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Théoremes limites pour estimateurs Multilevel avec et sans poids.
Comparaisons et applications.

Résumé : Dans ce travail, nous nous intéressons aux estimateurs Multilevel Monte Carlo.
Ces estimateurs vont apparaitre sous leur forme standard, avec des poids et dans une forme
randomisée. Nous allons rappeler leurs définitions et les résultats existants concernant ces
estimateurs en termes de minimisation du colt de simulation. Nous allons ensuite montrer
une loi forte des grands nombres et un théoréme central limite. Aprés cela nous allons
étudier deux cadres d’applications. Le premier est celui des diffusions avec schémas de
discrétisation antithétiques, ot nous allons étendre les estimateurs Multilevel aux estima-
teurs Multilevel avec poids. Le deuxieme est le cadre nested, oli nous allons nous concentrer
sur les hypotheses d’erreur forte et faible. Nous allons conclure par I'implémentation de la
forme randomisée des estimateurs Multilevel, en la comparant aux estimateurs Multilevel
avec et sans poids.

Mots clés : Monte Carlo, Multilevel Monte Carlo, Multilevel Monte Carlo
avec poids, Multilevel Monte Carlo Randomisé, Loi Forte des Grands Nombres,
Théoreme Central Limite, Schéma de discrétisation d’Euler, Schéma de discrétisation
de Milstein, Schémas de discrétisation Antithetiques, nested Monte Carlo, Ex-
trapolation de Richardson Romberg , Statistical Romberg method, Variable
de controle, Réduction de variance, Convergence forte, Convergence faible.




Limit theorems for Multilevel estimators with and without weights.
Comparisons and applications.

Abstract : In this work, we will focus on the Multilevel Monte Carlo estimators. These
estimators will appear in their standard form, with weights and in their randomized form.
We will recall the previous existing results concerning these estimators, in terms of mini-
mization of the simulation cost. We will then show a strong law of large numbers and a
central limit theorem. After that, we will focus on two application frameworks. The first
one is the diffusions framework with antithetic discretization schemes, where we will extend
the Multilevel estimators to Multilevel estimators with weights, and the second is the nes-
ted framework, where we will analyze the weak and the strong error assumptions. We will
conclude by implementing the randomized form of the Multilevel estimators, comparing
this to the Multilevel estimators with and without weights.

Keywords : Monte Carlo, Multilevel Monte Carlo, Weighted Multilevel Monte Carlo,
Randomized Multilevel Monte Carlo, Strong Law of Large Numbers, Central Limit Theo-
rem, Euler discretization scheme, Milstein discretization scheme, Antithetic discretiza-
tion schemes, nested Monte Carlo, Richardson Romberg extrapolation, Statistical Rom-
berg method, Control variable, Variance reduction, Strong convergence, Weak convergence.
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Introduction

Cette theése a été effectuée grace au soutien de la Chaire Risques Financiers de la Fon-
dation du Risque de I'Institut Louis Bachelier. Cette fondation a pour objet de contribuer
durablement au développement du potentiel francais de recherche, d’enseignement et de
formation dans tous les domaines du risque : risques financiers, risques industriels, risques
environnementaux, risques patrimoniaux, risques de santé, etc. Depuis sa création en 2007,
la Fondation du Risque s’attache a initier des actions de recherche et de développement,
notamment par la promotion de projets d’enseignement et de recherche et la diffusion des
connaissances a travers des programmes de formation de haut niveau. Elle a également vo-
cation a favoriser la pédagogie du risque par la diffusion de connaissances aupres du grand
public comme d’un public averti.

Dans ce manuscrit nous donnons le détail des résultats de recherche qui ont été obtenus
dans le cadre d’un contrat d’Ingénieur de Recherche et Développement d’une durée de
trois ans. Pour ce qui concerne la partie Développement du contrat, une interface web
permettant de calculer des estimateurs Multilevel a été mise en oceuvre, afin de mettre
les résultats a disposition d’un utilisateur générique et en prévision du développement de
relations industrielles. L’application web est écrite en Python, en utilisant le module Flask,
avec l'ajout de HTML et JavaScript. Le calcul des parametres et des estimateurs eux-
mémes est fait a travers ’appel du code principal en C+-+, qui est wrappé en module
Python avec SWIG. Cette interface web a abouti a la création d’un site de simulations,
Simulations@QLPMA & ’adresse

http ://simulations.lpma-paris.fr/,

vouée a accueillir les résultats numériques du laboratoire. Cette page se divise en deux
branches principales, les applications numériques & vocation didactique et les applications
numériques liées aux résultats de recherche des différentes équipes, ou membres du labora-
toire.

Le travail d’ingénierie informatique nécessaire a la conception et a la réalisation de ce
site ne sera pas détaillé plus avant dans ce manuscrit. Les programmes développés pour
I'application ” Méthodes Multilevel“ de ce site ont néanmoins été massivement mis a contri-
bution dans les diverses sections numériques de cette these.

Supposons que Yy € L2(P) est une variable aléatoire réelle non simulable & coiit rai-
sonnable, dont nous voulons calculer l'espérance Iy = E[Yp], une précision ¢ > 0 étant
donnée, en minimisant le cotit de simulation. Yy n’étant pas simulable, nous supposons
avoir & disposition une famille de variables aléatoires réelles (Y3,)ne € L2(P) qui sont elles
stmulables avec un cout petit devant celui de Yy et qui approchent Y dans un sens faible
et fort comme suit : nous supposons avoir un développement polynomial du biais en une
puissance o du parametre de biais h

R —
E V] - E[Yo] =) cxh® + o(h®F) (1)
k=1

et nous supposons que 'erreur quadratique est controlée par une puissance § de h

[vi = Yol = E |[¥i - Yo" <van?. (2)


http://simulations.lpma-paris.fr/

2 Introduction

Nous supposons de plus que le cotit de simulation de la variable Y}, est inversement linéaire
en h, c’est-a-dire Cost(Y},) = 7, oll Kk est une constante qui dépend de nos moyens tech-
niques.

Deux exemples typiques d’application sont les schémas de discrétisation de processus de
diffusion et le nested Monte Carlo. Dans le premier cas nous désirons calculer Iy = E [Y],
avec Yy = f(Xr) et (Xt)ejo,r) processus de diffusion. Nous prenons pour approcher Yj
la variable Y, = f (X':fﬁ), ou XZ}‘ est un schéma de discrétisation de pas h = % Sous des
hypotheses de régularité de la diffusion de (Xt);c(o,) et de la fonction de payoff f, nous
pouvons vérifier que Y}, approche Yy au sens fort et faible indiqué par les formules (1)
et (2). Dans le deuxiéme cas nous voulons calculer Iy = E[f (E[X|Y])], Yo = f (E[X]|Y]),
ou X = F(Z,Y) avec Z indépendante de Y. On choisit alors pour approcher Yy la variable
Y, = Y% =f (% Zle F(Zk,Y)>. Sous les bonnes hypotheses sur f et F' nous pouvons
également vérifier (1) et (2).

Supposons un instant que Y{ soit simulable, alors nous pourrions prendre (Yok) k>1 suite
de copies indépendantes de Yj et choisir comme estimateur de Iy = E [Yp] un estimateur
de Monte Carlo standard

Cet estimateur est sans biais : E [Iév ] — Iy = 0, sa variance est donnée par Var(I}') =
% Var(Yp) et son cout vaut koN, ou kg est le cotit de simulation unitaire de Yj. Sous la

contrainte HIéV — Ip||, = €, le choix optimal de la taille N de I'’estimateur est donné par

I

Var(Yp)
N =—75"
€
avec un cout optimal qui s’écrit
Var (Y
Cost(I (e)) = 2t :;( 0,

Par la suite, il nous sera utile de garder a I’esprit qu’il n’est pas possible d’obtenir mieux que
Cost(IN(g)) = Ce~2, avec C constante, ol nous notons par 7 I’ensemble des parameétres
qui décrivent l'estimateur. En prenant = = h, l'estimateur Monte Carlo standard (appelé
dans la suite Monte Carlo Crude) IY(g) se construit & partir de (Y}¥)x>1 suite de copies
indépendantes de Y}, et s’écrit

1 N
N k
I =5 Do
k=1

Le biais (en utilisant I’hypothese d’erreur faible (1)), la variance et le cott de cet estimateur
s’écrivent

1
ph) =E[Vi] I = e1h®, Var(I) = = Var(¥), Cost(I})) = %N.

Pour atteindre la précision désirée HI,]LV - Ing = u(e)? 4+ Var(IN (g)) = €2 nous allons étre

s - _ 1 . s . .
amenés & choisir N(g) ~ 72 et h(g) ~ ea, ce qui nous conduit & un coiit optimal

Cost(I}) ~ e 2.



Tous nos efforts seront donc voués a construire a partir de la famille (Y})ney des estimateurs
I qui réalisent un coiit C1e72 < Cost(IY) < 026_2_§, (' et Cy constantes, le plus proche
possible du cofit sans biais en 2.

Nous ne donnons pas ici la définition des estimateurs Multilevel, mais nous anticipons
qu’un estimateur Multilevel s’écrit comme la somme de deux termes, un premier terme
grossier I qui est un estimateur Monte Carlo Crude qui donne une premiere approximation
de Iy et un deuxieme terme qui contient une somme de couches de corrections de plus en
plus fines IEQ, qui ajustent 'estimation de Iy de sorte que I'on obtienne ’erreur € que l'on

s’était fixée.

Dans le premier chapitre de cette these, nous donnons les définitions principales des
estimateurs Multilevel, avec et sans poids, que nous allons dans la suite noter ML2R et
MLMC. Nous allons énoncer les résultats précédents sur les choix de parametres optimaux
qui permettent d’obtenir le cout optimal, qui dépendra de 'ordre d’erreur forte 5 comme
suit

e 3> 1: Pour les deux estimateurs MLMC et ML2R
Cost (IX(e)) 2 K(a, B)e 2.
e 3 <1 : Le cout differe pour MLMC et ML2R

Cost (IX(e)) 2 K(a, B)e2v(e),

avec
| vnmrymc(€) | vnmr2r(€)
B=1| log(1/e)? | log(1/¢)
g<1 ‘ e ‘ o(eT")Vn >0

On obtient donc, pour 8 < 1, de meilleures performances avec ML2R, 'estimateur Mul-
tilevel avec poids. Nous remarquons ici que le calcul des poids dans ML2R est donné par
une formule fermée facile a calculer, ce qui suggere d’utiliser ML2R, par défaut.

Dans le deuxieme chapitre de cette these, nous allons analyser le comportement asymp-
totique des estimateur Multilevel avec et sans poids, en terme de convergence p.s. et de
convergence en loi. Nous allons énoncer une Loi Forte des Grands Nombres et un Théoreme
Central Limite.

On remarque que la convergence L? vaut par construction, puisque HI,]TV (e) — I()H2 <e.
En conséquence, pour toute suite (¢x)g>1 telle que >~ € < 400, il vient

ZE [‘Iév(ak) - Ioﬂ < o0,
k>1

donc IN () P2y Jy. Nous pouvons affaiblir I’hypothese sur la suite (ex)r>1 quand Y}, a des
moments finis d’ordre plus grand que 2. Plus précisément, sous I’hypothese d’erreur forte
en norme LP

36> 0,VP >0, ||y -Yo|" = E[|¥h - Yol"] < {Phi?,
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nous pouvons établir la Loi Forte des Grands Nombres
IN (e1) 2% I, pour k — +oo,

: P
si Zkzl g, < +oo.
Pour le Théoreme Central Limite nous allons écrire

INE) — Iy p(h(e), R(e)) 1 5 12
- +5 N(g)\/wg)la—i_ 57

€ € F

ot I} représente la premiere couche grossiere centrée et I2 la somme des couches fines

centrées. Le point central de la preuve consiste & montrer
1) VNEL 5 N (0,0),

2) = £ N(0,02).

o [oyt

Nous allons voir que toute la difficulté réside dans la deuxieéme limite, qui nécessite
la vérification d’une condition de Lindeberg. Dans ce but, il sera nécessaire de faire une
hypothéese supplémentaire de L2-uniforme intégrabilité sur les couches de correction.

Nous allons montrer pour conclure ce chapitre sous quelles conditions les deux exemples
de référence, les diffusions et le nested, vérifient les hypotheses des deux Théoremes énoncés.

Ce chapitre a donné lieu a une publication dans la revue Monte Carlo Methods and
Applications.

Dans le troisieme chapitre nous allons étudier les estimateurs Multilevel dans le cadre
des schémas de discrétisation antithétiques. C’est un cadre ol nous nous retrouvons avec
B > 1, cadre dans lequel les estimateurs se comportent comme des estimateurs sans biais.
Nous nous sommes largement inspirés des résultats de Al Gerbi, Jourdain et Clément
dans [AGJC16], dans le soucis d’adapter les estimateur Multilevel avec poids au cadre
antithétique.

Le calcul des parametres optimaux differe de celui fourni dans [LP17] et repris
dans [AGJC16] en raison du fait que '’hypothese d’erreur forte (2) est remplacée par une
hypothese sur la variance des couches de corrections et que dans le calcul du cout nous
devons prendre en considération ’antithéticité des schémas.

Nous allons tester les deux estimateurs Multilevel avec et sans poids sur un modele
de Clark Cameron avec un payoff pour lequel nous avons une formule fermée, ce qui nous
permet de vérifier si nous respectons la contrainte sur 'erreur L? que nous nous sommes
imposés.

Dans le quatrieme chapitre nous analysons le nested Monte Carlo, en donnant le détail
de deux situations, selon la régularité de la fonction de payoff f. Dans les deux cas nous
focalisons notre attention sur la preuve des hypotheses d’erreur faible et forte.

Dans le cinquieme et dernier chapitre de cette thése nous nous plagons a nouveau dans
le cadre 8 > 1, ce qui nous permet de construire un estimateur sans biais, en randomi-
sant le niveau R d’un estimateur Multilevel. Nous comparons ensuite numériquement cet
estimateur aux estimateurs Multilevel avec et sans poids.
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This thesis has been realized with the support of the Chaire Risques Financiers of
the Fondation du Risque of the Institut Louis Bachelier. The aim of this foundation is to
bring a sustainable contribution to the development of the french potential in terms of
research, teaching and training in all the domain of risk : financial risks, industrial risks,
environmental risks, health risks, etc. Since its creation in 2007, the Fondation du Risque
gets involved in research and development projects, including the promotion of teaching and
research projects and the diffusion of the knowledge through high level training programs.
It also promotes the risk teaching through the diffusion of the knowledge for all public,
wherther informed or not.

In this manuscript we describe research results that we have obtained during a tem-
porary position of Research and Development Engineer (three years). The development
part of this mission focused on the creation of a web interface allowing to compute online
Multilevel estimators. This permits in particular an easy and quick illustration of high level
research results to a wide, potentially uninformed, public.

The web application is developed in Python, using Flask module, with the addition
of HTML and Javascript code. The computation of the parameters and of the estimators
themselves is done through the call of a principal C++ code, which is wrapped in a Python
module by SWIG. This interface led to the creation of a simulation site, SimulationsQLPMA
at the address

http ://simulations.lpma-paris.fr/,

conceived to receive various numerical results of the laboratory (and not specifically Mul-
tilevel estimators). This page is divided into two main parts, the first one gives several
numerical applications in view of teaching purpose and serves as a support for different
lectures given at the university. The second part can be seen as a numerical showcase :
it exhibits numerical simulations related to research projects and results developed by the
different team of the laboratory.

Although the programs developed for the application ” Multilevel Methods” of this site
have been massively used in the different numerical sections of this thesis, we will not detail
in this manuscript the computing engineer work needed for the design and the realization
of this web site.

We assume that Yy € L?(P) is a random real variable non simulatable at a reasonable
cost, of which we want to compute an approximation of the expectation Iy = E [Yj], given
an accuracy € > 0, and minimizing the computational cost. Since Yj is not simulatable, we
assume to have a family of random real variables (Y3)nen € L?(P) which are simulatable
with a small cost compared to the cost of Yy and that approach Y in a weak and a strong
sense as follows : we assume to have a polynomial expansion of the bias in A®

R —
E[Y,] —E[Yo] =) cxh®™ + o(h*) (3)

k=1

and we assume that the quadratic error is controlled by h?

Vi = Yol = E |[¥i - Yo" < van?. (4)
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Moreover, we assume that the simulation cost of the variable Y} is linear inverse in h,
i.e. Cost(Y},) = 7, where & is a constant depending on our technical equipment.

Two typical examples of application are the discretization schemes of diffusion processes
and the nested Monte Carlo. In the first framework we want to compute [y = E [Yp], with
Yo = f(Xr) and (X¢)e[o,r) diffusion process. We approach Yy with the random variable
Yy, = f(XR), where X[ is a discretization scheme with step h = % Under some regularity
assumptions on the diffusion of (X¢);c(o,77 and on the payoff function f, we can check that
Y}, approaches Yp in the weak and strong sense described by the formulas (3) and (4). In
the second framework we want to compute Ip = E[f (E[X|Y])], Yo = f (E[X]|Y]), where
X = F(Z,Y) with Z independent of Y. We choose then to approach Yj the random variable

Yo=Y =f (% Zszl F(Z, Y)) Under some good assumption on f and F' we can check
K

that we satisfy (3) and (4).
We assume for a moment that Yj is simulatable, then we can take a sequence (Yok) k>1
of independent copies of Y{ and choose as an estimator of Iy = E[Yj] a standard Monte

1 N

N k

=3y
k=1

This estimator is unbiased : E [I§'] — Ip = 0, its variance is given by Var(I{¥) = & Var(Yp)
and its cost reads koIV, where kg is the unitary simulation cost of Y. Under the constraint

Carlo estimator

HI(])V — IoH2 = ¢, the optimal choice for the size N of the estimator is given by
Var(Yp)
N(e) = ——,
€
with an optimal cost
Var (Y
Cost(I (¢)) = &;W
€

In what follows, we will keep in mind that it is not possible to get better than the cost
Cost(IN(g)) = Ce~2, with C constant, where we denote by 7 the set of parameters that
describe the estimator. If we take m = h, the standard Monte Carlo estimator (called in
what follows Crude Monte Carlo) I (¢) is built with a sequence (Y}¥);>; of independent
copies of Y}, and reads

The bias (using the weak error assumption (3)), the variance and the cost of this estimator
read

1
ph) = B[] I = e1h®, Var() = = Var(¥),  Cost(I})) = %N.

In order to attain the desired accuracy || I\ — IOHE = u(e)? + Var(I)¥ (e)) = €% we will need

to choose N(g) ~ 72 and h(g) ~ ea, which brings to an optimal cost
Cost(I}) ~ e 2.

All of our efforts will be devoted to the construction, starting from the family (Y3)pen, of

estimators 1Y which realize a cost C1e72 < Cost(IY) < Cgefzfé, C1 and Cy constants, as

close as possible to £72.



We will not give here the definition of the Multilevel estimators, but we anticipate that
a Multilevel estimator reads as the sum of two terms, a first coarse term I! which is a
Crude Monte Carlo giving a first approximation of Iy and a second term which contains
the sum of the correcting levels, finer and finer, 2, which adjust the estimation of I in
order to obtain the error ¢ that we fixed.

In the first chapter of this thesis, we give the principal definitions of Multilevel estima-
tors, with and without weights, which we note in what follows by ML2R and MLMC. We
will recall the previous results, in terms of optimal parameters which lead to the optimal
cost, which will depend on the order of the strong error 8 as follows

e 5> 1: For both estimators MLMC and ML2R
Cost (IX(e)) 2 K(a, B)e 2.
e 5 <1 : The cost differs for MLMC and ML2R

Cost (IX(e)) 2 K(a, B)e2v(e),

with
| vmrmc(€) | vMmL2R(€)
B=1| log(1/e)? | log(1/e)
B <1 ‘ S ‘ o(eT")Vn >0

Hence we get, for 8 < 1, better performances with ML2R, the Multilevel estimator with
weights. We notice that the computations for the weights in ML2R are given by a closed
formula easy to compute, which suggests to use ML2R by default.

In the second chapter of this thesis, we will analyze the asymptotic behaviour of the
Multilevel estimators with and without weights, in terms of a.s. convergence and conver-
gence in law. We will state a strong law of large numbers and a central limit theorem.

We notice that the L? convergence holds by construction , since Hlfrv(s) — I0H2 <e. As
a consequence, for all sequence (gx)g>1 such that Y, o, 7 < 400, we get

S E [\I;V(ak) _ Ioﬂ < +00,
E>1

hence I (eg) P2y Jy. We can weaken the assumption on the sequence (€k)k>1 when Y} has
finite moments of order greater than 2. More precisely, under the strong error assumption
in LP norm

36> 0,VP >0, || - Yo|" = E[|¥h - Yal’] < VPhi?,
we can set a strong law of large numbers
N 251 as k— 4o,

if Y5 &) < 400
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For the central limit theorem we will write

INE) — Iy p(h(e), R(e)) 1 5 12
_ +E N(s)mIEJFE’

€ € \/7

where I represents the first coarse centered and I? the sum of fine centered levels. The

central point of the proof consists in showing that

1) VNI 5 N(0,09),

72

2) % £ N(0,03).

We will see that the core of the difficulty resides in the second limit, which needs the
verification of a Lindeberg condition. For this purpose, it will be necessary to make an
additional assumption of L?-uniform integrability on the correcting levels.

We will conclude by showing under which condition the two reference examples, the
diffusions and the nested, satisfy the assumption of these two theorems.

The material of this chapter led to a publication in the journal Monte Carlo Methods
and Applications.

In the third chapter we will analyze the Multilevel estimators in the framework of the
antithetic discretization schemes. This is a framework where we get 5 > 1, hence the
estimator behave as unbiased estimators. We have been largely inspired by the results of
Al Gerbi, Jourdain et Clément in [AGJC16], in order to adapt the Multilevel estimators
with weights to the antithetic framework.

The computation of the optimal parameters differs from the one in [LP17] and recovered
in [AGJC16] because the strong error assumption (4) is replaced by an assumption on the
variance of the correcting levels and that in the computation of the cost we have to take
into account the antitheticity of the schemes.

We will test the two Multilevel estimators with and without weights on a Clark Cameron
model with a payoff for which we have a closed formula, in order to check if we respect the
constraint on the L? error that we fixed.

In the fourth chapter we analyze the nested Monte Carlo, giving the detail of two
situations, depending on the regularity of the payoff function f. In both cases we focus on
the proof of the assumptions of weak and strong error.

In the fifth and last chapter of this thesis we will consider again the setting g > 1,
which allows us to build an unbiased estimator, by randomizing the level of the Multilevel
estimators. Then we will compare numerically this estimator to the Multilevel estimators
with and without weights.



CHAPITRE 1

Estimateurs Multilevel

In this chapter we introduce the Multilevel estimators with and without
weights and we give a generic form for these estimators, in order to group under
a same notation different frameworks, such as standard Multilevel Monte Carlo,
introduced by Giles in [Gil08], Multilevel Monte Carlo Richardson-Romberg, in-
troduced by Lemaire and Pages in [LP17], Multilevel Monte Carlo for diffusions
with antithetic discretization schemes, analyzed by Al Gerbi, Jourdain, Clément
in [AGJC16] and Randomized Multilevel Monte Carlo, studied by Glynn and
Rhee in [RG15]. We retrace the computations that led to the choice of the op-
timal parameters, giving a generic version of the Theorem of minimization of
the cost. This Theorem returns an upper bound of the cost of the type Kv(e)
with K constant and v(e) — 400 as € — 0, providing a tool of comparison
between Multilevel estimators with and without weights, in terms of divergence
rate of v(¢) and giving a sharper multiplicative constant K than in [LP17] (see
Theorem 1.3.5 and relative comments).

Dans ce Chapitre nous introduisons les estimateurs Multilevel avec et sans poids et
nous donnons une écriture générique pour ces estimateurs, de maniere a regrouper sous
une méme notation différents cadres, tels que Multilevel Monte Carlo standard, introduit
par Giles dans [Gil08], Multilevel Monte Carlo Richardson-Romberg, introduit par Lemaire
et Pages dans [LP17], Multilevel Monte Carlo dans le cadre des diffusions avec schémas
antithétiques, étudiés par Al Gerbi, Jourdain, Clément dans [AGJC16] et Randomized
Multilevel Monte Carlo, étudié par Glynn et Rhee dans [RG15]. Nous allons retracer les
calculs qui menent au choix des parametres optimaux, en donnant un version générique
du Théoreme de minimisation du cott. Ce Théoreme fourni un majorant du cott des
estimateurs multilevel du type Kv(e) avec K constante et v(e) — +oo lorsque € — 0, en
donnant un outil de comparaison entre les estimateurs Multilevel avec et sans poids, en
termes de vitesse de divergence de v(e) et de constante K, qui est améliorée par rapport a
celle obtenue dans [LP17] (voir Théoreéme 1.3.5 et commentaires).

1.1 Cadre général

Soit (€2, A,P) un espace de probabilité et (Y},)ney une famille de variables aléatoires
réelles Y}, € L?(P) simulables, avec H = {%,n > 1} et h € R" un parametre fixé, appro-
chant une variable aléatoire réelle non simulable Yy € L2(P). On veut calculer

Ip = E[Yo],
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une précision € > 0 étant donnée et en minimisant le colt de simulation.

Un exemple typique de ce type de situation sont les schémas de discrétisation des
processus de diffusion, ot 'on veut calculer E [Yy] avec Yo = f(X7), olt (X)) est un
processus de diffusion non simulable que 'on approche par un schéma de discrétisation
Y, = f(XR), de pas h = T/n.

Un autre exemple, traité par Lemaire et Pages dans [LP17], est celui de Monte Carlo
nested, ou 'on cherche a calculer Iy = E[f (E[X]|Y])], avec Yy = f(E[X]|Y]). On sup-
pose que X = F(Z,Y) avec Z indépendante de Y et on utilise la famille Y} = Y% =

K
1
I (K ZF(Zk, Y)) pour approcher Y.
k=1

Rappelons que si Yy était simulable, nous pourrions construire un estimateur sans biais
a partir d’une suite (Yok)kzl de copies indépendantes de Y{ en écrivant un estimateur de
Monte Carlo (appelé dans la suite Crude Monte Carlo)

1 N
Iy = NZYo’“-
k=1

Cet estimateur est clairement sans biais E [I)Y] = Iy, sa variance vaut Var(l}’) =
Var(Yy)/N et son cout est koN, ol ko est une constante qui correspond au temps
computationnel de simulation de Yy (qui dépend de nos moyens techniques). Sous la

contrainte HIéV — Ip||, = €, nous obtenons une identification de la taille de 'estimateur

N = Var(Yp)/e?, qui‘ ‘1210us rameéne & un coiit de I'estimateur Cost(1}') = xg Var(Yp)/e2. Par
la suite, nous portons l'attention sur le fait qu’il nous sera impossible d’obtenir un cott
inférieur a celui du cadre sans biais.

Nous allons supposer que les variables aléatoires (Y, )new approchent Yy dans un sens

fort et dans un sens faible comme suit :

Hypothése d’erreur faible (Développement du biais) :

R —
3a>0,R>1, (0 hgep BN -BY] = b +o(nf). (WEq)
k=1
Hypothése d’erreur forte (Erreur quadratique) :
38>0,1 20, |V Y|} = B[y - v’ <vin’. (SEg)

De plus, nous supposons que la simulation de Y3 a un coit inversement proportionnel au
parametre de biais, i.e. Cost(Y) = kyh ™!, oll Ky est une constante qui dépend des moyens
techniques a disposition.

L’estimateur Crude Monte Carlo, pour un h fixé, s’écrit

1 N
= 3ov (1)
k=1

ou (Y,f) k>1 sont des copies i.i.d. de Y}, et IV est la taille de I’estimateur, qui controle I’erreur.

Nous observons que le biais pu(h) = E [I,]lv ] — Iy n’est pas nul et que par ’hypothese

d’erreur faible p(h) ~ c¢;h®. La variance vaut Var(I)') = + Var(Y}) et le colit est donné
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par Cost(/ }]LV ) = ky h"tN. Une réduction du parametre de biais h ou une augmentation de
la taille N impliquent 'un et I'autre une augmentation du cout de I'estimateur.
L’idée des estimateurs Multilevel, introduits par Giles dans [Gil08], nait des deux re-

marques suivantes : 1) simuler Y}, est moins cotteux que simuler Y, et 2) E [YL } =
M M

E[Y;]+E {YL - Yh]. On construit un estimateur Two-level Monte Carlo comme suit
M

1L A ume, 1 <2 (v (2)

N 1),k 2),k 2),k

J& :EZYh +Nz<yh ~Y, )
k=1

Zp=1 \ M
ol les suites (Yh(l)’k) et (Yh@) ’k, YE?)JC) sont indépendantes et Yh@) " et Yg?)’k sont
k>1 M k>1 M

construites a partir de la méme réalisation aléatoire. Cette version Two-level correspond
dans les faits a la méthode de réduction de variance, dite Statistical Romberg method,
présentée par Kebaier dans [Keb05], ou la couche de correction est utilisée comme une
variable de controle qui réduit la variance. Le biais est réduit d’un facteur M~ par rapport
au biais de ’estimateur Crude Monte Carlo. Nous pouvons imaginer que, la quantité YE?)’]C—

M
Yh(2)’k étant petite, sa variance soit petite et qu’en conséquence la taille No de cette couche
de correction soit petite. La taille N1 de la premiere couche au contraire sera plus grande,
mais ceci est compensé par le fait que Yh(l) est une approximation grossiere de Y, et donc
moins colteuse. Afin de généraliser cette définition & un niveau quelconque, prenons en
considération une profondeur R > 2 (qui sera le niveau le plus fin et donc le plus coliteux
de simulation) et une suite géométrique décroissante de parametres de biais h; = h/n;

avec n; = M J=1 i =1,...,R. Une fois la taille N de I’estimateur fixée, nous considérons
une stratification ¢ = (qi1,...,qr), telle que pour chaque niveau j = 1,..., R, nous allons
simuler N; = [Ng;| scénarios (voir (1.2) et (1.4) ci-dessous). Un estimateur Multilevel

est formé par une premieére couche de simulation grossiere de taille Nj, qui correspond
a un Monte Carlo classique donnant une premiére estimation de Iy, suivie d’une somme
de couches de correction de plus en plus fines, chacune de taille Nj, j = 2,..., Ng, qui
corrigent 'erreur faite par la premiere couche.

1.1.1 Définitions des estimateurs

Considérons R copies indépendantes de la famille YU) = (Yh(j ))hE'Ha j=1,...,R,
rattachées a des copies indépendantes Yo(j ) de Yy. De plus, soient (Y(j)’k)kzl des suites
indépendantes de copies indépendantes de Y. Pour un choix de parametres = = (h, ¢, R)
fixé, un estimateur Multilevel Monte Carlo de taille N, introduit par Giles dans [Gil0§],

s’écrit

LA 0k S LS (3 G0k 4k

N _ N _ 1), J)s J)s

R S DI D D (V* =y ). (1.2)
k=1 j=2 "7 k=1

En vertu de ’hypothése d’erreur faible et de la somme télescopique des couches de correc-

tions, le biais de cet estimateur est réduit d’un facteur M =1 par rapport au biais de

I’estimateur Monte Carlo Crude. Plus précisément

pu(h, R, M) ~ ¢ (MZ_JQ (1.3)
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La variance de 'estimateur MLMC vaut
Var(Iq) = 3 Var(Yi) + Z & Var (v -y )
Jj=2 Nj

et son coiit, si 'on suppose Cos,"c(l/'h(j_j7 Yh(jil) = Cost(Yy,) + Cost(Yp,_, ), est donné par

NE
Cost(IhRq ZZ (nj—1 +ny),

ou 'on rappele n; = MI—1,

Un estimateur Multilevel avec poids, ou Multilevel Richardson-Romberg (ML2R), se
construit en adaptant 'approche Multilevel & I’estimateur multistep Richardson-Romberg,
introduit par Pages dans [Pag07]. L’idée de base est d’utiliser des poids pour tuer les termes
successifs du biais dans le développement de l'erreur faible. Grace a ’hypothese (W E,,),
on écrit, pour tout w; € R, i =1,2,3,

E [W1Yh+W2Y% +W3YL2} = (w1 +wa +w3)E [Y]
M

+ w1y (Clha + Cgh2a + Cghga)
N i « N i 2c N ﬁ 3«
Wo | C1 M C2 M C3 M
h « h 2« h 3«
=+ W3 (Cl (W) + C9 (W) + C3 <W> ) + o0 (h?’a) .

Dans le but d’obtenir un estimateur de Iy = E [Yp] sans termes de biais d’ordre 1 et 2, nous

sommes ramenés a résoudre le systeme de Vandermonde

wi+wy+w3=1
W1+W2M_Q+W3M_2a =0
W1+W2M72Q+W3M74a207

ce qui nous donne
E |:W1 Y, + wo Y% + w3 Y%} =E [Yb] + V~V463h3a + O(hga),
M

avec Wy = Wi +wo M 3% + w3 M5 Un estimateur Three-step Richardson-Romberg
s’écrit alors comme

1< ()
NZ(leh—i-WQY]@—i-WgYJz) .

Nous passons de 'estimateur Three-step a ’estimateur Three-Level Richardson-Romberg
en appliquant une transformation d’Abel, Wi = wi+ws+wg = 1, Wy = wy + w3 et
W3 = ws, telle que

WlE[Yh]JrWQE[Yi —Yh] —|—W3E{YL—Y;I} E[w1Yh+wQYh twsYa |,
M

M2 M M2
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ce qui donne

Nl N NJ
W, Wk Ws ( (2).k 2) k) W3 ( (3).k (3), >
—_— E Y, —_— g Y, + — E Y, Y
N " N = Ns =

M M2

En généralisant cette définition & un niveau quelconque, un estimateur Multilevel
Richardson-Romberg (ML2R), introduit par Lemaire et Pages dans [LP17], s’écrit

Ly, e WIS i)k
1 ) j )
I = Iy = TS (v v, (1.4)
Ny —
k=1 j=2 k=1
avec les poids (Wf)jzl  définis comme Wf = ZE:]- witoti les wit, k=1,..., R sont

les solutions du systéme de Vandermonde V wf = e; avec

1 1 . 1
1 M~ ceo Moe(R-1)

V=V(MR,«a)=1] . . _ : (1.5)
1 M-oB-1) .. proa(R-1)?

Le biais de I'estimateur ML2R est encore une fois réduit par rapport au biais de ’esti-
mateur MLMC et s’écrit

R—-1 hR “
M~z
Ce gain sur le biais se paye dans le calcul de la variance, dans laquelle apparaissent les
R R\2
poids Var(If]XR,q) = — Var(¥y) + Z ( ) Var <Yh(j) - Y}L(J]L) Le cotit reste le méme

Ny & N

que pour MLMC, les poids n’ayant pas d’influence dans le calcul du cott.

1.1.2 Quelques remarques sur les poids

Nous remarquons que les poids sont donnés par une formule fermée et que ’ajout de
complexité dans le calcul de I'estimateur est donc négligeable. Nous donnons la formule ci
dessous et traitons le cas ¢; = 0.

1.1.2.1 Formule fermée
Quand ¢; # 0, la formule fermée pour les poids, solution du systeme (1.5), est donnée

par
oc(R 1)

_\E—k S (R—K)(R—k+1)
wi = "k — ooy k—g ) o\ TRk Ziay (1.7)
Hj;ék(nk nj) Hj:1(1_M J )Hj:l (1— M=)

1.1.2.2 Casc; =0

Nous remarquons que lorsque le premier coefficient dans le développement du biais est
nul, i.e.c; = 0, pour construire un estimateur qui tue les premiers R — 1 termes dans
le développement du biais, de sorte a garder seulement les termes en cg comme dans la
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formule (1.6), nous aurons désormais besoin que de R — 1 poids, que nous allons noter w;,

j=1,...,R—1, au lieu que R comme dans le cas ¢ # 0.
Nous notons n; = M7= et nous remarquons que si (wi,...,wg_1) est solution du
systeme
1 1 1 w1 1
1 ny @ ceonpYy Wy 0
= )
—a(R—2 —a(R—2
1 n, alf=2) nRi(l ) WR-1 0
alors
—Q —Q
n22 e nR2 1 w1 1
— o —ZQ
YD) ”R 1 ny wa
. . = ’
R—1 —a(R-1
1 ny o(R-) nR‘j(l ) n%  Wp_1 0

ce qui mene a l'écriture des poids suivante, dans le cas ¢; = 0,

R-1
R ne wi
W, = =g =7 r=L1....R—-1 (1.8)
=1 N W;

En remplagant la valeur des poids w dans les formules (1.8), le biais de I’estimateur ML2R
construit avec les nouveaux R — 1 poids w vaut

[ N] 1 R—2 hf ¢
E|L'|-Ih= (—1)"*cp () . (1.9)
R—-1 R— R(R-1)
Z =1 n] W] ! M 2
En valeur absolue, ce biais differe du biais sans premier coefficient nul (1.6) uniquement
par le facteur W Analysons la valeur de la quantité ZR 11 ng wf ! Prenons la

fraction rationnelle decomposee en éléments simples

1 1
H;-il(x “n; Z i(n =) (@ —n, )
On dérive des deux cotés
R

(=1) 1 _ 1 (1)
; (@ = P Tl =07 S Tuni® = ny®) (@ = ny®)?

ce qui donne, pour z = 0,

R R _ R-1
AL (—1)R-1 ;«( )nqn!a
i=1 i=1 i\
avec n! = Hle n;j. En simplifiant et en rappelant la valeur des poids (1.7), nous obtenons
R R
MaR -1 R
Mo —1 :ana:znlawl’
=1 =1

(voir Figures 1.1a, 1.1b et 1.1c). Cette quantité est plus grande que 1 et tend vers I'infini,
ce biais est donc inférieur au précédent avec les anciens poids, ce qui implique que, a cgr
équivalent, un choix de R qui rendrait le biais (1.6) inférieur & une certaine quantité, rendra
aussi le biais (1.9) inférieur a cette méme quantité. Cette considération sera a retenir lorsque
nous voudrons calculer les parametres optimaux dans le cas ¢; = 0.
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1.2 Nouvelle notation

Nous introduisons une nouvelle notation qui permet de prendre en compte des formes
de couches de correction différentes de Yh — Y}, comme 'on peut en rencontrer dans
les schémas de diffusion antithétiques ou blen dans la version smooth de nested (voir
les Chapitre 3 et 4). Pour continuer a tirer avantage de la somme télescopique dans le
développement du biais, I'estimateur doit rester le méme sous le signe d’espérance. Soient
079 het © (Yhf > e deux familles de variables aléatoires de carré intégrable qui approchent

Iy dans le méme sens de lerreur faible (W E,,), donc
E[Y¢] =E [Yhf] . (1.10)

Nous allons utiliser Y)® pour les simulations de pas grossier et Yhf pour les pas fins. On
suppose que le cout de simulation de chaque famille est inversement proportionnel aux
parameétres de biais, plus précisément Cost(Y) = k.h™t et Cost(YhJc ) = kgh™t. De plus, on
suppose que le cotit du couple s’écrit comme une fonction bivariée positivement homogene
des colits marginaux, c’est-a-dire il existe g : R* x R* — R* telle que, pour tout A > 0,

g Az, \y) = Ag(x,y) et Cost(Y, J() Yf (j)) = g(Cost(Y, J( )) Cost(Yf’( ))) Nous verrons
dans la suite que dans le cas des dlffusmns onag(r,y) =x+vyet dans le cas nested on a
Y(,f’f)

ni

g(x,y) = max(z,y). On note Yl(c’f) = et on définit

h
Z(h) =Y] — v, Z]:_Z< >,j:2...,R et 7y :=Y{
M nj—1

Supposons que les variables Z; soient indépendantes et que, pour tout j = 2,..., R, elles
satisfassent ’hypothese d’erreur forte

2

38>0,Vi20, |z = ‘Y{ —Ye, | | <WAPMTUTDE,

nj nj—1

Un estimateur MLMC s’écrit comme
R 1 N;
N _ k
I} _ZFZZj (1.11)
k=1

et un estimateur ML2R comme

R N;
W
=) Z (1.12)
j=1 "7 k=1
Par la suite nous nous autorisons N; = ¢;N. En vertu de 'hypothese (1.10) faite sur

le biais, ces deux estimateurs vérifient les propriétés de réduction du biais (1.3) et (1.6)
respectivement pour MLMC et ML2R.
La variance de ces estimateurs est inversement linéaire en N et s’écrit

R

1
1 g Var(Z;) pour MLMC,
Ny _ — J =l
Var(I;') = NU(TF) avec v(m)=4"4 (Wh? (1.13)
> 2% Var(Z;) pour ML2R.
45

=1
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On note K; = Cost(Z;) pour j > 1 et on écrit

K = HC% ot Kj=g (mf%,ncnjh‘l) . (1.14)

Les cout des estimateurs est linéaire en N et, par homogénéité de la fonction g, s’écrit

R
Cost(IN) = Nikch™t + ZNjg (kph ™ nj kch™tnj_1) = Nk(n) (1.15)
j=2
avec
R .
k() = ht qikc + Z Qij_lg (’%fv KVCM_l)
j=2

Une variante de l'estimateur (1.11) permettant de réduire ultérieurement le biais se
construit en ajoutant un comportement différent sur la derniere couche (voir [DR15] et
[AGJC16]). Nous considérons deux familles supplémentaires de variables aléatoires (Y,¢)pen
et (Yhf Jnen telles que Y¢ satisfait la méme hypothese d’erreur faible (W E,) que Y,¢ et Yhf ,
et Yhf satisfait une autre hypothese (W E,,) avec & > «. On définit

ZR = Y]; -Y° h

nR "R—1

et on suppose que Zp satisfait 'hypothese d’erreur forte

2 B o
35500120, | Zall =Bl - ve, || <vandar s
TR—1
Un estimateur MLMC s’écrit comme
1 Ny R-1 1 N, 1 Ng
= D 0+ ) 5 2 D+ D 2k (1.16)
™ . J R
N1~ =2 I =1 Nr (=

Grace a la somme télescopique sous le signe d’espérance des termes en Y, Yhf et th, le
biais de I’estimateur ne dépend que de la derniére couche et s’écrit

_(_h N\
/,L(h,R, M) >~ C1 <J\4_R_1> .

La variance et le cotut de cet estimateur s’écrivent

R-1

1 1 1 _
Var(IY) = N — Var(Z;) + — Var (Zg) (1.17)
j=1 q; qRrR
et
N R-1 ‘
Cost(Iy) = - | @k + Y ;Mg (g, M) + qpM g (R ieM ™) | (118)
j=2

L’idée a la base de cette construction est que le gain en termes d’ordre dans développement
du biais, @ > «, se paye par une augmentation du cotit, Ky > ky. En utilisant 1’approxi-
mation plus colteuse Yhf sur toutes les couches, I'impact sur le cout total de ’estimateur
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serait conséquent. Puisque cette construction utilise }_/hf seulement sur la derniere couche,
elle permet de profiter du meilleur développement de l'erreur faible de }_/hf sans que la
pénalisation sur le cout total de ’estimateur soit trop importante.

L’extension de cette variante a ML2R, est sans intérét, puisque le gain sur le biais obtenu
grace a la derniere couche ne dépasse pas le gain en biais obtenu par ML2R. De plus, la
construction des poids Wf” est étroitement liée au fait que le développement du biais est
le méme sur toutes le couches, donc pour ML2R nous ne définissons pas de variante en ce
sens.

1.3 Parametres optimaux

Nous rappelons avant tout que 'algorithme de Giles pour le calcul d’un estimateur
MLMC qui respecte Ierreur L? requise est un algorithme itératif, oti I’on part d’un niveau
L = 2 et on construit d’abord un estimateur MLMC avec tailles des couches données par
I’équation

L
Ny = {25%/%/}@ (Z \/wmﬂ , £=0,1,2,
=0

ou V} est la variance estimée, Ky est le colt de Z; et la racine est M = 2. Ceci assure que
%62. On applique ensuite un controle sur
Ierreur faible visant a assurer que le carré du biais soit inférieur a %82 (et donc une erreur
L? inférieure & ¢)

la variance estimée de 'estimateur est inférieure a

[EYL - Vil _ e

20 — 1 V2

Si (1.19) est respectée on s’arréte, sinon on pose L = L + 1 et on continue tant que la
condition (1.19) n’est pas atteinte.

L’algorithme obtenu par Lemaire et Pages dans [LP17] n’est pas itératif, mais consiste &

(1.19)

obtenir un jeu de parametres optimaux qui garantissent a priori la contrainte sur I'erreur L2.
Nous retragons avec les nouvelles définitions de la Section 1.2 le calcul des ces parametres
optimaux.

Définition 1.3.1. On définit leffort d’un estimateur comme le produit de sa variance et
de son cout
(IN) = Var(IY) Cost(IN).

L'effort de l'estimateur ¢(IY) s’écrit

R R R R
1 1
OI) = | D+ Var(Zy) | | DN | = | D o Var(Z)) > 4K (1.20)
j=1""7 j=1 j=1 17 j=1

donc I'effort ne dépend pas de N et nous écrivons ¢(IY) = ¢(m) = k(n)v(r). Le choix des
parametres optimaux (R*,h*, ¢*, N*) se fait en trois étapes.

1) A R fizé. Choix d’une stratification optimale ¢* = (g3, ---,q%5) qui minimise leffort.
2) AR fizé. Choix du parametre de biais optimal hA* qui minimise le cott, sous la
contrainte
12 = o, <&

La taille optimale N* découle du choix du biais.
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3) Choix de la profondeur optimale R*(¢) qui sature la contrainte h*(e, R*(¢)) = h.

Le Lemme suivant est d’une utilité cruciale et résout facilement 1’étape 1.

R
Lemme 1.3.2. Pour tout j € {1,..., R}, soient a; > 0, b; > 0 tels que qu = 1. Alors
j=1
R R R 2
J
2 [ e | = | X Vb
=1 % j=1 j=1
et l’égalité est satisfaite si et seulement si q; = p ajb]-_l, jJ = 1,...,R, avec u =
—1
R -1
(Ek:l \/ @by, > :
Le choix de la stratification optimale ¢* = (¢j,...,qp) est une conséquence du
Lemme 1.3.2.

Théoréme 1.3.3. Soit mg = (h, R). Alors le minimum de Ueffort s’écrit

> MLMC : ,
R

é(mo,q*) = | Y/ Var(Z))K; |
j=1

avec q;-‘(ﬂo) = u*\/%jzj) et u* est la constante de normalisation telle que

Zle qj =1.
> ML2R :

2
R

d(mo,q%) = [ D IWI|\/Var(Z))K; |
j=1

avec q;(ﬂo) = ¥ Wf ]\/@JZJ) et u* telle que Zle ¢ =1

Démonstration. 11 suffit de remplacer a; = Var(Z;) (pour MLMC) ou a; = (Wf”)2 Var(Z;)
(pour ML2R) et b; = K; dans le Lemme 1.3.2. O

Nous procédons ensuite au choix du parametre de biais & R fixé, qui résulte de la
minimisation du cott en h.

Théoréme 1.3.4. Soit R fixé. Le cout minimal d’un estimateur MLMC avec la stratifica-
tion q* est donné par le choix

-

h* = (1+20) % <6> " MER (1.21)
et s’écrit, lorsque € — 0,

. N
}%275 Cost(Yy) o+

lu(h,g*)|<e

)~ <<1+2a>1+21a> 1] Var(¥)

2a MER-1.2+5
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Le cotdt minimal d’un estimateur ML2R avec la stratification q* est donné par le choix

L

aR _
Bt = (1+2aR)" =% (H) s (1.22)
CR

et s’écrit, lorsque € — 0,

: N
}1275 Cost(Yz, o+
|u(h.q")|<e

) (14 2aR) %= \ |cg|ar Var(Yp)
20R Mt as

Démonstration. On remarque que le coiit s’écrit comme Cost(IY) = ¢(n)/ Var(IY). La
variance & son tour s'écrit Var(IY) = E [(IY — Ip)?] — p(h, R, M)?. Sous la contrainte
E [(I,]TV - 10)2] = £2, nous cherchons donc

arg min (70, 4")
heH 52 _H(h7R7 M)2

Nous observons grace a (1.15) et (1.18) que le cout est inversement proportionnel a h.
Les hypotheses (W E,) et (SE3) impliquent que, lorsque h — 0, Var(Y}) — Var(Yp) et
Var(Z;) — 0. Donc limp_,0 h¢(h, R, ¢*) est constante et on cherche

argmax h(e? — u(h, R, M)?).
heH

Comme dans [LP17], nous rappelons que, pour tous réels a, R’ > 0, la fonction g, r/ définie
par go 1 (€) = £(1 — a*¢*), £ > 0, satisfait

1

¢(a, R) := argmax g, g/ (€) = ((2R’ + 1)%a>_ﬁ (1.23)
£>0
. 2R’/
max go p = —1a_$. (1.24)
(0,400) (2R + 1) taw

Nous remarquons aussi pour la suite que

1 2R’
max (g, R’ i (125)

©O400) T Ea,R) ~ 2R+ 1

En utilisant les développements du biais (1.3) et (1.6) et en remplagant (R',a) =

(Ra, M%i{%) pour ML2R et (R, a) = (a, E]ch(ilR‘—l)) pour MLMC dans (1.23) et (1.24),
nous obtenons par le calcul les parametres de biais optimaux (1.21) et (1.22). O

Le choix de la taille de 'estimateur N découle de la linéarité du cout en fonction de
N (1.15) et du développement de la variance. En appliquant la contrainte sur I'erreur L2,
G o
() Var(IY) ~ & — u(h, R, M)
avec v(m) donné par (1.13). En remplagant le parametre de biais optimal A* on obtient,
grace a (1.25), pour MLMC

on obtient

_i_i

2 g2

N = (1 1 ) SR L Var(z))
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et pour ML2R

R (WJ)?
2aR 2 '
Avec la stratification optimale ¢* on obtient, pour MLMC,

N — ( 1 ) Zle qflear(Zj) (1 N 1) Zfb:l VVar(Z;)K;
2c

1 S
+ 20 g2 pre?

v (14
€

et pour ML2R

(W2
v ) 1 Zf:l # Var(Z;) ) " ]WR |/ Var(Z
B < + 2aR) g2 N ( * 20zR> pre?

Rappelons que la constante de normalisation p* n’est pas la méme pour MLMC et pour

-1
ML2R, plus précisément, pour MLMC p* = (Zle %) et pour ML2R p* =
J

(S Wiy EE)

De plus, on remarque que pour MLMC

Var( Z]
N; = ¢;N = 1 + o 52,/ Z \/ Var(Z; (1.26)

et pour ML2R

1 1 Var R
Nj:qjN=<1+2R>€2|W Z|W |/ Var(Z;

X . i L
Il reste a donner la formule pour R. Pour 'estimateur ML2R, nous supposons |cg|E — Coo
lorsque R — +00 et nous écrivons

L 1
14+ 4a \ 2eR Coo " P

h = (= _Coo h

(e, ) <1+2aR> <|CR|;‘> et

1
avec P(R) = @10{;(]\4) — Rlog(K) — 2 log(v1+4a/e), K = ¢%. Nous remarquons

o= |

1 s
que pour R grand (11:2%) ot (I CTL ) ~ 1. Nous notons Ry la solution positive de
cr| R

P(R) = 0, qui sature le biais, et prenons

En conséquence de ce choix de R*, nous choisissons comme parametre de biais opti-
mal la projection de h(e, R*(¢)) sur l'ensemble H = {% :n € N}, qui s’écrit h*(e) =

-1
h
h|ed| -
Le méme raisonnement s’applique a I'estimateur MLMC.

Le cout avec ce choix de parametres optimaux est supérieurement borné par une fonction
de € qui dépend de «a et 8. Plus précisément

Cost (Ifrv(e)) < Ko, B, M)v(e) (1.27)
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| vmrLme(€) | vML2R(€)
=1 ‘ e 2log(1/¢)? ‘ e 2log(1/e)
1-8 128 /21log(1/¢) log(M)
5<1 ‘ 212t ‘ o2 va V/2log(1/e) log(M)

TABLE 1.1 — v(e) for g € (0,1].

avec K(a, 3, M) constante et v(e) = ¢~ 2 dans le cas 8 > 1 et pour 3 € (0,1], v(¢) donné
par le Tableau 1.1.

Voir [LP17] et le Chapitre 2 pour une description plus complete de asymptotique du
cofit.

Grace aux hypotheses (W E,,) et (SEj), pour tout j > 1, il existe une constante V; telle
que I'inégalité suivante est vérifiée pour tout j =1,..., R

Var(Z;) < Vil
avec

5 Vi(l+ M~5)2 si B < 2a,

Vi(l+ M%) —2(1— M—)? sif=2a.
Plus généralement, nous pouvons remplacer ’hypothese d’erreur forte (S£Ej3) directement
par une hypothese sur la variance de la couche

Var(Z;) < Vi, j=2,...,R. (1.28)

Dans la pratique, 'estimation des variances Var(Z;), j = 1,..., R demande un temps
de calcul non négligeable. Pour éviter de devoir effectuer un pré-traitement qui serait trop
colteux pour le calcul de la stratification et de la taille de I’estimateur, il est donc préférable
de chercher une expression des parametres optimaux en fonction des VJ* = V*hf (avec

V* = V1, V4 selon I'’hypothese qu’on choisit), plutét qu’en fonction des variances. Si nous
avions maximisé les variances par V", nous aurions obtenu un majorant de I'effort ¢

2
R

$(m0.q") < $(mo.q") = | D\ JViEK; | -
j=1

Nous rappelons la notation

f(e) X g(e) lorsque ¢ —>0 <— limsup@ =1.
e—0 9(5)
On note (pour plus de détails voir ’Appendix A)

1
ag = v
H1§k§£—1(1 — M—he)

avec la convention [[o_, (1 — M%) =1, et

[y
[Ticper(l = M—Fe)’

Nous pouvons reproduire le méme raisonnement pour la minimisation de 'effort et du

by := (—1)£

cotit avec ¢ et finalement obtenir le Théoréme suivant.
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Théoreme 1.3.5. Supposons
Var(Z;) < Vi =V*h!.

(a) Estimateur ML2R : Supposons (W E,) et limp 40 |cR\% = (o € (0,400). Un esti-
mateur ML2R vérifie

Cost(IY (¢)) X Knror(a, B, M,V*, h)v(B, )

avec
g2 si B> 1,
v(e, B) = { e 2(log(1/2)) sif=1,

6726% 2log(1/¢) log(M) si B < 1.
La constante Kyrror(a, 8, M,V*, h) est donnée par

s \2
£ <\/Var(Yh) +/V*g(1, M) M% > sifp>1,

1-M 2"
V*g(l,M‘l)W si B =1,

. 1\ 2
V*g(l,M_l) (Cloo 2321 ’Z%;é bﬁ’ M%J) St B < 1.

)

(b) Estimateur MLMC : Supposons (W E,) et ¢y # 0. Un estimateur MLMC' vérifie

Cost(IY(€)) < Knurmc(a, B, M, V* h)v(S,e)

avec
g2 st B> 1,
v(e, B) = { e *(log(1/¢))* sif=1,
5_2_% si B < 1.

La constante Kyrparo(e, B, M, V* h) est donnée par

1—

2
(1+355)n (\/Var(Yh) +/V¥g(1, M~1) M?a) si 3> 1,

1-M 2

(14’%) V*g(l,M‘l)W si =1,
1 * _ MB-1 .

(1+355) V¥g(1, M 1)m si B < 1.

La preuve du Théoreme suit pas & pas la preuve du Théoreme 3.12 dans [LP17],
R
Jo
K(a,8,M,V* h) en tirant profit lorsque R — +oo d’une sorte de moyennisation des
|Wﬂ MU= qui est un résultat obtenu dans le Lemme 2.4.1 du chapitre 2.

Nous remarquons que,

ou au lieu que utiliser une majoration des poids W', nous améliorons la constante

e Lorsque B < 1, le cout de l'estimateur Multilevel avec poids (ML2R) croit a une
vitesse inférieure (et donc meilleure) lorsque ¢ — 0 que le coit de ['estimateur
Multilevel Monte Carlo (MLMC).
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o Lorsque B > 1, la vitesse des deux estimateurs est la méme (et est la méme que celle
d’un estimateur sans biais), mais la constante Kprrog(c, B, M, V* h) est plus petite
d’un facteur <1 + 1)
2c
Il est intéressant de remarquer aussi que, lorsque 8 = 1, les constantes devant les vitesses
sont faciles & comparer et donnent une condition sur M :

1 1 2
1+ — | V'gA, M) <V, M H————
( * 2a> 91, )a210g(M)2 =Vl )alog(M)
si et seulement si

2a+1
M > e 4a?

Quand « = 1, par exemple, on obtiens que lorsque M > el ~ 2.117,

KMLMC(O%B) M7 V*a h) < KMLQR(OC,,B, M7 V*7 h)

Les Parametres optimaux sont donnés explicitement dans le Tableaux (1.2) et (1.3).

2 log(M)

R(e) 1 log(c%h) N (1 log(¢Sh) >2 N 2log (V1+4da/e)

2 + log(M) alog(M)

1 .
h(e) h/ {h(l + 2aR)2o1zR'c“g<35alRMR21w

Vi
a(e) g = Wil i=1 R Y g=1
J 1<G<R
R
R *
N(e) (1 2aR> Z\Wj VK,

TABLE 1.2 — Parametres optimaux pour estimateur ML2R.

1
1 “h) log(vI+2
Re) L+ og(|e1] )Jr og(v1+ 2a/e)
log(M) alog(M)
h(e) h/ [hu + 2a)% |cl|és—éM—<R—1>]
Vi
q(e) G =p g i =1 R ) g =
J 1<j<R
1\ 1 &
N 1+— K
(€) ( +2a> #*52; Vi'K;

TABLE 1.3 — Parametres optimaux pour estimateur MLMC.



CHAPITRE 2

Théoremes limite

We will analyze the asymptotic behaviour of the estimators fs of Iy = E(Y)
of Multilevel type, when the required accuracy goes to 0. This is in the optimized
framework (where the level of the estimator depends on ¢) which ensures the
asymptotic minimization of the complexity.

These estimators satisfy a strong law of large numbers, in the sense that for
all sequence (g )x>1 such that >, e < 400,

IN(er) &5 Iy, as k — +oo.

We will weaken the assumptions on (ex)r>1 when Y}, has finite moments of
order greater than 2.

Then we are going to show a central limit theorem, using the following
decomposition

I7]rv(€)_10 € 1 €
T =me) + 095 + ———01(, ase— 0,
. (e) + 025 NG 1€

where (§ and (§ are two independent variables such that (¢, (5) LN (0, 13)

as € = 0 and m(e) = @ with p(e) = E [IY] — Iy bias of the estimator. The
term 02(5 comes from the sum of the fine correcting levels, whereas the term

]1\7( )alg‘f comes from the first coarse level. We will distinguish between two
13 g

cases, depending on the value of the limit —A—, which depends on 3. When

ev/N(e)

B8>1, - \/IIV@ converge to a non null constant, hence both the terms contribute
to the asymptotic variance of the estimator. Whereas when 5 < 1, % —0
3 €

and only the variance of the correcting levels contributes to the asymptotic
variance of the estimator. The normalized ML2R estimator is asymptotically
without bias, i.e.m(e) — 0, whereas the asymptotic bias of the normalized

- 1
. M- .
MLMC is lower and upper bounded T < ;1_>n% m(e) < \/ﬁ'

We will display two frameworks where these theorems apply, the discretiza-
tion schemes for diffusion processes, in the spirit of the results obtained by Ben
Alaya and Kebaier in [BAK15], and the nested Monte Carlo, which is a new
result to our knowledge.

This chapter led to an article accepted for publication in the journal Monte
Carlo Methods and Applications, entitled “Limit theorems for weighted and
regular Multilevel estimators” and written with Vincent Lemaire and Gilles
Pages.
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Il s’agit d’étudier le comportement asymptotique pour les estimateurs I.de I = E(Y))
de type Multilevel, lorsque la précision requise tend vers 0, ce dans le cadre optimisé (ou, no-
tamment, la profondeur de l'estimateur dépend elle-méme de ¢) qui assure la minimisation
asymptotique de la complexité.

Ces estimateurs obéissent a une loi forte des grands nombres, au sens o pour toute
suite (eg)k>1 telle que Y 4o &7 < +oo,

IN(ep) 225 Iy, lorsque k — 4-0c0.

Nous allons pouvoir affaiblir I'hypothese sur la suite (ex)r>1 lorsque Y}, a des moments finis
d’ordre supérieur a 2.

Nous allons ensuite montrer un Théoreme Central Limite, en utilisant la décomposition
suivante

IN(e) — I
M = m(e) + 025 + lorsque € — 0,

1 £

c 75 /7N<€)0-1417

ou (§ et (§ sont deux variables indépendantes telles que ({5, (5) =Y (0, I3) lorsque € — 0
et m(e) = @ avec p(e) = E [IN] — Iy biais de l'estimateur. Le terme 02(5 vient de la
somme des couches fines correctives, tandis que le terme . \/]1@

couche grossiere. Nous allons distinguer deux cas, selon la valeur de la limite de

01¢f vient de la premiere
1

ey/N(e)’

converge vers une constante non nulle, donc les

1

e\/N(e)

deux couches contribuent a la variance asymptotique de ’estimateur. Tandis que lorsque
B <1, —A— — 0 et seulement la variance des couches correctives contribue & la variance
ev/N(e)

asymptotique de 'estimateur. L’estimateur ML2R est asympotiquement sans biais, c¢’est-
a-dire m(e) — 0, tandis que le biais asymptotique de l'estimateur MLMC est encadré

qui dépend de . Lorsque 8 > 1,

M~ .
M2 ) <
Vit < limm(e) < JIt2a

Nous allons exhiber deux contextes ou ces Théoremes s’appliquent, les schémas de
discrétisation de processus de diffusion, dans 'esprit des résultats obtenus par Ben Alaya
et Kebaier dans [BAK15], et le nested Monte Carlo, résultat nouveau a notre connaissance.

Ce Chapitre a fait 'objet d’un article accepté pour publication dans la revue Monte
Carlo Methods and Applications, intitulé “Limit theorems for weighted and regular Multi-
level estimators” et co-écrit avec Vincent Lemaire et Gilles Pages.



Abstract

We aim at analyzing in terms of a.s. convergence and weak rate the perfor-
mances of the Multilevel Monte Carlo estimator (MLMC) introduced in [Gil0§]
and of its weighted version, the Multilevel Richardson Romberg estimator
(ML2R), introduced in [LP17]. These two estimators permit to compute a very
accurate approximation of Iy = E[Yj] by a Monte Carlo type estimator when
the (non-degenerate) random variable Yy € L?(P) cannot be simulated (exactly)
at a reasonable computational cost whereas a family of simulatable approxima-
tions (Y3 )ney is available. We will carry out these investigations in an abstract
framework before applying our results, mainly a Strong Law of Large Numbers
and a Central Limit Theorem, to some typical fields of applications : discreti-
zation schemes of diffusions and nested Monte Carlo.

2.1 Introduction

In recent years, there has been an increasing interest in Multilevel Monte Carlo approach
which delivers remarkable improvements in computational complexity in comparison with
standard Monte Carlo in biased framework. We refer the reader to [Gill5] for a broad outline
of the ideas behind the Multilevel Monte Carlo method and various recent generalizations
and extensions. In this paper we establish a Strong Law of Large Numbers and Central Limit
Theorem for two kinds of multilevel estimators, Multilevel Monte Carlo estimator (MLMC)
introduced by Giles in [Gil08] and the Multilevel Richardson-Romberg (weighted) estimator
introduced in [LP17]. We consider a rather general and in some way abstract framework
which will allow us to state these results whatever the strong rate parameter is (usually
denoted by ). To be more precise we will deal with the versions of these estimators designed
to achieve a root mean squared error (RMSE) € and establish these results as ¢ — 0. Doing
so we will retrieve some recent results established in [BAK15] in the framework of Euler
discretization schemes of Brownian diffusions. We will also deduce a SLLN and a CLT for
Multilevel nested Monte Carlo, which are new results to our knowledge. More generally our
result applies to any implementation of Multilevel Monte Carlo methods.

Let (2, A, P) be a probability space and let (Y})pey be a family of real-valued random
variables in L?(P) associated to Yy where H = {%, n > 1} such that limy,_,q HYh — Y(]H2 =0.
In the sequel, a fixed h € H will be called bias parameter (though it appears in a different
framework as a discretization parameter). In what follows we will be interested in the
computational cost of the estimators denoted by the Cost(-) function. We assume that the
simulation of Y, has an inverse linear complexity 4.e. Cost(Y3) = h~!. A natural estimator
of In = E[Yy] is the standard Monte Carlo estimator, which reads for a fixed h

N
1
N = NZY}? with  Cost(IY) = h™'N, (2.1)
k=1

where (Y,f)kzl are i.1.d. copies of Y} and N is the size of the estimator, which controls
the statistical error. In order to give the definition of a Multilevel estimator, we consider
a depth R > 2 (the finest level of simulation) and a geometric decreasing sequence of bias
parameters h; = h/n; with n; = Mi=1 j=1,... R.If N is the estimator size, we consider
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an allocation policy ¢ = (q1,. .., qr), such that, at each level 7 = 1,..., R, we will simulate
N; = [Ng;| scenarios (see (2.2) and (2.3) below). Thus, we consider R independent copies
of the family Y = (Yh(j ))heHa j=1,..., R, attached to independent random copies Yo(j )
of Yjy. Moreover, let (Y(j)’k) x>1 be independent sequences of independent copies of Y, We
denote by IN an estimator of size N of Iy, attached to a simulation parameter 7 € I ¢ R

> A standard Multilevel Monte Carlo (MLMC) estimator, as introduced by Giles

in [Gil08], reads

1 Ny R 1 N; Y
N _ 1N ]
I =g = 5 k§1Y +§2Nm 1( ~ v ) (2.2)
= J =

with 7 = (h, R, q).
> A Multilevel Richardson Romberg (ML2R) estimator, as introduced in [LP17], is a
weighted version of (2.2) which reads

M Ok R whk Ni 0 0k
N N ; :
=g = 5 PR ARMED PR (y 7). th_l) (2.3)
k=1 j=2 N; k=1
with 7 = (h, R, ¢). The weights (Wf)j:1 _pare explicitly defined as functions of the weak
error rate a (see equation (WE, ) below) and of the refiners nj, j = 0,..., R in order

to kill the successive bias terms in the weak error expansion (see Section 2.4.3 for more
details on the weights). When no ambiguity, we will keep denoting by IV estimators for
both classes. We notice that a Crude Monte Carlo estimator of size N formally appears as
an ML2R estimator with R = 1 and an MLMC estimator appears as an ML2R estimator
in which the weights set Wf‘ =1,5=1,...,R. Based on the inverse linear complexity of
Y4, it is clear that the simulation cost of both MLMC and ML2R estimators is given by

Cost( IhRq Zq] nj—1 +ny)

with the convention ng = 0. The difference between the cost of MLMC and of ML2R
estimator comes from the different choice of the parameters M, R, h, ¢ and N.

The calibration of the parameters is the result, a root M > 2 being fixed, of the
minimization of the simulation cost, for a given target Mean Square Error or L?-error ¢,
namely,

(m(¢),N(e)) = argmin Cost(IY). (2.4)
2 —ro]] <

This calibration has been done in [LP17] for both estimators MLMC and ML2R under the
following assumptions on the sequence (Y,)nez. The first one, called bias error expansion
(or weak error assumption), states

R —
Ja>0,R>1,(c))1<pcpy BV —EY] =) exh®™ + hfy, (h), (WE, r)
k=1

with limp, 07,(h) = 0. The second one, called strong approzimation error assumption,
states
>0 20, |[Vi-Y|} = B[V - v <wvin’. (SEp)
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Note that the strong error assumption can be sometimes replaced by the sharper

38>0,V4 20, |Vi—Yw

f:EUn—nﬁ

| <viln—n, naen.

From now on, we set IN(¢) := IAE()), where 7(e) and N(e) are close to solutions of (2.4)
(see [LP17] for the construction of these parameters and Tables 2.1 and 2.2 for the explicit
values). As mentioned by Duffie and Glynn in [DG95], the global cost of the standard
Monte Carlo with these optimal parameters satisfies

Cost (IN(2)) < K(a)5*(2+é)

where the finite real constant K («) depends on the structural parameters a, Var(Yj), h and
we recall that f(e) < g(e) if and only if hm sup g(e)/f(e) < 1. Giles for MLMC in [Gil0§]

and Lemaire and Pages for ML2R in [LP17] showed that, using these optimal parameters
the global cost is upper bounded by a function of £, depending on the weak error expansion
rate a and on the strong error rate 8. More precisely, for both estimators we have

Cost (Ifr\](e)) S Ko, B, M)v(e) (2.5)

where the finite real constant K (a, 8, M) is explicit and differs between MLMC and ML2R
(see [LP17] for more details). Denoting vyrpc and vyrror the dominated function in
(2.5) for the MLMC and ML2R estimator respectively, we obtain two distinct cases. In the
case B > 1 both estimators behaves very well as an unbiased Monte Carlo estimator i.e.
vaprpme(€) = varrar(e) = 72 In the case 3 < 1, the ML2R is asymptotically quite better
than MLMC since lim._,q ;1]»1;1 LLij = 0. More precisely, we have the following scheme

| vmrmc(€) | UML2R(€)
B=1 ‘ e 2log(1/¢)? ‘ e 2log(1/e)
B<1\ 2152 ‘ o2, V2 og(1/e) log(M)

The aim of this paper is to prove a Strong Law of Large Numbers (SLLN) and a Central
Limit Theorem (CLT) for both estimators MLMC and ML2R calibrated using these optimal
parameters. First notice that as these parameters have been computed under the constraint
HL]TV (e) — IOH2 < ¢, the convergence in L? holds by construction. As a consequence, it is
straightforward that, for every sequence (g )x>1 such that >, €2 < 400,

SB[ ) - L] < 4o, (2.6)

k>1

so that
IN(ep) 225 Iy, as k — +oo.

We will weaken the assumption on the sequence (g),>1 when Y}, has higher finite moments,
so we will investigate some LP criterions for p > 2. Moreover, provided a sharper strong
error assumption and adding some more hypothesis of uniform integrability, we will show
that

I¥(e) = Iy

. —m(e)i>/\/'(0,a2), as e — 0,
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with m(e) = ) where 1(e) = E [IN] — Iy is the bias of the estimator, and m? 4 o2 < 1,

€
owing to the explicit expression of the constraint

11N (e) = Io|)? = p(e)® + Var(I¥ (¢)) < &2 (2.7)

In particular we will prove that lim._,om(¢) = 0 for the ML2R estimator. More precisely
we will use in the proof the expansion

IN(e) — Iy 1
T =mle) + 095 + ———01(, ase— 0,
. (€) + o263 NG 1€

where (§ and (5 are two independent variables such that (¢, (5) N N(0, I5) as e — 0. We

will see that (] comes from the coarse level of the estimator, while (5 derives from the sum
of the refined levels. When 3 > 1, £1/N(g) converges to a constant, hence the variance o2
results from the sum of the variance of the first coarse level o3 and the variance of the sum
of the refined fine levels 03. When 8 € (0, 1], since /N (e) diverges, the contribution to
o2 of the coarse level disappears and only the variance of the refined levels contributes to
o2. More details on m and o will follow in Section 2.3.

The paper is organized as follows. In Section 2.2 we briefly recall the technical back-
ground for Multilevel Monte Carlo estimators. In Section 2.3 we state our main results :
a Strong Law of Large Numbers and a Central Limit Theorem in a quite general frame-
work. Section 2.4 is devoted to the analysis of the asymptotic behaviour of the optimal
parameters, to the study of the weights of the ML2R estimator and to the bias of the
estimators and its robustness. These are auxiliary results that we need for the proof of the
main theorems, which we detail in Section 2.5. In Section 2.6 we apply these results first to
the discretization schemes of Brownian diffusions, where we retrieve recent results by Ben
Alaya and Kebaier in [BAK15], and secondly to Nested Monte Carlo.

NOTATIONS :

o Let N* = {1,2,...} denote the set of positive integers and N = N* U {0}.

e For every x € Ry = [0,+00), [2] denotes the unique n € N* satisfying n — 1 < z < n.

o If (ap)nen and (by)nen are two sequences of real numbers, a, ~ b, if a, = €,b, with
lim, e, =1, a, = O(by,) if (¢4)nen is bounded and a,, = o(b,) if lim,, &, = 0.

We denote by e Var (X) and o(X) the variance and the standard deviation of a random
variable X respectively.

2.2 Brief background on MLMC and ML2R estimators

We follow [LP17] and recall briefly the construction of the optimal parameters derived
from the optimization problem (2.4). The first step is a stratification procedure allowing us
to establish the optimal allocation policy (¢i,...,qr) when the other parameters R, h, M
are fixed. We focus now on the effort of the estimator defined as the product of the cost
times the variance i.e. Effort(I) = Cost(IY) Var(IY). Introducing the notations

[N

MIi—1 MI—2

Viz2 Z;= (M];—1> (Y(ji - Y(ji > and Z; = Yh(l),
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a Multilevel estimator MLMC (2.2) or ML2R (2.3) writes

B
ZZl +Z ZWR<M] 1>QZJ’?
7j=2

where W' =1 for the MLMC and W/* = W for the ML2R. By definition and using the
approximation N; ~ Ng; the effort satisfies

R B
Var( Yh Var(Z;)
Effort (1 ij Cost(Z - > P(5pm) ). e
R
Given R, h, M, a minimization of ¢ € (0,1)% s Effort(IY) on {q e (0,1)%, qu = 1}
gives the solution -

G = I &
Cost(Yr) with M* such that qu' =1, (29)

ﬁ r
¢ = (3=) 2 W] gfst((zéj)) =1

using the Schwarz’s inequality (see Theorem 3.6 in [LP17] for a detailed proof). The strong
error assumption (SE/g) allows us to upper bound Var(Y}) and Var(Z;) by Var(Yp)(1 +

Ohs/ 2)2 with 0 = and Vl( + M g)Q respectively. On the other hand, we assume

Var(Y )
that Cost(Z;) = MMJ !, Plugging theses estimates in (2.9) we obtain the optimal
allocation policy used in this paper and given in Tables 2.1 and 2.2. Notice that this
particular choice for the ¢; is not unique, if we change (SFE3) with a different strong error
assumption, for example with the sharp version, then we have to replace the upper bound
for Var(Z;) with V(M — 1)? and a new expression for the g; follows. In the same spirit,
the Cost(Z;) can be different and hence have an impact on the g;, see [AGJC16] or the
nested Monte Carlo methods as examples of alternative costs.

The second step is to select h(e) € H and R(e) > 2 to minimize the cost of the
optimally allocated estimator given a prescribed RMSE & > 0. To do this we use the weak
error assumption (WFE, ) and we obtain

h(e) =h/ {h(l +2a)2 |Cl|é5*éM7(Rf1)-‘

with c; the first coefficient in the weak error expansion, for the MLMC estimator. For the

1
ML2R estimator we made the additional assumption ¢, = limpg_s0 ‘CR| R € (0,400) and

then we obtain
1

R—-1

h(e) = h/ [h( + 2aR) %R gos_alRM‘z-‘.

The depth parameter R > 2 follows and the choice of N is directly related to the constraint
(2.7).

We report in Tables 2.1 and 2.2 the ML2R and MLMC values for R(e), h(e),
q(e) = (q1(e),...,qr(e)), N(e) computed in [LP17] and used throughout this paper.
Note that these parameters are used in the web application of the LPMA at the address
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http://simulations.lpma-paris.fr/multilevel. The following constants are used in this paper
and in the Tables 2.1 and 2.2

Vi ~ : L
o=\t 4 B el € 00

B
1+ Mz - B
Cun= ——"" and C :<1+M5>\/1+M—1.
SME T AT M Mo

Notice that 1+M 2 comes from the (SEg) and V1 + M~! from the cost, hence the constants
Crp and Cu,p depend on them, but on anything else.

and

1 log(Eéoh) N 1 N log('cvoéoh) 2 N 2Iog (V1+4a/e)
2 log(M)

k(e) 2" log(M) alog(M)

R—-1

1
h(e) h/ [h(l + 2aR)%1REgos_alRM_2-‘

q=p 1+ ehg)
q(e) — S OhsC ~BBG-) s : _
q; = W 2fM7ﬁ‘W](RaM)|M 2 73_2a"'7R7 Z QJ_l

R
Var(Yp) [ 14617 + 017 Carp > [W(R, M) M =76

1 j=2
N 1
) ( " 2aR> et

TABLE 2.1 — Optimal parameters for the ML2R estimator.

N log(|cl‘ih) N log(v/1 + 2a/e)

og(M) | alog(M)
h(e) h/ {h(l 4 20)7 |cl|égféM—<R—1>]
q=p(1+ th)
) G = WOICy s MTE U =2 R Y g=1

ISG<R

R
Var(Yp) | 146082 + 015 Chp S M0

1 =2
N(e) <1+ ) T
2a e

TABLE 2.2 — Optimal parameters for the MLMC estimator.

In what follows, we will shorter these notations by setting

R(e) = {qﬁy 4 \/Cg) + OAOS(M) log <iﬂ (2.10)
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with
1 1
log(¢ah log(¢ah)\2 log(vI+4
Cz(zl) = 1 + 7og(c ) and 01(32) = E 70g(c ) + 2—0g ( + a)
2 log(M) 2 log(M) alog(M)

for ML2R and

R(e) = [C’g) + 0410;(1\4) log <i)w (2.11)
with
c 1y log1<rc1\ih> | log (VI +20)
og(M) alog(M)
for MLMC.

2.3 Main results

The asymptotic behaviour, as € goes to 0, of the parameters given in Tables 2.1 and 2.2

will be exposed in Section 2.4. We proceed here to the analysis of the asymptotic behaviour

of the estimator I (g) := Ifr\zs) as e — 0.

2.3.1 Strong Law of Large Numbers

We will first prove a Strong Law of Large Numbers, namely

Theorem 2.3.1 (Strong Law of Large Numbers). Let p > 2. Assume (WE, ) for all
R>1 and Yy € LP. Assume furthermore the following LP—strong error rate assumption

36> 0,V" 20, |[Vy - Yo' =E[|Vi - ¥|"] < VPR3P, hen. (2.12)

Then, for every sequence of positive real numbers (ey)g>1 such that Y, si < +o0, both
MLMC and ML2R estimators satisfy

IN(er) 25 Iy,  as k — +oo. (2.13)

2.3.2 Central Limit Theorems

A necessary condition for a Central Limit Theorem to hold will be that the ratio between
the variance of the estimator and e converges as € — 0. It seems intuitive that (SEz) should
be reinforced by a sharper estimate as h — 0. We define

- ()

A necessary condition to obtain a CLT is to assume that (Z (h)) hew 18 L2-uniformly inte-
grable. We state two results, the first one in the case § > 1 and the second one in the case
B <1

(V1o

h
(Yﬁ - Yh) and  Z; =2 (nj1> . (2.14)
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2.3.2.1 Case g >1
2
In this case, note that following (SEj) we have sup;-, Var(Z;) < Vi (1 + Mg) .

Theorem 2.3.2 (Central Limit Theorem, 5 > 1). Assume (SEg) for f > 1 and that
(Z(h))he”ﬂ is L2 ~uniformly integrable. We set

- lhg o M 2700 Var(2))

5 1 Var(Yn)
1

ol == and O'% = (2.15)
% Var(Yp)(1 + 6h?) b Var(Yo)ViCiy 5
with
1-8
8 ~ M=z
1-M=2
Then the following statements hold.
(a) ML2R estimator : Assume (WE, ) for all R > 1. Then
IN(e) - I
”(EZO Ly N(0,02+02), ase—0. (2.16)

(b) MLMC estimator : Assume (W E,, ) for R = 1. Then there exists, for every e > 0,
m(e) such that 4— < ’m(e)‘ < ——~— and

V142« 1+2«
IN(e) — Iy c 20 2., 2
f —m(E) —>N O,m (0'1 +02) s a36—>0. (217)

Note that the variance of the first term Y}, associated to the coarse level contributes
to the asymptotic variance of the estimator throughout o?, while the variances of the
correcting levels, Var(Z;),j > 2, contribute throughout o3. The normalized bias of the
ML2R estimator goes to 0 as € — 0, whereas the MLMC estimator has an a priori non-
vanishing normalized bias term. This gain for ML2R is balanced by the variance, which is
reduced of a factor 24— for MLMC. The constraint (2.7) yields o7 4 ¢35 < 1, which is easy

1+2«
to verify if we recall that

2 2 1
Var(Yy) < Var(Yp) (1 + 9h§> , Var(Z;) <V (1 + Mg) and m(e)? <

2.3.2.2 Case € (0,1]

In this case, we make the additional sharper assumption that }llimo HZ (h) Hz = Voo (M, B).
—
This assumption allows us to identify .liin Var(Z;). More precisely, note that owing to
Jj—+oo

the consistence of the strong and weak error 2ac > 8 and owing to (W £, ) we have

B B
h\% 2 h\% 2
E[Yh—Y h }:cﬂl—M“)() +o0 () ,
n; nj_1 n] TLJ

N
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We conclude that

voo(M, ) if 20 > 6,

veo(M, B) — (1 — M3)? if 2a = 6. (2.18)

lim Var(Z;) =
;m, Var(Z)) {
Theorem 2.3.3 (Central Limit Theorem, 0 < < 1). Assume (SEg) for 8 € (0,1].

Assume that (Z(h)) is L2 ~uniformly integrable and assume furthermore }lliné HZ(h) Hf
—>
Voo (M, B). We set

heH

B\"2 . _ .
2 UOO(M,,B)(l—l-M?) Vl1 2 if 2a > 3, (2.10)

<UOO(M,,B) —c%(1—M§)2) (1+M§)_ Vil oif2a = 4.

Then the following statements hold.
(a) ML2R estimator : Assume (WE, ) for all R > 1. Then

IN(e) — I
’T(EZO N N(0,0%), ase—0. (2.20)

(b) MLMC estimator : Assume (W E,, ) for R =1 and that 2a > 8 when 3 < 1. Then
there exists for every € > 0, m(e) such that 24— < ‘m(5)| < L1 and

V142« 1+2«
IN(e) — I 2
FE)-h m(e) N N(O, “ 02> , ase—0. (2.21)
€ 200+ 1

We will see in the proof that the asymptotic variance corresponds to the variance
associated to the correcting levels.

2.3.3 Practitioner’s corner

In the proof of Theorems 2.3.2 and 2.3.3 we will obtain the more precise expansion

IN(e) - Iy 1
T =me) + o5 + ——e
e ©)+ %6+ NG
where (§ and (5 are two independent variables such that ((f,(5) N N(0,15) as e — 0,

and the real values 31 and Y9 depend on whether we are in the MLMC or in the ML2R
case and on the value of 8. Fundamentally ¥ comes from the variance of the first coarse

Yi¢f, ase—0,

level and Yo from the sum of variances of the correcting levels.

When g > 1, we will prove in Lemma 2.4.3 that €\/N(g) converges to a constant as
€ — 0, hence both the coarse and the refined levels contribute to the asymptotic of the
estimator.

-1

When g < 1, we will see that (6\/]\7(6)) — 0 as € — 0 so that, asymptotically, the
variance of the coarse level fades and only the refined levels contribute to the asymptotic
variance. Still, it is commonly known in the Multilevel framework that the coarse level
is the one with the biggest size (speaking in terms of NNj), hence this term is not really
negligible. We can go through this contradiction by observing the inverse convergence rate
to 0, namely e/ N (). It is equivalent, up to a constant, to \/R(¢) when 8 = 1 and MRE)
when 8 < 1.
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1
- For ML2R, owing to the expression of R(g) given in (2.10), e\/N(e) ~ C(log(1/c))*
where C'is a positive constant when § =1 and e4/N(e) = o(¢7") for all n > 0 when § < 1.

Hence the convergence rate to 0 of (a/N (5)) is very slow. By contrast, 31 > 35, since

31 is related to the variance of the coarse level which roughly approximates the value of
interest whereas Yo is related to the variance of the refined levels supposed to be smaller

a priori. Hence the product (z—:\/m) o 331 turns out not to be negligible with respect to
39 for the values of the RMSE ¢ usually prescribed in applications.

- For MLMC, we get ¢y/N(g) ~ C4/log(1/e), C positive constant, for § = 1 and
ey/N(e) ~ Cle™'5 for B < 1. Hence, when 8 < 1, the slow convergence phenomenon is
still observed though less significant.

> Impact of the weights Wf, j=1,..., R on the asymptotic behaviour of the ML2R es-
timator : When 8 > 1, one observes that neither the rate of convergence nor the asymptotic
variance of the estimator depends in any way upon the weights Wf, j=1...,RIfpg<1

it depends in a somewhat hidden way through the multiplicative constant of e =2\ SERE)
in the asymptotic of N(e) (see Lemma 2.4.3 for more details). However, at finite range,
it may have an impact on the variance of the estimator, having however in mind that, by
construction, the depth of the ML2R estimator is lower than that of the MLMC which
tempers this effect.

2.4 Auxiliary results

This Section contains some useful results for the proof of the Strong Law of Large
Numbers and of the Central Limit Theorem. More in detail, we investigate the asymptotic
behaviour as € — 0 of the optimal parameters given in Tables 2.1 and 2.2 and of the bias
of the estimators and we analyze the weights of the ML2R estimator.

2.4.1 Asymptotic of the bias parameter and of the depth

An important property of MLMC and ML2R estimators is that h(¢) — h and R(g) — oo
as ¢ — 0. The saturation of the bias parameter h is not intuitively obvious, indeed it is
well known that h(e) — 0 as ¢ — 0 for Crude Monte Carlo estimator. Still, this is a
good property, because h = h is the choice which minimizes the cost of simulation of the
variable Y},, which we recall is inverse linear with respect to h. First of all, we retrace the
computations that led to the choice of the optimal h*(e) and R*(¢), starting from ML2R
estimator. We define

h(e,R) = (1 + 2aR) ™ %F|cp| arcar M 7

and we recall that this is the optimized bias found in [LP17] at R fixed. Since the value of
1 ~ 1
cr is unknown, it is necessary to make the assumption |cp|® — ¢ as R — +oo and |cr|” R
1 ~. . . .
is replaced by ¢~ «. The value of ¢ is also unknown and in the simulations we have to take
an estimate of ¢, that we write ¢. We follow the lines of [LP17] and define the polynomial
R(R-1) <\/1+4o¢>
€

P(R)= ————log(M) — Rlog(K) — élog

5 (2.22)
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where K = éah. We set R, (¢) the positive zero of P(R). The optimal value for the depth
of the ML2R estimator is R*(¢) = [Ry(¢)]. We notice that P(R*(¢)) > 0, R*(¢) — +0o0 as
e — 0, and R* is increasing in ¢. We can rewrite

L 1
1+4q \ 20R ¢ 100

hie, R) = | ——— —_— h.

(Ea ) <1+2OLR> <’CR|}1%> e R

We notice that

1
14+4 2aR C
+4a > L D

he, Be) = <1+2am

_1
|CR+ ‘ i

The optimal choice for the bias is the projection of h(e, R*(¢)) on the set H = {% :n € N},

which reads L
* _ h a
h(e)=h [h(e,R*(e))w |

When we replace |cR\% with ¢, we finally obtain

-1

* h h

h (E) - ) o At =l =L :h|r 1 —‘ ‘
{h(l + 20R*)2aR* ¢ag”aRF M~ 2 W h(e, R*) (\CR* Wé_1>a

Let us analyze the denominator

h _< 1+ 4« )‘MlR* _ P(R%)

. 2 UT2am © "
he, B (|en-|#7e1) "

Since P(R*) > 0 and since for R large enough the function (ﬁg‘i‘}%)im 1, hence,

up to reducing &,

1
1+4a \ 2R _ P(r*
<< c .
<1+2a *> e r <1, foralle € (0,8), (2.23)

which yields
h

h(e, R*) (|CR*

| =1 and Ah*(e)=h
%é*l)a

For MLMC we may follow the same reasoning starting from h(e,R) = (1 +
2a)*i]cllféeiMR*1. We just showed the following

Proposition 2.4.1. There exists € > 0 such that h*(e) = h for all e € (0,£].

In what follows, we will always assume that € € (0,£] and h*(¢) = h. This threshold &
can be reduced in what follows line to line.
As ¢ — 0, we have R = R*(¢) — +o0 at the rate ,/——2-=log (%) in the ML2R case

alog(M)
and log (%) in the MLMC case.

1
alog(M)
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2.4.2 Asymptotic of the bias and robustness

h, R(e), M
As part of a Central Limit Theorem, we will be faced to the quantity M,
€

where

p(h, R(e), M) = E [IN ()] — I

™

is the bias of the estimator. This leads us to analyze carefully its asymptotic behavior as
e — 0. Under the (WE, ;) assumption, the bias of a Crude Monte Carlo estimator reads

p(h) = cth®(1+m(h)),  limap(h) = 0.

The bias of Multilevel estimators is dramatically reduced compared to the Crude Monte
Carlo, more precisely the following Proposition is proved in [LP17] :

Proposition 2.4.2. The following statements hold.
(a) MLMC : Assume (WE, ) with R =1.

w(h, R, M) = ¢; <Mﬁl)a <1 +m (MZID (2.24)

with limp_,on1(h) = 0.
(b) ML2R : Assume (WE, ) for all R > 1.

R [e3%
B M) = (=) e (e ) (1 () (2.25)

where

R
1o RE=D Wy h
Nrp(h) = (1) M2 Y " —np(—)

r=1

with limp_,onr(h) = 0.

We notice that the ML2R estimator requires and takes full advantage of a higher order
of the expansion of the bias error (W £E, z), whereas the MLMC estimator only needs a
first order expansion. As the computationé. were made under the constraint HI,]FV —1Iy H2 <,
we have clearly that w < 1. We focus our attention on the constants ¢ and cq,
which a priori we do not know and that we replace in the simulations by ¢, = ¢1 = 1. If
we plug the values of h(e) = h and R(¢) in the formulas for the bias, owing to (2.22) and

(2.23) we get, for ML2R,

h, R(e), M)| = L - hoRE) ! c
(b, R(e), M)| = [cre)] RO = [cre)| o P(RE) KoF®) VIt ia
Clerel 1 £ cr(e)] 1

= €
olie) eaP(RE) T+ 4a = £ | /T4 2aR(e)
and, for MLMC,

1 M~ c1 1
— | —=¢ < |p(h, R(e), M)| £ | | ———=¢. 2.26
AW |u(h, R(e), M) ol et (2.26)
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We set m(e) := W(hREM Hence, when taking the true values éo = ¢ and ¢é; = ¢1, we
get
lim m(e) =0 for ML2R,
VR 1 (2.27)
\/ﬁ <il_r>r(1)m(€)§ \/ﬁ for MLMC.

For ML2R estimators, if cg has a polynomial growth depending on R, we have

1
li R =1
R%HEOO ICR’
and é,, = 1 corresponds to the exact value of ¢. If the growth of cp is less than polynomial,
the convergence to 0 in (2.27) still holds. The only uncertain case is when the growth of cg
1
is faster than polynomial. Then, if ¢ > |cr|E, |u(e)|/e goes to O faster than 1

v/14+2aR(e)’
but if we had taken ¢ < 1, we would have obtained
lim —’fgd = 400,
R—+o00 Cy

hence ¢ < 1 is definitely not a good choice. In conclusion, whenever the growth of cp
is at most polynomial, ¢,, = 1 remains a good choice. When the growth is faster than
polynomial it is better to overestimate ¢o, than to underestimate it. The remarkable fact is
that, when we choose ¢, we are not forced to have a very precise idea of the expression of
cRr, but only of its growth rate. The choice of ¢; for MLMC estimator is less robust, since
it is obvious that if we overestimate c; the inequality |u(g)|/e < 1/4/1 + 2« still holds, but
if we underestimate it we eventually may not have % < 1 as expected. Hence the bias
for the MLMC estimator is very connected to an accurate enough estimation of ¢;.

In Figures 2.1a and 2.1b we show the values of |c;| estimated with the formula

a=(5-0) (2pa]-em)

compared to the value plugged in the simulations ¢; = 1, for a Call option in a Black-
Scholes model with Xy = 100, K = 80, T' =1, ¢ = 0.4 and making the interest rate vary
as follows r = 0.01,0.1,0.2,...,0.9, 1. We simulated E [Y}], with h = T'/20, using an Euler
and a Milstein discretization scheme and making a Crude Monte Carlo simulation of size
N =108

In Figures 2.2a and 2.2b we show the absolute value of the empirical bias for different
values of r. In the simulations, we fixed ¢; = 1 and ¢ = 1. We can observe that when ||
is underestimated, the bias for MLMC and Crude Monte Carlo estimators do not satisfy
the constraint |u(e)| < e, whereas the ML2R estimator appears to be less sensible to the
estimation of ¢.

2.4.3 Properties of the weights of the ML2R estimator

One significant difficulty in the proof of the Central Limit Theorem that we stated in
Theorems 2.3.2 and 2.3.3, is to deal with the weights Wf appearing in the ML2R estimator.
Moreover, the analysis of the behaviour of the weights is necessary when studying the
asymptotic of the parameters ¢ = (q1, ..., qr) and N. These weights are devised to kill the
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coefficients ¢y, ..., cg in the bias expansion under the (W E, ). They are defined as
R
W= "w, j=1,...,R, (2.28)
r=j

where the weights w = (WT)T:17._.7R are the solution to the Vandermonde system Vw = eq,
the matrix V being defined by

1 1 1
. Y 1 ny n,
V=V(Ln%...,n %)= | . : : . (2.29)
1 n;a(Rfl) o n;a(R—l)

Notice that W{z = 1 by construction. In order to give a more tractable expression of the
weights Wf, one notices that the weights w admit a closed form given by Cramer’s rule,
namely

wy = agbp—y, £=1,..., R,

where
1

 licher o (1= M—key’
with the convention ngl(l — M%) =1, and

Qg

NS+

by = (_1)ZH1SIQSZ(1 — M_ka)v

As a consequence

R R—j
W?:Zasz_g: ZCLR_ng, ]E 1,...,R.
t=j (=0

We will make an extensive use of the following properties, which are proved in Appendix A.

Lemma 2.4.1. Let o > 0 and the associated weights (Wf)j:17,,,,R given in (2.28).

+00
(a) Egg_nooag = oo < +00 and ZZ; |be| = Boo < +00.

(b) The weights Wf are uniformly bounded,

VR e N*Vje{l,...,R}, (WE| < a0 Beo. (2.30)
(c) For every v >0,
R
, 1
i R| ar—(G-1) —
REI-{IOO;‘W]‘M My —1

(d) Let {v;} ;5 be a bounded sequence of positive real numbers. Let v € R and assume
that lim _vj =1 when v > 0. Then the following limits hold :

Jj—+oo

R 350 MU < oo for v <0,
Z ‘Wfl MW(j_l)vj Ry )R for ~v=0,
j=2 MRaog Yoy [SIZ b M7 for >0,
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2.4.4 Asymptotic of the allocation policy and of the size

Let us analyze the allocation policy ¢ = (q1,...,qr) for the ML2R case. Since

q(e) = p*(e) (1 + 9h§) (2.31)

and

0i(6) = 3 Ch g () [WHO| M516°D, =2 RG),  (232)

the condition Zf:(i) g; = 1 yields

-1
R(e)

i) = [14om? [14+Cys Y ’Wf(a)
i=2

B+1

M—T(j_l)

Owing to Lemma 2.4.1 (¢) with v = %, the limit of this term as ¢ — 0 is

C -1
pr=(1+6n% 1+ 22 )] .
M= —1

Moreover, for all € € (0, £], the following inequalities hold :

8 ~ 1 1

Remark 2.4.2. If we set Wf(a) =1 forallj=1,...,R(e), and aoogoo =1, we obtain

the same results for the MLMC' allocation policy.
The asymptotic of the estimator size N = N(¢) is given in the following Lemma.

Lemma 2.4.3. We have N = N(g) — +00, as € — 0, with a convergence rate depending
on B as follows :
Case (3> 1 : We have N(g) ~ Cge™2 with

1-8

_ M
14 6h7 (14 Cyp——rr
1— M =32

1 for ML2R,

Var(Y(
_ Var(Yp) .
14+ — for MLMC.
2

*

Cp

(2.34)

Case § <1 : We recall the expression of R(e) given in (2.10) for ML2R and (2.11) for
MLMC. Then

R(e) if B=1,

N(e) ~ Cge? z
€)~ Ca {MU’R@ if B<1

where the constant Cg reads

B 1 for ML2R,
Cy = Meh%CM,g 1 if B=1 (2.35)
u* 1+ %0 for MLMC
«
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and
J—1 51
B3
Var(Yo) - s - aooz > b M= for ML2R, |
Cs - Oh2Chp Jleé:O . if B8<1. (2.36)
<1 + ) 13 fO?“ MLMC
200) v 2

We notice that for 5 > 1 the asymptotic behaviour of N(e) for ML2R does not depend
on the weights Wf and the difference between the coefficient C'z for ML2R and for MLMC
estimator lies only in the factor (1 + i), whereas when § < 1 the asymptotic of the weights
has an impact on the behaviour of N(e) for ML2R. Still, in this case we observe that if

Goo = 1 and ’Z‘é;é bg‘ =1 for all j > 1, then
1
M5 1

Jj—1 51
S5 -

=0

Y

J=1

and the factor (1 + i) appears again to be the only difference in the coefficient Cz of N (¢)
for the two estimators.

Démonstration. > ML2R : The estimator size N reads

R(e)

1 Var(Yp) 1 1-8
N =N = (1 = [1+0n% +on2c WO sy
©) (*m(@) ] A o 2
We notice that R(e) — 400 as € = 0 and use Lemma 2.4.1 (d) with v = =55, with v; =1

for each j > 1, to complete the proof on the ML2R framework.

> MLMC : The result follows directly from the convergence of the series

Zf:(? MU —1 since N reads

R(e)
1\ Var(Yp) 1 8 - 1-B:
N:N(a):<1+2a> —~— | 1+ 6h> 1+CM75§‘ 2jM2<J b
j:
as desired. O
2.5 Proofs
We will use the notations
Ni(e) R(e) WR(E) Nj(e)
(1)k (1)J€ 72 J vk
and IZ:= Y:
W 2 FLNe &0

where we set

Y, =y —yU) —E[Y(hj)—Y(jg], j=1,...,R(). (2.37)
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These notations hold for both ML2R and MLMC estimators, where we set Wf(e) =1,
j=1,...,R(g), for MLMC estimators. We notice that
IY¥(e) = Ip = I} + IZ + u(h, R(e), M) (2:38)

where the bias u(h, R(e), M) — 0 as ¢ — 0 (see Section 2.4.2 for a detailed description of
the bias).

2.5.1 Proof of Strong Law of Large Numbers

The proof of the Strong Law of Large Numbers is a consequence of the following Pro-
position.

Proposition 2.5.1. Let p > 2. There exists a positive real constant K(M, 3,p) such that

E [ & p} < K(M, 8, p)e. (2.39)

Proof. > ML2R : We first give the proof of (2.39) for the ML2R estimator. As a first step
we show that, for all p > 2,

~ P .
B[|%[] < Cugpd %670, j=1,..,RE), (2.40)
with Carg, = 22V (14 Mg)p h'?. By Minkowski’s Inequality

(B[7) < vy v,

TLJ n

+ B[ v ||

i=11lp J -1

Yn —Y n

ng nj_1

Yn —Y n

'I’LJ n

Yn —Y n

ng nj_1

|

l

-

J—=11l1

p p

Applying again Minkowski’s Inequality, the LP-strong approximation assumption (2.12)
yields (2.40).
As the random variables (%"“)k>1 are 4.1.d. and the (}7‘7)]-:1,.“71%(5) are centered and

independent, Burkholder’s Inequality (see [HHS0], Theorem 2.10, p. 23) and (2.40) imply
that there exists a positive universal real constant C), such that

P
R(e) Nj(2) yrRe) [P R N; (&) /ywhE N\ 2|2
72|71 _ i vk | < i vk
el 5| S | <o | Y ()
j=2 k=1 "7 j=2 k=1 J
2 5 g
R(e) N;(e) WR(E)N R(e) ’WR(‘?) ‘2 s 2 2
< o) | o\ we EE
=\ Nite) Nj(e)

VS|
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As Nj(e) = [N(e)gj(e)] > N(e)gj(e), we derive that
1 1
< , J=1 aR(E)'
Nj(e) = N(e)gj(e)
It follows from the expression of ¢; given in (2.32) and from inequality (2.33) that
R(e)
W. .
A e O}
qj (8) thgMﬁH*
Then, using that sup ]Wf| < oo Bao, We get
je{1,..,R},R>1
R(e) 5
~|P ~ N5 (8 At 1 18
E||2[] < s (amBoc)* (05 CH007) | MR 6D
@2
Owing to Lemma 2.4.3, up to reducing &, we have
. ) 1 if B> 1,
Ve € (0, 4], < Ze?{ R(e)! if =1, (2.41)
N(e) Cg 1-8
M~z B i <1
Moreover,
1 .
— if 6>1,
R(e) ) 1-M 2~
M= 0D <! R(e if p=1,
LS
=2 M 12,gR( ) lf B < 1
M2 -1
Then
D
1 BE 2
MU= < KeP
with
15\ ~% |
. (1—MT> i8> 1,
2\ 2
KlzKl(M,B,p): <O> 1 lfﬁzl,
B B _p
(M%-l) 2 B <1
Hence (2.39) holds with
~ \5 8 -5
K(Mvﬁvp) = CpCM,ﬁ,Q (aooBoo) <9h§QM,,8H*) K.

> MLMC : The proof for the MLMC estimator follows the same steps, by replacing

Wf(s) =1,for j=1,...,R(e), and asoBoc = 1.

O]

The Strong Law of Large Numbers follows as a consequence of Proposition 2.5.1.
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Proof of Theorem 2.5.1. Owing to the decomposition (2.38), equation (2.13) amounts to
proving
Ekﬂo as k— +oo and fgk@O as k — +oo. (2.42)

As lim._,o N1(e) = 400 and the (Yél)’k)kzl are i.i.d.and do not depend on &, the
convergence of Islk is a direct application of the classical Strong Law of Large Numbers, for
both ML2R and MLMC estimators.

To establish the a.s. convergence of I fk, owing to Proposition 2.5.1 it is straightforward
that for all sequence of positive values (ej)x>1 such that e, — 0 as K — 400 and Zkzl Ei <
+00

S]] <
E>1
~. P ~
Hence, by Beppo-Levi’s Theorem, >, ng < 400 a.s., which in turn implies ng &2y

0 as k — +o0. O

2.5.2 Proof of the Central Limit Theorem

This subsection is devoted to the proof of Theorems 2.3.2 and 2.3.3. In order to satisfy
a Lindeberg condition, we will need the assumption (Z (h)) is L?—uniformly integrable.

Owing to (WE, ), R=1,

heH

[E[Z(h)]] = |ea(1 — M®)|ho=2 + o(h~%).

Since 2« > 3, this deterministic sequence (E [Z (h)]) hey 18 bounded. Hence, the L2 uniform

integrability of (Z(h)))cs, vields the L*—uniform integrability of the centered sequence

(Z(h)) gy = (Z(h) = E[Z(R)]) ep-
One criterion to verify the L?—uniform integrability is the following.

Lemma 2.5.1. The following statements hold.
(a) If there exists a p > 2 such that sup,cy HZ(h)Hp < oo the family (Z(h))
L?—uniformly integrable.
(b) If there exists a random variable D) € L? such that, as h — 0,

hen S

Z(h) £ D)

then the following conditions are equivalent (see [Bil99], Theorem 3.6) :
(i) The family (Z(h))heH is L?—uniformly integrable.
(ii) iy || Z ()], = [ DA,

Now we are in a position to prove the Central Limit Theorem, in both cases § > 1 and

B € (0,1].

Proof of Theorems 2.3.2 and 2.5.3. Owing to the decomposition (2.38) (with W
j=1,...,R(e) for MLMC estimator)

R(e)

;=

D)~y It B pth R, M)
S 9 9 S
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where .751 and fg are independent. The bias term has already been treated in (2.27).

> ML2R : Formulas (2.16) and (2.20) amount to proving, as ¢ — 0,

72
MN@EiNOﬁmm» (2.43)  and igiN@J@ (2.44)

q1

I 1 ~
with oo = o for 8 € (0,1]. Indeed, for (2.43) let us write = = ————+/N(e)I}. Usin
2 B ( ] ( ) c 8\/@ ( ) £ g

Lemma 2.4.3, N(g) reads

1 if 8> 1,
N(e) 2% Cse72{ R(e) if =1, (ML2R)
MSRE) if g <1,
: . 1 1!
In particular, since R(¢) — +oc ase — 0, when § < 1, NG = o(e) and the term = — 0
€ 5

in probability. Since Yél)’k does not depend on ¢, Ni(¢) = 400 and Ni(¢)/N(e) — q; as
€ — 0, the asymptotic behaviour of the first term is driven by a regular Central Limit
Theorem at rate /N (g), i.e.

1 Ni(e)

N1(€)

VN@EI = /N

(Yél),k _E [Yh(l),kD 0 <07 Var (Yh))

el q1

which proves (2.43).

We will use Lindeberg’s Theorem for triangular arrays of martingale increments (see
Corollary 3.1 p.58 in [HH80]) to establish (2.44). The random variables f/]k being centered
and independent, the variance reads

R(e) Nj(e) R(e) R(e) R(e)
1TW. 1 W ~
Var S = = J N;(e)Var (Y;
= l; e Nj(e) 7 €2 = (J\G-(s)) () ( ])
R\ 2
B iR(E) (Wj (8)) . (y)
e N !

Noticing that 0 < 1 — ﬁ < m%, x > 0, and that N;(e) = [¢;j(e)N(e)], we derive

R (WEE)? Re) (WEE)’ R
;H ( Nj(a)> var (¥;) - ;2 gj(g)N(z-) var (V;)

The conclusion will follow from
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Vm(z):ag (2.45)

and

(©)
EMMQX:(“Z ) Vﬂ(ﬁ):u (2.46)

~ B
Owing to the definition of Z; given in (2.14), we get Var(Y;) = (%) Var(Z;) and,

using the expression of g;j(¢) given in (2.32), we obtain

R(e
R(e) Wj( )) . e R(e)

vV.) — R(e) 1)
AN V. = s G-
g2 — N(e)gj(e) Var( j) e2N(e) HC'MBM Z ‘ Var(Z;).

e Case f > 1: Owing to the expression of N(¢) given in Lemma 2.4.3 when § > 1,

B
2

; 1 h? 1 h
1m = &
e—0 62N( ) QQMﬂM*(E) )Y Var(Yo)VlgMﬁ

and owing to the limit in Lemma 2.4.1 (d) with v = % <0,

“+00
MU D Var(z) = 3 M7 07D Var(Z;) < +oc.
j=2

R(e)
5w
j=2

Hence the convergence of the variance (2.45) holds for Theorem 2.3.2.
e Case B <1 : Owing to the expression of N(g) given in Lemma 2.4.3 when 8 < 1, we get,
as e — 0,

1 h?
2N (e) 6C p1*(¢)
1 (R( ifg=1,
~Y _1 )
V1<1—|—M2> ( aoozj>1‘z bé‘M ) if 6<1.
We notice that lim Var(Z;) = 0o(M, ) if 20 > f and lim Var(Z;) = 0s(M, B) —
J—rtoo j—+oo

c <1 - M5> if 2o = . Hence, owing to the limit in Lemma 2.4.1 (d) with v = % >0,
we obtain (2.45) with o3 = ¢ given in (2.19) in Theorem 2.3.3.
For (2.46), it follows from the expression of g;(¢) in (2.32) that

(WO ey
4i(€) g3 Cy ut(e)
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Owing to the definition of Z; in (2.14) and to inequality (2.33), we get

2
() (whe) 8 R(e)
~ h 1 .
iz Z <J)2 Var (yj) < - 5 MmE=1 Var(Z;)
€ =2 (Qj (€)N(E)) (ehggMﬁH*) (EN({':)) =2
h? MERE-1
< supVar(Z-)) _.
(ghggMﬁH*)Q (5N(5))2 <j21 J M—-1
We conclude by showing that
MEE)
—_— . 24
ENE)? —0, as €—0 (2.47)

Owing to the expression of R(e) given in (2.10), we notice that
R(s) =0 ( log(l/e)) - o(log(l/s)) as & 0.

2
Moreover, using Lemma 2.4.3, up to another reduction of &, we have W < ((7,) g2
for all 8 > 0. This in turn yields

MR(E) 2 2 2 R 2 log(M)R 21 1
(&N(E))QS<C) 2MRE) = 052 DRE2181/9) 0 as 250,
B

Then (2.46) is proved and so is the first condition of Lindeberg’s Theorem.

For the second condition of Lindeberg’s Theorem we need to prove that, for every n > 0,

R(e) Nj () LWEE 2
SSNS B[ ) 1y wre =% 0. (2.48)
— 9 Nj(é‘) J le vk
7j=2 k=1 € Nj(a) 3J >n
Since the <§~/]k) are identically distributed, we can write
k=1,...,N;(e)
RN | whe N ]
DB Y] L) wee
=2 k=1 e Nj(e) { cmT Y >?7}
2
R(e) 1 WR(‘S) N

We set Zj = Zj — E[Z;]. Replacing ¢; by its values given in (2.32), using Inequality (2.30)

from Lemma 2.4.1 (b) and the elementary inequality le(g) < qj(g)lN(E), yields
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)

g | ()
MEUTUE (V)1 o
{If/j|>n“‘ ALt <5>5N<€)}

~\ 2
Z») 1, -
< ’ {|Zj>7/901y[’5,u*€N(€)M]21}]

hg ~ 9 1 R(e) s
— 7(100300 sup E Z 1 _ (e) - MT j—1
0C vr 1" 2<j<R(e) (Z3) {|ij>95N(a)M—RT} 22N (e) ];

where we set © = 1n0C; 3"V M. Now, it follows from Lemma 2.4.3 that

1 ) 8
1— .
- MT(J*U
e2N(e) Z
7j=2
1-8 1—
1 M=z BE) _ pr-
= 1 R 1)1 - K
ZNE) ( M ey TEETY {ﬂl}>
(c)
as € — 0, where K is a real positive constant. Owing to (2.47) lin% eN(e)M™ S +00.
E—r

Hence, since we assumed that the family (Z;);>1 is L?~uniformly integrable, we obtain that

lim sup E
e702<j<R(e)

(Zj)21{ R<>1}] =0 (2.49)

|Z;|>©eN(e)M™ " 2
and the second condition of Lindeberg’s Theorem is proved.
> MLMC : The proofs are quite the same as for ML2R, up to the constant 1 + i, coming

from the constant Cg in the asymptotic of N (). Using Lemma 2.4.3 and the expression of
R(e) given in (2.11), we obtain

1 if B >1,
N(E) €20 058_2 @ log (%) if =1, (MLMC)
5 if B < 1.

We replace Wf =1,j=1,...,R and aooéoo = 1. The only significant difference comes
when § < 1, while proving (2.47). In this case, owing to Lemma 2.4.3 as we did in (2.41)
and using the expression of R(e) given in (2.11), up to reducing &, we can write

ME(@E)

2\? , 2\° M 5
< (2 23-0-pRERE) < (2 e+ 2L
@N@P‘<%>€ =\c toE

B

which goes to 0, owing to the strict inequality assumption 2o > 3. O
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2.6 Applications

2.6.1 Diffusions

In this section we retrieve a recent result by Kebaier and Ben Alaya (see [BAK15])
obtained for MLMC estimators and we extend it to the ML2R estimators and to the use
of path-dependent functionals. Let (X¢).c[o,7] @ Brownian diffusion process solution to the
stochastic differential equation

t t
X, = Xo —|—/ b(s, Xs)ds —|—/ o(s,Xs)dWs, te€]0,T)
0 0

where b : [0,7] x R? - R% o : [0,7] x R? — M(d,q,R) are continuous functions,
Lipschitz continuous in z, uniformly in ¢t € [0,7], (W¢).ejo,7) is @ g-dimensional Brownian
motion independent of X, both defined on a probability space (2,4, P).

We know that X = (X;)e[o7) is the unique (F}");ep0,r-adapted solution to this equa-
tion, where 7" is the augmented filtration of W. The process (Xt)tefo,r) cannot be simula-
ted at a reasonable computational cost (at least in full generality), which leads to introduce
some simulatable time discretization schemes, the simplest being undoubtedly the Euler
scheme with step h = £, n > 1, defined by

t t
0= X+ / b(s, X7)ds + / o (s, X)W, (2.50)
0 B 0 a

with s = [ns/T| %, s € [0,T]. In particular, if we set ¢} = k%,
G = X+ b(E Kb+ ol KpVAUE,, ke {0,..on—1)

Win  —Wn
k+1

where U, | = ks d.4.d. with distribution N(0, I;). Furthermore, we also derive

from (2.50) that
X =XP+bt, X[t —t)+ot, X)Wy — W), te[0,T).

It is classical background that, under the above assumptions on b, o, Xo and W, the Euler
scheme satisfies the following a priori LP-error bounds :

T
< cb,avp,T\/; (1 + }|X0HP) . (2.51)

p

sup |X; — th|
te[0,7)

vp > 2) E|Cb,0',p,T > 07

For the weak error expansion the existing results are less general. Let us recall as
an illustration the celebrated Talay-Tubaro’s and Bally-Talay’s weak error expansions for
marginal functionals of Brownian diffusions, i.e. functionals of the form F(X) = f(Xr).

Theorem 2.6.1. The following statements hold. (a) Regular setting (Talay-
Tubaro [TT90]) : If b and o are infinitely differentiable with bounded partial derivatives
and if f: RY — R is an infinitely differentiable function, with all its partial derivatives
having a polynomial growth, then for a fired maturity T > 0 and for every integer R € N*
B R 1\ * 1\ B+

E[f(X})] —B[f(Xr)] = a <n> +0 ((n> ) (2.52)

k=1
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where the coefficients ¢ depend on b, o, f, T but not on n.
(b) (Hypo-)Elliptic setting (Bally-Talay [BT96a]) : If b and o are infinitely differentiable
with bounded partial derivatives and if o is uniformly elliptic in the sense that

vz e RY, Vit € [0,T], oo*(z)>eoly, €0 >0

or more generally if (b,o) satisfies the strong Hérmander hypo-ellipticity assumption,
then (2.52) holds true for every bounded Borel function f : R? - R.

For more general path-dependent functionals, no such result exists in general. For va-
rious classes of specified functionals depending on the running maximum or mean, some
exit stopping time, first order weak expansions in h®, a € (0, 1], have sometimes been esta-
blished (see [LP17] for a brief review in connection with multilevel methods). However, as
emphasized by the numerical experiments carried out in [LP17], such weak error expansion
can be highly suspected to hold at any order under reasonable smoothness assumptions.

In this section we consider F : Cy([0, 7], R%) — R a Lipschitz continuous functional and
we set

- T
Yo=F(X) and Y, =F(X")withh=—andn>1(ie. h=T).
n

We assume the weak error expansion (WFE, p). We prove now that both estimators
ML2R (2.3) and MLMC (2.2) satisfy a Strong Law of Large Numbers and a Central Limit
Theorem when ¢ tends to 0.

Theorem 2.6.2. Let Xo € L? and assume that F : Cy([0,T],R%) — R is a Lipschitz
continuous functional. Then the assumption (SEg) is satisfied with § = 1.

If Xog € LP for p > 2, then the LP—strong error assumption HYh — YoHp < Vl(p)\/ﬁ 18
satisfied so that both ML2R and MLMC estimators satisfy Theorem 2.3.1.

If Xog € LP for p > 2 and if F is differentiable with DF' continuous, then the sequence
(Z(h))he% is L? —uniformly integrable and

s >0, lim 1Z()||? = (M — 1)vee. (2.53)

As a consequence, both ML2R and MLMC' estimators satisfy Theorem 2.3.3 (case B =1).

Proof. First, note that if F' is a Lipschitz continuous functional, with Lipschitz coefficient
[FLip, we have for all p > 2

¥~ Yall? < [FEE | sup |X,— XpP

p
te[0,T] S [F]iipcg,oﬁp,T(l + HXOHP)ph27

then (Y3)nen satisfies (SEg) with § = 1 and the LP—strong error assumption as soon as
Xo € LP.

Assume now that Xg € LP for p > 2. By a straightforward application of Minkowski’s
inequality we deduce from the LP—strong error assumption that HY% — Yth < Cvh and

then that supjcy HZ(h)Hp < 4o00. Applying the criterion (a) of Lemma 2.5.1 we prove that
(Z(n)) ey 18 L?-uniformly integrable.

At this stage it remains to prove (2.53). The key is Theorem 3 in [BAK15], where it is
proved that

vnM (X”—X”M) Stably, UM asn — +o0,
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where UM) = (U(M) )telo,1] is the d—dimensional process satisfying

F ZV% )V (Xs)pi(Xs)dBY,  t€[0,T]. (2.54)

i,j=1
We recall the notations of Jacod and Protter [JP98]

dX; = p(X;)dW; = ZQD] X;)dw;
7=0

with ¢ ; representing the jth column of the matrix ¢ = [pjjli=1,..q, for j = 1,...,q,
j=1,"q
0o = band W = (t, W},..., W) (column vector), where W = t and the q remaining

components make up a standard Brownian motion. Moreover, Vi ; is a d x d matrix
where (Vo )i = O i (partial derivative of ¢;; with respect to the kth coordinate) and
(Vi)eejo,r) is the R%*? valued process solution of the linear equation

Vt—Id—FZ/ij VAW, te[0,T).

Here (BY )i<i,j<q is a standard ¢ 2_dimensional Brownian motion independent of W. This
process is defined on an extension ((NZ, f, (ft)tzo, 15) of the original space (2, F, (Ft)t>0, P)
on which lives W.

We write, using that h = %,

Z(h) = VnM (F(X™™) - F(X")) = - /01 DF (uX" + (1 —u)X"™) du - UM

where U7(1M) = vVnM (X" — X”M). The function (z1,x2,z3) — fol DF(uxy + (1 —
u)ze)duzs is continuous, and it suffices to prove that (X'",X"M, U,SM)) £ (X, X, U(M)),
as n goes to infinity, to conclude that

Z(h) & —DF(X) UM, as h — 0. (2.55)

Let two bounded Lipschitz continuous functionals be ¢ : Cy([0,T],R?>?) — R and 1 :
Co([0,7],R?) — R and let denote X™ = (X", X™M) and X = (X, X). We write

E |¢(X")(UM) - o(X)u )] =
E [(6(X") = 6(X)e(UM) + 6(X)((UPM) - w(@D))]

Since (U,SM))R>1 converges stably with limit U™) | we have that

lim B [¢(X) (@(UM) — (@) =o.

n—-+0o00

On the other hand, owing to (2.51), we prove that
lim B [(6(X") - 6(X)p(UM)] =0,

n—-+o0o

By (2.55) and Lemma 2.5.1 (b) we have

2
tin 2002 = [ DFCOUDE = (01 = 1y
with vy = HDF(X)%H2 which does not depend on M owing to the definition of UM

given in (2.54). O
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2.6.2 Nested Monte Carlo

The aim of a nested Monte Carlo method is to compute by Monte Carlo simulation
E[f(E[X [Y])]

where (X,Y) is a couple of R x R? -valued random variables defined on a probability space
(2, A, P) with X € L?(P) and f : R — R is a Lipschitz continuous function with Lipschitz
coefficient [f];,. We assume that there exists a Borel function F': R%* x R? — R and a
random variable ¢ : (2, A) — R% independent of Y such that

X = F(,Y)

and we set h = K for some integer Ko > 1, h=1/K, K€ KgN* = {KO,ZKO, .. } and

Yo = f(B[X |Y]), Yh=Yy:=f < ZF% > (2.56)

where (£x)r>1 is a sequence of i.i.d. variables, & ~ &, 1ndependent of Y. A nested ML2R
estimator then writes (n; = M7~1)

N 1 Ny 1 K W (W
L T~ Z:lf Kzi F<f’f ¥ )
ZF( LYo ) -/ nj_llK

nj 1K
Ja (gl(cj)vi7 Y(J’)ﬂ')

k=1
(2.57)

where (Y(j)’i) is a sequence of independent copies of Y@ ~ Y, j = 1,... R, YU)

i>1

independent of Y for j # ¢, and (flgj)’i>k P is a sequence of i.i.d. variables
71— 7]: EARAS)

5,(§j)’i ~ & We saw in [LP17] that, when f is 2R times differentiable with f*) bounded,
the nested Monte Carlo estimator satisfies (SFg) with 8 = 1 and (WE, ) with a = 1
and R = R — 1. Here we want to show that the nested Monte Carlo satisfies also the
assumptions of the Strong Law of Large Numbers 2.3.1 and of the Central Limit Theorem
2.3.3. Then, we define for convenience

K
Goly) =BIFE], o) = > F(Eny), Ke KN, (2.58)
k=1

so that Yy = f(¢o(Y)) and Y, = f(én(Y)), and for a fixed y, we set op(y) :=
Var(F(&, y))-

Proposition 2.6.1. Still assuming that f is Lispchz'tz continuous. If X € LP(P) forp > 2,
then there exists Vl(p) such that, for all h = 3= and h! = K,,K K' € KoN*,
p / g
[V = Yal|? < VP |W |7, (2.59)

As a consequence, the assumption (SEg) and the LP-strong error assumption (2.12) are
satisfied with 8 = 1. Then both ML2R and MLMC estimators satisfy a Strong Law of Large

Numbers, see Theorem 2.5.1.
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Proof. Set Xj, = F(&,Y) —E[F(&,Y) |Y] and Sy = S X;. As f is Lipschitz, we have

) 1 & 1 &
Y =Y, = Hf (K ZF@,Y)) ~f (KZF@,Y))
%

1
K' Z T Zxk
Assume without loss of generality that K < K’. Since p > 2, it follows that
Sk Sk P 1 1 p
|:K’_ =E F_E Sk + — (SK/ SK)
11 o (1Y »
E[|Sk[’] + i E[|Sx — Skl"]| -

< op—1 |: N
Owing to Burkholder’s inequality, there exists a universal constant ), such that

p

P

Sk Sk
= ilpE[ e

1

< [f]{ip

K K

(=a (X)) -ane(n]

Hence, as S — Sg ~ Sk/_k in distribution,

K
B{ISk”] < OB \zx
k=1

Sk Sk . - 1 1P ., [1\° ,
[K’ K }gp OB [IXI) || - ) KE+ () K- K5
Keeping in mind that K’ > K, we derive
11 P » |1 1B K |F |K|F|1 1]®
- K K = - il [ e
K +M/‘ P=lw T w| |® Tlw| K
N 1%
-°|K K
We conclude by setting Vl(p) = [f]ilp 2PCE [|)Z'1|p}. O

For the Central Limit Theorem to hold, the key point is the following Lemma.

Lemma 2.6.3. Assume that f : R — R is a Lipschitz continuous function and differen-
tiable with f" continuous. Let ¢ be an N(0,1)-distributed random variable independent of
Y. Then, as h — 0,

M
2(0) =/ 3= (Y, = Ya) 5 VM = 1f (6o()or(Y)C. (2.60)
Proof. First note that Z(h) = z,(lM)(Y) where z,(Z ) is defined by

vy e R, M) =[5 (F64 )~ Fonw)

M

Let y € R?. We have

£ == ([ 7 (st + 1= 010 ) a0) 0 261
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with

uM(y) = ﬁ (¢>h(y) - d%(y)) ‘

We derive from the Strong Law of Large Numbers that
lim ¢p(y) = do(y) = lim ¢ 1 (y) a.s.
h—0

h—0 M

and by continuity of the function (z1, z2) — fo [ (vz1+(1—v)xz)dv (since f’ is continuous)

we get
1

lim [ f (von(y) + (L= )61 () dv=F (Go(y) as. (2.62)

h—0 Jo
We have now to study the convergence of the random sequence uELM) (y) as h goes to
zero. We set § = &g, b =1,..., K(M — 1). Note that (§)p—1,. x(m—1) are i.i.d. with
distribution &; and are independent of (§x)x=1.. ». Then we can write

i | K | MK
uy, (y):VMK<KZF(&,Z/)—MKZF(&,Z/)>
1 & 1 YK
=VvM (MK Z (&ks y) T MK Z F (&, y) (y)))
=1 k=K+
| K
= ( KkZIka, y))
SV ) K(M—1)
i ROT=T) ; F(&,y) — do(y)

Owing to the Central Limit Theorem and the independence of both terms in the right hand
side of the above inequality, we derive that

M—-1 M -1
/U’ELM) (y) £> \/M O-F(y)CI - M

where (1 and (2 are two independent random variables both following a standard Gaussian

N 2
distribution. Hence, noting that (%) + < NM) = M — 1, we obtain

Up(y)Cg, ash—)O,

uM () & VM~ Lop(y)¢ with ¢ ~N(0,1). (2.63)
By Slutsky’s Theorem, we derive from (2.61), (2.62) and (2.63) that for every y € R?,

z}LM)(y) £ VM — 1f (po(y)) or(y)¢, as h — 0. (2.64)

Recall that Z(h) = z}(lM)( Y'). We prove (2.60) combining Fubini’s theorem with Lebesgue

dominated convergence theorem and (2.64). More precisely, for all G € C, we have

i B[01200] - iy o ()] - o (47

—E |G (VA =1/ (6o() o (v)C) |,
as desired. -
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We are now in a position to prove that the nested Monte Carlo satisfies the assumptions
of the Central Limit Theorem 2.3.3.

Theorem 2.6.4. Assume that f : R — R is a Lipschitz continuous function and differen-

tiable with f' continuous. Then (Z(h))heﬂ is L? ~uniformly integrable and

lim | Z(W)|[; = (M = D[ (0¥ Dor(¥)][; (2.65)

As a consequence, the ML2R and MLMC' estimators (2.3) and (2.2) satisfy a Central Limit
Theorem in the sense of Theorem 2.3.3 (case B =1).

Proof. We prove first the L?—uniform integrability of (Z (h)) heH: As f is Lipschitz we have,

" with u (y) = ﬁ (¢h(y) - %(y)) :

Consequently it suffices to show that (uELM) (Y)) b is L?—uniformly integrable, to establish
€
the L?-uniform integrability of (Z(h))heH.
We saw in the proof of Proposition 2.6.3 that u,(lM)(Y) £ VM — lop(Y')C as h goes to
0, where ( is a standard normal random variable independent of Y. Owing to Lemma 2.5.1

(b), the uniform integrability will follow from limy,_ Hu,(l]\/‘[)(Y)H2 = H\/M — 10F(Y)CH2. In
fact this convergence holds as an equality. Indeed

N

1Z(0)[* < [f2plu™ ()

[ V), = MEB[(Sx — Suxe)?]

M—1 1 2
(MK SKMK(SMKSK)> ]

= MKE

We notice that Sysx — Sk is independent of Sk . Hence, since the & are independent,

<J\J4\/[K1 SK>2 (MlK(SMK - 5K)>2 )

— MK <<‘]\J4\4}1>2KE (%% + <MlK>2 (MK - K)E [@1)2])

= (M = DB [(X1)?] = (M -~ )E [}.(v)].

™ ()| = MK <E LE

We prove now (2.65) using again the Lemma 2.5.1 (b) with the convergence in law of
(Z(h))heﬂ established in Lemma 2.6.3. O

We notice that, if the assumption (2.59) in Proposition 2.6.1 holds with p > 2, the
condition of L?—uniform integrability is much easier to show since it is a direct consequence
of Lemma 2.5.1 (a).

2.6.3 Smooth nested Monte Carlo

When the function f is smooth, namely C*?(R, R), p€ (0,1] (f' is p-Holder), a variant
of the former multilevel nested estimator has been used in [BHR15] (see also [Gill5]) to
improve the strong rate of convergence in order to attain the asymptotically unbiased
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setting > 1 in the condition (SEj3). A root M being given, the idea is to replace in the

successive refined levels the difference Y — Y}, (where h = %, K € KoN*) in the ML2R et
M

MLMC estimators by

LY 1 M 1 E
Yn = f (MK ZF(@,Y)) ~ Z f (KZF(ﬁ(ml)KMvY)) '
k=1 m—1 k=1

It is clear that
E[Y h} :E[YL—Yh}.
M

' M
Computations similar to those carried out in Proposition 2.6.1 yield that, if X = F(£,Y) €
LP(+P) (P) for some p > 2, then

£(1+p) £(1+

1%, |2 < V]\(f’p)’h RIS (2.66)

M

1
=i -

> SLLN : The first consequence is that the SLLN also holds for these modified estimators
along the sequences of RMSE (g )>1 satisfying ) -, ef < 400 owing to Theorem 2.3.1.

> CLT : When (2.66) is satisfied with p = 2, one derives that § = 5(1 +p) = 1 +
p > 1 whatever p is. Hence, the only requested condition i 1n this setting to obtain a CLT
(see Theorem 2.3.2) is the L?-uniform integrability of (h 5 Y, ) heye Since no sharp rate
is needed when 5 > 1. Moreover, if (2.66) holds for a p € (2, —i—oo), ie. if X = F(£Y) €
LP+0)(P) with p > 2, then

1
M

WY, I, < Vi |r - o

M

which in turn ensures the L?—uniform integrability.
As a final remark, note that if the function f is convez, Y, » < 0 so that E [Yh
"M

i
E [Y},,] which in turn implies by an easy induction that E [Yy] < E[Y},] for every h € H.
noticeable consequence is that the MLMC estimator has a positive bias.

[ —

<
A

These results can be extended to locally p-Hdélder continuous functions with polynomial
growth at infinity. For more details and a complete proof we refer to Chapter 4.

2.7 Conclusion

We proved a Strong Law of Large Numbers and a Central Limit Theorem for Multilevel
estimators with and without weights and we exhibited two applications : the discretization
schemes for Brownian diffusions, where we retrieve and slightly extend a result by Ben
Alaya and Kebaier in [BAK15], and simulation for nested Monte Carlo, as mentioned in the
Multilevel framework by Lemaire and Pages in [LP17]. The Strong Law of Large Numbers
is essentially a consequence of the strong error assumption (SEj3) (or of its reinforced
version (2.12)), and the independence od the estimator levels. The understanding of the
behaviour of the weights (WE)T=1,.--, R in the Multilevel Richardson Romberg estimator is
also crucial at this stage, as it is for the proof of the Central Limit Theorem which follows.
Under some additional assumptions of L?-uniform integrability, both the weighted and the
standard Multilevel estimators satisfy a Central limit Theorem at rate € as the quadratic
error € goes to 0. We distinguish between two cases, depending on the value of the strong
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error rate 5. When 8 > 1, both the first coarse level and the successive fine correcting
levels contribute to the asymptotic variance of the estimator, whereas when § € (0, 1] the
asymptotic variance contains only the contribution of the correcting levels. With the choice
of optimal parameters made in Tables 2.1 and 2.2, the Standard Multilevel Monte Carlo
estimator has a bias (which is bounded), whereas the weighted Multilevel Monte Carlo
estimator is asymptotically without bias, hence we can build exact confidence intervals for
the weighted Multilevel Monte Carlo estimator.






CHAPITRE 3

Antithetic Multilevel for
discretization schemes

We give here the methodology for Multilevel Richardson Romberg estima-
tors in the diffusion case, for three types of antithetic schemes, Giles-Szpruch,
Ninomiya-Victoir and Giles-Szpruch-Ninomiya-Victoir. This is the counterpart
of the work of Al Gerbi, Jourdain and Clément in [AGJC16], which treats the
MLMC case. The calibration of the parameters is adjusted for ML2R, starting
from the same hypothesis of [AGJC16] and taking into account the antithetic
version of the schemes in the computation of the cost.

3.1 General framework

We set Yy = f(X7), where f : R? — R is a payoff function and X7 is the solution, at
time T € R, to a multi-dimensional stochastic differential equation of the form

dXt = b(Xt)dt + Z?:l O-J(Xt)thja te [OaT}v (3 1)
XO =x. .
Here, z is the initial condition, W = (W?!,..., WY) is a ¢—dimensional standard Brownian

motion, b : R* — R? is the drift coefficient and ¢/ : R? — RY, j ¢ {1,...,q} are the
diffusion coefficients.

We want to compute Iy = E [Yp] and we assume that we can approximate the variable Yy
by choosing a discretization scheme and by discretizing the stochastic differential equation
with a time step h = T'/n, n € N*. The most famous discretization schemes is undoubtedly
the Euler scheme

{Xt%gl = Xt%U + b(XtEgU)(tZH — ) + 2 Uj(Xt%U)AWgZH’ (3.2)

EU _
Xy W =,

I—Wfé with k=0,...,n—1and j=1,...,q. For

a smooth payoff f, it is a well-known result that Y;, = f (XTEU) approximates Yy in a weak

where ¢ | — 7 = h and N’ZH = Wi,
and in a strong way, satisfying assumption (W E,,) with « = 1 and (SEj3) with 5 = 1.

We will work with three schemes, the antithetic Giles-Szpruch, the antithetic Ninomiya-
Victoir and the combination of these two schemes, the Giles-Szpruch-Ninomiya-Victoir
scheme, which we will describe in what follows.

Since an antithetic scheme is constructed by swapping two successive Brownian motions,
throughout this chapter we set once for all M = 2.
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3.2 Antithetic schemes

We give in this Section a general description of antithetic schemes and we recall the
results that brings to an assumption (1.28) with 3 € (1, 2] for these schemes. Moreover we
describe how to apply the antithetic schemes to Multilevel estimators.

3.2.1 The antithetic scheme for Brownian diffusions : definition and re-
sults

We consider a standard Brownian diffusion SDF with drift b and diffusion coefficient
o driven by a ¢g-dimensional standard Brownian motion W defined on a probability space
(2, A, P) with ¢ > 2 and where the components of W = (W' ... W?) are uncorrelated. In
such a framework, we saw that Milstein scheme cannot be simulated efficiently due to the
presence of Lévy areas induced by the rectangular terms coming out in the second order
term of the scheme. This seems to make impossible to reach the unbiased setting “8 > 1”
since the Euler scheme corresponds as we saw above to the critical case § = 1 (scheme of
order 3).

First we introduce a truncated Milstein scheme with step h = % where the Lévy areas
are replaced by their half-sum

X = Xin +hb(t, X )+ Vho(t, Xp) + ) a3 tn)(Ath Ath —1g_yh),
1<i<j<q
X = Xo,
with k=0:n—1, AW =W — Wi, tp =EL k=0,...,n and

1 o _ 1
gij(x) = 5(8(% o+ 00 U,i), 1<i1<j<gq, and 04(z)= Eaa,i oi(x),

where the tensor Jo ; o ; is defined by

Va::(azl,...,xd)e Rd, 8(IZ'O'J Zggé O'gj ERd. (3.3)

This scheme can clearly be simulated, but the analysis of its strong convergence rate,
e.g. in L? when Xo€ L?, shows a behavior quite similar to the Euler scheme, i.e.

T
< Cb,a,T\/;(l + (| Xoll2)

if b and o are Ciip. In terms of weak error it also behaves like the Euler scheme : under

H max ]Xn Xin|
k= 1P

seeey Tl

similar smoothness assumptions on b, ¢ and f, or ellipticity on o, it satisfies a first order
expansion in h = L : E f(X,) = E f(X") = c1h + O(h?) i.e. (WE)] (see [GS14]). Under
additional assumptions, it is expected that a higher order weak error expansion (I/I/E)Ilat
holds true.

Rather than trying to search for a higher order simulatable scheme, the idea introduced
in [GS14] is to combine several such truncated Milstein schemes at different scales in order
to make the fine level ¢ behave as if the scheme satisfies (SE)g for a f > 1. To achieve
that, the fine scheme of the level is duplicated into two fine schemes with the same step but
based on swapped Brownian increments. Let us be more specific : the above scheme with
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step h = % can be described as an homogeneous Markov chain associated to the mapping
M=M;,: R% x RY — R? as follows

Z}]Z_'_l:M( ?I’clahaAWtZ+1),k':O,...7n—1’ XS":XO

We consider a first scheme (X 2n,[1]

2 ) =
tln k 0,...,27’1

with step % = 5~ which reads on two times

X2l M(x20, 2 A,

2n
t2k+1

conl] o w2n1] P B B
X fM(Xth —,AW%&H)),ka,...,n 1.

2 i
ok 2’ 2k+1>7 13 (k+1) 21 2

X%Tm)k:o,...zn’ identical to the

first one, except that the Brownian increments are pairwise swapped i.e. the increments
,AWyn and AW,2,  are inverted. It reads
2k+1 2(k+1)

We consider a second scheme with step %, denoted by (

c2n.(2] _ ~( son2] h ) w2n2] N( c2n2 P ) — _
Xt%',’é+1 M th;; s B s Ath?k+1) 5 th,(nk-‘_l) M th],g+1 5 9 P AWt%Z#l 9 k O’ o, 1.

The following Theorem established in [GS14] in the autonomous case (b(t,z) = b(x),
o(t,z) = o(x)) makes precise the fact that it produces a meta-scheme satisfying (SE)g
with =2 (and a root M = 2) in a Multilevel scheme.

Theorem 3.2.1. (a) Assume be C?(R4, RY), o€ C?(R%, M(d,q,R)) and that the existing
partial derivatives of b, o, & (up to order 2) are all bounded. Let f € C*(R%,R) with
bounded existing partial derivatives (up to order 2) as well. Then, there exists a real constant
Chor >0

| £ - @)+ )| < Chnrn (14 1XolL), (3.4)
i.e. (SE)g is satisfied with § = 2.

(b) Under the above assumptions on b and o, assume that f is Lipschitz continuous on
R, that its first two order partial derivatives exist outside a Lebesque negligible set Ny of
R? and are uniformly bounded. Assume that the diffusion (Xt)ielo,1) satisfies that

T -1 .
P —zl = .
il_r%s (Znel}\r[UXT z| 2 e) < +o0

then

3
|7(x) - S + (X2 2)| < Cunry (f;) (L+Xoll,).  (35)

2

for every n € (0,2) i.e. (SE)g is satisfied for every B€ (0,3).

For proofs we refer to Theorems 4.10 and 5.2 in [GS14].

3.2.2 Application to Multilevel estimators with root M = 2

The principle is rather simple at this stage. Let us deal with the simplest case of a
vanilla payoff (or 1-marginal) Yy = f(X,) and assume that f is such that (SE)g is satisfied
for some S e (1,2].
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>> On the coarse (first) level i = 1, we simply set Y( = f(Xr where the truncated
Milstein scheme is drlven by a g-dimensional Brownlan motion W(l) Keep in mind that
this scheme is of order = so that all the levels are not ruled by the same §.

> At each fine level ¢ > 2, we replace the regular difference Y( ) Y(i,z (with n; = 2071
ng Mi—1
and he H), by

(Yum gl,m)_y(g 7

g g Ni—1

where Yg = f()_(;’“Miﬂ’(i)), YE]’(i) = f()_(;‘MFl’W’(i)), r = 1,2. At each level the three
nj—1 ng

rough antithetic Milstein schemes are driven by the same ¢-dimensional Brownian motions
w® i=1,...,R. Owing to Theorem 3.2.1, it is clear that, under appropriate assumptions,

1 . . TP B
H2 (ng,(o N Yggm)) v | < <:LL> '
n; n; i P 1

i 7 ni—1
As a second step, the optimization of the simulation parameter can be carried following
the lines of the case a =1 and 8 = 2 or 3 = 2. However the first level is ruled at a strong
rate 8 = 1 which slightly modifies the definition of the sample allocations ¢; in Tables 1.3
and 1.2. Moreover, the complexity of fine level K; is now of the form x(2n;+mn;_1)/h instead
of k(n; +n;—1)/h, which also has to be taken into account in Tables 1.3 and 1.2.

We will work with three antithetic schemes, inspired by the work of Al Gerbi, Jourdian,
Clément in [AGJC16]. We give the detail of these three schemes in the following Sections.

3.3 Antithetic Giles-Szpruch scheme

The Giles-Szpruch scheme is a modified version of the Milstein scheme introduced
in [GS14]. It is defined as follows

;

q
XG5 = XI5 40X (thpr — tr) + > 07 (X5 AW},

tet1 thr1
Jj=1

+ = Z 60] XGS) (AngHAWtTH B 1{j:m}h) ’

],m 1

ng = .

For a smooth payoff, this scheme provides a weak convergence at a rate h® with o = 1 and
a strong convergence rate h” with 8 = 1. It is possible to obtain a strong convergence with
B = 2, combining this scheme with its antithetic version ng , which is based on swapping
the Brownian increments of X%;S . More precisely, if the regular Giles-Szpruch scheme on
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two successive half time steps reads

Xt

k+3

q
= X754 b(X) by r — ta) + ) 0T (XG5 AW]
j=1

tk+%

GS j m
+ 5 Z 9o’ o™ (X{7) (AWth+%AWtk+% —Ly=my (1 — tk)) )
]m 1

(3.7)
XG9 = Xisl +b(XtG )(tk+1 — 1 +Zaﬂ XGS )AWJ

tet1 +1 ~ Tkt
GS
+ = Z 9o’ o X ) (AWthHAWtTH — 1{j:m}(tk‘+1 — tk+%)) ,
]m 1
with AWth L= Wtjk L Wk and AWth L= WthH — Wtjél , then the antithetic scheme is

2
obtained with the same formulas, swapping the Brownian increments as follows

;

tr41

q
XE = X+ o)ty — ) + 307 (XS AW
j=1

4 Z (90] XGS) (AWth+1AWtT+1 — l{j:m}(tk_t,_% — tk)) ,
]m 1

(3.8)
vGS vGS vGS vGS
Xt = X5, + b(Xt )(tkﬂ — 1) + Zaﬂ (X{ )AWJ "
7j=1
vGS J
+ 5 Z 9ol o™ X ) <AWtk+%AWtT:+% = Lgjmmy (b1 — tk+;)) :
]m 1
Let h = =, n € N*. At the fine level j > 2 coexist a coarse discretization scheme X G207
with tlme step hj—1 = 2{ > and two fine schemes associated to the time step hj = 57—,
XTGS’2 and its swapped counterpart X, XG5 . Using the notations introduced in 1.2, we
define
1 5GS,2i-1 GS,2i-1 G5,2i-2
vl g (PR ) +r (XE97) and v = (X5TT) (39)

We notice that E [Yh]; ] =E [thj } . A weighted Richardson-Romberg Monte Carlo estimator

for the antithetic Giles-Szpruch scheme writes

N
RwR

Z Z 7GS,(k)

_ ]kl

where the first level is given by

738 =Yy, = f( GSl) , (3.10)

and the following correction levels read

295t vp % (f <5€$572j—1> iy (ng,gj*)) _ (ng,w*z) ;=2 .(.,R)
3.11
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with (ZJGS )j=1,...r independent. The cost of a single diffusion step with the Giles-Szpruch
scheme is kgg := Cost (f (XgSJ)) h. We notice that x. = kgs and Ky = 2k, and that
the cost function is additive, hence, following (1.14) with g(z,y) = x + y, we get

K = Cost(Z5%) = kggnih™* (3.12)

and

K; = Cost(ZjGS) = 2/‘%% + mcnjh_l

When the payoff is smooth, Giles and Szpruch established that the strong convergence
assumption (1.28) holds with 8 = 2. The weak convergence rate remains the same as for

= HGSifleflg, j=2,...,R. (3.13)

the non antithetic Giles Szpruch scheme, with o = 1.

We notice that in [AGJC16] h = T = 1 and the cost of a Multilevel Monte Carlo
estimator reads

R
Cost(IN) =k Z N2 L

j=1
Here kgs = k and, with the notations introduced in Chapter 1, the formula to compute A;
is given by
Kf+Ke/2 5 )
=1, A= LR o/2_5 5. R
KGS 2

3.4 Antithetic Ninomiya-Victoir scheme

Assuming C! regularity for the diffusion coefficients, one can write (3.1) in Stratonovich

form

dX; = 0%(Xy)dt + 30_) 09 (Xy) 0 dWY, (3.14)

XO =, .

1 o , .
where 6% = b — 3 Z do’c" and Oo7 is the Jacobian matrix of ¢7 defined as
j=1
do’ = ((8gj)ik)i,ke[1,d} = (aﬂfkalj)i,ke[l,d]‘

The Ninomiya-Victoir scheme then is based on a sequence n = (11,...,ny) of independent

and identically distributed Rademacher random variables, independent of W, as follows :
if g =1

h h
XtJZXI’” = exp (200> exp (AWiHJq) ...exp (AthkHal) exp <UO> XtJZV’n, (3.15)

2
if ppy1=-1:
h h
XtJZXl’" = exp (200> exp (AWkaal) ...€exp (AWt‘iHaq) exp (200) Xt]ZV’” (3.16)

N
and X, Vi — g,

For a smooth payoff, the scheme % (f (XC][,VV’H> + f (Xijpvv’_”)> satisfies (W E,,) with o = 2
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(see [NVO08]) and (1.28) with 8 =1 (see [AGJC16]). Let us take the antithetic version of
Ninomiya-Victoir scheme and define

Yffi‘ ;zl(f()z-JTVV,Qj )+f< xNv2i- _”)—i—f< X NV.2im >+f( xNv2i- 1—n>>7

4
=3 () ()

where Xév V21 is obtained by swapping the Brownian motions of Xév V2 A weighted
Multilevel Monte Carlo estimator writes

R
W

j=1

N;
k=1
where the first level reads

2 =¥y, =

1

(r (e2) s (37))

N

and
22V =yl vy
(R o () () ()

B

(3.17)
and the (Z]NV)j:L_“,R are independent. If h~'kxy is the cost of a diffusion f (Xé,vv’l’”),
hence we get k. = 2kyy and Ky = 4kyy. This yields

Ky = 2kyyh'ng, (3.18)
Kj = 4I£th71nj + 2/€thilnj_1 = 5Eth71Mj71, 71=2,...,R, (319)
Kf+ Ke/2

which corresponds to A\; =2 and \; = =5 in [AGJC16].

KNV
It is proved in [AGJC16] that this scheme satisfies (1.28) with a strong rate 5 = 2.
The weak convergence rate remains the same as for the non antithetic Ninomiya Victoir
scheme, with o = 2.

3.5 Antithetic Giles-Szpruch-Ninomiya-Victoir scheme

The antithetic Giles-Szpruch-Ninomiya-Victoir scheme introduced in [AGJC16] is a
combination of these two schemes, which takes the form (1.16) with Yhfj and Yffj,1 defined
in (3.9) forj=1,...,R—1, and

_ 1 ~ _ —
R o (0 (R0 ) . (R0 00) g () (300

4
Ve, =1 (XE5).
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Hence the Multilevel Monte Carlo estimator associated to this choice writes

N
- Z 7850 4 Z Z 7 GS.(k) ]\}R ZR ngzvv,(@j (3.20)
j=2 k=1

=|

with
ZIGS = Yhi?

ZfS:Yf |7 j=2,...,R—1,

j—17
ZgSNV = Yth - thR—l'
The costs K, j =1...,R— 1 are given by (3.12) and (3.13) and, for the last level,

KR = 4Ii3NVh_1nR + IiGSh_lTLR,1 = h_lMR_l (4I€NV + Lgs> .

If we make the assumption kyy = kgg we obtain

9
Kr = §h_1MR_1/£GS, (3.21)

Kf~+ Ke/2

which corresponds to Ay = 1, \j =5 for j =2,...,R—1, and A\gp =
KNV

in [AGJC16).

~9/2

This estimator satisfies (1.28) with a strong rate § = 2 (see [AGJC16] for a com-
plete proof). The weak convergence rate is the same as for the antithetic Ninomiya-Victoir
scheme, with o = 2. Hence, both the weak and the strong rate are the same as the Ninomiya-
Victoir scheme, but with the advantage that since the first R — 1 levels are build up with
a Giles-Szpruch scheme, the estimator (3.20) is less expensive in terms of cost.

3.6 Optimal parameters

In [AGJC16] the optimal parameters are chosen following Giles’s method and starting
from an assumption on the variance

e 1
The optimal parameters that we can find in [AGJC16] read

logy (V2les (£)" )

(07

. Var Zg
N, = ,/ o2 ]Z:\/Var ) Cost(Z;) | | . (3.24)

The first level Var(Z;) = Var(Y7) is estimated as a structural parameter. The inter-
mediate variances are upper bounded following the assumption (3.22), where the constant
co is estimated as a structural parameter. For the Ninomiya-Victoir Giles-Szpruch scheme,

+1 (3.23)

and
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once the level L* has been computed, we also estimate Var(Zr+) as a structural parameter.
Finally we get, for Giles-Szpruch and for Ninomiya-Victoir antithetic schemes

/V /
Ny = 52 ar \/Var Y1 K —l—Z Vi2 fB]K

L*

2 [Vj2-8¢ Y "

Ny = 22 e Val“(Yl)Kl—i—EQ\/‘/lQ *B]Kj , L=2,... L%,
]:

with K given by (3.12) and (3.13) for Giles-Szpruch scheme, and (3.18) and (3.19) for
Ninomiya-Victoir scheme. For Giles-Szpruch Ninomiya-Victoir scheme

Ny = 2 [Var(r1) Var (Y1) K —|—Li:1 V12=PiK; 4+ \/Var(Zp+)K -
1 = I 1)K 2 1 § L* )KL )
V12 o =
Ny = ;2 \/\er Z V12-BiK; + /Var(Zp«) K~ )
Var ZL* !
Np = | = e VVar(Y1) K, + Z Vi2-BiK; + \/Var(Zp+) K~
L*

with £ = 2,...,L* — 1. In [LP17] the strong convergence assumption was not based on

the variance, but on the L?-error, as we read in (SEj3), hence the optimal parameters
given in Tables (2.1) and (2.2) are not adapted to our framework, but must be substituted
with those in the Tables (1.2) and (1.3), by replacing Vi* = Var(Y1), V" = V12757 and
V5 = Var(Zg). Here Vi corresponds to the ¢y in the [AGJCI16] framework. Moreover, in
the Tables (2.1) and (2.2), we do not take into account the antitheticity of the schemes,
since those Tables were computed in the simplest case Z; = f(X;) — f(X¢—1). This problem
is solved by replacing the good Kj of formulas (3.12), (3.13), (3.18), (3.19), (3.21) in the
new Tables.

Hence we obtain, taking ¢, = 1 and recalling that c¢; is estimated as a structural
parameter, the new Tables (3.1) and (3.2), specifically designed for the combination of
antithetic schemes and weighted Multilevel.

Remark 3.6.1. We notice that in the MLMC case, if we set NLP the level sizes computed
wzth Table (3.2) and NAGJC those computed in [AGJC16], owing to (1.26), we get NLP

(1 + QQ) NAGJC Hence if a > 1/2, since NLP < NAGJC, we expect the estzmators
computed wzth the parameters of Tables (3.1) and (3.2) to be more performing than those
computed with the formulas (3.23) and (3.24).

3.7 Practitioner’s corner

The first level variance Var(Z;) = Var(Y1) and the last level variance Var(Zg) (only for
Ninomiya-Victoir Giles-Szpruch scheme) are estimated as structural parameters, making
a Monte Carlo simulation of size N = 10% on Y; and on Zg, and taking the empirical
variance. We recall that the empirical variance of a Monte Carlo estimator is given by
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2
R(e) % + logy (h) + \/<; + log, (h)) 210%2 (\/10(4-%/5)

h(e) h(l + 2aR)=Re"ar 2**1]

q(e) qy—uIWRM/ J—l LR gi=1
1<G<R
1 1 &
N 14+ —— WH K
8 (1+ 507) e L WINE;

TABLE 3.1 — Optimal parameters for ML2R estimator.

i lo 1+ 2a/e
R(e) [1 +1ogs (|ea]h) + gz(\/T/ )w
h(e) h/ [h(l ¥ za)i\cl\égéy(&ﬂ
Vi
J 1<<R

N(e) (1 + ) XIEF

TABLE 3.2 — Optimal parameters for MLMC estimator.

Var( Zn L Xn) = <Zn 1(X0)? — (Zn 1 Xn) )/(N 1). The intermediate variances

are upper bounded following the assumption (3.22), where the constant co = V; is estimated
as a structural parameter V7, making a Monte Carlo of size N on Y, — Y}, taking the
M

empirical variance \//;"(Yi —Y}) and setting
M

5
V= Var(YL—Yh h- 5’—1‘

Likewise, the parameter c¢; is estimated by ¢;, computed using the same Monte Carlo
simulation on Y — Y} and taking
M

1 -1
— 1

e () e

For more details on the importance of a good approximation of ¢;, we refer to Section 2.4.2.

In the simulations, when we have a closed formula for the payoff, i.e. we can compute
the true value Iy, we can verify that we respect the theoretical L?—error that we fixed.
The theoretical squared L?—error writes E [(IY — Ip)?] = E [(IY)?] + Io(Io — 2E [IY]). We
will approximate E [(IY)?] and E [IY¥] making a standard Monte Carlo estimator of size
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L =100 on I,JrV and we will display the empirical L?—error computed with the formula

1o~ ([ N0)2 1o~ o)
L;@r )+IO Io—22>" 1", (3.25)

(=1

Moreover, we will display the empirical bias given by

L
1
7 > IO 1, (3.26)
/=1

and the empirical variance

i (IN () ) (Z A0 ) . (3.27)

(=1

3.8 Numerical results

We consider the Clark-Cameron SDE with drift and initial conditions Uy = Sy = 0,
defined as follows

AU, = Sy dWy,
i . 029
where p € R. The Giles-Szpruch scheme for this model is given by
U5 = UG + 82 (Wi - wi) 5 (W, - W) (Wi -w2).
ST, = S5+ ultis — 1) + (W2, ~W2), |
for k=1,...,n—1. Moreover, in the particular case of this model, we have a closed formula
also for the Ninomiya-Victoir scheme, which is given by
Unt = U 4 sV (WL, - Wil ) + ; pltis = ty) (Wi, = Wi )
g (Wi, =W ) (W2, - W2), (3.30)
SV = SNVt — te) + (Wf’k+1 - Wfk) :
for k =1,...,n—1. For a smooth payoff function, we recall that previous results in [GS14]

and [AGJC16] lead to @« = 1 and f = 2 for the antithetic Giles-Szpruch scheme, and
a = B = 2 for both the antithetic Ninomiya-Victoir scheme and the coupling between
Giles-Szpruch and Ninomiya-Victoir scheme.

Let us take the smooth payoff f(u,s) = 10cos(u). Owing to some straightforward
computations (see Appendix B), the closed formula for this payoff reads

1 7”7215(17tanh>\t)
7}1 )\te 2 At
\V COS

With initial conditions Uy = Sy = 0, final time T'=1, u = 1 and A = 1, the closed formula
returns the true value Iy = E[10cos(AU;)] = 7.14556 (we multiplied by the factor 10 in

E [cos(AU)] =
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‘ Giles-Szpruch ‘ Ninomiya-Victoir ‘ GSNV ‘ Euler
| 1 | 2 | 2 | 1
B 2 | 2 | 2 | 1
| 1.65¢+00 | 5.76e-01 | 5.74e-01 | 2.77e+00
Vi 1.40e+01 | 1.17e+01 | 1.40e+01 |  2.03e+01
Var(Y1) | 5.35¢+00 | 1.54e+01 | 5.42e+00 | 8.82¢+00

TABLE 3.3 — Structural parameters for f(u,s) = 10cos(u).

order to get a good order of magnitude). The estimated structural parameters are given in
Table 3.3.

In Tables from C.1 to C.7 we give all the outputs of the execution of 100 calls to
each estimator, where the L? error, the bias and the variance were computed with formu-
las (3.25), (3.26) and (3.27).

3.8.1 Optimal parameters for MLMC estimators

Note that, as expected owing to Remark 3.6.1, the level size N; computed with the
Table (3.2) are smaller than those computed following [AGJC16], hence the CPU-time are
smaller, as we can see in Figure (3.1), where YA(/[); e represents the choice of parameters
computed with the Equations (3.23) and (3.24) and where at the same time we can verify
that the required accuracy is well fulfilled.

From now on, we will take the optimal parameters for MLMC computed with

Table (3.2).

3.8.2 Choice of weak order for ML2R estimator with Ninomiya Victoir
scheme

The order of the first term in the bias expansion for the Ninomiya Victoir scheme is
2, hence we set a = 2 in the MLMC framework, meaning that E[Y}] = I + c1h? + o(h?).
We recall that an ML2R estimator takes advantage also of the successive terms in the bias
expansion, hence we need to know if the term after the first is of order 3 or 4. If it is 4,
we can confirm a = 2 in the assumption (W E,), hence E [Y;] = Io + S0, crh?F + o(h?7).
But if it is 3, this would mean that assumption (W E,) holds with & = 1 and ¢; = 0,
hence E [Y}] = Ip + ZkRzg cxh® 4 o(h®). Many efforts have been done to improve the order
of the first term in the weak error expansion with the Ninomiya Victoir scheme, see for
example [OTc12] to find a method to construct weak approximations schemes of order 2m,
m € N, but to our knowledge there are no results concerning the order of the successive

terms. In this particular case, we suspect the weak order o to be 1 with first coefficient
R

c¢1 = 0. When ¢; = 0, as we showed in Section 1.1.2, we need only R — 1 weights w,",

r=1,...,R—1, to kill the terms up to R in the bias polynomial expansion, which we
compute with the formula

a o R—1
R NyW B
WT_ZRfan‘WR_l r=1,...,R—-1,
J=1 7%
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F1Gure 3.1 — CPU time vs empirical error for MLMC estimator calibrated with Table 3.2
or with formulas (3.23) and (3.24). Clark-Cameron model with Uy = Sy = 0, T' = 1 and
w = 1. Payoff function f(u,s) = 10cos(u).

where the weights w1, » =1,..., R—1, are the classic weights at order R — 1 associated
to the refiners ny = 1,n9,...,np_1.
In what follows, we will take this configuration for the ML2R estimator with Ninomiya

Victoir scheme.

3.8.3 ML2R vs MLMC

In Figure 3.2 we can observe the performances of the ML2R estimators, where the
accuracy is still fulfilled and the antithetic Giles Szpruch scheme seems to reach better
results than antithetic Ninomiya-Victoir scheme and Euler scheme. The gain in using the
ML2R estimator instead of MLMC is dramatic with respect to the Euler scheme, as we see
in Figure 3.3a, where we show the CPU time ratios with respect to the CPU time of the
ML2R estimator with the antithetic Giles Szpruch scheme. There is a significant interest in
using the antithetic Giles Szpruch scheme. What should be noticed here is that when using
the Euler scheme, the parameter M can vary in order to reach the optimal cost, whereas in
the antithetic schemes we forced M = 2 (we notice here that the antithetic approach can
be used more generally for an arbitrary M, althought it is not yet written up), as we can
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FI1GURE 3.2 — ML2R performances with Euler scheme and antithetic schemes.

see in Tables C.1 and C.4 in Appendix C.1. Despite the fact that for the antithetic schemes
we have the constraint M = 2, their better rate § = 2 still brings a better performance of
these estimators with respect to those based on the Euler scheme.

We observe a gain of about 50% when taking the ML2R estimator with antithetic Giles
Szpruch scheme with respect to the MLMC schemes with antithetic Giles Szpruch scheme or
with antithetic Ninomiya Victoir scheme, whereas there is no significant improvement when
taking the ML2R estimator with antithetic Giles Szpruch scheme instead of the MLMC
estimator with antithetic Giles Szpruch Ninomiya Victoir scheme, as we see in Figures 3.3b
and 3.4.

We notice though that we are in the particular case where we have an explicit expres-
sion of the Ninomiya-Victoir scheme, so that we could make the assumption kgg = Knv
in (3.21). If we would take a model different from Clark-Cameron, at each time step we
would have to solve a set of ODEs, which would significantly increase the value of kyy
and consequently the cost of the estimator. Moreover, when taking an MLMC estimator,
we need to estimate the first coefficient ¢; in the bias expansion, whereas for an ML2R
estimator such a pre-processing is not necessary. If we would not take this estimated value,
as we saw in Section 2.4.1, we would take ¢; = 1 and the MLMC estimator would fail owing
to an underestimation of the coefficient ¢;, as it can observed in Figure 3.5.
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scheme (ML2R).

FIGURE 3.3 — CPU time ratios with respect to the ML2R estimator with antithetic Giles
Szpruch scheme CPU-time. Clark-Cameron model with Uy = Sy =0, T =1 and u = 1.
Payoff function f(u,s) = 10cos(u).
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CHAPITRE 4

Nested Monte Carlo

The purpose of the so-called nested Monte Carlo method is to compute by simulation
quantities of the form
E[f(EX|Y])],

where (X,Y) is an R x R%valued couple of random variables defined on a probability
space (9, A, P) satisfying X € L?(P) and f : R — R is a specified function such that
fE[X |Y])e L*(P).

We assume that there exists a Borel function F : R? x R — R and random vector
¢: (2, A) — R? independent of Y such that

X = F(&,Y).

Let us introduce the Borel function ¢g : RY — R defined by ¢o(y) = E[F(£,y)] so that
one may set E[F(£,Y)|Y] = ¢o(Y). Then one has the following representation

BIX |¥]=60(Y) = [ Flr.¥)Pe(d).

To comply with the multilevel framework, we set Ky € N* and H = {1/K, Ke KQN*},
i} _ 1 & 1
Xo:=E[X|Y], Xh:—K;F(gk,Y)withh—KeH

and (&)r>1 is an ii.d. sequence of random vectors with the same distribution as &, defi-
ned on (£, A,P) and independent of Y (up to an enlargement of the probability space if
necessary) and

Yo = f(Xo), Yi:=f(Xn).

We distinguish between two main frameworks, depending on whether or not f is smooth,
a classical example of non-smoothness being f = 1(, ) (see [DL09]). In both cases, our aim
is to prove that the nested Monte Carlo estimator satisfies a weak and a strong convergence
assumption.

Before getting into the smooth and non smooth case, we give some useful results that
will be valid in both frameworks.

4.1 Useful results

Following Comtet [Com74], we introduce the partial Bell polynomials B, ; for n > 1
and k = 1,...,n defined by

B n! 1\ 4 Tn—kt1 bn—kt1
Bmk(wlw'wxn—k-l-l) _261'€n7k+1'<ﬁ> ((ni—k—i—l)') (41)
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where the summation takes place over all integers ¢1,...,¢, > 0, such that £; +205 +--- +
(n—k+1)l,_g+1 =nand l1+ -+, 11 = k. Note that dOBmk = k. The complete Bell
polynomials B,, are defined by

n
Bp(z1,...,zp) = ZBmk(xl, ey Tp—kt)-
k=1

The first statement is a formal Taylor expansion with integral remainder of E [g()_(h)]
around E [g(X)], with g : R = R test function.

Lemma 4.1.1 (Taylor expansion). Let R > 0 and let g : R — C be a 2R + 1 times
differentiable function.

Assume X € Lt and let kj(y) be the j—th cumulant (a.k.a. semi-invariants) of
F(&y) —E[F(&y)] fory € R and j € {1,...,R}. Let (B, x)1<k<n be the partial Bell
polynomials defined by (4.1). We then define forr > 1, r +1<n < 2r and y € R?,

(y) Kor—nt2(Y) ) .

K
br,n—'r(y) = Br,n—r ( 2

2 7 2r—n+2
Then
B 2R-1
VheM, E[gXy)] =E[gXo)]+ > cr,(2r+1) A2R)N + Raogi1, (4.2)
r=1
with
1 < i
c(rk) == > B g0 (V)] 1<r <k <241, (4.3)
T.
{=r+1
and o
1 Xn—Xo B B B
Ropi1 = ——E / gD (1 4+ X)) (X, — Xo — )2t | . (4.4)
2R)! | Jo

Proof. The case R = 0 is trivial, since it is direct application of the fundamental theorem of
calculus. Let h = 1/K and let y € R Let X, = F(¢,y) — E[F(£,y)] and let E,(y) be the
K

statistical error of the inner Monte Carlo estimator, defined by Ej,(y Z ) where

(Xék));@l is an i.i.d. sequence of copies of X,. For clarity, let us denote ¢o(y) = E [F(&,y)).
Let R > 1. The Taylor formula at order 2R applied with g gives

K
g (; > F(é’f),y))] = g(do(y)) + Z i E [(By()"] + Rops1(y),  (45)
k=1

where Rori1 (y) = B [ Jo ) gFH0 (¢t + 60(y)) (B ly) — 2Rt
The Bell polynomials allow us to explicitly calculate the moments E [(E}(y))"], n =
., R of Ej(y) as follows. Let ﬁj(Xy), j=1,..., R, denote the cumulants (a.k.a. semi-
invariants) of Xy. Additivity and homogeneity of cumulants give

Vi=1,....2R—1, kj(En(y)) =1 x;(X,).
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Moments of Ej(y) can be expressed in terms of cumulants using complete Bell polynomials
(see [ComT74] p.160 Equation(2)) as :

E[(En(¥)"] = Bu(k1(En(y)), - - - kn(En(y)))-

First note that s1(X,) = 0 so that #1(E(y)) = 0. Moreover it follows from the definition
(4.1) that B,, j is k-homogeneous, consequently

E[(Ey(y)"] ="y h B, (o, ka(XY), ... K (Xy)) .

We derive from (4.1) that B, ,(0) = 0, hence the last term in the above sum is nul and
consequently the sum in (4.5) starts from n = 2. Note now that

bn-wa(y) i 1<k < /2],

B,k (O, /@(Xy), .. .,K/n—k-i—l(Xy)) = {0 if k> [n/2]

XY _ XY
with bnihk(y) _ Bnik’k <KJ2 (2 ),. ., Kn 2k+2( )

) which implies that

n—2k+2
[n/2] nl
E[(E =h" Z h~ k —bn—k £ (Y)- (4.6)
Plugging (4.6) in (4.5) gives, since the sum starts at n = 2 as mentioned above,
| K (/21 ek
E 9<KZF(5(k)7?/)>] = g(do(y +ZQ Z mbn—k,k(y)+R2R+l(y)~
k=1 k=1 '

Letting » = n—k in the above expression, noting that [n/2]+4|n/2| = n and that |n/2| <r
iff n < 2r + 1, on derives by interchanging the sums that

1 K 2R— 1 (2r+1)A2R
E 9<K ZF(S(’“),y)>] = g(doly Z ST 9 GoW)bra—r(y) | +R2r41(y)-
k=1 n=r+1
We conclude by integrating with respect to Y. O

Taking advantage of this expansion we will derive two results. First a bias error expan-
sion for smooth enough payoff functions, in which no regularity is required on the law of
(X0, X1) (see Subsection 4.2.1). Conversely a second result will be established relying on
the regularity of the distribution of (Xo, X}) when the payoff function is not smooth (see
Subsection 4.3.1).

As concerns the strong convergence rate of the estimator, elementary computations
show that, if X € L?(P) (so that F(¢,y)€ L?(P) Py (dy)-a.s.), then

. = 1
%0~ %oll? = ¢ [ Pr(dyvar(F(e.)) = RE[(F(EY) — 60(Y)?] < hvax(F(E.Y).
(4.7)
since ¢o(Y) = E[F(£,Y)]Y]. When X € LP(P), we also get a bound in LP(P), as described
in the following Lemma.
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Lemma 4.1.2. Assume X € LP(P), p > 2. Then, for every h, h' € H,

1% — i

|, <2BYZ|X —E[X|Y]| |h— K2, (4.8)

Proof. Set ﬁ(z,y) = F(z,y) — ¢o(y). Assume first that h,h’ # 0, k' < h, and set K = %,
K = % First note that by Fubini’s theorem

B . 1K 1 K’ . p
| X — X p:/ P, (dy ‘K;F(f K’;F(g 2Y)

Then, for every y€ R, it follows from Minkowski’s Inequality
1 K _ 1 K’ _ K _ K’ _
||KZF<fk>y>‘mZF<fk SRRy +w|| > Rty .
k=1 k=1 k=1 P k=K+1 P

Applying Marcinkiewicz-Zygmund Inequality to both terms on the right hand side of the
above inequality yields

<|h—H|

13- 1 &
HK SFEy) - 5 S Fiehy)
k=1 k=1 »
K B 2 K’ _ %
<= BYZ|STEER 92| +nBYA| Y ek y)?
—1 g k=K+1

b
2
< |h=W[BYZK||F(&y)|, + W BYZ (K — K)2||F(&,y)|| .

where we used again (twice) Minkowski’s Inequality in the last line. Finally, for every
ye R,

13 1 &
HK;F(&,ZJ)—K,I{ZF@]C
=1 =1

< BY||[F(& ), <(h h/)\;g /<% - }1)5>

p
= B Feal, - 19% (1

—_
:\ =
~—

N|=

+

—~
> =
~—

(NI
"

Plugging this bound in the above equality yields, owing to Minkowski’s Inequality and
Jensen’s Inequality for conditional expectations, the announced result

X0 = Xu |l < (2Bé‘”)p/RdPy(dy)Hﬁ(&,y)Hﬁ(h—h’)g
= @BYPP|X —EX|Y][[}(h—1)>
< (@ABYYX|N(h— 1),

4.2 Smooth payoff function

We first present the smooth case, where we give a bias error expansion and a strong
convergence rate when the payoff function f is smooth.
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4.2.1 Weak error

The bias error expansion of the nested Monte Carlo estimator when f is smooth is a
consequence of Lemma 4.1.1, as we will see in the proof of the following Proposition.

Proposition 4.2.1 (Bias error (I) : smooth functions). Let R > 1 and let f : R — R
be a 2R + 1 times differentiable payoff function with bounded derivatives f*®), k = R +
1,...,2R+ 1. Assume X € L?PtL. Then there exists c1, . ..,cr such that

R
VheH, E[f(Xn)] =E[f(X0)]+ D ch"+ ORI, (4.9)

r=1

Proof. Applying Lemma 4.1.1 with the function g = f we get

R—1 2R—1
VheH, E[f(Xn)]=E[f(Xo)]+) c(r,2r+1)h"+c(R,2R)h"+ Z c(r,2R)h"+Rap+1,
r=1 r=R+1
(4.10)
with ¢(r, k) defined in (4.3). Establishing the proposition amounts to proving that the

2R+1)

remainder term Rop+1 is well controlled. Using that f ( is bounded we have

| fEED o o 2Ru

R <2 Noop [ Xy - X } .

‘ 2R+1| 2R+ 1)! ‘ h 0‘

Using successively the Marcinkiewicz-Zygmund Inequality and the Minkowski Inequality
1

for the LF¥2(P)-norm, we get, having in mind that h = %,

2R+1 K R+1/2

K
E % > F(&,y) - do(y) < (BofZa)RPE (Y (P (6 y) — ¢0(y))2‘
k=1 k=1

< (BYE )M AR [P y) - doly) ]

3
where B]Z)\/[Z = (18%?1, p > 1 (see [Shi96] p.499). Integrating with respect to Py finally
p— 2
yields

_ = 12R+1 M 2R+1
E Uxh — X[ } < (BYZ))2RHIpRH2E [\F(&Y) —do(V)| }
1 YIX
2R+2(B%2€1)2R+1hR+1/2E [| X|2R+1 + |E[ ‘ ] ‘2R+1]
3
QRS (BMZ ) 2RH R AR [| X 2R (4.11)

so that [Ropy1| = O(RfIH1/2). O

4.2.2 Strong convergence rate

If we assume that f is Lipschitz continuous, Inequality (4.7) straightforwardly shows
that the standard nested Monte Carlo satisfies a strong convergence at a rate h? with
B = 1. When asking for more smoothness, more precisely that f’ is p-Holder, we will see
that we can build an antithetic version of the nested Monte Carlo which attains a strong
convergence at a rate h? with 8 > 1. As we saw this corresponds to the optimal unbiased
setting in terms of minimization of the computational cost.
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4.2.2.1 f Lipschitz continuous

It is a known result that if f is Lipschitz continuous, then the nested Monte Carlo satis-
fies a strong convergence assumption with 5 = 1. More precisely the following Proposition
holds.

Proposition 4.2.2. Assume f is Lipschitz continuous. For every h,h' € H U {0},

1Y = Yallz < [ (1X13 — IE [XIYT DR — ]

so that (Yn)nen satisfies a strong convergence assumption with § = 1.

This is a straightforward consequence of Inequality (4.7).

4.2.2.2 [’ locally Holder : antithetic approach

When the function f is C!*?(R,R), p € (0,1] (f' is p-Hélder), a variant of the for-
mer Multilevel nested estimator has been proposed in [BHR15], [HA12] and [CL12] (see
also [Gill5]) to improve the rate of strong convergence in order to attain the asymptoti-
cally unbiased setting, with 8 > 1. We recall that, except for the antithetic discretization
schemes for Brownian diffusions, the root has no reason to be constrained to be M = 2. In
this Section we will consider general refiners of the form n; = M=t j=1,...,R, M >2.
A root M being given, the idea is to replace in the successive refined levels the difference
Y% — Y}, (where h = %, K € KoN*) in the ML2R et MLMC estimators by an antithetic

type as follows
| MK | M LXK
Yh7% =f (]\H( ;F(fkay)> Y Z f (KZF(f(m—l)K+kaY)) .
It is clear that E [Yh 4 —E {YL _ Yh].
M M
Proposition 4.2.3. Assume X € LPUP) and f' p-Holder, i.e.
|f'(@) = W< [f],le—ylf, 0<p<l. (4.12)

Then Yh,ﬁ satisfies a strong convergence assumption with B =14+ p > 1.

Proof. We notice that, owing to Burkholder’s Inequality, for all p > 2, for every sequence
(Xk)k>0 of random variables centered and i.7.d. and K € N, K > 2, there exists a positive
real constant C), such that

r
2

K p

S X

k=1

K

D Xi

k=1

P
K 2
E < GE <Gy (Z HX;é’Hg> = CKSE[IX,7].  (413)
k=1

We set

1

K M
_ 1 = 1 .
XK»m = E ;F(SK(ml)+kay) and XMK - M;XKJTL = W Z F(fk,Y)
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The nested multilevel Monte Carlo estimator then reads
R I Y LS gl
- DA+ o 3 (b - 4y 2 s ).
i=1 =2 i=1 m:l

with (X%)m)izl independent copies of X ¢ ,,. Owing to Taylor formula, for allm = 1,..., M,
there exists ., € (min(XK,m, Xk, max(XKm, XMK)) such that

f(Xkm) = F(Xur) + F (X)) Xgm — Xur) + (F(@m) = F(Xuk)) (Xem — Xuk).

Hence, using that X K,1 is independent of (X Km) Ve

M M
1 - - 1 - _ _
7 2 F(Kiem) = F(Xaare) + 04 32 3 (@) = £/ (Xnrw)) Kieon = Xrre). (414)
m=1 m=1
| M
We aim at computing HYhuﬁ =\ Z f(Xkm)— f(XmK)|| , with p > 2. Owing to
= P
the decomposition (4.14), to Minkowski’s Inequality and to the p—Holder assumption (4.12),
we get
M 1 M
Z (Xk.m) — F(Xuk)| = Z F'(Xmr)) (Xxm — Xur)
m: p m:l D
1 _ _
< [f/]pM 231 X Km — Xnw 7], (4.15)
m=

We first notice by an exchangeability argument that the variables (X Km — X K)m=1...,.M
are identically distributed with X Km — Xy ~X K1~ Xari. Moreover we write

M M
Xk1— Xux =Xg1— — Z Xk, mZI(XK,l — Xgm) = % m:2(XK,1 — XK.m)-
Hence, we get
1 M ) ) 1 M ) ) 1+p
i Y F(Xkm) — FXux)| < [f/]pw > (X1 — Xkm) (4.16)
m=1 P m=2 »

Owing to the independence of Y and (&)x>1, we write

M (1+p)p
E Z(XK,l — Xkm)
m=2
M 1 K 1 K (1+p)p]
/PY dy)E Z(KZF(&“ ZFme 1+k,y)>
m=2 k=1 K= |
K M (1+p)p
Z/Py(dy T op e Z( F(&ry) = Y Fléxm- 1+k,y>>
1 m=2
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We notice that, for each fixed y € R? the random variables (Xpk>1 =

((M - V)F(&k,y) — 2%22 F(fK(m—1)+k»y)>k>1 are centered and i.i.d.. Moreover (1 +
p)p > 2 hence, owing to Inequality (4.13), there exists a constant Cp,p such that

M (1+p)p
E Z(XK,I — XK.m)
m=2
1 M (1+p)p
Scpp (1+p)p E 517 ZF gK(m 1+lay)
K 3 m=2
Applying twice Minkowski’s Inequality yields
M (I+p)p
E | (Xk1—Xkm)
m=2
1
< Cpp—grgy (M — DHP / Py (dy)E ||F(&1,y) — F(&cin, )|
K =2
< Cpp—gy (M — 1)1HPP2040PE [!F(&,Y)’(Hp)p] -
Qi

Plugging this in (4.16) we get

p
S ‘/‘1(177,0)

p

p(1+p) ?

K 2

1Y
5 F(Kkm) — 1)
m=1

(I+p)p
with Vl(p’p) = [f’]ng7p2p(1+"’) (1 — ]\1/[> E []F(fl,Y)\(Hp)p . Hence, under the as-

sumption X € LPU1+P) Y, » satisfies the L version of the strong convergence assumption
M
with S=14p> 1. O

If we replace the p-Holder assumption on f/ by a locally p-Holder assumption, i.e.
|f'(x) = f'(y)| < Clo —yl? (1 + |27+ [y]?),

then, since |2,,|? < max(| X g m|% | Xpx|?) < | Xgml|?+ | Xmkl?, Inequality (4.15) must be
replaced by

M M
% Zf(XK,m)_f(XMK = Z XMK)) (XK,m_XMK)
m=1 m: »

p
< Pl S s — Xt 0+ Sl 240, (417
> pM . Km MK Km MK p° .
m—
Owing to Holder’s Inequality with r, s > 1 such that %+% = 1 and Minkowski’s Inequality,
we get
X km = Xnaw [P+ [ Xgem | + 2 X i | )],

<[ Kxm — Kaarcl ], (L [ Krcml7] + 2 (1 Zarcl,)



4.3. Smooth density 85

We recall that the variables (X K,m)m=1,...m are identically distributed, hence Inequality
(4.17) yields

p
< P 1% r = Kaasel 2 (14 D% 2 | el

The analysis of the term H \X' K1~ X K\HPHPT does not change, except for the condition
X e LU+PPr Under the assumption X € L%, the term 1+ H]X'K,l]qus +2 H]X'MK]‘IHPS
is bounded, since

K q

I

k=1

q
< (1%l gy )

1Sl = |
ps

Having in mind that r = s/(s— 1), the optimal choice for s which minimizes both (1+ p)pr
and gps is given by s = (1 + p+q)/q (hence r = (1 + p+ q)/(1 + p)). This leads to the
additional condition to X € LP(+,+4d) In conclusion, we obtain that

1 U ! 1
= 3 FXkem) = FXar)| < VP —rr
m=1 P K
. T p(tp) a\ P
with Vl(p’q’p) _ [f/];g (O;npcfzr,prr(l-i—P)) M 2 H‘X”H—ﬂ”ir (1 +3 (HXlqusvl) ) .

Hence, under the assumption X € LP(+r+a) Y, n satisfies the LP version of the strong
'M
convergence assumption with S =14 p > 1.

4.3 Smooth density

There are many situations where we need to consider non smooth payoff functions of
the type f = 1yE[x|v])ery, With g : R — R and I C R interval. Among them we can cite
the computation of loss thresholds, i.e. when we search, a threshold ¢ € R being fixed, for
the corresponding a4 € [0, 1] such that

1—ay =PE[X|Y]) > q) = E [1yy®x)y)zq]

or the inverse problem, which consists in computing the quantile ¢, such that for a fixed
a € [0,1],
1-a=PEX|Y]) > q) =E [LyExy)se} -

Another situation of interest is the approximation of density functions (see the seminal
paper of Bally and Talay [BT96a] and [BT96b], treating the law of the Euler scheme for
distributions).

The payoff function f being non smooth, the regularity assumptions on f that we needed
to prove the weak and the strong convergence of the estimator in the smooth case, will be
replaced by some assumptions on the regularity of the density functions, as we detail in
the next two Subsections.
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4.3.1 Weak error

We recall the notation

Xo:=E[X|Y], Xj:= %ZF(&,Y) with h = % eEH

The following result on the weak error derives from Lemma 4.1.1 and gives a bias
error expansion relying on the density of the joint distribution of (Xg, X},). More precisely,
assume that (Xo,Xh — Xo) is a random vector with smooth density with respect to the
Lebesgue measure on R?. Let fx, be the density of Xy and let [xo1%,—Xo=z be (a regular
version of) the conditional density of Xy given X; — Xy = Z, so that for all test functions
g:R =R, E [9(X0)| X}, — Xo] = fg(x)]i)go‘)gh,;(o (z)dx. Moreover let F'g, (v) and F, ()
be the distribution functions of X} and Xj.

Proposition 4.3.1 (Bias error (II) : smooth density). (a) Let R > 0. Assume that the
functions ¢o, fx,, f)‘(op‘(h—)‘(ozx, z € R, are 2R + 1 times differentiable and f 21?;}11 Xo—z
is continuous. Assume that ¢g : R — R is continuous and strictly monotonic, that its

derivative ¢y is never 0, hence ¢g is one-to-one, and assume that X € L2R+L
k
Let i = £/ fx, and

1 (2r+1)A2R 0
R = 5 Z;ﬂ (D ((brerod5") Sy,) (@)
(2r+1)A2R £y .
= Y () G0 @into) (4.18)
l=r+1 k=0
(0) I sUPherszner |y sroms(@)] < Ho00, then
R T
(@) = fx, (@) + fx, (@) ) 7 Br(2) + O (hft+2) (4.19)
7':1

uniformly with respect to x € R.

(2R . 2R
(b) If furthermore Suppeyy z ver | f o\))f; )—(O:j(ac)\ < 400 and limg—, f( 0\))(h Xoe L(z)=0

for every x€ R, then

R

h" _ 1
Fg, () = Fg, () + 3 0B [P(X0) L5y ] + O ) (4.20)
r=1 "

uniformly with respect to x € R.

Proof. The case R = 0 is trivial, using the expansion (4.2) and the convention 2221 =0.
Let g : R — R be an infinitely differentiable function with compact support. We apply the
expansion (4.2) to the smooth function g where coefficients ¢(r,2r + 1), r = 1,...,R — 1
and ¢(r,2R), r = R,...,2R — 1 are given by (4.3) and the remainder term RgRH is given
by (4.4).

We first note that, for every £€ {1,...,2R},

E [ (X0)bsr (V)] = B [5 (X0)brsrodg )X = [ 69(0) (bremrod ) fx,) (2)do

R
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Then, performing successively ¢ integrations by parts yields

B [0 (Kolbrees (V)] = (1) [ @) (brir 005")15,) @)

R

As for the remainder term,

g 1 Xn=Xo (2R+1) &\ (T o 2R
RQR-H = (2R)'E / g (t + XO)(Xh —Xo— t) dt
: 0
1 z
_ (= (2R+1) —  \2R
= R /Rdw f5,-% (SU)/O [/Rg (t+ w)fxoxh_xo_i(w)dx] (z —t)""dt

1 ) oy ) )
= (2R)!Adwthxo(x)A 9(2R+1>*fXO‘XrXO:i(t)(x—t)szt,

where f : u +— f(—u) and * denotes standard convolution of functions on R. Now, owing to
the regularity assumption made on f Xo | X —Xo=z> We know that g2+l

2R+1 F(2R+1)
)( = on\Xh Xo=

* [ %0 Xp—Ko=z =

g (f Xo | Xp—Xo=2  * g. It follows from Fubini’s Theorem that

1 _ 2R+1 - 2R
RgR-H = (ZR)'/ Tfx, %, (7 / dt/ dzg(x f?((o\)th)xo x(:z:—t)(a:—t)

- _(2;)! /Rdxf)_{h_)_{o( / do gl [ fxzo?:i Xo=2 (x—t)(T - t)2Rdt}

= /Rg(w)r(h,x)dx,

where

r(h,z) = —

o (2R+1) v % 2R
ery /0 Tz x, @ ~ D& = Xo = t)7dt (4.21)

Plugging these identities in (4.2), we get that, for every test-function g,

— R r
E [Q(Xh)} = /Rd 9() [on + fx,(x ; FPT $)] dz
where - y
?(hv$> = f)_(o(x) Z FPT(J:) +’I“(h,l‘),
r=R+1
Hence R
h" ~
Fx, (@) = Fxo (@) + fo ()Y Sy (@) +7(h,2). (4.22)
r=1

The continuity of the function on the right hand side of the above equality will establish the
1
announced expansion, provided we show that r(h,z) = O(hR+’) uniformly with respect

to € R. It follows from the boundedness assumption made on fZf+1) (x) that

Xo | X}, —Xog=2

’r(h, x)| <

S > 12R+1
X, — X C
L (2R+1) @)‘E[‘ n— %ol ]<( XR__pRES(4.23)

(2R)! s oeR £ s 2R + 1 SR+ 1)1
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owing to the upper-bound established in (4.11) for E [|X}, — Xo[*#1].

(b) The claim amounts to integrating Equation (4.22), provided we show that the integrals
of Pr(x)fg,(x), for r=1,...,2R — 1, are at least semi-convergent and that, for all b € R,

ffoo r(h,x)dx = O(hR+%). We first notice that, owing to the assumptions made in (a) and
to the upper bound (4.11), we have, for all a < b € R,

b
/E[/ Liten,
a R

with I, = [ (X — Xo)~, (Xn —)_(0)+]. Hence, owing to Fubini’s Theorem, using the
definition (4.21) of r(h,z),

/ab r(h,x)dx =

L (5P o)~ SO0 (a—1)) (Xn— Ko~ )?Fat
(QR)! 0 Xo | Xp—Xo Xol Xp—Xo h 0 )

f(2R+1) ( —t)(Xp, — Xo — t)QR‘ dt] dr < 400,

Xo | Xp—

The assumption sup,ecy z ver |f)(z201|%))gh7)f(0:g_c(:r)| < 400 and again the upper bound (4.11),

yield
E [/ l{telh}

Hence, owmg to Lebesgue’s Dominated Convergence Theorem and to the assumption
(2R) .
limg,_,_ °°fX0|Xh Rom x( x) =0, we get

b 1
/ r(h,z)dr = — (2R)!E

—00

f( R)

Xo | Xp— Xo(

a—t) (X, — Xo— t)m‘ dt] < +oo.

Xo | Xp—=Xo

Xn—Xo
/ FER (b — 1) (X — Xo — t)QRdt] (4.24)
0

and then, likewise (4.23), using the boundedness of f 212{ o (2),
h—X0=2

b
/ r(h, 2)dz — O(RF+). (4.25)
Owing to Equation (4.22), if we take hi,...,hor—1 € H pairwise distinct, we get, for all

i=1,...,2R—1,
2R—1

> (5

% (T )) = Ei(z), (4.26)

with
Zi(z) = I, (%) - f;(;(:c) _ T(hi’m), i=1,....2R — 1. (4.27)
Hence we get a Vandermonde system, ‘Z/u(:zr) = Z(x) with
1 I h2 ... R3E?
V=V(h,....hap_1) = 1 h:2 h% hgin :
1 hm;_l h%l;ﬁl hah—2
(@) = (@), . usma(x)) with w(z) = L) fr (@)
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and

We set, forall j =1,...,2R -1,

1 ... h{‘z =1 (z) Moo hf2‘2
N N 1 ... hy Eo(x) Ry, ... h3f2
V(@) = Vj(h, ... hap-1,2(2)) = | | : ’ ?
L . -
1 ... Wiy’ Sop-a(x) hlp , ... hin?

By expanding along the j** column, the determinant of ‘N/] writes

2R—-1

det(Vj(z)) = > (=1)"d;E,(x),

i=1

where dij = dij(hla ey hiq, hi+1, RN hQR) € R with

j—2 ] 2R—2
1 ... h A
1 ... W72 W, ... nE2
dij(hla ey hifl, hi+1, cey hQR_l) = det Z'__lg il 127%1_2
1o R KL R
L. j_.2 ; : .. 2}.2_2
1o W, W, ... h3EZ2

Hence, owing to Cramer’s rule, the solution of the Vandermonde system writes

det (f@(aj)) 1 2B "
j = = —1)° ]di EZ .
Finally, since we saw that for all i = 1,...,2R — 1, the integral of Z;(x) is semi-convergent,

we deduce the semi-convergence of the integral

b ! 2R—-1 . b
/ Py (@) fx, (w)dw = — G > (=1 dy, / =i(z)da,
> i=1 -

where, owing to the expression (4.27) and to (4.25), ffoo Ei(z)dz is finite, which concludes
the proof.
(]

4.3.2 Strong convergence rate

We conclude by showing the strong convergence of the nested Monte Carlo estimator.
The following Lemma is more or less standard (see for instance [Avi09]).

Lemma 4.3.1. Let X and X' be two real valued random variables lying in LP, p > 1, with
densities fx and fg, respectively. Then, for every x € R,

2 _p_ 1 P e
< () (1l + ) 1% = X5 (a28)

Hl{)z@} — <oy
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Proof. Let L > 0. Note that

Hl{)‘csx}—l{fc@} z P(X<z<X')+P (X' <2 <X)
< PX<2, X' >224L)+P(X <2< X' <2+1L)
+P (X' <z, X>2+L)+P (X' <z<X<z+1L)
< P(X-X>L)+P(X-X'>1I)
+PX'€w,x+ L) +P(X€ [z,z+ L])
= P(|X'-X|>L)+P(X€ [z,z+ L)) + P(X'€ [z,z + L])
E[|X — X
< ([ sl + 15l
A straightforward optimization in L yields the announced result. O

The strong convergence is a consequence of the Proposition 4.3.1 combined with the
previous Lemma and Lemma 4.1.2.

Proposition 4.3.2. Assume X € LP, p > 2. Under the assumptions of Proposition 4.3.1
(a) with R =0 and if the density fx, is bounded, then there exists hg = K%) € H\{0} such
that, for every h,h'€ (0, ho)

2 P
, S Cxyplh — b0,

Hl{thx} — L%, <2}

where Cxy,p, = 2741 (pﬁ +pri1)(HfXO I —i—l)ﬁ(ll BIJ,WZHXHP)#. This means that the

strong approximation error assumption holds with 8 = ﬁ € (0, %)

sup

Proof. Tt follows from Proposition 4.3.1 (a) that
Ix,(®) < fx,(z) + o(h%) uniformly with respect to z € R.
Consequently, there exists an hg = K%) € H\{0} such that, for every he (0, hgl,
VzeR, fx, (2) < fg,(z) + 1.

Plugging the above bound and (4.8) in Inequality (4.28) of Lemma 4.3.1 applied with
X = X}, and X’ = X}y completes the proof. O



CHAPITRE 5

Randomized Multilevel Estimator

In this Chapter we compare the unbiased randomized Multilevel estimator
proposed by Glynn and Rhee in [RG15] with the Multilevel estimators with
and without weights. We will build an unbiased Multilevel estimator using the
usual family of biased random variables (Y}, )nex and choosing a random level
7 instead of the deterministic R in the Multilevel framework.

Like in Section 1.2, Z; will denote the contribution for the level j to the estimator under
consideration. We will first establish a general result involving these Z;. As for applications,
we will consider two frameworks :

1. First we will set

with n; = M7~ and Z; = Y},. In this setting the Z; are independent like we did in
Section 1.2.

2. A second case of interest will consist in setting

Zi=Yn —Y_u ,

J

where, by contrast, all the Y, , 7 > 1, are sampled from the same family (Y},)pen
"

(typically in a diffusion setting all Y}, are designed from the same Brownian motion),

which yields Y%, Z; = V., .

k

In order to be able to write general results, we introduce the random variables

S ;:ZZj, m>1. (5.1)

m
j=1

We recall that in both cases the cost of simulation of Z; reads

N — N L A e L) -1
Cost(Zj)—g<Cost<Ynh_>,Cost(Ynjh_l>>—g(h, h) mhg(l,M )

J

and that we make the strong error assumption

%~ ¥ol2 < van’.
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5.1 Unbiased randomized estimator

Let 7: (2, A,P) — N* be a discrete random variable independent of (Z;);>1. We set

where m; = P(1 > j) > 0 for all j > 1.
I is an unbiased estimator of Iy = E[Y], as we show in Proposition 5.1.1. In practice
the estimator of interest is designed

1 N
N
N = NZIW (5.2)
k=1
with ®
Tk Z
L=y
j=1 7

where (7j)g>1 are 4.i.d. with a geometric distribution of parameter p* € (0,1) and are
independent of the i.i.d. sequences ((Zj(-k))]zl)kN. The details about the choice of the
optimal parameter p* are given in the next Section. Though our formalism is borrowed

from [RG15], our methods of proof slightly differ from the one developed in this reference.

Proposition 5.1.1. Assume

> 11z, < +oe. (5.3)

i>1
Then there exists a random variable Soo such that E[|Sx|] < 400, Sm — Seo a.s. and in

L' as m — 400 and
E[;]=E[Yo] = E[S«].

Proof. Tt is clear by absolute convergence from (5.3) that S,, — S a.s. and in L! as
m — +oo and E [So| = E[Y)]. We may write

Z.
_ J
I = Z 7 Hrzi
Jj=1
Moreover, owing to the independence of 7 and (Z;);>1, we get

Z & 1{T>J}H1 Z | — ZHZjHl < +00.

7j>1 7>1 7>1

\Z|!1 (r2J)

Lebesgue’s dominated convergence theorem for series yields

E[]=) => E[Z Yol .

j>1 j>1

E [Z 1{T>J}

The variance of this unbiased estimator is described in the following Proposition.
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Proposition 5.1.2. Assume

12 < foo. (5.4)

3 12511,
Then there exists a random variable Ss such that E US’OO\Q] < +o0 and

S50 = Smll

R
(#9) Var(Il,) = Var(S, Z HS —5i H2 P(r =j).
j>1 TjTj+1

Proof. (i) Assumption (5.4) implies that .-, HZjHl < D1 | ZjH2 < +o00, hence Sy
exists a.s. and E [|Sx|?] < +00. Owing to Minkowski’s Inequality, to assumption (5.4) and
using that 7; is non increasing, we get

IS = Sully _ Siomei 17l _ <~ 12l

\/ﬂ B m B j>m+1 \/7?3

— 0, as m — +oo.

(73) We set
I i il
=

The assumption (5.4) yields

s 15, 12 1{r>a}H2 3 1l Hl{T>J}H2 Z 12 H2 oo

7>1 7>1 7>1
hence I,, = I, in L? as m — 400, and

E[IZ] > E[I}] as m— +oc. (5.5)

Then we derive

&=

ki

E|Z Z
T+ 2 E MP(TZ]'\/E)
; T
1<j<l<m

_Z]2 +27; ZZ”:J-H Zli}

Ty
7R I R N s A
| < t=j+1 44 t=j+1 44
Ty

ISm = Si-1ll5 = [I1Sm — S5l

T

I

<
Il
—_
<

E (1]

&=

I

<
I
—

=

<
Il
—

I

I
NE

N
Il
—
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where we used in the second line that P(7 > j Vv {) = P(1 > ) = 7y, since j < {. Now,

2
=2 <ijsoo — 75]‘ +2Sj_1> + 2 <Zj75m - SOO>

= o0 = Sy l2 18 = S5+ 22, 51— Suc)

S;+S;-
10 = i1l = 15 = 5,1 = 2 (25,5 = 2522

Consequently,

m Q. 2 a2 m 4 B
E[12] = Z (| Soc SJ—IHirj |Ss0 — S5 1I5 +QZW'
Jj=1 j=1

o~ (25, Sm — oo>§§:||ZJH2H5m Scolly
=1 i = VT VT

Owing to assumption (5.4) and to (7)
m
(Z;,Sm — So0)
i 3 e Ssl g
J

hence

oo—SjH;_

[2 ZHS Sj- 1”3T] H

j>1

As a last step, an Abel transform shows that

IS = Silly _ 1S=oll HS —Smlls

HS Jle oo Jllg _ [P
2 m Som ZHS _SH2<7T+1 7Tj>

j>1

_ lis=ll; HS —Slly , = 115 = Sills
= Z P(r =j).
T Uy

Tj+1

Now 7 = 1 and (7) yield

[ } SQ +Z HSﬂ-J S; HQ P )

7j>1 T+l
Combining this with E [I;] = E [Yy] = E [Ss], we finally get the expression for the variance

2
Var(I;) = Var(Sso) + Y 155 = S5l P(

o =1,
=1 T

which completes the proof. O
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The analysis of the variance is then reduced to the analysis of the quantity HS -5 H;
We use SJC to refer to the second correlated case and SI to refer to the first independent
case. S and SL will denote their corresponding hmlts (in L? and a.s.). We start by the
second setting.

2. In this fully correlated setting, we have

ZIZYh and Zj:YL—Yh s 322,
so that
C _ C
S; —Yn% and S3 = mEIEOOS
in L? and a.s.. Consequently
C o 8C — SO = Vo - v P <vi () 5.6
=[S = Silly = Yo -Yal <vi(~) - (5.6)
"i2 J

1. In the independent setting, like for Multilevel estimators MLMC and ML2R, we have
that

Zi =YY and z;=YP vV = j>2
i -1
are independent, so that S is no longer equal to Yy (though E [Sgo] = E[Y ]) The
bias-variance decomposition then yields, owing to the independence of the (Zy),>
2
v st - s
2
= Var Z Z;i | + Z E [Z}]
i>j+1 i>j+1
2
= > Var(Z ( [Yo] — E[Yh]> (5.7)
i>j+1 i
2 2
= > Hyh —Y o || +< [YO—th -y <E[Yh ~Y D :
P>+l " i>j+1 " it

Combining (5.6) and (5.7) yields
VjC—V;[:Var<Y0—Yf_> ZVar(Yh—Yh).
J i>5+1 i1

It is difficult to compare a priori these two quantities V;-C and VjI in full generality. However,
if we have the guess that in Setting 2 the random variables Z; are positively correlated, we
see that Vjc > VjI . Indeed

VE -V = Var (YO—Y:_) > Var <Yh ~Y_ )
J 1>7+1 ot
=2 Z COV<Yh —Yh ,Yh —-Y )

i>k>j+1 ng ni—1 "k Ng—1
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2
w P (7 = j) to converge.

For this purpose we will use the strong error hypothesis (SE3) and choose the law of 7 in

For the variance to be bounded, we need the sum 3 i>1

a wise way.

5.2 Geometric distribution for the level

We assume that 7 follows a geometric distribution with parameter p, i.e. P(1 = j) =
(1—p)~'pand mj = (1 — p)’~L. Hence
P(r =) .
PO=) _ pa—py
T j+1

We start by the second setting and observe that, owing to the strong error assumption,
Var(l;) < Var(¥o) + ih" 2= 3" ((1 —p)M ) . (5.8)
P
In order to get the convergence of the series, we need M?(1 —p) > 1 and get
p (1-p)M°
—p(1—p)MP -1’

Var(I,) < Var(Yp) + Vih? .

We recall that the cost of the levels is given by the formulas

K K
Cost(Z;) = = < ~g(1, M~ !
ost(Z1) 5 S hg( ; )
and -
M-
COSt(Zj):% . g(L,M™h), j>2,

hence the cost of the random variable I- reads

K M™ -1

K SN
L)< 2g(LM™)Y M = Zg(1, M) ———. :
Under the sign of expectation formula (5.9) yields
kg(l,M~1) i1
<o - ~1]. .
E[Cost(I)] < 7 L= | Mp) (M(l p)> 1 (5.10)

If we make the additional assumption M (1 — p) < 1, the series in (5.10) converges and we
get

K _ 1
1-MQ1—p) 1) = 9L M 1)T(l—p)'

kg(l,M™1)
E [Cost(I;)] < M1 (Mp

Finally, we get the following bounds for p :

1 1
— <1l-p< —. 11
aF <1 mP<y; (5.11)
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An important remark is that, for these bounds to hold, we will need 5 > 1, hence the scope
of the randomized Multilevel estimator is limited by this constraint and this estimator
cannot be used when 3 € (0, 1].

The optimal value for the parameter p will be given by the minimization of the effort,
as we did for the optimal parameters in the deterministic Multilevel framework.

Owing to the formulas (5.8) and (5.10), we write

M—BG-1)
Var(l;) < Var(¥p) + Vi’ P Z -
j=1
and
1, M1
E [Cost(I,)] < Zg(M—l) Mp) M/ 'mj—1

We search for p minimizing the effort
¢(I:) = Var(I;)E [Cost(I;)] .

This amounts to solving the sub-optimal problem

M=PEGDN (g1, M)
7Tj h M-1

MpZMj_le
Jj=1

min ¢*(I;) := | Vih T Z

1 1
. . 2 . . . .
We ignore the coefficient lpfp and search for the p which minimizes

M-BG-1) .
e e
; j ;
Jj=1 j=1
which, owing to equality case in Cauchy-Schwarz’s Inequality, gives

mi=(1-plt= )\Mf%(jfl),

for some constant A > 0. Since m; = P(7 > 1) = 1, hence A = 1 and we finally get the
optimal value for the parameter of the geometric distribution of 7

_ B+l
2 .

pr=1-M (5.12)

Now that we built an unbiased estimator with minimal effort, we can make a Monte Carlo
estimator of size N as described in (5.2)

where (I, );>1 are independent copies of I. If we fix the constraint on the squared error
1Y = Tol, = e,

we get an optimal size
N* = Var(I,)e 2 (5.13)



98 Chapitre 5. Randomized Multilevel Estimator

The cost of the Randomized Multilevel estimator (RML) is then computed with the formula

1+ M1

E [cost(fiv *)} — N*E [Cost(I,)] = Var(IT)ﬂm.

The variance in the first setting being more complex, we will take the same values for p*
and N* as optimal parameters for the Randomized Multilevel estimator in the independent
case.

5.3 Numerical results

We compared the performances of the Randomized Multilevel estimator in its inde-
pendent and dependent version, on a Call in a Black Scholes model in one dimension, with
Xo =100, K =80, T =1, 0 = 0.4, using a Milstein scheme, in order to guarantee 8 > 1.

The optimal parameters are given by formulas (5.12) and (5.13), and the variance
Var(I;) needed to set the optimal size of the estimator in the formula (5.13) is estimated
as structural parameter, making a standard Monte Carlo estimator of size 10° on I, and

setting
AVar (1 EN L ) = ( E (I )2 - Tlf( EN I )2> /(N 1)'
N — Tn Tn Tn

n=1 n=1

As we did in Chapter 3, in order to check that we respect the theoretical L?>—error, we
make a standard Monte Carlo estimator of size L = 100 on IiV and we display the empirical
L?—error which we compute with the formula (3.25). The true value is Iy = 29.4987.

We started testing the Randomized Multilevel dependent estimator described in the
second setting. In Figure 5.1 we show the results with M = 2. The Randomized Multilevel
estimator behaves as an unbiased estimator, but the multiplicative constant in front of the
cost seems to be bigger than for MLMC and ML2R.

In order to test the sensitivity to the root M, we made M vary and obtained Figure 5.2.
M = 2 seems not to be the optimal choice for M. An optimal choice for this case seems to
be close to M = 6.

Hence we fixed M = 6 and obtained the results in Figure 5.3, where we can observe the
improvement of choosing M = 6 with respect to M = 2.

To test the robustness of the optimal parameter p, we made it vary between the bounds
ﬁ <p< ﬁ given in (5.11) and got Figure 5.4. This Figure confirms that the optimal

computed p* =1 - M S 0.931959 is a good choice, the better performances being
reached by p = 0.92,0.93,0.94.

As a second step, we tested the Randomized Multilevel independent estimator described
in the first setting and, as we suspected, we obtained that it performs better than the
Randomized Multilevel dependent estimator. In Figure 5.5 we show the two Randomized
Multilevel estimators, with M = 6. At the same time, the Randomized Multilevel estimator
in the independent setting does not perform better than ML2R and MLMC, as we can see
in Figures 5.6 (log, scale on the x—axis and log;, scale on the y—axis) and 5.7 (log,
scale on the z—axis). In Appendix C.2 we show the Tables of the numerical results for the
Multilevel estimators and for the Randomized Multilevel (RML) estimators, dependent and
independent case, for M = 6 and p* =1— M -5 0.931959. The estimated variances
Var(I,) are given by
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|-\ —|-- Crude
10° 7 ~. —- MLMC
Sl —— ML2R
. i
104 4 < —¢~ Randomized

CPU-Time

T T T T T T T T
-8 =7 -6 2-5 -4 2-3 2-2 2-1

Empirical L? error

_B+1
2

FIGURE 5.1 — In the Randomized Multilevel (RML) estimator M =2 and p* =1—-M
(logy, x—axis, log,y y—axis).

‘ RML Dependent ‘ RML Independent
Var(I) | 1617.05 1436.61

In conclusion, the randomization of the level in the Randomized Multilevel estimator
leads to an unbiased estimator with Cost(e) ~ Crase~2, which is the best rate that we can
expect, as we saw throughout this work. The multiplicative constant Crps, though, is bigger
than the one for MLMC and ML2R estimators, since they return better performances. This
constant depends on the variance of I, suggesting that the introduction of randomness via
the random variable 7 leads to an unbiased framework, but at the same time increases the
cost by increasing the variance.
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15 = N S

CPU-Time

2—5 2—5 2—4 2—3 2—2 2—1
Empirical L? error

FIGURE 5.2 — In the Randomized Multilevel (RML) estimator M varies and p* = 1—M -5t

(logy x—axis, log,, y—axis).
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FIGURE 5.3 — In the Randomized Multilevel (RML) estimator M = 6 and M = 2 (log,
x—axis, log;y y—axis).

¥~ p=0.86
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FIGURE 5.4 — In the Randomized Multilevel (RML) estimator M = 6 and p varies (log,
x—axis, log;y y—axis).
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X —- RML dependent
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FIGURE 5.5 - Randomized Multilevel (RML) estimator : dependent vs independent version,
with M =6 and p* =1 — M5 (log, x—axis, log;q y—axis).
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FIGURE 5.6 — Randomized Multilevel (RML) estimator in the independent version, with
B+1

M =6and p*=1—- M~ =2, vs MLMC and ML2R (log, x—axis, log;, y—axis).
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FIGURE 5.7 — Randomized Multilevel (RML) estimator in the independent version, with

B+1

M=6andp*=1—-—M" > , vs MLMC and ML2R (log, z—axis).






ANNEXE A

Asymptotic of the weights

We focus our attention on the behaviour of W? when R — +00. We recall

R R—j
R
Wj == Z agbR_g = Z CLR_gbg
=3 =0

with
1

B [Ticher 1 (1 — M—Fe)

and with the convention [[o_,(1 — M%) =1, and

Qg

- S
[Ticper(l — M—He)’

For convenience, we set Wf =0, for j > R+ 1,R € N*. We first notice that a, is an
increasing and converging sequence and we set

by = (—1)*

lim ay = axo-
L——+o0

The sequence by converges to zero and furthermore the series with general term b, is abso-
lutely converging, since y _,-, M~244) < 4 oo, This leads us to set

By = Z |be] < 400 and By = Zbg < 4o00.
=0 =0

Claim (a) of Lemma 2.4.1 is then proved. As a consequence,
VReN"Vje{l,...,R}, |WF| <axBx, (A1)

which proves claim (b) in Lemma 2.4.1. For the proof of claims (¢) and (d), we will need
the following

Lemma A.0.1. Let ¢ : N* — N* such that p(R) € {1,...,R — 1} for every R > 1,
¢(R) = 400 and R — ¢p(R) — 400 as R — +o00. Then

lim sup ‘Wf —1‘ =0.
R=4001<j<y(R)
In particular, Vj € N*,Wf‘ — 1 as R — +o0.

However, this convergence is not uniform since Wgﬁ-ﬂ — oo Zi;é be for every j € N*
as R — +oo.
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Proof. We write

R—j
(WI —a00Boo| = | ar—by — aoo Zbe —as > b
£=0 {>R—j+1
R—j
<Y (o —an—o)bel +aw Y bl
=0 ¢>R—j+1
First note that
lim sup Z lbe] < lim Z |be| = 0,
R0 el (R)} p> R a1 Bt s R a(R) 41

as R — ¢(R) — 400 and Y5 [be| < +00. On the other hand, for every j € {1,...,p(R)},

R—j R
(ao0 — ar—e) |bel =Y (aco — ) |br—d|
=0 =
»(R) R
= (oo —ar) lbr—el + D (aoo — ar) [br—|
=j t=p(R)+1
R—j R—p(R)-1
< loo Z |be| + (aoo - ago(R)—l—l) Z |be|
=R—¢(R) £=0
+o00 R—p(R)—1
< oo Z |bg| + (oo — ay(r)+1) Z |be]-
{=R—p(R) =0

Consequently, sup;cq .. r) Zf:_oj (a0 — ag—r) |be] = 0 as R — 400, since p(R) and R —
¢(R) — +o0. Finally,

lim sup |Wf —aooBoo{ =0.
R—+o00 1<]<</7(

Moreover, by definition W1 = 1 for all R, which implies that Bs, = —— and completes the
proof. Finally, as a; — a0,

Wi ji1 = ZGR Zbl—>aoozb€

Proof of Lemma 2.4.1 (c¢) and (d).
(¢) Let us consider the non-negative measure on N* defined by mg(j) = M7~ < 0.
We notice that it is a finite measure since

1
d .
; ms(i) =130
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Since, as we saw in Lemma A.0.1, Wf“ — 1as R — +oo for every j € N* and
|W§12 | < aooBso, we derive from Lebesgue’s dominated convergence theorem that

R " 400 " 1
. i1 . j—1
RETOOJZQ‘ e ):”RETOJWJ"M”“ b=y

d) e If v < 0, we consider the non-negative finite measure on N* defined by m/,(j) =
B
M 7(3'71)%, since (vj);>1 is a bounded sequence of positive real numbers. As in the
previous case (c¢) we have

R ' +o00 '
REIEOOZQ ‘Wﬂ MW(Jfl)Uj — ;M’Y(Jl)vj_

=

o If v =0, let us consider a sequence p(R) € {1,...,R — 1} such that @ — 1,

R — ¢(R) — +00 as R — 400 (for example ¢(R) = R — v/R). Then we can write

1 & R
RZ‘W.?‘U]_RZU]
Jj=2 =2
_1¢<R>H By 1 XR: n
< |z 2 IWil-1+5 (WE|+1)| supo,
RE= J R o 22
< wh 11?8 (B ( _go(R)) )
B _2<J§2}0)(R)‘ i1 R —|—(a + ) I ilzlgv]

Owing to Lemma A.0.1 supPocj<,(r) |VV§L2 —1| — 0 as R — +o0. Using furthermore
that @ — 1l as R — 400 and that lim;_, . v; = 1, one concludes by noting that,

R
1
ing to Césaro’s L lim — =1
owing to Césaro’s Lemma, lim Z;v]
‘]:
o If v > 0, first, we notice that
R .
SOIWE MY > (W MR = Jag| M - +oo. (A.2)

=2

Let n > 0. Since lim;_, o vj; = 1, there exists IV, € N* such that, for each j > N,,
lv; — 1| < 4. Owing to Lemma A.0.1 there exists R, such that, for each R > R,,
SUPa<j<n, ‘Wﬂ < 14 mn. Then,
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Sl [WH M=y,
Soity [WE[ MoG=1)
o i (WM o — 1]
3 (W MG
S [WE MWD o, — 1] Xy 4y [WE MY

- a R - 2 R R —
S [WE MG 2 YR IWE[ M-
o WAXa<j<N, MY Jo; — 1] Ny supy<je, |[WT| + 7
= R _[wEk -
Sty [WE MG 2
f(Ny) (A +n) n

= S WG

where f(N) = maxg<;<y MU~ |v; — 1| N does not depend on R. Thanks to (A.2),
there exists R) > 0 such that, for each R > max(R,, R;), Zf:z |Wﬂ MG >

w, which proves that

SE (W M6,
R—+00 Zfzg\wﬂMV(j’l) N

This leads to analyze

R R-1
MWszR\Mw D= W M = S WA 0
Jj=2 7j=1

Using that ‘Wﬂ < aooBoo for j € {1,..., R} and Lemma A.0.1 one derives from
Lebesgue’s dominated convergence theorem that

M~ < 400

S

R-1

R — R—>+oo
D IWE [ M7 = ax Y
J=1 =0

7>1

since ’Z%;é bz’ < 33950 Ibel < Boo



ANNEXE B
Closed formulas in Clark-Cameron
model

We consider a Clark-Cameron model
{ dU, = SydWy

(B.1)
dSt = ,udt + dW27t

where Wy and Wa; are two independent Brownian motions, with initial conditions Uy =
So = 0, which is equivalent to

t
Ut = / (MS + WQ,s)dWLS
0

Sy = pt + Way

(B.2)

B.1 Norm payoff

We aim at computing E [UZ + S%]. First of all E [S%] = E [(uT + Wa,r)?] = p*T?*+T.
The value of E [U%] follows from the independence of the two Brownian motions, indeed

T T 2
</ /J,SdWLs) </ W27de1,s> .
0 0

Owing to the independence of the two Brownian motions

2

T T
E[U;] =E +2E [ /0 psdW1 g /O Wg,SdWLS] +E

T T
E [/0 deLS/O Wz,deLs] =E [¢(W2,s)]

T T T
(b((wS)QSSST) =E |:/ SdWLS/ deW175:| = / swsds,
0 0 0

T T T
E |:/ SdWLs/ WQ’deLS] =E |:/ 8W27Sd8] =0.
0 0 0

with

hence

This yields

T3 T2
E[U}] = p®—+ —.
Ul =wg v 5
Adding a constant volatility to the first term, dU; = 0.S;dW7 ; yields
T3 T2
E |:U'121] = 0'2//62? + 0'27.

Finally we obtained

o? T3
E[Uf+S7] =T+ (;ﬁ + 2) T + 0%2?.
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B.2 Cosinus payoff

We aim at computing E [cos(AU;)]. Conditionnaly to the process (W2 s)o<s<t, Ur has a
centered gaussian distribution with stochastic variance

t
/ (s + Was)?ds.
0

Let us compute E [e‘i)‘U’f]. Owing to the independence of Wi and W5, we write

E [e*“‘Ut} =E _e*")‘f()t(““w?’s)dwl’s} =E [E [eii)‘fot(“HWQ’s)dWl’s’(W2,5)0§s§tH

— E _E [677;)\ fg(,uerws)dWLs]

(w3)0<s<t(W2,5)o<s<t:|

—EI|E |:e—>‘22 f()t(us+w8)2d8:|

(ws)o<s<t=(W2,s)o<s<t

2
= E 6_)\7 g(MS+W27S)2dS} .

We apply Girsanov’s Theorem and we make a change of probability P* such that under
1
P* By = pus + Wy 4 is a Brownian motion, i.e. ddg)* = e“Bt*i“Qt, which yields

E [e—i/\Ut:| — R I:e”Bt_éﬂzte_A; fg(35)2ds] _E [e“Bt—éu%E* [e—f fg(Bs)2ds’Bt]]
0 v |:€MBtE* [e_ﬁ fot(Bs)2ds,Bt?” ) (B.3)

We recall formula p.427 in [PY82]

E (% Bs| g2 _ ) — bt #(1-btcothbr) Iy (se)
* t=Y)= sinh bt I 1 (%)
2

with z = \/zy and where I, is the Bessel function which, for v = —1/2, reads I_%(z) =

2 cosh z _
\/;7. Here x = 0, hence

A2t 2 At y
E* =% Jo(Bs)?ds B2 — — \/7 3¢ (1At coth At)
[e ° Bi =y sinh )\te%

Plugging this in the formula (B.3) yields

E [e—i)\Ut:| _ At 6_%H2tE* |:6;1,Bz+§§(1—)\tcoth/\t):| )
sinh A\t

Since B, ~ N(0,1),
+oo

oo V27t
1 too 1 9
= ﬁ \/ﬂexp —3 (x Acoth A\t — 2,u:v) .

2
e,ux-i—% (1—Xt coth At)

B? 22
E* |:€MBt+2§(1—>\tCOth>\t):| — e—Ttdx
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We set a = vV Acoth At and b = p/a and we get

E* |:6,LLBt+}z€2(1)\tC0th)\t):| — ie% tee 1 exp (_ (CLIE — b)2> dz = ieg }
Vi ) Vor 2 Vi a
Hence
E |:e_i)‘Ui:| = At i 1 e_% 2t+§ = 71 eiuth(l*tar;\};/\t).
sinh At \/t /A coth At Vcosh \t
Since the right term of the above equality has no imaginary part, we obtained
1 _#2t(q_tenbit)
E [cos(A\Up)] = ———=€" 2 by (B.4)

e
v cosh A\t

We notice that these computations are shortened when there is no drift term

AU, = SydW
S, = dWy,

Indeed, owing to the Cameron-Martin formula (see [RY94] p.445),

N

E [e_)‘fol(wz*s)gds} = (cosh \/ﬁ>_

and the scaling property of the Brownian motion yields

2242

E |:ef’L>\Ut:| — E |:e)\22 Ot(WQ,S)2dS:| — E |:e 2 fol(WQ,S)st} — (COSh )\t)_% .

Adding a constant volatility to the Levy’s area, dU; = 05;dW; is equivalent to take
A = Ao in formula (B.4).






ANNEXE C

Tables

C.1 Antithetic schemes

k e=2"% L?error Time(s) Bias Variancee R M h™! N Cost
2 2.50e-01 2.63e-01 1.84e-01 -7.70e-02 6.40e-02 2 3 2 1.06e+03 4.65e+03
3 1.25e-01 1.13e-01 8.23e-01 -3.62e-02 1.17e-02 2 5 2 4.14e+03 2.19e+4-04
4  6.25e-02 5.63e-02 4.03e+00 -4.74e-03 3.18-03 2 9 2 1.76e+04 1.19e+05
5  3.12e-02 2.58e-02 2.20e+01 -2.75e-04 6.73e-04 3 3 2 9.77e4+04  6.60e+05
6  1.56e-02 1.22e-02 8.68e+01 -1.96e-04 1.51e-04 3 3 2 3.91e4+05 2.64e4-06
7 7.81e-03 7.77e-03 3.92e+02 -1.48e-03 58806 3 4 2 1.57e+06 1.21e+407
8 3.91e-03 3.26e-03 1.76e+03 -7.54e-04 1.02¢e-06 3 5 2 6.42e+06 5.50e+4-07
9 1.95e-03 1.70e-03 7.94e+03 -4.28e-04 2.72¢-06 3 6 2 2.64e407 2.48e+08
10 9.77e-04 8.62e-04 3.56e+04 3.75e-05 7.50e-07 3 7 2 1.09¢e+08 1.10e+09
TABLE C.1 — ML2R estimator with Euler scheme. Payoff function f(u,s) = 10 cos(u).
k' e=2"% [L?error Time(s) Bias Variance R M h™! N Cost
2 2.50e-01 2.12e-01 1.29e-01  3.40e-05 4.52¢-02 4 2 1 9.27e4+02 3.65e+03
3  1.25e-01 1.13e-01 5.17e-01  -1.40e-02 1.28e-02 4 2 1 3.71e4+03 1.46e+04
4 6.25e-02 5.75e-02 2.06e4+00 2.65e-03 3.33e-03 4 2 1 1.48¢+04 5.82e+04
5  3.12e-02 2.74e-02 8.24e+00 -2.40e-03 7.54e-04 5 2 1 6.09e+04 2.52e+05
6  1.56e-02 1.35e-02 3.32e+01 1.44e-03 1.82e-04 5 2 1 2.44e4+05 1.01e+406
7 7.81le-03 7.12e-03 1.29e+02 -3.68e-04 5.10e-06 5 2 1 9.74e4+05 4.04e4-06
8 3.91e-03 3.41e-03 5.15e+02 -1.65e-04 1.17e-06 5 2 1 3.90e+06 1.61e4-07
9 1.95e-03 1.73e-03 2.14e+03 -1.47e-04 3.02¢-06 6 2 1 1.59e+07 6.79e+07
10 9.77e-04 8.68e-04 8.33e4+03 -8.89e-05 7.52¢-07 6 2 1 6.34e4-07 2.72e+08

TaBLE C.2 — ML2R

10 cos(u).

estimator

with Giles-Szpruch scheme. Payoff function f(u,s) =
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k' e=2"% [L?error Time(s) Bias Variance R M h™! N Cost

2 2.50e-01 2.58e-01 1.48e-01 1.64e-02 6.68e-02 3 2 1 1.32e4+03 4.14e+03
3  1.25e-01 1.22e-01 5.91e-01 6.87e-03 1.51e-02 3 2 1 5.26e4+03 1.66e+04
4  6.25e-02 6.16e-02 2.32e4+00 1.47e-04 3.83e-03 3 2 1 2.10e4+04 6.62e+4-04
5  3.12e-02 2.90e-02 1.11e+01 -2.55e-03 8.44e-04 4 2 1 9.43e+04  3.42e+05
6  1.56e-02 1.49e-02 4.39e+01 4.67e-04 2.24e-04 4 2 1 3.77e4+05 1.37e+406
7  7.81e-03 7.39e-03 1.71e4+02 8.94e-04 5.43e-05 4 2 1 1.51e+06 5.47e4-06
8 3.91e-03 4.11e-03 6.84e+02 -6.24e-04 1.67e-05 4 2 1 6.04e4+06 2.19e4-07
9 1.95e-03 1.85e-03 2.98e+03 -2.24e-04 3.41e-06 5 2 1 2.58e+07 1.02e+408
10 9.77e-04 1.0le-03 1.18e+04 -8.0le-05 1.02e-06 5 2 1 1.03e+08 4.06e+4-08

TaBLE C.3 — ML2R

estimator with Ninomiya-Victoir scheme. Payoff function f(u,s) =

10 cos(u).

k e=2"% L?error Time(s) Bias Variance R M h™! N Cost
2 2.50e-01 2.02e-01 3.99e-01 5.71le-02 3.81e-02 3 4 2 1.66e+03 1.13e+04
3 1.25e-01 9.77e-02 1.92e+00 2.15e-02 9.18e-03 3 5 2 7.10e4+-03 5.51e+04
4 6.25e-02 5.72e-02 9.64e4+00 2.53e-02 2.66e-03 3 7 2 3.14e+04  2.97e4-05
5  3.12e-02 2.50e-02 4.62e+01 1.31e-02 4.55e-04 3 9 2 1.36e4+05 1.48e+06
6  1.56e-02 1.24e-02 2.56e+02 3.67e-03 1.43e-04 4 6 2 6.86e+05 8.34e4-06
7 7.81e-03 5.96e-03 1.17e+03 2.40e-03 3.01e-05 4 7 2 2.88e+06 3.85e+07
8 3.91e-03 3.38¢-03 5.66e+03 1.38e-03 9.63e-06 5 5 2 1.34e407 1.88e+08
9 1.95e-03 1.78e-03 2.65e+04 1.0le-03 2.18e-06 5 6 2 5.69e+4-07  8.96e+08
10 9.77e-04 8.72e-04 1.38e+05 4.20e-04 5.90e-07 6 o5 2 2.63e+08 4.51e+09

TABLE C.4 — MLMC estimator with Euler scheme. Payoff function f(u,s) = 10 cos(u).
k e=2"% L2error Time(s) Bias Variance R M h™! N Cost
2 2.50e-01 2.33e-01 1.41e-01 1.34e-01 3.66e-02 5 2 1 1.12e+03 4.11e+03
3  1.25e-01 1.06e-01 6.38¢-01  6.37e-02 7.27e-03 6 2 1 4.87e4+03 1.91e+04
4 6.25e-02 5.14e-02 2.71e4+00 2.58e-02 1.99e-03 7 2 1 2.05e4+04 8.46e+04
5  3.12e-02 3.08e-02 1.04e+01 1.59e-02 7.04e-04 8 2 1 8.51le+04 3.62e+05
6  1.56e-02 1.50e-02 4.52¢e401 7.87e-03 1.64e-04 9 2 1 3.49e+05 1.52e+06
7 7.81e-03 7.20e-03 1.88e+02 4.01e-03 3.61e-05 10 2 1 1.42e4+06 6.28e+06
8 3.91e-03 3.75e-03 7.57e+02 1.93e-03 1.04e-05 11 2 1 5.74e4+06 2.57e+07
9 1.95e-03 1.78e-03 3.07e+03 9.39e-04 2.32e-06 12 2 1 2.31e+07 1.04e+08
10 9.77e-04 9.34e-04 1.24e4+04 5.89e-04 5.31e-07 13 2 1 9.31e+07 4.23e+08

TABLE C.5 — MLMC estimator with Giles-Szpruch scheme. Payoff function f(u,s) =

10 cos(u).



C.1. Antithetic schemes 115
k' e=2"% [L?error Time(s) Bias Variance R M h™'! N Cost
2 2.50e-01 2.25e-01 1.11e-01  1.07e-02 5.11e-02 3 2 1 8.97e+02 3.27e+03
3 1.25e-01 1.21e-01 4.43e-01  4.85e-02 1.25e-02 3 2 1 3.59e4+03 1.31e+04
4 6.25e-02 6.65e-02 2.03e4+00 1.73e-02 4.16e-03 4 2 1 1.61e4+04 6.26e+04
5  3.12e-02 3.04e-02 8.22e+00 1.21e-02 7.89e-04 4 2 1 6.43e4+04 2.51e+05
6  1.56e-02 1.33e-02 3.47e+01 3.54e-03 1.66e-04 5 2 1 2.73e4+05 1.12e+06
7 7.81e-03 8.14e-03 1.38e+02 3.74e-03 5.28e-05 5 2 1 1.09e+06 4.47e4-06
8 3.91e-03 3.21e-03 5.35e+02 -1.26e-04 1.04e-05 6 2 1 4.54e+06 1.92e4-07
9 1.95e-03 1.91e-03 2.16e+03 4.60e-04 3.48¢-06 6 2 1 1.82e+07 7.69e+07
10 9.77e-04 9.35e-04 9.02e+03 2.00e-04 8.43e-07 7 2 1 7.45e4+07  3.23e+08
TABLE C.6 — MLMC estimator with Giles-Szpruch Ninomiya-Victoir scheme. Payoff func-
tion f(u,s) = 10cos(u).
k e=2"% L?error Time(s) Bias Variance R M h™! N Cost
2 250e-01 2.19e-01 1.20e-01  2.64e-02 4.79e-02 3 2 1 1.23e+03 3.47e+403
3 1.25e-01 1.07e-01 4.78e-01  2.34e-02 1.10e-02 3 2 1 4.90e+03 1.38e+04
4 6.25e-02 5.76e-02 2.96e+00 6.83e-03 3.31e-03 4 2 1 2.40e+04 8.03e+04
5 3.12e-02 2.87e-02 9.79e+00 1.20e-02 6.84e-04 4 2 1 9.59¢+04 3.21e4-05
6  1.56e-02 1.49e-02 4.56e+01 4.10e-03 2.08e-04 &5 2 1 4.32e+05 1.61e4-06
7 7.8le-03 6.71e-03 1.81e+02 1.95e-03 4.16e-05 5 2 1 1.73e4+06 6.45e+06
8 3.91e-03 3.78e-03 8.11e4+02 9.25e-04 1.36e-05 6 2 1 7.45e+06 2.99e+07
9 1.95e-03 1.83e-03 3.24e+03 6.35e-04 2.99e-06 6 2 1 2.98e+07 1.20e+08
10 9.77e-04 8.32e-04 1.40e+04 1.36e-04 6.81e-07 7 2 1 1.25e+08 5.27e+408

TABLE C.7 — MLMC estimator with Ninomiya-Victoir scheme. Payoff function f(u,s) =

10 cos(u).
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Annexe C. Tables

C.2 Randomized Multilevel estimators

k e=2"% L%?error Time(s) Bias Variance N Cost

1 5.00e-01 4.70e-01 2.62e-01  4.10e-02  2.22e-01 6.47e+03 1.28e+04
2 2.50e-01 2.23e-01 1.02e4+00 -2.92e-02 4.94e-02 2.59e¢+04 5.10e+04
3 1.25e-01 1.41e-01 4.06e+00 3.25e-03  2.02¢-02 1.03e+05 2.04e+05
4 6.25e-02 6.10e-02 1.62e4+01 7.50e-03  3.70e-03 4.14e4+05 8.16e+05
5 3.12e-02 3.09e-02 6.53e+01 5.02¢-04 9.61e-04 1.66e+06 3.26e+06
6 1.56e-02 1.53e-02 2.60e4+02 -1.54e-03 2.35e-04 6.62e+06 1.31e+07
7 7.81e-03 7.75e-03 1.04e+03 6.21e-05 6.06e-05 2.65e+07 5.22e+07
8 3.91e-03 3.59e-03 4.18e4+03 7.25e-05 1.30e-05 1.06e4+08 2.09¢+08

TABLE C.8 — Randomized estimator with Milstein scheme. Dependent case. Call Black-
Scholes.

k e=2"% L?error Time(s) Bias Variance N Cost

1 5.00e-01 3.96e-01 1.50e-01  -1.10e-02 1.58e-01 5.75e+03 1.13e+04
2 2.50e-01 2.54e-01 6.40e-01  5.04e-03  6.50e-02 2.30e+04 4.53e+04
3 1.25e-01 1.15e-01 2.36e4+00 -3.35e-03 1.33e-02 9.19e4+04 1.81e+05
4 6.25e-02 6.26e-02 9.42e4+00 1.02e-02 3.85e-03 3.68e+05 7.25e+05
5 3.12e-02 2.96e-02 3.81e+01 -2.66e-03 8.80e-04 1.47e+06 2.90e+06
6 1.56e-02 1.66e-02 1.52e4+02 -1.85e-04 2.80e-04 5.88e+06 1.16e+07
7 7.81e-03 7.84e-03 6.07e+02 -4.24e-04 6.19e-05 2.35e+07 4.64e+07
8 3.91e-03 3.80e-03 2.41e+03 9.72e-04 1.36e-05 9.41e+07 1.86e+08

TABLE C.9 — Randomized estimator with Milstein scheme. Independent case. Call Black-

Scholes.

k e=2"% [L%?error Time(s) Bias Variance R M h™! N Cost

1 5.00e-01 4.22e-01 6.73e-02  -1.24e-01 1.63e-01 2 5 1 9.14e4+03 1.10e+04
2 2.50e-01 2.09e-01 2.75e-01  1.07e-02 4.37e-02 2 9 1 3.66e+04 4.53e+04
3 1.25e-01 1.07e-01 1.08e4+00 1.45e-02 1.13e-02 3 5 1 1.43e+05 1.82e+05
4 6.25e-02 5.34e-02  4.29e4+00 -2.50e-03 2.84e-03 3 5 1 5.72e+05 7.27e4+05
5 3.12e-02 2.66e-02 1.71e4+01 -2.54e-04 7.10e-04 3 5 1 2.29e4+06 2.91e+06
6 1.56e-02 1.36e-02 6.84e4+01 1.64e-03 1.82e-04 3 6 1 9.11e4+06 1.16e+407
7 7.81e-03 6.90e-03 2.67e+02 1.06e-04 4.77e-06 4 6 1 3.58e+07 4.65e+07
8 3.91e-03 3.49e-03 1.05e+03 5.05e-04 1.19e-05 4 6 1 1.43e4+08 1.86e+08

TABLE C.10 — ML2R estimator with Milstein scheme. Call Black-Scholes.
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k e=2"% L?error Time(s) Bias Variance R M h™1 N Cost

1 5.00e-01 4.10e-01 7.38¢-02  -1.74e-01 1.37e-01 2 4 1 1.04e+04 1.19e+04
2 2.50e-01 2.30e-01 2.99¢-01  -1.33e-01 3.54e-02 2 7 1 4.22e+04 5.02e+04
3 1.25e-01 1.01e-01 1.33e4+00 -4.08e-02 8.54e-03 3 4 1 1.81e+05 2.23e+05
4 6.25e-02 5.33e-02 5.39e+00 -2.41e-02 2.26e-03 3 6 1 7.21e4+05 9.08e+405
5 3.12e-02 2.73e-02 2.19¢e+01 -1.27e-02 585¢-04 3 8 1 2.90e+06 3.72e+06
6 1.56e-02 1.44e-02 8.93e+01 -8.26e-03 1.39¢-04 4 5 1 1.19e+07 1.53e+07
7 7.81e-03 6.32e-03 3.58¢+02 -1.89¢-03 3.64e-05 4 7 1 4.74e+07 6.17e407
8 3.91e-03 3.27e-03 1.40e+03 -1.22¢e-03 9.23e-06 4 8 1 1.90e+08 2.49e+08

TABLE C.11 — MLMC estimator with Milstein scheme. Call Black-Scholes.

k e=27"% L?error Time(s) Bias Variance R M h™1 N Cost

1 5.00e-01 4.48e-01 1.51e-01 -1.61e-01 1.75¢-01 1 1 4 7.55e+03 3.02e+04
2 2.50e-01 2.30e-01 9.77e-01  -8.86e-02 44802 1 1 7 2.97e+04 2.08e+05
3 1.25e-01 1.27e-01 7.44e+00 -6.79e-02 1.14e-02 1 1 14 1.18e+05 1.65e+06
4 6.25e-02 5.87e-02 5.77e+01 -2.37e-02 2.89-03 1 1 28 4.69e+05 1.31e+07
5 3.12e-02 3.08¢-02 4.54e+02 -1.50e-02 7.26e-04 1 1 56 1.87e+06 1.05e+08
6 1.56e-02 1.54e-02 3.56e+03 -7.49e-03 1.82¢-04 1 1 111 7.47e+06 8.29e+08
7 7.81e-03 7.36e-03 2.77e+04 -2.93e-03 4.55e-05 1 1 222 2.98e+07 6.63e+09
8 3.91e-03 3.78-03 2.20e+05 -1.71e-03 1.14e-05 1 1 444 1.19e+08 5.30e+10

TABLE C.12 — CRUDEMC estimator with Milstein scheme. Call Black-Scholes.
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