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Introduction

Contexte, motivations et structure du manuscrit

Dans cette these on s’intéresse a la résolution numérique d’Equations aux Derivées
Partielles (EDP), en accordant une attention particuliere a celles qui dépendent
de coefficients physiques variables en espace. Un exemple important est 1’équation
de diffusion pure, consistant a trouver une fonction u : @ — R (avec 2 domaine

polyédrique de R?, d > 1) vérifiant
—div(kVu) = f dans €, (1)

quand K : Q@ — R>? et f : Q@ — R sont des fonctions données suffisamment
régulieres et des conditions opportunes sont fixées au bord de €. Cette équation
traduit la conservation d’'un flux (ou variable vectorielle) & = —kVu dépendant
de maniere linéaire du gradient d’un potentiel (ou variable scalaire) u a travers un
coefficient physique K, et elle apparait dans de nombreuses branches des sciences et

de l'ingénierie : thermique, hydrodynamique, électrostatique, etc.

Le calcul ezact des solutions de (1) pour des données générales est tres souvent hors
de portée, ce qui justifie le recours a la résolution numérique. Certaines méthodes
se sont imposées au cours des dernieres décennies comme méthodes de référence.
On peut nommer, parmi d’autres, la Méthode des Eléments Finis (FEM) ou la
méthode Volumes Finis (FV), qui ont permis de résoudre de nombreux problemes
des EDP. Cependant, ces méthodes se montrent de plus en plus limitées pour traiter
des problemes de nature plus complexe, comportant, p.ex., des variations impor-
tantes des coefficients physiques, des géométries complexes, ou des couplages multi-
physique. Au cours des dernieres années, des nouveaux paradigmes ont émergé qui
ont permis de repenser les schémas numériques classiques pour mettre en place des

méthodes plus modernes. Ces méthodes, supportant des maillages généraux en di-
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mension d’espace quelconque ainsi que des ordres d’approximation arbitraires, ont
la particularité d’étre construites en embarquant ou reproduisant la physique du

probleme dans leurs formulations.

Le développement et 'utilisation de ces méthodes de derniere génération soulevent de
nombreuses questions a étudier. Dans ce travail, nous nous pencherons sur quelques-
unes d’entre elles. Nous nous focaliserons particulierement sur des questions liées
(i) a la mise en ceuvre efficace de méthodes polyédriques mixtes d’ordre arbitraire
(Mixed High-Order) ; (ii) a leur application a des probléemes en mécanique des fluides
incompressibles ; (iii) a leur convergence hp; (iv) et a la réduction de modele. Ces
points sont traités sous la forme de quatre chapitres distincts. Par la suite, nous
allons résumer brievement le contenu de ces chapitres en mettant I'accent sur les

résultats marquants.

Dans le Chapitre 1, tiré de [2], nous nous intéressons & la mise en ceuvre efficace (par
hybridation) de la méthode de discrétisation polyédrique d’ordre arbitraire Mized
High-Order (MHO) de [57]. La méthode MHO étend les idées des FEM mixtes
classiques aux maillages constitués d’éléments polyédriques. On rencontre de tels
maillages, p.ex., dans le contexte des écoulements en milieux poreux, ou des éléments
polyédriques et des interfaces non conformes apparaissent pour modéliser I’érosion et
la formation de fractures ou failles. Dans la modélisation des réservoirs pétroliers, on
retrouve également des éléments polyédriques dans I’abord des puits pour effectuer
le raccord entre le maillage du puits (radial) et celui du réservoir (Corner-Point

Geometry).

Le principe des méthodes d’approximation mixtes (dont MHO) consiste a appro-
cher de maniere séparée le flux o et le potentiel u, ce qui donne lieu a un probleme
de type point-selle. D’un point de vue numérique, ce type de probleme est moins
agréable a résoudre par rapport a une formulation coercive en la variable u unique-
ment. Dans le cas des méthodes FEM, il est bien connu [6,8,42,89,107] qu’on peut
se ramener a un probléme coercif (done, plus simple a résoudre) par un processus
d’hybridation. L’hybridation consiste a imposer la continuité de la composante nor-
male de la variable flux a I'aide de multiplicateurs de Lagrange, et a résoudre un
probléeme ou ceux-ci apparaissent comme les seules inconnues globalement couplées.
Dans le Chapitre 1 nous étendons ces idées a la méthodes MHO. Les résultats les
plus importants de I’analyse menée dans ce chapitre sont : (i) 'obtention d’une for-
mulation primale équivalente pour la méthode MHO, qui en permet une mise en
ceuvre efficace ou les seuls degrés de liberté globalement couplés sont des polynomes

discontinus sur le squelette du maillage ; (ii) I'identification d’un lien avec la méthode



Hybrid High-Order (HHO) primale de [59]. On propose aussi une analyse de conver-
gence en norme d’énergie et en norme L? basée directement sur la version hybridisée
de la méthode MHO, qui étend les résultats de [57].

Dans le Chapitre 2 nous étendons la version hybridée de la méthode MHO a
des problemes issus de la mécanique des fluides. Dans un premier temps, nous
considérons le probleme de Stokes (cette partie est tirée de [2, Section 4]). Celui-ci
peut étre vu comme une version vectorielle du probleme de Poisson (voir (1) avec
k = I;) sous la contrainte de divergence nulle pour la vitesse. Classiquement [14,31],
la bonne position du probleme discret repose dans ce cas sur une condition inf-sup.
Dans le cas de la méthode proposée, cette condition est obtenue en exploitant 1'in-
terprétation des multiplicateurs de Lagrange introduits dans le processus d’hybri-
dation du Chapitre 1 comme traces du potentiel. Les résultats principaux sont :
(i) l'obtention d’une nouvelle méthode de discrétisation pour le probleme de Stokes
inf-sup stable sur maillages généraux; (ii) des estimations d’erreur optimales en

norme d’énergie et un résultat de superconvergence en norme L? pour la vitesse.

Dans un second temps, nous considérons le probleme d’Oseen, caractérisé par I'ajout
de termes advectif et réactif au probleme précédent. Cette application est originale,
et n'a pas été publiée ailleurs a notre connaissance. Ici, le point clé est la prise
en compte du terme advectif, qui demande une attention particuliere afin d’obte-
nir une méthode robuste par rapport au nombre de Péclet (nombre sans dimen-
sion représentant le rapport entre les effets advectifs et diffusifs). Nous nous inspi-
rons pour cela des techniques récemment proposées dans [54] pour un probleme de
diffusion-advection-réaction scalaire. Les résultats principaux obtenus dans ce cha-
pitre sont : (i) 'obtention d’une nouvelle méthode de discrétisation pour le probleme
d’Oseen sur maillages généraux; (ii) des estimations d’erreurs optimales en norme
d’énergie montrant la variation de 'ordre de convergence en fonction du nombre de

Péclet local.

Le Chapitre 3 concerne I’étude théorique et numérique d’une variation hp de la
méthode HHO de [59] pour le probleme de diffusion variable (1) (on rappelle que le
lien entre la méthode HHO et la version hybridée de la méthode MHO a été étudié
dans le Chapitre 1). La dénomination hp fait référence a des méthodes numériques
ou la finesse du maillage ainsi que 'ordre d’approximation polynomial peuvent va-
rier, méme simultanément. Les résultats marquants de ce chapitre sont les suivants :
(i) I'obtention d’une nouvelle méthode hp-HHO permettant la variation locale du
degré polynomial; (ii) des estimations d’erreurs hp en norme d’énergie et L? ro-

bustes vis-a-vis des hétérogéneités et du coefficient de diffusion; (iii) des résultats
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d’approximation hp sur maillages généraux s’appliquant potentiellement a toute

méthode basée sur des espaces de polynomes par morceaux.

Enfin, le Chapitre 4 contient des perspectives sur l'approximation numérique, en
de nombreuses valeurs d'un parametre p, des solutions paramétrées d'une EDP. Une
possibilité consiste a pré-calculer un petit nombre de solutions pour des valeurs fixées
du parametre, puis a obtenir la solution pour une valeur quelconque de g par pro-
jection sur 'espace affine décrit par le petit nombre de solutions précalculées. C’est
I'idée fondatrice de la méthode dite des Bases Réduites (BR), qui repose néanmoins
sur ’hypothese qu'une méthode numérique précise existe pour toute valeur du pa-
rametre p (les valeurs pour lesquelles la méthode précise sera vraiment utile se-
ront choisies au cours d’une phase d’apprentissage dite “hors-ligne”, en référence au

contexte d’application “temps réel” de la méthode).

La méthode des Bases Réduites (BR) a fait I'objet de nombreuses recherches récentes
[1,16,22,28-30,34,40,77,78,81,92,93,96-98] ) et a permis de construire un bon modele
réduit dans un certain nombre de cas pratiques : des probléemes avec domaines pa-
ramétrés [88,98], des problemes paraboliques, hyperboliques ou encore non-linéaires,
voir [81,93].

Nous nous focalisons ici sur ’équation de diffusion (1) dépendant d’un parametre
p intervenant dans les expression du coefficient de diffusion et du terme source.
On montre a 'aide d’exemples numériques que 'application usuellement faite de la
méthode BR peut étre potentiellement améliorée en utilisant la formulation mixte du
probleme plutot que la formulation primale. Précisément, quand le terme source est
dans L?(Q) alors on peut améliorer les performances de la réduction en appliquant
BR avec le projecteur hérité de la formulation mixte plutot que le projecteur hérité
de la formulation primale (on peut potentiellement soit diminuer 'erreur liée a la
projection a dimension d’espace réduit donnée, soit diminuer la dimension de ’espace

réduit a tolérance fixée sur l'erreur de projection).

Le manuscrit est complété par I’Annexe A présentant des détails pratiques pour

I'implémentation de la méthode MHO pour le probleme de Poisson.

Hybridation de la méthode Mixed High-Order

Dans le Chapitre 1 de ce manuscrit nous étudions I’hybridation de la méthode Mixed
High-Order (MHO) de [57]. L’hybridation est une procédure formalisée dans [§]
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mettant un cadre mathématique sur une technique déja connue auparavant des
ingénieurs [50] et permettant une mise en ccuvre efficace des méthodes mixtes (c.-
a~d., des méthodes ot on approche le flux et le potentiel de maniere indépendante).
L’intérét de ’hybridation consiste a écrire un probleme coercif (et, donc, plus facile
a résoudre en pratique) équivalent au probleme de type point selle correspondant
a la méthode mixte. Dans sa forme classique, ’hybridation se décompose en deux
étapes : (i) relaxer la condition de continuité de la composante normale du flux aux
interfaces et I'imposer par multiplicateurs de Lagrange (ii) éliminer la variable flux
localement dans le but de réduire la taille du systeme final. Les résultats les plus im-
portants de 'analyse menée dans ce chapitre sont : (i) 'obtention d’une formulation
primale équivalente pour la méthode MHO, qui en permet une mise en ceuvre efficace
ou les seuls degrés de liberté globalement couplés sont des polynomes discontinus
sur le squelette du maillage; (ii) l'identification d’un lien avec la méthode Hybrid
High-Order (HHO) primale de [59]. On montre, en particulier, que la formulation
primale obtenue par hybridation de la méthode MHO coincide avec la méthode HHO

a la stabilisation pres.

On considere ici le probleme (1) dans le cas k = I;. Sous forme faible, ce probleme

consiste a trouver le flux o € H(div; ) et le potentiel u € L*(€) tels que

(o, 7))+ (V-T,u) =0 V7 e H(div; ),

) (2)
—(V-o,9) = (f,q) Vg e L7(52),

oil nous avons noté (-, ) les produits scalaires standards de L*(Q2) et L?*(Q2)?. L’exemple
suivant sert a illustrer la notion d’hybridation pour la méthode FE classique Raviart—
Thomas-PC. Il permettra également d’identifier plus aisément les différences par rap-

port a la méthode MHO considérée ici.

Exemple (Méthodes de Raviart-Thomas et de Crouzeix-Raviart). Soit T;, un maillage
simplicial conforme. En utilisant 1’espace de Raviart-Thomas RT"(7,) = H(div; Q)
introduit dans [94] pour le flux et I'espace des polynomes constants par morceaux

PY(T5) < L3(Q2) pour le potentiel, la version discrete du probleme (2) s’écrit

(on, 1) + (V-Th,up) =0 V7, € RT(T),

. (3)
—(Veon,q) = (f,an) Van € P°(Th).

L’hybridation de (3) consiste a introduire l'espace A, de fonctions constantes par

morceaux sur les interfaces de 7y, et I'espace de Raviart-Thomas discontinu RT"*(Ty),



viii Introduction

et a reformuler le probleme (3) sous forme mixte-hybride comme suit :

(G'h,Th) + (V'Th,uh) + Z Z (Th'nTF,)\h)F =0 VTh € RTO’d(E),
TeTh FeFl,
—(Veon,q.) = (f,qn) Vi, € P°(Th),
Z Z (on-nrp, pin)r =0 Vi € Ay,
TeTh FeFl,

(4)
Ici, pour tout élément 7' € T;, du maillage, on a noté Fi. 'ensemble de ses interfaces.
La différence entre (3) et (4) est que, dans le deuxieme cas, la continuité de la
composante normale des flux est imposée a 'aide de multiplicateurs de Lagrange
dans A;,. Habituellement on élimine la variable flux o}, € ]R’JI‘O’d(ﬁL) par condensation
statique (grace a la structure diagonale par blocs) afin d’obtenir un probleme en les

seuls multiplicateurs de Lagrange sous la forme
AN =F,

ou la matrice A est symétrique définie positive. Sil’on considere maintenant CR(7},)
I'espace de Crouzeix-Raviart de [49] construit comme 'espace des polynomes affines
par morceaux et continus aux points milieux des faces du maillage, I'approximation

non-conforme du probleme s’écrit alors
(Viun, Viyon) = (f,on) Vo, € CRy(Th),

ou CR(7y) est le sous-espace de CR(7j) dont les degrés de liberté aux bords s’an-
nulent et V), est le gradient par morceaux associé a 7. Ce dernier probleme se

rééerit matriciellement sous la forme
BU = G,

avec B matrice symétrique définie positive. Il est bien connu [6,8,42,89,107] que les
matrices A et B sont identiques ainsi que les seconds membres F et G donnant lieu

a une parfaite équivalence entre ces deux approximations.

La méthode MHO considérée ici présente des analogies mais aussi des différences
importantes par rapport a I’élément fini de Raviart-Thomas de 1’exemple précédent.
Une premiere différence cruciale est qu’elle s’applique a des maillages 7, polyédriques
généraux. En outre, le paradigme des fonctions de base est remplacé par la notion

de reconstruction obtenue en opérant directement sur les degrés de liberté. Ainsi,
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F1GURE 1 — Espace E? des degrés de liberté pour le flux dans la méthode MHO
pour k € {0, 1,2}. Ici, on considere I'exemple d’un élément 7" hexagonal.

pour tout entier £ = 0, des espaces de degrés de liberté discrets de flux E? (voir
Figure 1) et de potentiel Uk = P¥(T') sont associés a chaque élément T' du maillage
T, encodant les caractéristiques de I'objet continu par la donnée de polynomes. Deux
opérateurs de reconstruction opérant sur 1’espace Z§, sont alors définis élément par
élément : (i) une reconstruction D% de l'opérateur de divergence utilisée dans les
termes de couplage et satisfaisant une propriété de commutativité opportune et
(i) une reconstruction €% du flux, utilisée pour définir le pendant du produit L2

dans l'espace des flux.

En notant E]fL I’espace des degrés de liberté globaux pour le flux obtenu imposant
la continuité des inconnues aux interfaces et UF I'espace des polynomes de degré k
discontinus sur le maillage, la méthode MHO s’écrit : Trouver oy, € X} et uj, € UF,
tels que

Hy(on, ) + (up, DiTy)r = 0 V7, e XF

—(Dion,an) = (f.an)r Van € U

(5)

Ici, Popérateur de divergence globale DY agissant sur espace ¥ est posé égal dans
chaque élément & 'opérateur de divergence locale D% décrit plus haut, tandis que le
produit scalaire Hj sur EZ est obtenu par assemblage de contributions locales Hp
sur X%, T e Ty, de la forme

Hr(o,T) = (¢ho, ¢h1) + stabilisation,

ot (-, ) est le produit L?(T)? et le terme de stabilisation sert & assurer la coercivité
de la forme bilinéaire. Le caractére bien posé du probleme (5) est une conséquence
de cette derniere propriété combinée avec la commutativité de la divergence, qui

permet de prouver la stabilité au sens de la condition inf-sup.

L’hybridation de la formulation MHO (5) présentée dans le Chapitre 1 de ce ma-
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FIGURE 2 — Espace Wk des degrés de liberté pour le potentiel dans la version
hybridée de la méthode MHO pour k € {0, 1,2} et élément hexagonal comme dans
la Figure 1. L’espace global W} est obtenu en imposant I'unicité des multiplicateurs
de Lagrange aux interfaces.

nuscrit s’effectue dans un esprit similaire aux FE classiques, mais avec quelques
différences importantes. Tout d’abord, il ne s’agit plus de garantir la continuité de
la composante normale du flux (qui n’est pas définie partout dans I’élément), mais
I'unicité des valeurs des degrés de liberté aux interfaces grace a des multiplicateurs
de Lagrange. Ensuite, la correspondance que I’on prouve avec une méthode primale
de type HHO est valable pour tout degré polynomial k£ > 0 (tandis que le résultat
concernant les méthodes de Raviart-Thomas-P° et de Crouzeix—Raviart n’est valable
qu’a l'ordre plus bas). Le point clé consiste ici a identifier un opérateur de couplage
potentiel-vers-flur transformant un couple de variables potentiel-trace vers une va-
riable flux, et permettant de formaliser de maniere élégante 1’étape d’élimination
des inconnues de flux pour le probléme mixte-hybride. Notant W} 1'espace conte-
nant les degrés de liberté pour le potentiel u;, et les multiplicateurs de Lagrange A,

(cf. Figure 2), on arrive a une reformulation de (5) de la forme

An((un, An)s (s pn)) = (fason) — V(vn, ) € Wy, (6)

ot A est une forme bilinéaire sur W} x W} agissant uniquement sur les couples
potentiel-traces. Un résultat important prouvé ici est que cette forme bilinéaire
coincide a la stabilisation pres avec celle introduite dans [59] dans le cadre des
méthodes HHO (récemment, des résultats d’équivalence plus généraux ont été ob-
tenus dans [25]). Ce résultat est valable sur maillages généraux et pour tout degré
polynomial £ > 0. Un autre point a noter est que la taille du systeme linéaire
correspondant a ’équation (6) peut étre ultérieurement réduite en éliminant par
condensation statique les inconnues de potentiel a l'intérieur de I’élément (en gris

dans la Figure 2).

Le chapitre se cloture par une analyse d’erreur complete de la méthode hybridée

ainsi obtenue. Cette analyse permet de retrouver des résultats qui incluent ceux
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de [57] en travaillant directement sur la version hybridée de la méthode. Lorsque des
polyndmes de degré k sont utilisés, on prouve une convergence a l’ordre (k+1) pour le
flux et a Uordre (k+2) pour le potentiel. On remarquera, par ailleurs, une différence
importante par rapport a la méthode Hybridizable Discontinuous Galerkin (HDG)
de [45] qui, pour un choix d’inconnues similaire, obtient des ordres de convergence k
et (k + 1), respectivement (pour plus de détails, voir [44]). Un point important issu
de I'analyse d’erreur qui motive ’extension de la méthode aux problemes de Stokes
et Oseen dans le Chapitre 2 est que les multiplicateurs de Lagrange peuvent étre

interprétés comme des traces du potentiel.

Il est utile de terminer cette discussion par une petite section bibliographique. Les
méthodes MHO et HHO sont congues afin de traiter des maillages généraux tout
en garantissant un ordre polynomial d’approximation arbitraire. Le premier schéma
HHO apparait dans [56] dans le cadre d’un probleme d’élasticité linéaire quasi-
incompressible. Des travaux ultérieurs en ont considéré I'extension a de nombreux
problemes linéaires et non linéaires; voir, p.ex., [23,41,53,54,61,63] ainsi que les

références contenues dans ces articles.

La prise en compte de maillages généraux a été considérée dans un premier temps (&
partir des années 2000) dans le cadre des méthodes de bas ordre. On peut commencer
par citer la méthode Mimetic Finite Difference (MFD) [33]. L’approche MFD est
davantage algébrique, elle repose sur la reproduction de propriétés mathématiques et
physiques fondamentales comme les lois de conservation, de symétrie, de positivité
des solutions et des relations clés entre opérateurs différentiels. Les inconnues sont
situées aux noeuds des éléments bien qu’une version avec inconnues aux faces (et aux
mailles) soit étudiée dans [85]. Il est important de citer aussi les méthodes de type FV
comme la méthode Hybrid Finite Volume (HEFV) [70] ou encore la méthode Mixed
Finite Volume (MFV) [65]. Plus récemment, sont apparues les méthodes de type
Compatible Discrete Operator (CDO) basées aussi sur des inconnues aux sommets
et aux maillages et faisant intervenir le maillage dual, voir [27]. Des connexions avec
la méthode MFD ainsi qu'une synthese avec d’autres méthodes mimétiques sont
présentées dans [66] et [26].

Plus récemment, on a considéré également la possibilité de monter en ordre sur
maillages généraux. La possibilité d’utiliser des méthodes de type Galerkine discon-
tinues (dG) d’ordre élevé sur maillages généraux a été mise en évidence dans [17,55].
Bien que les méthodes dG offrent de nombreux avantages, elles présentent néanmoins
des systemes a inverser plus couteux que les méthodes FEM classiques du fait du

grand nombre de degrés de liberté. Une approche née pour essayer de contourner
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cette difficulté est la méthode dite Hybridizable Discontinuous Galerkin (HDG),
qui a vu le jour grace aux travaux de Cockburn et al. Dans les méthodes HDG, il
s’agit souvent de traiter le flux normal le long des interfaces comme une nouvelle
variable devant vérifier une relation de transmission. Cette derniere ne dépend pas
du flux ni du potentiel, ce qui permet ensuite d’éliminer localement ces variables et
de réduire la taille du systeme, voir [46]. Il est important de noter la proximité avec
la méthode HHO ou les mémes degrés de liberté sont utilisés ainsi que le proces-
sus d’hybridation. Cependant, comme on I’a fait remarquer plus haut, la méthode
HHO présentée montre une vitesse de convergence d’un ordre supplémentaire ; ce
sujet est traité en détail dans [44]. Une approche conforme permettant de combiner
maillages généraux et ordre élevé est la méthode Virtual Element Method (VEM),
inspirée de la méthode MFD nodale. Introduite initialement dans [19], elle peut étre
vue comme une généralisation de la méthode des EF aux maillages généraux. La
différence principale par rapport aux méthodes EF classiques est que les fonctions
de forme ne sont pas connues en tout point de I’élément, ce qui justifie le terme
“Virtual”. Par conséquent, les formes bilinéaires sont approchées par des versions
discretes obtenues par somme d’une partie consistante et d'une partie stabilisante,

qui nécessitent uniquement les valeurs des degrés de libertés locaux.

Application aux problemes de Stokes et d’Oseen

Le Chapitre 2 concerne 'application de la méthode HHO du chapitre précédent a

des problemes linéaires en mécanique des fluides.

Dans un premier temps, on considere le probleme de Stokes. Celui-ci apparait dans
I’étude des écoulements de fluides visqueux ou les effets inertiels sont négligeables.
Ce modele est utilisé, par exemple, pour décrire des écoulements laminaires dans des
canaux étroits. Les premieres traces du modele remontent a I’étude de G.G. Stokes
dans le cas d’un écoulement dans une cavité étroite autour d’un objet sphérique [103].
Etant donné un domaine Q de R?, d e {2, 3}, et un champ de force f fixé, le probleme
de Stokes consiste & trouver le champ de vitesse u :  — R? et un champ de pression
p:Q — R tels que
—Au+Vp=Ff dans €,

(7)
Vau=0 dans (2,

avec des conditions aux bords opportunes. Par simplicité, dans ce qui suit, on

considere le cas de conditions de Dirichlet homogenes pour w, ce qui demande
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d’ajouter la condition SQp = 0 pour garantir 'unicité de la pression; l'extension
a des conditions aux bords plus générales ne pose pas de difficultés particulieres.
D’un point de vue mathématique, le probleme (7) peut se comprendre comme la
version vectorielle de (1) avec & = I; sous contrainte de divergence nulle. La dif-
ficulté majeure dans I'approximation de ses solutions réside alors dans la structure
point—selle du probleme. En effet, en utilisant les méthodes classiques, il est bien
connu que la bonne position du probleme au niveau continu n’implique pas celle au
niveau discret. Les travaux classiques de Babuska [14] et Brezzi [31] ont apporté des
outils permettant de sélectionner les “bons” couples d’espaces ou approcher vitesse
et pression permettant ainsi de garantir 1’existence et unicité des solutions. Le point
clé consiste a satisfaire au niveau discret une condition inf-sup analogue a celle du
probleme continu et exprimant la surjectivité de I'opérateur de divergence discret.
Ce point délicat est a l'origine d’une abondante littérature autour des méthodes

d’approximation pour traiter numériquement le probleme de Stokes.

La méthode MHO développée dans ce manuscrit s’inspire de la formulation varia-
tionnelle suivante de (7) : Trouver la vitesse u € H}(Q)¢ et la pression p € L3(f)
(avec LE(9) espace des fonctions de carré intégrables et & moyenne nulle sur ) telles

que

(Vu,Vv) —(p, V) = (f,v) Vv e Hi(Q)? (8a)
(V-u,q) =0 Vg e L3(Q). (8b)

Chaque composante u; de la vitesse u est discrétisée comme un élément (up ;, Ap;) de
I'espace hybride W} (cf. Figure 2), tandis que la pression est discrétisée comme un
élément de l'espace P des polynomes par morceaux sur le maillage 7;, & moyenne
nulle sur €. Le terme visqueux dans (8a) est alors approché a l'aide de la forme
bilinéaire A, du Chapitre 1 appliquée terme a terme sur les composantes des vitesses.
Pour le couplage vitesse-pression, on exploite 'interprétation des multiplicateurs de
Lagrange comme traces des vitesses. Ainsi, on construit un opérateur de divergence
discret Dy qui approche l'opérateur V- : HL(Q)? — L2(Q) et qui satisfait une
propriété de commutativité opportune. Cet opérateur est défini dans le méme esprit
que DY dans (5), c.-a-d. en utilisant une formule d’intégration par parties discréete.
Posant W} := (W})?, la formulation MHO du probleme de Stokes consiste & trouver

la vitesse uy, € WZ et la pression p, € Py telles que

A ((wn, An), (vn, ) = (pn, Diwy) = Li(vp) V(vp, ) € W7,

(9)
(Diufw Qh) =0 VQh € 7)57
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ou la forme bilinéaire Ay, est construite a partir de A;, en sommant les composantes
vectorielles. On justifie alors le caractere bien posé du probleme (9) grace a une
condition inf-sup automatiquement vérifiée par construction de Dy. Une analyse
de convergence est présentée en norme d’énergie ou l'on retrouve la convergence
a l'ordre (k + 1) faisant écho aux résultats du Chapitre 1. Enfin, on démontre la

superconvergence d’ordre (k + 2) en norme L? pour la vitesse.

Dans la deuxieme partie du Chapitre 2, on considere une extension de la méthode
au modele d’Oseen, prenant en compte les effets d’advection et de réaction. Ce
développement est un travail original qui n’a pas été publié ailleurs. Ce modele

s’écrit : Trouver le champ de vitesse u : 2 — R et de pression p : Q) — R tels que

—vAu+B-Vu+pu+Vp=Ff dans €2,

(10)
Vau=0 dans (2,

ou (3 est un champ de vecteurs fixé (et suffisamment régulier) représentant les effets
advectifs, v = 0 un scalaire représentant la viscosité cinématique, et ¢ > 0 un
coefficient de réaction. La présence du terme d’advection 3 - Vu apporte un lot de
difficultés supplémentaires lorsqu’il s’agit d’approcher une solution numériquement.
Un probleme particulierement délicat consiste a garantir un bon comportement de
la méthode de discrétisation dans toute la plage de valeurs pour le nombre de Péclet,

représentant le rapport entre les effets advectifs et diffusifs.

La discrétisation MHO du probleme d’Oseen étend les idées développées dans le cas
scalaire dans [54]. D’une part, les discrétisations du terme visqueux et du couplage
vitesse-pression sont identiques au cas de Stokes (mis a part, bien entendu, le fait
que le terme visqueux est ici multiplié par le scalaire v). Le terme d’advection,
d’autre part, est discrétisé en introduisant, pour tout élément du maillage T' € 7}, un
opérateur de reconstruction local de dérivée advective GE’T motivé par une formule
d’intégration par parties discrete. La formulation HHO du probleme (10) s’écrit alors

comme : Trouver uy € WIfL et pp € PF tels que

A, 5un(Wny Ar), (Vn, ) — (s Diwn) = Ly(vy) V(v py) € Wi,

i . (11)
(Drup, qn) =0 Van € Py,

avec la bilinéaire A, g ., sur W} x W est définie comme

A, g = VAL + Ag i,
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ou la contribution visqueuse .A4;, est la méme que dans (9), tandis que la contri-
bution advective-réactive A, j, g est une forme linéaire coercive obtenue a l'aide de
I'opérateur GgT et incorporant un terme de stabilisation en amont. Ce dernier a la
particularité d’étre défini a l'intérieur de chaque élément en utilisant la différence
entre les inconnues de maille et de face. Grace a la présence de ce terme de stabili-
sation, le probleme discret est stable par construction. L’analyse d’erreur proposée
permet d’apprécier les variations dans ’ordre de convergence de la méthode en fonc-
tion de la valeur du nombre de Péclet local. Plus précisément, on estime l'erreur
en une norme diffusive-advective-réactive entre la solution du schéma HHO et la
projection sur W¥ x Pk de la solution exacte. Cette étape se fait en estimant la
consistance de trois termes dont deux, le terme diffusif A;, et couplage vitesse-
pression, sont établis plus tot pour le probleme de Stokes. La consistance du dernier
terme Ag, ;, est obtenue en découpant les intégrales en plusieurs morceaux selon
si un nombre de Péclet local Perr opportunément défini est < 1 ou > 1. Pour un
élément du maillage T" € T, on a alors une estimation de I'erreur en O(h’;fl/ *) quand
I’advection est dominante et O(h%t!) sinon (ce qui est en accord avec le résultats

du chapitre précédent).

On termine par une petite section bibliographique. La littérature concernant I’appro-
ximation numérique du probleme de Stokes est tres riche, et on se limitera a quelques
travaux en relation avec les développements considérés ici; pour une introduction
on renvoie, p.ex., a [24,75]. Comme déja remarqué pour le probleme de Poisson,
on peut obtenir une discrétisation d’ordre élevé sur maillages généraux a ’aide de
méthodes completement discontinues avec ou sans stabilisation de la pression ; voir,
p.ex., [35,47,52,76,105]. Pour le probleme de Stokes, on peut citer des méthodes
dG [90] ainsi que des approches HDG [39,45, 48, 68,82, 108]. Dans le contexte des
VEM, on peut citer [71]. La prise en compte robuste de forces volumiques avec une
partie irrotationnelle importante a été considéré dans le contexte des méthodes HHO
dans [61]. La littérature pour le probleme d’Oseen est, en revanche, moins riche. Pour
le probleme d’Oseen, des approches dG existent aussi [47], ainsi que HDG [39] ou
bien avec des méthodes basées sur des opérateurs définis faiblement [86]. Concer-
nant le traitement robuste des termes d’advection, on citera tout d’abord [58], ou
on développe une méthode dG pour un probleme de diffusion-advection-réaction
localement dégénéré valable pour tout nombre de Péclet dans la plage [0, +o0].
Récemment, les idées de ce papier ont été reprises dans le contexte des méthodes
HHO dans [54], ou l'analyse montre en plus comment 'ordre de convergence des
contributions d’erreurs varie en fonction d’un nombre de Péclet local opportunément

défini. Ce travail a servi d’inspiration aux développements proposés ici pour le
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probleme d’Oseen.

Une méthode hp—HHO pour le probleme de diffu-

sion variable général

Dans le Chapitre 3 nous nous intéressons a l'analyse hp de la méthode HHO dans le
cas de I’équation de diffusion scalaire (1). Il s’agit de mettre en place une formulation
HHO du probleme permettant d’adapter finesse du maillage et ordre polynomial
dans l'optique de converger plus rapidement vers la solution. En effet, il est souvent
plus efficace d’augmenter I'ordre polynomial p quand la solution recherchée est tres

réguliere.

Le point de départ est la définition d’espaces de degrés de liberté supportant des
ordres d’approximation polynomiales variables. En effet, pour plus de souplesse, on
considere le cas ou l'ordre n’est plus fixé globalement comme dans les méthodes HHO
exposées dans les chapitres précédents, mais localement sur chaque élément. On se
donne ainsi un vecteur p, = (pr)rer, € N’/* contenant les ordres polynomiaux sur
chaque faces (ici, F, désigne I’ensemble des faces du maillage 7j). Pour tout élément
T € Ty, notant p, la restriction al eT,de p,, on définit alors 'espace de degrés

de liberté local

UsT = PP7(T) x ( X PPF(F)) . pri= minpp. (12)
FeFr &

En suivant la méthodologie HHO, on définit alors un opérateur de reconstruction de
potentiel 727 . U — PPr+1(T) et une forme bilinéaire ap. L’opérateur 27! est
construit en résolvant un probleme de Neumann sur 7" ot la diffusion & est prise en
compte, et dont le but est de reproduire au niveau discret une formule d’intégration
par parties ou le role de la fonction dans les intégrales de volumes et de faces est
joué par les inconnues de maille et de face, respectivement. La forme bilinéaire ap
est définie sur U:,BF X U%T comme somme d’un terme consistant construit a ’aide de

1 —
rB7 " et d'un terme de stabilisation :

1 1 e
ar(up,vy) = (KT up, VeI o) + stabilisation.

La stabilisation est basée sur une pénalisation des résidus sur les faces au sens des

moindres carrés, qui est par construction consistant jusqu’a 'ordre pr + 1. L’espace
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de degrés de liberté global Ugh est construit afin de définir une forme bilinéaire
ap, globale sur US’L X Ugh par somme des contributions locales. La forme linéaire
lp, définie sur U,%h prenant en compte le second membre permet enfin de poser le

probleme hp—HHO sous la forme : Trouver u;, € Ufh tel que
an(up, v,) = ln(w,) Vo, € U,

On montre que le probleme est bien posé et une analyse de convergence hp en
norme d’énergie et L? est présentée, dans I'esprit de Babuska et Suri [11]. De plus,
on montre que analyse d’erreur est robuste vis-a-vis du coefficient de diffusion, avec
une constante multiplicative proportionnelle a la racine carrée du rapport d’aniso-
tropie local quand on considere la norme d’énergie. En norme d’énergie on retrouve
la convergence classique des méthodes HHO lorsqu’on considere le raffinement en
h, tandis qu'on a un résultat plus standard en (py 4+ 1) 7?7 lorsqu’on considere le
raffinement en p. On notera que ce résultat est comparable aux meilleurs résultats
obtenus pour les méthodes dG basées sur des polynomes de degré k et sur des
maillages rectangulaires (un demi-ordre de convergence est perdu sur des maillages
plus généraux). Le chapitre sera cloturé par des tests numériques, sur différents

maillages, venant valider les estimations d’erreurs présentées.

Terminons par un point bibliographique. La littérature sur le sujet étant assez vaste,
la liste de références donnée n’est qu'une sélection basée sur des criteres de proximité
avec les résultats présentés. Les premieres contributions sur les méthodes éléments
finis p— et hp— conformes sur maillages standards remontent au début des années
80 grace aux travaux de Babuska et Suri; voir [11-13]. Ces travaux portent es-
sentiellement sur des méthodes conformes. Peu apres, a la fin des années 90, des
méthodes hp non-conformes sur maillages standards voient le jour dans le cadre des
problemes elliptiques [73,91,95,101]. Dans le cadre des problemes liés a la mécanique
des fluides, on peut citer les méthodes hp-FEM [100]. La possibilité de raffiner a la
fois en h et en p sur des maillages généraux est une direction de recherche bien plus
récente, voir par exemple les méthodes hp—composite [5,74] ou Galerkin disconti-
nue polyhédrique [36]. Enfin, plus récemment, une version hp de la méthode VEM
est présentée dans [20]. Bien que ces méthodes présentent en général des tailles de
systemes plus faibles, elles nécessitent des fonctions de bases et formules de quadra-
ture adaptées. L’'implémentation pratique en est donc la principale difficulté. Dans
la plupart des cas, on rencontre une décroissance polynomiale lors d’un raffinement

en h et une décroissance exponentielle lors d’un raffinement en p. Dans le cas des
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EDPs elliptiques du second ordre on observe souvent une estimation de la forme
[u = uny| < CREPEDPEE ]|

ou u est la solution et uy, son approximation par une méthode hp.

Perspectives sur la réduction de I’équation de dif-

fusion paramétrée

Le Chapitre 4 présente quelques éléments d'un travail en cours concernant 1’approxi-
mation numérique rapide d’'une EDP elliptique paramétrée pour un grand nombre
de valeurs du parametre. La nécessité de calculer de nombreuses fois les solutions
d’'une EDP paramétrée se rencontre, par exemple, en optimisation, ou en quanti-
fication d’incertitudes (le parametre restant de dimension faible en pratique). Les
méthodes de discrétisation directes (éléments finis ou HHO/MHO) étant souvent
trop couteuses dans ce contexte, on peut avoir recours a des méthodes réduites,

dont la méthode des Bases Réduites (BR) constitue un exemple important.

Sous I’hypothese qu'une méthode numérique précise existe pour toute valeur du
parametre, la méthode BR construit un modele réduit apres une période d’appren-

tissage :

(i) dans un premier temps (phase offfine) on calcule des solutions de 'EDP
pour un ensemble bien choisi de valeurs du parametre a ’aide d’une méthode

numérique précise standard (cette étape préalable est en général cotteuse) ;

(ii) dans un deuxiéme temps (phase online) on peut obtenir la solution de 'EDP
pour toute valeur du parametre comme la projection de Galerkin sur ’espace

des solutions pré-calculées.

Si dans la phase offline on a aussi pu identifier comment assembler rapidement la
projection de Galerkin pour toute valeur du parametre, alors cette derniere, utilisée

online, constitue le modele réduit du probleme.

Le succes de la méthode BR repose sur

(i) la régularité paramétrique des solutions en fonction de 'espace de Hilbert
choisi pour y plonger les quelques solutions précises calculées et construire le

projecteur (hérité de la formulation variationnelle du probleme considérée) ;
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(ii) le calcul rapide du projecteur, qui permet par exemple d’implémenter la méthode

pour des applications en temps réel ;

(iii) éventuellement, le calcul rapide de la base réduite, qui permet par exemple

d’échapper au fléau de la dimension dans un certain nombre de cas pratiques.

Les deux derniers points ont fait I’objet de nombreuses publications pour des ap-
plications pratiques assez variées (il n’est pas possible de toutes les citer ici : on
mentionne par exemple [1,16,28-30, 40, 77,78, 81,92, 93,97, 98]). Mais le premier
point (d’ordre plus théorique, relevant de I’analyse mathématique) a rarement été
discuté dans la littérature autrement qu’implicitement, en constatant a posteriori
I'efficacité d'un algorithme BR dans des cas particuliers. Quelques travaux impor-
tants [22,34,96] ont pu obtenir un lien a priori entre le succes observé de la méthode
BR (en fait, d’une instance de la méthode dans un Hilbert donné) et un concept de
régularité paramétrique utilisé implicitement pour construire la base réduite dans la
méthode BR (les épaisseurs de Kolmogorov, dont 1’algorithme glouton utilisé pour
construire la base permet de calculer une approximation par borne supérieure). Les
théoremes généraux obtenus dans [22,34,96] restent toutefois non-totalement quan-
tifiables dans des cas particuliers et ne permettent pas d’expliquer complétement le

succes pratique constaté pour la méthode BR.

Nous considérons ici I’équation de diffusion (1) avec coefficient de diffusion kK va-
riable, et nous nous plagons dans le cadre ou k varie lentement, de telle sorte qu’on
peut synthétiser ses variations avec peu de termes dans une somme de produits de
fonctions régulieres de l'espace et d’'un parametre p de faible dimension. Dans le
cadre Hilbertien de notre exemple, les solutions pourront étre calculées précisément
pour tout g pourvu qu’elles soient toutes suffisamment proches d’un sous-espace
affine (au sens de la distance donnée par la norme Hilbertienne), et pourvu qu’on
sache en calculer rapidement la projection. La question que nous nous posons ici
est s’il existe une différence entre deux instances de la méthode BR pour le méme
probleme quand il est plongé dans deux espaces de Hilbert différents, en ce qui

concerne la régularité paramétrique.

Le Chapitre 4 apporte une premiere réponse a cette question par le biais de I'in-
vestigation numérique précise d’'un cas particulier. La conclusion (partielle) obtenue
dans ce cadre semble indiquer que l'instance de la méthode BR utilisant le projec-
teur dans H'(Q) hérité de la formulation primale, qui est usuellement utilisée pour
le probleme en question, n’est pas toujours optimale par rapport a la dimension de
I'espace réduit. Précisément, quand le terme source est dans L?((2), alors on peut

améliorer les performances de la réduction (en terme d’erreur en fonction de la di-
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mension d’espace réduit) en utilisant I'instance de la méthode BR avec le projecteur
hérité de la formulation mixte. Si I’explication théorique de [22,34,96] s’applique bien
a notre exemple numérique, alors notre résultat indique en outre que les épaisseurs de
Kolmogorov de I'espace des solutions paramétrées pour notre probleme décroissent
plus vite dans H(div; Q) x L?(Q) que dans H*(€2). Cette conjecture est un élément

nouveau en théorie des EDPs a notre connaissance.



Chapter 1

Hybridization of the Mixed
High-Order method

The material contained in this chapter is mainly taken from [2]. Let Q c RY d > 1,
be an open, bounded, connected polytopal set. For any open, connected subset
X c Q with non-zero Lebesgue measure, the standard inner product and norm of
the Lebesgue space L?(X) are denoted by (-,-)x and | - | x, respectively, with the
convention that the index is omitted if X = (2. Similarly, the classical Sobolev
spaces are denoted H™(X) for m > 1. For a given f € L*(f2), we consider here the

Poisson equation that consists in finding a scalar-valued field u : {2 — R such that

—Au=f in Q,

1.1
u=>0 on 0f). (1.1)

Other boundary conditions could be considered, but we stick to the homogeneous
Dirichlet case for the sake of simplicity. Let W := H}(Q2). A classical primal weak

formulation of problem (1.1) consists in seeking u € W such that it holds
(Vu,Vov) = (f,v) YveW. (1.2)
Problem (1.1) can be alternatively be reformulated as a system of first-order PDEs:

s=Vu in Q,
Vs=f in €, (1.3)
u=>0 on 0f).
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Letting
3 = H(div; ), U:= L*Q), (1.4)

an often used variational formulation inspired by (1.3) reads: Find (s,u) € ¥ x U
such that
(8,8) + (u, V£) = 0 Vte 3,

(1.5)
—(V:s,v) = (f,v) Vv e U.

The unknowns s and u will be henceforth referred to as the flur and potential,
respectively. The formulation (1.2) where the potential u is the sole unknown will
be referred to as primal, whereas the formulation (1.5) where both s and u appear

as unknowns will be referred to as mized.

At the continuous level, the primal formulation can be recovered from the mixed
formulation by eliminating the flux s. A discrete counterpart of this procedure
is studied here for the Mixed High-Order (MHO) method of [57]. Thanks to the
peculiar structure of the MHO method, the elimination of the flux degrees of freedom
(DOFs) can be carried out at the local level by solving a small coercive problem
inside each element. This procedure, classically referred to as hybridization, consists
in two steps. In the first step, we decouple interface flux DOFs and introduce
Lagrange multipliers to enforce their single-valuedness. In the second step, we locally
eliminate the flux DOF's to end up with an equivalent coercive problem where the
DOFs are the original potential unknowns and the Lagrange multipliers (which
can be alternatively interpreted as traces of the discrete potential over faces). The
former can be further eliminated at the local level by static condensation. This
coercive reformulation is clearly to be preferred in the practical implementation,
as symmetric positive-definite linear systems are much easier to solve numerically
than linear systems with a saddle-point structure. An important side result of the
hybridization is that we can establish a link with the Hybrid High-Order (HHO)
method of [59].

This chapter is organized as follows. In Section 1.1 we introduce the notion of ad-
missible mesh sequence and recall some known basic results. In Section 1.2 we recall
the MHO method. In Section 1.3 we state its mixed hybrid reformulation containing
all possible flux and potential DOFs. In Section 1.4 we show how to locally eliminate
flux DOFs and state the equivalent primal reformulation of the MHO method. An
error analysis is carried out in Section 1.5, where we derive optimal error estimates
for both the energy- and L?-norms of the error. The extension to the Darcy problem

with a variable diffusion coefficient is briefly addressed in Section 1.6.
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1.1 Discrete setting

In this section we introduce the notion of admissible mesh sequences and recall a

few known functional analysis results from [53,55].

1.1.1 Admissible meshes

Denoting by ‘H < R} a countable set of meshsizes having 0 as its unique accumu-
lation point, we consider mesh sequences (7,)nex where, for all h € H, T, = {T'} is
a finite collection of nonempty disjoint open polyhedra 7" (called elements or cells)
such that Q = UTeTh T and h = maxyer, hy (hy stands for the diameter of T').

A hyperplanar closed connected subset F of € is called a face if it has positive
(d—1)-dimensional measure and (i) either there exist distinct 77,75 € Tp, such that
F < 011 n 0T, (and F' is an interface) or (ii) there exists 7' € T, such that F' <
0T n 0Q (and F is a boundary face). The set of interfaces is denoted by F, , the set
of boundary faces by Fp, and we let Fj, := Fi u Fy. The diameter of a face F € Fy,
is denoted by hp.

For all T € Ty, we let Fr :={F € F}, | F < 0T} denote the set of faces lying on the
boundary of T. Symmetrically, for all F' € Fy,, Tp :={T € T, | F < 0T} is the set

of the one (if I’ is a boundary face) or two (if F' is an interface) elements sharing F.

For all F' € Fr, we denote by nrp the normal to F' pointing out of T'. For every
interface ' < 0T n 015, we adopt the following convention: an orientation is fixed
once and for all by means of a unit normal vector np, and the elements 77 and T,

are numbered so that np := npp.

We assume throughout the rest of this work that the mesh sequence (73,)y is admis-
sible in the sense of [55, Chapter 1].

Definition 1.1.1 (Admissible mesh sequence). For all h € H, 7T, admits a matching
simplicial submesh ¥, and the following properties hold for all h € H with mesh

regularity parameter ¢ > 0 independent of h:

(i) for all simplex S € T}, of diameter hg and inradius rg, ohg < 7g;

(ii) forall T e Ty, and all S € Tp:={Se %, | ST}, ohy < hs.

For an admissible mesh sequence, it is known from [55, Lemma 1.41] that the number
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of faces of one element can be bounded uniformly in A, i.e., it holds that

VheH, max {Ny := card(Fr)} < Ny, (1.6)

TeTh

for an integer (d+1) < My < 400 depending on p but independent of . Furthermore,
for all h € H, all T € T}, and all F' € Fr, hp is uniformly comparable to hp in the
following sense (cf. [55, Lemma 1.42]):

PQhT < hF < hT.

1.1.2 Basic results

Let an integer k& > 0 be fixed. Let X denote either a mesh element in 7, or a
mesh face in F;,. We denote by P*(X) the space spanned by the restriction to X of
d-variate polynomials of total degree k. We introduce the L2-orthogonal projector
7k o L?(X) — P*(X) such that, for all v e L2(X),

(Thv —v,w)x =0 Yw e P*(X).

The following trace and inverse inequalities hold for all 7' € T;, and all v € P*(T):

[v]r < Cuhn 0]z ¥F e Fr, (1.7)
|Vlr < Ciachy!|v]r, (1.8)

with real numbers Cy, and Cj,, that are independent of h € H (but depending on
0), cf. [55, Lemmata 1.44 and 1.46].

It follows from [53, Lemmas 3.4 and 3.6] that there exists a real number C,p;, de-
pending on o but independent of h such that, for all 7" € T, the L2-orthogonal
projector X on P*(T') satisfies: For all s€ {1,... , k+ 1}, and all v e H*(T),

‘U — 7T§wU|Hm(T) + h;@‘?} — 7T]r_va|Hm(,7T) < Capph%imh} Hs(T) VYm € {O, Ce ,S}. (19)

At the global level, we introduce the broken polynomial space
PH(Th) == {ve L*(Q) |vr e PX(T) VT e Tp}, (1.10)

on which we define the L?-orthogonal operator 7F : L*(Q) — P*(T,) defined such
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that for v e L?(Q),
(mhv —v,w) =0 vw e P*(Ty,). (1.11)

Clearly, for all v € L*(2), and all T € Ty, it holds that ©}(vr) = (7fv)r, and optimal
approximation properties for 7} follow from (1.9). The regularity assumptions on

the exact solution are expressed in terms of the normed broken Sobolev spaces on
Th,
H™(Ty) :={ve L*(Q),yre H*(T)}, m=1

. !/
with norm |[v| gm(7;,) := (ZTeTh HU\THJQLIm(T)) g

Finally, we recall the following local Poincaré inequality valid for all T" e Tj,:

v — kvl < Cphr| V|, Yo e HY(T), (1.12)

where Cp is independent of i but possibly depends on ¢ (Cp = 7! for convex
elements [18]).

1.2 The Mixed High-Order method

In this section, we recall the MHO method of [57] as well as a few known results

that will be useful for the subsequent discussion.

1.2.1 Degrees of freedom and discrete spaces

For a given fixed integer £ > 0, we define the following local polynomial spaces

attached to mesh elements and faces, respectively:
Th .= VPYT) VT eT,  FL:=PF) VYFeF,. (1.13)

Notice that, in the lowest-order case, we have T% = {0}, which reflects the fact
that element DOFs are unnecessary. The local and global DOF spaces for the flux

approximation are, respectively,

>k =Tk x { X F’;} VT €Ty and iz = X 3k (1.14)
FeFr TeTh

Figure 1.1 depicts the degrees of freedom for different values of the polynomial degree
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k=0 k=1 k=2

Figure 1.1 — Local DOF space for the flux 2? for k=0,1,2

<k
k. We also introduce the following patched version of 3J;,:

~ k )
22 = {’Th = (TT, (TTF)FG}—T)TE'EL € Eh | ZTGTF TrEe =0 VF e I;L} (115)

The local space E’I‘i is equipped with the following local L?(T')-like norm:

Vresh, |77 = lrold + )] helrelr (1.16)
FeFr

The scaling coefficient hp in the second term ensures that the addends are dimen-
<k
sionally homogeneous. For all T" € T}, we denote by R’E},T . 3, — X% the restriction

operator which realizes the mapping between global and local flux DOFs, and we

equip f): (hence also XF) with the global L?(Q)-like norm || - || such that, for all
Th € i:,
Il = D) Il RS rall 7 (1.17)
TeTr

Let, for a fixed s > 2,
SHT) :={te L*(T)*| V-te L*(T)}.

The regularity in X7 (7)) guarantees that all terms below are well-defined. We in-
troduce the local interpolator I§ . : X¥(T) — ¥ such that, for all t € X7(T),

I§ ot = (71, (TrF) pery) With
Tr=wit, e =Tp(t-nrr) V€ Fr, (1.18)

where 7§, denotes the L2-orthogonal projector on P*(F) while @% denotes the L2-
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orthogonal projector on T% (in fact, an elliptic projector on P*(T')) such that
(”(I/'I;vt, w)T = (t, ’LU)T Yw € T’%

Note that the polynomial w € P*"(T) such that wht = Vw is only defined up
to a constant. The choice of this constant has, however, no effect on the following

discussion. The global interpolator 1§, : £ — f]: with
St i={te L* (V)| tir e Z7(T), VT € Ty}
is such that, for all t e X*,
Ry pIg it =I5t VT €T, (1.19)

Remark 1.2.1 (Restriction of I§; , to 3% n H(div;2)). We observe that functions in
3t A H(div; Q) are mapped by Igh to elements of the patched space X5, cf. (1.15).

The local and global DOF spaces for the potential are given by, respectively,

Uk :=P¥T) VTeT, and Uf:= X Uk (1.20)
TeT,

In what follows, we identify when needed the space UF with the broken polynomial
space P¥(T;,) defined by (1.10). Both Uk and Uf are naturally endowed with the
L?-norm topology.

1.2.2 Divergence reconstruction

From this section till the end of the chapter, we use the notation a < b for the
inequality a < Cb with real number C' > 0 independent of the meshsize h. Let
a element T' € Ty, be fixed. We define the local discrete divergence operator DE. :
¥ — PH(T) such that, for all 7 = (77, (T7rr) per,) € She,

(D7, 0)r = —(77,VO)r + Y (rrp,v)p, Yo e PH(T). (1.21)
FeFr

The right-hand side of (1.21) mimicks an integration by parts formula where the
role of the function in volumetric and boundary integrals is played by element-based

and face-based DOFs, respectively. This choice warrants the following commuting
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property for the operator DX.:
Dy(I§ pt) = mh(V-t)  Vte BH(T), (1.22)
where 75 denotes the L2-orthogonal projector on P*(T') such that, for all ¢ € L*(T),
(thg—q,r)r =0 Vr e P*(T).
To prove (1.22), let t € 3 (T) and observe that it holds for all v € P*(T),

(D5 (I% 1), 0)r = —(@ht, Vo)p + Y (Th(t-nre),v)p
FEJ:T

= _(t7 VU)T + Z (t'nTF7U)F = (V't7U)T7
FeFr

where we have used the definitions of @k and 7% to pass to the second line and an
integration by parts to conclude. We note the following inverse estimate, which will

be needed later on in this chapter.

Proposition 1.2.2 (Inverse estimate for D). There exists a real number C > 0
independent of h but possibly depending on the mesh regularity parameter o such
that, for all T € T, and all T € E]},

| Dyl < Ch! |||z (1.23)

Proof. Recalling (1.21) we have, for all 7 e X%,

HDQC"T”T = sup {_(V%TT)T + Z (U,TTF)F} . (1.24)

vepk(T)v“UHT:I FeFr

Using the Cauchy—Schwarz inequality followed by the discrete inverse inequality (1.8),
it is inferred that

(Vo,71)r| < hy'|v]z]Trlr.

Again the Cauchy—Schwarz inequality together with the discrete trace inequal-
ity (1.7) yields, for all F' € Fr,

(v, 70r) e | < B[] rh ] 7rr]| e

Inequality (1.23) follows using the discrete Cauchy—Schwarz inequality together with
the above bounds to estimate the right-hand side of (1.24) and recalling the defini-



1.2. The Mixed High-Order method 9

tion (1.16) of the ||-|| 7-norm O

In what follows, we will also need the global divergence operator DF : f): — P*(Ty)
such that, for all 7, € f]]; and all T € T,

(Dfrh)ir = D:’;RgTrh. (1.25)

Using the definition (1.19) of the global interpolator gh together with the commut-
ing property (1.22) for the local divergence operator, the following global commuting
property follows

Dy(I§,t) = 73 (Vit),  Vte X', (1.26)

where V;,- denotes the broken divergence operator on T, and 7} the L?-orthogonal

projector on P*(7;,), the space of broken (fully discontinuous) polynomials of degree
k on Tp.

1.2.3 Flux reconstruction

Let T € T,. We next introduce the flux reconstruction operator €% : 3% —
VP*1(T) such that, for all T = (77, (Trr) per,) € T and all w e PFY(T),

(€T, Vu)r = (D7, w)r + ) (trr,w)p (1.27a)
FeFr
= (17, Vmyw)y + Z (Trp, Thw — ThW) P, (1.27b)
FeFr

where we have used (1.21) to pass to the second line. Computing y € P*1(T)
such that €%7 = Vy and (1.27) holds requires to solve a well-posed Neumann
problem for which the usual compatibility condition on the right-hand side is verified.
The following polynomial consistency property for €% is an immediate consequence
of (1.27a) using the commuting property (1.22) for the first term in the right-hand

side and he definition of 7% for the second:

Cilg Vw = Vw,  VYwePY(T). (1.28)

Recalling [57, Lemma 3] and using (1.23), we also have continuity and partial coer-

civity in the following sense: For all T = (T, (77r) per,) € S,

|77z < €Tl < I 7llz. (1.29)



10 Chapter 1 — Hybrization of the MHO method

1.2.4 The Mixed High-Order method

<k =k
We let Hj, denote a global bilinear form on X, x X, assembled element-wise from

local contributions,

Hy(on, 1) = Z HT(R]%,TUMR]%,TTh)a
TeTh

where, for all T' € T3, the bilinear form Hr on Z? X E§ is such that, for all o, 7 € El},
Hr(o, 1) = (¢, ehr)r + Jp(o,7), (1.30)

with local stabilization bilinear form J; matching the following assumptions:

(H1) Symmetry, nonnegativity and polynomial consistency. Jr is symmetric, pos-
itive semi-definite, and it satisfies the following polynomial consistency con-
dition:

VwePMYT),  Jr(I§,Vw,T)=0  VreXi (1.31)

(H2) Stability and continuity. There exists a real number 1 > 0 independent of h

and of T such that Hyp is coercive on ker(D%) and continuous on X5.:
llTl7 < He(r,7) ¥ eker(Dy), (1.32a)

Hp(,7) <n7 Y 7|5 vre Xk, (1.32b)
Remark 1.2.3 (Condition (1.32b)). In view of (1.30) and of the second inequality
in (1.29), and since Jr is symmetric and positive semi-definite owing to (H1), con-
dition (1.32b) holds if and only if there is a real number C' > 0 independent of A
such that, for all T € Tj,

Jr(T,T) < C||l7|* VT e Xk (1.33)

An example of stabilization bilinear form satisfying assumptions (H1)-(H2) is

JT(O', T) = Z hF(Q:l%O"'nTF —O0rTF, Q:]%T'TLTF — TTF)F- (134)
FeFr

In (1.34), we penalize in a least-square sense the difference between two quantities

both representing the normal component of the flux variable on a face F'. For further
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wk =k
use, we also define the global stabilization bilinear form .J;, on 3, x ¥, such that

Jh(O'h,’Th Z JT RZ Ta-h?RE TTh) (135)

TeT,

Letting f, := 7F f, the MHO method reads: Find (o, u;) € £F x UF such that

Hy(on, Th) + (un, DiTh) = 0 V7, € 3, (1.36a)
—(Djon,vn) = (fn, vn) Vo, € UF. (1.36b)

The well-posedness of problem (1.36) is a classical consequence of the coerciv-
ity (1.32a) of Hy in the kernel of Dk together with the commuting property (1.26).
For the details, we refer to [57].

1.3 Mixed hybrid formulation

In this section we hybridize (1.36) in the spirit of [8] by using the unpatched space
532 defined by (1.14) in place of the subspace XF defined by (1.15), and enforcing
the single-valuedness of flux DOFs located at interfaces via Lagrange multipliers.

Let
PE(F) if Fe Fi,
A= AR with AR = () g (1.37)
FeFy {0} if Fe J—-'}f,
and define the following local and global hybrid DOF spaces (Uk and U} are given
by (1.20)):

Wk .= Uk x { X Aﬁg} VI'eT, and W) :=U}x A} (1.38)
FeFr

We next define a H}-like discrete norm and an interpolator on the space of hybrid
DOFs. For all T € Ty, denote by Ry, : Wy — Wy the restriction operator that
maps global to local DOFs. We equip W} with the norm such that, for all z;, € Wk,

‘Zhth Z ||Rk Tzh”l T (1.39)
TeT,
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with local norm such that, for all z = (vr, (ur)rer,) € Wk,

I3z = IVorld + )] hp'lur —vrlf VT €T (1.40)
FE]'-T
Proposition 1.3.1 (Norm | - |1.4). The map | - |15 is a norm on WF.

Proof. We only have to prove that, for all z, = ((vr)71eT,, (UF)Fer,) € Wi |20 10 =
0 implies z, = Owp. Let us assume |z, |1, = 0. By definition of the ||| ,-norm, this

implies for every T € Ty,
VUT = 0, and Hp — Up = 0 VFe ]:T- (141)

By the first relation in (1.41), we infer that vy is constant on 7. Let now 7' be
such that one of its faces F' belongs to F7, so that ur = 0 by the definition (1.37)
of A%. Using the second relation in (1.41), we infer that vr = 0 and pp = 0 for
all F' € Fr\{F}. Using similar arguments to proceed towards the interior of the

domain, we finally conclude that vy = 0 for all T' € 7, and pup = 0 for all F € F,. O

We introduce the bilinear form Bj, on i]: x WE such that, for all (7, 2;,) € f]i x Wk
with z, = (vn, pn), recalling the definitions (1.21) of DX and (1.25) of DF to infer
the second equality,

Bu(Th, zn) = Uh’DhTh Z Z W, TrE)F (1.42a)
TeT, FeFr
= Z {(VUT,TT)T+ Z (vTuF,TTF)F}. (1.42b)
Te']-h FE.FT

Problem (1.36) can be equivalently reformulated as follows: Find &) € Ev): and
Wy, = (Un, A\n) € WF such that,
~k
Hh(Eh,’Th) + Bh(’Th,wh) =0 VT € Eh, (1.43&)
*Bh(ﬁh, Zh) = (fh,Uh) VZh = (’Uh, uh) € W/: (143b)

The following result justifies the choice of the space (1.37) for the Lagrange multi-
pliers by showing that problem (1.43) is well-posed, and establishes a link between
the solutions of problems (1.36) and (1.43).

Lemma 1.3.2 (Relation between (1.36) and (1.43)). The following inf-sup condition
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holds with C' > 0 independent of h s.t. for all z, € Wk:

Clenlin < sup  Bp(Th, 2), (1.44)

=k
TheXpl[Tall=1

with ||| n-norm on WF defined by (1.39) and |-||-norm on iz defined by (1.17).
Additionally, problem (1.43) has a unique solution (&, (Un, \p)) € i:x W} Finally,
denoting by (o, up) € F x UF the unique solution to problem (1.36), it holds

(Eh,ﬂh) = (O'h, Uh).

In view of this result, we drop the bar in what follows.

Proof. Let zj, = (vp, un) € WF be given, and define 7, € f): such that, for all T € Tj,

-1

0 = —(Vup)p and 7pp = hyp (vp — pp) VF € Fr.

Assume z;, # Oy, since the other case is trivial. Then, it holds, using (1.42b), the

linearity of By, in its first argument, and denoting by $ the supremum in (1.44),

Th
20l = Bu(rn, 21) = By (ﬂ) lrall < Sllall = Slzal

which proves (1.44).

The well-posedness of problem (1.43) is a classical consequence of (1.44) together
with the coercivity (1.32a) of the bilinear form Hj, in the kernel of Df, see, e.g., [32,
Section 4.2.3]. The last part of the statement is a classical result from the theory of

Lagrange multipliers. O]

1.4 Primal hybrid formulation

In this section, we reformulate the mixed hybrid problem (1.43) as a coercive primal
hybrid problem after locally eliminating the flux DOFs, and we establish a link with
the HHO method of [59].

Let
W(T) :={ve H(T) | viornoa = 0}. (1.45)
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We introduce the local interpolator Ify, . : W(T') — W such that, for all v € W(T),
Iiyrv = (vr, (up)per,) with vp =7fv and pp=mpv VE € Fp.  (1.46)

The corresponding global interpolator is Ify,, : W — Wy (recall that W := Hg(f2))
such that, for all ve W,

I{fvvhv = ((vr)reT,, (UF)Fer,) With vr=mhv YT €T, and pp=miv YF e F.
(1.47)

1.4.1 Potential-to-flux operator

The first step consists in locally eliminating the flux DOFs. We define local and
global operators which allow, given a set of potential DOFs, to identify the cor-
responding flux DOFs. To this end, we need a stronger assumption than (1.32a),

namely:
nllTlF < He(r,7)  VreXf, (H27)

<k
so that Hyp (resp. H),) is actually an inner-product on X% (resp. X,), defining a

norm ||-| gz (resp. |-|x) equivalent to |- ||z (resp. ||-[])-

Proposition 1.4.1. The stabilization bilinear form Jr defined by (1.34) satisfies (H21).

Proof. Recalling the first inequality in (1.29) to infer |77|7 < ||€%7 7, and inserting
+&% T ngp into the second term in the right-hand side of (1.16), one has, for all

k
T € Xy,

I3 < b3+ > hplehr nep —rrplh+ D he|Chr - ngp|}
FeFr FeFr

< ”Q:]%T”% + JT(Tv T) = HT(T7T)7

where we have used the definition (1.34) of Jp together with the discrete trace
inequality (1.7) and the bound (1.6) on 9y to pass to the second line, plus the
definition (1.30) of the bilinear form Hr to conclude. O

For all T € T, a local potential-to-fluz operator ¢% : Wy — E?F can be naturally

defined such that, for all z = (vp, (ur)rer,) € WE, it holds, for all 7 € X5 using
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the definition (1.21) of D% to pass to the second line,

HT(C?ZJ') = _(UTaD’;ﬂT)T + Z (g, 7rr)F (1.48a)
FE]‘-T
= (VUT,TT)T + Z (MF — Ur, TTF)F; (148}3)
FeFr

insofar as this yields a well-posed problem for ¢%z in view of (H2%). We also define

the global potential-to-flux operator ¢ : WF — f]: such that, for all z, € WF,
Rg,T(CZZh) = C?(R%,Tzh) VT € Th.
An important remark is that, as a consequence of (1.48), 6%z, satisfies
Vo, e WE, 1), € f]:, Hy(s¥zn, 1) = —Bu(Th, 2n) (1.49)
with bilinear form Bj, defined by (1.42a).

Lemma 1.4.2 (Stability and continuity for ¢%). For all T € T}, and all z € WE, it
holds, denoting by |-|mr the norm defined by Hy on Xk,

N2l < lIsh2lar < 0|zl (1.50)
<k
Thus, for all z, € W[, we have, with ||-| g denoting the norm defined by H on 3,

0|2l < Ishznlm <077 z0l1 0. (1.51)

Proof. Let z = (vr, (up) per,) € WE. Letting 7, € 3% be such that

T, = (V/UT> (h’;"l(:uF - UT))FEfT)y

so that ||7.[|r = |z]|1.r, one has, using (1.48b) with 7 = 7, followed by (1.32b),

Hy(shz,72) = |23 = |7 lzlzlhe = 077l arl 2l
Hence, the first inequality in (1.50) is proved observing that

H Ckz T Ckz -
771/2HZH1,T < sup M < Sup \st2ll a7 7| a7 _ HCI%ZHH,T,
=\ 0z 1} HTHH’T Texh\{0x 7} HTHH,T

where the second bound uses the fact that Hp defines an inner product on X%,
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On the other hand, it holds for all 7 € £, bounding the right-hand side of (1.48b)
with the Cauchy-Schwarz inequality, and recalling the definitions (1.40) of the ||| 7-

norm and (1.16) of the ||-||r-norm,
Hr(spz,7) < |2zl Tl <0 lzlrllar,

where we have used (H2%) to conclude. The second inequality in (1.50) then follows

from the previous bound observing that

Hp(skz, T z T
|shz|gr =  sup He(s7z,7) < lzhrlrlar _ Elns
resivosry Tl restvosr  ITIHT
Finally, (1.51) can be proved squaring (1.50) and summing over 7" € Tj,. O

1.4.2 Discrete gradient and potential reconstruction opera-

tors

Let us next define the gradient reconstruction operator
G = ¢ ogr, (1.52)

with €% and % defined by (1.27) and (1.48), respectively.

Proposition 1.4.3 (Characterization of G%). The operator GE. satisfies the follow-

ing remarkable property: For all z = (vr, (ur)per,) € WE,

(Ghz, Vw)r = (Vur, Vw)r + Y (np —vr, Vw -ngp)p  Ywe PFY(T). (1.53)

FeFr

Proof. Let w € P*(T) be fixed, make 7 := I§, ; Vw in (1.48b), and use the fact that
¢k T = Vw owing to (1.28) and that €h¢k 2z = GEz and Jp(¢hz, 7) = Jp(shz, I§ ,Vw) =0
owing to (1.52) and (1.31), respectively, to infer from the definition (1.30) of Hrp
that
Hyp(shz, 1) = (¢hehz, &) + Jp(chz, 7) = (Ghz, Vw)r.

Plugging this relation into (1.48b) yields (1.53). O

Equation (1.53) shows that the discrete gradient operator defined by (1.52) is in
fact analogous to the one defined in [59, eq. (11)] in the framework of HHO methods
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provided that the Lagrange multipliers are interpreted as trace unknowns. In what

follows we recall some important consequences:

(i)

(iii)

Euler equation. For any function ¢ € H*(T'), the following orthogonality prop-
erty holds:
(Gh Iy rp — Vo, Vu)r =0 Ywe PFYT). (1.54)

Interpreting (1.54) as an Euler equation, we conclude that G%. o [§V,T is in fact
the L2-orthogonal projector on VPF+1(T),

Potential reconstruction. Defining, for all T' € T, the local potential recon-
struction operator 7% : Wk — P**Y(T) such that, for all z = (vr, (ip)rer,) €
Wi,

Virkz = Ghz, (rkz —vp, 1)p =0 (1.55)
there exists a real number C' > 0 independent of hr such that, for all v €
W(T) o H**(T),

3
hr| V(v — rh Il 0 e + B2V (0 — rh Iy o) o

1
+ o — b I ol + R o — rh I oo < CRE 0] grsagry. (1.56)

Control of the potential-to-flux element-based DOFs. For all z € WE, it holds,
denoting by (¢%2)p € T% the element DOFs for ¢kz € B

(sh2)rllr < |Grzlr < |spzlmr <n Pl2luir V2e Wr. (1.57)

We close this section by defining global gradient and potential reconstructions as

follows: For all z;, € W[, we let

(GEzn)ir = G?,,R’;V,Tzh and  (rpzp)ir = i Riyrzn VT € Th. (1.58)

1.4.3 Primal hybrid formulation

<k
Denoting by (o, wy) € X;, x W} the solution to problem (1.43) (we have removed

the bar from o, as a result of Lemma 1.3.2), it is readily inferred from (1.49) and
(1.43a) that

o = Shwy,. (1.59)

Then, using (1.59), equation (1.43b) can be rewritten for all zj, = (vy, us) € W) as

— By (sfwn, z1) = (fn, vn).
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Define the bilinear form Aj;, on W} x W} such that, for all wy, z;, € Wr,
An(wn, 2) = Hy(s§wn, s¥2n) = (GRwn, GEzn) + jn(wh, 21), (1.60)
where we have introduced the bilinear form j, on W} x W} such that

gn(wn, z0) i= Jn(Swn, S52n), (1.61)

with Jj, defined by (1.35). The equality in (1.60) is a straightforward consequence
of (1.30) together with (1.48b). Then, recalling (1.49) and using the symmetry of

the bilinear form Hj, it is inferred, for all z;, € W},
—Bh(Ciwh,Zh) = Hh(Ciwh,CfLZh) = Ah(whyzh)7

and we conclude that:

Theorem 1.4.4 (Primal reformulation of problem (1.43)). The problem (1.43) can
be reformulated as the following coercive problem: Find wy = (up, \,) € W such

that,
Ah(wh, Zh) = (f, ’Uh) VZh = (Uh, ,U,h) S W]If, (162)

and (1.59) holds.

It follows from (1.51) that, for all z, € W}, observing that Ax(zn, z1) = [skznl% 1

as a consequence of (1.60),
lznlin < An(zn, 2n) = |zald <0 znlin- (1.63)

As a result, the bilinear form Aj, is coercive, and the well-posedness of the primal
problem (1.62) follows directly from the Lax—Milgram lemma.

Remark 1.4.5 (Implementation). From a practical viewpoint, the symmetric positive
definite linear system associated to problem (1.62) can be solved more efficiently than
the saddle-point system associated to problem (1.36). Moreover, when doing so,
element-based DOF's can be statically condensed, leading to a global problem in the
Lagrange multipliers only. The discrete flux o), can be recovered from the solution

of problem (1.62) according to (1.59) by an element-by-element post-processing.
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1.4.4 Link with the Hybrid High-Order method

In [59], the authors study a Hybrid High-Order method based on the following
bilinear form on W} x W} which only differs from the one defined by (1.62) in the

choice of the stabilization term:
ATHO (4, 20) 1= (GRwp, G 2,) + 51O (wy,, 2), (1.64)
where, in comparison with (1.61), no link with a mixed hybrid method is used, but

GO (s z) == Y Y (TR Riypwn — Ap), w6 Rz — i),
TeT, FeFr

and, for all T € Ty, the potential reconstruction operator v& : Wx — P*1(T') is such

thata for all z = (UT> (/J’F)FG}—T) € W’Z’?H

the = (rhz — 75 (rh2)) + vr,

with 7% is defined by (1.55). The stabilization bilinear forms j;, defined by (1.61) and
FHHO are equivalent in that both of them (i) are polynomially consistent up to degree

k + 1 and (ii) yield stability and continuity for A; and AIHO in the form (1.63).

1.5 Error analysis

In this section we show how the error analysis for the MHO method (1.36) can be
carried out directly based on the primal formulation (1.62). The error analysis for
the mixed formulation (1.36) can be found in [57]. Additional estimates as well as

a potential reconstruction of order (k + 2) are proposed.

1.5.1 Energy error estimate

Theorem 1.5.1 (Energy error estimate). Let u € W and wy, = (up, \p) € WF denote

the unique solutions to (1.2) and (1.62), respectively, and set
@h = (ah, )‘h) = ]é“v’hu,

where [Ilfv,h is the interpolation operator defined by (1.47). Then, provided u €
HY2(T), the following estimate holds with real number C independent of h and
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norm |-|a defined by (1.63):

0|0 — wnln < @ — wila < CR*u] prsary. (1.65)

Proof. The first inequality in (1.65) is an immediate consequence of the coercivity

of Ay, cf. (1.63). Moreover, again recalling (1.63), it is readily inferred that

1 An(@h — wp, ©p, — wy)

|Wn —whfa <n ~ <n sup  Ap(@p — wp, 21).
Hwh - whHLh ZhEW;:,”Zh”LhZI
Owing to (1.62), we then infer that it holds
|y, — wp|a <n sup Enlzn), (1.66)

2 €WFE, lzn]1,n=1

with consistency error &, such that, for all z, = (vs, un) € WF,

Enlzn) = Ap(@n, 21) = (fovn) = {(GRwon, Gizr) — (f,vn) } + Ju(@n, 20) := Ty + Ta.
(1.67)
Let, for all T € Ty, iy € P*YL(T) denote the elliptic projection of u such that,

(V(ir —u),VEr =0 forall ¢ e PF"NT), (lr —u,1)r = 0.

By (1.54), it holds
G Ry @ = Vig, VT €T,

Moreover, since f = —Aw a.e. in €, it is readily inferred from (1.53) that
T = Z {(VﬁT, G?R%Tzh)T} + (Au, ’Uh)
TeT,
= Y {(Vir, Gi-Riyrzn)r} + ) (Au,or)r
TeTh TeTh
= Z {(Viir, Vor)r + Z (nr —vp, Vip-nrp)r — (Vu, Vor)r + Z (vr, Vu-nrr)r}
TeT;, FeFr FeFr
= Y (V(ir —u), Vor)r + Y (V(lir —u)-nrp, pr — vr)p
TeT, FeFr
= Z {T11(T) + Tia(1)},
TeTh

where we have used the definition of G& with w = iy € P**(T) to pass to the third

line and the flux continuity across interfaces together with the fact that pur = 0 for
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all F' € Fp to insert

DD (Vunrp, pp)p =0

TeTy, FeFr

in the fourth line. By definition of @7, and using the orthogonality relation (1.54)
with ¢ = v e H*%(T) and w = vy € P¥(T) < P*1(T), we immediately infer

T11(T) = (G Lyru — Vu, Vor)r = 0.

The second term ¥, 5 can be estimated as follows:

T1o(T) < Z IV (ur —u)|rp|pr —vr|F (1.68)
FE]:T
Yo s
< < 2 hp|V (ir — U)|%> ( Z hit e — UT%’) (1.69)
FE.FT FE]:T
< W5l ey | Riypzn (1.70)

Finally, one obtains a bound on ¥ after summing over T € T, and using a Cauchy-

Schwarz inequality,
EXTSY o (1 peeerer Sy EA P (1.71)

For the second term T, in (1.67), letting 7, := ¢2;,, we have, on the other hand,
sg = Hh(cﬁﬁ)h, Th) - (Glz@h, Gﬁzh) Eq (160)

= Z {(VQT, TT)T + Z (XF — aT, TTF)F — (VﬁT, €§R1§]7T7h)T} Eqs. (148}3), (152)
TeT, FeFr

= Z {(V(i\LT - W?ﬁT),TT)T + Z (XF - ny?jT - ﬁT + W%ﬁT, TTF)F} Eq (127b)

TeT), FeFr
= Z {(Vﬁ“(u —ur), T7)T + Z (mp(u — Ur), 7rp) F
TeT, FeFr
+ >, (i - u)aTTF)F}- Eq. (1.47)
FE]:T

t= 2 {Z21(T) + Too(T) + Za3(T)} -

TeT),

We treat the terms within braces using the Cauchy—Schwarz, discrete inverse (1.8)
and trace (1.7) inequalities, the approximation properties (1.56) of r% and the

boundedness properties of the L?-orthogonal projectors on polynomial spaces over
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elements and faces. We start with the first term

T (D)) < | Vg (u = )| 2| 7r|r (1.72)
< hptlmp(u = Gg) || Tl (1.73)
< hy'lu —tr|r|Trlr (1.74)
< hyHul ooy | Ry w7l 7 (1.75)

The second term inside the sum is treated using similar arguments, namely

[Tea(D) < ) |mp(u—tr)|rlrer| e

FeFr
12 12
< { D hF1|7T’E(U—5T)|2F} X { 2 hF|TTF||%}
FeFr FeFr

1/2
S {th > IIU—ﬂT%} < || R iz

FeFr

< hyu = Ur||or

| RS 2 7allr

< M5l peve o || R p

The term Ty 3(T") can be estimated using similar arguments. Accounting for the
previous bounds on Ty (1), Ty2(T), and Ty 3(T), and using the Cauchy-Schwarz

inequality leads to

To| < hk+1HuHH’“+2(T;L)

Tall = K ul ez llshzall (1.76)

since by definition 7, = ¢Fz,. Using (1.71) and (1.76) to bound the consistency
error in (1.66) together with (H2%) and the second inequality in (1.51) to infer

ls¥24] < llzn]l1.n concludes the proof. O

Corollary 1.5.2 (Convergence of the gradient reconstruction). Under the assump-
tions of Theorem 1.5.1 it holds with real number C' > 0 independent of h (but possibly

depending on the mesh regqularity parameter o),

HVU — GiwhH < Chk+1“u“Hk+2(7;l)

Proof. We use the triangular inequality to infer

|Vu— Ghuwn| < |Vu— Gyn| + | GR(@r — wn)|,
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and estimate the first term in the right-hand side using the approximation properties
(1.56) of G% and the second using the a priori error estimate (1.65) after observing
that |G% (@, — wp,)| < |@n —wp| 4 (this is a consequence of (1.60) since the bilinear
form j defined by (1.61) is positive semi-definite owing to (H1)). O

1.5.2 Error estimates with elliptic regularity

This section collects error estimates that hold under additional regularity assump-
tions on the problem. We assume throughout this section that elliptic regularity

holds in the following form: For all g € L*(€2), the unique weak solution ¢ € W to
(VG Vv) =(g,v) VveW, (1.77)
satisfies the a priori estimate

1] z2) < Cenl g

with C¢ only depending on €. This holds true, for instance, when 2 is convex.
Then, additional error estimates can be derived which are the counterpart of the
classical results for the Raviart-Thomas mixed method proved in [8,64,72] thanks
to the well-known Aubin-Nitsche trick [9], cf. also [56,60] for its adaptation to HHO

methods.

Lemma 1.5.3 (Error estimate for the potential and the Lagrange multipliers).
Under the assumptions of Theorem 1.5.1, and provided that elliptic reqularity holds,
the following bounds hold for wy, = (un, A\n) € WF solution to (1.62), with ), € U}
and M, € AF defined as in Theorem 1.5.1:

Huh - ah” < Chk+2|‘u||Hk+2(7-h), (178&)

An — Anliar < CRF Y grisa s, (1.78b)

where C' > 0 is a real number independent of h (but depending on the mesh reqularity

parameter o) and we have set

nling = ) bt |-
FeFy

Remark 1.5.4 (Interpretation of the Lagrange multipliers). In view of (1.78b), the

Lagrange multipliers can be interpreted as traces of the potential.
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Proof. The bound (1.78a) can be proved for the primal hybrid formulation proceed-
ing as in [59, Theorem 10| estimating the penalty term as in Theorem 1.5.1. To
prove (1.78b), it suffices to use the estimate (1.82) below followed by (1.78a) and
Theorem 1.5.1. O]

The estimate (1.78a) shows that the discrete potential u; resulting from (1.62) is
superclose to the L2-orthogonal projection of the potential on P¥(7}). As for classical

mixed finite element methods [8,89], we can improve this result and finally exhibit

a potential reconstruction that converges as h*+2.

Lemma 1.5.5 (Potential reconstruction). Under the assumptions of Lemma 1.5.3,
denoting by u and wy, = (up, Ap) the unique solutions to problems (1.2) and (1.62),
respectively, it holds with real number C' > 0 independent of h (but depending on the

mesh regularity parameter o)
|l — rfw,| < Chk”HuHHHz(T), (1.79)

where the potential reconstruction operator r¥ is defined by (1.58).

Proof. Using the triangular inequality we can estimate
|l — rwy| < Jlu—rED| + [ (Dn — wy)| = Ty + To. (1.80)
As a result of the approximation properties (1.56), it is readily inferred
1] < W2 u e -

Additionally, using Poincaré’s inequality (1.12) inside each element, one has

T3 = > I Ly (@ — wn)7

TeT,

< 3 ARV AL (@ — wi) |3 + |79 (A7 — ur)[3)
TeTh

< Z {h| G-I (0n — wi) |7 + |t — ur|7}
TeT

where, in the last line, we have used the definition (1.55) of 7% together with the fact
that 7% is a bounded operator. Hence, using the a priori bounds (1.65) and (1.78a),
we infer

|l < P2 ey,
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The conclusion follows plugging the bounds for ¥; and Ty into (1.80). O]

Proposition 1.5.6. There exists a real number C' > 0 independent of h (but de-
pending on the mesh reqularity parameter o) such that, for all T € T, and all
2 = (vp, () per,) € WE, the following inequality holds for all F € Fr

he'luels < C (e lorlz + llst2)17) - (1.81)
Additionally, for all zj, = (vn, pin) € WF, we have

pnline < C ) (b ol + [ S5 Riyranl7) - (1.82)
TeTy,

Proof. Let an element T' € 7T;, and a face F' € Fp be fixed, and, for a given z =
(vr, (p)rery) € WE let 7 = (77, (Trr)Fer,) € % be such that 7pp = hip' e,
7 =0, and 7pp = 0 for all F' € Fp\{F}. Using 7 as a test function in (1.48a) it

is inferred

h' ey = (vr, DpT)r + Hr(Shz, T)

l

< ||z Dsr |z + 07t sk2 )zl Tz Cauchy—Schwarz and eq. (1.32b)

_ 1/2
< (h?lorlz + 11 s5207) " Tz, eq. (1.23)

and (1.81) follows observing that, owing to (1.16), ||7|r = h;l/QH,uFHF. Inequal-

ity (1.82) can be proved observing that Y .- hp'lurlh < Yper. Diper, he' el
and using (1.81). O

1.6 Extension to the Darcy problem

To show how the presence of spatially varying coefficients can be taken into account,
we briefly address in this section the extension to the Darcy problem. For the details
we refer to [57,60]. Let & :  — R?? denote a tensor-valued, symmetric uniformly
elliptic diffusion coefficient, which we assume to be piecewise constant on a fixed
partition Py of €. We further assume that, for all h € H, the mesh 7}, is compliant
with the partition Py, so that k € P?(7,)9*¢, and the jumps of k can only occur at

interfaces. For a given f € L?(Q2), the model problem reads: Find s : @ — R? and
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u: ) > Rst.,
s+krkVu=0 in €,
Vs=f in Q, (1.83)
u =20 on 0f).

For all T € 7T;,, we denote by k; and K7 the (positive) smallest and largest eigenvalues
of kK := Kr, respectively, and we define the local anisotropy ratio
R

ar = .
Ky

In what follows we briefly outline the modifications required to adapt the MHO
method to the Darcy problem (1.83). A first important modification is that the
local space of flux DOF's is now defined as (compare with (1.13))

T = ke VPH(T). (1.84)

Correspondently, the flux reconstruction operator maps on k7 VIP*1(T) (with (1.27)
remaining formally unchanged). The local interpolator 1§, : £7(T) — pILARE
still defined by (1.18), but wk now denotes the L*-orthogonal projection on the
space T% defined by (1.84). The global interpolator is still formally given by (1.19).
The following energy error estimate is proved in [57, Theorem 6] (compare with
Theorem 1.5.1).

Theorem 1.6.1 (Error estimate for the flux). Let (s,u) denote the weak solution
to (1.83) and (o, up) the solution of the MHO discretization applied to the Darcy
problem as described above. Then, provided that s € H*(T,)% and u € H*2(Ty,),
it holds "

1518 — anlln < C{ > ETO‘Thg‘(k+l)ul2ﬁlk+2(T)} :

TET,
where C' > 0 is independent of both h and K, but possibly depends on the mesh
reqularity parameter o.
Remark 1.6.2 (Robustness with respect to k). The above estimate shows that the
method is fully robust with respect to the heterogeneity of the diffusion coefficient,
and it exhibits only a moderate dependence on its local anisotropy ratio ar (with a

power 1/2).



Chapter 2

Application to the Stokes and

Oseen problems

In this chapter we apply the hybridized version of the MHO method of Chapter 1

to the discretization of linear problems in incompressible fluid mechanics.

Our first application, taken from [2], is to the Stokes problem. The main difficulty
lies here in the enforcement of the zero-divergence constraint on the velocity. For
a given polynomial degree k > 0, our discretization hinges on the hybrid space of
degrees of freedom (DOF) defined in (1.38) for each component of the velocity, and
on the space of fully discontinuos polynomials of degree k for the pressure. This
choice of unknowns enables an inf-sup stable discretization on general meshes. Our
error analysis shows that the error in the energy norm for the velocity and in the
L%mnorm for the pressure optimally scales as h**! (with h denoting the meshsize).
Additionally, under further regularity for the continuous problem, the estimate for

hk+2

the L?-norm of the velocity can be improved to . These theoretical estimates

are confirmed by numerical experiments.

Our second application is to the development of a novel (not previously published)
method for the Oseen problem. With respect to the Stokes problem, the viscous
term is multiplied by a (constant) kinematic viscosity coefficient v, and an additional
convective term is added in the momentum equation. A key point is in this case to
track the dependence of the constants appearing in the error estimates on the Peclet
number, a dimensionless number accounting for the relative importance of advective
and viscous effects. We propose here a treatment for the advective term inspired

by [54], which yields robust error estimates additionally accounting for the variation
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in the order of convergence in the different regimes. Specifically, we prove that the
error in the energy norm for the velocity scales as A**! in the diffusion-dominated
regime (a result coherent with the one found for the Stokes problem) and as h**"2 in
the advection-dominated regime. The error on the L?-norm of pressure has a similar
scaling, with an additional (explicit) dependence of the multiplicative constant on

the global Peclet number.

Throughout this chapter, (75,)nen will denote an admissible mesh sequence in the

sense of Definition 1.1.1.

2.1 An inf-sup stable discretization of the Stokes

problem on general meshes

The Stokes problem consists in finding the velocity field u : Q — R? and the pressure
field p : 2 — R such that

—Au+Vp=Ff in €, (2.1a)
Vau=0 inQ, (2.1b)

u=20 on 02, (2.1c)

)

J p=0. (2.1d
Q

Denoting by L2(€) the space of square-integrable functions with zero mean on (2,
and letting
W= H}(Q)®  P:= L), (2.2)

a standard weak formulation of (2.1) reads: Find (u,p) € W x P such that

(Vu,Vv) — (p,V-v) = (f,v) Vve W, (2.3a)
(Vou,q) =0 Vge P, (2.3b)

It is appearent from the weak formulation that the pressure p acts as the Lagrange
multiplier for the zero-divergence constraint on the velocity w. Consequently, prob-
lem (2.3) has a saddle-point structure, and its well-posedness hinges on an inf-sup

condition. For classical results in this direction, we refer the reader to [75].

The key ideas are here to
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(i) discretize the diffusive term in the momentum conservation equation (2.3a) using
the bilinear form A defined by (1.60) for each component of the discrete velocity
field (in view of the results in Section 1.4.4, one could alternatively use the bilinear
form AMHO defined by (1.64));

(ii) realize the velocity-pressure coupling by means of a discrete divergence operator
Dy designed in the same spirit as DF (cf. (1.25)) and relying on the interpretation
of the Lagrange multipliers as traces of the potential; cf. Remark 1.5.4. This choice

ensures discrete stability in terms of an inf-sup condition.

To alleviate the notation, throughout this section we often abridge by a < b the
inequality a < C'h with real number C' > 0 independent of h. Explicit names for the

constant are kept in the statements for the sake of easy consultation.

2.1.1 Discrete spaces

Recalling the definition (1.38) of Wk, we define, for all T € Ty, the local DOF space
for the velocity as
Wi = (W),

while we seek the pressure in P¥(T"). Correspondingly, the global DOF spaces for

the velocity and pressure are given by
Wi= W9  Pri=PNTh) n L(Q), (2.4)

cf. again (1.38) for the definition of W}. We also define the local and global velocity
interpolators I"},’T and [‘IjV,h obtained applying component-wise the interpolators
Ifyp and Iy, defined by (1.46) and (1.47), so that, for all z = (2;)1<i<a € W,

Civen a generic element 2, € W) (resp., z, € W§) and a mesh element T € T, we

denote by zp (resp., zp) its restriction to the local space Wk (resp., Wk.).

2.1.2 Viscous term

The discretization of the viscous term in (2.3a) hinges on the bilinear form 4, on

WZ x W such that, for all w;, = (whi)1<i<a and all zp = (24)1<i<q elements of
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n(Wh, Zp) W (Whi, Zhi), (2.6)

IIM&

with bilinear form Ay, defined by (1.60). The coercivity and continuity of the bilinear
form A, follow from the corresponding properties (1.63) of the bilinear form A:

nlzaliy < An(zn 20) = |z0lan <0 'lznli s, (2.7)

where we have introduced the H}(Q)%like seminorm on W§

d
l20l3n = D Nonallin (2.8)
i=1

and we remind the reader that the scalar version of the || ,-norm defined by (1.39)

is such that, for all z;, = (vn4, pni) € W,

lzulin = D0 lerline  Jelig == IVorlp + X hp'lpe —vrlf VT € T

TeTh FeFr

The consistency properties of the bilinear form A, are summarized in the following

lemma.

Lemma 2.1.1 (Consistency of Ay,). There is C' > 0 independent of h such that, for
all w = (u;)1<icqa € W n H*¥2(Q)4, it holds

d
sup {E(Aui,vh,i) + Ah([{?vﬁu, zh)} < Chk+l||uHHk+2(Q)d.
1

2h=(Vh 1. 1h,:)1<i<d€EWF, |2nl1,n=1

(2.9)

Proof. This is a straightforward consequence of Theorem 1.5.1. The proof is not

repeated here for the sake of conciseness. O

2.1.3 Velocity-pressure coupling

For all T € Ty, we define the local discrete divergence operator Dk : Wh — P*(T')

such that, for all zZr = (UT,i7 (,MF,i)FE]:T)léiéd € Wl%,

d
TZT, 2 { (vri, 0i@)r + Z (rinrr, Q)F} Vg e Pk(T)a (2.10)

i=1 FE]:T
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where 0; denotes the partial derivative with respect to the i¢th space variable. In
the context of lowest-order methods for the Stokes problem, this formula for the
divergence has been used, e.g., in [21,62]. In the higher-order case, it is essentially
analogous (up to the choice of the discretization space for the velocity) to the one
of [68, Section 4]. We record the following equivalent expression for DX obtained

integrating by parts the first term in (2.10):
d
(Dyzr, q)r = Z {(@'UT,@" Q)T + Z ((wri —vri)nTE, Q)F} Vg e PH(T). (2.11)
i=1 FE.FT

The velocity-pressure coupling hinges on the global discrete divergence operator
DF : W} — PF such that, for all z, e W¥,

(Dyzp)ir = Dhzy VT €T, (2.12)

Remark 2.1.2 (Interpretation of DY vs. DF). The operator DF defined by (2.12)
can be regarded as the discrete counterpart of the divergence operator defined from
W = (H}(Q))? to P = LZ(Q) (cf. (2.2)), as opposed to the operator DF defined by
(1.25), which discretizes the divergence from ¥ = H(div; Q) to U = L*(Q) (cf. (1.4)).

The following commuting property is key to the inf-sup stability of the velocity-

pressure coupling.

Proposition 2.1.3 (Commuting property for DF). Let, for all T € Ty,

where we recall that W(T) = {v € HY(T) | vjornoa = 0} (cf. (1.45)). Then, we have

the following commuting diagrams:

wW(T) — L2(T) w— Y p

I ‘IjVI T % I éV,h ﬂ-i]i
k Dz e k D; e
Wi PH(T) W, Py

Proof. Let z = (z1,...,24) € W(T). Using the definition (2.10) of DX and (2.5) of
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Iy, one has for all g € P¥(T),

(Dk (]WTZ Z{ 7TTZ27 0iq)r + Z (W?:Zz nTF,i7Q)F}
i=1 FeFr
d
= Z{ (2i, diq)r + Z (zi nTF,z’aaiQ)F}
=1 FeFr
= (V-z,q)r = (11(V2), 9)r,
where we have used, for all 1 < i < d, that d;q € P¥"/(T') < P*(T') and (¢ ny,)r €

P*(F) for all F € Fr (recall that faces are (hyper)planar by assumption), together
with the definitions 7% and 7} to cancel the projectors in the second like, an in-
tegration by parts to pass to the third, and the definition of 7% to conclude. This
proves the commuting property expressed by the first diagram. Recalling the defi-
nition (2.12) of Dy and (1.11) of «f}, and observing that, for all z € W, D (I ,z)

has zero average on {2 since z vanishes on 0€) concludes the proof. m

Lemma 2.1.4 (Consistency of the pressure-velocity coupling). There is C' > 0
independent of h such that, for all pe P n H*1(Q),

d
sup {Z(az']% vni) + (P, thh)} < Chk“HpHHkH(Q)
1

2h=(Vh s th,: ) 1<i<d€WE, |znl1,n=1

(2.13)

Proof. Let z, € W} be such that |z,],, = 1. Integrating by parts element-by

element, we can reformulate the first term inside the supremum as follows:

d
2 iDs Vni) = Z Z { (p, Ovr )T + Z (p, (ep, _'UT,i)nTF,i)F}7

=1 i=1TeT, FeFr

where we have used the fact that, by the regularity assumption, the jumps of p
vanish across interfaces while, by definition of W%, up; = 0 for all 1 < i < d and
all F'e FP to insert the term

d
Z Z Z P, prinrei)r = 0.
i—1 TeT;, FeFr

On the other hand, using the definition (2.11) of D% with ¢ = 7hp for all T € Ty,
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we have for the second term

d
(p, Dﬁzh) = (Trhpa thh = Z Z { WTP, dvri)r + Z (7T§pa (1ri — UT,z’)nTF,i)F} :
i=1TeT},

FeFr

Using the above relations, we infer

d
Z(aipa i) + (p, Dyzn)

i=1
d
- Z Z {MJF Z (7hp—p, (tri — UT,i)nTF,z‘)F}‘

i=1TeTy, FeFr
1/2
k 2
< { > hTIIWTppaT} < |z 1,n
TeT,

< A Hp||Hk+1(Q)a

where we have observed that d;vr; € P*~1(T) and used the definition of W:’ﬁ to cancel
the first term in the second line, used the Cauchy-Schwarz inequality together with
the definition (2.8) of the ||-||; ,-norm to pass to the third line, and the approximation
properties (1.9) of 7F to conclude. O

2.1.4 Discrete problem and well-posedness

The discretization of the Stokes problem (2.3) reads: Find (wy,, py) € W x PF such
that

Ah('wh, Zh) (ph, thh) Lh(zh) Vzh € Wi, (214&)
(Dhwi,qn) = 0 Y € Pf, (2.14b)
where the linear form L, on W¥ is such that, for all z, = (v, ftni)1<i<d;
d

Li(zn) = > (fisoni)- (2.15)

i=1

Next, we prove that problem (2.14) is well-posed. A key point is that the velocity-

pressure coupling is inf-sup stable.

Lemma 2.1.5 (Well-posedness of problem (2.14)). There exists a real number s >
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0 independent of h such that, for all g, € P, the following inf-sup condition holds:

Dk
wlal < sup  (DEEmd)
2 eW\(Owa) 28] 10

(2.16)

Additionally, problem (2.14) is well-posed.

Proof. The proof proceeds in two steps: first, we prove that I"},’h is a bounded
operator, then we use classical techniques based on the commuting diagram property

of Proposition 2.1.3 to prove the inf-sup condition.

(i) [[1,n-boundedness of Iy, ,,. Let z = (z1,...,24) € W. Using the H'-stability of
7k (cf. [53, Appendix A]), the discrete trace inequality (1.7), and the trace approx-

imation properties of 7., we have that for all 1 <i < d,

Izl = D) {IVAfzilz + Y hetlwh(zi — mpz)|3}

TeT, FeFr

< D A{Ivali+ ) hetlla— whalz}
TeT; FeFr

< D) {IValf + b’z — mpail7}
TeT,

< D IValz = vl
TeTh,

Thus by summing over all components of z and recalling (2.8), we finally get

|1 nzlin < [ V2] (2.17)

(ii) Inf-sup condition (2.16). Let now ¢, € Pf. Using the surjectivity property of
the divergence operator defined from W to P, we infer the existence of vy € W
such that Vv, = ¢, with |Vv,| < |gx|. Thus, accounting for the boundedness

result of the previous point, we have the following inequality:

15w wvallin < Vo] < [anl- (2.18)
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To prove (2.16), we then proceed as follows:

lan]* = (V-vg, 1)

= (Dﬁlev,thv q’l)

Dz,
<< sup M>|fwv

ZReWNOw 1} thHl,h

Dk~ ,q
< ( sup M) < |qnl

zhEWﬁ\{OW,h} thHlyh

where we have used the global commuting property for Df to pass to the second

line, a passage to the supremum in the third line, and (2.18) to conclude.

(iii) Well-posedness of problem (2.14). The well-posedness of problem (2.14) follows
from an application of [69, Theorem 2.34] since Ay, is coercive on W} owing to (2.7)
and the inf-sup condition (2.16) holds. O

Remark 2.1.6 (Static condensation for problem (2.14)). The size of the linear system
corresponding to problem (2.32) can be significantly reduced by resorting to static
condensation. Following the procedure hinted to in [2] and detailed in [60, Sec-
tion 6.2], it can be shown that the only globally coupled variables are face DOFs for
the velocity and the average value of the pressure in each element. As a result, after
statically condensing all the other DOF's and eliminating the velocity unknowns on

the (Dirichlet) boundary, the total unknown count yields

d<k * Z a 1) card(F}) + card(Ty).

2.1.5 Energy-norm error estimate

Lemma 2.1.7 (Basic error estimate). Let (u,p) € W x P denote the unique solution
to (2.3), and let (Wy,pn) := (I§y yu, 75p). Then, denoting by (wy, pp) € WE x Pk
the unique solution to (2.14), the following holds with ||-| 4 ,-norm defined by (2.7):

1/2
%tg (2.19)

> - En(2n
=Bl hwn —onan) € sup )

max ( IEEETE—
ZhEW]fL\{OW’h} ||zh HA,h

where the consistency error is defined as

Enlzn) == Li(zn) + (Dn, Dizn) — An(Wp, 21). (2.20)
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Proof. We denote by $ the supremum in the right-hand side of (2.19) and proceed

to estimate the error on the velocity and on the pressure.

(i) Error on the velocity. Observe that
Diw;, = Diw;, =0

as a consequence of the discrete mass equation (2.14b) and the right commuting
diagram in Proposition 2.1.3 together with the continuous mass equation (2.1b),
respectively. As a result, making z;, = wj; — wj, in the discrete momentum equa-

tion (2.14a), and recalling the definition of the consistency error &, one has

|why — ’a?hHix,h = Ap(wp, — wy, wy, — wy)
= Ap(wp, wy, — wy) — Ap(Wh, w, — wp)

= Ly (wy, —wy) M Ap(wy, wy, —wy)  (2.21)

= &Ep(wy, —wy) — (P, M= wy))

< $||'wh —

hence,

n<$.

|wn —w

(ii) Error on the pressure. Let us now estimate the error on the pressure. Us-

ing (2.14a) together with the definition of the consistency error yields, for all z; €
k

Wy,

(p mehzh) (Ph,thh) (ph,thh) Ah(wh—@h,zh)—gh(zh)-

Using the inf-sup condition (2.16) for ¢, = p, — Dy together with the above rela-
tion followed by (2.21), the Cauchy—Schwarz inequality, and the second inequality
n (2.7), it is inferred that

~ (ph — Dn. Dy zn)
'Ystnl/zuph - th < sup ,1/2H ”h
zhEWIZ\{OWJl} 77 zh l,h

The estimate (2.19) follows from (2.21)—(2.22). O

Theorem 2.1.8 (Convergence rate for the energy-norm of the error). Under the

assumptions and notations of Lemma 2.1.7, and assuming the additional reqularity
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we H*2(Q)? and p e H*1(Q), the following holds:

Yo'
2

max (5= [pn — Bl Jwn — @nlan) < OO ([l ooy + [pleesa) » (2:23)

with real number C' > 0 independent of h.

Proof. 1t suffices to bound the consistency error &,(z;) in (2.19) for a generic z;, =
(Uniy fhi)1<i<d € Wfl Observing that f; = —Awu; + o;p for all 1 < i < d a.e. in (),

we have that

d
En(zp) = — Z(Aui, Vi) — Ap(wp, zp) +

i=1
(. J
" "

Tl T2

(Oip, vn,i) + (Pn, Dy zp) -

J

M~

1

.
Il

For the first term, the consistency (2.9) of the viscous bilinear form 4, yields
[T1] < BNl eseayal 2] e

For the second term, we use the consistency (2.13) of the discrete velocity-pressure
coupling to infer

o] < B pless oy | 2l

Using the above bounds and recalling the coercivity of Aj; expressed by the first

inequality of (2.7) to infer |zp|1 4 < ||Z8].4n, We get

[En(za)l < B (Jullgreziye + Iplaric) l2allan.

Plugging the above bound into the error estimate (2.19) yields the desired result. []

2.1.6 L’-norm error estimate for the velocity

We can obtain a sharp estimate for the L2-norm of the error on the velocity assuming
further regularity for problem (2.1). We assume in this section that Cattabriga’s
regularity holds (cf. [4,38]) in the following form: There is Cc, only depending on
Q such that, for all g € L2(2)¢, denoting by (z,7) € W x P the unique solution to

(Vz,Vv) —(r,V-v) =(g,v) Vve W, (2.24a)
(V-z,q) =0 Vqe P, (2.24D)
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it holds that
|2 2yt + [ 7] 510) < Ceatlgl- (2.25)

The following result shows that supercloseness holds for the velocity element DOF's,
which converge with order (k+ 2) to the L*-orthogonal projection of the velocity on

the broken polynomial space P*(7;)%.

Theorem 2.1.9 (Convergence rate for the L*norm of the error on the velocity).
Under the assumptions and notations of Theorem 2.1.8, and assuming that Cat-
tabriga’s regularity (2.25) holds and that f € H*(Q)Y, there ewists a real number
C > 0 independent of h such that, if k > 1,

Jun — @n| < CHF2 (] greaaye + [0l aro @) + 1 F |l r@e) - (2.26)

For k =0, further assuming that f € H'(Q)4,
lwn — tn| < CR?| fla @, (2.27)
where wy, wy, € PE(T,)¢ are obtained from element unknowns setting, for all T € Ty,

Upr = (Uri)1<i<d; W = (Ur;)1<i<d-

Proof. Let (z,7) € W x P solve (2.24) with g = @, — us, set 2, := I}y, ,z, and

define the error on the velocity

e, = Wy, — Wy, = ((GT,i)TE'Tha (PF,i)Fefh)lgigd < Wﬁ

We also introduce the following vector-valued quantities obtained from the element

and face DOFs of ey, respectively:
€r = (er;)i<ica VT €Ty and Pr = (pri)icica VF € Fy.

Using the fact that —Az + Vr = uj, — u;, = €, a.e. in €, it holds for all T' € Tj,,
integrating by parts and exploiting the flux continuity and the fact that p, = 0 for
all F'e FP to insert the term 0 = et 2orer, (Pry (Vz —rlgnre)p,

Jun — @ > = ) {(VGT, Vz-rl)r+ ), ((pr —er), (Vz - TId)nTF)F}-
TeT, FeFr
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Adding to the above expression the quantity (cf. (2.14a))

0 = Ap(wn, 2) = (P, DEzn) — D, (F. 7h2)r = Au(@n, 21) — Anlen, 20) — . (f,7h2)r,

TeTy, TeTh

where we have used Proposition 2.1.3 together with (2.24b) to infer Dfz), = nf(V-2) =

0, we have

Jwy, — @ |? = Ty + Ty + T, (2.28)
with
T = Z {(VGT,VZ)T + Z (PF - GT»VZTLTF)F} - Ah(ehvgh)a
TeT;, FeFr
Ty 1= — Z {(V-GT,T)T + Z ((pr — GT)'nTF,T)F} )
TeT, FeFr
Ty = Ap(Wn, 2) — Y. (f.7h2)r.

TeTy

To bound ¥, we recall the definitions (2.6) of A;, and (1.60) of A, and observe that,

: . L k7K .
with 5T = (zz\T TTIW,T’Zl\T)lgigd?

= Z {(VGT’V‘ST)T + Z (pr— GT,V5TnTF)F} + J(en, zn),

TeTh FeFr

where, for the sake of brevity, we have introduced the bilinear form J(wy,,v,) =

Z?Zl J(wp;, v ;). Hence, we infer

1/2
%] < {llenl?s + T(en en)}” x { Y IVer|z + hr| Vor|3] + j(gh,gh)}

TeTy
< ! (] grvz@a + Pl ae+10)) A2l r2@)a

< W2 (] gsqaya + [Pl eesoy) [8n — unl,

(2.29)
where we have used the Cauchy—Schwarz inequality followed by the energy esti-
mate (2.23) for the first factor, while, for the second factor, we have estimated dr
using (1.56), J(Zn, Z5) as the term T3 in the proof of Theorem 2.1.8, and we have
used Cattabriga’s regularity (2.25) for z to conclude.

To estimate Ty, we observe that

beeh = be{bh - D’,jwh =0
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owing to Proposition 2.1.3 together with (2.3b) and (2.14b), hence, letting rj, := 7¥r

and using (2.11) with z = Ry, re, and ¢ = rp, we infer

O = (Dﬁeh,rh) = Z {(V'GT,TT)T + Z ((pF — GT)"I’LTF,TT)F} .

TeT, FeFr

Subtracting the above expression from Ty, and using the Cauchy—Schwarz inequality
together with the bound (1.6) on Ny, it is inferred

1/2
|To| < ||€h1,h{ 2 e —rel7 + el TT|§T]}

TeTh (2.30)

< D (Jull vt Dl e @) 7] ),

where we have used the first inequality in (2.7) together with the energy esti-
mate (2.23) for the first factor and the approximation properties (1.9) of w¥ for

the second.

Let us now estimate T3. For all T € Ty, we have (f,nhz)r = (7% f, z)r. Moreover,
since (f,2) = (Vu — pI;, Vz) and, owing to (2.12), (7fp, Drzs) = (p, 78 (V-2)) =

(mFp, V-z), we infer

53 = (f_ﬂ-}kz;faz)
d
- Z {Z [(Vuz', Vz)r — (G?Z&Tui, G?lﬁV,Tzi)] — (p—7)p, V-z)}
TeT, \i=1
+ J (wp, Z1)-
Denote by T5;,%39,%33 the addends in the right-hand side. If £ > 1, we can write
(f —mif,2) = (f —mif, z — m2),

hence

T3] < hk||f||Hk(Q)dh2HZHHQ(Q)d < thr2||f||Hk(Q)d||ﬁh - Uh||H2(Q)d-

On the other hand, for k = 0, we write (f — 70 f, 2z — my2z) so that

Tsal < Ayl 2l moys < 120 F oyl tn — unl.



2.1. An inf-sup stable discretization of the Stokes problem on general
meshes 41

To estimate T35 we use the orthogonality property (1.54) to infer

d
‘373,2 = Z Z [(Vuz - GI;“IIIfV,TUi; Vz — G’;“]I’/CV,TZi)] )

TeT), i=1
hence, recalling (1.56) and using Cattabriga’s regularity (2.25) for z, it is inferred
T30 < 02w grsa e @n — wal.

()

Finally, using the Cauchy—Schwarz inequality, proceeding as for the estimate of T3

in the proof of Theorem 2.1.8, and recalling again (2.25), it is inferred

T35 < T (W, wi)"2T (21, 21)"?
< W | grszyah ]| 2] 2oy

< WP ragoal Bn — w -
Gathering the above estimates, we infer for £ > 1,
T3] < Bt (HUHHH?(n)d + H.f”Hk’(Q)d”'a'h - uh||,)
while, for k£ = 0, using Cattabriga’s regularity for u, we get
Ts| < B2 f | gy T — wnl -

Using the above bounds for T3 in conjunction with (2.29) and (2.30) to estimate
the right-hand side of (2.28), and invoking Cattabriga’s regularity for (u,p) when
k = 0, gives the desired result. O

To close this section, we exhibit a discrete velocity reconstruction that converges
with order (k +2) to the exact velocity u. Let, for all T € T, vk : Wk — PF1(T)d

denote the velocity reconstruction operator such that, for all w € W?,

r@w = (T:l?wz‘) 1<i<d

with % defined by (1.55), and define its global counterpart rf : W} — PF1(T;)
such that, for all w;, € W7,

k k k

Corollary 2.1.10 (Convergence of rfwy,). Using the notation of Theorem 2.1.8,
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Figure 2.1 — Triangular (Tria), Cartesian (Cart) and hexagonal (Hex) mesh families
for the numerical example of Section 2.1.7

and under the assumptions of Theorem 2.1.9, there is a real number C' independent

of h such that

lu = rhwn| < O (Julgrrziya + [Pl sy + [ Flarpa) -

Proof. Recalling that w, = I lev,h% and using the triangular inequality, one has
lu — rhwn] < Ju —ri@n] + |7 (@, —wh)| =T + T

As a result of (1.56) it is readily inferred |T1| < h*"2|u| grro(ye. Additionally, we
estimate the second term T, by adding and removing 7% (w;, — wy) combined with

the triangle inequality and using (1.9) such that we get

Ty = ) IRy r(@n —wi)[7

TeTh

< D W IVrE Ry (W — w) |7 + |73 (Gr — ur)|r}
TeT,

Estimating the first term between braces using (1.56), observing, for the second,
that it holds

|79 (tr — ur)|r < |Gr — ur|r

since 7% is bounded as a projector, and recalling (2.26), we infer

Tof < W2 (Jul gz gye + [Pl + 1 F r@)e) -

The desired result follows. ]
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2.1.7 Numerical examples

We solve the Stokes problem (2.1) on the unit square Q = (0,1)* with f = 0 and

Dirichlet boundary conditions inferred from the following exact solution:

u(z,y) = (— exp(z)(y cosy + siny), exp(x)(y sin y)), p = 2exp(x)sin(y) — po,

where py € R is chosen so as to ensure SQ p = 0. We consider the three mesh families
depicted in Figure 2.1. The triangular and Cartesian mesh families correspond,
respectively, to the mesh families 1 and 2 of the FVCA5 benchmark [80], whereas

the (predominantly) hexagonal mesh family was first introduced in [62].

Figure 2.2 displays convergence results for the different meshes and polynomial de-
grees up to 3. Following (2.19), we display the ||| 4 ,-norm of the error in the velocity
as well as the L2-norm of the error both in the velocity and in the pressure. In all
the cases, the numerical results match the order estimates predicted by the theory
(in some cases, a slight superconvergence is observed for the pressure at the lowest

orders).

Local computations are based on the linear algebra facilities provided by the boost
uBLAS library [83]. The local linear systems are solved using the Cholesky factor-
ization available in uBLAS. The global system (involving face unknowns only) is
solved using SuperLU [51] through the PETSc 3.4 interface [15]. The tests have
been run sequentially on a laptop computer powered by an Intel Core i7-3520 CPU
clocked at 2.90 GHz and equipped with 8Gb of RAM.

2.2 A robust discretization of the Oseen problem

In this section, we extend the method (2.14) to the Oseen problem. Let v € R
denote a constant kinematic viscosity, f € L*(Q)? a volumetric body force, 3 €
Lip(Q)? a given velocity field such that V-3 = 0 in Q, and p € R, a reaction

coefficient. We consider the Oseen problem that consists in seeking the velocity
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Figure 2.2 — Convergence results for the numerical example of Section 2.1.7 on the
mesh families of Figure 2.1. The notation is the same as in Theorems 2.1.8 and 2.1.9
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field w : Q2 — R? and the pressure field p : Q — R such that

—vAu+ (B-V)u+pu+Vp=f in Q, (2.31a)
Vo =0 in Q, (2.31b)
u=0 on 02, (2.31c)
f p=0. (2.31d)
Q

Notice that the reaction term is introduced here mainly to simplify the expressions
of some multiplicative constants appearing in the analysis, and we do not consider

the case when this term is dominant.

The main difficulty consists here in writing an appropriate discretization of the
advective term, robust also when advection is dominant. Following [54], this is

achieved by

(i) introducing a discrete counterpart of the directional (advective) derivative 8-V

which reproduces at the discrete level a suitable integration by parts formula;

(ii) adding an upwind stabilization term which acts between element- and face-

unknowns.

A key point is that static condensation in the spirit of Remark 2.1.6 remains possible
for the resulting method, which makes its implementation very efficient. These
developments are original, and have not been published elsewhere. Numerical tests

are undergoing and will be included in a forthcoming paper.

To alleviate the notation, throughout this section we often abridge by a < b the
inequality a < Cb with real number C' > 0 independent of h, v, 3, and u. As in the
previous section, named constants are used in the statements for the sake of easy

consultation.

2.2.1 Discrete problem

The HHO discretization of the Oseen problem (2.31) is obtained modifying the
scheme (2.14) to account for the presence of the kinematic viscosity and the advective-

reactive terms. Specifically, the discrete problem now reads: Find (wj,p,) €
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W x PF such that

Avgun(wn, zn) = (pn, Dypzn) = Li(zn) Yz, e W, (2.32a)
(Dfwn, gn) = 0 Van € P, (2.32b)

where the discrete global divergence operator DF is given by (2.12), the linear form
Ly, on W7} by (2.15), while the bilinear form A, g, on W} x W7 results from the

assembly of the viscous and advective-reactive contributions:
Ay g un (W, zn) 1= Ay p(wn, 25) + Agun(Wh, 25). (2.33)
For the viscous contribution, we simply set
Ay n(wp, z5) 1= v AL (wp, 23), (2.34)

where the bilinear form Aj, on W x W7 is defined by (2.6). The bilinear form Ag, 5,
on the other hand, is defined by element-by-element assembly of local contributions

as

Agun(wn, z1) = Z Ag pr(wr, 27). (2.35)
TeT,

The precise definition of the local contribution Ag, r for a generic mesh element

T € T, will be the object of the two following subsections.

For the sake of conciseness, from this point on for a given z;, = ((vr;)re7,, (lFi) FeF, )1<i<d €
W we use the following shortcut notation for the vector-valued fields obtained from

element-based and face-based DOF's, respectively:

VU = (UT,la C. 7UT,d) € ]Pk(T)d VT e 7717

(2.36)
pp = (e, pea) € PR VI e Fr.

This notation carries out verbatim when considering restriction z7 of z; to a generic
mesh element 7" € 7T,
2.2.2 Discrete advective derivative

Let an element T" € T, be fixed and set, for all F' € Fp,

Prr = IB\F'nTF-
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A useful remark is that, by the regularity of 3, for all F' € F such that F' < 0Ty n0Th,

ﬁTlF + ﬁTgF = 0. (2.37)

We define the local advective derivative reconstruction operator GET - WE — PHT)?
such that, for all zp = (vry, (Uri)Fer,)i<i<a € Wh and all w € P*(T)?, using the

shortcut notation introduced in (2.36),

(Ghrzr,w)r = (B-V)vr,w)r + Y (Bre(pp — vr), w)p

rerr (2.38)

= —(vr, (B-V)w)r + Z (Brrpp, w)r,

FE.FT

where we have used integration by parts and V-3 = 0 to pass to the second line. In
the following proposition we prove a discrete counterpart of the following integration

by parts formula: For all u,v e W,
(8- Vu,v) + (u,8-Vv) = 0. (2.39)

This relation will be later used in Proposition 2.2.5 to prove the stability of the

advective-reactive term.

Proposition 2.2.1 (Discrete integration by parts for the advective term). For all

Zp = ((UT,i)TeTha (MF,i)Fefh)Kigd € WZ and all wy, = ((UT,i)TeTh, (/\F,i)Fefh)lgz‘gd €
W, using the shortcut notation defined in (2.36), it holds

Z {(GETZT,UT)T + (vr, GlZ;,TwT)T} =
TeT,

B Z Z (Bre(pe = vr), Ar — ur)p. (2.40)

TeT, FeFr
Proof. We have
Z (GETZT,UT)T
TeTy
= Z {((B'V)UTaUT)T+ Z (Brr(pp —’UT),UT)F}
TeT, FeFr

= Z {(UTng,TwT)T + Z (Brr(pp —vr), ur)r + Z (BreAr, v7)F, } )

TeTh FeFr FeFr
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where we have used the definition (2.38) of GZ,TZT with up as a test function in the
first line and the definition (2.38) of G ywr with vr as a test function in the second

line. The proof is concluded adding in the right hand side of the above expression

- Z Z (5TF>\F7MF)F = 0.

TeT, FeFr

The fact that this quantity is zero can be easily proved using the fact that pp
vanishes for all I € F together with the continuity of the normal component of the

velocity on interfaces expressed by (2.37). O

Remark 2.2.2 (Discrete integration by parts for the advective term). In the contin-
uous integration by parts formula (2.39), the right-hand side is zero owing to (2.37)
combined with the fact that w € W implies that the jumps of w vanish across in-
terfaces and w is zero on 0. By contrast, in the discrete counterpart (2.40) the
right-hand side accounts for the difference between element-based and face-based
unknowns. It is precisely because of this difference that we will need to introduce

an upwind stabilization term.

2.2.3 Local advective-reactive contribution

We are now ready to define the local contribution to the advective-reactive bilin-
car form (cf. (2.35)): For all wr = (ur;, (Ari)rer, )1<i<d € W§ and all zp =

(vris (UFi) Fery ) 1<i<d € Wf}, using the shortcut notation (2.36), we let

A57u7T(wT, ZT) = —(’U,T, GgTZT)T + s@T('wT, ZT) + M(UT, 'l)T)T, (241)

_ |Brr|=BrF

where the upwind stabilization bilinear form sg 7 is such that, with ;. : 5 ,

spr(wr, z7) == Y| (BEr(Ar — ur), pp — vr)r.
FeFr
Remark 2.2.3 (Static condensation for problem (2.32)). The global advective-reactive
bilinear form defined by (2.35) with local contributions given by (2.41) has the same
stencil as the viscous contribution defined by (2.34). It can be proved that static
condensation as in Remark 2.1.6 can be performed also for the discrete Oseen prob-
lem (2.32). A crucial point to preserve the possibility of statically condensing all
element-based velocity DOFs and all but one pressure DOF per element is that the
upwind stabilization acts between element-based and face-based DOFs (and not, as

in finite volume or discontinuous Galerkin methods, between element-based DOF's
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of adjoining elements).

2.2.4 Well-posedness

In this section we carry out the stability analysis for the HHO method (2.32) and

prove that the resulting problem is well-posed.

Diffusive-advective-reactive norm

For all z;, € W}, we define the following diffusive-advective-reactive norm on W7

Izl = lzulin + 12015 pn (2.42)

where, recalling the definition (2.34) of A, ,

b= D |zl

TeTh

|znl2s = Aun(zn, zn) and |z, BT

with, for all T e Ty, all zr = (vry, (Uri)Fer, )1<i<d € Wl} and vy and pp defined
according to (2.36),

1 -
bt =5 2 WBrel P (mp — or)li + md gl (2.43)
FeFr

|27

In (2.43), Tyer,r denotes the reference time such that

Trefr i= max (i, Lgr) Lgr:= max |V B3| e (ya-

The norms |||, and |-|;, are uniformly equivalent on W} thanks to (2.7). More
precisely, as consequence of the definition (2.34) of the viscous bilinear form A,
together with the coercivity (2.7) of Ay, it holds for all z;, € W¥,

v,h S VI/QH'ZhHLh' (244)

V1/2||Zh 1n < |z

The fact that both the maps |||, and ||-||;, define norms on W is then an imme-

diate consequence.

We next show that the ||-||,-norm can be bounded in terms of the ||-||; ,-norm. This
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bound is needed in the proof of the inf-sup condition in Lemma 2.2.7 below. We

need to define the following local and global Peclet numbers:

, |Brr|Lemyhr '
Pep := 1{%%—‘); — VT €Ty, Pey, := rTnee%c Per. (2.45)

We also introduce the global reference time such that

-1 -1
T (= ImaxT. .
ref h TeT, ref, T

Proposition 2.2.4 (Bound for the ||-[|5,-norm). There is a real number C' > 0
independent of h such that, for all z) € Wﬁ, it holds

Ilzalln < C [v(1 + Pes) + gt 1" |znllin: (2.46)

(S)

Proof. Let an element z,, = ((vr;)reT;,, (1Fi) Fer,) € WZ be fixed. The bound
lznln < vlzalis (2.47)

is an immediate consequence of (2.44). Let now a mesh element 7' € 7}, be fixed,
denote by zr the restriction of z;, to T', and recall the shortcut notation (2.36). By
definition (2.45) of the local Peclet number Per, it is readily inferred that

1 1 _
2 D 1Brel " (pp — vr) |3 < JvPer >0 bt g — vrl < vPer| 27|31

FeFr FeFr

Summing over 1" € Ty, we conclude that

1
5 2 2 UBrel (s = vr) 3 < vPer] 2l
TeTy, FeFr

On the other hand, the Poincaré inequality for hybrid spaces proved in [53, Propo-
sition 5.4] yields

D rtrlvrld < motallzali
TeT,

From the above relations we get

|Z0lign = (VPen + 7p) 207 5,

which, combined with (2.47) concludes the proof. O
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Stability and well-posedness

To prove the well-posedness of the discrete problem (2.32), we use a similar argument
as in the proof of Lemma 2.1.5 based on the ||| ,-coercivity of the diffusive-advective-
reactive bilinear form A, g, defined by (2.33) and the inf-sup stability of the
pressure-velocity coupling. A preliminary result is the coercivity of the advective-

reactive bilinear form defined by (2.35).

Proposition 2.2.5 (Coercivity of Ag ;). It holds for all z, € W},
<lznllB i < Agun(zn. zn), (2.48)

where

¢ 1= zr“ré%(l’ Teef TIL).- (2.49)

Corollary 2.2.6 (Coercivity of A, g,.5). There is a real number C' > 0 independent
of h, v, B, u such that, for all z,, € W%,

C(L+ 9 znllh < Avpyun(zn, zn), (2.50)
with ¢ given by (2.49).

Proof of Proposition 2.2.5. Let z, € W§, denote by zp = (vris (UFi) Fery ) 1<i<d €
W its restriction to T € Ty, and recall the shortcut notation introduced in (2.36).

Using (2.40) with z;, = wy,, we infer

_ 2 (’UT,GgTZT) = % 2 Z (Brr(pp —vr1), g — OT)F.

TeTy, TeT, FeFr

Using this relation we have

Ag i h(Zn, 2n)
= ) Apur(zr, zr)

TeTh
= 2 {(’UT, Gl rzr) + Z (B7p(vr — pp), vr — pp)p + plor, UT)T}
TeT;, FeFr
1
- {5 S (Brel(wr — ). (vr - pe))e + u|vT||2T}
TeTs FeFr
1 _
- Z {§ Z H|5TF|1/2(UT )P+ Trefl,TTreﬁTMvT”Q} ’
TeT, FeFr
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where, to pass to the third line we have observed that 53, = 3(|6rF| — Brr). O

We are now ready to prove the main result of this section.

Lemma 2.2.7 (Well-posedness of problem (2.32)). There is a real number C' > 0
independent of h, v, B, and p such that, for all g, € PF, the following inf-sup

condition holds:

705“Qh|‘ < sup (Dllizhth)' (2'51>

zh€W [lznlln<1

where o5 := C [v(1 + Pey) + Tr;fl,h]flh. Additionally, problem (2.32) is well-posed.

Proof. Let g, € Pf and 2z, € W}. Recalling (2.46) and the |-, ,-boundedness of
Iy, expressed by (2.17), we observe that it holds, for all z e W,

1/2 _ 1/2
1y 0 zlln < [P+ Pen) + bl 1k nzlin < [v(1+ Pen) + it ] 7 V2]

The proof of the inf-sup condition (2.51) then follows the reasoning of point (ii)
in Lemma 2.1.5 replacing |-|14 < ||-|/1,» and using the above relation in place of
(2.17).

Finally, the well-posedness of problem (2.32) follows from (2.48) and (2.51) according
to the classical theory of saddle-point problems; cf., e.g., [24]. [

2.2.5 Energy-norm error estimate

The goal of this section is to estimate the error between the solution (wy,pp) €
W x PF of the HHO scheme (2.32) with respect to the projection

(W, D) = (I&/,huaﬂsp) € Wﬁ X Pllf

of the weak solution (u, p) of the continuous Oseen problem (2.31).

Consistency of the advective-reactive bilinear form

In the following lemma, we study the consistency of the advective-reactive bilinear
form Ag, , defined by (2.35) from the local contributions (2.41).
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Lemma 2.2.8 (Consistency of Ag,. ). There exists C' > 0 independent of h,v, 3
and p such that, for all u = (uy,...,ug) € W n H*2(Q)4, it holds

d
up BT n) + 0] Apn(@n )}

2n=(vn,iskn,i)1<ica€W Uiz
llznlln=1
1/2
< C{ 3 Nirhy™ Y+ Ny min(g,PeT)h%“} . (2.52)
TeTh
where Ny 1= Tr;f{THuHékH(T) and Nor := | B = oya w3 oy -

Proof. We denote by £g,,, ,(z},) the argument of the supremum. Let zj, = (vp;, fthi)1<i<a € Wfl

and wy, = Ity u = (Ung, Ani)i<i<d € Wﬁ, where we remind the reader that
Vhi = (vri)rer,s Uni = (Uri)rer;, and A\p; = (Api)per, for any 1 < ¢ < d. In-

tegrating by parts the first term in g, ,(25) and adding the quantity

0=— Z Z (Brruw, vp)p,

TeT, FeFr

we have, expanding the definition (2.38) of the discrete advective derivative and of

the upwind stabilization,

d

Epun(zn) = Z {((ﬂ'v)ui, Up,i) + (Muz‘,vh,i)} — Ag upn(Wh, zp)
=1
d

{ Z (Ur; — wi, por; + (B-V)op,)r + Z (Bre(Ur; —wi), pr; — UT,i)F}
1

TeT, FeFr

- Z (ﬁ?F(XFz —uT), i UT,i)F}
FeFr
=T+ %+ %5,

We use the same arguments as for the term Ty, %95 and Ty 3 in the proof of [54,
Theorem 10] for the scalar case. Recalling that tg; = 7r§ﬂui and observing that
(79.8)-Vur,; € P=Y(T) = P*(T), we have

d
= Z Z (aT,i — U, PUT + (/6 - W%,B)'VUT7Z‘).
i=1TeT,

We can now estimate the first term using repetitively the Cauchy-Schwarz in-

equality, inverse inequality (1.8), the definition of 7ycf 1, the projection approxima-
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tion estimate (1.9) and the Lipschitz continuity property of the advective velocity
1B — W%BHLW(TW < Lgrhr:

d
T < DD g — willr {lvralir + 18 = 78 eyl Vorlir}
i=1TeTy,
d
S0 D0 Tt il e oy o (2.53)
i=1TeT;,
1/2
— (k+1)
{ Z reflTh ’ HHHI T)} th”ﬁ,u,h’
for

The terms ¥, and T3 are estimated using a decomposition strategy based on the

local Peclet number Perp. Precisely, we consider the following decomposition
Ty + Ty =Ty + TG + T4 + T,

where the superscript “d” stands for face integrals where |Perp| < 1 whereas the
superscript “a” stands for face integrals where |Pepp| > 1. This strategy allows us
to bound the terms either with the diffusive or the advective part of the full norm
|-/l by following the exact same reasoning as in [54, step (ii) of Theorem 10]. On

the one hand, for the diffusive part, we have

1/2
‘Id| =+ |‘Id ( Z HﬁHLf yd 11’1111(1 PGT)H’LL|T — 'U/T|F> |

TeTh

On the other hand, for the advective part, we obtain a similar estimate, but where

the advective-reactive norm of z;, appears in place of its diffusive norm:

1/2
T3] + |3 < ( S 18] rye min (1, Per)| gy — aTn%) |

TeT,

Using the approximation properties (1.9) of uy = whu we get for all F € F,
[ — r|F < Capphiy” |l s

Finally, gathering all the previous estimates, we arrive at

1/2
|Fal +[Ts] = (Z |8 e ¢y min(laPeT)h?I‘k+l|u|§{k+1(T)d> llzalln.  (2:54)

TeT,
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From (2.53) and (2.54), one finally obtains

1/2
Mmﬂ%)${Z[%hﬁwn+ﬁmemML%ﬂ@“1W%mm}|%M-

TeTy,

(2.55)
Taking the supremum of £z,5(25) over z, € W§ st. ||z4]ln = 1 concludes the

proof. O

Error estimate

Lemma 2.2.9 (Abstract error estimate). It holds

€= Yoslpn —Pul + (L4 llwn —Bulla < swp  Eulz),  (236)

zh€W llznlln<1

with consistency error linear form

En(zn) = Lin(zn) — Avgun(@Wn, z1) + (Dyzn, br)-

Proof. We denote by $ the supremum in the right-hand side of (2.56). Using the
coercivity of A, g, from Corollary 2.2.6 and the same arguments as in the proof

of Lemma 2.19, we infer

C(1+9)|lwn — wi; < Avgyun(wy, — Wy, w, — Wy)
< En(wy, — W) + (pr — Du, Dy (wy, — @y)) (2.57)
= 5h(wh - ﬁ)h)

< 3wn — wnl[n.

Using the inf-sup property (2.51) with g, = pn — pn, the relation (p, — pn, Drzs) =
A, g un(Wy — Wy, z5) — Ep(z),) and the stability relation (2.2.5) we have,

Yos|pn —Dul £ sup (b —Pn, Dizi) <8, (2.58)

zn€Wi Jlznlln<1

which concludes the proof of the abstract estimate. O

Theorem 2.2.10 (Convergence rate). Denoting by (u, p) the weak solution to (2.31),

(W, pr) = (I€V7hu,wﬁp) its projection, and further assuming the regularity (u,p) €
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H*2(Q) x H*Y(Q), it holds for the approzimation error € defined by (2.56),

1/
< {3 Ul + 10l + MY + NominGt, Peri 1}
=

with Nir and Nog, T € Ty, defined in Lemma 2.2.8.

Remark 2.2.11 (Convergence rate and local boundary Péclet numbers). The contri-
bution of viscous terms to the approximation error e displays the classical super-
convergent behavior O(hi+!) typical of HHO methods, see, e.g., [59]. For advection
terms, on the other hand, the order of the local contribution depends on the value
of the local Peclet number Per defined by (2.45): (i) elements on whose boundary
viscous effects dominate (Per < hp) contribute to the approximation error e with
a term which is O(h5); (ii) elements where advection dominates (Per > 1), on
the other hand, contribute with a term which is O (hl}“/ *); (iii) finally, for boundary

Peclet values between hy and 1, intermediate orders of convergence are observed.

Proof of Theorem 2.2.10. Let zj € Wﬁ The consistency error can be rewritten as

o) = 3, { (-vbusor)r = Aua(or, 21

TeT,

+ Z {((/B'V)U,UT) + (w,vr)r — Agpr(wr, ZT)}

TeT
s {<vp, o) + <Dszh,ﬁh>}.

=§1+Tg+33.

The first term T; can be estimated using the consistency of A, j, a consequence
of 2.9. Similarly,the second term ¥, is estimated using the consistency (2.52)
of Ag, . Finally, the last term is estimated using the consistency (2.13) of the

pressure-velocity coupling. This yields the desired estimation. O]



Chapter 3

A hp-Hybrid High-Order method

for variable diffusion on general

meshes

3.1 Introduction

In the last few years, discretization technologies have appeared that support arbi-
trary approximation orders on general polytopal meshes. In this work, we focus on
a particular instance of such technologies, the so-called Hybrid High-Order (HHO)
methods originally introduced in [56,59]. So far, the literature on HHO methods
has focused on the h-version of the method with uniform polynomial degree. Our
goal is to provide a first example of variable-degree hp-HHO method and carry out
a full hp-convergence analysis valid for fairly general meshes and arbitrary space
dimension. Let Q < R? d > 1, denote a bounded connected polytopal domain. We

consider the variable diffusion model problem

—V-(kVu) = f in 0,

3.1
u=>0 on 052, (3.1

where Kk is a uniformly positive, symmetric, tensor-valued field on €2, while f €
L?(2) denotes a volumetric source. For the sake of simplicity, we assume that & is

piecewise constant on a partition P, of {2 into polytopes. The weak formulation of
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problem (3.1) reads: Find u € U := H}(Q) such that
(kVu, Vo) = (f,v) YveU, (3.2)

where we have used the notation (-, -) for the usual inner products of both L?(Q) and
L*(Q)?. Here, the scalar-valued field u represents a potential, and the vector-valued

field kK Vu the corresponding flux.

For a given polytopal mesh 7, = {T'} of Q, the hp-HHO discretization of prob-
lem (3.2) is based on two sets of degrees of freedom (DOFs): (i) Skeletal DOF's,
consisting in (d—1)-variate polynomials of total degree pr = 0 on each mesh face F,
and (ii) elemental DOF's, consisting in d-variate polynomials of degree py on each
mesh element 7', where pr denotes the lowest degree of skeletal DOFs on the bound-
ary of T'. Skeletal DOFs are globally coupled and can be alternatively interpreted
as traces of the potential on the mesh faces or as Lagrange multipliers enforcing
the continuity of the normal flux at the discrete level; cf. [2,44] for further insight.
Elemental DOF's, on the other hand, are bubble-like auxiliary DOFs that can be
locally eliminated by static condensation, as detailed in [44, Section 2.4] for the case

where prp = p for all mesh faces F.

Two key ingredients are devised locally from skeletal and elemental DOF's attached
to each mesh element T (i) A reconstruction of the potential of degree (pr+1) (i.e.,
one degree higher than elemental DOF's in T') obtained solving a small Neumann
problem and (ii) a stabilisation term penalizing face-based residuals and polynomi-
ally consistent up to degree (pr+1). The local contributions obtained from these
two ingredients are then assembled following a standard, finite element-like proce-
dure. The resulting discretization has several appealing features, the most promi-
nent of which are summarized hereafter: (i) It is valid for fairly general polytopal
meshes; (ii) the construction is dimension-independent, which can significantly ease
the practical implementation; (iii) it enables the local adaptation of the approxi-
mation order, a highly desirable feature when combined with a regularity estimator
(whose development will be addressed in a separate work); (iv) it exhibits only a
moderate dependence on the diffusion coefficient &; (v) it has a moderate compu-
tational cost thanks to the possibility of eliminating elemental DOFs locally via
static condensation; (vi) parallel implementations can be simplified by the fact that

processes communicate via skeletal unknowns only.

The seminal works on the p- and hp-conforming finite element method on standard
meshes date back the early 80s; cf. [11-13]. Starting from the late 90s, noncon-
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forming methods on standard meshes supporting arbitrary-order have received a fair
amount of attention; a (by far) nonexhaustive list of contributions focusing on scalar
diffusive problems similar to the one considered here includes [37,73,91,95,101]. The
possibility of refining both in A and in p on general meshes is, on the other hand,
a much more recent research topic. We cite, in particular, hp-composite [5,74] and
polyhedral [36] discontinuous Galerkin methods, and the two-dimensional virtual

element method proposed in [20].

The main results of this paper, summarized in Section 3.3.2, are hp-energy- and
L?-estimates of the error between the approximate and the exact solution. These
are the first results of this kind for HHO methods, and among the first for discon-
tinuous skeletal methods in general (a prominent example of discontinuous skeletal
methods are the Hybridizable Discontinuous Galerkin methods of [46]; cf. [44] for a
precise study of their relation with HHO methods). The cornerstone of the analysis
is the extension of the classical Babuska-Suri Ap-approximation results to regular
mesh sequences in the sense of [55, Chapter 1] and arbitrary space dimension d > 1;
cf. Lemma 3.2.1. Similar results had been derived in [20] for d = 2 and, under
different assumptions on the mesh, in [36] for d € {2,3}. A key point is here to
show that the regularity assumptions on the mesh imply uniform bounds for the
Lipschitz constant of mesh elements. The resulting energy-norm estimate confirms
the characteristic h-superconvergence behaviour of HHO methods, whereas we have
a more standard scaling as (pr + 1)777 with respect to the polynomial degree pr
of elemental DOFs. This scaling is analogous to the best available results for dis-
continuous Galerkin (dG) methods on rectangular meshes based on polynomials of
degree pp, cf. [73] (on more general meshes, the scaling for the symmetric interior
penalty dG method is p;(p T 2), half a power less than for the hp-HHO method
studied here). Classically, when elliptic regularity holds, the h-convergence order
can be increased by 1 for the L?-norm. In our error estimates, the dependence on
the diffusion coefficient is carefully tracked, showing full robustness with respect to
its heterogeneity and only a moderate dependence with a power of /2 on its local
anisotropy when the error in the energy-norm is considered. Numerical experiments
confirm the expected exponentially convergent behaviour for both isotropic and

strongly anisotropic diffusion coefficients on a variety of two-dimensional meshes.

The rest of the paper is organized as follows. In Section 3.2 we introduce the main
notations and prove the basic results required in the analysis including, in particular,
Lemma 3.2.1 (whose proof is detailed in Appendix 3.5). In Section 3.3 we formulate

the hp-HHO method, state our main results, and provide some numerical examples.
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The proofs of the main results, preceeded by the required preparatory material, are

collected in Section 3.4.

3.2 Setting

In this section we introduce the main notations and prove the basic results required

in the analysis.

3.2.1 Mesh and notation

Let H < R} denote a countable set of meshsizes having 0 as its unique accumulation
point. We consider mesh sequences (7T;,)nen where, for all h € H, T, = {T'} is a finite
collection of nonempty disjoint open polytopal elements such that Q = UTeTh T and
h = maxger, hr (hy stands for the diameter of 7). A hyperplanar closed connected
subset F' of  is called a face if it has positive (d—1)-dimensional measure and
(i) either there exist distinct 77,7, € T, such that F' = 0T} n 07, (and F' is an
interface) or (ii) there exists 1" € T;, such that F' = 0T n 02 (and F is a boundary
face). The set of interfaces is denoted by F}, the set of boundary faces by Fp, and
we let Fj, := F, U FP. For all T € Ty, the set Fr := {F € F,|F < 0T} collects the
faces lying on the boundary of T" and, for all F' € Fr, we denote by nyr the normal

vector to F' pointing out of 7.
The following assumptions on the mesh will be kept throughout the exposition.

Assumption 1 (Admissible mesh sequence). We assume that (7;)pe is admissible
in the sense of [55, Chapter 1], i.e., for all h € H, T;, admits a matching simplicial
submesh ¥, and there exists a real number ¢ > 0 (the mesh regularity parameter)
independent of h such that the following conditions hold: (i) For all h € H and all
simplex S € ¥ of diameter hg and inradius rg, pohs < rg; (i) for all A € H, all
T €Ty, and all S € T, such that S < T, ohy < hg; (iil) every mesh element T" € Ty,

is star-shaped with respect to every point of a ball of radius ohy.

Assumption 2 (Compliant mesh sequence). We assume that the mesh sequence
is compliant with the partition P, on which the diffusion tensor k is piecewise

constant, so that jumps only occur at interfaces and, for all T" € Tp,,

kr = K € PO(T)™
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In what follows, for all T € T, "t and £, denote the largest and smallest eigenvalue

of kr, respectively, and A\, 7 := Rr/kp the local anisotropy ratio.

3.2.2 Basic results

Let X be a mesh element or face. For an index ¢, H?(X) denotes the Hilbert space
of functions which are in L?(X) together with their weak derivatives of order < ¢,
equipped with the usual inner product (-,-), x and associated norm ||, x. When
q = 0, we recover the Lebesgue space L?(X), and the subscript 0 is omitted from
both the inner product and the norm. The subscript X is also omitted when X = ().
For a given integer [ > 0, we denote by P/(X) the space spanned by the restriction
to X of d-variate polynomials of degree < [. For further use, we also introduce the
L2-projector 74 : L*(X) — P!(X) such that, for all w e L'(X),

(thw —w,v)x =0  VveP(X). (3.3)

We recall hereafter a few known results on admissible mesh sequences and refer
to [55, Chapter 1] and [53] for a more comprehensive collection. By [55, Lemma 1.41],
there exists an integer My = (d + 1) (possibly depending on d and p) such that the

maximum number of faces of one mesh element is bounded,

<N, .
peiax card(Fr) <Ny (3.4)

The following multiplicative trace inequality, valid for all h € H, all T' € T, and all
ve HY(T), is proved in [55, Lemma 1.49]:

[057 < C (ol Volr + byt vl7) | (3.5)

where C' only depends on d and p. We also note the following local Poincaré’s
inequality valid for all T'€ T, and all v € H*(T) such that (v,1)7 = 0:

|[v|r < Cphr|Vv|r, (3.6)

where Op = 7! when T is convex, while it can be estimated in terms of o for

nonconvex elements (cf., e.g., [106]).

The following functional analysis results lie at the heart of the hp-analysis carried

out in Section 3.4.
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Lemma 3.2.1 (Approximation). There is a real number C' > 0 (possibly depending
on d and o) such that, for all h € H, all T € Ty, all integer 1 =1, all s = 0, and all
ve H*Y(T), there exists a polynomial 1w € PY(T) satisfying, for all0 < q < s+1,

in(l,s)—g+1
hrmn( ,
T

lv = Tvlyr < C [olss1r- (3.7)

ls+1fq

Proof. See Section 3.5. O

Lemma 3.2.2 (Discrete trace inequality). There is a real number C' > 0 (possibly
depending on d and o) such that, for allh € H, all T € Ty, all integer | = 1, and all

ve PY(T), it holds

l
Ioler < C-glol (3.8)

T

Proof. When all meshes in the sequence (7;,)nen are simplicial and conforming, the
proof of (3.8) can be found in [99, Theorem 4.76] for d = 2; for d > 2 the proof is
analogous. The extension to admissible mesh sequences in the sense of Assumption 1

can be done following the reasoning in [55, Lemma 1.46]. O

3.3 Discretization

In this section, we formulate the Ap-HHO method, state our main results, and

provide some numerical examples.

3.3.1 The hp-HHO method

We present in this section an extension of the classical HHO method of [59] account-
ing for variable polynomial degrees. Let a vector p, = (pr)rer, € N7* of skeletal
polynomial degrees be given. For all ' € T;, we denote by p, = (pr)rer, the

restriction of p, to Fr, and we introduce the following local space of DOF's:

Uf =P (T) x ( X PpF(F)> . Pri= minpr. (3.9)

FeFr

We use the notation vy = (vr, (vp)per,) for a generic element of QBTT. We define

the local potential reconstruction operator 27! : UST — PPr+1(T) such that, for
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all v, € UST and w e PPr+1(T)

(ke VI vp, Vw)r = —(vr, V-(krVw))r + Z (vp, ke Vw-nrp)p,  (3.10)

FE]'-T

and
(" ug —op, 1) = 0. (3.11)

1y, according to (3.10) requires to invert the kp-weighted

Note that computing r;"
stiffness matrix of P**1(T), which can be efficiently accomplished by a Cholesky

solver.

We define on Q%T X Q%T the local bilinear form ay such that

ar(up, vr) = ("TVTPT 1U'T’ VT?HQT)T + s7(up, vy) (3.12)
where
Rp
st(ur, vy) = Z h_((STF Ta(STFUT) (3.13)
FE]:T
and for all F' € Fp, we have set krp := Kyrnrp-nrp and the face-based residual

operator 675, : U7 — PPr(F) is such that, for all v, € U7,

5%},QT = hF (vF T?TJF vy + W?TrgTHQT — UT). (3.14)
The first contribution in az is in charge of consistency, whereas the second ensures
stability by a least-square penalty of the face-based residuals 5%};. This subtle form
for 6%}, ensures that the residual vanishes when its argument is the interpolate of
a function in PP77H(T), and is required for high-order h-convergence (a detailed

motivation is provided in [59, Remark 6]).

The global space of DOFs and its subspace with strongly enforced boundary condi-

tions are defined, respectively, as

Upr = <>< PPT<T>>><<>< PPF<F>>, Uy i={u, e Uy [op =0 vFe 7P},
TeT FeFy
(3.15)

Note that interface DOFs in Q%‘ are single-valued. We use the notation v, =
((vr)reT,» (Vp)Fer,) for a generic DOF vector in Q%h and, for all T € 7Tj,, we denote

by v, € Q%T its restriction to T. For further use, we also introduce the global
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interpolator l%h : HY(Q) — Q%h such that, for all ve H(Q),

l%hv = ((Wg‘TU)TE'T/—U (W%FU)FE}—h)u (316)

and denote by f*;T its restriction to T € T,

The hp-HHO discretization of problem (3.2) consists in seeking wu, € U %b such that
an(up, vy) = 1n(vy) Yuy, € Q%Oa (3.17)

where the global bilinear form a; on U %” X Q%h and the linear form 1, on U %h are

assembled element-wise setting

ap (up, vp,) *= 2 ar(ur, vr), In(vy) == Z (f,vr)r.

TeT, TeT,

Remark 3.3.1 (Static condensation). Using a standard static condensation proce-
dure, it is possible to eliminate element-based DOFs locally and solve (3.17) by
inverting a system in the skeletal unknowns only. For the sake of conciseness, we
do not repeat the details here and refer instead to [44, Section 2.4]. Accounting for

the strong enforcement of boundary conditions, the size of the system after static

Naot = )] <pF - 1). (3.18)

FeF} PF

condensation is

Remark 3.3.2 (Finite element interpretation). A finite element interpretation of the
scheme (3.17) is possible following the extension proposed in [44, Remark 3] of the
ideas originally developed in [10] in the context of nonconforming Virtual Element
Methods. For all F' € Fi, we denote by [-]r the usual jump operator (the sign is

irrelevant), which we extend to boundary faces F' € Fp setting [¢]|r := ¢. Let

0 {uh € LX(Q) | vpr € 427 for all T € T, and 72 ([or]p) = 0 for all F e fh} ,
where, for all T' € T},, we have introduced the local space

ST = {ogp e HY(T) | V-(krVor) € PPT(T) and k7 Vop p-npp € PPF(F) for all Fe Fr}.

It can be proved that, for all T € Ty, I %“ : L(]*;T — U BTT is an isomorphism. Thus, the
triplet (7, u%, I I*;T) defines a finite element in the sense of Ciarlet [43]. Additionally,

problem (3.17) can be reformulated as the nonconforming finite element method:
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Find u; € il%ho such that

an(up, ) = 1u(vs)  Voi € L,

where ay,(up, vy,) = ah(l%huh,l%hnh), 1 (0p) = lh(ﬁlhnh), and it can be proved that

uy is the unique element of Ll%lo such that w, = l%‘uh with w;, unique solution
to (3.17).

3.3.2 Main results

We next state our main results. The proofs are postponed to Section 3.4. For all
T € Tn, we denote by |-|.r and |-|s7 the seminorms defined on U7 by the bilinear
forms ay and sp, respectively, and by ||, the seminorm defined by the bilinear

form a; on Q%h. We also introduce the penalty seminorm |-|s; such that, for all

v, € Uy, |uy, 2n = 2rer, [vrlZr. Note that |||, is a norm on the subspace Q%fo

with strongly enforced boundary conditions (the arguments are essentially analogous
to that of [56, Proposition 5]). We will also need the global reconstruction operator
iyt Ut — L2(Q) such that, for all v, € U}",

p pr+1
() ir = T v VT €Ty,.

Finally, for the sake of conciseness, throughout the rest of the paper we note a < b

the inequality a < Cb with real number C' > 0 independent of h, p,, and K.
Our first estimate concerns the error measured in energy-like norms.

Theorem 3.3.3 (Energy error estimate). Letu e U and u, € Q%fo denote the unique

solutions of problems (3.2) and (3.17), respectively, and set
uy, = I,"u. (3.19)
Assuming that wp € HP (T for all T € Ty, it holds

h2(pT+1)

1/2
a,h S <TZ7’ ETAK”TW”U”IQ’T"'27T> . (320)
€/h

|y, — |

Consequently, we have, denoting by V}, the broken gradient on T, (whose restriction
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to every element T € Ty, coincides with the usual gradient),

/ P 2 2 h%’(pTﬂ) 2

K2V (u— 1) |2+ w2 < Rr u : 3.21
| n(u =) + lwg Sp T§en A — e lulppror (3.21)
Proof. See Section 3.4.3. [

In (3.20) and (3.21), we observe the characteristic improved h-convergence of HHO
methods (cf. [59]), whereas, in terms of p-convergence, we have a more standard
scaling as (pr +1)7P7 (i.e., half a power more than discontinuous Galerkin methods
based on polynomials of degree pp, cf., e.g., [91]). In (3.21), we observe that the
left-hand side has the same convergence rate (both in h and in p) as the interpolation
error

P, ~ ~
|V (u — )7 + |Qh‘§,ha

as can be verified combining (3.26) and (3.28) below. Note that, in this case, the
p-convergence is limited by the second term, which measures the discontinuity of the
potential reconstruction at interfaces. An inspection of formulas (3.20) and (3.21)
also shows that the method is fully robust with respect to the heterogeneity of
the diffusion coefficient, while only a moderate dependence (with a power of 1/2) is

observed with respect to its local anisotropy ratio.

For the sake of completeness, we also provide an estimate of the L2-error between

the piecewise polynomial fields u; and uy, such that
upjr 1= ur and Upp = Uy = T U VT e Tp.

To this end, we need elliptic regularity in the following form: For all g € L*(2), the

unique element z € U such that
(kVz,Vv) = (g,v) Yv e U, (3.22)
satisfies the a priori estimate

-1 ) .
Izl2 € 57 gl 2y, E:i= D fir. (3.23)

The following result is proved in Section 3.4.4.

Theorem 3.3.4 (L*-error estimate). Under the assumptions of Theorem 3.3.3, and
further assuming elliptic reqularity (3.23) and that f € HPTA7(T) for all T € Ty,
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with Ar = 1 if pr = 0 while Ar = 0 otherwise,

2P +1) 1/
~ . -
S <TZT )\&THTWWH;Q)TH,T)
€/h
p2(pr+2) 12
T 2
" <Z (pr + Ap)2er+2) ||f|pT+AT> . (3.24)
TeT),

with A\ := Maxrer, A\e, 7, K = MaXreT;, RT-

3.3.3 Numerical examples

We close this section with some numerical examples. The h-convergence properties of
the method (3.17) have been numerically investigated in [59, Section 4]. To illustrate
its p-convergence properties, we solve on the unit square domain € = (0,1)? the
homogeneous Dirichlet problem with exact solution u = sin(mwz;) sin(mwzs) and right-

hand side f chosen accordingly. We consider two values for the diffusion coefficients:

oL < (22— T2)? + (21— T1)? (16)(;51@1)(@@))7

(1 - 6)([E1 - fl)(ZEQ - Tg) ((L’l - 51)2 + E(IQ - 52)2

where I, denotes the identity matrix of dimension 2, & := —(0.1,0.1), and € =
1-1072. The choice k = k; (“regular” test case) yields a homogeneous isotropic
problem, while the choice kK = Ky (“Le Potier’s” test case [84]) corresponds to a
highly anisotropic problem where the principal axes of the diffusion tensor vary at
each point of the domain. Figures 3.2-3.3 depict the energy- and L?-errors as a func-
tion of the number of skeletal DOFs Ngof (cf. (3.18)) when pp = p for all F' € F,
and p € {0,...,9} for the proposed choices for k on the meshes of Figure 3.1. In
all the cases, the expected exponentially convergent behaviour is observed. Interest-
ingly, the best performance in terms of error vs. Ny is obtained for the Cartesian
and Voronoi meshes. A comparison of the results for the two values of the diffu-
sion coefficients allows to appreciate the robustness of the method with respect to

anisotropy.

3.4 Convergence analysis

In this section we prove the results stated in Section 3.3.2.
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(a) Triangular (b) Cartesian (c) Refined

(d) Staggered (e) Hexagonal (f) Voronoi

Figure 3.1 — Meshes considered in the p-convergence test of Section 3.3.3. The tri-
angular, Cartesian, refined, and staggered meshes originate from the FVCA5 bench-
mark [80]; the hexagonal mesh was originally introduced in [62]; the Voronoi mesh
was obtained using the PolyMesher algorithm of [104].

3.4.1 Consistency of the potential reconstruction

Preliminary to the convergence analysis is the study of the approximation properties
of the potential reconstruction rgTH defined by (3.10) when its argument is the
interpolate of a regular function. Let a mesh element T € 7T, be fixed. For any
integer [ > 1, we define the elliptic projector WL,T . HY(T) — PY(T) such that, for

all ve HY(T), (w, ;v —v,1)r = 0 and it holds
(krV (@l ;v —v), Vw)r =0 Ywe PY(T). (3.25)

Proposition 3.4.1 (Characterization of (r57™ o I'T)). It holds, for all T € Ty,

pr+1 Ppr pr+1
rp ol =Wer -

Proof. For a generic v € H'(T), letting v, = I77v in (3.10) we infer, for all w €
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Figure 3.2 — Convergence with p-refinement (regular test case)
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Figure 3.3 — Convergence with p-refinement (Le Potier’s test case)
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BPry(T),

(krV (] pr+1 iBTT)v,Vw)T = — (70, V(krVw))r + Z (v, krVw-nrp)p

FeFr

= —(?},V'(K,TVU)))T + Z (U,K/TVUJ"I’LTF)F
FeFr

= (kr Vv, Vw)p,

where we have used the fact that V-(krVw) € PP 1(T) < PP7(T) and (krVw)p-
nrp € PPT(F) < PPP(F) (cf. the definition (3.9) of pr) to pass to the second line,

and an integration by parts to conclude. O

We next study the approximation properties of !, o, from which those of (rf prl g

I77) follow in the light of Proposition 3.4.1.

Lemma 3.4.2 (Approximation properties of wfijT). For all integer | = 1, all mesh
element T € Ty, all 0 < s <1, and all ve H*TY(T), it holds

1/2 /2
K
KFV (0= o)l + - PV (0 = e ro)lar + 5o = F gl
1/2 min(l,s)
K hop
0 = Faarvlor < R ol (326)

Proof. By definition (3.25) of @, 1, it holds,

1/2 . 1/2 _1/2
57V (0 =z g0l = min (5@ =)l <7 V(0= o), (3.27)

hence, using (3.7) with ¢ = 1, it is readily inferred

e _/2 hmm(l,s)
|67 V(0 — @y 70) |7 < o Iolssr

To prove the second bound in (3.26), use the triangle inequality to infer
68V (0 =@ p0)llor < |87V (0 = T0) [ar + [V (g0 — @) ) or = Ta + T

For the first term, the multiplicative trace inequality (3.5) combined with (3.7) (with
qg=1,2) gives
hmin(l,s)—l/Q
1
% < HT/QF_—1/2HUHL«:+1,T-
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For the second term, we have,

T <

l 1/o
KV (v — @), )7
T

! ]
< oz (IR 9 (W — o)l + 169 (0~ ), 0)lr)
T

12 l l ” h?in(l,s)fl/z
< Fr FHV(HTU —v)|r < Fp F—,1|\UH3+1,T,
T

where we have used the discrete trace inequality (3.8) in the first line, the triangle
inequality in the second line, the estimate (3.27) in the third, and the approximation
result (3.7) with ¢ = 1 to conclude. To obtain the third bound in (3.26), after
recalling that (v — wf,wTv, 1)r = 0, we apply the local Poincaré’s inequality (3.6) to

infer
hoy _1/2 hmin(l,s)+1
1
lv =@ vlle € =5 KV (0 =@ 0)|r < i e ] PR
K K

where the conclusion follows from the first bound in (3.26). Finally, to obtain the

last bound, we use the multiplicative trace inequality (3.5) to infer
—1 —
[v = @ 70l S K70 = @ g0l |V (0 = @ 20) | + by o = @ ol

and use the first and third bound in (3.26) to estimate the various terms. O]

3.4.2 Consistency of the stabilization term

The consistency properties of the stabilization bilinear form sy defined by (3.12) are

summarized in the following Lemma.

Lemma 3.4.3 (Consistency of the stabilization term). For all T € T, all 0 < ¢ <
pr, and all ve HI(T), it holds

hmin(pT,q) +1

D —
L vk £ RPN [l (3.28)

Proof. Let T € T, and v € H7™(T) and set, for the sake of brevity,

Yoo (pPTH1 Py pr+l
Up = (1T o I v = @l v



3.4. Convergence analysis 73

(cf. Proposition 3.4.1). For all F' € Fr, recalling the definitions of the face residual
675 (cf. (3.14)) and of the local interpolator I77 (cf. (3.16)), together with the fact
that pr < pr by definition (3.9), we get

o7,

IET PFr pT
TF=T

v =1 (O —v) — 7 (O — v).
Using the triangle inequality and the L?(F)-stability of 7b", we infer

[675L vl p < [Br = v|p + | (O = 0)|F = T1 + T, (3.29)
For the first term, the approximation properties (3.26) of wﬁf{f Y (with [ = pp + 1
and s = g + 1) readily yield

hmin(pT7Q)+3/2

1
TS Aoy [olear (3.30)

For the second term, on the other hand, the discrete trace inequality (3.8) followed
by the L?(T)-stability of 757 and (3.26) (with = py + 1 and s = ¢ + 1) gives

(pr+1), o (pr+1),. yo iy
To S g I @ = llr < Sl = vlr S A gyl
T T

(3.31)
The bound (3.28) follows using (3.30)—(3.31) in the right-hand side of (3.29), squar-
ing the resulting inequality, multiplying it by ##/h;, summing over F' € Fp, and
using the bound (3.4) on card(Fr). O

3.4.3 Energy error estimate

Proof of Theorem 3.3.3. We start by noting the following abstract error estimate:

lup, — U llan < sup En(vy), (3.32)
v, €U oy llan=1

with consistency error
En(vy) = 1n(vy) — an(ly, vp)- (3.33)
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To prove (3.32), it suffices to observe that

|y, — @hHZ,h = ap(u), — Uy, wy, — Uy,)

= ap(up,, w, — Uy,) — an Wy, wy, — Uy,)

= 1h(ﬂh - @h) - ah(@mﬂh - @h))

where we have used the definition of the ||, ,-norm in the first line, the linearity
of a; in its first argument in the second line, and the discrete problem (3.17) in the
third. The conclusion follows dividing both sides by |u, — @,|an, using linearity,

and passing to the supremum.

We next bound the consistency error &,(v,) for a generic vector of DOFs v, €
U %’b. A preliminary step consists in finding a more appropriate rewriting for &,(v,,).
Observing that f = —V-(kVu) a.e. in €, integrating by parts element-by-element,
and using the continuity of the normal component of K Vu across interfaces together
with the strongly enforced boundary conditions in U’ %b to insert vg into the second

term in parentheses, we infer
lh(yh) = Z <(I€TVU, VUT)T + Z (K,TVU"I’LTF, Vp — UT)F) . (334)
TeT, FeFr

Setting, for the sake of conciseness (cf. Proposition 3.4.1),
U = ri iy, = o, (3.35)

and using the definition (3.10) of 27 "o, with w = %y, we have

an(Up, v),) = 2 ((KDTV?VLT, Vor)r + Z (krVir -nrp, v —vr)p + ST@T,QT)> :
TeT FeFr

(3.36)
Subtracting (3.36) from (3.34), and observing that the first terms inside the sum-

mations cancel out owing to (3.25), we have
En(u) = ) < > (ke V(liy — u)-nrp, vp — vr)p + ST(@T,QT)> : (3.37)
TeT, \FeFr

Denote by T1(7T") and ¥5(T') the two summands in parentheses. Using the Cauchy—
Schwarz inequality followed by the approximation properties (3.26) of uy (with
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I =s=pr+1)and (3.40) below, we have for the first term

1/2
2 2 Y
TUT)| < hy'wy'V <uT—u>aT><<Z h—FwF—an%)
T
FeFr

1
hPT+
< RPN

n,TWHUHPTJrZ,THyT|‘a7T_ (3.38)

For the second term, the Cauchy—Schwarz inequality followed by (3.28) (with ¢ = pr)
readily yields

hpT+ 1 hpT +1

_1f2\1/2 =12y 12

ST & BNy o e < RS el el
(3.39)

Using (3.38)—(3.39) to estimate the right-hand side of (3.37), applying the Cauchy—

Schwarz inequality, and passing to the supremum yields (3.20). To prove (3.21), it

suffices to observe that, inserting u, and using the triangle inequality,

||"51/2Vh(u - Tihuh)HQ + |Uh|sh S H""Jl/zvh(“ - Tihah)Hz + @h‘;h + |wy, — uhHah?
and (3.21) follows using the estimates (3.26), (3.28), and (3.20) to bound the terms
in the right-hand side. O]

Proposition 3.4.4 (Estimate of boundary difference seminorm). It holds, for all
QT € Q§T7

Rp
Z h—HUF —vr|% < Aerlvpli o (3.40)
FE]:T

Proof. Let T € Ty, vp € Q%T, and set, for the sake of brevity v := T‘TT+1UT. We

have, for all F' € Fr,

lor = vrlp = |7E" (vF — vr)|F

= |78 (vp — Up + 7O — vp + U — T Ur) | R (3.41)

< 07kur e + |50 — 7 Orl e,
where we have used the fact that pr < pp (cf. (3.9)) to infer that vpp € PP7(F) and
thus insert 74" in the first line, added and subtracted (0 — 7 Ur) in the second
line, used the triangle inequality together with the definition (3.14) of the face-based
residual (5?} and the L?(F)-stability of 777 in the third. To conclude, we observe
that, if pr = 0, the discrete trace inequality (3.8) followed by Poincaré’s inequality
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vield o — 7l0r|r < hl/2 71/2HI<.‘,VUTHT while, if pr >

|or — T Ur | = U7 — my0p — 75 (Up — m30r) | p

cbrtl v < .
S h1/2 |67 — wq0r — 757 (67 — wpr) |7

+1h o _ o
< 7 Lo — 7207l < Wiy |k VO] 1,
e pr

where we have inserted +79.07 in the first line, used the discrete trace inequality (3.8)
in the second line, the L?*(T)-optimality of 74" together with the approximation
properties (3.7) (with [ = pr and ¢ = s = 0) in the third line, and we have
concluded observing that p;—:l < 2 and using the local Poincaré’s inequality (3.6)
to infer ||Up — 7007 |11 < hf |V or|r. Plugging the above bounds for |0y — 75 0p| ¢
into (3.41), squaring the resulting inequality, multiplying it by £g/hr, summing over
F € Fr, and recalling the bound (3.4) on card(Fr), (3.40) follows. O

3.4.4 L?-error estimate

Proof of Theorem 3.3.4. Welet z € U solve (3.22) with g = U, —u and set Z, 1= [%hz
and, for all "€ T}, (cf. Proposition 3.4.1),

TEPN 1
Iri=rf  2p = w2 (3.42)

For the sake of brevity, we also let ¢, := u, —u, € Q%fbo (recall the definition (3.19)
of W, ), so that Uy — up = ep for all T € T,. We start by observing that

len]* = —(V-(k2),en) = > <(nTvz,veT)T + Y. (krVzmrp,ep — eT)F> :

TeT, FeFr
(3.43)

where we have used the fact that —V-(kz) = ej, a.e. in Q followed by element-by-
element partial integration together with the continuity of the normal component
of k' V2 across interfaces and the strongly enforced boundary conditions in U %,Lo to

insert ey into the last term.

In view of adding and subtracting aj (e, 2;,) to the right-hand side of (3.43), we next
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provide two useful reformulations of this quantity. First, we have

ah(ﬁmzh) = ah(@hazh) - ah(@hazh) + (f7 Z) - (”VU, VZ)

= ) (6r Vg, Vi) — (krVu, V2)r + sp(liy, 27) + (f,2 — 757 2)7)
TeTy,

= > ((krV(lir — ), V(Er — 2))1 + s7(ly, 27) + (f — 77 f. 2 — 7 272)7)

TeTh

(3.44)
where we have added the quantity (f, z) —(kVu, Vz) = 0 (cf. (3.2)) in the first line,
we have passed to the second line using the definition (3.12) of ap (with u, = Uy

and v = Zy) together with the discrete problem (3.17) to infer

an(up, 2,) = (f, 2n) = Z (f, 7" 2),

TeT,
and we have concluded using the definitions (3.25) of w}."; 741 (together with (3.35)
and (3.42)) and (3.3) of 727 and 7} 7. Second, using the deﬁnltlon (3.10) of 7br*!

with v, = e;), we obtain
T T

an(ey, 2,) = Z (("LTVZ, Ver)r + Z (krVZr,ep —er)r + ST@T,QT)> ;

TeT;, FeFr
(3.45)
where we have additionally used the fact that 2y = @/’ "2 (cf. (3.42)) together with

the definition (3.25) of @, 7+1 to replace ¥ by z in the first term in parentheses.

Thus, adding (3.44) and subtracting (3.45) from (3.43), we obtain after rearranging

lenl® = D} (TUT) + Ta(T) + T5(T)) (3.46)

TeTh

with
Sl (T) .

Z (k7 V(2 = Zr) nrp,er — er)r +s7(Zr, er),
FeFr

To(T) = (ke V (lir — u), V(Zr — 2))7 + so(lyp, 27),

T(T) = (f =7 f, 2 — 7 “T2)r.
Using the Cauchy—Schwarz inequality, the approximation properties (3.26) of Zp
(with [ = pr + 1 and s = 1) together with the consistency properties (3.28) of sr
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(with ¢ = 0) for the first factor, and the bound (3.40) for the second factor, we get,

1/2
1 - ~ Y2 KE
ST < (el V(e = 5l + Brlr) (Z Eep—eﬂ%wﬂs,T)
FeFr

< FE Awrbrleplar|zlor. (347)

For the second term, the Cauchy—Schwarz inequality followed by the approximation
properties (3.26) of 4y (with ¢ = pr) and Zp (with ¢ = 1), and the consistency
properties (3.28) of sy (with ¢ = pr and ¢ = 0 for the first and second factor,
respectively) yield

- ~ 1/2 - ~ /2
T(T)| < (|67 (ir —w)|7 + Grlr) " < (I87VEr = 2)|7 + 2027)
hl%T-*-Q (348)

< ET)\;«V,T( ||U||pT+2,THZ||2,T'

pr + 1)pT

Finally, for the third term we have, when py = 0,

Z3(D)| < | f = 7 flrlz = mp2le < Wl flurlzlve < 2N flirl2ler,  (3.49)
while, when pr > 1,

T(D)| < |f =7 flrlz — npzlr

<|f =T fllz)z — Tzz]r

3.50
hng+2 §T+2 ( )
< T 1flpr 2]z < ] | Fllper 2l 2,
T T

where we have used the optimality of 757 in the L?(T)-norm to pass to the second
line and the approximation properties (3.7) of II}" to conclude. Using (3.47)—(3.50)
to bound the right-hand side of (3.46), and recalling the energy error estimate (3.20)
and elliptic regularity (3.23), the conclusion follows. [

3.5 Proof of Lemma 3.2.1

Let K = RY be a L-Lipschitz set (that is, such that its boundary can be locally

~

parametrized by means of L—Lipschitz functions) with diam(K) = 1, and fix ry > 1
and a d-cube R(r() containing K. In the proof of [12, Lemma 4.1] it is shown the
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following: Given a function v e H S“(IA( ), its projection Hlf(v on PI(IA( ) satisfies

1
Jv—Tv], 2 < m|‘v“s+l,k7 (3.51)

~

for ¢ < s+ 1 as long as there exists an extension operator £ : H*T'(K) —
H**1(R(2rp)) such that

3
IE@ornny < Clilniy EO)=0on RE\R (3n). (52

The existence of such an extension (in any dimension d > 1), is granted by [102,
Theorem 5] provided K satisfies some regularity conditions. Namely, by means of
a careful inspection of [102, Theorems 5 & 5], and in particular formulas (25), (30)
and the end of the proof of Theorem 5 (p. 192), we get that the constant C' in (3.52)
depends on the Lipschitz constant L and on the (minimal) number of L— Lipschitz
coverings of K , that is, the number of open sets which cover 0K and in each of
whom 0K can be parametrized by means of an L—Lipschitz function. Thus, we get
the hp-estimate (3.7) provided we show that replacing K with an element T of the
mesh, formula (3.51) holds with the appropriate scaling in hp.

(i) Proof of (3.7) for regular elements. Assume, for the moment being, that the
regularity of T" € 7} descends from Assumption 1. Let T = % and suppose,
without loss of generality, that the barycenter of T (and thus of T') is 0. Then, by
homogeneity, we get that, for every f e H"(T), letting f(:c) = f(x/N),

d_pn B
[flrr < X277 £],x. (3.53)

Thus, setting r = s+ 1, A = hy and f = v — q, where q is a generic polynomial of
degree 1, we get by (3.51) (applied to v — q and T} (v — q) in place of v and IT}w,

respectively),

d
59

h PUNN
[v=T3vlgr = (v =) = Tp(0 = Qllgr < 775710 =l 7 (3.54)

Using [67, Theorem 3.2] and again (3.53) to return to norms on 7', we conclude that
hgiq s+1 2
T

[v = vz < g Y, Bs] s TZSJFTCIHUHHLT-
i=min(l,s)

hmin(l,s)—q—i—l
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(ii) Proof of regularity under Assumption 1. To conclude the proof, we are left to
show that Assumption 1 entails uniform bounds only in terms of p for the Lipschitz
constant of every element T' € 7;,. To this aim, consider @ € J7. Then, & € S
for some (convex) element of the submesh S € T, contained in 7. Since S < T,
it is clear that a bound on the Lipschitz regularity of 0S5 immediately implies a
bound on the Lipschitz regularity of ¢7'. Thus, we focus on the regularity of S.
Since S is convex, we can cover 0S by means of 2(d + 1) open sets U;, such that
0S n U; admits a local convex (and thus Lipschitz) parametrization ¢;, i.e., there
exists an orthogonal coordinate system such that 05 n U; is the graph of a Lipschitz
function ¢; : I; € R! — R. This bound on the number of open sets U; is crucial
to get [102, Theorem 5] to work (clearly, thanks to (3.4), the bound on the number
of Lipschitz coverings of T' is bounded by a constant 2¢N, = ¢(d, p)). We claim that
each ¢; is 1/p—Lipschitz.

Suppose that € U; =: U and set ¢ := ¢;. Up to a rotation and a rescaling, we can
suppose that € = 0 and ¢(x) = ¢(0) = 0. Let now 4 be the inradius of S and hg be
its diameter. By Assumption 1, we know that f—; < %. Let B,, be a ball contained
in S of radius rg. Up to a further rotation of center = 0 of the coordinate system,
we can suppose that B, is centered on the z, axis. In place of ¢ : [ — R, it is
useful to consider its Lipschitz extension 5 : R4 — R defined by, denoting by ||

the usual Euclidian norm,

é(x) = inf {¢(y) + Lip(d)ly — x| | y e R},

We know that ¢ is Lipschitz on R4 and that Lip(¢) = Lip(¢) (see for instance [3,
Proposition 2.12]). Moreover, it is clear that ¢ is convex on R4~ The fact that
B, < S and it is centered on the x4—axis (without loss of generality, we can suppose
that its center is & = (0, &,) with £; > 0) translates into the fact that B, is contained
in the epigraph of (Z and its center has distance from 0 € R? at most hg. Let now
pe 85(0), where (95 is the subdifferential of gg Then, for every y € R4! we have

o(y) = py.
By choosing y = Ap, with A # 0, we get the inequality

o(\p)
Alp|

> |p|. (3.55)

Since the epigraph of 5 contains B,, which is centered at a height less than hg on



3.5. Proof of Lemma 3.2.1 81

Figure 3.4 — Illustration for point (ii) in the proof of Lemma 3.2.1.

the x4—axis, and by the convexity of gg, we have that the truncated cone

h
C= {(:c',:t:n) eR™ xR:hg=a, > —S|w'|},
rs

is contained in the epigraph of ¢ (see Figure (3.4)). Then we get from (3.55)

N hg
Ip]> < é(p) < —|p|
rs

and so, by Assumption 1,

hs 1
pl<lscl

rs p
Let now y € R, Then

0(y) — o) < [p-(y —2)| < |plly — 2| < p |y — /.

~

Since x is arbitrary, this shows that Lip(¢) = Lip(¢) = p~ ', and so that 05 is
p~'—Lipschitz.
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Chapter 4

Perspectives on the numerical
reduction of the parametrized

diffusion equation

This chapter contains some preliminary work on model order reduction in the con-
text of parametric PDEs. We focus here on the Darcy equation with a parameter-
dependent diffusion coefficient and source term. The need for reduced model arises,
e.g., in the multi-query context, where one needs to evaluate the solution for a large
number of parameters, or in real-time simulations, when the numerical solution
must be obtained in a time shorter than the one associated with the system to be
modeled. In both cases, resorting to (full) finite element (or HHO/MHO) approx-
imations would lead to unduly large computational times. A possibility is then to
approximate the space M of the parametric solutions by a subspace defined by a
finite (usually small) number of “snapshot” solutions. The approximate solution for
a given value of the parameter is then obtained by a Galerkin projection on the
latter. These ideas are at the core of the Reduced Basis Method (RBM) [87,92];

examples of applications can be found, e.g., in [29,97].

Clearly, a key point in this context consists in obtaining a good approximation of
the space M. This is done following a Proper Orthogonal Decomposition (equiv.
Principal Component Analysis) approach in two steps: first, a (possibly large) num-
ber of “trial” solutions is pre-computed; then, a basis is selected from the latter,
typically using a greedy algorithm. It is noteworthy that RBM does not separate
the two steps, but constructs the basis by successive iterations that alternate with

the computation of trial solutions. In practice, one often chooses a greedy algorithm
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that is fully incremental: each step of the algorithm computes one new trial solution
to enrich the basis with one new dimension. We propose here two possible starting
points to obtain a basis for the numerical method at hand inspired, respectively, by
the primal and mixed formulation. A relevant difference between the two approaches
stems from the Hilbert functional framework. The two approaches can be expected
to yield different results, as they correspond to regarding M as a manifold of the

(different) solution spaces associated with each variational formulation.

Our goal is here to investigate this point numerically on different model problems
and using different measures for the error. Our numerical results suggest that, for a
given number of potentials, the reduction of both the potential and the flux achieved
by the (new) algorithm based on the mixed formulation can yield more precise results

than more standard reduction techniques, based on the primal formulation.

The chapter is organized as follows. In Section 4.1 we formulate the model problem
as well as its primal and mixed formulation. In Section 4.2 we describe the different
reduction algorithms used in the computations. Finally, in Section 4.3 we provide

an extensive comparison of the algorithms on different model problems.

4.1 Setting

In this section we define the model problem as well as its variational formulations.

4.1.1 Model problem

Let © < R?% d > 1, denote a nonempty bounded connected polyhedral domain
with boundary I' and outward normal n. Let 0 < kpjy, < Fknax be two positive
real numbers. Let k(u) € L*(Q), f(u) € L*(Q2) denote two families of real-valued
functions parametrized by p e A < RM M > 1. We assume that k(u) is piecewise
constant on a partition of € into polyhedra and that Ky, < k(p) < kpax a.e. in Q.
We consider the numerical approximation of the family of functions u(u), pu € A,

where, for all p € A, u(p) solves

—div(k(p)Vu(p)) = f(p)  inQ,

u(p) =0 on I @)
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In the numerical investigation carried out in Section 4.3 we will also consider periodic

boundary conditions, which are not detailed here for the sake of conciseness.

4.1.2 Primal and mixed variational formulations

For all € A, u(p) is the solution of the following primal problem:

Find u(p) € H}(Q) such that for all v e H}(Q),

(k(p)Vu(p), Vo) = (f(p),v)e, (4.2)

whose well-posedness follows from the assumptions.

For all € A, u(u) is also found from the solution of the following mixed problem:
Find (o (u),p(p)) € H(div; Q) x L*(Q) such that

(o (), 7)o + (p(p), div T)o = 0,

(4.3)
*(diVO’(,U,)? Q)Q = (f(l’l’)a Q)Qa

for all 7 € H(div;Q) and ¢ € L*(©2). Also in this case, well-posedness for this

problems stems from classical arguments.

Throughout the rest of this chapter, we work under the assumption that the solutions

of the primal and mixed formulation coincide.

4.2 The Reduced-Basis Method

In this section we briefly present the Reduced-Basis Methods (RBM) used in the
numerical computations of the next section. The starting point for the RBM is
a set of solutions (u(pt))uea,, Of the parametric problem (4.1) corresponding to
a finite family of parameter values Air;.0 © A. In practice, these solutions are
obtained numerically using, e.g., primal or mixed finite element methods; cf. [7,32]
for a comparison. A key assumption underlying the RBM method is that these
approximations are sufficiently accurate: for this reason, in order to simplify the
discussion, we neglect the fact that they are numerical approximations and refer to

u(p), B € Agriar, as the exact solution of (4.1).

A key step in the RBM consists in identifying a family of basis functions (u(g,,))1<n<n
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(the so-called snapshots) selected from the precomputed solutions (u(ft)) ueA ., that

enables a good representation of the whole family of exact solutions

M = fu(p) | pe A},

The sequence of snapshots can be defined using a greedy algorithm which constructs
the basis incrementally by adding at each iteration the solution corresponding to
the parameter p € A3, that maximizes a suitably defined distance. A key element
of the greedy algorithm is the projection operator of u(u) on the linear subspace
Span{u(p,) | n = 1,...,N}. In particular, the projection crucially depends on
the Hilbert space X in which the linear subspace Span{u(p,) | n = 1,...,N} is
embedded. We consider here two possible reduction strategies inspired, respectively,

by the primal (4.2) and mixed (4.3) formulations.

The approximability of the family M in the two cases is in general not the same,
so that the choice of the approximation in the greedy algorithm can have a sizeable
impact on the capability of the RBM method of approximating M. Our goal is
to investigate this point with the help of numerical computations. The rest of this
section aims at providing details on the greedy algorithms that will be used in the

computations.

4.2.1 A reduced-basis method based on the primal formu-

lation

Let us first consider the case when we take inspiration from the primal formula-
tion (4.2). Given N > 1 solutions {u(p,),...,u(py)} = HL(Q) of (4.2) correspond-
ing to a set of parameters {1y, ..., iy}  Agriar, the RBM constructs for all p € A
an approximation uy () of the exact solution u(p) as a linear combination of these

particular solutions
N

un (i) = > ul (mu(p,),

n=1

with (uY (u))1<n<y = R sequence of real numbers. For any p € A, denoting
UY = Span{u(u,) | n=1... N}, (4.4)
the reduced basis approximation uy(p) of u(p) satisfies

(k(p)Vun(p), Vo)o = (f(1),v)a YveUY (4.5)
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Algorithm 1 The Greedy Algorithm
Input: A set of parameter Ayria1, a tolerance error €greeqy > 0.
1: Select an arbitrary p; € A¢ria1 and compute the solution wu ()

2: Define U' = Span{u(p,)} with u(g,) solution of (4.2)
3 N «—1
& while supyen,.., [1U(k) — x ()] > Egrensy do
5: Define py,, = argmax,cp, . [lu(p) — un ()|
6: Compute u(pey. ) from (4.2)
7 Define UM+ := Spanf{u(p,) |n=1,...,N + 1}
8: N—N+1
9: end while
Output: A family of basis functions (u(u,,))1<n<n € orrespondmg to the parameters

() 1<n<n, a family of nested spaces (U ) l<n<N

such that uy(p) can be seen as the Ritz-Galerkin projection of u(u) on UN.

As already pointed out, the key point in using RBM is the choice of the snapshots
in the definition of UV, which can be done for instance through a greedy algorithm
or simply randomly. The version of the greedy algorithm used in the computa-
tions of the following section in the case where u(p) is regarded as the solution of
the primal formulation (4.2) is detailed in Algorithm 1. The choice of the triple
norm measuring the distance between two elements of the solution space in lines

4 and 5 of Algorithm 1 is to some extent arbitrary. We consider here the choices
.0
[u(pe) — un(p)|| = Py~ (@) where

Py (k) = [k()"* V* (u(p) = un (1)) 200, (4.6)

with a € {0,1} and 6 € {0,1}. Specifically, for & = 0 we obtain the L?-norm of the
potential, for &« = 1 and § = 0 the L*norm of the gradient, and for o = § = 1 the
L2-norm of the flux.

Remark 4.2.1 (Convergence rates for the RBM). The actual sequence of basis func-
tions generated by the Greedy argument clearly depends on the choice of the triple
norm, the trial set A¢;ia1, the initial (randomly selected) parameter p,, and on the
numerical method (e.g., finite element or HHO/MHO) used to approximate u(p,,).
Nevertheless, numerous implementations of RBM have shown approximation errors
with good (typically exponential) convergence rates uniformly in A for small N;
cf., e.g., [29,97]. Although the fast convergence of RBM is not fully understood,

the potential for exponential convergence is usually explained after interpreting the
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greedy algorithm as the computation of an upper-bound for

HL () . . N
Ay’ (M) = inf  sup inf |jlu—0"|, 4.7
N (M) L [ I (4.7)
dim(Vy)=N

the Kolmogorov N—uwidths of M as a subset of the Hilbert space Hj} () equipped
with the ||-||-norm (the reduced basis of dimension N is a suboptimal solution to the
infimum in (4.7)). We observe, in passing, that Kolmogorov widths which decrease
fast with N > 1 entail a similarly fast decay of the RBM approximation error for

M, asymptotically, see e.g. [22].

4.2.2 Two reduced-basis methods based on the mixed for-

mulation

We discuss here two reduction strategies based on the mixed formulation (4.3). The
first reduces both potentials and fluxes. In this case, we exhibit a corresponding
greedy algorithm where inf-sup stability is achieved by adding supremizers to the
basis for the flux. The second addresses a potential-based reduction strategy used

for comparison purposes with the first formulation.

A potential-flux reduction strategy

Given N, flux snapshots {o4,...,on,} < H(div;2) and N, potential snapshots

{p1,...,pn,} © L*(Q), we construct in this case a flux-potential couple

N Np
ony, () = D o N (wa, pv, () = D PN (W)pn,
n=1 n=1
where (on*™" (1)) 1<p<n, and (pnNS’N”(u))Knng are sequences of real numbers. De-

noting the spaces of reduced fluxes and potentials by
SN-Ne .= Span{o, |n=1,...,N,} and Q"™ := Span{p, | n=1,...,N,} (4.8)

for any p € A the reduced basis approximation (o n, v, (1), Pn,,~, (1)) is the solution

of
(z()o N, n, (1) Ta + (P, v, (1), div 7)o

-0 (4.9)
—(diven, v, (1), 9o = (f(1): D,
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Algorithm 2 The Greedy Algorithm combined with flux enrichment
Input: A set of parameter Ayria1, a tolerance error €greeqy > 0.
1: Pick an arbitrary p; € A¢ria1 and compute the solution (p(py), o (py)) of (4.3).

2. N «— 1.

3: Compute the supremizer o associated to p(p,).

4: Define 8N := Span{o(u,), 51}

5: Define Q" := Span{p(u,)}.

6 while supen,.., 10(12) ~ Tax ()| > Egreosy o

7 Define pyq = argmax,ea, . SUPuea,, 1w lo(p) — oan N ()| > Egreeay
8: Compute the solution (p(py,1), o (fy 1)) of (4.3).

9: N« N +1.

10: Compute the supremizer oy associated to p(py ).

11: Define S := Span{o(u,),...,0(py), 61, ..., 0N}
12 Define Q> := Span{p(u,,) | 1 < n < N}.

13: end while

14: Np «— N.

Output: A family of parameters (p,)i<p<n,, a family of nested spaces
(Szn’n)lsnsz and (Q*™")1<n<n,-

for all (1,q) € 8V x QN+Ne. Contrary to the primal formulation, the well-
posedness of the above saddle-point problem is not automatically guaranteed and
depends on the construction of the reduced spaces (4.8); see [24] for a general in-
troduction to the analysis and approximation of mixed problems. One possible
stabilization strategy is to enrich the reduced flux spaces, as suggested, e.g., in [98],
with additional fluxes called supremizers. Precisely, let (a(p,,), p(1,))1<n<n, be Ny
flux-potential solutions of (4.3) associated to N, parameters (g,,)1<n<n,. We com-
pute N, additional fluxes (,)1<n<n, as the Riesz representants of the flux-potential
coupling map with respect to the scalar product of H(div; 2). By construction, the
problem (4.9) is well posed in the spaces S := Span{o,...,0y,,01,...,0x,} and
Q := Span{p(p,) | n =1,..., Ny}

This stabilization technique can then be incorporated into a greedy algorithm, as de-
tailed in the Algorithm 2, such that every couple of reduced spaces {(S*V, Q* M)} <y <n,
is inf-sup stable (thus, in our case, Ny = 2N,). Given 6 € {0, 1}, we choose the triple

norm as [lor(1) — oan ()| = DX’ () where

Dy'(1) = k()" (o (1) — Tan.n (1) | 22(0)- (4.10)

For # = 0 this corresponds to the norm of the gradient, whereas for # = 1 we obtain

the norm of the flux. Additionally, in the numerical tests, we also consider the
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L?-error on the potential given by

DY () = |p(p) — pn ()] r2@)- (4.11)

A potential-based reduction strategy

One may also simply not reduce the flux space in the mixed formulation (4.9). using
the error expressions given by (4.6) and (4.10). Given N > 1 potentials (p,)i1<n<n
and denoting Q := Span{p, | 1 <n < N}, the mixed formulation where the flux

are not reduced reads: Find

on(p) e H(div;Q), pa(p) = D pY (1),

with coefficients (pY (pt))1<n<n such that for all 7 € H(div; Q) and ¢ € QV, it holds

(%(“)UN(M)7T)Q + (pN(,Ll,), div T)Q = 07

(4.12)
—(diven(p), 9o = (f(1), d)a.

Even though this formulation has no practical interest in the context of real-time
computations, it is interesting for comparison purposes with the mixed formula-

tion (4.9). In this case the error measure is defined as

Dy (1) = [k(p)’ o () — on(p) |12y 0 € (0,1}, (4.13)

For 6 = 0 this corresponds to the norm of the gradients, whereas for § = 1 we obtain

the norm of the flux. We also consider the L2-error on the potential given by

DY (1) = [p() = piv (1) 2. (4.14)

4.3 Numerical investigation

In this section we compare the error rates observed using the three reduction strate-
gies highlighted in the previous section for different sequences of parameter values
issued from the corresponding greedy algorithm. We focus on two different para-

metric problems entering the framework of Section 4.1.
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4.3.1 Model problems

We let © := (0,1)?, and we consider parameter spaces that are subsets of R*. Thus,
the parameter p has components (g1, 2, fi3, pta) some of which may be set to zero.
The diffusion coefficient & : Q x R? — R depends on two real parameters g, and

according to the following expression:

k(z, p) = (k) + V()M + p2Pa(2) 4/ Ao, (4.15)

where A\; and A\, are assumed to be fixed positive constants and (k) is also a positive
constant, chosen in practice such that k(-,u) > 0 on . The functions ¥; and
W, are piecewise constants over €2, and their values are +1 on particular dyadic

subdivisions of €2, precisely

\111(33) = s \1/2(33) = . (416)

Problem 1 (Homogeneous Dirichlet problem). We prescribe homogeneous Dirichlet
conditions on T'. The load function f(u) = 1, such that the parameter dependence
only appears within the coefficient k(u). The problem reads: Find u(u) s.t.

— div(k(p)Vu(p)) = 1 on , with u(p) =0on T, (4.17)

and is parametrized by the two real parameters p; and us appearing in the expres-

sion (4.15) of k. The two other components of p are set to zero, i.e., g = g = 0.

Problem 2 (Periodic problem). We consider periodic boundary conditions on I'
together with a zero-mean constraint on u(u) and a parametrized right-hand side
f(w). The problem reads: Find u(u) s.t.

— div(k() Vu(p) = f(1) in Q. (4.184)

j u(p)dr, =0 with periodic B.C., (4.18b)
Q

with f(p) := pssin(27x) sin(27y) + pa(x — y). In this case, we have four parameters

corresponding to the components juq, o, i3, 14 of .
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Figure 4.1 — Approximation of {2 by a triangular mesh 7}, for numerical computations

Given a set of parameters Ayqs: significantly larger than Ai;i.1, wWe investigate the
decay of the following

sup En, (4.19)
NEAtest

when NN increases and Ey is either P]i,’e, Djl\}e, b}v’e, P](\),’0 or D?\}O for 6 € {0,1}. This
quantity can be taken as a measure of the capability of the reduced basis to approx-
imate the solution manifold M. We perform these computations for the above two
problems and two different ways to compute the reduced bases (4.4) and (4.8). The
first is by using a fixed set of parameters, generated randomly. The second is by
selecting parameters by using a Greedy Algorithm based on the primal formulation
of each of the two problems, and build a flux-potential space with this specific set

of parameter by taking care of adding the supremizers.

4.3.2 Numerical settings

For the numerical computations we use the FreeFem++ software [79]. The domain
Q) is approximated with a triangular mesh 7, consisting in 512 triangular elements
(with meshsize h ~ 1.18E — 2), see Figure 4.1. Letting A = {/3/2 ~ 1.1447, we

assume the following bounds over the components of p,

pe[-A AL (4.20)
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We express k(p) in the form (4.15) with (k) = 10, A\; = 2 and Ay = 6. The set A¢rial,
on which we perform the Greedy Algorithm is made of 300 parameters satisfying the
range condition (4.20). The supremum in the definition of the N—widths is taken
over the set A¢esr made of 1700 parameters all satisfying the bound condition (4.20).

The tolerance error €greeqy in the greedy algorithms 1 and 2 is set to 1E — 6.

4.3.3 Discussion

In what follows, we collect the results of the numerical investigation over nine Fig-
ures 4.3-4.11 based on the numerical assumptions given in Section 4.3.2. They
depict the decay with respect to the number of basis functions N of the quantity
defined by (4.19) for Problems 1 and 2 with different constructions of the reduced
spaces UV, (SN Q?N-N) and QN. The Figures 4.3, 4.4 and 4.5 correspond to the
case where the reduced basis is constructed with a fixed arbitrary parameters sam-
ple. The Figures 4.6, 4.7 and 4.8 correspond to the case where the reduced basis is
constructed using Algorithm 1. Finally, the Figures 4.9, 4.10 and 4.11 corresponds
to the case where the reduced basis is constructed using Algorithm 2. According to
the problem considered, we observe either a clear advantage using the mixed formu-
lation, or similar decay rates between the two formulations. The primal formulation
rarely gives better performances. In Figures 4.3, 4.4 and 4.5, we address the case
where the reduced spaces are built from a fixed set of parameters, generated ran-
domly (i.e., we do not use the greedy algorithm). The Figure 4.3 treats the case
where the flux error is measured throught the quantities P;;l, Djl\’,1 and lv)]lvl For
Problem 1, Figure 4.3(a) shows better decay rates for the mixed approach when con-
sidering Problem 1. The decay rates are, on the other hand, similar for the periodic
problem; cf. Figure 4.3(b). In Figure 4.4 we compare the decays using the error on
the gradient given by P}V’O, Djl\}o, and Zv)jl\}o, respectively. Similar considerations hold
as for the case when the flux error is considered. For the sake of completeness, we
also display the decays using the L?-error on the potential in Figure 4.5, for which
again similar considerations hold between problem 1 in Figure 4.5(a) and problem
2 in Figure 4.5(b).

Figure 4.6 addresses the case where the reduced spaces are built upon a family of
parameters computed with the greedy Algorithm 1 for the primal formulation (4.5).
The Figure 4.2 displays the selected parameters in the range domain for different
choice of the |-||-norm in the context of Problem 1. Similar conclusions as for the

case when no greedy algorithm is used can be drawn. Taking the triple norm |||
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(a) Primal formulation (b) Mixed formulation

Figure 4.2 — Parameter families generated by the Greedy Algorithm 1 (left) and by
the Greedy Algorithm 2 (right) in the context of the Problem 1 for the flux and
gradient norms.

equal to the norm of the flux or of the gradient does not seem to have an impact on
the results, as can be appreciated comparing Figures 4.6 with 4.7. However, in the
case of the periodic Problem 2, a stagnation of the error is observed for both of the
mixed formulation (with dot and cross marks) in Figures 4.6(b), 4.7(b) and 4.8(b),

while this is not the case for the primal formulation (with dot marks).

Finally, Figures 4.9, 4.10 and 4.11 treat the case where the family of parameters
are built upon a Greedy Algorithm 2 adapted for the mixed formulation. Overall,
the mixed formulation remains advantageous for both problems, see Figures 4.9(a),
4.10(a) and 4.11(a).
sulting from the Greedy Algorithm 2.

This is probably due to the specific choice of parameters re-

In computations not shown here, we have also considered the case of parametric
Robin boundary conditions, for which results comparable to those obtained with

periodic boundary conditions are observed.
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—e— Primal Py' ——Mixed Dy' —+ Mixed D}'

1071

107!

102 ¢ 1107 %¢ E
1073 ¢ 5 I |
i ] 1073} E
107 E i 1
105 | J107t E
E | | | ; i | | | |
5 10 15 5 10 15
(a) Problem 1 (b) Problem 2

Figure 4.3 — Flux errors Pﬁ,’l, Djl\’,1 and lv)]lvl for the two problems when the parameter
sample used to generate a reduced basis is chosen arbitrarily.
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Figure 4.4 — Gradient of potentials errors Py°, Dy’ and b}l\}o for the two problems

when the parameter sample used to generate a reduced basis is chosen arbitrarily.



96 Chapter 4 — Perspectives on numerical reduction

—e— Primal P’ ——Mixed D’ —+— Mixed D%’

027 j1071
1073 | E ]
A 1107 £
107 ¢ E B .
1077 1077
1075 1 E B ]
1077 1 {100} g
1078 % | | | é E | | | E
5 10 15 5 10 15
(a) Problem 1 (b) Problem 2

Figure 4.5 — Potentials errors P](\),’U, D?\}O and lv)?\}o for the two problems when the
parameter sample used to generate a reduced basis is chosen arbitrarily.
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Figure 4.6 — Flux errors P]i,’ t Djl\}l and 5]1\[1 for the two problems when the parameter

sample used to generate a reduced basis is chosen with the Algorithm 1.
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Figure 4.7 — Gradient of potentials errors P&,’O, D]l\}o and lv)]l\}o for the two problems
when the parameter sample used to generate a reduced basis is chosen with the
Algorithm 1.
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Figure 4.8 — Potentials errors P](\),’O, D?\}O and ZVD?\}O for the two problems when the
parameter sample used to generate a reduced basis is chosen with the Algorithm 1.
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Figure 4.9 — Flux errors Pﬁ,’l, Djl\’,1 and lv)]lvl for the two problems when the parameter
sample used to generate a reduced basis is chosen with the Algorithm 2.
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Figure 4.10 — Cradient of potentials errors Py°, Dy° and lv)]l\’,o for the two problems

when the parameter sample used to generate a reduced basis is chosen with the
Algorithm 2.
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Figure 4.11 — Potentials errors P](\);O, D?\}O and lv)?\}o for the two problems when the
parameter sample used to generate a reduced basis is chosen with the Algorithm 2.
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Appendix A

Implementation of the Mixed
High-Order method

We discuss the practical implementation of the primal hybrid method (1.62) for the
Poisson problem. The implementation of the method (2.14) for the Stokes equations

follows similar principles and is not detailed here for the sake of brevity.

An essential point consists in selecting appropriate bases for the polynomial spaces
on elements and faces. Particular care is required to make sure that the resulting
local problems are well-conditioned, since the accuracy of the local computations
may affect the overall quality of the approximation. For a given polynomial degree
l € {k,k + 1}, one possibility leading to a hierarchical basis for P/(T"), T € Ty, is to

choose the following family of monomial functions:

d
{or=T1&s | ri="72 Vi<i<d aeN, Jalu<t), (A1)
=1

where 7 denotes the barycenter of T'. The idea is here (i) to express basis functions
with respect to a reference frame local to one element, which ensures that the basis
does not depend on the position of the element and (ii) to scale with respect to
a local length scale. Choosing this length scale equal to hy ensures that the basis
functions take values in the interval [—1,1]. For anisotropic elements, a better
option would be to use the inertial frame of reference and, possibly, to perform
orthonormalization, cf. [17]. Similarly, a hierarchical monomial basis can be defined
for the spaces P*(F), F € F,, using the face barycenter zx and the face diameter
hp.
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Let, for a given polynomial degree [ > 0 and a number of variables n > 0, N} :=
dim(P!). For any element T € T, we assume for the sake of simplicity that a
hierarchical basis By = {¢%} ;. e (not necessarily given by (A.1)) has been
selected for P*"1(T) so that ¢ is the constant function on T and (@b, ©%)r = 0
foralll1<i< N 5“. While this latter condition is not verified for general element
shapes by the choice (A.1), one can obtain also in that case a well-posed local
problem (1.27) for the computation of €% by removing ¢%, since the remaining
functions vanish at 7. For more general choices, the zero-average condition can be
enforced by a Lagrange multiplier constant over the element. Having assumed that
Béﬁ“ is hierarchical, a basis for P*(T) is readily obtained by selecting the first N¥
basis functions. Additionally, for any face F' € Fy,, we denote by B := {p%h} ;- NE

a basis for P¥(F) (not necessarily hierarchical in this case).

The definition of the discrete spaces (1.14) relies on a generalized notion of DOFs.

Solving the primal hybrid problem (1.62) amounts to computing the coefficients

(uiT)0<¢<N§ for all 7' € T;, and (/\})0( w forall F'e Fy of the following expansions
sr<Ng_q

for the local potential unknown up € U Z*;T and the local Lagrange multiplier A\p € A%,
respectively:
ur = Y, upgh,  Ar= ), Ne@e (A.2)

. K ; k
0<i<N; O<i<N;_,

For all T € T, we also introduce as intermediate unknowns the algebraic flux DOF's
(07)1<icnt and (0fpp)ocicnt » I € Fr, corresponding to the coefficients of the
following expansions for the components of the local flux unknown (o7, (07r) Fer,) €
pILE

T’;ﬂ 207 = Z O'%V(,OZT F];;—v S207p = Z U%FQO% VE e ./T"T, (A3)

; k ; k
1<i<N§ 0<i<Ng

where we have used the fact that (Vh), ;- Nt 18 a basis for the DOF space T%
defined by (1.13) (the sum starts from 1 to accomodate the zero-average constraint in
the definition of T%). Clearly, the total number of local flux DOFs in 3% (cf. (1.14))
is

NE g (V6 1)+ 9N,

with 917 defined in (1.6).

For a given element T € Ty, the discrete operators DX, €% ¢k act on and take values
in finite dimensional spaces, hence they can be represented by matrices once the

choice of the bases for the DOF spaces has been made. Their action on a vector of
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DOFs then results from right matrix-vector multiplication. In what follows, we show
how to carry out the computation of such matrices in detail and how to use them

to infer the local contribution to the bilinear form A stemming from the element 7.

A.1 Discrete divergence operator

The discrete divergence operator DE acting on X% with values in P*(T) can be
represented by the matrix D of size N¥ x N’g’T with block-structure [DT (Dr)rer, ]
induced by the geometric items to which flux DOFs in 3% are associated. According
to the definition (1.21) of Dk the matrix D can be computed as the solution of the

following linear system of size N¥ with leﬁ,T right-hand sides:

MpD = Rp, (A.4)
with block form
Nk Nk -1 NF Nk Nk -1 Ni, Nk
Ni 1M p DT‘ Dr - Dryp, | = RDTX Rp,m ‘ ‘ Rp, Ay,
N r N{

where the system matrix is Mp := [((p}, gojf)T] 0<ij<NE> while the right-hand side is
<i,j <N}
such that

Rpr = [(VSO%JV@%)T]O<i<N§,lsj<N§ Rp,r = [(9017“7w%)F]0<i<N§,0éj<N§71 VE'€ Fr.

When considering orthonormal bases such as, e.g., the ones introduced in [17], the

matrix Mp is unit diagonal and numerical resolution is unnecessary.

A.2 Consistent flux reconstruction operator

The consistent flux reconstruction operator €% acting on X% with values in VP*1.0(T)
can be represented by the matrix C of size (N¥*! —1) x NliT with the block-structure
[CT (Cr)pe ]—‘T:| induced by the geometric items to which flux DOFs in X% are as-

sociated. According to definition (1.27a), this requires to solve a linear system of
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size (N¥™1—1) with N3, ¢ right-hand sides,
McC = QeD + Re := ﬁg. <A5>

The linear system (A.5) has the following block form:

k
Nk-1 Nk, Nk | Nf  NEir  NE-1 NE, Ni
NEH MC CT} Cr, ii Cry, | = QC DI+ 0 i Re,r 3 i Re, Py,
N1 N Nea

with system matrix Mg 1= [(V(piT, V(pjT)] NE+ and the matrix blocks appearing

1<i,j

in the right-hand side in addition to the matrix D obtained solving (A.4) are given
by

Qe = [*(SOiTaSOZ_F)T]KZ-<N§+1,0<3'<N5’ Rer = [(QOiT’SO%)F]1<¢<N§“,0<J'<N§_1 VE € Fr.

A.3 Bilinear form Hr

We are now ready to compute the matrix H of size N;T X NQT representing the
local bilinear form Hy defined by (1.30) as

H=CRe +J, (A.6)

where the factors appearing in the first term are defined in (A.5), while the matrix
J representing the stabilization term Jp defined by (1.34) is given by (the block
partitioning is the one induced by the geometric entity to which flux DOFs are
attached):

. ; : t 0 0
J= Z C QJJ,FC*[O;(CtQJ,2,F)FefT]*[03(CtQJ,z,F)FefT] +hp [ ”””””””””””””””””” } ,

Fery 0 diag(MF)FefT

where C is defined by (A.5) while, for all F' € Fr, we have defined the auxiliary

matrices . ,
Qr1r = hF[(VSDZT'nTFa VSOZ["RTF)F]KM<N§+1,

QJ,2,F = hF[(VgO?Z—v'rLTFa ¢%)F]1<i<N§+l,0<]’<N(I;_1’
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and face mass matrices

Mp = [((p%’(p%)F]ogi,j<N§ . (A.7)

-1

A.4 Hybridization

The first step to perform hybridization is to construct the matrix B representing
the bilinear form B defined by (1.42a), which has the following block form corre-
sponding to the geometric items to which DOFs in X% (rows) and Wk (columns)

are associated:

Ni o Nig Nii
BRCHEIEE S R
C Mg
B=| Rp ------ .0 :
D | | NpNE [T
S Y
| S .
Niy:r

with matrix Rp as in (A.4), Mg defined by (A.7), and
Niyp = N + NNy 4,
corresponding to the number of DOFs in WE.

The condition on the Lagrange multipliers in A¥ on boundary faces F' € F, (cf. (1.37))
is enforced via Lagrange multipliers in P¥(F). This choice is reflected by the fact

that we include boundary faces in the definition of the matrix B.

The local contribution to the bilinear form A defined by (1.60) is finally given by
A = B'H !B, (A.8)

which requires the solution of a linear system involving the matrix H defined by (A.6).
Observe that H !B is in fact the matrix representation of the lifting operator % de-

fined by (1.48a).

The matrix A has the following block structure induced by the geometric items to
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which DOFs in W¥ are attached:

Nf NrNg

Arr i Arp || N¥
A= F----- R

Arr | App || NG,

Observing that cell DOFs for a given element T are only linked to the face DOF's
(Lagrange multipliers) attached to the faces in Fr, one can finally obtain a problem
in the sole Lagrange multipliers by computing the Schur complement of Ary. This

requires the numerical inversion of the symmetric positive-definite matrix Apr of

: k k
size Nj x Nj.
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Résumé

Cette these aborde différents aspects de la résolution numérique des Equations aux

Dérivées Partielles.

Le premier chapitre est consacré a I’étude de la méthode Mixed High-Order (MHO).
Il s’agit d’'une méthode mixte de derniere génération permettant d’obtenir des ap-
proximations d’ordre arbitraire sur maillages généraux. Le principal résultat obtenu
est ’équivalence entre la méthode MHO et une méthode primale de type Hybrid
High-Order (HHO).

Dans le deuxieme chapitre, nous appliquons la méthode MHO/HHO & des problemes
issus de la mécanique des fluides. Nous considérons d’abord le probleme de Stokes,
pour lequel nous obtenons une discrétisation d’ordre arbitraire inf-sup stable sur
maillages généraux. Des estimations d’erreur optimales en normes d’énergie et L>
sont proposées. Ensuite, nous étudions I'extension au probleme d’Oseen, pour lequel
on propose une estimation d’erreur en norme d’énergie ou on trace explicitement la

dépendance du nombre de Péclet local.

Dans le troisieme chapitre, nous analysons la version hp de la méthode HHO pour
le probleme de Darcy. Le schéma proposé permet de traiter des maillages généraux
ainsi que de faire varier le degré polynomial d’un élément a I’autre. La dépendance de
I’anisotropie locale du coefficient de diffusion est tracée explicitement dans I'analyse

d’erreur en normes d’énergie et L2.

La these se cloture par une ouverture sur la réduction de problemes de diffusion
a coefficients variables. L’objectif consiste a comprendre I'impact du choix de la
formulation (mixte ou primale) utilisée pour la projection sur I'espace réduit sur la

qualité du modele réduit.

Mots-clés : Méthodes Mixed High-Order, méthodes Hybrid High-Order, maillages
généraux, analyse hp, probleme d’Oseen, probleme de Stokes, probleme de Darcy,

réduction de modele, bases réduites.



Abstract

This Ph.D. thesis deals with different aspects of the numerical resolution of Partial

Differential Equations.

The first chapter focuses on the Mixed High-Order method (MHO). It is a last gen-
eration mixed scheme capable of arbitrary order approximations on general meshes.

The main result of this chapter is the equivalence between the MHO method and a
Hybrid High-Order (HHO) primal method.

In the second chapter, we apply the MHO/HHO method to problems in fluid me-
chanics. We first address the Stokes problem, for which a novel inf-sup stable,
arbitrary-order discretization on general meshes is obtained. Optimal error esti-
mates in both energy- and L?-norms are proved. Next, an extension to the Oseen
problem is considered, for which we prove an error estimate in the energy norm

where the dependence on the local Peclet number is explicitly tracked.

In the third chapter, we analyse a hp version of the HHO method applied to the
Darcy problem. The resulting scheme enables the use of general meshes, as well as
varying polynomial orders on each face. The dependence with respect to the local
anisotropy of the diffusion coefficient is explicitly tracked in both the energy- and

L2-norms error estimates.

In the fourth and last chapter, we address a perspective topic linked to model order
reduction of diffusion problems with a parametric dependence. Our goal is in this
case to understand the impact of the choice of the variational formulation (primal
or mixed) used for the projection on the reduced space on the quality of the reduced

model.

Keywords : Mixed High-Order methods, Hybrid High-Order methods, general meshes,

hp analysis, Oseen problem, Stokes problem, moder reduction, reduced basis method.



