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Une méthode hp�HHO pour le problème de diffusion variable général . . . xvi
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1 Hybridization of the Mixed High-Order method 1

1.1 Discrete setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 Admissible meshes . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Basic results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 The Mixed High-Order method . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Degrees of freedom and discrete spaces . . . . . . . . . . . . . 5

1.2.2 Divergence reconstruction . . . . . . . . . . . . . . . . . . . . 7

1.2.3 Flux reconstruction . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2.4 The Mixed High-Order method . . . . . . . . . . . . . . . . . 10

1.3 Mixed hybrid formulation . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Primal hybrid formulation . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4.1 Potential-to-flux operator . . . . . . . . . . . . . . . . . . . . 14

1.4.2 Discrete gradient and potential reconstruction operators . . . 16

1.4.3 Primal hybrid formulation . . . . . . . . . . . . . . . . . . . . 17

1.4.4 Link with the Hybrid High-Order method . . . . . . . . . . . 19

1.5 Error analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.5.1 Energy error estimate . . . . . . . . . . . . . . . . . . . . . . . 19

1.5.2 Error estimates with elliptic regularity . . . . . . . . . . . . . 23

1.6 Extension to the Darcy problem . . . . . . . . . . . . . . . . . . . . . 25



4 Contents

2 Application to the Stokes and Oseen problems 27

2.1 An inf-sup stable discretization of the Stokes problem on general meshes 28

2.1.1 Discrete spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.1.2 Viscous term . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.1.3 Velocity-pressure coupling . . . . . . . . . . . . . . . . . . . . 30

2.1.4 Discrete problem and well-posedness . . . . . . . . . . . . . . 33

2.1.5 Energy-norm error estimate . . . . . . . . . . . . . . . . . . . 35

2.1.6 L2-norm error estimate for the velocity . . . . . . . . . . . . . 37

2.1.7 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . 43

2.2 A robust discretization of the Oseen problem . . . . . . . . . . . . . . 43

2.2.1 Discrete problem . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.2.2 Discrete advective derivative . . . . . . . . . . . . . . . . . . . 46

2.2.3 Local advective-reactive contribution . . . . . . . . . . . . . . 48

2.2.4 Well-posedness . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.2.5 Energy-norm error estimate . . . . . . . . . . . . . . . . . . . 52

3 A hp-Hybrid High-Order method for variable diffusion on general

meshes 57

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.1 Mesh and notation . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.2 Basic results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.3 Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.1 The hp-HHO method . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3.3 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . 67

3.4 Convergence analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.4.1 Consistency of the potential reconstruction . . . . . . . . . . . 68

3.4.2 Consistency of the stabilization term . . . . . . . . . . . . . . 72

3.4.3 Energy error estimate . . . . . . . . . . . . . . . . . . . . . . . 73

3.4.4 L2-error estimate . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.5 Proof of Lemma 3.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4 Perspectives on the numerical reduction of the parametrized diffu-

sion equation 83

4.1 Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.1.1 Model problem . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.1.2 Primal and mixed variational formulations . . . . . . . . . . . 85



Contents 5

4.2 The Reduced-Basis Method . . . . . . . . . . . . . . . . . . . . . . . 85

4.2.1 A reduced-basis method based on the primal formulation . . . 86

4.2.2 Two reduced-basis methods based on the mixed formulation . 88

4.3 Numerical investigation . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.3.1 Model problems . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.3.2 Numerical settings . . . . . . . . . . . . . . . . . . . . . . . . 92

4.3.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

A Implementation of the Mixed High-Order method 101

A.1 Discrete divergence operator . . . . . . . . . . . . . . . . . . . . . . . 103

A.2 Consistent flux reconstruction operator . . . . . . . . . . . . . . . . . 103

A.3 Bilinear form HT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

A.4 Hybridization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105



6 Contents



Remerciements

Le document que vous tenez entre les mains n’aurait jamais pu voir le jour sans :

— Daniele A. Di Pietro, toujours présent et à l’écoute. Ta perfectionnisme,
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répondre simplement aux questions. Merci pour ton encadrement et surtout

pour tout le temps que tu as perdu pris pour m’expliquer (et me réexpliquer)
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son pull Naf Naf qui m’a toujours fait rêver, Christophe toujours prêt pour parler
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Introduction

Contexte, motivations et structure du manuscrit

Dans cette thèse on s’intéresse à la résolution numérique d’Équations aux Derivées

Partielles (EDP), en accordant une attention particulière à celles qui dépendent

de coefficients physiques variables en espace. Un exemple important est l’équation

de diffusion pure, consistant à trouver une fonction u : Ω Ñ R (avec Ω domaine

polyédrique de Rd, d ¥ 1) vérifiant

� divpκ∇uq � f dans Ω, (1)

quand κ : Ω Ñ Rd�d et f : Ω Ñ R sont des fonctions données suffisamment

régulières et des conditions opportunes sont fixées au bord de Ω. Cette équation

traduit la conservation d’un flux (ou variable vectorielle) σ � �κ∇u dépendant

de manière linéaire du gradient d’un potentiel (ou variable scalaire) u à travers un

coefficient physique κ, et elle apparâıt dans de nombreuses branches des sciences et

de l’ingénierie : thermique, hydrodynamique, électrostatique, etc.

Le calcul exact des solutions de (1) pour des données générales est très souvent hors

de portée, ce qui justifie le recours à la résolution numérique. Certaines méthodes

se sont imposées au cours des dernières décennies comme méthodes de référence.

On peut nommer, parmi d’autres, la Méthode des Éléments Finis (FEM) ou la

méthode Volumes Finis (FV), qui ont permis de résoudre de nombreux problèmes

des EDP. Cependant, ces méthodes se montrent de plus en plus limitées pour traiter

des problèmes de nature plus complexe, comportant, p.ex., des variations impor-

tantes des coefficients physiques, des géométries complexes, ou des couplages multi-

physique. Au cours des dernières années, des nouveaux paradigmes ont émergé qui

ont permis de repenser les schémas numériques classiques pour mettre en place des

méthodes plus modernes. Ces méthodes, supportant des maillages généraux en di-
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mension d’espace quelconque ainsi que des ordres d’approximation arbitraires, ont

la particularité d’être construites en embarquant ou reproduisant la physique du

problème dans leurs formulations.

Le développement et l’utilisation de ces méthodes de dernière génération soulèvent de

nombreuses questions à étudier. Dans ce travail, nous nous pencherons sur quelques-

unes d’entre elles. Nous nous focaliserons particulièrement sur des questions liées

(i) à la mise en œuvre efficace de méthodes polyédriques mixtes d’ordre arbitraire

(Mixed High-Order) ; (ii) à leur application à des problèmes en mécanique des fluides

incompressibles ; (iii) à leur convergence hp ; (iv) et à la réduction de modèle. Ces

points sont traités sous la forme de quatre chapitres distincts. Par la suite, nous

allons résumer brièvement le contenu de ces chapitres en mettant l’accent sur les

résultats marquants.

Dans le Chapitre 1, tiré de [2], nous nous intéressons à la mise en œuvre efficace (par

hybridation) de la méthode de discrétisation polyédrique d’ordre arbitraire Mixed

High-Order (MHO) de [57]. La méthode MHO étend les idées des FEM mixtes

classiques aux maillages constitués d’éléments polyédriques. On rencontre de tels

maillages, p.ex., dans le contexte des écoulements en milieux poreux, où des éléments

polyédriques et des interfaces non conformes apparaissent pour modéliser l’érosion et

la formation de fractures ou failles. Dans la modélisation des réservoirs pétroliers, on

retrouve également des éléments polyédriques dans l’abord des puits pour effectuer

le raccord entre le maillage du puits (radial) et celui du réservoir (Corner-Point

Geometry).

Le principe des méthodes d’approximation mixtes (dont MHO) consiste à appro-

cher de manière séparée le flux σ et le potentiel u, ce qui donne lieu à un problème

de type point-selle. D’un point de vue numérique, ce type de problème est moins

agréable à résoudre par rapport à une formulation coercive en la variable u unique-

ment. Dans le cas des méthodes FEM, il est bien connu [6,8,42,89,107] qu’on peut

se ramener à un problème coercif (donc, plus simple à résoudre) par un processus

d’hybridation. L’hybridation consiste à imposer la continuité de la composante nor-

male de la variable flux à l’aide de multiplicateurs de Lagrange, et à résoudre un

problème où ceux-ci apparaissent comme les seules inconnues globalement couplées.

Dans le Chapitre 1 nous étendons ces idées à la méthodes MHO. Les résultats les

plus importants de l’analyse menée dans ce chapitre sont : (i) l’obtention d’une for-

mulation primale équivalente pour la méthode MHO, qui en permet une mise en

œuvre efficace où les seuls degrés de liberté globalement couplés sont des polynômes

discontinus sur le squelette du maillage ; (ii) l’identification d’un lien avec la méthode
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Hybrid High-Order (HHO) primale de [59]. On propose aussi une analyse de conver-

gence en norme d’énergie et en norme L2 basée directement sur la version hybridisée

de la méthode MHO, qui étend les résultats de [57].

Dans le Chapitre 2 nous étendons la version hybridée de la méthode MHO à

des problèmes issus de la mécanique des fluides. Dans un premier temps, nous

considérons le problème de Stokes (cette partie est tirée de [2, Section 4]). Celui-ci

peut être vu comme une version vectorielle du problème de Poisson (voir (1) avec

κ � Id) sous la contrainte de divergence nulle pour la vitesse. Classiquement [14,31],

la bonne position du problème discret repose dans ce cas sur une condition inf-sup.

Dans le cas de la méthode proposée, cette condition est obtenue en exploitant l’in-

terprétation des multiplicateurs de Lagrange introduits dans le processus d’hybri-

dation du Chapitre 1 comme traces du potentiel. Les résultats principaux sont :

(i) l’obtention d’une nouvelle méthode de discrétisation pour le problème de Stokes

inf-sup stable sur maillages généraux ; (ii) des estimations d’erreur optimales en

norme d’énergie et un résultat de superconvergence en norme L2 pour la vitesse.

Dans un second temps, nous considérons le problème d’Oseen, caractérisé par l’ajout

de termes advectif et réactif au problème précédent. Cette application est originale,

et n’a pas été publiée ailleurs à notre connaissance. Ici, le point clé est la prise

en compte du terme advectif, qui demande une attention particulière afin d’obte-

nir une méthode robuste par rapport au nombre de Péclet (nombre sans dimen-

sion représentant le rapport entre les effets advectifs et diffusifs). Nous nous inspi-

rons pour cela des techniques récemment proposées dans [54] pour un problème de

diffusion-advection-réaction scalaire. Les résultats principaux obtenus dans ce cha-

pitre sont : (i) l’obtention d’une nouvelle méthode de discrétisation pour le problème

d’Oseen sur maillages généraux ; (ii) des estimations d’erreurs optimales en norme

d’énergie montrant la variation de l’ordre de convergence en fonction du nombre de

Péclet local.

Le Chapitre 3 concerne l’étude théorique et numérique d’une variation hp de la

méthode HHO de [59] pour le problème de diffusion variable (1) (on rappelle que le

lien entre la méthode HHO et la version hybridée de la méthode MHO a été étudié

dans le Chapitre 1). La dénomination hp fait référence à des méthodes numériques

où la finesse du maillage ainsi que l’ordre d’approximation polynomial peuvent va-

rier, même simultanément. Les résultats marquants de ce chapitre sont les suivants :

(i) l’obtention d’une nouvelle méthode hp-HHO permettant la variation locale du

degré polynomial ; (ii) des estimations d’erreurs hp en norme d’énergie et L2 ro-

bustes vis-à-vis des hétérogéneités et du coefficient de diffusion ; (iii) des résultats
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d’approximation hp sur maillages généraux s’appliquant potentiellement à toute

méthode basée sur des espaces de polynômes par morceaux.

Enfin, le Chapitre 4 contient des perspectives sur l’approximation numérique, en

de nombreuses valeurs d’un paramètre µ, des solutions paramétrées d’une EDP. Une

possibilité consiste à pré-calculer un petit nombre de solutions pour des valeurs fixées

du paramètre, puis à obtenir la solution pour une valeur quelconque de µ par pro-

jection sur l’espace affine décrit par le petit nombre de solutions précalculées. C’est

l’idée fondatrice de la méthode dite des Bases Réduites (BR), qui repose néanmoins

sur l’hypothèse qu’une méthode numérique précise existe pour toute valeur du pa-

ramètre µ (les valeurs pour lesquelles la méthode précise sera vraiment utile se-

ront choisies au cours d’une phase d’apprentissage dite “hors-ligne”, en référence au

contexte d’application “temps réel” de la méthode).

La méthode des Bases Réduites (BR) a fait l’objet de nombreuses recherches récentes

[1,16,22,28–30,34,40,77,78,81,92,93,96–98]) et a permis de construire un bon modèle

réduit dans un certain nombre de cas pratiques : des problèmes avec domaines pa-

ramétrés [88,98], des problèmes paraboliques, hyperboliques ou encore non-linéaires,

voir [81,93].

Nous nous focalisons ici sur l’équation de diffusion (1) dépendant d’un paramètre

µ intervenant dans les expression du coefficient de diffusion et du terme source.

On montre à l’aide d’exemples numériques que l’application usuellement faite de la

méthode BR peut être potentiellement améliorée en utilisant la formulation mixte du

problème plutôt que la formulation primale. Précisément, quand le terme source est

dans L2pΩq alors on peut améliorer les performances de la réduction en appliquant

BR avec le projecteur hérité de la formulation mixte plutôt que le projecteur hérité

de la formulation primale (on peut potentiellement soit diminuer l’erreur liée à la

projection à dimension d’espace réduit donnée, soit diminuer la dimension de l’espace

réduit à tolérance fixée sur l’erreur de projection).

Le manuscrit est complété par l’Annexe A présentant des détails pratiques pour

l’implémentation de la méthode MHO pour le problème de Poisson.

Hybridation de la méthode Mixed High-Order

Dans le Chapitre 1 de ce manuscrit nous étudions l’hybridation de la méthode Mixed

High-Order (MHO) de [57]. L’hybridation est une procédure formalisée dans [8]
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mettant un cadre mathématique sur une technique déjà connue auparavant des

ingénieurs [50] et permettant une mise en œuvre efficace des méthodes mixtes (c.-

à-d., des méthodes où on approche le flux et le potentiel de manière indépendante).

L’intérêt de l’hybridation consiste à écrire un problème coercif (et, donc, plus facile

à résoudre en pratique) équivalent au problème de type point selle correspondant

à la méthode mixte. Dans sa forme classique, l’hybridation se décompose en deux

étapes : (i) relaxer la condition de continuité de la composante normale du flux aux

interfaces et l’imposer par multiplicateurs de Lagrange (ii) éliminer la variable flux

localement dans le but de réduire la taille du système final. Les résultats les plus im-

portants de l’analyse menée dans ce chapitre sont : (i) l’obtention d’une formulation

primale équivalente pour la méthode MHO, qui en permet une mise en œuvre efficace

où les seuls degrés de liberté globalement couplés sont des polynômes discontinus

sur le squelette du maillage ; (ii) l’identification d’un lien avec la méthode Hybrid

High-Order (HHO) primale de [59]. On montre, en particulier, que la formulation

primale obtenue par hybridation de la méthode MHO cöıncide avec la méthode HHO

à la stabilisation près.

On considère ici le problème (1) dans le cas κ � Id. Sous forme faible, ce problème

consiste à trouver le flux σ P Hpdiv; Ωq et le potentiel u P L2pΩq tels que

pσ, τ q � p∇�τ , uq � 0 @τ P Hpdiv; Ωq,

�p∇�σ, qq � pf, qq @q P L2pΩq,
(2)

où nous avons noté p�, �q les produits scalaires standards de L2pΩq et L2pΩqd. L’exemple

suivant sert à illustrer la notion d’hybridation pour la méthode FE classique Raviart–

Thomas-P0. Il permettra également d’identifier plus aisément les différences par rap-

port à la méthode MHO considérée ici.

Exemple (Méthodes de Raviart–Thomas et de Crouzeix–Raviart). Soit Th un maillage

simplicial conforme. En utilisant l’espace de Raviart-Thomas RT0pThq � Hpdiv; Ωq

introduit dans [94] pour le flux et l’espace des polynômes constants par morceaux

P0pThq � L2pΩq pour le potentiel, la version discrète du problème (2) s’écrit

pσh, τ hq � p∇�τ h, uhq � 0 @τ h P RT0pThq,
�p∇�σh, qhq � pf, qhq @qh P P0pThq.

(3)

L’hybridation de (3) consiste à introduire l’espace Λh de fonctions constantes par

morceaux sur les interfaces de Th et l’espace de Raviart-Thomas discontinu RT0,dpThq,
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et à reformuler le problème (3) sous forme mixte-hybride comme suit :

pσh, τ hq � p∇�τ h, uhq �
¸
TPTh

¸
FPF i

T

pτ h �nTF , λhqF � 0 @τ h P RT0,dpThq,

�p∇�σh, qhq � pf, qhq @qh P P0pThq,¸
TPTh

¸
FPF i

T

pσh �nTF , µhqF � 0 @µh P Λh.

(4)

Ici, pour tout élément T P Th du maillage, on a noté F i
T l’ensemble de ses interfaces.

La différence entre (3) et (4) est que, dans le deuxième cas, la continuité de la

composante normale des flux est imposée à l’aide de multiplicateurs de Lagrange

dans Λh. Habituellement on élimine la variable flux σh P RT0,dpThq par condensation

statique (grâce à la structure diagonale par blocs) afin d’obtenir un problème en les

seuls multiplicateurs de Lagrange sous la forme

AΛ � F,

où la matrice A est symétrique définie positive. Si l’on considère maintenant CRpThq
l’espace de Crouzeix-Raviart de [49] construit comme l’espace des polynômes affines

par morceaux et continus aux points milieux des faces du maillage, l’approximation

non-conforme du problème s’écrit alors

p∇huh,∇hvhq � pf, vhq @vh P CR0pThq,

où CR0pThq est le sous-espace de CRpThq dont les degrés de liberté aux bords s’an-

nulent et ∇h est le gradient par morceaux associé à Th. Ce dernier problème se

réécrit matriciellement sous la forme

BU � G,

avec B matrice symétrique définie positive. Il est bien connu [6,8,42,89,107] que les

matrices A et B sont identiques ainsi que les seconds membres F et G donnant lieu

à une parfaite équivalence entre ces deux approximations.

La méthode MHO considérée ici présente des analogies mais aussi des différences

importantes par rapport à l’élément fini de Raviart–Thomas de l’exemple précédent.

Une première différence cruciale est qu’elle s’applique à des maillages Th polyédriques

généraux. En outre, le paradigme des fonctions de base est remplacé par la notion

de reconstruction obtenue en opérant directement sur les degrés de liberté. Ainsi,
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Figure 1 – Espace Σk
T des degrés de liberté pour le flux dans la méthode MHO

pour k P t0, 1, 2u. Ici, on considère l’exemple d’un élément T hexagonal.

pour tout entier k ¥ 0, des espaces de degrés de liberté discrets de flux Σk
T (voir

Figure 1) et de potentiel Uk
T � PkpT q sont associés à chaque élément T du maillage

Th encodant les caractéristiques de l’objet continu par la donnée de polynômes. Deux

opérateurs de reconstruction opérant sur l’espace Σk
T sont alors définis élément par

élément : (i) une reconstruction Dk
T de l’opérateur de divergence utilisée dans les

termes de couplage et satisfaisant une propriété de commutativité opportune et

(ii) une reconstruction CkT du flux, utilisée pour définir le pendant du produit L2

dans l’espace des flux.

En notant Σk
h l’espace des degrés de liberté globaux pour le flux obtenu imposant

la continuité des inconnues aux interfaces et Uk
h l’espace des polynômes de degré k

discontinus sur le maillage, la méthode MHO s’écrit : Trouver σh P Σk
h et uh P U

k
h ,

tels que

Hhpσh, τ hq � puh, D
k
hτ hqT � 0 @τ h P Σk

h

�pDk
hσh, qhq � pf, qhqT @qh P U

k
h .

(5)

Ici, l’opérateur de divergence globale Dk
h agissant sur l’espace Σk

h est posé égal dans

chaque élément à l’opérateur de divergence locale Dk
T décrit plus haut, tandis que le

produit scalaire Hh sur Σk
h est obtenu par assemblage de contributions locales HT

sur Σk
T , T P Th, de la forme

HT pσ, τ q :� pCkTσ,C
k
Tτ qT � stabilisation,

où p�, �qT est le produit L2pT qd et le terme de stabilisation sert à assurer la coercivité

de la forme bilinéaire. Le caractère bien posé du problème (5) est une conséquence

de cette dernière propriété combinée avec la commutativité de la divergence, qui

permet de prouver la stabilité au sens de la condition inf-sup.

L’hybridation de la formulation MHO (5) présentée dans le Chapitre 1 de ce ma-
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Figure 2 – Espace W k
T des degrés de liberté pour le potentiel dans la version

hybridée de la méthode MHO pour k P t0, 1, 2u et élément hexagonal comme dans
la Figure 1. L’espace global W k

h est obtenu en imposant l’unicité des multiplicateurs
de Lagrange aux interfaces.

nuscrit s’effectue dans un esprit similaire aux FE classiques, mais avec quelques

différences importantes. Tout d’abord, il ne s’agit plus de garantir la continuité de

la composante normale du flux (qui n’est pas définie partout dans l’élément), mais

l’unicité des valeurs des degrés de liberté aux interfaces grâce à des multiplicateurs

de Lagrange. Ensuite, la correspondance que l’on prouve avec une méthode primale

de type HHO est valable pour tout degré polynomial k ¥ 0 (tandis que le résultat

concernant les méthodes de Raviart–Thomas-P0 et de Crouzeix–Raviart n’est valable

qu’à l’ordre plus bas). Le point clé consiste ici à identifier un opérateur de couplage

potentiel-vers-flux transformant un couple de variables potentiel-trace vers une va-

riable flux, et permettant de formaliser de manière élégante l’étape d’élimination

des inconnues de flux pour le problème mixte-hybride. Notant W k
h l’espace conte-

nant les degrés de liberté pour le potentiel uh et les multiplicateurs de Lagrange λh

(cf. Figure 2), on arrive à une reformulation de (5) de la forme

Ahppuh, λhq, pvh, µhqq � pfh, vhq @pvh, µhq P W
k
h , (6)

où A est une forme bilinéaire sur W k
h � W k

h agissant uniquement sur les couples

potentiel-traces. Un résultat important prouvé ici est que cette forme bilinéaire

cöıncide à la stabilisation près avec celle introduite dans [59] dans le cadre des

méthodes HHO (récemment, des résultats d’équivalence plus généraux ont été ob-

tenus dans [25]). Ce résultat est valable sur maillages généraux et pour tout degré

polynomial k ¥ 0. Un autre point à noter est que la taille du système linéaire

correspondant à l’équation (6) peut être ultérieurement réduite en éliminant par

condensation statique les inconnues de potentiel à l’intérieur de l’élément (en gris

dans la Figure 2).

Le chapitre se clôture par une analyse d’erreur complète de la méthode hybridée

ainsi obtenue. Cette analyse permet de retrouver des résultats qui incluent ceux
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de [57] en travaillant directement sur la version hybridée de la méthode. Lorsque des

polynômes de degré k sont utilisés, on prouve une convergence à l’ordre pk�1q pour le

flux et à l’ordre pk�2q pour le potentiel. On remarquera, par ailleurs, une différence

importante par rapport à la méthode Hybridizable Discontinuous Galerkin (HDG)

de [45] qui, pour un choix d’inconnues similaire, obtient des ordres de convergence k

et pk � 1q, respectivement (pour plus de détails, voir [44]). Un point important issu

de l’analyse d’erreur qui motive l’extension de la méthode aux problèmes de Stokes

et Oseen dans le Chapitre 2 est que les multiplicateurs de Lagrange peuvent être

interprétés comme des traces du potentiel.

Il est utile de terminer cette discussion par une petite section bibliographique. Les

méthodes MHO et HHO sont conçues afin de traiter des maillages généraux tout

en garantissant un ordre polynomial d’approximation arbitraire. Le premier schéma

HHO apparâıt dans [56] dans le cadre d’un problème d’élasticité linéaire quasi-

incompressible. Des travaux ultérieurs en ont considéré l’extension à de nombreux

problèmes linéaires et non linéaires ; voir, p.ex., [23, 41, 53, 54, 61, 63] ainsi que les

références contenues dans ces articles.

La prise en compte de maillages généraux a été considérée dans un premier temps (à

partir des années 2000) dans le cadre des méthodes de bas ordre. On peut commencer

par citer la méthode Mimetic Finite Difference (MFD) [33]. L’approche MFD est

davantage algébrique, elle repose sur la reproduction de propriétés mathématiques et

physiques fondamentales comme les lois de conservation, de symétrie, de positivité

des solutions et des relations clés entre opérateurs différentiels. Les inconnues sont

situées aux noeuds des éléments bien qu’une version avec inconnues aux faces (et aux

mailles) soit étudiée dans [85]. Il est important de citer aussi les méthodes de type FV

comme la méthode Hybrid Finite Volume (HFV) [70] ou encore la méthode Mixed

Finite Volume (MFV) [65]. Plus récemment, sont apparues les méthodes de type

Compatible Discrete Operator (CDO) basées aussi sur des inconnues aux sommets

et aux maillages et faisant intervenir le maillage dual, voir [27]. Des connexions avec

la méthode MFD ainsi qu’une synthèse avec d’autres méthodes mimétiques sont

présentées dans [66] et [26].

Plus récemment, on a considéré également la possibilité de monter en ordre sur

maillages généraux. La possibilité d’utiliser des méthodes de type Galerkine discon-

tinues (dG) d’ordre élevé sur maillages généraux a été mise en évidence dans [17,55].

Bien que les méthodes dG offrent de nombreux avantages, elles présentent néanmoins

des systèmes à inverser plus coûteux que les méthodes FEM classiques du fait du

grand nombre de degrés de liberté. Une approche née pour essayer de contourner
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cette difficulté est la méthode dite Hybridizable Discontinuous Galerkin (HDG),

qui a vu le jour grâce aux travaux de Cockburn et al. Dans les méthodes HDG, il

s’agit souvent de traiter le flux normal le long des interfaces comme une nouvelle

variable devant vérifier une relation de transmission. Cette dernière ne dépend pas

du flux ni du potentiel, ce qui permet ensuite d’éliminer localement ces variables et

de réduire la taille du système, voir [46]. Il est important de noter la proximité avec

la méthode HHO où les mêmes degrés de liberté sont utilisés ainsi que le proces-

sus d’hybridation. Cependant, comme on l’a fait remarquer plus haut, la méthode

HHO présentée montre une vitesse de convergence d’un ordre supplémentaire ; ce

sujet est traité en détail dans [44]. Une approche conforme permettant de combiner

maillages généraux et ordre élevé est la méthode Virtual Element Method (VEM),

inspirée de la méthode MFD nodale. Introduite initialement dans [19], elle peut être

vue comme une généralisation de la méthode des EF aux maillages généraux. La

différence principale par rapport aux méthodes EF classiques est que les fonctions

de forme ne sont pas connues en tout point de l’élément, ce qui justifie le terme

“Virtual”. Par conséquent, les formes bilinéaires sont approchées par des versions

discrètes obtenues par somme d’une partie consistante et d’une partie stabilisante,

qui nécessitent uniquement les valeurs des degrés de libertés locaux.

Application aux problèmes de Stokes et d’Oseen

Le Chapitre 2 concerne l’application de la méthode HHO du chapitre précédent à

des problèmes linéaires en mécanique des fluides.

Dans un premier temps, on considère le problème de Stokes. Celui-ci apparâıt dans

l’étude des écoulements de fluides visqueux où les effets inertiels sont négligeables.

Ce modèle est utilisé, par exemple, pour décrire des écoulements laminaires dans des

canaux étroits. Les premières traces du modèle remontent à l’étude de G.G. Stokes

dans le cas d’un écoulement dans une cavité étroite autour d’un objet sphérique [103].

Étant donné un domaine Ω de Rd, d P t2, 3u, et un champ de force f fixé, le problème

de Stokes consiste à trouver le champ de vitesse u : Ω Ñ Rd et un champ de pression

p : Ω Ñ R tels que

�4u�∇p � f dans Ω,

∇�u � 0 dans Ω,
(7)

avec des conditions aux bords opportunes. Par simplicité, dans ce qui suit, on

considère le cas de conditions de Dirichlet homogènes pour u, ce qui demande
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d’ajouter la condition
³
Ω
p � 0 pour garantir l’unicité de la pression ; l’extension

à des conditions aux bords plus générales ne pose pas de difficultés particulières.

D’un point de vue mathématique, le problème (7) peut se comprendre comme la

version vectorielle de (1) avec κ � Id sous contrainte de divergence nulle. La dif-

ficulté majeure dans l’approximation de ses solutions réside alors dans la structure

point–selle du problème. En effet, en utilisant les méthodes classiques, il est bien

connu que la bonne position du problème au niveau continu n’implique pas celle au

niveau discret. Les travaux classiques de Babuška [14] et Brezzi [31] ont apporté des

outils permettant de sélectionner les “bons” couples d’espaces où approcher vitesse

et pression permettant ainsi de garantir l’existence et unicité des solutions. Le point

clé consiste à satisfaire au niveau discret une condition inf-sup analogue à celle du

problème continu et exprimant la surjectivité de l’opérateur de divergence discret.

Ce point délicat est à l’origine d’une abondante littérature autour des méthodes

d’approximation pour traiter numériquement le problème de Stokes.

La méthode MHO développée dans ce manuscrit s’inspire de la formulation varia-

tionnelle suivante de (7) : Trouver la vitesse u P H1
0 pΩq

d et la pression p P L2
0pΩq

(avec L2
0pΩq espace des fonctions de carré intégrables et à moyenne nulle sur Ω) telles

que

p∇u,∇vq � pp,∇�vq � pf ,vq @v P H1
0 pΩq

d (8a)

p∇�u, qq � 0 @q P L2
0pΩq. (8b)

Chaque composante ui de la vitesse u est discrétisée comme un élément puh,i, λh,iq de

l’espace hybride W k
h (cf. Figure 2), tandis que la pression est discrétisée comme un

élément de l’espace Pk
h des polynômes par morceaux sur le maillage Th à moyenne

nulle sur Ω. Le terme visqueux dans (8a) est alors approché à l’aide de la forme

bilinéaire Ah du Chapitre 1 appliquée terme à terme sur les composantes des vitesses.

Pour le couplage vitesse-pression, on exploite l’interprétation des multiplicateurs de

Lagrange comme traces des vitesses. Ainsi, on construit un opérateur de divergence

discret Dk
h qui approche l’opérateur ∇� : H1

0 pΩq
d Ñ L2

0pΩq et qui satisfait une

propriété de commutativité opportune. Cet opérateur est défini dans le même esprit

que Dk
h dans (5), c.-à-d. en utilisant une formule d’intégration par parties discrète.

PosantW k
h :� pW k

h q
d, la formulation MHO du problème de Stokes consiste à trouver

la vitesse uh PW
k
h et la pression ph P Pk

h telles que

Ahppuh,λhq, pvh,µhqq � pph,Dk
huhq � Lhpvhq @pvh,µhq PW

k
h,

pDk
huh, qhq � 0 @qh P Pk

h ,
(9)
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où la forme bilinéaire Ah est construite à partir de Ah en sommant les composantes

vectorielles. On justifie alors le caractère bien posé du problème (9) grâce à une

condition inf-sup automatiquement vérifiée par construction de Dk
h. Une analyse

de convergence est présentée en norme d’énergie où l’on retrouve la convergence

à l’ordre pk � 1q faisant écho aux résultats du Chapitre 1. Enfin, on démontre la

superconvergence d’ordre pk � 2q en norme L2 pour la vitesse.

Dans la deuxième partie du Chapitre 2, on considère une extension de la méthode

au modèle d’Oseen, prenant en compte les effets d’advection et de réaction. Ce

développement est un travail original qui n’a pas été publié ailleurs. Ce modèle

s’écrit : Trouver le champ de vitesse u : Ω Ñ Rd et de pression p : Ω Ñ R tels que

�ν4u� β �∇u� µu�∇p � f dans Ω,

∇�u � 0 dans Ω,
(10)

où β est un champ de vecteurs fixé (et suffisamment régulier) représentant les effets

advectifs, ν ¥ 0 un scalaire représentant la viscosité cinématique, et µ ¡ 0 un

coefficient de réaction. La présence du terme d’advection β �∇u apporte un lot de

difficultés supplémentaires lorsqu’il s’agit d’approcher une solution numériquement.

Un problème particulièrement délicat consiste à garantir un bon comportement de

la méthode de discrétisation dans toute la plage de valeurs pour le nombre de Péclet,

représentant le rapport entre les effets advectifs et diffusifs.

La discrétisation MHO du problème d’Oseen étend les idées développées dans le cas

scalaire dans [54]. D’une part, les discrétisations du terme visqueux et du couplage

vitesse-pression sont identiques au cas de Stokes (mis à part, bien entendu, le fait

que le terme visqueux est ici multiplié par le scalaire ν). Le terme d’advection,

d’autre part, est discrétisé en introduisant, pour tout élément du maillage T P Th, un

opérateur de reconstruction local de dérivée advective Gk
β,T motivé par une formule

d’intégration par parties discrète. La formulation HHO du problème (10) s’écrit alors

comme : Trouver uh PW
k
h et ph P Pk

h tels que

Aν,β,µ,hppuh,λhq, pvh,µhqq � pph,Dk
huhq � Lhpvhq @pvh,µhq PW

k
h,

pDk
huh, qhq � 0 @qh P Pk

h ,
(11)

avec la bilinéaire Aν,β,µ,h sur W k
h �W

k
h est définie comme

Aν,β,µ,h :� νAh �Aβ,µ,h,
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où la contribution visqueuse Ah est la même que dans (9), tandis que la contri-

bution advective-réactive Aµ,h,β est une forme linéaire coercive obtenue à l’aide de

l’opérateur Gk
β,T et incorporant un terme de stabilisation en amont. Ce dernier a la

particularité d’être défini à l’intérieur de chaque élément en utilisant la différence

entre les inconnues de maille et de face. Grâce à la présence de ce terme de stabili-

sation, le problème discret est stable par construction. L’analyse d’erreur proposée

permet d’apprécier les variations dans l’ordre de convergence de la méthode en fonc-

tion de la valeur du nombre de Péclet local. Plus précisément, on estime l’erreur

en une norme diffusive-advective-réactive entre la solution du schéma HHO et la

projection sur W k
h � Pk

h de la solution exacte. Cette étape se fait en estimant la

consistance de trois termes dont deux, le terme diffusif Ah et couplage vitesse-

pression, sont établis plus tôt pour le problème de Stokes. La consistance du dernier

terme Aβ,µ,h est obtenue en découpant les intégrales en plusieurs morceaux selon

si un nombre de Péclet local PeTF opportunément défini est ¤ 1 ou ¡ 1. Pour un

élément du maillage T P Th, on a alors une estimation de l’erreur en Ophk�1{2
T q quand

l’advection est dominante et Ophk�1
T q sinon (ce qui est en accord avec le résultats

du chapitre précédent).

On termine par une petite section bibliographique. La littérature concernant l’appro-

ximation numérique du problème de Stokes est très riche, et on se limitera à quelques

travaux en relation avec les développements considérés ici ; pour une introduction

on renvoie, p.ex., à [24, 75]. Comme déjà remarqué pour le problème de Poisson,

on peut obtenir une discrétisation d’ordre élevé sur maillages généraux à l’aide de

méthodes complètement discontinues avec ou sans stabilisation de la pression ; voir,

p.ex., [35, 47, 52, 76, 105]. Pour le problème de Stokes, on peut citer des méthodes

dG [90] ainsi que des approches HDG [39, 45, 48, 68, 82, 108]. Dans le contexte des

VEM, on peut citer [71]. La prise en compte robuste de forces volumiques avec une

partie irrotationnelle importante a été considéré dans le contexte des méthodes HHO

dans [61]. La littérature pour le problème d’Oseen est, en revanche, moins riche. Pour

le problème d’Oseen, des approches dG existent aussi [47], ainsi que HDG [39] ou

bien avec des méthodes basées sur des opérateurs définis faiblement [86]. Concer-

nant le traitement robuste des termes d’advection, on citera tout d’abord [58], où

on développe une méthode dG pour un problème de diffusion-advection-réaction

localement dégénéré valable pour tout nombre de Péclet dans la plage r0,�8s.

Récemment, les idées de ce papier ont été reprises dans le contexte des méthodes

HHO dans [54], où l’analyse montre en plus comment l’ordre de convergence des

contributions d’erreurs varie en fonction d’un nombre de Péclet local opportunément

défini. Ce travail a servi d’inspiration aux développements proposés ici pour le
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problème d’Oseen.

Une méthode hp�HHO pour le problème de diffu-

sion variable général

Dans le Chapitre 3 nous nous intéressons à l’analyse hp de la méthode HHO dans le

cas de l’équation de diffusion scalaire (1). Il s’agit de mettre en place une formulation

HHO du problème permettant d’adapter finesse du maillage et ordre polynomial

dans l’optique de converger plus rapidement vers la solution. En effet, il est souvent

plus efficace d’augmenter l’ordre polynomial p quand la solution recherchée est très

régulière.

Le point de départ est la définition d’espaces de degrés de liberté supportant des

ordres d’approximation polynomiales variables. En effet, pour plus de souplesse, on

considère le cas où l’ordre n’est plus fixé globalement comme dans les méthodes HHO

exposées dans les chapitres précédents, mais localement sur chaque élément. On se

donne ainsi un vecteur p
h

:� ppF qFPFh P NFh contenant les ordres polynomiaux sur

chaque faces (ici, Fh désigne l’ensemble des faces du maillage Th). Pour tout élément

T P Th, notant p
T

la restriction à T P Th de p
h
, on définit alors l’espace de degrés

de liberté local

U
p
T
T :� PpT pT q �

�¡
FPFT

PpF pF q

�
, pT :� min

FPFT
pF . (12)

En suivant la méthodologie HHO, on définit alors un opérateur de reconstruction de

potentiel rpT�1
T : U

p
T
T Ñ PpT�1pT q et une forme bilinéaire aT . L’opérateur rpT�1

T est

construit en résolvant un problème de Neumann sur T où la diffusion κ est prise en

compte, et dont le but est de reproduire au niveau discret une formule d’intégration

par parties où le rôle de la fonction dans les intégrales de volumes et de faces est

joué par les inconnues de maille et de face, respectivement. La forme bilinéaire aT

est définie sur U
p
T
T �U

p
T
T comme somme d’un terme consistant construit à l’aide de

rpT�1
T et d’un terme de stabilisation :

aT puT , vT q :� pκ∇rpT�1
T uT ,∇rpT�1

T vT q � stabilisation.

La stabilisation est basée sur une pénalisation des résidus sur les faces au sens des

moindres carrés, qui est par construction consistant jusqu’à l’ordre pT � 1. L’espace
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de degrés de liberté global U
p
h
h est construit afin de définir une forme bilinéaire

ah globale sur U
p
h
h � U

p
h
h par somme des contributions locales. La forme linéaire

lh définie sur U
p
h
h prenant en compte le second membre permet enfin de poser le

problème hp�HHO sous la forme : Trouver uh P U
p
h
h tel que

ahpuh, vhq � lhpvhq @vh P U
p
h
h .

On montre que le problème est bien posé et une analyse de convergence hp en

norme d’énergie et L2 est présentée, dans l’esprit de Babuška et Suri [11]. De plus,

on montre que l’analyse d’erreur est robuste vis-à-vis du coefficient de diffusion, avec

une constante multiplicative proportionnelle à la racine carrée du rapport d’aniso-

tropie local quand on considère la norme d’énergie. En norme d’énergie on retrouve

la convergence classique des méthodes HHO lorsqu’on considère le raffinement en

h, tandis qu’on a un résultat plus standard en ppT � 1q�pT lorsqu’on considère le

raffinement en p. On notera que ce résultat est comparable aux meilleurs résultats

obtenus pour les méthodes dG basées sur des polynômes de degré k et sur des

maillages rectangulaires (un demi-ordre de convergence est perdu sur des maillages

plus généraux). Le chapitre sera clôturé par des tests numériques, sur différents

maillages, venant valider les estimations d’erreurs présentées.

Terminons par un point bibliographique. La littérature sur le sujet étant assez vaste,

la liste de références donnée n’est qu’une sélection basée sur des critères de proximité

avec les résultats présentés. Les premières contributions sur les méthodes éléments

finis p� et hp� conformes sur maillages standards remontent au début des années

80 grâce aux travaux de Babuška et Suri ; voir [11–13]. Ces travaux portent es-

sentiellement sur des méthodes conformes. Peu après, à la fin des années 90, des

méthodes hp non-conformes sur maillages standards voient le jour dans le cadre des

problèmes elliptiques [73,91,95,101]. Dans le cadre des problèmes liés à la mécanique

des fluides, on peut citer les méthodes hp-FEM [100]. La possibilité de raffiner à la

fois en h et en p sur des maillages généraux est une direction de recherche bien plus

récente, voir par exemple les méthodes hp�composite [5, 74] ou Galerkin disconti-

nue polyhédrique [36]. Enfin, plus récemment, une version hp de la méthode VEM

est présentée dans [20]. Bien que ces méthodes présentent en général des tailles de

systèmes plus faibles, elles nécessitent des fonctions de bases et formules de quadra-

ture adaptées. L’implémentation pratique en est donc la principale difficulté. Dans

la plupart des cas, on rencontre une décroissance polynomiale lors d’un raffinement

en h et une décroissance exponentielle lors d’un raffinement en p. Dans le cas des
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EDPs elliptiques du second ordre on observe souvent une estimation de la forme

}u� uhp} ¤ Chminpk,p�1q�1p1�k}u}Hk ,

où u est la solution et uhp son approximation par une méthode hp.

Perspectives sur la réduction de l’équation de dif-

fusion paramétrée

Le Chapitre 4 présente quelques éléments d’un travail en cours concernant l’approxi-

mation numérique rapide d’une EDP elliptique paramétrée pour un grand nombre

de valeurs du paramètre. La nécessité de calculer de nombreuses fois les solutions

d’une EDP paramétrée se rencontre, par exemple, en optimisation, ou en quanti-

fication d’incertitudes (le paramètre restant de dimension faible en pratique). Les

méthodes de discrétisation directes (éléments finis ou HHO/MHO) étant souvent

trop coûteuses dans ce contexte, on peut avoir recours à des méthodes réduites,

dont la méthode des Bases Réduites (BR) constitue un exemple important.

Sous l’hypothèse qu’une méthode numérique précise existe pour toute valeur du

paramètre, la méthode BR construit un modèle réduit après une période d’appren-

tissage :

(i) dans un premier temps (phase offline) on calcule des solutions de l’EDP

pour un ensemble bien choisi de valeurs du paramètre à l’aide d’une méthode

numérique précise standard (cette étape préalable est en général coûteuse) ;

(ii) dans un deuxième temps (phase online) on peut obtenir la solution de l’EDP

pour toute valeur du paramètre comme la projection de Galerkin sur l’espace

des solutions pré-calculées.

Si dans la phase offline on a aussi pu identifier comment assembler rapidement la

projection de Galerkin pour toute valeur du paramètre, alors cette dernière, utilisée

online, constitue le modèle réduit du problème.

Le succès de la méthode BR repose sur

(i) la régularité paramétrique des solutions en fonction de l’espace de Hilbert

choisi pour y plonger les quelques solutions précises calculées et construire le

projecteur (hérité de la formulation variationnelle du problème considérée) ;
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(ii) le calcul rapide du projecteur, qui permet par exemple d’implémenter la méthode

pour des applications en temps réel ;

(iii) éventuellement, le calcul rapide de la base réduite, qui permet par exemple

d’échapper au fléau de la dimension dans un certain nombre de cas pratiques.

Les deux derniers points ont fait l’objet de nombreuses publications pour des ap-

plications pratiques assez variées (il n’est pas possible de toutes les citer ici : on

mentionne par exemple [1, 16, 28–30, 40, 77, 78, 81, 92, 93, 97, 98]). Mais le premier

point (d’ordre plus théorique, relevant de l’analyse mathématique) a rarement été

discuté dans la littérature autrement qu’implicitement, en constatant a posteriori

l’efficacité d’un algorithme BR dans des cas particuliers. Quelques travaux impor-

tants [22,34,96] ont pu obtenir un lien a priori entre le succès observé de la méthode

BR (en fait, d’une instance de la méthode dans un Hilbert donné) et un concept de

régularité paramétrique utilisé implicitement pour construire la base réduite dans la

méthode BR (les épaisseurs de Kolmogorov, dont l’algorithme glouton utilisé pour

construire la base permet de calculer une approximation par borne supérieure). Les

théorèmes généraux obtenus dans [22,34,96] restent toutefois non-totalement quan-

tifiables dans des cas particuliers et ne permettent pas d’expliquer complétement le

succès pratique constaté pour la méthode BR.

Nous considérons ici l’équation de diffusion (1) avec coefficient de diffusion κ va-

riable, et nous nous plaçons dans le cadre où κ varie lentement, de telle sorte qu’on

peut synthétiser ses variations avec peu de termes dans une somme de produits de

fonctions régulières de l’espace et d’un paramètre µ de faible dimension. Dans le

cadre Hilbertien de notre exemple, les solutions pourront être calculées précisément

pour tout µ pourvu qu’elles soient toutes suffisamment proches d’un sous-espace

affine (au sens de la distance donnée par la norme Hilbertienne), et pourvu qu’on

sache en calculer rapidement la projection. La question que nous nous posons ici

est s’il existe une différence entre deux instances de la méthode BR pour le même

problème quand il est plongé dans deux espaces de Hilbert différents, en ce qui

concerne la régularité paramétrique.

Le Chapitre 4 apporte une première réponse à cette question par le biais de l’in-

vestigation numérique précise d’un cas particulier. La conclusion (partielle) obtenue

dans ce cadre semble indiquer que l’instance de la méthode BR utilisant le projec-

teur dans H1pΩq hérité de la formulation primale, qui est usuellement utilisée pour

le problème en question, n’est pas toujours optimale par rapport à la dimension de

l’espace réduit. Précisément, quand le terme source est dans L2pΩq, alors on peut

améliorer les performances de la réduction (en terme d’erreur en fonction de la di-
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mension d’espace réduit) en utilisant l’instance de la méthode BR avec le projecteur

hérité de la formulation mixte. Si l’explication théorique de [22,34,96] s’applique bien

à notre exemple numérique, alors notre résultat indique en outre que les épaisseurs de

Kolmogorov de l’espace des solutions paramétrées pour notre problème décroissent

plus vite dans Hpdiv; Ωq � L2pΩq que dans H1pΩq. Cette conjecture est un élément

nouveau en théorie des EDPs à notre connaissance.



Chapter 1

Hybridization of the Mixed

High-Order method

The material contained in this chapter is mainly taken from [2]. Let Ω � Rd, d ¥ 1,

be an open, bounded, connected polytopal set. For any open, connected subset

X � Ω with non-zero Lebesgue measure, the standard inner product and norm of

the Lebesgue space L2pXq are denoted by p�, �qX and } � }X , respectively, with the

convention that the index is omitted if X � Ω. Similarly, the classical Sobolev

spaces are denoted HmpXq for m ¥ 1. For a given f P L2pΩq, we consider here the

Poisson equation that consists in finding a scalar-valued field u : Ω Ñ R such that

�4u � f in Ω,

u � 0 on BΩ.
(1.1)

Other boundary conditions could be considered, but we stick to the homogeneous

Dirichlet case for the sake of simplicity. Let W :� H1
0 pΩq. A classical primal weak

formulation of problem (1.1) consists in seeking u P W such that it holds

p∇u,∇vq � pf, vq @v P W. (1.2)

Problem (1.1) can be alternatively be reformulated as a system of first-order PDEs:

s � ∇u in Ω,

∇�s � f in Ω,

u � 0 on BΩ.

(1.3)
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Letting

Σ :� Hpdiv; Ωq, U :� L2pΩq, (1.4)

an often used variational formulation inspired by (1.3) reads: Find ps, uq P Σ � U

such that
ps, tq � pu,∇�tq � 0 @t P Σ,

�p∇�s, vq � pf, vq @v P U.
(1.5)

The unknowns s and u will be henceforth referred to as the flux and potential,

respectively. The formulation (1.2) where the potential u is the sole unknown will

be referred to as primal, whereas the formulation (1.5) where both s and u appear

as unknowns will be referred to as mixed.

At the continuous level, the primal formulation can be recovered from the mixed

formulation by eliminating the flux s. A discrete counterpart of this procedure

is studied here for the Mixed High-Order (MHO) method of [57]. Thanks to the

peculiar structure of the MHO method, the elimination of the flux degrees of freedom

(DOFs) can be carried out at the local level by solving a small coercive problem

inside each element. This procedure, classically referred to as hybridization, consists

in two steps. In the first step, we decouple interface flux DOFs and introduce

Lagrange multipliers to enforce their single-valuedness. In the second step, we locally

eliminate the flux DOFs to end up with an equivalent coercive problem where the

DOFs are the original potential unknowns and the Lagrange multipliers (which

can be alternatively interpreted as traces of the discrete potential over faces). The

former can be further eliminated at the local level by static condensation. This

coercive reformulation is clearly to be preferred in the practical implementation,

as symmetric positive-definite linear systems are much easier to solve numerically

than linear systems with a saddle-point structure. An important side result of the

hybridization is that we can establish a link with the Hybrid High-Order (HHO)

method of [59].

This chapter is organized as follows. In Section 1.1 we introduce the notion of ad-

missible mesh sequence and recall some known basic results. In Section 1.2 we recall

the MHO method. In Section 1.3 we state its mixed hybrid reformulation containing

all possible flux and potential DOFs. In Section 1.4 we show how to locally eliminate

flux DOFs and state the equivalent primal reformulation of the MHO method. An

error analysis is carried out in Section 1.5, where we derive optimal error estimates

for both the energy- and L2-norms of the error. The extension to the Darcy problem

with a variable diffusion coefficient is briefly addressed in Section 1.6.
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1.1 Discrete setting

In this section we introduce the notion of admissible mesh sequences and recall a

few known functional analysis results from [53,55].

1.1.1 Admissible meshes

Denoting by H � R�
� a countable set of meshsizes having 0 as its unique accumu-

lation point, we consider mesh sequences pThqhPH where, for all h P H, Th � tT u is

a finite collection of nonempty disjoint open polyhedra T (called elements or cells)

such that Ω �
�
TPTh T and h � maxTPTh hT (hT stands for the diameter of T ).

A hyperplanar closed connected subset F of Ω is called a face if it has positive

pd�1q-dimensional measure and (i) either there exist distinct T1, T2 P Th such that

F � BT1 X BT2 (and F is an interface) or (ii) there exists T P Th such that F �

BT X BΩ (and F is a boundary face). The set of interfaces is denoted by F i
h, the set

of boundary faces by Fb
h , and we let Fh :� F i

hYFb
h . The diameter of a face F P Fh

is denoted by hF .

For all T P Th, we let FT :� tF P Fh | F � BT u denote the set of faces lying on the

boundary of T . Symmetrically, for all F P Fh, TF :� tT P Th | F � BT u is the set

of the one (if F is a boundary face) or two (if F is an interface) elements sharing F .

For all F P FT , we denote by nTF the normal to F pointing out of T . For every

interface F � BT1 X BT2, we adopt the following convention: an orientation is fixed

once and for all by means of a unit normal vector nF , and the elements T1 and T2

are numbered so that nF :� nT1F .

We assume throughout the rest of this work that the mesh sequence pThqH is admis-

sible in the sense of [55, Chapter 1].

Definition 1.1.1 (Admissible mesh sequence). For all h P H, Th admits a matching

simplicial submesh Th and the following properties hold for all h P H with mesh

regularity parameter % ¡ 0 independent of h:

(i) for all simplex S P Th of diameter hS and inradius rS, %hS ¤ rS;

(ii) for all T P Th, and all S P TT :� tS P Th | S � T u, %hT ¤ hS.

For an admissible mesh sequence, it is known from [55, Lemma 1.41] that the number
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of faces of one element can be bounded uniformly in h, i.e., it holds that

@h P H, max
TPTh

 
NT :� cardpFT q

(
¤ NB, (1.6)

for an integer pd�1q ¤ NB   �8 depending on % but independent of h. Furthermore,

for all h P H, all T P Th and all F P FT , hF is uniformly comparable to hT in the

following sense (cf. [55, Lemma 1.42]):

ρ2hT ¤ hF ¤ hT .

1.1.2 Basic results

Let an integer k ¥ 0 be fixed. Let X denote either a mesh element in Th or a

mesh face in Fh. We denote by PkpXq the space spanned by the restriction to X of

d-variate polynomials of total degree k. We introduce the L2-orthogonal projector

πkX : L2pXq Ñ PkpXq such that, for all v P L2pXq,

pπkXv � v, wqX � 0 @w P PkpXq.

The following trace and inverse inequalities hold for all T P Th and all v P PkpT q:

}v}F ¤ Ctrh
�1{2
F }v}T @F P FT , (1.7)

}∇v}T ¤ Cinvh
�1
T }v}T , (1.8)

with real numbers Ctr and Cinv that are independent of h P H (but depending on

%), cf. [55, Lemmata 1.44 and 1.46].

It follows from [53, Lemmas 3.4 and 3.6] that there exists a real number Capp de-

pending on % but independent of h such that, for all T P Th, the L2-orthogonal

projector πkT on PkpT q satisfies: For all s P t1, . . . , k � 1u, and all v P HspT q,

|v � πkTv|HmpT q � h
1{2
T |v � πkTv|HmpBT q ¤ Capph

s�m
T |v|HspT q @m P t0, . . . , su. (1.9)

At the global level, we introduce the broken polynomial space

PkpThq :�
 
v P L2pΩq | v|T P PkpT q @T P Th

(
, (1.10)

on which we define the L2-orthogonal operator πkh : L2pΩq Ñ PkpThq defined such
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that for v P L2pΩq,

pπkhv � v, wq � 0 @w P PkpThq. (1.11)

Clearly, for all v P L2pΩq, and all T P Th, it holds that πkT pv|T q � pπkhvq|T , and optimal

approximation properties for πkh follow from (1.9). The regularity assumptions on

the exact solution are expressed in terms of the normed broken Sobolev spaces on

Th,
HmpThq :� tv P L2pΩq, v|T P H

mpT qu, m ¥ 1

with norm }v}HmpThq :�
�°

TPTh }v|T }
2
HmpT q

�1{2
.

Finally, we recall the following local Poincaré inequality valid for all T P Th:

}v � πkTv}T ¤ CPhT }∇v}T , @v P H1pT q, (1.12)

where CP is independent of h but possibly depends on % (CP � π�1 for convex

elements [18]).

1.2 The Mixed High-Order method

In this section, we recall the MHO method of [57] as well as a few known results

that will be useful for the subsequent discussion.

1.2.1 Degrees of freedom and discrete spaces

For a given fixed integer k ¥ 0, we define the following local polynomial spaces

attached to mesh elements and faces, respectively:

TkT :� ∇PkpT q @T P Th, FkF :� PkpF q @F P Fh. (1.13)

Notice that, in the lowest-order case, we have T0
T � t0u, which reflects the fact

that element DOFs are unnecessary. The local and global DOF spaces for the flux

approximation are, respectively,

Σk
T :� TkT �

#¡
FPFT

FkF

+
@T P Th and qΣk

h :�
¡
TPTh

Σk
T . (1.14)

Figure 1.1 depicts the degrees of freedom for different values of the polynomial degree
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Figure 1.1 – Local DOF space for the flux Σk
T for k � 0, 1, 2

k. We also introduce the following patched version of qΣk

h:

Σk
h :�

!
τ h � pτ T , pτTF qFPFT qTPTh P

qΣk

h |
°
TPTF τTF � 0 @F P F i

h

)
. (1.15)

The local space Σk
T is equipped with the following local L2pT q-like norm:

@τ P Σk
T , ~τ~2

T :� }τ T }
2
T �

¸
FPFT

hF }τTF }
2
F . (1.16)

The scaling coefficient hF in the second term ensures that the addends are dimen-

sionally homogeneous. For all T P Th, we denote by Rk
Σ,T : qΣk

h Ñ Σk
T the restriction

operator which realizes the mapping between global and local flux DOFs, and we

equip qΣk

h (hence also Σk
h) with the global L2pΩq-like norm ~ � ~ such that, for all

τ h P qΣk

h,

~τ h~
2 :�

¸
TPTF

~Rk
Σ,Tτ h~

2
T . (1.17)

Let, for a fixed s ¡ 2,

Σ�pT q :� tt P LspT qd | ∇�t P L2pT qu.

The regularity in Σ�pT q guarantees that all terms below are well-defined. We in-

troduce the local interpolator IkΣ,T : Σ�pT q Ñ Σk
T such that, for all t P Σ�pT q,

IkΣ,T t � pτ T , pτTF qFPFT q with

τ T � $k
T t, τTF � πkF pt�nTF q @F P FT , (1.18)

where πkF denotes the L2-orthogonal projector on PkpF q while $k
T denotes the L2-
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orthogonal projector on TkT (in fact, an elliptic projector on PkpT q) such that

p$k
T t,wqT � pt,wqT @w P TkT .

Note that the polynomial w P Pk�1pT q such that $k
T t � ∇w is only defined up

to a constant. The choice of this constant has, however, no effect on the following

discussion. The global interpolator IkΣ,h : Σ� Ñ qΣk

h with

Σ� :� tt P L2pΩqd | t|T P Σ�pT q, @T P Thu

is such that, for all t P Σ�,

Rk
Σ,T I

k
Σ,ht � IkΣ,T t|T @T P Th. (1.19)

Remark 1.2.1 (Restriction of IkΣ,h to Σ�XHpdiv; Ωq). We observe that functions in

Σ�XHpdiv; Ωq are mapped by IkΣ,h to elements of the patched space Σk
h, cf. (1.15).

The local and global DOF spaces for the potential are given by, respectively,

Uk
T :� PkpT q @T P Th and Uk

h :�
¡
TPTh

Uk
T . (1.20)

In what follows, we identify when needed the space Uk
h with the broken polynomial

space PkpThq defined by (1.10). Both Uk
T and Uk

h are naturally endowed with the

L2-norm topology.

1.2.2 Divergence reconstruction

From this section till the end of the chapter, we use the notation a À b for the

inequality a ¤ Cb with real number C ¡ 0 independent of the meshsize h. Let

a element T P Th be fixed. We define the local discrete divergence operator Dk
T :

Σk
T Ñ PkpT q such that, for all τ � pτ T , pτTF qFPFT q P Σk

T ,

pDk
Tτ , vqT � �pτ T ,∇vqT �

¸
FPFT

pτTF , vqF , @v P PkpT q. (1.21)

The right-hand side of (1.21) mimicks an integration by parts formula where the

role of the function in volumetric and boundary integrals is played by element-based

and face-based DOFs, respectively. This choice warrants the following commuting
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property for the operator Dk
T :

Dk
T pI

k
Σ,T tq � πkT p∇�tq @t P Σ�pT q, (1.22)

where πkT denotes the L2-orthogonal projector on PkpT q such that, for all q P L1pT q,

pπkT q � q, rqT � 0 @r P PkpT q.

To prove (1.22), let t P Σ�pT q and observe that it holds for all v P PkpT q,

pDk
T pI

k
Σ,T tq, vqT � �p$k

T t,∇vqT �
¸
FPFT

pπkF pt�nTF q, vqF

� �pt,∇vqT �
¸
FPFT

pt�nTF , vqF � p∇�t, vqT ,

where we have used the definitions of $k
T and πkF to pass to the second line and an

integration by parts to conclude. We note the following inverse estimate, which will

be needed later on in this chapter.

Proposition 1.2.2 (Inverse estimate for Dk
T ). There exists a real number C ¡ 0

independent of h but possibly depending on the mesh regularity parameter % such

that, for all T P Th and all τ P Σk
T ,

}Dk
Tτ }T ¤ Ch�1

T ~τ~T . (1.23)

Proof. Recalling (1.21) we have, for all τ P Σk
T ,

}Dk
Tτ }T � sup

vPPkpT q,}v}T�1

#
�p∇v, τ T qT �

¸
FPFT

pv, τTF qF

+
. (1.24)

Using the Cauchy–Schwarz inequality followed by the discrete inverse inequality (1.8),

it is inferred that

|p∇v, τ T qT | À h�1
T }v}T }τ T }T .

Again the Cauchy–Schwarz inequality together with the discrete trace inequal-

ity (1.7) yields, for all F P FT ,

|pv, τTF qF | À h�1
F }v}Th

1{2
F }τTF }F .

Inequality (1.23) follows using the discrete Cauchy–Schwarz inequality together with

the above bounds to estimate the right-hand side of (1.24) and recalling the defini-
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tion (1.16) of the ~�~T -norm

In what follows, we will also need the global divergence operator Dk
h : qΣk

h Ñ PkpThq
such that, for all τ h P qΣk

h and all T P Th,

pDk
hτ hq|T � Dk

TR
k
Σ,Tτ h. (1.25)

Using the definition (1.19) of the global interpolator IkΣ,h together with the commut-

ing property (1.22) for the local divergence operator, the following global commuting

property follows

Dk
hpI

k
Σ,htq � πkhp∇h�tq, @t P Σ�, (1.26)

where ∇h� denotes the broken divergence operator on Th and πkh the L2-orthogonal

projector on PkpThq, the space of broken (fully discontinuous) polynomials of degree

k on Th.

1.2.3 Flux reconstruction

Let T P Th. We next introduce the flux reconstruction operator CkT : Σk
T Ñ

∇Pk�1pT q such that, for all τ � pτ T , pτTF qFPFT q P Σk
T and all w P Pk�1pT q,

pCkTτ ,∇wqT � �pDk
Tτ , wqT �

¸
FPFT

pτTF , wqF (1.27a)

� pτ T ,∇πkTwqT �
¸
FPFT

pτTF , π
k
Fw � πkTwqF , (1.27b)

where we have used (1.21) to pass to the second line. Computing y P Pk�1pT q

such that CkTτ � ∇y and (1.27) holds requires to solve a well-posed Neumann

problem for which the usual compatibility condition on the right-hand side is verified.

The following polynomial consistency property for CkT is an immediate consequence

of (1.27a) using the commuting property (1.22) for the first term in the right-hand

side and he definition of πkF for the second:

CkT I
k
Σ,T∇w � ∇w, @w P Pk�1pT q. (1.28)

Recalling [57, Lemma 3] and using (1.23), we also have continuity and partial coer-

civity in the following sense: For all τ � pτ T , pτTF qFPFT q P Σk
T ,

}τ T }T ¤ }CkTτ }T ¤ ~τ~T . (1.29)
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1.2.4 The Mixed High-Order method

We let Hh denote a global bilinear form on qΣk

h �
qΣk

h assembled element-wise from

local contributions,

Hhpσh, τ hq :�
¸
TPTh

HT pR
k
Σ,Tσh, R

k
Σ,Tτ hq,

where, for all T P Th, the bilinear form HT on Σk
T�Σk

T is such that, for all σ, τ P Σk
T ,

HT pσ, τ q :� pCkTσ,C
k
Tτ qT � JT pσ, τ q, (1.30)

with local stabilization bilinear form JT matching the following assumptions:

(H1) Symmetry, nonnegativity and polynomial consistency. JT is symmetric, pos-

itive semi-definite, and it satisfies the following polynomial consistency con-

dition:

@w P Pk�1pT q, JT pI
k
Σ,T∇w, τ q � 0 @τ P Σk

T . (1.31)

(H2) Stability and continuity. There exists a real number η ¡ 0 independent of h

and of T such that HT is coercive on kerpDk
T q and continuous on Σk

T :

η~τ~2
T ¤ HT pτ , τ q @τ P kerpDk

T q , (1.32a)

HT pτ , τ q ¤ η�1~τ~2
T @τ P Σk

T . (1.32b)

Remark 1.2.3 (Condition (1.32b)). In view of (1.30) and of the second inequality

in (1.29), and since JT is symmetric and positive semi-definite owing to (H1), con-

dition (1.32b) holds if and only if there is a real number C ¡ 0 independent of h

such that, for all T P Th,

JT pτ , τ q ¤ C~τ~2
T @τ P Σk

T . (1.33)

An example of stabilization bilinear form satisfying assumptions (H1)–(H2) is

JT pσ, τ q :�
¸
FPFT

hF pC
k
Tσ �nTF � σTF ,C

k
Tτ �nTF � τTF qF . (1.34)

In (1.34), we penalize in a least-square sense the difference between two quantities

both representing the normal component of the flux variable on a face F . For further
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use, we also define the global stabilization bilinear form Jh on qΣk

h �
qΣk

h such that

Jhpσh, τ hq :�
¸
TPTh

JT pR
k
Σ,Tσh, R

k
Σ,Tτ hq. (1.35)

Letting fh :� πkhf , the MHO method reads: Find pσh, uhq P Σk
h � Uk

h such that

Hhpσh, τ hq � puh, D
k
hτ hq � 0 @τ h P Σk

h, (1.36a)

�pDk
hσh, vhq � pfh, vhq @vh P U

k
h . (1.36b)

The well-posedness of problem (1.36) is a classical consequence of the coerciv-

ity (1.32a) of HT in the kernel of Dk
T together with the commuting property (1.26).

For the details, we refer to [57].

1.3 Mixed hybrid formulation

In this section we hybridize (1.36) in the spirit of [8] by using the unpatched spaceqΣk

h defined by (1.14) in place of the subspace Σk
h defined by (1.15), and enforcing

the single-valuedness of flux DOFs located at interfaces via Lagrange multipliers.

Let

Λk
h :�

¡
FPFh

Λk
F with Λk

F :�

$&%PkpF q if F P F i
h,

t0u if F P Fb
h ,

(1.37)

and define the following local and global hybrid DOF spaces (Uk
T and Uk

h are given

by (1.20)):

W k
T :� Uk

T �

#¡
FPFT

Λk
F

+
@T P Th and W k

h :� Uk
h � Λk

h. (1.38)

We next define a H1
0 -like discrete norm and an interpolator on the space of hybrid

DOFs. For all T P Th, denote by Rk
W,T : W k

h Ñ W k
T the restriction operator that

maps global to local DOFs. We equip W k
h with the norm such that, for all zh P W

k
h ,

}zh}
2
1,h :�

¸
TPTh

}Rk
W,T zh}

2
1,T , (1.39)
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with local norm such that, for all z � pvT , pµF qFPFT q P W
k
T ,

}z}2
1,T :� }∇vT }

2
T �

¸
FPFT

h�1
F }µF � vT }

2
F @T P Th. (1.40)

Proposition 1.3.1 (Norm } � }1,h). The map } � }1,h is a norm on W k
h .

Proof. We only have to prove that, for all zh � ppvT qTPTh , pµF qFPFhq P W
k
h , }zh}1,h �

0 implies zh � 0W,h. Let us assume }zh}1,h � 0. By definition of the }�}1,h-norm, this

implies for every T P Th,

∇vT � 0, and µF � vT � 0 @F P FT . (1.41)

By the first relation in (1.41), we infer that vT is constant on T . Let now T be

such that one of its faces F belongs to Fb
h , so that µF � 0 by the definition (1.37)

of Λk
F . Using the second relation in (1.41), we infer that vT � 0 and µF 1 � 0 for

all F 1 P FT ztF u. Using similar arguments to proceed towards the interior of the

domain, we finally conclude that vT � 0 for all T P Th and µF � 0 for all F P Fh.

We introduce the bilinear form Bh on qΣk

h�W
k
h such that, for all pτ h, zhq P qΣk

h�W
k
h

with zh � pvh, µhq, recalling the definitions (1.21) of Dk
T and (1.25) of Dk

h to infer

the second equality,

Bhpτ h, zhq :� pvh, D
k
hτ hq �

¸
TPTh

¸
FPFT

pµF , τTF qF (1.42a)

�
¸
TPTh

#
�p∇vT , τ T qT �

¸
FPFT

pvT � µF , τTF qF

+
. (1.42b)

Problem (1.36) can be equivalently reformulated as follows: Find σh P qΣk

h and

wh :� puh, λhq P W
k
h such that,

Hhpσh, τ hq �Bhpτ h, whq � 0 @τ h P qΣk

h, (1.43a)

�Bhpσh, zhq � pfh, vhq @zh � pvh, µhq P W
k
h . (1.43b)

The following result justifies the choice of the space (1.37) for the Lagrange multi-

pliers by showing that problem (1.43) is well-posed, and establishes a link between

the solutions of problems (1.36) and (1.43).

Lemma 1.3.2 (Relation between (1.36) and (1.43)). The following inf-sup condition
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holds with C ¡ 0 independent of h s.t. for all zh P W
k
h :

C}zh}1,h ¤ sup
τhPqΣ

k
h,~τh~�1

Bhpτ h, zhq, (1.44)

with }�}1,h-norm on W k
h defined by (1.39) and ~�~-norm on qΣk

h defined by (1.17).

Additionally, problem (1.43) has a unique solution pσh, puh, λhqq P qΣk

h�W
k
h . Finally,

denoting by pσh, uhq P Σk
h � Uk

h the unique solution to problem (1.36), it holds

pσh, uhq � pσh, uhq.

In view of this result, we drop the bar in what follows.

Proof. Let zh � pvh, µhq P W
k
h be given, and define τ h P qΣk

h such that, for all T P Th,

τT � �p∇vhq|T and τTF � h�1
F pvF � µF q @F P FT .

Assume zh � 0W,h since the other case is trivial. Then, it holds, using (1.42b), the

linearity of Bh in its first argument, and denoting by $ the supremum in (1.44),

}zh}
2
1,h � Bhpτ h, zhq � Bh

�
τ h

~τ h~
, zh



~τ h~ ¤ $~τ h~ � $}zh}1,h,

which proves (1.44).

The well-posedness of problem (1.43) is a classical consequence of (1.44) together

with the coercivity (1.32a) of the bilinear form Hh in the kernel of Dk
h, see, e.g., [32,

Section 4.2.3]. The last part of the statement is a classical result from the theory of

Lagrange multipliers.

1.4 Primal hybrid formulation

In this section, we reformulate the mixed hybrid problem (1.43) as a coercive primal

hybrid problem after locally eliminating the flux DOFs, and we establish a link with

the HHO method of [59].

Let

W pT q :� tv P H1pT q | v|BTXBΩ � 0u. (1.45)
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We introduce the local interpolator IkW,T : W pT q Ñ W k
T such that, for all v P W pT q,

IkW,Tv � pvT , pµF qFPFT q with vT � πkTv and µF � πkFv @F P FT . (1.46)

The corresponding global interpolator is IkW,h : W Ñ W k
h (recall that W :� H1

0 pΩq)

such that, for all v P W ,

IkW,hv � ppvT qTPTh , pµF qFPFhq with vT � πkTv @T P Th and µF � πkFv @F P Fh.

(1.47)

1.4.1 Potential-to-flux operator

The first step consists in locally eliminating the flux DOFs. We define local and

global operators which allow, given a set of potential DOFs, to identify the cor-

responding flux DOFs. To this end, we need a stronger assumption than (1.32a),

namely:

η~τ~2
T ¤ HT pτ , τ q @τ P Σk

T , (H2+)

so that HT (resp. Hh) is actually an inner-product on Σk
T (resp. qΣk

h), defining a

norm }�}H,T (resp. }�}H) equivalent to ~�~T (resp. ~�~).

Proposition 1.4.1. The stabilization bilinear form JT defined by (1.34) satisfies (H2+).

Proof. Recalling the first inequality in (1.29) to infer }τ T }T ¤ }CkTτ }T , and inserting

�CkTτ �nTF into the second term in the right-hand side of (1.16), one has, for all

τ P Σk
T ,

~τ~2
T À }CkTτ }

2
T �

¸
FPFT

hF }C
k
Tτ � nTF � τTF }

2
F �

¸
FPFT

hF }C
k
Tτ � nTF }

2
F

À }CkTτ }
2
T � JT pτ , τ q � HT pτ , τ q,

where we have used the definition (1.34) of JT together with the discrete trace

inequality (1.7) and the bound (1.6) on NT to pass to the second line, plus the

definition (1.30) of the bilinear form HT to conclude.

For all T P Th, a local potential-to-flux operator ςkT : W k
T Ñ Σk

T can be naturally

defined such that, for all z � pvT , pµF qFPFT q P W
k
T , it holds, for all τ P Σk

T , using
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the definition (1.21) of Dk
T to pass to the second line,

HT pς
k
T z, τ q � �pvT , D

k
Tτ qT �

¸
FPFT

pµF , τTF qF (1.48a)

� p∇vT , τ T qT �
¸
FPFT

pµF � vT , τTF qF , (1.48b)

insofar as this yields a well-posed problem for ςkT z in view of (H2+). We also define

the global potential-to-flux operator ςkh : W k
h Ñ

qΣk

h such that, for all zh P W
k
h ,

Rk
Σ,T pς

k
hzhq � ς

k
T pR

k
W,T zhq @T P Th.

An important remark is that, as a consequence of (1.48), ςkhzh satisfies

@zh P W
k
h , τ h P

qΣk

h, Hhpς
k
hzh, τ hq � �Bhpτ h, zhq (1.49)

with bilinear form Bh defined by (1.42a).

Lemma 1.4.2 (Stability and continuity for ςkT ). For all T P Th and all z P W k
T , it

holds, denoting by }�}H,T the norm defined by HT on Σk
T ,

η
1{2}z}1,T ¤ }ςkT z}H,T ¤ η�

1{2}z}1,T . (1.50)

Thus, for all zh P W
k
h , we have, with }�}H denoting the norm defined by H on qΣk

h,

η
1{2}zh}1,h ¤ }ςkhzh}H ¤ η�

1{2}zh}1,h. (1.51)

Proof. Let z � pvT , pµF qFPFT q P W
k
T . Letting τ z P Σk

T be such that

τ z � p∇vT , ph
�1
F pµF � vT qqFPFT q,

so that ~τ z~T � }z}1,T , one has, using (1.48b) with τ � τ z followed by (1.32b),

HT pς
k
T z, τ zq � }z}2

1,T � ~τ z~T }z}1,T ¥ η
1{2}τ z}H,T }z}1,T .

Hence, the first inequality in (1.50) is proved observing that

η
1{2}z}1,T ¤ sup

τPΣk
T zt0Σ,T u

HT pς
k
T z, τ q

}τ }H,T
À sup
τPΣk

T zt0Σ,T u

}ςkT z}H,T }τ }H,T
}τ }H,T

� }ςkT z}H,T ,

where the second bound uses the fact that HT defines an inner product on Σk
T .
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On the other hand, it holds for all τ P Σk
T , bounding the right-hand side of (1.48b)

with the Cauchy-Schwarz inequality, and recalling the definitions (1.40) of the }�}1,T -

norm and (1.16) of the ~�~T -norm,

HT pς
k
T z, τ q ¤ }z}1,T~τ~T ¤ η�

1{2}z}1,T }τ }H,T ,

where we have used (H2+) to conclude. The second inequality in (1.50) then follows

from the previous bound observing that

}ςkT z}H,T � sup
τPΣk

T zt0Σ,T u

HT pς
k
T z, τ q

}τ }H,T
À sup
τPΣk

T zt0Σ,T u

}z}1,T }τ }H,T
}τ }H,T

� }z}1,h.

Finally, (1.51) can be proved squaring (1.50) and summing over T P Th.

1.4.2 Discrete gradient and potential reconstruction opera-

tors

Let us next define the gradient reconstruction operator

Gk
T :� CkT � ς

k
T , (1.52)

with CkT and ςkT defined by (1.27) and (1.48), respectively.

Proposition 1.4.3 (Characterization of Gk
T ). The operator Gk

T satisfies the follow-

ing remarkable property: For all z � pvT , pµF qFPFT q P W
k
T ,

pGk
T z,∇wqT � p∇vT ,∇wqT �

¸
FPFT

pµF � vT ,∇w � nTF qF @w P Pk�1pT q. (1.53)

Proof. Let w P Pk�1pT q be fixed, make τ :� IkΣ,T∇w in (1.48b), and use the fact that

CkTτ � ∇w owing to (1.28) and that CkT ς
k
T z � G

k
T z and JT pς

k
T z, τ q � JT pς

k
T z, I

k
Σ,T∇wq � 0

owing to (1.52) and (1.31), respectively, to infer from the definition (1.30) of HT

that

HT pς
k
T z, τ q � pCkT ς

k
T z,C

k
Tτ q � JT pς

k
T z, τ q � pGk

T z,∇wqT .

Plugging this relation into (1.48b) yields (1.53).

Equation (1.53) shows that the discrete gradient operator defined by (1.52) is in

fact analogous to the one defined in [59, eq. (11)] in the framework of HHO methods
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provided that the Lagrange multipliers are interpreted as trace unknowns. In what

follows we recall some important consequences:

(i) Euler equation. For any function ϕ P H1pT q, the following orthogonality prop-

erty holds:

pGk
T I

k
W,Tϕ�∇ϕ,∇wqT � 0 @w P Pk�1pT q. (1.54)

Interpreting (1.54) as an Euler equation, we conclude that Gk
T � I

k
W,T is in fact

the L2-orthogonal projector on ∇Pk�1pT q.

(ii) Potential reconstruction. Defining, for all T P Th, the local potential recon-

struction operator rkT : W k
T Ñ Pk�1pT q such that, for all z � pvT , pµF qFPFT q P

W k
T ,

∇rkT z � G
k
T z, prkT z � vT , 1qT � 0 (1.55)

there exists a real number C ¡ 0 independent of hT such that, for all v P

W pT q XHk�2pT q,

hT }∇pv � rkT I
k
W,Tvq}T � h

3{2
T }∇pv � rkT I

k
W,Tvq}BT

� }v � rkT I
k
W,Tv}T � h

1{2
T }v � rkT I

k
W,Tv}BT ¤ Chk�2

T }v}Hk�2pT q. (1.56)

(iii) Control of the potential-to-flux element-based DOFs. For all z P W k
T , it holds,

denoting by pςkT zqT P TkT the element DOFs for ςkT z P Σk
T ,

}pςkT zqT }T ¤ }Gk
T z}T ¤ }ςkT z}H,T ¤ η�

1{2}z}1,T @z P W k
T . (1.57)

We close this section by defining global gradient and potential reconstructions as

follows: For all zh P W
k
h , we let

pGk
hzhq|T :� Gk

TR
k
W,T zh and prkhzhq|T � rkTR

k
W,T zh @T P Th. (1.58)

1.4.3 Primal hybrid formulation

Denoting by pσh, whq P qΣk

h �W k
h the solution to problem (1.43) (we have removed

the bar from σh as a result of Lemma 1.3.2), it is readily inferred from (1.49) and

(1.43a) that

σh � ς
k
hwh. (1.59)

Then, using (1.59), equation (1.43b) can be rewritten for all zh � pvh, µhq P W
k
h as

�Bhpς
k
hwh, zhq � pfh, vhq.



18 Chapter 1 – Hybrization of the MHO method

Define the bilinear form Ah on W k
h �W k

h such that, for all wh, zh P W
k
h ,

Ahpwh, zhq :� Hhpς
k
hwh, ς

k
hzhq � pGk

hwh,G
k
hzhq � jhpwh, zhq, (1.60)

where we have introduced the bilinear form jh on W k
h �W k

h such that

jhpwh, zhq :� Jhpς
k
hwh, ς

k
hzhq, (1.61)

with Jh defined by (1.35). The equality in (1.60) is a straightforward consequence

of (1.30) together with (1.48b). Then, recalling (1.49) and using the symmetry of

the bilinear form Hh, it is inferred, for all zh P W
k
h ,

�Bhpς
k
hwh, zhq � Hhpς

k
hwh, ς

k
hzhq � Ahpwh, zhq,

and we conclude that:

Theorem 1.4.4 (Primal reformulation of problem (1.43)). The problem (1.43) can

be reformulated as the following coercive problem: Find wh � puh, λhq P W
k
h such

that,

Ahpwh, zhq � pf, vhq @zh � pvh, µhq P W
k
h , (1.62)

and (1.59) holds.

It follows from (1.51) that, for all zh P W
k
h , observing that Ahpzh, zhq � }ςkhzh}

2
H,T

as a consequence of (1.60),

η}zh}
2
1,h ¤ Ahpzh, zhq :� }zh}

2
A ¤ η�1}zh}

2
1,h. (1.63)

As a result, the bilinear form Ah is coercive, and the well-posedness of the primal

problem (1.62) follows directly from the Lax–Milgram lemma.

Remark 1.4.5 (Implementation). From a practical viewpoint, the symmetric positive

definite linear system associated to problem (1.62) can be solved more efficiently than

the saddle-point system associated to problem (1.36). Moreover, when doing so,

element-based DOFs can be statically condensed, leading to a global problem in the

Lagrange multipliers only. The discrete flux σh can be recovered from the solution

of problem (1.62) according to (1.59) by an element-by-element post-processing.
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1.4.4 Link with the Hybrid High-Order method

In [59], the authors study a Hybrid High-Order method based on the following

bilinear form on W k
h �W k

h , which only differs from the one defined by (1.62) in the

choice of the stabilization term:

AHHO
h pwh, zhq :� pGk

hwh,G
k
hzhq � jHHO

h pwh, zhq, (1.64)

where, in comparison with (1.61), no link with a mixed hybrid method is used, but

jHHO
h pwh, zhq :�

¸
TPTh

¸
FPFT

pπkF pr
k
TR

k
W,Twh � λF q, π

k
F pr

k
TR

k
W,T zh � µF qqF ,

and, for all T P Th, the potential reconstruction operator rkT : W k
T Ñ Pk�1pT q is such

that, for all z � pvT , pµF qFPFT q P W
k
T ,

rkT z �
�
rkT z � πkT pr

k
T zq

�
� vT ,

with rkT is defined by (1.55). The stabilization bilinear forms jh defined by (1.61) and

jHHO
h are equivalent in that both of them (i) are polynomially consistent up to degree

k � 1 and (ii) yield stability and continuity for Ah and AHHO
h in the form (1.63).

1.5 Error analysis

In this section we show how the error analysis for the MHO method (1.36) can be

carried out directly based on the primal formulation (1.62). The error analysis for

the mixed formulation (1.36) can be found in [57]. Additional estimates as well as

a potential reconstruction of order pk � 2q are proposed.

1.5.1 Energy error estimate

Theorem 1.5.1 (Energy error estimate). Let u P W and wh � puh, λhq P W
k
h denote

the unique solutions to (1.2) and (1.62), respectively, and set

pwh � ppuh, pλhq :� IkW,hu,

where IkW,h is the interpolation operator defined by (1.47). Then, provided u P

Hk�2pThq, the following estimate holds with real number C independent of h and
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norm }�}A defined by (1.63):

η
1{2} pwh � wh}1,h ¤ } pwh � wh}A ¤ Chk�1}u}Hk�2pThq. (1.65)

Proof. The first inequality in (1.65) is an immediate consequence of the coercivity

of Ah, cf. (1.63). Moreover, again recalling (1.63), it is readily inferred that

} pwh � wh}A ¤ η�
1{2Ahp pwh � wh, pwh � whq

} pwh � wh}1,h

¤ η�
1{2 sup

zhPW
k
h , }zh}1,h�1

Ahp pwh � wh, zhq.

Owing to (1.62), we then infer that it holds

} pwh � wh}A ¤ η�
1{2 sup

zhPW
k
h , }zh}1,h�1

Ehpzhq, (1.66)

with consistency error Eh such that, for all zh � pvh, µhq P W
k
h ,

Ehpzhq :� Ahp pwh, zhq � pf, vhq �
 
pGk

h pwh,Gk
hzhq � pf, vhq

(
� jhp pwh, zhq :� T1 � T2.

(1.67)

Let, for all T P Th, quT P Pk�1pT q denote the elliptic projection of u such that,

p∇pquT � uq,∇ξqT � 0 for all ξ P Pk�1pT q, pquT � u, 1qT � 0.

By (1.54), it holds

Gk
TR

k
W,T pwh � ∇quT , @T P Th.

Moreover, since f � �4u a.e. in Ω, it is readily inferred from (1.53) that

T1 �
¸
TPTh

tp∇quT ,Gk
TR

k
W,T zhqT u � p4u, vhq

�
¸
TPTh

tp∇quT ,Gk
TR

k
W,T zhqT u �

¸
TPTh

p4u, vT qT

�
¸
TPTh

tp∇quT ,∇vT qT �
¸
FPFT

pµF � vT ,∇quT �nTF qF � p∇u,∇vT qT �
¸
FPFT

pvT ,∇u�nTF qF u

�
¸
TPTh

p∇pquT � uq,∇vT qT �
¸
FPFT

p∇pquT � uq�nTF , µF � vT qF

�
¸
TPTh

tT1,1pT q � T1,2pT qu,

where we have used the definition of Gk
T with w � quT P Pk�1pT q to pass to the third

line and the flux continuity across interfaces together with the fact that µF � 0 for
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all F P Fb
h to insert ¸

TPTh

¸
FPFT

p∇u�nTF , µF qF � 0

in the fourth line. By definition of quT , and using the orthogonality relation (1.54)

with ϕ � u P Hk�2pT q and w � vT P PkpT q � Pk�1pT q, we immediately infer

T1,1pT q � pGk
T I

k
W,Tu�∇u,∇vT qT � 0.

The second term T1,2 can be estimated as follows:

T1,2pT q ¤
¸
FPFT

}∇pquT � uq}F }µF � vT }F (1.68)

¤

� ¸
FPFT

hF }∇pquT � uq}2
F

�1{2 � ¸
FPFT

h�1
F }µF � vT }

2
F

�1{2

(1.69)

À hk�1
T }u}Hk�2pT q}R

k
W,T zh}1,T . (1.70)

Finally, one obtains a bound on T1 after summing over T P Th and using a Cauchy-

Schwarz inequality,

|T1| À hk�1}u}Hk�2pThq}zh}1,h. (1.71)

For the second term T2 in (1.67), letting τ h :� ςkhzh, we have, on the other hand,

T2 � Hhpς
k
h pwh, τ hq � pGk

h pwh,Gk
hzhq Eq. (1.60)

�
¸
TPTh

#
p∇puT , τ T qT � ¸

FPFT

ppλF � puT , τTF qF � p∇quT ,CkTRk
Σ,Tτ hqT

+
Eqs. (1.48b), (1.52)

�
¸
TPTh

#
p∇ppuT � πkT quT q, τ T qT � ¸

FPFT

ppλF � πkF quT � puT � πkT quT , τTF qF
+

Eq. (1.27b)

�
¸
TPTh

#
p∇πkT pu� quT q, τ T qT � ¸

FPFT

pπkF pu� quT q, τTF qF
�

¸
FPFT

pπkT pquT � uq, τTF qF

+
. Eq. (1.47)

:�
¸
TPTh

tT2,1pT q � T2,2pT q � T2,3pT qu .

We treat the terms within braces using the Cauchy–Schwarz, discrete inverse (1.8)

and trace (1.7) inequalities, the approximation properties (1.56) of rkT , and the

boundedness properties of the L2-orthogonal projectors on polynomial spaces over



22 Chapter 1 – Hybrization of the MHO method

elements and faces. We start with the first term

|T2,1pT q| ¤ }∇πkT pu� quT q}T }τ T }T (1.72)

À h�1
T }πkT pu� quT q}T }τ T }T (1.73)

À h�1
T }u� quT }T }τ T }T (1.74)

À hk�1
T }u}Hk�2pT q~R

k
Σ,Tτ h~T . (1.75)

The second term inside the sum is treated using similar arguments, namely

|T2,2pT q| ¤
¸
FPFT

}πkF pu� quT q}F }τTF }F
¤

# ¸
FPFT

h�1
F }πkF pu� quT q}2

F

+1{2

�

# ¸
FPFT

hF }τTF }
2
F

+1{2

À

#
h�1
T

¸
FPFT

}u� quT }2
F

+1{2

� ~Rk
Σ,Tτ h~T

À h
�1{2
T }u� quT }BT~Rk

Σ,Tτ h~T

À hk�1
T }u}Hk�2pT q~R

k
Σ,Tτ h~T .

The term T2,3pT q can be estimated using similar arguments. Accounting for the

previous bounds on T2,1pT q, T2,2pT q, and T2,3pT q, and using the Cauchy–Schwarz

inequality leads to

|T2| À hk�1}u}Hk�2pThq~τ h~ � hk�1}u}Hk�2pThq~ς
k
hzh~, (1.76)

since by definition τ h � ςkhzh. Using (1.71) and (1.76) to bound the consistency

error in (1.66) together with (H2+) and the second inequality in (1.51) to infer

~ςkhzh~ À }zh}1,h concludes the proof.

Corollary 1.5.2 (Convergence of the gradient reconstruction). Under the assump-

tions of Theorem 1.5.1 it holds with real number C ¡ 0 independent of h (but possibly

depending on the mesh regularity parameter %q,

}∇u�Gk
hwh} ¤ Chk�1}u}Hk�2pThq.

Proof. We use the triangular inequality to infer

}∇u�Gk
hwh} ¤ }∇u�Gk

h pwh} � }Gk
hp pwh � whq},
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and estimate the first term in the right-hand side using the approximation properties

(1.56) of Gk
T and the second using the a priori error estimate (1.65) after observing

that }Gk
hp pwh�whq} ¤ } pwh�wh}A (this is a consequence of (1.60) since the bilinear

form j defined by (1.61) is positive semi-definite owing to (H1)).

1.5.2 Error estimates with elliptic regularity

This section collects error estimates that hold under additional regularity assump-

tions on the problem. We assume throughout this section that elliptic regularity

holds in the following form: For all g P L2pΩq, the unique weak solution ζ P W to

p∇ζ,∇vq � pg, vq @v P W, (1.77)

satisfies the a priori estimate

}ζ}H2pΩq ¤ Cell}g}

with Cell only depending on Ω. This holds true, for instance, when Ω is convex.

Then, additional error estimates can be derived which are the counterpart of the

classical results for the Raviart–Thomas mixed method proved in [8, 64, 72] thanks

to the well-known Aubin-Nitsche trick [9], cf. also [56,60] for its adaptation to HHO

methods.

Lemma 1.5.3 (Error estimate for the potential and the Lagrange multipliers).

Under the assumptions of Theorem 1.5.1, and provided that elliptic regularity holds,

the following bounds hold for wh � puh, λhq P W
k
h solution to (1.62), with puh P Uk

h

and pλh P Λk
h defined as in Theorem 1.5.1:

}uh � puh} ¤ Chk�2}u}Hk�2pThq, (1.78a)

|λh � pλh|LM ¤ Chk�1}u}Hk�2pThq, (1.78b)

where C ¡ 0 is a real number independent of h (but depending on the mesh regularity

parameter %) and we have set

|µh|
2
LM :�

¸
FPFh

h�1
F }µF }

2
F .

Remark 1.5.4 (Interpretation of the Lagrange multipliers). In view of (1.78b), the

Lagrange multipliers can be interpreted as traces of the potential.
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Proof. The bound (1.78a) can be proved for the primal hybrid formulation proceed-

ing as in [59, Theorem 10] estimating the penalty term as in Theorem 1.5.1. To

prove (1.78b), it suffices to use the estimate (1.82) below followed by (1.78a) and

Theorem 1.5.1.

The estimate (1.78a) shows that the discrete potential uh resulting from (1.62) is

superclose to the L2-orthogonal projection of the potential on PkpThq. As for classical

mixed finite element methods [8, 89], we can improve this result and finally exhibit

a potential reconstruction that converges as hk�2.

Lemma 1.5.5 (Potential reconstruction). Under the assumptions of Lemma 1.5.3,

denoting by u and wh � puh, λhq the unique solutions to problems (1.2) and (1.62),

respectively, it holds with real number C ¡ 0 independent of h (but depending on the

mesh regularity parameter %)

}u� rkhwh} ¤ Chk�2}u}Hk�2pT q, (1.79)

where the potential reconstruction operator rkh is defined by (1.58).

Proof. Using the triangular inequality we can estimate

}u� rkhwh} ¤ }u� rkh pwh} � }rkhp pwh � whq} :� T1 � T2. (1.80)

As a result of the approximation properties (1.56), it is readily inferred

|T1| À hk�2}u}Hk�2pThq.

Additionally, using Poincaré’s inequality (1.12) inside each element, one has

T2
2 �

¸
TPTh

}rkT I
k
W,T p pwh � whq}

2
T

À
¸
TPTh

 
h2
T }∇rkT I

k
W,T p pwh � whq}

2
T � }π0

T ppuT � uT q}
2
T

(
¤

¸
TPTh

 
h2
T }G

k
T I

k
W,T p pwh � whq}

2
T � }puT � uT }

2
T

(
,

where, in the last line, we have used the definition (1.55) of rkT together with the fact

that π0
T is a bounded operator. Hence, using the a priori bounds (1.65) and (1.78a),

we infer

|T2| À hk�2}u}Hk�2pThq.
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The conclusion follows plugging the bounds for T1 and T2 into (1.80).

Proposition 1.5.6. There exists a real number C ¡ 0 independent of h (but de-

pending on the mesh regularity parameter %) such that, for all T P Th and all

z � pvT , pµF qFPFT q P W
k
T , the following inequality holds for all F P FT

h�1
F }µF }

2
F ¤ C

�
h�2
T }vT }

2
T � ~ςkT z~

2
T

�
. (1.81)

Additionally, for all zh � pvh, µhq P W
k
h , we have

|µh|
2
LM ¤ C

¸
TPTh

�
h�2
T }vT }

2
T � }ςkTR

k
W,T zh}

2
T

�
. (1.82)

Proof. Let an element T P Th and a face F P FT be fixed, and, for a given z �

pvT , pµF qFPFT q P W k
T , let τ � pτ T , pτTF qFPFT q P Σk

T be such that τTF � h�1
F µF ,

τ T � 0, and τTF 1 � 0 for all F 1 P FT ztF u. Using τ as a test function in (1.48a) it

is inferred

h�1
F }µF }

2
F � pvT , D

k
Tτ qT �HT pς

k
T z, τ q

¤ }vT }T }D
k
Tτ }T � η�1~ςkT z~T~τ~T Cauchy–Schwarz and eq. (1.32b)

À
�
h�2
T }vT }

2
T � ~ςkT z~

2
T

�1{2
~τ~T , eq. (1.23)

and (1.81) follows observing that, owing to (1.16), ~τ~T � h
�1{2
F }µF }F . Inequal-

ity (1.82) can be proved observing that
°
FPFh h

�1
F }µF }

2
F ¤

°
TPTh

°
FPFT h

�1
F }µF }

2
F

and using (1.81).

1.6 Extension to the Darcy problem

To show how the presence of spatially varying coefficients can be taken into account,

we briefly address in this section the extension to the Darcy problem. For the details

we refer to [57,60]. Let κ : Ω Ñ Rd�d denote a tensor-valued, symmetric uniformly

elliptic diffusion coefficient, which we assume to be piecewise constant on a fixed

partition PΩ of Ω. We further assume that, for all h P H, the mesh Th is compliant

with the partition PΩ, so that κ P P0pThqd�d, and the jumps of κ can only occur at

interfaces. For a given f P L2pΩq, the model problem reads: Find s : Ω Ñ Rd and
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u : Ω Ñ R s.t.,

s� κ∇u � 0 in Ω,

∇�s � f in Ω,

u � 0 on BΩ.

(1.83)

For all T P Th, we denote by κT and κT the (positive) smallest and largest eigenvalues

of κT :� κ|T , respectively, and we define the local anisotropy ratio

αT :�
κT
κT
.

In what follows we briefly outline the modifications required to adapt the MHO

method to the Darcy problem (1.83). A first important modification is that the

local space of flux DOFs is now defined as (compare with (1.13))

TkT :� κT∇PkpT q. (1.84)

Correspondently, the flux reconstruction operator maps on κT∇Pk�1pT q (with (1.27)

remaining formally unchanged). The local interpolator IkΣ,T : Σ�pT q Ñ Σk
T is

still defined by (1.18), but $k
T now denotes the L2-orthogonal projection on the

space TkT defined by (1.84). The global interpolator is still formally given by (1.19).

The following energy error estimate is proved in [57, Theorem 6] (compare with

Theorem 1.5.1).

Theorem 1.6.1 (Error estimate for the flux). Let ps, uq denote the weak solution

to (1.83) and pσh, uhq the solution of the MHO discretization applied to the Darcy

problem as described above. Then, provided that s P Hk�1pThqd and u P Hk�2pThq,
it holds

~IkΣ,hs� σh~h ¤ C

# ¸
TPTh

κTαTh
2pk�1q
T }u}2

Hk�2pT q

+1{2

,

where C ¡ 0 is independent of both h and κ, but possibly depends on the mesh

regularity parameter %.

Remark 1.6.2 (Robustness with respect to κ). The above estimate shows that the

method is fully robust with respect to the heterogeneity of the diffusion coefficient,

and it exhibits only a moderate dependence on its local anisotropy ratio αT (with a

power 1{2).



Chapter 2

Application to the Stokes and

Oseen problems

In this chapter we apply the hybridized version of the MHO method of Chapter 1

to the discretization of linear problems in incompressible fluid mechanics.

Our first application, taken from [2], is to the Stokes problem. The main difficulty

lies here in the enforcement of the zero-divergence constraint on the velocity. For

a given polynomial degree k ¥ 0, our discretization hinges on the hybrid space of

degrees of freedom (DOF) defined in (1.38) for each component of the velocity, and

on the space of fully discontinuos polynomials of degree k for the pressure. This

choice of unknowns enables an inf-sup stable discretization on general meshes. Our

error analysis shows that the error in the energy norm for the velocity and in the

L2-norm for the pressure optimally scales as hk�1 (with h denoting the meshsize).

Additionally, under further regularity for the continuous problem, the estimate for

the L2-norm of the velocity can be improved to hk�2. These theoretical estimates

are confirmed by numerical experiments.

Our second application is to the development of a novel (not previously published)

method for the Oseen problem. With respect to the Stokes problem, the viscous

term is multiplied by a (constant) kinematic viscosity coefficient ν, and an additional

convective term is added in the momentum equation. A key point is in this case to

track the dependence of the constants appearing in the error estimates on the Peclet

number, a dimensionless number accounting for the relative importance of advective

and viscous effects. We propose here a treatment for the advective term inspired

by [54], which yields robust error estimates additionally accounting for the variation
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in the order of convergence in the different regimes. Specifically, we prove that the

error in the energy norm for the velocity scales as hk�1 in the diffusion-dominated

regime (a result coherent with the one found for the Stokes problem) and as hk�1{2 in

the advection-dominated regime. The error on the L2-norm of pressure has a similar

scaling, with an additional (explicit) dependence of the multiplicative constant on

the global Peclet number.

Throughout this chapter, pThqhPH will denote an admissible mesh sequence in the

sense of Definition 1.1.1.

2.1 An inf-sup stable discretization of the Stokes

problem on general meshes

The Stokes problem consists in finding the velocity field u : Ω Ñ Rd and the pressure

field p : Ω Ñ R such that

�4u�∇p � f in Ω, (2.1a)

∇�u � 0 in Ω, (2.1b)

u � 0 on BΩ, (2.1c)»
Ω

p � 0. (2.1d)

Denoting by L2
0pΩq the space of square-integrable functions with zero mean on Ω,

and letting

W :� H1
0 pΩq

d P :� L2
0pΩq, (2.2)

a standard weak formulation of (2.1) reads: Find pu, pq PW � P such that

p∇u,∇vq � pp,∇�vq � pf ,vq @v PW , (2.3a)

p∇�u, qq � 0 @q P P. (2.3b)

It is appearent from the weak formulation that the pressure p acts as the Lagrange

multiplier for the zero-divergence constraint on the velocity u. Consequently, prob-

lem (2.3) has a saddle-point structure, and its well-posedness hinges on an inf-sup

condition. For classical results in this direction, we refer the reader to [75].

The key ideas are here to
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(i) discretize the diffusive term in the momentum conservation equation (2.3a) using

the bilinear form Ah defined by (1.60) for each component of the discrete velocity

field (in view of the results in Section 1.4.4, one could alternatively use the bilinear

form AHHO
h defined by (1.64));

(ii) realize the velocity-pressure coupling by means of a discrete divergence operator

Dk
h designed in the same spirit as Dk

h (cf. (1.25)) and relying on the interpretation

of the Lagrange multipliers as traces of the potential; cf. Remark 1.5.4. This choice

ensures discrete stability in terms of an inf-sup condition.

To alleviate the notation, throughout this section we often abridge by a À b the

inequality a ¤ Cb with real number C ¡ 0 independent of h. Explicit names for the

constant are kept in the statements for the sake of easy consultation.

2.1.1 Discrete spaces

Recalling the definition (1.38) of W k
T , we define, for all T P Th, the local DOF space

for the velocity as

W k
T :� pW k

T q
d,

while we seek the pressure in PkpT q. Correspondingly, the global DOF spaces for

the velocity and pressure are given by

W k
h :� pW k

h q
d, Pk

h :� PkpThq X L2
0pΩq, (2.4)

cf. again (1.38) for the definition of W k
h . We also define the local and global velocity

interpolators IkW ,T and IkW ,h obtained applying component-wise the interpolators

IkW,T and IkW,h defined by (1.46) and (1.47), so that, for all z � pziq1¤i¤d PW ,

IkW ,Tz � pIkW,T zi|T q1¤i¤d and IkW ,hz � pIkW,hziq1¤i¤d. (2.5)

Given a generic element zh P W
k
h (resp., zh PW

k
h) and a mesh element T P Th, we

denote by zT (resp., zT ) its restriction to the local space W k
T (resp., W k

T ).

2.1.2 Viscous term

The discretization of the viscous term in (2.3a) hinges on the bilinear form Ah on

W k
h �W

k
h such that, for all wh � pwh,iq1¤i¤d and all zh � pzh,iq1¤i¤d elements of
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W k
h,

Ahpwh, zhq :�
ḑ

i�1

Ahpwh,i, zh,iq, (2.6)

with bilinear form Ah defined by (1.60). The coercivity and continuity of the bilinear

form Ah follow from the corresponding properties (1.63) of the bilinear form Ah:

η}zh}
2
1,h ¤ Ahpzh, zhq :� }zh}

2
A,h ¤ η�1}zh}

2
1,h, (2.7)

where we have introduced the H1
0 pΩq

d-like seminorm on W k
h

}zh}
2
1,h :�

ḑ

i�1

}zh,i}
2
1,h (2.8)

and we remind the reader that the scalar version of the }�}1,h-norm defined by (1.39)

is such that, for all zh � pvh,i, µh,iq P W
k
h ,

}zh}
2
1,h :�

¸
TPTh

}zT }
2
1,T , }z}2

1,T :� }∇vT }
2
T �

¸
FPFT

h�1
F }µF � vT }

2
F @T P Th.

The consistency properties of the bilinear form Ah are summarized in the following

lemma.

Lemma 2.1.1 (Consistency of Ah). There is C ¡ 0 independent of h such that, for

all u � puiq1¤i¤d PW XHk�2pΩqd, it holds

sup
zh�pvh,i,µh,iq1¤i¤dPW

k
h, }zh}1,h�1

#
ḑ

i�1

p4ui, vh,iq �AhpI
k
W ,hu, zhq

+
¤ Chk�1}u}Hk�2pΩqd .

(2.9)

Proof. This is a straightforward consequence of Theorem 1.5.1. The proof is not

repeated here for the sake of conciseness.

2.1.3 Velocity-pressure coupling

For all T P Th, we define the local discrete divergence operator Dk
T : W k

T Ñ PkpT q
such that, for all zT � pvT,i, pµF,iqFPFT q1¤i¤d PW

k
T ,

pDk
TzT , qqT �

ḑ

i�1

"
� pvT,i, BiqqT �

¸
FPFT

pµF,inTF,i, qqF

*
@q P PkpT q, (2.10)
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where Bi denotes the partial derivative with respect to the ith space variable. In

the context of lowest-order methods for the Stokes problem, this formula for the

divergence has been used, e.g., in [21, 62]. In the higher-order case, it is essentially

analogous (up to the choice of the discretization space for the velocity) to the one

of [68, Section 4]. We record the following equivalent expression for Dk
T obtained

integrating by parts the first term in (2.10):

pDk
TzT , qqT �

ḑ

i�1

"
pBivT,i, qqT �

¸
FPFT

ppµF,i� vT,iqnTF,i, qqF

*
@q P PkpT q. (2.11)

The velocity-pressure coupling hinges on the global discrete divergence operator

Dk
h : W k

h Ñ Pk
h such that, for all zh PW

k
h,

pDk
hzhq|T � Dk

TzT @T P Th. (2.12)

Remark 2.1.2 (Interpretation of Dk
h vs. Dk

h). The operator Dk
h defined by (2.12)

can be regarded as the discrete counterpart of the divergence operator defined from

W � pH1
0 pΩqq

d to P � L2
0pΩq (cf. (2.2)), as opposed to the operator Dk

h defined by

(1.25), which discretizes the divergence from Σ � Hpdiv; Ωq to U � L2pΩq (cf. (1.4)).

The following commuting property is key to the inf-sup stability of the velocity-

pressure coupling.

Proposition 2.1.3 (Commuting property for Dk
h). Let, for all T P Th,

W pT q :� W pT qd

where we recall that W pT q � tv P H1pT q | v|BTXBΩ � 0u (cf. (1.45)). Then, we have

the following commuting diagrams:

W pT q L2pT q

W k
T PkpT q

∇�

πkT

Dk
T

IkW ,T

W P

W k
h Pk

h

∇�

πkh

Dk
h

IkW ,h

Proof. Let z � pz1, . . . , zdq PW pT q. Using the definition (2.10) of Dk
T and (2.5) of
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IkW ,T , one has for all q P PkpT q,

pDk
T pI

k
W ,Tzq, qqT �

ḑ

i�1

#
�pπkT zi, BiqqT �

¸
FPFT

pπkF zi nTF,i, qqF

+

�
ḑ

i�1

#
�pzi, BiqqT �

¸
FPFT

pzi nTF,i, BiqqF

+
� p∇�z, qqT � pπkT p∇�zq, qqT ,

where we have used, for all 1 ¤ i ¤ d, that Biq P Pk�1pT q � PkpT q and pq nT,iq|F P

PkpF q for all F P FT (recall that faces are (hyper)planar by assumption), together

with the definitions πkT and πkF to cancel the projectors in the second like, an in-

tegration by parts to pass to the third, and the definition of πkT to conclude. This

proves the commuting property expressed by the first diagram. Recalling the defi-

nition (2.12) of Dk
h and (1.11) of πkh, and observing that, for all z PW , Dk

hpI
k
W ,hzq

has zero average on Ω since z vanishes on BΩ concludes the proof.

Lemma 2.1.4 (Consistency of the pressure-velocity coupling). There is C ¡ 0

independent of h such that, for all p P P XHk�1pΩq,

sup
zh�pvh,i,µh,iq1¤i¤dPW

k
h, }zh}1,h�1

#
ḑ

i�1

pBip, vh,iq � pp,Dk
hzhq

+
¤ Chk�1}p}Hk�1pΩq.

(2.13)

Proof. Let zh P W k
h be such that }zh}1,h � 1. Integrating by parts element-by

element, we can reformulate the first term inside the supremum as follows:

ḑ

i�1

pBip, vh,iq � �
ḑ

i�1

¸
TPTh

#
pp, BivT,iqT �

¸
FPFT

pp, pµF,i � vT,iqnTF,iqF

+
,

where we have used the fact that, by the regularity assumption, the jumps of p

vanish across interfaces while, by definition of W k
h, µF,i � 0 for all 1 ¤ i ¤ d and

all F P Fb
h to insert the term

ḑ

i�1

¸
TPTh

¸
FPFT

pp, µF,inTF,iqF � 0.

On the other hand, using the definition (2.11) of Dk
T with q � πkTp for all T P Th,
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we have for the second term

pp,Dk
hzhq � pπkhp,Dk

hzhq �
ḑ

i�1

¸
TPTh

#
pπkTp, BivT,iqT �

¸
FPFT

pπkTp, pµF,i � vT,iqnTF,iqF

+
.

Using the above relations, we infer����� ḑ
i�1

pBip, vh,iq � pp,Dk
hzhq

�����
�

����� ḑ
i�1

¸
TPTh

#
(((((((((
pπkTp� p, BivT,iqT �

¸
FPFT

pπkTp� p, pµF,i � vT,iqnTF,iqF

+�����
¤

# ¸
TPTh

hT }π
k
Tp� p}2

BT

+1{2

� }zh}1,h

À hk�1}p}Hk�1pΩq,

where we have observed that BivT,i P Pk�1pT q and used the definition of πkT to cancel

the first term in the second line, used the Cauchy–Schwarz inequality together with

the definition (2.8) of the }�}1,h-norm to pass to the third line, and the approximation

properties (1.9) of πkh to conclude.

2.1.4 Discrete problem and well-posedness

The discretization of the Stokes problem (2.3) reads: Find pwh, phq PW
k
h�Pk

h such

that

Ahpwh, zhq � pph,Dk
hzhq � Lhpzhq @zh PW

k
h, (2.14a)

pDk
hwh, qhq � 0 @qh P Pk

h , (2.14b)

where the linear form Lh on W k
h is such that, for all zh � pvh,i, µh,iq1¤i¤d,

Lhpzhq �
ḑ

i�1

pfi, vh,iq. (2.15)

Next, we prove that problem (2.14) is well-posed. A key point is that the velocity-

pressure coupling is inf–sup stable.

Lemma 2.1.5 (Well-posedness of problem (2.14)). There exists a real number γst ¡
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0 independent of h such that, for all qh P Pk
h , the following inf-sup condition holds:

γst}qh} ¤ sup
zhPW

k
hzt0W ,hu

pDk
hzh, qhq

}zh}1,h

. (2.16)

Additionally, problem (2.14) is well-posed.

Proof. The proof proceeds in two steps: first, we prove that IkW ,h is a bounded

operator, then we use classical techniques based on the commuting diagram property

of Proposition 2.1.3 to prove the inf-sup condition.

(i) }�}1,h-boundedness of IkW ,h. Let z � pz1, . . . , zdq PW . Using the H1-stability of

πkT (cf. [53, Appendix A]), the discrete trace inequality (1.7), and the trace approx-

imation properties of πkT , we have that for all 1 ¤ i ¤ d,

}IkW,hzi}
2
1,h �

¸
TPTh

 
}∇πkT zi}

2
T �

¸
FPFT

h�1
F }πkF pzi � πkT ziq}

2
F

(
¤

¸
TPTh

 
}∇zi}

2
T �

¸
FPFT

h�1
F }zi � πkT zi}

2
F

(
À

¸
TPTh

 
}∇zi}

2
T � h�2

T }zi � πkT zi}
2
T

(
À

¸
TPTh

}∇zi}
2
T � }∇zi}

2.

Thus by summing over all components of z and recalling (2.8), we finally get

}IkW ,hz}1,h À }∇z}. (2.17)

(ii) Inf-sup condition (2.16). Let now qh P Pk
h . Using the surjectivity property of

the divergence operator defined from W to P , we infer the existence of vq P W

such that ∇�vq � qh with }∇vq} À }qh}. Thus, accounting for the boundedness

result of the previous point, we have the following inequality:

}IkW ,hvq}1,h À }∇vq} À }qh}. (2.18)



2.1. An inf-sup stable discretization of the Stokes problem on general
meshes 35

To prove (2.16), we then proceed as follows:

}qh}
2 � p∇�vq, qhq

� pDk
hI

k
W ,hvq, qhq

¤

�
sup

zhPW
k
hzt0W ,hu

pDk
hzh, qhq

}zh}1,h

�
� }IkW ,hvq}1,h

À

�
sup

zhPW
k
hzt0W ,hu

pDk
hzh, qhq

}zh}1,h

�
� }qh}

where we have used the global commuting property for Dk
h to pass to the second

line, a passage to the supremum in the third line, and (2.18) to conclude.

(iii) Well-posedness of problem (2.14). The well-posedness of problem (2.14) follows

from an application of [69, Theorem 2.34] since Ah is coercive on W k
h owing to (2.7)

and the inf-sup condition (2.16) holds.

Remark 2.1.6 (Static condensation for problem (2.14)). The size of the linear system

corresponding to problem (2.32) can be significantly reduced by resorting to static

condensation. Following the procedure hinted to in [2] and detailed in [60, Sec-

tion 6.2], it can be shown that the only globally coupled variables are face DOFs for

the velocity and the average value of the pressure in each element. As a result, after

statically condensing all the other DOFs and eliminating the velocity unknowns on

the (Dirichlet) boundary, the total unknown count yields

d

�
k � d� 1

k



cardpF i

hq � cardpThq.

2.1.5 Energy-norm error estimate

Lemma 2.1.7 (Basic error estimate). Let pu, pq PW�P denote the unique solution

to (2.3), and let ppwh, pphq :� pIkW ,hu, π
k
hpq. Then, denoting by pwh, phq PW

k
h � Pk

h

the unique solution to (2.14), the following holds with }�}A,h-norm defined by (2.7):

max
�γstη

1{2

2
}ph � pph}, }wh � pwh}A,h

	
¤ sup
zhPW

k
hzt0W ,hu

Ehpzhq
}zh}A,h

, (2.19)

where the consistency error is defined as

Ehpzhq :� Lhpzhq � ppph,Dk
hzhq �Ahppwh, zhq. (2.20)
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Proof. We denote by $ the supremum in the right-hand side of (2.19) and proceed

to estimate the error on the velocity and on the pressure.

(i) Error on the velocity. Observe that

Dk
hwh � Dk

h pwh � 0

as a consequence of the discrete mass equation (2.14b) and the right commuting

diagram in Proposition 2.1.3 together with the continuous mass equation (2.1b),

respectively. As a result, making zh � wh � pwh in the discrete momentum equa-

tion (2.14a), and recalling the definition of the consistency error Eh, one has

}wh � pwh}
2
A,h � Ahpwh � pwh,wh � pwhq

� Ahpwh,wh � pwhq �Ahppwh,wh � pwhq

� Lhpwh � pwhq �((((((((((
pph,Dk

hpwh � pwhqq �Ahppwh,wh � pwhq

� Ehpwh � pwhq �((((((((((
ppph,Dk

hpwh � pwhqq

¤ $}wh � pwh}A,h,

(2.21)

hence,

}wh � pwh}A,h ¤ $.

(ii) Error on the pressure. Let us now estimate the error on the pressure. Us-

ing (2.14a) together with the definition of the consistency error yields, for all zh P

W k
h,

pph � pph,Dk
hzhq � pph,Dk

hzhq � ppph,Dk
hzhq � Ahpwh � pwh, zhq � Ehpzhq.

Using the inf-sup condition (2.16) for qh � ph � pph together with the above rela-

tion followed by (2.21), the Cauchy–Schwarz inequality, and the second inequality

in (2.7), it is inferred that

γstη
1{2}ph � pph} ¤ sup

zhPW
k
hzt0W ,hu

pph � pph,Dk
hzhq

η�1{2}zh}1,h

¤ }wh � pwh}A,h � $ ¤ 2$. (2.22)

The estimate (2.19) follows from (2.21)–(2.22).

Theorem 2.1.8 (Convergence rate for the energy-norm of the error). Under the

assumptions and notations of Lemma 2.1.7, and assuming the additional regularity
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u P Hk�2pΩqd and p P Hk�1pΩq, the following holds:

max
�γstη

1{2

2
}ph � pph}, }wh � pwh}A,h

	
¤ Chk�1

�
}u}Hk�2pΩqd � }p}Hk�1pΩq

�
, (2.23)

with real number C ¡ 0 independent of h.

Proof. It suffices to bound the consistency error Ehpzhq in (2.19) for a generic zh �

pvh,i, µh,iq1¤i¤d PW
k
h. Observing that fi � �4ui � Bip for all 1 ¤ i ¤ d a.e. in Ω,

we have that

Ehpzhq � �
ḑ

i�1

p4ui, vh,iq �Ahppwh, zhqloooooooooooooooooomoooooooooooooooooon
T1

�
ḑ

i�1

pBip, vh,iq � ppph,Dk
hzhqlooooooooooooooomooooooooooooooon

T2

.

For the first term, the consistency (2.9) of the viscous bilinear form Ah yields

|T1| À hk�1}u}Hk�2pΩqd}zh}1,h.

For the second term, we use the consistency (2.13) of the discrete velocity-pressure

coupling to infer

|T2| À hk�1}p}Hk�1pΩq}zh}1,h.

Using the above bounds and recalling the coercivity of Ah expressed by the first

inequality of (2.7) to infer }zh}1,h À }zh}A,h, we get

|Ehpzhq| À hk�1
�
}u}Hk�2pΩqd � }p}Hk�1pΩq

�
}zh}A,h.

Plugging the above bound into the error estimate (2.19) yields the desired result.

2.1.6 L2-norm error estimate for the velocity

We can obtain a sharp estimate for the L2-norm of the error on the velocity assuming

further regularity for problem (2.1). We assume in this section that Cattabriga’s

regularity holds (cf. [4, 38]) in the following form: There is CCat only depending on

Ω such that, for all g P L2pΩqd, denoting by pz, rq PW � P the unique solution to

p∇z,∇vq � pr,∇�vq � pg,vq @v PW , (2.24a)

p∇�z, qq � 0 @q P P, (2.24b)
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it holds that

}z}H2pΩqd � }r}H1pΩq ¤ CCat}g}. (2.25)

The following result shows that supercloseness holds for the velocity element DOFs,

which converge with order pk�2q to the L2-orthogonal projection of the velocity on

the broken polynomial space PkpThqd.

Theorem 2.1.9 (Convergence rate for the L2-norm of the error on the velocity).

Under the assumptions and notations of Theorem 2.1.8, and assuming that Cat-

tabriga’s regularity (2.25) holds and that f P HkpΩqd, there exists a real number

C ¡ 0 independent of h such that, if k ¥ 1,

}uh � puh} ¤ Chk�2
�
}u}Hk�2pΩqd � }p}Hk�1pΩq � }f}HkpΩqd

�
. (2.26)

For k � 0, further assuming that f P H1pΩqd,

}uh � puh} ¤ Ch2}f}H1pΩqd , (2.27)

where uh, puh P PkpThqd are obtained from element unknowns setting, for all T P Th,

uh|T � puT,iq1¤i¤d, puh|T � ppuT,iq1¤i¤d.

Proof. Let pz, rq P W � P solve (2.24) with g � puh � uh, set pzh :� IkW ,hz, and

define the error on the velocity

eh :� pwh �wh �
�
pεT,iqTPTh , pρF,iqFPFh

�
1¤i¤d

PW k
h.

We also introduce the following vector-valued quantities obtained from the element

and face DOFs of eh, respectively:

εT � pεT,iq1¤i¤d @T P Th and ρF � pρF,iq1¤i¤d @F P Fh.

Using the fact that �4z �∇r � puh � uh � εh a.e. in Ω, it holds for all T P Th,
integrating by parts and exploiting the flux continuity and the fact that ρF � 0 for

all F P Fb
h to insert the term 0 �

°
TPTh

°
FPFT pρF , p∇z � rIdqnTF qF ,

}uh � puh}2 �
¸
TPTh

"
p∇εT ,∇z � rIdqT �

¸
FPFT

ppρF � εT q, p∇z � rIdqnTF qF

*
.
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Adding to the above expression the quantity (cf. (2.14a))

0 � Ahpwh, pzhq � pph,Dk
hpzhq � ¸

TPTh

pf , πkTzqT � Ahppwh, pzhq �Ahpeh, pzhq � ¸
TPTh

pf , πkTzqT ,

where we have used Proposition 2.1.3 together with (2.24b) to infer Dk
hpzh � πkhp∇�zq �

0, we have

}uh � puh}2 � T1 � T2 � T3, (2.28)

with

T1 :�
¸
TPTh

#
p∇εT ,∇zqT �

¸
FPFT

pρF � εT ,∇znTF qF

+
�Ahpeh, pzhq,

T2 :� �
¸
TPTh

#
p∇�εT , rqT �

¸
FPFT

ppρF � εT q�nTF , rqF

+
,

T3 :� Ahppwh, pzhq � ¸
TPTh

pf , πkTzqT .

To bound T1 we recall the definitions (2.6) of Ah and (1.60) of Ah, and observe that,

with δT :�
�
zi|T � rkT I

k
W,T zi|T

�
1¤i¤d

,

T1 �
¸
TPTh

#
p∇εT ,∇δT qT �

¸
FPFT

pρF � εT ,∇δTnTF qF

+
� J peh, pzhq,

where, for the sake of brevity, we have introduced the bilinear form J pwh,vhq :�°d
i�1 Jpwh,i, vh,iq. Hence, we infer

|T1| ¤
 
}eh}

2
1,h � J peh, ehq

(1{2
�

# ¸
TPTh

�
}∇δT }2

T � hT }∇δT }2
BT

�
� J ppzh, pzhq

+1{2

¤ hk�1
�
}u}Hk�2pΩqd � }p}Hk�1pΩq

�
h}z}H2pΩqd

À hk�2
�
}u}Hk�2pΩqd � }p}Hk�1pΩq

�
}puh � uh},

(2.29)

where we have used the Cauchy–Schwarz inequality followed by the energy esti-

mate (2.23) for the first factor, while, for the second factor, we have estimated δT

using (1.56), J ppzh, pzhq as the term T3 in the proof of Theorem 2.1.8, and we have

used Cattabriga’s regularity (2.25) for z to conclude.

To estimate T2, we observe that

Dk
heh � Dk

h pwh �Dk
hwh � 0
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owing to Proposition 2.1.3 together with (2.3b) and (2.14b), hence, letting rh :� πkhr

and using (2.11) with z � Rk
W ,Teh and q � rT , we infer

0 � pDk
heh, rhq �

¸
TPTh

#
p∇�εT , rT qT �

¸
FPFT

ppρF � εT q�nTF , rT qF

+
.

Subtracting the above expression from T2, and using the Cauchy–Schwarz inequality

together with the bound (1.6) on NB, it is inferred

|T2| À }eh}1,h

# ¸
TPTh

�
}r � rT }

2
T � hT }r � rT }

2
BT

�+1{2

À hk�2
�
}u}Hk�2pΩqd�}p}Hk�1pΩq

�
}r}H1pΩq,

(2.30)

where we have used the first inequality in (2.7) together with the energy esti-

mate (2.23) for the first factor and the approximation properties (1.9) of πkh for

the second.

Let us now estimate T3. For all T P Th, we have pf , πkTzqT � pπkTf , zqT . Moreover,

since pf , zq � p∇u� pId,∇zq and, owing to (2.12), pπkhp,Dk
hpzhq � pp, πkhp∇�zqq �

pπkhp,∇�zq, we infer

T3 � pf � πkhf , zq

�
¸
TPTh

#
ḑ

i�1

�
p∇ui,∇ziqT � pGk

T I
k
W,Tui,G

k
T I

k
W,T ziq

�
� pp� πkhp,∇�zq

+
� J ppwh, pzhq.

Denote by T3,1,T3,2,T3,3 the addends in the right-hand side. If k ¥ 1, we can write

pf � πkhf , zq � pf � πkhf , z � π1
hzq,

hence

|T3,1| À hk}f}HkpΩqdh
2}z}H2pΩqd À hk�2}f}HkpΩqd}puh � uh}H2pΩqd .

On the other hand, for k � 0, we write pf � π0
hf , z � π0

hzq so that

|T3,1| À h}f}H1pΩqdh}z}H1pΩqd À h2}f}H1pΩqd}puh � uh}.
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To estimate T3,2 we use the orthogonality property (1.54) to infer

T3,2 �
¸
TPTh

ḑ

i�1

�
p∇ui �G

k
T I

k
W,Tui,∇zi �G

k
T I

k
W,T ziq

�
,

hence, recalling (1.56) and using Cattabriga’s regularity (2.25) for z, it is inferred

|T3,2| À hk�2}u}Hk�2pΩqd}puh � uh}.
Finally, using the Cauchy–Schwarz inequality, proceeding as for the estimate of T3

in the proof of Theorem 2.1.8, and recalling again (2.25), it is inferred

|T3,3| ¤ J ppwh, pwhq
1{2J ppzh, pzhq1{2

À hk�1}u}Hk�2pΩqdh}z}H2pΩqd

À hk�2}u}Hk�2pΩqd}puh � uh}.
Gathering the above estimates, we infer for k ¥ 1,

|T3| À hk�2
�
}u}Hk�2pΩqd � }f}HkpΩqd}puh � uh}, �

while, for k � 0, using Cattabriga’s regularity for u, we get

|T3| À hk�2}f}H1pΩqd}puh � uh}.
Using the above bounds for T3 in conjunction with (2.29) and (2.30) to estimate

the right-hand side of (2.28), and invoking Cattabriga’s regularity for pu, pq when

k � 0, gives the desired result.

To close this section, we exhibit a discrete velocity reconstruction that converges

with order pk� 2q to the exact velocity u. Let, for all T P Th, rkT : W k
T Ñ Pk�1pT qd

denote the velocity reconstruction operator such that, for all w PW k
T ,

rkTw � prkTwiq1¤i¤d

with rkT defined by (1.55), and define its global counterpart rkh : W k
h Ñ Pk�1pThqd

such that, for all wh PW
k
h,

rkhwh|T � r
k
T pR

k
W ,Twhq, @T P Th.

Corollary 2.1.10 (Convergence of rkhwh). Using the notation of Theorem 2.1.8,
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Figure 2.1 – Triangular (Tria), Cartesian (Cart) and hexagonal (Hex) mesh families
for the numerical example of Section 2.1.7

and under the assumptions of Theorem 2.1.9, there is a real number C independent

of h such that

}u� rkhwh} ¤ Chk�2
�
}u}Hk�2pΩqd � }p}Hk�1pΩq � }f}HkpΩqd

�
.

Proof. Recalling that pwh � IkW ,hu, and using the triangular inequality, one has

}u� rkhwh} ¤ }u� rkh pwh} � }rkhppwh �whq} :� T1 � T2.

As a result of (1.56) it is readily inferred |T1| À hk�2}u}Hk�2pΩqd . Additionally, we

estimate the second term T2 by adding and removing π0
T ppwh �whq combined with

the triangle inequality and using (1.9) such that we get

T2 �
¸
TPTh

}rkTR
k
W ,T ppwh �whq}

2
T

À
¸
TPTh

 
h2
T }∇rkTRk

W ,T ppwh �whq}
2
T � }π0

T ppuT � uT q}T( .

Estimating the first term between braces using (1.56), observing, for the second,

that it holds

}π0
T ppuT � uT q}T ¤ }puT � uT }T

since π0
T is bounded as a projector, and recalling (2.26), we infer

|T2| À hk�2
�
}u}Hk�2pΩqd � }p}Hk�1pΩq � }f}HkpΩqd

�
.

The desired result follows.
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2.1.7 Numerical examples

We solve the Stokes problem (2.1) on the unit square Ω � p0, 1q2 with f � 0 and

Dirichlet boundary conditions inferred from the following exact solution:

upx, yq �
�
� exppxqpy cos y � sin yq, exppxqpy sin yq

�
, p � 2 exppxq sinpyq � p0,

where p0 P R is chosen so as to ensure
³
Ω
p � 0. We consider the three mesh families

depicted in Figure 2.1. The triangular and Cartesian mesh families correspond,

respectively, to the mesh families 1 and 2 of the FVCA5 benchmark [80], whereas

the (predominantly) hexagonal mesh family was first introduced in [62].

Figure 2.2 displays convergence results for the different meshes and polynomial de-

grees up to 3. Following (2.19), we display the }�}A,h-norm of the error in the velocity

as well as the L2-norm of the error both in the velocity and in the pressure. In all

the cases, the numerical results match the order estimates predicted by the theory

(in some cases, a slight superconvergence is observed for the pressure at the lowest

orders).

Local computations are based on the linear algebra facilities provided by the boost

uBLAS library [83]. The local linear systems are solved using the Cholesky factor-

ization available in uBLAS. The global system (involving face unknowns only) is

solved using SuperLU [51] through the PETSc 3.4 interface [15]. The tests have

been run sequentially on a laptop computer powered by an Intel Core i7-3520 CPU

clocked at 2.90 GHz and equipped with 8Gb of RAM.

2.2 A robust discretization of the Oseen problem

In this section, we extend the method (2.14) to the Oseen problem. Let ν P R�
�

denote a constant kinematic viscosity, f P L2pΩqd a volumetric body force, β P

LippΩqd a given velocity field such that ∇�β � 0 in Ω, and µ P R� a reaction

coefficient. We consider the Oseen problem that consists in seeking the velocity
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Figure 2.2 – Convergence results for the numerical example of Section 2.1.7 on the
mesh families of Figure 2.1. The notation is the same as in Theorems 2.1.8 and 2.1.9
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field u : Ω Ñ Rd and the pressure field p : Ω Ñ R such that

�ν4u� pβ �∇qu� µu�∇p � f in Ω, (2.31a)

∇�u � 0 in Ω, (2.31b)

u � 0 on BΩ, (2.31c)»
Ω

p � 0. (2.31d)

Notice that the reaction term is introduced here mainly to simplify the expressions

of some multiplicative constants appearing in the analysis, and we do not consider

the case when this term is dominant.

The main difficulty consists here in writing an appropriate discretization of the

advective term, robust also when advection is dominant. Following [54], this is

achieved by

(i) introducing a discrete counterpart of the directional (advective) derivative β�∇
which reproduces at the discrete level a suitable integration by parts formula;

(ii) adding an upwind stabilization term which acts between element- and face-

unknowns.

A key point is that static condensation in the spirit of Remark 2.1.6 remains possible

for the resulting method, which makes its implementation very efficient. These

developments are original, and have not been published elsewhere. Numerical tests

are undergoing and will be included in a forthcoming paper.

To alleviate the notation, throughout this section we often abridge by a À b the

inequality a ¤ Cb with real number C ¡ 0 independent of h, ν, β, and µ. As in the

previous section, named constants are used in the statements for the sake of easy

consultation.

2.2.1 Discrete problem

The HHO discretization of the Oseen problem (2.31) is obtained modifying the

scheme (2.14) to account for the presence of the kinematic viscosity and the advective-

reactive terms. Specifically, the discrete problem now reads: Find pwh, phq P
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W k
h � Pk

h such that

Aν,β,µ,hpwh, zhq � pph,Dk
hzhq � Lhpzhq @zh PW

k
h, (2.32a)

pDk
hwh, qhq � 0 @qh P Pk

h , (2.32b)

where the discrete global divergence operator Dk
h is given by (2.12), the linear form

Lh on W k
h by (2.15), while the bilinear form Aν,β,µ,h on W k

h�W
k
h results from the

assembly of the viscous and advective-reactive contributions:

Aν,β,µ,hpwh, zhq :� Aν,hpwh, zhq �Aβ,µ,hpwh, zhq. (2.33)

For the viscous contribution, we simply set

Aν,hpwh, zhq :� νAhpwh, zhq, (2.34)

where the bilinear form Ah onW k
h�W

k
h is defined by (2.6). The bilinear form Aβ,µ,h,

on the other hand, is defined by element-by-element assembly of local contributions

as

Aβ,µ,hpwh, zhq :�
¸
TPTh

Aβ,µ,T pwT , zT q. (2.35)

The precise definition of the local contribution Aβ,µ,T for a generic mesh element

T P Th will be the object of the two following subsections.

For the sake of conciseness, from this point on for a given zh � ppvT,iqTPTh , pµF,iqFPFT q1¤i¤d P

W k
h we use the following shortcut notation for the vector-valued fields obtained from

element-based and face-based DOFs, respectively:

vT :� pvT,1, . . . , vT,dq P PkpT qd @T P Th,
µF :� pµF,1, . . . , µF,dq P PkpF qd @F P FT .

(2.36)

This notation carries out verbatim when considering restriction zT of zh to a generic

mesh element T P Th.

2.2.2 Discrete advective derivative

Let an element T P Th be fixed and set, for all F P FT ,

βTF :� β|F �nTF .
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A useful remark is that, by the regularity of β, for all F P F i
h such that F � BT1XBT2,

βT1F � βT2F � 0. (2.37)

We define the local advective derivative reconstruction operatorGk
β,T : W k

T Ñ PkpT qd

such that, for all zT � pvT,i, pµF,iqFPFT q1¤i¤d P W
k
T and all w P PkpT qd, using the

shortcut notation introduced in (2.36),

pGk
β,TzT ,wqT :� ppβ �∇qvT ,wqT �

¸
FPFT

pβTF pµF � vT q,wqF

� �pvT , pβ �∇qwqT �
¸
FPFT

pβTFµF ,wqF ,
(2.38)

where we have used integration by parts and ∇�β � 0 to pass to the second line. In

the following proposition we prove a discrete counterpart of the following integration

by parts formula: For all u,v PW ,

pβ �∇u,vq � pu,β �∇vq � 0. (2.39)

This relation will be later used in Proposition 2.2.5 to prove the stability of the

advective-reactive term.

Proposition 2.2.1 (Discrete integration by parts for the advective term). For all

zh � ppvT,iqTPTh , pµF,iqFPFhq1¤i¤d P W
k
h and all wh � ppuT,iqTPTh , pλF,iqFPFhq1¤i¤d P

W k
h, using the shortcut notation defined in (2.36), it holds

¸
TPTh

tpGk
β,TzT ,uT qT � pvT ,G

k
β,TwT qT u �

�
¸
TPTh

¸
FPFT

pβTF pµF � vT q,λF � uT qF . (2.40)

Proof. We have¸
TPTh

pGk
β,TzT ,uT qT

�
¸
TPTh

#
ppβ �∇qvT ,uT qT �

¸
FPFT

pβTF pµF � vT q,uT qF

+

�
¸
TPTh

#
�pvT ,G

k
β,TwT qT �

¸
FPFT

pβTF pµF � vT q,uT qF �
¸
FPFT

pβTFλF ,vT qF ,

+
,
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where we have used the definition (2.38) of Gk
β,TzT with uT as a test function in the

first line and the definition (2.38) ofGk
β,TwT with vT as a test function in the second

line. The proof is concluded adding in the right hand side of the above expression

�
¸
TPTh

¸
FPFT

pβTFλF ,µF qF � 0.

The fact that this quantity is zero can be easily proved using the fact that µF

vanishes for all F P Fb
h together with the continuity of the normal component of the

velocity on interfaces expressed by (2.37).

Remark 2.2.2 (Discrete integration by parts for the advective term). In the contin-

uous integration by parts formula (2.39), the right-hand side is zero owing to (2.37)

combined with the fact that u P W implies that the jumps of u vanish across in-

terfaces and u is zero on BΩ. By contrast, in the discrete counterpart (2.40) the

right-hand side accounts for the difference between element-based and face-based

unknowns. It is precisely because of this difference that we will need to introduce

an upwind stabilization term.

2.2.3 Local advective-reactive contribution

We are now ready to define the local contribution to the advective-reactive bilin-

ear form (cf. (2.35)): For all wT � puT,i, pλF,iqFPFT q1¤i¤d P W k
T and all zT �

pvT,i, pµF,iqFPFT q1¤i¤d PW
k
T , using the shortcut notation (2.36), we let

Aβ,µ,T pwT , zT q :� �puT ,G
k
β,TzT qT � sβ,T pwT , zT q � µpuT ,vT qT , (2.41)

where the upwind stabilization bilinear form sβ,T is such that, with βaTF :� |βTF |�βTF
2

,

sβ,T pwT , zT q :�
¸
FPFT

pβaTF pλF � uT q,µF � vT qF .

Remark 2.2.3 (Static condensation for problem (2.32)). The global advective-reactive

bilinear form defined by (2.35) with local contributions given by (2.41) has the same

stencil as the viscous contribution defined by (2.34). It can be proved that static

condensation as in Remark 2.1.6 can be performed also for the discrete Oseen prob-

lem (2.32). A crucial point to preserve the possibility of statically condensing all

element-based velocity DOFs and all but one pressure DOF per element is that the

upwind stabilization acts between element-based and face-based DOFs (and not, as

in finite volume or discontinuous Galerkin methods, between element-based DOFs
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of adjoining elements).

2.2.4 Well-posedness

In this section we carry out the stability analysis for the HHO method (2.32) and

prove that the resulting problem is well-posed.

Diffusive-advective-reactive norm

For all zh PW
k
h, we define the following diffusive-advective-reactive norm on W k

h:

~zh~
2
h :� }zh}

2
ν,h � }zh}

2
β,µ,h, (2.42)

where, recalling the definition (2.34) of Aν,h,

}zh}
2
ν,h :� Aν,hpzh, zhq and }zh}

2
β,µ,h :�

¸
TPTh

}zT }
2
β,µ,T ,

with, for all T P Th, all zT � pvT,i, pµF,iqFPFT q1¤i¤d P W
k
T and vT and µF defined

according to (2.36),

}zT }
2
β,µ,T :�

1

2

¸
FPFT

}|βTF |
1{2pµF � vT q}

2
F � τ�1

ref,T }vT }
2
T . (2.43)

In (2.43), τref,T denotes the reference time such that

τref,T :� maxpµ, Lβ,T q
�1, Lβ,T :� max

1¤i¤d
}∇βi}L8pT qd .

The norms }�}ν,h and }�}1,h are uniformly equivalent on W k
h thanks to (2.7). More

precisely, as consequence of the definition (2.34) of the viscous bilinear form Aν,h

together with the coercivity (2.7) of Ah, it holds for all zh PW
k
h,

ν
1{2}zh}1,h À }zh}ν,h À ν

1{2}zh}1,h. (2.44)

The fact that both the maps }�}ν,h and ~�~h define norms on W k
h is then an imme-

diate consequence.

We next show that the ~�~h-norm can be bounded in terms of the }�}1,h-norm. This
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bound is needed in the proof of the inf-sup condition in Lemma 2.2.7 below. We

need to define the following local and global Peclet numbers:

PeT :� max
FPFT

}βTF }L8pF qhT
ν

@T P Th, Peh :� max
TPTh

PeT . (2.45)

We also introduce the global reference time such that

τ�1
ref,h :� max

TPTh
τ�1

ref,T .

Proposition 2.2.4 (Bound for the ~�~h-norm). There is a real number C ¡ 0

independent of h such that, for all zh PW
k
h, it holds

~zh~h ¤ C
�
νp1 � Pehq � τ�1

ref,h

�1{2
}zh}1,h. (2.46)

Proof. Let an element zh � ppvT,iqTPTh , pµF,iqFPFhq PW
k
h be fixed. The bound

}zh}
2
ν,h À ν}zh}

2
1,h (2.47)

is an immediate consequence of (2.44). Let now a mesh element T P Th be fixed,

denote by zT the restriction of zh to T , and recall the shortcut notation (2.36). By

definition (2.45) of the local Peclet number PeT , it is readily inferred that

1

2

¸
FPFT

}|βTF |
1{2pµF � vT q}

2
F ¤

1

2
νPeT

¸
FPFT

h�1
T }µF � vT }

2
F À νPeT }zT }

2
1,T .

Summing over T P Th, we conclude that

1

2

¸
TPTh

¸
FPFT

}|βTF |
1{2pµF � vT q}

2
F À νPeh}zh}

2
1,h.

On the other hand, the Poincaré inequality for hybrid spaces proved in [53, Propo-

sition 5.4] yields ¸
TPTh

τ�1
ref,T }vT }

2
T À τ�1

ref,h}zh}
2
1,h.

From the above relations we get

}zh}
2
β,µ,h À

�
νPeh � τ�1

ref,h

�
}zh}

2
1,h,

which, combined with (2.47) concludes the proof.
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Stability and well-posedness

To prove the well-posedness of the discrete problem (2.32), we use a similar argument

as in the proof of Lemma 2.1.5 based on the ~�~h-coercivity of the diffusive-advective-

reactive bilinear form Aν,β,µ,h defined by (2.33) and the inf-sup stability of the

pressure-velocity coupling. A preliminary result is the coercivity of the advective-

reactive bilinear form defined by (2.35).

Proposition 2.2.5 (Coercivity of Aβ,µ,h). It holds for all zh PW
k
h,

ς}zh}
2
β,µ,h ¤ Aβ,µ,hpzh, zhq, (2.48)

where

ς :� min
TPTh

p1, τref,Tµq. (2.49)

Corollary 2.2.6 (Coercivity of Aν,β,µ,h). There is a real number C ¡ 0 independent

of h, ν, β, µ such that, for all zh PW
k
h,

Cp1 � ςq~zh~
2
h ¤ Aν,β,µ,hpzh, zhq, (2.50)

with ς given by (2.49).

Proof of Proposition 2.2.5. Let zh P W
k
h, denote by zT � pvT,i, pµF,iqFPFT q1¤i¤d P

W k
T its restriction to T P Th, and recall the shortcut notation introduced in (2.36).

Using (2.40) with zh � wh, we infer

�
¸
TPTh

pvT ,G
k
β,TzT q �

1

2

¸
TPTh

¸
FPFT

pβTF pµF � vT q,µF � vT qF .

Using this relation we have

Aβ,µ,hpzh, zhq
�

¸
TPTh

Aβ,µ,T pzT , zT q

�
¸
TPTh

#
�pvT ,G

k
β,TzT q �

¸
FPFT

pβaTF pvT � µF q,vT � µF qF � µpvT ,vT qT

+

�
¸
TPTh

#
1

2

¸
FPFT

p|βTF |pvT � µF q, pvT � µF qqF � µ}vT }
2
T

+

�
¸
TPTh

#
1

2

¸
FPFT

}|βTF |
1{2pvT � µF q}

2 � τ�1
ref,T τref,Tµ}vT }

2

+
,
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where, to pass to the third line we have observed that βaTF �
1
2
p|βTF | � βTF q.

We are now ready to prove the main result of this section.

Lemma 2.2.7 (Well-posedness of problem (2.32)). There is a real number C ¡ 0

independent of h, ν, β, and µ such that, for all qh P Pk
h , the following inf-sup

condition holds:

γos}qh} ¤ sup
zhPW

k
h,~zh~h¤1

pDk
hzh, qhq. (2.51)

where γos :� C
�
νp1 � Pehq � τ�1

ref,h

��1{2
. Additionally, problem (2.32) is well-posed.

Proof. Let qh P Pk
h and zh P W

k
h. Recalling (2.46) and the }�}1,h-boundedness of

IkW ,h expressed by (2.17), we observe that it holds, for all z PW ,

~IkW ,hz~h À
�
νp1 � Pehq � τ�1

ref,h

�1{2
}IkW ,hz}1,h À

�
νp1 � Pehq � τ�1

ref,h

�1{2
}∇z}.

The proof of the inf-sup condition (2.51) then follows the reasoning of point (ii)

in Lemma 2.1.5 replacing }�}1,h Ð ~�~1,h and using the above relation in place of

(2.17).

Finally, the well-posedness of problem (2.32) follows from (2.48) and (2.51) according

to the classical theory of saddle-point problems; cf., e.g., [24].

2.2.5 Energy-norm error estimate

The goal of this section is to estimate the error between the solution pwh, phq P

W k
h � Pk

h of the HHO scheme (2.32) with respect to the projection

ppwh, pphq � pIkW ,hu, π
k
hpq PW

k
h � Pk

h

of the weak solution pu, pq of the continuous Oseen problem (2.31).

Consistency of the advective-reactive bilinear form

In the following lemma, we study the consistency of the advective-reactive bilinear

form Aβ,µ,h defined by (2.35) from the local contributions (2.41).
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Lemma 2.2.8 (Consistency of Aβ,µ,h). There exists C ¡ 0 independent of h, ν,β

and µ such that, for all u � pu1, . . . , udq PW XHk�2pΩqd, it holds

sup
zh�pvh,i,µh,iq1¤i¤dPW

k
h

~zh~h�1

" ḑ

i�1

rppβ �∇qui, vh,iq � pµui, vh,iqs �Aβ,µ,hppwh, zhq

*

¤ C

" ¸
TPTh

N1,Th
2pk�1q
T �N2,T minp1

2
,PeT qh

2k�1
T

*1{2

, (2.52)

where N1,T :� τ�1
ref,T }u}

2
Hk�1pT q and N2,T :� }β}L8pT qd}u}

2
Hk�1pT q.

Proof. We denote by Eβ,µ,hpzhq the argument of the supremum. Let zh � pvh,i, µh,iq1¤i¤d P W k
h

and pwh � IkW ,hu � ppuh,i, pλh,iq1¤i¤d P W k
h, where we remind the reader that

vh,i � pvT,iqTPTh , puh,i � ppuT,iqTPTh and pλh,i � ppλF,iqFPFh for any 1 ¤ i ¤ d. In-

tegrating by parts the first term in Eβ,µ,hpzhq and adding the quantity

0 � �
¸
TPTh

¸
FPFT

pβTFu,vF qF ,

we have, expanding the definition (2.38) of the discrete advective derivative and of

the upwind stabilization,

Eβ,µ,hpzhq �
ḑ

i�1

"
ppβ �∇qui, vh,iq � pµui, vh,iq

*
�Aβ,µ,hppwh, zhq

�
ḑ

i�1

" ¸
TPTh

ppuT,i � ui, µvT,i � pβ �∇qvT,iqT �
¸
FPFT

pβTF ppuT,i � uiq, µF,i � vT,iqF

*
�

¸
FPFT

pβaTF p
pλF,i � uT,iq, µF,i � vT,iqF

*
:� T1 � T2 � T3.

We use the same arguments as for the term T2,1,T2,2 and T2,3 in the proof of [54,

Theorem 10] for the scalar case. Recalling that puT,i � πkTui and observing that

pπ0
Tβq�∇vT,i P Pk�1pT q � PkpT q, we have

T1 �
ḑ

i�1

¸
TPTh

ppuT,i � ui, µvT,i � pβ � π0
Tβq�∇vT,iq.

We can now estimate the first term using repetitively the Cauchy-Schwarz in-

equality, inverse inequality (1.8), the definition of τref,T , the projection approxima-
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tion estimate (1.9) and the Lipschitz continuity property of the advective velocity

}β � π0
Tβ}L8pT qd ¤ Lβ,ThT :

|T1| ¤
ḑ

i�1

¸
TPTh

}puT,i � ui}T
 
µ}vT,i}T � }β � π0

Tβ}L8pT qd}∇vT,i}T
(

À
ḑ

i�1

¸
TPTh

τ�1
ref,Th

k�1
T }ui}Hk�1pT q}vT,i}T

¤

# ¸
TPTh

τ�1
ref,Th

2pk�1q
T }u}2

Hk�1pT q

+1{2

}zh}β,µ,h.

(2.53)

The terms T2 and T3 are estimated using a decomposition strategy based on the

local Peclet number PeTF . Precisely, we consider the following decomposition

T2 � T3 � Td
2 � Td

3 � Ta
2 � Ta

3,

where the superscript “d” stands for face integrals where |PeTF | ¤ 1 whereas the

superscript “a” stands for face integrals where |PeTF | ¡ 1. This strategy allows us

to bound the terms either with the diffusive or the advective part of the full norm

~�~h by following the exact same reasoning as in [54, step (ii) of Theorem 10]. On

the one hand, for the diffusive part, we have

|Td
2| � |Td

3| À

� ¸
TPTh

}β}L8pT qd minp1,PeT q}u|T � puT }2
F


1{2

}zh}ν,h.

On the other hand, for the advective part, we obtain a similar estimate, but where

the advective-reactive norm of zh appears in place of its diffusive norm:

|Ta
2| � |Ta

3| À

� ¸
TPTh

}β}L8pT qd minp1,PeT q}u|T � puT }2
F


1{2

}zh}β,µ,h.

Using the approximation properties (1.9) of puT � πkTu we get for all F P Fh

}u|T � puT }2
F ¤ Capph

k�1{2
T }u}Hk�1pT qd .

Finally, gathering all the previous estimates, we arrive at

|T2| � |T3| À

� ¸
TPTh

}β}L8pT qd minp1,PeT qh
2k�1
T }u}2

Hk�1pT qd

�1{2

~zh~h. (2.54)
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From (2.53) and (2.54), one finally obtains

|Eβ,µ,hpzhq| À
# ¸
TPTh

�
τ�1

ref,Th
2pk�1q
T � }β}L8pT qd minp1,PeT qh

2k�1
T

�
}u}2

Hk�1pT q

+1{2

~zh~h.

(2.55)

Taking the supremum of Eβ,µ,hpzhq over zh P W k
h s.t. ~zh~h � 1 concludes the

proof.

Error estimate

Lemma 2.2.9 (Abstract error estimate). It holds

ε :� γos}ph � pph} � p1 � ςq~wh � pwh~h À sup
zhPW

k
h,~zh~h¤1

Ehpzhq, (2.56)

with consistency error linear form

Ehpzhq :� Lhpzhq �Aν,β,µ,hppwh, zhq � pDk
hzh, pphq.

Proof. We denote by $ the supremum in the right-hand side of (2.56). Using the

coercivity of Aν,β,µ,h from Corollary 2.2.6 and the same arguments as in the proof

of Lemma 2.19, we infer

Cp1 � ςq~wh � pwh~
2
h ¤ Aν,β,µ,hpwh � pwh,wh � pwhq

¤ Ehpwh � pwhq � pph � pph,Dk
hpwh � pwhqq

� Ehpwh � pwhq

¤ $~wh � pwh~h.

(2.57)

Using the inf-sup property (2.51) with qh � ph � pph, the relation pph � pph,Dk
hzhq �

Aν,β,µ,hpwh � pwh, zhq � Ehpzhq and the stability relation (2.2.5) we have,

γos}ph � pph} À sup
zhPW

k
h,~zh~h¤1

pph � pph,Dk
hzhq À $, (2.58)

which concludes the proof of the abstract estimate.

Theorem 2.2.10 (Convergence rate). Denoting by pu, pq the weak solution to (2.31),

ppwh, pphq � pIkW ,hu, π
k
hpq its projection, and further assuming the regularity pu, pq P
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Hk�2pΩq �Hk�1pΩq, it holds for the approximation error ε defined by (2.56),

ε À

" ¸
TPTh

p}p}2
Hk�1pT q � ν}u}2

Hk�2pT qd �N1,T qh
2pk�1q
T �N2,T minp1,PeT qh

2k�1
T

*1{2

,

with N1,T and N2,T , T P Th, defined in Lemma 2.2.8.

Remark 2.2.11 (Convergence rate and local boundary Péclet numbers). The contri-

bution of viscous terms to the approximation error ε displays the classical super-

convergent behavior Ophk�1
T q typical of HHO methods, see, e.g., [59]. For advection

terms, on the other hand, the order of the local contribution depends on the value

of the local Peclet number PeT defined by (2.45): (i) elements on whose boundary

viscous effects dominate (PeT ¤ hT ) contribute to the approximation error ε with

a term which is Ophk�1
T q; (ii) elements where advection dominates (PeT ¥ 1), on

the other hand, contribute with a term which is Ophk�1{2
T q; (iii) finally, for boundary

Peclet values between hT and 1, intermediate orders of convergence are observed.

Proof of Theorem 2.2.10. Let zh PW
k
h. The consistency error can be rewritten as

Ehpzhq �
¸
TPTh

"
p�ν4u,vT qT �Aν,T ppwT , zT q

*
�

¸
TPTh

"
ppβ �∇qu,vT q � pu,vT qT �Aβ,µ,T ppwT , zT q

*
�

"
p∇p,vhq � pDk

hzh, pphq*.
� T1 � T2 � T3.

The first term T1 can be estimated using the consistency of Aκ,h, a consequence

of 2.9. Similarly,the second term T2 is estimated using the consistency (2.52)

of Aβ,µ,h. Finally, the last term is estimated using the consistency (2.13) of the

pressure-velocity coupling. This yields the desired estimation.



Chapter 3

A hp-Hybrid High-Order method

for variable diffusion on general

meshes

3.1 Introduction

In the last few years, discretization technologies have appeared that support arbi-

trary approximation orders on general polytopal meshes. In this work, we focus on

a particular instance of such technologies, the so-called Hybrid High-Order (HHO)

methods originally introduced in [56, 59]. So far, the literature on HHO methods

has focused on the h-version of the method with uniform polynomial degree. Our

goal is to provide a first example of variable-degree hp-HHO method and carry out

a full hp-convergence analysis valid for fairly general meshes and arbitrary space

dimension. Let Ω � Rd, d ¥ 1, denote a bounded connected polytopal domain. We

consider the variable diffusion model problem

�∇�pκ∇uq � f in Ω,

u � 0 on BΩ,
(3.1)

where κ is a uniformly positive, symmetric, tensor-valued field on Ω, while f P

L2pΩq denotes a volumetric source. For the sake of simplicity, we assume that κ is

piecewise constant on a partition PΩ of Ω into polytopes. The weak formulation of
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problem (3.1) reads: Find u P U :� H1
0 pΩq such that

pκ∇u,∇vq � pf, vq @v P U, (3.2)

where we have used the notation p�, �q for the usual inner products of both L2pΩq and

L2pΩqd. Here, the scalar-valued field u represents a potential, and the vector-valued

field κ∇u the corresponding flux.

For a given polytopal mesh Th � tT u of Ω, the hp-HHO discretization of prob-

lem (3.2) is based on two sets of degrees of freedom (DOFs): (i) Skeletal DOFs,

consisting in pd�1q-variate polynomials of total degree pF ¥ 0 on each mesh face F ,

and (ii) elemental DOFs, consisting in d-variate polynomials of degree pT on each

mesh element T , where pT denotes the lowest degree of skeletal DOFs on the bound-

ary of T . Skeletal DOFs are globally coupled and can be alternatively interpreted

as traces of the potential on the mesh faces or as Lagrange multipliers enforcing

the continuity of the normal flux at the discrete level; cf. [2, 44] for further insight.

Elemental DOFs, on the other hand, are bubble-like auxiliary DOFs that can be

locally eliminated by static condensation, as detailed in [44, Section 2.4] for the case

where pF � p for all mesh faces F .

Two key ingredients are devised locally from skeletal and elemental DOFs attached

to each mesh element T : (i) A reconstruction of the potential of degree ppT�1q (i.e.,

one degree higher than elemental DOFs in T ) obtained solving a small Neumann

problem and (ii) a stabilisation term penalizing face-based residuals and polynomi-

ally consistent up to degree ppT�1q. The local contributions obtained from these

two ingredients are then assembled following a standard, finite element-like proce-

dure. The resulting discretization has several appealing features, the most promi-

nent of which are summarized hereafter: (i) It is valid for fairly general polytopal

meshes; (ii) the construction is dimension-independent, which can significantly ease

the practical implementation; (iii) it enables the local adaptation of the approxi-

mation order, a highly desirable feature when combined with a regularity estimator

(whose development will be addressed in a separate work); (iv) it exhibits only a

moderate dependence on the diffusion coefficient κ; (v) it has a moderate compu-

tational cost thanks to the possibility of eliminating elemental DOFs locally via

static condensation; (vi) parallel implementations can be simplified by the fact that

processes communicate via skeletal unknowns only.

The seminal works on the p- and hp-conforming finite element method on standard

meshes date back the early 80s; cf. [11–13]. Starting from the late 90s, noncon-
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forming methods on standard meshes supporting arbitrary-order have received a fair

amount of attention; a (by far) nonexhaustive list of contributions focusing on scalar

diffusive problems similar to the one considered here includes [37,73,91,95,101]. The

possibility of refining both in h and in p on general meshes is, on the other hand,

a much more recent research topic. We cite, in particular, hp-composite [5, 74] and

polyhedral [36] discontinuous Galerkin methods, and the two-dimensional virtual

element method proposed in [20].

The main results of this paper, summarized in Section 3.3.2, are hp-energy- and

L2-estimates of the error between the approximate and the exact solution. These

are the first results of this kind for HHO methods, and among the first for discon-

tinuous skeletal methods in general (a prominent example of discontinuous skeletal

methods are the Hybridizable Discontinuous Galerkin methods of [46]; cf. [44] for a

precise study of their relation with HHO methods). The cornerstone of the analysis

is the extension of the classical Babuška-Suri hp-approximation results to regular

mesh sequences in the sense of [55, Chapter 1] and arbitrary space dimension d ¥ 1;

cf. Lemma 3.2.1. Similar results had been derived in [20] for d � 2 and, under

different assumptions on the mesh, in [36] for d P t2, 3u. A key point is here to

show that the regularity assumptions on the mesh imply uniform bounds for the

Lipschitz constant of mesh elements. The resulting energy-norm estimate confirms

the characteristic h-superconvergence behaviour of HHO methods, whereas we have

a more standard scaling as ppT � 1q�pT with respect to the polynomial degree pT

of elemental DOFs. This scaling is analogous to the best available results for dis-

continuous Galerkin (dG) methods on rectangular meshes based on polynomials of

degree pT , cf. [73] (on more general meshes, the scaling for the symmetric interior

penalty dG method is p
�ppT�1{2q
T , half a power less than for the hp-HHO method

studied here). Classically, when elliptic regularity holds, the h-convergence order

can be increased by 1 for the L2-norm. In our error estimates, the dependence on

the diffusion coefficient is carefully tracked, showing full robustness with respect to

its heterogeneity and only a moderate dependence with a power of 1{2 on its local

anisotropy when the error in the energy-norm is considered. Numerical experiments

confirm the expected exponentially convergent behaviour for both isotropic and

strongly anisotropic diffusion coefficients on a variety of two-dimensional meshes.

The rest of the paper is organized as follows. In Section 3.2 we introduce the main

notations and prove the basic results required in the analysis including, in particular,

Lemma 3.2.1 (whose proof is detailed in Appendix 3.5). In Section 3.3 we formulate

the hp-HHO method, state our main results, and provide some numerical examples.
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The proofs of the main results, preceeded by the required preparatory material, are

collected in Section 3.4.

3.2 Setting

In this section we introduce the main notations and prove the basic results required

in the analysis.

3.2.1 Mesh and notation

Let H � R�
� denote a countable set of meshsizes having 0 as its unique accumulation

point. We consider mesh sequences pThqhPH where, for all h P H, Th � tT u is a finite

collection of nonempty disjoint open polytopal elements such that Ω �
�
TPTh T and

h � maxTPTh hT (hT stands for the diameter of T ). A hyperplanar closed connected

subset F of Ω is called a face if it has positive pd�1q-dimensional measure and

(i) either there exist distinct T1, T2 P Th such that F � BT1 X BT2 (and F is an

interface) or (ii) there exists T P Th such that F � BT X BΩ (and F is a boundary

face). The set of interfaces is denoted by F i
h, the set of boundary faces by Fb

h , and

we let Fh :� F i
h Y Fb

h . For all T P Th, the set FT :� tF P Fh|F � BT u collects the

faces lying on the boundary of T and, for all F P FT , we denote by nTF the normal

vector to F pointing out of T .

The following assumptions on the mesh will be kept throughout the exposition.

Assumption 1 (Admissible mesh sequence). We assume that pThqhPH is admissible

in the sense of [55, Chapter 1], i.e., for all h P H, Th admits a matching simplicial

submesh Th and there exists a real number % ¡ 0 (the mesh regularity parameter)

independent of h such that the following conditions hold: (i) For all h P H and all

simplex S P Th of diameter hS and inradius rS, %hS ¤ rS; (ii) for all h P H, all

T P Th, and all S P Th such that S � T , %hT ¤ hS; (iii) every mesh element T P Th
is star-shaped with respect to every point of a ball of radius %hT .

Assumption 2 (Compliant mesh sequence). We assume that the mesh sequence

is compliant with the partition PΩ on which the diffusion tensor κ is piecewise

constant, so that jumps only occur at interfaces and, for all T P Th,

κT :� κ|T P P0pT qd�d.
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In what follows, for all T P Th, κT and κT denote the largest and smallest eigenvalue

of κT , respectively, and λκ,T :� κT {κT the local anisotropy ratio.

3.2.2 Basic results

Let X be a mesh element or face. For an index q, HqpXq denotes the Hilbert space

of functions which are in L2pXq together with their weak derivatives of order ¤ q,

equipped with the usual inner product p�, �qq,X and associated norm }�}q,X . When

q � 0, we recover the Lebesgue space L2pXq, and the subscript 0 is omitted from

both the inner product and the norm. The subscript X is also omitted when X � Ω.

For a given integer l ¥ 0, we denote by PlpXq the space spanned by the restriction

to X of d-variate polynomials of degree ¤ l. For further use, we also introduce the

L2-projector πlX : L1pXq Ñ PlpXq such that, for all w P L1pXq,

pπlXw � w, vqX � 0 @v P PlpXq. (3.3)

We recall hereafter a few known results on admissible mesh sequences and refer

to [55, Chapter 1] and [53] for a more comprehensive collection. By [55, Lemma 1.41],

there exists an integer NB ¥ pd� 1q (possibly depending on d and %) such that the

maximum number of faces of one mesh element is bounded,

max
hPH,TPTh

cardpFT q ¤ NB. (3.4)

The following multiplicative trace inequality, valid for all h P H, all T P Th, and all

v P H1pT q, is proved in [55, Lemma 1.49]:

}v}2
BT ¤ C

�
}v}T }∇v}T � h�1

T }v}2
T

�
, (3.5)

where C only depends on d and %. We also note the following local Poincaré’s

inequality valid for all T P Th and all v P H1pT q such that pv, 1qT � 0:

}v}T ¤ CPhT }∇v}T , (3.6)

where CP � π�1 when T is convex, while it can be estimated in terms of % for

nonconvex elements (cf., e.g., [106]).

The following functional analysis results lie at the heart of the hp-analysis carried

out in Section 3.4.
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Lemma 3.2.1 (Approximation). There is a real number C ¡ 0 (possibly depending

on d and %) such that, for all h P H, all T P Th, all integer l ¥ 1, all s ¥ 0, and all

v P Hs�1pT q, there exists a polynomial Πl
Tv P PlpT q satisfying, for all 0 ¤ q ¤ s� 1,

}v � Πl
Tv}q,T ¤ C

h
minpl,sq�q�1
T

ls�1�q
}v}s�1,T . (3.7)

Proof. See Section 3.5.

Lemma 3.2.2 (Discrete trace inequality). There is a real number C ¡ 0 (possibly

depending on d and %) such that, for all h P H, all T P Th, all integer l ¥ 1, and all

v P PlpT q, it holds

}v}BT ¤ C
l

h
1{2
T

}v}T . (3.8)

Proof. When all meshes in the sequence pThqhPH are simplicial and conforming, the

proof of (3.8) can be found in [99, Theorem 4.76] for d � 2; for d ¥ 2 the proof is

analogous. The extension to admissible mesh sequences in the sense of Assumption 1

can be done following the reasoning in [55, Lemma 1.46].

3.3 Discretization

In this section, we formulate the hp-HHO method, state our main results, and

provide some numerical examples.

3.3.1 The hp-HHO method

We present in this section an extension of the classical HHO method of [59] account-

ing for variable polynomial degrees. Let a vector p
h
� ppF qFPFh P NFh of skeletal

polynomial degrees be given. For all T P Th, we denote by p
T
� ppF qFPFT the

restriction of p
h

to FT , and we introduce the following local space of DOFs:

U
p
T
T :� PpT pT q �

�¡
FPFT

PpF pF q

�
, pT :� min

FPFT
pF . (3.9)

We use the notation vT � pvT , pvF qFPFT q for a generic element of U
p
T
T . We define

the local potential reconstruction operator rpT�1
T : U

p
T
T Ñ PpT�1pT q such that, for
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all vT P U
p
T
T and w P PpT�1pT q

pκT∇rpT�1
T vT ,∇wqT � �pvT ,∇�pκT∇wqqT �

¸
FPFT

pvF ,κT∇w �nTF qF , (3.10)

and

prpT�1
T vT � vT , 1qT � 0. (3.11)

Note that computing rpT�1
T vT according to (3.10) requires to invert the κT -weighted

stiffness matrix of Pk�1pT q, which can be efficiently accomplished by a Cholesky

solver.

We define on U
p
T
T � U

p
T
T the local bilinear form aT such that

aT puT , vT q :� pκT∇rpT�1
T uT ,∇rpT�1

T vT qT � sT puT , vT q (3.12)

where

sT puT , vT q :�
¸
FPFT

κF
hT

pδ
p
T
TFuT , δ

p
T
TFvT qF , (3.13)

and for all F P FT , we have set κF :� κTnTF �nTF and the face-based residual

operator δ
p
T
TF : U

p
T
T Ñ PpF pF q is such that, for all vT P U

p
T
T ,

δ
p
T
TFvT :� πpFF

�
vF � rpT�1

T vT � πpTT rpT�1
T vT � vT

�
. (3.14)

The first contribution in aT is in charge of consistency, whereas the second ensures

stability by a least-square penalty of the face-based residuals δ
p
T
TF . This subtle form

for δ
p
T
TF ensures that the residual vanishes when its argument is the interpolate of

a function in PpT�1pT q, and is required for high-order h-convergence (a detailed

motivation is provided in [59, Remark 6]).

The global space of DOFs and its subspace with strongly enforced boundary condi-

tions are defined, respectively, as

U
p
h
h :�

�¡
TPTh

PpT pT q

�
�

�¡
FPFh

PpF pF q

�
, U

p
h
h,0 :�

!
vh P U

p
h
h | vF � 0 @F P Fb

h

)
.

(3.15)

Note that interface DOFs in U
p
h
h are single-valued. We use the notation vh �

ppvT qTPTh , pvF qFPFhq for a generic DOF vector in U
p
h
h and, for all T P Th, we denote

by vT P U
p
T
T its restriction to T . For further use, we also introduce the global
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interpolator I
p
h
h : H1pΩq Ñ U

p
h
h such that, for all v P H1pΩq,

I
p
h
h v �

�
pπpTT vqTPTh , pπ

pF
F vqFPFh

�
, (3.16)

and denote by I
p
T
T its restriction to T P Th.

The hp-HHO discretization of problem (3.2) consists in seeking uh P U
p
h
h,0 such that

ahpuh, vhq � lhpvhq @vh P U
p
h
h,0, (3.17)

where the global bilinear form ah on U
p
h
h � U

p
h
h and the linear form lh on U

p
h
h are

assembled element-wise setting

ahpuh, vhq :�
¸
TPTh

aT puT , vT q, lhpvhq :�
¸
TPTh

pf, vT qT .

Remark 3.3.1 (Static condensation). Using a standard static condensation proce-

dure, it is possible to eliminate element-based DOFs locally and solve (3.17) by

inverting a system in the skeletal unknowns only. For the sake of conciseness, we

do not repeat the details here and refer instead to [44, Section 2.4]. Accounting for

the strong enforcement of boundary conditions, the size of the system after static

condensation is

Ndof �
¸
FPF i

h

�
pF � d� 1

pF



. (3.18)

Remark 3.3.2 (Finite element interpretation). A finite element interpretation of the

scheme (3.17) is possible following the extension proposed in [44, Remark 3] of the

ideas originally developed in [10] in the context of nonconforming Virtual Element

Methods. For all F P F i
h, we denote by r�sF the usual jump operator (the sign is

irrelevant), which we extend to boundary faces F P Fb
h setting rϕsF :� ϕ. Let

U
p
h
h,0 :�

!
vh P L

2pΩq | vh|T P U
p
T
T for all T P Th and πpFF prvT sF q � 0 for all F P Fh

)
,

where, for all T P Th, we have introduced the local space

U
p
T
T :�

 
vT P H

1pT q | ∇�pκT∇vT q P PpT pT q and κT∇vT |F �nTF P PpF pF q for all F P FT

(
.

It can be proved that, for all T P Th, I
p
T
T : U

p
T
T Ñ U

p
T
T is an isomorphism. Thus, the

triplet pT,U
p
T
T , I

p
T
T q defines a finite element in the sense of Ciarlet [43]. Additionally,

problem (3.17) can be reformulated as the nonconforming finite element method:
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Find uh P U
p
h
h,0 such that

ahpuh, vhq � lhpvhq @vh P U
p
h
h,0,

where ahpuh, vhq :� ahpI
p
h
h uh, I

p
h
h vhq, lhpvhq :� lhpI

p
h
h vhq, and it can be proved that

uh is the unique element of U
p
h
h,0 such that uh � I

p
h
h uh with uh unique solution

to (3.17).

3.3.2 Main results

We next state our main results. The proofs are postponed to Section 3.4. For all

T P Th, we denote by }�}a,T and |�|s,T the seminorms defined on U
p
T
T by the bilinear

forms aT and sT , respectively, and by }�}a,h the seminorm defined by the bilinear

form ah on U
p
h
h . We also introduce the penalty seminorm |�|s,h such that, for all

vh P U
p
h
h , |vh|

2
s,h :�

°
TPTh |vT |

2
s,T . Note that }�}a,h is a norm on the subspace U

p
h
h,0

with strongly enforced boundary conditions (the arguments are essentially analogous

to that of [56, Proposition 5]). We will also need the global reconstruction operator

r
p
h
h : U

p
h
h Ñ L2pΩq such that, for all vh P U

p
h
h ,

pr
p
h
h vhq|T � rpT�1

T vT @T P Th.

Finally, for the sake of conciseness, throughout the rest of the paper we note a À b

the inequality a ¤ Cb with real number C ¡ 0 independent of h, p
h
, and κ.

Our first estimate concerns the error measured in energy-like norms.

Theorem 3.3.3 (Energy error estimate). Let u P U and uh P U
p
h
h,0 denote the unique

solutions of problems (3.2) and (3.17), respectively, and set

puh :� I
p
h
h u. (3.19)

Assuming that u|T P H
pT�2pT q for all T P Th, it holds

}uh � puh}a,h À

� ¸
TPTh

κTλκ,T
h

2ppT�1q
T

ppT � 1q2pT
}u}2

pT�2,T

�1{2

. (3.20)

Consequently, we have, denoting by ∇h the broken gradient on Th (whose restriction
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to every element T P Th coincides with the usual gradient),

}κ
1{2∇hpu� r

p
h
h uhq}

2 � |uh|
2
s,h À

¸
TPTh

κTλκ,T
h

2ppT�1q
T

ppT � 1q2pT
}u}2

pT�2,T . (3.21)

Proof. See Section 3.4.3.

In (3.20) and (3.21), we observe the characteristic improved h-convergence of HHO

methods (cf. [59]), whereas, in terms of p-convergence, we have a more standard

scaling as ppT � 1q�pT (i.e., half a power more than discontinuous Galerkin methods

based on polynomials of degree pT , cf., e.g., [91]). In (3.21), we observe that the

left-hand side has the same convergence rate (both in h and in p) as the interpolation

error

}κ
1{2∇hpu� r

p
h
h puhq}2 � |puh|2s,h,

as can be verified combining (3.26) and (3.28) below. Note that, in this case, the

p-convergence is limited by the second term, which measures the discontinuity of the

potential reconstruction at interfaces. An inspection of formulas (3.20) and (3.21)

also shows that the method is fully robust with respect to the heterogeneity of

the diffusion coefficient, while only a moderate dependence (with a power of 1{2) is

observed with respect to its local anisotropy ratio.

For the sake of completeness, we also provide an estimate of the L2-error between

the piecewise polynomial fields uh and puh such that

uh|T :� uT and puh|T :� puT � πpTT u @T P Th.

To this end, we need elliptic regularity in the following form: For all g P L2pΩq, the

unique element z P U such that

pκ∇z,∇vq � pg, vq @v P U, (3.22)

satisfies the a priori estimate

}z}2 À κ�1}g}L2pΩq, κ :� min
TPTh

κT . (3.23)

The following result is proved in Section 3.4.4.

Theorem 3.3.4 (L2-error estimate). Under the assumptions of Theorem 3.3.3, and

further assuming elliptic regularity (3.23) and that f P HpT�∆T pT q for all T P Th



3.4. Convergence analysis 67

with ∆T � 1 if pT � 0 while ∆T � 0 otherwise,

κ}uh � puh} À κ
1{2λκh

� ¸
TPTh

λκ,TκT
h

2ppT�1q
T

ppT � 1q2pT
}u}2

pT�2,T

�1{2

�

� ¸
TPTh

h
2ppT�2q
T

ppT � ∆T q2ppT�2q
}f}2

pT�∆T

�1{2

. (3.24)

with λκ :� maxTPTh λκ,T , κ :� maxTPTh κT .

3.3.3 Numerical examples

We close this section with some numerical examples. The h-convergence properties of

the method (3.17) have been numerically investigated in [59, Section 4]. To illustrate

its p-convergence properties, we solve on the unit square domain Ω � p0, 1q2 the

homogeneous Dirichlet problem with exact solution u � sinpπx1q sinpπx2q and right-

hand side f chosen accordingly. We consider two values for the diffusion coefficients:

κ1 � I2, κ2 �

�
px2 � x2q

2 � εpx1 � x1q
2 �p1 � εqpx1 � x1qpx2 � x2q

�p1 � εqpx1 � x1qpx2 � x2q px1 � x1q
2 � εpx2 � x2q

2

�
,

where I2 denotes the identity matrix of dimension 2, x :� �p0.1, 0.1q, and ε �

1 � 10�2. The choice κ � κ1 (“regular” test case) yields a homogeneous isotropic

problem, while the choice κ � κ2 (“Le Potier’s” test case [84]) corresponds to a

highly anisotropic problem where the principal axes of the diffusion tensor vary at

each point of the domain. Figures 3.2–3.3 depict the energy- and L2-errors as a func-

tion of the number of skeletal DOFs Ndof (cf. (3.18)) when pF � p for all F P Fh

and p P t0, . . . , 9u for the proposed choices for κ on the meshes of Figure 3.1. In

all the cases, the expected exponentially convergent behaviour is observed. Interest-

ingly, the best performance in terms of error vs. Ndof is obtained for the Cartesian

and Voronoi meshes. A comparison of the results for the two values of the diffu-

sion coefficients allows to appreciate the robustness of the method with respect to

anisotropy.

3.4 Convergence analysis

In this section we prove the results stated in Section 3.3.2.
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(a) Triangular (b) Cartesian (c) Refined

(d) Staggered (e) Hexagonal (f) Voronoi

Figure 3.1 – Meshes considered in the p-convergence test of Section 3.3.3. The tri-
angular, Cartesian, refined, and staggered meshes originate from the FVCA5 bench-
mark [80]; the hexagonal mesh was originally introduced in [62]; the Voronoi mesh
was obtained using the PolyMesher algorithm of [104].

3.4.1 Consistency of the potential reconstruction

Preliminary to the convergence analysis is the study of the approximation properties

of the potential reconstruction rpT�1
T defined by (3.10) when its argument is the

interpolate of a regular function. Let a mesh element T P Th be fixed. For any

integer l ¥ 1, we define the elliptic projector $l
κ,T : H1pT q Ñ PlpT q such that, for

all v P H1pT q, p$l
κ,Tv � v, 1qT � 0 and it holds

pκT∇p$l
κ,Tv � vq,∇wqT � 0 @w P PlpT q. (3.25)

Proposition 3.4.1 (Characterization of prpT�1
T � I

p
T
T q). It holds, for all T P Th,

rpT�1
T � I

p
T
T � $pT�1

κ,T .

Proof. For a generic v P H1pT q, letting vT � I
p
T
T v in (3.10) we infer, for all w P
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Figure 3.2 – Convergence with p-refinement (regular test case)
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Figure 3.3 – Convergence with p-refinement (Le Potier’s test case)
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PpT�1pT q,

pκT∇prpT�1
T � I

p
T
T qv,∇wqT � �pπpTT v,∇�pκT∇wqqT �

¸
FPFT

pπpFF v,κT∇w �nTF qF

� �pv,∇�pκT∇wqqT �
¸
FPFT

pv,κT∇w �nTF qF

� pκT∇v,∇wqT ,

where we have used the fact that ∇�pκT∇wq P PpT�1pT q � PpT pT q and pκT∇wq|F �

nTF P PpT pF q � PpF pF q (cf. the definition (3.9) of pT ) to pass to the second line,

and an integration by parts to conclude.

We next study the approximation properties of $l
κ,T , from which those of prpT�1

T �

I
p
T
T q follow in the light of Proposition 3.4.1.

Lemma 3.4.2 (Approximation properties of $l
κ,T ). For all integer l ¥ 1, all mesh

element T P Th, all 0 ¤ s ¤ l, and all v P Hs�1pT q, it holds

}κ
1{2
T ∇pv �$l

κ,Tvq}T �
h

1{2
T

l
}κ

1{2
T ∇pv �$l

κ,Tvq}BT �
κ

1{2
T

hT
}v �$l

κ,Tv}T

�
κ

1{2
T

h
1{2
T

}v �$l
κ,Tv}BT À κ

1{2
T

h
minpl,sq
T

ls
}v}s�1,T . (3.26)

Proof. By definition (3.25) of $l
κ,T , it holds,

}κ
1{2
T ∇pv �$l

κ,Tvq}T � min
wPPlpT q

}κ
1{2
T ∇pv � wq}T ¤ κ

1{2
T }∇pv � Πl

Tvq}T , (3.27)

hence, using (3.7) with q � 1, it is readily inferred

}κ
1{2
T ∇pv �$l

κ,Tvq}T À κ
1{2
T

h
minpl,sq
T

ls
}v}s�1,T .

To prove the second bound in (3.26), use the triangle inequality to infer

}κ
1{2
T ∇pv�$l

κ,Tvq}BT ¤ }κ
1{2
T ∇pv�Πl

Tvq}BT � }κ
1{2
T ∇pΠl

Tv�$
l
κ,Tvq}BT :� T1 �T2.

For the first term, the multiplicative trace inequality (3.5) combined with (3.7) (with

q � 1, 2) gives

T1 À κ
1{2
T

h
minpl,sq�1{2
T

ls�1{2
}v}s�1,T .
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For the second term, we have,

T2 À
l

h
1{2
T

}κ
1{2
T ∇pΠl

Tv �$l
κ,Tvq}T

¤
l

h
1{2
T

�
}κ

1{2∇pΠl
Tv � vq}T � }κ

1{2
T ∇pv �$l

κ,Tvq}T

	
À κ

1{2
T

l

h
1{2
T

}∇pΠl
Tv � vq}T À κ

1{2
T

h
minpl,sq�1{2
T

ls�1
}v}s�1,T ,

where we have used the discrete trace inequality (3.8) in the first line, the triangle

inequality in the second line, the estimate (3.27) in the third, and the approximation

result (3.7) with q � 1 to conclude. To obtain the third bound in (3.26), after

recalling that pv �$l
κ,Tv, 1qT � 0, we apply the local Poincaré’s inequality (3.6) to

infer

}v �$l
κ,Tv}T À

hT

κ
1{2
T

}κ
1{2∇pv �$l

κ,Tvq}T À
κ

1{2
T

κ
1{2
T

h
minpl,sq�1
T

ls
}v}s�1,T ,

where the conclusion follows from the first bound in (3.26). Finally, to obtain the

last bound, we use the multiplicative trace inequality (3.5) to infer

}v �$l
κ,Tv}

2
BT À κ

�1{2
T }v �$l

κ,Tv}T }κ
1{2∇pv �$l

κ,Tvq}T � h�1
T }v �$l

κ,Tv}
2
T ,

and use the first and third bound in (3.26) to estimate the various terms.

3.4.2 Consistency of the stabilization term

The consistency properties of the stabilization bilinear form sT defined by (3.12) are

summarized in the following Lemma.

Lemma 3.4.3 (Consistency of the stabilization term). For all T P Th, all 0 ¤ q ¤

pT , and all v P Hq�2pT q, it holds

|I
p
T
T v|s,T À κ

1{2
T λ

1{2
κ,T

h
minppT ,qq�1
T

ppT � 1qq
}v}q�2,T . (3.28)

Proof. Let T P Th and v P Hq�2pT q and set, for the sake of brevity,

qvT :� prpT�1
T � I

p
T
T qv � $pT�1

κ,T v
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(cf. Proposition 3.4.1). For all F P FT , recalling the definitions of the face residual

δ
p
T
TF (cf. (3.14)) and of the local interpolator I

p
T
T (cf. (3.16)), together with the fact

that pT ¤ pF by definition (3.9), we get

δ
p
T
TF I

p
T
T v � πpFF pqvT � vq � πpTT pqvT � vq.

Using the triangle inequality and the L2pF q-stability of πpFF , we infer

}δ
p
T
TF I

p
T
T v}F ¤ }qvT � v}F � }πpTT pqvT � vq}F :� T1 � T2. (3.29)

For the first term, the approximation properties (3.26) of $pT�1
κ,T (with l � pT � 1

and s � q � 1) readily yield

T1 À λ
1{2
κ,T

h
minppT ,qq�3{2
T

ppT � 1qq
}v}q�2,T . (3.30)

For the second term, on the other hand, the discrete trace inequality (3.8) followed

by the L2pT q-stability of πpTT and (3.26) (with l � pT � 1 and s � q � 1) gives

T2 À
ppT � 1q

h
1{2
T

}πpTT pqvT � vq}T ¤
ppT � 1q

h
1{2
T

}qvT � v}T À λ
1{2
κ,T

h
minppT ,qq�3{2
T

ppT � 1qq
}v}q�2,T .

(3.31)

The bound (3.28) follows using (3.30)–(3.31) in the right-hand side of (3.29), squar-

ing the resulting inequality, multiplying it by κF{hT , summing over F P FT , and

using the bound (3.4) on cardpFT q.

3.4.3 Energy error estimate

Proof of Theorem 3.3.3. We start by noting the following abstract error estimate:

}uh � puh}a,h ¤ sup
vhPU

p
h
h,0,}vh}a,h�1

Ehpvhq, (3.32)

with consistency error

Ehpvhq :� lhpvhq � ahppuh, vhq. (3.33)
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To prove (3.32), it suffices to observe that

}uh � puh}2
a,h � ahpuh � puh, uh � puhq

� ahpuh, uh � puhq � ahppuh, uh � puhq
� lhpuh � puhq � ahppuh, uh � puhq,

where we have used the definition of the }�}a,h-norm in the first line, the linearity

of ah in its first argument in the second line, and the discrete problem (3.17) in the

third. The conclusion follows dividing both sides by }uh � puh}a,h, using linearity,

and passing to the supremum.

We next bound the consistency error Ehpvhq for a generic vector of DOFs vh P

U
p
h
h,0. A preliminary step consists in finding a more appropriate rewriting for Ehpvhq.

Observing that f � �∇�pκ∇uq a.e. in Ω, integrating by parts element-by-element,

and using the continuity of the normal component of κ∇u across interfaces together

with the strongly enforced boundary conditions in U
p
h
h,0 to insert vF into the second

term in parentheses, we infer

lhpvhq �
¸
TPTh

�
pκT∇u,∇vT qT �

¸
FPFT

pκT∇u�nTF , vF � vT qF

�
. (3.34)

Setting, for the sake of conciseness (cf. Proposition 3.4.1),

quT :� rpT�1
T puT � $pT�1

κ,T u, (3.35)

and using the definition (3.10) of rpT�1
T vT with w � quT , we have

ahppuh, vhq � ¸
TPTh

�
pκT∇quT ,∇vT qT �

¸
FPFT

pκT∇quT �nTF , vF � vT qF � sT ppuT , vT q
�
.

(3.36)

Subtracting (3.36) from (3.34), and observing that the first terms inside the sum-

mations cancel out owing to (3.25), we have

Ehpvhq �
¸
TPTh

� ¸
FPFT

pκT∇pquT � uq�nTF , vF � vT qF � sT ppuT , vT q
�
. (3.37)

Denote by T1pT q and T2pT q the two summands in parentheses. Using the Cauchy–

Schwarz inequality followed by the approximation properties (3.26) of quT (with
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l � s � pT � 1) and (3.40) below, we have for the first term

|T1pT q| ¤ h
1{2
T }κ

1{2
T ∇pquT � uq}BT �

� ¸
FPFT

κF
hT

}vF � vT }
2
F

�1{2

À κ
1{2
T λ

1{2
κ,T

hpT�1
T

ppT � 1qpT
}u}pT�2,T }vT }a,T . (3.38)

For the second term, the Cauchy–Schwarz inequality followed by (3.28) (with q � pT )

readily yields

|T2pT q| À κ
1{2
T λ

1{2
κ,T

hpT�1
T

ppT � 1qpT
}u}pT�2,T |vT |s,T À κ

1{2
T λ

1{2
κ,T

hpT�1
T

ppT � 1qpT
}u}pT�2,T }vT }a,T .

(3.39)

Using (3.38)–(3.39) to estimate the right-hand side of (3.37), applying the Cauchy–

Schwarz inequality, and passing to the supremum yields (3.20). To prove (3.21), it

suffices to observe that, inserting puh and using the triangle inequality,

}κ
1{2∇hpu� r

p
h
h uhq}

2 � |uh|
2
s,h À }κ

1{2∇hpu� r
p
h
h puhq}2 � |puh|2s,h � }uh � puh}2

a,h,

and (3.21) follows using the estimates (3.26), (3.28), and (3.20) to bound the terms

in the right-hand side.

Proposition 3.4.4 (Estimate of boundary difference seminorm). It holds, for all

vT P U
p
T
T , ¸

FPFT

κF
hT

}vF � vT }
2
F À λκ,T }vT }

2
a,T . (3.40)

Proof. Let T P Th, vT P U
p
T
T , and set, for the sake of brevity qvT :� rpT�1

T vT . We

have, for all F P FT ,

}vF � vT }F � }πpFF pvF � vT q}F

� }πpFF pvF � qvT � πpTT qvT � vT � qvT � πpTT qvT q}F
¤ }δ

p
T
TFvT }F � }qvT � πpTT qvT }F ,

(3.41)

where we have used the fact that pT ¤ pF (cf. (3.9)) to infer that vT |F P PpF pF q and

thus insert πpFF in the first line, added and subtracted pqvT � πpTT qvT q in the second

line, used the triangle inequality together with the definition (3.14) of the face-based

residual δ
p
T
TF and the L2pF q-stability of πpFF in the third. To conclude, we observe

that, if pT � 0, the discrete trace inequality (3.8) followed by Poincaré’s inequality
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yield }qvT � π0
TqvT }F À h

1{2
T κ

�1{2
T }κ∇qvT }T while, if pT ¥ 1,

}qvT � πpTT qvT }F � }qvT � π0
TqvT � πpTT pqvT � π0

TqvT q}F
À
pT � 1

h
1{2
T

}qvT � π0
TqvT � πpTT pqvT � π0

TqvT q}T
À
pT � 1

h
1{2
T

hT
pT
}qvT � π0

TqvT }1,T À h
1{2
T κ

�1{2
T }κ

1{2
T ∇qvT }T ,

where we have inserted �π0
TqvT in the first line, used the discrete trace inequality (3.8)

in the second line, the L2pT q-optimality of πpTT together with the approximation

properties (3.7) (with l � pT and q � s � 0) in the third line, and we have

concluded observing that pT�1
pT

¤ 2 and using the local Poincaré’s inequality (3.6)

to infer }qvT � π0
TqvT }1,T À h

1{2
T }∇qvT }T . Plugging the above bounds for }qvT �πpTT qvT }F

into (3.41), squaring the resulting inequality, multiplying it by κF {hT , summing over

F P FT , and recalling the bound (3.4) on cardpFT q, (3.40) follows.

3.4.4 L2-error estimate

Proof of Theorem 3.3.4. We let z P U solve (3.22) with g � puh�u and set pzh :� I
p
h
h z

and, for all T P Th (cf. Proposition 3.4.1),

qzT :� rpT�1
T pzT � $pT�1

κ,T z. (3.42)

For the sake of brevity, we also let eh :� puh � uh P U
p
h
h,0 (recall the definition (3.19)

of puh), so that puT � uT � eT for all T P Th. We start by observing that

}eh}
2 � �p∇�pκzq, ehq �

¸
TPTh

�
pκT∇z,∇eT qT �

¸
FPFT

pκT∇z �nTF , eF � eT qF

�
,

(3.43)

where we have used the fact that �∇�pκzq � eh a.e. in Ω followed by element-by-

element partial integration together with the continuity of the normal component

of κT∇z across interfaces and the strongly enforced boundary conditions in U
p
h
h,0 to

insert eF into the last term.

In view of adding and subtracting ahpeh,pzhq to the right-hand side of (3.43), we next
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provide two useful reformulations of this quantity. First, we have

ahpeh,pzhq � ahppuh,pzhq � ahpuh,pzhq � pf, zq � pκ∇u,∇zq

�
¸
TPTh

ppκT∇quT ,∇qzT qT � pκT∇u,∇zqT � sT ppuT ,pzT q � pf, z � πpTT zqT q

�
¸
TPTh

�
pκT∇pquT � uq,∇pqzT � zqqT � sT ppuT ,pzT q � pf � πpTT f, z � π1�∆T

T zqT
�
,

(3.44)

where we have added the quantity pf, zq�pκ∇u,∇zq � 0 (cf. (3.2)) in the first line,

we have passed to the second line using the definition (3.12) of aT (with uT � puT
and vT � pzT ) together with the discrete problem (3.17) to infer

ahpuh,pzhq � pf, zhq �
¸
TPTh

pf, πpTT zqT ,

and we have concluded using the definitions (3.25) of $pT�1
κ,T (together with (3.35)

and (3.42)) and (3.3) of πpTT and π1�∆T
T . Second, using the definition (3.10) of rpT�1

T

(with vT � eT ), we obtain

ahpeh,pzhq � ¸
TPTh

�
pκT∇z,∇eT qT �

¸
FPFT

pκT∇qzT , eF � eT qF � sT ppzT , eT q
�
,

(3.45)

where we have additionally used the fact that qzT � $pT�1
κ,T z (cf. (3.42)) together with

the definition (3.25) of $pT�1
κ,T to replace qzT by z in the first term in parentheses.

Thus, adding (3.44) and subtracting (3.45) from (3.43), we obtain after rearranging

}eh}
2 �

¸
TPTh

pT1pT q � T2pT q � T3pT qq , (3.46)

with
T1pT q :�

¸
FPFT

pκT∇pz � qzT q�nTF , eF � eT qF � sT ppzT , eT q,
T2pT q :� pκT∇pquT � uq,∇pqzT � zqqT � sT ppuT ,pzT q,
T3pT q :� pf � πpTT f, z � π1�∆T

T zqT .

Using the Cauchy–Schwarz inequality, the approximation properties (3.26) of qzT
(with l � pT � 1 and s � 1) together with the consistency properties (3.28) of sT
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(with q � 0) for the first factor, and the bound (3.40) for the second factor, we get,

|T1pT q| ¤
�
hT }κ

1{2
T ∇pz � qzT q}2

BT � |pzT |2s,T	1{2

�

� ¸
FPFT

κF
hT

}eF � eT }
2
F � |eT |

2
s,T

�1{2

À κ
1{2
T λκ,ThT }eT }a,T }z}2,T . (3.47)

For the second term, the Cauchy–Schwarz inequality followed by the approximation

properties (3.26) of quT (with q � pT ) and qzT (with q � 1), and the consistency

properties (3.28) of sT (with q � pT and q � 0 for the first and second factor,

respectively) yield

|T2pT q| ¤
�
}κ

1{2∇pquT � uq}2
T � |puT |2s,T �1{2

�
�
}κ

1{2∇pqzT � zq}2
T � |pzT |2s,T �1{2

À κTλκ,T
hpT�2
T

ppT � 1qpT
}u}pT�2,T }z}2,T .

(3.48)

Finally, for the third term we have, when pT � 0,

|T3pT q| ¤ }f � π0
Tf}T }z � π0

T z}T À h2
T }f}1,T }z}1,T ¤ h2

T }f}1,T }z}2,T , (3.49)

while, when pT ¥ 1,

|T3pT q| ¤ }f � πpTT f}T }z � π1
T z}T

¤ }f � ΠpT
T f}T }z � Π1

T z}T

À
hpT�2
T

ppT�2
T

}f}pT }z}2,T ¤
hpT�2
T

ppT�2
T

}f}pT ,T }z}2,T ,

(3.50)

where we have used the optimality of πpTT in the L2pT q-norm to pass to the second

line and the approximation properties (3.7) of ΠpT
T to conclude. Using (3.47)–(3.50)

to bound the right-hand side of (3.46), and recalling the energy error estimate (3.20)

and elliptic regularity (3.23), the conclusion follows.

3.5 Proof of Lemma 3.2.1

Let pK � RN be a L-Lipschitz set (that is, such that its boundary can be locally

parametrized by means of L�Lipschitz functions) with diamp pKq � 1, and fix r0 ¡ 1

and a d-cube Rpr0q containing K̂. In the proof of [12, Lemma 4.1] it is shown the
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following: Given a function v P Hs�1p pKq, its projection Πl
pK
v on Plp pKq satisfies

}v � Πl
pK
v}q, pK À

1

ls�1�q
}v}s�1, pK , (3.51)

for q ¤ s � 1 as long as there exists an extension operator E : Hs�1p pKq Ñ

Hs�1pRp2r0qq such that

}Epvq}s�1,Rp2r0q ¤ C}v}s�1,Rp pKq, Epvq � 0 on Rp2r0qzR

�
3

2
r0



. (3.52)

The existence of such an extension (in any dimension d ¥ 1), is granted by [102,

Theorem 5] provided pK satisfies some regularity conditions. Namely, by means of

a careful inspection of [102, Theorems 5 & 51], and in particular formulas p25q, p30q

and the end of the proof of Theorem 5 (p. 192), we get that the constant C in (3.52)

depends on the Lipschitz constant L and on the (minimal) number of L�Lipschitz

coverings of pK, that is, the number of open sets which cover B pK and in each of

whom B pK can be parametrized by means of an L�Lipschitz function. Thus, we get

the hp-estimate (3.7) provided we show that replacing pK with an element T of the

mesh, formula (3.51) holds with the appropriate scaling in hT .

(i) Proof of (3.7) for regular elements. Assume, for the moment being, that the

regularity of T P Th descends from Assumption 1. Let pT :� T
hT

and suppose,

without loss of generality, that the barycenter of T (and thus of pT ) is 0. Then, by

homogeneity, we get that, for every f P HrpT q, letting pfpxq :� fpx{λq,

}f}r,T À λ
d
2
�r} pf}r,T

λ
. (3.53)

Thus, setting r � s � 1, λ � hT and f � v � q, where q is a generic polynomial of

degree l, we get by (3.51) (applied to v � q and Πl
T pv � qq in place of v and Πl

Tv,

respectively),

}v � Πl
Tv}q,T � }pv � qq � Πl

T pv � qq}q,T À
h
d
2
�q

T

ls�1�q
}pv � pq}s�1, pT . (3.54)

Using [67, Theorem 3.2] and again (3.53) to return to norms on T , we conclude that

}v � Πl
Tv}q,T À

h
d
2
�q

T

ls�1�q

�� s�1̧

i�minpl,sq

|pv|2
i, pT

�1
2

À
h

minpl,sq�q�1
T

ls�1�q
}v}s�1,T .
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(ii) Proof of regularity under Assumption 1. To conclude the proof, we are left to

show that Assumption 1 entails uniform bounds only in terms of ρ for the Lipschitz

constant of every element T P Th. To this aim, consider x P BT . Then, x P S

for some (convex) element of the submesh S P Th contained in T . Since S � T ,

it is clear that a bound on the Lipschitz regularity of BS immediately implies a

bound on the Lipschitz regularity of BT . Thus, we focus on the regularity of S.

Since S is convex, we can cover BS by means of 2pd � 1q open sets Ui, such that

BS X Ui admits a local convex (and thus Lipschitz) parametrization φi, i.e., there

exists an orthogonal coordinate system such that BSXUi is the graph of a Lipschitz

function φi : Ii � Rd�1 Ñ R. This bound on the number of open sets Ui is crucial

to get [102, Theorem 5] to work (clearly, thanks to (3.4), the bound on the number

of Lipschitz coverings of T is bounded by a constant 2dNB � cpd, ρq). We claim that

each φi is 1{ρ�Lipschitz.

Suppose that x P Ui �: U and set φ :� φi. Up to a rotation and a rescaling, we can

suppose that x � 0 and φpxq � φp0q � 0. Let now rs be the inradius of S and hS be

its diameter. By Assumption 1, we know that hs
rS
¤ 1

ρ
. Let Brs be a ball contained

in S of radius rS. Up to a further rotation of center x � 0 of the coordinate system,

we can suppose that BrS is centered on the xd axis. In place of φ : I Ñ R, it is

useful to consider its Lipschitz extension rφ : Rd�1 Ñ R defined by, denoting by |�|

the usual Euclidian norm,

rφpxq :� inf
 
φpyq � Lippφq|y � x| | y P Rd�1

(
,

We know that rφ is Lipschitz on Rd�1 and that Lipprφq � Lippφq (see for instance [3,

Proposition 2.12]). Moreover, it is clear that rφ is convex on Rd�1. The fact that

BrS � S and it is centered on the xd�axis (without loss of generality, we can suppose

that its center is ξ � p0, ξdq with ξd ¡ 0) translates into the fact that BrS is contained

in the epigraph of rφ and its center has distance from 0 P Rd at most hS. Let now

p P Brφp0q, where Brφ is the subdifferential of rφ. Then, for every y P Rd�1 we have

rφpyq ¥ p�y.
By choosing y � λp, with λ � 0, we get the inequality

rφpλpq
λ|p|

¥ |p|. (3.55)

Since the epigraph of rφ contains BrS , which is centered at a height less than hS on
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Figure 3.4 – Illustration for point (ii) in the proof of Lemma 3.2.1.

the xd�axis, and by the convexity of rφ, we have that the truncated cone

C �

"
px1, xnq P Rd�1 � R : hS ¥ xn ¥

hS
rS
|x1|

*
,

is contained in the epigraph of rφ (see Figure (3.4)). Then we get from (3.55)

|p|2 ¤ rφppq ¤ hS
rS
|p|

and so, by Assumption 1,

|p| ¤
hS
rS

¤
1

ρ
.

Let now y P Rd�1. Then

|rφpyq � rφpxq| ¤ |p�py � xq| ¤ |p||y � x| ¤ ρ�1|y � x|.

Since x is arbitrary, this shows that Lippφq � Lipprφq � ρ�1, and so that BS is

ρ�1�Lipschitz.
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Chapter 4

Perspectives on the numerical

reduction of the parametrized

diffusion equation

This chapter contains some preliminary work on model order reduction in the con-

text of parametric PDEs. We focus here on the Darcy equation with a parameter-

dependent diffusion coefficient and source term. The need for reduced model arises,

e.g., in the multi-query context, where one needs to evaluate the solution for a large

number of parameters, or in real-time simulations, when the numerical solution

must be obtained in a time shorter than the one associated with the system to be

modeled. In both cases, resorting to (full) finite element (or HHO/MHO) approx-

imations would lead to unduly large computational times. A possibility is then to

approximate the space M of the parametric solutions by a subspace defined by a

finite (usually small) number of “snapshot” solutions. The approximate solution for

a given value of the parameter is then obtained by a Galerkin projection on the

latter. These ideas are at the core of the Reduced Basis Method (RBM) [87, 92];

examples of applications can be found, e.g., in [29,97].

Clearly, a key point in this context consists in obtaining a good approximation of

the space M. This is done following a Proper Orthogonal Decomposition (equiv.

Principal Component Analysis) approach in two steps: first, a (possibly large) num-

ber of “trial” solutions is pre-computed; then, a basis is selected from the latter,

typically using a greedy algorithm. It is noteworthy that RBM does not separate

the two steps, but constructs the basis by successive iterations that alternate with

the computation of trial solutions. In practice, one often chooses a greedy algorithm
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that is fully incremental: each step of the algorithm computes one new trial solution

to enrich the basis with one new dimension. We propose here two possible starting

points to obtain a basis for the numerical method at hand inspired, respectively, by

the primal and mixed formulation. A relevant difference between the two approaches

stems from the Hilbert functional framework. The two approaches can be expected

to yield different results, as they correspond to regarding M as a manifold of the

(different) solution spaces associated with each variational formulation.

Our goal is here to investigate this point numerically on different model problems

and using different measures for the error. Our numerical results suggest that, for a

given number of potentials, the reduction of both the potential and the flux achieved

by the (new) algorithm based on the mixed formulation can yield more precise results

than more standard reduction techniques, based on the primal formulation.

The chapter is organized as follows. In Section 4.1 we formulate the model problem

as well as its primal and mixed formulation. In Section 4.2 we describe the different

reduction algorithms used in the computations. Finally, in Section 4.3 we provide

an extensive comparison of the algorithms on different model problems.

4.1 Setting

In this section we define the model problem as well as its variational formulations.

4.1.1 Model problem

Let Ω � Rd, d ¥ 1, denote a nonempty bounded connected polyhedral domain

with boundary Γ and outward normal n. Let 0   kmin ¤ kmax be two positive

real numbers. Let kpµq P L8pΩq, fpµq P L2pΩq denote two families of real-valued

functions parametrized by µ P Λ � RM , M ¥ 1. We assume that kpµq is piecewise

constant on a partition of Ω into polyhedra and that kmin ¤ kpµq ¤ kmax a.e. in Ω.

We consider the numerical approximation of the family of functions upµq, µ P Λ,

where, for all µ P Λ, upµq solves

� divpkpµq∇upµqq � fpµq in Ω,

upµq � 0 on Γ.
(4.1)
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In the numerical investigation carried out in Section 4.3 we will also consider periodic

boundary conditions, which are not detailed here for the sake of conciseness.

4.1.2 Primal and mixed variational formulations

For all µ P Λ, upµq is the solution of the following primal problem:

Find upµq P H1
0 pΩq such that for all v P H1

0 pΩq,

pkpµq∇upµq,∇vqΩ � pfpµq, vqΩ, (4.2)

whose well-posedness follows from the assumptions.

For all µ P Λ, upµq is also found from the solution of the following mixed problem:

Find pσpµq, ppµqq P Hpdiv; Ωq � L2pΩq such that

p 1
k
pµqσpµq, τ qΩ � pppµq, div τ qΩ � 0,

�pdivσpµq, qqΩ � pfpµq, qqΩ,
(4.3)

for all τ P Hpdiv; Ωq and q P L2pΩq. Also in this case, well-posedness for this

problems stems from classical arguments.

Throughout the rest of this chapter, we work under the assumption that the solutions

of the primal and mixed formulation coincide.

4.2 The Reduced-Basis Method

In this section we briefly present the Reduced-Basis Methods (RBM) used in the

numerical computations of the next section. The starting point for the RBM is

a set of solutions pupµqqµPΛtrial
of the parametric problem (4.1) corresponding to

a finite family of parameter values Λtrial � Λ. In practice, these solutions are

obtained numerically using, e.g., primal or mixed finite element methods; cf. [7, 32]

for a comparison. A key assumption underlying the RBM method is that these

approximations are sufficiently accurate: for this reason, in order to simplify the

discussion, we neglect the fact that they are numerical approximations and refer to

upµq, µ P Λtrial, as the exact solution of (4.1).

A key step in the RBM consists in identifying a family of basis functions pupµnqq1¤n¤N
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(the so-called snapshots) selected from the precomputed solutions pupµqqµPΛtrial
that

enables a good representation of the whole family of exact solutions

M :� tupµq | µ P Λu.

The sequence of snapshots can be defined using a greedy algorithm which constructs

the basis incrementally by adding at each iteration the solution corresponding to

the parameter µ P Λtrial that maximizes a suitably defined distance. A key element

of the greedy algorithm is the projection operator of upµq on the linear subspace

Spantupµnq | n � 1, . . . , Nu. In particular, the projection crucially depends on

the Hilbert space X in which the linear subspace Spantupµnq | n � 1, . . . , Nu is

embedded. We consider here two possible reduction strategies inspired, respectively,

by the primal (4.2) and mixed (4.3) formulations.

The approximability of the family M in the two cases is in general not the same,

so that the choice of the approximation in the greedy algorithm can have a sizeable

impact on the capability of the RBM method of approximating M. Our goal is

to investigate this point with the help of numerical computations. The rest of this

section aims at providing details on the greedy algorithms that will be used in the

computations.

4.2.1 A reduced-basis method based on the primal formu-

lation

Let us first consider the case when we take inspiration from the primal formula-

tion (4.2). Given N ¥ 1 solutions tupµ1q, . . . , upµNqu � H1
0 pΩq of (4.2) correspond-

ing to a set of parameters tµ1, . . . ,µNu � Λtrial, the RBM constructs for all µ P Λ

an approximation uNpµq of the exact solution upµq as a linear combination of these

particular solutions

uNpµq �
Ņ

n�1

uNn pµqupµnq,

with puNn pµqq1¤n¤N � R sequence of real numbers. For any µ P Λ, denoting

UN � Spantupµnq | n � 1 . . . Nu, (4.4)

the reduced basis approximation uNpµq of upµq satisfies

pkpµq∇uNpµq,∇vqΩ � pfpµq, vqΩ @v P UN (4.5)
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Algorithm 1 The Greedy Algorithm

Input: A set of parameter Λtrial, a tolerance error εgreedy ¡ 0.
1: Select an arbitrary µ1 P Λtrial and compute the solution upµ1q
2: Define U1 � Spantupµ1qu with upµ1q solution of (4.2)
3: N Ð 1
4: while supµPΛtrial

~upµq � uNpµq~ ¡ εgreedy do
5: Define µN�1 � argmaxµPΛtrial

~upµq � uNpµq~
6: Compute upµN�1q from (4.2)
7: Define UN�1 :� Spantupµnq | n � 1, . . . , N � 1u
8: N Ð N � 1
9: end while

Output: A family of basis functions pupµnqq1¤n¤N corresponding to the parameters
pµnq1¤n¤N , a family of nested spaces pUnq1¤n¤N .

such that uNpµq can be seen as the Ritz-Galerkin projection of upµq on UN .

As already pointed out, the key point in using RBM is the choice of the snapshots

in the definition of UN , which can be done for instance through a greedy algorithm

or simply randomly. The version of the greedy algorithm used in the computa-

tions of the following section in the case where upµq is regarded as the solution of

the primal formulation (4.2) is detailed in Algorithm 1. The choice of the triple

norm measuring the distance between two elements of the solution space in lines

4 and 5 of Algorithm 1 is to some extent arbitrary. We consider here the choices

~upµq � uNpµq~ � Pα,θ
N pµq where

Pα,θ
N pµq :� }kpµqθα∇αpupµq � uNpµqq}L2pΩq, (4.6)

with α P t0, 1u and θ P t0, 1u. Specifically, for α � 0 we obtain the L2-norm of the

potential, for α � 1 and θ � 0 the L2-norm of the gradient, and for α � θ � 1 the

L2-norm of the flux.

Remark 4.2.1 (Convergence rates for the RBM). The actual sequence of basis func-

tions generated by the Greedy argument clearly depends on the choice of the triple

norm, the trial set Λtrial, the initial (randomly selected) parameter µ1, and on the

numerical method (e.g., finite element or HHO/MHO) used to approximate upµnq.

Nevertheless, numerous implementations of RBM have shown approximation errors

with good (typically exponential) convergence rates uniformly in Λ for small N ;

cf., e.g., [29, 97]. Although the fast convergence of RBM is not fully understood,

the potential for exponential convergence is usually explained after interpreting the
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greedy algorithm as the computation of an upper-bound for

d
H1

0 pΩq
N pMq :� inf

VN�H
1
0 pΩq

dimpVN q�N

sup
uPM

inf
vNPVN

~u� vN~, (4.7)

the Kolmogorov N�widths of M as a subset of the Hilbert space H1
0 pΩq equipped

with the ~�~-norm (the reduced basis of dimension N is a suboptimal solution to the

infimum in (4.7)). We observe, in passing, that Kolmogorov widths which decrease

fast with N ¥ 1 entail a similarly fast decay of the RBM approximation error for

M, asymptotically, see e.g. [22].

4.2.2 Two reduced-basis methods based on the mixed for-

mulation

We discuss here two reduction strategies based on the mixed formulation (4.3). The

first reduces both potentials and fluxes. In this case, we exhibit a corresponding

greedy algorithm where inf-sup stability is achieved by adding supremizers to the

basis for the flux. The second addresses a potential-based reduction strategy used

for comparison purposes with the first formulation.

A potential-flux reduction strategy

Given Ns flux snapshots tσ1, . . . ,σNsu � Hpdiv; Ωq and Np potential snapshots

tp1, . . . , pNpu � L2pΩq, we construct in this case a flux-potential couple

σNs,Nppµq �
Nş

n�1

σNs,Npn pµqσn pNs,Nppµq �

Np¸
n�1

pNs,Npn pµqpn,

where pσ
Ns,Np
n pµqq1¤n¤Ns and pp

Ns,Np
n pµqq1¤n¤Np are sequences of real numbers. De-

noting the spaces of reduced fluxes and potentials by

SNs,Np :� Spantσn | n � 1, . . . , Nsu and QNs,Np :� Spantpn | n � 1, . . . , Npu (4.8)

for any µ P Λ the reduced basis approximation pσNs,Nppµq, pNs,Nppµqq is the solution

of
p 1
k
pµqσNs,Nppµq, τ qΩ � ppNs,Nppµq, div τ qΩ � 0,

�pdivσNs,Nppµq, qqΩ � pfpµq, qqΩ,
(4.9)



4.2. The Reduced-Basis Method 89

Algorithm 2 The Greedy Algorithm combined with flux enrichment

Input: A set of parameter Λtrial, a tolerance error εgreedy ¡ 0.
1: Pick an arbitrary µ1 P Λtrial and compute the solution pppµ1q,σpµ1qq of (4.3).
2: N Ð 1.
3: Compute the supremizer pσ1 associated to ppµ1q.
4: Define S2N,N :� Spantσpµ1q, pσ1u.
5: Define QN,N :� Spantppµ1qu.
6: while supµPΛtrial

~σpµq � σ2N,Npµq~ ¡ εgreedy do
7: Define µN�1 � argmaxµPΛtrial

supµPΛtrial
~σpµq � σ2N,Npµq~ ¡ εgreedy

8: Compute the solution pppµN�1q,σpµN�1qq of (4.3).
9: N Ð N � 1.

10: Compute the supremizer pσN associated to ppµNq.
11: Define S2N,N :� Spantσpµ1q, . . . ,σpµNq, pσ1, . . . , pσNu.
12: Define Q2N,N :� Spantppµnq | 1 ¤ n ¤ Nu.
13: end while
14: Np Ð N .
Output: A family of parameters pµnq1¤n¤Np , a family of nested spaces

pS2n,nq1¤n¤Np and pQ2n,nq1¤n¤Np .

for all pτ , qq P SNs,Np � QNs,Np . Contrary to the primal formulation, the well-

posedness of the above saddle-point problem is not automatically guaranteed and

depends on the construction of the reduced spaces (4.8); see [24] for a general in-

troduction to the analysis and approximation of mixed problems. One possible

stabilization strategy is to enrich the reduced flux spaces, as suggested, e.g., in [98],

with additional fluxes called supremizers. Precisely, let pσpµnq, ppµnqq1¤n¤Np be Np

flux-potential solutions of (4.3) associated to Np parameters pµnq1¤n¤Np . We com-

pute Np additional fluxes ppσnq1¤n¤Np as the Riesz representants of the flux-potential

coupling map with respect to the scalar product of Hpdiv; Ωq. By construction, the

problem (4.9) is well posed in the spaces S :� Spantσ1, . . . ,σNp , pσ1, . . . , pσNpu and

Q :� Spantppµnq | n � 1, . . . , Npu.

This stabilization technique can then be incorporated into a greedy algorithm, as de-

tailed in the Algorithm 2, such that every couple of reduced spaces tpS2N,N ,Q2N,Nqu1¤N¤Np

is inf-sup stable (thus, in our case, Ns � 2Np). Given θ P t0, 1u, we choose the triple

norm as ~σpµq � σ2N,Npµq~ � D1,θ
N pµq where

D1,θ
N pµq :� }kpµqθ�1pσpµq � σ2N,Npµqq}L2pΩq. (4.10)

For θ � 0 this corresponds to the norm of the gradient, whereas for θ � 1 we obtain

the norm of the flux. Additionally, in the numerical tests, we also consider the
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L2-error on the potential given by

D0,0
N pµq � }ppµq � pNpµq}L2pΩq. (4.11)

A potential-based reduction strategy

One may also simply not reduce the flux space in the mixed formulation (4.9). using

the error expressions given by (4.6) and (4.10). Given N ¥ 1 potentials ppnq1¤n¤N

and denoting QN :� Spant pn | 1 ¤ n ¤ Nu, the mixed formulation where the flux

are not reduced reads: Find

σNpµq P Hpdiv; Ωq, pNpµq �
Ņ

n�1

pNn pµqpn,

with coefficients ppNn pµqq1¤n¤N such that for all τ P Hpdiv; Ωq and q P QN , it holds

p 1
k
pµqσNpµq, τ qΩ � ppNpµq, div τ qΩ � 0,

�pdivσNpµq, qqΩ � pfpµq, qqΩ.
(4.12)

Even though this formulation has no practical interest in the context of real-time

computations, it is interesting for comparison purposes with the mixed formula-

tion (4.9). In this case the error measure is defined as

qD1,θ
N pµq � }kpµqθ�1pσpµq � σNpµqq}L2pΩq θ P t0, 1u. (4.13)

For θ � 0 this corresponds to the norm of the gradients, whereas for θ � 1 we obtain

the norm of the flux. We also consider the L2-error on the potential given by

qD0,0
N pµq � }ppµq � pNpµq}L2pΩq. (4.14)

4.3 Numerical investigation

In this section we compare the error rates observed using the three reduction strate-

gies highlighted in the previous section for different sequences of parameter values

issued from the corresponding greedy algorithm. We focus on two different para-

metric problems entering the framework of Section 4.1.
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4.3.1 Model problems

We let Ω :� p0, 1q2, and we consider parameter spaces that are subsets of R4. Thus,

the parameter µ has components pµ1, µ2, µ3, µ4q some of which may be set to zero.

The diffusion coefficient k : Ω�R2 Ñ R depends on two real parameters µ1 and µ2

according to the following expression:

kpx,µq � xky � µ1Ψ1pxq
a
λ1 � µ2Ψ2pxq

a
λ2, (4.15)

where λ1 and λ2 are assumed to be fixed positive constants and xky is also a positive

constant, chosen in practice such that kp�,µq ¡ 0 on Ω. The functions Ψ1 and

Ψ2 are piecewise constants over Ω, and their values are �1 on particular dyadic

subdivisions of Ω, precisely

Ψ1pxq :�

-1

1

1

-1

, Ψ2pxq :�

1

�1

1

�1

1

�1

1

�1

�1

1

�1

1

�1

1

�1

1

1

�1

1

�1

1

�1

1

�1

�1

1

�1

1

�1

1

�1

1

1

�1

1

�1

1

�1

1

�1

�1

1

�1

1

�1

1

�1

1

1

�1

1

�1

1

�1

1

�1

�1

1

�1

1

�1

1

�1

1

. (4.16)

Problem 1 (Homogeneous Dirichlet problem). We prescribe homogeneous Dirichlet

conditions on Γ. The load function fpµq � 1, such that the parameter dependence

only appears within the coefficient kpµq. The problem reads: Find upµq s.t.

� divpkpµq∇upµqq � 1 on Ω, with upµq � 0 on Γ, (4.17)

and is parametrized by the two real parameters µ1 and µ2 appearing in the expres-

sion (4.15) of k. The two other components of µ are set to zero, i.e., µ3 � µ4 � 0.

Problem 2 (Periodic problem). We consider periodic boundary conditions on Γ

together with a zero-mean constraint on upµq and a parametrized right-hand side

fpµq. The problem reads: Find upµq s.t.

� divpkpµq∇upµqq � fpµq in Ω, (4.18a)»
Ω

upµqdx, � 0 with periodic B.C., (4.18b)

with fpµq :� µ3 sinp2πxq sinp2πyq�µ4px�yq. In this case, we have four parameters

corresponding to the components µ1, µ2, µ3, µ4 of µ.
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Figure 4.1 – Approximation of Ω by a triangular mesh Th for numerical computations

Given a set of parameters Λtest significantly larger than Λtrial, we investigate the

decay of the following

sup
µPΛtest

EN , (4.19)

when N increases and EN is either P 1,θ
N , D1,θ

N , qD1,θ
N , P 0,0

N or D0,0
N for θ P t0, 1u. This

quantity can be taken as a measure of the capability of the reduced basis to approx-

imate the solution manifold M. We perform these computations for the above two

problems and two different ways to compute the reduced bases (4.4) and (4.8). The

first is by using a fixed set of parameters, generated randomly. The second is by

selecting parameters by using a Greedy Algorithm based on the primal formulation

of each of the two problems, and build a flux-potential space with this specific set

of parameter by taking care of adding the supremizers.

4.3.2 Numerical settings

For the numerical computations we use the FreeFem++ software [79]. The domain

Ω is approximated with a triangular mesh Th consisting in 512 triangular elements

(with meshsize h � 1.18E� 2), see Figure 4.1. Letting A � 3
a

3{2 � 1.1447, we

assume the following bounds over the components of µ,

µ P r�A,As4. (4.20)
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We express kpµq in the form (4.15) with xky � 10, λ1 � 2 and λ2 � 6. The set Λtrial,

on which we perform the Greedy Algorithm is made of 300 parameters satisfying the

range condition (4.20). The supremum in the definition of the N�widths is taken

over the set Λtest made of 1700 parameters all satisfying the bound condition (4.20).

The tolerance error εgreedy in the greedy algorithms 1 and 2 is set to 1E� 6.

4.3.3 Discussion

In what follows, we collect the results of the numerical investigation over nine Fig-

ures 4.3–4.11 based on the numerical assumptions given in Section 4.3.2. They

depict the decay with respect to the number of basis functions N of the quantity

defined by (4.19) for Problems 1 and 2 with different constructions of the reduced

spaces UN , pS2N,N ,Q2N,Nq and QN . The Figures 4.3, 4.4 and 4.5 correspond to the

case where the reduced basis is constructed with a fixed arbitrary parameters sam-

ple. The Figures 4.6, 4.7 and 4.8 correspond to the case where the reduced basis is

constructed using Algorithm 1. Finally, the Figures 4.9, 4.10 and 4.11 corresponds

to the case where the reduced basis is constructed using Algorithm 2. According to

the problem considered, we observe either a clear advantage using the mixed formu-

lation, or similar decay rates between the two formulations. The primal formulation

rarely gives better performances. In Figures 4.3, 4.4 and 4.5, we address the case

where the reduced spaces are built from a fixed set of parameters, generated ran-

domly (i.e., we do not use the greedy algorithm). The Figure 4.3 treats the case

where the flux error is measured throught the quantities P 1,1
N , D1,1

N and qD1,1
N . For

Problem 1, Figure 4.3(a) shows better decay rates for the mixed approach when con-

sidering Problem 1. The decay rates are, on the other hand, similar for the periodic

problem; cf. Figure 4.3(b). In Figure 4.4 we compare the decays using the error on

the gradient given by P 1,0
N , D1,0

N , and qD1,0
N , respectively. Similar considerations hold

as for the case when the flux error is considered. For the sake of completeness, we

also display the decays using the L2-error on the potential in Figure 4.5, for which

again similar considerations hold between problem 1 in Figure 4.5(a) and problem

2 in Figure 4.5(b).

Figure 4.6 addresses the case where the reduced spaces are built upon a family of

parameters computed with the greedy Algorithm 1 for the primal formulation (4.5).

The Figure 4.2 displays the selected parameters in the range domain for different

choice of the ~�~-norm in the context of Problem 1. Similar conclusions as for the

case when no greedy algorithm is used can be drawn. Taking the triple norm ~�~
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Using flux error Using gradient of potential error

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1

(a) Primal formulation

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1

(b) Mixed formulation

Figure 4.2 – Parameter families generated by the Greedy Algorithm 1 (left) and by
the Greedy Algorithm 2 (right) in the context of the Problem 1 for the flux and
gradient norms.

equal to the norm of the flux or of the gradient does not seem to have an impact on

the results, as can be appreciated comparing Figures 4.6 with 4.7. However, in the

case of the periodic Problem 2, a stagnation of the error is observed for both of the

mixed formulation (with dot and cross marks) in Figures 4.6(b), 4.7(b) and 4.8(b),

while this is not the case for the primal formulation (with dot marks).

Finally, Figures 4.9, 4.10 and 4.11 treat the case where the family of parameters

are built upon a Greedy Algorithm 2 adapted for the mixed formulation. Overall,

the mixed formulation remains advantageous for both problems, see Figures 4.9(a),

4.10(a) and 4.11(a). This is probably due to the specific choice of parameters re-

sulting from the Greedy Algorithm 2.

In computations not shown here, we have also considered the case of parametric

Robin boundary conditions, for which results comparable to those obtained with

periodic boundary conditions are observed.
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Figure 4.3 – Flux errors P 1,1
N , D1,1

N and qD1,1
N for the two problems when the parameter

sample used to generate a reduced basis is chosen arbitrarily.
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Figure 4.4 – Gradient of potentials errors P 1,0
N , D1,0

N and qD1,0
N for the two problems

when the parameter sample used to generate a reduced basis is chosen arbitrarily.
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(a) Problem 1
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Figure 4.5 – Potentials errors P 0,0
N , D0,0

N and qD0,0
N for the two problems when the

parameter sample used to generate a reduced basis is chosen arbitrarily.
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Figure 4.6 – Flux errors P 1,1
N , D1,1

N and qD1,1
N for the two problems when the parameter

sample used to generate a reduced basis is chosen with the Algorithm 1.
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Figure 4.7 – Gradient of potentials errors P 1,0
N , D1,0

N and qD1,0
N for the two problems

when the parameter sample used to generate a reduced basis is chosen with the
Algorithm 1.
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Figure 4.8 – Potentials errors P 0,0
N , D0,0

N and qD0,0
N for the two problems when the

parameter sample used to generate a reduced basis is chosen with the Algorithm 1.
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Figure 4.9 – Flux errors P 1,1
N , D1,1

N and qD1,1
N for the two problems when the parameter

sample used to generate a reduced basis is chosen with the Algorithm 2.
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Figure 4.10 – Gradient of potentials errors P 1,0
N , D1,0

N and qD1,0
N for the two problems

when the parameter sample used to generate a reduced basis is chosen with the
Algorithm 2.
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Figure 4.11 – Potentials errors P 0,0
N , D0,0

N and qD0,0
N for the two problems when the

parameter sample used to generate a reduced basis is chosen with the Algorithm 2.
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Appendix A

Implementation of the Mixed

High-Order method

We discuss the practical implementation of the primal hybrid method (1.62) for the

Poisson problem. The implementation of the method (2.14) for the Stokes equations

follows similar principles and is not detailed here for the sake of brevity.

An essential point consists in selecting appropriate bases for the polynomial spaces

on elements and faces. Particular care is required to make sure that the resulting

local problems are well-conditioned, since the accuracy of the local computations

may affect the overall quality of the approximation. For a given polynomial degree

l P tk, k � 1u, one possibility leading to a hierarchical basis for PlpT q, T P Th, is to

choose the following family of monomial functions:

!
ϕT �

d¹
i�1

ξαiT,i
�� ξT,i :�

xi�xT,i
hT

@1 ¤ i ¤ d, α P Nd, }α}l1 ¤ l
)
, (A.1)

where xT denotes the barycenter of T . The idea is here (i) to express basis functions

with respect to a reference frame local to one element, which ensures that the basis

does not depend on the position of the element and (ii) to scale with respect to

a local length scale. Choosing this length scale equal to hT ensures that the basis

functions take values in the interval r�1, 1s. For anisotropic elements, a better

option would be to use the inertial frame of reference and, possibly, to perform

orthonormalization, cf. [17]. Similarly, a hierarchical monomial basis can be defined

for the spaces PkpF q, F P Fh, using the face barycenter xF and the face diameter

hF .
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Let, for a given polynomial degree l ¥ 0 and a number of variables n ¥ 0, N l
n :�

dimpPlq. For any element T P Th, we assume for the sake of simplicity that a

hierarchical basis Bk�1
T :� tϕiT u0¤i Nk�1

d
(not necessarily given by (A.1)) has been

selected for Pk�1pT q so that ϕ0
T is the constant function on T and pϕiT , ϕ

0
T qT � 0

for all 1 ¤ i   Nk�1
d . While this latter condition is not verified for general element

shapes by the choice (A.1), one can obtain also in that case a well-posed local

problem (1.27) for the computation of CkT by removing ϕ0
T , since the remaining

functions vanish at xT . For more general choices, the zero-average condition can be

enforced by a Lagrange multiplier constant over the element. Having assumed that

Bk�1
T is hierarchical, a basis for PkpT q is readily obtained by selecting the first Nk

d

basis functions. Additionally, for any face F P Fh, we denote by BkF :� tϕiF u0¤i Nk
d�1

a basis for PkpF q (not necessarily hierarchical in this case).

The definition of the discrete spaces (1.14) relies on a generalized notion of DOFs.

Solving the primal hybrid problem (1.62) amounts to computing the coefficients

puiT q0¤i Nk
d

for all T P Th and pλiF q0¤i Nk
d�1

for all F P Fh of the following expansions

for the local potential unknown uT P U
p
T
T and the local Lagrange multiplier λF P Λk

F ,

respectively:

uT �
¸

0¤i Nk
d

uiTϕ
i
T , λF �

¸
0¤i Nk

d�1

λiFϕ
i
F . (A.2)

For all T P Th, we also introduce as intermediate unknowns the algebraic flux DOFs

pσiT q1¤i Nk
d

and pσiTF q0¤i Nk
d�1

, F P FT , corresponding to the coefficients of the

following expansions for the components of the local flux unknown pσT , pσTF qFPFT q P

Σk
T :

TkT Q σT �
¸

1¤i Nk
d

σiT∇ϕiT FkF Q σTF �
¸

0¤i Nk
d�1

σiTFϕ
i
F @F P FT , (A.3)

where we have used the fact that p∇ϕiT q1¤i Nk
d

is a basis for the DOF space TkT
defined by (1.13) (the sum starts from 1 to accomodate the zero-average constraint in

the definition of TkT ). Clearly, the total number of local flux DOFs in Σk
T (cf. (1.14))

is

Nk
Σ,T :� pNk

d � 1q �NTN
k
d�1,

with NT defined in (1.6).

For a given element T P Th, the discrete operators Dk
T ,C

k
T , ς

k
T act on and take values

in finite dimensional spaces, hence they can be represented by matrices once the

choice of the bases for the DOF spaces has been made. Their action on a vector of
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DOFs then results from right matrix-vector multiplication. In what follows, we show

how to carry out the computation of such matrices in detail and how to use them

to infer the local contribution to the bilinear form A stemming from the element T .

A.1 Discrete divergence operator

The discrete divergence operator Dk
T acting on Σk

T with values in PkpT q can be

represented by the matrix D of size Nk
d �N

k
Σ,T with block-structure

�
DT pDF qFPFT

�
induced by the geometric items to which flux DOFs in Σk

T are associated. According

to the definition (1.21) of Dk
T , the matrix D can be computed as the solution of the

following linear system of size Nk
d with Nk

Σ,T right-hand sides:

MDD � RD, (A.4)

with block form

MDNk
d

Nk
d

DT DF1 � � � DFNT
�

Nk
d � 1 Nk

d�1 Nk
d�1

Nk
Σ,T

RD,T RD,F1 � � � RD,FNT

Nk
d � 1 Nk

d�1 Nk
d�1

Nk
Σ,T

where the system matrix is MD :�
�
pϕiT , ϕ

j
T qT

�
0¤i,j Nk

d

, while the right-hand side is

such that

RD,T :�
�
p∇ϕiT ,∇ϕjT qT

�
0¤i Nk

d ,1¤j N
k
d

RD,F :�
�
pϕiT , ϕ

j
F qF

�
0¤i Nk

d , 0¤j N
k
d�1

@F P FT .

When considering orthonormal bases such as, e.g., the ones introduced in [17], the

matrix MD is unit diagonal and numerical resolution is unnecessary.

A.2 Consistent flux reconstruction operator

The consistent flux reconstruction operator CkT acting on Σk
T with values in ∇Pk�1,0pT q

can be represented by the matrix C of size pNk�1
d �1q�Nk

Σ,T with the block-structure�
CT pCF qFPFT

�
induced by the geometric items to which flux DOFs in Σk

T are as-

sociated. According to definition (1.27a), this requires to solve a linear system of



104 Appendix – Implementation of the MHO method

size pNk�1
d �1q with Nk

Σ,T right-hand sides,

MCC � QCD � RC :� rRC . (A.5)

The linear system (A.5) has the following block form:

MCNk�1
d �1

Nk�1
d �1

CT CF1 � � � CFNT
�

Nk
d�1 Nk

d�1 Nk
d�1

Nk
Σ,T

QC

Nk
d

D

Nk
Σ,T

� 0 RC,F1 � � � RC,FNT

Nk
d�1 Nk

d�1 Nk
d�1

Nk
Σ,T

with system matrix MC :�
�
p∇ϕiT ,∇ϕjT q

�
1¤i,j Nk�1

d

and the matrix blocks appearing

in the right-hand side in addition to the matrix D obtained solving (A.4) are given

by

QC :�
�
�pϕiT , ϕ

j
T qT

�
1¤i Nk�1

d , 0¤j Nk
d

, RC,F :�
�
pϕiT , ϕ

j
F qF

�
1¤i Nk�1

d , 0¤j Nk
d�1

@F P FT .

A.3 Bilinear form HT

We are now ready to compute the matrix H of size Nk
Σ,T � Nk

Σ,T representing the

local bilinear form HT defined by (1.30) as

H � CtrRC � J, (A.6)

where the factors appearing in the first term are defined in (A.5), while the matrix

J representing the stabilization term JT defined by (1.34) is given by (the block

partitioning is the one induced by the geometric entity to which flux DOFs are

attached):

J �
¸
FPFT

CtQJ,1,FC�
�

0 pCtQJ,2,F qFPFT

�
�
�

0 pCtQJ,2,F qFPFT

�t
�hF

�
0 0
0 diagpMF qFPFT

�
,

where C is defined by (A.5) while, for all F P FT , we have defined the auxiliary

matrices
QJ,1,F :� hF

�
p∇ϕiT �nTF ,∇ϕjT �nTF qF

�
1¤i,j Nk�1

d

,

QJ,2,F :� hF
�
p∇ϕiT �nTF , ϕ

j
F qF

�
1¤i Nk�1

d , 0¤j Nk
d�1

,
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and face mass matrices

MF :�
�
pϕiF , ϕ

j
F qF

�
0¤i,j Nk

d�1

. (A.7)

A.4 Hybridization

The first step to perform hybridization is to construct the matrix B representing

the bilinear form B defined by (1.42a), which has the following block form corre-

sponding to the geometric items to which DOFs in Σk
T (rows) and W k

T (columns)

are associated:

RtD

0

MF1

0

� � �

. . .

MFNT

0

0

Nk
d

Nk
d�1 Nk

d�1

Nk
W,T

NTN
k
d�1

Nk
d�1

Nk
Σ,TB �

with matrix RD as in (A.4), MF defined by (A.7), and

Nk
W,T :� Nk

d �NTN
k
d�1,

corresponding to the number of DOFs in W k
T .

The condition on the Lagrange multipliers in Λk
h on boundary faces F P Fb (cf. (1.37))

is enforced via Lagrange multipliers in PkpF q. This choice is reflected by the fact

that we include boundary faces in the definition of the matrix B.

The local contribution to the bilinear form A defined by (1.60) is finally given by

A � BtH�1B, (A.8)

which requires the solution of a linear system involving the matrix H defined by (A.6).

Observe that H�1B is in fact the matrix representation of the lifting operator ςkT de-

fined by (1.48a).

The matrix A has the following block structure induced by the geometric items to
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which DOFs in W k
T are attached:

ATT ATF

At
TF AFF

A �

Nk
d

NTN
k
d�1

Nk
d

NTN
k
d�1

Observing that cell DOFs for a given element T are only linked to the face DOFs

(Lagrange multipliers) attached to the faces in FT , one can finally obtain a problem

in the sole Lagrange multipliers by computing the Schur complement of ATT . This

requires the numerical inversion of the symmetric positive-definite matrix ATT of

size Nk
d �Nk

d .



Bibliography
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Résumé

Cette thèse aborde différents aspects de la résolution numérique des Équations aux

Dérivées Partielles.

Le premier chapitre est consacré à l’étude de la méthode Mixed High-Order (MHO).

Il s’agit d’une méthode mixte de dernière génération permettant d’obtenir des ap-

proximations d’ordre arbitraire sur maillages généraux. Le principal résultat obtenu

est l’équivalence entre la méthode MHO et une méthode primale de type Hybrid

High-Order (HHO).

Dans le deuxième chapitre, nous appliquons la méthode MHO/HHO à des problèmes

issus de la mécanique des fluides. Nous considérons d’abord le problème de Stokes,

pour lequel nous obtenons une discrétisation d’ordre arbitraire inf-sup stable sur

maillages généraux. Des estimations d’erreur optimales en normes d’énergie et L2

sont proposées. Ensuite, nous étudions l’extension au problème d’Oseen, pour lequel

on propose une estimation d’erreur en norme d’énergie où on trace explicitement la

dépendance du nombre de Péclet local.

Dans le troisième chapitre, nous analysons la version hp de la méthode HHO pour

le problème de Darcy. Le schéma proposé permet de traiter des maillages généraux

ainsi que de faire varier le degré polynomial d’un élément à l’autre. La dépendance de

l’anisotropie locale du coefficient de diffusion est tracée explicitement dans l’analyse

d’erreur en normes d’énergie et L2.

La thèse se clôture par une ouverture sur la réduction de problèmes de diffusion

à coefficients variables. L’objectif consiste à comprendre l’impact du choix de la

formulation (mixte ou primale) utilisée pour la projection sur l’espace réduit sur la

qualité du modèle réduit.

Mots-clés : Méthodes Mixed High-Order, méthodes Hybrid High-Order, maillages

généraux, analyse hp, problème d’Oseen, problème de Stokes, problème de Darcy,

réduction de modèle, bases réduites.



Abstract

This Ph.D. thesis deals with different aspects of the numerical resolution of Partial

Differential Equations.

The first chapter focuses on the Mixed High-Order method (MHO). It is a last gen-

eration mixed scheme capable of arbitrary order approximations on general meshes.

The main result of this chapter is the equivalence between the MHO method and a

Hybrid High-Order (HHO) primal method.

In the second chapter, we apply the MHO/HHO method to problems in fluid me-

chanics. We first address the Stokes problem, for which a novel inf-sup stable,

arbitrary-order discretization on general meshes is obtained. Optimal error esti-

mates in both energy- and L2-norms are proved. Next, an extension to the Oseen

problem is considered, for which we prove an error estimate in the energy norm

where the dependence on the local Peclet number is explicitly tracked.

In the third chapter, we analyse a hp version of the HHO method applied to the

Darcy problem. The resulting scheme enables the use of general meshes, as well as

varying polynomial orders on each face. The dependence with respect to the local

anisotropy of the diffusion coefficient is explicitly tracked in both the energy- and

L2-norms error estimates.

In the fourth and last chapter, we address a perspective topic linked to model order

reduction of diffusion problems with a parametric dependence. Our goal is in this

case to understand the impact of the choice of the variational formulation (primal

or mixed) used for the projection on the reduced space on the quality of the reduced

model.

Keywords : Mixed High-Order methods, Hybrid High-Order methods, general meshes,

hp analysis, Oseen problem, Stokes problem, moder reduction, reduced basis method.
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