (41). However, in contrast with the
former theories, the effective Newton constant [which
enters the Newtonian potential (42)] now depends on time,
as in Eq. (77). (This effect does not appear in the other
scenarios because they have Ā very close to unity, within
10−4 or better.) On the other hand, this time-dependent
prefactor cancels from the ratio between the dynamical
and lensing potentials or masses; see Eq. (113). However,
whereas in fðRÞ theories this ratio can again deviate from
unity by a factor 1=3 in the unscreened regime, and
deviations of order unity can also be reached in dilaton
or symmetron models, in realistic K-mouflage models, this
ratio can only deviate from unity by 2% at most because of
observational constraint on the scalar-field coupling,
β ≤ 0.1. Therefore, K-mouflage models cannot signifi-
cantly decrease the tension between measures of x-ray
and lensing clusters masses.

4. Cluster number counts

In most modified-gravity scenarios, the growth of
large-scale perturbations differs from the GR evolution.
This typically leads to a new scale dependence of the linear
growth rates (e.g., in fðRÞ, dilaton, and symmetron models),
as one goes from the very large scales (beyond the Compton
wavelength of the scalar field) where GR is recovered to the
quasilinear scales where the fifth force is unscreened and
gives its maximum amplification of the gravitational inter-
action (at smaller scales, nonlinear screening leads again to a
convergence to GR). This amplification typically yields a
faster growth of matter density perturbations on scales 1h−1

to 10h−1 Mpc, whence come a greater abundance of massive
halos and clusters as compared with theΛ-CDM cosmology;
see Refs. [65,73,81–84] for numerical studies of various
models. As explained above, a similar enhancement is found
in the K-mouflage scenarios, with the important difference
that all clusters are unscreened and that the modification of
gravity extends up to the horizon (so that the linear modes
grow faster than in Λ-CDM but remain scale independent).
In Galileon scenarios, the screening mechanism has a strong
impact, and, depending on the models, the tail of the halo
mass function can be either increased or decreased, as
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compared with a quintessence scenario with the same
expansion history [65].
The abundance of massive clusters has been used within

fðRÞ theories to constrain fR0
[85–87]. In combination

with CMB, baryon acoustic oscillations, and SNeIa Type Ia
supernovae observations, one can obtain an upper bound
jfR0

j≲ 1.7 × 10−5 [86,87], but most of the constraint
comes from the cluster data. We can expect that for K-
mouflage models similar results should be obtained,
especially since clusters are unscreened so that their
abundance should provide useful constraints. In this paper,
we presented the physics of K-mouflage scenarios on
cluster scales, highlighting the difference between the
Einstein and Jordan frames (which can be neglected in
most other scenarios) and investigating both the modified
growth of structures and halo mass functions and the
modified cluster scaling laws. We leave a detailed
MCMC analysis of the K-mouflage parameter space to
future works.

5. Cluster correlation function

In modified-gravity scenarios, the correlation function
and the power spectrum of the matter density field are often
increased as the growth of large-scale structures is ampli-
fied by the fifth force. This also enhances the large-mass
tail of the halo mass function and decreases the bias of
massive halos as they become less rare. In the K-mouflage
models that we considered in this paper, this decrease of
the cluster bias mostly cancels the increase of the under-
lying matter density correlation, and the cluster correlation
function is much closer to the Λ-CDM reference than the
matter correlation itself. Therefore, the correlation of the
matter density field, which can be measured from weak
lensing observations, for instance, is a better probe of
modified cosmology than the clustering of massive halos.
The same effects, with a similar compensation between
the smaller bias and the higher matter correlation (but the
compensation may only be partial, depending on the
model) appear in other modified-gravity scenarios; see,
for instance, Ref. [88] for fðRÞ theories.

E. Other tests

On slightly larger scales than those probed by clusters of
galaxies, modified-gravity models have also been tested
from galaxy surveys, using redshift-space distortions of the
galaxy power spectrum [89], the clustering of Luminous
Red Galaxies [65], or the shape of the galaxy correlation
function itself [90]. Similar studies could be performed for
K-mouflage models, as they can lead to 20% deviations for
the matter power spectrum and correlation function, as seen
in Fig. 11. This will be investigated in future works.
In between the cluster and cosmological scales (e.g., the

formation of large-scale structures and the background
dynamics) and the Solar System scales (where we must
recover GR up to a very high accuracy), modified-gravity

theories have also been tested on intermediate galaxy
scales. In particular, within chameleon scenarios, low-mass
galaxies should be unscreened so that the rotation curve of
their diffuse gas component probes the fifth force, while
their stars, being compact high-density objects, are
screened and move as in GR [91]. This can provide
constraints as tight as jfR0

j ≤ 10−6 for fðRÞ theories
[92]. The same behaviors apply to K-mouflage models,
and we can expect that such tests could also provide useful
constraints on these scenarios. We leave this task to future
studies.
Numerical simulations have also been used to investigate

the impact of fðRÞ theories on Lyman-α forest observations
(the transmitted flux fraction and the flux power spectrum)
[93]. They find changes that are too small as compared with
observational error bars and do not provide competitive
constraints. Although this study does not distinguish the
impact of screening effects, screening can be expected to be
rather inefficient for such moderate density fluctuations.
Therefore, it is likely that similar conclusions would be
reached for K-mouflage models, but we leave a detailed
study for future works.

VII. CONCLUSIONS

We have extended previous works on K-mouflage
models by deriving the equations of motion in both the
Einstein and Jordan frames for a fluid with pressure and
next focusing on the usual case where the pressure arises
from small-scale nonlinear processes. In contrast with
many modified-gravity scenarios, the Einstein and
Jordan frames already differ by a few percent at the
background level, for K-mouflage models that are consis-
tent with cosmological and Solar System constraints.
Therefore, one must take into account these deviations
and use the correct quantities when comparing with
observations.
We focused on the Jordan frame, which is better suited to

cosmological probes that involve atomic processes, such as
x-ray clusters. We show that, even though K-mouflage
models only differ from the Λ-CDM reference by a few
percent at the background level, the linear growing modes
can deviate by 10%, and the matter density power spectrum
and correlation function by 30%. The tail of the halo mass
function is enhanced by factors of order unity for M ≳
1014h−1M⊙ at z ¼ 0.
Galaxy clusters are not screened by the K-mouflage

mechanism, contrary to what happens for chameleon
models like fðRÞ in the large curvature limit or Galileon
models subject to the Vainshtein screening. For this reason,
we investigate the effects of the K-mouflage modification
of gravity on clusters. We take into account the impact of
the fifth force mediated by the K-mouflage scalar field on
both the dark matter and gas profiles, through the mod-
ifications to the growth of large-scale structures and to the
hydrostatic equilibrium. We find that K-mouflage makes
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clusters slightly more compact. Similarly, the gas temper-
ature and the x-ray luminosity differ from their Λ-CDM
counterparts by a few percent, an order of magnitude which
follows directly from the constraints on K-mouflage
(especially on the coupling strength β) due to Solar
System tests. The only deviation of noticeable order
appears in the cluster temperature function, as the number
of clusters is larger than in the Λ-CDM scenario for
K-mouflage models, because of the faster growth of
large-scale structures. This appears to be large enough that
one can hope that this will be within the reach of the future
large-scale surveys. On the other hand, the cluster corre-
lation function only deviates by a few percent from the
Λ-CDM case because the increase of the underlying matter
density correlation function is compensated by the lower
cluster bias, as massive halos become less rare at fixed
mass, due to the enhanced structure formation.
In this paper, we only considered two kinetic functions

Kð~χÞ to illustrate the K-mouflage scenarios and to estimate
the amplitude of the effects that can be reached by realistic
models, which are consistent with cosmological and Solar
System constraints. We leave to future works a more
detailed MCMC analysis of K-mouflage scenarios, which
would provide the parameter space of K-mouflage models
that is allowed by cluster observations and combinations
with other observational probes.
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APPENDIX A: EQUATIONS OF MOTION IN
THE EINSTEIN FRAME

In this Appendix, we derive the equations of motion of
the scalar field and of the matter component in the Einstein
frame, for a cosmological fluid with a nonzero pressure.
The derivation is similar to the one presented in previous
papers [7,8], where we studied the background cosmologi-
cal dynamics and the formation of large-scale cosmological
structures, but with the addition of the pressure terms.

1. Energy-momentum tensors and equations of motion

We consider three components of the energy density of
the Universe, a matter fluid with nonzero pressure, radi-
ation, and the scalar field. The Einstein-frame and Jordan-
frame matter energy-momentum tensors are given by
Eq. (10), and they satisfy the relations (11). Assuming
a perfect fluid, the matter energy-momentum tensor is
written as

~Tμ
ν ¼ ð~ρþ ~pÞ ~uμ ~uν þ ~pδμν ; ðA1Þ

where ~uμ is the velocity 4-vector, normalized such that
~uμ ~uμ ¼ −1, and ~ρ and ~p are the Einstein-frame density and
pressure, which are related to their Jordan-frame counter-
parts by Eq. (12).
For the radiation component, we neglect perturbations

and only consider the contribution to the background, with
the mean density and pressure ~̄ρðrÞ and ~̄pðrÞ ¼ ~̄ρðrÞ=3. Their
Jordan-frame counterparts are again given as in Eq. (12).
The Einstein-frame energy-momentum tensor of the

scalar field reads as

~TμνðφÞ ¼
−2ffiffiffiffiffiffi
−~g

p δSφ
δ~gμν

¼ K0 ~∇μφ ~∇νφþM4K ~gμν: ðA2Þ

The Klein–Gordon equation that governs the dynamics
of the scalar field φ is obtained from the variation of the
action (1) with respect to φ. This yields

~∇μ½ ~∇μφK0� ¼ ð~ρ − 3 ~pÞ d lnA
dφ

: ðA3Þ

Here we used the fact that the trace of the matter energy-
momentum tensor is ~Tμ

μ ¼ −~ρþ 3 ~p, from Eq. (A1), while
it is zero for the radiation component as ~pðrÞ ¼ ~ρðrÞ=3.
Combining with Eq. (A2), we find for the scalar field the
“nonconservation” equation

~∇μ
~Tμ
νðφÞ ¼ ð~ρ − 3 ~pÞ ~∇ν lnA: ðA4Þ

The matter energy-momentum tensor is conserved in the
Jordan frame,

∇μT
μ
ν ¼ 0; ðA5Þ

which gives in the Einstein frame the nonconservation
equation

~∇μ
~Tμ
ν ¼ −ð~ρ − 3 ~pÞ ~∇ν lnA: ðA6Þ

On the other hand, the radiation energy-momentum tensor
is conserved in both frames,

∇μT
μ
νðrÞ ¼ 0; ~∇μ

~Tμ
νðrÞ ¼ 0: ðA7Þ

The sum of all energy-momentum tensors is also
conserved in both frames, and ~∇μ½ ~Tμ

ν þ ~Tμ
νðrÞ þ ~Tμ

νðφÞ� ¼∇μ½Tμ
ν þ Tμ

νðrÞ þ Tμ
νðφÞ� ¼ 0.

Finally, in the Einstein frame, the Einstein equations take
the usual form, ~M2

Pl
~Gμ
ν ¼ ~Tμ

ν þ ~Tμ
νðrÞ þ ~Tμ

νðφÞ.

BRAX, RIZZO, AND VALAGEAS PHYSICAL REVIEW D 92, 043519 (2015)

043519-28



2. Background dynamics

At the level of the cosmological background, the
Friedmann equations take the usual form in the Einstein
frame,

3 ~M2
Pl
~H2 ¼ ~̄ρþ ~̄ρðrÞ þ ~̄ρφ; ðA8Þ

−2 ~M2
Pl
d ~H
d~t

¼ ~̄ρþ ~̄pþ ~̄ρðrÞ þ ~̄pðrÞ þ ~̄ρφ þ ~̄pφ; ðA9Þ

where ~̄ρφ and ~̄pφ are the background scalar-field energy
density and pressure (in the Einstein frame), given by
Eq. (17).
The Klein–Gordon equation (A3) gives

d
d~t

�
~a3
dφ̄
d~t

K̄0
�
¼ − ~a3ð ~̄ρ − 3 ~̄pÞ d ln Ā

dφ̄
; ðA10Þ

and the scalar-field energy density satisfies

d ~̄ρφ
d~t

¼ −3 ~Hð ~̄ρφ þ ~̄pφÞ − ð ~̄ρ − 3 ~̄pÞ d ln Ā
d~t

: ðA11Þ

The nonconservation equation (A6) gives for the matter
density the evolution equation

d ~̄ρ
d~t

¼ −3 ~Hð ~̄ρþ ~̄pÞ þ ð ~̄ρ − 3 ~̄pÞ d ln Ā
d~t

: ðA12Þ

In particular, we have dð ~̄ρþ ~̄ρφÞ=d~t ¼ −3 ~Hð ~̄ρþ ~̄pþ ~̄ρφþ
~̄pφÞ. When the pressure is zero, we can define a conserved
density ρ̂ by

ρ̂ ¼ ~ρ=A; p̂ ¼ ~p=A: ðA13Þ
Indeed, substituting into Eq. (A12) gives

d ¯̂ρ
d~t

¼ −3 ~Hð ¯̂ρþ ¯̂pÞ − 3 ¯̂p
d ln Ā
d~t

: ðA14Þ

Thus, if p̂ ¼ 0, we obtain a conservation of the standard
form in the Einstein frame, d ¯̂ρ=d~t ¼ −3 ~H ¯̂ρ. However, if
p̂ ≠ 0, it is no longer possible to cancel the nonconserva-
tion term of Eq. (A12) by such a simple redefinition of the
density.
The background radiation density obeys the usual con-

servation equation,

d ~̄ρðrÞ
d~t

¼ −3 ~Hð ~̄ρðrÞ þ ~̄ρðrÞÞ ¼ −4 ~H ~̄ρðrÞ; ðA15Þ

in agreement with the second Eq. (A7).

3. Perturbations

In the conformal Newtonian gauge, the Einstein-frame
metric can be written as

d~s2 ¼ ~a2½−ð1þ 2 ~ΦÞdτ2 þ ð1 − 2 ~ΨÞdx2�; ðA16Þ

where τ ¼ R
d~t= ~a is the conformal time and ~Φ and ~Ψ are

the two metric gravitational potentials. Throughout this
paper, we consider the nonrelativistic and weak-gravita-
tional-fields regime, with ~Φ ≪ 1, ~Ψ ≪ 1, v2 ≪ 1 (where
v ¼ dx=dτ is the peculiar velocity of the particles), and we
expand up to first order in f ~Φ; ~Ψ; v2g. Then, in the final
equations, we only keep zeroth-order terms, 1þ ~Ψ≃ 1 and
1þ v2 ≃ 1, except when the potentials or the velocity
arises with a gradient operator, as in Eqs. (A24) and (A27).
In particular, we have for the matter velocity 4-vector

~uμ ¼ ~a−1ð1 − ~Φþ v2=2; viÞ;
~uμ ¼ − ~að1þ ~Φþ v2=2;−viÞ; ðA17Þ

where we denote

vi ¼ vi ¼ dxi

dτ
ðA18Þ

the peculiar velocity.
The nonconservation equation (A6) gives

ð_~ρþ _~pÞ ~uν þ 3~hð~ρþ ~pÞ ~uν þ ð~ρþ ~pÞ _~uν þ ~∇ν ~p

¼ −ð~ρ − 3 ~pÞ ~∇νðlnAÞ; ðA19Þ

where we have introduced

_~ρ≡ ~uμ ~∇μ ~ρ; _~uν ≡ ~uμ ~∇μ ~uν; 3~h≡ ~∇μ ~uμ: ðA20Þ

Contracting with ~uν and using ~uν ~uν ¼ −1, we get

_~ρþ 3~hð~ρþ ~pÞ ¼ ð~ρ − 3 ~pÞ
_A
A
: ðA21Þ

It is easy to see that _~ρ ¼ ~a−1½∂τ ~ρþ ðv · ∇Þ~ρ�, where ∇≡
∂=∂x is the standard 3D spatial gradient, and 3~h ¼
~a−1½3 ~Hþ ð∇ · vÞ�, where ~H ¼ d ln ~a=dτ is the conformal
expansion rate in the Einstein frame. Therefore, this is
explicitly

∂ ~ρ
∂τ þ ðv ·∇Þ~ρþ ð3 ~Hþ∇ · vÞð~ρþ ~pÞ

¼ ð~ρ − 3 ~pÞ
�∂ lnA

∂τ þ ðv · ∇Þ lnA
�
: ðA22Þ

Next, the nonconservation equation (A19) can be sim-
plified by subtracting Eq. (A21) multiplied by ~uν. This
leads to

_~uν ¼ −
~∇ν ~pþ ~uν _~p
~ρþ ~p

−
~ρ − 3 ~p
~ρþ ~p

~∇νAþ ~uν _A
A

: ðA23Þ

This is the generalized geodesic equation. Specializing
to μ ¼ i, we get the Euler equation of K-mouflage hydro-
dynamics,
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∂v
∂τ þ ðv ·∇Þv þ

�
~Hþ 1

~ρþ ~p
∂ ~p
∂τ þ ~ρ − 3 ~p

~ρþ ~p
∂ lnA
∂τ

�
v

¼ −∇ ~Φ −
∇ ~p
~ρþ ~p

−
~ρ − 3 ~p
~ρþ ~p

∇ lnA: ðA24Þ

From Eq. (A24), we can see that ðv · ∇Þ lnA ∼ ∂τv2þ
v2ð∇ · vÞ, and hence this term can be neglected in the
continuity equation (A22) in the nonrelativistic limit
v2 ≪ 1. This simplifies as

∂ ~ρ
∂τ þ ðv ·∇Þ~ρþ ð3 ~Hþ∇ · vÞð~ρþ ~pÞ ¼ ð~ρ − 3 ~pÞ ∂ lnA∂τ :

ðA25Þ

The Klein–Gordon equation (A3) is written as

1

~a3
∂
∂~t

�
~a3
∂φ
∂~t K

0
�
−

1

~a2
∇ · ð∇φK0Þ ¼ −ð~ρ − 3 ~pÞ d lnA

dφ
:

ðA26Þ

The (0,0) component of Einstein equations, ~M2
Pl
~G0
0 ¼

~T0
0 þ ~T0

0ðφÞ, gives

~Ψ ¼ ~ΨN with
1

~a2
∇2 ~ΨN ¼ 1

2 ~M2
Pl

ðδ~ρþ δ~ρφÞ; ðA27Þ

where δ~ρ ¼ ~ρ − ~̄ρ and δ~ρφ ¼ ~ρφ − ~̄ρφ, with ~ρφ ¼ −M4Kþ
K0ð∂φ=∂~tÞ2. Here we denoted ~ΨN the usual Newtonian
potential. The ði; jÞ components of the Einstein equations
give (focusing on the part that is not proportional to δij)

~M2
Pl

~a2
∂i∂jð ~Ψ − ~ΦÞ ¼ ð~ρþ ~pÞvivj þ

K0

~a2
∂iφ∂jφ: ðA28Þ

From Eq. (A27), we can see that on the left-hand side in
Eq. (A28) we have ~M2

Pl ~a−2∂i∂j
~Ψ ∼ δ~ρ ∼ ~ρ. Therefore, the

first term on the right-hand side, ð~ρþ ~pÞvivj, is negligible
as v2 ≪ 1. Next, from the Klein–Gordon equation (A26),
we obtain, on scales that are much smaller than the horizon,

k= ~a ~H ≫ 1∶ δφ ∼
β
~MPl

~a2

k2
δ~ρ − 3δ ~p

K0 ; ðA29Þ

where k is the typical comoving wave number of interest.
Then, the second term in the right-hand side in Eq. (A28) is
of order

K0

~a2
∂iφ∂jφ ∼ δ~ρ

δ~ρ

~̄ρ

β2

K0
~a2 ~H2

k2
≪ δ~ρ; ðA30Þ

which is again negligible compared to ~M2
Pl ~a−2∂i∂j

~Ψ.
Therefore, the Einstein equations (A28) give

~Φ ¼ ~Ψ ¼ ~ΨN; ðA31Þ

within the approximations that we use in this paper.
To close the system formed by the equations of motion

obtained above, we must specify the pressure, for instance,
through an (effective) equation of state such as ~p ¼ w~ρ
with some parameter w.

4. Pressure due to small-scale nonlinear physics

In the previous sections, we derived the equations of
motion for a cosmological fluid with a nonzero pressure, in
the nonrelativistic limit v2 ≪ 1 for the mean fluid velocity
and in the weak field regime ~ΨN ≪ 1. We made no
approximation for the pressure, and the equations of motion
also apply to fluids with a pressure of the same order as the
density, such as ~p ¼ w~ρ where w is a parameter of order
unity. However, in the usual CDM context, the pressure is
negligible on cosmological scales, and it is built on small
scales by nonlinear processes, such as the collapse of gas
clouds that generate shocks or the virialization of dark
matter halos (which generate an effective pressure through
the velocity dispersion of the particles). Then, the pressure
is of the order ~p ∼ ~ρc2s, where cs is the speed of sound or the
velocity dispersion, and c2s ∼ ~ΨN because it is generated by
the gravitational collapse (for instance, if we have hydro-
static equilibrium, we typically have ∇ ~ΨN ∼∇ ~p=~ρ as the
pressure balances gravity).
Then, in the regime ~p=~ρ ∼ ~ΨN ∼ v2 ≪ 1, the background

pressure is zero, ~̄p ¼ 0, and we recover the cosmological
dynamics studied in Ref. [7] for a pressureless fluid. Thus,
the Friedmann equations read as Eqs. (14) and (15), and
the matter and radiation densities evolve as in Eq. (16).
The Klein–Gordon equation becomes as in Eq. (19).
For the perturbations, the continuity and Euler

equations (A25) and (A24) simplify as

∂ ~ρ
∂τ þ∇ · ð~ρvÞ þ 3 ~H ~ρ ¼ ~ρ

∂ lnA
∂τ ; ðA32Þ

and

∂v
∂τ þ ðv ·∇Þv þ

�
~Hþ ∂ lnA

∂τ
�
v

¼ −∇ð ~ΨN þ lnAÞ −∇ ~p
~ρ

; ðA33Þ

while the Poisson equation remains identical to Eq. (A27)
and the Klein–Gordon equation (A26) becomes

1

~a3
∂
∂~t

�
~a3
∂φ
∂~t K

0
�
−

1

~a2
∇ · ð∇φK0Þ ¼ −~ρ

d lnA
dφ

: ðA34Þ

Therefore, in this regime, the only effect of the pressure is
to add the usual pressure term in the Euler equation,
without mixed terms involving the coupling function AðφÞ.
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5. Subhorizon regime

To simplify the Einstein equations (A28), we already
used the small-scale limit, k= ~a ~H ≫ 1, which corresponds
to scales that are much below the Hubble scale ~rH ¼ 1= ~H.
This is the regime that is relevant for the formation of
cosmological large-scale structures, such as clusters of
galaxies. Then, the continuity and Euler equations (A32)–
(A33) and the Poisson equation (A27) can be further
simplified. Indeed, as in Eq. (A29), we obtain the estimates

k= ~a ~H ≫ 1∶
δφ
~MPl

∼
β

K0
~a2 ~H2

k2
δ~ρ

~̄ρ
≪

δ~ρ

~̄ρ
; ðA35Þ

δA ∼
βδφ
~MPl

∼
β2

K0
~a2 ~H2

k2
δ~ρ

~̄ρ
≪

δ~ρ

~̄ρ
; ðA36Þ

δ~χ ≃ −
ð∇δφÞ2
2M4 ~a2

∼
β2

K02
~a2 ~H2

k2
ðδ~ρÞ2
~̄ρ2

≪
ðδ~ρÞ2
~̄ρ2

; ðA37Þ

δ~ρφ
δ~ρ

∼
β2

K0
~a2 ~H2

k2

�
1þ δ~ρ

~̄ρ

�
≪ 1: ðA38Þ

Then, in the continuity and Euler equations (A32) and
(A33), we can write ∂ lnA=∂τ≃ d ln Ā=dτ, which leads to
Eqs. (20) and (21). In the Poisson equation (A27), we can
neglect δ~ρφ, which gives Eq. (22). In the Klein–Gordon
equation (A34), we can neglect the fluctuations of A and
only keep the spatial gradients. This leads to Eq. (23),
which also corresponds to the quasistatic approximation.

6. Formation of large-scale structures

Introducing the Einstein-frame matter density contrast,

~δ ¼ δ~ρ= ~̄ρ; ðA39Þ

the continuity equation (20) is also written as

∂ ~δ
∂τ þ∇ · ½ð1þ ~δÞv� ¼ 0: ðA40Þ

Thus, in terms of the density contrast, we recover the usual
continuity equation, without any A-term left. This is related
to the fact that ~δ ¼ δ̂, where δ̂ ¼ δρ̂= ¯̂ρ is the conserved
matter density introduced in Eq. (A13), within our set of
approximations ( ~p ≪ ~ρ and A≃ Ā, so that the factor Ā
cancels out in the ratio δρ̂= ¯̂ρ).
On perturbative scales, we set the pressure term to zero,

as in standard perturbation theory, because it is generated
by nonperturbative effects such as shell crossing and
virialization (shocks). Then, the formation of large-scale
structures can be tackled through a perturbative approach,
as in the usual Λ-CDM case. Introducing the two-
component vector ~ψ,

~ψ ≡
�

~ψ1

~ψ2

�
≡

�
~δ

−ð∇ · vÞ=ðd ~a=d~tÞ

�
; ðA41Þ

equations (A40) and (21) read in Fourier space as

∂ ~ψ1

∂ ln ~a
− ~ψ2 ¼

Z
dk1dk2δDðk1 þ k2 − kÞα̂ðk1;k2Þ

× ~ψ2ðk1Þ ~ψ1ðk2Þ; ðA42Þ

∂ ~ψ2

∂ ln ~a
−
3

2
~Ωmð1þ ~ϵ1Þ ~ψ1 þ

�
2þ 1

~H2

d ~H
d~t

þ ~ϵ2

�
~ψ2

¼
Z

dk1dk2δDðk1 þ k2 − kÞβ̂ðk1;k2Þ ~ψ2ðk1Þ ~ψ2ðk2Þ;

ðA43Þ
with

α̂ðk1;k2Þ ¼
ðk1 þ k2Þ · k1

k21
;

β̂ðk1;k2Þ ¼
jk1 þ k2j2ðk1 · k2Þ

2k21k
2
2

: ðA44Þ

The two differences from the equations of motion obtained
in the Λ-CDM cosmology are the two time-dependent
factors ~ϵiðtÞ, defined by

~ϵ1ð~tÞ≡ 2β2

K̄0 ; ~ϵ2ð~tÞ≡ d ln Ā
d ln ~a

¼ β
~MPl

dφ̄
d ln ~a

: ðA45Þ

In Eq. ((A43)) the factor ~Ωmð1þ ~ε1Þ can also be written as
Ω̂mð1þ ε̂1Þ, where Ω̂m is the cosmological parameter
associated with the conserved density ρ̂ defined in
Eq. ((A13)), [Ω̂m ¼ ¯̂ρ=~ρcrit ¼ ~Ωm=Ā, with ~ρcrit ¼ 3 ~M2

Pl
~H2

the Einstein-frame critical density], and ε̂1 ¼
Āð1þ ~ε1Þ − 1 ¼ Ā − 1þ 2Āβ2=K̄0.
On large scales or at early times, we can linearize the

equations of motion (A42), (A43). This gives for the linear
growing and decaying modes ~D�ð~tÞ the evolution equation

d2 ~D
dðln ~aÞ2 þ

�
2þ 1

~H2

d ~H
d~t

þ ~ϵ2

�
d ~D
d ln ~a

−
3

2
~Ωmð1þ ~ϵ1Þ ~D ¼ 0:

ðA46Þ

APPENDIX B: COMPARISON OF EINSTEIN-
FRAME AND JORDAN-FRAME

BACKGROUNDS

In this Appendix, we compare the Einstein-frame back-
ground quantities with their Jordan-frame counterparts. We
show in Fig. 20 the relative deviation of the Einstein-frame
Hubble rate from the Jordan-frame Hubble rate. From
Eq. (24), this is given by
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~H −H
H

¼ Āð1 − ϵ2Þ − 1: ðB1Þ

We can see that at low redshift the Einstein-frame Hubble
rate is typically lower than its Jordan-frame counterpart, at
a fixed Jordan-frame redshift. The comparison with Fig. 2
shows that at z≲ 4 the deviation between these two
expansion rates is greater than the deviation between the
Jordan-frame expansion and its Λ-CDM reference. As
expected, this deviation is again of the order of a few
percent, set by the value of β2. This clearly shows that for
the K-mouflage scenario one cannot treat both frames as
approximately identical, contrary to what happens in many
modified-gravity theories such as fðRÞ models or dilaton
models. At high z, the relative difference between both
Hubble rates vanishes, as can be seen from Eq. (24) as
Ā → 1 and ϵ2 → 0.
We show in Fig. 21 the deviation between the Einstein-

frame and Jordan-frame density cosmological parameters.
More precisely, for the Einstein frame, we consider the
cosmological conserved matter density ρ̂ introduced in
Eq. (A13). Using Eq. (37), this is given by

Ω̂m ¼
~Ωm

Ā
¼ Ωm

Āð1 − ϵ2Þ2
: ðB2Þ

On the other hand, the radiation density parameter in the
Einstein frame is ~ΩðrÞ ¼ ΩðrÞ=ð1 − ϵ2Þ2, from Eq. (37), and
the Einstein-frame dark-energy density is then

Ω̂de ≡ 1 − Ω̂m − ~ΩðrÞ ¼
Ā − 1

Ā
~Ωm þ ~Ωφ: ðB3Þ

Again, we find in Fig. 21 that the differences between the
Einstein-frame and Jordan-frame cosmological parameters
are of the order of 1%.

APPENDIX C: UNITARITY CONSTRAINTS

The K-mouflage models involve higher-order operators
in the derivatives of φ and a coupling of the scalar field to
matter β. This coupling induces a Yukawa interaction of the
scalar field with fermions,

LI ¼ β
mf

MPl
ψ̄ψδφ; ðC1Þ

where δφ ¼ φ − φ̄ are the fluctuations around a back-
ground φ̄. Interaction terms in the scalar Lagrangian of the
typeM4 ~χn in a background field configuration ~̄χ imply the
existence of the two-body scattering processes ff̄ → φφ at
tree level, with the exchange of one scalar field φ. In
quantum mechanics, unitarity of the scattering matrix
requires that the scattering amplitude Mff̄→φφ for this
process should satisfy Mff̄→φφ ≤ 16π. In the clusters that
we consider in the main body of the paper, the background
value of ~̄χ ≲ 10−3 is small, and the background value of
K̄0 ≃ 1 implies that clusters are unscreened. We focus on
processes that can happen inside the hot gas of the clusters
and consider the two-body scattering processes involving
either electrons or nuclei. For temperatures of the gas less
than Tg ≲ 10 keV, the particles are nonrelativistic. We only
consider K-mouflage functions Kð~χÞ of which the small ~χ
expansion starts at the cubic order. In this case, the three-
point self-interaction of the scalar field is of order

L3 ∼M4 ~̄χ
ð∂rφ̄Þð∂rδφÞ

M4

ð∂δφÞ2
M4

; ðC2Þ

where we consider a quasistatic background configuration.
The energies of the two outgoing scalars are E1;2 ∼mf,
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FIG. 20 (color online). Relative deviation, ~H=H − 1, of the
Einstein-frame Hubble rate from the Jordan-frame Hubble rate, as
a function of the Jordan-frame redshift.
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FIG. 21 (color online). Deviation of the Einstein-frame cos-
mological parameters from their Jordan-frame counterparts,
Ω̂ − Ω, as a function of the Jordan-frame redshift. We show
the matter density parameters (solid lines) and the dark-energy
density parameters (dashed lines). In the Einstein frame, we
consider the effective matter and dark-energy densities as given
by Eqs. (B2) and (B3).
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whereas the spatial 3-momentum of the particles is pr ∼ffiffiffiffiffiffiffiffiffiffiffi
mfTg

p
. The scalar propagator gives a factor of 1=m2

f in the
nonrelativistic limit, and finally we get that the scattering
amplitude can be estimated as

Mff̄→φφ ∼ β
m2

f

MPlM2
~̄χ3=2

ffiffiffiffiffiffiffiffiffiffiffi
mfTg

p
: ðC3Þ

For protons and neutrons at temperatures Tg ≲ 10 keV for
β ¼ 0.1 and using ~̄χ ≲ 10−3, we find that Mff̄→φφ ≲ 10−2,
implying that unitarity is respected in the two-body
processes.
Terms of higher order in ~χ can lead to processes such as

ff̄ → nφ involving n scalars in the final state. The scattering
cross section grows fast with the number of outgoing
particles and can exceed the Froissart bound on the

σtotal ≲ 1
m2

f
. This violation is relaxed by classicalization

[94,95] in the same fashion as in Galileon models [18],
where a classical lump sourced by the incoming energy of
the two fermions in the center-of-mass frame is created. For
K-mouflage models, this classical configuration has a typical
size given by the K-mouflage radius RK [11], and the
scattering cross section becomes equal to the geometrical
cross section proportional to R2

K. This process is analogous
to the creation of black holes in high-energy collisions.
K-mouflage models also satisfy a nonrenormalization

theorem analogous to the one for Galileons [96]. The
quantum corrections going beyond the K-mouflage
Lagrangian are negligible when r≳M−1

K , where MK ¼
K̄01=4M. Inside galaxy clusters, this is a short scale around
1 mm, and we can completely neglect quantum corrections
on cluster scales.
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We present a class of modified-gravity theories which we call ultra-local models. We add a scalar
field, with negligible kinetic terms, to the Einstein-Hilbert action. We also introduce a conformal
coupling to matter. This gives rise to a new screening mechanism which is not entirely due to
the non-linearity of the scalar field potential or the coupling function but to the absence of the
kinetic term. As a result this removes any fifth force between isolated objects in vacuum. It turns
out that these models are similar to chameleon-type theories with a large mass when considered
outside the Compton wave-length but differ on shorter scales. The predictions of these models only
depend on a single free function, as the potential and the coupling function are degenerate, with
an amplitude given by a parameter α . 10−6, whose magnitude springs from requiring a small
modification of Newton’s potential astrophysically and cosmologically. This singles out a redshift
zα ∼ α−1/3 & 100 where the fifth force is the greatest. The cosmological background follows the
Λ-CDM history within a 10−6 accuracy, while cosmological perturbations are significantly enhanced
(or damped) on small scales, k & 2hMpc−1 at z = 0. The spherical collapse and the halo mass
function are modified in the same manner. We find that the modifications of gravity are greater for
galactic or sub-galactic structures. We also present a thermodynamic analysis of the non-linear and
inhomogeneous fifth-force regime where we find that the Universe is not made more inhomogeneous
before zα when the fifth force dominates, and does not lead to the existence of clumped matter on
extra small scales inside halos for large masses while this possibility exists for masses M . 1011M⊙
where the phenomenology of ultra-local models would be most different from Λ-CDM.

PACS numbers: 98.80.-k

I. INTRODUCTION

Since the discovery of the accelerated expansion of the
Universe [1, 2], explaining its nature has become a ma-
jor problem in modern cosmology. Most of the possible
solutions for this problem rely either on the inclusion
of a dark energy component and/or on modifications of
General Relativity (GR) [3]. These alternative theories
of gravitation, which go beyond a simple cosmological
constant, usually imply the presence of at least one ad-
ditional low-mass scalar field in the theory and induce
the presence of a fifth force on cosmological scales. How-
ever, the presence of the scalar field must have a very
small impact on the dynamics of the Solar System and
on any laboratory test due to very stringent constraints
imposed by observations (e.g. [4]). One possible solution,
which was recently explored in [5], is to construct mod-
ified gravity theories with a screening mechanism that
provides convergence to GR in dense environments [6, 7]
such as the Solar System.

In this paper we investigate a particular type of modi-
fication of gravity with a new screening mechanism, that
we will call “ultra-local models”. We add to the Einstein-
Hilbert action a scalar field whose Lagrangian has a zero
(or negligible) kinetic term. For this reason, the equation
of motion for the scalar field of this theory, which gives
the relation between the scalar and the matter fields, is a
”constraint” equation with no time derivatives, contrary
to what happens in the case of other scalar tensor theo-
ries. In the ultra-local models, the scalar field is coupled

to the matter field via a non-linear conformal transfor-
mation function of the field itself and depends on the
local value of the matter density. In such a way the fifth
force associated to the scalar field is proportional to the
local gradient of the matter density. This provides an au-
tomatic screening mechanism as it implies that there is
no fifth force between isolated compact objects, indepen-
dently of the parameters of the model. This ultra-local
property ensures that astrophysical systems like the Solar
System are perfectly screened.

Thus, although these models can be seen as the limit of
chameleon scenarios with a scalar field mass or potential
that is much greater than its kinetic energy, outside the
Compton wave-length, they differ from the chameleon
scenarios on smaller scales. This gives rise to new fea-
tures for both the definition of the theory and its phe-
nomenology. In particular, because the scalar field po-
tential and coupling function are degenerate, we find it
convenient to choose (without loss of generality) a linear
potential, so that the physics arises from the non-linearity
of the coupling function. This is somewhat similar to
what happens in the Damour-Polyakov mechanism [8],
although here we have no potential and the field is not
attracted to the minimum of the coupling function (the
screening does not arise from the vanishing of the cou-
pling but from its locality). In contrast, other screening
mechanisms studied in the literature are associated to
non-linearities of the scalar Lagrangian of the scalar field
(e.g. chameleon [9], Vainshtein [10] or K-mouflage [11])
either in the kinetic terms or the potential.
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The non-linear coupling function is the only free func-
tion of the theory, which can be constrained using the-
oretical and cosmological results. In particular, we re-
quire the coupling function to be severely bounded so
that its contribution to the metric potential does not ex-
ceed the Newtonian one, associated with typical cosmo-
logical perturbations and astrophysical objects. These
ultra-local models correspond to modified source models
[12] where the coupling to matter has a magnitude of or-
der | lnA| . 10−6 to guarantee that the contribution of
modified gravity to Newton’s potential is at most of or-
der one. This implies that the Λ-CDM expansion history
is recovered up to a 10−6 accuracy. At the linear level,
the scalar field in this theory acts as a scale and time
dependent modification of the growth rate which can ei-
ther enhance or diminish it, depending on the shape of
the coupling function. On astrophysical scales, the mod-
ification of gravity is the largest on galactic scales while
no effects are expected in the Solar System and on clus-
ter scales. On the other hand, this is not the case in-
side halos, in particular for masses below 1012h−1M⊙.
The effects of the ultra-local interaction can be so drastic
for smaller masses inside the Navarro-Frenk-White pro-
file that the system can undergo a thermodynamic phase
transition with the presence of small clumps. We expect
that the fifth force on these small scales is eventually
screened by the ultra-locality of the scalar interaction.
This would lead to a different landscape of inhomogeni-
ties for small mass objectsM . 1011M⊙ deep inside their
cores. A more precise analysis would require numerical
simulations and this is left for future work.

The paper is organised as follows. In section II we
introduce the ultra-local models and in section III we
study the equations of motion, both in Einstein and Jor-
dan frames. In section IV we consider some generic con-
straints on the form of such theories and we present some
explicit models, while in section V we study the valid-
ity and the self-consistency of the theory. We study the
evolution of the cosmological background in section VI,
of cosmological linear perturbations in section VII, the
dynamics of the spherical collapse in section VIII and
the halo mass function in section IX. We consider the
screening properties of the theory, from clusters of galax-
ies down to the Solar System and the Earth, in section X.
We investigate the formation of non-linear structures and
the fifth-force non-linear regime in section XI, consider-
ing the stability of both cosmological and astrophysical
inhomogeneities. In section XII we study the dependence
of the previous results under the variation of the free pa-
rameter α of the coupling function and in section XIII we
compare the ultra-local models to other modified gravity
theories. Finally we conclude in section XIV.

II. SCALAR-FIELD MODEL WITH
NEGLIGIBLE KINETIC TERM

We consider scalar field models with actions of the form

S =

∫
d4x

√
−g̃

[
M̃2

Pl

2
R̃+ L̃ϕ(ϕ)

]

+

∫
d4x

√−gLm(ψ
(i)
m , gµν), (1)

where the various matter fields follow the Jordan-frame
metric gµν , with determinant g, which is related to the
Einstein-frame metric g̃µν , with determinant g̃, by [10]

gµν = A2(ϕ)g̃µν . (2)

In this paper, we investigate models where the scalar field
Lagrangian is dominated by its potential term, so that
we write

L̃ϕ(ϕ) = −V (ϕ), (3)

where we set the kinetic term to zero. Then, assuming
that the potential V (ϕ) can be inverted (i.e., that it is
a monotonic function over the range of ϕ of interest),
we can make the change of variable from ϕ to V . More
precisely, introducing the characteristic energy scale M4

of the potential we define the dimensionless field χ̃ as

χ̃ ≡ −V (ϕ)

M4
, and A(χ̃) ≡ A(ϕ). (4)

Therefore, in terms of the field χ̃ the scalar field La-
grangian and the conformal metric transformation read
as

L̃χ̃(χ̃) = M4χ̃ and gµν = A2(χ̃)g̃µν . (5)

Thus, these models are fully specified by a single func-
tion, A(χ̃), which is defined from the initial potential
V (ϕ) and coupling function A(ϕ) through Eq.(4). This
means that there is a broad degeneracy in the action (1)
as different couples {V (ϕ), A(ϕ)} with the same rescaled
coupling A(χ̃) give rise to the same physics. Therefore, in
the following we work with the field χ̃ and with Eq.(5).
The energy scale M4 is arbitrary and only defines the
normalization of the field χ̃. We can choose without
loss of generality M4 > 0 and we shall typically have
M4 ∼ ρ̄de0, where ρ̄de0 is the mean dark energy density
today , if we require the accelerated expansion of the Uni-
verse at low z to be driven by the scalar field potential
V (ϕ), without adding an extra cosmological constant.

III. EQUATIONS OF MOTION

Because the matter fields follow the geodesics set by
the Jordan frame and satisfy the usual conservation equa-
tions in this frame, we mostly work in the Jordan frame.
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This is also the frame that is better suited to make the
connection with observations as atomic physics remains
the same throughout cosmic evolution in this frame [13].
However, because the gravitational sector is simpler in
the Einstein frame, we first derive the Einstein equations
in the Einstein frame, and next translate these equations
in terms of the Jordan tensors.

A. Einstein frame

1. Scalar-field and Einstein equations

The scalar-field Lagrangian (5) is given in the Einstein
frame, where the equation of motion of the scalar field
reads as

M4 + T̃
d lnA

dχ̃
= 0, (6)

where T̃ = T̃ µ
µ is the trace of the matter energy-

momentum tensor in the Einstein frame. From the con-
formal coupling (5) the energy-momentum tensors in the
Einstein and Jordan frames are related by

T̃ µ
ν = A4T µ

ν and T̃ = A4T. (7)

As there is no kinetic term in the scalar-field Lagrangian
(5), the “Klein-Gordon” equation (6) contains no deriva-
tive term and it is a constraint equation, which gives
the field χ̃(x) as a function of the matter density field
ρ̃(x). The energy-momentum tensor of the scalar field
also reads as

T̃ µ
ν(χ̃) = M4χ̃δµν , (8)

so that the scalar-field energy density and pressure are

ρ̃χ̃ = −M4χ̃, p̃χ̃ = M4χ̃ = −ρ̃χ̃. (9)

In the Einstein frame, the Einstein equations take their
standard form, G̃µ

ν = T̃ µ
ν .

2. Cosmological background in the Einstein frame

Using the conformal time τ and comoving coordinates
x, the background metrics in both frames are given by
ds̃2 = ã2(−dτ2 + dx2) and ds2 = a2(−dτ2 + dx2), with

a = Āã and dt = Ādt̃, r = Ār̃, (10)

where we denote background quantities with a bar. Thus,
the cosmic times and physical distances are different in
the two frames. From Eq.(7) the densities and pressures
are also related by

¯̃ρ = Ā4ρ̄, ¯̃p = Ā4p̄, (11)

while the Friedmann equation takes the standard form,

3M̃2
PlH̃2 = ã2(¯̃ρ+ ¯̃ρrad + ¯̃ρχ̃), (12)

with H̃ = d ln ã/dτ the conformal expansion rate in the
Einstein frame. From Eq.(9) the background scalar field
energy density and pressure are given by

¯̃ρχ̃ = −M4 ¯̃χ, ¯̃pχ̃ = M4 ¯̃χ = − ¯̃ρχ̃. (13)

3. Perturbations in the Einstein frame

Taking into account the perturbations from the homo-
geneous background, the Einstein-frame metric reads in
the Newtonian gauge as

ds̃2 = ã2[−(1 + 2Φ̃)dτ2 + (1 − 2Ψ̃)dx2], (14)

and the Einstein equations yield, at linear order over the
metric potentials and in the quasi-static approximation
(for scales much below the Hubble radius),

Φ̃ = Ψ̃ = Ψ̃N with
∇2

ã2
Ψ̃N ≡ δρ̃+ δρ̃χ̃

2M̃2
Pl

. (15)

Here we use the non-relativistic limit v2 ≪ c2, so that
the gravitational slip Φ̃− Ψ̃ vanishes, and δρ̃ = ρ̃− ¯̃ρ and
δρ̃χ̃ = ρ̃χ̃ − ¯̃ρχ̃ are the matter and scalar-field density
fluctuations. in particular, we have

δρ̃χ̃ = −M4δχ̃. (16)

B. Jordan frame

1. Cosmological background in the Jordan frame

From Eq.(10) the conformal expansion rates in the two
frames are related by

H̃ = (1 − ǫ2)H with ǫ2(t) ≡
d ln Ā

d ln a
, (17)

while the densities and pressures are related as in Eq.(11).
Therefore, the Friedmann equation (12) yields

3M2
PlH2 = (1 − ǫ2)

−2a2(ρ̄+ ρ̄rad + ρ̄χ̃), (18)

where the Jordan-frame Planck mass is

M2
Pl(t) = Ā−2(t) M̃2

Pl. (19)

Then, we can define an effective dark energy density by

3M2
PlH2 = a2(ρ̄+ ρ̄rad + ρ̄de), (20)

which gives

ρ̄de = ρ̄χ̃ +
2ǫ2 − ǫ22
(1− ǫ2)2

(ρ̄+ ρ̄rad + ρ̄χ̃). (21)

In the Jordan frame the matter obeys the standard
conservation equations, ∇µT

µ
ν = 0, and the background

matter and radiation densities evolve as

ρ̄ =
ρ̄0
a3
, ρ̄rad =

ρ̄rad0
a4

. (22)
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The scalar-field equation of motion (6) gives

M4 = Ā4ρ̄
d ln Ā

d ¯̃χ
and

d ¯̃χ

dτ
= Ā4 ρ̄

M4
ǫ2H, (23)

hence

ρ̄χ̃ = −Ā−4M4 ¯̃χ,
dρ̄χ̃
dτ

= −4ǫ2Hρ̄χ̃ − ǫ2Hρ̄. (24)

2. Perturbations in the Jordan frame

In the Jordan frame we write the Newtonian gauge
metric as

ds2 = a2[−(1 + 2Φ)dτ2 + (1− 2Ψ)dx2], (25)

so that the Einstein- and Jordan-frame metric potentials
are related by

1 + 2Φ =
A2

Ā2
(1 + 2Φ̃), 1− 2Ψ =

A2

Ā2
(1 − 2Ψ̃), (26)

while the Einstein-frame Newtonian potential (15) is also
the solution of

∇2

a2
Ψ̃N =

δ(A4ρ) + δ(A4ρχ̃)

2Ā4M2
Pl

. (27)

Since we wish the deviations from General Relativity
and the Λ-CDM cosmology to be small, at most of the
order of ten percent, the potentials Φ and Ψ cannot devi-
ate too much from the Jordan-frame Newtonian potential
defined by

∇2

a2
ΨN ≡ δρ+ δρχ̃

2M2
Pl

, (28)

where the scalar field density fluctuations must also re-
main modest as compared with the matter density fluc-
tuations. Therefore, Eqs.(26) and (27) lead to the con-
straints

∣∣∣∣
δA

Ā

∣∣∣∣ . |ΨN| , |δρχ̃| . |δρ| . (29)

Then, since |ΨN| is typically of order 10−5, we can lin-
earize in δA as we did for the metric potentials, and
within a 10−5 relative accuracy we obtain

Φ = ΨN + δ lnA, Ψ = ΨN − δ lnA, (30)

and

δρχ̃ = −Ā−4M4δχ̃. (31)

The equation of motion of the scalar field reads as

M4 = Ā4ρ
d lnA

dχ̃
. (32)

The matter and radiation components obey the stan-
dard equations of motion, which gives for the matter com-
ponent the continuity and Euler equations

∂ρ

∂τ
+ (v · ∇)ρ+ (3H+∇ · v)ρ = 0, (33)

and

∂v

∂τ
+ (v · ∇)v +Hv = −∇Φ. (34)

From Eq.(30) we have ∇Φ = ∇ΨN + ∇ lnA, and the
scalar-field equation (32) gives

∇ lnA =
d lnA

dχ̃
∇χ̃ =

M4

Ā4ρ
∇χ̃, (35)

so that the Euler equation (34) also reads as

∂v

∂τ
+ (v · ∇)v +Hv = −∇ΨN − ∇pA

ρ
, (36)

with

pA =
M4c2

Ā4
χ̃, (37)

where we explicitly wrote the factor c2.
Thus, in terms of the matter dynamics, the scalar-field

or modified-gravity effects appear through two factors,
a) the modification of the Poisson equation (28), because
of the additional source associated with the scalar-field
energy density fluctuations and of the time dependence of
the Jordan-frame Planck mass, and b) the new pressure
term pA in the Euler equation (36). This pressure pA
corresponds to a polytropic equation of state, as it only
depends on the matter density (the sum of cold dark
matter and baryons).

3. Linear regime in the Jordan frame

On large scales or at early times we may linearize the
equations of motion. Expanding the coupling function
A(χ̃) as

lnA(χ̃) = ln Ā+

∞∑

n=1

βn(t)

n!
(δχ̃)n, (38)

the scalar field equation (32) gives at the background and
linear orders

M4 = Ā4ρ̄β1, δχ̃ = −β1
β2
δ, (39)

where we note δ ≡ δρ/ρ̄ the matter density contrast.
This also yields

δpA = −ǫ1(t)ρ̄c2δ and δρχ̃ = ǫ1(t)ρ̄δ, (40)
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with

ǫ1(t) ≡
β1
β2

M4

Ā4ρ̄
=
β2
1

β2
=

ǫ2
3− 4ǫ2

, (41)

where to obtain the last relation we took the time deriva-
tive of the first relation in (39) and used the second ex-
pression in (17).
The continuity equation (33) reads as ∂τδ +∇ · [(1 +

δv] = 0 in terms of the density contrast. Combining with
the Euler equation at linear order, this gives

∂2δ

∂τ2
+H ∂δ

∂τ
+ ǫ1c

2∇2δ =
ρ̄a2

2M2
Pl

(1 + ǫ1)δ. (42)

As compared with the Λ-CDM cosmology, the pressure
term ∇2δ introduces an explicit scale dependence. Going
to Fourier space, the linear growing modes D(k, t) now
depend on the wave number k and obey the evolution
equation

∂2D

∂(ln a)2
+

(
2 +

1

H2

dH

dt

)
∂D

∂ ln a
− 3Ωm

2
(1 + ǫ)D = 0,

(43)
where H = d ln a/dt is the Jordan-frame expansion rate
(with respect to the Jordan-frame cosmic time t) and
the factor ǫ(k, t), which describes the deviation from the
Λ-CDM cosmology, is given by

ǫ(k, t) = ǫ1(t)

(
1 +

2

3Ωm

c2k2

a2H2

)
. (44)

Thus, the two effects of the scalar field, the contribution
to the gravitational potential of δρχ̃ and the pressure
term due to the conformal transformation between the
Einstein and Jordan frames, modify the growth of struc-
tures in the same direction, given by the sign of ǫ1. A
positive ǫ1 gives a scale dependent amplification of the
gravitational force and an acceleration of gravitational
clustering. The k-dependent pressure term dominates
when ck/aH > 1, that is, on sub-horizon scales. More-
over, we have (ck/aH)2 ∼ 107 today at scales of about
1 h−1Mpc. Therefore, we must have

|ǫ1| . 10−7 (45)

to ensure that the growth of large-scale structures is not
too significantly modified. This also ensures that the
first condition in (29) is satisfied on cosmological scales.
Moreover, the fluctuations of the scalar field energy den-
sity in the Poisson equations are negligible and ǫ2 is very
small, of order 10−7, from the last relation in Eq.(41).

IV. EXPLICIT MODELS

A. Constraints

1. Small parameter α

In usual scalar-field models with a kinetic term, the
Klein-Gordon equation for the scalar field that corre-
sponds to Eq.(32) contains a derivative term ∇2ϕ, which

suppresses the fluctuations of the scalar field on small
scales. This mechanism is absent in our case and the
scalar field χ̃ only follows the variations of the local mat-
ter density. However, we wish the fluctuations of lnA to
remain small and of order 10−6 from cosmological scales
down to astrophysical objects such as stars and plan-
ets, to comply with the first constraint in Eq.(29) and to
ensure that the metric potentials remain close the New-
tonian potential. Because the density varies by many
orders of magnitude from the intergalactic medium to
the atmospheres and cores of stars and planets, and to
the typical densities found in the laboratory on Earth,
and we cannot rely on the small-scale suppression due
to derivative terms, the function lnA must be bounded
within a small interval over its full domain,

| lnA| . 10−6, hence |A− 1| . 10−6. (46)

Therefore, the conformal factor A always remains very
close to unity (we can renormalize A by a constant mul-
tiplicative factor without loss of generality). On the other
hand, from Eq.(32) we have d lnA/dχ̃ = M4/Ā4ρ, hence

d lnA

dχ̃
> 0, (47)

and

ρ→ 0 :
d lnA

dχ̃
→ +∞, ρ→ ∞ :

d lnA

dχ̃
→ 0. (48)

The small range of the function A(χ̃) in Eq.(46) also
implies that the Jordan-frame Planck mass (19) does not
vary by more than 10−6. This ensures that the bounds
on the variation with time of Newton’s constant obtained
from the BBN constraints [14, 15] or the Lunar Ranging
measurements [16] are satisfied. It also means that at
the background level the Einstein and Jordan frames are
identical up to 10−6.
The small range of lnA also leads to a small amplitude

for the factor ǫ2 defined in Eq.(17), of order 10−6. In fact,
from Eqs.(45) and (41) we have seen that we also require
ǫ1 and ǫ2 of order 10−7, so that both constraints give
about the same condition (46) on the coupling function
A(χ̃). Then, we recover a standard Λ-CDM cosmology
up to this order. Indeed, with ǫ2 ≃ 0 we recover the usual
Friedmann equation in Eq.(18), the dark energy density
ρ̄de is almost identical to the scalar field energy density
ρ̄χ̃ in Eq.(21), and the latter is almost constant at low z
from Eq.(24). From Eq.(24) we find that the value of the
scalar field today must satisfy

ρ̄de0 = −Ā−4
0 M4 ¯̃χ0 ≃ −M4 ¯̃χ0, (49)

if the scalar field drives the accelerated expansion of the
Universe at low z without an additional cosmological con-
stant. In particular, this implies ¯̃χ0 < 0. Finally, we
must check that ǫ1, defined in Eq.(41), remains small, as
in Eq.(45), and vanishes at high redshift if we wish to re-
cover the standard clustering growth in the early matter
era.
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In the following we use the approximation Ā ≃ 1 to
simplify the expressions and we present several explicit
models for the coupling function A(χ̃) that satisfy the
conditions (46)-(49). In particular, the equation of mo-
tion of the scalar field (32) becomes

d lnA

dχ̃
=

M4

ρ
, (50)

which implicitly defines the functions χ̃(ρ) and lnA(ρ)
for each coupling function lnA(χ̃). To obtain a unique
and well-defined solution χ̃(ρ) and A(ρ) to the scalar-field
equation (50), we require that d lnA/dχ̃ be a monotonic
function that goes from 0 to +∞ over a range of χ̃, which
will define the domain of the scalar field values. Then
χ̃(ρ) and lnA(ρ), defined by the values that are solutions
of Eq.(50) for a given ρ, are also monotonic functions of
ρ.

2. Derived characteristic density ρα and redshift zα

From Eq.(46) we write

lnA(χ̃) = αλ(χ̃), α . 10−6, (51)

where α is a small parameter that ensures the condition
(46) is satisfied, whereas λ(χ̃) is a bounded function of
order unity and χ̃ is also typically of order unity. Then,
the equation of motion (50) reads as

dλ

dχ̃
=

1

ρ̂
with ρ̂ =

αρ

M4
. (52)

This implicitly defines the functions λ(ρ̂) and χ̃(ρ̂), from
the value of χ̃ that solves Eq.(52) for a given density. The
changes of variables lnA → λ and ρ → ρ̂ have removed
the explicit parametersM4 ∼ ρ̄de0 and α . 10−6, so that
the functions λ(χ̃), λ(ρ̂) and χ̃(ρ̂) do not involve small nor
large parameters. Therefore, in addition to the density
M4 ∼ ρ̄de0, which is associated with the current dark
energy density from Eq.(49), these models automatically
introduce another higher density scale ρα given by

ρα =
M4

α
∼ ρ̄de0

α
& 106 ρ̄de0. (53)

This implies that, from the point of view of the coupling
function lnA, the low-redshift mean density of the Uni-
verse is within its very low density regime. Moreover, we
can expect a cosmological transition between low-density
and high-density regimes at the redshift zα where ρ̄ ∼ ρα,
which corresponds to

aα ∼ α1/3 . 0.01, zα ∼ α−1/3 & 100. (54)

B. Model (I): χ̃ is a bounded increasing function of
ρ

We first consider the case where χ̃(ρ) is a monotonic in-
creasing function of ρ, with χ̃− < χ̃ < χ̃+. From Eq.(48)

we find that d lnA/dχ̃ must decrease from +∞ to 0 as χ̃
grows from χ̃− to χ̃+. Moreover, the boundary χ̃− will
correspond to the late dark energy era while the bound-
ary χ̃+ will correspond to the early matter era. From
Eq.(49) we have χ̃− < 0 and to avoid introducing an-
other parameter we can take χ̃+ = 0, which corresponds
to a vanishing dark energy density at early times from
Eq.(24) (but we could also take any finite value, or an
infinite boundary χ̃+ → +∞ that is reached sufficiently
slowly to ensure that the dark energy component is sub-
dominant at high redshift). A simple model that obeys
these properties and the constraint (46), which also reads
as Eq.(51), is

model (I): − 1 < χ̃ < 0, lnA = α
√
1− χ̃2, (55)

with

α > 0, α ∼ 10−6. (56)

Here we set χ̃− to −1 without loss of generality, as this
merely defines the normalization of M4 and α. Instead
of the square root we could have chosen a more general
exponent, lnA = α(1− χ̃2)ν with 0 < ν < 1, but ν = 1/2
simplifies the numerical computations. Then, the scalar-
field equation (50) gives

χ̃(ρ) = −
(
1 +

α2ρ2

M8

)−1/2

, (57)

lnA(ρ) = α

(
1 +

M8

α2ρ2

)−1/2

, (58)

and

pA(ρ) = −M4c2
(
1 +

α2ρ2

M8

)−1/2

. (59)

We recover the fact that the system depends on the den-
sity through the dimensionless ratio ρ̂ = ρ/ρα introduced
in Eqs.(52)-(53). In terms of the scale factor a(t), using
ρ̄ = ρ̄0/a

3, this gives (at leading order)

ǫ2(a) = 3ǫ1(a) and ǫ1(a) = −α αρ̄/M4

(1 + α2ρ̄2/M8)3/2

(60)
and we can check that |ǫ2| = 3|ǫ1| . α ≪ 1 at all red-
shifts, while we have ¯̃χ0 ≃ −1 and M4 ≃ ρ̄de0. At low
redshift, z ≃ 0, we actually have |ǫ2| = 3|ǫ1| ∼ α2, which
is much smaller than the maximum value of order α that
is reached at a redshift zα ∼ α−1/3. Therefore, in this
model the modification to the growth of large-scale struc-
tures is the greatest at high redshifts, z ∼ zα, much be-
fore the dark energy era.
As explained in Sec. II, this choice of A(χ̃) corresponds

to an infinite number of couples {V (ϕ), A(ϕ)}. In par-
ticular, from Eq.(4) this corresponds for instance to

(Ia) : V (ϕ) = M4

√
1−

(
βϕ

αMPl

)2

, A(ϕ) = eβϕ/MPl

(61)
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with β > 0 and 0 < βϕ/MPl < α, where we assumed an
exponential coupling function A(ϕ), or to

(Ib) : V (ϕ) = M4e−γϕ/MPl , A(ϕ) = eα
√

1−e−2γϕ/MPl ,
(62)

with γ > 0 and 0 < ϕ < +∞, where we assumed an
exponential potential V (ϕ).

C. Model (II): χ̃ is a bounded decreasing function
of ρ

We next consider the case where χ̃ is a monotonic
decreasing function of ρ, over χ̃− < χ̃ < χ̃+. Thus,
d lnA/dχ̃ must increase from 0 to +∞ as χ̃ grows from
χ̃− to χ̃+. Now χ̃− corresponds to the early matter
era whereas χ̃+ corresponds to the late dark energy era,
hence χ̃+ < 0. A simple choice that satisfies these con-
ditions is

model (II): χ̃∗ < χ̃ < −1,

lnA = −α
√
(1 + χ̃)(1 + 2χ̃∗ − χ̃), (63)

where again α is a small positive parameter as in Eq.(51)
and we set χ̃− = χ̃∗ and χ̃+ = −1 without loss of gener-
ality. Then, the scalar-field equation (50) gives

χ̃(ρ) = χ̃∗ −
1 + χ̃∗√

1 + α2ρ2/M8
, (64)

lnA(ρ) = α
1 + χ̃∗√

1 +M8/α2ρ2
, (65)

pA(ρ) = M4c2χ̃∗ −M4c2
1 + χ̃∗√

1 + α2ρ2/M8
, (66)

which again makes explicit the dependence on the dimen-
sionless ratio ρ̂ = ρ/ρc introduced in Eqs.(52)-(53). In
terms of the scale factor a(t) this gives ǫ2(a) = 3ǫ1(a)
and

ǫ1(a) = −α(1 + χ̃∗)
αρ̄/M4

(1 + α2ρ̄2/M8)3/2
. (67)

Again, we can check that |ǫ2| = 3|ǫ1| . α ≪ 1 at all
redshifts, with ¯̃χ0 ≃ −1 and M4 ≃ ρ̄de0. We also have
|ǫ2| = 3|ǫ1| ∼ α2 at low z and the maximum value of
order α is reached at a redshift zα ∼ α−1/3.
This choice of A(χ̃) corresponds for instance to

(IIa) : V (ϕ) = −M4


χ̃∗ +

√
(1 + χ̃∗)2 −

(
βϕ

αMPl

)2

 ,

A(ϕ) = eβϕ/MPl (68)

with β > 0 and α(1 + χ̃∗) < βϕ/MPl < 0, for an expo-
nential coupling, or to

(IIb) : V (ϕ) = M4e−γϕ/MPl ,

A(ϕ) = e−α
√

1+2χ̃∗−2χ̃∗e−γϕ/MPl−e−2γϕ/MPl , (69)

with γ > 0 and − ln(−χ̃∗) < γϕ/MPl < 0, for an expo-
nential potential.

D. Model (III): χ̃ is an unbounded decreasing
function of ρ

As a variant of the model (II) of Eq.(63), where χ̃(ρ)
is a bounded decreasing function of ρ, we can consider
the model

model (III): −∞ < χ̃ < −1, lnA = −α
√
1 +

1

χ̃
,

(70)
where χ̃ is unbounded from below. This avoids introduc-
ing a finite lower bound χ̃∗. Equation (50) gives

χ̃3 (χ̃+ 1) =
α2ρ2

4M8
, (71)

which is a fourth-order algebraic equation for χ̃. We can
easily solve it in two different regimes, namely when χ→
−1 (ρ→ 0) and χ→ −∞ (ρ→ +∞). In the former case,
we obtain

χ→ −1,
αρ

M4
≪ 1 : χ̃(ρ) ≃ −1− α2ρ2

4M8
, (72)

lnA(ρ) ≃ −α2 ρ

2M4
, (73)

pA(ρ) ≃ −M4c2 −M4c2
α2ρ2

4M8
. (74)

At leading order this gives

ǫ2 = 3ǫ1 with ǫ1(a) =
α2ρ̄

2M4
, (75)

and again we can check that ǫ1(a) ∼ α2 at low z. On the
other hand, in the high-density limit we obtain:

χ→ −∞,
αρ

M4
≫ 1 : χ̃(ρ) ≃ −

√
αρ

2M4
, (76)

lnA(ρ) ≃ −α+

√
αM4

2ρ
, (77)

pA(ρ) ≃ −M4c2
√

αρ

2M4
, (78)

and

ǫ2 = 3ǫ1 with ǫ1(a) ≃
√
αM4

8ρ
, (79)

which again shows that |ǫ1(a)| ≪ α in this limit.
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FIG. 1: Coupling functions and scalar field potentials for the model (I) of Eq.(55) (upper row), the model (II) of Eq.(63)
(middle row) and the model (III) of Eq.(70) (lower row). Left column: coupling function A(χ̃) [the plot shows ln(A)/α]. Middle
column: coupling function A(ϕ) for the examples (a) (red lines with crosses, in units of βϕ/αMPl), and (b) (blue lines with
squares, in units of γϕ/αMPl). Right column: potential V (ϕ)/M4 for the examples (a) (red lines with crosses, in units of
βϕ/αMPl), and (b) (blue lines with squares, in units of γϕ/αMPl).

As in the previous cases this coupling function A(χ̃)
corresponds to an infinite number of pairs {V (ϕ), A(ϕ)}.
In particular, the case of an exponential coupling or an
exponential potential are described by

(IIIa) : V (ϕ) =
M4

1−
(

βϕ
αMPl

)2 , A(ϕ) = eβϕ/MPl (80)

with β > 0 and −α < βϕ/MPl < 0, and

(IIIb) : V (ϕ) = M4e−γϕ/MPl , A(ϕ) = e−α
√

1−eγϕ/MPl ,
(81)

with γ > 0 and −∞ < γϕ/MPl < 0.
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E. Common low-redshift and low-density behavior

In the following, we consider the case α = 10−6 and
χ∗ = −2 for the parameters that define the models
(I), (II) and (III). In all cases we normalized the low-
density limit of the scalar field χ̃ to −1 and the deriva-
tive d lnA/dχ̃ must go to +∞ in this limit, from Eq.(50).
For a power-law divergence, d lnA/dχ̃ ∼ α|χ̃+1|−ν, with
0 < ν < 1, this gives |χ̃ + 1| ∼ (αρ/M4)1/ν in the low-
density regime. In the explicit models (55), (63) and (70)
we have ν = 1/2, so that in all three cases we have:

αρ

M4
≪ 1 : |χ̃+ 1| ∼

( αρ

M4

)2

, (82)

and

αρ̄

M4
≪ 1 : β1 =

M4

ρ̄
∼ α

| ¯̃χ+ 1|1/2 , (83)

|β2| ∼
α

| ¯̃χ+ 1|3/2 ∼ α−2

(M4

ρ̄

)3

, (84)

|ǫ1| =
β2
1

|β2|
∼ α| ¯̃χ+ 1|1/2 ∼ α2 ρ̄

M4
. (85)

For future use, writing d lnA/d ln ρ =
(d lnA/dχ̃)(dχ̃/d ln ρ), we also obtain in this low-
density regime

αρ

M4
≪ 1 :

∣∣∣∣
d lnA

d ln ρ

∣∣∣∣ ∼ α2 ρ

M4
. (86)

In models (I) and (II), since the scalar field χ̃ has a
finite range of order unity, Eq.(49) implies M4 ∼ ρ̄de0 ∼
ρ̄0. Therefore, at low redshifts we have from Eq.(82):

a≫ aα ∼ α1/3 : | ¯̃χ+ 1| ∼ α2a−6, (87)

where we normalized the scale factor to unity today,
a(z = 0) = 1. In particular, we have | ¯̃χ+1| ∼ α2 ∼ 10−12

at low z, so that Eq.(49) implies

M4 = ρ̄de0, (88)

up to a 10−12 accuracy, and this parameter is completely
set by the reference Λ-CDM cosmology. Moreover, the
dark energy density is almost constant, along with ¯̃χ,
up to a redshift zα ∼ α−1/3 ∼ 100, which means that
the background cosmology cannot be distinguished from
the Λ-CDM reference, in agreement with the analysis in
Sec. IVA. For the model (III) we also take M4 = ρ̄de0,
which gives the same behaviors. Then, the scalar-field
equation (50) reads as

β1(a) =
d ln Ā

d ¯̃χ
=

Ωde0

Ωm0
a3. (89)

Thus, the first derivative of the coupling function,
d lnA/dχ̃, at the background level, is of order unity at
low z (despite the prefactor α of lnA, which means that
at low z we are close to the divergence of d lnA/dχ̃) and
decreases with redshift as (1 + z)−3.

Thus, these models involve two free parameters that
must be set to match observations: the usual dark energy
scale M4 = ρ̄de0, as in most cosmological models includ-
ing Λ-CDM, and the parameter α . 10−6 that is needed
to make sure that the fifth force never becomes too large
as compared with Newtonian gravity. Of course, this is
only an upper bound and we can take α as small as we
wish, as we recover the Λ-CDM scenario and General Rel-
ativity in the limit α → 0 [where the coupling function
A(χ̃) becomes identical to unity and the non-minimal
coupling between matter and the scalar field vanishes].

In Fig. 1, we show the coupling and potential functions
of the models (I) (upper row), (II) (middle row) and (III)
(lower row). The left column shows λ(χ̃) = α−1 lnA(χ̃)
from Eqs.(55), (63) and (70). The middle column shows
λ(ϕ) = α−1 lnA(ϕ) for the variants (a) and (b). The
right column shows −χ̃ = V (ϕ)/M4 for the same cases.

In models (Ia,Ib) ϕ is positive whereas in models
(IIa,IIb,IIIa,IIIb) it is negative. It has a finite range
in models (Ia) (0 < βϕ/αMPl < 1), (IIa) (1 + χ̃∗ <
βϕ/αMPl < 0), (IIb) (− ln(−χ̃∗) < γϕ/MPl < 0) and
(IIIa) (−1 < βϕ/αMPl < 0), while it extends from zero
to +∞ in model (Ib) and from zero to −∞ in model
(IIIb).

In all cases, the late-time dark energy era, t → +∞,
corresponds to χ̃→ −1, ϕ→ 0, V/M4 → 1 (i.e. the end-
point at the center of the plots). It is the maximum of the
potential V (ϕ) in model (I) and the minimum in mod-
els (II) and (III). This low-density limit corresponds to
d lnA/dχ̃ → +∞, which implies (d lnA/dϕ)(dϕ/dV ) →
−∞. In models (a), this is achieved by dV/dϕ→ 0, while
in models (b) this is achieved by d lnA/dϕ→ +∞.

The early-time or high density limit corresponds to
χ̃→ 0 in model (I), χ̃→ −2 in model (II) and χ̃→ −∞
in model (III). It also corresponds to d lnA/dχ̃ → 0,
which implies (d lnA/dϕ)(dϕ/dV ) → 0. In models (a),
this is achieved by dV/dϕ → −∞, while in models (b)
this is achieved by d lnA/dϕ→ 0.

V. SELF-CONSISTENCY AND REGIME OF
VALIDITY OF THE THEORY

Before we investigate the properties of the models in-
troduced in this paper, from cosmological to Solar Sys-
tem scales, we consider in this section the self-consistency
and the range of validity of theories defined by the La-
grangian (3).
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A. Stability with respect to a nonzero kinetic term

In the Lagrangian (3) we set the kinetic term of the
scalar field to zero. However, in realistic scenarios the
models studied in this paper may rather correspond to
cases where the scalar field Lagrangian is merely domi-
nated by its potential term with a negligible but non-zero
kinetic term. Then, we must check whether the solution
(23) obtained in the previous sections remains meaning-
ful for a small non-zero kinetic term. Thus, we generalize
the Lagrangian (5) to

L̃χ̃(χ̃) = −κ
2
∇̃µχ̃∇̃µχ̃+M4χ̃ with κ→ 0. (90)

Using Ā ≃ 1, so that the Einstein and Jordan frames are
identical at the background level, the equations of motion
(6) or (50) of the scalar field generalize to

−κa−4 ∂

∂τ

(
a2
∂χ̃

∂τ

)
+κa−2c2∇2χ̃+M4 = ρ

d lnA

dχ̃
. (91)

1. Quasi-static cosmological background

At the background level, considering a scalar field that
only depends on time, we expand the solution of the
Klein-Gordon equation (91) around the solution ¯̃χ0 of
Eq.(23), obtained in the previous sections with a zero
kinetic term,

¯̃χ = ¯̃χ0 + φ̄ with M4 = ρ̄
d lnA

dχ̃
( ¯̃χ0). (92)

Using the expansion (38) of lnA around lnA( ¯̃χ0), this
gives at linear order over φ̄,

κa−4 d

dτ

(
a2
dφ̄

dτ

)
+ ρ̄β2φ̄ = −κa−4 d

dτ

(
a2
d ¯̃χ0

dτ

)
. (93)

In the limit κ→ 0, the particular solution reads at linear
order in κ as

φ̄0 = − κ

a4ρ̄β2

d

dτ

(
a2
d ¯̃χ0

dτ

)
. (94)

As expected, it vanishes in the limit κ → 0. More pre-
cisely, the correction φ̄0 is negligible as compared to the
quasi-static solution ¯̃χ0 if

|κ| ≪ |β2|
ρ̄

H2
∼ |β2|M2

Pl. (95)

From the expressions given in section IV and as we will
check in Fig. 2 and Eq.(108) below, β2 is of order α

−2 ≫ 1
today and decreases at higher redshift until zα ∼ 100,
where it is of order α. At higher redshift it typically
remains of order α [because of the prefactor α in the
coupling function lnA(χ̃)], or decays to zero in models
such as (III) where |̄̃χ| is not bounded and goes to infinity

at high z. Thus, for practical purposes the condition (95)
is satisfied if

|κ| ≪ αM2
Pl ∼ 10−6 M2

Pl. (96)

For models such as (III), the condition (95) will be vio-
lated at very high z, z ≫ zα, if κ does not go to zero.
Then, one must take into account the kinetic terms in the
scalar field equation to obtain the background solution ¯̃χ.
However, at these high redshifts the scalar field should
not play an important role and our results should be in-
dependent of this early-time modification. On the other
hand, in such cases the kinetic prefactor κ generically de-
pends on time, through the factor (dϕ/dV )2 introduced
by the change of variable (4), and we expect for instance
κ to decrease as fast as β2, as 1/V 2, for models where
V goes to infinity while ϕ remains bounded, so that the
condition (95) remains satisfied.
So far we have only introduced two parameters in

the models, the dimensional dark-energy density today,
ρ̄de0 = M4 ≃ (2.296× 10−12GeV)4 [17], and the dimen-
sionless parameter α ∼ 10−6. Since M is smaller than
the reduced Planck mass, MPl ≃ 2.44× 1018GeV, by 30
orders of magnitude, we can see that we do not need to
introduce additional small parameters to satisfy Eq.(96).
Apart from κ = 0, the choices κ ∼ M2, κ ∼ MMPl or

κ ∼ M1/2M
3/2
Pl , satisfy the constraint.

The homogeneous solutions of Eq.(93) obey

d2φ̄

dτ2
+
a2ρ̄β2
κ

φ̄ = 0, (97)

in the high-frequency limit (i.e., over time scales much be-
low 1/H). From the condition (95) we have a2ρ̄β2/κ ≫
H2, so that the homogeneous solution evolves indeed on
time scales much shorter than the Hubble time. For the
solution ¯̃χ0 to be stable the homogeneous solutions (97)
must not show exponential growth but only fast oscilla-
tions, of frequency ω ∝ κ−1/2. This leads to the con-
straint

β2
κ
> 0. (98)

As the field χ̃ typically arises through the change
of variable (4), the kinetic coefficient κ introduced in
Eq.(90) depends on time. However, its sign is not modi-
fied by the change of variable and it is positive for stan-
dard well-behaved models. Then, the constraint (98)
leads to β2 > 0, which means that lnA(χ̃) must be a
convex function. This rules out the model (I) introduced
in Sec. IVB. More generally, from the definition of the
coefficients β1 and β2 and the scalar-field equation (50),
the condition β2 > 0 implies that dρ/dχ̃ < 0 and the
function χ̃(ρ) is a monotonic decreasing function of ρ. At
the background level, this implies that ¯̃χ increases with
time, hence the potential V (ϕ̄) defined from the change
of variable (4) decreases with time. As expected, the sta-
ble case corresponds to scenarios where the background
scalar field ϕ̄ rolls down its potential V (ϕ̄) [as in models
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(II) and (III) of Secs. IVC and IVD], whereas the un-
stable case corresponds to a background scalar field that
climbs up its potential [as in model (I) of Sec. IVB].
Models with β2 < 0 could be made stable, with respect

to the classical background perturbations analyzed here,
by choosing a non-standard sign κ < 0 for the small
kinetic term. However, such models are typically plagued
by ghost instabilities, as the kinetic energy is unbounded
from below, unless one sets a high-energy cutoff of the
theory at a sufficiently low energy to tame down these
instabilities. In the following we also present our results
for the model (I) of Sec. IVB to keep this work as general
as possible, even though this is unlikely to correspond to
realistic and natural scenarios.

2. Cosmological large-scale structures

To apply the equations of motion derived in Sec. III
to the formation of large-scale structures, we must also
check that the kinetic term plays no role on these scales.
Thus, we now take into account the Laplacian term in
Eq.(91) and the perturbations of the scalar field, φ =
δχ̃− ¯̃χ, obey at linear order

− κa−4 ∂

∂τ

(
a2
∂φ

∂τ

)
+ κa−2c2∇2φ− ρ̄β2φ = β1δρ. (99)

As for the background case, the time derivatives are neg-
ligible when the condition (95) is satisfied. The spatial
Laplacian can be neglected at comoving scale 1/k, where
k is the wave number of interest, if we have

|κ| ≪ ρ̄|β2|a2
c2k2

∼
(
aH

ck

)2

|β2|M2
Pl. (100)

This constraint is tighter than the background condition
(95) as we require the theory to remain valid down to
sub-horizon scales, ck/aH ≫ 1. If we wish to apply the
model without kinetic term down to 1 h−1kpc, below the
galaxy-halo scale, we must have

k ∼ 1 h kpc−1 : κ≪ 10−19 M2
Pl, (101)

where we used again |β2| ∼ α ∼ 10−6. We can still
choose for instance κ ∼ M2 or κ ∼ MMPl. Thus, we do
not need to introduce a new low-energy scale to build a
small-enough kinetic term that can be neglected for both
the background and the cosmological structures.
Of course, on scales 1 h−1kpc the density and scalar

fields are in the nonlinear regime, which modifies Eq.(99).
If we expand around the local solution, χ̃0[ρ(x)], the fac-
tors ρ̄β2(ρ̄) and β1(ρ̄) must be replaced by ρβ2(ρ) and
β1(ρ). For models such as (I) and (II), where β2 re-
mains of order α at high densities the upper bound in
Eq.(101) is simply multiplied by a factor ρ/ρ̄. Then,
nonlinearities actually loosen up the constraint (101)
and the kinetic term in the scalar-field Lagrangian be-
comes even more negligible. In practice, the coefficient

κ will depend on the local value of the scalar field, and
hence on the local density, but the relatively high up-
per bound (ρ/ρ̄)10−19M2

Pl, as compared with M2 or
MMPl, suggests that the scale M will be sufficient to
construct small-enough coefficients κ without introduc-
ing additional finely tuned parameters.

B. Small-scale cutoff

Independently of a possible kinetic term, the local
model (5) considered so far is not expected to apply down
to arbitrarily small scales. In the previous sections and
through most of this paper, we implicitly assume that
we can work with a continuous density field ρ(x) defined
by some coarse-graining procedure, instead of a singu-
lar field made of Dirac peaks (in the limit of classical
point-like particles) or of isolated density peaks (finite-
size classical particles). Therefore, we assume the models
studied in this paper to be effective theories that only ap-
ply beyond some small-scale cutoff ℓs, so that the density
field is defined by a coarse-graining at scale ℓs.
If we consider for instance the mean inter-particle dis-

tance, λ = (m/ρ)1/3, we obtain on the Earth, with

ρ ∼ 1 g/cm
3
and m ∼ mp, the proton mass,

λEarth ∼ 10−8 cm, (102)

and in the intergalactic medium (IGM), using the mean
density of the Universe,

λIGM ∼
(
m

mp

)1/3

100 cm, (103)

where m can be taken as the largest among the proton
and the dark matter particle mass. This typically gives a
distance of the order of a meter. In fact, in our study of
the cosmological background and of cosmological struc-
tures, we assume some coarse-graining of the density field
on scales at least as large as λIGM, so that we can use
the density ρ associated with the continuum limit.
In terms of energy scales, this corresponds to λIGM ∼

1 m = (1.973 × 10−16GeV)−1. On the other hand,
the mean dark-energy density today is ρ̄de0 = M4 =
2.778× 10−47GeV4, which gives λIGM ∼ 1 m ∼ 104M−1.
Therefore, the small-scale cutoff, ℓs, which defines the
smoothing scale of the density field in such an effective
approach, does not require the introduction of a new
fundamental scale. For instance, it is sufficient to set
ℓs = α−1M−1 ∼ 100m, using the two parameters M
and α that have already been introduced to character-

ize the model, or ℓs = M
1/2
Pl M−3/2 ∼ 1A.U., using a

combination with the Planck mass.
A natural way to introduce a smoothing cutoff on small

scales is to have a nonzero kinetic term in the scalar-
field Lagrangian (5), as considered in Sec. VA. Using
again the Lagrangian (90), the fluctuations φ of the scalar
field around the cosmological background obey Eq.(99)
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and the smoothing associated with the Laplacian term
becomes important at the physical scale ℓs if we have

|κ| ∼ ρ̄|β2|ℓ2s
c2

∼
(
ℓsH

c

)2

|β2|M2
Pl. (104)

We can check that this constraint is not contradictory
with the conditions (95) and (100), associated with the
validity of the solution without kinetic term for the back-
ground and cosmological structures, because the small-
scale cutoff ℓs can be taken to be much smaller than
cosmological scales. At z = 0, using |β2| ∼ α−2 ∼ 1012,
the condition (104) reads as

z = 0 : |κ| ∼
(
ℓs
1 m

)2

6× 10−41 M2
Pl, (105)

and for ℓs > 1 m we can take for instance κ ∼ MMPl.
Such a Laplacian term is also sufficient to regularize

the theory at the atomic scale (102) on the Earth if we
have

|κ| > mp|β2|Earth

λEarthc2
, (106)

where |β2|Earth is the value obtained for ρ ∼ 1 g.cm−3.
Using |β2|Earth ∼ α ∼ 10−6, as appropriate for the high-
density regime (see for instance Fig. 2 below), this yields

Earth : |κ| > 3× 10−49M2
Pl. (107)

This is a looser bound than the cosmological constraint
(105). However, because of the change of variable (4)
the kinetic prefactor κ generically depends on the envi-
ronment through the local value of the scalar field, so
that usually Eq.(107) cannot be directly compared to
Eq.(105). Nevertheless, in any case the estimates (105)
and (107) show that it is not difficult to regularize the
theory on very small scales through a small kinetic term
in the scalar-field Lagrangian, without violating the con-
dition (95).

VI. EVOLUTION OF THE COSMOLOGICAL
BACKGROUND

A. Evolution of the background scalar field

As explained in section IVA, we require the function
lnA to be bounded within a small interval of order 10−6,
see Eq.(46), so that contributions of the fifth force to the
metric potentials do not exceed the Newtonian potential
by several orders of magnitude. As pointed out in section
IVA, this implies that |Ā− 1| . 10−6 ≪ 1. This implies
in turn that we recover a Λ-CDM cosmology at the back-
ground level up to a 10−6 accuracy. We also have |ǫ1|
and |ǫ2| of order α ∼ 10−6, and ¯̃χ and ρ̄de are almost
constant in the dark energy era, see Eq.(24).
The factor β1(a) is always positive and decreases with

redshift as in Eq.(89), independently of the details of the
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FIG. 2: Absolute value of the factors β2 (upper panel) and
ǫ1 (lower panel) as a function of the scale factor. We show
|β2| and |ǫ1| for models (I) (red line with crosses), (II) (blue
line with squares) and (III) (green line with circles); β2 < 0
and ǫ1 < 0 for model (I); β2 > 0 and ǫ1 > 0 for models (II)
and (III). The absolute values |β2| and |ǫ1| of models (I) and
(II) are equal.

coupling function lnA(χ̃), because it is directly set by
the scalar-field equation of motion (50).
We show the factors β2(a) and ǫ1(a) in Fig. 2. These

factors are positive for models (II) and (III), where the
fifth force amplifies Newtonian gravity, while they are
negative for model (I), where the fifth force decreases
Newtonian gravity. It happens that for our explicit
choices (55) and (63) (with χ̃∗ = −2) the factors β2 and
ǫ1 of models (I) and (II) have the same amplitude, but
opposite signs, so that their curves coincide in Fig. 2.
From Eqs.(84) and (85), we have at low redshifts

a≫ aα ∼ α1/3 : |β2| ∼ α−2a9, |ǫ1| ∼ α2a−3. (108)

Thus, |β2| is maximum today, with |β2|0 ∼ α−2 ∼ 1012,
and decreases with redshift until zα ∼ α−1/3 ∼ 100,
where it is of order |β2|zα ∼ α ∼ 10−6. At higher redshift
|β2| typically remains of order α, or goes to zero with a
rate that depends on the details of the model.
The factor |ǫ1| reaches a maximum of order α at a high

redshift, zα ∼ α−1/3 ∼ 100, and later decays as a−3 to
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reach a value of order α2 today. Therefore, the scenarios
considered in this paper have the characteristic property
that the main modification to the gravitational dynamics
actually occurs at a high redshift zα ∼ 100, much before
the dark energy era. This is related to the small parame-
ter α≪ 1, in agreement with Eq.(54) and the characteris-
tic density ρα of Eq.(53). At higher redshift, z ≫ zα, |ǫ1|
decreases again, as we have seen that ǫ1 = ǫ2/3 (in the
approximation Ā ≃ 1) and ǫ2 = d ln Ā/d ln a must van-
ish because Ā converges to a constant close to unity at
early times. For models (I) and (II) we have |ǫ1| ∼ a6/α
while for model (III) we have ǫ1 ∼ α1/2a3/2. Thus, the
decay of ǫ1 is much slower at very high redshift for model
(III). Indeed, using the scalar-field equation (50) we can
also write ǫ2 as ǫ2 = (M4/ρ̄)dχ̃/d lna. Then, dχ̃/d lna
goes to zero at high redshift for models (I) and (II), as
¯̃χ converges to a finite value, whereas dχ̃/d lna goes to
infinity as ¯̃χ goes to −∞. We can check these behaviors
in Fig. 2.

B. Negligible backreaction of small-scale
nonlinearities onto the cosmological background

We have seen in Sec. III B 3 that for small enough ǫ1
and ǫ2 the cosmological behavior remains close to the Λ-
CDM scenario at the background and linear levels. How-
ever, the nonlinearities associated with the scalar field
could jeopardize this result. In this section, we check
that the nonlinearity of the scalar-field energy density
does not give rise to a significant backreaction onto the
background dynamics.
We have seen that the scalar field energy density reads

as ρχ̃ = −M4χ̃ (using again Ā ≃ 1). Because χ̃(ρ) is a
nonlinear function of ρ, its volume average is not identical
to the background value ¯̃χ ≡ χ̃(ρ̄). This implies that the
mean Hubble expansion rate over a large volume, as large
as the Hubble radius today, could significantly differ from
the background expansion obtained from the background
Friedmann equation (18), especially if the volume average
is actually dominated by the highest-density regions.
In the models described in Sec. IV, the background

value ¯̃χ at low redshift, in the dark energy era, is very
close to the value χ̃(0) = −1 associated with a zero den-
sity, as | ¯̃χ+ 1| ∼ α2 ≪ 1, see Eq.(87). This is because of
the small parameter α that was introduced to ensure a
cosmological behavior that is close to the Λ-CDM predic-
tions. Then, we simply check that 〈χ̃〉 ≃ χ̃(0) too, where
the volume average 〈χ̃〉 is given by

〈χ̃〉 =
∫

V

dx

V
χ̃(ρ) =

∫ ∞

0

dρ P(ρ) χ̃(ρ). (109)

Here V is a large volume, with a size of the order of the
Hubble radius, while P(ρ) is the probability distribution
of the density within this volume. It obeys the two nor-
malization properties:

∫ ∞

0

dρ P(ρ) = 1,

∫ ∞

0

dρ P(ρ) ρ = ρ̄. (110)

For any density threshold ρs > 0, the second property
(110) implies the Bienaymé-Tchebychev inequality

ρs > 0 :

∫ ∞

ρs

dρ P(ρ) ≤ ρ̄

ρs
. (111)

For monotonic functions χ̃(ρ) we have |〈χ̃〉 − χ̃(0)| =∫∞
0 dρP(ρ)|χ̃(ρ) − χ̃(0)|. Splitting the integral over the
two domains ρ ≤ ρs and ρ ≥ ρs, and using Eq.(111),
gives

|〈χ̃〉 − χ̃(0)| ≤ |χ̃s − χ̃(0)|+ ρ̄

ρs
|χ̃(∞)− χ̃(0)|, (112)

where we assumed that χ̃(ρ) is bounded.
Let us first consider the model (I) described in

Sec. IVB, where χ̃ is a bounded increasing function of
ρ. This gives χ̃(∞) = 0, χ̃s ≃ −1 + α2ρ2s/2M8, for den-
sities ρs . ρ̄/α, and the two terms in Eq.(112) are of
the same order for ρs ∼ ρ̄α−2/3. This choice provides an
upper bound |〈χ̃〉 − χ̃(0)| . α2/3 ≪ 1.
The model (II) described in Sec. IVC, where χ̃ is a

bounded decreasing function of ρ, gives similar results
and again |〈χ̃〉 − χ̃(0)| . α2/3 ≪ 1.
The model (III) described in Sec. IVD, where χ̃ is an

unbounded decreasing function of ρ, remains similar to
the model (II). To handle the infinite range of χ̃, we split
the integral (109) over three domains, [0, ρs], [ρs, ρα] and
[ρα,+∞[, where ρα = M4/α is also the density scale
where the model departs from the bounded model (II)
and probes the infinite tail (76). The first two terms
are of order α2/3 as for the model (II), with the same
choice ρs ∼ ρ̄α−2/3. Using the Cauchy-Schwarz inequal-
ity

∫∞
ρα
dρP(ρ)

√
ρ ≤ ρ̄/

√
ρα, the last term is found to be

of order α at most.
Therefore, in all cases we have |〈χ̃〉− χ̃(0)| . α2/3 ≪ 1

and the small-scale nonlinearities do not produce a sig-
nificant backreaction onto the overall expansion rate of
the Universe in the dark energy era.

VII. LINEAR PERTURBATIONS

A. Regime of validity

We study in more details the growth of large-scale
structures at linear order in this section. We first in-
vestigate the regime of validity of the linear theory. The
standard cosmological linear theory applies to large scales
where the matter density fluctuations δ are small. This
yields the transition scale to nonlinearity xNL

δ defined by
σ2(xNL

δ ) = 1, where σ(x) is the root-mean-square (rms)
density contrast at scale x, σ2 = 〈δ2x〉. In addition to
the perturbative expansion in δ, within the context of
the scalar-field models that we study in this paper the
perturbative approach involves an additional expansion
in the scalar field fluctuation δχ̃. Then, it could happen
that this second expansion has a smaller range of valid-
ity, xNL

χ̃ , so that linear theory applies to a smaller range
than in the Λ-CDM cosmology.
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Therefore, we need to investigate the range of validity
of the linear regime for the fifth force. From the Euler
equation (34) and the expression of the metric potential
(30), the linear approximation is valid for the fifth force
as long as we can linearize δ lnA in the density contrast δ.
In Sec. III B 3 we obtained the linear regime by expanding
lnA in δχ̃ and next solving for δχ̃ from the scalar field
equation (50). However, this formulation can underes-
timate the range of validity of the linear regime for the
fifth force. Indeed, because of the factor 1/ρ in the right-
hand side a perturbative expansion of Eq.(50) in powers
of δ = (ρ − ρ̄)/ρ̄ cannot extend beyond |δ| ∼ 1. This
artificial limitation can be removed at once by writing
instead the scalar-field equation as

dχ̃

d lnA
=

ρ

M4
. (113)

If the function χ̃(lnA) were quadratic the linear theory
would be exact for the fifth force. In the general case, the
range of validity xNL

A of the linear theory for the fifth force
will be determined by the nonlinearities of the function
dχ̃/d lnA but it can exceed xNL

δ .

In the models described in Sec. IV we have lnA =
αλ(χ̃), where the function λ and χ̃ are of order unity (or
more precisely, do not involve small or large parameters),
whereas α . 10−6 ≪ 1, as noticed in Eq.(51). Then, the
scalar-field equation (113) reads as

dχ̃

dλ
=

αρ̄

M4
(1 + δ), (114)

which we must solve for λ(δ). In the low-density regime,
following the same analysis as for Eq.(82), we have in the
general case lnA ∼ ±α|χ̃+ 1|1−ν , with 0 < ν < 1, and

αρ

M4
≪ 1 : χ̃ ≃ −1±|λ|1/(1−ν), λ ≃ ±

( αρ

M4

)(1−ν)/ν

.

(115)
Then, for generic ν, at low densities the function λ(ρ)
can be linearized in δ in the range |δ| . 1. For the
specific case ν = 1/2, which corresponds to the models
introduced in Sec. IV, the last relation (115) happens
to be linear so that the linear regime for λ(ρ) applies
up to αρ/M4 ∼ 1, that is, δ . M4/αρ̄ ∼ α−1 ≫ 1,
which yields a much greater range. At high densities,
αρ/M4 ≫ 1, we have a power-law divergence of the form
dχ̃/dλ ∼ |λ+ λ∗|−µ, with µ > 0. This yields λ ≃ −λ∗ ±
(αρ/M4)−1/µ, which can be linearized for |δ| . 1.

Therefore, we find that in all cases the regime of va-
lidity of the linear regime for the fifth force is at least as
broad as that for the matter fluctuations δ. In the spe-
cific case of the models introduced in in Sec. IV, which
have a square-root singularity in the low-density regime,
the linear regime for the fifth force applies to a much
greater range at low z, |δ| . α−1.

B. Model (I)

We first consider the case of the model (I) introduced in
Eq.(55), where χ̃ is an increasing function of ρ. This leads
to a negative ǫ1 and the fifth force decreases Newtonian
gravity. The linear modes D±(a) of the matter density
contrast satisfy the evolution equation (43), where the
departure from the Λ-CDM cosmology only comes from
the factor ǫ(k, a). Because |ǫ1| . α ≪ 1, the factor 1 in
Eq.(44) gives a negligible contribution to (1 + ǫ) and we
can write

ǫ(k, a) = ǫ1(a)
2

3Ωm

(
ck

aH

)2

. (116)

On Hubble scales we have ǫ ∼ ǫ1, hence |ǫ| . α≪ 1 and
we recover the Λ-CDM growth of structures. However,
on smaller scales |ǫ(k, a)| grows as k2 and it reaches unity
at a wave number

kα(a) ≃
aH

c
√
|ǫ1|

≃ 3× 10−4

√
a|ǫ1|

hMpc−1, (117)

where we used H2 ∝ a−3 in the matter era. We have
seen in Sec. VIA and Fig. 2 that |ǫ1| is maximum at
redshift zα ∼ α−1/3, with an amplitude |ǫ1|max ∼ α.
More precisely, from Eq.(60) we obtain

a≪ aα : |ǫ1| ∼ α−1a6, a≫ aα : |ǫ1| ∼ α2a−3.
(118)

Therefore, kα(a) is minimum at a ≃ aα, with

kmin
α ≡ kα(aα) ∼ 3× 10−4α−2/3 hMpc−1, (119)

which yields kmin
α ∼ 3 hMpc−1 for α = 10−6. Thus, wave

numbers below kmin
α never probe the fifth force, while

higher wave numbers feel the fifth force over a finite time
range, [a−(k), a+(k)], around the scale factor aα. From
Eq.(118) we obtain, for k > kmin

α ,

a−(k) ∼ α1/7

(
ck

H0

)−2/7

, a+(k) ∼ α
ck

H0
. (120)

In the time interval [a−, a+], the factor (1 + ǫ) in the
linear evolution equation (43) is dominated by ǫ and be-
comes negative. This means that the density fluctuations
no longer feel an attractive gravity but a pressure-like
force. Then, the linear growing mode D+(a) stops grow-
ing, as in the Λ-CDM cosmology, but develops an oscilla-
tory behavior. In the matter era, the evolution equation
(43) simplifies as

D′′ +
1

2
D′ − 3

2
(1 + ǫ)D = 0, (121)

where we denote with a prime the derivative with respect
to ln a. Rescaling the linear modes as

D(k, a) = a−1/4 y(k, a), (122)
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we obtain

y′′ −
(
25

16
+

3ǫ

2

)
y = 0. (123)

Then, defining ω =
√
−25/16− 3ǫ/2, we obtain in the

limit −ǫ≫ 1 the WKB solutions

y =
c√
ω
cos

[∫ a

a−

da

a
ω(a)

]
+

s√
ω
sin

[∫ a

a−

da

a
ω(a)

]
,

(124)
where the coefficients c and s are obtained from the
matching at a−.

We show the linear growing mode D+(k, a) as a func-
tion of the scale factor in the upper panel in Fig. 3. We
can check that we recover the behaviors predicted above.
For k . 3hMpc−1 the linear growing mode follows the
same growth as in the Λ-CDM cosmology (which can-
not be distinguished from the upper curve in the plot).
At higher k it develops oscillations, in the range [a−, a+]
around aα ∼ 0.01. Because the number of oscillations
is not very large in practice we do not need to use the
WKB approximation (124) and we simply solve the exact
evolution equation (43).

We show the dependence on k of the linear growing
mode in the middle panel in Fig. 3. The oscillatory be-
havior found for the time evolution at high k gives rise to
a decay of the growing mode at high wave number. In-
deed, for high k the linear mode D+(k, a) stops growing
in the increasingly broader interval [a−, a+], which leads
to an increasing delay for D+(k, a) as compared with
the Λ-CDM reference. From the WKB approximation
(124) we can see that a1/4D+(k, a) has about the same
amplitude at the boundaries a− and a+, where ω ∼ 1,

while it decreases as 1/
√
ω(a) in-between with a mini-

mum at aα. Therefore, in the matter era after the oscil-
latory phase, a > a+, we have D+(a) ∼ D+(a+)a/a+ ∼
D+(a−)(a+/a−)−1/4(a/a+) ∼ (a+/a−)−5/4a, where we
normalized the Λ-CDM growing mode as DΛCDM

+ = a in
the matter era. Thus, at high k the linear growing mode
is damped by a factor (a+/a−)−5/4. From Eq.(120) this
gives:

k > kmin
α :

D+(k, a)

DΛCDM
+ (a)

∼
(

k

kmin
α

)−45/28

, (125)

which is consistent with the middle panel in Fig. 3.

We display the logarithmic linear power spectrum,
∆2

L(k) = 4πk3PL(k), in the lower panel in Fig. 3. Its ra-
tio to the Λ-CDM linear power is given by (D+/D

ΛCDM
+ )2

and shows a steep falloff with oscillations at high k, as
follows from the middle panel. The lower panel shows
that at z = 0 the decay of the linear power spectrum ap-
pears inside the nonlinear regime, at k & 2hMpc−1, but
at higher z it would fall in the linear regime.
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FIG. 3: Linear growing mode D+(k, a) and logarithmic
power spectrum ∆2

L(k, a) for the model (I) (we show the ab-
solute value |D+|). Upper panel: D+(k, a) as a function of
the scale factor for k = 1, 10 and 100hMpc−1, from top to
bottom. Middle panel: D+(k, a) as a function of the wave
number, at redshift z = 0. We also show the Λ-CDM result
as the upper dashed line. Lower panel: linear logarithmic
power spectrum ∆2

L(k, a) at redshift z = 0.

C. Model (II)

We now consider the case of model (II) introduced in
Eq.(63), where χ̃ is a decreasing function of ρ. This leads
to a positive ǫ1 and the fifth force amplifies Newtonian
gravity. Again, the linear modes D±(a) satisfy the evo-
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lution equation (43) and the factor ǫ(k, a) is given by
Eq.(116). We recover the Λ-CDM growth on Hubble
scales while ǫ reaches unity at the wave number kα(a)
of Eq.(117). The amplitude of ǫ1 verifies the same scal-
ings (118) as for model (I) and this again defines the
minimum wave number kmin

α of Eq.(119) for which the
fifth force ever had a significant impact. For k > kmin

α

the fifth force is significant in the time interval [a−, a+]
given by Eq.(120).
Because ǫ > 0 the linear modes do not show oscilla-

tions in the range [a−, a+] but faster growth and decay
as compared with the Λ-CDM evolution. Neglecting the
time dependence of ǫ, Eq.(121) leads to the growing and
decaying modes

D±(a) ∼ aγ± , γ± =
±
√
25 + 24ǫ− 1

4
. (126)

We show our results for the linear growing mode
D+(k, a) and the linear logarithmic power spectrum
∆2

L(k, a) in Fig. 4. We can see that low wave numbers,

k . 1hMpc−1, follow the same growth as in the Λ-CDM
cosmology whereas high wave numbers, k & 10hMpc−1,
follow a phase of accelerated growth around aα ∼ 0.01.
This leads to a steep increase of D+(k) at high k, at
low redshift. This means that high wave numbers, k ≫
10hMpc−1, enter the nonlinear regime at a . aα, much
before than in the Λ-CDM cosmology. As seen in the
lower panel in Fig. 4, at z = 0 this strong amplification
with respect to Λ-CDM is restricted to nonlinear scales,
but at higher z it would also apply to scales that would
be linear in the Λ-CDM cosmology.

D. Model (III)

The behaviors obtained for the model (III) are sim-
ilar to those of the model (II), as ǫ > 0 and the fifth
force accelerates the growth of structures at high k, in a
time interval [a−(k), a+(k)]. At a given time, the lowest
wave number kα(a) where the fifth force is significant is
still given by Eq.(117). The lowest wave number kmin

α

where the fifth force ever played a role (at aα ∼ α1/3) is
also given by Eq.(119). From Eqs.(75) and (79) we now
obtain, for k > kmin

α ,

a−(k) ∼ α−1/5

(
ck

H0

)−4/5

, a+(k) ∼ α
ck

H0
. (127)

Thus, the upper boundary a+(k) behaves as for models
(I) and (II), because all three models have the same low-
density or late-time behavior (82) (up to a sign), but the
lower boundary a−(k) decreases faster at high k. This
increases the time span where the fifth force is dominant
and it leads to a stronger impact on the growth of struc-
ture at high k than for model (II). This is due to the
slower decrease of ǫ1(a) at high redshift found in Fig. 2.
We show our results for the linear growing mode in Fig. 5
and we can check that we recover these properties. The
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FIG. 4: Linear growing mode D+(k, a) and logarithmic
power spectrum ∆2

L(k, a) for the model (II). Upper panel:
D+(k, a) as a function of the scale factor for k = 1, 10 and
100hMpc−1, from bottom to top. Middle panel: D+(k, a) as
a function of the wave number, at redshift z = 0. We also
show the Λ-CDM result as the lower dashed line. Lower panel:
linear logarithmic power spectrum ∆2

L(k, a) at redshift z = 0.

linear power spectrum is very close to the one obtained
from the model (II) in Fig. 4, hence we do not show it in
the figure.
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FIG. 5: Linear growing mode D+(k, a) for the model (III).
Upper panel: D+(k, a) as a function of the scale factor for
k = 1, 10 and 100hMpc−1, from bottom to top. Lower panel:
D+(k, a) as a function of the wave number, at redshift z = 0.
We also show the Λ-CDM result as the lower dashed line.

VIII. SPHERICAL COLLAPSE

A. Equation of motion

As can be derived from Eq.(34), on large scales where
the baryonic pressure is negligible, the particle trajecto-
ries r(t) read as

d2r

dt2
− 1

a

d2a

dt2
r = −∇r (ΨN +ΨA) , (128)

where r = ax is the physical coordinate, ∇r = ∇/a
the gradient operator in physical coordinates, and ΨA =
c2 lnA is the fifth force contribution to the metric po-
tential Φ. To study the spherical collapse before shell
crossing, it is convenient to label each shell by its La-
grangian radius q or enclosed mass M , and to introduce
its normalized radius y(t) by

y(t) =
r(t)

a(t)q
with q =

(
3M

4πρ̄0

)1/3

, y(t = 0) = 1.

(129)

In particular, the matter density contrast within radius
r(t) reads as

1 + δ<(r) = y(t)−3. (130)

Then, Eq.(128) gives for the evolution of the normalized
radius y, or density contrast δ< = y−3 − 1,

d2y

d(ln a)2
+

(
2 +

1

H2

dH

dt

)
dy

d ln a
= − y

H2r

∂

∂r
(ΨN +ΨA) .

(131)
The Newtonian potential is given by ΨN = −GδM/r,
with δM(< r) = 4πδ<(r)ρ̄r

3/3, which yields

∂ΨN

∂r
= Ωm

H2r

2

(
y−3 − 1

)
. (132)

The derivative of the fifth force potential reads as

∂ΨA

∂r
= c2

∂ lnA

∂r
=
c2

r

d lnA

d ln ρ

∂ ln ρ

∂ ln r
. (133)

This gives the equation of motion

d2y

d(ln a)2
+

(
2 +

1

H2

dH

dt

)
dy

d ln a
+

Ωm

2
y(y−3 − 1) =

−y
( c

Hr

)2 d lnA

d ln ρ

r

1 + δ

∂δ

∂r
. (134)

In contrast with the Λ-CDM case, where the dynamics
of different shells are decoupled before shell crossing, the
fifth force introduces a coupling as it depends on the
density profile, through the local density ρ(r) = ρ̄(1 +
δ(r)) (which is different from the mean density ρ̄(1+ δ<)
within radius r) and its first derivative ∂δ/∂r.
To obtain a closed expression without solving simulta-

neously the dynamics of all shells (which would not be
exact at late time when inner shells collapse and cross
each other), we use an ansatz for the density profile. Fol-
lowing [18, 19], we use the density profile defined by

δ(x′) =
δ<(x)

σ2
x

∫

V

dx′′

V
ξL(x

′,x′′)

=
δ<(x)

σ2
x

∫ +∞

0

dk 4πk2PL(k)W̃ (kx)
sin(kx′)
kx′

. (135)

Here x(t) = a(t)r(t) is the comoving radius of the spher-
ical shell of mass M that we are interested in while
x′ is any radius along the profile; ξL and PL are the
linear correlation function and power spectrum of the
matter density contrast, σ2

x = 〈δL<(x)
2〉 its variance

within radius x, which defines a sphere of volume V ;
and W̃ (kx) = 3[sin(kx) − kx cos(kx)]/(kx)3 the Fourier
transform of the 3D top hat of radius x. The choice
(135) corresponds to the typical density profile around a
spherical overdensity of amplitude δL< at radius x for a
Gaussian field of power spectrum PL. As the overdensity
turns nonlinear the profile should be distorted but we ne-
glect this effect. The ansatz (135) allows us to compute
the local density contrast δ(x) and its derivative ∂δ/∂x at
radius x from δ<(x) and to close the equation of motion
(134).
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FIG. 6: Time evolution of the nonlinear density contrast δ<
given by the spherical dynamics, as a function of the scale fac-
tor a. Upper panel: δ<(a) for several masses, from M = 106

to 1014h−1M⊙ from bottom to top, with the same initial con-
dition that corresponds to the Λ-CM linear density threshold
today δΛ−CDM

<L = 1.6. Lower panel: δ<(a) for several initial

conditions, from δΛ−CDM
<L = 1.6 to 150 from bottom to top,

for the fixed mass M = 108h−1M⊙.

B. Model (I)

We show in Fig. 6 the evolution with time of the non-
linear density contrast within a shell of mass M given
by the spherical dynamics, for the model (I). In the up-
per panel, we consider the curves obtained for different
masses M with a common normalization for the linear
density contrast δ<L at a very high redshift, zi & 103. In
the case of the Λ-CDM cosmology, this corresponds to a
linear density contrast today, at z = 0, of δΛ−CDM

<L = 1.6,
and to a nonlinear density contrast δ< ≃ 200, hence
to a collapsed and just-virialized halo. In agreement
with the results of Sec. VII B and Fig. 3, we find that
for large masses, M & 1012h−1M⊙, which correspond
to large scales, we remain close to the Λ-CDM behav-
ior (which cannot be distinguished from the curves for
M ≥ 1014h−1M⊙), whereas the collapse is delayed for
smaller masses. Because the density contrast is still in
the linear regime around aα ∼ 0.01, where the fifth force

is important (on small scales), the spherical dynamics fol-
lows the behavior of the linear growing mode displayed in
Fig. 3. For large mass it keeps growing as in the Λ-CDM
scenario whereas for small mass it shows oscillations with
an amplitude that is about the same at the end of the
oscillatory phase, a+, as at its beginning, a−. This de-
lays the collapse for small masses and leads to a density
contrast today that is much smaller than 200. In fact,
because the oscillations imply a change of sign of the den-
sity contrast, as was the case for the linear mode D+, an
initially overdense perturbation can come out of the os-
cillatory phase as an underdensity, in which case it will
never collapse but give rise to a void (neglecting shell
crossing).

In the lower panel of Fig. 6, we show the spherical dy-
namics for the fixed mass M = 108h−1M⊙ and several
values of the initial linear density contrast, which in the
Λ-CDM cosmology would give rise today to a linear den-
sity contrast of δΛ−CDM

<L = 1.6 to 150. For δΛ−CDM
<L . 10

the dynamics remains in the linear regime until z = 0
and the curves are simply a rescaled copy of the result ob-
tained for δΛ−CDM

<L = 1.6. As δ< only shows two changes

of sign (for M = 108h−1M⊙ the oscillation frequency is
still low) the perturbation comes out of the oscillatory
phase as an overdensity, which then resumes its growth.
Because of the delay of the collapse around aα ∼ 0.01 the
final nonlinear density contrast does not go much beyond
unity at z = 0. For the greater initial density contrast
δΛ−CDM
<L = 50, the overdensity has a higher amplitude
at the beginning of the oscillatory phase. It exits with a
similar and positive density contrast and it has time to
reach a nonlinear density contrast greater than 200 be-
fore z = 0. However, we can see from the curve obtained
for δΛ−CDM

<L = 100 that the final nonlinear density con-
trast is not a monotonic function of the initial condition
at high initial overdensities, δΛ−CDM

<L > 50. Indeed, for

the higher initial density δΛ−CDM
<L = 100 there is a single

oscillation, which implies that the perturbation becomes
an underdensity with a nonlinear density contrast that
converges to −1 at late time, when the fifth force no
longer plays a significant role. Increasing further the ini-
tial density contrast, δΛ−CDM

<L & 150, the perturbation
collapses before the oscillatory phase and remains highly
overdense.

For smaller masses, where the oscillatory phase shows
numerous oscillations in the linear regime, we obtain a
similarly non-monotonic behavior as a function of the ini-
tial condition. In these cases, to obtain a collapsed halo
today the overdensity needs to have already collapsed be-
fore the oscillatory phase begins, which leads to a much
more stringent condition than for the Λ-CDM cosmology.
The linear density contrast today, extrapolated from very
early times by the Λ-CDM growth factor, needs to be
greater than about 100 today, instead of about 1.6.

We show in Fig. 7 the linear density contrast thresh-
old, measured by δΛ−CDM

<L (i.e., the extrapolation up to
z = 0 of the linear initial density contrast by the Λ-
CDM growth rate), required to reach a nonlinear density
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FIG. 7: Initial linear density contrast, as measured by
δΛ−CDM
<L , that gives rise to a nonlinear density contrast δ< =
200 at z = 0, as a function of the halo mass M . The lower
dashed line is the mass-independent linear density threshold
obtained for the Λ-CDM cosmology.

contrast δ< = 200 today. In agreement with Fig. 6, at
large mass we recover the Λ-CDM linear density thresh-
old, δΛ−CDM

<L ≃ 1.6, whereas at small mass we obtain a

much greater linear density threshold δΛ−CDM
<L ∼ 100.

We also find a non-monotonic curve, which is due to
the oscillation phase and the complex behavior found in
Fig. 6. Moving towards smaller masses, from M ∼ 1011

down to M ∼ 2 × 109h−1M⊙, the linear density thresh-
old shows a steep rise as it must compensate for the
delay around aα ∼ 0.01 of structure growth (this cor-
responds to the curve M = 1010 in the upper panel in
Fig. 6). The threshold grows until δΛ−CDM

<L ∼ 100 at

M ∼ 2×109h−1M⊙, which corresponds to perturbations
that have collapsed just at a−, just before the beginning
of the oscillatory phase (this behavior corresponds to the
curve labeled ”150” in the lower panel in Fig. 6). Next,
down toM ∼ 2×108h−1M⊙ the linear density threshold
keeps slowly increasing as the oscillatory phase expands
and a− decreases (see the upper panel in Fig. 6). At these
masses the oscillatory phase displays a zero and next one
change of sign (so that overdensities emerge as underden-
sities and never collapse, as for the curve labeled “100” in
the lower panel in Fig. 6). At M ∼ 2× 108h−1M⊙ there
is a sudden drop in the linear density threshold. This
is because the oscillatory phase now shows two changes
of sign, and it is possible for overdensities that have not
yet collapsed before a− to emerge as overdensities and
resume their collapse (this corresponds to the curve la-
beled “50” in the lower panel in Fig. 6). Moving to lower
masses the linear threshold smoothly increases as a− de-
creases (so that the delay grows) until we again reach the
plateau around ∼ 100, and next encounter a second drop
at M ∼ 2 × 107h−1M⊙ at the transition from three to
four changes of sign. The second drop is smaller than
the first, because the width of the oscillatory phase has
increased so that it needs a higher initial linear density
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FIG. 8: Time evolution of the nonlinear density contrast δ<
given by the spherical dynamics, as a function of the scale fac-
tor a. Upper panel: δ<(a) for several masses, from M = 1014

to 106h−1M⊙ from bottom to top, with the same initial con-
dition that corresponds to the Λ-CM linear density threshold
today δΛ−CDM

<L = 1.6. Lower panel: δ<(a) for several initial

conditions, from δΛ−CDM
<L = 1.6 to 0.001 from top to bottom,

for the fixed mass M = 108h−1M⊙.

contrast to eventually reach δ< = 200 today.

In any case, the formation of low mass halos, M .
2× 109h−1M⊙, is strongly suppressed as compared with
the Λ-CDM scenario. In fact, rather than forming in
the usual bottom-up hierarchical fashion of CDMmodels,
low-mass halos may form later in a top-down fashion,
by fragmentation of larger-mass halos, as in Warm Dark
Matter (WDM) scenarios.

C. Model (II)

We show in Fig. 8 the evolution with time of the non-
linear density contrast within a shell of massM given by
the spherical dynamics, for the model (II). As in Fig. 6,
in the upper panel, we consider the curves obtained for
different masses M with a common normalization for
the linear density contrast δ<L at a very high redshift,
zi & 103. In the case of the Λ-CDM cosmology, this cor-
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FIG. 9: Initial linear density contrast, as measured by
δΛ−CDM
<L , that gives rise to a nonlinear density contrast δ< =
200 at z = 0, as a function of the halo mass M . The upper
dashed line is the mass-independent linear density threshold
obtained for the Λ-CDM cosmology.

responds to a linear density contrast today, at z = 0,
of δΛ−CDM

<L = 1.6, and to a nonlinear density contrast
δ< ≃ 200, hence to a collapsed and just virtualized halo.
In agreement with the results of Sec. VIIC and Fig. 4, we
find that for large masses, M & 1012h−1M⊙, which cor-
respond to large scales, we remain close to the Λ-CDM
behavior (which cannot be distinguished from the curves
forM ≥ 1014h−1M⊙), whereas the collapse is accelerated
for smaller masses and can occur as soon as a ∼ 0.01.
In the lower panel of Fig. 8, we show the spherical dy-

namics for the fixed mass M = 108h−1M⊙ and several
values of the initial linear density contrast, which in the
Λ-CDM cosmology would give rise today to a linear den-
sity contrast of δΛ−CDM

<L = 1.6 to 0.001. We can clearly
see the accelerated growth during the phase, a− < a <
a+, where the fifth force is important. This implies that
linear density contrasts as low as δΛ−CDM

<L ≃ 0.05 can
give rise to a collapsed halo today.
We show in Fig. 9 the linear density contrast thresh-

old, measured by δΛ−CDM
<L (i.e., the extrapolation up to

z = 0 of the linear initial density contrast by the Λ-
CDM growth rate), required to reach a nonlinear density
contrast δ< = 200 today. In agreement with Fig. 8, at
large mass we recover the Λ-CDM linear density thresh-
old, δΛ−CDM

<L ≃ 1.6, whereas at small mass we obtain

a much smaller linear density threshold δΛ−CDM
<L ≪ 1.

This means that small scales have turned nonlinear at
a−(M) . 0.01, much before than in the Λ-CDM cosmol-
ogy.

D. Model (III)

The model (III) shows a behavior that is very close
to the model (II), as was the case for the linear growing
modes studied in Sec. VII D. Therefore, we only show the
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FIG. 10: Initial linear density contrast, as measured by
δΛ−CDM
<L , that gives rise to a nonlinear density contrast δ< =
200 at z = 0, as a function of the halo mass M . The upper
dashed line is the mass-independent linear density threshold
obtained for the Λ-CDM cosmology.

linear density threshold δΛ−CDM
<L required for the nonlin-

ear density contrast δ< = 200 at z = 0, in Fig. 10. We
can check that this is close to the result displayed in Fig. 9
for the model (II). Again, at large mass we recover the
standard Λ-CDM result whereas at small mass the accel-
erated growth leads to a much smaller linear threshold
δΛ−CDM
<L ≪ 1.

IX. HALO MASS FUNCTION

A. Model (I)

As for the Λ-CDM cosmology, we write the comoving
halo mass function as [20]

n(M)
dM

M
=
ρ̄0
M
f(ν)

dν

ν
, (136)

where the scaling variable ν(M) is defined as

ν(M) =
δΛCDM
L (M)

σ(M)
, (137)

and δΛCDM
L (M) is again the initial linear density con-

trast (extrapolated up to z = 0 by the Λ-CDM linear
growth factor) that is required to build a collapsed halo
(which we define here by a nonlinear density contrast of
200 with respect to the mean density of the Universe).
The variable ν measures whether such an initial condi-
tion corresponds to a rare and very high overdensity in
the initial Gaussian field (ν ≫ 1) or to a typical fluctu-
ation (ν . 1). In the Press-Schechter approach, we have

f(ν) =
√
2/πνe−ν2/2. Here we use the same function as

in [21]. Then, the impact of the modified gravity only
arises through the linear threshold δΛCDM

L (M), as we as-
sume the same initial matter density power spectrum as
for the Λ-CDM reference at high redshift.
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FIG. 11: Upper panel: halo mass function at z = 0 for
the model (I) (red line with a downward spike at M ≃
1011h−1M⊙) and for the Λ-CDM reference (smooth black
dashed line). The red solid line shows the range where n(I) > 0
and the red dashed line the range where n(I) < 0. Lower
panel: relative deviation of the halo mass function from the
Λ-CDM reference, for the model (I). We show −∆n/n as
n(I) < nΛCDM.

We show our results for the halo mass function ob-
tained for the model (I) in Fig. 11. In agreement with
Fig. 7, at large masses the halo mass function is close to
the Λ-CDM prediction whereas it is significantly lower
at low masses, M ∼ 1011 − 1012h−1M⊙, because of the
delay of the collapse on small scales. In fact, at M ≃
1011h−1M⊙ the mass function given by Eq.(136) becomes
negative. In the usual Λ-CDM cosmology δΛCDM

L (M) is
actually mass independent while σ(M) is a monotonic
decreasing function ofM . Then, ν(M) is a monotonic in-
creasing function of M , which expresses the hierarchical
bottom-up nature of the gravitational clustering: smaller
scales and masses collapse first. As is well known from N-
body simulations and semi-analytic modeling, this gives a
mass function that can be described by Eq.(136), which
is everywhere positive with an almost universal scaling
function f(ν), and with a low-mass power-law tail and a
large-mass exponential cutoff.
In contrast, in the case of the model (I), the linear

threshold δΛCDM
L (M) shows a strong mass dependence,

as displayed in Fig. 7. In particular, it shows a steep
increase at lower masses from M ≃ 1011h−1M⊙ down to
M ≃ 2 × 109h−1M⊙. In this range, the variable ν(M)
becomes a decreasing function of mass, so that the mass
function (136) becomes negative because of the factor
d ln ν/d lnM . At small mass the mass function n(I) be-
comes very small because of the high values reached by
the linear threshold δΛCDM

L (M). Of course, this negative
sign merely signals the breakdown of Eq.(136) as the ex-
act mass function is always positive. The change of sign
of d ln ν/d lnM means that at low mass and small scales
gravitational clustering proceeds in an inverse hierarchy:
smaller scales and masses collapse later. This corre-
sponds to a top-down process as in the Hot Dark Matter
(HDM) scenario. In practice, we can expect that small
halos form in a very different manner than in the usual
Λ-CDM cosmology, by the fragmentation of larger-mass
halos. This very different mechanism implies that the
halo mass function for low masses cannot be described
by a rescaling of the form (136) and one must build a
new modeling suited to this different process. We do not
pursue this task here, which would require comparisons
to numerical simulations.

It is interesting to note that this behavior is differ-
ent from the modelization often used for the Warm Dark
Matter (WDM) scenario, where the formation of low-
mass halos is also suppressed as compared with the CDM
scenario. Indeed, in the WDM case, the main effect
comes from a cutoff of the linear power spectrum at high
k, due to the free-streaming of the dark matter particles
that have a non-negligible velocity dispersion after re-
combination. However, at low redshift their velocity dis-
persion is small (for typical candidates of particle mass
m & 3 keV) and the collapse proceeds as in the usual
CDM case. Then, the linear threshold δΛCDM

L (M) is iden-
tical to the Λ-CDM one and ν(M) is still a monotonic
increasing function of M , but with a smaller decrease
at low mass. Typically, σ goes to a finite constant for
M → 0. This pushes Eq.(136) to its limits, and the scal-
ing function f(ν) may differ from the CDM one, but it
remains positive and shows a reasonable shape. However,
numerical simulations suggest that this recipe overesti-
mates the low-mass tail and this is sometimes cured by
using a window function W (kR) [that defines the vari-
ance σ2 in Eq.(137)] that is a top hat in Fourier space in-
stead of configuration space [22] (but this involves intro-
ducing a free parameter to relate the wave number cutoff
to the mass scale, which is fitted to the simulations). In
contrast, in the case of the model (I), the initial linear
power spectrum (that defines the initial conditions, e.g.
at z ∼ 1000) remains the same as in the Λ-CDM cos-
mology, but it is the linear threshold that is modified,
because of the different dynamics around a−. This leads
to a dramatic decrease of the halo mass function at low
mass, without the need to change the filter W (kR), and
it makes apparent the top-down hierarchy that can be
expected from the analysis of the spherical dynamics.

An alternative modeling, which is closer to the one
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often used for WDM, would be to define the initial con-
ditions at sufficiently late time, after a+ when the fifth
force is no longer dominant. Then, the linear power spec-
trum would be modified from the Λ-CDM reference, and
given by the lower panel in Fig. 3, whereas the spherical
collapse and the linear density contrast threshold would
be the same as for Λ-CDM. However, this would hide
the inverted hierarchical process [ν(M) would again be
a monotonic increasing function of mass] and would be
likely to underestimate the decrease of the low-mass tail,
as in the WDM case. In any case, a Press-Schechter-like
modeling is unlikely to be meaningful in the low-mass
regime for such scenarios, and obtaining a better match
with the numerical simulations by changing the filter may
not amount to much more than coincidence.
On the other hand, at large mass and in the exponen-

tial cutoff of the mass function, where the gravitational
clustering proceeds in the usual bottom-up fashion and

we probe rare events governed by the universal tail e−ν2/2

associated with the Gaussian initial conditions, we expect
our results to be robust.

B. Model (II)

We show our results for the halo mass function ob-
tained for model (II) in Fig. 12. In agreement with Fig. 9,
at large masses the halo mass function is close to the Λ-
CDM prediction whereas it is significantly higher at low
masses, M ∼ 108 − 1011h−1M⊙, because of the acceler-
ation of the collapse on small scales. At low masses the
mass function becomes smaller than in the Λ-CDM cos-
mology, because both mass functions are normalized to
unity (the sum over all halos cannot give more matter
than the mean matter density).
At large masses, M > 1012h−1M⊙, where the forma-

tion of large-scale structures remains close to the Λ-CDM
case, with only a modest acceleration, and the mass func-

tion is dominated by the Gaussian tail ∼ e−ν2/2, we
can expect the results displayed in Fig. 12 to be robust.
The relative deviation does not decrease from 1014 to
1015h−1M⊙ because the convergence towards Λ-CDM

is counterbalanced by the Gaussian tail e−ν2/2 which
increasingly amplifies deviations from Λ-CDM at high
mass.
At low masses, M < 1012h−1M⊙, where the history

of gravitational clustering is significantly different from
the Λ-CDM scenario, as a large range of masses have
collapsed together before a redshift of 100, and the halo
mass function is no longer dominated by its universal
Gaussian tail, these results are unlikely to be accurate.
Indeed, there is no reason to expect that the exponent
of the low-ν power-law tail remains the same as in Λ-
CDM, and because of the rather different clustering his-
tory the mass function may show a significantly different
behavior, even in terms of the scaling variable ν. Never-
theless, we can still expect the halo mass function to be
significantly higher than in the Λ-CDM case for masses
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FIG. 12: Upper panel: halo mass function at z = 0 for the
model (II) (solid line) and the Λ-CDM reference (dashed line).
Lower panel: relative deviation of the halo mass function from
the Λ-CDM reference, for the model (II). We show the abso-
lute value |∆n|/n (with a solid line for n(II) > nΛCDM and a
dashed line otherwise).

M ∼ 108− 1011h−1M⊙, although it is difficult to predict
the maximum deviation and the transition to a negative
deviation at very low masses.

C. Model (III)

We show our results for the halo mass function ob-
tained for model (III) in Fig. 13. In agreement with
Sec. VIIID, the results are very close to those obtained
for model (II). The acceleration of the gravitational col-
lapse by the fifth force leads to a higher halo mass func-
tion at moderate and large masses, with an amplification
that grows towards smaller masses, fromM = 1013 down
to 109h−1M⊙, and a convergence to the Λ-CDM falloff
around M ∼ 1013 − 1015h−1M⊙. At very small masses,
M < 107h−1M⊙, the deviation from the Λ-CDM halo
mass function becomes negative, in agreement with the
constraint associated with the normalization of the halo
mass function.

Again, these results should be robust at large mass,
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FIG. 13: Upper panel: halo mass function at z = 0 for
the model (III) (solid line) and the Λ-CDM reference (dashed
line). Lower panel: relative deviation of the halo mass func-
tion from the Λ-CDM reference, for the model (III). We show
the absolute value |∆n|/n (with a solid line for n(III) > nΛCDM

and a dashed line otherwise).

M > 1012h−1M⊙, where gravitational collapse remains
similar to the usual Λ-CDM case, whereas the predic-
tions are unlikely to be accurate at low masses, M <
1012h−1M⊙, where the significant differences in the pro-
cess of gravitational clustering could change the shape of
the scaling function f(ν).

X. SCREENING OF THE FIFTH FORCE IN
DENSE ENVIRONMENTS

So far we have focused on the impact of the modifi-
cation of gravity on the background cosmology and the
large-scale structures, including the linear regime and the
formation of collapsed halos. In practice, we wish to
recover General Relativity on small scales, especially in
the Solar System where accurate measurements provide
stringent constraints on a possible fifth force. Therefore,
we compare in this section the magnitude of the fifth force
with the Newtonian gravity on a variety of objects, from
clusters of galaxies to galaxies and to the Solar System.

A. Screening within clusters or spherical halos

We first consider here how the ratio of the fifth force
to Newtonian gravity behaves within spherical halos with
a mean density profile such as the Navarro-Frenk-White
(NFW) [23] density profile, often used to describe massive
dark matter halos. In particular, we wish to find the
conditions for the fifth force not to diverge at the center
of the halos and to remain modest at all radii, to be
consistent with observations of X-ray clusters. Within
spherical halos, the Newtonian force reads as

FN = −GNM(< r)

r2
= −Ωm

2
∆(< r)rH2, (138)

where ∆(< r) is the mean overdensity within radius r.
We can also write this as

FN = −v
2
N(r)

r
, v2N =

GNM(< r)

r
, (139)

where v2N is the circular velocity at radius r, which also
measures the typical magnitude of the velocity dispersion
when Newtonian gravity is dominant. The fifth force
reads as

FA = −c2 d lnA
dr

= −c
2
s(r)

r
= −c

2

r

d lnA

d ln ρ

d ln ρ

d ln r
. (140)

Therefore, the ratio of the fifth force to the Newtonian
force is

η ≡ FA

FN
=

2

Ωm∆(< r)

( c

rH

)2 d lnA
d ln ρ

d ln ρ

d ln r
(141)

=
c2

v2N

d lnA

d ln ρ

d ln ρ

d ln r
. (142)

In agreement with the discussion in Secs. III B 2 and
IVA, the second line (142) shows that we need a small
amplitude for the coupling function lnA to compensate
the large factor c2/v2N, for the ratio η not to be much
greater than unity in typical astrophysical and cosmo-
logical structures. This is provided by the parameter
α ∼ 10−6. In agreement with Eq.(44) and the analy-
sis of cosmological perturbations in Sec. VII, the first
line (141) shows that the relative importance of the fifth
force typically grows at smaller scales, as 1/r2 or k2, and
that the factor α is again needed to ensure that the fifth
force does not greatly exceed Newtonian gravity at scales
∼ 1h−1Mpc.
From the Euler equation (36) or the expression (140)

of the fifth force, we can also associate with the fifth force
the velocity scale cs, with

c2s = |rFA| = c2
∣∣∣∣
d lnA

d ln r

∣∣∣∣ , (143)

in a fashion similar to v2N for Newtonian gravity. Then,
the force ratio η also reads as

|η| = c2s
v2N
, (144)
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and it also measures the ratio of these two velocity scales.
On very small scales and high densities, the fifth force

is also partly screened by the nonlinearities of the cou-
pling function lnA, as d lnA/d ln ρ goes to zero at large
densities (because lnA is monotonic and bounded).
From Eq.(86), we have at moderate densities

ρ≪ M4

α
: |η| ∼ α2

a3

( c

rH

)2

. (145)

Thus, at low redshifts the ratio η is actually suppressed
by a factor α2, for the models studied in this paper, so
that η only reaches unity at r ∼ 3h−1kpc, i.e. at galaxy
scales (see also Sec. XB below). At higher densities, we
obtain for models (I) and (II), |d lnA/d ln ρ| ∼ M8/αρ2

and

(I) and (II), ρ≫ M4

α
: |η| ∼ a6

α∆3

( c

rH

)2

, (146)

and for model (III), |d lnA/d ln ρ| ∼
√
αM4/ρ and

(III), ρ≫ M4

α
: |η| ∼

√
αa3

∆3

( c

rH

)2

. (147)

Let us consider a power-law density profile, of exponent
γ > 0 and critical radius rα,

ρ(r) ∼ ρ̄0
α

(
r

rα

)−γ

. (148)

Since M4 = ρ̄de0 ∼ ρ̄0, at radii greater than rα we have
the behavior (145),

r > rα : |η| ∼ α2

a3

( c

rH

)2

, (149)

whereas at smaller radii we have

r < rα : (I) and (II), |η| ∼ a6

α∆3

( c

rH

)2

, (150)

(III), |η| ∼
√
αa3

∆3

( c

rH

)2

. (151)

From Eq.(149) we find that at large radius the relative
importance of the fifth force decreases as 1/r2, indepen-
dently of the shape of the halo profile. From Eqs.(150)
and (151) we find that at small radii the ratio η behaves
as r3γ−2 for the models (I) and (II), and as r3γ/2−2 for
the model (III). Therefore, the conditions for the ratio to
go to zero at the center are:

r → 0 : η → 0 if γ > 2/3 for (I) and (II), (152)

γ > 4/3 for (III). (153)

If we consider halos with a mean Navarro-Frenk-White
(NFW) density profile, which has γ = 1, we find that
the relative importance of the fifth force vanishes at the
center for the models (I) and (II) but diverges for the
model (III). This means that the model (III) is ruled

out, unless the small-scale cutoff ℓs discussed in Sec. VB
is of the order of 1 h−1 kpc. If we do not wish to rely on
the small-scale cutoff ℓs, Eq.(141) shows that, to obtain
a negligible fifth force at the center of a halo of exponent
γ, the coupling function must decay at large densities as

for η → 0 :
d lnA

d ln ρ
∼ ρ−µ with µ >

2

γ
− 1. (154)

However, we shall come back to this point in section XID
and argue that the divergence of the fifth force at the cen-
ter could actually disappear because of the non-linearities
of the scalar field dynamics and its ultra-local charac-
ter. Indeed, the result (153) was derived from dimen-
sional analysis and assumes that the density field remains
smooth. However, in the non-linear regime the density
field can develop strong inhomogeneities and fragment,
because of the fifth-force instability. This in turn leads
to a screening mechanism as isolated subhalos do not ex-
ert a fifth force on each other because of its ultra-local
character.
Keeping with the dimensional analysis in this section,

the result (154) would suggest that the relative impor-
tance of the fifth force always diverges at the center
of halos with a flat core, γ = 0, but this is not the
case as Eq.(154) was derived for power-law profiles with
γ > 0, where d ln ρ/d ln r in Eq.(141) was assumed to
be of order unity. For halos with a core radius rc, we
can write ρ ≃ ρc[1− (r/rc)

2] at small radii r ≪ rc, hence
|d ln ρ/d ln r| ∼ (r/rc)

2 and Eq.(141) gives the finite limit

r ≪ rc : |η| ∼ 1

∆c

(
c

rcH

)2 ∣∣∣∣
d lnA

d ln ρ

∣∣∣∣
ρc

. (155)

We show in Fig. 14 the radial profile of the force ratio
η at z = 0, for several halo masses. Here we consider
spherical halos with a mean NFW density profile, ρ(r) =
ρs/[(r/rs)(1 + r/rs)

2], and a concentration parameter,
c = R/rs given by c(M, z) = 11(M/1012M⊙)−0.1(1 +
z)−1.5. We define the halo radius R200c by the mean
overdensity threshold ∆200c = 200 with respect to the
critical density ρcrit. In agreement with Eq.(149) and
Eqs.(150)-(151), the force ratio decreases as 1/r2 at large
radii for all three models, it decreases as r at small radii
for the models (I) and (II), while it increases as r−1/2 for
the model (III). The ratio η is maximum, for models (I)
and (II), or shows a bend between the small-radius and
large-radius regimes, at rα ∼ R200c/100 (for the cases
considered here). The overall amplitude of η increases
for smaller mass (hence smaller halo radius) because of
the characteristic growth on small scale, as 1/r2, of the
modification of gravity investigated in this paper.
As noticed above, the steady growth of the ratio η to-

wards the center of the halo for the model (III) suggests
that this model would lead to cluster or galaxy halos
that are significantly different from those obtained in the
Λ-CDM scenario. Then, this model would be ruled out
by observations, which show that Λ-CDM cosmologies
provide a reasonably good agreement with data for the
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FIG. 14: Absolute value of the ratio η = FA/FN, as a func-
tion of the radius r, within spherical halos. We display the
halo masses M200c = 1015, 1013 and 1011h−1M⊙, from bot-
tom to top, at z = 0. We consider the models (I) (red line
with crosses), (II) (blue line with squares) and (III) (green
line with circles); η < 0 for the model (I); η > 0 for the mod-
els (II) and (III). The absolute values |η| of models (I) and
(II) are equal.

properties of clusters and galaxies. The ratio η becomes
of order 10 (or greater) around R200c/100 for the models
(I) and (II) for halo masses M ∼ 1011h−1M⊙ (or lower).
This suggests that these models may also be strongly con-
strained by observations, which would provide an upper
bound on the model parameter α. However, obtaining a
quantitative estimate of this constraint requires a dedi-
cated study that we leave for future work. We would need
to evaluate the impact of the fifth force on the final halo
profile, which may require numerical simulations, and to
estimate the observational accuracy of the halo profiles
measured on the intermediary scale ∼ rα. Moreover, as
we discuss in section XID below, the results obtained
above may break down in the regime dominated by the
fifth force because it could lead to the formation of strong
inhomogeneities that in turn screen the fifth force in the
final configuration of the system.

B. Cosmological and astrophysical structures

We now estimate the fifth force to Newtonian gravity
ratio η for a variety of astrophysical objects and environ-
ments, from clusters of galaxies to the laboratory on the
Earth, at low redshift.

1. Clusters of galaxies

In a halo of mass M and radius R, the Newtonian
potential and the Newtonian force are of order

ΨN

c2
∼ GNM

c2R
,

FN

c2
∼ GNM

c2R2
. (156)

As in Eq.(128), the fifth force FA = −∇ΨA = −c2∇ lnA
is of order

FA

c2
∼ d lnA

dr
∼ 1

R

d lnA

d ln ρ
, (157)

where we assumed d ln ρ/d ln r ∼ 1. As seen from
Eq.(86), in the low-density regime we have:

α∆ ≪ 1 :
d lnA

d ln ρ
∼ α2∆, (158)

where ∆ = ρ/ρ̄ is the typical matter overdensity of the
object. Then, for a cluster of galaxies, with ∆ ∼ 103,
R ∼ 1Mpc, M ∼ 1014M⊙, we obtain

FN

c2
∼ 5× 10−6Mpc−1,

FA

c2
∼ α2103Mpc−1,

FA

FN
∼ (104α)2 ≪ 1. (159)

Therefore, the fifth force is negligible on cluster scales.
However, as seen in Sec. XA and Fig. 14, this is no longer
the case far inside the cluster, at r . R200c/100, for
clusters of mass M . 1013h−1M⊙.

2. Galaxies

We now consider a typical galaxy, such as the Milky
Way, with M ∼ 1012M⊙, R ∼ 10 kpc, and ∆ ∼ 106.
This high value of the density contrast is at the limit of
validity of the regime (158), but this should still provide
the order of magnitude of the fifth force. Then, we obtain

FN

c2
∼ 5× 10−4Mpc−1,

FA

c2
∼ α2108Mpc−1,

FA

FN
∼ (106α)2 ∼ 1. (160)

Thus, the fifth force is of the same order as the Newtonian
gravity on galaxy scales. This suggests that interesting
phenomena could occur in this regime and that galaxies
could provide a useful probe of such models. On the other
hand, since we are at the border of the regime (158),
nonlinear effects may already come into play and partly
screen the fifth force, depending on the details of the
coupling function A(χ̃).

3. Solar System

Many alternative theories to General Relativity are
strongly constrained, or even ruled out, by Solar System
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tests, based on the trajectories of planets around the Sun
(measurements by the Cassini satellite [24]) or the mo-
tion of the Moon around the Earth (Lunar Laser Rang-
ing experiment [16]). To remain consistent with these
data, modified-gravity scenarios often involve nonlinear
screening mechanism that ensure convergence to General
Relativity in small-scale and high-density environments
(typically by suppressing the gradients of the scalar field
or its coupling to matter). In our case, if we consider
stars, planets and moons as isolated objects in the vac-
cum, the screening is provided by the definition of the
model itself and is 100% efficient. Indeed, because the
fifth force is exactly local, as FA = −c2∇ lnA(ρ) only
depends on the local density and its gradient, the impact
of the Sun onto the motion of the Earth through the
fifth force is exactly zero, unless if it creates a distant
density gradient by other means (e.g. Newtonian grav-
ity). However, the impact of the gradient of the Newto-
nian force from the Sun onto the matter distribution in
the Earth is negligible and completely superseded by lo-
cal geophysical sources (the radial structure of the Earth
core and atmosphere and random variations associated
with mountains and oceans for instance). Therefore, the
Sun is completely “screened” as viewed from the Earth
by the fifth force, as well as all planets and moons of the
Solar System. Therefore, the trajectories of astrophysical
objects in the Solar System are exactly given by the usual
Newtonian gravity, or more accurately General Relativ-
ity, and all Solar Systems tests of gravity are satisfied, to
the same accuracy as General Relativity.
Here we assumed that the small-scale cutoff ℓs of the

theory, discussed in Sec. VB, is below the Solar System
scales. If this is not the case, then one needs to explicitly
consider the small-scale behavior of the complete theory.
If the small-scale regularization is associated with a ki-
netic term in the scalar-field Lagrangian, as in Eq.(90),
we recover a standard Dilaton model. Then, high-density
regions, or compact objects such as stars, give rise to a
long-range fifth force but the latter is screened in dense
environments by the usual Damour-Polyakovmechanism,
as the coupling function lnA goes to a constant at high-
densities and the coupling strength d lnA/dχ̃ vanishes.
The efficiency of this screening mechanism depends on
the details of the model [the kinetic and potential terms

in the original scalar-field Lagrangian L̃ϕ(ϕ)].

4. On the Earth and in the laboratory

Even though the fifth force on the Earth is not signif-
icantly influenced by the Sun and other planets, it does
not vanish as it is sensitive to the local gradient of the
matter density. Then, we must check that this local force
is small enough to have avoided detection in the labora-
tory or on the Earth (e.g., at its surface or in the atmo-
sphere). Here we first assume that the cutoff ℓs is smaller
than the scales we consider.
So far we have assumed that the scalar field is cou-

pled in the same manner to the dark matter and to the
ordinary baryonic matter. For the analysis of cosmolog-
ical structures, from the background dynamics down to
galaxies, we are dominated by dark matter so we mostly
probed the coupling to the dark matter and it made no
difference whether the coupling to baryons is the same or
not. However, on smaller scales, such as in the Solar Sys-
tem or on Earth, we are dominated by baryonic matter.
Then, a simple manner to ensure that we satisfy obser-
vations and experiments performed in the laboratory or
on the Earth is to assume that ordinary matter is not
coupled to the scalar field.
A second alternative is that screening mechanisms are

sufficiently efficient to make the fifth force negligible on
the Earth. We now investigate whether this is the case,
assuming dark matter and baryons couple in the same
fashion to the scalar field. As seen in Eq.(36), the local
nature of the scalar field configuration makes the fifth
force appear as a polytropic pressure pA(ρ), given by
Eq.(37), where ρ is now the baryonic matter density as
the dark matter density and its gradient can be neglected.
Since Ā ≃ 1 and M4 ≃ ρ̄de0, we obtain for a typical den-
sity of 1 g/cm3,

ρ ∼ 1 g.cm−3 :
pA
ρ

∼ 3× 10−13 χ̃ (m/s)2. (161)

For χ̃ ∼ 1, as in the models (I) and (II) where χ̃ has a
finite range of order unity, this corresponds to small ve-
locities and motions. To compare this pressure with the
thermal motions found on the Earth or in the laboratory,
we write Eq.(161) as a temperature,

mppA
ρkB

∼ 3× 10−17 χ̃ K, (162)

where again we chose ρ ∼ 1 g/cm3, mp is the proton mass
and kB the Boltzmann constant. For the models (I) and
(II) where χ̃ has a finite range of order unity, this gives
a very low temperature of order 10−17 K, which is much
smaller than the temperature reached by cold-atoms ex-
periments in the laboratory, T ∼ 10−7 K. Thus, for such
models where χ̃ ∼ 1 the fifth force can be neglected in the
laboratory and on the Earth (and in other astrophysical
objects).
More generally, Eq.(162) gives the local upper bound

for |χ̃|:

ρ ∼ 1 g.cm−3 : |χ̃| < 1010. (163)

For the model (III) where |χ̃| is not bounded, we obtain
from Eq.(76) χ̃ ∼ −6 × 1014α1/2 ∼ −6 × 1011, which
violates the upper bound (163). Therefore, this model
would appear to be ruled out by such cold-atoms experi-
ments. Models where |χ̃| is not bounded are still allowed
but their function χ̃(ρ) should be somewhat smaller than

Eq.(76) for ρ ∼ 1 g/cm
3
.

However, as noticed in Sec. VB, the local model (5)
considered in this paper is not expected to apply down
to arbitrarily small scales, but only above a small-scale
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cutoff ℓs. This may arise for instance from a nonzero
kinetic term in the scalar-field Lagrangian. In any case,
we should have ℓs > 1 m in the cosmological background
(i.e., in the intergalactic space). The cutoff scale ℓs gener-
ically depends on the environment, e.g. on the local value
of the scalar field through the change of variable (4). On
the Earth, the result (162) suggests that the theory could
be valid down to somewhat smaller scales, as long as we
remain above the atomic scale and we can still define a
continuum limit to the density field. In any case, this
small-scale regularization suggests that that the cold-
atom bound (163) can be relaxed and the result (162)
shows that the fifth force is negligible on the Earth and
in the laboratory, and hence it is consistent with local
experiments.

C. Fifth-force dominated regime

In the previous section, we estimated the fifth force to
Newtonian gravity ratio η and the impact of the scalar
field for a variety of objects and environments. It is useful
to make this analysis more general and to determine the
domain of length, density and mass scales where the fifth
force is dominant. Thus, using for instance Eq.(141) and
taking d ln ρ/d ln r ∼ 1, we write for structures of typical
radius R, density ρ and mass M = 4πρR3/3,

|η| ∼ 2

Ωm0

ρ̄0
ρ

(
c

RH0

)2 ∣∣∣∣
d lnA

d ln ρ

∣∣∣∣ . (164)

Then, the fifth force is greater than Newtonian gravity if
we have

|η| ≥ 1 : R2 ≤
(
c

H0

)2
2

Ωm0

ρ̄0
ρ

∣∣∣∣
d lnA

d ln ρ

∣∣∣∣ . (165)

Although for convenience we write the right-hand side
in terms of the cosmological quantities H0, ρ̄0 and Ωm0

at z = 0, this expression does not depend on redshift
nor on cosmology. Moreover, it is only a function of the
density ρ, as any coupling function lnA(χ̃) also defines
the functions χ̃(ρ) and lnA(ρ) through the scalar-field
equation (50). Therefore, in a density-radius plane, the
domain where |η| ≥ 1 is given by the area under the
curveRη(ρ), whereRη(ρ) is the density-dependent radius
defined by the right-hand side in Eq.(165).

We display this domain in the (ρ,R)-plane in Fig. 15.
At low densities, using Eqs.(86) and (88), we obtain

ρ≪ M4

α
: Rη(ρ) ∼ Rα with Rα ≡ c

H0

α√
Ωde0

. (166)

Thus, at low densities we obtain a constant radius thresh-
old, of order Rα ∼ 0.01Mpc for α = 10−6, as we can
check in Fig. 15. At high densities, we have the behav-
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FIG. 15: Domain in the density-radius plane where the fifth
force is greater than Newtonian gravity. This domain is iden-
tical for the models (I) and (II), and greater for the model
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iors

(I) and (II), ρ≫ M4

α
:

∣∣∣∣
d lnA

d ln ρ

∣∣∣∣ ∼
M8

αρ2
,

Rη(ρ) ∼
c

H0

Ωde0√
αΩ3

m0

ρ̄
3/2
0

ρ3/2
, (167)

and

(III), ρ≫ M4

α
:
d lnA

d ln ρ
∼

√
αM4

ρ
,

Rη(ρ) ∼
c

H0

(
αΩde0

Ω3
m0

)1/4
ρ̄
3/4
0

ρ3/4
. (168)

Thus, at high densities the upper boundary of the fifth-
force domain decreases as Rη ∝ ρ−3/2 for the models (I)

and (II) and as ρ−3/4 for the model (III). As in previ-
ous sections, we find that the effects of the fifth force are
greater for the model (III). This screening of the fifth
force at high densities ensures that it becomes negligi-
ble at the center of halos with sufficiently steep density
profiles and for astrophysical objects such as stars and
planets. On the other hand, we find that, independently
of the density, the fifth force is always negligible on scales
greater than Rα ∼ αc/H0, of order 0.01Mpc. This con-
firms again that the fifth force is small on cluster scales
and beyond.
To facilitate the comparison with astrophysical struc-

tures, it is convenient to display the fifth-force domain
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gles show the typical scales of various astrophysical structures.

(165) in the mass-radius plane (M,R). This is shown in
Fig. 16, as the curve Rη(ρ) provides a parametric defi-
nition of the boundary Rη(M), defining the mass of the
structure as M = 4πρR3/3. We obtain a triangular do-
main, with a constant-radius upper branch and a lower
branch that goes towards small radius and mass with a
slope that depends on the model. The upper branch cor-
responds to the regime (166), with

upper branch: R = Rα for M < Mα, (169)

and

Mα ≡ α2ρ̄0

Ωm0

√
Ωde0

(
c

H0

)3

, (170)

where Mα = ραR
3
α with ρα = M4/α. For α = 10−6 this

yields Mα ∼ 1010M⊙. The lower branch corresponds to
the regimes (167) and (168), which yield

lower branch for M < Mα :

(I) and (II) : R = Rα

(
M

Mα

)3/7

, (171)

(III) : R = Rα

(
M

Mα

)3/5

. (172)

We also show in Fig. 16 the regions in this (M,R)-
plane occupied by various astrophysical objects. From

left-bottom to right-top, we show planets, stars, molec-
ular clouds, globular clusters, extended starburst re-
gions, galaxies and groups of galaxies. In agreement
with Secs. XA and XB, we find that the fifth force is
negligible for clusters and groups (at their global scale)
and Solar-System objects, while it is of the same order
as Newtonian gravity for galaxies. In particular, it ap-
pears that various galactic structures, from the molec-
ular clouds and extended starburst regions, where star
formation takes place, to the overall extent of low-mass
galaxies, as well as the small old globular clusters, all lie
close to the boundary of the fifth-force domain. There-
fore, they may provide strong constraints on the models
considered in this paper. In fact, the model (III) might
be ruled out by galaxy observations, independently of
the issue found in Sec. XA with the divergence of the
fifth force at the center of NFW halos (153). However,
we leave a detailed study of molecular clouds and glob-
ular clusters to future works to check the quantitative
constraints they can provide on the scalar-field theories
(3).

XI. HISTORY AND PROPERTIES OF THE
FORMATION OF COSMOLOGICAL

STRUCTURES

In the previous sections we have studied the evolution
of the linear perturbations and of the spherical collapse
by assuming that the density field remains smooth and
that the fifth force on cosmological scales x is set by the
density gradient smoothed on these large scales. How-
ever, in the ultra-local models that we study in this pa-
per the fifth force is directly sensitive to the local density
gradient, as ∇ lnA = (d lnA/dρ)∇ρ. As compared with
the Λ-CDM cosmology, the models of the type (II) and
(III) accelerate the growth of small-scale perturbations,
and increasingly so on smaller scales because of the k2

term in Eq.(44), as seen in Figs. 4 and 5 of the linear
growing mode. This suggests that very small scales can
develop strong inhomogeneities at early times and the
local density gradient could always be set by such very
small scales (actually the small-scale cutoff of the the-
ory) rather than by the cosmological scales of interest.
Then, the fifth force would be screened as in the Solar
System, see the discussion in section XB3, because of
this ultra-local property, and there would be no effect left
on cosmological scales. In this case, the universe would
be made of small high-density clumps (set by the cutoff
of the theory), built at high redshift, while perturbations
on cosmological scales would evolve according to General
Relativity. To address this issue, we need to go beyond
perturbation theory and spherical dynamics, as this is a
highly non-linear and inhomogeneous problem. In this
article, we consider a thermodynamic analysis that pro-
vides a simple analytic framework, which we present in
section XIB below.
However, before we tackle this problem, we first de-
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scribe in section XIA the evolution with redshift of the
scales that enter the non-linear regime. This allows us
to distinguish various regimes: while at high redshift the
non-linear transition is set by the fifth force, more pre-
cisely by the pressure-like term ∝ ∇2δ in Eq.(42) associ-
ated with the ultra-local potential lnA, at low redshift it
is set by the standard Newtonian gravity [the right-hand
side in Eq.(42)].
In this section we focus on models (II) and (III), be-

cause model (I) actually damps small-scale perturba-
tions, so that the issue of a possible sensitivity to small
scales does not arise. Moreover, we have seen in sec-
tion VA1 that such scenarios are disfavored on theoret-
ical grounds because they are not stable with respect to
a small kinetic term.

A. Evolution of the cosmological non-linear
transition for the model (II)

As explained in previous sections for models (II) and
(III), at high redshift the fifth force amplifies the growth
of structures and the non-linear transition xcoll(z) is
much greater than for the Λ-CDM cosmology, as seen
from the linear power spectrum in Fig. 4. Using comov-
ing coordinates, we define this non-linear scale by

∆2
L(π/xcoll, z) = 1.5 (173)

and we show xcoll(z) in the upper panel of Fig. 17. The
factor 1.5, which should be order unity, is chosen to give
a scale of order 8h−1Mpc at z = 0, when the Newtonian
gravity dominates and we recover the usual Λ-CDM be-
havior. We define the non-linear scale xcoll(z) by the con-
dition (173) on the Fourier-space power spectrum ∆2

L(k)
rather than the real-space linear variance σ2

L(x) because
of the steep growth of the linear growing mode D+(k, t)
at high k. This makes the linear variance σ2

L divergent or
ill-defined, dominated by a small-scale cutoff, but this is
not physical because the linear theory cannot be trusted
in the non-linear regime. Using ∆2

L(k) allows us to avoid
this problem (in contrast, for the Λ-CDM cosmology,
where the slope of the linear power spectrum decreases
at higher k, using either ∆2

L(k) or σ2
L(x) gives similar

results).
To perform the thermodynamic analysis presented in

section XIB below, we shall need the initial kinetic en-
ergy or typical velocity of the collapsing region. From the
evolution equation (42) of the linear density, we define an
effective velocity scale ccoll by

c2coll(z) = c2s + c2N, (174)

with

c2s = ǫ1c
2, c2N = (1 + ǫ1)

3Ωm

2π2
(Haxcoll)

2
. (175)

The factor c2s comes from the pressure-like term ǫ1c
2∇2δ

in Eq.(42) while the term c2N comes from the right-hand
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FIG. 17: Upper panel: collapse radius xcoll(z) (in comoving
coordinates) as a function of the scale factor a. The solid line
is for the model (II) while the dashed line is for the Λ-CDM
cosmology. Lower panel: collapse velocity scale ccoll(z) (solid
line) as a function of the scale factor a for the model (II). The
dotted and dot-dashed lines are cs and cN whereas the dashed
line on the right is the result cΛ−CDM

coll = cΛ−CDM
N in the case

of the Λ-CDM cosmology.

side, associated with the usual gravitational force (where
the Newton constant is amplified by the negligible fac-
tor ǫ1 ≪ 1). We show our results in the lower panel of
Fig. 17. We also display the case of the Λ-CDM cosmol-
ogy where cΛ−CDM

coll = cΛ−CDM
N as there is no pressure-like

term. It gives cΛ−CDM
coll ∼ 200 km/s at z = 0, which is

indeed of the order of the velocities associated with col-
lapsed structures today. It is a bit low, by a factor two if
we compare with large clusters of galaxies, which is not
surprising as the relation (175) is only an order of mag-
nitude estimate, but this is sufficient for our purposes.
The component cs, associated with the pressure-like

term associated with the fifth-force potential lnA, dom-
inates at high redshift. Its amplitude follows the rise
and fall of ǫ1(z) displayed in Fig. 2, with a peak at
zα ∼ α−1/3 ∼ 100. The component cN, associated with
the Newtonian gravity, explicitly depends on the scale
rcoll(z). It grows with time, along with rcoll(z), and
dominates at late times, a & 0.03. The plateau for
0.01 . a . 0.2 follows from the very slow growth of
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rcoll(z) found in the upper panel in this redshift range.
This can be understood from the peak at zα ∼ 100 of
the fifth-force characteristic amplitude ǫ1 and from the
analysis of the linear growing modes and of the spherical
collapse shown in Figs. 4 and 8. As seen in the previous
sections, the fifth force amplifies the growth of structures
with a peak at zα and a strong dependence on scales, fol-
lowing the k2 factor in Eq.(44). As can be seen in Fig. 8,
the main effect is that wave numbers higher than the
characteristic value kmin

α ∼ 3hMpc−1 of Eq.(119) become
strongly amplified and reach the non-linear regime at zα,
with a steep scale dependence of D+(k). This leads to
the steady rise of rcoll(z) and ccoll(z) until zα and its sub-
sequent stop as the fifth force declines and the steep scale
dependence imprinted on the linear perturbations implies
that it requires a very long time for the usual gravita-
tional instability to push the non-linear regime towards
greater scales. We recover the standard Λ-CDM behavior
at late times, a > aΛ−CDM ≃ 0.2, when the Newtonian
gravity dominates and the scales that turn non-linear had
not been significantly impacted by the fifth force at zα
(i.e. x & 1/kmin

α ).

Thus, we can distinguish three regimes from Fig. 17,
defining acs/cN ≃ 0.03 as the transition where cs = cN
and aΛ−CDM ∼ 0.2 as the time when we recover the
Λ-CDM behavior. At early times, a < aα = 0.01,
the fifth force dominates and increasingly large scales
enter the non-linear regime. This is the period when
the thermodynamic analysis of section XIB below ap-
plies and allows us to estimate the behavior of the sys-
tem in the non-linear regime. For aα < a < acs/cN ,
the fifth force remains dominant but rcoll(z) does not
significantly grow so that no new structures form. For
acs/cN < a < aΛ−CDM, the Newtonian gravity becomes
dominant but again rcoll(z) does not significantly grow so
that no larger structures form. However, some top-down
structure formation might occur (in the range where
gravity remains dominant), as in hot dark matter sce-
narios. Finally, for aΛ−CDM < a < 1, we recover the
Λ-CDM behavior as Newtonian gravity is dominant and
the linear power spectrum on the large scales that now
turn non-linear has not been strongly modified by earlier
fifth-force effects.

We can note that this history singles out a character-
istic mass and velocity scale, associated with the plateau
found in Fig. 17 over 0.02 . a . 0.2. This yields

x∗ ∼ 0.355 h−1Mpc, M∗ ∼ 2× 1010 h−1M⊙,

c∗ ∼ 50 km/s. (176)

As in Fig. 16, we recover galaxy scales, more precisely
here the scales associated with small galaxies. Again, it
is tempting to wonder whether this could help alleviate
some of the problems encountered on galaxy scales by the
standard Λ-CDM scenario. However, this would require
detailed numerical studies that are beyond the scope of
this paper.

B. Thermodynamic equilibrium in the fifth-force
regime for the model (II)

As explained above, we have so far implicitly assumed
that during the initial phase a < aα of structure for-
mation governed by the fifth force the density field re-
mains smooth on cosmological scales. In other words,
we assumed for the computation of the fifth force in lin-
ear theory and for the spherical collapse dynamics that
the gradient of the fifth force potential, ∇ lnA, is set by
the density field smoothed on cosmological scales. This
is not obvious because small scales, x ≤ xcoll(z), have
already turned non-linear at high redshift, z > zα, as
seen in the upper panel in Fig. 17. Then, the density
field could have become strongly inhomogeneous, made
of objects of mass Mcoll(zcutoff) formed at a high cutoff
redshift zcutoff amid empty space. Then, the gradient
of the fifth force potential ∇ lnA at a given location in
space would be unrelated with the gradient of the density
field smoothed on cosmological scales. This strong sensi-
tivity to the small-scale distribution of the density field
does not arise for the Newtonian gravitational force, be-
cause the force at a distance d explicitly depends on the
density smoothed over a size of the same order, through
the integral F = GN

∫
d3rρ(r)r/r3. This comes from the

fact that the Newtonian potential is given by the Pois-
son equation (28), ΨN ∝ ∇−2ρ, which regularizes the
density field, whereas the fifth force potential lnA is a di-
rect function of the local density through Eq.(50). Thus,
this issue only arises in the first stage a < aα found in
Fig. 17, where new scales enter the non-linear regime and
are dominated by the fifth force.

To address this question we need to go beyond pertur-
bation theory and spherical dynamics, as this is a highly
non-linear and inhomogeneous problem. We use a ther-
modynamic analysis, which provides a simple analytic
framework, and we leave dedicated numerical studies for
future works. Assuming that the scales that turn non-
linear because of the fifth force at high redshift reach a
statistical equilibrium through the rapidly changing ef-
fects of the fluctuating potential, in a fashion somewhat
similar to the violent relaxation that takes place for gravi-
tational systems [25], we investigate the properties of this
thermodynamic equilibrium. This first requires the study
of the phase transitions and of the phase diagram associ-
ated with the potential lnA(ρ) that defines our models.
Because this issue arises from the behavior of the fifth
force in the regime where it dominates over Newtonian
gravity, we can neglect the latter to investigate this prob-
lem. Note that contrary to the usual gravitational case,
the potential lnA is both bounded and short-ranged , so
that we cannot build infinitely large negative (or positive)
potential energies and a stable thermodynamic equilib-
rium always exists, and it is possible to work with either
micro-canonical, canonical or grand-canonical ensembles.
In this respect, a thermodynamic analysis is better suited
for such systems than for standard 3D gravitational sys-
tems, where the potential energy is unbounded from be-
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low and stable equilibria do not always exist, and differ-
ent statistical ensembles are not equivalent [26].

1. Thermodynamic phase transition and phase diagram

We work in the grand-canonical ensemble, where the
dark matter particles are confined in a box of size x (the
scale that reaches the non-linear regime at a given red-
shift) with a mean temperature T = 1/β and chemi-
cal potential µ. These two thermodynamic quantities
will be set by the initial energy and density at the non-
linear transition xcoll(z). If the potential lnA(ρ) were
constant, there would be no fifth force and as usual the
potential would disappear as an irrelevant constant in
the statistical analysis. Then, we would recover the ho-
mogeneous equilibrium of the perfect gas, without inter-
actions. However, because of the variations of lnA we
expect inhomogeneities to develop. For the models (II)
and (III), where the potential lnA(ρ) decreases at higher
density, see Eqs.(65) and (73)-(77), the fifth force gen-
erates instabilities, as already seen from the behavior of
linear perturbations, and the medium can be expected to
become strongly inhomogeneous, with small high-density
clumps amid large voids. However, this outcome depends
on the temperature 1/β. At high temperature, we are
dominated by the kinetic energy and the potential en-
ergy is negligible as lnA is bounded. Then, we recover
the perfect gas with an homogeneous distribution. At
low temperature, the potential becomes important and
we expect the system to present strong inhomogeneities.
As for the thermodynamics of many standard systems,
we shall find that there is a phase transition between the
homogeneous and the inhomogeneous phases at a criti-
cal temperature Tc = 1/βc. We do not need to consider
cases such as model (I), where lnA(ρ) increases at higher
density and the fifth force has a stabilizing influence that
prevents the formation of small-scale inhomogeneities, as
already seen from the behavior of linear perturbations.
In the continuum limit, where the mass m of the dark

matter particles goes to zero, we describe the system
by the smooth phase-space distribution function f(x,v).
The mass M , the energy E and the entropy S of the
system read as [26–28]

M =

∫
d3xd3v f(x,v), (177)

E =

∫
d3xd3v f(x,v)

(
v2

2
+ c2 lnA[ρ(x)]

)
, (178)

S = −
∫
d3xd3v f(x,v) ln

f(x,v)

f0
, (179)

where f0 is a normalization constant and we used the fact
that the potential lnA is a function of the local density.
In the grand-canonical ensemble the statistical equilib-
rium is obtained by minimizing the grand-canonical po-
tential Ω, which is given by

Ω = E − S/β − µM, (180)

where β and µ are the inverse temperature and the chem-
ical potential. With our notations β has units of inverse
squared velocity and µ has units of squared velocity. The
equilibrium phase-space distribution is given by the min-
imum of the grand potential, DΩ/Df = 0. This yields

f(x,v) = f0 e
−β(v2/2+c2 lnA+c2d lnA/d ln ρ)+βµ−1. (181)

Since lnA only depends on the positions of the parti-
cles but not on their velocities, we recover as expected
the Maxwellian distribution over velocities, f(x,v) ∝
ρ(x)e−βv2/2. The proportionality factor is obtained by
integrating over velocities, which gives the usual result

f(x,v) =

(
β

2π

)3/2

ρ(x) e−βv2/2, (182)

and Eq.(181) yields

ρ(x) = f0

(
2π

β

)3/2

e−βc2(lnA+d lnA/d ln ρ)+βµ−1. (183)

Because of the specific form of the potential lnA, which
is local and only depends on the local density ρ(x),
the thermodynamic equilibrium condition (183) factor-
izes over different positions x. The different space loca-
tions are thus decoupled and we can omit the space co-
ordinate x: the equilibrium condition (183), which was
a functional equation over the field ρ(x), simplifies to an
ordinary function of the local density ρ. As noticed in sec-
tion IVA2, it is convenient to introduce the rescaled di-
mensionless potential and density λ and ρ̂, from Eqs.(51)
and (52). Defining also the rescaled dimensionless inverse

temperature β̂ and chemical potential µ̂,

β̂ = αc2β, (184)

µ̂ = ln

[
αf0c

3

M4

(
2π

βc2

)3/2
]
+ βµ− 1, (185)

the equilibrium condition (183) reads as

µ̂ = θ + β̂ ν(θ), (186)

where we introduced

θ = ln ρ̂, ν(θ) = λ+
dλ

dθ
. (187)

For a given value of the rescaled inverse temperature

β̂ and chemical potential µ̂, this gives the equilibrium
density θ as the solution of the implicit equation (186).
In terms of these dimensionless variables, the grand-
canonical potential (180) reads as

Ω =
M4c2V

β̂
Ω̂ with Ω̂ = eθ

[
β̂λ− µ̂− 1 + θ

]
, (188)
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FIG. 18: Upper panel: fifth-force potential functions λ(θ)
and ν(θ) for the model (II). Lower panel: thermodynamic

equilibrium relation µ̂ = µ̂(θ, β̂) as a function of θ, fixing

β̂ = 0.5β̂c, β̂c and 2β̂c.

where V is the total volume of the system. Thus, the
equilibrium equation (186) is the condition dΩ̂/dθ = 0, as
the thermodynamic equilibrium corresponds to the min-
imization of the grand-potential.

It is convenient to analyse the system at a fixed tem-
perature, which corresponds to a given initial velocity
dispersion, as a function of the chemical potential µ̂ or
of the density ρ̂, seen as conjugate variables. At high

temperature, β̂ → 0, Eq.(186) becomes µ̂ = θ and there
is a unique density for each µ̂. This corresponds to the
high-temperature homogeneous phase where we recover
the perfect gas as the potential energy is negligible. At

low temperature, β̂ → ∞, the right hand side of Eq.(186)
can become non-monotonic so that for some values of the
chemical potential µ̂ there are several solutions θi. This
corresponds to the inhomogeneous phase, where the sys-
tem splits over several regions of different densities θi,
with an admixture such that the mean density over the
large scale x = V 1/3 is the initial density ρ̄, see [29] for
an analysis of such phase transitions.

We first consider the model (II) defined in Eq.(63).

From Eq.(65), with again χ∗ = −2, we obtain

(II) : λ(θ) = − 1√
1 + e−2θ

, ν(θ) = − 1 + 2e−2θ

(1 + e−2θ)3/2
.

(189)
We show these two functions in the upper panel of
Fig. 18. From Eq.(186), the function µ̂(θ), at fixed in-

verse temperature β̂, is strictly monotonic if dµ̂/dθ =

1 + β̂dν/dθ > 0. Therefore, the function µ̂(θ) becomes

non-monotonic below the temperature 1/β̂c, where β̂c is
given by the most negative value of dν/dθ,

β̂c =
−1

min(dν/dθ)
=

(15 +
√
105)5/2

16(51 + 5
√
105)

≃ 1.96 (190)

We display in the lower panel of Fig. 18 the function µ̂(θ)

for three values of β̂. As explained above, for low β̂ (i.e.
high temperature) the function µ̂(θ) is monotonic while

for high β̂ (i.e. low temperature) it is non-monotonic over
some range of densities, with a first-order phase transi-

tion at β̂c. Then, for β̂ < β̂c, we always have a single

solution θ(µ̂) for any chemical potential µ̂. For β̂ > β̂c,
in a finite range [µ̂1, µ̂2] and [θ1, θ2], we have three solu-
tions, θ− < θm < θ+, for a given chemical potential µ̂.
Both θ− and θ+ are local minima of the grand-potential

Ω̂ whereas θm is a local maximum. Then, the physical
solution θ(µ̂) is the global minimum among {θ−, θ+} (i.e.
the deepest minimum). For µ̂ ≃ µ̂1, where we are close
to the bottom left monotonic branch in the lower panel
of Fig. 18 (i.e. the low-density branch), this global mini-
mum is the lowest-density one θ−. For µ̂ ≃ µ̂2, where we
are close to the upper right monotonic branch (i.e. the
high-density branch), this global minimum is the highest-
density one θ+. Then, there is a critical value µ̂s in be-
tween, µ̂1 < µ̂s < µ̂2, where we make the transition from
θ− to θ+. This happens at the crossing of their values

of the grand-potential, when Ω̂(θ−; µ̂s) = Ω̂(θ+;µs) [29].
This condition allows us to compute µ̂s, as a function of

β̂, from Eqs.(186) and (188). At leading order for large

β̂ we obtain

β̂ → ∞ : µ̂s ∼ −β̂, θ− ∼ −β̂, θ+ ∼ ln β̂

2
. (191)

This means that the transition occurs close to the low-
density boundary (θ1, µ̂1) of the multi-valued region.
Thus, we have a first-order phase transition, as the den-
sity of the system jumps from θ−(µ̂s) to θ+(µ̂s) when
the chemical potential goes through µ̂s. At µ̂s, where
Ω̂− = Ω̂+, there is a coexistence of the two phases. One
part of the volume V is at the low density θ− and the
other part at the high density θ+. The relative fraction
between the two phases is set by the mean density θ̄ of the
full volume, θ− ≤ θ̄ ≤ θ+, which is given by the initial
condition of the system (the constraint on the average
density of the full system).
The thermodynamic phase diagram of the system, in

the inverse temperature - density plane, is shown by the
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FIG. 19: Thermodynamic phase diagram of model (II). The

shaded area is the region of initial inverse temperature β̂ and
density θ where the system reaches an inhomogeneous ther-
modynamic equilibrium. The white area corresponds to the
homogeneous phase. The solid line is the cosmological trajec-
tory (β̂coll(z), θcoll(z)).

shaded area in Fig. 19. This domain is limited at low

β̂ by the critical temperature β̂c. The lower and upper

limits of the domain are the curves θ−(β̂) ≡ θ−(µ̂s(β̂), β̂)

and θ+(β̂) ≡ θ+(µ̂s(β̂), β̂), which obey the asymptotes

(191). We choose the (β̂, θ) plane to display the phase

diagram, rather than (β̂, µ̂) for instance, because the den-
sity is a more direct physical variable than the chemical

potential, while the temperature 1/β̂ is also directly re-

lated to the initial kinetic energy. Whereas in the (β̂, µ̂)

plane the transition appears as a critical line µ̂s(β̂), in the

(β̂, θ) plane it appears as an extended domain, because

the critical line µ̂s(β̂) corresponds to the jump from θ−
to θ+ over the density. The meaning of the diagram in
Fig. 19 is the following. If the average initial tempera-

ture and density, (1/β̂, θ), fall outside of the shaded re-
gion, the system remains in the homogeneous phase. If
the initial condition falls inside the shaded region, the
system becomes inhomogeneous and splits over domains
with density θ− or θ+, with a proportion such that the
total mass over the full volume is conserved.

2. Cosmological trajectory in the phase diagram

Using the phase diagram of Fig. 19, we can now con-
sider the behavior of the collapsing scales rcoll(z) ob-
tained in Fig. 17, in the time interval a < aα where the
new structures that reach the non-linear regime are gov-
erned by the fifth-force potential lnA. For the typical
density associated with the non-linearity transition we
simply take ρcoll(z) = ρ̄(z), as the transition corresponds

to density contrasts of order unity, hence

ρcoll(z) = ρ̄(z), θcoll(z) = ln

[
αρ̄(z)

M4

]
. (192)

At the thermodynamic equilibrium (182) the kinetic en-
ergy reads as Ekin = 3MT/2 = 3M/2β. From the typical
velocity scale ccoll(z) of Eq.(174) we use the simple esti-
mate

βcoll(z) =
1

c2coll(z)
hence β̂coll(z) =

αc2

c2coll(z)
. (193)

We show in Fig. 19 the cosmological trajectory

(β̂coll(z), θcoll(z)) over the phase space diagram of the sys-
tem defined by the fifth-force potential lnA of the model
(II). The curve runs downwards to lower densities θcoll as
cosmic time grows. In agreement with the lower panel of

Fig. 17, the inverse temperature β̂coll first decreases until

aα, as the velocity ccoll(z) grows. Next, β̂coll increases
while ccoll(z) decreases until aΛ−CDM, when we recover

the Λ − CDM behavior, and β̂coll decreases again there-
after. We are interested in the first era, a < aα, and we
find that the cosmological trajectory is almost indistin-

guishable from the upper boundary θ+(β̂) of the inhomo-
geneous thermodynamic phase. Indeed, from Eq.(174)
and Fig. 17 we have at early times ccoll ≃ cs, hence

β̂coll ≃ α/ǫ1. Using Eq.(67) we have at high densities,
which also correspond to a < aα, ǫ1 ≃ αρ̂−2 = αe−2θ,
hence

a≪ aα : θcoll ∼
1

2
ln β̂coll, (194)

and we recover the asymptote (191) of θ+(β̂). De-
pending on the choice of some numerical factors, e.g.
whether we modify Eq.(193) as βcoll(z) = 2/c2coll(z) or
βcoll(z) = 1/2c2coll(z), we can push θcoll slightly above
or below θ+. If θcoll > θ+ we are in the homogeneous
phase and the system remains at the initial density ρ̄. If
θcoll < θ+ we are in the inhomogeneous phase and the
system splits over regions of densities θ+ and θ−. How-
ever, as we remain close to θ+ most of the volume is at
the density θ+ ≃ θcoll and only a small fraction of the
volume is at the low density θ−. Neglecting these small
regions, we can consider that in both cases the system
remains approximately homogeneous. This means that,
according to this thermodynamic analysis, the cosmolog-
ical density field does not develop strong inhomogeneities
that are set by the cutoff scale of the theory when it enters
the fifth-force non-linear regime. Therefore, density gra-
dients remain set by the large-scale cosmological density
gradients and the analysis of the linear growing modes in
section VII and of the spherical collapse in section VIII
are valid. Of course, on small non-linear scales and at
late times, where Newtonian gravity becomes dominant,
we recover the usual gravitational instability that we ne-
glected in this analysis and structure formation proceeds
as in the standard Λ-CDM case.
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FIG. 20: Upper panel: collapse radius xcoll(z) (in comoving
coordinates) as a function of the scale factor a. The solid line
is for the model (II) while the dashed line is for the Λ-CDM
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line) as a function of the scale factor a for the model (II). The
dotted and dashed lines are cs and cN whereas the dashed line
on the right is the result cΛ−CDM

coll = cΛ−CDM
N in the case of

the Λ-CDM cosmology.

C. Cosmological trajectory in the phase diagram
for the model (III)

We can repeat the previous analysis for the model (III),
which also amplifies density perturbations and is similar
to the model (II) in many respects. We show the evolu-
tion of the non-linearity scale rcoll(z) and of the velocity
scale ccoll(z) in Fig. 20. We can see that the behavior is
similar to the one obtained in Fig. 17 for the model (II),
except that rcoll(z) and ccoll(z) decrease more slowly at
high redshift, z ≫ zα. This is because the amplitude of
the fifth force, as measured by ǫ1, decreases more slowly
at high z for this model, as found in Fig. 2 and explained
in section VI. At lower redshifts, z < zα, the models be-
have in the same fashion, as was also seen in Fig. 2. This
leads to the same characteristic mass and velocity scales
(176), associated with the intermediate redshift plateau,
zΛ−CDM ≪ z ≪ zα.
The thermodynamic behavior is similar to the one ob-

tained for the model (II) in section XIB 1. As in the

(III)
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FIG. 21: Thermodynamic phase diagram of model (III).
The shaded area is the region of initial inverse temperature
β̂ and density θ where the system reaches an inhomogeneous
thermodynamic equilibrium. The white area corresponds to
the homogeneous phase. The solid line is the cosmological
trajectory (β̂coll(z), θcoll(z)).

upper panel of Fig. 18, the fifth-force potential functions
λ(θ) and ν(θ) again decrease from 0 at low density to −1
at high density, except that ν(θ) is now strictly decreas-
ing and does not show a local minimum at θ ≃ 0 (which
did not play a significant role anyway). We again obtain
a first-order phase transition as described in the lower
panel of Fig. 18. The inverse critical temperature is now

β̂c ≃ 3.53, (195)

and at low temperature we obtain the asymptotic behav-
iors

β̂ → ∞ : µ̂s ∼ −β̂, θ− ∼ −β̂, θ+ ∼ 2 ln β̂. (196)

We show the thermodynamic phase diagram of the
model (III) in Fig. 21. We recover the same features
as for the model (II) shown in Fig. 19, with a somewhat

higher inverse critical temperature β̂c and upper bound-
ary θ+ of the inhomogeneous phase. The cosmological

trajectory (β̂coll(z), θcoll(z)) again roughly follows the up-
per boundary θ+ at high redshift, z > zα. Indeed, using

again β̂coll ≃ αc2/c2s = α/ǫ1 and Eq.(79), we obtain at

high densities and redshifts ǫ1 ≃ α/
√
8ρ̂ = αe−θ/2/

√
8,

hence

a≪ aα : θcoll ∼ 2 ln β̂coll, (197)

and we again recover the asymptote (196) of θ+(β̂).
Therefore, as for model (II), we can conclude that dur-
ing the fifth-force era of structure formation, a < aα,
density gradients up to the linear transition remain set
by large scales and do not suffer from cutoff-scale depen-
dence, so that the analysis of the linear growing modes in
section VII and of the spherical collapse in section VIII
are valid.
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D. Halo centers

It is interesting to apply the thermodynamic analysis
presented above to the inner radii of clusters and galax-
ies. Indeed, we have seen in section XA that the fifth
force can become large inside spherical halos and the ra-
tio FA/FN can actually diverge at the center for shallow
density profiles, see Fig. 14 and Eqs.(152)-(153). How-
ever, this analysis was based on dimensional and scal-
ing arguments and it fails if the density field becomes
strongly inhomogeneous so that the typical density inside
the halo is very different from the global average density.
The thermodynamic analysis presented in section XIB 1
neglected Newtonian gravity. However, we can also ap-
ply its conclusions to a regime dominated by Newtonian
gravity where at radius r inside the halo the structures
built by gravity and the density gradients are on scale r.
Then, we can ask whether at this radius r fifth-force ef-
fects may lead to a fragmentation of the system on much
smaller scales ℓ ≪ r. To study this small-scale behavior
we can neglect the larger-scale gravitational gradients r
and discard gravitational forces.
Within a radius r inside the halo the averaged reduced

density is

θr = ln

[
αρ(< r)

M4

]
= ln

[
α3M(< r)

4πr3M4

]
. (198)

We write the reduced inverse temperature as

β̂r =
αc2

Max(c2s, v
2
N)
, (199)

where vN is the circular velocity (139) associated with
the Newtonian gravity while cs is the velocity scale (143)
associated with the fifth force. As noticed in Eq.(144),
the maximum Max(c2s, v

2
N) shifts from one velocity scale

to the other when the associated force becomes dom-
inant. Here we choose the non-analytic interpolation
Max(c2s, v

2
N) instead of the smooth interpolation c2s + v2N

that we used in Eq.(174) for the cosmological analysis
for illustrative convenience. Indeed, the discontinuous
changes of slope in Fig. 22 below will show at once the
location of the transition |η| = 1 between the fifth-force
and Newtonian gravity regimes.
If the density grows at small radii as a power law, ρ ∝

r−γ , we have seen in Eqs.(150) and (151) that the fifth-
force to gravity ratio η behaves as η(II) ∼ r3γ−2 for the

model (II) and η(III) ∼ r3γ/2−2 for the model (III). This
led to the bounds (152) and (153) over γ for the fifth force
to become negligible at the center. From Eqs.(198) and
(199) we obtain in this power-law regime θr ∼ −γ ln r
and

v2N ∼ r2−γ , c2s(II) ∼ r2γ , c2s(III) ∼ rγ/2, (200)

where we used Eqs.(65) and (77). In the Newtonian grav-
ity regime this gives for both models

|η| < 1 : θr ∼ γ

2− γ
ln β̂r, (201)

and in the fifth-force regime

|η| > 1 : θr(II) ∼
1

2
ln β̂r, θr(III) ∼ 2 ln β̂r. (202)

For γ > 2 we are in the Newtonian regime for both mod-

els and v2N → ∞, β̂r → 0, so that we are in the ho-
mogeneous phase of the thermodynamic phase diagram

as β̂r < β̂c. Let us now consider the case γ < 2. For
model (II), Newtonian gravity dominates at small radii
if γ > 2/3 from Eq.(152). In this regime Eq.(201) yields

θr > (1/2) ln β̂r, so that we are above the upper bound-
ary θ+ of the inhomogeneous phase obtained in Eq.(191).
For shallower density profiles, γ < 2/3, the fifth force

dominates and we obtain θr ∼ θ+ ∼ (1/2) ln β̂r. The
model (III) shows a similar behavior. Newtonian grav-
ity now dominates for γ > 4/3 from Eq.(153), this gives

θr > 2 ln β̂r hence θr > θ+. In the fifth-force regime,

γ < 4/3, we obtain θr ∼ θ+ ∼ 2 ln β̂r. Therefore, in both
models in the Newtonian gravity regime we are far in
the homogeneous phase of the thermodynamic diagram
whereas in the fifth-force regime we are along the up-
per boundary of the inhomogeneous phase domain. This
means that the dimensional analysis of section XA is
valid as the fifth force does not push towards a fragmen-
tation of the system down to very small scales.
The previous results were obtained in the small-radius

limit r → 0. In Fig. 22 we show the full radial trajec-

tories (β̂r, θr) over the thermodynamic phase diagram,
from R200c inward, for the NFW halos that were dis-
played in Fig. 14 at z = 0. As we move inside the halo,
towards smaller radii r, the density θr grows. The turn-

around of β̂r at θr ≃ −4 corresponds to the NFW ra-
dius rs where the local slope of the density goes through
γ = 2 and the circular velocity is maximum. At smaller
radii, r ≪ rs, the NFW profile goes to ρ ∝ r−1, hence
γ = 1. For model (II) (upper panel) this corresponds to
the Newtonian regime and we move farther away above
the inhomogeneous phase. However, for low-mass ha-
los, M . 1013h−1M⊙, at intermediate radii we are in
the fifth force regime, as seen in Fig. 14, and the tra-
jectory converges towards the upper boundary of the
inhomogeneous phase. These behaviors agree with the
discussion above and Eqs.(201)-(202). The transitions
between the Newtonian-gravity and fifth-force regimes
correspond to the discontinuous changes of slope in the
figure. For M = 1015h−1M⊙ there is no intermediate
fifth-force regime, for M = 1013h−1M⊙ it corresponds
to −1 . θr . 2, while for M = 1011h−1M⊙ the low-
radius boundary of the intermediate fifth-force regime is
beyond the scales shown in the figure. For model (III)
(lower panel) the small-radius density slope γ = 1 is in
the fifth-force domain and we can see that for the three
masses the trajectory converges to the upper boundary
θ+ of the inhomogeneous domain, in agreement with
Eqs.(201)-(202).
The results found in Fig. 22 suggest that for large-

mass halos, M & 1013h−1M⊙ at z = 0, the dimen-
sional analysis of section XA is valid. In the case of
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FIG. 22: Radial trajectory (β̂r, θr) over the thermodynamic
phase diagram inside halos of mass M200c = 1015, 1013 and
1011h−1M⊙, at z = 0. We show our results for the models
(II) (upper panel) and (III) (lower panel).

model (III) this would lead to an increasingly dominant
fifth force at small radii and characteristic velocities that
are higher than the Newtonian circular velocity. This
is likely to rule out this scenario. For low-mass halos,
M . 1011h−1M⊙ at z = 0, we find that a significant
part of the halo is within the inhomogeneous thermody-
namic phase for both models II and III. This may leave
some signature as a possible fragmentation of the system
on these intermediate scales into higher-density struc-
tures. This process would next lead to a screening of
the fifth force, as discussed for the Solar System and the
Earth in sections XB3 and XB4, because of the ultra-
local character of the fifth force. Indeed, because it is set
by the local density gradients, the fragmentation of the
system leads to a disappearance of large-scale collective
effects and the fifth force behaves like a surface tension
at the boundaries of different domains. Such a process
may also happen in the case of massive halo at earlier
stages of their formation, which could effectively screen
the fifth force in the case of model (III) where a simple
static analysis leads to a dominant fifth force at small
radii. However, a more precise analysis to follow such
evolutionary tracks and check the final outcomes of the

system requires numerical studies that are beyond the
scope of this paper.

XII. DEPENDENCE ON THE PARAMETER α

It is interesting to investigate how the results obtained
in the previous sections change when we vary the param-
eter α that measures the amplitude of the modification
to General Relativity. For illustration, we consider the
model (II) defined by Eq.(63), keeping χ̃∗ = −2. We
show our results in Fig. 23, where we compare the case
α = 10−6 considered in the previous sections with the
two cases α = 10−7 and α = 10−8.
In agreement with the discussion in Sec. VIA, the fac-

tor ǫ1 shown in the upper left panel, which measures the
amplitude of the modification of gravity at linear order
over field fluctuations, decreases linearly with α while its
peak is pushed towards higher redshift as zα ∼ α−1/3.
The smaller value of ǫ1 implies that the effect of

the scalar field on gravitational clustering is pushed to

smaller scales, as kα ∝ ǫ
−1/2
1 from Eq.(117), and hence

kα ∝ α−1/2. We can check in the upper right panel that
the deviation from the Λ-CDM linear power spectrum
is indeed pushed towards smaller scales as α decreases.
This also means that the deviation of the halo mass func-
tion is repelled to smaller masses, as we can see in the
lower left panel. At a given mass, the relative deviation
∆n/n decreases with α, but one can still reach deviations
of order unity by going to small enough masses.
As expected, the area in the (M,R) plane where the

fifth force is greater than Newtonian gravity shrinks as α
decreases, as we can see in the lower right panel. The up-
per branch at constant radius is pushed towards smaller
scales, as Rα ∝ α from Eq.(166). The lower branch
keeps the same slope and goes down at the very slow
rate R ∝ α1/7 at fixed mass [as can be seen from Eq.(171)
and the expressions of Rα and Mα]. Because the lower
branch is almost insensitive to α, the various galactic
structures shown in the figure remain along the border of
the fifth-force dominated region. They only progressively
leave this region, starting from the largest and most mas-
sive objects, as the upper branch is pushed downward.
Therefore, globular clusters and molecular clouds remain
sensitive to the modification of gravity until α becomes
smaller than about 10−10.

XIII. COMPARISON WITH SCALAR-FIELD
MODELS WITH A KINETIC TERM AND
TOMOGRAPHIC RECONSTRUCTION

The ultra-local models introduced in this paper can
be easily compared to models of modified gravity of the
chameleon type. These models are defined by two func-
tions, the potential V (φ) and the conformal coupling
A(φ) of a scalar field φ. They can be reconstructed from
two functions m2(ρ) and β(ρ), which are respectively the
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mass squared and the coupling to matter in an environ-
ment of density ρ, using the tomographic mapping [6, 19]

φ(ρ)

MPl
=
φBBN

MPl
−
∫ ρ

ρBBN

dρ
β(ρ)

M2
Plm

2(ρ)
, (203)

and we have

lnA(ρ) = −
∫ ρ

ρBBN

dρ
β2(ρ)

M2
Plm

2(ρ)
(204)

where we assumed that ABBN(ρ) is close to one, and

V (ρ) = VBBN +

∫ ρ

ρBBN

dρ
β2(ρ)ρ

M2
Plm

2(ρ)
. (205)

This parametric mapping defines all the models of the
chameleon-type such as f(R) models, chameleons, dila-
tons and symmetrons.

In the case of the ultra-local models, as the rescaling
A(χ) between the Einstein and the Jordan frames is con-
strained to vary cosmologically by less than 10−6, the
dynamics of the models can be equally understood in the
Einstein frame. Then, we can write the ultra-local model
in the same form as Eqs.(203)-(205), where χ̃ plays the
role of the reduced scalar field φ/MPl. The effective po-
tential reads

Veff(χ̃) = −M4χ̃+ ρ lnA(χ̃), (206)

where ρ is the conserved matter density, and the equa-
tion of motion (50) corresponds to the minimum of the
effective potential,

∂Veff(χ̃)

∂χ̃

∣∣∣∣
χ̃min(ρ)

= 0. (207)

Thus, we recover the behavior of models of the chameleon
type, where the field is stuck at the minimum of the ef-
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fective potential since Big Bang Nucleosynthesis. At this
minimum one can define the effective coupling to matter

β1(ρ) ≡
d lnA

dχ̃

∣∣∣∣
χ̃min(ρ)

(208)

and the effective mass

m2(ρ) ≡ 1

M2
Pl

∂2Veff
∂χ̃2

∣∣∣∣
χ̃min(ρ)

=
ρβ2(ρ)

M2
Pl

. (209)

From β2 ≡ dβ1/dχ̃ = −β1d ln ρ/dχ̃, where we used
the equation of motion β1 = M4/ρ, we obtain dχ̃ =
−(β1/β2)d ln ρ. With Eq.(209) this yields

χ̃(ρ) = χ̃BBN −
∫ ρ

ρBBN

dρ
β1(ρ)

M2
Plm

2(ρ)
. (210)

Thus, we recover the same tomographic mapping as for
chameleon-type models, where χ̃ plays the role of the
rescaled field φ/MPl and β1 that of β in Eq.(203). We
can also write d lnA/dρ = β1dχ̃/dρ = −β2

1/β2ρ, which
yields

lnA(ρ) = −
∫ ρ

ρBBN

dρ
β2
1(ρ)

M2
Plm

2(ρ)
, (211)

which also coincides with Eq.(204). Finally, writing V =
−M4χ̃ and using M4 = ρβ1, we recover Eq.(205). This
completes the equivalence, at the background level, of the
ultra-local models with a subclass of the chameleon-type
models. Thus, the ultra-local models are defined by the
specific choice

ultra-local ∼ chameleon with β(ρ) =
M4

ρ
, (212)

while the squared-mass m2(ρ), or equivalently the cou-
pling β2(ρ), remains a free function. We recover the fact
that all ultra-local models can be defined by a single
function of the matter density, as was already seen in
section IV.
At the linear perturbation level, the chameleon-type

models modify the growth of structure as Newton’s con-
stant becomes space and time dependent [6, 18]

Geff = GN (1 + ǫ(k, t)), (213)

with

ǫcham(k, t) =
2β2(a)

1 + a2m2(a)
k2

. (214)

On large scales beyond the Compton radius (but still
below the horizon) we have

H ≪ k

a
≪ m : ǫcham(k, t) =

2β2(a)k2

a2m2(a)
. (215)

On the other hand, from Eq.(44) we find that on sub-
horizon scales the ultra-local models also exhibit a mod-
ified Newton constant with

H ≪ k

a
: ǫultra(k, t) = ǫ1(a)

2k2

3Ωma2H2
=

2β2
1k

2

a2m2
,

(216)
where in the second equality we used the definition (41),
ǫ1 = β2

1/β2, and the identification (209), β2 =M2
Plm

2/ρ̄.
Thus, we recover the result (215) of the chameleon mod-
els, over the intermediate scales H ≪ k/a≪ m.
So we find that the ultra-local models can be seen as

chameleon-type models when their mass terms are much
larger than the kinetic energy outside the Compton wave-
length of the scalar field. We will give an explicit model
with such a large mass in a companion paper where we
discuss the supersymmetric chameleons. However, we
should note that the correspondence found in Eq.(216)
is not complete as it breaks down inside the Compton
wave-length. From Eq.(209) and the estimate (108) we
obtain at low redshift

z . 1 : m2 ∼ ρ̄

α2M2
Pl

∼ H2

α2
. (217)

This means that the correspondence with the chameleon
models, in the low-k regime (215), applies up to m ∼
H/α. Since α ≪ 1 this means that it holds down to
scales that are much below the horizon, 1/m ∼ 3h−1 kpc
for α ∼ 10−6. However, for the ultra-local models that we
consider in this paper the rise with k of ǫ in Eq.(44) goes
on to much higher k, until we reach the cutoff of the the-
ory. Therefore, ultra-local models go beyond chameleon
models with a relatively large squared-mass m2; taking
the kinetic terms in the Lagrangian or the unit factor
in Eq.(214) to zero is not exactly the same as taking
m large in Eq.(214). This is also clear from the phe-
nomenology presented in this paper, which shows many
different qualitative features from usual chameleon mod-
els at short enough scale inside the Compton wave-length
of the chameleon scalar field.

XIV. CONCLUSIONS

We have introduced in this paper ultra-local models, a
class of modified gravity theories where we add a scalar
field with a negligible kinetic term to the Einstein-Hilbert
action and a conformal coupling to matter. This gives
rise to a new screening mechanism, which is not mainly
due to the non-linearity of the scalar field potential or
coupling function but to the absence of kinetic term. In-
deed, it is this feature that leads to the ultra-local char-
acter of the model, where the fifth force potential only
depends on the local density. This removes any fifth force
between isolated objects in vacuum. Another property of
this class of models is that the scalar field potential and
coupling function are degenerate, so that predictions only
depend on a single free function. We have then presented
a cosmological analysis of these scenarios.
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We have shown the ultra-local models recover the Λ-
CDM expansion history at a level of accuracy which is set
by a free parameter α of the theory but is always smaller
than α . 10−6. Moreover we have demonstrated that, for
some of the models considered in this paper, the results
obtained for the expansion history are stable if we add
a small initial kinetic term to the Lagrangian. We have
also checked that the non-linearities of the models do not
lead to strong back-reaction effects on the cosmological
background. In addition to the dark energy density to-
day, ρ̄de0, these models single out a characteristic density
ρα ∼ ρ̄de0/α and redshift zα ∼ α−1/3 & 100 where the
fifth force is the greatest.
At the linear level of cosmological perturbations, the

presence of the ultra-local scalar field has a major im-
pact on the growth rate of structures at small scales,
enhancing or diminishing it, even though the last case
corresponds to a model that is found to be unstable if we
add a small initial kinetic term to its Lagrangian.
We have studied the spherical collapse in this frame-

work showing that, due to the modification of the growth
rate at small scales, the halo mass function is substan-
tially modified in the low mass tail. However, it must be
taken into account that we have used a Press-Schechter-
like approach without considering qualitative modifica-
tions to the spherical collapse, which we may be taken
into account in future studies.
We have shown that due to the ultra-local behavior

of the theory, very dense environments such as the Solar
System are completely screened but on the other hand
the importance of the fifth force in astrophysical systems
with a continuous distribution of matter, such as galax-
ies or clusters of galaxies, may or may not diminish go-
ing towards the center of the objects depending on the
shape of the coupling function. This could provide very
stringent constraints on the latter, which may require a
better understanding of the possible modifications of the
halo profile for this theory and/or the use of numerical
simulations.
To study the non-linear and inhomogeneous regime of

the fifth force, which requires to go beyond perturba-

tion theory or the spherical collapse, we have presented a
thermodynamic analysis. This leads to a phase diagram
with a first-order phase transition. At at low temper-
ature (i.e. low initial kinetic energy) and intermediate
density, the system becomes inhomogeneous and splits
over domains of either larger or smaller density. We have
checked that this inhomogeneous transition does not in-
validate our cosmological analysis. On the other hand,
for small masses M . 1011M⊙, the ultra-local force may
alter significantly the landscape of inhomogeneities inside
the object. The study of this effect requires numerical
methods beyond the present work.

Then, we have briefly considered the dependence of our
results on the main free parameter α of these models. As
it decreases we slowly converge to the Λ-CDM scenario.
However, from α ∼ 10−6 down to α ∼ 10−8 we expect
some signatures on galactic or subgalactic scales. Indeed,
it is a peculiar feature of these modified gravity scenar-
ios that the fifth force appears to be most significant on
galactic scales, 1 pc−−10 kpc, whereas clusters of galax-
ies and astrophysical compact objects (stars or planets)
show no significant fifth force or are screened.

In the last section we have compared the ultra-local
models to chameleon-type models with a mass term that
is much greater than the potential one. Both scenarios
are similar outside the Compton wave-length of the scalar
but differ otherwise. We shall discuss a supersymmetric
implementation of ultra-local models in a companion pa-
per [30, 31].
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Super-chameleon models where all types of matter belong to three secluded sectors, i.e. the dark,
supersymmetry breaking and matter sectors, are shown to be dynamically equivalent to ultra-local
models of modified gravity. In the dark sector, comprising both dark matter and dark energy, the
interaction range between the dark energy field and dark matter is constrained to be extremely
short, i.e. shorter than the inverse gravitino mass set by supersymmetry breaking. This realises
an extreme version of chameleon screening of the dark energy interaction. On the other hand,
the baryonic matter sector decouples from the dark energy in a Damour-Polyakov way. These two
mechanisms preclude the existence of any modification of gravity locally in the Solar System due to
the presence of the super-chameleon field. On larger scales, the super-chameleon can have effects
on the growth of structure and the number of dark matter halos. It can also affect the dynamics of
galaxies where the fifth force interaction that it induces can have the same order of magnitude as
Newton’s interaction.

PACS numbers: 98.80.-k

I. INTRODUCTION

Dark energy [1–3] is still as mysterious now as it was
when the first observations of its existence appeared more
than fifteen years ago. Moreover it has been realized
over the last ten years that very often dark energy and
a modification of gravity on large scales are intimately
connected [4]. This is the case for models as diverse as
f(R) theories [5] or Galileons [6]. These models utilise a
scalar field as the simplest way of going beyond a mere
cosmological constant. Such theories where the dynam-
ical equations of motion are of second order have been
classified [7]. Their dynamics depend on the coupling
of the scalar degree of freedom to matter. In the most
general case [8], this coupling can be either conformal or
disformal with different physical consequences. For con-
formal couplings, the resulting scalar-induced fifth force
needs to to be screened locally. This appears to be feasi-
ble in only a few ways: chameleon [9], Damour-Polyakov
[10], K-mouflage [11, 12] and Vainshtein [13]. Another
mechanism, associated with the ultra-local models intro-
duced in a companion paper [14], arises from the ab-
sence of kinetic terms and the locality of the theory. We
will find in this paper that this case can be related, out-
side the Compton wavelength, to the chameleon models
with a large mass. For disformal couplings, no fifth force
is present in (quasi)-static situations [15] precluding the
need for a specific screening mechanism.
All these theories involve non-linearities, either in the

potential or kinetic terms and as such appear as low-
energy effective field theories. In particular, the issue of
the structure of the radiative corrections to the bare La-
grangian is a thorny one, only alleviated in some cases
by non-renormalisation theorems, e.g. for Galileons [6]
or K-mouflage [16]. For this reason, and because of its
radiative stability, supersymmetry might be a promising

setting for dark energy models [17, 18]. In this paper, we
will consider the super-chameleon models [19, 20] where
the chameleon model is embedded in a supersymmetric
setting. This requires the existence of three separate sec-
tors. The dark sector where both dark matter and dark
energy live. The matter sector which should include the
standard model of particle physics and finally a super-
symmetry breaking sector which shifts the masses of the
matter superpartners compared to their standard model
counterparts. The analysis of this model was already pre-
sented in [19, 20]. Here we recall the salient features and
emphasize two facts. First of all, the interaction between
dark matter particles mediated by dark energy is of ex-
tremely short range, shorter than the inverse gravitino
mass. Nevertheless, dark matter will see its dynamics
modified, i.e. a modification of gravity, on very large
scales where collective phenomena for the coarse-grained
dark matter fluid can be present. Second, we also recall
that ordinary matter decouples from dark energy due to
the Damour-Polyakov mechanism leading to no modifi-
cation of gravity in the Solar System.

In this paper we point out that on cosmological and
astrophysical scales these super-chameleon models can
be identified to the ultra-local models introduced in a
companion paper [14]. These ultra-local models corre-
spond to modified source models [21] where the coupling
to matter has a magnitude of order | lnA| . 10−6 to
guarantee that the contribution of modified gravity to
Newton’s potential is at most of order one. Ultra-local
models are such that the value of the dark energy field
depends algebraically on the local dark matter density.
This leads to a certain number of important properties.
First, the growth of structure in the linear to quasi-linear
regime has an instability at short scales which is eventu-
ally tamed by the absence of fifth forces on short dis-
tances like the Solar System. This screening mechanism
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is quite different from the usual screening mechanisms
encountered in other modified-gravity scenarios as it di-
rectly follows from the locality of the fifth-force inter-
action. The intermediate region between the very large
and very small scales is not amenable to our analysis and
would require numerical simulations which go beyond our
analysis, although we present a thermodynamic approach
to investigate the fifth-force non-linear regime. We find
that the number of intermediate dark matter halos is af-
fected by the presence of the super-chameleon. This is all
the more true for galactic size and mass halos where the
fifth force is of the same magnitude as Newton’s force. A
more complete analysis would require numerical simula-
tions which are left for future work.
This paper is organized as follows. In section II we

describe the supersymmetric chameleon models and the
dark and baryonic sectors. Next, in section III we show
that these models can be identified with ultra-local mod-
els introduced in a companion paper, over the scales that
are relevant for cosmological purposes. We describe the
background dynamics and the growth of large-scale struc-
tures in section IV, considering both linear perturbation
theory and the spherical collapse dynamics. In section V
we estimate the magnitude of the fifth force within spher-
ical halos and on cluster and galaxy scales. In section VI
we use a thermodynamic approach to investigate the non-
linear fifth-force regime for the cosmological structures
that turn non-linear at high redshift and for the cores of
dark matter halos. We briefly investigate the dependence
on the parameter α of our results in section VII and we
conclude in section VIII.

II. SUPERSYMMETRIC CHAMELEONS

A. Super-chameleons

The nature of the dark part of the Universe, i.e. dark
matter and dark energy, is still unknown. It is not ruled
out that both types of dark elements belong to a secluded
sector of the ultimate theory of physics describing all the
interactions of the Universe. In this paper, we will use
a supersymmetric setting at low energy and assume that
the theory comprises three sectors with only gravitational
interaction between each other. We will assume that the
standard model of particles to which baryons belong is
one of them. We will also add a supersymmetry break-
ing sector✟✟SG and a dark sector comprising both the dark
energy field, which will turn out to be a supersymmet-
ric version of a chameleon dark energy model, and dark
matter represented by fermions in separate superfields
from the super-chameleon one. For details about super-
symmetry and its relation to cosmology, see for instance
[22].
Baryons are introduced in a secluded sector defined by

the Kähler potential KM and the superpotential WM .
This is the matter sector which complements the dark
sector and the supersymmetry breaking one. Assuming

no direct interaction between the super-chameleon Φ and
matter, we take for the total Kähler potential which gov-
erns the kinetic terms of the model

K = K(ΦΦ†) +K✟✟SG +KM (1)

and similarly for the superpotential which is responsible
for the interactions between the fields

W =W (Φ) +W✟✟SG +WM . (2)

The kinetic terms for the complex scalar fields φi of the
model obtained as the scalar components of the super-
fields Φi are given by

Lkin = −Kij̄ ∂µφ
i∂µφ̄j̄ (3)

where we have defined

Kij̄ =
∂2K

∂Φi∂Φ̄j̄
≡ ∂i∂̄j̄K (4)

and its matrix inverse such thatKij̄Kkj̄ = δik. The scalar
potential obtained from the F -terms of the superfields is
given by

VF = Kij̄∂iW∂̄j̄W̄ , (5)

where W̄ is the complex conjugate of W . This is the
only term in the scalar potential when the fields are not
charged under gauge groups.
We will also need to add a D-term potential to the

scalar potential when some extra fields in the dark sec-
tor are charged under a gauge symmetry. We will also
consider the corrections due to supergravity induced by
the presence of the supersymmetry breaking sector. This
will be dealt with in the corresponding sections.

B. The supersymmetric model

We consider supersymmetric models where the scalar
potential and the coupling to Cold Dark Matter (CDM)
arise from a particular choice of the Kähler potential
for the dark energy superfield Φ which is non-canonical
whilst the dark matter superfields Φ± have a canonical
normalisation

K(ΦΦ†) =
Λ2
1

2

(
Φ†Φ
Λ2
1

)γ
+Φ†

+Φ+ +Φ†
−Φ−. (6)

The self-interacting part of the superpotential is

W =
γ√
2ω

(
Φω

Λω−3
0

)
+

1√
2

(
Φγ

Λγ−3
2

)
, 0 < ω < γ, (7)

where Φ contains a complex scalar φ whose modulus acts
as super-chameleon and Φ± are chiral superfields con-
taining dark matter fermions ψ±. Defining the super-
chameleon field as φ(x) = |φ|eiθ and identifying φ ≡ |φ|,
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one can minimise the potential over the angular field θ
and after introducing the new scales

Λ = Λ2

(
Λ1

Λ2

)(γ−1)/2

, φmin = Λ2

(
Λ2

Λ0

)(ω−3)/(γ−ω)
,

(8)
the scalar potential becomes

VF(φ) = KΦΦ†
∣∣∣∣
dW

dΦ

∣∣∣∣
2

= Λ4

[
1−

(
φmin

φ

)n
2

]2
, (9)

with

n = 2(γ − ω) for n ≥ 2, γ ≥ ω + 1. (10)

When φ ≪ φmin equation (9) reduces to the Ratra-
Peebles potential [23]

φ≪ φmin : VF(φ) ≈ Λ4

(
φmin

φ

)n
, (11)

which has been well studied in the context of dark en-
ergy and used to define chameleons. This is the reason
why this model is called super-chameleon. At larger field
values the potential has a minimum at φ = φmin where
VF(φmin) = 0 and dW/dφ = 0. Supersymmetry is there-
fore broken whenever φ 6= φmin and restored at the min-
imum where the supersymmetric minimum always has a
vanishing energy (this follows from the supersymmetry
algebra). Then, a new mechanism must be introduced in
order to have a non-vanishing cosmological constant at
the minimum of the potential.

C. The Fayet-Iliopoulos mechanism

An effective cosmological constant can be implemented
by introducing two new scalars Π± = π± + . . . with
charges ±q under a local U(1) gauge symmetry in the
dark sector. These have the canonical Kähler potential

K(Π±) = Π†
+e

2qXΠ+ +Π†
−e

−2qXΠ−, q > 0, (12)

where X is the U(1) vector multiplet containing the U(1)
gauge field Aµ. They are chosen to couple to the super-
chameleon via the superpotential

Wπ = g′ΦΠ+Π− (13)

where g′ = O(1) is a coupling constant. This construc-
tion gives rise to new terms in the scalar potential. The
first contribution is the D-term potential coming from
the fact that the Π± fields are charged

VD =
1

2

(
qπ2

+ − qπ2
− − ξ2

)2
, (14)

where we have included a Fayet-Illiopoulos term ξ2 which
will later play the role of the cosmological constant. The

second part of the new scalar potential is far more com-
plicated with the addition of these new fields but when
〈π−〉 = 0 it simplifies and the sum of both terms yields

V (π+) =
1

2

(
qπ2

+ − ξ2
)2

+ g′
2
φ2π2

+; 〈π−〉 = 0, (15)

where we have put π+ = |π+|. It can be shown [19]
that 〈π−〉 = 0 minimises the whole potential so we only
consider the effects of the new term V (π+). In particular,
the mass of the charged scalar π+ is

m2
π+

= 2g′
2
φ2 − 2qξ2. (16)

At early times the super-chameleon is small (φ ≪ φmin)
and this mass is negative. The U(1) symmetry is there-
fore broken (〈π+〉 6= 0). However, as the cosmological
field evolves towards its minimum this mass increases
until it reaches zero, restoring the symmetry so that
〈π+〉 = 0. Minimising (15) with respect to π+ one finds

φ <

√
q

g′
ξ : Vmin = −

m4
π+

8q2
+
ξ4

2
, (17)

φ >

√
q

g′
ξ : Vmin =

ξ4

2
. (18)

Therefore, at late times we recover the present-day dark
energy density by taking

ξ4 = 2ρ̄de0, (19)

which gives ξ ∼ 10−3eV. This mechanism requires that
φmin >

√
qξ/g′, which imposes restrictions on the param-

eter space,

Λ2

(
Λ2

Λ0

)(ω−3)/(γ−ω)
>

√
q

g′
(2ρ̄de0)

1/4
. (20)

D. The coupling to Cold Dark Matter

Dark energy in the form of Φ is coupled to dark matter.
The coupling function between the two dark sides of the
model is found by considering the interaction of Φ and
Φ±

Wint = m

[
1 +

gΦσ

mΛσ−1
3

]
Φ+Φ−, σ > 0, (21)

which gives a super-chameleon dependent mass to the
dark matter fermions

L ⊃ ∂2Wint

∂Φ+∂Φ−
ψ+ψ−. (22)

When the dark matter condenses to a finite density,
ρ = m〈ψ+ψ−〉, this term gives a density-dependent con-
tribution to the scalar potential

L ⊃ A(φ)ρ, (23)
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from which one can read off the coupling function

A(φ) = 1 +
g φσ

mΛσ−1
3

. (24)

This function reappears in the form of the conformal cou-
pling between dark matter and dark energy considered as
a scalar-tensor theory

E. The normalised dark-energy scalar field ϕ

Because Kφφ̄ 6= 1 the field φ is not canonically nor-
malised, since the kinetic term in the Lagrangian reads

Lkin = −Kφφ̄ ∂µφ∂
µφ̄ = −γ

2

2

( |φ|
Λ1

)2(γ−1)

∂µφ∂
µφ̄.

(25)
The normalised field is then easily defined by

ϕ = Λ1

(
φ

Λ1

)γ
, (26)

and the coupling function (24) becomes

A(ϕ) = 1 + α

(
ϕ

ϕmin

)σ/γ
with α ≡ gφσmin

mΛσ−1
3

, (27)

and

ϕmin = Λ1

(
φmin

Λ1

)γ
= Λ1

(
Λ2

Λ1

)γ (
Λ2

Λ0

)γ(ω−3)/(γ−ω)
,

(28)
while the effective potential VF(ϕ) + ρ(A(ϕ)− 1) is

Veff(ϕ) = Λ4

[(
ϕmin

ϕ

)n/2γ
− 1

]2
+ αρ

(
ϕ

ϕmin

)σ/γ
.

(29)
Notice that the effective potential in this model coincides
with the one obtained in a scalar tensor theory with the
potential VF(ϕ) and the coupling function A(ϕ). We will
exploit this fact below. Since we require the cosmology
to remain close to the Λ-CDM scenario, i.e. the fifth
force must not be much greater than Newtonian grav-
ity, within this framework we can infer that the coupling
function A(ϕ) must remain close to unity. This provides
the constraint

α ≪ 1 (30)

on the parameter combination α of Eq.(27).
The dynamics of the model can be determined by mini-

mizing the effective potential. This leads to the minimum
ϕ of the theory in the presence of matter (CDM)

(
ϕmin

ϕ

)(n+σ)/γ

−
(
ϕmin

ϕ

)(n+2σ)/2γ

=
ρ

ρ∞
, (31)

where we have defined the energy density

ρ∞ =
n

ασ
Λ4 = ρ̄0(1+ z∞)3, and 0 < ϕ ≤ ϕmin , (32)

where z∞ is the redshift below which the field becomes
close to its supersymmetric minimum ϕmin[34].
As in scalar tensor theories, such as dilaton models or

f(R) theories, it is convenient to introduce the coupling
β(ϕ) defined by

β(ϕ) =MPl
d lnA

dϕ
(33)

=
ασ

γ

MPl

ϕmin

[
1 + α

(
ϕ

ϕmin

)σ/γ]−1(
ϕ

ϕmin

)σ/γ−1

(34)

and the effective massm2
eff = ∂2Veff/∂ϕ

2 at the minimum
of the effective potential,

m2
eff(ϕ) =

ασ

γ

ρ∞
ϕ2

(
ϕ

ϕmin

)σ/γ [
n

γ

(
ϕmin

ϕ

)(n+σ)/γ

− n

2γ

(
ϕmin

ϕ

)(n+2σ)/2γ

+
σ

γ

ρ

ρ∞

]
, (35)

where we used Eq.(31). The quasi-static approximation
(32) applies if m2

eff ≫ H2. This holds for redshifts z ≤
z∞ provided

αρ∞
ϕ2
min

≫ H2
∞, whence

(
ϕmin

MPl

)2

≪ α, (36)

where in the second inequality we assumed z∞ ≤ zeq. At
higher redshifts, meff(z) grows at least as fast as H(z) in
both the matter and radiation eras if we have

matter era: σ ≤ 2γ, radiation era: σ ≤ γ + ω/2. (37)

F. Supersymmetry breaking

Supersymmetry is broken by values much larger than
the energy density of CDM. This is achieved in a dedi-
cated sector of the theory which we do not need to specify
here. Gravitational interactions lead to a correction to
the scalar potential coming from supersymmetry break-
ing [20]

∆V✟✟SG =
m2

3/2 |KΦ|2

KΦΦ†
∼
m2

3/2φ
2γ

Λ2γ−2
1

, (38)

where m3/2 is the gravitino mass. This competes with
the density dependent term in the effective potential (29).
This correction does not upset the dynamics of the model
as long as

(
ϕmin

MPl

)2

≪ αρ∞
M2

Plm
2
3/2

. (39)
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This is typically much more stringent than the quasi-
static condition (36). Using Eq.(35) this can also be
shown to correspond to a condition on the mass of
the scalar field ϕ at the supersymmetric minimum, for
z ≤ z∞,

m2
eff(ϕmin) ∼

αρ∞
ϕ2
min

≫ m2
3/2. (40)

As the gravitino mass is always greater than 10−5 eV in
realistic models of supersymmetry breaking [24], we de-
duce that the range of the scalar interaction mediated by
ϕ is very small, at most at the cm level. Because the
scalar interaction has such a short range, we call these
models ultra-local. In fact, we shall see below that they
can be related to the so-called“ultra-local models” intro-
duced in the companion paper [14].

G. Coupling to baryons

We consider that matter fermions ψ belong to a super-
field ΦM . The mass of the canonically normalised matter
fermions becomes

mψ = eK(Φ,Φ†)/2M2
Pl m

(0)
ψ , (41)

where m
(0)
ψ is the bare mass of the baryons ∂2W

∂Φ2
M
. The

exponential prefactor is at the origin of the coupling func-
tion between the matter fields and the super-chameleon
in the Einstein frame. This leads to the identification of
coupling function in the matter sector

AM (ϕ) = eϕ
2/2M2

Pl (42)

for the canonically normalised super-chameleon, and the
coupling to baryons

βM (ϕ) =
ϕ

MPl
, (43)

which is the coupling of a dilaton to matter. As long as
ϕmin ≪ MPl, which is already required to suppress the
supergravity corrections to the scalar potential, the cou-
pling to baryons is negligible. Hence this model describes
a scenario where dark energy essentially couples to dark
matter and decouples from ordinary matter.

III. THE SUPERSYMMETRIC CHAMELEON
AS AN ULTRA-LOCAL MODEL

A. Definition of ultra-local models

We define ultra-local scalar field models by the action
[14]

S =

∫
d4x

√
−g̃
[
M̃2

Pl

2
R̃+ L̃ϕ(ϕ)

]

+

∫
d4x

√−gLm(ψ
(i)
m , gµν), (44)

where the dark matter fields ψ
(i)
m follow the Jordan-frame

metric gµν , with determinant g, which is related to the
Einstein-frame metric g̃µν by

gµν = A2(ϕ)g̃µν . (45)

We explicitly take no coupling between baryons and the
scalar field to make possible the equivalence with the
supersymmetric chameleon models. In this paper we re-
strict ourselves to large cosmological scales, which are
dominated by the dark matter, and we neglect the im-
pact of baryons. Ultra-local models are defined by the
property that their scalar-field kinetic term is negligible,

L̃ϕ(ϕ) = −V (ϕ). (46)

Introducing the characteristic energy scale M4 of the po-
tential and the dimensionless field χ̃ as

χ̃ ≡ −V (ϕ)

M4
, and A(χ̃) ≡ A(ϕ), (47)

these models are fully specified by a single function, A(χ̃),
which is defined from the initial potential V (ϕ) and cou-
pling function A(ϕ) through Eq.(47). In other words,
because the kinetic term is negligible there appears a de-
generacy between the potential V (ϕ) and the coupling
function A(ϕ). The change of variable (47) absorbs this
degeneracy and we are left with a single free function
A(χ̃).

B. Cosmological background of ultra-local models

Because the matter fields follow the geodesics set by
the Jordan frame and satisfy the usual conservation equa-
tions in this frame, we mostly work in the Jordan frame.
We introduce the time dependent coupling

ǫ2(t) ≡
d ln Ā

d ln a
, (48)

such that, as shown in the companion paper, the Fried-
mann equation reads as

3M2
PlH2 = (1 − ǫ2)

−2a2(ρ̄+ ρ̄rad + ρ̄χ̃), (49)

where τ is the conformal time, H the conformal Hubble
expansion rate, and the Jordan-frame Planck mass is

M2
Pl(t) = Ā−2(t) M̃2

Pl, (50)

while ρ̄, ρ̄rad and ρ̄χ̃ are the matter, radiation and scalar
field energy densities. In particular, the background mat-
ter and radiation densities evolve as usual as

ρ̄ =
ρ̄0
a3
, ρ̄rad =

ρ̄rad0
a4

, (51)

while the scalar field energy density is given by

ρ̄χ̃ = −Ā−4M4 ¯̃χ, (52)
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and the equation of motion of the background scalar field
is

M4 = Ā4ρ̄
d ln Ā

d ¯̃χ
hence

d ¯̃χ

dτ
= Ā4 ρ̄

M4
ǫ2H. (53)

It is convenient to write the Friedmann equation (49) in
a more standard form by introducing the effective dark
energy density ρ̄de defined by

3M2
PlH2 = a2(ρ̄+ ρ̄rad + ρ̄de), (54)

which gives

ρ̄de = ρ̄χ̃ +
2ǫ2 − ǫ22
(1− ǫ2)2

(ρ̄+ ρ̄rad + ρ̄χ̃). (55)

C. Cosmological perturbations of ultra-local
models

We write the Newtonian gauge metric as

ds2 = a2[−(1 + 2Φ)dτ2 + (1− 2Ψ)dx2], (56)

so that the Einstein- and Jordan-frame metric potentials
are related by

1 + 2Φ =
A2

Ā2
(1 + 2Φ̃), 1− 2Ψ =

A2

Ā2
(1 − 2Ψ̃), (57)

while the Jordan-frame Newtonian potential is defined
by

∇2

a2
ΨN ≡ δρ+ δρχ̃

2M2
Pl

. (58)

Because we wish the deviations of Φ and Ψ from the New-
tonian potential ΨN to remain modest, and we typically
have |ΨN| . 10−5 for cosmological and astrophysical
structures, we require |δ lnA| . 10−5 and |δρχ̃| . |δρ|.
This first constraint is fulfilled by choosing coupling func-
tions A(χ̃) that are bounded and deviate from unity by
less than 10−5, which reads as

| lnA(χ̃)| . 10−5, (59)

while the second constraint will follow naturally because
the characteristic scalar field energy density is the dark
energy density today. Then, we can linearize Eq.(57) in
δ lnA. This leads to

Φ = ΨN + δ lnA, Ψ = ΨN − δ lnA, (60)

while the dark energy density fluctuations read as

δρχ̃ = −M4δχ̃. (61)

In Eq.(61) and in the following we use the characteristic
property (59) of ultra-local models to write A ≃ 1 wher-
ever this approximation is valid within a 10−5 accuracy

(the only place where deviations of A from unity are im-
portant is for the computation of the fifth force through
the gradient ∇ lnA).
In general configurations including perturbations, the

equation of motion of the scalar field reads as

d lnA

dχ̃
=

M4

ρ
. (62)

The dark matter component obeys the continuity and
Euler equations

∂ρ

∂τ
+ (v · ∇)ρ+ (3H+∇ · v)ρ = 0, (63)

and

∂v

∂τ
+ (v · ∇)v +Hv = −∇Φ. (64)

From Eq.(60) we have ∇Φ = ∇ΨN + ∇ lnA, and then
the scalar field equation (62) gives

∇ lnA =
M4

ρ
∇χ̃. (65)

Thus in terms of matter dynamics, the scalar field ap-
pears via the modification of the Poisson equation (58),
because of the additional source associated to the scalar
field and the time dependent Planck mass, and via the
appearance of the “new” term (65) in the Euler equation
(64), which is due to the spatial variation of lnA.
On large scales we may linearize the equations of mo-

tion. Expanding the coupling function A(χ̃) as

lnA(χ̃) = ln Ā+

∞∑

n=1

βn(t)

n!
(δχ̃)n, (66)

the scalar field equation (62) gives at the background and
linear orders

β1 =
M4

ρ̄
, δχ̃ = −β1

β2
δ. (67)

Defining

ǫ1(t) ≡
β1
β2

M4

ρ̄
=
β2
1

β2
, (68)

we have for the linear matter density contrast δ

∂δ2

∂τ2
+H ∂δ

∂τ
+ ǫ1c

2∇2δ =
ρ̄a2

2M2
Pl

(1 + ǫ1)δ, (69)

which also reads in Fourier space as

∂2δ

∂τ2
+H ∂δ

∂τ
− 3

2
Ωm(τ)H2 [1 + ǫ(k, τ)] δ = 0, (70)

where ǫ(k, τ), which corresponds to the deviation from
the Λ-CDM cosmology, is given by

ǫ(k, τ) = ǫ1(τ)

[
1 +

2

3Ωm

c2k2

a2H2

]
. (71)
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The k-dependent term dominates when ck/aH > 1, i.e.
on sub-horizon scales. Moreover, we have (ck/aH)2 ∼
107 today at scales of about 1 h−1Mpc. Therefore, we
must have

|ǫ1| . 10−7 (72)

to ensure that the growth of large-scale structures is not
too significantly modified. This small value does not re-
quire introducing additional small parameters as it will
follow from the constraint (59), which already leads to
the introduction of a small parameter α . 10−5 that
gives the amplitude of the coupling function lnA.
The quantity ǫ2 introduced in Eq.(48) is related to the

quantity ǫ1 defined in Eq.(68) by

ǫ2 = 3ǫ1, hence |ǫ2| . 10−7. (73)

This implies that at the background level the ultra-local
model behaves like the Λ-CDM cosmology, see Eqs.(52)-
(55), as the scalar field and dark energy densities coincide
and are almost constant at low z, within an accuracy of
10−6.

D. Super-chameleon identification

Super-chameleon models are such that the mass of the
scalar field is so large that the kinetic terms are negli-
gible. They behave like ultra-local models on distances
r & m−1

eff . It is only on very short distances, which are
negligible on astrophysical and cosmological scales, that
the kinetic terms play a role. The identification with an
ultra-local model is therefore valid on scales

k

a
. meff ; this includes the range

k

a
. m3/2 ≪ meff ,

(74)
where we used Eq.(40). Even as early as aBBN ∼ 10−10,
the model is equivalent to an ultra-local model on comov-
ing scales larger than 10 km, well below the distances of
interest in the growth of cosmological structures. As a
result, for all practical purposes super-chameleon mod-
els can be identified with ultra-local models. Thus, the
coupling function A(ϕ) and the potential V (ϕ) defined
in Eqs.(45)-(46) for the ultra-local model can be read
from the effective potential (29) of the super-chameleon
model, to which we must add the cosmological constant
contribution (18). Using the mapping (47) in terms of
the dimensionless field χ̃ this yields

A(χ̃) = 1 + α

(
ϕ

ϕmin

)σ/γ
(75)

and

−M4χ̃ = V = Λ4

[(
ϕmin

ϕ

)n/2γ
− 1

]2
+
ξ4

2
. (76)

We have seen in Eq.(19) that ξ4 = 2ρ̄de0 to recover
the cosmological constant associated with the current ex-
pansion of the Universe. We can also take M4 = ρ̄de0
without loss of generality, as this only sets the choice of
normalization of χ̃. To simplify the model we also take
Λ4 = ρ̄de0, which avoids introducing another scale. This
gives

M4 = Λ4 = ρ̄de0 : χ̃ = −1−
[(

ϕmin

ϕ

)n/2γ
− 1

]2
(77)

and

A(χ̃) = 1+α
(
1 +

√
−1− χ̃

)−2σ/n

with χ̃ ≤ −1, (78)

which is the expression of the coupling function in terms
of the ultra local scalar field. The comparison with the
supersymmetric model can be completed by verifying
that the cosmological perturbations also obey the same
dynamics.
The coupling of dark energy to dark matter implies

that the growth of the density contrast of CDM is mod-
ified [25–27] and the linear density contrast δ = δρ/ρ of
the super-chameleon model in the conformal Newtonian
Gauge evolves on sub-horizon scales according to

∂δ

∂τ2
+H ∂δ

∂τ
− 3

2
Ωm(τ)H2

(
1 +

2β2(ϕ)

1 +
m2

effa
2

k2

)
δ = 0. (79)

Physically, the last term in (79) corresponds to a scale
dependent enhancement of Newton’s constant. As the
mass of the scalar field is always very large compared to
astrophysical wave numbers, we can simplify (79) to find

∂δ

∂τ2
+H ∂δ

∂τ
− 3

2
Ωm(τ)H2

(
1 +

2k2β2(ϕ)

m2
effa

2

)
δ = 0 (80)

for k/a≪ meff . This equation is the same as the equation
(70) obtained for the ultra-local models, on sub-horizon
scales where we can neglect the unit factor in Eq.(71).
Indeed, the chameleon coupling β(ϕ) defined in Eq.(33),
β = MPld lnA/dϕ, and the ultra-local coupling β1(χ̃)
defined in Eq.(66), β1 = d lnA/dχ̃, are related by

β = β1MPl
dχ̃

dϕ
. (81)

From the identification (76) we can write the effective
chameleon potential of Eq.(29) as

Veff(ϕ) = −M4χ̃+ ρ(A− 1)− ρ̄de0, (82)

where we explicitly subtract the cosmological constant.
Then, the quasi-static equation (31) for ϕ, which corre-
sponds to the minimum of the potential ∂Veff/∂ϕ = 0,
yields β1 = M4/ρ, where we used Eq.(81) and A ≃ 1,
and we recover the ultra-local equation of motion (62)-
(67). Next, from the definition of the chameleon effective
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mass, m2
eff = ∂2Veff/∂ϕ

2, we obtain using Eq.(82) and
the result β1 = M4/ρ,

m2
eff(ϕ) =

ρβ2β
2

M2
Plβ

2
1

, (83)

where the ultra-local factor β2 = d2 lnA/dχ̃2 = dβ1/dχ̃
was introduced in Eq.(66). This gives 2β2/m2

eff =
2M2

Plβ
2
1/ρβ2 and we find that Eq.(80) coincides with

Eq.(70) over the range H ≪ k/a ≪ meff , using the sec-
ond expression (68) for ǫ1(t).
This identification of the super-chameleon model with

the ultra-local model shows that on cosmological scales,
H ≪ k/a ≪ meff , the dynamics is set by the single
function A(χ̃) obtained in Eq.(78). This implies that
structure formation is only sensitive to two combina-
tions of the parameters introduced in the supersymmetric
chameleon setting, namely the exponent ratio σ/n and
the ratio Λ4/ρ̄de0 (which we set to unity in this paper),
in addition to the cosmological constant ξ4/2 = ρ̄de0.
Conversely, there is a wide model degeneracy and the
same coupling function (78) corresponds to many differ-
ent chameleon models.
We can note here that in the context of usual

chameleon models such as f(R) theories, where β ∼ 1,
having a very large effective mass m2

eff , with m−1
eff ≪

10−4mm, would lead to negligible departure from the Λ-
CDM cosmology for the formation of large scale struc-
tures, as seen from Eq.(80). This is not the case for the
super-chameleon models studied in this paper because
the coupling β is also very large and much greater than
unity. Indeed, from Eq.(34) we have β ∼ αMPl/ϕmin ≫
1, whereas from Eq.(35) we havem2

eff ∼ αρ∞/ϕ2
min. This

yields

β2

m2
eff

∼ α2M2
Pl

Λ4
, (84)

and β2k2/m2
effa

2 can be of order unity on kpc to Mpc
scales, even with α ≪ 1, as we typically have Λ4 ∼
M2

PlH
2
0 .

E. Example of models

It is interesting to consider templates for ultra-local
models coming from super-chameleons.
A good set of models can be obtained for instance by

taking the cut-off of the theory Λ1 = MPl in the Kähler
potential (6). To obtain Λ4 = ρ̄de0 as in Eq.(77) this
requires the non-renormalised scale in the superpotential
W of Eq.(7) to be Λ2 =MPl(ρ̄de0/M

4
Pl)

1/(6−2γ). A simple
choice for the exponents ω and γ is ω = 1 and γ = 2,
which gives n = 2 and the Kähler potential becomes

K(ΦΦ†) =
M2

Pl

2

(
Φ†Φ
M2

Pl

)2

+Φ†
+Φ+ +Φ†

−Φ− (85)

while the self-interacting part of the superpotential is

W =
√
2Λ2

0Φ +

√
3Ωde0

2
H0Φ

2, (86)

which contains a linear term and a mass term, with
Λ2 =

√
3Ωde0H0. Both Λ0 and H0 are protected by su-

persymmetry under renormalisation.
The supersymmetric minimum φmin of Eq.(8) becomes

φmin =
Λ2
0

Λ2
. (87)

Requiring that φmin >
√
qξ/g′ to recover the late cos-

mological constant behavior (18) and using Eq.(19) we
obtain the lower bound on Λ0

Λ2
0 &M2

Pl

(
H0

MPl

)3/2

. (88)

The normalized chameleon field ϕ of Eq.(26) reads as

ϕ

MPl
=

φ2

M2
Pl

,
ϕmin

MPl
=

Λ4
0

3Ωde0M2
PlH

2
0

, (89)

while the characteristic density ρ∞ of Eq.(32) is

ρ∞ =
2

ασ
ρ̄de0 ∼

ρ̄de0
α

. (90)

We must also satisfy the constraint (39), which yields the
upper bound on Λ0

Λ2
0 ≪M2

Pl

(
H0

MPl

)3/2(
MPl

m3/2

)1/2

. (91)

As we always have m3/2 ≪ MPl, the comparison of
Eq.(91) with Eq.(88) shows that the range of values for
Λ0 is fairly large.
The scales m and Λ3 of the dark matter interaction

Wint in Eq.(21) are only constrained through their combi-
nation with φmin in the coupling parameter α of Eq.(27),
which must be small as noticed in Eq.(30). In fact, the
identification with the ultra-local model and the study
presented in the companion paper shows that we must
require α . 10−6 to keep the formation of large cosmo-
logical structures close to the Λ-CDM behavior. From
Eq.(37) the exponent σ should satisfy σ ≤ 5/2 if we
wish to ensure that the quasi-static approximation re-
mains valid up to arbitrarily high redshifts, which gives
0 < σ/n ≤ 5/4. More generally, combining Eqs.(10) and
(37) we have

0 <
σ

n
≤ γ + ω/2

2(γ − ω)
hence 0 <

σ

n
≤ 3γ − 1

4
. (92)

It is interesting to obtain the characteristic scales of
the coupling β and effective mass meff of these super-
chameleon models. Using the bounds (88) and (91) we
obtain

β ∼ αM2
PlH

2
0

Λ4
0

hence
αm3/2

H0
≪ β . αMPl

H0
, (93)
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and

m2
eff ∼ M4

PlH
5
0

Λ8
0

hence m2
3/2 ≪ m2

eff .M2
Pl. (94)

We can check that both β and meff are large in these
super-chameleon models.
As noticed above from Eq.(78), eventually we will

study the super-chameleon models of this type where the
only parameters are α, which will be chosen to be 10−6

or lower, and ζ = σ/n, of order unity.

IV. ULTRA-LOCAL DYNAMICS

A. Chameleon and ultra-local potentials and
coupling functions

As the total variation of A(χ̃) is bounded by α . 10−6,
we can approximate Eq.(78) as

lnA(χ̃) = α
(
1 +

√
−1− χ̃

)−2ζ

, ζ > 0, (95)

where we defined ζ = σ/n. Equation (95) fully de-
fines the ultra-local model that corresponds to the super-
chameleon models considered in this paper. For the
numerical applications below we take α = 10−6 and ζ
among {1/2, 1, 3/2}. The first two choices can be ob-
tained with σ = 1 and σ = 2 for the explicit super-
chameleon model described in section III E with γ = n =
2. The choice ζ = 3/2 requires a model with γ ≥ 7/3
or corresponds to a model with γ < 7/3 where the field
ϕ has not yet reached the quasi-static equilibrium (31)
at very high redshift (which is not very important as the
dark energy and the fifth force do not play a significant
role at high redshifts far in the radiation era).
Using Eq.(95), the equation for the evolution of the

scalar field (62) becomes

ρ

ρα
=

1

ζ

√
−1− χ̃

(
1 +

√
−1− χ̃

)2ζ+1

, (96)

where we introduced

ρα =
M4

α
=
ρ̄de0
α

. (97)

This explicitly shows that, because of the small param-
eter α, such models introduce a second density scale
ρα & 106ρ̄de0 in addition to the current dark energy den-
sity ρ̄de0.
Eq.(96) can be used to express χ̃ as a function of the

density in the high- and low-density limits,

ρ≫ ρα : χ̃(ρ) ∼ −
(
ζρ

ρα

)1/(1+ζ)

, (98)

ρ≪ ρα : χ̃(ρ) ≃ −1−
(
ζρ

ρα

)2

. (99)

At the background level, we switch from the high-density
regime (98) to the low-density regime (99) at the redshift
zα, with

aα = α1/3 . 0.01, zα = α−1/3 & 100, ρ̄(zα) = ρα.
(100)

Thus, together with the density scale ρα these ultra-local
models also select a particular redshift zα & 100. This is
the redshift where the fifth force effects are the strongest,
in terms of the formation of cosmological structures, even
though at the background level the scalar field energy
density only becomes dominant at low z as a dark en-
ergy contribution. Up to factors of order unity, the den-
sity ρα and redshift zα also correspond to the density ρ∞
and redshift z∞ introduced in Eq.(32), where the super-
chameleon field ϕ reaches the supersymmetric minimum
ϕmin (we chose Λ4 = ρ̄de0). Thus, within this supersym-
metric setting the density and redshift (ρα, zα) obtain an
additional physical meaning.
From Eqs.(98) and (99) we also obtain the behavior

of the coupling function lnA(ρ) in terms of the matter
density,

ρ≫ ρα : lnA(ρ) ∼ α

(
ζρ

ρα

)−ζ/(1+ζ)
, (101)

ρ≪ ρα : lnA(ρ) ≃ α

(
1− 2ζ2

ρ

ρα

)
. (102)

As shown in the companion paper, the derived function
lnA(ρ) is particularly important when applied to static
configurations and can be used to probe the existence of
a screening mechanism for this theory as we will show in
sec.VA.
We show in Fig. 1 the characteristic functions that

define the super-chameleon models and the associated
ultra-local models, for the choice of chameleon expo-
nents γ = 2, ω = 1, n = 2 for the Kähler potential K
and the superpotential W , and σ = 1, 2, 3 for the in-
teraction potential Wint. This gives ζ = 1/2, 1, 3/2 for
the ultra-local coupling function lnA(χ̃). The left panel
shows the normalized chameleon potential V/M4, which
is also equal to the opposite of the ultra-local field χ̃
from Eq.(76). It is identical for the three models that we
consider in the numerical computations presented in this
paper. The middle panel shows the chameleon coupling
function lnA(ϕ) for the three choices for the exponent
σ. The right panel shows the ultra-local coupling func-
tion lnA(χ̃) for the corresponding three choices of the
exponent ζ. In terms of the ultra-local model, or for the
dynamics of cosmological perturbation in the chameleon
model over scales H ≪ k/a≪ meff , this function lnA(χ̃)
fully defines the system.
In the right panel of Fig. 1 we show the coupling func-

tion lnA as a function of the normalized scalar field ϕ for
different values of the parameter ζ. For all the models
we have |Ā − 1| . 10−6 ≪ 1 which means that we re-
cover the Λ-CDM cosmology at the background level to
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ϕ/ϕmin, as in Eq.(77) for γ = 2, n = 2. Middle panel: coupling function lnA(ϕ) as a function of the chameleon scalar field from
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function of the ultra-local scalar field χ̃ from Eq.(95), for ζ = 1/2, 1, 3/2.
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FIG. 2: Time evolution of the factor ǫ1(a) as a function of
the scale factor for ζ = 1/2, 1, 3/2.

a 10−6 accuracy: in particular as we increase ζ the cou-
pling function becomes steeper making the effect of the
presence of the scalar field on the growth of structure
more relevant, as we will demonstrate in section IVB.

B. Cosmological background and perturbations

For all the models we have |Ā− 1| . 10−6 ≪ 1, which
means that we recover the Λ-CDM cosmology at the
background level to a 10−6 accuracy. Therefore, to dis-
tinguish such models from the Λ-CDM scenario we must
consider the dynamics of cosmological perturbations. As
we can see from Eq.(70), the linear growthD+(k, t) of the
dark matter density contrast is modified with respect to
the Λ-CDM case only by the presence of the factor ǫ(k, t),

which for the models presented in the previous sections
is equal to

ǫ1 = 2αζ

√−1− χ̃
(
1 +

√−1− χ̃
)−2ζ

1 + 2(ζ + 1)
√−1− χ̃

, (103)

where we used the definition (68). From Eq.(98) and
(99) we have the following simplified expressions for ǫ1
as function of the density

ρ≫ ρα : ǫ1(ρ) ∼
αζ

1 + ζ

(
ζρ

ρα

)−ζ/(1+ζ)
, (104)

ρ≪ ρα : ǫ1(ρ) ∼ 2αζ2
ρ

ρα
. (105)

This explicitly shows that ǫ1 decreases both at high and
low densities and peaks around ρα. This also gives the
evolution of ǫ1(t) as a function of the scale factor a(t)
using ρ̄ = ρ̄0a

−3,

a≪ aα = α1/3 : ǫ1(a) ∼ α

(
a

aα

)3ζ/(1+ζ)

, (106)

a≫ aα = α1/3 : ǫ1(a) ∼ α

(
a

aα

)−3

, (107)

which peaks at the scale factor aα that corresponds to
ρ̄ = ρα. In Fig. 2 we show the evolution of ǫ1, for
ζ = 1/2, 1, 3/2, as a function of the scale factor. It is
always positive for these models leading to an amplifica-
tion of the Newtonian gravity. We can check that ǫ1 has
a maximum around aα = α1/3, which for this paper cor-
responds to a value of aα = 0.01. At low redshifts we re-
cover the same decrease as ǫ1 ∝ a−3 of Eq.(107), whereas
at high redshift the decrease is stronger for higher ex-
ponent ζ, in agreement with Eq.(106). At its peak at
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FIG. 3: Linear growing mode D+(k, a) for the models defined by Eq.(95), as a function of the scale factor for k = 1, 5 and
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and 3/2 (respectively left, center and right panel).

aα, we have ǫ1 ∼ α = 10−6, whereas today we have
ǫ1 ∼ α2 = 10−12.
As shown in the companion paper, the growth of struc-

ture is vastly enhanced by the presence of the scalar field
when ǫ(k, a) ≫ 1 in Eq.(70). Because ǫ(k, a) grows as k2

at high k, there exists a time dependent scale kα(a) such
that for any scale smaller than the latter D+(k, a) devi-
ates significantly from the Λ-CDM one. This threshold
kα(a) can be computed from the condition ǫ[kα(a), a] = 1
in Eq.(71), to obtain

kα(a) =
aH

c
√
ǫ1

∼ H0

c
√
ǫ1a

, (108)

where we used H2 ∝ a−3 in the matter era. Because ǫ1
decreases at both high and low redshifts, with a peak at
aα, the threshold kα(a) is minimum at the scale factor
aα,

kmin
α = kα(aα) ∼

H0

c α2/3
∼ 3hMpc−1, (109)

Therefore, low wave numbers k < kmin
α are never sensitive

to the fifth force whereas high wave numbers k > kmin
α

are sensitive to the fifth force around aα. The range of
scale factors [a−(k), a+(k)] where a wave number k feels
the fifth force broadens at higher k. From Eq.(108) we
obtain

k > kmin : a−(k) ∼ aα

(
k

kmin

)−(2ζ+2)/(4ζ+1)

, (110)

a+(k) ∼ aα
k

kmin
. (111)

In Fig. 3 we show the evolution of the linear growing
mode D+(k, a) obtained numerically solving Eq.(70) at
three different scales, for the models considered in this
paper. In agreement with the discussion of Eq.(109)
above, low wave numbers k < kmin

α are never sensitive
to the fifth force and follow the Λ-CDM growth. Higher
wave numbers depart from the Λ-CDM behavior around
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aα ∼ 0.01 and show a faster growth over a limited time
range [a−, a+], resuming the Λ-CDM growth at later
times. This transient speed-up increases with k. This
effect becomes stronger at higher ζ because of the higher
amplitude of ǫ1 found in Fig. 2.
The presence of the scalar field leads to a very steep

increase of D+(k, a) at k ≫ 1 h Mpc−1 and so these
scales enter the nonlinear regime much earlier than in
the Λ-CDM cosmology, at z ∼ zα. This can be seen in
Fig. 4 where we plot the logarithmic linear power spec-
trum ∆2

L(k, z) = 4πk3PL(k, z).

C. Spherical collapse

On large scales where the baryonic pressure is negligi-
ble, the particle trajectories r(t) follow the equation of
motion

d2r

dt2
− 1

a

d2a

dt2
r = −∇r (ΨN +ΨA) , (112)

where r = ax is the physical coordinate, ΨN the Newto-
nian potential and ΨA = c2 lnA the fifth-force potential.
To study the spherical collapse before shell crossing, it
is convenient to label each shell by its Lagrangian radius
q or enclosed mass M , and to introduce its normalized
radius y(t) by

y(t) =
r(t)

a(t)q
with q =

(
3M

4πρ̄0

)1/3

, y(t = 0) = 1.

(113)
In particular, the matter density contrast within radius
r(t) reads as

1 + δ<(r) = y(t)−3. (114)

The equation of motion becomes

d2y

d(ln a)2
+

(
2 +

1

H2

dH

dt

)
dy

d ln a
+

Ωm

2
y(y−3 − 1) =

−y
( c

Hr

)2 d lnA
d ln ρ

r

1 + δ

∂δ

∂r
. (115)

The fifth force introduces a coupling as it depends on the
density profile, through the local density ρ(r) = ρ̄(1 +
δ(r)).
In the following, we use the density profile defined by

δ(x′) =
δ<(x)

σ2
x

∫

V

dx′′

V
ξL(x

′,x′′)

=
δ<(x)

σ2
x

∫ +∞

0

dk

k
∆2
L(k)W̃ (kx)

sin(kx′)
kx′

. (116)

Here x(t) = a(t)r(t) is the comoving radius of the spher-
ical shell of mass M that we are interested in while x′

is any radius along the profile; ξL and ∆2
L are the lin-

ear correlation function and logarithmic power spectrum

of the matter density contrast, σ2
x = 〈δL<(x)2〉 its vari-

ance within radius x, which defines a sphere of volume V ;
and W̃ (kx) = 3[sin(kx) − kx cos(kx)]/(kx)3 the Fourier
transform of the 3D top hat of radius x. The profile (116)
is the typical profile around a density fluctuation at scale
x in the initial Gaussian field and provides a convenient
ansatz (here we use the initial linear power spectrum or
its Λ-CDM amplified value at the redshift of interest).
We show in Fig. 5 the time evolution of the nonlinear

density contrast δ<(r) within a shell of massM , given by
the spherical dynamics (115), for different values of the
mass M , fixing the initial linear density contrast so that
δΛ−CDM
L = 1.6 today (the initial condition is set at high
redshift before the onset of the fifth force and it is com-
mon to all models and the Λ-CDM cosmology; as usual
it is convenient to describe this initial condition by its
value today using the Λ-CDM linear growth factor). In
agreement with what we found by studying the evolution
of linear perturbations, we can see that at large masses,
M & 1012h−1M⊙, the evolution of δ<(r) closely follows
the Λ-CDM one, whereas the collapse of small masses
is strongly accelerated around aα. This faster growth
occurs earlier for smaller mass, as a−(k) decreases on
smaller scales.
We show in Fig. 6 the spherical dynamics for a fixed

value of the massM = 108h−1M⊙ and several initial den-
sity contrasts. The acceleration of the growth of struc-
ture due to the presence of the scalar field makes halos
collapse before a = 1, even starting from δΛ−CDM

L ≃ 0.1.
In agreement with previous figures, the acceleration of
the collapse occurs around aα. For sufficiently high ini-
tial conditions this leads to a collapse at high redshift
around zα. For lower initial conditions the dynamics is
still in the linear regime after the fifth force has van-
ished, at low redshift, but with a higher amplitude than
in the Λ-CDM cosmology and a higher final collapse red-
shift. Again, we can see that the effect of the fifth force
increases with ζ.
We show in the upper panel of Fig. 7 the linear den-

sity contrast threshold, measured by δΛ−CDM
L (i.e., the

extrapolation up to z = 0 of the linear initial density
contrast by the Λ-CDM growth rate), required to reach a
nonlinear density contrast δ< = 200 today. In agreement
with Figs. 5 and 6, at large mass we recover the Λ-CDM
linear density threshold, δΛ−CDM

L ≃ 1.6, whereas at small
mass we obtain a much smaller linear density threshold,
δΛ−CDM
L ≪ 1, because of the acceleration of the collapse
by the fifth force. Again, at small masses the threshold
δL becomes smaller for larger exponent ζ as the effect of
the fifth force increases.

D. Halo mass function

As for the Λ-CDM cosmology, we write the comoving
halo mass function as

n(M)
dM

M
=
ρ̄0
M
f(ν)

dν

ν
, (117)
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FIG. 5: Time evolution of the nonlinear density contrast δ(< r) given by the spherical dynamics, as a function of the scale
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L = 1.6 today, using the Λ-CDM growth factor.
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where the scaling variable ν(M) is defined as

ν(M) =
δΛ−CDM
L (M)

σΛ−CDM(M)
, (118)

and δΛ−CDM
L (M) is again the initial linear density con-

trast (extrapolated up to z = 0 by the Λ-CDM linear
growth factor) that is required to build a collapsed halo
(which we define here by a nonlinear density contrast of
200 with respect to the mean density of the Universe) and
σΛ−CDM its variance. The variable ν measures whether
such an initial condition corresponds to a rare and very
high overdensity in the initial Gaussian field (ν ≫ 1) or
to a typical fluctuation (ν . 1). In the Press-Schechter

approach, we have f(ν) =
√
2/πνe−ν

2/2. Here we use
the same function as in [28]. Then, the impact of the
modified gravity only arises through the linear threshold
δΛCDM
L (M), as we assume the same initial matter den-

sity power spectrum as for the Λ-CDM reference at high
redshift.

The threshold δΛ−CDM
L (M) was shown in the upper

panel of Fig. 7. We show the mass function in the
lower panel of Fig. 7. Once again, we can notice that
at large mass all the mass functions are close to the
Λ-CDM prediction whereas at smaller masses, M ∼
108 − 1010h−1M⊙, they are higher. This is because the
fifth force has no effect on very large scales and accel-
erates the formation of structures on small scales. At
lower mass, M . 107h−1M⊙, the mass function becomes
smaller than in the Λ-CDM cosmology, because both
mass functions are normalized to unity (the sum over
all halos cannot give more matter than the mean matter
density).

At large masses, M > 1012h−1M⊙, where the forma-
tion of large-scale structures remains close to the Λ-CDM
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case, with only a modest acceleration, and the mass func-

tion is dominated by the Gaussian tail ∼ e−ν
2/2, we

can expect that the results obtained are robust, since in
this regime the shape of the halo mass function is dom-

inated by the exponential tail e−ν
2/2. At low masses,

M < 1012h−1M⊙, where the history of gravitational clus-
tering is significantly different from the Λ-CDM scenario,
as a large range of masses have collapsed together before
a redshift of 100, and the halo mass function is no longer
dominated by its universal Gaussian tail, these results are
unlikely to be accurate. Nevertheless, we can still expect
the halo mass function to be significantly higher than in
the Λ-CDM case for masses M ∼ 108 − 1011h−1M⊙, al-
though it is difficult to predict the maximum deviation
and the transition to a negative deviation at very low
masses.

V. ASTROPHYSICAL EFFECTS

A. Screening within spherical halos

1. Radial profiles

We first consider here how the ratio of the fifth force
to Newtonian gravity behaves within spherical halos with
a mean density profile such as the Navarro-Frenk-White
(NFW) [29] density profile. In particular, we wish to find
the conditions for the fifth force not to diverge at the
center of the halos and to remain modest at all radii, to
be consistent with observations of X-ray clusters. Within
spherical halos, the Newtonian force reads as

FN = −GNM(< r)

r2
= −Ωm

2
∆(< r)rH2, (119)

where ∆(< r) is the mean overdensity within radius r.
The fifth force reads

FA = −c2 d lnA
dr

= −c
2

r

d lnA

d ln ρ

d ln ρ

d ln r
. (120)

We can also use FN and FA to define characteristic ve-
locity scales,

FN = −v
2
N(r)

r
, FA = −c

2
s(r)

r
, (121)

with

v2N =
GNM(< r)

r
, c2s = c2

d lnA

d ln r
, (122)

where vN is the Newtonian circular velocity. Therefore,
the ratio of the fifth force to the Newtonian force is

η ≡ FA
FN

=
c2s
v2N

=
2

Ωm∆(< r)

( c

rH

)2 d lnA
d ln ρ

d ln ρ

d ln r
. (123)

From Eq.(102), we have at moderate densities, ρ ∼ ρ̄(z),

ρ≪ ρα : |η| ∼ α2ζ2

a3

( c

rH

)2
. (124)

Thus, in the late Universe the ratio η is suppressed by a
factor α2 so that η only reaches unity at r ∼ 3h−1kpc, i.e.
at galaxy scales (see also Sec. VA3 below). At higher
densities, we obtain from Eq.(101)

ρ≫ ρα : |η| ∼ α2ζ

a3

(
a3

αζ∆

)(1+2ζ)/(1+1ζ) ( c

rH

)2
.

(125)
We plot the ratio η for several halo masses, with an

NFW density profile in Fig. 8. In agreement with the
results obtained in previous sections, we can see that the
fifth force is more important for smaller halos, which also
correspond to smaller scales. For a power-law density
profile, of exponent γp > 0 and critical radius rα,

ρ(r) = ρα

(
r

rα

)−γp
, (126)
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we have

r < rα, η ∼ rγp(1+2ζ)/(1+ζ)−2. (127)

If we consider halos with a mean NFW density profile,
which has γp = 1, we find that η ∼ r−1/(1+ζ) and the
relative importance of the fifth force does not vanish at
the center for the models, whatever the value of the expo-
nent ζ, in agreement with Fig. 8. This suggests that these
models would lead to significant modifications in the clus-
ter dynamics with respect to the Λ-CDM model and so
would be ruled out by the observations, which show a
good agreement with the Λ-CDM cosmology. However,
as we can see from Fig. 8, for typical cluster masses η
only becomes of the order of unity far within the virial
radius, r . 0.01R200c for M & 1013h−1M⊙. Because
at these scales clusters have significant substructures the
approximation of a smooth profile is not any more cor-
rect. Then, deeper analyses are needed to unravel the
dynamics of clusters of galaxies considering the ultra-
local behaviour of the theory. We leave these analysis for
future studies when we may need to use numerical sim-
ulations and to estimate the observational accuracy of
the measured halo profiles. On the other hand, we will
perform a thermodynamic analysis of the system in VI
where we find that for large enough clusters, the mean
density approximation is valid.

2. Clusters of galaxies

We now estimate the fifth force to Newtonian grav-
ity ratio η on a global scale, for clusters and for galax-
ies. In contrast with the companion paper, we do not
need to study the Solar System, the Earth or the labo-

ratory, because within the supersymmetric setting con-
sidered in this paper baryons do not couple to the fifth
force. Therefore, astrophysical systems which are domi-
nated by baryons do not feel the effect of the fifth force
and we automatically recover the General Relativity or
Newtonian dynamics in these systems.
We have seen in Eq.(123) that η = c2s/v

2
N, whence η ∼

(c/vN)
2|d lnA/d ln ρ| if we take d ln ρ/d ln r ∼ 1. From

Eq.(102), we also have at moderate densities below ρα ∼
106ρ̄0, d lnA/d ln ρ ∼ −α2∆ at redshift z = 0. This gives

z = 0 : η ∼
(
αc

vN

)2

∆. (128)

For clusters of galaxies, with ∆ ∼ 103 and vN ∼ 500
km/s, this yields

clusters: η ∼ (104 α)2 ≪ 1. (129)

Therefore, the fifth force is negligible on cluster scales.
However, as seen in Fig. 8, this is no longer the case
far inside the cluster, where the characteristic scales are
smaller and the density greater, which gives rise to a
greater fifth force.

3. Galaxies

We now consider a typical galaxy, such as the Milky
Way, with ∆ ∼ 106, which is at the upper limit of the
regime ρ . ρα, and vN ∼ 200 km/s. This gives

galaxies: η ∼ (106 α)2 ∼ 1. (130)

Thus, the fifth force is of the same order as the Newtonian
gravity on galaxy scales. This suggests that interesting
phenomena could occur in this regime and that galaxies
could provide a useful probe of such models, as we can
see from Fig. 8 for low-mass halos M . 1011h−1M⊙.

B. Fifth-force dominated regime

It is useful to reformulate the analysis presented above
for clusters and galaxies and to determine the domain of
length, density and mass scales where the fifth force is
dominant. Taking d ln ρ/d ln r ∼ 1, we write for struc-
tures of typical radius R, density ρ and mass M =
4πρR3/3,

|η| ∼ 2

Ωm0

ρ̄0
ρ

(
c

RH0

)2 ∣∣∣∣
d lnA

d ln ρ

∣∣∣∣ . (131)

Then, the fifth force is greater than Newtonian gravity if
we have

|η| ≥ 1 : R2 ≤ R2
η ≡

(
c

H0

)2
2

Ωm0

ρ̄0
ρ

∣∣∣∣
d lnA

d ln ρ

∣∣∣∣ . (132)
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FIG. 9: Domain in the density-radius plane where the fifth
force is greater than Newtonian gravity (bottom left area be-
low the curves), for the ultra-local exponents ζ = 1/2, 1 and
3/2.

At low densities, using Eq.(102) we obtain

ρ≪ ρα : Rη(ρ) ∼ Rα with Rα ≡ α ζ c

H0
. (133)

Thus, at low densities we obtain a constant radius thresh-
old, of order Rα ∼ 3h−1 kpc for α = 10−6, which grows
with ζ as we can check in Fig. 9. At high densities, we
have the behaviour

ρ≫ ρα : Rη ∼ Rα

(
ρ

ρα

)−(2ζ+1)/(2ζ+2)

. (134)

Thus, at high densities the upper boundary of the fifth-
force domain decreases and the fifth force becomes negli-
gible in the center of halos with sufficiently steep profiles,
as seen in Eq.(127).
To facilitate the comparison with astrophysical struc-

tures, it is convenient to display the fifth-force domain
(132) in the mass-radius plane (M,R). This is shown in
Fig. 10, as the curve Rη(ρ) provides a parametric defi-
nition of the boundary Rη(M), defining the mass of the
structure as M = 4πρR3/3. We obtain a triangular do-
main, with a constant-radius upper branch and a lower
branch that goes towards small radius and mass with a
slope that depends on ζ. The upper branch corresponds
to the regime (133), with

Rη ∼ Rα for M < Mα, (135)

and

Mα ≡ α2ζ3ρ̄0

(
c

H0

)3

. (136)

For α = 10−6 this yields Mα ∼ 1010M⊙. The lower
branch corresponds to the regime (134), which yields for
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FIG. 10: Domain in the mass-radius plane where the fifth
force is greater than Newtonian. The horizontal axis is the
typical mass M of the structure and the vertical axis its typi-
cal radius R. The rectangles show the typical scales of galaxies
and groups of galaxies.

M < Mα

R ∼ Rα

(
M

Mα

)(2ζ+1)/(4ζ+1)

. (137)

We also show in Fig. 10 the regions in this (M,R)-plane
occupied by groups and clusters of galaxies and by galax-
ies. We only show astrophysical objects whose dynamics
is due to the presence of dark matter since for this model
the coupling of the scalar field with baryons is negligible,
as shown in section IIG. In agreement with section VA,
we find that the fifth force is negligible for clusters and
groups (at their global scale), while it is of the same or-
der as Newtonian gravity for galaxies. Therefore galaxies
may provide strong constraints on the models considered
in this paper.

VI. HISTORY AND PROPERTIES OF THE
FORMATION OF COSMOLOGICAL

STRUCTURES

To study the evolution of cosmological perturbations
in the previous sections, either through linear theory or
the spherical collapse, we assumed that the density field
remains smooth and that the fifth force on cosmological
scale x is set by the density gradient on the same scale.
However, the ultra-local fifth force is directly sensitive to
the local density gradient, ∇ lnA = (d lnA/d ln ρ)∇ρ, in
contrast with the Newtonian force which involves an av-
erage over scale x, FN ∝

∫
dx′ρ(x′)/|x− x′|2. Moreover,

smaller scales are increasingly unstable because of the
k2 factor in the factor ǫ(k, τ) in Eq.(71) that amplifies
the gravitational attraction in the linear evolution equa-
tion (70). This could invalidate the analysis presented
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above as small scales could develop strong instabilities.
This would lead to a fragmentation of the system down
to very small scales so that the local density gradient,
hence the fifth force, is nowhere related to cosmological
scale gradients. This would in turn lead to an effective
screening mechanism as isolated overdensities no longer
interact. Note that this mechanism, due to the ultra-
local character of the theory, is the key to the screening
of the fifth force in local environments, such as in the
Solar System, which is required in the theories studied
in the companion paper where both the baryons and the
dark matter feel the fifth force. In the supersymmet-
ric setting considered in this paper, we do not need to
invoke this mechanism to ensure that the theory is con-
sistent with Solar System tests as the baryons do not feel
the fifth force. However, it could still play a role in case
it leads to a fragmentation of the dark matter density
field at high redshift, when the fifth force is dominant,
and makes a “mean field” approach inadequate.
As described in details in the companion paper [14], we

can investigate this issue by using a thermodynamic ap-
proach, which allows us to go beyond perturbation theory
and spherical dynamics. Thus, we assume that at high
redshift, when the fifth force is dominant, regions that
collapse and turn non-linear because of the fifth-force in-
teraction relax towards the thermodynamic equilibrium.
Then, if this equilibrium is strongly inhomogeneous the
mean field approach used in the previous sections breaks
down, whereas if this equilibrium is homogeneous we can
conclude that the system does not develop strong small-
scale inhomogeneities and the previous analysis is correct.

A. Cosmological non-linear transition

We first study in this section the evolution with red-
shift of the comoving cosmological scales xcoll(z) that en-
ter the non-linear regime, which we define by

∆2
L(π/xcoll, z) = 1.5 (138)

where ∆2
L is the logarithmic linear power spectrum. (The

factor 1.5 is chosen so that we obtain xcoll ≃ 8h−1Mpc
at z = 0 in the Λ-CDM scenario.) As seen in the upper
panel in Fig. 11, xcoll(z) is much greater than in the Λ-
CDM cosmology at high redshift because the fifth force
amplifies the growth of structure. After aα the fifth force
fastly decreases, as seen in Fig. 2. This leads to the
plateau for xcoll(z) over aα ≤ a ≤ aΛ−CDM, with aα =
α1/3 ∼ 0.01 associated with the peak of the fifth force
and aΛ−CDM ≃ 0.2 associated with the convergence to
the Λ-CDM prediction for xcoll(z). The reason why aα ≪
aΛ−CDM is that after aα the fast decrease of the fifth force
implies that structure formation due to the fifth force
stalls, and we need to wait until aΛ−CDM for Newtonian
gravity to take over at the scale xcoll(zα), because at aα
Newtonian gravity was much weaker than the fifth force
at the comoving scale xcoll(zα). Thus, from the point of
view of cosmological structure formation, we have three
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FIG. 11: Upper panel: collapse radius xcoll(z) (in comoving
coordinates) as a function of the scale factor, for the ultra-
local models and the Λ-CDM cosmology. Lower panel: col-
lapse velocity scale ccoll(z).

eras. For a < aα, the non-linear transition xcoll(z) of
the cosmological density field is due to the fifth force
and occurs at scales much greater than in the Λ-CDM
scenario. For aα < a < aΛ−CDM, structure formation
stalls as the fifth force decreases and Newtonian gravity
is still weak on these scales. For aΛ−CDM < a, we recover
the growth predicted by the Λ-CDM cosmology, due to
Newtonian gravity.
For the thermodynamic analysis presented in the next

section we also need the initial kinetic energy or typical
velocity of the collapsing domains. Thus, we define the
effective velocity ccoll(z) by

c2coll(z) = c2s + c2N, (139)

with

c2s = ǫ1 c
2, c2N = (1 + ǫ1)

3Ωm

2π2
(Haxcoll)

2. (140)

The term c2s comes from the pressure-like term ǫ1c
2∇2δ in

Eq.(69) while the term c2N comes from the right-hand side
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in Eq.(69), associated with Newtonian gravity (amplified
by the negligible factor ǫ1). In the case of the Λ-CDM

cosmology we only have cΛ−CDM
coll = cΛ−CDM

N as there is
no fifth-force pressure-like term. As seen in the lower
panel in Fig. 11, at high redshift, a < aΛ−CDM, we have
ccoll ≫ cΛ−CDM

coll , whereas at low redshift, aΛ−CDM < a,

we have ccoll ≃ cΛ−CDM
coll as we recover the Λ-CDM be-

havior. Between aα and aΛ−CDM the velocity scale first
decreases until acs/cN ≃ 0.1 with the decline of the fifth
force, as ccoll ≃ cs, and next grows again with Newtonian
gravity as ccoll ≃ cN.
This history singles out a characteristic mass and ve-

locity scale, associated with the plateau found in Fig. 11
over 0.02 . a . 0.2. This yields

x∗ ∼ 0.355 h−1Mpc, M∗ ∼ 2× 1010 h−1M⊙,

c∗ ∼ 50 km/s. (141)

As in Fig. 10, we recover galaxy scales, more precisely
here the scales associated with small galaxies. It is tempt-
ing to wonder whether this could help alleviate some of
the problems encountered on galaxy scales by the stan-
dard Λ-CDM scenario. However, this would require de-
tailed numerical studies that are beyond the scope of this
paper.

B. Thermodynamic equilibrium on cosmological
scales

We can now study the non-linear dynamics of the cos-
mological scales xcoll(z) that enter the non-linear regime
found in Fig. 11. More precisely, we use a thermodynamic
approach to investigate whether these regions develop a
fragmentation process and show strong small-scale inho-
mogeneities [30, 31]. Because we are interested in the
evolution at high redshift, z ≥ zα, when the fifth force is
dominant, we neglect the Newtonian gravity and we con-
sider the thermodynamic equilibrium of systems defined
by the energy E and entropy S given by

E =

∫
d3xd3v f(x,v)

(
v2

2
+ c2 lnA[ρ(x)]

)
, (142)

S = −
∫
d3xd3v f(x,v) ln

f(x,v)

f0
. (143)

Here f(x,v) is the phase-space distribution function, f0
is an irrelevant normalization constant, and we used the
fact that the fifth-force potential lnA is a function of the
local density. Then, assuming that the scales that turn
non-linear because of the fifth force at high redshift reach
a statistical equilibrium through the rapidly changing ef-
fects of the fluctuating potential, in a fashion somewhat
similar to the violent relaxation that takes place for gravi-
tational systems [32], we investigate the properties of this
thermodynamic equilibrium.
Contrary to the usual gravitational case, the poten-

tial lnA is both bounded and short-ranged , so that we

cannot build infinitely large negative (or positive) po-
tential energies and a stable thermodynamic equilibrium
always exists, and it is possible to work with either micro-
canonical, canonical or grand-canonical ensembles. In
this respect, a thermodynamic analysis is better suited
for such systems than for standard 3D gravitational sys-
tems, where the potential energy is unbounded from be-
low and stable equilibria do not always exist, and differ-
ent statistical ensembles are not equivalent [33].
We work in the grand-canonical ensemble, where the

dark matter particles are confined in a box of size x (the
scale xcoll(z) that is turning non-linear at redshift z),
with a mean temperature T = 1/β and chemical poten-
tial µ that are set by the initial velocity scale ccoll(z)
and mean density ρ̄(z). The analysis of the thermody-
namic equilibria and phase transitions is described in de-
tails in the companion paper [14]. The main result is
that at high temperature, T > Tc and β < βc, the ther-
modynamic equilibrium is homogeneous, whereas at low
temperature, T < Tc and β > βc, the equilibrium is in-
homogeneous. Indeed, at high temperature the system
is dominated by its kinetic energy and the potential en-
ergy associated with the fifth force (which is bounded)
is negligible, so that we recover a perfect gas without
interactions, whereas at low temperature the fifth-force
potential becomes important and leads to strong inho-
mogeneities as it corresponds to an attractive force. In

terms of the rescaled dimensionless variables θ and β̂,

θ = ln

(
ρ

ρα

)
, β̂ = αc2β, (144)

this leads to the phase diagram shown in Fig. 12. The
equilibrium is inhomogeneous inside the shaded region,

which is limited at low β̂ by the inverse critical tempera-

ture β̂c, with β̂c ≃ {6.85, 5.58, 5.14} for ζ = {1/2, 1, 3/2}.
The upper and lower limits of the domain are the

curves θ+(β̂) and θ−(β̂), which obey the low-temperature
asymptotes

β̂ → ∞ : θ+ ∼ 1 + ζ

ζ
ln β̂, θ− ∼ −β̂. (145)

Then, if the average initial temperature and density

(1/β̂, θ) fall outside the shaded domain the system re-
mains homogeneous. If they fall inside the shaded do-
main the system becomes inhomogeneous and splits over
two domains with density θ− and θ+, with a proportion
such that the total mass is conserved. Because of the
ultra-local property [i.e. lnA is a local function through
ρ(x)], the equilibrium factorizes over space x so that the
two domains at density θ± are not necessarily connected
and can take any shape.
The solid curves in Fig. 12 are the cosmologi-

cal trajectories associated with the scale and velocity
{xcoll(z), ccoll(z)} displayed in Fig. 11, which correspond
to

θcoll(z) = ln

(
ρ̄(z)

ρα

)
, β̂coll(z) =

αc2

c2coll(z)
. (146)
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FIG. 12: Thermodynamic phase diagram for the ultra-local models with ζ = 1/2, 1 and 3/2. The shaded area is the region

of initial inverse temperature β̂ and density θ where the thermodynamic equilibrium is inhomogeneous. The solid line is the
cosmological trajectory (β̂coll(z), θcoll(z)).

This trajectory moves downward to lower densities with
cosmic time, following ρ̄(z). In agreement with the lower

panel of Fig. 11, the inverse temperature β̂coll first de-
creases until aα, as the velocity ccoll(z) grows. Next,

β̂coll increases while ccoll(z) decreases along with the fifth
force, until we recover the Λ − CDM behavior at late

times and β̂coll decreases again thereafter. We are inter-
ested in the first era, a < aα, and we find that the cos-
mological trajectory is almost indistinguishable from the

upper boundary θ+(β̂) of the inhomogeneous thermody-
namic phase. Indeed, at early times we have ccoll ≃ cs,

hence β̂coll ≃ α/ǫ1 from Eq.(140). Using Eq.(104) we
have at high densities, which also correspond to a < aα,
ǫ1 ∼ α(ρ/ρα)

−ζ/(1+ζ) = αe−ζθ/(1+ζ), hence

a≪ aα : θcoll ∼
1 + ζ

ζ
ln β̂coll, (147)

and we recover the asymptote (145) of θ+(β̂).
If θcoll > θ+ we are in the homogeneous phase and the

system remains at the initial density ρ̄. If θcoll . θ+ we
are in the inhomogeneous phase and the system splits
over regions of densities θ+ and θ−. However, as we re-
main close to θ+ most of the volume is at the density
θ+ ≃ θcoll and only a small fraction of the volume is at
the low density θ−. Neglecting these small regions, we
can consider that in both cases the system remains ap-
proximately homogeneous. This means that, according
to this thermodynamic analysis, the cosmological density
field does not develop strong inhomogeneities that are set
by the cutoff scale of the theory when it enters the fifth-
force non-linear regime. Therefore, density gradients re-
main set by the large-scale cosmological density gradients
and the analysis of the linear growing modes and of the
spherical collapse presented in previous sections are valid.
On small non-linear scales and at late times, where New-
tonian gravity becomes dominant, we recover the usual
gravitational instability that we neglected in this analy-

sis and structure formation proceeds as in the standard
Λ-CDM case.

C. Halo centers

It is interesting to apply the thermodynamic analysis
presented above to the inner radii of clusters and galax-
ies. Indeed, we have seen in section VA1 that the fifth
force becomes large inside spherical halos and the ratio
FA/FN actually diverges at the center for shallow density
profiles, see Fig. 8 and Eq.(127). However, this analysis
was based on dimensional and scaling arguments and it
fails if the density field becomes strongly inhomogeneous
so that the typical density inside the halo is very dif-
ferent from the global averaged density. The thermody-
namic analysis used to derive the phase space diagram
shown in Fig. 12 neglected Newtonian gravity. However,
we can also apply its conclusions to a regime dominated
by Newtonian gravity where at radius r inside the halo
the structures built by gravity and the density gradients
are on scale r. Then, we can ask whether at this ra-
dius r fifth-force effects may lead to a fragmentation of
the system on much smaller scales ℓ ≪ r. To study this
small-scale behavior we can neglect the larger-scale grav-
itational gradients r and discard gravitational forces.
Within a radius r inside the halo the averaged reduced

density and inverse temperature are

θr = ln

(
ρ<(r)

ρα

)
, β̂r =

αc2

Max(c2s, v
2
N)
, (148)

where vN is the Newtonian circular velocity and cs is
the fifth-force velocity scale defined in Eq.(122). As seen
in Eq.(123), the maximum Max(c2s, v

2
N) shifts from one

velocity scale to the other when the associated force be-
comes dominant. Here we choose the non-analytic inter-
polation Max(c2s, v

2
N) instead of the smooth interpolation
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FIG. 13: Radial trajectory (β̂r, θr) over the thermodynamic phase diagram inside NFW halos of mass M = 1015, 1013 and
1011h−1M⊙. at z = 0.

c2s + v2N that we used in Eq.(139) for the cosmological
analysis for illustrative convenience. Indeed, the discon-
tinuous changes of slope in Fig. 13 show at once the lo-
cation of the transitions |η| = 1 between the fifth-force
and Newtonian gravity regimes.
When the density grows at small radii as a power law,

ρ ∝ r−γp , we have seen in Eq.(127) that the fifth-force to
gravity ratio η behaves as η ∼ rγp(1+2ζ)/(1+ζ)−2 with

v2N ∼ r2−γp , c2s ∼ rγpζ/(1+ζ), (149)

at high density ρ ≫ ρα, where we used Eq.(101). This
gives in the Newtonian gravity and fifth-force regimes

|η| < 1 : θr ∼
γp

2− γp
ln β̂r, (150)

|η| > 1 : θr ∼
1 + ζ

ζ
ln β̂r. (151)

For γp > 2 we are in the Newtonian regime v2N → ∞,

β̂r → 0, so that we are in the homogeneous phase of

the thermodynamic phase diagram as β̂r < β̂c. For
(2 + 2ζ)/(1 + 2ζ) < γp < 2 Newtonian gravity still dom-
inates at small radii and we have the asymptote (150)
with γp/(2−γp) > (1+ζ)/ζ, so that the radial trajectory

(β̂r, θr) moves farther above from the upper bound θ+ of
Eq.(145) of the inhomogeneous phase and small radii are
within the homogeneous phase. For γp < (2+2ζ)/(1+2ζ)
we are in the fifth-force regime and we obtain θr ∼ θ+,

so that the radial trajectory (β̂r, θr) follows the upper
boundary of the inhomogeneous phase domain. This
means that the dimensional analysis of section VA1 is
valid as the fifth force does not push towards a fragmen-
tation of the system down to very small scales.
These asymptotic results apply to the small-radius

limit r → 0. In Fig. 13 we show the full radial trajecto-

ries (β̂r, θr) over the thermodynamic phase diagram, from
R200c inward, for the NFW halos that were displayed in

Fig. 8 at z = 0. As we move inside the halo, towards
smaller radii r, the density θr grows and the trajectory

moves upward in the figure. The turn-around of β̂r at
θr ≃ −4 corresponds to the NFW radius rs where the
local slope of the density goes through γ = 2 and the cir-
cular velocity is maximum. At smaller radii, r ≪ rs, the
NFW profile goes to ρ ∝ r−1, hence γp = 1. In agreement
with the asymptotic analysis above, this implies that we
move farther into the fifth-force regime and we follow
the upper boundary θ+ of the inhomogeneous phase do-
main, so that the dimensional analysis of section VA1 is
valid. This also leads to an increasingly dominant fifth
force at small radii and characteristic velocities that are
higher than the Newtonian circular velocity. This may
rule out these ultra-local scenarios. However, on small
scales the baryonic component is non-negligible and it ac-
tually dominates on kpc scales inside galaxies. Since the
baryons do not feel the fifth force this could keep these
models consistent with observations. On the other hand,
for low-mass halos, M . 1011h−1M⊙ at z = 0, we find
that a significant part of the halo is within the inhomo-
geneous thermodynamic phase. This may leave some sig-
nature as a possible fragmentation of the system on these
intermediate scales into higher-density structures. This
process would next lead to a screening of the fifth force,
because of the ultra-local character of the fifth force. In-
deed, because it is set by the local density gradients, the
fragmentation of the system leads to a disappearance of
large-scale collective effects and the fifth force behaves
like a surface tension at the boundaries of different do-
mains. Such a process may also happen in the case of
massive halos at earlier stages of their formation, which
could effectively screen the fifth force whereas the simple
static analysis leads to a dominant fifth force at small
radii. However, a more precise analysis to follow such
evolutionary tracks and check the final outcomes of the
systems requires numerical studies that are beyond the
scope of this paper.
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VII. DEPENDENCE ON THE α PARAMETER

In this section we investigate how the results obtained
in the previous sections change when we vary the param-
eter α. As a matter of example, we consider the model
with ζ = 1 and we show our results in Fig. 14, where we
compare the case α = 10−6 considered in the previous
sections with the two cases α = 10−7 and α = 10−8.
In agreement with the discussion in section IVB, as

α decreases the maximum amplitude of ǫ1 decreases as
ǫ1(aα) ∼ α while the associated scale factor decreases
as aα ∼ α1/3. This implies that the effect of the fifth
force is shifted to higher redshift with a lower ampli-
tude, whence a smaller impact of the scalar field on the
matter power spectrum, P (k, z), and on the halo mass
function, as we can check in the upper right and lower
left panels in Fig. 14. The area in the (M,R) plane
where the fifth force is greater than Newtonian gravity
also shrinks as α decreases, as we can see in the lower
right panel. This is because Rα ∝ α, which moves
the upper branch down towards small radii, whereas
the lower branch slowly moves upward because at fixed
mass we have R(M) ∼ α−1/(4ζ+1). Therefore, galaxies
are no longer sensitive to the modification of gravity if
α . 5× 10−7.

VIII. CONCLUSION

We have considered in this paper supersymmetric
chameleon models with a very large mass, 1/meff ≪
10−4mm, and coupling β ≫ 1. This makes the range
of the fifth force very small and leads to an equivalence
between these supersymmetric chameleon models and the
ultra-local models studied in a companion paper, for cos-
mological scales with H ≪ k/a≪ meff . The background
remains very close to the Λ-CDM cosmology in both sets
of models. However, in contrast with the more general
ultra-local models, in this supersymmetric context only
the dark matter is sensitive to the fifth force. Therefore,
although the ultra-local character of the models gives rise
to an automatic screening mechanism that ensures that
we satisfy Solar System tests of gravity in that more gen-
eral framework, in the context studied in this paper this
mechanism is not so critical as baryons, which dominate
on small scales and in the Solar System, never feel the
fifth force (except through its effects on the dark matter
Newtonian potential) and follow General Relativity.
We have first described how to build such chameleon

models in this supersymmetric context. This involves
several characteristic functions that enter the Kähler po-
tential K, which governs the kinetic terms of the model,
the superpotential W responsible for the interactions be-
tween the fields, and the coupling between the dark mat-
ter and the dark energy. This also introduces several
energy scales that may be different. We have shown
in details how these models are equivalent to ultra-local
models for cosmological purposes. This leads to a great

simplification as the latter involve a single free function,
lnA(χ̃). As in most dark energy and modified gravity
models, we also need to introduce a cosmological con-
stant and the associated energy scale. In addition, we
need a small parameter α . 10−6, which however ap-
pears as a ratio of several energy scales. This provides
a natural setting to explain why this quantity can be
significantly different from unity.

Next, we have used the ultra-local models identifica-
tion to study the cosmological properties of these scenar-
ios. We have considered both the background dynamics
and the evolution of linear perturbations. Whereas the
background remains very close to the Λ-CDM evolution,
within an accuracy of 10−6, the growth of cosmologi-
cal structures is significantly amplified on scales below
1h−1Mpc. This fifth-force effect shows a fast increase at
high k as it corresponds to a pressure-like term in the
linearized equations of motion. Another property that is
peculiar to these models, as opposed to most dark energy
or modified gravity models, is that the fifth force is the
greatest at a high redshift zα ∼ α−1/3 ∼ 100 and for
galaxies (among cosmological structures).

We have also considered the modifications to the
spherical collapse of cosmological structures. The faster
growth of structures at z ∼ zα leads to an accelera-
tion of the collapse at these early times and to a lower
linear density threshold δΛ−CDM

L required to reach a
non-linear density contrast of 200 today, especially on
smaller scales where the fifth force is greater. This leads
to a higher halo mass function at intermediate masses,
108 . M < 1014h−1M⊙, as compared with the Λ-CDM
cosmology. Next, we have considered the behavior of
the fifth force inside spherical halos. We find that the
fifth force increasingly dominates at smaller radii in ha-
los with a shallow density profile, γp . 1, as for NFW
profiles. On the other hand, the fifth force is negligible on
cluster scales and of the same order as Newtonian grav-
ity on galaxy scales. This suggests that galaxies could be
the best probes of such models.

To investigate the non-linear fifth force regime, and
to check that the previous cosmological analysis is not
violated by small-scale non-linear effects, we have used
the thermodynamic analysis developed in the compan-
ion paper. Again, we find that for these supersymmetric
chameleon models the cosmological scales that turn non-
linear at high redshift because of the fifth force are at
the boundary of the inhomogeneous domain in the ther-
modynamic phase diagram. This suggests that they do
not develop strong small-scale inhomogeneities and that
the standard mean field cosmological analysis is valid.
The same behavior is found at small radii in spheri-
cal halos, which again suggests that the spherically av-
eraged analysis applies. However, for low-mass halos,
M . 1011h−1M⊙ at z = 0, intermediate radii fall within
the inhomogeneous phase. This could lead to some frag-
mentation of the system with the formation of interme-
diate mass clumps. On the other hand, this same pro-
cess leads to a self-screening of the fifth force as isolated
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FIG. 14: Dependence on the parameter α of the deviations from the Λ-CDM predictions. We plot models with ζ = 1 and
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L(k, z) at redshift z = 0, as in Fig. 4. Lower left panel: halo mass function as in the lower panel
of Fig. 7. Lower right panel: domain in the mass-radius plane where the fifth force is greater than Newtonian gravity, as in
Fig. 10.

clumps no longer interact through the fifth force because
of its ultra-local character. Finally, we have considered
the dependence of our results on the value of the pa-
rameter α. We find that for α ≪ 10−7 the deviations
from the Λ-CDM cosmology are likely to be negligible
(contrary to the models studied in the companion paper)
because they have a lower amplitude and are pushed to
lower scales where baryons are dominant.
Thus, we find that although such models follow the

Λ-CDM behavior at the background level they display a
non-standard behavior for the dark matter perturbations
on small scales, below 1h−1Mpc. At the level of the pre-
liminary analysis presented in this paper they appear to
remain globally consistent with observational constraints.
However, the effects of the fifth force deep inside halos,
on kpc scales, may provide strong constraints and rule
out this models. In particular, the thermodynamic anal-

ysis presented in this paper may not be sufficient as the
systems may not reach this equilibrium because of incom-
plete relaxation. To go beyond the analytic approaches
used in this paper and to make an accurate compari-
son with data on galaxy scales requires numerical simu-
lations, which we leave to future work.
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ABSTRACT
We use the cosmic shear data from the Canada-France-Hawaii Telescope Lensing Survey to place
constraints onf(R) andGeneralized Dilatonmodels of modified gravity. This is highly compli-
mentary to other probes since the constraints mainly come from the non-linear scales: maximal
deviations with respects to the General-Relativity +ΛCDM scenario occurs atk ∼ 1hMpc−1. At
these scales, it becomes necessary to account for known degeneracies with baryon feedback and
massive neutrinos, hence we place constraints jointly on these three physical effects. To achieve
this, we formulate these modified gravity theories within a common tomographic parameteriza-
tion, we compute their impact on the clustering properties relative to a GR universe, and propa-
gate the observed modifications into the weak lensingξ± quantity. Confronted against the cosmic
shear data, we reject thef(R) {|fR0 | = 10−4, n = 1} model with more than 99.9% confidence
interval (CI) when assuming aΛCDM dark matter only model. In the presence of baryonic feed-
back processes and massive neutrinos with total mass up to 0.2eV, the model is disfavoured with
at least94% CI in all different combinations studied. Constraints on the{|fR0 | = 10−4, n = 2}
model are weaker, but nevertheless disfavoured with at least 89% CI. We identify several specific
combinations of neutrino mass, baryon feedback andf(R) or Dilaton gravity models that are ex-
cluded by the current cosmic shear data. Notably, universeswith three massless neutrinos and no
baryon feedback are strongly disfavoured in all modified gravity scenarios studied. These results
indicate that competitive constraints may be achieved withfuture cosmic shear data.

Key words: : Cosmology– Modified Gravity Theories – Methods: analytical, statistical, numeri-
cal

1 INTRODUCTION

Explaining the late-time acceleration of the Universe firstreported in
Riess et al. (1998); Perlmutter et al. (1999) represents a major chal-
lenge in modern cosmology, and current interpretations mostly rely
on the inclusion of dark energy components and/or modifications
to the theory of General Relativity (GR). One important difficulty
encountered in solving this puzzle relates to the fact that,by con-
struction, the background dynamics in viable dark energy and modi-
fied gravity models are almost indistinguishable (Bertschinger 2006;
Song, Hu & Sawicki 2007; Brax et al. 2008). These two frameworks
only really decouple when considering the evolution of matter den-
sity fluctuations and of perturbations associated with the metric. In
addition, there are various ways in which a modification of gravity on
large scales could account for the apparent acceleration (Clifton et al.
2013; Joyce et al. 2014). Exploiting this, many observational probes
based on large scale structure formation have been proposedto test
theories of modified gravity, including galaxy clustering (Pogosian &
Silvestri 2008; Oyazu, Lima & Hu 2008), integrated Sachs-Wolfe ef-
fect in the cosmic microwave background (CMB) anisotropiesand its

cross-correlation with galaxy density (Song, Peiris, Hu 2007), cluster
abundance (Jain & Zhang 2008; Lombriser et al. 2010), peculiar ve-
locities (Li et al. 2000; Johnson et al. 2014, 2015), redshift-space dis-
tortions from spectroscopic surveys (Guzzo et al. 2008; Jennings et
al. 2012; Asaba et al. 2013), 21cm observations (Hall et al. 2013) and
weak gravitation lensing (Heavens, Kitching & Verde 2007; Schimdt
2008; Tsujikawa & Tatekawa 2008; Simpson et al. 2013; Wilcoxet
al. 2015).

In this paper we investigate the extent to which current weak
lensing surveys can constrain departures from GR. In particular, we
study the signatures of two specific classes of parametrizedmodified
gravity theories, thef(R) and the generalized Dilaton models, on the
cosmic shear measurement extracted from the CFHTLenS (Erben et
al. 2013). These models are known to cause an enhancement of struc-
ture formation over scales in the range [0.2 - 20] Mpch−1, an effect
which could be detectable with current lensing surveys. In addition,
the departure of these models from General Relativity is maximal at
scales ofk ∼ 1h−1Mpc, which are difficult to interpret with other
clustering data due to the large uncertainty in the galaxy bias. This

c© 0000 RAS



2 Harnois-D́eraps et al.

makes the weak lensing approach special, probing modified gravity
models at the scale of influence of the ‘fifth’ force.

In its approach, this paper is an extension of Harnois-Déraps,
van Waerbeke, Viola & Heymans (2015, hereafter HWVH), where
the same data was used to place joint constraints on baryon feedback
models and on the sum of neutrino mass. The general idea can be
understood as follows: on the one hand, the accuracy achieved by
modern CMB experiments (Hinshaw et al. 2013; Planck Collabo-
ration 2015) on mostΛCDM parameters is at the percent level; on
the other hand, the modified gravity effects we are looking for affect
the baseline signal by up to 20 percent at small scales. It is therefore
justified to assume a fixed cosmology and search for possible devi-
ations. Any residual uncertainty in the cosmology can thereafter be
treated as systematic uncertainty in the analysis. While next gener-
ation weak lensing experiments such as RCSLenS1, DES2, KiDS3,
Euclid4 and LSST5 will have enough statistical power to repeat this
analysis in a full MCMC pipeline, we demonstrate here that wecan
find interesting results with simpler tools and existing data.

This paper is organized as follows: In§2 we review the theoret-
ical formulation of structure formation inf(R) and Dilaton gravity
theories;§3 describes the theoretical and numerical modelling of the
weak lensing signal, and details our cosmic shear measurement from
the CFHTLenS data. In§4 we present and discuss our results, and
conclude in§5. The baseline cosmological parameters that are used
throughout our study correspond to theWMAP9 + BAO + SNΛCDM
cosmology:h = 0.6898, Ωm = 0.2905, ΩΛ = 0.7095, ΩK = 0,
w = −1, σ8 = 0.831 andns = 0.969. The reason why we did not
opt for thePlanckcosmology is to minimize the effect of the known
cosmological tension in our model rejection strategy. Otherwise this
would involve a full MCMC calculation including all cosmological
parameters and both data sets as in MacCrann et al. (2014), which is
not necessary in our approach. In the end however, we do marginalize
over this cosmological discrepancy.

2 MODIFIED GRAVITY THEORIES

Modified theories of gravity can be distinguished by their screen-
ing properties in dense environments. Indeed, given the strong So-
lar System constraints, these theories need to have a built-in screen-
ing mechanism, suppressing the deviations from GR. Three types of
such mechanisms have emerged in the last few years: theChameleon,
K-mouflageand Vainshteinmodels (see Brax & Valageas 2014,
for a comparison between these different screening mechanisms).
On the one hand, K-mouflage and Vainshtein models involve non-
linear kinetic terms describing additional scalar fields whose pres-
ence modifies GR predictions. On the other hand, modifications of
the Chameleon type can be broadly categorized as either contain-
ing additional couplings between the metric and new scalar fields, or
involving extra geometric terms. These two equivalent descriptions
can be captured by thetomographicparameterization, which will be
used throughout this paper (Brax, Davis & Li 2012; Brax, Davis, Li
& Winther 2012).

In all Chameleon cases, modifications of gravity induce a global
enhancement of the effective force of gravity, due to the ‘fifth force’,
which directly translates into an increase of structure formation.
In this Section, we review two different types of modified gravity,

1 http://www.rcslens.org
2 http://www.darkenergysurvey.org
3 http://kids.strw.leidenuniv.nl
4 http://sci.esa.int/euclid
5 http://www.lsst.org/lsst

namely theDilaton and thef(R) models; we describe their distinct
screening mechanisms, and detail their parameterization in the con-
text of large scale structure formation.

2.1 Gravity in Dilaton models

The Dilaton and Symmetron6 theories of modified gravity are
Chameleon models that exhibit theDamour-Polyakovproperty
(Damour & Polyakov 1994), according to which the coupling be-
tween the scalar fieldϕ and the rest of the matter components
approaches zero in dense environments (Pietroni 2005; Olive &
Pospelov 2008; Hinterbichler & Khoury 2010). In contrast tothe case
of f(R) theories, described in Sec. 2.2 below, the scalar field here
takes on a small mass everywhere and thus mediates a long-range
(screened) force.

These Dilaton models are scalar-tensor theories, where theac-
tion defining the system takes the general form

S =

∫
d4x

√−g
[
M2

Pl

2
R − 1

2
(∇ϕ)2 − V (ϕ)− Λ4

0

]

+

∫
d4x

√
−g̃L̃m(ψ(i)

m , g̃µν), (1)

whereMPl = (8πGN)
−1/2 is the reduced Planck mass (in natural

units),Λ4
0 is the cosmological constant term today,g is the determi-

nant of the Einstein-frame metric tensorgµν andg̃ the determinant of
the Jordan-frame metric tensorg̃µν . The two metrics are connected
via a conformal rescaling

g̃µν = A2(ϕ)gµν . (2)

The various matter fieldsψ(i)
m are governed by the Jordan-frame

Lagrangian densitỹLm and the scalar fieldϕ by the Einstein-frame
Lagrangian densityLϕ = −1/2(∇ϕ)2 − V (ϕ), whereV (ϕ) is the
potential of the scalar field7. There is no explicit coupling between
matter and the scalar fields, and the fifth force on matter particles due
to ϕ arises from the conformal transformation given by equation(2)
(more precisely, through gradients ofA).

In the original Dilaton model, the potentialV (ϕ) and the cou-
pling8 A(ϕ) with the metric have the following functional forms:

V (ϕ) = V∗ exp

(
− ϕ

MPl

)
, (3)

A(ϕ) = 1 +
1

2

A2

M2
Pl

ϕ2, (4)

where{V∗, A2} are the two free parameters. In regions whereϕ ≈ 0,
the coupling to matter is negligible, and gravity convergesto GR.
However, the field nevertheless mediates a long range gravitational
force that has an effect elsewhere, i.e. in less dense environments.
This model can be generalized to a greater class of Dilaton models,
by keeping the coupling function as in equation (4) but considering
more general potentials. Then, instead of specifying the model by

6 We do not further investigate the Symmetron, K-mouflage nor Vainshtein
models in this paper.
7 In equation (1), we explicitly added the cosmological constant termΛ4

0, so
that the minimum ofV (ϕ) is zero and is reached forϕ → ∞. Alternatively,
this term could also be interpreted as the non-zero minimum of the scalar field
potential.
8 This coupling is often defined asA(ϕ) = 1 + 1

2
A2

M2
Pl

(ϕ − ϕ∗)2, where

ϕ∗ is some free parameter of the model. We opted to absorbϕ∗ into ϕ in
equation (4), a choice that has no physical impact anyway.
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its potentialV (ϕ), it is re-casted in the tomographic parametriza-
tion {β(a),m(a)} in terms of the cosmological scale factora(t),
where the couplingβ(a) and the scalar field massm(a) are defined
as (Brax, Davis & Li 2012; Brax & Valageas 2013):

β(a) ≡ β[ϕ̄(a)] =MPl
d lnA

dϕ
(ϕ̄), (5)

m2(a) ≡ m2[ϕ̄(a), ρ̄(a)] =
1

c2

[
d2V

dϕ2
(ϕ̄) + ρ̄

d2A

dϕ2
(ϕ̄)

]
. (6)

Hereafter, we denote with an overbar unperturbed cosmological
background quantities, and with a subscript ‘0’ quantitiesevaluated
today. For instance,̄ρ(a) = 3Ωm0H

2
0M

2
Pl/a

3 is the background
matter density,ϕ̄ is the mean value of the field,H0 is the current
value of the Hubbles parameter, andΩm0 is the current matter den-
sity. Also,c is the speed of light in vacuum. In this paper we consider
the simple forms

m(a) = m0 a
−r, β(a) = β0 exp

[
−sa

2r−3 − 1

3− 2r

]
, (7)

with

s =
9A2Ωm0H

2
0

c2m2
0

. (8)

In this framework, the Yukawa potential given by equation (3) corre-
sponds tor = 3/2. The values of the free parameters{m0, r, β0, s}
that enter equation (7) are displayed in Table 1. The models{A, B,
C, D} were chosen such as to correspond to those studied in Brax
& Valageas (2013) and Brax et al. (2012), where detailed compar-
isons between numerical and analytical calculations are presented.
More specifically, the models{A, B, C} probe the dependence on
{s, β0, r} respectively, all other parameters being fixed, while mod-
els D probe the dependence onm0 at fixedA2. We added the models
E that probe the dependence on the parameterm0 at fixed{s, β0, r}.
These models probe deviations from theΛCDM cosmology of less
than20%, in terms of the matter power spectrum. Let us now explore
the detailed mechanism through which the power spectrum of matter
fluctuations is affected by this theory.

In these Dilaton models, the coupling functionA is always very
close to unity, so that most Einstein-frame and Jordan-frame quan-
tities (e.g., Hubble expansion rates or densities) are almost identi-
cal. Indeed, using|Ā − 1| ≪ 1, we can see from equations (4)
and (5) thatĀ ≃ 1 + β2/(2A2). From equation (8) we also obtain
A2 ∼ (cm0/H0)

2. Solar System tests of gravity such as that anal-
ysed in Chiba (2003) imply thatm0 & 103H0/c, whenceA2 & 106

and

|Ā− 1| . 10−6. (9)

Therefore, the Jordan-frame and Einstein-frame scale factors and
background matter densities, related byã = Āa and ˜̄ρ = Ā−4ρ̄,
can be considered equal, as well as the cosmic times and Hubble
expansion rates. In the rest of this Section we work in the Einstein
frame, where the analysis of the gravitational dynamics aresimpler.

In the Einstein frame, the Friedmann equation takes the usual
form

3M2
PlH

2 = ρ̄+ ρ̄ϕ + ρ̄Λ, (10)

where we explicitly separate contributions from the matter(ρ̄) and
scalar field (̄ρϕ) components and from the cosmological constantρ̄Λ.
The background value of the scalar field potential is given by

dV̄

dϕ̄
+

β

MPl
ρ̄ = 0. (11)

Combining with equation (6), and writingm = m(a), this leads to

dϕ̄

da
=

3βρ̄

c2MPlam2
,

dV̄

da
= − 3β2ρ̄2

c2M2
Plam

2
, (12)

whence

˙̄ϕ2

2ρ̄
∼

(
H

cm

)4

∼ 10−12,
V̄

ρ̄
∼

(
H

cm

)2

∼ 10−6. (13)

Thus, the scalar field energy density is dominated by its potential
term, which is negligible as compared with the matter density. There-
fore, the Friedmann equation (10) is governed by the matter density
and the cosmological constant and we recover theΛCDM cosmolog-
ical expansion,3M2

PlH
2 = ρ̄+ ρ̄Λ, up to an accuracy of10−6.

We now briefly consider the behaviour of metric and density
fluctuations. In the quasi-static limit, the scalar field is given by the
Klein-Gordon equation,

c2

a2
∇2ϕ =

dV

dϕ
+ ρ

dA

dϕ
, (14)

and at linear order over the matter density and scalar field fluctuations
we obtain

δϕ

MPl
= − β

c2M2
Pl

δρ

m2 + k2/a2
, (15)

wherek is the comoving wave number. Using equation (11) this gives

|δA| ∼ |δρ|
ρ̄

(
H

cm

)2
1

1 + k2/a2m2
. 10−6, (16)

so that the perturbations of the conformal factorA2 are negligible
compared to unity. Also,

δρϕ
δρ

∼
(
H

cm

)2
1

1 + k2/a2m2
. 10−6, (17)

hence fluctuations of the scalar field energy density are negligible
compared with the matter density fluctuations.

Therefore, the main source that drives modifications to structure
growth is not a different background evolution, nor perturbations in
the scalar field energy density, but really the action of the fifth force
on the matter field. In the Newtonian gauge, the perturbed metric can
be written as

ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdx
idxj , (18)

whereΦ andΨ are the Einstein-frame metric gravitational potentials.
Using equations (15) and (17), we can check that the impact ofthe
scalar field fluctuations on the metric potentials are negligible, and
we have within a10−6 accuracy

Φ = Ψ = ΨN, (19)

whereΨN is the Newtonian potential given by the Poisson equation,

∇2

a2
ΨN = 4πGNδρ =

3Ωm0H
2
0

2a3
δ. (20)

In the above expression,δ = δρ/ρ̄ is the matter density contrast.
However, the dynamics of matter particles are modified by thescalar
field, which gives rise to the fifth force given byF = −c2∇ lnA.
That is, in the Euler equation we must add a fifth-force potential,
ΨA = c2 lnA, that is not negligible. When solving for structure
growth given the parameters listed in Table 1, the new term can lead
to 10− 20% deviations in the matter density power spectrum.

2.2 Gravity in f(R) theories

In models based onf(R) gravity, the Einstein-Hilbert action is mod-
ified by promoting the Ricci scalarR to a function ofR (Buchdahl
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4 Harnois-D́eraps et al.

1970; Starobinsky 1980, 2007; Hu & Sawicki 2007). The new action
S in f(R) gravity theories can be written as:

S =

∫
d4x

√−g
[
M2

Pl

2
[R + f(R)]− Λ4

0 + Lm(ψ(i)
m )

]
, (21)

where we explicitly added the cosmological constant contribution9.
The f(R) models are most easily described in the Jordan frame,
which is why, in this Section, we denote with a tilde Einstein-frame
quantities instead of Jordan-frame ones, contrary to the notation of
§2.1. In the parameterization of Hu & Sawicki (2007), the functional
form f(R) can be expressed in the high curvature limit as:

f(R) = −fR0

n

Rn+1
0

Rn
, fR ≡ df(R)

dR
= fR0

Rn+1
0

Rn+1
. (22)

The two independent parameters,fR0 and n, can be constrained
by observations. In the above expression,R0 is the present value
of the Ricci scalar for the cosmological background. Note that this
parametrization and that of Starobinsky (2007) both reproduce the
same results in the large curvature regime.

Thef(R) theories of gravity also invoke the Chameleon mech-
anism to screen modifications of GR in dense environments such as
in our Solar System. Specifically, this occurs by requiring that all ex-
tra terms vanish in high curvature environment, such thatf(|R| ≫
|R0|) → 0. The background expansion otherwise follows theΛCDM
dynamics and the growth of structure is only affected on intermediate
and quasi-linear scales.

There is an essential connection between the formulation ofthe
f(R) theory presented above and scalar-tensor theories of modified
gravity. Upon the coordinate rescaling̃gµν = A−2(ϕ)gµν (recall
that in this Sectioñgµν is the Einstein-frame metric) withA(ϕ) =
exp[βϕ/MPl] andβ = 1/

√
6, thef(R) modifications to GR are re-

casted as arising from contributions of an extra scalar fieldϕ, subject
to a potentialV (ϕ) given by:

V (ϕ) =
M2

Pl

2

(
RfR − f(R)

(1 + fR)2

)
, fR = exp

[
−2βϕ

MPl

]
− 1. (23)

In that sense,f(R) theories are equivalent to a scalar-tensor the-
ory expressed in the Einstein frame (Chiba 2003; Nunez & Solgnaik
2004). In this new formulation, the screening mechanism takes an-
other form: the mass of the scalar field grows with matter density,
and a Yukawa-like potential suppresses the fifth force in dense en-
vironments. This can be conveniently reformulated by saying that
screening takes place wherever the scalar field is small compared to
the ambient Newtonian potential.

It turns out that all Chameleon-like models such asf(R) theo-
ries can again be parameterized by the value of the massm(a) and
the couplingβ(a) of the scalar field, in terms of the scale factora
and the associated background matter densityρ̄(a). With the specific
functional form off(R) given by equation (22), we can directly re-
late{n, fR0} to {β(a),m(a)} via:

m(a) = m0

(
4ΩΛ0 + Ωm0a

−3

4ΩΛ0 +Ωm0

)(n+2)/2

,

m0 =
H0

c

√
Ωm0 + 4ΩΛ0

(n+ 1)|fR0 |
, β(a) =

1√
6
. (24)

In this paper, we consider values ofn = {1, 2} and |fR0 | =
{10−4, 10−5, 10−6}. The larger value of|fR0 | is currently ruled

9 The termsR andΛ4
0 are often included within the functionf(R). Written

in the form of equation (21),f(R) describes deviations from both GR and the
ΛCDM cosmology.

out by other independent probes, so this serves as a consistency test.
The numerical values for{β(a),m(a)} corresponding to these three
models are listed in Table 1.

As for the Dilaton models described in§2.1, thef(R) models
that we consider in this paper follow very closely theΛCDM cos-
mology at the background level, mainly because|fR0 | ≪ 1. Indeed,
from the action (equation 21) one obtains the Friedmann equation as
(Tsujikawa 2007);

3M2
Pl

[
H2 − f̄R(H

2 + Ḣ) + f̄ /6 + f̄RRH ˙̄R
]
= ρ̄+ ρ̄Λ, (25)

where the dot denotes the derivative with respect to cosmic time t
andfRR = d2f/dR2. In the background we havēR = 12H2 +6Ḣ
and we can check that all extra terms in the brackets in equation
(25) are of order|fR0 |H2, so that we recover theΛCDM expansion,
3M2

PlH
2 = ρ̄ + ρ̄Λ, up to an accuracy of10−4 for |fR0 | . 10−4.

Moreover, the conformal factorA(ϕ) is given byA = (1+fR)
−1/2,

so that|Ā−1| . 10−4 and the background quantities associated with
the Einstein and Jordan frames can be considered equal (and equal to
theΛCDM reference) up to an accuracy of10−4.

Considering the metric and density perturbations, we can again
write the Newtonian gauge metric as in equation (18) (but this is now
the Jordan-frame metric). Then, in the small-scale sub-horizon limit
k/a ≫ H/c, the modified Einstein equations lead to (Tsujikawa &
Tatekawa 2008)

∇2

a2
Φ = − c

2∇2

2a2
δfR + 4πGNδρ, (26)

∇2

a2
Ψ =

c2∇2

2a2
δfR + 4πGNδρ, (27)

whereδfR = fR − f̄F andδρ = ρ − ρ̄. Therefore, in terms of the
Newtonian gravitational potentialΨN defined as in GR by equation
(20), we have

Φ = ΨN − c2

2
δfR, Ψ = ΨN +

c2

2
δfR. (28)

Thus, because we work in the Jordan frame (in contrast with the Dila-
ton case presented in§2.1), the modification of gravity directly ap-
pears through the metric potentials. The fluctuations of thenew de-
gree of freedomδfR are given by:

3c2∇2

a2
δfR = δR − 8πGNδρ. (29)

Finally, the dynamics of the matter particles is given by thegeodesic
equation, where the Newtonian potential that appears in GR is re-
placed by the potentialΦ given in equation (28).

3 WEAK LENSING

3.1 Theory

3.1.1 Weak lensing convergence power spectrum

In all the cosmologies considered in this paper, we work in the New-
tonian gauge with the perturbed metric given by equation (18), where
Φ andΨ are the metric gravitational potentials10. In practice, we
measure the statistical properties of weak lensing distortions by sum-
ming over many galaxy images. This means that the measured signal
is an integral over selected sources with a broad redshift distribution

10 In the Dilaton models, this is understood as the Einstein-frame metric
while in thef(R) models this is the Jordan-frame metric, following the ap-
proach described in§2. In any case, we can work in either frame as the obser-
vational results do not depend on this computational choice.
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Table 1. Parameters describing the modified gravity theories considered in our study, mapped on the{β(a), m(a)} surface, parameterized with{m0, r, β0, s}
following equation (7). The first five rows correspond to different realizations of the generalized Dilaton theories. The last two rows showf(R) theories with
n = 1 and2 respectively, in whichm0 is given by equation (24), whiler ≡ 3(n+ 2)/2, β0 = 1/

√
6 ands = 0.

Model m0(h/Mpc) r β0 s

(A1, A2, A3) (0.334, 0.334, 0.334) (1.0, 1.0, 1.0) (0.5, 0.5, 0.5) (0.6, 0.24, 0.12)

(B1, B3, B4) (0.334, 0.334, 0.334) (1.0, 1.0, 1.0) (0.25, 0.75, 1.0) (0.24, 0.24, 0.24)

(C1, C3, C4) (0.334, 0.334, 0.334) (1.33, 0.67, 0.4) (0.5, 0.5, 0.5) (0.24, 0.24, 0.24)

(D1, D3, D4) (0.667, 0.167, 0.111) (1.0, 1.0, 1.0) (0.5, 0.5, 0.5) (0.06, 0.96, 2.16)

(E1, E3, E4) (0.667, 0.167, 0.111) (1.0, 1.0, 1.0) (0.5, 0.5, 0.5) (0.24, 0.24, 0.24)

n = 1, log10 |fR0
| = (-4, -5, -6) (0.042, 0.132, 0.417) (4.5, 4.5, 4.5) (0.408, 0.408, 0.408) (0, 0, 0)

n = 2, log10 |fR0
| = (-4, -5, -6) (0.034, 0.108, 0.340) (6.0, 6.0, 6.0) (0.408, 0.408, 0.408) (0, 0, 0)

n(zs)dzs (mapped ton(χ)dχ in terms of the radial distance, given
the Jacobiandχ/dz) that we normalize to unity. Thus, introducing
the kernelg(χ) that defines the radial depth of the survey:

g(χ) =

∫ ∞

χ

dχsn(χs)
χs − χ

χs
, (30)

the integrated convergence field at a positionθ on the sky reads as:

κ(θ) =

∫ ∞

0

dχ
χ

c2
g(χ)∇2Φwl(χ, χθ). (31)

We assumed a flat background universe in the above equation, and
introduced the weak lensing potential, defined by

Φwl =
Φ+Ψ

2
, (32)

which is a convenient when computing weak lensing modifications to
GR. Solving equation (31) in multipole space and taking the ensem-
ble average of the squared complex norm, we obtain the convergence
power spectrum:

Cκ
ℓ =

∫ ∞

0

dχ
g(χ)2

c4
ℓ4

χ4
PΦwl(ℓ/χ; z) (33)

as an integral over the weak lensing power spectrumPΦwl(k; z).
Note that the above also assumes both Limber and Born approxi-
mations. From this, we also derive predictions for the cosmic shear
two-point correlation functionsξ±(θ), computed as:

ξ±(θ) =
1

2π

∫
Cκ

ℓ J0/4(ℓθ) ℓ dℓ (34)

whereJ0/4(x) are Bessel functions of the first kind.

3.1.2 Cκ
ℓ in General Relativity

In the ΛCDM cosmology + GR case, we can exactly express the
weak lensing convergence power spectrum (33) in terms of thetotal
matter power spectrumP (k) via Poisson equation. Indeed, we can
safely neglect the anisotropic stress, and General Relativity gives:

Φwl = Φ = Ψ = ΨN, (35)

whereΨN is the Newtonian potential given by Poisson equation
(equation 20). Therefore, we recover

PΦwl(k; z) =

(
3Ωm0H

2
0

2ak2

)2

P (k; z), (36)

and the convergence power spectrum (33) becomes:

Cκ
ℓ =

∫ ∞

0

dχW (χ)2P (ℓ/χ; z), (37)

with

W (χ) =
3Ωm0H

2
0

2c2
g(χ)(1 + z). (38)

3.1.3 Cκ
ℓ in theories of modified gravity

For the Dilaton models, we have seen in equation (19) and in§2.1
that the two Einstein-frame metric potentials are equal to the Newto-
nian potential up to order10−6 accuracy, and that background cos-
mological quantities such as the Hubble expansion rate and the radial
comoving distances are equal to those of theΛCDM reference within
that same accuracy. This means that equations (35)-(36) apply as in
GR, and thatCκ

ℓ is again given by equations (37)-(38). Therefore, in
terms of this weak lensing statistics, the modification of gravity and
the departures from theΛCDM+GR results only appear through the
modified matter density power spectraP (k; z), which we describe in
§3.2.3.

In the case off(R) models, we have seen in equation (28) that
the two Jordan-frame potentials are different from the Newtonian po-
tentials, receiving contributions from terms linear inδfR. However,
these two extra terms exactly cancel in the weak lensing potential
(equation 32) such thatΦwl = ΨN. Therefore, we recover equa-
tions (36)-(38) inf(R) models too. Moreover, we have seen that both
the Jordan-frame and Einstein-frame background quantities are equal
to the referenceΛCDM background quantities up to an accuracy of
10−4 for |fR0 | . 10−4. This means that weak lensing statistics can
again be computed in the reference background cosmology, solong
as the modified matter density power spectrum is used.

3.2 Non-linear matter power spectrum

The choice of non-linear power spectrum to insert in equation (37)
depends on the cosmology under investigation. In this paper, we are
interested in constraining modified gravity models, but with respect
to aΛCDM baseline, these are strongly degenerate with universes
that include baryon feedbacks and/or massive neutrinos. Inthe con-
text of cosmic shear, these phenomenas are therefore intrinsically
connected and must be jointly analysed. We detail in this Section
how we combine all these effects in the construction of our theoreti-
cal predictions.

3.2.1 Dark matter only

The first choice we make concerns the dark matter modelPDM(k),
which is a delicate issue that has been thoroughly investigated in
HWVH in a very similar context. Following this work, we choose
the dark matter only model that best reproduces the results from a
number ofN -body simulations, then implement the combined effect

c© 0000 RAS, MNRAS000, 000–000
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of modified gravity, baryon feedback and massive neutrinos relative
to this dark matter only baseline. Our dark matter only prediction is
a hybrid model that combines the Extended Cosmic Emulator (Heit-
mann et al. 2013) with the recalibratedHALOFIT code by Takahashi
et al. (2012). Its convergence properties have been well examined in
HWVH, and it was shown to have the best agreement with indepen-
dent high-resolution simulation suites, compared with other models.
In addition, HWVH examined the scatter across multiple models, and
estimated the theoretical uncertainty on the global dark matter only
prediction forξ±. In this paper, we also incorporate this model un-
certainty in the analysis pipeline, at the level of theχ2 calculation
(see§4.1).

3.2.2 Neutrino and baryon feedback

Following HWVH, we model the impact of massive neutrinos and
baryon feedback on the matter power spectrum as separate effects
that can be expressed with multiplicative feedback terms, namely:

PDM+ν+b(m)(k, z) = PDM(k, z)× b2Mν
(k, z)× b2m(k, z). (39)

The underlying assumption is that both biases are independent, which
is reasonable since baryons were found to have a one percent effect
on the neutrinos bias fork < 8hMpc−1 (Bird et al. 2012).

We compute theneutrino feedback biasterm b2Mν
with the

CAMB cosmological code (Lewis et al. 2000), which is reported
to be accurate to better than 10 percent atk = 10hMpc−1 (Bird
et al. 2012). We assume one massive neutrino flavour, and fix the
cosmology at high redshift – i.e. we keep the primordial amplitude
As fixed but letσ8 vary. We justify this choice from the fact that the
former quantity is measured very accurately by CMB observations,
whereas our estimation of the latter quantity is much less accurate
due to galactic and cluster bias. We construct the neutrino bias as

b2Mν
(k, z) ≡ PDM+Mν

CAMB (k, z)

PDM
CAMB(k, z)

, (40)

where theMν (= 0.0, 0.2, 0.4, or 0.6 eV) superscript specifies the
total neutrino mass considered, and the subscript ‘CAMB’ specifies
that both quantities are measured from this cosmological numerical
code.

Thebaryonic feedback biasis estimated from two hydrodynam-
ical simulations ran in the context of the OverWhelmingly Large
(OWL) Simulation Project (Schaye et al. 2010). The dark matter only
run (DM-ONLY) is a purely collision-lessN -body calculation and
acts as the baseline for this baryon feedback measurement only. The
AGN simulation run contains gas dynamics with physical prescrip-
tions for cooling, heating, star formation and evolution, chemical en-
richment, supernovae feedback and active galactic nuclei feedback
(see van Daalen et al. 2011, for details about these simulations). Fol-
lowing van Daalen et al. (2011); Semboloni et al. (2011), we measure
the baryonic feedback bias by taking the ratio between the AGN and
the DM-ONLY models11:

b2m(k, z) ≡ P
DM+b(m)
OWL (k, z)

PDM
OWL(k, z)

, (41)

where the indexb(m) refers to either DM-ONLY or AGN, and the
subscript ‘OWL’ specifies that these quantities were measured specif-
ically from the OWL simulation suite.

Fig. 1 shows the impact of different combinations of baryons
and massive neutrinos on the matter power spectrum. Fig. 2 and 3

11 The power spectrum measurements from the OWL simulation suite are
publicly available at:http://vd11.strw.leidenuniv.nl
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Figure 1. Combined effect from baryon feedback and massive neutrinoson
the matter power spectrumP (k), evaluated atz = 1. Results are shown with
respect to the dark matter only non-linear predictions (thick solid line). From
top to bottom, the (blue) dashed lines represent the effect of massive neutrinos
with Mν = 0.2, 0.4 and0.6eV respectively. The combinations of massive
neutrinos with baryon feedback are shown with the thin (red)solid lines.
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show the equivalent effects on the weak lensing power spectrumCκ
ℓ

and on the shear two-point correlation functionξ±(θ), respectively.
We can see from the three figures that all models converge to DM-
ONLY at large scales (lowk, low ℓ and highθ), and that the com-
bined effect can suppress more than 50% of the power, depending
on the models and neutrino mass. Also, it becomes clear that surveys
probing small patches (restricted toℓ > 500 for example) would
have difficulties to distinguish between the two feedback processes.
This degeneracy can only be broken with the inclusion of lower ℓ
multipoles, where baryon feedback is minimal but massive neutrinos
still leaves a signature (Natarajan et al. 2014).

3.2.3 Combined feedback with modified gravity

The evolution of perturbations in the context of large-scale structures
has been carefully studied inf(R) and scalar-tensors theories gravity
(Zhang 2006; Koivisto 2006; Bean et al. 2007; Song, Hu & Sawicki
2007; Hu & Sawicki 2007; Song, Peiris, Hu 2007; Pogosian & Sil-
vestri 2008; Carloni, Dunsby & Troisi 2008; Koyama, Taruya &Hi-
ramatsu 2009; Motohashi, Starobinsky & Yokoyama 2009; Li & Hu
2011; Brax et al. 2011; Li, Zhao & Koyama 2012; Linares & Mota
2013; Taddei, Catena & Pietroni 2013; Brax & Valageas 2013).In
this paper, we focus on the matter density power spectrumP (k; z),
or more precisely, on the weak lensing convergence power spectrum
Cκ

ℓ , which can be computed fromP (k; z) through the modified Pois-
son equations that relate the metric gravitational potentials to the
matter density fluctuations.

Therefore, before computing weak lensing statistics, we first
need to describe gravitational clustering and the 3D matterden-
sity power spectrum for all cosmological scenarios that we investi-
gate. We use the approach first developed in Valageas, Nishimichi &
Taruya (2013) for theΛCDM cosmology, generalized afterwards to
various modified-gravity scenarios in Brax & Valageas (2013, 2014).
This is an analytical approach that combines perturbation theory up
to one-loop order (i.e., up to orderP 2

L, wherePL is the linear mat-
ter density power spectrum) with a phenomenological halo model.
Namely, we are splitting the matter power spectrum as:

P (k) = P2H(k) + P1H(k), (42)

whereP2H(k) is the ‘two-halo’ term associated with pairs of parti-
cles that are enclosed in two different halos, whereasP1H(k) is the
‘one-halo’ term associated with pairs enclosed in the same halo. This
construction allows us to obtain predictions for the non-linear mat-
ter power spectrum covering the linear, quasi-linear and highly non-
linear scales. We refer the reader to the work cited above forcomplete
details and validations of equation (42), but neverthelessprovide an
overview of the method in the Appendix for quick reference. We note
that other prescriptions exists for modellingP (k) in modified gravity
scenarios, i.e. Zhao (2014) for thef(R) model. However the mod-
elling we adopt here applies also tof(R) with n 6= 1 gravity, to
Dilaton gravity, and in fact to any modified gravity model expressed
in the tomographic parameterization, which makes it general and ac-
curate at the same time.

In analogy with equations (40) and (41), we define themodified
gravity bias:

b2MG(α)(k, z) ≡
P

MG(α)
VNT (k, z)

PDM
VNT(k, z)

, (43)

whereMG(α) refers to the gravity model, withα= 0 corresponding
to GR,α= [1, 2, 3, ...,15] specifying dilation models [A1, A2, A3,
..., E4],α= [16, 17, 18] specifyingf(R) models withn = 1 and
|fR0 | = 10−4, 10−5, 10−6, and finallyα= [19, 20, 21] thef(R)
models withn = 2 and the same|fR0 | values. The subscript ‘VNT’

indicates quantities that are computed in the framework of Valageas,
Nishimichi & Taruya (2013), i.e. with equation (42).

Bringing all the pieces together, we construct the matter power
spectrum for any combination of baryon feedback, neutrino mass and
modified gravity by multiplying the DM-ONLY model by the corre-
sponding biases:

PDM+ν+b(m)+MG = PDM × b2Mν
× b2m × b2MG(α). (44)

We have removed the dependences on scale and redshift for each
of these terms to clarify the notation. This modelling assumes that
the effect of modified gravity on the baryon and neutrino feedbacks
can be neglected, allowing for the convenient factorization presented
in equation (44). This seems to be a valid approximation for some
models, as it was shown in Hammami et al. (2015) that the modified
gravity bias measured in dark matter only matched to better than 5%
the same measurement done in full hydrodynamical simulations, for
f(R) models withn = 1 and |fR0 | ∈ [10−4 − 10−6]. However,
the same group also observed larger deviations in many symmetron
models, up to 20% byk = 10hMpc−1 in some cases. This places a
limit on the accuracy of equation (44), and calls for more hydrody-
namical simulation runs wherebm andbMG(α) are merged into one
term,bm,MG(α), measured for each combination of{α,m}. This is
unfortunately not available at the moment, hence equation (44) is cur-
rently our best shot at this joint measurement. On the neutrino sector,
results by Baldi (2014) are further encouraging: they looked at joint
simulations of modified gravity and massive neutrinos and came to
the conclusion that one could consider the effect of each almost in-
dependently, supporting the validity of equation (44).

For each combination, we compute predictions for the weak
lensing quantity with equations (37) and (34). We report ourresults
onP (k) andCκ

ℓ in Fig. 4 and 5 respectively. Whereas modified grav-
ity is generally boosting the clustering compared to aΛCDM uni-
verse, the inclusion of massive neutrinos and/or baryonic feedback
is working in the opposite direction. It becomes clear that aprecise
distinction between these three feedback contributions poses a chal-
lenge to clustering and weak lensing experiments.

3.3 Data

Our measurement of the shear correlation functionsξ± is based on
the public release of the Canada France Hawaii Telescope Lensing
Survey (CFHTLenS12). The CFHTLenS covers a total area of 154
deg2, which is reduced to 128 deg2 after masking bright stars, fore-
ground moving objects and faulty CCD rows. Full details about the
data reduction pipeline are provided in Erben et al. (2013).Source
redshifts are obtained from the five bandsu′griz photometric obser-
vations (Hildebrandt et al. 2012) and were carefully testedin Ben-
jamin et al. (2013); shape measurements are performed on ther-
band images with thelensfit Bayesian code described in Miller et al.
(2013). A detailed assessment of the residual systematics is provided
in Heymans et al. (2012), and we refer the reader to these references
for more information on the CFHTLenS data.

As described in Heymans et al. (2012), the public shear data
must be recalibrated with additive and multiplicative factors, com-
monly referred to as thec andm corrections. In contrast with this ref-
erence, we use a differentc correction, as detailed in HWVH, which
is less model dependent. Although the overall change on the correc-
tion is marginal, the number of CFHTLenS pointings that are flagged
asbad is reduced by almost a half.

Following the recommendations of Heymans et al. (2012) and

12 CFHTLenS:www.cfhtlens.org
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Benjamin et al. (2013), we minimize the systematic contamination
from badly reconstructed photometric redshifts by applying the se-
lection cut0.4 < zphot < 1.3. We construct the redshift distribu-
tion n(z) for the selected galaxies from thelensfit-weighted stacked
probability distribution functions of the galaxy sample. As shown in
HWMH, the distribution is well described by the following analytical
expression:

n(z) = N0e
−(z−z0)

2/σ2
0 +N1e

−(z−z1)
2/σ2

1

+
N2e

−(z−z2)
2/σ2

2

1.0 + e−10.0(z−0.6)
, (45)

where (N0, z0, σ0, N1, z1, σ1, N2, z2, σ2) = (0.14438, 0.760574,

0.14594, 0.514894, 0.498379, 0.15608, 1.74435, 0.445019,
0.684098). There is a0.4 percent difference in the mean redshift
between the fit and the distribution, which yields a small error
well below the other sources of error in our analysis. We therefore
neglected this contribution to the systematic budget.

We construct our shear correlation function estimator following
Kilbinger et al. (2013):

ξ±(θ) =

∑
i,j wiwj [et(θi)et(θj)± er(θi)er(θj)]∑

i,j wiwj
. (46)

All galaxy pairs(i, j) separated with angular distance|θi − θj | ∈ θ
contribute to the same bin, with their contribution weighted by the
product of theirlensfit weightswiwj (Miller et al. 2013). The shear
quantitieset ander are the tangential and cross-component of the
galaxy ellipticity, measured in the coordinate system of the galaxy
pair. We account for the shear calibration by measuring

1 +K(θ) =

∑
i,j wiwj(1 +mi)(1 +mj)∑

i,j wiwj
(47)

and dividingξ± by 1 +K. As a rule of thumb,K is ∼ −0.11 at all
angular scales, with variations smaller than 0.1%. We finally exclude
all pairs withθ < 12 arcseconds in order to minimize contamina-
tion by post stamp leakage acrosslensfit templates. We perform this
measurement withATHENA13, and show our results in Fig. 3.

3.4 Simulations

In order to achieve a high precision cosmic shear measurement, not
only must the data be thoroughly tested for subtle systematics resid-
uals, but the sampling variance must be accurately estimated, a quan-
tity that is very hard to assess from the data. To overcome this dif-
ficulty, we rely on a suite of weak lensing simulations based on
WMAP9 + SN + BAO cosmology. As detailed in Harnois-Déraps &
van Waerbeke (2015), the SLICS-LE suite consists of60 sq. degrees
light cones extracted from 500 independentN -body realizations. The
numerical weak lensing signal is precise to better than 10 percent for
ξ+ with θ > 0.4′ (andθ > 5′ for ξ−). We construct the mock maps
by combining the different redshift planes with a redshift source dis-
tribution that mimics that of the data. We then sample the simulated
shear maps with105 points randomly located, and compute the shear
two-point correlation functionsξ± of these mock ‘galaxies’ with the
same pipeline as the data (i.e. from equation 46).

4 RESULTS

In this Section, we first review our error budget, we then describe how
different components combine in our model rejection procedure, and
finally present our results.

4.1 Error budget

This analysis closely follows that of HWVH; we summarize here the
main ingredients, and refer the reader to the reference for more de-
tails. The sources of error in this analysis can be broken into three
terms: 1- uncertainty on the cosmic shear measurement, 2- uncer-
tainty in the theoretical model describing the non-linear regime of
structure formation, and 3- uncertainty on the fiducial cosmology.

1- The error on our cosmic shear measurement is dominated
by shape noise at small angles and sampling variance at largeangles.

13 ATHENA: http://cosmostat.org/athena.html
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to Fig. 6.

The angular scales at which these two errors contribute equally occur
atθ = 2 and30 arc minutes forξ+ andξ−, respectively. In addition,
the variance-shape noise mixed term contributes to about a third of
the error onξ+ at large angles, but is negligible inξ−, as seen in Kil-
binger et al. (2013). We have estimated the sampling variance from
the SLICS-LE weak lensing simulations, and added an extra contri-
bution from thehalo sampling variance, following the modelling of
Sato et al. (2009), which provides at most a 10 percent correction
on the overall error. Our measurement is minimally affectedby in-
trinsic alignment of galaxies, since we do not perform tomographic
analysis (see Heymans et al. 2013, for more details on intrinsic align-
ments in the CFHTLenS data). The error from shape reconstruction
is already included in the statistical term, hence does not require an
extra term. Photometric redshift uncertainty enters the measurement
through modification of the source distributionn(z), but this effect
is negligible compared with other sources of error hence is not in-
cluded.

2- The uncertainty on the dark matter only non-linear model has
been carefully assessed in HWVH by comparing five different pre-
dictions: HALOFIT2012,HALOFIT2011 + small scale empirical re-

calibration, Cosmic Emulator + power law graft, Cosmic Emulator +
HALOFIT2012 graft and, finally, the mean over five independent high
resolution simulations – the SLICS-HR suite described in Harnois-
Déraps & van Waerbeke (2015). These five models agree very well
over most angular scales, and the 1σ scatter among them is taken as
the (θ-dependent) theoretical error.

3- The uncertainty in the cosmological parameters is set by the
WMAP9 precision (Hinshaw et al. 2013), whose dominant contribu-
tion on the weak lensing uncertainty arises via the parameters ΩM

andAs. With the inclusion of the BAO and SN external data, these
two parameters are allowed a 3.4 and 3.3 percent variation about
their mean values (1σ). Since the amplitude ofξ± roughly scales as
(AsΩM )2, we expect the combined error to be of the order 5 percent
of theΛCDM baseline signal, assuming no prior on the joint contour.

Note that the cosmological error and the modelling error (terms
2 and 3) enter in our analysis as systematic uncertainties, therefore
we add them in quadrature and marginalize over them (see details in
§4.2). Also note that the Planck cosmology{ΩM , As} falls within
our3σ search limits, although closer to the edge of the search zone.

4.2 Model rejection strategy

As seen in Fig. 6 and 7, the effects of baryons, massive neutrinos
and modified gravity are significantly degenerate onξ±. Given the
noise levels in the current data and the number of internal parameters
that describe these different mechanisms, performing a full MCMC
analysis is not convenient to extract meaningful constraints. A more
appropriate and direct way is to sample a finite set of model combi-
nations and examine their agreement with the data. This case-by-case
strategy has the potential to reject models that are inconsistent with
the data, which can then be translated into constraints on the under-
lying free parameters.

The metric we adopt for this type of analysis is thep-value,
which measures the probability that the data is consistent with the
model, if the model is true. It is given by the integral over theχ2

probability density function, where the lower bound is the measured
χ2 and the upper bound is infinity. As a rule of thumb, models with
p-values< 10% are rejected with more than 90% confidence, and
1σ, 2σ, 3σ... rejection measurements are obtained forp-values of
0.317, 0.046, 0.003.... Our strategy therefore consists tomeasure the
χ2 and p-value associated with each combination of baryon feed-
back, neutrino mass and modified gravity model, and to flag every
combination withp < 0.1 as being disfavoured.

The uncertainty arising from statistical and sampling variance
naturally enters this calculation through the evaluation of the χ2,
which involves the inversion of the cosmic shear covariancematrix.
The systematic uncertainty, however, is trickier to capture. In our cos-
mic shear measurement, it mainly manifests itself as shiftsin the am-
plitude of the signal, as described in§4.1. The systematic error is
higher at smaller angles and represents at most an error of∼ 9% on
theξ± model amplitude. In order to marginalize over this effect, for
each model, we allow the theoretical signal to shift up and down by
3σsyst, corresponding to vertical excursion of27% in Fig. 6 and 7,
keeping the error bars (statistical + sampling) fixed. We then com-
pute an array ofp-values in this excursion range, and record only the
largest measurement (i.e. the least restrictive).

The exact number of degrees of freedom (d.o.f.) that enters the
χ2 distribution function must be carefully chosen. To begin with,
each of the two cosmic shear observables is organized in 11 angular
bins, yielding a maximum of 22d.o.f.However, assigning oned.o.f.
per angular bin would be incorrect, for the following reason. In a sta-
tistical sense, our model rejection method is completely equivalent
to fitting the parameter combination(A2

sΩ
1.8
M ) from the amplitude of
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theξ± signals, followed by an extraction of the most likely neutrino
mass for each baryon feedback and modified gravity model fromthe
largestp-value. This implies that the number of degrees of freedom
should be reduced by two (one for fittingA2

sΩ
1.8
M , one for fittingMν)

in the conversion betweenχ2 andp-values.
Note that for a given angular scale, bothξ+ andξ− probe differ-

ent physical scales, the latter focusing on structures about five times
smaller. It is therefore relevant to examine the constraining power
of ξ+ first, and to addξ− to the data vector as a second step. When
both are combined, the full data covariance matrix involvesthe cross-
correlation region, as described in HWVH. The resultingp-values are
summarized for all our results in Table 2, forMν 6 0.2 eV. No con-
clusions can be drawn from models with higher total neutrinomasses,
as thep-values for any combination is always greater than 0.175. The
models rejected at more than1.64σ (i.e. 90% CI) are highlighted in
bold font.

4.3 Discussion

One of the main results recovered from Table 2 is that thef(R)
model with{|fR0 |, n} = {10−4, 1} is strongly disfavoured by the
cosmic shear data, regardless of the baryonic feedback model or sum
of neutrino mass, consistent with independent constraints. Thef(R)
andf(R) + AGN models are rejected by at least3σ, but combina-
tions including massive (0.2eV) neutrinos tend to weaken this con-
straints. This can be understood by the fact that massive neutrinos
and modified gravity partly compensate for one another, reducing the
global departure fromΛCDM. Also,f(R,n=2) models are generally
in better agreement with the data compared to their(n=1) counter-
part. This is so simply because higher values ofn rapidly suppress
thef(R) term, hence deviations from GR, as seen in equation (22).

The next important result is that the rejection of massless neu-
trinos + DM-ONLY is robust against all modified gravity models
we have tested, and typically made stronger. The cosmic shear data
clearly prefers lower values ofξ± at small angular scales, and modi-
fied gravity pulls the other way.

The inclusion of baryon feedback reduces to about two thirds
the number of models rejected with 90% CI. For instance, dilation
models A2, A3, B3, B4, C1, C3, D1, E3 and E4 are disfavoured;
these are the most discrepant with GR+ΛCDM. Referring to Table 1
and the model descriptions in§2.1, this can be interpreted as follow.
In a tomographic parameterization of modified gravity centred on
{m0, r, β0, s} = {0.334, 1.0, 0.5, 0.24}, excursion in thes, β0 and
r directions are studied with models A, B and C respectively, and
the data favours lower parameters values. Model E explores them0

direction, and the data prefers higher values. Model D explores the
diagonal direction in the{m0, s} plane at fixedA2 (see equation 8),
where here we observe instead that the data prefers lowerm0 values.

We note that there is a mild effect seen in the ‘AGN’ column of
Table 2, where the addition ofξ− to the data vector sometimes in-
creases thep-value by a small amount. This can be attributed to the
fact that at small angles,ξ− prefers amplitude even lower thanξ+,
compared to the DM-ONLY model. Adding baryon feedback there-
fore produces a lower rejection rate in the former than in thelatter
quantity.

When neutrino masses are allowed to reach 0.2eV, only the
f(R){10−4, 1}, f(R){10−4, 2} and the Dilaton B4 and E4 models
remain in tension with the data. With AGN +Mν=0.2eV, no mod-
els are rejected, aside from the most extreme case considered in this
paper:f(R){10−4, 1}.

This means that given the current cosmic shear data and levels
of systematics, it is possible to accommodate most models, as long
as either massive neutrinos or strong baryon feedback mechanisms

counter-balance the effect of the fifth force on the matter clustering.
As upcoming independent cosmological probes will tighten the un-
certainty on neutrino masses and significantly improve the statistical
and sampling errors, we expect the next generation of such analysis
to be much more constraining. Once at this stage, it will be instruc-
tive to propagate our measurements onto{m(a), β(a)} contours and
provide a Fisher matrix for joint probes analyses. If, for instance, the
total mass turns out to be much smaller than 0.2eV, then the current
AGN column should gives a very good approximation of the rejection
power from the CFHTLenS cosmic shear data. Precise modelling of
the baryon feedback is likely to take more time to reach, due to the
higher level of complexity intrinsic to these astrophysical phenom-
ena. Intermediate solutions will involve a series of tuneable parame-
ters, also to be constrained.

On a separate note, we stress that the constraints can be fur-
ther tightened using additional information about the weak-lensing
observables, such as the non-Gaussian features (Munshi, van Waer-
beke, Smidt & Coles 2012), or by combining the results with external
probes such as redshift distortions, peculiar velocity, etc.

5 CONCLUSION

Cosmic shear is a promising tool for probing deviations fromGR,
since these are maximal at scales of a few Mpc, where the lensing
signal-to-noise ratio is the highest. These same scales arevery chal-
lenging to probe with other types of large scale structure observables,
mainly because of the galaxy bias that is largely unknown. Atthe
same time, this complimentarity offers a number of opportunities for
strong constraints based on joint data sets.

One of the main challenge in working with these non-linear
scales is the large theoretical uncertainties due to the unknown neu-
trino masses, the precise baryonic feedback mechanisms and, to a
lesser extend, inaccuracies in the clustering of dark matter. However,
a lot of effort is invested in all these areas, such that it becomes pos-
sible to place joint constraints on these degenerate physical effects.

This paper presents the first constraints on modified gravityob-
tained from cosmic shear measurements alone; the results are derived
by studying the impact of modified gravity on matter clustering and
comparing the predictions with the public CFHTLenS data. Limiting
the backgroundΛCDM cosmology to the3σ range in{As,ΩM} al-
lowed byWMAP9 + SN + BAO, we compared theξ± data against
predictions includingf(R) and Dilaton models in a number of pa-
rameter configurations. We carried a model rejection analysis ac-
counting for possible degeneracies with massive neutrinosand bary-
onic feedback mechanisms, and investigated which combinations of
models were mostly disfavoured by the data. As summarized inTable
2, thef(R) model with|fR0 | = 10−4 is strongly disfavoured even
in the presence of realistic levels of baryonic feedback andmassive
neutrinos reachingMν=0.2eV. A universe with no baryonic feed-
back and massless neutrinos is also rejected with2σ or above in
most modified gravity scenarios. We are not yet able to identify a
preferred model with the current level of statistical accuracy, but we
expect future weak lensing experiments to improve significantly in
this direction.

In our analyses, we have use the simplifying assumption that
the biases due to massive neutrinos, baryon feedback and modified
gravity were uncorrelated, which is justified to some extendbased
on the several numerical results. However, precise correlations will
need to be studied for a number of models, a task that involvessuites
of large cosmological hydrodynamical simulations including all the
ingredients at once.

One important future tasks will be to map observational detec-
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Table 2. Distribution of p-values for different combination of baryon feedback models, neutrino masses and gravity models (see main text for details). The
parameters listed in the leftmost column of thef(R) models are{n, |fR0

|}. Dilaton models are described in Table 1. For this calculation, we fit all data in the
range0.2 < θ < 167 arcminutes. Specifically, each entry in this Table represents the largestp-value probed inside a3σsyst region about the mean of the model.
Values in bold face highlight the model combinations that are excluded by the data with more than1.64σ significance (p-value< 0.1, equivalent to a confidence
interval (CI) of 90%). Models withMν > 0.2 eV are not listed, as none has value lower than 0.176.

DM-ONLY AGN 0.2eV AGN+0.2eV
Model ξ+ ξ+ξ− ξ+ ξ+ξ− ξ+ ξ+ξ− ξ+ ξ+ξ−

General Relativity
ΛCDM 0.132 0.065 0.119 0.150 0.331 0.297 0.289 0.444

Generalized Dilaton
A1 0.126 0.058 0.116 0.141 0.323 0.282 0.284 0.431
A2 0.088 0.030 0.093 0.099 0.269 0.203 0.256 0.363
A3 0.037 0.008 0.060 0.051 0.184 0.105 0.207 0.265
B1 0.120 0.054 0.113 0.135 0.315 0.273 0.281 0.424
B3 0.043 0.010 0.064 0.054 0.195 0.113 0.212 0.272
B4 0.008 0.001 0.032 0.019 0.107 0.037 0.150 0.161
C1 0.080 0.022 0.100 0.098 0.259 0.171 0.271 0.365
C3 0.104 0.040 0.098 0.111 0.293 0.239 0.261 0.385
C4 0.114 0.049 0.104 0.122 0.307 0.259 0.267 0.402
D1 0.063 0.013 0.100 0.085 0.232 0.132 0.276 0.347
D3 0.127 0.060 0.115 0.141 0.325 0.286 0.282 0.431
D4 0.131 0.064 0.119 0.149 0.331 0.295 0.288 0.441
E1 0.118 0.049 0.117 0.135 0.314 0.260 0.289 0.425
E3 0.047 0.013 0.053 0.049 0.200 0.132 0.186 0.257
E4 0.026 0.007 0.032 0.027 0.156 0.094 0.138 0.188

f(R)

{1, 10−4} 0.001 0.000 0.005 0.003 0.051 0.018 0.054 0.057
{1, 10−5} 0.058 0.013 0.072 0.062 0.222 0.134 0.222 0.292
{1, 10−6} 0.129 0.054 0.125 0.145 0.328 0.271 0.298 0.437
{2, 10−4} 0.011 0.003 0.020 0.014 0.112 0.056 0.104 0.131
{2, 10−5} 0.095 0.030 0.094 0.097 0.277 0.200 0.254 0.354
{2, 10−6} 0.137 0.063 0.126 0.154 0.338 0.292 0.299 0.449

tions of modifications to GR onto parameter constraints suchas the
{m(a), β(a)} pair. However, the current data is not quite there yet.
Several theories can accommodate similar phenomenological effects,
and model-independent parameterizations such as that presented in
Leonard, Baker & Ferreira (2015) might prove helpful for this.

This paper used the impact of modified gravity on the clustering
properties of matter and their propagation onto the weak lensing cos-
mic shear signal. Other avenues of probing deviations from GR with
weak lensing data are complimentary, including direct combinations
with baryonic probes or tomographic decomposition, and worth ex-
ploring in the near future.

ACKNOWLEDGEMENTS

We would like to thank Alexander Mead for his comments on
the manuscript, and to acknowledge useful discussions withAlexei
Starobinsky, Alan Heavens, Catherine Heymans and Massimo Vi-
ola. We are deeply grateful to all the CFHTLenS team for having
made public their high quality shear data. Computations fortheN -
body simulations were performed on the GPC supercomputer atthe
SciNet HPC Consortium. SciNet is funded by: the Canada Founda-
tion for Innovation under the auspices of Compute Canada; the Gov-
ernment of Ontario; Ontario Research Fund - Research Excellence;
and the University of Toronto. This work is based on observations
obtained with MegaPrime/MegaCam, a joint project of CFHT and
CEA/IRFU, at the Canada-France-Hawaii Telescope (CFHT) which
is operated by the National Research Council (NRC) of Canada, the
Institut National des Sciences de l’Univers of the Centre National de
la Recherche Scientifique (CNRS) of France, and the University of

Hawaii. This research used the facilities of the Canadian Astronomy
Data Centre operated by the National Research Council of Canada
with the support of the Canadian Space Agency. CFHTLenS data
processing was made possible thanks to significant computing sup-
port from the NSERC Research Tools and Instruments grant pro-
gram. JHD and LvW are funded by the NSERC and Canadian In-
stitute for Advanced Research CIfAR; DM and PC acknowledge
support from the Science and Technology Facilities Council(grant
numbers ST/L000652/1; LR and PV receive support from the French
Agence Nationale de la Recherche under Grant ANR-12-BS05-0002;
PB acknowledges partial support from the European Union FP7ITN
INVISIBLES (Marie Curie Actions, PITN- GA-2011- 289442) and
from the Agence Nationale de la Recherche under contract ANR
2010 BLANC 0413 01.

REFERENCES

Asaba S., Hikage C., Koyama K., Zhao G.-B., Hojjati A. &
Pogosian L., JCAP, 2013, 08, 029

Baldi M., 2014, PDU, 3, 4
Bean R., Bernat D., Pogosian L., Silvestri A. & Trodden M., 2007,
PRD, 75, 064020

Benjamin, J., van Waerbeke L., Heymans C. et al., 2013, MNRAS,
431, 1547

Bernardeau F., Colombi S., Gaztanaga E. & Scoccimarro R., 2002,
Phys. Rep. 367, 1

Bertschinger E., 2006, ApJ, 648, 797
Bird S., Viel M. & Haehnelt M. G. 2012, MNRAS, 420, 2551

c© 0000 RAS, MNRAS000, 000–000



12 Harnois-D́eraps et al.

Brax P., van de Bruck C., Davis A.-C., Li B., Schmauch B. et al.,
2011, PRD, 84, 123524

Brax P., Davis A.-C. & Li B., 2012, PhLB, 715, 38B
Brax P., Davis A.-C., Li B., Winther H. A. & Zhao G.-B., 2012,
JCAP, 10, 002

Brax P., C. van de Bruck, Davis A. C. & Shaw D.J., 2008, PRD, 78,
104021

Brax P., Davis A.-C. & Li B., 2012, PRD, 86, 044015
Brax P. & Valageas P., 2013, PRD, 88, 023527
Brax P. & Valageas P., 2014, PRD, 90, 023507
Brax P. & Valageas P., 2014, PRD, 90, 023508
Buchdahl H. A., 1970, MNRAS, 150, 1
Carloni S., Dunsby P. & Troisi A., 2008, PRD, 77, 024024
Chiba T., 2003, PhLB, 575, 1
Clifton T., Ferreira P. G., Padilla A. & Skordis C., 2012, Phys. Rep.,
513, 1, 1

Damour T. & Polyakov A. M., 1994, Nucl. Phys. B, 423, 532
Erben T., Hildebrandt H., Miller L. et al. 2013, MNRAS, 433, 2545
Guzzo L. et al., 2008, Nature, 451, 541
Hall A., Bonvin C. & Challinor A., 2013, PRD, 87, 064026
Hammami A., Llinares C., Mota D. F. & Winther, H. A., 2015,
Arxiv e-prints, 1503.02004
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APPENDIX: Details on the Theoretical Modelling ofP (k) in
Modified Gravity Scenarios

This Appendix discusses the construction strategy of the matter den-
sity power spectrumP (k; z) in the presence off(R) or Dilaton mod-
ifications to General Relativity; full details are providedin the refer-
ences contained herein.

1 Two-halo term: P2H(k)

The power spectrum analytical prediction is constructed from a halo
model approach, following equation (42). The two-halo term, which
dominates on large scales, is computed from a Lagrangian-space re-
summation of standard perturbation theory that is exact up to order
P 2
L and contains partial resummations of higher order terms. Itis

also supplemented with non-perturbative contributions that take into
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account some aspects of shell crossing and ensure that all particle
pairs are counted only once in the sum. Within this framework, the
large-scale termP2H(k) essentially contains no free parameter. It can
therefore be computed inΛCDM and modified-gravity scenarios by
using perturbation theory up to orderP 2

L (which requires going to
orderδ3L in terms of the density field itself).

In the case of theΛCDM cosmology, this perturbative ex-
pansion follows the standard approach (Bernardeau, Colombi, Gaz-
tanaga & Scoccimarro 2002), where the density and velocity fields
are written as perturbative expansions over powers of the linear den-
sity fieldδL; subsequent orders are computed by substituting into the
continuity and Euler-Poisson equations. In the case of the modified-
gravity scenarios considered in this paper, we follow the same ap-
proach but require an additional expansion to write the fifthforce in
terms of the non-linear density fluctuations. Indeed, usingthe quasi-
static approximation, we can relate the scalar fieldϕ to the matter
density fieldρ, typically through a non-linear Klein-Gordon equa-
tion. Then, we can solve forϕ as an expansion over the non-linear
density fluctuationsδρ. This allows us to obtain both the Newtonian
potential and the fifth-force potential as functionals of the non-linear
matter density fluctuations. However, while the Newtonian potential
is given by the linear Poisson equation, the fifth-force potential is
usually given by a non-linear equation that involves new time and
scale dependences. In terms of the diagrammatic expansion of the
non-linear power spectrumP (k) overPL(k), this implies that the
linear propagators and the vertices are modified with new diagrams
associated with the new non-linearity of the modified Poisson equa-
tion. See Brax & Valageas (2013) for more explanations.

2 One-halo term:P1H(k)

The one-halo term is obtained from the halo mass function andthe
halo density profile, with the addition of a counter-term first intro-
duced in Valageas & Nishimichi (2011) that arises from mass conser-
vation. This also ensures thatP1H(k) decays at lowk and becomes
subdominant as compared withP2H(k), whereas the usual formula-
tion gives a spurious white-noise tail that dominates on very large
scales. We take into account the impact of modified gravity through
its effect on the halo mass function (i.e., through the acceleration or
slowing down of the spherical collapse), but neglect the impact on the
halo shape and profile. This should be sufficient for our purposes, be-
cause we only consider cosmologies that remain close to theΛCDM
reference, and these modified gravity models have a much stronger
impact on the halo mass function, especially on its large-mass tail,
than on the halo profile. As shown in Valageas (2013), atz = 0,
a 10% change to the mass-concentration relation only yields a2%
change ofP (k) at 1hMpc−1, whereas a10% change to the halo
mass function yields a2% change ofP (k) at 0.35hMpc−1 and a
7.5% change at1hMpc−1. Generally, the concentration parameter
always remains in the range3 − 10 for typical halos and does not
vary by much more than10% for realistic scenarios, whereas the
mass function atM ∼ 5× 1014h−1M⊙ can vary by more than50%
(Lombriser, Koyama, Zhao & Li 2012; Lombriser, Li, Koyama &
Zhao 2013). The interior of haloes are mostly affected by screening
anyway, further justifying this approximation.

3 Comparison with numerical simulations

The modelling described above for the matter density power spec-
trum has been checked in details against numerical simulations in
Valageas, Nishimichi & Taruya (2013) forΛCDM cosmologies, and
in Brax & Valageas (2013) for the class of modified gravity mod-
els that we consider in this paper. In the case ofΛCDM, it provides

an accuracy of2% up to comoving wavenumberk ∼ 0.9hMpc−1,
and15% up tok = 15hMpc−1 down toz = 0.35. In terms of the
real-space correlation function, this translates into an accuracy of5%
down to the comoving scaler = 0.15h−1Mpc. For thef(R) theo-
ries, it is able to reproduce very well the deviations from theΛCDM
scenarios up tok = 3hMpc−1 (the highest wave number available
from the simulations) atz = 0, for |fR0 | = 10−4, 10−5, and10−6.
In particular, it accurately captures the relative effect on the power
compared to theΛCDM reference due to the non-linear Chameleon
mechanism. For the Dilaton models, the agreement with the numer-
ical simulations depends somewhat on the model parameters but it
typically gives a good quantitative estimate of the deviations from
ΛCDM up to k = 5hMpc−1 (the highest wave number available
from the simulations). When there is a noticeable departurefrom the
simulations, it corresponds to an underestimation of the amplification
of the power spectrum atk & 2hMpc−1, which may be due to our
neglect of the impact of modified gravity on the halo concentration
parameter. Therefore, in such cases our approach provides aconser-
vative estimate of the deviations fromΛCDM. Again, this modelling
is able to capture the decrease of the deviations from theΛCDM ref-
erence due to the non-linear Damour-Polyakov mechanism.

c© 0000 RAS, MNRAS000, 000–000
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We present exact kinematic consistency relations for cosmological structures that do not vanish at equal
times and can thus be measured in surveys. These rely on cross correlations between the density and
velocity, or momentum, fields. Indeed, the uniform transport of small-scale structures by long-wavelength
modes, which cannot be detected at equal times by looking at density correlations only, gives rise to a shift
in the amplitude of the velocity field that could be measured. These consistency relations only rely on the
weak equivalence principle and Gaussian initial conditions. They remain valid in the nonlinear regime
and for biased galaxy fields. They can be used to constrain nonstandard cosmological scenarios or the
large-scale galaxy bias.
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Introduction.—Cosmological structures can be described
on large scales by perturbative methods while smaller
scales are described by phenomenological models or
studied with numerical simulations. This makes it difficult
to obtain accurate predictions on the full range of scales
probed by galaxy or weak lensing surveys. Moreover, if we
consider galaxy density fields, theoretical predictions
remain sensitive to the galaxy bias (galaxies do not exactly
follow the matter density field), which involves some
phenomenological modeling of star formation.
This makes exact analytical results that go beyond

low-order perturbation theory and apply to biased tracers
very rare. However, such exact results have recently been
obtained [1–9] in the form of “kinematic consistency
relations.” They relate the ðlþ nÞ-density (or velocity
divergence) correlations, with l large-scale wave numbers
and n small-scale wave numbers, to the n-point small-scale
correlation. These relations, obtained at the leading order
over the large-scale wave numbers, arise from the equiv-
alence principle. It ensures that small-scale structures
respond to a large-scale perturbation (which at leading
order corresponds to a constant gravitational force over the
extent of the small-sized object) by a uniform displacement.
Therefore, these relations express a kinematic effect that
vanishes for equal-time statistics, as a uniform displace-
ment has no impact on the statistical properties of the
density field observed at a given time.
In practice, it is difficult to measure different-time corre-

lations and it is useful to obtain relations that remain nonzero
at equal times. This is possible by going to the next order and
taking into account tidal effects, which at their leading order
are given by the response of small-scale structures to a
change of the background density. However, in order to
derive expressions that apply to our Universe one needs to
introduce some additional approximations [10–12].

In this Letter, we show that it is possible to derive exact
kinematic consistency relations that do not vanish at equal
times by considering cross correlations between the density
and velocity, or momentum, fields. Indeed, the uniform
displacement due to the long-wavelength mode also gives
rise to a shift in the amplitude of the velocity field that does
not vanish at equal times and can thus be observed. These
consistency relations have the same degree of validity as
the previously derived density (or velocity divergence)
relations and only rely on the weak equivalence principle
and Gaussian initial conditions.
Correlation and response functions.—The consistency

relations that apply to large-scale structures assume that the
system is fully defined by Gaussian initial conditions
(the primordial fluctuations that are found at the end of
the inflationary epoch). Thus, the dynamics is fully
determined by the Gaussian linear matter growing mode
δL0ðxÞ (which we normalize today as usual) that directly
maps the initial conditions and can be observed on
very large linear scales. Then, any dependent quantities
fρ1;…; ρng, such as the dark matter or galaxy densities at
space-time positions ðxi; τiÞ, are functionals of the field
δL0ðxÞ and we can write the mixed correlation functions
over δL0 and fρig as Gaussian averages,

C1;nðxÞ ¼ hδL0ðxÞρ1…ρni

¼
Z

DδL0e−δL0C
−1
L0δL0=2δL0ðxÞρ1…ρn; ð1Þ

where CL0ðx1;x2Þ ¼ hδL0ðx1ÞδL0ðx2Þi is the two-point
correlation function of the Gaussian field δL0. Integrating
by parts over δL0 gives

C1;nðxÞ ¼
Z

dx0CL0ðx;x0ÞR1;nðx0Þ; ð2Þ
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where we introduced the mean response function

R1;nðxÞ ¼
�
D½ρ1…ρn�
DδL0ðxÞ

�
: ð3Þ

Equation (2) describes how the mixed correlation (1)
between the initial Gaussian field δL0 and the dependent
quantities fρig is related to the response function of the
latter to this Gaussian field. Going to Fourier space, which
we denote with a tilde, with the normalizations δL0ðxÞ ¼R
dkeik·x ~δL0ðkÞ and h~δL0ðk1Þ~δL0ðk2Þi ¼ PL0ðk1ÞδDðk1þ

k2Þ, Eq. (2) gives
~C1;nðkÞ ¼ PL0ðkÞ ~R1;nð−kÞ; ð4Þ

where we defined the Fourier-space correlation and
response functions as

~C1;nðkÞ ¼ h~δL0ðkÞρ1…ρni; ~R1;nðkÞ ¼
�
D½ρ1…ρn�
D~δL0ðkÞ

�
:

Consistency relations for the density contrast.—If we
consider the quantities fρig to be the nonlinear matter
density contrasts ~δðki; τiÞ at wave number ki and con-
formal time τi, Eq. (4) is written as

h~δL0ðk0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ PL0ðk0Þ
�
D½~δðk1; τ1Þ…~δðkn; τnÞ�

D~δL0ð−k0Þ

�
: ð5Þ

On large scales the density field is within the linear regime,
~δðk0; τ0Þ → Dþðτ0Þ~δL0ðk0Þ; then for k0 → 0,

k0 → 0∶h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ Dþðτ0ÞPL0ðk0Þ
�
D½~δðk1; τ1Þ…~δðkn; τnÞ�

D~δL0ð−k0Þ

�
: ð6Þ

This relation can serve as a basis to derive consistency
relations for the squeezed limit of the nþ 1 density
correlations (i.e., the limit k0 → 0) if we obtain an explicit
expression for the response function in the right-hand side.
It turns out that this is possible because the response of the
matter distribution to a long-wavelength mode ~δL0ðk0Þ
takes a simple form in the limit k0 → 0 [1–3]. Such a
change ΔδL0 of the initial condition is associated with a
change of both the linear density and velocity fields,
because we change the linear growing mode where the
density and velocity fields are coupled [1],

δLðq; τÞ → δ̂L ¼ δL þDþðτÞΔδL0;

vLðq; τÞ → v̂L ¼ vL −
dDþ
dτ

∇−1
q ΔδL0: ð7Þ

Then, in the limit k0 → 0 for the support of ΔδL0ðk0Þ, the
trajectories of the particles are simply modified as [7]

xðq; τÞ → x̂ðq; τÞ ¼ xðq; τÞ þDþðτÞΔΨL0ðqÞ; ð8Þ
where q is the Lagrangian coordinate of the particles and
ΨL0 is the linear displacement field,

ΔΨL0 ¼ −∇−1
q ΔδL0; xLðq; τÞ ¼ qþΨL: ð9Þ

The transformation (8) simplymeans that in the limit k0 → 0
smaller-scale structures are displaced by the uniform
translation ΨL0 as all particles fall at the same rate in the
additional constant force field ΔF ∝ ∇−1

q ΔδL0. In other
words, in the limit k0 → 0 we add an almost constant force
perturbation (i.e., a change of the gravitational potential that
is linear over q for small-scale subsystems) that gives rise to
a uniform displacement, thanks to the weak equivalence
principle [3,7]. Then, the density field δðx; τÞ at time τ is
merely displaced by the shift DþðτÞΔΨL0, which gives in
Fourier space

~δðk; τÞ → ~̂δðk; τÞ ¼ ~δðk; τÞe−ik·DþΔΨL0

¼ ~δðk; τÞ − iDþðk · ΔΨL0Þ~δðk; τÞ;
ð10Þ

where in the last expression we expanded up to linear order
over ΔΨL0. The reader may note that in Eq. (10) we do not
see the additive effect seen at the linear level in the first
Eq. (7). This is because although the small change of the
mean overdensity over a small structure also leads to a faster
(or slower) collapse and distorts the small-scale clustering,
this is a higher-order effect than the kinematic effect studied
in this Letter [10,11]. Indeed, we check in Eqs. (11) and (12)
that this kinematic effect gives rise to factors ∼1=k0 that
diverge as k0 → 0. This is because the linear displacement
field is proportional to the inverse gradient of the linear
density field, ΨL ¼ −∇−1

q δL. In contrast, the distortions of
the small-scale structure (i.e., changes to the shape and
amplitude of the small-scale clustering) are higher-order
effects and do not exhibit this factor 1=k0 [10,11]. Using the
expression ΨL0ðqÞ ¼

R
dkeik·qiðk=k2Þ~δL0ðkÞ, we obtain

k0 → 0∶
DΨL0ðqÞ
D~δL0ðk0Þ ¼ i

k0

k02
;

D~δðkÞ
D~δL0ðk0Þ ¼ Dþ

k · k0

k02
~δðkÞ: ð11Þ

Using this result in the relation (6) gives

h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi0k0→0

¼ −PLðk0; τ0Þ

× h~δðk1; τ1Þ…~δðkn; τnÞi0
Xn
i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02
; ð12Þ

which is the density consistency relation in the subhorizon
Newtonian regime [1–9]. Here the prime in h…i0 denotes
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that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ ¼ Dþ
k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ
Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain

�
~δðk0; τ0Þ

Yn
j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
�0

k0→0

¼ −PLðk0; τ0Þ
��Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
�0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

þ
Xnþm

i¼nþ1

�Yn
j¼1

~δðkj; τjÞ
Yi−1

j¼nþ1

~vðkj; τjÞ

×

�ðdDþ=dτÞðτiÞ
Dþðτ0Þ

i
k0

k02
δDðkiÞ

� Ynþm

j¼iþ1

~vðkj; τjÞ
�0�

: ð15Þ

If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ
Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ ¼ Dþ

k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ�: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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�
~δðk0; τ0Þ

Yn
j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~pðkj; τjÞ
�0

k0→0

¼ −PLðk0; τ0Þ
��Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~pðkj; τjÞ
�0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

þ
Xnþm

i¼nþ1

ðdDþ=dτÞðτiÞ
Dþðτ0Þ

�Yn
j¼1

~δðkj; τjÞ
Yi−1

j¼nþ1

~pðkj; τjÞ

×

�
i
k0

k02
½δDðkiÞ þ ~δðki; τiÞ�

	 Ynþm

j¼iþ1

~pðkj; τjÞ
�0�

: ð19Þ

The first term, which has the same form as the density and velocity consistency relations (12) and (15), is due to the
translation of smaller-scale structures by the long-wavelength mode k0. The new second term is due to the additional
velocity and arises from the second term in Eq. (18). This term has a different form as it transforms one small-scale
momentum mode, ~pðkiÞ, into a small-scale density mode, ~δðkiÞ. Moreover, this new term no longer automatically vanishes
at equal times. This leads to a nontrivial consistency relation at equal times, when τ0 ¼ τ1 ¼ :: ¼ τnþm,

�
~δðk0Þ

Yn
j¼1

~δðkjÞ
Ynþm

j¼nþ1

~pðkjÞ
�0

k0→0

¼ −iPLðk0Þ
d lnDþ

dτ

Xnþm

i¼nþ1

�Yn
j¼1

~δðkjÞ
Yi−1

j¼nþ1

~pðkjÞ
�
k0

k02
½δDðkiÞ þ ~δðkiÞ�

	 Ynþm

j¼iþ1

~pðkjÞ
�0
;

ð20Þ

where we did not write the common time τ of all fields. We can also obtain a consistency relation that involves both the
density and velocity fields ~δ and ~v, together with the momentum field ~p, and it shows the same behaviors.
To obtain a scalar quantity from the momentum field p we consider its divergence,

λ≡∇ · ½ð1þ δÞv�; ~λðkÞ ¼ ik · ~pðkÞ: ð21Þ

Then, the consistency relation for the divergence ~λ follows from Eq. (19). This gives

�
~δðk0; τ0Þ

Yn
j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~λðkj; τjÞ
�0

k0→0

¼ −PLðk0; τ0Þ
��Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~λðkj; τjÞ
�0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

−
Xnþm

i¼nþ1

�
~δðki; τiÞ

Yn
j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1
j≠i

~λðkj; τjÞ
�0 ðdDþ=dτÞðτiÞ

Dþðτ0Þ
ki · k0

k02

�
: ð22Þ

At equal times this gives the relation

�
~δðk0Þ

Yn
j¼1

~δðkjÞ
Ynþm

j¼nþ1

~λðkjÞ
�0

k0→0

¼ PLðk0Þ
d lnDþ

dτ

Xnþm

i¼nþ1

ki · k0

k02

�
~δðkiÞ

Yn
j¼1

~δðkjÞ
Ynþm

j¼nþ1
j≠i

~λðkjÞ
�0
; ð23Þ

where we did not write the common time τ of all fields. We
can easily check the relation (22) by noticing that the
divergence λ is related to the density field through the
continuity equation, ð∂δ=∂τÞ þ∇ · ½ð1þ δÞv� ¼ 0, which
implies λ ¼ −∂δ=∂τ. Therefore, Eq. (22) can be directly
obtained from the density consistency relation (12) by
taking partial derivatives with respect to the times τj.
Applications.—As for the density contrast relation (12),

the new consistency relations that we have obtained in this
Letter are valid beyond the perturbative regime, after shell
crossing, and also apply to baryons, gas, and galaxies,
independently of the bias of the objects that are used.

Indeed, they only use the property (8), which states that at
leading order the effect of a long-wavelength mode is to
move smaller-scale structures without disturbing them.
This relies on the equivalence principle, which states that
all particles (and astrophysical objects) fall at the same rate
in a gravitational potential well (the inertial mass is also the
gravitational mass) [3,7,8].
After shell crossing we enter a multistreaming regime

where the velocity field is multivalued: at a given position
there are several streams with different velocities as they
cross each other and build a nonzero velocity dispersion, as
within virialized halos. Nevertheless, our results remain
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valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼ P

streamsð1þ δiÞvi, or in terms of a
phase-space distribution function as p ¼ R

dvfðx; vÞv.
This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0

h~δðk0Þ~δðkÞ ~pð−kÞi0k0→0
¼ −i

k0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ;

h~δðk0Þ~δðkÞ~λð−kÞi0k0→0
¼ −

k · k0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ:

Here PðkÞ is the nonlinear density power spectrum and
these relations remain valid in the nonperturbative non-
linear regime. For galaxies these relations are

h~δðk0Þ~δgðkÞ ~pgð−kÞi0k0→0
¼ −i

k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð24Þ

h~δðk0Þ~δgðkÞ~λgð−kÞi0k0→0
¼ −

k · k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð25Þ

where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes

b1h~δgðk0Þ~δgðkÞ~λgð−kÞi0k0→0
¼ −

k · k0

k02
d lnDþ

dτ
Pδgδgðk0Þ

× PδgδgðkÞ; ð26Þ

where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.

This work is supported in part by the French Agence
Nationale de la Recherche under Grant No. ANR-12-BS05-
0002. D. F. M. is supported by the Norwegian Research
Council.

[1] A. Kehagias and A. Riotto, Nucl. Phys. B873, 514
(2013).

[2] M. Peloso and M. Pietroni, J. Cosmol. Astropart. Phys. 5
(2013) 031.

[3] P. Creminelli, J. Noreña, M. Simonović, and F. Vernizzi,
J. Cosmol. Astropart. Phys. 12 (2013) 025.

[4] A. Kehagias, J. Noreña, H. Perrier, and A. Riotto, Nucl.
Phys. B883, 83 (2014).

[5] M. Peloso and M. Pietroni, J. Cosmol. Astropart. Phys. 4
(2014) 011.

[6] P. Creminelli, J. Gleyzes, M. Simonović, and F. Vernizzi,
J. Cosmol. Astropart. Phys. 2 (2014) 051.

[7] P. Valageas, Phys. Rev. D 89, 083534 (2014).
[8] B. Horn, L. Hui, and X. Xiao, J. Cosmol. Astropart. Phys. 9

(2014) 044.
[9] B. Horn, L. Hui, and X. Xiao, J. Cosmol. Astropart. Phys. 9

(2015) 068.
[10] P. Valageas, Phys. Rev. D 89, 123522 (2014).
[11] A. Kehagias, H. Perrier, and A. Riotto, Mod. Phys. Lett. A

29, 1450152 (2014).
[12] T. Nishimichi and P. Valageas, Phys. Rev. D 90, 023546

(2014).

PRL 117, 081301 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

19 AUGUST 2016

081301-5



Article F

Consistency relations for
large-scale structures:
applications to the integrated
Sachs-Wolfe effect and the
kinematic Sunyaev-Zeldovich
effect

190



ar
X

iv
:1

70
1.

04
04

9v
1 

 [a
st

ro
-p

h.
C

O
]  

15
 J

an
 2

01
7

Astronomy& Astrophysicsmanuscript no. ISW_consistency_relations_Jan15 c©ESO 2017
January 17, 2017

Consistency relations for large-scale structures: applications to
the integrated Sachs-Wolfe effect and the kinematic

Sunyaev-Zeldovich effect
Luca Alberto Rizzo1, David F. Mota2, and Patrick Valageas1

1 Institut de Physique Théorique, CEA, IPhT, F-91191 Gif-sur-Yvette, Cédex, France
2 Institute of Theoretical Astrophysics, University of Oslo, 0315 Oslo, Norway

January 17, 2017

ABSTRACT

Consistency relations of large-scale structures provide exact nonperturbative results for cross-correlations of cosmic fields in the
squeezed limit. They only depend on the equivalence principle and the assumption of Gaussian initial conditions, and remain nonzero
at equal times for cross-correlations of density fields withvelocity or momentum fields, or with the time derivative of density fields. We
show how to apply these relations to observational probes that involve the integrated Sachs-Wolfe effect or the kinematic Sunyaev-
Zeldovich effect. In the squeezed limit, this allows us to express the three-point cross-correlations, or bispectra, of two galaxy or
matter density fields, or weak lensing convergence fields, with the secondary CMB distortion in terms of products of a linear and a
nonlinear power spectrum. In particular, we find that cross-correlations with the integrated Sachs-Wolfe effect show a specific angular
dependence. These results could be used to test the equivalence principle and the primordial Gaussianity, or to check the modeling of
large-scale structures.

Key words. Cosmology – large-scale structure of the Universe

1. Introduction

Measuring statistical properties of cosmological structures is
not only an efficient tool to describe and understand the main
components of our Universe, but also it is a powerful probe of
possible new physics beyond the standardΛCDM concordance
model. However, on large scales cosmological structures are de-
scribed by perturbative methods, while smaller scales are de-
scribed by phenomenological models or studied with numeri-
cal simulations. It is therefore difficult to obtain accurate pre-
dictions on the full range of scales probed by galaxy and lens-
ing surveys. Furthermore, if we consider galaxy density fields,
theoretical predictions remain sensitive to the galaxy bias which
involves phenomenological modeling of star formation, even if
we use cosmological numerical simulations. As a consequence,
exact analytical results that go beyond low-order perturbation
theory and also apply to biased tracers are very rare.

Recently, some exact results have been obtained
(Kehagias & Riotto 2013; Peloso & Pietroni 2013;
Creminelli et al. 2013; Kehagias et al. 2014a; Peloso & Pietroni
2014; Creminelli et al. 2014; Valageas 2014b; Horn et al.
2014, 2015) in the form of “kinematic consistency relations”.
They relate the (ℓ + n)-density correlation, withℓ large-scale
wave numbers andn small-scale wave numbers, to then-point
small-scale density correlation. These relations, obtained at the
leading order over the large-scale wave numbers, arise from
the Equivalence Principle (EP) and the assumption of Gaus-
sian initial conditions. The equivalence principle ensures that
small-scale structures respond to a large-scale perturbation by a
uniform displacement while primordial Gaussianity provides a
simple relation between correlation and response functions (see
Valageas et al. (2016) for the additional terms associated with

non-Gaussian initial conditions). Hence, such relations express
a kinematic effect that vanishes for equal-times statistics, as a
uniform displacement has no impact on the statistical properties
of the density field observed at a given time.

In practice, it is however difficult to measure different-times
density correlations and it would therefore be useful to obtain
relations that remain nonzero at equal times. One possibility
to overcome such problem, is to go to higher orders and take
into account tidal effects, which at leading order are given by
the response of small-scale structures to a change of the back-
ground density. Such an approach, however, introduces somead-
ditional approximations (Valageas 2014a; Kehagias et al. 2014b;
Nishimichi & Valageas 2014).

Fortunately, it was recently noticed that by cross-correlating
density fields with velocity or momentum fields, or with the time
derivative of the density field, one obtains consistency relations
that do not vanish at equal times (Rizzo et al. 2016). Indeed,the
kinematic effect modifies the amplitude of the large-scale veloc-
ity and momentum fields, while the time derivative of the density
field is obviously sensitive to different-times effects.

In this paper, we investigate the observational applicability
of these new relations. We consider the lowest-order relations,
which relate three-point cross-correlations or bispectrain the
squeezed limit to products of a linear and a nonlinear power
spectrum. To involve the non-vanishing consistency relations,
we study two observable quantities, the secondary anisotropy
∆ISW of the cosmic microwave background (CMB) radiation due
to the integrated Sachs-Wolfe effect (ISW), and the secondary
anisotropy∆kSZ due to the kinematic Sunyaev-Zeldovich (kSZ)
effect. The first process, associated with the motion of CMB pho-
tons through time-dependent gravitational potentials, depends on
the time derivative of the matter density field. The second pro-

Article number, page 1 of 9



A&A proofs:manuscript no. ISW_consistency_relations_Jan15

cess, associated with the scattering of CMB photons by free elec-
trons, depends on the free electrons velocity field. We investigate
the cross correlations of these two secondary anisotropieswith
both galaxy density fields and the cosmic weak lensing conver-
gence.

This paper is organized as follows. In section 2 we recall the
consistency relations of large-scale structures that apply to den-
sity, momentum and momentum-divergence (i.e., time deriva-
tive of the density) fields. We describe the various observational
probes that we consider in this paper in section 3. We study the
ISW effect in section 4 and the kSZ effect in section 5. We con-
clude in section 6.

2. Consistency relations for large-scale structures

2.1. Consistency relations for density correlations

As described in recent works (Kehagias & Riotto 2013;
Peloso & Pietroni 2013; Creminelli et al. 2013; Kehagias et al.
2014a; Peloso & Pietroni 2014; Creminelli et al. 2014; Valageas
2014b; Horn et al. 2014, 2015), it is possible to obtain exactre-
lations between density correlations of different orders in the
squeezed limit, where some of the wavenumbers are in the linear
regime and far below the other modes that may be strongly non-
linear. These “kinematic consistency relations”, obtained at the
leading order over the large-scale wavenumbers, arise fromthe
equivalence principle and the assumption of Gaussian primordial
perturbations. They express the fact that, at leading orderwhere
a large-scale perturbation corresponds to a linear gravitational
potential (hence a constant Newtonian force) over the extent of
a small-size structure, the latter falls without distortions in this
large-scale potential.

Then, in the squeezed limitk → 0, the correlation between
one large-scale density modeδ̃(k) and n small-scale density
modes̃δ(k j) can be expressed in terms of then-point small-scale
correlation, as

〈δ̃(k, η)
n∏

j=1

δ̃(k j, η j)〉′k→0 = −PL(k, η)〈
n∏

j=1

δ̃(k j, η j)〉′

×
n∑

i=1

D(ηi)
D(η)

ki · k
k2
, (1)

where the tilde denotes the Fourier transform of the fields,η is
the conformal time,D(η) is the linear growth factor, the prime
in 〈. . . 〉′ denotes that we factored out the Dirac factor,〈. . . 〉 =
〈. . . 〉′δD(

∑
k j), andPL(k) is the linear matter power spectrum. It

is worth stressing that these relations are valid even in thenon-
linear regime and for biased galaxy fieldsδ̃g(k j). The right-hand
side gives the squeezed limit of the (1+n) correlation at the lead-
ing order, which scales as 1/k. It vanishes at this order at equal
times, because of the constraint associated with the Dirac factor
δD(

∑
k j).

The geometrical factors (ki · k) vanish if ki ⊥ k. Indeed,
the large-scale mode induces a uniform displacement along the
direction ofk. This has no effect on small-scale plane waves of
wavenumberski with ki ⊥ k, as they remain identical after such
a displacement. Therefore, the terms in the right-hand sideof
Eq.(1) must vanish in such orthogonal configurations, as we can
check from the explicit expression.

The simplest relation that one can obtain from Eq.(1) is for
the bispectrum withn = 2,

〈δ̃(k, η)δ̃g(k1, η1)δ̃g(k2, η2)〉′k→0 = −PL(k, η)
k1 · k

k2

×〈δ̃g(k1, η1)δ̃g(k2, η2)〉′D(η1) − D(η2)
D(η)

, (2)

where we used thatk2 = −k1 − k → −k1. For generality, we
considered here the small-scale fieldsδ̃g(k1) and δ̃g(k2) to be
associated with biased tracers such as galaxies. The tracers as-
sociated withk1 andk2 can be different and have different bias.
At equal times the right-hand side of Eq.(2) vanishes, as recalled
above.

2.2. Consistency relations for momentum correlations

The density consistency relations (1) express the uniform mo-
tion of small-scale structures by large-scale modes. This simple
kinematic effect vanishes for equal-time correlations of the den-
sity field, precisely because there are no distortions, while there
is a nonzero effect at different times because of the motion of
the small-scale structure between different times. However, as
pointed out in Rizzo et al. (2016), it is possible to obtain non-
trivial equal-times results by considering velocity or momentum
fields, which are not only displaced but also see their amplitude
affected by the large-scale mode. Let us consider the momentum
p defined by

p = (1+ δ)v, (3)

wherev the peculiar velocity. Then, in the squeezed limitk →
0, the correlation between one large-scale density modeδ̃(k), n
small-scale density modesδ̃(k j), andm small-scale momentum
modesp̃(k j) can be expressed in terms of (n + m) small-scale
correlations, as

〈δ̃(k, η)
n∏

j=1

δ̃(k j, η j)
n+m∏

j=n+1

p̃(k j, η j)〉′k→0 = −PL(k, η)

×
{
〈

n∏

j=1

δ̃(k j, η j)
n+m∏

j=n+1

p̃(k j, η j)〉′
n+m∑

i=1

D(ηi)
D(η)

ki · k
k2

+

n+m∑

i=n+1

(dD/dn)(ηi)
D(η)

〈
n∏

j=1

δ̃(k j, η j)
i−1∏

j=n+1

p̃(k j, η j)

×
(
i

k
k2

[δD(ki) + δ̃(ki, ηi)]

) n+m∏

j=i+1

p̃(k j, η j)〉′
}
. (4)

These relations are again valid in the nonlinear regime and for
biased galaxy fields̃δg(k j) and p̃g(k j). As for the density con-
sistency relation (1), the first term vanishes at this order at equal
times. The second term however, which arises from thep̃ fields
only, remains nonzero. This is due to the fact thatp̃ involves
the velocity, the amplitude of which is affected by the motion
induced by the large-scale mode.

The simplest relation associated with Eq.(4) is the bispec-
trum among two density-contrast fields and one momentum
field,

〈δ̃(k, η)δ̃g(k1, η1)p̃g(k2, η2)〉′k→0 = −PL(k, η)

×
(k1 · k

k2
〈δ̃g(k1, η1)p̃g(k2, η2)〉′D(η1) − D(η2)

D(η)
+

+i
k
k2
〈δ̃g(k1, η1)δ̃g(k2, η2)〉′ 1

D(η)
dD
dη

(η2)
)
. (5)
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For generality, we considered here the small-scale fieldsδ̃g(k1)
andp̃g(k2) to be associated with biased tracers such as galaxies,
and the tracers associated withk1 andk2 can again be different
and have different bias. At equal times Eq.(5) reads as

〈δ̃(k)δ̃g(k1)p̃g(k2)〉′k→0 = −i
k
k2

d ln D
dη

PL(k)Pg(k1), (6)

where Pg(k) is the galaxy nonlinear power spectrum and we
omitted the common time dependence. This result does not van-
ish thanks to the term generated byp̃ in the consistency relation
(5).

2.3. Consistency relations for momentum-divergence
correlations

In addition to the momentum fieldp, we can consider its diver-
genceλ, defined by

λ ≡ ∇ · [(1 + δ)v] = −∂δ
∂η
. (7)

The second equality expresses the continuity equation, that is,
the conservation of matter. In the squeezed limit we obtain from
Eq.(4) (Rizzo et al. 2016)

〈δ̃(k, η)
n∏

j=1

δ̃(k j, η j)
n+m∏

j=n+1

λ̃(k j, η j)〉′k→0 = −PL(k, η)

×
{
〈

n∏

j=1

δ̃(k j, η j)
n+m∏

j=n+1

λ̃(k j, η j)〉′
n+m∑

i=1

D(ηi)
D(η)

ki · k
k2

−
n+m∑

i=n+1

〈δ̃(ki, ηi)
n∏

j=1

δ̃(k j, η j)
n+m∏

j=n+1
j,i

λ̃(k j, η j)〉′

× (dD/dη)(ηi)
D(η)

ki · k
k2

}
. (8)

These relations can actually be obtained by taking derivatives
with respect to the timesη j of the density consistency relations
(1), using the second equality (7). As for the momentum consis-
tency relations (4), these relations remain valid in the nonlinear
regime and for biased small-scale fieldsδ̃g(k j) and λ̃g(k j). The
second term in Eq.(8), which arises from theλ̃ fields only, re-
mains nonzero at equal times. This is due to the fact thatλ in-
volves the velocity or the time-derivative of the density, which
probes the evolution between (infinitesimally close) different
times.

The simplest relation associated with Eq.(8) is the bispec-
trum among two density-contrast fields and one momentum-
divergence field,

〈δ̃(k, η)δ̃g(k1, η1)λ̃g(k2, η2)〉′k→0 = −PL(k, η)
k1 · k

k2

×
(
〈δ̃g(k1, η1)λ̃g(k2, η2)〉′D(η1) − D(η2)

D(η)
+

+〈δ̃g(k1, η1)δ̃g(k2, η2)〉′ 1
D(η)

dD
dη

(η2)
)
. (9)

At equal times, Eq.(9) reads as

〈δ̃(k)δ̃g(k1)λ̃g(k2)〉′k→0 = −
k1 · k

k2

d ln D
dη

PL(k)Pg(k1). (10)

3. Observable quantities

To test cosmological scenarios with the consistency relations of
large-scale structures we need to relate them with observable
quantities. We describe in this section the observational probes
that we consider in this paper. We use the galaxy numbers counts
or the weak lensing convergence to probe the density field. To
apply the momentum consistency relations (6) and (10), we use
the ISW effect to probe the momentum divergenceλ (more pre-
cisely the time derivative of the gravitational potential and matter
density) and the kSZ effect to probe the momentump.

3.1. Galaxy number density contrast δg

From galaxy surveys we can typically measure the galaxy den-
sity contrast within some redshift bin, smoothed with some
finite-size window on the sky,

δs
g(θ) =

∫
dθ ′WΘ(|θ ′ − θ|)

∫
dη Ig(η)δg[r, rθ ′; η], (11)

whereWΘ(|θ ′ − θ|) is a 2D symmetric window function centered
on the directionθ on the sky, of characteristic angular radiusΘ,
Ig(η) is the radial weight along the line of sight associated with
a normalized galaxy selection functionng(z),

Ig(η) =
∣∣∣∣∣
dz
dη

∣∣∣∣∣ ng(z), (12)

r = η0 − η is the radial comoving coordinate along the line of
sight, andη0 is the conformal time today. Here and in the fol-
lowing we use the flat sky approximation, andθ is the 2D vector
that describes the direction on the sky of a given line of sight. The
superscript “s” inδs

g denotes that we smooth the galaxy density
contrast with the finite-size windowWΘ. Expanding in Fourier
space the galaxy density contrast we can write

δs
g(θ) =

∫
dθ ′WΘ(|θ ′ − θ|)

∫
dη Ig(η)

×
∫

dk eik‖r+ik⊥ ·rθ ′ δ̃g(k, η) (13)

wherek‖ andk⊥ are respectively the parallel and the perpendicu-
lar components of the 3D wavenumberk = (k‖, k⊥) (with respect
to the reference directionθ = 0, and we work in the small-angle
limit θ ≪ 1). Defining the 2D Fourier transform of the window
WΘ as

W̃Θ(|ℓ|) =
∫

dθ e−iℓ·θWΘ(|θ|), (14)

we obtain

δs
g(θ) =

∫
dη Ig(η)

∫
dk W̃Θ(k⊥r)eik‖r+ik⊥ ·rθ δ̃g(k, η). (15)

3.2. Weak lensing convergence κ

From weak lensing surveys we can measure the weak lensing
convergence, given in the Born approximation by

κs(θ) =
∫

dθ ′WΘ(|θ ′ − θ|)
∫

dη r g(r)∇2Ψ + Φ

2
[r, rθ ′; η], (16)

whereΨ andΦ are the Newtonian gauge gravitational potentials
and the kernelg(r) that defines the radial depth of the survey is

g(r) =
∫ ∞

r
drs

dzs

drs
ng(zs)

rs − r
rs
, (17)
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whereng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, i.e.Φ = Ψ, and using the Pois-
son equation,

∇2Ψ = 4πGNρ̄0δ/a, (18)

whereGN is the Newton constant, ¯ρ0 is the mean matter density
of the Universe today, anda is the scale factor, we obtain

κs(θ) =
∫

dη Iκ(η)
∫

dk W̃Θ(k⊥r)eik‖r+ik⊥ ·rθ δ̃(k, η), (19)

with

Iκ(η) = 4πGNρ̄0
rg(r)

a
. (20)

3.3. ISW secondary anisotropy ∆ISW

From Eq.(7)λ can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as den-
sity contrasts. However, we can relate the time derivative of
the density contrast to the ISW effect, which involves the time
derivative of the gravitational potential. Indeed, the secondary
cosmic microwave background temperature anisotropy due to
the integrated Sachs-Wolfe effect along the directionθ reads as
(Garriga et al. 2004)

∆ISW(θ) =

∫
dη e−τ(η)

(
∂Ψ

∂η
+
∂Φ

∂η

)
[r, rθ; η]

= 2
∫

dη e−τ(η)
∂Ψ

∂η
[r, rθ; η], (21)

whereτ(η) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, i.e.Φ = Ψ. We can relate∆ISW toλ through
the Poisson equation (18), which reads in Fourier space as

−k2Ψ̃ = 4πGNρ̄0δ̃/a. (22)

This gives

∂Ψ̃

∂η
=

4πGNρ̄0

k2a
(λ̃ +H δ̃), (23)

whereH = d ln a/dη is the conformal expansion rate. Integrat-
ing the ISW effectδISW over some finite-size window on the sky,
we obtain as in Eq.(15)

∆s
ISW(θ) =

∫
dη IISW(η)

∫
dk W̃Θ(k⊥r)eik‖r+ik⊥ ·rθ

× λ̃ +H δ̃
k2

, (24)

with

IISW(η) = 8πGNρ̄0
e−τ

a
. (25)

3.4. Kinematic SZ secondary anisotropy ∆kSZ

Thomson scattering of CMB photons off moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.

1998). The temperature perturbation,∆kSZ = δT/T , due to this
kinematic Sunyaev Zeldovich (kSZ) effect, is

∆kSZ(θ) = −
∫

dl · veσT nee
−τ =

∫
dη IkSZ(η)n(θ) · pe, (26)

whereτ is again the optical depth,σT the Thomson cross sec-
tion, l the radial coordinate along the line of sight,ne the number
density of free electrons,ve their peculiar velocity, andn(θ) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(η) = −σT n̄eae−τ, (27)

and the free electrons momentumpe as

neve = n̄e(1+ δe)ve = n̄epe. (28)

Because of the projectionn · pe along the line of sight, some
care must be taken when we smooth∆kSZ(θ) over some finite
size angular windowWΘ(|θ′ − θ|). Indeed, because the different
lines of sightθ′ in the conical window are not perfectly parallel,
if we define the longitudinal and transverse momentum compo-
nents by the projection with respect to the mean line of sight
n(θ) of the circular window, e.g.pe‖ = n(θ) · pe, the projection
n(θ′) · pe receives contributions from bothpe‖ andpe⊥. In the
limit of small angles we could a priori neglect the contribution
associated withpe⊥, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated withpe‖.

For small angles we write at linear ordern(θ) = (θx, θy, 1),
close to a reference directionθ = 0. Then, the integration over
the angular window gives for the smoothed kSZ effect

∆s
kSZ(θ) =

∫
dη IkSZ(η)

∫
dk eik·nr

[
p̃e‖W̃Θ(k⊥r)

−i
k⊥ · p̃e⊥

k⊥
W̃′Θ(k⊥r)

]
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sightn(θ) of the circular windowWΘ.
Thus, whereas the radial unit vector isn(θ) = (θx, θy, 1), we can
define the transverse unit vectors asn⊥x = (1, 0,−θx) andn⊥y =
(0, 1,−θy), and we write for instancek = k⊥xn⊥x + k⊥yn⊥y + k‖n.
We denoteW̃′

Θ
(ℓ) = dW̃Θ/dℓ. The last term in Eq.(29) is due to

the finite sizeΘ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, whereWΘ(θ) = δD(θ) andW̃Θ = 1,
W̃′
Θ
= 0.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergenceλ and remains nonzero at
equal times.
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4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlationsξ3 (in configuration space) with
one observable that involves the momentum divergenceλ. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,

ξ3(δs
g, δ

s
g1
,∆s

ISW2
) = 〈δs

g(θ) δ
s
g1

(θ1)∆s
ISW2

(θ2)〉. (30)

The subscriptsg, g1, and ISW2 denote the three lines of sight as-
sociated with the three probes. Moreover, the subscriptsg andg1
recall that the two galaxy populations associated withδs

g andδs
g1

can be different and have different bias. As we recalled in sec-
tion 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limitk → 0 in the Fourier-space equations (1)
and (8), which writes more precisely as

k ≪ kL, k ≪ k j, (31)

wherekL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that̃δ(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode andthe
small-scale modes. In configuration space, these conditions cor-
respond to

Θ ≫ ΘL, Θ ≫ Θ j, |θ − θ j| ≫ |θ1 − θ2|. (32)

The first condition ensures thatδs
g(θ) is in the linear regime,

whereas the next two conditions ensure the hierarchy of scales.
The expressions (15) and (24) give

ξ3 =

∫
dηdη1dη2 Ig(η)Ig1(η1)IISW2(η2)

×
∫

dkdk1dk2 W̃Θ(k⊥r)W̃Θ1(k1⊥r1)W̃Θ2(k2⊥r2)

× ei(k‖r+k1‖r1+k2‖r2+k⊥ ·rθ+k1⊥ ·r1θ1+k2⊥·r2θ2)

×〈δ̃g(k, η)δ̃g1(k1, η1)
λ̃(k2, η2) +H2δ̃(k2, η2)

k2
2

〉. (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

ξ3 = −
∫

dηdη1dη2 bg(η)Ig(η)Ig1(η1)IISW2(η2)

×
∫

dkdk1dk2 W̃Θ(k⊥r)W̃Θ1(k1⊥r1)W̃Θ2(k2⊥r2)

× ei(k‖r+k1‖r1+k2‖r2+k⊥ ·rθ+k1⊥·r1θ1+k2⊥ ·r2θ2)

×PL(k, η)
k1 · k

k2
δD(k + k1 + k2)

×
(
〈δ̃g1

λ̃2 +H2δ̃2

k2
2

〉′ D(η1) − D(η2)
D(η)

+〈δ̃g1

δ̃2

k2
2

〉′ 1
D(η)

dD
dη

(η2)

)
. (34)

Here we assumed that on large scales the galaxy bias is lin-
ear,

k → 0 : δ̃g(k) = bg(η)δ̃(k) + ǫ̃(k), (35)

where ˜ǫ is a stochastic component that represents shot noise and
the effect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010),〈δ̃(k)ǫ̃(k)〉 = 0.
Then, in Eq.(34) we neglected the term〈ǫ̃δ̃g1(λ̃2 + H2δ̃2)〉. In-
deed, the small-scale local processes within the regionθ should
be very weakly correlated with the density fields in the dis-
tant regionsθ1 andθ2, which at leading order are only sensi-
tive to the total mass within the large-scale regionθ. Therefore,
〈ǫ̃δ̃g1(λ̃2 +H2δ̃2)〉 should exhibit a fast decay at lowk, whereas
the term in Eq.(34) associated with the consistency relation only
decays asPL(k)/k ∼ kns−1 with ns ≃ 0.96. In Eq.(34), we also
assumed that the galaxy biasbg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factorbg(k, η) in the integral over
k].

The small-scale two-point correlations〈1 · 2〉′ are dominated
by contributions at almost equal times,η1 ≃ η2, as different red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore,ξ3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radiusc/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii cΘ/H. Then, for small angular windows,Θ ≪ 1, we can
use Limber’s approximation,k‖ ≪ k⊥ hencek ≃ k⊥. Integrating
overk‖ through the Dirac factorδD(k‖ + k1‖ + k2‖), and next over
k1‖ andk2‖, we obtain the Dirac factors (2π)2δD(r1− r)δD(r2− r).
This allows us to integrate overη1 andη2 and we obtain

ξ3 = −(2π)2
∫

dη bg(η)Ig(η)Ig1(η)IISW2(η)
d ln D

dη

×
∫

dk⊥dk1⊥dk2⊥δD(k⊥ + k1⊥ + k2⊥)W̃Θ(k⊥r)

×W̃Θ1(k1⊥r)W̃Θ2(k2⊥r)eir(k⊥ ·θ+k1⊥ ·θ1+k2⊥ ·θ2)

×PL(k⊥, η)
k1⊥ · k⊥
k2
⊥k2

2⊥
Pg1,m(k1⊥, η), (36)

wherePg1,m is the galaxy-matter power spectrum. The integra-
tion overk2⊥ gives

ξ3 = −(2π)2
∫

dη bgIgIg1IISW2

d ln D
dη

∫
dk⊥dk1⊥W̃Θ(k⊥r)

×W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)PL(k⊥, η)Pg1,m(k1⊥, η)

×eir[k⊥ ·(θ−θ2)+k1⊥ ·(θ1−θ2)] k1⊥ · k⊥
k2

1⊥k2
⊥
, (37)

and the integration over the angles ofk⊥ andk1⊥ gives

ξ3 =
(θ − θ2) · (θ1 − θ2)
|θ − θ2||θ1 − θ2| (2π)4

∫
dη bgIgIg1IISW2

d ln D
dη

×
∫ ∞

0
dk⊥dk1⊥ W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)

×PL(k⊥, η)Pg1,m(k1⊥, η)J1(k⊥r|θ − θ2|)
×J1(k1⊥r|θ1 − θ2|), (38)

whereJ1 is the first-order Bessel function of the first kind.
As the expression (38) arises from the kinematic consistency

relations, it expresses the response of the small-scale two-point
correlation〈δs

g1
(θ1)∆s

ISW2
(θ2)〉 to a change of the initial condition

associated with the large-scale modeδs
g(θ). The kinematic effect
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given at the leading order by Eq.(38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode.This
explains why the result (38) vanishes in the two following cases

1. (θ − θ2) ⊥ (θ1 − θ2). There is a nonzero response of〈δ1λ2〉
if there is a linear dependence onδ(θ) of 〈δ1λ2〉, so that its
first derivative is nonzero. A positive (negative)δ(θ) leads to
a uniform motion atθ2 towards (away from)θ, along the di-
rection (θ − θ2). From the point of view ofθ1 andθ2, there
is a reflection symmetry with respect to the axis (θ1 − θ2).
For instance, ifδ1 > 0 the density contrast at a positionθ3
typically decreases in the mean with the radius|θ3 − θ1|, and
for ∆θ2 ⊥ (θ1 − θ2) the pointsθ±3 = θ2 ± ∆θ2 are at the same
distance fromθ1 and have the same density contrastδ3 in the
mean, with typicallyδ3 < δ2 as|θ±3 − θ1| > |θ2 − θ1|. There-
fore, the large-scale flow along (θ − θ2) leads to a positive
λ2 = −∆δ2/∆η2 independently of whether the matter moves
towards or away fromθ (here we took a finite deviation∆θ2).
This means that the dependence of〈δ1λ2〉 onδ(θ) is quadratic
[it does not depend on the sign ofδ(θ)] and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ξ3 vanishes. [For infinitesimal deviation∆θ2 we have
λ2 = −∂δ2/∂η2 = 0; by this symmetry, in the meanδ2 is an
extremum of the density contrast along the orthogonal direc-
tion to (θ1 − θ2).]

2. θ1 = θ2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint ofδ1, the two
pointsδ(θ2+∆θ2) andδ(θ2−∆θ2) are equivalent and the mean
response associated with the kinematic effect vanishes.

This also explains why Eq.(38) changes sign with (θ1 − θ2)
and (θ − θ2). Let us consider for simplicity the case where the
three points are aligned andδ(θ) > 0, so that the large-scale
flow points towardsθ. We also takeδ1 > 0, so that in the mean
the density is peaked atθ1 and decreases outwards. Let us take
θ2 close toθ1, on the decreasing radial slope, and on the other
side ofθ1 thanθ. Then, the large-scale flow moves matter atθ2
towardsθ1, so that the density atθ2 at a slightly later time comes
from more outward regions (with respect to the peak atθ1) with
a lower density. This means thatλ2 = −∂δ2/∂η2 is positive so
thatξ3 > 0. This agrees with Eq.(38), as (θ − θ2) · (θ1 − θ2) > 0
in this geometry, and we assume the integrals over wavenumbers
are dominated by the peaks ofJ1 > 0. If we flip θ2 to the other
side ofθ1, we find on the contrary that the large-scale flow brings
higher-density regions toθ2, so that we have the change of signs
λ2 < 0 andξ3 < 0. The same arguments explain the change
of sign with (θ − θ2). In fact, it is the relative direction between
(θ−θ2) and (θ1−θ2) that matters, measured by the scalar product
(θ − θ2) · (θ1 − θ2).

This geometrical dependence of the leading-order contribu-
tion to ξ3 could provide a simple test of the consistency relation,
without even computing the explicit expression in the right-hand
side of Eq.(38).

4.2. Three-point correlation in terms of a two-point
correlation

The three-point correlationξ3 in Eq.(38) cannot be written as a
product of two-point correlations because there is only onein-
tegral along the line of sight that is left. However, if the linear
power spectrumPL(k, z) is already known, we may writeξ3 in
terms of some two-point correlationξ2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

ξ2(δs
g1
, κs

2) = 〈δs
g1

(θ1)κs
2(θ2)〉 (39)

reads as

ξ2 = (2π)2
∫

dη Ig1Iκ2

∫ ∞

0
dk1⊥k1⊥ F̃Θ1(k1⊥r)

×F̃Θ2(k1⊥r)J0(k1⊥r|θ1 − θ2|)Pg1,m(k1⊥), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows bỹF to distinguishξ2 from ξ3.
Then, we can write

ξ3 =
(θ − θ2) · (θ1 − θ2)
|θ − θ2||θ1 − θ2| ξ2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃Θ1(k1⊥r)F̃Θ2(k1⊥) = (2π)2 IgIISW2

Iκ2
bg

d ln D
dη

×
(∫ ∞

0
dk⊥W̃Θ(k⊥r)J1(k⊥r|θ − θ2|)PL(k⊥, η)

)

×W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)J1(k1⊥r|θ1 − θ2|)
k1⊥J0(k1⊥r|θ1 − θ2|) . (42)

This implies that the angular windows̃FΘ1 andF̃Θ2 of the two-
point correlationξ2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectraPL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure ofξ3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq.(38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

ξ3(κs, κs
1,∆

s
ISW2

) = 〈κs(θ) κs
1(θ1)∆s

ISW2
(θ2)〉, (43)

by replacing the galaxy kernelsbgIg andIg1 by the lensing con-
vergence kernelsIκ andIκ1,

ξ3 =
(θ − θ2) · (θ1 − θ2)
|θ − θ2||θ1 − θ2| (2π)4

∫
dη IκIκ1IISW2

d ln D
dη

×
∫ ∞

0
dk⊥dk1⊥ W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)

×PL(k⊥, η)P(k1⊥, η)J1(k⊥r|θ − θ2|)
×J1(k1⊥r|θ1 − θ2|). (44)

As compared with Eq.(38), the advantage of the cross-
correlation with the weak lensing convergenceκ is that Eq.(44)
involves the matter power spectrumP(k1⊥) instead of the more
complicated galaxy-matter cross power spectrumPg1,m(k1⊥).

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentump and remains nonzero at equal times.
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5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISWcorrelation studied
in section 4.1, we consider the three-point correlation between
two galaxy density contrasts and one kSZ CMB anisotropy,

ξ3(δs
g, δ

s
g1
,∆s

kSZ2
) = 〈δs

g(θ) δ
s
g1

(θ1)∆s
kSZ2

(θ2)〉, (45)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

ξ3 = ξ3‖ + ξ3⊥ (46)

with

ξ3‖ =
∫

dηdη1dη2 Ig(η)Ig1(η1)IkSZ2(η2)
∫

dkdk1dk2

×ei(k·nr+k1·n1r1+k2·n2r2)W̃Θ(k(n)
⊥ r)W̃Θ1(k

(n1)
1⊥ r1)

×W̃Θ2(k
(n2)
2⊥ r2)〈δ̃g(k, η)δ̃g1(k1, η1) p̃(n2)

e‖ )(k2, η2)〉 (47)

and

ξ3⊥ = −i
∫

dηdη1dη2 Ig(η)Ig1(η1)IkSZ2(η2)
∫

dkdk1dk2

×ei(k·nr+k1·n1r1+k2·n2r2)W̃Θ(k(n)
⊥ r)W̃Θ1(k

(n1)
1⊥ r1)

×W̃′Θ2
(k(n2)

2⊥ r2)〈δ̃g(k, η)δ̃g1(k1, η1)
k(n2)

2⊥ · p̃(n2)
e⊥

k(n2)
2⊥

(k2, η2)〉,

(48)

where we split the longitudinal and transverse contributions
to Eq.(29). Here{n, n1, n2} are the radial unit vectors that
point to the centers{θ, θ1, θ2} of the three circular windows,
and{(k(n)

‖ , k
(n)
⊥ ), (k(n1)

1‖ , k
(n1)
1⊥ ), (k(n2)

2‖ , k
(n2)
2⊥ )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g.,k(n)

‖ = n · k].
The computation of the transverse contribution (48) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

ξ3⊥ =
(θ − θ1) · (θ2 − θ1)
|θ − θ1||θ2 − θ1| (2π)4

∫
dη bgIgIg1IkSZ2

d ln D
dη

×
∫ ∞

0
dk⊥dk2⊥ k2⊥W̃Θ(k⊥r)W̃Θ1(k2⊥r)W̃′Θ2

(k2⊥r)

×PL(k⊥, η)Pg1,e(k2⊥, η)J1(k⊥r|θ − θ1|)
×J1(k2⊥r|θ2 − θ1|), (49)

wherePg1,e is the galaxy-free electrons cross power spectrum.
The computation of the longitudinal contribution (47) re-

quires slightly more care. Applying the consistency relation (5)
gives

ξ3‖ = −
∫

dηdη1dη2 bg(η)Ig(η)Ig1(η1)IkSZ2(η2)

×
∫

dkdk1dk2 W̃Θ(k(n)
⊥ r)W̃Θ1(k

(n1)
1⊥ r1)W̃Θ2(k

(n2)
2⊥ r2)

× ei(k·nr+k1·n1r1+k2·n2r2)D(η)PL0(k)
dD
dη

(η2)

× i
n2 · k

k2
〈δ̃g1δ̃e2〉′ δD(k + k1 + k2), (50)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and

we usedPL(k, η) = D(η)2PL0(k). If we approximate the three
lines of sight as parallel, we can writen2 · k = k‖, where the lon-
gitudinal and transverse directions coincide for the threelines of
sight. Then, Limber’s approximation, which corresponds tothe
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac termδD(k‖) andξ3‖ = 0 [more
precisely, as we recalled above Eq.(36), the radial integration
givesk‖ . H/c while the angular window givesk⊥ . H/(cΘ) so
thatk‖ ≪ k⊥]. Taking into account the small angles between the
different lines of sight, as for the derivation of Eq.(29), the inte-
gration overk2 through the Dirac factor gives at leading order in
the angles

ξ3‖ = −
∫

dηdη1dη2 bg(η)Ig(η)D(η)Ig1(η1)IkSZ2(η2)
dD
dη

(η2)

×
∫

dk‖dk⊥dk1‖dk1⊥ W̃Θ(k⊥r)W̃Θ1(k1⊥r1)W̃Θ2(k1⊥r2)

× ei[k‖(r−r2)+k⊥ ·(θ−θ2)r2+k1‖(r1−r2)+k1⊥ ·(θ1−θ2)r2]

× PL0(k⊥)Pg1,e(k1⊥; η1, η2)i
k‖ + k⊥ · (θ2 − θ)

k2
⊥

. (51)

We used Limber’s approximation to write for instancePL0(k) ≃
PL0(k⊥), but we kept the factork‖ in the last term, as the trans-
verse factork⊥ · (θ2−θ), due to the small angle between the lines
of sightn andn2, is suppressed by the small angle|θ2 − θ|. We
again splitξ3‖ over two contributions,ξ3‖ = ξ

‖
3‖ + ξ

⊥
3‖, associated

with the factorsk‖ andk⊥ · (θ2 − θ) of the last term. Let us first
consider the contributionξ‖3‖. Writing ik‖eik‖(r−r2) = ∂

∂r eik‖(r−r2),
we integrate by parts overη. For simplicity we assume that the
galaxy selection functionIg vanishes atz = 0,

Ig(η0) = 0, (52)

so that the boundary term atz = 0 vanishes. Then, the integra-
tions overk‖ andk1‖ give a factor (2π)2δD(r − r2)δD(r1− r2), and
we can integrate overη andη1. Finally, the integration over the
angles of the transverse wave numbers yields

ξ‖3‖ = −(2π)4
∫

dη
d

dη

[
bgIgD

]
Ig1IkSZ2

dD
dη

×
∫ ∞

0
dk⊥dk1⊥ W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)

×k1⊥
k⊥

PL0(k⊥)Pg1,e(k1⊥, η)J0(k⊥r|θ − θ2|)
×J0(k1⊥r|θ1 − θ2|), (53)

whereJ0 is the zeroth-order Bessel function of the first kind.
For the transverse contributionξ⊥3‖ we can proceed in the same
fashion, without integration by parts overη. This gives

ξ⊥3‖ = −(2π)4
∫

dη bgIgIg1IkSZ2D
dD
dη

×
∫ ∞

0
dk⊥dk1⊥ W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)

×k1⊥PL0(k⊥)Pg1,e(k1⊥, η)|θ − θ2|J1(k⊥r|θ − θ2|)
×J0(k1⊥r|θ1 − θ2|). (54)

Comparing Eq.(54) with Eq.(53), we findξ⊥3‖/ξ
‖
3‖ ∼ k⊥r|θ − θ2|.

If the cutoff onk⊥ is set by the Bessel functions, we obtainξ⊥3‖ ∼
ξ‖3‖. For very small angles,|θ−θ2| → 0, the cutoff overk is set by

the angular window̃WΘ(k⊥r) or by the falloff of the linear power
spectrumPL0(k⊥), andξ⊥3‖ ≪ ξ‖3‖.
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In contrast with Eq.(38), the kSZ three-point correlation,
given by the sum of Eqs.(49), (53) and (54), does not van-
ish for orthogonal directions between the small-scale separation
(θ1−θ2) and the large-scale separation (θ−θ2). Indeed, the lead-
ing order contribution in the squeezed limit to the responseof
〈δ1p2〉 to a large-scale perturbationδ factors out as〈δ1δ2〉v2,
where we only take into account the contribution that does not
vanish at equal times (and we discard the finite-size smoothing
effects). The intrinsic small-scale correlation〈δ1δ2〉 does not de-
pend on the large-scale modeδ, whereasv2 is the almost uni-
form velocity due to the large-scale mode, which only depends
on the direction toδ(θ) and is independent of the orientation of
the small-scale mode (θ1 − θ2).

Because the measurement of the kSZ effect only probes the
radial velocity of the free electrons gas along the line of sight,
which is generated by density fluctuations almost parallel to the
line of sight over which we integrate and are damped by this ra-
dial integration, the result (53) is suppressed as comparedwith
the ISW result (38) by the radial derivatived ln(bgIgD)/dη ∼
1/r. Also, the contribution (53), associated with transverse fluc-
tuations that are almost orthogonal to the second line of sight, is
suppressed as compared with the ISW result (38) by the small
angle|θ − θ2| between the two lines of sight.

One drawback of the kSZ consistency relation, (49) and (53)-
(54), is that it is not easy to independently measure the galaxy-
free electrons power spectrumPg1,e, which is needed if we wish
to test this relation. Alternatively, Eqs.(53)-(54) may beused as
a test of models for the free electrons distribution and the cross
power spectrumPg1,e.

5.2. Lensing-lensing-kSZ correlation

Again, from Eqs.(49) and (53)-(54) we can directly obtain the
lensing-lensing-kSZ three-point correlation,

ξ3(κs, κs
1,∆

s
kSZ2

) = 〈κs(θ) κs
1(θ1)∆s

kSZ2
(θ2)〉, (55)

by replacing the galaxy kernelsbgIg andIg1 by the lensing con-
vergence kernelsIκ andIκ1. This givesξ3 = ξ3⊥ + ξ‖3‖ + ξ

⊥
3‖ with

ξ3⊥ =
(θ − θ1) · (θ2 − θ1)
|θ − θ1||θ2 − θ1| (2π)4

∫
dη IκIκ1IkSZ2

d ln D
dη

×
∫ ∞

0
dk⊥dk2⊥ k2⊥W̃Θ(k⊥r)W̃Θ1(k2⊥r)W̃′Θ2

(k2⊥r)

×PL(k⊥, η)Pm,e(k2⊥, η)J1(k⊥r|θ − θ1|)
×J1(k2⊥r|θ2 − θ1|), (56)

ξ‖3‖ = −(2π)4
∫

dη
d
dη

[IκD] Iκ1IkSZ2

dD
dη

∫ ∞

0
dk⊥dk1⊥

×W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)
k1⊥
k⊥

PL0(k⊥)

×Pm,e(k1⊥, η)J0(k⊥r|θ − θ2|)J0(k1⊥r|θ1 − θ2|), (57)

and

ξ⊥3‖ = −(2π)4
∫

dη IκIκ1IkSZ2D
dD
dη

∫ ∞

0
dk⊥dk1⊥

×W̃Θ(k⊥r)W̃Θ1(k1⊥r)W̃Θ2(k1⊥r)k1⊥PL0(k⊥)

×Pm,e(k1⊥, η)|θ − θ2|J1(k⊥r|θ − θ2|)J0(k1⊥r|θ1 − θ2|).
(58)

This now involves the matter-free electrons cross power spec-
trum Pm,e.

The application of the relations above is, unfortunately, a
nontrivial task in terms of observations: to test those relations
one would require the mixed galaxy (matter) - free electrons
power spectrum. One possibility would be to do a stacking anal-
ysis of several X-rays observations of the hot ionised gas by
measuring the bremsstrahlung effect. For instance, one could in-
fer nenpT−1/2, by making some reasonable assumptions about
the plasma state, as performed in Fraser-McKelvie et al. (2011),
with the aim to measurene in filaments. We would of course need
to cover a large range of scales. For kpc scales, inside galax-
ies and in the intergalactic medium, one could use for instance
silicon emission line ratios (Kwitter & Henry 1998; Henry etal.
1996). For Mpc scales, or clusters, one may use the SZ ef-
fect (Rossetti et al. 2016). Nevertheless, all these proposed ap-
proaches are quite speculative at this stage.

6. Conclusions

In this paper, we have shown how to relate the large-scale
consistency relations with observational probes. Assuming the
standard cosmological model (more specifically, the equiva-
lence principle and Gaussian initial conditions), nonzeroequal-
times consistency relations involve the cross-correlations be-
tween galaxy or matter density fields with the velocity, momen-
tum or time-derivative density fields. We have shown that these
relations can be related to actual measurements by considering
the ISW and kSZ effects, which indeed involve the time deriva-
tive of the matter density field and the free electrons momen-
tum field. We focused on the lowest-order relations, which apply
to three-point correlation functions or bispectra, because higher-
order correlations are increasingly difficult to measure.

The most practical relation obtained in this paper is prob-
ably the one associated with the ISW effect, more particularly
its cross-correlation with two cosmic weak lensing convergence
statistics. Indeed, it allows one to write this three-pointcorrela-
tion function in terms of two matter density field power spectra
(linear and nonlinear), which can be directly measured (e.g., by
two-point weak lensing statistics). Moreover, the result,which
is the leading-order contribution in the squeezed limit, shows
a specific angular dependence as a function of the relative an-
gular positions of the three smoothed observed statistics.Then,
both the angular dependence and the quantitative prediction pro-
vide a test of the consistency relation, that is, of the equivalence
principle and of primordial Gaussianity. If we consider instead
the cross-correlation of the ISW effect with two galaxy density
fields, we obtain a similar relation but it now involves the mixed
galaxy-matter density power spectrumPg,m and the large-scale
galaxy biasbg. These two quantities can again be measured (e.g.,
by two-point galaxy-weak lensing statistics) and provide another
test of the consistency relation.

The relations obtained with the kSZ effect are more intricate.
They do not show a simple angular dependence, which would
provide a simple signature, and they involve the galaxy-free elec-
trons or matter-free electrons power spectra. These power spec-
tra are more difficult to measure. One can estimate the free elec-
tron density in specific regions, such as filaments or clusters,
through X-ray or SZ observations, or around typical structures
by stacking analysis of clusters. This could provide an estimate
of the free electrons cross power spectra and a check of the con-
sistency relations. Although we can expect significant error bars,
it would be interesting to check that the results remain consistent
with the theoretical predictions.

A violation of these consistency relations would signal ei-
ther a modification of gravity on cosmological scales or non-
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Gaussian initial conditions. We leave to future works the deriva-
tion of the deviations associated with various nonstandardsce-
narios.
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